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I'1aBa 1.

BBenenne

[Ipemraraemerit Kypc mMeeT CBOEIl IEIbI0 TOMOYb A0UTYPUEHTAM BBIC-
muX yIeOHBIX 3aBEJICHU B IPEIBAPUTEILHOM OCBOCHUN HA30BBIX MATEMa~
TUYECKUX MOHSTUN M METO/IOB HEOOXOMUMBIX JIJIsl MTOJIydeHus Ipodeccrno-
HaJIbHOM IIOJIOTOBKU II0 CIIEIUAJIBHOCTSIM, UCIOJIb3YIOIMINM alllapaT BbIC-
meil MaTeMaTUuK KaK WHCTPYMEHT HayJHOI'O MCCJIeOBaHUS.

B yuebroM mporiecce OH MOXKET TaKKe OKa3aThCsl TOJE3HBIM s JIUIL,
HE UMEIOIUX JIOCTATOYHOTO OIBITA N3y YeHN MATEMATHIeCKUX IACIIATLIAH
HA PYCCKOM SI3BIKE.

Ciestiyer oT™MeTHTH, YTO KypC HE HpeTeH/lyeT HU Ha IOJIHOTY TeMa-
TUKU MaTepuajia, HU Ha BBICOKYIO (POPMAJIbHYIO CTPOrOCTH U3JIOXKEHWUS,
IMOCKOJIBbKY IPEIIIOJIATAeTCs, 9TO U3yUYeHNe OCHOB BBICIIEN MaTEMAaTUKU B
MTOJTHOM 00'b€M€ BXOJUT B JAJIbHEHINNE TIJIAHbl TUTATEIIH.

JlaHHBIH KypC, BKIIOYAIONINNA KAK TEOPETUIECKIE 3aHATHS, TAK 1 IPaK-
THYECKUE YIPAXKHEHUSI, COJAEPKUT CJICIYIONIE PA3IeIbl:

— MATPUILI U CUCTEMbBI JINTHEHHBIX YPABHEHUIA,

— (OYHKIMH, [TOC/IEI0BATEILHOCTU U IIPEJIEIbI,

— 3JIEMEHTHI AHAJTUTUIECKON T€OMETPHUH,

— MPOWM3BOJIHBIE, HHTETPAJIBI U PSIJIBI,

— OCHOBBI TEOPUU BEPOATHOCTEH U MATEMATUIECKONW CTATUCTUKHY.

[TomobHast cTpyKTypa He SIBJISIETCS TPAIUIIMOHHON JjIsi yIeOHBIX Kyp-
coB BoIcIeil MmaTemaTuku. Kak cojiepzkanne ee pa3/iesios, Tak U [MOCIEI0Ba~
TEeJILHOCTD U3JI0KEHUST MaTepUaJia B IEPBYIO OUepe b 00YCIOBICHBI 3a,1a-
4eit popMupoBanus 0a3bl 3HAHUI, HEOOXOAUMOM JIJTs YCIIEIITHOTO OCBOCHU S
OCHOBHBIX MOHSATHII ¥ METOJIOB BBICIIENl MATEMATUKU CTY/IEHTAMU CAMBIX
PA3JIMYHbIX CIEIAAJIA3AIIUA.



1.1. HekoTopsble 1oJie3Hble CBEeJeHUsI U3 Kypca
3JIeMEeHTapHON MaTeMaTUuKu

XoTsa M3HAYAIBHO MPEIIIOJIATAeTCs, ITO CTYIEHTHI BIAIEIOT OCHOBAMU
JIEMEHTAPHON MaTeMaTUKd B 00beme y4eOHBIX IPOrpaMM CPeIHEH KO-
JIBI, TIPEJICTABJISIETCS TEJIECOOOPA3HBIM TIPUBECTH (B CIIPABOIHON (hopme)
IepevyeHb HEKOTOPBIX CBEIEHUi, UCIIOJIB3YEMBIX B PAMKaX IIPEJJIaraeMoro

Kypca.

1°. Yucjaa u ux BUABI
Kaxk u3BecTHo, OCHOBHBIM OOBEKTOM U3YUEHUST B MATEMATHUKE SIBJISIIOT-
Csl WUCAA, JJIS COBOKYITHOCTH KOTOPBIX, HA3BIBAEMOI “UCAOBVIM MHOMHCE-
€MB0OM, BO3MOXKHO BBIIIOJIHEHUE OIEPAIVii CDABHEHUSI, CJIOXKEHUsI, YMHO-
JKEHUS U T.J.
Yucsta pa3mensaorcs Ha
— HAMYPAALHBLE, BOSHUKAIOIINE IPU CUYeTe KAKUX-TN00 00HEKTOB,
— yeavle, MHOYKECTBO KOTOPBIX COCTOUT U3 HATYPAJbHBIX ‘CO 3HAKOM U
qncIa “HOJIb”,
— PAYUOHAALHDIE, TIPEICTABAMbBIE B BUJIE€ HECOKPAIIAEMOrO OTHOIIEHUSI
JBYX TIEJIBIX IUCEN U
— uppayuonasvHbe, (GOPMOI IPEICTABIEHUs] KOTOPBIX sIBJISIETCST OECKO-
HEYHAsT HETIEPUOINIeCKasl TeCATUIHAs TPO0b.
B kadecrBe 0011€ro Ha3BaHUsI PAIMOHAJBHBIX U UPPAIMOHAJBHBIX UU-
CeJI UCIIOJIB3YETCsI TEPMUH GEULCTNBERHBIE YUCA.

2°. @OopMyJIbI COKPAMIEHHOTO yYMHOXKEHMUST
st mo0bIX guces a u b cripaBeInBbl paBEHCTBA

(a+b)? = a? + 2ab + b?,
(a—b)? = a% — 2ab + b?,

a?—b* = (a+0b)(a—0b),

(a+b)® = a® + 3a%b + 3ab® + b3,
(a —b)3 = a® — 3ab + 3ab* — b3,
a® +b% = (a+0b)(a® — ab+ b?),
a’ — b3 = (a—b)(a® + ab + b?).

Hamomuum Takke, ITO A JTIOOBIX HEOMPUUAGMEADLHLIL TUCET a4 U b
UMeeT MeCTO COOTHOIIeHWe ¢ + b > 2+v/ab, mpudeM 1O OIpeesIeHUIO



3°.

40

5°.

apudMeTUIecKOro KBaJpaTHOro KOPHs NPUHUMAETCS, 9TO

/5 _ _ a,ecau a > 0,
“ lal —a,eciu a < 0.

Ormerum, 910 |a| — abcoaromnylo 8esusuny IUCIa a4, IPUHIATO TAKIKe
Ha3bIBATb MOOYAEM Q.

Jluneiinble ypaBHEeHUS
VYpaBHeHnue BuIa
axr+b=0,

rjle T — HEM3BECTHOE, a a # 0 u b — PUKCUpOBAHHbBIE YNC/IA, HA3BIBAETCS

AUHETHDLM T TMEeT CAMHCTBEHHOE penieHne r = -a-

. KBajipaTHbIE ypaBHEHUS

YpaBHeHUEe BUJIA
az® +bx+c=0,

rje T — Heu3BecTHOe, a a # 0, b u ¢ — pukcupoBaHHbIE YNCTIA, HA3BIBA-
ercst K6adpamHovim U UMeeT
upu D > 0 dsa pentenns

—b++VD —b—+D
= — " = —

x1 T2 =
2a 2a

rie duckpumunanm D = b? — dac
upu D = 0 odno perienue

b
rT=——/;
2a
npu D < 0 ne umeem pemieHwuil.
Eciiu KBaJipaTHOE ypaBHEHHE HMeeT KOPHHU, TO OYLyT BBIIOJHATLCS CIIe-
nytoue paBeHcTBa (meopema Buema)

c
X1 +To=—— U X1 -To=—.
a a
Crenenu u ux cBoiicTBa

Cmenenvto wucaa a nopadka k (k — HATypasbHOE UHCIIO, HE MEHb-
mee, wem 2), obosHauaeMoil aF, HasbIBaeTCS TpoOW3BesEHWE BUIA



a-a-a-..-a-a. B 3TOM ciiydae UHUCIO @ HA3BIBAIOT OCHOBAHUEM, &
k comHOXKUTEIEH
qucyio k — noka3amenem CTEIeHNU.
Crenenn ¢ HaTypaJbHBIM ITOKa3arejeM k > 2 00J1aJat0T OYeBHIHBIME
CBOMCTBaMMU:
1) an+m =am. a/m;
2) (@)™ = a™™.
IlonaTue cremeHn MOIOKUTEILHONO W HE PABHOIO €IUHUIBI TUCTA ¢
MOKHO 00OOIIUTE Ha CJIytail, KOT/Ia ee TI0Ka3aTesb eCTh JIoboe paImo-
HaJIbHOE YUCJIO BUJa p = %, TO ecTb uucaa m u n # 0 jobble nesble.
Jis sToro (no onpedeseruio) TPpUHUMAIOT, 9TO i Jiioboro a > 0 u
a # 1 BBINIOJHSAIOTCST PABEHCTBA,

_ 1 1
alza; aozl; a "= —; am = ¥/a.

Tora 1 crerneHeit ¢ panuoOHAIHLHBIM [TOKA3aTe/IeM TaK»Ke Oy/IyT cipa-
BeJIUBLI cBOficTBa 1) 1 2):

1) Pt = aP - a¥;

2) (aP)? = aP.
B kypce mMaTemMaTnuecKoro aHaJmM3a JI0Ka3bIBAETCs, IYTO COOTHOIIECHUS
1) u 2) GyayT CupaBeIUBLL U JJIs JIOOBIX BEIMIECTBEHHBIX YUCET D U ¢,
Ipu JIIOOOM TTOJIOKUTETHHOM, He PABHOM €/IMHUIIE BEIIECTBEHHOM 9UCJTE
a. @yuknusg y = a®, a > 0, a # 1 HaspBaercs nokaszamesvrol. Ha
puc.l.1 nokazan Buj ee rpacduka upu a = 3.

YA

Puc. 1.1. I'paduk nokasarespbHOM DYHKITUT

6°. JlorapndMbl 1 nx cBOMCTBa



Jozapupmom nosostcumenvrozo wucaa a no ocroganuio b (b — moso-

JKUTesIbHOE 1ncio u b # 1), obosnavtaembim logy, a, Ha3BIBAETCS NOKA3aA-

meas cmeneru, B KOTOPYIO CJIEJIyeT BO3BECTU THUCJIO b, ITOOBI IOy IUTh

9UCTIO a.

Yucso b mpuHATO HA3BIBATH 0ocHOBaHueMm Jorapudma. OTmMeTnM, 9TO
JIAHHOE OITpejieJIEHIe MOYKHO TaKKe IPEJICTABUTH B BUJIEe (DOPMYJIBI

posa —q  a>0, b>0, b#1,

KOTOPYIO HA3BIBAIOT OCHOBHHLM A02GDUPMUHECKUM MOHCIECTNEOM.

Jljis 9aCcTO UCHOJIB3yeMbIX Ha IMPAKTUKE JECATUIHBIX JIOrapudMoB (To
ecTb JorapudMoB 110 ocHoBaHuo 10) 1yIsl yIPOIIEHNs 3alUCU IPUMEHIeTC
crenuasbHoe obo3Hadenue log,,a = lga. Ilo Toit ke nmpuunHe B BhICIIEi
MaTeMaTuKe JorapudMbl 110 OCHOBAHUIO € (HPPAIMOHAIBHOE HYUCIO € A2
2.72...), Ha3BIBAEMBIE HAMYPAALHBIMU, 0003HAUAOT log, a = Ina.

Jlorapudmbl J1J1s1 JTFOOBIX ITOJIOXKUTEJIBHBIX YUCeNT a, b, ¢ u ¢ # 1 objra-
JTAIOT CJIEJYIOMIAMH, BBITEKAIOIIMMHI U3 UX OMpPE/IEJIEHHsI, CBOICTBAMU:

1) log, ab = log,.a + log, b;
2) log, % = log.a — log.b;
3) log, a® = blog, a;
4) log,a = igi’;? b#1.
Dopmyity 4) MOXKHO HCIOJIL30BATH JYIsl [IEPEXOJa OT OJHOIO OCHOBAHUS

sgorapudma K apyromy. Hanpumep, log, 17 = llgg7127

Oynkuuda y = log, x, a > 0, a # 1 HazpBaeTca wo2apupmuveckod. Ha
puc.1.2 nokazan Buj ee rpaduka opu a = 3.

7°. Tpuronomerpudeckue pyHKIIUUA, TOXKJECTBA U YPAaBHEHUS

HarmomaiM, 9TO yIiIbl MOYKHO U3MEPSTH KaK B 2padycHotl, TaK U B padu-
annoti Mepe. 3a OiUH epadyc NPUHUMAIOT BEJIMYUHY IEHTPAJILHOIO yIJIa,
OIMPAIOIIErOCs Ha YTy B OKPYKHOCTH, JIJIMHA KOTOPOIl PaBHA ﬁ JIJTMHBI
OKPY?KHOCTH. 3a OJIUH PaduaH MPUHUMAIOT BEJUIUHY IEHTPAIHLHOIO yIja
B OKPY2KHOCTH, OIUPAIONIEroCs Ha YTy, JJINHA KOTOPOI paBHA PAJUYCy
3TOl OKpYyKHOCTU. [IOCKONBKY JIMHA OKPYKHOCTU 271, TO yroa B 360°
OyJeT paBeH YTy B 27 paJiviaH.

OrmpeiesieHne OCHOBHBIX TPUTOHOMETPUYECKUX (QDYHKIUI yI00HO ma-
BATh MPHU MOMOINKM TaK HA3BIBAEMOTO “TPUTOHOMETPHUIECKOTO Kpyra’ ITo-
Ka3aHHOIo Ha puc.l.3.

Cunycom yesaa ¢ HA3BIBAETCSI OTHOIIEHUE Y-KOOPIMHATHI TOUKA

—
A x gmue Bektopa 7 = OA.



Ty

Puc. 1.2. T'paduk yiorapudpmudeckoit pyHKIMU

Puc. 1.3. Onpesesnenne OCHOBHBIX TPUTOHOMETPUYECKUX (DyHKITHIA



Kocunycom yaaa o Ha3BIBAETCS OTHOIIEHIE T-KOOPIUHATHI TOU-
ku A K JyInHE BEKTOPa 7= 0—421
Tareerncom yeaa v HA3BIBAETCS OTHOIIEHUE Y-KOOPIMHATHI TOU-
K1 A K ee r-KOOpAuHATE.
3aMeTuM, 9TO B CUJLy STUX ONpeIe/IeHUI
1) cunyc u KocuHyC UMeIOT 3HaUYeHUsl (HEe IPEBOCXOJISIIIE [0 MO-
nyio 1) mist 4066 yriios a. B To BpeMst Kak TaHMEHC MOXKET
[IPUHUMATD JIFOObIE 3HAYEHHST OT — 0O JI0 +00, HO IIPU STOM He
CYIIECTBYET JIJIsI YIJIOB PABHBIX %—Fwn, rnen =0,£1,£2,...,
TO ecThb Ajd yrioB +£90°, £270°, £450°,.. ..
2) Tpuronomerpudeckue yHKIUH 06JIaIAI0T CBOHCTBOM NEpuo-
Juwnocmu, TO €CTh WX 3HAYEHUsSI TIOBTOPSIOTCS IPU M3MEHe-
HUU apryMeHTa (v Ha OJIHO U TO YK€ MHUHMMAJIbHO BO3MOXKHOE,
[IOJIOZKUTEILHOE YHCJI0, Has3biBaeMoe nepuodom. 1lepuon cu-
HyCa W KOCHHYCa PaBeH 27 , & TAHTEHCA — T .
Tpuronomerpudeckue QyHKIUU BEMIECTBEHHOTO apryMenTa & (06bI9HO
U3MePSIeMOro B PaJMaHHOl Mepe) HPUHATO 00603HA4YaTh y = sinz, y =
cosx u y = tgx. UIx rpaduku npuseensl Ha pucynkax 1.4 — 1.6.

¥ =8inx

Puc. 1.4. I'paduk dyurumn curyc

Iist TpuroHoMerpudeckux (pyHKIUN CIIPABEINBbI PABEHCTBA, TTO3BO-
JITONHE BBIPAXKATD OJTHU U3 HUX Yepes apyrue. [IpuBeaem Hanbosee 9acto
yroTrpebJisieMble Ha IIPAKTUKE COOTHOIIEHUS.

1) OcHoBHBIE TPUIOHOMETPHYECKHE TOKIECTBA

. sin x 1
sinz+coslzr=1, tgar= , Tzl—&—tgzx.
coszT cos” x

10



YA
1 y=cosx
o 0 . X
-1
Puc. 1.5. I'paduk dynkmu xocurnyc
¥ A y=tex
: i
—2n -7 D o s

Puc. 1.6. I'paduk dyuknum marezerc

11



2) ®opmyuibl cyMMBI (Pa3HOCTH) apryMEHTOB
sin(a &+ 8) = sinacos f + cosasin 8 ,

cos(aw £ ) = cosacos B Fsinasin g,

tala + ) = tga +tg B
& 1T tgatgf’

3) ©opMyJIbl IBOMHBIX apryMeHTOB
sin2a = 2sinacosa, cos2a = cos® a—sin’ o, tg2a =

3) ®opmysbl IPeoOpa3oBaHUsl CyMMBI (PA3HOCTH) TPUTOHOMET-
pudeckux (QYHKIWI B IPOU3BEIEHNE

aiﬂc aFp

sina + sin 8 = 2sin 0s ,
2 2
cosonrcosB:2cosﬂcosa77ﬂ7
2 2
L a+pB . a—p
cosa — cos f = —2sin —— sin ———
2 2
si +
tgattg g = Sn@Eh)
cos acos 3

B BbrumcmTesbHOM MPAKTHKE JIOCTATOYHO YACTO BO3HUKAET 3a/ada
Ompesie/IeHNs] BEJIMIUHBI yTJia [0 3HAYEHWIO KAKOW-In00 U3 ero TPUrOHO-
MeTpudecknx pyHKIm. s permerns 3Toi 3a1a9u UCIOIB3YIOTCS 00pam-
HbLE MPUZOHOMEMPUNECKUE GYHKUUL: AGPKCURYC Y = arcsin T , aprkocuHyc
Yy = arccosx u apkmaneenc y = arctgx. HamoMmHuM orpesesieHust 9Tux
byHKIIMIA.

Apxcunycom x npu ycuaosuu, 9ro |x| < 1, Ha3bIBAETCI IHUCIIO Y
Takoe, 4o |y| < % usiny = .

Apxxocunycom x upu ycaosur, 9ro |z| < 1, Ha3bIBaETCA YHUCIIO
y Takoe, 9o 0 <y <7 Hm cosy = x.

Apxmaneencom x (115 J060r0 T) HA3BIBAETCS YHCIIO Y TAKOe,
qro |y| < % ntgy =x.

ITpu pereHny IPUKJIATHBIX 38189 TaCTO OKA3BIBAETCSI OJIE3HOMH (JIErKo
[IPOBEPSIEMOH 10 IPUBEJIEHHBIM BBIIIIE ONPEJIesIeHnsIM) (HPopMyia

. ™
arcsin & + arccos r = 5 .

12



¥
- A y=arcsinX
2 :
-1 0 P
1
____________________ om
2

Puc. 1.7. 'paduk dbynknun aprcunyc

¥
A
"""""""""" T y=arccos X
RY
-1 0 1 -

Puc. 1.8. I'paduk dyurnun apxrocunyc

=arctg x
. Jy = arcig

| F

Puc. 1.9. I'pacdux dyuxmun apxmareerc
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OrMeruM, 9TO apryMeHThl OOPATHBIX TPUTOHOMETPUYIECKUX (OYHKITHI
HE MMEIOT Pa3MePHOCTU, B TO BPeMs KaK HX 3HAYEHUs SBJIAIOTCH yTJla-
MU ¥ M3MEHSIOTCS KaK IIPaBUJIO B pajauaHHoil Mepe. ['pacduku oOGpaTHBIX
TPUTOHOMETPUIECKUX (DYHKIUI TPUBEJEHBI Ha pucyHkax 1.7 — 1.9.

Obparnble TpuroHoMeTpruIecKne (PYHKIINA MOYKHO HCIOJIb30BATDH IIPHU
peIleHnr TPUTOHOMETPUYIECKNX ypaBHennil. Tak, HapuMep, ypaBHeHUe

sinz =a upn |a] <1 nmeer Kopru Buja ¢ = (—1)" arcsina + 7n ,

ypasHeHne cosx =a upn |a| < 1 umeer KopHHU & = =+ arccos a+27mn ,
ypaBHeHHE tgr = a mpu JIOO0M @ UMeeT KOpHHU x = arctga + 7mn ,

mpuIeM BO BCeX 3TUX POpMyIax n — JI0O0e TEe0e HUHUCJIO0, TO €CTh, N =
0,4+1,+2,4£3, ...

8°. MHo»KecTBa. DJjiIeMeHThl KOMOMHATOPUKH

o mHootcECMBOM B MATEMATUKE TOHUMAIOT COBOKYITHOCTH OOBEKTOB
(niI 371eMEHTOB), KOTOPbIE MOYKHO OTJMYATH KaK JIPYT OT APYTa, TaK U OT
00'bEKTOB, HE BXOJISINUX B JAHHYIO COBOKYITHOCTbD.

Tot dakT, 9T0 OOBEKT & TPUHAIEKUT MHOKECTBY X TMPUHATO 0003HA~
qaTh Kak r € X. Eciu o0bekT x He MPUHAIEKUT MHOXKECTBY X, TO MC-
nosib3yercst obozHavenne x ¢ X. Jlist 0603HAUEHUS] NYCMO20 MHOKECTBA,
TO €CTh HE UMEIOIIEr0 B CBOEM COCTABE HU OJHOIO OObEKTA, UCIOJIL3YETCs
cumBoast ). Hakoner, npa MHoxkectsa X 1 Y, cocrosliye U3 OJHUX U Tex
2Ke 00bEKTOB, HA3BIBAIOTCS PAGHbLIMU, C ODO3HAUEHNEM (PAKTa PABEHCTBA
kak X =Y.

JlJisi MHOXKECTB CYIIECTBYIOT OIeparuu 00seduHeHus, 0DO3HaIaeMast
cumBouioM | J, u nepecenenus—(). Samuch x € X |JY o3Hauaer, 4To 00beKT
T TPUHAJJIEZKAT JINOO MHOXKECTBY X, OO MHOXKECTBY Y, ub0 UM 000OUM
onHoBpeMeHHO. B ¢BoIO ouepesp, 3anuck x € X (Y o3nadaer, 4ro 06bEKT
T TPUHAJJIEIKUT OJHOBPEMEHHO KaK MHOXKECTBY X, TAK U MHOXKECTBY Y .

Eciin obbekTamu, 00pa3yomUMI MHOXKECTBO X SIBJISIFOTCSI YUCJIA, TO
TaKOe MHOXKECTBO MPUHATO HA3BIBATH “UCAOGBLM. MHOXKECTBO COCTOsIIIEE
U3 9UCeJ X, YJIOBJIETBOPSIONIMX HepaBeHCTBaM ¢ < x < b, Ha3bIBaeTCs
ompeskom u obozuavaercd [a,b]. Ecin ke duciioBoe MHOXKECTBO COCTOHT
U3 9HcesI, Ijisg KOTOPhIX @ < & < b, TO OHO HA3BIBAETCH UHMEPSAAOM
u obosnauaercs (a,b). Hakonern, repmun npomesicymor obosuadaer 6o
JbO OTPE30K, JIMOO MHTEPBAJ, 00 nosyurmepsan suna (a,b] nm [a,b).
[TpomeskyToK, copepKaluil TOUYKy T, MIPUHSITO HA3BIBATH OKPECTHOCMBIO
3TON TOYKU.

[Tycts mMeeTcst MHOXKECTBO, COCTOSIIIEE U3 1 JIeMeHTOB. Kaxk1yto yno-
pAadoueH Y0 BBIDOPKY M3 9TOI'O MHOXKECTBA, COIEPXKAILyI0 k 3JIEMEHTOB,

14



HA3BIBAIOT PA3MEUeHUEM U3 7L JIEMEHTOB 10 k 31eMeHTOB (MHOTIA TOBO-
pAT: “pasmenienne u3 n 1o k7). B paccMaTpuBaeMOM CIIydae OU4eBUIHO, UTO
0 < k < n. Yucio Beex pasmermenuit u3 n 1o k obosauaercs AX. Ecom
ydecTb, 410 1pu kK = 0 CylecTByeT TOJIBKO OIHO Pa3MEIIEHHE — IIyCTOEe
MHOKeCTBO (J, TO crpaBeyInBO PABEHCTBO

AP 1, ecim k =0,

" nn—1)(Mn—-2)...(n—k+1), ecm k > 0.

[Ipoussesienne Bcex HATypaJIbHBIX dYHCEJ OT 1 10 7 Ha3bIBaeTCd n-
Pparxmopua.nom, ero IPpUHITO 0603HATATH

1-2-3-...-n=n!

(auraerca “on-gaxmopuas’ ). C nomoipio 3roro obosnadenus dhopMmysia
JJId IIOJTHOI'O YHCJIa pa3MemeHHﬁ YIIPOIIaeTCAd U IIPUHUMAaCT BUIT

o n!
An = (n— k)

Bamerum, uro B cuiny AY = 1, umeer cMmbica cuuTaTh (n0 onpedeenuio)
0! = 1. Torma mannas dopmysia 6yaer BepHOit miist 006X 0 < k < n.
Pazmerenne u3 n 57eMEHTOB 1O 11 HA3BIBAETCS NEPECMAHOGKOT U3 N
3JieMeHTOB. UYMCJI0 BCEX IIepeCcTaHOBOK M3 M 3jieMeHToB P, = nl.
CorytacHO CBOEMY OIPEJIEICHIIO, PA3MENIEHIsT MOI'YT OTJINIATHCS JIPYT
OT Apyra KaK COCTABOM CBOHMX 3JIEMEHTOB, TaK U ITOPSIKOM UX CJI€JOBAHUS.
Eciiz ke mopsiiok ciieoBaHus 3JIEMEHTOB B BBIOOPKE HE CYIIECTBEHEH, TO
TaKyl0 BBIOOPKY Kk 9JIEMEHTOB W3 7. IPUHSITO HA3BIBATL COYEMAHUEM U3
N 3JIEMEHTOB 110 k 3JleMeHTOB (MHOI/@ roBopsaT: “coderaHue u3 n mo k).
Dopwmysna s CF — umcyia Beex coueranmit u3 n mo k mmeet BU

ko n!
Cn = (n — k)

Ucnonsays a1y GOpMYILy, MOXKHO IIOJIYIHTD CJIELYIONIHE ITOJE3HBIE COOT-
nomenns: CF = Cn=F g

(a+b)" = Coa™+CLa" " b4+-C2a" 202+ - A-CFa" P - O b O™
HOCJIeﬂHee PaBEHCTBO HOCUT Ha3BaHUE ¢OpMy/LbA 6UHO.MCL Hvromona n aB-
JisteTcst 0000IIEHnEM HEKOTOPBIX (POPMYJT COKPAIIEHHOTO YMHOXKEHUsI, TIPU-

BeJIEHHBIX B 2°.

9°. ITociemOBATEJIBHOCTA U MIPOTPECCUN
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ByzneMm roBopuTh, UTO 3a/laHa “UCA0BAA NOCAEOOBAMEALHOCTD, E€CTH
YKa3aHO MPABUJIO, [0 KOTOPOMY KasKJIOMY HATYDAJBHOMY IHCIy (HOMEDY )
7 TOCTABJIEHO COMOCTABJIEHO €IMHCTBEHHOE UHCJIO Iy, HA3bIBAEMOE 3HAE-
HUEM N-TO YJIEeHA II0CJIE0BATEIHLHOCTU. UHUCIOBYIO IOCIEI0BATEILHOCTD
IpUHATO 0DO3HAYATH KaK {Ty, }.

YucnoBast MOCTIEIOBATEIBHOCTD HA3BIBACTCH  GPUPMEMUECKOT Npo-
epeccueti {ay, }, ecn KaxKJIplii ee WieH, HAUUHAsI CO BTOPOTO, PABEH MPEebl-
JIYIIEMY, CJIOKEHHOMY C ITOCTOSIHHBIM IUCJIOM d, HA3BIBAEMBIM PA3HOCTDI0
npoepeccuu. Takum oOpa3oM, s 3a/jaHus apUMOMETHIECKON TPOrPeccun
cjlejlyeT yKa3aTh ee MEePBhIi YJIeH U Pa3HOCTh, TOrJIa JJisl JII0OOro HoMepa
n Oy/IeT CIPaBEeJINBO PABEHCTBO Uy t1 = Gy + d.

B apudmernaeckoit mporpeccuu 3HaMEHNE €€ N-TO UI€HA MOXKET ObITH
HaiizieHo no gopmyse a, = a; + (n — 1)d. Kpome Toro, cupaseymso pa-
BEHCTBO

a1 + Gnp,
ar+ag+---+ap_1+a, = T'nv
IIO3BOJIAIONICE HAXOJIUTH CyMMy IIEPBBIX N YJICHOB apI/I(bMeTI/I‘IeCKOf/'I Ipo-

rpeccuu.

YucsioBast MOCIe10BaTEIbHOCTD HA3BIBAETCS 2E0MEMPUUECKOl nNpoepec-
cueti {by,}, ecam KaxKIpIil €e WieH, HAUMHASI CO BTOPOTO, PABEH IIPEJIBIILY-
EeMy, YMHOXKEHHOMY Ha, TIOCTOSTHHOE YUCJIO ¢, HA3bIBAEMOE 3HAMEHAMENEM
npoepeccuu. st 3a1aHUsT TEOMETPUIECKON IIPOIPECCUU CJIEyeT YKa3aTh
ee TePBLI YIeH U 3HAMeHATe b, TOTIa M1 JTI000TO HOMepa 1 OyaeT cupa-
BEJJIMBO PABEHCTBO by 41 = bpq.

B reomerputeckoit mporpeccun 3HaMEHNE €e N-TO UJeHA MOXKET ObIThb
Haiineno o dgopmyie b, = bi¢" . Kpome TOro, CIpaBejIHBO COOTHOIIE-

HUe
bin,ecim q = 1,
by +ba+---+bp_1 + by, = 1—¢"
by ecm g # 1,
[IO3BOJIAIONIEE HAXOAUTH CyMMY IEPBBIX 7 WJIEHOB I€OMETPUIECKOR Mpo-
rpeccun.

Hakomer, ecau || < 1, To Takas reoMeTpudecKkast IpOrpeccus HA3bIBa~
erca beckoneuno ybwvieaowel, ¥ B IOCTIEIHEM PABEHCTBE MOXKHO IepeiiTh
K IIpeesLy IpU HeOrPAHNYEHHOM BO3PACTAHWM M. BeamdmHa 3TOro mpeze-
Jla, Ha3bIBaeMas CyMMON OeCKOHEUHO yObIBaIOIIEell mporpeccuu, OyaeT pas-

b
Ha ﬁ O1a opMyJsia UCIOJb3yeTCsl, HAIIPUMED, IS IIEPEBOIa 3AIIUCH

JPOOHBIX YHCeJ U3 OOBIKHOBEHHON (DOPMBI B JIECATHYIHYIO U HAOOOPOT.

10°. CrerinasibHble 0003HAYEHUSI M COTJIAIIIEHUSI
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B coBpeMeHHBIX MATEMATHYECKHX TEKCTaX JIOMYCKAIOTCS HEKOTOPHIE
CTaHJapTHBIE 0003HAYEHNUsI, IPAKTUIECKH HE MPUMEHSIEMbIE B ITOCOOUSIX,
HCHOJIb3YEeMbIX IIPH U3YYE€HUN MAaTEeMATUKU B cpegHeit mkose. [JocKkoibKy
9TO 0OCTOATEJILCTBO MOXKET JI0 HEKOTOPOH CTEIEHH YCJIOKHUTH OCBOCHHE
CTYJIEHTaAMU KypCa MATeMaTUKY, IPEJCTABIISIETCS T1eJIeCO0DPA3HBIM TPUBe-
CTH KPaTKOE OIUCAHUE STUX CTAHJIAPTOB M MPABUJI MX HCIIOJIH30BAHUSI.

1) Cumsoanv obugrocmu u cyusecmeosaus

CumBost o6wHocmu ¥V UCHONIB3YETCs JIJIsl 3aMEHbI CJIOB “BCIKUN, “JTIO-
601", “myst J1I0O60r0”; B TO BpeMsl KaK CUMBOJI CYUWECTGO8aHUSA T 3aMeHsI-
er cjoBa “cymectByer’, “Haiinercs’”. Hanpumep, ompeesienre orpanuieH-
HOI YHCJIOBOII [IOCJ/IeI0BATENBLHOCTH: [IOCJIEI0BATENbHOCTD {2, } HA3BIBACT-
Cd OrpaHUYEHHOMH, ecu

HalijieTcsl HeoTpuriaresbHoe anciao C' Takoe, 9TO JJIst JTI000r0 HOMEpa 1

OyzeT BBIIOJIHEHO HEPABEHCTBO |X,| < C,

MOKeT OBITh 3allMCAHO TaK: IOCIEJI0BATEILHOCTD {X;, } HA3BIBAETCS Orpa-
HUYEHHOH, ecym

IC>0:Vn: |z, <C.

2) CumB04bL CYMMUPOBAHUA U NPOU3EEICHUA
Eciin HEOOX0MMMO 3anucaTh BhIpayKeHUe JJjisi CyMMbI, B KOTOPOIi YHCJIO
cJlaraeMbIX He MMeeT KOHKPETHOTO 3HAaYeHHUsi, HO M3BECTHO KaK 3aBUCUT
BEJIMYNHA KaXKJIOTO CJAraeMoro OT €ro HOMepa, TO MOYKHO HCIIOJIb30BaTh
n
CIIeNMaJIbHBIA CUMBOJI CYMMUDOBaHUSL Y, G, YKa3aB IPHU 3TOM 00Nl BUJ

k=1
CJlara€MoOro u Jualla30H U3MEHEHUA NHIEKCa CYMMUPDOBaHUA. MoxkHo cun-

TaTh, 9TO ITOT CHMBOJI 3aMEHSIET CJIOBA ‘CyMMa CJIaraeMbIX BHIA i 10 k
B mpeaenaax ot 1 qo n”
Hampumep, cymma

sinl +sin2+sin3 + -+ +sin(n — 1) +sinn
3AINCHIBACTCS KaK
n
E sin k,
k=1
a CyMMa

R S L
1-2 2.3 3.4 m=2)n—1) (n—1)n

IIpeJCTaBJIdeTCd B BU/IE




Amnajiornuno, ¢popmysia 6uHOMa HbIOTOHA C TIOMOIIBIO CUMBOJI& CyMMU-
pOBaHMsST MOXKET OBITh 3aIlMCaHA KaK

n

(a+b)" = Z Cran=Fpk,
k=0

Hanpumep, pu n = 4
(a+b)* = a* +4a3b + 6a?b* + 4ab® + b*.

[TomobupIil BuI 3ammcu CYIECTBYET U JJI OMEPAINN ITPOU3BEIECHUS.

Hanpuwmep, paBencteo  1-2-3-...-n =n! MoXHO 3anucath B BHJIE
n

IT k=n!.

k=1

B 3zakimouenune mpuBeseM CJeIyIONe, UCIOIb3yeMble TPU PEIeHUN
MHOI'UX 331849 BBICIIEHl MaTeMaTuKu, (pOpPMYJIbI

< n(n+1)
1 2 3 ... —1 = ]{;:7'
+243+--+(n—-1)+n k§=1 5 ;

12 nn+1)2n+1)
- S :

M:

P+2243+ -+ (n—1)%+n?=
k

1

k3 _ nQ(n+ 1)2 .

M=

P42 43+ 4+ (n—1)°+n®=

k=1 4
. (n+2)a . na
n sin ——— - ¢in —
sina+sin2a+sin3a+~~~+sinna:Zsinak: 2 a 2
k=1 Sin§

OTMernM, 9TO U3 STUX COOTHOIIEHU CJIeyeT JIFOOOIIBITHOE PABEHCTBO
n n 2
§ kP = § k| .
k=1 k=1

11°. TTosie3Hble HEpaBEHCTBA
Jtst I00BIX IBYX HEOTPHUIATEIHHBIX YHCEN @ U b BEPHO HEPAGEHCMEO

Kowu b
> Vb,
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KOTOpPOe HWHOTJA WCIIOJIb3YeTCsl B Cieyiomiell dopme: s JIIOOBIX ABYX
BEIIECTBEHHBIX YUCeJ T U Y CIPaBeJINBO COOTHOIIEHUE

2 +y® > 2wy .

Hepasenctso Kot BepHO u 7151 OOJIBIIIETO YNCIa HEOTPUIATETLHBIX
YUCET:
a1 +ax+as+...+ap_1+ay
n

> Yaraga3 - an_1ay, .

()TMGTI/IM7 9TO C IIOMOIIIBIO CHUMBOJIOB CYMMHUPOBaHUA U YMHOXKEHHUA I10-
cjaegHee COOTHOIIEHHNE MOXKHO 3alliCaThb KaK

B 6oabmiom wmcsie TpUKIAIHBIX 3329 HEOOXOAWMBIE OIEHKHA MOTYT
OBITH ITOJIyYeHbI IIPU IIOMOIIH, BBITEKAIOIero u3 dopmyssl ounoma Hpro-
TOHA ¥ BEPHOT'O JIIst JIIO0OTO T U Jitoboro a > —1, nepaserncmea Bepryaiu

(1+a)*>14za.

1.2. 3aMedaHnsi 0 pPoOJIM TOYHOCTH OINpeeJie-
HUT 1 HOPMYyJTITMPOBOK

B npormecce u3ydenns MaTeMaTHUKu ciaeiyeT obpariaTb 0codoe BHIMAa-
HUE Ha IHOJHOTY U TOYHOCTH Onpedesenutl, PopmMysuposor meopem u onu-
canus ceoticms. Henomycruma Kak n36bITOYHOCTD (U3JIUIIHAST MHOTOCIOB-
HOCTbH) HOJOOHBIX JIEKCEM, TaK U II0TePs KaKUX-iubo UX Jeraeil.

[IpousiocTpupyem 3TO CIIELYIONUMU ITPHMEPAMU.
1°. Apugpmemuneckutd keadpammuvii kopers. Kax 310 yKe OBLIO OTMEtE-
HO, 10 OUPEJEJICHUI0 apudMETHIECKOI0 KBAJIPATHOIO KOPHS CUUTAETCH,
aro Va2 = |a|. Moxer Bo3HUKHYTH Boripoc: “He mporie Jixt MoJI0KUTh, 9T0
Va2 = a ?” Yro 6bl HOKA3aTh HEKOPPEKTHOCTH TAKOTO OIPEIEIICHHS, PAC-
CMOTPUM CJIE/IYIOILYIO IENOYKY [IPeodpas3oBaHuil: /st 10007 apbl IHCesT
T U y OyIAyT BePHBIMU PABEHCTBA

22 = 2zy + 4% = y? — 2yr + 22,
(z—y)* = (y — )%

Vi —y)?=/(y—x)>
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Ecau Terneph NpuMeHUTH onpejesieHne Buaa Va2 = a, TO Mbl IOy IiM
T—-—yYy=y—r = T=Y,

YTO OYEBUJHO HEBEPHO. B TO BpeMsi KaK HCIOIB30BAHHE OLPEICJICHUs
Va2 = |a| maer

|t —yl=ly—2z] = 0=0,
9TO BEPHO I JITOOOH maphl Iucesr x 1 .

2°. Croavko Koprel mootcem umems keadpamuoe ypasherue? Paccmorpum
Tpu caeayromux yreepxkaenus A), B) u C):
A) VYpasnernue az? + bx + ¢ = 0 — KBapaTHOE.
B) KBajparHoe paBHeHue He MOXKET UMeTh 6oJjiee JABYX KOPHEII.
C) Jst mr00bIX, TTONAPHO HEPABHBIX YHCEN «, [ U Y yPaBHEHHE
(-a)a=p)  (@=Bz=1)  -Ne-a) _,
(y—a)(y=8) (a=B)a=7) B-7(B-aq)
MOXKeT OBbITh IPUBEIEHO K BUAY A) M OpU 9TOM OHO MMeEeT
TPU pa3jIMYHBbIX KOPHS T1 = @, Lo = 3, T3 = 7.

OuengiHo, uto yTBepKAeHus A), B) n C) npoTuBOpeunBsl B CBOI COBO-
KymHOCcTH. HA1Me TOBOPSsI, OJHO M3 HUX OMMUOOYHOE U, HA MEPBBIN B3IJISI,
nanbosibie coMHeHus Bbi3biBaer yrBepxKienue C). Oxuako, oHo Ha ca-
MOM JieJjIe BepHOe, a ommbKa colepKuTcs B yrepxKaenuu A). leso B ToM,
YTO KBaJIPATHLIM Ha3bIBaeTcs ypasHenue ax’ +br+c =0, a # 0. 1 umen-
HO JIJIsI HErO BepHO yTBep:KjeHne B). B Hamiem ke ciryuae, eciau mpuse-
cru ypasuenue C) K Buiy, yKa3aHHOMY B yTBepKaeHuu A ), koaddbuiment
npu 2 oKaxKeTcs PABHEIM HYJIO. Bojiee TOro, 3To ypaBHeHHe IPHMET BIJ
1 =1, 10 ecTb ABJISIETCST MOHCIECTNGOM — BEPHBIM DABEHCTBOM IIPH JIFOOOM
3HaveHuu ¢ (B TOM 4YuCiIe U UPU T1 = @, To = [, T3 =).

3°. Mooicho au npoussosvro 2pynnuposams caazaemvie 6 cymme? Kaza-
JIOCH OBI ACCOIUATUBHOCTD OTIEPAITIH CJIOKEHUS JIJIs INCEJT TIO3BOJISET TaTh
[IOJIOYKUTEJIbHBIN OTBET Ha JaHHbI Borpoc. OQHAKO 9TO BEPHO JIMINb JIJId
CYMM C KOHEYHDLM UUCJIOM CjaraeMbiX. Ec/in 9uciIo cjlaraeMbiX B CyMMe
HE OIPAHMYEHO, TO BO3MOXKHO BO3HUKHOBEHUE CUTYyalluu IOI00HOI ciiery-
romeit. Coryracumcst “Ha Bepy” € yTBEP:KI€HUEM, YTO CyMMa HEOI'DAHUIEH-
HOT'O 9HCJIa HyJIell paBHA HYJIIO, U PACCMOTPUM CyMMY BHIA

A=14+2-34+14+2-3+14+2-34+14+2-3+14+2-3+...
CT'PYNIIIPOBAB CjIaracMble CHadaIa KaK

A=(142-3)+(142-3)+(1+2-3)+(1+2-3)+(1+2-3)+...
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npuJeM K 3akJodeHno, 9To A = 0, OCKOJIbKY KaxK 1asi CyMMa B CKOOKax
gaet Houtb. OJIHAKO, IIPH JIPYTOM CIOCOOE IPYIIUPOBKH

A=142-34+1)+2-34+1)+(2-3+1)+2-3+1)+(2-3+...

nostydaeM A = 1. Yo o3Ha9aeT HENPUMEHUMOCTD COYETATEJILHOIO IIPABH-
Jia Jisi CyMM C HEOIDAHWYEHHBIM YUCJIOM CJIAraeMbIX.

[Tocreiamit mpuMep HATTISIIHO IEMOHCTPUPYET, ITO € “OeCKOHETHOCTHIO”
HEJIb3sI OIIEPUPOBATH KAK C OOBITHBIM IUCJIOM. CTOUT TAKXKE OTMETHTD, ITO
METOOJIOTUYECKU aHAJIOTUYHBIE TPODJIEMBI MOI'YT BOSHUKHYTBH U B CJIy4ae
[IOJIMEHbI TTOHSATUI “OTCyTCTBUE ONpEIeJeHHOCTH U “‘CyIIeCTBOBAHUE Be-
posiTHOCTH”, KOTOpasi HEPEJKO JOIMYCKAETCsl TIPU PACCYKJICHUAX Ha WHTY-
UTUBHOM YPOBHE.
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I'1aBa 2.

DJIeMeHThI JINHEMHOI
aJIreophl

2.1. MaTrpuiibl

2.1.1. Onpenesienne n KJjaccuduKanms MaTPHUIL

Onpedeaenue 2.1.1.1. Mampuueti pasmepa m X n HA3BIBAETCS YIIOPSIO-
YeHHas IIPSIMOYTOJIbHAsl TabJUIE UHCe)I, MMEIOIast
M CTPOK U M CTOJIOIIOB.
Marpuily IpUHATO CHMBOJMYECKH 0GO3HAYATH IPH MOMOIIM JTBOMHBIX
BEPTHUKAJIbHBIX orpanudureseil: ||A|, iubo 3amucbBaTh B pa3BepHyTOM B
BUJIE

a1 ai12 . A1n
a21 ag9 e a9n

)
am1  Am2 Amn

a1 a2 e A1n
a1 a2 ... Q2n
am1 QAm2 cee Qmn



Kazkmoe u3 tmcesn a;; Ha3bIBAETCS anemermom MaTpuisl ||Al], a uncra
U j — COOTBETCTBEHHO CMPOKOSHIMU U CIMOAOUOEBIMU UHOEKCAMU HITEMEHTA
a;;. Iuciio ¢ moKa3bIBAET B KAKOH CTPOKE MATPHUIILI PACIOIOKEH SJIEMEHT
@;j, QUCIO j — B KAKOM €€ CTOJIOLE STOT JIEMEHT HAXOMUTCSL.

Marpuip! KiIaccuGUIUPYIOTCS KakK 0 “UCAY CMPOK U CMoAbu0s, Ha-
upuMep,

Keadpammas, nopadka n, UMEIOIIAs 7. CTPOK U 1 CTOJIOIOB;
M-KOMIIOHEHTHAsI CMpoka, UMERImasi oJHy CTpoky (m = 1) u n
CTOJIOIOB; N-KOMIIOHEHTHBIN CMo0A6€Y, UMEIOIIHii 1 CTPOK U OJIMH
croubery (n = 1)

ail a2 e A1n, ail
a21 as2 e a2n a1
| @11 a1z ... ai || ;
a
Aml1 Am2 ... Qmn ml

TaK ¥ [0 3HAUEHUIO UL AEMEHMOE, HAIIPEMED,
Hyaesas Marpuia (obosHauaeMast gacto Kak ||O||), Bce smemenHTHI
KOTOPOH paBHBI HYJIIO;
eQuHUMHAA MATPHANA: KBAJIPATHAL, TIOPSJIKA 71, BAJIA

1 0 ... 0
0

IE]l =
0 0 1

2.1.2. Onepanuu ¢ MaTpUIAMUA

C maTpuraMu BO3MOXKHO BBIMIOJIHATH OIEPAIMU: CPABHEHUSI
(ycranosienus (akTa paBeHCTBA), CJIOXKEHUs!, YMHOXKEHUs YUC/Ia Ha MaT-
puiLy, TPAHCIIOHUPOBAaHUs, IIPOu3BeieHus u obpairnenus. [Ipasuia Boios-
HEHUsS STUX OIEePAIUil JIAIOT CJIEIYIONINE OlpeesIeHus.

Onpedenenue 2.1.2.1. CpaBHenue. JIpe marpunpl | A| u || B|| HaseiBatoTcs
pasroimy (aro obosHavaercst Kak || Al = || B]|), ecau
OHU
PaBHBLIX Pa3MepoB 1
UMeIOT paBHbLIE COOTBETCTBYIOIIUE 3JIeMeH-
TBhI.
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Hpumep 2.1.2.1. CpaBHeHHE MATPHUIIL;

in T T
a) sin 5 Cf)s 5 || — 1 0.
cos g sin g o 11|’

W N =

6)

1 1
2 2

# 3 g || MOCKOJIbKY CPaBHMBAEMbIE MaTPHIBI
4 4

S

MMEIOT Pa3HOe UMCJIO CTOJIOIOB.

Onpedenenue 2.1.2.2. Cuoxxenme. Marpuna ||C|| HaseiBaeTcss cymmord
marpur |A|| u ||B|| (aro obosnaugaerca kax || A| +
IB|l = [|C]]), ecan Bce OHE paBHBIX Pa3MEPOB M X N,
1 KaxkJIplit sstemenT Marpuipst ||C|| pasen cymme co-
OTBETCTBYIONMX 3seMenToB Marpurl | A u || B||, To
€CTb ¢;; = a;j + b;; mns Beex @ = [1,m],j = [1,n].

Ipumep 2.1.2.2. CroxkeHNe MaTPHUIL:

7T =3 2 =5 (7+2) (-3-5) 9 -8
a) 4 0|+l -4 7= 4-4) O0+7 {|=0 7
5 -1 1 3 BG+1) (-1+43) 6 2
lg7 1g6 1g8 1g18 lg2 1g6 lg3 —lg3
b) lg9 lgb 1g15 3lg2 ||+ | lg2 lgb —lg3 —1g8 || =
—lg4 1g3 2lg5 lgll lg20 lg4 lg3 lg3

lg14 21g6 1g24 g6
= 1g18 1g25 lgbh 0
lgb 1gl12 1g75 1g33

(em. 1.1, m.6°.)

Onpedenenue 2.1.2.3. YMHOKeHUe yucya Ha marpuny. Marpuna || B||
HA3BIBAETCS NPouseedenuem “ucaa k mna mampuyy
[|A]| (aro obosHauaercst Kak k - ||Al), econ Kaxk bt
9JIEMEHT MaTpHIlbl || B|| paBeH IPOU3BEIEHUIO TUCIIA
k ma coorsercTBytomuit semenT marpunst ||Al|, To
ectb b = k - a;; auist Beex @ = [1,m],j = [1,n].

Ipumep 2.1.2.3. YMHO)KEHTE YUCTA HA MATPUILY:
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b)

(em. 1.1, m.5°.)

O =

-1 H:” (3-2) (3-0) (3-5) (3-(-1)) H:
6 B-(=3) B-1) (3-0) (3-6)
|| 6 0 15 -3
-9 3 0 18
35 371 32 27 3% 1
372 3t 3|31 9 3
32373 36| 3% 3% 81
30 3 3 1 3

Onpedesenue 2.1.2.4. TpancrioHupoBaHue MaTpuIlbl. Pe3yibrarom

MPaHCnoruposanus MaTpuLsl | A| asiagercs HoBas
MaTpuna, obosnaudaemas ||A||", crpokamu koropoit
CJTy>KaT CTOJOIBI UCXOMHON MaTpuIs! || A||, 3amucan-
HbIE C COXPAHEHHEM IOPsi/IKa UX CJICOBAHUSL.

Ipumep 2.1.2.4. TparcnonnpoBaHme MATPHUIIHL:

31 4 77
2 8 5 6 6

Il
ENEEN IS
o O Ul 0o N

Onpedenenue 2.1.2.5. IIponsBenenne marpur. Marpuna ||C|| pasmepa

(em. 1.1, m.10°.)

m X n Ha3bIBaeTCd npoudsedenuem marpui || Al pas-
mepa m X | u || B|| pasmepa I X n (o6o3nauaercs Kak
Al - [|B]l = ||C]]), rae KaKpIil 97€MEHT MaTPUIBL
IC|| pasen

Cij = anbij+aigbajtaizbsj+- - -+aii—1)ba—1);+aibi;
!

WIN C;j = Y. ai,bk; ons Beex 4 = [1,m], j = [1,n].
k=1

Ipumep 2.1.2.5. BeraucanTsb Tpou3BeieHIe MATPHIL:
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3 -1 0 2 -2

lar = |30 87 T e -
3 2 =2
1 -1 3
3 0 2
5 —4 0
0 3 1

B nannOM cirygae Marpuna ||Al| pasmepa 2x 5, a marpuna || B|| pasmepa 5x
3. Corumacuo omnpezenennto 2.1.2.5 marpura ||C|| Gymer umeTs JiBe CTPOKH
u Tpu crosbna. ITogcanTaeM 3HAYEHNSA BCEX €€ IECTH 3JIEMEHTOB, IIPUHAB
BO BHHMAaHWeE, YTO B JIAHHOM IpuMepe m =2, n =3 ul = 5.

c11 = 3-3 + (—1)-1 + 0-3 + 2-5 + (—2)
= 18,
cl2 = 3-2 + (-1)-(-1) + 0-0 + 2-(-4) + (-2)-
frnd —7,
c13 = 3(—2) + (—1)3 + 0-2 + 2-0 + (—2)
= —11,
€21 = 2-3 + 0-1 + (-3)-3 + 1-5 + 1-
— 2,
— 3’
3 = 2-(=2) + 0-3 + (-3)-2 + 1-0 + 1-
= —9.
B urore mveem ||C|| = ||A]l - || B]| =
3 2 =2
Hs -1 0 2 -2 H ; _é g H 18 -7 —11 H
2 0 -3 1 1 s 4o 2 3 -9
0 3 1

[losygennsrit pe3yabTaT HATJIATHO JEMOHCTPUPYET, ITO
— IePEeMHOXKATH MOXKHO MATPHUIIBI, ¥ KOTOPBIX YUCJIO CTOJIOIOB
II€PBOI'0 COMHOXKUTEJIA PaBHO YMCJIy CTPOK BTOPOI'O COMHOXKH-
Tesist (B JAHHOM IIPUMepe WX 110 5);
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— 9HCJIO CTPOK IPOU3BEJCHUS] PABHO YUCIY CTPOK LEPBOIO CO-
MHOXKHTeJIS (TO €CTb, 2), & YUCIIO CTOJIOI0B IPOU3BEIEHN PaB-
HO YHCJIy CTOJIOIOB BTOPOrO COMHOXKHUTENs (TO €CThb, 3).
OrmeTnM crejyrolue HoJie3Hble CBOWCTBA Ollepaliyl [IPOU3BeIeHNUs
MATPDHIL.
1. PesymbraToM yMHOXKEHHS JIIOO0M MATPUIIBI HA HYACGYI0 MAT-
PHILY TIOJIXOJISIIIETO pa3Mepa Beera OyIeT HyAe6as MaTPUIIA.
2. YMHOXKEHHUE CJIeBa WIN COPaBa Ha eduHuyHyto MaTpuIy (moj-
XOZIAIIEro pasmepal) by JAaHHYI0 MATPUILy HE MeEHAEM.
3. Ecan tpebyercst nepemuoxkurs Tpu Marpuist | A|l - || B - [|C]l,
TO HAYMHATH YMHOXKEHIE MOXKHO C 410001 Napbi CMOAWUT Pit-
dom mampuy. To ecTb, BEPHO PABEHCTBO

(LI IBI) - I = 1AL (18I lIC1).-

JlanHoe CBOWMCTBO NPOU3BEIEHUS MATPHUI] HA3LIBAETCH ACCO-
UUAMUSHOCTNDIO.

IIpu ucnonb3oBaHUM OMEpaly MPOU3BE/ECHUST MATPHI] CJIEIYET TTOM-
HUTH, 9TO (B OTJIMYUE OT [IPOU3BEIEHUS YUCE)I) MATPUYHOE IIPOU3BeEIe-
HUe He 00JI1aaeT CBOMCTBOM KOMMYTATUBHOCTHU, TO €CTh, IPU U3Me-
HEHUU II0Pg/IKa COMHOXKHUTEJIe pe3ybTaT IPOU3BEIEeHUs MATPHIL MOXKET
OKa3aThCsl MHBIM, WJIH Jlayke He CymecTBoBaTh BoBce. Cireyrornue mpume-
PBI WILTIOCTPUPYIOT 3TO.

[TorpobyeM W3MEHUTH TMOPSJIOK COMHOXKUTEelt B mpumepe 2.1.2.5.
Herpymao 3ameTuTh, 9TO NMpON3BEICHUE MATPUIL,

3 2 -2
:1,)_(1)‘;’ 3 -1 0 2 -2
s 40 2 0 -3 1 1
0 3 1

CYIIECTBOBATH He OyJIeT, TTOCKOIBKY YUCJIO CTOJIOIOB MEPBOTO COMHOKHTE-
Jg (mpu) B 9TOM CJIydae He PABHO YHUCIY CTPOK BTOPOro (dea).
Paccmorpum  apyroit npumep. JlOIycTUM, 9YTO TPEXKOMIOHEHTHYIO

crpoky ||A]| = || a1 a2 a3 | HAMO YMHOKUTH Ha TPEXKOMIIOHEHTHBIH CTOJI-
by
Ger || B|| = || b2 || . Ecoiu nepsbiit coMHOXKUTENb CTPOKA, BTOPOIi — CTOJIGEII,
b3
TO IPOU3BEJICHIE eCTh MaTpuIla pasMepa 1 X 1, To ecThb, IPOCTO, TUCJIO.
b1
[A[l-[BIl = || a1 a2 a3 || - || b2 || = a1b1 + azbz + asbs.
b3
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C Jpyroit CTOPOHBI, TPOU3BEJICHIE CTOJIOIA HA CTPOKY TAKXKe CYIIEeCTBYET,
OJIHAKO 3TO OyJleT He YHCJIO, & KBaJpaTHas MATPHUIA TPETHEro IOPHAJIKA.
HeticTBUTETBHO,

b1 b1a1 b1a2 b1a3
||B|| : ||A|| =1 b2 |- || ay a2 a3 H = || baar baaz baas
b3 bsa; bzaz bzas

Taxum 06pa3oM, BBIIOJIHAS TPOU3BEIEHNE MATPHIL, HEOOXOINMO:

1. Y6enurnhest B BO3MOXKHOCTH 3TOH orepanuu (9ucjio cTojabioB
TIEPBOr0 COMHOKUTEJIS TOTKHO PABHATECA YHCIYy CTPOK BTO-
poro).

2. OmnpenenuTh pa3Mepbl MATPHUIILI, TOJIYIaeMO B pPE3yJIbTaTe
npou3BesieHnst (YUCJI0 ee CTPOK OyZIeT PABHO UHCIY CTPOK
IIEPBOT'O COMHOZKHUTEJIS, & YHCJIO €€ CTOJIOIOB — YUCIIY CTOJIO-
I[OB BTOPOTO).

3. HaiiTu 3HaYeHNS 9JIEMEHTOB MATPUIIBI-IIPOU3BEIEHNUST IO (DOP-
MyJle YKa3aHHOU B ompejeseHnn 2.1.2.5.

Ucnonp3oBanue omeparuii ¢ MATpPUIAMA [TO3BOJISIET B OOJIBIIOM HHC-
Jie CJaydYaeB YHPOIIATh KaK IIOCTAHOBKY, TaK U PeIlIeHue Pa3/IMYHbIX Ma-
TeMaTHIecKnx 3ajad. Hampumep, cucrema Tpex JMHEHHBIX ypPaBHEHUN C
YeTbIPbMs HEU3BECTHLIMU

3ry — xo + bxry — 2xy4 = 5

—x1 + 2z — r3 — Ty = —1

21‘1 + 3332 + T3 - Ty = 5
Moxker ObITh 3amucana B Buje |A| - || X|| = || Bl , roe

3 -1 5 -2 1
€2

JA = -1 2 =1 —1{; [X Bl = -1
5

(@31

2 3 1 -1 3
T4

[IpoBepbTe 3TO CAMOCTOATETHHO.

Onpedesenue 2.1.2.6. O6parnenne maTpuribl. Pe3yabrarom obpawerus
KBaJpaTHON Marpupl ||A| sBisiercs HoBas mMaTpu-
na, HasbBaeMas obpamuot K || A|| n obosnauaemast
|A|| ", ans KoTopoit BepHBI paBeHcTBa

AN - AL = 1AL - I1AL T = 1181,
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rue || E|| - enuangnas marpuna (cm. §2.1.1) Toro ke
pasmepa, uro u Marpurna || Al .
Ipumep 2.1.2.6. ObpaieHne MaTPUIIBL:
a) OueBuHbL TpUMEP

-1

I
o o=

2 00
0 3 0
0 0 4

Qwi= O
A= O O

6) He cTonb oueBmaHbIi, HO, TeM He MeHee, BepHBI mpumep (cm.l.1,
n.7°).

JeiicTBUTENIBHO, CIIPABEIJINBO PABEHCTBO

cosa —sina

1 .
B cosa  sina
sin o cos o o

—sina  cosa

cosa —sina cosa sina ||
sin « CcOoS & —sina  cos«
2 . 2 . .
. cos® o + sin” «v cosasina —sinacosa || || 1 0
sin ae cos & — cos asin o cos? a + sin? « 0 11|

Bropoe pasencrtso onpenenenns 2.1.2.6 mpoBepsieTcst aHAJIOTTIHBIM 00pa-
30M.

BaxkHo oTMeTuTh, uTO He JI0Oasi KBaJpaTHAs MaTPUIA UMeeT obpar-
nyto. Hanpumep, nyseBas marpuna xHeobparuma. Boiiee jietanbHo yciio-
BHS, IPU KOTOPBIX y KBaJIPATHON MATPUIIBI IMeeTCsl 00paTHAS, PABHO KaK
U [IPABUJIA €€ BBIYUCJICHU, Oy T PACCMOTPEHBL B CJIEYIOmeM naparpade.

2.1.3. Onpenenurenin 1 paHTu MaTPHUIL

IToMuMO y2Ke PACCMOTPEHHBIX, MATPHIIBI TAKKE XAPAKTEPU3YIOTCS
TAKUMH KOJIMYECTBEHHBIMA XaPAKTEPUCTHKAMHE, KAK JeTEPMUHAHTHI (OIpe-
JIeJINTEJIN) U PAHIH.

HerepmuHanT (OnpenenTesib) MaTPUIbI

Paccmorpum BakHble Jj1s HPHUJIOXKEHUI OIPEIeNTETN KBaIPATHBIX
MAaTPHUI], BTOPOTO U TPETHETO MOPSJIKOB.
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Onpedenenue 2.1.3.1. Jlemepmurarmom uiu onpedesumenem KBAIPATHON
ail a2
MaTpPHUIlBL Broporo nopsiika || Al = Ha-
a1 Q22
3BIBAETCS YHUCJI0, HAXOAUMOE 10 (hOpMYyJIe

a11a22 — G12021

ail a2 ’
az ||
Onpedenenue 2.1.3.2. Jemepmuranmom WA onpedesumencm KBa-
paTHON Marpuipl TpeThero unopsika |A| =

ailr Q12 a13
a1 Q22 Q23 Ha3bIBa€TCA YHCJIO, HAXOIAHMMOE

u obozuadaemoe det ||A|| = det

as1 Q32 as3
o dpopmyiie

11022033 + A13021032 + 12023031 —
—@(12021033 — (13022031 — (11023032

ailr a2 aig

u obozuauaemoe det ||A|| = det || a1 age  ass

a3z1 azz asg
JobaBuM, 9TO JeTEPMUHAHT KBAJIPATHON MATPHUIIBI NEPE020 NopAdka 1o
OIIPEJIEJIEHUIO CIUTAETCS PABHBIM €JIMHCTBEHHOMY 3JIEMEHTY 3TOM MaTpH-
upl. [utst KBapaTHbIX 2Ke MaTpull 00jiee BBICOKOTO MOPSIKA, I€M TPETHiA,
TaKKe MOXKHO BBECTH OIIpeJIeJIeHre JeTePMUHAHTA, 0000IIAIoIIee Omnpe/ie-
gerns 2.1.3.1 u 2.1.3.2. OHAKO 9TOT BOIPOC BBIXOJUT 33 PAMKH HAIIErO

Kypca.

IIpumep 2.1.3.1. Beruncienue JeTepMUHAHTOB KBAJIPATHBIX MaTPHUIL BTO-
pOr0 M TPETHETO MOPSIIKOB:

a)n=2
3 7
det ‘ S H —3.(-1)—7-5=—38.
6)n=3
5 -2 3
det || O 6 11 || =56-7+3-0-0+(—2)-11-0—(—2)-0-7—3-6-0—5-11-0 = 210.
0 0 7
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Ha npakTuke ncoib30BaHue OlpeeIeHusl JeTeEPMUHAHTA, KBaIPATHON
MaTPUIIbI BTOPOI'O MIOPsiJIKa HE BBISBIBAET 3ATPYIHEHUI: €r0 3HAUEHUE PaB-
HO Npou3dsederuto 06Yxr INEMEHTOE MATNPULDLL, PACTLOAOHCEHHHLT HA 2A06-
HOU QUAZOHAAU, MUHYC TPOUIBEIEHUE DBYT INEMEHTNOE HA BCTLOMOANEAD-
1ot duazoHau.

¢0 3HAKOM "Trmoc"

a,
det =Lt s—llundd
oy 11 2 12 21

Puc. 2.1. lerepMuHaHT KBaJPATHOW MATPUILI BTOPOTO HOPSIIKA

A ny1s KBagpATHBIX MATPUIL TPETHETO MOPSIIKA BBIUYUCIEHUE JTeTEPMU-
HaHTa yJ00HEe BBIINOJIHSTH 110 TaK HA3bIBAEMOMY IIPABUJIY ‘TPEyroJibHU-
KOB”, 3aMeTuB, uT0 B popmyse 2.1.3.1 co 3HAKOM M.420C BXOIST IIPOU3BE-
JeHUs CJIeIYIONINX BBIIEJIEHHBIX TPOEK IJIEMEHTOB

ail a12 a13 a1 a12 a13
a21 a22 a3 s azi a2 a23 s
asi as2 ass asi a32 ass

a11 a12 ais

a21 @22 a23 ,

a31 a32 a33

a €O 3HAKOM MUHKYC — IIPOU3BEIEHUST TPOEK

a11 @12 ais aiil ai2 a13
a21 a22 a23 s a21 a22 a23 R
a3y a32 @33 a31 a32 a33

a11 @12 @13

a2 a22 a23

a31 a32 a33

[IpaBuyio BBIOOpa MPOM3BEIAEHUI TPOEK JIEMEHTOB KBaJIPATHON MATPUIIHI
TPETHEro NOPSJIKA IIPU BBIYUCJICHUN €€ OIPEJe/INTeIs NITIOCTPUPYET PHUC.
2.1.
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Puc. 2.2. IIpaBuso “rpeyrosbHuUKOB”

Ipumep 2.1.3.2. Boraucienne merepMUHAHTA [0 MPABUIY “TPEYTOJIbHU-
79,

KOB”:
-3 0 2
det || —1 8 1| =
5 4 0
= (-3)-8:0 + 2-(-1)-(—4) + 0-1-5 —
— 2-8-5 — 0-(-1)-0 — (=3)-1-(—4) = -84

AJibTepHATHBON HUCHOJIB30BaHUSI METOJa “TPEYrOJbHUKOB’ —CJIyZKaT
dOpMyJIBI, TTO3BOJISIOINIIE BBIPA3UTH OIPEIEINTETbh TPETHErO MOPSIIKA Ye-

pe3 Tpu onpeenuTesis BToporo nopsaka. Hanpumep, dhopmyna pasaoorce-
HUA NO NEPBOT cmpore

aix a2 ais
det a921 22 423 =
aszy asz a3z

a22 A23
asz2 ass

a21 a23
a3

= ail - det

‘ — a2 - det

H —+ ais - det

a1  A22
agzy as2

IIPOBEPSIEMOI HEITOCPEJICTBEHHO 110 ompeneseHuio 2.1.3.2.
3aIlloMHUTD 3Ty (POPMYJIy HECJIOKHO, €CJIU 3aMETUTh, ITO

1) k03uUnUeHTLI IPU ONPEAETUTETAKX BTOPOrO IIOPAIKA €CTh
3JIEMEHTHI [T€PBOIl CTPOKU, B3SThIE C UePE Iy IOIUMUCS 3HAKA~
Mmu “mwrroc” u “muayc”;

2) ompeeuTesid BTOPOrO IOPSJIKA €CTh JIETEPMUHAHTHI KBa/I-
PATHBIX MATPHI], IOJIYIAEMbIX U3 UCXOIHOH Y/aJIeHneM CTPO-
KI U CTOJIONA, COMEPKAIIUX IJIEMEHT, ABJISIOMNica Koadpdu-
[IUEHTOM IIPU OIPee/InTesie BTOPOIO MOPSIIKA.
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Anajiornynbie (pOPMYJIbI CYIIECTBYIOT 04 A00GIX CMPOK U CMoAdU08
KBaJIpATHOI MaTpuiibl. Bosiee Toro, Jioboit OIpeIeInTe/ b TOPSIKA N [10-
JOOHBIM CIIOCOOOM MOXKHO BBIPA3UTh U€pEe3 OIPeIe/IUTE N TOPsiaKa 1 — 1.

Ormernm, 9TO UCHOIL30BaHUuEe (GOPMYJI PA3JIOKEHUsI [0 CTPOKe (ujm
crosibiy ) ocobenHo 3 HEKTUBHO, KOI/Ia 9Ta CTPOKa (uau cToJiberr) comep-
JKAT HyJieBble djieMenThl. Tak, B mpumepe 2.1.3.1.6 memecoodpa3Ho BbIYUC-
JISITH 3HAYEHUE JIETePMUHAHTA, PA3JIOKUB €r0, CKAYKEM, TI0 NePEoMY CMob-

uy.

5 —2 3
det|| O 6 11 || =
0 0o 7
A -2 B A -2 3 p -2
=5-det|| 0 6 11 ||—0-det|| 0 6 A1 ||+0-det|l PO 6
0 0 7 p 0 7 H p
6 11 -2 3 -2 3
=5-det 0 7H0-det’ 0 7H+O-det’ 6 11 H

=5-(6-7—11-0)—0-((—2)-7—3-0)+0-((=2) - 11 — 3-6) = 210;

[IpoBepbTe CaMOCTOATENBHO, UTO PA3JIOKEHHUE ITOrO ONPEIETUTENS II0
mpemoveti cmpore UMeeT CJIeAYIONit B,

5 -2 3
det || O 6 11 || =
0 0o 7
-2 3 5 3 5 =2
0~detH 6 11 H()'det‘o 11 H+7-det‘0 6”210'

B npusesierHOM TIprMepe ISl BBIYUCEHUS 3HAYEHUsI OIPEJIeJTUTEsT
TPETBhEro IMOPsJIKa OKa3aJ0Ch NOCTATOYHO HAUTHU 3HAYEHWE OJHOTO OIlpe-
JIeTUTEJIS BTOPOTO MOPSIIKA, TTOCKOIBKY KaK IMEPBBIi CTOI0EIT, TAK U TPEThs
CTPOKa MMEIOT 10 JIBA HYJIEBBIX JIEMEHTA.

OrmeTuM Terepb OCHOBHBIE c80Ucmea onpedeaumenet.

- IpU TPAHCIIOHUPOBAHUU KBa/IPATHOI MATPHUIIBI €€ OIpe/IeIn-
TeJIb HE MEHSIETCS;

- eCc/IM B MATPHIIE IIOMEHATH MECTAMU JBe CTPOKU (UM CTOJIO-
1[a), TO ee OIPEeJIEIUTe/Ib U3MEHUT 3HAK Ha IPOTUBOIIOJIONK-
HBbIIt;
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- U3 CTPOKH (CTOOIA) OMPEIENNUTENST MOKHO BBIHOCUTE OOTITHiA
MHOYKUTEJIb;

- OIpEJEJHUTEh TPOU3BE/ICHNS KBAJPATHBIX MATDHI] DABEH
[IPOM3BENIEHUIO OlpeesuTesieii comuoxkureseit: ecm ||C|| =
JAIl- |l o det [[C]| = det | ]| - det | B}

- OTPENIEJTUTEh MATPHUILI PABEH HYJIIO, €CJIN

- B MATPUIIE €CTh HYJIEBOH cTOsIber (HysIeBast CTPOKa);
- MaTPUIA MMEET JIBE MPONOPIMOHAJIbHBIE (B YACTHOCTH,
paBHBIE) CTPOKH (CTONOIHI);

KsampaTHyto MaTpuily, ONpemesuTe b KOTOPOl paBeH HyJIO, MPUHS-
TO HA3BIBATH GbPOHCOEHHOT, & MATPUILY C HEHYJEBBIM JETEPMUHAHTOM —
HEBBLPOAHCICHHOU.

Ncnonb3yst IOHsITHE IeTEPMUHAHTA MOXKHO COPMYINPOBATH yCJIOBUE
00paTHMOCTH KBaIPaTHON MATPUIILL.

st Toro,aTo0bI KBaApaTHAs MaTPHUIA UMeIa 0OpaTHYIO, HeOOXO-
JIIMO U JIOCTATOYHO, YTOOBI UYTOOLI ee onpedesumens 6bla OMAUMEH
om HYA.

B sTom cydae maTpuiia, obpaTHast K MATPUIE BTOPOTO TTOPSIIKA

air 012
= || @ ,
21 @G22
OymeT ompeneraThbest OpMyIIoit
- 1 aze  —aiz
Al = ; 2.1.3.1
14l det || Al H —az1  an ||’ ( )
HeticTBUTETIHHO
- 1 aze  —aiz air a2
Al 14l = —— . ) -
14 14l det || A]| H —a  an a1 22
_ 1 || @11a22 —ai2a21  —anaiz +aizan || _
det || Al (21022 — 22021 11022 — G12021
_ 1 det]|A] 0 1o IE|
det || A]| 0 det || A]| 0 1 :
Pasencrso = ||A|| - |A| " = || E| . nposepsiercs anamormanbiv ciocoGom.

Ipumep 2.1.3.3. Hatitu marpuity

6 5

-1
, 1 IPOBEPUTH COOTBETCTBHUE

pe3yJibrara onpejeneruto 2.1.2.6.

34



7 6
6 5

Pewenue. Buagase ybeaumcs, ITO MATPUIIA

st aToro Haitaem

det =7-5-6-6=—1%#0.

7 6
6 5

UMeeT OOPATHYIO.

DTOT JETEPMUHAHT OKA3AJICS HE PABHBIM HYJIIO, 3HAYUUT, JTAHHAS MATPUIA

obparmma.
Teneps npumenum dopmysty (2.1.3.1). Tomyaaem, ¢ yaeToM onpeseeHust
2.1.2.3, uTo
767 1 | 5 6| _| -5 6
6 5 (=1 -6 7| 6 =7 |
Hakoner, seimoany nposepky pasencts ||A| ™' - ||A| = ||A] - A" =
|E|| . Nnmeem
76| lT6|_|[-5 6 |7 6]_
6 5 6 5| 6 -7 6 5|
| (=5)-7T+6-6 (=5)-6+6-5| |1 O —|1B]
T 67T+ (=T)-6 6-6+(=7)-5 | |0 1| ’
Vb6equrech cCaMOCTOATENBHO, YTO BTOPOE PABEHCTBO
-1
7 6 7 6
|6 26 2] =0
TaKKe CIPaBEIJINBO.
ITpumep 2.1.3.4. Haiitu marpuny || X||, ecan
2 -3
a) Al IX] = 18], e 4] = H 2
4 =2 9|
3 1 =5 |
75
by X [Al = (Bl rme A =, 5| B
5 4
30 12
7 5
Pewenue.
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a) UToObl permuTh TaHHOE MATPUIHOE YPABHEHNE, BHAUAJIE OIPEIeTIM Ka-
KHe PasMephl JIOJKHA UMeTh UCKOMasl MaTpura. st Toro, 9To6bl Ipons-
Begenne marpur ||All - || X cymecTBoBaIo HEOOXOAUMO PABEHCTBO HHCIIA
crosibnos marpuisl ||Al| uciay crpok marpuns || X ||, mostomy marpuna
| X || momxua umers e crpoku. C Ipyroii CTOPOHBI, YUCIIO CTOJIOIIOB IPO-
M3BEJIEHUsS] PABHO MHCJY CTOJOIOB BTOPOTO COMHOYKHUTEJIST, TIO3TOMY MAT-
puria || X || 6ymer umers, kak u Mmarpuna || B||, Tpu cronbua. Vtak, nckomast
MaTPHIA J0JKHA ObITh pasMepa 2 X 3 .

Bamerum, 9To MaTpura || Al| HeBBIPOXKIEHHAS, €€ OIPEIEUTENb OT-
JITIEH OT HyJsl W, 3HAYHUT, OHA UMeEeT OOPATHYI0 MATPHILY, PABHYIO (IO

dbopmyne (2.1.3.1))
|2 s
=] 35
Yuuoxus caesa na ||A| ' obe wacrn nexommoro ypasnenus ||Al| - | X || =
| Bl|, momyanm

1AL - LAl 1) = 1A - 18]

3areM, BOCIIOJIB30BABINUCH ompejiesienneM 2.1.2.6 u cBoiicTBaMu MaTpUY-
HOTO MPOU3BEJIEHNsI, B CUJIy PABEHCTB ||A||71 Al = 12| = ||E] - |1 X =
| X , yupocTum JieByI0 9acTh HOCTIEAHENO PABEHCTBA

(1Al - 1AL - 1X ) = 121 - 1 X1 = 1X]| -

TakumM 06pa30oM, Mbl HPUXOJUM K (GOpMyIIe, TO3BOJIsIIONIeH HaliTH
uckomyto marpuiy || X||.

—1
o an=t o2 -3 4 -2 9
x=nartm=| |5 T |-
2 3 -4 2 9 |1 -1 3
Sl o2 3 1 =51 | 2 0 -1

b) Pemienue 3ol 381891 aHAJOIMIHO IPEABIIYINEH, 38 UCKIIOUCHUEM TO-
ro, 9ro 06€e YacTU MCXOJHOrO YPaBHEHHS HAJIO0 yMHOXKHUTH Ha ||AH_1 He
cneBa, a cnpaéa. IIpoBepbTe CaMOCTOSITELHO, YTO UTOroBas (pbopMysa B
JIAHHOM CJIy9ae MMEET BUJL

-1
1 X1 = (1Bl - [|A]

U JIaeT peIleHne

-1 3
Xl =] 2 -4
10



Panr marpuns!

Kak y»xke oTMeuasoch, JIETEPMUHAHT SIBJISIETCST YHUCIOBON XapaKTEepPHCTU-
KOil K6adpamnoli maTpunbl. [yisi HEKBAIPATHON MATPUIIBI UCIOIb3YETCs
MHAs KOJIMIECTBEHHAS XapaKTEPUCTUKA, HA3BIBAEMAS €€ PAH20M.

ITycrs nana marpuna || A|| pasmepa m X n. BeibepeM B Heil mpou3BoJIb-
HBIM (HO He HAPYIIAOIINM MOPSIIOK HyMepanun) cnocobom k ctosbuos u k
CTPOK, Ha MEPECEICHNN KOTOPBIX CTOSIT SJIEMEHTBI, 00pa3yIoIe KBapaT-
HYTO0 nodmempuyy k-ro mopsaka. OUpeenTe/b 3TOi TOIMATPUIBI HA3bI-
Baercsd Muhopom k-ro nopsaka marpunst ||A]|.

Ipumep 2.1.3.4. st MmaTpuirsr

HAWTU CYMMYy BCEX €6 MHUHOPOB 2-TO IOPSIJIKA.

Pewenue. Buauase orpesiesiuM CKOJIBKO MHHOPOB BTOPOI'O HOPSIJIKA MMe-
er manHas marpuna. [lockoJbKYy MUHOD 2-T0 MOPSiIKa eCTh OIIPEIeIUTE b
KBaIPATHON IOAMATPHUIIBI 9TOTO K€ IMOPSIKA, TO CJIEIyeT HAWTH UUCIIO
KBa/[PATHBIX TOAMATPHUIL 2-10 TOPSIJIKA JJIsT JAHHONH MaTpuIibl. IHBIME CJ10-
BaMHU, YHCJIO0 MIHOPOB PABHO YUCJLY CIIOCODOB, KOTOPBIMU MOXKHO BBIOpDATH
U3 TpexX CTPOK JIAHHONW MaTPUIIbI JIBE, 8 U3 TPEX ee CTOJIOIOB — JBa.

Herpyaso 3amernTh, 9TO KaXKJbI UX ITUX BBIOOPOB MOXKHO OCYIIIe-
CTBUTD JIAIIb TPEMs CIOCODAMM, U TIOTOMY IIOJIHOE YUCJIO BO3SMOXKHBIX Ba-
PUAHTOB OKA3bIBAETCSI PABHBIM JeBsTH. Eile pa3 o6paTuM BHUMAHUE, 9TO,
BO-IIEPBBIX, BBIOOPKU CTPOK WM CTOJIOIIOB BBITIOJHSIIOTCS HE3AGUCUMO OpY2
om dpyea, U, BO-BTOPBIX, 0€3 HAPYWEHUA NOPAOKG HYMEPAUUL.

VejioBuMCst, 9TO P BBIOOPE Mapbl CTPOK C HOMEPAMHU i U j, & Hapbl
cTOJIONOB ¢ HOMepaMu k u [, COOTBETCTBYIOIUIl MUHOD 2-TO MOPsAKa Oy-
IeT 0003HAYATHCA KaK Mi’;l. DJIeMeHTBHI BLIOPAHHON TOAMATPHUILI OyIeM
BBIJICJISATH YKUPHBIM MIPHMTOM.

HO,ZLC‘{I/IT&QM 3HaYCeHU A MUHOPOB JIJIs1 BCEX JIE€BATHU BO3MO2KHBIX CJIyIaeB.

2 11 5 1
1) 0 2 1|, M{Z=det 0 o ll=4
2 3 2
2 11 5 1
2) 02 11}, M3 = det 01172
2 3 2
2 1 1 L1
3) 02 114, M3 = det 5 11|="1>
2 3 2
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2 1 1 5 1

4) 0 2 11|, Mllgzdet’2 3H=4,
2 3 2
2 1 1 5 1

5) 0 2 11|, Mllg’—det’2 QH—Q,
2 3 2
2 1 1 L1

6) 0 2 1|, MZ=det 5 o ||=—1,
2 3 2
2 1 1

7) 0 2 11|, Mj2 = det g g =4,
2 3 2
2 1 1 01

8) 0 2 11|, M3 = det o o | ="2:
2 3 2
2 1 1 5 1

9) 02 11, M2233—det’3 2H—1,
2 3 2

Takum 06pa30M MBI TOJy9YaeM, 9TO UCKOMas CyMMa BCEX MUHOPOB 2-TO
OpA/IKa /I JAHHOI MaTPHUIIBI COCTaBJIAET

4424+ (-1)+44+24+(-1)+(-4)+(-2)+1=5.

Onpedenenue 2.1.3.3. Panrom marpunpt ||A|| HasbiBaeTCs MaKCUMAAL-
HOLl NOPAJOK €6 MUHOPOS OMAUNHBIE 0M HYAA. PaHD
oboznauaercs rg || Al .

[TockobKy MUHOPOB TIOPsAIKA OOIBITEr0, IeM TYUCIO CTPOK UM CTOJOIOB

MATPHIIBI, CYIIECTBOBATD HE MOXKET, TO U3 ITOIO OIPEJEJICHUs BLITEKAET,

uro rg || A|| < min{m,n}.

Ipumep 2.1.3.5. Haitmem paHru cireIyIonmx MaTPHUIL:
a)

rg

’3—5

2 4 sz'

38



,.g
[0}
i
T
— e
Il
—

o o o o
o O o o
o O oo
T O =~ O

[Mosicaum yka3aHHbIe 3HAYEHUs pAHIOB. J1JIs B MATPHIIE 381891 &) MOXK-~
HO BBIJIEJIUTH YEThIPE HEHYJIEBBIX MUHODPA IIEPBOrO IOPSIIKA U OJIUH MUHOD
BTOPOT'O [TOPsIIKA, COBIAJIAIONTIUI C OIIpeIeuTeIeM STOH MATPHIIBI, 3HATE-
Hue KoToporo 3 -4 — (=5) - (=2) = 2 # 0. Cuie/1oBaTEILHO PAHT MATPHUIIHI,
[IPUBEJICHHON B IIpUMEpPE a) PaBeH 2.

B upumepe 6) jJaHHas MaTpuna MMeeT TPU CTOJOIA U YeThIpe CTPO-
Kd. 3HAYUT, ee PAHT He MOXKeT ObITh bosbie, deM 3. IIpu arom, maTpuna
UMeeT JIBEHa IaTh HEHYJIEBBIX MUHODPOB IIEPBOTO IOPSIIKA, a BCE MUHOPBI
BTOPOT'O U TPETHETO MOPSIJIKOB PABHBI HYJIIO, KAK OIPEJEJINTE]N KBaIPaT-
HBIX MATPWUIL C OJUHAKOBBIMU cTpOoKaMu. [losToMy paHr mJaHHON MaTpUIlbI
paBen 1.

Hakowerr, B upumepe B) y MaTpUIIbI, IAHHOW B YCJIOBHHU, €CTh Y€ThIpPE
HEHYJIEBbIX MUHODPa IePBOr0 IOPAKa U OJWH HEHYJIeBOH MUHOD BTOPOIO
opsijika. A Bce MUHOPBI MTOPSIIKOB TP U YeThIPe OKA3BIBAIOTCSI PABHBIMU
HYJIIO, IIOCKOJILKY UX MaTPHUIBI COAEPKAT 110 Kpailuell Mmepe Oqu HyJIeBOKR
crosibert. CiieToBATEIHHO PAHT JAHHON MATPUIIBI PDABEH 2.

3aMeTuM, 9TO U3 CBOMCTB JETEPMUHAHTA CJEYET, YTO €CJIH Y MATPUIIHI
6ce MUHOPBI IOPsiJIKa k PaBHBI HYJIIO, TO M BCe MUHODHI Hopsiaka k + 1 (u
BBIIIE) TAKKE OYJyT HYJIEBBIMU. DTO CBOHCTBO MOKET ObITH IIOJIE3HBIM IIPH
HaXOXKJIEHUU PAHTa MATPHUIIHI.
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2.2. CucreMbl JUHEHBIX ypaBHEHUIT

2.2.1. MeToa MCKJIIOUeHNsI HeM3BECTHBIX

B kypce snemenTapHO#l MaTeMaTUKN PaCCMATPUBAETCS B KAUECTBE OC-
HOBHOTI'O aJI'OPUTMa PeIIeHUs CUCTeM JIMHEeHMHBIX YDaBHEHHUIT MeTo, I10cjIe-
J0BaTEJIbHOI'O MCKJIIOYEHNsI HEM3BECTHBIX. PaccMOTpUM ero mpuMeHeHue
JUUISl PEIIIeHns] CUCTEMbI N JITHEWHBIX YPABHEHUI C 11 HEU3BECTHBIMU

anry  +  aerz + ... 4+ apT, = b
anxri + apry + ... 4+ axpT, = b (2.2.1.1)
ap1T1 +  an22 + .t GupTy = by,

B IIPE/IITOJIOXKEHNN, ITO ITA CUCTEMA MMEET €INHCTBEHHOE PEIleHueE.

