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IIpeauciosue

OTa KHUTA JIJI TE€X, KTO IPUCTYIAET K U3YYEHUIO TEOPUHU BEPO-
SITHOCTEN M MaTeMaTu4deckoii craructuku. OHa HanuCaHa Ha OCHO-
Be Jjekimuii mo Kypcam ‘Teopust BeposTaOCcTeil”, “Maremarumyaeckast
crarucruka’, “Teopust BepogTHOCTE U MaTEMATHIECKAsT CTATHCTHU-
Ka”, 9UTaeMbIX aBTOPOM B J|HEMpPONETPOBCKOM HAIMOHAIHLHOM YHU-
BepCUTETE JIJTsl CTYEHTOB MEXaHUKO-MaTEMATHIECKOro (paKyaIpTeTa,
dakyabTeTa TPUKIAIHON MATEMATUKA U JAPYTUX (DAKYIBTETOB.

Kuura oxsarbiBaer TPaJUIMOHHYIO TeMaTuKy Kypcos “Teopus
BeposiTHOCTe” m “MaremaTndeckast CTATHCTUKA: CTOXaCTHUIECKUI
9KCIIEPUMEHT W €r0 MaTeMaTHIecKasi MOJe/ b, IUCKPETHAS MOIeb,
CXeMa HE3ABUCHMBIX WUCIBITAHWI, C/lyvaiiHas BEJIUYUNHA, €€ PacIpe-
JleJIEHUuEe W YUC/IOBbIE XapaKTEPUCTUKU, CBEPTKA, CXOAUMOCTH Pac-
TmpeiesieHnii, XapakTepucTuieckass (GpyHKIUsI, TpeaebHbIe Teope-
MblI, OIIEHUBAHUE TIAPAMETPOB PACIPEIEJICHUI, METOIbI Oy YEHUST
OTIEHOK, MPOBEPKa CTATUCTUYECKUX THUIIOTE3, MAPAMETPUIECKUE U
HelapaMeTPUIecKne KPUTEPU, TPOCTasl JUHEHHAsST PETrPECCHs.

Wznoxkenne marTepuasia WTIOCTPUPYETCS MHOTOYUCIEHHBIMEI
npuMepaMu U 3aJadaMu. 3a/1a9d MATEeMATHIECKOW CTATUCTUKU B
cBOeM OGOJBITTUHCTBE (DOPMYIUPYIOTCA HE B (DOPMATBHO MAaTEMATH-
YECKMX TePMUHAX ([IOHATHSIX), & B €CTECTBEHHO-HAYYHbIX — TakK,
KaK OHU BO3HUKAIOT BO MHOrMX cdepax AedaTe/IbHOCTU YeI0BEKA:
B dusnke, xumMuu, OUOJTOTHH, TEHETUKE, MEIUIINHE; B TICUXOJIOTUH,
SKOJIOTMH, CEJTHCKOM XO3dUCTBE; B ACTPOHOMUM, MAIIMHOCTPOEHUH,
CTPOUTEILCTBE, T€0JIOTUHU, METAJ/LIYPIUU; B IKOHOMUKE, JIMHTBUCTHU-
Ke, MeIaroTuKe, CIopTe U T. 1.

Bo Bropom mznanuum nobasuiach riiasa “Jluneitnast perpeccust’,
ObLITM UCIIPABJIEHBI 3AMEUEHHbBIE OMMEYATKU U HETOYHOCTHA U BHECEHBI
W3MEHEHUsI B M3JI07KEeHNE MAaTePUaia, KOCHYBIITNECT B OCHOBHOM TJIaB
10, 12, 13, 14.

Y4aeOHUKOM MOTYT TI0JIb30BAThCSI CTYIEHTHI KAK MEXaHUKO-MaTe-
MaTuIecKuX pakyaIbTeToB, haKyIbTETOB MPUKIATHON MaTeMaTUKN
v KubepHETUKM YHUBEPCUTETOB, TaK U TEXHUIECKUX, [1€IArOTTIEeC-
KUX, 9KOHOMUYECKUX BBICIIAX YIeOHBIX 3aBE/ICHUI.



4 IIpenncioBue

Aptop 6sarogapen coiny Esrenuwto Typuwny u mouepu Haranbe
OJtepux 3a TIIATEILHOE IPOYTEHUE PYKOIUCH KHUTH U €€ COJIePIKa-
TeJIbHOE 00CY K/ IeHNeE.

ABTop Oyzer mpu3HATEJEH BCEM, KTO B TOH WM WHOH ¢op-
Me BBICKAXKeT CBOW TIOYKEJAHWs, 3aMeJYaHWs W TPeIIOKEHUsT OT-
HOCUTEJILHO cofiepKaund KHuTH. [Ipemioxkennsa n mokeaanus Tpo-
CUM TIpUCHLIATH 1o azpecy: Ykpawmna, 49010, dwenp-10, op. Fara-
puna, 72, JlHenpoBCcKuit HAMOHAJIBHBIN yHUBEpCcuTeT nMenu O.Jie-
ca Tongapa, Mexanuko-maremarndecknit paxyabrer, Kadeapa cra-
TUCTUKNA W Teopum BeposTHOcTe, B. H. Typunny nim mo agpecy
vnturchyn@gmail.com



BBenenue

CayqaiiHas nipupoaa gaBsjenunii mupa. Okpyxkaronmii Hac
MUP 4BJIEHUR U IPOLECCOB HOCUT CJydalHbIA XapaxkTep.

CrydaiiHbIMU SIBJISTFOTCST TIEPEXO/IbI ATOMOB W MOJIEKYJT U3 OHUX
SHEPTeTUIECKNX COCTOSAHUN B JIPYTHE, STU TIEPEXOIHI COTTPOBOXK 1A~
TOTCS TIOTVIOIIEHNEM WJIN U3JIYIeHneM cBeTa. Tak 9TO CBeT, OKpyKa-
IOIIUI HAC BCIOAY, IO CBOEHl IIpUpo/ie CIydaeH.

Cryuaitublii XapakTep HOCST siiepHble peakiuu. Ho mMeHHo oHn
SABJISIIOTCSA MCTOYHUKOM DHEPIUU 3BE3/l U COOCTBEHHOTO TEILIA ILIa-
HeT; siepHble peakiuu Ha COJIHIIE SIBJISTFOTCSI OCHOBOW *KU3HEHHBIX
TPOIECCOB HA HAIEH TIJIaHeTe.

JpyruM BHIOM CIy9IaiffHOCTH B MUKPOMUpE, BIUSAHTE KOTOPOTO
TPY/HO TIEPEOTIEHUTD, SIBJISIETCS OPOYHOBCKOE JIBUYKEHUE — XAOTUIEC~
KO€e JIBMKeHWe TACTHUIL TI0]T BO3AeCTBUEM TEILJIOBOTO IBUXKEHUST MO-
JIEKYJI TA30B U YKHUJKOCTEN, B KOTOPOM IIOCJ/IeTHUE TTOCTOSHHO TIpe-
oniBarorT. BpoyHOBCKOE [BUKEHUE IO CBOEI MPUPOJE CIyIaliHO, HO
nMeHHO OJtaromaps OpOYHOBCKOMY IBUKEHWIO MTPOUCXOJIUT PACTBO-
PEeHUe BEIEeCTB, UAYT XUMIIECKNEe PEAKINH, TPOTEKAIOT KU3HEHHO
BaXKHBIE TTPOITECCH] B YKUBBIX OPTaHU3MAaX.

CaydailHBIMU SIBJISIOTCS TTEPEJIAta HACIeCTBEHHBIX TTPU3HAKOB,
COJTHEYHbBIE BCHBIIIKA, POXKJIEHNE HOBBIX M CBEPXHOBBIX 3BE3] . . .

KakoBa e npupoga ciaydaitnocru? Ecanm ucxoanTs u3 CoBpe-
MEHHBIX (DU3UIECKUX MPEICTABICHUI O CTpoeHWH BceeHHoi, TO
OCHOBHBIM HCTOYHUKOM CJIYIARHOCTH ABJISIETCSI KBAHTOBA IPUPO/IA
sBjieHnit Mukpomupa. 1losromy HeyaIuBUTETBHO, YTO MHOTHE (DyH-
JTaMeHTaJIbHbIE TTPOIECCH] IBJISIOTCS CAYYAUHBIMU IO CBOEl CYTH.

N3yuenne caydaitHocTn. MoxKHO Jin TOYHBIMU METO/IAMU U3Y-
JaTh CaydaiiHoCTh ! Ha mepBbIil B3TJIsi] KayKeTcst, ITO HET, 9T0 MaTe-
MaTHWKa, U3BEeCTHAS HEMTPETOKHOCTHIO M JTOCTOBEPHOCTHIO CBOMX BHI-
BOJIOB, HUKAK He MOYKET CIYKUTH MHCTPYMEHTOM B U3YUEHUU CIIY-
qajiroro. Ho nMenHo maremMaTukoil OblLia MpeIoKeHa KOJUIECT-
BEHHAS Mepa CIYIAHOCTH — BEPOITHOCTH, KOTOPAs JTaeT BO3ZMOXK-
HOCTb M3Y4aTh CAydailHble SBJIEHUS U IIPOIECCHI.
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Pazgen maTemaTnkm, 3aHUMAIONTNNCT M3YIeHNEM CIYIANHBIX TB-
JIeHU{l, IPOIECCOB U CBI3AHHBIX C HUMU COOBLITHII, HOCUT HA3BAHUE
TEOPUN BEPOATHOCTEN.

PazBurue Teopum BeposdTHOCTE. BO3HWKHOBEHUE TeOpUU
BEPOSITHOCTEH OOBIMHO CBA3BIBAIOT C KOMOWHATOPHBIMHU 33 aUaMu
azapTHbix urp u orHOcAT K XVII Beky. Azaprabie urpbl ejsa Jiu
MOYKHO CUHATATH CEPHE3HBIM 3AHATHEM, HO UMEHHO OHU ITPUBEJH K
3ajadaM, KOTOPbIe HEBO3MOXKHO OBLIO PEIUTh B PAMKAX M3BECT-
HBIX HA TO BpeMs MaTeMaTUIeCKUX MO/Jiejiell 1 KOTOPhbIe TeM CaMbIM
CTUMYJIMPOBAJIN MOSABJIEHNE B MaTeMAaTHKe HOBBIX UAell U TOIXO0B.
ITepBrbie obIIHIEe METOBI PEITICHUS TAKUX 33184, B YACTHOCTH, 33/1a9H
0 paszesie craBku, Bcrpedaiorcs y [lackans (1623 — 1662), @epma
(1601 - 1665), I'ojirernca (1629 — 1695). Ho 06br4H0 neTOpHio Teopun
BEPOSITHOCTEH HaunHaoT ¢ paborel Adkoba Beprymmm (1654 — 1705)
“UckycerBo npeamosnoxenns’ (omybankosana B 1713 1.), B KoTOpOit
ObLTa TIpUBEJeHA TepBas MpeaeabHas TeOPeMa TeOPUN BEPOSITHOC-
Teil — 3aK0H OOJIBINX YKCEJI.

®Oyupaventaasabiii Tpys Jlamnaca (1749 — 1827) “Ananmmruaec-
Kasl Teopus BEPOsTHOCTEN” TPUIAET TEOPUU BEPOATHOCTe, B U3-
BECTHOM CMBIC/Te, 3aKOHUYeHubIin Bua. Ho Teopus, mocTtpoennas Jla-
[JTACOM Ha OTIPeJIeIeHNN BEPOSITHOCTY CODOBITHS KAK OTHOIIIEHUS TUC-
Jla MCXOJI0B, 0J1aronpuaTCTBYIOMINX COOBITHIO, K ODIIEMY YUCITy UC-
XO0JIOB, HE MOTJIa, OXBATUTH IMTUPOKUIl KPYT HADIIOJAEMBIX CJIy9aii-
HBIX SIBJICHUI, W TO3TOMY OBLIO TOHATHBIM Ia€HNEe WHTEPEeca K
TEOpUN BEPOATHOCTEN, BIJIOTH J0 HEIPU3HAHNUS €€ MaTeMATIIeCKON
JUCITUTIINHOMN.

Bruigaroruecs ydenbie npenBuiesii BA2KHYIO POJIb HAYKW, 3aHU-
MAIOIIeca n3ydeHuneMm CJIydailHbIX ABJICHUN M IIPOLIECCOB, HO elle
JIOJITO a3apTHBIE WIPHI, CTpaxoBaHue u jeMorpadud ObLIM TEMU
o0j1acTaMM, B KOTOPBIX BO3HUKAJN 337349, (POPMUPOBAJIUCH TTOHS-
TUS W CO3JaBaJUCh METOJbI Teopuu BeposiTHOCTeil. B konme XIX
Beka 1 Hadajge XX BeKa HOsIBUJICH Psij CEPbE3HBIX 33/1a49, BbI3BAH-
HBIX HYKJaMU €CTECTBO3HAHWS W CBA3AHHBIX C M3YIEHUEM CJIydaii-
HBIX {BJIEHU, KOTOPBIE CTAIN TOJTIKOM K PA3BUTUIO TEOPUU BEPO-
STHOCTEN KaK OOJIBIIOT0, B 3HAYUTEHLHON MEPE CAMOCTOATETHLHOTO,
paszena MaTeMaTHuKH.

OCHOBOIOIO)KHUKAME TEOPUM BEPOSITHOCTEH KaK CTPOTrOil Ma-
TEMATUYIECKO HAyKy ObLIN BBIIAIOMINECs] POCCUNCKIE MATEMATHKN:
IT. JI. Yebbmés (1821 — 1894) u ero yuenuku A. A. Mapxkos
(1856 — 1922) w A. M. Jlanymos (1857 — 1918). Ymcao pabor
II. JI. Yebnmména 1mo Teopuu BEPOATHOCTEN HEBEJIMKO — BCErO de-
TBHIPE, HO UX POJIb TPYIHO MEPEOIEHUTD.

OcHoBHOIT BKJIaJT B CTAHOBJ/IEHUE ¥ Pa3BUTHE COBPEMEHHOU
TEOPUU BEPOSTHOCTEH BHEC/a ILIesia OJIeCTSIIX MaTeMaTHUKOB:
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C. H. Bepmumreiin, 9. bBopens, B. B. I'nenenxo, A. H. Kosvmoropos,
I1. Jleeu, P. Muzec, A. . Xunaun. B gacraocru, A. H. Kosmo-
ropoBbiM B 1933 roay B kaure “OCHOBHBIE TIOHSITHSI TEOPUHU BEPO-
ATHOCTEH” OblLIa MPeII0KeHa aKCHOMATHKA TEOPUU BEPOATHOCTENL,
HbIHE ODIIENPUHATAA BO BCEM MUpe. DTa aKCHOMATUKA HE TOJBKO
OXBaTBIBAET KJIacCUUecKue 00/1aCTU TEOPUU BEpOATHOCTEl, HO U SB-
JITeTCA OCHOBOU JJis PA3BUTHA €€ MHOTOYNCIEHHLIX HOBBIX pa3e-
Ji0B. [Tocrpoennast Ha akcuomaruke A. H. Kosmoroposa kak aucTo
MaTeMaTuvIecKas HayKa, Teopus BeposaTHOCTel “paboraer” B mpu-
JIOXKEHUSTX TaK K€ XOPOIIO0, KaK, HAMPUMED, eBKIUI0BA T€OMETPHUsT
WIN HHIOTOHOBA MEXaHWKA.

Bonpmoit BK/1a B pa3BUTHE COBPEMEHHON TE€OPUN BEPOSITHOCTEHN
U MaTeMaTU4YeCKON CTaTUCTUKU BHECJAU YKPaWHCKUE MaTeMaTHUKU:
B. B. I'aepenko, . U. T'uxman, U. H. Kosasneunko, B. C. KopoJioxk,
A. B. Ckopoxoz, M. U. dnpenko.

Maremarundeckast craTuctuka. Maremarudeckasd CTaTUCTUKA
KaK CaMOCTOSATE/IbHAsT MaTeMaTHIecKas ANCITUIINHA 3aPOXKIAETCS
B 20 — 30-e rr. XX Beka. B ompenesernoM cMbIce MaTeMaTHvec-
Kag CTATHCTHUKA 3aHUMAETCsS 331a9aMH, OOPATHLIMA 33a9UaM TEO-
pum BeposdTHOCTel. Ecam ocHOBHAA 3aa9a TEOPUN BEPOSITHOCTEH —
U3ydeHne MaTeMaTHIeCKUX MOJeIell CTOXaCTUUECKUX IKCIEePUMEH-
TOB C L1€JIbI0 IIPOIHO3UPOBAHUA CJIy4YalHbIX ABJIEHUN U IIPOLIECCOB,
TO 3aJga4a MaTEeMaTUIeCKON CTATUCTUKN — BBLIABJIECHUE CprKTypr
BepOHTHOCTHLIX MO,D;e.HeI‘/’I 10 peSyﬂbTaTaM CTOXaCTHUYECKHUX SKCHepI/I-
MEHTOB.

Ciyyaiiabie npouneccol. Teopus ciiy4aliHbIX ITPOIECCOB BhIJE-
JINJIACh U3 TEOPUN BEPOSITHOCTEN CPaBHUTEILHO HeTaBHO. T paaniim-
OHHag TEeOpUd BEPOATHOCTEN M3ydaeT MIHOBEHHO CKJIQIbIBAIOIINE-
Cd Ccaydafiable CUTyalluu, TeOpud CaydaliHbIX IIPOIECCOB UCCIeLyeT
MIPOITECCHI, HAXOIAIIUECH TI0J] BO3IEHCTBUEM CJydIaitHbIX (PaKTOPOB
7 pa3BOPAYUBAIOIINECS BO BPEMEHU, TPOCTPAHCTBE, . .. OCHOBHBIMEI
0071aCTsIMU [IPUMEHEHUsI TEOPUM CJIyYalHBIX ITPOIECCOB SABJISIOTCS
Pauo- U JEKTPOTEXHUKA, KHOEPpHETHKA, SKOHOMUKA, OMOIOT s, HO
BJINAHUSA TEOPUU CIyYalHBIX IPOIECCOB B TON MW WHON CTemeHwu,
mokaJsiyit, He n3bexKaJja HA OHA U3 €CTECTBEHHBIX HAYK.

IIpusioxkenusi. Teopuio BeposiTHOCTEH (BMECTE € MPUMBIKAIO-
UMUK Heil CTATUCTUKON U C/TyJailHBIME TIPOIECCAMMU) CIPABE/IH-
BO OTHOCAT K YUCJIYy MaTeMaTU4YeCKUX AUCIUIINH, UMEIOIUX IIIU-
POKHE U TEeCHbI€ CBA3U C HpaKTHKOﬁ. K AOCTOMHCTBAM TEOPpHUHN BE-
POATHOCTE! B NPUJIOXKEHUAX CJIELyeT OTHECTH TO, YTO Ipejjlarae-
MBbI€ €10 MeTOIbl PAbOTAIOT M JOCTABJISIOT KAYeCTBEHHYIO W KOJIU-
4ecTBEHHY0 MH(OpPMAIUO0 B KpaiiHe HeOIaronpusgTHBIX YCIOBUIX,
KOrjia 00 M3y4aeMoM sBJIEHWUM, MOPOXKIAIONIUX ero (paxkTopax, mus-
BECTHO MaJjio, & TO, YTO MU3BECTHO, UMeEeT CTOXaCTUYECKYIO IIPUPO-
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JIy. DTUM 00BICHSIETCS MMUPOKOE TPUMEHEHNE TEOPUHU BEPOSITHOCTEM
¥ MaTEMATUYIeCKOW CTATUCTUKUA B CAMBIX PA3HOOOPA3HBIX 00J1aCTIX
— 0T mCCaeA0OBanmii B 00acTu (DUBUKU DJIEMEHTAPHBIX IACTUI] U
KBAHTOBOW MeXaHWKU 70 COIMOJIOTUHN, SKOHOMUKN, WH(MOOPMAITHOH-
HbIX TexHojoruil. I kakuM Obl CTpAHHBIM 3TO HU MMOKA3aj0Ch, HO
geM IyIy062Ke MBI TIPOHUKAEM B CYTh sIBJIEHUI, TeM B GOJIbIeil Mepe
BO3pacTaeT poJib, 3HAUEHNE U MUPOTA MPUMeHEHNs BEPOITHOCTHO-
CTATUCTUYECKUX METOJIOB.



I'maBa 1

CroxacTnueckKuii
SKCIIEPUIMEHT

Teopust BeposiTHOCTEl mM3ydaer cmozracmuseckue (caysatinoie)
IKCNEPUMEHNBL, TOTHEE, KOJTUIECTBEHHBIE 3AKOHOMEPHOCTH CTOXAC-
TUYECKUX SKCIEPUMEHTOB, UCCIEIys] UX MATeMATHIECKUE MOJIEIH.

