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IJ?>BKEH<B?  

KlZlbklbq_kdZy�l_hjby�bgnhjfZpbb��hkgh\u�dhlhjhc�[ueb�aZeh`_�

gu� \� i_j\hc� iheh\bg_� ijhreh]h� klhe_lby�� ij_`^_� \k_]h�� ^ey� j_r_gby�

\Z`gh]h� \hijhkZ� i_j_^Zqb� bgnhjfZpbb� ih� Z^^blb\guf� dZgZeZf� k\yab��

ij_l_ji_eZ� [mjgh_� jZa\blb_�b� \�gZklhys__� \j_fy�nhjfbjm_lky� __� h[h[�

s_gb_�^ey�g_Z^^blb\guo�h[t_dlh\��F_ju�bgnhjfZpbb�\�lZdbo�kemqZcguo�

h[t_dlZo�aZ\bkyl�hl�h^gh]h�beb�^Z`_�^\mo�iZjZf_ljh\��hljZ`Zxsbo�kl_�

i_gv�g_Z^^blb\ghklb��Ba\_klgu�[he__�ljb^pZlb�h[h[sZxsbo�\ujZ`_gbc�

lhevdh� ^ey� wgljhibc� b� dhebq_kl\h� bo� g_ij_ju\gh� jZkl_l�� >Zevg_cr__�

jZa\blb_�l_hjbb�^ey�g_Z^^blb\guo�h[t_dlh\�g_fukebfh�[_a�hkgh\hiheZ�

]Zxsbo�b^_c�b�f_lh^h\��<hagbdZ_l�g_h[oh^bfhklv�ZgZebaZ�kZfh]h�nmg�

^Zf_glZ� l_hjbb� bgnhjfZpbb� b� __� h[h[s_gby�� qlh[u� eh]bq_kdb� h[hkgh�

\Zlv� i_j_oh^� hl� Z^^blb\guo� d� g_Z^^blb\guf�f_jZf�� ijh\_klb� bo� Z^_d�

\Zlgmx�deZkkbnbdZpbx�b�hij_^_eblv�i_jki_dlb\gu_�gZijZ\e_gby�l_hjbb�

\�\_d�\ukhdbo�bgnhjfZpbhgguo� l_ogheh]bc��AgZqbl_evguc�ijh]j_kk�ih�

]jmiih\hc�bgl_jij_lZpbb�k\hckl\�f_j�[ue�\i_j\u_�^hklb]gml�\�g_^Z\gh�

ba^Zgghc� dgb]_� Z\lhjZ� ©KZfhhj]ZgbaZpby� b� g_h[jZlbfhklv� \� g_wdkl_g�

kb\guo�kbkl_fZoª��DZaZgv��Ba^-\h�:G�JL�©Nwgª���������hjb_glbjh\Zgghc��

gZ�ijbf_g_gb_�hl^_evguo�f_j�h[h[s_gghc�l_hjbb�bgnhjfZpbb�^ey�nb�

abq_kdbo�kblmZpbc��Fgh]b_�gh\u_�b^_b�b�j_amevlZlu�\�h[h[s_gghc�l_h�

jbb�bgnhjfZpbb�g_�\hreb�\�mdZaZggmx�dgb]m�b�lj_[mxl�p_e_gZijZ\e_g�

gh]h�bamq_gby�k�ijbf_g_gb_f�kh\j_f_gguo�fZl_fZlbq_kdbo�f_lh^h\��qlh�

b�y\ey_lky�]eZ\ghc�p_evx�gZklhys_]h�bkke_^h\Zgby� 
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Qlh[u� ba[_`Zlv� kms_kl\_ggh]h� m\_ebq_gby� h[t_fZ� dgb]b� \� ms_j[�

p_ehklghklb�baeh`_gby�\�g_c�ih�\hafh`ghklb�g_�ijb\h^ylky�^hdZaZl_ev�

kl\Z� ba\_klguo� l_hj_f� b� g_� hljZ`_gZ� h[rbjgZy� [b[ebh]jZnby� ih� jZk�

kfZljb\Z_fuf�ijh[e_fZf��Wlh�ohjhrh�^Z_lky�\�nmg^Zf_glZevguo�ljm^Zo�

ih�l_hjbb�bgnhjfZpbb��Fhgh]jZnby�hlebqZ_lky�hl�bf_xsboky�dgb]�dZd�

ih�gZijZ\e_gbx��lZd�b�ih�klbex��:\lhj�h]jZgbqbe�k_[y�p_gljZevghc�b^_�

_c�]jmiih\h]h�b�nmgdpbhgZevgh]h�ih^oh^h\�\�l_hjbb�bgnhjfZpbb��g_ba�

\_klghc�\�gZmqghc�ebl_jZlmj_��Rbjhdh�ijbf_gy_lky�\ZjbZpbhgguc�f_lh^�

^ey�gZoh`^_gby�wdklj_fZevguo�k\hckl\�f_j�bgnhjfZpbc� 
Kh^_j`Zgb_� dgb]b� mkeh\gh� ^_eblky� gZ� ^\_� qZklb��<� i_j\hc� qZklb�

�]eZ\u��–���djZldh�baeh`_gu�dhgp_ipbb�klZlbklbq_kdbo�fh^_e_c�l_hjbb�
bgnhjfZpbb�Z^^blb\guo�h[t_dlh\�� 

<�i_j\hc� ]eZ\_�jZkkfZljb\Zxlky�ihgylby�b�ih^oh^u�\�klZlbklbq_�

kdhc�fh^_eb�R_gghgZ–<bg_jZ��hkgh\Zgghc�gZ�ZdkbhfZo�ObgqbgZ��Z�lZd�
`_�gZ�ZdkbhfZo�NZ^^__\Z�b�f_lh^_�bgnhjfZpbhgghc�nmgdpbb��IjhZgZeb�

abjh\Zgu�k\hckl\Z�ghjfbjh\Zgguo�\a\_r_gguo�kj_^gbo�b�eh]Zjbnfbq_�

kdbo�f_j�wgljhibb�R_gghgZ–<bg_jZ��g_lhqghklb�D_jjb^`Z�b�bgnhjfZ�
pbb�jZaebqby�Dmev[ZdZ–E_c[e_jZ��Gh\uf�ihgylb_f��\\_^_gguf�\�^Zgghc�
]eZ\_��y\ey_lky�\a\_r_ggh_�kj_^g__�]_hf_ljbq_kdh_��\Z`gZy�jhev�dhlhjh�

]h� ijhy\ey_lky� ijb� gZoh`^_gbb� _^bgkl\_ggh]h� lbiZ�f_j�� kh\f_klbfh]h�

kh�k\hckl\hf�Z^^blb\ghklb�� 
<h�\lhjhc�]eZ\_�ijb\h^ylky�k\_^_gby�h�d\Zglh\uo�ih^oh^Zo�\�l_h�

jbb� bgnhjfZpbb��>Zxlky� hkgh\u�i_j\uo�ijbgpbih\�nbabq_kdhc� klZlb�

klbdb�kemqZcguo�h[t_dlh\�b�h[km`^Zxlky�\ujZ`_gby�\a\_r_gguo�kj_^�

gbo��Hkh[_gghklv� wlhc� ]eZ\u� khklhbl� \� lhf�� qlh�nhjfmebjmxlky� ij_^�

klZ\e_gby� iZjZklZlbklbdb�� dhlhju_� y\eyxlky� \Z`guf� ^hiheg_gb_f� d�

ljZ^bpbhgguf� ihgylbyf� l_hjbb� bgnhjfZpbb�� JZkkfZljb\Zxlky� wdklj_�

fZevgu_�k\hckl\Z�d\Zglh\uo�eh]Zjbnfbq_kdbo�f_j�wgljhibc�b�bgnhjfZ�

pbc� jZaebqby�� <\h^ylky� iZjZf_ljbah\Zggu_� d\Zglh\u_� f_ju� b� ^Zxlky�

jZaebqgu_�f_ju�\�bgnhjfZpbhgguo�kbkl_fZo� 
<� ]eZ\_� �� ijb\h^ylky� hkgh\gu_� ihgylby� b�f_lh^u� klZlbklbq_kdhc�

fh^_eb�J_gvb��\�dhlhjhc�jZkkfZljb\Z_lky�\_jhylghklgh_ q -ijhkljZgkl\h�

k� aZ^Zgguf� agZq_gb_f� ihemghjfu� kemqZcghc� \_ebqbgu�� Wgljhiby� b�

bgnhjfZpby� jZaebqby�J_gvb�\u\h^ylky�\ZjbZpbhgguf�f_lh^hf�b�ih^�

oh^hf� k� bkihevah\Zgb_f� ihgylby� \a\_r_ggh]h� kj_^g_]h�Dhefh]hjh\Z–
GZ]mfh� k� ijhba\hevghc�nmgdpb_c��IhdZau\Z_lky� _^bgkl\_gghklv� lbiZ�
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Z^^blb\guo� f_j�� aZ\bkysbo� hl� iZjZf_ljZ� q�� Ijb\h^ylky� jZaebqgu_�
ijbeh`_gby�b�h[h[s_gby�eh]Zjbnfbq_kdbo�f_j�J_gvb��Z�lZd`_�bo�wdk�

lj_fZevgu_�k\hckl\Z�� 
<lhjZy�qZklv�dgb]b��]eZ\u��–���kh^_j`bl�j_amevlZlu�ba\_klguo�b�gh�

\uo�klZlbklbq_kdbo�fh^_e_c�l_hjbb�bgnhjfZpbb�g_Z^^blb\guo�h[t_dlh\� 
<� ]eZ\_� ��ijb\h^ylky�ihgylby�b�b^_b�klZlbklbq_kdhc�fh^_eb��hk�

gh\Zgghc�gZ�ZdkbhfZo�OZ\j^Z–QZj\Zl��Z�lZd`_�gZ�f_lh^_�bgnhjfZpbhg�
ghc�nmgdpbb�>Zjhrb��JZkkfZljb\Zxlky�\a\_r_ggu_�g_ghjfbjh\Zggu_�

kj_^gb_� b� ihemghjfu�� <u\h^ylky� g_Z^^blb\gu_� wgljhiby� OZ\j^Z–
QZj\Zl–>Zjhrb� b� bgnhjfZpby� jZaebqby� JZlv_–DZggZiiZgZ�� <ZjbZpb�
hgguf� f_lh^hf� bkke_^mxlky� wdklj_fZevgu_� k\hckl\Z� ihemq_gguo�

nmgdpbhgZeh\��dhlhju_�\�gZklhys__�\j_fy�rbjhdh�ijbf_gyxlky�\�klZ�

lbklbq_kdhc�nbabd_� 
<� ]eZ\_� �� baeZ]Z_lky� l_hj_lbdh-]jmiih\hc� f_lh^� \� bkke_^h\Zgbyo�

k\hckl\�f_j� bgnhjfZpbc��Ihemq_g� gh\uc� aZdhg� dhfihabpbb� we_f_glh\�

]jmii��mqblu\Zxsbc�d\Z^jZlbqgmx�g_ebg_cghklv��b�^Zxlky�ij_^klZ\e_�

gby� ]jmii��<i_j\u_� ijb\h^blky� h[sZy� deZkkbnbdZpby� iZjZf_ljbah\Zg�

guo� wgljhibc� b� bgnhjfZpbc� jZaebqby�� mklZgh\e_gu� q_luj_� ijbgpbib�

Zevgh� jZaebqguo� lbiZ� f_j�� >Zxlky� jZaebqgu_� k_f_ckl\Z� iZjZf_ljbah�

\Zgguo�f_j��<\h^ylky� d\Zglh\u_� ihemghjfu� b�f_ju��DjZldh� baeh`_gu�

hkgh\gu_� ihgylby� klZlbklbq_kdhc� fh^_eb� RZjfZ–FbllZeZ�� BamqZxlky�

^\Z� lbiZ� ]jmii� kemqZcguo� f_j�� JZkkfZljb\Zxlky� ljb]hghf_ljbq_kdb_�

f_ju�bgnhjfZpbc� 
=eZ\Z� ��ihk\ys_gZ�ijbgpbiZf�ki_pbZevghc�l_hjbb�bgnhjfZpbb��\�

dhlhjhc� aZdhg� dhfihabpbb� f_j� bf__l� ]_hf_ljbq_kdh_� ij_^klZ\e_gb_��

<\h^ylky� lbiu� iehkdbo� b� ]eh[Zevgh� Zgbahljhiguo� f_ljbq_kdbo� ijh�

kljZgkl\�Fbgdh\kdh]h�k�h[h[s_ggufb�]bi_j[hebq_kdbfb�b�ljb]hghf_l�

jbq_kdbfb�nmgdpbyfb��<i_j\u_�ihdZaZgh��qlh�fZljbqgh_�ij_^klZ\e_gb_�

]jmii� f_j� hlh[jZ`Z_lky� ^\b`_gb_f� ^\mf_jgh]h� ghjfbjh\Zggh]h� ijh�

kljZgkl\Z�� :gZebabjmxlky� k\hckl\Z� gh\uo� f_j� \� ik_\^h_\deb^h\hc� b�

_\deb^h\hc� ]_hf_ljbyo�f_j� bgnhjfZpbb��>Zxlky� ]_hf_ljbq_kdb_� ij_^�

klZ\e_gby�f_j�bgnhjfZpbb�\�fh^_eyo�OZ\j^Z–QZj\Zl–>Zjhrb�b�J_gvb� 
<�^Zgghc�dgb]_�\i_j\u_�\�fbjh\hc�gZmqghc�ebl_jZlmj_�jZkkfZl�

jb\Zxlky�b�rbjhdh�h[km`^Zxlky�l_hj_lbdh-]jmiih\u_�Zki_dlu�l_hjbb�
bgnhjfZpbb�b�ijb\h^ylky�fgh]hqbke_ggu_�gh\u_�f_ju��>h�ihke_^g_�
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]h�\j_f_gb�deZkkbnbdZpbb�f_j�g_�m^_eyehkv�hkh[h]h�\gbfZgby��g_�]h\hjy�

h�ijbf_g_gbb�f_lh^h\� l_hjbb� ]jmii��Ihemq_gu�bgl_j_kgu_�j_amevlZlu��

fgh]b_�iheh`_gby�l_hjbb�bgnhjfZpbb�jZkkfZljb\Zxlky�k�_^bguo�ihab�

pbc�b�klZgh\ylky�ihqlb�hq_\b^gufb�� 

FZl_jbZeu� dgb]b� ih^\h^yl� blh]� bkke_^h\Zgbc� Z\lhjZ��Dgb]Z� jZk�

kqblZgZ�gZ�gh\bqdh\��g_�h[j_f_g_gguo�]jmahf�mklZgh\b\rboky�\�^Zgghc�

h[eZklb�ljZ^bpbc�b�fg_gbc�Z\lhjbl_lh\��<k_�]eZ\u�dgb]b�hlghkbl_evgh�

kZfhklhyl_evgu�b�fh]ml�qblZlvky�g_aZ\bkbfh��JZ[hl�ih�l_hjbb�bgnhjfZ�

pbb�h]jhfgh_�dhebq_kl\h�b�ihwlhfm�ij_^ihql_gb_�hl^Z_lky�bklhqgbdZf��

g_ihkj_^kl\_ggh� hlghkysbfky� d� bamqZ_fuf� ijh[e_fZf�� Hl� qblZl_ey�

ij_^iheZ]Z_lky� ebrv� agZgb_� l_hjbb� fgh`_kl\� b� f_ju�� l_hjbb� ]jmii� b�

l_hjbb�bgnhjfZpbb��qlh�iha\hebl�\hclb�\�djm]�b^_c��gh\uo�b�kh\j_f_g�

guo�ih^oh^h\�\�^Zgghf�jZa\b\Zxs_fky�gZijZ\e_gbb� 
:\lhj� \ujZ`Z_l� ]em[hdmx� ijbagZl_evghklv� dZg^�nba�-fZl�gZmd� 

E�:��LdZq_gdh�aZ�l_ji_eb\uc�ljm^�b�ihgbfZgb_�ijb�ihkljh_gbb�]jZnbq_�

kdh]h�fZl_jbZeZ�b�gZ[hj_�we_dljhggh]h�\ZjbZglZ�jmdhibkb� 
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= e Z \ Z � �  

KL:LBKLBQ?KD:Y�FH>?EV�R?GGHG:–<BG?J: 

Ijb\h^ylky�nmg^Zf_glZevgu_�ihgylby�b�ij_^klZ\e_gby�l_hjbb�bg�

nhjfZpbb��hkgh\Zgghc�gZ�klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ��H[�
km`^Zxlky�eh]Zjbnfbq_kdb_�f_ju�wgljhibb�b�bgnhjfZpbb�jZaebqby�^ey�

Z^^blb\guo�kemqZcguo�h[t_dlh\�b�f_lh^u�bo�ihemq_gby�� 
GZqZeh� klZlbklbq_kdh]h� ih^oh^Z� \� l_hjbb� bgnhjfZpbb� k\yaZgh 

k�jZ[hlZfb�J��OZjleb�>��@��D��R_gghgZ�>��@��G��<bg_jZ�>�@��<�:��Dhl_ev�

gbdh\Z�>������@��:�G��Dhefh]hjh\Z�>��–��@�ih�l_hjbb�i_j_^Zqb�bgnhjfZ�
pbb�ih�kbkl_fZf�k\yab�b�J�:��Nbr_jZ�>������@�ih�l_hjbb�iZjZf_ljbq_kdh�

]h�hp_gb\Zgby�\�fZl_fZlbq_kdhc�klZlbklbd_� 
<�hlebqb_�hl�ljZ^bpbhggh]h�baeh`_gby�hkgh\�l_hjbb�bgnhjfZpbb��

ij_^klZ\e_ggh]h��gZijbf_j��\�fhgh]jZnbyo�>����������������������������������

��������������@��\�^Zgghc�]eZ\_�gZjy^m�k�hij_^_e_gb_f�\a\_r_ggh]h�kj_^�

g_]h� \i_j\u_� \\h^blky� \a\_r_ggh_� kj_^g__� ]_hf_ljbq_kdh_� ^ey� dZ`^hc�

kemqZcghc� \_ebqbgu��LZdhc� ih^oh^� iha\hebe� klZlbklbq_kdbf�� \ZjbZpb�

hgguf�b�]jmiih\uf�f_lh^Zfb�hij_^_eblv�h^bg�lbi�Z^^blb\ghc�wgljhibb�

b�bgnhjfZpbb�jZaebqby��aZ\bkysbo�hl�kj_^gbo�]_hf_ljbq_kdbo�^ey�jZk�

ij_^_e_gby� 

�����<_jhylghklv��<a\_r_ggh_�kj_^g__� 
B^_y� dhebq_kl\_gguo� f_j� \� bgnhjfZpbhgguo� ij_^klZ\e_gbyo� kh�

klhbl�\�lhf��qlh�jZkkfZljb\Z_lky�\_jhylghklgh-klZlbklbq_kdh_�hibkZgb_�
h[t_dlZ��ijhp_kkZ��kbkl_fu�beb�kb]gZeZ���dhlhjuc�bf__l�^bkdj_lgu_�beb�

g_ij_ju\gu_�kemqZcgu_�khklhygby� 
Ijb\_^_f�hkgh\gu_�hij_^_e_gby�� 
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Hij_^_e_gb_� ���Ghkbl_e_f� bgnhjfZpbb� y\eyxlky� ^\Z�fgh`_kl\Z��

fgh`_kl\h� \k_o� khklhygbc� h[t_dlZ�� hibku\Z_fuo� jZkij_^_e_gb_f� \_jh�

ylghkl_c� { }1, , mp p p= !  ( )0, 1, 2, ,ip i m≥ = ! �b�fgh`_kl\h�kemqZcguo�

\_ebqbg� { }1, , mT T T= ! ��oZjZdl_jbamxsbo�h[t_dl�� 

Hij_^_e_gb_����<a\_r_ggh_� �kj_^g__� �dZ`^hc� �kemqZcghc� �\_ebqb�

gu�T �\�khklhygbb�k�jZkij_^_e_gb_f� p �jZ\gh 

 ( )

m

i i
i
m

i
i

T p
T

p
=

∑

∑
E ,   (1.1.1) 

]^_�m  –�qbkeh�\hafh`guo�khklhygbc�h[t_dlZ�b 

 0 1
m

i
i

p< ≤∑ .  (1.1.2) 

Bkihevam_lky�mkeh\b_�\_jhylghklghc�ghjfbjh\db�jZkij_^_e_gby 

 1
m

i
i

p =∑ ,  (1.1.3) 

ijb�\uiheg_gbb�dhlhjhc�\a\_r_ggh_�kj_^g__�ijbf_l�ke_^mxsbc�\b^� 

 ( )
m

i i
i

T T p= ∑E .  (1.1.4) 

AgZq_gby� ip � \� \ujZ`_gbyo� �������� b� �������� ij_^klZ\eyxl� kh[hc�

lZd�gZau\Z_fu_�\_kZ�agZq_gbc� iT ��<�^Zevg_cr_f�wlb�\ujZ`_gby�[m^_f�

gZau\Zlv�ijhklh� kj_^gbfb�� _keb�\_kZ�g_�bf_xl� k\h_]h�h[hkh[e_ggh]h 
ij_^klZ\e_gby� 

?keb� 1ip = �� lh� \ujZ`_gb_� �������� jZ\gy_lky� h[uqghfm� kj_^g_fm�

Zjbnf_lbq_kdhfm� 

 ( ) 1 m

i
i

T T
m

= ∑E .  (1.1.5) 

Ba�hij_^_e_gby ��\ul_dZxl�hkgh\gu_�k\hckl\Z� 

���H^ghjh^ghklv ��Ijb�aZf_g_� p �gZ� ap ( )0a > �\a\_r_ggh_�kj_^�

g__�y\ey_lky�h^ghjh^guf�nmgdpbhgZehf�gme_\hc�kl_i_gb�hlghkbl_ev�

gh p ��lh�_klv�\uihegy_lky�k\hckl\h�h^ghjh^ghklb� 
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��� Ghjfbjh\Zgghklv �� >ey� g_kemqZcghc� ihklhygghc� \_ebqbgu� C 
bf__f�jZ\_gkl\h� 

 ( )C C=E ,   (1.1.6) 

kijZ\_^eb\h_�ijb� 0C = �b�C = ∞ ��<�qZklghklb��ijb� 1C = �ba���������ke_^m_l�

( )1 1=E ��qlh�hagZqZ_l�ghjfbjh\Zgghklv�\a\_r_ggh]h�kj_^g_]h�gZ�_^bgbpm�� 

���:^^blb\ghklv��Imklv� kemqZcgZy� \_ebqbgZ� 12 1 2T T T= + � jZ\gy_lky�

kmff_� kemqZcguo� \_ebqbg� ^\mo� g_aZ\bkbfuo� h[t_dlh\��Kh\f_klgh_� jZk�

ij_^_e_gb_� \_jhylghkl_c� agZq_gbc ij i jT T T= + � fmevlbiebdZlb\gh�

ij i jp p p= � �l_hj_fZ�mfgh`_gby��b�ghjfbjh\Zgh�
m n

ij
i j

p =∑∑
m

i
i

p =∑  1
n

j
j

p =∑ . 

Lh]^Z�ihemqbf�jZ\_gkl\h 

 ( ) ( ) ( )12 1 2T T T= +E E E .  (1.1.7) 

>ey� kemqZy� h^gh]h� h[t_dlZ� kh� kemqZcghc� \_ebqbghc� 1 2U U U= +  

bf__f� 

 ( ) ( ) ( )1 2U U U= +E E E .  (1.1.8) 

A^_kv�kj_^gb_�agZq_gby 

 ( ) ( )12 , ,
m n m

ij i j i i
i j i

T T p p U U p= =∑∑ ∑E E   (1.1.9) 

 ( ) ( )1 2, ,
m n

i i j j
i j

T T p T T p= =∑ ∑E E   (1.1.10) 

 ( ) ( )1 1 2 2, .
m m

i i i i
i i

U U p U U p= =∑ ∑E E   (1.1.11) 

JZ\_gkl\Z� �������� b� �������� hagZqZxl� Z^^blb\ghklv� gZ[ex^Z_fuo�

fZdjhkdhibq_kdbo�\_ebqbg� 
���FmevlbiebdZlb\ghklv ��Kj_^g__�agZq_gb_�ijhba\_^_gby�g_aZ\b�

kbfuo�kemqZcguo�\_ebqbg� 1 2T T �^ey�h^gh]h�beb�^\mo�h[t_dlh\�jZ\gh�ijh�

ba\_^_gbx�kj_^gbo�agZq_gbc 

 ( ) ( ) ( )1 2 1 2  T T T T=E E E .  (1.1.12) 
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5. f -\a\_r_ggh_�kj_^g__��NmgdpbhgZevgh_�h[h[s_gb_�\a\_r_ggh�

]h�ghjfbjh\Zggh]h�kj_^g_]h�aZibr_lky�lZd 

 ( )
( )

( )

m

i i
i

f m

i
i

T f p
T

f p
=

∑

∑
E .  (1.1.13) 

?keb� ( )i if p p= ��lh� f -\a\_r_ggh_�kj_^g__�kh\iZ^Z_l�k�\ujZ`_gb_f�

(1.1.1) 
Hij_^_e_gb_� ��� Hldehg_gb_� kemqZcghc� \_ebqbgu� iT � hl� kj_^g_]h�

agZq_gby�_klv�nemdlmZpby� 

 ( ) ( ), 0
m

i i i i
i

T T T T p∆ = − ∆ =∑E .  (1.1.14) 

Hij_^_e_gb_� ���GZqZevgu_�b�p_gljZevgu_�fhf_glu� n -]h�ihjy^dZ�
kemqZcghc�\_ebqbgu�T �jZ\gu 

 
m

n
n i i

i
T pα = ∑ ,  (1.1.15) 

 ( )
m n

n i i
i

T T p µ = − ∑ E .  (1.1.16) 

Ijb� 2n = �ihemqbf�^bki_jkbx 

 ( ) ( )
2

2
2

2

m m m

i i i i i i
i i i

T T T p T p T p
  µ = = − = −     

∑ ∑ ∑D E .  (1.1.17) 

KlZlbklbq_kdZy�aZ\bkbfhklv�^\mo�\_ebqbg�oZjZdl_jbam_lky�dhwnnb�

pb_glhf�dhjj_eypbb 

 ( ) ( )
( ) ( )

1 2
1 2

1 2

,
T T

r T T
T T

∆ ∆
=

σ σ
E

,  (1.1.18) 

]^_�bf__f�d\Z^jZlbqgu_�hldehg_gby� 

 ( ) ( ) ( ) ( )1 2 1 2

1 1 2 2,T T T T   σ = σ =   D D .  (1.1.19) 

Hl^_evgu_� fhf_glu� bf_xl� kms_kl\_ggh_� agZq_gb_� \� klZlbklbq_�

kdhc�l_hjbb�bgnhjfZpbb��ihkdhevdm�y\eyxlky�gZ[ex^Z_fufb�fZdjhkdh�

ibq_kdbfb�\_ebqbgZfb��kh^_j`Zsbfb�dhebq_kl\_ggu_�bgnhjfZpbhggu_�

k\hckl\Z�h�kemqZcghf�h[t_dl_� 
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>Ze__�jZkkfhljbf�\_jhylghklgh_�ijhkljZgkl\h�k�g_ij_ju\ghc�f_jhc� 

 ( ) ( ) ( )+ � �
G

G p X dX p X= < < ∞∫ ,  (1.1.20) 

]^_� ( )p p X= � _klv� nmgdpby� iehlghklb� jZkij_^_e_gby� \_jhylghkl_c� ih�

g_jZ\gh\hafh`guf�fbdjhkhklhygbyf� X �\�h[eZklb� G ��<�h[s_f� kemqZ_�

nmgdpby� fh`_l� aZ\bk_lv� hl� \j_f_gb� t � b� hl� g_dhlhjh]h� iZjZf_ljZ� θ . 
Iehlghklv�jZkij_^_e_gby�\_jhylghkl_c� �beb��djZldh��jZkij_^_e_gb_��y\�

ey_lky�lZd�gZau\Z_fhc�ijhba\h^ghc�JZ^hgZ–Gbdh^bfZ� ( )+p d X dX= �b�

\k_]^Z�iheh`bl_evgZ�>��@�� 
Hij_^_e_gb_����:gZeh]hf�\a\_r_ggh]h�kj_^g_]h���������dZ`^hc�g_�

ij_ju\ghc� kemqZcghc�\_ebqbgu� ( )T T X= � \� khklhygbb� p � y\ey_lky� \u�

jZ`_gb_ 

 ( ) ( )
1

+
+

G

G
G

TpdX

T Td
G pdX

= =
∫

∫
∫

E ,   (1.1.21) 

]^_ 

 0
G

pdX< < ∞∫ .  (1.1.22) 

Ijb�mkeh\bb�\_jhylghklghc�ghjfbjh\db�^ey�\k_]h�ijhkljZgkl\Z�ba�

���������\ul_dZ_l�ke_^mxs__�\a\_r_ggh_�kj_^g__�ih�\_jhylghklghc�f_j_� 

 ( ) + � �T Td TpdX pdX= = =∫ ∫ ∫E .  (1.1.23) 

<_kh\hc� nmgdpb_c� kemqZcghc� \_ebqbgu� ( )T X � y\ey_lky� jZkij_^_e_gb_�

( )p X . 

�����<a\_r_ggh_�kj_^g__�]_hf_ljbq_kdh_ 
Ijh^he`bf�jZkkfhlj_gb_�hkgh\guo�hij_^_e_gbc� 
Hij_^_e_gb_� ��� DZ`^hc� kemqZcghc� \_ebqbg_� T � khhl\_lkl\m_l�

\a\_r_ggh_�kj_^g__�]_hf_ljbq_kdh_�>�����@ 

 ( )

( )2log
1

2

m

i i
i

mm

ii
ii i

T p

pp m
p

i
i

N T T

∑

∑∑  = =   
∏ .  (1.2.1) 
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Bkihevam_lky�lZd`_�\ujZ`_gb_� 

 ( )
( )2

2

log
log

m

i i
i

m

i
i

T p
N T

p

∑
=

∑
.  (1.2.2) 

<� ��������b� ��������\a\_r_ggh_�kj_^g__�hij_^_ey_lky�^ey�kemqZcghc�

\_ebqbgu� 2log iT �� >ey� ghjfbjh\Zggh]h� jZkij_^_e_gby� bf__f� kj_^g__�

]_hf_ljbq_kdh_�b�__�eh]Zjbnf 

 ( )
( )2log

2

m

i i
i

T p

N T
∑

= ,  (1.2.3) 

 ( ) ( )2 2log log
m

i i
i

N T T p= ∑ , 1
m

i
i

p =∑ .  (1.2.4) 

?keb� 1ip = ��lh�ba���������\ul_dZ_l�h[uqgh_�kj_^g__�]_hf_ljbq_kdh_ 

 ( )
m

m
i

i
N T T= ∏ .  (1.2.5) 

Ijb\_^_f�hkgh\gu_�k\hckl\Z�\a\_r_ggh]h�kj_^g_]h�]_hf_ljbq_kdh]h� 

���H^ghjh^ghklv �b�\h]gmlhklv��<_ebqbgZ� ( )N T �y\ey_lky�h^ghjh^�

ghc�hlghkbl_evgh�aZf_gu�T �gZ�aT   

 ( ) ( )N aT aN T= , consta =   (1.2.6) 

b� \h]gmlhc�� lZd� dZd� hljbpZl_evgh_� agZq_gb_� kj_^g_]h� ]_hf_ljbq_kdh]h�

_klv�\uimdeZy�nmgdpby� 
?keb� 1T �b� 2T �^\_�iheh`bl_evgu_�nmgdpbb��lh�kijZ\_^eb\h�g_jZ\_gkl\h 

 ( ) ( ) ( )1 2 1 2N T N T N T T+ < + ,  (1.2.7) 

djhf_� kemqZ_\�� dh]^Z� 1 2bT cT= �� ]^_� b � b� c � g_� jZ\gu� gmex�� beb�

( )1 2 0N T T+ = . 

<�h[s_f�kemqZ_���������aZibr_lky�lZd 

 ( ) ( ) ( ) ( )1 2 1 2n nN T N T N T N T T T+ + + < + + +! ! .  (1.2.8) 
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��� Ghjfbjh\Zgghklv �� >ey� g_kemqZcghc� ihklhygghc� \_ebqbgu� K 
bf__f�jZ\_gkl\h�� 

 

( )2log

( ) 2

m

i
i

m

i
i

C p

p

N C C

∑

∑
= = ,  (1.2.9) 

ba� dhlhjh]h� \ul_dZ_l� k\hckl\h� ghjfbjh\Zgghklb� \a\_r_ggh]h� kj_^g_]h�

]_hf_ljbq_kdh]h�gZ�_^bgbpm 

 ( )1 1N = .  (1.2.10) 

���Kj_^g__�]_hf_ljbq_kdh_�b�\a\_r_ggh_�kj_^g__��>ey�\aZbfhk\y�

ab�kj_^gbo�]_hf_ljbq_kdbo�ijb\_^_f�khhlghr_gby 

 ( ) ( )1 1N T N T− = ,  (1.2.11) 

 
( )

( )
1 1 1

1 2 1 21 2

N T T T
N

T T T TN T T

   
= ≤      + ++    

E ,  (1.2.12) 

 ( ) ( ) ( ) ( )1 21 2
1 2 1 2

nn
n nN T T T N T N T N T

αα ααα α     =      ! ! .  (1.2.13) 

?keb�\a\_r_ggh_�kj_^g__�kemqZcghc�\_ebqbgu�T �dhg_qgh��lh�kijZ�

\_^eb\h�g_jZ\_gkl\h 

 

( ) ( )2 2log log

2 2

m m

i i i i i
i i

m m

i i i
i i

T p T T p
m

p T pi i
i
m

i
i

T p

p

∑ ∑

∑ ∑∑
< <

∑
,  (1.2.14) 

djhf_�lh]h�kemqZy��dh]^Z�T C= ��]^_�K –�ihklhyggZy� 

JZkkfhljbf�ljb�kemqZy�aZ\bkbfhklb�T �hl�jZkij_^_e_gbc� 
Ijb�T p= �\a\_r_ggh_�kj_^g__�]_hf_ljbq_kdh_�jZkij_^_e_gby�y\ey�

_lky�ke_^mxsbf�nmgdpbhgZehf 

 ( )

( )2log

2

m

i i
i

m

i
i

p p

p

N T

∑

∑
= ,  (1.2.15) 

^ey�dhlhjh]h�\uihegyxlky�k\hckl\Z������b���b�ke_^mxsb_�^hihegbl_ev�

gu_�k\hckl\Z� 
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��� FmevlbiebdZlb\ghklv �� <a\_r_ggh_� kj_^g__� ]_hf_ljbq_kdh_�

ijhba\_^_gby� ij i jp p p= � jZkij_^_e_gbc� g_aZ\bkbfuo� h[t_dlh\� jZ\gh�

ijhba\_^_gbx�bo�\a\_r_gguo�kj_^gbo�]_hf_ljbq_kdbo 

 ( ) ( ) ( )12 1 2N p N p N p= ,  (1.2.16) 

]^_ 

 ( )

( )2log

12 2

m n

ij ij
i j

m n

ij
i j

p p

p

N p

∑ ∑

∑ ∑
= ,  (1.2.17) 

 ( )

( )2log

1 2

m

i i
i

m

i
i

p p

p

N p

∑

∑
= , ( )

( )2log

2 2

n

j j
j

n

j
j

p p

p

N p

∑

∑
= .  (1.2.18) 

���<a\_r_ggh_�kj_^g__�]_hf_ljbq_kdh_�jZ\gh\_jhylgh]h �jZkij_�

^_e_gby��Ih^klZ\bf�jZ\gh\_jhylgh_�jZkij_^_e_gb_� 

 
1

ip
m

=   (1.2.19) 

\�hij_^_e_gb_���������b�ihemqbf�kj_^g__�]_hf_ljbq_kdh_ 

 ( ) 1
N p

m
= ,  (1.2.20) 

h[jZlgh�ijhihjpbhgZevgh_�qbkem�\hafh`guo�khklhygbc�h[t_dlZ� 
>Ze__�ijbf_f�T u= �b�T p u= �b�hij_^_ebf�kj_^gb_�]_hf_ljbq_kdb_ 

 ( )

( )2log

2

m

i i
i

m

i
i

u p

p

N u

∑

∑
= ,  (1.2.21) 

 

2log

2

m
i

i
i i

m

i
i

p
p

u

pp
N

u

 
   

∑

∑  =  
,  (1.2.22) 

dhlhju_�bf_xl�\k_�ijb\_^_ggu_�k\hckl\Z� 
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��� <aZbfhk\yav� \a\_r_gguo� kj_^gbo� ]_hf_ljbq_kdbo� jZkij_�

^_e_gbc��Bkihevam_f� jZ\_gkl\h� ��������� b� ihemqbf� ke_^mxs__� khhl�

ghr_gb_� 

 
( )
( )

N pp
N

u N u
  =  

.  (1.2.23) 

Ih^klZ\b\�\����������jZ\gh\_jhylgh_�jZkij_^_e_gb_�����������ihemqbf 

 ( )p
N mN p

u
  =  

.  (1.2.24) 

Ijb\_^_f� g_ij_ju\gu_� ZgZeh]b� \a\_r_gguo� kj_^gbo� ]_hf_ljbq_�

kdbo�jZkij_^_e_gbc� 

 ( )

( )2log

2

G

G

p pdX

pdX

N p

∫

∫
= ,    ( )

( )2log

2

G

G

u pdX

pdX

N u

∫

∫
= ,  (1.2.25) 

 

2
0

log

0

2

G

G

p
pdX

p

pdXp
N

p

 
   

∫

∫ 
=   

  (1.2.26) 

b�bo�eh]Zjbnfu 

 ( )
( )2

2

log
log G

G

p pdX
N p

pdX

∫
=

∫
,   ( )

( )2

2

log
log G

G

u pdX
N u

pdX

∫
=

∫
,  (1.2.27) 

 
2

2

log
log G

G

p
pdX

p u
N

u pdX

 
∫     =   ∫

.  (1.2.28) 

Ij_^hij_^_eyy�^Zevg_crb_�j_amevlZlu��hlf_lbf��qlh�nmgdpbhgZeu 

 ( ) ( )2logH p N p= − ,  (1.2.29) 

 ( ) ( )2: logH p u N u= − ,  (1.2.30) 

 ( ) 2: log
p

I p u N
u

 =   
  (1.2.31) 

_klv�Z^^blb\gu_�\ujZ`_gby�wgljhibb�R_gghgZ–<bg_jZ��f_ju�g_lhqgh�
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klb�D_jjb^`Z�b�bgnhjfZpbb�jZaebqby�Dmev[ZdZ–E_c[e_jZ�\�klZlbklbq_�
kdhc�l_hjbb�bgnhjfZpbb�� 

<a\_r_ggh_�kj_^g__�]_hf_ljbq_kdh_� ��������fh`gh�aZibkZlv�\�wd\b�

\Ze_glghf�\b^_�>��@ 

 ( )
( )ln

exp

m

i i
i

m

i
i

T p
N T

p

 ∑ 
=  

 ∑  

.  (1.2.32) 

Lh]^Z�nmgdpbhgZeu� ��������� b� ��������� k� gZlmjZevguf� eh]Zjbnfhf�

gZoh^yl�ijbf_g_gb_�\�klZlbklbq_kdhc�nbabd_�>������@� 

�����Ijbgpbi�fbgbfmfZ�kj_^g_]h�]_hf_ljbq_kdh]h� 
jZkij_^_e_gby� 

JZkkfhljbf�wdklj_fmf�kj_^g_]h�]_hf_ljbq_kdh]h�jZkij_^_e_gby 

 ( )
( )2log

2

m

i i
i

p p

N p
∑

=   (1.3.1) 

ijb�khojZg_gbb�ghjfbjh\db 

 1
m

i
i

p =∑ .  (1.3.2) 

Wlh� iha\hebl� gZclb� \_jhylgh_� jZkij_^_e_gb_�� ijb� dhlhjhf� ^hklb]Z_lky�

wdklj_fZevgh_�agZq_gb_�kj_^g_]h�]_hf_ljbq_kdh]h��Kh]eZkgh�\ZjbZpbhg�

ghfm�ijbgpbim��\uqbkebf�[_amkeh\guc�wdklj_fmf�nmgdpbhgZeZ 

 
( )2log

2

m

i i
i

p p m

i
i

L p
∑

= − α∑ ,  (1.3.3) 

]^_�α �_klv�fgh`bl_ev�EZ]jZg`Z� 
IjbjZ\gb\Zy�gmex�i_j\mx�\ZjbZpbx 

 
( )2log

2

1
2 ln 2 log 0

ln 2

m

i i
i

p p m m

i i i
i i

L p p p
∑  δ = ⋅ δ + − α δ =  

∑ ∑ ,  (1.3.4) 

ihemqbf�jZ\_gkl\h 

 ( ) 2ln 2 log 1 0ip γ + − α =  , 
( )2log

2

m

i i
i

p p∑
γ = ,  (1.3.5) 
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ba� dhlhjh]h� k� mq_lhf� mkeh\by� ghjfbjh\db� \ul_dZ_l� jZ\gh\_jhyl 
gh_�jZkij_^_e_gb_ 

 
1

ip
m

= .  (1.3.6) 

Ih^klZ\bf���������\���������b�ihemqbf�wdklj_fZevgh_�agZq_gb_�kj_^�

g_]h�]_hf_ljbq_kdh]h 

 ( ) 1
N p

m
= .  (1.3.7) 

>Ze__� jZkkfhljbf� \ZjbZpbhgguc� ijbgpbi� wdklj_fmfZ� kj_^g_]h�

]_hf_ljbq_kdh]h� jZkij_^_e_gby� ijb� ^hihegbl_evguo� mkeh\byo� aZ^Zggh�

klb�kj_^g_]h�agZq_gby�kemqZcghc�wgljhibb� { }1, , mh h h= ! �b�ghjfbjh\db 

 ( )
m

i i
i

H p h p= ∑ ,   1
m

i
i

p =∑ .  (1.3.8) 

Hij_^_ebf�nmgdpbhgZe 

 
( )2log

2

m

i i
i

p p m m

i i i
i i

L h p p
∑

= + τ − α∑ ∑ ,  (1.3.9) 

]^_�α �b� τ �_klv�fgh`bl_eb�EZ]jZg`Z��Bkihevamy�jZ\_gkl\h 

 

( )2log

2

1
2 ln 2 log

ln 2

0,

m

i i
i

p p m

i i
i

m m

i i i
i i

L p p

h p p

∑  δ = ⋅ δ + +  

+τ δ − α δ =

∑

∑ ∑
  

(1.3.10)

 

ihemqbf 

 ( ) 2ln 2 log 1 0i ip h γ + + τ − α =  .   (1.3.11) 

Ihkdhevdm�α �b� τ �bf_xl�ijhba\hevgu_�agZq_gby��lh�ijbf_f� ln 2γ = α = τ . 

Lh]^Z�ba����������ke_^m_l�jZkij_^_e_gb_ 

 2 ih
ip −=   (1.3.12) 

b�agZq_gb_�kemqZcghc�wgljhibb 

 ( ) 2logi ih p p= − .  (1.3.13) 
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Mkj_^gyy�����������ihemqbf�nmgdpbhgZe� 

 ( ) ( ) ( )2log
m m

i i i i
i i

H p h p p p p= = −∑ ∑ ,  (1.3.14) 

ih^klZgh\dZ�dhlhjh]h�\���������^Z_l�wdklj_fZevgu_�\ujZ`_gby 

 ( ) ( ) ( ) ( )22 , logH pN p H p N p−= = − .  (1.3.15) 

GZdhg_p� gZoh^bf� wdklj_fmf� kj_^g_]h� ]_hf_ljbq_kdh]h� hl� \_eb�

qbgu� p u 

 
2log

2

m
i

i
i i

p
p

up
N

u

 
   

∑  =  
  (1.3.16) 

ijb�^hihegbl_evguo�mkeh\byo 

 ( ): , 1
m m

i i i
i i

I p u I p p= =∑ ∑ .  (1.3.17) 

Lh]^Z� aZ^ZqZ� k\h^blky� d�gZoh`^_gbx�[_amkeh\gh]h� wdklj_fmfZ� ke_^mx�

s_]h�nmgdpbhgZeZ 

 
2log

2

m
i

i
i i

p
p m mu

i i i
i i

L I p p

 
   

∑
= − τ − α∑ ∑   (1.3.18) 

k�fgh`bl_eyfb�EZ]jZg`Z�α �b� τ ��Ba�mkeh\by� 0Lδ = �ihemqbf 

 ( ) 2ln 2 log 1 0i
i

i

p
I

u

 
γ + − τ − α = 

  
  (1.3.19) 

b�ijb� ln 2γ = α = τ �hdhgqZl_evgh�bf__f�\ujZ`_gby 

 2 iI
i ip u= ,  (1.3.20) 

 ( ) 2: log i
i i i

i

p
I I p u

u
= = .  (1.3.21) 

Mkj_^g_gb_� kemqZcghc� bgnhjfZpbb� jZaebqby� ��������� ijb\h^bl� d�

nmgdpbhgZem 

 ( ) ( )0 0 2
0

: : log
m m

i
i i i

i i i

p
I p p I p p p p

p

 
= =    

∑ ∑ .  (1.3.22) 

>ey�kj_^g_]h�]_hf_ljbq_kdh]h�ihemqbf�wdklj_fZevgh_�agZq_gb_� 
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 ( )0:

0

2I p pp
N

p

 
=   

, ( ) 2: log
p

I p u N
u

 =   
.  (1.3.23) 

Ihemq_ggu_�wdklj_fmfu�^ey�kj_^gbo�]_hf_ljbq_kdbo�khhl\_lkl\m�

xl�fbgbfmfm�jZkkfZljb\Z_fuo�nmgdpbhgZeh\��ihkdhevdm�\uihegyxlky��

khhl\_lkl\_ggh��g_jZ\_gkl\Z�^ey�\lhjhc�\ZjbZpbb 

 ( ) ( ) ( ) ( )2
2 12 0

m
i

i i

p
L N p N p N p

p

− δ
δ = δ + ≥       ∑ ,  (1.3.24) 

 
( )22 1

2 0
m

i

i i

pp p p
L N N N

u u u p

− δ        δ = δ + ≥                
∑ .  (1.3.25) 

Ke_^h\Zl_evgh�� \� wdklj_fmf_� wgljhiby�R_gghgZ–<bg_jZ� ( )H p � b�

bgnhjfZpby� jZaebqby� Dmev[ZdZ–E_c[e_jZ� ( ):I p u � bf_xl� fZdkbfmf� b�

fbgbfmf�khhl\_lkl\_ggh� 

�����Lbi�Z^^blb\ghc�wgljhibb�� 
f_ju�g_lhqghklb�b�bgnhjfZpbb�jZaebqby 

JZkkfhljbf�kemqZcguc�h[t_dl��dhlhjuc�khklhbl�bo�^\mo�g_aZ\bkb�

fuo�h[t_dlh\��Bkihevam_f�k\hckl\h�fmevlbiebdZlb\ghklb�kj_^g_]h�]_h�

f_ljbq_kdh]h� 

 1 2N N N= ,  (1.4.1) 

^ey� ijhba\_^_gby� ij i jp p p= � jZkij_^_e_gbc� g_aZ\bkbfuo� h[t_dlh\�� ]^_�

( )12N N p= , ( )1 1N N p= � b� ( )2 2N N p= � hij_^_eyxlky� nhjfmeZfb�

���������b���������� 
>Ze__�iheh`bf��qlh�\uihegy_lky�k\hckl\h�Z^^blb\ghklb�^ey�wgljhibc 

 1 2H H H= + ,  (1.4.2) 

dhlhju_�aZ\bkyl�hl�khhl\_lkl\mxsbo�kj_^gbo�]_hf_ljbq_kdbo 

 ( ) ( ) ( )1 1 1 2 2 2, ,H H N H H N H H N= = = .  (1.4.3) 

Lh]^Z��^bnn_j_gpbjmy���������b�mqblu\Zy�jZ\_gkl\Z 

 1 1 2 2

1 1 2 2

,
dN dH dN dHdN dN dN dN

dH dN dH dH dH dN dH dH
= =   (1.4.4) 

ihemqbf�mjZ\g_gb_� 
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 1 2

1 2

ln lnln d N d Nd N

dH dH dH
= = = −λ ,  (1.4.5) 

]^_�λ  –�ijhba\hevgZy�ihklhyggZy� 
J_r_gb_f� mjZ\g_gby� �������� y\ey_lky�nbabq_kdZy� [_ajZaf_jgZy� wg�

ljhiby�k�lhqghklvx�^h�dhwnnbpb_glZ� 1−λ  

 ( ) ( )1 lnphysH p N p−= −λ .  (1.4.6) 

Bkihevam_f�k\hckl\h�ghjfbjh\Zgghklb�wgljhibb�gZ�_^bgbpm�\�l_h�

jbb�bgnhjfZpbb��b�ihemqbf�agZq_gb_� ln 2λ = ��Wgljhiby���������ijbgbfZ�

_l�^ey�\k_o�h[t_dlh\�h^bgZdh\uc�\b^ 

 ( ) ( )
( )2

2

log
log

m

i i
i

m

i
i

p p
H p N p

p
= − = −

∑

∑
.  (1.4.7) 

>Ze__�hij_^_ebf�ke_^mxsb_�]_hf_ljbq_kdb_�kj_^gb_� 

 ( )12N N u= ,  ( )1 1N N u= ,  ( )2 2N N u= ,  (1.4.8) 

 12 1 2
1 2

12 1 2

, ,
p p p

N N N N N N
u u u

     
= = =               

,  (1.4.9) 

]^_� 12 1 2p p p= , 12 1 2u u u= ��:gZeh]bqgh� bkihevam_f� k\hckl\Z�fmevlbieb�

dZlb\ghklb� 1 2N N N= �^ey�g_aZ\bkbfuo�h[t_dlh\�b�Z^^blb\ghklb�^ey�f_j�

g_lhqghklb�b�bgnhjfZpbc�jZaebqby 

 1 2H H H= + ,  (1.4.10) 

 1 2I I I= + .  (1.4.11) 

<�blh]_�ihemqbf�mjZ\g_gby 

 1 2

1 2

ln lnln d N d Nd N

dH dH dH
= = = −λ ,  (1.4.12) 

 1 2

1 2

ln lnln d N d Nd N

dI dI dI
= = = λ ,  (1.4.13) 

j_r_gbyfb�dhlhjuo�ijb� ln 2λ = �y\eyxlky�f_jZ�g_lhqghklb�b�bgnhjfZ�

pby�jZaebqby� 
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 ( ) ( )
( )2

2

log
: log

m

i i
i

m

i
i

u p
H p u N u

p
= − = −

∑

∑
,  (1.4.14) 

 ( )
2

2

log

: log

m
i

i
i i

m

i
i

p
p

up
I p u N

u p

 
     = =  

∑

∑
.  (1.4.15) 

LZdbf�h[jZahf��bkihevamy�k\hckl\Z�fmevlbiebdZlb\ghklb��Z^^blb\�

ghklb�b�ghjfbjh\Zgghklb�^hdZaZeb��qlh�kms_kl\m_l�lhevdh�h^bg�lbi�wg�

ljhibb��f_ju�g_lhqghklb�b�bgnhjfZpbb�jZaebqby�� 

�����Wgljhiby�R_gghgZ–<bg_jZ�� 
BgnhjfZpby�b�f_jZ�OZjleb 

D� klZlbklbq_kdbf� k\hckl\Zf� kemqZcgh]h� h[t_dlZ� hlghkblky� f_jZ�

bgnhjfZpbb� dZd�f_jZ� klZlbklbq_kdhc�g_hij_^_e_gghklb� �beb� kemqZcgh�

klb��\�khklhygbyo��\ujZ`Z_fZy�g_dhlhjuf�nmgdpbhgZehf�hl�jZkij_^_e_�

gby��>ey� Z^^blb\guo� h[t_dlh\� lZdbf�nmgdpbhgZehf� y\ey_lky� wgljhiby�

R_gghgZ–<bg_jZ�>�����@ 

 ( )
( )2log

m

i i
i

m

i
i

p p
H p

p
= −

∑

∑
.  (1.5.1) 

Ijb�\uiheg_gbb�mkeh\by�\_jhylghklghc�ghjfbjh\db 

 1
m

i
i

p =∑   (1.5.2) 

\a\_r_ggh_�kj_^g__���������kemqZcghc�wgljhibb 

 ( ) 2logi ih p p= −   (1.5.3) 

ijbgbfZ_l�ke_^mxsbc�\b^� 

 ( ) ( )2log
m

i i
i

H p p p= −∑ .  (1.5.4) 

Ijb\_^_f�hkgh\gu_�k\hckl\Z�wgljhibb�R_gghgZ–<bg_jZ� 
��� Iheh`bl_evghklv � b� \uimdehklv�� Wgljhiby� _klv� \_s_kl\_g�

guc�� g_hljbpZl_evguc� b� \uimdeuc� nmgdpbhgZe�� lh� _klv� kijZ\_^eb\u�
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g_jZ\_gkl\Z 

 ( ) 0H p ≥ ,  (1.5.5) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2H a p a p a H p a H p+ ≤ + .  (1.5.6) 

A^_kv� 1 2 1a a+ = , 1 0a > , 2 0a > �b�wgljhibb 

 ( ) ( )1 2 1 1log
m

i i
i

H p p p= −∑ ,  ( ) ( )2 2 2 2log
m

i i
i

H p p p= −∑   (1.5.7) 

k�ghjfbjh\Zggufb�jZkij_^_e_gbyfb 

 1 2 1
m m

i i
i i

p p= =∑ ∑ .  (1.5.8) 

��� :^^blb\ghklv� ^ey� g_aZ\bkbfuo� h[t_dlh\�� Imklv� khklhygb_�

kemqZcgh]h� h[t_dlZ� hibku\Z_lky� kh\f_klguf� fmevlbiebdZlb\guf� jZk�

ij_^_e_gb_f� ij i jp p p= ��Z� ip �b� jp �hlghkylky�d�jZaguf�g_aZ\bkbfuf�h[t�

_dlZf��H[sZy�wgljhiby�aZibr_lky�dZd 

 ( ) ( )12 2log
m n

ij ij
i j

H p p p= −∑∑ ,    (1.5.9) 

]^_�mkeh\by�ghjfbjh\db 

 1
m n m n

ij i j
i j i j

p p p= = =∑∑ ∑ ∑ .  (1.5.10) 

Lh]^Z�ba� ��������\ul_dZ_l�k\hckl\h�Z^^blb\ghklb�^ey�wgljhibc�g_aZ\bkb�

fuo�h[t_dlh\ 

 
( ) ( ) ( )

( ) ( ) ( ) ( )
12 1 2

1 2 2 2

,

log , log .
m n

i i j j
i j

H p H p H p

H p p p H p p p

= +

= − = −∑ ∑
  (1.5.11) 

���:^^blb\ghklv�^ey�aZ\bkbfuo�h[t_dlh\��<�h[s_f�kemqZ_�aZ\b�

kbfuo�h[t_dlh\�^ey�ghjfbjh\Zgguo�jZkij_^_e_gbc�bf__f�khhlghr_gby 

        ij i jj i i j
p p p p p= = ���l_hj_fZ�mfgh`_gby��  (1.5.12) 

       ,
n m

i ij j ij
j i

p p p p= =∑ ∑  ��l_hj_fZ�keh`_gby��  (1.5.13) 
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 ,
n m

i j j ii j j i
j i

p p p p p p= =∑ ∑ ���l_hj_fZ�jZaeh`_gby��  (1.5.14) 

Eh]Zjbnfbjmy� ijhba\_^_gb_� jZkij_^_e_gbc� ���������� ihemqbf� Z^^blb\�

ghklv�kemqZcguo�wgljhibc 

 ( ) ( ) ( )ij i j i
h p h p h p= + .  (1.5.15) 

A^_kv� ( ) 2log
j i j i

h p p= −  –� kemqZcgZy� mkeh\gZy� wgljhiby� k� mkeh\guf�

jZkij_^_e_gb_f�
j i

p ��Mqblu\Zy�mkeh\by�ghjfbjh\db 

 1
m n m

ij i
i j i

p p= =∑∑ ∑ ,  (1.5.16) 

ihemqbf�k\hckl\h�Z^^blb\ghklb�^ey� wgljhibc�klZlbklbq_kdb� aZ\bkbfuo�

h[t_dlh\ 

 ( ) ( ) ( )12 1 2 1H p H p H p p= + ,  (1.5.17) 

]^_�mkeh\gZy�wgljhiby�h[t_dlZ�k�jZkij_^_e_gb_f�
21

p  

 ( ) ( )22 1
log

n

i j i j i
j

H p p p= −∑   (1.5.18) 

b�__�kj_^g__�agZq_gb_� 

 ( ) ( )2 1 2 1

m

i i
i

H p p p H p= ∑   (1.5.19) 

\uqbkeyxlky�ijb�mkeh\bb�j_ZebaZpbb�khklhygby�k�jZkij_^_e_gb_f� 1p . 

?keb�j_Zebam_lky�khklhygb_�k�jZkij_^_e_gb_f� 2p ��lh� ij j i j
p p p= �b�

lh]^Z�ihemqZ_f�wgljhibb 

 ( ) ( ) ( )12 2 1 2H p H p H p p= + ,  (1.5.20) 

 ( ) ( )21 2
log

m

j i j i j
i

H p p p= −∑ ,  (1.5.21) 

 ( ) ( )1 2 1 2

n

j j
j

H p p p H p= ∑ .  (1.5.22) 

K�mq_lhf����������b����������bf__f�jZ\_gkl\h� 
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 ( ) ( ) ( ) ( )1 2 1 2 1 2H p H p p H p H p p+ = + .  (1.5.23) 

<� qZklghf� kemqZ_� g_aZ\bkbfhklb� h[t_dlh\� khhlghr_gby� ��������� b�

���������i_j_oh^yl�\���������� 
>ey�lj_o�aZ\bkbfuo�h[t_dlh\�bf__f�ke_^mxsb_�jZkij_^_e_gby 

 , ,

r

ijkn r r
k

i ijk ij ijk m ri j
j k k

ijk
i k

p
p p p p p

p
= = =

∑
∑∑ ∑

∑∑
,  (1.5.24) 

 
, ,

,ijk ijk
m n mi j k i j k

ijk ijk
i j i

p p
p p

p p
= =

∑∑ ∑
,  (1.5.25) 

^ey�dhlhjuo�kijZ\_^eb\u�nhjfmeu 

 
, , ,ijk k ij ii j k k i j j i k i j

p p p p p p p p= = = ,  (1.5.26) 

 
,

,
r

ij i j i i j i k j
k

p p p p p= = ∑ ,  (1.5.27) 

 
,

, ,

i i j i j k

mi j k j k i j k

j i j
i

p p p
p p p

p p
= =

∑
.  (1.5.28) 

<\h^bf�khhl\_lkl\mxsb_�wgljhibb 

 ( ) ( )123 2log
m n r

ijk ijk
i j k

H p p p= −∑∑∑ ,  (1.5.29) 

 ( ) ( )12 2log
m n r

ij ijk
i j k

H p p p= −∑∑∑ ,  (1.5.30) 

 ( ) ( )1 2log
m n r

i ijk
i j k

H p p p= −∑∑∑ ,  (1.5.31) 

 ( ) ( )1 2 2log
m n r

ijki j
i j k

H p p p p= −∑∑∑ ,  (1.5.32) 
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 ( ) ( )1 2 3 2 ,
, log

m n r

ijki j k
i j k

H p p p p p= −∑∑∑ ,  (1.5.33) 

 ( ) ( )1 2 3 2 ,
, log

m n r

ijki j k
i j k

H p p p p p= −∑∑∑   (1.5.34) 

b�\�blh]_�^ey�gbo�bf__f�k\hckl\h�Z^^blb\ghklb�\�\b^_ 

 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
123 1 2 3 1 12

3 1 2 1 2 1 3 1 2

,

, , .

H p H p H p p p H p

H p p p H p H p p H p p p

= + = +

+ = + +
 

 (1.5.35) 

���NemdlmZpby��Bkihevam_f�\ujZ`_gb_�nemdlmZpbb�fbdjhkdhibq_�

kdhc�wgljhibb 

 ( ) ( ) ( )i ih p h p H p∆ = −   (1.5.36) 

b�aZibr_f�jZkij_^_e_gb_�\�\b^_ 

 ( ) ( )2 iH p h p
ip  − −∆ = .  (1.5.37) 

Ba�mkeh\by�ghjfbjh\db�ihemqbf�nhjfmeu 

 
( )

( )
2

2

i

i

h p

i m h p

i

p
−∆

−∆
=

∑
,  (1.5.38) 

 ( ) ( )
2log 2 i

m h p

i
H p −∆= ∑ ,  (1.5.39) 

iha\heyxsb_�gZoh^blv�jZkij_^_e_gb_�b�wgljhibx�k�bkihevah\Zgb_f�agZ�

q_gby�nemdlmZpbb� ( )ih p∆ . 

���Wgljhiby�jZ\gh\_jhylgh]h �khklhygby��Imklv�\�kemqZcghf�h[t�

_dl_�hlkmlkl\mxl�nemdlmZpbb�fbdjhkdhibq_kdhc�wgljhibb�b� ( ) 0ih p∆ = . 

Ba� ���������b� ���������\ul_dZ_l�jZ\gh\_jhylgh_�jZkij_^_e_gb_�b�khhl\_l�

kl\mxsZy�wgljhiby 

 
1

ip
m

= ,  (1.5.40) 

 ( ) 2logH p m= .  (1.5.41) 

6.�G_jZ\_gkl\Z�� Wgljhiby�R_gghgZ–<bg_jZ� lZd`_� m^h\e_l\hjy_l�
hkgh\guf�g_jZ\_gkl\Zf� 
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( ) ( ) ( )12 1 2H p H p H p≤ + ,                           (1.5.42) 

( ) ( ) ( ) ( )2 1 2 1 2 1,H p H p p H p H p p≥ ≥ ,            (1.5.43) 

( ) 2logH p m≤ ,                                   (1.5.44) 

( ) ( )1 2 3 1 3,H p p p H p p≤ ,                           (1.5.45) 

 ( ) ( )1 2 3 1 2, ,H p p p H p p≤ ,                           (1.5.46) 

 ( ) ( ) ( )1 3 1 2 2 3H p p H p p H p p≤ + ,                    (1.5.47) 

 
( )
( )

( )
( )

( )
( )

1 3 2 31 2

1 21 3 2 3,, ,

H p p H p pH p p

H p pH p p H p p
≤ + ,                  (1.5.48) 

dhlhju_�\ul_dZxl�ba�k\hckl\Z�\uimdehklb�bgnhjfZpbb�jZaebqby� 
���Wgljhibcgh_�jZkklhygb_��=_hf_ljbq_kdZy�bgl_jij_lZpby�wgljh�

ibb�\�\b^_� ( ) ( ) ( )1 2 1 2 2 1,p p H p p H p pδ = + �khhl\_lkl\m_l�jZkklhygbx�hl�

1p �^h� 2p ��<uihegy_lky�g_jZ\_gkl\h�lj_m]hevgbdZ 

 ( ) ( ) ( )1 3 1 2 2 3, , ,p p p p p pδ ≤ δ + δ ,  (1.5.49) 

]^_� ( )1 2, 0p pδ ≥ , ( )1 1, 0p pδ = � b� ( ) ( )1 2 2 1, ,p p p pδ = δ �� JZkkfZljb\Z_lky�

lZd`_�\ujZ`_gb_� 

 ( ) ( )
( )

( )
( )

1 2 12 1 2
1 2

12 12

, :
, 1

p p I p p p
p p

H p H p

δ
′δ = = − ,  (1.5.50) 

dhlhjh_�jZ\gy_lky�gmex�ijb� ( )12 0H p = ��Ih^jh[gh�h�klZlbklbq_kdbo�jZk�

klhygbyo�fh`gh�hagZdhfblvky�\�fhgh]jZnbyo�>�����������@� 
��� Ghjfbjh\Zgghklv � b� jZaf_jghklv�� <� j_amevlZl_� wdki_jbf_glZ�

f_jZ� g_hij_^_e_gghklb� khklhygbc� klZgh\blky� ba\_klghc� b� y\ey_lky� bg�

nhjfZpb_c�h[t_dlZ�h�kZfhf�h[t_dl_��AZ�_^bgbpm�baf_j_gby�bgnhjfZpbb�

ijbgbfZ_lky�g_hij_^_e_gghklv��ijb�dhlhjhc�\uihegy_lky�k\hckl\h�ghj�

fbjh\Zgghklb�wgljhibb 

 ( ) ( )2log 1
m

i i
i

H p p p= − =∑ .  (1.5.51) 

<u[bjZy� � �gZbf_gvr__� �qbkeh� �\hafh`guo� �khklhygbc� � 2m= �� �ihem�

qbf�ba� ��������� agZq_gby� 1 2 1 2p p= = ��LZdbf�h[jZahf��gZbf_gvrZy�_^b�
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gbpZ�baf_j_gby�bgnhjfZpbb� _klv�^\hbqgZy� _^bgbpZ� wgljhibb� kbkl_fu��

dhlhjZy�bf__l�gZa\Zgb_�h^bg�[bl��hl�binary digit)  

 ( )
2

2

1 1
, log 1

2 2 i i
i

H p p  = − =  
∑ .  (1.5.52) 

<� kemqZ_�^_kylbqgh]h�b�gZlmjZevgh]h� eh]ZjbnfZ� \� �������� _^bgbpZ�

baf_j_gby�bgnhjfZpbb�gZau\Z_lky�^blhf�beb�gZlhf��hl�natural digit���kh�
hl\_lkl\_ggh�� >ey� i_j_oh^Z� f_`^m� wlbfb� _^bgbpZfb� baf_j_gby� bf__f�

jZ\_gkl\h��^bl� ( )1 lg 2 [bl�b��gZl� ( )1 ln 2  [bl��>ey�nbabq_kdhc�l_hjbb�

bgnhjfZpbb�bf__f�wgljhibx 

 ( ) ( )ln
m

phys
i i

i
H p p p= −∑ .  (1.5.53) 

<� klZlbklbq_kdhc�nbabd_� bkihevam_lky� _^bgbpZ� baf_j_gbc�� bf_x�

sZy�jZaf_jghklv�ihklhygghc�;hevpfZgZ��Lh]^Z�ihemqbf�jZaf_jgmx�nb�

abq_kdmx�wgljhibx�;hevpfZgZ–=b[[kZ� ( ) ( )physH p kH p=  [1, 6]. 

Wgljhiby�R_gghgZ–<bg_jZ� _klv� hlghr_gb_� nbabq_kdhc� wgljhibb� 
d�__�agZq_gbx�ijb�jZ\gh\_jhylghf�khklhygbb�k� 2m= ��lh�_klv�\uihegy�

_lky�jZ\_gkl\h 

 ( ) ( ) 1 1
, , ln 2

1 1 2 2,
2 2

phys
phys

phys

H p
H p H

H

 = =    
  

.  (1.5.54) 

JZkkfhljbf�kemqZc��dh]^Z�khklhygby�Z^^blb\gh]h�h[t_dlZ�y\eyxlky�

jZ\gh\_jhylgufb� b� klZlbklbq_kdb� g_aZ\bkbfufb� ijb� n � gZ[ex^_gbyo��
Lh]^Z�kijZ\_^eb\u�ke_^mxsb_�\ujZ`_gby 

 , 1
n m m

i ik i ik
i ik

p p p p= = =∑ ∑∏ ,  (1.5.55) 

]^_� 1, ,k n= ! �b�jZkij_^_e_gb_� 

 
1

ikp
m

= .  (1.5.56) 

<�blh]_�ba���������ihemqbf�f_jm�bgnhjfZpbb�OZjleb�>��@� 

 ( ) ( )2 2log log
m

i i
i

H p p p n m= − =∑ .  (1.5.57) 
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Ba� ���������ke_^m_l��qlh�bgnhjfZpby�_klv�eh]Zjbnfbq_kdZy�f_jZ�hl�

qbkeZ�jZ\gh\_jhylguo�khklhygbc�kemqZcgh]h�h[t_dlZ��ijhihjpbhgZevgZy�

qbkem�gZ[ex^_gbc�n ��b�khklZ\ey_l� 2log m�[bl� 

9.  f -wgljhiby��NmgdpbhgZevgu_�h[h[s_gby�wgljhibb�hij_^_eyxl�

ky�\ujZ`_gbyfb� 

 ( ) ( )
m

f i i
i

H p f p p= ∑ ,  (1.5.58) 

 ( ) ( )
m

f i
i

H p f p= ∑ ,  (1.5.59) 

 ( ) ( )fH p f N p=    ,  (1.5.60) 

]^_� f �_klv�\uimdeZy�nmgdpby�� 

Ijb� 2log if p= − , ( )2log i if p p= − � b� ( )2logf N p= − � ba� ����������

���������b����������ke_^m_l�ljZ^bpbhggZy�f_jZ�bgnhjfZpbb�R_gghgZ–<bg_jZ�� 
NmgdpbhgZe� ���������y\ey_lky�kj_^gbf�agZq_gb_f�kemqZcghc�wgljh�

ibb��\ujZ`_gb_� ��������� k�bgnhjfZpbhgghc�nmgdpb_c� ( )f p �jZkkfZljb�

\Zehkv� \� jZ[hlZo� >���� ��@�� Z� ��������� _klv� nmgdpby� hl� ]_hf_ljbq_kdh]h�

kj_^g_]h�jZkij_^_e_gby� 

�����:dkbhfu�ObgqbgZ��:dkbhfu�NZ^^__\Z 
b�f_lh^�bgnhjfZpbhgghc�nmgdpbb�>Zjhrb 

?^bgkl\_gghklv� nmgdpbhgZeZ� R_gghgZ–<bg_jZ�� kh\f_klbfh]h� k�
ijb\_^_ggufb�k\hckl\Zfb��^hdZaZe�\i_j\u_�ZdkbhfZlbq_kdbf�ih^oh^hf�

:�Y��Obgqbg�>������@��;ueb�knhjfmebjh\Zgu�^ey�^bkdj_lgh]h�kemqZy�jZk�

ij_^_e_gby� { }1, , mp p p= ! �hkgh\hiheZ]Zxsb_�Zdkbhfu� 

1. ( )1 2, , , mH p p p! �g_ij_ju\gZ�hlghkbl_evgh� 1 2, , , mp p p! �\�h[eZk�

lb�0 1ip≤ ≤ �b� 1
m

i
i

p =∑ . 

2. ( )1 2, , , mH p p p! �kbff_ljbqgZ�hlghkbl_evgh� 1 2, , , mp p p! . 

3. ( ) ( )1 2 1 2, , , ,0 , , ,m mH p p p H p p p=! ! . Wlh� hagZqZ_l�� qlh� ^h[Z\�

e_gb_�d��fgh`_kl\m��khklhygbc��g_\hafh`gh]h��khklhygby��g_��baf_gy�

_l�g_hij_^_e_gghklv� 
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4. ( )11 1 21 2 1, , ; , , ; ; , ,n n m mnH p p p p p p =! ! ! !  

 ( ) 1
1 2, , , , ,

m
i in

m i i
i i i

p p
H p p p p H

p p

 
= +    

∑! ! ,  (1.6.1) 

]^_� ijp  –�ghjfbjh\Zggh_�kh\f_klgh_�jZkij_^_e_gb_�klZlbklbq_kdb� aZ\b�

kbfuo�h[t_dlh\�k� 

 ( )1, 0
m n n

ij i ij ij
i j j

p p p p= = ≥∑∑ ∑ .  (1.6.2) 

5. ( )1 2

1 1 1
, , , , , ,mH p p p H

m m m
 ≤   

! ! ��Wlh� hagZqZ_l�� qlh�nmgdpbh�

gZe�bf__l�gZb[hevr__�agZq_gb_�ijb� 1 2 1mp p p m= = = =! . 

Hij_^_eyy� wgljhibx�ZdkbhfZfb�ObgqbgZ�k� lhqghklvx�^h�ihklh�

yggh]h� iheh`bl_evgh]h� fgh`bl_ey� 1−λ �� ihemqbf� eh]Zjbnfbq_kdmx 
f_jm�>������@ 

 ( ) ( )1
1 2, , , log

m

m a i i
i

H p p p p p−= −λ ∑! .  (1.6.3) 

Ijb� gZlmjZevghf� eh]Zjbnf_� b� 1λ = � bf__f� nbabq_kdmx� [_ajZaf_jgmx�

wgljhibx� ( ) ( )ln
m

phys
i i

i
H p p p= −∑ .  

���Mkeh\b_�ghjfbjh\Zgghklb��<u[bjZy�^\hbqgmx�_^bgbpm�wgljhibb�

k� 2a = �b�mqblu\Zy�mkeh\b_�ghjfbjh\Zgghklb 

 
1 1

, 1
2 2

H   =  
,  (1.6.4) 

hdhgqZl_evgh�ihemqbf�nmgdpbhgZe�R_gghgZ–<bg_jZ 

 ( ) ( )2log
m

i i
i

H p p p= −∑ .  (1.6.5) 

>�D��NZ^^__\� >��@�mijhklbe�kbkl_fm�Zdkbhf�ObgqbgZ�b�ij_^eh`be�

ke_^mxsb_�Zdkbhfu� 

1. ( ) ( )1 2, 1 ,H p p H p p= − �g_ij_ju\gZ�ijb�0 1p≤ ≤ �b�iheh`bl_evgZ�

ohly�[u�\�h^ghc�lhqd_� 

2. ( )1 2, , , mH p p p! �kbff_ljbqgZ�hlghkbl_evgh� 1 2, , , mp p p! . 

���Ijb� 2m≥   
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( ) ( )

( )
1 1 1 1 1 1

1
1 1

1 1

, , , , , , ,

, , 0.

m m m m m m

m m
m m m m

m m m m

H p p p p H p p p p

p p
p p H p p

p p p p

− + − +

+
+ +

+ +

= + +

 
+ + + >  + + 

! !

    
(1.6.6)

 

:dkbhfZfb�NZ^^__\Z�wgljhiby�ijb� 2m= �hij_^_ey_lky�h^ghagZqgh�

k�lhqghklvx�^h�dhwnnbpb_glZ� 1−λ �b�bf__l�\b^ 

 ( ) ( ) ( )1, 1 log 1 log 1a aH p p p p p p−  − = −λ + − −  .    (1.6.7) 

Mqblu\Zy� jZaf_jghklv�b� mkeh\b_�ghjfbjh\Zgghklb� ����������bf__f�
12, 1a −= λ = ��Z���������aZibr_lky�lZd� 

 ( ) ( ) ( )2 2, 1 log 1 log 1H p p p p p p − = − + − −  .    (1.6.8) 

I_j_oh^�d�h[s_fm�kemqZx�k� 2m> �hkms_kl\ey_lky�f_lh^hf�fZl_fZ�

lbq_kdhc�bg^mdpbb�gZ�hkgh\Zgbb�Zdkbhfu���� 
<�jZ[hl_�>��@�hlf_qZ_lky��qlh�jZagbpZ�\�wlbo�^\mo�kbkl_fZo�Zdkbhf�

aZdexqZ_lky� \� ke_^mxs_f�� <h-i_j\uo�� ZdkbhfZ� �� �wdklj_fZevghklv�� \�
kbkl_f_�ObgqbgZ� aZf_gy_lky� lj_[h\Zgb_f� iheh`bl_evghklb� wgljhibb� \�

h^ghc�lhqd_�b��\h-\lhjuo��Zdkbhfu� ��b� �� aZf_gyxlky�h^ghc�Zdkbhfhc� ��
kbkl_fu�NZ^^__\Z�� hq_gv� _kl_kl\_gghc�� _keb� jZkkfhlj_lv� wgljhibx� dZd�

f_jm�g_hij_^_e_gghklb�khklhygbc�kemqZcgh]h�h[t_dlZ� 
>Ze__�A��>Zjhrb�>����������@�ij_^klZ\be�Zdkbhfm���kbkl_fu�NZ^^__�

\Z�\�h[s_f�\b^_�k�]jmiih\uf�mkj_^g_gb_f 

 ( ) ( )1 1 2
2 1 2

, ,
m

k
m k

k k

p
H p p p p p f

p p p=

 
= + + +   + + + 

∑! !

!

.  (1.6.9) 

A^_kv�lZd�gZau\Z_fZy�bgnhjfZpbhggZy�nmgdpby� ( )f x �ijb� 2m= �m^h\e_�

l\hjy_l�]jZgbqguf�mkeh\byf 

 ( ) ( ) 1
0 1 , 1

2
f f f  = =  

  (1.6.10) 

b�nmgdpbhgZevghfm�mjZ\g_gbx 

 ( ) ( ) ( ) ( )1 1
1 1

y x
f x x f f y y f

x y

  + − = + −   − −   
  (1.6.11) 

^ey�\k_o� ( ),x y D∈ ��]^_ 

 ( ){ }, : 0 1, 0 1, 1D x y x y x y= ≤ < ≤ < + ≤ .  (1.6.12) 

J_r_gb_f� mjZ\g_gby� ��������� y\ey_lky� bgnhjfZpbhggZy� nmgdpby�
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>Zjhrb��jZ\gZy�wgljhibb�R_gghgZ–<bg_jZ 

 ( ) ( ) ( ) ( )2 2, 1 log 1 log 1H p p f p p p p p− = = − − − − .  (1.6.13) 

LZdhc� ih^oh^� k� bgnhjfZpbhgghc�nmgdpb_c�ijb� 2m= �� aZ\bkys_c�

hl�^\mo�i_j_f_gguo��iha\hey_l�ihemqblv�bgnhjfZpbx�jZaebqby�Dmev[Z�

dZ–E_c[e_jZ 

 ( ) ( ) ( )2 2

1
1 , :1 , , log 1 log

1

p p
I p p u u f p u p p

u u

−− − = = + −
−

,  (1.6.14) 

dhlhjZy�m^h\e_l\hjy_l�mkeh\bx�ghjfbjh\Zgghklb�
1 1

1,0 : , 1
2 2

I   =  
. 

Ih^jh[gu_� fZl_fZlbq_kdb_� \udeZ^db� f_lh^Z� bgnhjfZpbhgghc�

nmgdpbb�ijb\h^ylky�\�fhgh]jZnbb�>��@� 

�����Hij_^_e_gb_�bgnhjfZpbb�\�dZgZeZo�k\yab� 
NhjfmeZ�R_gghgZ 

JZkkfhljbf� hij_^_e_gb_� bgnhjfZpbb� dZd� dhebq_kl\h� kgylhc� f_ju�

g_hij_^_e_gghklb�h�khklhygbyo�kemqZcgh]h�kb]gZeZ�\�dZgZeZo�k\yab��Imklv�

i_j_^Zgguc�kb]gZe�oZjZdl_jbam_lky�jZkij_^_e_gb_f� ( )1, ,ip i m= ! ��Dheb�

q_kl\h�bgnhjfZpbb� hij_^_ey_lky� Zijbhjghc� wgljhib_c� kemqZcgh]h� kb]�

gZeZ�>��@ 

 ( ) ( )1 2log , 1
m m

i i i
i i

H p p p p= − =∑ ∑ .    (1.7.1) 

?keb�ihemq_gguc�kb]gZe�g_�jZ\_g�i_j_^Zgghfm��lh�hklZ_lky�f_jZ�

g_hij_^_e_gghklb� ihke_� ijb_fZ� kb]gZeZ�� oZjZdl_jbam_fZy� mkeh\guf�

jZkij_^_e_gb_f� ( )1, ,
i j

p j n= ! ��Khhl\_lkl\mxsZy� mkeh\gZy� wgljhiby�

jZ\gy_lky 

 ( ) ( )21 2
log , 1

m m

j i j i j i j
i i

H p p p p= − =∑ ∑ ,    (1.7.2) 

Z�__�kj_^g__�agZq_gb_�>��@ 

 ( ) ( ) ( )1 21 22
log

n m n

j j ji j i j
j i j

H p p p H p p p p= − = −∑ ∑∑     (1.7.3) 

\uqbkey_lky� ih� jZkij_^_e_gbx� ijbgbfZ_fh]h� kb]gZeZ� jp �� <ujZ`_gb_�

��������_klv�Zihkl_jbhjgZy�wgljhiby�kemqZcgh]h�kb]gZeZ� 
LZdbf� h[jZahf�� bgnhjfZpby�� ihemq_ggZy� ihke_� ijb_fZ� kb]gZeZ��

jZ\gy_lky�ke_^mxs_c�jZaghklb�>��@� 
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 ( ) ( ) ( ) ( )1 1 2 22
log log

m m n

i i ji j i j
i i j

I H p H p p p p p p p= − = − +∑ ∑∑   (1.7.4) 

f_`^m� Zijbhjghc� b� Zihkl_jbhjghc� wgljhibyfb� b� hljZ`Z_l� dhebq_kl\h�

kgylhc�g_hij_^_e_gghklb�h�kemqZcghf�kb]gZe_� 
I_j_ibr_f���������\�ke_^mxs_f�\b^_ 

 

( ) ( ) ( )12 1 2 2 2

2 2

: log log

log log ,

m m n

i i iji j
i i j

m n m ni j ij
ij ij

i j i ji i j

I p p p p p p p

p p
p p

p p p

= − + =

  
  = =      

∑ ∑∑

∑∑ ∑∑
  

(1.7.5)
 

]^_� ij j i j
p p p= �_klv�kh\f_klgh_�jZkij_^_e_gb_�i_j_^Zggh]h�b�ihemq_ggh�

]h�kb]gZeh\��LZd�dZd�kijZ\_^eb\h�jZ\_gkl\h� ij i j i
p p p= ��lh�^ey�ihemq_g�

ghc�bgnhjfZpbb�bf__f�lZd`_�\ujZ`_gb_ 

 

( ) ( ) ( )
( ) ( )

12 1 2 2 2 1

2 2

2 2

:

log log

log log .

n m n

j j ij i j i
j i j

m n m nj i ij
ij ij

i j i jj i j

I p p p H p H p p

p p p p p

p p
p p

p p p

= − =

= − + =

   
   = =      

∑ ∑∑

∑∑ ∑∑

  

(1.7.6)

 

<�dZq_kl\_�ijbf_jZ�ba�l_hjbb�k\yab�jZkkfhljbf�g_ij_ju\guc�dZgZe�

k�rmfhf��Bklhqgbd�ihkueZ_l�\�dZgZe�kb]gZeu�k�ihehkhc�qZklhl�∆ν �aZ�\j_�
fy� t ��Imklv� x �_klv�i_j_^Zggh_�kb]gZevgh_�gZijy`_gb_��Z� x x y′ = + �hij_�

^_ey_l�ihemq_gguc�kb]gZe�ijb�gZebqbb�rmfh\h]h�gZijy`_gby� y ��<_ebqb�

gu� x �b� y �y\eyxlky�g_aZ\bkbfufb��H]jZgbqbfky�]Zmkkh\ufb�kb]gZeZfb�b�

rmfhf��Lh]^Z�aZibr_f�g_ij_ju\guc�ZgZeh]�bgnhjfZpbb���������\�gZlZo 

 

( ) ( ) ( ) ( ) ( )

( ) ( )
( ) ( )

ln ln

,
, ln .

I p x p x dx p x p x x p x x dx dx

p x x
p x x dxdx

p x p x

 ′ ′ ′ ′= − + = 
′

′ ′=
′

∫ ∫ ∫

∫∫
 

(1.7.7)
 

Bkihevamy�\ujZ`_gby�kh\f_klgh]h�ghjfZevgh]h�jZkij_^_e_gby�� 
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( )
( ) ( ) ( ){ }

( ) ( ) ( ) ( ) ( ) ( )

1 2
2

2 2

2

1
,

2 1 ,

1
exp 2 , ,

2 1 ,

p x x
x x r x x

x xx x
r x x

x x x xr x x

′ = ×
 ′ ′π − 

  ′ ′ ′× − − +  ′ ′ ′−     

D D

D D D D

  

(1.7.8)

 

b�qZklguo�ghjfZevguo�jZkij_^_e_gbc 

 ( )
( ){ } ( )

2

1 2

1
exp ,

2

x
p x

xx

 
= − 

π  DD
    (1.7.9) 

 ( )
( ){ } ( )

2

1 2

1
exp

2

x
p x

xx

 ′′ = − ′′π  DD
,  (1.7.10) 

ba���������\ul_dZ_l�dhebq_kl\h�bgnhjfZpbb 

 ( )21
ln 1 ,

2
I r x x ′= − −  .  (1.7.11) 

>ey�jZkoh`^_gby�bf__f�\ujZ`_gb_ 

 
( )

( )
2

2

,

1 ,

r x x
J

r x x

′
=

′−
.  (1.7.12) 

A^_kv�^bki_jkbb�b�dhwnnbpb_gl�dhjj_eypbb�jZ\gyxlky 

 ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2,x x x p x dx x x x p x dx′ ′ ′ ′ ′= = = =∫ ∫D E D E ,  (1.7.13) 

 ( )
( ) ( )

( )1 2

1
, ,r x x xx p x x dxdx

x x
′ ′ ′ ′=

′  
∫∫

D D
.  (1.7.14) 

Ihkdhevdm� x �b� x′ �aZ\bkbfu��lh�ijbgbfZ_lky 

 ( ) ( ) ( ) ( ) ( ),p x x p x p x x p x p x x′ ′ ′= = − ,  (1.7.15) 

]^_�mkeh\gh_�ghjfZevgh_�jZkij_^_e_gb_ 

 

( )
( ) ( ){ }

( ) ( )
( ) ( )

( )

1 2
2

21 2

2

1

2 1 ,

1
exp , .

2 1 ,

p x x
x r x x

x
x xr x x

xx r x x

′ = ×
 ′ ′π − 

   ′  ′ ′× − −       ′ ′−       

D

D

DD

  

(1.7.16)
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Mqblu\Zy�����������ihemqbf�jZ\_gkl\Z 

 ( ) ( )
( ) ( ) ( )

( )

1 2

2, 1, ,
x x P

r x x r x x
x x P N

 ′ ′
′ ′= = =   + 

D D

D D
,  (1.7.17) 

]^_� ( )2P x= E �b� ( )2N y= E �_klv�kj_^gb_�agZq_gby�fhsghklb�i_j_^Zggh�

]h� kb]gZeZ� b� rmfZ�� Ih^klZ\bf� dhwnnbpb_gl� dhjj_eypbb� \� ��������� 
b� ����������\�j_amevlZl_�bf__f�\ujZ`_gb_�^ey�dhebq_kl\Z�bgnhjfZpbb�\�

ihemq_gghf�kb]gZe_�b�agZq_gb_�jZkoh`^_gby 

 
1

ln 1
2

P
I

N
 = +  

,  (1.7.18) 

 
P

J
N

= .   (1.7.19) 

>ey� hij_^_e_gby� i_j_^Zggh]h� kb]gZeZ� g_h[oh^bfh� 2n t= ∆ν � g_aZ\b�

kbfuo�gZ[ex^_gbc�>����������@��H[s__�dhebq_kl\h�bgnhjfZpbb�jZ\gy_lky�nI 
b�\�blh]_�bf__f�agZf_gblmx�nhjfmem�R_gghgZ�^ey�ijhimkdghc�kihkh[�

ghklb�dZgZeZ 

 ln 1
nI P

C
t N

 = = ∆ν +  
.  (1.7.20) 

Ba� ���������ke_^m_l��qlh�mf_gvr_gb_�\_ebqbgu�fhsghklb�rmfZ�ih�

a\hey_l�m\_ebqblv�dhebq_kl\h�i_j_^Zgghc�bgnhjfZpbb�� 
H[s__�dhebq_kl\h�jZkoh`^_gby�jZ\gy_lky� 

 02nJ E N= ,                                        (1.7.21) 

]^_� E Pt= � _klv� ihegZy� wg_j]by� i_j_^Zggh]h� kb]gZeZ�� Z� 0N N= ∆ν  – 

kj_^gyy�fhsghklv�rmfZ�gZ�_^bgbpm�ihehku�qZklhl� 
<� kemqZ_� bkqbke_gby� bgnhjfZpbb� \� [blZo� g_h[oh^bfh� jZa^_eblv�

���������b����������gZ� ln 2 ��qlh�\�blh]_�^Z_l 

 2

1
log 1

2

P
I

N
 = +  

,  (1.7.22) 

 2log 1
P

C
N

 = ∆ν +  
.  (1.7.23) 

I_j_c^_f�d�jZkkfhlj_gbx�hkgh\guo�k\hckl\�bgnhjfZpbb�jZaebqby� 
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�����BgnhjfZpby�jZaebqby�Dmev[ZdZ–E_c[e_jZ 

D�klZlbklbq_kdbf�k\hckl\Zf�h[t_dlZ�hlghkblky�f_jZ�bgnhjfZpbb�\�

h^ghf� khklhygbb� hlghkbl_evgh� ^jm]h]h� khklhygby�� dhlhjZy� \ujZ`Z_lky�

nmgdpbhgZehf� Dmev[ZdZ–E_c[e_jZ� >���� ��@�� <� ij_^u^ms_f� iZjZ]jZn_�

ijb\h^beky� qZklguc� \b^� bgnhjfZpbb� jZaebqby�� bf_xs_c� \Z`gmx� jhev� 
\�l_hjbb�k\yab��JZkkfhljbf�h[sbc�kemqZc� 

Imklv� klZlbklbq_kdb_� gZ[ex^_gby� \_^mlky� k� jZkij_^_e_gb_f�

{ }1, , mp p p= ! � hlghkbl_evgh� khklhygby� k� { }0 01 0, , mp p p= ! �� Lh]^Z� gZ�

[ex^_gby�oZjZdl_jbamxlky�kemqZcghc�bgnhjfZpb_c�jZaebqby�\�\b^_�jZa�

ghklb�kemqZcguo�wgljhibc 

 ( ) ( ) ( ) 2: log i
i i i i

i

p
I p u h p h u

u
 = − − =  .  (1.8.1) 

<a\_r_ggh_�kj_^g__�agZq_gb_�_klv�bgnhjfZpby�jZaebqby�Dmev[ZdZ-
E_c[e_jZ�>������@ 

 ( )
2log

:

m
i

i
i i

m

i
i

p
p

u
I p u

p

 
   =

∑

∑
  (1.8.2) 

beb�ijhklh�jZaebqZxsZy�bgnhjfZpby� 
Ijb�\uiheg_gbb�mkeh\by�\_jhylghklghc�ghjfbjh\db� 

 1
m

i
i

p =∑   (1.8.3) 

\a\_r_ggh_�kj_^g__���������ijbgbfZ_l�ke_^mxsbc�\b^ 

 ( ) 2: log , 1.
m m

i
i i

i ii

p
I p u p u

u

 
= =   

∑ ∑   (1.8.4) 

Ijb\_^_f�hkgh\gu_�k\hckl\Z�jZaebqZxs_c�bgnhjfZpbb� 
1.� Iheh`bl_evghklv � b� \uimdehklv�� BgnhjfZpby� jZaebqby� _klv�

\_s_kl\_gguc�� g_hljbpZl_evguc� b� \uimdeuc� nmgdpbhgZe�� lh� _klv� ^ey�

ijhba\hevguo� p �b�u �bf__f�g_jZ\_gkl\Z 

 ( ): 0I p u ≥ ,  (1.8.5) 

   ( ) ( )( ) ( ) ( )1 1 2 2 1 1 2 2 1 1 1 2 2 2: : :I a p a p a u a u a I p u a I p u+ + ≤ + .  (1.8.6) 
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A^_kv� 1 2 1 21, 0, 0a a a a+ = > > �b�bgnhjfZpbb�jZaebqby�k�ghjfbjh\Zg�

gufb�jZkij_^_e_gbyfb 

 ( ) 1
1 1 2 1 1

1

: log , 1
m m

i
i i

i ii

p
I p u p p

u

 
= =   

∑ ∑ ,    (1.8.7) 

 ( ) 2
2 2 2 2 2

2

: log , 1
m m

i
i i

i ii

p
I p u p p

u

 
= =   

∑ ∑ .    (1.8.8) 

JZ\_gkl\h�\� ��������^hklb]Z_lky�lh]^Z�b�lhevdh�lh]^Z��dh]^Z� 0p p= . 