[Ipu ucnosb30BaHNy METO/1a UCKIIOYEHNS, HA IEPBOM IIAre U3 IIOCJIE -
HErO YPABHEHUSI BBIPAXKAETCS Ty, IEPE3 L1, L2, . . . Tyy—1. IATEM IOy I€HHOE
BbIpaYKeHUeE TIOJICTABJISIETCS B OCTaJibHble . — 1 ypaBHeHusi. B pesysibrare
MBI TIOJIyIaeM CUCTEMY COCTOSIIYIO u3 n — 1 ypaBHeHus ¢ n — 1 Hem3BecT-
wbiM. [locseoBaresibHOE TOBTOPEHME ITOM MPOIEAYPHl B UTOTe TPUBEIET
K OJTHOMY JIMHEITHOMY YPABHEHUIO C OJHUM HEU3BECTHBIM X1, PEIINB KOTO-
poe, MOXKHO I10CJIeJI0BATENILHO (B 0OPATHOM IIOPSIJIKE) TAKKe [OJIYIUTh U
3HAYEHUsI OCTAJIBHBIX HEM3BECTHBIX.

O6001IeHnEM MeTOIA UCKJIIOUEHUsI SIBJISIETCS aJITOPUTM PEIleHus] CU-
creMbl (2.2.1.1), OCHOBAHHBI! HA KCIIOJL30BAHUU MATPUYHBIX OLEDAIH.
3aMeTuM, 9TO 9Ta CUCTEMa MOXKET OBbITh 3AINCAHA B BUJIE

JAl- 1X ] = 1B, (221.2)
rie

a1 G12 ... Gip T by
jag =|| 2 22 e e x| 2 By = | 2

Ap1 Ap2 .- Qup Tn bn,

Horosopumcs marpuny || All, smemenramu KoTopoii ciryKar Koadduim-
€HTBI [IPH HEU3BECTHBIX B cucreMe (2.2.1.1), Ha3biBaTh 0CHO6HOT MATPUIIEH
3TOl cucTeMbl. B nanbHelieM HaM TakKe moHano06uTcest matpuna || A| B,
KOTOpas MOJIy9aeTcs U3 OCHOBHOMN IMPUIIUChIBAHUEM K Heil cripaBa cToJIona

40



cBoGonHbIX 4ieHOB || B||. Marpuny ||A|B|| upussTo Ha3bIBATH paciuper-
HOT, MaTpUIlleil cUCTeMbl JIUHEHHBIX YPaBHEHUIA.

B cayuae, korga marpuna ||Al| obparuma, geficTBysi Tak Ke Kak Mpu
perernn 3a1a49 npumepa 2.1.3.4, To ecThb, yMHOXKast 00€e 9aCTU MATPUIHOTO
ypasmenus (2.2.1.2) cresa na ||A|| ™", momywm

LA™ - (LAl 1) = 1AL - 11B]

nJIm

-1
I = I14] - |BII, (2.2.1.3)
IIOCKOJIBKY

1AIT AL = 1B = BN Al = (LAl

IIpumep 2.2.1.1. Permuthb cuctemy ypaBHEHWUIT:

2£C1 - 3%2 = 1,
3rv1 + wx9 =
Pewenue. Ins naHHONl CUCTEMBI JTUHEHHBIX yPaBHEHUN
12 =3 | A 1
lan=| 3 3| ow=] 2] e )

OcHOBHasi MaTpHIA JAHHON CHCTEMbI YDABHEHUN HEBBIPDOXKICHHAS, I0-
CKOJIbKY

det| 2 73 =2-1—(=3)-3=11#0.
3 1
Haiiem jyist Hee obpaTtHyto 110 dbopmyse (2.1.3.1).
2 3| _ 1] 13
3 1 11 -3 2|
Hakowrer, no dopmyite (2.2.1.3) naxomum
||XH—$1—2_371~1—£~ L3
Tz || |3 1 1| -3 2 T
_ L-1+3-7 ) 1 (p22) |2
T11 || (=3)-142-7 | 11 || 11 1

Urak, pereanem naHHONl CHCTEMbI yPABHEHUI SBJISIETCS [IAPA 9UCETT T = 2
n To = 1.
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2.2.2. Metoa Kpamepa

Xorst dopmysbr (2.2.1.1) u (2.2.1.3) mo dopme 3amnmcu aHAJIOTHIHBI, U3~
BECTHBIM H3 KypCa 3JIEMEHTAPHOII ajrebpel popMmyaaM ar = b u = a~ 'b
JIIsl JINHEITHOTO yPaBHEHUS C OJHUM HEU3BECTHBIM, UX IPAKTUYECKOE [IPHU-
MEHEHUE He I1eJIeCO00PA3HO U3-33 CPABHUTEIHHO OOJIBIIOro 00beMa Tpedy-
forruxcst Beraucyenuii. CymecrBeHHo 6osiee 3(hHEeKTUBHBIM METOIOM pellie-
HUs CUCTeM JIMHEWHBIX ypaBHEHHUi siBysieTcst MeTos, Kpamepa, ncrosib3o-
BaHME KOTOPOI'O0 PACCMOTPHUM Ha IIPUMEPE CUCTEMbI JABYX JIMHEHHBIX ypaB-
HEHUI C JIByMsI HEU3BECTHBIMU BHJIA

a1z + appry = by,
2.2.2.1
{ azry + azpry = by, ( )

pelleHreM KOTOPOii sIBJIsieTcs yIOPsiJIoUueHHasl apa duces {xi, s}, & BO
BBEJICHHBIX paHee 0003HAYEHUIX

by
ba

a1 ai2 T
lAl = oo IX={ o] 1Bl=
[Tostyaum jiBa cjaefcTBus U3 ypaBHEHU JAHHON CHCTEMBI, KaxKJIoe U3
KOTOPBIX OyJeT COomepKarTh TOJBKO 10 OJIHOMY U3 HEU3BECTHBIX T1 U To.
s 3Toro cHavaJia BEIITEM U3 TIEPBOTO YPaBHEHUS, YMHOXKEHHOTO Ha (22,
BTOpPOE, YMHOXKEHHOE Ha 12, YTO JACT

(011(122 - 012021)$1 = biazy — baaiz,

3aTeM U3 BTOPOr'O ypaBHEHUHA, YMHOXKEHHOI'O Ha @11 , BBIYTEM IIE€pPBOe,
YMHOXKEHHOE Ha (21, U IIOJIy4YUM

(a11a22 - 012a21)$2 = byai; — brag;.

SameTnM, 9T0 00 MOy I€HHBIX PABEHCTBA, KOTOPbIE YIOBIETBOPSIIOTCS
JIFOOBIMU PellieHusIMU cucTeMbl (2.2.2.1), MOXKHO TIepenucaTsh B BUe

A - xr1 = Al n A - T = AQ (2222)7
rie
A = det| ‘11 912 , Ay =det b arz , Ag =det @ b
a1 Q22 by ao az1  bo

U uccjenyeM cooTHomenus (2.2.2.2) B IPEANOIOKEeHUH, YTO Ha 3HAYEHU
mapamMeTpoB ai1, A12, G21, G2z, U by, by He HajaraeTcs HUKAKUX OTPAHU-
YeHUM.
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1°. Eciim A # 0, cymiecTByeT eIMHCTBEHHAS Tapa YUCeI T1 U Ty, Y/I0-
BJIETBODsIIOIAst paBeHcTBaM (2.2.2.2) BHIA

_ A

Ay
Ty = == — .
L7A

noz= (2.2.2.3)
HenocpencTBenHO# TPOBEPKOI MOXKHO YOEIUTHCS, UTO 3Ta apa Tu-
cedt yuosJsierBopsieT u cucreme (2.2.2.1) CienoBaressno, npu A # 0
cucTeMa JIMHEHHBIX ypaBHeHni (2.2.2.1) MMeeT pelleHne u mpuToOM
€IMHCTBEHHOE.
2°. Ecm A =0, a Ay # 0 wim Ay # 0, To coorHOmeHus (2.2.2.2)
HE YJOBJIETBOPSIOTCA HU NPU KAKUX 3HAYCHWAX T1 U To. SHAUMT,
B 9TOM CJIydae CHCTeMa JIMHEHHBbIX ypaBHeHuil (2.2.4) pemenuil He
HMEET.
3°. Hakonern, ecit A = 0 u A; = Ay = 0, T0 cooTHOmeHus (2.2.2.2)
OyIyT YIOBJIETBOPATHCA JIIOOOI Hapoii uuces x1 u L. B arom cy-
qae cucreMa (2.2.2.1) umeer 6eCYMCIEHHOE MHOXKECTBO DEINCHUIA,
MTOCKOJIbKY KO3 (PUIMEHTHI €€ ypaBHEHUI OKA3LIBAIOTCS IIPOIIOP-
IUOHATLHBIMHU.
TaxkumM 06pasoM, MOXKHO yTBEPXKIATH CJeiytoree (3TO yTBEpIKIEHUEe
HasbiaeTca Teopemoii Kpamepa).

Cucrema n TUHEHHBIX YPABHEHUN C 1 HEM3BECTHBIME UMEEM, eQuH-

cmeennoe pewenue Buga (2.2.2.3) Torjga m TONBKO TOT/A, KOTIA
det || Al # 0.

Ipumep 2.2.2.1. Pemutb Metomom Kpamepa cucremy ABYyX JIMHEHHBIX
YPaBHEHUI C IBYyMsT HEM3BECTHBIMT:

2.’E1 - 3%2 = 1 s
3r1 + To = 7.

Pewenue. Haitmem njis manHON CHCTEMBI TUHEHHBIX YPaBHEHUI 3HATCHIE

A.

A = det || A|| = det =2.1-(=3)-3=11£0,

3 1

H

3HAYUT, JIJI PEIIeHUs JTAHHON CHCTEMBI MBI MOYKEM HCIOJIb30BATH METO/T,
Kpawmepa, To ecrb, 110 popmynam (2.2.2.2) BHAYAJIE BBIYUC/IAEM 3HAUCHUS

Al n Ag.

Ay =det ||A|| = det 71

K



Ay = det [|A|| = det 3 7

’21

‘:2-7—1~3:11.

Hakorer, o dopmynam (2.2.2.3) HAXOAMM HUCKOMblE 3HAYEHUS HEH3-
BECTHBIX

Ay
= — = _—:1
A 11

2 _, _ Ay 11
A 1 - " -

T T2

Teopema Kpamepa crpaBemuBa B 00IEM ciiydae JJIsi CUCTEMBI 1, JI-
HEIHBIX ypaBHEHUI C N HEM3BECTHBIMU. B KadecTBe IpuMepa IPOIeMOH-
CTpUpYEM ee IPUMeHEHUe U JIJIsl PElIeHUsi CUCTEMbI TPeX JIMHEHHBIX ypaB-
HEHUI C TpeMs HEU3BECTHBIMU.

Ipumep 2.2.2.2. Permmuth cucreMy JTHHEHHBIX ypaBHEHUIL:

721’1 + X2 — Ir3 = ].,
3ry — x2 + 23 = =3,
201 + x9 — 2x3 = -—2.

Pewerue. Baagajie cocTaBuM OCHOBHYIO MATpHILy (TO €CTh MATPHILY, CO-
CTABJICHHYIO U3 KOI(DMOUIMEHTOB [IPY HEM3BECTHBIX ) ITOH CUCTEMbI U Haii-
JIEM €€ OIpPEeTUTE b, HAIIPUMED METOIOM “TPEyroJIbHUKOB”

-2 1 -1
det [|A|| = det 3 -1 2| =
2 1 -2

= (=2)(=1)-(=2)+1-2:24+(=1)-3-1—(=1)-(—1)-2—1-3-(—=2) —(=2)-2-1 =
= 44+4-3-2+4+6+4=5#0.

Ilosydennbrit pe3yabTaT O3HAYAET, YTO CUCTEMAa HMEET €JIMHCTBEHHOE
peltenue, onpeesisieMoe pOPMYJIAMIE:

_ A _ A _ 8
xr1 = A 5 To = A ) Tr3 = A )
rae A = det ||A|| = 5, a uncina Ay, Ag u Ag cornacuo Teopeme Kpamepa
PaBHBI
1 1 -1 -2 1 —1
A1 = det -3 -1 2 | =-5; Ay=det 3 -3 2
—2 1 -2 2 —2 -2
-2 1 1
Az = det 3 -1 -3 =-5.
2 1 -2
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HamomuamM, uro MaTpuilsl mjis onpeneaareneit A1, As u Ag moJrydaorcs
U3 MATPHUIIBL

-2 1 -1
=] 3 -1 2
2 1 -2
1
[OCJIeJOBATEIBHON 3aMeHOi ee cTosbnoB Ha ||B|| = || —3 || — cronber
-2

[IpaBBIX YacTeil peraeMoii CucTeMbl ypaBHeHui (BblIeaeHHbI B (hopMysiax
3aTEeHEeHNeM ).
[ToscraBup Hadijenubie 3Hadenus aucea Ay, As u Az , TOJYyIUM, 9TO
Aq -5 Ag —10 Ag -5

nE=RN T o mERYT T mEy T =

2.2.3. Cucrembl m JUHEHHBIX yPaBHEHUI C N HEM3BECT-
HbIMU

Paccmorpum Teneps citydait, KOrga YMCIO YPABHEHUN W YHCJIO HEM3-
BECTHBIX CHUCTEMbl JIMHEHHbIX ypaBHEHUII IPOU3BOJIbHBI, TO €CTh, CUCTEMY
m JIMHEHHBIX YPABHEHUII C 1 HEM3BECTHBIMU BU/IA

a1ty  +  apry 4+ ... 4+ ar, = by
2121+ axrz + ... + AT, = b (2.2.3.1)
Am1X1 + AmaX2 + ... +  GpnTn = bm

[IpU IPOU3BOJILHOM COOTHOIIEHUU MKy HATYPAJbHBIMUA YUCIAMUA 1M U N.
Crosiber HEM3BECTHBIX, CTOJIOEI] CBOOOIHBIX YIEHOB, OCHOBHASI U PaC-
[MIUPEHHAsT MATPUIIBI B 9TOM CJIyIae COOTBETCTBEHHO OY/IyT MMETh B,

1 by ai1 G2 ... Qip
T ba as Gz ... Q2
IXI = "= IBl=] =, lAl={ = = 7 =,
Tn bm am1 Am2 ... (mn
aii ai12 QA1n | bl
||A‘B|| . as1 a22 (05798 | b2
= |
Ap1l Ap2 oo App | b
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VYesioBue paspenmuMoCcTH CUCTEMbI JIMHEeHHbIX ypaBHenuii (2.2.3.1) (To
€CThb, CYIIeCTBOBAHUA peHIGHI/IH) JlaeTcs cllelyIonieil TeopeMoit (Hocsimeﬁ
HaspaHune TeopeMbl Kponekepa-Karmnesnm).

Jljtst TOro,9T00BI CUCTEMa, 1711 JIMHEHHBIX YPABHEHUN C 1 HEU3BECT-
HBIMH UMeJIa PeIleHne, HeOOXOINMO U JIOCTATOYHO, 9TOOBI PAHT ee
0CHOBHOT MATPHUITHI PABHSIJICS PAHTY PAcuuperHoti MaTPUIIBL.

Wi, BO BBE/IEHHBIX paHee o0o3HaveHusx, 1g || A| = rg | A|B||.

Metopn, pemenust cucrembt (2.2.3.1) OCHOBBIBaeTCsl Ha T€OpeMe, yTBep-
JKJIAIOMIEH, 9TO MAKCUMANDHOE YUCAO HE3ABUCUMDBLET YpasheHull amoti cu-
cmemwt pasro tg ||A||, u (B ciydae, eciim oHA COBMECTHA) COCTOUT B CJIEIY-
FOIINX, TIOCJIEJIOBATEIBHO BBIOJIHAEMBIX JEHCTBUSIX:

1° - oTOpachIBaHNN 3aBUCUMBIX yPABHEHUIT;

2° - pa3/ieJIeHnY BCeX HEM3BECTHBIX Ha JIBE TPYIIIIBL: 0CHOSHBIE U C60600-

Hble, K TIEPBBIM 13 KOTOPBIX(00muM anciaoMm rg ||All), okaseiBaercs
npuMeHnMO# Teopema Kpamepa, a 3HA9€HUST BTOPBIX MOTYT UMETh
[IPOU3BOJIHHBIE 3HAUEHMUST;

3° - mocTpoeHnN YNPow,eHHOl CUCTEMBI U ee pereHnn 1o npasumiry Kpa-

Mepa, CBOJISAIIEMYCST K BBIPAXKEHUIO OCHOBHBIX HEM3BECTHBIX UepPes3
CBOOOIHBIE.

Ipumep 2.2.3.1. IIpounmiocTpupyeM HUCIOJIL30BAHUE JAHHOIO METO/A HA
IpuMepe 3aJa491: UCCIeJ0BaTh HA COBMECTHOCTh U HAWTHU
BCE PEIICHNd CUCTEMBbI JIMHEHHBIX ypDaBHEHUN

3r1 + 2x9 + x3 — Txy + x5 = 0
r1 + To 4+ x3 — 4dry + x5 = 0

nJin B MaTPUIHOM BHUJIC

T
321 -7 1 20 o
11 1 -4 1 = o

T4

Ts

Pemmaemas cucrema JTUHEHHBIX ypaBHEHNH €CTh YaCTHBIN CIydail CUCTe-
mbl (2.2.3.1) ¢ m = 2 un = 5. Haiizlem paHru ee OCHOBHO} U paclIMpeHHO
MaTpPHIL.

321 -7 110
111 -4 1] 0

Bo-nepBbIix, 0U€BHUIHO, YTO PAHT OCHOBHOII MATPHUII HE MEHBIIE, YeM

IA[B| =

1, IIOCKOJIbKY B MaTpHIle €CThb 3JIEMEHTBI C HEHYJIEBbIMU 3HAYCHUAMU, U HE
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OoJtbITe, UeM 2, TaK KaK UUCJIO CTPOK MaTpuiel m = 2. [Toatomy mocra-
TOYHO TOJCYNTATH 3HAUECHUS BCEX MIUHOPOB BTOPOTO MOPSIIKA U BLIICHUTD,
WIMEeeTCsl JIM CPeJI HUX XOTsI Obl OJIUH OTJIMYHBIN OT HYJIsi. Bcero B OCHOBHOI
MaTPHIE MUHOPOB BTOPOTO TOpsiyika 24. B ux 4ncie, HaipuMep, UMeeTCst
He PaBHBII HYII0 MIHOD, MATPUILY KOTOPOTO 0Opa3yIoT IMEPBBIE ABa CTOJIO-
ma. eiicTBuTeIbHO,

2
det || 2 —3.1-2.-1=1#0.
1 1
SHauuT, I JAHHON cUCTeMbl JIMHEHHbIX ypaBHenuii rg ||A]| = 2. C apyroit

CTODPOHBI, PAHI' PACIIUPEHHON Marpulbl rg ||A|B|| Tak:ke oueBumno paBeH
2, TIOCKOJIBKY CTOJIOEI] MPABBIX YacCTell CHCTEMBI COJIEPKUT TOJIHKO HYJIH U
¢ “yuyactueMm” 3TOro CTOJIONA HEJIb3s MOJIyYnTh HeHyjeBoi Mmunop. Cieno-
BATEJIbHO, CHCTEMa COBMECTHA — OHA, NMEeT DeIleHIe.

OrmeruM, 9TO JJIs1 JAHHON CHUCTEMBbl YPABHEHUI K 3aKJIIOUEHUIO O ee
COBMECTHOCTH MOXKHO ObL10 TipuaTu u 6e3 Teopembl Kpomekepa-Karmemnmn,
TaK KaK y Hee eCThb OYEBHJIHOE DEIleHne: X1 = Tg = X3 = 4 = x5 = 0.
[Tomobuast curyarust Oy/eT UMETh MECTO i JII000H 00Mopodnoti cucte-
MBI JIMHEIHBIX yPaBHEHWIi, TO €CTh B CJIydae, KOIJa IPaBble JacTU BCEX
yPaABHEHUIl PABHBI HYJIIO.

Opnako npumenenne Teopembl Kponekepa-Karmenmn xHeobxomumo, mo-
CKOJIBKY DaHI' PACIIMPEHHON MATPHUIILI TAKYKE IMOKA3BIBAET KAKOE MAKCH-
MaJIbHOE YHUCJI0 HE3aBUCUMBIX YPABHEHUIl COJIEPXKUT pellaeMasi CUCTEMA.
3aBuCHMbIE YK€ YpaBHEHHUsI MOYXKHO He IIPUHUMAaTh BO BHUMaHue. B Hamem
ciydae

rg|| Al = rg [ AIB] = 2 = m,

U, COTJIACHO IIyHKTY 1°, 00a ypaBHEHUs CJIe/lyeT OCTABUTDH B CUCTEME.

[Ipu BeITONTHEHUE TyHKTA 2° BHaJYaJE CJIEIYyeT ONPEJENUTh CKOJIBKO
OCHOBHBIX U CKOJIbKO CBODOJIHBIX HEM3BECTHBIX MMEET CHCTeMa. B Harrem
cJIydae 9HCII0 OCHOBHBIX HEM3BECTHBIX PABHO Ig || A|| = 2 — MakcnmasbHOMY
YUCIIy HE3aBUCUMbBIX ypaBHeHUi, nb6o npasmio Kpamepa IpUMEHUMO JIjTst
CHCTeM, B KOTOPBIX YHCJIO HEM3BECTHBIX PABHO YUCIIy ypaBHeHuit. Hucio
JKe CBODOIIHBIX HEM3BECTHBIX, TAKUM 00Pa30M, OKA3bIBAETCS PABHBIM 7, —
rg||Al=5-2=3.

Termepb M3 MUMEIOMUXCST B MCXOIHOW CHCTEME ISITH HEM3BECTHBIX HAJO
BBIOPATH /IBA B KAYECTBE OCHOBHBIX. B 001meM citydae e .4106a.4 mapa Hen3-
BECTHBIX JIJIsT 9TOIO MOJUTCs. BBIOOD JI0I2KEH MO3BOJINTH TPUMEHEHUE TE€O0-
pembl Kpamepa, TO ecTh JIeTepMUHAHT OCHOBHON MATPHUIIHI YIIPOIIEHHOMN
cucreMbl (OJIyYaroIIeiics ToCIe epeHoca CBOOOIHBIX HEM3BECTHBIX B IIPa-
BYIO 9aCTh ypPABHEHWIi) He JOJKeH ObITh paBeH Hy 0. B Hariem ciydae,
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HaIPUMED, Iapa ] U Ty OTBEYAET ITOMY TPeOOBAHUIO, a Hapa T3 U Ty —
HeT.

Eciu npuasaTh 332 OCHOBHBIE HEM3BECTHBIE TIEPBYIO APy, TO YIIPOIIECH-
Hasl cucTeMa OyJIeT MMeTb BUJI:

31, + 2z = — x3 + Try — s,
T, 4+ x9 = — x3 + 4dxy — x5.

[TpucBouM CBOOOTHBIM HEM3BECTHBIM ITPOU3BOJIbHBIE (DUKCHPOBAHHBIE
3HAYEHUS:

x?}:ta Ty =pP, ITs5=4¢q.
TeHepI) 3HaYCHUA OCHOBHBIX HEU3BECTHBIX OJTHO3HATHO HAXOJAATCHA U3 YIIPO-

meHHol cucrembl. Hampumep, mo dopmysiam Kpamepa, wim modieHHBIM
BBIYUTAHAEM YJIBOEHHOI'O BTOPOI'O YPaBHEHUS U3 II€PBOIO, IOJIyYaeM

Ty = t - p + q,
® = — 2 + 5p — 2.

CiieoBaTeIbHO, PelleHrne NCXOHOW CUCTEMbI JIUHEHHBIX yPaBHEHUIT B pa3-
BepHYTOI (popMe MOXKET OBITH 3aIlUCAHO B BUIE

1 = t — p + q,

r2 = — 2t + dSp — 2g,

T3 = t, Vt, p, q.
Ty = b,

Ty = q,

[Tosryaennbie hOpMYJIBI MOKHO TaKXKe 3aIlUCATh W MPU MOMOIIM MaT-
PUYHBIX OIl€PaITUii.

1 t — p + g

To - 2t + 5p — 2

I3 = t

Ty p

I5 q

W

X1 1 -1 1
To —2 5 -2
3 || = t- 1 +p- 0 + ¢ 0 Vt, p, q.
Ty 0 1 0
Is 0 0 1
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Ipumep 2.2.3.2. PaccMoTpuM el1ie OMH IPUMED: HCCJIETOBATH HA COBMECT-
HOCTb W HANTU BCE DEIIEeHUsI CHCTEMBI JIMHEHHBIX ypaB-

HeHu
2331 — To + 21’3 = 3
r1 — ZTo + 2£C3 = 2
—3x1 + 39 — 6x3 = —6 (2.2.3.2)
23)1 — 2.]32 + 4$3 = 4
-1 + To — 2x3 = —2

nj B MaTPUIHOM BUJIE

2 -1 2 3
1 -1 2 Ty 2
-3 3 —6 T2 || = || —6
2 =2 4 T3 4
-1 1 -2 -2

O6parnTe BHIMAaHIE HA pa3Mepbl MATPHUIL B JTAHHOI (DOpMe 3aInucy Cucre-
Mbl YPaBHEHUM.

OueBngHo, uto cucrema (2.2.3.2) eCcTh YACTHBIN CJIydail CHCTEMBI
(2.2.3.1) ¢ m = 5 u n = 3. IlocTpouM Jijisi Hee PACIIMPEHHYIO MATPUILY
||A|B|| u Haiijem Kak ee paHr, Tak ¥ paHr OCHOBHO Marpuipl || A||. meem

2 -1 2| 3
1 -1 2] 2
JAB|=|| -3 3 —6 | —6
2 -2 4 | 4
-1 1 -2 | -2

Hecnoxno 3aMeTuTh, 9TO KaK B OCHOBHOU, TaK W B PACIIMPEHHON MaT-
pHUIaX TPEThs CTPOKA €CTh BTOPAasi yMHOYKEHHAs Ha —3. DTO 03HAYAET, ITO
Tperbe ypaBHeHue cucreMbl (2.2.3.2) sBJgeTCs CJEACTBIEM BTOPOIO yPaB-
HEHUSI ¥ €r0 HAJI0 YJIAJNTH U3 CIUCKA HE3aBUCUMBIX YpaBHEHWA. AHAIOT Y-
HO K 3aBHUCHMBIM CJIE/IyeT OTHECTH TaK>Ke YeTBEPTOe U IITOe yPaBHEHUH,
[IOCKOJIbKY OHM MOTYT OBITBH IOJIyYeHBbl YMHOXKEHHEM BTOPOI'O ypaBHEHUs
COOTBETCTBEHHO Ha 2 1 —1.

C mpyroit CTOpOHBI, B MEPBBIX JBYX CTPOKAX PACIIUPEHHON MATPUILHI,
B CTOJIONAX OJWH U JBA PACIIOJIOXKEHa KBaJIPATHAs IIOAMATPHUIA BTOPOLO
TIOPSAIKA

2 -1
1 -1
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2 -1
1 -1
A 310 o3nauaer, uro 1g || Al = rg||A|B|| = 2 u, ciaegosaresibHO, cucTeMa
(2.2.3.2) coBMeCTHA, TO €CTb OHA UMEET PEIICHHE.

Haiinem st pemrenus no cxeme 1°-3°. Ilocse ymaseHust 3aBHCAMBIX
ypaBHeHuil, cucreMa [IPUMeT BUJL

ompeaenTeab KoTopoii det =2-(-1)—1-(-1) = -1 #0.

{2“ - @+ 2m =3 (2.2.3.3)

X1 — T2 + 21’3 = 2

Teneps cieyeT pa3Ie uTh HeN3BECTHLIE Ha, OCHOBHBLIE U cBOOOMHBIE. nc-
JIO OCHOBHBLIX HEHM3BECTHBIX JOJIKHO OBITE rg ||Al = 2, ognako me sobas
1apa HeU3BEeCTHLIX MOAUTCS I UCIOIb30BaHIs B KadecTBe OCHOBHLIX. Ha-
MIOMHUM: JIJIsl 9TOM Mapbl HEM3BECTHLIX JIOJIKHA ObITH IIPUMEHUMOI Teope-
Mma Kpamepa. JIpyrumu cjioBaMu, MUHOP OCHOBHOI MaTPHIbLI HE JI0JKEH
PaBHSITLCA Hy/TI0. B HallleM IIpuMepe 38 OCHOBHbBIE HEH3BECTHBIC MOXKHO BbI-
Gparh napsl {r1,xs} wm {x1, 23}, Ho He {X2, T3}, TAK KAK JJIsl TIOCIIEIHEN

o] meveeen-

mapbl COOTBETCTBY IO MIUHOP paBeH det 1 2

0.

ITpumem 3a OCHOBHBIE HEM3BECTHbIE Hapy {r1,Z2}, a HEM3BECTHOE T3
3a cBODOJHOE, 3HAYEHHNE KOTOPOro ¢ npousBosibHO. Torma cucrema (2.2.8)
MOXKeT OBITH 3aIlucata B BUJIE

21‘1 — T2 = 3 — 2t
’ 2.2.3.4
{ I — To = 2 — 2t, ( 3 )
e 3 = t, t € (—00,+00), TO ecrb, ¢ — HapaMerp C IIPOU3BOJILHBIM
3HAYEHUEM.
Pemum cucremy (2.2.3.4) mo cxeme Kpamepa. s sroro npeasapu-
TesbHO HadimeM A, A u As.

A—det] 2 71 “2.(1)1-(1)1;
1 -1

_ (3—2t) —1 | _ _ 1
A = det 2-2) —1 =B-2t)-(-1)—(2-2t)- (1) = —1;
_ 2 (3-2t) || _ _
Ao = det 1 (2—20) H2~(32t)1~(22t)12t.
T _ A _ Dy
eneppb, yUMThIBALA, UTO T = R = 1luaxy = N 2t — 1 (wo

rTeopeMme Kpamepa), MOXKHO [IOJIy YU Th OTBET 33/Ia91: BCE PEIIEHUsT CUCTEMbI
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JIMHEHHBIX ypaBHeHuii (2.2.3.4) onmcpiBaorcs GopMyIaMu

ry = 1,
To 2t — 1, t € (—o0,+00)
r3 = t.

WJIA, TIPU TIOMOIIA MaTPUYHBIX OTEPAITUiA,

T 1 0
zo || = || =1 || +¢t-f 2|, t € (—o0,+00)
I3 0 1

2.3. NanrocTpaTuBHBIN puMep: “3ajiada o ¥XKYy-

Kax’’

IIpomemoHCcTPUpPYEM HCIOJIB30BAHUE MATPUYHBIX OIEPAIMA U CHCTEM
JIMHEHHBIX YpaBHEHUN Ha IIpuUMepe CJleJlyIonieil 3a1a4u.

PaccmarpuBaercst KOJIOHUSI YKYKOB OIPEIEJIEHHOIO BUJIA, CPeioil obu-
TaHUsT KOTOPBIX MPU HOPMAJBHBIX YCJIOBUSX MOXKET OBITH OHA W3 TPeX
caemyomux: “Ha 6epery”, “B Bo3myxe’ u “na Bome”. Ilociaenosarensbno mpo-
BOJIMIMbIE HAOJIIOJEHNS [TOKA3AIN, ITO:

- XKyK, Haxojgdmuiica “Ha Oepery”’, mpH IOCjIeayIonEeM HaOJIIOIEHNN,
ocraercs “Ha Gepery”’ B TPHIIATH IIPOIEHTAX CJIyYaeB, B COPOKA IIPO-
[EHTaX CJIyuaeB OOHADPYKUBAaETCsS “B BO3AyXe’, W, HAKOHEI], B TPUJI-
IaTH MPOIEHTAX CIYyIaeB OKa3bIBAETCs “Ha BOIE’;

- XKYK, HAXOAAIIHICS “B BO3Iyxe”, IPH MOCIEIYIONIEM HAOTIOIECHNN OKa-
3bIBaETCs “Ha Oepery”’ B IMOJIOBUHE BCEX CIyUaeB, OOHAPYKUBAETCs “B
BO3yXe’ B OJHON JECSTON YaCTH CJIyYaeB WJIM HAXOIUTCs “Ha BOje”
B JIBYX ISITBIX CJIy9aesB;

- JXKyK, Haxo[sImuiics “Ha Boje”, IpU MOCeayomeM HabJroieHnn oOHa-
pyKuBaeTcs “Ha 6epery”’ B ABYX MATHIX BCEX CIYyUAEB, HAXOMUTCI “B
BO3/yxe ” B OJIHOI MIATOM CJIyYaeB UM OKA3bIBAETCs “Ha BO/E” B JBYX
IISITBIX CJIYYAEB.

B npejmnosioxkennn, 9To MOJIHAST IUCJIEHHOCTD KOJIOHUU XKYKOB ITOCTOSTHHA,
Tpebyercst HANTH:

1) pacupemesnenre XKyKOB 110 cpejiaM OOUTAHUS, €CIU UPEIIIeICTBYIO-
mee HaOJIOAEHTe TI0Ka3aJ10, 9To “Ha Gepery* Haxoauioch 30% »KyKos,
“p ozayxe” - 10% »kykos, a “na Bome” 60%.
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2) pacupejiesieHue KyKoB [0 cpejlaM O0MTaHWs, IIPEJIIIeCTBYIOIIee Ha~
6JII0/ICHIIO, KOTOPOe IoKa3aJlo, u4To “Ha Gepery* Haxomuioch 45% xKy-
KOB, “B Boznyxe’ - 15% Kykos, a “na soue” 40%.

Pewenue. 1) Ilycrs ynopsijouenHast Tpoiika uuceds {xy, T, X3} €CTh uc-
XOTHOE PACIIpeIesIeHIe XKYKOB TI0 cpeiaM obuTtanusi: “Ha Oepery”, “B BO3Iy-
xe " u coorBeTcTBEHHO “Ha Boje” (B IpOLEHTaX ), a Tpoiika yuces {y1, Y2, Y3 }
SIBJISIETCS] UCKOMBIM aHAJIOTUIHBIM pacIpesiesieHrneM. 1Toraa CBs3b MEXKLy
HCXOJHBIM ¥ UCKOMBIM PACIPEIJICHIEM, KaK HETPYIHO 3aMEeTUTh, 3a,1aeT-

cst popMysTamMu:

y1=03-214+05 -29+04 23
y3:0.3-x1+0.4-x2+0.4~x3

HeticTBUTEIBHO, HAIIPUMED Yo - IPOIEHTHAS JOJs *KYKOB “B Bo3ayxe

obpasyercs u3s:
- 0J1K 2KYKOB ObIBIIUX “Ha Gepery” u B3jieTeBIINX “B Bo31yX ' (KOTODBIX,
corsiacHo ycsosuio 3aga4dn 40% or 1),

- ZI0JId JKYKOB OBIBIIUX “B BO3ayxe” M TaM 2Ke OCTaBIIUXCsd (& TaKux,

corsacHo ycsosuto 3agaan 10% or x3),

- M, HAKOHEII, JOJIA YKYKOB OBIBINUX “Ha BOJE” U OTTYIa B3JIETEBIIUX “B

Bo3yXx’ (Takux, coryacuo yciaosuio 3amaun 20% ot x3).
[IpocymMMupoBaB 9TH TPU AOJHM, MBI M TIOJYy9IaEM HCKOMOE 3HAYEHUE IJIsT
Yo. BemmaIuHn y; U Y3 HAXOIATCA AHAJIOTUIHO.

Tenepb, mojcTaBUB B cooTHOmeHust (2.3.1) JaHHBIE B YCJIOBHU 3a7a4K
snadenusa r1 = 10%,xo = 65% n x3 = 25%, moayuum myTem HecsoxK-
HBIX apu(PMETUIECKNX BBIYMCJICHUI OTBET Ha MEPBLIA BOIPOC 3aIa4W:
y1 = 45.5%,y2 = 15.5% u y3 = 39%.

3aMeTuM, 4TO YIOPsAOYeHHbIe TPORKHU YKce)l, 3aJa0lIue pacipeieie-
HUe XKYKOB TI0 cpejaM OOMTAHUSI, MOYKHO 3aIMCATDH B BIUJIE TPEXKOMITOHEHT-
HBIX CTOJIOIIOB

Z1 'A%
X[ =1 =2 |5 IYII=] v |,
zs3 Y3

a JI0JIN, XapaKTepU3yIolne M3MEeHEHNe CpPeJbl OOUTaHWs *KYKOB, B BHJE
MaTPHUILBI

0.3 05 0.4
|A| = 04 01 0.2
03 04 04

ObpaTure BHUMAHUE, 9TO CTOJIOIBI ITOM MATPHUIBI COOTBETCTBYIOT CPE/IE,
B KOTOPO#I 2KYK HaXO/IMJICS, & CTPOKH — CpeJle B KOTOPYIO OH IIePEMECTUIICS.
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Ternepb, COITACHO ONPEJIEJEHUIO ONEPAIMA IIPOU3BEJIEHNs MATDHIL -
2.1.2.5, coornomenus (2.3.1) moxHOo 3anmucats kax ||V = |4 - || X || wm
B Pa3BEPHYTOM BHUJIE

Y1 0.3 05 04 1
ya ||[=1 04 01 02| 22 |. (2.3.2)

OTmeTnM cpazy, UTo, Tak e Kak u coorHomenus (2.3.1), ata dgopmyra
HO3BOJIET MOMYYUTh OTBET Ha BOIPOCHI 3afadn. JefCTBUTENILHO, €CIn B
(2.3.2) momcrasurs 1 = 10%, 22 = 66% u 3 = 25%, To MBI TOSYIEM
corjiacHo onpejesenuio 2.1.2.5.

n 0.3 05 0.4 10 45.5
yo |l=1 04 01 02| 65]=] 1551,
ys 0.3 04 04 25 39.0

YTO €CTECTBEHHO COBIIAJAET C OTBETOM Ha IMEPBBIA BOIPOC 3aJa9H, MOJIY-
YeHHBIM Hamu 110 (popmysaam (2.3.1.)

[Tosryaum Temeps 0TBET Ha BTOPOit Bompoc 3amadu. Ham cHOBa HEOOXO-
numo pemmuth ypasaerne ||V = ||A]l - || X||, Ho TosbKo Temeph HemsBecT-
HbIM Gyzer crosber || X||, B To Bpems kak crosber ||Y|| 3aman u mmeer
kommoHenTsl Y = 45%, yo = 15% u y3 = 40%.

Jast maxoxkenust || X|| BrosHe BOBMOXKHO MOJICTABUTH 3HAYCHHS KOM-
oHeHToB cTos10Ma ||Y|| B coorHomenns (2.3.1) # MOUBITATHCA PEIIUTDH T10-
JIyYeHHYIO CHCTEMY TPeX JIMHEHHBIX yPaBHEHHUil ¢ TpeMmsl HeU3BECTHBIMHU,
HAIPUMED, METOJOM HCKJIIOUEHUsI, KOTOPBIA ObLI PacCMOTPEH B Hadase
naaHOrO maparpada. OTHAKO BO3MOYXKEH U JIPYTOil MOJXO0JM, OCHOBaHHBIH
Ha TOM (aKTe, IYTO COIVIACHO ompeeseHnio 2.1.3.2.

0.3 0.5 04
det |A| = det || 0.4 0.1 0.2 | =—0.01#£0, (2.3.3)
03 04 04

a 9TO0, B CBOIO OY€pPElb, O3HAYAeT 4To MaTpula ||A| umeer obparnyio, Ko-
TOpas paBHa

1

0.3 0.5 04 [ 4 4 -6
|AI" = 04 01 02 =/ 10 0 -10
0.3 04 04 -13 -3 17

DTOT Pe3yJIbTAT MBI IIPUBOIUM 03 JT0KA3aTEIHCTBA, OJHAKO PEKOMEHIyeM
CaMOCTOSITEIBHO TIPOBEPHUTD CIIPABEJIMBOCTL PaBeHCTB (2.3.3), a Takxke
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coornomenuit |A| 7" - Al = [|A]| - A" = || B, tae | E| edunuunan
marpuna (cm. §2.1.1.)

Kaxk 6bL10 110Ka3aHO paHee B JaHHOM naparpade, ecau det | A|| # 0, To
ypastenne ||All-]| X]|| = ||Y || pasrOCHIBHO ypasHeHuto || X || = HAH71~||Y||7
WM B Pa3BEPHYTOM BHJIE

1

1 03 05 047" || w
zs || =1 04 01 02 A o
5 0.3 04 04 Ys

ITocsie MOJCTAHOBKA KOHKPETHBIX 3HAYEHUH IS KOMIIOHEHTOB MATPHUIIBI
-1

|Al|”" u croabua ||Y||, n BBIIOSHEHNST ONIEpATINY yMHOXKEHUST MATPHI], [0

JIy UM

1 4 4 —6 45 0
Ty || = 10 0 —10 (|- 15 ||=| 50
T3 —-13 -3 17 40 50

To ecth oTBET Ha BTOpOI BOIPOC 3aJa4u OY/IET TAKUM: BO BpeMs MPeEJI-
IITeICTBOBAIIET0 HabIIoAeHNs “Ha Oepery”’ »KyKoB He ObLIO, a “B Bo3myxe”’
u “Ha Bojie” Haxoauiaock o 50% cocraBa KOJIOHHH.

2.4. CobGcTBEHHBIE BEKTOPHI 1 COOCTBEHHBIE
3HaYeHUsI KBaAPATHBIX MaTPUIL

2.4.1. OnpepesieHue U METOJ, BbIYUCJIEHUST

IIpu pemiernn GOJIBIIOrO YUCIa 3849 B IPUKIAIHBIX pasieiax MarTe-
MaTUKU, BKJIFOYasi U MATEMATUYECKYIO CTATUCTUKY, BOSHUKAET TaK Ha3bI-
BaeMas “3a/1aua Ha COOCTBEHHbBIE 3HAYMEHUST UMEIOIAsl CJIEIYIONIYIO TTOCTa~
HOBKY.

[Tycrs nana KBajgpaTHas, mopsaaka n Marpuna | Al suga

a1l ai2 oo Q1p

a21 as2 ... Q2
1]l = "

ap1 Ap2 ... Qpp
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Onpedenenue 2.4.1.1. CoDCTBEHHBIM BEKTOPOM KBaJIPATHON MATPUITHI
||A|| HasBIBAETCS HEHYAE60T N-KOMIIOHEHTHBIH CTOJI-
Gerr || X || Takoif, YTO BBIIOJIHEHO PABEHCTBO

[AIIX = AL (2.4.1.1)

rjie A — HEKOTOpOe YHCJIO, Ha3blBaeMoe COOCTBEH-
HBIM 3HaYeHHeM Marpuilsl || All.

[Tpunsaro roBopuTh, 4T0 B CJlydae BbIIOJHEHUs paBeHcrBa (2.4.1.1),
cobcTBenHbIN BeKTOp || X || omeeuaem cobcTBeHHOMY 3HAYEHHIO A, a COO-
CTBEHHOe 3HavYeHne A omeeuaem cobcTBeHHOMy BekTOpy || X||. “Samaua Ha
coOCTBEHHbIE 3HAUEHUs 3aKJIIOUAETCS. B OTBICKAHNY JIJIsl JIAHHON KBaJpaT-
Hoit marpuipl ||Al| Becex ee cOBCTBEHHBIX BEKTOPOB U OTBEYAIONIAX UM COO-
CTBEHHBIX 3HAYEHUH .

[Tycrs cronber ||.X || upexcrasien B passepHyToil hopme Kak

Z1
T2
1 X1 = :
T
rorya paBeHcTBO (2.4.1.1) umeer Bug

ail a12 e Aln X1 X1
a1 a22 ... Q2p X2 -\ T2 (2 41 2)
Apl Ap2 ... Gpp Ty Tn

Ecnu BbIOMHUTD BCe omepanuu ¢ MAaTPUIAMUA KaK B JIEBOH, TakK W B
IPaBOil YacTU JIAaHHOI'O PABEHCTBA, TO Mbl IPUJEM K CUCTEME YDaBHEHU
BHJIA

a11x1 + apexe + ... + AT, = ATy,
a1r1 +  axrs + ... 4+  as,rT, = AIg, (2 41 3)
aAn1T1 + apata + ...+ QunZn =  ATn.

Takum obpazomM, pelmreHue 3aja4il Ha COOCTBEHHBbIE 3HAYEHUS CBOJIUTCH
K OTBICKAHWIO BCeX {X1,Za,...,Tn} W BCEX UHCEN A, YJOBJIETBODSIIOIIIX
ypaBHeHusM cucreMbr (2.4.1.3). OTMernM, 4To Ta CUCTEMA N HEAUHETHBIT
ypaBHEHUII ¢ 1+ 1 HEM3BECTHBIM, ITOCKOJIBKY HEN3BECTHBIMU SBJIAIOTCS BCE
T1,%2,...,Ty U A, & KAXKJ0€ U3 €€ yPABHEHUIT COJEPKUT Nnpoussederue A
Ha OJIHO U3 HEU3BECTHBIX L1,X2,...,%Ln.
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Pemum 3a/1a4y Ha cOOCTBEHHbLIC 3HAUCHUA METOJ0M, KOTOPBIil He 3aBH-
CHT OT 3HAYEHUs N, ¥ HOTOMY (pajil HATJISIIHOCTH ) OIPAHIIMMCSI CITy Ta€M
n = 2, korja cucrema (2.4.1.2) nmeer BuJ

air a2 € Ko
=A nm xe, B hopme (2.4.1.3),
az1 a22 T2 o
1171+ a1pT2 = Ax,
2171+  aTs = ATa.

[Ipeobpaszyem ee K Buy

ail — A ai2 I _ 0 S
a21 a9 — A xTo 0
(a1 — Nz + ajpxy =0,
2.4.1.4
a21r1 + ((122 — /\)xg =0. ( )

[IpeamonokumM, 9T0 COOCTBEHHOE 3HATEHUE \ SIBJSIETCS MAPAMETPOM B CH-
creme (2.4.1.4), To ecTh ero 3HaUeHNE (PUKCUPOBAHO, XOTS M OCTALTCS TIOKA
He u3BeCTHBIM. Torja 3Ty cucTeMy MOXKHO PACCMATPUBATH KaK CHCTEMY
JIMHEHHBIX ypaBHEHUil ¢ Hen3BecTHBIMU {X1, To}.

Jlerko Buierb, 4TO 3Ta cucTeMa 00HOpodnas (LIpaBble YacTU BCEX ee
ypaBHEeHUil paBHbI HYJIIO) U uMeeT perterne r1 = o = 0. OxHako crosberr

0
Ixi=||
HE MOYXKeT OBITh COOCTBEHHBIM BEKTODPOM, MOCKOJIBKY MOCJEIHUIN TOIKEH
6bITh Henyaesvim. C npyroit cTopoHbl, o Teopeme Kpamepa cucrema n
JINHEWHBIX YPaBHEHHUIl C N HEM3BECTHBIMU MMEET €IMHCTBEHHOE DeIleHNe
TOIJ]a U TOJIBKO TOTJIa, KOIJIa OIPE/IeJINTENb €€ OCHOBHON MaTPHIIBI OT-
JINYEH OT HyJIsl. SHAYNT, €CJIU OlPEIeJINTE]b MATPHUIIbl, COCTABICHHON N3
K03 DUIUEHTOB TIpu Heu3BeCTHHIX B cucreMe (2.4.1.4), omimded or HyJIsd,
peIlleHne y 9TOoi CUCTEMbI €IUHCTBEHHOE U TpUTOM HyJsieBoe. Crie1oBaTesib-
HO, 33/1a4a Ha COOCTBEHHBbIE 3HAYEHUS B ITOM CJIydae He MMeeT DelleHuil.

Eciu ke onpesesnnresb OCHOBHON MaTpuibl cucreMbl (2.4.1.4) pasen
HYJIIO, TO, KaK OBLIO TIOKa3aHo B §2.2.2, pemrenuii mbO BOBCe HET, JIMOO UX
HEOrPAHUYIEHO MHOrO. A II0CKOJIbKY HyjieBoe peinenue y cucreMbr (2.4.1.4)
BCEr/Ia UMEETCsI, TO PAGEHCMBO HYAWO ONPEICAUMENT OCHOBHOT MAMPULDL
oMot cucmemsv, — JOCMAMOYHOE YCAOBUE CYULECTNEOBAHUS HEHYACEVIT Pe-
weruli, Mo ecmbv cobCMEERHBLT 8EKMOPOS.
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Oupenesnuresib OCHOBHO MaTpuIpl cucreMsl (2.4.1.4) Gyaer paBeH Hy-
JIIO, €CJIN
aj;p — A ai2

det
‘ az; az —A

o

wm (a11 — A)(aga — \) — ajeaz; = 0. Orkyza nojsydaem, 9T0 3HAYEHUSA
napamerpa A, [yl KOTopbiX cucreMa (2.4.1.4) uMeer HeHyJIeBble PElleHus
T1 U Ty, JIOJKHBI OBITH KOPHIMHU KBaJIPATHOI'O YPABHEHUS BUIA

)\2 — (an + agg))\ + aj11a92 — ajoa91 =0, (2.4.1.5)

HA3bIBAEMOT'O TAPAKMEPUCTNULECKUM.

Takum 06pa3oM pelreHue 331291 Ha, COOCTBEHHbBIE 3HAYUEHUS IS KBAJI-
PaTHO MaTpUIbl BTOPOr'O IOPAIKA CBOAUTCA K CAEAYIOMICH IIOCIen0Ba-
TeJbHOCTHU JAelCTBUIA.

1) Cocrapiisiercst M peNIaeTCsi XapaKTePUCTUIECKOE yDaBHEHUE
(2.4.1.5). KBagparHoe ypaBHeHUE, KAK U3BECTHO, MOYKET UMETh
JBa Pa3JIMIHBIX KODHs, UMETh OJINH KOPEHb, JuOO He MMEThb
perrennit BoBce. Ecum KopHEit HET, TO perenne 3a1a9u Ha, cob-
CTBEHHbIE 3HAYEHNS 3aBEPIIAETCH KOHCTaTaImel gpakTa ux or-
CYTCTBHSI.

2) Ecsin KOpHI UMEIOTCsI, TO JUIsS Kaotc0020 N3 HUX PEIaeTCsl CUCTe-

Ma (2.4.1.4) u HAXOZATCS BCE €€ HEHyJIEBbIE PEIEHUs, KOTOPbIe
7 SIBJISTIOTCST MCKOMBIMU COOCTBEHHBIMHM BEKTOPAMI.

Ipumep 2.4.1.1. PemuThb 33181y Ha COOCTBEHHBIC 3HAYEHUS JIJIT MATPUITHI

2

lan=| 3 5

Pewenue. 1) Xapaxrepucrudeckoe ypaBaenue 6yaer

det =0.

1 2-X

‘2—,\ 1

mwm A2 — 4\ +3=0. Ero xkopuu \; =1 1 Ay = 3.

2) Hnst coberBenHoro 3HadeHnst Ay = 1 cucrema (2.4.1.4) umeer Buj

Lal=fol e {550 =
= NJIn

To 0 Ty 4+ x> =0,

2-M\ 1
1 2-X
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perieHneM KoTopoii Gyzier crosnben suzpa || X|| = H , raie t — Joboe

t
—t
qucyo. CrenoBaresibHO COOCTBEHHOMY 3HAUYeHHI0 A1 = 1 OyjeT oTBedYaTh

cobcrsennblit BekTop || X|| =t upu jrobom ¢ # 0.

1
-1

Anajorndso mosydaeM, 9To Ay COGCTBEHHOIO 3HAYEHHS Ay = 3 CHCTEMA
(2.4.1.4) umeer BUI

2— Ao 1 1 || _|| O — —-xr1 + o =0,
1 2—>\2 xTo o 0 r1 + —T2 ZO7
. t
perrleHneM KoTopoit Oyaer cromber Buga || X|| = ¢ |[> Te t - Jsoboe
quciio. CrenoBare/ibHO COOCTBEHHOMY 3HAYEHUIO Ao = 3 OyIeT OTBedaTb

cobcTBenublit BekTop || X || =t upu Jsiobom ¢ # 0.

1
1

Ipumep 2.4.1.2. Pemnrs 33729y HA COOCTBEHHBbIE 3HAYCHUS /IS MATPUIIBI
1Al =
Pewenue. 1) Xapakrepucrudeckoe ypaBHerne Oyaer

det

’1,\ 1

0 1-2 ‘:O'

wm (1 — A\)2 = 0. YV Hero KopeHb eIMHCTBEHHbII: A = 1.
2) dnst coberBennoro 3uadennst A = 1 cucrema (2.4.1.4) umeer Buj

Ox1 + o =0,
01’1 + 0.’E2 :0,

, Tae t — moboe

t
perieHneM KOTOpOil Gyzer crosbern suma || X|| = H 0

qucio. Ciie1oBaTeIbHO COOCTBEHHOMY 3HAYEHUIO A 1 6ymer orBevuaThH

1
cobcrBenHblit BekTop || X || =t o || mPH mobom t # 0.
IIpumep 2.4.1.3. Pemuthb 33181y Ha COOCTBEHHBIE 3HAUECHUS JIJTsT MATPUIIBI
11
lan=| |
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Pewenue. 1) Xapakrepucrudeckoe ypaBHerue oyier

det 1 11

e

nm A2 — 2\ + 2 = 0, kotopoe KopHeit He mveer. ClieloBaTeILHO, JaHHASA
MaTpUIA HE UMeeT COOCTBEHHBIX 3HAYEHUI U COOCTBEHHBIX BEKTOPOB.

WNuorma 3amady HAXOXKIEHUST COOCTBEHHBIX 3HAYEHUN YIAETCS PENIuTh
GoJiee IIPOCTO, UCIOJB3Ys KaKyIo-amub0 ocobennocTbh marpunsl ||All. Ha-
pUMep, 3aMeTHB, YTO XapakTepucrudeckoe ypashenue (2.4.1.5) MoxKHO
3amnmcaTh B BHUJE

A2 — (Gu + a22))\ + det ||A|| =0,

B cayuae det || Al = 0 oueBumHO, 9T0 A\ = 0 1 A2 = a11 + ago.

2.4.2. NmrocTpaTnBHbIE TPUMEPBI

Bepremcs Tenepn k “3amade o xKykax” (cM. 11.2.3) U BBIACHUM CyIIe-
CTBY€T JI PacCIpejie/ieHre Yucia XKyKOB 10 CpeJlaM 00UTaHus, KOTOPOe He
OyZeT MEHSIThCA OT HAOJIIOEHNS K HAOJIONCHUIO, TO €CTh OYIeT cmayuo-
HAPHBIM.

MareMaTHIeCKH YCIOBHAE CTAIMOHAPHOCTA HEKOTOPOTO COCTOSTHUST KO-
JIOHUH KYKOB

T
X =| 22
T3

¢ MaTpuIeil, XxapaKTepu3yIolleil nX IoBeJIeHne, BUIa

03 0.5 04

JA] =1l 0.4 01 02

0.3 04 04
Mozker ObIThb 3anucano Kax || A|| - || X|| = A || X || wiu B passepuyToii hopme
04 01 02 ||| z2 [ =2 22 || (2.4.2.1)

Taxum obpazoMm, Mbl HpUNUIM K 3ajade Buga (2.4.1.1), koropoit Hao
HalTH cobemeennuill sexmop MaTpuisl ||Al| , orBevatronmit cOGCTBEHHOMY
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snadennio A = 1. Pemum 3Ty 3a1a9y, TpUHAB I OIPEIEICHHOCTH OOIITYIO
YHUCJIEHHOCTh KOJIOHUH YKYKOB paBHOil 238.

[IpoBepum BHadasE, 9T0 A = 1 gABJIsIETCS COOCTBEHHBIM 3HAYEHUEM MaT-
punpt ||A]| . Do yenosue, Kak GbLIO IOKA3AHO BBIIIE, UMEET BH/L

det (J[A[} = A E])) = 0.

B namewm ciryuae

0.3 05 04 1 00 —-07 05 04
det 04 01 021 —-1-/0 1 0 =det|| 04 —09 0.2
0.3 04 04 0 0 1 0.3 04 —06
-7 5 4
=103 -det|| 4 -9 2| =
3 4 —6

HCIIOJIB3Ysl IIPpaBUJIO “Tpeyf‘OJIbHHKOB’7 JJId 110JICYeTa SHaYeHU A OIlpe/ie/in-
TeJIsd

- 10—3~((—7)-(—9)-(—6)+5~2-3+4-4-4—4-(—9)-3—5~4-(—6)—(—7)-2-4) -

—10°3. (—378 430 + 64+ 108 + 56 + 120) —1073. (—378 + 378) —0.

Haiizem renepn pemenue marpudnoro ypasaenus (2.4.2.1) ¢ A = 1.
JIjIst 9ero 3ammineM 3TO ypaBHEHUE B Pa3BEPHYTOM BHJIE

0.3z7 + 0.5z + 0423 = xq,
0427 + 0.1z + 0223 = xo,
0.3z7; + 04z + 04x3 = a3,
nJjim
—0.7$1 + 05$2 + 0.41’3 = 07
0.4y — 0922 + 0223 = 0, (2.4.2.2)
03r; + 04x — 0.6z3 = 0.

Hawm my2KHO HAUTHU Henyaes0e PENIeHNe CUCTEMbI JIMHEHHBIX YPaBHEHUI
(2.4.2.2.) BameTnM, UTO CYIIECTBOBAHUE JIJIsl Hee HEHYJIEBOIO PEIeHUs ra-
panTupyeTcs (UTo ObLIO IMOKA3AHO BHIIIE) PABEHCTBOM HYJIIO OIPEICTUTES
€e OCHOBHOII MaTPHUIIbL

-0.7 0.5 0.4
det 0.4 -0.9 0.2 || =0.
0.3 0.4 —-0.6
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Panr ocHOBHOIT MaTPHIIBI 3TOH CHCTEMBI paBeH 2, IIOCKOJIbKY y Hee €CTh
HEHYJIEBO! MUHOP BTOPOTO HOPsAKA (PACIIONOKEHHDIN B JIEBOM BEPXHEM yI-
JIy), & eJIMHCTBEHHBIH MUHOD TPETHEro IIOPsIKA — OIPEeINTEN b OCHOBHOMN
MaTpuUIpl HyseBoii. 3Hauur, B cucreMe (2.4.2.2.) TOJIBKO J(Ba HE3ABUCHMBIX
ypaBHenud. Haiinem ee perenne, 3aMeHUB IOcIeHee ypaBHEHHE Ha YCJIO-
BUE X1 + To + xr3 = 238, o3HaATaIONEe, ITO 00IIEe UUCIO KYKOB OCTAETCS
IIOCTOSTHHBIM. B MTOTe mosydnM cucreMy ypaBHEHH

—0.7¢7 4+ 0.5z + 0.4x3
0.41‘1 — 09!172 + 02I3
I + Tro -+ T3

0, (2.4.2.3)

pelieHre KOTOPOil — HCKOMOE CTaIlMOHAPHOE PACIpe/iesIeHIe YHUCiIa XKyKOB

110 cpesiaM OOMTAHWS, UMEET BU[I,

92
1 X[l = | 60
86

IIpoBepbTe caMOCTOATETHHO, UYTO OIPEIETUTETH OCHOBHOM MATPHITHI CH-
creMbl (2.4.2.3) OTJIMYEH OT HYJIsl, U CJIEJIOBATENBHO, B CHLly TeopeMbl Kpa-
Mepa, HallJIEHHOe CTAIMOHAPHOE PACIpe/iesieHne YnCa XKYKOB 110 CpeIaM

obuTaHnsl euHCMEEeHHOE.
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I'maBa 3.

DyHKINN,
I10CJIeI0OBATEJIbHOCTH 1
IIpeJieJibl

3.1. Onpenenenne pyHKIIUN

Ha mpaxTuke J0CTATOYHO YaCTO NPUXOJUTCS UMETH JIeJI0 C TaK Ha-
3BIBAEMBIMHI NEPEMEHHDIMY BEAUNUHAMU, TO €CTh, TICIEHHBIMIA XapaKTe-
PUCTUKaAMU, MOTYIIUMHU NPUHUMATH pPa3IudHble 3HadeHnsd. Takwme KOJIH-
9eCTBEHHBIE XaPAKTEPUCTUKHU MPUHSATO HA3LIBATH IIPOCTO NEPEMEHHBIMU.
Hampumep, s onucanusi KOHKPETHOT'O Y€JIOBEKA MOXKHO HCIIOJIB30BATH
[epeMeHHbIe: BO3PACT, POCT, Bec, KoadduimenT nnresuiekra 1Q u .. [Ipn
TOM HEPEJIKO OKA3BIBACTCS, UTO 3HAYUEHUS OJHON MEPEMEHHON CBI3AHBI CO
suadeHusiMu npyroii. CkazkeM, BeC JeI0OBEKa 3aBUCHUT OT €ro POCTa, POCT
— OT BO3pacTa, OOMEHHBII KyPC BAJIIOTHI — OT BPEMEHHU U T.II.

B nexoTopsIx, BOOOIIE TOBOPs, JOBOJIBHO HE YACTHIX CIIyYasX, 3aBUCU-
MOCTBb OJIHO¥l IEpEMEHHOI BeJIMYMHBI OT JAPYroil OKa3bIBAETCS 00HO3HAY-
HOU, TO €CThb JIJIs KaKJIOTO JIOIMYCTUMOTO 3HAYEHUS BTOPOI MEepEeMEHHON
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3HaYeHne MEPBOil CylecTByeT n eauncTBernHo. Hampumep, mromaas Kpy-
ra OJHO3HAYHO 3aBHCUT OT €r0 PaJiuyca, BO3PAcCT 4eJIOBEKa UMeeT eIuH-
CTBEHHOE 3HAYEHNE B KarK/IbIil MOMEHT BPEMEHH, Macca OJIHOPOJIHOTO TeJIa
OJIHO3HAYHO OIPEJIEJISIETCS €r0 00 bEMOM.

3aBUCUMOCTH MEXK/Iy IT€PEMEHHBIMU BeJIMIMHAMUA, O0JIAIA0INE TaKU-
MU CBOMCTBaAMU, MPUHATO HA3BIBATH (PYHKUUOHAALHOMY. OHU SBISIOTCS
00BEKTOM U3yYEeHHs MAaTEMATHIECKOIO aHAJI3a - Pa3/iesia Kypca BbICIIen
MaTEeMaTUKU, U UTPAIOT BAXKHYIO POJIb B OOJIBIIOM YHCJIE TEOPETUIECCKUX
¥ OPUKJIAIHBIX JIUCITATIINH.

Onpedesenue 3.1.1.  Bynem roBopuTh, 9T0 3a7]aHa GYHKUUOHAALHAA 306U~
CUMOCTIVD TITH, TIPOCTO PYHKYUSA, €CIIA YKA3AHO TIPa-
BUJIO, 110 KOTOPOMY Ka>KJOMY UHCJIy &, IPUHATIE-
JKAIEMY YHCJIOBOMY MHOXKECTBY X, IOCTaBJIEHO B
COOTBETCTBUE €AMHCTBEHHOE YUCJIO Y, PUHAIIe-
JKAIEMy YHUCJIOBOMY MHOYXKECTBY Y .
MmuozkecTBO X IPUHSATO HAa3BIBATh 004aCMbI0 onpedeseHus pyHKIIN,
a MHOXKeCTBO Y - obaacmvio ee 3Hnauerutl. CaMy QpyHKIUIO IPUHITO 060-
3HAYATH
y=f(x),ze X, yev.

Haxoner, x - He3aBucHMasi epeMeHHasl, HA3BIBACTCS AP2YMEHTNOM, & Y -
3aBUCHMAasl TIepEMEHHAsT, 3HAUYeHUeM GYHKUUY UITH, TTPOCTO, PYyHKUUes.

CXelVIa.TI/ILIeCKI/I (I)yHKHHOHa.HBHyIO 3aBUCUMOCTHb MO2KHO IIPEJCTaBUTH
KaK OOBEKT COCTOSAIINN M3 TPEX KOMIIOHEHTOB: 0OJIACTH OIIPEIeSIeHIsT, 00-
JIACTU 3HAYEHWI U MMPaBUJIA, 10 KOTOPOMY KaXKJIOMY YUCJIY U3 MHOXKECTBA
OTIpeJIeJIEHNUs TIOCTABJICHO B COOTBETCTBUE €IMHCTBEHHOE YUCIIO U3 00JIaCTH
suavennii. (Cm. puc. 3.1). Kak obuacts onpezesenus, Tak 1 001acTb 3Ha-
YeHUST — 9TO IUCJIOBbIE MHOXKECTBA. [IpaBMIIO COOTBETCTBUST MOXKET UMETh
pasimaHbie (POPMBI MPEJICTABJIEHNS: B BUJE TaOJIAIBI, MaTeMaTHIeCKOM
dopmyiibl, rpaduKa WIN ABISTHCS HEKOTOPO MaTEeMATHYECKON 3aiadei
oTIpeJiesIeHus Y IO 3HAYEHUIO & . HaKoHer, 3T0 MpaBmjio MOXKeT ObITEH MpPo-
CTO OIUCAHO CJIOBECHO.

Cutetyer uMeTh B BUJLY, UTO JIOCTATOYHO 9aCTO (DYHKIIUIO 38/AI0T TOb-
KO opmyIoit coorBercTBUsL. B 9TOM Citydae npednosazaemcs, ITO 0bJia-
CTBIO OIIPEJIeJIEHUS SIBJISIETCS. MHOXKECTBO YHCEJI, JJIsi KOTOPBIX BBIIIOJHUMbI
BCE HUCIIOJIb30BAHHBIE B 3AIIACH 9TON (hOPMYJIBI Onleparun. 3a 00/I1acTh 3Ha-
YeHUIl TP 9TOM MPUHUMAETCS MHOXKECTBO YUCEI, SIBJISTIONIMXCS 3HAYCHUSI-
MU (DYHKITIU COOTBETCTBYIOIINE 8CEM B03MONCHHLM SHATEHUSIM apryMeHTa.

B cooTrBercTBUM € 3TUM COrJIAlIEHHEM, MOYXKHO CKa3aTh, 9TO OOJACTD
onpenesiennsi X, Hanpumep, (pyHKIUN y = /T — 3, COCTABJISAIOT BCe JIeii-
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y=Ffx)

Tpasiino

CAONLEERICIIGLIA

Obnacms

.
ORpedeieHIA B

FHAUEHNT

Puc. 3.1. Oupenesnenne GyHKIMOHAIBHON 3aBUCUMOCTH

CTBUTEJIbHBIE UHCJIA HE MEHbIINE, YeM 3, TOCKOJIbKY U3BJI€Yb apudMeru-
YeCKUl KBAJPATHBIA KOPEHb (COMVIACHO ero omnpejesieHuio, cM. 1m.2° §1.1)
MO2KHO TOJIBKO U3 HEOTPHUIATEIbHOrO Yucia. MHOXKecTBO 3HAYeHMIT Y CO-
IJIACHO STOMY K€ OIIPEJIEJIEHUIO COMIEPYKUT BCE HEOTPHUIATEIbHBIE YUCIIA.
CUMBOJIMYECKH 9TO MOYXKHO 3aIlUCATh B BUJIE:

X {Vz >3}, Y : {Vy > 0} mm xxe X : {[3,+00)}, Y : {[0,+00)}.

3aMeTuM, YTO 3ajada MOCTPOEHUsT ODJACTU OIpeJieieHnsl U 00IacTu
3HaYEeHUT He BCETIa OKa3bIBAETCsI CTOIb TpUBHAJIbHOM. [IponsmocTpupyem
3TO CJIEJIYIONIUMU ITPUMEPAMH.
ITpumep 3.1.1. Haittu obsacTh ompenesieHus U 00JIaCTb 3HAYEHUN JIJTst
dyHKIIIT:

a) y =/ 2t

Obaacms  onpedesenus: PENINB HEPABEHCTBO % > 0 , mosyduunMm
z < -3
= 2 710 ecTp,
T > 2,

X: {(—oo,—g]U(Q, +oo>} :

MOCKOJIbKY M3BJICYCHUE KBaJIPATHOTO KOPHS BO3MOXKHO TOJIBKO U3 HEOTPU-
naTeabHOro Ynciia. OTMeTuM TakyKe, 9TO YKMCJIO 2 He MPUHAIJIEXKUT 006J1a-
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CTH OIIPEJEJICHNS, TIOCKOJIBKY IIPU TAKOM 3HAYEHUN T 3HAMEHATEND IIOIKO-
PEHHOro BhIparkeHus obparurcsa B 0 , a JeJeHne Ha HyJIb HEBO3MOXKHO.
Obaacms 3navenudi: 9TOOBI HAWNTH 00JACTH 3HAYEHU, PACCMOTPUM POP-

MyI1y Yy = 1/725;’_23 KaK YpasHEHUE C HEU3BECTMHHIM T U NAPAMEMPOM Y .
BI)IS{CHI/IM7 Opu KaKHUX 3HaAYCHUAX Y CYIIECTBYET T — BeLL[eCTBeHHbIﬁ KO-

2% +3
PE€Hb 3TOT'O0 YpaBHEHUI. HeCJ‘IO}KHbIe BBIKJIQJIKW IIPUBOAAT K T = 272,
9TO O3HAYAET CYIIECTBOBAHUE BEIIECTBEHHOTO T TIPU JIIOOBIX Y ;é i\/i .
C sipyroit cTopoHbl, 3HAYeHNE (PYHKIUNA B PACCMATPUBAEMOM IIPUMEDE SB-
Jstercs apudMETHIeCKUM KBaIPATHBIM KBaJPATHBIM KODHEM U, 3HAUUT,

HeorpunaresibHo. OObeUHUB HAlIEHHBIE OTPDAHUYCHUS HA BEJUIUHY Y ,

IOJIYy9IUuM, 9TO - {[0, \/é) U(\/§7 +oo)}

O)y=2+1

Obracmsv onpedenenus: odesngno X : {Va # 0} niam, 910 TO Ke camoe,

{(=00,0) [ J(0, +00) }.

Obaacmv 3naverutl: ONEHKY 00JIaCTH 3HAYEHUN TAHHOW (DYHKIINK BBITOJI-
HuM B aBa rana. CHagana pacemorpum ciaydail @ > 0. s aio0bix Takmx
3HaYEHU x OyIeT CIpaBelJIMBO HEPABEHCTBO

1\? 11 1
_ > —2r—+ =] > - > 2.
(\F \/;j) _O,I/LHH(:E \/5\/5+x)_0,OTKy,ZLa x+x_

s cayvas ¢ < 0 oneHKy 0071aCTH 3HAYEHIIT MOXKHO ITOJIY9UTh, BOCIIO/Ib-
30BaBIINACH PABEHCTBOM

U3 KOTOPOI'O B CUJIy HEPABEHCTBA

1
r+ — > 2 amna Bcex x > 0
x

nmMeemM

1
x4+ — < —2 s Bcex x < 0.
T

OKOHYATEJILHO TIOJTyYaeM, 9TO 00JIACTHIO 3HAYCHUN JAHHON (DyHKIUH B
asieTcst MHOXKecTBO Y 1 {(—o00, —2]|J[2,4+00)} .
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_ 2% 42241
5)y 2 4 3z 42
Obaacms onpedesenus: HAXOIUTCS U3 YCIOBUS

x#£ =2
x # —1,

IIOCKOJIbKY 3HAMEHATE b APOOU HE MOXKET IPUHUMATH HYJIEBbIX 3HAUCHMUIA.
Jpyrux orpaHnveHuil Ha BBIYACIECHWE 3HAYCHWH (QDYHKIMA HET, TOITOMY
0b6J1acTh orpeeseHus OyaeT

X : {(—007—2) U2-1 (—1,+oo)}.

Obaacms 3navenudl: 0bJIacTh 3HAYEHUN MaHHON (QyHKIUK yJI00HO HAXO-
JIUTh, UCIIOJIb3Ys TOT (PAKT, ITO ee 00JIaCTh OIpeIeSIeHnsT 00Pa3yeTcs Mpo-
U3BOJIBHBIMU BEIIECTBEHHBIMI YncjaaMu (3a uckiawodenneMm —2 u —1.) Pac-

2
cMoTpuM GOpPMyIy Y = %

U PEIIuM €ro, CINUTas Y HEKOTOPBHIM (DUKCUPOBAHHBIM IMapameTpoM. JLs
9TOro mpeobpasyeM JaHHOE PABEHCTBO K BHUY, CTAHJIAPTHOMY JJIsi KBaJl-
PATHBIX YpaBHEHU

24+3c+2#40 < [

KaK ypaBHeHUue C HEU3BECTHOU X

(y—2)2* + By —2)z+2y—1)=0, (3.1.1)
KOPHH KOTOPOTO OIPEAEIAIoTCs (hOPMYIIOit

(3y—2)+ VD
2(y —2)

rie quekpuvuaanT D = (3y — 2)? — 4(y — 2)(2y — 1). Yeqosme cymecTso-
BAHUS BEIIECTBEHHBIX 3HadeHuil © Oyxer D > 0, uiam, B HAIlEM CJIydae,

(By—2°—4(y—-2)(2y-1) =

y#2,

x1,2

28y —4>0 o ye{(—oo,f2\/5—4] U[Q\/S—4,+oo)} .

WNnadge roBopst, £ MOXKET IPUHUMATDH BEIECTBEHHbIE 3HAYEHUS JIUIIb JIHOO
mpu y < —2v/5 — 4 ~ —8.4, qmbo npu y > 2v5 — 4 =~ 0.4 . CenoBaresnb-
HO, 00/IACTh 3HAYEHUN JaHHON (DYyHKIUM 0Opa3yIoT YuCIa Y, YJIOBIETBO-
psitorie ub0 EPBOMY, JIUOO BTOPOMY U3 IOJIyYE€HHBIX HEPABEHCTB U HE
paBHbIE 2.

Hakomer 3ameTrnm, 9T0, XOTsI MPUBEIEHHBIE PACCYXKJIEHUsT HE IIPUMe-
HUMBI JJIst Y = 2, u60 B 9T0M ciydae ypasHenue (3.1.1) me kBaiparHoe, a
nuHeitHoe — Buja 4x +3 = 0, TeM He MeHee YUC/IO 2 TPUHAJIEIKAT 00J1aCTH
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3Ha4YeHUI, IIOCKOJIbKY Yy 9TOr0 JIMHEHHOIO ypaBHEHUA NUMeeTCd BelleCTBeH-
HOE peIleHHe T = —7 , ABJIAIONICCCH 3HATCHUEM apryMEeHTa P KOTOPOM
3Havenre GyHKIuu paBHo 2. ClemoBaTesbHO,

Y;{(—oo,—2\f—4] U [2\/5—4,-1—00)}

B zakmouenne obcyxeHns mOHATHS (DYHKIMOHAJIBHON 3aBUCAMOCTHU
OTMETUM, 9YTO (DYHKIIUU IPHUHIATO KJIACCH(MUINPOBATH [0 HAJMIUIO WA
OTCYTCTBYIO Y Hee CBOHCTBA NepuodusHOCMU U CBOWCTBA, %eMmHOCMU.

Onpedenenue 3.1.2. Oyukius y = f(x) HasbBaerca nepuoduveckot,
ecmm cymecTByer uncio T # 0 Ttakoe, 9TO JJIsI JIIO-
Goro x € X Bbmosnnrero x + T € X u f(zx +T) =
f(z). 9ucso T B 5TOM CiIydae HA3BIBAECTCS NEPUOOOM
by y = f().

Hpumep 3.1.2. K nepuogmaecKkuM OTHOCATCS CieAyromue QpyHKITUT:

y =sinx ¢ tepuosiom 1' = 2,
y =cos3z c nepmogom 1 = 2%,

y=tgx ¢ mepuogom 1T = 7.

Onpedeaenue 3.1.3.  Tlycrs X — obnacts onpenenenus byuxmun y = f(x),
CHMMETPHIHA OTHOCHTEJIBHO TOUKH & = 0, TOrma ra
dbyHKIMA HASBIBACTCS:

wemmot, ecmu Vo € X Bomoiaeno f(—x) = f(x),
newemmotl, ecm Vo € X pomoaneno f(—xz) =

_f(x)v

Ipumep 3.1.3. Kinaccudukarus GyHKIMA 10 I€THOCTH:

y = 22 — deTHas,

y=a3 — HeJYeTHas,

y=sinx — He4yeTHAad,

Yy =COST — 4YeTHad,

y=23" — He ABJISI€TCS HU YE€THOW, HU HEYETHOM.

Cremyer uMeTh B BUJLY, 9TO, XOTsI CYIIECTBYIOT (DYHKITUU HE OTHOCHTIU-
€Csl H K Y€THBIM, HA K HEYETHBIM, B CHMMETPUIHON 00JIACTH OMpPEe e IeHIS
KaXK/IyI0 UX HUX MOKHO IIPEJICTABUTH KAK CyMMY HEKOTOPOil YeTHO! pyHK-
[N ¥ HEKOTOPOi HeYeTHOM. I 9TOro MOXKHO HCIIOIB30BATh, HAIIPUMED,

dbopmyty
o) = f(x) +2f(—ff) n f(z) —Qf(—x) '

67



Tax s dyukiun y = 3% pa3jioKeHne B CyMMY YeTHOI U HEYETHON Oy/ier
UMETDb BU/T
= + .
2 2

3.2. IlocnenoBaTebHOCTH U UX MPeEAeabl

3.2.1. YucaoBble NocCJie0BaATEJIbLHOCTHI

ByzmeM roBopuTb, UTO 3aJaHA “UCAOGGA NOCACIOBAMEALHOCTNb, €CIIH
YKa3aHO MPABUJIO, COIVIACHO KOTOPOMY KaXKJOMy HATYDPAIBHOMY YHCILY
(HOMEpY) M MOCTABIEHO B COOTBETCTBHE €JIMHCTBEHHOE UNCJIO X, HA3bI-
BaeMO€ 3HAUEHHEM N-T0 UJIEHA IIOCJIEI0BATEILHOCTH. YHCIOBYIO TOCIIE10-
BaTEJIbHOCTD IIPUHATO 0003HAYATH KaK {Zy, }.

CornacHO 9TOMY OIpEJIeJIEHHIO YHCJIOBYIO HIOC/IEJOBATEIHHOCTD MOXK-
HO PacCMaTpUBATh KaK (PYHKYUIO HAMYPAALHO20 PAOG HUCEA, TO €CTh KaK
dbyHKIMIO0, 061aCTHIO OIIpE/IeeHNst KOTOPOii SIBJISIETCS] MHOXKECTBO BCEX Ha-
TYPAJBHBIX YHCEL.

HucI0ByI0 OCIIEIOBATEIBHOCTh MOYKHO 3a/aTh OJTHAM U3 CJIE/YIONINX
Tpex crocoboB:

1) Hepewucaernuem snauenutdi ee waenos. Hampumep, mocienoBarTesb-

HOCTb {%,}, Y KOTOpOIl BCe UJIeHBI C YETHBIMH HOMEPAMHU DABHBI 1,
a BCE WIEHBl ¢ HEYETHBIMU —1, MOXKeT ObITh IPEJCTABICHA B BHJIE
(-1,1,-1,1,-1,1,...}

2) QYHKYUOHAALHOLM NPABUAOM, KOTOPOE JIJIS KaXKJIOTO HJIeHa HOCTIe-
JIOBATEJHHOCTH MO3BOJISIET OJIHO3HATHO ONPEJIETINTh €10 3HAYEHUE 110
ero Homepy. Hamnpumep, Jyist paccMoTpeHHOI B 1) mocsieioBaTesibHO-
CTH, TAKUM IPABIJIOM MOT'YT OBITH (hOPMYIIbI

LT
Tn=(-1)" wm =z, 251n(§—|—7rn) , o n=12,...
3) PekypcusHvim npasuaom, IO KOTOPOMY 3HAMEHHE KAXKIIOTO JICHA

II0CJIEIOBATEJIbHOCTHU MOXKET OBITH OTHO3HAYIHO OIIPpEIEeJIEHO II0 3HaYe-
HHUIO OJJTHOT'O MJIM HECKOJIbKUX IIPEAbIAYyIINX YJICHOB. I‘Ial'IpI/IMep7 JJIA
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PaCCMOTPEHHON B 1) HOCJIEI0BATEILHOCTH, TAKUM IIPABUIOM MOLYT
CJIy?KUTb COOTHOIIECHUS

Tpr1=(=1) -2y, m4=-1, n=12 ...

3.2.2. Kiaccudukanmuss YUCIJIOBBIX IOCJE€10BaTEIbHO-
creii

YucsioBble TOCIEI0BATENIHHOCTH MPUHATO PA3JINYATH 10 MHOYKECTBY

3Ha4veHuil ux wieHos. Hanpumep,

— II0CJIEIOBATEIbHOCTD, BCE YJIEHBI KOTOPOIl MMEIOT 3HAYEHUE OJHOTO
3HaKa Ha3bIBaeTCd 3HAKONOCTMOAHHOU,

— MOCJIEJIOBATEIbHOCTD, BCE YJIEHBI KOTOPOU MMEIOT 3HadeHue, He IIpe-
BOCXO/ISIIIETO IO MOJYJ/II0 HEKOTOPOro (DUKCHUPOBAHHOIO YHCJIA, HA3DI-
BaeTCA 02PaHuUYeHHomU.

3aMeTuM, 4TO OIpejejleHre OIPAHMYEHHON 110CIIeI0BATEIbHOCTH Y100~

HO JIaBaTh, UCIOJIB3Ys Jormdeckue cuMBosibl (em. 1m.10° §1.1.) Hanpumep,
[IOCJIEJIOBATENBHOCTD { L), } HA3BIBAETCS 02paHuuenHol, ecan

AC>0:Vn: |z, <C,

TO €CTh, HalijleTcs HeoTpunarTeabHoe ducyio C' Takoe, 9To Jist JII0OOTO HO-
Mepa n OyJIeT BBINOJHEHO HepaBeHCTBO |z,| < C. Ecan mociennee Hepa-
BEHCTBO uMeer BUJ T, < C (wm z, > C), T0 ropopsar o6 ozpaHuuentot
ceepxy (WM, COOTBETCTBEHHO, 02PAHUYEHHOU CHU3Y) TUCIOBOM TIOCIEI0BA~
TEJILHOCTH.

Cdopmynupyem Tenepb ONpeJiesIeHue He02PaHUYerHot IUCIOBOI O~
CJIEJIOBATEJIBHOCTH, UMesI B BHJLY, UTO OMPUYAHUE HEKOTOPOIO OIpejie-
JIGHUS JIOJI?KHO CTPOUTHCS C COBJIIOAEHUEM MpaBuyl (POPMAJILHON JIOTUKH.
Hampuwmep, dbopmynuposka “He cymecrByer unciao C' Takoe, 9To ...” He
SIBJISIETCST OIIUOOYHOM, HO JJIs ONpe/IeJIeHUs] OHa He TOJXOIUT, OO0 HeJlb-
351 yOeIUThCA B TOM, YTO TO UUCJIO He cyujecmayem (LMOJMHBL 11epeGop
dbusnueckn we Bozmoken!). KOHCTDYKTUBHBIM BapuaHTOM OIIPEJIEJICHHs
HEOTPAHUIEHHOI [TOCIIEI0OBATEIBHOCTU MOYKET CJIY2KUTh, CKAXKeM, CJIe/ Y0
Iiee: MOCJIeJ0BATEIBHOCTD { Ty, } HABBIBACTCS HEO2PAHUNEHHOT, eCIIH

VC >0:3N¢ : lans| > C,
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TO €CTh, JJIA KaXKJ0ro HeoTpuiareabHoro uucia C Haiigercs Homep No
TaKoii, 410 GyZeT BBIIOIHEHO HEPABEHCTBO |T .| > C.

YucioBbIE TIOCIEIOBATEIBHOCTH TAKKe MOYKHO PA3JINIATh 10 XapaKTe-
Py uaMeHeHud 3HAYEHUI UX YJICHOB Opu U3MEHEHUN HOMeEpa. HaHpI/IMep7

— TIOCJIETIOBATETHLHOCTD, B KOTOPOI M3MeHeHe HoMepa Ha 1 MeHseT 3HAK
ee WiIeHa Ha MPOTUBOIOJIOXKHBINA, HA3BIBAETCS 3HAKONEPEMEHHOT,

— [TOCJIETIOBATETHHOCTD, JI7IsI KOTOPOI TIpu JTIOOOM 7 BBITIOJTHSAETCS HEPa-
BEHCTBO Ty 41 > &y, HA3BIBAECTCS MOHOMOHHO 803pacmarousetl, a B CIIy-
ae BBIIOJHEHUS HEPABEHCTBA Ly y1 < Ly, — MOHOMOKHO YODI6aIoULet.

ITosgcanm JAaHHDbIEe OIIpeaeJIcHUA CACAYIOUMMMU IIPUMEPaMH.

1) Yucnosas m0OCIE10BATEIBHOCTD Ty = 1— 7; ABJISETCS OIPAHUYICHHOMN,

mockosbky Vn @ 0 <z, < 1. Kpome Toro, ona Oymer MOHOTOHHO
BO3paCTAaIONICH B CHJIy HEPaBCHCTBA

Tpt1—Tp = |1 — ! - 17l _ 1 +l*;>0
mH T n+1 n)  n+l n nn+1l)

n
2) YucsioBast [0CJIEI0BATEIBHOCTD Ty = n(=1" | nms xkoropoit

1 1
x1=1,x2:2,x3: 1'4:47%5:5,1'6:6,.%7:?,...,

ga
orpanuveHa CHu3y (YUCJIOM HOJIb), He OTPAHUYECHA CBEPXY U HE sIB-
JISIETCS HM MOHOTOHHO BO3PACTAIONIEi, HI MOHOTOHHO yOBIBAIOIIEH.