IIod cmozacmuueckum sKcnepumenmom mve 6ydem noHUMamMs
IKCTEPUMENT, UCTOO KOMOPO20 HEGOZMOICHO NPEICKA3AMb 3APAHEE
(do nposedenus sKCcnepumenma), Ho KOMOPwI MOHCHO NOBMOPUMD
(socnpouseecmu) 6 npuHBUNE HEOZPAHUNEHHOE YUCAO DA3, NPUHEM
mak, 4mobvs Pe3yAbLMamvl, nPedvOYUUL IKCNEPUMEHMOE HE BAUANU
na nocaedyrouue (He3asuCuUMM 00PA3OM).

Harmra 6mmxkatimag 3a1ada — TOCTPOUTH MATEMATHIECKYIO MO-
JIe/Tb CTOXaCTHYECKOTO SKCIIEPUMEHTA.

1.1 IIpumepnl cTOXaCTUIECKUX
9KCIIEPUMEHTOB

1. DKCIIEpUMEHT COCTOUT B TOJ0PAChIBAHUN MOHETHI. B pesyiib-
TaTe KCIEPUMEHTA MOXKET BBITACTh JuOO repb, aubo pererka. 3a-
pamee (/10 TIPOBEJIEHUS SKCIIEPUMEHTA) MBI HE MOYKEM CKa3aTh, UTO
BBITTAJIET. DKCIEPUMEHT MOKHO MOBTOPUTH HE3ABUCUMBIM 00Pa30M
HEOTPAHUYIEHHOE JHCJIO Pa3.

2. IloxgbpaceiBator napy moner. B pe3ynbrare mpoBejieHust 9KC-
TepuMenTa Ha KayXI0W W3 HUX MOYKET BBITIACTH JMOO Teph, mbo
pererka. YTo BhINaET — J0 MPOBEJIEHUS IKCIEPUMEHTA [IPEICKA-
3aTh HEBO3MOXKHO. DKCIEPUMEHT MOYKHO IMOBTOPUTH HE3ABUCUMBIM
0Opa3zoM HeOTpaHUUYEHHOE YUCIO0 Pas.
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3. DKCIEePUMEHT COCTOUT B TOAOPACHIBAHUU MOHETHI 70 TE€PBO-
ro Beimajerus “repba”’. CKoJIbKO mofdpackiBaHuit OyaeT mpoBeIeHO
— 3apaHee MMpeJICKa3aTh HEJIb3s1. DKCIEPUMEHT MOKHO MOBTOPUTH
HEOTPAHNYEHHOEe YUCIIO Pas.

4. DKCIEPUMEHT COCTOUT B I0J0PAChIBAHUN HIPAILHON KOCTH
(urpasibHast KOCTh — KyOWK, IPaHU KOTOPOTO TPOHYMEPOBAaHbI OT 1
110 6). Tpenckazars HAEPE ], KAKOE YUC/I0 OYKOB BBINAJET Ha IPAHN
UTPAJIbHO KOCTH, HEBO3ZMOXKHO. DKCIIEPUMEHT MOYKHO TOBTODPUTH
HE3aBUCUMBIM 00pa30M HEOIDAHMYEHHOE YHCIO0 Pas.

5. DKCIepUMeHT COCTOUT B OpPOCAHWU Hay/Aady TOYKH HA OTpPe-
30k [0; 1]. 3apanee HEBO3ZMOKHO MPEJCKA3ATH, MOMAJET JIU TOUKA B
3aJIaHHbI TPOMEXKYTOK [a; b] u3 [0; 1]. DKcrepuMeHT MOKHO MOBTO-
PUTH HE3ABUCUMBIM 00Pa30M HEOTDAHUIEHHOE UUCJIO Pa3.

6. DKCIepUMeHT COCTOUT B OIpE/IEEHUN CPOKA CJIyKOBI U3-
Jlefnst 10 TepBoro orkasza. [Ipegckasars AIMTETHRHOCTH 0E30TKA3-
HOI paboThI 3apaHee HEBO3MOKHO. DKCIEPUMEHT MOZKHO IIOBTOPUTH
HEOTPAHUYEHHOE YUCJIO Pa3.

7. Yactuna npuHnMaer ydactue B OPOYHOBCKOM JIBHZKEHUH —
JIBUKETCST BCJIEJICTBIE TOJTIKOB MOJIEKYJI KuIKocTr b0 raza. Ca-
MU K€ MOJIEKYJ/IbI IPEOBIBAIOT B XA0TUYIECKOM TEILIOBOM JBUKEHUN.
Habsioast wactuily B Tedenue ompe/eIeHHOTO IIPOMEKYTKa BpeMe-
HU, MOYKHO HAYEPTUThb TPAEKTOPHIO ee JIBuzKeHns. Buma sroit Tpa-
eKTOPUU HEBO3MOXKHO IIPEBHUJIETH 3apaHee. 3/eCh Mbl UMEEM JIeJ10
CO CTOXACTUYECKUM IKCIEPUMEHTOM, Pe3yIbTaTOM KOTOPOIO siBJIsi-
eTCsl TPALKTOPHsI JBUKEHWsT OGPOYHOBCKON YACTHUIBI. DKCIIEPUMEHT
MO?KHO IOBTOPUTH HEOTDAHUIEHHOE UUCJIO Pa3.

B kauecTtBe mpuMepa He CTOXaCTUYECKOI'O SKCIEPUMEHTA C He-
[Pe/ICKA3yeMbIM HUCXOJI0M MOXKHO PACCMOTDPETH BBIOODHI JeyTaToB
B MApJIAMEHT — PE3YJILTAT BBEIOOPOB (OyIyIuii COCTAB MapIaMeHTa.)
J10 VX TIPOBE/ICHMUSI [TPEJICKA3ATH HEJIb351, HO HOBTOPUTH SKCIIEPUMEHT
HEBO3MOZKHO.

1.2 Aarebpa HabJ/IIOgaeMbIX COOBITHIA
CTOXACTUIECKOI'0 YKCIIEPHMMEHTA,

[TomrprTaeMcs BBIIEIUTD XapaKTepHBbIE CBOWCTBA CTOXACTUIECKO-
0 IKCIEPUMEHTA, KOTOPHIMU €r0 MOXKHO ObLIO Obl Ommcarb, U B
JaabHeRIeM, Ipru MOCTPOEHNN MaTEeMaTUIeCKOi MO, TTOCTYIn-
poBaTh.

3 ompiTa M3BECTHO, UTO C KaXKJIBIM CTOXACTUIECKAM IKCIEPHU-
MEHTOM MOYKHO CBS3aTh CEMEHCTBO COOBITHI, KOTOpbIe MOXKHO Ha-
61101aTh (KOTOPBIE MOTYT MPOU30ITH) B JAHHOM SKCIIEpUMeHTe, Oy-
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JIeM UX HA3LIBATEL Habatodaemvimiu cobvmuamu. Habmonaemore co-
OBITHS CTOXaCTUIECKOTO YKCIIEPUMEHTA, KaK MPABUI0, 0003HATAIOT
6onpmmvn natuackumu 6yksavu A, B, C| ..., a cemMeiicTBO BCex Ha-
6J1r0/1aeMbIX COOBITHIT — ToTHYecKoit bykBoit J1.

B meopuu seposamrocmets mol 6ydem unmepecosamuscs cobvimu-
AMU MOABKO C 00HOT CMOPOHBL — NPOUOWLAO COOVMUE 6 FKCNEPU-
MEHME UAU HEM U KAK YaACmo cobbimue npoucrodum.

IIpumepsnr HabAOgaeMbix cOObiTHI. CTOXACTUIECKUI IKC-
[IEPUMEHT COCTOUT B mozg0OpachiBaHuu napbl Mouer. HabJiromaembie
cobprrmsi: A — “Bhiman xorst OBl oguH repd”’, B — “mMoHeTh Jjiersm
pasubiMu croponamu’, C' — “obe MOHEeTBI JIer/In OJHON CTOPOHON.

CroxacTuveckuii 3KCIEPUMEHT COCTOUT B MOMOPACHIBAHUU WUT-
pambnoii koctu. Habmonaemere coObitus: A — “BLIIAIO 9ETHOE YHC-
JIO 0ukOB”, B — “BhInajio HedeTHOE Uncjio 0ukoB’, C' — “BBINAJIO
9UCJIO0 OYKOB, KparHoe Tpem”, D — “Boimajio 6 oaxos”.

CroxacTudecKkuil KCIEPUMEHT COCTOUT B OIPEJIEJEHUN CPOKA
cayk0b1 mannoro npubopa. Habaiomaembie cobbiTus: “CpoK CiyK-
651 6ostee 100 wacos”; “cpok ciryk6b1 HE peBocxoauT 50 gacos”.

CroxacTudeckuii SKCIIEPUMEHT COCTOUT B OPOCAHUY HAYIATY TOU-
ku Ha orpesok [0,1]. Habmonaemble cobbitus: “rouka monaaa Ha
orpesok [0,1/2]", “rouka monasa Ha orpesok [1/4,3/4]".

Anrebpa HabsrogaemMbix codbiTuii. Ecin nabsomgaemvbie co-
O6piTist A m B TakOBBI, 9TO BCAKWIT Pa3, KOT/A MPOUCXOIUT COOBI-
e A, nponcxogut u cobpitre B, 6ymemM ropoputh, 9To cobprrne A
eaewem cobpiTie B, n 6ymem obo3navarh 310 Tak: A C B.

Habonaemblie cobbitus A u B rakue, uto A C B u B C A,
(Besikmit pa3, korga mpoucxommt A, mpoucxogur u B, w Beskwmit
pas, Korja npoucxoaur B, npoucxogaur u A) B Teopun BEPOSITHOC-
Teilt HepaznduMbl. Mbl UX OTOXKJIECTBJISIEM U 3aMUCHIBAEM TO TaK:
A=B.

3amMeTnm, 9T0 OHATHE “Beder”’, ynoTpebseMoe Mo OTHOIIEHUTO
K CJIy9aiiHbIM COOBITUSIM, OTIMYAETCH OT ODOMIENPUHATOIO B O0BI-
JeHHOH Ku3nu, Tae cobbitne A, Biaekymee coobTue B, BO-epBhIX,
MPOUCXOAUT PAHbBINE BO BPEMEHU, U, BO-BTOPBIX, BHICTYTAET st B
B KadecTBe NpUYMHbI. B Teopun BepodaTHOCTE NpUYUHHAS 3aBUCH-
MoCTb Mexkay A u B Heobs3arebHa.

B cemeiictee 9 HabirogaeMbiX COOBITHI CTOXACTUYECKOTO IKC-
MEepUMEHTA BBIJEIAIOTCA J1Ba — docmosephoe cobwrrue (Gyaem 060-
3Hauarh ero U), OHO IPOUCXOUT 1IPU KaxK/I0 peajnsanuu croxac-
TUYIECKOTO DKCIIEPUMEHTA, U HEB03MOICHOE — CODBITHE, KOTOPOE He
MPOUCXOAUT HU TIPY OHON peaM3al[ii CTOXaCTUIECKOTO IKCIEPH-
menTa (ero obosmadator V). Hampumep, B 9KCIepuMeHTe, COCTOS-
IIIEM B TI0/IOPACHIBAHUN UT'PAJIHHOM KOCTH, JIOCTOBEPHBIMU SBJISIOTCS

COOBITHUS ‘“9MCJIO BBITABIINX OYKOB HE MPEBOCXOUT IECTH, “IUCIIO
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BBITIABIIIUX OYKOB MEHBIIE JECATH , HEBO3IMOKHBIMU SIBJITIOTCS CO-
ObITHS “9UCJIO BBIMABIINX OYKOB HA I'DAHU MI'PAJIHHON KOCTH PABHO
Jecatu’, “9UCyI0 BBIMABIINX OYKOB KPATHO cemu’. B Teopun BeposiT-
HOCTEl BCE TOCTOBEPHBIE COOBITHUST OTOXK JECTBIISIIOT U PACCMATPUBA~
0T TOJIBKO OJTHO JIOCTOBEPHOE COOBITHE, BCE HEBO3MOYXKHBIE COOBITHS
TaKKe OTOXKJECTBJISAIOT U PACCMATPUBAIOT TOJBKO OHO HEBO3MOK-
HOe COOBITHE.

Hanee, ecniu cobbiTne A — Hab/iogaemMoe, To, ECTECTBEHHO, COOBI-
THE, COCTOAIIEE B TOM, 9TO A He mpomcxoauT, TakKe HabII0maeMoe,
BymeM ero HasbIBATH NPOMUBONOA0AHCHBIM cobbimuio A, m obo3Ha-

qath A (mpu mosbpackBaHUE UTPATBHOI KOCTH COOBITHEM, TIPOTHU-
BOTIOJIOKHBIM COOBITHIO A — “BBITIAIO YETHOE UHCI0 OUYKOB”, SIBJISI-
ercs cobpiTne B — “BBITTATIO HEYETHOE UHCIO OTKOB”).

Eciu A u B — nabiogaemMble COOBITUA CTOXACTUYECKOTO SKCIIe-
PUMEHTa, TO CODLITHE, COCTOSINEee B TOM, YTO IIPOUCXOIUT XOTS OB
OIHO u3 cobwuiTuit A mwan B — mabmiomgaemoe, OyaeM ero Ha3LIBaTh
cymmoti cobvimutli A m B u oboznauars A+ B nim AU B.

Ecmm A u B — nabiaogaeMble COOBITHSI CTOXACTHYECKOI'O 3KC-
[IepUMEHTa, TO COOBITHE, COCTOSINEe B TOM, UYTO IMIPOUCXOJUT KaK
cobriTre A, Tak u cobbiTre B, Takyke HabIOgaeMoe, 6ymieM Ha3bl-
BaThb ero npouseedenuem cobvmuti A m B m obosnagars AB wmim
AN B (pn nogOpackiBaHU apbl MOHET TPOU3BEIEHNEM COObITHI
A — “BeimaJt Xorst 061 oiuH Tepb” u B — “06e MOHETHI JIerIn OJHOM

CTOPOHOI” sBJsieTcs cobbITHe “06e MOHeTHI jieryiu repbaMu”).

Hns mabmomaembix cobbrrnii A m B cobbiTne, cocTosimee B TOM,
uro A mponcxoaut, a B ne nponcxomnT, Takyke Habmogaemoe, Oymem
ero Has3bIBATL pasnocmuvio cobwmul A u B u oboznavars A \ B
(nmpu moAGpACHIBAHUY TTAPHI MOHET PA3HOCTBIO COObITHI A — “BbInas
xots 6b1 ofuH Tepd’ u B — “MOHETHI Jierim pa3sHbIMU CTOPOHAMT
SIBJISIETCsI COOBITHE “Ha 00enX MOHeTaX BbImas repd”).

Cobbitust A m B Oysem Ha3bIBaTh HECOBMECTHUMU, ecin AB =
= V (upm nogbpaceiBanun urpaabHoii kocrn cobbituss A — “Boina-
JIO 9eTHOE UNCI0 OUYKOB’ ¥ coObITHe B — “BRITIAI0 HEUETHOE UNCJIO
09IKOB” HECOBMECTHBI).

Nrak, knacc I wHabrro1aeMbiX COOBITUI CTOXACTUICCKOTO KCITE-
PUMEHTa, BMECTE ¢ KarKILIM HAOIIOmaeMbIM coObITHeM A comepkmT

coberTre A, npormsomosozkHOEe A, BMeCTe ¢ KazK0i mapoit mabo-
JaeMbIx coobiTuii A u B comepzkur ux cymmy AUB. Takoe cemeiict-
BO cOOBITHII OyIeM HA3bIBATH G.42e0D0T HabA00aeMvT cobbMU.

[IpousttocTpupyem ere pa3 BBEJIEHHBIE MOHITUSI CYyMMBbI, [IPO-
n3BeAeHNdA, IIPOTUBOIIOJIO?KHOT'O CO6bITI/I§I, HECOBMECTHBIX CO6bITHﬁ
Ha TIPUMepe TaK Ha3bIBAeMOU auarpamMmbl BeHHa.
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IIpumep 1.2.1 (muarpamma Benna). Dxcnepumenm cocmo-
um 6 bpocanuu Haydauwy mouku 6 Keadpam u HaOA0IeHUY cObbL-
MU, COCMOAWUT 68 NONAIGHUL MOYKY 8 ME UAU UHBIE €20 NOOMHO-
aicecmea. Qbosnayum uepes A cobwmue “mouxa nonasa 6 éepmu-
KaAbHoill npamoyzosvruk’, a yepes B — “mouka nonasa 6 20puson-

maavhoil npamoyzosvhuk”. Tozda nabarodaemvie cobvmusn A, B, A,
COCTOAM 6 NONAOAHUY TNOYKU 6 COOMBEMCMEY-

AUB, ANnB, B\A 0

wue sawmpurosannvie ooaacmu (cm. puc. 1.2.1),

\N

_

o
Sy

N
A\
\

AUB ANB B\A

Puc. 1.2.1: dunarpamva Benna

1.3 MNcxoapl cTOXaCTUYIECKOTO IKCHEPUMEHTA

Cpemn HabIIOMAEMBIX COOBITHI CTOXAaCTUIECKOTO IKCTIEPUMEH-
Ta MOXKHO BBIIEIUTDH “3djeMeHTapuble” (“Hepassoxumbie”; “Hemesu-
MbIe”) COOBITHSI, KOTOPBIE MBI OyJIeM Ha3bIBATH MCXOHamu. Tounee,
Hab.troaeMoe cobbiTre E Mbl OyeM Ha3bIBAThH UCLOJOM CMOTACMU-
YECKO20 IKCNEPUMEHME, €CJIN s JIFOOOT0 JAPYroro HabJII0aeMOro
cobwitug A mbo E C A, mbo EN A =V (aBa mociegnux coot-
HOTIIeHUsT — (DOPMATN30BAHHBIE YCIOBUS “9JIeMeHTapHOCTH , “HEpa3-
nozxumoctn”). COBOKYIHOCTH BCEX UCXO/0B CTOXACTUYECKOIO IKCIIE-
pumenTa Oygaem obozHavIaTh £.

IIpumepnt

1. CroxacTuyeckuili SKCIEpUMEHT COCTOUT B IOJ0pacChIBAHUU
JIBYX Pa3/ItuMMbIX MOHET. VIcXO/bl CTOXaCTUIEeCKOr0 SKCIIEPUMEH-

Ta: “Ha MEepBOl MOHETE BBIMAJI repb, HA BTOPOl — repbh”, “Ha mepBoi
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MOHeTe BBITIAJI Tepbd, Ha BTOpOit — pemterka” u T. 1. Kaxmgoe u3 me-
pedncieHHbIX COOBITHUl 7151 JI000r0 IPyroro codbITus b0 BIeYET
ero, ubO HECOBMECTHO C HUM — SIBJISIETCST UCXOJOM CTOXaCTHIECKOTO
SKCTIEPUMEHTA..

2. CToxacTU9IeCcKuil SKCIEPUMEHT COCTOUT B MOTOPACHIBAHIH UT-
pasbHOM KOCTH. CXOMBI CTOXACTHIECKOTO SKCIEPUMEHTA: “BHITIAIO
1 ouk0”, “Beimasio 2 ouka’, ..., “Beimasio 6 oukos”. Kaxmgoe n3 atux
coObITHi 7151 JTI0O0T0 APYTOro HADIIOAAEMOr0 COOBITHS JINOO BICIET
ero, TubO HECOBMECTHO C HUM — SIBJISIETCST UCXOJOM CTOXAaCTHIECKOTO
SKCTIEPUMEHTA.

3. CroxacTU4IecKuit SKCIEPUMEHT COCTOUT B OPOCAHUN TOYKN HA
orpe3ok [0, 1]. Bo3MoKHBIE HCXO/IBI CTOXACTUIECKOTO IKCIIEPUMEHTA:
“opomennas Touka monana B Touky a”’; a € [0, 1].

B manbmeiiem it HAC TPUHITUIHAIBLHO BAYKHBIM OyI€T CIIETy-
I0Illee YTBEPIKIEHNE, YCTAHABINBAIONIEE CBI3b MEXKJIY 3JIEMEHTAP-
HBIMHU ¥ HAOIIOJAEMBIMI COOBLITHSMI.