:gZeh]bqgu_�g_jZ\_gkl\Z�kijZ\_^eb\u�^ey�nmgdpbhgZeZ��������� 
���:^^blb\ghklv�^ey�g_aZ\bkbfuo�h[t_dlh\��Imklv�^\Z�khklhygby�

h[t_dlZ� hibku\Zxlky� ghjfbjh\Zggufb� kh\f_klgufb� jZkij_^_e_gbyfb�

12p �b� 12u ��BgnhjfZpby�jZaebqby�bf__l�\b^ 

 ( )12 12 2: log
m n

ij
ij

i j ij

p
I p u p

u

 
 =   

∑∑ ,    (1.8.9) 

 1
m n m n

ij ij
i j i j

p u= =∑∑ ∑∑ .  (1.8.10) 

<�kemqZ_�klZlbklbq_kdhc�g_aZ\bkbfhklb�khklhygbc�bf__f�jZ\_gkl\Z�

ij i jp p p= �b� ij i ju u u= ��Ba� ��������ke_^m_l�k\hckl\h�Z^^blb\ghklb�^ey�bg�

nhjfZpbb�jZaebqby 

 ( ) ( ) ( )12 12 1 1 2 2: : :I p u I p u I p u= + ,  (1.8.11) 

]^_ 

 ( ) ( )1 1 2 2 2 2: log , : log
m n

ji
i j

i ji j

pp
I p q p I p q p

q q

  
 = =       

∑ ∑ .  (1.8.12) 

���:^^blb\ghklv�^ey�aZ\bkbfuo�h[t_dlh\��JZkkfhljbf�i_j_oh^�hl�

khklhygby� k� ijp  d� khklhygbx� k� ij i ju p p= ��Lh]^Z� k\hckl\Z� Z^^blb\ghklb�

hij_^_eyxlky�\� l_jfbgZo� mkeh\ghc� wgljhibb��>ey� wlh]h�hij_^_ebf�� kh�

]eZkgh�l_hj_fZf�keh`_gby�b�jZaeh`_gby�����������ghjfbjh\Zggu_�jZkij_�

^_e_gby� 
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 ,
n m

i ij j ij
j i

p p p p= =∑ ∑  (1.8.13) 

b�mkeh\gu_�jZkij_^_e_gby 

 ,ij ij
i j j i

j i

p p
p p

p p
= = . (1.8.14) 

Kh]eZkgh� ��������� ihemqbf� k\hckl\h� Z^^blb\ghklb� ^ey� aZ\bkbfuo�

kbkl_f�\�\b^_ 

 

( )

( ) ( ) ( )
( ) ( ) ( ) ( )

12 1 2 2

1 2 12

1 1 2 2 2 1

: log

,

m n
ij

ij
i j i j

p
I p p p p

p p

H p H p H p

H p H p p H p H p p

 
 = =  

= + − =

= − = −

∑∑

    

(1.8.15) 

]^_�khhl\_lkl\mxsb_�wgljhibb 

     ( ) ( ) ( ) ( )1 2 2 2log , log ,
m n

i i j j
i j

H p p p H p p p= − = −∑ ∑     (1.8.16) 

   ( ) ( ) ( ) ( )2 21 2 2 1
log , log ,

m n

j ii j i j j i j i
i j

H p p p H p p p= − = −∑ ∑   (1.8.17) 

     ( ) ( ) ( ) ( )2 1 1 22 1 1 2
,

m n

i i j j
i j

H p p p H p H p p p H p= =∑ ∑ .  (1.8.18) 

LZdbf�h[jZahf��bgnhjfZpby�jZaebqby�jZ\gy_lky�jZaghklb�wgljhibb�

R_gghgZ–<bg_jZ�b�kj_^g_c�mkeh\ghc�wgljhibb��<�l_hjbb�k\yab��dZd�[ueh�
ihdZaZgh�\�ij_^u^ms_f�iZjZ]jZn_��wlZ�bgnhjfZpby�jZaebqby�oZjZdl_jb�

am_l�ijhimkdgmx�kihkh[ghklv�dZgZeZ��HklZgh\bfky�ih^jh[g__�gZ�__�g_dh�

lhjuo�k\hckl\Zo��\�dhlhjuo�khklhygb_�k� ip �b�
j i

p �hij_^_eyxl��khhl\_lkl�

\_ggh��dZd�i_j_^Zgguc�b�ihemq_gguc�kb]gZeu�� 
Kbff_ljbqghklv� bgnhjfZpbb�� Ba� hij_^_e_gby� nmgdpbhgZeZ�

���������ke_^m_l�jZ\_gkl\h 

 ( ) ( )12 1 2 21 2 1: : 0I p p p I p p p= ≥ ,  (1.8.19) 

dhlhjh_� �hagZqZ_l�� �qlh� �iheh`bl_evgZy� �bgnhjfZpby� �h[�h[t_dl_�� �kh�
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^_j`ZsZyky�\�i_j_^Zgghf�b�ijbgbfZ_fhf�kb]gZeZo��h^bgZdh\Z��>jm]bfb�

keh\Zfb��g_hij_^_e_gghklv��kgylZy�ijb�ihkued_�lh]h��dZdhc�kb]gZe�[m^_l�

ihemq_g��jZ\gZ�g_hij_^_e_gghklb�kgylhc�ijb�ijb_f_�kb]gZeZ�lh]h��dZdhc�

kb]gZe�[ue�hlijZ\e_g�� 
BgnhjfZpby� h� kZfhf� kb]gZe_��?keb� ij i ijp p= δ � �]^_� ijδ  – kbf\he�

Djhg_d_jZ���lh�ba����������\ul_dZ_l�dhebq_kl\h�bgnhjfZpbb 

 ( ) ( )2log
m

i i
i

I H p p p= = −∑   (1.8.20) 

h�i_j_^Zgghf�kb]gZe_��jZ\gh_�wgljhibb�R_gghgZ–<bg_jZ� 
<� h[s_f� kemqZ_� ba� hij_^_e_gby� iheh`bl_evghc� jZaebqZxs_c� bg�

nhjfZpbb� \ul_dZxl� ba\_klgu_� g_jZ\_gkl\Z� ^ey� wgljhibc� ��������� b�

(1.5.43). 
Mf_gvr_gb_�bgnhjfZpbb��Imklv�gh\uc�i_j_^Zgguc�kb]gZe�h�kbk�

l_f_�oZjZdl_jbam_lky�jZkij_^_e_gb_f� { }1, , mp p p′ ′ ′= ! ��Dhebq_kl\h�ihem�

q_gghc� bgnhjfZpbb� g_� m\_ebqb\Z_lky�� Z� klZgh\blky� f_gvr_� bkoh^ghc��

>hdZaZl_evkl\h�ijb\h^blky�\�fhgh]jZnbb�D��R_gghgZ�>��@�� 
>Ze__� jZkkfhljbf� h[sbc� kemqZc� k� kh\f_klgufb� jZkij_^_e_gbyfb�

12p �b� 12 1 2u p p≠ ��Lh]^Z�bkihevamy�jZkij_^_e_gby 

 ,
n n

i ij i ij
j j

p p u u= =∑ ∑ ,  (1.8.21) 

 ,ij ij
j i j i

j i

p u
p u

p u
= = ,  (1.8.22) 

ihemqbf�ke_^mxs__�k\hckl\h�Z^^blb\ghklb� 

 ( ) ( ) ( )12 12 1 1 2 1 2 1
: :I p u I p u I p u= + .  (1.8.23) 

I_j\h_�keZ]Z_fh_�\����������_klv�bgnhjfZpby�jZaebqby�\�gZ[ex^_gbyo� 1p  

hlghkbl_evgh� 1u ��Z�\lhjh_�–�kj_^g__�agZq_gb_�ih� 1p  

 ( ) ( )2 1 2 1 2 1 2 1

m

i i
i

I p u I p u p= ∑   (1.8.24) 

mkeh\ghc�jZaebqZxs_c�bgnhjfZpbb� 
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 ( ) 22 1 2 1
log

n j i

i j i
j j i

p
I p u p

u

 
 =
  

∑ .  (1.8.25) 

Ijb� ij i ju p p= �ba����������\ul_dZ_l�\ujZ`_gb_���������� 

Ba���������bf__f�k\hckl\h�Z^^blb\ghklb�\�\b^_� 

 ( ) ( ) ( )12 12 2 2 1 2 1 2
: :I p u I p u I p u= + ,  (1.8.26) 

]^_ 

 ( ) ( )1 2 1 2 1 2 1 2

n

j j
j

I p u I p u p= ∑ ,  (1.8.27) 

 ( ) 21 2 1 2
log

m i j

j i j
i i j

p
I p u p

u

 
 =
  

∑ .  (1.8.28) 

HdhgqZl_evgh�ihemqbf�jZ\_gkl\h� 

 ( ) ( ) ( ) ( )1 1 2 2 1 2 1 2 2 1 2 1
: :I p u I p u I p u I p u− = − .  (1.8.29) 

I_j_c^_f� d� kemqZx� lj_o� aZ\bkbfuo� h[t_dlh\��Mqblu\Zy�nhjfmeu�

^ey�jZkij_^_e_gbc��wgljhibc�b�bgnhjfZpbc�jZaebqby 

 ( ) ( ) ( )1 2 1 1 2 2: log
m n i j

ij
i j i

p
I p p H p H p p p

p

 
 = − =   

∑∑ ,  (1.8.30) 

 

( ) ( ) ( )1 2 3 1 3 1 2 3

,

2

: ,

log ,
m n r i j k

ijk
i j k i k

I p p p H p p H p p p

p
p

p

= − =

 
 =
  

∑∑∑
  

(1.8.31)
 

 

( ) ( ) ( )12 3 12 1 1 3

,

2

: ,

log ,
m n r i j k

ijk
i j k ij

I p p H p H p p p

p
p

p

= − =

 
 =   

∑∑∑
  

(1.8.32)
 

ihemqbf�k\hckl\Z�Z^^blb\ghklb�\�ke_^mxs_f�\b^_� 

 ( ) ( ) ( ) ( ) ( )1 2 1 2 3 1 2 12 3, : :H p H p H p p p I p p I p p+ + = + ,  (1.8.33) 
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( ) ( ) ( ) ( ) ( )1 3 1 2 3 1 2 1 3 2 12 3: : : : :I p p I p p p I p p I p p p I p p+ = + = .  (1.8.34) 

���NemdlmZpby��JZkkfhljbf�nemdlmZpbx� kemqZcghc� jZaebqZxs_c�

bgnhjfZpbb 

 ( ) ( ) ( ): : :i i i iI p u I p u I p u∆ = −   (1.8.35) 

b�aZibr_f�jZkij_^_e_gb_� 

 ( ) ( ){ }: :
2 i i i iI p u I p u

i ip u
+∆= .  (1.8.36) 

Bkihevamy�mkeh\b_�ghjfbjh\db����������ihemqbf 

 
( )

( )

:

:

2

2

i i

i i

I p u
i

i m
I p u

i
i

u
p

u

∆

∆
=

∑
  (1.8.37) 

b�bgnhjfZpbx�jZaebqby�Dmev[ZdZ–E_c[e_jZ� 

 ( ) ( )0:
0 2 0: log 2 i

m
I p p

i
i

I p p p ∆= ∑ .  (1.8.38) 

<\_^_f�nemdlmZpbb�kemqZcguo�wgljhibc 

 ( ) ( ) ( ) ( )2 2log , logi i i ih p p H p h u u H u∆ = − − ∆ = − −   (1.8.39) 

b�bgnhjfZpbb�jZaebqby 

 ( ) ( ) ( ) ( )0 0 0:i i i iI p p h p h p h p   ∆ = − ∆ − ∆ + ∆   E ,  (1.8.40) 

]^_�kj_^g__�agZq_gb_� 

 ( ) ( )
m

i i
i

h u h u p ∆ = ∆    ∑E .  (1.8.41) 

Lh]^Z�\ujZ`_gby����������b����������ijbfml�ke_^mxsbc�\b^ 

 
( ) ( ){ }

( ) ( ){ }
0

0

0

0

2

2

i i

i i

h p h p

i
i m h p h p

i
i

p
p

p

 − ∆ −∆ 

 − ∆ −∆ 
=

∑
,  (1.8.42) 

 ( ) ( ) ( ) ( ):I p u H p H u h u= − − + ∆ =      E  
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( )

( ) ( ){ }2 :

2
log

2

i

i i i

m h u

i
m h u I p u

i

−∆

− ∆ −∆
= =

∑

∑

( )

( ) ( )( ){ }

0

0
2

2
log .

2

i

i i

m h p

i
m h p h p

i

−∆

− ∆ − ∆

∑

∑
E

  (1.8.43) 

?keb� hlkmlkl\m_l�nemdlmZpby� kemqZcghc�bgnhjfZpbb� jZaebqby�� lh�

ba����������b����������\ul_dZxl�jZ\_gkl\Z 

 ( ), : 0i ip u I p u= = .  (1.8.44) 

LZdbf�h[jZahf��aZ^Z\Zy�agZq_gby�nemdlmZpbc�kemqZcguo�wgljhibc�b�

bgnhjfZpbb� jZaebqby��fh`gh�gZoh^blv� jZkij_^_e_gb_�b� kj_^g__� agZq_�

gb_�jZkkfZljb\Z_fuo�kemqZcguo�\_ebqbg� 

���BgnhjfZpby� jZaebqby� k� = 1iu m .�Ih^klZ\bf� \� bgnhjfZpbx�

jZaebqby���������jZkij_^_e_gb_�jZ\gh\_jhylgh]h�khklhygby� 

 1iu m= ,  (1.8.45) 

]^_�m  –�qbkeh�khklhygbc��Kh]eZkgh���������ihemqbf�g_jZ\_gkl\h 

 ( ) ( )2
2

log
log

: 0

m
i

i
i i

m m

i i
i i

p
p

u H p m
I p u

p p

 
    −   = = − ≥

∑

∑ ∑
,  (1.8.46) 

ba� dhlhjh]h� ke_^m_l�� qlh� wgljhiby� jZ\gh\_jhylgh]h� khklhygby� [hevr_��

q_f�wgljhiby�R_gghgZ–<bg_jZ�ijhba\hevgh]h�khklhygby� 

���G_jZ\_gkl\Z��BgnhjfZpby�jZaebqby�m^h\e_l\hjy_l�g_jZ\_gkl\Zf 

 ( ) ( ) ( )12 12 1 1 2 2: : :I p u I p u I p u≤ + ,                    (1.8.47) 

 ( ) ( ) ( ) ( )12 3 1 3 2 12 3 2 3 1: : , : :I p p I p p p I p p I p p p≥ > ,    (1.8.48) 

 ( ) ( ) ( ) ( )1 3 1 2 1 3 2 3: : , : :I p p I p p I p p I p p≥ > ,          (1.8.49) 

( ) ( )
( ) ( ) ( ) ( )

1 3 1 3 2

12 3 2 3 12 3 1 3

: : ,

: : , : : .

I p p I p p p

I p p I p p I p p I p p

≥

> ≥
         (1.8.50) 
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���G_]wgljhibcguc�ijbgpbi�;jbeexwgZ��Imklv�kj_^g__�agZq_gb_�

kemqZcghc�wgljhibb� ( )ih u �^ey�jZkij_^_e_gbc� ip �b� iu �h^bgZdh\u��Lh]^Z�

kijZ\_^eb\u�jZ\_gkl\Z 

( ) ( ) ( ) ( ) ( )2 2log log 0
m m m

i i i i i i
i i i

h u h u H u p u p u u ∆ = − = − + =    ∑ ∑ ∑E , (1.8.51) 

Z�\�blh]_�ihemqbf�agZq_gb_�jZaebqZxs_c�bgnhjfZpbb 

 ( ) ( ) ( )
( )

( )

0

0 0 2

2
: log

2

i

i

m h p

i
m

h p

i

I p p H p H p

−∆

−∆
 = − − = 

∑

∑
.  (1.8.52) 

Ba����������ke_^m_l�khhlghr_gb_ 

 ( ) ( ) ( ):H p H u I p u= − ,  (1.8.53) 

]^_�bgnhjfZpby�jZaebqby�ij_^klZ\e_gZ�\� \b^_�hljbpZl_evgh]h�\deZ^Z�\�

wgljhibx�b�ihwlhfm�gZau\Z_lky�g_]wgljhib_c��Ihgylb_�g_]wgljhibb��lh�

_klv�baf_g_gb_�wgljhibb�k�h[jZlguf�agZdhf��[ueh�ij_^eh`_gh�W��Rj_�

^bg]_jhf� >��@�� <� h[s_f� kemqZ_� \uihegy_lky� g_]wgljhibcguc� ijbgpbi�

;jbeexwgZ�>����@ 

 ( ) ( ) ( ): 0I p u H p H u+ − ≥   ,  (1.8.54) 

]^_�agZd�g_jZ\_gkl\Z�khhl\_lkl\m_l�g_h[jZlbfuf�ijhp_kkZf��ijhbkoh^y�

sbf�\�kemqZcghf�h[t_dl_� 

Ba� ��������� ke_^m_l�� qlh� m\_ebq_gb_� wgljhibb� ( )H p � ^h� agZq_gby�

( )0H p �ijhbkoh^bl�kh\f_klgh�k�ihl_j_c�bgnhjfZpbb�jZaebqby� ( ):I p u . 

G��<bg_j�>�@�lZd`_�aZibkZe�qZklguc�\b^�bgnhjfZpbb�^ey�jZ\gh\_jhylguo�

jZkij_^_e_gbc�k� 1ip m= �b� 1ju n= �\�\b^_ 

 

( ) ( ) ( )

( ) ( )2 2 2

:

log log log
m n

i i j j
i j

I p u H p H u

m
p p u u

n

= − − =  
 

= − = 
 
∑ ∑

 
 (1.8.55)

 

eh]Zjbnfbq_kdhc�f_ju�hlghr_gby�qbk_e�\hafh`guo� khklhygbc� kemqZc�

gh]h�h[t_dlZ�� 
8. JZkoh`^_gb_�� Hij_^_ebf� dhebq_kl\_ggmx� f_jm� bgnhjfZpbb�

jZaebqby�\�gZ[ex^_gbyo�u �hlghkbl_evgh� p  [33, 80]: 
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 ( ) 2: log , 1
m m m

i
i i i

i i ii

u
I u p u u p

p

 
= = =   

∑ ∑ ∑   (1.8.56) 

b�aZibr_f�ke_^mxsbc�nmgdpbhgZe 

 ( ) ( ) ( ) ( )0 0 0 2 0
0

: : : log 0.
m

i
i i

i i

p
J p p I p p I p p p p

p

 
= + = − ≥   

∑    (1.8.57) 

<_ebqbgZ� ( ):J p u �� \\_^_ggZy� \� jZ[hl_� >��@�� gZau\Z_lky� jZkoh`^_�

gb_f�b�y\ey_lky�eh]Zjbnfbq_kdhc�f_jhc�ljm^ghklb�jZaebqby�\�gZ[ex^_�

gbyo� p �b�u ��Hlf_lbf�g_dhlhju_�k\hckl\Z�jZkoh`^_gby� 

JZkoh`^_gb_�h[eZ^Z_l�k\hckl\hf�kbff_ljbqghklb�hlghkbl_evgh� p  

b� u �� lh�_klv� ( ) ( ): :J p u J u p= ��>ey�bgnhjfZpbc�jZaebqby� wlh�k\hckl\h�

g_� \uihegy_lky� ( ) ( ): :I p u I u p≠ � b� ihwlhfm� ( ):I p u � b� ( ):I u p � fh`gh�

jZkkfZljb\Zlv� dZd� gZijZ\e_ggu_� jZkoh`^_gby�� LZd`_� nmgdpbhgZe�

���������y\ey_lky�\uimdeuf�b�Z^^blb\guf�^ey�g_aZ\bkbfuo�h[t_dlh\� 

���F_jZ�g_lhqghklb��D�bgnhjfZpbhgguf�k\hckl\Zf�h[t_dlZ�hlgh�

kblky� f_jZ� klZlbklbq_kdhc� g_lhqghklb� hij_^_e_gby� h^gh]h� khklhygby�

kemqZcgh]h�h[t_dlZ�hlghkbl_evgh�^jm]h]h��dhlhjZy�\ujZ`Z_lky�nmgdpbh�

gZehf�ijb�Z^^blb\ghklb�f_j 

 ( ) ( ) ( ): :H p u H p I p u= + .  (1.8.58) 

Ba����������ke_^m_l��qlh�f_jZ�g_lhqghklb�D_jjb^`Z�>��@ 

 ( ) ( )2: log
m

i i
i

H p u u p= −∑   (1.8.59) 

y\ey_lky� kj_^gbf� agZq_gb_f� kemqZcghc� wgljhibb� ( ) 2logi ih u u= − �� Bg�

nhjfZpby�jZaebqby�ij_^klZ\ey_l�kh[hc�hljbpZl_evguc�\deZ^�\�f_jm�g_�

lhqghklb�b�y\ey_lky��lZdbf�h[jZahf��bgnhjfZpb_c�h�kgylhc�f_j_�g_lhq�

ghklb�� 
Ijb� u p= � nmgdpbhgZe� ��������� kh\iZ^Z_l� k� wgljhib_c�R_gghgZ–

<bg_jZ��lh�_klv� ( ) ( ):H p p H p= . 

GZ�jbk�����ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )H p ��bgnhjfZpbb�

jZaebqby� ( ):I p u �b�f_ju�g_lhqghklb� ( ):H p u �hl�jZkij_^_e_gby�ijb�agZ�

q_gbyo� 2m= , 1p p= ��Z��– 1 1 3u = ��[��– 1 1 2u = . 
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Z [ 

Jbk����� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb R_gghgZ–<bg_jZ hl jZkij_^_e_gby� 
1 – wgljhiby H( p), 2 – bgnhjfZpby jZaebqby I( p:u),  

3 –f_jZ g_lhqghklb H( p:u) 

 

F_jZ�g_lhqghklb�bah[jZ`Z_lky�dZkZl_evghc�d�nmgdpbb�wgljhibb�\�

lhqd_� 1u . 

����BgnhjfZpbhgguc�jZ^bmk��=_hf_ljbq_kdZy�bgl_jij_lZpby�g_�

jZ\_gkl\Z� �������� ijb� 1 2 1 2a a= = � ^Z_l� hij_^_e_gb_� bgnhjfZpbhggh]h�

jZ^bmkZ�>���@ 

    

( ) ( ) ( )

( ) ( )2 2 2

1
:

2 2

1
log log log 0.

2 2 2

m
i i i i

i i i i
i

p u
R p u H H p H u

p u p u
p p u u

+ = − + =     
+ +   = + − ≥   

∑
 

 (1.8.60)
 

Bkihevamy�nmgdpbhgZe�����������i_j_ibr_f�jZkoh`^_gb_�\�\b^_ 

 ( ) ( ) ( ): 4 : :J p u R p u T p u= +   ,  (1.8.61) 

]^_�\lhjh_�keZ]Z_fh_ 

 ( ) 2 1 2 1 2
: log 0

2 2

m
i i i i

i i i

p u p u
T p u

p u

+ +
= ≥∑   (1.8.62) 

\\_^_gh� �b� �bamqZ_lky�\� �jZ[hl_� � >���@�� �NmgdpbhgZeu� ���������b� ���������

aZ^Zxlky� lZd`_�� dZd� ihemkmffu� � bgnhjfZpbc� � jZaebqby� Dmev[ZdZ–
E_c[e_jZ�>���@� 

H(p),I(p:u), H(p:u) 

 3  

 1  

 2  

0,2 0,4 0,6 0,8 1 p 

1,6 

1,2 

0,8 

0,4 

0 

H(p),I(p:u), H(p:u) 

 2  

 1  

 3  

1,6 

1,2 

0,8 

0,4 

0 
0,2 0,4 0,6 0,8 1 p 
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 ( ) 1
: : :

2 2 2

p u p u
R p u I p I u

 + +    = +        
,  (1.8.63) 

 ( ) 1
: : :

2 2 2

p u p u
T p u I p I u

 + +    = +        
.  (1.8.64) 

����BgnhjfZpbhgguc�dhwnnbpb_gl�dhjj_eypbb��KlZlbklbq_kdZy�

aZ\bkbfhklv� kemqZcguo� h[t_dlh\� hij_^_ey_lky� bgnhjfZpbhgguf� dhwn�

nbpb_glhf�dhjj_eypbb�>��@ 

 ( )12 1 22 :
12 1 2 I p p pR −= − ,  (1.8.65) 

]^_� bgnhjfZpby� jZaebqby� ( )12 1 2:I p p p � \ujZ`Z_lky� nhjfmehc� ����������

BgnhjfZpbhgguc�dhwnnbpb_gl�dhjj_eypbb�bf__l�agZq_gb_� 12 0R = �lh]^Z�

b� lhevdh� lh]^Z�� dh]^Z� h[t_dlu� g_aZ\bkbfu�� <� wlhf� kemqZ_� kh\f_klgh_�

jZkij_^_e_gb_� jZ\gy_lky� ij i jp p p= �� qlh� ijb\h^bl� d� jZ\_gkl\m�

( )12 1 2: 0I p p p = . <� l_hjbb�i_j_^Zqb�bgnhjfZpbb� \� kbkl_fZo� k\yab�bg�

nhjfZpbhgguc� dhwnnbpb_gl� dhjj_eypbb� kh\iZ^Z_l� k� dhwnnbpb_glhf 
dhjj_eypbb� ^ey� i_j_^Zggh]h� b� ihemq_ggh]h� kb]gZeh\�� lh� _klv�

( )12 ,R r x x′= ��kf��jZa^������� 

BgnhjfZpbhgguc� dhwnnbpb_gl� dhjj_eypbb� lZd`_� aZibku\Z_lky� 
\�wd\b\Ze_glghf�\b^_ 

 2 12
12

1 2

1
p

R N
p p

 
= −    

  (1.8.66) 

beb��jZaj_rZy����������hlghkbl_evgh�kj_^g_]h�]_hf_ljbq_kdh]h��ihemqbf� 

 212
12

1 2

1
p

N R
p p

 
= −   

.  (1.8.67) 

����BgnhjfZpbhggh_ � jZkklhygb_�� =_hf_ljbq_kdZy� bgl_jij_lZpby�

bgnhjfZpbb�jZaebqby�\�\b^_� ( ) ( )21
, :

2
p u I p uδ = �khhl\_lkl\m_l�iheh\bg_�

g_kbff_ljbqgh]h�jZkklhygby�hl� p �^h� u ��Lh]^Z�g_jZ\_gkl\h�lj_m]hev�
gbdZ� g_� \uihegy_lky� b� bf__f� g_kbff_ljbqguc� ZgZeh]� l_hj_fu  
IbnZ]hjZ� 

 ( ) ( ) ( ): : :I p u I p w I w u= + .  (1.8.68) 
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JZ\_gkl\h�\����������^hklb]Z_lky�lh]^Z�b�lhevdh�lh]^Z��dh]^Z�kijZ\_^eb\h�

mkeh\b_ 

 2 2log log
m m

i i
i i

i ii i

w w
p w

u u

   
=         

∑ ∑ .  (1.8.69) 

<�jZkkfZljb\Z_fhc�bgl_jij_lZpbb�bf__l�f_klh�lh`^_kl\h�iZjZee_�

eh]jZffZ 

   ( ) ( ): : : : 2 : .
2 2 2

p w p w p w
I p u I w u I p I w I u

+ + +     + = + +          
  (1.8.70) 

<hijhk�h[�bgnhjfZpbhgguo�jZkklhygbyo�y\ey_lky�qZklguf�kemqZ_f�

h[s_c�ijh[e_fu�klZlbklbq_kdbo�jZkklhygbc�>�����������@� 
����Ghjfbjh\Zgghklv�b�jZaf_jghklv��Ghjfbjh\Zgghklv�bgnhjfZ�

pbb�jZaebqby�hij_^_ey_lky�jZ\_gkl\hf� 

 
2

2

1 1
1,0 : , log 1

2 2
i

i
i i

p
I p

u

   = =       
∑ ,  (1.8.71) 

dhlhjh_�\uihegy_lky�lh`^_kl\_ggh��BgnhjfZpby�jZaebqby�_klv�hlghr_�

gb_� nbabq_kdhc� jZaebqZxs_c� bgnhjfZpbb� d� agZq_gbx� nbabq_kdhc� wg�

ljhibb� ( )physH u �ijb�jZ\gh\_jhylghf�khklhygbb�k� 2m=  

 ( ) ( ):
:

1 1
,

2 2

phys

phys

I p u
I p u

H
=

 
  

,  (1.8.72) 

]^_� 

 ( ): ln
m

phys i
i

i i

p
I p u p

u

 
=    

∑ , ( ) ( )
2

lnphys
i i

i
H u u u= −∑ ,  (1.8.73) 

 
1 1 1 1

, 1,0 : , ln 2
2 2 2 2

phys physH I   = =      
.  (1.8.74) 

<� klZlbklbq_kdhc� nbabd_� bkihevam_lky� jZaf_jgZy� nbabq_kdZy� bg�

nhjfZpby�jZaebqby� ( ) ( ): :physI p u kI p u=  [19, 21]. 

14. f -bgnhjfZpby� jZaebqby�� NmgdpbhgZevgu_� h[h[s_gby� bg�

nhjfZpbb�jZaebqby�hij_^_eyxlky�\ujZ`_gbyfb� 
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 ( ):
m

i
f i

i i

u
I p u f p

p

 
=    

∑ ,  (1.8.75) 

 ( ) ( ): ,
m

f i i
i

I p u f p u= ∑ ,  (1.8.76) 

]^_�\\h^blky�\uimdeZy�nmgdpby� f ��<�qZklghklb��\�l_hjbb�i_j_^Zqb�bgnhj�

fZpbb�ih�dZgZeZf�k\yab�ba����������bf__f�ke_^mxsmx� f -bgnhjfZpbx�jZa�

ebqby� 

 ( )12 1 2:
m n

ij
f ij

i j i j

p
I p p p f p

p p

 
 =   

∑∑ .  (1.8.77) 

>ey�nmgdpbb� ( ) ( )i if h p h u = − −  �� y\eyxs_cky� kemqZcghc� bgnhj�

fZpb_c� jZaebqby�� ba� ��������� \ul_dZ_l� ba\_klgZy� f_jZ� Dmev[ZdZ–
E_c[e_jZ��NmgdpbhgZe� ��������� ij_^klZ\ey_l� kh[hc� kj_^g__� agZq_gb_� hl�

\uimdehc�nmgdpbb�� Z�nmgdpby� ( ),f p u � \� ��������� _klv� bgnhjfZpbhggZy�

nmgdpby��K\hckl\Z�bgnhjfZpbc�jZaebqby� ���������b� ���������^_lZevgh�bk�

ke_^h\Zgu�\�jZ[hlZo�>���– 71, 125]. 
<�kemqZ_�lj_o�jZkij_^_e_gbc�nmgdpbhgZe����������aZibr_lky�lZd�>���@� 

 ( ): :
m

i
f i

i i

w
I p w u f p

u

 
=    

∑ .  (1.8.78) 

?keb� ( )2log i if w u= �_klv�kemqZcgZy�bgnhjfZpby�jZaebqby��lh�h[h[s_g�

gh_�\ujZ`_gb_�>���@ 

 
( ) ( ) ( )

( ) ( )

2: : log : :

: :

m
i

i
i i

w
I p w u p I p w I p u

u

H p w H p u

 
= = − =   
= − −  

∑
 

 (1.8.79) 

ij_^klZ\ey_l� kh[hc� jZaghklv� bgnhjfZpbc� jZaebqby� eb[h� jZaghklv� f_j�

g_lhqghklb� 
Hij_^_ebf�lZd`_� f -bgnhjfZpbb�jZaebqby� 

 ( ):f

p
I p u f N

u

  =     
, ( ): :f

w
I p w u f N

u

  =     
,  (1.8.80) 
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]^_�kj_^g__�]_hf_ljbq_kdh_�jZkij_^_e_gb_ 

 
2log

2

m
i

i
i i

w
p

uw
N

u

 
   

∑  =  
.  (1.8.81) 

Imklv� f �_klv�eh]Zjbnfbq_kdZy�nmgdpby��lh]^Z�ba� ���������ke_^mxl�

\ujZ`_gby���������b�����������Ijb� w p= �ba����������b����������\ul_dZxl��kh�

hl\_lkl\_ggh��bgnhjfZpby�jZaebqby�Dmev[ZdZ–E_c[e_jZ�b� f -bgnhjfZpby�

jZaebqby���������� 

�����Wdklj_fZevgu_�k\hckl\Z�f_j�bgnhjfZpbb 

Ijb\_^_f� wdklj_fZevgu_� k\hckl\Z� f_j� bgnhjfZpbb� \� khklhygbyo�

h[t_dlZ��dhlhju_�iha\heyxl�gZoh^blv�gZb[he__�\_jhylgh_�jZkij_^_e_gb_��

Ijbgpbi�fZdkbfmfZ� wgljhibb�[ue� knhjfmebjh\Zg� \i_j\u_� \� klZlbklb�

q_kdhc�f_oZgbd_� >�@�� Z�ijbgpbi�fbgbfmfZ� jZaebqZxs_c�bgnhjfZpbb�–  
\�fZl_fZlbq_kdhc� klZlbklbd_� >��@��H[Z� ijbgpbiZ�rbjhdh� bkihevamxlky� 
\� l_hjbb� bgnhjfZpbb�� Z� Z\lhj� ijbf_gbe� bo� \� l_hjbb� kZfhhj]ZgbaZpbb�

hldjuluo�nbabq_kdbo�kbkl_f�>���– 24, 130, 131]. 
JZkkfhljbf�kemqZc�wdklj_fmfZ�wgljhibb�R_gghgZ–<bg_jZ 

 ( ) ( )2log
m

i i
i

H p p p= −∑   (1.9.1) 

ijb�khojZg_gbb�ghjfbjh\db 

 1
m

i
i

p =∑ .  (1.9.2) 

Kh]eZkgh� \ZjbZpbhgghfm� f_lh^m�� \uqbkebf� [_amkeh\guc� wdklj_fmf�

nmgdpbhgZeZ 

 ( )2log
mm

i i i
i i

L p p p= − − α∑ ∑ ,  (1.9.3) 

]^_�α  –�g_hij_^_e_gguc�fgh`bl_ev�EZ]jZg`Z�� 
Ba�mkeh\by�jZ\_gkl\Z�gmex�i_j\hc�\ZjbZpbb�nmgdpbhgZeZ 

 2

1
log 0

ln 2

m m

i i i
i i

L p p p δ = − δ + − α δ =  
∑ ∑   (1.9.4) 

ke_^m_l� constip = ��Mqblu\Zy� mkeh\b_� ghjfbjh\db�� gZoh^bf� jZ\gh\_jh�

ylgh_�jZkij_^_e_gb_�b�khhl\_lkl\mxs__�agZq_gb_�wgljhibb�OZjleb� 
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1

ip
m

= ,    ( ) 2logH p m= .  (1.9.5) 

Imklv�\�fZdjhkdhibq_kdhf�hiul_�gZ[ex^Z_lky�kj_^g__�agZq_gb_ 

 ( )
m

i i
i

T T p= ∑E   (1.9.6) 

kemqZcghc� \_ebqbgu� { }1, , mT T T= ! ��Lh]^Z�bf__f�^hihegbl_evgh_� h]jZ�

gbq_gb_�gZ�jZkij_^_e_gb_� p ��Hij_^_e_gb_�wlh]h�jZkij_^_e_gby�khhl\_l�

kl\m_l�aZ^Zq_�gZ�wdklj_fmf�wgljhibb�ijb�^hihegbl_evguo�mkeh\byo�ghj�

fbjh\db� �������� b� jZ\_gkl\_� ��������� GZoh^bf� [_amkeh\guc� wdklj_fmf�

nmgdpbhgZeZ 

 ( )2log
m mm

i i i i i
i i i

L p p T p p= − + τ − α∑ ∑ ∑ ,  (1.9.7) 

]^_�α �b� τ �_klv�fgh`bl_eb�EZ]jZg`Z� 
Ba�mkeh\by� 

 2

1
log 0

ln 2

m

i i i
i

L p p T δ = − δ + − τ + α =  
∑   (1.9.8) 

\ul_dZ_l�jZkij_^_e_gb_� 

 ( )12 iT
ip +

τ −= τ , ( ) 2 i
m

T

i
+

ττ = ∑   (1.9.9) 

k� iZjZf_ljhf� τ �� dhlhjuc� f_gy_lky� \� ij_^_eZo� ^himklbfuo� agZq_gbc��
Nmgdpby� ( )τΓ �bf__l�ke_^mxsb_�k\hckl\Z 

 
( ) ( ) ( ) ( ) ( )2

2

log 1
, log

1
T H p

∂ τ ∂  = τ = ∂τ ∂ τ τ 
E

Γ
Γ .  (1.9.10) 

Kh]eZkgh� ��������b� ����������ihemqbf� wgljhibx�R_gghgZ–<bg_jZ�\� wdk�
lj_fmf_ 

 ( ) ( ) ( ) ( )2 2log log
m

i i
i

H p p p T= − = −τ + τ∑ E Γ   (1.9.11) 

b�khhl\_lkl\mxs__�^bnn_j_gpbZevgh_�khhlghr_gb_� 

 ( ) ( )dH p d T= −τ E   (1.9.12) 

\aZbfhk\yab�kh�kj_^gbf�agZq_gb_f�kemqZcghc�\_ebqbgu�T . 
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>ey�nemdlmZpbb�kemqZcghc�\_ebqbgu�bf__f�nhjfmem 

 
( ) ( )i

i

h p
T T

∂
− = −

∂τ
E , ( ) 2logi ih p p= − ,  (1.9.13) 

bkihevah\Zgb_� dhlhjhc� iha\hey_l� gZoh^blv� ijhba\hevgu_� p_gljZevgu_�

fhf_glu� 
>Ze__� jZkkfhljbf� wdklj_fmf� bgnhjfZpbb� jZaebqby� Dmev[ZdZ–

E_c[e_jZ 

 ( ) 2: log
m

i
i

i i

p
I p u p

u

 
=    

∑   (1.9.14) 

^ey�^\mo�\ur_�jZkkfhlj_gguo� kemqZ_\�b�ihemqbf�� khhl\_lkl\_ggh�� jZk�

ij_^_e_gby 

 i ip u= ,  (1.9.15) 

 ( )12 iT
i ip u +

τ −= τ ,  ( ) 2 i
m

T
i

i
+ X

ττ = ∑   (1.9.16) 

b�k\hckl\Z�nmgdpbb� ( )τΓ  

 
( ) ( ) ( ) ( ) ( )2

2

log 1
, log :

1
T I p u

∂ τ ∂  = − τ = ∂τ ∂ τ τ 
E

Γ
Γ .  (1.9.17) 

>ey� ijhba\h^ghc� kemqZcghc� bgnhjfZpbb� jZaebqby� bf__f� khhlgh�

r_gb_ 

 
( ) ( )

:i i
i

I p u
T T

∂
= −

∂τ
E .  (1.9.18) 

JZkij_^_e_gb_� ��������� ^Z_l� wdklj_fZevgu_� agZq_gby� bgnhjfZpbb�

jZaebqby�b�jZkoh`^_gby 

 ( ) ( ) ( )2 2: log log
m

i
i

i i

p
I p u p T

u

 
= = τ − τ   

∑ E Γ ,   (1.9.19) 

 ( ) ( ) ( )2 0 2: log log
m

i
i

i i

u
I u p u T

p

 
= = −τ + τ   

∑ E Γ ,  (1.9.20) 

 ( ) ( ) ( ) ( ) ( )0: : :J p u I p u I u p T T = + = τ − E E .  (1.9.21) 

Imklv�jZkij_^_e_gb_� p �ijhba\hevgh_��Z�jZkij_^_e_gb_� u �ijbgZ^�
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e_`bl�iZjZf_ljbq_kdhfm�k_f_ckl\m�jZkij_^_e_gbc 

 ( )0 1
02 iT

iu +
τ −= τ ,  ( ) 0

0 2 i
m

T

i
+

ττ = ∑ .  (1.9.22) 

Lh]^Z��bkihevam_f� agZq_gby� wgljhibb�R_gghgZ–<bg_jZ�b� kj_^g_]h� agZ�
q_gby�\_ebqbgu�T �ijb�mkj_^g_gbb�k�jZkij_^_e_gb_f�u  

 ( ) ( ) ( )2 0log ,
mm

i i i i
i i

H u u u T T u= − =∑ ∑E   (1.9.23) 

b�i_j_ibr_f�bgnhjfZpbx�jZaebqby����������\�ke_^mxs_f�\b^_� 

 ( ) ( ) ( ) ( ) ( )0 0:I p u H p H u T T = − − − τ −    E E .  (1.9.24) 

<�^bnn_j_gpbZevghc�nhjf_����������aZibr_lky�lZd� 

 ( ) ( ) ( )0:dI p u dH p d T= − − τ E .  (1.9.25) 

Hlf_lbf� g_dhlhju_� k\hckl\Z� nmgdpbb� ( ):I p u � b� kj_^g_]h� agZq_�

gby ( )TE ��aZ\bkysbo�hl� τ . 

���Nmgdpby� ( ):I p u �y\ey_lky�\uimdehc��lh�_klv� ( ): 0I p u ≥ ��JZ\_g�

kl\h�^hklb]Z_lky�lh]^Z��dh]^Z� 0τ = . 

��� Nmgdpby� ( ):I p u � fhghlhggh� \hajZklZ_l� ijb� ( ) ( ) 0
T T τ=≥E E � b�

fhghlhggh�m[u\Z_l�ijb� ( ) ( ) 0
T T τ=≤E E . 

GZdhg_p�� jZkkfhljbf� \lhjmx� \ZjbZpbx� nmgdpbhgZeh\� b� ihemqbf�

khhl\_lkl\mxsb_�g_jZ\_gkl\Z 

 
( )2

2 1
0

ln 2

m
i

i i

p
L

p

δ
δ = − ≤∑ ,  (1.9.26) 

 
( )2

2

0

1
0

ln 2

m
i

i i i

p
L

p p

δ
δ = ≥∑ . (1.9.27) 

Ba����������ke_^m_l��qlh�wdklj_fmf�wgljhibb�R_gghgZ–<bg_jZ�^hklb]Z_l�
ky� \� __�fZdkbfmf_��<� kemqZ_� bgnhjfZpbb� jZaebqby�Dmev[ZdZ–E_c[e_jZ�
\lhjZy� \ZjbZpby� ��������� y\ey_lky� iheh`bl_evghc�� qlh� mdZau\Z_l� gZ� __�

fbgbfmf��:gZeh]bqgh�fbgbfmf�^hklb]Z_lky�b�^ey�jZkoh`^_gby� 
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������BgnhjfZpby�Nbr_jZ��G_jZ\_gkl\h�JZh–DjZf_jZ 

JZkkfhljbf� k_f_ckl\h� jZkij_^_e_gbc� h^gh]h� b� lh]h�`_� nmgdpbh�

gZevgh]h�\b^Z��dhlhju_�jZaebqZxlky� agZq_gbyfb�h^ghf_jgh]h�beb�fgh�

]hf_jgh]h� iZjZf_ljZ� θ �� oZjZdl_jbamxs_]h� gZ[ex^_gb_�� IjhkljZgkl\h�

iZjZf_ljh\� _klv�ijhkljZgkl\h�\k_o�^himklbfuo�iZjZf_ljbq_kdbo� lhq_d��

>ey�^\mo�lhq_d� { }1, , nθ = θ θ! �b� { }1, , n
′ ′ ′θ = θ θ! �\� n -f_jghf�ijhkljZgkl\_�

bf__f�jZkij_^_e_gby� ( )ip θ �b� ( )ip ′θ ��khhl\_lkl\_ggh�� 

F_jZ� bgnhjfZpbb� \� khklhygbb� ( )ip θ � hlghkbl_evgh� khklhygby�

( )ip ′θ �\ujZ`Z_lky�bgnhjfZpb_c�jZaebqby�Dmev[ZdZ–E_c[e_jZ�>��@ 

 ( ) ( )
( ) ( )2: log

m
i

i
i i

p
I p

p

 θ
′θ θ = θ  ′θ 

∑ .  (1.10.1) 

Ijb� fZehf� hldehg_gbb� lhq_d� θ � b� ′θ = θ + δθ � ijhkljZgkl\Z� bf__f�
jZkij_^_e_gby� ( )ip θ �b� ( )ip θ + δθ ��Lh]^Z� kemqZcgZy�bgnhjfZpby� jZaeb�

qby�ijbgbfZ_l�ke_^mxsbc�\b^ 

 

( ) ( ) ( )
( ) ( )2

2 2

:

log log1

2

i i i

n n n
i i

k k
k kk k

I s s

p p

 θ θ + δθ = − θ − θ + δθ = 
∂ θ ∂ θ

= − δθ − δθ δθ
∂θ ∂θ ∂θ

∑ ∑∑ A
A A

  (1.10.2) 

ijb�jZaeh`_gbb�\�jy^�L_cehjZ�ih� θ ��Ij_g_[j_]Zy�qe_gZfb�\ur_�\lhjh]h�

ihjy^dZ�\����������b�mqblu\Zy�jZ\_gkl\Z 

 
( )

( ) ( )
( )2log 1

ln 2
i i

k i k

p p

p

∂ θ ∂ θ
=

∂θ θ ∂θ
,  (1.10.3) 

 
( )

( )
( )

( )
( ) ( )2 2

2
2

log 1 1 1

ln 2
i i i i

k i k ki

p p p p

p p

 ∂ θ ∂ θ ∂ θ ∂ θ
= − ∂θ ∂θ θ ∂θ ∂θ ∂θ ∂θθ  A A A

,  (1.10.4) 

ihemqbf�agZq_gb_�bgnhjfZpbb�jZaebqby� 

 ( ) 1
: =

2ln 2

n n

k k
k

I θ θ + δθ = δθ δθ∑∑ A A
A

,  (1.10.5) 
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]^_ 

 
( ) ( ) ( )ln ln

=
m

i i
k i

i k

p p
p

 ∂ θ ∂ θ
= θ  ∂θ ∂θ 

∑A

A

  (1.10.6) 

_klv�iheh`bl_evgh� hij_^_e_ggZy� dhjj_eypbhggZy�fZljbpZ��>ey� jZkoh`�

^_gby�bf__f�agZq_gby 

 ( ) ( ) 1
: 2 , =

ln 2

n n

k k
k

J Iθ θ + δθ = θ θ + δθ = δθ δθ∑∑ A A
A

.  (1.10.7) 

FZljbpZ�=kA �y\ey_lky�nmg^Zf_glZevghc�bgnhjfZpbhgghc�fZljbp_c�

Nbr_jZ�\�fZl_fZlbq_kdhc�klZlbklbd_�>������������������@� 
JZkkfhljbf�kemqZc�baf_g_gby�h^ghf_jgh]h�iZjZf_ljZ��Ih�hij_^_�

e_gbx� iZjZf_lj� g_� bkiulu\Z_l�nemdlmZpbc� b�� ke_^h\Zl_evgh�� g_� bf__l�

klZlbklbq_kdbo�oZjZdl_jbklbd��H^gZdh�fh`gh�ihklZ\blv�aZ^Zqm�h[�hp_gd_�

g_nemdlmbjmxs_]h� iZjZf_ljZ� ih� j_amevlZlZf� gZ[ex^_gbc�� ih^\_j`_g�

guo� klZlbklbq_kdbf� hldehg_gbyf��Ijb� wlhf� bkihevamxlky� b^_b� l_hjbb�

iZjZf_ljbq_kdh]h�hp_gb\Zgby�� 

Imklv�kemqZcgZy�\_ebqbgZ� *
iθ ��dhlhjZy�g_�aZ\bkbl�hl� θ ��\ujZ`Z_l�

ky�q_j_a�ba\_klgu_�^bkdj_lgu_�\_ebqbgu��oZjZdl_jbamxsb_�kemqZcguc�

h[t_dl�� LZdZy� \_ebqbgZ� gZau\Z_lky� hp_gdhc� bklbggh]h� agZq_gby� g_�

nemdlmbjmxs_]h�iZjZf_ljZ� θ ��Ijb�\u[hj_�hp_gdb�_kl_kl\_ggh�ij_^ih�

eh`blv�� qlh� __� kj_^g__� agZq_gb_� ( )*θE � [ueh� [ebadh� d� iZjZf_ljm� θ .  

<�h[s_f�kemqZ_�hp_gdZ�bf__l�kf_s_gb_� ( )b θ ��aZ\bkys__�hl� θ ��b�\ujZ�

`Z_lky�lZd� 

 ( ) ( ) ( )* *
m

i i
i

p bθ = θ θ = θ + θ∑E .  (1.10.8) 

Ijb� jZ\_gkl\_� ( )*θ = θE � ^ZggZy� hp_gdZ� ij_^klZ\ey_l� kh[hc� g_�

kf_s_ggmx�hp_gdm��ijb�dhlhjhc�hlkmlkl\m_l�kbkl_fZlbq_kdZy�hrb[dZ�

gZ[ex^_gbc�� h[mkeh\e_ggZy� \_ebqbghc� ( )b θ �� >ey� ^bki_jkbb� hp_gdb�

kijZ\_^eb\h� nmg^Zf_glZevgh_� bgnhjfZpbhggh_� g_jZ\_gkl\h� JZh–
DjZf_jZ�>������@� 
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 ( ) ( )
( )

( ) ( )

2

* *
2min

1

lnm
i

i
i

b

p
p

∂ θ 
+ ∂θ θ ≥ θ =

∂ θ 
θ ∂θ 

∑
D D ,  (1.10.9) 

^Zxs__�__�gb`gxx�]jZgv��G_dhlhju_�h[h[s_gby�^ey����������ijb\h^ylky�

\�>�-��@��Ijb� ( ) 0b θ = �g_jZ\_gkl\h����������h[jZsZ_lky�\� 

 ( ) ( )* * 1

min
=−

θθθ ≥ θ =D D .  (1.10.10) 

<_ebqbgZ� =θθ �khhl\_lkl\m_l�dhebq_kl\m�bgnhjfZpbb�Nbr_jZ�h�\_�

ebqbg_� θ ��dhlhjZy�kh^_j`blky�\�hp_gd_� *θ ��Q_f�\ur_�bgnhjfZpby��l_f�

f_gvr_� ^bki_jkby� b�� khhl\_lkl\_ggh�� \ur_� lhqghklv� gZ[ex^_gby�� Wlh�

k\yaZgh� k� l_f�� qlh�^bki_jkby� hij_^_ey_l�f_jm� lhqghklb� klZlbklbq_kdbo�

gZ[ex^_gbc�\�kemqZcghf�h[t_dl_�� 
F_jZ�bgnhjfZpbb�Nbr_jZ 

 
( ) ( )

2
ln

=
m

i
i

i

p
pθθ

∂ θ 
= θ ∂θ 

∑   (1.10.11) 

oZjZdl_jbam_l�ij_^_evgh_�agZq_gb_�bgnhjfZpbb�jZaebqby 

   ( ) ( ) ( ) ( ) ( )
2 2

2

2

1
: = �

2ln 2 2

m
i

i
i

h p
I pθθ

 ∂ θδθ  θ θ + δθ = δθ = θ
∂θ

∑   (1.10.12) 

������Nbabq_kdb_�ijbeh`_gby 

Imklv�kemqZcguc�h[t_dl�ij_^klZ\ey_l�kh[hc�qZklbpm�\�klZlbklbq_�

kdhc� nbabd_�� dhlhjuc� bf__l� khklhygby� k� jZkij_^_e_gb_f� \_jhylghkl_c�

{ }1, , mp p p= ! ��FZdkbfZevgh_�agZq_gb_�nbabq_kdhc�jZaf_jghc�wgljhibb�

;hevpfZgZ–=b[[kZ�>�@ 

 ( ) ( ) ( )ln
m

i i
i

H p k p p E F= − = β −∑   (1.11.1) 

^hklb]Z_lky�� kh]eZkgh� ��������� ijb� jZ\gh\_kghf� dZghgbq_kdhf� jZkij_^_�

e_gbb�=b[[kZ� 
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 ( ){ }1expi ip k H F−= − β − .  (1.11.2) 

A^_kv� ln 2 1k Tβ = − τ = � _klv� h[jZlgZy� Z[khexlgZy� l_fi_jZlmjZ�� iH  – 

^bkdj_lgu_�agZq_gby�wg_j]bb�qZklbpu�� ( )E H= E  –�kj_^gyy�wg_j]by�qZk�

lbpu��K\h[h^gZy�wg_j]by� 

 { }1ln exp
m

i
i

F kT k H−= − − β∑   (1.11.3) 

hij_^_ey_lky�ba�mkeh\by�ghjfbjh\db�jZkij_^_e_gby� 
>bnn_j_gpbZevgu_� khhlghr_gby� jZ\gh\_kghc� klZlbklbq_kdhc� l_j�

fh^bgZfbdb� aZfdgmluo� kbkl_f� bf_xl�� kh]eZkgh� ��������� b� ���������� ke_�

^mxsbc�\b^ 

 ( )TdH p dE= ,   ( )dF H p dT= − .  (1.11.4) 

>ey��hldjuluo���kbkl_f���gZoh^ysboky��\��hdjm`_gbb��k��l_fi_jZ�

lmjhc 0T ��nbabq_kdZy� jZaf_jgZy� bgnhjfZpby� jZaebqby� bf__l�� kh]eZkgh�

����������agZq_gb_�>��@ 

 
( )

( ) ( ) ( )

0
0 0

0 0
0

1
: ln

1
0

m
i

i
i i

p
I p p k p H E

p T

H p H p E E
T

 
= = −δ + δ =   

 = − − + − ≥ 

∑
 

 (1.11.5) 

k�jZ\_gkl\hf�lh]^Z�b�lhevdh�lh]^Z��dh]^Z� 0i ip p= ��A^_kv�^ey�g_jZ\gh\_k�

ghc�b�jZ\gh\_kghc�wgljhibc�b��khhl\_lkl\_ggh��kj_^gbo�wg_j]bc�bf__f 

 ( ) ( )ln
m

i i
i

H p k p p= − ∑ , ( ) ( )0 0 0ln
m

i i
i

H p k p p= − ∑ ,  (1.11.6) 

 
m

i i
i

E H p= ∑ , 0 0

m

i i
i

E H p= ∑ .  (1.11.7) 

Khklhygb_�ihegh]h�jZ\gh\_kby�k�hdjm`_gb_f�hibku\Z_lky�dZghgb�

q_kdbf�jZkij_^_e_gb_f 

 ( ){ }1
0 0 0expi ip k H F−= − β −   (1.11.8) 

k�h[jZlghc�l_fi_jZlmjhc� 0 01 Tβ = �b�k\h[h^ghc�wg_j]b_c� 0F . 

Bkihevah\Zgb_�^bZ]jZffu�wgljhiby-wg_j]by�ijb^Z_l�ijhklhc�b�gZ�
]ey^guc�kfuke�bgnhjfZpbb�jZaebqby��GZ�jbk�����ijb\_^_gh�]_hf_ljbq_�
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kdh_�ij_^klZ\e_gb_�l_jfĥ bgZfbq_kdbo�\_ebqbg [12].  
 

 

d 

 

 

I(p:p0) 

e        δE              a               Rmax                 c 

                                                                                    E  

b                          q 

 

–δH 

H(p) 

 

Jbk����� Wgljhiby-wg_j]by ^ey nbabq_kdbo kbkl_f 

Djb\Zy�ab�bah[jZ`Z_l�baf_g_gb_�nmgdpbb� ( )H E �hl�ijhba\hevgh]h 

khklhygby��khhl\_lkl\mxs_]h�lhqd_� ( ),a H E= ��d�iheghfm�jZ\gh\_kghfm�

\�lhqd_� ( )0 0,b S E= ��Ba�lhqdb� b �ijh\h^blky�dZkZl_evgZy�ijyfZy� bc ��Lh�

]^Z�� kh]eZkgh� ���������� hlj_ahd� ad �� iZjZee_evguc� hkb� ( )H p �� _klv� bg�

nhjfZpby �jZaebqby Dmev[ZdZ–E_c[e_jZ� I ��Hlj_ahd� ac, iZjZee_ev�
guc�hkb� E , bah[jZ`Z_l�fZdkbfZevgmx�jZ[hlm� maxR ��\uihegy_fmx� kbk�

l_fhc�gZ^�hdjm`_gb_f��FbgbfZevgZy�jZ[hlZ� min maxR R= − � k\yaZgZ� k�ba�

f_g_gb_f�iheghc� wgljhibb� aZfdgmlhc� kbkl_fu� �kbkl_fZ�hdjm`_gb_��hl�

k\h_]h� gZb[hevr_]h� agZq_gby�� _keb� kbkl_fZ� g_jZ\gh\_kgZ�� \ujZ`_gb_f�
i

min 0H R T∆ = − . 

<�i_j\hf�kemqZ_�kjZ\gbf�agZq_gby�wgljhibc�ijhba\hevgh]h�b�ihe�

gh]h�jZ\gh\_kgh]h�khklhygbc�kbkl_fu�ijb�h^bgZdh\uo�kj_^gbo�agZq_gb�

yo�wg_j]bb��qlh�khhl\_lkl\m_l�mkeh\bx�=b[[kZ� 

 0

m m

i i i i
i i

H p H p=∑ ∑ .  (1.11.9) 

I_j_ibr_f����������\�ke_^mxs_f�\b^_ 

 ( ) ( ) ( )0 0: 0I p p H p H p = − − ≥  .  (1.11.10) 

LZd�dZd�bgnhjfZpby�jZaebqby�_klv�agZdhhij_^_e_gguc�nmgdpbh�

gZe��lh�ba�����������ke_^m_l�l_hj_fZ�=b[[kZ�h�fZdkbfmf_�wgljhibb�jZ\�
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gh\_kgh]h�khklhygby�>�@ 

 ( ) ( )0H p H p≥ .  (1.11.11) 

LZdbf� h[jZahf��g_�ijb[_]Zy� d� jZkkfhlj_gbx� \j_f_gghc� w\hexpbb�

wgljhibb��fh`gh�hij_^_eblv�baf_g_gby�__�ijb�i_j_oh^Zo�f_`^m�jZaebq�

gufb�khklhygbyfb�kbkl_fu��Ijbq_f�wgljhiby�ijbh[j_lZ_l�k\hckl\Z�agZ�

dhhij_^_e_ggh]h�nmgdpbhgZeZ�lhevdh�ijb�\uiheg_gbb�^hihegbl_evgh]h�

mkeh\by�ihklhygkl\Z�kj_^g_c�wg_j]bb��������� 
Ijbgpbi�fZdkbfmfZ�wgljhibb�ihdZau\Z_l��qlh�ijb�kihglZgghf�i_�

j_oh^_�hl�ijhba\hevgh]h�g_jZ\gh\_kgh]h�khklhygby�d�jZ\gh\_kghfm�kl_�

i_gv� g_hij_^_e_gghklb� �jZamihjy^hq_gghklb�� kbkl_fu� m\_ebqb\Z_lky� b�

ijb�jZ\gh\_kbb�^hklb]Z_l�fZdkbfZevgh]h�agZq_gby�� 
>ey�g_h[jZlbfuo�bgnhjfZpbhgguo�nbabq_kdbo�ijhp_kkh\�d�jZ\_g�

kl\m� ��������� ^h[Z\ey_lky� agZd� g_jZ\_gkl\Z� b� \� ^bnn_j_gpbZevghf� \b^_�

bf__f�>��@ 

 ( ) ( )0
0

1
:dI p p dH p dE

T
≥ − + .  (1.11.12) 

JZkkfZljb\Z_fuc�kemqZc�khhl\_lkl\m_l�lZdhc�nbabq_kdhc�kblmZpbb�

\�l_jfh^bgZfbd_�g_aZfdgmluo�kbkl_f��dh]^Z�\�kbkl_f_�g_�ijhbkoh^bl�ba�

f_g_gby� wg_j]bb� ( )0dE = �� Ba� ���������� \ul_dZ_l� \ujZ`_gb_� g_]wgljh�

ibcgh]h�ijbgpbiZ�;jbeexwgZ�>����@� 

 ( ) ( )0: 0dI p p dH p+ ≥ ,  (1.11.13) 

h[h[sZxs_]h� ijbgpbi� DZjgh–DeZmabmkZ� h� \hajZklZgbb� wgljhibb� ^ey�
aZfdgmluo�kbkl_f 

 ( ) 0dH p ≥ .  (1.11.14) 

Ijb� hlkmlkl\bb� baf_g_gby� jZ[hlu� ( )0Rδ = � \uihegy_lky� h[sbc�

ijbgpbi�mf_gvr_gby�bgnhjfZpbb�jZaebqby�>��@ 

 0dI ≤ .  (1.11.15) 

LZdbf� h[jZahf��\aZbfgh_�baf_g_gb_� wgljhibb�b�nbabq_kdhc�bg�

nhjfZpbb� jZaebqby� khijh\h`^Z_lky� ihl_j_c� bgnhjfZpbb� �mihjy^h�

q_gghklb��khklhygbc�kbkl_fu��Ba� ����������ke_^m_l��qlh�ijb�g_h[jZlb�

fuo� y\e_gbyo� m\_ebq_gb_� wgljhibb� ( ) ( )0:dH p dI p p> − � [hevr_�� q_f�

mf_gvr_gb_� jZaebqZxs_c� bgnhjfZpbb�� Ke_^h\Zl_evgh�� ijhbkoh^bl�

kZfhjZkiZ^� g_jZ\gh\_kghc� kbkl_fu� b� kihglZggu_� i_j_oh^u� ijb\_^ml 
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�\�dhgp_�dhgph\�d�iheghfm�jZ\gh\_kghfm�khklhygbx�g_aZfdgmlhc�kbkl_�

fu�k�fZdkbfZevghc�g_hij_^_e_gghklvx��jZamihjy^hq_gghklvx��\�khklhy�

gbyo�� 
Kh]eZkgh�;jbeexwgm�>����@��baf_g_gb_�jZ[hlu�^ey�jZkkfZljb\Z_fh�

]h�kemqZy�gZ�\_ebqbgm� 0kT �khhl\_lkl\m_l�h^ghc�gZlmjZevghc�_^bgbp_�ba�

f_j_gby�dhebq_kl\Z�bgnhjfZpbb����gbl��\�l_ieh\hc�kj_^_�� 
<h�\lhjhf�kemqZ_�kjZ\gb\Z_f�agZq_gby�kj_^gbo�wg_j]bc�ijb�h^bgZ�

dh\uo�wgljhibyo 

 ( ) ( )0H p H p= .  (1.11.16) 

Lh]^Z� bf__f� \ujZ`_gb_� ijbgpbiZ�fbgbfmfZ� kj_^g_c� wg_j]bb� \� jZ\gh�

\_kghf�khklhygbb 

 ( )max 0 0R E E= − ≥ .  (1.11.17) 

>bZ]jZffZ�wgljhiby-wg_j]by�iha\hey_l�gZclb�]_hf_ljbq_kdh_�ij_^�
klZ\e_gb_� dhwnnbpb_glm� ihe_agh]h� ^_ckl\by� �DI>�� ij_h[jZah\Zgby�

wg_j]bb� ^ey� h[jZlbfuo� ijhp_kkh\��Ba\_klgh�� qlh� DI>� ij_h[jZah\Zgby�

wg_j]bb�\ujZ`Z_lky�hlghr_gb_f�kh\_jr_gghc�fZdkbfZevghc�jZ[hlu�hl�

djulhc�kbkl_fu�d�aZljZq_gghc�wg_j]bb�\�hdjm`_gbb 

 max

max

R

R E
η =

+ δ
.  (1.11.18) 

>Zggh_�jZ\_gkl\h�ij_^klZ\ey_l�kh[hc�hlghr_gb_�hlj_adh\�ac ec��dhlhjh_ 

fh`gh� aZibkZlv� \� \b^_� ad ebη = �� Lh]^Z� DI>� ij_h[jZah\Zgby� wg_j]bb�

\ujZ`Z_lky�dZd�hlghr_gb_�bgnhjfZpbb�jZaebqby�d�baf_g_gbx�wgljhibb�

ijb�i_j_oh^_�hl�ijhba\hevgh]h�khklhygby�d�jZ\gh\_kghfm�>��@ 

 
0

1
I I

H H S
η = = ≤

−δ −
.  (1.11.19) 

K� ^jm]hc� klhjhgu�� bgl_jij_lZpby� g_jZ\_gkl\Z� ���������� gZ�fbdjh�

kdhibq_kdhf� mjh\g_� hagZqZ_l�� qlh� kl_i_gv� mihjy^hq_gghklb� khklhygbc�

hldjulhc�kbkl_fu�ijb�kihglZgghf�i_j_oh^_�kbkl_fu�f_gvr_��q_f�baf_�

g_gb_�kl_i_gb�jZamihjy^hq_gghklb�� 
BgnhjfZpby�jZaebqby�Dmev[ZdZ�y\ey_lky�agZdhhij_^_e_gghc�nmgd�

pb_c�Eyimgh\Z��Ihwlhfm��qlh[u�khklhygb_�ihegh]h�jZ\gh\_kby�[ueh�mk�

lhcqb\uf��g_h[oh^bfh�\uiheg_gb_� ke_^mxs_]h�g_jZ\_gkl\Z�^ey�ijhba�

\h^ghc� 
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( ) ( ) ( )( )00:

0
d H p H pdI p p

dt dt

−
= − ≤ .  (1.11.20) 

Ba� ���������� ke_^m_l� aZdhg� \j_f_gghc� w\hexpbb� wgljhibb  
( H –l_hj_fZ�;hevpfZgZ�>�@� 

 
( )

0
dH p

dt
≥   (1.11.21) 

ijb� ijb[eb`_gbb� d� khklhygbx� ihegh]h� jZ\gh\_kby�� Ijhbkoh^bl� kZfh�

jZkiZ^�fZdjhkdhibq_kdhc�kbkl_fu�ijb�kihglZgguo�i_j_oh^Zo� 
Imklv� kbkl_fZ� gZoh^blky� \� ehdZevghf� �qZklbqghf�� jZ\gh\_kbb� 

k� l_fi_jZlmjhc� T ��Ih^klZ\eyy� ��������� \� hkgh\gh_� mjZ\g_gb_� �����������

ihemqbf 

 ( )0
0

1 1
: ,dI p p dE

T T

 
≥ − −   

,  (1.11.22) 

]^_�agZd�g_jZ\_gkl\Z�khhl\_lkl\m_l�g_h[jZlbfuf�bgnhjfZpbhgguf�ijh�

p_kkZf�ijb�dhglZdl_�ehdZevgh�jZ\gh\_kghc�kbkl_fu�k�hdjm`_gb_f� 
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= e Z \ Z � 2  

D<:GLH<U?�F?JU�BGNHJF:PBB 

H[sb_�ihgylby�b�f_lh^u�klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ�
[ueb� ij_^klZ\e_gu� \� ]eZ\_� ��� I_j_c^_f� d� bamq_gbx� \Z`gh]h� \hijhkZ�

h[h[s_gby�jZkkfZljb\Z_fuo�eh]Zjbnfbq_kdbo�f_j�wgljhibb�b�bgnhjfZ�

pbb�jZaebqby�gZ�kemqZc�ijhy\e_gby�d\Zglh\uo�k\hckl\�kemqZcguo�h[t_d�

lh\��Ijh]j_kk�\� wlhf�gZijZ\e_gbb� k\yaZg� k�\\_^_gb_f�d\Zglh\uo� klZlb�

klbd�;ha_–Wcgrl_cgZ�b�N_jfb–>bjZdZ�^ey�kh\hdmighklb�qZklbp�\�klZlb�
klbq_kdhc�nbabd_��qlh�ih^jh[gh�baeh`_gh�\�fhgh]jZnbyo�>��������������@� 

<�^Zgghc�]eZ\_�ijb\h^blky�b^_cgZy�klhjhgZ�nbabq_kdhc�klZlbklbdb�

kemqZcguo� h[t_dlh\�� h[eZ^Zxsbo� d\Zglh\ufb� k\hckl\Zfb�� JZaebqgu_�

ijbeh`_gby�fh`gh�gZclb�� gZijbf_j�� \�fhgh]jZnbyo� >���� ��@� ih� l_hjbb�

i_j_^Zqb� bgnhjfZpbb� \�nbabq_kdbo� dZgZeZo� k\yab��LZd`_� aZljhgml� \h�

ijhk� iZjZklZlbklbdb�� dhlhjuc� hlkmlkl\m_l� \� ljZ^bpbhgguo� ij_^klZ\e_�

gbyo�l_hjbb�bgnhjfZpbb�� 

�����Hi_jZlhj�iehlghklb�b�wgljhiby�G_cfZgZ 

B^_y�d\Zglh\h-klZlbklbq_kdh]h�hibkZgby�kemqZcgh]h�h[t_dlZ�\�l_h�
jbb�bgnhjfZpbb�khklhbl�\�lhf��qlh�khklhygby�hibku\Zxlky�hi_jZlhjhf�

iehlghklb� ρ �\�]bev[_jlh\hf�ijhkljZgkl\_� >������@��KemqZcgZy�\_ebqbgZ�

_klv�hi_jZlhj�T ��\a\_r_ggh_�kj_^g__�dhlhjh]h�jZ\gh 

 ( ) Sp

Sp

T
T

ρ=
ρ

E .  (2.1.1) 

D\Zglh\uc�ZgZeh]�\_jhylghklghc�ghjfbjh\db�_klv� 

 Sp 1 , 1ρ = ρ ≥   (2.1.2) 
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b��ke_^h\Zl_evgh��kj_^g__�agZq_gb_�hi_jZlhjZ�aZibr_lky�lZd� 

 ( ) SpT T= ρE .  (2.1.3) 

>ey�fZljbqgh]h�ij_^klZ\e_gby�ba���������b���������\ul_dZ_l�nhjfmeZ 

 ( ) ii ii ij ji
i i j i

T T T
≠

= ρ + ρ∑ ∑ ∑E ,  (2.1.4) 

ba� dhlhjhc� ke_^m_l�� qlh� \_jhylghklgZy� ljZdlh\dZ� kijZ\_^eb\Z� dh]^Z�

0ijρ = �ijb� i j≠ ��<�wlhf�kemqZ_�^bZ]hgZevgu_�we_f_glu�dhfie_dkghc�wj�

fblh\hc� d\Z^jZlghc� fZljbpu� iehlghklb� khhl\_lkl\mxl� \_jhylghklyf�

\hafh`guo� agZq_gbc� kemqZcghc� \_ebqbgu� b� bf_xl� ZgZeh]b� kj_^gbo� \�

klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ 

 ( ) , 1ii ii ii
i i

T T= ρ ρ =∑ ∑E .  (2.1.5) 

G_^bZ]hgZevgu_� we_f_glu� fZljbpu� iehlghklb� hljZ`Zxl� qbklh� d\Zglh�

\u_�k\hckl\Z�kemqZcgh]h�h[t_dlZ�� 
Khhl\_lkl\_ggh� hij_^_eyxlky� d\Zglh\u_� ZgZeh]b� \a\_r_ggh]h�

kj_^g_]h�]_hf_ljbq_kdh]h� 

 ( )
( )2Sp log

Sp2

T

N T

ρ
ρ= ,  (2.1.6) 

wgljhibb��bgnhjfZpbb�jZaebqby�>������@ 

 ( ) ( ) ( )2
2

Sp log
log

Sp
H N

ρ ρ
ρ = − ρ = −

ρ
,  (2.1.7) 

 ( ) ( )
( )

( )2 2 0
0 2

0

Sp log log
: log

Sp

N
I

N

ρ − ρ ρρ
ρ ρ = =

ρρ
  (2.1.8) 

b�f_ju�g_lhqghklb 

 ( ) ( ) ( )2 0
0 2 0

Sp log
: log

Sp
H N

ρ ρ
ρ ρ = − ρ = −

ρ
.  (2.1.9) 

<�nmgdpbhgZe_� �������� \ujZ`_gb_� \� kdh[dZo� h[hagZqZ_l� kemqZcgmx� bg�

nhjfZpbx�jZaebqby��jZ\gmx�jZaghklb�kemqZcguo�wgljhibc�� 
JZkkfhljbf� kemqZc� wdklj_fmfZ� d\Zglh\hc� wgljhibb� G_cfZgZ� 

[25, 36] 

 ( ) ( )2Sp logH ρ = − ρ ρ   (2.1.10) 
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ijb� khojZg_gbb� ghjfbjh\db� hi_jZlhjZ� iehlghklb� b� kj_^g_]h� agZq_gby�

kemqZcghc�\_ebqbgu� T ��Lh]^Z� aZ^ZqZ�k\h^blky�d�gZoh`^_gbx�[_amkeh\�

gh]h�wdklj_fmfZ�ke_^mxs_]h�nmgdpbhgZeZ 

 ( )2Sp log Sp SpL T= − ρ ρ + τ ρ + α ρ ,  (2.1.11) 

]^_� τ �b�α �_klv�fgh`bl_eb�EZ]jZg`Z� 
Kh]eZkgh� \ZjbZpbhgghfm� ijbgpbim�� ijbjZ\gy_f� gmex� i_j\mx� \Z�

jbZpbx�nmgdpbhgZeZ 

 2

1
Sp log 0

ln 2
L T

  δ = − δρ ρ + − τ − α =    
  (2.1.12) 

b�ihemqbf�hi_jZlhj�iehlghklb� 

 ( )12 Tτ −ρ = τΓ , ( ) Sp2Tττ =Γ .  (2.1.13) 

<uqbkebf�wdklj_fZevgh_�agZq_gb_�wgljhibb�G_cfZgZ 

 ( ) ( ) ( )2logH Tρ = −τ + τE Γ   (2.1.14) 

b��bkihevamy�jZ\_gkl\Z 

 
( ) ( ) ( ) ( ) ( )2

2

log 1
, log

1
T H

∂ τ ∂  = τ = ρ ∂τ ∂ τ τ 
E

Γ
Γ ,  (2.1.15) 

aZibr_f�^bnn_j_gpbZevgh_�khhlghr_gb_ 

 ( ) ( )dH d Tρ = −τ E .  (2.1.16) 

Wdklj_fmf�d\Zglh\hc�wgljhibb�G_cfZgZ�\�jZkkfZljb\Z_fhc�\ZjbZ�

pbhgghc�aZ^Zq_�khhl\_lkl\m_l�__�fZdkbfmfm��ihkdhevdm�kijZ\_^eb\h�g_�

jZ\_gkl\h 

 ( )22 11
Sp 0

ln 2
L −δ = − ρ δρ ≤   (2.1.17) 

^ey�\lhjhc�\ZjbZpbb�nmgdpbhgZeZ���������� 
<�klZlbklbq_kdhc�nbabd_�>������@�b�l_hjbb�i_j_^Zqb�bgnhjfZpbb�ih�

nbabq_kdbf� dZgZeZf� k\yab� >���� ��@� bkihevam_lky� hi_jZlhj� =ZfbevlhgZ�

T H= ��h[jZlgZy�l_fi_jZlmjZ� ln 2β = − τ �b�nbabq_kdZy�jZaf_jgZy�wgljh�

iby� ( ) ( )Sp lnH kρ = − ρ ρ �� ]^_� k  –�ihklhyggZy�;hevpfZgZ��<� wlhf� kemqZ_�

hi_jZlhj�iehlghklb�bf__l�ba\_klguc�\b^�>��@� 

 { } ( ) ( ) { }1 1 1exp , Spexpk H k H− − −ρ = − β β β = − βΓ Γ ,  (2.1.18) 
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Z� khhlghr_gb_� ���������ij_^klZ\ey_l� kh[hc� aZdhg� klZlbklbq_kdhc� l_jfh�

^bgZfbdb 

 ( ) ( ),dH dE E Hρ = β = E   (2.1.19) 

^ey�fZdkbfZevgh]h�agZq_gby�wgljhibb�G_cfZgZ�\�jZ\gh\_kghf�khklhygbb�� 
I_j_oh^�f_`^m�khklhygbyfb�k�ijhba\hevguf�hi_jZlhjhf�iehlgh�

klb ρ �b�jZ\gh\_kguf� 

 { } ( ) ( ) { }1 1 1
0 0 0 0 0exp , Spexpk H k H− − −ρ = − β β β = − βΓ Γ   (2.1.20) 

hij_^_ey_lky�nbabq_kdhc�jZaf_jghc�bgnhjfZpb_c�jZaebqby 

 ( ) ( ) ( )0 0 0 0:I H H E E   ρ ρ = − ρ − ρ + β −   ,  (2.1.21) 

]^_�wgljhibb�b�wg_j]bb�d\Zglh\hc�kbkl_fu 

 ( ) ( )Sp lnH kρ = − ρ ρ , ( ) ( )0 0 0Sp lnH kρ = − ρ ρ ,  (2.1.22) 

 SpE H= ρ , 0 0SpE H= ρ .  (2.1.23) 

>ey�^bnn_j_gpbZeZ�bgnhjfZpbb�jZaebqby�bf__f�khhlghr_gb_ 

 ( ) ( )0 0:dI dH dEρ ρ = − ρ + β ,  (2.1.24) 

dhlhjh_� hibku\Z_l� g_jZ\gh\_kgu_� bgnhjfZpbhggu_� ijhp_kku� \� hldju�

lhc�d\Zglh\hc�kbkl_f_�>������@�� 
<�aZdexq_gb_�jZkkfhljbf�ijhba\hevgh_�d\Zglh\h_�khklhygb_�k�dh�

g_qguf� qbkehf� m � kh[kl\_gguo� agZq_gbc� iE � hi_jZlhjZ� H �� Kh]eZkgh�

����������fZljbpZ�iehlghklb�bf__l�^bZ]hgZevguc�\b^� 

 
{ }
{ }

1

1

exp
, 1

exp

mi
i ii im

i
i

i

k E
p p

k E

−

−

− β
= ρ = =

− β
∑

∑
  (2.1.25) 

b�bf__l�\_jhylghklgmx�ljZdlh\dm� 
Imklv� kh[kl\_gghfm� agZq_gbx� iE � khhl\_lkl\m_l� dhg_qgh_� qbkeh�

d\Zglh\uo�khklhygbc��bf_xs__�djZlghklv� iG ��Lh]^Z�jZkij_^_e_gb_�\_jh�

ylghkl_c�d\Zglh\uo�khklhygbc�aZibr_lky�lZd� 

 
{ }
{ }

1

1

exp
, 1

exp

mi
i ii i im

i
i i

i

k E
p p G

k E G

−

−

− β
= ρ = =

− β
∑

∑
.  (2.1.26) 

LZdh]h� jh^Z� jZkij_^_e_gby� b]jZxl� \Z`gmx� jhev� \� klZlbklbd_�
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kemqZcguo�h[t_dlh\�l_hjbb�bgnhjfZpbb��h�q_f�ihc^_l�j_qv�\�ke_^mxs_f�

iZjZ]jZn_� 

�����D\Zglh\u_�khklhygby�b�kj_^gb_ 

JZkkfhljbf� \_jhylghklgh-klZlbklbq_kdh_� hibkZgb_� kh\hdmighklb�

{ }1, , mN N N= !  ( )1N >> � klZlbklbq_kdb� kemqZcguo� h[t_dlh\�� dhlhju_�

bf_xl�fgh`_kl\h�d\Zglh\uo�khklhygbc� { }1, , mG G G= ! �� ]^_� m  –�qbkeh�

khklhygbc�� H[t_dlZfb� fh]ml� y\eylvky�� gZijbf_j�� ihke_^h\Zl_evghklb�

kbf\heh\�ba�ZenZ\blZ�b�fZl_jbZevgu_�qZklbpu�k�khhl\_lkl\mxsbfb�kh�

klhygbyfb�\�\b^_�kbf\heh\�b�djZlghklb�kh[kl\_ggh]h� agZq_gby� wg_j]bb�

qZklbpu�b�l�i� 
Ijb\_^_f�hkgh\gu_�hij_^_e_gby� 
Hij_^_e_gb_� ���Ghkbl_e_f� bgnhjfZpbb� y\eyxlky� ^\Z�fgh`_kl\Z�� 

Z�� fgh`_kl\h� \k_o� d\Zglh\uo� khklhygbc� { }1, , mG G G= ! kh\hdmighklb�

kemqZcguo� h[t_dlh\� { }1, , mN N N= ! ��[��fgh`_kl\h� kemqZcguo� \_ebqbg�

{ }1, , mT T T= ! ��oZjZdl_jbamxsbo�kh\hdmighklv�h[t_dlh\� 

Hij_^_e_gb_����<a\_r_ggh_�kj_^g__�dZ`^hc�kemqZcghc�\_ebqbgu�T 
ih�jZkij_^_e_gbx�h[t_dlh\� 

 ( )

m

i i
i
m

i
i

T N
T

N
=

∑

∑
E   (2.2.1) 

beb� 

 ( ) ( )N T
T

N
=

E
E , 

m

i
i

N N= ∑ ,  (2.2.2) 

]^_�kj_^g__ 

 ( )
m

N i i
i

T T N= ∑E   (2.2.3) 

ij_^klZ\ey_l�kh[hc�h[s__� agZq_gb_�\_ebqbgu� T �ih�kh\hdmighklb�h[t�

_dlh\�� 
AZ^ZqZ� d\Zglh\hc� klZlbklbdb� h[t_dlh\� khklhbl� \� gZoh`^_gbb� jZk�

ij_^_e_gby� iN � ih� khklhygbyf� iG ��<� k\yab� k� wlbf� jZkkfhljbf� kj_^g__�

qbkeh�h[t_dlh\�\� i -khklhygbb� 
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 i
i

i

N
D

G
=   (2.2.4) 

b�i_j_ibr_f������������������\�ke_^mxs_f�\b^_ 

 ( ) ,

m

i i i m
i

i im
i

i i
i

T D G
T D G N

D G
= =

∑
∑

∑
E ,  (2.2.5) 

 ( )
m

N i i i
i

T T D G= ∑E .  (2.2.6) 

Ba���������ke_^m_l��qlh�\_ebqbgu� iD �bf_xl�\_kZ� iG ��<\_^_f�jZkij_�

^_e_gb_� i ip D N= �b�hdhgqZl_evgh�ihemqbf�kj_^g__ 

 ( ) , 1
m m

i i i i i
i i

T T p G p G= =∑ ∑E   (2.2.7) 

b�h[s__�agZq_gb_�\_ebqbgu�T  

 ( )
m

N i i i
i

T N T p G= ∑E ,  (2.2.8) 

dhlhjh_�ijhihjpbhgZevgh�qbkem�kemqZcguo�h[t_dlh\�\�kemqZ_��_keb� iT �g_�

aZ\bkbl�hl� ip . 

G_ij_ju\gufb� ZgZeh]Zfb� jZkkfZljb\Z_fuo� kj_^gbo� y\eyxlky�

nmgdpbhgZeu 

 ( ) ,G

G
G

TDdG

T DdG N
DdG

= =
∫

∫
∫

E ,  (2.2.9) 

 ( )N
G

T TDdG= ∫E ,  (2.2.10) 

hij_^_e_ggu_�\�h[eZklb� G ��?keb�h[eZklv�ho\Zlu\Z_l�\k_�\_jhylghklgh_�

ijhkljZgkl\h�b�mkj_^g_gb_�ijhba\h^blky�k�jZkij_^_e_gb_f� p ��lh�nhjfm�

eu���������b���������ijbfml�\b^ 

 ( ) , 1T TpdG pdG= =∫ ∫E ,  (2.2.11) 

 ( )N T N TpdG= ∫E .  (2.2.12) 
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�����KlZlbklbdZ�FZdk\_eeZ–;hevpfZgZ 

Imklv�bf__lky�gZ[hj�ba� N �kemqZcguo�h[t_dlh\��d\Zglh\u_�khklhy�

gby�dhlhjuo�jZ\gh\_jhylgu��H[s__�dhebq_kl\h�khklhygbc�jZ\gy_lky�qbk�

em�G ��<hkihevam_fky�nhjfmehc�OZjleb�>��@ 

 ( ) 2logH p n m=   (2.3.1) 

^ey�f_ju�bgnhjfZpbb��hij_^_ey_fhc�^ey�qbkeZ�jZ\gh\_jhylgh]h�jZkij_�

^_e_gby�khklhygbc�h^gh]h�h[t_dlZ�ijb� n �gZ[ex^_gbyo��<�jZkkfZljb\Z_�
fhc� kblmZpbb� f_jZ� bgnhjfZpbb� ^ey� kh\hdmighklb� N � h[t_dlh\� bf__l�

ZgZeh]bqguc�\b^ 

 2logNH N G= .  (2.3.2) 

Ijb�jZkkfhlj_gbb�klZlbklbdb�kemqZcguo�h[t_dlh\�bkihevam_f�l_h�

jbx�kh_^bg_gbc��<�lZdhf�ih^oh^_�nhjfmeZ���������aZibr_lky�lZd�>��@� 

 2log +N NH = ∆ ,  (2.3.3) 

]^_� +
N

N G∆ = �b� NG �_klv�qbkeh�jZaf_s_gbc�ba�G �khklhygbc�ih� N �h[t�

_dlZf�� dhlhjh_� ^Z_l� qbkeh� \hafh`guo� fZdjhkhklhygbc� +N∆ �� Ijbq_f� 

\�\uqbke_gbyo�jZkkfZljb\Zxlky�jZaf_s_gby�k�ih\lhj_gbyfb��lh�_klv�h^�

gh�b�lh�`_�jZ\gh\hafh`gh_�khklhygb_�fh`_l�j_Zebah\u\Zlvky�g_kdhevdh�

jZa� \� h[t_dlZo�� aZibkZgguo� \� dZdhf-eb[h� ihjy^d_�� F_jZ� bgnhjfZpbb�

��������kh\iZ^Z_l�k�f_jhc�;hevpfZgZ�\�klZlbklbq_kdhc�nbabd_�>�@��ihwlh�

fm�[m^_f�gZau\Zlv�__�f_jhc�;hevpfZgZ–OZjleb� 

Imklv� kh\hdmighklv� jZaebqbfuo� h[t_dlh\� { }1, , mN N N= ! � bf__l�

d\Zglh\u_� khklhygby� { }1, , mG G G= ! ��<uqbkebf� wgljhibx� ih�nhjfme_�

;hevpfZgZ–OZjleb�� hij_^_eb\� agZq_gb_� +N∆ �� >ey� wlh]h� jZkij_^_ebf�

h[t_dlu� iN �ih�khklhygbyf� iG �lZd��qlh[u�bf_xsb_�h^gh�khklhygb_�[ueb�

lh`^_kl\_ggu�f_`^m�kh[hc�b�hlebqgu�hl�h[t_dlh\��bf_xsbo�^jm]b_�kh�

klhygby�� Lh]^Z�� kh]eZkgh� dhf[bgZlhjguf� \uqbke_gbyf� ^ey� klZlbklbdb�

;hevpfZgZ��qbkeh�\hafh`guo�fZdjhkhklhygbc�jZ\gy_lky�>��@ 

 
1

+ +
!

i

i

m m
N

N N i
i i i

G
N

∆ = ∆ =∏ ∏ ,  (2.3.4) 

]^_� iN
iG �_klv�qbkeh�\hafh`guo�jZaf_s_gbc��\_ebqbgZ� !iN �_klv�\�l_hjbb�
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kh_^bg_gbc� qbkeh� i_j_klZgh\hd� ba iN � h[t_dlh\�� Z� ijhba\_^_gb_� qbk_e�

+
iN∆ � hagZqZ_l� klZlbklbq_kdmx� g_aZ\bkbfhklv� ^ey� kh\hdmighklb� h[t_d�

lh\� 
Ih^klZ\eyy� ��������\�f_jm�bgnhjfZpbb�;hevpfZgZ–OZjleb� ��������b�

bkihevamy� nhjfmem� Klbjebg]Z� ( )! iN

i iN N e≈ �� ihemqbf� d\Zglh\mx� wg�

ljhibx�FZdk\_eeZ–;hevpfZgZ 

 2log
m

i
N i

i i

N
H N

G

 
= −    

∑ .  (2.3.5) 

<�kemqZ_�jZkij_^_e_gbc� iD �b� ip �ba���������\ul_dZxl�\ujZ`_gby 

 ( ) ( )2log
m

N i i i
i

H D D D G= −∑ ,  (2.3.6) 

 ( ) ( )2log
m

N i i i
i

H p N p p G= − ∑ ,  (2.3.7) 

]^_�qbkeh�h[t_dlh\�b�ghjfbjh\dZ 

 
m

i i
i

D G N=∑ ,   1
m

i i
i

p G =∑ .  (2.3.8) 

Wgljhiby�_klv�\a\_r_ggh_�kj_^g__ 

 ( ) ( ) ( )2log
m

N
i i i

i

H p
H p p p G

N
= = −∑   (2.3.9) 

b�hij_^_ey_lky�k�lhqghklvx�^h�ihklhygghc� 
?keb�\_kZ�bf_xl�h^bgZdh\u_�agZq_gby� 1iG = ��lh�ba���������\ul_dZ_l�

ljZ^bpbhggZy�f_jZ�bgnhjfZpbb�R_gghgZ–<bg_jZ 

 ( ) ( )2log , 1
m m

i i i
i i

H p p p p= − =∑ ∑   (2.3.10) 

k�ghjfbjh\Zgguf�jZkij_^_e_gb_f��Ijb�jZ\gh\hafh`ghf�jZkij_^_e_gbb�

1ip G= �ba���������ke_^m_l�f_jZ�bgnhjfZpbb�;hevpfZgZ–OZjleb 

 ( ) 2log ,
m

N i
i

H p N G G G= = ∑ .  (2.3.11) 



 74 

>Ze__� jZkkfhljbf� wdklj_fZevgu_� k\hckl\Z� d\Zglh\hc� wgljhibb�

��������ijb�mkeh\bb�khojZg_gby�qbkeZ�h[t_dlh\�b�h[s_]h�agZq_gby���������

\_ebqbgu� T �� Kh]eZkgh� \ZjbZpbhgghfm� ijbgpbim�� bkke_^m_f� [_amkeh\�

guc�wdklj_fmf�nmgdpbhgZeZ 

 ( )2log
m m m

i i i i i i i i
i i i

L D D G T D G D G′= − + τ + α∑ ∑ ∑ ,  (2.3.12) 

^ey�q_]h�\\_^_f�g_hij_^_e_ggu_�fgh`bl_eb�EZ]jZg`Z� τ �b� ′α .  
Ba�mkeh\by� 

 2

1
log 0

ln 2i i i iL D D T G
  ′δ = − δ + − τ − α =    

∑   (2.3.13) 

ihemqbf�jZkij_^_e_gb_ 

 
1

2 ,
ln 2

iT
iD τ +α ′= α = + α ,  (2.3.14) 

ih^klZgh\dZ�dhlhjh]h�\���������^Z_l�qbkeh�kemqZcguo�h[t_dlh\ 

 2 i
m

T
i

i
N Gτ +α= ∑ .  (2.3.15) 

Lh]^Z�jZkij_^_e_gb_�bf__l�hdhgqZl_evguc�\b^� 

 
2

2

i

i

T

i m
T

i
i

D N
G

τ

τ
=

∑
,  (2.3.16) 

]^_�\_kZ� iG �jZ\gyxlky�djZlghklb�khklhygby�kemqZcghc�\_ebqbgu� iT . 

Wdklj_fZevgh_� agZq_gb_� d\Zglh\hc� wgljhibb� b� __� ^bnn_j_gpbZe�

jZ\gyxlky 

 ( ) ( )N NH D T N= −τ − αE ,  (2.3.17) 

 ( ) ( )N NdH D d T dN= −τ − αE ,  (2.3.18) 

]^_�mql_gh�jZ\_gkl\h� 

 ( ) 0N T d Ndτ + α =E .  (2.3.19) 

JZkij_^_e_gb_����������fZdkbfbabjm_l�d\Zglh\mx�wgljhibx��lZd�dZd�

kijZ\_^eb\h�g_jZ\_gkl\h�� 
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( )2

2 1
0

ln 2

m
i

i
i i

D
L G

D

δ
δ = − ≤∑ .  (2.3.20) 

<� aZdexq_gb_� jZkkfhljbf� g_dhlhju_� klZlbklbq_kdb_� k\hckl\Z� bk�

ke_^m_fuo�\_ebqbg� 
LZd� qbkeh� \hafh`guo�fZdjhkhklhygbc� +N∆ �bf__l�^ey� jZkkfZljb�

\Z_fhc�klZlbklbdb�ijhajZqguc�fZl_fZlbq_kdbc�kfuke��<ujZabf�d\Zglh�

\mx�wgljhibx�R_gghgZ–<bg_jZ 

 ( ) ( )2logH D N D= −   (2.3.21) 

\�aZ\bkbfhklb�hl�\a\_r_ggh]h�kj_^g_]h�]_hf_ljbq_kdh]h 

 ( )

( ) ( )2 2log log

2 2

m m

i i i i i i
i i

m m

i i i
i i

N G N D D G

N D G

N D

∑ ∑

∑ ∑
= = ,  (2.3.22) 

lh]^Z�qbkeh�\hafh`guo�fZdjhkhklhygbc�h[jZlgh�ijhihjpbhgZevgh�\a\_�

r_gghfm�kj_^g_fm�]_hf_ljbq_kdhfm�jZkij_^_e_gby� D ��lh�_klv�\uihegy�

_lky�jZ\_gkl\h� ( )+ �N N D∆ = ��<�qZklghf�kemqZ_��_keb� 1iN = ��lh�^ey� +N∆  

ke_^m_l�h[uqgh_�kj_^g__�]_hf_ljbq_kdh_�^ey�\_ebqbgu� iG  

 ( )
m

m
i

i
N G G= ∏ .  (2.3.23) 

K�^jm]hc�klhjhgu��bkihevah\Zgb_�\_ebqbgu 

 ( )1

! !
, , +

!

i

ii

N
m m

i
m NN

i i i

GN N
p N N

N GG

 
= ∆ =  

 
∏ ∏! ,  (2.3.24) 

]^_� ! !iN N �_klv�\�l_hjbb�kh_^bg_gbc�qbkeh�i_j_klZgh\hd�ba� iN �h[t_dlh\�

k� ih\lhj_gbyfb�� ^Z_l� \_jhylghklgmx� ljZdlh\dm� nhjfmeu� ;hevpfZgZ–
OZjleb�^ey�bgnhjfZpbb��qlh�[ueh�ihdZaZgh�\i_j\u_�;hevpfZghf�>�@�^ey�

klZlbklbq_kdhc�nbabdb��<f_klh���������bf__f�nhjfmem 

 ( ) ( )1 2 1, , log , ,N m mH N N p N N=! ! ,  (2.3.25) 

]^_�^ey�ihebghfbZevgh]h�jZkij_^_e_gby�\_jhylghkl_c�\uihegy_lky�mkeh�

\b_�ghjfbjh\db� 
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 ( )
1

1, , 1
m

N
m

i
m

N N N i

G
p N N

G+ + =

 
= = 

 
∑ ∑

!

! .  (2.3.26) 

<\_^_gb_�kemqZcghc�wgljhibb�;hevpfZgZ–OZjleb 

 ( ) ( )1 2 1, , log , ,N m mH N N p N N= −! !   (2.3.27) 

b�__�mkj_^g_gb_�ijb\h^bl�d�gh\hfm�hij_^_e_gbx�bgnhjfZpbb 

 
( )

( ) ( )
1

1

2 1 1

, ,

log , , , , .
m

N N N m

m m
N N N

H H N N

p N N p N N
+ + =

 = = 
 = −  ∑

E

!

!

! !
  (2.3.28) 

Kj_^g__�agZq_gb_�ijhba\hevghc�kemqZcghc�\_ebqbgu� ( )1, , mT N N!  

^Z_lky�jZ\_gkl\hf 

 ( ) ( ) ( )
1

1 1 1, , , , , , .
m

N N m m m
N N N

T T N N T N N p N N
+ + =

 = =  ∑E
!

! ! !  (2.3.29) 

�����KlZlbklbdZ�N_jfb–>bjZdZ 

Kh\j_f_ggZy� klZlbklbdZ�bkihevam_l�ijbgpbi�g_jZaebqbfhklb� h[t�

_dlh\��qZklbp���Wlhl�d\Zglhf_oZgbq_kdbc�ijbgpbi�hagZqZ_l��qlh�i_j_klZ�

gh\dZ�h[t_dlh\�g_�^Z_l�gh\h]h�d\Zglh\h]h�khklhygby��JZkkfhljbf�klZlb�

klbdm�N_jfb–>bjZdZ��\�dhlhjhc�\uihegy_lky�ijbgpbi�IZmeb��<ke_^kl\b_�
wlh]h�ijbgpbiZ�gb�h^gh�khklhygb_�g_�fh`_l�kh^_j`Zlv�[he__�h^gh]h�h[t�

_dlZ��Qbkeh�\hafh`guo�fZdjhkhklhygbc�kh\hdmighklb�ba� N �g_jZaebqb�

fuo�h[t_dlh\�>��@ 

 ( )
!

+ +
! !i

m
i

N N
i i i i

G

N G N
∆ = ∆ =

−
∏   (2.4.1) 

jZ\gy_lky�ijhba\_^_gbx�qbk_e�khq_lZgbc�ba� iG �khklhygbc�ih� iN �h[t�

_dlZf� 
Eh]Zjbnfbq_kdZy�f_jZ�;hevpfZgZ–OZjleb 

 2log +N NH = ∆   (2.4.2) 

^Z_l�ijb�[hevrbo� iN �ke_^mxs__� agZq_gb_�d\Zglh\hc�wgljhibb�N_jfb–

>bjZdZ� 
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( ) ( )2 2 2

2 2

log log log

log log 1 .

m

N i i i i i i i i
i

m
i i

i i
i i i i i

H N N G G G N G N

N N
N G

G N G N

 = − − + − − = 

  
= − − +   − −   

∑

∑
 
 (2.4.3)

 

I_j_oh^y� d� jZkij_^_e_gbyf� iD � b� ip �� khhl\_lkl\_ggh�� ihemqbf�

nmgdpbhgZeu 

 ( ) ( ) ( )2 2log 1 log 1
m

N i i i i i
i

H D D D D D G = − + − − ∑ ,  (2.4.4) 

 ( ) ( )2 2

1
log log 1

m

N i i i i i
i

H p N p p p Np G
N

  = − + − −    
∑ ,  (2.4.5) 

]^_ 

 , 1
m m

i i i i
i i

D G N p G= =∑ ∑ .  (2.4.6) 

Hlf_lbf��qlh�\a\_r_ggh_�kj_^g__�k�lhqghklvx�^h�ihklhygghc 

 ( ) ( ) ( ) ( )2 2

1
log 1 log 1

m
N

i i i i i
i

H p
H p p p Np Np G

N N
 = = − + − −  

∑   (2.4.7) 

aZ\bkbl� hl� qbkeZ� h[t_dlh\� N �� Ijbq_f� kijZ\_^eb\h� mkeh\b_� i iN G<   

�beb� 1iNp < ). 

J_r_gb_� \ZjbZpbhgghc� aZ^Zqb� gZ� wdklj_fmf� d\Zglh\hc� wgljhibb�

N_jfb–>bjZdZ� khhl\_lkl\m_l� gZoh`^_gbx� gZb[he__� \_jhylgh]h� jZkij_�
^_e_gby��Mqblu\Zy�^hihegbl_evgu_�mkeh\by�khojZg_gby�kj_^g_]h�b�qbkeZ�

h[t_dlh\ 

 ( ) ,
m m

N i i i i i
i i

T T D G N D G= =∑ ∑E   (2.4.8) 

b�ijbjZ\gb\Zy�gmex�i_j\mx�\ZjbZpbx�nmgdpbhgZeZ 

( ) ( )2 2log 1 log 1 ,
m m m

i i i i i i i i i i
i i i

L D D D D G T D G D G = − + − − + τ + α ∑ ∑ ∑   (2.4.9) 

ihemqbf�jZ\_gkl\h� 



 78 

 ( )2 2log log 1 0i i iD D T− − − τ − α = .  (2.4.10) 

Ba����������\ul_dZ_l�jZkij_^_e_gb_� 

 
1

2 1ii T
D −τ −α=

+
,  (2.4.11) 

k� ihfhsvx� dhlhjh]h� \uqbkey_lky� qbkeh� h[t_dlh\� b� g_ghjfbjh\Zggh_�

kj_^g__�agZq_gb_ 

 ( ),
2 1 2 1i i

m m
i i i

NT T
i i

G T G
N T−τ −α −τ −α= =

+ +
∑ ∑E .  (2.4.12) 

IZjZf_lj� τ �\� ���������f_gy_lky�\�ij_^_eZo�^himklbfuo�agZq_gbc��Z�agZ�
q_gb_�α �hij_^_ey_lky�ba�khhlghr_gby���������� 

JZkkfhljbf�\lhjmx�\ZjbZpbx�nmgdpbhgZeZ���������b�ihemqbf�g_jZ�

\_gkl\h 

 
( )
( )

2

2 1
0

ln 2 1

m
i

i
i i i

D
L G

D D

δ
δ = − ≤

−
∑ ,  (2.4.13) 

hagZqZxs__��qlh�wdklj_fmf�d\Zglh\hc�wgljhibb�^hklb]Z_lky�\�fZdkbfmf_� 
Ih^klZ\b\� jZkij_^_e_gb_� ��������� \� ���������ihemqbf�fZdkbfZevgh_�

agZq_gb_�wgljhibb 

 ( ) ( )N NH D T N= −τ − α + τΩE .  (2.4.14) 

A^_kv�\\h^blky�\ujZ`_gb_�^ey�kmffu 

 ( )2log 1 2 i
m

T
i

i
Gτ +α τΩ = − + ∑ ,  (2.4.15) 

dhlhjh_�bf__l�ke_^mxsb_�k\hckl\Z 

 
( ) ( )

m

i i i N
i

T D G T
∂ τΩ

= =
∂τ

∑ E , (2.4.16) 

 
( ) m

i i
i

D G N
∂ τΩ

= =
∂α

∑ .  (2.4.17) 

>bnn_j_gpbjm_f�wgljhibx����������b��bkihevamy����������b�����������

ihemqbf�khhlghr_gb_ 

 ( ) ( )N NdH D d T dN= −τ − αE ,  (2.4.18) 
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dhlhjh_� bf__l� nmg^Zf_glZevgh_� agZq_gb_� \� klZlbklbq_kdhc� l_jfh^bgZ�

fbd_��h�q_f�ihc^_l�j_qv�\�nbabq_kdbo�ijbeh`_gbyo�jZa^������ 

�����KlZlbklbdZ�;ha_–Wcgrl_cgZ 

JZkkfhljbf�klZlbklbdm�;ha_–Wcgrl_cgZ��\�dhlhjhc�qbkeh�\hafh`�

guo�fZdjhkhklhygbc�kh\hdmighklb�ba� N �g_jZaebqbfuo�h[t_dlh\�>�4] 

 
( )

( )
1 !