3.2.3. IIpenen 4wmcyoBOii IIOC/IeJOBATEJILHOCTH U €rO0
CBOIiCTBa

Kak cnemyer u3 onpejiesieHus YUCIOBOM MOCIEI0OBATEILHOCTH, IS €€
OIMCAHUsT HEOOXOINMO yKa3aTh IMIPABUJIO, KOTOPOE MO3BOJIAET HAXOINTH
3HAYEHUsT YJIEHOB IOCTEI0BATEHLHOCTH MO WX HOMepaM. IloMmmo 3TOrO
YHUCJIOBas TOCJIEIOBATEIBHOCTh MOXKET XapaKTEPU30BATbCSA TaKKe HEKO-
TOPBIM YHCJIOM, HE CBA3aHHBIM HM C KAKHM KOHKPETHBIM HOMEPOM. DTa
XapaKTEePUCTUKA Ha3bIBAETCS IIPEJIEJIOM YUCIOBOI MTOCIIEI0BATEILHOCTH 1
OIIPEIEIACTCS CIACIYIONNM 00Pa30M.

Onpedenenue 3.2.3.1. Hucno A HazbIBaeTCst npedesom 4ucao80l nocaedo-
sameavHocmu { Ty, }, ecin dasn 4106020 TOTOKATETH-
HOrO uwmcja € cywecmeyem HoMep N Takoii, 4To
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0As 6CET WIEHOB MOCJIE0BATEILHOCTH ¢ HOMEDAMHE
n > N BBIIOJIHEHO HEPABEHCTBO [T, — A| < €.
Tor daxt, 410 UncI0 A ABJISETCS IPEIEIOM YHCJIOBOI OC/IE0BATE b

Hoctu {z,}, cuMBoJIMUecKN 3amucebiBaercs B Buje lim x, = A. MHorma
n—oo

TaKKe MCIoJb3yercs: obo3Hadenne {x,} — A. Boobue roopsi, He Besi-
n—oo

Kasl 9UCIIOBas MOCJIEIOBATEILHOCTD UMeeT npeser. Ecam aucaosas mocse-

JIOBATEILHOCTh UMEET IIPEJIEN, TO OHA HA3BIBACTCA CLo0AWeliCA, HHATE —

pacrodsu,etic.

Ipumep 3.2.3.1. HYucsioBas mocjie10BaTeIbHOCTD {1, %7 %7 lef, .. } , JUTS KO-

TOPOHl Ty, = 7, UMEET IPeNes, PABHBIN HYJIIO. To ectn,

lim L = 0.

n—oo
JokaxkeM 3TO, MCIOJIB30BaB omnpeseseane 3.2.3.1. 3amMeTuM BO-IIE€PBBIX,
9TO JIAHHAS YHCJIOBasl IIOCJIEIOBATEIBHOCTD $BJISETCSI MOHOTOHHO YyOBI-

BalOIIel, IMOCKOJIBKY JJis JII0OOr0 HOMEPA 7 CIIPABEJJINBO HEPABEHCTBO

% > %_’_1, TO €CTh Xy, > Tpy1. C JIPYTOi CTOPOHBL,

1 1
e, — Al = | = —0| = =
n n

CremoBaTeNIbHO, TS JTIOO0TO 38 JaHHOTO TTOJIOKUTETHHOTO UNCIa € MOYKHO

BeIOpaTh HOMep N > %, JJIsI KOTOPOT'O % <emn

oy — 0] = |~ —o| = £ <
zy—0=|=-0/=—=<e.

N N
Ho Torpma, B crily MOHOTOHHOIO yOLIBAHUS PACCMATPUBAEMON MOCIIEIOBA-
TEJIbHOCTH, OA4 6cex HOMepoB n > N TakKe OyJeT BEPHBIM HEPABEHCTBO

1
|z, — 0] = — <e.
n

SHa‘{I/IT, qucJyio 0 siBjisieTcst IIpejgesioM YUCJIOBON MOCJIEJ0BATEIBHOCTU Ty =
1

7

Ompenenenne 3.2.3.1 MOXKHO HHTEPIIPETHPOBATH KakK “Urpy”’, B KOTOPOii
OJIVH UTPOK 3aJ1aeT NPOU360AbHOE (CKOJIb YTrOJHOE MAJIOE) MOJIOKUTETHHOE
9UCJIO €, & €r0 “IPOTUBHUK’ — BTOPOII UT'POK, IO JAHHOMY 3HAYEHUIO ITOTO
qucia noadupaer (WM IPOCTO yrajbiBaer) HoMep N Takoi, 4To das 6cex
IEHOB IOCJIE0BATEILHOCTA ¢ HOMepaMu 1 > [N UX 3HAYEHUs IPUHA/JIE-
kar uaTepBany (A —e, A+ ¢) (em. puc. 3.2, murocTpupyromuii caydaii ¢
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Puc. 3.2. I'pacduk uncioBoil mocaes0BaTeIbHOCTH C HYJIEBBIM IIPEIEIOM.

A = 0) wim, 94T0 TO )Ke camMmoe, YIOBJIETBOPSIOT YCI0BIIO A—e < &, < A+e,
KOTOpOe PaBHOCUJIBHO HEpaBeHCTBY |x, — A| < e. Ecim “nobemurenem” B
9TOIl Urpe OKa3BbIBAETCsI BTOPOIl UTPOK, TO YUCI0 A Ha3bIBAETCS MIPEIEIOM
YUCIOBOI TOCIENOBATEIBHOCTH { Xy, }.

Crour 0TMETUTD, 9TO HPaBWIO BbIGOpa HOMepa N (COrJIacHO ompejesie-
o 3.2.3.1) MoxkeT OBbITh PA3IMYHBIM IPU PA3HBIX €, 9TO 0bJerdaer “rno-
Gesy Bropomy urpoky”. C apyroit CrOpoHbI, ¢ TOYKHU 3peHust (POpMaJjIbHOIM
JIOTMKY TOT (PAKT, 9TO “BTOPOMY UI'POKY’ HE YIAETCsI IO IPEJIOZKEHHOMY
eMy € HaiiTu 3HadYeHue N ¢ TpeOyeMbIM CBOMCTBOM, €Ile He O3HAYAET, UTO
npejesia y JaHHON IOC/IeI0BATEIbHOCT HeT (MOXKeT, 3TOT “Urpok”’ Mmpo-
cro mioxoit). Oupezenenne omeymemeus npedeaa y mocjaeI0BaTeIbHOCTI
{z} momxHO GOPMYIMPOBATHCS B BU/IE YCJIOBUS “BBIUTDHIIIA TIEPBOTO WI-
poka’, HATTpUMep KaK
Onpedeaenue 3.2.3.2. Yucimo A ne ABAAECMCA NPEOCAOM HUCA0E60T NOCAE-

dosamenvrocmu {x,}, ecian cywecmeyem 1OJI0KU-
TeJIbHOE YHCIO €y TaKOe, 9TO 0af 4106020 HOMEpA
N mnatidemes <9eH JaHHON IMOCTEIOBATEIHLHOCTH C
HoMepoM ng > N, Ui KOTOpOro Oy/IeT BBITOJTHEHO
HEPABEHCTBO [Ty, — A| > &p.

[MocsiegoBaTeILHOCTH, UMEOIIUE CBOUM npeaeaom [ducio 0 (To ecTs,
JUIs KOTOpBIX lim 2, = 0), HpuHATO HA3BIBATL Oeckoreuho manvimu. Cie-
n—oo
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JyeT TaK:Ke pasjindaTh CJIydau I[IOCJIeI0BATEILHOCTEN PACTOAUULCA, TO
€CTh He MMEIIIMX HUKAKOTO IIpejelia, U I0C/IeI0BATeIbHOCTeH beckoHey-
HO 6OALWUL, UT€HBI KOTOPBIX (HAYMHASI C ONPEJIEJIEHHOIO HOMepa) HpH-
HUMAIOT 3HAYEHWs 110 MOJYJIIO OOJibIlMe, deM Jiro00e Halepes 3aaHHOe
qKCII0, 3HadeHns. [IpuMepoM pacxomdmeiics MOXKEeT CIIyKUTh IOCIeI0Ba-
TeJIbHOCTL X, = (—1)", 1o ects {—1, 1,—1, 1,—1, 1,...}, a upumepom
OeCKOHEYHO OOJIBITON — MOCTAETOBATENBHOCTD X, = n. Jis GecKoHETHO
OOJIBIIUX II0CJIEI0BATEIbHOCTEl TPpUHSITO 0O03HaYeHne lim x,, = oo.

&
1

Puc. 3.3. Teopema “o aByx MumauImonepax’.

OTMeTnM OCHOBHBIE, TIOJIE3HBIE JIJIsI PEIIeHUs] MPAKTUIECKUX 3aJ1ad,
CBOWCTBa MPEJIEJIOB YUCJIOBBIX TOC/eI0BaTeabHocTeil. [lycTh Bee, HCmosib-
30BaHHBIE B 3amucsax 1°—6°, npemennl cymiectByior u C' — HEKOTOPasi KOH-
CTaHTa, TOTIA

1°. lim (zp + yn) = lim x, + lim y, .

n—oo n—oo n—oo

2°. lim (C-z,)=C"- lim x, .

n—oo n—oo
3°. lim (- yp) = lim z, - lim g, .
n—oo n—oo n—oo

4°. Ecmu, kpome ToroO,

. lim =z,
. . dn _ n—oo0
Yo 709wl yn 0, To lim 2o =
n—oo

5°. Ecim nociesioBaTebHOCTb MOHOTOHHO Bo3pacraer (yOblBaeT) u
orpanuveHa cBepxy (CHU3Y), TO OHA UMEET IPeJIeJl.

6°. Ectu lim z, = lim y, =AuvVn =z, >z, > y,, 70 lim z, = A.
n—oo n— oo n—oo

O6paruTre BHUMAHME, 9TO CBOUCTBO H°, SIBJIAIONIEECS JOCTNAMOYHBLM YCITO-
BHEM CYIIECTBOBAHUsI TIPEJIesia, MMO3BOJISET JeJIaTh 3aKJII0UeHUE O CXOIM-
MOCTH TIOCJIEJIOBATEILHOCTH, He Haxods 3navenus ee npedeaa. Hampm-
Mep, YHUCJIOBasli II0CJIEeJI0BATEIbHOCTb, 3HAYEHUsI KOTOPON paBHBI IEpU-
MeTPY MPaBUJIBHOIO BIIMCAHHOI'O MHOTOYTOJIbHUKA, [IPU HEOTPAHUIEHHOM
V/IBOEHUU YHCJIa €10 CTOPOH UMEET MPEEJI, TOCKOIbKY MeOMETPIUIECKH OUe-
BUJIHO, YTO OHA MOHOTOHHO BO3PACTAIOINIAs (B CHJLY [IPABHIIA “TPEYIrOJIbHY-
ka”) ¥ orpaHUvYeHa CBEPXY, CKAXKeM, IIEPUMETPOM, OIIMCAHHOIO OKOJIO TOM
JKe OKPY’KHOCTH, KBaJpaTa. JHAYEHUE IIPEJIesIa dTO MOCIe[0BATEIbHOCTH
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npuanMaercs (1o omnpezesnenniol) 3a dauny okpyorcnocmu, Koropas 000-
3Hadvaercd Kak 2mRR.

B 3axiroyeHne CTOUT TaKKe 3aMETHTb, YTO CTyJeH4YecKuil (oabKIép
Ha3bIBaeT CBOHCTBO 6° Teopemoii “o aByx Munnuonepax” (puc 3.3).

3.2.4. HaxoXKaeHue mnpeaeioB YHUCJIOBBIX II0CJI€10Ba-
TeJIbHOCTEe

Ilonck 3Ha4YeHUs Ipejiesia YNUCIOBBIX IOCJIEI0BATEIHHOCTENH, OCHOBAH-
HBIl JIMINb Ha €ro OIPEIeICHUU MOXKET OKa3aTbCdA BECbMa CJIOXKHOI BbI-
9UCJINTENIBHON mporieaypoit. Ha mpakTuke okasbiBaeTcs ropasnio yaobHee
HCIIOJIB30BATh CE0UCMEa NPedenos TMOCIeI0BATETbHOCTENl B COYETAHUN C
HEKOTOPBIM HeOOoJIbIM HAOOPOM, HAWIEHHBIX 3apaHee, [IPE/IEIOB.

B pamMkax HacTOAIIEro Kypca OKaXkeTcs JTJOCTATOYHBIM COUeTaHrne Habo-
pa cBoiicTB 1°—6° mpeplayiero maparpada u Tpex CeLyIoIux Ipe/IesioB:

1 . 1 . 1\"
lim —=0; limn-sin—=1 u lm (14+—)] =e.

CupaBe JIMBOCTH [TEPBOI'O paBeHCTBa ObLIa oKa3aHa B mpumepe 3.2.3.1.
PaccmoTpum BTOpoe paBEeHCTBO, YaCTO HA3BIBAEMOE NEPGbIM 3AMEUAMEAD-
HOLM TPEIeoM.

Ay
1
o=—
n C
A
o "
=
Q B JD
Puc. 3.4. K nokazarenbcTBy paBeHcTBa lim n - sin 1_q
n—o0 n
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Ha TpuroHomMeTpmyeckoM Kpyre €IMHUIHOIO PaJnyca OTJIOKUAM YTOJI,
BEJIMYMHA KOTOPOro (B PaJMaHHOl Mepe) paBHA o = % (puc. 3.3), u mo-
crpouM mpsimoyrosbabie Tpeyroabankn OAB u OCD. Bamerum, 910 Kpy-
roBoii cektop OAD, ¢ oJHOIl CTOPOHBI, CONEPKUT B cebe TPEyroJbHUK
OAB, a ¢ apyroii — cam cozepxkurcs B Tpeyrosbiuke OCD. D10 03Ha-
9aer, 4To It naowadeli STUX Tpex (pUryp CIpaBeJIMBbl HEPABEHCTBA

Saroas < Suoap < Saocp -

ITockonbky SaoaB = % -|OB| - |AB| , Saocp = % -|OD| - |CD| , a

ILJI0IIAIb KPYTOBOTO CeKTOpa Sugap = % -|OD| -, o ¢ yuaerom |OD| =1
IPUXOAUM K HepaBeHCTBAM

1 1
—.sina-cosa < —-1la < —.-l-tgo.
2 2 2

WA
1 .1 1 < 1 1 1 < 1 1. 1
Z.gin=- - Z.1.= R
2 i n COSn - 2 n - 2 gn

Hasiee peobpasysi, oy daeM

1 CcoSs —
- > n > n
sin L. cos L= N .
n n sin —
n

OTKy,ILa, OKOHYAaTeJ/JIbHO, CJIeyeT, 9TO

1 .
— > mn-sin— > cos—.
1 n n

COS n

Temepb MOXKHO BOCIIOIB30BATHCSA CBOMCTBAMHU ITPEIEIOB YUCTOBBIX IT0-
ciemoBaTenbHOCTE. Bymem cuanTtars, 9TO

1 .
Tp=——73 Zn=n-sin—; ynzcosg.

ES n
COS n

Torna, B cuity 09€BUIHOIO PABEHCTBA nlggo cos% = 1 u TeopeMbI “0 IBYX

MUIIAOHepax’ — cBoiicTBa 6°, mojrydaem, 9To nh_}rréc n- sin% =1.

K He06xo;11/IMochI/I BBIYUCJIEHUSI TIOC/IETHEr0 U3 YKA3aHHBIX BBIIIIE IIPejie-
JIOB nll_}IIOlo (1 + %) IPUBOUT 3aJ1a4a “0 T0O0poM HaHKe U KaTHOM BKJIA/I-
quKe”’, UMEIOIasi CJIeYIONYI0 (DOPMYIUPOBKY.
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Hexwnit “no6puiit” 6ank npemjiaraer csouM BrJagaukaM 100% romgosbix
[0 CPOYHBIM BKJIAJaM, C PABHOMEDHBIM BO BPEMEHU HAYUCJIEHUEM IIPO-
IIEHTOB TI0 BKJAIy. © Y OJHOrO M3 ero KJIHEHTOB K HAMAJY [0/ MMEETCsI
JIeHeXKHasE CyMMa, pa3MepoOM B OJIMH PyOJib, KOTOPYIO OH XOUYET ITOJIO0XKUTH
B 6aHK 10 HavaJa cieayomero roga. O4eBUaHbIA pacueT IOKa3bIBAET, ITO
BKJIQIUMK IOJIyYNT B KOHIIE IO/Ia CYMMY B PyOJIsX: CBOi BKJa 1 py0 wioc
100%, To ectb eme 1 py6. Utax,

S1=1+1=2.

OHaKO BKJIAIYAKA TOT UTOT KAXKeTCsl HEJIOCTATOYHBIM U OH PACCYKIAET
Tak: ‘ecyu s MOJI0XKY CBOI PyO/Ib Ha mepBoe mosryrojaue, To 30 UoHsS y MeHs

Oyner (1 + %) py0, KOTOpBIE s TOJIOXKY Ha ocTasmmecs mojroga.” Torma

3a TOJ BKJIQIINK OYIeT UMeTh

PO U & W S D U A R
2 2) "2 2) 2) w4

Xors 3¢ deKT AaHHOM Ollepanyuyu OYeBUIEH, “XKaIHOMY BKJIAIIUKY U
sroro majo. Cremyromue ero paccy»KIeHnsT TAKOBBI: “eCJIH s TOJIOXKY CBOM
pyOab Ha MepBble YeThIpe Mecsma, TO K 1 Masg y MeHs OydeT Ha pyKax

(1 + %) py0, KOTOpBIE S MOJIOXKY HA CJIEIYIONINE YEThIPE MECSIA U MOy dy

()3 (+2) ()"

DTy CyMMy $I BKJIQJIBIBAIO HA OCTABIINECS YETHIPE MECSIa U IOJIydalo B

urore o 9 3
1 1 1 1 10
S3=(1+= Z(1+2) =(14+=2) =2=
3 <+3> *3 <+3) <+3) 27’

qr0 GoJiblle, yem Sy.”
Herpyaso Bumers, 9To, ecjiv BeChb IoJl Pa3Ie/uTh HA 7 PABHBIX [IEPUO-
JIOB, TO TOJIy9YeHHAs CyMMa COCTaBUT

1 n—1 1 1 n—1 1 n
Snz(l—i-) +-<1+) :<1+> .
n n n n
Ucciemyem Temepb CBOMICTBa YHUCIOBON MOCIEIOBATENIBHOCTH S, =
n
(1 + %) .

1B »ku3HH, KOHEYHO, HUKAKOM GAHK TAK HUKOTIA HE JEJIAJ M HE JEJIACT.

1 cerTsadps
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Bo-niepBbix, okaxkem, ato Vn : Sy,1 > S, HeiicrBuresnnbHo,

1 n+1 1 n+1
14— 1+
s () (o)
1 n+ B n+ _(1+>:

Sy, < 1)” 1\"*™
141 (1+)
n n

n+2 n+1
—|_n+tl 1_,_1 - MTHI 1_,_3 —
n

[l e[ ()

U, COIJIacHO HepaBeHCTBY Bepuysuin (em. m.11° §1.1),
IR 1 1 1
=|l-—— I+ —=)>(l-— ) [1+—-) =
(n+1) n n+1 n
1
n+1 n

S,
Takum obpaszom, ﬁ;vﬂ > 1 u mocaeaoBaTeIbLHOCTD Sy — MOHOMOHHO
n

803PACMANOULASA, TO €CTh “IIYCTPOCTh’ BKJIAIUYUKA OIPABIAHA.

Teneps ybemumcest, 9TO, CKOJIb YTOIHO OOJBLINON CYMMBI BKJIA YUK IIO-
JIy9UTh T€M He MEHee HE CMOXKET. BBIIOJHHM CIIeAyIOInyIo ONEHKY BOC-
osb3oBaBuKch dopmysnoit bunoma Heiorona (cm. m.8° §1.1),

sn:<1+1> -
n

41 nn-1) , o 1 nn-1)n-2) , 5 1
_1n qn—1, -, A\ ) qn—=2_ _~ 1\ N 4) qn—=3 .,
=1"4+n-1 n—l— o 1 n2—|— i 1 n3—|—...§
<1+1+ 1 + + <1+1+1+1++1+ <
- 1-2 1-2.3 "7~ 2 22 23 T

1, 10 POpPMYJIe CyMMBI BCEX UJI€HOB OECKOHEYHO yOBIBAIOIIEH TeoMeTputie-
ckoii mporpeccun (cum. 11.9° §1.1), moayvaem
1

1- =
2

7



DTo 03HATAET, UTO TOCIENOBATENBHOCTE {S,,} ozpanuvena ceepry m xax
OBl BKJIATIUK HE CYETHJICH, JlaKe TPexX PyOJieil eMy MOJIy4YUTh He YIacTCs.

CorutacHo cBO#CTBY 5°, YUC/IOBas MOCJIE10BaTETBHOCTh MOHOTOHHO BO3-
pacrarolasi 1 OrpaHUYeHHast CBepXy uMeer npejes. 3Haqant, {S,} cxomur-

n
cs1. IIpemestom 4mcsIoBO# 11OCIIEI0BATEIHHOCTH {(1 + %) } ABJIAETCA Up-

parmonasbroe (00610 7w 1/2) 9HC/I0, 0603HATACMOE KAK € U PABHOE
puOJIMKEeHHO e 2 2.718281828459045 - - - . Nnate rosops,

n

|
®

. 1
Iim (1+ —
n

n—oQ

1o PaBE€HCTBO IIPUHATO Ha3bIBATb 8MOPbIM 3AMEUATNENOHDIM npeﬁe/w./vb.

3aMeTnM, 9TO HEMOCPEJICTBEHHOE MpUMEHEHne CBOCTBa 3° MpH BbI-
qUCJIEHUN, HAIPUMeED, IEPBOr0 3aMedaTe/IbHOTO MPeIesia HEBO3MOXKHO, 0~
CKOJIbKY U3 JIBYX IOCJIEJIOBATEILHOCTEH Ty = N U Y, = sin% CXOJIATCS
TOJIbKO BTOpas. Ee mpemesn pasen 0, B TO BpeMsI KaK IepBasi HEOTPAHITIEHO
BospacraeT. [logo0HBIM caydail NPUHATO HA3BIBATH HEOIPEIEIEHHOCTHIO
Buga “0 - 00” W /I HAXOXKJEHUS IIpejiesia MOTpebOBAIOChH CHEIUAIbLHOEe

uccJjeJJoBanue. Anajornunnie HpO6,J'IeMI)I BO3HUKAIOT [IJIgd HEOIIpeIeJIEHHO-

cTell T, LL%)? , 44%77 , “5o — 00" , ‘oo

Bropoit 3aMevaTesbHbII IpeJiesT siBJISIeTCsT TPIMEPOM HEOIPeIeIEHHO-
CTU TOCJIETHETO THUIIA.

[IpeobpazoBanust GOpMYILHOIT 3a1icK ODIIEro WjieHa YUCIOBOI IoCIe-
JOBaTEJbHOCTA B TEX CJIydYasix, KOTJa HEIOCPEJICTBEHHOE HCIIOJIb30BaHUE
CBOJICTB YMCJIOBBIX MOCJIE0BATEIHLHOCTEN 1°—6° HEBO3MOXKHO, TPUHSATO Ha~
3BIBATh METOJIOM “PACKPBITHs HEOolpeaeaeHHocTelt.”

Paccmorpum cireftyroriiue 3a/1atu.

. 3n 4 2)?
IIpumep 3.2.4.1. Haittu lim (7
Dopmysa 3HAYEHUST WIEHA TOCIEI0BATEIBHOCTH SBJISIETCS JIPOOBIO, OJI-

HaKO HCIIOJIb30BAHNE CBOMCTBA 4° HEBO3MOXKHO, TOCKOJIBKY

lim (3n +2)® =+o0 u lim (5n° +3) = 4o0.

n— oo n— oo

To ecTb, MBI UMeeM CiIydail HeOIpeJIeJIeHHOCTU BUJIA “%” . st ee “pac-

kpbitug’ (110 mepexoza K upezesy!) npeobpasyem qucauTesb 110 hopMyIie
“KBaJpaT CYMMBI JBYX YHCET’, & 3aTE€M Pa3/IeJIMM KaK UUC/IUTE/b, TaK
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3HaMEHaTeJIb Ha TL2 u B UTOre IIOJIYyINM

12 4
_ Brn+2? . 9t l2n+4 . Tt s
lim ——7F = lim ———— = lim ——————.
S+ —
Tenepn, B crity lim % =0u lim % = lim 1. lim % = 0, o4eBUIHO,

— 00 n—,oo N, n— oo n—oo
9TO Tpeeibl YUCUTEIsI U 3HAMEHATE sl CYIECTBYIOT, U MOXKHO BOCITOJIh-
30BaThCca cBoicTBamMu 4°, 2° m 1° .

12 4 . 12 4 1 1

lim n n2 M=o . n—oo N n—oo n*
5+ — lim 5+ 5+3 lim —
n n— 00 n n—oo n

Hpumep 3.2.4.2. Haitrn lim (v4n? + 3n — 2n) .
n—oo

®opmysia 06IIero 4jeHa IOCIeJI0BaTeIbHOCTH a, = V4n? +3n — 2n
[peJICTaBjIsieT COOON Pa3HOCTH JIBYX BBIPAYKEHUil, OJHAKO HCIIOJIb30BATH
CBOHCTBO 1° MBI HE MOYXKEM, ITOCKOJIBKY

lim v4n?2 4+3n =400 u lim 2n =400
n— 00 n— o0

U MBI IMEEM JIeJIO C HEeOHPEeeJIeHHOCThIO Buia “oo — oo”. g ee “pac-

KPBITHST ), HE TIEPEXO/Isi MOKA eIle K IPeIey, YMHOXKUM U OJIHOBPEMEHHO
pasjeluM 3Ty pa3HOCTh Ha cyMMy V4n? + 3 + 2n, ¢ moc/jejyrommM uc-
nosbzoBanueM dopmyint (a — b)(a + b) = a? — b2

lim (V4n> +3n — 2n) = iy (VA7 430 — 20) (VAn? + 30 + 2n) _

n—oo n—oo Van? + 3n +2n
. (4n? 4 3n) — 4n? . 3n
= lim = lim ——.
n—=o0 \/4n2 +3n+2n 7= /4n? + 3n + 2n
[Tosydyennsrit Ipesesl eCTb HEOIPEIEIEHHOCTD BUIA “%”, “pacKpbITh”
KOTOPYIO MOYKHO JI€JIEHHEM YHCIUTEeNIsS U 3HAMEHATEJIsI Ha N.
3n 1 3

— 3. lim — =

lim
n—o0 \/4n2 + 3n + 2n n—00 3 4
4+ —+2
n

oCcKOJIbKY lim 4/4 + % =2
n—roo

79



JleiicTBUTENBHO, C OQHOI CTOPOHSBL, /4 + % > 2, HO, ¢ Apyroi

3 59 9
4 —_ = 4 2.2.7 _— =
\/ T \/ * in 1602 1602

To ectn,

s fisders
n 4n

¥ Ha OCHOBAHWHU TEOPEMBI “0 JIBYX MUIJIUITHOHEPaX , IPUXOIUM K 3aKJII0Te-

HUIO O TOM, 4TO lim 1/4 + % =2.

n—oo

3n
IIpumep 3.2.4.3. Haiitu lim (%%) )

n—oo

3nech Mbl mmeem lim 2t 2 _ 1 u lim 3n = co, To ecTh HeolpeJie-
1 )
n—oo N+ n— 00

JIEHHOCTB BuAa “1°°”. YT0o0BI “pacKpbITh’ ee, Ipeodpa3yeM BbIpazKeHue oI
3HAKOM IIPE/IETIa CJIEYIONIM 00pa3oM.
3
E+1
1+ 1\
: =

3n 3n
2 1
lim nt = lim (1+ —— = lim
n—oco \ 1+ 1 n— 00 n+1 k—o0

rnek=n4+lun=k—1= lim k=00

n—oo
i (144
="

k—o0

3 N3
- lim (1+k> =e3.1=¢5.

3.2.5. IlocaenoBaTeIbHOCTH HEYMCJIOBBIX O0ObEKTOB

B 3aBepimerne o6Cy K aeHUsT TEMBI “IUCJIOBBIE TTOCIEI0BATETHLHOCTH OT-
METHUM, 9TO [MOCJIEJ0BATEIFHOCTH MOXKHO 00Pa30BbIBATH HE TOJBKO M3 UH-
ceJl, HO M M3 MaTEeMATHIeCKUX OOBEKTOB 0o0Jiee CIIOXKHOTO BHUJA, CKAXKEM,
dbyukmit i Marputl. [[oSCHUM 9TO CJIEIYIONUMI ITPUMEDPAMH.
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1

IIpumep 3.2.5.1. PacemoTpunm MHOKeCTBO DYHKIHMI BUIA Yy, () = p e 2
= +n

Ijie N — IPOU3BOJILHOE HATYPAILHOE UUCIIO.
Y Bcex »srtmx yHKIWI 00JACTH ONpEIeeHNs OINHAKOBadA X,
{(—00,4+00)} — MHOXKECTBO BCEX BELIECTBEHHBIX YHCEJ, B TO BPEMs KaK

00JIacTh 3HAYCHUIT Y, : {(O7 %} } — pa3nugHasg JJis pa3HbIX HOMEPOB N.
n

st kaxkaoro nHomepa n (DYHKIHS yKA3aHHOTO BUIA CYIIECTBYET U
€/INHCTBEHHA, [T0O9TOMY [IJIsl OIIMCAHIS COBOKYITHOCTH BCEX TAKNX (DYHKIIUMA
MOYKHO HCIIOJIb30BATh TEPMHUH PYHKUUOHAALHAA NOCAEIOBAMENHOCTID,
KOTOPBIIl MOYXKHO PacCMaTpUBaTh KakK 0OOOIIEHNe MOHATHS IUCIOBON I10-
CJIeZI0BATE/IbHOCTH IOCKOJIBKY JIJIsl KaXKIoro (bUKCHPOBAHHOTO T € X,

dbopmyna y, ()

HOCTb.
5 = 0 mpm mobeix x € X,,. Ilosromy

5 1 5 3@JaeT MMEHHO YHCJIOBYIO IIOCJIeH0BaTE/Ib-
r°+n

Jlerko BumeTh, uro lim %
n—oo T +mn

ecrecrBeHHO byHKIMIO y* (), paBayio 0 Jyis Bcex © HA3BATh npedeavHoll
Pynruued aua QyHKIMOHATBHON TIOCIETOBATENLHOCTH Yy () W 3aIHCHI-
BaTh 310T daxT B Buge lim y,(x) = y*(z).

n—oo

[Tomobuasa cutyarnust umeer MecTo u Jiist Matpuil. JleficrBuresbno, pas3
3JIEMEHTAMU MATPHUIL ABJISIOTCI YUCA, TO MATPUIHBIE MTOCIEIOBATEIHHO-
CTH MOYKHO CTPOUTD, 3aMEHsIsI 3TU JIEMEHTHI WIEHAMU YUCJIOBBIX TOCJIe-
JOBATEIbHOCTEN, MMEIONAMI OJMHAKOBBIE HOMEDA.

Ipumep 3.2.5.2. IlycTp 3sieMeHTaMU KBaJPATHONH MAaTPHUIILI BTOPOTO IIO-
G11,n Q120

a21,n Q22n

SABJISIIOTCS YJIEHBI YUCJIOBBIX MTOCJIEIOBATEIbHOCTEH

panka | A,| =

n 1 1 n
A11,n = a12,n = a21,n = a22.n =
’ n+1’ ’ n+2’ ’ n+1’ ’ n+2’
TOTJIa TPUCBANBasl HOMepaM 3HadeHus 1,2, 3, . . . TOJIyIIM MOCIeT0BATETb-

HOCTb COCTOAILYIO U3 MaTpPHI]

11 2 1 301 4 1
2 3 3 4 4 5 5 6
) b ) b)
11 101 103 102
2 3 3 2 4 5 5 3

ITocKONLKY MOCIENOBATENBLHOCTH {a11,n }, {G12,n}, {@21,n}, {a22.} cxO-
nATecs

im —— =1, lim -0, lim -0, lim =1,
n—oon + 1 n—oo N + 2 n—oon + 1 n—oo n + 2
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TO MOYKHO CKa3aTh, YTO U MaTPUIHAS HOCTIEI0BATENLHOCTS || A, || cxoquTes
U IPUTOM K eJUHUYIHONA MaTpHUIle BTOPOro IOPsIKa, TO €CTh

1 0

lim [|A.]| = ||F| =
Tim (4] =B = )
Ipumep 3.2.5.3. Eme pa3 BcmoMHUM “3a7a1y O KyKax .

T1,n
IIycrs cronbern || X,| = || @2, || onucsiBaeT pacupeieneHue KyKOB IO

T3.n
cpemaM oOUTaHUs BO BpeMsi N-To HabJoaeHus . Tormga pacupegeaeHne mpu
cae Iy oM, n + 1-oM HaGIIOIeHNH, COrJIACHO coOTHOMeHN O (2.3.2) Gymer
onpeiesAThCst (POPMYJIOit

[ Xngall = AN - (1 Xnll

WU B Pa3BEPHYTOM BH/IE

L1l 03 0.5 04 Tin
T2, n+1 = 0.4 0.1 0.2 . T2.n
T3,n+1 0.3 04 04 T3.n

Herpyamo BuzeTh, 9T0 B paccCMaTprUBaeMOil 3a/1ae BOSHUKAET MaTPUY-
Hasl TIOCJIENOBATENLHOCTE { X, }, 3a/laHHAs PEKYPPEHTHO, KaXK/BIil “IeH
KOTOPOIl SIBJISIETCS TPEXKOMIIOHEHTHBIM CTOJIOIIOM, OIMCHIBAOIIEM PACIIPe-
JIeJIEHE YHC/Ia 2KYKOB 110 CpejilaM OOUTaHUs BO BPEMsl N-TO HAOJIFOIEHUSI.

[Monydyenne amasuTHYIeCKO (DOPMBI 3AIMCH YJIEHOB ITOH IOCJIEIOBA-
TEJIBHOCTHU ABJIACTCA BECbMa CJIOXKHONI MaTEMaTHUYCeCKON 3a7adeil M BbIXO-
JUT 3a paMkn Harrero Kypca. OJiHaKO, IpejicTaBIeHre O XapaKTepe I0-
BEJIEHUsI €€ YJIEHOB C POCTOM 71 MOXKHO IIOJIYYUTh, ITPOBEJs UUCJIEHHBIE
pacdeThl ¥ IOCTPOUB I'paddUIecKre JTUArPAMMBI.

[Ipenmonarast, 9To mOJIHAS YUCIEHHOCTb KOJIOHUU ITOCTOSTHHA W PaBHA
238 ocobsiM, Hali/IeM HECKOJIbKO HAYAIbHBIX YJIEHOB STOH MOCIIEI0BATE b
HOCTHU [IJIsi Pa3JIMYHBIX HUCXOJHBIX BApPUAHTOB DPACIPEIEIEHUs 2KYKOB IIO
cpemaMm. PacemorpuMm ciyvan “B Hadasie Bce XKYKHU ObLin Ha Oepery”’, 3a-
TeM - “B HaJaJjie Bce KyKW ObLIM B BO3jyxe’, “B Hadaje BCe KYKU ObLIN
Ha Boze’ W, HAKOHEII, CJIyYail, KOrja 9uC/I0 YKYKOB B Pa3/IMIHBIX CPEIaxX
B HavaJie ObLJIO MPUMEPHO 0nHAKOBBIM. COOTBETCTBYIONINE CTOJIOIBI ITUX
HaYaJbHBIX PACIpPeIe/IeHnii NUMEIOT BU;:

238 0 0 79
0 238 0 79
0 0 238 80
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PesysnbraTel pacderoB u rpaduKu M3MEHEHHsT PACIPEIECTCHI IUCa KY-
KOB TIO0 CpeJiaM OOMTaHUs TOKa3aHbl Ha puUC.3.4.

[IpencraBisiercss ”HTEPECHBIM TOT (DAKT, ITO TOCIIEI0OBATETLHOCTH OKa~
3AJIMCH CXOIAIIMMUCH (M JTOBOJIHO OBICTPO) K HEKOTOPOMY “DABHOBECHOMY”
pacCIpesieJIeHII0, KOTOPOE COBIATAET C COOCMBEHHDIM BEKMOPOM MATPUILHI
lA]| , orBeuaromemy ee cobecmeaentomy snauenuto A = 1, 1 UMeromeMy BHL
(cm. §2.4.2)

3.3. Ilpenen u HenpepbIBHOCTh DYHKITAN

3.3.1. Ilpenen dbyHKIUU U €ro cBoiicTBa

PaccmarpuBast 3HaueHusi HeKoTopoit dyHKuun f(x) B Majoit oKpect-
HOCTHU TOYKU T = @, B OOJIBIIIOM YUCJIE CJIy9aeB MOXKHO 3aMETHUTh, YTO STU
3HAYEHUsT OKA3BIBAIOTCS TeM OJIMXKEe K HEKOTOPOMY YuCIy A, ueM MeHbIe
3HAYEHNE & OTJINIAETCS OT a. IIpu 3rom Besmumaa A MOXKET OTJIMIATHCS
or 3Hadenus f(a) U J1aKe CyIIECTBOBATH B TEX CJYYasX, KOIJIA TOYKA a He
IPUHAJJIEXKAT 001acTH onpeenenus Gyskmuu f ().

ITpumepom MoxeT ciryKuth dbyukiua f(x) = %, KOTOpast HE UMEEeT
HUKAKOT'0 3Ha4YeHus B TOUke & = (), HO OompeiesieHa B JTI000i1 ee OKPeCTHOCTH
U 3HAYEHHE KOTOPOH TeM MeEHBIIe OTIMYAETCS OT €IUHUIIbI, YeM MEHbIIe
abCoTIOTHAST BEJIMIUHA T .

Ecin takoe wmciio A cymiecTByer, €ro Ha3bIBAIOT NPedeaoM PYHKUUU
f(x) npu x ecmpemawemea  a, u qaHABIA GAKT CUMBOJIUYECKH 0O0O3HATA~
ot kak lim f(z) = A.

r—a
[IpuBenem Temeps cTporoe ornpejiesieHNe MTOHATUS MIpe/iesia DyHKIAN.

Onpedeaenue 3.3.1.1. Hucso A nasbiBaercsa npedeaom gyrxuyuy f(x) npu
T CMPEMAULEMCSA K G, €CITA OAA A1000( IACTOBOI 110~
CJIEIOBATENLHOCTH {Zy} Takoil, uro lim z, = a

n—oo

u x, # a, 9ucioBas nocaenoBarerbHOCTh { f(2,)}
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cxodumcs K A, TO €CTh BBINOJHSIETCI PABEHCTBO

lim f(z,) = A.

n—oo
B cumBommdeckoit ¢dhopme 3TO oOIpejiesieHHe MOXKHO 3aIllcaTbh Tak:

ﬂr111)1}#((30) = A, ecu V{z,,} e {f(zn)} = A.

OrmeruMm, uro ompejesnenne 3.3.1.1 npumeHnMo, Korjga a 0DO3HAYAET
WU HEKOTOPOE KOHEYHOE YHCJIO, WIH ABJISACTCA OTHAM U3 CJICAYIOMNAX TPEX
CHUMBOJIOB 00 , +00 WA —0OQ .

[Momuepkuem erne pas: upezesn GYHKIUNA OPU & crpeMsineMcsd K ¢ ( Tak
Ke KaK u f(a) — ee 3HAUEHUE) SABISETCS AOKAALHOU TUCIOBON Xapakre-
pucTuxoit bYHKIINNA, TO €CTh OTHOCAIIEHCT K Touke a. Jyis omHoit u Toit
JKe TOYKH 3HadeHrne (DYHKINU U 3HaUYeHHEe e€ Ipejesia, PABHO Kak U HX
CyIIECTBOBaHUE, HE3aBUCUMBI APYr OT Apyra: OHH MOLYT CYIIECTBOBAaThL
OJTHOBPEMEHHO U OBITH PABHBIMU WJIA HE PABHBIME JPYT JAPYTY, U TaK¥Ke
MOT'YT HeE CYIIECTBOBATH, KAK BMECTE, TaK U 110 oTneabHocTh. [losgcanm 3To
CJIeYIOIUMHU IIPUMEPaMU.

Ipumep 3.3.1.1. Haittu, ucnosns3ys onpeznenenne 3.3.1.1, lir% 22733
x—3 T

+1
BosbMeM MPOU3BOIBHYIO YUCJIOBYIO MOCIEI0BATENBHOCTD {Xy } TaKyIo,
gyro lim x, = 3, Torma n-it wieH mnocsenosarensroctn {f(x,)} Gymer
n— oo
2

UMETh BUJL QA
x, +1

CTBAMHU MPEJIESIOB YUCJIOBBIX MOC/IEI0BATEIBHOCTEN.

. Haﬁﬂel\d ee 1Ipeiesi, IMoJab3ydCh U3BECTHBIMU HaM CBOIi-

lim f(z,)= lim ——— = —"=>2_ =
n—00 n—oo g + 1 lim (2,)° +1
n—oo
2 lim 2.3 3
(lim z,)-(lim z,)+1 3-3+1 5
n—oo n—oo
Herpyzano zamerutn, uro dbyuxius f(x) % ompejiesieHa (umeeT
z
3HavYeHue) Ui JII0OOro KOHEYHOro T, B TOM uucie u g ¢ = 3. B pac-
cMarpuBaeMoM caydae f(3) = 337& = %, TO eCTb 3HAUYEHHUE (PYHKIUU U

ee IIpejiesl B TOYKe & = 3 COBIJIAIOT.
OHaKO, eciii PacCMOTPETD MTOBEJIEHIE TOH Ke (DYHKIUHU [IPU & CTpe-

MSIIAMCST K 00, TO MbI HOJIyduM nHOH ciryuail. C ofHOlt cToponsl, f(z) =
2z

He OIIpeIesIeHa, TO €CTh He MMeeT HUKAKOI'O 3HAYEHUs IIPU & = 0O.
2 +1 ’
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Ho, ¢ apyroit croponsr, gma lim x, = oo,
n—oo

2y, . 1 2
lim f(x,)= lim I fim — e =
> 2 1
2
1 2
= lim — - lim 7120-220.
n—oo T, n—>ool+7
T

Urak, sra yHKIMS Opu T —> 00 UMeeT Hpejes, paBHblil 0, TO ecThb
f(x) — 0, HO He MMeeT HUKAKOrO 3HAUEHHUsI IIPU T = OO.

Ipumep 3.3.1.2. PaccmoTpuM byHKINIO, HA3BIBAEMYIO CU2HAMYPOT YUCAA,
0603HATAEMYIO KaK § = SgN X U ONpEeeasaeMyio hopMy-
qoit (em. puc.3.5)

, ecmuz >0,
sgnax = 0, ecmux =0,
-1, ecmz <O0.

-
Y

Puc. 3.6. I'pacdux byuximun y = sgnx

Dra pyaknus npu x = 0 UMeeT HyJieBoe 3HadeHne, TO ecTb sgn = 0,
OJTHAKO TIPEeJIEs lin%) sgnx He cymectByeT. JleificTBuTeIbHO, BO3BMEM JIBE
Tr—r

1

YUCJIOBBIE TOCJEIOBATEJILHOCTH C T, = % u Yy, = —3. Onn obe nmeror
csouM mpezesnoMm gncio 0. Ho, o onpemenenuio curumarypsr, lim sgnx, =
n— oo
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lim sgn (%) =1mu lim sgny, = lim sgn (f%) = —1, a 3T0 IPOTHUBO-
n—oo n—oo n—oo
pednT onpeiesiennio 3.3.1.1, TOCKOIbKY 3HaUeHue MIpeJiesta SgN Ty, JOJIZKHO
OBITb 00UHAKOBbIM 0% BCET TIOCAeAoBaTeabHOCTEH {Xy} — 0.
n—oo
Hakomnerr, Bo3aMoxkeH ciry4aii, Korja y MYHKINE B HEKOTOPO TOYKe HET

3HAYEHUs U HE CyIIEeCTBYeT mpejes. [IpoBepbTe caMOCTOSTEIBHO, YTO Ta-
Kas CHTyalus umMeeT mecto s f(x) = 3 npu x = 0.

CaoiicTBa npe1esioB (DYHKIUE aHAJOTUIHBI CBOMCTBAM IIPEJIEJIOB IO~
cienoBareabrocTeil. [IpuBeseM OCHOBHBIE U3 HUX, IIPEIIOJArasd, 9TO, UC-
noJb3yemble B OPMYJIUPOBKAX, IIPEJIEIbl CYIIECTBYIOT.

1°. lim (f(z) £ g(x)) = lim f(x) £+ lim g(x) .

r—a r—ra Tr—a

2°. im (C - f(x)) =C - lim f(x) .

r—ra xr—ra
3° lim (f(z) - g(z)) = lim f(x) - lim g(x) .
limn (F(z) - g(x)) = lim f(z) - lim g(a)

- i iy J@) _ @)
- Ecqut, kpowme Toro lim g(x) # 0, To lim o) = ligl 9@

5°. AHajior TeopeMb “0 JIBYX MUJIUIIMOHEPAX: €CJIU JIJIsl BCEX X, IPUHA/I-
JIeZKAIUX HEKOTOPOH OKPECTHOCTH TOYKM a, BepHO f(xz) > h(z) >
g(z) u lim f(z) = lim g(z) = A, To lim h(z) = A.
Tr—a r—a r—a

HaKOHeH, JJId pelreHud 3aa49 IMOJIESHbIMU OKa3bIBalOTCA TaK Ha3bIBa-

eMble ‘3aMedaTre/bHbIe Tpeesbl (OYHKIT:

1) Iepswiti 3aMevaTebHBIH Tpejie: lirrb ST — 1.
xr—r

2) Bmopoti 3aMevaTe IbHBIN IPEeIe:

1\
lim (1—1—5) =e wm lim (1+2a)

T—00 z—0

S
Il
)

3.3.2. Haxoxnenue mnpeqesnoB dyHKnuii. PackpbiTue
HeornpeJieJIeHHOCTe

Kak u jyis1 3a1a41 HAXOXKJIEHUSI [IPEJIEJIa YUCIOBON IOC/IEI0BATEIHHO-
CTH, TIPU MIOUCKE TIPEJEJIOB (DYHKIUN coueTaHue UCIIOIH30BAHUS CBOMCTB
pe1eioB u Habopa, ‘3aMedaTe/IbHBIX IIPeIe/IOB” MO3BOJISET B PsIJIe CJIyIAeB
BBIIIOJIHATD “PACKPBITHE HEOIPEIEJIEHHOCTEH, OCHOBHBIE 3 KOTOPBIX:

“0 . o00” , L(%?? ) 44%7? ; “o0 — 00" wypoon
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IIpomemonCcTPpUpPYEM COOTBETCTBYIOIINE IPUEMBI HA, CJIE/LYOIIUX [IPUME-
pax.

2
Mpumep 3.3.2.1. Haiirn lim =32 +2
r—2 €T~ — 8

B a7o0it 3amade Heo6X0IMMO PacKpbITh HEOIPEIETEHHOCTh BUAIA «Q»

0 -
. P —3x+2 (x—1)(z —2) , x—1 1
lim 3 = lim 5 =lim 5———— = —.
=2 g% —8 w2 (x —2)(z° 4+ 22 +4) =22 +2x+4 12

2
Ipumep 3.3.2.2. Haittu xlingo %

31ech UMeeT MeCTO HeOIIPee/IeHHOCTb BHJIA “%”.

322 + 2 , 302 42 , 3

2
22 3
1m e o 1m s = 1m

+

8 +
|
N

1
$2

Hpumep 3.3.2.3. Haittu lir}rl (\/332 + 3x — x) .
T—r+00

Tun HeonpeeJIeHHOCTH B 3TOM IpuMepe — “o0 — oo’

2 _
lim (\/962—1—333—3:): lim M:

T— 400 T—+00 1
. (Va2 + 3z —z)(Va?+ 3z + x)
= 1m =
00 (Va2 + 3z +x)
. z? + 3z — 22 . 3x
= lim —= lim — =
:c—)+OO( x2+3m—|—x) a:~>+00( $2+3l‘+l‘)
w0

Telepb Mbl UMEEM JI€JIO C HEOIIPEJAC/JIEHHOCTHIO BUIa o pa3aejanM Iuc-
JINTEeJIb 1 3HaMeHaTeJIb Ha T :

3 3

= lim ——=-.

r—r+00 3
\14+= 41
X

B psaje ciydaes st ncnosb30oBanus 3HAYEHUH ‘3aMevaTebHBIX IIPe-
JIEJIOB OKA3bIBAETCS 11€1eCO00PA3HBIM BBIIOJHATH 3aMEHY [I€PEMEHHON Be-
JINYUHBL.

Ipumep 3.3.2.4. Haiitu lim %
x—0
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0

1t pacKpbITUS HEOIPEIeJICHHOCTH BHUIA “6 B 9TO# 3aJ1ade ya00HO
BBECTH HOBYIO ITEPEMEHHYIO t = Hx, KOTOpas OyeT OYeBUIHO CTPEMUTHCS
K HYJIIO, KOrjia & crpeMuTcs K Hysaio. [lostomy, B cuny mepsoro ‘3ameda-
TeILHOrO” TIpeesta

T T L LS T . L T L S
z—0 t—0 (t t—0 t t—0 ¢
5

pumep 3.3.2.5. Haiiru lim (1 - 3)36.

T
T—r00
JlanHas 3a/1a9a MPUBOIUT K HEOOXOIUMOCTHU PACKPBITHS HEOIIPEIEIeH-
voctu tuna “1°°”. BeimosiHuM 3aMeHy MEepeMEeHHOMN, MOJIOXKUB § = f% =
x = —3t. lloacrasnss, nosryuaem

3 x 1 —3t 1 t -3
T — 00 €T t—o00 t t—o00 t
-3
. 1\’ |
—<tl_1>1&(1+t)) =e =3

3.3.3. HenpepobiBHOCTh (PYHKIINM B TOYKE U HA MHOXKe-
crBe. Kimaccudukarust Touek paspbiBa

Onpedeaenue 3.3.3.1. Oyukums f(x) Ha3BIBACTCA HENPEPBIGHOU 6 MOYKE
T = a, ecan

lim f(z) = /(a).

T—a

Ecam 3T0 ycimoBue He BBINOJHEHO, TO TOBOPST, YTO
dyukuua f(x) umeer paspois 6 mouke x = a.

Ecinn byukius f(x) HenpepblBHA B TOYKe T = a, TO JJis JIIO0O0# duc-
JIOBOH IIOCJIEIOBATEILHOCTH Ly, — G BEPHO PABEHCTBO

ILm flzn) = f( le ZTn) = f(a).

a, 3Ha4ut, ecsim f(x) HempepbiBHa U B Touke * = ¢(a), rae g(x) apyras
HerpepbIBHAsg B TOYKE T = a (DYHKIUSA, TO

lim f(g(x)) = f(lim g(x)) = f(g(a)), (3.3.3.1)
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Onpedeaenue 3.3.3.2. Oyukuus f(x) HA3BIBAETCH HENPEPLIEHOT HA HEKOMO-
DOM HUCAOBOM MHOHCECTNEE, €CIIA OHA HETIPEPHIBHA B
Kaotcdoti TouKe 3TOro MHOXKecTBa. OyHKIWs f(x) Ha-
BBIBAETCS PA3PHIEHOT HG HEKOMOPOM YUCAOBOM MHO-
J1CECTNGE, €CITA OHA HE HE SABJISIETCS HEITPEPBIBHON T0-
ma 6ot 6 00HOT U3 TOYEK ITOTO MHOXKECTBA.

ITIpumep 3.3.3.1. @yuxuusa f(x) = sinx HenpepbiBHA HA X : (—00, +00),
a byukuug f(x) = % HenpepbiBHa Kak Ha X @ (—00,0),

rak u Ha X : (0,400), HO paspbiBHa Ha X
(=00, +00)).
Onpedenenue 3.3.3.3. Toopsit, uro dyHkuus f(r) umeer yemparumovii
paspue B ToUKe T = a, ecau lim f(z) cymecrsyer, HO
r—a
lim f(z) # f(a). Ecau xke lim f(z) He cymecrnyer,
r—a Tr—a
KOIJIa TOYKA T = @ HIPUHAIJIEKUT O0JACTH OIpese-

nenust byHkuun f(x), To TOUKA T = a HA3BIBAETCS
Heyemparumol mowkol paspwviea Gysarimn f(x).

Ipumep 3.3.3.2. UccnenoBarh Ha HEMPEPHIBHOCTH W BBITOJTHUATDL KJIACCH-
(duKaImio ee TOUYEK pa3pbiBa (PYHKITHIL:

1) y=sgnz.

VY nanHoi dbyHKIME TOUKa paspbiBa @ = 0 HeycTpaHUMAasi, TAK Kak
IIPEeJIENT B 9TON TOYKE He cymiecTByeT (cM. puc. 3.5).
2) y=|[sgna|.
st sroit dyHknu Touka paspeiBa © = ( ycTpaHmMasi, TaK Kak
Ipesiesl B 3TON TOUYKE CYIIECTBYET, lir% |sgnz| = 1, HO He paBeH
r—r

sHaveHnto dyHkmum: |sgnl =0#1.

3)
Y = SILL - ecom x #£ 0,
a , ecmmax=0.
Hannas ¢ysknus wenpepeiBHa Vr, ecim a = 1 | IOCKOJIBKY
lin}) % = 1 u umeer B z = 0 ycTpaHuMyto TOUKY pa3pbiBa Va # 1 .
T—r
4)
_ sin(z —1)
Y 2 — 3z 42
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Ota GyHKIWA UMeeT B £ = 1 yCTPAHUMYIO TOUYKY pa3pbiBa, & B & =

2 — meycrpanumyio. JleficTBuTeIbHO, eciii Tpeodpa30BaTh 3aliCh

51na§:11—11) x£2’ TO 1id * = 1, B

CHJIy “IIepBOTO 3aMeYaTeILHOrO Mpeesa’, CyImecTBYeT Ipeiet

JaHHON (DYyHKIMN K BHIY Y =

n(z—1) 1 in(z—1 1 1
i SR 1) i SR 1. =1
z—1 x—1 x—2 z—1 r—1 z—1x — 2 —1

. sin(x —1) .
B TO BpeM# Kak B Touke r = 2, xoTa lim =——=—" = sin1, no

r—2

lim ﬁ — He CyIIeCTBYyeT, U Mbl UMe€EM DPa3pblB HEYCTPaHUMOT'O
r—2 -
THUIIA.

Ucnonp3oBanne CBONCTBA HEMPEPHIBHOCTH BO MHOTHX CJIYUIAAX ITO3BO-
JIeT YIPOCTUTH IIPOIE/yPY PACKPBITHS HeolpeJe/IeHHOCTe IIPU HaXOXK-
JEeHUN 1peiesioB MYHKINN.

Ipumep 3.3.3.3. Haiitu lim
z—0

In(1 + z)
——.

Hammas 3agaua TpUBOAUT K HEOIPEIECTEHHOCTH THUIIA, “8”. st ee pac-

KPBITHS BBINOJHAM, IIPUHSAB BO BHUMAHUE HENPEPBIBHOCTH JIOTapuMuAIe-
ckoit dyuakuu (cM. dbopmyry (3.3.3.1) ) u “Bropoil 3amedyaTesbHBIN IIpe-
Je’, clleIyIolipe Ipeodpa3oBaHusT

In(1
i 2 +2)

€T x—0

1 1
= lim (ln(l—i—x)?f) =In <lin%(1—|—x)T) =lne=1.
r—
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I'1aBa 4.

DJIeMeHTbl aHAJIUTUIECKOIA
reoMeTpun

I[Tomumo TabamgHOro M (HOPMYIBHOTO CIOCOOOB OmuUCaHUsT (DYHKIIN-
OHAJILHBIX 3aBUCHMOCTEHl HA MPAKTHUKE JIOCTATOYHO YaCTO HUCIOJIB3YETCs
TakxKe U rpadudecknii MeTo 1 ux mpejcrapienus. OCHOBO 3TOTO MOAX0/A
K IpejcTaB/ieHni0 (DYHKIMA U UCCJIEIOBAHIIO MX CBOMCTB SIBJISIFOTCSI CH-
CTEeMBI KOODJMHAT U KOOPIMHATHBIE OIUCAHUSI PT€OMETPUIECKIX OOBEKTOB,
3HAKOMCTBY C KOTOPBIMU U TIOCBSIIIEHA, T4, IJIABA.

4.1. BekTopbl u geiicTBuUs C HAMU

Onpedeaenue 4.1.1.  Hanpasaennvim ompeskom AB HazbIBaeTCss OTPE3OK
[PSIMOIA, JIJIS KOTOPOro yKa3aHbl Hauasio (Touka A) u
kower, (Touka B). auHON HAIpaBIEHHOIO OTPE3KA
AB wmasbiBaeTcsl paccTOAHUE MeXKIy Toukammu A u
B, oboznatiaemoe ‘E| Hampasienubiit oTpe3ok, y
KOTOPOTO HAYAJI0 W KOHEI[ COBIAJAIOT, HA3LIBAECTCH
HYALEVIM, .
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Onpedesenue 4.1.2. Omnepanusi cpaBHeHus JIBa HAIPaBIEHHBIX OT-
Pe3Ka HA3BIBAIOTCS PAGHBLMU, €CJIU UX COOTBETCTBY-
IOIe KOHIIEBBIE TOYKHM MOYKHO COBMECTUTH HMapaJi-
JIEJIBHBIM TIEPEHOCOM JTIFO00TO M3 CPABHUBAEMBIX OT-
DE3KOB.
Onpedesenue 4.1.3. Omneparnus ciioxkeHust Cymmoti HAIPABJIEHHBIX OT-
peskos AB n C'D HasbIBaeTCa HAIIPABICHHLIH OTpe-
30K AD, HoJryJaeMblil OCIe COBMEIIEHNs TOUeK B 1
C mapaJiieIbHBIM TTEPEHOCOM JIIOOOTO U3 CIIATaeMBIX.
JlanHoe ompejiesieHne WHOT/A HA3LIBAIOT NPAGUAOM MPEY2ONbHUKE, WA
NPABUAOM NAPAANEN0ZDAMMA, TIOCKOJIbKY CJIOYKEHUE HAIPABICHHBIX OTPE3-
KOB TaK?Ke MOYKHO BBIITOJIHATH, COBMECTUB UX HAYAJIA U IOCTPOUB IapaJiie-
JIOTPaMM, CTOPOHAME KOTOPOT'O JIAHHBIE OTPEe3KU ABjsAoTcs. CyMMoit mpu
3ToM (B COOTBETCTBUU ¢ onpejeserreM 4.1.3) 0Ka3blBaeTCsl HAIIPABJICHHBIH
orpe3ok AC, cOBIAJAIONIHIT C TIATOHATIBIO IIOCTPOCHHOTO HAPAJLICIOIPAM-
Mma (cm. puc 4.1.)

AC'= AB+ BC
= C
B BC
AB o
AC — —
(BC'=AD)
& A

Puc. 4.1. Onepaiusi CJI0KEHUsT HAIIPABJICHHBIX OTPE3KOB

Onpedenenue 4.1.4. Omnepanusi yMHOXK€EHUS YHUCJIA HA HaNpPaBJIE€H-
HBIN OoTpe30oK [Ipoussedenuem wucaa \ Ha HAIIPAB-
JIGHHBIIA OTPE30K AB mua3biBaeTcst napaJijieJIbHbII
eMy HallpaBJIeHHbI oTpe3ok A1 Bj Takoii, 94To

45| = |\ - [ 4B,

conanpasJiennbii ¢ AB, ecin A > 0, 1 TpPOTHBOHA-
npasiennsiit ¢ AB, ecimm A < 0.
Ha puc. 4.2. npuBejieHbl IpUMEPHI YMHOYKEHUsI YUCJIa HA HANPABIEHHBIH
OTPE3OK.
OrMeruM cJeyiomye CBOWCTBA ONEepaIii yMHOXKEHUsST 9uCa Ha Ha-
IIPaBJICHHBIA OTPE30K:
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3
A.#}B
5
S la
35 A > B
2
B, —— 4

Puc. 4.2. Onepaiysi yMHOXKEHUST YUCJIa HA HAIPABJIEHHBIN OTPE30K

- IIPU CJIOXKEHUW C HYJIEBBIM HAIIPABJIEHHBIM OTPE3KOM JIIO0OU JIpy-
roil HallpaBJEHHBIA OTPE30K HE MEHAETCH;
- IPU YMHOXKEHUU YHCJIa HOJIb Ha JII000W HAIIPABJIEHHBIN OTPE30K
[OJIy4aeTCd HYJICBOIl HallpaBJICHHBLIA OTPE30K.
Onpedesenue 4.1.5.  Mmnoosicecmeom 6eKmopos Ha30BEM COBOKYIIHOCTH
BCeX HAIIPABJICHHBIX OTPE3KOB, VIS KOTOPBIX BBele-
HBI Ollepalliyl CPaBHEHWd, CJIO’KCHUd W yMHOXKCHUE
quciia Ha OTPe30K. KaK/Iplil 9/1eMEHT 3TOro MHOZKe-
CTBa Ha30BEM GEKMOPOM.
BekTopsl, B oTyimaue ot HanpaBJIeHmff OTPE3KOB, OYJIEM BBIJIE/ISITh “BEPX-

Heit crpesnkoit’. Hampumep, A§ wm a . JJTuHy BeKTOpa MpUHSTO 0003HaA~
%
qaTh | a ’

Paznuune mMexk 1y HampaB/IEHHBIM OTPE3KOM U BEKTOPOM COCTOUT B TOM,
9TO TIEPBBI MOXKET CYIIECTBOBATH caM 10 cebe, 6e3 Kakoii-mubo CBSA3U C
JPYTUMHU HAIPABJICHHBIMIA OTpe3KaMu. B TO BpeMs Kak MOHATHE BEKTOPa
IIPEJIITOJIAraEeT BBIITOJTHUMOCTD OIePAITuii CPABHEHUS, CJIOYKEHUS U YMHOXKe-
HIe YUCJIa Ha BEKTOpP. [[09TOMY KaKIblii BEKTOP SIBJISETCS HAIIPABICHHBIM
OTPE3KOM, HO He BCAKUHI HaIIpaBJICHHBIA OTPE30K €CTh BEKTOP.

WNHorma roBopsiT, 9TO BEKTOP 3TO OOBEKT, KOTOPBII XapaKTepu3yercst
KaK BeJIMINHOM, Tak u HarpasjeHneM. OIHAKO CJIeIYIONUI IPUMED ITOKa~
3BIBAET, UTO TAKOE OIpeIe/IeHrne, BOODIE TOBOPS, HE SBJISETCA KOPPEKT-
HBIM.

PaccymoTpum 1Be paciomozkeHHbIe O/, TPSIMBIM YTJIOM YJIUITbI, COETMHSI-
IOIUECS B TPETHIO, UIYIILYIO O/ yTJIoM 45° 10 OTHOIIEHUIO K ITEPBBIM JIBYM
(puc. 4.3). HomycruMm, 9T0 10 KaXKJIOH U3 JBYX HEPBBLIX YJIUI, B CTOPOHY
UX COeJIMHEHUsI JBUZKeTCd oToK asromobuiieit 500 asr./gac. [orok aBro-
MOOHUJTEl €CTECTBEHHO XapaKTEePU3yeTCsT KaK BEJINIWHON, TaK W HAIIpaBJIe-
aueM. Ecim mpeanosoKuTh, 9TO OH €CTh BEKTOP, TO CyMMApHBIH ITOTOK
10 TpeTkeii yimme coracHo onpegenenmio 4.1.3 cocrasur 5002 ~ 700
aBT./4ac., a ne oxugaempie 1000 aBr. /gac. Jannoe npoTusopedne 00 bac-
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:?OO-JE am/uacs= 7000 wac

500/ vac

500/ wac

Puc. 4.3. He Bcsikuii HampaB/IeHHBI OTPE30K €CTh BEKTOD

HSIETCS T€M, 9TO, XOTsI [IOTOK ABTOMOOUJIEH XapaKTepU3yeTcsl BeJIMUNHON 1

HAIPABJIEHUEM, OH HE fABJISIETCsI BEKTOPOM B CMbIce onpeneienns (4.1.5.)

B zakJiouenne paccMOTPHUM €I1e OJIHY BEKTOPHYIO OMEPAIIIO, UCIOb-
3yEMYIO IIPU PenieHnu GOJIBIIOro YUC/Ia TPUKIATHBIX 3a/1aM.

Onpedenenue 4.1.6. CKaJISpHbIM NPOU3BEEHUEM JIByX HEHYJIEBBIX

BEKTOPOB HA3BIBAETCS YUCJIO, PABHOE POU3BEIEHIIO

JUIMH 9TUX BEKTOPOB HA KOCUHYC YIJIa MEXKJIY HUMU.

Eciu xorst 61 OMH U3 COMHOYXKUTEJEH eCTh HyJe-

BOI BEKTOD, TO CKAJISIPHOE TPOU3BEIEHNE CIUTACTCS

PABHBIM HYJIIO.
— -
CrajisipHOE TMPOU3BEJIEHNE BEKTOPOB ¢ W b TpHHATO 0003HAYATH
— =
(a , b ) , BHAYWT, B CUJLy omnpezesenus 4.1.6, uMeeT MeCTO PaBEHCTBO
AN
—— - =
ab b # o,
%

= 0.

(377) _ ‘7‘-‘7’%}03

. ecm d % T u ecim
- -
0, eca a 0

nin

Hepe‘II/ICJII/IM OCHOBHBIE CBOICTBa CKaJIAPHOT'O IIPOU3BE/ICHUA, BbITEKa-
IOIIEe HEIIOCPEIACTBEHHO M3 €TI0 OIIPpCIaeJICHULd.

= = - =
1°.(a,b>= b,a)7
- 5 = =
90 (/\a,b :A.(a,b ,
- = = — - =
3°. (a1+a2,b):(a1, b)+(a2,b) s
— = =
4°.‘a‘: a,a),
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4.2. JluHeitHast 3aBUCUMOCTb BEKTOPOB

Bo3MOKHOCTD BBINOJIHEHNSI BEKTOPHBIX ONEPAIMI MO3BOJISIET MPUIATH
K BBIBOJLY, UTO /10007, HAOOP BEKTOPOB JOJIKEH 00JIAJIATh OJHUM U3 JIBYX
B3aMMOHNCKJIIOIAIONINX CBOUCTB: AUHETHOU 3a6UCUMOCTILI0O TIA AUHEUHOU
HE3aA6UCUMOCTNDIO.

CyTb JUHEHON 3aBUCUMOCTHU 3aKJIIOUAETC B BO3MOYKHOCTH BHIPA3UTh
OJINH M3 BEKTOPOB JAHHOI'O HAabOpa depe3 JpyrHe MPU ITOMOIIU OITEePAIHii
CpaBHEHWsI, CJIOXKEHUsI I YMHOXKEHUsI YUCJIa Ha BeKTOop. JluHeitHast He3aBu-
CHMOCTH O3HAYAET HEBO3MOXKHOCTDH TAaKOTO BbIpazkeHusi. CTporue ompee-
JIEHHST 9TUX CBOMCTB (DOPMYIUPYIOTCS B CJIG,_[L)yIOEeM BH,ZE).

Onpedenenue 4.2.1. Habop BekTOpoB { a1, a3,..., G} HA3BIBAETCS
AUHETHO 3A6UCUMDBLM, €CJIA CYIIECTBYET JIMHETHAsI
GYHKIMSA 3TUX BEKTOPOB, KOIMDMUIMEHTHI KOTOPOA
He paBHLI HYJIIO OJHOBPEMEHHO, PaBHAA HYJIEBOMY
BeKTOpPY. lHa"e roBOpPsI, BHITTOJHSIETCST YCIOBHE

- — - =
AMai1+Xas+...+ A Xgar= o0,
TIe IUCTa A1, A9, ..., A\p HE PaBHBI HYJIO OTHOBpE-
MEHHO.
Onpedeaenue 4.2.2. Habop BekTopos { a1, ao,...,  } HA3BIBACTCA AU-

HETHO HE3A6UCUMDIM, €CITA U3 YCIIOBUS
— - -
AMai1+Xas+...+Agar= o,

CIIEIYeT, 9T0 A\ = Ao = ... = A = 0.

Ilpumep 4.2.1. Tpu BexTOpa AE,Aﬁ u Bﬁ, COBIAJIAIONINE C JBYMS
CMEXKHBIMU CTOPOHAMY ¥ IPOTHBOJIEXKAIIEH yToy A mua-
POHAJIBIO IIPAMOYTOJIbHEKA (puc.4.4.a), JIMHEHHO 3aBUCH-
MBI.
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JeficTBUTEIBHO, COTVIACHO IIPABUJIY TPEYTOJIbHUKA 1@ + Bﬁ = Aﬁ Or-
Ky/la CJIEYET, UTO

1-ﬁ+(—1)~ﬁ+1~§5:7,

9TO, COTJIACHO OoIpeiesieHuIo 4.2.1 1 o3HaYaeT JUHENHYIO 3aBUCUMOCTD JIaH-
HOI TPOMKU BEKTOPOB.

B €

R -
Ilpa Ilpb

A D p(a+h)
a) b)

Puc. 4.4. Jluneiinas 3aBUCUMOCTD U JIMHEWHAsT HE3aBUCUMOCTH BEKTOPOB.

Ipumep 4.2.2. TlokakeMm Telnepb, YTO PACCMOTPEHHBIE B IIPEIBIIYIIEM

npumMepe BeKTOpbl AB u AD, OyayT JIMHEITHO HE3ABUCH-
MBIMHU.

M-AB+X-AD =0 . (4.2.1)

%
0O603Ha4NM OPTOTOHAJBHYIO MMPOEKITUI0 HEKOTOPOIO BEKTOpa ¢ Ha Ipsi-

IIycrs

_>
MyI0, npoxossiityto depe3 Toukn A u D, kax IIp a . Torna uz (4.2.1) Gymer
CJIeZI0BaTh PaBEHCTBO

Hp()\l-z@—kx\zuﬁ) :Hp?,

100 0YEBUIHO, ITO PABHBIE BEKTOPBI JOIKHBI IMETh PABHBIE OPTOTOHAIb-
HBIE IIPOEKIUU Ha OJHY U Ty YK€ IPAMYIO.

ITockoIbKY OPTOrOHAJIBHAS IIPOEKIUSI CYyMMbI BEKTOPOB PaBHa CyMMe
OPTOTOHAJIbHBIX NPOEKIMil caaraeMbix (M. puc. 4.4b), To nocseanee pa-
BEHCTBO MOYKHO 3allCATh B BUJIE

%
AprE—i—x\gJYpE:HpO ,
9TO, B CBOIO OYEPE/ib, B CIUJIy OYEBUIHBIX COOTHOIIEHUIA

Hpﬁzﬁ, Hpﬁz?, Hp?:?,
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[IPUBOIUT K PABEHCTBY
— —
A0 + Ay E = o0,

KOTOpOe sIBJII€TCsl BePHBIM Jniib 1pu Ao = 0. Ho, momcrasus A\s = 0 B
(4.2.1), mosmyaum u A = 0.
Taxum o6paszom, u3 ycaosuga (4.2.1) ciaenyer Ay = Ao = 0, 9T0 B cuy

onpezaesieHud 4.2.2 o3Hadaer JIHHeﬁHyIO HE3aBUCHUMOCTHb BE€KTOPOB A u
AD.

4.3. KoopauHaTHOe mpe/cTaBJIeHNE TeoMeTpu-
4ecKnux o0beKTOB

4.3.1. IIpsmoyroJsibHasi JeKapToBa CUCTEMa KOOPAWHAT

BekTops!l 0OKa3bIBalOTCH YAOOHBIM CPEJACTBOM OIUCAHUSA T[€OMETPHUYIe-
CKUX OOBEKTOB — JuHuil, puryp m Tej, rpaduaeckoro mpeIcTaBIeHUsT
CBOHMCTB (DYHKIIHH, OOJIBIIOr0 “ncia (hU3NTECKUX 3aKOHOB, a TaKXKe pas-
HOOOPA3HBIX IIPOIECCOB U SIBJIEHUN COIUAJIBHO-9KOHOMUYECKON IIPUPOJIHI.
[Tpu 5TOM 9acTO BO3HUKAET 3a/a49a BHIPAXKEHUS] HEKOTOPOTO KOHKPETHOTO
BEKTOpa Yepe3 HabOP M3BECTHBIX BEKTOPOB IIPHU IIOMOIIM OMEPAINl CPaB-
HEHUsl, CJIOXKEHUsT M YMHOXKEHUSI YHCJIa Ha BEKTOP.

PaccmoTrpum cremyromuii criocod onucaHusi TOYKHU HA [IJIOCKOCTH.

Bribepem Ha IJIOCKOCTH HEKOTOPYIO (PUKCHPOBAHHYIO TOUKY O, KOTO-
pyio OyJieM Ha3bIBATh Ha4a.A0M Koopdurnam. Torma Ha 3TON MIIOCKOCTH JIIO-
bast Touka M mMoxkeT OBITH OJHO3HAYHO 3ajaHa BekTopoM OM, Hagaso
KOTOPOro HaxojuTcs B Touke O, a KOHel ~ B TOIKe M.

IIycth mMeeTcst mapa BEKTOPOB ¢ W ) TaKUX, 9TO
1) KaxkpIil U3 HUX eQUHUNHOT JJTUHDL;
2) OHU B3AUMHO NEPNEHOUKYAADHDY
3) ux Hauaja HaxoudaTcs B Touke O.
Torna cywecmseyem eduncmeenHas apa, 9UCE T U i TAKUX, 9TO

s — —
OM=z-1 +y- 7.
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Onpedenenue 4.3.1.1.

Onpedenenue 4.3.1.2.

ITokaxkem Tenepn,

- =
CopokynHocTh TOYkKu O ¥ mapbl BEKTOPOB % U 7 ,

(MMEHYEeMbIX 9aCTO 0PMaMU UK GA3UCHbLMU 6EKMO-
PAMU), HABBIBACTCH 0EKAPMOBOT NPAMOY20A6HOT CU-
cmemoti Koopduram, a IUCa T U Y HA3BIBAIOTCS de-
KGPMOGUMU NPAMOY2OALHBMU KOOPIUHaMamy (I
upocro koopdunamamu) Touku M B cucreme Koop-

- —
JAHAT {O, 1,7 }
Bekrop OM HazbiBaeTcst paduycom-6eKmopom TOIKI
- =
M B cucreme KOODIUHAT {O, 1, ) ¢, a PABEHCTBO

s — —
OM=x-1 +y-

HA3BIBAETCS KOOPOUHAMHBIM PA3AOHCEHUEM BEKTOPA
OM.
9TO, C OJIHOM CTOPOHBI, 3HAA PAJUYC-BEKTOD TOYKH

M, MOXKHO HAWTH ee KOOPJUHATHI U, C JIPYTO#l CTOPOHBI, TI0 KOOPIAUHATAM
TouKU M OFTHO3HATHO HAXOIUTCS €€ PaInyC-BEKTOP.

YA

.3 OO iM

B 4 i
i X
O ? fA Mx o

Puc. 4.5. Onpenenenne koopauaar Touku M.

- =

1) IIycrs umeercst cucreMa KOOPIAMHAT {O, 1, ) } " 3ajaHa Touka M.

- =

[Iposenem gepes Touky O u BekTopel ¢ u j npsmbie Ox u Oy Kak MoKa-
3aHO0 Ha puc. 4.5. IIpeBpaTuM 3TH NpsMbIe B HUCAOGbIE OCU, TIPHHSB TOIKY

O 3a HyJeBYIO, U TMPUINACAB KOHIIAM BEKTOPOB 7 W j) — ToukaM A u B

3Hadenns +1.

Onycrus n3 toukn M mneprnenpukyiasapbl Ha Oz u Oy, MOXyIUM Ta-
py To4dek M, u M,, KOTOPEIM Ha OCAX OyIyT COOTBETCTBOBATDL UUCJIOBLIC
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3HaYeHus & U Y. TakuM o6pa3oM, JT000# TOIKe TIIOCKOCTH MOXKET ObITH IT0-
CTaBJIeHa B COOTBETCTBUE YIOPSIOYEHHASI 1apa Iuces {z,y}. A, mocKoIb-
Ky OCHOBAHWS OILYIIEHHBIX MTEPIEHIUKY/ISIPOB OIPEIEISTIOTCS OJJHOZHAYHO
(KaK TOYKH IepecevdeHusl HENapaJJIe/IbHBIX [PIMbBIX), TO U KOODJUHATHAS
mapa 9uces & u y Ay Touku M eamHCTBeHHAS.

2) Paccmorpum Terepb 06paTHYIO 3aa4dy: HaliTu PaJUyc-BeKTOP TOUKH

_>
M 1o 3HaYEeHUSM ee KOODIAWHAT B CUCTEME {O, 1, ) } . 3Has mapy duces

% 1 Y — KOODAMHATDI TOUKH M, 110CTPOUM BEKTODBI O? u O—IS TaKue, 4To
O?:x- 1 H5ﬁ=y~ 7 . Cwm. puc. 4.6.

T A
D M
MR R 5 ;
ANE :
J ; X
> : 3
0 — — C
] i

Puc. 4.6. Boccranosnenue Touku M 10 ee KOOpIUHATAM.

iy - =
B namewm ciayuae OM = x- 1 +y- J , ¥ 10 IPaBUJIY MMapaJsiejorpaMma
s

crponM pazmyc-BeKTop OM , OTHO3HAYHO OMpeIeIsieMblii KOHEI[ KOTOPOTO
— ncKkoMast Touka M.

HOCKOHBKy ‘J:LeKapTOBbI KOOp}II/IHaTbI TOYKN Ha IIJIOCKOCTU (I/IJ'H/I BEK-
Topa) 00pasyT YnopadouerHyo Iapy UHCes, TO UX YJ0OHO 3aIMCHIBATH

xT
B BUJEC JIBYXKOMIIOHECHTHOT'O CTOJI6I_I3, y , IEPBBIM 3JIEMEHTOM KOTO-

poro sIBJISIETCS T-KOOPJIMHATa TOYKH M, 9acTO MMeHyeMas B JIUTEPaTy-
pe abcyuccoti, a BTOPBIM 3JIEMEHTOM — Y-KOODJIMHATA, Ha3bIBaeMas 0pdu-
HAMOG. DTOT CTOJIOEI, SIBJISIIOIIUANCS CHENUAJIBHBIM CIOCOOOM OIMUCAHUS
TOYKU WJIM BEKTOPA, IIPUHSTO HA3BIBATH KOOPOUHAMHBIM NPEOCTNABAEHU-
em TouKM (mau BeKTOpa). JIoroBopuMes TakzKe, 9TO MOXKHO HCIIOJIb30BAThH
COKpaIleHHOe 0003HaYeHne KOOPIUHATHOTO IMIPEJCTABJICHUS BEKTOPA WA

ﬁ H
TOYKH B BHUJIE H a H A HOMH .

B zakiouenue cieraeM 1Ba BaXKHBIX 3aMedaHusi. Bo-TIepBbIX, TTOMUMO
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JEKapTOBOU CHCTEMBI KOOPIMHAT BO3MOXKHO HCIIOJIH30BAHUE MHBIX CIIOCO-
0OOB omuCaHUsI TEOMETPUUIEeCKNX 00beKTOB. Hampumep moJioKeHHEe TOUKU
Ha MOBEPXHOCTH 3eMJIM UJIH Ha HebecHOM cdepe ymobHee 3a/1aBaTh B Tak
HAa3bIBAEMOIl cepuneckol cucmeme Koopouram ¢ IOMOIIBIO JBYX yHOPSsi-
JOYEHHBIX UUCEJI, SIBJIAIONINXCS YIVIOBBIMEA OTKJIOHEHUSIMU OT 3apaHee BbI-
OGpaHHbIX IWIocKocTell (wupoma u doazoma touku.) s Hammx nanbHeii-
mIuX 1esiell 6y1eT JOCTATOYHO JEKAPTOBOI CHCTEMBI KOODIMHAT, IIO9TOMY,
yroTpeb/ieHre TepMUHa ‘crucTeMa KoopJanHaT’ Oy/IeT mo/ipa3yMeBaTh UMEH-
HO MIPSIMOYTOJIBHYIO JIEKAPTOBY CUCTEMY.

Bo-BTOpBIX, NCII0JIB30BaHHBII CITIOCOD TIOCTPOSHUS JIEKAPTOBOM CHCTEMBI
KOODJMHAT HE sABJISETCs €IMHCTBEHHO BO3MOXKHBIM. B KadecTBe Oa3MCHBIX
MOXKHO BbIOMpATh TakK Ke HEPaBHbIE 110 JJIMHE U/WJIM HEOPTOrOHAJbHBIE
BekTOpbI. CyllecTBeHHA JIUIIb BO3MOXKHOCTD IIOCTPOEHHUSI, ¥ IIPUTOM €IH-
CTBEHHOI'0, KOOPIMHATHOIO IIPECTABJIEHUST It KAXK 10 TOYKH ILJIOCKOCTH.
B kypce ananuTudeckoit reoMeTpun IOKA3BIBACTCsI, ITO HEOOXOIMMBIM 1
JOCTATOYHBIM YCJIOBHEM TAKOW BO3MOXKHOCTU SBJISETCH JIMHEHHAs He3a-
BHCHMOCTH 6aBI/ICHbIX_> BEKTODOB. 3ameTuM, 9TO JIMHEHHAs HE3aBUCUMOCTD

0Ga3UCHBIX BEKTOPOB ¢ U J , UCIIOJIb30BAHHBIX HAMMU JIJIsl IIOCTPOEHHUS IIPsi-
MOYTOJILHON JEKAPTOBOM CHCTEMBI KOODJIMHAT, TOKa3aHa B pumepe 4.2.2.

4.3.2. Onepanuu ¢ BEKTOpPpaMu B KOOP/IMHATHOM IIpEJI-
CTaBJIEHUN

Ucnonp3oBanue 1eKapTOBOil CHCTEMBI IO3BOJISIET IIPU TOMOIIU KOOD/IH-
Har (TO ecTh, AHAJIUTUIECKHU) OIUCHIBATH BEKTOPHI U TOYKU, u3beras UH-
TYUTUBHBIX HJIM T'€OMETPUYECKHU HAIVISIHBIX IpejcTasienuii. [Ipu sTom,
HEOOXO/IUMO BBISICHUTH, KaK OY/yT BBIMOJHSATHLCS OIEPAIMN CPABHEHUS,
CJIOYKEHUSI W YMHOXKEHUSI YHUCJIa Ha BEKTOD B KOODJIMHATHOM IIPE/ICTaBJIE-
arn. OTBET HA ITOT BOIPOC MOy IUTh HECJIOYKHO, €CJIU BCIIOMHUTD, 9TO KO-
OPJIMHATHOE MPEJCTABJIEHNE BEKTOPA — JIBYXKOMIIOHEHTHBIN CTOJIOEI, SB-
JITeTCH YACTHBIM CJIydaeM MaTpPHIl, JJIs KOTOPBIX TaKKe ObLIN BBEIEHbI
olepaliu CpaBHEHUS, CJI0XKEHUsI U YMHOXKEHHUS YUCJIa Ha MaTPUILY.

PaccmoTpum mociieioBaTeIbHO BCE TPU OTEPAIMH C BEKTOPAMHU.

— T — To
1) Cpasnenue sexmopos. Ilycts || a 1| = y ullas| = Y ,
1 2
TOIZIA
— — — — T To
N e 8 -
Y1 Y2



- =
B camom jierte, paBeHCTBO @ 1 = @ 2 O3HAYAET, UTO

— — — —
it +y1- ) =21 +Y2- ]

njam
- —
o

— —
(k1 —22)- 1 +(y1 —y2)- 7

- =
B cuiy ceoiicts BeKTOPOB ¢ u j (& MMeHHO, MX JIMHEHHOH He3za-

BUCUMOCTH) TIOC/IE/IHEE PABEHCTBO BO3MOXKHO JIAIIb B CJIy4ae, KOrIa
qucaa 1 — Lo U Y1 — Y2 PABHBI HyII0 omHOBpeMenHo. [loaromy crpa-
B€JIJINBO

1 —y1 =0 1l 0
St bl M H e

2) Caoorcenue sexmopos. KoopiuaarHoe 1npecraBjieHue CyMMbl BEKTO-

T
Y1

€2
Y2

1 — U1
T2 — Y2

PoB a1+ a o Oy/er uMeTh BUJ,

- = — —
[ 2 =2+ 2
. — T — T2
HeiicrBuTensHo, ecin || a 1| = n|azl = , TO
Y1 Y2
— — - = — —
a1 =21+ % +y1-J A a2=2x2- 1 +Y2- J

Ho Torma 6yayT BepHBIMHU CJIEIYIONINE PABEHCTBA

e — — — —
Ha1+a2H=H($1'Z+y1'J)+($2'l+92'J)H:
— —
=H(a:1+:c2)-z+(y1+yz)-J)H=
e =1 o e = el e
= = + =1lla + 1| a .
’ Y1+ Y2 ’ ‘ Y1 ‘ ’ Y2 ‘ ! 2

3) Vmmoorcenue wucaa na sexmop. Paccy X ieHusi, aHAJOTUIHBIE TTPEIbI-
JYIIAM, IPUBOIAT K PABEHCTBY

- =<

B urore mbr IPUXOIUM K BazKHOMY 3aKJ/JIFOYCHUIO, ITO

Omnepaluu ¢ BeKTOpaMu B KOOP/IMHATHOM IIPEACTABJIEHUN
BBINOJIHAIOTCH TaK ke, KAK COOTBETCTBYIOIIUE OIlepaliuu
C MaTpuUIlaMWU.
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Vcxonst n3 CBOMCTB IEPIIEHIUKYJISAPOB, OIYIIEHHBIX U3 TOYKH Ha IIPAMYIO,
He TPYAHO BuJeTh, uto OB = OA+AB = a;+b, uOD = OC+CD = a,+
b, . OnepaIuio CI0KeHus BEKTOPOB B KOOPIMHATHON (POpPME WIITIOCTPUPYET
puc.4.7.

y — — —
A a=q, ita, f
— — —
b=b i+b, j
I
""""""""""" -
: b :
8 e . i - = - =
a,+5, Y BT i ¢ atb=(a +b)it(e, +th)J
- i - = E
a ; a+b :
o\ e s
i ) :
< : : X
> & 2 >
© b
@
k] ax +bx ¥

Puc. 4.7. CymmupoBanre BEKTOPOB B KOODIAUHATHOI (dhopme.