Kaoicdoe nabaodaemoe cobvimue A cmoracmuseckozo sKcnepu-
MEHMA MONHCHO ONUCAND HEKOMOPHIM NOOMHONCECTNEBOM MHOHCECTN -
6a €20 ucrodos £, a UMEHHO, NOIMHONCECTNEOM MEL Ucrodos E,
Komopuwie eaexym A:

A={FE: E €&, xomopue eaexym A}. (1.3.1)

pyeumu crosamu, xaxcdoe nabaodaemoe cobvimue A MOHCHO UH-
mepnpemuposams (Paccmampueams) Kak nOOMHONCECTNEO MHONHCE-
cmea € Ucrodos CMoTAcCmUMeCcko20 IKCNEePUMEHMG.

Ipumep. Cmoxacmuveckul sxcnepumenm cocmoum 6 nodopa-
CHIBAHUY ULPAALHOT Kocmu. Onucamb MHOHCECME0 ucx0dos E cmo-
TACTNUYECKO20 IKCTEPUMEHMA; ONUCAGTND cobbimue A — “Guinaso uem-
HOE YUCAO 04K08” Kak NoomHoocecmeo .

Pemenune. Muoxkecrso ucxogos & = {“bimasno 1 04ko”, “Bbl-
najo 2 ouka’, ..., “Buimayno 6 0ukoB”}.

Cobpitne A — “BbIANO 9€THOE YUCIO0 OYKOB' — ONHUCHIBAETCS
noaMHO)KecTBOM {“Bbinasio 2 ouka”, “Beinasio 4 ouka”, “Beinaso 6
0YKOB” } MHOXKECTBA MCXOJI0B £.

W3 onpeiesiennit onepanuii CJI0YKeHsl, yMHOXKEHUST, B3ATUS [IPO-
THBOIOJIOYKHOTO COOBITHS CJIEJIYET, UTO

A+ B ={FE: E € &, koropble Biaekyr A uau B},

AB ={E: FE € &,koropsie Baekyr Au B},
A={F: E € & xoropbie BrexyT A}.
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1.4 YacrTorTa coObITUd

Kaxk1oMy €CTOXaCTHYECKOMY SKCIEPUMEHTY COOTBETCTBYET TTa-
pa {&€,M}, B koTOPOIt £ ONMUCHIBAET MCXOABI IKCIEPUMEHTA, I —
nabsoaemble coobrrus. Ho naper {€, 9} aBHO HEOCTATOUHO /1151
ONUCAaHNs CTOXACTHYECKOTO 3KCIEepUMenTa. Kak MOKa3bIBaeT OIIBIT,
B CTOXaCTUYECKOM DKCIIEPUMEHTE OJHU COOBITHS MPOUCXOMAT “da-
me”, Apyrue MpoucXoAdaT “pexe’ — KaxKJoMy HaOJII0JaeMOMy CO-
OBITHIO CBOWCTBEHHA CBOSI 4aCTOTA MOSIBJIEHUS — B JJIMHHON cepun
HE3aBUCUMBIX SKCIEPUMEHTOB JI0JIs TeX U3 HUX, B KOTOPBIX HAOJIIO-
JIAETCA JTAHHOE COObITHE, OCTAeTCA PAKTHYECKN HeM3MeHHOi. JIpy-
UMY CJI0BaMH, e ky(A) — 9uCI0 TeX SKCIepuMeHTOB U3 1 11PO-
BEJICHHBIX, B KOTOPHIX HACTYNHWJIO CoObITHE A, TO nx moss

M =vp(4) (1.4.1)
n

Cpe/u n, elte Has3biBaeMast yacmomoti cobvmusa A 6 nocaedosamenn-
HOCTU T IKCNEPUMEHITO6, TIPU OOJIBIIUX N TPAKTUIECKN HEU3MEeH-
na. Ha uacrory vy, (A) cobbitust A B TOCTI€I0BATETHLHOCTH 1 IKC-
MTEPUMEHTOB eCTECTBEHHO CMOTPETh KaK Ha KOJMIECTBEHHYIO MEpY
YAaCTOTHI €10 TOSIBJIEHUsI B 7L 9KCIIEPUMEHTAX.

Cobwirus A, y koropsix yacrora ky,(A)/n Gosbiie, mpouncxoaar
game, cobbitug B, y KoTopbix uactora k,(B)/n Memnbine, mpouc-
x0T pexke. Hanpumep, B 9KCIIepUMeEHTEe, COCTOSIIEM B 11010paChl-
BaHWKM CUMMETPUYHON UTrpasbHOil KocTH, cobbiTne A — “onmHo 0UKO
He BBITTAJIO” TTPOWCXOAUT Jalle coObITust B — “OaHO0 0YKO BHITTAJIO;
B 9KCIIEPUMEHTE, COCTOSIIEM B I100PACHIBAHUU CUMMETPUYHON MO-
HETBHI 70 IIEPBOr0 BBHIMaeHNs repba, cobbitme DD — “SKCIepuMeHT
3aKOHYMIICS HA 1-M 1mare” (rep6 BBIMAT IPU MEPBOM K€ MOI0PACHI-
BaHUW) TIPOUCXOUT TOPa3A0 dame coobrrus C' — “SKCrepuMenT 3a-
koHumnsics Ha 10-m mare” (9 pas moapsiy Bblllajia Pemerka, 1 TOJbKO
moTOM repb).

HemocpecTBento u3 onpejiesieHusi 9acTOThl COOBITUS B TIOC/IE-
JOBATEILHOCTH IKCIEpUMEHTOB, cM. (1.4.1), moydaem ciemyrormme
eé cpoiicTBa:

1° mra xazkmoro cobbiTma A

vn(A) >0

(wacTora HEOTPUIATENIHHA);
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2° 1T HeCOBMECTHBIX cOObITHil A u B
Vn(A+ B) = vn(A) + vn(B)

(uacTora aJUTUBHA);
3° jist rocroBepHOro cobbirust U

v (U) =1

(uacrora HOPMUPOBAHA).

Bamernm, uTo vy, (A) MOKET OBITH BBIYUCIEHA TOJTBKO TOC/IE TTPO-
BEJIEHUS N YKCIIEPUMEHTOB M, BOOOIIE TOBOPs, MEHAETCS, €CJIA TIPO-
BECTH JIPYI'YIO CEPHIO SKCIIEPUMEHTOB UJIH U3MEHUTH 1.

Pestome. Hmax, ¢ £Kaocovim CMOTacCmuseckum IKCNEPUMEHMOM
MbL CE8A3BIBAEM MPU 00BEKMA:

1° mmoorcecmeo ucrodos £ cmoracmuveckozo IKCNEPUMEHMA;

2° aneebpy madbarwdaemvir cobvimut M cmoxacmuueckozo skc-
nepumerma;

3° yacmomy vy, (A) nabarodaemozo cobmus A 6 nocaedosamens-
HOCU 9KCNEPUMEHMOS.



I'1aBa 2

MaremarTnieckad ModeJIb
CTOXaCTUYIECKOTO
SKCIIepUMeEHTa

Mps1 OyieM CTPOUTH MATEMATUIECKYI0 MOJIETb CTOXaCTHIECKOTO
9KCIIEPUMEHTA, BBOJIS IMOC/IEA0BATENBHO 1) MOJE/Ib COBOKYITHOCTH
ucxo7oB £; 2) Mojesb anrebpsl HabmogaeMerx coobrtuii M; 3) Mo-
JIeJIb 9aCTOThI COOBITUS B TOCAEI0BATE/THHOCTH SKCIIEPUMEHTOB.

2.1 IIpocTpaHCTBO 3JIEMEHTAPHBIX COOBLITHUIA

B kauecTBe MareMaTWYecKol MOJEIN COBOKYMHOCTH & MCXO0R
CTOXACTHIECKOI'O 3KCIIEPIMEHTA, PACCMOTPUM MHOXKECTBO §), BooOIe
rOBOps, IPOU3BOJILHOE, HO TAKOE, YTO MEXKIY HCXOZaMu F COBOKYII-
HOCTH BCeX MCXOH0B &£ CTOXaCTHYECKOr0 SKCIIEPUMEHTa U 3JIeMeHTa-
MU W MHOXKECTBa () MOXKHO yCTAHOBHUTH B3aMMHO OJHO3HAYHOE CO-
OTBETCTBHE (JIPYTUMM CJIOBAMHU, MHOXKECTBO ) Takoe, 9T0 KazKIblii
ncxon F TaHHOrO CTOXaCTHYECKOrO SKCICPUMEHTa MOXKHO 0D03HA-
YUTH ONHUM 3JEMEHTOM w m3 ) m mocje storo B {2 He ocramercd
9J1EMEHTOB). B3amMHO OIHO3HAYHOE COOTBETCTBHE MEXKIY MCXOJIa-
mu u3 £ u mementamu n3 ) oboznaunm gyepes K:

K:E—w=K(E). (2.1.1)

MmuoxkecTBO ) HA3BIBAIOT NPOCMPAHCMEOM INEMEHMAPHOIL COObI-
muti (npocmpancmeom ucrodos) CTOXACTUIECKOIO SKCIIEPUMEHTA,
& €ro 9JIEMEHTBI W — IAEMEHMAPHbMYU COObMuUAMU (UCTO0aMU).

17
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IIpocmpancmeo aaemenmapunr cobvmuti ) asasemca mame-
MAMUYECKOT MOJEADIO COBOKYNHOCTU UCTO008 CMOLACTUNECKO20
IKCNEPUMENMA, B TOM CMBICJIE, 9TO KaxKAbli ucxon F croxacTmae-
CKOT'0O SKCHepI/IMeHTa OIINCHhIBAETCA O'B;HI/IM "N TOJIBKO O,Z[HI/IM JIEMEH-
TOM W U3 §2.

IIposeenne CTOXaCTUIECKOTO SKCIIEPUMEHTA, WHTEPIIPETUPYETCSI
KaK CAyYailHbIi BHIOOD TOYKM W W3 MHOXKECTBA (2.

SBavedganne. g maHHOTO CTOXACTHYECKOTO KCIEPUMEHTA
MOXKHO ITOCTPOUTH HE OJIHO TPOCTPAHCTBO IJIEMEHTAPHBIX COOBITHIA {2.
Mex gy 9TriMu TPOCTPAHCTBAME €CTECTBEHHBIM 00PA30M yCTaHAB/IN-
BaETCS B3aUMHO OJHO3HAYHOE cOOTBeTCTBHE. OTHOCUTEIHLHO BHIOOpA
) TeOpUS BEepOATHOCTEIl HE JaeT HUKAKWX MPABUI U PEKOMEHTAITHIA.

IIpumep 2.1.1. Cmozacmuueckuti sxcnepumerm cocmoum 6
1n0d0pacvleanuy u2pasvhot Kocmu. IIpediosicums npocmpancmeo
INEMERTNAPHBLT CODVIMUT 2020 CMOTACTNUYECKO20 IKCTLEPUMEHTG,.

COBOKyHHOCT])IO HCXOJ0B £ CTOXaCTUIECKOro 9KCIIEpUMEHTAa AB-

ngercs {“Boimasno 1 ouxo”, “Beimasto 2 ouka’, . . ., “Beimaso 6 0ukos” }.

B kagecTBe mpocTpaHCTBA 3JIEMEHTAPHBIX COOBITHI MOXKHO W
ecTecTBeHHO paccmorpersh MuoxkectBo 2 = {1,2,3,4,5,6}, ycrano-
BUB B3aNMHO OJTHO3HAYHOE COOTBETCTBUE MeXKIAYy £ u ) CIeayrommm
obpazoM: “Beinasio 1 ouko” <+ 1, BeImaso 2 ouka” <+ 2, ..., “BBIIAJIO
6 oukoB” <+ 6 (cMm. puc. 2.1.1).

& —N
)\

(“Bbimano 1 ouxo”)

(“Bbimano 2 ouxa”)

(“Bbimano 3 ouka™) \

(“Bimasio 4 ouka”) /

(“Bbimasno 5 OqKOB} \

(Bbinaio 6 0uKoB”)~

S~

Puc. 2.1.1: Mumocrpanus K MocTpoeHuo €2
B npuMepe 2.1.1

®

©
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2.2 Aarebpa MHOXKeCTB

Teneps MOCTPOUM MaTEMATHUIECKYIO MOJIEb aJIredphl HaDII01a-
EeMbIX CO6LITI/II>‘I CTOXaCTUYIECKOT'O IKCIIepnuMeEeHTa.

Kazkmoe coobiTue A 3 aarebpnl Hab/romaeMbIX coobiTril 9T omu-
CHIBAETCH TOJIMHOXKECTBOM MHOXKECTBa £ MCXOJ0B CTOXACTUIECKOTO
SKCIIEPUMEHTA, a4 UMEHHO, IIOAMHOMKECTBOM T€X MCXOJI0B, KOTOPLIE
BJIEKYT COObITHE A:

A={E:FE €&, koropsle BiekyT A}.

Mexk 1y MHOXKECTBOM HCXO0J0B & U MHOXKeCTBOM {) CyIecrByer
B3aMMHO OJHO3HAQYHOE COOTBETCTBUE

K:E—w=K(E),

cM. ompezenenue (2.1.1) orobpaxkenns K u pucynok 2.2.1. TTosromy
kazx oMy Habogaemomy cobbrruio A nz 9 ecrecTBeHHBIM 0O6pa3zoM
CTaBUTCSA B COOTBETCTBUE HOAMHOKeCTBO M 4 u3 §2:

My ={w:w € Q, mua koropsix coorsercTByiomue F BiekyT A}
(cm. Takzxe puc. 2.2.1). B Tepmunax orobpaxenns K
A— K(A) =My, A

Kuace Bcex nopmuoxkects My (A € ) muoxkecrsa ) 06ozHawmM
qepes 2.

Puc. 2.2.1: Wnntoctparmust k onpenenennio M 4
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Knace 2 ob1amaer cieayomyuMn CBOACTBAMU:

1° Hust sro6oro M4 usz A ero pononnenve M 4 TakxKe HpUHAJI-
meRUT 2, TOCKOIBKY

A K(A) = My = M.

2° Hst ii06b1x M a4 u Mp u3 A ux oobepunenune MaUMp Takxke
npuHagexRuT 2, MOCKOIBKY

AUB — K(AUB) = Maup = Ma U Mgp.

3° Hnsa mobbix M4 u Mp u3 2 ux nepeceuenne M4 N Mp Takxke
npuHAIIEKUT 2, TOCKOIBKY

ANB = K(ANB) = Manp = MaN Mp.

Kanacc nogmuoxkecrs, obsiagaiommii ceoiicramu 1° u 2°, Ha3bI-
BaIOT ajrebOpoii.

Omnpenesienne. Hemycroit kirace 2 moaqMHOKECTB MTPOCTPAHCT-
Ba {2 OyZeM Ha3BIBATL a.A2e6poti nodmmosicecms ), eCln:

1° Bmecte ¢ m00bM C u3 2 ero gononnenue C' TakzKe IPUHAI-
sexut A (krace A 3aMKHYT OTHOCUTEIHHO ONEPAIIUY JIOTIOTHEHMNS );

2° Bmecre ¢ no6siMu C' n D n3 A nx o6bemmnenne C'U D Takzke
npuHasyieRuT A (Kaace 2 3aMKHYT OTHOCHTEIBHO Omepanuu 00b-
eJIMHEHNUSI).

Bamernm, 9T0 U3 OIpPeIe/IeHrsT AJredPhl MHOXKECTB CJIEIYET, 9TO
OHa 3aMKHYTa U OTHOCUTEIHHO OTEPAIINN MEPECETEHNS .

Takum o6pa30oM, B3aUMHO OTHO3HAUHOE cooTBeTcTBHE K (CM.
(2.1.1)) mexy saementamu MHOKecTB € 1 ) 3a/1a€T B3aUMHO OJI-
HO3HAYHOE COOTBETCTBUE MEXy COOBITHUsME aareOpbl HAOJII01ae-
MBIX cOOBITHN 9N W MHOXKECTBAMH HEKOTOPOit ajredpsl 2 moaMHO-
JKeCTB TIPOCTPAHCTBA ), mpudeM oHO objamaer cpoitctBamu 1° — 3°.
TosTomy aszebpy nodmmoscecms A npocmpancmesa 0 ecmecmeen-
HO PACCMAMPUBIMDb 6 KAYECNEE MAMEMAMUYECKOT MOOJEAU cemel-
cmea (anzebpor) nabarodaemvuix cobvumut M, B TOM CMBICIE, UTO
Kaxkjj0e HabJiromaeMoe cobbitue u3 aaredpol 9 0IHOZHAYHO ONKUCHI-
BAETCsl HEKOTOPBIM (BIIOJIHE OMPEJIEICHHBIM) MOMHOKECTBOM M 4
3 anrebpbl MOAMHOXKeCTB 2 mpocTpaHcTBa (), IPU 9TOM CyMMe CO-
OopiTHit m3 N cooTBeTCTByeT OObeAWHEHNe MHOXKECTB m3 2A, mpo-
u3BeJIeHNI0 COoObITUiT u3 YT COOTBETCTBYET MEpPECevYeHne MHOXKECTB
u3 2, TpOTUBOMIOIOKHOMY COOBITHIO u3 I COOTBETCTBYET JOIMOJI-
HEHe MHOXKeCTBa, n3 A, JOCTOBEPHOMY COOBITHIO COOTBETCTBYET {2,
a HeBO3MOXKHOMY — ().

[TpoBenenne 3KCIEpUMEHTa HHTEPIPETUPYETCT KAK CIYIalHbIH
BBIOOD ToukM w w3 2. Ecaum mpum stom w € M4, TO MBI TOBOPUM,
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YTO MPOU3ONLIO COOBITHE A, B TPOTUBHOM CJydae — coObITHEe A He
[IPOU30IILTIO.

B nasbreiimem Mma0KecTBo M 4 13 anrebpol 2, Mo MHOXKECTB {2,
cootBeTcTByIoIEee cobpiTrio A € 9N, Oymem 0603HATATE TOM Ke OYK-
Boit A, a momMmuOXKecTBa §2 m3 2 OymeM Ha3LIBATL HAOJIIOTAEMBIMEI
COOBITUSIMU, WA IPOCTO COOBITUSIMU.

Wrak, Ha JAHHOM 3Tale MOCTPOEHUST MATEMATHIECKON Momen
CTOXACTHIECKOTO SKCIIEPUMEHTA TIOJ] €r0 MATEMATHIECKOH MOJIETbI0
Oynem nmonnmath mapy {2, A}, rae 2 — mpocTpaHCTBO BEMeHTap-
HBIX COOBITHIT — MHOKECTBO, BOOOIIE roBOPs, JH000# mpupoas! (Mo-
JIeJ1b CeMefiCTBa MCXO/I0B CTOXACTUYECKOTO IKCnepuMenTa), A — aJ-
rebpa MOJAMHOXKECTB IpocTpancTBa ) — Mojenb cemeiicrsa 2 Ha-
OJII0JaEMBIX COOBITHIA.

Ipumep. Cmozracmuseckut sxcnepumenm cocmoum 6 nodopa-
COLBAHUL NAPYL PA3AULUMBLE MOHEM.

Ipedaoorcums Mamemamuyeckyro modess cemelicmea ucrodos
CMOTACTNUNECKO20 IKCTLEPUMEHMA, onucams cobvimue A — “mone-
Mol AC2AU PASHBLMU CTNOPOHAMU” KaK NOOMHONCECTNEO NPOCTMPAH-
CMBA INEMEHMAPHBLL COOLIMUT.

B kauecTre mpocTpaHCTBA JIEMEHTAPHBIX COObITHIT {) ecTecTBeH-
no paccmorpers 2 = {I'l','P, PI"PP}. Co6bitme A — “moneTsI J1er-
s pasabiMu croponamu” onumercs rak: A = {I'P, PT'}.

2.3 BeposaTHOoCTb

st 3aBepIrerust TOCTPOEHNST MATEMATHIECKON MOIEIN CTOXAC-
THUYECKOTO SKCIIEPUMEHTA OCTAETCS TOCTPOUTH MATEMATHIECKYIO MO-
JIeJIb 9aCTOTHI MOSIBJICHUS COOBITHUSI.