+ +
! 1 !i

m
i i

N N
i i i

G N

N G

+ −
∆ = ∆ =

−
∏  (2.5.1) 

\ul_dZ_l�ba�mkeh\by��qlh�h^gh�khklhygb_�fh`_l�kh^_j`Zlv�ex[h_�dhebq_�
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aZ\bkbl�lZd`_��dZd�b�\�klZlbklbd_�N_jfb–>bjZdZ��hl�qbkeZ�h[t_dlh\� N �b�
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L D D D T G δ = − δ − + − τ − α ∑   (2.5.9) 
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 ( ) ( )N NdH D d T dN= −τ − αE   (2.5.14) 
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Z�^ey� i ip D N= �bf__f�wgljhibx 
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fm��lZd�dZd�kijZ\_^eb\h�g_jZ\_gkl\h 
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JZkkfZljb\Zy�\gZqZe_�jZkij_^_e_gby� 1iN �b� 2iN �ih�khklhygbyf� iG , 
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pbhgghfm�ijbgpbim�gZoh^bf� wdklj_fmfu�khhl\_lkl\mxsbo�nmgdpbhgZ�
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]^_� \_ebqbgZ� 0Ω = � ^ey� d\ZabdeZkkbq_kdhc� b� deZkkbq_kdhc� klZlbklbd��

FZdk\_eeZ–;hevpfZgZ��>ey�klZlbklbd�N_jfb–>bjZdZ�b�;ha_–Wcgrl_cgZ�

bf__f��khhl\_lkl\_ggh��\ujZ`_gby 

 1
2

2

log
2 i

m
i

iT
i i

D
G

D τ +α

 
τΩ =    

∑ ,  (2.7.37) 

 1
2

2

log
2 i

m
i

iT
i i

D
G

D τ +α

 
τΩ = −    

∑ .  (2.7.38) 

Wdklj_fmf� bgnhjfZpbc� jZaebqby� jZaebqguo� klZlbklbd� khhl\_lkl�

\m_l�bo�fbgbfmfm��qlh�e_]dh�^hdZau\Z_lky� 
<� aZdexq_gb_� kjZ\gbf� j_amevlZlu� jZaebqguo� klZlbklbd�� LZd� gZ�

jbk�����ij_^klZ\e_gu�aZ\bkbfhklb�d\Zglh\hc�wgljhibb� ( )H p ��bgnhjfZ�

pbb�jZaebqby� ( ):I p u �b�f_ju�g_lhqghklb� ( ):H p u �hl�jZkij_^_e_gby�^ey�

klZlbklbdb�;ha_–Wcgrl_cgZ�ijb�agZq_gbyo� 1 2 2N N N= = = , 1 2 1G G= = , 

2m= , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 

Ijb� �\uqbke_gbb� � wgljhibb�;ha_–Wcgrl_cgZ�b�f_ju� �g_lhqgh�
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klb�\�\ujZ`_gbyo���������b����������mlhqgy_f�agZq_gb_�ihklhygghc�lZdbf�

h[jZahf��qlh[u� ( ) ( )0,1 1,0 0H H= = ��<�blh]_�bf__f�\ujZ`_gby 

 
( ) ( ) ( )

( ) ( )
2 2

2

1
log 1 log 1

1 log 1
,

m

i i i i
i

H p p p Np Np
N

N N

N

 = − − + + −  
+ +

−

∑
  

(2.7.39) 

 
( ) ( ) ( )

( ) ( )
2 2

2

1
: log 1 log 1

1 log 1
,

m

i i i i
i

H p u p u Np Nu
N

N N

N

 = − − + + −  
+ +

−

∑
  

(2.7.40) 

 ( ) ( ) ( )
( )2 2

11
: log 1 log

1

m
ii

i i
i i i

Npp
I p u p Np

u N Nu

 +
= − − + 

+  
∑ .  (2.7.41) 

 
   

Z [ 

Jbk����� AZ\bkbfhklb d\Zglh\uo nmgdpbhgZeh\ hl jZkij_^_e_gby�  
1 – wgljhiby H( p);  2 – bgnhjfZpby jZaebqby I( p:u); 

3 –f_jZ g_lhqghklb H( p:u�� rljboh\Zy ebgby – wgljhiby  
klZlbklbdb FZdk\_eeZ–;hevpfZgZ 

 
D\Zglh\Zy�wgljhiby�^ey�klZlbklbdb�FZdk\_eeZ–;hevpfZgZ�jZ\gy_l�

ky�wgljhibb�R_gghgZ–<bg_jZ 

 ( ) ( )2log
m

i i
i

H p p p= −∑  (2.7.42) 

H(p),I(p:u), H(p:u) 

 3  

 1  

 2  

0,2 0,4 0,6 0,8 1  p 

0,8 

0,6 

0,4 

0,2 

 0 
 0 

 1  

 3  

 1  

 2  

0,6 0,8 1  p 

H(p),I(p:u), H(p:u) 

0,2 0,4 

0,8 

0,6 

0,4 

0,2 

 0 
 0 

 1  
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b�bah[jZ`_gZ�gZ�jbk�����rljboh\hc�ebgb_c��DZd�\b^gh��mq_l�qbklh�d\Zg�

lh\uo�wnn_dlh\�ijb\h^bl�d�mf_gvr_gbx�fZdkbfZevgh]h�agZq_gby�wgljh�

ibb��qlh�gZjmrZ_l�mkeh\b_�ghjfbjh\Zgghklb�wgljhibb� 

�����IZjZklZlbklbdZ�� 
F_lh^�d\Zglh\uo�khklhygbc�;ha_ 

JZkkfhljbf�klZlbklbdm�h[t_dlh\��\�dhlhjhc�qbkeh�\hafh`guo�fZd�

jhkhklhygbc� \ul_dZ_l� ba� mkeh\by�� qlh� \� dZ`^hf� khklhygbb� fh`_l�

gZoh^blvky�g_�[he__� r �h[t_dlh\��Wlhl�kemqZc� lZd�gZau\Z_fhc�iZjZklZ�
lbklbdb� khhl\_lkl\m_l� klZlbklbdZf�N_jfb–>bjZdZ� b� ;ha_–Wcgrl_cgZ�

ijb� 1r = �b� r = ∞ . 
Bkihevam_f� f_lh^� d\Zglh\uo� khklhygbc� ;ha_�� ijbf_g_gguc� bf�

\i_j\u_� ^ey� bkke_^h\Zgby� klZlbklbdb� nhlhgh\� >��@�� Imklv�

{ }1, , mN N N= !  –�kh\hdmighklv�h[t_dlh\�b� { }1, , mG G G= ! �_klv�khklhy�

gby��<\_^_f�gh\u_�khklhygby� ikG  ( 0, 1, ,k r= ! ���hagZqZxsb_��qlh�\� i  

khklhygbb�gZoh^blky� r �h[t_dlh\��Ke_^h\Zl_evgh��kijZ\_^eb\u�jZ\_gkl\Z 

 
r

i ik
k

G G= ∑ ,    (2.8.1) 

 
r

i ik
k

N kG= ∑ .    (2.8.2) 

F_lh^� ;ha_� khklhbl� \� lhf�� qlh� bkke_^m_lky� klZlbklbdZ� khklhygby�

ikG ��Ba� l_hjbb� kh_^bg_gbc� gZoh^bf� qbkeh� \hafh`guo�fZdjhkhklhygbc�

^ey�kh\hdmighklb�h[t_dlh\>��@ 

 
!

!ik

m r m r
i

N G
i k i k ik

G

G
∆Γ = ∆Γ =∏∏ ∏∏ .    (2.8.3) 

Bkihevam_f�f_jm�bgnhjfZpbb�;hevpfZgZ–OZjleb 

 2 2

!
log log

!

m r
i

N N
i k ik

G
H

G
= ∆Γ = ∏∏     (2.8.4) 

b�nhjfmem�Klbjebg]Z� ( )! ikG

ik ikG G e≈ ��Lh]^Z�ihemqbf�ke_^mxsbc�nmgd�

pbhgZe� 
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 2 2log log
m r

N ik ik i i
i k

H G G G G
 = − −  

∑ ∑ ,  (2.8.5) 

dhlhjuc�aZibku\Z_lky�\�wd\b\Ze_glghc�nhjfme_�lZd� 

 2 2log log
m r m r

ik ik ik
N ik i

i k i ki i i

G G G
H G G

G G G

 
= − = −    

∑∑ ∑∑ .  (2.8.6) 

>ey� gZoh`^_gby� bgnhjfZpbb� jZaebqby� \hkihevam_fky� hkgh\guf�

khhlghr_gb_f����������aZibkZgguf�\�ke_^mxs_f�\b^_ 

 ( )
1

1
12 2

2

!

!
log

!

!

m r
i

i k ik
m rN

i

i k ik

G

G
I

G

G

=
∏∏

∏∏ ( )

2
2

2

!

!
log

!

!

m r
i

i k ik
m r

i

i k ik ik

G

G

G

G K

+

−

∏∏

∏∏
.  (2.8.7) 

A^_kv� qbkeZ� 1 2ik ik ikK G G= − � oZjZdl_jbamxl� mq_l� jZaebqby� f_`^m�

^\mfy� kh\hdmighklyfb� khklhygbc�� ^ey� dhlhjuo�bf__f� ke_^mxsb_� khhl�

ghr_gby 

 1 1

r

i ik
k

N kG= ∑ , 2 2

r

i ik
k

N kG= ∑ ,  (2.8.8) 

 1 2

r r

i ik ik
k k

G G G= =∑ ∑ , 1 1

m

i
i

N N= ∑ , 2 2

m

i
i

N N= ∑ .  (2.8.9) 

Bkihevam_f�nhjfmem�Klbjebg]Z�b�ijb[eb`_ggh_�khhlghr_gb_ 

 ( )
2

2
2 1

!

!
ikKik

ik
ik ik

G
G

G C
≈

−
  (2.8.10) 

ijb� 2ik ikK G<< �b�ihemqbf�ba���������d\Zglh\mx�bgnhjfZpbx�jZaebqby 

 ( )
1

1 1 1
12 1 2 2

2 2

log log
m r m r

ik ik ik i
ik iN

i k i kik i ik i

G G G G
I G G

G G G G

 
= =    

∑∑ ∑∑   (2.8.11) 

^ey�d\Zglh\uo�khklhygbc�;ha_� 
JZkkfhljbf� wdklj_fZevgu_� k\hckl\Z� nmgdpbhgZeh\� �������� b�

���������� KgZqZeZ� gZoh^bf� wdklj_fmf� wgljhibb� �������� ijb� \uiheg_gbb�

^hihegbl_evguo� mkeh\bc� h� khojZg_gbb� g_ghjfbjh\Zggh]h� kj_^g_]h� b�

qbkeZ�h[t_dlh\� 
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 ( )
m m r

N i i i ik
i i k

T T N kT G= =∑ ∑∑E ,  (2.8.12) 

 
m m r

i ik
i i k

N N kG= =∑ ∑∑ .  (2.8.13) 

Wlh� khhl\_lkl\m_l� aZ^Zq_� hij_^_e_gby�gZb[he__� \_jhylgh]h� jZkij_^_e_�

gby� iN �ih�khklhygbyf� iG .  

IjbjZ\gb\Zy�gmex�i_j\mx�\ZjbZpbx�nmgdpbhgZeZ� 

 2log
m r m r m r

ik
ik i ik ik

i k i k i ki

G
L G kT G kG

G
= − + τ + α∑∑ ∑∑ ∑∑   (2.8.14) 

ih�i_j_f_gguf� ikG  

 2log 0
m r

ik ik i
i k

L G G kT k δ = − δ − τ − α = ∑∑ ,  (2.8.15) 

ihemqbf�qbkeh�khklhygbc 

 ( )2 ik T
ikG τ +α= .  (2.8.16) 

Ih^klZgh\dZ�^Zggh]h�qbkeZ�\�nhjfmeu���������b���������^Z_l�\ujZ`_�

gby 

 ( )2 i
r

k T
i

k
G τ +α= ∑ ,  (2.8.17) 

 ( )2 i
r k T

i
k

N k τ +α= ∑ .  (2.8.18) 

Bkihevamy����������b�����������ihemqbf�bkdhfh_�jZkij_^_e_gb_ 

 

( )

( )

2

2

i

i

r k T

i k
i r k Ti

k

k
N

D
G

τ +α

τ +α
= =

∑

∑
.  (2.8.19) 

Wdklj_fZevgh_�agZq_gb_�d\Zglh\hc�wgljhibb���������b�__�^bnn_j_g�

pbZe�bf_xl�ke_^mxsbc�\b^ 

 ( )N NH T N= −τ − α + τΩE ,  (2.8.20) 
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 ( )N NdH d T dN= −τ − αE ,  (2.8.21) 

]^_�\\h^blky�\_ebqbgZ 

 ( ) ( )
2 2log 2 log 2i i

m r r m rk T k T
ik i

i k k i k
G Gτ +α τ +α τΩ = =   

∑∑ ∑ ∑ ∑ ,  (2.8.22) 

dhlhjZy�bf__l�k\hckl\Z 

 ( )
( )

( )

2

2

i

i

m r k T
i im

i k
N i i i r k Ti

k

kT G
T T D G

τ +α

τ +α

∂τΩ= = =
∂τ

∑∑
∑

∑
E ,  (2.8.23) 

 

( )

( )

2

2

i

i

m r k T
im

i k
i i r k Ti

k

k G
N D G

τ +α

τ +α

∂τΩ= = =
∂α

∑∑
∑

∑
.  (2.8.24) 

Ijb� 1r = �b� r = ∞ �ba����������\ul_dZxl��khhl\_lkl\_ggh��jZkij_^_e_�

gby�^ey�d\Zglh\uo�klZlbklbd�N_jfb–>bjZdZ�b�;ha_–Wcgrl_cgZ 

 
1

2 1ii T
D −τ −α=

+
,  (2.8.25) 

 
1

2 1ii T
D −τ −α=

−
.  (2.8.26) 

>ey�ijhba\hevgh]h�agZq_gby� r �bf__f�jZkij_^_e_gb_�^ey�iZjZklZlb�
klbdb�>��@ 

 ( )( )1

1 1

2 1 2 1i i
i T r T

r
D −τ −α + −τ −α

+= −
− −

,  (2.8.27) 

]^_�bkihevah\ZeZkv�nhjfmeZ�^ey�dhg_qghc�kmffu 

 
1

0

1

1

rr
k

k

x
x

x

+

=

−=
−

∑ .  (2.8.28) 

>Ze__� jZkkfhljbf�gh\uc� kemqZc�iZjZklZlbklbdb��^ey� dhlhjh]h�

\�dZ`^hf�khklhygbb�fh`_l�gZoh^blvky�g_�f_g__� s �b�g_�[he__� r �h[t�

_dlh\��Lh]^Z�kmffZ�
0

r

k=
∑ �aZf_gy_lky�gZ�kmffm�

r

k s=
∑ �b��ijh\h^y�\uqbk�
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e_gby��ihemqbf�jZkij_^_e_gb_ 

 

( )

( )

( )( ) ( )1

2

2

1 1

2 1 2 2

i

i

i i i

r
k T

i k s
i r

k Ti

k s

T r T s T

k
N

D
G

r s

τ +α

=

τ +α

=

−τ −α + −τ −α −τ −α

= = =

− += −
− −

∑

∑   

(2.8.29)

 

b�\ujZ`_gb_� 

 

( )

( )( ) ( )
( )

2

1

2

log 2

2 2
log .

2 1

i

i i

i

m r k T
i

i k s

r T s Tm

iT
i

G

G

τ +α

=

+ τ +α τ +α

τ +α

 τΩ = =  
 −=  
 − 

∑ ∑

∑
  

(2.8.30)
 

Ijb� 0s = � ba� ��������� b� ��������� \ul_dZxl�nhjfmeu� ljZ^bpbhgghc�

iZjZklZlbklbdb����������b�����������?keb� 1s r= − ��lh�bf__f�jZkij_^_e_gb_ 

 ( )( ) ( )( )1 1

1 2

2 1 2 2i i i

i
i T r T r T

i

N
D

G −τ −α + −τ −α − −τ −α
= = +

− −
,   (2.8.31) 

lZd`_�aZ\bkys__�hl�h^gh]h�iZjZf_ljZ� r ��dZd�b�ijb� 0s = . 
<uibr_f�agZq_gby�qbk_e�h[t_dlh\�^ey�jZkkfZljb\Z_fuo�kemqZ_\� 
Z��klZlbklbdZ�N_jfb–>bjZdZ�� 0, 1k = ) 

 
2 1i

m
i

T
i

G
N −τ −α=

+
∑ ;   (2.8.32) 

[��klZlbklbdZ�;ha_–Wcgrl_cgZ�� 0, ,k = ∞! ) 

 
2 1i

m
i

T
i

G
N −τ −α=

−
∑ ;   (2.8.33) 

\��iZjZklZlbklbdZ�� 0, ,k r= ! ) 

 ( )( )1

1 1

2 1 2 1i i

m

iT r T
i

r
N G−τ −α + −τ −α

 += − − − 
∑ ;   (2.8.34) 

]��iZjZklZlbklbdZ�� , ,k s r= ! ) 



 94 

 ( )( ) ( )1

1 1

2 1 2 2i i i

m

iT r T s T
i

r s
N G−τ −α + −τ −α −τ −α

 − += − − − 
∑ ;  (2.8.35) 

^��iZjZklZlbklbdZ�� 1,k r r= − ) 

 ( )( ) ( )( )1 1

1 2

2 1 2 2i i i

m

iT r T r T
i

N G−τ −α + −τ −α − −τ −α

 
= − − − 

∑ .  (2.8.36) 

GZdhg_p�gZoh^bf�wdklj_fmf�bgnhjfZpbb�jZaebqby� ���������ijb�aZ�

^Zgghklb�ke_^mxsbo�agZq_gbc� 

 ( )
1 1 1

m m r

N i i i ik
i i k

T T N kT G= =∑ ∑∑E ,  (2.8.37) 

 1 1 1

m m r

i ik
i i k

N N kG= =∑ ∑∑ .  (2.8.38) 

Bkihevamy� \ZjbZpbhgguc� f_lh^�� hdhgqZl_evgh� ihemqbf� qbkeZ� 
khklhygbc 

 ( )
1 22 ik T
ik ikG Gτ +α= ,  (2.8.39) 

 ( )
22 i

r k T
i ik

k
G Gτ +α= ∑ ,  (2.8.40) 

agZq_gby�qbk_e�h[t_dlh\� 

 ( )
1 22 i

r
k T

i ik
k

N k Gτ +α= ∑   (2.8.41) 

b�bkdhfh_�jZkij_^_e_gb_ 

 

( )

( )

2
1

1

2

2

2

i

i

r k T
ik

i k
i r k Ti

ik
k

k G
N

D
G G

τ +α

τ +α
= =

∑

∑
,  (2.8.42) 

dhlhjh_�^ey�jZaebqguo� agZq_gbc� r �[m^_l�khhl\_lkl\h\Zlv�lhc�beb�bghc�
jZkkfZljb\Z_fhc�klZlbklbd_� 

�����Ijbeh`_gby�d\Zglh\uo�f_j 

Imklv� kemqZcgufb� h[t_dlZfb� y\eyxlky� qZklbpu�� jZkkfZljb\Z_�

fu_�\�klZlbklbq_kdhc�nbabd_�>��@��Lh]^Z�\_ebqbgu� i i iD N G= �_klv�lZd�

gZau\Z_fu_� kj_^gb_� qbkeZ� aZiheg_gby� \� i -khklhygbb.� D\Zglh\u_� kh�
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klhygby� ( )2
r

i i iG dr dp
−= π G G

= �jZ\gyxlky�[_ajZaf_jguf�we_f_glZf�nZah\h]h�

ijhkljZgkl\Z�� ]^_� =  –�ihklhyggZy�IeZgdZ�� r  –�qbkeh� kl_i_g_c� k\h[h^u�
qZklbpu�� ir

G
�b� ip

G
�_klv�agZq_gby�dhhj^bgZl�b�bfimevkh\��Ijb�i_j_oh^_�d�

g_ij_ju\guf� ZgZeh]Zf� bf__f� khhl\_lkl\mxsb_� jZaf_jgu_� nbabq_kdb_�

d\Zglh\u_�wgljhibb��bgnhjfZpbb�jZaebqby��jZkoh`^_gby�b�f_ju�g_lhq�

ghklb�\�gZlZo� 
Z��klZlbklbdZ�FZdk\_eeZ–;hevpfZgZ 

 ( ) ( )lnNH D k D DdX= − ∫ ,  (2.9.1) 

 ( )0
0

: lnN

D
I D D k DdX

D

 
=    

∫ ,  (2.9.2) 

 ( ) ( )0 0
0

: lnN

D
J D D k D D dX

D

 
= −   

∫ ,  (2.9.3) 

 ( ) ( )0 0: lnNH D D k D DdX= − ∫ ,  (2.9.4) 

[��klZlbklbdZ�N_jfb–>bjZdZ 

 ( ) ( ) ( )ln 1 ln 1NH D k D D D D dX= − + − −  ∫ , (2.9.5) 

 ( ) ( ) ( )
( )0

0 0

1
: ln 1 ln

1N

DD
I D D k D D dX

D D

 −
= + − 

−  
∫ ,  (2.9.6) 

 ( ) ( ) ( )
( )0 0

0 0

1
: ln

1N

D D
J D D k D D dX

D D

 −
= − 

−  
∫ ,  (2.9.7) 

 ( ) ( ) ( )ln 1 ln 1NH D k D D D D dX= − + − −  ∫ ,  (2.9.8) 

\��klZlbklbdZ�;ha_–Wcgrl_cgZ 

 ( ) ( ) ( )ln 1 ln 1NH D k D D D D dX= − − + +  ∫ ,  (2.9.9) 

 ( ) ( ) ( )
( )0

0 0

1
: ln 1 ln

1N

DD
I D D k D D dX

D D

 +
= − + 

+  
∫ ,  (2.9.10) 

 ( ) ( ) ( )
( )0 0

0 0

1
: ln

1N

D D
J D D k D D dX

D D

 +
= − 

+  
∫ ,  (2.9.11) 
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 ( ) ( ) ( )ln 1 ln 1NH D k D D D D dX= − + − −  ∫ ,  (2.9.12) 

]��d\ZabdeZkkbq_kdZy�klZlbklbdZ 

 ( ) lnNH D k DdX= ∫ ,  (2.9.13) 

 ( )0
0

: lnN

D
I D D k dX

D
= ∫ ,  (2.9.14) 

 ( )0: 0NJ D D = , ( )0 0lnNH D k D dX= ∫ .  (2.9.15) 

A^_kv� ( )2
r

dX drdp
−= π G G

= �b� k  –�nmg^Zf_glZevgZy�ihklhyggZy�;hevp�

fZgZ��>ey�jZkij_^_e_gbc�bf__f 

 0 0, .DdX N D dX N= =∫ ∫   (2.9.16) 

>ey� \k_o� klZlbklbd� bf_xl�f_klh� ^bnn_j_gpbZevgu_� khhlghr_gby�

klZlbklbq_kdhc�nbabdb�jZ\gh\_kguo�kbkl_f 

 ( ) ( )N NdH D dE dN= β − µ   (2.9.17) 

b�g_jZ\gh\_kguo�hldjuluo�kbkl_f�\�hdjm`_gbb� 

 ( ) ( )0 0 0 0:N NdI D D dH D dE dN= − + β − β µ ,  (2.9.18) 

]^_� 0β �b� 0µ �_klv�h[jZlgZy�l_fi_jZlmjZ�b�obfbq_kdbc�ihl_gpbZe�hdjm`_�

gby� 
JZ\gh\_kgu_� jZkij_^_e_gby�� fZdkbfbabjmxsb_� wgljhibx�� bf_xl�

khhl\_lkl\_ggh�^ey�jZaebqguo�klZlbklbd�ke_^mxsbc�\b^� 

 ( ){ }1expD k H−= − β −µ ,  (2.9.19) 

 
( ){ }1

1

exp 1
D

k H−
=

β − µ +
,  (2.9.20) 

 
( ){ }1

1

exp 1
D

k H−
=

β − µ −
,  (2.9.21) 

 
( )1

1
D

k H−=
β − µ

,  (2.9.22) 

]^_� 1 Tβ =  –� h[jZlgZy� l_fi_jZlmjZ�� ( )H H X= � _klv� wg_j]by� qZklbpu��

( )N NE H= E  –�ihegZy�wg_j]by�kbkl_fu�qZklbp��µ  –�obfbq_kdbc�ihl_gpbZe� 
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JZkkfhljbf�g_dhlhju_�ijhkl_crb_�nbabq_kdb_�ijbf_ju� 
���B^_Zevguc� ]Za��Ij_g_[j_]Z_f� \aZbfh^_ckl\b_f� qZklbp� \� ]Za_��

qlh� ijb\h^bl� d� hij_^_e_gbx� nmgdpbb� =ZfbevlhgZ� ( ) 2 2H p p m= G
� ^ey�

qZklbpu� k� fZkkhc� m �� Bkihevamy� mkeh\b_� ���������� ^ey� jZkij_^_e_gby�

(2.9.1���ihemqbf�qbkeh�qZklbp 

 ( ) ( ) ( )
2

3 22
2 exp 2 exp 2

r rp m
N drdp V mT

kT kT
− − −µ µ = π − = π π   

  
∫

G
G G

= =   (2.9.23) 

b��hdhgqZl_evgh��jZkij_^_e_gb_�FZdk\_eeZ 

 ( )
( )

2

3 2
, , exp

22
x y z

N p
D p p p

mkTV mkT

 
= − 

π  

G

,  (2.9.24) 

k�ghjfbjh\dhc 

 ( ), ,x y z x y z

N
D p p p dp dp dp

V
=∫ .  (2.9.25) 

���Nhlhgguc�]Za��We_dljhfZ]gblgh_�baemq_gb_�ij_^klZ\ey_l�kh[hc�

b^_Zevguc�nhlhgguc�]Za��\�dhlhjhf�nhlhgu�g_�\aZbfh^_ckl\mxl�f_`^m�

kh[hc�� b� obfbq_kdbc� ihl_gpbZe� m^h\e_l\hjy_l� mkeh\bx� 0µ = ��Wg_j]by�

nhlhgZ�_klv� H cp= = ω= ��]^_� ω  –�kh[kl\_ggZy�qZklhlZ�baemq_gby�\�^Zg�

ghf�h[t_f_�V ��Lh]^Z��kh]eZkgh����������b�����������bf__f�qbkeh�nhlhgh\� 

 
2

2 3 1kT

V d
N

c e ω
ω ω=

π −∫ =
  (2.9.26) 

b�ihegmx�wg_j]bx�nhlhggh]h�]ZaZ 

 ( )NE d= ρ ω ω∫ ,  (2.9.27) 

]^_� ( )ρ ω �hij_^_ey_lky�ih�nhjfme_�IeZgdZ�^ey�ki_dljZevgh]h�jZkij_^_�

e_gby�wg_j]bb 

 ( ) ( )
2

2 3 1kT

V

c e ω

ωρ ω =
π −=

=
.  (2.9.28) 

���Mihjy^hq_gghklv �nhlhggh]h�]ZaZ��Ijhba\_^_f�hp_gdm�mihjy^h�

q_gghklb� khklhygby� we_dljhfZ]gblgh]h� baemq_gby� k� jZkij_^_e_gb_f� D  
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hlghkbl_evgh� 0D � >��@��HldjulZy�kbkl_fZ�b�hdjm`_gb_�ij_^klZ\eyxl�kh�

[hc�bkoh^gh_�b�\g_rg__�ihey�baemq_gbc�k�qZklhlhc� ω �b�l_fi_jZlmjZfb�

T �b� 0T �khhl\_lkl\_ggh��Lh]^Z�i_j_oh^�f_`^m�khklhygbyfb�hibku\Z_lky�

jZkij_^_e_gbyfb�IeZgdZ 

 
1

exp 1D
kT

− ω  = −    
=

, 

1

0
0

exp 1D
kT

−
  ω = −      

=
,  (2.9.29) 

 
2 2

0 02 3 2 3
,

V V
D d N D d N

c c

ω ωω = ω =
π π∫ ∫ .  (2.9.30) 

Kh]eZkgh����������aZibr_f�bgnhjfZpbx�jZaebqby�^ey�;ha_-]ZaZ 

 

( ) ( ) ( )
( )

( ) ( )

2

0 2 3
0 0

0 0
0

1
: ln 1 ln

1

1
.

N

DD V
I D D k D D d

D cD

H H E E
T

 + ω= − + ω = 
π+  

= − − + −

∫
 

 (2.9.31)
 

AgZq_gby� wgljhibb�b� wg_j]bb�bkoh^gh]h� q_jgh]h�baemq_gby� \� qZk�

lbqghf�jZ\gh\_kbb�gZoh^ylky�ih�nhjfmeZf� 

 ( ) ( ) ( )
2

1
2 3

4
ln 1 ln 1

3

V
H H D k D D D D d ET

c
−ω= = − − + + ω =   π∫ ,  (2.9.32) 

 ( )
2

4
2 3

V
E h D d T V

c

ω= ω ω = σ
π∫ ,  (2.9.33) 

]^_�σ  –�ihklhyggZy�Kl_nZgZ�� 
<� kemqZ_� ihegh]h� jZ\gh\_kby� \� ���������nmgdpby� D � aZf_gy_lky� gZ�

0D �b�lh]^Z�bf__f� 

 1
0 0 0

4

3
H E T−= ,   4

0 0E T V= σ .  (2.9.34) 

Ih^klZ\bf�\ujZ`_gby����������–����������\����������b�ihemqbf� 

 4 30

0

4 1

3 3

E
I

T
 = ξ − ξ +  

, 
0

T

T

 
ξ =   

.  (2.9.35) 

Ijb� 1ξ = �bf__f�fbgbfZevgmx�\_ebqbgm�nbabq_kdhc� �bgnhjfZpbb�
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jZaebqby� 0I = ��<�h[eZklyo� 0 1< ξ < �b�1< ξ < ∞ �mihjy^hq_gghklv�bkoh^�

gh]h�q_jgh]h�baemq_gby�l_f�\ur_��q_f�gb`_�\_ebqbgZ� ξ �\�i_j\hc�h[eZk�

lb�b��khhl\_lkl\_ggh��\ur_�\h�\lhjhc�hlghkbl_evgh�agZq_gby� 1ξ = ��Ijb�

[eb`_gb_� \_ebqbgu� ξ � d� agZq_gbx� 1ξ = � \� h[_bo� h[eZklyo� ijb\h^bl� d�

mf_gvr_gbx�mihjy^hq_gghklb�� 
LZdbf�h[jZahf��ijb\_^_ggu_�j_amevlZlu�iha\heyxl�gZclb�mkeh\by�

^ey� ih^^_j`Zgby� \ukhdh]h� mjh\gy� mihjy^hq_gghklb� hldjulhc� kbkl_fu��

gZoh^ys_cky�\�ihe_�baemq_gby�k�l_fi_jZlmjhc� 0T �b�baemqZxs_c�k�l_fi_�

jZlmjhc�T ��Nbdkbjm_f�l_fi_jZlmjm� 0T �b�ihemqZ_f�\Z`guc�\u\h^��<�h[�

eZklb� 0 1< ξ < � baemq_gb_� kbkl_fu� ^he`gh� [ulv� ^ebggh\hegh\uf�

( )1ξ << ��Z�\�h[eZklb�1< ξ < ∞  –�dhjhldh\hegh\uf� ( )1ξ >> ��Ijb�wlhf�bg�

nhjfZpby�jZaebqby� � ���������bf__l��khhl\_lkl\_ggh�mdZaZgguf�h[eZklyf��

ke_^mxsb_�Zkbfilhlbq_kdb_�agZq_gby� 

 1
0 0

1

3
I E T −=  ( )0 1< ξ < ,  (2.9.36) 

 1
0I ET −=  ( )1< ξ < ∞ .  (2.9.37) 

DZd�\b^gh�ba�Zkbfilhlbd��\ukhdbc�mjh\_gv�mihjy^hq_gghklb�kms_�

kl\_ggh� aZ\bkbl� hl� l_fi_jZlmju� hdjm`_gby� 0T .� Hg� gZqbgZ_l� iZ^Zlv 

�\��i_j\hc�h[eZklb���ijb� 00 T T< < ���b�\hajZklZlv�\h�\lhjhc�k�mf_gvr_gb�

_f� 0T ��M\_ebq_gb_�`_� l_fi_jZlmju� 0T � ijb\h^bl� d� h[jZlguf� y\e_gbyf� 

\�wlbo�h[eZklyo� 
���Nhghgguc� ©]Zaª��Khklhygb_� l\_j^h]h� l_eZ� hij_^_ey_lky� d\Zab�

deZkkbq_kdbf� jZkij_^_e_gb_f� nhghgh\� ih� d\Zglh\uf� khklhygbyf 

�k� 0µ = �� Wg_j]by� nhghgZ� _klv� ( )H k= ω
G

= �� ]^_� k
G

 –� \hegh\hc� \_dlhj�� 

Z� ( ) ( )3
2x y zdX dk dk dk dV= π ��>ey�wg_j]bb�l_ieh\uo�dhe_[Zgbc�\�h[t_f_�

ijhkljZgkl\Z� dV �bf__f�jZ\_gkl\h� ( ),U r kβ =
GG
��Qbkeh�nhghgh\��kh]eZkgh�

d\ZabdeZkkbq_kdhc�klZlbklbd_��jZ\gy_lky�>��@ 

 
( )

( ) ( )3

,

2

U r k dkdr
N

k
=

ω π
∫

GG G G

G
=

.  (2.9.38) 

IhegZy�wg_j]by�b�wgljhiby�l\_j^h]h�l_eZ�^Zxlky�ke_^mxsbfb�\u�

jZ`_gbyfb�� 
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 ( )
( )3

,
2

N

dkdr
E U r k=

π
∫

G GGG
,  (2.9.39) 

 
( )

( ) ( )3

,
ln

2
N

U r k dkdr
H k

k

 
 =
 ω π 

∫

GG G G

G
=

.  (2.9.40) 

2.10��IZjZf_ljbah\Zggu_�d\Zglh\u_�f_ju 

JZkkfhljbf�iZjZf_ljbah\Zggu_�f_ju�\�bamqZ_fuo�klZlbklbdZo��>ey�

q_]h�\\_^_f�iZjZf_lj� ε ��jZg__�ij_^klZ\e_gguc�\�jZ[hlZo�>������@��b�i_j_�
ibr_f�jZ\_gkl\Z����������–����������\�\b^_� 

 1 0 2

1 0 21 1 1
i i i

i i i

D D D

D D D
=

± ε ± ε ± ε
,  (2.10.1) 

]^_�jZkij_^_e_gb_ 

 0

1

2 ii T
D −τ −α=

εB
  (2.10.2) 

b� iZjZf_lj� 0ε = � ^ey� klZlbklbdb� FZdk\_eeZ–;hevpfZgZ�� AgZd� iexk�

�fbgmk�� ijb� 1ε = � khhl\_lkl\m_l� klZlbklbd_� N_jfb–>bjZdZ� �;ha_–
Wcgrl_cgZ���<�h[s_f�kemqZ_�iZjZf_lj� ε �f_gy_lky�\�^himklbfuo�ij_�
^_eZo�� 

JZkij_^_e_gb_� ���������fZdkbfbabjm_l� iZjZf_ljbah\Zggmx� d\Zglh�

\mx�wgljhibx� 

 

( ) ( ) ( )

( )

2 2

2 2

1
log 1 log 1

1
log log 1

1

m

N i i i i i
i

m
i

i i i
i i

H D D D D D G

D
D D G

D

 = − ± ε ± ε = ε 
 

= − ± ε ± ε ε  

∑

∑

B

B

 

 (2.10.3)

 

b�ijhy\ey_lky�\�jZ\_gkl\_����������ijb�fbgbfbaZpbb�h[h[s_gghc�d\Zglh�

\hc�bgnhjfZpbb�jZaebqby� 
<uibr_f� iZjZf_ljbah\Zggmx� d\Zglh\mx� bgnhjfZpbx� jZaebqby��

jZkoh`^_gb_�b�f_jm�g_lhqghklb� 
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( ) ( )

( )
( )

( ) ( ) ( )

( ) ( )

1

1 2

1 1

1 1
1 2 1 2 1 2

2 2

1 1 1
1 2 2

22 2

2
1 2 1 2 2

2

1 1 2

11
: log 1 log

1

1 11
log log

11

log
1

: ,

m
i i

N i i i
i i i

m
i i i

i i
i ii i

m
i

N N i i i
i i

N N

D D
I D D D D G

D D

D D D
D G

DD D

D
H D H D D D G

D

H D H D D

 ± ε
= ± ε = ε ± ε  

 ± ε ± ε
= = 

ε ± ε± ε  
  = − − − − =    ± ε 

 = − − 

∑

∑

∑

B

B

  

(2.10.4)

 

 ( ) ( ) ( )
( )1

1 1
1 2 1 2 2

2 2

1
: log

1

m
i i

N i i i
i i i

D D
J D D D D G

D D

 ± ε
= − 

± ε  
∑ , (2.10.5) 

 ( ) ( ) ( )
1 1 2 1 2 2 1 2 2

1
: log 1 log 1

m

N i i i i i
i

H D D D D D D G = − ± ε ± ε = ε 
∑ B  

 ( )2
1 2 2 2

2

1
log log 1

1

m
i

i i i
i i

D
D D G

D

 
= − ± ε ± ε ε  

∑ B . (2.10.6) 

I_j_oh^bf� \� ���������–� ��������� d� jZkij_^_e_gbyf� \_jhylghkl_c�
,p u �b�aZibr_f�nmgdpbhgZeu� 

 

( ) ( ) ( )

( )

2 2

2 2

1
log 1 log 1

1
log log 1 ,

1

m

i i i i i
i

m
i

i i i
i i

H p p p p p G

p
p p G

p

ε
 = − ± ε ± ε = ε 

 
= − ± ε ± ε ε  

∑

∑

B

B

 
   (2.10.7)

 

 

( ) ( )

( )
( )

( ) ( ) ( )

( ) ( )

2 2

2 2

2

11
: log 1 log

1

1 11
log log

11

log
1

: ,

m
i i

i i i
i i i

m
i i i

i i
i ii i

m
i

i i i
i i

p p
I p u p p G

u u

p p p
p G

uu u

u
H p H u p u G

u

H p H p u

ε

ε ε

ε ε

 ± ε
= ± ε = ε ± ε  

 ± ε ± ε
= = 

ε ± ε± ε  
 

 = − − − − =    ± ε 
 = − − 

∑

∑

∑

B

B
 

   (2.10.8)
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 ( ) ( ) ( )
( )2

1
: log

1

m
i i

i i i
i i i

p p
J p u p u G

u uε

 ± ε
= − 

± ε  
∑ , (2.10.9) 

 ( ) ( ) ( )2 2

1
: log 1 log 1

m

i i i i i
i

H p u p u p u Gε
 = − ± ε ± ε = ε 

∑ B   

 ( )2 2

1
log log 1

1

m
i

i i i
i i

u
p u G

u

 
= − ± ε ± ε ε  

∑ B , (2.10.10) 

dhlhju_�\uqbkeyxlky�\�jZkkfZljb\Z_fuo�klZlbklbdZo�k�lhqghklvx�^h�ih�

klhygghc�� Ijb� 0, 1, 1Nε = − + � bf__f� jZg__� ijb\_^_ggu_� \ujZ`_gby�

wgljhibc��bgnhjfZpbc�jZaebqby��jZkoh`^_gbc�b�f_j�g_lhqghklb�^ey�jZa�

ebqguo� klZlbklbd�� <� nmgdpbhgZeZo� ��������
 – 

���������� iheZ]Z_lky�� qlh�

qbkeh� h[t_dlh\� jZ\gy_lky� ihklhygghfm� agZq_gbx� N � b�� khhl\_lkl\_ggh��

i_j_oh^�hkms_kl\ey_lky�f_`^m�khklhygbyfb�k�jZkij_^_e_gbyfb��ghjfb�

jh\Zggufb�gZ�_^bgbpm 

             1, 1
m m

i i i i
i i

p G u G= =∑ ∑ .  (2.10.11) 

Ijbf_f� h^bgZdh\u_� agZq_gby� \_kh\ 1iG = � b�� mlhqgyy� ihklhyggmx�� ba�

(2.10.7) –�����������ihemqbf�iZjZf_ljbah\Zggu_�f_ju 

 
( ) ( ) ( )

( ) ( )
2 2

2

1
log 1 log 1

1 log 1
,

m

i i i i
i

H p p p p pε
 = − ± ε ± ε ε 

± ε ± ε
ε

∑ B B

B

    

(2.10.12)

 

 ( ) ( )2 2

11
: log 1 log

1

m
i i

i i
i i i

p p
I p u p p

u uε

 ± ε
= ± ε ε ± ε  

∑ B ,        (2.10.13) 

 ( ) ( ) ( )
( )2

1
: log

1

m
i i

i i
i i i

p p
J p u p u

u uε

 ± ε
= − 

± ε  
∑ ,              (2.10.14) 
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( ) ( ) ( )

( ) ( )
2 2

2

1
: log 1 log 1

1 log 1
.

m

i i i i
i

H p u p u p uε
 = − − + ε + ε ε 

± ε ± ε
ε

∑ B

B

 
 (2.10.15)

 

A^_kv�ijb� agZd_�iexk� �fbgmk��iZjZf_lj�f_gy_lky�\�ij_^_eZo� 0ε >  

( )0 1< ε < �� ?keb� 2m= �� lh� bf__f� ( ) ( )0,1 1,0 0H Hε ε= = �� Ijb� 0ε = � ba�

(2.10.12)–����������\ul_dZxl�ba\_klgu_�nmgdpbhgZeu�klZlbklbq_kdhc�fh�
^_eb�R_gghgZ–<bg_jZ 

 ( ) ( ) ( )20
lim log

m

i i
i

H p H p p pεε→
= = −∑ ,  (2.10.16) 

 ( ) ( ) 20
: lim : log

m
i

i
i i

p
I p u I p u p

uεε→

 
= =    

∑ ,  (2.10.17) 

 ( ) ( ) ( )20
: lim : log

m
i

i i
i i

p
J p u J p u p u

uεε→

 
= = −   

∑ ,  (2.10.18) 

 ( ) ( ) ( )20
: lim : log

m

i i
i

H p u H p u u pεε→
= = −∑ .  (2.10.19) 

Imklv�khklhygb_�kemqZcgh]h�h[t_dlZ�hibku\Z_lky�kh\f_klguf�jZk�

ij_^_e_gb_f� \_jhylghkl_c� ijp � b�� khhl\_lkl\_ggh�� iZjZf_ljbah\Zgghc�

d\Zglh\hc�wgljhib_c 

 
( ) ( ) ( )

( ) ( )
12 2 2

2

1
log 1 log 1

1 log 1
.

m n

ij ij ij ij
i j

H p p p p pε
 = − ± ε ± ε ε 

± ε ± ε
ε

∑∑ B B

B

  
(2.10.20)

 

Kh\f_klgh_� jZkij_^_e_gb_� \_jhylghkl_c� _klv� ij i jp p p= �� ]^_� ip � b�

jp  –� qZklgu_� jZkij_^_e_gby� \_jhylghkl_c� g_aZ\bkbfuo� h[t_dlh\�� JZk�

ij_^_e_gby�m^h\e_l\hjyxl�\_jhylghklghc�ghjfbjh\d_ 

 1, 1, 1
m n m n

ij i j
i j i j

p p p= = =∑∑ ∑ ∑ .  (2.10.21) 
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QZklgu_� d\Zglh\u_� wgljhibb� ij_^klZ\eyxlky� khhl\_lkl\mxsbfb�

nmgdpbhgZeZfb� 

 
( ) ( ) ( )

( ) ( )
1 2 2

2

1
log 1 log 1

1 log 1
,

m

i i i i
i

H p p p p pε
 = − ± ε ± ε ε 

± ε ± ε
ε

∑ B B

B

  
(2.10.22)

 

 
( ) ( ) ( )

( ) ( )
2 2 2

2

1
log 1 log 1

1 log 1
.

n

j j j j
j

H p p p p pε
 = − ± ε ± ε ε 

± ε ± ε
ε

∑ B B

B

 
 (2.10.23)

 

Hq_\b^gh��qlh�wgljhiby� ����������y\ey_lky�g_Z^^blb\guf�nmgdpbh�

gZehf�b�bf__f�khhlghr_gb_ 

 ( ) ( ) ( )12 1 2H p H p H pε ε ε≠ +   (5.10.24) 

2�����JZaebqgu_�f_ju� 
\�bgnhjfZpbhgguo�kbkl_fZo 

I_j_c^_f�d�jZkkfhlj_gbx�kemqZcguo�h[t_dlh\�\�bgnhjfZpbhgguo�

kbkl_fZo��Khklhygb_� h[t_dlh\� oZjZdl_jbam_lky� ^bkdj_lguf� jZkij_^_e_�

gb_f�\_jhylghkl_c� { } ( )1, , 0m ip p p p= ≥! ��<f_klh�\_kh\� iG �\�nbabq_�

kdbo� kbkl_fZo�� gZqbgZy� k� jZ[hlu� ;_ebkZ� b� =ZcaZ� >��@�� \\h^ylky� \_kZ�

( 0)i iυ υ ≥ �� dhlhju_� aZ^Zxl� ^bkdj_lgu_� agZq_gby� lZd� gZau\Z_fhc� ih�

e_aghklb� 
Ijb\_^_f�f_ju��khhl\_lkl\mxsb_�jZaebqguf�klZlbklbdZf� 
–�>ey�klZlbklbdb�FZdk\_eeZ–;hevpfZgZ��kh]eZkgh����������bf__f�wg�

ljhibx�>��@� 

 ( ) ( )2log , 1
m m

i i i i
i i

H p p p p= − υ =∑ ∑ ,  (2.11.1) 

]^_�jZkij_^_e_gb_�\_jhylghkl_c�ghjfbjh\Zgh�gZ�_^bgbpm�[_a�\_kh\� iυ ��Ijb�

1iυ = �ba����������ke_^m_l�ljZ^bpbhggZy�f_jZ�bgnhjfZpbb�R_gghgZ–<bg_jZ 

 ( ) ( )2log
m

i i
i

H p p p= −∑ ,  (2.11.2) 

Z�ijb� iυ = υ �wlZ�f_jZ�mfgh`Z_lky�gZ�dhwnnbpb_gl� υ ��<�qZklghklb��_keb�
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0υ = ��lh�nmgdpbhgZe� ���������jZ\_g�gmex�ijb�dhg_qghf�agZq_gbb�nmgd�

pbhgZeZ����������� 
:gZeh]Zfb�d\Zglh\hc�bgnhjfZpbb�jZaebqby�b�f_ju�g_lhqghklb�y\�

eyxlky�>��������@ 

 ( ) 2: log , 1
m m

i
i i i

i ii

p
I p u p u

u

 
= υ =   

∑ ∑ ,  (2.11.3) 

 ( ) ( )2: log
m

i i i
i

H p u u p= − υ∑ ,  (2.11.4) 

dhlhju_�ijb� 1iυ = �kh\iZ^Zxl�k�f_jZfb 

 ( ) 2: log
m

i
i

i i

p
I p u p

u

 
=    

∑ ,  (2.11.5) 

 ( ) ( )2: log
m

i i
i

H p u u p= −∑ .  (2.11.6) 

D\Zglh\u_� bgnhjfZpbhggu_�f_ju�� jZkkfZljb\Z_fu_� dZd� \a\_r_g�

gu_�kj_^gb_��ij_^klZ\eyxlky�lZd� 

 ( )
( )2log

m

i i i
i

m

i
i

p p
H p

p

υ
= −

∑

∑
,  (2.11.7) 

 ( )
2log

:

m
i

i i
i i

m

i
i

p
p

u
I p u

p

 
υ   =

∑

∑
,  (2.11.8) 

 ( )
( ) 2log

:

m
i

i i i
i i

m

i
i

p
p u

u
J p u

p

 
− υ 

 =
∑

∑
,  (2.11.9) 
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 ( )
( )2log

:

m

i i i
i

m

i
i

u p
H p u

p

υ
= −

∑

∑
.  (2.11.10) 

– >ey� d\ZabdeZkkbq_kdhc� klZlbklbdb�� kh]eZkgh� ��������� bf__f� ke_�
^mxsb_�\a\_r_ggu_�kj_^gb_�ih�\_kZf� iυ  

 ( )
( )2log

m

i i
i

m

i
i

p
H p

υ
=

υ

∑

∑
,  (2.11.11) 

 ( )
2log

:

m
i

i
i i

m

i
i

u

p
I p u

 
υ   =

υ

∑

∑
, ( ): 0J p u = .  (2.11.12) 

<�qZklghf�kemqZ_�ijb� 1iυ = �ba�����������k�lhqghklvx�^h�dhwnnbpb�

_glZ�1 m�\ul_dZ_l�wgljhiby�;_j]Z�>��@ 

 ( ) 2log
m

i
i

H p p= ∑ .  (2.11.13) 

NmgdpbhgZe������������\ayluc�k�h[jZlguf�agZdhf��_klv�wgljhiby� 

 ( )
( )2log

m

i i
i

m

i
i

p
H p

υ
= −

υ

∑

∑
,  (2.11.14) 

jZkkfhlj_ggZy�\�jZ[hl_�>��@� 
–� >ey� klZlbklbd� N_jfb–>bjZdZ� b� ;ha_–Wcgrl_cgZ�� kh]eZkgh�

(2.10.7)–�����������bf__f�iZjZf_ljbah\Zggu_�d\Zglh\u_�bgnhjfZpbhggu_�
f_ju 

 ( ) ( ) ( )2 2

1
log 1 log 1

m

i i i i i
i

H p p p p pε
 = − ± ε ± ε υ ε 

∑ B ,  (2.11.15) 
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 ( ) ( )2 2

11
: log 1 log

1

m
i i

i i i
i i i

p p
I p u p p

u uε

 ± ε
= ± ε υ ε ± ε  

∑ B ,  (2.11.16) 

 ( ) ( ) ( )
( )2

1
: log

1

m
i i

i i i
i i i

p p
J p u p u

u uε

 ± ε
= − υ 

± ε  
∑ ,  (2.11.17) 

 ( ) ( ) ( )2 2

1
: log 1 log 1

m

i i i i i
i

H p u p u p uε
 = − ± ε ± ε υ ε 

∑ B .  (2.11.18) 

<�jZ[hl_�>��@�jZkkfZljb\Zxlky�wgljhibb�k� 1iυ = �b� 0ε > �\�ke_^mx�

s_f�\b^_ 

 ( ) ( ) ( )2 2

1
log 1 log 1

m

i i i i i
i

H p p p p p pε
 = − − + ε + ε + ε 

∑ ,  (2.11.19) 

 
( ) ( ) ( )

( ) ( )

2 2

2

1
log 1 log 1

1
1 log 1 ,

m

i i i i
i

H p p p p pε
 = − − + ε + ε − ε 

− + ε + ε
ε

∑
 

 (2.11.20)
 

 ( ) ( ) ( )2 22

1 1
log 1 log 1

m

i i i i
i

H p p p p pε
 = − − + ε + ε −  εε 

∑ ,  (2.11.21) 

 
( ) ( ) ( )

( ) ( )

2 22

22

1
log 1 log 1

1
1 log 1 ,

m

i i i i
i

H p p p p pε
 = − − + ε + ε − ε 

− + ε + ε
ε

∑
 

 (2.11.22)
 

dhlhju_� lZd`_� y\eyxlky� g_dhlhjufb� dhf[bgZpbyfb� ihklhygguo� \_�

ebqbg� iZjZf_ljbah\Zgghc� f_ju� ���������� b� f_ju�� ijb\_^_gghc� 
\�jZ[hl_�>��@� 

 ( ) ( ) ( ) ( )2 2

1 1
1 log 1 1 log 1

m

i i
i

H p p pε
  = − + ε + ε + + + ε  ε ε 

∑ .  (2.11.23) 
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=eZ\Z�� 

KL:LBKLBQ?KD:Y�FH>?EV�J?GVB 

Ijb\h^ylky� hkgh\gu_�f_lh^u�b�b^_b� l_hjbb�bgnhjfZpbb��ihkljh�

_gghc�gZ�klZlbklbq_kdhc�fh^_eb�J_gvb��<u\h^ylky�b�ZgZebabjmxlky�eh�

]Zjbnfbq_kdb_�f_ju�wgljhibb�b�bgnhjfZpbb�jZaebqby�J_gvb�b�bo�h[h[�

s_gby�^ey�Z^^blb\guo�kemqZcguo�h[t_dlh\�� 
<� hlebqb_� hl� ih^oh^Z�R_gghgZ–<bg_jZ�� :evnj_^� J_gvb� \i_j\u_�

\\_e�f_ju�� aZ\bkysb_� hl� g_dhlhjh]h� iZjZf_ljZ� q � b� b]jZxsb_� \Z`gmx�

jhev�g_�lhevdh�\�l_hjbb�bgnhjfZpbb��gh�b�\�l_hjbb�fmevlbnjZdlZeh\��J_�

amevlZlu�jZ[hlu�>���@�b�fhgh]jZnbb�>���@�y\bebkv�agZqbl_evguf�rZ]hf�

\i_j_^�b�kihkh[kl\h\Zeb�gZqZem�jZa\blby�h[h[s_gghc�l_hjbb�bgnhjfZ�

pbb��Bf_g_f� J_gvb� gZa\Zg�Bgklblml� fZl_fZlbdb� <_g]_jkdhc� ZdZ^_fbb�

gZmd��i_j\uf�^bj_dlhjhf�dhlhjh]h�hg�y\eyeky�^he]h_�\j_fy� 

�����<a\_r_ggh_�kj_^g__�Dhefh]hjh\Z–GZ]mfh� 
k�ijhba\hevghc�nmgdpb_c 

JZkkfhljbf�fgh`_kl\h�\k_o�khklhygbc�kemqZcgh]h�h[t_dlZ��hibku�

\Z_fuo�jZkij_^_e_gb_f� { }1, , mp p p= ! �b�fgh`_kl\h�kemqZcguo�\_ebqbg�

{ }1, , mT T T= ! . 

Hij_^_e_gb_� ��� Kj_^g__� Dhefh]hjh\Z–GZ]mfh� k� \_khf�

{ }1, , mp p p= ! , 0ip > � b� ijhba\hevghc� nmgdpb_c� ( )Tϕ = ϕ � bf__l� \b^�

[81, 94] 

 ( )
( )

1

m

i i
i

m

i
i

T p
A T

p

−
ϕ

 ϕ 
= ϕ  

 
  

∑

∑
,  (3.1.1) 



 109

]^_� ( )Tϕ = ϕ  –�g_ij_ju\gZy�kljh]h�fhghlhggZy�nmgdpby�gZ�R ��Z� ( )1 T−ϕ  – 

nmgdpby��h[jZlgZy� ( )Tϕ . 

?keb� \uihegy_lky� mkeh\b_� \_jhylghklghc�ghjfbjh\db�^ey� jZkij_�

^_e_gby��lh�ba���������ke_^m_l�\ujZ`_gb_ 

 ( ) ( )1 , 1
m m

i i i
i i

A T T p p−
ϕ

 = ϕ ϕ =  
∑ ∑ .  (3.1.2) 

Ijb\_^_f� hkgh\gu_� k\hckl\Z� \a\_r_ggh]h� kj_^g_]h�Dhefh]hjh\Z–
GZ]mfh�k�ijhba\hevghc�nmgdpb_c�>��������������@� 

���Ghjfbjh\dZ��>ey�g_kemqZcghc�\_ebqbgu��bf_xs_c�ihklhyggh_�

agZq_gb_�C ��kijZ\_^eb\h�jZ\_gkl\h 

 ( )C CAϕ = .  (3.1.3) 

Ihkdhevdm� ijb� C 1= � ba� �������� \ul_dZ_l� ( )1 1Aϕ = �� lh� bf__f� k\hckl\h�

ghjfbjh\Zgghklb�\a\_r_ggh]h�kj_^g_]h�gZ�_^bgbpm� 
���Wd\b\Ze_glgu_�kj_^gb_��G_h[oh^bfuf�b�^hklZlhqguf�mkeh\b�

_f�jZ\_gkl\Z 

 ( ) ( )A T A Tϕ χ=   (3.1.4) 

^ey�\k_o�T �b� p �y\ey_lky�mkeh\b_ 

 χ = αϕ + β ,  (3.1.5) 

]^_�α �b�β  –�ihklhyggu_�b� 0α ≠ ��Kj_^gb_�k�nmgdpbyfb�ϕ �b�χ �gZau\Zxl�

ky�wd\b\Ze_glgufb�kj_^gbfb� 

���H^ghjh^ghklv��Imklv� ( )Tϕ � g_ij_ju\gZ� \� hldjulhf� bgl_j\Ze_�

( )0,∞ �b�imklv 

 ( ) ( )A aT aA Tϕ ϕ=   (3.1.6) 

^ey�\k_o�iheh`bl_evguo� T , p �b� a ��Hq_\b^gh��qlh� ��������kijZ\_^eb\h��

dh]^Z� qTϕ = � beb� 2log Tϕ = �� <� h[s_f� kemqZ_�� kh]eZkgh� ��������� ^ey ϕ  

bf__f�nmgdpbhgZevgh_�mjZ\g_gb_ 

 ( ) ( ) ( ) ( ) ( )1 2 1 2 1 2T T T T T Tϕ = ϕ + ϕ + εϕ ϕ .  (3.1.7) 

Ijb� 0ε = �ba���������\ul_dZ_l� ( ) 2logT Tϕ = λ ��?keb� 0ε ≠ ��lh�h[sbf�

j_r_gb_f���������y\ey_lky 

 ( ) ( )1 1qT T−ϕ = ε − .  (3.1.8) 
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���KjZ\gbfhklv��Imklv� ψ � b� χ � y\eyxlky� g_ij_ju\gufb� b� kljh]h�

fhghlhggufb� nmgdpbyfb�� Qlh[u� ( )A Tψ � b� ( )A Tχ � [ueb� kjZ\gbfu�� lh�

_klv�^ey�gbo�kijZ\_^eb\h�g_jZ\_gkl\h� 

 ( ) ( )A T A Tψ χ≤   (3.1.9) 

^ey�\k_o�T �b� p ��g_h[oh^bfh�b�^hklZlhqgh��qlh[u�nmgdpby 

 1−ϕ = χψ   (3.1.10) 

m^h\e_l\hjyeZ�g_jZ\_gkl\m 

 
( )

m m

i i i i
i i
m m

i i
i i

T p T p

p p

  ϕ 
ϕ ≤ 

   

∑ ∑

∑ ∑
,  (3.1.11) 

_keb� χ –�\hajZklZxsZy�nmgdpby��_keb�`_� χ �m[u\Z_l��lh�\� ���������bf__f�

h[jZlguc�agZd�g_jZ\_gkl\Z� 
���<uimdehklv��?keb� ^ey� ijhba\hevghc� g_ij_ju\ghc�nmgdpbb� ϕ  

kijZ\_^eb\h� kljh]h_� g_jZ\_gkl\h� \� ���������� djhf_� l_o� kemqZ_\�� dh]^Z�

constiT = �beb� ( )Tϕ �ebg_cgZy�nmgdpby��lh�wlZ�nmgdpby�h[eZ^Z_l�k\hckl�

\hf�\uimdehklb��Nmgdpby� ( )−ϕ �_klv�\h]gmlZy�b�\����������bf__l�h[jZlguc�

agZd�� G_h[oh^bfuf� b� ^hklZlhqguf� mkeh\b_f� \uimdehklb� ( )Tϕ � \� jZk�

kfZljb\Z_fhf�bgl_j\Ze_�y\ey_lky�g_jZ\_gkl\h� ( ) 0T′′ϕ ≥ ��DeZkk�nmgdpbc�ϕ  

bkke_^m_lky�\�l_hjbb�\uimdeuo�nmgdpbc� 
6��KmffZ�k�ijhba\hevghc�nmgdpb_c��?keb� 1ip = �beb� 1ip m= ��lh� 

k�lhqghklvx�^h�ihklhygghc�1 m�bf__f�kmffm�k�ijhba\hevghc�nmgdpb_c 

 ( ) ( )1
m

i
i

A T T−
ϕ

 = ϕ ϕ  
∑ ,  (3.1.12) 

dhlhjZy�g_ij_ju\gZ�b�kljh]h�fhghlhggZ��Ijb�kljh]hf�jZ\_gkl\_� ��������� 
k� 1ip m= �\ujZ`_gb_����������_klv�kj_^g__�Dhefh]hjh\Z–GZ]mfh�k�ijhba�

\hevghc�nmgdpb_c�^ey�jZ\gh\_jhylgh]h�khklhygby� 
��� NemdlmZpby�� JZkkfhljbf� hldehg_gb_� ijhba\hevghc� nmgdpbb�

kemqZcghc� \_ebqbgu� iT � hl� kj_^g_]h� ih�Dhefh]hjh\m–GZ]mfh� b� \\_^_f�

nemdlmZpbx� 
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 ( ) ( ) ( ) ( ), 0
m

i i i i
i

T T A T T pϕ  ∆ϕ = ϕ − ∆ϕ = ∑ ,  (3.1.13) 

gZqZevgu_�b�p_gljZevgu_�fhf_glu�n -]h�ihjy^dZ 

 ( )
m

n
n i i

i
T pα = ϕ∑ ,  (3.1.14) 

 ( ) ( )
n

m

n i i
i

T A T pϕ
 µ = ϕ − ∑ .  (3.1.15) 

8. f -\a\_r_ggh_� kj_^g__� k� ijhba\hevghc� nmgdpb_c��Nmgdpbh�

gZevgh_� h[h[s_gb_� \a\_r_ggh]h� kj_^g_]h� Dhefh]hjh\Z–GZ]mfh� aZib�
r_lky�lZd�>��@� 

 ( )
( ) ( )

( )
1

,

m

i i
i

f m

i
i

T f p
A T

f p

−
ϕ

 ϕ 
= ϕ  

 
  

∑

∑
.  (3.1.16) 

?keb� ( )i if p p= ,�lh� f  –�\a\_r_ggh_�kj_^g__�k�ijhba\hevghc�nmgd�

pb_c�kh\iZ^Z_l�k�\ujZ`_gb_f��������� 
Hij_^_e_gb_� ��� :gZeh]hf� \a\_r_ggh]h� kj_^g_]h� ijhba\hevghc�

nmgdpbb�dZ`^hc�g_ij_ju\ghc�kemqZcghc�nmgdpbb� ( )T T X= �\�khklhygbb�

( )p p X= �y\ey_lky�\ujZ`_gb_ 

 ( )
( )

1 G

G

T pdX

A T
pdX

−
ϕ

 ϕ
 = ϕ  
  

∫

∫
,  (3.1.17) 

]^_ 

 0 1
G

pdX< <∫ .  (3.1.18) 

Ijb�mkeh\bb�\_jhylghklghc�ghjfbjh\db�^ey�\k_]h�ijhkljZgkl\Z�ba�

���������\ul_dZ_l� 

 ( ) ( )1 , 1A T T pdX pdX−
ϕ = ϕ ϕ =  ∫ ∫ .  (3.1.19) 

>ey� d\Zglh\hc� \_ebqbgu� T �� y\eyxs_cky� wjfblh\uf� hi_jZlhjhf��

bf__f�\ujZ`_gb_ 

 ( ) ( )1 SpA T T−
ϕ = ϕ ϕ ⋅ρ   , Sp 1ρ = ,  (3.1.20) 
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]^_�ρ  –�hi_jZlhj�kf_rZggh]h�khklhygby�kemqZcgh]h�h[t_dlZ� 

<� aZdexq_gb_� jZkkfhljbf� jZaebqgu_� nmgdpbb� ( )Tϕ � b� ihemqbf�

ke_^mxsb_�kj_^gb_�ih�Dhefh]hjh\m–GZ]mfh�>������@ 

 ( )Tϕ :  ( )A Tϕ : 

 T  ( )
m

i i
i

T T p= ∑E ,  (3.1.21) 

 T ε   ( )
1m

i i
i

N T T p
ε

ε
ε

 =   
∑   (3.1.22) 

 2log T  ( )
( )2log

2

m

i
i

T p

N T
∑

= ,  (3.1.23) 

 2 Tε   ( ) 2

1
log 2 i

m
T

i
i

H T pε
ε

 =  ε  
∑ , (3.1.24) 

 sinT  ( ) ( )arcsin sin
m

i i
i

S T T p
 =   
∑ ,  (3.1.25) 

g_dhlhju_�ba�dhlhjuo�jZkkfZljb\Zxlky�\�klZlbklbq_kdhc�l_hjbb�bgnhj�

fZpbb� 

�����Ihemghjfu 

JZkkfhljbf�fgh`_kl\h�\k_o�khklhygbc�kemqZcgh]h�h[t_dlZ��hibku�

\Z_fuo�jZkij_^_e_gb_f� { }1, , mp p p= ! ��b�fgh`_kl\h�kemqZcguo�\_ebqbg�

{ }1, , mT T T= ! ��<a\_r_ggh_�kj_^g__�jZ\gh 

 ( )

m

i i
i
m

i
i

T p
T

p
=

∑

∑
E ,   0 1

m

i
i

p< ≤∑ .  (3.2.1) 

Hij_^_e_gb_��DZ`^hc� kemqZcghc� \_ebqbg_� T �b� ex[hfm� qbkem� q , 

q−∞ < < ∞ ��khhl\_lkl\m_l�nmgdpby�>���������@� 
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 ( )

1 qm
q

i i
i

q m

i
i

T p
N T

p

 
 

=  
   

∑

∑
.  (3.2.2) 

?keb�\_kZ� ip �m^h\e_l\hjyxl�mkeh\bx�\_jhylghklghc�ghjfbjh\db 

 1
m

i
i

p =∑ ,  (3.2.3) 

lh�\ujZ`_gby���������b���������ijbfml�ke_^mxsbc�\b^� 

 ( )
m

i i
i

T T p= ∑E ,  (3.2.4) 

 ( )
1 qm

q
q i i

i
N T T p

 =   
∑ .  (3.2.5) 

Ijb� 1ip = �ba� ��������bf__f�kj_^gb_�Zjbnf_lbq_kdh_�b�]_hf_ljbq_�

kdh_ 

 ( ) ( ) ( ) ( )
1

1
1 1

1 1
,

m m

i i
i i

T N T T M T N T T
m m

−
−

−
 = = = =   

∑ ∑E .   (3.2.6) 

<� aZ\bkbfhklb� hl� h[eZkl_c� baf_g_gby� qbkeZ� q : 0q < , 0 1q< < , 

1 q≤ < ∞ �hij_^_ey_lky�lhl�beb�bghc�lbi�\_jhylghklgh]h�q -ijhkljZgkl\Z� 

Ijb\_^_f�hkgh\gu_�k\hckl\Z�nmgdpbb� ( )qN T  [4, 47, 63]. 

���H^ghjh^ghklv��Ijb�aZf_g_� p �gZ� ap ( )0a > �nmgdpby� ��������y\�

ey_lky�h^ghjh^guf�nmgdpbhgZehf�gme_\hc�kl_i_gb�hlghkbl_evgh� p ��lh�

_klv�\uihegy_lky�k\hckl\h�h^ghjh^ghklb� 
���Iheh`bl_evghklv�b�ghjfbjh\Zgghklv ��>ey�\k_c�h[eZklb�baf_�

g_gby� qbkeZ� q∈R � nmgdpby� y\ey_lky� iheh`bl_evghc� b� g_m[u\Zxs_c��

?keb� 0q <  ( )0q > � b� g_dhlhju_� iT � jZ\gu� gmex�� lh� ( ) 0qN T =  

( )( )qN T = ∞ . 

>ey�g_kemqZcghc�ihklhygghc�\_ebqbgu�C �bf__f�jZ\_gkl\h� 
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 ( )

1 qm
q

i
i

q m

i
i

C p
N C C

p

 
 

= = 
   

∑

∑
,  (3.2.7) 

ba�dhlhjh]h�ke_^m_l�k\hckl\h�ghjfbjh\Zgghklb�nmgdpbb�gZ�_^bgbpm 

 ( )1 1qN = .  (3.2.8) 

���Ihemghjfu� ( )qN T .�>ey� agZq_gbc� 1 q≤ < ∞ �qbkeh� ( )qN T � _klv�

ihemghjfZ�\�ehdZevgh�\uimdehf�ijhkljZgkl\_� qL ��^ey�dhlhjh]h�kijZ\_^�

eb\u�khhlghr_gby� 

 1) ( ) ( )q qN aT a N T= ,  (3.2.9) 

 2) ( ) ( ) ( )1 2 1 2q q qN T T N T N T+ ≤ +  �g_jZ\_gkl\h�Fbgdh\kdh]h��  (3.2.10) 

]^_� 0a ≠ �_klv�ijhba\hevgh_�qbkeh��Ijb� 0 1q< < �g_jZ\_gkl\h� ���������g_�

\uihegy_lky� 

���G_\ujh`^_gghklv�� >ey� ihemghjfu� ^himklbfh� ( ) 0qN T = � ijb�

0T ≠ ��Wlbf�k\hckl\hf�ihemghjfZ�hlebqZ_lky�hl�ghjfu�ijb� 2q =  

 ( )
1 2

2
2

m

i i
i

N T T p
 =   
∑ ,  (3.2.11) 

^ey�dhlhjhc� ( )2 0N T = �ijb� 0T = . 

���G_jZ\_gkl\h�=_ev^_jZ��Ijb� 0 q< ≤ ∞ �b� 0 q< ≤ ∞ � \uihegy_lky�

g_jZ\_gkl\h�=_ev^_jZ 

 ( ) ( ) ( )1 2 1 2r q qN T T N T N T′≤ ,   (3.2.12) 

]^_�^ey�ijhba\hevguo�kemqZcguo�\_ebqbg� 1T �b 2T �bf__f 

 ( )
1

1 1

qm
q

q i i
i

N T T p
 =   
∑ , ( )

1

2 2

qm
q

q i i
i

N T T p
′

′
′

 =   
∑ , 

 ( ) ( )
1

1 2 1 2

rm r

r i i i
i

N T T T T p
 =   
∑ .  (3.2.13) 
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Dhg_qgu_�qbkeZ� q �b� q′ �_klv�lZd�gZau\Z_fu_�khijy`_ggu_�ihdZaZ�
l_eb��dhlhju_�m^h\e_l\hjyxl�jZ\_gkl\m 

 
1 1 1

q q r
+ =

′
,   0 r q< < .  (3.2.14) 

AgZd�jZ\_gkl\Z�\� ���������^hklb]Z_lky�lh]^Z�b�lhevdh�lh]^Z��dh]^Z�\uihe�

gy_lky�mkeh\b_ 

 1 2
q q
i iT bT ′= ,  (3.2.15) 

]^_�iheh`bl_evguc�dhwnnbpb_gl 

 ( ) ( )1 2

q q

q qb N T N T
′−

′
   =     .  (3.2.16) 

Ijb�1 q≤ < ∞ �ijhkljZgkl\h� q′L �_klv�khijy`_ggh_�ijhkljZgkl\m� qL  

b� \_ebqbgu� 1T � b� 2T � ijbgZ^e_`Zl�� khhl\_lkl\_ggh�� wlbf� ijhkljZgkl\Zf��

>ey�\kydh]h�0 1T< < �bf__lky�khijy`_ggZy�\_ebqbgZ� 1T T′ = − . 
Imklv� 1T T= �b� 2 1T = ��lh]^Z�ba����������\ul_dZ_l�ke_^kl\b_��qlh 

 ( ) ( )r qN T N T≤   (3.2.17) 

ijb�ex[hf� 0q > ��]^_� 0 r q< < ��lh�_klv� ( )qN T  –�\hajZklZxsZy�nmgdpby�

ijb�m\_ebq_gbb�agZq_gby�q . 

Ijb� 1r = �ba����������ihemqbf�\Z`gh_�g_jZ\_gkl\h� 

 ( ) ( )qT N T≤E .  (3.2.18) 

IhemghjfZ�[hevr_�kj_^g_]h�agZq_gby�kemqZcghc�\_ebqbgu� 

���<uimdehklv�nmgdpbc� ( )qN T  b ( )2log qN T ��JZkkfhljbf�g_jZ�

\_gkl\h�Fbgdh\kdh]h����������ijb� ( )1 21T aT a T= + −  ( )0 1a≤ ≤ ��Lh]^Z�ih�

emqbf�k\hckl\h�\uimdehklb�^ey� ( )qN T �\�\b^_ 

 ( ) ( ) ( ) ( )1 21q q qN T aN T a N T≤ + − .  (3.2.19) 

Ijb� agZq_gbyo� 0q > �� ^ey� dhlhjuo� ( )qN T � dhg_qgh�� nmgdpby 

( )ln qN T � y\ey_lky� kljh]h� \uimdehc� hl� 1 q ��>ey� ex[uo� 0 1a< < � bf__l�

f_klh�g_jZ\_gkl\h 

 ( ) ( ) ( ) ( )2 2log log 1 logq rN T a N T a N Tν≤ + − ,  (3.2.20) 

]^_� 0r > , 0ν > ��Z�qbkeZ� r , q �b�ν �m^h\e_l\hjyxl�jZ\_gkl\m� 
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1 1a a

q r

−= +
ν

.  (3.2.21) 

7. >bnn_j_gpbjm_fhklv �nmgdpbc� ( )qN T  b ( )2log qN T ��Nmgdpbb�

( )qN T �b� ( )2log qN T �[_kdhg_qgh�^bnn_j_gpbjm_fu�\�dZ`^hc�lhqd_�bg�

l_j\ZeZ�� \� dhlhjhf� hgb� dhg_qgu�� Nmgdpby� ( )
mq

q
q i i

i
N T T p  =  ∑ � bf__l�

ij_^_e 

 
0

lim 1
m

q
i iq i

T p
→

=∑ ,  (3.2.22) 

dh]^Z�q �klj_fblky�d����b�bf__l�\�wlhc�lhqd_�i_j\mx�ijhba\h^gmx� 

 ( ) ( )2log
20 0

lim 2 ln 2 logi
m m m

q Tq
i i i i iqi i i

d
T p p T p

dq → +
= =∑ ∑ ∑ .  (3.2.23) 

Ijb�wlhf� ( )qN T �b� ( )ln qN T �bf_xl�ij_^_eu 

 ( ) ( )
( )2log

0
lim 2

m

i i
i

T p

qq
N T N T

→

∑
= = ,  (3.2.24) 

 ( ) ( )2 20
lim log log

m

q i iq i
N T T p

→
= ∑ .  (3.2.25) 

?keb� qT �b� lnT �bgl_]jbjm_fu��lh 

 ( ) ( )qN T N T≤ ,  (3.2.26) 

ijbq_f� jZ\_gkl\h� ^hklb]Z_lky� ebrv� \� lhf� kemqZ_�� dh]^Z� T � ihklhyggZ�

ihqlb�\kx^m� 

<_ebqbgZ� ( )N T �_klv�kj_^g__�]_hf_ljbq_kdh_�nmgdpbb�T . 

���<aZbfhk\yav�ihemghjf��G_jZ\_gkl\Z��Bkihevam_f�ijb\_^_ggu_�

k\hckl\Z�b�^Z^bf�^hihegbl_evgh�nhjfmeu�\aZbfhk\yab�ihemghjf 

 ( ) ( )1 1q qN T N T−
− = ,  (3.2.27) 

 ( ) ( ) 1

q qN T N T
νν

ν
 =     (3.2.28) 

b�g_jZ\_gkl\Z 

 ( ) ( ) ( ) ( )
1 21 2 1 2 nr n q q q nN T T T N T N T N T≤! ! ,  (3.2.29) 
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 ( ) ( ) ( ) ( )
1 21 2 1 2 nr n q q q nN T T T N T N T N T+ + + ≤ + + +! ! .  (3.2.30) 

<�h[h[s_gghf�g_jZ\_gkl\_�=_ev^_jZ����������bf__f 

 
1 2

1 1 1 1

nq q q r
+ + + =" , 0 iq< < ∞ .  (3.2.31) 

G_jZ\_gkl\h� ��������� ij_^klZ\ey_l� kh[hc� h[h[s_ggh_� g_jZ\_gkl\h�Fbg�

dh\kdh]h�^ey�1 iq≤ < ∞ . 

?keb�0 r q< < < ν ��lh�gZoh^bf�g_jZ\_gkl\h 

 ( ) ( ){ } ( ){ }
q rq

q r rr
q rN T N T N T

−ν−
ν ν−ν−

ν
    <      ,  (3.2.32) 

dhlhjh_�ijb� ( )1q ra a= + ν − �b�0 1a< < �aZibr_lky�lZd: 

 
1

i i i

a am m m
q r

i i i
i i i

T p T p T p
−

ν   <       
∑ ∑ ∑ .  (3.2.33) 

��� <a\_r_ggh_� h[jZlgh-]Zjfhgbq_kdh_� kj_^g__�� Hij_^_ebf� ^ey�
dZ`^hc�kemqZcghc�\_ebqbgu�T �b�ex[h]h�qbkeZ� q , q−∞ < < ∞ ��\a\_r_g�

gh_�h[jZlgh-]Zjfhgbq_kdh_�kj_^g__�>��@ 

 ( )
( )
( ) ( )

1

11

m
qq

i i
q i

q q m
qq

i i
i

T pN T
M T N T

N T T p

−

−−

 
= = 

  

∑

∑
.  (3.2.34) 

Ijb� 1q = �b� 0q = �ba� ���������\ul_dZxl�\a\_r_ggh_�kj_^g__�b�\a\_�

r_ggh_�]Zjfhgbq_kdh_�kj_^g__��?keb� 1ip = ��lh�hgb�kh\iZ^Zxl�k�khhl\_l�

kl\mxsbfb�agZq_gbyfb��������� 
NmgdpbhgZe� ��������� \ul_dZ_l� dZd� qZklguc� kemqZc� ijb� 1s q= − � hl�

\ujZ`_gby�[ ]63  

 ( )

( )1/ q sm
q

i i
s i

q m
s

i i
i

T p
T T

T p

−
 
 

=  
   

∑

∑
,  (3.2.35) 

bf_xs_]h� \Z`gmx� jhev� ijb� hij_^_e_gbb� klZlbklbq_kdh]h� khklhygby� 

\�h[h[s_gghc�l_hjbb�bgnhjfZpbb�[ ]66 . 
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<� aZdexq_gb_� ijb\_^_f� ZgZeh]�nmgdpbb� �������� dZ`^hc� g_ij_ju\�

ghc�\_ebqbgu� ( )T T X= �\�khklhygbb� p  

 ( ) ( )

1
1

1

qqq

q G
q

G
G

T pdX

N T T d
G pdX

 
   = Γ =    Γ    

∫
∫

∫
,  (3.2.36) 

]^_�^ey�\_kh\hc�nmgdpbb�bf__f�g_jZ\_gkl\h 

 0
G

pdX< < ∞∫ .  (3.2.37) 

Ijb�mkeh\bb�\_jhylghklghc�ghjfbjh\db�^ey�\k_]h�ijhkljZgkl\Z�ba�

���������ke_^m_l 

 ( ) ( ) ( )1 1q qq q
qN T T d T pdX= Γ =∫ ∫ , 1pdX =∫ .  (3.2.38) 

>ey� d\Zglh\hc� \_ebqbgu� T �� ij_^klZ\ey_fhc� wjfblh\uf� hi_jZlh�

jhf��hij_^_ey_f 

 ( ) ( )1Sp
qq

qN T T= ρ , Sp 1ρ = ,  (3.2.39) 

]^_�ρ  –�hi_jZlhj�kf_r_ggh]h�khklhygby�kemqZcgh]h�h[t_dlZ� 

�����Ihemghjfu�jZkij_^_e_gbc 

JZkkfhljbf�hij_^_e_gb_�ihemghjfu�jZkij_^_e_gby 

 ( )

1
1

qm
q
i

i
q m

i
i

p
N p

p

+ 
 

=  
   

∑

∑
,  (3.3.1) 

dhlhjZy�ijb�mkeh\bb�\_jhylghklghc�ghjfbjh\db�bf__l�\b^ 

 ( )
1

1
qm

q
q i

i
N p p + =   

∑ .  (3.3.2) 

Kh]eZkgh�k\hckl\Zf���������b����jZkkfhlj_gguf�\�ij_^u^ms_f�jZa�

^_e_�� ihemghjfZ� jZkij_^_e_gby� y\ey_lky� g_\ujh`^_gghc�� \uimdehc� b�

^bnn_j_gpbjm_fhc� nmgdpb_c� ih� Zj]mf_glm� q . Ijbq_f� ba� ��������� b�

���������\ul_dZxl�ke_^mxsb_�jZ\_gkl\Z� 

 ( )
( )2log

0
lim 2

m

i i
i

p p

qq
N p

→

∑
= ,  (3.3.3) 
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 ( ) ( )2 20
lim log log

m

q i iq i
N p p p

→
= ∑ .  (3.3.4) 

Hlf_lbf�g_dhlhju_�^hihegbl_evgu_�k\hckl\Z� ( )qN p . 

��� FmevlbiebdZlb\ghklv� >ey� kh\f_klgh]h� jZkij_^_e_gby� 12p   

g_aZ\bkbfuo�h[t_dlh\�k�jZkij_^_e_gbyfb� 1p �b� 2p �bf__f�jZ\_gkl\h 

 ( ) ( ) ( )12 1 2q q qN p N p N p= ,  (3.3.5) 

]^_�ihemghjfu 

 ( )
1

1
1 1

qm
q

q i
i

N p p + =   
∑ , ( )

1
1

2 2

qm
q

q i
i

N p p + =   
∑ ,  (3.3.6) 

 ( )
1

1
12

q
m n

q
q ij

i j
N p p + 

=  
 
∑∑   (3.3.7) 

b� ij i jp p p= ��Ijhba\_^_gb_�ihemghjf�\���������hij_^_ey_l�k\hckl\h�fmev�

lbiebdZlb\ghklb� 
���Ihemghjfu�jZ\gh\_jhylgh]h�jZkij_^_e_gby��Ih^klZ\bf�\�\u�

jZ`_gb_���������jZkij_^_e_gb_�jZ\gh\_jhylgh]h�khklhygby 

 
1

ip
m

=   (3.3.8) 

b�ihemqbf��qlh�ihemghjfZ 

 ( ) 1
qN p

m
=   (3.3.9) 

g_�aZ\bkbl�hl�qbkeZ�q �b�kh\iZ^Z_l�k�jZkij_^_e_gb_f��������� 

��� IhemghjfZ� qZklgh]h� jZkij_^_e_gby�� Ijb� 0q > � kijZ\_^eb\h�

g_jZ\_gkl\h 

 

1 1qq q
m n n m

q
ij ij

i j j ij
p p

      ≤   
     
∑ ∑ ∑ ∑   (3.3.10) 

^ey� kh\f_klgh]h� jZkij_^_e_gby� ijp �� AgZd� jZ\_gkl\Z� ^hklb]Z_lky� ijb�

ij i jp p p= � ^ey� g_aZ\bkbfuo� h[t_dlh\� k� jZkij_^_e_gbyfb� \_jhylghkl_c� 

ip �b� jp . 
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Bkihevam_f�\ujZ`_gb_�ihemghjfu�qZklgh]h�jZkij_^_e_gby 

 ( )
( )1 1

1 1 1

qm
q

q i
i

N p p
−

−
 =   
∑ , 

n

i ij
j

p p= ∑   (3.3.11) 

b�ba����������ihemqbf 

 ( ) ( )
11

1 1 1, 12

qq n

q q j
j

N p N p
′′

− −
   ≤   ∑ ,  (3.3.12) 

]^_ 

 ( )
( )1 1

1, 12

qm
q

q j ij
i

N p p
−

−
 =   
∑ .  (3.3.13) 

>Ze__�ijbf_f�T p u= �b�hij_^_ebf��kh]eZkgh����������ihemghjfm 

 

1 qq
m

i
q i

i i

pp
N p

u u

     =          
∑ ,  (3.3.14) 

dhlhjZy�h[eZ^Z_l�\k_fb�i_j_qbke_ggufb�k\hckl\Zfb�^ey� ( )qN p .  

Ijb�agZq_gbb� 0q = �ba����������b����������ke_^mxl�ij_^_eu 

 
2log

0
lim 2

m
i

i
i i

p
p

u
qq

p
N

u

 
   

→

∑  =  
,  (3.3.15) 

 2 20
lim log log

m
i

q iq i i

pp
N p

u u→

   = ∑       
.  (3.3.16) 

Ij_^hij_^_eyy�^Zevg_crb_�j_amevlZlu��hlf_lbf��qlh�nmgdpbhgZeu�

( ) ( )2 1logq qH p N p−= − � b� ( ) 2 1: logq q

p
I p u N

u−
 =   

� _klv� Z^^blb\gu_� 

q -wgljhiby�b�q -bgnhjfZpby�jZaebqby�J_gvb�>��������@� 

Ijb\_^_f� gZ]ey^gmx� beexkljZpbx� jZkkfZljb\Z_fuo� k\hckl\�

nmgdpbhgZeh\�� 
GZ� jbk����� ij_^klZ\e_gu� aZ\bkbfhklb� ihemghjf� jZkij_^_e_gbc�

( )1qN p− �b� 1q

p
N

u−
 
  

�hl�qbkeZ� q �ijb�agZq_gbyo� 2m= , 1 1 4p = , 1 1 3u = . 

<b^gh�fhghlhggh_�\hajZklZgb_�iheh`bl_evguo�nmgdpbc�ijb�m\_ebq_gbb�

agZq_gby�q . 
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Jbk� ���� AZ\bkbfhklb ihemghjf jZkij_^_e_gbc hl qbkeZ q: 

1 – ( )
1q

N p
−

, 2 – 
1q

p
N

u−

 
  

 

<uimdehklv�ihemghjf�jZkij_^_e_gbc�\b^gZ�ba�jbk�����b�jbk������]^_�

^Zxlky�aZ\bkbfhklb�bo�hl�jZkij_^_e_gby�ijb�agZq_gbyo� 2m= , 1 1 4p = , 

1 1 3u = �b� 3; 1; 0; 1; 3q = − − . 

Jbk� ���� AZ\bkbfhklv ihemghjfu ( )1qN p−
hl jZkij_^_e_gby� 

1 – ( 3q = − ), 2 – ( 1q = − ), 3 – ( 0q = ), 4 – ( 1q = ), 5 – ( 3q = ) 

 1 

1 1
( ),

q q

p
N p N

u− −

 
  
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 2 

 1 

1( )qN p−

0,2              0,4              0,6               0,8               1  p 

1 
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Jbk� ���� AZ\bkbfhklv ihemghjfu
1q

p
N

u−
 
  

hl jZkij_^_e_gby� 

1 – ( 3q = − ), 2 – ( 1q = − ), 3 – ( 0q = ), 4 – ( 1q = ), 5 – ( 3q = ). 

 
>ey�jZkij_^_e_gby�b�kemqZcghc�\_ebqbgu�T �bf__l�f_klh�nmgdpby 

 ( )

1

*

qm
q

i i
i

q m

i
i

T u
N T

u

 
 

=  
   

∑

∑
, (3.3.17) 

dhlhjZy�ijb�\_jhylghklghc�ghjfbjh\d_ 

 1
m

i
i

u =∑  (3.3.18) 

aZibr_lky�lZd 

 ( )
1

*
qm

q
q i i

i
N T T u =   

∑ . (3.3.19) 

Ijb� T u p= �ba� ���������\ul_dZ_l�\ujZ`_gb_�ihemghjfu�jZkij_^_�

e_gby 

 

1

*

qq
m

i
q i

i i

uu
N u

p p

     =          
∑ . (3.3.20) 

  0,2             0,4             0,6             0,8             1  p 
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1,5 
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1 

1q

p
N

u−

 
  
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��� <aZbfhk\yav� ihemghjf�� Ih^klZ\bf� \� ��������� jZkij_^_e_gb_�

jZ\gh\_jhylgh]h�khklhygby� 1iu m= �b�ihemqbf�ke_^mxs__�jZ\_gkl\h 

 
( )
( ) ( )

1

, 0
q

q q
q q

q

N pp
N m N p q

u N u

+
  = = ≠  

. (3.3.21) 

>ey� ijhba\hevguo� jZkij_^_e_gbc� hgh� g_� \uihegy_lky�� aZ� bkdexq_gb_f�

kemqZy� 0q = ��ijb�dhlhjhf�ihemghjfu�klZgh\ylky�kj_^gbfb�]_hf_ljbq_�

kdbfb�jZkij_^_e_gbc� 
<aZbfhk\yav�nmgdpbhgZeh\� ���������b� ���������hij_^_ey_lky�khhlgh�

r_gbyfb 

 
( )

1

*
1

1 11
*

1

,

.

qq

q q

qq

q q

p u
N N

u p

p u
N N

u p

− −

− −

−

− −

     =          

     =          

 (3.3.22) 

GZdhg_p�\uibr_f�\ujZ`_gby�ihemghjf�\�^jm]bo�\Z`guo�kemqZyo 

 ( )
1q

G
q

G

p dX

N p
pdX

+ 
 =  
  

∫

∫
, ( ) ( )11Sp

qq
qN +ρ = ρ , (3.3.23) 

 

1q

G
q

G

p
dX

p u
N

u pdX

+        =        

∫

∫
, ( ) ( )11 1 1Sp

qq
qN u u− + −ρ = ρ . (3.3.24) 

�����:dkbhfu�b�f_ju�bgnhjfZpbb�J_gvb 

:��J_gvb� >��������@�^ey�\u\h^Z�wgljhibc�mijhklbe�kbkl_fm�Zdkbhf�

NZ^__\Z��kf��]eZ\m����b�ij_^eh`be�ke_^mxsb_�Zdkbhfu� 

1. ( ) ( )1 2, 1 ,H p p H p p= − �g_ij_ju\gZ�ijb�0 1p≤ ≤ �b�iheh`bl_evgZ�

ohly�[u�\�h^ghc�lhqd_� 

2. ( )1 2, , , mH p p p! �kbff_ljbqgZ�hlghkbl_evgh� 1 2, , , mp p p! . 
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3. 
1 1

, 1
2 2qH   =  

. (3.4.1) 

���>ey�g_aZ\bkbfuo�h[t_dlh\�k�jZkij_^_e_gbyfb� { }1 11 1, , mp p p= !  

b� { }2 21 2, , mp p p= ! �bf__f�k\hckl\h�Z^^blb\ghklb�h[s_c�wgljhibb 

( ) ( ) ( )12 1 2H p H p H p= + . (3.4.2) 

���?keb� 1 2 1
m n

i j
i j

p p+ ≤∑ ∑ ��lh�kijZ\_^eb\h�jZ\_gkl\h 

( )
( ) ( )

11 1 21 2

1 11 1 2 21 2

1 2

, , , , ,

, , , ,

m n

m n

i m j n
i j

m n

i j
i j

H p p p p

p H p p p H p p

p p

=

+
=

+

∑ ∑

∑ ∑

! !

! !  (3.4.3) 

^ey�\k_o� 1ip �b� 2 jp . 

Kh]eZkgh� ZdkbhfZf�� gZoh^blky� \ujZ`_gb_� wgljhibb� R_gghgZ–
<bg_jZ 

 ( )
( )2log

m

i i
i

m

i
i

p p
H p

p
= −

∑

∑
. (3.4.4) 

>Ze__�:��J_gvb�baf_gbe�Zdkbhfm���b�knhjfmebjh\Ze�__�lZd� 

5′ ��?keb� 1 2 1
m n

i j
i j

p p+ ≤∑ ∑ ��lh�kijZ\_^eb\h�jZ\_gkl\h 

( )
( ) ( )

11 1 21 2

1 11 1 2 21 2
1

1 2

, , , , ,

, , , ,

,

m n

m n

i m j n
i j

m n

i j
i j

H p p p p

p H p p p H p p

p p

−

=

    ϕ + ϕ     = ϕ  
 +
  

∑ ∑

∑ ∑

! !

! !  (3.4.5) 

]^_� ϕ � _klv� nmgdpby� Dhefh]hjh\Z–GZ]mfh�� IjbgbfZy� ( )T aT bϕ = + � k�

0a ≠ ��ihklmeZl�5′ �ij_h[jZam_lky�\�ihklmeZl����Bkihevah\ZeZkv�nmgdpby� 
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 ( ) ( )1
22 , logq TT T p−ϕ = = , (3.4.6) 

qlh�\�blh]_�^Z_l�wgljhibx�J_gvb 

 ( ) 2

1
log

1

m
q
i

i
q m

i
i

p
H p

q p

 
 

=  
−    

∑

∑
  ( )1q ≠ , (3.4.7) 

aZ\bkysmx�hl�iZjZf_ljZ�q . 

<�ij_^_e_� 1q → �nmgdpbhgZe���������jZ\gy_lky�wgljhibb�R_gghgZ–

<bg_jZ 

 ( ) ( )
( )2

1

log
lim

m

i i
i

q mq

i
i

p p
H p H p

p
→

= = −
∑

∑
. (3.4.8) 

LZdhc� ih^oh^� d� nmgdpbb� ( )2logT p u= � iha\hebe�:�� J_gvb� ihem�

qblv�lZd`_�bgnhjfZpbx�jZaebqby 

 ( )
1

2

1
: log

1

m
q q
i i

i
q m

i
i

p u
I p u

q p

− 
 

=  
−    

∑

∑
  ( )1q ≠ , (3.4.9) 

dhlhjZy�m^h\e_l\hjy_l�mkeh\bx�ghjfbjh\Zgghklb�
1 1

1,0; , 1
2 2qI   =  

��khhl�

\_lkl\mxsZy� ZdkbhfZ� ����Ijb� 1q = �nmgdpbhgZe� �������� kh\iZ^Z_l� k� bg�

nhjfZpb_c�jZaebqby�Dmev[ZdZ–E_c[e_jZ 

 ( ) ( )
2

1

log

: lim :

m
i

i
i i

q mq

i
i

p
p

u
I p u I p u

p
→

 
   = =

∑

∑
. (3.4.10) 

3.���IZjZf_ljbah\Zggh_�jZkij_^_e_gb_�� 
Wgljhiby�J_gvb 

JZkkfhljbf� wdklj_fZevgu_� k\hckl\Z� wgljhibb�R_gghgZ–<bg_jZ� b�
bgnhjfZpbb�jZaebqby�Dmev[ZdZ–E_c[e_jZ� 
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 ( ) ( )2log
m

i i
i

H f f f= −∑ , (3.5.1) 

 ( ) 2: log
m

i
i

i i

f
I f p f

p

 
= −    

∑  (3.5.2) 

ijb� ^hihegbl_evguo� mkeh\byo�� qlh[u� wdklj_fmf� ^hklb]Zeky� ijb� khojZ�

g_gbb�f_ju�g_lhqghklb� ( ):H f p �k�nbdkbjh\Zgguf�jZkij_^_e_gb_f�\_�

jhylghkl_c� { }1, , mp p p= ! �b�ghjfbjh\db�^ey� { }1, , mf f f= !  