OrmeruM, 910 JJIsT PAJIyCa-BEKTOPA 7 [IPOM3BOJILHON TOUKU M, mme-
Iolell KOOPJAMHATHOE Pa3JIoXKeHNe

— —
T =z +y- 7,

OyIayT ClIpaBe/JINBbI PABEHCTBA

— — T 1 0
e Tl R B M Rl P R Y
IMOCKOJIbKY O4Y€BHJJIHO, 9TO
— — — 1 - — — 0
[Fl=l o dl=fo | Jol=lo-w+rsl= ]

KoopaunaTtHoe mpejictaBieHne BEKTOPOB II03BOJISIET HCCJIEIOBATH €0~
MeTpuYecKrne OOBEKTHI B aHAJUTUYECKON dopme 0e3 HCIOIHL30BAHUS
KaKUX-Tu00 HALJISITHBIX UM UHTYUTUBHO OYEBUIHBIX IIPEJICTaBJIEHUN, 10~
CKOJIBKY B 9TOM CJLydae, HAIPUMED, NPAMYIO Ha4 NAOCKOCcMU (TeOMeTprYe-
CKHuil 00BEKT, COCTOSAIINI 13 TOUEK U 00110l HabOpOM COOTBETCTBY-
IOIIUX CBOJCTB) MOXKHO PACCMATPUBATH U COOTBETCTBEHHO aHAJIN3UPOBATH
KaK COBOKYNHOCTMb paduycos-6eKmopos ITUX TOUEK.
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Puc. 4.8. Bekropnas ¢popma onucanust npsiMoil Ha IJIOCKOCTH.

HeiicrBuresbHo, 1ycTh HeKOTOpad upaMas L (cMm. puc. 4.8) mpoxomur
qepe3 PUKCUPOBAHHYIO TOYKY A ¢ M3BECTHBIM pa,ZLI/IyCOM BEKTOPOM 77 B

HaIIPpABJICHUH, 33/IaBA€MOM HEHYJIEBBIM BEKTOPOM a Torma 7 — paguyc-
BEKTOD ’prOU_S;GOJLbHO’U, TOYKU B 3TOi MpsIMOIi, MOYKHO BBIPA3UTh Y€PE3 BEK-

TOPBI 70 U @ IPU IOMOIIU BEKTOPHBIX Oleparyii (110 IpaBHIaM TPEyIroJib-
HUK& M YMHOXKEHHsI IUCJIa HA BEKTOD) CIIEAYIOMUM OOPA3OM.

P =To+AB AB=X-a

_>
e A — K03 UIUEHT TPOITOPIMOHAILHOCTH MEXK Iy BEKTOPDAMU (@ U Ag.
DTO MO3BOJISIET TPEICTABUTH COBOKYITHOCTH PAJIIYCOB-BEKTOPOB BCEX TO-
geK IpsiMoii L B Bujie

_)
T =To+A a, VA
JaJtee, eciim U3BECTHBI KOOPJIMHATHBIE ITPEJICTABIEHUS] BEKTOPOB

Zo Ay

Ay

n a =

< ‘

) O:’

TO npsAMYI0 L MOXKHO 33/1aBaTh KaK COBOKYIIHOCTb TOYEK IIJIOCKOCTH, KOOD-
JUHATHL {2, Yy} KOTOPBIX YIOBJIETBOPSIOT, MOCIEI0BATENBHO MOy IAEMbIM
OJHO U3 JPYyroro, COOTHONIEHUIM

%
171 =170l +A-|| @] o= e e )
Yy Yo ay
T=x9+ N ag,
V.
{yzyo+/\-ay.
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Hakonern, u3 mocseiHeil cucTeMbl ypaBHEHWIA, TOC/IE UCKI/IIOYEHUsI Mapa-
MeTpa A, nojydaercs ypasuenue suja Arx+By+C =0,tne A=ay, B =
—az 1 C = —ayxo — 4;Yo, KOTOPOE TAKIKE SBJISETCS OFHOI U3 KOOPAUHAT-
HbIX (hOpM 3ajaHus TPAMOi Ha MJIOCKOCTH. [ToKaxKuTe caMoCTOSATeIbHO,
9TO TIpH 9TOM Yucjia A u B He MOTYT OBITh PABHBIMU HYJIIO 00HOEPEMEHHO.

4.3.3. CkajsgpHoe Npou3BeaeHNe U KOOPANHATbI

Takke Kak U B CIydae Oomeparuii CpABHEHUsI, CJIOKEHUST ¥ YMHOYKEHUST
9UCJIa HA BEKTOD, KOODIMHATHBIN TTOIXO0/T MOYKET OBITH UCIIOJB30BAH U JJIsT
OIIMCAHWs OLEPAIMU CKAJISIPHOIO IpousBeieHus. [loyduM IpaBuiIo moj-
cueTa CKaJISIPHOIO [IPOM3BEJIEHUsI BEKTOPOB, 3aJaHHBIX MX KOOPIUHATHbI-
MU TIPEJICTABJIEHUSIMU B MPSIMOYTOJIBHOM JIEKAPTOBOI CUCTEME KOODPIMHAT
Ozy. IlycTtp

— — — —
a=a1-1 +Q2- ) WIHA, 9TO TO YXKe CaMoe, HaH =

- = — — — —
(%b):(ar v +az- g, B +52*J):

o551
(&%)

o

— — — — 81
b=p81-12+pP-7 um HbH:
B2
- =

Haiinem ckasisipoe npouseesieane a u b .

- SN SN SN
2041/31(1, l)+a152(27j)+a231 (J, z>+a252(3, J) = a1 B1+asfs

IIOCKOJIBKY, corviacHo omperencHusMm 4.1.6 u 4.3.1.1,
- = - = - = - =
(z,z)=1, (lvy)=0, (J,z)=0, (J,J)=1~

Takum 06pazom, /it BEKTOPOB 3aJIaHHBIX B KOOD/IMHATHOM IIPEJICTABJIE-
HUH, CKAJSIPHOE MPOU3BEICHNE HAXOAUTCS 10 (POPMYIaM

(E), 3)) = o181 + asfs (4331)

nJIm

(@ 3) =<1 [¥) =1es et 2
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B uacrraocTu, u3z dpopmysst 4°(cm. §4.1) nomydaem, 4To JIIMHY BEKTOPA

@ MOKHO BBIPA3UTh Y€PE3 €ro KOOP/MHATHI CJIEIYIOIIM 06pa3oM

‘?’ - ,/(7,7) = /a2 +a3. (4.3.3.2)

V3anaau 3aamenuTyio Teopemy Ilugazopa?

Haxkonern, orMernM, 94TO HE TOJBKO CKaJIApHOE IIPOU3BEICHUE MOXKHO
) b
BBIpAXKaTh Uepe3 KOOPIUHATHI, HO M KOOPAUHATHI MOTYT OBITH IPEICTAB-
JIEHBI KaK CKaJIsipHOe TIpom3Beienne. JleficTBUTEIbHO, ecan 00e JacTu pa-
BEHCTBA,
— — —
a =a1- 1 +ag- )

—
CKaJIIpHO YMHOXKUTH Ha BEKTOpP ¢ , TO U3

- = — — — - = - =
(Z,a):(l, aq - Z+a2~j):a1<z,z)—|—a2(z,]),

- — - —
BCI/I.Hy(Z7Z):].I/I(Z,]>:0,C.He,ﬂ;yeT7‘{TO

— =
ap=| 1, a)
[Tokaxkure CAMOCTOSATENLHO, YTO AHAJOTUIHO MOXKHO MOJYUATH Qg =
- =
(7.4)
; o4 n B
Ilpumep 4.3.3.1. Haiitu craisipoe npoussejsienne ektopoB OA u OB,

€CJIn KOOpJZMHATHBIE IIPpeACTaBJIEHUA 3TUX BEKTOPOB CO-
OTBETCTBEHHO DPaBHBI

3 1
—
|od] = n [oB] = 7
V3 V3
HUCIIOJIb30BaB KaK €ero olpejesieHne, TakK U KOOpUHAaT-

HOE TIPEJICTABJICHAE STON ONEPAIMH B OPTOHOPMUPOBAH-
HOit cucreMe KoopauHar (puc. 4.9).

Pewenue. Ilo onpenenennro 4.1.6 1y BBIYUCTIEHNSA CKAJIAPHOTO IPOU3BE-
JIEHUsI BEKTOPOB HAJIO HAWTY WX JJIMHBI U yroJ Mexk iy Humu. 1lo dhopmyite
(4.3.3.2) moayvaem

\07\:\/3%(\/3) —VO+3=V12=V4.3=2V3,
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Puc. 4.9. HaiiTu ckansipHOe npousBejenne BekTopos (npumep 4.3.3.1)

‘(ﬁ’:\/lu(ﬁ) —V1+3=Vi=2.

W3 puc. 4.9, Ha OCHOBAHWY CBONCTB IIPSIMOYTOJIbHBIX TpeyroabHuKoB O AN
u OBM, TIOJLy3aeM, ITO yroM o = 60°, a yros 8 = 30°. Torma yros ¢ —
mexky BekTopamu OA u OB, pasen 30°. OKOHYATEIHLHO, COTJIACHO OIPe-
nenennio 4.1.6, HAXOUM MCKOMOe 3HaUeHNe CKAJISIPHOTO ITPON3BEIEHUST

(74,0? &}1 @ cos 2\/§~2~cos30°:2\/§'2-£:6.
(04.08) = [04]-[0B-cos = (2v5) 2v3)-2-3

UcnonpzoBanue Gopmysist (4 3.3.1) mo3BOJIsIET HOJIYYUTH TOT KE pe-

3y/IBTAT 3aMETHO IIPOITIE: ( A, O?) =3-1+v3-/3=3+3=6.

4.4. KoopauHaTHBIIT MeTOJ onucaHus QyHK-
07071

Kaxk y»ke ormMedasoch, KOODJIMHATHBIN II0JIX0J] MOYKeT OBITh IIPUMEHEH
JIJIsI HAIVISTHOM TeOMeTPUYecKOil MHTEPIIPETAIINY PA3HOOOPA3HbIX MaTeMa-
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TUIEeCKUX 00bEeKTOB. [IjIs onmcanus ¢BOMCTB DYHKIINI 0COOEHHO YI0OHBIM
OKAa3bIBAETCSI COYETAHWs MMOHATHS IIpeJiesia U KOODAMHATHON (hOPMBI MX
[IpeJICTABJICHNS], Ha3bIBAEMOH 2pagiurom PyHryuu.

Onpedeaenue 4.4.1. Tpaduxkom dyukuuu y = f(x) Ha3BIBAETCI MHO-
JKECTBO TOYEK Ha KOOpAMHATHOW 1wtockoctu Ozy,
PaJINyChI-BEKTOPBI KOTOPBIX HMEIOT B BBIOpAHHOMN
[IPSIMOYTOJIBHOM CHCTEeMe KOOPJIUHAT IIPEeJICTABIeHNE

x
f(x)

Baxk#o noHuMaTh, 9410, XoTs rpaduk 6ol GYHKIUME eCTh HEKOTOPast
JIMHUST Ha KOOPJAWHATHON IIJIOCKOCTH, OOpaTHOe, BOOOIE TOBOPs, HE Bep-
vo. He Beskast IMHUST HA KOOPAMHATHON IMJIOCKOCTH SIBJISIETCS TPadUKOM
KaKOH-100 PyHKITAN.

JleiicTBUTEIHLHO, COMVIACHO OIPEJIeJICHII0 (DYHKIINU JJIS KarKJI0TO 3Ha~
YEHMs apryMEHTa X, IPUHAIJIEKAIIEro 00JIaCTH OIPEIETIeHUs], CYIIECTBYET
eduncmeennoe 3uadenue y, oupeengemoe coornomenvem y = f(z). Ho B
ciIy4ae, KOTJIa KOOPIUHATHI TOYEeK HEKOTOPOH JIMHUK CBSI3aHbI YPABHEHUEM
F(z,y) = 0, BoIOpaHHOMY 3HAYEHUIO KOODIMHATHI T MOXKET COOTBETCTBO-
BaTh OOJIbIIIEE, IeM OJIHO IUCJIO 3HAYEHUN KOOPJMHATHI Y, YIOBIETBOPSIIO-
X 3TOMY yPABHEHUIO.

[TpowutiocTpupyem 3ToT hakT CJIeLyIoMuM TpruMepoM. [IpsMas Ha Ko-
OPAMHATHON TIOCKOCTH (KaK ObLIO BBIIIE MMOKA3AHO) MOMKET 33J[aBAThCH
ypaBuennem Buna Ax + By + C = 0, npudem uncia A u B He paBHBI HY-
JIIO OJTHOBPEMEHHO. JIerKo BHJIETH, 3TO YpaBHEHWE MOYKET OBITh 3AMUCAHO
B dopme y = f(x) TosmbkO B cayuae, korga B # 0. Torma (1 ToabKO TO-
rpal) npsivast siBiisteTcst rpadukoM dbyHKIuM, U ee hbopMyIbHAs 3aI1Ch (B
[IPE/IITOJIOKEHNH, 9TO IIPSIMasi UMeeT YIJI0BOi Ko3hdUIueHT k U IPOXOIUT

T
4yepes TOUYKY C KOODUHATAMU yo ) ectb y = k(z — 20) + yo. Ecom ke
0

BHIA

B =0, to upsimast Ar + By + C' = 0 napaJutesibia ocu Oy U He SIBJISIETCs
rpauKOM Kakou-au60 (byHKINUN.

Jpyroii BazKHOI 0COBEHHOCTHIO KOOPAMHATHOIO METOA TIPEJICTABICHIS
GYHKIMIT ABJISIETCS 3A46UCUMOCTID IMO20 NPEICMABAEHUSL OM 600G CU-
cmemur Koopdunam. JefcTBUTENbHO, eCn, CKaXKeM, OJUH HabJIoaTe b
BbIOpaJI B KadecTBe HavaJja KoopamHaT Touky (1, a ero KoJjijiera TOUKY
O, TO OYEBHJIHO, UTO OJHA U Ta ¥Ke ToYKa M I KaykJIoro U3 3TUX Ha-
GsroaTeseit OyIeT UMeTh XOTs W €JMHCTBEHHBIE, HO Pa3UIHble KOODIIU-
HATBL. AHaJOrHYHAs TPOOJIEMa BOBHUKAET M3-38 MPOU3BOJILHOCTH BBIOOPA
HAIIPABJIEHNs] KOOPJNHATHBIX OCEHl U €MHUIL JJTMHBI BJIOJIb HUX.

C 0JHOI CTOPOHBI, T8 OCOGEHHOCTh KOOPJAMHATHOIO MOJXO/1a SABJISIETCSI

108



€ro HeJI0CTATKOM, ITOCKOJIbKY HAOJII0AATe M, UCIOJIb3YIONIUM Pa3InIHbIe
cuCTEeMbI KOOPIMHAT, HEOOXOIUMO IIPU CPaBHEHUU PE3yJIbTaTOB MX HaDJIIO-
JIEHU 3aTPAYUBATE JOMOJHUTEIbHbBIE BBIYACIUTEIbHBIE pecypchl. OHaKO
C JIPYTOii CTOPOHBI, CBOOOA B BEIDOPE CUCTEMBI KOOPIUHAT MOXKET OBITH UC-
MOJIB30BAHA JIJTsl YIPOIeHus rpadbudeckoro onucanus GpyHKiyun. NHbMI
CJIOBAMM, MOXKHO IIOIBITATHCA HANTH TaKyI0 CHCTEMY KOODIMHAT, B KOTO-
poii 310 onucanne GpYHKIUU OKa3bIBAETCA HAN0OJIeE IPOCTHIM.

[Tosichum ckazanHOe ciegyoomuM npuMmepoM. [lycTb Tpebyercs: mocTpo-
uTh rpaduk QyHKIUA, KOTOPasd B HEKOTOPON MCXOIHON MPSIMOYTOJIBHON
JekapToBoil cucreme koopaunar {O, x, y} 3amaerca dbopmysioi

2z -1

y = (4.4.1)

r—1
BeiGepem “HOBy0” mpsIMOYTOJIBHYIO cuctemy Koopmmuat {0,z y'}, Ta-

Ky, 9TO TO4YKa OI B I/ICXOﬂHOf/i cucremMe mMeeT KOOPAWHATBI a

2 )
HaIPaBJICHUST OCEH W €IMHUIIBI U3MEPEHUs JINH M1 00EruX CHCTEM KOOp-
/

JIMHAT OJHU U Te Ke. Torma OYeBHIHO, YTO HOBBIE Z, U VWCXOJTHBIE

KOODJAMHATHI J11060i Touku M (cm. puc. 4.10a ) GyayT cBs3aHbI CO-

{x

Y

Haiinem dbopmyiry uist dyraknum (4.4.1) B HOBO# cucreme KoopuHat. Jljist
sToro nojcrasuM B (4.4.1) Boipazkennst (4.4.2), mosyaum

OTHOLICHUAMM

' +1,

N (4.4.2)

2(z"+1) -1 27" +1 1 1
! 2: = :2 — /:—.
y + (r +1)—1 z + z wm y z

A 310 — dopmya Xoporno uzBecTHOi runepbossl. Hapucyem ee rpaduk B
HOBOI cucreme Koopyuuar (cM. puc. 4.106 ). Teneps ocraercs BepHYTbCA
B MCXOHYIO CHCTEMY KOOD/IMHAT, YIAJINB C KOOPAMHATHON IJIOCKOCTHA OCH
HOBO}T cucTeMsl (cM. puc. 4.108 ).

B paccMoTpeHHOM IpuMepe HH CJIOBA He OBbLJIO CKa3aHO O TOM, KaKUM
00pa30oM MbI BeIOMpa/u “HOBYIO cucremy KoopauHatr. OIHAKO K 9TOMY BbI-
6Gopy HETPYIHO IPUITH, ecjiu IpeobpaszoBarh dhopmyity (4.4.1) ciemyrommm
obpazom

2r—1  2(x—-1)+1 1 1

= = -9+ 2=
y x—1 rx—1 +x—1 Y
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2

o X ‘\ o X _'—'—*\

a 1 o[\ 1 E 0

Puc. 4.10. ITocrpoenue rpaduxa runepbonst (4.4.1).

Tenepb COOTHONIEHUSI, NCIOJIB30BAHHBIE I 3aMEHBI KOODPMHAT, CTAHO-
BATCA OYEBUTHBIMH.

Crour 00GpaTuThb BHUMAHHUE, YTO PACCMOTPEHHOM IPHMEPE MCKOMDII
rpacduk dopmaabHO Mosydaercs u3 rpaduka CTaHZAPTHON THIepGOsIbI
JBYMsI TIOCJIEIOBATELHBIMEA apasleJbHbIMIA IEPEHOCAMI: Ha, €IUHUILY
BIIpaBo Baoab ocn O W Ha JBE eIMHUIBI BBEPX BAOHL ocu Oy.

ITpoBeg aHAJOTMYHbBIE PACCY?KICHHs, MOKHO, OCHOBBIBASCH Ha, CBOM-
CTBaX IPSAMOYTOJLHOM JIEKAPTOBOI CHCTEMBI KOOPJIUHAT, IPHJITH K 3aKJIIO-
vennto, uro rpaduk dyakuun y = Af (a(x — b)) + B MoxKer GbITH JIETKO
[OCTPOeH 10 u3BecTHOMY rpaduky dyekimu y = f(x). Jus sToro mo-
CTPOEHUsI B GOJILIIOM YUCJIE MPAKTUIECKH BayKHBIX CIIYyIaeB OKA3bIBAETCS
JIOCTATOYHO 3HATH BUJ HEKOTOPOIO YUCJIA OCHOBHBIX M3 HUX (CM. IPUMEDBI
B §1.1) — Takux, HAIIpUMED, KAK

y=a% y=a", y=log,x, y=sinz, y=cosz, y=tgz,

y = arcsinzx, y = arccosx, y = arctgx

W ACTIOJIB30BATH IPABUJIA TPEOOPA30BaHUs TPAMUKOB IIPH NEPEHOCE HAAAG
xoopduram u degopmarut 60046 ocedl.
DTH IPABUJIA, OMUCHIBAIOIIMM MeOMETPUIECKHI CMBIC/ KaxKJI0r0 U3 I1a-
pamerpoB A, B,a u b, GopMyIMpyIOTCs CJIeIYIONUM 00pa3oM
1°. T'paduk dyuknun y = f(z) + B nosyqaercst u3 rpaduka GyHKIMI
y = f(x) napajuieababiM neperocoM Baosb ocu Oy Ha |B| eaumui
BBepX, ecau B > 0 u na |B| eaunun Buus, eciiu B < 0.
2°. I'pacdux bysknuu y = f(x — a) nosnyuaercs u3 rpadbuka QyHKIAI
y = f(x) mapasuresbHBIM HepeHOCOM Boab ocu Ox Ha |a| exuHuI
BIpaBo, ecan a > 0 u Ha |a| exunun BieBo, ecan a < 0.
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3°. I'pacdux bysxmuu y = Af(x) nonyuaercsa u3 rpaduka QyHKIUN
y = f(z) npu A > 0 medopmanueil (pacTszKeHHEM WIH CXKATHEM)
Baosb ocu Ox ¢ xkoadbdunuenrom |A]l. Ecim A < 0, To mocse je-
dopManuu HEOOGXOAMMO BBIIOJIHATD €I 3€PKaJIbHO-CUMMETPUIHOE
OTparkeHne OTHOCUTENBHO ocu O.
4°. I'paduk byukuuu y = f(ax) nonygaercs us rpaduka GyHKIUA y =
f(z) mpu a > 0 nedopmarmeit (pacTsyKeHHEM WU CKATHEM) BJIOJIb
ocu Oy ¢ K03pDUIMEHTOM |é| Ecmu a < 0, To nocyie nedopmariim
HEOOXOMMO BBIMTOJHUT €I 3€PKAJIbHO-CUMMETPITHOE OTPasKeHue
orHocuTesbHo ocu Oy.
Ecmn npn mocrpoennn rpaduka BOSHUKAET HEOOXOIMMOCTD HCIIOIH30-
BaHUsI KOMOMHAIIMU 9TUX IIPABUJI, TO CHAYAJIa CJIeAyeT BLIIOJIHATE IIpeod-
pasoBanust 3°—4°, a 3arem — npeobpazoBanus 1°-2°.

Paccmorprum B KadyecTBe mprMepa HEKOTOPBIE BO3MOXKHBIE ITPEOOPaA30-
Banus rpaduka GYHKIUN y = =2, KOTOPbIH HoKazaH Ha puc. 4.11. O6pa-
TUTEe BHUMAaHWE, 9TO Ha puc.4.12—4.21 ucxonusiit rpaduk MoKa3aH CePhIM
IIBETOM, & MPeoOpa3oBaHHbIl — YepHbIM. Kpome Toro, jijist GosibIneit Ha-
rasigHocTr MacTadbbl oceit Ox u Oy Ha HEKOTOPBIX W3 ITHUX PHUCYHKOB
BBIODAHBI PA3JINIHBIMUA.

Puc. 4.11. T'pacbux xBaapaTHOil mapaboms! y = z°.
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Ha puc. 4.12 noxazano mpeobpasosanue rpacduka y = 22 B rpadux

y = 22 + 3, BBIIOJIHAEMOE CIBUIOM Ha 3 eMHUIBI BBepX 110 ocu Oy.

T

Puc. 4.12. TIpeoGpazosanue rpacduka y = x> B rpaduk y = x> + 3.
Ha puc. 4.13 noxazano npeobpasosanue rpacduka y = 22 B rpadpux
y = (v — 2)?, BoImOHSAEMOE CABATOM Ha 2 eJIMHHILI BIpaso 10 ocu O.
Puc. 4.14 wiutrocTpupyeT COBMECTHOE BBITIOJIHEHUE IBYX ITOCJIEIHAX IPEO0-

pa3oBaHmil, MO3BOIAIONMIX MOCTPOUTH rpabuk Gyrkmmm y = (v — 2)% + 3.

IIpeo6pasopanue rpacduka y = 2 B rpaduk y = %xQ, IIOKa3aHHOE Ha

puc. 4.15, cBoguTCs K C2KATHIO UCXOAHOTO rpaduka K ocu Oz ¢ koaddu-
IHEHTOM 3.

Wnorpa tpebyemoe mpeobpaszoBanue rpaduka MOXKET ObITh BBITIOJIHE-
HO pasHBIME criocobayu. Hampumep, mpeobpaszosanne rpaduka y = 2 B

rpaduk y = (3z)? MOXKHO BBITIOHETD WM CAKATHEM MCXOHOTO rpaduka
K ocu Oy ¢ KodhduIuenTom 31); WM pacTsizkenueM BIosib ocu Oy ¢ Ko-
abdurimenToM 9, MOCKOIBKY DYHKIHIO Y = (335)2 MOXKHO TaKXKe 33JIaTh
u dopmymnoit y = 922, Pesynbrar 3THX npeobpazoBaHmil TIOKa3aH Ha PHC.
4.16.

IIpeobpazosanue rpaduka y = 2 B rpaduk y = —3x2 BLIIOIHAETCS
JBYMSs TIOCJIEJIOBATELHBIMI IPEOOPA3OBAHUSIMU: PACTIKEHUEM UCXOHOTO
rpaduka B1ob ocu Oy ¢ KoOdDOUIIHEHTOM 3 U MOCIEYIONIM 3€PKAIBLHO-
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Puc. 4.13. IIpeobpasosanue rpaduka y = &> B rpaduk y = (z — 2)2.

iliny

-2 0 2

Puc. 4.14. TIpeo6pasosanue rpaduka y = 2> B rpaduk y = (z — 2)% + 3.
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A4+

42 0 2

Puc. 4.16. IIpeobpasosanue rpacduka y = 2 B rpaduk y = (32:)2.
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CUMMETPHIHBIM OTpaykeHneM oTHocuTebHO ocu Ox. VToroBeiii rpaduk
mokaszaH Ha puc. 4.17.

T

Puc. 4.17. IIpeo6pazosanne rpaduka y = x> B rpaduk y = —3z>.

Puc. 4.18 npecraBisgeT pe3y/abTaT mpeobpa3oBanus rpaduka iy = T2 B
rpacduk y = —3x% 4 5, KOTOPEIl HOIyIaeTCa U3 IPeALIIYINero JOMOTHH-
TeJIbHBIM CJBUTOM Ha 5 eJuHuIl BBepx mo ocu Oy.

Ha puc. 4.19 nokaszan suj rpacduxa y = 2(x — 3)2 + 1, KOTOpPLIiT MOTY-
JaeTcs u3 rpaduka y = 222 IByMs CIBHIaMH: BIOJIbL ocx O BIPABO HA 3
€JIMHUILI U CABUTOM BBEPX Ha OfHy eauuuily mo ocu Oy. AHajgorudno (cu.
puc. 4.20) rpaduk y = —(r — 2)? + 3 momygaercs us rpabuxa y = —x>
TaKXKe JIByMsl CJIBUTAMU: BJOJb ocu Ox BIPABO HA 2 €UHUIIBI U CABUTOM
BBEpX Ha TPHU eIuHUIBI 10 ocu Oy.

Haxoner, myst npeobpasosanus rpaduka y = 2 B rpadux y = 322 +
4x + 2 TpeBapHUTEIBHO CJEAYeT IPHBECTH 3alich PYHKIHH Yy = 32 +
4z + 2 MeTOJIOM BBIJIeJICHUS [IOJTHOIO KBaapara K Buay y = 3(z + %)2 + %
Pesynbrar BbIOHEHNsST HEOOXOAUMBIX IIPeoOpa30BaHMl [TOKAa3aH Ha, PUC.
4.21 .

JocTaToIHO YacTO OKa3BIBACTCS YA00HO OMUCHLIBATHL (DYHKITAIO, YKA3bI-
Basl A0KAAbHBLE CBOTUCMEBA, TO €CTh OCODEHHOCTU €€ MOBEJIEHNUsI, UMEIOIIe
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a1

—10-+

Puc. 4.18. IIpeo6pazosanue rpacduka y = x> B rpaduk y = —3z2 + 5.

-2 o 2 1

Puc. 4.19. IIpeoGpasosanne rpaduka y = x> B rpaduk y = 2(x — 3)2 + 1.
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Puc. 4.20. IIpeobpazosanue rpaduka y = x> B rpaduk y = —(z + 2)2 + 3.

Puc. 4.21. IIpeoGpazosanne rpaduka y = x> B rpaduk y = 3z + 4z + 2.
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MECTO [JIst HEKOTOPOTO (BO3MOXKHO MAJIOTO) TIOZMHOYKECTBA ODJIACTH OTIpe-
sesnennst. OCHOBHBIME JIOKAJIBHBIME CBOACTBaMU (DYHKIMN SBJIAIOTCS 9KC-
MPEMAABLHOCTD, GHINYKAOCTIL U ACUMNMOMUYHOCTID.

BuauaJie HAIIOMHUM OIPEJIETICHUE IKCMPEMAALHOT Mowky DYHKIUU, TO
€CTh TOYKHU, B KOTOPOi (DyHKIIUS NMEET MAKCUMYM WJTA MIHAMYM.
Onpedeaenue 4.4.2.  Byuem rosopurs, uro dbyukius y = f(x) umeer .o-

KAAOHBIT MAKCUMYM B HEKOTOPOH TOUKe I*, ecJiu Cy-
niectByer ) — HEKOTOpasi OKPECTHOCTD TOH TOYKH,
Takasl, 9TO JJIs BCeX & € §) BBIIOJIHEHO HEPABEHCTBO
f(z) < f(z*). Ecmm xe f(x) > f(z*), VYaeQ, 1o
TOUYKY T* HA3BIBAIOT AOKAALHOLM MUHUMYMOM.

Tenepb BBEJEM MOHATHE JIOKAJIBHON BBITYKJIOCTH (DYHKIIUH.

Onpedenenue 4.4.3. ®@yuxrus y = f(r) Ha3BIBAETCA 6bNYKAOT 6HU3 HA
HEKOTOPOM MHOKeCTBe {) B 00JIACTH €€ OlpeIe/ICHUS,
ecau fjis Jiro0oi mapsl uucea a,b € () BBHIIOJHEHO
HEpPaBEHCTBO

£ (2D f@+ 1)

2 2
U HA3BIBAETCH 6LNYKAOT 66€PT, €CIIN st JTIOOOH mma-
pbI gncer a,b €

N WIGENCY
2 - 2

Touka, B KOTOpOi#l (DYHKIUsI MEHSIET HalpaBjIeHHEe
BBIIYKJIOCTU Ha, IPOTUBOIIOJIOXKHOE, 9aCTO UMEHYeT-
¢ KaK Mmouka nepezuba.
leomerpudecknii CMBICST CBOICTBA BBIMTYKJIOCTH HJLIIOCTPUPYET PHUCY-
vOK 4.22. JIns dbyHKIuE BBIIYKJIONH BHU3 Touka C* — cepeinmHa XOPJbI

AB rpaduka dbyskmun y = f(x), okasbiBaercs Bbite Toukn C, nzobpa-

JKaroleil 3Hadenue 3Toil GyHKmun npu r = & JQF b TO BpeMs Kak s

dyHKIMK BBITYKJION BBepX, Touka C' pacmosioxkeHa Boie Toukun C*.

JlocTaToIHO 9acTO OKA3bIBAETCS, YTO B OKPECTHOCTH HEKOTOPOH TOY-
KU JIBe pa3Hble PYHKIUHU “BeyT cebsi IPUMEPHO OJUHAKOBO U, TOBOPS O
JIOKAJIbHBIX CBOMCTBAX OJIHOI M3 HUX, MOXKHO CCBLIATHCS Ha JApyryio. Ha-
npumMep, QPYHKIMs y = Sinz B MaJjoil OKpecTHOCTH TOouku rog = 0 Bemer
cebsT TPUMEPHO TaK Ke Kak 1 PYHKI y = . [Ipu 3ToM pa3Huiia Mex Iy
VX 3HAYEHUSIMU OKA3BIBAETCS TEM MEHbINe, UeM OJIMKe TOYKa T K HYJIIO.
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BLIMyNCCTE BHAZ

BrIMnCCTE BR2 DY

| B

Y .

Puc. 4.22. Bemykiiocts dyHKIMI

Takoe coBmajeHne CBONCTB OYEBUIHO OOYCIOBIEHO “IEPBBIM 3aMedaTeTh-

HBIM TIpeaeIoM”’
sinx

lim =1,

z—=0 X
U TOTOMY €CTEeCTBEHHO T'OBOPHUTH 00 IKBHUBAJIEHTHOCTU IOBEJCHUS AP
dbyuxmuit y = f(x) u y = g(x) B OKpECTHOCTH TOUKH Ty, €CIIH

lim @ =1.

a0 g(x)
OrmernM, 9TO, TOBOpsI 00 SKBUBAJEHTHOM IOBEJICHUU (DYHKIUN, 4aCTO
YIOTPEOJISIIOTCST TEPMUHBI “aCHUMIITOTHIECKas OJIM30CTh” WK “aCUMIITOTHU-
JecKoe CoBHajeHne”.

B wacraOoM citydae, Korjia moBefieHne (DYHKIIUU MAJIO OTJIUIAETCS OT
[OBEJIEHUST TIPSIMOIL, TO €CTh KOrjia IpadukK JaHHON (DYHKIMH HEOrDAaHM-
YEHHO MPHUOJIMIKAETCST K 9TOW MPHU CTPEMJIEHHH APTYMEHTa K HEKOTOPOMY
pesiesty, TaAKyI0 MPSIMYIO MPHHSITO HA3BIBATH GCUMNMOMOU. AcUMITOTHI
OBIBAIOT TPEX TUIOB: BEPTUKAIbHBIE, TOPUIOHTAIHLHBIE U HAKJIOHHBIE.

[IpuBeieM COOTBETCTBYIOIIME OIPEJIEICHTS.

Onpedenenue 4.4.4. @yuxiust y = f(r) uMeer B KOHEIHOH TOUKE Zg
BEPMUKAALHYIO ACUMNIMOMY, €CIIH xl;n; f(z) =00
0

Onpedeaenue 4.4.5.  Dyukuus y = f() UMeeT 20pU3OHMANBHYIO ACUMN-
momy, ecsim lim f(z) = a , roe a — HEKOTOPOE KO-
Tr—r00
HEYHOe TUCIIO.

Ipumep 4.4.1. ODywxiua y = % UMeeT OYEBU/IHO BEPTUKAJILHYIO

ACUMIITOTY IIPU Ty = —2mu TOPU30HTAJIbHYIO aCUMIITOTY
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Cc a = 3, TOCKOJIbKY

3 1
—1 -

lim 3z *limj:?),
z—o0 T + z—)ool_‘ri
x

qro mutrocTpupyer puc. 4.22. 3amerum, 9To Jisi 00JIb-
el HAIVISHOCTA ACHMIITOTHI IPUHSATO HU300pakaTh
WMPUTOBHIMU AUHUAMY B TOU JKe CHCTEME KOODIMHAT,
qT10 ¥ rpaduru QyHKIH.

..j", L

\

o 7
-2
-4
-6
-2
- -4 -2 ] 2 4

Puc. 4.23. T'opusonranpuas u BepTUKAIbHAS aCUMITOTHI (DYHKINN Y = %

Onpedeaenue 4.4.6. @yuruusa y = f(x) uMeeT HAKAOHHYIO ACUMNMOMY
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BUIA y = ax + b, ecan

i L)
M=
lim f(z)—azx="b,
r—00

roe a u b — HEKOTOPbI€ KOHEYHbIEC YUC/Ia.

3
Ipumep 4.4.2. Y byukuun y = (3372 MeeTCsI BePTUKAJIbHAS aCUMII-
T —

2)

TOTa TPU To = 2 W HAKJOHHAS ACHMITOTA BHJIA Y =
r+4, B cuny
3

lim —2 o —1
minolo (:E — 2)213

3 3 _ (002
lim (af_l.m): lim (=27 _

)

z—oo \ (x — 2)2 z—00 (CE — 2)2
4
_ da” —4x _ - z —
T—00 (x — 2)2 T—00 1 2 2
oz

Dcku3 rpaduka mokasaH Ha puc. 4.23.
WNuorma dyHKIMN MMEIOT pa3JMYHble ACHUMITOTHI NPU T — —+00 U
r — —oo. IlpumepoMm MOXKeT CIyKUTh PYHKIUS y = arctgx, rpaduk
KOTOpOii (MoKasaHHbIH HA puc. 1.9) mpu & — 400 UMeeT rOpU3OHTAJIBHYIO

aCUMITOTY C @ = %, a Ipu & — —O00 — I'OPU30HTAJbHYIO ACUMIITOTY C
a=-1.

B zakouenue OTMETUM, 9YTO MEeTOAbl UCCJICIOBaHUA Cl)yHKL[I/IIU/I Ha 9KC-
TPEMaJIBHOCTDb, BBIIIYKJIOCTb MU 3KBUBAJICHTHOCTDH 6yﬂyT PacCCMOTPEHBI B

§5.4.

4.5. IIpocTpaHcTBeHHas IIPAMOYTOJIbHAasl CH-
cTeMa KOOpJIuHAT

Paccmorpennsrit B §4.3.1 MeTo/T KOOPJIMHATHOTO ONHMCAHUSI T€OMETPU-
YEeCKUX O6"beKTOB Ha IIJIOCKOCTH, MOZKeT 6I)ITI) HCIIOJIb30BaH JIJId PEIIeHU A
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15
10 : =
o T
_s
-8 -6 -4 -2 [} 2 4 [ 2
'ES
Puc. 4.24. BeprukaJyibHasi 1 HaKJIOHHasI aCUMIITOTHI (DYHKIUHA Y = ek
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AHAJIOTUYHBIX 33/a4 U B IIpocTpancTBe. [IpuBeseM ero KpaTkoe onucanme
Ha [IpuMepe IIPOCTPAHCTBEHHON JEKaPTOBOIl IIPAMOYIOJIbHON CUCTEMBbI KO-

Op/IMHAT.
Bribepem B mpocTpaHCTBE HEKOTOPYIO (DUKCHPOBaHHYIO TOUYKy (O, KO-

Topyio OymeM HasbBaTb Hauaaom koopdunam. Torma (Kak W B ILIOCKOM
caryuae) jobas Touka M (cm. puc.4.25) MoxkeT ObITh 3aaHa €e PauyCOM-

BekTopoM OM, TO eCTh HAIPABIEHHBIM OTPE3KOM, HAYAJIO KOTOPOTO HAXO-
nurcs B Touke O, a KoHer, — B Touke M.

e

x/ """""""""""""""""""""""""""""""

Puc. 4.25. Oupenenenne kKoopanaar ToUkn M B IPOCTPAHCTBE.

BoibepeM Takke TpU YHNOPSAJOYEHHLIX (IIPOHYMEPOBAHHBIX) BEKTODPA

- =
1, jJ u k Takux, 910

1) kaxkplit U3 HUX eQUHUYHOT JJINHDL;
2) OHU B3aMMHO NePReHOUKYAAPHOL
3) ux Hauasja HaxoudaTcd B Touke O.
Torpma cywecmeyem eduncmeennasn TPOKa IUCET T, Y U Z TAKUX, UTO

—— — — —
OM=x-1+y- 7 +z-k
Hannas dbopMmysia HA3BIBAECTCHT KOOPOUHAMHBIM PA3AOHCEHUEM BEKTODPA B
IPOCTPAHCTBE.
CoBokynHocTh ToOuKH O U TpOHKHU OA3MCHBIX BEK-

TopoB (OPTOB) ¢, jJ U k, HA3BIBAETCI NPOCIMPAH-
cmeerHoll 0exapmosots NPAMoY20aoHOT cucmemot

Onpedenerue 4.5.1.
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Koopduram, a INCIa T, Y U z HA3BIBAIOTCA JeKapmo-

BHLMU NPAMOY20AHBLMU KoOpIuHamamu Touku M B
- = —
cucreMe KoopauHatr 1 O, v, 7, k }

ITpocrpancTBeHHbIE JEKAPTOBBI KOODAUHATHI TOYKK (UJIM €e pajuyca-

BEKTOpPa) 06Pa3yIoT YHOPSJIOUEHHYIO TPOUKY 9HCeN, M IIOTOMY WX yI00-
T

HO 3alMCBIBATH B BHJIE TPEXKOMIIOHEHTHOI'O CTOJIONA || ¥ ||, IEPBBIM 3Je-
z

MEHTOM KOTOPOTO SBJIsIETCS T-KOoOpuHaTa Touku M, Ha3biBaeMas abcuyuc-

coti, BTOPBIM 3JIEMEHTOM — y-KOOP/IMHATA, Ha3bIBaeMas opdunamot. U Tpe-

TBUM JIEMEHTOM — Z-KOOD/IMHATA, HA3bIBAEMas GNNAuUKGMOU. DTOT CTOJ-

Gerr, IO AHAJIOTUH C ILUIOCKUM CJIydaeM, OyJeM Ha3bIBATH KOOPOIUHATMHbIM

npedcmasaeHuem TOIKA WA ee PAJINyCa-BeKTOPa U UCIOJIb30BATh COKPa-

IeHHoe 0D603HAYMEHNE KOOP/MHATHOIO IIPEJICTABIIEHIST BEKTOPA MU TOYKH

— —

B BUJC H a H A HOMH .

7151 TpOCTPAHCTBEHHOTO CJIydasi OyJIyT CIPABEJIUBLI BCE YTBEPIK/IE-
Husl, npusejieHnbie B §4.3.2 u §4.3.3, xora dopMyIa [Jisl BRIPAXKEHU CKa-
JIIPHOT'O IPOM3BEIECHNS B KOODJMHATAX BBINVISAUT HECKOJIBKO MHAYE, YeM
A71sl BEKTOPOB Ha INIOCKOCTH. IIycTp KOOpAMHATHBIE PA3IOKEHUS U MIPEI-

CTaBJICHUA BEKTOPOB a U b cooTBETCTBEHHO UMEIOT BHJT

— — - — — &1
a=a1- 1 +ax- ) +az-k; HaH: 1% u
a3
— — — — — b1
b=p11+B2-9+Bs k; HbH: B2 ||,
Bs
- =
TOTJIa CKAJISIpHOE Mpou3BeeHne a u b Oymaer paBHO
- =
(a, b) =101 + azf2 + asfs . (4.5.1)
WK
- = =T = b1
(@) =[] [¥]=ner o aai] 2

Kak u mrockoum ciydae, n3 dhopmyist 4°(cu. §4.1) BeITeKaer, 4To JUIMHY
—

BEKTOPa @ MOYKHO BBIPA3UTh YePe3 €ro KOOPAMHATHI CJISIYIONIIM 00pa3oM

— —
‘a‘z,/(a,a)z af+a3+a3. (4.5.2)
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Dta hopMyJia SBIISIETCs KOOPINHATHOM Bepcueit Teopembl [Tugazopa B ipo-

CTPAHCTBE.
_>

B cBo10 ovepeib, KOOPAWHATHI BEKTOPA ( BBIPAYKAIOTCS YEPE3 CKAJIAP-

HOE IIPOM3BeeHre 0 (POPMYJIAM

- =
Olgz(j,(l) 3
— —
a;;z(k,a)
— - = — —
Ipumep 4.5.1. ,Z[Ei BgKTOpOB a=4-1—374+3-k umw b=

3- 7+ k  HalTH UX JJIUHBI U CKAJISIPHOE IIPOU3BEIEHNE.

Pewenue. KoopuHaTHbIe TTPEJCTABIEHUS JAHHBIX BEKTOPOB OY/IyT UMETh
BUT

Torma ux jumHbL HaXoAATCA 110 hopmyste (4.5.2)

%
‘a‘:\/42+(—1)2+32:\/16+1+9:\/26,

_>
‘b‘:\/02+32+12:\/0+9+ —V10.

CraJisipHOe TIPOM3BE/IEHIE JAHHBIX BEKTOPOB OMPEIENSIeTC 10 (DOpMyJIe

(4.5.1)
(E),?) =4.0+(-1)-3+3-1=0+(-3)+3=0.

Vbequrech CaMOCTOSITENIHHO, YTO 33 Og{OBaHI/II/I IIOJTy IEHHOT'O PEITeHns
MOXKHO YTBEPKJATh, UTO BEKTOPBI @ U b 00pa3yroT B IPOCTPAHCTBE NP~
MO Y20A.

OjHOlt M3 BO3MOXKHBIX 0OJIACTEH MPUMEHEHWsT ITPOCTPAHCTBEHHON Jie-

KapTOBOIl CHCTEMBI KOODJMHAT sBJsSEeTCA IpadUUYecKoe IPeJICTABICHIE
dbyHuKIWMi, 3aBUCAIINX OT J8YT NepemenHvir, HaupuMep, z = f(z,y).
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Onpedeaenue 4.5.2. TI'padbukom dyukuun z = f(z,y) Ha3bBaer-
¢l MHOXKECTBO TOYEK B IPOCTPAHCTBE, DPaJIUYChI-
BEKTOPBI KOTOPBIX B IPSIMOYTOJIBHON CHCTEME KOOP-
guaar Oxyz UMEIOT KOOPJUHATHOE IIPEJICTaBJICHIE
x
BUJIA Y
f(z,y)

I'padurom pyHKIME ABYX TEPEMEHHBIX, KAK IPABUIIO, SIBISIETCS HEKO-
TOpasi MOBEPXHOCTH B MIPOCTPAHCTBE, IIPUMEPOM KOTOPOU MOXKET CJIyKHUTH
npuBeJieHHOE Ha puc.4.26 nzobpakeHne Tak HA3BIBAEMON NA0MHOCTIU Ge-
DOAMHOCTIU CUCTNEMbL 0GYT CAYUATHBLL BEAUNUH, ¢ HOPMANDHBIM 3AKOHOM
pacnpedeseru.

[Tokazannast Ha TOM PHUCYHKE MOBEPXHOCTH KOHKPETHO €CTh Tpaduk
byHKIHIN

—(z®~zy+y?)

z=ce ,

o0t Buj KOTOPOii Oyer paccMoTpeH B §8.3.3.
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Puc. 4.26. Ilpumep rpadudeckoro npecrapienns GYHKIUN ABYX I€PEMEHHBIX.
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I'1aBa 5.

I1pousBoanbie u
nandpepeHnalib

5.1. IIpousBoaHass pyHKIINU B TOIKE

3uadenne (YHKIUN U €e MpeJiesl CyTh JOKAJIbHbBIE YUCJIOBBIE XapaKTe-
PUCTHKY, IIO3BOJISIONIE KOJMIECTBEHHO OIUCHIBATH (DYHKITIIO KAaK B HEKO-
TOpOi#l TOYKe, TaK U B MaJioii ee okpecTtHOCTH. OJIHAKO ITUX XapaKTepu-
CTUK OKa3bIBAETCs HEJOCTATOYHO, KOTJIa TPEeOYeTCs OIEHUTD HE TOJILKO Ca-
MU 3HaYeHWs (DYHKIMU, HO M OTHOCUTEJBHYIO CKOPOCTH UX U3MEHEHWS.
i1t TaKOIl OIEHKN MCIIOIb3yeTCs CIIEIUAIbHAS KOJTMIECTBEHHAS XapaKTe-
puctuka QyHKIUA — npoussodnasn dynryuu 6 moyuke. Haamm ee orpese-
JICHUE.

Onpedenenue 5.1.1.  IIpouseodnoti pyrkyuy 6 moyuke HaA3BIBACTCS IUCTIO,
PABHOE ITPeJIETy OTHOIIEHHS BETMIAHBI TIPUPAITECHIS
3HaveHUs! (PYHKIUY K BeJUIUHE TIPUPAIIEHUS €€ ap-
yMEHTa, KOTJa IPUPAIeHIe apIyMeHTa CTPEMUTCS
K HYJIIO.

CumMBoIMYIeCKH 3TO onpeeseHne o3uavdaer: g Gyakuuu y = f(x) ee

[IPOU3BOJIHAS B TOUKE T, obozHadaeMas Kak f' (o) win yl(zg), paBHA

f/(SUO) — lim f('rO +t) - f(.]?o) )

t—0 t

(5.1.1)
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HeticTBUTEIHHO, €C/IM 3HAYUEHUE apryMeHTa OBbLIO Ty , & CTaJo o + t
TO €ro npupalleHue 04YeBUJIHO PABHO (mo +t) — xp = t. Anasoruuno, eciu
sHaveHne dbyHkuu 6610 f(2) , a cramno f(xg+t) , To ee cOOTBETCTBYIONIEE
npupainenue cocrasiger f(xg+t) — f(xo) .

U3 nannoro ompenesenus cienyer, uro dyukius y = f(z) mosmkaa
UMeTh 3HAYEHUsS B HEKOTOPOW OKPECTHOCTH TOYKH Xy , & TAKXKe OBIThH
HenpepuieHoll B TOUKe Tg. 1locsenuee ycioBue Heobxonumo (HO He JOCTa-
TOYHO!) IJIs CYIIECTBOBAHUSA IPOU3BOAHON (DYHKIMU B TOYKE, IIOCKOJILKY
JINIIG JIJIsT HEMPEPBIBHOW (DYHKIMK TIPEJIesT IPUPAIeHs 3HaYeHust (PyHK-
[ PABEH HYJIO [PU CTPEMJICHUM K HYJIIO Ipuparnerus aprymerTta. Q-
HAKO, JIaKe Jjisi HenpepbiBHO dyHkuu upees (5.1.1) saBigerca neompe-

JIeJIEHHOCTBIO BU/IA “8”, TO €CTh 3aKJIOUEHHE O CYIECTBOBAHUM (MM He

CYIIECTBOBAHUM) [IPOM3BOJHON B TOUKE MOXKHO JI€JIATH JIUIIb II0CTe “pac-
KPBITUS 3TOH HEOIPEJIeJIEHHOCTH.
[Toscaum onpegiesienue 5.1.1 cieayronmuMu TPUMEPAMHU.

3

IIpumep 5.1.1. Haiitn npoussoanyio GyHKIHN y = £° B TOUKe Tg = 2.

Brauase pemmum 9Ty 331241y [ TPOU3BOIBHON (DUKCHPOBAHHON TOUKN
zg . IlycTh mpuparienne apryMenTa B TOUKe T( PaBHO t, HaiiJleM COOTBET-
CTBYIOIIIee IIPUPAIIEHIE 3HAYCHUS JJAaHHON (DYHKIINH, HCIIOJIb30BaB (hopMy-
ay n3 1m.2° §1.1,

f(@o+t)—f(20) = (zo+t)*—af = (2] + 3aft + 3xot® + t*) —af = 3aft+3wot>+1° .
Torua

3x3t + 3xot? +1°

/ : : 2 2 2
o) = lim = lim (3z§ + 3zot +t*) = 3z .

f ( 0) t—0 tao( 0 0 ) 0

IToncTaBWE B MOIYyYEHHOE BBIDAsKEHUE T = 2, HAIEM, 9TO HCKOMOE 3Ha-

genme y’,(2) — mpomssoHOl 1T GyHKIMK Yy = ° B TOUKe 2, paBHO 12.

ITpumep 5.1.2. Haiitn npoussopnyio dyHkmn y = |z| B Touke xg = 0.

st manHOit byHKIMU, B cuity £o = 0

i

e o et 201 L
lim ———— = lim — = lim
t—0 t t—0 t t—0

[ (x0) = (5.1.2)

1, ecmt >0,
—1, eciim t < 0.

TK MOXKH JIATh 3aKJI0YeHnue, YT MaTpUBaeMON HK-
O a MOXKHO C/IeJIaTh 3aKJIIOYeHHue, 4TO accMa aeMo
UM HeT IIPOU3BOJHONH B HyJle, TaK KaK MOXKHO yKa3aTbhb JIBE€ Da3jInd-

HbIE YHCJIOBBIE I10CJI€I0BATEJILHOCTH, HAIIPUMeD, {tn = %} — O
n—oo
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{Tn:*%} — 0 Takwme, aro f’ (%) 7 1m f (f%) — -1,

n—oo n—oo

10 ecThb npegesn (5.1.2) He cyrecTByer.

3aBepias obCyxKieHne onpeaesenns 5.1.1 ormeTnM, YTO B MaTeMaTu-
YeCKHUX TEKCTAaX UCIOJIB3YIOTCS Pa3JIMdHbIe CIIOCOOBI 0003HAYEHUST TTPOU3-
BoaHON yHKIMKU B TOUKe. [[OMUMO MCIIOIB30BAHHBIX BBIIE, K HaubOJIEE
YaCTO BCTPEUAIONIIMCS O003HAYEHUSIM OTHOCSITCS

dy
/ . . !
ym(x)lz:azo ’ % ’ f (aj)|m:xg
T=xo

[MousiTre POM3BOIHOM DYHKIMU B TOUKE JIOMYCKACT 2C0MEMPUHECKYIO
UHMEPNPEMAUUIO, CMBICIT KOTOPOI JIyHIIle BCEro HILTIOCTPUPYET 3a/ada, 10~
CTPOEHMsT KacaTeIbHOM K IpaduKy (PyHKIINN B HEKOTOPOI €ro TOYKe.

HormyctuMm, TpebyeTcs MPOBECTH KACATENIbHYI0 K rpaduky GyHKIANR

T
y = f(z) B Touke A ¢ KoopAMHATAME yo . Beibepem na rpaduke
0
T
JPYTYIO TOUKY B , IMEIOILYyI0 KOOPUHATHOE TIPEJICTaBICHIE . To-

Y1
CKOJIbKY 06e 9T Touku (B cuiy onpenesenns 4.4.1) sexkar na rpaduke,
TO clpaBe UIBbL paBeHcTBa Yo = f(xo) u y1 = f(x1). IIpoBenem uepes BbI-
6pannble Touky cekyyo AB | (cm. puc. 5.1.) HerpynHo Bugers, uro ypas-
HEHUe IPSAMOIL, IIPOXOIAIIEH Yepes3 3TU TOUKH, uMeeT Bu y = k(x—xo)+yo,
— Y% —Y% _

I7le 3HAYEHUe Y2408020 Koapduyuenma k = T =T = tgo .

Haxmem Temepn, “ckomb3st” 1o rpaduky, NpubInKaTh TOUKY B K TOUKe
A . Torna ©1 — g u, 3HauuT, t = 1 — r9 — 0 . B npeuesne cexymas
CTaHeT UCKOMOI KacaTeIbHOI, 3HAUEHNE YIJIOBOTO KO3 puIimeHTa KOTopoit
paBHO

k= lim lelmf(x0+t17f(x0) :f/(xO) ,

T—x0 T — X9 t—0
rmet=x—xg .

Takum 006pa30M, MBI IPUXOAUM K 3aKJIIOUEHUIO, UITO 3HAYCHUE NPOU3-
60010 PYHKUUL 8 MOoYKe PABHO Y2A080MY KodPduyueHmy KacamesvHotl
6 amot mowke ¥ epadury GYHKUULU.

B zaksouenne OTMETHUM, UTO U3 PEOMETPUYECKU OYEBMJIHONW MOPU30H-
TAJILHOCTU KaCATEIbHONW K TpaduKy (BYHKIUH B €€ 9KCTPEMAJBHBIX TOY-
Kax, U3 BBIMIENPUBEICHHBIX PACCYXKICHUI CIeyeT HeOOXOIUMOCTh PageH-
CMBA HYAO 3HANEHUSA NPOU3BOONOT PyHKuUY 6 smux moukar (eciu, pa-
3YMEETCs, 3Ta IPOU3BOJIHASL CYIIIECTBYET).
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Puc. 5.1. 'eomeTpuyecknii cMBICTT IPOU3BOIHON (DYHKIUN B TOUKE.

5.2. IlpousBogHast pyHKITUS

IMouck 3HaueHUH TPOM3BOIHBIX BYHKIUHA B TOUKAX (HEIIOCPEICTBEHHO
o onpegeseanio 5.1.1) B GONBIIMHCTBE CIy4aeB ABJIETCA CJIOXKHON 3a-
Jadeil, TpeOyIOMeil /it CBOEro PEIeHnsl 3HAINTETbHBIX 3aTPAT BBIUUCIIU-
TeabHBIX yeuanit. Ha mpakTuke oKa3bIBaeTCs TOPa3ao yaodHee MpUMEHsITh
WHOM TIO/IX0JT, OCHOBAHHBIN HA CJIEIYIONINX COOOparKEeHUIX.

Ucnonn3yemsrit B onpenenenun 5.1.1 mpeenbHBII epexo/i OCyIIecTB-
JISIETCsI TI0 BCIIOMOTAaTEe/JIbHOIT ITepeMeHHoiT ¢, B TO BpeMs Kak, 3HAYECHUE T
— aprymenta Gyakiuun f(x), s KOTOPO MIETCs MIPOU3BOHAS B TOUKE,
ABJISIETCsT (PUKCUPOBAHHBIM IUCIOBBIM ITapamMeTpoM. Kcam u3aMennTs g, TO
suadenue npegena (5.1.1), Boobiue rosopst, uamenurcs. OHAKO JJIs KayK-
JIO'O KOHKPETHOI'O Xy OHO 00HO, IIOCKOJIbKY €CJIU IpeJesl CyIIeCTBYeT, TO
OH €JIMHCTBEHEH.

ITosromy onpenenenune 5.1.1 MOKHO paccMaTpUBATL KaK MPABUIO, IO
KOTOPOMY KaxKJIOMY 3HAUYEHHIO X, NPUHAJJIEXKAIIEMY HEKOTOPOMY TIOJI-
MHOXKECTBY obGJiacTu omnpejesenus dbyHkimn y = f(x), craBurca B COOT-
BETCTBHE eIMHCTBEHHOE 1nciio f' (Zg) , TO €CTh MOXKHO CKA3aTh, ITO TAKAM
00pa3oM 3ajiaHa HEKOTOpasi HOBas (hyHKkyusA, 3HAYEHHE KOTOPOl B TOYKe
o pasuo f’ (o)
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D1y GYHKIMIO IPUHATO HA3BIBATH NPou3soonot gynkyued oty = f(x)
u obosnauare Kak [’ (x) , omepanuio xke moucka f’ (x) HasbBaOT Jude-
pernyuposanuem. B caydae, korma gis f(x) cymecrsyer f'(x) , roBopsiT
rakxke, uro byukuua f(x) duddepenyupyeman. C qpyroit croponsl, hyHK-
muio y = F(x) rakyio, yro F' (x) = f(x), HaspiBaor nepeoobpasnot s
y = f(z). Onepanus ee HAXOXKJIEHHUs HABBIBACTCH UNMEZPUPOBIHUECM.

Hamnpumep, BoCTIOIb30BABIINCEH pereHneM 3a1a4uu 5.1.1, MOXKHO yTBep-
JKJIATh, 9TO (DYHKIHUS IPOU3BOJHAS OT i = X° eCTh y = 32, IOCKOJIb-
Ky HCIIOJIb30BAHHBIM HAMU METO/ PACKPBITHASI HEONPEIETCHHOCTH TOIUTCA
It 2106020 To. Tenepb Ui HAXOXKJICHUS] 3HAYEHHUS] TPOM3BOIHON (DyHK-
muu y = 3 B 060§t TOUKe T( JOCTATOYHO IOACTABUTH BMECTO I 3HAUCHUE
x¢ B bopmymy 32,

IIpousponnble  (PyHKIMM  HOPUHATO  Takxke  0003HAaYaTh  Kak

yL % i Y'(z) . B Tex cayuasix, Korjga (QYHKIMs 3aBUCUT Goiee

9eM OT OJHONW IEepEeMEHHOMN, HIACHTH(MUKATOP IIePEeMEHHOH, 0 KOTOPOi
bGepeTcsi TPOM3BOJIHAS, YKa3bIBAETCS SIBHO B BUJE HUXKHEIO WHIEKCA.
Hanpuwmep, miua dyukuun f(z,p) — 3aBucsieii or « u p, 3anuco f.(x,p)
O3HAYAET MPOU3BOIHYIO II0 ITEPEMEHHON X, B TO BPEMs KaK P CUATAETCH
PUKCHPOBAHHBIM IAPAMETPOM.

Crour Tak:Ke OTMETHTb, UYTO B PYCCKOS3BIYHBIX MaTeMaTUIeCKUX
TEKCTaX [MOHATHUS “MPOU3BOAHAsT PYHKIUU B TOYKe U “Ipon3BogHAsT (PyHK-
nust’ 9acTo 0003HAYAIOTCS OJHUM M TE€M K€ CJIOBOM — “IIPOM3BOJHAsA ), TIO-
Jlarast, 9TO U3 KOHTEKCTA IIOHATHO, O YeM HUJIET Pedb. B aHIVIMIICKOM s3bI-
Ke, HAIPUMED, 3TOH MPOOJIEMBbI He CYIIECTBYET, ITOCKOJIBKY IIPOM3BO/HA
dyukKImn B Touke 310 — derivation, a mpousBoHas dyuknusa — derivative.

OueBHIHO, YTO WCIIOJIH30BATh MMPOU3BOJHBIE (DYHKIUU JIJIs HAXOXKIE-
HUs 3HAYEHU TPOM3BOIHOM (DYHKIINK B TOYKE TOPA3/I0 yI0OHEe, IeM 0/ Th-
30BaThCH M1 9TOH 1iesin orpeesenuem 5.1.1. Ho Torma Bo3nukaer Bomrpoc:
KaK HaXOJUTh MPOU3BOJHBIE (DYHKITUU?!

OrBer cieayonmit — HAJI0 UCIIOJIB30BaTh:

1) Tabiuiy NPOM3BOJHBIX JJisi HEKOTOPOrO HEGOJIBIIOro Habopa 3Jie-
MEHTAPHBIX (DYHKITUI, MOTyIEeHHBIX HEIIOCPEJICTBEHHO IIPU TTOMOIIN
ompegestenns H5.1.1, u

2) upasmwia auddepeHIpoBanus, KOTOPble HO3BOJISIIOT BBIPAXKATH
[IPOU3BO/IHBIE OIHUX (DYHKIHIT Yepe3 mpou3BoIHbIe npyrux. O6ocHO-
BaHWE UX CIIPABEJJIMBOCTU, OCHOBAHHOE HA MCIIOJb30BAHUU OIIPEIe-
sternst 5.1.1 u cBoiicTB nIpeeoB (hyHKIUI, MOXKHO HAWTHU B TIOJTHOM
KypCe MaTeMaTUIeCKOrO aHAJII3A.
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a—1

2@ ax
e* e’
a®, a>0,a#1 a’Ina
In |z 3 (Tabumua 5.2.1)
log, [o], 0> 0,071 Tl
sinx cosx

arcsin x

1 R —
arctg x 422

ITepsas u3 srux rabuun umeer Bug (5.2.1), HO IIOCKOJBKY OYEBHIHO,
ITO ITOH TABJIUIBI HEJOCTATOYHO, YTOOBI MTOJIYIaTh IPOU3BOIHBIE A100DIT
dyukmmit, 3a7aBaeMbix GOPMYIaAMU, TO CJIEJYeT UCIOJIH30BATH TAKXKe U
TaOJIHUILY, ONUCHIBAIOIILYIO NPAGUAL BBPANHCEHUS NPOUZBOOHDIT 00HUL HYyHK-

yuti, wepes npoudsodrvie Ipyaux,
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1° (f(2) +g(x)) = f'(z) + ()

2° (C-f(z)) =C-f'(x), rme C — const

(Tabmuna 5.2.2)
3° || (f(x)-g(x)) = f'(x) - g(a) + f(z) ¢ (x)

4° (flg@))e = f(9) - go(=)

[IponmmiocTpupyem ucrosib3oBanme Tadbauil 5.2.1 u 5.2.2 Ha cIe1yommux
puMepax.

Ipumep 5.2.1. Ilycts TpebyeTcs HATH TPOU3BOIHBIE (DYHKITUU OT

3 .
Va2 +r+1 sin ATCCOS T
Yy=—7"""", Y= n y=e .
x x
Pewenue.

1) Cpasuenue upasusn 1° u 3° rtabuunpl 5.2.2 yGexjaer, 4To Jerde
muddepeHnpoBaTh CyMMy (QYHKIINHN, €M TPOU3BEIEHNE, TOITO-
My BHAYAJE BBIIOJHAM MOWIEHHOE JIeJIEHNe, TO eCTh OyJIeM HCKAThH

IIPOU3BOJHYIO (DYHKINH

3/ 2 !
(3: +\/§+1> = (x7%+x7%+x*1)l =

T

a, UCII0JIB3Ysl IepBbie popMyJibl Tadsm 5.2.1 u 5.2.2, momydaem
1 s 1 1 1
3 2  3xYr 2xyr a2

2) B rTabmune 5.2.2 ner dopmyiabl mist auddepeHImpoBanus Ipoou
(xorst BO MHOrMX y4eOHHKax BBl ee MoXKeTe BCTPETUTh), IIOITOMY
cHadaJsa IpeobpasdyeM JTaHHYIO (DYyHKINIO B IPOU3BEICHUE, U JIUIID
IIOTOM MPUMEHNM npaBwmwio 3° Tabumnst 5.2.2

/

<sinx>’_ ((sinz) - (z™1)) = (sinz) - (z~) + (sinz) - (271) =

T
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= (cosz) 2 + (sinz) - (—a~2) = 28 Sinf _ reosy - sin z
X €T T

3) Brauase 3amerum™, 4o (cMm. §1.1 11.7°)
™ .
g(x) = arccos x = 5 —aresinz,

U TIOTOMY, COIJIACHO IIEPBOMY IIPABHUJLY TaOJIUIIbI 5.2.2 1 IPEeIIoc/IeI-
Heil crpoke Tabsmrs 5.2.1,

9o () = —

V122
Torna,
!/
vy = (ereeossy, = (1) = (e7), - gia) =

x

1 earccos x

:eg.;q; = |- | = - .
%(7) ) i

B zaksrouenne mganHOrO maparpada OTMETHM, 9TO B IIPOIECCE UCCIIe-
JIOBAHMSI CBOMCTB (DYHKITNN WHOT/IA OKA3BIBACTCS HEOOXOINMBIM HUCIIOIb30-
BaHUE XapaKTEPUCTUKU, ITOKA3BIBAIOIIEN CKOPOCTL UBMEHEHUA BEAULUHDL
npoudsodnot PyHKUUL B OKPECTHOCTU TOYKHU L. DTA XaPaAKTEPUCTUKA Ha-
3BIBAETCH NPOU3BOOHOT 8MOP020 NOPAJKG WK, IIPOCTO, 8MOPOTi NPOU3E00-
not. Ee mpuasaTOo 0003HAYATH KaK

d*y

2
dx T=x0

" X
y[l/‘::l/‘o bl

V' (@) g=aq »

a TIOUCK 3HAYEHUS 3TON YNCIOBOUM XapaKTEPUCTUKHN CBOJUTCS K BBIUUCIIE-
HUIO IIpejesia BUIA

" (xo) = lim

! !

t—0 t

[MockosbKy BTOpbIE IIPOU3BOJHbIE (DYHKIUHM B TOYKe (KAK IPeJIe/Ibl
dyHKIMMI) onpeeeHbl OHO3HAYHO, TO MOXKHO 33JIaTh HOBYIO (DYHKIIHIO,
3HAYEHUSMU KOTODPOH SIBJIAIOTCS YHCIIA, T10JydaeMble 110 dopmyste (5.2.1).
D1y dyHKIuo (IPOU3BOJHYIO OT IPOU3BOIHO) HA3BIBAIOT 6MOPOl Npo-
u3600n0U Pynryuetd om Pyrnkyuu y = f(x). s ee HAXOXKIEHUST CIIeIyeT
HCIOJIB30BATh T€ YKe MPaBUJIa, YTO U JJIsl IEPBO IIPOU3BOIHON DyHKINH.

Hanpumep, ecoim y = In |z|, To, cormacHo Tabmune 5.2.1, ¢y = %, a, B CBOIO
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1 -1

odepe/ib, NpousBoHas GyHKIMs OT 2 = &~ = 1o Toif ke Tabmumne 5.2.1
pasna (~1)z72 = —L. To ecrs, (Infz))” = —L
z x

.
FeomeTpudeckuii ¢CMBICT BTOPOit TPOU3BOJIHON OyIeT pa3bsicHeH B §5.4.

5.3. ®opmyaa Teitmopa. dunddepeniiuanbl

Paccmorpum Teneps MeTobI uccienoBanus (DYHKIIUU B MAJIO OKPECT-
HOCTH HEKOTOPOU TOYKHU, OCHOBAHHBIE HA UCIIOIH30BAHNN 3HAYEHUIT ee TPo-
U3BOJTHBIX.

ITycrs Touka o mus byakuun y = f(x) — BHYTPeHHsIsI TOUKa 061aCTH
OIIPEJIEJIEHNUS, TO €CTh CYIIECTBYET OKPECTHOCTD X IEJINKOM COJepPIKAlasi-
cst B 00J1acTu onpeiesiennst 3toit dyuknun. U mycTs B 9T0# TOUKe DYyHKIMS
y = f(x) umeer nenpepusHbvie NPOUIBOIHBIE NEPEO20 U BMOPO20 NOPAIKG.

B curyarnuu, Korja moJiHOe aHAJIUTHYECKOE OIMCaHue (TO eCTh, B BU-
ne dopmysbl) dyHKIuM y = f(2) CIUIIKOM CJIOXKHO MJIM YK€ HEU3BECTHO
BOBCe, & HAC MHTEPECYeT ee IOBEJIeHNE JIUIb B OTHOCUTEIHLHO HEOOIBIIOMN
OKPECTHOCTU TOYKHU X, IPEJCTABIISIETCS 11€71eCO00PA3HBIM UCIIOIH30BAHNE
MPUOIMKEHHOTO OIMCAHUS 3TON (DYyHKIMU B BUJIE JIMHEHHON KOMOMHAIIAN
CTEeNeHHbIX (DYHKIMHA TOJBKO TEPBOrO U BTOPOTO MOPSIIKOB

y=a+bx—x0)+clx—x0)*+71, (5.3.1)

rae a,b u ¢ — HeKOTOpble KOHCTAHTHI, & T — OCTATOYHAasA (PYHKIMA, 3HAUE-
HUEM KOTOPOH MOXKHO TIpeHeOpedb IPU MAaJIbIX BeJUMIUHAX |& — Zg).

[Tockonbky 3Ta ammpokcuMarus Oyner “mpocToil’” mpu JIoOBIX 3HaUe-
HUSX [IAPaMeTpPoB a,b U ¢, TO UMeeT CMBIC BbIOMPATh UX 3HAYEHUS TaK,
4TOOBI IOIPEITHOCTD, BO3HUKAIOIIAs IIPU UTHOPUPOBAHUY (OTOPACHIBAHIN)
ocTarka 7, ObLIa MUHUMAJbHON. [lJjisi JOCTMKEHUsI 9TOM ILeJIM IIOCTYIINM
CJIEYIOIUM 00pPa3oM.

[Torpebyem mpexie Bcero, 9Tobbl 3HAUEHUE OCTATOIHON (DYHKINN OBLIO
PABHO HYJIO IpU T = xo. Ecau 3amucars coornortenne (5.3.1) B Bue

f(x) = a+ bz —x) +c(x —x0)* + 7, (5.3.2)

TO IIpU & = X OHO IPEBPATHTCA B paBeHCTBO f (o) = a + T , U3 KOTOPOro
CJIEJIYeT, UTO Jijisi OOeCIeueHrst B 9TOi TOUKe ycaoBus © = () Hy?KHO B3SITh

a= f(xo).
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Hamnee, morpedbyem, ITOOBI TepBasi MPOU3BOJAHAS OCTATOYHOTO TIIE€HA
TaK»Ke PaBHSIACH OBbI HYJIO IpU & = Xg. Kcan GyHKIUM paBHBI, TO OUe-
BHJIHO PaBHBI U MX [POU3BOJHBIE, TIOTOMY Oy/Ie€T BEPHBIM DaBEHCTBO, I1O-
syaaemoe u3 (5.3.2) nowienubiM ero auddepennupoBanueMm

f'(@) = b+ 2c(z — z0) + 1" (5.3.3)

OTkyma npu z = ¢ momyaaem, aro r’ = 0 obecrieunsaercs npu b = f/(x0).
Haxkonern morpebyem, aro6er u 1/ = 0 npu & = xg. duddepennppys
06e gactu paseHcrsa (5.3.3), moryauM

f(x) =2c+7",

M3 KOTOPOTO NIPHU & = T CJIEIYeT, 9To s obecriedenuss 7’ = 0 meobxom-
MO, 9TOOBI ¢ = %f”(mo).

B urore npuxoauM K 3aKJIFOUEHUIO, UTO “HAMIYUIAsT AIIPOKCHMAITUST
ucxonuoi pyukuuu y = f(x), Hocsmas nazsanue gopmyavs Tetsopa, uve-
er BUJ

y = f(zo) + f'(wo)(z — z0) + To(x —x0) 4. (5.3.4)

Jljis1 yIIpOITieHUsT ONMCAHUS U UCIIOJb30BAHUS JIAHHON AIlPOKCHUMAIIY-
OHHO mpoIe Iy phl, poussenenue f'(xg)(z — L) IPUHATO HA3BIBATEL NEP-
soim dupepenyuanom byakunu y = f(x) B ToUKe o, 1 0603HaMATH dy, df
wmu df (z), a mpoussenenue f(xo)(x —x0)? — 6mopvim duddepenyuanom,
7S KOTOPOTO UCTIOJIb3yIoTest obozHadenust d2y, d2f wm d? f(xo).

Kpome Toro, mo ompemenenuio OymeMm camTaTh, ITO AudDepeHtma
HE3aBUCHMOI [T€PEMEHHOI paBeH ee IPUPAIEHnio, TO ecTh dr = Axr =
x — xo. B arom cayuae dopmyna (5.3.4) 3anuceiBaercst B Bujie

2

y = f(zo) + f'(x0)dx + (dz)? +r (5.3.5)

nJI

y:f(xo)+df+%d2f—|—7‘.

OTkyna ciemyer, 94TO 3HaYeHUe 1epBoro jaudpepeHImaa J1aer OIEHKY
[pupalieHnsi 9Toil (PYHKIUU B OKPECTHOCTH TOYKH T( C IOI'PEITHOCTHIO
nopsiika MajocTn (r — xg)?.

CaoiicrBa quddhepeHnnaaoB OnpeIesIsiioTCs CBOMCTBAMHI TPOU3BOIHBIX
W OCHOBHBIE U3 HUX MPUBEIEHBI B TadauIe 5.3.1.
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1° d(f(x) +g(x)) = df +dg

2° || d(C- f(x))=C-df , tme C — const

(Tabmuna 5.3.1)
32| d(f(x) - g(x)) = df - g(x) + f(z) - dg

4° || df(g(x)) = fy dg = f,(g(x)) - g; dx

5.4. NccaenoBanme JIOKAJbHBIX CBOWCTB (DyHK-
i

Teneppb UCIIOIB3yeM MOCTPOEHHYIO AMMTPOKCUMAINIO, 9TOOBI BBISICHUTD
npu Kakux ycuosusix dyHKmusa y = f(z) umeer mpu & = o A0KaAGHBIT
IKCMPEMYM, TO €CTh, MAKCUMYM UL MUHUMYM.

U3 dopmyast (5.3.4) cremyer, uro B caygae f'(xg) # 0 sxcrpemyma
OBITH He MOXKET. eficTBUTEIbHO, BBIOEPEM & = T+t TakK, 9TODBI CIaraeMoe

' (zo)(x —x0) = f'(w0) - t > 0.

Torma f(xo +t) > f(xo), HO oyeBuAHO Oymer BepHbIM Takke u f(zo —
t) < f(zg). To ecTb, B 3TOM Cily4ae SKCTpEMyMa HET U MbI [IOJIyUaeM, ITO
paseHcTBO f'(x0) = 0 sSIBASIETCS HEOGLOOUMbBLM YCAOBUEM FKCTNPEMYMA IPU
Tr = 2.

[Tycts reneps f/'(xg) = 0. D10 03HAYAET, YTO AIPOKCUMAIIUS (DYHKIUY
y = f(x) B MaJIOll OKPECTHOCTU TOYKH T( UMEET BHL

f// ('IO)
2

y = f(zo) + (x — o) +7. (5.4.1)
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[ToCKOTBKY MHOMKHTEND (T —20 )2 HeOTpHUIaTe e , TO J/Is JIOOBIX T B MaJIof
okpecTHOCTH TOUKY Zo f(z) > f(zo), ecm f(x0) > 0, u f(z) < f(zo),
ecn () < 0. Orkyna s3akmogaem, uro f”(xg) > 0 — docmamounoe
YCAOBUE NOKAABHO20 MUHUMYMA TIPU T = Xg, & [ (x0) < 0 — docmamounoe
YCAOBUE AOKANDHO20 MAKCUMYMA.

Hccnenya byHKIUE HA 3KCTPEMAJIBHOCTD, HY?KHO MMETh B BHILY, UTO
[IPU OJTHOBPEMeHHOM BbIniosHeHnn yeaosnit f/(xg) = 0u ' (xg) = 0 dynk-
mua y = f(z) B TOUKE To MOXKET KAK IMETH IKCTPEMYM, TaK M HE HUMETD €ro.
ITpoBepbTe CaMOCTOATEIHLHO, 9TO HarpuMep y byHKnmit y = x° n y = x?
npu = 0 IPOU3BOAHBIE IIEPBOIO K BTOPOTO MOPSAIKOB PABHBI HYJIIO, OHA-
KO B 9TOH TOYKe BTOpasd U3 HAX UMEET MUHUMYM, a y IIE€PBOi 3KCTPEMyMa,
HET.

OrMmeTnM erme ojIHO BaskHOE CBojicTBo anmnpokcumanun (5.3.4). Ecin B
3TOlt bopMyJIe ocTaTOUHOE caaraemoe (T, To) PaccMaTpUBATL Kak (PyHK-
W10, 3aBUCATILYIO OT 3HAYEHUN T W T, TO OYIET BEPHO CJIEIYIONIEe PABEH-
CTBO

TACALO I

v—wo (1 — x0)> ’
KOTOPOE O3HAYAET, 9TO IPH CTPEMJICHUH T K Lo BEJUYINHA OCTATOYHOrO
caraemoro 7(x, 2o) yobisaeT 6uictpee, deM (z — o).

ITo cxeme, aHaJIOTMYHON MCCIeA0BAHUIO (DYHKIMI HA SKCTPEMYM, MOYK-
HO U3y4aTh U JApYTHe UX JOKaJIbHBIE CBOHCTBA.

BoisicHuM, HampuMmep, T€OMETPUYECKHIl CMBICT BTOPOIl TPOM3BOHOM
dyukuuu B Touke, ucnonabsys dopmyiast (5.1.1) u (5.1.2) mag upubiau-
JKEHHOM OICHKN 3HAYCHUN POU3BOIHBIX (DYHKIUI IPH MAJIBIX MO MOJLYJIIO

t.
a0 0= )

fl@o+2t) — flwo+1)  flzo+1) — flzo)

t t
t

~ flwo+2t) — 2f (w0 + 1) + f(20)
= - )

[Tpunumas Bo BHUMaHUE, 9TO (B cuily oupezesienus 4.4.2) HepaBEHCTBO

f(zo +2t) + f(x0)
2

flwo+1) <

O3HAYAET 6unyKA0cmyb 6nu3 dyaknuu y = f(r) B Maioil OKpecTHOCTH
TOYKM To + ¢, MOXKHO IPUIATH K 3aK/iodeHuio, aro ycaosue f”(xg) > 0
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SIBJISIETCS JIJIsI 3TOTO J0CTATOYHBIM. COBEPIIEHHO AHAJOTMYHO IOJIYYaeM,
4TO BBINOJHEHUs HepaBeHeTBa [/ (29) < 0 m0CTATOUHO, YTOGBI TAPAHTUPO-
BaTh GunykA0cms eeepr GyHKImA y = f(r) B MO OKPECTHOCTH TOUKH
xg. Takum obpazom, B ciydae Korga npejeis! (5.1.1) u (5.2.1) cymecrsy-
IOT, MOKHO JIeJIATh 3aKJIIOYeHUe O HAIPABJICHUM JIOKAJBLHON BBITyKJIOCTH
nccyieayeMoit (pyHKITUN IO 3HAKY €€ BTOPOil MIPOU3BOTHOIM.

B sakiodenue, MpojeMOHCTPUPYEM NPUMEHEHUE JIOKAIBHBIX AIPOK-
CUMAIUil JIIsl HAXOXKJIeHUsT peaesioB (hYyHKIUA B CIydae BOSHUKHOBEHUSI
HEOIpeIeIEHHOCTH BUIa,

ITycrs dyukiuu f(z) u g(x) UMeIOT HelpepbIBHBIE MEPBble IIPOU3BO/I-
HBlE B TOUKe & = X¢. 1 mycrb, Kpome Toro, f(zg) = g(xo) =0, n ¢'(x) # 0.
Torma 0Ka3bIBAETCH CIPABEIJIUBBIM Npasu.ao Jlonumans

i 1@ _ f'(x0)

w=wo g(x) — g'(w0)

HeiicTBuTe IbHO, JIJTsi JAHHBIX (DYHKIWIA B MaJjiOil OKPECTHOCTU TOYKU
To OYIyT CIIpaBeIIuBLI CJICAYIONINE AIIPOKCIMAIAN

f@@) = fzo) + f'(wo)(@ —zo) +7,  g(x) = g(wo) +g'(x0)(x —20) + ¢,

npu4ieM Jid OCTaTOYHBIX CJIaraeMbIX 7" U ¢ 6yﬂyT BBIIIOJIHATHCA TIpEJIe/Ib-
Hbl€ paBE€HCTBa

. r . q
lim —— =0, lim —— =0.
z—x0 T — T z—x0 T — Tg

Torna, npuaas Bo BHEMaHue, 910 f(20) = g(xo) = 0, HOIYIHM

r

/ [
@) fee s T
lim —— = lim = —hm—q_
e (@)  eso g (@)@ —w0) T4 o0 g(zg) - T
T — X0
!/ 1~
_ f (x0)+$l>nmlo.’b—xo _ f/(xO)
g (o) + lim _ 2 g(=x)

T—=xo T — I

[IpounmocTpupyem npuMenenue npasuiia Jlonurass HA CIeLyONEM IPH-
Mepe.

Ilpumep 5.4.1. Haittu hm ;2;
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Qaa

Pewenue. B mannom ciaydae Mbl UMEEM HEONPEICJICHHOCTb BUJIA “O
ockoabKy (3% —27) =3"In3 u (x — 3)' =1 # 0, TO COrIaCHO TpPaBUITY
Jlonnramns

)a’7

lim 32T lim @ =27In3.

rx—3 I — 3 r—3

5.5. IlocTpoenme rpacdunkoB pyHKITII

B nporecce mocrpoenust rpaduka Gyukimn y = f(x) mnesecoobpasno
(xoTst 1 BOBCe HEODsI3aTebHO!) IPUIEPIKUBATEHCST CIIEYIONIEN OCIe10Ba-
TEJIbHOCTU JICACTBUA.
1°. HaxoxkieHue 00JIacTu OIpee/IeHns.
2°. Ilouck obJracTu 3HAYEHUIA.
3°. UccnenoBanue Bonpoca: obsaaer s Gy y = f(x) coiicrBa-
MU YETHOCTHU W [IE€PUOIUIHOCTH.

4°. VlcceioBanye acCUMIITOTHYECKOTO OBEJIeHUsT JaHHOH QyHKImN (T0
€CTh, BBISICHEHUE XapaKTepa ee U3MEHEHUs TIpU & — 00, a TaKkKe
[IOMCK BEPTUKAJBHBIX acuMOToT rpaduka GyHKIum. )

5°. Ilonck mpPOMEkKYTKOB 3HAKOIIOCTOSHCTBA, HyJsell (DYHKIUUA, TOUEK
nepecedenusi ee rpaduKa ¢ OCIMU KOOPIMHAT U TOYEK Pa3phbiBa.

6°. OupeiesieHne MPOMEXKYTKOB MOHOTOHHOCTH, TOYEK JIOKAJIBbHBIX IKC-
TpeMyMOB (MaKCUMyMOB M MHHUMYMOB) (cM. §5.4).

7°. YcraHOBJIeHHE IPOMEKYTKOB BBIILYKJIOCTH (BBEPX WJIM BHU3) U IO~
uckK ToueK neperuda rpadura (cm. §5.4).

8°. CaejeHne 1oJrydeHHON MHQPOPMAIME B UTOIOBYIO TAOJIUILy M IIO-
CTpOeHre CKU3a rpaduka GyHKIUN.

[IpomemMoncTpUpyeM TpUMEHEHHE JIAHHON CXEMBI Ha IPUMeEpe TOCTPOoe-
aug rpaduka bynkmun y = 0 — 2z + 1.

1°. Obaacmo onpedenerus: Bee OMEPAIINT, UCIIOJB30BAHHBIE JIJIST 3AITUCH
dopmyIbl DYHKIMH, BBIITOJHAMBI JJIsT JTIOOBIX JEHCTBUTEILHBIX L. JHATAT
X 1z € (—00,+00).