B maparpade 1.4 B kagecTBe KOJIMIECTBEHHON MEPHI TaCTOTHI Ha-
6.1r072€MOT0 COOBITHS A BBIIO TPEATI0KEHO PACCMATPUBATE 9ACTOTY
vn(A) mabmogaemoro cobbitug A B MOCTEI0BATEIBHOCTH N 9KCIIE-
pumenToB. K coxajieHWIo 3Ta KOJUYECTBEHHAs Mepa MMeeT HeJjIo-
CTATOK: €CJIU MPOBECTU JPYTYIO CEPUI0 SKCIIEPUMEHTOB WU U3Me-
HUTH N, TO Vp(A), BOOOIIE TOBOPSI, UBMEHUTCST — OJHOMY U TOMY
JKe HabJ/II0JaeMoMy cobbITnio A, B 3aBUCUMOCTH OT 7 WUJIM OT CEPUA
9KCIIEPUMEHTOR, CTABATCA B COOTBETCTBUE PA3JINIHbIE YUCa Vy (A),
YTO CTABUT 110J] COMHEHME KOPPEKTHOCTH MCHOJIb30BaHus Vn(A) B
KQ4eCTBE KOJMIECTBEHHOI Mepoii gacTorsl cobbrrus A. Ho, kak mo-
Ka3bIBAET OMBIT HE OJHOTO TOKOJEHWST MCCIeI0BaTeNeH, 4acmoma
Un(A) nabarodaemozo cobvimusa A 6 nocaedosamesvrocmu sKcnepu-
MEHMOE 00A40aem 3aMEYAMENDHHMU CE0TUCMEAMU: NPU OOALUWUL T
OHG NPAKMUYECKY HEUSMEHHE — HECYUWECTNGERHO YKAOHACTNCA OM,
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Hexomopozo wucaa (wacmoma ycmotinuea) U ¢ pocmom n 3amem-
note yxaonenud vy (A) om nezo scmpeuaromesa ece pesice (wacmoma
cmabuausupyemcs). Hanpumep, B 3KCepuMeHTaX, MPOBEJIEHHBIX
K. Brodbdornom n K. Ilupconom m cocrodmmx B mOI0PACHIBAHUT
MOHETBI, YaCTOTa BbIajeHus repba B IOC/EI0BATE/IHLHOCTHA IKCIIE-
PUMEHTOB Bejia cebsi, KakK yKazaHo B Tabj. 2.3.1.

Tabnuma 2.3.1

Dkcuepu- Yucao mon- | Ywucso Beima - | Yacrora
MEHTATOP OpaceiBaHMi | meHmit repba

2K. Broddon 4040 2048 0,5080
K. INMupcon 12000 6019 0,5016
K. IMupcon 24000 12012 0,5005

CroiicTBa ycTofiunBocTrH U crabunmusanum 9actorsl vy, (A) B mocse-
JIOBATETLHOCTH SKCIIEPUMEHTOR Jae€T OCHOBAHWE TIPEJINONIOKUTE CYy-
mecroBanue npezesa lim vy, (A) (o6ozmaunm ero v(A)). Ipenen

n

liTan vn(A) = v(A),

eciiz Obl €ro CyIecTBOBaHUE OBLIO TAPAHTUPOBAHO, W OBLI ObI TOM
KOJIMYECTBEHHON MEPOil 9acTOThl MosiBjIeHns coObITnst A, KOTOpas
JUIS KazKJoro coOBTusa A ompeiensnach Obl OMHO3HAYHO — HE 3a-
BHICEJIa, OT CEPUU U OT YHCJIa SKCIEPHMEHTOB B cepuu. [Ipm sTom
npegen v(A) obaagan 66l CeIyIONMMA CBORCTBAMU:

1° nma xkaxkporo cobuitng A

v(A) >0

(HEOTpPHIIATETHHOCTD V);
2° 1 HeCOBMECTHBIX cOObITHE A m B

v(A+ B) =v(A)+v(B)

(asuTuBHOCTD V),
3° ectm U — gocTOBEpHOE COOBITHE, TO

v(U)=1

(HOPMUPOBAHHOCTH V).

Ho B paMKax MaTeMaTudecKoil Teopur HEBO3MOKHO YCTAHOBUTD
CyIIeCTBOBAHUE IIPeJiesia 9acToThl Vp(A) cobbiTust A B mocieoBa-
TeJIbHOCTH SKCIIEPIMEHTOB — 9TO HEBO3MOXKHO C/I€IATh B IIPUHITAIIE.
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N xo/tb CKOPO, K COXKAJIEHUTO, ITO TAK, TTOCTYIUM CAEIYIOMINM 00pa-
zom. [Tocrynmupyem gt kazkqoro HabogaemMoro coobirusa A cyime-
creoBanue uncaa P(A), 9ro npeacraBasercs BIIOJIHE eCTECTBEHHBIM,
YYIUTHhIBaAd IKCIIEPUMEHTAJIBHO ycTaHOBHeHHbIﬁ d)aKT ycTOﬁqHBOCTH
9acTOTHI Vp(A) cobbiTus A, mpudaem Tax, 9To6b1 Habop uuces P(A),
A € M, obmagan cBoiCcTBAMU, KOTOPHIE UMENT OBl

lign vn(A) = v(A),

ecau ObI €ro CyIecTBOBaHUE OBLIO TapAHTHUPOBAHO (CM. CBOMCTBA
—3° mnpeznena v(A)), a UMeHHO:
1° nna xaxkgoro cobbitus A
P(4) >0

(neorpunaressHocTsb P);
2° LIt HECOBMECTHBIX coObITHii A u B

P(A+ B) =P(A) + P(B)

(apaurusnocts P);
3° ecsiu U — mocroBepHOe COOBITHE, TO

P(U) =1

(HopMupoOBaHHOCTH P).

Yucno P(A) 6ymem Ha3BIBATH BEPOATHOCTBIO COOBITHS A, a Ha-
6op uncen P(A) (A € M), rounee byukuuio P(A) na M, Gyrem
Ha3bIBaTh BepossTHOCTHIO Ha Y. CylmecrBoBaHre BEPOSITHOCTH TIOC-
TYJIMPYETCs ISt KasKJ0T0 HabII0gaeMoro COOBITHS BHE 3aBUCHMOCTH
OT TOro, IPOBOAMIACH CEPHU HE3aBUCUMBIX SKCIIEPIMEHTOB MM HET.

s popMaIbLHOTO OIpefe/IeHNs BEPOSITHOCTH HaM IOHAT00ITCS
CJEYIOIINE ONPEIE/IEHUS.

DyHKIUSA MHOXKeCcTBa. Eciu kaxaomy nogmHoxectBy A u3
HEKOTOPOro Kjacca 2 moaMHoKecTs {2 moCTaBJIeHO B COOTBETCTBUE
quciao W(A), BO3MOKHO paBHOE +00 Ml —00, TO OyJ1eM FOBOPHT,
9T0 Ha Kaacce %A 3amaHa GyHKUUA MMHOJICECTNEA CO 3HATCHUSIME
B [—00, +00].

Onpepnenenne. Oyuknuio muO)kectBa W co 3HadeHuIMu B
[—00, +00], 3amannyio Ha K1acce moaMHOKECTB 2, Oy/1eM HA3BIBATH
KOHEUHO-a00uMUGHOU, €CJTH OHA IPUHIMAET OECKOHEIHbIE 3HATCHUA
TOJIBKO OJHOIO 3HaKa M JJIs JIIOO0ro KOHETHOro Habopa, HonapHo He-
nepecexaromuxcs Muoxkects A; (A; € A, Ay NA; Q})k # j) Takux,



24 I'maBa 2. Maremarnyeckass MOJe/Ib
n
aro |J A; € Y,

o (0a) - Swin
=1 =1

Ounpegenieane. POyuknnio vuOXKecTBa W cO 3HAUYeHHSIMU B
[—00, +00], 3ajannyt0 Ha Kj1acce moqMHOKecTB 2, GyieM Ha3bIBATDH
cuemmo-adoumueHot, eCii OHa MPUHUMAET DECKOHEUHBIE 3HATEHUSI
TOJIBKO OJTHOTO 3HAKA U JJIsI JIF0OOT0 CIETHOTO Habopa MOTIapHO Helre-
pecekatomuxcst muoxecrs A; (A; € A, A, N Aj = 0,k # j) rakux,

gro |J A; €A

o () - S

AuTnBHbIe (DYHKIUE €CTECTBEHHBIM 00pa30M BO3HUKAIOT HA
npakTuke. [IpuBegeM HECKOJIBKO MPUMEPOB:

1. dumna. Kaxgomy npomesxyTky [a;, b;) mpsivoit RY crasmres
B COOTBETCTBUE €r0 JJTHHA:

L(lai, bi)) = bi — a;.

Ecnu npu stom [ai, b;) N [aj,bj) = 0,1 # j, 10

L(L;Jaz, > ZL ai, b;)

2. IMnomaab. Kaxpoit vacrn Q; obnacru () craBuTcs B COOT-
sercreue ee wiomaas S(Q;). Ecan upu srom Q; N Qj = 0,1 # 7,

UQi = ZS(Qi)~

3. Yuciao xkurteseit. Kaxmoit wactu S; gannoro reorpadu-
veckoro paiiona S (S; C S) craBuTCa B COOTBETCTBUE KOJMHYECTBO
k(S;) sxuresneii sToro paitona. Eciu npu stom S; NS = 0,7 # j, T0

U sz-) = Z k(S:)



2.3. BeposiTHOCTD 25

4. Paccrosiuue. Kaxxmoit vact ¢; mMpoMesKyTKa BpeMeHU ¢ cTa-
BUTCs B cooTBercTBHE paccrosiaue L(t;), KoTropoe mposeres camo-
ner. Ecom mpu srom ¢; Nt = 0,1 # j, To

L Uti :ZL(ti).

2

5. Hucao rtesedoHHBIX BbI30BOB. Kaxmoit wactu t; Bpe-
MEHHOT'O TIPOMEXKYTKA t CTAaBUTCA B COOTBETCTBUE 1m0 Nn(t;) Te-
siedonnbix Bb30BOB Ha ATC 3a mpomexkyrok t;. Ecim mpu srom
tint; =0,i+# j, To

n Uti :Zn(ti).

% %

6. Ilpumepsbl HeaaAMTUBHBIX (PYHKIMIT MHO>KecTBa. Pac-
CMOTPHUM MEeTAJIUYECKUil CTepyKEHD, HAIPUMED, €IUHUYHON JITUHBI.
Opuu kowery ero nmomectuM B Touky 0, apyroit — B Touky 1. By-
JIEM CUUTATh, YTO TEMIIEPATYPA CTEPKHST YCTAHOBUIACH, HATIPUMED,
25 mo Henbcuto. Pacecmorpum dyaKImio muo2KecTBa 1 — KaxXK 101
9aCcTy CTEPXKHS [MOCTABUM B COOTBETCTBHUE €€ TeMieparypy. lorma
T([0,1/2]) =25, T'([1/2,1]) = 25, T([0, 1]) = 25. TIpn 3TOM

25 = T([0,1/2] U[1/2,1]) # T([0,1/2]) + T([1/2,1]) = 25+25 = 50.

Tak aTo Temmeparypa Kak QpyHKITUS MHOXKECTBA HE aIUTHBHA.

Llena Tkanu. Kaxkmgomy orpesy (YacTu) TKAHU CTABUTCA B CO-
OTBETCTBHE YMCJIO — €ro mnena. Kak mpasuio, meHa py/aoHa (omnra)
MEHBITIE CYMMapHOU IeHbl dacTeit. Tak 9To 1eHa, BoobIime roBops,
He SIBJISIeTCSI aINTUBHON (DYHKITHEH.

BepositHOCTB. 113/103KeHHBIE BHITIIE COOOpaXKeHUS U (PaKThI TPH-
BOJAT K CJEIyIOmeMy (hOPMATBLHOMY OMPeIeIeHII0 BepOSITHOCTH
KaK MaTeMaTUIeCKOW MOJEJM 9aCTOThI COOBITHS B MOC/IEI0BATE b
HOCTH 3KCIIEPUMEHTOB.

Onpepnenenne. HeorpurarenbHyio CYETHO-3IIUTUBHYIO HOP-
MUPOBAHHYTO (DYHKITHIO MHOXKECTBA, 33 TAHHYIO Ha aJredpe MOIMHO-
»xecTB 2 mpocrpancTBa 2, 6ymeM Has3bIBATh 6epoAmHocmbio Ha 2A.

Jpyrumu coBamMu, BEpOSITHOCTL P — 370 (byHKINA MHOXKECTBA
co 3uauennsamu B R, 3ajannas na anre6pe 2 m0IMHOXKECTB IPOCT-
pamcTsa {2, Takas, 4TO:
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1° nna kaxgoro A € A
P(A)>0

(BEPOATHOCTH HEOTPUIATENHHA);
2° st mobeix A; € 2,0 = 1,2,..., rakux, aro A N A; = 0,

k#j,n UA]'EQ[
=1

(U)=2re)

(BEPOATHOCTH CUETHO-a/ITUTHBHA);
3° st TOCTOBEPHOTO COOBITHS §)

P(Q) =1

(BeposATHOCTH — HOpMUpPOBaHHAs (DYHKITHA MHOXKECTBA).

CroiicTBo 1° BEpoaTHOCTH (HEOTPUIATENBHOCTH) — MOCTYJIUPO-
BAHHOE CBOJICTBO HEOTPHIATEIBHOCTH 9acTOThl (vp(A) > 0 s
KazKJ10ro cobbiTus A).

CaoiicTBO 2° BepoSATHOCTH (CUETHAS] aJIUTHBHOCTB) — TOCTY-
JILPOBAHHOE CBONCTBO &/TUTUBHOCTH YaCTOTHI (JJ1si HECOBMECTHBIX
cobbitnit A u B suavenue v,(A + B) = vp(A) + vn(B)), HO ycu-
JIEHHOE — BEPOSITHOCTh 00'beJIMHEHUsI HEMIEPECEKAIOIINXCs COOBITHI
paBHA CyMMe BEPOSTHOCTEH He TOJIBKO JisT O0beINHEeHNT KOHETHO-
r'0 YNCJIa HETEPeCEeKAOIUXCA COOBITHI, HO U JJisT 00beUHEHNs UX
CIETHOTO UUCTIA.

CaoiicTBO 3° BEpOATHOCTH (HOPMUPOBAHHOCTH) — IOCTYJINPO-
BaHHOE CBOWCTBO HOPMUPOBAHHOCTH 9acTOTHL: Vp(U) = 1.

BepositHoCcTH, KaK MpaBmio, 0003HAYAIOT OOTBITAMHI JTATHHCKN-
mu 6yksBamu P, Q,F,G.

B wacraocru, ecoim 2 = R™ 10 BEpPOATHOCTH HAZBIBAIOT Ge-
POAMHOCTHBIM PACHPEJesCHUEM T PACNPEICAEHUEM GEPOANHOC-
met ma R™.

O 3ajilaHnu BEpPOLATHOCTH Ha o-ajrebpe. BepogarHocTs, 3a-
JaHHYyIo Ha ajarebpe 2 mommuozKecTB €2, Bcerna, 0e3 TOIMOIHUTE -
HBIX TTPEJITTONIOKEHI, MOKHO CIMNTATDH 3aJAHHOM Ha HoJIee MIPOKOM
KJIaCCe § MOJAMHOXKECTB npocTpaHcTsa ), conepxkamem anredpy 2A,
Ha TaK Ha3bIBAEMON HAMMEHBINeH o-anrebpe, comep:karreii anred-
py 2. Iostomy B gaibHeiiieM Mbl Beerga OyaeM CIUTATh BepOsT-
HOCTb 33/IaHHOI Ha o-aJjredpe.

Omnpenenenne. Hemycroit kmace § momvmuoxkecTs ) Oymem Ha-
BBIBATH O -a.42e0potl, eCin
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1° nna xkaxgoro A€ Fu A€ §,
o

2° g mobbix A; € §F,i=1,2,...,u |J A4; €F.
i=1

B nanbreitem sepoammocmovo bydem Ha3vi6ams HEOMPUUAMEN-
HY10 CUeMHO-a00UMUBHYIO HOPMUPOBAHHYIO PYNKUUIO MHOHCECTNBA,
3aJIaHHYIO Ha o-aJirebpe § MOAMHOXKeCTB 2.

Ounpepesienune. Tpoiiky {2, §, P}, rue 2 — npocrpancTso se-
MEHTaPHBIX COOBITHIT (MHOXKECTBO NMPOM3BOJLHON TPUPOJBI); § —
o-aaredpa MoJAMHOXKECTB npocrpancTia §2; P — BepoarHocTh Ha §,
Oy/eM Ha3BIBATH BEPOATNHOCIHOM NPOCTIPAHCTIEOM.

Beposgrnocrroe npocrpancrso {2, §, P} asagerca maremarudec-
KO MOJIESTBI0 CTOXACTUIECKOTO KcmepuMenTa. [Ipm arom ) — mpocr-
PAHCTBO 3JIEMEHTAPHBIX COOBITHI — ABJISETCS MaTEMATHIECKON MO-
JIeJIBI0 CeMEeNCTBA MCXOJ0B CTOXACTHYECKOTO IKCIEPUMEHTA; § —
o-aaredpa. MOJIMHOXKECTB TPOCTPAHCTBA ) — SBJISETCS MaTeMaTH-
9ECKOil MOJIE/IbIO aJIreOphl HAOII01aeMbBIX COOBITHI CTOXaCTUIECKOTO
9KCIeprMenTa (MHOXKECTBA U3 § elle Ha3bIBAIT COObITHAMM); P —
BEPOSITHOCTH HA § — SABJSIETCS MATEMATUIECKON MOJIE/IBI0 9aCTOTHI
Vn(A) cobbirus A (A € M) B noC/IE10BATEILHOCTH IKCIIEPUMEHTOB.

SBameuanune 1. CoObITHS — 9TO T€ HOJMHOMKECTBA MHOYKECTBA
NCXO0a0B Q, JJIgd KOTOPBIX MOXKHO TOBOPUTH O MX BEPOATHOCTAX.

SamMeuanue 2. 3HaYeHUS BEPOATHOCTU HA OJHOTOYEIHBIX MHO-
xkecrBax {w} Bymem oboznauars depes P(w), 1. e. P({w}) = P(w).

IIpumep. Bpocatom dee pasiuuumvie CuMMempuiHve MOHEMoL.
IIpedaosicumsd mamemamuueckyro Modeab 9mMo20 CMOTACMUYECKO20
IKCNEPUMEHMA.

B kadecTBe mpocTpaHCcTBa 3JIEMEHTAPHBIX COOBITHIT €CTECTBEHHO
paccmorpers €2 = {I'T',I'P, PI", PP}, a B kauecTBe o-anreOpbl § Ha-
6JTT0]aeMBIX CODBITHIT — KJIacce Beex moaMuoXKecTB ). BepoarHocTs
Ha § 3amaanM tak. CHava a m3 COOOPAXKEHMI CHMMETPHUI 33,13, 1UM
BEPOATHOCTH dseMmenTapubix cobbirnii: P(I'T) = 1/4, P(T'P) = 1/4,
P(PT) = 1/4, P(PP) = 1/4. lna mo6oro apyroro A € § (o6o-
ro noamuokecrsa 1) onpegennm P(A) kak cymMMy BeposiTHOCTEd
3JIEMEHTaPHBIX COOBITHIt, BXOmammx B A. Jlerko mpoBepuTh, 9TO
olpejie/IeHHAsd TaKUM 00pa3oM (DYHKITHS MHOXKECTBA YJIOBJIETBODSI-
€T BCEM aKCHOMAaM BEPOSITHOCTH.

Tem caMbIM MaTEMATHIECKAS MOJE/H CTOXACTUIECKOTO SKCIIEPH-
MEHTa — BEPOSITHOCTHOE IMPOCTPAHCTBO — MOCTPOEHA.

O #BoiicTBEeHHOIT TEPMUHOJIOTUN B TEOPUU BEPOSATHOC-
TeI';I. B CBA3U C MTPUBEJAECHHBIM BBITIE IMTOCTPOCHUEM TEOPETHUKO-MHO-
JKECTBEHHO# MOJIe/In CTOXaCTUYECKOTO SKCIIEPUMEHTa B TEOPUM Be-
POSATHOCTE! CJIOXKUJIACH TBOUCTBEHHAS] TEPMUHOJIOTUS — TEOPETH-
KO-MHOXKECTBEHHAsI U TEOPETUKO-BEPOITHOCTHAsT. OCHOBOI CJI0Baps,
CBS3BIBAIOIIETO ITU J[BE TEPMUHO/IOIUY, dBJigercd Tabt. 2.3.1.