 ( ) ( )2: log , 1
m m

i i i
i i

H f p p f f= − =∑ ∑ . (3.5.3) 

Kh]eZkgh� \ZjbZpbhgghfm� ijbgpbim�� gZoh^bf� [_amkeh\gu_� wdklj_�

fmfu�nmgdpbhgZeh\ 

 ( ) ( )2 2log log
m m m

i i i i i
i i i

L f f q p f f= − + − α∑ ∑ ∑ , (3.5.4) 

 ( ) ( )2 2log 1 log
m m m

i
i i i i

i i ii

f
L f q p f f

p

 
= + − + α   

∑ ∑ ∑ , (3.5.5) 

]^_� ( )1 q− �b�α �_klv�eZ]jZg`_\u�fgh`bl_eb�� 

Ba�mkeh\by�jZ\_gkl\Z�gmex�i_j\hc�\ZjbZpbb 

 2 2

1
log log 0

ln 2

m

i i i
i

L f f q p δ = − δ + − + α =  
∑ , (3.5.6) 

 ( )2 2

1
log 1 log 0

ln 2

m
i

i i
i i

f
L f q p

p

 
δ = δ + + − + α =   

∑  (3.5.7) 

ihemqbf�iZjZf_ljbah\Zggh_�jZkij_^_e_gb_ 

 ( )1q
i i qf p p−= Γ , ( ) q

q ip pΓ = ∑ , (3.5.8) 

dhlhjh_�bkihevah\Zehkv�\�l_hjbb�kZfhhj]ZgbaZpbb�nbabq_kdbo�>��–��@�b�
l_jfh^bgZfbq_kdbo�oZhlbq_kdbo�kbkl_f�>��@� 

JZkij_^_e_gb_� �������� ^Z_l�fZdkbfZevgh_� agZq_gb_� wgljhibb�R_g�

ghgZ–<bg_jZ� b� fbgbfZevgh_� ^ey� bgnhjfZpbb� jZaebqby� Dmev[ZdZ–
E_c[e_jZ� 
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 ( ) ( ) ( )2: log qH f qH f p p= + Γ , (3.5.9) 

 ( ) ( ) ( ) ( )2: 1 : log qI f p q H f p p= − − Γ . (3.5.10) 

>h[Z\bf�d���������b����������bgnhjfZpbx�jZaebqby�b�jZkoh`^_gb_ 

 ( ) ( ) ( ) ( )2: 1 log qI p f q H p p= − − + Γ , (3.5.11) 

 ( ) ( ) ( ) ( ) ( ) ( ): : : 1 :J f p I f p I p f q H f p H p= + = − −   . (3.5.12) 

<aZbfhk\yav� jZkkfZljb\Z_fuo� nmgdpbhgZeh\� hij_^_ey_lky� ke_�

^mxsbfb�khhlghr_gbyfb�>������@ 

( ) ( ) ( ) ( ) ( ) ( )1
: , :

1 1q q

q
I f p H f H p I p f H p H p

q q
   = − − = − −   − −

, (3.5.13) 

 ( ) ( ) ( ) ( )1
: :

1 1

q
I f p I p f H f H p

q q
+ = − −  − −

. (3.5.14) 

A^_kv�\\_^_gZ�wgljhiby�J_gvb 

 ( ) ( )2 2

1 1
log log

1 1

m
q

q q i
i

H p p p
q q

= Γ =
− −

∑ , (3.5.15) 

dhlhjZy�\f_kl_�k�wgljhib_c 

 ( ) 2log
m m m

q q q q
i i i i

i i i
H f p p p p

  = −     
∑ ∑ ∑  (3.5.16) 

b�f_jhc�g_lhqghklb 

 ( ) ( ) ( ) ( )2: : log
m m

q q
i i i

i i
H f p H f I f p p p p= + = −∑ ∑  (3.5.17) 

aZ\bkbl�hl�^_ckl\bl_evgh]h�iZjZf_ljZ� q ��baf_gyxs_]hky�\�h[eZklb�^h�

imklbfuo�agZq_gbc��?keb�ij_^_eu�baf_g_gby� q �g_�h[hagZq_gu��lh�iheZ�

]Z_f�� qlh� q∈R �� <� ij_^_e_� 1q → � bf__f� jZ\_gkl\h� nmgdpbhgZeh\�

(3.5.15)–���������k�wgljhib_c�R_gghgZ–<bg_jZ 

 ( ) ( ) ( ) ( ) ( )21
lim , , : log

m

q i iq i
H p H p H f H f p p p

→
 = = −  ∑ . (3.5.18) 

Hlf_lbf�� qlh� f_jZ� g_lhqghklb� ��������� b� f_jZ� ( )12 :
m

q q
i

i
p H f p− ∑  
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jZkkfZljb\Zebkv��khhl\_lkl\_ggh��\�jZ[hlZo� >��@�b� >���@�dZd�\ujZ`_gby��

h[h[sZxsb_�f_jm�R_gghgZ–<bg_jZ� 
JZkkfhljbf�hkgh\gu_�k\hckl\Z�wgljhibb�J_gvb� 
���Iheh`bl_evghklv�b�\uimdehklv��Wgljhiby�_klv�\_s_kl\_gguc��

g_hljbpZl_evguc� b� \uimdeuc�nmgdpbhgZe� k�fZdkbfmfhf� �fbgbfmfhf��

ijb� 0q >  ( )0q < ��KijZ\_^eb\u�g_jZ\_gkl\Z 

 ( ) 0qH p ≥ , (3.5.19) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2q q qH a p a p a H p a H p+ ≤ + , (3.5.20) 

]^_� 1 2 1a a+ = , 1 0a > , 2 0a > �b�wgljhibb 

 ( )1 2 1

1
log

1

m
q

q i
i

H p p
q

=
−

∑ , ( )2 2

1
log

1

m
q

q i
i

H p p
q 2=

−
∑  (3.5.21) 

k�ghjfbjh\Zggufb�jZkij_^_e_gbyfb 

 1 2 1
m m

i i
i i

p p= =∑ ∑ . (3.5.22) 

G_jZ\_gkl\h� ���������_klv�g_jZ\_gkl\h�B_gk_gZ�\�l_hjbb�\uimdeuo�

nmgdpbc�>��@��Ijb� 0q = �bf__f� ( )0 2logH p m= . 

GZ� jbk�� ���� ij_^klZ\e_gZ� aZ\bkbfhklv� wgljhibb� J_gvb� ( )qH p � hl�

jZkij_^_e_gby� p �ijb�agZq_gbyo� 2m= , 1p p�b� 3; 1; 0; 1; 3q = − − . 

Jbk� ���� AZ\bkbfhklv wgljhibb J_gvb hl jZkij_^_e_gby� 
1 – (q = –3), 2 – (q = –1), 3 – (q = 0), 4 – (q = 1), 5 – (q = 3) 

( )
q

H p  
8 
 
 

6 
 
 

4 
 
 

2 
 
 

0 
0,2            0,4           0,6           0,8            1  p 

1 

2 

3 
4 
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��� :^^blb\ghklv� ^ey� g_aZ\bkbfuo� h[t_dlh\�� Imklv� khklhygb_�

kemqZcgh]h� h[t_dlZ� hibku\Z_lky� kh\f_klguf� fmevlbiebdZlb\guf� jZk�

ij_^_e_gb_f�\_jhylghkl_c� ij i jp p p= , ip �b� jp �hlghkylky�d�jZaguf�g_aZ�

\bkbfuf�h[t_dlZf��AZibr_f�h[smx�wgljhibx 

 ( )12 2

1
log

1

m
q

q ij
i

H p p
q

=
−

∑  (3.5.23) 

k�mkeh\byfb�ghjfbjh\db�^ey�jZkij_^_e_gbc 

 1
m n m n

ij i j
i j i j

p p p= = =∑∑ ∑ ∑ . (3.5.24) 

Lh]^Z�ba� ���������ihemqbf�k\hckl\h�Z^^blb\ghklb�^ey�wgljhibc�g_�

aZ\bkbfuo�h[t_dlh\ 

 ( ) ( ) ( )12 1 2q q qH p H p H p= + , (3.5.25) 

]^_ 

 ( )1 2

1
log

1

m
q

q i
i

H p p
q

=
−

∑ , ( )2 2

1
log

1

n
q

q j
j

H p p
q

=
−

∑ . (3.5.26) 

���JZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\��<�h[s_f�kemqZ_�aZ\bkbfuo�

h[t_dlh\� bkihevam_lky� l_hj_fZ� jZaeh`_gby� ij i j i
p p p= �� JZkkfhljbf� ^\Z�

ih^oh^Z� d� gZoh`^_gbx� mkeh\by� Z^^blb\ghklb� ^ey� aZ\bkbfuo� h[t_dlh\�� 
<� i_j\hf� kemqZ_� bkoh^bf� ba� khhlghr_gbc� ^ey� iZjZf_ljbah\Zggh]h�

jZkij_^_e_gby 

 ij i j i
f f f= ,   1

m n m

ij i
i j i

f f= =∑∑ ∑ , (3.5.27) 

 

qq
i j i

ij m n
qq

i j i
i j

p p
f

p p
=

∑∑
,   

q
i

i m
q
i

i

p
f

p
=

∑
, (3.5.28) 
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m
q q
i j iqi

m n m nj i j i
q qq

i ij i j i
i j i j

p p
f p

p p f p
= =

∑

∑∑ ∑ ∑
. (3.5.29) 

Bkihevam_f�lh`^_kl\h�^ey�kemqZcguo�wgljhibc ( ) ( ) ( ) 0ij i j i
h f h f h f− − =  

b�ihemqbf�jZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\ 

 ( ) ( ) ( )12 1 2 1q q qH p H p H p p= + , (3.5.30) 

]^_�nmgdpbhgZe�>���@ 

 ( )2 1 2 2

1 1
log log

1 1

m n
q
ijm n

i jq
q i mj i

qi j
i

i

p

H p p f p
q q p

= =
− −

∑∑
∑ ∑

∑
. (3.5.31) 

Mkeh\b_�Z^^blb\ghklb����������ih�nhjf_�kh\iZ^Z_l�k�khhl\_lkl\mx�

sbf�mkeh\b_f����������\�klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
<h�\lhjhf�kemqZ_�\\_^_f�iZjZf_ljbah\Zggh_�jZkij_^_e_gb_ 

 ij i j i
ϕ = ϕ ϕ , 1

m n m

ij i
i j i

ϕ = ϕ =∑∑ ∑ , (3.5.32) 

]^_ 

 

qq
i j i

ij m n
qq

i j i
i j

p p

p p
ϕ =

∑ ∑
,   

q
i

i m
q
i

i

p

p
ϕ =

∑
, (3.5.33) 

 

q
j iij

nj i
qi
j i

j

p

p

ϕ
ϕ = =

ϕ ∑
,   1

n

j i
j

ϕ =∑ . (3.5.34) 

AZibr_f�kemqZcgu_�wgljhibb 

 ( ) ( ) ( ) ( )121ij ij qh f qh p q H p= + − , (3.5.35) 

 ( ) ( ) ( ) ( )11i i qh qh p q H pϕ = + − , (3.5.36) 
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 ( ) ( ) ( ) ( )21
1 qij i j i

h qh p q H pϕ = + − . (3.5.37) 

<����������bf__f�mkeh\gmx�wgljhibx 

 ( ) 221

1
log

1

n
q

qi j i
j

H p p
q

=
−

∑ . (3.5.38) 

Ihke_� mkj_^g_gby� jZaghklb� f_`^m� kemqZcgufb� wgljhibyfb�

( ) ( ) ( )ij i j i
h f h h− ϕ − ϕ �ihemqbf�mkeh\b_�Z^^blb\ghklb 

 ( ) ( ) ( ) ( ) ( )12 1 2 1 12 12

1
: : .

1q q qH p H p H p p H f H
q

 = + − ψ − ψ ϕ −
 (3.5.39) 

JZ\_gkl\h� kh^_j`bl��\�hlebqb_�hl� ����������^hihegbl_evgh_� keZ]Z_�

fh_�� dhlhjh_� gZah\_f� ^_n_dlhf� wgljhibb��MdZaZgguc� ^_n_dl� wgljhibb�

aZ\bkbl�hl�jZaghklb�f_j�g_lhqghklb� 
Ijb� i ifψ = �b� ipψ = �kj_^gb_�mkeh\gu_�wgljhibb�bf_xl�ke_^mx�

sbc�\b^ 

 

( ) ( )

( )

2 1 2 1

2

2

log
1

log ,
1 1

m

q qi i
i

m n
qq

i j im n
i jq

i mj i
qi j
i

i

H p p H p p f

p p

f p
q q p

= =

= =
− −

∑

∑ ∑
∑ ∑

∑

 

(3.5.40) 

 ( ) ( )2 1 2 1 2

1
log

1

m m n
q

q qi i i j i
i i j

H p p H p p p p p
q

= =
−

∑ ∑ ∑ . (3.5.41) 

<�ij_^_e_� 1q → �^_n_dl�wgljhibb�jZ\_g�gmex�b����������kh\iZ^Z_l�k�

nhjfmehc� ����������NmgdpbhgZeu� ���������� ��������� b� ��������� ijbgbfZxl�

agZq_gb_� kj_^g_c� mkeh\ghc� wgljhibb� ��������� klZlbklbq_kdhc� fh^_eb�

R_gghgZ–<bg_jZ��<ujZ`_gb_����������jZkkfZljb\Z_lky�\�jZ[hl_�>��@� 
4�� KemqZcgh_� hldehg_gb_�� JZkkfhljbf� kemqZcgu_� wgljhibb�

( ) 2logi ih f f= − � b� ( ) 2logi ih p p= − �� Eh]Zjbnfbjmy� jZkij_^_e_gb_�

���������bf__f 

 ( ) ( ) ( ) ( )i q i qh f H p q h p H p − = −  , (3.5.42) 
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]^_�ykgh�ijhy\ey_lky�ebg_cgZy�aZ\bkbfhklv�f_`^m�kemqZcgufb�hldehg_�

gbyfb� \_ebqbg� ( )ih f � b� ( )ih p � hl� wgljhibb� J_gvb�� Wgljhiby� J_gvb� g_�

bf__l�ZgZeh]Z�kemqZcghc�wgljhibb� 
<� ]_hf_ljbq_kdhc� bgl_jij_lZpbb� jZ\_gkl\h� ��������� ij_^klZ\ey_l�

kh[hc� mjZ\g_gb_� imqdZ� ijyfuo�� ijhoh^ysbo� q_j_a� lhqdm� A � iehkdhklb�

( ) ( ){ },i ih f h p ��IZjZf_lj� q �_klv�m]eh\hc�dhwnnbpb_gl�jZkkfZljb\Z_fhc�

ijyfhc� ( )tgq = α ��Z�lhqdZ� ( ) ( ){ },q qA H p H p=  –�p_glj�imqdZ� 

JZkij_^_e_gby�fh`gh�aZibkZlv�\�wd\b\Ze_glguo�nhjfZo 

 1 1
m

q q
i i i

i
p f f= ∑ , ( ) ( )1

2 qq H pq
i if p

−= . (3.5.43) 

���Wgljhiby�jZ\gh\_jhylgh]h�khklhygby��GZoh^bf�wdklj_fmf�wg�

ljhibb� J_gvb� ijb� mkeh\bb� khojZg_gby� ghjfbjh\db� jZkij_^_e_gby� p . 

<Zjvbjm_f�nmgdpbhgZe 

 2

1
log

1

m m
q
i i

i i
L p p

q
= − α

−
∑ ∑  (3.5.44) 

b�ba�jZ\_gkl\Z� 0Lδ = �ihemqbf� constip = ��Ba�mkeh\by�ghjfbjh\db�\ul_�

dZ_l�jZ\gh\_jhylgh_�jZkij_^_e_gb_ 

 
1

ip
m

= . (3.5.45) 

Wdklj_fZevgh_�agZq_gb_�wgljhibb�J_gvb 

 ( ) ( ) 2logqH p H p m= =  (3.5.46) 

g_�aZ\bkbl�hl�iZjZf_ljZ� q �b�kh\iZ^Z_l�k�khhl\_lkl\mxsbf�agZq_gb_f�wg�

ljhibb�R_gghgZ–<bg_jZ���������� 
���G_jZ\_gkl\Z��Wgljhiby� J_gvb� m^h\e_l\hjy_l� ke_^mxsbf� g_jZ�

\_gkl\Zf� 

 ( ) ( ) ( )12 1 2qH p H p H p≤ + , (3.5.47) 

 ( ) ( )2log , 0qH p m q≤ > , (3.5.48) 

 ( ) ( )2log , 0qH p m q≥ < , (3.5.49) 
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 ( ) ( ) ( ) ( ), 0 1qH f H p H p q> > < < , (3.5.50) 

 ( ) ( ) ( ) ( ), 1qH f H p H p q< < > , (3.5.51) 

 ( ) ( )qH p H f> �b� ( ) ( ) ( ), 0qH p H p q> < , (3.5.52) 

 ( ) ( )12 1q qH p H p≥ , ( ) ( )12 2q qH p H p≥ , (3.5.53) 

 ( )2 1 0qH p p ≥ , ( )1 2 0qH p p ≥ . (3.5.54) 

���Ghjfbjh\Zgghklv�b�jZaf_jghklv��<u[bjZ_f�gZbf_gvr__�qbkeh�

\hafh`guo� khklhygbc� 2m= � k� jZ\gh\hafh`gufb� agZq_gbyfb� jZkij_^_�

e_gby� 1 2 1 2p p= = �� Lh]^Z� ^ey� wgljhibb� J_gvb� \uihegy_lky� k\hckl\h�

ghjfbjh\Zgghklb 

 
2

2

1 1 1
, log 1

2 2 1
q

q i
i

H p
q

  = =  − 
∑ . (3.5.55) 

?^bgbp_c�baf_j_gby�bgnhjfZpbb� \� klZlbklbq_kdhc�fh^_eb�J_gvb��

dZd�ke_^m_l�ba�����������y\ey_lky�h^bg�[bl� 
>ey�nbabq_kdhc�l_hjbb�bgnhjfZpbb�bf__f�wgljhibx 

 ( ) 1
ln

1

m
phys q
q i

i
H p p

q
=

−
∑ . (3.5.56) 

<� klZlbklbq_kdhc� nbabd_� bkihevam_lky� wgljhiby� J_gvb�� bf_xsZy�

jZaf_jghklv�ihklhygghc�;hevpfZgZ� ( ) ( )phys
q qH p kH p= �b�kh\iZ^ZxsZy�\�

ij_^_e_� 1q → �k�wgljhib_c�;hevpfZgZ–=b[[kZ�>���@ 

 ( ) ( ) ( )
1

lim ln
m

phys
q i iq i

H p H p k p p
→

= = − ∑ . (3.5.57) 

Wgljhiby� J_gvb� _klv� hlghr_gb_� nbabq_kdhc� [_ajZaf_jghc� wgljh�

ibb����������d�__�agZq_gbx�ijb�jZ\gh\_jhylghf�khklhygbb�k� 2m= ��LZdbf�

h[jZahf��bf__l�f_klh�jZ\_gkl\h 

 ( )
( ) 1 1

, , ln 2
1 1 2 2,
2 2

phys
q phys

q q
phys
q

H p
H p H

H

 = =    
  

. (3.5.58) 

���>bnn_j_gpbZevgu_�khhlghr_gby��>bnn_j_gpbjm_f�bgnhjfZpbx�

jZaebqby� ( ):I f p �\�jZ\_gkl\_����������b�ihemqbf�khhlghr_gb_�>������@� 
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 ( ) ( )1
:

q
dI f p dH f

q

 −= − 
 

, (3.5.59) 

dhlhjh_�ihke_�ij_h[jZah\Zgby�E_`Zg^jZ�ijbf_l�ke_^mxsbc�\b^ 

 ( ) ( ):
1q

q
dH p I f p d

q

 
=  − 

. (3.5.60) 

>bnn_j_gpbZevgu_� khhlghr_gby� ���������b� ��������� hij_^_eyxl� \aZbfh�

k\yav� bgnhjfZpbb� jZaebqby�Dmev[ZdZ–E_c[e_jZ� k� wgljhib_c�R_gghgZ–
<bg_jZ�b�wgljhib_c�J_gvb��khhl\_lkl\_ggh��\�kemqZ_�g_ij_ju\guo�agZq_�

gbc�iZjZf_ljZ�q . 

9. f -wgljhiby�� NmgdpbhgZevguf� h[h[s_gb_f� wgljhibb� J_gvb�

���������y\ey_lky�_^bgkl\_ggh_�\ujZ`_gb_ 

 ( ) ( )1f q
H p f N p−=   

, (3.5.61) 

]^_� f  –�\uimdeZy�nmgdpby�hl�ihemghjfu�jZkij_^_e_gby�� 

Ijb� ( )2 1log qf N p−= − �ba����������\ul_dZ_l�wgljhiby�J_gvb 

 ( ) ( )2 1logq qH p N p−= − . (3.5.62) 

A^_kv� Zj]mf_glhf� eh]Zjbnfbq_kdhc� nmgdpbb� y\ey_lky� ihemghjfZ� jZk�

ij_^_e_gby 

 ( )
( )1 1

1

qm
q

q i
i

N p p
−

−
 =   
∑ . (3.5.63) 

�����BgnhjfZpby�jZaebqby�J_gvb� 
b��f_jZ��g_lhqghklb� �F_jZ� Q_jgh\Z 

JZkkfhljbf�fbgbfmf�bgnhjfZpbb�jZaebqby�Dmev[ZdZ–E_c[e_jZ 

 ( ) 2: log
m

i
i

i i

f
I f p f

p

 
=    

∑  (3.6.1) 

ijb�aZ^Zgghklb�jZaghklb�f_j�g_lhqghklb� ( ):H f p �b� ( ):H f u �k�nbdkbjh�

\Zggufb�jZkij_^_e_gbyfb�\_jhylghklb� { }1, , mp p p= ! , { }1, , mu u u= ! �b�

khojZg_gbb�ghjfbjh\db�^ey� { }1, , mf f f= ! : 
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( ) ( )

( ) ( )

2

2

: log ,

: log , 1.

m

i i
i

m m

i i i
i i

H f p p f

H f u u f f

= −

= − =

∑

∑ ∑
 (3.6.2) 

Kh]eZkgh� \ZjbZpbhgghfm� ijbgpbim�� gZoh^bf� [_amkeh\guc� wdklj_�

fmf�nmgdpbhgZeZ 

 

( ) ( )

( )

2 2

2

log 1 log

log ,

m m
i

i i i
i ii

m m

i i i
i i

f
L f q p f

p

u f f

  = + − −     
− + α

∑ ∑

∑ ∑
 

(3.6.3) 

]^_� ( )1 q− �b�α �_klv�fgh`bl_eb�EZ]jZg`Z��Bkihevamy�jZ\_gkl\h 

 ( )2 2

1
log 1 log 0

ln 2

m
i i

i
i i i

f p
L f q

p u

 
δ = δ + + − + α =   

∑ , (3.6.4) 

ihemqbf�iZjZf_ljbah\Zggh_�jZkij_^_e_gb_ 

 ( )1 1 :q q
i i i qf p u p u− −= Γ , ( ) 1: q q

i ip u p u−Γ = ∑ , (3.6.5) 

jZkkfZljb\Z_fh_�\�l_hjbb�kZfhhj]ZgbaZpbb�nbabq_kdbo�kbkl_f�>���– 22] 
b�l_hjbb�bgnhjfZpbb�>��@� 

JZkij_^_e_gb_� �������� fZdkbfbabjm_l� wgljhibx� R_gghgZ–<bg_jZ�
ijb� \ur_ijb\_^_gguo� ^hihegbl_evguo� mkeh\byo�� Ih^klZ\eyy� _]h� 
\���������b����������bf__f�wdklj_fZevgu_�agZq_gby�wgljhibb�b�bgnhjfZpbb�

jZaebqby 

 ( ) ( ) ( ) ( ) ( )2: 1 : log :qH f qH f p q H f u p u= + − + Γ , (3.6.6) 

 ( ) ( ) ( ) ( ) ( )2: 1 : : log :qI f p q H f p H f u p u= − − − Γ   . (3.6.7) 

:gZeh]bqgh�gZoh^bf� ke_^mxsb_�bgnhjfZpbx� jZaebqby�b� jZkoh`�

^_gb_ 

 ( ) ( ) ( ) ( ) ( )2: 1 : log :qI p f q H p H p u p u= − − − + Γ   , (3.6.8) 

 
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
: : :

1 : : :

J f p I f p I p f

q H f p H f u H p u H p

= + =

= − − + −  
 

(3.6.9) 
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b�k�mq_lhf���������ihemqbf�khhlghr_gby�>������@ 

 ( ) ( ) ( ): : :
1 q

q
I f p I f u I p u

q
= −

−
, (3.6.10) 

 ( ) ( ) ( )1
: : :

1 qI p f I p u I p u
q

= −
−

, (3.6.11) 

 ( ) ( ) ( ) ( )1
: : : :

1 1

q
I f p I p f I f u I p u

q q
+ = −

− −
 (3.6.12) 

^ey�\aZbfhk\yab�jZkkfZljb\Z_fuo�nmgdpbhgZeh\� 
A^_kv�\\_^_gZ�bgnhjfZpby�jZaebqby�J_gvb 

 ( ) ( ) 1
2 2

1 1
: log : log

1 1

m
q q

q q i i
i

I p u p u p u
q q

−= Γ =
− −

∑ . (3.6.13) 

G_�\uibku\Zy�nmgdpbhgZeu�\�y\ghf�\b^_��hlf_lbf��qlh�\�ij_^_e_�

1q → �bf__f�bgnhjfZpbx�jZaebqby�Dmev[ZdZ–E_c[e_jZ 

 ( ) ( ) ( ) ( ) 21
: lim : , : , : log ,

m
i

q iq i i

p
I p u I p u I f u H f u p

u→

  = =      
∑  (3.6.14) 

wgljhibx�R_gghgZ–<bg_jZ 

 ( ) ( ) ( )21
lim : log

m

i iq i
H p H f p p p

→
= = −∑  (3.6.15) 

b�f_jm�g_lhqghklb�D_jjb^`Z 

 ( ) ( ) ( )21
: lim : log

m

i iq i
H p u H f u u p

→
= = −∑ . (3.6.16) 

JZkkfhljbf�hkgh\gu_�k\hckl\Z�bgnhjfZpbb�jZaebqby�J_gvb� 
���<uimdehklv��BgnhjfZpby�jZaebqby�_klv�\_s_kl\_gguc��\uimd�

euc�b�iheh`bl_evguc� �hljbpZl_evguc��nmgdpbhgZe�k�fbgbfmfhf� �fZd�

kbfmfhf��ijb� 0q >  ( )0q < . 

Bf_xl�f_klh�ke_^mxsb_�g_jZ\_gkl\Z 

 ( ): 0qI p u > , ( )0q > , (3.6.17) 

 ( ): 0qI p u < , ( )0q < , (3.6.18) 
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 ( ) ( ) ( )1 2 2 2 1 1 2 2: : :q q qI a p a p u a I p u a I p u + ≤ +  , (3.6.19) 

]^_� 1 2 1a a+ = , 1 0a > , 2 0a > �b�bgnhjfZpbb�jZaebqby 

 ( ) 1
1 2 1

1
: log

1

m
q q

q i i
i

I p u p u
q

−=
−

∑ , (3.6.20) 

 ( ) 1
2 2 2

1
: log

1

m
q q

q i i
i

I p u p u
q

−=
−

∑ . (3.6.21) 

JZ\_gkl\Z� 0q = �beb� p u= �^Zxl�agZq_gb_� ( ): 0qI p u = . 

GZ�jbk�����ijb\h^ylky�aZ\bkbfhklb�wgljhibb�b�bgnhjfZpbb�jZaeb�

qby�J_gvb�hl�qbkeZ� q �ijb�agZq_gbyo� 2m= , 1 1 4p = , 1 1 3u = ��]^_�\b^gh�

m[u\Zgb_� ( )qH p �b�\hajZklZgb_� ( ):qI p u �k�m\_ebq_gb_f�q . 

Jbk� ���� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb J_gvb hl qbkeZ q: 

1 – ( )
q

H p , 2 – ( ):
q

I p u  

GZ� jbk����� ij_^klZ\e_gZ� aZ\bkbfhklv� bgnhjfZpbb� jZaebqby� J_gvb�

( ):qI p u � hl� jZkij_^_e_gby� ijb� agZq_gbyo� 2m= , 1p p= , 1 1 3u = � b�

3; 1; 0; 1; 3q = − − . 
 

( ), ( : )
q q

H p I p u  

1,5 
 
 
 

1 
 
 
 

0,5 1 

2 

–10               –5                                    5                 10  q 
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Jbk� ���� AZ\bkbfhklv bgnhjfZpbb jZaebqby J_gvb hl jZkij_^_e_gby� 
1 – (q = –3), 2 – (q = –1), 3 – (q = 0), 4 – (q = 1), 5 – (q = 3) 

��� :^^blb\ghklv� ^ey� g_aZ\bkbfuo� h[t_dlh\�� Imklv� khklhygby�

kemqZcgh]h�h[t_dlZ�hibku\Zxlky�ghjfbjh\Zggufb�kh\f_klgufb�jZkij_�

^_e_gbyfb� 12p �b� 12u ��BgnhjfZpby�jZaebqby�aZibr_lky�lZd� 

 ( ) 1
12 12 2

1
: log

1

m n
q q

q ij ij
i j

I p u p u
q

−=
−

∑∑ . (3.6.22) 

<�kemqZ_�klZlbklbq_kdhc�g_aZ\bkbfhklb�khklhygbc�bf__f�jZ\_gkl\Z�

ij i jp p p= �b� ij i ju u u= ��Lh]^Z�ba����������\ul_dZ_l�k\hckl\h�Z^^blb\ghklb 

 ( ) ( ) ( )12 12 1 1 2 2: : :q q qI p u I p u I p u= +  (3.6.23) 

^ey�bgnhjfZpbb�jZaebqby�g_aZ\bkbfuo�h[t_dlh\ 

 ( ) 1
1 1 2

1
: log

1

m
q q

q i i
i

I p u p u
q

−=
−

∑ , (3.6.24) 

 ( ) 1
2 2 2

1
: log

1

n
q q

q j j
j

I p u p u
q

−=
−

∑ . (3.6.25) 

���JZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\��<�h[s_f�kemqZ_�aZ\bkbfuo�

h[t_dlh\�jZkkfhljbf�kh\f_klgu_�jZkij_^_e_gby� ij i j i
p p p= �b� ij i j i

u u u=  

ijb�j_ZebaZpbb�khklhygby�k� ip �b� iu ��Ijb\_^_f�^\Z�ih^oh^Z�d�gZoh`^_�

( : )
q

I p u  

2

0

–2

–4

–6

5 
 

4 

3 

2 

1 

1  p 
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gbx�mkeh\by�Z^^blb\ghklb�^ey�aZ\bkbfuo�h[t_dlh\��<�i_j\hf�kemqZ_�aZ�

ibr_f�iZjZf_ljbah\Zggh_�jZkij_^_e_gb_ 

 ij i j i
f f f= ,   1

m n m

ij i
i j i

f f= =∑∑ ∑ , (3.6.26) 

]^_ 

 
1

1

q q
ij ij

ij m n
q q
ij ij

i j

p u
f

p u

−

−
=

∑∑
,   

1

1

q q
i i

i m
q q
i i

i

p u
f

p u

−

−
=

∑
, (3.6.27) 

 

1
1

1

11

m n
q q

q qi i
j i j ii j q q

m n m nj i j i j i
q qq q

ij ij i j i j i
i j i j

p u p u
f p u

p u f p u

− −
−

−−
= =

∑∑

∑∑ ∑ ∑
. (3.6.28) 

Bkihevam_f�agZq_gby�kemqZcguo�bgnhjfZpbc�jZaebqby�b�ihke_�\u�

qbke_gbc�bf__f�jZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\ 

 ( ) ( ) ( )12 12 1 1 21 21
: : :q q qI p u I p u I p u= + , (3.6.29) 

]^_�nmgdpbhgZe� 

 

( ) 1
221 21

1

2
1

1
: log

1

1
log .

1

m n
q q

q i j i j i
i j

m n
q q
ij ij

i j
m

q q
i i

i

I p u f p u
q

p u

q p u

−

−

−

= =
−

=
−

∑ ∑

∑∑

∑

 
(3.6.30)

 

Mkeh\b_� Z^^blb\ghklb� ^ey� aZ\bkbfuo� h[t_dlh\� ��������� ih� nhjf_�

kh\iZ^Z_l� k� khhl\_lkl\mxsbf� mkeh\b_f� \� klZlbklbq_kdhc�fh^_eb�R_g�

ghgZ–<bg_jZ� 
<h�\lhjhf�kemqZ_�\\_^_f�jZ\_gkl\Z�^ey�^jm]h]h�iZjZf_ljbah\Zggh]h�

jZkij_^_e_gby 

 
1

11

q q
ij ij

ij m n
q qq q

i i j i j i
i j

p u

p u p u

−

−−
ϕ =

∑ ∑
,   

1

1

q q
i i

i m
q q
i i

i

p u

p u

−

−
ϕ =

∑
, (3.6.31) 
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1

1

q q
j i j iij

nj i
q qi
j i j i

j

p u

p u

−

−

ϕ
ϕ = =

ϕ ∑
,    1

n

j i
j

ϕ =∑ , (3.6.32) 

kemqZcgu_�bgnhjfZpbb�jZaebqby 

 ( ) ( ) ( ) ( )12 12: : 1 :ij ij ij ij qI f u qI p u q I p u= − − , (3.6.33) 

 ( ) ( ) ( ) ( )1 1: : 1 :i i i i qI u qI p u q I p uϕ = − − , (3.6.34) 

 ( ) ( ) ( ) ( )21 21
: : 1 qij i j i j i j i

I u qI p u q I p uϕ = − − . (3.6.35) 

b�mkeh\gmx�bgnhjfZpbx�jZaebqby 

 ( ) 1
221 21

1
log

1

n
q q

qi j i j i
j

I p u p u
q

−=
−

∑ . (3.6.36) 

Ihke_�mkj_^g_gby�jZaghklb�f_`^m�kemqZcgufb�bgnhjfZpbyfb�jZa�

ebqby� ( ) ( ) ( ): : :ij ij i i j i j i
I f u I u I u− ϕ − ϕ �ihemqbf�mkeh\b_�Z^^blb\ghklb 

 
( ) ( ) ( )

( ) ( )

12 12 1 1 21 21

12 12

: :

1
: : .

1

q q qI p u I p u I p u

I f I
q

= + −

 − ψ − ψ ϕ −

 
(3.6.37)

 

A^_kv�^_n_dl�bgnhjfZpbb� jZaebqby� aZ\bkbl�hl� jZaghklb�bgnhjfZ�

pbb�jZaebqby� 
Ijb� i ifψ = �b ipψ = �kj_^gb_�mkeh\gu_�bgnhjfZpbb�jZaebqby�bf_�

xl�ke_^mxsbc�\b^ 

 

( ) ( )

( )

21 21 21 21

11
2

1
2

1

log
1

log ,
1 1

m

q qi i
i

m n
q qq q

i i j i j im n
i jq q

i mj i j i
q qi j
i i

i

I p u I p u f

p u p u

f p u
q q p u

−−

−

−

= =

= =
− −

∑

∑ ∑
∑ ∑

∑

 

(3.6.38)
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( ) ( )21 21 21 21

1
2

1
log .

1

m

q qi i
i

m n
q q

i j i j i
i j

I p u I p u p

p p u
q

−

= =

=
−

∑

∑ ∑
 

(3.6.39)
 

<�ij_^_e_� 1q → �^_n_dl�bgnhjfZpbb�jZaebqby�jZ\_g�gmex�b�mkeh�

\b_� Z^^blb\ghklb� ��������� kh\iZ^Z_l� k�nhjfmehc� ����������NmgdpbhgZeu�

�������������������b����������ijbgbfZxl�agZq_gb_�kj_^g_c�mkeh\ghc�bgnhj�

fZpbb�jZaebqby����������klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ�� 
4. KemqZcgh_� hldehg_gb_��JZkkfhljbf� kemqZcgu_� bgnhjfZpbb� jZa�

ebqby ( ) ( ) ( ) ( )2: logi i i i i iI f u h f h u f u = − − =  �b� ( ) ( ) ( ):i i i iI p u h p h u = − − =   

( )2log i ip u= ��dhlhju_�jZ\gyxlky�jZaghklyf�kemqZcguo�wgljhibc��Ihke_�

eh]Zjbnfbjh\Zgby� jZkij_^_e_gby� �������� ihemqbf� k\yav� kemqZcguo� hl�

dehg_gbc�wlbo�\_ebqbg�hl�bgnhjfZpbb�jZaebqby�J_gvb 

 ( ) ( ) ( ) ( ): : : :i i q i i qI f u I p u q I p u I p u − = −  , (3.6.40) 

dhlhjZy�g_�bf__l�ZgZeh]Z�kemqZcghc�bgnhjfZpbb�jZaebqby� 
JZ\_gkl\h� ��������� _klv� mjZ\g_gb_� imqdZ� ijyfuo� \� iehkdhklb�

( ) ( ){ }: , :i i i iI f u I p u �k�p_gljhf�\�lhqd_� ( ) ( ){ }: , :q qA I p u I p u= . 

JZkij_^_e_gb_���������fh`gh�ij_^klZ\blv�\�wd\b\Ze_glghc�nhjf_ 

 ( ) ( )1 :1 2 qq I p uq q
i i if p u

− −−= . (3.6.41) 

���BgnhjfZpby� jZaebqby� k� = 1iu m .�Ih^klZ\bf� jZ\gh\_jhylgh_�

jZkij_^_e_gb_� 1iu m= �\����������b�ihemqbf�jZ\_gkl\h 

 ( ) ( )
1

2 2

1 1
: log log

1

qm
q

q i q
i

I p u p H p m
q m

−   = = − −   −  
∑ . (3.6.42) 

Ba� mkeh\bc�\uimdehklb�bgnhjfZpbb�jZaebqby�J_gvb��hij_^_ey_fuo�g_�

jZ\_gkl\Zfb� ��������� b� ���������� ke_^m_l�� qlh� wgljhiby�f_gvr_� �[hevr_��

wgljhibb�jZ\gh\_jhylgh]h�khklhygby�ijb� 0q >  ( )0q < . 

���G_jZ\_gkl\Z. >ey�bgnhjfZpbb�jZaebqby�bf__f�ke_^mxsb_�g_jZ�

\_gkl\Z� 



 142 

 ( ) ( ) ( )12 12 1 1 2 2: : :q q qI p u I p u I p u≤ + , (3.6.43) 

 ( ) ( ) ( ): : :qI f u I p u I p u> > , ( )0 1q< < , (3.6.44) 

 ( ) ( ) ( ): : :qI f u I p u I p u< < , ( )0q > , (3.6.45) 

 ( ) ( ): :qI p u I f u> �b� ( ) ( ): :qI p u I p u> , ( )0q < . (3.6.46) 

��� JZkoh`^_gb_�� Hij_^_ebf� dhebq_kl\_ggmx� f_jm� bgnhjfZpbb�

jZaebqby�\�gZ[ex^_gbyo�u �hlghkbl_evgh� p  

 ( ) 1
2

1
: log

1

m
q q

q i i
i

I u p u p
q

−=
−

∑  (3.6.47) 

b�jZkkfhljbf�kmffm 

 

( ) ( ) ( )
1 1

2 2

: : :

1
log log ,

1

q q q

m m
q q q q
i i i i

i i

J p u I p u I u p

p u u p
q

− −

= + =

 = + −  
∑ ∑

 
(3.6.48) 

dhlhjZy� y\ey_lky� jZkoh`^_gb_f��JZkoh`^_gb_� _klv� kbff_ljbqgZy�nmgd�

pby� ( ) ( ): :q qJ p u J u p= �hlghkbl_evgh�jZkij_^_e_gbc� p �b� u . <�ij_^_e_�

1q → �ba����������ke_^m_l�ba\_klgZy�f_jZ 

 ( ) ( ) ( )21
: lim : log

m
i

q i iq i i

p
J p u J p u p u

u→

 
= = −   

∑ . (3.6.49) 

NmgdpbhgZe� ���������y\ey_lky�\uimdeuf�b�Z^^blb\guf�^ey�g_aZ\b�

kbfuo�h[t_dlh\� 
<�jZ[hl_�>���@�jZkkfZljb\Z_lky�jZkoh`^_gb_�\�ke_^mxs_f�\b^_ 

 ( )
1 1

2

2
: log

1 2

m m
q q q q
i i i i

i i
q

p u u p
J p u

q

− − + 
=  

−    

∑ ∑
, (3.6.50) 

dhlhjh_�ijb� 1q → �lZd`_�bf__l�ij_^_e�����������>ey�kjZ\g_gby�nmgdpbh�

gZeh\����������b����������mqblu\Z_f�g_jZ\_gkl\h� 
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1 1
2 2

1 1

2

1
log log

2

log ,
2

m m
q q q q
i i i i

i i

q q q qm
i i i i

i

p u u p

p u u p

− −

− −

 + ≤  
 +

≤  
  

∑ ∑

∑
 

(3.6.51) 

dhlhjh_�\ul_dZ_l�ba�k\hckl\Z�\uimdehklb�eh]Zjbnfbq_kdhc�nmgdpbb� 

Ihke_�^_e_gby� ���������gZ� ( )1q − �ihemqbf�ke_^kl\b_��qlh�nmgdpbh�

gZe� ��������� f_gvr_� �[hevr_��� q_f� nmgdpbhgZe� ��������� ijb� 0q >  

( )0 1q< < . 

���F_jZ�g_lhqghklb��F_jZ�klZlbklbq_kdhc�g_lhqghklb�hij_^_ey_l�

ky�nmgdpbhgZehf�ijb�Z^^blb\ghklb�f_j 

 

( ) ( ) ( )

( )1
2 2 1

1

: :

1
log log ,

1

q q q

m
q
i

q i
q

m
iq

i
i i

H p u H p I p u

pN p

p q pN pu u

−
−

−

= + =

= − =
−          

∑

∑

 (3.6.52) 

dhlhjuc�[ue�\\_^_g�\�jZ[hl_�>��@��>jm]b_�\ujZ`_gby�^ey�f_ju�g_lhqgh�

klb 

 ( ) ( ) 1
2 1 2

1
: log log

1

m
q

q q i i
i

H p u N u u p
q

−
−= − =

−
∑ , (3.6.53) 

 ( ) ( )1
2 1 2 1

1
: log log

1

q
m

q q
q q iq

i

q
H p u N u p

qu
−

−
  = − =   −  

∑ , (3.6.54) 

g_� y\eyxsb_ky� kmffhc� wgljhibb� b� bgnhjfZpbb� jZaebqby�� ijb\h^ylky��

khhl\_lkl\_ggh�� \� jZ[hlZo� >��@� b� >���@�� <� ij_^_e_� 1q → � ba� ��������-

���������\ul_dZ_l�f_jZ�g_lhqghklb�D_jjb^`Z 

 ( ) ( ) ( )21
: lim : log

m

q i iq i
H p u H p u u p

→
= = −∑ . (3.6.55) 

GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��bgnhjfZ�

pbb� jZaebqby� ( ):qI p u � b�f_ju� g_lhqghklb� ( ):qH p u � \� \b^_� ��������� hl�

jZkij_^_e_gby�ijb� 2m= , 2q = , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 
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Z [ 
 

Jbk� ���� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb J_gvb hl jZkij_^_e_gby� 

1 – wgljhiby ( )
q

H p , 2 – bgnhjfZpby jZaebqby ( ):
q

I p u ,  

3 –f_jZ g_lhqghklb ( ):
q

H p u  

 

���BgnhjfZpbhgguc �jZ^bmk��=_hf_ljbq_kdZy�bgl_jij_lZpby�g_jZ�

\_gkl\Z� ��������� ijb� 1 2 1 2a a= = � ^Z_l� nhjfmem� ^ey� bgnhjfZpbhggh]h�

jZ^bmkZ�>��@ 

 

( ) ( ) ( )

2

1
:

2 2

1
: :

2 2 2

1
log ,

21

q q q q

q q

q
m m m

q qi i
i i

i i i

p u
R p u H H p H u

p u p u
I p I u

p u
p u

q

+   = − + =    
 + +    = + =        

 +     =     −      
∑ ∑ ∑

 

(3.6.56)

 

dhlhjZy� ijb� 1q → � kh\iZ^Z_l� k� nmgdpbhgZehf� ��������� klZlbklbq_kdhc�

l_hjbb�R_gghgZ–<bg_jZ��>jm]b_�\ujZ`_gby�^ey� ( ):qR p u  ijb\h^ylky�\�

h[ahjZo�>��������@� 
����F_jZ�Q_jgh\Z��BgnhjfZpby� jZaebqby� J_gvb� \dexqZ_l� \� k_[y�

f_jm�Q_jgh\Z�>��@ 

 ( ) 1:
m

q q
q i i

i
p u p u−Γ = ∑  (3.6.57) 

( ), ( : ), ( : )
q q q

H p I p u H p u

1,6

1,2

0,8

0,4

0
0,2       0,4        0,6        0,8         1  p 

1,6

1,2

0,8

0,4

0
0,2        0,4         0,6        0,8          1  p 

( ), ( : ), ( : )
q q q

H p I p u H p u

3 

1 

2 

3 

1 

2 



 145

^ey� jZaebqby� jZkij_^_e_gbc� p � b� u �� <� bgl_j\Ze_� 0 1q≤ ≤ � nmgdpby�

( ):q p uΓ �y\ey_lky�ZgZeblbq_kdhc��dhg_qghc�b�g_hljbpZl_evghc��GZ�dhg�

pZo� bgl_j\ZeZ� bf__f� jZ\_gkl\Z� f u=  ( )f p= � ijb� 0q =  ( )1q = � b�

( ) ( )0 1: : 1p u p uΓ = Γ = . 

����BgnhjfZpbhggh_ � jZkklhygb_��>ey� ]_hf_ljbq_kdhc� bgl_jij_�

lZpbb�bgnhjfZpbb�jZaebqby�\�\b^_�iheh\bgu�g_kbff_ljbqgh]h�jZkklhy�

gby� ( ) ( )21
, :

2 qp u I p uδ = � hl� p � ^h� u � g_� \uihegy_lky� g_jZ\_gkl\h� lj_�

m]hevgbdZ��Bf__l�f_klh�g_kbff_ljbqguc�ZgZeh]�l_hj_fu�IbnZ]hjZ 

 ( ) ( ) ( ): : :q q qI p u I p w I w u= + ,  (3.6.58) 

]^_� jZ\_gkl\h� ^hklb]Z_lky� lh]^Z� b� lhevdh� lh]^Z�� dh]^Z� kijZ\_^eb\h� 
mkeh\b_ 

 1 1 1
m m m

q q q q q q
i i i i i i

i i i
p u p w w u− − −=∑ ∑ ∑ . (3.6.59) 

Ijb� 1q = � ba� ��������� b� ��������� ke_^mxl� khhlghr_gby� ��������� b�

���������\�klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
����Ghjfbjh\Zgghklv�b�jZaf_jghklv��BgnhjfZpby�jZaebqby�J_gvb�

m^h\e_l\hjy_l�mkeh\bx�ghjfbjh\Zgghklb� 

 
2

1
2

1 1 1
1,0 : , log 1

2 2 1
q q

q i i
i

I p u
q

−  = =  − 
∑ , (3.6.60) 

Z� lZd`_� jZ\gy_lky� hlghr_gbx� nbabq_kdhc� [_ajZaf_jghc� jZaebqZxs_c�

bgnhjfZpbb�gZ�agZq_gb_�nbabq_kdhc�wgljhibb� ( )phys
qH u �ijb�jZ\gh\_jh�

ylghf�khklhygbb�k� 2m= ��<uihegy_lky�ke_^mxs__�jZ\_gkl\h 

 ( )
( ):

:
1 1

,
2 2

phys
q

q
phys
q

I p u
I p u

H
=

 
  

, (3.6.61) 

]^_� 

 ( ) 11
: ln

1

m
phys q q
q i i

i
I p u p u

q
−=

−
∑ , ( )

21
ln

1
phys q
q i

i
H u u

q
=

−
∑ ,  (3.6.62) 
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1 1 1 1

, 1,0 : , ln 2
2 2 2 2

phys phys
q qH I   = =      

. (3.6.63) 

<� klZlbklbq_kdhc� nbabd_� bkihevam_lky� nbabq_kdZy� jZaf_jgZy� bg�

nhjfZpby�jZaebqby� ( ) ( ): :phys
q qI p u kI p u=  [23]. 

����>bnn_j_gpbZevgu_ � khhlghr_gby��>bnn_j_gpbjmy� bgnhjfZ�

pbx�jZaebqby� ( ):I f p �\�jZ\_gkl\_�����������ihemqbf�>������@� 

 ( ) ( ): :
1

q
dI f u dI f p

q
=

−
. (3.6.64) 

Bkihevam_f� ij_h[jZah\Zgb_�E_`Zg^jZ� b� ba� ��������� bf__f� ^bnn_�

j_gpbZevgh_�khhlghr_gb_ 

 ( ) ( ): :
1q

q
dI p u I f p d

q

 
= −  − 

 (3.6.65) 

\aZbfhk\yab�bgnhjfZpbb�jZaebqby�J_gvb�k�bgnhjfZpb_c�jZaebqby�Dmev�

[ZdZ–E_c[e_jZ�^ey�g_ij_ju\guo�agZq_gbc�iZjZf_ljZ�q . 

����BgnhjfZpby�Nbr_jZ��JZkkfhljbf�iZjZf_ljbq_kdb_�jZkij_^_�

e_gby� ( )ip θ � b� ( )ip θ + δθ �� khhl\_lkl\mxsb_� fZehfm� baf_g_gbx� h^gh�

f_jgh]h�iZjZf_ljZ� δθ ��Ij_^_evgu_�agZq_gby�f_ju�Q_jgh\Z�b�bgnhjfZ�

pbb�jZaebqby�J_gvb�bf_xl�\b^ 

 
( ) ( ) ( )

( ) ( )

1

2

:

1
1 ,

2 ln 2

m
q q

q i i
i

p p

q q

−

θθ

Γ θ θ + δθ = θ θ + δθ =

−
= + Γ δθ

∑
 

(3.6.66) 

 
( ) ( ) ( )

( )

1
2

2

1
: log

1

,
2 ln 2

m
q q

q i i
i

I p p
q

q

−

θθ

θ θ + δθ = θ θ + δθ =
−

= Γ δθ

∑
 

(3.6.67)

 

]^_�\_ebqbgZ 

 
( ) ( )

2
lnm

i
i

i

p
pθθ

∂ θ 
Γ = θ ∂θ 

∑  (3.6.68) 

_klv�f_jZ�bgnhjfZpbb�Nbr_jZ�h�\_ebqbg_�g_nemdlmbjmxs_]h��iZjZf_l�

jZ� θ �\�l_hjbb�hp_gb\Zgby�fZl_fZlbq_kdhc�klZlbklbdb�>������������������@��
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JZaebqgu_� Zki_dlu� \hijhkZ� h[� bgnhjfZpbb�Nbr_jZ� fh`gh� gZclb�� gZ�

ijbf_j��\�jZ[hlZo�>��������@. 
15. f -bgnhjfZpby� jZaebqby��NmgdpbhgZevguf� h[h[s_gb_f� bg�

nhjfZpbb�jZaebqby�J_gvb 

 ( ) 2 1: logq q

p
I p u N

u−
 =   

 (3.6.69) 

hij_^_ebf�\ujZ`_gb_ 

 ( ) 1:f q

p
I p u f N

u−
  =     

, (3.6.70) 

dhlhjh_�ij_^klZ\ey_l�kh[hc�nmgdpbx�ihemghjfu�jZkij_^_e_gby� 
<�kemqZ_�lj_o�jZkij_^_e_gbc�bf__f�ihemghjfm 

 

( )1 11

1

qq
m

i
q i

i i

ww
N p

u u

−−

−

     =          
∑  (3.6.71) 

b� f -bgnhjfZpbx�jZaebqby 

( ) 1: :f q

w
I p w u f N

u−
  =     

,                     (3.6.72) 

h[h[sZxsmx�nmgdpbhgZe� ����������?keb� f �_klv�eh]Zjbnfbq_kdZy�nmgd�

pby��lh�ba����������ihemqbf�ke_^mxsbc�nmgdpbhgZe�>��@ 

 ( )
1

2

1
: : log

1

q
m

i
f i

i i

w
I p w u p

q u

−
 

=   −  
∑ . (3.6.73) 

Ijb� w p= � ba� ��������� b� ��������� ke_^mxl�� khhl\_lkl\_ggh�� 

f -bgnhjfZpby�jZaebqby����������b�bgnhjfZpby�jZaebqby�J_gvb���������� 

�����H[h[s_ggu_�ihemghjfu�b�f_ju 

JZkkfhljbf�hkgh\hiheZ]Zxsb_�h[h[s_gby�ihemghjf�ijhba\hevghc�

kemqZcghc�\_ebqbgu 

 ( )

1 qm
q

i i
i

q m

i
i

T p
N T

p

 
 

=  
   

∑

∑
 (3.7.1) 
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b�jZkij_^_e_gby 

 ( )

1
1

qm
q
i

i
q m

i
i

p
N p

p

+ 
 

=  
   

∑

∑
, (3.7.2) 

dhlhju_�hij_^_eyxlky�kihkh[hf�mkj_^g_gby� 
Ghjfbjh\ZggZy� f-ihemghjfZ�� NmgdpbhgZevguf� h[h[s_gb_f� y\�

eyxlky�\a\_r_ggu_�ghjfbjh\Zggu_�f -ihemghjfu 

 ( )
( )

( )

1

,

qm
q

i i
i

q f m

i
i

T f p
N T

f p

 
 

=  
   

∑

∑
, (3.7.3) 

 ( )
( )

( )

1

,

qm
q
i i

i
q f m

i
i

p f p
N p

f p

 
 

=  
   

∑

∑
, (3.7.4) 

]^_�nmgdpby�hl�jZkij_^_e_gby�h[eZ^Z_l�k\hckl\hf�fmevlbiebdZlb\ghklb�

( ) ( ) ( )i j i jf p p f p f p= . 

Wgljhiby�b�bgnhjfZpby�jZaebqby�ij_^klZ\eyxlky�\ujZ`_gbyfb 

 ( ) ( )
( )

( )

1

, 2 1, 2

1
log log

1

m
q
i i

i
q f q f m

i
i

p f p
H p N p

q f p

−

−

 
 

= − =  
−  

  

∑

∑
, (3.7.5) 

 ( )
( )

( )

1 1

, 2 1, 2

1
: log log

1

m
q q
i i i

i
q f q f m

i
i

p u f p
p

I p u N
u q f p

− −

−

 
  = =    −   
  

∑

∑
, (3.7.6) 

dhlhju_�bf_xl�ij_^_evgu_�agZq_gby� 
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 ( ) ( )
( ) ( )

( )
2

1

log
lim

m

i i
i

f q mq

i
i

p f p
H p H p

f p
→

= = −
∑

∑
, (3.7.7) 

 ( ) ( )
( )

( )

2

1

log

: lim :

m
i

i
i i

f q mq

i
i

p
f p

u
I p u I p u

f p
→

 
   = =

∑

∑
, (3.7.8) 

h[h[sZxsb_�wgljhibx�R_gghgZ–<bg_jZ�b�bgnhjfZpbx�jZaebqby�Dmev�

[ZdZ–E_c[e_jZ� 
<�dZq_kl\_�ijbf_jZ�ijb\_^_f�kemqZc�mkj_^g_gby�ijb�ihfhsb�jZk�

ij_^_e_gby 

 ( )
i

i

s
i

i m
s
i

i

p
f p

p
=

∑
, (3.7.9) 

 
qlh�^Z_l��kh]eZkgh����������ke_^mxsmx�wgljhibx�>���@ 

 ( )
1

2

1
log

1

i

i

m
q s
i

i
q m

s
i

i

p
H p

q p

+ − 
 

=  
−  

  

∑

∑
, (3.7.10) 

]^_� 1is ≥ , 1q ≠ �b� 0q > . 

Ijb� is s= �ba����������\ul_dZ_l�nmgdpbhgZe 

 ( )
1

2

1
log

1

m
q s
i

s i
q m

s
i

i

p
H p

q p

+ − 
 

=  
−  

  

∑

∑
 (3.7.11) 

k� 1s≥ , 1q ≠ �b� 0q > ��dhlhjuc�bamqZeky�\�jZ[hlZo�>������@� 

F_jZ� klZlbklbq_kdh]h� jZkklhygby�� ?keb� \� ��������� iheh`blv�

1 q s r− = − ��Z�ijb� 1s = �k^_eZlv�aZf_gm� q �gZ� 1q r− + ��lh�ihemqbf�khhl\_l�

kl\mxsb_�wgljhibb� 
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 ( ) ( )2 2

1
log log

m
r
i

s s i
r r m

s
i

i

p
H p T p

s r p

 
 

= − =  
−    

∑

∑
 (3.7.12) 

k� r q≠ , 0r > �b� 0s > �>��@�b 

 ( ) 1
2

1
log

m
r q r
q i

i
H p p

r q
− +=

−
∑  (3.7.13) 

k� 1r q r− < < , 1r ≥ � >���@��NmgdpbhgZe� ���������y\ey_lky�h[h[s_gghc�f_�

jhc�klZlbklbq_kdh]h�jZkklhygby� ( )s
rT p �f_`^m� rp �b� sp  [63, 66]. 

( ),3h -wgljhiby��Hij_^_ebf�^ey�dZ`^hc�kemqZcghc�\_ebqbgu� T �b�

ex[uo�qbk_e�q �b� s �nmgdpbx 

 ( )

sm
q

i i
s i
q m

i
i

T p
G T

p

 
 

=  
   

∑

∑
, (3.7.14) 

dhlhjZy�ijb�\uiheg_gbb�\_jhylghklghc�ghjfbjh\db�bf__l�\b^ 

 ( )
sm

s q
q i i

i
G T T p

 =   
∑ . (3.7.15) 

Nmgdpby����������y\ey_lky�\a\_r_gguf�kj_^gbf�ih�Dhefh]hjh\m–GZ]mfh�
ijb� 1s q= .  

<ujZ`_gb_����������^ey�jZkij_^_e_gby 

 ( )1

sm
s q
q i

i
G p p−

 =   
∑  (3.7.16) 

b�_]h�k\hckl\Z�jZkkfZljb\Zebkv�\�jZ[hlZo�>����������������@��Z�khhl\_lkl�

\mxsZy�wgljhiby 

 ( ) ( )2 1 2log log
m

s s q
q q i

i
H p G p s p−= − = − ∑  (3.7.17) 

ij_^klZ\ey_l�kh[hc� ( ),h φ -wgljhibx�>���@� 
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 ( ) ( )
m

h
i

i
H p h pφ

 = φ  
∑  (3.7.18) 

ijb�nmgdpbyo�kl_i_gghc� ( ) qp pφ = �b�eh]Zjbnfbq_kdhc� ( ) 2logh G G= − . 

JZkkfhlj_ggu_� ^\moiZjZf_ljbq_kdb_� wgljhibb� b� bgnhjfZpby� jZa�

ebqby�bf_xl�eh]Zjbnfbq_kdmx�f_jm�b�bkke_^h\Zebkv�\�khhl\_lkl\mxsbo�

jZ[hlZo�dZd�h[h[sZxsb_�\ujZ`_gby�^ey�wgljhibb�b�bgnhjfZpbb�jZaeb�

qby�J_gvb� 

�����>\mo-�b�k-iZjZf_ljbq_kdZy�bgnhjfZpby�jZaebqby� 
�F_jZ�OZmk^hjnZ 

Ihemqbf�^\moiZjZf_ljbq_kdbc�ZgZeh]�bgnhjfZpbb�jZaebqby�J_gvb��

>ey�q_]h�jZkkfhljbf�fbgbfmf�bgnhjfZpbb�jZaebqby�Dmev[ZdZ-E_c[e_jZ 

 ( ) 2: log
m

i
i

i i

f
I f p f

p

 
=    

∑  (3.8.1) 

ijb� nbdkbjh\Zgguo� jZkij_^_e_gbyo� { }1, , mp p p= ! � b� { }1, , mu u u= ! � k�

mkeh\b_f�khojZg_gby�ghjfbjh\db�^ey� { }1, , mf f f= ! �b�^\mo�f_j�g_lhq�

ghklb 

 ( ) ( )2: log
m

i i
i

H f p p f= −∑ ,   ( ) ( )2: log
m

i i
i

H f u u f= −∑ . (3.8.2) 

<\_^_f� g_hij_^_e_ggu_�fgh`bl_eb�EZ]jZg`Z� ( )1 q− , τ , α � b�� kh�

]eZkgh� \ZjbZpbhgghfm� ijbgpbim�� bkke_^m_f� [_amkeh\guc� wdklj_fmf�

nmgdpbhgZeZ�>��@ 

 
( ) ( )

( )

2 2

2

log 1 log

log .

m m
i

i i i
i ii

m m

i i i
i i

f
L p q p f

p

u f f

 
= + − +   

+τ + α

∑ ∑

∑ ∑
 

(3.8.3) 

<Zjvbjmy�nmgdpbhgZe�b�bkihevamy�jZ\_gkl\h� 

 
[ ( )2 2

2

1
log 1 log

ln 2

log 0,

m
i

i i
i i

i

f
L f q p

p

u

δ = δ + + − +

+τ + α =

∑
 

(3.8.4)
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ihemqbf�ghjfbjh\Zggh_�jZkij_^_e_gb_ 

 ( )1 ,q
i i if p u q−τ −= τΓ . (3.8.5) 

A^_kv�hij_^_e_gZ�h[h[s_ggZy�f_jZ 

 ( )
1

,
q

q
m m

q i
i i i D

i i
i

p
q p u p

u

−

−τ
 
 τ = =
  

∑ ∑Γ  (3.8.6) 

b�\_ebqbgZ 

 
1qD

q

τ=
−

, (3.8.7) 

\�dhlhjuo� q �b� τ �_klv�^_ckl\bl_evgu_�qbkeZ��f_gyxsb_ky�\�ij_^_eZo�^h�

imklbfuo�agZq_gbc� 
Ih^klZ\bf� jZkij_^_e_gb_� �������� \� \ujZ`_gby� bgnhjfZpbc� jZaeb�

qby�b�jZkoh`^_gby 

 

( )

( ) ( )

2

2 2

: log

1 log log , ,
i

m
i

i
i i

m
i

iD
i i

f
I f p f

p

p
q f q

u

 
= =   

 
= − − Γ τ   

∑

∑
 

(3.8.8) 

 

( )

( ) ( )

2

2 2

: log

1 log log , ,
i

m
i

i
i i

m
i

iD
i i

p
I p f p

f

p
q p q

u

 
= =   

 
= − + Γ τ   

∑

∑
 

(3.8.9)

 

 

( ) ( ) ( )

( ) ( )2

: : :

1 log
i

m
i

i iD
i i

J f p I f p I p f

p
q f p

u

= + =

 
= − −   

∑
 

(3.8.10)
 

b�ihke_�ij_h[jZah\Zgbc�bf__f�ke_^mxsb_�khhlghr_gby�>��@ 

 ( ) ( ) ( ),: : :
1 qD q

q
I f p I f u I p u

q τ= −
−

, (3.8.11) 
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 ( ) ( ) ( ),

1
: : :

1 qq DI p f I p u I p u
q τ= −

−
, (3.8.12) 

 ( ) ( ) ( ) ( )1
: : : :

1 1 q qD D

q
I f p I p f I f u I p u

q q
+ = −

− −
. (3.8.13) 

<����������–����������\\_^_gu�g_klZg^Zjlgu_�bgnhjfZpbb�jZaebqby 

 

( ) ( ) ( )

( ) ( )2

:

log : ,

q

q

m

D i q i i
i

m
i

i qD
i

i

I f u h f D h u f

f
f H f D H f u

u

 = − − = 

 
  = = − −   

∑

∑
 

(3.8.14)
 

 

( ) ( ) ( )

( ) ( )2

:

log :

q

q

m

D i q i i
i

m
i

i qD
i

i

I p u h p D h u p

p
p H p D H p u

u

 = − − = 

 
  = = − −   

∑

∑
 

(3.8.15)

 

b�^\moiZjZf_ljbq_kdbc�ZgZeh]�bgnhjfZpbb�jZaebqby�J_gvb 

 

( ) ( )1

, 2

1

2 2 1

1
: log

1

1
log log .

1

q

q

q q

m D qq
q D i i

i

q
m

i
i qD D

i
i

I p u p u
q

p p
p N

q u u

−

−

−

= =
−

    = =   −   

∑

∑
 

(3.8.16) 

Ijb� 1qD = �ba���������–(3.8.16��\ul_dZ_l�bgnhjfZpby�jZaebqby�Dmev[ZdZ-

E_c[e_jZ�b�J_gvb 

 
( ) ( )

( ) ( )

1 2

1
,1 2

: : log ,

1
: : log .

1

m
i

i
i i

m
q q

q q i i
i

p
I p u I p u p

u

I p u I p u p u
q

−

 
= =    

= =
−

∑

∑
 (3.8.17) 

G_�jZkkfZljb\Zy�\k_�k\hckl\Z�nmgdpbhgZeh\��hlf_lbf�ebrv�g_dhlh�

ju_�ba�gbo�� 
���<uimdehklv�b�Z^^blb\ghklv��BgnhjfZpby�jZaebqby����������_klv�

\uimdeuc��Z^^blb\guc�nmgdpbhgZe�^ey�g_aZ\bkbfuo�h[t_dlh\� 
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 ( ) ( ) ( ), 12 12 , 1 1 , 2 2: : :
q q qq D q D q DI p u I p u I p u= + . (3.8.18) 

Ijb� 1qD > �b� 0q >  ( 1qD < �b� 0q < ��hg�bf__l�iheh`bl_evgh_��hljb�

pZl_evgh_��agZq_gb_��?keb� 0q = ��lh�kijZ\_^eb\u�jZ\_gkl\Z 

 ( ) ( )0,1 0, 2: 0, : log q

q

m D

D i
i

I p u I p u u= = − ∑ , (3.8.19) 

Z�ijb� p u= �bf__f�g_gme_\u_�agZq_gby 

 
( ) ( )( )

( ) ( )( ) ( )

1 1 1

, 2

1 1 1

1
: log

1

1 ,

q

q

q

m D q

q D i
i

q D q

I p p p
q

D H p

+ − −

+ − −

= =
−

= − −

∑
 

(3.8.20)
 

 ( ) ( ) ( )1, : 1
qD qI p p D H p= − − . (3.8.21) 

���BgnhjfZpby�jZaebqby�k� 1iu m= .�Ijb�jZ\gh\_jhylghf�jZkij_�

^_e_gbb� 1iu m= �ba����������ihemqbf�nmgdpbhgZe 

 
( )

( )

( )

1

, 2

2

1 1
: log

1

log .

q

q

D qm
q

q D i
i

q q

I p u p
q m

H p D m

− = = −  
 = − − 

∑
 

(3.8.22)

 

Ba� mkeh\bc� \uimdehklb� \ul_dZ_l�� qlh� wgljhiby� J_gvb� f_gvr_�

�[hevr_��\ujZ`_gby� 2logqD m�ijb� 0q > �b� 1qD >  ( 0q < �b� 1qD < ). 

��� JZkoh`^_gb_�� Dhebq_kl\_ggZy� f_jZ� jZkoh`^_gby� hij_^_ey_lky�

ke_^mxsbfb�\ujZ`_gbyfb 

 
( ) ( ) ( )

( ) ( ) ( ) ( )

: : :

: : ,

q q qD D D

q

J p u I p u I u p

H p H u D H p u H u p

= + =

= − + + +      
 

(3.8.23) 

 

( ) ( ) ( )
( ) ( )

, , ,

1 1

2 2

: : :

1
log log .

1

q q q

q q

q D q D q D

m mD q D qq q
i i i i

i i

J p u I p u I u p

p u u p
q

− −

= + =

 = + −  
∑ ∑

 
(3.8.24)

 

���F_jZ�g_lhqghklb��F_jZ�klZlbklbq_kdhc�g_lhqghklb�hij_^_e_gby�
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h^gh]h�khklhygby�kemqZcgh]h�h[t_dlZ�hlghkbl_evgh�^jm]h]h�hij_^_ey_lky�

nmgdpbhgZeZfb� 

 

( ) ( ) ( )

( ) ( )2

: :

: log ,

q qD D

m

q q i i
i

H p u H p I p u

D H p u D u p

= + =

= − = − ∑
 

(3.8.25)
 

 

( ) ( ) ( )

( )
( )

, ,

1
2 2 1

1

: :

1
log log .

1

q q

q

q

q D q q D

m
q
i

q i
m D qq

i iq D i

H p u H p I p u

pN p

qp p uN
u

−

−

−

= + =

= − =
− 

 
 

∑

∑

 
(3.8.26)

 

��� F_jZ� OZmk^hjnZ�� H[h[s_ggZy� f_jZ� ( ),q τΓ � jZkkfZljb\ZeZkv� 

\�l_hjbb�bgnhjfZpbb�>���@��Hlf_lbf�\aZbfhk\yav�__�k�f_jhc�OZmk^hjnZ�

\�l_hjbb�fmevlbnjZdlZeh\��>ey�wlh]h�jZkkfhljbf�fgh`_kl\h� ω ��dhlhjh_�

jZaeh`bf�gZ�kq_lgh_�qbkeh�ih^fgh`_kl\� iω �k�^bZf_ljZfb� i <A A  ( )0>A . 

Ih^fgh`_kl\Z�bf_xl�jZaf_jghklv� ( )−τ ��<_jhylghklv��qlh� we_f_gl�fgh�

`_kl\Z� ω �gZoh^blky�\� iω �_klv� ip ��Lh]^Z�\�l_hjbb�fmevlbnjZdlZeh\�\\h�

^blky�lZd�gZau\Z_fZy�klZlbklbq_kdZy�kmffZ�>��@ 

 { }( )
( )

, , ,
m m

q
i i i

i
q p

=
−ττ ω = ∑

A

A AΓ , (3.8.27) 

]^_�qbkeh�khklhygbc� rm c −≈ A . 
H[h[s_gb_�f_ju�OZmk^hjnZ�gZ�kemqZc�fmevlbnjZdlZeh\�_klv�\_eb�

qbgZ�>��@ 

 ( )
( )

0
, lim

m
q
i i

i
q p −τ

→
τ = ∑

A

A

AΓ . (3.8.28) 

>ey�dZ`^h]h� q �kms_kl\m_l�h^gh�agZq_gb_� ( )qτ = τ �b�f_jZ�bf__l�dh�

g_qgh_�agZq_gb_�\�ij_^_eZo� ( )0 ,q< τ < ∞Γ ��Lh]^Z�\\h^blky�h[h[s_ggZy�

jZaf_jghklv�J_gvb 

 
( )

0
1q

q
D

q

τ
= ≥

−
, (3.8.29) 
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dhlhjZy�ijb� 0τ = �bf__l�agZq_gb_� 0qD = ��Z�ijb� 0q = �b� ( )0 1τ = �kh\iZ^Z�

_l�k�jZaf_jghklvx�OZmk^hjnZ� 0D r= − ��<�blh]_�f_jZ� ( )0,1Γ �ij_^klZ\ey�

_l�kh[hc�ba\_klgmx� 0D -f_jgmx�f_jm�OZmk^hjnZ�fgh`_kl\Z�ω  

 ( )
( )

0
, lim

m
q
i i

i
q p −τ

→
τ = ∑

A

A

AΓ . (3.8.30) 

Wlb� k\_^_gby� ba� l_hjbb� fmevlbnjZdlZeh\� ihdZau\Zxl�� qlh� h[h[�

s_ggZy�f_jZ�OZmk^hjnZ����������k\yaZgZ�k�h[h[s_gghc�f_jhc���������ke_�

^mxs_c�aZ\bkbfhklvx 

 ( ) ( )
0

, lim ,q q−τ
→

τ = τ
A

AΓ Γ  (3.8.31) 

ijb� i iu = A A . 

���Ghjfbjh\Zgghklv�b�jZaf_jghklv��>\moiZjZf_ljbq_kdbc�ZgZeh]�

bgnhjfZpbb�jZaebqby�J_gvb����������g_�m^h\e_l\hjy_l�mkeh\bx�ghjfbjh�

\Zgghklb�gZ�_^bgbpm��KijZ\_^eb\h�khhlghr_gb_ 

 ,

1 1
1,0; ,

2 2qq D qI D  =  
. (3.8.32) 

Nbabq_kdZy�[_ajZaf_jgZy�bgnhjfZpby�jZaebqby�bf__l�ke_^mxsbc�\b^ 

 ( ) ( )1

,

1
: ln

1
q

q

m D qphys q
q D i i

i
I p u p u

q

−=
−

∑ . (3.8.33) 

NmgdpbhgZe����������_klv�hlghr_gb_�\ujZ`_gby����������d�agZq_gbx�

nbabq_kdhc�wgljhibb� ( )phys
qH u �ijb�jZ\gh\_jhylghf�khklhygbb�k� 2m= , 

lh�_klv�\uihegy_lky�jZ\_gkl\h� 

 ( )
( ),

,

:
:

1 1
,

2 2

q

q

phys
q D

q D
phys
q

I p u
I p u

H
=

 
  

,   
1 1

, ln 2
2 2

phys
qH   =  

. (3.8.34) 

>ey� \lhjh]h� ^\moiZjZf_ljbq_kdh]h� ZgZeh]Z� bgnhjfZpbb� jZaebqby�

J_gvb�bf__f�\ujZ`_gb_� 
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 ( )
( )

( )
( ), 1

, 2

: 1
: log ,

1 1 11,0; ,
2 2

q q

q

phys
mq D D qq

q D i i
iphys q

q

I p u
I p u p u

D qI

−= =
− 

  

∑  (3.8.35) 

dhlhjh_�m^h\e_l\hjy_l�mkeh\bx�ghjfbjh\Zgghklb 

 ,

1 1
1,0; , 1

2 2qq DI   =  
. (3.8.36) 

Ijb� 1qD = �h[Z�ZgZeh]Z�kh\iZ^Zxl�k�bgnhjfZpb_c�jZaebqby�J_gvb� 

7. k-iZjZf_ljbq_kdZy�bgnhjfZpby�jZaebqby��GZoh^bf�[_amkeh\�
guc�wdklj_fmf�wgljhibb�R_gghgZ–<bg_jZ�ijb�aZ^Zgghklb� k �f_j�g_lhq�

ghklb� ( ): rH f p � k� nbdkbjh\Zggufb� jZkij_^_e_gbyfb�

{ }1 2, , ,r r r rmp p p p= !  ( )1, ,r k= ! � b� khojZg_gbb� ghjfbjh\db� ^ey�

{ }1, , mf f f= ! ��Ba�jZ\_gkl\Z�gmex�i_j\hc�\ZjbZpbb�nmgdpbhgZeZ 

 ( ) ( )2 2log log
m k m m

i i r ri i i
i r i i

L f f p f f= − + α + α∑ ∑ ∑ ∑ , (3.8.37) 

]^_� kα  –�fgh`bl_eb�EZ]jZg`Z��ihemqbf�ghjfbjh\Zggh_�jZkij_^_e_gb_ 

 
1 2

1 2

1 2

1 2

k

k

i i ki
i m

i i ki
i

p p p
f

p p p

αα α

αα α
=

∑

!

!

,    1
m

ri
i

p =∑ . (3.8.38) 

Ihke_� ih^klZgh\db� ��������� \� wgljhibx� ihemqbf� __� fZdkbfZevgh_�

agZq_gb_ 

 ( ) ( ) 1 2
2 1 2: log k

k m

r r i i ri
r i

H f H f p p p pαα α= α −∑ ∑ ! , (3.8.39) 

dhlhjh_�ihke_�^_e_gby�gZ�ijhba\_^_gb_�
k

r
r

α∏ �ijbf_l�\b^� 
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( ) ( )

( )
1 2, , , 1 2

1 1
:

: : : .
k

k

r rk k
r

r r
r r

k

H f H f p

I p p pα α α

= α +
α α

+

∑
∏ ∏

!

!

 

(3.8.40)

 

A^_kv�\\_^_gZ� k -iZjZf_ljbq_kdZy�bgnhjfZpby�jZaebqby 

 

( )
( )

1 2

1 2
1 2

1 2

, , , 1 2

1

2 1 2

2 1 2
1 2

: : :

log

1
log .

k

k
k

k

k

m

i i ki
i

m

i i ki
ik

I p p p

p p p

p p p

α α α

α α α
αα α

αα α

=

 = − =  

= −
α α α

∑

∑

!

!

!

!

!
!

 

(3.8.41)

 

JZkkfhljbf� ijbf_j� k� ^\mfy� jZkij_^_e_gbyfb� 1i ip p= � b� 2i ip u= . 

Imklv� kijZ\_^eb\h�jZ\_gkl\h� 1 2 1α + α = �k� 1 qα = �b� 2 1 qα = − ��Lh]^Z�ba�

���������\ul_dZ_l�q -bgnhjfZpby�jZaebqby�>���@ 

 

( ) ( )
( )

1
,1 2

1 11
*

2 1 2

1
: log

1

log log .

m
q q

q q i i
i

qq

q q

I p u p u
q q

p u
N N

u p

−
−

−

− −

= − =
−

    = =          

∑
 

(3.8.42)

 

Ijb� 0q = �b� 1q = �bf__f��khhl\_lkl\_ggh��\ujZ`_gby�bgnhjfZpbc�jZaeb�

qby�Dmev[ZdZ–E_c[e_jZ 

 ( )0,1 2: log
m

i
i

i i

u
I p u u

p

 
=    

∑ , (3.8.43) 

 ( )1,0 2: log
m

i
i

i i

p
I p u p

u

 
=    

∑ . (3.8.44) 

�����Lbi�Z^^blb\ghc�q-wgljhibb�b�q -bgnhjfZpbb� 
jZaebqby 

JZkkfhljbf� khklhygb_� kemqZcgh]h� h[t_dlZ�� dhlhjh_� hibku\Z_lky�

fmevlbiebdZlb\guf�jZkij_^_e_gb_f� ij i jp p p= �� Z� ip �b� jp � _klv�jZkij_�
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^_e_gby�^\mo�g_aZ\bkbfuo�h[t_dlh\��Lh]^Z�\uihegy_lky�k\hckl\h�fmev�

lbiebdZlb\ghklb�ihemghjfu 

 1 2N N N= , (3.9.1) 

]^_� ( )1 12qN N p−= , ( )1 1 1qN N p−= �b� ( )2 1 2qN N p−= . 

Imklv�\uihegy_lky�k\hckl\h�Z^^blb\ghklb�^ey�wgljhibb�\�\b^_�jZ�

\_gkl\Z 

 1 2H H H= + , (3.9.2) 

\�dhlhjhf� ( )H H N= , ( )1 1H H N= �b� ( )2 2H H N= . 

<�wlhf�kemqZ_�ihemqbf�^bnn_j_gpbZevgh_�mjZ\g_gb_�>�����@ 

 1 2

1 2

ln lnln d N d Nd N

dH dH dH
= = = −λ , (3.9.3) 

j_r_gb_f�dhlhjh]h�y\ey_lky�nbabq_kdZy�[_ajZaf_jgZy�wgljhiby� 

 ( ) ( )1
1lnphys

q qH p N p−
−= −λ  (3.9.4) 

k�lhqghklvx�^h�dhwnnbpb_glZ� 1−λ . 
Mqblu\Zy� mkeh\b_� ghjfbjh\Zgghklb� wgljhibb� \� l_hjbb� bgnhjfZ�

pbb��ihemqbf� ln 2λ = �b�hdhgqZl_evgh�bf__f�wgljhibx�J_gvb 

 ( ) ( )2 1 2

1
log log

1

m m
q

q q i i
i i

H p N p p p
q−

 = − =  −  
∑ ∑ . (3.9.5) 

:gZeh]bqgh�bkihevam_f�ihemghjfu 

 12
1

12
q

p
N N

u−

 
=    

, 1
1 1

1
q

p
N N

u−

 
=    

, 2
2 1

2
q

p
N N

u−

 
=    

, (3.9.6) 

m^h\e_l\hjyxsb_� mkeh\bx� fmevlbiebdZlb\ghklb� ��������� b� aZdhg� Z^^b�

lb\ghklb�^ey�bgnhjfZpbc�jZaebqby 

 1 2I I I= +  (3.9.7) 

Ihke_�\uqbke_gbc�bf__f�mjZ\g_gb_ 

 1 2

1 2

ln lnln d N d Nd N

dI dI dI
= = = λ , (3.9.8) 

\ujZ`_gb_�nbabq_kdhc�[_ajZaf_jghc�bgnhjfZpbb�jZaebqby� 
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 ( ) 1
1: lnphys

q q

p
I p u N

u
−

−
 = λ   

 (3.9.9) 

b�nmgdpbhgZe�J_gvb 

 ( )
1

2 1 2

1
: log log

1

m
q q
i i

i
q q m

i
i

p u
p

I p u N
u q p

−

−

 
  = =    −     

∑

∑
. (3.9.10) 

GZijbf_j��ijb�bkihevah\Zgbb�h[h[s_gghc�ihemghjfu� ��������bf_�

_f�ke_^mxsb_�agZq_gby�nmgdpbhgZeh\ 

 ( )
( )

( )

1

2

1
log

1

m
q
i i

i
q m

i
i

p f p
H p

q f p

− 
 

=  
−    

∑

∑
, (3.9.11) 

 ( )
( )

( )

1 1

2

1
: log

1

m
q q
i i i

i
q m

i
i

p u f p
I p u

q f p

− − 
 

=  
−    

∑

∑
. (3.9.12) 

Ijb� wlhf�^he`gh� \uihegylvky� k\hckl\h�fmevlbiebdZlb\ghklb�nmgdpbb�

( ) ( ) ( )i j i jf p p f p f p= ��k�ihfhsvx�dhlhjhc�ijhba\h^blky�mkj_^g_gb_�\�

khhl\_lkl\mxsbo�ihemghjfZo� 
LZdbf� h[jZahf�� bf__f� h^bg� lbi� eh]Zjbnfbq_kdhc� aZ\bkbfhklb� hl�

jZkkfZljb\Z_fuo� ihemghjf�� khhl\_lkl\mxsbc� k\hckl\m� Z^^blb\ghklb�

wgljhibb�b�bgnhjfZpbb�jZaebqby� 

������Wdklj_fmf�wgljhibb�J_gvb� 
b�ijbeh`_gby 

Bkke_^m_f�wdklj_fZevgu_�k\hckl\Z�f_j�J_gvb��iha\heyxsb_�gZoh�

^blv� gZb[he__� \_jhylgh_� jZkij_^_e_gb_� \� kemqZ_� aZ^Zgghklb� kj_^g_]h�

agZq_gby�ijhba\hevghc�kemqZcghc�\_ebqbgu� 
Ijb\_^_f�hkgh\gu_�hij_^_e_gby� 
Hij_^_e_gb_� ���<a\_r_ggh_� kj_^g__� dZ`^hc� kemqZcghc� \_ebqbgu�

{ }1, , mT T T= ! � \� khklhygbb� k� iZjZf_ljbah\Zgguf� jZkij_^_e_gb_f�

{ }1, , mf f f= ! �jZ\gh� 
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 ( )

m
q

i im
i

q i i m
qi
i

i

T p
T T f

p
= =

∑
∑

∑
E ,    1

m

i
i

p =∑ . (3.10.1) 

?keb� 1ip = � beb� 1ip m= �� lh� \ujZ`_gb_� ��������� jZ\gy_lky� h[uqghfm�

kj_^g_fm�Zjbnf_lbq_kdhfm 

 ( ) 1 m

q i
i

T T
m

= ∑E . (3.10.2) 

Ba�hij_^_e_gby���\ul_dZxl�ke_^mxsb_�k\hckl\Z� 
��� H^ghjh^ghklv� b� ghjfbjh\Zgghklv �� Ijb� aZf_g_� p � gZ� pλ  

( )0a > ��\ujZ`_gb_����������y\ey_lky�h^ghjh^guf�nmgdpbhgZehf�gme_\hc�

kl_i_gb�hlghkbl_evgh� p ��qlh�hagZqZ_l�_]h�h^ghjh^ghklv� 

Ghjfbjh\Zgghklv�gZ�_^bgbpm�hagZqZ_l�\uihegbfhklv�jZ\_gkl\Z 

 ( )1 1q =E . (3.10.3) 

���:^^blb\ghklv�b�fmevlbiebdZlb\ghklv ��Imklv�kemqZcgZy�\_eb�

qbgZ� 12 1 2T T T= + �beb� 12 1 2T T T= �jZ\gy_lky��khhl\_lkl\_ggh��kmff_�kemqZc�

guo�\_ebqbg�beb�ijhba\_^_gbx�h^gh]h�beb�^\mo�g_aZ\bkbfuo�h[t_dlh\��

Lh]^Z�ihemqbf�jZ\_gkl\Z 

 ( ) ( ) ( )12 1 2q q qT T T= +E E E , (3.10.4) 

 ( ) ( ) ( )12 1 2q q qT T T=E E E , (3.10.5) 

hagZqZxsb_� Z^^blb\ghklv�b�fmevlbiebdZlb\ghklv�gZ[ex^Z_fuo�fZdjh�

kdhibq_kdbo�\_ebqbg� 
Hij_^_e_gb_� ���GZqZevgu_�b�p_gljZevgu_�fhf_glu� n -]h�ihjy^dZ�

kemqZcghc�\_ebqbgu�T �jZ\gu 

 
m

n
n i i

i
T fα = ∑ , (3.10.6) 

 ( )
nm

n i q i
i

T T f µ = − ∑ E , (3.10.7) 

]^_� ( )i i qT T T∆ = − E �_klv�nemdlmZpby��kj_^g__�agZq_gb_�dhlhjhc�jZ\gy_l�

ky�gmex� 
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<gZqZe_�jZkkfhljbf�wdklj_fmf�wgljhibb�J_gvb 

 ( ) 2

1
log

1

m
q

q i
i

H p p
q

=
−

∑   (3.10.8) 

ijb�^hihegbl_evguo�mkeh\byo�aZ^Zgghklb�kj_^g_]h�agZq_gby�ijhba\hev�

ghc�kemqZcghc�\_ebqbgu� { }1, , mT T T= ! �b�ghjfbjh\db�jZkij_^_e_gby 

 ( )
m

q i i
i

T T f= ∑E ,   1
m

i
i

p =∑ .  (3.10.9) 

<Zjvbjm_f�ke_^mxsbc�nmgdpbhgZe 

 2

1
log

1

m m m
q
i i i i

i i i
L p T f p

q
= + τ − α

−
∑ ∑ ∑   (3.10.10) 

b�ba�mkeh\by 
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1 1 0,

m

q i
i

m
q

i im m
q qi

i i i i im m
q qi i
i i

i i

L H p p

T p
q

T p p p p
p p

− −

δ = δ − α δ +

 
 τ+ δ − δ = 
 
  

∑

∑
∑ ∑

∑ ∑

  
(3.10.11) 

]^_�i_j\Zy�\ZjbZpby�wgljhibb�J_gvb�b�kj_^g_]h�agZq_gby 

 ( )
( )

( ) ( )

1ln

1 ln 2 1 ln 2

m m
q

i i i i
i i

q m
q
i

i

q f p q p p
H p

q q p

−δ δ
δ = =

− −

∑ ∑

∑
,  (3.10.12) 

 ( ) ( ) ( ) ( )1ln
m m

q
q i i i i i im

qi i
i

i

q
T q f T p p T p

p

−δ = ∆ δ = ∆ δ∑ ∑
∑

E ,  (3.10.13) 

ihemqbf�jZ\_gkl\h 

 
( )

( ) ( ){ }
1

1 1 ln 2 0
1 ln 2

q
i

i qm
q
i

i

qp
q T T

q p

−
 + − τ − − α = 

− ∑
E .  (3.10.14) 
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Ba�����������ke_^m_l�ghjfbjh\Zggh_�jZkij_^_e_gb_ 

 ( ) ( ){ }
( )

( )
1 1

11 1 ln 2
q

i i q qp q T T
−

− = + − τ − τ E Γ .  (3.10.15) 

A^_kv�nmgdpby� 

 ( ) ( ) ( ){ }
( )1 1

1 1 ln 2
qm

q i q
i

q T T
−

 τ = + − τ − ∑ EΓ   (3.10.16) 

aZ\bkbl�hl� q �b� τ ��dhlhju_�f_gyxlky�\�ij_^_eZo�^himklbfuo� agZq_gbc��

Ijb� ( ) ( )1 1 ln 2 0i qq T T + − τ − < E �bf__f� 0ip = ��Z�ijb� 1q = �ba� ����������

ihemqbf�jZkij_^_e_gb_���������klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ 

 ( )12 iT
ip τ −= τΓ , ( ) 2 i

m
T

i

ττ = ∑Γ .  (3.10.17) 

Ih^klZ\eyy�����������\�����������ihemqbf 
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1
log

1
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q

q i
i

H p p
q

= =
−
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1

2

1
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1 1 1 ln 2

qm
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i
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p
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− τ = = −   + − τ −  
∑

E
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( ) ( ) ( )
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1
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1 ln 21
log

1
1 1 ln 2

q
m q i i qq

q
i

i q

q p T T

q
q T T

−
−

  − τ τ −  = τ − = −   + − τ −  
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E

E

Γ
Γ  

 ( ) ( ) ( )1
2

1
log 1 ln 2

1

m m
q q

q i i q i
i i

q p T T f
q

−    = τ − − τ − =    −    
∑ ∑ EΓ  

 ( ) ( )1
2 2

1
log log

1
q

q qq
−= τ = τ

−
Γ Γ .  (3.10.18) 

Kh]eZkgh������������\ul_dZ_l�jZ\_gkl\h 

 ( )
( )

( )
1 1 1

1

qm
q

q i q
i

p N p
− −

−
   τ = =    
∑Γ   (3.10.19) 

b�^bnn_j_gpbZevgh_�khhlghr_gb_ 

 ( ) ( )q qdH p d T= −τ E   (3.10.20) 
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f_`^m�wgljhib_c�J_gvb�b�kj_^gbf�agZq_gb_f�kemqZcghc�\_ebqbgu�T . 
>Ze__�iheh`bf��qlh�jZkij_^_e_gb_� p �ijhba\hevgh_��Z�jZkij_^_e_�

gb_�u �bf__l�\b^ 

 ( ) ( ){ } ( ) ( )1 1 1
0 0 01 1 ln 2 ,

q

i i q qu q T T
− − = + − τ − τ E Γ   (3.10.21) 

]^_ 

 ( ) ( ) ( ){ } ( )1 1

0 0 01 1 ln 2
m q

q i q
i

q T T
− τ = + − τ − ∑ EΓ ,  (3.10.22) 

 ( )0

m
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i
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q
i

i

T u
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=

∑

∑
E .  (3.10.23) 

GZoh^bf�bgnhjfZpbx�jZaebqby�J_gvb�>��@ 
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I p u p u
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−= =
−
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2 2

1 1
log log
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f u p p
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− = = + − − 
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2 0 0 0
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log 1 1 ln 2

1

m
q

i i q q
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f q T T
q

− + + − τ − τ = −
∑ E Γ  

 2 2

1 1
log log

1 1

m m
q q
i i

i i
p u

q q
= − +

− −
∑ ∑   

 ( ) ( ) ( ){ }2 0 0

1
log 1 1 ln 2

1 q qq T T
q

 + + − τ − = −
E E  

( ) ( ) ( ) ( ) ( ){ }2 0 0

1
log 1 1 ln2 . (3.10.24)

1q q q qH p H u q T T
q

   = − − + + − τ −   −
E E  

Ijb� 1q = � ba� ���������� ke_^m_l� agZq_gb_� bgnhjfZpbb� jZaebqby�

Dmev[ZdZ–E_c[e_jZ����������klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
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( ) ( )

( ) ( ) ( ) ( )
1

0 0

: lim :

.

qq

q q q q

I p u I p u

H p H u T T

→
= =

   = − − − τ −   E E
  

(3.10.25)
 

Imklv�kemqZcgufb�h[t_dlZfb�y\eyxlky�qZklbpu��jZkkfZljb\Z_fu_�

\�klZlbklbq_kdhc�nbabd_��Iheh`bf��qlh� ln 2kβ = − τ �_klv�h[jZlgZy�l_fi_�

jZlmjZ�� iH  –� ^bkdj_lgu_� agZq_gby� wg_j]bb� qZklbpu� b� ( )q qE H= E  – 

kj_^gyy�wg_j]by�qZklbpu��Lh]^Z�wdklj_fmf�nbabq_kdhc�wgljhibb�J_gvb 

 ( ) ( ) ( )ln ln
1

m
q

q i q q q
i

k
H p p k E F

q
= = β = β −

−
∑ Γ   (3.10.26) 

^hklb]Z_lky��kh]eZkgh������������ijb�jZ\gh\_kghf�jZkij_^_e_gbb 

 ( ) ( ){ } ( )
( )

1 1
1 11 1

q

i i q qp q k H E
−

− −= + − β − βΓ ,  (3.10.27) 

]^_� qF  –�k\h[h^gZy�wg_j]by��>bnn_j_gpbZevgu_�khhlghr_gby 

 ( )q qTdH p dE= , ( )q qdF H p dT= −   (3.10.28) 

khhl\_lkl\mxl�khhlghr_gbyf�jZ\gh\_kghc�klZlbklbq_kdhc�l_jfh^bgZfb�

db�aZfdgmluo�kbkl_f�>�@� 
Hldjulu_� kbkl_fu��gZoh^ysb_ky� \� hdjm`_gbb� k� l_fi_jZlmjhc� 0T , 

oZjZdl_jbamxlky�� kh]eZkgh� �����������nbabq_kdhc�bgnhjfZpb_c�jZaebqby�

J_gvb�>��@ 

 
( ) ( ) ( )

( ) ( )

1
0 0 0

1
0 0

1
: ln

1

ln 1 1
1

m
q q

q i i q q
i

q q

I p p p p H p H p
q

k
q k E E

q

−

−

 = = − − + −

 + − − β − −

∑
  

(3.10.29)

 

k�jZ\_gkl\hf� ( )0: 0qI p p = �ijb�jZkij_^_e_gbb 

 ( ) ( ){ } ( )
( )

1 1
1 1

0 0 0 01 1
q

i i i q qp p q k H E
−

− −= = + − β − βΓ ,  (3.10.30) 

]^_� 0 01 Tβ = �b� ( )0 0q qE H= E . 

>bnn_j_gpbjmy� ����������ih�\j_f_gb��ihemqbf�ke_^mxs__�khhlgh�

r_gb_�^ey�hldjuluo�kbkl_f� 
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 ( ) ( )
( ) ( )0

1
0 0 0

:
1 1

q
q q

q q

dE
dI p p dH p

T q k E E−
≥ − +

 − − β − 

,  (3.10.31) 

dhlhjh_�hlebqZ_lky�hl� ����������gZebqb_f�jZaghklb�kj_^gbo�wg_j]bc�qZk�

lbpu��AgZd�g_jZ\_gkl\Z�^hklb]Z_lky�^ey�kemqZy�g_h[jZlbfuo�ijhp_kkh\� 
Ijb� 1q = �ba�jZkij_^_e_gbc� ����������b� ����������\ul_dZxl�dZghgb�

q_kdb_�jZkij_^_e_gby�=b[[kZ�>�@ 

 ( ){ }1expi ip k H F−= − β − , ( ){ }1
0 0 0expi ip k H F−= − β −   (3.10.32) 

Z�^bnn_j_gpbZevgu_�khhlghr_gby�����������b�����������kh\iZ^Zxl�k�khhl�

ghr_gbyfb�klZlbklbq_kdhc�l_hjbb�=b[[kZ�>��@ 

 ( )TdH p dE= , ( )dF H p dT= − ,  (3.10.33) 

 ( ) ( )0
0

1
:dI p p dH p dE

T
≥ − + .  (3.10.34) 

<�aZdexq_gb_�hlf_lbf��qlh�\�jZkkfZljb\Z_fhc�\ZjbZpbhgghc�aZ^Zq_�

hklZ_lky�hldjuluf�\hijhk�h�agZdhhij_^_e_gghklb�\lhjhc�\ZjbZpbb� 2Lδ , 
qlh� hkeh`gy_l� ^Zevg_crmx� bgl_jij_lZpbx� l_jfh^bgZfbq_kdh]h� khhl�

ghr_gby� �����������>jm]b_� ljm^ghklb�� k\yaZggu_� k� mkj_^g_gb_f�ijb�ih�

fhsb� jZkij_^_e_gby� f �� jZkkfZljb\Zxlky� \� fhgh]jZnbb� >��@�� D� gbf�

fh`gh�hlg_klb�g_ebg_cguc�oZjZdl_j�bgnhjfZpbb�jZaebqby� ����������hl�

ghkbl_evgh�baf_g_gby�kj_^g_c�wg_j]bb�� 
 



 167

 
 
 
 
 
 
 
 

= e Z \ Z � �  

KL:LBKLBQ?KD:Y�FH>?EV� 
O:<J>:–Q:J<:L–>:JHRB 

Ijb\h^ylky�nmg^Zf_glZevgu_� ihgylby� b�f_lh^u� l_hjbb� bgnhjfZ�

pbb�� hkgh\Zgghc� gZ� klZlbklbq_kdhc� fh^_eb� OZ\j^Z–QZj\Zl–>Zjhrb��

<\h^ylky�b�h[km`^Zxlky�g_eh]Zjbnfbq_kdb_�f_ju�wgljhibb�b�bgnhjfZ�

pbb�jZaebqby�^ey�g_Z^^blb\guo�kemqZcguo�h[t_dlh\�k�\a\_r_ggufb�g_�

ghjfbjh\Zggufb�kj_^gbfb� 
J_amevlZlu�jZ[hl� >�����������@�b�fhgh]jZnby�>��@�aZeh`beb�hkgh\u�

klZlbklbq_kdhc�fh^_eb�h[h[s_gghc�l_hjbb�bgnhjfZpbb�k�g_Z^^blb\gu�

fb�f_jZfb��aZ\bkysbfb�hl�g_dhlhjh]h�iZjZf_ljZ� q ��Bf_ggh�wlhc�fh^_eb�

ihk\ys_gh�[hevrh_�dhebq_kl\h�jZ[hl��kj_^b�dhlhjuo�hlf_lbf�fhgh]jZ�

nbb�>���������������������������@�b�h[ahju�>��������@� 

�����<a\_r_ggu_�g_ghjfbjh\Zggu_�kj_^gb_� 
b�ihemghjfu� 

JZkkfhljbf� \_jhylghklgh-klZlbklbq_kdh_� hibkZgb_� kemqZcgh]h�

h[t_dlZ�k�mkj_^g_gb_f��hlebqguf�hl�jZkkfhlj_gguo�\�ij_^u^msbo�]eZ�

\Zo� 
Ijb\_^_f�hkgh\gu_�hij_^_e_gby� 
Hij_^_e_gb_� ��� <a\_r_ggh_� g_ghjfbjh\Zggh_� kj_^g__� OZ\j^Z–

QZj\Zl�dZ`^hc�kemqZcghc�\_ebqbgu� { }1, , mT T T= ! �\�khklhygbb�k�jZkij_�

^_e_gb_f� { }1, , mp p p= ! �jZ\gh 

 ( )
m m

q
q i i i

i i
T T p p= ∑ ∑E ,   0 1

m

i
i

p< ≤∑ ,  (4.1.1) 

]^_� m  –� qbkeh� \hafh`guo� khklhygbc� h[t_dlZ�� q∈R � b� baf_gy_lky 

\�^himklbfuo�ij_^_eZo� 
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?keb�\_kZ� ip �m^h\e_l\hjyxl�mkeh\bx�\_jhylghklghc�ghjfbjh\db 
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p =∑ ,  (4.1.2) 

lh�\ujZ`_gb_���������ijbf_l�ke_^mxsbc�\b^ 
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m

q
q i i

i
T T p= ∑E .  (4.1.3) 

Ijb� 1ip = �ba���������bf__f�h[uqgh_�kj_^g__�Zjbnf_lbq_kdh_ 

 ( ) 1 m

q i
i

T T
m

= ∑E .  (4.1.4) 

Ba�hij_^_e_gby���\ul_dZxl�hkgh\gu_�k\hckl\Z� 

���H^ghjh^ghklv��Ijb�aZf_g_� p �gZ� ap ( )0a > �\a\_r_ggh_�kj_^g__�

y\ey_lky� h^ghjh^guf�nmgdpbhgZehf� kl_i_gb� 1q − � hlghkbl_evgh� p �� lh�

_klv�\uihegy_lky�k\hckl\h�h^ghjh^ghklb� 
��� G_ghjfbjh\Zgghklv �� >ey� g_kemqZcghc� ihklhygghc� \_ebqbgu�

bf__f�jZ\_gkl\h� 
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E .   (4.1.5) 

Ijb� C 1= �ke_^m_l� ( )1 1q ≠E ��qlh�hagZqZ_l�g_ghjfbjh\Zgghklv�\a\_�

r_ggh]h�kj_^g_]h�gZ�_^bgbpm�� 
��� G_Z^^blb\ghklv�� Imklv� aZdhg� keh`_gby� kemqZcguo� \_ebqbg�

12 1 2T T T= + � \ujZ`Z_lky� \� \b^_� kmffu� ^ey� ^\mo� g_aZ\bkbfuo� h[t_dlh\��
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∑ ∑
E E E .  (4.1.6) 

>Ze__�iheh`bf��qlh�kemqZcgZy�\_ebqbgZ�y\ey_lky�g_Z^^blb\ghc�kh]eZkgh�
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ke_^mxs_fm�aZdhgm 

 12 1 2 1 2T T T T T= + − ε ,  (4.1.7) 
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ba\_^_gbx�kj_^gbo�agZq_gbc 
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��� <a\_r_ggh_ � g_ghjfbjh\Zggh_ � f-kj_^g__�� NmgdpbhgZevguf�
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]^_� ( )f p �bf__l�k\hckl\h�fmevlbiebdZlb\ghklb� ( ) ( ) ( )ij i jf p f p f p= . 