2°. Obaacmo 3navenuti: B CHILy TOrO, UTO ypaBHeHme x> — 2z + 1 =
D UMeeT BEIIeCTBEHHBIE PEIIeHUs JJIsi JIF000TO BEIECTBEHHOIO 3HAUEHUST
napamerpa p, (pakr, 060CHOBaHIE KOTOPOI'O BBLIXOAUT 33 PAMKHU JIAHHOTO
Kypca) MOXKHO YTBEPXKIATh, YTO 00JIACTHIO 3HAUEHUIT SIBJISIETCS MHOXKECTBO
BCeX BeIIeCTBEHHBIX YHCEJI.
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3°. Haunas dyukuus y = f(z) cBoficTBAMEI “emHOCTU, HEYEMHOCTU
u nepuodunrocmuy He 0bIaIAeT.

ylh

150
100

S0

¥ I

—50

—100

—1s0

Puc. 5.2. Tpadbukn dbynxmmit y = 2° — 2z + 1 (vepnsrit) u y = 2° (cepbrii)

4°. IlockombKy

3
.o =2zx+1 . 2 1
lim ———— = lim (12+3>1,

T—00 T T—r00 T T

ACUMOTOTUYECKU (TO €CTh, IPHU OOJIBINUX TI0 MOJLY/IIO0 3HAYECHUSX ) JAHHAS
dbynkius seger ceba momobno dynkuu y = 2. Cum. puc. 5.2.

5°. IIpomestcymxu 3naxonocmoarcmea: npeodpasyem bopmyry dyHK-
A

y=a>-224+1=@*-2)—(z-1)=@-1)(’+z-1)=

=(@x-m)(r—22)(xr-1),

rae

S
[ S
X
o
(@)}

N =

~ —1.6 To = —

DN | =

X1 = —
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Ucnonb3ys “MeTos HHTEPBAJIOB”, IPUXOAUM K 3aKJIIOYECHUIO, ITO

1 <r<uxw
y > 0, ecm 1_x;12 u y <0, ecmn

r < T
To<x<l1.

6°. IIpomestcymxu mornomonrnocmu: coriacuo dbopmysie (5.3.4) 3naue-
Hue (QyHKIUHA BO3pacTaeT B OKPECTHOCTU TOYKH, IJi€ ITPOU3BOJIHAS MOJIO-
JKUATEJIbHA, U COOTBETCTBEHHO yOBIBAET TaM, IJle IPOM3BOIHAS OTPUIATE b
Ha. [loaromy 11151 O1IpeiesieHnst IPOMEXKYTKOB BO3PaCTaHUs UJIU YObIBAHMS
3HadeHnit PyHKIUM HEOOXOMMMO HANTH ee TPOU3BOMHYIO (DYHKITUIO U UC-
caenoBaTh ee “Ha 3Hak’. B mamem ciydae y' = 3x2 — 2, MOSTOMY MOXKHO
YTBEPKIATH, ITO

, 2 2
y >0, ectm — ggaj,m/ﬁoxz -

3
"< 0 ecnn—\/§<x<\/§
g5 3 3

7°. Hanpasaenue 8vinykiocmuy: TOUKHA T3 = —\/g Ty = \/% — cTalu-
OHApHBIE, B HUX I1€PBasi IPOU3BO/IHAs 00pAIaeTcs B HyJib. PaKT HaJIUJUs B
TUX TOYKAX IKCTPEMYMa MOXKHO YCTAHOBUTH 110 3HAKY BTOPOIl IPOM3BO/I-
HOl, KOTOpas B paccMaTpUBaeMOM Ciaydae paBHa ' = 6x. DTo o3Havaer,
9TO MPU MOJOKUTEILHBIX T rpaduK (PYHKIINA UMEET BBIMTYKJOCTh BHU3,
MIPU OTPHUIATENBHBIX — BBITYKJIOCTh BBEPX, a nMpu © = () HAIpaBeHNEe BbI-
[IYKJIOCTH MEHSIeTCsI Ha IIPOTUBOIIOJIOXKHOE, TO €CTh ITO — MO4Ka nepeauba

rpaduka dyuknnn. Kpome Toro, orcioma ciaemyer, 9T0 B TOYKE T3 = ,\/g

d)yHKLLI/IH uMeeT JIOKAJbHBII MaKCUMYM, a B TOYKE T4 = \/g — JIOKaJIbHBIMI
MHUHUMYM.

8°. Ceodnasa mabauua ceolicme GyrKuuy:
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+c

+c

v il--njninjninjoyujylyvjyuiulu

max mep. min

Heramm3npoBannblil By, rpaduKa MoKa3aH Ha puc. H.3.

¥

Puc. 5.3. I'paduk bysxmmm y = x> — 2z + 1

Uccnenyem byuxnuo y = (2x + 5)e” u nocrpoum ee rpaduk.

1°. Obaacmo onpedeserus: TOCKOTIBKY OMEPAIINHT, UCIOJIb30BAHHBIE JIJIs
zarucu GOPMYJIbl (DYHKITNH, BBITOJHAMBI JJIsT JIIOOBIX JIeHCTBUTEBHBIX I,
T0 X : 2 € (—00,400).
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2°. O6aacmy snavenutl: 0O9€BUAHO, 9TO Npu & > 0 3HAYEHHE Yy HEOrpa-
HU4IeHO Beauko. Ecm & < 0, o B cuuty  lim (22 + 5)e” = 0 u Hempe-
T—r—00

PBIBHOCTU JTAHHOW (DYHKIUHU JJIs JTIIOOBIX X, IPUXOIUM K 3aKJIIOYEHUIO O ee
“orpanmdaeHHoCTH CHE3Y . IIpm 9TOM HIKHIOIO TpAHUILY OOJIACTH 3HATEHUH
yiobHee OyJeT HAWTH U3 YCJIOBHsI CTAIIMOHAPHOCTH, MTOCKOJIBKY HCCJIEITY-
eMas (DYHKIUS HE TOJHKO HEIPEPBIBHA, HO U MMEET MPOU3BOIHYIO JJIsk
JIFOOOT0 3HAYEHUS T .

3°. Oyuxmua y = (2z + H)e
HEUEMHOCTIU UL NEPUOIUNHOCTIU.

4°. TTockosbKy $Er1100(2x +5)e* = 0, To rpaduk HaHHON (YHKIMU

* me 00JIAAET CBOWCTBAME YeMHOCTU,

ACUMITOTUYECKH IpUOImKaeTcsd K ocu Ox IPU T CTPEMSAIIEMCS K —00.
5°. IIpomesicymxu 3HaKONOCMOAHCMEA: TOCKOJIBbKY €¥ > 0 Vr ,Toy = 0
pu & = —5 1

5 )
y < 0, ecm —oo<x<—§ nu y>0,ecan —§<x<+oo
6°. IIpomestcymxy MOHOMOKHOCTIU: B PACCMAaTPUBAEMOM CJIydae
y' = 2" + (22 + 5)e” = 2z + 7)e”

TIO3TOMY MOZKHO YTBEpPXKIaThb, 9TO

y =0, ecrm 2 = ——
2
u
/ 7 / 7
y <0, ecnn —oo<x§—§ n y >0, ectn —§<I<+OO.
7°. Hanpaeaenue 8vinykAocmy: MOXKHO YCTAHOBUTH O 3HAKY BTOPOM
[IPOM3BOJIHON, KOTOPasi B pacCMaTPUBaeMOM ciydae pasaa y” = (2z+9)e”.
To ectp, pu —o0 < = < —% rpaduk GYHKINE UMEET BBIIYKJIOCTb BBEPX,
a IIp —% < & < +00 — BBIIYKJIOCTH BHE3. OTCIO/A CJIEYeT, IYTO B TOUKE
T = f% dyHKIUSA nMeeT JIOKAJTHHBII MUHUMYM, & B TOYKE & = f% — TOYKY

nepernba rpaduka GyHKITIH.

8°. CeodHasa mabiuua ce0licme GyHKUUU:
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(IR}
I
|
I~
|
|
Nt
+
(=)
+
+
8

“onp o JuUl U Ul UjuUU U e

feperu6 min

Bug rpaduka byskuun y = (22 + 5)e” nokazan na puc. 5.4.

-5 -4 4 2 !
Puc. 5.4. 'paduk dyukuun y = (2 + 5)e”

3
B 3aksrodyenne BBITOTHUM HCCJIe0OBaHue (DYHKIUN Y = %23:2

1°. Obaacmov onpedenenus: Jirobbie JeiicrBuTesbHbIE T 7 (.
2°. Obaacmov 3HaveHutl: JIIOObIe TeCTBUTEILHBIE Y.
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3°. llannas dyHKIusg He 00/1aaeT CBOUCTBAME “EMHOCMU, HEYEMHO-
CMAU UAY NEPUOIULHOCTIU.
4°. T'pacduk pyHKIIUN UMEET BEPTUKAJIBHYIO acUMIOTOTY mpu & — 0,
3 4 62 —2
22

TTOCKOJIBKY limO = —oo . Kpome toro, mepemnucas dhopmysry
r—r

— 6
3a/IaI0ILyI0 UccIelyeMyio (pyHKIMIO B BUJE Y = T + 7 — pol MOZKHO
3aMETUTh, 9TO 9Ta (PYHKIU UMeeT HAKJIOHHYIO aCUMIITOTY BAJIA Y = T .

2

o . _ 6
5°. IIpomesicymmxu snaxonocmoancmea: u3 HOPMyJIbl Y = T + = — pol

o4deBHiHO, 4TO Y < 0 npu j110061x < 0. B obstactu « > 0 3HaK y coBHajaer
CO BHAKOM TpexuyeHa > + 62 — 2, KoTopsIii oTpuIaTesen npu = < v/4— /2
U IIOJIO?KUTEJIEH IIDU T > \3/41 — \“"/Q

DTO yTBEpPKJEHNE SIBHO HE OYEBHJIHO, U IOTOMY IIPUBEEM €ro 000CHO-
BaHUeE, WCIOJIb30BAB “IIKOJIbHBIE METOJbI’, XOTs IPOIle ObLIO ObI IIpUMe-
HUTH KaKOW-HUOY/Ib KOMIBIOTEPHBIH uHCTpyMeHT, Hanpumep, MathCAD
wim MAPPLE.

Nrax, Ha/I0 HANTH BEIIECTBEHHbIE Pellenus ypasHenus x> +6x —2 = 0.
Bynem mnckarh ero KOpHEH B BHJE CYMMBI JIByX HOBBIX HEM3BECTHBIX T =
u + v. IloscTaBuB UX B ypaBHEHUE, MOy IUM

(u+0v)*+6(utv)—2=0 = (¢®+v* 4+ 3uv(u+v))+6(ut+v)—2=0

= (40 -2)+ (u+v)Buw+6)=0.

OTKy/a [oJrydaeM: Jijist TOro 9To0bI & OBLIO PeIlleHreM JIaHHOIO Y PaBHEHUsT
HEeO0OX0IMMO, YTOOBI 3HAYEHNSI HEM3BECTHBIX U U U YJIOBJIETBOPSLIA CUCTEME

ypaBHeHU
w403 =2,
Uy = —2,
KOTOpad B CBOIO OY€peAb PABHOCUJIbHA, CUCTEME
v=-1,
'LL3 - -3 = 2.
u

BBeneM HOBYIO HEM3BECTHYIO ¢ = u>, TOTIa BTOPOE ypaBHEHHE IIOCIIeTHelH

CHUCTEMBI CBOAUTCA K KBaJAPAaTHOMY M JIETKO PEIIacTCA:

t—§—2:0 — ?-2%t—-8=0 — b =4, —
t ty = —2

U1:\3/417 U1 =

_— 9 = v — x3:u+v:\3/417\3ﬁ.
=- 2




6°. IIpomestcymxu mornomorwrocmu: Ijis TaHHOU PyHKIUN

,_a®—6r+d  (z-2)(’+22-2) (x—2)(x+1—V3)(x+1+3)

Yy = = )
z? 3 3

II09TOMY MOXKHO YTBEPKJIaTh, 4YTO

T =2,
y' =0, e | x=—14++/3,
x:—l—\/g

", COTJIACHO “MeTOJIy MHTEPBAJIOB”,
Y >0, ecmn x € (—o0, —1 — V/3) U(O, —1+3) U(Q, +00)
u oy <0, ecmn (—1-v3,0) J(-1+V3,2).

7°. Hanpasaerue 8vinykaocmu: BTOpasi TPOU3BOIHAS B PACCMATPUBAEC-

MOM cJIydae paBHa y” = L;l). [Tosromy npu & < 1 rpacduk pyHKIMN
x

WMeET BBIMYKJIOCTh BBEPX, a pu & > 1 — BeImykJocTh BHU3. OTCIona cie-
JIyeT, 9TO B TOUKe & = 2 (PYHKIMs MMeeT JIOKAJIbHBI MUHIMYM, B TOYKAX
z1=—1—v3uxzy=—14 /3 — JOKAJBHBIH MHHEMYM, & B TOUKe T = 1
— TouKy neperuba rpaduka GyHKIUN.

8°. Csodnasa mabauya ceolicms Pyrnryuu:

T oo | — | X1 | — 0 + | x3 | + | x2 | + 1 + | 2

yvilorninini-—-injininjinjinpojuru

masx B.ac. max mep. min

3
Bun rpaduka dyuknum y = %217—2 IIoKa3aH Ha pHUc. 95.5.
x
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Puc. 5.5. I'paduk dyarnmm y =
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I'maBa 6.

VHaTerpaJjibl u psabl

6.1. OnpenesieHHBIIT MHTErpaJl

6.1.1. UurerpupoBanue dyukiuii. OnipeaesieHHbIN UH-
TerpaJjl Kak mnpe/eJsl nocjae 0BaTeIbHOCTHA

B upenpyiynux riaBax paccMaTPUBAJIACH METObI  HMCCJIEIOBAHUS
dyHKIuit n1pu oMoy uX JIOKAJBHBIX (TO €CTh, OTHOCSIIMXCH K HEKO-
TOpOil HEGOJILIION OKPECTHOCTH (DUKCUPOBAHHON TOYKHU) KOJIUIECTBEHHBIX
xapakrepucTuk. OJHAKO, JOCTATOYHO YaCTO BO3HUKAIOT 389 UCCIIE]I0-
BaHMS CBOMCTB (DYHKIHIA, OTHOCSIIUXCS K HE MAAbLM ITTPOMEXKYTKAM 00J1a-
ctu onpe/iesenns. VIX XapaKTepHBIM IPIMEDPOM SIBJISIETCS UHME2PUPOSAHUE
— 3aJlava HAXOXKJIEHUsI 3HAYEHUS [1€PBOOOPa3HOI (DYHKIMKM B HEKOTOPOit
TOuKe b 110 ee 3HAYEHUIO B TOYKE @ M U3BECTHOI MIPOM3BOIHON (DYHKINH, B
caydae, KOrja a 1 b He HAXOJATCS B MaJIbIX OKPECTHOCTSX JAPYT JpyTa.

Pacemorpum perierne aroit 3agaun. Ilycers 3anannas byukuus f(z)
SIBJISIETCsI [IPOU3BOHON (DYHKIWH OT HEKOTOPOIt niepBoobpasHoit F'(x), st
KOTOpOIl M3BECTHO JIMIIb ee 3HadeHue F(a), u TpeGyercs Haiitun F(b) —
3HadYeHne HEM3BECTHONW HaM MepBooOpa3Hoil B ToUKe b.

Pazobrem oTpesok [a, b] Ha N paBHBIX "acTeil TOUKAMHA L1, Ta, . . . TN 1.
Kpowme Toro, 6ymem caurath, 9to g = a u xny = b. Torma
b—a

Axp = Tp41 — Ty =
+ N
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qtst iioboro k = 0,1,2,... N —1. Samerum, uro uncina k =0,1,2,... N -1
CJIy’KaT HEe TOJLKO HOMEPAMH TOYEK pa30OMeHud, HO TAKXKE M HOMEPAMU
ompeskos, Ha KOTOpPbIe Mbl pas3ouin [a, b].

ITpupamenne 3navenusi Gyukuun F(z) Ha orpeske [Tk, Tkt1] paBHO

AFk = F($k+1) — F(Ik) 5

TOr/a, MIPUOABJISLA U OTHIUMAs OJMHAKOBBIE YUCJIA, IIOCJIE IPYIITHPOBKH CO-
CEJIHUX CJIaTaeMbIX, TOJTyYaeM

F(b) = F(a) = F(zn) = F(zo) =

= F(zn) — Flzny 1)+ Flen_1) — F(zn_2)+ -

AFN_1 AFN_o
—|—F(.132) —F(Jtl)—‘rF(Jfl) —F(J?o) =
ARy AF,
N—-1
= AFy .
k=0

Otkysma uckomoe 3uadenne F(b) = F(a) + Nz_l AFy .

Takum 06pa3oM paccMaTpuBaeMast 3aﬁ§ga CBEJIACh K HAXOXKJIEHUIO
Nil AFy, . Tlockonbky 1o yesosuio 3amaau F' () = f(x), ro, 3amensia
g;I?IpameHHe dyukuuu ee dugpepenyuanrom (cm. §5.3) 1o dopmyie

AF = F(x) — F(xg) = dF(x¢) = F' (z9) - (x — m9) = F' (20) - Az,
[OJIYYUM HIPUOJIMKEHHOE PABEHCTBO

AFy, = dF(x) = F' (z1) (xrg1 — 2x) = f(2n) (@p1 — 21) = flor)Azy,

B CHJIy KOTOPOT'O
N-1

F(b) = F(a)+ ) f(zx)Awy, .
k=0

HOI‘peLHHOCTI) AIIIIPOKCUMaIT 6yﬂeT TeM MEHbIIIe, YeM MEHbIIe JJJINHa

oTpesKa [Tj,Tk+1], KOTOpasi paBHA b&a u ymenbinaercs ¢ pocrom N. C
JIPYTOii CTOPOHBI, IpH yBejmdeHnn N PaCcTeT YUCJIO CJIAraeMbIX B CyMMe

N-1
> fan) Ay, (6.1.1.1)
k=0
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U TIpeJIeSIbHbIN 1repexon N — 0O IPUBOAUT K HEOOXOIUMOCTU PACKPLITHS
HeonpenesensocT Buga “0 - 00”. Cymmy (6.1.1.1) npuHSITO HA3BIBATH UH-
mezpanvHot.

B Kypce MaTeMaTHIeCKOro aHaJIN3a II0KA3bIBAETCS, UTO JJIsl CYIIECTBO-
N—1
lim > f(zr)Axzp mocrarouno, urobbl dyukuus f(x)
N—o0 k=0
ObLIa HEMPEPBIBHOIM Ha OTpe3Ke [a, b].

BaHUA IIpeaesia

N-1
Onpedeaenue 6.1.1.1. Yucmo, pasroe lim > f(zr)Azy , Ha3bIBaeTCs
N—00 k=0

onpedesernvim urmezpasom Pyrkyun f(x) B Ope-
nejaax or a A0 b u obozHauaeTcs

b
/f(w)dac .

Teneps penienue 3a1a4u HaxoxkK AeHus 3Hadenus dbysxknuu F(x) B Touke
T = b MOXKHO 3aIIUCATH, IIPU ITOMOIIU OMPEIEJIEHHOIO HHTErPaJIa

b
ﬂw=m@+/ﬂmm,
a
XOTs HA TPAKTHUKE JAIlle UCIIOIb3yeTCsl MHON BUJI 3aIIUCH ITON (DOPMYJIBL:

/f(x) dz = F(b) — F(a) . (6.1.1.2)

nj, Ijigd KpaTKOCTH
b
(6.1.1.3)

a

jf@ﬂw=F@)

Coornomenve (6.1.1.2) mupurATO Ha3BIBATE Hopmyaot Horomona-
Jletbnuya. Ona cBs3biBaer 3HadeHus dbyHkuuu F(r) B JIBYX, BOOOIIE
roBops He OIU3KHX APYT K APYTy TOYKAX depe3 ONpele/IeHHbI HHTerpall
or dyukuuu f(x) B caygae, korga F' (x) = f(x), wiu no3Bosisier HAXOAUTH
3HAYEHNE ONpPEETIEHHOrO WHTerpaja 1o 3HavdeHusM Gynkmmn F(z) B
TOYKaX, ABJIAIONIMMUCH IIpeJeJlaMi UHTErpupoBanusd. Hakomer, crouT
3aIlOMHUTH, 9TO GYHKIMIO f(x) OOBIYHO HA3BIBAIOT NOJbIHMEZPAALHOT
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Pynryuel, TepeMeHHYI0 T — nepemernoti UHMezpupocanus, a UHTepBaJ
(a,b) — uUHMEPBANOM UHMEZPUPOBAHUSL.

IIpumep 6.1.1.1 PaccmoTpuM B KavecTBE WITIOCTPAIIUNH BBIYHUCICHUE OIpe-

nestenroro unTerpata Gynkmun f(r) = x3 Ha oTpeske

[0,1], To ecTb,
1

/x3 dx

0

Jlerko BUAETH, 9TO B 3TOM ciaydae Axp = % T, =

%. Iostromy naTerpanbhas cymma (6.1.1.1) Gymer umers

BUJL
N-1 3 N-1
“(v) ¥ - w2
k=0 k=0
7 HAM Hy>KHO HAATH IIPeIesI 3TOr0 BhIpaxkeHus nupu N —
0.
CorynacHo ¢dopmyJte, IpUBeIeHHON B KoHIE myHkTa 10° §1.1,

Ni o (N 1N
k=0 4

IIO3TOMY

2

1

! 2772 I-=
3 . (N=1)°N . N 1
zvdr = lim —F— = lim —0—"—=—.

N—oo 4N N—oo 4 4
0
ObpaTuM BHUMaHHE Ha CJELyIONIAe HIOAHCHI. BO-IEpBBIX, 3HAUEHUE
OIIPEJIEJIEHHOT0 MHTErpaJia He 3aBUCHUT OT TOTO, KaK 0DO3HAYMAETCs Iepe-
MeHHas WHTerpupoBaHusd. Hampumep, BMECTO & MOXKHO HCIIOJb30BAThH .
WNuadge roeops,

b b
/f(:n) dr  m /f(t) dt - 910 onHo U TO X)Ke!

Bo-Bropeix, ecan st yskipn f(x) yaaercs nogobpars dynkmuo F(z),
TO BMECTO IIPEIEJBHOIO IIEPEXoia B UHTErpabHoil cymme (6.1.1.1) npum
HaXO0XKJIEHUHU OIIPEJEJIEHHOIO MHTerpaja ropas3/o y/Io0Hee I0JIb30BATHCH
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dopmysoit Hetorona-Jleiibnuna. Tak B paccMOTpPEHHOM BBIIIIE IIPUMEPE,

s f(x) = o3 merko maxonures, ckaxem, F(z) = % Torna

1
41 4 4
1 0 1 1
Sgr=F(1) —F0)=2| =— 2 =2 _g==2.
/xdx W -FO =G| =F-F=7-0=;
0

B zakmouenne ormernm, 9TO0 dr B ODO3HAYEHWHN WHTEIDAJIA CJIELYET
pPaccMaTPUBATH C OJIHOM CTOPOHBI KAK MHOXKHUTEJb ITO/IBIHTErPAJIHLHOTO BbI-
pazkenusi, a ¢ JApyro#i — Kax auddepeHIual He3aBUCUMON TTePEeMEHHON
WHTEIPUPOBAHUS T .

¥ y=f(x)

Fx)

X

0] a Xy Xpn &

Puc. 6.1. 'eomeTpryecknit CMBICTI OIIPEIEJIEHHOIO MHTErPAJIa

6.1.2. I'eomeTpuydecKkmnii CMBICJI 1 CBOMCTBA ONpe/ieJieH-
HOT'O MHTerpajsa

BhICHUM Tenephb 2eomMempuueckuti CMbCA OIPEIEICHHOrO HHTErPaJIa.
Ha puc. 6.1 nokazausl rpaduk dysknun y = f(x) u pasébuenue orpeska
[a,b] Ha N wacreii TOUKaMU T1, T2, ... LN _1-
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Herpyano 3aMeTuThb, 9TO /I MOKA3aHHOrO Ha puc. 6.1, mpumepa wH-
rerpasbHas cymma (6.1.1.1)

N-1
> fan) Ay,
k=0

paBHa mwIomaau ‘crymnendaroit’ burypsl, obpasoBaHHO# m3 N mTpsMO-
YTOJIBHUKOB, k—i1 U3 KOTOPBIX MMEET JINHY OCHOBaHUS ATy = Tpi11 — Tk
u Boicory f(xy).

[Tpu npenenbaOM 1epexose N — 00 3Ta IUIOMAJb CTPEMUTCS K S —
wroma i Urypel, OrpaHUYeHHON cHu3y ocbio O, ClieBa U CIpaBa — Bep-
TUKAJbHBIMA MPSIMBIMHA, MTPOXOISINIUME 9epe3 TOYKU & = a U T = b, u
orpanuveHHoi csepxy rpadukom dyukuuu y = f(x). [losromy B gannom
caydae OyJIeT CIIPaBE/JINBO PABEHCTBO

b
S:/f(x)dx . (6.1.2.1)

Baxkno ormeTnTh, UTO, MOCKOJIBKY ILJIONA/b T€OMETPUIECKONl (DUTYDHI
JOJIZKHA OBITH HEOMPUUAMEALHIM TACIOM, UCIOJIb30BAHNIE [IPUBEIEHHOMN
reOMETPUIECKON MHTePIIPETAINH OIIPeJIeJIEHHOI'O MHTerpaJja JJIs IIoJicye-
Ta ILIOIIJell cilefyeT IIPOU3BOIUTH C Y4emoM 3HGKG IOABIHTErpaIbHON

by y = f(x).

[IpowutiocTpupyem JaHHOE CBOWCTBO OIPEJIEJIEHHOTO WHTErpaja CJie-
JyforuM mpuMepoM. IlycTh HaM HEoOX0AMMO HAWTH TLIOMAIb (PUTYDHI,
OrPAHUYEHHON CBEPXY “IOJIyBOJIHON CHHYCOUIbI MU OTPAHUYEHHONU CHU3Y
orpeskom ocu Oz B npegenax or 0 go 7 (cm. puc. 6.2.)

Coruacuo opmyiie (6.1.2.1) uckomast mIoMA/LbL PABHA

S = /sinmdw.
0

Boraucimm sToT maTerpan mo omnpenenenuio 6.1.1.1; mo cxeme, aHAJIOTTY-
HOH WCIOJb30BaHHON mpn pertennu npumepa 6.1.1.1. B mamnom ciyuae
Azy, = % U x, = Lj\? IMosTomy unrerpasbuas cymma (6.1.1.1) Gymer
UMETH BUJT



AN

i “ITOJTy BOJTHOM’ CHHYCOU/IBI

Puc. 6.2. ILmomaae durypsl, orpaHuueHHO

7 HAM HeoOXoInMO HaiiTu ero mpemes npu N — oo.
ITo dopmyne, npusenenHoit B Koure myrakTa 10° §1.1,

N+1 N -1
N-1 ok sin ﬂ-( +1) - sin 7T( )
sin ™% _ 2N 2N
N I ’
k=0 sin ——
2N
O3 TOMY
m . 7T(N+1) . W(N*l)
T sm ON - sin N
/sinxdac: lim — - = =
N—oo N Sin —
0 2N
T
. 2N . ™ 1 . T 1
= g2 | (G (1)) (5 (- 5)) =2

N —o0 :
Ssin ——
2N
3/1eChb MBI UCHOJIB30BAJIM, BO-IEPBBIX HEIMPEPLIBHOCTH (DYHKIUU Yy =
Sin T, BO-BTOPBLIX PaBEHCTBO Sin % = 1 u, HaKOHeIl, “IIePBbLIA 3aMedaTesb-

HBII TIpefier’; COrIacHO KOTOPOMY



OrMmernM, UTO JAHHAA 337494 DEemIaeTcsd U IPH HOMOIM (OPMYJIbI
Herorona-Jleit6anna (6.1.1.2), ecau 3ameTuTh, 9T B cooTHOmeHnn F’ (x) =
f(z) mpu f(z) = sinx moxHO ucnoab3oBaTh F(x) = — cosz. Torma

s

/sinxdx = —cosx

0

T

0

= (—cosm) — (—cos0) = (—(—1)) — (1) =2.

[Tpusenem Tenepb (63 JOKA3aTENHCTBA) OCHOBHbBIE CBONCTBa OIpEIe-
JIEHHOTO WHTETPAJIa, BBITEKAIOIINE U3 €r0 OIPE/IeICHUS.
1°. Hnmeepuposarue cymmos Gyrruuis:

b b

/(f(x)-i—g(x))dx:/bf(x) dw+/g(m)dx .

a a

2°. Hnmeezpuposarue npoudsedenus wucaa 1a Gyrkuuio:

b

/(k-f(m))dx—k-/bf(x)dx .

a

3°.  AddumusHnocmv UHMEPUPOSAHUA, MO €CMb UHMEZDUPOSAHUE
PYynKUUY MO 005eUHEHUIO OMPESKOE UHNE2PUPOBAHUA

/bf(:v)d:c+/cf(x)dx = /Cf(x)dx .
a b a

4°. Ilo ompedesenuto maxsce CHUUMAEMCA, YWMO CNPABEOAUBD, PAEEH-
cmea:

b

/f(w)diﬂ/af(ac)dx u /af(a:)dsc().
b a

a
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6.2. HeompeneneHHbIIT MHTErpaJl

6.2.1. CBsa3b nepBooOpa3HOil N MPOU3BOIHON PYHKITMIA

Kaxk y»xe 610 oTMeueHo, B caydae f(z) = F'(x) byukuus f(z) na-
3BIBAETCST NPou3eodnoti dynrkyuet om gyrnkuyuu F(z), a dbyaxknusa F () —
nepsoobpasrotli Pyrryuet oas Pynryuy f(x). Coornomenne f(x) = F'(x)
BBIPaXKaeT IPOU3BOJHYIO Yepe3 NepBo0OPAa3HYIO, B €CTECTBEHHO BOSHUKACT
BOIIPOC O TOM, KaK BLIPA3HTD IIEPBOOOPA3HYIO Yepe3 IpousBoaayio. OTeer
JaeTcs Caeayiomnei hpopMyIoit

Plz) = /f(t) it , (6.2.1.1)

re a — J1i060e PUKCHPOBAHHOE TUCIIO U3 OOJIACTH OMpPeaeIeHNsT (DYHKITIIT
f(z). Oupenenennsiit naTErpas B npasoil yactn pasencrsa (6.2.1.1) Ha3bI-
BAIOT ONPEIEAEHHBIM UHMEZPANOM € NEPEMENHDIM BEPTHUM NPECAOM.

Véemumes, uro u3 pasencrsa (6.2.1.1) caenyer F'(x) = f(x) mua ciy-
vag, korga dbyukius f(z) nenpepbiBha. leiicrBuresbro, mist j060it buk-
CHPOBAHHOW TOYKU Ty U3 00JsiacTu olpeeienus f(z) CIpaBeiyIuBbl COOT-
HOIIICHWST

To+A
. F(zo+A) — F(xo) 1
/ — _ =
F'(zg) = Aun0 = ilmo f(t)dt
f( ) zo+A ]
g 1 xo . . P 1 . —_— o
= ilmo / 1-dt ilmo f(zo) A= f(xo) ,

o
B cuity opmyasl Herorona-Jleitbnuma u mo cBoitcrBam 2° u 3° miist ompe-
nesterHoro uurTerpasa. (PaxTudecKu Mbl JIOMYCTHIIM, YTO HA MAJIOM IIPO-
MeXyTKe [To, o + A] byukuus f(z) numeer mocrostaHoe 3HaveHNE f(0).)
Takum 06pazoM, IPUXOAUM K BBIBOLY, UTO KaxKJast (PyHKIUS BUIA,

Flz) = / £(2) dt

ABJIsIeTCsl 11epBoobpasHoil Jyisa dbyukimu f(r) u Kaxkaas nepBoobpasHasi
st f(x) mpencraBuMa B 3TOM BHUJIE.
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[Torrpobyem Teneps HaTH CIOCOD OMMCAHNUS MHOXKECTBA, 8CEX TTEPBOOD-
pasHbIX 15 HenpepbiBHON dyHKmn f(z). Kak Mbl y6eammnch, nHTerpas
(6.2.1.1) siBastercss (npu duKCHpoBaHHOM @) (DYHKIMEH OT IepeMeHHOH
KOTOpas Takxke OyJer u OaHOl u3 nepBooOpasubix g f(x) dyHKuii.
Ecnn m3MeHnTh 3HaUEHWE HUKHETO MpeJesIa WHTErPUPOBAHUS, MTOJIOKHE
BMECTO @ HEKOTOPOE b, TO MBI ITOJIyYNM Jpy2yto I1epBooOpasHyIo (PyHKIINIO.

O6o3HaYMM 3Ty HOBYIO I€pBOOOpasHyI0 Kak Fj(z) u HaiigeMm CBA3b
mexy Fi(x) u F(z). o coficTBaM ONmpejiesIeHHOr0 MHTerpasa

Fmﬁz/ﬂﬂﬁ:/f@ﬂ%1/ﬂmﬁzﬂw+0,
b b a

a
rie C' = [ f(t)dt — mexoropas xKoucranta. CiieJ0BaTEIBLHO, BCE IEPBOOO-
b

pasHble HenpepblBHOH dyHKmu f(Z) MOIyT OT/IMYATBCA IPYT OT JAPYyra
JIMIIb HA IPOU3BOJILHYIO OCTOSHHYIO.

Jns npakTudeckux nesiefl ynoGHO BBECTH CliElUAIbHOE 00O3HAUEHNE
JUIs BCexX TepBoobpasHbix dyHKuun f(x).

Onpedenenue 6.2.1.1. CoBOKYITHOCTH Gcex TIEPBOOOPA3HBIX (DYHKIIUH JIJTsT
HekoTOpoii byukuuu f(x) Ha3bIBAETCH Heonpedeset-
HouM unmezpaaom u obosHadaercs kak [ f(x)dx .

Napivm CJIOBaMH, B HMCIIOJIb30OBAHHBIX HaMH 0003HAYEHUSIX

/ﬂwm = {F@)+C,vC} .

6.2.2. CpoiicTBa HeomnpeaejgeHHOro narerpaJja. Ilpasu-
Jla MHTerPUPOBaAHUSA

Ha ocuHoBanuu npuseensbix B §6.1.1 1 §6.1.2 npuMepoB MOXKHO 3aKJIH0-
YUTh, 9TO WCIOJb30BaHue (Gopmysibl HeioroHa-JleiibHuIa [jIst mmomcaera
3HAYEHUs OIPEJIEJICHHOIO HHTerpaJsa

b
/f(x) dx

ropazzo ynobuee, gem omnpesesnenue 6.1.1.1. Ilpasna, qs sToro meobxoau-
MO 3HATH HEOIIPeJIeJIeHHbI UHTerpaJl uin, Xors 0bl F'(x) — Kakyo-Huby/Ib
epBoobpasHyo s byHkuun f(z).
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EcrecTBenHo Bo3HUKaET BOIpoc: Beerma m 1o dopmyate 1uist f(x) Moxk-
HO nocTpouth dopmyiny st F(x)? U, eciim MOXKHO, TO KaK 9TO CIeIaTh?
Hanomunm, keraru, aro o dopmyite F(x) dopmyna nist f(x) MoxkeT GbITH
nocrpoena (cm. §5.2) Becerna. Ho B paccmarpusaeMom citydae — “yBol u ax!”
OTBET Ha JAaHHBIA BOIIPOC, BOOOIIE ToBOps, ompuyamenvisit. Camoe Tyd-
nIee, 9To 3/eCh MOMKHO IIPEJJIOKUTD, 3TO 3AIMCh BAIA

F(z) = /f(t) dt .

ITpumepamu dyurumii f(z), neppoobpasHble [Jjisi KOTOPLIX HE BBIPAXKAIOT-
sin 1
T 0 Inz

2
csl uepes djieMeHTapHble (DYHKIMM, CIyKar ev | . Coorsert-

CTBEHHO MHTErpaJibl THUIIA

/ewzd;v, /Smmdaj, Az
T Inx

MPUHSATO HA3BIBATD ‘HEOEPYITUMUCT .
Bwmecre ¢ Tem, HaJI0 3aMETUTD, ITO, TIOMUMO OYEBHJIHBIX COOTHOIIEHUIT
THIIA

/F’(x)dx: { F(x)+c,v0},

B psijie TIPAKTUIECKN BAYKHBIX CJIydaeB BCE XK€ Y/IAaeTcs HAWTH (OpMyILy
mast F(x) no ussectnoit dopmyse qst f(x). Obmiee umeso 3TuX ciryda-
€B U3MEHSIeTCsl ThICSTYaMK U UX OIMCAHNME COCTABJISIET COJEPXKAHNE BEChMA,
COJIMJIHBIX II0 pa3MepaM U UYUCIy CTPAHUI], COPAaBOYHUKOB. [[jist Harmmx
JKe Tesiell BIoJiHe OyJleT JTOCTATOYHO KOJIIEKIUU HEONPEJIeIEHHBIX WHTE-
I'PAJIOB, TIPEJICTABIEHHBIX B Tabsure 6.2.1. 9Tu uHTerpasbl B JaabHeimemM
MBI Oy/IeM Ha3bIBATH “TaOIUIHBIME® U CIUTATH UX M3BECTHBIMHU.
Xotesoch OBl elrie pa3 00pPaTUTh BHUMAHIE HA CYIIECTBEHHOCTD TIPEIITO-
JIo2KeHust 0 HenpepbiBHOCTH GyHKIMU f(z). PaccmorpumM moapoGHee yer-
Bepryio dopmyiy (orMedeHHyio “3Be3moukoit’) B Tabuune 6.2.1. Moxno
y0euThCs, 9TO IpuBeAeHHAasT hOPMyJIa I IEPBOOOPA3HOIN 33/1aeT He 6ce
byuxmun F(z) takue, aro F'(x) = f(x). Hanpumep, mus dbyHknm

| mx+C, ecom x>0,

F(z) = In(—z) +Csy, ecom z <0

MIPOU3BOJIHBIE KaK I caydasd © > 0, Tak u g ¢ < (0 IpencTaBiasioTcs

OJTHOI m TOit 2Ke hopmyIoit %, nmaxe, ecmu Cy # Ch.

160



HeticTBUTETHHO,

%ﬁ:‘cl):%, ectu >0,
d(ln(f;g + C3) _ (—13[:) (=1) = % ,ecmm x <0.
Heno B ToM, uro dyuxnusa f(z) = % e ABIACTCA HEMPEPHIBHOM: 1pH

To = 0 OHa UMeeT TOYKY HEYCTPAHUMOTO pa3pbhiBa, UYTO U IPUBOJUT K Ha-

pyuienuio pasercrsa (6.2.1.1.) Bupouewm, jyig npakTuku 311 1poGIeMbl He

_ 1
ABJIAIOTCS CyIIecTBeHHbIM orpanndenueM. Ckaxkem, dyuknuio f(x) = T
MOKHO paccMaTpuBarhb i ciaydaeB £ > 0 m < 0 He3aBUCHUMO JpyT
or apyra. Torga dopmyna (6.2.1.1) Gyer BBIIOJIHATHCS, TOCKOIBKY JTa
dyHKIIMsST HempepbiBHA KakK i Bcex x > 0, Tak u Jiist JTFOOBIX OTpHUIA-

TEJbHBbIX 3HAYEHUII CBOETO apryMeHTa.

f(@) J f(@)dz
1° % a #—1 2T +C
a-+1

2° e* e +C
(Tabmuma 6.2.1a) || 30 a*, a>0,a#1 % +C

4° 1 In|z| + C*

5° cosx sinz + C

6° sinz —cosx +C

161




(Tabmuma 6.2.1b)

70 1

— arcsinz + C
V1— a2

° 1 1
8 P garctg s +C , ecmma # 0
9° S S ln’x+m|+0,ec’ﬂna>0

2
10° a? — x? % a27x2+%arcsin%+0,ecnua>0

2
11° 2 — g2 %\/mZ—aQ—%ln’w—i—\/xQ—az‘+C’

CroJ1h HEOOJIBIITIOE YUCIIO “TabINIHBIX MHTEIPAJIOB OKA3bIBAETCS JTOCTA~
TOYHBIM JIJTsl PENIeHNsT 3HAUUTEHLHOTO IHCIa 3a/1a4, TOCKOJIbKY B HAIIEM
PACIOPSI?KEHUH UMEIOTCS TAKKE M (POPMYJIBI, TO3BOJIAIONINE BbiPAHCANY
HeonpedeseHHble UHMEZPaAbl 0OHUT PYHKUULT uepes uHmezpasvs om opy-
2ux. DTU HOPMYJIBbI CBelleHbI B Tabymily 6.2.2.
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1 J(f@) +g(@)) de= [ f(z)de+ [ g(x)ds

22\ [(k-f(x))de=Fk- [ f(z)dr, rme k — const

3| [ £ (@) g(x)dw = f(x) - g(x) — [ f(2)

1° || [f(g@)-g'(@)da = [ f(u)du , te u = g(x)

(Tabmuna 6.2.2)

Hanubre hOpMyJIbI HyKJAIOTCS B JIOKA3ATEIHCTBE, U JIJIs TpuMepa yoe-

JIMMCSI B CITpaBe;InBOCTH (pOpMYJIbI 3°, 4aCTO HA3BIBAEMO TTPABUIOM UH-

mezpuposarus no uacmsam. CorjaacHo myHKTy 3° Tabsuipl 5.1.2 u onpe-
JICJIEHUIO MHTErpaJa

(@) 9(a)) = /@) o) + J(a) - (0) =
~ / do= [ (F/@)-9(0) + f(2) () do =

/ f@)g@)ds+ [ f@)-g'@)ds

[IOCKOJIbKY U3 paBeHCTBa (DYHKIHI CJIe/lyeT PABEHCTBO UX HEOIPEJIEIeH-
HBIX MHTErpajoB (HO He mepBoobpasubix!) V13 moceaHero COOTHONEHUs U
caemyer pOpMyJia HHTETPUPOBAHUS IO IACTSM.

[ 1@ g@de = f@)gta) - [ 5(2)

[Tpasmwio 4°, 4aCcTO HA3BIBAEMOE NPAGUAOM 3AMEHDL NEPEMENHOT UH-
ME2PUPOBAHUSA, TAKIKE BIIOJHE OYEBUIHO, MO0 IO OIPEIEJCHUIO TIEPBOTO
nudpdepenrmaia u3 pasercrsa u = g(x) caenyer du = ¢'(z)dx . 3ame-
THUM, 9TO JOCTATOYHO 4acTo (0coberHO, ecan hyHKIus ¢(x) He CJIUIIKOM
CJIOXKHA) TIPABWJIO 4° 3aIlMCBIBAIOT B BUJIE

/ f(9(@)) - o' (@) dz = / Flg(a)) dg(x)
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6.2.3. IIpumepbl Hax0XK/AeHUSI MHTETrPAJIOB

Paccmorpum mpumMepst ojicyeTa 3HAYSHIIT OIIPEIe/IEHHBIX HHTETPAJIOB,
OCHOBaHHBIX HA CJIEIYIOIIEN CXeMe:

A) noppHTErpaNbHYI0 DYHKIMIO JAHHOTO OIIPEJIEJIEHHOIO HHTErPAaJIa
MPUBOJIUM K BHJY, yJIOOHOMY JJIsl UCIOJIb30BaHus Tabsmi 6.2.1 u
6.2.2;

B) upu nomomu tabuui 6.2.1 u 6.2.2 HaxoauM HeolpeIeJIeHHbIA HHTe-
rpaJt (1M Kakyo-HuOy b I1epBOOOPa3HYIO);

C) npumensiem dbopmyiny Herorona-Jleiibuuna.

Buauasie mpomemoncTprpyeM Kak mpu momormu Tabsminbl 6.2.2, 3Has
Heonpeesennslit narerpan [ f(z)dr , MOXKHO nOTYUnTH BOPMYITY ISt

[ flax +b)dz .

Ipumep 6.2.2.1. Ilycts Tpebyercst HaiiTh

/ cos(2z — ) dz .

Pewenue. 3amerum, uro B Tabsune 6.2.1 (bopmyna 5°) umeercs tabuand-
HBIII THTETrpaJl

/cosmd:zczsin:v—i—C.

Bsezem HOByIO IepeMeHHYIO u = 22 — 7 , U1 KOTOPOii (coryacHo TabJiiuie
5.3.1 — “cBoiicrBa nuddepennmanos”), umeem

du
du = d(2x—7) = d(2z)+d(—7) = 2dz+0 = 2dx = dx = -
Torma uckomblit uaTerpas npu nomony tabunst 6.2.2 (dopmysa 2°) ma-
XOIUTCS CJIEYIOIIIM 00pa30M

d 1 1 1
/cos(2x—7) dx = /cosu?u =3 /cosudu =3 sinu+C = gsin(2x—7)—|—C.

C

3amMerbTe, YTO B OTBETE BMECTO % HAIIHCAHO C — 970 He oneuaTka. [Ipons-
BOJIbHASI KOHCTAHTA, JEJICHHAs [TOIIOJIAM, BCE PABHO OCTAETCS IIPOU3BOJIb-
HOW KOHCTAHTO.

IIpoBepbTe CAMOCTOATENBHO, 9TO AHAJOIHIHBIM METOIOM MOYKHO, Ha-
[IpUMeEp, HMOJIYIUTH (DOPMYIIBI

1 dx 1
Sx-‘rld —— 3x+1 C — = —_1Inl5 2 C.
/e Tege " /5x+2 5 nloz+2+
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Jasiee 3aMeTnM, 9TO, HECMOTPs HA HEBO3MOXKHOCTH B ODOIIIEM CJIydae 3a-
[IICU MHTErPaJia B BUJIe HEKOTOPOII 3JIeMEeHTaPHON (PYHKIINY, NUMEIOT MECTO
cJIydau, KOrja 9TO IPUHIUINAJBHO 6cezda 8bunoanumo. K Takum nHTEerpa-
JlaM, B TIEPBYIO OY€PEb, OTHOCSTCS UHTETPAJIbI OT 0p0OHO-PAUUOHANDHBLT
dyHKIMIA, TO ecTh DYHKIMI, TPEICTABUMBIX B BUIE APOOHU, YUCIUTEIb U
3HAMEHATEJb KOTOPLIX €CTh ajaredpandecKue MHOIOWIEHBI, HAIIPUMED,

/ 22 +4z+3

dx
22— 322 +8x—6

PaccmorpuMm  s1Ba  OCHOBHBIX METOJa HWHTEIPDUPOBAHUA JPOOHO-
panMoOHAIBHBIX (DYHKINH, B MEPBOM U3 KOTOPBIX YJ/IAETCS PA3JIOKUTH
3HaAMeHaTe/Ib Ha JIMHEHHbIE MHOXKUTEJIN.

Ipumep 6.2.2.2. IlycTs TpebOyercsa HailTH

/ (r—4)dzx
2 —52+6
Pewenue. Tlockonmbky 22 — 5z + 6 = (z — 2)(z — 3) , To monpobyem Tpei-

CTaBUTDH NOJABIHTETPAJIbHYTO d)yHK]_LI/IIO B BUIe

r—4 A n B
2> —-5r+6 x—-2 x-3’

rie A u B — HEKOTOpbIE YHC/Ia, 3HAYEHUs] KOTOPBIX HalieM U3 CJIeIyIomei
IENOYKNA PABEHCTB.

z—4 A B  A@x-3)—-B(z—2) (A+B)z—(3A+2B)

= —|— =
2?2 —5r+6 x—-2 x—3 (z—2)(z — 3) 2 — 5z +6

CpaBHuBasi Ha9aJIbHOE W KOHEYHOE 3BEHbsI 9TOI IIEMOYKH, JIETKO BUJETh,
qT0 3HaueHust yncesa A u B (IIpu KOTOPBIX JaHHBIE PABEHCTBA BEPHBI TIPH
BCEX I) SIBJISIFOTCSI PEIIEHNEM CUCTEMbI JINHEHHBIX yPaBHEHUH

A+ B =1 N A = 2
34 + 2B = 4 B = -1

Teneps, ucnons3ys Tadauel 6.6.1 n 6.6.2, momygaeM

/(;c—él)dx :/ 21 de —
z° —5r+6 r—2 x-3

—9)2
:2/ de —/ da :2ln\m—2|—1n|x—3|—|—C:ln7(x )—l—C.
-3 T
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3aMeTuM, 9TO 3TOT AJTOPUTM HMHOTJA HA3BIBAIOT ‘METOJIOM PA3JIOKEHUS
Ha, IPOCTEHIITne MHOXKUTETN .

Cremytomue 1Ba IpUMepa MOKA3bIBAIOT KaK MOYXKHO JI€fiCTBOBATDH B CJIy-
qae, KOT/1a 3HAMEHATE b JIPOOHO-PAIIMOHAIBHON (DYHKINY He YIAETCS Pas-
JIO’KUTH Ha JINHEITHbIE MHOYKHUTEJIN.

Ipumep 6.2.2.3. Haiitu omnpejieieHHBIIT THTErpaJ

2v/3

/ dxr
?+4

2

Pewenue. TTo dopmyite 2° (n3 Tabuuipl 6.2.2) BBIIOJIHUM CJIe/IYIONIUE IPe-
00pa30BaHMs COOTBETCTBYIONIETO HEOIPEJIEJEHHOIO NHTErPasa

dx
/Lv:l/difvzl/iz
R O O

Teneps ncronbzyem dhopmysry 2° tabaunst 5.1.2; onpenesrenne auddepen-
nuaJia u mpaBuito 4° u3 Tadbauns 6.2.2, canTtas u = % .

x
vr Q) 1
== 5 = garctg - +C'.
2 1+(g> 2 2

2
3aKII0UATEIbHOE PABEHCTBO cjenyeT u3d dhopmysasl 8° Tabsurer 6.2.1.

Haxkomnern, mo ¢opmysie Herorona-Jleitbuuma HaxoauMm onpeie/ieHHbI TH-
Terpadl.

2V3 2V3

/ dx 1 ¢ T
——— = -arctg —
244 28y
2

1
=3 arctg(\/g)—g arctg(l) =

Ipumep 6.2.2.4. Haittu

)

/x +x+1

——dz
z©+1

[\S]
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Pewenue. TTockombky

2
1

x—lg—m—i— 1 233 ,

o+ 1 o+ 1

TO IPUMEHSIS I0CJIeA0BaTeNIbHO (hopMyIbl 1° u 4° Tabmuier 6.2.2, mosydum

2
z¢+x+1 x T
/ 21 /<+x2+1> v x+/m2+1 v

1 [ d(=?) 1 / d(z? +1) 1 )
4= =x4+ - | ———= =2+ -In|lz*+1|+C.
2 / 2+ 1 2) 2*+1 2 | |
31ech, IpH UCIIOIB30BANIA 4° MBI IOJTaraad « = T2 4 1, OTKyZIa CIeqyioT
pasenctsa s muddepenmmanos: d(x? + 1) = d(z?) = 2z dx .
Temepy Haiiiem 3HaveHHE OIpeeeHHOro mHTerpasa. llo dopmyste
Hrerorona-Jleitbaumna

3

2 1 1
/wda; — <$+21n($c2—|—1)>

22 +1
2

3

2

1 1 1. 10
= <3+21n10) - <2+21n5> 71+§1n€71+1n\/§.

Wuorma B mporiecce MHTErPUPOBAHUsT OKA3bIBAETCsT 9P (MEKTUBHLIM OJI-
HOBPEMEHHOE UCIIOb30BAHNE PA3INIHBIX CBOMCTB HEOIIPEIEIEHHOTO MHTE-
rpaJia, IpUBOINMBIX B Tabsmuie 6.2.2.

Ilpumep 6.2.2.5. Haiitu
4

1/(\/54r1)3dac.

Pewerue. Ilo dopmymam 1° u 2° B Tabsmie 6.2.2, BEIPAXKAIOIMINM HEOIIPE-
JIeJIEHHBIN HHTErPaj OT CyMMbI (QYHKIHI Yepe3 HHTErPAJIBI OT CJIAraeMbIX,
u ucnosb3yst Gopmyty “kKy6 cymmbl aByx ances” (em. §1.1, 11.2°), oy daem

[ 1par = [((va@ + 3P+ va 1) de =

:/(\/5)3dx+3/(ﬁ)2dx+3/ﬁdx+/1-dx =
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Teneps ncnosibzyem nepsyio dpopmysry Tabsuist 6.2.1 u mpasuia aeficTBuit
CO CTEIEHSIMU C JIPOOHBIM TIOKA3aTEJIEM.

2 3
= /;v3/2 dxr + 3/:1: dxr + 3/331/2 dxr + /1- dr = gx5/2+§x2+2x3/2+x+0.
Hakomern, o dopmysne Hoiorona-Jleitbnuna naiimem Tpedyemoe 3HadeHme
OIIPeJIeJIEHHOTO MHTETPAJIa.

4

4
2
/\f—i—l dx =<5x5/2+§x2+2m3/2+x>
1

1

2 , 2 1
(.45/2+;.42+2‘43/2+4>(5-15/2 3. 13/2+1) 5109.

Ilpumep 6.2.2.6. Haiitu

s

/x-cosasdx.

0
Pewenue. s HAX0XKIEHUST HEOTIPEEIIEHHOIO WHTErPaJIa IPUMEHUM Ipa-
BHUJIO MHTEIPUPOBAHUS II0 YACTAM, TO eCThb (popmysy 3° u3 tadsauisl 6.2.2.
Bynem nosarars, uro f(z) = sinx, a g(z) = z. Torga coorsercrByromuii
HEOIIPEJICJIEHHBIN HHTErPaJl MOYKHO IIPe00PA30BATH CJIEIYIONIM 00Pa30M.

/.’L‘ -coswdr = /x (sinz) dr =z -sinz — /(x)’ sinzdr =
IMockosbky (x) =1, no mecroit dpopmysie Tabumpt 6.2.1 mosydaem
:x-sinx—/sinxdx =z -sinx — (—cosx) =z -sinx +cosz + C .

ITo dopmysie Herorona-Jleiibruia nmeem
™
/ﬂc -coszdx = (x-sinz + cosx)
0

™

0

= (m-sinm+cosm)— (0-sin0+ cos0) = (=1) — (1) = -2.

1
/ arctg x dx .
0
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Pewenue. Ilpumenum dopmyity 3° urmezpuposarus no 4acmsam, UCIIOTb-
3ysi paseHcrso (z) =1,

1
/arctgxdz :/l-arctg:cd:z: :asarctgm—/x- s dr =
1+=x

3areM — dpopmyiy 4° Tabmuisl 6.2.2, 9TO ¢ yueToM u = x2 maer

1 [ d(2? 1
:xarctgxfi/lfx)z dx :zarctgxfiln(lJrzz)JrC’.

Haxkomnern, o ¢opmyse Herorona-Jleiibaura,

1

0

1

1
/arctgxdx = (ac arctg z — §ln(1 + .’IJQ))
0

1 1 s
= (1 arctg 1 — o In(1+ 12)> - <Oarctg0 -3 In(1 + 02)> =" Inv2.
B zaBepienne 0630pa npuBegeM IIpuMep, B KOTOPOM OKa3bIBAETCs I1e-
J1ecOOOPA3HBIM JIBYKPATHOE UCIOJIb30BAHNE MIPABUJIA WHTEIDUPOBAHUS IO

qacTdM.

Ipumep 6.2.2.8. Haittu

™

/ez sinzdz .

0

Pewenue. HpI/IMeHI/IB urmezpuposarus no Yacmsam, moJyIuM

/exsinxdx =e"(—cosx) — /e”(—cosm) dx
TO €CTh BBIPAXKEHWE COJIEPZKAIIee UHTErpaJj, KOTOPHIH HUYYTh HE MPOIIE

HCXOJHOTO. OﬂHaKO IIOBTOPpHOE€ UMHTEIrpUpOBaHUE 110 JaCTAM JaeT COOTHO-
mIeHue

/ex sinzdr = —e®cosxz +e*sinx — /em sinzdx ,
U3 KOTOPOI'O CJIeyeT

1
2'/e$ sincdr = —e”cosz+e”sinz+C = /e‘” sinzdr = iem(sinx—cosx)—i—(

169



ITo dbopmyne Hoiorona-Jleitouuia

T 1 -

/ew sinzdx = <ez(sinx—cosx)) =
2 0

0

1 1, . e+l
= <2€ (s1n7rcos7r)> - <26 (smOcosO)) =—-

B zakirouenne 0630pa MeTOIOB MHTETPUPOBAHUS CJIEIYET OTMETHUTH,
BO-IIEPBBIX, YTO JOCTATOYHO 9acTo MyHKTHI A), B) u C) o6beauHsoT, 9To-
OBl TTOJTYIUTH H0JIee KOMIAKTHYIO (POPMY 3aIlUCU. DTO MOXKHO JIeJIaTh, OJ1-
HAaKO, co0JII0/Iasi oupeieseHnbe pasuia. Hamnpumep, nomaras v = sinx ,

OymeM MMeTh
z 1
/es”””cosxdx = /e“du =e" =e—1.
0
0 0

O6parure BHUMaHKE, YTO IIPU 3aMeHe IIePEMEHHO (& Ha u) npedevt uh-
Me2puposanus makoce mensromes: Bumecto [0, %] Hy2kHO Opars [0, 1] , mo-
CKOJIbKY TIpHM 3aMeHe u = sin & uMeeT mecTo sin() = 0 u sin % =1.

Bo-BTOpBIX, MOJCYET 3HAYEHUI ONPEIEJEHHBIX HHTETPAJIOB HHOTIA
MOYKHO YIIPOCTHUTH, UCTIOJIb30BAB PABEHCTBA

[ @ s =2 [ f@)as. (6.23.1)
a 0
ecim dbyHkuus f(x) — derHas, u
[ f@ds = o

B ciryuae HederHoil f(xz). IlpoBepbre cupaBeyIMBOCTb TUX PABEHCTB Ca-
MOCTOATEJIBLHO.

Paccmorpum Tereph ipuMephl TPUKJIAIHBIX 381249, PEIICHNe KOTOPBIX
CBOJIUTCS K HaXOXKJIEHUIO 3HAYEHUsI HEKOTOPOI'0 OIIPE/IEJIEHHOIO WHTErpa-
Ja.

Ipumep 6.2.2.9. Kakyio paboTy HAJI0 COBEPIIUTDH, YTOOBI BBITAIUTH IIH-
JIMHPUYIECKYI0 TPOOKY M3 TOPJIBINKA OyThUIKH (puc.
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6.3)? Huuna upobku pasHa L, cuia TpeHust npobKu o
[IOBEPXHOCTH TOPJIBIIIKA, KOIJIa MPOOKA IMEJIMKOM HAXO-
JIUTCS BHYTPH TOPJIBIIIKA, PaBHa F M IpornopimoHab-
Ha TJIOIIAJIA COIIPUKOCHOBEHUsI TOBEPXHOCTEH MPOOKN 1
TOPJIBIIIKA, KOTJ/Ia IIPOOKA BBITAIIEHA JIUIIb IaCTUIHO.

L

cx

—mf e

P A

TTTT T T T TTTTirTl RRRRERRARARES . NRRE
Tty X

Pl

| 5 £ £ P (0 £ P B S (B 3 O [N [N
L W,

a) b)

Puc. 6.3. Kakyro paboTy Ha0 COBEPINUTH, YTOOBI BBITAIUTH IIPOOKY !

Pewenrue. Cuia cOUpOTUBIICHAS JBUKEHUIO (CUJIA TPEHUS) MAKCUMAJIbHA
B HAYAJIBHOM I10JIO2KeHuu 1pobku (cm. puc. 6.3a.) Ilo mepe uzBiedenus
MPOGKHU U3 TOPJIBIIIKA BEJIMIMHA STON CHJIBI YMEHBIIAETCSl, TaK KAK YMEHb-
IaeTCs TIONA/lb COIPUKOCHOBEHUSI IOBEPXHOCTEN MPOOKU U TOPJIBIIIKA.
ITycts mpobKa BeITallleHA Ha JUinHYy @, Torma (cMm. puc. 6.3b) cormac-
HO YCJIOBUIO 3a/la9d BeJMYUHA CHIIbl Tpenus Oymer F(z) = F - Lizaa
a paboTa 110 BBLITACKMBAHUIO MPOOKU Ha MaJjoM IepeMelieHuu dr pab-
na dA = F(x)dx . IIpobka Oyjer BbITalleHa, KOTJA I CTAHET DPaB-
HBIM L, O3TOMY TOJIHAST paboTa PABHSETCA ONPEIEICHHOMY WHTEIDAJY

L
A = [ F(z)dz . llogcrasnss, nomydaem
0

L L L FL
A:/(F-;x)dx:F/l-dx—L/xdx:
0 0 0
L 2L 2
SN 5 IOy o )y 7
AR L 2

Ipumep 6.2.2.10. 3a Kakoe BpeMsi OMMOPOKHUTCS 3aIOJHEHHAS BOJOU IIH-

JuHApuYdeckas 0odka Boicorel H = 1.5M m pammyca
R = 0.5M uepe3 oTBepcTHe B €€ OCHOBAHUU DPAJIAYCA
r = lcm?
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N O
DU

Puc. 6.4. 3a kakoe BpeMsi BBIT€YET BCsl BOJA U3 OOUKM?!

Pewenue. TLomap ropu3oHTAIBLHOTO CedeHns BOAbI B Gouke S = mRZ,
a IIOMmaab OTBepcTHs ciuBa s = mr2. Ilycrh 3a Masoe BpeMs di TOHH-
JKEeHUe yPOBHs BOJbI B 60uKe coctaBuT dh, ripu 3tom Sdh = svdt, no-
CKOJIbKY KOJIMYECTBO BBITEKINEH XKIJIKOCTU OYEBUIHO PABHO YMEHbBIIIEHUTO
obbema Bogbl B bouke. C Apyroit cTOpoHBI, 110 3aKOHY Toppuvesiu, CKo-
POCTh MCTEUYEHUS YKUJIKOCTH U3 COCYJIa, KOTJIa €€ YPOBEHb B HEM paBeH A,
ompenensgerca gpopmynoit v = 1/2gh. IlosTomy

S 1 (R\? dh
dt="dh=—— (=) - 2%
SV 1/29(7‘> Vh

Bouka omycreer, Korja OHIKEHNE yPOBHS CTaHET paBHBIM H, TO ecTh, 3a
BpeMst T, paBHOE OIPEJICJIEHHOMY UHTErPAJLY,

H
R dh 1 R dh

Toff%<r)2‘m@<r)2'o v

)

D=

3HAYEHMEe KOTOPOro HaiiieM 1o ¢gopmyste 1° tabmumpt 6.2.1 npu a = —

1 (R\’ H R\* |2H
5 ) (o) -2
2g \T 0 r g
IIpu H = 1.5m, R = 0.5M, r = lcM u, IpuHsB g ~ 10%7 noyanm 1 =~
1370¢ nim, mpuMepHO, 23MUH.
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ITpumep 6.2.2.11. (“3agaua Komwn”) Haiitu dyuknuio F(z) Takyio, 4ro
/ 2z 3
F'(x) =€* +cos3z m F(O):§.

Pewenue. Muoxectso Beex byunkuuit F(z), s koropeix F/(z) = €2 +
08 3, SABJISIETCSI HEOIIPE/IeJIeHHBIM HHTETrPAIOM

1 .. 1
/(6236 —|—cos3x) dx = 5621 + gsin&t +C.

Eciiz B a1y bopmysny nomcraButs 3uadenne ¥ = 0 U IPUPABHATD IIOJIy Y€H-
HYIO BeJIUYUHY %, TO HOJIyYUM DPaBEHCTBO

1,0 1 3
—e“ —sin(3-0)+C ==,
2 + 3 (3-0)+ 2
n3 Kotoporo HaxoauM, uro C' = 1. 3uauuT uckoMast (pyHKIUS UMEET BUJ

1 1
F(z) = 562‘”+§sin3$+1.

3aBepinas pacCMOTPEHHE MPAKTUIECKOTrO HCIOJb30BAHUSI OIIPE/IC/IeH-
HBIX UHTErPaJIOB, IIPUBEJIEM IIPUMED MeOMeTPUYEeCcKOil 3a/1a4u.

Ipumep 6.2.2.12. Ilycts TpebyeTcs HAUTH IIONAIb KPUBOJIMHEHHON (u-
Iypbl, KOOPJIMHATHI TOYEK KOTOPOI B IPAMOYTOJILHOIL Jie-
KapTOBOI CHCTEME KOOPIUHAT Y/IOBJIETBOPSIOT YCJIOBUSIM

OSySff(l'*?’)Qa
0<x<3.

Pewenue. Tnsans na pucynok 6.5, HETPYIHO 3aMETHTb, YTO TOYKH, KOOD-
JIUHATHI KOTOPBIX YAOBJETBOPAIOT JAHHBIM OT'PDAHMYIEHUSIM, IIPUHAJIIEKAT
3alITPUXOBAHHON KPUBOJIMHENWHOH (bUrype, OrpaHMIeHHON CBepxy rpadu-
koM dbysknun y = f(x), a cuuzy — rpacduxkom dbyskinun y = 0, TO €cTb,
pocto, ocbio Ox.

Haiinem Benmumny mwromaau stoit  durypsl. Coriacuo dopmyiie
(6.1.2.1) mmeem

3
S:/x(m—3)2dx.
0
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v=x(x—3)

Puc. 6.5. Hemy paBHa mioma b KpUBOJUHERHON (bUryphI?

[IpuBesem BHaYAE TOAMHTErPAIBHYIO (DYHKIINIO K BHUIY, YIOOHOMY st
ncnoab3opanus tabsur, 6.2.1 u 6.2.2.

/x(x—3)2dx:/(m3—6x2+9$)dx.

3arem, mo tabsmmam 6.2.1 u 6.2.2 HAXOAMM HEOIpeIeIeHHBII HHTerpaJl

3 2 3 2 at 3 9z°
/(33 — 6x +9x)dx:/w dx—G/x dx+9/xda?: Z—Qaz +T+C’.
Hakomer, ucrionszyem dpopmyiny Heiorona-Jleitbmura

z* 922\ > /3¢ 9.3 0* 9.0
S=("-22+")| == —-2-3 (= —-2-024+— .
(4 S >0 <4 T ) <4 T

1 oxonuaresbHO 41 81 o7
=——-2:2 —_— =
S 1 7+ 3 1
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6.3. HecobcTBeHHBIE MHTErPAJIbI

B npeabrymux naparpadgax Mbl IMeJIH JIEI0 C JIBYMsI OCHOBHBIMU TU-
MaMH WHTETPaJIOB: OIpPEJIeJIEHHBIM W HEOIpeJIeIeHHbIM. PaccMoTpum Te-
epb eIre OJINH KJIACC MHTErPAJIOB, HA3BIBAEMBIX HECOOCTNEEHHbIMU.

B npuiioxkenusx 10CTaTOYHO YaCTO BOSHUKAET CUTYAIUs, KOTJa Ha IIPO-
MeXKyTKe WHTerpupoBanus (a, B) aubo He yIaercsi IOCTPOUTh HHTErPAJIb-

Hyto cymmy (6.1.1.1), 6o ee npenen upu N — 00 He CyNIECTBYET, OJHAKO
b
CYIIECTBYIOT OIIpE/IeJIEHHbIE MHTETPAJIbl f f(x)dz nupu wmobvx Purcupo-

a
sanHuir 6 U b Takux, uro a < b < B. Torma MoXXHO J1aTh

Onpedenenue 6.3.1.  Hecobemsernvim unmezpanom ot dyskimun f(x) Ha
IPOMEKYTKE OT a 710 B Ha3bIBaeTCs Mpeies BUIa

b

lim z)dr

tim [ f()de
a

KOTOPOTO HCTIOJB3yeTes (TI0 MCTOPUIECKH CJIOYKHB-

[IAMCS TPUYMHAM, K COYKAJICHUIO BHEIIHE COBIIAIa-

fOIMi ¢ 0003HAYEHUEM JIJTsT OIIPEIeICHHOTO HHTErpa-

JIa) CUMBOJI
B
/ f(z)dx .

Touka B mpu 3TOM MOYXKeT OBITh KaK KOHEIHOMU, TaK
7 OECKOHETHOM.
AHAIOTUIHO MOXKeT OBITh ONpEJIeJIeH HeCOOCTBEHHBIN WHTErpas JJist
HUZKHETO IIpejiesia HHTEIPUPOBAHUS:

/b f(@)dw = lim /b f(@)da ,
A a

Ecmm npenen, ykazanabsrit B onpejenennn 6.3.1 cymecTByeT, TO 3TOT
HEeCOOCTBEHHBII MHTErPAJI IPUHATO HA3BIBATD CLOO0AULUMCSH, THATE TOBOPST
0 He crodawumcs (M PacrooAuuMCs) HeCOOCTBEHHOM UHTErPAJIE.
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Ipumep 6.3.1. VccaenoBarh Ha CXOAUMOCTH HECOOCTBEHHBIN MHTEIDAJT
+oo
/ dx
2 +1
0

Pewerue. meem, cormacuo dpopmyste 8° u3 tadsursl 6.2.1

“+o00 b b
dx . dx . . 0
——— = lim ——— = lim [ arctgx = lim arctgh= —.
z°+1 bo4oo | x° 41 b—+o0 0 b—+o0 2
0 0

3HaunT, JAHHBI HECOOCTBEHHBIN MHTETPAJ CXOIUTCS.

Ipumep 6.3.2. VccaenoBars Ha CXOAUMOCTH HECOOCTBEHHDBIN MHTEIDAJT

1
dx
Va2
0

Pewenue. Ucionb3ys dopmyny 1° uz tabaunbt 6.2.1, moayanm

I 1

d
SI —llm/r:lim 3T

= lim (3 3¢/a) = 3.

a—0

U sToT HECOOCTBEHHBI MHTErPAJI TAKXKE CXOIUTCS.

[TpuBenenmbie TPUMEPHI IEMOHCTPUPYIOT, UTO HECOOCTBEHHBIE MHTEIDa~
JIBI MOTYT OBITH JBYX BUIOB: “HECOOCTBEHHBIE WHTErpaJbl Ha HEOTPAHU-
“YeHHOM TIPOMEeXKyTKe mHTerpupoBanns’ (kak B npumepe 6.3.1) u “Hecob-
CTBEHHbIE MHTErpaJjibl OT HEOIPAHUYEHHBIX (DYHKIINI“, TOJ00HBIE CJIyYato
paccMOTpeHHOMY B mpuMepe 6.3.2.

Ilpumep 6.3.3. BpisicHUTH, IPU KaKUX 3HAYEHUSIX IapamMeTpa p Hecob-

CTBEHHBIN WHTETpaJI
+o0

dx
2P
1
CXOJIATCA.

Pewerue. CuoBa ucnonb3yem omnpezenenve 6.3.1 u dopmysbr Tabauiibt
6.2.1. lIpu p # 1

dx . gtp b




— lim <b1p 1 > 11—]), ecim p > 1,
00 , ectmp <1,

Ecmm ke p = 1, To uaTerpan

= lim (Inb—Inl)= lim Indb = +oo.

. T .
lim — = lim In|x|
b—+o0o b—+o00

b—+o0 x b—+o0
1

1

TO eCTh, OH pacxoantcsi. CiieI0BaTEeIbHO, NCXOMHBII HECOOCTBEHHBIN MHTE-
rpaJj cxoauTes nmpu p > 1 m pacxoauresa npu p < 1.

IIpumep 6.3.4. BpIICHUTD, TP KAKUX 3HAUEHUSAX IMapaMeTpa p Hecoo-
CTBEHHBII MHTEIpPaJ

CXOZIATCSL.
Pewenue. 1o onpenenennto 6.3.1 u dopmyse 1° tabmunst 6.2.1, npu p # 1

1

. dx . P

lim [ — = lim

a—0 ,’L‘p a—0 1— p
a

~ lim 1 7(11*1’ _ ﬁ,ecm&p<l,
a—»0\1—p 1-—p

a

Ecmu ke p = 1, To uaTerpas

=lim(lnl —Ina) = lim(—Ilna) = +oc.

lim [ 2 = lim In |x|
a—0 a—0

a—0 X a—0
a

U OH TaKXKe PACXOAUTCA. B nrore mcxoHbIil mHTErpaJs cxoquTces npu p < 1
¥ pacxoJiuTcd npu p > 1.

B smaumTesbHOM UMCIe TMPAKTHYECKH BaXKHBIX 337189 OKA3bIBAETCS
HEOOXOINMBIM JINIIH YCTAHOBJIEHNE (PAaKTa CXOAUMOCTH W PACXOTAMOCTH
HECOOCTBEHHOTO WHTETPAIa, 0€3 Bbi%UCACHUA €20 3Ha%eHUA. B aTux ciy-
YasgX MOXKHO IOIBITATHCA PUMEHUTb NPUIHAKY CTOOUMOCNU OAf HECOD-
CMBEHHDBLT UHME2PAN0E.
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Paccmorpum HenpepoiBable dbyskiun f(z) u g(x), onpeneieHHble s
JIOBOTO X TPUHAJIJIEKAIIEro IIPOMEXKYTKY OT @ 10 B u Takue, 9To crpa-
BemBo HepasercTso 0 < f(x) < g(x). Torma

b

/b f(z) do < / 9(w) da

a

U B CHJIy COXPAHEHUS HECTPOTMX HEPABEHCTB IIPU MPEIETHLHOM IIEPEXOJIEe
(cM. Teopemy “o IBYX MUJIMIMOHEPAX”), MOXKHO YTBEPXKIATH, UTO U3 CXO/IU-
B

MOCTHU HECOOCTBEHHOTO MHTErPaJIa f g(x) dx ciemyer cxoquMOCTh 1 HECOO-
a

B B
creerHoro narerpana [ f(z) dz , au3 pacxogumocrn uarerpana [ f(z) dx
a a
B

BBITEKAET PACXOAUMOCTH uHTerpana [ g(z) dx .
a
CreyeT TakyKe OTMETHTD, UTO B CJIyvuae, HallpUMep, PacXOIUMOCTH WH-

rerpaJia o7 GbyHKuuK f(2) 3aK/I0UEHHE 0 CXOAUMOCTH WM PACXOAUMOCTH
uHTerpasa or g() cienaTh HeBO3MOXKHO.

ITpomuTIoCTPUPYEM HCIIOIB30BAHNE ITUX TIPABUIT CJIEYIOIAMHE IIPAME-
pamu.

IIpumep 6.3.5. He Haxos 3HavdeHNsT HECOOCTBEHHOTO MHTETPAJIA
+oo

/ dx
1 )

1

BBISICHUTD, CXOJMTCS OH MJIM HE CXOJUTCS.
Pewenrue. Ha npomexxyTke [1,400) cpaBeijinBo HEPABEHCTBO
1 1
0< <

— 1_ )
JL‘\/E—Fj SC\/,%
T

IIO9TOMY M3 CXOAMMOCTHU HHTEIrpaJia

+oo

/ dx
/T

1

(cm. nmpumep 6.3.3, pu p = % > 1) Gyaer cief0BaTh CXOAMMOCTH UHTErPa~
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JIa
—+o0

/ dx

—_—

x4+ —
X

1

Ilpumep 6.3.6. He Haxos 3HaveHUs: HECOOCTBEHHOI'O MHTErDAJIA

/ dx

)
T — 2t
0

BBIZICHUTDL, CXOJUTCA OH MJIN HE CXOJIUTCHA.

N=

Pewenrue. Ha npomexyrke (0, %} CIPaBEJJINBO HEPABEHCTBO

1 1
T x—x4_x\/§_ ’

IIO3TOMY U3 PAaCXOJUMOCTH MHTErpaJia

|2

0

N

(cMm. npumep 6.3.4, upu p = % > 1) 6yzer ciaeqoBaTh PACXOAUMOCTb MHTE-
rpaJa

1
2
/ dzx
T —xt
0

B zakmmiodenne mpoeMOHCTPUPYEM PA3IIMINEe MEXKIY OIMpeIeIEHHBIM U
HEeCOOCTBEHHBIM MHTErPAJIOM HA IIPUMEPE PEIeHUs CIISIYIOMNX 3aIad:

Ilpumep 6.3.7. Haiitu miomaab GuUrypsl, OrpaHUYEHHON I'padUKOM
byukiun y = xe * :
a)mpu 0 <z <3,
6) upu 0 < z < 400 .
Pewenue. a) Oyuruuss y = xe” * nMeeT HEOTPHUIATEbHbIE 3HAUCHUS
HA pacCMaTPUBAaEMbIX IIPOMEXyTKax (cMm. puc. 6.6,) mosromy (corsacHo
§6.1.2) mwromaas o rpadbukom s 0 < x < a paBHA onpedeseHHromy

UHME2PaNY
a

/me_"’” dx .

0
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=X
y=xe

Puc. 6.6. [Inomams dpurypsl, orpannyenHoii rpadpukom y = xe * .

. — N/ o
Bamernm, uro e~* = (—e~?) . Torua, BOCHOIB30BABIINCH GHOPMYIIOH 3°

Tabyunpl 6.2.2 — HHTErPUPOBAHUSL TI0 IACTIM, Oy IUM
a a

Z_ [ ey e =

0 0

a
=1-(a+1)e .
0

= —ge 7

+ /e_‘"” dr = (—xe_f” — e_m)

0
0

3HaYUT, IpU @ = 3 UCKOMAas IJIONA/Ih PaBHA

4

63

S=1-

6) IpU HEOIrpaHWYICHHBIX 3HAYCHUAX T HNCKOMad IIOIaIb BbIPpazKaeTCAa
HECoOCMEEHHDBLM NHTEerpaioM

+oo a

/me‘xdm: lim re “dr = lim (1—CH; ):1.
a——+oo a—+oo e

0 0

Ipumep 6.3.8. Haiitu ¢ Kakoi cuoit npuTdAruBaeTcs Todednas macca M
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a) OTPE3KOM TOHKON HUTH JAJIUHBI L, HaXomdImieics Ha
paccrosgauu H ot M. Macca enwHUIBI JJIMHBI HATH
paBHa [,

6) TOil 2Ke HUTHIO, HO HEOTPAHUIEHHOM JIJIUHBL.

Pewenue. a) BbibepeMm IpsIMOYTOJIBHYIO CHCTEMY KOODJIMHAT, TAKYI), UTO
HUTH pacnosoxkena Ha ocu Oz, a MaccuBHas Touka M — nHa ocu Oy B
rouke B (cMm. puc.6.7.) Paccmorpum oTpe3ok HUTH Majioi JymHbL dX, ce-
pelluHa KOTOPOro coBlajaer ¢ Todkoii A, ¢ xoopaunaramu {x,0}. Ilo-
CKOJIBKY Macca 3TOro OTpe3ka [ dr, TO IO 3aKOHY BCEMHPHOIO THATOTE-
HUsl BEJIMYUHA CUJIbI [IPUTSYKEHUsI MeXKJIy OTPe3KOM U TO4YKoii M papHa

‘d?‘ = ’7% , e 7y — I'paBUTallTMOHHasd ITOCTOAHHasA U (HO Teopeme

[udaropa) (AB)? = 22 + H?. Cuna dF seaserca BEKTOPHOH BeJINIHHOMN
" ee cjeayeT CyMMUPOBaTh MO “MpaBmily mapaJuiesorpamma’’.

|
|

0 ndx

Puc. 6.7. KakoBa cuia mpuTs2KeHUusT MKy TOUYedIHON Maccoit M u TOHKO#M HU-
TBIO?

B paccmarpuBaemom ciiydae B3anMOJEHCTBHE MEKJIy MaTepUATbHON
TOYKOI W HUTHIO CHMMETPUIHO OTHOCHTEIBLHO ocu (Y — CUJIBI IeHCTBYIO-
mue Baosib ocu Or B3aUMHO YHUUTOXKAIOTCS, IIO9TOMY CJIEyeT CYMMUPO-
BaTD JIMIIL CHJIBI dI7,, mapasienbHble ocH Oy. C y4eroM 3T0ii CUMMETPUN
cujia npuTsizkeHust Mexkjy M u HuThio JyinHbl L Oyjer paBHa onpedeseh-
HOMY UHTEIPAJLY

o~

3
My cosa dx / dz
——5——5— , DpaBHOro B cuiy (6.2.3.1) 2vMuH ,

[P v (0234 2 | G ey e T

-2

HMOCKOBbKY dFy = ‘ﬁ‘ cosa, a cosa= H

Va2 4+ H? ’
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Ucnonb3yst TabMUITGI HHTEIPAJIOB, Oy IaeM

L
3
dz
F=2yMuH =
T 0/(x2+H2)\/x2—|—H2

= oyMyp L

x
H\/aﬂ—&—H?) 0 H  \/I214H?

6) st citydast GeCKOHEIHON HUTH, TIOJIHAS CUJIA IPUTSIZKEHUSI BHIPAYKAETCH
HECOOCBEHHbLM THTETPATIOM

27M;L<

+oo
dx
F=2vyMuH =
TR 0/(x2+H2)«/x2+H2
29M L 29 M 2vM
= IVHM lim = /VHH lim = ’YHN.
L—+o00 1/[12_;'_4[{2 L—+o00 (2H>2
1+ (—
L
6.4. Panbl

6.4.1. YucjoBbie psabl

IMonsaTue “ucA06020 pada, OCHOBAHHOE Ha IPUBOIUMBIX HUXKE OIpPee-
JICHUSIX, pacIlupseT BO3MOXKHOCTL IPUMEHEHHUs Olepallid CJIOXKeHHUS Ha,
cilydail HEOTpaHUIEHHOTO YHUCJIa CJaraeMblX.

Onpedesenue 6.4.1.1. Ilycrs maHa HEKOTOpasi YUCJIOBAsS MOCJIEIOBATEIb-
HocTh {ay}. Torna BhIpazkenue Buja

oo
ar+ay+as+...+a,+... = E ag
k=1
HA3BIBACTCS  WUCAOGHM — DPAJOM, &  YHCTIA
A1,09,03, . ..0n, ... — YACHAMU YUCAOG020 PAOG.
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o0
Onpedenenue 6.4.1.2. CyMMBI IEPBBIX N YJIEHOB YUCJIOBOIO Psijia » . Gk
k=1

n
Sn=a1+a2+a3+...+an=Zak
k=1

Ha3bIBAIOTCA YaACMUYHHIMU CYMMAMU ITOTO PAIa.

Omnpenenerne 6.4.1.1 BBI3BIBAET JIBa BIIOJIHE €CTECTBEHHBIX BOIIPOCA:
- aro Takoe "cymma'"beCKOHEUIHOrO YHCJIa qucesr !
- ecsiz Takas "cymma'cyImecTByeT, TO KAKOBBI ee CBOCTBA?!
[Tompo6yem OIEHUTH BO3MOYKHBIE OTBETHI HA STH BOIIPOCHL.
ITycrs orpesok ocu BemecTBeHHBIX uncen [0, 1] mocmemnoBaTensHo me-
JINTCS HA JBE YaCTH IO CJIELYIOUEMY IPABUILY:
HA TIEpBOM IIare OH JIEJINTCsl TIOMOJIaM, a Ha KaXKJIOM TOCJIEIYI0-
eM TI1are IOTOoJIaM JIEIUTCS MPAaBbIil U3 MOJIyYUBIINXCS OTPE3KOB.
TpebyeTcst HANTH AJINHY JIEBOTO OTPE3Ka PN HEOTPAHIMICHHOM YBe-
JINYEHUN JHCIIA [IArOB 9TOH IPOIEYPHL.
3HaueHns JJIMH JIEBBIX OTPE3KOB OyAyT 0Opa30BBIBATH UHUCJIOBYIO II0-
CJIEJIOBATELHOCTD BUJIA:

1
Ll:i;

1 1 3
Le=g5+3=7

1 1 1 7
Lo=-4-4-=__:
3=gt1tg=¢%)
Lol 1 1 115
T o948 16 16

Takum obpaszomM, MBI IPUXOANM K PABEHCTBY, KOTOPOE ITO3BOJISIET (POp-
MAJILHO 3AIUCATH, ITO

“+o0

1 1 1 1 1
1.[[ L[\/ = — — — —_— cee = —_—
N-too (V) 5178 16" ;12’“

NuaTynTHBHO SICHO, 9TO [JIMHA JIEBOTO OTPE3Ka OyIeT MPUOINKATHCA K
anciy epuuuna. C arum ObLT He coryiaceH JipeBHerpedeckuit dpmrocod 3e-
HOH, CIIPABE/JINBO MOJIATABIIUN, YTO U€JI0BEYECKON XKU3HU HE XBATHUT JIJIsI
BBITIOJTHEHNST OECKOHEYHO OOJIBIIOTO YHC/Ia CJIOXKeHuil. Bupouem, crporo
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CY[IUTH €ro He CTOUT, MO0 OH He 3HaJ (B OTJIMYUE OT HAC) YTO TAKOE Ieo-
MeTpHYeCKas [IPOrPECCHUs U He ObLI 3HAKOM C TeOpHUeEil IIPeIesIOB YNCIOBBIX
1I0CJIeI0BATE/IbHOCTEI.

B paccmarpuBaeMoM cirydae IIPpOCTO

1 1
9 oN+1
LNy=2-2" 4 lim L(N)=1.
1_ 1 N—+oco
2
Onpedenenue 6.4.1.3. Eciu cymecrByer lirf S, = A, TO YUCJIOBOl PsiJL
n—-+0oo
+oo
> ap HA3BIBAETCS CTOOAUUMCSH, & aucio A — cym-
k=1

Mot pada. B mpoTuBHOM Cilydae YUCJIOBOI psij Ha-
BBIBAETCH PACTOOAULUMCA.

IIpuBenem npumepsl YUCIOBBIX PsAMOB. B Kypce sjemeHTapHOi Mare-
MATUKU PacCMaTPUBAETCS TeoMeTpudecKas mporpeccus (cm. 1m.9° §1.1) —
YHCJI0BAs TIOCJIeOBATEILHOCTD, N—ii WIeH KOTopoil paseH b, = b1¢" 1. B
cayuae |¢| < 1 (To ecTb, KOrja 3Ta reOMeTpUYeCcKas Iporpeccus GeCKOHeY-
HO y6bIBafomaH,) OHA IIOPOKJAET CXOMANUNCA YUCIOBON DAL

+oo
Z big" ' = b +big+bi1g® +big® +bigt + ..,
k=1
A=l
CyMMa KOTOOro pasha A = 1=

WNHoria, 3Hast CyMMY OJHOIO PsiJia, MOXKHO HAHTH CyMMy JIpyroro. yoe-
JIUTECH CAMOCTOSITEJILHO, 9TO U3 (POPMYJIBI

+oo
: 1
qu71:1+q+q2+q3+q4+...:7
l—q
k=1
cjaemyer, 4To

+oo q
>kodb=q+22 +3¢° +4¢" +.. . = —— . (6.4.1.1)
k=1 (1-q)
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JpyrumMu npuMepaMu YUCJIOBBIX PAJIOB MOTYT CJIY2KHUTh:

1°.