28 I'maBa 2. Maremarnyeckass MOJe/Ib

Tabnuima 2.3.1. CioBapb

S3BIK TEOpUH MHOXKECTB S3BIK TeOpHUH BepOATHOCTEN

IIpocTpancrso 2 HocrosepHoe coOBITHE

w — Touka u3 {2 Ucxom cTOXaCTAIECKOTO
SKCIIEPUMEHTA,

() — mycToe MHOXKECTBO Heso3MmoxkHOE COOBITHE

A — mogmuoxkecTBO 2, A € F A — cobbITHE

MuoxkecTBO A sIBJIsIeTCS Cobeitrie A Bieder cobeitie B

noamHOkectBoM B (A, B € §)

C — ofbeuHEHNE MHOKECTB C — cymma cobbrtuit A u B

AuBu3g§

C — mepecedenne MHOKECTB C — npom3spenerne co6BITHIA

AuBu3§ AuB

A — pononuenue A (A € §) A — cobbITHe, IPOTUBOIOIOXK-
HOEe K A

C — pasHocTh MHOXKecTB A u B C — pasuocts cobeituii A u B

(A,B€3)

A u B ne nepecekawrcs (A, B € §) | Cobbitust A u B HecoBMeCTHBI

O mnpunoxkenusix. [logaepkaem ciemymommii BaxKHbIN (DaKT.
JomyctuM, 9T0 MBI XOTUM MPUMEHUTH TEOPWUIO BEPOSTHOCTEN JIJIst
BBIUUC/ICHUsT (OTPEIEIeHNs) BEPOSITHOCTH HEKOTOPOrO (DU3UIECKO-
ro cobbrrus. Torpa pacuer, ocnoBanubiit na mojgenn {2, §, P}, Gyzer
BEPHBIM, €CJIU aJIeKBATHO (MIPABUIHHO) OMPEIeIEeHbl TPOCTPAHCTBO
9JIEMEHTAPHBIX COOBITHi (), g-amrebpa COOBITHI § U BEPOATHOCTD
na §. 3ajgaua oibopa mogenu {€,§, P} ne moxker GbiTh pemena B
pPaMKax TEOPUH BEPOATHOCTEH KaK MAaTeMaTHIeCKONl HAYKU (HAIPU-
Mep, HEBO3MOXKHO J0Ka3aTh, YTO BEPOSTHOCTH BBHIMAJAeHUs “repba’
npu 100paChlBAHUM CUMMETPUYHON MOHETHI paBHa 1/2 — 310 M-
nupudeckuii dakt). Ho Korma BbIOOD c/iesiaH, MOXKHO, TI0 MEHBIIIE
Mepe B MPUHIINIIE, HAWTU BEPOSITHOCTD JIFOO0OTO COOBITHS U3 0-ared-
PHL §.

Crenarp 3akjitodyenue 00 aJeKBATHOCTH BbhIOOpa MaTeMaTUYec-
koit mozenm {2, §, P} croxacTudyeckomy SKCIEepUMeEHTY, T. €. O Tpa-
BUJILHOCTH BBIGOPA MHOMKECTBA JJEMEHTAPHBIX COOBITHi (), o-aj-
rebpbl HabJfoaeMblx coObITuil § u BepodrHocTu P Ha o-aarebpe
§ MOXKHO, CPaBHMBasi BBIBOJBI, moJiyuennbie u3 mogenu {2, §, P},
C pe3yJibTaTaMu CTOXaCTUIECKOTO dKCIepuMenTa. Takoe cpaBHeHMe
MOKHO C/IeJIaTh, B YACTHOCTHU, UCIOJIb3Ysd METO/Ibl MAaTEeMATUIeCKON
CTATUCTUKU.
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2.4 Ilpumepsl u 3ajJa4u

IIpumepsbl

IIpumep 2.4.1. B aupme 7 naccasrtcupos, Audm ocmanasiu-
saemca na 10 samasicazx. iz xaocdozo naccascupa durcupyemca
HOMED ITAdCE, HA KOMOpom o eviwen. Ilocmpoums npocmparc-
meo anemenmapuvir cobmmuti ). Onucamsv Kax nodmmosicecmao 2
cobumue A — “sce naccadrcupvl 6vlUAY HA PAZHBLLT IMadicar”.

Pemenune. Kaxkmomy maccakupy MmocTaBUM B COOTBETCTBUE
HOMED dTarka, Ha KOTOPOM OH BhIme. [IpocrpancTro 2 cocrout us
[OC/TEeI0OBATEILHOCTEN JITHHON 7, cocraBieHHblx u3 10 uwmcen (Ho-
MEpOB 3Taxkell, Ha KOTOPBIX OCTaHABAMBAETCs qudT); cobbrtne A
OTIMCHIBAETCS TTOCIE0BATE/THHOCTAMU, COCTOSIIUMA U3 PABIUIHBIX
qucest.

IIpumep 2.4.2. B ypue narodumcs 00uH wap, 0 KOmMopom u3-
8ECTHO, YWMO 0K UAYU Oeabitl, uay wephoviti. B ypny nososicusu besvit
wap, 4 NOMOM NOCAE MUAMEALHOZ0 NEPEMEUUBGHUA 63 AU 00UH
3a dpyeum oba wapa. 1Ipedrosicums npocmparcmeo sINeMeRMaPHOIL
cobumuti 2 amozo cmoxacmuueckozo sxcnepumenma. Onucams Kax
nodmnoscecmea ) cobvmus: Ay — “nepevim evibpar Geavtli wap”,
Ay — “emopvim evibpar beavti wap”.

Pemenune. MoxHO NpejIoXKuTh MO MEHbITIEH Mepe JIBa TPOCT-
PaHCTBA 3/IeMeHTapHbIX cobbiTHii. KEcu 0603Ha4unTh 6e/1blil map ue-
pe3 W, depubiii — depe3 B, TO IpOCTPAHCTBOM 3JI€MEHTAPHBIX CO-
OBITHI CTOXACTUIECKOTO SKCIEPUMEHTa, OyaeT

Q= {WW,WB,BW}.

Ecu 6esbrit mrap, KOTOPBIH KIadeTCd B YPHY, TOMETUTH, HATTPUMED,
3BE30YKOM 11 0603HAINTE Uepe3 W* To mpoCcTpaHCTBOM 3JIeMEHTAp-
HBIX COOBITHII OymeT

O = {WW*, W*W, BW*, W*B}.

CobwiTue A; kak moamuoKkecTBo {2 onuimercs tak: {WW, W B},
a Kak noamuoxkectso Q* — rak: {WW* W*W, W*B}. Cobbirune As
KaK [MOJIMHOKeCTBO §) onmmiercs cieytonmm obpaszom: {WW, BW }
a Kak mogMHoxkecTBo 2* — rak: {WW* W*W, BW*}.

3amaun

2.1. UrpanbHyio KOCTh MO0PACHIBAIOT ABaK 16l [locTponTs po-
CTPAHCTBO 3jIeMeHTapHbIX cobbITHil (2. Omucars Kak IOJIMHOXKECTBA
Q cobprtusi: A — “cyMMa BBITIABIINX OYKOB paBHa 87; B — “xoTst OB
oauH pa3 Beimager 67; C — “mpu mepBOM MOIOPACHIBAHUN BHITIAIET
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YeTHOEe YUCI0 0UKOB”; D — “npu 060mxX mMOA0pPACHIBAHUSIX BBITAIET
HEYETHOE YMCJIO0 O9YKOB.

2.2. TlogbpackIiBarOT MOHETY, & TOC/IE€ TOT0 UTPATBHYIO KOCTh.
ITocTpouTs TPOCTPAHCTBO dIeMEHTAPHBIX coObITHi (). OnucaTh Kak
moaMHOXKecTBa () cobbiTus: A — “Bbimag repd”’; B — “Boinasta mud-
pa 5”.

2.3. Uz uudp 1,2,3,4,5 caagana BeIOUPAIOT OJHY, & [IOTOM W3
YeTBIPEX OCTABIIMXCS — APYTy0. [locTpouTh MpOCTPAHCTBO 3JIEMEH-
TapHLIX coObITHiA §). OnmcaTh Kak mOAMHOXKECTBa, §) coObrTusa: A —
“Ha TIepBOM Iare BhIOpaHa deTHas udpa’, B — “Ha BTOpoM Imare
BeIOpama derHasa mudpa’.

2.4. U3 maprun, cogepxameit N w3mennii, cpean KOoTopeix M
OpakoBaHHbBIX, HAY a4y BbiOupatoT n uzaemuii (n < N—M,n < M).
ITocTpouTs TPOCTPAHCTBO d1eMeHTapHBIX coObITHil (2. Onucarh Kak
OIMHOKECTBO §2 coObrTe A — “cpeny BLIOPAHHBIX W3/ IMe-
€TCsT POBHO M OPAKOBAHHBIX .

2.5. UrpabHyo KOCTb MOCJIEI0BATE/IBHO TOIOPACKIBAIOT 1 Pas.
[IpemoXuTh MPOCTPAHCTBO dJeMEeHTApHBIX coObIThil 2. Ommcarn
KaK IOJMHOXKeCTBO ) coObITre A — “BBLIIANET 7| €QUHHUII, N9 JBOEK,
..., ng mecrepok” (n; +mng + ...+ ng =n).

2.6. B maygauy BoiOpanuoil rpymme, cocroamei uz r (r < 12)
CTYIEHTOB, WHTEPECYeMCsl WX MecsIaMu poxkjaeHus. [IpeanoxuTh
NPOCTPAHCTBO 3J1eMeHTapHbIX coObiTmii (). Onucars Kak MOAMHO-
»kecTBa () cobprrus: A — “xorst OB Ba CTYJAEHTa, POAUINCH B OJHOM
Mecstre”, B — “TobKo oinH CTYAeHT poaniica B cearsaope”, C' — “xo-
T OBl ONIUH CTYJEHT pojuiicd B ceHTsaope”, D — “Hu oJuH CTy/IeHT
HE POJUJICA B CeHTIOpe”.

2.7. IlogbpaceiBatoT Tpu urpaibubie KocTu. [IpemnioxuTs mpo-
CTPAHCTBO dj1eMeHTapHbIX coObITuil ). Onncars KaK MOJAMHOKECTBA

Q cobwpiTus: A — “enuHNIE BBITAJET TOJBKO Ha OJHON MIPAJILHON
koctu’, B — “mecrepka BBITIAIET TOJIBKO Ha, JBYX KocTsx', C' — “Ha
BCeX KOCTSX BBIIQAYT pasHble rpanw’, ) — “Ha KOCTAX BBIIAIET

OIMHAKOBOE YHCJIO OYKOB’.

2.9. Kaxgasg u3 n pa3ImdnMbIX YACTHUIT TOIAIAET B OJHY U3 M
stueek. [1pey10zkuTh TPOCTPAHCTEO daeMeHTapHbIX coObITHii (2. Onu-
carTh Kak MoJAMHO)KecTBO §) cobbiTie A — “B 1I€PBYIO sU€iiKy 1M01aier
k1 wacruil, BO BTOpyio — ko, U T. JI., B m-10 — k,”.

Pemenne. Kaxmgoil 9acTuiie mocTaBUM B COOTBETCTBHE HOMED
S9YeKN, B KOTOPO#l OHa OKa3asaach. {2 — MHOXKECTBO BCEX MOCIEI0-
BaTEeJILHOCTEN IMHONI N, 00pa3oBaHHbIX duciaamu 1,2,...,m. Co-
OblTHEe A ONMCHLIBACTCA IOCIEI0BATEILHOCTIME " IIMHONR-1, COCTAB-
JieHHbIMU U3 k1 egunui, ko ABOEK, ..., ky, ducesn m.
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CBoiicTBa BEpOATHOCTHU

3.1 CaencrBug u3 onpeaejaeHUs
BEPOSITHOCTH

IIpuBoamMBIE Tajiee CBOHCTBA BEPOSITHOCTH HEMOCPEICTBEHHO
CJIeIYIOT U3 OIpe/le/IeHUS BePOATHOCTY KaK HEOTPUIIATEeIbHONU CUYeTHO-
QIMTUBHON HOPMUPOBAHHON (DYHKIIMM MHOXKECTBA.

Teopema. Bepoammocms He803MONCHO20 CODLIMUA PAGHA HY-

" P(0) = 0.

HokaszarenbcTso. U3 pasencra 2 = QUOUDU. .., B cury
CYeTHOM AJIUTUBHOCTU BEPOATHOCTU MMEEM

P(Q) =PQUOUDU...)=P(Q)+P®)+P®) +...

[Mockonbky P(2) = 1 (cBOHCTBO HOPMUPOBAHHOCTH BEPOATHOCTH ),
TO PsiJ] B IPABOH 9aCTH CXOANTCS abCOMIOTHO, YTO BO3ZMOKHO TOJIHKO
korma P(0) = 0.

CaencrBue 1. Bepoammuocms ABAAEMCA KOHEUHO-aIOUMUESHOT
Pynryuet mroocecmsa: ecoim A; NA; = 0,4 # 5, 1,5 =1,2,...,n,

() -5

Y TBepKaeHre JOCTATOYHO YCTAHOBUTD /TSI IBYX COOBITHIL. Ecan
AN B =10, 10 u3 04eBUHOIO PaBEHCTBA

AUB=AUBUQOUDU...,

31
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CYETHOI A IUTUBHOCTH BeposiTHOCTH 1 paBercTa P(()) = 0 mosy-
qaeM

P(AUB)=P(AUBUBUDU...) =
=P(A) + P(B) +P(0) + P(®) + ... = P(A) + P(B).

CuiencrBue 2 (OrpaHUYEHHOCTH BEPOSATHOCTH). Bepoam-
nocmub a106020 cobvimusa A ne npesocxodum 1:

P(A) < 1.

IeiictBuTenbHo, u3 paseHcTsa ! = AU A 1 aJIUTUBHOCTU Be-

positaocTu uveem 1 = P(A) + P(A). A Tak Kak BEposSTHOCTH HEOT-
punaresbHa, TO

P(4) < 1.

Teopema (0 BeposiTHOCTH pa3HOCTU CcOObITHIT). FEcau

ACB (A,B€eg), mo
P(B\ A) =P(B) —P(4)

(sepoammocmv pasnocmu cobwmutd B u A (A C B) pasha pashnoc-
mu uz eepoammocmet).
HoxazarenanbcTBo. Tak kak A C B, 10

B=AU(B\ A4),
npuuem AN (B \ A) = 0. Tlosromy B cusly aJJIMTUBHOCTH BEPOSIT-

HocTI mee P(B) = P(4)+P(B\ 4).

Orcroma
P(B\ A) =P(B) — P(A).

CiuencrBue 1 (BEepOSTHOCTH MPOTUBOIOJIO0XKHOI'O COOBI-

tust). Bepoammuocmo cobimus A, npomusonoaooicrozo cobvmuto A,
pasna 1 — P(A):

P(A) =1 - P(A).

Jlocrarouno zameTnth, uto A = Q\ A.
CaencrBue 2 (MOHOTOHHOCTH BeposiTHOCTH). Ecau

AC B, mo
P(A) < P(B).
Tax KaK BEPOATHOCTH HEOTPUIATEILHA, TO

P(B) — P(A) = P(B\ A) > 0.
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[TosTomy
P(A) < P(B).

Teopema (caoxkenust). Jas aobwx cobwmuii A u B
P(AUB) =P(A)+P(B)—P(ANB).
Hokazareabcrio. [Ipegcrasum muoxectso AU B B Buge
AUB=AU(B\ (ANB)),
npu 3tom AN (B \ (AN B)) = 0. Orciona, B cuiy ajauTUBHOCTH
BEPOATHOCTU U TeOPeMbI O BEPOSATHOCTH PA3HOCTU COOBITHUII, HOJIY-
e P(AUB)=P(AU(B\(ANB))) =
=P(A)+P(B\(ANB))=P(A)+P(B)—-P(ANB).

U3 meopembl cioxkeHust (MIOCTEI0BATEBHO TIPUMEHSIS €€) MOJTY-
JaeM.
Caencrsue 1.

P(AjUAU...UA,_1UA,) =
= > P(Ay) - D PA,NAy+.. .+
1<i1<n 1<i1<i2<n
+ (=)t > P(A;, NAip M. NAL)+...+
1< <2<, < <n
+ (1)t > P(A;, NAy,N...NA;).
1< <i2<...<in <N

CiieacrBue 2 (CBOMCTBO MOJIYa I IUTUBHOCTY BEPOSITHOC-
™). Jas mobor cobvmut A;, i =1,2,...,n

n n
P <U Ai> < P(A).
i=1 i=1
Hokazarenncrro. s asyx coberrmit A1 n As m3 paBeHcTBa

P(A1 U Ag) = P(A1) + P(A2) — P(A1 N Ag)

nmMmeeM

P(Al @] Ag) < P(Al) =+ P(AQ)

W3 mocseamero HepaBeHCTBA /It JIIOOOT0 1 IMeeM

o(0n) < Srn
i=1 =1
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3.2 HenpepbIBHOCTh BEPOATHOCTHU

Koneuano-ampurusaas pyHKIIUS MHOXKECTBA, BOODOIIIE TOBOPS, HE
SIBJISIETCS CUETHO-a/JINTUBHOMN (3T0 MILTFOCTPUPYET MTPUBOAUMBbIiT J1a-
Jiee HpI/IMep). B CBA3U C 9THUM BO3HUKAET BOIIPDOC: KaKue yCJI0BUA
HEOOX0IMMO HAJIOXKUTH HA KOHEYHO-AIUTUBHYIO (DYHKIINIO, 9TOOBI
OHAa CTaJja CYEeTHO-AIIUTHUBHOMN?

IIpumep KOHE€YHO-a JINTUBHO, HO HE CYETHO-aAAUTUB-
HOl pyHKiuu. ITycts ) — MHOXKECTBO paIliOHAILHBIX YUCEJI IIPO-
mexytka [0;1]. Tis xkax o mapel uucen a,b € Q (a < b) uepes
Aa7b O603Ha“H/IM MHOZKECTBO DPallMOHAJIBHBIX YUCEJI IIPOMEXKYTKa C
KOHIAMU @ U b, B 4aCTHOCTHU, MOXKET ObITh U ¢ = b (KOHubI MOTyT
KaK TPUHAJIEXKATh, TaK U HE MPUHAJIEKATH NPOMERKYTKY). Ko-
HeJHbIe 00beJHHEHNU HellepeceKaroIuXcs MHOKECTB A, j 00pa3yioT
anrebpy (obosnaunm ee yepes A).

Ha anrebpe 2 onpenenum dpyuknuto muoxectsa P. Jlaa muO-
KecTBa Ay 3HAUEHNE

P (Aa,b) =b—a.

3uauenue P vHa muOXKecTBe

n
B - U ACLi,bi? A(Li,bi ﬂ Aaj,bj = Q)?Z # j?
i=1
OTIPeJIeJIUM PABEHCTBOM
n n n
P(B) =P U Aaipi | = P (Aa; ) = Z(bl - ai).
1=1 i=1 i=1

Tax onpenenennas Ha 2A dyHKINUsS MHOXKecTBa P KOHEUHO-a110-
TuBHA (B 9TOM y0exKaeMcsi HEIOCPEeJICTBEHHOMN IPOBEPKOIi), HO He
CYETHO-aIIUTUBHA.

CuerHoe MHOKECTBO {) PAIMOHATBHBIX Ynces poMeRyTKa [0; 1]
MOKHO I[IPEJCTABUTDL B BUJIE 00bEIUMHEHUs CYETHOIO YUC/Ia OQHOTO-
YEUHBIX MHOYKECTB:

Q= U{ri}.

Ecnu mpeamonioxkuts, uTo P cueTHO-a uTUBHA, TO

(e 9]

P@) =P (U} ) = X P,

=1
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Ho, rorga, yunresasg, aro P (A,3) = b — a, ¢ oxHoit cTOpOHDI

o o0

P(Q) = S P({ri}) = > (r — ) =0.

i=1 =1

a ¢ Apyroi,
P(Q)=P(4p;)=1-0=1

Tak 4T0 npeanoIoKEeHre 0 CYeTHON agauTuBHOCTH P ipuBouT
K mpoTuBopeunto: 1 = 0.

[IpuBouMoe fajiee CBOMCTBO HETPEPBIBHOCTH KOHEYHO-A I TUTHB-
HO# (DPYHKIIUM MHOXKECTBA SKBUBAJEHTHO CBOWCTBY CUETHON aju-
TUBHOCTH.

Onpenesnenne. [ocaenoBarensaocrs muoxkects { A; } Oymem Ha-
BBIBATH 603PACMAI0WET, €CIIn

AiCAi-I—ly 1=1,2,...

[MocnenosarenbHocTh MHOKECTB {A; } Gynem Ha3bIBATH YOBI6AI0-
wet, ecan ‘
Ai+1CAia 1=1,2,...