?keb� ( ) q
i if p p= ��lh�\ujZ`_gb_����������jZ\gy_lky�\a\_r_gghfm�g_�
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E .  (4.1.11) 

Hij_^_e_gb_� ��� Hldehg_gb_� kemqZcghc� \_ebqbgu� hl� agZq_gby�
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( ) 1 q
q iT p −E �_klv�nemdlmZpby� 
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m
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q i i q i q i i
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T T T p T p−∆ = − ∆ =∑E .  (4.1.12) 
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T pα = ∑ ,  (4.1.13) 

 ( ) 1
,

nm
q q

n q i q i i
i

T T p p− µ = − ∑ E .  (4.1.14) 

Ijb� 2n = �ihemqbf�^bki_jkbx 

 
( ) ( )

( ) ( ) ( )

2
1

2,

2
2 22 .

m
q q

q q i q i i
i

m m
q q

i i q q i
i i

T T T p p

T p T T T p

−

−

 µ = = − = 

 = − +  

∑

∑ ∑

D E

E E E

  

(4.1.15)

 

KlZlbklbq_kdbc� dhwnnbpb_gl� dhjj_eypbb� \_ebqbg� ^\mo� h[t_dlh\�

^Z_lky�\ujZ`_gb_f 

 ( ) ( )
( ) ( )

1 2

1 2
1 2

,
q q q

q
q q

T T
r T T

T T

∆ ∆
=

σ σ

E
,  (4.1.16) 

]^_�d\Z^jZlbqgu_�hldehg_gby� 

 ( ) ( ) ( ) ( )1 2 1 2

1 1 2 2,q q q qT T T T   σ = σ =   D D .  (4.1.17) 

���IhemghjfZ�b�kj_^g__�agZq_gb_��Bkihevamy�\_ebqbgu 

 1T T= , 1
2

q q qT p p′ −= =   (4.1.18) 

b�g_jZ\_gkl\Z�=_ev^_jZ����������ijb� 1r =  

 ( ) ( ) ( )1 1 2 1 2q qN T T N T N T′≤   (4.1.19) 

ihemqbf 

 ( ) ( ) ( )
1q

q q qT N T N p
−

 ≤  E .  (4.1.20) 
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FbgbfZevgh_�kj_^g__�agZq_gb_�kemqZcghc�\_ebqbgu 

 ( ) ( )min

q

q qT N p =  E   (4.1.21) 

hij_^_ey_lky�ijb�T p= �b� 1b = �\�khhlghr_gbb� ����������qlh�\�blh]_�^Z_l�

\ujZ`_gb_ 

 ( ) ( )
1 q

q qN p p =  E .  (4.1.22) 

Hij_^_e_gb_����DZ`^hc�kemqZcghc�\_ebqbg_�T �b�ex[uf�qbkeZf� q  

b� s, q−∞ < < ∞ , s−∞ < < ∞ �khhl\_lkl\m_l�\a\_r_ggZy�g_ghjfbjh\ZggZy�

ihemghjfZ 

 ( )

1 qm
q s

i i
s i
q m

i
i

T p
N T

p

 
 

=  
   

∑

∑
.  (4.1.23) 

?keb� \_kZ� ip � m^h\e_l\hjyxl� mkeh\bx� \_jhylghklghc� ghjfbjh\db�

���������lh�\ujZ`_gb_����������ijbf_l�\b^ 

 ( )
1 qm

s q s
q i i

i
N T T p

 =   
∑ .  (4.1.24) 

���G_ghjfbjh\ZggZy � f-ihemghjfZ��NmgdpbhgZevguf�h[h[s_gb_f�

\ujZ`_gby����������y\ey_lky�\a\_r_ggZy�g_ghjfbjh\ZggZy�ihemghjfZ 

 ( )
( )

1

,

qm
q

i i
i

q f m

i
i

T f p
N T

p

 
 

=  
   

∑

∑
.  (4.1.25) 

Ijb� ( ) s
i if p p= � \ujZ`_gb_� ��������� kh\iZ^Z_l� k� ���������� ?keb�

( ) is
i if p p= ��lh�bf__f�ke_^mxsbc�nmgdpbhgZe� 

 ( )

1

,

i

qm
sq

i i
i

q m

i
i

T p
N T s

p

 
 

=  
   

∑

∑
.  (4.1.26) 
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<�ij_^_e_� 1q → �ba����������\ul_dZ_l�nmgdpbhgZe�b�_]h�eh]Zjbnf 

 ( )

( ) ( )

( )

2log
1

2

m

i i
i

m m
i i

ii i

T f p

p m pf p
f i

i
N T T

∑

∑ ∑ = =   
∏ ,  (4.1.27) 

 ( )
( ) ( )2

2

log
log

m

i i
i

f m

i
i

T f p
N T

p
=

∑

∑
,  (4.1.28) 

dhlhju_�h[h[sZxl�nhjfmeu���������b��������� 
Hij_^_e_gb_� ��� Kj_^g__� \a\_r_ggh_� g_ghjfbjh\Zggh_� k� ijhba�

\hevghc�nmgdpb_c� ( )Tϕ = ϕ �_klv 

 ( )
( )

1
,

m
q

i i
i

q m

i
i

T p
A T

p

−
ϕ

 ϕ 
= ϕ  

 
  

∑

∑
,  (4.1.29) 

]^_�ϕ  –�g_ij_ju\gZy�kljh]h�fhghlhggZy�nmgdpby�gZ�R ��Z� 1−ϕ �_klv�nmgd�

pby��h[jZlgZy� ( )Tϕ ��Ijb�kl_i_gghc�nmgdpbb�kj_^g__����������kh\iZ^Z_l�k�

ihemghjfhc� ����������Ijb� 1q = �nmgdpbhgZe� ��������� jZ\gy_lky� \a\_r_g�

ghfm�kj_^g_fm�Dhefh]hjh\Z–GZ]mfh�k�ijhba\hevghc�nmgdpb_c� 
A^_kv�^Z_lky�b^_cgZy�klhjhgZ�h[h[s_gbc�b�ihwlhfm�g_�[m^_f�ijb�

\h^blv�k\hckl\Z�nmgdpbhgZeh\� ���������� ���������b� ����������Wlh�ij_^klZ\�

ey_l�hl^_evguc�bgl_j_k�b�lj_[m_l�[he__�^_lZevgh]h�jZkkfhlj_gby� 
GZdhg_p�\uibr_f�\a\_r_ggu_�g_ghjfbjh\Zggu_�kj_^gb_�\�^jm]bo�

\Z`guo�kemqZyo 

 ( )
q

G
q

G

Tp dX

T
pdX

=
∫

∫
E ,   ( ) Sp

Sp

q

q

T
T

ρ=
ρ

E .  (4.1.30) 

Ijb�mkeh\bb�\_jhylghklghc�ghjfbjh\db� 

 1, Sp 1pdX = ρ =∫   (4.1.31) 

ba����������ke_^mxl�nhjfmeu� 
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 ( ) q
q T Tp dX= ∫E , ( ) Sp q

q T T= ρE ,  (4.1.32) 

]^_� ( )p p X=  –�g_ij_ju\gh_�jZkij_^_e_gb_�b� ρ  –�hi_jZlhj�iehlghklb�\�

]bev[_jlh\hf�ijhkljZgkl\_� 

�����:dkbhfu�OZ\j^Z–QZj\ZlZ�b�f_lh^�>Zjhrb 

Y��OZ\j^Z��N��QZj\Zl� >��@�b� A��>Zjhrb� >��@� \i_j\u_� ZdkbhfZlbq_�

kdbf�ih^oh^hf�^hdZaZeb�_^bgkl\_gghklv�gh\hc�q -wgljhibb��kh\f_klbfhc�

k�hij_^_e_gb_f�\a\_r_ggh]h�g_ghjfbjh\Zggh]h�kj_^g_]h��<�jZ[hl_� >��@�

^ey�\u\h^Z�q -wgljhibb�[ueb�knhjfmebjh\Zgu�Zdkbhfu� 

1. ( )1 2, , ,q mH p p p! � g_ij_ju\gZ� hlghkbl_evgh� 1 2, , , mp p p! � \� h[�

eZklb�0 1ip≤ ≤ �b� 1
m

i
i

p =∑ , 0q > . 

2. ( )1 0qH = , 
1 1

, 1
2 2qH   =  

. 

3. ( ) ( )1 1 1 1 1 1, , ,0, , , , , , , ,q i i m q i i mH p p p p H p p p p− + − +=! ! ! ! �^ey�\k_o�

1, ,i m= ! . 

4. ( )1 1 1 2 1, , , , , , ,q i i i i mH p p p p p p− + =! !  

( ) 1 2
1 1 1, , , , , ,q i i

q i i m i q
i i

p p
H p p p p p H

p p− +

 
= + α    

! ! � ^ey� \k_o�

1 2 0i i ip p p+ = > , 1, ,i m= ! , 0q > . 

Ba�Zdkbhfu���\ul_dZ_l��kh]eZkgh�Zdkbhf_����jZ\_gkl\h� 1α = ��LZd`_�

^ZggZy� ZdkbhfZ� ijb\h^bl� d�fh^bnbpbjh\Zgghc� Zdkbhf_� �� �kf�� ]eZ\m� ���

kbkl_fu�ObgqbgZ 

 

( )

( )

11 1 21 2 1

1
1 2

, , ; , , ; ; , ,

, , , , , ,

q n n m mn

m
q i in

q m i i
i i i

H p p p p p p

p p
H p p p p H

p p

=

 
= +    

∑

! ! ! !

! !

 
 (4.2.1) 

]^_� ijp  –�ghjfbjh\Zggh_�kh\f_klgh_�jZkij_^_e_gb_�klZlbklbq_kdb� aZ\b�

kbfuo�h[t_dlh\�k� 

 1, , 0
m n n

ij i ij ij
i j j

p p p p= = ≥∑∑ ∑ .  (4.2.2) 

:dkbhfZfb�OZ\j^Z–QZj\ZlZ� q -wgljhiby�hij_^_ey_lky�k�lhqghklvx�
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^h�nmgdpbb� ( )qλ ��aZ\bkys_c�hl�iZjZf_ljZ�q ��b�bf__l�ke_^mxsbc�\b^� 

 ( ) ( )1
1, , 1

m
q

q m i
i

H p p q p−  = λ −  
∑! .  (4.2.3) 

Mkeh\b_� ghjfbjh\Zgghklb� q -wgljhibb�� \ujZ`_ggh_� Zdkbhfhc� ���

ijb\h^bl���������d�nmgdpbhgZem 

 ( ) 1

1
1

1 2

m
q

q iq
i

H p p−
 = − −  

∑ .  (4.2.4) 

Ijb� 1q = �ba���������ke_^m_l�wgljhiby�R_gghgZ–<bg_jZ 

 ( ) ( ) ( )21
lim log

m

q i iq i
H p H p p p

→
= = −∑ .  (4.2.5) 

A��>Zjhrb�>��@�bkihevah\Ze�ijb�\u\h^_� q -wgljhibb���������kbkl_fm�

Zdkbhf�NZ^__\Z� �kf��]eZ\m����k�fh^bnbpbjh\Zgguf�]jmiih\uf�mkj_^g_�

gb_f 

 

( )

( )

1

1 2
2 1 2

, ,

,

q m

m q k
k

k k

H p p

p
p p p f

p p p=

=

 
= + + +   + + + 

∑

!

!

!

 
 (4.2.6)

 

]^_� bgnhjfZpbhggZy�nmgdpby� ( )f X � ijb� 2m= � m^h\e_l\hjy_l� ]jZgbq�

guf�mkeh\byf 

 ( ) ( )0 1f f= , 
1

1
2

f   =  
  (4.2.7) 

b�nmgdpbhgZevghfm�mjZ\g_gbx 

 ( ) ( ) ( ) ( )1 1
1 1

q qy x
f x x f f y y f

x y

  + − = + −   − −   
  (4.2.8) 

^ey�\k_o� ( ),x y D∈ ��]^_ 

 ( ){ }, : 0 1,0 1, 1D x y x y x y= ≤ ≤ ≤ ≤ + = .  (4.2.9) 

J_r_gb_f�mjZ\g_gby���������y\ey_lky�bgnhjfZpbhggZy�nmgdpby 

 ( ) ( ) ( )1

1
1 , 1 1

1 2
qq

q q
H p p f p p p−

 − = = − − − −
,  (4.2.10) 
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dhlhjZy�ijb� 1q = �kh\iZ^Z_l�k�wgljhib_c�R_gghgZ–<bg_jZ 

 
( ) ( )

( ) ( )
1

2 2

1 , lim 1 ,

log 1 log 1 .

qq
H p p H p p

p p p p

→
− = − =

= − − − −
 

 (4.2.11)
 

>_lZevgh_�bkke_^h\Zgb_�nmgdpbhgZeZ�����������_]h�\u\h^�b�k\hckl\Z�

ijb\h^ylky�\�fhgh]jZnbb�>��@� 
LZdbf�h[jZahf�� q -wgljhiby� ��������ih�ijZ\m�gZau\Z_lky� wgljhib_c�

OZ\j^Z–QZj\Zl–>Zjhrb� 

�����G_jZ\_gkl\h�=zev^_jZ�� 
Wgljhiby�OZ\j^Z–QZj\Zl–>Zjhrb 

JZa\b\Z_fZy� klZlbklbq_kdZy�fh^_ev�iha\hey_l�gZ� hkgh\_� hij_^_e_�

gby� ihemghjfu� kemqZcghc� \_ebqbgu� ^Zlv� klZlbklbq_kdbc� \u\h^� wgljh�

ibb�OZ\j^Z–QZj\Zl–>Zjhrb�>��@��BlZd��aZibr_f�g_jZ\_gkl\h�=_ev^_jZ 

 ( ) ( ) ( )1 2 1 2r q qN T T N T N T′≤   (4.3.1) 

^ey�dhg_qguo�agZq_gbc�ihemghjf 

 ( )
1

1 1

qm
q

q i i
i

N T T p
 =   
∑ , ( )

1

2 2

qm
q

q i i
i

N T T p

′
′

′
 =   
∑ , 

 ( ) ( )
1

1 2 1 2

rm r

r i i i
i

N T T T T p
 =   
∑ . 

 (4.3.2)

 

A^_kv� 1T �b� 2T  –�ijhba\hevgu_�kemqZcgu_�\_ebqbgu��Z�khijy`_ggu_�ihdZ�

aZl_eb�q �b�q′ �m^h\e_l\hjyxl�jZ\_gkl\m 

 
1 1 1

q q r
+ =

′
,   0 r q< < .  (4.3.3) 

AgZd�jZ\_gkl\Z�khhl\_lkl\m_l�fbgbfZevghfm�khklhygbx�\���������b�^hklb�

]Z_lky�ijb�\uiheg_gbb�mkeh\by 

 1 2
q q
i iT bT ′= ,  (4.3.4) 

]^_�agZq_gb_�dhwnnbpb_glZ� 

 
1

1 2

m m
q q
i i i i

i i
b T p T p

−
′  =     

∑ ∑ .  (4.3.5) 
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K�mq_lhf���������mkeh\b_���������ijbf_l�ke_^mxsbc�\b^ 

 1 2

1 2

q q
i i

m m
q q
i i

i i

T T

T T

′

′
=

∑ ∑
.  (4.3.6) 

Imklv�\_ebqbgu� 1T �b� 2T ��khhl\_lkl\_ggh�ijbgZ^e_`Zsb_�ijhkljZg�

kl\Zf� qL �b� q′L ��jZ\gyxlky 

 1i iT p= ,   ( ) ( ) 1

2 1i q r iT q r h p
− = + λ  .  (4.3.7) 

Lh]^Z��bkihevamy����������ihemqbf 

 ( ) ( )1
q

q
i q r ip b q r h p

′− = + λ  .  (4.3.8) 

Ba���������ke_^m_l�khhlghr_gb_ 

 ( ) ( )
1

1
1

q
qr

i q r ip b q r h p
−− ′  = + λ  .  (4.3.9) 

JZkkfhljbf�kemqZc�k� 1b = �b�iheh`bf��qlh� ( )q r ih p �_klv�kemqZcgZy�

wgljhiby��Lh]^Z�ba���������\ul_dZ_l 

 ( ) ( )( )11 1 q r
q r i ih p q r p −−= −λ − .  (4.3.10) 

Kj_^g__�agZq_gb_�\_ebqbgu����������aZibr_lky�lZd 

 

( ) ( ) ( )

( )1 1 .

m
q r

q r q r q r q r i i
i

m
q r
i

i

H p h p h p p

q r p−

 = = = 

 = λ −  

∑

∑

E

  
(4.3.11)

 

Mqblu\Zy� mkeh\b_� ghjfbjh\Zgghklb� wgljhibb� gZ� _^bgbpm� ijb�

2m= �b�ba�����������ihemqbf�>��@ 

 ( ) 1

1
1

1 2

m
q r

q r iq r
i

H p p−
 = − −  

∑ .  (4.3.12) 

Ijb� 1r = � nmgdpbhgZe� ��������� kh\iZ^Z_l� k� wgljhib_c� OZ\j^Z–QZj\Zl–
>Zjhrb 

 ( ) 1

1
1

1 2

m
q

q iq
i

H p p−
 = − −  

∑ .  (4.3.13) 
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JZkkfhljbf�hkgh\gu_�k\hckl\Z�wgljhibb�OZ\j^Z–QZj\Zl–>Zjhrb� 
���Iheh`bl_evghklv�b�\uimdehklv��Wgljhiby�_klv�\_s_kl\_gguc��

g_hljbpZl_evguc� b� \uimdeuc�nmgdpbhgZe� k�fZdkbfmfhf� �fbgbfmfhf��

ijb� 0q >  ( )0q <  

 ( ) 0qH p > ,  (4.3.14) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2q q qH a p a p a H p a H p+ ≤ + ,  (4.3.15) 

]^_� 1 2 1a a+ = , 1 0a > , 2 0a > ��G_jZ\_gkl\h����������_klv�g_jZ\_gkl\h�B_g�

k_gZ�\�l_hjbb�\uimdeuo�nmgdpbc�>��@��Ijb� 0q = �ba����������\ul_dZ_l�jZ�

\_gkl\h� ( )0 1H p m= − . 

GZ� jbk����� ij_^klZ\e_gZ� aZ\bkbfhklv� wgljhibb� OZ\j^Z–QZj\Zl–

>Zjhrb� ( )qH p � hl� jZkij_^_e_gby� p � ijb� agZq_gbyo� 2m= , 1p p= � b�

1; 1 2; 0; 1; 10q = − − . 

Jbk� ���� AZ\bkbfhklv wgljhibb  
OZ\j^Z–QZj\Zl–>Zjhrb hl jZkij_^_e_gby� 

1 – (q = –1), 2 – (q = 1/2), 3 – (q = 0), 4 – (q = 1), 5 – (q = 10) 

���G_Z^^blb\ghklv�^ey�g_aZ\bkbfuo� h[t_dlh\��Imklv� khklhygb_�

kemqZcgh]h� h[t_dlZ� hibku\Z_lky� kh\f_klguf� fmevlbiebdZlb\guf� jZk�

ij_^_e_gb_f� ij i jp p p= ��Z� ip �b� jp �hlghkylky�d�^\mf�g_aZ\bkbfuf�h[t_d�

lZf��H[sZy�wgljhiby�^Z_lky�\ujZ`_gb_f� 

( )
q

H p  

0,2         0,4         0,6         0,8          1  p 

8

6

4

2

0

1 

2 

3 

4 5 
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 ( ) ( ) 11
12 1 2 1

m n
q q

q ij
i j

H p p
−−  

= − − 
 

∑∑ ,  (4.3.16) 

]^_�mkeh\b_�ghjfbjh\db� 
 

 1
m n m n

ij i j
i j i j

p p p= = =∑∑ ∑ ∑ .  (4.3.17) 

Ihke_�ih^klZgh\db�jZkij_^_e_gby� ijp �\� ���������ihemqbf� k\hckl\h�

g_Z^^blb\ghklb�^ey�wgljhibb�^\mo�g_aZ\bkbfuo�h[t_dlh\ 

 ( ) ( ) ( ) ( ) ( ) ( )1
12 1 2 1 22 1q

q q q q qH p H p H p H p H p−= + + − ,  (4.3.18) 

]^_ 

 ( ) ( )1 1

1

1 2

m
q
i

i
q q

p

H p
−

 −  =
−

∑
,   ( ) ( )2 1

1

1 2

n
q
j

j

q q

p

H p
−

 
− 

 =
−

∑
.  (4.3.19) 

>ey�kemqZy� 2k ≥ �g_aZ\bkbfuo�h[t_dlh\�nhjfmeZ����������ijbgbfZ�

_l�ke_^mxsbc�\b^ 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
1

12
1 1

221
1

1

11
1 2

2 1

2 1

2 1 .

k k
q

q k q r q r q k
r r

k
q

q r q k q k
r

kq
q q q k

H p H p H p H p

H p H p H p

H p H p H p

−
−

= =
−

−
−

=
−−

= + − +

+ − + +

+ −

∑ ∑

∑

!

!

!

  

(4.3.20) 

Iheh`bf��qlh�k\hckl\h�g_Z^^blb\ghklb�^ey�kemqZcguo�wgljhibc� 

 ( ) ( ) ( ) ( ) ( ) ( )12 1q
q ij q i q j q i q jh p h p h p h p h p−= + − −   (4.3.21) 

kijZ\_^eb\h�^ey�ijhba\hevguo�g_aZ\bkbfuo�kemqZcguo�h[t_dlh\��Lh]^Z��

kjZ\gb\Zy� jZ\_gkl\Z� �������� b� ���������� ihemqbf� agZq_gb_� fgh`bl_ey�

( )12 1q−ε = − . 

<� blh]_� g_Z^^blb\ghklv� ^ey� kemqZcguo� b� bo� kj_^gbo� \ujZ`Z_lky�

khhlghr_gbyfb� 
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 ( )1
12 1 2 1 22 1qT T T T T−= + − − ,  (4.3.22) 

 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

1
12 1 2

1 1
2 1 1 2

1 2 1

1 2 1 2 1 .

q
q q q

q q
q q q q

T T H p

T H p T T

−

− −

 = + − + 
 + + − − − 

E E

E E E
 
 (4.3.23)

 

>ey� wgljhibc�ba� ���������b� ��������� \ul_dZxl�\ujZ`_gby� ���������b�

(4.3.21). 
���JZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\��<�h[s_f�kemqZ_�aZ\bkbfuo�

h[t_dlh\�bf__f�khhlghr_gby�^ey�jZkij_^_e_gbc 

 ij i jj i i j
p p p p p= = ,   

n

i ij
j

p p= ∑ ,   
m

j ij
i

p p= ∑   (4.3.24) 

b�jZ\_gkl\h 

 ( ) ( ) ( ) ( ) ( ) ( )12 1q
q ij q i q q i qj i j i

h p h p h p h p h p−= + − − ,  (4.3.25) 

]^_�kemqZcgu_�wgljhibb� 

 ( ) ( )( )111 2 1 qq
q j i j i

h p p −−= − − ,  (4.3.26) 

 ( ) ( )( )1 11 2 1q q
q i ih p p− −= − − , ( ) ( )( )1 11 2 1q q

q j jh p p− −= − − .  (4.3.27) 

Ihke_�mkj_^g_gby����������ihemqbf�jZ\_gkl\h�^ey�wgljhibc�aZ\bkb�

fuo�h[t_dlh\ 

 ( ) ( ) ( )12 1 2 1q q qH p H p H p p= + .  (4.3.28) 

Mkeh\gZy�wgljhiby�k�jZkij_^_e_gb_f�
21

p �hij_^_ey_lky�ke_^mxsbf�

h[jZahf 

 ( ) ( )21

n
q

qi q j i j i
j

H p h p p= ∑   (4.3.29) 

b�__�kj_^g__�agZq_gb_�\����������jZ\gh 

 ( ) ( )2 1 21

m
q

q i qi
i

H p p p H p= ∑ .  (4.3.30) 

?keb� 221
p p= �� lh� ba� ��������� ke_^m_l� k\hckl\h� g_Z^^blb\ghklb�

����������Ijb�j_ZebaZpbb�khklhygby�k�jZkij_^_e_gb_f� 2p �ihemqbf�wgljh�

ibb� 
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 ( ) ( ) ( )12 2 1 2q q qH p H p H p p= + ,  (4.3.31) 

 ( ) ( )21

n
q

qj q i j i j
j

H p h p p= ∑ ,  (4.3.32) 

 ( ) ( )1 2 21

n
q

q j qj
j

H p p p H p= ∑ .  (4.3.33) 

IjbjZ\gb\Zy�\ujZ`_gby����������b�����������hdhgqZl_evgh�bf__f�jZ�

\_gkl\h 

 ( ) ( ) ( ) ( )1 2 1 2 1 2q q q qH p H p p H p H p p+ = + ,   (4.3.34) 

dhlhjh_�ih�nhjf_�kh\iZ^Z_l�k�jZ\_gkl\hf����������klZlbklbq_kdhc�fh^_eb�

R_gghgZ–<bg_jZ� 
���NemdlmZpby��AZibr_f��kh]eZkgh� ���������nemdlmZpbx�kemqZcghc�

wgljhibb� 

 ( ) ( ) ( ) 1 q
q q i q i q ih p h p H p p− ∆ = −  .  (4.3.35) 

<ujZabf�agZq_gb_� 1 q
ip − �q_j_a�kemqZcgmx�wgljhibx� ( )q ih p �b�ihem�

qbf�jZ\_gkl\h 

 
( ) ( ) ( ) ( )

( ) ( ){ }
1 1

1

1 2 1 1 2 1

1 2 1 ,

q q
q i q

q
q q i

h p H p

h p

− −

−

   − − + − =   
 = − − ∆  

  
(4.3.36)

 

\� dhlhjhf� \aZbfhk\yaZgu� kemqZcgZy�b� kj_^gyy� wgljhibb� k�nemdlmZpb_c�

kemqZcghc� wgljhibb��Ba� ��������� \ul_dZ_l� ke_^mxs__� khhlghr_gb_� ^ey�

kj_^g_]h�agZq_gby 

 
( ) ( ) ( )

( ) ( ){ } ( )

1 1
1

1 1
1

1 2 1

1 2 1 .

q
q

q

m q
q

q q i
i

H p

h p

−−

−
−

 + − = 

 = − − ∆  ∑
  

(4.3.37)
 

Ijb� 1q = �ba����������bf__f�nhjfmem 

 ( ) ( )
2log 2 i

m h p

i
H p −∆= ∑ ,  (4.3.38) 

dhlhjZy�kh\iZ^Z_l�k�ba\_klguf�\ujZ`_gb_f� ���������^ey�wgljhibb�R_g�

ghgZ–<bg_jZ� 
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>ey�ijhba\hevghc�kemqZcghc�\_ebqbgu�T �b�__�nemdlmZpbb 

 ( ) 1 q
q i i q iT T T p−∆ = − E   (4.3.39) 

kijZ\_^eb\u�ke_^mxsb_�khhlghr_gby 

 ( ) ( ) ( ) ( )111 2 q
q q qT T Th p

−−  − = −  E E E ,  (4.3.40) 

 
( ){ } ( ) ( )

( ) ( )

( ) ( ){ } ( ) ( )

1
1

1

1 1

1 2 1
1 2 1

1 2 1

1 2 1 2 1 .

q
qq

q i q
q

q q
q q i q i i

T
T

H p

h p h p T

−
−

−

− −

 + −
 − − ∆ = ×
 + − 

   − − ∆ + − −   

E

  

(4.3.41)

 

���Wgljhiby�jZ\gh\_jhylgh]h�khklhygby��GZoh^bf�wdklj_fmf�wg�

ljhibb� OZ\j^Z–QZj\Zl–>Zjhrb� ijb� mkeh\bb� khojZg_gby� ghjfbjh\db�

jZkij_^_e_gby� p ��<�j_amevlZl_�bf__f�jZ\gh\_jhylgh_�jZkij_^_e_gb_ 

 
1

ip
m

=   (4.3.42) 

b�wdklj_fZevgh_�agZq_gb_�wgljhibb 

 ( )
1

1

1

1 2

q

q q

m
H p

−

−
−=
−

,  (4.3.43) 

aZ\bkys__�hl�iZjZf_ljZ� q ��Ijb� 1q = �ba����������ke_^m_l�ba\_klgh_�\ujZ�

`_gb_ 

 ( ) ( ) 21
lim logqq

H p H p m
→

= =   (4.3.44) 

klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
���G_jZ\_gkl\Z��Wgljhiby�m^h\e_l\hjy_l�ke_^mxsbf�g_jZ\_gkl\Zf 

 ( ) ( ) ( )12 1 2q q qH p H p H p≤ + ,  (4.3.45) 

( ) ( )2 1 2q qH p H p p≥ , ( ) ( )1 2 1q qH p H p p≥  ( )1q ≥ ,  (4.3.46) 

 ( )
1

1

1

1 2

q

q q

m
H p

−

−
−≤
−

 ( )0q > ,                                 (4.3.47) 
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  ( )
1

1

1

1 2

q

q q

m
H p

−

−
−≥
−

 ( )0q < ,  (4.3.48) 

 ( ) ( )1 2 3 1 3,qH p p p H p p≤  ( )0q > ,  (4.3.49) 

 ( ) ( )1 2 3 1 2,qH p p p H p p≤  ( )0q > ,  (4.3.50) 

 ( ) ( ) ( )1 3 1 2 2 1q q qH p p H p p H p p≤ +  ( )1q ≥ ,  (4.3.51) 

 
( )
( )

( )
( )

( )
( )

1 3 2 31 2

1 21 3 2 3,, ,
q qq

qq q

H p p H p pH p p

H p pH p p H p p
≤ +  ( )1q ≥   (4.3.52) 

b�^jm]bf��dhlhju_�jZkkfZljb\Zxlky�\�h[ahjZo�>��������@� 
���F_jZ�klZlbklbq_kdh]h�jZkklhygby��JZkkfhljbf�g_ghjfbjh\Zg�

gh_�kj_^g__�agZq_gb_�kemqZcghc�wgljhibb� ( )q ih p  

 ( ) ( ) ( ) ( )11 11 2
m m

s q s q s
s q q i i i i

i i
h p h p p p p

−− − +  = = − −  ∑ ∑E .  (4.3.53) 

?keb�\� ���������iheh`blv� 1 q r s− = − �� lh�ihemqbf� khhl\_lkl\mxsmx� wg�

ljhibx�>��������@ 

 ( ) ( ) ( ) ( )11 1 12 2 2
m

r r s r s r
s s q i i

i
H p h p p p

−− − − = − = − −  ∑E ,  (4.3.54) 

dhlhjZy� y\ey_lky� f_jhc� klZlbklbq_kdh]h� jZkklhygby� f_`^m� s
ip � b� r

ip . 

>jm]b_�kj_^gb_�b�f_ju�ijb\h^ylky�\�>��@� 
���Ghjfbjh\Zgghklv�b�jZaf_jghklv��Ijb� 2m= �b�jZ\gh\_jhylgu�

fb� agZq_gbyfb� jZkij_^_e_gby� 1 2 1 2p p= = � wgljhiby� m^h\e_l\hjy_l�

k\hckl\m�ghjfbjh\Zgghklb 

 ( ) ( ) 11 1 1
1 2 1 1

2 2

q q
q

qH p
−−

    = − − − =         
  (4.3.55) 

b��ke_^h\Zl_evgh��_^bgbp_c�baf_j_gby�\�klZlbklbq_kdhc�fh^_eb�OZ\j^Z–
QZj\Zl–>Zjhrb�y\ey_lky�h^bg�[bl��NmgdpbhgZe���������k� 1qλ = − �y\ey_l�

ky�nbabq_kdhc�[_ajZaf_jghc�wgljhib_c� 

 ( ) 1
1

1

m
phys q
q i

i
H p p

q
 = − −  

∑ .  (4.3.56) 



 183

Wgljhiby� OZ\j^Z–QZj\Zl–>Zjhrb� \� \b^_� ��������� \i_j\u_� [ueZ�

ijb\_^_gZ� \� jZ[hl_� >���@� b� gZoh^bl�rbjhdh_� ijbf_g_gb_� \� klZlbklbq_�

kdhc�nbabd_�dZd�nbabq_kdZy�jZaf_jgZy�wgljhiby� ( ) ( )phys
q qH p kH p= ��dh�

lhjZy�ijb� 1q = �kh\iZ^Z_l�k�wgljhib_c�;hevpfZgZ–=b[[kZ 

 ( ) ( ) ( )
1

lim ln
m

phys
q i iq i

H p kH p k p p
→

= = − ∑ .  (4.3.57) 

B��<Zc^Z�>���@�jZkkfZljb\Ze�d\Z^jZlbqgmx�wgljhibx� ( ) 2
2 1

m
phys

i
i

H p p= −∑ , 

Z�lZd`_�bkke_^h\Ze�Zdkbhfu�^ey�wgljhibb�OZ\j^Z–QZj\Zl–>Zjhrb�>���@� 
GZ� hkgh\_� ��������� Z\lhj� jZajZ[Zlu\Ze� l_hjbx� kZfhhj]ZgbaZpbb� b�

g_h[jZlbfhklb� g_wdkl_gkb\guo� kbkl_f� >��–��@��<aZbfhk\yav� jZkkfZljb�
\Z_fuo�wgljhibc�^Z_lky�jZ\_gkl\Zfb 

 ( )
( )
1 1

,
2 2

phys
q

q
phys
q

H p
H p

H
=

 
  

, ( )11 1 1
, 1 2

2 2 1
phys q
qH

q
−  = −  − 

.  (4.3.58) 

LZdbf� h[jZahf�� wgljhiby�OZ\j^Z–QZj\Zl–>Zjhrb� _klv� hlghr_gb_�

[_ajZaf_jghc�nbabq_kdhc� wgljhibb� ���������d� __� agZq_gbx�ijb�jZ\gh\_�

jhylghf�khklhygbb� 2m= . 
9. f-wgljhiby��Wgljhiby�OZ\j^Z–QZj\Zl–>Zjhrb� ij_^klZ\ey_l� kh�

[hc� f -wgljhibb 

 ( ) ( )
m

q
f i i

i
H p f p p= ∑ , ( ) ( )11 11 2 1q q

if p
−− −= − − ,  (4.3.59) 

 ( ) ( )
m

f i
i

H p f p= ∑ , ( ) ( )111 2 q q
i if p p

−−= − − ,  (4.3.60) 

 ( ) ( )1qf N pH p f −
 =   , ( ) ( ){ }111

11 2 1
q

q
qf N p

−−−
−

 = − −   .  (4.3.61) 

<ujZ`_gb_� ���������kh\iZ^Z_l�kh�kj_^gbf�agZq_gb_f�kemqZcghc�wg�

ljhibb�� nmgdpby� ( )f p � \� ��������� y\ey_lky� bgnhjfZpbhgghc�� Z� ���������

_klv�nmgdpby�ihemghjfu�jZkij_^_e_gby� 
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�����:dkbhfu�b�bgnhjfZpby�jZaebqby�JZlv_–DZggZiiZgZ�� 
G_ghjfbjh\ZggZy�bgnhjfZpby�jZaebqby 

>Zevg_cr__� jZa\blb_� klZlbklbq_kdhc� fh^_eb� OZ\j^Z–QZj\Zl–
>Zjhrb� khklhyeh� \� gZoh`^_gbb� bgnhjfZpbc� jZaebqby�� I�G�� JZlv_� 
b�I��DZggZiiZg�knhjfmebjh\Zeb�ke_^mxsb_�Zdkbhfu�>���@ 

���Ijb� 2m≥  

 

( )
( )

( ) ( )

1 1

1 2 3 1 2 3

1 2 1 2
1 2 1 2

1 2 1 2 1 2 1 2

, , : , ,

, , , : , , ,

, : , ,

q m m

q m m

q q

q

I p p u u

I p p p p u u u u

p p u u
p p u u I

p p p p u u u u

=

= + + +

 
+ + +   + + + + 

! !

! !  

 (4.4.1)

 

]^_� 1 2 0p p+ > , 1 2 0u u+ > . 

2. ( )1 1, , : , ,q m mI p p u u! ! � kbff_ljbqgZ� hlghkbl_evgh� 1, , mp p! � b�

1, , mu u! . 

3. 
1 1

1,0 : , 1
2 2qI   =  

 –�mkeh\b_�ghjfbjh\Zgghklb.  (4.4.2) 

LZdbf�h[jZahf��bkihevamxlky�Zdkbhfu�NZ^^__\Z�k�fh^bnbpbjh\Zg�

guf� \ujZ`_gb_f� ��������� >Ze__� ijbf_gy_lky� f_lh^� bgnhjfZpbhgghc�

nmgdpbb�>Zjhrb��dhlhjZy�m^h\e_l\hjy_l�]jZgbqguf�mkeh\byf 

 ( ) ( ) 1 1
0,0 1,1 0, 0, 1, 1

2 2
f f f f   = = = =      

  (4.4.3) 

b�nmgdpbhgZevghfm�mjZ\g_gbx 

 

( ) ( ) ( )

( ) ( ) ( )

1

1

, 1 1 ,
1 1

, 1 1 ,
1 1

q q

q q

z t
f x y x y f

x y

x y
f z t z t f

z t

−

−

 
+ − − = − − 

 = + − −  − − 

 

 (4.4.4)

 

^ey�\k_o� ( ) [ ), , , 0,1x y z t ∈ ��]^_� 1x z+ ≤ , 1y t+ ≤ . 

<� blh]_� j_r_gb_f� mjZ\g_gby� �������� k� mkeh\byfb� �������� y\ey_lky�

nmgdpby��jZ\gZy�bgnhjfZpbb�jZaebqby�JZlv_–DZggZiiZgZ� 
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( )

( ) ( ) ( )1 11 1

1 , :1 ,

1 2 1 1 1 .

q

q qq q q

I p p u u

p u p u
− −− −

− − =

 = − − − − − 
 

 (4.4.5)
 

Bkihevamy� Zdkbhfm� ���nmgdpbhgZe� �������� ij_^klZ\ey_lky� \� h[s_f�

\b^_ 

 ( ) ( ) 11 1: 1 2 1
m

q q q
q i i

i
I p u p u

−− − = − −  
∑ .  (4.4.6) 

=jmiih\h_�mkj_^g_gb_�ih�>Zjhrb�aZibr_lky�lZd 

 

( ) ( ) ( )11 2 1 2
2

1 2 1 2

:

, .

m q q

q k k
k

k k
q

k k

I p u p p p u u u

p u
f

p p p u u u

−

=
= + + + + + + ×

 
×   + + + + + + 

∑ ! !

! !

 
 (4.4.7)

 

?keb�bkihevah\Zlv�kbkl_fm�Zdkbhf�ObgqbgZ��lh�ZdkbhfZ�^ey�kh\f_�

klgh]h�jZkij_^_e_gby�klZlbklbq_kdb�aZ\bkbfuo�h[t_dlh\�ijbgbfZ_l�\b^�

[101] 

 

( ) ( )11 11 1 1

1 1 1

, , : , , , , : , ,

, , : , , ,

q mn mn q m m

m
q q i im i im
i i i

i i i i i

I p p u u I p p u u

p p u u
p u I

p p u u
−

= +

 
+    

∑

! ! ! !

! !

  
(4.4.8)

 

]^_� ijp �b� iju �_klv�ghjfbjh\Zggu_�jZkij_^_e_gby�k 

 1
m n m n

ij ij
i j i j

p u= =∑∑ ∑∑ , 
n

i ij
j

p p= ∑ , 
n

i ij
j

u u= ∑ .  (4.4.9) 

<���������bkihevam_lky�\a\_r_ggh_�g_ghjfbjh\Zggh_�kj_^g__ 

 ( )
1

m
q q

i i i
i

q m

i
i

T p u
T

p

−

=
∑

∑
E   (4.4.10) 

k�\_khf� 1q q
i ip u − �b�ghjfbjh\dZfb� 1

m m

i i
i i

p u= =∑ ∑ . 

LZdZy�kbkl_fZ�Zdkbhf�^Z_l�nmgdpbhgZe�>���@� 
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 ( ) ( )1 1: 1
m

q q
q i i

i
I p u q p u− − = λ −  

∑ ,  (4.4.11) 

]^_� ( )qλ �_klv�ghjfbjh\hqguc�fgh`bl_ev��Ijb�\uiheg_gbb�ghjfbjh\Zg�

ghklb� �������� ba� ��������� \ul_dZ_l� agZq_gb_� ( ) ( )11 2qq −λ = − �� <� ij_^_e_�

1q → �bgnhjfZpby�jZaebqby�JZlv_–DZggZiiZgZ�kh\iZ^Z_l�k�bgnhjfZpb_c�

jZaebqby�Dmev[ZdZ–E_c[e_jZ� 
GZ� jbk����� ijb\_^_gu� aZ\bkbfhklb� bgnhjfZpbb� jZaebqby� JZlv_–

DZggZiiZgZ� ( ):qI p u ��Z��hl�jZkij_^_e_gby�ijb�agZq_gbyo� 2m= , 1p p= , 

1 1 3u = �b� 1; 1 2; 0; 1; 2q = − − �b�[��hl�qbkeZ� q �ijb� 2m= , 1 1 4p = �b�

1 1 3u = . 

Z [ 

Jbk� ���� AZ\bkbfhklb bgnhjfZpbb jZaebqby JZlv_–DZggZiiZgZ�  
Z – hl jZkij_^_e_gby� 1 – (q = –1), 2 – (q = –1/2), 3 – (q = 0),  

4 – (q = 1), 5 – (q  �� b [ hl qbkeZ q 
 
<\_^_f� f_jm� klZlbklbq_kdhc� g_lhqghklb� ba\_klghc� nhjfmehc�

���������\aZbfhk\yab�k�wgljhib_c�b�bgnhjfZpb_c�jZaebqby 

 

( ) ( ) ( )

( ) 11 1

: :

1 2 1 .

q q q

m m m
q q q q q

i i i i
i i i

H p u H p I p u

p p u p
−− −

= + =

   = − − + −     
∑ ∑ ∑

  
(4.4.12)

 

Ijb� 1q = �ba����������\ul_dZ_l�f_jZ�g_lhqghklb�D_jjb^`Z� 

( : )
q

I p u

2 
 
 

0 
 
 

–2 
 
 

–4 
 
 

–6 

0,2                 2        4        6        8       10  q 
0,2      0,4       0,6       0,8         1  p 

( : )
q

I p u

0,05 
 

0 

–0,05 
 

–0,1 
 

–0,15 
 

–0,2 
 

–0,25 

5 

4 

3 
2 

1 
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 ( ) ( ) ( )21
: lim : log

m

q i iq i
H p u H p u u p

→
= = −∑ .  (4.4.13) 

GZ� jbk����� ijb\_^_gu� aZ\bkbfhklb� wgljhibb� OZ\j^Z–QZj\Zl–

>Zjhrb� ( )qH p , bgnhjfZpbb�jZaebqby�JZlv_–DZggZiiZgZ� ( ):qI p u �b�f_�

ju� g_lhqghklb� ( ):qH p u � \� \b^_� ��������� hl� jZkij_^_e_gby� ijb� 2m= , 

2q = , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 

Z [ 

Jbk����� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb OZ\j^Z–QZj\Zl–>Zjhrb  
hl jZkij_^_e_gby� 1 – wgljhiby ( )qH p , 2 – bgnhjfZpby jZaebqby  

JZlv_–DZggZiiZgZ ( ):qI p u , 3 –f_jZ g_lhqghklb ( ):qH p u  

 
<uiheg_gb_� mkeh\bc� ghjfbjh\Zgghklb� ^ey� wgljhibb� OZj\^Z–

QZj\Zl–>Zjhrb� b� bgnhjfZpbb� jZaebqby� JZlv_–DZggZiiZgZ� ^Z_l� h^bgZ�
dh\uc� oZjZdl_j� aZ\bkbfhkl_c�nmgdpbhgZeh\� hl� jZkij_^_e_gby� jZkkfZl�

jb\Z_fhc�fh^_eb� k�fh^_eyfb�R_gghgZ–<bg_jZ�b�J_gvb��H^gZdh�\� wlhc�
fh^_eb��kh]eZkgh�����������f_jZ�g_lhqghklb�g_�y\ey_lky�kj_^gbf�agZq_gb�

_f�hl�kemqZcghc�wgljhibb� ( )q ih u . 

JZkkfhljbf� ^jm]mx� fh^_ev�� dh]^Z� f_jZ� g_lhqghklb� aZibku\Z_lky� 
\�\b^_�\a\_r_ggh]h�g_ghjfbjh\Zggh]h�kj_^g_]h 

 ( ) ( ):
m

q
q q i i

i
H p u h u p= ∑ , ( ) ( ) ( )11 11 2 1q q

q i ih u u
−− −= − − .  (4.4.14) 

( ), ( : ), ( : )
q q q

H p I p u H p u
2

1,5

1

0,5

0

2 
 
 

1,5 
 
 

1 
 
 

0,5 
 
 

0 
0,2        0,4        0,6        0,8         1  p 0,2       0,4        0,6        0,8         1  p 

3 

1 

2 

3 

1 

2 

( ), ( : ), ( : )
q q q

H p I p u H p u  
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Lh]^Z�^ey�bgnhjfZpbb�jZaebqby�ihemqbf�\ujZ`_gb_� 

 

( ) ( ) ( ) ( )

( ) 11 1

: : :

2 1 1 ,

m
q

q q q q i i i
i

m
q q q

i i
i

I p u H p u H u I p u p

p u
−− −

= − = =

 = − −  

∑

∑
 

(4.4.15) 

hlebqZxs__ky�hl�nmgdpbhgZeZ����������Ijb� 1q → �bf__f�ij_^_e��dhlhjuc�

jZ\gy_lky�bgnhjfZpbb� jZaebqby�Dmev[ZdZ–E_c[e_jZ��KemqZcgZy�bgnhj�
fZpby�jZaebqby�_klv�jZaghklv�f_`^m�kemqZcgufb�wgljhibyfb 

 ( ) ( ) ( ):q i i q i q iI p u h p h u = − −  , (4.4.16) 

qlh� kh]eZkm_lky� k� ij_^klZ\e_gbyfb� klZlbklbq_kdhc� fh^_eb� R_gghgZ–
<bg_jZ�� <� ^Zgghc� fh^_eb� g_� \uihegy_lky� ZdkbhfZ� �� kbkl_fu� JZlv_–
DZggZiiZgZ��>ey�bgnhjfZpbb�jZaebqby�kijZ\_^eb\h�jZ\_gkl\h 

 11 1
1,0 : , 2

2 2
q

qI −  =  
. (4.4.17) 

Ihwlhfm� nmgdpbhgZe� ��������� gZah\_f� g_ghjfbjh\Zgghc� bgnhjfZpb_c�

jZaebqby� 
KlZlbklbq_kdbc� \u\h^� ^\mo� bgnhjfZpbc� jZaebqby� khklhbl� \� bk�

ihevah\Zgbb�g_jZ\_gkl\Z�=_ev^_jZ�^ey�ihemghjf�>��@ 

 ( ) ( ) ( )1 2 1 2q q qN T T N T N T′≤ , (4.4.18) 

]^_�khijy`_ggu_�ihdZaZl_eb�q �b�q′ �m^h\e_l\hjyxl�jZ\_gkl\m 

 
1 1 1

q q r
+ =

′
. (4.4.19) 

<_ebqbgu� 1T �b� 2T �jZ\gyxlky 

 1i iT p= , ( ) ( ) ( ) ( ){ } 1
1

2 1 21 :i q r i q i iT q r q r h u I p u
−

−  = − λ λ −  , (4.4.20) 

]^_�kemqZcgZy�wgljhiby 

 ( ) ( ) ( )11 12 1 1q r q r
q r i ih u p

−− −= − − , (4.4.21) 

Z�dhwnnbpb_glu� ( )1 q rλ , ( )2 q rλ �hij_^_eyxlky�gb`_� 

FbgbfZevgh_�khklhygb_�\� ���������^hklb]Z_lky�ijb�\uiheg_gbb�mk�

eh\by� 
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 1 2
q q
i iT bT ′= ,  (4.4.22) 

]^_�iheh`bf� 1b = ��Lh]^Z�ba����������bf__f�khhlghr_gb_ 

 ( ) ( ) ( ) ( )1 1
1 21 :q r

i q r i q i ip q r q r h u I p u− −  = − λ λ −  ,  (4.4.23) 

ba�dhlhjh]h�\ul_dZ_l�agZq_gb_�kemqZcghc�bgnhjfZpbb�jZaebqby 

 ( ) ( )( ) ( ) ( )1
1 2: 1 q r

q r i i i q r iI p u q r p q r h u− = − λ − − λ  .  (4.4.24) 

JZkkfhljbf� ^\Z� kemqZy�� <� i_j\hf� kemqZ_� ijbgbfZ_f�

( ) ( ) 11
1 1 2q rq r

−−λ = − , ( ) 1
2 2q rq r −λ = �b�ba����������bf__f 

 ( ) ( ) ( )1: 2 q
q r i i q i q iI p u h p h u−  = − −  .  (4.4.25) 

Mkj_^gyy� kemqZcgmx� bgnhjfZpbx� jZaebqby� ���������� ihemqbf�

nmgdpbhgZe 

 

( ) ( )

( ) 11 1

: :

1 2 1 ,

m
q r

q r q r i i i
i

m
q q r q r

i i
i

I p u I p u p

p u
−− −

= =

 = − −  

∑

∑
 

 (4.4.26)
 

dhlhjuc�ijb� 1r = �jZ\gy_lky�bgnhjfZpbb�jZaebqby�JZlv_–DZggZiiZgZ� 
<h�\lhjhf�kemqZ_�kemqZcgZy�bgnhjfZpby�jZaebqby�jZ\gy_lky�jZagh�

klb� kemqZcguo� wgljhibc��Ba� ��������� ke_^mxl� agZq_gby� dhwnnbpb_glh\�

( ) ( ) 11
1 2 1q rq r

−−λ = − , ( )2 1q rλ = ��GZoh^bf�\a\_r_ggh_�g_ghjfbjh\Zg�

gh_�kj_^g__� 

 

( ) ( )

( ) 11 1

: :

2 1 1 ,

m
q r

q r q r i i i
i

m
q r q r q r

i i
i

I p u I p u p

p u
−− −

= =

 = − −  

∑

∑
 

 (4.4.27)
 

dhlhjh_�ijb� 1r = �kh\iZ^Z_l�k�bgnhjfZpb_c�jZaebqby�����������bkihevam_�

fhc�\�h[h[s_gghc�l_hjbb�bgnhjfZpbb�>��������@� 
JZkkfhljbf�hkgh\gu_�k\hckl\Z�g_ghjfbjh\Zgghc�jZaebqZxs_c�bg�

nhjfZpbb���������� 
��� <uimdehklv�� BgnhjfZpby� jZaebqby� _klv� \_s_kl\_gguc�� \u�

imdeuc�b�iheh`bl_evguc� �hljbpZl_evguc��nmgdpbhgZe� k�fbgbfmfhf�
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�fZdkbfmfhf��ijb� 0q >  ( )0q < . 

KijZ\_^eb\u�ke_^mxsb_�g_jZ\_gkl\Z 

 ( ): 0qI p u ≥  ( )0q > , (4.4.28) 

 ( ): 0qI p u ≤  ( )0q < ,  (4.4.29) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2: : :q q qI a p a p u a I p u a I p u + ≤ +  ,  (4.4.30) 

]^_� 1 2 1a a+ = �b� 1 0a > , 2 0a > ��Ijb� p u= �bf__f�jZ\_gkl\h� ( ): 0qI p p = . 

GZ� jbk����� ijb\_^_gu� aZ\bkbfhklb� wgljhibb� OZ\j^Z–QZj\Zl–

>Zjhrb� ( )qH p � b� g_ghjfbjh\Zgghc� bgnhjfZpbb� jZaebqby� ( ):qI p u � hl�

qbkeZ�q �ijb�agZq_gbyo� 2m= , 1 1 4p = , 1 1 3u = . 

Z [ 

Jbk� ���� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb  
OZ\j^Z–QZj\Zl–>Zjhrb hl qbkeZ q: 

Z – ( )
q

H p , [ – ( ):
q

I p u  

 

GZ�jbk�����^Zxlky� aZ\bkbfhklb�g_ghjfbjh\Zgghc�bgnhjfZpbb�jZa�

ebqby� hl� jZkij_^_e_gby� ijb� agZq_gbyo� 2m= , 1 1 4p = , 1 1 3u = � b�

1; 1 2; 0; 1; 2q = − − . 

( )
q

H p  

5 
 
 

4 
 
 

3 
 
 

2 
 
 

1 

–10       –5        0         5         10        12       20  q 

0,2 
 
 

0,15 
 
 

0,1 
 
 

0,05 
 

–10       –8       –6       –4       –2                2        4  q 

( : )
q

I p u  
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Jbk� ���� AZ\bkbfhklv g_ghjfbjh\Zgghc  
bgnhjfZpbb jZaebqby hl jZkij_^_e_gby� 

1 – (q = –1), 2 – (q = –1/2), 3 – (q = 0), 4 – (q = 1), 5 – (q = 2) 
 
���G_Z^^blb\ghklv�^ey�g_aZ\bkbfuo� h[t_dlh\��Imklv� khklhygb_�

kemqZcgh]h�h[t_dlZ�hibku\Z_lky�ghjfbjh\Zggufb�kh\f_klgufb�jZkij_�

^_e_gbyfb� ij i jp p p= �b� ij i ju u u= �ijb�klZlbklbq_kdhc�g_aZ\bkbfhklb�^\mo�

kemqZcguo�h[t_dlh\��BgnhjfZpbb�jZaebqby�hij_^_eyxlky�\ujZ`_gbyfb� 

 ( ) ( ) 11 1
12 12: 2 1 1

m n
q q q

q ij ij
i j

I p u p u
−− − 

= − − 
 

∑∑ ,  (4.4.31) 

 ( ) ( ) 11 1
1 1: 2 1 1

m
q q q

q i i
i

I p u p u
−− − = − −  

∑ ,  (4.4.32) 

 ( ) ( ) 11 1
2 2: 2 1 1

n
q q q

q j j
j

I p u p u
−− − 

= − − 
 

∑ ,  (4.4.33) 

^ey�dhlhjuo�bf__f�k\hckl\h�g_Z^^blb\ghklb 

 
( ) ( ) ( )

( ) ( ) ( )
12 12 1 1 2 2

1
1 1 2 2

: : :

1 2 : : ,

q q q

q
q q

I p u I p u I p u

I p u I p u−

= + +

+ −
 

 (4.4.34)
 

( )XS,
T

�

S

�

�

�

�

�
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]^_�iZjZf_lj� q �oZjZdl_jbam_l�kl_i_gv�g_Z^^blb\ghklb�bgnhjfZpbc�jZa�

ebqby��Ijb� 1q = �ba����������ke_^m_l�Z^^blb\ghklv�^ey�bgnhjfZpbc�jZaeb�

qby�Dmev[ZdZ–E_c[e_jZ� 
<�kemqZ_� 2m≥ �bf__f�jZ\_gkl\h 

 

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

12 12
1

1
1

1

121
1 1

1

11
1 1 2 2

: :

1 2 : :

1 2 : : :

1 2 : : : .

m

q m m q i i
i

m
q

q i i q m m
i

m
q

q i i q m m q m m
i

mq
q q q m m

I p u I p u

I p u I p u

I p u I p u I p u

I p u I p u I p u

=
−

−

=
−

−
− −

=
−−

= +

+ − +

+ − +

+ + −

∑

∑

∑

! !

! !

  

(4.4.35)

 

���JZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\��<�kemqZ_�aZ\bkbfuo�h[t_d�

lh\�^ey�jZkij_^_e_gbc�bf__f�khhlghr_gby 

 ij i j i
p p p= , ij i j i

u u u= ,  (4.4.36) 

 1
m n m n

ij ij
i j i j

p u= =∑∑ ∑∑ , 1
m m

i i
i i

p u= =∑ ∑   (4.4.37) 

b�khhl\_lkl\mxsb_�kemqZcgu_�wgljhibb�b�bgnhjfZpbb�jZaebqby 

 ( ) ( ) ( ) ( ) ( ) ( )12 1q
q ij q i q q i qj i j i

h p h p h p h p h p−= + − − ,  (4.4.38) 

 ( ) ( ) ( ) ( ) ( ) ( )12 1q
q ij q i q q i qj i j i

h u h u h u h u h u−= + − − ,  (4.4.39) 

 ( ) ( ) ( ):q ij ij q ij q ijI p u h p h u = − −  .  (4.4.40) 

BgnhjfZpby�jZaebqby�^Z_lky�jZ\_gkl\hf 

 ( ) ( ) ( )12 12 1 1 21 21
: :q q qI p u I p u I p u= + ,  (4.4.41) 

]^_�\lhjh_�keZ]Z_fh_ 

 ( ) ( ) 1
21 21 21 21

:
m

q q
q qi i i

i
I p u I p u p u−= ∑   (4.4.42) 

_klv�\a\_r_ggh_�g_ghjfbjh\Zggh_�kj_^g__� ���������^ey�mkeh\ghc�bgnhj�

fZpbb�jZaebqby� 
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 ( ) ( ) 1 11
21 21

: 2 1 1
n

q qq
qi j i j i

j
I p u p u

− −−  
= − − 

 
∑ .  (4.4.43) 

Ijb� 221
p p= �b� 221

u u= �ba����������ke_^m_l�k\hckl\h�g_Z^^blb\ghklb�

(4.4.34). 
Khhlghr_gb_����������ij_^klZ\ey_lky�lZd`_�\�\b^_ 

 ( ) ( ) ( )12 12 2 2 12 12
: :q q qI p u I p u I p u= + ,  (4.4.44) 

]^_ 

 ( ) ( ) 1
12 12 12 12

:
n

q q
q qj j j

j
I p u I p u p u−= ∑ ,  (4.4.45) 

 ( ) ( ) 1 11
12 12

: 2 1 1
m

q qq
qi i j i j

i
I p u p u

− −−  = − −  
∑ .  (4.4.46) 

<�blh]_�kijZ\_^eb\h�ke_^mxs__�jZ\_gkl\h 

 ( ) ( ) ( ) ( )1 1 2 2 12 12 21 21
: :q q q qI p u I p u I p u I p u− = − .  (4.4.47) 

>ey�aZ\bkbfuo�h[t_dlh\�k�jZkij_^_e_gbyfb� 

 12 1 21
p p p= , 12 1 21

u u u=   (4.4.48) 

ihemqbf�f_jm�bgnhjfZpbb 

 

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

12 12 12

1

2 21

:

2 1

,

q q

m n
q q

q i q j q i q j ij
i j

m
q

q qi i
i

I p p H p

h p h p h p h p p

H p H p p

−

= − +

 + + − − = 

= −

∑∑

∑

 

 (4.4.49)

 

]^_ 

 ( ) ( ) 11
21

1 2 1
n

qq
qi j i

j
H p p

−−  
= − − 

 
∑ .  (4.4.50) 

<ujZ`_gb_� ���������[ueh�hij_^_e_gh�n_ghf_gheh]bq_kdbf�iml_f�\�

jZ[hlZo�>������@�b�bkihevah\Zehkv�\�l_hjbb�i_j_^Zqb�kb]gZeZ�ih�dZgZeZf�

k\yab� 
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��� NemdlmZpby�� JZkkfhljbf� nemdlmZpbx� kemqZcghc� bgnhjfZpbb��

jZaebqby 

 ( ) ( ) ( ) 1: : : q
q q i i q i i q iI p u I p u I p u p− ∆ = −    (4.4.51) 

b�ihke_�ij_h[jZah\Zgbc�ihemqbf�jZ\_gkl\h 

 
( ) ( ) ( ) ( )

( ) ( ){ }
1 1 1

1 1

2 1 : 1 2 1 :

2 1 : ,

q q q
i q i i q

q q
i q q i i

u I p u I p u

u I p u

− − −

− −

   + − − − =   
 = + − ∆  

 
 (4.4.52)

 

ba�dhlhjh]h�\ul_dZ_l�bkdhfh_�khhlghr_gb_�^ey�kj_^g_]h�agZq_gby 

 
( ) ( ) ( )

( ) ( ){ } ( )

1 1
1

1 1
1 1

1 2 1 :

2 1 : .

q
q

q

m q
q q

i q q i i
i

I p u

u I p u

−−

−
− −

 − − = 

 = + − ∆  ∑
 

 (4.4.53)
 

Ijb� 1q = � ba� ��������� ihemqbf� ba\_klgh_� \ujZ`_gb_� bgnhjfZpbb�

jZaebqby�Dmev[ZdZ–E_c[e_jZ 

 ( ) ( ):
2: log 2 i i

m I p u
i

i
I p u u ∆= ∑ .  (4.4.54) 

<ujZabf�bgnhjfZpbx�jZaebqby�q_j_a�nemdlmZpbx�kemqZcghc� wgljh�

ibb� ( )q q ih p ∆   � b� wgljhibx�OZ\j^Z–QZj\Zl–>Zjhrb� \� h[s_f� \b^_��>ey�

q_]h�i_j_ibr_f�kemqZcgmx�bgnhjfZpbx�jZaebqby�ke_^mxsbf�h[jZahf 

 
( ) ( ) ( )

( ) ( ) ( )1

:

.

q i i q i q i

q
q i q i q q i

I p u h p h u

h p H u u h u−

 = − − = 
   = − − + ∆   

 
 (4.4.55)

 

Mkj_^gyy�����������ihemqbf�\ujZ`_gb_ 

 ( )
( ) ( ) ( )

( ) ( )1
:

1 2 1

m
q

q q q q i i
i

q q
q

H p H u h u p
I p u

H u−

   − − + ∆   
=

+ −

∑
,  (4.4.56) 

dhlhjh_� hlebqZ_lky� hl� khhl\_lkl\mxs_c�nhjfmeu� ��������� klZlbklb�

q_kdhc� fh^_eb� R_gghgZ–<bg_jZ� ^hihegbl_evguf� fgh`bl_e_f 

( ) ( )11 2 1q
qH u− + −  �� aZ\bkysbf� hl� wgljhibb� OZ\j^Z–QZj\Zl–>Zjhrb�

^ey�jZkij_^_e_gby�u . 
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GZdhg_p�� gZoh^bf� agZq_gb_� nemdlmZpbb� kemqZcghc� bgnhjfZpbb�

jZaebqby 

 ( ) ( ) ( ){ }:q q i i q q i q q iI p u h p h u     ∆ = − ∆ − ∆ +        

 ( ) ( ) ( ) ( )12 1 : ,
m

q q
q q q q i i

i
I p u H u h u p−  + − − ∆  ∑   (4.4.57) 

]^_�\�hlebqb_�hl�agZq_gby����������bf__f�^hihegbl_evgh_�keZ]Z_fh_�\�\b�

^_� ijhba\_^_gby� bgnhjfZpbb� jZaebqby� JZlv_–DZggZiiZgZ� b� wgljhibb�
OZ\j^Z–QZj\Zl–>Zjhrb� 

BgnhjfZpby�jZaebqby��aZibkZggZy�\�h[s_f�\b^_�����������bkihevah�

\ZeZkv�Z\lhjhf�^ey�nbabq_kdbo�ijbeh`_gbc�>��@� 
���BgnhjfZpby�jZaebqby�k� 1iu m= .�BgnhjfZpby�jZaebqby�\�kh�

klhygbb�c�jZkij_^_e_gb_f� p �hlghkbl_evgh�jZ\gh\_jhylgh]h�khklhygby�k�

1iu m= �bf__l�\b^ 

 
( ) ( )

( ) ( ) ( ){ }
11 1

11 1 1

: 2 1 1

1 2 1 .

m
q q q

q i
i

q q q
q

I p u p m

m H p m

−− −

−− − −

 = − − =  

= − − − −

∑
 

 (4.4.58)
 

Kh]eZkgh�g_jZ\_gkl\Zf����������b����������ba����������\ul_dZ_l 

 ( ) ( ) ( )11 11 2 1q q
qH p m

−− −< − − �ijb� 0q > , 

 ( ) ( ) ( )11 11 2 1q q
qH p m

−− −> − − �ijb� 0q < .  (4.4.59) 

LZdbf�h[jZahf��wgljhiby�OZ\j^Z–QZj\Zl–>Zjhrb�f_gvr_��[hevr_���

q_f�wgljhiby�jZ\gh\_jhylgh]h�khklhygby�ijb� 0q >  ( )0q < . 

���G_jZ\_gkl\Z��BgnhjfZpby�jZaebqby�m^h\e_l\hjy_l�g_jZ\_gkl\Zf 

 ( ) ( ) ( )12 12 1 1 2 2: : :q q qI p u I p u I p u≤ + ,  (4.4.60) 

 ( ) ( ): :qI p u I p u≥ , ( )0q > ,  (4.4.61) 

 ( ) ( ): :qI p u I p u≤ , ( )0q < ,  (4.4.62) 

 ( ) ( ) ( ): :q qI p w u w I p u≤   ,  (4.4.63) 

 ( )
n

i k ki
k

p w p w= ∑ , ( )
n

i k ki
k

u w u w= ∑ , 1
m

ki
i

w =∑ .  (4.4.64) 
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Ih^jh[gu_�k\_^_gby�h�g_jZ\_gkl\Zo�ijb\h^ylky�\�h[ahjZo�>��������@� 
���G_]wgljhibcguc�ijbgpbi��Imklv�kj_^g__� agZq_gb_�nemdlmZpbb�

kemqZcghc�wgljhibb� ( )ih u �^ey�jZkij_^_e_gby� ip �m^h\e_l\hjy_l�jZ\_gkl\m 

 
( ){ } ( ) ( )

( ) ( )

1

0 ,

m
q q

q q q q i q i
i

m m
q q

q i i q i i
i i

h u h u H u p p

h u p h u u

−   ∆ = − =   

= − =

∑

∑ ∑

E
 

 (4.4.65)
 

qlh�ijb\h^bl��kh]eZkgh�����������d�\ujZ`_gbx�bgnhjfZpbb�jZaebqby 

 ( )
( ) ( )

( ) ( )1
:

1 1 2

q q

q q
q

H p H u
I p u

H u−

 − = −
+ −

.  (4.4.66) 

Ba����������\ul_dZ_l�khhlghr_gb_ 

 ( ) ( ) ( ) ( ) ( )1: 1 1 2 q
q q q qH p H u I p u H u− = − + −  ,  (4.4.67) 

]^_�bgnhjfZpby�jZaebqby�k�lhqghklvx�^h�fgh`bl_ey�ij_^klZ\e_gZ�\�\b^_�

hljbpZl_evgh]h�\deZ^Z�\� wgljhibx�b�ihwlhfm�gZau\Z_lky�g_]wgljhib_c��

Khhlghr_gb_����������ij_^klZ\ey_lky�lZd`_�\�ke_^mxs_f�\b^_� 

 
( ) ( )

( ) ( ) ( ) ( )

1

1 1

1 1 2

1 1 2 1 1 2 : .

q
q

q q
q q

H p

H u I p u

−

− −

 + − = 
   = + − − −   

 
 (4.4.68)

 

<�h[s_f�kemqZ_�\uihegy_lky�g_]wgljhibcguc�ijbgpbi 

 ( ) ( ) ( ) ( ) ( )1: 1 1 2 0q
q q q qI p u H u H p H u−   + − + − >   , 0q > , 

 ( ) ( ) ( ) ( ) ( )1: 1 1 2 0q
q q q qI p u H u H p H u−   + − + − <   , 0q < .  (4.4.69) 

AgZd�g_jZ\_gkl\Z�khhl\_lkl\m_l�g_h[jZlbfuf�ijhp_kkZf��ijhbkoh^ysbf�

\�kemqZcghf�h[t_dl_� 

���JZkoh`^_gb_��KmffZ�bgnhjfZpbc�jZaebqby� ( ):qI p u �b� ( ):qI u p  

hij_^_ey_l�\ujZ`_gb_�jZkoh`^_gby�>�������@ 

 ( ) ( ) ( ): : :q q qJ p u I p u I u p= + =  



 197

 ( ) ( )11 1 11
2 2 1 1 ,

2

m
q q q q q

i i i i
i

p u u p
−− − − = − − +  

∑  (4.4.70) 

dhlhjh_� kbff_ljbqgh� ijb� aZf_g_� jZkij_^_e_gby� p � gZ� u ��NmgdpbhgZe�

���������y\ey_lky�\uimdeuf�b�g_Z^^blb\guf�^ey�g_aZ\bkbfuo�h[t_dlh\� 
���F_jZ�g_lhqghklb��F_jZ�klZlbklbq_kdhc�g_lhqghklb�hij_^_ey_l�

ky�ba\_klghc�nhjfmehc����������ijb�Z^^blb\ghklb�f_j 

 

( ) ( ) ( )

( ) ( ) 11 1

: :

2 1 .

q q q

m m m
q q q q q

q i i i i i
i i i

H p u H p I p u

h u p p p u
−− −

= + =

 = = − −  
∑ ∑ ∑

 
 (4.4.71)

 

<�ij_^_e_� 1q → �ba����������\ul_dZ_l�f_jZ�g_lhqghklb�D_jjb^`Z 

 ( ) ( ) ( )21
: lim : log

m

q i iq i
H p u H p u u p

→
= = −∑ . (4.4.72) 

Ke_^mxsb_�\ujZ`_gby�^ey�f_ju�g_lhqghklb 

 ( ) ( ) 11 1: 1 2 1
m

q q
q i i

i
H p u u p

−− − = − −  
∑ , (4.4.73) 

 ( ) ( ) ( )1 11: 1 2 1
m

q qq
q i i

i
H p u u p

− −−  = − −  
∑ , (4.4.74) 

 ( ) ( ) 11

1
: 1 2 1

m
q
i

q i
q m

q q
i i

i

p
H p u

p u

−−

−

 
 

= − − 
   

∑

∑
  (4.4.75) 

b�^jm]b_��bf_xsb_�lZd`_�ij_^_evgh_�agZq_gb_�����������ijb\h^ylky�\�h[�

ahjZo�>��������@� 
Lhqgh_�\ujZ`_gb_�f_ju�klZlbklbq_kdhc�g_lhqghklb�^Z_lky�nhjfm�

ehc�^ey�g_Z^^blb\guo�f_j 

 

( ) ( ) ( ) ( ) ( ) ( )

( )

1

11 1

: : 1 2 :

1 2 1 2 .

q
q q q q q

m m m
q q q q q

i i i i
i i i

H p u H p I p u H p I p u

p p p u

−

−− −

= + − − =

 = − − +  
∑ ∑ ∑

  
(4.4.76)
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GZ�jbk�����ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��g_ghjfbjh�

\Zgghc� bgnhjfZpbb� jZaebqby� ( ):qI p u � b�f_ju� g_lhqghklb� ( ):qH p u � \�

\b^_�����������djb\Zy�3��b�\�\b^_�����������djb\Zy�4��hl�jZkij_^_e_gby�ijb�
2m= , 2q = , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 

Z [ 

Jbk����� AZ\bkbfhklb nmgdpbhgZeh\ fh^_eb 
OZ\j^Z–QZj\Zl–>Zjhrb hl jZkij_^_e_gby� 

1 – wgljhiby ( )
q

H p , 2 – g_ghjfbjh\ZggZy bgnhjfZpby 

jZaebqby ( ):qI p u , 3 b 4 –f_jZ g_lhqghklb ( ):qH p u  

 

<�hlebqb_�hl�fh^_e_c�R_gghgZ–<bg_jZ��J_gvb�b�JZlv_–DZggZiiZgZ�
f_jZ�g_lhqghklb�ijb� 1 1 2u = �g_�ij_^klZ\ey_lky�\�\b^_�ijyfhc�ebgbb��qlh�

k\yaZgh�k�g_ghjfbjh\Zgghklvx�jZkkfZljb\Z_fhc�bgnhjfZpbb�jZaebqby� 
����BgnhjfZpbhgguc �jZ^bmk��Bkihevamy�g_jZ\_gkl\h� ���������ijb�

1 2 1 2a a= = ��bf__f�\ujZ`_gby�bgnhjfZpbhggh]h�jZ^bmkZ�>��@ 

 

( ) ( ) ( )

( ) 11

1
:

2 2

1 2 .
2 2

q q q q

qq qm
q i i i i

i

p u
R p u H H p H u

p u p u−−

+   = − + =    
 + +  = − −  
   

∑
 

 (4.4.77)

 

1 

2 

3 

1 
2 

3 

( ), ( : ), ( : )
q q q

H p I p u H p u  
4 
 

 
3 
 

 
2 
 

 
1 
 

 
0 

 0,2        0,4        0,6        0,8          1  p 

4 
 

 
3 
 

 
2 
 

 
1 
 

 
0 

0,2        0,4        0,6         0,8          1  p 

( ), ( : ), ( : )
q q q

H p I p u H p u  

4 

4 
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Ijb� 1q → � ba� ��������� ke_^m_l� \ujZ`_gb_� ��������� klZlbklbq_kdhc�

fh^_eb�R_gghgZ–<bg_jZ�� Ba\_klgh� ^jm]h_� agZq_gb_� bgnhjfZpbhggh]h�
jZ^bmkZ�>��������@ 

 

( )

( )
1

11

1
: : :

2 2 2

1 2 1 ,
2 2

q q q

qq qm
q i i i i

i

p u p u
R p u I p I u

p u p u
−

−−

 + +    = + =        
 + +  = − − 
   

∑
 

 (4.4.78)

 

dhlhjh_�y\ey_lky�h[h[s_gb_f�nmgdpbhgZeZ���������� 

����BgnhjfZpbhggh_ �jZkklhygb_��Imklv� ( ) ( )21
, :

2 qp u I p uδ = � _klv�

g_kbff_ljbqguc�ZgZeh]�jZkklhygby�hl�jZkij_^_e_gby� p �^h� u ��>ey�lZdh�

]h� bgnhjfZpbhggh]h� jZkklhygby� g_� \uihegy_lky� g_jZ\_gkl\h� lj_m]hev�

gbdZ��Z�bf__lky�g_kbff_ljbqguc�ZgZeh]�l_hj_fu�IbnZ]hjZ 

 ( ) ( ) ( ): : :q q qI p u I p w I w u= + ,  (4.4.79) 

_keb�\uihegy_lky�jZ\_gkl\h 

 1 1 1
m m m

q q q q q q
i i i i i i

i i i
p u p w w u− − −+ =∑ ∑ ∑ .  (4.4.80) 

���� Ghjfbjh\Zgghklv � b� jZaf_jghklv�� NmgdpbhgZe� ��������� k�

1 qλ = − �y\ey_lky�nbabq_kdhc�[_ajZaf_jghc�bgnhjfZpb_c�jZaebqby� 

 ( ) 11
: 1

1

m
phys q q
q i i

i
I p u p u

q
− = − −  

∑ .  (4.4.81) 

BgnhjfZpbx� jZaebqby� JZlv_–DZggZiiZgZ� \� \b^_� nbabq_kdhc� jZa�

f_jghc�bgnhjfZpbb�jZaebqby� ( ) ( ): :phys
q qI p u kI p u= �bkihevah\Ze�Z\lhj�

ijb�bkke_^h\Zgbb�ijhp_kkh\�kZfhhj]ZgbaZpbb�b�g_h[jZlbfhklb�\�g_wdk�

l_gkb\guo�kbkl_fZo�>���– 23]. 
JZkkfZljb\Z_fZy� bgnhjfZpby� jZaebqby� g_� m^h\e_l\hjy_l� mkeh\bx�

ghjfbjh\Zgghklb� gZ� _^bgbpm� b� jZ\gy_lky� hlghr_gbx� nbabq_kdhc� [_a�

jZaf_jghc� bgnhjfZpbb� jZaebqby� gZ� agZq_gb_� nbabq_kdhc� wgljhibb�

( )phys
qH u �ijb�jZ\gh\_jhylghf�khklhygbb�k� 2m= ��<uihegy_lky�ke_^mx�

s__�jZ\_gkl\h� 
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 ( )
( ):

:
1 1

,
2 2

phys
q

q
phys
q

I p u
I p u

H
=

 
  

,  (4.4.82) 

]^_ 

 ( )
21

1
1

phys q
q i

i
H u u

q
 = − −  

∑ , ( )11 1 1
, 1 2

2 2 1
phys q
qH

q
−  = −  − 

.  (4.4.83) 

>ey�bgnhjfZpbb�jZaebqby�JZlv_–DZggZiiZgZ�bf__f 

 ( )
( ):

:
1 1

1,0 : ,
2 2

phys
q

q
phys
q

I p u
I p u

I
=

 
  

, ( )11 1 1
1,0 : , 1 2

2 2 1
phys q
qI

q
−  = −  − 

.  (4.4.84) 

LZdbf�h[jZahf��hlebqb_�^\mo�nmgdpbhgZeh\���������b����������khklh�

bl�\�jZaguo�agZq_gbyo�ghjfbjh\hqguo�fgh`bl_e_c�m�nbabq_kdhc�[_ajZa�

f_jghc�bgnhjfZpbb��<� klZlbklbq_kdbo�fh^_eyo�R_gghgZ–<bg_jZ�b�J_�
gvb�fgh`bl_ev�bf__l�h^bgZdh\h_�agZq_gb_��jZ\gh_� ln 2 . 

����BgnhjfZpby�Nbr_jZ��Ij_^_evgh_� agZq_gb_�bgnhjfZpbb�jZa�

ebqby�\�kemqZ_�jZkij_^_e_gbc� ( )ip θ �b� ( ) ( )i iu pθ = θ + δθ �bf__l�\b^ 

 

( ) ( ) ( )

( )
( ) ( ) ( ) ( )

( )

1
1

2 2
2

21

1
: 1

2 1

1
,

22ln 2 2 1

m
q q

q i iq
i

m
q i q

iq
i

I p p

h pq q
p

−
−

θθ−

 θ θ + δθ = − θ θ + δθ = −  
 ∂ θ− δθ  = Γ δθ = θ
∂θ−

∑

∑
 

 (4.4.85)

 

]^_�\_ebqbgZ 

 
( ) ( )

2
lnm

i
i

i

p
pθθ

∂ θ 
Γ = θ ∂θ 

∑   (4.4.86) 

ij_^klZ\ey_l� kh[hc� f_jm� Nbr_jZ� h� \_ebqbg_� g_nemdlmbjmxs_]h� 
iZjZf_ljZ� θ � \� l_hjbb� hp_gb\Zgby� fZl_fZlbq_kdhc� klZlbklbdb  
[32, 33, 39, 74, 75]. 

����>\mo�b� k -iZjZf_ljbq_kdZy�bgnhjfZpby�jZaebqby��JZkkfhl�

jbf�\a\_r_ggh_�g_ghjfbjh\Zggh_�mkj_^g_gb_�k�\_khf� q r
i ip u− ��Lh]^Z��mqb�

lu\Zy�\ujZ`_gb_� 
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 ( )

m
q r

i i i
i

q m

i
i

T p u
T

p

−

=
∑

∑
E   (4.4.87) 

b�� bkihevamy� Zdkbhfu� jZa^_eZ� ����� ihemqbf� ^\moiZjZf_ljbq_kdmx� bg�

nhjfZpbx�jZaebqby 

 ( ) ( ) ( )1

, : , 1 q

q

m D qq
q D q i i

i
I p u q D p u

− = λ −  
∑ ,  (4.4.88) 

]^_� ( ), qq Dλ  – ghjfbjh\hqguc�fgh`bl_ev�b 

 
1qD

q

τ=
−

.  (4.4.89) 

Nbabq_kdZy�[_ajZaf_jgZy�bgnhjfZpby�jZaebqby�bf__l�\b^�>��@ 

 ( ) ( )1

,

1
: 1

1
q

q

m D qphys q
q D i i

i
I p u p u

q

− = − −  
∑ .  (4.4.90) 

>ey�gZoh`^_gby ( ), qq Dλ �aZibr_f�jZ\_gkl\Z 

 ( )
( ),

,

:
:

1 1
,

2 2

q

q

phys
q D

q D
phys
q

I p u
I p u

H
=

 
  

, ( )
21

1
1

phys q
q i

i
H u u

q
 = − −  

∑ ,  (4.4.91) 

 ( )
( ),

,

,

:
:

1 1
1,0 : ,

2 2

q

q

q

phys
q D

q D
phys
q D

I p u
I p u

I
=

 
  

.  (4.4.92) 

Kh]eZkgh����������–����������ihemqbf�^\Z�nmgdpbhgZeZ 

 ( ) ( ) ( )1 11
, : 1 2 1 q

q

m D qq q
q D i i

i
I p u p u

− −−  = − −  
∑ ,  (4.4.93) 

 ( ) ( )( ) ( )11 1

, : 1 2 1q q

q

mD q D qq
q D i i

i
I p u p u

−− − = − −  
∑ ,  (4.4.94) 

dhlhju_�ijb� 1qD = �kh\iZ^Zxl��khhl\_lkl\_ggh��k�nmgdpbhgZeZfb����������

b��������� 
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Hlf_lbf�� qlh� ihemq_ggu_� bgnhjfZpbb� jZaebqby� h[eZ^Zxl� \k_fb�

ijb\_^_ggufb�k\hckl\Zfb��^ey�gbo�fh`gh�\\_klb� agZq_gby�bgnhjfZpb�

hggh]h�jZ^bmkZ��jZkklhygby��f_ju�jZkoh`^_gby��g_lhqghklb�b�l�i� 
Hij_^_ebf� k -iZjZf_ljbq_kdmx�nbabq_kdmx�[_ajZaf_jgmx�bgnhj�

fZpbx�jZaebqby 

 

( )
1 2

1 2

, , , 1 2

1 2
1 2

: : :

1
1 , 1,

, , ,

k

k

k

m m

i i ki ri
i ik

I p p p

p p p p

α α α

αα α

=

 = − = α α α  
∑ ∑

!

!

!

!

 
 (4.4.95)

 

dhlhjZy�y\ey_lky�\uimdeuf��g_Z^^blb\guf�nmgdpbhgZehf�^ey�g_aZ\bkb�

fuo�h[t_dlh\� 
Ijb� 1, 2r = � iheh`bf� 1i ip p= � b� 2i ip u= �� Z� lZd`_� 1 2 1α + α = � k�

1 qα = �b� 2 1 qα = − ��<�blh]_�ba� ���������\ul_dZ_l�ke_^mxsZy�bgnhjfZpby�

jZaebqby�>�����������@ 

 ( ) ( )
1

,1

1
: 1

1

m
q q

q q i i
i

I p u p u
q q

−
−

 = − −  
∑   (4.4.96) 

k�ij_^_evgufb�agZq_gbyfb�ijb� 0q = �b� 1q =  

 ( )0,1 2: log
m

i
i

i i

u
I p u u

p

 
=    

∑ ,  (4.4.97) 

 ( )1,0 2: log
m

i
i

i i

p
I p u p

u

 
=    

∑ .  (4.4.98) 

15. f-bgnhjfZpby� jZaebqby��BgnhjfZpby� jZaebqby� ij_^klZ\ey_l�
kh[hc� f -�bgnhjfZpbb�jZaebqby 

 ( ):
m

i
f i

i i

u
I p u f p

p

 
=    

∑ , ( )

1

1

1

2 1

q

i

i

q

u

p
f

−

−

 
−    =

−
,  (4.4.99) 

 ( ) ( ): ,
m

f i i
i

I p u f p u= ∑ , 
( )

( )
1

12 1

q q
i i i

q

p p u
f

−

−

−
=

−
,  (4.4.100) 
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 ( ) 1:f q

p
I p u f N

u−
  =     

, ( )

1

1

1

1

2 1

q

q

q

p
N

u
f

−

−

−

  −     =
−

.  (4.4.101) 

Nmgdpby� ( ),f p u �\� ���������� _klv�bgnhjfZpbhggZy�nmgdpby�� Z�\u�

jZ`_gb_�����������–�nmgdpby�hl�ihemghjfu�jZkij_^_e_gby� 
<� kemqZ_� lj_o� jZkij_^_e_gbc�nmgdpbhgZeu� ���������� ���������� ijb�

fml�\b^ 

 ( ): :
m

i
f i

i i

w
I p w u f p

u

 
=    

∑ ,  (4.4.102) 

 ( ) 1: :f q

w
I p w u f N

u−
  =     

,  (4.4.103) 

]^_�ihemghjfZ�jZkij_^_e_gby 

 1 1
1

m
q q

q i i i
i

w
N w u p

u
− −

−
  =  

∑ .  (4.4.104) 

>ey� bgnhjfZpbb� jZaebqby� JZlv_–DZggZiiZgZ� dhwnnbpb_gl�

( )12 1q− − � aZf_gy_lky� gZ� ( )11 2q−− �� ?keb� nmgdpbhgZevgZy� aZ\bkbfhklv� \�

����������bf__l�\b^ 

 ( )
1

11
11 2 1

q
q

q

w
f N

u

−
−−

−

    = − −       
,  (4.4.105) 

lh�ihemqbf�\ujZ`_gb_ 

 ( ) ( ) 11 1 1: : 1 2 1
m

q q q
f i i i

i
I p w u w u p

−− − − = − −  
∑ ,  (4.4.106) 

jZkkfZljb\Z_fh_�\�jZ[hl_�>��@� 
���� D\Zglh\u_� bgnhjfZpbhggu_ � f_ju�� >ey� d\ZabdeZkkbq_kdhc�

klZlbklbdb�jZkkfZljb\Z_lky�\a\_r_ggh_�kj_^g__�ih�\_kZf� iυ  

 ( ) ( )

1

1

1
1

1 2

m
q
i i

i
q mq

i
i

p
H p

−

−

 υ 
= − 

−  υ  

∑

∑
,  (4.4.107) 

dhlhjh_�ijb� 1q → �kh\iZ^Z_l�k�wgljhib_c����������� 
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D\Zglh\u_� bgnhjfZpbhggu_� f_ju� ^ey� klZlbklbdb� FZdk\_eeZ–
;hevpfZgZ�bf_xl�\b^�>��@ 

 ( ) ( )
11

:
1 2

m m
q q

q i i i i iq
i i

H p u p p u−
−

 = υ − υ −  
∑ ∑ ,  (4.4.108) 

 ( ) ( )
1

1

1
:

1 2

m m
q q

q i i i i iq
i i

I p u p p u−
−

 = υ − υ −  
∑ ∑ .  (4.4.109) 

<�ij_^_e_� 1q → �ba� ����������b� ����������\ul_dZ_l�bgnhjfZpby�jZa�

ebqby����������b�f_jZ�g_lhqghklb�>��������@� 

�����Lbi�g_Z^^blb\ghc�q-wgljhibb� 
b�q -bgnhjfZpbb�jZaebqby 

Imklv� kemqZcguc� h[t_dl� khklhbl� ba� ^\mo� g_aZ\bkbfuo� kemqZcguo�

h[t_dlh\��>ey�agZq_gbc�ihemghjf�jZkij_^_e_gbc 

 ( )1 12qN N p−= , ( )1 1 1qN N p−= , ( )2 1 2qN N p−=   (4.5.1) 

kijZ\_^eb\h�k\hckl\h�fmevlbiebdZlb\ghklb 

 1 2N N N= .  (4.5.2) 

Kh\f_klgh_� jZkij_^_e_gb_� _klv� ij i jp p p= �� Z� ip �b� jp � hlghkylky� d�

g_aZ\bkbfuf�h[t_dlZf� 
Bkihevam_f�k\hckl\h�g_Z^^blb\ghklb�^ey�q -wgljhibb  

 ( )1
1 2 1 22 1qH H H H H−= + + − ,  (4.5.3) 

]^_� ( )H H N= , ( )1 1H H N= �b� ( )2 2H H N= . 

Ihke_�^bnn_j_gpbjh\Zgby���������k�bkihevah\Zgb_f���������ihemqbf�

mjZ\g_gb_�>��@ 

 

( ) ( )

( )

1 1 1
1

1

1 2
2

2

lnln
1 2 1 1 2 1

ln
1 2 1 ,

q q

q

d Nd N
H H

dH dH

d N
H

dH

− −

−

   + − = + − =   

 = + − = λ 

  
(4.5.4)

 

]^_�λ  –�ijhba\hevgZy�ihklhyggZy��aZ\bkysZy�hl�q . 
Bgl_]jbjm_f���������b�bf__f�q -wgljhibx 

 ( ) ( ) ( ) ( )12 111
12 1 1

q
q

q qH p N p
− − λ−−

−
  = − −   

.  (4.5.5) 
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Mqblu\Zy� mkeh\b_� ghjfbjh\Zgghklb� wgljhibb�
1 1

, 1
2 2qH   =  

� ijb�

2m= �b� 1 2 1 2p p= = �ihemqbf�jZ\_gkl\h 

 ( ) ( )12 1112 1 2 1 1
q

q
− − λ−−  − − = 

 
,  (4.5.6) 

ba�dhlhjh]h�gZoh^bf�agZq_gb_�ihklhygghc 

 
11 2

1

q

q

−−λ =
−

.  (4.5.7) 

<�blh]_�ba���������\ul_dZ_l�wgljhiby�OZ\j^Z–QZj\Zl–>Zjhrb 

 ( ) ( ) ( ){ } ( )11 11 1
11 2 1 1 2 1

m
q
iq

q q i
q q m

i
i

p
H p N p

p

−− −− −
−

 
 

 = − − = − −      

∑

∑
.  (4.5.8) 

:gZeh]bqgh��bkihevamy�ihemghjfu 

 12
1
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q

p
N N

u−

 
=    

, 1
1 1

1
q

p
N N

u−

 
=    

, 2
2 1

2
q

p
N N

u−

 
=    

  (4.5.9) 

b�k\hckl\h�g_Z^^blb\ghklb�^ey�q -bgnhjfZpbb�jZaebqby 

 ( )1
1 2 1 22 1qI I I I I−= + + − ,  (4.5.10) 

ihemqbf�mjZ\g_gb_ 

 

( ) ( )

( )

1 1 1
1

1
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2

2

lnln
1 2 1 1 2 1
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1 2 1 .

q q

q

d Nd N
I I
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− −

−

   + − = + − =   

 = + − = λ 

 

 (4.5.11)

 

J_r_gb_f����������y\ey_lky�q -bgnhjfZpby�jZaebqby 

 ( )
( )12 1

11
12 1 1

q

q
q q

p p
I N

u u

− − λ
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−

      = − −           
,  (4.5.12) 

dhlhjZy�k�mq_lhf�mkeh\by�ghjfbjh\Zgghklb�
1 1

1,0 : , 1
2 2qI   =  

�ijb\h^bl�d�

jZ\_gkl\m� 
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 ( ) ( )11 2112 1 2 1 1
q

q
−− λ−−  − − = 

 
.  (4.5.13) 

Ba����������ihemqbf 
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q

q

−−λ =
−

  (4.5.14) 

b�\�blh]_�ba����������\ul_dZ_l�bgnhjfZpby�jZaebqby�JZlv_–DZggZiiZgZ 
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 
 

= − − 
   

∑

∑

 

 (4.5.15)

 

Ijb�bkihevah\Zgbb�k\hckl\Z�g_Z^^blb\ghklb�\�\b^_ 

 ( )1
1 2 1 21 2 qI I I I I−= + + −   (4.5.16) 

b�ihke_�\uqbke_gbc�gZoh^bf 

 ( )
( )12 1

11
11 2 1
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q
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−
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.  (4.5.17) 

Ijb�agZq_gbb�ihklhygghc 
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  (4.5.18) 

ba����������ke_^m_l�g_ghjfbjh\ZggZy�bgnhjfZpby�jZaebqby� 
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 
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∑
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 (4.5.19)
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Ijb� 1
m
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i

p =∑ �nmgdpbhgZeu� ���������b� ���������kh\iZ^Zxl�k�\ujZ`_�

gbyfb���������b���������� 

�����Wdklj_fmf�ihemghjfu�jZkij_^_e_gby 

JZkkfhljbf�wdklj_fmf�ihemghjfu�jZkij_^_e_gby�>��@ 

 ( )
( )1 1

1
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q

q i
i

N p p
−

−
 =   
∑   (4.6.1) 

ijb�khojZg_gbb�ghjfbjh\db 
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m

i
i

p =∑ .  (4.6.2) 

>ey�wlh]h�\uqbkebf�[_amkeh\guc�wdklj_fmf�nmgdpbhgZeZ 

 
( )1 1qm m

q
i i

i i
L p p

− = − α  
∑ ∑ ,  (4.6.3) 

]^_�α �_klv�fgh`bl_ev�EZ]jZg`Z��Bkihevamy�jZ\_gkl\h 
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1
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q q
i i i i

i i i

q
L p p p p

q

− −
− δ = δ − α δ = −  

∑ ∑ ∑ ,  (4.6.4) 

ihemqbf 

 1 0q
iq p −γ − α = , 

( ) ( )2 1
1

1

q qm
q
i

i
p

q

− − γ =  −  
∑ .  (4.6.5) 

Mqblu\Zy�mkeh\b_�ghjfbjh\db� ���������ba� ��������\ul_dZ_l�jZ\gh\_�

jhylgh_� jZkij_^_e_gb_� 1ip m= � b� wdklj_fZevgh_� agZq_gb_� ihemghjfu�

jZkij_^_e_gby� ( ) 1N p m= . 