2°.

3°.

4°.

+oo

1 _ 1,1, 1 4111
k;l?_1+27+37+47+"'_1+1+9+T6+""
—+o0

1_4.,1.1.1
ZE=ltatytgt.
w 1.2 .3 4
Sketh==24+ S5+ +5 4+,
=1 e e e e

+oo
> cosk=1+cosl+cos2+cos3+...,
k=0

+oo . o 3 =
5. % 5121k :Sin1+511212+51§3+5124+... )

k=1

B kypce BoIcmIeit MaTeMaTHKu MOKA3bIBAETCs, ITO psanl 1°, 3° u 5° cxo-

JISTITAECs, a paabl 2° u 4° pacxomsImecs.

[Tpusenem 6e3 O0Ka3aTEIBLCTBA U IPOUJLIIOCTPUPYEM IIPUMEPAMU HEKO-
TOpBIE IIPU3HAKY (KPUTEPUH ), TIO3BOJISIONIUE JIEJIATH 3aKJIIOUCHUE O CXOM-
MOCTH WJIN PACXOAUMOCTH UHUCJIOBBIX PSIIOB.

1°.

2°.

3°.

4°.

—+oo
Eciu qncnopoii psiy > ay cxomures, To  lim  ap = 0.
k=1 k— o0
—+oo
Ecimu 0 < a, < b, Vn, 10 u3 cxomumoctu pspa y . by ciemyer
k=1
—+o0 +oo
CXOZIUMOCTD DSJIA Y . Ak , & U3 PACXOJMMOCTHU DsJIA » . af BBITEKAET
k=1 k=1

“+o00
PaCXOUMOCTD psifia y ., bg.
k=1

IMycrs dyukius f(x) > 0 npu Beex x € [1, +00). Torma necobersen-

+oo ()
ueiii uarerpan [ f(z) deupan Y. f(k) cxopsares mim pacxonsaTces
1 k=1

OIHOBPEMEHHO.
(Ilpusnak Jletbnuya.) Ilycrs Vk @ ap > 0, Torma ajis cxomu-
+oo
moctr paga Y. (—1)*ay docmamouno, arobur Vk i ap > apyi m
k=0
lim ax =0.

k——+oo

Tor dakxTt, ITO CBOICTBA BHIPAXKEHUI C OECKOHEUHBIM YHCJIOM CJIara-
€MBIX MOI'YT OTJINYaThCs OT OOBIYHBIX CYMM, MJIJIIOCTPUPYET CJIEJTy oIt
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npumep. Pacemorpum umcsioBoii psig (cxopsinuiics, Kak cieayer u3 m.4°,
1o npu3Haky JlefiGHuIa K HeKoTopoMy ducay A).

1 1 1 1 1
=]l— -4+ -4+ 4...=A.
k+1 2+3 4+5 6Jr

V3MeHNM B 3a1ucy psjia HOPsIAOK cyMMupoBatus. OObeIHUM CliaraeMble
B IPYIIIBI 110 TPU CJIEIYIONIAM 00Pa30M
1 1 1 n
2n—1 4n—2 4n

) 1 1 N 1 1 1 .
2 4 3 6 8

Eciiz B kax 1011 1ape CKOOOK BBITIOJTHUTH IIEPBOE BHIYUTAHUE, TO MBI IIOJTY-
1 1 N 1 1 - 1 1 P
2 4 6 8 dn—2 4n o

+oo k
/01 1 1 1 1 132 (C)F 4
= — 1—— _ — = _ — = e = — = — .
2( 5737175 6" ) 2k2=0k+1 >

UM

To ecTb, IEperpyIINpPOBKa CJIAraeMbIX MOYKET IIPUBECTH K M3MEHEHUIO CYM-
MBI PAIA.

PaccmoTrpum erme HECKOJIBKO ITPUMEPOB, MJLTIOCTPUPYIOMIMX CBOMCTBA
PSIOB.
Ipumep 6.4.1.1. YucsioBoit ps

D sink=0+sinl+sin2+sin3+...,
k=0

B cmiy Kpurepus 1°  pacxommTcs, TOCKOJIBKY
lim sink # 0.
k—+oco

Ipumep 6.4.1.2. YucioBoit ps
i LR SN SN SUE S
bk 2t 41 2242 2243 2044 T

SABJISETCST CXOJSIINUMCSI, TaK Kak JJIsI JTI0OOTo HOMepa k
CIIPaBEJJINBO HEPABEHCTBO

1 1

< —

oF 4tk 2k
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[Tpu sTom psi
=1 11 1
ZTZT ?+273+274+._.
k=1

CXOIUTCS KAaK CyMMa UJIEHOB OECKOHEYHO yOBbIBaIoIei

reOMeTPUYEeCKOil mporpeccun ¢ b = ¢ = % , HO Torzma
10 KpuTepuio 2° OyIeT CXOAUTHCS U UCXOMHBINA PsI.

Ipumep 6.4.1.3. BoracuuTh Ipu KaKuX 3HAYEHUAX IapaMeTpa a OyIaeT cxo-
JIUTHCST PsiIT

= 1 1 1 1
— =1+ + + o,
,; k*VE 29V2 33 44
CorynacHo kKpureputo 3° psi,

oo

1
,; Kk

6y,ueT CXOIUTBCA MJIXM PaCXOJUTHCA OJHOBPEMEHHO C

HEeCOOCTBEHHBIM nHTEerpaJJioM

+oo +o00
1 dx
T dl' = 71 .
X \/E a+
1 1 X ?
Ucnonp3yss pemenne upumepa 6.3.3, MOXKHO yTBep-
KJATH, YTO IMOCTETHII UHTETPAJI CXOIUTCS TIPH G + % >

1

1, To ectb TIpU a > 5, U COOTBETCTBEHHO PACXOIUT-
ca pu a < % . 3HAYUT JAHHBIA YUCIOBON DPsifi TAKNKE

CXOJIUTCS TIpH @ > % " pacxojuTces upu a < % .

Ipumep 6.4.1.4. YucnaoBoit psn
=, (i 1

HW:“T*f Vit

CXOZUTCs B CWIy npu3Haka JlefiGuuia (4°), mocKoIbKy
[IOCJIEIOBATEIBHOCTD 4 Gf = ﬁ HEOTPUIIATEILHAA W

MOHOTOHHO yOBIBAIOIIas Ipu k — +00 .
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6.4.2. OyHKIINOHAJIbHBIE PSJIbI

B §3.2.5 06butm paccMOTpEHBI HYHKUUOHANALHDIE TOCACIOBAMEALHO-
€mu, TO €eCTh YHCJOBBIE TOCHemoBarenbHocT BUga {fn(z)} wm
f1(x), fa(x),. .. fu(z),..., 3amaBaemble npu oMoy GyHKIWMi fi,(x), Vo €
[a, b]. Bynem ropopurs, uro dyukius F(z) siBiasercs npeeiabHON Jyist ¢Xo-
Jsmmeiics QyHKIOHAIBHOI mocstenoarensHocTH { fr, ()}, econ

lim f,(z) = F(z), Va € [a,b] .
n—+00

AHAJIOTHYHO CIy4aro YUCI0BOIM MOCIEIOBATEILHOCTH, MCIONb3YS MO-
narue GyHKIMOHAIBHON IIOC/IEI0BATEIBHOCTH, MOXKHO BBECTH IOHATHE
dyHKIMOHAIBHOTO psija.

Onpedenenue 6.4.2.1. Ilycrs mana Hekoropas (hyHKIMOHAJIHHAS TOCJIET0-
BaresnbHOCTD { f(2)}. Torma Bbipakenue Buia

oo

fi(@) + fo@) + fa(@) + -+ fu(@) + ... =D frl@)

Ha3bIBAETCS (PYHKUUOHAALHOIM DAOOM, 8 (DYHKIAI

fi(@), f2(2), f3(x), ... fal@),...

— YACHAMU PYHKUUOHAALHO20 PAIG.
Onpedenenue 6.4.2.2. CyMMBbI IEPBBIX 1 YIEHOB (DYHKIIMOHAJIBLHOTO PSIIa

ioj fr(w)
k=1

n

Sn(x) = fr(@)+ fo(@)+ fs(x)+. . A fulz) =D fr(2)
k=1
Ha3bIBAIOTCS “4ACTNUMHOLMY CYMMAMU ITOTO PsIIIA.
Onpedenenue 6.4.3.3. Eciu cymecrByor lirf Sn(z) = F(x), Yx € [a,b],
n—-—+0o0

o0
10 DYHKIMOHATIBHBIN psiyt Y, fi(2) Ha3bIBAETCS CX0-
k=1
dawumes, a byaxmus F(x) — cymmoti pada niam xe
ero npedeavroti PyrKyuet.

OueBnHO, 9TO Bee chOPMYIMPOBAHHbBIE PAHEe CBONCTBA TUCIOBBIX Psi-
JIOB Gy/IyT CIIpaBeI/IUBBI 1 /i (DYHKIMOHAIBLHBIX PSAJIOB, UOO JIJIs KAXK 0
ro (UKCUPOBAHHOIO Z( € [a,b] paccMaTpuBaeMsblit byHKIIMOHATIBHBIN sl
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rpeBparaercs B 4ncyoBoit. [losTomy majee orpannanmMcst JIAIIb IpUMepPa-
MU UCIOJIb30BaHUSA (DYHKINOHAJIBHBIX PAJIOB.

OcHoBHast 06J1aCTb IPUMEHEeHUsT (PYHKITMOHAIBHBIX PSIJOB — AIlIPOKCHU-
Marust (TO eCTh, 3aIMCh IIPU OMOIIU NPubAudicertol, Ho npocmoti dop-
MyJibl) (DYHKIWIE, KOTOPbIe JUOO NPUHIMIUAIBHO HE MPEJICTABUMbBI DU
IIOMOII OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIWH, WU K€ KOIJa TaKOoe IIPe-
CcTaBJIEHHUE CYIIECTBYET, HO €ro IIPAKTUYeCKOe UCII0JIb30BaHUe OKa3blBaeTCs
qepe3MepHO CJIOZKHBIM.

Cy1iecTByOT JiBa OCHOBHBIX THIIA, 33129 IPeJICTaB/IeHUsT (DYHKIINI TTPU
oMoty (PyHKITMOHATBHBIX PSIIOB:

a) allPOKCUMAIUs CTeleHHbIMU (DYHKIUSIME B HEKOTOPOii (Boobiiie ro-

BOpsl, HE MaJIOii) OKpecTHOCTU (DUKCHUPOBAHHOM TOYKY;

6) anmpOKCHMAIUs TIPH ITIOMOIIH TIOJHOHN (9alle BCero, TPUrOHOMETPHU-

9ecKoit) cucTeMbl (DYHKIUA Ha HEKOTOPOM IIPOMEIKYTKE.

¥

F(x)=arctgy

y=5(x)
X

y=2_8,(x)

Puc. 6.8. Aunpokcumanyst GyHKIMA arctg r 9aCTUYHBIMUA CyMMaMH Dsifia.

[IponmocTpupyem 06a 3THX TMOAXOAA CIEAYIOIMAMHA TPAMEPAMHE.
ITpumep 6.4.2.1. Tna dbyuxuuu F(x) = arctg x B 110600 TOYKe T MHTEPBa-
aa (—1,1) Gyger cupasenBo

00 (_1)km2k+1 3 5 7

X s
tgr =y ~—2 =g 4 T 4
arcte kZ:O 2% + 1 royty ot
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3aMeTuM, 9TO MPaBYI0 YaCTh PABEHCTBA

!
arct J;) = —7
( & 1422

upu x € (—1, 1) MOXKHO paccMaTPUBATL KAK CYMMY BCEX WJIEHOB GECKOHEY-
HO yOBIBAIOIIEH T€OMETPUYIECKOI IIPOI'PECCUU C IIEPBBIM UJIEHOM PABHBIM 1

i 3HaMeHaTeseM ¢ = —x2. To ecTb Oy/eT BEPHO COOTHOIICHIE
’ o0
(arctgx) =1-a? 42t —ab 48— .. = E (—1)Faz?
k=0

Bzas HeOHpeﬂeHeHHbIﬁ nHrerpaJr OT ero obenx ‘{aCTefI, IIOJIyIUM

> 1)kx2k+l

o0 (_
arctgx = 2:(—1)]~C /x% dx =C+ Z —_—
— 2k +1

k=0

[Tockonbky arctg0 =0, To u C' = 0.

Takum 06pa30M MBI IPUXOTAM K PABEHCTBY

o (71)k172k+1

arctga: = Z T—‘,—l 5
k=0

KOTOPOe WJLIIOCTpHUpyeTcst puc.6.8, IO3BOJISIIONIMM CPaBHUTH I'paduk
byuxmun F(x) = arctga ¢ rpadukaMu 3aBUCHMOCTH OT T YACTUNHLE
cymm (cm. onpezenenne 6.4.1.2) MOJy9eHHOrO ANIPOKCUMUPYIOIIETO CTe-
IIEHHOTO PsAfa JJIs ABYX CIydaeB, COOTBETCTBEHHO ¢ N = 1

x
Sl(l’) =T — ?
UIpA N =D
- 9 Ll

T
Ss(z)=z - 42T T T T

3 5 7 9 11
st cipaBKM 3aMeTUM, YTO CYIIECTBYIOT OOIIUPHBIE TAOIUIIBI, COIepKa-
[ye armpoOKCUMAINA U JIPYTUX 3JeMEHTAPHBIX (DYHKIWN B BUJE CTEIEH-
HBIX DPs0B. Hampumep, mokasaresbHasi QYHKIUS JJI JIIOOOTO T MOXKET
OBITH TIPEJCTABICHA B BUJIE

2 CCS

©
. x x
k=1
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a JiorapudmMudeckas QyHKIMUA — PIIOM
o k+1 .k 2 3
(-1 x ¢ x
Flo)=n(l4+2) =S 2 ¥ 2 % o (6422
(z) =In(1+ ) Z z T =+ 3 + ( )
k=1
KOTODBI CXOAUTCsI, HO TOJBKO IpH |x| < 1.

i

PNV A

7 7 g '\_/A\_/ A
& Vo L "

Puc. 6.9. Aunpokcumarus dyukinun—‘crynenbku’ psjgom Pypbe.

ITpumep 6.4.2.2. Qyuxusa—‘cTynenbka’: F(x) =
0, ecm —T1<2x<0,
l,ectu O<zx<m,

x € (-m0)U(0,7) anupoxcumMmupyercst TPUIOHO-
METPUYECKUM DsZIOM  (HA3BIBAEMBIM 9acTO  PAdom
Dypoe) no dbopmyiie

B 10001 TOYKE

2 2 2
= —+—sinz+—-sin3x+—sindr+... .
2w 3T 5t

Oty bopMyay WLTIOCTpUpPYeT puc.6.9, MO3BOJIAONMI CPABHUTH TpaduK
dyukuun F(z) ¢ rpadukamMu 3aBUCUMOCTH OT & YACTHYHBIX CYMM Dsijia
Dypre A1 n = 2, Korjaa

1 2 2
Sa(z) = 3 + ;sinx—k gsini’;x
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U IIpu n = §, Korja

1 2 2 2 2
Sg(x) = = + —sinz + — sin 3z + — sin bz + — sin 7T+
2 0w 3m om T

2 2 2 2
—&—9— sin 9x + - sinllx + Br sin 13x + e sin 15x .

O6paruTe BHUMaHUE, YTO, BO—IIEPBBIX, XOTs (PYHKIMA—‘CTyIIeHbKa” U pa3-
pbiBHa 1pu r = 0, aIIIPOKCUMUPYOIIN €e PsiJi B 9TON TOYKE CXOIUTCS
K 3HAYCHHIO 5. Bo-Bropsix, anmpokcumarus ¢yukimn B npumepe 6.4.2.2
BBIIIOJTHSIETCS HE B HEKOTOPOW OKPECTHOCTH TOYKH OOJIACTU OIPeesIeHUs
(kax B mpuMmepe 6.4.2.1), a Ha GoJiee CJIOXKHOM MHOYKECTBE — 00beJMHEHNN
nByx unrepsasos: (—,0)J(0, 7).

B zaksiouenne ykaxkeM eIre Ha OJTHY, MPAKTHIECKN BaXKHYIO 00JIaCThb
[IpUMEHEHUs PsIJIOB: IpeJCTaB/ieHnst (DYHKIWIA, KOTOPhle HEBO3MOXKHO 3a-
IaTh B BUAe POPMYJIbI, 3AIMCHIBAEMOI JIUITH IIPYU TOMOIIU OCHOBHBIX 3JI€-
MEHTAPHBIX (DYHKIIHAHA.

Ipumep 6.4.2.3. Paccmorpum Tak HasbiBaeMylo gyrkyuto Jlanaaca

2 [ t?
x) = \/;/6_2 dt , (6.4.2.3)
0

9aCTO MCIOJIb3YyEMYIO B TEOPUH BEPOSITHOCTEN U MaTeMa-
TUYECKOM CTATUCTUKE, 3HAYEHUS KOTOPO OOBIYHO MpU-
BOJIATCSI B CIIPABOYHBIX TaDJIATIAX.

Xots 3Ta (DyHKIUS 337a€TCA IPU TOMOIN “HebepyIimerocst’” WHTErpa-
aa (To ecThb, epBOOGPA3HASI TIO/BIHTETPAJIbHOM (DYHKIINK HE BBIPAZKAETCSI
Yepe3 OCHOBHBIE dJIeMeHTapHble (QYHKIMN), MOXKHO HONBITATHCS IPEJICTa
Burh P(x) B BUIE HEKOTOPOrO CTENEHHOIO Dsijia, BBINOJHUB, HAIPUMED,
ceyomue npeobpa3oBannsi, OCHOBAHHBIE HA HMCIOIb30BAHUNA (DOPMYIIBI

(6.4.2.1).
2\ "
e gl (3
\/>/ T dt = \/;/ 1+ZT dt =
3 k=1
2 [/ . (_1)k/m 2% \/7 - ok
=4/= dt 2% dt +
p / +kz—1 ol 2F =0+ +; 2k+1 i
0 - 0 -



IMockoabky ®(0) = 0, TO KOHCTAHTY MHTErPUPOBAHUS CJIEIYET [IOJIOKUTH
pasHoit mysmo. [losTomy, OKOHYATETHHO

_ ]2 o~ (CDF27F | )2 s, 15
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I'maBa 7.

BBenenne B Teopuio
BEPOATHOCTEN

7.1. Cay4aiiHble COOBITHASI I BEPOSITHOCTU

7.1.1. Cuayuaiiable cCOOBITHSI U OIlEPAU C HUMHU

Teopusi BeposTHOCTEl, BO3HHKINAS KaK pas3zes mareMaruku B X VII
Beke, JIONyCKaeT (KaK W JPyTUe Pa3/esibl) AKCHOMATHIECKOE MTOCTPOEHHE.
OpHako, TpUHEMAsT BO BHEMaHHE clenudUKy M 3aJadu JJAHHOIO Kypca,
[IPEJICTABIISIETCS BO3MOXKHBIM OMPAHUIUTHCA MeHee (DOPMAJILHBIM METO0M
U3ydYeHUs TMOHSITHUI, BHIBOJIOB M KOJUYECTBEHHBIX COOTHOIIEHUI B T€OpUU
BEPOATHOCTEN.

Brawase yTodHuM 6a30Bble IOHSATHS onvima U cobvimus. Oubrt (mc-
IBITAHNE, SKCIEPUMEHT) — 9TO BOSHUKHOBEHWE W NPEJIHAMEDEHHOE CO-
3aHUE OIIPEJIEIEHHOrO HAbOpa yCIOBHil (ObITh MOXKET yMO3PUTEJILHBIX ),
IPUBOJANINX K HEKOTOpOMY ucxoiy (pesyibrary). Mcxom onbita Ha3biBa-
ercsi COOBITIEM.

Wuorma npuxoauTest CTaIKUBATHCS C CUTYaIHe, KOT1a UCXOJ TOT0 UJIn
HMHOTI'O OIIbITa (I/ICHI)IT&HI/IH) HE MOXKeT 6bITb npeJcKa3aH C FapaHTI/IpyeMOﬂ
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JOCTOBEPHOCTHIO. 1IpUYnHO# 3TOr0 MOMXKET SBIATHCS HEJIOCTATOYHASA WH-
dopmanust KaKk 00 YCIOBUSX ITOCTAHOBKH JAHHOI'O OIBITA, TAK U O XapaK-
TEPUCTUKAX €ro OCyIIecTBIeHUs. [Ipudem 3Ta HETOCTATOTHOCTH HEPEIKO
uMeeT IPUHIMIINAJIBHO HEYCTPAHUMBbII XapaKTep, He II03BOJISIONIAas B IIPO-
mecce MCCIeIOBaHUsT KOPPEKTHO NPUMEHSATH JeTePMIHUPOBAHHBIE CXEMBI
NPUIUHHO-CJIEICTBEHHOTO aHan3a. CoObITUSI TAKOTO BUJA IPUHATO HAZBI-
BaTh CAYHAUHDILMU.

BwMmecte ¢ TeMm, mpakTHUKa IMOKA3bIBAET, UTO JOCTATOYHO YACTO HUCXOJ
OIIBITA MOYKET OBITH TOYHO IPEICKAa3aH BHE 3aBUCUMOCTH OT HAJUYUS WJIN
oTcyTcTBUS MHGpOPMAIUA O HEM B MOJHOM oObeme. Hampumep, cobsirue,
3aKJTIOYAIONIeecs B PeaJM3allil B CIydae BBICTPesa IO MUIIEHN KaKOu-
OO0 OTHOM U3 CJAEAYIONINX ABYX CUTYAITHIA:

- TIOTIJIAHNE B MUIIIEHb;

- IIpoOMax,
rapaHTAPOBAHHO Oy/IeT MMETh MECTO, HE3ABUCHMO OT CTEIIEHU HAIIEH WH-
GOPMUPOBAHHOCTH O METKOCTH CTPEJIKA, CBOMCTBAX OPY2KHUS U T.II.

Taxzke (He3aBUCUMO OT YPOBHs Haleil HGOPMUPOBAHHOCTH) OYEBH/I-
HO: CODOBITHE 3aKJII0YAIONIEECs B TOM, YTO IIPU BBICTPEJIE UMEIN MECTO OJl-
HOBPEMEHHO

- TIOIIaJIaHVE B MUIIIEHb;

- TpoMaXx,

HUKOT'JIa HE IIPOU30HIET.

CoObITHSI TIEPBOTO M3 YIOMSIHYTBIX THUIIOB IIPUHSITO HA3BIBATH JOCMO-
8epHLIMU, 1 0003HAYATH ), & BTOPOIO — HEBO3MOHCHbLMU, ODOZHATAEMBIMEI
Kax (.

Eciu siBa coOBITHS B3aMMHO HCKJIIOYAIOT JPYT JPYra, TO OHU HA3bI-
BAIOTCS HECOBMECTIHbMU (HAIIPEMED, MONAJAHNE B IEJdb DU BBICTPENE U
[IPOMAaX. )

3aMeTnM, 9TO KOMOMHAIIST COOBITHI TaKKe sIBJISIETCsSI COOBITHEM, a 00-
paTHOe, BOOOIIe TOBOPsi, HEBEPHO. 10 eCTh, BO3MOXKHA, AJIbTEPHATABA — JTBA
B3ANMONCK/IIOIAIONINX APYT ApyTa ciaydas: Jub0 COOBITHE PEeICTABUMO
KaK HEKOTOpas KOMOWHAINS APYTUX COOBITHH, MO0 TaKoe MpeCTaBIeHNIEe
HEBO3MOXKHO. COOBITHSI BTOPOIO BUIa OYAEeM Ha3bIBATH IAEMEHMAPHBIMU.

[Ipu uccienoBaHuM CiIy4YailHBIX COOBITUII OKA3BIBAETCS YIOOHBIM MC-
MIOJIb30BAHUE CJIEIYIONIUX OIEePaIiil ¢ HUMU.

Onpedesenue 7.1.1.1. Bygem roBoputh, 9To HacTyiuieane coobitus A 6aa-
eonpusmemeyem (Breder 3a coboit) B, ecan u3 Ha-
cTymsIeHns cobbiTust A ciegyer HACTYILUIEHHE COOBI-
tus B. Jlansbiii ¢pakr obosHauaercss kak A — B
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Onpedenenue 7.1.1.2.

Onpedeaenue 7.1.1.3.

wimm A C B. B sToM ciiydae, KaxKIoe 3JIeMeHTap-
HOe cobbITHe, BXojgdmiee B A Oyuer BXoquTh u B B.
Hakowner, ecrecTBeHHO IPUHSATH, YTO cOObITUsT A 1
B pasnu (A = B), ecam omuospemento A — B u
B — A, To eCcTb, ec/ii OHU COCTOSIT U3 OJHUX U TEX
JKe 9JIEMEHTAPHBIX COOLITHI.

Cymmoti (mnm o6sedunenuem) aByx cobbrruit A u B
HazbiBaeTcst cobbitie A+ B (i Al B), 3akimoua-
FOIIEEeCsi B OCYIIECTBIEHUH LOMSA Obl 00H020 U3 COOBI-
it A win B. 9To ompeiesieHne eCTeCTBEHHBIM 00-
pa3zom 00600IITaeTCs Ha CJIydail TpPOU3BOJIHLHOTO UHC-
aa cobprruil. Cymmoti (nmm obsedunenuem) coObI-

n
it Ay, As, ... A, HasbBaercs cobbitie Y. A (wim
k=1

n
U Agx), 3akirouarorieecsi B OCyIIeCTBIEHUN XOTs ObI
k=1

ofHOro u3 cobniTuit Ay, As, ... A,.

ITpoussederuem (M nepeceueruem) JABYX COOBI-
tuii A u B mnaswBaerca cobbirue A - B (um
AN B,) 3akioyalolieecs: B OCyIIECTBJICHIN KaK CO-
obiTust A, Tax u cobpitus B. Ha ciydait mpousBosib-
HOTO YHCJIa COOBITUH ITO ompeseseHne oboOIaeT-
¢ TaK mpoussedenuem (WK nepecevenuem) coObl-

n
it Ay, As, ... A, HasbBaercs cobbitie [[ Ay (wim
k=1

n
() Ak), 3aKIoUaroIieecs B OCYIIECTBICHAN 6CEX CO-
k

=1
ooituit A1, A, ... A,.

Onpedenenue 7.1.1.4. Ilyctsb cobbiTHe A COCTOUT B TOM, 9TO cObbITHE A He

Onpedenenue 7.1.1.5.

[IPOMCXONUT, TOIJA 3TU COOBITHS HA3BIBAIOTCI NPO-
MUBONONOHCHBLMU, & CcODbITHE A — donoanumens-
HoM K COOBITHIO A.

Pasnocmuio 1Byx cobbituii A u B Ha3bIBaeTCs CO-
6eitue A\B (nim A— B), cocTosiiiiee B HACTYILJIEHUH
cobbitus A u HeHactyiennu cobbitust B. Mnate ro-
BOpH, CIpaBeTHBO pasencTso A\B = A - B.

Ormerum, aTo aBa cobbiTus A U B sIBISIFOTCS HECOBMECTHBIMU TOTJIA 1
TOJIBKO TOTJIA, KOTJIA UX IPOU3BEIEHNE SIBJISIETCS HEBO3MOYKHBIM COOBITHEM.
To ectb, A - B = (). HanmpuMep, HECOBMECTHBIMHU SABJISIOTCA COObITHA A 1

A.
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[IpuBenem Temeps rpaduUIecKyo THTEPIPETAIINIO OTIEPAITHI ¢ COOBITH-
amu. Ilycts cobbiTie A 3aK/i09aercs B IPUHAJIEZKHOCTH HEKOTOPOR TOU-
KU IJIOCKOCTH MEHBIIEMY KpPYTy, a cobbiTue B — Gospremy. Ha puce. 7.1
3AIITPUXOBAHHBIE 00JIACTH T'PADUIECKHU [IPEJICTABIISIOT PE3YIHTAT BBIIIOJI-
HEHUSsI BBEJIEHHBIX OIEPAINil C STUMHU COOBITHAMU.

Z

4-B A\R

4

Puc. 7.1. I'eomeTrputiecknii mpuMep Onepanyii ¢ COOBITUSIMHU.

OTMeTHM TI0JIe3HbIE PABECHCTBA:
- cobbiTust A 1 B HecoBMecTHBI TOI/Ia U TOJILKO Toria, Korna A-B = ()
(mm A B =0).

- mycThb cobbitust { Ag k = 1,2,...1n} 68ce603M02CHbIE NCXOIBI HEKOTO-
n

poro ucnbitanus, Torga y. Ap = Q.
k=1

JLJisi IPOTHUBOIIOJIOXKHBIX COOBITHIT OY/IyT CIpaBeIuBbl COOTHOIIeHns A -

A=0, A+A=Q u (A)=A,VA.

B zaksroyenne naauM ompejiesieHne IOJIHOM IPYIIIbI COOBITHIA.

Onpedenenue 7.1.1.7. TlonapHo HECOBMeCTHBIE CODBITHSI OOPa3yIOT N0/~
HYI0 2PYNNY, eCIU B PE3YJIbTATE OIBITA OIHO M3 HUX
obst3aresibHO TTpon3oiifer. Vau, B TepMuHAx omepa-
uuii ¢ cobbrtusivu, { Ay, As, ... A, } — nosnas rpynna
COOBITHIA, ecIn

Ai-Aj =0, mpmi#j,
S A= Q.
k=1

Ipumep 7.1.1.1. TlpowumrocTpupyeM HUCIIOJIB30BaHUE OIMEPAIAl ¢ COOBI-
TUSAMH IIOJIE3HBIM COOTHOINIEHNEM, HAa3bIBAEMBIM Hop-
mya0t  de  Mopeana. His  moboro mHabopa coObI-
ait Ay, Ao, ... AN HUMeeT MeCTo PpPaBEeHCTBO

A+ A+ .. +FAv=A41 - Asy-...- Ay .
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N

HeticTBUTETHHO, MyCTh 3/IEMEHTAPHOE cobbITHE B

(A1 +As+...+Ax),Totma BZ (A1 + As+...+ Ax) u
Vk=[1,N]: BC Ay = BCA -Ay-...-Ax .

O6patno, mycts B C Ay - Ay-...- Ay ,Torma Vk=[1,N]: BC Ay n

BuaunT cobertust Ay + Ao+ ...+ Ay u Ay - Ay - ... - Ay paBHBL

7.1.2. BepossiTHOCTH ciIydaiilHOTO COOBITUS

ITomumo “kpaiiHux” cjiydaeB: JTOCTOBEPHBIX W HEBO3MOYKHBIX COOBI-
THUif, CYIIECTBYIOT, IMOPOXKIaeMble B XOIE€ HEOJIHOKPATHO ITPOBOINMOIO
HEKOTOPOTO OIBITA, CAyJIaiffHbIe COOBITHS, JJIT KOTOPBIX XOTS W HET BO3-
MOKHOCTH JTOCTOBEPHO PEICKA3ATH UCXO/T KAXKI0T0 KOHKPETHOTO UCITHITA~
HUSI, HO HADJTIOJIACTCS KOAUMECMBEHHAA YCMOTUHUBOCTND OMHOUEHUA TUCTIA
HACTYIJIEHUI OIpeeJIeHHOIO UCXOJAa K MMOJTHOMY YHUCJ/LY OIBITOB IIPHU IIPO-
BEJICHUN JTOCTATOTHO OOJIBIION CePUN UCIBITAHMUIM.

Cpennsis BEIMYUHA 3TOIO0 OTHOIIEHMS MOXKET HCIOJb30BaTbCS KaK
KOJINYIEeCTBEHHAsI OIEHKa BO3MOXKHOCTH HACTYILJIEHUSI ITOTO HCXOAa IIpU
[IPOBEJIEHUN €IMHCTBEHHOIO OIbITa. JIaHHYI XapaKTEPUCTUKY IIPUHSATO
Ha3bIBATH CMAMUCTIUYECKOT 8EPOATNHOCTILIO CIIYIANHOIO COOBITHSI.

ITockonbKy mpoBemeHre OGECKOHEYHO OOJIBIIONO YUHC/Ia, HMCIBITAHUH
MPUHITATTHAILHO HEBO3MOXKHO, TO CTATUCTUIECKAs WHTEPIIPETAINsT TMOHSI-
THUsT BEPOSITHOCTH OKA3BIBAETCS TIOJIE3HOM IJIsT OIIEHKU ee BEeJTUINHBI B TEeX
cIyvastX, KOrJa CyIIeCTBOBAHNE BEPOSITHOCTU KAKUM-TO 0Opa30oM 0OOCHO-
BaHO WJIU IIPUHUMAETCsI allPUOPHO.

Ha npakTuke uCIOJB3YIOTCsT pa3JIMYHbIE OIPEIE/IeHNs] BEPOSTHOCTH
cayvaifnoro cobbiTusi. B HammeM Kypce MBI OTpaHUYIMMCS, TaK Ha3bIBae-
MbBIM, KJIACCUYIEeCKUM onpejesenneM. Kaaccuueckol cxemol (uam cxeMoit
CJIy1IaeB) HA3BIBAETCS OMBIT (MCIBITAHWE), B KOTOPOM IIOJHOE YUCIIO 36
MEHTapPHBIX MCXO/I0B KOHEYHO U BCE OHM PABHOBO3MOXKHBI. DJIEMEHTAPHbII
WCXOJI, HA3bIBAETCs OJIATOIPUSTCTBYIOMKUM COOBITUIO A, eciim OH Bjieder 3a
cobOi HACTYILIEHUE ITOrO UCXOJIA.

Onpedesenue 7.1.2.1. Kitaccuaeckoit 6poammnocmsio cay4ainozo cobvbmus
A Ha3bIBaeTCs YUCTIO

P(A) =

m
n
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SIBJISTIOIIIEECS OTHOIIEHUEM 1M — YUCJIA SJIEMEHTAPHBIX
HCXOJIOB, HJIATOIPUSTCTBYIOIIMX STOMY COOBITHIO A,
K 1 — [OJTHOMY YHCJIy 9JIEMEHTAPHBIX UCXOJIOB KJIac-
CUYECKOHR CXeMbl.

ITIpumep 7.1.2.1. Pacemorpum B KauecTse onbita (UCIbITaHWs) GpocaHue
UTPAJIbHOM KOCTH — CUMMETPHIHOIO KyOHUKa, Ha KarK 10l
U3 rpaHeil KOTOPOTO YKa3aHO YUCJO OYKOB: 1, 2, 3, 4, 5
u 6. Ilocime OGpocanust omHa m3 rpaHeil KOCTH OKa3bIBa-
€TCsl BepXHeHl U CYNTAETCs BBIIABIIAM TO YHCJIO OYKOB,
KOTOpPOe yKa3aHO Ha 3TOoW BepxHeil rpanu. Hailinem Be-
POSITHOCTH COOBITUST A, 3aKJIIOYAIONIETOCS B BBIIAJICHUT
YETHOTO YHUCJIa OYKOB IIPU OJHOKPATHOM OPOCAHHH KO-
CTH.

B paccmarprBaeMoM OIbBITE IIECTH PABHOBO3MOXKHBIX JIEMEHTAPHBIX HC-

XOJIOB, M3 KOTOPBIX TPU OJATOMPHUATCTBYIOT COOBITHIO A. 3HAYMT,

VHorma KJIaCcCHYIeCKoe OIPEENeHNe BEPOSTHOCTH YJAETCA MPHMe-
HUTBH B CJIy9asx, KOTJa YUCJIO 3JIeMEHTAPHBIX, PABHOBEPOSTHBIX MCXO0B
HE SIBJISIETCS KOHETHBIM.

ITycTh KaxKabIA asemenmapHsiti ucrod MOXKHO H300Pa3UTh MouKol
HekoToporo orpeska X jymubl L(X) Ha upsamoii (i Gurypsl miomaam
S(X) Ha KOOpJUMHATHON IJIOCKOCTH, min ke resa obbema V(X) B npo-
CTPAHCTBE) , & JIEMEHTAPHBIA Uucrod, 6.Aa20npuAMCcmMeyowul COBBITHIO
A — moukot npyroro orpeska (dburypsl uin tesa) Y, comepzkainerocs B
nepsoM (1o ecthb, Y C X), nmerormnero jqymay L(Y') (cooTBercTBeHHO, TLIO-
mae S(Y) wm o6bem V(Y).) Torma uist ojcuera BeposiTHOCTH COOBITHSI
A MOXKHO HCITIOJIB30BaTh (DOPMYJIBI

_ Hmuna orpeska (Y)  L(Y)

P(4) = Hnuua orpeska (X) ~— L(X)’
_ Ilnomas uryper (V) _ S(Y)

P(4) = HEOE&E}I: (Jp;;}}/’p;l (X) ~ 5(x)° (7.1.2.1)
_ O6wbeM tena (Y) V(YY)

P(4) = O6bem Tena (X) — V(X)°

B sTom ciiyvae mpUHSATO TOBOPUTH O 2C0MEMPUMECKOT, 8EPOAMMHOCTNU CO-
ObiTusi A. TlosicHUM 9TO IOHSITHAE IPYU TOMOIIU CJIEYIONIUX 3a/1a4.
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ITpumep 7.1.2.2. Ha orpeske X : [—2,5] umcioBoit mpsiMoii ciayqaitHbIM
(paBHOBeEpOSATHBIM) 06pa3oM BBIGHparOT TOUKy. Kakosa
BEPOATHOCTL COOBLITHS, YTO BLIOpaHHAsI TOYKA HM300pa-
JKaeT YuCJIo T, He MeHbIlee, 4yeMm 37

5 LX) :

i Bosmostbl e MCxag bl .

ol

i i Enamm;)gb;'l'llﬂble i
R R R TR e e

-2 -1 a 1 2 3 4 5

Puc. 7.2. Ouenka reoMeTprdeckoil BEpOSTHOCTA YCIOBUSA T > 3.

Pewernue. BaaronpusTHBIN UCXO — 9TO COOBITHE, COCTOSIIIIEE B TOM, UTO
BhIOpaHHAS TOYKA OyIeT n300paXkarTh YUCIO T > 3, UMEET MECTO, €CJIU T
TouKa (cM. puc.7.2) nonajgaer Ha oTpe3ok Y : [3, 5], JymHa KOTOPOro paBHA
L(Y) = 2. lyjiuna ke 0oTpe3Ka, COIEPKAIIEr0 TOYKU, COOTBETCTBYIOIIHE
BCEBO3MOXKHBIM HCXOJIaM, IO YCJIOBHIO 3ana4un pasHa L(X) = 7. 3uauwur,
1o neppoii u3 dbopmya (7.1.2.1),

LY

Py = 20 _

2
xX) " 7"

h

Ipumep 7.1.2.3. [IBa desoBeKa JOTOBOPUINCH BCTPETUTHCS B OIPEIE/IeH-
HoM mecte or 17 mo 18 wacos. Ilpu sTOM Kazkplit 00si-
3aJICs TTOC/Ie TIPUX0/1a HA MECTO BCTPEIH OKUJIATH JIPYTO-
ro 20 munyT. KakoBa BepOsSITHOCTH BCTPEUYN ITHUX JIFOJIEH,
€CJIN KaKJIbIil U3 HUX MPUJIET HA MECTO BCTPEYM PaBHO-
BO3MOXKHO B JIIOOOI MOMEHT YKa3aHHOTO MHTEPBAJIa Bpe-
MeHH?!

Pewenue. Beegem cienyromue obo3nadenus: t; — BpeMst (B 9acax), 4epes
KOTOpOe, cunTas OT 17 9acoB, MEPBLI YeI0BEK MPUOBLT K MECTY BCTPEYN;
to — BpeMs, Uepe3 KOTOpPOe, BTOPOH HUeJOBEK MPUOBIT K MECTy BCTPEYH.
Ha puc. 7.3 cobbiTne, cocTosiiiiee B TOM, UTO MEPBBII HMPUIIET B MOMEHT
t1, a BTOPOIl B MOMEHT to, M300pa3UTCs TOYKON ¢ KOOpAMHATAMU (tl,tg).
VesoBue ocyiecTBiieHusT COOBITHS A — TOrO, YTO OJMH U3 HUX JIOKIETCS
IpYTOTO, MMEET BUJL

[ta —t1] <

W =
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Puc. 7.3. Ouenka reoMerpuieckoil BEpOITHOCTA BCTPEYH.

Qurypa X B JAHHOM CJIydae eCTb KBaJpPaT CO CTOPOHOI 1, a durypa Y —
3aTeHEeHHbI! BBITSIHYTHIN mectunyrojbauk. [lnomans duryper X odyeBu-
uvo pasHa 1. [liomaae mectuyrobHIKA PaBHA IJIOMIAIN KBAAPATA MUHYC
IUIOIIAIN JIBYX PABHBIX CBETJIO-CEPBIX TPEYTOJIHHUKOB, KaXKIyI0 U3 KOTO-
pbix o6ozHaunM Sa. Ilosromy, corsacHo Bropoit uz dopmya (7.1.2.1),

2 2 5

CS(Y) 1-2-San 1
P(A)_S(X)_ 1 =l=29 3355y

7.1.3. DJjieMeHTbl KOMOMHATOPUKU

Kiraccudeckoe omnpe/jieieHne BEPOSITHOCTU CJIYYIAlHOTO COOBITHSI BO
MHOTHMX C/Iy4YasiX IPUBOJUT KaK K 3ajade I0JICYeTa UUCIa BO3MOXKHBIX
JIEMEHTAPHBIX MCXOIOB, TAK U KOJUIECTBA, JIEMEHTAPHBIX MCXOI0B OJa-
POMPUSTCTBYIOMIUX HEKOTOPOMY COOBITHIO. B MareMaTuke 3aJ1a9u TAKOrO
KJIACCa TPUHSITO HA3BIBATH KOMOUHAMOPHoLMY. POPMYJTHPOBKA STUX 3a-
Jad, KakK [PaBUjIo, CoIepKuT Borpoc: “CKoJIbKUME criocobamu...?”
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Paccmorpum BHavase 3a1a9u onpeeseHns IICIa TOMHOXKECTB, 00-
pPa3yeMbIX JJISI MHOYKECTB He COO0ePHCAUUT 00UHAKOBHLL INEMENMOE.

Onpedesenue 7.1.3.1. Ilycrh mMeeTcss MHOYKECTBO, COCTOSIINEE U3 1. DJIe-
MeHTOB. Kazxkiyio ynopadouenHyro BBIOOPKY U3 9TO-
IO MHOKECTBA, COJIEPIKAIILYIO k 9IeMEHTOB, HA3bIBa~
10T PA3MEULEHUEM U3 N SJIEMEHTOB 110 K 3JIEMEHTOB
(nHOTIA TOBODAT: “pasMelreHue u3 n 1o k7).

B paccmarpuBaemom ciaydae ogeBuano, aro 0 < k < n . Hucsao Bcex
pasmerenuit u3 n 1o k obosnagaerca AX. Eciu yuecrs, uro npu k = 0
CYIIECTBYET TOJIBKO OJHO Pa3MEIIeHHe — IyCTOe MHOXKECTBO (), TO crpase-
JINBO PABEHCTBO

Ak 1, ecou k =0,

n nn—1)(n—-2)...(n—k+1), ecm k > 0.

Kak usBecTHo, IpOU3BeAeHNE BCeX HATYPAIbHBIX YUCEJI OT 1 0 1 IPUHSATO
0003HaYaTh
1-2-3-...-n=n!

Torga dpopMmysy MOJTHOIO YUCIA PA3MEIIEHUI MOXKHO 3aIlUCATh B BUJIE

n!

A=
" (n—k)!
Bamerum, uro AJ = 1, nostomy 1o ompesenennio nojaraor 0! = 1 u

dopmyita jtst Yucsa pa3Mernennii oyaer BepHoi Jst Jioobix 0 < k < n .

Ilpumep 7.1.3.1. CKOJIBKUMHE CIIOCOOAMEU MOZKHO TPEX UYEJIOBEK PACCAIUTH
B JABaIATh KPeceJ?!
Pewerue. OueBuIHO, 9TO JIIOU CYTh OOBEKTHI PA3HBIE, TOITOMY HUCKOMOE
9HICJI0 BAPUAHTOB PABHO YUCTY padmewerus n3 20 mo 3, To ecTb
3 200 20-19-18-17-16 --- 3-2-1

Ay = = 9010 18 — 6340,
0 17-16 --- 3-2-1 0-19-18 = 6840

Onpedenenue 7.1.3.2. Pazmernenne u3 n 3JeMEHTOB 110 7. HA3BIBAETCS Ne-
pecmano6kol U3 N IJIEMEHTOB.
Yucao Bcex mepecTaHOBOK U3 1 3JieMeHTOB P, = n! .

Hpumep 7.1.3.2. Crkompkumu criocobamu MOKHO 10 9eI0BEK paccajuThb B
10 kpeceun?

Pewernue. Vickomoe 9ucjao BapUaHTOB €CTb YHCJIO BCEBO3MOXKHBIX Tnepe-

cmarnosokx m3 10 3JIEMEHTOB, TO €CTb

Py=101=10-9-8-7-6-5-4-3-2-1=23628800 .
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Corytacao onpegenernto 7.1.3.1, pasmenieHusi MOTYT OTJIUIATHCS
JAPYT OT JIpyra KakK COCTaBOM CBOMX 3JIEMEHTOB, TaK U IMOPSIKOM HX CJle-
JIOBAHMUSI.

Onpedenenue 7.1.3.3. Eciu mopsiaok cieI0BaHUs JIEMEHTOB B ITOAMHOXKE-
CTBE HE CYIIEeCTBEHEH, TO TaKas BBIOOPKA k djIeMeH-
TOB U3 7N HA3BIBAETCS COYEMAHUEM U3 T JIEMEHTOB
1o k 37eMeHTOB (MHOTA MOBOPAT: “cOYeTaHue U3 7
o k).

Dopmyna St Cﬁ — YHcJa BCeX COYETAHUN U3 1 1o k MMeeT BU/I

|
Ck: —_ n.
" (n—k)!- k!
3aMeTuM, YTO MPU UCIIOTH30BAHUN TOM (POPMYJIbI 9aCTO OKA3BIBAETCS 0~
JIE3HBIM OueBHIHOe pasencTso CF = Cn=F

Ipumep 7.1.3.3. CKOTLKUMHE CIIOCOOAMU MOXKHO BBIOPATH TPHU Kpecja M3
UMEIOIINXCS ABAJIATHA JJIsi MOCIEIYIOmEeNl PaCcCaIkd B
HUX TPEX YEJIOBEK?!
Pewenue. B orimane ot sonedi (cpasaute ¢ npuvepom 7.1.3.1), Bee Kpecia
OJIMHAKOBBIE, TIO9TOMY HCKOMOE YHCJIO CIOCODOB (DOPMUPOBAHUSI TPOUKU
KpeceJI eCTb IUCo covemanud u3 20 mo 3 , KoTopoe paBHO
o3 _ 200 20-19-18 1140
7.3 1.2-3 '

Teneps npuBesieM (GOPMYJIBI YKCIIa PA3MEIEHNI, TIePeCTAHOBOK U CO-
qeTaHuil B Clydae, KOI/Ia B COCTAB ITOIMHOXKECTBA-BBIOOPKU MOXKHO BKJIIO-
9aTh OIMHAKOBBIE JIEMEHTHI. UTOOBI OT/INYATH JAHHBIE JBA CIIydas, BO
BTOPOM 6yzLeM HCIIOJIH30BATH 0003HATEHNUST:

- A JUIST YUCJIa PA3MEIeHu U3 N 9JIEMEHTOB 110 kK ;

- P, Juisi 9uciia mepecTaHOBOK W3 7 9JIEMEHTOB |

- C’k JIJIS. 9UCJIa COYETAHUI U3 1 9JIEMEHTOB 110 K |

YHucsio pasmeuwsenuti u3 n 3JeMEHTOB 1o k ¢ HOBTOpeHI/ISIMI/I Oyner
OIPEENIATHCS PABEHCTBOM fl,’i = nF | IOCKOILKY I8 HOIMHOXKECTBA, CO-
JepIKAIIEro k 3J1eMeHTOB, MMEETCs 110 1 BO3MOYKHOCTEH BhIOOPa KaKII0Tr0
"3 3TUX Kk IJIEMEHTOB.

Eciu B Habope U3 n 971€MEHTOB COJEPKUTCA k PA3IUIHBIX, ITPUIEM
i—if M3 HUX BCTPEYAETCS M; Pa3, TO OOINee UuCIO Nepecmanosox CAeIyeT
YMEHBIUTH B n;! pa3 st Kaxkaoro ¢ = 1,2,...k , MOCKOJbKY MpU Tepe-
CTAHOBKE MECTaMU OIMHAKOBBIX 3JIEMEHTOB ITOJIMHOXKECTBO HE M3MEHUTCH.
3uaqur

ny!-nal - ong!
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Haxkownern, nisa aucia cowemanuti 3 n 3JeMeHTOB 10 k OymaeT cripa-
BeUIMBa (POpMYyJIa C’T’j = 5 4k_1 - JeficTBUTEIbHO, €cii IPEJIIoJI0KHUTD,
9TO B BHIOOPKE U3 1 3JIEMEHTOB 10 Kk MOT'YT OBITH OJIMHAKOBBIE, TO BHIOOD
BBITIOJIHSIETCSL y2Ke He [0 OJHOMY pa3y [JIsi KaXXJO0ro U3 71 JIEMEHTOB, a
eme 10 k — 1 pa3, 1 HCKOMOE YUCJI0 BAPUAHTOB PABHO YHUCJLY COYETAHMM
(6e3 noBropenwuii) uz n + k — 1 ssemenTos 1o k.

Ipumep 7.1.3.4. Homep 6arkuoTsl B 1000 pybiteit ompenesieHHOM cepuu co-
CTOUT U3 CeMU JeCATHIHBIX 1ndp. Kakoe MakcnMaibHOE
quCJI0 GAHKHOT JAHHON CEPUU MOXKET OBITH BBIILYIIIEHO B
obpartenue?

Pewenue. Tlockonbky KaxKpasi nudpa HOMepa MOXKET HMETb OJHO U3

JeCATH 3HAYECHUH, TO IOJHOE YUCJIO0 BAPHAHTOB TAKUX HOMEPOB DaBHO

Aly =107 .

Ipumep 7.1.3.5. CKOJIBKO CyIIECTBYeT Pa3IUYHBIX IMECTU3HAYHBIX KOJO-
BBIX KOMOWHAIHIA, comepzkanmux 1mo Tpu mnudpet 0 u 1 7

Pewerue. Hudpor 0 u 1 BcTpedgaroTcst B KOMOMHAIINH IO TPU Pa3a, MOITOMY

[TOJTHOE YHCJIO 3TUX KOMOMHAIINN

- 6! 720

Py = — = _9.
5 =33 6.6

Ipumep 7.1.3.6. B momapounblii Ha6OP BKJIAIBIBAIOT 110 TPHU IIIOKOJIAJKA U3
UMerImuxcst gecatu copToB. CKOJBKO CYIIEeCTBYeT Bapu-
AHTOB TAKWX IMTOIAPOYHBIX HADOPOB, €CJIU HADOD MOXKHO
BKJIQ/IBIBATH MIOKOJIAJKH KaK OIMHAKOBOIO, TAK W Pa3-
JITYHOI'O COPTOB?

Pewenue. MakcumaapbHOE 9UCIO BADUAHTOB II0IAPOIHOIO Habopa Oyer

120 12-11-10
9.3 6

éfo = C’:130+3—1 = 0?2 = =220.

7.1.4. BepossTHOCTH CyMMBbI U ITPOU3BEJ/I€HUsI COOBITHUIA

W3 onpenenenns 7.1.2.1 09€BUAHO BBITEKAIOT CJIELYIONINE COOTHOIIIE-
HUA.
1°. Jast srroboro ciryvaiinoro cobeitus A 0 < P(A) <1.
2°. P(0)=0.
3. PQ)=1.
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OCHOBBIBasICh Ha OMPEJIETIEHUN KJIACCUIECKOH BEPOSITHOCTH, TOKAYKEM TaK-
2Ke, 9YTO UMEIOT MeCTO CJIeIyIOye COOTHOIICHNUS.

Teopema 7.1.4.1. BeposiTHOCTh CyMMbI HECOBMECTHBIX COOBITHUIA.

BeposiTHOCTB CYMMBI JIBYX HECOBMECTIHDLL COOBITHI PaBHA CYMMe
BeposiTHOCTEl 9Tux cobbituii: P(A+ B) = P(A) + P(B) .

JleiicTBUTeIbHO, MyCcTh COObITHA A 1 B TaKOBBI, YTO U3 ODINEro YuUCIa
HCXOJIOB 1. COOBITUIO A GJIATONPUSITCTBYIOT M4 WCXOJIOB, a COObITUI0 B —
mp ucxonoB. IToCKOIbKY 9T COOBITUSI HECOBMECTHBIE, TO coObITUI0 A + B
Oy1yT 6JIATONIPUATCTBOBATD M 4 + M p UCXOJIOB U3 OOIIETO YUC/Ia UCXOI0B
n. Torna, coryracuo onpesenenuto 7.1.2.1, Oy/IyT BBITOJTHEHBI PABEHCTBA

ma+mp M4 Mp

Bo MHOrmx ciydasx BepOSTHOCTH HEKOTOPOIO COOBITUS MOYKET 3aBU-
CceTh OT TOrO, MPOM3OILIO JApyroe cobbiTue mian HeT. MHatwe roBops, Ha-
CTYILIEHUE BTOPOI'O COOBITHSI MEHSIET BEPOSITHOCTb HACTYILIEHUs] TIEPBOTO.

Onpedesenue 7.1.4.1. BepositHocTh coObITHSI A, BBIYUC/IEHHAS TIPU yCJIO-
BHUU, ITO IPOUIOILIO COOBITHE B, Ha3bIBAETCS YCA08-
HOTU 6EPOAMHOCDIO cobbimus A 1 0b03HAYTAETCS
Pg(A) .

Voemumcs, 9To GopMysia i MOJICIeTa YCJIOBHON BEPOATHOCTH MMEET
BU/I

Po) = 5

[Iycts 13 n —06IIEro Ynciia NCXog0B HEKOTOPOTO UCIBITAHUS, 1M OJIaroIpu-
ATCTBYIOT COOBITHIO B, ipudeM k U3 9UC/Ia MOCIeHIX OJIaronpusiTCTBYIOT
TaK¥Ke U COOBITUIO A, TO eCTh 3TU Kk UCXOJ0B OJIArONPUATCTBYIOT COOBITUIO
A - B . B cuny onpejeienus 7.1.2.1 310 03Ha9aeT 9TO

P(B):% PB(A):% n P(A~B):%. (7.1.4.1)

[TepeMHOXKUB TIOWIEHHO TIepBoe U Bropoe pasercTsa B (7.1.4.1), nosydaem

P(B)- Py(A)= - = P(4-B)

U, CJeI0BATENbHO, MOYXKHO yTBEPK/IATh, UITO CIIPABEJJINBA
Teopema 7.1.4.2. BepoITHOCTh MPOU3BEAEHUSA COOBITUIA.
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BeposTHOCTD IpOM3BEIEANs] IBYX COOBITHII pABHA POU3BEICHUIO

BEPOSTHOCTH OJTHOTO COOBITHS HA YCJIOBHYIO BEPOATHOCTD JIPYTOrO,

BBIUUCJIEHHYIO [P yCJIOBUM, UTO II€PBOE IIPOU30MILIO:
P(A-B)=Pg(A)-P(B), P(B)>0 wm
P(A-B) = Pa(B)- P(A), P(A)>0.

3ameTnM, YTO BO3MOXKEH CJIyuaii, KOIJia BEPOSTHOCTb HACTYIIJIEHHsI CO-
ObiTust A e menaemes npu HacTyiieHnu coobitust B. Ilpu arom P(A-B) =
P(A) - P(B) u eCrecTBEHHO JaTh

Onpedesenue 7.1.4.2. Cobbitust A u B Ha3bIBAIOTCS HE3AGUCUMbBLMU, ECITT
P(A-B)=P(A)-P(B).

[Momyuum Temepsb dopmyiy, OOODIIAIOILYIO yTBEPXKIEHUE TEOPEeMbI
7.1.4.1, 1yt BEPOSITHOCTH CYMMBI JIBYX COOBITHIL, HE SBJISIONIUXCH 00si3a-
TEeJIbHO HECOBMECTHBIMU. HamoMHUM, 9TO COOBITHS HA3BIBAIOTCS COBMECITL-
HbLMU, €CITH TIOSBJIEHUE OJHOTO U3 HUX B HEKOTOPOM UCIBITAHUN HE UCKJIIO-
JaeT U MOsIBJIEHUE BTOPOTO.

Nmeer mecTo
Teopema 7.1.4.3. BeposiTHOCTb CyMMBI COOBITHIA.

BeposiTHOCTE CyMMBI JIBYX COOBITHI OIIPEIE/IsieTCst 10 (POPMYJIe:
P(A+ B)=P(A)+ P(B)— P(A-B).

Jloxaszamenvcmso.

B cuny onpenenenmit 7.1.1.2 u 7.1.1.3 cobbitne A mpowmsoiijer Torga u
TOJIKO TOIJI, KOTJIa IIPOU30MIET OHO U3 JBYX HECOBMECTHOLL COOBITHIL:
A-Bu A-B.B cuny teopems! 7.1.4.1 B 5TOM ciiydae OyIeT CIPaBEJIIMBO
pasenctso P(A) = P(A-B) + P(A- B) . Uz koroporo ciexyer, uro P(A -
B)=P(A) - P(A-B).

Awanormano, cobpiTme B TPOM30HAET TOTJA W TONBKO TOTJA, KOTIA
[IPOM30MIET OIHO U3 JIBYX Hecoemecmuuix cobbituit: A-Bu A-B . U no
teopeme 7.1.4.1, 6yzer sepo pasencrso P(B) = P(A-B)+ P(A-B) , B
cuity xkotoporo P(A- B) = P(B) — P(A-B) .

Hakonen, cobbrtne A + B mpomsoiiier Toraa m TOJIBKO TOTAA, KOTIA
HPOM30IIET OHO U3 TPeX MOHAPHO Hecosmecmmbir cobbituit: A- B, A- B
wm A- B . Hosromy P(A+ B) = P(A-B)+ P(A-B)+ P(A-B).

[losicTayisst B MOC/e/IHEe paBeHCTBO Bhipaskernns P(A - B) = P(A) —
P(A-B)u P(A-B) = P(B) — P(A- B) , nony4aem JIOKa3blBaeMoe COOT-
HOIIEHUE

P(A+B)=P(A)+P(B)—P(A-B).
B cayuae, korma uncso cobbituii Gosbine nyx (Hanpumep, N) BeposiT-
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HOCTH UX CYMMBI YI00HO HAXOINUTE MO (GOpMyJIe
P(A1+ A+ As+ ...+ An) =1—P(A71A72A73E)

WM, 9YTO TO K€ CaMOoe,

() e ltm)

nosaygaemoii u3 dbopmyssl ge Moprasa (cm. npumep 7.1.1.1).

[IpomemoncTpupyem ucnosnb3oBanne teopem 7.1.4.1 — 7.1.4.3 npu perre-
HUAW 33/1a4.

Ipumep 7.1.4.1. Illpu kakom N — Uucje mocC/IeI0BATEIbHBIX OpOCAHUT UT-
paJIbHOM KOCTHU, BEPOSITHOCTh COOBITUS A, 3aKJIFOUAOIIe-
roCsi B TOM, 9TO XOTsI ObI OIWH Pa3 BBITAJET IIEeCTh OIKOB,
6yzner OoJibIre, €M % ?

Pewenue. ITyctb cobbiTue Ay COCTOUT B TOM, 9TO IIECTH OYKOB BBIIIAJIO IIPU

k—w 6pocanuu. Torma A = A1+ As+ As+...+ Ay . Haiinem BeposiTHOCTD

cobbitust B = A; - Ay - Az - ... - Ay , 3aKJIIOYAIOMIErOCS B TOM, 4TO 3a

N OpocaHuii 1MecTh OYKOB He 6unadym Hu pady. 1lockoabKy Opocanmst

SIBJISIIOTCS. HE3ABUCUMBIMU COOBITHSIMU, & YCJOBHUS OPOCAHUS OJIMHAKOBBI

JJIST BCEX M3 HUX, TO

P(B)=P (A Ay As ... Ay) =
= P (A1) P (A) P (Ag) oo P (Ay) = (1= p)"

rme p = % — BEPOATHOCTD BBINNACHUS IIECTH OYKOB IIPU OJHOM OPOCAHUH.
IMockoabky P(A) + P(B) = 1, Ham HeoGxonuMo HalTh 3HadeHust N, s
koTopbix P(B) < % . lnage roopsi, Tpebyercs pemuTh HePaBEHCTBO

N
1 ) 1
Pemenne (cum. m.6° §1.1) umeer Bus

1
s m1-m3 _ (~1.097)

5  In5—In6  (-0.182)
6
Hakomern, yunrteiBas, aro dncio N HATypaJbHOE, IPUXOINM K 3aKJIOYe-

HUIO, YTO BEPOATHOCTH, XOTSA OBl OHOKPATHOIO BBIMAEHUS [IIECTH OYKOB,
OKa3bIBaeTCs 0OJIbITe % npu N > 7.

N > log ~ 6.036 .

w|

5
6
In
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O O
220e
Puc. 7.4. Cxema BKJIIOUEHHSI JIEKTPOJIAMIT B 3ajade 7.1.4.2.

Ipumep 7.1.4.2. st OCBeIeHUsT HEKOTOPOI'O IIOMEIEHUS UCIOJIb3YIOTCs
Tpu daeKTposaMibl L1, Lo u L3, BKIIOUEHHDBIE TIO CXEME
MOKA3aHHOM Ha puc. 7.4. BepoaTHOCTH BBIXO/Ia U3 CTPOSI
(“meperopaHus”) STUX JAMI B TeUeHHe T'OJa KCILIyaTa-
WU He 3aBUCIT APYT OT APYTra U PABHBI COOTBETCTBEHHO
%, % u % KakoBa BepogTHOCTB, 9TO TIOC/IE TO/IA IKCILITY-
aTaryy 3TO TOMEIEeHIe OKAYKeTC s 6e3 OCBeNeH s ?
Pewenue. Ilycrs cobbiTre A COCTOUT B TOM, YTO JIaMIa ¢ HOMEPOM k HC-
npaBHO HpopaboraeT B Teuenne roga. Torma cobbitie Aj 3aK/mouaercs B
TOM, 9YTO JIAMIIa C HOMEPOM k TeperopuT B Tedenne 31oro mnepuojia. Cobbi-
tust A, u Aj, 049eBIUIHO 00pa3yIoT IOJIHYIO I'PYIILY. 3aMEeTUM TaK»Ke, UTO
JlaMIia He OyjieT roperh Jinbo B clydae, KOTJa OHa BBIINLIA U3 CTPOs, OO0,
KOTJIa BETBb II€1H, B KOTOPYIO OHA BKJIIOYeHA, pazopsana. [locenuee o3ua-
qaeT, HAIPUMED, YTO B CIydae Imeperopanus JiaMibl Ly, sjamna Lo TOpeTh
He Oyjer, /1arke, €CJIM OHA MCIIPABHA.
K xomiry roma st Kaxk 10# u3 jgami ¢ Homepoum k = 1,2, 3 mpousoiigeT udbo
cobertie Ay, 6o cobbrtue Aj,. Cocrapum Tabmuny 7.1.4.1 6ce603.moocHvLT
HCXOJIOB, 3AIMCaB UX (DOPMYJIbI IIPH IIOMOIIU OIEpaIuii ¢ COOBITUSIMUA U
MIOJICIUTAB BEPOSITHOCTU KaXKJOT'0 U3 MCXOJOB.
st TOrO, ITOOBI OTBETUTH HA BOIPOC 3aJa491, HEOOXOINMO HANUTH Be-
POATHOCTH COOBITHS, 3aKJIIOYAIOIIErOCs B IOSBJIEHUN OJHOIO U3 HCXOIOB
¢ nomepamu 4, 6 u 8. /Ing srtoro cieayer mpuMeHuTb Teopemy 7.1.4.1,
KOTOpasl JlaeT

1 1 1 1
P(OCBemeHH;{HeT):EJrl—OJF%:g,

HerpymHo 3aMeTuTh, 9TO BCE BOCEMb HCXOJIOB IONAPHO HECOBMECTHBI U
00paz3yIoT MOJHYIO I'PYIIILY, [IOCKOJIbKY OCYIIECTBICHUE TOMA Obt 001020 U3
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HUX — JOCTOBEPHOE COOBITHE. DTO MO3BOJIAECT TAKKE caesJaTh 3aKJ/II0oYeHue,
qTo

P( Ocemenne ectp ) =1 — % = g .

(Tabmuma 7.1.4.1)

Homep ucxona CobbrTne Ero BepositHocTs  EcTb st ocBernenune?
1 Ay - Ay As %%%:% Ecrp
2 Ay - Ay Ag %%%:%O Ectp
3 A Ay Ay 2 1d=4% Ects
4 Ay - Ay Ay %21[%2%5 Her
5 Ay - Ay A %%%—% Ecrp
6 o R OF B S Her
7 AL Ay - As %.21[%:% Ecrp
¢ mma biiod me

7.1.5. YciaoBHBIE BEPOSITHOCTH JIJI TOJIHBIX T'PYIII CO-
OBITHUIT

IIycts HabOp cobwiThit By, Bs, ... By obpa3yer MOJHYIO TPyIITy, TO
€CThb OJTHO U3 3TUX COOBITHH 00s3aTETLHO ITPOUCXO/IUT, HO BCE OHU TTOTIAPHO
HecoBMecTHBI. U yceTh cobbiTue A MOXKeT MpOu30iTH ¢ JIIOOBIM (HO TOJIBKO
¢ opuum!) u3 cobbITHii 9TOi NOIHOI rpynbl. Torga, UCHOIbL3Ysl OlepaIuun
C COOBITUSIME, MOXKHO HAIIUCATH, ITO

N
A=A-Bi+A-By+...4+A-By=)Y A-By.
k=1
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ITockombKy citaraeMbie B 9TO# CyMMe HECOBMECTHDBIE COOBITHSI, TO OYIeT
CIIpaBeINBO PABEHCTBO (cM. Teopemy 7.1.4.1)

N
P(A)=P(A-B1)+P(A-By) +...+ P(A-By) =Y P(A-By)
k=1

Tenepp B KaxkKIOM M3 cjlaraeMbIX TpuMeHuM Teopemy 7.1.4.2, mpen-
Hojiarasi, 9TO M3BECTHDLI ycjoBHBIE BepostHocTH Pp, (A) — BepogrHOCTH
OCYIIECTBJIEHUs] COObITHS A, NpU YCJIOBUHU, YTO IIPOU3OILIO COObITHE Bj.
[Tosygmm cooTHOIIEHME

)- P(B1) + Pp,(A) - P(B2) + ...+ Ppy(A) - P(By) =

P(A) = Pp, (A
Pp,(A) - P(Bg) ,

Mzm

b
Il

1

HA3BIBAEMYIO HOPMYAOT NOAHOT 8EPOAMHOCMU U ODODINAIOIILYI0 TEOPEMY
7.1.4.2 na caydail IOJHOM IPYIIIbI COOBITHIA.

PaccmorpuM Terephb 3a/1aty OIpPEJIEICHUST BEPOSITHOCTH OCYIIECTBIIE-
Hus cobbiTust By npu ycaosuu, 9to codbbitre A npousonuio. Unabivu cito-
BaMu, Tpebyercs HAfTH YCJIOBHYIO BepOosTHOCTD Bua Py (By).

U3 teopemnr 7.1.4.2 cienyer, 91O

P(A- Bg) = Pp,(A) - P(By) = Pa(Bg) - P(A) .
IMostomy mpu P(A) > 0 u Beex k = [1, N| GyzieT BepHO PaBEHCTBO

paip) = T8 FUB)

KOTOpOE C y4eToM (DOPMYJIBI ITOTHON BEPOATHOCTHA MOXKHO 3aIIUCATH B BHUJIE

Pp, (A) - P(By)
Pg,(A)- P(B1) + Pg,(A) - P(B3) + ...+ Pg,(A) - P(Bn)

P4(By) =

nJI

Pg, (A) - P(By)

> Py, (4)- P(B)

[Monygyennas dopmyna HOCUT HaszBaHue gopmysv, batieca.

[Ipu ucnonb3oBanuu hopmys mOJHON BeposiTHOCTH 1 Baiteca ciemyer
HOHAMATb, YTO ycjoBHble BepogrHoctn Pp, (A) u P4(By) cyTh npunyunu-
GABHO PA3AUYHDIE KOTTYECTBEHHBIE XaPAKTEPUCTUKH CJIYYailHBIX COOBITHII.

P4(By) =
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Yr0o6bl HOAYEPKHYTH 9TO PA3JIMUAE, [EPBYIO U3 HUX IPUHSATO HA3BIBATD
anpuoprot (JOOIBITHON) YCIOBHON BEPOSITHOCTBIO, & BIOPYIO — ANOCMEPU-
opnotl (ITOCIICONBITHOI).

ITosiCHUM 3TO pa3judue CJIeLYIOLIM IPUMEPOM.

ITpumep 7.1.5.1. 1) HaiiTu BeposATHOCTH IOIAJAHUS B MUIIEHb [IPU Bbl-
cTpeJie U3 CJIy4dailHO BBIOPAHHOI'O OJHOIO U3 TPeX IIH-
crosieToB. IlepBbIit M3 MUCTOJIETOB BBHIOMPAETCS C BEPO-
ATHOCTBIO %, BTOPOIl — C BEPOATHOCTBIO gu TpeTruit —

1

C BEPOATHOCTBIO G- BepOS{THOCTI/I IIonmaJaHuA JOJId KazK-

JIOTO TIUCTOJIETa PABHBI 21[, 21[ u % coorBercrBerno. 2)C
KAaKO# BEPOSTHOCTHIO IIPU BBICTPEJIE ObLIT BLIOPAH TPETHil
[TUCTOJIET, €CJIU UMEJIO MECTO TIONAJAHNE B MUIIEHD!

Pewenue. Ilycts cobbrrus By, By, B3 cocTOAT B BIOOPE COOTBETCTBEHHO
[IepBOro, BTOPOIo Wit TpeThero mucrojiera. CobbiTne A — nonajjlanmie B Mu-
IIeHb TpH BhIcTpesie. JjIst oTBeTa Ha MEePBBIil BOIIPOC MIPUMEHUM (DOPMYJITY
[IOJTHOM BEPOSITHOCTHU C MapaMeTpaMu:

1 1 1 1 1
P(Bl) = 57 P(BQ) = gﬂ P(B3) = 63 PB1(A) = 17 PBQ(A) = Za PBs(A)
[Tosryaaem
11 1 1 11 7
PA)=73+3 3726 21

OTBeT Ha BTOPOIT BOIIPOC MOYKHO ITOJIYYUTh IpH oMot ¢popmyiisl Baiteca.
IMockosbky P(A) = 2%[, a JUJIsI TPETHEro MUCTOJIETa

Pp,(A) - P(B3) =

DN =

TO TpeTuil nucToser (IpHU yCJIOBUU, UTO IIONAIAHKME B Ieb IIPOoU30LLIo!)
OBLTT BLIOPAH C BEPOSATHOCTHIO

Py(B3) =
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7.2. IlociemoBaTeJIbHOCTA CJIydaiiHBIX COOBI-
TUn

7.2.1. Cxema ucnbiTauuii BepnyJsim

Ha mpakTuke JOCTATOYHO YaCTO BO3ZHUKAET HEOOXOIMMOCTDH OIEHUTH
BEPOSITHOCTH KAKOI'0-JINOO UCXOJIA CJIYYAHOrO COObITUS HE JIJIsi €IMHUYHO-
IO WCIBITAHUS, & JJIsi HEKOTOPOIl CepUU OIBITOB. PaccMOTPUM OCHOBHBIE
TUIBLI TAKAX CEepUil.

[IyTh mpoBoaATCT N 00UHAKOBHIT T HE3ABUCUMBLT OpY2 0m OpYaa OIIBI-
TOB, B pe3y/bTarTe KayKJOro U3 KOTOPBIX MOXKET MpOu30iTH cobbiTme A
C TIOCTOSTHHOM BEpPOSITHOCTBIO P, WJIM K€ He HPOU30MTH C BEPOSITHOCTHIO
q = 1 — p. Takast 10OCJI€/I0BATEILHOCTD UCIBITAHUI HA3BIBAETCS CLEMOU
Bepryaau. Ee mpumepoM MOXKET CJIyKUTH CEPUsI ITOC/IEI0BATETLHOTO HEO I~
HOKDPATHOIO Opocanus UrpaibHoii kocru (cm. npumepst 7.1.2.1 u 7.1.4.1),
Korjia cobbITHEe A 3aKJII0YAETCs, CKAayKeM, B BBIIAJICHUN IIIECTH OYKOB.

Haiinem P, (m) — BeposgTHOCTH TOrO, 4TO cOObITHE A IIPOU30IIET B Ce-
puu Beprysu posao m pas. [Ipeanosoxum BHadase, 9To codbitue A mpo-
W30IILJIO B TIEPBBIX 11 UCIBITAHUSAX W HE IIPOU3OINLIO B 71 — 1M IOCJIETHUX.
[TockoJIbKY BCE 3T UCIBITAHUSI HE3ABUCUMbBIE, TO BEPOATHOCTH TAKOTO CO-
6biTus (coriacuo dbopmyiie, cogepKaneiics B oupeneiaennu 7.1.4.2) Gyner
pasHa pq" ™. Takas »Ke BEPOATHOCTH OYIET, HAIIPUMED, U JJI KOMOU-
HAIIUU UCXOJIOB, KOIJIa B IIEPBBIX N — M UCIHBITAHUAX coObITHe A He 1mpo-
HCXOJIAJIO, 8 IPOU3OILIO B IMOCeHUX M. [IOHITHO, 9TO 3TO XKe 3HAYeHHe
OyJeT UMeTh IAHHAS BEPOSITHOCTb U 044 410000 KOMOUHAUUU UCT0008, B
KOTOPOIT cobbITHEe A HACTYIUT ™M pa3 W HE HACTYIUT B 7 — M, ONBITAaX.

[TonHoe 4Ymcsi0 KOMOMHAIUI MCXOMOB, YAOBJIETBOPSIONINX YCIOBUIO 3a-

n!
aqan, paBuo (cMm. §7.1.3) CT* =
AatH, p (cn. § ) Cn (n—m)Im!”’
NONAPHO HECOBMECTMHDYL, TO, B CUITYy TeopeMbl 7.1.4.1, nCKOMasi BEPOATHOCTD

Oyzer

a ITOCKOJIBKY BC€ 3TN UCXOIbI

n!

Ak o (7.2.1.1)

Pn — m, . m _n—m —
(m) =Cy'p™q =)l

Dra popMyJia HOCUT HazBaHue Bopmyave Bepryssu. OHa cripaBeiuBa, JIjist
JII060r0 3HAaYEeHMs 1M Takoro, 9o 0 < m < n.

Ormerum nHaubosiee BaxKuble cBoiicTBa Gopmyint (7.2.1.1) u caexcrsus
u3 Hee.
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1°. BepositHOCTH TOrO, 4TO cOOBITHE A B cepun BepHy/M mpou3oIio
He MeHee M pa3, JaeTcs (POPMYJIOn

m) = Pu(k) = (n"]l)'k' prgnr (7.2.1.2)
k=0

IIOCKOJIBKY [IJIs1 Pa3HBIX k MCXOAbI cepuil BepHysan sBid0TCa 1O-

HapHO HECOBMECTHBLIMU COOLITHAMU. [IpudeM B cilydae, Koria m =
n, nocyeanssa dpopmyna gaer (cMm. 6unom Heiorona, m1.8° B §1.1)

70 ZZEE:}) 25: ‘k'p q" " ::<p_%q)n =

k=0 k:O

ITOCKOJIBKY 3TO COOBITHE — JIOCTOBEPHOE.
2°. MokHO TOKa3aTh, 9To m* — HamboJiee BEPOSITHOE UUCJIO ITOsIBJIE-
Huit cobbituss A B cepum BepHy/uiu, cocrosiimeil U3 N UCIBITAHUIA,
yaoBjeTBopsier cucreMe HepaBeHeTs (n+ 1)p—1< m* < (n+1)p
3°. HYucno N ucnblTanuii, KOTOpOe HYKHO IIPOBECTH B cepuu Bepmysi-
JId, JIJIST TOrO, 9TOOBI COOBITHE A TPOU30IILIO C BEPOSITHOCTHIO HE
MEHbIIEH YeM 7, XOTsI ObI OJMH Pa3, HAXOAUTCs 110 (hOpMYyJIe

N> In(1—7) .
~ In(1-p)
[Iposepbre 31y bopmyny st mpumepa 7.1.4.1.

Ucnonbzoarue popMyabl BepHy1In TponIIoCTPUPYEM CJIE Ty FOTITIMI
puMepaMu.
Ipumep 7.2.1.1. Ilpu urpax ¢ paBHOCUIHHBIM MPOTUBHUKOM U HEBO3MOK-
HOCTU HUYEHHOrO MCXO07a, UTO BeposiTHee: 1) BBIMIDATH
TPHU UTI'PBI B CEPUU U3 YETHIPEX UT'P WM ISTh UI'D B Ce-
pPUM U3 BOCHMMU; 2) BBIUIPATH HE MEHEe, YeM TPU UIPbI B
CcepuM M3 YeThIpeX Wrp, WIN He MeHee, UYeM MsTh Wr'D B
cepuu 13 BOCbMHU?

Pewerue. 1) ITockonbKy IPOTUBHUK DABHOCHJIBHBIN, TO p = ¢ = % . Torna
BEPOSITHOCTD BBIMIPATH TP UI'PHI U3 YeThIpeX, cornacHo dopmyie (7.2.1.1)
Oyner

1n\* /1" 4 1 4.3.2.1 1 1
P33 =C3. (= = — R L =
1(3) = Ci (2) (2) 13 28 " 1-.3.2.1 16 4’

a BEPOATHOCTDH BBIUT'DATH IIATH UT'D U3 BOCbMU

Py(5) = C3 - (;)5 (;)3 -
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3ua4aut, 60Jiee BEPOSITHO BBIUTPATH TPHU UIPBHI U3 YETHIPEX, YeM IISITh UT'D
13 BOCbMH.

2) BepoaTHOCTD BHIMTPATH HE MEHEE TPEX UTP M3 YETHIPEX, CONTACHO HOp-
myite (7.2.1.2) cocrasur
1 1 5
Ri3)=PB)+P4d)=-+—==—
(3) = Pi3) + i) =  + 36 = 1
B TO BpeMsl KaK BEPOSITHOCTH BBIMIDBIIIA HE MEHEe IISITU UIP U3 BOCHMHU
Oyner
7 7 1 1 93
Rg(5) = Ps(b) + Ps(6) + Ps(7)+ Ps(8) ==+ —+ =+ — = — .
8(5) = P3(5) + Ps(6) + Ps(7) + P5(8) 32 61 32 256 256
To ecTb, BEPOATHOCTH BBIMIPATH HE MEHEE IISITU UI'P M3 BOCHMH OKA3bIBa-
ercs OOJIbIlIe BEPOSATHOCTY BBIUIPATH HE MEHee TPEX UI'D U3 YeThIPEX.

Ipumep 7.2.1.2. Tlpu mokynke OMIETOB HEKOTOPOIl JIOTEPEU B CPETHEM
o/MH u3 15 OmjeToB OKa3bIBaeTCsl BBIMIDBIMNHBIM. 1Ipu
HOKYIIKE KAaKOI'0 KOJIMYeCTBa OUJIETOB BEPOSTHOCTD TOTO,
9TO HE MEHee €M JIBa U3 HUX OKA3aJIUCh BBIUTDBIITHBIMI
Oyzner GoJiblie % ?

Pewenue. Ilycrs 6pu10 Kymreno N OnieToB, KaKIblil M3 KOTOPBIX C Be-

POSITHOCTBIO {5  OKA3BIBACTCs BBIMIPBIIIHLIM, & C BEPOSTHOCTHIO % -

HET.

PaccmorpuM miporie/iypy HOKYNIKN OMIIETOB Kak cxeMy ucnblitanuit bep-
nyJ, "ycrexoM"B KOTOPBIX SABJISETCS TOKYIIKA HEBBLIUTIPBIIITHOIO OMJIeTa,
7 HafiJIeM BEpOATHOCTH TOTO, 9TO CPEIU KYIUIEHHBIX OMJIETOB JIOO BOOO-
ITe He OKAYKeTCS BBIUTPBINIHBIX, JUOO BBLIUTPHIIIHBIM OYIeT TOJIBKO OIHH.
3aMeTnM, YTO 9TO COOLITHE HABJISETCS IIPOTHUBOIOJIOKHBIM K COOBITHIO A,
3aKJIIOYAIONIEMYCsl B TOM, 9TO HE MeHee YeM J[Ba OuieTa 0OKa3aJjiCh BbIUT-
PDBINTHBIMI.

BeposiTHOCTB TOTO, 9TO, Cpe/in KyILJIEHHBIX OMJIETOB HE OKAKETCH BbI-
UIPBIMHBIX coriacHo ¢dpopmyste (7.2.1.1) pasua

=t () ) - () ) - ()

a BEPOSTHOCTD TOTO, YITO, CPE/IN KYIIJICHHBIX OMJIETOB OKAXKETCS JIUINb OJIUH
BBINTPBINTHEIA Oy/1eT

v = Cﬁ@y@) - <N—N1>1(§>N(f5> -
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Torna

P = x(¥)epyvn) = (M) LR ()T () (1 )

Ocraercsi BBISICHUTBH, U KaKWX 3HadYeHUsX N Oy/IeT CrpaBeyIuBo

HEepaBEeHCTBO
_ 14\ " N\ 1

[Tockonbky N HaTypaJibHOE YHCJIO, TO IMPOIIE BCEIO COCTABUTH TAOJIHILY

suavennii P(A) misa pazmuaasix N

N 5 10 20 24 25 30

P(A) || 0.9612 | 0.8599 | 0.6111 | 0.5182 | 0.4964 | 0.3065

us KOTOpOfI cjeayer, 9To BEpOdATHOCTL TOI'O, 9YTO HE MeHee 4YeM JiBa H3

KYTLJIEHHBIX OUIETOB OKAXKyTCs BBHINTPHINTHBIMEU OyIeT OOIbIne % npu N >
25 .

7.2.2. ®opmyna Ilyaccona

OrtBer Ha BTOpOIi Boripoc B npumepe 7.2.1.1 HATISIHO TEMOHCTPUPYET
POCT 3aTPAT BEIYUCIUTEIbHBIX YCUIHI IPU UCIOIb30BaHnn hopMyJibl Bep-
HYJIH, KOTJ[a 3HaYeHne N yBeandnpaercsd. 1Ipu 60X N NCIOIb30BAHNE
3TOI (POPMYJIBI MPAKTUIECKA HEBO3MOXKHO M OKA3bIBAETCS HEOOXOIMMBIM
[IPUMEHEHNe aJIbTEPHATUBHBIX METOJIOB OIeHKH BeJIndIuHbl P, (m).

OpvH 3 TakuX MeToA0B (DOPMYJIMPYETCS KaK
Teopema 7.2.2.1. Teopema Ilyaccona.

Eciin BeposiTHOCTBL p — HaCTyIJIEHUSI COOBITUSI A, TOCTOsSIHHA U
JOCTaTOYHO Maula, & IIOJIHOE YUCJIO UCIBITAHUl 1 JOCTATOYHO Be-
JINKO, TO MMeeT MECTO IPHUOJIMKEHHOE PABEHCTBO

rae A =np .
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3>

Jloxaszamenvcmeo. Ilo yciioBuio Teopembl p = . IToxcraBus 310 BBHIpa-

JKeHue [ist p B popmyiry Beprysuiu, moryanm

P,(m)=Cm. %m g nom
_?‘L:Z,H(N—l)(n—%)n.!..(n—m—f—l) (1_%)n(1_%)_m:
X n-ln-2.  .n=m+l 1—%)71(1_%)%:

X HEDNEHENEED (N

3aMeTnM, YTO IIPHU JOCTATOYHO MAJIOM 1M

lim (l—k):l, Vk: 0<k<m-—1
n

n— o0
)\ —m
lim <1 - > =1,
n—so00 n

a IOTOMY 8ce ckobku, Kpome npednocaedneds, Tpu JTOCTATOIHO OOJIBIIIOM 7
MOXKHO cuuTaTh paBabivu exuaune. C apyroit cropousr, (cm. §3.2.4, Tak
HA3BIBAEMBIil, 6Mopoll 3amevamervholi npedes )

A n
lim (1 - ) =e
n—oo n

u onenka Beposraoctu Py, (m) B dopmyse Beprysm Gymer umers By,

P, (m) ~ =—F— |

9TO U JI0Ka3bIBaeT Teopemy llyaccomna.

Ipumep 7.2.2.1. IluBoBapeHHOE TIPEANIPUSITHAE TTPOU3BEJIO U OTTPY3UIIO 3a-
kazunky maprtuio B 100000 6yTeiiok nuea. BeposTtHOCTH
TOrO, 9TO OJHA CJIYyYailHO BHIODAHHAS U3 ITOW MAPTUN
Oy ThLIKa OKaxkeTcs pasduroit, pasua (0,0001. Kakosa Be-
POATHOCTD, YTO B OTI'PY2KEHHOI TaPTUU YUCJIO PA3OUTHIX
Gy TBUIOK OKaXKeTCsl paBHBIM 1) Tpem, 2) ceMu u 3) 1iect-
HaJIIATH !