Teopema 3.2.1 (HempepbIBHOCTH BepOsiTHOCTH). [Tycmo
P — mneompuuyamesvras Koneuno-adoumueHnas HOPMUPOSAHHAH
PyHKUUA MHOKCECNBG, 3040AHHAA HA T-an2ebpe § MoOMHOMCECNS
npocmparcmea . Caedyroujue wemoipe ymeeprHcoeHus A6AA0MCA
IKBUBANCHIHDLMU:

1° P — cuemmno-addumuena;

2° daa moboti sospacmaroweti nocaedosamenvrocmu {A;}

(A; €3)
P(JAi| =1limP(A4,);
=1

3° daa m0boti ybusaroweti nocaedosamesvrnocmu {A;} (A; € F)
[ee)
P ()4 ) =1lmP(A4,);
i=1 "
4° das 10600 yovearowet nocaedosameavnocmu {A;} (A; € §)

oo
maxot, wmo (| A; =10
=1

limP(A4,) = 0.



36 I'maa 3. CpoticTBa BeposiTHOCTH

Hoxkazarenscrro. Jocrarouno jgokasarh, uro 1° = 2° =
= 3°=4°=1°

[Mokazkem, aro uz 1° = 2°.

[Iycts P — cuernoapmurusnas dyuxius u {A;} — Bozpacraio-
A MOCIeI0BATETLHOCTE MHOXKECTB. OUeBHIHO,

Ua-

(A;\ A1), tme  Ag =10,

”C8

npuyeM

(Ar \ Ap—1) N (A5 \ Aj—1) =0, K #j.

B cuny cuernoit agpurusaoctu P

P (U Ai> =P (U(Ai \ Ai—l)) = Z P(A; \ Ai1) =

i=1

=lim ) P(A;i\ Aim1) =lim ) (P(4;) ~ P(Ai-1)) = lim P(4,).
=1 =1

Yceraunoum, aro u3 2° = 3°.
[Iycts mmeer mecto yrBepxkiaenue 2°. Eciu {A;} — yboiaio-

mas 1moc/aeI0BaTebHOCTh, To {A;} — BO3pacralomas nocienoBa-
TEJBHOCTh MHOXKECTB n nodromy s {A;} (B cuny 2°) nmeem

P (fj An> = lim P(4,).
n=1

A Tak Kak

TO
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N3 3° = 4°, mockoabKy yTBep:kaeHne 4° — YacTHBIN Caydait
yTBepKaeHus 3°.

IMokazxkem, aro u3 4° = 1°.

[Tycts umeer mecto yrBepxkaenne 4° u {A;} — nocnaenosares-
HOCTb HEIEPECEKAIOIMXCs MHOKeCTB u3 § (A; N A; = 0,4 # j).
[Tockonbky P — koHeuHo-aaanTuBHAS PYHKIUS, TO

(0)-e((U)+(94))-

:P<:gAi>+P(igAi) ZP +P<UA>
o P(Q/L-) ZP +P<UA) (3.2.1)

MuozkecrBa

o0
By=|JAi, n=12,...,
i=n
o0
06pasyoT yOBIBAIOIILYIO MOCIEI0BATEIHHOCTE, npudem (| B, = (.

n=1
[Tosromy B cuity npenooxkennst 4°

ligaP(D Ai> =0

JlJ1st 3aBepIreHns J0Ka3aTebCTBA JOCTATOUHO B paBeHcTBe (3.2.1)
TepeiiT K mpeiesTy Tpu 1 — o0.
CrnencrBue. Bepoamnocms AGAACMCA CHEMHO-N0AYAOOUNUG-

Holl pynkyuets mroocecmea: 0as A10601 NOCALOOBAMENLHOCTIU CO-
bwmut A;, 1 =1,2,...

P <D Ai> < i P(A;). (3.2.2)

=1
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HoxazareancTBo. g 1060T0 KOHETHOTO T
n n
P{J4:) <D P4y (3.2.3)
i=1 i=1
(cM. cepcTBue 3 TeopeMbl cioxkenus ). anee, coObITmst

n
By=|JAin=1.2,...,
=1

00pa3yT MOHOTOHHO BO3PACTAIOIIYIO MOC/IEI0BATETLHOCTD 1

Jae U
=1 n=1

IMosromy nepexosas B pasencrse (3.2.3) k upejeny npu n — o0 u

[OJIB3Y$ICh CBOIICTBOM HEIPEPBIBHOCTU BEPOSITHOCTH mojtydnM (3.2.2).
Bameuanue. Teopema nmeer MeCTO He TOJIBKO JJIsi HOPMHUPO-

paunoit dpynkuun muoxectsa (P(2) = 1), Ho u aaa orpanudeHno

(P(Q2) < 00).
3.3 YcaoBHasg BepOSATHOCTD

YceaoBuasa gyacrora. IIycts A u B — mabmrogaeMble COOLITHS
CTOXACTUIECKOTO IKCIepuMenTa. [IpoBeieM cToXacTUIeCcKuil IKCIe-
PUMEHT n pas, npu 3ToM ky (B) pa3 npousorwio cobsitue B, u ky,(AB)
paz — cobbitue A Bmecre ¢ cobbituem B. Hacrory cobbirusi A B
MOCIEOBATETHHOCTH TEX IKCIEPUMEHTOB, B KOTOPBIX MPOW3OIILIO

cobwsiTHE B:
kn(AB)/kn(B)

Oy/1eM HA3BIBATH YCAOSHOT %acmomoti COOBITUI A OTHOCUTETHHO CO-
ObiTus B B m10C/1€TOBATETFHOCTH N SKCIIEPUMEHTOB U OyneM 0603Ha-
yarh Vp(A/B). Tak 4ro 1o onpe/eneHuto

vn(A/B) = w.

[Ipu pukcuposannom B ycnoBHas gactora vy, (A/B), kak dyHK-
g A, 061a1aeT BCeMn CBOMCTBAME 9aCTOTHI:
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1° nna xaxkgoro cobuitusa A
vn(A/B) >0

CJI0BHAA 9aCTOTa, HEOTPHUIATE/IHHA,);
)
2° I HeCOBMECTHBIX COObITHiT A1 1 As

vn((A1 + A2)/B) = vn(A1/B) + v (A2/B)

(ycnoBHAsT 9acTOTA A/ IMTUBHA);
3° ecsim U — mocroBepHOE COOBITHE, TO

va(U/B) =1

(ycsioBHasT 9acToTa HOPMUPOBAHA).

Tak ke, kak gacrore vp(A) cobbirust A B 10C/I€40BATENHHOC
TH SKCIEPUMEHTOB COOTBETCTBYET BepOITHOCTEL P(A), apisiomascs
MaTEMaTHIECKOH MOJEIbIo 4acToThl Vpy(A), wacrore v,(A/B) co-
OTBETCTBYET BeposaTHOCTL P(A/B), aBagiomasacs MaTeMaTHIecKoi
MOJIeJIBIO yCJIOBHO# 9acrorskl vy, (A/B). Bepositrocrs P(A/B) 6y-
JleM Ha3bIBATL yCJIOBHOII BEPOSATHOCTBIO COOBITHS A OTHOCHTENTHHO
cobwrTua B.

OueBuHO,

kn(AB)  kn(AB)/n _ v,(AB)
kn(B)  ku(B)/n vp(B)

vn(A/B) =

[TosTomy, ompesiensist yeJa0BHYI0 BeposTHOCTh P(A/B) kak Marema-
TUYECKYIO MOJIENb YCAOBHO# 9acToThl vy (A/B) cobbrrus A orHOCH-
TeJIbHO B, ecTecTBeHHO TIOTPEOOBATH, YTOOBI yC/JIOBHAS U H€3YC/IOB-
Hasl BEPOSATHOCTH OBLIN CBA3aHBI COOTHOIIEHUEM

P(ANB)
P(A/B) = ———
P(B)
A ecsom BeposTHOCTH P yike 3amama, TO Ha TOCTEIHEE PABEHCTBO
MOYKHO CMOTPETh KaK Ha OTMpeJeeHne YCIOBHOW BEPOSITHOCTH CO-
opiTuss A orHocuTeILHO CcOObITUS B.
Ounpepaesienne. Ilycrs {Q,§, P} — BeposTHOCTHOE IPOCTPAHC-
tBOo, B € §, P(B) > 0. Yeaosnot seposmmnocmvio P(A/B) co-
ObiTHsi A OTHOCHTEIHHO COOBITHsSI B OyjeM HasbBaTh OTHOIIEHWE

P(AN B)/P(B), . e.

P(AN B)

P(A/B) = =5
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st yenosro# BepositHocT P(A/B) cobeitust A oTHOCHTE B
HO B rakxke ucnonb3yior oboznauenue Pp(A).

BeposiTHOCTh KaK KOJIMYECTBEHHAs Mepa MporHosa. B ma-
remaTmaeckoii momenm {2, §, P} croxactuaeckoro skcnepumenTa Be-
positHoctb p = P(A) cobbitust A siisiercss MareMaTudecKoil Moje-
JIBIO 9aCTOTHI Vp,(A) mogs/ienus: cobbITUs A B TIOC/IEI0BATETBHOCTH
HE3aBUCHMBIX dKcepuMenTos. Ha sepoaraocts p = P(A) coberrus
A TaCTO CMOTPAT KaK Ha KOJUYECTBEHHYIO MEPY IMPOTHO3a TOAB-
JieHnst cOObITHS A, B TOM CMBIC/E, 9TO B JOCTATOTHO “IJINHHON’
Cepun IKCIEPUMEHTOB 4acToTa Vp(A) mogsinenus cobbitusa A Gymer
“ommska’” x p. Yeaosryio BepoarHocth P = Pp(A) cobbrrua A orHo-
CATEIHLHO COOBITHsT B MOXKHO MHTEPIPETUPOBATH KAK KOJINIECTBEH-
HYI0O Mepy TpOTHO03a TOABJIEHUsS COObITHsT A, €CJM W3BECTHO, UTO
mpom3oILIo cobbiTre B. B AauHHON cepun 3KCIEpUMEHTOB YCJIOB-
Hast 9acToTa vp(A/B) cobbiTus A, BLIYMCIEHHAS O COBOKYITHOCTH
TeX SKCIEPUMEHTOB, B KOTOPBIX IPOU30ILI0 CoObITre B, Oyner 6yim3-
Ka K p'.

HanbToHN3M # 1101 (BEpPOSITHOCTHAsI MHTEPIIPETAINs ).
YacTp sozeit He pasaudaeT 1npeta (KakK MPAaBUIO, KPACHBIH U 3e-
JIEHBIH) — CTPAJIAeT JaJbTOHU3MOM. [IponenT moieil, crpasaronmmx
JIATBTOHU3MOM, CoCTaBasgeT 2,625%. I3BecTHO, 9TO TaTbTOHI3M CBSI-
BaH C MOJIOM, & UMEHHO — TPOIEHT JATLTOHINKOE CPEIN MY KUNH Pa-
Ben 5%, cpeau xkennun — 0,25%. DTUM JAHHBIM MOXKHO JIaTh CJle-
JIYIOTIYI0 BEPOATHOCTHYIO WHTepTperarnmio. PaccmarpuBaercst cTo-
XaCTUIEeCKN SKCIIEPUMEHT: CJYy9aifHO BHIOMPAIOT YeoBeKa W KJIAC-
cudurupyor ero o nouay (M — “myxunua”’, F — “xenmmna’) u 1mo
OTHOIIEHNIO K JaabTonu3my (D — “manbronnk”, D — “He maabro-
uuk”). Torga B JIMHHOl cepuu SKCIEPUMEHTOB 9acToTa COObITHsT D
“oymska”’ k 0,02625. Yacrora cobbitust D ecyiv mpous3onnio codbi-
THe M — YaCTOTa AaJIbTOHUKOB, IMOJACYUTaHHAA CPpEeIn MY2KYUH —
“omm3ka” k 0,05, a gacrora cobbrtusa D, ecii TPOU3OIILIO COOBITHE
cobpiTre F' — 9acToTa JAJTBTOHUKOB, TOACINTAHHAS CPEJIU KEHIIIH
— “oym3ka” k 0,0025. 9Ty umcia eCTeCTBEHHO pacCMaTPUBATh B Ka-
YEeCTBE BEPOATHOCTEN (M KOJMIECTBEHHON Mephl TPOTHO3a) COOTBET-
CTBYIOMINX COOBITHI B 9KCIEPUMEHTE, COCTOSIIEM B CJIy9IaiHOM Bbl-
Oope de/ioBeKa U KJIACCU(UKAIMK €0 I10 MOy W 10 OTHOIIEHWIO K
JTaTbTOHU3MY

P(D) = 0,02625; P(D/M) = 0,05; P(D/F) = 0,0025.

Kak Buano, nmporaos cobpitusa D — “ganbToHuK’ CyIIECTBEHHO Me-
HSIE€TCS B 3aBUCUMOCTH OT JIOTIOJTHUTE/IHHON nHMOpMaIuy B “iipo-
30110 cobpitre M7, “mpomnsorio cobpitue F”.
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IIpocrpancrso {B, §B,Pp}. llycts § — o-anrebpa moaMuo-
xecrs §2, B € §. Obo3nauum yepe3 §p KJacC HOAMHOXKECTB 1IPO-
crpanctia ) Buma BN A, A € § (§p cocrour m3 nmoaMHOKECTB
o-anrebpbl § comepxamuxcst B B). JIerko mpoBepuTh, UTO KJIACC
§B sBAsgercs o-aarebpoil HOAMHOXKECTB MHOXKecTBa B.

Teopema 3.3.1 (o mpocrpancrse {B,3gB,Pg}). ITycmo
{Q, 5, P} — sepoamnocmmoe npocmpancmeo, B € § — npouseonn-
noe, 1o urcuposannoe muocecneo u P(B) > 0. Qyuxuyua mro-
orcecmea Pp(+), sadannas na § pasencmeom

P (A) P(AN B)
B P(B) )

ABNACMNCA BEPOANHOCTNDIO HA .

Tpotiixa {B,§p,Pp} asaaemea sepoamuocmmvim npocmpancm-
60M.

Hokazarennctso. [Ipoepum, uro Pp yaoBmerBopseT Tpem
aKCHOMaM BEPOSTHOCTH.

OueBuiHo, Pp — Heorpunare/ibHas 1 HOPMUPOBAHHAS.

Yoenumcst, uro Pp — cuerno-ajgurusaas. [lycrs mocaenosa-
TesbHOCTh MHOKecTB {A;} u3 § Takas, uro A; N Aj; =0 npu ¢ # j,
TOr 1A

Pp (E_j Ai) = : <<§1 Ai) mB) - " <zf—jl (4 ﬁB)> —

P(B) P(B)

= P( A mB =
-y b =2 Psl
=1
Yrobwr yoeaurnes, uro {B,§p, P B} SIBJISIETCS BEPOSITHOCTHBIM
MPOCTPAHCTBOM, JOCTATOYHO 3aMETUTh, uT0 Pp sBjsercs HeoTpu-
1aTeIbHON CYeTHO-3/[IUTHBHOI HOPMUPOBAHHOM (byHKIHEH HA § 3.
Teopema (opmyna ymuoxkenust). /aa aobwx coboimuis A
u B € § maxuz, wmo P(A) > 0,P(B) > 0,

P(ANB)=P(A/B)P(B) =P(B/A)P(A).
DTO 0YEBUIHBIM 0OPA30M CJIEYeT U3 PABEHCTB

P(AN B) P(AN B)

A = o) P(A)

P(B/A) =
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Teopema momyckaer obobmienue. [lycmoy A, Ao, ..., A, — ma-
kue coovimus, wmo P(A1 NAyN...NA,—1) > 0, moeda

P(AnﬂAn_lﬂ...ﬂAgﬂAl):

= P(An/(An,1 N...NAsN Al))X
P(An_l/(An_Q NA,_3N...NAsN Al)) X ... X P(AQ/Al)P(Al)

®opmysia IOJJHOI BEPOATHOCTU. BymemM roBopuTh, 9TO CO-
Oobitust By, Bo, ..., B, 00pa3yior noanylo epynny coObITwii, ecju,
BO-IIEPBBIX,

BiﬂBj:Q),i#j.

7, BO-BTOPBIX,

Teopema (dopmysia mosHoi BepositHocTu). [lycmv Bj,
1 1,2,...,n, — noanas epynna cobvimut, npuvem P(B;) > 0,
1=1,2,...,n. Toeda dasa a0bo20 cobvimus A

- zn: P(A/B:)P(B;). (3.3.1)
i=1

n
Hoxaszarensctso. Bocnoas3zosasmucs tem, uro = J B;,
i=1
npeacTaBuM cooblTue A B BHze

A=ANQ=AnN <OBZ~> Lnj ANB)
=1 =1

puvieM

(ANB)N(ANB;) =0, i £,
nockosbKy B; N Bj =0, i # j. Tlosromy

(O (AN Bi) ) iP(AﬂBi)ZiP(A/Bi)P(Bi).
=1 =1 i=1
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Bawmeuanue. [Ipu Beranciennn P(A) 3a9acTyio mpore BHIYuc-
math P(A/B;) u P(B;),i=1,2,...,n, 17 HEKOTOPO# MOJIHOI TpyTI-
bl cobbrTuit {B;}, a 3arem BocHo/ib30BaTHCst HOPMYJI0§i OJIHOI Be-
postaocTH (3.3.1).

Dopmysia TOTHON BEPOSITHOCTH CIIPABE/INBA U JIJIs CIETHOT TOJT-
HO¥l rpyIIbl COObITHIA.

Teopema (dopmynsr Baiieca). ITyemv Bi,i = 1,2,...,n, —

noanas epynna cobwmut, npuvem P(B;) > 0,i=1,2,...,n. Tozda
das 06020 cobumus A (P(A) > 0)
P(A/B;)P(B; ,
P(B;/A) = — (4/B:)P(B:) ,i1=1,2,...,n.
> P(A/By)P(By)
k=1

JlokazaTeabCcTBO.
P(Bi/A) = PIBiNA) _ nP(A/Bi)P(Bi) L i=1,2,...,n.
PA S payBPBY)
k=1

IIpumep 3.3.1. Ha done wyma na 6xo0 paduosokauuortozo
yempoticmsa ¢ seposmmuocmuro p (0 < p < 1) nocmynaem cuznan.
Ecau nocmynaem cuenan (6cezda na gone wyma), mo ycmpoticmeo
PE2UCTPUPYEM HAAUNUE CULHAAL C BEPOATMHOCTDIO P1, ECAU MOALKO
WYM, MO YCMPoTcmeo pezucmpupyem HaAuYUE CUZHAAL C BEPOAM.-
Hocmuvro pa. HMseecmmo, wmo ycmpoticmeo 3apezucmpuposand cue-
naa. Kakosa eepoammnocms mozo, 4mo na 8200 paduosokauuortozo
Yempoticmea NOCMynus cueHas?

Pemenue. Beenem obo3nauenua: A. — Ha BXOJ IIONAJI CUTHAJ
(¢ mymom), A — Ha BXOJI MOTAJ TOJIBKO 1IyM, B, — ycTpoiicTBo 3a-
PETHCTPUPOBAJIO HAJUYNE CUTHATA, B — yCcTpo#icTBO 3aperncrpu-
posasio 1mym. Heobxomumo serancaurs P(Aq/B.). Bocuoassyemes
dopwmyoit Baiteca. B kagecTBe mosiHO# rpynnbl COOBITHI PACCMOT-
puM cobuitua A. m A. Torna

P(B./A)P(A)
(Be/Ac)P(Ac) + P(Be/A)P(A)
[lo ycnoruio 3amaun P(A.) = p, P(A) = 1 — p, P(B./A:) = p1,

P(B./A) = p2. CienoBaresibHo, MCKOMasi BEPOATHOCTD

p1p
P(A./B.) = .
(Ae/Be) p1p + p2(1 —p)

P(AC/BC) = P
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3.4 HeszaBucumsblie cOObITUL

[MousTre HezaBUCHUMOCTH COOBITHI, CJIyUYalHBIX BEJIMYUH, CJIy-
JaifHbIX BEKTOPOB WIPAET B TEOPHUM BEPOSITHOCTEN MCKJIIOUATEh-
Hyto poJib. [lo cyTu, 61aromaps emy, Teopust BEPOATHOCTEN TIOJTY 9r-
Jia TIPaBO HA CYIIECTBOBAHNE KAK CAMOCTOATETbHAA Hayka. CHava a
BBEJIEM TIOHSITUE HE3aBUCUMOCTHU COOBITHI.