>Ze__� jZkkfhljbf� \ZjbZpbhgguc� ijbgpbi� wdklj_fmfZ� ihemghjfu�

jZkij_^_e_gby�ijb�aZ^Zgghklb�g_ghjfbjh\Zggh]h�kj_^g_]h�agZq_gby�kem�

qZcghc�\_ebqbgu� { }1, , mh h h= ! �b�ghjfbjh\db 

 ( )
m

q
i i

i
H p h p= ∑ , 1

m

i
i

p =∑ .  (4.6.6) 

Kh]eZkgh�\ZjbZpbhgghfm�ijbgpbim��hij_^_ebf�nmgdpbhgZe� 
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( )1 1qm m m

q q
i i i i

i i i
L p h p p

− = + τ − α  
∑ ∑ ∑ .  (4.6.7) 

IjbjZ\gb\Zy�gmex�i_j\mx�\ZjbZpbx 

 

( ) ( )2 1
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q
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 (4.6.8)

 

ihemqbf� 

 ( ) 1 0q
i iq h p −γ − τ − α = .  (4.6.9) 

Ihkdhevdm� τ � b� α � bf_xl� ijhba\hevgu_� agZq_gby�� lh�
1q−τ = −γλ = −α λ ��Lh]^Z�ba���������\ul_dZ_l�jZkij_^_e_gb_ 

 ( ) ( )1 1
1

q

i ip h
−

= + λ   (4.6.10) 

b�\ujZ`_gb_�kemqZcghc�wgljhibb 

 ( ) ( )1 11 q
i i ih h p p− −= = −λ − .  (4.6.11) 

Mkj_^gyy����������ihemqbf�q -wgljhibx� 
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q q
q i i i

i i
H p h p p p−  = = −λ −  

∑ ∑ ,  (4.6.12) 

dhlhjZy� ijb� \uiheg_gbb� mkeh\by� ghjfbjh\Zgghklb�
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2 2qH   =  

� ijb�

2m= �b� 1 2 1 2p p= = �ijb\h^bl�d�jZ\_gkl\m 

 ( )11 2 q−λ = − .  (4.6.13) 

Ih^klZ\eyy�agZq_gb_�dhwnnbpb_glZ� ���������\� ���������bf__f�wgljh�

ibx�OZ\j^Z–QZj\Zl–>Zjhrb 
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∑ .  (4.6.14) 

:gZeh]bqgh��gZoh^bf�wdklj_fmf�ihemghjfu�jZkij_^_e_gby 
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ijb� ^hihegbl_evguo� mkeh\byo� aZ^Zgghklb� g_ghjfbjh\Zggh]h� kj_^g_]h�

agZq_gby�\_ebqbgu� { }1, , mI I I= ! �b�khojZg_gby�ghjfbjh\db 
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∑ ∑ ∑   (4.6.17) 

b�ijbjZ\gy_f�_]h�i_j\mx�\ZjbZpbx�gmex��Lh]^Z�ba�jZ\_gkl\Z 
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 δ = − −  

−τ δ − α δ =

∑ ∑

∑ ∑
 

 (4.6.18)

 

ihemqbf 

 ( )1 1 0q q
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1

q qm
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i
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− −
− γ =   

∑ .  (4.6.19) 

IheZ]Zy� 1q−τ = γλ = α λ ��ba����������bf__f�\ujZ`_gb_�kemqZcghc�bg�

nhjfZpbb�jZaebqby 

 ( ) ( )1 1 1: q q
i i i i iI I p u p u− − −= = λ − .  (4.6.20) 

Kj_^g__�__�agZq_gb_�^Z_l�nmgdpbhgZe 
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∑ ∑ ,  (4.6.21) 

dhlhjuc�ijb�\uiheg_gbb�mkeh\by�ghjfbjh\Zgghklb�
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2 2qI   =  

�kh\�

iZ^Z_l�k�bgnhjfZpb_c�jZaebqby�JZlv_–DZggZiiZgZ 

 ( ) ( )1 1: 1 2 1
m

q q q
q i i

i
I p u p u− − = − −  

∑ .  (4.6.22) 

?keb�\uihegy_lky�mkeh\b_� 
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 ( ) ( ) ( ):i i i iI p u h p h u = − −  ,  (4.6.23) 

lh�^ey� λ �bf__f�jZ\_gkl\h����������b�\�blh]_�ba����������ke_^m_l�g_ghjfb�

jh\ZggZy�bgnhjfZpby�jZaebqby� 

 ( ) ( ) 11 1: 2 1 1
m

q q q
q i i

i
I p u p u

−− − = − −  
∑ .  (4.6.24) 

�����<ZjbZpbhgguc�ijbgpbi� 
^ey�wgljhibb�OZ\j^Z–QZj\Zl–>Zjhrb� 
b�l_jfh^bgZfbq_kdb_�khhlghr_gby 

JZkkfhljbf�wdklj_fmf�wgljhibb�OZ\j^Z–QZj\Zl–>Zjhrb 

 ( ) ( ) 111 2 1
m

q q
q i

i
H p p

−−  = − −  
∑   (4.7.1) 

ijb�aZ^Zgghf�agZq_gbb�ijhba\hevghc�kemqZcghc�\_ebqbgu� { }1, , mT T T= !  

b�khojZg_gbb�ghjfbjh\db 

 ( )
m

q
q i i

i
T T p= ∑E , 1

m

i
i

p =∑ .  (4.7.2) 

>ey�gZoh`^_gby�\_jhylgh]h�jZkij_^_e_gby�\uqbkebf�[_amkeh\guc�

wdklj_fmf�nmgdpbhgZeZ 

 ( ) 111 2 1
m m m

q q q
i i i i

i i i
L p T p p

−−  = − − + τ − α  
∑ ∑ ∑ ,  (4.7.3) 

]^_� τ �b�α �_klv�fgh`bl_eb�EZ]jZg`Z��Ba�mkeh\by 

 
( ) 11 1

1

1 2

0

m
q q

i i
i

m m
q

i i i i
i i

L q p p

q T p p p

−− −

−

δ = − − δ +

+τ δ − α δ =

∑

∑ ∑
 

 (4.7.4)

 

ke_^m_l�jZ\_gkl\h 

 ( ) ( )1 12 1 1 1 0q q
i iq p q T− −  − + − λτ − α =  , 

12 1

1

q

q

− −λ =
−

.  (4.7.5) 

Ba���������ihemqbf�ghjfbjh\Zggh_�jZkij_^_e_gb_�k�iZjZf_ljZfb�q �b�τ  

 ( ) ( ) ( )1 1 11 1
q

i i qp q T
− − = + − λτ τ  Γ ,  (4.7.6) 
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]^_�nmgdpby 

 ( ) ( ) ( )1 1
1 1

m q

q i
i

q T
− τ = + − λτ ∑Γ .  (4.7.7) 

Ijb� mkeh\bb� ( )1 1 0iq T+ − λτ > �b� 1q = �ba� ��������b� �������� \ul_dZ_l�

jZkij_^_e_gb_���������klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ 

 ( )12 iT
ip τ −= τΓ , ( ) 2 i

m
T

i

ττ = ∑Γ .  (4.7.8) 

>ey�wdklj_fZevgh]h�agZq_gby�wgljhibb�bf__f�\ujZ`_gb_ 

 

( ) ( )
( )

( )

( )
( )

( )
( )

( )
( ) ( )

1

1 1

1

1
1

1 1 1

1

1 1 1

1
,

1

qm
q i

q
i i

q qmq q i i

i i

q
mq q

i i q q
i

p
H p

q q T

p T

q q T

T p T F
q

−

− −

−

 τ
= − = 

λ − + − λτ  
  − τ τ  = −τ + = λτ − + − λτ  

  − τ    = −τ + = −λτ −   λτ −  

∑

∑

∑ E

Γ

Γ Γ

Γ

 

 (4.7.9)

 

]^_ 

 
( )

( )
1 1

1

q
q

qF
q

− τ −
=

λτ −

Γ
.  (4.7.10) 

Bkihevamy���������b�����������i_j_ibr_f�jZkij_^_e_gb_���������\�\b^_ 

 
( )
( )

( )1 1
1 1

1 1

q

i
i

q

q T
p

q F

− + − λτ
=  

+ − λτ  
  (4.7.11) 

b�ihemqbf�^bnn_j_gpbZevgh_�khhlghr_gb_ 

 ( ) ( )qdH p d T= −λτ E .  (4.7.12) 

AZl_f�gZoh^bf�\lhjmx�\ZjbZpbx�nmgdpbhgZeZ�������� 

 ( )( ) ( )( ) ( )1 22 1 21 1 2 1 1
m

q q
i i

i
L q q q T p p

−− − δ = − − − + − λτ δ ∑ .  (4.7.13) 
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Ba� ���������ke_^m_l��qlh�wdklj_fmf�khhl\_lkl\m_l�fZdkbfmfm�b�fb�

gbfmfm� jZkkfZljb\Z_fh]h� nmgdpbhgZeZ�� khhl\_lkl\_ggh�� ijb� 0q >  

( )2 0Lδ < �b� 0q <  ( )2 0Lδ > ��LZdbf�h[jZahf��jZkij_^_e_gb_� ���������fZd�

kbfbabjm_l�b�fbgbfbabjm_l�wgljhibx�OZ\j^Z–QZj\Zl–>Zjhrb� 
Bkihevam_f�agZq_gb_�kemqZcghc�wgljhibb�b�ihemqbf�nhjfmem 

 
( )

( ) ( ) ( )1

1 1
q i

q i
q

h p
T

q F

∂
− = ∆

∂ λτ + − λτ
  (4.7.14) 

k� nemdlmZpb_c� kemqZcghc� \_ebqbgu� T �� qlh� iha\hey_l� bkihevah\Zlv� __�

ijb�\uqbke_gbb�ijhba\hevguo�p_gljZevguo�fhf_glh\�� 
Imklv�jZkij_^_e_gb_� ip �y\ey_lky�ijhba\hevguf��Z� iu �bf__l�\b^ 

 
( )

( )

( )1 1

0

0 0

1 1

1 1

q

i
i

q

q T
u

q F

− + − λτ
=  

+ − λτ  
.  (4.7.15) 

>ey� wlbo� jZkij_^_e_gbc� g_ghjfbjh\ZggZy� bgnhjfZpby� jZaebqby� bf__l�

agZq_gb_ 

 

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

11 1

11 1
0 0 0

11 1 1
0 0 0 0 0

: 2 1 1

2 1 1 1 1

2 1 1 1 .

m
q q q

q i i
i

m
q q q

q i i
i

m
q q q q

q i q q
i

I p u p u

q T p

p q T

−− −

−− −

−− − −

 = − − =  
  = − − Γ τ + − λτ =   

 = − − Γ τ − − λτ Γ τ  

∑

∑

∑ E

 

 (4.7.16)

 

AZibr_f�jZaghklv�wgljhibc 

 

( ) ( ) ( )

( ) ( ) ( )

11

11
0 0 0

1 2

1 2 1 1

m m
q q q

q q i i
i i

m
q q

q q i
i

H p h u u p

q T F p

−−

−−

 − = − − =  
  = − − − λτ − −   

∑ ∑

∑E

  

(4.7.17)

 

b�ihke_�\uqbke_gbc�hdhgqZl_evgh�ihemqbf�nhjfmem 

 ( ) ( )
1

0 0: 1 1q qI p u q F
− = + − λτ ×   
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 ( ) ( ) ( ) ( ){ }0 ,q q q qH p H u T T   × − − − λτ −   E E   (4.7.18) 

dhlhjZy�ijb� 1q = �kh\iZ^Z_l�k�bgnhjfZpb_c�jZaebqby�Dmev[ZdZ–E_c[e_jZ�

���������klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ 

 

( ) ( )

( ) ( ) ( ) ( )

( )

1

0 0

0

: lim :

,

.

qq

q q q q

m
q

q i i
i

I p u I p u

H p H u T T

T T u

→
= =

   = − − − τ −   

= ∑

E E

E

  (4.7.19) 

<�klZlbklbq_kdhc�nbabd_�kemqZcgufb�h[t_dlZfb�y\eyxlky�qZklbpu��

<� wlhf� kemqZ_�iheh`bf��qlh� kβ = − τλ � _klv�h[jZlgZy� l_fi_jZlmjZ�� iH  – 

^bkdj_lgu_� agZq_gby�wg_j]bb�qZklbpu�b� ( )q qE H= E  –�kj_^gyy�wg_j]by�

qZklbpu��Wdklj_fZevgh_�agZq_gb_�nbabq_kdhc�jZaf_jghc�wgljhibb 

 ( ) ( )1
1

m
q

q i q q
i

k
H p p E F

q
 = − = β − −  

∑   (4.7.20) 

kh\iZ^Z_l� k� khhl\_lkl\mxsbf� \ujZ`_gb_f� \� klZlbklbq_kdhc� fh^_eb�

;hevpfZgZ–=b[[kZ��JZ\gh\_kgh_�jZkij_^_e_gb_�bf__l�\b^ 

 
( )
( )

( )1 1
1

1

1 1

1 1

q

i
i

q

k q H
p

k q F

−
−

−

 − − β
=  

− − β  
,  (4.7.21) 

]^_� qF  –�k\h[h^gZy�wg_j]by��NhjfmeZ����������khhl\_lkl\m_l�^bnn_j_gpb�

Zevghfm�khhlghr_gbx 

 ( )q qTdH p dE=   (4.7.22) 

jZ\gh\_kghc�klZlbklbq_kdhc�l_jfh^bgZfbdb�aZfdgmluo�kbkl_f�>�@� 
>ey�hldjuluo�g_jZ\gh\_kguo�kbkl_f��dhlhju_�gZoh^ylky�\�hdjm`_�

gbb�k�l_fi_jZlmjhc� 0T ��bf__f�nbabq_kdmx�jZaf_jgmx�bgnhjfZpbx�jZa�

ebqby�\�\b^_ 

  ( ) 1
0 0: 1

1

m
q q

q i i
i

k
I p p p p

q
− = − = −  

∑  
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( ) ( ) ( )0 01

00 0

1 1
,

1 1 q q q q
q

H p H p E E
Tk q F−

     = − − + −    − − β   
  (4.7.23) 

]^_� 0 01 Tβ = �b� ( )0 0q qE H= E �^ey�jZkij_^_e_gby 

 
( )
( )

( )1 1
1

0
0 1

0 0

1 1

1 1

q

i
i

q

k q H
p

k q F

−
−

−

 − − β
=  

− − β  
.  (4.7.24) 

<\_^_f�g_jZ\gh\_kguc�ihl_gpbZe�FZdk\_eeZ-–=xb�>�����@ 

 ( )0q q qE T H pΦ = − .  (4.7.25) 

Lh]^Z�bgnhjfZpby�jZaebqby 

 ( ) ( )
( )

0 0

0 1
0 0

:
1 1

q q

q
q

I p p
k q−

β Φ − Φ
=

− − β Φ
  (4.7.26) 

aZ\bkbl�hl�^\mo�ihl_gpbZeh\��]^_� ( )0 0 0 0q q qE T H pΦ = − ��<�iheghf�jZ\gh�

\_kbb�bo�agZq_gby�kh\iZ^Zxl� 0q qΦ = Φ �b� ( )0: 0I p p = . 

G_jZ\gh\_kguc�ihl_gpbZe�ij_^klZ\ey_lky��kh]eZkgh� ����������\�ke_�

^mxs_f�\b^_ 

 ( ) ( ) ( )1
0 0 0 0: 1 :q q q q qI p p k q I p p−βΦ = βΦ + + − βΦ ,  (4.7.27) 

]^_�y\gh�ijhy\ey_lky�g_Z^^blb\ghklv�jZkkfZljb\Z_fuo�\_ebqbg� 
>bnn_j_gpbjmy� ��������� ih� \j_f_gb�� ihemqbf� ^bnn_j_gpbZevgh_�

khhlghr_gb_�^ey�hldjuluo�kbkl_f 

 ( ) ( ) ( )0 1
00 0

1 1
:

1 1q q q
q

dI p p dH p dE
Tk q F−

 
≥ − + − − β   

,  (4.7.28) 

]^_� \� hlebqb_� hl� ���������� bf__f� fgh`bl_ev�� aZ\bkysbc� hl� k\h[h^ghc�

wg_j]bb� 0qF �� AgZd�g_jZ\_gkl\Z� khhl\_lkl\m_l� kemqZx�g_h[jZlbfuo�ijh�

p_kkh\�\�hldjulhc�kbkl_f_� 
<�aZdexq_gb_�hlf_lbf��qlh�bkihevah\Zgb_�ghjfbjh\Zggh]h�kj_^g_�

]h� ���������\�jZkkfZljb\Z_fhc�\ZjbZpbhgghc� aZ^Zq_�ijb\h^bl�d�g_mkljZ�

gbfuf�ljm^ghklyf��g_hij_^_e_gghklv�\�agZdZo�\lhjhc�\ZjbZpbb� 2Lδ ��g_�

ebg_cguc� oZjZdl_j� aZ\bkbfhklb� nemdlmZpbb� kemqZcghc� wgljhibb� hl�

nemdlmZpbb�kemqZcghc�\_ebqbgu�b�l�i�� >��@���qlh�h]jZgbqb\Z_l�l_jfh^b�

gZfbq_kdmx�bgl_jij_lZpbx�ihemq_gguo�j_amevlZlh\� 
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= e Z \ Z � �  

H;S:Y�DE:KKBNBD:PBY�F?J�BGNHJF:PBC 

BaeZ]Z_lky�hkgh\ghc�f_lh^��bkihevamxsbc�]jmiih\u_�k\hckl\Z�f_j�

bgnhjfZpbc��Bkke_^mxlky�lbiu�wgljhibc�b�bgnhjfZpbc�jZaebqby��dhlh�

ju_� \ul_dZxl� ba� aZdhgZ� dhfihabpbb� we_f_glh\� ]jmiiu�� mqblu\Zxs_]h�

d\Z^jZlbqgmx�g_ebg_cghklv��I_j\u_�j_amevlZlu�\�wlhf�gZijZ\e_gbb�[u�

eb� ^Zgu� \� fhgh]jZnbb� >��@� b� klZlvyo� >��-��@� Z\lhjZ� b� kihkh[kl\h\Zeb�
jZa\blbx�]jmiih\uo�f_lh^h\�\�h[h[s_gghc�l_hjbb�bgnhjfZpbb��Ijb\h�

^blky� h[sZy� deZkkbnbdZpby�f_j�bgnhjfZpbc��^h\_^_ggZy�^h� _kl_kl\_g�

guo�]jZgbp��BamqZxlky�ij_^klZ\e_gby�jZkkfZljb\Z_fuo�]jmii�f_j��<g_�

k_gu�\Z`gu_�b^_b�b�ihemq_gu�gh\u_�]em[hdb_�j_amevlZlu� 

�����=jmiiu�b�ij_^klZ\e_gby�]jmii 

JZkkfhljbf� h[sb_� k\_^_gby� h� ]jmiiZo�� g_h[oh^bfu_� ^ey� aZ^Zq�

h[h[s_gghc�l_hjbb�bgnhjfZpbb�� 
Imklv�bf__lky�g_imklh_�fgh`_kl\h�we_f_glh\�^ey�g_aZ\bkbfuo�klZ�

lbklbq_kdbo� h[t_dlh\��<� aZ\bkbfhklb� hl� ijbeh`_gbc� hgh� ij_^klZ\ey_l�

kh\hdmighklv�wgljhibc��bgnhjfZpbc�jZaebqby��ihemghjf�jZkij_^_e_gbc�

b�^jm]bo�\_ebqbg� 
Hij_^_e_gb_����=jmiihc�G�gZau\Z_lky�fgh`_kl\h�we_f_glh\�]jmi�

iu��_keb�\uihegyxlky�ke_^mxsb_�mkeh\by��]jmiih\u_�Zdkbhfu�� 
1. Hij_^_e_g� aZdhg� dhfihabpbb�� lh� _klv� [bgZjgZy� Ze]_[jZbq_kdZy�

hi_jZpby�� dhlhjZy� dZ`^hc� mihjy^hq_gghc� iZj_� we_f_glh\� A � b� B � ba�G 
_^bgkl\_gguf� h[jZahf� khihklZ\ey_lky� hij_^_e_gguc� we_f_gl� C A B= D  
ba�G��<� h[s_f� kemqZ_� A BD � b� B AD � y\eyxlky� jZaebqgufb� b� hi_jZpby��

gZau\Z_fZy� ijhba\_^_gb_f� we_f_glh\�� g_� h[eZ^Z_l� i_j_f_klbl_evguf��

beb�dhffmlZlb\guf��k\hckl\hf�� 
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2. Hi_jZpby�ZkkhpbZlb\gZ��lh�_klv� ( ) ( )A B C A B C A B C= =D D D D D D  

^ey�ijhba\hevguo� ,A B�b�C �ba�G. 

3. <�]jmii_�G�bf__lky�_^bgbqguc�we_f_gl��lh�_klv�lZdhc�we_f_gl�E , 
qlh� A E E A A= =D D �^ey�ijhba\hevgh]h� A �ba�G. 

4. <�]jmii_�G�bf__lky�h[jZlguc�we_f_gl��lh�_klv�^ey�ijhba\hevgh]h�

A � ba� G� kms_kl\m_l� lZdhc� we_f_gl�� h[hagZqZ_fuc� \� \b^_� 1A− �� qlh�
1 1A A A A E− −= =D D . 
:dkbhfu���b���jZ\ghkbevgu�h^ghc�Zdkbhf_�3′ ��>ey�^\mo�ijhba\hev�

guo�we_f_glh\� A �b� B �ba�G�\k_]^Z��kms_kl\mxl�lZdb_�we_f_glu� X �b�Y , 
dhlhju_�gZau\Zxlky�e_\uf�qZklguf�b�ijZ\uf�qZklguf�ijb�^_e_gbb� B  
gZ� A ��qlh� A X B=D �b�Y A B=D . 

Ba� ]jmiih\uo� Zdkbhf� ke_^m_l�� qlh� \� ]jmii_� bf__lky� lhevdh� h^bg�

_^bgbqguc�we_f_gl��^ey�dZ`^h]h�we_f_glZ�ba�G�kms_kl\m_l�lhevdh�h^bg�

h[jZlguc�we_f_gl��?keb� C A B= D ��lh� 1 1 1C B A− − −= D �\�kbem�ZkkhpbZlb\�

ghklb� aZdhgZ�dhfihabpbb�\�]jmii_��<k_]^Z�kijZ\_^eb\h� A B A C≠D D �b� ��

_keb�B C≠ . 

Ijb�\uiheg_gbb�dhffmlZlb\ghklb�aZdhgZ�dhfihabpbb� A B A C≠D D  
^ey�ijhba\hevguo� A �b�B �ba�G�bf__f�Z[_e_\m�]jmiim 

Hij_^_e_gb_� �� =jmiiu� gZau\Zxlky� bahfhjngufb�� _keb� dZ`^hfm�
we_f_glm�ba�G �\aZbfgh�h^ghagZqgh�ihklZ\e_g�\�khhl\_lkl\b_�hij_^_e_g�

guc�we_f_gl�ba�G� �lZdbf�h[jZahf��qlh�[bgZjgZy�hi_jZpby�C A B= D �ba�G 

khhl\_lkl\m_l�[bgZjghc�hi_jZpbb� C A B=� � �D �khhl\_lkl\mxsbo�we_f_glh\�

ba�G� . 
Hij_^_e_gb_ � ���We_f_gl� A′ �gZau\Z_lky� khijy`_gguf� k� we_f_g�

lhf A ��_keb�kijZ\_^eb\h�jZ\_gkl\h� 1A C A C−′ = D D �^ey�A, A′ �b�C �ba�G . 
Ba�ijb\_^_ggh]h�hij_^_e_gby�ke_^m_l��qlh�we_f_gl� A �lZd`_�y\ey�

_lky�khijy`_gguf�k�we_f_glhf� A′ ��We_f_gl��h[jZlguc�we_f_glm��khijy�
`_gghfm�k� A ��y\ey_lky�khijy`_gguf�k�we_f_glhf� 1A− ��lZd�dZd�kijZ\_^�

eb\h�jZ\_gkl\h� ( ) 1 1 1A C A C
− − −′ = D D ��?keb� A A′ = �^ey�ex[h]h�we_f_glZ C  

ba�G ��lh� A �gZau\Z_lky�kZfhkhijy`_gguf�we_f_glhf� 

Hij_^_e_gb_� ���We_f_gl� ( ) ...nA A A A= D D D �� y\eyxsbcky� dhfihab�

pb_c� n � we_f_glh\�� _klv� n -y� kl_i_gv� we_f_glZ� A �� KijZ\_^eb\h�

( ) ( ) ( )n m n mA A A +=D , ( ) ( ) ( )n m n mA A A− −=D , ( ) ( ) ( )m
n nmA A  =  �b� ( ) ( ) ( )1

n nA A
−−  =   
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k� ( ) 1 1 1...mA A A A− − − −= D D D ��<�qZklghklb�� ( ) ( ) (0)n nA A A E− = =D �b�ijb� 1n =  

bf__f� (1)A A= �b� ( 1) 1A A− −=  
Hij_^_e_gb_����<kydh_�g_imklh_�ih^fgh`_kl\h�M�]jmiiu�G��dhlh�

jh_�kZfh�ih�k_[_�y\ey_lky�]jmiihc�hlghkbl_evgh�[bgZjghc�hi_jZpbb��gZ�

au\Z_lky�ih^]jmiihc�]jmiiu�G. 
Ihkdhevdm� d� M� ijbgZ^e_`bl� _^bgbpZ� ]jmiiu� G�� lh� hklZ\rZyky�

qZklv�]jmiiu�G�g_�h[jZam_l�]jmiim��KZfZ�]jmiiZ�G�y\ey_lky�k\h_c�ih^�
]jmiihc�b�kh^_j`bl�_^bgbqgmx�ih^]jmiim��khklhysmx�lhevdh�ba�we_f_g�

lZ� E ��Wlb�ih^]jmiiu�gZau\Zxlky�g_kh[kl\_ggufb��Z�hklZevgu_�ih^]jmi�

iu�–�kh[kl\_ggufb� 
Hij_^_e_gb_����<kydZy�]jmiiZ�M �dhg_qguo�d\Z^jZlguo�fZljbp�A , 

k�g_�jZ\guf�gmex�hij_^_ebl_e_f��gZ�dhlhjmx�fh`_l�[ulv�\aZbfgh�h^gh�

agZqgh�hlh[jZ`_gZ�]jmiiZ�G��gZau\Z_lky�lhqguf�ij_^klZ\e_gb_f�]jmi�
iu�G��Ihjy^hd� n �fZljbp�ba�M�gZau\Z_lky�kl_i_gvx��beb�jZaf_jghklvx��

ij_^klZ\e_gby� 
Ba�hij_^_e_gby���\ul_dZ_l��qlh�[bgZjghc�hi_jZpbb� A BD �ba�G�khhl�

\_lkl\m_l� h[uqgZy� hi_jZpby� mfgh`_gby� fZljbp� ( ) ( ) ( )A B A B=A A A D   

ba�M . 
GZjy^m� k� ij_^klZ\e_gb_f� \� \b^_� fZljbp� bf_xl� f_klh� b� ^jm]b_�

ij_^klZ\e_gby� ]jmiiu�G��gZijbf_j�\�\b^_�nmgdpbc� ( )Aϕ ��>ey�gbo�\u�

ihegy_lky� [bgZjgZy� hi_jZpby� dZd� h[uqgZy� hi_jZpby� mfgh`_gby�

( ) ( ) ( )A B A Bϕ ϕ = ϕ D �ba�]jmiiu�F. 

Ijb�\u[hj_�Z^^blb\ghc� aZibkb�^ey� we_f_glh\� ]jmiiu�G� we_f_gl�E 
khhl\_lkl\m_l�gmex�]jmiiu��h[hagZqZ_fhfm�\�\b^_� 0 ��>ey�h[jZlgh]h�we_�

f_glZ�bf__f�ijhlb\hiheh`guc� we_f_gl� ( )a− ��Lh]^Z� ]jmiih\u_� Zdkbhfu�

aZibrmlky� lZd: ( ) ( ), ,C A B A B C A B C= + + + = + +  0 0A A A+ = + =   

b� ( ) ( ) 0A A A A+ − = − + = . 

�����AZdhg�dhfihabpbb�we_f_glh\�]jmii�f_j 

JZkkfhljbf� Z[_e_\m� ]jmiim� wgljhibc� k� dhffmlZlb\guf� aZdhghf�

dhfihabpbb�we_f_glh\� 1 2 2 1H H H H=D D ��Iheh`bf��qlh�\�aZdhg�dhfihab�

pbb�\oh^yl�lhevdh� 1 2,H H �b�bo�ijhba\_^_gb_� 1 2H H ��hij_^_eyxs__�d\Z^�

jZlbqgmx� g_ebg_cghklv�� Ijb\_^_f� ijhklhc� Z[kljZdlguc� \u\h^� y\gh]h�

\b^Z�aZdhgZ�dhfihabpbb�we_f_glh\�wgljhibc�b�_]h�k\hckl\Z� 
AZibr_f�aZdhg�\�ke_^mxs_f�\b^_� 
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( )

( )
1 2 1

1 2
2 11

H H H
H H H

H f H

+ ψ
= =

+
D .  (5.2.1) 

Bkihevam_f� mkeh\b_� dhffmlZlb\ghklb� \� �������� b� ihemqbf� khhlgh�

r_gb_ 

 
( )

( )
( )

( )
1 2 1 2 1 2

2 1 1 21 1

H H H H H H

H f H H f H

+ ψ + ψ
=

+ +
,  (5.2.2) 

gZdeZ^u\Zxs__�h]jZgbq_gby�gZ�nmgdpbb 

 
( ) ( )1 2

1 2

1 1H H

H H

ψ − ψ −
= = ε ,  (5.2.3) 

 
( ) ( )1 2

1 2

f H f H

H H
= = ω .  (5.2.4) 

A^_kv�\\_^_gu�iZjZf_lju� ε �b� ω ��g_aZ\bkysb_�hl�wgljhibb��Ih^klZ\eyy�

nmgdpbb� ( )1Hψ �b� ( )1f H �\����������ihemqbf�aZdhg�dhfihabpbb�>������@� 

 1 2 1 2
1 2

1 21

H H H H
H H H

H H

+ + ε
= =

+ ω
D ,  (5.2.5) 

\�dhlhjhf�kl_i_gv�g_Z^^blb\ghklb�oZjZdl_jbam_lky�agZq_gbyfb�iZjZf_l�

jh\� ε �b�ω . 
JZkkfhljbf�hkgh\gu_�k\hckl\Z�hij_^_e_gby��������� 
���:kkhpbZlb\ghklv ��Kh]eZkgh�Zdkbhf_���\uihegy_lky�k\hckl\h�Zk�

khpbZlb\ghklb 

 ( ) ( )1 2 3 1 2 3 1 2 3H H H H H H H H H= = =D D D D D D   

( ) ( )
( )

2
1 2 3 1 2 2 3 3 1 1 2 3

1 2 2 3 3 1 1 2 3

.
1

H H H H H H H H H H H H

H H H H H H H H H

+ + + ε + + + ω + ε
=

+ ω + + + εω
   (5.2.6) 

��� ?^bgbqguc� we_f_gl�� Kh]eZkgh� Zdkbhf_� �� _^bgbqguc� we_f_gl�
]jmiiu�gZoh^bf�ba�nhjfmeu� 

 
1

H E HE
H E H

HE

+ + ε= =
+ ω

D ,  (5.2.7) 

dhlhjZy� ^Z_l� agZq_gb_� 0E = ��LZdbf� h[jZahf�� _^bgbqguc� we_f_gl� khhl�

\_lkl\m_l�gme_\hfm�agZq_gbx�wgljhibb� 0H = . 
���H[jZlguc�we_f_gl��Kh]eZkgh�Zdkbhf_���ba�nhjfmeu� 
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1 1

1
1

0
1

H H HH
H H

HH

− −
−

−
+ + ε= =

+ ω
D   (5.2.8) 

\ul_dZ_l�\ujZ`_gb_�^ey�h[jZlgh]h�we_f_glZ 

 1

1

H
H

H
− = −

+ ε
, ( )11 0HH −+ ω ≠ .  (5.2.9) 

���Khijy`_gguc�we_f_gl��Ih^klZ\bf�\�hij_^_e_gb_�khijy`_ggh]h�
we_f_glZ� 

 1H C H C−′ = D D   (5.2.10) 

agZq_gb_� ( ) 11 1C C C
−− = − + ε �b�ihemqbf 

 H H′ = .  (5.2.11) 

WlZ�nhjfmeZ�hagZqZ_l��qlh�we_f_glu�]jmiiu�wgljhibc�y\eyxlky�kZ�

fhkhijy`_ggufb� 
���JZ\_gkl\Z��Bkihevamy�aZdhg�dhfihabpbb�b�ijb\_^_ggu_�k\hckl�

\Z��gZoh^bf�ke_^mxsb_�jZ\_gkl\Z 

 ( ) ( )( )1
1

1 1
, 1 1 1,H H

H H
−

−− = ε + ε + ε =
−

  (5.2.12) 

 
( )
1

1 2 21 1

1 1 1

1 1 1

H H

HH H H H H

−

− − −

+ ε + ε= =
+ ω + ε − ω + ε − ω

,  (5.2.13) 

 ( ) ( )( )
( )

2 2
1 1 2 22

2

1 2

1 1
1

1

H H H H
H H

H H

+ ε − ω + ε − ω
+ ε − ω =

+ ω
,  (5.2.14) 

 1 2 1 2

2 2 2
1 1 2 21 1 1

H H H HH

H H H H H H

+ + ε
=

+ ε − ω + ε − ω + ε − ω
,  (5.2.15) 

 
2

1 1
1 1

1 2

1
1

1

H H
H H H

H H

+ ε − ω
+ ε − ω =

+ ω
,  (5.2.16) 

 
2

2 2
2 2

1 2

1
1

1

H H
H H H

H H

+ ε − ω
+ ε − ω =

+ ω
,  (5.2.17) 

 ( )( )2
1 1 2 21 1 1H H H H H H H H+ ε − ω = + ε − ω + ε − ω ,  (5.2.18) 
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 1 1 2 2
2 2

1 1 2 2

1 1

1 1

H H H H H H

H H H H

+ ε − ω + ε − ω
=

+ ε − ω + ε − ω
.  (5.2.19) 

>ey�lj_o�wgljhibc�bf__f 

 ( ) ( )2 2

1 2 1 21 1H H H H + ω + ω  
D  

 
( )( )( )

( )

2 2 2
1 1 2 2 3 3

2

1 2 2 3 3 1 1 2 3

1 1 1

1

H H H H H H

H H H H H H H H H

+ ε − ω + ε − ω + ε − ω
=

 + ω + + + ε 
.  (5.2.20) 

?keb� ( ) 11
3 1 2H H H H

−−= = D ��lh�ba����������b����������khhl\_lkl\_ggh��

ihemqbf 

 ( )1 1 1
1 2 2 1 1 21 H H H H H H H H H− − − + ω + + + ε =   

( )( ) ( )( )
1

2 22 2 1 1
1 1 2 21 1 1H H H H H H− − = + ε − ω + ε − ω + ε − ω  

,  (5.2.21) 

 ( ) ( )1 1 1
1 2 1 2 2 1H H H H H H H H H− − −+ + + ε + + +  

 ( )2 1
1 2 0H H H −+ ω+ ε = .  (5.2.22) 

Q_luj_�wgljhibb�m^h\e_l\hjyxl�lh`^_kl\m 

 ( )( ) ( )( )1 2 3 4 1 2 3 41 1 1H H H H H H H H + ω + ω + ω = D D  

 ( )( ) ( )( )2 3 4 1 2 3 4 11 1 1H H H H H H H H = + ω + ω + ω = D D  

 ( )( ) ( )( )3 1 4 2 3 1 4 21 1 1H H H H H H H H = + ω + ω + ω D D .  (5.2.23) 

<�qZklghklb��ijb� 1 3 2 4,H H H H= = �lh`^_kl\h� ���������ijbgbfZ_l�

\b^ 

 ( )( ) ( )( )2 2
1 2 1 1 2 21 1 1H H H H H H + ω + ω + ω = D D  

 ( ) ( )2 2

1 2 1 21 1H H H H = + ω + ω  
D .  (5.2.24) 

Ba���������ke_^m_l�aZdhg�dhfihabpbb�wgljhibb�H�k� 1
2H − �b�k� 1

1H − : 
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 1 2
1 2

2 21

H H
H H H

H HH
− −

= =
+ ε − ω

D ,  (5.2.25) 

 1 1
2 1

1 11

H H
H H H

H HH
− −

= =
+ ε − ω

D .  (5.2.26) 

>ey�h[jZlguo�we_f_glh\�bf__f 

 ( ) ( ) 11 1 1 1 1 1
1 2 2 1 1 2 3 3 2 1,H H H H H H H H H H

−− − − − − −= =D D D D D ,   (5.2.27) 

 
1 1

1 2 2 1

1 1

H H H H− −+ = −ε
D D

,  (5.2.28) 

 
1 1 1 1

1 2 2 1 1 2 2 1

1 1 1 1

H H H H H H H H− − − −+ = +
D D D D

.  (5.2.29) 

Hij_^_e_gb_���ba�jZa^������iha\hey_l�ihemqblv�d\Z^jZl�we_f_glZ 

 
2

(2)
2

2

1

H H
H H H

H

+ ε= =
+ ω

D .  (5.2.30) 

J_rZy� mjZ\g_gb_� ��������� hlghkbl_evgh� H �� gZoh^bf� ©d\Z^jZlguc�

dhj_gvª�ba�we_f_glZ�H HD  

 

( ) ( )
(2)

2(2) (2)1 1

H
H

H H
=

+ + ε − ω
.  (5.2.31) 

<aZbfhk\yav�wlbo�we_f_glh\�hij_^_ey_lky�khhlghr_gb_f 

 ( ) ( )
22(2) (2)

2

1
1

1

H H
H H

H

+ ε − ω+ ε − ω =
+ ω

.  (5.2.32) 

Bkihevamy�aZdhg�dhfihabpbb� 1 2H H H= D ��gZoh^bf�aZdhg�dhfihab�

pbb�d\Z^jZlh\�we_f_glh\ 

 ( ) ( )(2) (2) (2)
1 2 1 2 1 2H H H H H H H= = =D D D D  

 
(2) (2) (2) (2)
1 2 1 2

(2) (2)
1 21

H H H H

H H

+ + ε
=

+ ω
.  (5.2.33) 

<�h[s_f�kemqZ_�ihemqbf� 
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( ) ( ) ( ) ( )

(2 ) ( ) ( ) 1 2 1 2
1 2 ( ) ( )

1 21

n n n n
n n n

n n

H H H H
H H H

H H

+ + ε
= =

+ ω
D .  (5.2.34) 

Ba� ��������� ke_^m_l�� qlh� iZjZf_lj� ε � hljZ`Z_l� hlebqb_� h[jZlgh]h�
we_f_glZ� 1H − �hl�ijhlb\hiheh`gh]h ( )H− . 

:[_e_\Z� ]jmiiZ� bgnhjfZpbc� jZaebqby� hij_^_ey_lky� ZgZeh]bqgh�

]jmii_�wgljhibc��AZdhg�dhfihabpbb�bgnhjfZpbc�jZaebqby�bf__l�\b^ 

 1 2 1 2
1 2

1 21

I I I I
I I I

I I

+ − ε
= =

+ ω
D   (5.2.35) 

b�aZ^Z_lky�aZf_ghc�H I→ − �\�aZdhg_�dhfihabpbb�wgljhibc� 
Hij_^_e_gb_����������m^h\e_l\hjy_l�k\hckl\m�ZkkhpbZlb\ghklb 

 ( ) ( )1 2 3 1 2 3 1 2 3I I I I I I I I I= = =D D D D D D    

 
( ) ( )

( )
2

1 2 3 1 2 2 3 3 1 1 2 3

1 2 2 3 3 1 1 2 3

.
1

I I I I I I I I I I I I

I I I I I I I I I

+ + − ε + + + ω+ ε
=

+ ω + + − εω
        (5.2.36) 

?^bgbqghfm� we_f_glm� ]jmiiu� 0E = � khhl\_lkl\m_l� gme_\h_� agZq_�

gb_�bgnhjfZpbb�jZaebqby� 0I = ��H[jZlguc� we_f_gl�hij_^_ey_lky�\ujZ�

`_gb_f� ( ) 11 1I I I
−− = − − ε ��We_f_glu� ]jmiiu�y\eyxlky�kZfhkhijy`_ggu�

fb��lh�_klv� I I′ = . 
Ih� ZgZeh]bb� k� jZ\_gkl\Zfb� ^ey� wgljhibc�gZoh^bf� ke_^mxsb_� jZ�

\_gkl\Z�^ey�bgnhjfZpbc�jZaebqby 

 
( ) ( )( )1

1

1 1
, 1 1 1,I I

I I
−

−− = −ε − ε − ε =
−

  (5.2.37) 

 
( )
1

1 2 21 1

1 1 1

1 1 1

I I

II I I I I

−

− − −

− ε − ε= =
+ ω − ε − ω − ε − ω

,  (5.2.38) 

 ( ) ( )( )
( )

2 2
1 1 2 22

2

1 2

1 1
1

1

I I I I
I I

I I

− ε − ω − ε − ω
− ε − ω =

+ ω
,  (5.2.39) 

 1 2 1 2

2 2 2
1 1 2 21 1 1

I I I II

I I I I I I

+ − ε
=

− ε − ω − ε − ω − ε − ω
,  (5.2.40) 
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2

1 1
1 1

1 2

1
1

1

I I
I I I

I I

− ε − ω
− ε − ω =

+ ω
,  (5.2.41) 

 
2

2 2
2 2

1 2

1
1

1

I I
I I I

I I

− ε − ω
− ε − ω =

+ ω
,  (5.2.42) 

 ( )( )2
1 1 2 21 1 1I I I I I I I I− ε − ω = − ε − ω − ε − ω ,  (5.2.43) 

 1 1 2 2
2 2

1 1 2 2

1 1

1 1

I I I I I I

I I I I

− ε − ω − ε − ω
=

− ε − ω − ε − ω
.  (5.2.44) 

 ( ) ( )2

1 2 3 1 2 31 I I I I I I− ε − ω =D D D D  

 
( )( )( )

( )

2 2 2
1 1 2 2 3 3

2

1 2 2 3 3 1 1 2 3

1 1 1

1

I I I I I I

I I I I I I I I I

− ε − ω − ε − ω − ε − ω
=

 + ω + + − ε 
,  (5.2.45) 

 ( )1 1 1
1 2 2 1 1 21 I I I I I I I I I− − − + ω + + − ε =   

 ( )( ) ( )( )
1

2 22 2 1 1
1 1 2 21 1 1I I I I I I− − = − ε − ω − ε − ω − ε − ω  

,  (5.2.46) 

 ( ) ( )1 1 1
1 2 1 2 2 1I I I I I I I I I− − −+ + − ε + + +  

 ( )2 1
1 2 0I I I −+ ω+ ε = ,  (5.2.47) 

 ( )( ) ( )( )1 2 3 4 1 2 3 41 1 1I I I I I I I I + ω + ω + ω = D D  

 ( )( ) ( )( )2 3 4 1 2 3 4 11 1 1I I I I I I I I = + ω + ω + ω = D D  

 ( )( ) ( )( )3 1 4 2 3 1 4 21 1 1I I I I I I I I = + ω + ω + ω D D ,  (5.2.48) 

 ( )( ) ( )( )2 2
1 2 1 1 2 21 1 1I I I I I I + ω + ω + ω = D D  

 ( ) ( )2 2

1 2 1 21 1I I I I = + ω + ω  
D ,  (5.2.49) 

 1 2
1 2

2 21

I I
I I I

I II
− −

= =
− ε − ω

D ,  (5.2.50) 



 224 

 1 1
2 1

1 11

I I
I I I

I II
− −

= =
− ε − ω

D ,  (5.2.51) 

 ( ) ( ) 11 1 1 1 1 1
1 2 2 1 1 2 3 3 2 1,I I I I I I I I I I

−− − − − − −= =D D D D D ,  (5.2.52) 

 
1 1

1 2 2 1

1 1

I I I I− −+ = ε
D D

,  (5.2.53) 

 
1 1 1 1

1 2 2 1 1 2 2 1

1 1 1 1

I I I I I I I I− − − −+ = +
D D D D

,  (5.2.54) 

 

( ) ( )
2 (2)

(2)
2 2(2) (2)

2
,

1
1 1

I I I
I I I I

I
I I

− ε= = =
+ ω + − ε − ω

D ,  (5.2.55) 

 ( ) ( )
22(2) (2)

2

1
1

1

I I
I I

I

− ε − ω− ε − ω =
+ ω

.  (5.2.56) 

 ( )
( ) ( ) ( ) ( )

(2 ) ( ) ( ) 1 2 1 2
1 2 1 2( ) ( )

1 21

n n n n
n n n

n n

I I I I
I I I I I I

I I

+ − ε
= = =

+ ω
D D   (5.2.57) 

5.3��=jmiiu�nmgdpbc�f_j 

Ij_^klZ\bf�Z[_e_\mx� ]jmiim�wgljhibc�fmevlbiebdZlb\ghc�]jmii_�

nmgdpbc��dhlhju_�gZoh^ylky�\�hij_^_e_gghf�khhl\_lkl\bb�k�we_f_glZfb�

wgljhibc��Wlh�khhl\_lkl\b_�\�\b^_� ( )H H→ ϕ �oZjZdl_jbam_lky�ke_^mx�

sbfb�k\hckl\Zfb� 

 ( ) ( ) ( ) ( )1 2 1 2H H H H Hϕ = ϕ = ϕ ϕD ,  (5.3.1) 

 ( )0 1ϕ = ,  (5.3.2) 

]^_�_^bgbqguc�we_f_gl�]jmiiu�nmgdpbc�_klv�ihklhyggh_�agZq_gb_��jZ\�

gh_� _^bgbp_�� ijb� gme_\hf� agZq_gbb� wgljhibb�� >ey� h[jZlghc� nmgdpbb�

bf__f� jZ\_gkl\h� 1 1( ) ( )H H− −ϕ = ϕ �� \ul_dZxs__� ba� nhjfmeu�

1( ) ( ) 1H H −ϕ ϕ = . 

IhdZ`_f�� qlh� ^ey� aZdhgZ� dhfihabpbb� �������� bf_xl� f_klh� q_luj_�

ijbgpbibZevgh�jZaebqgu_�]jmiiu�nmgdpbc�wgljhibc� 

Lbi� I ( )0ω ≥ .�Imklv� mjZ\g_gb_� 21 0H H+ ε − ω = � bf__l� g_jZ\gu_�
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\_s_kl\_ggu_� dhjgb�� lh� _klv� ^ey� ^bkdjbfbgZglZ� bf__f� mkeh\b_�

2 4 0D = ε + ω > �� Lh]^Z� kijZ\_^eb\h� jZ\_gkl\h� ( )21 H H+ ε − ω =  

( )( )1 21 1H H= + ε − ε ��\uihegy_fh_�b�ijb� 0ω = ��Ihemqbf� agZq_gby�iZjZ�

f_ljh\�b�^bkdjbfbgZglZ 

 1 2ε = ε − ε , 1 2ω = ε ε , ( )2

1 2D = ε + ε ,  (5.3.3) 

ba�dhlhjuo�ke_^mxl�\_ebqbgu� ( )1 2Dε = ε + �b� ( )2 2Dε = − ε − . 

AZdhg�dhfihabpbb���������aZibr_lky�lZd 

 ( ) ( )1 2 1 2 1 2
1 2

1 2 1 21

H H H H
H H H

H H

+ + ε − ε
= =

+ ε ε
D .  (5.3.4) 

Ba� g_]h� ke_^m_l�� qlh� ^ey� \k_o� g_aZ\bkbfuo� h[t_dlh\� khojZgy_lky�

g_jZ\_gkl\h� ( ) ( )1 21 1H− ε < < ε ��AgZq_gby�wgljhibc� ( )11− ε �b� ( )21 ε �g_�

y\eyxlky�we_f_glZfb�]jmiiu��lZd�dZd�h[jZlgu_�we_f_glu�hl�wlbo�agZq_�

gbc�hklZxlky�g_hij_^_e_ggufb�\\b^m�gZjmr_gby�^hihegbl_evgh]h�mkeh�

\by�\�hij_^_e_gbb����������H^gZdh�^ey�gbo�\uihegyxlky�nhjfZevgu_�kh�

hlghr_gby 

 
1 1

1 1
H

   
− = −      ε ε   

D �ijb�
2

1
H

 
≠   ε 

,  

 
2 2

1 1
H

   
=      ε ε   

D �ijb�

1

1
H

 
≠ −  ε 

.  (5.3.5) 

Ba� �������� \ul_dZ_l�� qlh� \_ebqbgu� ( )11− ε b� ( )21 ε � y\eyxlky�bg\ZjbZgl�

gufb� ^ey� \k_o� g_aZ\bkbfuo� h[t_dlh\�� Ke_^h\Zl_evgh�� bg\ZjbZglgufb�

y\eyxlky�lZd`_�iZjZf_lju� ε �b�ω ��Ba�khhlghr_gby���������\ul_dZxl�ke_�

^mxsb_�nhjfZevgu_�jZ\_gkl\Z 

 
( )2

1 1

1 1   
− = −      ε ε   

,    
( )2

2 2

1 1   
=      ε ε   

,  (5.3.6) 

d�dhlhjuf�^h[Z\eyxlky�_s_�q_luj_ 

 ( ) ( )( )1 1 1 2
1

1 2

1 1
1

1

H H
H

H H

+ ε + ε
+ ε =

+ ω
, 

( )
( )

1
11

2

1

1

H H

HH −−

+ ε
= −

− ε
,  (5.3.7) 
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 ( ) ( )( )2 1 2 2
2

1 2

1 1
1

1

H H
H

H H

− ε − ε
− ε =

+ ω
, 

( )
( )

2
11

1

1

1

H H

HH −−

− ε
= −

+ ε
.  (5.3.8) 

Ihke_�^_e_gby�jZ\_gkl\Z���������gZ���������ihemqbf�lh`^_kl\h 

 2 2 1 2 2

1 1 1 1 2

1 1 1

1 1 1

H H H

H H H

    − ε − ε − ε
=        + ε + ε + ε    

.  (5.3.9) 

KhihklZ\eyy���������b����������gZoh^bf�bkdhfmx�nmgdpbx 

 ( )
1

2

1

1

1

aH
H

H

 − ε
ϕ =   + ε 

,  (5.3.10) 

ihjh`^Zxsmx�]jmiim��HgZ�y\ey_lky�kl_i_gghc�aZ\bkbfhklvx�hl�^jh[gh-

ebg_cghc�nmgdpbb��A^_kv�\�kl_i_gb�bkihevam_lky�nmgdpby� ( )1 2,a a= ε ε , 

aZ\bkysZy�hl�iZjZf_ljh\��Ba����������ke_^m_l�k\hckl\h� (0) 1ϕ = . 

Ih^klZ\bf�h[jZlguc�we_f_gl� 

 
( )

1

1 21

H
H

H
− = −

 + ε − ε 
  (5.3.11) 

\����������b�ihemqbf�nmgdpbx 

 ( ) ( )
1 1

1
1 1 2 1

1
21

1 1

11

a aH H
H H

HH

−
− −

−

   − ε + ε
ϕ = ϕ = =      − ε+ ε   

,  (5.3.12) 

dhlhjZy�y\ey_lky�h[jZlghc�nmgdpbb�^ey� ( )Hϕ . 

We_f_glu�]jmiiu�nmgdpbc�wgljhibc�y\eyxlky�kZfhkhijy`_ggufb�

\�kbem�\uiheg_gby�jZ\_gkl\Z 

 ( ) ( ) ( ) ( ) ( )1H C H C H−′ϕ = ϕ ϕ ϕ = ϕ .  (5.3.13) 

>ey� hij_^_e_gby� nmgdpbb� ( )1 2,a a= ε ε � jZkkfhljbf� fmevlbiebdZ�

lb\gmx� ]jmiim� nmgdpbc� wgljhibc�� dh]^Z� dZ`^uc� g_aZ\bkbfuc� h[t_dl�

bf__l� k\h_� agZq_gb_� jZkkfZljb\Z_fuo� iZjZf_ljh\�� Lh]^Z� aZibr_f� ke_�

^mxsb_�nmgdpbb� 

 ( ) ( )
1 2 1 2

1 1

2 1 2 2
, 1 , 2

1 1 1 2

1 1
, ,

1 1

a aH H
H H

H Hε ε ε ε

   − ε − ε
ϕ = ϕ =      + ε + ε   

� �

�

�
  (5.3.14) 
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 ( )
1 2

1

2
,

1

1

1

aH
H

H′ ′ε ε

 ′− ε
ϕ =   ′+ ε 

.  (5.3.15) 

K\hckl\h�fmevlbiebdZlb\ghklb 

 ( ) ( ) ( )
1 2 1 2 1 2, , 1 , 2H H H′ ′ε ε ε ε ε εϕ = ϕ ϕ

� �

  (5.3.16) 

^Z_l�jZ\_gkl\h 

 

1 1 1

2 2 1 2 2

1 1 1 1 2

1 1 1

1 1 1

a a aH H H

H H H

     ′− ε − ε − ε
=          ′+ ε + ε + ε     

�

�
,  (5.3.17) 

ba�dhlhjh]h�\ul_dZ_l�aZdhg�dhfihabpbb 

 1 2H H H= =D   

( ) ( ) ( )
( ) ( ) ( ) ( )

1 2 1 1 2 2 1 1 2 2 1 2

1 2 2 1 1 2 1 2 1 1 2 2 1 2 2 2 1 1 1 2

H H H H

H H H H

ε + ε + ε + ε + ε ε −ε ε
=

′ ′ ′ ′ ′ ′ ′ ′ε + ε + ε ε −ε ε + ε ε −ε ε + ε ε ε + ε ε ε

� � � �

� � � �
. (5.3.18) 

L_hj_fZ����?keb�]jmiiZ�wgljhibc�Z[_e_\Z��lh� ′ε = ε = ε� �b� ′ω = ω = ω� . 
>ey� ^hdZaZl_evkl\Z� bkihevam_f� mkeh\by� dhffmlZlb\gh�

klb 1 2 2 1H H H H H= =D D � b� k\hckl\Z� ]jmiiu�� qlh� ijb\h^bl�� kh]eZkgh�

����������d�khhlghr_gbyf 

 1 2 1 2 1 2
′ ′ε + ε = ε + ε = ε + ε� � ,  (5.3.19) 

 1 1 1

2 2 2

′ε ε ε
= =

′ε ε ε
�

�
.  (5.3.20) 

Ba� ��������� b� ��������� \ul_dZxl� bkdhfu_� jZ\_gkl\Z� 1 1 1
′ε = ε = ε� � b�

2 2 2
′ε = ε = ε� ��dhlhju_�^hdZau\Zxl�l_hj_fm��<�blh]_�\uihegy_lky�k\hckl\h�

�������� ^ey� nmgdpbb� ���������� Khhlghr_gb_� ��������� \� jZkkfZljb\Z_fhc�

l_hj_f_�iha\hey_l�iheh`blv� 

 
( )1 2a
ε + ε

= −
λ

  (5.3.21) 

b��ke_^h\Zl_evgh��ba����������ihemqbf� 
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 ( ) 1 22

1

1

1

H
H

H

λ−
ε +ε − ε

ϕ =   + ε 
,  (5.3.22) 

]^_�λ �_klv�ijhba\hevguc�iZjZf_lj� 
Lbi�II ( )1 2 0ε + ε = .�Imklv�mjZ\g_gb_� 21 0H H+ ε − ω = �bf__l�jZ\gu_�

\_s_kl\_ggu_� dhjgb�� lh� _klv� ^ey� ^bkdjbfbgZglZ� \uihegy_lky� mkeh\b_�

0D = ��LZdbf�h[jZahf��kijZ\_^eb\h�jZaeh`_gb_� ( )22
11 1H H H+ ε − ω = + ε  

b�ihemqbf�agZq_gby�iZjZf_ljh\ 

 2
1 12 ,ε = ε ω = −ε ,  (5.3.23) 

aZdhg�dhfihabpbb 

 ( ) 1 2 1 1 2
1 2 2

1 1 2

2

1

H H H H
H H H

H H

+ + ε
= =

− ε
D   (5.3.24) 

b�jZ\_gkl\h 

 ( ) ( )( )1 1 1 2
1 2

1 1 2

1 1
1

1

H H
H

H H

+ ε + ε
+ ε =

− ε
.  (5.3.25) 

Ihke_�^_e_gby�jZ\_gkl\Z����������gZ����������\ul_dZ_l�khhlghr_gb_ 

 1 2

1 1 1 1 21 1 1

H HH

H H H
= +

+ ε + ε + ε
.  (5.3.26) 

Ba� aZdhgZ� dhfihabpbb� ke_^m_l� g_jZ\_gkl\h� ( )11H > − ε �� AgZq_gb_�

wgljhibb��jZ\gh_� ( )11− ε �y\ey_lky�bg\ZjbZglguf�we_f_glhf�^ey�\k_o�g_�

aZ\bkbfuo�h[t_dlh\��lZd�dZd�\uihegy_lky�nhjfZevgh_�khhlghr_gb_ 

 
1 1

1 1
H

   
− = −      ε ε   

D ����ijb�
1

1
H

 
≠ −  ε 

.  (5.3.27) 

H^gZdh�h[jZlguc�we_f_gl�hl�agZq_gby� ( )11− ε �hklZ_lky�g_hij_^_e_gguf��

lZd�dZd�gZjmrZ_lky�^hihegbl_evgh_�mkeh\b_�\�hij_^_e_gbb���������� 
KhihklZ\eyy���������b�����������gZoh^bf�bkdhfmx�nmgdpbx 
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 ( )
1

exp
1

H
H

H

 λϕ = −  + ε 
,  (5.3.28) 

ihjh`^Zxsmx� ]jmiim�� ]^_� λ � _klv� ijhba\hevguc� iZjZf_lj��Ba� ���������
\ul_dZ_l�k\hckl\h� (0) 1ϕ = ��We_f_glu�]jmiiu�nmgdpbb�wgljhibc�y\eyxl�

ky�kZfhkhijy`_ggufb� 
Ih^klZ\b\�h[jZlguc�we_f_gl� 

 1

11 2

H
H

H
− = −

+ ε
  (5.3.29) 

\�����������ihemqbf�nmgdpbx 

 
1

1 1
1

11

( ) ( ) exp exp
11

H H
H H

HH

−
− −

−

   λ λϕ = ϕ = − =      + ε+ ε   
,  (5.3.30) 

dhlhjZy�y\ey_lky�h[jZlghc�nmgdpb_c�^ey� ( )Hϕ . 

Lbi�III ( )0ω < .�Imklv�mjZ\g_gb_� 21 0H H+ ε − ω = �g_�bf__l�\_s_kl�

\_gguo� dhjg_c�� lh� _klv� ^ey� ^bkdjbfbgZglZ� \uihegy_lky� mkeh\b_�
2 4 0D = ε + ω < ��Ij_^klZ\bf�lj_oqe_g�\�\b^_�ijhba\_^_gby 

 21 H H f f+ ε − ω = ,  (5.3.31) 

]^_�dhfie_dkgh_�\ujZ`_gb_� ( ) ( )1 i 1 if K b= + − �kh^_j`bl�nmgdpbb 

 
2

/ 2

/ 4

H
K

−ω + ε=
−ω− ε

, 
2

2

4
b

ε= −
−ω − ε

.  (5.3.32) 

>_ebf�dhfie_dkgh_�\ujZ`_gb_�gZ�__�khijy`_ggh_�agZq_gb_ 

 
1 i 1 i 1 i

1 i 1 i 1 i

f K b F

b K Ff

+ + += =
− − −

  (5.3.33) 

b�hij_^_ey_f�nmgdpbx 

 
2 4

1 1 2

HK b
F

Kb H

−ω− ε+= =
− + ε

.  (5.3.34) 

KijZ\_^eb\u�ke_^mxsb_�jZ\_gkl\Z 

 ( ) ( )( )1 2

1 2

1 i 1 i
1 i

1

F F
F

F F

+ +
+ =

−
,  (5.3.35) 
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 ( ) ( )( )1 2

1 2

1 i 1 i
1 i

1

F F
F

F F

− −
− =

−
,  (5.3.36) 

 
( )( )
( )( )

1 2

1 2

1 i 1 i1 i

1 i 1 i 1 i

F FF

F F F

+ ++ =
− − −

.  (5.3.37) 

Ba�gbo�\ul_dZ_l�aZdhg�dhfihabpbb�^ey�nmgdpbb�F  

 1 2
1 2

1 21

F F
F F F

F F

+
= =

−
D ,  (5.3.38) 

dhlhjuc�^Z_l�bkoh^guc�aZdhg�dhfihabpbb��wgljhibc 

 
( )

1 2 1 2
1 2 2

1 21

H H H H
H H H

H H

+ + ε
= =

− −ω
D .  (5.3.39) 

Bkihevamy�lh`^_kl\h 

 
1 1 i

arctg ln
2i 1 i

F
F

F

+=
−

  (5.3.40) 

b�mqblu\Zy�����������gZoh^bf�bkdhfmx�nmgdpbx 

( )
2

2

2

( ) exp arctg
4

4
exp arctg , (5.3.41)

1 24

H F

H

H

 λ ϕ = =
 −ω− ε 

  −ω− ελ  =
 + ε −ω− ε   

 

dhlhjZy�ihjh`^Z_l�jZkkfZljb\Z_fmx�]jmiim�wgljhibc��A^_kv�λ �_klv�ijh�
ba\hevguc� iZjZf_lj�� Ba� ��������� ke_^m_l� k\hckl\h� (0) 1ϕ = �� We_f_glu�

]jmiiu�nmgdpbb�wgljhibc�y\eyxlky�kZfhkhijy`_ggufb� 
Ih^klZ\bf�h[jZlguc�we_f_gl� 

 1

1

H
H

H
− = −

+ ε
  (5.3.42) 

\����������b�ihemqbf�nmgdpbx� 
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( )1 1

1 2

12

2

2

( )

4
exp arctg

1 24

4
exp arctg ,

1 24

H H

H

H

H

H

− −

−

−

ϕ = ϕ =

  −ω− ελ  = =
 + ε −ω− ε   

  −ω− ελ  = −
 + ε −ω− ε   

 (5.3.43) 

dhlhjZy�y\ey_lky�h[jZlghc�nmgdpb_c�^ey� ( )Hϕ . 

>Ze__�� ij_^klZ\eyy� lj_oqe_g� \� \b^_� 21 H H+ ε − ω =  

( ) ( ) ( )2 2

1 21 2 1 1H H = + ε + − ε  
��ihemqbf�agZq_gby�iZjZf_ljh\�b�^bkdjb�

fbgZglZ 

 1 2ε = ε − ε , 
2 2
1 2

2

ε + ε
ω = − , ( )2

1 2D = − ε + ε ,  (5.3.44) 

ba�dhlhjuo�ke_^mxl�\_ebqbgu� ( )1 2Dε = ε + − �b� ( )2 2Dε = − ε − − . 

AZdhg�dhfihabpbb�����������\�\b^_ 

 ( ) ( )
( )

1 2 1 2 1 2
1 2 2 2

1 2 1 21 2

H H H H
H H H

H H

+ + ε − ε
= =

− ε + ε
D   (5.3.45) 

\ul_dZ_l��kh]eZkgh�����������ba�khhlghr_gby 

 ( )
( ) ( )

( )
( ) ( )

1 2

1 1 2 2 1 2
2

1 2 1 2 1 2

1 1 2 2 1 2

1 2 1 2

1 2 4
1

1 2 1 2

H H

H HH

H H H

H H

+
+ ε − ε + ε − ε

=
+ ε − ε ε + ε

−
   + ε − ε + ε − ε   

.  (5.3.46) 

KijZ\_^eb\u�jZ\_gkl\Z 

 ( )
2

2 2
1 1 1 2 1 1

11 1

1 2

H
H H

H H+

     − ε = − = −       ε ε + ε + ε − ε ε    
D ,  (5.3.47) 

 ( )
1

2 2
2 2 2 2 1 2

11 1

1 2

H
H H

H H−

     + ε = =       ε ε − ε + ε − ε ε    
D ,  (5.3.48) 
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1 1

1 2 2 1 1 2

1 1 1 1 1 1
, , E

− −           
− = = − − =                      ε ε ε ε ε ε           

D ,  (5.3.49) 

 
2 1

1 1
H H H+ −

   
= − =      ε ε   

D D ,   (5.3.50) 

 ( )
( )2

1

1

1
H H

−
+ −

 
= −  ε 

D , ( )
( )2

1

2

1
H H

−
− +

 
=   ε 

D ,  (5.3.51) 

dhlhju_�hagZqZxl��qlh�\�^Zgghc�]jmii_� agZq_gby� ( )11− ε �b� ( )21 ε �y\ey�

xlky�__�we_f_glZfb�� 
We_f_glu����������b����������m^h\e_l\hjyxl�lh`^_kl\Zf 

2
21

2
2

1

1

k H H
k

Hk H
+ +

−
−−

 + ε
− =  − ε 

, ( ) ( )2
1 2

1 1 1 1 1

1 1H Hk− +

 
− = − − 

− ε ε  
,  (5.3.52) 

]^_�\\_^_g�dhwnnbpb_gl� 

 1

2

1

1

H
k

H

+ ε
=

− ε
.  (5.3.53) 

Lbi� IV. �JZkkfhljbf� ki_pbZevguc� lbi� ]jmiiu��\�dhlhjhc� khihklZ�
\bf�nmgdpbyf��������������������b����������Z^^blb\gmx�wgljhibx 

 ( ) 2

1 2 1

1
ln ln

1
R H

H H
H

 − ελ= − ϕ = −   ε + ε + ε 
,  (5.3.54) 

 ( )
1

ln
1

R H
H H

H

λ= − ϕ =
+ ε

,  (5.3.55) 

 ( )
2

2

4
ln arctg

1 24

R H
H H

H

 −ω− ελ  = − ϕ = −
 + ε−ω− ε  

.  (5.3.56) 

Lh]^Z�lZdh_�hlh[jZ`_gb_�y\ey_lky�bahfhjnbafhf�]jmii�g_Z^^blb\�

guo�wgljhibc�gZ�]jmiim�Z^^blb\guo�wgljhibc�� 
;bgZjgZy�hi_jZpby�we_f_glh\�_klv 

 1 2 1 2
R R R R RH H H H H= = +D .  (5.3.57) 
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>ey�Z^^blb\guo�wgljhibc� RH �\uihegyxlky�]jmiih\u_�k\hckl\Z 
Z��ZkkhpbZlb\ghklv 

 ( ) ( )1 2 3 1 2 3
R R R R R RH H H H H H+ + = + + ,  (5.3.58) 

[��gZebqb_�_^bgbqgh]h�we_f_glZ 

 0 0R R RH H H+ = + = ,  (5.3.59) 

\��gZebqb_�h[jZlgh]h�we_f_glZ 

 ( ) ( ) 0R R R RH H H H+ − = − + = .  (5.3.60) 

Nmgdpby��ihjh`^ZxsZy�]jmiim�Z^^blb\guo�wgljhibc��bf__l�\b^ 

 ( )( ) exp RH Hϕ = λ ,  (5.3.61) 

]^_� λ � _klv�ijhba\hevguc�iZjZf_lj��HgZ�bf__l� k\hckl\h� (0) 1ϕ = �b� we_�

f_glu�]jmiiu�nmgdpbb�wgljhibc�y\eyxlky�kZfhkhijy`_ggufb��Ih^klZ�

\bf�h[jZlguc�we_f_gl� ( )RH− �\����������b�ihemqbf�h[jZlgmx�nmgdpbx 

 ( ) ( ) ( )1 expR R RH H H−ϕ = ϕ − = −λ .  (5.3.62) 

<� aZdexq_gb_� hij_^_ebf� ]jmiiu� nmgdpbc� bgnhjfZpbc� jZaebqby��

Ijb�aZf_g_�H I→ − �bf__f�ljb�lbiZ�]jmii� 

 Lbi I:  
1 22

1

1
( )

1

I
I

I

λ
ε +ε + ε

ϕ =   − ε 
,  (5.3.63) 

 Lbi II:  
1

( ) exp
1

I
I

I

 λϕ =   − ε 
,  (5.3.64) 

 Lbi�III:  
2

2

4
( ) exp arctg

1 24

I
I

I

  −ω− ελ  ϕ = −
 − ε −ω− ε   

.  (5.3.65) 

Bahfhjnbafhf�wlbo�]jmii�g_Z^^blb\guo�bgnhjfZpbc�jZaebqby�gZ�

]jmiim�Z^^blb\guo�bgnhjfZpbc�jZaebqby�y\ey_lky�f_jZ 

 1 ( )RI I−= −λ ϕ ,  (5.3.66) 

dhlhjZy�khhl\_lkl\m_l�q_l\_jlhfm�lbim�]jmii�nmgdpbc� 
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 Lbi�IV:  ( )( ) exp RI Iϕ = −λ .  (5.3.67) 

A^_kv�g_�[m^_f�jZkkfZljb\Zlv�k\hckl\Z� we_f_glh\� ]jmii�bgnhjfZ�

pbc�jZaebqby�b�]jmii�bo�nmgdpbc��lZd�dZd�wlh�e_]dh�k^_eZlv�ih�ZgZeh]bb�

k�jZkkfhlj_gb_f�k\hckl\�wgljhibb� 

�����FZljbqgh_�ij_^klZ\e_gb_�]jmii�f_j 

Ij_^klZ\bf�Z[_e_\mx� ]jmiim�wgljhibc�fmevlbiebdZlb\ghc�]jmii_�

g_\ujh`^_gguo� fZljbp� \lhjh]h� ihjy^dZ� >��@�� DZ`^hc� wgljhibb� H � ba�

fgh`_kl\Z� wgljhibc� G � khihklZ\ey_lky� fZljbpZ� ( )HA � ba� fgh`_kl\Z�

fZljbp�M ��<k_�fZljbpu��khihklZ\ey_fu_�jZaebqguf�wgljhibyf��jZaebq�

gu�b�� ke_^h\Zl_evgh�� ]jmiiZ�fZljbp�bahfhjngZ�ij_^klZ\ey_fhc� ]jmii_��

FZljbpu� h[jZamxl� Z[_e_\m� ]jmiim� ih� [bgZjghc� hi_jZpbb� mfgh`_gby��

dhlhjZy�_klv�h[uqgZy�hi_jZpby�mfgh`_gby�fZljbp 

 ( ) ( ) ( ) ( )1 2 1 2H H H H H= =A A A AD .  (5.4.1) 

Mfgh`_gb_�dhffmlZlb\gh 

 ( ) ( ) ( ) ( )1 2 2 1H H H H=A A A A   (5.4.2) 

b�ZkkhpbZlb\gh 

 ( ) ( ) ( ) ( ) ( ) ( )1 2 3 1 2 3H H H H H H   =   A A A A A A ,  (5.4.3) 

kh]eZkgh�k\hckl\Zf�fZljbp� 
?^bgbqguf�we_f_glhf�\�mkeh\bb 

( ) ( ) ( ) ( ) ( )1 1 1det ( )det ( ) 1H H H H H H− − −= = =A A A A E A A   (5.4.4) 

y\ey_lky�_^bgbqgZy�fZljbpZ 

 ( ) 1 0
0

0 1

 
= =  

 
A E ,  (5.4.5) 

Z�h[jZlgZy�fZljbpZ�bf__l�\b^ 

 ( ) ( ) ( ) ( )( )1 1 1H H H H− − −= =A A A A E .  (5.4.6) 

Bkoh^y�ba�mkeh\bc� ��������–� ���������hij_^_ebf�y\guc�\b^�fZljbpu��
ihjh`^Zxs_c�]jmiim�b��khhl\_lkl\_ggh��[bgZjgmx�hi_jZpbx�^ey�wgljh�

ibc��<u[hj�fZljbp�\lhjh]h�ihjy^dZ�h[mkeh\e_g�l_f��qlh�aZdhg�dhfihab�

pbb� ^he`_g� kh^_j`Zlv� lhevdh� 1 2,H H � b� d\Z^jZlbqgmx� g_ebg_cghklv� \�

\b^_�ijhba\_^_gby� 1 2H H ��BlZd��aZibr_f�fZljbpm�\�h[s_f�\b^_� 
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( ) ( )

( )
( ) ( )

a H b H
H

c H d H

 
=  

 
A ,  (5.4.7) 

]^_�nmgdpbb� ( ), ( ), ( ), ( )a a H b b H c c H d d H= = = = �aZ\bkyl�hl�wgljh�

ibb��FZljbpZ�y\ey_lky�g_hkh[_gghc��lh�_klv�__�hij_^_ebl_ev�m^h\e_l\h�

jy_l�mkeh\bx�det ( ) 0H ≠A . 

Bkihevam_f�mkeh\b_�dhffmlZlb\ghklb���������^ey�mfgh`_gby 

 1 1 2 2 2 2 1 1

1 1 2 2 2 2 1 1

a b a b a b a b

c d c d c d c d

     
=               

.  (5.4.8) 

A^_kv�nmgdpbb� k�bg^_dkZfb� ��b� �� aZ\bkyl�� khhl\_lkl\_ggh�� hl� wgljhibc�

1H �b� 2H ��<�j_amevlZl_�ihemqbf�kbkl_fm�ba�nmgdpbhgZevguo�mjZ\g_gbc 

 1 2 1 2 2 1 2 1a a b c a a b c+ = + ,  (5.4.9) 

 1 2 1 2 2 1 2 1c b d d c b d d+ = + ,  (5.4.10) 

 1 2 1 2 2 1 2 1a b b d a b b d+ = + ,  (5.4.11) 

 1 2 1 2 2 1 2 1c a d c c a d c+ = + .  (5.4.12) 

MjZ\g_gby� �������� b� ��������� gZdeZ^u\Zxl� ke_^mxsb_� h]jZgbq_gby�

gZ�nmgdpbb 

 1 2

1 2

b b

c c
= = ω ,  (5.4.13) 

Z�ba�mjZ\g_gbc����������b����������bf__f 

 1 1 2 2

1 2

a d a d

c c

− −
= = ε .  (5.4.14) 

A^_kv�\\_^_gu�iZjZf_lju� ε �b�ω ��dhlhju_�g_�aZ\bkyl�hl�wgljhibb� 
Bkihevamy�khhlghr_gby���������������������ihemqbf 

 ( )
d c c

H
c d

+ ε ω 
=  

 
A .  (5.4.15) 

Ihkdhevdm� \� aZdhg� dhfihabpbb� \oh^yl� 1 2,H H � b� 1 2H H �� lh� bf__f�

nmgdpbhgZevgmx�aZ\bkbfhklv 

 ( ) ( )c H Hd H= .  (5.4.16) 
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Ijb�ih^klZgh\d_����������\����������\ul_dZ_l�bkoh^gZy�fZljbpZ 

 
1

( ) ( )
1

H H
H d H

H

+ ε ω 
=  

 
A   (5.4.17) 

\�\b^_�ijhba\_^_gby�g_ba\_klghc�nmgdpbb� ( )d H �gZ�fZljbpm�� we_f_glu�

dhlhjhc�ebg_cgh�aZ\bkyl�hl�wgljhibb�H��Hij_^_ebl_ev�ihemq_gghc�fZl�
jbpu�jZ\gy_lky 

 ( )2 2det ( ) ( ) 1H d H H H= + ε − ωA .  (5.4.18) 

Fh`gh� bkihevah\Zlv� ^jm]hc� \ZjbZgl� bkoh^ghc�fZljbpu��LZd�� ijb�

aZf_g_� 1/ω → ω �b� /ε → ε ω �\����������b�����������khhl\_lkl\_ggh��Z�lZd`_�k�

mq_lhf� ( ) ( )b H Hd H= ��ihemqbf�fZljbpm 

 
1

( ) ( )
1

T H H
H d H

H

+ ε 
=  ω 

A ,  (5.4.19) 

dhlhjZy�y\ey_lky�ljZgkihgbjh\Zgghc�ih�hlghr_gbx�d�fZljbp_� ( )HA . 

>Ze__�mfgh`bf�fZljbpm� 1( )HA �gZ�fZljbpm� 2( )HA  

 1 1 2 2
1 2 1 2

1 2

1 1
( ) ( ) ( )

1 1

H H H H
H H d(H )d H

H H

+ ε ω + ε ω  
= =      

A A  

 ( )1 2 1 2( ) ( ) 1d H d H H H= + ω ×  

 

1 2 1 2 1 2 1 2

1 2 1 2

1 2 1 2

1 2

1
1 1

1
1

H H H H H H H H

H H H H

H H H H

H H

+ + ε + + ε + ε ω + ω + ω × + + ε
  + ω 

,  (5.4.20) 

ijbjZ\gy_f�j_amevlZl�fZljbp_� ( )HA �b�ihemqbf�aZdhg�dhfihabpbb 

 1 2 1 2
1 2

1 21

H H H H
H H H

H H

+ + ε
= =

+ ω
D ,  (5.4.21) 

Z�lZd`_�jZ\_gkl\h�^ey�nmgdpbc 

 ( )1 2 1 2( ) ( ) ( ) 1d H d H d H H H= + ω .  (5.4.22) 

Ba�aZdhgZ�dhfihabpbb�^ey�hij_^_ebl_e_c� 
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 1 2det ( ) det ( )det ( )H H H=A A A   (5.4.23) 

\ul_dZ_l�ba\_klgh_�khhlghr_gb_ 

 ( ) ( )( )
( )

2 2
1 1 2 22

2

1 2

1 1
1

1

H H H H
H H

H H

+ ε − ω + ε − ω
+ ε − ω =

+ ω
.  (5.4.24) 

K�mq_lhf�agZq_gby�hij_^_ebl_ey����������\uqbkebf�h[jZlgmx�fZljbpm 

 1
2

11
( )

1( )(1 )

H
H

H Hd H H H
− −ω 

=  − + ε+ ε − ω  
A   (5.4.25) 

b��kh]eZkgh����������ij_h[jZam_f�__�d�\b^m 

 
1 1

1 1
1

1
( ) ( )

1

H H
H d H

H

− −
− −

−

 + ε ω
=    

A .  (5.4.26) 

A^_kv� \aZbfhk\yav�f_`^m� wgljhib_c� H � b� __� h[jZlguf� we_f_glhf� 1H −  
^Z_lky�jZ\_gkl\Zfb 

 ( )( )11 1 1H H −+ ε + ε = ,  (5.4.27) 

 ( )1 1( ) ( ) 1 1d H d H HH− −+ ω = ,  (5.4.28) 

ba�dhlhjuo�\ul_dZxl�ba\_klgu_�khhlghr_gby 

 
1

1
1

,
11

H H
H H

HH

−
−

−= − = −
+ ε+ ε

,  (5.4.29) 

 
( )
1

1 2 21 1

1 1 1

1 1 1

H H

HH H H H H

−

− − −

+ ε + ε= =
+ ω + ε − ω + ε − ω

.  (5.4.30) 

BlZd��ij_^klZ\e_gb_�Z[_e_\hc�]jmiiu�wgljhibc�]jmii_�fZljbp�ih�

dZau\Z_l��qlh�^ey�dhffmlZlb\ghc�[bgZjghc�hi_jZpbb� 1 2H HD �\uihegy_l�

ky�ZkkhpbZlb\ghklv� ( ) ( )1 2 3 1 2 3H H H H H H=D D D D ��?^bgbqghfm�we_f_glm�

\�mkeh\bb� H E E H E= =D D �khhl\_lkl\m_l�gme_\Zy� wgljhiby� 0H = ��H[�

jZlguc� we_f_gl� \� mkeh\bb� 1 1H H H H E− −= =D D � jZ\gy_lky�

( ) 11 1H H H
−− = − + ε . 

<�Z[_e_\hc�]jmii_�fZljbp�hklZ_lky�g_hij_^_e_gghc�nmgdpby� ( )d H , 

^ey�dhlhjhc�\uihegy_lky�jZ\_gkl\h� ����������Bkihevam_f� ���������b�i_j_�
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ibr_f�fZljbpm����������b�__�h[jZlgmx����������ke_^mxsbf�h[jZahf 

 

1
2

2

1det ( )
( )

11

H HH
H

HH H

+ ε ω  =   + ε − ω   

A
A ,  (5.4.31) 

 
( )

1

2 1 11
1

2 11 1

1det ( )
( )

11

H HH
H

HH H

− −−
−

−− −

   + ε ω =       + ε − ω 

A
A ,  (5.4.32) 

]^_�g_hij_^_e_ggZy�nmgdpby� det ( )HA � m^h\e_l\hjy_l� ]jmiih\hfm� k\hc�

kl\m�����������LZdbf�h[jZahf��wlZ�nmgdpby�ihjh`^Z_l�]jmiim�nmgdpbc�wg�

ljhibc� 
<\_^_f�fZljbpm 

 21
( ) , det ( ) 1

1

H H
H H H H

H

+ ε ω 
= = + ε − ω 

 
B B   (5.4.33) 

b�ihemqbf�jZ\_gkl\h 

 

[ ] [ ]
1 1
2 2

( ) ( )
( ) , det ( ) 1

det ( ) det ( )

H H
H H

H H

= = =A B
C C

A B
,  (5.4.34) 

]^_� ( )HC _klv�mgbfh^meyjgZy�fZljbpZ� 

HimkdZy�\uqbke_gby��ZgZeh]bqgh�gZoh^bf�fZljbqgh_�ij_^klZ\e_gb_�

]jmiiu�bgnhjfZpbc�jZaebqby�b�\�j_amevlZl_�bf__f�ke_^mxsmx�fZljbpm� 

 

1

2

2

1det ( )
( )

11

I II
I

II I

− ε −ω  =    −− ε − ω   

A
A .  (5.4.35) 

b�__�h[jZlgmx 

 
( )

1

2 1 11
1

2 11 1

1det ( )
( )

11

I II
I

II I

− −−
−

−− −

   − ε −ω =     − − ε − ω   

A
A .  (5.4.36) 

>ey�hij_^_e_gby�aZ\bkbfhkl_c�hij_^_ebl_e_c�fZljbp�hl�wgljhibb�b�

bgnhjfZpbb�jZaebqby�bkihevam_f�jZ\_gkl\Z 

 2 2det ( ) ( ), det ( ) ( )H H I Iν ν= ϕ = ϕA A ,  (5.4.37) 
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 1 2 1 1 2 1det ( ) ( ), det ( ) ( )H H I I− ν − − ν −= ϕ = ϕA A ,  (5.4.38) 

hagZqZxsb_�bahfhjngu_�hlh[jZ`_gby�]jmii�nmgdpbc�f_j�gZ�]jmiim�hi�

j_^_ebl_e_c��<� blh]_�fZljbpu� ��������� b� ��������� k� ijhba\hevguf� iZjZ�

f_ljhf�ν �ij_h[jZamxlky�d�\b^m 

 ( )
2 2

2 2

1

1 1
( )

1

1 1

H H

H H H H
H H

H

H H H H

ν

+ ε ω 
 + ε − ω + ε − ω = ϕ
 
  + ε − ω + ε − ω 

A ,  (5.4.39) 

 ( )
2 2

2 2

1

1 1
( )

1

1 1

I I

I I I I
I I

I

I I I I

ν

− ε ω − − ε − ω − ε − ω = ϕ
 

−  − ε − ω − ε − ω 

A .  (5.4.40) 

Bkihevamy�q_luj_�lbiZ�]jmii�nmgdpbc�f_j�b�^_eZy�aZf_gm� λν → ν , 
ihemqbf�q_luj_�lbiZ�fZljbp� 

Lbi I: 

 
1 22

1

1
( )

1

H
H

H

ν−
ε +ε − ε

= ×  + ε 
A  

 

( )
( )( ) ( )( )

( )( ) ( )( )

1 2 1 2

1 2 1 2

1 2 1 2

1

1 1 1 1

1

1 1 1 1

H H

H H H H

H

H H H H

 + ε − ε ε ε
 
 + ε − ε + ε − ε

× 
 
  + ε − ε + ε − ε 

,  (5.4.41) 

 
1 22

1

1
( )

1

I
I

I

ν
ε +ε + ε

= ×  − ε 
A  

 

( )
( )( ) ( )( )

( )( ) ( )( )

1 2 1 2

1 2 1 2

1 2 1 2

1

1 1 1 1

1

1 1 1 1

I I

I I I I

I

I I I I

 − ε − ε ε ε
− 

 − ε + ε − ε + ε
× 

 −  − ε + ε − ε + ε 

.  (5.4.42) 
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Lbi�II: 

 

2
1 1

1 1

1

1 1

1 2

1 1
( ) exp

1 1

1 1

H H

H HH
H

H H

H H

 + ε ε
−   + ε + εν  = − ×    + ε    + ε + ε 

A ,  (5.4.43) 

 

2
1 1

1 1

1

1 1

1 2

1 1
( ) exp

1 1

1 1

I I

I II
I

I I

I I

 − ε ε
   − ε − εν  = ×    − ε   − − ε − ε 

A .  (5.4.44) 

Lbi�III: 

 

2

2

2 2

2 2

4
( ) exp arctg

1 24

1

1 1
,

1

1 1

H
H

H

H H

H H H H
H

H H H H

  −ω − εν  = ×
 + ε −ω − ε   

+ ε ω 
 + ε − ω + ε − ω ×
 
  + ε − ω + ε − ω 

A

 

 (5.4.45)

 

 

2

2

2 2

2 2

4
( ) exp arctg

1 24

1

1 1
.

1

1 1

I
I

I

I I

I I I I
I

I I I I

  −ω− εν  = − ×
 − ε −ω− ε   

− ε ω − − ε − ω − ε − ω ×
 

−  − ε − ω − ε − ω 

A

 

 (5.4.46)

 

Lbi�IV: 

 ( ) 1 0
( ) exp

1
R

R
H H

H

 
= −ν × 

 
A ,  (5.4.47) 
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 ( ) 1 0
( ) exp

1
R

R
I I

I

 
= ν × 

− 
A .  (5.4.48) 

�����DeZkkbnbdZpby�iZjZf_ljbah\Zgguo�wgljhibc� 
b�bgnhjfZpbc�jZaebqby 

Bkke_^m_f� klZlbklbq_kdmx� kljmdlmjm� iZjZf_ljbah\Zgguo� f_j� bg�

nhjfZpbc��bkihevamy�bo�]jmiih\u_�k\hckl\Z��>ey�q_]h�jZkkfhljbf�]jmi�

iu�ihemghjf 

 

( ) ( )1/ 1 1/ 1
1

1 1( ) ,

q qm m
q q q
i i i

i i
q qm m

i i
i i

p p u
p

N p N
up p

− −
−

− −

   
    = =              

∑ ∑

∑ ∑
,  (5.5.1) 

y\eyxsboky�nmgdpbhgZeZfb�jZkij_^_e_gbc� 
<gZqZe_�ijb\_^_f�aZdhg�dhfihabpbb�^ey� 1( )qN p− �\�\b^_�h[uqgh]h�

mfgh`_gby 

 1 12 1 1 1 2 1 1 1 2( ) ( ) ( ) ( ) ( )q q q q qN p N p N p N p N p− − − − −= =D ,  (5.5.2) 

qlh�hij_^_ey_lky�k\hckl\hf�fmevlbiebdZlb\ghklb�ihemghjfu��AgZq_gby�

ihemghjf 

 

( )1/ 1

1 12( )

qm n
q
ij

i j
q m n

ij
i j

p

N N p
p

−

−

 
 
 = =
 
  

∑∑

∑∑
,  (5.5.3) 

 

( ) ( )1/ 11/ 1

21

1 1 1 2 1 2

1 2

( ) , ( )

qq nm qq
ji

ji
q qm n

i j
i i

pp
N N p N N p

p p

−−

− −

  
  
 = = = = 
        

∑∑

∑ ∑
  (5.5.4) 

aZ\bkyl�hl� kh\f_klgh]h�jZkij_^_e_gby�h[s_]h�h[t_dlZ� ij i jp p p= �b�jZk�

ij_^_e_gbc�g_aZ\bkbfuo�h[t_dlh\� ip �b� jp . 

Ijb\_^_f�hkgh\gu_�k\hckl\Z�aZdhgZ�dhfihabpbb� 
��DhffmlZlb\ghklv ��<uihegy_lky�k\hckl\h�dhffmlZlb\ghklb� 
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 1 1 1 2 1 2 1 1( ) ( ) ( ) ( )q q q qN p N p N p N p− − − −= ,  (5.5.5) 

ke_^h\Zl_evgh��]jmiiZ�y\ey_lky�Z[_e_\hc� 
��:kkhpbZlb\ghklv ��Kh]eZkgh� Zdkbhf_� �� �jZa^_e� ����� \uihegy_lky�

k\hckl\h�ZkkhpbZlb\ghklb 

 
( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 1 2 1 3

1 1 1 2 1 3 1 1 2 3 .

q q q

q q q q

N p N p N p

N p N p N p N p p p

− − −

− − − −

  = 
 = = 

  
(5.5.6)

 

��?^bgbqguc�we_f_gl��Kh]eZkgh�Zdkbhf_����jZa^_e������_^bgbqguc�
we_f_gl�]jmiiu�_klv�ihklhyggh_�agZq_gb_�ihemghjfu 

 1(1) 1qN − = ,  (5.5.7) 

jZ\gh_�_^bgbp_�ijb� 1ip = ��Wlh�ke_^m_l�ba�ghjfbjh\Zgghklb�ihemghjfu�

gZ�_^bgbpm��k\hckl\h����jZa^_e������ 
��H[jZlguc�we_f_gl��Kh]eZkgh�Zdkbhf_����jZa^_e������ba�nhjfmeu�

\aZbfhk\yab 

 ( )1
1 1( ) 1q qN p N p−

− − + =   (5.5.8) 

\ul_dZ_l�\ujZ`_gb_�h[jZlgh]h�we_f_glZ�]jmiiu�ihemghjf 

 ( )1
1

1 1( )q qN p N p
− −

− − +
  =  .  (5.5.9) 

Wgljhiby� dZ`^h]h� h[t_dlZ� y\ey_lky� nmgdpb_c� ihemghjfu� wlh]h�

h[t_dlZ��lh�_klv�bf__f�aZ\bkbfhklb 

 1 1 1 2 2 2( ), ( ), ( )H H N H H N H H N= = = .  (5.5.10) 

>ey�wgljhibc�bf__f�ba\_klguc�aZdhg�dhfihabpbb 

 1 2 1 2
1 2

1 21

H H H H
H H H

H H

+ + ε
= =

+ ω
D ,  (5.5.11) 

]^_�iZjZf_lju� ε �b�ω �g_�aZ\bkyl�hl�wgljhibc� 
>bnn_j_gpbjm_f���������b�k�mq_lhf�jZ\_gkl\ 

 1 1 2 2

1 1 2 2

,
dN dH dN dHdN dN dN dN

dH dN dH dH dH dN dH dH
= =   (5.5.12) 

ihemqbf�bkoh^gh_�mjZ\g_gb_�>��@ 

 ( ) 12
ln ( )

1
qd N p

H H
dH

−
  + ε − ω = λ ,  (5.5.13) 
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bf_xs__�h^bgZdh\uc�\b^�^ey�\k_o�jZkkfZljb\Z_fuo�h[t_dlh\��A^_kv� λ  
_klv� ijhba\hevgZy� ihklhyggZy� bgl_]jbjh\Zgby�� dhlhjZy� fh`_l� aZ\bk_lv�

hl� ε �b�ω . 
>Ze__� ZgZeh]bqgh� gZoh^bf� bkoh^gh_� mjZ\g_gb_� ^ey� bgnhjfZpbb�

jZaebqby 

 ( )
1

2

ln

1
q

p
d N

u
I I

dI

−
  

    − ε − ω = −λ .  (5.5.14) 

Ijb�\u\h^_����������bkihevamxlky�aZdhgu�dhfihabpbc 

 1 2 1 2
1 2

1 21

I I I I
I I I

I I

+ − ε
= =

+ ω
D ,  (5.5.15) 

 12 1 2
1 1 1

12 1 2
q q q

p p p
N N N

u u u− − −

     
=               

  (5.5.16) 

^ey�g_aZ\bkbfuo�h[t_dlh\� 

Bgl_]jbjmy� mjZ\g_gby� ��������� b� ��������� k� mkeh\byfb� ( )1 1qN p− =  

ijb� 0H = � b� 1 1q

p
N

u−
  =  

� ijb� 0I = �� jZaebqZ_f� q_luj_� lbiZ� j_r_gbc� \�

aZ\bkbfhklb� hl� agZq_gby� ^bkdjbfbgZglZ� 2 4D = ε + ω ��I_j\u_� ljb� lbiZ�

ke_^mxl��_keb�mjZ\g_gby� 21 0H H+ ε − ω = �b� 21 0I I− ε − ω = �bf_xl�\_s_�

kl\_ggu_�b�jZaebqgu_�dhjgb��\dexqZy�kemqZc� 0ω = ��^\Z�\_s_kl\_gguo�b�

jZ\guo�� dhfie_dkgu_� dhjgb�� Q_l\_jluc� lbi� khhl\_lkl\m_l� Z^^blb\guf�

aZdhgZf� dhfihabpbc� 1 2 1 2H H H H H= = +D � b� 1 2 1 2I I I I I= = +D �� Nhj�

fZevgh� ^ey� wlh]h� lbiZ� fh`gh� \� ��������� b� ��������� ijbgylv� jZ\_gkl\h�

0ε = ω = .  
J_r_gby� jZkkfZljb\Z_fuo� mjZ\g_gbc� ^Zxl� \aZbfhk\yav�

1( )qH H N p−
 =   �b� 1q

p
I I N

u−
  =     

. 

JZkkfhljbf�khhl\_lkl\mxsb_�lbiu�f_j�bgnhjfZpbc� 
Lbi�I.�Imklv�lj_oqe_gu�ijb�jZ\_gkl\_�gmex�bf_xl�\_s_kl\_ggu_�b�

jZaebqgu_� dhjgb�� \dexqZy� kemqZc� 0ω = �� AZibr_f� ^ey� lj_oqe_gh\� bk�

ihevam_fu_�jZg__�jZaeh`_gby�gZ�fgh`bl_eb� 
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( ) ( )

( ) ( ) ( )( )

2

1 22

2

1 2
1 2

1 1
1

2

1 1
1 1 ,

2

H H
H H

H H
H H

 + ε + − ε
+ ε − ω = − 

  

 + ε − − ε
− = + ε − ε 

  

 

 (5.5.17)

 

 

( ) ( )

( ) ( ) ( )( )

2

1 22

2

1 2
1 2

1 1
1

2

1 1
1 1 .

2

I I
I I

I I
I I

 − ε + + ε
− ε − ω = − 

  

 − ε − + ε
− = − ε + ε 

  

 

 (5.5.18)

 

K�mq_lhf�jZ\_gkl\� 1 2 1 2,ε = ε − ε ω = ε ε �b� ( )2

1 2 0D = ε + ε > ��aZdhgu�dhf�

ihabpbc�f_j�bgnhjfZpbc�bf_xl�\b^ 

 
( )1 2 1 2 1 2

1 2
1 2 1 21

H H H H
H H H

H H

+ + ε − ε
= =

+ ε ε
D ,  (5.5.19) 

 
( )1 2 1 2 1 2

1 2
1 2 1 21

I I I I
I I I

I I

+ − ε − ε
= =

+ ε ε
D .  (5.5.20) 

J_r_gbyfb� mjZ\g_gbc� ���������b� ���������� y\eyxlky� ke_^mxsb_�ih�

emghjfu�b�f_ju�bgnhjfZpbc 
( )

( )

1 2

1 2

1 2

12
1

1

2 1 1

1 ( )1
( ) ,

1

( )

q

q

q

N pH
N p H

H

N p

ε +ε
−

λ

ε +ε
−

λ

λ−
ε +ε −

−

−

 − − ε  = =  + ε 
 ε + ε  

,  (5.5.21) 

( )

( )

1 2

1 2

1 2

1
2

1
1

2 1 1

1
1

,
1

q

q

q

p
N

I up
N I

u I
p

N
u

ε +ε
−

λ

ε +ε
−

λ

λ
−ε +ε

−

−

   −   + ε    = =    − ε   
  ε + ε     

.  (5.5.22) 

Mqblu\Zy�mkeh\b_�ghjfbjh\Zgghklb�wgljhibb 

 
1 1

, 1
2 2qH

  =  
  (5.5.23) 
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ijb�m� ����ihemqbf�jZ\_gkl\h 

 
( )1 2

2

1

1
2

1

ε +ε
λ

− ε
=

+ ε
  (5.5.24) 

^ey�hij_^_e_gby�ihklhygghc�λ �\���������� 
Ghjfbjh\ZggZy�bgnhjfZpby�jZaebqby�m^h\e_l\hjy_l�mkeh\bx 

 
1 1

1,0 : , 1
2 2qI   =  

  (5.5.25) 

b��khhl\_lkl\_ggh��ihklhyggZy�λ�\����������gZoh^blky�ba�jZ\_gkl\Z 

 
( )1 2

1

2

1
2

1

ε +ε
λ

− ε
=

+ ε
.  (5.5.26) 

JZkkfhljbf�qZklgu_�kemqZb�f_j�bgnhjfZpbc� 
Lbi� IA ( 2 0ε = ).�Imklv� lj_oqe_g� k� 0ω = � \ujh`^Z_lky� \� ^\mqe_g�

1+ε1H��AZdhgu�dhfihabpbc�f_j�bgnhjfZpbc�aZibrmlky�lZd 

 1 2 1 2 1 1 2H H H H H H H= = + + εD ,  (5.5.27) 

 1 2 1 2 1 1 2I I I I I I I= = + − εD .  (5.5.28) 

��� Ijb� 1 / 1qε λ = − � ba� ��������� b� ��������� \ul_dZxl� agZq_gby�

1
1 2 1q−ε = − �^ey� wgljhibb�b� 1

1 1 2q−ε = − �^ey�bgnhjfZpbb�jZaebqby��?keb�

1 / 1rε λ = − ��lh�bf_xl�^jm]b_�agZq_gby� 1
1 2 1r−ε = − �b� 1

1 1 2r −ε = − ��Kh]eZk�

gh����������b����������ihemqbf�h^gh-�b�^\moiZjZf_ljbq_kdb_�wgljhibb 

 
1

1
1 ,

1 2

m
q
i

i
q q m

i
i

p
H

p
−

 
 

= − 
−    

∑

∑
  (5.5.29) 

 

1
1

, 1

1
1

1 2

r
m qq

i
i

q r r m

i
i

p
H

p

−
−

−

 
  
  

= −   −      
 

∑

∑
  (5.5.30) 
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b�bgnhjfZpbb�jZaebqby 
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1

1
1 ,

1 2

m
q q
i i

i
q q m

i
i

p u
I

p

−

−

 
 

= − 
−  

  

∑

∑
  (5.5.31) 

 

1
11

, 1

1
1

1 2

r
m qq q

i i
i

q r r m

i
i

p u
I

p

−
−−

−

 
  
  

= −   −      
 

∑

∑
.  (5.5.32) 

H^ghiZjZf_ljbq_kdb_� f_ju� kh\iZ^Zxl� k� wgljhib_c� OZ\j^Z–
QZj\Zl–>Zjhrb� >��@� b� bgnhjfZpb_c� jZaebqby� JZlv_–DZggZiiZgZ� >���@��
>\moiZjZf_ljbq_kdb_� f_ju� y\eyxlky� wgljhib_c� b� bgnhjfZpb_c� jZaeb�

qby�RZjfZ–FbllZeZ��\i_j\u_�\\_^_ggu_�\�jZ[hlZo�>���@�b�>���@��khhl\_l�

kl\_ggh��G_ghjfbjh\Zggu_�bgnhjfZpbb�jZaebqby�jZ\gyxlky�>��������@ 

 

1

1

1
1 ,

2 1

m
q q
i i

i
q q m

i
i

p u
I

p

−

−

 
 

= − 
−    

∑

∑
  (5.5.33) 

 

1
11

, 1

1
1

2 1

r
m qq q

i i
i

q r r m

i
i

p u
I

p

−
−−

−

 
  
  

= −   −      
 

∑

∑
  (5.5.34) 

b�jZkkfZljb\Zxlky�\�h[ahjZo�>��������@� 
���?keb� 1λ = − ��Z�lZd`_� 1 1 qε = − �b� 1 1 rε = − ��lh�bf__f�nbabq_kdb_�

[_ajZaf_jgu_�f_ju�bgnhjfZpbc� 
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1

1

,

1 1
1 , 1

1 1

r
m m qq q

i i
phys physi i
q q rm m

i i
i i

p p
H H

q rp p

−
−

 
    
    

= − = −    − −           
 

∑ ∑

∑ ∑
,  (5.5.35) 

1
11 1

,

1 1
1 , 1

1 1

r
m m qq q q q

i i i i
phys physi i
q q rm m

i i
i i

p u p u
I I

q rp p

−
−− −

 
    
    

= − = −    − −           
 

∑ ∑

∑ ∑
,  (5.5.36) 

]^_� h^ghiZjZf_ljbq_kdZy� wgljhiby� <_cjey� \i_j\u_� \\_^_gZ� \� jZ[hl_�

[129]. 