Pewerue. TlockonbKy mporeaypy IIOC/IEIOBATEIBHOM MPOBEPKU BCEX Oy-
TBUIOK (HA LpPEJMET BBISBJIEHUsI PA30UTHIX) MOYKHO PACCMAaTPUBATL Kak
cxeMy UCHbITaHuil BepHysIH, B KOTOPOit coObITHe A 3aKJII0YAeTCS B TOM,
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9TO TIpOoBepsieMasi OYTHIIKA OKa3bIBAETCS PA30UTOM, & UIUCI0 TAKUX UCIThI-
TaHuil (IIPOBEPOK) JOCTATOYHO BEJIUKO, TO UMEET CMBICJ IPUMEHUTH (hop-
myy Ilyaccona.

B mannoMm cityuae 3Hadenue mapamerpa A = np = 100000-0,0001 = 10 .
HaiineM BeIMYMHY MHOMKUTETIS € , KOTOPYIO MOYKHO IOICINTATD IIPH
TIOMOIIN KaJBKYJIATOPA, B3ATHh U3 CIIPABOYHBIX TAOJNI] WU Ke OIEHUTH
ee [IPK HOMOIIY OCHOBHOTO JiorapudmMudeckoro roxaecrsa (cM. m.6° §1.1).
HeticrBuTebHO, 3Hasd, 9T0 lge ~ 0,434, j1erko HaTn

e = (101g8)7>\ =10"*8°¢ | mockombky e = 10'8° .
B namewm citygae

e 10 =107108e — 107434 x4, 5.107° = 0,000045 .
U, CJIeJIOBATEJIHHO,

10%- e 1000 - 0,000045

Amnanoruuno nosydaem, 9to P00 = 0,000 1 PiSg0 = 0, 0220 .

Anajmmsupys pemenne 3aga4u 7.2.2.1, MOXXHO HPEIIIOJIOKHUTD, YTO Cy-
MIECTBYET Haubonee 6epoAmHoe IUCI0 pa3dUTHIX Oy THIIOK. Hade roBops,
JIIST HEKOTOPOro m 3Hadenne P’ GyneT nMeTb MaKCHMAJILHOE 3HAUEHIE.
[TorrpobyeM OMeHnTH 9TO 3HATEHUE 1M, CJIELYIOIIM 00pa30M: BBISICHUM, TIPU
KakoM ycioBun pyHKIws F(A\) = )‘mT(f Oymer nmeTh MakcumyM. Jlst
9TOrO HaiiieM 3HadYeHue A , Ipu KOTOpOl.\/I npoussBoznas ot dbyaxmuun F(\)
obparaercsd B HOJIb (cM. §5.4 — neobrodumoe ycaosue sxcmpemyma @yri-

m 7A
F'()\) (/\ m' ) — # m)\m—le—)\ M (_ _,\) _
Amfl A A
o (m—=X)=0

3HaYNUT, MAKCUMYM JIOCTUTAETCS NIPU A = m U HamboJiee BEPOSITHOE UHUC-
JI0 pa3buThIX OyTHIIOK B mapruu, cocrosimeit u3 100000 (kax B npumepe
7.2.2.1), paBHO AecaTu. DTa OLEHKA COIJIACYETCS € YCJIOBUEM, 9TO B CPEJI-
HEM W3 JIECSATH THICSY OYTBHLIOK OJHA OKA3bIBaeTCH Pa3dUTOil — B mapTun
COCTOSINEN M3 CTA THICAY OYTBHIJIOK B CPEIHEM JECATH Oy/IyT PA30UTHIMA.
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7.2.3. Ilennrm MapkoBa

B cxeme Bepryiu pesysbrar KarXK0ro UCHBITAHUST HE 3aBUCEJT OT pe-
3yJIBTATOB JAPYTHUX UCIIBITAHUN, OJHAKO BIIOJIHE MOXKET OKa3aThCsd, UTO Ta-
KOE€ TIPE/ITOJIOKEHNE HEe COOTBETCTBYET peaabHocTu. [losToMy ecrecTBEHHO
BO3HHUKAET ujesi 0000IeHnss cxeMbl BepHy/n, mpocTeifimit BapuanT Ko-
TOPOTO 3aKJIIOYAETCS B CJIE/IYIOIIEM.

[IycTh mpoBOAMTCsI Cephsi UCIBITAHUN, B KaXKJIOM M3 KOTOPBIX 00si3a-
TEJILHO IPOUCXOUT OJHO U3 JBYX HECOBMECTHBIX cobbiTuil A mau B. Ha-
MMOMHUM, 9TO TAKON HAOOP MUCXOIOB HAZBIBAECTCSI NOAHOT 2pynnoti cobvimudl,
U JIJIsi HUX CIIPABEJINBBI PABEHCTBA

A+B=0Q,
A-B=0.

N mycth, Kpome TOro, mcxomd k + 1-TO MCHBITAHUS CIyYIaiffHBIM 0Opa3oM
3aBUCUT MOALKO 0m ucxoda k-10. VIcmosib3yst BBEJICHHYIO paHee TepMUHO-
JIOTUIO, 3TO IPEJIIOIOXKEHIEe MOYKHO C(hOpMysInpoBaTh TakK: CyIIECTBYIOT
ycJioBHBIE BeposiTHOCTH (cM. §7.1.5)

PAk (Ak-i-l) :p% s PBk (Ak+1) = p% ;
2

Pa,(Bit1) =pi . Pp.(Brs1) =p3 ,
rje cobbitust Ap 1 By 3aKJIH0YAIOTCS B TOM, YTO B pe3y/ibrare k-ro UCIbI-
TaHUS TPOU3OIILIO COOTBETCTBEHHO COOBITHE A My cobbiTne B.
IIpu 9TOM TIpeJIIoIaraeTes, 9To BePOATHOCTH i, p2, ps, p3 odunaxosw
oasa ecex k. Hakomer, mockoabky coObiTust A u B 0O6pa3yioT moJHyo
PYIILY, TO CIIPABEIJINBBI PABEHCTBA

pl+pi=1,
py+p3=1

Cepusl UCIBITAHWIT OMUCAHHOTO BHJIA Ha3bIBaeTcs uenvio Maprosa. B
caytdae JBYX MCXOJIOB, KaK bl mar renu MapkoBa OIMUCHIBaeTCs KBa/I-
paTHO# MaTpUIlell BTOPOrO MOPSIIKA

1,2

Isi=| 21 %

= 1.2

P2 D2

HA3bIBAEMOI MaAPKOBCKOU Mmampuyeli nepexroda, B TO BpeMsl KaK yCJIOBHBIE

BEPOATHOCTH pi, p?, pi, p3 NPUHATO HAZBLIBATDL MAPKOGCKUMU NEPETOOHDI-
MU 6EPOATVHOCTLAM. *

1O6parure BHEMaHMe, UTO B 3aIlUCH, HAIIPHMED, p% YHCJIO 2 SIBJISIETCS HE IOKa3aTe-
JIEM CTEIIeHH, & MHIEKCOM — HOMEPOM OJHOT'O U3 COOBITUM, 06Pa3yOMINX ITOJHYO IPYIILY
HFICXOJIOB JJIs1 KayKJOTO UCHBITAHUSI B MapKOBCKOI CEPHU.
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BoisicHuM Tenepb, Kak CBA3aHBI BEPOATHOCTH coObITHit A 1 B 11J1s1 IByX
HOCJ/IEJIOBATEIBHBIX UCIbITaHUN B Iienn Mapkosa. MubiMu cioBamu, Hali-
JieM BbIpazkeHusi Jyisi BepositHocTelt P(Ayy1) u P(By41) Uepe3 BeposiTHO-
cru P(Ay) u P(By).

Coruacuo dhopmysie mosnoii BepogrHocru (cM. §7.1.5), g so6oro k
AMEIOT MECTO COOTHOIIEHUST

P(Agt1) = Pa, (Ag+1) - P(Ax) + Pp, (Ag1) - P(By)

P(Bit1) = Pa, (Bry1) - P(Ag) + Pp, (Bi+1) - P(Bk)

nJI

P(Ap+1) = pi - P(A) +p3 - P(By)

P(Biy1) =pi - P(Ay) +p3 - P(By) .

[Tosygyennnie paBeHCTBA MOYXKHO 3amucarh B 60jee mpocToit hopme, mc-
[IOJIB3Y$T OIIEepaIuy ¢ MaTpuramMi. JleicTBuTeIbHO

P(Ajt1) pboph || P
P(Bg1) Py P3 P(B)
IITH YK€, COBCEM IIPOCTO 2
P(Ag+1) . P(Ay)
=S| -
P(Bj+1) P(B)

3ameTuM, 4T0, 3Has MATPUILy Iepexona ||.S|| mis omHoro 3BeHa MapKOB-
CKOM LEIM, MOXKHO, HCIIOJIb3ysi ONEPAIMIO MPOU3BEIECHUST MATPHUIl, HANTH
MaTPHILy TIepexoJIa st J000ro duca ee 3BeHbeB. Hampumep,

P(Ay) P(45) P(Ay)

=S| =St (st
P(By) P(B3) P(Bz)

P(A)
= SISt st :
P(By)

2HamnoMHEM, YTO IIPU TPAHCIOHHPOBAHUE MATPHUILI €€ CTOJIONbI HPEBPAINAIOTCH B
CTPOKH C COXpaHEHWEM MHOPAIKa UX CII€JOBAHUS.
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OrKyna ciemyer, 9T0

NERE

P(B,) P(By)

U HeTpyIHO IPUATH K 3aKJIIOUEHUT0, 9TO ||Sk|| — MaTpuna nepexoza Mex-
Jly TIEPBBLIM U k-M UCIILITAHAEM B MAPKOBCKOM CEpUU, ONPEeIe/IsieTCs pABEH-
CTBOM

k—
il = si™ - 0s1™ - s = (is1™)

k—1

[Tpumepom 1ierm MapkoBa, B KOTOPOIl IOJIHAST I'PYIINA HCXOI0B KaxK-
JIOTO UCIIBITAHUST MOXKET COCTOSITH O0jiee UeM M3 JBYX COOBITHH, CILYZKUAT
[IOCJIeIOBATEILHOCTD HAOJIIOEHNI 38 KOJIOHWEH YKYKOB B “3a/ade O XKy-
kax” (cm. §2.3). [elicTBUTENBHO, €CJIM BOCHOJIB30BATHCS CTATUCTHYCCKUM
OTIPEJIEIEHNEM BEPOSITHOCTH, TO JIJIsl KaXKJIOTO »KYKa, YCJIOBHBIE BEpPOSIT-
HOCTH OBITH OOHAPYXKEHHBIM B IIPOIECCE HADJIIOIEHWS B OJHON M3 Tpex
BO3MOXKHBIX Cpejl OOMTaHWsI, 3aBUCAT TOJBKO OT ero “MecTOHAXOXKJIeHUsT
B MOMEHT MPEIbIAYIIEro HADIIOACHNS U UMEIOT 3HAUCHUSA:

P(na 6epeey — na bepeey ) =pi=0.3,

P(na 6epezy — 6 603dyve ) =p? =05,
P(na 6epeey — na sode ) =p} =04,
P(6 6o3dyre — na bepeey ) = ps=0.4,
P(6 603dyre — 6 6o3dyze) =p3=0.1,
P(6 603dyze — ma 6ode ) =p3=02,
P(na s0de — na Gepezy ) =pi =03,
P(na 60de — 6 so3dyxe ) =p3=04,
P(na sode — na sode ) =p3=04,

cuuTasi, 9TO COCTOsTHUE “Ha Oepery”’ mmeeT HOMep 1, cocTosiHue “B BO3yxe”
— HOMEp 2, a cocrosiHue “Ha BOoje’ — HOMep 3. Ilpm sToM KBajgparTHYyIO
MaTPHUILY MPemve20 nopaodka

03 05 04 o2 P "
1A =1 04 01 02| =|p} p2 p3
03 04 04 pi p3 P

B ypaBHenun (2.3.2) MBI paccMaTpUBaeM KaK TPAHCIOHUPOBAHHYIO MaT-
puiy uepexoza ||S|| oT omHOro cocTosHUS KOJIOHUH XKYKOB K JIPYTOMY.
[TockombKy KaxKIbIN KYK 00A3amesbho OOHAPYKUBAECTCS TIPU HAOJIIOIe-
HUU MOALKO 68 00HOT U3 TPEX BO3MOXKHBIX CPeJl OOUTAHUSI, TO ITH COOBITHS
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(obHapykuUTH KyKa “Ha Gepery”, oGHAPYKUTD KyKa “B Bo3iyxe” u oOHa-
PYKUTH KyKa “Ha Boze ) 00pa3yioT mosHyo rpymry. CBs3b MeXKIy COCTO-
STHUSIMUA KOJIOHWH JIJIsI JIBYX IIOCJIEJIOBATE/IbHBIX HAOJIIOJEHUIT ¢ HOMepaMu
k u k + 1 npu momMoIu MaTpUIHBIX OIIEPAIT 3AIMCHIBAETCS B BHJIE

T 1,2 .3 (|7
1,k+1 L1k P P1 D1 Tk
Topsr || = ISI" || 2o || =1 P2 p% P | wok || =
T3 k+1 T3k P3 p?2, p% L3,k
03 05 04 1k
=104 01 02 ||| z2x ||, (7.2.3.1)
03 04 04 3k

IJie T4} — TNCJIO KYKOB, OOHApY’KeHHBIX B cpeJie HoMep j B mporecce k-ro
HaOJIIOIEHUS].

Hakonery ormeTunM cieiyrolinee HHTEPECHOE CBOWCTBO JAHHOW I€IU
Mapxkosa. B npumepe 3.2.5.3 (cm. §3.2.5) mokazaHo, 9TO IPH JOCTATOYHO
6OJIBIIIOM YHCJIe HAOJIIOAEHUI JT0U ODINEero Juciia, KyKOB, OOHADYKUBae-
MBIX B PA3HBIX Cpefax OOMTAHUS, MEPECTAIOT MEHSIThCHA. DTO HE O3HAYAET,
9TO KYKH ‘YTOMOHHUJINCH’, OHU TO-TIPEXKHEMY ITPOIOJIZKAIOT MEHSITH Cpe-
Iy oburanusi B coorsercTBun ¢ Gopmymamu (7.2.3.1), HO 9TH U3MeHeHUsI
83aUMHO Komnencupyromces. VlHade roBopst, CyIIecTByeT HEKOTODOe IIpe-
JeTbHOE PACIIpeiesieHIe 2KYKOB 10 CpeIaM

:L'l ml,k

{,13§ = lim X2k
* k—oo

.T3 x37k;

B mpumepe 3.2.5.3 TakxKe MOKa3aHO, YTO INPH UCIOJTH30BAHHBIX KOH-
KPETHBIX 3HAUCHUSIX BEPOSITHOCTEN Iepexoma

] 92
x5 || =|| 60
x5 86

U, KpoMe TOro, 3ToT croJberr sBisiercd (cM. §2.4) cobemeentvim 6eKmopom
T
marpunpt ||S]| ", coorBercTByIOIUM cobemeertomy dnavenuto A = 1

AHajmm3 MapKOBCKUX IIeTIell, TaK »Ke KaK U HCIIOJIb30BAHKNE CXEMbI HCIIbI-
TaHuit BepHyJIu, T03BOJIAET MOJIyYaTh OIEHKHA BEPOSTHOCTEH pa3IMnIHbIX
cepuil ciryJaiiHBIX coObITHit. PaccMoTpuM ciiemyromnyo 3a1ady.

Hpumep 7.2.3.1. JIBa crpenka A m B cTpensioT MOOYEPEHO 110 MUIIIe-
HU, CcJielyd IIpaBUJIy: IIPU IIOIIaJaHUU CTPEJIOK IIOJIyYIaeT
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paBo Ha BHEOYEPEIHON BBICTPEJI; IIPU IIPOMaxe — IIPABO
BBICTDEJIa IIEPEXOJUT K IPOTHUBHUKY. BepogTHOCTH IIO-
majaHusi U IpoMaxa CTpejika A paBHBI COOTBETCTBEHHO
pj = % up, = %, a g CTpeJiKa B oHu paBHBI pg = %
upg = % Kto m ¢ kKakoit BepOsITHOCTBIO OyJieT JiejiaTh
BTODOI ¥ TPETUI BBICTPEJIbI, €CJTH NEPBLIM cTpeisyi A?

Pewenue. lanHoe copeBHOBaHUE MpEJCTABISET COOON MAPKOBCKYIO IIElh
¢ MaTpuIeil mepexoja Jijisi OJIHOrO IIara,

3

151 =

s oo

7

ITycts P(Ay) — BEpogTHOCTH TOrO, 4TO k-ii BBICTpEJ JeIaeT CTPEIOK A,
a P(Bj) — BepoaTHOCTH TOrO, 9TO k-ii BbIcTpes mesaer crpeaok B. Torma
o dbopmysie nosHoi BepostHOCcTH (CM. §7.1.5)

P(A]ﬁq) = % : P(Ak) + ’?7’ P(Bk) ;
(7.2.3.2)
P(Byy1) = % - P(Ag) + ’Z% - P(By) -

B marpuunoit ¢popme coornorrenus (7.2.3.2) umeror Buj,

P(Ag41) % ’?% P(Ax)
P(By+1) % % P(By)

ITo ycnoeuto P(A1) =1u P(B1) =0, mostomy P(Ay) = % u P(Bs) = % .
st Tperbero BoicTpena 1o dhopmyaam (7.2.3.2) HaxomuM

P(A3) =3 - P(4:) + 3 - P(By) = g% + & = 5%,

P(Bs) =2 P(A2) + - P(By) = o5 + 55 = 1% .

Takum o6pazomM, BTopoit BeicTpest cTpesiku A u B Jie1ai0T COOTBETCTBEHHO

93

C BEPOATHOCTAMH & U & , & TPETHil BBHICTPET — C BEPOATHOCTAMU Jw= U

82
175 -

Boustee merampubrit anamms 3aza4an 7.2.3.1 MO3BOJISAET 3aKIIOYATD, UTO
[IpU HEOTPAHMYEHHOM IIPOJIOJI?KEHNN COPEBHOBAHUS BEPOSATHOCTU BBICTDE-
JIOB it A m B cTaHOBATCS MOCTOSHHLIMI (He 3aBUCAIIIMMUA OT HOMepa
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BolcTpesna). JleficTBUTesIbHO, IyCTh

P(Ay) || _ || P(4)
ri | =] 71|

lim
k—o0

Torma, nepexois K upejeay npu k — oo B paBencrsax (7.2.3.2), mosrydum

P(A)=3-P(A)+3 PB),
(7.2.3.3)
P(B)=%-P(A)+ 4. P(B)
WM B MATPHYHOM BHJIE
3 3
s -1
s 4|l PB) |7 PB) ||
5 7
Ecisin cpaBaurh 310 MaTpuuHOe ypasHenue ¢ dhopmysioii (2.4.1) §2.4, to
MOKHO 3aMETUTh, UTO CTOJIOEI] ﬁgg; SIBJIAETCS COBCTNGEHHDIM BEKMO-
POM MATPHUIBI
3 3
5 7
2 4|
5 7

KOTOPBII OTBEYaeT cOOCMBEHHOMY 3Haveruo A = 1 .
Herpyamo Takxke BUmeTh, 9To cucteMa ypasHenuii (7.2.3.3) npuBogur

K YCJIOBHIO

2 3

-P(A)==-P(B

2p(4) = 2p(B)
a 11ockobKy P(A) u P(B) cyTh BEpOSITHOCTH COOBITHIT, 06pa3yIoNux no-
nyro epynny (cMm. oupenesenue 7.1.1.6), o P(A) + P(B) = 1, 4ro oKoH-

qaTebHO J1aeT
B p Y

29 29
WuTepupernpys cTaTUCTUYECKH MOy Y€HHBIE IIPeIeJIbHbIe 3HAUEHUS BEPO-
SITHOCTEMN, MOXKHO CKa3aTh, UTO A CTpeJIsieT HeCKOJIBKO Jalre, deM B. 91o
COIJIACyeTCsl C YCJIOBUEM 3aJa9M, TOCKOIBKY BEPOSTHOCTD IIONAIaHUS IIPU
onHoM BeicTpesie y A Gonbie, yem y B. [leiicTBuTe/IbHO,

3 21 20 4

+ +
PA= 535735 7" PB

P(A)
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I'maBa 8.

Ciy4yaiiible BeJINYNHBI

8.1. /IuckpeTHble ciydaiiHble BeJINYINHBI

8.1.1. OnpenenieHue AUCKPETHON CIydallHO BEJIMYMHBI

Eciin nHekoTopas kojimyecTBeHHas Xapakrepuctuka £ (auraercs — “xen’)
MOXKET IPUHUMATH PA3JIUIHDbIE 3HAYCHUS, IPUIEM COOBITUE, 3aKTI0IAIONIE-
ecst B TOM, YTO 9Ta XaPAKTEPUCTUKA OKA3ajIacCh PaBHOI HEKOTOPOMY KOH-
KPETHOMY YHCJIY, SBJISIETCS CAYYAUHbIM, TO & IPUHATO HA3BIBATH CAY4Al-
1ol 6eAUNUNHOTL.

Onpedenenue 8.1.1.1 CiryuaiiHasi BeJIMInHa Ha3bIBaeTCsI uckpemmoti, ecyiu
BCE ee 3HAYEHHUs] MOKHO [IPOHYyMepOBaTh. MHadye oHa
HA3BIBAETCS HENPEPLIGHOT.

Hanpumep, mpu msaTu mocC/Ie10BaTEIbHBIX OPOCAHUSAX CHMMETPUIHOMN
MOHETBI, 9UCJIO “BBINaJIEHN repba BBepX’ sIBJISIETCS CJIyYAHON BeImdu-
HOM, MOTyIIeil TpuHATb oaHO u3 mectu 3uadenuit: 0,1,2,3,4,5. Cayqaii-
HBIMU BEJIMYMHAMHU TAK?Ke MOTYT OBITH: YHUCJIO OPAKOBAHHBIX WM3JIEJINI B
CcOCTaBe OJHOW MAPTUU HPOJYKITUU OIPEIEJEHHOrO BHIA, BPEMs OXKH1a-
HUS [1ACCAXKUPOM I10€3/1a METPO, BEJINYNHA OTKJIOHEHUS] TOYKU 0TI JAHUS
[yJId B MUIIEHb OT [IEHTPA MUIIEHU U T.II. 3aMETHM, 9YTO B IIPUBEIECHHBIX
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[IpUMepax IMEePBbIe JBe CIyYailHble BEJIMINHBI IUCKPETHBIE, & JBE MOCJIEI-
HUeE — HelPepPLIBHBIE.

Yucno 3HaYeHU, TPUHAMAEMBIX JIMCKPETHON CIIyYailHON BEJIMYIMHON
IIPU TIPOBEJICHIN HEKOTOPOTO HUCIBITAHUS MOXKET OKA3aThCA XOTS U CUeT-
HBIM, HO Heo2paHuverhvim. K TmpuMepaMm TUCKPETHOHM CiIydailHOl Besu-
9UHBI ¢ HEOIPDAHMYEHHBIM MHOXKECTBOM 3HAYEHUI MOXKHO OTHECTHU: UUCJIO
MIOCJIETOBATE/ILHBIX BBICTPEJIOB B MUIIEHD ‘710 TIEpBOTO MpoMaxa’ WIn 2Ke
YUCJIO TTOCTETOBATEILHBIX OPOCAHUIT CUMMETPUIHON MOHETBI, IIPU KOTO-
PBIX IPOUCXOJUT JIUIIE BHINIAJIeHNE “‘Tepba BBEpX .

8.1.2. 3akoH pacrpegesieHus JIUCKPETHOI cJiryJaiiHoi
BEJINYUHBI

IIycts cnyuaitnasa Beuanna & MOKET TPUHUMATD OJHO U3 [N 3HAYMEHUH
Zg, tae k = [1, N], To ecTb MOTYT IPOMCXOJUTD CIIydaiiHble COOBITUST BUA
(€ = xp), Ay1st KOTOPBIX cyuwsecmeytom sepogtaoctu P (£ = x) = pg. Torma
JIJIs OIIUCAHUS CIyJIaflHON BeJTUIUHBI & MOYKHO, HAIIPUMED, HCIOJIb30BAThH
TaOIAITY

Suagenne & 1 |22 | ... | 2N

BeposTaocts cobbitust (§ =xk) || p1 | p2 | --- | PN

coJiepKAIILy 0 Tiepeuncenne (B MOPsAIKe BO3pacTaHus U 0e3 IOBTOPEHMIA)
6cex BO3MOXKHBIX 3HaUYeHNli £ 1 COOTBETCTBYIONIUX UM BEPOITHOCTEH COObI-
tuil (£ = x). B aroM ciydae GyzeM roBOpUTb, YTO 33JaH 3aKOH pPacnpe-
deaenus 6ePOAMHOCTIU 3HAYEHUT CAY ANl eeausunos & (MM IPOCTO, ee
pacnpedeserue) B TabnuuHoii dbopme. B obiieM ke ciryuae MOKHO JIATh

Onpedenenue 8.1.2.1. 3axonom pacnpedeserus 6EpOAMHOCTIU 3HAYE-
HUU cAyualiHolt 8eAUNUHD, HA3BIBAETCA COOTHOIIIEHTE
(um IpPaBHUIIO), COMOCTABILIONIEE KAXKIOMY €€ BO3-
MOXKHOMY 3HAYEHUIO, BEJIMIUHY BEPOSTHOCTH COOBI-
THS, 3aKIFOYAONIEMYCSI B TOM, 9TO JIaHHAs CJIydaii-
Hasl BEJIUYNHA TPUHAMAET UMEHHO 9TO 3HAYEHUE.
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Pacnpenenenne ciygaiinoii BeMUIWHBI SIBJISETCA HamboJIee MOJTHON ee
XapaKTEPUCTUKON, IIO9TOMY Ha IIPAKTUKE YACTO CAMY CJIyYailHyIO0 BEJIUYIU-
HY 33JIal0T ee paclpejiejieErneM. Ha MpakTuKe UCIOJb3YIOTCS TPU OCHOB-
HBIX crocoba 3a1anus (MM OIUCAHUS) PACIPEIEJIeHUs CIyIaiinoil BeJu-
9UHBL:

— TabJINIa PACIIPEICICHNST;
— dopmMmya pacupeaeaeHus;
— (OYHKIWS PACIPE/IE/IEHNSI.
Paccmorpum o111 criocobbl moipobHee Ha, CJIEIYIONIUX TPUMEPAX.

Ilpumep 8.1.2.1. Tabnuunas dpopma 3amucu 3aKOHA PACITPEIETIECHUAS CIIy-
JaifHoil BeJMYUHBI £, PABHON YHCJIy BBINABIIAX OYKOB
11pu 6POCaHUM UI'PATHHON KOCTH, IMeeT OUeBUIHYIO (Dop-

My
YHucsio BBIIABIINX OYKOB 1121314516
BepositHOCTB 3TOr0 COOBITHUSI % % % % % %

Ipumep 8.1.2.2. HalitTu 3aKOH pacupese/ieHnds CJIyYailHON BeJn4uHbl &,
paBHOI 4YMCJIy TPOPOCIINX CEMSIH U3 YHUCJIa TPeX Ioce-
SIHHBIX, €CJIH BEPOSITHOCTH IIPOPACTHU JIJIsi OJHOIO CEMEHU

2
paBHa g.

Pewenue. OueBuHO, 9TO CaydaiiHas BeJIUIUHA £ — YUCIIO TPOPOCIIUX Ce-
MSAH, MOXKET IPUHATH OJHO M3 CJIEJAYIONNX dYeTblpex 3HadeHwnit: 0, 1, 2
win 3. ITockoJibKy Bce ceMeHa IpOopacTaloT HE3aBUCHMO JPYT OT Jpyra u
IIPUTOM C PaBHBIMU BEPOSITHOCTSIMHU, TO MOYKHO HUCIIOJIb30BATh CXEMY HUC-
npiranuii Bepaysum. Ilo dopmyse (7.2.1.1) umeem

2\° /1)° 111 1
P(¢ =0 : uu oamo cemst we popociio ) = CY <3> <3) =1l== - = —.

Anajiornuno

o\ /112
P(& =1 : mpopocio TobKO oo cems ) = Cf () (> = 3

2\% /1\! 24
P(¢& = 2 : npopocsu jiBa u3 Tpex cemsn ) = Ca (3) (> = 3 ‘9
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9\ 3
P(¢ = 3 : npopocsu Bee cemena ) = C <3>

-1 8

1\" 3.2
3) 1.2

397

[TosTomy Tabsuna, 3a1ar0Inasi 3aKOH pacipee/ieHnsi, Oy1eT Takoil

YHucsto popocHinxX ceMsiH 0 112 3
BeposTHocTh 9TOr0O COOBITHST ?17 % % 58,7

8

27"

3aluch 3aKOHA PACIIPEIEIEHNs] CIyYailHOM BeJIMYUHBI B BUJIE TaOJIUIBI
y/I06Ha, Jinib B ciiydae Hebo binux 3nadennit N. Eciu N Besmko mi Ko-
JINYEeCTBO 3HAYEHUN, KOTOPhIE MOXKET MPUHUMATH JUCKPETHAs CJIydailHast
BEJIMYMHA, HE OFPAHUYIEHO, TO JIJIsi OIUCAHUS WM 33IaHUs CJIyIailHbIX Be-
JIMIAH MOYKHO HCIOJIB30BATh WA (BOPMYAY, CBAZBIBAIOILYIO BEPOSITHOCTH
HEKOTOPOI'0 3HAYEHUs CJIyJailHO! BEJMYUHBI C €r0 HOMEPOM, HJIH OCODYIO
GYHKIINIO, HA3BIBAEMYIO PYHKUUET PACNPEIEAEHUH.

Cremytomue mpuMepbl WLTIOCTPUPYIOT (DOPMYJIBHBIH CIOCOO OIMCaHUS

CJIyJalfHOIl BEJIMINHBI.

Ipumep 8.1.2.3. Pacupeenenne qnciia 09KOB &, BBITTABIITNX IIPU OTHOKPAT-
HOM OpPOCAHMN UTPAJIBHON KOCTH, 33/1aeTcCst (DOPMYJION

PE=k)=-, Yk=1,2,3,4,56.

B stom mpumepe & paBHOBEPOATHO MPUHUMAET OIHO U3

MIECTU BO3MOZKHBIX 3HAYEHU.

Ilpumep 8.1.2.4. Pacupenenenne £ — yucjia “ycuexoB’ B Ccepuu U3 n WC-
nbitanuii Beprysn (¢ BEpOATHOCTBIO yeIiexa IpU OJIHO-

KpPaTHOM HCIIBITAHUH, PABHOM

P, =k)=Chp"-(1-p)"F

D) UMeeT BUJ

n!

TR (n—k)

pF(1-p

)nfk

Takoe pacmpesenenne CIydaitHON BEJTMIUHDBI, MOTYIIEH
IIPUHATH OJHO U3 n + 1 3HAYEHMs, HA3BIBAIOT OUHOMU-

HAADHOIM pacnpe@me%uem.

Ipumep 8.1.2.5. IlycTpb cayuaiinas BeandnHa  €CTh YHUCJIO BBICTPEJIOB 110
MuIeHn ‘1o mepBoro mnpomaxa’. Kciam BepoaTHOCTH 1m0-
113/IaHKs IIPU OJIHOM BBICTpEJIE PABHA P U BBICTPEJIBI sIB-
JIAIOTCA HE3aBUCUMBIMU JAPYT OT APpYyTra UCIIBITAHUAMMA, TO
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BEPOSITHOCTH COOBITHS, 3AKJIIOYAIOIIETOCHA B TOM, YTO IIPU
nepBbIX k£ — 1 BBICTpesax MMeJsIo MECTO IONaJaHue, a Ha
k-0M BBICTpEJIE TPOU3OIIIEST IIPOMaxX, JaeTcs (hopMyJIoit

PE=k)=p"'1-p), VE=0,1,2,3,... k...

Ipumep 8.1.2.6. IlycTs ciyvaiinas BemdnHa & MOXKET IPUHUMATH HEOrPa-

HUYEHHOE YUCJI0 3HAYEHUN, SIBJISIFONIUXCS [IeJIBIMA HEOT-
punarenbabivu yuciaavu k = 0,1,2,3,...,k,... , ¢ Be-
POSATHOCTSIMU, OIPEIEISeMbIME 110 (DOpPMYIIe

)\k:

Pé=k)="-e?, A>0,

k!
TO TOBOPHAT, UTO 9T CIyIaiiHAs BEIUINHA PACNPedeseHa
no saxony Ilyaccona ¢ mapamMeTpom A.

F(x)
L froreesemnern s —
S S — —
| I
L S S o x
0 1 2 3

Puc. 8.1. @yHKIus pacupesiesenus Iucyia npopocmux cemsa (npumep 8.1.2.2.)

Paccmorpum Temeps TpeTnii criocob 3aaHus pacIpeesienns Crydali-
Hoii Besmuuubl. [lycTh ¢ npuHuMaeT OHO U3 3HAYEHUH Tj, PUYEM ITU
3HAYECHUST YNnopAJoOueHs, N0 603PACMANUIO, TO €CTh, T < Tri1, Vk, n
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IIyCTh BEPOSITHOCTH cobbiTust (§ = ) paBHa pi. Torma, B cuily HeCOB-
MECTHOCTH THX COOBITHI NPM PasHBIX k u corsiacHo Teopeme 7.1.4.1 (cm.
§7.1.4), GyJer UMeTh MECTO PABEHCTBO

n—1

P(§<xn) - p1+p2+...—|—pn_2+pn_1 — Zpk’
k=1

ubo ouesnmno, uro P(€ < z1) = 0.

Onpedesenue 8.1.2.2. Qynxyueld pacnpedesenus GEPOAMHOCTIU 3HAMEHU
cayuatinot seauvuns, & (mm npocro, gynryued pac-
npedenenusn) HaspiBaeTcst byHKIUA Fe (), 3HaUeHne
KOTOpOii Jyisi siroboro & € (—oo,4+00) paBHO P(€ <
Z) — BEPOATHOCTH TOTO, 9TO & OKAYKETCs MEHbIIE,
geM .

3aMmeTuM, 9TO Ha MPAKTUKE WHIEKC & B 3amcu (DYHKIUU PACIIPEJICTICHUS

YacTo OMyCKAIOT U muiyT npocro F(z) = P(§ < z).

W3 onpenestenust 8.1.2.2 HemocpeICTBEHHO BHITEKAIOT CJIEAYIONINE C80TU-
cmea PYHKYUL pacnpedeseHus;:
1°. O6nacts oupenenenus F(x) — Bce JIeHCTBATEIbHBIE THCIIA;
2°. O6nacrs 3uadennit — [0,1] , mockoabky 0 < F'(z) <1.
3°. F(x) — HeybbiBaromasi (hyHKIHsI CBOETO apryMeHTa X
4°. lim F(z)=0mu wll)r_{looF(x) =1;

r— — 00
5°. F(x) — neupepsiBHas cjeBa GyHKIM B JIIOO0H TOYKE ;
6°. Nmeer mecro pasencrso P(§ < x,) = F(x,) + pn . W, B
npyroit opme, F(xp41) — F(zn) = pp .
Ortu cpoiicrBa wunocrpupyer (cm. puc.8.1) rpaduk dbyHkImu pacupee-
JIEHUsI CJIyJaifHOl BeauIuHbl { pacCMOTpEHHO B mpumepe 8.1.2.2.
B zaksrouenne npuBemeM Tab ATy, TOKA3BIBAIOIIYIO KAKUE (DOPMBI 3a-
KOH& PAaCIIPEJIeIeHNs] MOTYT OBITh HCIOIB30BAHBI JIJIsT OMMCAHUS CJIydaii-
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HBIX BEJIMYUH PA3JIMIHLIX THUIIOB.

Cayn. seausumna: Huckpernas, | wuckpernas, HenpepsisH.,
C KOHEYHBIM ¢ OECKOHEYH. ¢ OECKOHEYH.
YHCJIOM YHCJIOM YUCJIOM
3HAYEHUN 3HAYEHU 3HaYEHUN

Cnocob onucanus:

TabJmiia,

pacipeie/IeHust + N -
Dopmyna

pacipeesieHus + + B
DyHKIUA

pacIpeiesieHust + + +

8.1.3. YucJjioBble XapaKTePUCTUKHN JAUCKPETHOW CJIy-
4JaiiHOI BeJIMYUHBbI

Pacnpenenenne BepogTHOCTH 3HAYEHUN CITyYIailHON BEJIMYUHBI SBJISIET-
cs1 HamboJIee TOJTHOI (POPMOIl ee ONMMCAHUsT M JTaeT UCUYEPIIBIBAIONLYIO WH-
dopmanuio o ee cpoiicrBax. OQHAKO B OOJIBIIOM YUC/IE IPAKTUIECKH BarK-
HBIX CJIy4aeB OKAa3bIBaeTCd JIOCTATOYHBIM 3HAHHE JIUIIL HEKOTOPBIX CIIe-
[UAJIbHBIX XapPaKTEePUCTUK CJIy4YaiHON BEJIMYUHDI, IIO3BOJIAIOIINX KOJIMYe-
CTBEHHO OIIEHMBATh OCHOBHBIE ee CBOiicTBa. K OCHOBHBIM U3 3THUX XapaK-
TEPUCTUK OTHOCATCS MAMEMAMUNECKOE 0dtcudanue, ucnepcus u cpedree
xeadpamuurnoe omrsonerue. J1aauM Mocaem0BaTeIbHO UX OIPEIe/IeHUs 1
OlIUIIIEM CBOWCTBA.

MaremaTndeckoe O>KHJAaHUE JTUCKPETHOM CJIIyYallHO! BEJIMYNHBI.
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Pacemorpum caemytoryio mpobsiemy. IlycTh aBa paBHOCHILHBIX TPO-
TUBHUKA A M B pelmin Chil'parTh CEPHI0 M3 YeThIpEX UIP, HE JOIyCKa-
OIUX HUYEHHOTO mcxona. KakKIblii UIPOK Iiepes] HAYaJlOM CEpUU BHEC B
pu30B0oit Gou T 110 30 I0/LTaPOB, KOTOPBIH JIOJI2KEH ITOJTHOCTHIO TOCTATHCS
MO0EIUTEITIO0 CePUH, WM OBITH MOJIEJEHHBIM MOPOBHY Mexiy A u B npu
urorooMm cuere 2:2. CbIrpaB TPU UT'PHI, JIBE U3 KOTOPBIX BhMrpast A u omgny
— B, IPOTUBHUKY PEIINIA He UI'DATh YEeTBEPTYIO, a HojeauTh 60 mosta-
poB “mo cupapeymBocTH. CKOJIBKO JOJIZKEH B 9TOM CHUTYAIUU IIOJIYyIUTh
KaXKJIblil U3 UTPOKOBT

ITokarkeM, UTO eCTECTBEHHBIN (Ha IIEPBBIN B3IJIS) CIIOCOD Jesieska npo-
NOPYUOHANALHO OCTIULHYMBIM Pe3ysvmamam, Korma 40 1o11apoB moryda-
er A u 20 nonnapos — B, He sBJsieTcsl cupaBeyiuBbiM. s aToro Haiimgem
3aKOHBI PACHPEE/IEHNs IBYX CJIyIANHBIX BEJINIUH & — 02KUIAEMONH CYMMBbI
BBIAIDBIIIA i A, u 1) (duraercs — “3ra’) — 02KUIAEMOr0 BBIUT'PBIIIA JJIst
B, ecyin ObI YeTBepTasi UTPa BCE 2Ke COCTOSIACH.

ITockobKy MIPOKHM UMEIOT PAaBHbBIE ITAHCHI HA BBIUTPBINI B YE€TBEPTON
[MapPTUN, TO UTOTOBBIN CYET C BEPOSITHOCTSIMU % Mor ObI ObITH 00 2:2, TIpn
KOTOPOM MI'POKH TOJTy 4atoT 110 30 J0J71apoB KaxK b, b0 3:1 B mosib3y A,
¢ ero BerpsoieM B 60 monnapos. Mnade roBopst, Tabauiibl pacupeieeHnst

CIIy9aflHbIX BEJIMYMH & U 1) UMEIOT BHJL

¢ — BesMuMHA BBIUTPHINTA A 30 | 60
BepositHOCTB 9TOr0 COOBITHST % %

7) — BeJIMYNHA BBINTPHIMIa B 030
BeposaTrocTs 3TOrO COOBITHSA % %

Takum 00pa3oM, B IPE/IIOI0KEHUN O MHOZOKPAMHOM JOUTPHIBAHIN CEPUH,
Besmmanabl Cp € u Cp 1) — yepednennvie 6EPOAMHOCTIHBIE OUEHKU BLLUZPDILULG
st A m B, cOOTBETCTBEHHO COCTABUIU ObI

30+60 1
Cpe=2""=

1 0430 1
2 2 o

1 1
Z.60=4 —.0+-30=1
30%—2 60 5 u Cpn 5 20-1-2 30 5,
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KOTODPBIE U ABJIAIOTCA UCKOMBIM CIIpaBE/JINBBIM PacCIIpeIeJIeHNEM IIPU30BO-

ro dhoHA.

O6061mM T10J1y YeHHbIi pesysbrar. Ilycrs xy, k = [1, N] — Bce BO3MOXK-
Hble 3HAYEHUs CjydaiiHoit Bejwdwabl €. U mycTh M3 m — MOJIHOTO YHC-
Jia 9JIEMEHTAPHBIX COOBITUI, COCTOSAIIMX B TOM, YTO & MPUHUMAET KaKOe-
HUOY/Ib 3HAYEHUE, B Ny CAydasx OHA NMPUHUMAJA WMEHHO 3HAYEHUE Xf.
Torna ycpednernHoe 3HAYEHNE CIIydaiiHON BEJIUYUHBI &, TIOJIyYaeMOe 10 pe-

3yJbTaTaM 1m UCITBITAHUIA 6y,ZLeT OJIN3KUM K

niry +noxs + ... +NNITN
m

M¢ =

C apyroit CTOPOHBI, HETPYIHO BHUJIETH, UTO

nixr1 +noxo + ... +FNNITN n1

Mf: :—1‘1
m

m

N
1
= — E NI .
m
k=1

M =p1ay + poxa + ...+ pNTIN = D Pk ,

n2 nn
+ —xo+...+ —zxnN
m m

N
HOCKOJIBKY, M = My + ng + ...+ ny = >, Ng , & B CAJLYy OUPEIEIeHUs
k=1

7.1.2.1,

Nk Nk
Pr=— =
m

Y
> "y,
=1

Takum 00pa3oM JIst CPEIHEBEPOAMHOCTIHOT OUEHKY 3HATEHUN Hc-
KPEeTHOH CJyJaiHON BEJTUINHBI £, MOYKHO MCIOJIH30BATH KOJTUIECTBEHHYIO

xapakTepuctuky ME, nas

Onpedenenue 8.1.3.1. s caydaitnoit BesimauHbl £ ¢ pacipeieieHueM

Suauenue £

T1

€2

TN

BepositHOCTD cOOBITHS (€

b1

D2

PN
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MAMEMAMULECKUM 0AHCUIAHUEM HASBIBACTCA UUCIIO

N
Mfzzxk'pk=$1'p1+332'172+-.-+961v'pN-
k=1

Ipumep 8.1.3.1. Haiitu MmaTemaTrdeckoe OKUJIAHNIE CJIyIANHON BEJININHDI
&, paBHOI YHC/y BBITABIINX OYKOB IIPU OPOCAHUU WI-
PaJIbHOI KOCTH.

Pewenue. Cornacuo onpenenennio 8.1.3.1 u pacrpeneseHHIo B IpUMepe

8.1.2.1, nmeem

1 1 7.1
ME=1:5+2 243 =5 =35

| =

Ipumep 8.1.3.2. Haiitu MmaTemMaTndeckoe OXKUIAHNIE CJTyIAHNHON BETNINHDI
¢, paBHOI YMCJIy TPOPOCIINAX CEMSIH U3 YUCJIA TPEX IIOCe-
SAHHBIX, €CJIH BEPOATHOCTH IPOPACTHU JIJIsI OJHOIO CEMEHU
paBHA %
Pewenue. Cornacuo omnpenesennio 8.1.3.1 u pacupesiesieHHIO B IpUMepe
8.1.2.2, umeem
M§:0-i+1-2+2~é+3-§=%:2
27 9 9 27 27
CTouT OTMETHTD, ITO MATEMATHIECKOE OXKUJIAHNE JTUCKPETHON CITyIaii-
HOIl BEJIMYUHBI, BOOOIIE TOBOPSI, MOXKET COBIQJIATH, a MOYXKET U He COBIIA-
JaTh C KAKAM-IU00 €e 3HAYEHUEM.

Paccmorpum Temeps 3azaty, B KOTOPOil TpeOyeTcs HANWTH MaTeMaTh-
YecKoe OXKHUJIaHue CAydaiHON BEJIMYMHBI, MOTYIIEH IPUHUMATD HE02PAHU-
YerHnoe YUCI0 3HAUCHUN.

IIpumep 8.1.3.3. Haiitu MaTemaTutdeckoe OXKHUIAHWE CIIYIAiHON BeJIMIHU-
HBI £, PaBHOI YHCJTy ITOCJIEIOBATEILHBIX BBICTPEJIOB II0
MWUIIIEHH “I0 TIEPBOTO IIPOMAaxa’, eCJIN BEPOATHOCTH TIOITa~
JIQHU P OJIHOM BBICTpEJIE DaBHA g.
Pewerue. TTockogbKy YnCI0 BO3MOXKHBIX 3HAYEHUN & HE OrPAHUYEHO, TO
B ompenenennn 8.1.3.1 cyMMy KOHEYHOTO YHCJIa CJIaraeMbIX CIIEIyeT 3a-
MEHUTD YUCAOBbIM PAdom. [TOHSITHO, ITO JJIst ONMCaHUsT pacpeieseHuss &
TabJIMYHBIN Cc1I0COO B 9TOM CiIydae He IOJXOJIUT, U HY>KHO BHAaJaJIe IOJIy-
YUTh (POPMYJLY JJIsl P, — BEPOSITHOCTH COOBITHUSI, 32K/ IFOYAOIIETOCS B TOM,
qr0o mepBble k — 1 BBICTPEJIOB IONaju B I€Jib, a k-ii BBICTPEJI OKa3aJsicsd
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HeyaadHbiM. [IprHSB BO BHUMAHUE, 9TO PE3yJIbTATHI BBICTPEIOB COOBITHS
HE3aBUCUMbIE, B CUJIy ompejesienus 7.1.4.2 moayanm

_(5\"'3_3/5\
PE= 13 8 5\8

Ciie1oBaTe/IbHO, HCKOMOE MAaTEeMaTUIECKOe OXKUIaHue OyIeT PaBHO CYMMe
pada

k=1

3 (5\" 3 3 8 .2
Ry

[lepeuncaum OCHOBHBIE C80UCNEA MAMEMAMUYECKO20 OHCUOGHUA JUC-
KpeMHol CAYHATHOT BEAUNUHDL.

1°. MaTemaTuieckoe OKHUJAHUE TTOCTOSTHHON CJIyYaifHON BEJIMINHBI
paBHO 3T0#1 TocTosgHHOU. To ecTb, ecu Bce 3HAUYEHUS £ PABHEI C,

Tou M§ = c.

2°. TIoCTOSTHHBII MHOXKHUTEJIb MOXKHO BBIHOCHTD U3 [I0J] 3HAKA MaTe-
marudeckoro oxuganud. M(c- &) = c¢- ME.

3°. Maremarnvyeckoe OXKUJIAHUE TPOM3BEICHUST KOHETHOTO UHC/IA
HE3AEUCUMDBLT CITYIANHBIX BEJIMIUH PABHO TPOU3BEICHUIO UX Ma-
TEMATHIECKUX OXKUJIAHWH.
4°. Maremarudeckoe OXKUJAHUE CYMMbI KOHEYHOTO UYHCTIA CJIydaii-
HBIX BEJIMIUH PABHO CyMME UX MATEMATUIECKHX OXKUIAHMIA.
Paccmorpum mociiesiHee yTBepIKieHNEe MOAPOOHEee JJist CIydast CyMMBbI
JIBYX CJIy9aiiHbIX BeJmauH. [lycTsb caydaiinas Besmania £ TPUHUMACT 3HA~
yeHus T,k = [1,s] ¢ BepOATHOCTAMU pi, a CiIydaiiHas BEJIMYUHA 1) IIPHU-
HUMAeT 3HAYEHUS Yy, m = [1,t] ¢ BeposiTHOCTSIMU P,y. HoBast coryuaitaast
BesindnHA £ +1) B crity TeopeMsbl 7.1.4.2 6yieT IpUHUMATh 3HAYEHUE Tk + Y,
C BEPOATHOCTDIO Pk, = Pk * P /ks TAE Pk = Ple=zy) (N = Ym). Torma

M(g"‘n):ZZ(ka“!‘ym)'pkm:

k=1m=1
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s t
= E Tk E Pkm
k=1 m=1
s t

= ax [ D pr P

k=1 m=1 m=1
s t t s
k=1 m=1 m=1 k=1
s t
= Tk Pet Y YmPm=ME+ My,
k=1 m=1
MTOCKOJIbKY
t s
m=1 k=1
B CHJIY TOJIHOTBI cucTeM coObituit (£ = x),k = [1,8] u (n = ym),m =
[1,¢] .

ducnepcusi u cpegHee KBaJIpaTUYHOE OTKJIOHEHHE JUCKPETHOI
CJIyYaiHON BeJIMYUHBI.

Urak, mareMaTwmdyeckKoe OKHJIAHUE MOYKHO HA3BATh KOJUYECTBEHHON
OLICHKOH ITOJIOXKEHUS Ha YUCJIOBOA OCH IEHTPA BEPOATHOCTHON I'PYIIIUPOB-
KJ BO3MOXKHBIX 3HAYCHUI CJrydaiinoil Bemaunbl. OIHAKO, IOCTATOYHO Y-
CTO BO3HHUKAET HMOTPEOHOCTH KOJIMYECTBEHHO OIEHUTDH TaK)Ke U YCPEeIHEH-
HYIO II0 BEPOATHOCTHU CMeENEeHd OMKAOHEHUA ITUX 3HAYEHUN OT JIAHHOTO
IEHTpA.

PaccmorpuM 3Ty npobiiemy Ha IpHUMepe CJIeLyIONei 3a/at.

Ipumep 8.1.3.3. Hekwuit rycap, Bblilsg U3 TpakTUpa HA YJIUILY, JAEJIAET 0~
ciremoBaresibHO marn B 1 merp. Kaxkaprit mar on aesnaer
PaBHOBEPOSITHO JIOO BIIPABO, JTUOO BJIEBO, U HE3ABUCUMO
OT Tpe b Iyux maroB. Ha kakom HanboJiee BEpOSITHOM
PacCTOAHUN OT BBIXOJIa U3 TPAaKTHpa Tycap OKaxKeTcd,
npoiiag N 1maros?

Pewenue. Beegem cucremy koopauHatr, Hadajgo O KOTOPOH HAXOMUTCS y

BBIXOJIa U3 TPAKTUPa, a ocb O HAIIpABJIEHA BIPABO BJOJb YuIlbl. Koop-

JTAHATA MOJIOYKEHUSI Tycapa sIBJISIETCS HEKOTOPO#t cirydaitHoit BeTmamHoi &,

235



3HaYEHe KOTOPOii, TTocie k BBITOJHEHHBIX TyCapoOM IIAroB, paBHO Tj. Ma-
TeMaTudeckoe oxkuyanne MEj 09eBUIIHO HYJIEBOE, TOCKOJIBKY IIIATU B IIPa-
BO W BJIEBO PABHOBEPOSITHBI U B3aMMHO KOMIleHcUpyrorcs. [losromy pac-
CMOTPHUM JIPYTYIO CIydaiiiyio Bemmauny 1y = (£ — ME)?, snagenue d,
KOTOPOI#1 eCcThb k6adpam Koopduramos, IOJIOXKEHUS Tycapa Mocjae k-TO mara.

Ouesnno, uro x1 = +1, mostomy d; = 22 = 1. JlomycTum, 9TO Tycap
npores k maros u okaszajicsa Ha paccroguuu \/dy = |zx| ot Bxoma. Ciy-
JaliHas BeJMIMHA 711 (Ha mare k+ 1) GyZieT uMeThb JiBa pABHOBEPOSITHBIX
3HAYEHUST

dgclle:(xk+1)2:xi+2'xk+1:dk+2'l’k+1

dz(jz1=(xk—1)2=ﬂci—2'$k+1=dk—2'$k+1'
ITosTomy

1 1
M7]k+1:i'd;(glll—Fi'd,(jZl:dk—Fl.

[Tociteinee paBeHCTBO BepHO it Jitoboro k, mostomy u3 di = 1 cie-
ayer, ato Mn, = k, Vk . 3uaunur yepes N maros rycap 6yjuer Hanbosiee
BEPOSITHO HAXOJUTCA Ha paccTrosdauuu / Mny =+ N MeTpoB OT BBIXOJIA.

Takum 06pa30M B KauecTBE KOJTHIECTBEHHON XapaKTEPUCTUKH CTEITeHN
paccesiHUsl 3HAYEHUN CJIyJYAHON BeJIMYMHBI BOKPYTI CBOErO IEHTPa IPYII-
[IMPOBAHUST MOXKHO HCIIOJIb30BaTh MaTeMaTUIeCKOe OKUIaHUE Keadpama
omxaonenus £ ot ME .

Onpedeaerue 8.1.3.2. Besmauna M (€ — M &)? naswiBaercs ducnepcueri cty-
4Jaitnoit BesimuuHel £ u obosnadaercs DE . Bemman-
Ha 0¢ = /D¢ HazbIBaETCS CPEOHUM KEAOPATNUNHVLM
OMKAOHEHUEM CITyIARHON BeJMIUHBI .

Cpesee KBaJIPATUYIHOE OTKJIOHEHWE WCIOIB3YIOT IS XaPaKTEPUCTUKI

crereHn pa3bpoca 3HaYEHUI £ B TeX CIydasx, KOIJla HeOOXOIMMO H3Me-

pATH Pa3bpoc B TeX XKe eJUHHUIAX, ITO U CaMy CIyYailHyI0 BeJIMInHY.

EcrecrBeHHO BO3HHMKAaeT BOIPOC: KaK HAfTH JMCIEPCUIO JUCKPETHON
cJIyJaiiHOM BeJIMYMHBI 10 ee paciipeieiennio? OTBeT Ha HEro Jaer
Teopema 8.1.3.1. @opmyiia aJis MOJCYETA 3HAYEHUS JUCIIEPCUMN.

Hucnepcus cirydaitHoit Benauubl £ MOXKeT ObITH HallleHa 110 hop-
MyJIe: D¢ = M(£2) — (M€£)? .

Jloxaszamenvcmeo. Ucionb3oas onpeaenenne 8.1.3.2 u cBoiicTBa MaTeMa-
THUYECKOTO OXKHJIAHUSI, ITOJIY THUM

Dg = M(§-M¢)* = M(E2~2:&(ME)+(ME)?) = M(€%)—2-ME&(ME)+(ME)* =
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= M (&%) — (M¢&)* .

Takum obpazom ajs ciaydaitHoil BemnauHbI £ ¢ pacupeaeeHneM

Suadenne & Ty | xo | ... | TN

Bepostaocts cobbitust (E =xk) || p1 | p2 | --- | PN

JIUCIIEPCHUsT MOYKET OBITH MOJCIUTAHA IO (POpMyTIe

N 2

N
D€:Z(xi'pk) - Zﬂfk'l)k =
k=1

k=1
zxf-pl+x§-p2+...+x§\,-pN—(M§)2.

Ipumep 8.1.3.4. Haititu nucnepcuro u cpefiHee KBaIPATHIHOE OTKJIOHEHUE
JIS CJIyIaiiHoOf BeIMYIMHBI £, PABHOM YUMCJIY BLITABIIAX
OYKOB IIPH OPOCAHWUN UTPAJIHHONU KOCTH.

Pewenue. Vicnons3yst pacupejienienne, nmpuejeHtnoe B npumepe 8.1.2.1 u

ME = % (cm. pumep 8.1.3.1), umeem mjis aucrepcun &

1 1 1 1 1 1 7\? 35 11
Dé¢= (122422 2432 - +4%. 452 46>~ |- (2) ===2—.
¢ < 6T e s T T e G 2 12 12

CpemHee KBaJpaTnIHOE OTKJIOHEHHE { COOTBETCTBEHHO OYIEeT PaBHO

35
o¢=/DE= |75~ L7L.

B zakitoueHre oTMeTM HEKOTOpPBIE, TOJIE3HbIE JIJIsI IPAKTUIECKUX Pac-
9eTOB, C80UCMEa JUCNEPCUL.

1°. Hucmepcust 000it CiiydaiiHOl BEJIUYUHBI HEOTPUIATEIbHA!
D¢ > 0.

2°. Jucrepcust MOCTOSHHON CJIyYIaiiHOW BEJUYIMHBI PaBHA HYJ0. 1O
€CTh, €CJIU Bce 3HadeHus £ paBHbI ¢, To DE = 0.

3°. TTocTOSTHHBINT MHOYKUTEIH MOYKHO BBIHOCUTDH M3 TIOJ| 3HAKA JIHC-
Hepcuy, IpeIBapuTebHO BO3Beld ero B Kpajpar: D(c - &) =

c? - DE.
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4°. Jlucriepcusi CyMMbl KOHEYHOTO YHCIIA HE3ABUCUMDLE CIYIANHBIX
BEeJIMYUH paBHA CyMMe UX JIMCIIEPCHil.

IIpoBepuM cripaBeyINBOCTD CBOUCTBA 4° I ABYX HE3aBUCUMBIX CJIy-
qaifiHbIX BeJanduH £ U 7). eficTBUTEIBHO, 110 OIPEEeIeHUIO JIUCIEPCHH U
HUCIOJIb3Ys CBOMCTBA MaTEMATHYECKOTO OXKUJIAHUS, TIOJTyYaeM

D(E+n)=M(E+n-ME+n)’ =
= M(&+n-ME—Mn)® = M(&E-Métn— M) =
= M ((£-ME?+2- (€= ME)-(n—Mn)+(n—Mn)*) =
= M ((€ = M&)*)+2-M (§=ME)-M (n—Mn)+M ((n — Mn)*) = D(€)+D(n) ,
rockosbky M (& — ME) = ME — M¢ = 0w M(n — Mny) = My — My =0.

BrlIsicHuTe caMOCTOSITEIbHO, B KAKOM MeCTe 3THX BBIKJIAI0OK UCIIOJIb30-
BaHO YCJIOBUE HE3ABUCHMOCTH & U 1).

Ipumep 8.1.3.5. Haittu mucnepcuio u cpegiee KBaIPaTUIHOE OTKJIOHEHIE
JJIsE CIIy9ailHOM BEJIWYUHBI K, PABHOM YnCiy “ycrexoB’ B
Cepuu U3 N UCHBITAHUN 10 cxeMe BepHysn.

Pewenue. Harmtomanm, 910 B cxeme BepHYIIM 110C/IEI0BATEIHLHO TPOBO-

JISTCS 1 HE3aBUCUMBIX JIPYT OT JPYTa UCHBITAHUN, B KaXKJIOM UX KOTOPBIX

cobbitue A npoucxomur (umeer MecTo “ycrex”’) ¢ BEPOSITHOCTBIO P U HE [IPO-

HUCXONIUT — C BepoATHOCThIO ¢ = 1 — p . Hafinem BHauase MmaTeMaTnaeckoe

OXKUJAHUE TUCTa “yCIIexoB B 3Toit cepuu. Mmeem

Mk=M (k1 + Ko+ K3+ ...+ En) ,

rje Ky — ClydaifHasl BeJIMYWHA, PaBHAs UUCILY “yCIexoB npu odnom k-m
ucnpiTaguy. QUeBUIHO, UTO Kj, IPUHAMAET 3HaUYEHUE 1 ¢ BEPOSITHOCTHIO P U
suadenue 0 ¢ BepoaTHOCTBIO ¢ . 3HauuT Mk, = p-1+q-0=p, Vk =[1,n] .
Torya, B culy HE3aBHCUMOCTH UCHBITAHUH, motydaeM Mk = np .

Jljist iojicHeTa UCTIepcHy BocTiosibayemca dopmynoit Dk = M (k?) —
(Mk)? . TIocKONMbKY KBaJIpaT 3HAYEHHs CTy9qaifHON BeJMTUHBI Kj MOYKET
paBHATBCs J60 12 = 1 ¢ BeposaTHOCTBIO P, 160 — 02 = 0 ¢ BEPOSATHOCTHIO
g, 0 M(Kk2) =p-1+4q-0=p, Vk = [1,n] . Torma, B cury bopmysl
Dry, = M(k2) — (Mky,)? , nonyaum Dkg = p — p* = pgq, Vk = [1,n] .

Haxkomerr, ncrmonb3yst ¢BoitcTBO 4° — hopMysTy AUCTIEPCHNA CyMMbBI He3a-
BUCHUMBIX CJIyIallHBIX BEJIMIHH, HAX0AUM, 9T0 DK = npq . CooTBETCTBEHHO
cpejiHee KBaJpATHIHOEe OTKJIOHEHUE COCTABIACT 0, = /NPq .
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IIpomemoncTpupyemM 3hpHEKTUBHOCTL MPUMEHEHUsT ITUX (POPMY TIpH
[OJICYeTE JIUCIIEPCUN U CPEJIHETO KBAIPATUIHOTO OTKJIOHEHUS JIJIs CIIydaii-
HOI BeJIMUUHBI &, PABHON YUC/IY IIPOPOCIIUX CEMSH U3 IHCJ/Ia TPEX MOCesH-
HBIX, €CJIH BEPOATHOCTDH ITPOPACTH JIJIsl OJTHOTO CEMEHH PaBHA % Pacmpe-
JleJIeHUEe 9TOI BeJINYMHBI IPUBEIEHO B IpuMepe 8.1.2.2, a MaTeMaTuIecKoe

OXKUJIAHUE TIOJICIUTAHO B 33j1a4e 8.1.3.2. B nannoMm npumepe p = %, q= %,

an =3 . [losTomy
2 2
=—- u 05\/;%0.816.

IIpumep 8.1.3.6. Haiitn maTemaTndeckoe OxKuaHue, JTUCIEPCUIO U CPeTHEee
KBaJpaTU4YHOe OTKJ/JIOHCHUE NJId JUCKPETHOHR ciydaiHoni
BEJIMIMHBI , BEPOATHOCTH 3HAYEHIIT KOTOPOIi OIIpeiesie-
bl dpopmyitoit Ilyaccona:
)\k
PE=k)="-e*, A>0.
k!
Pewenue. Haitnem Bragase ME. Io onpenenennio MaTeMaTnaecKOro 0XKu-
Janusd, ucrosb3osaB dopmyiay (6.4.2.1) ¢ £ = A u BBeis HOBBI HUHJIEKC
n =k — 1, moayaum

2
M{=3-5=2; DE=3

Wl N
W =
w

+oo Ak T2\
Mf:zk.ﬁ.ei)‘:ei/\.A.zmzeiA.)\.eA:)\.
k=0 ’ n=0 "

s BBIYUCTIEHUS UCIIEPCUU BOCIOJIb3yeMcsi Teopemoit 8.1.3.1, KoTopas
yrBepaaer, uro DE = M(£2) — (M€)?. Cuoa ucnonbsys (bopmyity
(6.4.2.1) u BBe s JiBa HOBBIX MHJEKCA CyMMUpOBaHusA n = k—1lum =n—1
Jtsl QYHKIMOHATIBHOIO Psijia, CXOJISINErocs K IoKa3aTeabHOl (yHKINH,
IOy 9AM

s M &N e T
M(g)zzk 'ﬁ'e_ —e .)\.254_6— Y 'ZW:
k=0 ’ n=0 " m=0

:efA.A.e)\+efx\.A2.e/\:)\+)\2.
Takum 06pa3oM, JUCTIEPCUsT OKA3BIBACTCA PABHOM
DE = M) — (MEP = (A+ A%~ \* =\

a cpeaHee KBaJApaTUIHOE OTKJIOHEHUE T¢ = \/X .
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8.2. HemnpepbiBHbIE ciiy4daiiHble BeJIMYNHBI

8.2.1. ®dyHKOMA pacupeelieHusl U IIJIOTHOCTh BEPOST-
HOCTW HENPEPBbIBHOU CJIydalilHON BEJIMYNHBI

Kpome mckpeTHBIX Ha MIPAKTUKE BCTPEUAIOTCS CJIydailHble BEJININHBI,
3HAYEHUs] KOTOPBIX HE TOJBKO HeJIb3s IePEeUnCInTh, HO U JIaXKe He y/IaeTCs
repeHyMepoBaTh. K ciaydafiHbIM BeJMYMHAM TAaKOrO PO/Ia MOXKHO, HAIPU-
Mep, OTHECTH BEC YeJIOBEKa HEKOTOPOro (PUKCHPOBAHHOI'O POCTA, OTKJIO-
HEHUEe TOYKHU TONAJAaHUsI OT IEHTPa MWINEHU, BPeMs OXKUJIAHWUS OTBETA
testecponnoro abonenta u T.J. CyInecTBEHHON OCOOEHHOCTBHIO CJIydailHBIX
BEJIMYMH TOrO COPTA SIBJISETCS TO, UYTO WX 3HAYEHUT MOTYT OKa3bIBATH-
Csl CKOJIb YIOIHO OJM3KUMU JIPYT K JAPYTY U 3aI0JHSATH B COBOKYITHOCTU
HEKOTOPKIH 1pomMexxyTok. CiydaiiHble BeJIMYMHbBI, 00J1a1ar0I1e 0 I00HbI-
MU CBOMCTBaMMU, IPUHSITO HA3BIBATH HENPEPOIEHHLMU.

B cuny stux ocobennocteit HU TaOIMIHBIN, HU (POPMYJIBHBIN CIIOCOOBI
ONHUCAHUS PACIPE/IETEHUS] HEIPEPHIBHBIX CJIyIaifHbIX BEJIMYINH OKA3bIBa-
IOTCH HENPUTOAHBIMU. J[efiCTBUTENBHO, C OMHON CTOPOHBI, HEIIPEPHIBHBIE
CIIyJaiiHble BEJIMYUHBI NMEIOT OECKOHEYHO OOJIBIIIOE YHCJIO 3HAYEHUH, 9TO
00ycaBIMBaeT HEBO3MOXKHOCTH HUCIIOJIB30BAHUST TAOJINIL PACIIPEJICICHIS.
C apyroif cTOpoHbI, BEPOSTHOCTH COOBITHUSI, 3aKJIIOUAIONIETOCS B TOM, UTO
HEeIpePBbIBHAS CIyJaiiHas BEJUYNHA IIPUHSIA HEKOTOPOEe KOHKPETHOE 3HAa~
qeHue, B cuity onpesesenus 7.1.2.1 pasna wyato, u, ciieaoBaTesbHO, HOP-
MYJIBHBIH CII0C00 Tak»Ke Oecriojie3eH. A BOT, TpeTUii Crrocod ONUCAHUS pac-
[peJIeJICHIsT BEPOATHOCTEH — IIpU TTOMOIIH (QPYHKIIMHA PACIIPE/IEICHNUsI, OKa-
3bIBaeTCs IPPEKTUBHBIM U YIOOHBIM U J[jIsl HEIIPEPBIBHBIX CJIyYailHbIX Be-
JIMYIVH.

Hamomuamm, aro ¢yrryuets pacnpedeserus ciaydaiiHoi Beanauubl & Ha-
spiBaeTcsd pyHKuus F(r), 3HaYeHUs KOTOPOil DABHBI BEPOSITHOCTH COObI-
THsI, 3aKJIFOYAIONIETOCS B TOM, 9TO & IIPUHSIA 3HAYEHNE, YOBJIETBOPSIONIEe
HepaBeHCTBY & < x. VlHade roops,

F(z) = P(€ < z), (8.2.1.1)

II09TOMY B JIOTIOJTHEHUE K onpejesiennio 8.1.1.1 MOXKHO J1aTh

Onpedenenue 8.2.1.1. Ciyuaiinas BesudnHa £ HA3BIBAETCS HENPEPLIGHOT,
ecau ee PyHKIUS PACIIPEIEIEHUS HEIIPEPHIBHA JIJIs
JIIOOBIX X, 38 UCK/TIOYUEHNEM, OBITH MOXKET, KOHETHOTO
YUCJIa TOYEK Pa3PhIBa IIEPBOTO POJIA.
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U3 sroro onpenesnenust u dhopmyisl (8.2.1.1) BbiTekaer, 4ro dyrkuus
pacnpedeseHus HenPePuIBHOt CAYHGTHOT BEAUNUHDL 00AAOAEM CAEIYIOULU-
MU ce0TUcmeamu.

1°. F(z) onpenenena u 0 < F'(z) <1 g Beex x € (—00, +00).

2°. F(xz) MOHOTOHHO BO3pacTaer I Beex & € (—oo, 400).

3°. zEIElOOF(x) =0mun mll}r_{_looF(x) =1.

4°. BeposaTHOCTH TOMAIaHNsT 3HATEHNSA HEITPEPBIBHON CIyIaiiHO Be-

JIMIUHBL £ B IPOMEXKYTOK [a, b) paBHa

Pla<¢<b)=F(b)— Fa) . (8.2.1.2)

Ha pucynke 8.2A) npuBemensl npumepsl rpadukoB OYHKIHI pacipe-
JIeJICHUST HEIPEPBIBHBIX CIIYJailHBIX BEJINIHH.

A) Fx) F(x)

B) p)

X 0 X
0 a b

Puc. 8.2. IIpumeps! rpaduKoB TUNUIHBIX DYHKINI PACIIPEIEICHIS U IIJIOTHOCTH
BEPOSITHOCTY HEIIPEPBIBHBIX CJIYYaiHBIX BEJIMYNH

Paccmorpum Temeps ciryuait, korga OYHKIUS PACIPEIEEHUs Helpe-
PBIBHO# CIy9IaiiHON BEJIUYINHBI HE TOJILKO HEIIPEPBhIBHA, HO U JuddepeHIim-
pyeMma, TO eCTh UMeeT Pou3BoHY0 n muddepennnan Vo € (—oo, +00), 3a
HCKJIIOYEHUEM, OBITH MOYKET, KOHYEHOrO JucJa Todek. Jjis Takoil cayqaii-
HOI BEeJIMYUHBI OKA3bIBACTCS BO3MOXKHBIM U HUCIIOJIb30BaHUe AJIbTePHATUB-
HOTO criocoba onucanusi QYHKIMN PACIPE/IETEeHNs, He TMEIOIIEro aHAIOTa
JJId TUCKPETHOI'O CoIydas.
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OreHrM BEPOSITHOCTD COOBITHSI, 3aKJIIOYAIONIETOCS B TOM, ITO CJIydaii-
Hasl BeJIMUNHA & IIPUMeT 3HaYeHNe U3 “Majioro” MPOMEXKYTKa (2, T + Ax) .
Hast sToro Bocmosb3yemcst dbopmyiodi (8.2.1.2), 3aMeHUB IpHpaIeHHe
F(z) ee nuddepennmaiom,

Plx<é{<z+Ar)=F(x+ Az)— F(z) ~dF = F'(z) - Az .

Takum obpazom QyHKIHAS
1
pl) =F(z)~ - Plr<{ <z+Ax) (8.2.1.3.)

MOKET UCIHOJIB30BATHCS JJIs ONEHKU “yIeJqbHON’ (TO eCTh, TPUXOJAIIEH-
Csl Ha eIUHUIYY JJIMHBLI IPOMEXKYTKA 3HAYCHUI) BEPOATHOCTH IIONAIAHMS
3HadeHus & B MAJyI0 OKPECTHOCTh 3HAYEHUS .

DTa OIeHKa HOCUT Ha3BaHUE NAOMHOCNY GEPOATNHOCTU HEIIPEPHIBHOM
CITyIaifHOM BETUIWHBI £ U ABJISIETCs, KaK U (PYHKINS PACIPEICTCHNS, TI0JI-
HbIM onucanueM £. JIocTaTouHO 9acTO ¢ MPAKTHIECKON TOUKHU 3PEHUsT OKa~
3bIBaeTCs 60Jjiee yI0OHBIM KCIIOJIb30BATh IIJIOTHOCTh BEPOSTHOCTH CJIydJaii-
HOI BeJIMYIMHBI BMECTO ee (DYHKIIUU PACIPEeIeICHIS.

Ocnoghovie c80TUCMBA NAOMHOCTIG GEPOAMHOCTY ONUCHIBAIOTCS CJIETY-
TOTIIIM 00PA30M.
1°. p(x) > 0 g Beex = € (—o0, +00).
—+o0
2°. HecoGereennstit narerpan [ p(x) do =1, T0 ecTb, OH CXOIUT-
—00
Csl M €ero 3HaYeHue paBHO ejunuIle. 1101b3ysiCh TeoMeTpuIecKoit
WHTEpIpeTaIell CMBICJIa WHTErpaJa, MOXKHO YTBEPYKJIATh, U4TO
naowads Pueypul, orpanndedtas rpaduxkom Gyuknuu y = p(x)
1 ocbio Ox TakyKe paBHA €IUHUIIE.
3°. Kpome dopmyiint (8.2.1.3) mWIOTHOCTH BEPOATHOCTU U (DYHKIUA
pacIpesiesieHusT CBI3aHbl COOTHOIIEHIEM

x

F(z) = / p(t)dt, Yz e (—o00,+00).

— 00

4°. BeposTHOCTD IONIaIaHUsI 3HAYEHNS HEIIPEPBIBHON CJIydaliHOM Be-
JIMIUHBL £ B IPOMEXKYTOK (@, b) MPeCTaBISIeTCs ONpe,IeJeHHbIM
(n HeCOGCTBEHHBIM 1IpH GECKOHEUHBIX ¢ WU b) MHTErpajioM

b
Pla<¢<b) = /p(ac) dz . (8.2.1.4)
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Ha pucynke 8.2B) npuBesens! rpaduKy IJIOTHOCTEH BEPOSITHOCTH, CO-
oTBeTCTBYIONME (DYHKIMAM PACIIPEJIe/I€HNs, IIOKA3aHHBIM Ha PUC.8.2A).

JLJtst MILTFOCTpAIY TOHATHI (DYHKITUE PACIIPE/Ie/IeHUs] ¥ IJIOTHOCTH Be-
POATHOCTH PACCMOTPHUM YaCTO BCTPEUYAIONINECs Ha NMPAaKTUKe CIIydau pas-
HOMEPHO20 I HOPMAALHO20 PACIPEICJICHUN HEIIPEePBIBHON CJIyvaiiHOI Be-
JIMYUHBL.

Onpedenenue 8.2.1.2. HenpepoiBras ciyvaitnas BeguduHa £ HA3BIBACTCH
pasHomepro pacnpedesernot na ompeske [a, b], ecan
€e IJIOTHOCTH BEPOATHOCTH P(Z) IMOCTOSIHHA HA TOM
OTpe3Ke U paBHA HYJIIO BHE €ro, TO eCTh

0, ecn x < a
p(z) = 7bla’ ecmma<xr<b,
0, ecmn x > b .

CoorBercTBeHHO, (DYHKIMS PACIPEIEICHUS ITON
ciyJainoil Benmaunast £ Oymer

0, ecmmz <a,
F(z) = gg:g, ecmma<xz<b,
1, ecimx > b .

Ipaduru dyukuuit F () u p(x) mig paBHOMEPHOTO PACIpeIe/IeHUs IOKa-
3aHBI cripaBa Ha pucyHke 8.2. O6parnre BHUMAHHE, YTO 3HAYEHHUE ITapa-

MeTpa ¢ = p—— BbIOMpaeTcs (CM. CBOMCTBO 2° IJIOTHOCTU BEPOSTHOCTH)

u3 ycuoBus pasencmea edunuye nyomaau Gburypbl (B JIaHHOM Ciydae —
PSIMOYTOJIbHUKA ), OrpaHudeHHo TpadukoM dyHKImN y = p(r) U 0chbo

Ox.

Onpedenenue 8.2.1.3. HenpepbiBHasi ciydaiinasi BesnanHa £ HA3bIBAETCS
pacipeJiesieHHOil Hopmaavho (unn no saxony layc-
ca) ¢ mapaMeTpamMy o U 0, eCJIU ee IJIOTHOCTb BEpO-
araoctu p(x) onpemesnena HOpMyIoii

(1) = —— =5 (8.2.1.5)
plr) = ——=e 27 . 2.1,
oV 2w

SHaveHne MHOXKHUTEJS Iepej IKCIIOHEHTOH B
(8.2.1.5) HAXOMTCH IO CBOMCTBY 2° INIOTHOCTH BEPO-
araoctu. OyHKIUs pacupee/ienus 3ToH cyaiiHoml
BEJIMYMHBI £ TIPEJICTaBJIsIeTCs B BUIE “HeGepyImerocs:’
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HeCOOCTBEHHOTO WHTETrPAJIa

1 (t—a)?

Buauenust dbyukuun F(x) HAXOAATCS B 9TOM CIIy-
qae OO 1o TabsuaM, Jibo mpu oMoy hyHK-
muoHaJbHOrO psiyia (6.4.2.4). B ciyuae, korypa 3ua-
geHusi mapamerpa « = (0, a 3HaYeHHE MapaMmerpa
o = 1, OPUHATO TOBOPUTH O CMAHIAPMHOM HOP-
MAADHOM 3aKOHE PaCHpeleICHUs CydalHOU BeJiu-
9UHBI &.
Ipadukn dbyskuunii F(x) u p(x) 1yisi HOPMAJIBHOIO PACIPEJEJIEHHs] IOKa~
3aHbI cyieBa Ha pucyHke 8.2. ['eomeTpmyeckuil CMBICT MapaMeTpoOB & U O
wutocTpupyer puc. 8.3. 3ameruM, 9T0 (DYHKIUIO PACHPEIe/IeHns Hellpe-
PBIBHOM CJIy4ailHOIT BEJIMYMHBI, PACIIPEICJICHHON 110 HOPMAJIbHOMY 3aKOHY,
YaCTO 3aIUCHIBAIOT B BUJIE

1 1 T —«

O(x) = \/Z /efg dt
0

— Tak Ha3bBaeMas gynxyus Jlanaaca, 3SHaUEHNST KOTOPOIT UMEIOTCSL B CIIPa-
BOYHUKAX WJIM JIEKTPOHHBIX TAOIUIAX.

e

ITpumep 8.2.1.1. JIjisi HENPEPBIBHOI CJIydaiiHOM BeJUYUHBI £, HOPMAJIbHO
pacupe/iesieHHOI ¢ apaMeTpamu o =0 u o = L, Hai-
TH BEPOATHOCTD IIOIIAJIAHNA ee 3HAYeHU Ha ITPOMEXKYTOK

(1,3).
Pewenue. ITo dopmymnam (8.2.1.4) u (8.2.1.5) Haxoaum (¢ HCIOIB30BAHUEM
KOMIIBIOTEPA UM KaJbKYJISTODA)

3 3
P(1<¢<3) / S / =2 ~ 0.0786
= —— e 202 r=——"- e x ~ 0. .
- oV 2r VT

1 1

Ipumep 8.2.1.2. II10THOCTH BEPOSITHOCTH HEIPEPBLIBHOMN CJTyYIaHON BesIu-
quHBI £ 3aJl[aHa PABEHCTBOM
c

PO = e



G=const J a=const 2

Puc. 8.3. Il1oTHOCTE BEPOATHOCTU IIPU HOPMAJIBLHOM DPAaCIPEEIEHUN C Pa3IHI-
HBIMH L U O .

Haiitn BesimunHy ¢ 1 BEpOATHOCTD IO aHUST 3HATEHUS

cityJaifHOl BeJMYUHBL Ha nHTEpBa (—o0 < £ < 0).
Pewenue. Bocriosb3yenmces Heolpee/IeHHBIM HHTETPAJIOM, HARICHHBIM IIPH
pemennu 3a7a49n 6.2.2.3.

/ dx 1 ¢ x+c
——— = —arctg — .
2y 20085

Haiinem 3uaxemnne ¢ mo ¢BOHCTBY 2° MIOTHOCTU BEPOSTHOCTH HEITPEPBIBHOI
cayuaiinoit Besmauabl (M. §8.2.1). HeoGxomumo, aTo6b!

+oo d
/giwzl
z° 44
ITockonbky
+oo +oo
/ cdzx € rete T 0(71 ( W)) cm_y 2
——— = - aIc =—|-=|—-=2))=—7= TO Cc=—.
2ra 20 T2\ 2 2 ’ 5

Haxkomerr, mo c¢BoiicTBY 4° MJIOTHOCTH BEPOATHOCTH HEIIPEPBIBHOM CITydaii-
Ho#t BesmamHbI (bopmyna 8.2.1.4) nCKOMas BEPOSITHOCTh PABHA

0
P(—oo<§<0):/p(x)dx:g/m2dii4=

— 00 — 0o

— 00



8.2.2. MaremaTndyecKoe OoXXHaaHWe U JUCIepCcus Helpe-
PBIBHO# CJIydailHOU BeJIMYMHBI

IIycTh HenpepbiBHAS CiydaiiHast BeJININHA £ UMeeT IJIOTHOCTb BEPOT-
Hoctu p(z). Torna dopmysna 1yist MATEMATHYECKOTO OXKUJIQHUST JIMCKPETHOMN
CITyIaifHOM BeJIMIUHBI £*, 3HAYUEHUST KOTOPOU X} MAJIO OTJIMIAIOTCA OT 3Ha-
vennii £ B HeOOJIBIINX OKpecTHOCTAX AZ, ¢ yaeroM coorHomenus (8.2.1.2),
B CUJLy KOTOPOTO Py, & p(xk) Az, MOXKeT ObITh IIpeobpa3oBaHa K BHUILY

n

ME = prax ~ Y (plar)Az)wy = wpplar) Az .
k=1

k=1 k=1

Yro, B CBOIO 0OYepejib, TIO3BOJISET HUCIOIh30BATh TOHATHSI WHTErPATBLHOMN

cymMmbr (6.1.1.1) u HecOGCTBEHHOIO MHTErpasa u JaTh

Onpedesenue 8.2.2.1. Mamemamuseckum odtcudaruem HETTPEPHIBHOMN CITy-
qafiHoil BeJMIUHBI £ C IIOTHOCTHIO BEPOSITHOCTH
p(x) Ha3BIBaETCA YUCJIO (HECOBCTBEHHBIH MHTErpaJI)

—+oo

Mé = / wp(z) do

— 00

AHaJIOrNIHO 7151 IUCTIEPCUE ITO CITyIaifHON BEJIMIUHBI €CTECTBEHHO TTPH-

HATH

Onpedenenue 8.2.2.2. /lucnepcuetl HEIIPEPBIBHON CJIyYailHOW BEJIUYUHBI £
C TUIOTHOCTHIO BEPOSITHOCTH P(X) HA3BIBAETCS UHCIIO
(HecoGCTBEHHBIN HHTErpall)

“+o0

Dt = / (& — M&)? pla) da

— 00

[Ipenmonaraercs, 4T0 HECOOCTBEHHBIE HHTEIDAJIBI B OIPEIEIEHUAX
8.2.2.1 m 8.2.2.2 cxodamcs abcoaOMHO, TO €CTh CXOAATCSI TaKKe U WH-
Terpajbl OT MOMYJSA TOALIHTErpabHOil dyHKmmn. OHAKO JJIsi HEKOTO-
PBIX pacIpeJieSIeHnil JaHHOe YCJIOBUE He BBITTOTHIETCS U MAaTEeMaTUIeCKO-
o OXKWJIAHUS WIN JUCIEPCUH He cyliecTByeT. Hampumep, mis caydaiiHoit
BEJINYUHBI £, PACIIPEJIEJIEHHON 110 TAK Ha3biBaeMOMY 3akony Kowwu, ¢ or-

HOCTBIO BEPOATHOCTU
1

.1+x2’

3|

p(x) =
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uaTerpaa B dpopmyse miag ME “Oepymmmiics:

/xp(x)dx:l~/ :Egdx:i'ln(lJrzz)JrC.

T 1+ 2T

Opnako pesien lim In(1 + 22) me cymecTsyer, a, 3HAYUT, He CyMECTBYeT
Tr—r00
u ME.

[IpomutrocTpupyem Temeph UCHOJIb30BaHme omnpeneneHunit 8.2.2.1 u
8.2.2.2 U1 KOHKPETHBIX CIyYailHbIX BEJININH.

Ipumep 8.2.2.1. Haiitu MmaTemMaTndeckoe OXKUIAHAE, JUCIEPCUIO U CPEIHEE
KBa/IPATUIHOE OTKJIOHEHUE [IJIsl CIIyYalHON BEJIUIUHEI T,
paBHO BpEMEHN! OXKWIAHUS [I0€3/1a METPO MACCAKIPOM,
MIPUXOMSIIIM HA CTAHIUIO B CJyYIAfHBIT MOMEHT BpeMe-
HHU, €CJIN I0e37]a CJIeAYIOT ¢ PABHBIMHI MHTEpPBAJaMH B O

MUHYT.
Pewenue. Ilycts aBa mociienoBaTebHO WAYIIAX MOE3/a MPUOLIBAIOT Ha
CTAHITNIO B MOMEHTBI BpeMeHn tg = 0 u t1 = 5, a maccakup MOsABJIsIeTCS Ha

CTAHIIUKM PABHOBEPOATHO B JI060#H 13 MomenToB t € [0,5] . D10 03HAUAET,
YTO T — PABHOMEPHO pachpejieieHHas Ha [0, 5] ciayuaiiHasi BesuunHa U ee
QYHKIUS pacupeieleHusl U IJI0THOCTh BEPOSSTHOCTH T B COOTBETCTBHU C
onpenenenueM 8.2.1.2 OyayT paBHBI

0, emt<O0, 0, emt<O0,
F(t)= %, ecin 0 <t <5, u  p(t) = %7 eciim 0 <t <5,
1, ecmt>5, 0, ecmt>H.