HezaBucumblie cOObITHS MBI CBI3bIBAEM C HE3ABUCUMBIMU CTOXAC-
THYeCKuMU 3KcrepuMenTamu. [log HE3aBUCHMBIME CTOXACTUYECKU-
MU SKCTIepUMEHTaMU OyIeM MOHUMATh SKCIIEPUMEHTHI, JIjI KOTOPBIX
naGOpMaIms 00 UCXOE OHOTO CTOXACTHIECKOTO IKCIIEPUMEHTA HE
MEHsIeT NPOTHO3 (BEPOSITHOCTH) MOSABJEHUST COOBITHH B JIDYTOM —
€CJIM M3BECTHO, YTO B OJHOM 3KCIIEPUMEHTE MPON30IILIO0 CoObITHE A,
TO TO HUKAK HE CKa3bIBAETCH HA [IPOTHO3E MMogB/IeHUs coObITrsd B B
JIPYTOM CTOXACTUYECKOM SKCIepuMeHTe. B mpoTuBHOM Ciydae 9KC-
MEPUMEHTBI CIUTAEM 3ABUCUMBIMU.

IIpumepbl HE3aBUCUMBbBIX U 3aBUCHUMbBIX CTOXAaCTUYECKUX
skcrepumeHTOB. CToXacTuueckuit skcepuMeHT 1° COCTOUT B O
OpachlBAHUM TIAPBI MOHET, CTOXACTUYECKUil SKCIepUMeHT 2° — ur-
panbHOit KocTn. MHbOpManms 006 ncxome OJHOTO CTOXACTUIECKOTO
9KCIIEPUMEHTA HE MEHSIET MPOTHO3 (BEPOSATHOCTD) MOSBICHUsT COOBI-
Tl B IPYTOM CTOXACTUIECKOM SKCIIepUMenHTe. KCn M3BeCTeH MCX0/
sKcrepuMenTa 1°, mampumep, Ha 0bemX MOHeTaX BBIMAj Tepb, TO
9TO HUKAK HE MEHSEeT BEPOSITHOCTU HACTYIJIEHUS COOBITUI B CTOXA-
CTUYIECKOM JKCIIEpUMeHTe 2° — BEpOATHOCTH BBITIAQIEHUST ITECTEPKU
ocraercs pashoit 1/6, yernoro uucna oukos — 1/2, ...

B kagectBe mpuMepa 3aBUCUMBIX CTOXACTUIECKUX IKCIEPUMEH-
TOB MOXKHO PAaCCMOTPETh KCIEPUMEHTHI ¢ KJIacCuUKAIUEH 110 1mo-
ay u manbronudmy. Haymaay soibmpaercs demoBek. CroxacTmdaec-
Kuit KcepuMent 1° — knaccudukanus gemoseka mo noay (M —
“myxkunnaa”, F' — “xeHmuHa”); CTOXaCTHIECKU SKCIepuMenT 2° —
Kj1accuUKaIms M0 OTHOIIEHUTO K fagbTonu3my (D — “manbronuk”,
D — “nme panvronuk”). UssecrHo, uro BepositHocts P(D) venoseky
ObITh manbTorukoM pasa 0,02625, sepostaocts P(D /M) myxkuanue
ObITh mansrorukoM pasua 0,05, a xenmmue — P(D/F) = 0,05.
Wudopmarius 06 MCXome CTOXaCTHIECKOTO SKCIIepuMenTa 1° Menger
MPOTHO3 TIOSIBJIEHUsT COOBITUN B CTOXAaCTHMIECKOM KCIIEpuMeHTe 2°,
a UMEHHO, eCJI U3BECTHO, UTO B HKCIepuMenTe 1° mpou3omnio coobl-
te M, BeposiTHOCTH coObITust D B 9KCIIepuMenTe 2° yBeInInBaeTCs
(¢ 0,02625 10 0,05), a eciu npousonLIo cobbiTne F'| BepogaTHOCTE CO-
Opitua D ymenwmaercs (¢ 0,02625 mo 0,0025).

SaMeTuM, UTO Mapy CTOXaCTUIEeCKUX SKCIIEPUMEHTOB MOXKHO pac-
CMaTpUBATh KaK OJUH (COCTABHOI) CTOXaCTUYECKWH SKCIEPIMEHT,
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COCTOAIIMIN B TPOBEIEHNN ABYX. [[oHATHE HE3aBUCUMOCTH BBOIUTCS
JUIst CODBITHI B OZHOM M TOM K€ BEPOATHOCTHOM MPOCTPAHCTBE —
COCTABHOTO CTOXACTUYIECKOTO IKCIEPUMEHTa (XOTs 06 3TOM Criernm-
AJIbHO HE YIOMUHAETCS).

Dopmauzyem ONUCAHHOE OHATHE He3aBUCUMOCTH cOObITHit. Ko-
JIMYECTBEHHO MPOTHO3 COOBITHA A MBI OMMCHIBAEM BEPOATHOCTHIO
P(A), a ecim m3BecTHO, 9TO MPOM3ONLIO COObITHE B, — yC/I0BHOI
seposgrnoctbio P(A/B). TlosroMy HE3aBUCHMOCTH IIPOrHO3A HOSIB-
senns coobiTna A oT coObITus B €CTeCTBEHHO ONICATL PABEHCTBOM

P(A/B) = P(A),

a yunreiBasi, uro P(A/B) = P(AN B)/P(B), 310 MOXKHO 3aucarh
B CUMMETPUIHON dopme:

P(AN B)=P(A)P(B).

Wzmoxkennbie cOOOPayKeHNsT MPUBOAAT K CJIEAYIONIEMY OIpee-
JIEHUIO.

Onpenenenne. [Tycrs {2, F, P} — BepositnocTHOE TpOCTpanC-
1B0. CobriTuss A, B € § OyneM Ha3bIBATh HE3A6UCUMbLMU, ECII

P(AN B)=P(A)P(B).

SBameuanue. HezaBucumocrs COObITHI CBs3aHa C HE3aBUCH-
MOCTBIO CTOXaCTHYECKUX IKCIIEPUMEHTOB, HO SIBHO B ONpPee/eHnn
HE3aBUCUMBIX COOBITHII CTOXACTHYECKHE SKCIEPHMEHTHI He ydacT-
BYIOT.

Teopema. Cobvwmusa A u B (P(B) > 0) nezasucumv mozda u
moavko moeda, K020a

P(A/B) =P(A).
HoxazarenbcTBo. Ecim cobbrruss A u B He3aBUCUMBI, TO

P(A/B) = P(ﬁ(;)B) — P(‘ézz()B) — P(A),

Ecmm P(A/B) = P(A), to
P(AN B)=P(A/B)P(B) = P(A)P(B).

[Tocnenmee Kak pa3 ¥ 03HAYAET, UYTO COObITHS A U B HE3aBUCHMBL.
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Teopema. Ecau cobwmusa A u B nesasucumo,, mo cobvimus A

u B nesasucumo.
JlokazaTealbCTBO.

P(ANE) =P (AN (Q\B)) =
—P(A\(ANB)) =P(A) —P(ANB) =
= P(A4) — P(A)P(B) = P(4)(1 - P(B)) = P(4)P(B),

T. €. cobpiTug A u B HesaBucuMBL.

Caencrsue. Ecau cobwmua A u B nesasucumvt, mo cobvimus
A u B nesasucumo.

Omnpenenenne. Cobbitusa Ay, Ao, ..., A, Oygem HAZHIBATE HE3a-
BUCUMBLMU 6 COBOKYNHOCTU (HE3A6UCUMBLMY), ECTH JIJIS JI060r0
nabopa {i1,i9,...,i}, k = 2,3,...,n, PA3JIUYHBIX UHJIEKCOB U3
{1,2,...,n

P(A;, NAi,N...NA;) =P(A;)P(Ay) ... P(4;).

Onpenesnenne. Cobpitus Aq, Ao, ..., A, OygeM Ha3bIBaThH NO-
NAPHO HE3ABUCUMBLMU, €CITH JIJTS KayKI0ii mapel s, k (s # k) cobbitus
As n Aj, HE3aBUCUMBL.

Bameuanue. CobbITHs, HE3ABUCUMbIE B COBOKYITHOCTH, SBJIsI-
FOTCsT TIOTTAPHO HE3aBUCUMBIME, HO HA00OPOT, BOOOIIE TOBOPsI, HET
(cm. mpumep C. H. Beprmrreiina (mpumvep 4.4.2)).

IIpumep 3.4.1. Pabomaem m paduosokaUuoHHLET CMaHyul,
Kaotcdas u3 KOmopux 3a 00Uk Yuks 0CMOMPa 00HAPYIICUBaEM 005-
exm ¢ 6epoAMHOCMbI0 P (HE3ABUCUMO OM OPYUT YUKAOE U CIMAH-
yut). 3a epema T wasicdas cmanyus ycnesaem coeaamv N Uuk-
206 ocmompa. Hatimu eepoammocmo cnedymmua: cobvmuti: A — “3a
opema T obsexm 6ydem obnapyoicen” (xoma 6ve 00Hot cmaryued),
B — “sa epemsa T obsexm 6ydem obHapyoscen xaxncdol cmanyuets”

Pemenne. Obosnaunm uepes Aj; cobbitme, cocTosmee B TOM,
9TO j-s1 CTaHIUs OOHADPYKUBAET OOBEKT B - M ITHKIe, i=12,...,m;
i=1,2,...,n; Aj — 00BbeKT oOHAPYKeH j-ii cTaHIueil, j = 1

, M. OquI/mHO
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Otciofa, yuuThIBasg HE3aBUCHMOCTH COOBITHI Aji,j = 1,2,...,m;
1=1,2,...,n, nmeem:

3.5 Ilpumeps! u 3amaun

IIpumepnt
IIpumep 3.5.1. ITycm» {A,} — nocaedosameavrnocms nenepe-
cexarouguzca muoocecmes (A A; =0,1# j) u

Bn:[jAz, n:1,2,...

i=n

o0
Joxasamv, wmo (| By, = 0.
n=1

o0 o
Pemenwue. lpeanonoxum, uro (| B, # 0, unycrbw € (] B,.
n=1 n=1

o0
Torma w € By = |J 4; u, ciegoBarenbHo, w MPUHAIEKUT XOTs Obl
i=1



48 I'maa 3. CpoticTBa BeposiTHOCTH

omHOMY U3 MHOXKeCTB A;, i = 1,2,..., a mockombky A; N A; = 0,
i # j, TO TOJIBKO OJHOMY MHOYKECTBY, 0003HAa4IHM ero 4depes Ay, .
TTosromy

w ¢ U A = Bno+1'

i=ng+1
o0
A nmocjeaHee IPOTUBOPEYNUT IPEAIIOJI0KEHNIO W & ﬂ Bn
n=1

3agaun
3.1. ITycrs {A,,} — nocsie10BaTeIbHOCTE MHOXKECTE U

n—1
Bl :Al, Bn :An\ U Ai,n: 1,2,...
i=1

JlokazaTh, 4To MHOXKeCcTBa B; MomapHo He IMepeceKaroTcs u

o0

G An = B
n=1 n=1

3.2. PagmooKaImoHHas CTAHIUS BeJeT HabII0IeHne 38 KOCMU-
4eCKUM O00BEKTOM, KOTOPBIIT MOYXKET CO37aBaTh momexu. Ecjim 00b-
eKT He CO3JAeT IMOMEeXHU, TO 3a OJUH IUKJ OCMOTPA CTaHIINA O0HA-
PYKHMBAET €r0 C BEPOSITHOCTHIO Pg, €CJIN CO3TAET — C BEPOSATHOCTHIO
p1 (p1 < po). BepoaTHocTh cO3Manusa TOMEX HA MPOTHAKEHAN UK/
O0CMOTpa paBHA P W HE 3aBUCUT OT TOTO, KAK M KOTJIa CO3/ABAJIUCH
moMeX” B JIpyrux mukjaax. HaiiTu BepoSTHOCTH OOHADYKEHUS 00b-
€KTa XO0Td 6I)I OJIMH Pa3 Ha HIPOTAXKEHUU 71 HUKJIOB OCMOTPA.

3.3. Ilpu penrrenoBckoM 00C/I€I0BAHUN BEPOSTHOCTH OOHAPY-
JKUTH 3aboJieBanne y 60I5HOTO TyOepKyie3oM pasHa 1 — 5. Beposit-
HOCTb IPUHATH 3J0POBOr0 UejioBeKa 3a bojibHOrO paBHa a. Ilyctob
J10/1s1 BOJIBHBIX TYOEpKYJ/Ie30M TI0 OTHOIIEHUIO KO BCEMY HACEJIEHUIO
COCTABJISIET 7.

Haiitu BeposiTHOCTH TOIO, 9TO YE/JI0OBEK 30POB, €CJAU OH ObLI
npu3HaH 00JIBHBIM TIpU 00C/I€I0BAHUN.

Ykazauue. Paccmorpum cobwitusi: S — “genoBek 0OoJien”,
S — “gejioBek 370poB”, Rg — “pPEHTreHOBCKMII aHAIN3 MOJIOKHUTE-
nen”, Rg — “penrrenosckuit anaius orpunarenen’. Cormacuo ¢op-

myse Baiteca nckomas BepOITHOCTH

P(S/Rs) = a(l —7)/(a(l =)+ (1= 8)y).



I'1aBa 4

JIncKpeTHoe BepOATHOCTHOE
IIPOCTPAHCTBO

4.1 IlocTpoeHne AUCKPETHOTO
BEPOSITHOCTHOTO IMPOCTPAHCTBA

MaTeMaTu4IecKoit MOJIe/IbI0 CTOXACTUIECKOTO IKCIEPUMEHTA STB-
Jsiercs BepostHocTHOe mpocrpanctso {Q, §, P}, toe Q@ — npocrt-
PAHCTBO 3JIEMEHTAPHBIX COOBITHII (MaTeMaTwdecKas MOJENb HCXO-
JIOB CTOXaCTUYECKOr0 IKCIIEPUMEHTA); § — o-ajarebpa MOoJMHOKECTB
npoctpancTBa 2 (Mozmesb anrebpbl HAOIIOIAeMBIX COObITHIT); P —
BEPOSITHOCTH (MOJIEJIb 9acTOThl Uy (A) cobbiTrst A B moC/I€10BaTE T H-
HOCTH 9KCIEpUMeHTOB). Halie Bcero maremarudeckas MOJEIb CTO-
XaCTUIECKOT0 IKCIEPUMEHTA CTPOUTCS 0 IMITUPUIECKUM JTAHHBIM
— OOBIYHO /1T HEKOTOPOTO KJIACCa HADIIOIAEMBIX COOBITHI (B KaxkK-
JTOM SKCIIEPUMEHTE TaKOil KIacce CBOIi) M3BECTHBI UX YaCTOTHI. Y HAC,
KaK MpaBujo, He Oyjer TpyaHocTeil ¢ BoibopoM ) u o-aaredpol §
Ha (), Tero Heh3s CKa3aTh O 33JaHUWM BEPOSTHOCTH — HEOTPHUIIA-
TeJILHO CUYeTHO-aINTURBHON HOpMUpOoBaHHOM dyuKuu. Ho ecin (2
KOHEYHO WJIM CYETHO (KpaTKO OymeM TOBOPUTH — JUCKpemHo), Be-
POSATHOCTH 337[aTh MPOCTO — JOCTATOYHO 33/1aTh BEPOATHOCTH i€~
MEHTApPHBIX COOBITHIA.

Teopema 4.1.1 (BepositHOCcTbh Ha guckperHoMm (2). [Tycmo
Q — duckpemno u P — neompuuamesvhas dyruxyuis mouku na 2
maxas, 4mo

> Pw) =1. (4.1.1)

weN

49
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Tozda pynryus muoorcecmsa

P(4) =) P(w), (4.1.2)

wEA

3adannas na o-anzebpe 6cex nodmmoocecms ), asasemcea eepoam-
HOCTIDBIO.

HoxkazaTeabcTBo. [Ipexme Bcero 3ameTnM, 9TO OMpeeIe-
ure (4.1.2) dhyHKINN MHOXKECTBA KOPPEKTHO: B CHJIY abCOIOTHOI
cxommmoctn psiga (4.1.1) s xaxgoro A C €2 aBCOMIOTHO CXOAUTCS
upsy Y, Plw).

weA

Yo6eanmcs, uto P(-) sBasgercs BepoSTHOCTHIO Ha, o-anrebpe Beex
MOAMHOXKECTB {), T. €. ABJISIeTCS HEOTPUIIATE/IHLHO, CUeTHO-a ] INTUB-
HOIl, HOpMUPOBAHHOI (hyHKIHEl MHOXKECTBA.

Heorpunarensuocts P(A), A C Q, cieayer us pasencrsa (4.1.2)
u HepaBeHcTs P(w) > 0, w € Q.

Jlitst m:000#t CIeTHOH TOCIeI0BaATEILHOCTH HEMEePECEKAIOINXCS
MHOKECTB A;, yIUTBIBast CBOWCTRBO aCCONMATUBHOCTH abCOIIOTHO CXO-
JAIIUXCA PAJIOB, UMEeM

P L_JlA = Y Pw=>_[> Pw) =;P<Az~>,

welJ A; i=1 \weA;
T

T. e. P(+) cuerno-auTuBHA.
Hanee, cornacuo (4.1.2) pns xaxgoro A C Q

P(A)= Y P(),

weA

B vactHOoCTH, U Jiyist A = ()

P(2) =) P),

weN
nosromy yunthiBag (4.1.1) umeem
P(Q2) =1,

T. e. P(-) — HopMupoBanHas DyHKIMsST MHOKECTBA.



4.1. IlocTpoenne THCKPETHOTO MPOCTPAHCTBA o1

BepoarmocTs, 3a7aBaemMas paBeHCTBOM

)= PW)

w€EA

Ha o-ajgre0pe BCex IMOJMHOKECTB auckpernoro ) (ma camoii “6ora-
Toil” o-anrebpe), OKa3BIBACTCS OMPEIEIeHHOM u Ha JI000i IpyTroit
o-anrebpe G npocrpancria 2 (MOCKOIBKY Kaxkast o-aarebpa mos-
MHOZKECTB MPOCTPAHCTRA {2 COMEPKUTCA B T-aaredpe BCeX TOIMHO-
xkectB MHOXKecTBa (). [TosTomy, eciu € quckpeTHO, HET HEOOXOU-
MOCTH BBIJIEJISTH B IPOCTpaHcTBe () o-anrebpy, Ha KOTOPOii 3aj1a-
eTCS BEPOATHOCTh. B CBSAZU € 9TUM BEPOATHOCTHOE MPOCTPAHCTBO,
korya §) quckperno, ob6oznavaror napoit {2, P}

Omnpenesenne. Eciu () 1uckperHo, TO BEPOATHOCTHOE MPOCT-
panctso {2, P} Gynem maswiBaTh duckpemmvim.

Bepositnocrs P, 3agannas wa auckpernom ) (Ha MHOXKeCTBE
BCeX MOJMHOMXKECTB JUCKPETHOro {)) HazbiBaioT duckpemnot (amo-
MUNECKOT) BEPOSTHOCTHIO.

Bepogaraocts P(+), sagannasg wa o-aaredpe BCeX IOJIMHOMKECTB
JMCKPETHOTO TpocTpancTBa ) nocpeacrsoM dbyukun Toukn P(w):

)= P),

w€EA

ONPEJIEJIEHA, B 9aCTHOCTH, U HA OJJHOTOYEYHbIX MOJMHOXKECTBax {w}
(s71€MEHTaPHBIX COOBITUSX):

P{w}) = Y P(w)=Pw),

we{w}

U ee 3HAYEHNE HA OJJHOTOYEYHOM MHOXKECTBE {w} COBIAIaer co 3Ha-
yennem P(w) dbynknuu P B Touke w. [Tosromy na 3navenune P(w)
MOYKHO CMOTDETh KakK Ha BepoaTHocTh P({w}) smemenrtaporo co-
OpiTus w, npu 3roMm P({w}) 6ymem ob6osnauars yepes P(w).
Teopema 4.1.1, o CyIIeCTBY, YTBEPKIAET, 9TO 6 CAyuae Ouc-
xpemnozo ) 0ad 3a0aHuUA BEPOAMHOCTIU HA O-aszebpe 6cex Nnod-
mrooicecme ) docmamouno 3a0amo 6EPOAMHOCTIUY IAEMEHMAPHBLL
cobvimuti (3rm cobbiTus 0OPa3yIOT MOBOJBHO y3Kuii Kaacc). Bepo-

arnocts P(A) mo6oro apyroro cobeitust A mo BepogrHOCTAM P(W)
9JIEMEHTAPHBIX COOBITHI {W} BBIYMCIISIOT TaK:

P(A)=) Pw)

w€eA
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— eepoamnocms P(A) cobwmua A pasna cymme eepoammocmet
anEMEHMAPHHIT cobbmutll, exodswur ¢ coommue A. B obmem ciy-
Tae TaK MPOCTO 33/IaTh BEPOSITHOCTH HE yIaeTCs.