��� Ijb� 1 / 1ε λ = −β � b� 1/q = β � bf__f� 1
1 1 2β−ε = − � ^ey� wgljhibb� b�

1
1 1 2 −βε = − �^ey�bgnhjfZpbb�jZaebqby��qlh�^Z_l�ba����������b����������ghj�

fbjh\Zggu_�f_ju�bgnhjfZpbc 

 

1/

1

1
1 ,

1 2

m

i
i
m

i
i

p
H

p

β
β

β β−

    
 = −  
 −       

∑

∑
  (5.5.37) 
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H^ghiZjZf_ljbq_kdZy�wgljhiby�:jbfhlh����������\i_j\u_�\\_^_gZ�\�

jZ[hl_�>��@��Z�k\hckl\Z�f_j�bamq_gu�\�>������������@� 
Lbi� IB ( 1 0ε = ).� Imklv� lj_oqe_g� k� 0ω = \ujh`^Z_lky� \� ^\mqe_g�

21 H− ε ��AZibr_f�aZdhgu�dhfihabpbb�f_j�bgnhjfZpbb 

 1 2 1 2 2 1 2H H H H H H H= = + − εD ,  (5.5.41) 

 1 2 1 2 2 1 2I I I I I I I= = + + εD .  (5.5.42) 

��� Ijb� 2 / 1qε λ = − � ba� ��������� b� ��������� \ul_dZxl� agZq_gby�

1
2 1 2q−ε = − �^ey�wgljhibb�b� 1

2 2 1q−ε = − �^ey�bgnhjfZpbb�jZaebqby��khhl�

\_lkl\_ggh�� ?keb� 1 / 1rε λ = − �� lh� bf__f� ^jm]b_� agZq_gby� 1
2 1 2r −ε = − � b�

1
2 2 1r−ε = − ��Kh]eZkgh����������b����������ihemqbf�h^gh-�b�^\moiZjZf_ljb�
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  (5.5.45) 



 249

 

1

11

, 1

1
1

2 1

r
m qq q

i i
i

q r r m

i
i

p u
I

p

−
−−

−

 
  
  

= −   −      
 

∑

∑
.  (5.5.46) 

���?keb 1λ = − ��Z�lZd`_� 2 1 qε = − �b� 2 1 rε = − ��lh�ba����������b����������

ke_^mxl�nbabq_kdb_�[_ajZaf_jgu_�f_ju�bgnhjfZpbc 
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\u_�\\_^_gZ�\�jZ[hlZo�>������@��]^_�^Z_lky�deZkkbnbdZpby�f_j��ijh\_^_g�
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\\h^ylky�\�jZ[hlZo�Z\lhjZ�>������@� 

��� Ijb� 2 / 1ε λ = −β � b� 1/q = β � bf__f� 1
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?keb� 1λ = − , 2 1ε = β − �b� 1/q = β �� lh�bf__f�nbabq_kdb_�[_ajZaf_j�
gu_�f_ju 

 

1/

1
1 ,

1

m

i
phys i

m

i
i

p
H

p

−β
β

β

    
 = −  
 β −       

∑

∑
  (5.5.51) 

 

1/ 1 1/

1
1

1

m

i i
phys i

m

i
i

p u
I

p

−β
β − β

β

    
 = −  
 −β       

∑

∑
.  (5.5.52) 

Lbi�IC ( 0ε = ).�Imklv�lj_oqe_g�\ujh`^Z_lky�\�^\mqe_g� 21 H− ω ��dh�

lhjuc�ijb�jZ\_gkl\_�gmex�bf__l�^\Z�ijhlb\hiheh`guo�dhjgy�b��ke_^h\Z�

l_evgh��kijZ\_^eb\u�jZ\_gkl\Z� 1 2ε = ε , 2
1ω = ε ��AZdhgu�dhfihabpbb�f_ju�

bgnhjfZpbc�aZibrmlky�lZd 

 1 2
1 2 2

1 1 2

,
1

H H
H H H

H H

+
= =

+ ε
D   (5.5.53) 

 1 2
1 2 2

1 1 21

I I
I I I

I I

+
= =

+ ε
D .  (5.5.54) 

���Ijb� 1 / 1 qε λ = − b� 1 / 1 rε λ = − �ba����������\ul_dZxl��khhl\_lkl\_g�

gh��agZq_gby�iZjZf_ljh\�^ey�wgljhibb 
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+ +

  (5.5.55) 

>ey�bgnhjfZpbb�jZaebqby�bf__f��kh]eZkgh� ����������agZq_gby�iZjZ�

f_ljh\�� kh\iZ^Zxsb_� k� ����������<�blh]_�ba� ���������b� ��������� \ul_dZxl�

h^gh-�b�^\moiZjZf_ljbq_kdb_�wgljhibb� 
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  (5.5.65) 
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Lbi� ID ( 2 1ε = γε ).� Imklv� lj_oqe_gu� jZ\gyxlky� 21 H H+ ε − ω =  

( )( )1 11 1H H= + ε − γε � b� ( )( )2
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���Ijb� 1 / 1qε λ = − � ba� ��������� b� ��������� ke_^mxl�� khhl\_lkl\_ggh��
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���Ijb� 1 / 1ε λ = −β �b� 1/q = β �bf__f�ba� ���������b� ��������� agZq_gby�
iZjZf_ljh\ 
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  (5.5.76) 

^ey�wgljhibb�b�bgnhjfZpbb�jZaebqby��khhl\_lkl\_ggh��Kh]eZkgh� ���������

b����������ihemqbf�^\moiZjZf_ljbq_kdmx�wgljhibx� 
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∑ ∑

∑ ∑
  (5.5.77) 
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∑ ∑

∑ ∑
.  (5.5.78) 

Lbi�ID �h[h[sZ_l�Lbi�IA �b�Lbi�IC ��lZd�dZd�hgb�khhl\_lkl\mxl�agZ�
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D .  (5.5.80) 
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.  (5.5.82) 
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  (5.5.83) 
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∑ ∑

∑ ∑

.  (5.5.87) 

���?keb� 1λ = ��Z�lZd`_� 1 1qε = − �b� 1 1rε = − ��lh�ba� ���������b� ���������
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∑ ∑
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∑ ∑

∑ ∑

.  (5.5.91) 

H^gh-�b�^\moiZjZf_ljbq_kdb_�wgljhibb�\i_j\u_�\\_^_gu�Z\lhjhf�\�
jZ[hl_�>��@� 
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wgljhibb�b�bgnhjfZpbb�jZaebqby��qlh�^Z_l�ba����������b����������ghjfbjh�
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∑ ∑

∑ ∑
,  (5.5.92) 
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∑ ∑
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  (5.5.93) 
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  (5.5.95) 

Lbi�III. �Imklv�lj_oqe_gu�ijb�jZ\_gkl\_�gmex�g_�bf_xl�\_s_kl\_g�
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 ε  − = −ω− ε  
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 (5.5.99)
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.  (5.5.101) 
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(5.5.105)
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− −      ε = ε =
− − + −      

  (5.5.117) 

^ey�wgljhibb�b�bgnhjfZpbb�jZaebqby��khhl\_lkl\_ggh��?keb� 1 1rε λ = − , 

lh�\�����������ke_^m_l�k^_eZlv�aZf_gm� q �gZ� r ��LZdbf�h[jZahf��ba�����������

b�����������ihemqbf�h^gh-�b�^\moiZjZf_ljbq_kdb_�wgljhibb 
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∑ ∑
,  (5.5.118) 
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∑ ∑
,  (5.5.120) 
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  −  
   −    ×  −   +    −    

∑ ∑

∑ ∑

 

 (5.5.121)

 

���?keb� 1λ = − ��Z�lZd`_� 1 1 qε = − �b� 1 1 rε = − ��lh�bf__f�nbabq_kdb_�

[_ajZaf_jgu_�f_ju�bgnhjfZpbc 
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∑ ∑

∑ ∑
,  (5.5.122) 
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,  (5.5.124) 

 
( )

( )

1

,
1

1
2 tg ln

2 11
.

1 1
1 tg ln

2 1

m m
q q
i i i

i iphys
q r m m

q q
i i i

i i

r
p u p

q
I

r r
p u p

q

−

−

  −  
   −    =  −  −   +    −    

∑ ∑

∑ ∑
  (5.5.125) 

���Ijb� 1 1ε λ = −β �b� 1q = β �bf__f� khhl\_lkl\mxsb_� agZq_gby�ih�

klhygguo�^ey�wgljhibb�b�bgnhjfZpbb�jZaebqby�b�\�blh]_�ba� ����������b�

����������ihemqbf 
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∑ ∑
,  (5.5.126) 
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           ×    +         
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 (5.5.127)

 

?keb� 1λ = − , 1 1ε = β − �b� 1q = β ��lh�bf__f�nbabq_kdb_�[_ajZaf_jgu_�
f_ju� 
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∑ ∑
.  (5.5.129) 

Lbi� III <� ( 0ε = ).�Imklv� lj_oqe_gu� k� 2
1ω = −ε � \ujh`^Zxlky� \� ^\m�
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H H
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= =

− ε
D   (5.5.130) 

 1 2
1 2 2

1 1 21

I I
I I I

I I

+
= =

− ε
D .  (5.5.131) 

Ijb� agZq_gbyo� wgljhibc�� jZ\guo� ( )1 1H = − −ω �b� ( )2 11H = ε ��ba�

aZdhgZ�dhfihabpbb�����������ihemqbf�wgljhibb 
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    − ε
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D ,  (5.5.132) 
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    + ε
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D .  (5.5.133) 

Ba� ����������b� ����������\ul_dZ_l��qlh�\�^Zgghc�]jmii_�agZq_gby�wg�
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gh_�khhlghr_gb_ 
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Z�^ey�ijhba\_^_gby�we_f_glh\�]jmiiu�bf__f� 
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D . (5.5.135) 

:gZeh]bqgu_�\u\h^u�kijZ\_^eb\u�^ey�bgnhjfZpbb�jZaebqby� 
Ba��������� – ����������\ul_dZxl�ihemghjfu 
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 (5.5.136) 
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 λ  = − ε   ε   
 (5.5.137) 

b�f_ju�bgnhjfZpbb 
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Kh]eZkgh�����������beb������������bf__f�agZq_gb_�ihklhygghc 
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��� Ijb� 1 1qε λ = − � b� 1 1rε λ = − � k� mq_lhf� ���������� ba� �����������

����������ihemqbf�h^gh-�b�^\moiZjZf_ljbq_kdb_�wgljhibb 

 
( )

tg ln

tg 1 ln 2

m m
q
i i

i i
q

p p

H
q

  
    =

−  

∑ ∑
,  (5.5.141) 

 
( ),

1
tg ln

1

tg 1 ln 2

m m
q
i i

i i
q r

r
p p

q
H

r

 −  
  −   =
−  

∑ ∑
  (5.5.142) 

b�bgnhjfZpbb�jZaebqby� 
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.  (5.5.144) 

���?keb� 1λ = − ��Z�lZd`_� 1 1 qε = − �b� 1 1 rε = − ��lh�ba����������������������
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H^gh-� b� ^\moiZjZf_ljbq_kdb_� wgljhibb� ���������� b� bgnhjfZpbb�
jZaebqby�����������\i_j\u_�\\_^_gu�Z\lhjhf�\�jZ[hl_�>��@� 

���Ijb� 1 1ε λ = −β �b� 1q = β �ba� ����������b� ����������\ul_dZxl�ghj�
fbjh\Zggu_�f_ju�bgnhjfZpbc 
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.  (5.5.148) 

?keb� 1 1ε λ = −β , 1λ = − �b� 1q = β ��lh�bf__f�nbabq_kdb_�[_ajZaf_j�
gu_�f_ju�bgnhjfZpbb� 
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Lbi�IIIC ( )2 1ε = γε .�Imklv�lj_oqe_gu�jZ\gyxlky 
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.  (5.5.152) 

Lh]^Z��kh]eZkgh�����������b������������aZdhgu�dhfihabpbb�f_j�bgnhjfZpbc�

aZibrmlky�lZd 

 
( )

( )
1 2 1 1 2

1 2 2 2
1 1 2

1

1 1 2

H H H H
H H H

H H

+ + − γ ε
= =

− + γ ε
D ,  (5.5.153) 

 
( )

( )
1 2 1 1 2

1 2 2 2
1 1 2

1

1 1 2

I I I I
I I I

I I

+ − − γ ε
= =

− + γ ε
D .  (5.5.154) 

���Ijb� 1 1 qε λ = − �ba�����������b�����������\ul_dZxl��khhl\_lkl\_ggh��

agZq_gby�iZjZf_ljh\�^ey�wgljhibb�b�bgnhjfZpbb�jZaebqby 

 
( )( )( )

( ) ( ) ( )( )( )1

2 tg 1 1 ln 2 2

1 1 tg 1 1 ln 2 2

q

q

+ γ −  ε =
+ γ − − γ + γ −  

,  (5.5.155) 

 
( )( )( )

( ) ( ) ( )( )( )1

2 tg 1 1 ln 2 2

1 1 tg 1 1 ln 2 2

q

q

+ γ −  ε =
+ γ + − γ + γ −  

.  (5.5.156) 

Kh]eZkgh� ���������b� ����������ihemqbf�^\moiZjZf_ljbq_kdmx�wgljh�

ibx� 



 268 

 

( ) ( ) ( )( )( )
( )( )( )

( )

( ) ( ) ( )

,

1 1 tg 1 1 ln 2 2

tg 1 1 ln 2 2

1
tg 1 ln

2
,

1
1 1 tg 1 ln

2

q

m m
q
i i

i i

m m
q
i i

i i

q
H

q

p p

p p

γ

+ γ − − γ + γ −  = ×
+ γ −  

  + γ     ×
  + γ − − γ + γ     

∑ ∑

∑ ∑

 

 (5.5.157)

 

 

( ) ( ) ( )( )( )
( )( )( )

( )

( ) ( ) ( )

,

1

1

1 1 tg 1 1 ln 2 2

tg 1 1 ln 2 2

1
tg 1 ln

2
.

1
1 1 tg 1 ln

2

q

m m
q q
i i i

i i

m m
q q
i i i

i i

q
I

q

p u p

p u p

γ

−

−

+ γ + − γ + γ −  = ×
+ γ −  

  + γ     ×
  + γ + − γ + γ     

∑ ∑

∑ ∑
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���?keb� 1λ = − �b� 1 1 qε = − ��lh�bf__f�nbabq_kdb_�[_ajZaf_jgu_�f_ju�

bgnhjfZpbb 

( )

( ) ( ) ( ) ( )
,

1
2 tg 1 ln

2

1
1 1 1 tg 1 ln

2

m m
q
i i

i iphys
q m m

q
i i

i i

p p

H

q p p
γ

  + γ     =
   − + γ − − γ + γ      

∑ ∑

∑ ∑
,  (5.5.159) 

( )

( ) ( ) ( ) ( )

1

,
1

1
2 tg 1 ln

2

1
1 1 1 tg 1 ln

2

m m
q q
i i i

i iphys
q m m

q q
i i i

i i

p u p

I

q p u p

−

γ
−

  + γ     =
   − + γ + − γ + γ      

∑ ∑

∑ ∑
.  (5.5.160) 

���Ijb� 2 1ε λ = − β �b� 1q = β �bf__f�ba� ����������b� ����������^\moiZ�
jZf_ljbq_kdmx�wgljhibx� 
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( )

( ) ( )
( )

1

21

, 1

21
2

2 tg ln

1 1 tg ln

m m

i i
i i

m m

i i
i i

p p

H

p p

+γ β

β

β γ +γ β

β

 
  
     =

  
    ε + γ − − γ        

∑ ∑

∑ ∑

  (5.5.161) 

b�bgnhjfZpbx�jZaebqby 

( )

( ) ( )
( )

1

21 1 1

, 1

21 1 1
2

2 tg ln

1 1 tg ln

m m

i i i
i i

m m

i i i
i i

p u p

I

p u p

+γ β

β − β

β γ +γ β

β − β

 
  
     = −

  
    ε + γ + − γ        

∑ ∑

∑ ∑

  (5.5.162) 

k�khhl\_lkl\mxsbfb�agZq_gbyfb�iZjZf_ljh\ 

 
( )( )( )

( ) ( ) ( )( )( )2

2 tg 1 1 ln 2 2

1 1 tg 1 1 ln 2 2

+ γ β −  ε =
+ γ − − γ + γ β −  

,  (5.5.163) 

 
( )( )( )

( ) ( ) ( )( )( )2

2 tg 1 1 ln 2 2

1 1 tg 1 1 ln 2 2

+ γ β −  ε =
+ γ + − γ + γ −β  

.  (5.5.164) 

Lbi� III K� h[h[sZ_l� lbi� IA � b� lbi� IB �� lZd� dZd� hgb� khhl\_lkl\mxl�

agZq_gbyf�iZjZf_ljZ� 0γ = �b� 1γ = . 

Lbi�IV ( 0ε = ω = ).�Imklv�lj_oqe_g�\ujh`^Z_lky�\�_^bgbpm��lh�_klv�
iZjZf_lju�jZ\gyxlky�gmex��AZdhgu�dhfihabpbb�aZibrmlky�lZd 

 1 2 1 2,H H H H H= = +D   (5.5.165) 

 1 2 1 2I I I I I= = +D .  (5.5.166) 

J_r_gbyfb�mjZ\g_gbc����������b����������y\eyxlky�ke_^mxsb_�ihem�

ghjfu�b�nbabq_kdb_�[_ajZaf_jgu_�f_ju�bgnhjfZpbc 

 ( ) 1
1 1( ) exp , ln ( )q qN p H H N p−

− −= λ = λ ,  (5.5.167) 
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 ( ) 1
1 1exp , lnq q

p p
N I I N

u u
−

− −
   = −λ = λ      

.  (5.5.168) 

���Mqblu\Zy� mkeh\by�ghjfbjh\Zgghklb� wgljhibb� ���������b�bgnhj�

fZpbb�jZaebqby�����������ihemqbf�jZ\_gkl\h 

 ln 2λ = − .  (5.5.169) 

<� blh]_� ba� ���������� b� ���������� bf__f� h^ghiZjZf_ljbq_kdb_�f_ju�

J_gvb�>��������@ 

 

1

2 2

1 1
log , log

1 1

m m
q q q
i i i

i i
q qm m

i i
i i

p p u
H I

q qp p

−

= =
− −

∑ ∑

∑ ∑
.  (5.5.170) 

���?keb� 1λ = − ��lh�bf__f�ba\_klgu_�nbabq_kdb_�[_ajZaf_jgu_�f_ju 

 

1

1 1
ln , ln

1 1

m m
q q q
i i i

phys physi i
q qm m

i i
i i

p p u
H I

q qp p

−

= =
− −

∑ ∑

∑ ∑
.  (5.5.171) 

���Ijb� 1λ = − �b� 1q = β �ihemqbf�nbabq_kdb_�[_ajZaf_jgu_�f_ju 

 

1

1
ln

1

m

i
phys i

m

i
i

p
H

p

β
β

β

 
 

=  
β −    

∑

∑
,   (5.5.172) 

 

1 1 1

1
ln

1

m

i i
phys i

m

i
i

p u
I

p

β
β − β

β

 
 

=  
−β    

∑

∑
.  (5.5.173) 

<�aZdexq_gb_�hlf_lbf��qlh�\�ij_^_eZo�ba�jZkkfZljb\Z_fuo�ghjfb�

jh\Zgguo�f_j� \ul_dZxl� wgljhiby�R_gghgZ–<bg_jZ� b� bgnhjfZpby� jZa�
ebqby�Dmev[ZdZ–E_c[e_jZ 

 ( ) , , ,1 1 1 1 1
1 1 0

lim lim lim lim limq q rq q
r

H p H H H H Hβ β γ β γ→ → β→ β→ β→
→ γ→ γ→

= = = = = =  
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( )2

, ,1 1
1 0

log
lim lim

m

i i
i

q q mq q

i
i

p p
H H

p
γ γ→ →

γ→ γ→

= = = −
∑

∑
,  (5.5.174) 

 ( ) , , ,1 1 1 1 1
1 1 0

: lim lim lim lim limq q rq q
r

I p u I I I I Iβ β γ β γ→ → β→ β→ β→
→ γ→ γ→

= = = = = =  

 
2

, ,1 1
1 0

log

lim lim

m
i

i
i i

q q mq q

i
i

p
p

u
I I

p
γ γ→ →

γ→ γ→

 
   = = =

∑

∑
.  (5.5.175) 

LZdbf� h[jZahf�� jZkkfZljb\Z_fuf� aZdhgZf� dhfihabpbc� khhl\_lkl�

\mxl� lhevdh� q_luj_� ijbgpbibZevgh� jZaebqguo� lbiZ� f_j� bgnhjfZpbc��

I_j\u_�ljb�kh^_j`Zl�\�aZdhgZo�dhfihabpbc�d\Z^jZlbqgmx�g_ebg_cghklv��

Z�q_l\_jluc�hljZ`Z_l�Z^^blb\gu_�iZjZf_ljbah\Zggu_�f_ju��Ijbq_f�jZk�

kfZljb\Z_fu_� lbiu�fh]ml� kh^_j`Zlv� b� ^jm]b_� qZklgu_� kemqZb�f_j� bg�

nhjfZpbc� 

�����Ij_^_evgu_�h^ghiZjZf_ljbq_kdb_�f_ju 

JZkkfhljbf� ij_^_evgu_� \ujZ`_gby� ^\moiZjZf_ljbq_kdbo� f_j� bg�

nhjfZpbc� , ( )q rH p �b� ,q r

p
I

u
 
  

�ijb� 1r = �b� 1q = ��>ey�\k_o�ghjfbjh\Zgguo�

lbih\�f_j�bgnhjfZpbc�ijb� 1r = �ihemqbf�ij_^_evgu_�h^ghiZjZf_ljbq_�

kdb_�f_ju 

 , 21

1
lim log

1

m
q
i

i
q r mr

i
i

p
H

q p
→

=
−

∑

∑
,  (5.6.1) 

 

1

, 21

1
lim log

1

m
q q
i i

i
q r mr

i
i

p u
I

q p

−

→
=

−

∑

∑
,  (5.6.2) 

kh\iZ^Zxsb_�k�wgljhib_c�b�bgnhjfZpb_c�jZaebqby�J_gvb� 
?keb� 1q = ��lh�bkihevam_f�ba\_klgu_�khhlghr_gby� 
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 ( ) ( )
11

lim ( ) ( ) 2
physH p H p

qq
N p N p e− −

−→
= = = ,  (5.6.3) 

 ( : ) ( : )
11

lim 2
physI p u I p u

qq

p p
N N e

u u−→

   = = =      
  (5.6.4) 

ijb�gZoh`^_gbb�f_j 

 , ,1 1
lim , limr q r r q rq q

H H I I
→ →

= = .  (5.6.5) 

A^_kv� wgljhiby�R_gghgZ–<bg_jZ� b� bgnhjfZpby� jZaebqby�Dmev[Z�
dZ–E_c[e_jZ�_klv�nmgdpbhgZeu 

 
( ) 22

loglog
( ) , ( : )

mm i
ii i i ii

m m

i i
i i

p
pp p u

H p I p u
p p

 
   = − =

∑∑

∑ ∑
.  (5.6.6) 

<� kemqZ_� nbabq_kdbo� [_ajZaf_jguo� f_j� bkihevam_fuc� eh]Zjbnf�

f_gy_lky�gZ�gZlmjZevguc� 

K\hckl\Z� kj_^gbo� ]_hf_ljbq_kdbo� 1( )qN p− � b� 1q

p
N

u−
 
  

� ^Zxlky� \�

jZa^_e_����� 
Ijb\_^_f� khhl\_lkl\mxsb_� lbiu� f_j� bgnhjfZpbc�� \ul_dZxsb_�

ijb� 1q = �ba�j_amevlZlh\�ij_^u^ms_]h�jZa^_eZ� 

Lbi�I:� 

1. ( )1 ( )
1

1
1 2

1 2
r H p

r r
H −

−
 = − −

, ( ) ( )1 :
1

1
1 2

1 2
r I p u

r r
I −

−
 = − −

,  (5.6.7) 

2. ( )1 ( )1
1

1

physr H pphys
rH e

r
− = −  −

, ( )1 ( : )1
1

1

physr I p uphys
rI e

r
− = −  −

.  (5.6.8) 

Lbi�IB. 

1. ( ) ( ) ( )1 ( ) 1 :
1 1

1 1
1 2 , 1 2

1 2 2 1
r H p r I p u

r rr r
H I− −

− −
   = − = −   − −

,  (5.6.9) 

2. ( ) ( )1 ( ) 1 ( : )1 1
1 , 1

1 1

phys physr H p r I p uphys phys
r rH e I e

r r
− −   = − = −      − −

.  (5.6.10) 
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−
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.  (5.6.12) 

Lbi�II.  

 1. 
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( )1 ( ) 1 ( : )

1 1 ln 2 ( ) 1 1 ln 2 ( : )
,

1 2 1 2
r rr H p r I p u

r H p r I p u
H I

− −

+ − + −      = =
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 2. 
(1 ) ( ) ( 1) ( : )
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1 2 1 2
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r rr H p r I p u

H p I p u
H I− −= =
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.  (5.6.14) 

Lbi�III :�  
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 − − −       =  − − −        
, 
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( ) ( )

( ) ( )
1 tg 1 ln 2 tg 1 :

tg 1 ln 2 1 tg 1 :r

r r I p u
I

r r I p u

 + − −       =  − + −        
.  (5.6.15) 

 2: 
( ) ( )

( ) ( )
tg 11

1 1 tg 1

phys
phys
r phys

r H p
H

r r H p

  −  =  −  − −   
, 

 
( ) ( )

( ) ( )
tg 1 :1

1 1 tg 1 :

phys
phys
r phys

r I p u
I

r r I p u

  −  =  −  + −   
.  (5.6.16) 

Lbi�III <� 

 1: 
( )
( )

tg 1 ( )

tg 1 ln 2r

r H p
H

r

−  =
−  

, 
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[ ]

[ ]
tg ( 1) ( : )

tg ( 1) ln 2r

r I p u
I

r

−
=

−
.  (5.6.17) 

 2: ( )1
tg 1 ( )

1
phys phys
rH r H p

r
 = − −

, 

 
1

tg ( 1) ( : )
1

phys phys
rI r I p u

r
 = − −

.  (5.6.18) 

Hlf_lbf��qlh�f_ju�bgnhjfZpbc��jZkkfhlj_ggu_�\�jZa^_e_������fh`�

gh�ij_^klZ\blv�\�nhjfZo��������
 – 
���������ijb�aZf_g_� ( )H p �b� ( : )I p u �gZ�

wgljhibx�b�bgnhjfZpbx�jZaebqby�J_gvb� 

�����AZdhg�dhfihabpbb�we_f_glh\�]jmiiu� 
kemqZcguo�f_j 

I_j_oh^bf� d� bkke_^h\Zgbx� Z[_e_\hc� ]jmiiu� kemqZcguo� wgljhibc�

( )h h p= �k�dhffmlZlb\guf�aZdhghf�dhfihabpbb�we_f_glh\� 1 2 2 1h h h h=D D , 

\�dhlhjuc�\oh^yl� lhevdh� 1 1( )h h p= , 2 2( )h h p= �b�bo�ijhba\_^_gby� 1 2h h . 

Ijb\_^_f�Z[kljZdlguc�\u\h^�y\gh]h�\b^Z�aZdhgZ�dhfihabpbb�we_f_glh\�

b�_]h�k\hckl\Z��>ey�q_]h�aZibr_f�aZdhg�\�ke_^mxs_f�\b^_ 

 1 2 1 2 1( )h h h a h h h = = + ψ D .  (5.7.1) 

A^_kv�dhwnnbpb_gl�a �g_�aZ\bkbl�hl� 1h �b� 2h ��<�ijhlb\ghf�kemqZ_�g_�[m^_l�

khhl\_lkl\by�k�]jmiihc�kj_^gbo�wgljhibc��H^gZdh�hg�fh`_l�aZ\bk_lv�hl�

kj_^gbo� wgljhibc�� hij_^_ey_fuo� \� h[s_f� kemqZ_� \a\_r_gguf� 
f -kj_^gbf 

 ( ) ( )
m

i i
i

H h p f p= ∑ .  (5.7.2) 

Bkihevamy�mkeh\b_�dhffmlZlb\ghklb�\����������gZc^_f�khhlghr_gby 

 1 2 1 2 1 2( ) ( )a h h h a h h h   + ψ = + ψ    ,  (5.7.3) 

ba�dhlhjuo�ihemqbf�h]jZgbq_gby�gZ�nmgdpbx 

 1 2

1 2

1 ( ) 1 ( )h h

h h

− ψ − ψ
= = ε .  (5.7.4) 

IZjZf_lj� ε �g_�aZ\bkbl�hl�kemqZcguo�wgljhibc��Ih^klZgh\dZ���������
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\���������^Z_l�aZdhg�dhfihabpbb�>��@ 

 ( )1 2 1 2 1 2h h h a h h h h= = + − εD .  (5.7.5) 

Ihkdhevdm� kijZ\_^eb\h� mkeh\b_� fmevlbiebdZlb\ghklb 

( ) ( ) ( )ij i jf p f p f p= � ^ey� g_aZ\bkbfuo� h[t_dlh\�� lh� ihke_� mkj_^g_gby�

��������ihemqbf 

 ( ) ( )1 2 1 2

n m

j i
j i

H a H f p H f p H H
 

= + − ε 
 

∑ ∑ ,  (5.7.6) 

]^_�kj_^gb_�wgljhibb 

 ( ) ( ) ( ) ( )1 2,
m n

i i j j
i j

H h p f p H h p f p= =∑ ∑ ,  (5.7.7) 

 ( ) ( )m n

ij ij
i j

H h p f p= ∑∑ .  (5.7.8) 

JZkkfhljbf�hkgh\gu_�k\hckl\Z�hij_^_e_gby�������� 
���:kkhpbZlb\ghklv ��Kh]eZkgh�Zdkbhf_���\uihegy_lky�k\hckl\h�Zk�

khpbZlb\ghklb 

 ( ) ( )1 2 3 1 2 3h h h h h h= =D D D D  

 ( ) ( ) 2
1 2 3 1 2 2 3 3 1 1 2 3h h h h h h h h h h h h = α α + + − εα + + + ε =   

 ( ) ( ) 2
1 2 3 1 2 2 3 3 1 1 2 3h h h h h h h h h h h h = α + α + − εα + + + ε  ,  (5.7.9) 

ba�dhlhjh]h�\ul_dZ_l�jZ\_gkl\h� 1a = . 
<�blh]_�bf__f�aZdhg�dhfihabpbb 

 1 2 1 2 1 2h h h h h h h= = + − εD   (5.7.10) 

b�k\hckl\h�ZkkhpbZlb\ghklb 

 ( ) ( )1 2 3 1 2 3h h h h h h= =D D D D  

 ( ) 2
1 2 3 1 2 2 3 3 1 1 2 3h h h h h h h h h h h h= + + − ε + + + ε .  (5.7.11) 

��� ?^bgbqguc� we_f_gl�� Kh]eZkgh� Zdkbhf_� �� _^bgbqguc� we_f_gl�
]jmiiu�gZoh^bf�ba�nhjfmeu 

 1h E h E hE h= + − ε =D ,  (5.7.12) 

dhlhjZy� ^Z_l� agZq_gb_� 0E = ��LZdbf� h[jZahf�� _^bgbqguc� we_f_gl� khhl�
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\_lkl\m_l�gme_\hfm�agZq_gbx�kemqZcghc�wgljhibb� 0h = . 
���H[jZlguc�we_f_gl��Kh]eZkgh�Zdkbhf_���ba�nhjfmeu 

 1 1 1 0h h h h hh− − −= + − ε =D   (5.7.13) 

\ul_dZ_l�\ujZ`_gb_�^ey�h[jZlgh]h�we_f_glZ 

 1

1

h
h

h
− = −

− ε
.  (5.7.14) 

���Khijy`_gguc�we_f_gl��Ih^klZ\bf�\�hij_^_e_gb_�khijy`_ggh]h�
we_f_glZ 

 1h c h c−′ = D D   (5.7.15) 

agZq_gb_� ( ) 11 1c c c
−− = − − ε �b�ihemqbf�jZ\_gkl\h 

 h h′ = ,  (5.7.16) 

dhlhjh_�hagZqZ_l�khijy`_gghklv�we_f_glh\�]jmiiu�kemqZcguo�wgljhibc� 
���JZ\_gkl\Z��Bkihevamy�aZdhg�dhfihabpbb�b�_]h�k\hckl\Z��gZoh^bf�

ke_^mxsb_�jZ\_gkl\Z 

 
( ) ( )( )1

1

1 1
, 1 1 1h h

h h
−

−− = −ε − ε − ε =
−

,  (5.7.17) 

 ( ) ( )( )1 21 1 1h h h− ε = − ε − ε ,  (5.7.18) 

 ( ) ( )( )( )1 2 3 1 2 31 1 1 1h h h h h h− ε = − ε − ε − εD D ,  (5.7.19) 

 ( )( )( )1
1 21 1 1 1h h h−− ε − ε − ε = ,  (5.7.20) 

 ( ) ( )1 1 1
1 2 1 2 2 1h h h h h h h h h− − −+ + − ε + + +  

 2 1
1 2 0h h h−+ε = ,  (5.7.21) 

 \�� 1 12 1
1 2 1 1

2 1

,
1 1

h h h h
h h h h h h

h h
− −− −

= = = =
− ε − ε

D D ,  (5.7.22) 

 ( ) ( ) 11 1 1 1 1 1
1 2 2 1 1 2 3 3 2 1,h h h h h h h h h h

−− − − − − −= =D D D D D D ,  (5.7.23) 

 
1 1

1 2 2 1

1 1

h h h h− −+ = ε
D D

,  (5.7.24) 
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1 1 1 1

1 2 2 1 1 2 2 1

1 1 1 1

h h h h h h h h− − − −+ = +
D D D D

,  (5.7.25) 

 
( )

(2)
(2) 2

(2)
2 ,

1 1

h
h h h h h h

h
= = − ε =

+ + ε
D ,  (5.7.26) 

 ( )(2)1 1h h+ ε = − ε ,  (5.7.27) 

 ( )(2 ) ( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2 1 2 1 2,n n n n n n nh h h h h h h h h h= = + − ε =D D .  (5.7.28) 

:[_e_\Z�]jmiiZ�kemqZcguo�bgnhjfZpbc�jZaebqby�hij_^_ey_lky�ZgZ�

eh]bqgh�ijb\_^_gghc�]jmii_��AZdhg�dhfihabpbb�kemqZcguo�bgnhjfZpbc�

jZaebqby�bf__l�\b^ 

 1 2 1 2 1 2I I I I I I I= = + + εD   (5.7.29) 

b� aZ^Z_lky� aZf_ghc� h I→ − � \� aZdhg_� dhfihabpbc� kemqZcguo� wgljhibc��

Hij_^_e_gb_� ��������� k� ( )1 1 1:i iI I p u= � b� ( )2 2 2:i iI I p u= � m^h\e_l\hjy_l�

k\hckl\m�ZkkhpbZlb\ghklb��?^bgbqghfm�we_f_glm�]jmiiu� 0E = �khhl\_l�

kl\m_l�gme_\h_� agZq_gb_� kemqZcghc�bgnhjfZpbb�jZaebqby� 0I = ��H[jZl�

guc� we_f_gl� hij_^_ey_lky� \ujZ`_gb_f� ( ) 11 1I I I
−− = − + ε �� We_f_glu�

]jmiiu�y\eyxlky�kZfhkhijy`_ggufb��lh�_klv� I I′ = . 
Ih� ZgZeh]bb� k�jZ\_gkl\Zfb�^ey� kemqZcguo� wgljhibc�gZoh^bf� ke_�

^mxsb_�jZ\_gkl\Z�^ey�kemqZcguo�bgnhjfZpbc�jZaebqby 

 
( ) ( )( )1

1

1 1
, 1 1 1I I

I I
−

−− = ε + ε + ε =
−

,  (5.7.30) 

 ( ) ( )( )1 21 1 1I I I+ ε = + ε + ε ,  (5.7.31) 

 ( ) ( )( )( )1 2 3 1 2 31 1 1 1I I I I I I+ ε = + ε − ε − εD D ,  (5.7.32) 

 ( )( )( )1
1 21 1 1 1I I I −+ ε + ε + ε = ,  (5.7.33) 

 ( ) ( )1 1 1 2 1
1 2 1 2 2 1 1 2 0I I I I I I I I I I I I− − − −+ + + ε + + + ε = ,  (5.7.34) 
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 1 12 1
1 2 1 1

2 1

,
1 1

I I I I
I I I I I I

I I
− −− −

= = = =
+ ε + ε

D D ,  (5.7.35) 

 ( ) ( ) 11 1 1 1 1 1
1 2 2 1 1 2 3 3 2 1,I I I I I I I I I I

−− − − − − −= =D D D D D D ,  (5.7.36) 

1 1 1 1 1 1
1 21 2 2 1 2 1 1 2 2 1

1 1 1 1 1 1
,

I II I I I I I I I I I− − − − − −+ = −ε + = +
DD D D D D

,  (5.7.37) 

 
(2)

(2) 2

(2)
2 ,

1 1

I
I I I I I I

I
= = + ε =

+ − ε
D ,  (5.7.38) 

 (2)1 1I I− ε = + ε ,  (5.7.39) 

 ( )(2 ) ( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2 1 2 1 2,n n n n n n nI I I I I I I I I I= = + + ε =D D .  (5.7.40) 

Mkj_^gyy�����������ihemqbf�aZdhg�dhfihabpbb�kj_^gbo�wgljhibc 

 ( ) ( )1 2 1 2 1 2

n m

j i
j i

H H H H f p H f p H H= = + − ε∑ ∑D   (5.7.41) 

b�k\hckl\h�ZkkhpbZlb\ghklb 

 ( ) ( )1 2 3 1 2 3H H H H H H H= = =D D D D    

 ( ) ( ) ( ) ( ) ( ) ( )1 2 3

n l m l m n

j k i k i j
j k i k i j

H f p f p H f p f p H f p f p= + + −∑ ∑ ∑ ∑ ∑ ∑  

( ) ( ) ( ) 2
1 2 2 3 3 1 1 2 3

l m n

k i j
k i j

H H f p H H f p H H f p H H H
 

−ε + + + ε 
 

∑ ∑ ∑ .(5.7.42) 

A^_kv�bf__f� ( ) ( ) ( ) ( )ijk i j kf p f p f p f p= �b�wgljhibx� 

 ( ) ( )3

l

k k
k

H h p f p= ∑ .  (5.7.43) 

Hij_^_ebf�nmgdpbx�\�h[s_f�\b^_�� 
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 ( ) 1( )
a

b
q i

i m

i
i

N p p
f p

p

−
  =

∑
,  (5.7.44) 

dhlhjZy�m^h\e_l\hjy_l�k\hckl\m�fmevlbiebdZlb\ghklb��Lh]^Z�aZdhg�dhf�

ihabpbb����������ijbf_l�ke_^mxsbc�\b^ 

 1 2H H H= =D  

 
( ) ( )1 1 2 2 1 1

1 2

na mab b
q j q i

j i
n m

j i
j i

H N p p H N p p
H H

p p

− −
      

= + − ε
∑ ∑

∑ ∑
  (5.7.45) 

JZkkfhljbf�lbiu�kemqZcguo�wgljhibc� 
Lbi�a).�Bkihevamy�ba\_klguc�aZdhg���������k� 0ω =  

 1 2 1 2 1 2H H H H H H H= = + + εD   (5.7.46) 

ijbjZ\gy_f�_]h�d�hij_^_e_gbx����������aZibkZgghfm�\�\b^_ 

 
( )1 2

1 2 1 2

na
b

q j
j

n

j
j

N p p

H H H H H
p

−
     = = − ε + 
 
  

∑

∑
D  

 
( )1 1

2 1 1 2

ma
b

q i
i

m

i
i

N p p
H H H H

p

−
     + − ε + ε 
 
  

∑

∑
.  (5.7.47) 

<�blh]_�ihemqbf�ihemghjfm�b�wgljhibx 

( )
( ) ( )

1

1

1

1
1

, 1

m maa b
i q i

i i
q m m

b
i i

i i

H p N p p
N p H

p p

−

−

    + ε     = = −   ε   
      

∑ ∑

∑ ∑
,  (5.7.48) 

bf_xsb_�h^bgZdh\mx�nhjfm�^ey�\k_o�h[t_dlh\� 
Ijbf_f� agZq_gby� 0,a b q= = � b� ihemqbf� nmgdpbx 
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( )
m

q
i i i

i
f p p p

 =   
∑ ��Ba�\ujZ`_gby�wgljhibb�����������aZibkZggh]h�\�\b^_�

mkj_^g_gby 

 
( ) 1

( ) 1

m m
q q

i i i
i i

q m m

i i
i i

h p p p
H p

p p

 
 

= = − 
ε    

∑ ∑

∑ ∑
,  (5.7.49) 

\ul_dZ_l�agZq_gb_�fbdjhkdhibq_kdhc�wgljhibb 

 ( ) ( )11
1 q

q i ih p p −= −
ε

  (5.7.50) 

klZlbklbq_kdhc� fh^_eb� OZ\j^Z–QZj\Zl–>Zjhrb�� Ijb 1 qε = − � b�

12 1q−ε = − �bf__f�ba����������nbabq_kdmx�[_ajZaf_jgmx�b�ghjfbjh\Zggmx�

wgljhibx��khhl\_lkl\_ggh� 
>Ze__� ijbf_f� agZq_gby� 1 ,a q b q= − = � b� ihemqbf� nmgdpbx�

( ) /
m m

q q
i i i

i i
f p p p

 =   
∑ ∑ �� AZdhg� dhfihabpbb� wgljhibc� ��������� aZibr_lky�

lZd 

 1 2 1 2 1 2H H H H H H H= = + − εD   (5.7.51) 

b�jZ\gy_lky�hij_^_e_gbx���������� 
Ba�\ujZ`_gby�wgljhibb 

 
( )

1

1
( ) 1

m m
q q

q i i i
i i

q m m
q
i i

i i

h p p p
H p

p p

−    
 = = −  
 ε       

∑ ∑

∑ ∑
  (5.7.52) 

bf__f� agZq_gb_� kemqZcghc� wgljhibb�� kh\iZ^Zxs__� k� ����������<� ^Zgghc�

klZlbklbq_kdhc� fh^_eb� EZg^k[_j]Z–<_j]ZeZ� ihemqbf� ba� ��������� ijb�

1 qε = − � b� 11 2q−ε = − � nbabq_kdmx� [_ajZaf_jgmx� b� ghjfbjh\Zggmx� wg�

ljhibx� 
Ihemq_ggu_�j_amevlZlu�ihdZau\Zxl��qlh�Lbi�a)�hij_^_ey_lky�kem�

qZcghc�wgljhib_c� ����������AZdhgu�dhfihabpbc� ���������b� ���������^ey�wg�

ljhibc�ba�LbiZ��:�b�LbiZ��%�y\eyxlky�\a\_r_ggufb�g_ghjfbjh\Zgguf�

b�ghjfbjh\Zgguf�kj_^gbfb��khhl\_lkl\_ggh��AgZq_gby�iZjZf_ljh\�a�b�b, 
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hlebqgu_�hl�mdZaZgguo��ijb\h^yl�d�wgljhibb� 1( ) ( )q qH p f N p−
 =   ��dhlh�

jZy�g_�y\ey_lky�j_amevlZlhf�mkj_^g_gby�dZdhc-eb[h�kemqZcghc�wgljhibb� 
:gZeh]bqgu_�j_amevlZlu�bf__f�^ey�aZdhgZ�dhfihabpbb�kemqZcguo�

bgnhjfZpbc�jZaebqby� ����������KemqZcgZy�bgnhjfZpby�jZaebqby�hij_^_�

ey_lky�\�\b^_ 

 ( ) ( )1 11
: 1 q q

q i i i iI p u p u− −= −
ε

.  (5.7.53) 

Mkj_^g_gb_� __� k� 1( , )
m

q q
i i i i i

i
f p u p u p−  =   

∑ � beb� ( , )i if p u =  

1 1
m

q q q q
i i i i

i
p u p u− − =   

∑ �^Z_l�bgnhjfZpbb�jZaebqby� 

 ( )
1

1
: 1

m
q q
i i

i
q m

i
i

p u
I p u

p

− 
 

= − − 
ε    

∑

∑
,  (5.7.54) 

 ( )

1
1

1
: 1

m
q q
i i

i
q m

i
i

p u
I p u

p

−
−

    
 = − −  
 ε       

∑

∑
  (5.7.55) 

LbiZ� �:� b�LbiZ� �<�� khhl\_lkl\_ggh��IZjZf_lj� ε � hij_^_ey_lky� ghjfb�
jh\dhc�nmgdpbhgZeh\�� 

Lbi� b).�Imklv� 0ε = � b� aZdhg� dhfihabpbc� wgljhibb� b� bgnhjfZpbc�

jZaebqby�bf_xl�\b^ 

 1 2 1 2H H H H H= = +D ,  (5.7.56) 

 1 2 1 2I I I I I= = +D .  (5.7.57) 

Lh]^Z�ijb� 12 1q−ε = − �beb� 1 qε = − �ba����������b����������bf__f�fbdjhkdh�

ibq_kdb_�f_ju 

 ( ) 2logi ih p p= − ,  (5.7.58) 

 ( ) 2: log i
i i

i

p
h p u

u
= −  (5.7.59) 
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b�khhl\_lkl\mxsb_�kj_^gb_�agZq_gby 

 ( ) ( )2( ) log
m m

i i i i
i i

H p h p p p p= = −∑ ∑ ,  (5.7.60) 

 ( ) 2( : ) : log
m m

i
i i i i

i i i

p
I p u I p u p p

u

 
= =    

∑ ∑   (5.7.61) 

klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
LZdbf� h[jZahf�� bf__f� ^\Z� ijbgpbibZevgh� jZaebqguo� lbiZ� ]jmii�

kemqZcguo� wgljhibc� b� bgnhjfZpbc� jZaebqby�� Ijbq_f� nmgdpbhgZeu�

���������b����������y\eyxlky�bahfhjnbafZfb�kemqZcguo�g_Z^^blb\guo�f_j�

gZ�]jmiim�Z^^blb\guo�f_j�fh^_eb�R_gghgZ–<bg_jZ 

 ( ) ( )2 2

1
log log 1

1i i q ih p p h p
q

 = − = + ε −
,  (5.7.62) 

 ( ) ( )2 2

1
: log log 1 :

1
i

i i q i i
i

p
I p u I p u

u q
 = = − ε −

.  (5.7.63) 

�����D\Zglh\u_�ihemghjfu�b�f_ju�bgnhjfZpbb 

JZkkfhljbf� \_jhylghklgh-klZlbklbq_kdh_� hibkZgb_� kh\hdmighklb�

{ }1, , mN N N= ! �kemqZcguo�h[t_dlh\��dhlhju_�bf_xl�fgh`_kl\h�d\Zglh�

\uo�khklhygbc� { }1, , mG G G= ! ��]^_�m–�qbkeh�khklhygbc� 

<uibr_f�d\Zglh\u_�nbabq_kdb_�[_ajZaf_jgu_� wgljhibb�klZlbklb�

q_kdhc�fh^_eb�R_gghgZ–<bg_jZ��ijb\_^_ggu_�\�]eZ\_����^ey�jZaebqguo�
klZlbklbd� 

Z��FZdk\_eeZ–;hevpfZgZ� 

 ( ) ( )ln ln
m m

N i i i i
i i

H N N G N= − +∑ ∑ ,  (5.8.1) 

[��N_jfb–>bjZdZ� 

( ) ( ) ( ) ( )ln ln ln
m m m

N i i i i i i i i
i i i

H N N G N G N G G = − − − − + ∑ ∑ ∑ ,  (5.8.2) 

\��;ha_–Wcgrl_cgZ� 
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 ( ) ( ) ( ) ( )ln ln ln
m m m

N i i i i i i i i
i i i

H N N G G G N G N = − − + + + ∑ ∑ ∑ ,  (5.8.3) 

]��d\ZabdeZkkbq_kdZy�klZlbklbdZ� 

 ( ) ( )ln ln
m m

N i i i i
i i

H G G N G= − +∑ ∑ .  (5.8.4) 

H[s__�agZq_gb_�kemqZcghc�\_ebqbgu� { }1, , mT T T= ! �ih�kh\hdmigh�

klb�h[t_dlh\�jZ\gy_lky 

 ( )
m

N i i
i

T T N= ∑E   
m

i
i

N N
 =  

∑ .  (5.8.5) 

Ijb� i iN G<< �ba���������b���������bf__f�\ujZ`_gb_���������^ey�klZlb�

klbdb�FZdk\_eeZ–;hevpfZgZ��Z�ijb� i iN G>> �ba���������\ul_dZ_l�\ujZ`_�

gb_� �������� ^ey� d\ZabdeZkkbq_kdhc� klZlbklbdb��Ihwlhfm� \� h[s_f� kemqZ_�

hklZgh\bfky�gZ�klZlbklbdZo�N_jfb–>bjZdZ�b�;ha_–Wcgrl_cgZ� 
D\Zglh\u_�wgljhibb�aZibr_f�lZd 

 ( ) ( ) ( ) 0N N N NH H N H G N H G= + − − > ,  (5.8.6) 

 ( ) ( ) ( ) 0N N N NH H N H G H G N= + − + > ,  (5.8.7) 

]^_�f_ju 

 ( ) ( )ln
m

N i i
i

H N N N= −∑ , ( ) ( )ln
m

N i i
i

H G G G= −∑ ,  (5.8.8) 

 ( ) ( ) ( )ln
m

N i i i i
i

H G N G N G N ± = − ± ± ∑   (5.8.9) 

\� ]_hf_ljbq_kdhc� bgl_jij_lZpbb� m^h\e_l\hjyxl� g_jZ\_gkl\m� lj_m]hev�

gbdZ��beb�g_jZ\_gkl\m�Fbgdh\kdh]h�� 
>ey�^jm]bo�klZlbklbq_kdbo�fh^_e_c�l_hjbb�bgnhjfZpbb�g_jZ\_gkl�

\h�lj_m]hevgbdZ�^Z_l�d\Zglh\u_�wgljhibb 

 ( ) ( ) ( ), 0q N q q qH H N H G N H G= + − − > ,  (5.8.10) 

 ( ) ( ) ( ), 0q N N q qH H N H G H G N= + − + > ,  (5.8.11) 

aZ\bkysb_�hl�iZjZf_ljZ� q ��Ykgh��qlh�ijb\_^_ggh_�g_jZ\_gkl\h�kijZ\_^�

eb\h��b�^ey�^\moiZjZf_ljbq_kdbo�d\Zglh\uo�wgljhibc� 
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D\Zglh\u_�wgljhibb� ���������b� ���������khhl\_lkl\mxsbo�klZlbklbd�

aZ\bkyl�hl�d\Zglh\uo�ihemghjf�jZkij_^_e_gbc 

 ( )
1

1
,

qm
q

q N i
i

N N N + =   
∑ , ( )

1
1

,

qm
q

q N i
i

N G G + =   
∑ , 

 ( ) ( )
1

1

,

qm q

q N i i
i

N G N G N
+ ± = ±  

∑ .  (5.8.12) 

JZkkfhljbf��\�qZklghklb��d\Zglh\u_�h[h[s_gby�nbabq_kdbo�[_ajZa�

f_jguo� wgljhibc� ^ey� klZlbklbq_kdhc� fh^_eb� OZ\j^Z–QZj\Zl–>Zjhrb��

khhl\_lkl\mxs_c�Lbim�IA �deZkkbnbdZpbb�f_j�b�b]jZxs_c�\Z`gmx�jhev�

\� kh\j_f_gghc� klZlbklbq_kdhc� l_hjbb� g_Z^^blb\guo� kbkl_f�� Kh]eZkgh�

���������b�����������ihemqbf�nmgdpbhgZeu 

 

( ) ( )

,

1

1

1 1

1 1

m m
q

q N i i
i i

m m m mq q
i i i i i i

i i i i

H N N
q

G N G N G G
q q

 = − + −  
   + − − − − − =  − −   

∑ ∑

∑ ∑ ∑ ∑
   

( )1
,

1

m m mqq q
i i i i

i i i
N G N G

q
 = − − − + −  

∑ ∑ ∑                 (5.8.13) 

 

( ) ( )

,

1

1

1 1

1 1

m m
q

q N i i
i i

m m m m qq
i i i i i i

i i i i

H N N
q

G G G N G N
q q

 = − + −  
   + − − + − + =   − −   

∑ ∑

∑ ∑ ∑ ∑
   

( )1
.

1

m m m qq q
i i i i

i i i
N G G N

q
 = − − + + −  

∑ ∑ ∑                  (5.8.14) 

Ba����������b���������\ul_dZ_l�ijb� i iN G<< �wgljhiby 

 ,

1

1

m m
q

q N i i
i i

H N N
q

 = − −  
∑ ∑   (5.8.15) 

^ey�klZlbklbdb�FZdk\_eeZ–;hevpfZgZ��Z�ijb� i iN G>> �ba����������ke_^m_l�

wgljhiby�^ey�d\ZabdeZkkbq_kdhc�klZlbklbdb: 
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1
,

1

1 1

1 1

1
2 .

1

m m m m
q q q q

q N i i i i i
i i i i

m m m
q q q

i i i i
i i i

H G G G N G
q q

G G N G
q

−

−

   = − − − =   − −   
 = − + −  

∑ ∑ ∑ ∑

∑ ∑ ∑
  

(5.8.16)

 

<� dZq_kl\_� ijbf_jZ� gZc^_f� wdklj_fmfu� d\Zglh\hc� wgljhibb� ^ey�

jZkkfZljb\Z_fuo�klZlbklbd�ijb�aZ^Zgghf�h[s_f�agZq_gbb�kemqZcghc�\_�

ebqbgu�T �b�d\Zglh\hc�ihemghjfu 

 ( ),

m
q

q N i i
i

T T N= ∑E , ,

m
q

q N i
i

N N= ∑ .  (5.8.17) 

<Zjvbjm_f�nmgdpbhgZe 

 ( ) ( ), 1 1
m m

q q
q N i i i

i i
L H q T N q Nδ = δ + − τ δ + − α δ∑ ∑   (5.8.18) 

b��kh]eZkgh����������b�����������bf__f�mkeh\by 

 

( )

( ) ( )

11

1 1

1

1 1 0 ,

m qq
i i i

i

q q
ii i i

q
L N G N

q

q N T q N N

−−

− −

 δ = − + − + − 
+ − τ + − α δ = 

∑
  

(5.8.19)
 

 

( )

( ) ( )

11

1 1

1

1 1 0 ,

m qq
i i i

i

q q
ii i i

q
L N G N

q

q N T q N N

−−

− −

 δ = − + + + − 
+ − τ + − α δ = 

∑
  

(5.8.20)
 

ba�dhlhjuo�\ul_dZxl�jZ\_gkl\Z 

 ( )( )
1

1 1 1

q

i
i

i i

N
q T

G N

− 
 + − τ + α =    − 

,  (5.8.21) 

 ( )( )
1

1 1 1

q

i
i

i i

N
q T

G N

−
 

 + − τ + α =    + 
.  (5.8.22) 

<�blh]_�ihemqbf�jZkij_^_e_gby� iN �ih�khklhygbyf� iG : 
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( )( ) ( )1 1

1 1 1

i
i q

i

G
N

q T
−

=
 + − τ + α + 

,  (5.8.23) 

 
( )( ) ( )1 1

1 1 1

i
i q

i

G
N

q T
−

=
 + − τ + α − 

,  (5.8.24) 

b�qbkeZ�h[t_dlh\ 

 
( )( ) ( )1 1

1 1 1

m
i

q
i

i

G
N

q T
−

=
 + − τ + α + 

∑ ,  (5.8.25) 

 
( )( ) ( )1 1

1 1 1

m
i

q
i

i

G
N

q T
−

=
 + − τ + α − 

∑ .  (5.8.26) 

Mqblu\Zy� �������� – ����������Z�lZd`_�h[sb_�agZq_gby�kemqZcghc�\_�

ebqbgu 

 ( )
( )( ) ( ), 1 1

1 1 1

m
i i

q N q
i

i

T G
T

q T
−

=
 + − τ + α + 

∑E ,  (5.8.27) 

 ( )
( )( ) ( ), 1 1

1 1 1

m
i i

q N q
i

i

T G
T

q T
−

=
 + − τ + α − 

∑E ,  (5.8.28) 

gZoh^bf�wdklj_fZevgu_�agZq_gby�d\Zglh\uo�wgljhibc 

 

( )

( )( ) ( ) ( )

( )( )

( ) ( )

1
,

1

11
,

1

1

1
1 1 1

1

1 1

1
,

1

m m
q q

q N i i i i
i i

m m
q q

i i i i
i i

m m
q q
i i i i

i i

m m qq q
q N i i i i i

i i

H N N G N
q

q T G q N T
q

N G q T G

T N G G N G
q

−

−

−−

= − − − ×− 
  × + − τ + α + = − τ + α −   − 

 − + − τ + α + =  

 = −τ − α + − −  −

∑ ∑

∑ ∑

∑ ∑

∑ ∑E

  

(5.8.29)
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( )

( )( ) ( ) ( )

( )( )

( ) ( )

1
,

1

1 1
,

1

1

1
1 1 1

1

1 1

1
.

1

m m
q q

q N i i i i
i i

m m
q q

i i i i
i i

m m
q q
i i i i

i i

m m qq q
q N i i i i i

i i

H N N G N
q

q T G q N T
q

N G q T G

T N G N G G
q

−

−

− −

= − + + ×− 
  × + − τ + α − = − τ + α +   − 

 + + − τ + α − =  

 = −τ − α + + −  −

∑ ∑

∑ ∑

∑ ∑

∑ ∑E

  

(5.8.30)

 

Hij_^_ebf�ihl_gpbZeu 

 
( ) ( )

( ) ( )( )

11

1

1

1

1
1 1 1 ,

1

m q> T

i i i i
i

q
m

i
i i

i i

G G N G
q

N
q T G

q G

−Φ− −

−

 Ω = − − =  τ −

    = − + − τ + α    τ −    

∑

∑
  

(5.8.31)

 

 
( ) ( )

( ) ( )( )

1 1

1

1

1

1
1 1 1 ,

1

m q; W T

i i i i
i

q
m

i
i i

i i

G N G G
q

N
q T G

q G

−− −

−

 Ω = + − =  τ −

    = + − τ + α −    τ −    

∑

∑
 

 (5.8.32)

 

dhlhju_�ijb� 1q → �kh\iZ^Zxl�k�\ujZ`_gbyfb����������b�����������Lh]^Z�ba�

���������b����������\ul_dZ_l�\ujZ`_gb_�^ey�wgljhibb 

 ( ), ,

m
q

q N q N i
i

H T N= −τ − α + τΩ∑E , (5.8.33) 

dhlhjh_� hij_^_e_gh� ^ey� klZlbklbd�N_jfb–>bjZdZ� b� ;ha_–Wcgrl_cgZ� \�

]eZ\_���k�khhl\_lkl\mxsbfb�agZq_gbyfb�ihl_gpbZeZ����������b���������� 
Ijhba\h^gu_�ihl_gpbZeZ�jZ\gyxlky 

 
( ) ( ),q N T

∂ τΩ
=

∂τ
E , 

( ) m
q
i

i
N

∂ τΩ
=

∂α
∑ , (5.8.34) 

qlh�ijb\h^bl�d�^bnn_j_gpbZevghfm�khhlghr_gbx� 
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 ( ), ,

m
q

q N q N i
i

dH d T d N
 = −τ − α   
∑E .  (5.8.35) 

JZkij_^_e_gby� ���������b� ���������bf_xl�nmg^Zf_glZevgh_�agZq_gb_�

ijb� ihkljh_gbb� d\Zglh\hc� klZlbklbq_kdhc� l_jfh^bgZfbdb� jZ\gh\_kguo�

g_Z^^blb\guo� kbkl_f� ^ey� klZlbklbq_kdhc� fh^_eb� OZ\j^Z–QZj\Zl–
>Zjhrb� 

<� kemqZ_�fh^_eb�J_gvb�� khhl\_lkl\mxs_c�Lbim� IV � h[s_c� deZkkb�

nbdZpbb�f_j�bgnhjfZpbb��ba����������b����������ihemqbf�d\Zglh\u_�f_ju 

 
( )

,

1
ln

1

m m qq
i i i

i i
q N m

q
i

i

N G N
H

q G

 − 
=  

−    

∑ ∑

∑
, (5.8.36) 

 

( )
,

1
ln

1

m m
q q
i i

i i
q N m q

i i
i

N G
H

q G N

 
 

=  
−  +  

∑ ∑

∑
  (5.8.37) 

^ey�klZlbklbd�N_jfb–>bjZdZ�b�;ha_–Wcgrl_cgZ��khhl\_lkl\_ggh��:gZeh�

]bqgh�gZoh^ylky�d\Zglh\u_�f_ju�^ey�^jm]bo�lbih\. 
<� aZdexq_gb_� \uibr_f� nbabq_kdb_� [_ajZaf_jgu_� d\Zglh\u_� bg�

nhjfZpbb� jZaebqby� klZlbklbq_kdhc�fh^_eb�OZ\j^Z–QZj\Zl–>Zjhrb�^ey�

d\Zglh\uo�klZlbklbd�N_jfb–>bjZdZ�b�;ha_–Wcgrl_cgZ 

 

( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1

1
12 1 1 1 1 2,

1 1

1

1 1 2

1
1 1 2

1

1 1 2

1 1

1 1

1

1

1

1

1

1

1

1

m m m m
q q q q

i i i i iq N
i i i i

m m q

i i i i
i i

m mq q q

i i i i i i
i i
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q q

i i i
i i

m q

i i i i i i
i

I N N N N N
q q

G N G N
q

G N G N G N
q

N N N
q

G N G N G N
q

−

−

−

   = − + − +   − −   
 + − − − + −  

 + − − − − = −  
 = − + −  

+ − − − −
−

∑ ∑ ∑ ∑

∑ ∑

∑ ∑

∑ ∑

∑ ,
m q

i

− 
  

∑

 

 (5.8.38)
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( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1

1
12 1 1 1 1 2,

1 1

1

1 1 2

1
1 1 2
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1 1 2
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1 1

1

1

1

1

1

1

1

1

m m m m
q q q q

i i i i iq N
i i i i

m m q

i i i i
i i

m mq q q

i i i i i i
i i

m m
q q

i i i
i i

m q

i i i i i i
i

I N N N N N
q q

G N G N
q

G N G N G N
q

N N N
q

G N G N G N
q

−

−

−

   = − + − −   − −   
 − + − + − −  

 − + − + + = −  
 = − − −  

− + − + +
−

∑ ∑ ∑ ∑

∑ ∑

∑ ∑

∑ ∑

∑ ,
m q

i

− 
  

∑

 

 (5.8.39)

 

dhlhju_�ijb� 1q → �kh\iZ^Zxl�k�nmgdpbhgZeZfb����������b����������klZlb�

klbq_kdhc� fh^_eb�R_gghgZ–<bg_jZ�� D\Zglh\u_� f_ju� g_lhqghklb� aZ^Z�
xlky�khhlghr_gbyfb�ijb�Z^^blb\ghklb�beb�g_Z^^blb\ghklb�wgljhibb�b�

bgnhjfZpbb� jZaebqby�� dZd� wlh� [ueh� hij_^_e_gh� nhjfmeZfb� �������� b�

(4.4.76)�\�klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 

�����:dkbhfu�b�f_ju�RZjfZ–FbllZeZ 

;��RZjfZ�b�>��FbllZe�\�jZ[hlZo� >�������@�jZa\beb� klZlbklbq_kdmx�

fh^_ev� k� ghjfbjh\Zggufb� ^\moiZjZf_ljbq_kdbfb� f_jZfb� bgnhjfZpbc�

LbiZ��:��;ueb�knhjfmebjh\Zgu�ke_^mxsb_�Zdkbhfu�^ey�wgljhibb�>���@� 

1. ( ), 1 2, ,...,q r mH p p p � g_ij_ju\gZ� b� kbff_ljbqgZ� hlghkbl_evgh�

1 2, ,..., mp p p �\�h[eZklb�0 1ip≤ ≤ . 

2. ,

1 1
, 1

2 2q rH   =  
. 

3. ( ) ( ), 1 1 1 , 1 1 1,..., ,0, ,..., ,..., , ,...,q r i i m q r i i mH p p p p H p p p p− + − +=  

^ey�\k_o� 1,...i m= . 

4. ( ), 11 21 11 2 12 21 12 2 1 21 1 2,..., , ,..., ,..., ,..., ,...q r n n m m nH p p p p p p p p p p p p =

( ) ( ), 11 1 , 21 2,..., ,...,q r m q r nH p p H p p= + +  

( ) ( ), 11 1 , 21 2,..., ,..., , 0q r m q r nH p p H p p+λ λ ≠ .  (5.9.1) 

��KijZ\_^eb\h�jZ\_gkl\h� 
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 ( )
( )

1
, 1 2, ,...,

m

i i
i

q r m m

i
i

p f p
H p p p

p

−

  ϕ   = ϕ  
 
  

∑

∑
,  (5.9.2) 

]^_� ϕ �_klv�g_ij_ju\gZy�kljh]h�fhghlhggZy�nmgdpby�gZ�R ��Z� 1−ϕ –�nmgd�

pby�h[jZlgZy�ϕ ��Nmgdpby� ( )if p �m^h\e_l\hjy_l�ZdkbhfZf 

1. ( )if p �g_ij_ju\gZ�hl� , 0 1i ip p≤ ≤ . 

2. ( ) ( ) ( ) ( ) ( ), 0i j i j i jf p p f p f p f p f p= + + λ λ ≠ . 

3.
1

1
2

f   =  
. 

Kh]eZkgh�wlbf�ZdkbhfZf��ihemqbf�wgljhibx�RZjfZ–FbllZeZ 

 ( )

1
1

, 1

1
1

1 2

r
m qq

i
i

q r r m

i
i

p
H p

p

−
−

−

 
  
  

= −   −      
 

∑

∑
.  (5.9.3) 

Bkihevamy� ZgZeh]bqgu_� Zdkbhfu� ^ey� bgnhjfZpbc� jZaebqby� >���@��

bf__f�nmgdpbhgZe 

 ( )

1
11

, 1

1
: 1

1 2

r
m qq q

i i
i

q r r m

i
i

p u
I p u

p

−
−−

−

 
  
  

= −   −      
 

∑

∑
.  (5.9.4) 

JZkkfhljbf�hkgh\gu_�k\hckl\Z�RZjfZ–FbllZeZ� 
���Iheh`bl_evghklv�b�\uimdehklv��Wgljhiby�_klv�\_s_kl\_gguc��

g_hljbpZl_evguc�nmgdpbhgZe 

 ( ), 0q rH p > ,  (5.9.5) 

dhlhjuc�y\ey_lky�\h]gmluf�ijb� 0q > �k� r q> �b� 2 1/r q≥ − ��Wgljhiby�fh�

ghlhggh�m[u\Z_l�k�\hajZklZgb_f�q �ijb�nbdkbjh\Zgghf�agZq_gbb� r . 

���G_Z^^blb\ghklv�^ey�g_aZ\bkbfuo� h[t_dlh\��Imklv� khklhygb_�
kemqZcgh]h� h[t_dlZ� hibku\Z_lky� kh\f_klguf� fmevlbiebdZlb\guf� jZk�
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ij_^_e_gb_f�\_jhylghkl_c� ij i jp p p= , ip �b� jp �hlghkylky�d�jZaguf�g_aZ�

\bkbfuf�h[t_dlZf��H[sZy�wgljhiby�^Z_lky�\ujZ`_gb_f 

 ( )
1
1

, 12 1

1
1

1 2

r
m n q

q q
q r i jr

i j
H p p p

−
−

−

 
  = −  −   

 

∑∑ ,  (5.9.6) 

]^_�mkeh\b_�ghjfbjh\db 

 1
m n m n

ij i j
i j i j

p p p= = =∑∑ ∑ ∑ .  (5.9.7) 

Lh]^Z�ba� ��������ihemqbf�k\hckl\h�g_Z^^blb\ghklb�^ey�wgljhibc�g_aZ\b�

kbfuo�h[t_dlh\ 

( ) ( ) ( ) ( ) ( ) ( )1
, 12 , 1 , 2 , 1 , 22 1r

q r q r q r q r q rH p H p H p H p H p−= + + − ,  (5.9.8) 

]^_ 

 ( ) ( )

11
11

, 1 , 21 1

11
,

1 2 1 2

rr
n qm q qq

ji
ji

q r q rr r

pp

H p H p

−−
−−

− −

   −−      = =
− −

∑∑
.  (5.9.9) 

<�kemqZ_� 2k ≥ �g_aZ\bkbfuo�h[t_dlh\�kijZ\_^eb\h�jZ\_gkl\h 

 ( ) ( ) ( ) ( ) ( )
1

1
, 12... , , ,

1 1
2 1

k k
r

q r k q r l q r l q r k
l l

H p H p H p H p
−

−

= =
= + − +∑ ∑  

 ( ) ( ) ( ) ( )
2

1
, , 1 ,

1
2 1 ...

k
r

q r l q r k q r k
l

H p H p H p
−

−
−

=
+ − + +∑  

 ( ) ( ) ( ) ( )1
, 1 , 2 ,2 1 ...r

q r q r q r kH p H p H p−+ − .  (5.9.10) 

G_Z^^blb\ghklv�^ey�ij_^_evguo�agZq_gbc�hij_^_ey_lky�nhjfmehc 

( ) ( ) ( ) ( ) ( ) ( )1
1, 12 1, 1 1, 2 1, 1 1, 22 1r

r r r r rH p H p H p H p H p−= + + − .  (5.9.11) 

���JZ\_gkl\h�^ey�aZ\bkbfuo�h[t_dlh\��<�kemqZ_�aZ\bkbfuo�h[t_d�
lh\�bf__f�khhlghr_gby�^ey�jZkij_^_e_gbc� 
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 | | , ,
n m

ij i j i j i j i ij j ij
j i

p p p p p p p p p= = = =∑ ∑   (5.9.12) 

b�khhl\_lkl\mxsb_�nmgdpbhgZeu 

 ( )

11
|

, 1 2 1
1

| 1 2

ρµ ν θθϕ ιϕι ϕθρ ρ
π π

Η π π

−−

−

 −  = −
∑ ∑

,  (5.9.13) 

 .  (5.9.14) 

Ij_^_evgu_�\ujZ`_gby�jZ\gyxlky 

 ,  (5.9.15) 

 ,  (5.9.16) 

 ,  (5.9.17) 

 ,  (5.9.18) 

 ,  (5.9.19) 

 ,  (5.9.20) 

]^_� �b� �_klv�kj_^gb_�agZq_gby�mkeh\ghc�wgljhibb�\�

klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
KijZ\_^eb\h�ke_^mxs__�jZ\_gkl\h�^ey�wgljhibc�aZ\bkbfuo�h[t_dlh\ 
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 .  (5.9.21) 

���Wgljhiby�jZ\gh\_jhylgh]h �khklhygby��Wdklj_fZevgh_�agZq_gb_�
wgljhibb�RZjfZ–FbllZeZ�ijb� mkeh\bb� khojZg_gby�ghjfbjh\db�jZkij_�

^_e_gby�^Z_l�jZ\gh\_jhylgh_�jZkij_^_e_gb_ 

 .  (5.9.22) 

AgZq_gb_�wgljhibb�ijb����������bf__l�\b^ 

 .  (5.9.23) 

?keb� 1r = ��lh�ba����������ke_^m_l�ba\_klgh_�\ujZ`_gb_ 

   (5.9.24) 

klZlbklbq_kdhc�fh^_eb�R_gghgZ–<bg_jZ� 
��� G_jZ\_gkl\Z�� Wgljhiby� RZjfZ–FbllZeZ� lZd`_� m^h\e_l\hjy_l�

hkgh\guf�g_jZ\_gkl\Zf 

  ,  (5.9.25) 

 ( ) ( ) ( )
1 , 1 2 1 , 1 1 , 2r r r

H p H p H p£ + +  

 
( ) ( ) ( )

1

1 , 1 1 , 2
2 1

r

r r
H p H p

-

+ - ,  (5.9.26) 

 ,  (5.9.27) 

 ,  (5.9.28) 

 ,  (5.9.29) 

 ,  (5.9.30) 

 ,  (5.9.31) 

, (5.9.32) 

,  (5.9.33) 
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 .  (5.9.34) 

��� Ghjfbjh\Zgghklv � b� jZaf_jghklv�� Ba� hij_^_e_gby� wgljhibb�
��������bf__f�k\hckl\h�ghjfbjh\Zgghklb 

   (5.9.35) 

ijb� �b� ��?^bgbpZ�baf_j_gby�bgnhjfZpbb�_klv�h^bg�[bl� 

Wgljhiby�RZjfZ–FbllZeZ� _klv� hlghr_gb_�nbabq_kdhc� [_ajZaf_j�

ghc�wgljhibb 

   (5.9.36) 

gZ� __� agZq_gb_�ijb� jZ\gh\_jhylghf� khklhygbb� k� ��LZdbf� h[jZahf��

bf_xl�f_klh�jZ\_gkl\Z 

 .  (5.9.37) 

7. f-wgljhiby�� Wgljhiby� RZjfZ–FbllZeZ� ij_^klZ\ey_l� kh[hc� 
f-wgljhibx 

 ,  (5.9.38) 

]^_�nmgdpby 

   (5.9.39) 

aZ\bkbl�hl�ihemghjfu�jZkij_^_e_gby� 
A^_kv� g_� \uibkZgu� ^jm]b_� k\hckl\Z� wgljhibb�� hkgh\gu_� k\hckl\Z�

bgnhjfZpbb�jZaebqby�b�f_ju�g_lhqghklb��Z�lZd`_�jZaebqgu_�nmgdpbhgZ�

eu��bkihevamxsb_�jZkkfZljb\Z_fu_�f_ju��Wlb�\hijhku�ih^jh[gh�baeh�

`_gu�\�jZaebqguo�jZ[hlZo��kf��gZijbf_j�>�����������������������@�� 
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������Ljb]hghf_ljbq_kdb_�f_ju�bgnhjfZpbc 

Ba\_klgu�lZd`_�ljb]hghf_ljbq_kdb_�f_ju�bgnhjfZpbb��jZkkfZljb�

\Z_fu_�\�h[h[s_gghc�l_hjbb�bgnhjfZpbb��<�h^ghf�f_lh^_�bkihevam_lky�

aZdhg�dhfihabpbb�>���@ 

 .  (5.10.1) 

A^_kv�wgljhiby�b�nmgdpby�  

 ,   (5.10.2) 

\ujZ`Zxlky�q_j_a�nmgdpbb� �b� ��aZ^Zggu_�\�ij_^_eZo�>���@��Hi�

j_^_ey_lky�wgljhiby�\�\b^_ 

  (5.10.3) 

b�nmgdpby 

 .  (5.10.4) 

<�^jm]hf�f_lh^_�jZkkfZljb\Zxlky�wgljhibb�>���@ 

 ,  (5.10.5) 

 ,  (5.10.6) 

]^_�nmgdpbb�h�b�f aZ^Zgu�\�ij_^_eZo�>���@�b�gZoh^ylky�ba�mjZ\g_gbc 

 ,  (5.10.7) 

   (5.10.8) 

ijb�]jZgbqguo�mkeh\byo� ��b�� . 

<�blh]_�ihemqZxlky�j_r_gby 

 ,  (5.10.9) 
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   (5.10.10) 

b��khhl\_lkl\_ggh��bf__f�wgljhibb 

 ,  (5.10.11) 

 ,  (5.10.12) 

 ,  (5.10.13) 

 .  (5.10.14) 

<�ij_^_eZo�\ul_dZxl�wgljhiby�R_gghgZ–<bg_jZ 

   
(5.10.15)

 

b�bgnhjfZpby�jZaebqby�Dmev[ZdZ–E_c[e_jZ 

  

 (5.10.16)

 

G_^hklZldhf�jZkkfZljb\Z_fuo�f_lh^h\�y\ey_lky�lh��qlh�aZdhg�dhf�

ihabpbb� wgljhibc� g_� bf__l� \� hkgh\_� ]jmiih\uo� hi_jZpbc�� lZd� \� g_f�

^he`gu�[ulv�lhevdh� �b� ��LZdbo�\ujZ`_gbc�g_�bf__lky� 

<� aZdexq_gb_� \uibr_f��^hihegbl_evgh� d�ijb\_^_gguf�nmgdpbyf�
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_s_�^\_�ljb]hghf_ljbq_kdb_�f_ju 

 ,  

 ,  (5.10.17) 

 ,  

 ,  (5.10.18) 

aZ\bkysb_�hl�iZjZf_ljZ� �b�jZkkfhlj_ggu_�\�jZ[hlZo� >��@�b� >��������@��

khhl\_lkl\_ggh� 
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= e Z \ Z � �  

IJBGPBIU�KI?PB:EVGHC�L?HJBB� 
BGNHJF:PBB 

Ki_pbZevghc� l_hjb_c�bgnhjfZpbb� y\ey_lky� l_hjby�� hkgh\ZggZy�gZ�

aZdhg_�dhfihabpbb�f_j�bgnhjfZpbb�k� 0ω ≠ �b�bf_xsZy�]_hf_ljbq_kdh_�

ij_^klZ\e_gb_�� BamqZxlky� ^\Z� lbiZ� ]_hf_ljbc� ^\mf_jguo� ]eh[Zevguo�

Zgbahljhiguo�f_ljbq_kdbo�ijhkljZgkl\�Fbgdh\kdh]h�f_j�bgnhjfZpbb�k�

0ω > �b� 0ω < ��khhl\_lkl\mxsb_�LbiZf�I �b�III h[s_c�deZkkbnbdZpbb�f_j�

bgnhjfZpbb��b� \\h^ylky� h[h[s_ggu_� ]bi_j[hebq_kdb_�b� ljb]hghf_ljb�

q_kdb_�f_ju��WlZ�]eZ\Z�baeZ]Z_lky�[_a�dZdbo-eb[h�ij_l_gabc�gZ�iheghlm��
Ij_^eZ]Zxlky� lhevdh� l_� \hijhku�� dhlhju_� b]jZxl� p_gljZevgmx� jhev� \�

]_hf_ljbq_kdhf� ij_^klZ\e_gbb� l_hjbb� bgnhjfZpbb��Imlv� Z\lhjZ� \� jZk�

kfZljb\Z_fhc�ijh[e_f_�k\yaZg�k�ZgZeh]bqguf�ih^oh^hf�\�l_hjbb��h[h[�

sZxs_c�ki_pbZevgmx� l_hjbx�hlghkbl_evghklb� >���� ����� ���@�gZ�hkgh\_�

aZdhgZ� dhfihabpbb� kdhjhkl_c�� dhlhjuc� ih� nhjf_� kh\iZ^Z_l� k� aZdhghf�

dhfihabpbb�wgljhibc� 
>\mf_jguf� f_ljbq_kdbf� ijhkljZgkl\hf� Fbgdh\kdh]h� gZau\Z_lky�

ijhkljZgkl\h��\�dhlhjhf�jZ^bmk-\_dlhj� { },= η ξR
G

�bf__l�^ebgm�>��@� 

 ( ),F= η ξR
G

.   (6.0.1) 

A^_kv� f_ljbq_kdZy� nmgdpby� F � aZ^Z_l� f_ljbdm� \� iehkdhf� b� ]eh[Zevgh�

Zgbahljhighf�ijhkljZgkl\_�b�m^h\e_l\hjy_l�ke_^mxsbf�mkeh\byf� 

 1. ( ) ( ), ,F a a aFη ξ = η ξ , 0a > , 

( ) ( ), ,F F−η −ξ = η ξ ;                                    (6.02) 
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 2. ( ), 0F η ξ > ;   

3. ( ) ( ) ( )1 2 1 2 1 1 2 2, , ,F F Fη + η ξ + ξ ≤ η ξ + η ξ .                 (6.0.2) 

Iehkdh_�beb�bkdjb\e_ggh_�ehdZevgh�Zgbahljhigh_�ijhkljZgkl\h�gZ�

au\Z_lky�\�^bnn_j_gpbZevghc�]_hf_ljbb�ijhkljZgkl\hf�Nbgke_jZ�b�oZ�

jZdl_jbam_lky�f_ljbq_kdhc�nmgdpb_c� 

 ( ),d F x dx=R
G

.  (6.0.3) 

<�wlhc�]eZ\_�bkke_^mxlky�k\hckl\Z�gh\uo�wgljhibc�b�bgnhjfZpbc�

jZaebqby�\�ik_\^h_\deb^h\hc�b�_\deb^h\hc�]_hf_ljbyo�f_j�bgnhjfZpbb��

<� jZkkfZljb\Z_fhc� l_hjbb� ijhkljZgkl\h� Fbgdh\kdh]h� kh� k\hckl\Zfb�

��������b� ��������nhjfbjm_lky�gZ�f_jZo�bgnhjfZpbc��]^_�dhhj^bgZlu� η �b�

ξ �_klv�nmgdpbb�f_j��GZqZeh�bkke_^h\Zgbc�[ueh�iheh`_gh�\�fhgh]jZnbb�

>��@�b�\�klZlvyo�Z\lhjZ�>�� – 24]. 

�����AZdhgu�dhfihabpbb�nmgdpbc�wgljhibb 

<uibr_f�khhlghr_gby��\ul_dZxsb_�ba� aZdhgZ�dhfihabpbb� wgljh�

ibc 

 1 2 1 2

1 21

H H H H
H

H H

+ + ε
=

+ ω
.  (6.1.1) 

>ey�wlh]h�ij_h[jZam_f�jZ\_gkl\h����������ke_^mxsbf�h[jZahf 

 

1 2 1 2

2 2 2
1 1 2 2

1

2 2
1 1 2 2

2

2 2
2 2 1 1

1 2

2 2
1 1 2 2

1 1 1

1

1 1

1

1 1

,
1 1

H H H HH

H H H H H H

H

H H H H

H

H H H H

H H

H H H H

+ + ε
= =

+ ε − ω + ε − ω + ε − ω

= ⋅ +
+ ε − ω + ε − ω

+ ⋅ +
+ ε − ω + ε − ω

+ε ⋅
+ ε − ω + ε − ω

 

 (6.1.2)
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2 2 2

1 1 2 2

1 2

2 2
1 1 2 2

1 1 1

1 1 1

1 1

H H H H H H

H H

H H H H

= ⋅ +
+ ε − ω + ε − ω + ε − ω

+ω ⋅
+ ε − ω + ε − ω

 

 (6.1.3)

 

b��bkihevamy�\ujZ`_gby 

 

1

2 2
1 1 1 1

2
2

1

2
1 1

1

21 1

1 ,
4 1

H

H H H H

H

H H

  ε  = − +
  + ε − ω + ε − ω 

   ε  + + + ω   + ε − ω    

 

 (6.1.4)

 

 

2

2 2
2 2 2 2

2
2

2

2
2 2

1

21 1

1 ,
4 1

H

H H H H

H

H H

  ε  = − +
  + ε − ω + ε − ω 

   ε  + + + ω   + ε − ω    

 

 (6.1.5)

 

hdhgqZl_evgh�ihemqbf�aZdhgu�dhfihabpbb�nmgdpbc�wgljhibb 

 1 2

2 2 2
1 1 2 21 1 1

H HH

H H H H H H

        = =     + ε − ω + ε − ω + ε − ω     
D  

 1 2

2 2
1 1 2 2

21 1

H H

H H H H

  ε  = − +
  + ε − ω + ε − ω 

 

 

2
2

2 2

2 2
2 2 2 2

1
4 1 1

H H

H H H H

   ε  + + + ω + ×   + ε − ω + ε − ω    
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2
2

1 1

2 2
1 1 1 1

1
2 41 1

H H

H H H H

      ε ε    × − + + + ω +      + ε − ω + ε − ω      

 

 1 2

2 2
1 1 2 21 1

H H

H H H H
+ε ⋅

+ ε − ω + ε − ω
,  (6.1.6) 

2 2 2
1 1 2 2

2 2 2
1 1 2 2 1 1

2
2

2 2
1 1 2 2

1 1 1

1 1 1

1 1 1 1

21 1 1

1 1

4 21 1

H H H H H H

H H H H H H

H H H H

        = =     + ε − ω + ε − ω + ε − ω     
 ε  = + −ω  + ε − ω + ε − ω + ε − ω 

     ε ε   − + ω − ω −      + ε − ω + ε − ω     

D

 

 

2
2

2
2 2

1

4 1 H H

   ε  − + ω − ω   + ε − ω    

.  (6.1.7) 

Wgljhiby�b� \\_^_ggu_�nmgdpbb�� h[eZ^Zxsb_� ]jmiih\ufb� k\hckl�

\Zfb�� y\eyxlky� hkgh\hc� ^ey�bkihevah\Zgby� khhl\_lkl\mxsbo� ]_hf_ljb�

q_kdbo�ij_^klZ\e_gbc�k�h[h[s_ggufb�]bi_j[hebq_kdbfb�b�ljb]hghf_l�

jbq_kdbfb�nmgdpbyfb� 

�����H[h[s_ggu_�]bi_j[hebq_kdb_�nmgdpbb� 
f_j�bgnhjfZpbb 

>ey� gZ]ey^ghklb� jZkkfhljbf� nbabq_kdb_� [_ajZaf_jgu_� f_ju� bg�

nhjfZpbc�jZaebqguo� lbih\�b��ke_^h\Zl_evgh��bf__f� 1λ = − �\�nhjfmeZo�

��������� b� ���������� Bkihevam_f� bahfhjngh_� hlh[jZ`_gb_� ]jmiiu� ihem�

ghjf�jZkij_^_e_gbc�gZ�]jmiim�ljb]hghf_ljbq_kdbo�m]eh\� 
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1/( 1)

1 1ln ( ), ( )

qm
q
i

i
q q q m

i
i

p
N p N p

p

−

− −

 
 

α = − =  
   

∑

∑
,  (6.2.1) 

 

1/( 1)
1

1 1ln ,

qm
q q
i i

i
q q q m

i
i

p u
p p

N N
u u p

−
−

− −

 
    ′α = =            

∑

∑
.  (6.2.2) 

Ijb� 1q = �ihemghjfu�ij_h[jZamxlky�\�kj_^gb_�]_hf_ljbq_kdb_�jZk�

ij_^_e_gbc�b�lh]^Z�ihemqbf 

 
( )ln

ln ( ), ( ) exp

m

i i
i

m

i
i

p p
N p N p

p

 
 

α = − =  
 
  

∑

∑
,  (6.2.3) 

 

ln

ln , exp

m
i

i
i i

m

i
i

p
p

up p
N N

u u p

  
         ′α = =          
  

∑

∑
.  (6.2.4) 

AZdhgu�dhfihabpbb�ljb]hghf_ljbq_kdbo�m]eh\�\ujZ`Zxlky�\�\b^_�

h[uqgh]h�keh`_gby 

 1 2 1 2q q q q qα = α α = α + αD , 1 2 1 2q q q q q
′ ′ ′ ′ ′α = α α = α + αD ,  (6.2.5) 

]^_� qα , 1qα �b� 2qα �khhl\_lkl\mxl�jZkij_^_e_gbyf� ij i jp p p= , ip �b� jp �b�

bf_xl� ]jmiih\u_� k\hckl\Z� dhffmlZlb\ghklb�� Z� lZd`_� ZkkhpbZlb\ghklb��

?^bgbqgufb�we_f_glZfb�]jmii�y\eyxlky�gme_\u_�agZq_gby��Z�h[jZlgufb�– 

ijhlb\hiheh`gu_�agZq_gby� ( )q−α �b� ( )q
′−α . 

JZkkfhljbf�hlh[jZ`_gb_�nmgdpbc� wgljhibb�\�Lbi_� I �h[s_c�deZk�

kbnbdZpbb� f_j� bgnhjfZpbc�� Ba� �������� –� �������� ke_^mxl� \ujZ`_gby�

h[h[s_gguo�]bi_j[hebq_kdbo�nmgdpbc� 
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( )
2

Sinh
1

q

H

H H

ωωα =
+ ε − ω

, ( )
2

1
Cosh

1
q

H H
ωα =

+ ε − ω
,  (6.2.6) 

 ( ) ( )
( )

Sinh
Tgh

Cosh

q

q

q

H
ωα

ωα = = ω
ωα

,  (6.2.7) 

 ( ) ( )
( ) ( )

Cosh 1
Ctgh

Sinh Tgh

q

q

q q

ωα
ωα = =

ωα ωα
.  (6.2.8) 

Bkihevamy� bkoh^guc� aZdhg� dhfihabpbb� wgljhibc� ��������� Z� lZd`_�

khhlghr_gby���������b����������ihemqbf�nhjfmeu� 
���L_hj_fu�keh`_gby�Zj]mf_glh\�� 

 

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

1 2

1 2 2 1

1 2

Sinh Sinh

Sinh Cosh Sinh Cosh

Sinh Sinh ,

q q q

q q q q

q q

 ωα = ω α + α = 

= ωα ωα + ωα ωα +

+ ε ω ωα ωα

 

 (6.2.9)

 

 
( ) ( )

( ) ( ) ( ) ( )
1 2

1 2 1 2

Cosh Cosh

Cosh Cosh Sinh Sinh .

q q q

q q q q

 ωα = ω α + α = 

= ωα ωα + ωα ωα
 
 (6.2.10)

 

( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( )

1 2

2 1 21

1 2

Tgh Tgh

Tgh Tgh Tgh Tgh
,

1 Tgh Tgh

q q q

q q qq

q q

 ωα = ω α + α = 

+ ωα + ε ω ωα ωαωα
=

+ ωα ωα
(6.2.11)

 

 

( ) ( )
( ) ( )

( ) ( ) ( )

1 2

1 2

1 2

Ctgh Ctgh

Ctgh Ctgh 1
.

Ctgh Ctgh

q q q

q q

q q

 ωα = ω α + α = 

ωα ωα +
=

ωα + ωα + ε ω

 
 (6.2.12)

 

���Khhlghr_gby�f_`^m�nmgdpbyfb� 

( ) ( ) ( ) ( ) ( )2 2Cosh Cosh sinh Sinh 1,q q q qωα + ε ω ωα ωα − ωα =   (6.2.13) 

 ( ) ( ) ( ) ( )
2

2

1
Cosh

1 Tgh Tgh
q

q q

ωα =
+ ε ω ωα − ωα

,  (6.2.14) 
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 ( ) ( )
( ) ( ) ( )

2

2

2

Tgh
Sinh

1 Tgh Tgh

q

q

q q

ωα
ωα =

+ ε ω ωα − ωα
.    (6.2.15) 

���Nmgdpbb�^\hcgh]h�Zj]mf_glZ�� 

 
( ) ( ) ( )

( ) ( )2

Sinh 2 2Sinh Cosh

Sinh ,

q q q

q

ω α = ωα ωα +

+ ε ω ωα
 

 (6.2.16)
 

 ( ) ( ) ( )2 2Cosh 2 Cosh Sinhq q qω α = ωα + ωα ,  (6.2.17) 

 ( ) ( ) ( ) ( )
( )

2

2

2Tgh Tgh
Tgh 2

1 Tgh

q q

q

q

ωα + ε ω ωα
ω α =

+ ωα
,  (6.2.18) 

 ( ) ( )
( ) ( )

2Ctgh 1
Ctgh 2

2Ctgh

q

q

q

ωα +
ω α =

ωα + ε ω
.  (6.2.19) 

���KmffZ�nmgdpbc� 

 

( ) ( )1 2

1 2 1 2

1 2 1 2

Sinh Sinh

2Sinh Cosh
2 2

Sinh Sinh ,
2 2

q q

q q q q

q q q q

ωα + ωα =

 α + α   α − α    
= ω ω +                  

 α + α   α − α    ε+ ω ω         ω          

  

(6.2.20)

 

 

( ) ( )1 2

1 2 1 2

1 2 1 2

Cosh Cosh

2Cosh Cosh
2 2

Cosh Sinh ,
2 2

q q

q q q q

q q q q

ωα + ωα =

 α + α   α − α    
= ω ω +                  

 α + α   α − α    ε+ ω ω         ω          

 

 (6.2.21)
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( ) ( )
( ) ( ) ( ) ( )

( ) ( )

1 2

1 2 1 2

1 2

Tgh Tgh

Sinh Sinh Sinh
,

Cosh Cosh

q q

q q q q

q q

ωα + ωα =

 ω α + α − ε ω ωα ωα =
ωα ωα

 
 (6.2.22)

 

       

( ) ( )
( ) ( ) ( ) ( )

( ) ( )

1 2

1 2 1 2

1 2

Ctgh Ctgh

Sinh Sinh Sinh
.

Sinh Sinh

q q

q q q q

q q

ωα + ωα =

 ω α + α − ε ω ωα ωα =
ωα ωα

  
(6.2.23)

 

���H[jZlgu_�nmgdpbb� 

        ( )2 2 2

2

1
ArcSinh ln 1 4 1 4 1

1 4
x x x = + ε ω + + ε ω +  + ε ω

,  (6.2.24) 

      ( )2 2 2

2

1
ArcCosh ln 1 4 1 4 1

1 4
x x x = + ε ω + + ε ω −  + ε ω

,  (6.2.25) 

          
( )
( )

2

2 2

1 1 4 41
ArcTgh ln

2 1 4 1 1 4 4

x
x

x

 + + ε ω − ε ω =  + ε ω − + ε ω + ε ω  

,  (6.2.26) 

         
( )
( )

2

2 2

1 1 4 41
ArcCtgh ln

2 1 4 1 1 4 4

x
x

x

 + + ε ω − ε ω =  + ε ω − + ε ω + ε ω  

,  (6.2.27) 

���Kmffu�h[jZlguo�nmgdpbc� 

 ( ) ( )2 2 2 2

ArcSinh ArcSinh

ArcSinh 1 4 1 1 4 1 ,

x y

x y y x

+ =

 = + ε ω + + + ε ω +  
  

(6.2.28)
 

 ( ){
( ) }

2 2

2 2

ArcCosh ArcCosh 

ArcCosh 1 4 1 2

1 4 1 2 ,

x y

xy x x

y y

+ =

 = + + ε ω − + ε ω ×  

 × + ε ω − + ε ω  

  

(6.2.29)

 

 
( )

ArcCtgh ArcCtgh ArcCtgh
1

x y xy
x y

xy

 + + ε ω
 + =
 +
 

,  (6.2.30) 
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 ( )
1

ArcCtgh ArcCtgh ArcCtgh
xy

x y
x y

 + + =
 + + ε ω 

.  (6.2.31) 

���Ijhba\h^gu_� 

 
( ) ( ) ( ) ( )Sinh

Cosh 4 Sinh
q

q q
q

d

d

ωα
= ωα + ε ω ωα

ω α
,  (6.2.32) 

 
( ) ( ) ( ) ( )Cosh

Sinh 4 Cosh
q

q q
q

d

d

ωα
= ωα − ε ω ωα

ω α
,  (6.2.33) 

 
( ) ( ) ( ) ( )

( )2

Tgh 1 Cosh Sinh

Cosh

q q q

q q

d

d

ωα − ε ω ωα ωα
=

ω α ωα
,  (6.2.34) 

 
( ) ( ) ( ) ( )

( )2

Ctgh 1 Cosh Sinh

Sinh

q q q

q q

d

d

ωα − ε ω ωα ωα
= −

ω α ωα
,  (6.2.35) 

 
( )2 2

Ark6LQK �

1 1 4

d x

dx x
=

+ + ε ω
,  (6.2.36) 

 
( )2 2

Ark&RVK �

1 4 1

d x

dx x
=

+ ε ω −
,  (6.2.37) 

 ( ) 2

Ark7JK �

1

d x

dx x x
=

+ ε ω −
, 1x < ,  (6.2.38) 

 ( ) 2

ArcCtgh 1

1

d x

dx x x
= −

+ ε ω −
.  (6.2.39) 

Nhjfmeu� n -djZlgh]h�b�iheh\bggh]h�Zj]mf_glZ��Z�lZd`_�^jm]b_�kh�
hlghr_gby�e_]dh�\u\h^ylky�ba����2.6) – (6.2.39). 