TOI‘,ILa MaTeMaTHU49eCKOoe OXKUJaHue COCTaBUT

=

+oo 5 5
1 1 1 (¢t
Mt = — P [ — _ .| =
o foa= [o () a-ifra-t(4
0 0

g 5
= — MUH,
o) 2

a TUCIEePCHS

o
/ t— M7)?p(t) dt

1 5\° ° 1 ((5\° 5\° 1125 25
—(t— = = —- — — —_— = —+—— = — MHUH" .
3 2) 1,)] 15 \\2 2 15 4 12
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Haxkomerr, cpegree KBapaTuIHOe OTKJIOHEHHE OyIeT PaBHO

25 5
0 =VDr =4/—=—= =~ 1.44 mun.
V12~ 23

I/ITaK, MaTeMaTHU1IeCKOe OKNJIaHUEe BPpEMEHU O2KUIaHUsA I10€3/1a COCTaB-
JasieT 2.5 MUHYTBI IIpU CpeTHEM KBaJIpaTUIHOM OTKJ/IOHEHUU B 1.44 MHHYTBI.

Ipumep 8.2.2.2. Haiitu mMaTeMaTHIECKOe OXKWJIAHUE JIJIsS CJYyYIAHOU Be-
JmauHbL €, PACIPEIETICHHON 110 HOPMAJbHOMY 3aKOHY C
mapamerpamu a =0 u g = 1

V2

2
Pewenrue. B nannom ciyuae p(x) = e~ %" . Tlosromy

S

+00 1 +o0
Mfz/xp(x)dsz-/xe_mzdm:
™

1 jL/OO a2 d( 2) 1 2 oo 0
= — e X = —F ] e == .
2/ 2/ .
—o0

CTOUT OTMETHTD, UTO B OGIIEM CJIydae HellpepbIBHOI CIIy9ailHOi BeJIMIMHbI
&, pacupeesIeHHol 110 Hopmasvhomy daxony (8.2.1.5) ¢ mapamerpamu a u
o (cM. puc. 8.3), cupaBeIuBbl PABEHCTBA

Mé=a, D¢ =02, og =0,

TO €CTh, Mbl IMeeM IIPUMED TOI'0, YTO CaAMO pacIIpeeseHue (d)yHKm/IH pac-
IIpeJie/IeHUs] UK IJIOTHOCTD BepOS{THOCTI/I)7 €CJIA U3BECTEH €r0 TUIl, MOXKeT
OBITh ONUCAHO JIWIIH ITPU MTOMOIIYN KOJMYECTBEHHBIX XapPAKTEPUCTUK CJIY-
YaliHOW BEJTMYUHBI.

8.2.3. BcrmomorareipHble KOJINYECTBEHHbIE XapakKTrepu-
CTUKMN C.TIy“Iaf/'IHblx BeJIN4YNH

B Teopun BeposgTHOCTEI U MATEMATUYIECKON CTATUCTUKE TIOMUMO OCHOB-
HBIX KOJIMYECTBEHHBIX XapaKTEPUCTHK CIIyYalHBIX BEJINYNH — MaTeMaTHh-
9eCKOr0 OXKUAHUS U JUCIIEPCUN, UCIIOJIB3YIOTCA U Apyrue. Pazmmdue 3ua-
YeHUII 9TUX YHUCJICHHBIX XaPAKTEPUCTUK OTPazkaeT OTJIMYMUS B CBOHCTBaX
pacipeieeHuil caydaiiblX BeJIMYUH.

248



P(x) p(x)
AéfO Ag <0 Eg>0 E5=0 B <0

TN

/NN AN
L WD BOARNN

o

0 0

Puc. 8.4. 'eomeTpuyeckasi HHTEPIPETAIINA ACUMMETPHUH U KCIIECCA.

Paccmorpum HEKOTOPBIE M3 9TUX XAapaKTEPUCTUK HAMOOJIEE YACTO MC-
NI0JIb3yeMble B TEOPHUH BEPOSITHOCTEI I MaTeMaTUIeCKOIl CTATUCTUKE.
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KoanuecrBennasi XapaKTepucTuka f

Hazpanwue Cuwms. Ornucanue
Havarvroui Havanrvrowm momermom nopadka k HepepbIBHON
MOMEHT, M §k Cay4aiHOl BeJIWYUHLI HA3bIBACTCA YUCJIO PABHOE
nopadka k e
necobcrsennoMy unrerpany [ zFp(z) dz , wm,
—o0
JUJIsL IUCKPETHON CJIyJaiiHON BeJInduHbl, pary (uin
—+oo
KOHEeTHOft cymme) > zhpy .
k=1
Lenmpanvroii Lenmpanrvrvim momermom nopadka k HempepbiB-
MOMEHM,  NO- §k HOI CIy9aifHONW BEJIMYINHBI MTOPSIAKA k HA3BIBAETCS
padka k H 9HUCJIO0 PABHOE HECOOCTBEHHOMY WHTETPAJIY
+oo
k
[ @86 pie)
— 00
WJIH, 1 JJUCKPETHOU CAyYaliHON BEJUYUHBI, DALY
(um KOHe4YHOlt cymMme)
+oo
Z k
(.’Ek — Mf) Pk -
k=1
Koagpuyuernm Kosppuyuenmom acummempuy, CIIyIaitHON BesH-
ACUMMEMPUY Agh 9uHbl £, OIEHUBAIOIUM BEJIUYUHY HAPYIICHUS
cummerpun  (“CKOIIEHHOCTH”) €€  PACIpeIeIeHUs]
OTHOCUTE/ILHO MaTeMaTH4IecKoro oxkuuauus ME,
Ha3bIBAETCI IUCTIO
3 3
gk HE M€ MY
3 3
V(D§) (DS)
Kosppuyuerm Kospuyuenmom sxcuecca crydaifHOH BeJIMUNHBI
aKcuyecca Bek &, OIEHUBAIOIINM “OCTPOBEPINMHHOCTEL ee pacipe-
JIeJIEHUsI B CDABHEHUN C HOPMAJIbHBIM, HA3bIBAETCSI
9UCIIO
250
4 4
“pa2z 2T T pe2
(Dg) (Dg)




KoanuecrBennasi XapaKTepucTuka f

Haszsanue

Cums.

Omucanue

Kosgppuyuernm
BaPUGUUL

Ve

Kospppuyuernmom sapuayuu CryIaitHON BeJIMINHBI

Ha3bIBAETCS IUCI0 VE = 7”Mlz€ - 100% , mosBosS-

IoIlee CPABHUBATDH CTEIIEHU PACCESHUdA CJIyJIailHbIX
BEeJIMYUH, U3MePAEeMBbIX B PA3HbIX €IUHUIAX.

Mooda

Mot

Modoti menpepwvieHOT CIyIalHON BETMINHBI HA3BI-
BaeTCs TaKOe ee 3HAUYEHNEe, ITPU KOTOPOM IIJIOTHOCTh
p(z) umeer makcumym. Modot duckpemmot ciy-
YafHOll BeJIMYMHDLI HA3bIBACTCH €€ 3Ha4YeHUue, UMe-
o1Iee HanbOJIBIIIYI0 BEPOSITHOCTD.

Meduana

Me&

Meduanotli HePEPBIBHON CIyYaliHON BeIUIUHBI &
Ha3bIBaeTcs ee 3uadenue M e masa KOTOPOTO

P(€ < Me€) = 5 = P(€ > Met)

TO ecTb 3HadeHns & OoJIbINue n Menbinue, deM Meé
DPABHOBEPOSITHEI.

Keanmuao

Q¢

g—Kearnmuaem HEIIPEPbIBHONA ciydailHoll Beau4n-
HbI £ Ha3bIBaETCs ee 3HadeHne Q€ ISt KOTOPOTo

F(Q€) =q=P( <QS) .

Ilpu g = % 04eBUJIHO, 4TO (.5-KBAHTUJIb SIBJISIETCS
MeTUAHOMN JIst £.

Ha pucynke 8.4 npuBenens! rpaduku II0THOCTEN BEPOSTHOCTH PA3JIAY-
HBIX pactpejesenuii. Hampumep, 1o jieBoMmy pucyHky 8.4 04eBUIHO, UTO
“crormeHHocTr” TpaduKa BIPABO COOTBETCTBYIOT OTPUIATE/IbHBIE 3HAUE-
HUs TTapaMeTpa aCUMMETPHH, a “CKOIIEHHOCTH BJIEBO — IIOJIOKUTE/IbHBIE.
Amnajyornano, npaBblii TpadUK WILTIOCTPUPYET TOT (PaKT, 4TO “0CTPOBEP-
MMITHHOCTE TpaduKa MIIOTHOCTH BEPOATHOCTH DOJIBIIE, YeM Y CTaHIapTHON
rayCccoBOW KPUBOIl IPH TOJOKUTEIHHBIX 3HAUEHUSIX IKCIECCA, U MEHBIIE —
[IPU OTPUIATEIBHON. 3aMEeTUM, UTO I HOPMAAvHO pacnpedenentols (To
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F(x) p(x)

l | l

Puc. 8.5. Oynkiusa pacupeneieHus U IJIOTHOCTb BEPOSITHOCTH SKCIIOHEHITUAIBHO
pacIpeneeHHON CJIy4JaiiHOU BeJIMYUHBI

€CTh, C IJIOTHOCTBIO BeposiTHOCTH (8.2.1.5)) ciryvaiiHON BeJMYNHBI achuM-
METPHS U 9KCIECC UMEIOT HYJIEBBIC 3HAYCHUS.

IIpumep 8.2.3.1. HaiiTu Bce BO3MOXKHBIE YHCICHHBIE XaPAKTEPUCTUKH CJIY-
JafiHON BEJIMYIUHBI £, PACIPEICTCHHON IO 9KCNOHEHUU-
ANDHOMY 3aKOHY

0, ecn © < 0,
F(z) = { 1—e™®, ecimxz>0.

Pewenue. T110THOCTD BEPOATHOCTH JJIsT JAHHOTO PAacIpeiesieHus Oymer

nverh B (rpaduku F(z) u p(x) npusesens Ha puc. 8.5)

x

0, ecm x < 0,
e ® ecmax>0.

[TosToMmy MaTemaTuueckoe OXKUIAHKE OIpeeIsaeTcss (hopMyIoit

+oo +oo +o00 +o0
Me = / ap(x) doe = / xe T dr=—xe " + / e dr =
—o0 0 0 0
400 +o0
=—ze * —e* =1.
0 0

AHAJIOrHIHO, UCMIONIB3Ys MOCIEI0BATEIHHO WHTErPUPOBAHUE IO YACTIM
(nim 2ke TabIIMILy HEOIPEJIeJIeHHBIX UHTEIPAJIOB), HAXOAUM JIUCIIEPCHIO

+oo
D¢ = M(€%) — (M¢&)? = /wQe_””d:v —1=2-1=1.
0
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3HauuT, [ paccMaTpuBaeMoil ciydaiiHoil Besmuunel D = 1 u ¢ =
vDE=1.

Hakownerr, B cumy DE = 1, a Tak»Ke PaBEHCTB

+oo +oo
/(x —1)Pe®dr=2 wu / (x -1 "de=9,
0 0
nojiydaeM 3HadeHusi KodpduimenTos acummverpun AE = 2 u 3Kcrecca

EE=6.
[IpoBepbTe cCaMOCTOATENIHHO, ITO BEJIMIUHBI KOI(MDPUITNEHTA BAPUAIIH,
MO/IBI, MEJIUAHBI U ¢—KBaHTUJIsI COOTBETCTBEHHO PABHBI

VE=1, MoE=0, Me£é=1n2 n szln1 .
—q

8.3. PyHKINUN U CUCTEMbBI CJIyUYalHBbIX BeJIMYU-
HBbI

8.3.1. ®yHKIUU CIAYyHaNHBbIX BEJININH

PaccMoTprmM HEKOTOPYIO CilydaliHyIO BeJIU4IuHy &, pacipe/iesieHue KOTo-
poii n3BecTHO, un HenpepbiBHyIO byHknuo y = f(z). Torma n = f(€) Gyner
TaK2Ke ABJIATHCA CJIy4YailHOil BeJIM4YMHON, pacipeejieHue KOTOPOH IIOJIHO-
CTBIO ¥ OJTHO3HAYHO MOXKET OBITh HANIEHO II0 PACIIPEIESIEHUIO CIIYIailHOM
Besmauubl . [logcHuM 3TOT QaKT CaeIYIONIAM ITPHIMEPOM.

Ipumep 8.3.1.1. Ilycrs nuckperHas ciaydaiiHas BeJuduHA &, TPUHIMAIO-
masg 3HavdeHnsa 1 = —1, 90 =0, 3 =1, 4 = 2, umeer
pacripejiejieHIe BUJIa

Suauenne £ —-1]0]|1|2

BepositrocTb cobbitust (€

QI
S
=
W=
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a dynxmua y = x2 + 3. Torga n = £2 + 3 MoxeT mpuHu-
MaTh 3HaYEHUs Y1 = 3, Yo = 4, y3 = 7 C BEPOITHOCTAMUI

P(ﬁ=3) = %7
Pln=4) = s+i=15.
P=17 = 1.

CrenoBaTesibHO pacipeesieHne CIIy YaifHONl BeTHIUHBI 1)
OymeT UMeTh BUJ

Suavenue 7 314 |7

N

e
12

Y=

Bepostaocts cobbitust (1 = yg)

B zaksrouenmne paccMoTpum BOmpoc 0 DYHKINH, 3aBUCAINEH OT Henpe-
puieHot caydaiinoit Besndnubl. 1lycrs ciygaiinas BesnduHa 1) CBI3aHA C
HEIIPEPBIBHON CIydaiiHoil BesmauHoil £, nMeromieit byHKIUIO pacipe/iesie-
uust F'(z), coornomennem n = f(€), rue y = f(x) — HeKoTopasi HenpepbIB-
Has MOHOTOHHO Bo3pacTaioiias dyHkIws. Torma dyHKIHS pacipe/ieeHns
CJIyJaiiHOM BEJIMYWHBIL 7) OyIeT MMEeTh BH,

Gly)=P(n<y)=P(f(§) <y)=P(E<gly))=F(9v)),

rne r = g(y) — bynxuus, obpamnas’ x y = f(x).

DopMyJ1a JIsl MaTEMATHIECKOTO OXKHJIAHUS JIJIsl CIIyYaiHOM BEJIMYNHBI
7) 3AIMCHIBAETCSI eIlle MIPOIIEe, €CIIN U3BECTHA P(X) — IFIOTHOCTH BEPOSITHOCTH
HEIIPEPBIBHOH CIIy9IallHON BEJTMYIHHBI &

+oo
My = / f@)p(a) d .

1Harnomuum, gro dbyuxnus g(r) asiserca obpaTHoil K MoHOTOHHOM dbynknmn f(x),

ecn g(f(z)) = f(g(z)) =z, ane g(z) = ﬁ :
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8.3.2. MHoromepHbIe cjy4daillHble BEJIMYUHBI U paclipe-
JeJIeHNsI BEPOSITHOCTE X 3HAYEeHUI

Jlo cux 1mop MbI paCCMATPUBAJIM CJIyYalHbIE COOBITHS, 3aK/IFOIAKOIIIE-
cd B TOM, 9TO HEKOTODPas BEJUYNHA IPUHAMAJIa OIpee/IeHHOe 3HaYCHHe.
OpHaKo, Ha MPAKTHKE JIOCTATOYHO YACTO BCTPEYAIOTCS CUTYAIIUU, KOT/a
cirydailHbIM 06pa30M IIPUHUMAIOT OIpeJIeIeHHbIe 3HAYEHUsT HECKOJIBKO (U,
OBITh MOYKET, HEOTPDAHUYIEHHOE ‘II/ICJ‘IO) CJIy9afiHbIX BeJuYnH. B 3TOM CIty-
4ae IPUHATO FOBOPUTL O MH020MEPHOT CAY4alinot eeaunune ( WA CAY-
watinom nmpouecce). B manbHeiiimem paju GOJbIIEH IPOCTOTHI U SICHOCTH
WU3JIOXKEHUs, HO 0€3 CyIIeCTBEHHON IOTePU ODITHOCTH, OTPAHUINMCS Pac-
CMOTPEHHEM CHUCTEMBI, COCTOSIIEH JIUIIb U3 JABYyX CAYyJIalHbIX BeJUInH & U
1.

Kak u myist oqHOMepHO# CIydaiitHONW BEJUYNHBI, OCHOBHBIM U HanboJIee
IIOJTHBIM CIIOCOOOM OIUCAHUST CUCTEMBI CJTYJAHBIX BEJINUUH ABJISIETCS PAC-
npedesenue eposmMHocmet; BOSMOXKHBIX 3HAYEHUN & U 1), IPEJCTABIIEMOE
JBYMEpHOI TabJsmriet, comepKalieil mepeTHn KakK BO3MOXKHBIX 3HATEHUI,
TaK U BEPOSITHOCTEN COOBITUI, COCTOANIUX B TOM, YTO UMEHHO ITU 3HAYECHUS
IPUMYT CIydIaifiHbIe BEJIMIUHBI, 00Pa3yIONe PACCMATPUBAEMYIO CUCTEMY.

[Ipenmonoxum, aro ciaydaitHas BeqmanHa £ TPUHUMAET OJIHO U3 3HA-
9eHuit x1,T2,...,Ty , & ClydailHad BeJIMYMHA 1) — OJHO U3 3HAYCHUH
Y1,Y2, > Ym , 1 1yerb pji = P((§ =) (n=y;)) , To ectb, BeposT-
HOCTH CODBITHS, 3aK/IIOYAIONIEroCs B TOM, UTO { MPHUHsJIA 3HAYUCHUE T, a
7 — 3HadeHue y;. B 3TOM ciydae roBopAT o cucmeme JUCKPEMHDBIT CILy-
vafiHbIx BesnunH {€, 7} ¢ pacupe/ienaenneM, 3ajaBaeMoM tabiuneit 8.3.2.1.
2

DTa Ke TabJIUINA MO3BOJISIET MOCTPOUTH PACIPEIEICHUs KaXKJIOW U3
CAYyYaflHbIX BeJIMYUH & U 1) 10 OTJEJbHOCTU. JleficTBUTENBHO, COOLITHE
(§ = x;), 3aKIIOUAIONIErOCs B TOM,4TO § NPUHSIA 3HAUEHUE T';, IPEJICTa-
BUMO KaK CyMMa HECOBMECTHBIX COOBITHH BUJA

E=z) - m=y)+ =) M=) +...+ =) M=ym) .
[TosTomy, cormacuo Teopeme 7.1.4.1,

m

Pe=2) =Y P(E=2)- (1= 1) =D b

j=1

2Kak u B OIHOMEDHOM CJIydae, 3HAYCHHS C/IyYaMHBIX BEJIMYMH 3AIIMCHIBAIOTCA B HO-
PsiiKe X BO3pACTaHUsI U O0e3 IOBTOPEHUIA.
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U pacrpeeseHne OJHOMEPHON CIyIaifHOM BeJIMINHBI & MOXKET OBITH ITpeI-

cTaBjIeHO B Bujie Tabymipbl 8.3.2.2. AHaJIOrMYHOE OJHOMEPHOE PacIpeiesie-

HUE CJIyJafiHON BEJIMYUHBI 1) MOXKHO 3AITNCATh B BUJE TAOIUIBI 8.3.2.3.
3aMeTuM, 9TO TMOCKOJIBKY COOBITUS

(=) (77 = yj)7 Vi= [17n]a Vj = [17m}

00pa3yIoT MOJIHYIO IPYIILY, TO CIIPABE/JINBBI PABEHCTBA

n m

n m
22 pi=1. Y op=1, Y a=1,
i=1 j=1

i=1 j=1

/1€ UCIIOJIb30BaHbI CJICYIOIINE 0003HaYCHUS JJ1s1 OTHOMEPHBIX CJIy‘{&fIHbIX
BCJIMYIUH, BXOAAIUX B CUCTEMY

m n
pi:iji7 qj:iji-
j=1 i=1

Suavenust: £ || x1 Ty | oo | X | oo | Tn
n
U1 pbir | P12 | --- | Pli | --- | Pin
Y2 P21 | P22 | --- | P2i | --- | P2n
Yj Pjr | Pj2 | -+ | Pji | --- | Pjn
Ym Pm1 | Pm2 ceo | Pma - | Pmn

Tabsuna 8.3.2.1. ComecTHOe (IByMepHOE) pacipeesnenue & u 1.
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3uauenune & T1 To . Tn

m m m
Ero BeposiTHOCTH p1= Z Pj1 | P2 = Z Pj2 ceo | Pn = Z Pin
j=1 j=1 Jj=1

Tabnuma 8.3.2.2. OgHOMEpHOE pacipejesenue .

3HaueHue 7 Y1 Yo e Ym

n n n
Ero BepositHOCTH q1 = Z P1i | @2 = Z D2i coe | m = Z Pmi
i=1 i=1 i=1

Tabsmna 8.3.2.3. OHOMEpHOE pacIpe/ieieHue 1.

JormycTiM Temepsb, 9TO COOBITHE 1) = 1/; MPOMU3OIILIO. BhIgcHNM, Kakoe
paciipejiejieHIe B 9TOM ciydae OyeT mMmeTh ciaydaitnas Besmdanaa £. Co-
racHO hOpMyJIe JJI BEPOATHOCTY IIPOU3BEIEHUSA COOBITU (CM. Teopemy
7.1.4.2), UCHIO/IBb3Ysl BBEJIEHHBIC BhINIE OOO3HAYCHUSI, [OJTYIaeM

P((=zi)-n=y;)) _ pi
Py (E=mz )= (( B l ) =~ Vi=[l,n]. (83.2.1)
(n=yj;) q
DTO COMOCTABJIEHNE HABBIBAECTCS YCAOBHVIM PACTPEIENEHUEM CAYHATHOT Be-
AUNUHDL §. AHAJIOPUYIHBIM CIIOCOOOM OTIPEJIEIISIETCA U YCJIOBHOE PACIIPejie-
JICHHE I CJIy9JaliHOW BEeJINYWHBI 7).

AJIbTepHATUBHBIM CIIOCODOM OIUCAHUST CUCTEMBI CJIYYANHBIX BEJIUYUH
(HE TOJIBKO JIMCKPETHBIX, HO M HENPEPBIBHBIX) CIYKUT GYHKUUA pacnpede-
AeHUA, KOTOpas BBOJUTCH aHAJIOTMYHO OJTHOMEPHOMY CJIyHYalO CJIEIyIONAM
ompesesIeHueM.

Onpedenenue 8.3.2.1. QPynruyuels pacnpedeserus Cucmemvs 08YxT CAYali-
HOLE 8eauyun € U 1) Ha3bIBaeTCs (PYHKIUS JIBYX Tie-
PEMEHHBIX

Flr,y)=P(({<z)-(n<y)) .
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ITepeunciinM OCHOBHBIE 60UCMBA BYHKUUL PACTHPEOCAEHUS CUCTNEMDbL
caynatinor eeaunun F(z,y), BRITEKAONE U3 €€ OlpEIeICHNs.

1°. O6nacts onpenenenus:: F(x,y) cymecrsyer mis Beex {z,y}.

2°. O6umacrs 3uadenuit: 0 < F(z,y) < 1.

3°. F(x,y) MOHOTOHHO BO3PACTAET 110 KAXKJIOMY U3 CBOMX apryMeH-
TOB.

4°. F(-o00,—00) = F(-o00,400) = F(+o00,—c0) =
0, F(+o00,+00) =1.

5°. PacripeiejieHus CJIy 9aiiHBIX BEJMIHH & | 1) 10 OTJETbHOCTH PaB-
HBI COOTBETCTBEHHO F'(x, +00) n F(400,y) .

B 6osbiioM dncite TpaKTHYECKH BAXKHBIX CJIy9aeB JJIsd CHCTEMBI Helpe-
PBIBHBIX CJIyYailHbIX BEJIUYNH (DYHKIIUIO PACIIPE/IESIEHUS YIAeTCs IIPeICcTa-
BUTHb B BUJIE

P y
F(%y)z/ /p(tlatQ)dtl dits .

Torna dbyuxmo p(x,y) UIPUHATO HABBIBATD NAOMHOCMLIO BEPOATNHOCTIU
CUCTEMBI HEIIPEPHIBHBIX CIYYANHBIX BeJIMYMH. e MOXKHO BBIPA3UTH Yepes
dYHKINIO paclpeiesieHusl ey oM 00pa3oM

p(z,y) = % (0”;((;;’@)

Hamomuaum, 9aro jyist GyHKIUN 3aBUCSIIUX OT ABYX IIEPEMEHHBIX BHAYAJIE
BHYTDEHHAA NPOU3BOAHAA IO Y BBIUHACIAETCA B B IIPEAIIOJIOXKEHUHU, ITO
T = const, a 3aTeM, MOJIyIYeHHBIH pe3yabrarT muddepeHupyercs 1o T B
IPEJIOJIOZKEHNN Y = const.

OTMeruM OCHOBHBIE CBOMCTBA INIOTHOCTH BEPOSITHOCTU CHCTEMBI JIBYX
HEIIPEPBIBHBIX CIyYalHbIX BEJINUNH, BBITEKAIONINE U3 €€ OlpeeIeHUs.

1°. p(z,y) > 0 mua seex {z,y}.

2°. lmeeT MeCTO paBeHCTBO:

+oo / 400
/ / p(z,y)dy | de=1. (8.3.2.2)

3°. OHOMEpHBIE TUIOTHOCTH BEPOSITHOCTH CJIYYAlHbBIX BEJUINH & U
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7) HAXOAATCs 110 POPMYJIaM

+oo +oo

p(x) = /p(w,y)dy q(y) /p(:ay)dx.

— 00 — 00

W3 uHTYyNTUBHO OYEBUIHBIX COODPAXKEHUI CJIe/IyeT, YTO 3HAUEHHS CIIy-
YafHbIX BEJUYIUH OOPA3YIOMMNX CHUCTEMY, MOTYT B OIPEJEIEHHON CTeleHn
3aBHUCETDH JPYT OT Jipyra. [IpuwyeM cTeneHb 3TON 3aBUCHUMOCTU MOYKET W3-
MEHSTBCsl OT KECTKOU OJIHO3HAYHON (DYHKIUOHAJIBLHON 3aBUCHMOCTH (CM.
§3.1) 110 1OJIHOIT HE3ABMCUMOCTHU 3HAYEHUIi JIPYT OT Apyra. B Tom ciydae,
KOIJIa IIpU KOHKPETHOM 3HAYEeHUU OJHONH M3 CAyYalHBIX BEJUYHUH CYyIIle-
crByeT (DYHKIWMS pacIpesieieHnss (MIn IUIOTHOCTh) BEPOSITHOCTH JPYTOi,
[IPUHSITO TOBOPUTD O 8EPOAMHOCTIHOT UAU CTNOTACTUYECKOT opme 3aBU-
CAMOCTHU 3TUX BEJINYHUH.

Onpedenenue 8.3.2.2. Yeaosnotll ¢yHrkyuet pacnpedenenus HEIPEPhIB-
HOW CJIydaliHON BEJTMYHMHBI £, BXOSIIEH B CHCTEMY
{¢, n}, nasbiBaerca ee (YHKIMA DPACIpEIEICHNs,
CBA3BIBAIONIAs 3HAYCHU OJIHOU CJIy4YailHON BeJndu-
HBI C UX BEPOATHOCTSIMU, [IPU YCJOBUHU, UTO JIPYyTast
caydaiiHast BeJIMYIUHA 1) IIPUHSLIIA OIIPEIeJIEHHOE 3HA~
JeHUe.
Takum ke 06pa3OM OIMPEJESIETC U YCAOSHAA NAOMHOCTD BEPOATNHO-
cmu, 0603HaTaEMAST KAK Py—y (). POPMyYIIBL 471 MOCIeTa YCAOBHOM IIIOT-
HOCTH BEPOSTHOCTH aHAJOTUYHBI BhIpakeHuAM (8.3.2.1) u uMeror Buj,

poy() =2 f;:y%’) = mp(“’y) 7 Geen(y) = p}()fg;j@)/) _ +Oop(ac,y)
/p(x,y) dz /p(m,y) dy

(8.3.2.3)

Ecisn pacripenienienune ciy4daitHOil BeJTUIUHBI £ HEe 3aBUCHUT OT TOrO, Ka-

KOe 3HaueHHe IIPUHUMaeT BTOpasl CiydaiiHasl BeJIMYUHA 7), TO TOBOPAT O

HE3aBUCUMOCTHU dTHUX BeJUIWH. [[jIs CUCTEeMbl HEIMPEPBIBHBIX CJIYYIalHBIX
BEJIMYUH B 3TOM CJIy4ae CIIPABE/IIUBBI PABEHCTBA

Po=y(2) = p(2) , Ge==(y) = q(y) ,

4To B conocrasjenuu ¢ gopmyiaamu (8.3.2.2), 1M03BoJIsSET JATH

Onpedenenue 8.3.2.2. HenpepbIBHBIE CiTy4aiiHble BeJTUIUHBI £ U 1) HA3bIBA~
10TCst Hezagucumvimu, ecan p(z,y) = p(x) - q(y) .
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IIpu sToM crouT 0OpATUTH BHUMAHUE, UYTO CTEEHD 3aBUCUMOCTH CJIy-
YafHBIX BEJIMYNH MOXKET OTVIMYAThCS JIJIS PA3JIMIHBIX JINAlla30HOB UX 3Ha-
gennit. Hanpumep, poct B3pocsoro desroBeka caabo 3aBUCUT OT €ro BO3pac-
Ta, B TO BpeMs KaK Jjis peDEeHKa 9Ta 3aBUCUMOCTb BEChbMa CYIIIECTBEHHA.

B zaksrouenue mokakem, 9TO O CXeMe, AaHAJOTUIHON PACCMOTPEHHOI B
§8.3.1, MOYKHO HCITOJIB30BATH (DYHKITUH U JIJIT CHCTEM CJIY YAMHBIX BEJTUIIH.
OrpanuauMcst CJIEYIONIM JIEMOHCTPAIIMOHHBIM IIPUMEPOM.

Ipumep 8.3.2.1. IlycTh B cucreme, cCOCTOSIIEH U3 NBYX JUCKPETHBIX CJIy-
JyafiHbIX BeJUdYuH {£, 7}, MOIyIIMX OPUHUMATH 3HAUE-
Husg it € xp = —1, xo =0, z3 = 1, x4 = 2,
U COOTBETCTBEHHO misg 17 : Yy = 0, yo = 1, y3 = 2,
KarKJiash BO3MOKHAs Napa 3HAUEHUI NMeeT OJIMHAKOBYIO
sepostHocts P( (§ =) - (n=1y,) ) = % , & QYHKIIA
onpeienena bopmyioii £ = £21) .
CocraBuM TabJIUIly 3HAYEHUN CJIYIARHON BEJMYUHBI K ISl BCEX JIOIY-
CTUMBIX 3HAYEHU & U 7).

Suauenus: & || x1 | T2 | T3 | T4
n
Y1 010|010
Yo 10| 1] 4
Y3 2 0 2 8

Takum obpa3zom k npuHHMaeT 3HaYeHUT 21 = 0, 290 = 1, 23 = 2, 24 =
4, z5 = 8, a pacrupejiejieHre CIy9YailHOM BEJIMYNHBI £, B CHJLy PABHOBEPO-
SITHOCTH KaKJIOM KJIETKH TAaOJIUIBI, OyJIeT UMETh BHU]]

SHaueHne K 011]2] 4|8
BepositHocTb cobbiTust (K = 2 ) % % % % %
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8.3.3. KoaunyecTBeHHbIE XapaKTEepUCTUKU dJisd CUCTEMBbI
cnyqaf/iHbe BeJINYNH

Kaxk u B ciryuae oHoit ciry9daifHON BeJIMYUHBI, B HaKOOJIEE TIOJTHOM CTe-
IIEHU OINUCHIBAET CUCTEMY CJIyYIANHBIX BEJUUUH PACIIPEIC/ICHIE BEPOATHO-
cru ux 3Hadennii. OaHako JaaeKo He BCeraa 3Ta (popMa OIMUCAHNSA CHCTEMBI
yA00Ha JIJIT MCTIOJIL30BAHUS, & 1 BOBCE 9aCTO HE M3BECTHA. B 3THX CIydasax
MOZKHO IIPUMEHSITH CIIeIuaJIbHble KOJNYEeCTBEHHBIE XapaKTEPUCTUKH, aHA~
JIOTUYHBIE PACCMOTPEHHBIM JIJIsT OJHOMEPHBIX CIyYaiHbIX BeguduH. Jla-
JUM OIpejlesieHnsl HanboJiee 9acTO UCIOJIb3YEMbIX Ha MPAKTUKE KOJINYe-
CTBEHHBIX XaPAKTEPUCTUK CUCTEMBI JBYX CJLydaiiHbiX Besudud & u 1) (Kak
JINCKPETHBIX, TaK ¥ HEIPEPBIBHBIX ), COXPAHUB 0003HAYEHUS [IPEBIIYIIETr0
maparpada.

Onpedenenue 8.3.3.1. Mamemamuueckum oxcudanuem HaA3BIBAETCS YUCIIO,
[TOJIy9aeMoe B JUCKPETHOM CJIydae 10 (DOopMysIaM

n m

ME=Y " pjizi MUZZijiyj7

i=1 j=1 i=1 j=1

U B HENPEPHIBHOM —

400 400

M§=/ /xp(x,y)dx dy ,
—+oo —+o0

Mn=/ /yp(x,y)dy da .

AHaJIOrUYHO UCIIOJIB3YeTCsI

Onpedenenue 8.3.3.2. Jlucnepcueti HA3BIBAETCS YUCJIO, MTOJIYyIaeMOe B JIUC-
KPETHOM CJIydae 1o (popMy/IaM

pe=3" St s 1= 35t

i=1 j=1 i=1 j=1

U B HEIIPEPBIBHOM —

+oo [/ 400
sz/ /(Jffo)Qp(%y)dév dy,
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+oo [/ +oo

Dn=/ /(y—Mn)2p($7y)dy da .

— 00 \— OO

A rakike cpednue K6adpamMuUNHbIE OMKEAOHEHUA: Tg =
VDE u 0, = /D,

ITu XapaKTEPUCTUKU 00JIAIAI0T CBONCTBAME aHAJIOTMTIHBIME OJHOMED-
HOMY CJIydYaio U He TPeOYIOT CaMOCTOSATEIbHOrO paccMmorpenns. OHaKo, B
cJlydae CHCTeMbI JBYX (MU GOJIBIIETO YUCIIA) CIIyIafHBIX BEJIMINH TaKKe
HCITOJTB3YIOTCS HOBBIE, ClienUIecKre JJisi MHOTOMEPHOIO CJIydast, KOJIU-
YeCTBEHHbBIE OIleHKN. PaccMOTpUM HEKOTOpbIE U3 HUX.

Onpedenenue 8.3.3.3. YeA0GHBIM MAMEMATMUYECKUM 0HCUIGHUEM AIIH Pe-
2peccuet] crydaitHOM BeJWYUHBI £ Ha 7) HA3bIBAETCHA
9HCJIO, PABHOE B JINCKPETHOM CJIydae CyMMe WU Psi-
ny (min ke uHTErpasy — B HEIPEPHIBHOM)

n +oo
Pji
M=y, € = leqi ) My=y§ = / T pp=y(z) dz .
i=1 J o

AHAJIOTUYHO YUCJIO, PABHOE B JIMCKPETHOM CJIyYae
CyMMe WK Py (UM JKe UHTErPAJy — B HEIPEPhIB-

HOM )
m +OO
Pji
Me—y,§ = Zyjﬁ ; Me—yn = / Yae=a(y) dy ,
=1 oo

Ha3bIBACTCs perpeccueii cjry4aiiHoil BeJIMYuHblL 1) Ha
&.
Herpynso BuzieTh, 4TO JAHHOE OIPEJIEJIEHNE COBIIAJAET C OIIPe/IeJIeHIeM
MaTEMaTUIECKOTO OXKUJIAHUS OJHOMEDPHON CITydIaifHOW BEJIMYUHBI, B KOTO-
POM BMECTO BEPOSTHOCTH 3HAYEHUN W IJIOTHOCTH BEPOSATHOCTH HCIIOJb-
30BaHbl COOTBETCTBYIOIINE YCAOB8HbBIE DACHPEJIESIEHNs, PACCUNTAHHBIE IIO
dbopmynam (8.3.2.1) u (8.3.2.2). A, HOCKOIBbKY MATEMATHIECKOE OXKHUIAHNE
OIIpEJIeJIACTCH IIPH 3TOM OJJHO3HAYHO, TO M, —, & m M¢—, 1) MOXKHO paccMaT-
pUBaTh Kak (PYHKIUU, 3aBUCSIIIE COOTBETCTBEHHO OT Y U . DTU DYHKIAN
MIPUHATO HA3BIBATH (PYHKUUAMU PEZPECCUL.
Ecmu dbynxmusa perpeccun M, —, & TOCTOAHHA, TO TOBOPAT, UTO CIIydaii-
Has BeJIUYUHA & He KOppeaupyem CO CIIydJailHOil BEJIMYIUHON 1), AHAYE ITU
Cﬂy‘{aﬁHbIe BeJIMYUHBI KOPPEJIAITMOHHO 3aBUCHUMBI.
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Ipumep 8.3.3.1. BoisicHUTD, KOPPEIUPYIOT JIU B JUCKPETHBIE CIIyJaiiHble
BeJManHbL {£, 7}, BEPOSITHOCTH BO3MOXKHBIX 3HAYEHMIA
KOTODPBIX IIPUBEJICHBI B CJICAYIONIECH TaOIUIe

Suavenusi: £ || x1=—1|zo=0|23=1
n
y1 =2 0.1 0.25 0.15
Yo =3 0.3 0.1 0.1

Pewenue. 3amernm BHaUIAIE, YTO

¢ =P =2)=014+025+015=0.5 u ¢ =P(n=3)=0.3+0.1+0.1=0.5.

Torna o onpenenennto 8.3.3.3, /JIsi YCIOBHBIX MATEMATUIECKUX OXKUIA-
HUI

P11 P13 0.1 0.25 0.15
=r— — =(-1)-—+0- —=0.1
My=2t = x1q1+2q+3q D550 05 T 05
u
P22 P23 0.3 0.1 0.1
My—3f = 21— + 292 4 1g—2 = (=1)- —=40- = +1.-——==-04
n=3§ = 22 - Lz 2q2 +z 3q2 (—1) 0.5+0 s Tlos 0

Ms1 mostyumin, 9TO YCJIOBHOE MaTeMaTHIeCKOe OXKuJaHue £ M3MEeHUIOCH
[Ipyu W3MeHeHuu 3HadeHus 7). To ecTh, caydaiiHas BeqwdanHa & HAXOMUTCH
B KOPPEJIAINOHHON B3aNMO3aBUCUMOCTHU CO CJIyYJalHOI BEJIMYNHON 7).

Cortacuo orpejiesienuio 8.3.2.2 cirydaiiible BEIUIUHDBI £ U 1) CIUTAIOTCS
HE3aBUCUMBIMH, €CJIN

P((¢=xz)-n=y)) = P(=2))-P(n=y))-

[Tpu 3TOM BO3HUKAET €CTECTBEHHDIN BOIIPOC: MOXKHO JIN OTIEHUBATH CTEIIEHb
3aBUCHUMOCTH CJIyYalHBIX BEJIMYNH 110 UX KOJMYECTBEHHBIM XapaKTEPUCTU-
KaM, 6e3 UCIIo/Ib30BaHUsI paclpeae/eHnil 3Hadennii srux seandnn?! OTser
TaKOB: B OOJIBIIIOM YHCJIE€ TPAKTUIECKU BayKHBIX CJIy9aeB 9TO YIAETCH ClIe-
JIaTh TIyTeM BBEIEHUs CIIEINAIbHBIX KOJMIECTBEHHBIX XapAKTEPUCTUK CU-
cmemdl CIyIaitHbIX BeqmduH. [IpuBeieM MocseoBaTe/IbHO UX OIpeese-
HUSI.
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Onpedenenue 8.3.3.4. Kosapuayuedi Win KOPPEAAUUOHHBM MOMEHTNOM CH-
CTeMBI JIBYX CJIyYalHBIX BEJIUYUH & U 1) HA3bIBAETCH
YHCIIO

cov(&,m) = M( (£ —M¢g)- (n—Mn)) .
JlJisi IMCKPETHBIX CJIyYafHBbIX BEIUIUH

cov(&,n) = 226 ME) (n — Mn) pji

i=1 j=1

a JJId HEIIPEPBIBHBIX

+oo [/ +oo
cov(€,n) = / / (& — ME) (y — M) p(ar, ) dy | d .

3HadeHne KOBAPUAIIMY MOXKHO TaKKe MOJCIYUTHIBATE 110 AJIBTEPHATHBHOII,
caeIyromeil n3 CBOHCTB MaTeMaTnueckKoro oxuaanus (cM. §8.1.3), dopmy-
e

cov(&,n) = M( (§=ME)-(n—Mn) ) = M(&n—n-ME—E-Mn+ME-Mn ) =
= M(&-n) — M&- My .

A MMOCKOJIbKY MaTeMaTUYIeCKOoe OxKHuJaHue MIPOU3BEIACHUA HE3AGUCUMDIT
cnyqaﬁme BEJIMYUNH PaBHO IIPOU3BEACHUIO MaTE€MaTHUICCKHUX O}KI/I,ILaHI/II'/JI
COMHOX{HTeﬂeﬁ, TO BEJINYIHNHY KOBapHAIIUH MOZKHO IIOIIBITATHCA HMCIIOJIB30-
BaTb JJId KOJINYECTBEHHON OIIEHKU CTEIIeHN B3aMMO3aBUCHUMOCTU cnyqaﬁ—
HbIX BEJIMYMH.

PaCCMOTpI/IM cjreiyromue mIpuMephbI.

Ipumep 8.3.3.2. BoraucanTh KOBAPUAIHUIO JIBYX MUCKPETHBIX CJIyYANHBIX
BeJINYUH {57 77}7 BEPOATHOCTU BO3MOXKHBIX 3HAYCHUI KO-
TOPBIX [IPUBEJEHBI B CJIEIYIONMIEN Tab/IuIe

Suavenust: £ || x1 = —1 | 22 =0 | z3 =2
n
y1 =1 0.1 0.25 0.15
Yo =3 0.3 0.1 0.1
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Pewerue. Urobel BocnosbzoBarbes dhopmyioii cov(€,n) = M (€ -n) — ME-
Mn , npegsapurensao Haiinem suaderuss ME, Mn u M (€ - n). TlockoabKy

Suagyenust: £ r1=—1]|29=0]| 23=2
BepositHocTh (€ = ;) 0.4 0.35 0.25
u
SuadeHus: 7 y1=1|y3=3
BeposTrocts () = y;) 0.5 0.5
TO

ME=(-1)-04+0-035+2-025=01 u Mn=1-05+3-05=2.

C Jipyroii CTOPOHBI, pacIpe/ie/ieHue CIyYailHON BeJIMIUHbBL Kk = & - 1) UMeeT
BUT

3HaueHne K -3 -1 0 2 6

BepositHocTs cobbrtus (k= z;) || 0.3 | 0.1 | 0.35|0.15| 0.1

[TosTomy
Mr=M(E-n)=(-3)-03+(-1)-0.14+0-0.35+2-0.15+6-0.1 = —0.1 .
Haxkomer, mo dbopmysie 1jist KOBApUAIUN HAXOIIM

cov(&n)=M(E-n)— ME-Mn=-01-0.1-2=-0.3.

Ananusupys dopmyay cov(§,n) = M (£ -n) — ME - Mn werpyano no-
HSITH, KaK IIPH IIOMOIIY KOBAPUAIIUHA MOYKHO OIIeHUTh CTeIeHb 3aBUCUMOCTH
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CIIydaiiHbIX BeJm4uH & 1 7). JlelicTBUTE/IbHO, €CI 9TH BEJUYNHBI He3a6U-
CuMDBLE, TO COIJIACHO CBOUCTBY 3° JJIsi MATEMaTHIECKOro oxkujanus (cM. §
8.1.3) seinosHsiercst paeHetso M (€ -n) = ME - Mn, To ectb KoBapuarys
pasHa Hys0. Takum obpazoM, yciosue cov(E,n) = 0 ogeBugnO Heobxodu-
MO€ JIJIsl HE3aBUCUMOCTHU Caydainbix Beawmand € u 7. OjHaKo, KaK HOKa-
3BIBAET CJIEAYIOMIUI IPIMED, ITO YCIOBHUE HE ABISLETCS JOCTMAMOUHDIM.

Ipumep 8.3.3.3. Ilycrs ciryuaitinas BeuduHa £ UMEET PACIIPE/IeICHIE BIIA

Suauenue & 2| -1|1/|2

=
o
s
A=

BepositHOCTB cOOBITHS (£ = X))

IIpu sToM coryvaitnas Beamanna 1 = £2. Ee pacnupeenenne 6yaer

Suavenne 7 1|4
BepositHOCTB cOGBITHS () = Yy ) % %

Ouesnzro, uro ME = 0. IIposepum rakxke cupasemiausocts M (€ - n) = 0.
JleiicTBUTENILHO, paclpeie/eHne CIydaiHoN BeJIMIUHbl K = & -7 UMeeT BH/I

3HadeHne K 8| —-4|-2|-1]1|2]|4]38

ool—
ool—
ool—
ool
ool—
ool
ool
ool—

BeposTaocts cobbitust (k = 2j)

[TosTomy

(=8)+(—4)+(-2)+(-1)+1+2+4+38 _
8

Mk =M -n) = 0.

u, 3HaunT, cov(&,n) = 0. OgHako B paccMaTpuBaeMoOM ciydae £ U 1) CBs-
3aHbI beHKH‘I/IOHaJ'H)HO n IIOTOI\’Iy 3aBUCUMBI.
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Tenepp paccMOTPUM BO3MOYKHOCTH HCIIOJIB30BAHUST KOBAPHUAIUH JIJIsT
OIIEHKH CMENEHU 3G8UCUMOCTU CIIydalHbIX BeaudnH. Cama 1o cebe “ma-
nocts” wmena M ((§ — ME) - (n — Mn)), BooOIme roBopsi, He sIBISIETCS
rapaHTUPYIOINM [IPU3HAKOM HE3aBHUCUMOCTH CJIyYaflHbIX BEJUIHH & U 1),
MIOCKOJIBKY 9Ta “MAaJIOCTh’ MOYXKET TakKe O0yCJIOBINBATHCS M Y3KUMU JTHa-
Ma30HAME OTKJIOHEHUsI UX 3HAYEHUIT OT MAaTeMaTHIECKOro oKujanus. [1o-
9TOMY JIJIsI OTIEHKH CTENeHN 3aBUCUMOCTH CJIyYANHBIX BEJIMINH TTPE/ITOUTH-
TEJIbHO HUCIIOJIb30BATh HOPMUPOBAHHYIO KOBapHUAIUIO, HABBIBAEMYIO K0I(h-
Puyuernmom Koppeasyuy — IUCICHHYIO XapaKTEPUCTUKY PABHYIO

7‘(5777) = M >

0’5-0'7]

rae o¢ = /DE u 0, = /Dn — cpenue KBaapaTHIHbIE OTKIOHEHUs & 1 7).
Ilepeuncaum ocHOBHBIE CBOICTBA KOI(MDPUITUEHTA KOPPEIISIIAN.
1°.-1<rn) <1.
2°. Ecsia € u 1) wesasucumsl, To 7(€,n) =0 .
3°. Ecam r(§,m) # 0, T0 £ U 1) 3aBUCUMBIL.
4°. Ectun=a-£+ b, TO

-1, ecma<O0,
r(&,n) = 0, ecma=0,
1, ecma>0,

TO eCTb KO3 DUITNEHT KOPPEJISIIIUY SIBJISETCsI MEPOI CTEIIEHU AU~
HEUHOU 3a68UCUMOCTNU CITyIARHBIX BEJUYHH, YTO U UJLIIOCTPUDY-
eT mpuMep 8.3.3.3.

Ipumep 8.3.3.4. Boranciiutb K03bDDUIUEHT KOPPEJIANNNA JIBYX JIACKPET-
HBIX CJIyYaiiHbIX BeJaudud (&, 1), BEPOATHOCTH BO3MOK-
HBIX 3HAYEHUIl KOTOPBIX IIPUBEIEHBI B YCJIOBUM IIPUMEPA
8.3.3.2.

Pewernue. Yrobbl HaiiTr KOPDUIMEHT KOPPEISAINY, TOMUIMO HaIeHHON B

npuMepe 8.3.3.2 KOBapuaIuu, HyKHbI 3HAUEHUsT CPETHUX KBaIPATUIHBIX

OTKJIOHeHNH ciryvaiinbix Besmans & u 7). [lockonbky o¢ = +/DE u o, =

/D , HaiizeM cHauaja Auciepcur. B HammeM cirydae
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Buavenus: ¢2 21 =0]|29=1|23=4

Bepositnoets (€2 = z;) || 0.35 0.4 0.25

TO
M(€%) = 0-0.35+1-0.4+4-0.25 = 1.4 u D¢ = M(£3)—(ME)? =1.4—(0.1)> =1.39 .

AHaJIornuHO 10 pacCIpPeIe/IeHuIO

Bnauenns: 7> y1=1[y2=9

Bepositrocts (n? = y;) 0.5 0.5

HaXOOUM, 4TO
M@?) =1-05+9-05=5 u Dn=Mu?) — (My)?:=5-2%>=4.
Hakomner, raxoanm K03(hOUITMEHT KOPPEIAIHA IO HOPMYJIe

r(E,m) = cov(&,n) _ cov(&,n) B -0.3

= ~ —0.25.
O¢ - Oy VDE /Dy V1.39-V1

st cucreMbl IBYX CIYYaiflHBIX BEJUYIUH & U 1) COBMECTNHOU KOJIAIe-
CTBEHHOI XapaKTEPUCTUKON pa3bpoca M CTeleHW B3aMO3aBHUCHUMOCTU WX
3HAYCHUN SIBJISIETCS KOBAPUAUUOHHAA MAMPUYA, 33/TaBAEMAsT CJIEJLy IOIIUM
obpazom

K11 K12 §— Mg
K| = =M [ €—ME n—Mn|| =
K21 K22 n—Mn
M(§ — M¢)? M((€§—M¢E) - (n— Mn))
M((n— Mn) - (£ — M¢)) M(n — Mn)?
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D¢ cov(§,n)

cov(&,m) Dy

Ecu ke TpebyeTcst COBMECTHO OIEHUTD CTEIIeHN Pa30poca U B3aMO3aBUCH-
MOCTHU 3HAYEHUIN CUCTEMBI JBYX CJIyYallHBIX BEJIUYUH, TO MOXKHO UCIIOJIb-
30BaThb KOPPEAAUUOHHYIO MAMPULY, STEMEHTAMUA KOTOPON CJIy?KAT YHCJIa

K11 K12

pr1=——=1, pr2=—"—=r(mn),
g¢ - O¢ 0¢ - Op
K K
p21:i:r(£vn)a Pzzzizl
o¢ oy oy oy
3HauuT, 3Ta MATPHUIA UMEET BHI
P11 P12 1 r(&,m)
IR = = ;
P11 P22 r(&,m) 1

rie r(€,n) — k03 dUIUEHT KOPPESIUY CIyIalHbIX BeJIUIUH & U 1).

Kpome Toro, Ha mpaxTuKe i OIEHKH CTElleHH B3anMO3aBUCAMOCTHU
3HAYEHUN CUCTEMBI CJIyYaWHBIX BEJUYIUH HCIOJIB3YIOTCH TaKXKe YnpoueH-
Hble TUCIOBBIE XaPAKTEPUCTUKY, 00pa3yeMble U3 3JIEMEHTOB KOBAPUAINOH-
HOI MaTpHIIbL

tr ||K|| = K11 + K22 u det HKH = K11K22 — K12K21 ,

HOCJIE/THSAST U3 KOTOPBIX HA3BIBAETCs 0000wWeHHol ducnepcued.

B zakiiioueHre oTMETHM, 9TO, XOTs JIOObIe KOJUYECTBEHHbIE XapaKTe-
PUCTUKU CUCTEM CJIYyYaWHBIX BEJIUIUH HAXOIATCS IO UX PACHPEIETCHUIM,
caMy paclpejiesieHnsi HHOrIa (CKarkeM, KOIJa THI PACIpPEIe/IeHUs U3Be-
CTeH) y/I00HO 3aIMCBHIBATH € HOMOIIBIO KOJIMYECTBEHHBIX XapaKTePUCTHK.
Hanpumep, cosmecmuasn naommocms eeposmuocmu 08yx (6000we 2080ps,
3ABUCUMBE) CAYHATHOT BEAUNUH E U 1), PACIIPEIEACHHBIT O HOPMANLHOMY
3ax0ny naercsi (popmyIIoit

o 2 _ _ _ 2
@oMO? gy E=MOW=M) | (y=M2) )
3 £on 7

p(z,y) =

2wocoy,

rne p = r(§,n). Ipaduueckoe npencrapienne 3apucuMocta z = p(x,y)
IOKa3aHo Ha puc.4.25.
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[IpoBepbTe caMOCTOATENTBHO, UTO IS HE3ABUCUMDBLL HOPMATIHLHO pac-
MIPEJIEJIEHHBIX CAYYIAfHBIX BEJIUYUH, TO ecThb npu p = 0, ganHas popmy-
Jia, YIPOIIAETCsT M TPpUoOpeTaeT COOTBETCTBYONUi onpeeiennto 8.2.1.2 u
dbopmyse (8.2.1.5) Bun

p(x,y) = p(x) - ply) -

8.4. 3aKoH OOJBIINX YHCEJ W IIeHTpPaJbHas
npejiejbHasl TeopeMa

8.4.1. 3akKoH OOJIBLIIINX YHUCEJ

OueBuHO, 9TO PE3YILTATHI HEKOTOPOH Mapbl OIMHAKOBBIX HE3ABHUCHU-
MBIX MCHBITAHUNI ABJIAIONIUXCA Cﬂy‘{aﬁHbIMI/I CO6bITI/I${MI/I, MOryT 3Ha41u-
TEJILHO OTJINYATHCH JIPYT OT Jpyra. BMmecre ¢ TeMm, ¢ ApeBHEHININX BpeMeH
OBLIIO U3BECTHO, ITO JJIst H0ADWUL COBOKYITHOCTEN TAKUX UCIBITAHUNA MOTY'T
HaOJTIOIATHCA yCTOWYNBBIE CTATUCTHYECKNE 3aKOHOMepHOcTH. Hampumep,
[IPY MHOTOKPATHOM IIOCJIE0BATEHLHOM B3BEIINBAHUN TeJIa CPeHee apud-
MeTHYeCKoe 3HaYeHUil Beca IPAKTUYeCKH lIepecTaeT U3MEHAThCA ¢ POCTOM
4qncsia B3BemuBanuii. Vlan ke, oTHOCUTEIbHAS YACTOTA BBITIQJICHUS ‘Tepba
BBEpX’ B CEpUH IIOCIEOBATE/BHBIX MOA0PACHIBAHUN CUMMETPUIHON MOHE-
ThI UMEET YCTONYIUBYIO TEHJCHIWIO IPUOJINKEHUS K % IIPU YBEJIUYECHUN
quciia Opocanuii. Vlnade roBopsi, caydaiiible OTKJIOHEHUS, IIPUCYIIHE KaK-
JIOMY OT/EeJbHOMY HCHBITAHUIO, B CPEJHEM B3aUMHO KOMIIEHCUPYIOTCH, I10-
rairaioTcs JJist OOJILIINX 00bEMOB 9TUX UCIBITAHMIA.

D1y HabIOaEMbIE CBOWCTBA YCTOWIMBOCTHU (B TEX CJIydasx, KOIJa OHU
HUMEIOT PeaNbHOE PUSUHECKOE UAU CIMATMUCTIUYECKOE 000CHO8AHUE) TTO3BO-
JIIOT JleJIaTh TeOpeTUUeCcKOoe 3aKJIIOUEHHE O CYULECMBOBAHUY 6EPOATIVHO-
cmeti TeX WIN WHBIX CIAyJIalHbIX coObiTuil. IIpakTutdeckas ke CyThb 3TOM
YCTONYIUBOCTHU, KOTOPYIO IPUHATO HABBIBATDH 3AKOHOM OOALUUL YUCEN CO-
CTOUT B TOM, YTO CPEJIHUI Pe3yJIbTaT OOJIBIIONO YUC/Ia OJHOPOIHBIX UCIbI-
TaHUIl CO CJIyUIAHBIM MCXOIO0M, IIEPECTAET ObITh CAYyJIalHBIM, U €10 MOYKHO
IIpPeJICKa3aTh C BBICOKOIl CTENEHbIO JIOCTOBEPHOCTH.
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DopMaIbHO TEPMUH “3aKOH OOIBIIX TrceT’ 0003HatTaeT Habop TeopeM
B KypCe TEOPHUHU BEPOSTHOCTEH, 0GOCHOBBIBAIOIIUX (IIPH BBIIOJIHEHUHA OIIPEe-
JIQJIEHHBIX yCJIOBUiT) (DaKT IPUOJIMIKEHNST CPEJHUX XapPaKTEPUCTHK GOJIb-
Io#i 110 00'beMy COBOKYITHOCTH 3HAYEHUI CJIyJYailHbIX BEJIMYINH K HEKOTO-
PBIM KOHCTaHTaM. PAcCMOTPUM OCHOBHBIE U3 3TUX TEOPEM.

IIycts mMmeercst coydaitHasi BeJMduHA  C MAaTEMATHYECKUM OXKUJIAHU-
eMm M¢ n nucnepcueit DE. IIpoBenieM ceputo u3 n HCHBITAHUI, KaXKI0€ U3
KOTODBIX JIaeT HeKoTopoe 3HaueHue &, k = [1,n] . Jys cucreMsl He3aBu-
CHMBIX U OYEBHJIHO OJMHAKOBO DACIIPE/ICIEHHBIX CJIyYaflHbIX BeJUIUH &f
BBeJIEM HOBYIO CJIyYailHyIO BeJIMUnHy 1) 110 POopMyIIe

_ £1+§2+~-~+£n _ 1 -
k=1
Torma 6ymeT mMeTh MECTO

Teopema 8.4.1.1. Teopema YUebsbImiena.

Cpennee apudmerndeckoe HaOJIFOJEHHBIX 3HAYEHWI CJIydaiiHON
BEJIMYMHBI CXOJUTCSI TI0 BEPOSITHOCTHU K €€ MaTEMATUIECKOMY OXKH-
JIAHWUIO, TO €CTh,

Ve>0: lim P

n—-+oo

( E1+&+... +¢

"—M§‘<e>:1.
n

Loxazameavcmeo. YoemuMcs cCHaYAIA B CIIPABEJINBOCTI TaK HA3BIBAEMO-

ro Hepasercmea Yebviuiea, MMEIONIETO BU/T
D
Va>0: P(}n—Mn|>a> g—z
o

JI7IsT HEKOTOPOH JUCKPETHOM C/IyIaiiHON BenmauHbl £ MMeIoIei pacipeie-
JIeHHe BHU/Ia

Suauenue & Ty | X2 | ... | TN

Bepostaocts cobbitust (§ =) || p1 | D2 | --- | PN
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L7151 HEKOTOPOro KOHKPETHOT'O (v BEPOSITHOCTH COOBITHS, 3aKTIOYUAIONIETOCS
B TOM, YTO 3HAYEHHE CJIyIaWHOI BEJUYUHBI £ OTKJIOHUTCS OT €e MaTeMa-
TUYIeCKOTO oKujianust ME He MeHbIlle, YeM Ha (&« OYE€BHUIHO PaBHA

P(|[¢-ME[>a) = > i,
|k —ME| >

IJie CyMMUPOBAHUE B IIPaBOil YaCcTH BBIIOJHSETCST TOJIBKO MO TeM k, JIsi
KOTOPBIX |2 — ME&| > .
ITocKOIbKY BEJIMYIMHA JUCIEPCUN CIIydYaiHON BeJUInHbl { DABHA

D¢ = M(¢—ME® = |ay — MEPpy
k=1

TO IIyTEM OT6paCbIBaHI/IH JaCTU HEOTPpUIlaTE/IbHBIX CJlIaraeMbIX B 3TON CyM-
Me II0oJIy49aeM OIICHKY

DE> Y |m=MEPpr > Y aPpr=a’P([{-~ME|> a) .
|wp—ME|>a |z —ME|>a

OrkyZna u ciiemyer HepaBeHCTBO leOblinesa.

Haiinem renrepsr M7 u D1, BOCIOIB30BABIIICH CBOACTBOM 2° JIJIsI MaTeMa-
TUYECKOrO OXKuJaHust U cBojictBoM 3° mist puctepeun (cm. §8.1.3).

M (e =13 v
k=1 k=1

1o Mg = e
n

S

1 n
= _— =
Mn=M - k}_l &k

1 — 1 - I — 1 D¢
Dp=D(=> &|==D(> &|== D& =—nDt==—.
Lt n k=1 "=

Taxum obpazom mpu n — 400 Maremarudeckoe oxxuganne Mn = ME,
a jmucnepcuss Dn — 0 . Hakomer, BOCIOJIb30BABIINCH, HEPABEHCTBOM e-
ObIlIeBa, TIOJIYIUM JIJIs CIyJIaiiHOM BEJIMYUHBI 1)

D¢
’I’L'OZ2 ’

Ya>0: P(’n—M§|2a) <
W 110CKOJIBKY 3 CYET YBEJIMYEHHS 1 BEPOATHOCTH

P<|H—M£|>a>
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MO2KET OBITH CJIeJIaHa CKOJIb YTOJIHO MAaJIOi, TO MBI IIPUXOIUM K 3aKJIIOYe-
HUIO O CIIPABEJIJIMBOCTU YTBEPKJIECHUS T€OPEMBI.

ITo moBoy HepaBeHncTBa UebbIlieBa cieyer CIeIaTh JIBA 3aMedaHUs.
Bo-mrepBBIX, OHO CIIpaBeTMBO U JIJIs1 HEIIPEPBIBHBIX CIYYIANHBIX BEJIHTINH.
JlokazaTebCTBO AHAJIOTUIHO JAUCKPETHOMY CJIy9aio, TOJHKO BMECTO BEPO-
ATHOCTEH cje/lyeT UCIOJIb30BaTh IJIOTHOCTH BEPOATHOCTH, & CyMMHUPOBa-
HHUE 3aMEHUTH UHTEI'PUPOBAHUEM.

Bo-BTOpBIX, HEOOXOIMMO TOHUMATH, YTO ITO HEPABEHCTBO JIA€T OIEHKY,
KOTOpasi OCTAETCs BEPHOM MPHU 410061 BAIAX PACIPEIEIeHNs CJIyIailHOM
Besmmamabl. OJIHAKO, 9TA OIEHKA MOYXKET OKAa3aThCHA IOCTATOYHO TI'PyOOii.
Hampumep, mpumenns HepaBeHCTBO UebbInTeBa 71 HOPMAJIbHO pacIpe/ie-
JIEHHOH CJIy4aifHON BEeJHMYUHBI §, IPU 3HAUEHUH (¢ = 30¢ , MBI IOy 9uM

De 1
P |n—M¢| > 3o¢ ng‘gzg,

B TO BpeMsi KaK JJIsi HOPMAJbHOI'O PACIIPEJIESIEHUs] BEPOSTHOCTD OTKJIO-
HEHUsI OT MATEMATHYECKOTO OXKHUIAHUS HA BEJIUIUHY “DOJIbINE, YeM TpU
curma’ pasna npubiausureasao 0,003.

Teopema YebbimeBa omyckaeT 0000IeHNe KaK JIjIs CUCTEMbI He3a-
BUCHMBIX CJIy9aflHBIX BEJIMYUH C PA3JIMYHBIMYU DPACIIPEE/IEHUsIMU, TaK U
JIJIS CUCTEMbI 3aBUCUMBIX CJIy9aifHbIX BEJIMYUH (TakK Ha3blBaeMas meope-
ma Maprosa) . K npakTudecku BayKHBIM CJIEACTBASM TeopeMbl ebbiiiesa
OTHOCATCSI YTBEPKICHUS:

1°. B cxeme ucnbrranuit Bepuysin orHocuTesnbras gacrora ‘ycrexa’
— coObITHS A, Ipu GOJIBIIIOM YNC/IE UCIIBITAHUNA 1aeT IPUuO/INKEH-
HYIO OLIEHKY BepositHocTH p = P(A).

2°. Cpenmee apudmMeTHIeCKOe 3HAYEHNN HEKOTOPOTO KOJTMIECTBEH-
HOTO TIPU3HAKA IMPHU CIYIANHON BHIOOPKE 3HATEHNH U3 TeHEPATb-
HOW COBOKYITHOCTH MOYKET OBITH MCIOJB30BAHO B KAYECTBE OIECH-
KU MATeMaTHIeCKOro OXKUJIAHUS 9TOrO IPU3HAKA.

8.4.2. IlenTpanbHas npeaejpbHas TeopeMa

3aKOH OOJIBINUX YHUCEJ IO3BOJISET OlleHUBaTh 3HaY€HUsd KOJINIECTBEH-
HBIX XapaKTepUCTUK CJIy‘IafIHbIX BEJIMYMH. OﬂHaKO TaK2Ke JOCTATOYHO Ya-
CTO BO3HHKaeT HeO6XOLLHMO€TL OIICHKHU IIPEIEC/JIBHOI'O IIpeIaCTaBJJICHHUA HUX
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dyuknun pacupenesenusi. Perienne 3Toit 3a/a4n OCHOBBIBAETCHA HA WC-
[OJIB30BAHUU UEHMPAAbHOT npedesvroti meopemov,. OCHOBHBIM YCIOBAEM
OPUMEHNMOCTH 3TON TeOpeMBI ABJsIeTCS BO3MOXKHOCTD IIPEJICTABJIEHUS] UC-
cJIeyeMoil cIydaiiHOlM BEJIMIUHBI B BUJIE CYMMBbI OOJIBIIIONO YHC/Ia, HE3ABU-
CUMBIX (MK €J1a00 3aBUCUMBIX ) CJIYYANHBIX BEJUYUH, KazKas U3 KOTOPBIX
CPABHUTEJIHBHO MAJIO BJIMSET Ha ODIIYIO CyMMY.

Byner mpasuibHee cka3arTh, YTO IEHTPAJIbHAA IPeesIbHAs TeopeMa
npejcraBisier coboit HabOp HECKOJbKUX, OJM3KUX 110 (POPMYJIMPOBKAM
yTBep:KJieHnit. PaccMOTpUM OCHOBHYIO M3 HUX.

L1 crucTeMbl He3aBUCUMBIX W OJUHAKOBO PACHPEIETIEHHBIX CITyIaifHbIX
BeJMYHH £}, C MATEMATHYCCKUM OYKHIAHHMEM a U JIUCIepCHell o2 BBeIeM
HOBYIO CJIyYaliHyIO BEJIUIUHY 1)

n
M= +&+ = &

k=1
Torma 6yeT cpaBeinBa

Teopema 8.4.2.1. IlenTpasibHasA IIpeaeibHasE TeEOPEMA.

IIpn HeorpaHWYEHHOM POCTE YMC/IA CJAAraeMbIX 1 3aKOH PacIpe-
JIeJIEHUsT CIIy9IaiiHON BEJIUIUHBI 1), OyJeT HEOTPAHUYIEHO MPUOJIU-
KATHCS K HOPMANDHOMY 3GKOHY PAcnpedeseHus ¢ mapaMeTpaMu a

n 0'2.

HaHOMHI/IM, qTOo (1)OpMy.HI)I HOPMAADBHO20 U cman@apmnoeo HOPMANBHO-
20 pacupene/JieHud COOTBETCTBEHHO MMECIOT BHUJL

_(t—a)?

1 1 [ e
Flz) = —— e 22 dt, F*(z) = — e~z dt.
@) oV 2w / @) V2T /
—00 —0o0

HeHTpaJIBHaH IIpejie/ibHad TeopeMa MO2KET HUCIIOJIb30BaThbCA U JIJId CU-

CTeM JIMCKPETHBIX CJIy4YalHBIX BeJndnH. Harpumep, IycTb 7) 9UCIO IO-
sBJieHUsT coObITUst A B cxeme BepHysum, cocrosineil U3 n HE3aBUCUMBIX
WCIBITAHWI, B KAYXKJIOM U3 KOTOPBIX COOBITHE A MTPOUCXOJUT C BEPOSITHO-
CTBIO P U HE IPOUCXOJIUT ¢ BeposiTHOCTBIO ¢ = 1 — p . Torma crnpasemyiuBa
oneHouHas gopmyaa Myaepa-Jlansaca

P<a< % <B) = F*(8) — F*(a).

Ipumep 8.4.2.1. Haiitn BepOSATHOCTH TOrO, 9TO YUCJIO BBHIIAIEHUN “repba
BBepx” B cepun u3 100 6pocanuii cCHMMETPUIHON MOHETHI
okazkeTcs B mipesienax ot 60 mo 70.

274



Pewenue. B nanaom caygae n = 100up = q = % . Torma mpu 60 < n < 70

apamMeTrp
n—np n—>50

N
Oyzaer ynoBiaeTBopATh yeioBuio 2 < ¢ < 4, u, corytacuo dopmysie Myaspa-
Jlamiaca, orieHKa MCKOMOI BEPOSTHOCTH COCTABUT

&=

4
1 T
PO<n<T70)=P(2<(<4)=F"4)-F ——/e*TdaxQO.OQ&
V2T )
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I'maBa 9.

OcHOBHbBIE HOHATUA
MaTeMAaTNn4eCcKoI
CTATUCTUKU

Mamemamuveckotl cmamucmukot, HA3BIBAETCS Pa3e]l MATEeMaTHKH,
U3yHaIOImMUil 3aKOHOMEPHOCTU MAaCCOBBIX CBOICTB, IIPOIECCOB U ABJICHUA,
[oJIy4aeMble myTeM HabrogeHnii. K OCHOBHBIM 3a/a4aM MaTeMaTHIeCKO
CTATUCTUKHU OTHOCATCH PaspaboTKa METOJIOJIOrUU cOOpa 1 CUCTEMATU3AIIAN
pe3y/IbTaToB HAOJIIOJIEHNIT, PABHO KaK W CPEJCTB X aHAJIM3a U OLEHKU JI0-
croBepHOCTH. VHCTPYMEHTAJILHON OCHOBOW MATEMATHYECKON CTATUCTUKN
SABJISIETCA TEOPUsl BEPOATHOCTEH U, B IIEPBYIO OYepEelb, 3aKOHBI OOJILIIIX
qHCesI U IPEIeIbHBIE TEOPEMBI.

TepMmun Mmaccosoe seaeHUE O03HAYAET, YTO IMPEIMETOM HCCJIEI0BAHUS
SIBJISIETCSl MHOXKECTBO OO'bEKTOB WJIM SIBJIEHMI, 0OJIaJA0NUX HEKOTOPBIM
obmmM CcBoOlicTBOM (MM HAGOPOM CBONCTB), HOJOOHBIM JJisi BCEX JIEMEH-
TOB 9TOI'0 MHOYKECTBA, HA3BIBAEMOT'O 2eHEPAAbHOT COB0KYNHOCTLIO. B psine
CJIydaeB IpoBeJeHre HabJII0AeHui NIl PFeHePAJIbHON COBOKYIIHOCTH OKA3bI-
BaeTCs JU0O0 3aTPYAHUTEILHBIM, JTHOO BOBCE HEBO3MOXKHBIM. Torma coot-
BETCTBYIOIIUE UCCIEJOBAHUS IIPOBOIATCH Ha OJHOM MJIM HECKOJBKUX II0-
MHOXKECTBaX MeHEPAJIbHON COBOKYITHOCTU, KOTOPBIE IPUHSITO HA3BIBATD Gbi-
b60POUHBIMU, COBOKYNHOCTNAMY UJTU TIPOCTO 8utbopramu. Obsemom 6vb0pKU,
KaK T'eHepaIbHOM, TaK 1 BHIOOPOYHOM, HA3BIBAIOT YUCJIO 3JIEMEHTOB, €€ CO-
CTABJISIIOIINX.
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Crestyer OTMETUTD, 9TO B ODIIEM CJydae CTATUCTHIECKUE DPE3yJIbTa-
TBI, [IOJIy9IaeMble JJIsI HEKOTOPOI BBIOOPKH, MOI'YT He OTPayKaTb COOTBET-
CTBYIOIIIE CBOMCTBA MeHePaJIbHON COBOKYIHOCTU. KOPPEKTHOCTH IIepeHoca
pe3y/IbTaTOB HAOJIIOJAEHUN ¢ BLIDOPOYHOI COBOKYIIHOCTH Ha I'€HEPAJILHYIO
TpedyeT 0OOCHOBAHUS B KaXKJI0M KOHKPETHOM ciIydae. Eciu BeiOOpKa mpa-
BWJIBHO OTPAKaeT COOTHOIIEHNUsS B TEHEPAJILHO COBOKYITHOCTH, TO €€ HA3bI-
BalOT npedcmasumervbroll niau penpesenmamuenoti. Ha nmpaktuke neobro-
Jumvim (HO HE docmamouHbiM) YCAOBUEM DEIPE3EHTATUBHOCTU BBIOOPKU
SABIISIETCS €€ CAYUAUHOCTID.

9.1. CrarucTuveckue OIEHKHM CJIydailHbIX Be-
JINYUH

JlocTaToOYHO YaCTO HCCIEAYeMBIil IPU3HAK WJIM CBOICTBO 3JIEMEHTOB
reHepaJIbHON COBOKYITHOCTH OIINCBHIBAETCSI HEKOTOPOIT YMCIIOBOIT XapakKTe-
PUCTHKOi1, KOTOpasi IPeJCTaBIseT cOO0il IUCKPETHYIO WJIN HEIPEPHIBHY O
CAYyJafiHyI0 BeJUIWHY &, TOrJa IEHTPAJIHHON 3aadeil MaTeMaTHIeCKOl
CTATUCTUKU ABJSETCS U3ydeHue (110 [IPEJIIOJIOKEHUIO, CYIIeCTBYIONIEro)
3aKOHA paclipeesIeHus 9TON CIIy4aliHO! BeJIMYUHBI.

IIycthb 13 renepasibHOM COBOKYITHOCTU M3BJIEKAECTCS BLIOOPKA 00beMa 1,
¥ IyCTh IIPYU 9TOM 3HAUYEHME Xj HAOJIONAIOCH 1y pa3. OueBuHO, 9TO

Jaaum ompesiesieHnsT OCHOBHBIX TEPMHIHOB, HCIIOJIB3YEMBIX B MaTeMAaTHIe-

CKO# CTATUCTUKE MPHU U3YUEHUN CBOMCTB CJIyUAWHBIX YUCIOBBIX XapaKTe-

PHUCTUK.

Onpedesenue 9.1.1. Habmiomaemble 3HadeHust CaydaiiHO BesnanuHbl £ Ha-
3pIBAIOTCS  sapuarmamuy. IlocimesoBaresbHOCTD Ba-
PHAHT, 3alMCAHHBIX B [OPS/IKE BO3PACTAHUS, HA3DI-
BaeTCs 8APUGUUOHHbIM PAJoMm. Tucsio Ny, HA3BIBAET-
¢ yacmomoti UWIH “acmocmovto HAOJIIONEHUA BapH-

anTel Z. COOTBETCTBEHHO OTHOLICHHE Pj = Nk /N
HA3BIBAETCA 0OMHOCUMENDHOU “4acmomoti 3TOU Bapu-
AQHTBHI.
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Onpedesenue 9.1.2. Cmamucmuyeckum pacnpedeaeruem BBIDOPKH HA3BI-
BaeTcs Tabmna (MM IPABUIIO) COMOCTABIIEHUST 3HA-
YeHUil BADUAHT U COOTBETCTBYIONIUX UM IaCTOT (MJIH
OTHOCHUTEJIbHBIX YaCTOT. )

Onpedenenue 9.1.3. Imnupuueckold pynrkuyuel pacnpedeserus BHIOOPKH
HasbiBaercs Gyukuus F(z), 3Hadenne KOTOPOi pas-
HO OTHOCHUTEJILHOI dYacToTe HAOJIIONeHUI 3HAaYeHU
&, yoByeTBopsitonux ycyoputo £ < x . MHade roso-

p4, 1
n
Fla)= ) —F=—7% m.

Tp<T rp<T

Ha npakruke 0ObIMHO JeJIaeTCsl PEJIIOJIOKeHNe (BbICKA3bIBAETCS TU-
[oTe3a) O BUJIE 3aKOHA DACIIPEJIETICHUs] JJIsl TeHEPATbHON COBOKYITHOCTH
HaOJIIOJIAeMOIl CJIyJailHOM BEJIMYUHBI, 3HAYEHUsI HEKOTOPBIX [IapaMeTpOB
KOTOPOTO CYHUTAIOTCS M3HAYaAJIbHO Hem3BecTHBIMU. Hampumep, mpesmomna-
raercs, 9To £ pacrpeesieHa o HOPMaJJIbHOMY 3aKOHY BUIA

(t—a)?

202 dt

F(m):m}%Z e

C HEM3BECTHBIMU G Priori 3HAYCHUSMUA ¢ U 0. 3aTeM 110 BBHIODOPKAM U3 Te-

HEPAJIbHOW COBOKYITHOCTH OIEHUBAIOTCS 3HAYEHUST THX [MapaMeTpoB, KO-

TOPBIE PACCMATPUBAIOTCS KAK HEKOTOPHIE HOBBIE CJIyYailHbIe BEJTUINHDI.
IIycrs 0* ecrhb ciyyaiiHas BeJIUYMHA, OINEHUBAIONAS 3HAYEHUS] HEKO-

TOPOTO TapamMeTpa § B 3aKOHE PACIIPEIEICHNUS CJIYIANHON BEJUIUHBI &, a

0 — ero KOHKpeTHAs OICHKA, TIOCTPOCHHAS TI0 PE3YIbTATAM N CIIy YAt HBIX

BBIOOPOK. B 3TOM citydyae MOYKHO TONBITATHCS HAfTH 3HaYeHUe § 10 Juc-

JIOBBIM XapaKTepUCTUKAM CIydaitnoit Beawaunubl 0%, OgHaKO, YTO TapaH-

TUPOBATH YCIIEX MOI00HON MPONEIyPHl B ODIIEM ciIydae Hesab3s. [losTomy

B MATEMaTUYECKON CTATUCTUKE UCIOJIb3YIOTCS CIIEIUAIbHBIE TIOHSITUS, Xa-

PAKTepU3YIOIIIe CMENEeHb KA%eCmaed JAHHONW OIEHKH.

Onpedenenue 9.1.4. Cratuctudeckas orenka 6* mapamerpa € HasbiBaeTcs
Heemewennotl, ecmu M6O* = 0 . Mrave, roBopsT o
cmew,enHoli OTIEHKe.

Onpedenenue 9.1.5. CrarucTuyeckasi OIEHKA HA3bIBAETCS IPPermusHotl,
ecau npu (DUKCHPOBAHHOM OObeMe BBIOODKHU, OHA
MMeEeT HAMMEHBIIYIO JIUCIIEPCHIO.

Onpedenenue 9.1.6. CraTucTnyeckas OleHKa HA3BIBACTCS COCMOAMEALHOT,
€CJIN €ee 3Ha'vYeHue IIpUu HEOI'PaHUYIE€HHOM YBEJ/JIMICHUU
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n — 00beMa BBIOOPKHU, CTPEMUTCST TI0 BEPOSITHOCTH K
OIIEHUBAEMOMY TIAPAMETDPY, TO €CTb, €CJIN

Ve>0 lim P(|6;,—0|<e)=1.
n—oo

B wacTHOCTH, €ctu JUCHEPCHs ONEHKN CTPEMUTCS K HYJIIO IIPU N — 00, TO
TaKas OIEHKa SBJISIETCS COCTOSATETbHOIN.

9.2. BeiObopouyHble, TOUEUYHbIE 1 UHTEPBAJIbHbBIE
OIleHKU

Onpedenenue 9.2.1. Buibopounoti cpedreti ONEHKON CJIyIaHON BETMINHON
& ipu BBIOOpKE 00beMa 1 Ha3LIBACTCS TUCTIO

— T1+xat+-Fx, 1 =
£= _n;xk'

n

Onpedenenue 9.2.2. Boibopounoti ducnepcueti CaydaiiHON BeIMInHON £ 1pu
BBIOOpKe 00beMa 1 HAa3bIBAETCA CpejHee apudMeTn-
YecKoe KBaJIPATOB OTKJIOHEHWH HAOJIOIAEMBIX 3HA-
9eHuil OT BBIOOPOTHOMN CpeHelt, TO €CTh TUCTIO

n
DE= -3 (w— ).
"=

Onpedenenue 9.2.2. Boibopounvim cpednum Keadpamuunvim oOmKAOHEHUEM
ciryJaiiHo# BemauHoM £ Ipu BEIOOPKE 00beMa 1 Ha-
3BIBAETCS UHUCTIO O¢ = ﬁg .

Boibopounas cpenuss ME  gBisercs HECMEIICHHONH OINEHKO Ma-
TEeMaTUYeCKOro OXKujauus. JleiicTBUTENIbHO, WYyCTh JlaHa BbIOOPKA
{zk, 2, ... zp} . BymeMm paccMaTpuBaTh 3TH BBIGOPOUHBIE 3HAYEHUs KAK
peau3aIiu N CAYYARHbIX BEJIUIHUH, OJUHAKOBO PACIPEIEIEHHBIX 110 3a-
KOHY PacCIIpeJIe/IeHUs] TeHePaIbHON COBOKYITHOCTU. 3HAYUT 3TH HOBBIE CJIY-
JaifHble BeJIMYMHBI UMEIOT OJIMHAKOBBIC MaTeMaTudeckue oxujpanus ME u
muctepcun DE. Tloatomy MaremaTmdeckoe OKHUIAHNE BHIOOPOIHON Cpel-
Heit OysieT paBHO

M(Mf)—M<f”1+x2+'”+x") Me

=n.— = M¢,
n

n
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9TO W JIOKA3bIBAET HECMEIEHHOCTh BHIOOPOTHON CpeHeit.
Temepb paccMOTPUM BBIOOPOYHYIO JTUCIIEPCUIO

(wx—ME)’
k=1

DE —

S|

Ee maremarnueckoe OXKHTaHUE MO2KHO IIPDEJACTaBUTH B BUJIE

(D8 = (13 7)) -

= (ii((m—Mﬁ)—(W—M@f):
:Mcln(xk_m ) ( Z (= M) - (Mé“—Mf))>+
+M (izn:(WMﬁ)2> :

k=1

PaCCMOTpI/IM Tenepb KazKJ/10e cjlaraeMoe B nocJjeHen (bOpMyJIe 10 OTJeJib-
HOCTH.

M(iZ(mk—Mg ) ZM (2 — M) = ”'anng.

k=1

Amnajoruuno
( > (g — ME) - M§—M§)> _M<2(M5nMQZ(xk—M§)> =
k=1 k=1
— 2MEZ M) $7 yy(a, — Mg) = 2(TE - Me)? -
k=1
=2D¢ =2D (1 Y l‘k) :2n~D—2€:2%.
"= n n

Haxkomner, ucronp30BaB Te Ke IpeoOpPa30BAHUA, Oy INM

(e ) < .
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B nrore

— D¢ n-—1
M(DE) = DE— — = - D¢ .
n n
To ecTb, MaTeMaTHIECKOE OXKUJAHWE BBIOOPOYHON JMCIEpCHH HE DaBHO
JIACTIIEPCUN TeHEPATHHON COBOKYITHOCTH W JIAHHAS OIEHKA, SIBJISETCS CMe-
MEeHHOH. XOTsl CTOUT OTMETHTD, YTO JAHHOE CMEIIEHUE OIIPEIEIAETCS MHO-
xuTenem 1 , MAJIO0 OTJIMIAIOIIAMCSI OT €JIMHUIIBI TPU GOJIBIITIX 1.
[Ipu mpakTHIecKnx pacuerax yaoOHee MOJIb30BATHCS PABEHCTBOM

DE=2 - (9)",

KOTOPOE O3HAYAET, UTO BHIOOPOUHAS JIUCIIEPCHUs paBHA CpeaHeMy apudme-
TUYIECKOMY KBaJIPATOB 3HAUECHUIT BHIOOPKU MUHYC KBaJIpaT CPEJIHEH BHIOO-
POYHOM.

[TomMuMO BBIOGOPOYHBIX B MATEMATUYIECKON CTATUCTUKE UCIIOIL3YIOTCS 1
JIpYTHE TUIBI OIEHOK.

Onpedesenue 9.2.3. Toweunotl HA3BIBAIOT OIEHKY, KOTOPASI 33/1a€TCSI OJTHUM
YUCJIOM.

[TockonbKy 1mpu BEIOOPKE MaJIOro 00beMa TOYEeUHAsT OIEHKA MOXKET Cy-
MECTBEHHO OTJINYATHCS OT OIEHUBAEMOTO TIAPAMETPA, TO B TAKUX CJIydasx
11e71ecO00pPa3HO UCIIOIH30BATh HE TOYEUHBIE, 8 UHMEPEAAbHbLE OTIEHKH, TO
€CTh Tapbl YUCEJI, SBJIAIONIIXCS TPAHUIAME IIPOMEXKYTKa UHCJIOBON OCH,
KOTOPOMY IPUHAJJIEXKUT 3HAYEHNE [IapaMeTpa.

Onpedenenue 9.2.4. Josepumenvrnoti 6EPOAMHOCTIBIO W HAIEHCHOCTNDIO
oreHkn 0* mapamerpa  Ha3LIBAETCS BEPOATHOCTD

y=P(|0-0"<5).

Jlosepumenvroim uHMEPSaIOM C HATEIKHOCTBIO Y B

9TOM CJIydae HasblBaeTcd uurepsaa (6* — d, 6% + 9).
[TapamMeTpsl JOBEPUTEIBHBIX HHTEPBAJIOB Il 3HAYECHUIT CIIydailHbIX BEJIU-
YHH OOBIMHO HAXOZATCS IIPH IIOMOIIH HX 33KOHOB PACIPEIesICHHU.
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