<� kemqZ_� bgnhjfZpbb� jZaebqby� bf__f� h[h[s_ggu_� ]bi_j[hebq_�

kdb_�nmgdpbb 

 ( )Tgh q I′ωα = − ω , ( ) ( )
1

Ctgh
Tgh

q

q

′ωα =
′ωα

,  (6.2.40) 
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( )
2

Sinh
1

q

I

I I

ω′ωα = −
− ε − ω

,    ( )
2

1
Cosh

1
q

I I
′ωα =

− ε − ω
.  (6.2.41) 

<� aZdexq_gb_� \\_^_f� ij_^klZ\e_gby� Z[_e_\hc� ]jmiiu� wgljhibc�

nmgdpbyfb� ( )1 Hϕ �b� ( )2 Hϕ ��dhlhju_�gZoh^ylky�\�ke_^mxs_f�khhl\_lkl�

\bb�k�we_f_glZfb�wgljhibc 

 
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
1 1 1 2 1 1 2 2 1 2 2 1

1 1 1 2 ,

H H H H H H H

H H

ϕ = ϕ = ϕ ϕ + ϕ ϕ +

+ ε ω ϕ ϕ

D

  
(6.2.42)

 

 ( ) ( ) ( ) ( ) ( ) ( )2 2 1 2 2 1 2 2 1 1 1 2H H H H H H Hϕ = ϕ = ϕ ϕ + ϕ ϕD .  (6.2.43) 

Nmgdpbb� k� mkeh\byfb� ( )1 0 0ϕ = � b� ( )2 0 1ϕ = � m^h\e_l\hjyxl� ke_�

^mxs_fm�jZ\_gkl\m 

 ( ) ( ) ( ) ( ) ( )2 2
2 1 2 1 1H H H Hϕ + ε ω ϕ ϕ − ϕ = .  (6.2.44) 

Lh]^Z�ijb�ba\_klghf�aZdhg_�dhfihabpbb�wgljhibc���������h^ghagZq�

gh�\ul_dZxl�\ujZ`_gby 

 ( )1 21

H
H

H H

ωϕ =
+ ε − ω

, ( )2 2

1

1
H

H H
ϕ =

+ ε − ω
,  (6.2.45) 

jZ\gu_�h[h[s_gguf�]bi_j[hebq_kdbf�nmgdpbyf��������� 

�����=_hf_ljbq_kdh_�ij_^klZ\e_gb_� 
k�ik_\^h_\deb^h\uf�b�]Zebe__\uf��ij_^_ehf� 

^ey�f_ljbq_kdhc�nmgdpbb 

Kh]eZkgh� j_amevlZlZf� jZa^_eZ� ����� aZibr_f� aZdhg� dhfihabpbb� wg�

ljhibc���������lZd 

 ( ) ( )1 2 1 2 1 2
1 2

1 2 1 21

H H H H
H H H

H H

+ + ε − ε
= =

+ ε ε
D .  (6.3.1) 

Ih^klZ\eyy�\�h[h[s_ggu_�]bi_j[hebq_kdb_�nmgdpbb�agZq_gb_�wgljhibb�

���������k� 1λ = − �^ey�aZdhgZ�dhfihabpbb���������\�\b^_ 

 

( ) ( )

( ) ( )
( ) ( )

( ) ( )

1 2

1 2

1 2 1 2 1 2

1 2 1 2 1 2

1 1

2 1 1 1

2 2

2 2
2 1 2 1

,
q q q q

q q q q

q q

q q

N p N p
H

N p N p

e e e e

e e e e

−ε ε

− −
−ε ε

− −

ε α −ε α ε +ε α − ε +ε α

ε α −ε α ε +ε α − ε +ε α

   −   = =
   ε + ε   

− −= =
ε + ε ε + ε

  (6.3.2) 
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k�ba\_klgufb�agZq_gbyfb�iZjZf_ljh\� 1 2ε = ε − ε , 1 2ω = ε ε �b� 0D > ��ihem�

qbf�nhjfmeu 

 ( )
( ) ( )

( ) ( )
1 2 1 2

1 2 1 2

2 2

1 2 1 2 2 2

2 1

Tgh
q q

q q
q

e e

e e

ε +ε α − ε +ε α

ε +ε α − ε +ε α

−ε ε α = ε ε
ε + ε

, (6.3.3) 

 

( )
( ) ( )

( ) ( )

( )

1 2

1 2

1 2 1 2

1 2 1 2 2

1 2

2 2

1 2
1 2

Sinh

,

q q

q

q q

q

e e

e

e e

ε α −ε α

ε −ε α

ε +ε α − ε +ε α

−ε ε α = ε ε =
ε + ε

−= ε ε
ε + ε

 

 (6.3.4)

 

 

( )
( ) ( )

( ) ( )

( )

1 2

1 2

1 2 1 2

2 1
1 2 2

1 2

2 2

2 1

1 2

Cosh

,

q q

q

q q

q

e e

e

e e

ε α −ε α

ε −ε α

ε +ε α − ε +ε α

ε + ε
ε ε α = =

ε + ε

ε + ε
=

ε + ε

 

 (6.3.5)

 

 ( ) ( ) ( )1 2 2

1 2 1 2 1 2Cosh Sinh q
q q e

ε +ε αε ε α + ε ε ε ε α = ,  (6.3.6) 

 ( ) ( ) ( )1 2 2

1 2 2 1 1 2Cosh Sinh q
q q e

− ε +ε αε ε α − ε ε ε ε α = .  (6.3.7) 

<� �������� wgljhiby� bf__l� dhg_qguc� bgl_j\Ze� agZq_gbc�

( ) ( )1 21 1H− ε < < ε . 

Ijb� mfgh`_gbb� khhlghr_gby� �������� gZ� �������� \ul_dZ_l� nhjfmeZ�

����������Z�ijb�^_e_gbb�–�wdkihg_gpbZevgZy�nmgdpby 

 ( ) ( ) ( )
( ) ( )

1 2 1 2 1 2 1 2

1 2 2 1 1 2

Cosh Sinh

Cosh Sinh
q q q

q q

e
ε +ε α ε ε α + ε ε ε ε α

=
ε ε α − ε ε ε ε α

.  (6.3.8) 

<aZbfhk\yav� h[h[s_gguo� ]bi_j[hebq_kdbo� nmgdpbc� k� h[uqgufb�

]bi_j[hebq_kdbfb�nmgdpbyfb�^Z_lky�khhlghr_gbyfb 

 ( ) ( )
1 2 1 2

1 2
1 2

2
Sinh sinh

2q q

ε ε ε + ε ε ε α = α ε + ε  
,  (6.3.9) 
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( ) 1 2
1 2

1 2 1 2

1 2

Cosh cosh
2

sinh ,
2

q q

q

ε + ε ε ε α = α − 
 

 ε − ε ε + ε − α    ε + ε   

 

 (6.3.10)

 

 ( )
1 2

1 2
1 2

1 2 1 2 1 2

1 2

tgh
2 2

Tgh

1 tgh
2

q

q

q

 ε + ε  α  ε ε    ε ε α =   ε + ε  ε − ε ε + ε   − α     ε + ε    

,  (6.3.11) 

ba�dhlhjuo�\ul_dZxl�jZ\_gkl\Z 

 ( ) ( )1 2 1 2Sinh Sinh 0q qε ε α + − ε ε α = ,  (6.3.12) 

 

( ) ( )
( )

1 2 1 2

1 2
1 2

1 2

Cosh Cosh

Sinh ,

q q

q

ε ε α − − ε ε α =

 ε − ε
 = − ε ε α
 ε ε 

 
 (6.3.13)

 

 
( )
( )

( )
( )

1 2 1 2 2 1 1 2

2 1 1 2 1 2 1 2

1 Tgh 1 Tgh

1 Tgh 1 Tgh

q q

q q

+ ε ε ε ε α − ε ε − ε ε α
=

− ε ε ε ε α + ε ε − ε ε α
,  (6.3.14) 

 ( ) ( )
1 2

11 2 1 2 2

1 1

Tgh Tghq q

 ε − ε + = −
 ε εε ε α − ε ε α  

,  (6.3.15) 

 ( ) ( )
( )

1 2

1 2

1 2
1 2

1 2

Tgh
Tgh

1 Tgh

q

q

q

− ε ε α
ε ε α = −

 ε − ε
 − − ε ε α ε ε 

,  (6.3.16) 

 ( ) ( )
( )

1 2

1 2

1 2

Sinh
Tgh

Cosh

q

q

q

− ε ε α
− ε ε α =

− ε ε α
.  (6.3.17) 

Nmgdpbb� ( )1 2Cosh qε ε α �b� ( )1 2Tgh qε ε α �g_�y\eyxlky�kbff_ljbq�

gufb�hlghkbl_evgh�aZf_gu� qα �gZ� ( )q−α . 

Mqblu\Zy� nhjfmeu� h[h[s_gguo� ]bi_j[hebq_kdbo� nmgdpbc�� ba�
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��������� b� ��������� \ul_dZ_l� khhl\_lkl\mxs__� fZljbqgh_� ij_^klZ\e_gb_�

]jmii�f_j�bgnhjfZpbc�\�ljb]hghf_ljbq_kdhf�\b^_ 

( )

( )
( ) ( )

( ) ( )

1 2

1 2 1 21 2
1 2

1 2

1 2 1 2
1 2

Cosh

Sinh
Sinh

1
Sinh Cosh

q

q

q

q
q

q q

e
−να

  ε ε α +  
 ε ε ε ε α ε − ε
 + ε ε α α = ε ε    
 ε ε α ε ε α  ε ε 

A ,  (6.3.18) 

( )

( )
( ) ( )

( ) ( )

1 2

1 2 1 21 2
1 2

1 2

1 2 1 2
1 2

Cosh

Sinh
Sinh

1
Sinh Cosh

q

q

q

q
q

q q

e
′να

  ′ε ε α +  
 ′− ε ε ε ε α ε − ε

′ + ε ε α ′α = ε ε    
 ′ ′− ε ε α ε ε α  ε ε 

A .  (6.3.19) 

>Ze__�^ey�kemqZy�]jmiiu�wgljhibc�hij_^_ebf�^\mf_jgh_�ijhkljZg�

kl\h�k�dhhj^bgZlgufb�hkyfb� η �b� ξ ��Ijhba\hevgZy�lhqdZ�\�wlhc�kbkl_f_�

dhhj^bgZl��aZ^ZggZy�jZ^bmk-\_dlhjhf� ( ),= η ξR
G

��hij_^_ey_lky�jZkklhygb�

_f�beb�^ebghc� R
G

�hl�p_gljZ�dhhj^bgZl�b�m]ehf� qα ��qlh�hljZ`Z_lky�kh�

hlghr_gbyfb 

( )1 2Coshq
qe

−ναη = ε ε αR
G

, ( )1 2Sinhq
qe

−ναξ = ε ε αR
G

.  (6.3.20) 

Lh]^Z�ihemqbf�\ujZ`_gb_ 

 ( )
1 2

1 2 2 21 2

2 1 1 2

,F

ν
ε +ε η + ε ε ξ ε − ε

 = η ξ = η + ηξ − ξ
 η − ε ε ξ ε ε 

R
G

  (6.3.21) 

k�wd\b\Ze_glghc�nhjfhc 

 
( )

( ){ }

1 2 21
1 2 1 2

2

2

1
1

1

exp 2 Ark7JK � �

H
H H

H

H H H

ν
ε +ε + ε

= η + ε − ε − ε ε =  − ε 
 = η ν ω + ε − ω 

R
G

 

 (6.3.22)

 

]^_� ( )1 2 1 2Tgh q Hε ε α = ξ η = ε ε . 
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Ij_h[jZah\Zgb_�dhhj^bgZl 

( )
( ) ( )

( ) ( )

1 2

1 21 2
1 2

1 2

1 2 1 2

Cosh

Sinh
Sinh

Sinh Cosh

q

q

q
q

q q

e
−να

  ε ε α +  ′ξ ξ    ε ε α ε − ε    + ε ε α =   ε ε       ′η η    
 ε ε α ε ε α 

  (6.3.23) 

ijb�ih\hjhl_�bkoh^ghc�kbkl_fu�dhhj^bgZl�gZ�m]he� qα �hklZ\ey_l�nhjf-

bg\ZjbZglguf�agZq_gb_�jZkklhygby���������� 
>ey� jZkkfZljb\Z_fhc� kbkl_fu� dhhj^bgZl� bf__f� \f_klh� fZljbpu�

���������ke_^mxs__�fZljbqgh_�ij_^klZ\e_gb_ 

 
1 2

2 1

1 2

1
( )

1

H
H

H

ν−
ε +ε − ε ε

 = ×
 + ε ε 

A  

( )
( ) ( )

( ) ( )

1 2 1 2 1 2

2 2
1 2 1 2 1 2 1 2

1 2

2 2
1 2 1 2 1 2 1 2

1

1 1

1

1 1

H H

H H H H

H

H H H H

 + ε − ε ε ε ε ε
 
 + ε − ε ε ε − + ε − ε ε ε −
 ×
 ε ε
 
 + ε − ε ε ε − + ε − ε ε ε − 

, (6.3.24) 

dhlhjh_�b�^Z_l�ij_h[jZah\Zgb_�dhhj^bgZl� ����������<�blh]_�khhlghr_gby�

���������aZibrmlky�lZd 

 
( )

1 22

2
1 1 2 1 2

1 1

1 1

H

H H H

ν
ε +ε − εη =   + ε + ε − ε − ε ε R

G ,  (6.3.25) 

 
( )

1 2 1 22

2
1 1 2 1 2

1

1 1

HH

H H H

ν
ε +ε ε ε − εξ =   + ε + ε − ε − ε ε R

G ,  (6.3.26) 

Z�ij_h[jZah\Zgby�\_ebqbg� ( ),η ξR R
G G

�ihkj_^kl\hf�fZljbpu����������

^Zxl�gh\u_�agZq_gby�wgljhibb��m^h\e_l\hjyxs_c�aZdhgm��������� 
:gZeh]bqgh�hij_^_eyxlky�nhjfmeu�^ey� ]jmiiu�bgnhjfZpbc�jZa�

ebqby� 
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JZkkfhljbf�kemqZc�k� ( )1 2,ν = ν ε ε �b�aZibr_f����������lZd� 

 ( ) ( )1 2 1 2

1 1
2 2

1 2 2 1

   ν ν
+ −      ε +ε ε +ε   = η − ε ε ξ η + ε ε ξR

G

.  (6.3.27) 

Ijb�fZeuo�m]eZo� qα �bf__f� ≈ ηR
G

�b�ba����������\ul_dZ_l�agZq_gb_�

iZjZf_ljZ 

 1 2

2

ε − ε
ν = ,  (6.3.28) 

dhlhjh_� \� kbem� bkoh^gh]h� mjZ\g_gby� ��������� m^h\e_l\hjy_l� mkeh\bx�

0ν ≠ . 
>ebgZ�jZ^bmk-\_dlhjZ�ijbf_l�\b^ 

 

( ) ( ) ( )
2 1

1 2 1 2

1 2

1 2

1 2 2 1

1
2

1 2 2 21 2

2 1 1 2

,

.

F

ε ε
ε +ε ε +ε

 ε −ε
  ε +ε 

= η ξ = η − ε ε ξ η + ε ε ξ =

 η − ε ε ξ ε − ε
 = η + ηξ − ξ
 η + ε ε ξ ε ε 

R
G

 

 (6.3.29)

 

JZkkfZljb\Z_fu_�^\mf_jgu_� ]_hf_ljbb�f_j�bgnhjfZpbb� _klv� ]_h�

f_ljbb� iehkdbo� b� ]eh[Zevgh� Zgbahljhiguo� f_ljbq_kdbo� ijhkljZgkl\�

Fbgdh\kdh]h� >��@�k�f_ljbq_kdhc�nmgdpb_c� ���������b� ����������:gbahljh�

iby� ijhkljZgkl\� oZjZdl_jbam_lky� iZjZf_ljZfb� ν � b� ε �� Ij_h[jZah\Zgb_�
dhhj^bgZl����������j_Zebam_l�^\b`_gb_�ijhkljZgkl\Z�� 

F_ljbq_kdZy� nmgdpby� iehkdh]h� b� ]eh[Zevgh� Zgbahljhigh]h� ijh�

kljZgkl\Z� Fbgdh\kdh]h� ijb� mkeh\byo� ( )1 2 2rν = ε + ε , 2 1ε = γε � b�

1 1 qε = − �bf__l�ke_^mxsbc�\b^ 

 ( ) ( ) 2

2 2
1 1

,

r

F
 η − γ ξ − γ = η ξ = η + ηξ − ξ
 η + γξ γ
 

R
G

  (6.3.30) 

^ey�nbabq_kdhc�[_ajZaf_jghc�wgljhibb�\�Lbi_�ID  

 

1

, 1

1
1

1
1

m m
q
i i

i iphys
q

m m
q
i i

i i

p p
H

q
p p

+γ

γ +γ

  −    =  −   + γ     

∑ ∑

∑ ∑
.  (6.3.31) 
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Hij_^_ebf�mjZ\g_gb_�bg^bdZljbku�>��@ 

 ( ), 1F η ξ = ,  (6.3.32) 

dhlhjZy� ij_^klZ\ey_l� kh[hc� \� ^\mf_jghf� ijhkljZgkl\_� djb\mx� ebgbx� 

JZ^bmk-\_dlhj�R
G

�i_j_k_dZ_l�wlm�ebgbx�\�h^ghc��b�lhevdh�h^ghc��lhqd_� 
GZ� jbk�� ���� ijb\_^_gu� bg^bdZljbku� ^ey� kemqZ_\� Z�� 0r = � b� 

[�� 1 2r = ��Ebgbb�1�b�2�khhl\_lkl\mxl� γ = 1�b� γ = 1 2 . 

Z [ 

Jbk� ���� Bg^bdZljbku ^ey LbiZ ID : 

1 – ( )1γ = , 2 – ( )1 2γ =  

?keb� 0r = �b� 1γ = ��lh�bg^bdZljbku�y\eyxlky�_^bgbqgufb�]bi_j[h�

eZfb��Ba� ��������� \ul_dZ_l� f_ljbq_kdZy�nmgdpby�� jZ\gZy� ^ebg_� jZ^bmk-
\_dlhjZ�\�bahljhighc�ik_\^h_\deb^h\hc�]_hf_ljbb 

 ( ) 2 2,F= η ξ = η − ξR
G

,  (6.3.33) 

Z�ba����������ihemqbf�\ujZ`_gb_�wgljhibb�\�Lbi_�IC  

 

2

2

1
1

1
1

m m
q
i i

i iphys
q

m m
q
i i

i i

p p
H

q
p p

  −    =  −   +     

∑ ∑

∑ ∑
.  (6.3.34) 

<� wlhf� kemqZ_� h[h[s_ggu_� ]bi_j[hebq_kdb_� nmgdpbb� kh\iZ^Zxl� 
k� h[uqgufb� ]bi_j[hebq_kdbfb�nmgdpbyfb� b� ba� �������� –� �������� bf__f�
nhjfmeu 

–2           –1         0               1             2  ξ –2            –1            0                  1                2  ξ 

η 
2 

1 

–1

–2 

η 
2 

1 

–1

–2 

2 

1 

2 

1 1 

2 

1 

2 
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( ) ( )
( )2 2

1

1
sinh 1

1 1

1
,

2

q

m m m m
q q
i i i i

i i i i

q H
q

q H

p p p p
−

− − α = = 
− −

    = −         
∑ ∑ ∑ ∑

 

 (6.3.35)

 

 

( )
( )2 2

1

1
cosh 1

1 1

1
,

2

q

m m m m
q q
i i i i

i i i i

q
q H

p p p p
−

 − α = = 
− −

    = +         
∑ ∑ ∑ ∑

 

 (6.3.36)

 

 

( ) ( )
1

1

tgh 1 1

,

q

m m m m
q q
i i i i

i i i i

m m m m
q q
i i i i

i i i i

q q H

p p p p

p p p p

−

−

 − α = − = 
    −         =
    +         

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑

 
 (6.3.37)

 

 

( ) ( )
1

1

1
ctgh 1

1

.

q

m m m m
q q
i i i i

i i i i

m m m m
q q
i i i i

i i i i

q
q H

p p p p

p p p p

−

−

 − α = =  −

    +         =
    −         

∑ ∑ ∑ ∑

∑ ∑ ∑ ∑

  

(6.3.38)

 

<�l_hjbb�bgnhjfZpbb�bkihevamxlky�ghjfbjh\Zggu_�f_ju��Ihwlhfm�

^ey�gbo�b�jZkkfhljbf�hlebqbl_evgu_�k\hckl\Z�wgljhibc�\�Zgbahljhighf�

b�bahljhighf�kemqZyo�]_hf_ljbc��GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�

ghjfbjh\Zgghc�wgljhibb�\�Lbi_�ID  
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( )( )

( )( )

1

1 1

, 11 1

1
1 2

1 2
1

m
q

q i
i

q q m
q
i

i

p

H

p

+γ

+γ −

γ +γ+γ −

  −  + γ   =  −   + γ     

∑

∑
  (6.3.39) 

hl�jZkij_^_e_gby�ijb� 2m= , 3 2q = �b� 1p p= ��Ebgbb�1, 2�b�3�khhl\_lkl�

\mxl�agZq_gbyf� 7γ = − , 0γ = �b� 5 2γ = . 

 
( )S+

T γ�

S

�

�

�

 
Jbk� ���� AZ\bkbfhklv wgljhibb hl jZkij_^_e_gby� 

1 – ( )7γ = − , 2 – ( )0γ = , 3 –( )5 2γ =  
 
 

�����Wgljhiby�b�bgnhjfZpby�jZaebqby� 
\�ik_\^h_\deb^h\hc�]_hf_ljbb� 

f_j�bgnhjfZpbb 

JZkkfhljbf�g_dhlhju_�k\hckl\Z�ghjfbjh\Zgghc�wgljhibb�b�bgnhj�

fZpbb�jZaebqby 

 ( )

2

2(1 )

2(1 ) 2

1
1 2

1 2
1

m
q

q i
i

q q m
q
i

i

p
H p

p

−

−

  −  +   =  −   +     

∑

∑
, 1

m

i
i

p =∑ ,  (6.4.1) 
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 ( )

2
1

2(1 )

2(1 ) 2
1

1
2 1

:
2 1

1

m
q q

q i i
i

q q m
q q
i i

i

p u

I p u

p u

−
−

−
−

  −  +   =  −   +     

∑

∑
, 1

m

i
i

u =∑   (6.4.2) 

\� kemqZ_� bahljhighc� ik_\^h_\deb^h\hc� ]_hf_ljbb� f_j� bgnhjfZpbb� k�

f_ljbq_kdhc�nmgdpb_c����������� 
���<uimdehklv� b� agZdhhij_^_e_gghklv ��Wgljhiby� b� bgnhjfZpby�

jZaebqby�_klv�\_s_kl\_ggu_�b�\uimdeu_�nmgdpbhgZeu��KijZ\_^eb\u�g_�

jZ\_gkl\Z 

 ( ) 0qH p > ,  (6.4.3) 

 ( ) ( ): 0 0qI p u q> > , ( ) ( ): 0 0qI p u q< < ,  (6.4.4) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2q q qH a p a p a H p a H p+ ≤ + , 1 2 1
m m

i i
i i

p p= =∑ ∑ ,  (6.4.5) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2: : :q q qI a p a p u a I p u a I p u + ≤ +  ,  (6.4.6) 

]^_� 1 2 1a a+ = , 1 0a > �b� 2 0a > ��Ijb� 0q = �ba���������\ul_dZ_l�jZ\_gkl\h 

 ( )
2

0 2

5 1

3 1

m
H p

m

 −=  + 
.  (6.4.7) 

GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��Z��hl�jZk�

ij_^_e_gby� p �ijb�agZq_gbyo� 2m= , 1p p= , 1; 0; 1; 3q = − �b�[��hl�qbk�

eZ�q �ijb� 2m= , 1 1 4p = . 
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Z [ 
Jbk� ���� AZ\bkbfhklv wgljhibb� 

Z – hl jZkij_^_e_gby� 1 – (q = –1); 2 – (q = 0);  
3 – (q = 1); 4 – (q  �� b [ – hl qbkeZ q 

 

GZ�jbk������ijb\_^_gu�aZ\bkbfhklb�bgnhjfZpbb�jZaebqby� ( ):qI p u : 

Z�� hl� jZkij_^_e_gby� ijb� agZq_gbyo� 2m= , 1p p= , 1 1 3u = � b�

1 2; 0; 1 2; 1q = − �b�[��hl�qbkeZ�q �ijb� 2m= , 1 1 4p = , 1 1 3u = . 

Z [ 

Jbk� ���� AZ\bkbfhklv bgnhjfZpbb jZaebqby� 
Z – hl jZkij_^_e_gby� 1 – (q = –1/2);  2 – (q = 0);  

3 – (q = 1/2); 4 – (q  �� b [ – hl qbkeZ q 

1
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q
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 –3      –2       –1      0           1         2         3  q 
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q

I p u
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���G_Z^^blb\ghklv�^ey�g_aZ\bkbfuo�h[t_dlh\��Imklv�kh\f_klgh_�
khklhygb_�kemqZcgh]h�h[t_dlZ�hibku\Z_lky�ghjfbjh\Zggufb�kh\f_klgu�

fb�jZkij_^_e_gbyfb� ij i jp p p= �b� ij i ju u u= �ijb�klZlbklbq_kdhc�g_aZ\bkb�

fhklb�^\mo� kemqZcguo� h[t_dlh\��Bf__l�f_klh� k\hckl\h�g_Z^^blb\ghklb�

f_j�bgnhjfZpbb 

 ( ) ( ) ( )
( ) ( )

1 2
12 2

1 1 21
q q

q
q q

H p H p
H p

H p H p

+
=

+ ε
,  (6.4.8) 

 ( ) ( ) ( )
( ) ( )

1 1 2 2
12 12 2

1 1 1 2 2

: :
:

1 : :
q q

q
q q

I p u I p u
I p u

I p u I p u

+
=

+ ε
,  (6.4.9) 

]^_�d\Z^jZl�iZjZf_ljZ�bf__l�agZq_gb_ 

 
( )

( )

2
2 1

2
1 2 1

1 2

1 2

q

q

−

−

 −ε =  
+  

.  (6.4.10) 

Ijb� 1q = �ba���������b���������ke_^m_l�Z^^blb\ghklv�^ey�wgljhibb�R_ggh�

gZ–<bg_jZ�b�bgnhjfZpbb�jZaebqby�Dmev[ZdZ–E_c[e_jZ� 
��� Wgljhiby� jZ\gh\_jhylgh]h � khklhygby�� Wdklj_fmf� wgljhibb�

ijb�mkeh\bb�khojZg_gby�ghjfbjh\db�jZkij_^_e_gby� p �^Z_l�jZ\gh\_jhyl�

gh_�jZkij_^_e_gb_ 

 
1

ip
m

= .  (6.4.11) 

Wdklj_fZevgh_�agZq_gb_�wgljhibb�ijb�jZ\gh\_jhylghf�khklhygbb 

 ( )
( )

( )

2 12(1 )

2(1 ) 2 1

1 2 1

1 2 1

qq

q qext q

m
H p

m

−−

− −

 + −=  
− +  

  (6.4.12) 

aZ\bkbl�hl�iZjZf_ljZ� q ��Ijb� 1q = �ba����������ke_^m_l�ba\_klgh_�\ujZ`_�

gb_ 

 ( ) ( )1 21
lim logqext extq

H p H p m
→

= = .  (6.4.13) 

���BgnhjfZpby�jZaebqby�k� 1iu m= .�BgnhjfZpby�jZaebqby�\�kh�

klhygbb�k�jZkij_^_e_gb_f� p �hlghkbl_evgh�jZ\gh\_jhylgh]h�khklhygby�k�

1iu m= �jZ\gy_lky� 
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 ( )

2
1

2(1 )

2(1 ) 2
1

1
2 1

:
2 1

1

m
q q

q i
i

q q m
q q
i

i

p m

I p u

p m

−
−

−
−

  −  +   =  −   +     

∑

∑
.  (6.4.14) 

<aZbfhk\yav�f_`^m�nmgdpbhgZeZfb� ��������� ���������b� ���������hljZ�

`_gZ�\�jZ\_gkl\Zo 

 
( )
( )

( )
( )

( )
( )

1 1 1

1 1 1

1 1 : 1

1 1 : 1
q q qext

q q qext

H p I p u H p

H p I p u H p

   + ε + ε + ε
=    

− ε − ε − ε      
,  (6.4.15) 

 ( )
( ) ( )

( ) ( )2
1

:
1

q qext
q

q qext

H p H p
I p u

H p H p

−
=

+ ε
.  (6.4.16) 

Kh]eZkgh�g_jZ\_gkl\Zf���������ba����������\ul_dZ_l 

 ( ) ( )q q ext
H p H p< �ijb� 0q > ,  (6.4.17) 

 ( ) ( )q q ext
H p H p> �ijb� 0q < .  (4.4.18) 

Ke_^h\Zl_evgh��wgljhiby�f_gvr_��[hevr_���q_f�wgljhiby�jZ\gh\_jhylgh�

]h�khklhygby�ijb� 0q >  ( )0q < . 

���F_jZ�g_lhqghklb��F_jm� klZlbklbq_kdhc� g_lhqghklb� hij_^_ebf�

nmgdpbhgZehf 

 ( )
( ) ( )

( ) ( )2
1

:
:

1 :
q q

q
q q

H p I p u
H p u

H p I p u

+
=

+ ε
,  (6.4.19) 

dhlhjuc� khhl\_lkl\m_l� aZdhgm� dhfihabpbb� f_j� bgnhjfZpbb� \� ljb]hgh�

f_ljbq_kdhf�\b^_ 

 ( ) ( ) ( )
( ) ( )
1 1

1

1 1

tgh tgh
tgh

1 tgh tgh

q q

q q

q q

′ε α + ε α
 ′ε α + α =  ′+ ε α ε α

  (6.4.20) 

ijb�keh`_gbb�m]eh\� qα �b� q
′α . 

<�ij_^_e_� 1q → �ba����������\ul_dZ_l�f_jZ�g_lhqghklb�D_jjb^`Z 

 ( ) ( ) ( )21
: lim : log

m

q i iq i
H p u H p u u p

→
= = −∑ .  (6.4.21) 

GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��bgnhjfZ�
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pbb� jZaebqby� ( ):qI p u � b�f_ju� g_lhqghklb� ( ):qH p u � hl� jZkij_^_e_gby�

ijb� 2m= , 2q = , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 

Z [ 

Jbk� ���� AZ\bkbfhklb nmgdpbhgZeh\ hl jZkij_^_e_gby� 
1 – wgljhiby Hq(p), 2 – bgnhjfZpby jZaebqby Iq(p:u),  

3 –f_jZ g_lhqghklb Hq(p:u)  
 
���Ghjfbjh\Zgghklv�b�jZaf_jghklv��Hij_^_eyy�ghjfbjh\Zgghklv�

wgljhibb�gZ�_^bgbpm�ijb� 2m= �b� 1 2 1 2p p= = ��l_f�kZfuf�aZ^Z_lky�_^b�

gbpZ�baf_j_gby�\�^Zgghc�fh^_eb�h^gbf�[blhf� 
K\yav� f_`^m� jZkkfZljb\Z_fufb� ghjfbjh\Zggufb� b� nbabq_kdbfb�

[_ajZaf_jgufb�f_jZfb�bgnhjfZpbb 

 ( )

2
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1
1

1
1

m
q
i

iphys
q

m
q
i

i

p
H p

q
p

  −    =  −   +     

∑

∑
,  (6.4.22) 
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2
1

2
1

1
1
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1

m
q q
i i

iphys
q

m
q q
i i

i

p u

I p u
q

p u

−

−

  −    =  −   +     

∑

∑
  (6.4.23) 
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( )
1 1

,
2 2
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q

q
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q

H p
H p

H
=

 
  

, 
( )

( )

2 1

2 1

1 1 1 1 2
,

2 2 1 1 2

q
phys
q q

H
q

−

−

 −  =    −  +  
,  (6.4.24) 

( )
( ):

:
1 1

1,0 : ,
2 2

phys
q

q
phys
q

I p u
I p u

I
=

 
  

, 
( )

( )

2 1

2 1

1 1 1 2 1
1,0 : ,

2 2 1 2 1

q
phys
q q

I
q

−

−

 −  =    −  +  
.  (6.4.25) 

���BgnhjfZpby�Nbr_jZ��Ij_^_evgh_�agZq_gb_�bgnhjfZpbb�jZaeb�

qby�\�kemqZ_�jZkij_^_e_gbc� ( )ip θ �b� ( ) ( )i iu pθ = θ + δθ �bf__l�\b^ 
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( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

2
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2(1 ) 2
1

2 2 12(1 )

2(1 ) 2
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2
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1
2 1

:
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1
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22 1

1 2 1
,

2 2 1

m
q q

q i i
i

q q m
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i

qq m
q
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i

q

q

p p

I

p p

p
p

q q

−
−

−
−

−−

−

−

θθ−

  − θ θ + δθ  +   θ θ + δθ = = −   + θ θ + δθ    

δθ ∂ θ += − θ = − ∂θ 
−  += Γ δθ − 

∑

∑

∑

  (6.4.26)

 

]^_�\_ebqbgZ 

 
( ) ( )

2
lnm

i
i

i

p
pθθ

∂ θ 
Γ = θ ∂θ 

∑   (6.4.27) 

_klv� bgnhjfZpby�Nbr_jZ� h� \_ebqbg_� g_nemdlmbjmxs_]h� iZjZf_ljZ� θ   
\�l_hjbb�hp_gb\Zgby�fZl_fZlbq_kdhc�klZlbklbdb�>������������������@� 

8. f-wgljhiby�b�f -bgnhjfZpby�jZaebqby��Wgljhiby�b�bgnhjfZpby�
jZaebqby�ij_^klZ\eyxl�kh[hc�nmgdpbb�ihemghjfu�jZkij_^_e_gbc 

 ( ) ( )1f qH p f N p−
 =   ,  

( )

( )
( ) ( )

( ) ( )

2 1
2 1

1

2 1 2 1

1

11 2

1 2 1

q
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q

q q

q

N p
f
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−
−

−
− −

−

  −+   =  
−   +   

,  (6.4.28) 
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( ) 1:f q

p
I p u f N

u−
  =     

,   
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( )

( )

( )
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2 1 1

2 1 2 1

1

1
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1

q

q q

q q

q

p
N

u
f

p
N

u

−

− −

− −

−

    −   +    =  
−    +       

.  (6.4.29) 

6����H[h[s_ggu_�ljb]hghf_ljbq_kdb_�nmgdpbb 

JZkkfhljbf�hlh[jZ`_gb_�nmgdpbc�wgljhibb�\�Lbi_�III �h[s_c�deZk�

kbnbdZpbb� f_j� bgnhjfZpbc�� Ba� ������� – �������� ke_^mxl� \ujZ`_gby�

h[h[s_gguo�ljb]hghf_ljbq_kdbo�nmgdpbc 

 ( )
2
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q

H

H H

−ω−ωα =
+ ε − ω

,   (6.5.1) 

 ( )
2

1
Cos

1
q

H H
−ωα =

+ ε − ω
,  (6.5.2) 

 ( ) ( )
( )

Sin
Tg

Cos

q

q

q

H
−ωα

−ωα = = −ω
−ωα

,  (6.5.3) 

 ( ) ( )
( ) ( )

Cos 1
Ctg

Sin Tg

q

q

q q

−ωα
−ωα = =

−ωα −ωα
.  (6.5.4) 

Bkihevamy� bkoh^guc� aZdhg� dhfihabpbb� wgljhibc� ��������� Z� lZd`_�

khhlghr_gby���������b����������ihemqbf�nhjfmeu� 
1. L_hj_fu�keh`_gby�Zj]mf_glh\�� 
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( ) ( ) ( ) ( )

( ) ( ) ( )
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1 2 2 1
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Sin Cos Sin Cos

Sin Sin ,

q q q

q q q q

q q

 −ωα = −ω α + α = 

= −ωα −ωα + −ωα −ωα +

+ ε −ω −ωα −ωα

  

(6.5.5)

 

 
( ) ( )

( ) ( ) ( ) ( )
1 2

1 2 1 2

Cos Cos

Cos Cos Sin Sin .

q q q

q q q q

 −ωα = −ω α + α = 

= −ωα −ωα + −ωα −ωα
  (6.5.6) 
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( ) ( ) ( ) ( ) ( )
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1 2 1 2
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Tg Tg Tg Tg
,

1 Tg Tg

q q q

q q q q

q q

 −ωα = −ω α + α = 

−ωα + −ωα + ε −ω −ωα −ωα
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 (6.5.7)

 

 

( ) ( )
( ) ( )
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q q q
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 (6.5.8)
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2
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1
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1 Tg Tg
q

q q
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,  (6.5.10) 
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1 Tg Tg
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q

q q
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−ωα =

+ ε −ω −ωα + −ωα
.  (6.5.11) 

���Nmgdpbb�^\hcgh]h�Zj]mf_glZ� 
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  (6.5.12) 

 ( ) ( ) ( )2 2Cos 2 Cos Sinq q q−ω α = −ωα + −ωα .  (6.5.13) 
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2

2
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−ω α =

− −ωα
,  (6.5.14) 
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Ctg 2
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q

q

q

−ωα −
−ω α =

−ωα + ε −ω
.  (6.5.15) 
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���KmffZ�nmgdpbc� 
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(6.5.17)
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 (6.5.19)

 

���H[jZlgu_�nmgdpbb� 
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2

2
2

1
Ark6LQ ZUkVLQ � �

1 2

x x
 

= − ε −ω 
 − ε −ω

,  (6.5.20) 
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2

2
2

1
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1 2

x x
 

= − ε −ω 
 − ε −ω

,  (6.5.21) 
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2

2
2

1 21
Ark7J ZUkWJ

1 2
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x
x

x

 
− ε −ω 

=  
+ ε −ω − ε −ω   

,  (6.5.22) 
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( )
( )2

2

2
2

1 21
Ark&WJ ZUkkWJ

21 2

x
x

x

 
− ε −ω 

=  
+ ε −ω − ε −ω   

,  (6.5.23) 

���Kmffu�h[jZlguo�nmgdpbc� 
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2 2ArcSin ArcSin ArcSin 1 1 2x y x y

  + = − − ε −ω +   
 

 ( )2
2 21 1 2 ,y x

 + − − ε −ω    
                           (6.5.24) 

( )2
2 2ArcCos ArcCos ArcCos 1 1 2x y xy x

   + = − − − ε −ω +     
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2 21 1 2 ,
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y

 ε ε  + × − − ε −ω +     −ω −ω  
 

 

(6.5.25) 
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1

x y xy
x y
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 + + ε −ω
 + =
 −
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,  (6.5.26) 
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1
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x y
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 − + =
 + + ε −ω 

.  (6.5.27) 
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d

d
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=
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d

d
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−ω α −ωα
,  (6.5.31) 
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2 2
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x

=
 − − ε −ω  

,  (6.5.32) 
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x
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 − − ε −ω  

,  (6.5.33) 

 ( ) 2
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d x

dx x x
=

+ ε −ω +
,  (6.5.34) 

 ( ) 2

Ark&WJ �

1

d x

dx x x
= −

+ ε −ω +
.  (6.5.35) 

Nhjfmeu� n -djZlgh]h�b�iheh\bggh]h�Zj]mf_glZ��Z�lZd`_�^jm]b_�kh�
hlghr_gby�e_]dh�\u\h^ylky�ba���������– (6.5.35). 

<� kemqZ_�bgnhjfZpbb�jZaebqby�bf__f�h[h[s_ggu_� ljb]hghf_ljb�

q_kdb_�nmgdpbb 

 ( )Tg q I′−ωα = − −ω , ( ) ( )
1
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q

q

′−ωα =
′−ωα

,  (6.5.36) 
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2
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1

q

I
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−ω′−ωα = −
− ε − ω
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2

1
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1
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I I
′−ωα =

− ε − ω
.  (6.5.37) 

<� aZdexq_gb_� \\_^_f� ij_^klZ\e_gby� Z[_e_\hc� ]jmiiu� wgljhibc�

nmgdpbyfb� ( )1 Hϕ �b� ( )2 Hϕ ��dhlhju_�gZoh^ylky�\�ke_^mxs_f�khhl\_lkl�
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H H

ϕ = ϕ = ϕ ϕ + ϕ ϕ +
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D

  
(6.5.38)

 

 ( ) ( ) ( ) ( ) ( ) ( )2 2 1 2 2 1 2 2 1 1 1 2H H H H H H Hϕ = ϕ = ϕ ϕ + ϕ ϕD .  (6.5.39) 

Nmgdpbb� k� mkeh\byfb� ( )1 0 0ϕ = � b� ( )2 0 1ϕ = � m^h\e_l\hjyxl� ke_�

^mxs_fm�jZ\_gkl\m� 

 ( ) ( ) ( ) ( ) ( )2 2
2 1 2 1 1H H H Hϕ + ε −ω ϕ ϕ + ϕ = .  (6.5.40) 

Lh]^Z�ijb�ba\_klghf�aZdhg_�dhfihabpbb�wgljhibc���������h^ghagZq�

gh�\ul_dZxl�\ujZ`_gby� 
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,           (6.5.41) 
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( ) ( )
( )

( ) ( ) ( )

2 2 2 2
1 2 1 2

1 2

1 2 1 2 1 2

Tg 2 2

tg 2
,

2 2 tg 2

q

q

q

 ε + ε α = ε + ε ×  
 ε + ε α ×

  ε + ε − ε − ε ε + ε α   

  
(6.6.3)

 

 ( ) ( ) ( )
( )

1 22 2 2 2
1 2 1 2

1 2

sin 2
Sin 2 2

2
q

q

  ε + ε α    ε + ε α = ε + ε     ε + ε
 

,  (6.6.4) 

 

( )
( ) ( ) ( ) ( )

( )

2 2
1 2

1 2 1 2 1 2 1 2

1 2

Cos 2

cos 2 sin 2
,

q

q q

 ε + ε α =  
   ε + ε ε + ε α − ε − ε ε + ε α   =

ε + ε

 

 (6.6.5)
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( )

( )
( )

( ) ( )

2 2 2 21
1 2 1 22 2

1 2

1 2 1 2

Cos 2 Sin 2
2

kRV � VLQ � �

q q

q q

ε   ε + ε α + ε + ε α =      ε + ε

   = ε + ε α + ε + ε α   

 

 (6.6.6)

 

 
( )

( )
( )

( ) ( )

2 2 2 22
1 2 1 22 2

1 2

1 2 1 2

Cos 2 Sin 2
2

kRV � VLQ � �

q q

q q

ε   ε + ε α − ε + ε α =      ε + ε

   = ε + ε α − ε + ε α   

  

(6.6.7)

 

Z�lZd`_�lh`^_kl\h 

( )
( )

( )

( )
( )

( )

2

2 2 2 21
1 2 1 22 2

1 2

2

2 2 2 22
1 2 1 22 2

1 2

Cos 2 Sin 2
2

Cos 2 Sin 2 1 .
2

q q

q q

 ε    ε + ε α + ε + ε α +       ε + ε  

 ε    + ε + ε α − ε + ε α =       ε + ε  

  

(6.6.8)

 

Ba���������–���������\ul_dZxl�jZ\_gkl\Z 

 ( )( ) ( )( )2 2 2 2
1 2 1 2Sin 2 Sin 2 0q qε + ε α + − ε + ε α = ,  (6.6.9) 

 

( )( ) ( )( )

( )
( )( )

2 2 2 2
1 2 1 2

2 21 2
1 22 2

1 2

Cos 2 Cos 2

Sin 2 ,
2

q q

q

ε + ε α − − ε + ε α =

 ε − ε = − ε + ε α  ε + ε 

 
 (6.6.10)

 

  

( ) ( )( )
( ) ( )( )
( ) ( )( )
( ) ( )( )

2 2 2 2
1 1 2 1 2

2 2 2 2
2 1 2 1 2

2 2 2 2
2 1 2 1 2

2 2 2 2
1 1 2 1 2

1 2 Tg 2

1 2 Tg 2

1 2 Tg 2
,

1 2 Tg 2

q

q

q

q

+ ε ε + ε ε + ε α
=

− ε ε + ε ε + ε α

− ε ε + ε − ε + ε α
=

+ ε ε + ε − ε + ε α

  

(6.6.11)
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( )( ) ( )( )

( )

2 2 2 2
1 2 1 2

1 2

2 2
1 2

1 1

Tg 2 Tg 2

,
2

q q

+ =
ε + ε α − ε + ε α

 ε − ε = −  ε + ε 

 

 (6.6.12)

 

 

( )( )
( )( )

( )
( )( )

2 2
1 2

2 2
1 2

2 21 2
1 22 2

1 2

Tg 2

Tg 2

1 Tg 2
2

q

q

q

ε + ε α =

− ε + ε α
= −

 ε − ε − − ε + ε α  ε + ε 

,  (6.6.13) 

 ( )( ) ( )( )
( )( )

2 2
1 2

2 2
1 2

2 2
1 2

Sin 2
Tg 2

Cos 2

q

q

q

− ε + ε α
− ε + ε α =

− ε + ε α
,  (6.6.14) 

ba� dhlhjuo� ke_^m_l�� qlh� nmgdpbb� ( )( )2 2
1 2Cos 2 qε + ε α � b�

( )( )2 2
1 2Tg 2 qε + ε α � g_� y\eyxlky� kbff_ljbqgufb� hlghkbl_evgh� aZf_gu�

qα �gZ� ( )q−α . 

Mqblu\Zy�nhjfmeu� h[h[s_gguo� ljb]hghf_ljbq_kdbo�nmgdpbc��ba�

���������b� ��������� \ul_dZxl� khhl\_lkl\mxsb_�fZljbqgu_�ij_^klZ\e_gby�

]jmii�f_j�bgnhjfZpbc 

 ( ) q
q e

−ναα = ×A  

( )

2 2
1 2

2 2 2 2
1 2 1 2

2 2
1 2 1 2

2 2
1 2

2 2 2 2
1 2 1 2

2 2
1 2

Cos
2

Sin
2 2

Sin
22

2
Sin Cos

2 2

q

q

q

q q

   ε + ε   α +
     ε + ε ε + ε     α     ε − ε ε + ε     + α×   ε + ε     
    ε + ε ε + ε    α α    ε + ε     

,  (6.6.15) 
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 ( ) q
q e

′−να′α = ×A  

( )

2 2
1 2

2 2 2 2
1 2 1 2

2 2
1 2 1 2

2 2
1 2

2 2 2 2
1 2 1 2

2 2
1 2

Cos
2

Sin
2 2

Sin
22

2
Sin Cos

2 2

q

q

q

q q

   ε + ε   ′α −
     ε + ε ε + ε     ′− α     ε −ε ε + ε     ′− α×   ε + ε     
    ε + ε ε + ε    ′ ′− α α    ε + ε     

. (6.6.16) 

>Ze__�^ey�kemqZy�]jmiiu�wgljhibc�hij_^_ebf�^\mf_jgh_�ijhkljZg�

kl\h�k�dhhj^bgZlgufb�hkyfb� η �b� ξ ��Ijhba\hevgZy�lhqdZ�\�wlhc�kbkl_f_�

dhhj^bgZl��aZ^ZggZy�jZ^bmk-\_dlhjhf� ( ),= η ξR
G

��hij_^_ey_lky�jZkklhygb�

_f�beb�^ebghc� R
G

�hl�p_gljZ�dhhj^bgZl�b�m]ehf� qα ��qlh�hljZ`Z_lky�kh�

hlghr_gbyfb 

 
( )( )

( )( )
2 2
1 2

2 2
1 2

Cos 2 ,

Sin 2 .

q

q

q

q

e

e

−να

−να

η = ε + ε α

ξ = ε + ε α

R

R

G

G
  (6.6.17) 

Lh]^Z�ihemqbf�\ujZ`_gb_ 

( )
( ) ( )
( ) ( )

( )

2 2
1 2 1 2

2 2
1 2 1 2 1 2

2 21 2

2 2
1 2

2 2
, exp arctg

2 2

,
2

F

  ξ ε + ε ε + εν  = η ξ = ×  ε + ε  η + ε − ε ξ ε + ε   
ε − ε

× η + ηξ + ξ
ε + ε

R
G

 

 (6.6.18)

 

k�wd\b\Ze_glghc�nhjfhc 

 

( ) ( )
( )

( ) ( )
( ){ }

1 2

1 2 1 2

2 2 2
1 2 1 2

2

2
, exp arctg

1 2

1 2

exp 2 ArcTg 1 ,

H
F

H

H H

H H H

  ε + εν= η ξ = η   ×  ε + ε + ε − ε   

× + ε − ε + ε + ε =

 = η ν −ω + ε − ω 

R
G

 

 (6.6.19)
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]^_� ( )( ) ( )2 2 2 2
1 2 1 2Tg 2 2q Hε + ε α = ξ η = ε + ε . 

Ij_h[jZah\Zgb_� dhhj^bgZl� ��������� ijb� ih\hjhl_� kbkl_fu� dhhj^b�

gZl�gZ�m]he� qα  

( )

2 2
1 2

2 2
1 2

2 2
1 2 1 2

2 2
1 2

2 2 2 2
1 2 1 2

Cos
2

Sin
2

Sin
22

Sin Cos
2 2

q

q

q

q

q q

e
−να

   ε + ε   α +
     ε + ε     α′ξ ξ        ε − ε ε + ε        + α=      ε + ε     ′  η η    
    ε + ε ε + ε    α α         

(6.6.20) 

hklZ\ey_l�nhjf-bg\ZjbZglguf�\ujZ`_gb_���������� 
>ey� jZkkfZljb\Z_fhc� kbkl_fu� dhhj^bgZl� bf__f� \f_klh� fZljbpu�

���������ke_^mxs__�fZljbqgh_�ij_^klZ\e_gb_� 

 
( )

( )
1 2

1 2 1 2

22
( ) exp arctg

1 2

H
H

H

  ε + εν= −  ×  ε + ε + ε − ε   
A   

 

( )
( )
( )

( )

( )
( )

( )
( )
( )

( )
( )

( )

1 2

2 2 2 2
1 2 1 2

1 2 1 22 2

2 2 2 2
1 2 1 2

2 2
1 2

1 2 1 22 2

2 2 2 2
1 2 1 2

1
2 2

1 1
2 2

2 1

1 1
2 2

H

H

H H
H H

H

H H
H H

 ε − ε
+ 

 ε + ε ε + ε
 
 ε − ε ε − ε

+ − + − 
 ε + ε ε + ε× 
 ε + ε 
 ε − ε ε − ε + − + − ε + ε ε + ε  

,  (6.6.21) 

dhlhjh_�b�^Z_l�ij_h[jZah\Zgb_�dhhj^bgZl� ����������<�blh]_�khhlghr_gby�

���������aZibrmlky�lZd� 
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( )
( )

( ) ( )

1 2

1 2 1 2

2 2 2
1 2 1 2

exp arctg
1 2

1
,

1 2

H

H

H H

  ε + εη ν=   ×  ε + ε + ε − ε   

×
+ ε − ε + ε + ε

R
G

  

(6.6.22)

 

 

( )
( )

( )
( ) ( )

1 2

1 2 1 2

2 2
1 2

2 2 2
1 2 1 2

exp arctg
1 2

2
,

1 2

H

H

H

H H

  ε + εξ ν=   ×  ε + ε + ε − ε   

ε + ε
×

+ ε − ε + ε + ε

R
G

 

 (6.6.23)

 

Z�ij_h[jZah\Zgby�\_ebqbg� ( ),η ξR R
G G

�ihkj_^kl\hf�fZljbpu����������

^Zxl�gh\u_�agZq_gby�wgljhibb��m^h\e_l\hjyxs_c�aZdhgm��������� 
:gZeh]bqgh�hij_^_eyxlky�nhjfmeu�^ey�]jmiiu�bgnhjfZpbc�jZaeb�

qby� 
JZkkfZljb\Z_fZy� ^\mf_jgZy� ]_hf_ljby� f_j� bgnhjfZpbb� _klv� ]_h�

f_ljby�iehkdh]h�b� ]eh[Zevgh�Zgbahljhigh]h�f_ljbq_kdh]h�ijhkljZgkl\Z�

Fbgdh\kdh]h� >��@� k� f_ljbq_kdhc� nmgdpb_c� ���������� :gbahljhiby� ijh�

kljZgkl\Z�oZjZdl_jbam_lky�iZjZf_ljZfb� ν �b� ε ��Ij_h[jZah\Zgb_�dhhj^b�
gZl����������j_Zebam_l�^\b`_gb_�ijhkljZgkl\Z� 

F_ljbq_kdZy� nmgdpby� iehkdh]h� b� ]eh[Zevgh� Zgbahljhigh]h� ijh�

kljZgkl\Z� Fbgdh\kdh]h� ijb� mkeh\byo� ( )1 2 2rν = ε + ε , 2 1ε = γε � b�

1 1 qε = − �bf__l�ke_^mxsbc�\b^ 

 

( )
( ) ( )

( ) ( )

( )

2

2

2 2

2

1 2 1 2
, exp arctg

2 1 2 1 2

1

1 2

r
F

  ξ + γ + γ  = η ξ = ×   η + ξ − γ + γ   
− γ× η + ηξ + ξ

+ γ

R
G

 

 (6.6.24)

 

^ey�nbabq_kdhc�[_ajZaf_jghc�wgljhibb�\�Lbi_�IIIC:  
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1

2

, 1
2

tg ln

1

1
1 1

tg ln
2 2

m m
q
i i

i i
phys
q

m m
q
i i

i i

p p

H
q

p p

+γ

γ +γ

  
   
       =  −   + γ − γ    −        

∑ ∑

∑ ∑

.  (6.6.25) 

Hij_^_ebf�mjZ\g_gb_�bg^bdZljbku�>��@ 

 ( ), 1F η ξ = ,  (6.6.26) 

dhlhjZy�ij_^klZ\ey_l�kh[hc�\�^\mf_jghf�ijhkljZgkl\_�\uimdemx�b�aZfd�

gmlmx�djb\mx��JZ^bmk-\_dlhj�R
G

�i_j_k_dZ_l�wlm�ebgbx�\�h^ghc��b�lhevdh�

h^ghc��lhqd_� 
GZ�jbk������ijb\_^_gu�bg^bdZljbku�ijb� 0r = ��Ebgbb�1�b�2�khhl\_l�

kl\mxl� γ = 1�b� 1 2γ = ��DZd�\b^gh��baf_g_gb_�nhjfu�hl�hdjm`ghklb�km�

s_kl\_ggh� aZ\bkbl� hl� iZjZf_ljZ� γ �� Baf_g_gb_� iZjZf_ljZ� r � ijb\h^bl 

ebrv�d�jZkly`_gbx-k`Zlbx�bkoh^ghc�aZ\bkbfhklb� 
  η 

 ξ  

 1  

 2  

 
Jbk� ���� Bg^bdZljbku ^ey LbiZ IIIC : 

1 – ( )1γ = , 2 – ( )1 2γ =  

 
?keb� 0r = � b� 1γ = �� lh� bg^bdZljbkZ� y\ey_lky� _^bgbqghc� hdjm`gh�

klvx��Ba� ��������� \ul_dZ_l� f_ljbq_kdZy�nmgdpby�� jZ\gZy� ^ebg_� jZ^bmk-
\_dlhjZ�\�bahljhighc�ik_\^h_\deb^h\hc�]_hf_ljbb� 
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 ( ) 2 2,F= η ξ = η + ξR
G

,  (6.6.27) 

Z�ba����������ihemqbf�\ujZ`_gb_�wgljhibb�\�Lbi_�IIIB  

 ,

1
tg ln

1

m m
phys q
q i i

i i
H p p

qγ
  =   −   

∑ ∑ .  (6.6.28) 

<� wlhf� kemqZ_�h[h[s_ggu_� ljb]hghf_ljbq_kdb_�nmgdpbb� kh\iZ^Z�

xl�k�ljb]hghf_ljbq_kdbfb� �djm]h\ufb��nmgdpbyfb�b�ba� ��������– (6.5.4) 
bf__f�nhjfmeu 

 ( ) ( )
( )2 2

1
sin 1 sin ln

1 1

m
q
i

i
q m

i
i

p
q H

q
q H p

 
 − − α = =     + −   

∑

∑
,  (6.6.29) 

 ( )
( )2 2

1
cos 1 cos ln

1 1

m
q
i

i
q m

i
i

p
q

q H p

 
 

 − α = =     + −   

∑

∑
,  (6.6.30) 

 ( ) ( )tg 1 1 tg ln

m
q
i

i
q m

i
i

p
q q H

p

 
 

 − α = − =       

∑

∑
,  (6.6.31) 

 ( ) ( )
1

ctg 1 ctg ln
1

m
q
i

i
q m

i
i

p
q

q H p

 
 

 − α = =    −    

∑

∑
.  (6.6.32) 

<�l_hjbb�bgnhjfZpbb�bkihevamxlky�ghjfbjh\Zggu_�f_ju��Ihwlhfm�

^ey�gbo�b�jZkkfhljbf�hlebqbl_evgu_�k\hckl\Z�wgljhibc�\�Zgbahljhighf�

b�bahljhighf�kemqZyo�]_hf_ljbc��GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�

ghjfbjh\Zgghc�wgljhibb�\�Lbi_�IIIC:  
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( ) ( ) ( )( )( )
( )( )( )

( )

( ) ( ) ( )

,

1 1 tg 1 1 ln 2 2

tg 1 1 ln 2 2

1
tg 1 ln

2
, 1

1
1 1 tg 1 ln

2

q

m
q
i mi

im iq
i

i

q
H

q

p

p

p

γ

+ γ − − γ + γ −  = ×
+ γ −  

  + γ     × =
  + γ − − γ + γ     

∑
∑

∑

 

 (6.6.33)

 

hl�jZkij_^_e_gby�ijb� 2m= , 2q = �b� 1p p= ��Ebgbb�1, 2�b�3�khhl\_lkl\m�

xl�agZq_gbyf� 4γ = − , 0γ = �b� 5 2γ = . 
  ( )S+

T γ�   

   p 

 1  

 3  

 2  

 
Jbk� ���� AZ\bkbfhklb wgljhibb hl jZkij_^_e_gby� 

1 – ( )4γ = − , 2 – ( )0γ = , 3 –( )5 2γ =  
 

�����Wgljhiby�b�bgnhjfZpby�jZaebqby� 
\�_\deb^h\hc�]_hf_ljbb�f_j�bgnhjfZpbb 

JZkkfhljbf�g_dhlhju_�k\hckl\Z�ghjfbjh\Zgghc�wgljhibb�b�bgnhj�

fZpbb�jZaebqby 
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i
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H p
q

  
    =
−  

∑
, 1

m

i
i

p =∑ ,  (6.7.1) 
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:
tg 1 ln 2

m
q q
i i

i
q

p u

I p u
q

−  
    =

−  

∑
, 1

m

i
i

u =∑   (6.7.2) 

\�kemqZ_�bahljhighc�ik_\^h_\deb^h\hc�]_hf_ljbb�f_j�bgnhjfZpbb�� 
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���<uimdehklv� b� agZdhhij_^_e_gghklv ��Wgljhiby� b� bgnhjfZpby�
jZaebqby�_klv�\_s_kl\_ggu_�b�\uimdeu_�nmgdpbhgZeu��Bf_xl�f_klh�g_�

jZ\_gkl\Z 

 ( ) 0qH p > ,  (6.7.3) 

 ( ) ( ): 0 0qI p u q> > , ( ) ( ): 0 0qI p u q< < ,  (6.7.4) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2q q qH a p a p a H p a H p+ ≤ + , 1 2 1
m m

i i
i i

p p= =∑ ∑ ,  (6.7.5) 

 ( ) ( ) ( )1 1 2 2 1 1 2 2: : :q q qI a p a p u a I p u a I p u + ≤ +  , (6.7.6) 

]^_� 1 2 1a a+ = , 1 0a > �b� 2 0a > ��Ijb� 0q = �ba���������ihemqbf�jZ\_gkl\h 

 ( ) ( )
( )0

tg ln

tg ln 2

m
H p = .  (6.7.7) 

GZ�jbk������ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��Z��hl�jZk�

ij_^_e_gby� p � ijb� agZq_gbyo� 2m= , 1p p= , 1 9; 0; 1; 3 2q = − � b� 

[��hl�qbkeZ�q �ijb� 2m= , 1 1 4p = . 
 

   p 

 1  

 4  

 3  

 2  

( )S+
T

  

T

( )S+
T

 
Z [ 

Jbk� ���� AZ\bkbfhklv wgljhibb� Z – hl jZkij_^_e_gby�  
1 – (q = –1/9); 2 – (q = 0); 3 – (q = 1); 4 – (q  ���� b [ – hl qbkeZ q 



 337

GZ�jbk������ijb\_^_gu�aZ\bkbfhklb�bgnhjfZpbb�jZaebqby� ( ):qI p u : 

Z�� hl� jZkij_^_e_gby� ijb� agZq_gbyo� 2m= , 1p p= , 1 1 3u = , 

1 10; 0; 1 2; 1q = − �b�[��hl�qbkeZ�q �ijb� 2m= , 1 1 4p = , 1 1 3u = . 

 
 ( )XS,

T
�   

   p
 1  

 4  

 3  

 2  

( )XS,
T

�

T

 
Z                         [ 

Jbk� ���� AZ\bkbfhklv bgnhjfZpbb jZaebqby�  
Z – hl jZkij_^_e_gby� 1 – (q = –1/10); 2 – (q = 0); 3 – (q = 1/2);  

4 – (q  �� b [ – hl qbkeZ q 
 
���G_Z^^blb\ghklv�^ey�g_aZ\bkbfuo�h[t_dlh\��Imklv�kh\f_klgh_�

khklhygb_�kemqZcgh]h�h[t_dlZ�hibku\Z_lky�ghjfbjh\Zggufb�kh\f_klgu�

fb�jZkij_^_e_gbyfb� ij i jp p p= �b� ij i ju u u= �ijb�klZlbklbq_kdhc�g_aZ\bkb�

fhklb�^\mo� kemqZcguo� h[t_dlh\��Bf__l�f_klh� k\hckl\h�g_Z^^blb\ghklb�

f_j�bgnhjfZpbb 

 ( ) ( ) ( )
( ) ( )

1 2
12 2

1 1 21
q q

q
q q

H p H p
H p

H p H p

+
=

− ε
,  (6.7.8) 

 ( ) ( ) ( )
( ) ( )

1 1 2 2
12 12 2

1 1 1 2 2

: :
:

1 : :
q q

q
q q

I p u I p u
I p u

I p u I p u

+
=

− ε
,  (6.7.9) 

]^_�d\Z^jZl�iZjZf_ljZ�bf__l�agZq_gb_ ( )22
1 1 qε = − . 

Ijb� 1q = � ba� �������� b� �������� ke_^m_l� Z^^blb\ghklv� ^ey� wgljhibb�

R_gghgZ–<bg_jZ�b�bgnhjfZpbb�jZaebqby�Dmev[ZdZ–E_c[e_jZ� 
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��� Wgljhiby� jZ\gh\_jhylgh]h � khklhygby�� Wdklj_fmf� wgljhibb�
ijb�mkeh\bb�khojZg_gby�ghjfbjh\db�jZkij_^_e_gby� p �^Z_l�jZ\gh\_jhyl�

gh_�jZkij_^_e_gb_ 

 
1

ip
m

= .  (6.7.10) 

Wdklj_fZevgh_�agZq_gb_�wgljhibb�ijb�jZ\gh\_jhylghf�khklhygbb 
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q

−  =
−  

  (6.7.11) 

aZ\bkbl� hl� iZjZf_ljZ� q �� Ijb� 1q = � ba� ��������� ke_^m_l� ba\_klgh_� 
\ujZ`_gb_ 

 ( ) ( )1 21
lim logqext extq

H p H p m
→

= = .  (6.7.12) 

���BgnhjfZpby�jZaebqby�k� 1iu m= .�BgnhjfZpby�jZaebqby�\�kh�

klhygbb�k�jZkij_^_e_gb_f� p �hlghkbl_evgh�jZ\gh\_jhylgh]h�khklhygby�k�

1iu m= �jZ\gy_lky 
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q q
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q

−  
    =

−  

∑
.  (6.7.13) 

<aZbfhk\yav�f_`^m�nmgdpbhgZeZfb� ��������� ���������b� ���������hljZ�

`_gZ�\�jZ\_gkl\_ 
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( ) ( )
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1

:
1

q qext
q

q qext

H p H p
I p u

H p H p

−
=

+ ε
.  (6.7.14) 

Kh]eZkgh�g_jZ\_gkl\Zf���������ba����������\ul_dZ_l 

 ( ) ( )q q ext
H p H p<   �ijb� 0q > ,  (6.7.15) 

 ( ) ( )q q ext
H p H p>   �ijb� 0q < .  (6.7.16) 

Ke_^h\Zl_evgh��wgljhiby�f_gvr_��[hevr_���q_f�wgljhiby�jZ\gh\_jhylgh�

]h�khklhygby�ijb� 0q >  ( )0q < . 

���F_jZ�g_lhqghklb��F_jm� klZlbklbq_kdhc� g_lhqghklb� hij_^_ebf�

nmgdpbhgZehf 
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( ) ( )2
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:
:

1 :
q q

q
q q

H p I p u
H p u

H p I p u

+
=

− ε
,  (6.7.17) 
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dhlhjuc� khhl\_lkl\m_l� aZdhgm� dhfihabpbb� f_j� bgnhjfZpbb� \� ljb]hgh�

f_ljbq_kdhf�\b^_ 

 ( ) ( ) ( )
( ) ( )
1 1

1

1 1

tg tg
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1 tg tg

q q

q q

q q

′ε α + ε α
 ′ε α + α =  ′− ε α ε α

  (6.7.18) 

ijb�keh`_gbb�m]eh\� qα �b� q
′α . 

<�ij_^_e_� 1q → �ba����������\ul_dZ_l�f_jZ�iehlghklb�D_jjb^`Z 

 ( ) ( ) ( )21
: lim : log

m

q i iq i
H p u H p u u p

→
= = −∑ .  (6.7.19) 

GZ�jbk�������ij_^klZ\e_gu�aZ\bkbfhklb�wgljhibb� ( )qH p ��bgnhjfZ�

pbb� jZaebqby� ( ):qI p u � b�f_ju� g_lhqghklb� ( ):qH p u � hl� jZkij_^_e_gby�

ijb� 2m= , 2q = , 1p p= �b�Z�� 1 1 3u = ��[�� 1 1 2u = . 
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TTT
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( ) ( ) ( )XS+XS,S+
TTT

����   
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Z [ 
Jbk� ����� AZ\bkbfhklb nmgdpbhgZeh\ hl jZkij_^_e_gby� 

1 – wgljhiby ( )qH p , 2 – bgnhjfZpby jZaebqby ( ):qI p u ,  

3 –f_jZ g_lhqghklb ( ):qH p u  

 
���Ghjfbjh\Zgghklv � b� jZaf_jghklv�� ?^bgbpZ� baf_j_gby� bgnhj�

fZpbb� \� ^Zgghc� fh^_eb� hij_^_ey_lky� h^gbf� [blhf�� K\yav� f_`^m� jZk�

kfZljb\Z_fufb�ghjfbjh\Zggufb�b�nbabq_kdbfb�[_ajZaf_jgufb�f_jZfb�

bgnhjfZpbb 
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pθθ
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Γ = θ ∂θ 

∑   (6.7.25) 

_klv�bgnhjfZpby�Nbr_jZ�h�\_ebqbg_�g_nemdlmbjmxs_]h�iZjZf_ljZ� θ �\�

l_hjbb�hp_gb\Zgby�fZl_fZlbq_kdhc�klZlbklbdb�>������������������@� 
8. f-wgljhiby�b�f -bgnhjfZpby�jZaebqby��Wgljhiby�b�bgnhjfZpby�

jZaebqby�ij_^klZ\eyxl�kh[hc�nmgdpbb�ihemghjf�jZkij_^_e_gbc� 



 341
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    
       =

−
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�����=_hf_ljbq_kdb_�ij_^klZ\e_gby�f_j�bgnhjfZpbb� 
\�fh^_eyo��OZ\j^Z–QZj\Zl–>Zjhrb�b�J_gvb 

Kh]eZkgh� j_amevlZlZf� jZa^_eZ� ����� aZibr_f� aZdhg� dhfihabpbb� wg�

ljhibc�OZ\j^Z–QZj\Zl–>Zjhrb�\�Lbi_�IA  

 1 2 1 2 1 2H H H H H H H= = + + εD ,  (6.8.1) 

]^_� \� �������� ijbgbfZ_lky� 2 0ε = � b� 1 1 qε = ε = − � ^ey�nbabq_kdhc� [_ajZa�

f_jghc� wgljhibb�� >ey� g_aZ\bkbfuo� h[t_dlh\� kijZ\_^eb\h� g_jZ\_gkl\h�

1 H− ε < < ∞ �� AgZq_gb_� ( )1− ε � g_� y\ey_lky� we_f_glhf� ]jmiiu�� lZd� dZd�

h[jZlguc�we_f_gl�hl�wlh]h�agZq_gby�hklZ_lky�g_hij_^_e_gguf�\\b^m�gZ�

jmr_gby�^hihegbl_evgh]h�mkeh\by�\�hij_^_e_gbb����������H^gZdh�\uihe�
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D ,  (6.8.7) 

 
1 1

1 2 2 1

1 1

H H H H− −+ = −ε
D D

, (2) 22H H H H H= = + εD ,  (6.8.8) 
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<\_^_f� ij_^klZ\e_gby� Z[_e_\hc� ]jmiiu� wgljhibc� nmgdpbyfb�

( )1 Hϕ � b� ( )2 Hϕ �� dhlhju_� gZoh^ylky� \� ke_^mxs_f� khhl\_lkl\bb� k� we_�

f_glZfb�wgljhibc 

 ( ) ( ) ( ) ( ) ( ) ( )1 1 1 2 1 1 2 2 1 2 2 1H H H H H H Hϕ = ϕ = ϕ ϕ + ϕ ϕD ,  (6.8.17) 

 ( ) ( ) ( ) ( )2 2 1 2 2 1 2 2H H H H Hϕ = ϕ = ϕ ϕD .  (6.8.18) 

Nmgdpbb� k� mkeh\byfb� ( )1 0 0ϕ = � b� ( )2 0 1ϕ = � m^h\e_l\hjyxl� ke_�

^mxs_fm�jZ\_gkl\m 

 ( ) ( ) ( )2
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gh�\ul_dZxl�\ujZ`_gby 

 ( )1

2

1

H
H

H

εϕ =
+ ε

, ( )2

1

1
H

H
ϕ =

+ ε
,  (6.8.20) 
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q q

εα + εα
 ε α + α =  + εα εα

.  (6.8.22) 

>Ze__�^ey�kemqZy�]jmiiu�wgljhibc�hij_^_ebf�^\mf_jgh_�ijhkljZg�

kl\h�k�dhhj^bgZlgufb�hkyfb� η �b� ξ ��Ijhba\hevgZy�lhqdZ�\�wlhc�kbkl_f_�

dhhj^bgZl��aZ^ZggZy�jZ^bmk-\_dlhjhf� ( ),= η ξR
G

��hij_^_ey_lky�jZkklhygb�

_f�beb�^ebghc� R
G

�hl�p_gljZ�dhhj^bgZl�b�m]ehf� qα ��qlh�hljZ`Z_lky�kh�

hlghr_gbyfb 

 ( ) ( )cosh 2 sinh 2q
q qe

−να  η = εα + εα R
G

,  (6.8.23) 

 ( )sinh 2q
qe

−ναξ = εαR
G

 .  (6.8.24) 

Lh]^Z�ihemqbf�\ujZ`_gb_ 

 ( ) 2,F

ν
ε η + εξ= η ξ = η + εηξ η 

R
G

  (6.8.25) 

k�wd\b\Ze_glghc�nhjfhc 

 
( )1 1

2
exp arctgh 1 ,

1 2

H H

H
H

H

ν
ε= η + ε + ε =

   ε = η ν + ε   + ε    

R
G

 

 (6.8.26)

 

]^_� ( ) ( )tgh 2 1 tgh 2 2q q H εα − εα = ξ η = ε  . 

Ij_h[jZah\Zgb_�dhhj^bgZl 

( )
( )

( ) ( ) ( )
( )

2

2

cosh 2
0

sinh 2

cosh 21
sinh 2

2 sinh 2

q

q

q

q

q

q

q

q

e

e

e

−να

εα

−εα

′ξ 
  = × 
 ′η 

  εα +   =   ξ + εα     ×     εα − η   εα = ε − εα    

  

(6.8.27)
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ijb�ih\hjhl_�bkoh^ghc�kbkl_fu�dhhj^bgZl�gZ�m]he� qα �hklZ\eyxl�nhjf-

bg\ZjbZglguf�agZq_gb_�jZkklhygby���������� 
:gZeh]bqgh� hij_^_eyxlky� nhjfmeu� ^ey� ]jmiiu� bgnhjfZpbc� 

jZaebqby� 
JZkkfZljb\Z_fu_�^\mf_jgu_� ]_hf_ljbb�f_j�bgnhjfZpbb� _klv� ]_h�

f_ljbb� iehkdbo� b� ]eh[Zevgh� Zgbahljhiguo� f_ljbq_kdbo� ijhkljZgkl\�

Fbgdh\kdh]h� >��@� k� f_ljbq_kdhc� nmgdpb_c� ���������� :gbahljhiby� ijh�

kljZgkl\�oZjZdl_jbam_lky�iZjZf_ljZfb� ν �b� ε ��Ij_h[jZah\Zgb_�dhhj^bgZl�
���������j_Zebam_l�^\b`_gb_�ijhkljZgkl\Z�� 

F_ljbq_kdZy� nmgdpby� iehkdh]h� b� ]eh[Zevgh� Zgbahljhigh]h� ijh�

kljZgkl\Z�Fbgdh\kdh]h�^ey�fh^_eb�OZ\j^Z–QZj\Zl–>Zjhrb�ijb�mkeh\bb�

2rν = ε �bf__l�ke_^mxsbc�\b^ 

 ( )
2

2,
r

F
 η + εξ= η ξ = η + εηξ η 

R
G

.  (6.8.28) 

Hij_^_ebf�mjZ\g_gb_�bg^bdZljbku�>��@ 

 ( ), 1F η ξ = .  (6.8.29) 

?keb� 0r = �� lh� bg^bdZljbkZ� bkke_^m_fhc� ]_hf_ljbb� y\ey_lky� djb�

\hc��mjZ\g_gb_�dhlhjhc�_klv 

 
1 1 ξ = − η ε η 

.  (6.8.30) 

Ba� ��������� \ul_dZ_l� f_ljbq_kdZy� nmgdpby�� jZ\gZy� ^ebg_� jZ^bmk-
\_dlhjZ�\�Zgbahljhighc�]_hf_ljbb 

 ( ) 2,F= η ξ = η + εηξR
G

.  (6.8.31) 

GZ�jbk�������ijb\_^_gu�bg^bdZljbku�^ey�Z�� 0r = �b�[�� 4 5r = ��Eb�

gbb�1, 2�b�3�khhl\_lkl\mxl� 1 2; 1 2q = − �b��� 
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  η 

   ξ 

 1  

 3  

 2  

 3  

 1  

 2  

 

  η 

    ξ  

 1  

 3  

 2  

 3  

 1  

 2  

 
Z [ 

Jbk� ����� Bg^bdZljbku ^ey LbiZ IA : 
1 – (q = –1/2), 2 – (q = 1/2), 3 – (q = 1) 

 
=_hf_ljbq_kdh_�ij_^klZ\e_gb_�]jmii�f_j�bgnhjfZpbb�J_gvb�\�Lbi_�IV  

hlh[jZ`Z_lky�jZ\_gkl\Zfb� 

 qH = α , qI ′= −α .  (6.8.32) 

>ebgZ�jZ^bmk-\_dlhjZ�\�iehkdhc�b�]eh[Zevgh�Zgbahljhighc�]_hf_l�
jbb�f_j�bgnhjfZpbb�hij_^_ey_lky�f_ljbq_kdhc�nmgdpb_c 

 ( ) 2, exp
2

r
F

 ξ= η ξ = η  η 
R
G

  (6.8.33) 

k�wd\b\Ze_glghc�nhjfhc 

 2 exp
2

rH = η   
R
G

,   (6.8.34) 

]^_� qα = ξ η �b� 2rν = .  

Kh]eZkgh�����������bf__f�ij_h[jZah\Zgby�dhhj^bgZl 

 
1 0

1
q

q

e
−να′  ξ ξ   =      −α′η η    

  (6.8.35) 

\� ]_hf_ljbb� Fbgdh\kdh]h�� Ij_h[jZah\Zgby� j_Zebamxl� ^\b`_gb_� ijh�

kljZgkl\Z��Z�ijb� 0r = �jZkkfZljb\Z_fZy�f_ljbq_kdZy�nmgdpby�kh\iZ^Z_l�k�

^ebghc�jZ^bmk-\_dlhjZ�\�]Zebe__\hc�]_hf_ljbb 

 2= ηR
G

.  (6.8.36) 
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GZ�jbk�������ijb\_^_gZ�bg^bdZljbku�ijb� 2 3r = − ; 0 ; 1 3. 

  η 

 ξ 

 3  

 1  

 2  

 3  

 1  

 2  

 
Jbk� ����� Bg^bdZljbku ^ey LbiZ IV : 
1 – (r = –2/3), 2 – (r = 0), 3 – (r = 1/3) 

 
Lbi� II �h[s_c�deZkkbnbdZpbb�f_j�bgnhjfZpbb�a^_kv�g_�jZkkfZljb�

\Z_f��ihkdhevdm�^bkdjbfbgZgl�ljzoqe_gZ� 21 H H+ ε − ω ��beb�hij_^_ebl_ev�

d\Z^jZlbqghc�nhjfu��jZ\gy_lky�gmex�b�bf__f�\ujh`^_gguc�kemqZc��g_�

ij_^klZ\eyxsbc�bgl_j_kZ�^ey�nbabq_kdbo�ijbeh`_gbc� 
Ijb\_^_ggu_� ]_hf_ljbq_kdb_� ij_^klZ\e_gby� ^ey� jZkkfZljb\Z_fuo�

Lbih\�f_j�bgnhjfZpbb�kh\iZ^Zxl�k�^\mf_jgufb�ijhkljZgkl\Zfb�Fbg�

dh\kdh]h� \� h[h[s_gbyo� ki_pbZevghc� l_hjbb� hlghkbl_evghklb� >���� �����

���@�� _keb� \_ebqbgu� ctη = � b� xξ = � oZjZdl_jbamxl�nbabq_kdh_� \j_fy� b�

h^ghf_jgh_� jZkklhygb_�� AZdhg� dhfihabpbb� wgljhibc�bf__l� h^bgZdh\mx�

nhjfm�k�aZdhghf�dhfihabpbb�h^ghf_jguo�h^ghgZijZ\e_gguo�Zgbahljhi�

guo�kdhjhkl_c�\�ik_\^h_\deb^h\hc��_\deb^h\hc�b�]Zebe__\hc�]_hf_ljbyo� 
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A:DEXQ?GB? 

<� dgb]_� \i_j\u_� \� fbjh\hc� gZmqghc� ebl_jZlmj_� baeh`_gZ� h[sZy�

deZkkbnbdZpby�f_j�bgnhjfZpbb�k�_^bguo�ihabpbc�b�ijb\h^ylky�ijbgpb�

iu�ki_pbZevghc�l_hjbb�bgnhjfZpbb��>h�gZklhys_]h�\j_f_gb�g_�[ueh�ih�

ke_^h\Zl_evghc�l_hjbb��hibku\Zxs_c�\kz�fgh]hh[jZab_�k\hckl\�b�lbih\�

nmgdpbhgZeh\��dhlhju_�aZ\bkyl�hl�h^gh]h�b�g_kdhevdbo�iZjZf_ljh\��KlZ�

gh\behkv�\kz�[he__�ykgh��qlh�ihkljh_gb_�deZkkbnbdZpbb�lj_[m_l�baf_g_�

gby�nmg^Zf_glZevguo�ijbgpbih\��e_`Zsbo�\�hkgh\_�l_hjbb�bgnhjfZpbb�

R_gghgZ–<bg_jZ��Bkoh^ghc� hkgh\hc� y\ey_lky� ]jmiih\hc� ih^oh^�� dhlh�
juc� iha\hebe� hij_^_eblv� q_luj_� ijbgpbibZevgh� jZaebqguo� lbiZ� f_j�

bgnhjfZpbb� ^ey� gh\h]h� aZdhgZ� dhfihabpbb� k� d\Z^jZlbqghc� g_ebg_cgh�

klvx��<i_j\u_�ihdZaZgh��qlh�lZdhc�aZdhg�dhfihabpbb�bf__l�lhqgh_�]_h�

f_ljbq_kdh_� ij_^klZ\e_gb_� \� ^\mf_jguo� iehkdbo� b� ]eh[Zevgh� Zgbah�

ljhiguo�f_ljbq_kdbo�ijhkljZgkl\Zo�Fbgdh\kdh]h� 
Ij_^klZ\e_gh�fgh]h�bgl_j_kguo�j_amevlZlh\��ijbgZ^e_`Zsbo�Z\lh�

jm�� gZijbf_j�� aZdhgu� dhfihabpbb� b� deZkkbnbdZpby� f_j� bgnhjfZpbb��

nmgdpbhgZeu� ki_pbZevghc� l_hjbb� bgnhjfZpbb�� d\Zglh\u_� f_ju� b� l�i�� 
<�dgb]Zo�ih�l_hjbb�bgnhjfZpbb�h[uqgh�\dexq_gu�lZdb_�ijbdeZ^gu_�Zk�

i_dlu��dZd�dh^bjh\Zgb_�b�i_j_^ZqZ�bgnhjfZpbb�ih�dZgZeZf�k\yab��Ijh�

[e_fZ�wlZ�kebrdhf�h[rbjgZy�� a^_kv�g_�[ueh�\hafh`ghklb�hklZgh\blvky�

gZ�g_c�ih^jh[gh��H^gZdh�wlh�fh`gh�k^_eZlv�gZ�hkgh\_�jZa\b\Z_fuo�ih^�

oh^h\��qlh�b�[m^_l�ke_^mxsbf�rZ]hf�\�jZ[hlZo�Z\lhjZ��Ijb\_^_ggZy�l_h�

jby� ij_^klZ\ey_l� kh[hc� l_hjbx� k� ^h\hevgh�ijhajZqghc�fZl_fZlbq_kdhc�

hkgh\hc�b�]_hf_ljbq_kdhc�kljmdlmjhc��dhlhjZy�ijb\e_q_l�\gbfZgb_�lZd�

`_�^jm]bo�bkke_^h\Zl_e_c�  
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KIBKHD�HKGH<GUO�F?J 

JZkkfZljb\Z_fu_�h^ghiZjZf_ljbq_kdb_�wgljhibb��bgnhjfZpbb�jZa�

ebqby�b�f_ju�g_lhqghklb�m^h\e_l\hjyxl�aZdhgZf�dhfihabpbb 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

1 2 1 2
1 2

1 21

H p H p H p H p
H p H p H p

H p H p

+ + ε
= =

+ ω
D , 

( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( )

1 1 2 2

1 1 2 2 1 1 2 2

1 1 2 2

: : :

: : : :
,

1 : :

I p u I p u I p u

I p u I p u I p u I p u

I p u I p u

= =

+ − ε
=

+ ω

D

 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

: :
: :

1 :

H p I p u H p I p u
H p u H p I p u

H p I p u

+ − ε
= =

+ ω
D . 

<uibr_f�hkgh\gu_��ijbgpbibZevgh�jZaebqgu_�ghjfbjh\Zggu_�f_�

ju�bgnhjfZpbb 
1. 0, 1qε = ω = =  

 ( )
( )2log

m

i i
i

m

i
i

p p
H p

p
= −

∑

∑
 (R_gghg�D��>��@��<bg_j�G� [5]), 

 ( )
2log

:

m
i

i
i i

m

i
i

p
p

u
I p u

p

 
   =

∑

∑
 (Kullback S., Leibler R.A. [88]), 

2. 0ε = ω =  
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 ( ) 2

1
log

1

m
q
i

i
q m

i
i

p
H p

q p
=

−

∑

∑
 (Renyi A. [103]), 

 ( )
1

2

1
: log

1

m
q q
i i

i
q m

i
i

p u
I p u

q p

−

=
−

∑

∑
 (Renyi A. [103]). 

3. 0ω =  

 ( ) 1

1
1

1 2

m
q
i

i
q q m

i
i

p
H p

p
−

 
 
 = −

−  
  

∑

∑
 (Havrda J., Charvat F. [78], Daroczy. Z. [72]), 

 ( )
1

1

1
: 1

1 2

m
q q
i i

i
q q m

i
i

p u
I p u

p

−

−

 
 

= − 
−  

  

∑

∑
 (Rathie P.N., Kannappan P. [101]). 

4. 0,ω = ε → −ε  

 ( )

1

1

1
1

1 2

m
q
i

i
q q m

i
i

p
H p

p

−

−

    
  = − −  
     

∑

∑
 (Landsberg P.T., Vedral V. [90]), 

 ( )

1
1

1

1
: 1

2 1

m
q q
i i

i
q q m

i
i

p u
I p u

p

−
−

−

    
  = − −  
     

∑

∑
 (AZjbih\�J�=� [21]). 

5. 0, 0ε = ω >  

 ( )

2

2(1 )

2(1 ) 2

1
1 2

1 2
1

m m
q
i iq

i i
q q m m

q
i i

i i

p p

H p

p p

−

−

  −  +   =  −   +     

∑ ∑

∑ ∑
 (AZjbih\�J�=� [21]), 
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 ( )

2
1

2(1 )

2(1 ) 2
1

1
2 1

:
2 1

1

m m
q q
i i iq

i i
q q m m

q q
i i i

i i

p u p

I p u

p u p

−
−

−
−

  −  +   =  −   +     

∑ ∑

∑ ∑
 (AZjbih\�J�=� [21]). 

6. 2 4 0, 0ε + ω = ω <  

 ( ) ( )
( )

ln
1 1 ln 2

1 ln 2
1 ln

m m
q
i i

i i
q m m

q
i i

i i

p p
q

H p
q

p p

  
  + −   =

−   +     

∑ ∑

∑ ∑
��^ZggZy�dgb]Z�� 

 ( ) ( )
( )

1

1

ln
1 1 ln 2

:
1 ln 2

1 ln

m m
q q
i i i

i i
q m m

q q
i i i

i i

p u p
q

I p u
q

p u p

−

−

  
  + −   =

−   +     

∑ ∑

∑ ∑
 �^ZggZy�dgb]Z�� 

7. 2 4 0, 0ε + ω < ω <  

( ) ( )( )
( )( )

1
tg ln

1 tg 1 ln 2 2 2

tg 1 ln 2 2 1
1 tg ln

2

m m
q
i i

i i
q m m

q
i i

i i

p p
q

H p
q

p p

   
   − −       =  −       −       

∑ ∑

∑ ∑
 (̂ ZggZy�dgb]Z�� 

( ) ( )( )
( )( )

1

1

1
tg ln

1 tg 1 ln2 2 2
:

tg 1 ln2 2 1
1 tg ln

2

m m
q q
i i i

i i
q m m

q q
i i i

i i

p u p
q

I p u
q

p u p

−

−

   
   + −       =  −       +       

∑ ∑

∑ ∑
 �^ZggZy�dgb]Z�� 

8. 0, 0ε = ω <  

 ( ) ( )

tg ln

tg 1 ln 2

m m
q
i i

i i
q

p p

H p
q

 
  =

−  

∑ ∑
��^ZggZy�dgb]Z�� 

 ( ) ( )

1tg ln

:
tg 1 ln 2

m m
q q
i i i

i i
q

p u p

I p u
q

− 
  =

−  

∑ ∑
��^ZggZy�dgb]Z�� 

>jm]b_� ba\_klgu_� \ujZ`_gby� f_j� h[jZamxlky� ebg_cgufb� aZ\bkb�

fhklyfb�ijb\_^_gguo�f_j�b�jZaebqZxlky�mkeh\byfb�ghjfbjh\db�beb�mk�

j_^g_gby� 
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KIBKHD�EBL?J:LMJU 

1. ;hevpfZg�E��Fhe_dmeyjgh-dbg_lbq_kdZy�l_hjby�]Zah\��l_jfh^b�
gZfbdZ�� klZlbklbq_kdZy� f_oZgbdZ�� Ba[jZggu_� ljm^u�� F��� GZmdZ�� ������ 
����k� 

2. ;jbeexwg�E��GZmdZ�b�l_hjby�bgnhjfZpbb���F���BE������������F� 
3. ;jbeexwg� E�� GZmqgZy� g_hij_^_e_gghklv� b� bgnhjfZpby�� F���

Fbj������������F� 
4. ;mj[Zdb� G�� Bgl_]jbjh\Zgb_� �f_ju�� bgl_]jbjh\Zgb_� f_j��� F���

GZmdZ������������k�� 
5. <bg_j�G��Db[_jg_lbdZ��F���Kh\��jZ^bh������������k� 
6. =b[[k� >`�� <�� L_jfh^bgZfbdZ�� KlZlbklbq_kdZy� f_oZgbdZ��
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jZkij_^_e_gb_ 93, 96 
;hevpfZgZ�G-l_hj_fZ 65 
;jbeexwgZ�g_]wgljhibcguc 
ijbgpbi 48 

<_k��� 
<_jhylghklv 13 
<a\_r_ggh_�kj_^g__������� 
–�]_hf_ljbq_kdh_��� 
–�Dhefh]hjh\Z–GZ]mfh���� 
–�g_ghjfbjh\Zggh_�OZ\j^Z- 
QZj\Zl���� 

– –�k�ijhba\hevghc�nmgdpb_c���� 
–�ghjfbjh\Zggh_��� 
– h[jZlgh-]Zjfhgbq_kdh_���� 
<uimdehklv���0 
–�f_j�bgnhjfZpbc������� 

=zev^_jZ�g_jZ\_gkl\h 114 
=b[[kZ�jZkij_^_e_gb_ 

–�dZghgbq_kdh_��� 
–�nZah\h_�ijhkljZgkl\h 17, 95 
=jmiiZ���� 
–�fZljbp��������� 
–�jZkij_^_e_gbc  
–�kemqZcguo�wgljhibc���� 
–�kj_^gbo�wgljhibc���� 
–�nmgdpbc��������� 

>bkdjbfbgZgl���� 
>bki_jkby 16, 170 

Bahfhjnbaf�]jmiiu 216 
Bg\ZjbZglghklv���� 
Bg^bdZljbkZ��������� 
BgnhjfZpby��� 
– f_jZ�R_gghgZ–<bg_jZ 27 
– f_jZ�Nbr_jZ�60 
–�f_jZ�OZjleb 34, 72 
– jZaebqby�^ey�N_jfb-�b� 
;ha_-]Zah\ 85 

– – ̂ \moiZjZf_ljbq_kdZy�153 
– –�d\ZabdeZkkbq_kdZy�� 
– –�d\Zglh\Zy�h[h[s_ggZy���� 
– – k-iZjZf_ljbq_kdZy��������� 
– –�Dmev[ZdZ–E_c[e_jZ��� 
– –�g_klZg^ZjlgZy�153 
– –�g_ghjfbjh\ZggZy���� 
– –�gh\Zy�g_Z^^blb\gZy 250 
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– –�JZlv_–DZggZiiZgZ���� 
– –�J_gvb 124, 125 
– –�kemqZcgZy�������� 
– –�mkeh\gZy�������� 
– –�RZjfZ–FbllZeZ�290 
BgnhjfZpbhgguc�d�i�^�� 
ij_h[jZah\Zgby�wg_j]bb 64 

–�dhwnnbpb_gl�dhjj_eypbb 51 
BgnhjfZpbhggZy�fZljbpZ 59 
BgnhjfZpbhggh_�g_jZ\_gkl\h 28, 41 
BgnhjfZpbhgguc�jZ^bmk��� 
BgnhjfZpbhggh_�jZkklhygb_ 51 
BgnhjfZpbhggZy�nmgdpby�
>Zjhrb�������� 

DZgZe�k\yab��� 
D\Zglh\u_�khklhygby�;ha_��� 
Dh\ZjbZpbc�fZljbpZ��� 
Dhfihabpbb�aZdhg�215, 218, 222 
Dhjj_eypbb�dhwnnbpb_gl 16, 51 
Dhjj_eypby 40 
q-jZkij_^_e_gb_ 163, 211 

Eyimgh\Z�nmgdpby 64 

F_jZ��� 
–�d\Zglh\Zy��� 
–�fmevlbnjZdlZevgZy 155 
–�g_lhqghklb���� 
– –�d\Zglh\Zy��� 
– –�D_jjb^`Z��� 
– klZlbklbq_kdh]h�jZkklhygby���� 
–�OZmk^hjnZ���� 
–�Q_jgh\Z���� 
F_ljbq_kdZy�nmgdpby�������������� 
Fbgdh\kdh]h�g_jZ\_gkl\h 114 
Fhf_glu 16, 170 
FmevlbiebdZlb\ghklv�������� 

G_Z^^blb\ghklv���� 
G_h[jZlbfhklv 65 
G_jZ\_gkl\h�JZh–DjZf_jZ 60 
GhjfZ 114 
Ghjfbjh\Zgghklv��� 
Ghjfbjh\dZ�jZkij_^_e_gby 14 

H[jZlbfhklv��� 
Hi_jZlhj 66 
–�iehlghklb��� 
Hldehg_gb_�kemqZcgh_�������� 
Hlh[jZ`_gb_�]jmii���� 

IZjZf_ljbah\Zggh_� 
jZkij_^_e_gb_ 58, 125 

IZjZklZlbklbdZ��� 
I_j_oh^u�kihglZggu_��� 
Ihe_aghklv���� 
IhemghjfZ��������� 
Ij_^klZ\e_gb_�]jmiiu���� 
Ijbgpbi�\ZjbZpbhgguc  
–�fZdkbfmfZ�wgljhibb 54, 210 
–�fbgbfmfZ�bgnhjfZpbb� 
jZaebqby 56, 212 

– –�kj_^g_]h�]_hf_ljbq_kdh]h��� 
IjhkljZgkl\h�Fbgdh\kdh]h���� 
–�nZah\h_��� 

JZ\gh\_kb_�ihegh_��� 
–�qZklbqgh_ 65 
JZaf_jghklv��� 
JZkij_^_e_gb_�kh\f_klgh_ 28 
–�jZ\gh\_jhylgh_��� 
–�mkeh\gh_ 29 
–�qZklgh_ 119 
JZkoh`^_gb_�������� 

K\h[h^gZy�wg_j]by 61, 213 
Kbff_ljbqghklv��� 
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Kbkl_fu�bgnhjfZpbhggu_� 
KlZlbklbdZ�;ha_–Wcgrl_cgZ��� 
–�d\ZabdeZkkbq_kdZy��� 
–�FZdk\_eeZ–;hevpfZgZ��� 
–�N_jfb–>bjZdZ��� 
–�nbabq_kdZy 94 
KmffZ�k�ijhba\hevghc�nmgdpb_c���� 

L_fi_jZlmjZ�Z[khexlgZy 61 
L_hj_fZ�=b[[kZ 63 
–�h�fbgbfZevghc�jZ[hl_ 64 
L_jfh^bgZfbdb�bgnhjfZpbhgguo 
ijhp_kkh\�mjZ\g_gby 63, 65 

Mihjy^hq_gghklv�khklhygbc 63 

NemdlmZpby������������� 
NhjfmeZ�R_gghgZ��� 
f -\a\_r_ggh_�kj_^g__� 
–�g_ghjfbjh\Zggh_���� 
–�ghjfbjh\Zggh_��� 
–�k�ijhba\hevghc�nmgdpb_c���� 
f -�bgnhjfZpby�jZaebqby��� 
f -�ihemghjfZ 
–�g_ghjfbjh\ZggZy���� 
–�ghjfbjh\ZggZy���� 
f –�wgljhiby��� 
Wdklj_fmf�ihemghjfu���� 
We_f_gl���� 
–�_^bgbqguc��������� 
–�h[jZlguc��������� 

–�ijhlb\hiheh`guc���� 
– khijy`_gguc��������� 
Wg_j]by�kj_^gyy��� 
Wgljhibcgh_�jZkklhygb_��� 
Wgljhiby� 
–�:jbfhlh���� 
–�;_j]Z���� 
–�;hevpfZgZ–=b[[kZ��� 
–�<_cjey���� 
–�^\moiZjZf_ljbq_kdZy��������� 
–�^ey�N_jfb-�b�;ha_-]Zah\������� 
–�d\Z^jZlbqgZy���� 
–�d\ZabdeZkkbq_kdZy��� 
 
–�EZg^k[_j]Z–<_^jZeZ���� 
–�G_cfZgZ��� 
–�gh\Zy�g_Z^^blb\gZy���� 
–�J_gvb���� 
–�kemqZcgZy��� 
–�ljb]hghf_ljbq_kdZy���� 
–�nbabq_kdZy��� 
– –�jZaf_jgZy��� 
–�mkeh\gZy��� 
–�OZ\j^Z–QZj\Zl–>Zjhrb���� 
–�RZjfZ–FbllZeZ���� 

(h, φ) -wgljhiby���� 
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(in Russian) 
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SUMMARY: This book is devoted to the newest results of the statisti-
cal theory of the information, preternatural traditional conclusions. Along with 
Shannon-Wiener statistical model the regular statement of models Renyi and 
Havrda & Charvat- Daróczy with quantum generalizations is resulted. On the 
basis of the new law of a composition of measures with square-law nonlinear-
ity the group approach to a determination of the parameterized measures of the 
information is carried out and their general classification is reduced. For the 
first time essentially various four types entropies and the discrimination infor-
mation dependent on one or several parameters are derived. Principles of the 
special theory of the information based on statistical models of new measures 
with geometrical representations are given. 
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