Ha muckpersom ) paBeHCTBO

P(A) =) Pw), ACQ,

wEA

yCTaHaBJ/IMBaeT B3aWUMHO OJHO3HAUYHOE COOTBETCTBUE MEKJy HEOT-
puniaTebHbIMEI DYHKIUAMEA TOYKT

P:w—Pw), weQ,

TaKUMU, 9TO

> Pw) =1,

weN

n HeOTpunaTe/JIbHBIMU CIEeTHO-aJJUTUBHBIMA HOPMUPDOBAHHBIMU (byHK—
OTUAMU MHOXKECTBa

P:A-PA) =) P), ACQ,
weA

— BEPOATHOCTAMU HA KJIACCe BCEX TTOIMHOKECTB ().

[TosTomy meorpunarensayto dyakmmio Toukn P(w), w € ), na

jquckpernom ), st kotopoit » |, P(w) = 1, Takke HA3BIBAIOT JUC-
weN
KPETHOI (ATOMIUYECKOit) BEpOSITHOCTHIO Ha ).

Hduckpernoe pacnpenesnenune. [lycre X — nuckpernoe (Ko-
HeuHoe b0 caeTHoe) moaMHuokecTBo R™. BeposTHOCTS, 3a1aHHYI0
Ha KJacCe BCeX IOAMHOYKECTB JUCKpeTHOro Muoxkecrsa X C R™,
e1re Ha3BIBAIOT JUCKPEMHbLM BEPOATNHOCTIHbLM PAcCNPEdeseHUEM Ha
X C R” (kparko — Ha R").

Cormacuo Teopeme 4.1.1, sepoammnocmmuoe pacnpedesenue P na
duckpemmom mnooicecmee X C R™ szadaemcea ceoumu 3HaveHusmu
6 mouwkaxr x € X C R™:

P(A)=> P(), ACX. (4.1.3)

TEA
ITosromy HeorpunaresbHyo QyHKIUIO TOYKH

rx — P(x), e X CR", 1.
P P X CcR" 4.1.4
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co snavenusyu B R! ma auckpernom mogmuoxectse X C R™ Takyio,

Z P(z) =1,

zeX

TAKIKe HA3bIBAIOT JUCKPEMMHBIM BEPOATHOCTIHBM PACTPEJENEHUEM
na X C R™ (ma R™).
Touky x € X, Takyto, 4T0

P(z) >0,

HA3BIBAIOT amMomom pacnpedesenus P, a ancno P(x) naseiBator mac-
coti amoma .

JlvckpeTHOe BEpOATHOCTHOE pacpesesieHne ya00HO HHTepIIpe-
TUPOBATH KaK €JUHUIHYIO MACCY, COCPEIOTOUEHHYIO B TOUYKAX JIAC-
KPETHOTO TOJMHOXKECTBA X : B TOUKe & cocpeporouena mMacca P(z),

rzeX.

IMpeacraBum, uro Gycunbl (i-s1 OycuHa ¢ Maccoii p;) eJIMHUIHOL
cymmapuoit Maccnl (Y. p; = 1) paccommaior ma mpamoit R, Toukn

(3
z; € R', B KOTOPBIX OCTaHOBHINCH BYCHHBI, 06PA3YIOT JHCKPETHOE
muoxkectBo X C R aromos, Macca aroma x; pasra macce p; Oycu-
HbI, KOTOPas OKa3aJach B TOYKE T;.
Bycunbl, maxogsmumecss B Toukax x; € X C R!, zagator na X

dyHKIMIO
P:x; = P(x;) =pi, zi € X,

KOTOpasi IPEJICTaBIsierT co00il IUMCKPeTHOE (ATOMUYECKOE) BEPOSIT-

rocTHOE pacipenenenne Ha X C R (ma RY).

Ecyu 6ycuns cyMMapHO# € TMHUYHOM MaCChl PACCHITIAIOT HA TJI0C-
KOCTH, TI0JTy4aeM JIUCKPETHOe BepPOsITHOCTHOE pacipesesenue Ha R2,

O 3amaHvu BepoOATHOCTEll 3JIE€MEHTAPHBIX COOBITHIA.
A kax onpegensiorcsa (0TKyna 6epyTcs) BEPOSITHOCTH 3JIEMEHTAD-
HBIX cOObITUI? VX MBI 3aj1aeM CaMu, Yallle BCEro MCXO/s U3 SMIIK-
PUYIECKUX JAHHBIX O CTOXACTUIECKOM 3KcrmepmnMenTe. Teopnst Bepo-
ATHOCTE! HUKaKUX PEKOMEHJIAIUil II0 OIPEIe/ICHUI0 BepOATHOCTeR
9JIEMEHTAPHBIX COOBITHUI He JaeT. A Ha eCTeCTBEHHO BO3HUKATOIITHI
3J1€Ch BOTIPOC: “aIeKBATHO Jin (TPABUIBHO JIN) BBIOPAHBI BEPOSITHOC-
TN JIEMEHTAPHBIX (306])ITI/II‘/‘I7 a BMeECTE C HUMU U MaTeMaTu4deCKasd
MOJIeJIb?” OTBEYAeT ONBIT, KaK MPABUJIO, HA SI3bIKE MaTeMaTUdec-
KO CTATUCTUKU, 3AHUMAIOIIEACA IPOBEPKONA aJJCKBATHOCTU MOJE/IN
OIBITY (CTOXACTHIECKOMY SKCIEPUMEHTY ).

IIpumep. Ilodbpacwisarom uzpasvryro kocms. Ilocmpoums ma-
memamuseckyo modeav (8EPOAMHOCTIHOE NPOCTNPAHCMEO0) IMO20
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CMOTACTNUYECKO20 IKCNepumenma. Bowucaums sepoammocms co-
ovimus A — “6uinaso uemmoe wucao 0ukos”.

Pemenune. B xagecTBe mpocTpaHCcTBa 3/IEMEHTAPHBIX COOBITHI
Q ecrectrenno paccmorpers muoxkecrso 2 = {1,2,...,6}. Ilpo-
CTPAHCTBO §) OMMCHIBAET BO3MOXKHBIE UCXOIBI CTOXACTUIECKOTO IKC-
nepumenta. dyement i (i = 1,2,...,6) npocrpancrsa ) onuceBaeT
ncxo “BuImagio 4 0ukoB”. TTockoIbKyY () IUCKPETHO, TO JIJIS TTIOCTPO-
eHust BepoATHOCTHOTO npocTpancTsa {2, P} mocrarouno 3agars Be-
POSITHOCTH 9JIEMEHTAPHBIX COOBITHIA.

Cobbrtus “Beimasio ¢ oukoB”, ¢ = 1,2,...6, asaaorca HAOIO1a-
€MBIMU, TI09TOMY MOXKHO T'OBOPUTH O YAaCTOTE WX MOABJIEHUS B I10-
CJIEJIOBATEILHOCTH SKCIIEPUMEHTOB. Vcxoast U3 9Tux 9acrToT, T. €.
U3 ONBITHBIX JIAHHBIX, MBI U 3ajaeM (MPHUIUCHIBAEM) 3JeMeHTap-
HBIM CODBITHSIM BEPOATHOCTH. EC/IM KOCTh U3TOTOBJIEHA TaK, 9YTO
pu ee Tmom0PACKIBAHUN TPAHU MOSABIAIOTCA “OJMHAKOBO 9aCTO , TO
KaXKJIOMY 3JIEMEHTAPHOMY COOBITHIO €CTECTBEHHO MPUIHCATEH BEPO-
ATHOCTH 1/6 — 9TO He 9TO MHOe, KAaK OTPazKEHME OIBITHOrO (hakTa,
— HU U3 KAKUX TEOPEM U YTBEPXKEHUII HE CJIEIyeT, UTO

P(i)=1/6, i=1,2,...,6.

Eme rosopsr, uro mbr 3amaem sepoataoctn P(i) =1/6,i=1,2,...
...,6, ucxomst m3 coobparKeHuit CUMMETPHUH, HO TOCAeTHEee ONATh-
TaKW OTPAYKAET OMBITHBIE JaHHBIE O TIOBEIEHUN CUMMETPUIHON UT-
PaabHON KOCTHM KaK TAaKOW, I'PaHU KOTOPOW BBIIAIAIOT OJMHAKOBO
“gacto”. Pazymeercsi, mogdpaceiBaemMas urpaabHas KOCTh HE 00s13a-
TEJIBbHO CUMMETDpHUYIHAaA. Hpeﬂ;CTaBI/IM, Y9TO KOCTHh M3TOTOBJIEHA TakK,
qaro rpanu 1,2, 3,4, 5 BBIIAJAI0T OJUHAKOBO 9acTO, a I'paHb 6 — Tak
9acTo, KAK OCTaJbHbIE BMECTe B3siThie. 10T/1a 3//eMeHTapHBIM COObI-
TuaMm 1,2,...,6 ecTeCTBEHHO IPUTNCATHL BEPOATHOCTU CJIEYIOTIIM
obpazom:

P(1) = 1/10,P(2) = 1/10,...,P(5) = 1/10,P(6) = 1/2.

W ongarb-Takm 9TO TOJHKO OTPAXKEHWE OMBITHOTO (pakTa W HU U3
KaKUX TeopeM He cjie/iyer.

laee, eciu M3BECTHBI BEPOSITHOCTU 3JIEMEHTAPHBIX COOBITHIA,
TO BEPOSITHOCTD JTIOOOTO IPYTOTO COOBITHS A OTIpeNessseTcsl paBeHC-

TBOM
P(4)=> Pw).
weA
B wactHOCTH, BEPOATHOCTL COOBITHS A — “BBIMATIO YETHOE UUCIIO

OYKOB”, OMHUCBIBAEMOTO TOAMHOXKecTBOM {2,4,6} mpoctpancTsa 2,
BBIYUC/ISIETCS TAK:

P(A) = P({2,4,6}) = P(2) + P(4) + P(6).



4.2. Kiaccuueckasl MOJe/Ib

LTt cuMMeTpUYHOM UTPATbHON KOCTH
1
P(A) = P(2) +P(4) +P(6) = ¢ +

a 11 HeCUMMEeTPUYHONI

P(A) = P(2) + P(4) + P(6) = — + — + = = —.

95

Ecin  auckpeTHo, HCXOAHBIM “MaTepuaIoM’ [js TOCTPOCHUS
BEPOSITHOCTHOTO TTPOCTPAHCTBA SIBISIIOTCST BEPOSITHOCTH, 33 JaHHBIE

Ha Kjacce R DJIEMEHTAPHBIX COOBITHI.

IIpu mogbpaceiBanmu UTPaAIBHON KOCTH Kjacc R 00pasyroT co-
ObITHs: “BBIIAJIO ¢ 09KOB”, ¢ = 1,2,...,6. BeposgrHOCTH Ha Kjacce
R MBI 33/1aeM, UCXO/d U3 HMIUPUIECKUX JTAHHBIX O IMOBEIEHUU WUT-
pasbHO KOoCTH Tipu ee monbpackiBaruu. Jlaree “mocrpanBaem” Bepo-
SATHOCTD, 3aJaHHYI0 HA KJiacce R, 70 BEPOITHOCTH HA ajredpe Bcex
noAMHOKeCTB {2 Tak, 9T00bl BbIIOJIHA/IOCH CBOMCTBO a/lJIMTUBHOCTU
BEPOSITHOCTH, MTO3TOMY BEPOSITHOCTH KaXKIOr0 JAPyroro HabJogae-

MOT0 cobbITHsT A ompesengeTcs CaeayonmM 06pa3oM:

P(4) =) Pw).

w€eA

4.2 Kiaaccuyeckasi MOJae b

Onpenenenne. Jluckperrnoe BepOATHOCTHOE ITPOCTPAHCTBO

{Q, P}, snemenrapunie cobbITHS KOTOPOTO PABHOBEPOSATHBI:

P(wi) = P(wj)

IS BCEX 1, J, OyIeM Ha3BIBATH KAGCCUHCCKOT MOJEADIO.

Hanee gepes n(C') Gymem 0603HAIATH IUCIO SJTEMEHTOB KOHEY-

sOro Mmuoxkectna C.

Teopema 4.2.1. Ecau {Q,P} — xaaccuneckas modeav, mo §)

KOHEYHO U 8EPOATMHOCTNU IAEMEHINAPHIT cobvimui

mwpai)J:Lz”wmm.
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JleficTBUTETBHO, KJIACCUIECKAsT MOJIE/Tb — JACTHBIN CJIydail Irc-
KPETHOM MOJIe/IN, II03TOMY

> Pw) =1,

wiEQ

a Tak kak Bce P(w;), w; € Q, pasunl mexay coboii, To P(w;) =
= P(w1), w; € Q, u, ciepoBaresbHo,

> Plw) =1. (4.2.1)

w; EQ

Pan ¢ obumm 4ienoM paBHbIM KOHCTaHTe P(wi) cxomures B AByX
cayuasix: ecam P(wi) = 0, HO 3TO NPOTUBOPEYUT DPABEHCTBY

Y P(wi) = 1, wm uncno n(2) unenos psga xkoneuno. ITosromy
w; €N
paBencTBo (4.2.1) MOXKHO 3aIKCaTh TaK:

1= P(w) = n(Q)P(wr).

w; €EQ
OTcroma
1
n(Q)’

Dopmyia Kj1acCU4ecKOoil BepOsITHOCTH. B Kiaccuieckoit Mo-
Jlejid, KaK U B JIFOOOM JIMCKPETHOM BEPOSTHOCTHOM IMPOCTPAHCTBE,
T KaxKJ0ro cooniTua A

P(w;) = P(w1) = i=1,2,...,n(9).

Tak 4T0 6 Kaaccuueckol modeau 6ePoAMHOCTL cObbimus A pac-
na omnowenuro wucaa n(A) asemenmaproir cobvimutl, 6TOOAULUL
6 A, & obwemy wucay n(d) ssemenmapnunr cobvimud, T. e.
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P(A) = ;”Eéi. (4.2.2)

Bepositnocts P, 3amasaemyto pasenctsom (4.2.2), HA3BIBAIOT KAaC-
cuseckoli seposamuocmvio, a dbopmyny (4.2.2) — dopmyaol xaaccu-
weckotl eepoamnocmu. Vcxompr (s7eMeHTapHble COOBITHS ), BXO/Is-
mue B coObITHE A, ellle HA3BIBAIOT UCXOMAMHU, O4020NPUAMCMEYIo-
wumu cobvimuto A. QOpMyTy KIACCHIECKON BEPOSITHOCTH YACTO
YUTAIOT TAK: GEPOAMHOCTL CoOuMUA A pasHa OMHOWEHUIO “UC-
AQ UCT0008, BAGZONPUAMCMEYIOWUT cobvimuto A, K obwemy “ucay
ucr0dos.

IIpumep (rumoresa [I’AsiamGepa). Bpocarom dee cummems-
PUUHBLE MOHEMDL. Boiwucaums 6epoammocmu caedyowur cobvimud:
A — “obe monemw swnaau 2epbom”, B — “obe monemvt 6vinail pe-
wemxot”, C' — “Monemuvl 6binat pasHbvLmu cmoporamu”,

SameuaresbHbIl (DpaHIy3CKUil yaenbiit u maremaruk [’ Ajram-
bep cumTas, 9TO yKa3aHHBbIE COOBITHSI PABHOBEDOSITHBI W, CJIEIOBa-
TeJIbHO, BEPOSITHOCTh KayK10r0 n3 Hux pasHa 1/3. Mexy Tem u 110
JI'Anambepa u mocse CymecTBOBA MPABUIBHBIN TOAXOM K perre-
HUIO 9TOM 3a/1a4n: MOHETHI CJeyeT pas3jinydarh. Lorjga B KadecTBe
TPOCTPAHCTBA JEMEHTAPHBIX COOBITHN eCTECTBEHHO PACCMOTPETH
Q = {TT,I'P,PT,PP}. A mocko/bKy MOHETbI CUMMETPUYHBI, TO
KaXKJIOMY HCXOIY CJIeIyeT MPUINCATh BEPOATHOCTH, paBHYIO 1/4.
[TosTomy

P(A) = P(IT) = 1/4, P(B) = P(PP) = 1/4,

P(C) = P{PI,I'P} = P(PI) + P(IP) = 1/4 4+ 1/4 = 1/2.

[To-Bunmmomy, mormdgeckn 060CHOBATD, TIoUeMy He Tpas I’ Amam-
6ep, mosiaras, 4To cobpitusa A, B, C' paBHOBEPOSITHBI, HEBO3MOXKHO.
B dusuke snemenTapHbIX 9aCTHUI] BCTPEYAIOTCH CUTyalll, B KOTO-
pbix ckopee mpas I’ Anambep.

B paccmarpuBaeMoM ke mpuMepe B TOJB3Y BTOPOH MOJIEH TO-
BOPUT OMBIT. PerncTpupyst pe3yabTaThl CPABHUTEIBLHO TTUHHON ce-
PUH 3KCIEPUMEHTOB, He IIPEJICTaBAAeT TPY/Aa ¢ HOMOIILIO CTATUCTU-
YeCKHUX METOI0B y6eILI/ITbC${, 9TO B Ka4deCTBE MOJCJIM OIMMUCAHHOI'O
CTOXaCTUYIECKOTO IKCIIEPUMEHTA CJIECAYET IPUHATH MOJAEJIb:

Q = {TT,TP,PT, PP},

P(IT) = 1/4, P(PT) = 1/4, P(I'P) = 1/4, P(PP) = 1/4,

a "e mojens JI'Anambepa.
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Teopema (BbIUNCJIEHUE YCJIOBHOM BEPOSITHOCTHU B KJIACCHU-
geckoii mopmenu). Ecau {Q,P} — wxaaccuuveckan modeav u
P(B) > 0, mo {B,Pgp} maxoce kraccuneckas modesv u ycrosnas
sepoamuocms Pp(A) cobvumusa A omnocumenavro cobwmus B pas-
na ommowenuto wucaa n(A N B) saemenmaprviz cobbvimul, 6x00-

wuzxr ¢ AN B, & wucay n(B) aremenmaproiz cobvimul, 8T00AUUT
6 B :

~ n(ANB)
Pp(A) = “n(B)
Hoxazarenbcrro. Hug kaxaoro w; € B
P{wi}nB) _ P({wi}) 1/n(Q) 1
P i — = e = R
s =) T R(B)  a(B)/(@ ()
nosromy {B,Pp} — wmaccuueckass mozesnb. Ocrasoch 3aMeTHTh,
4qTO

P(ANB) n(ANB)/n(Q) n(ANB)
P(B) — n(B)/n(Q) —  n(B)

IMpumep 4.2.1 (3amaua JIstouca Kapposa). B ypne nazo-
dumca 00ur Wwap, OMHOCUMEABHO KOTROPO20 U3BECTNHO, 4IMO OH AU-
60 Geaviti, aubo weprwiti (¢ eepoammnocmoio 1/2). B ypry nososcunu
beavili wap, a 3aMmem, MULGMEABHO NEPEMEULAE ULEPYL, USBAEKAU Ha-
yodawy odun wap, Komopwuil okasasca beavim. Kaxosa sepoamuocmy
BHIHYMb NOCAE IMO20 U3 YPHYL beavl wap?

Pemenune 1. IxcrepuMeHT COCTOUT B TOC/IEIOBATEILHOM W3-
BJIEYE€HUU U3 YPHBI ABYX mapoB. Obo3uaunm Oesbiii map yepes W,
qepHbIil — B. MHOXKecTBOM BCEX UCXOJI0OB CTOXAaCTUIECKOTO IKCITE-
pUMEHTA SBJISIeTCS

Pp(A) =

Q= {WW,WB,BW}.

Hanpuwmep, mapa W B onucbiBaeT HCXO: “IEPBBIM MU3BJAEYEH OeIbIi
map, BTopsiM — depHbIit”. [IycTh cobbrrne A1 — “Gesiblii map BBIHYT
nepsbiM”’, cobbiTre Ao — “Genblii map ussaeden Bropuiv”’. Heobxo-
Mo Beramcnth P(Ag/A1). Coberrusa Ay, Az, A1 N As xak momuo-

JKecTBa {2 OTUTITYTCS TaK:
A = {WVV, WB}, Ay = {WW, BW}, A1 NAy = {WW}

TTockompky B () BXOmAT TpU 3memMeHTapHBIX COObITHS, B A1 — aBa,
B A1 N A2 — BXOJUT OJTHO 3/IeMEHTAPHOE COOBITHE, TO

P(A2 N Ay) _%_ 1

P/ = =50y a3~ 2
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Pemenune 2. Benbrit map, KOTOPHIH MOJOXKUIN B YPHY, TTOMe-
TUM 3Be3704KO0il u o6o3nauum yepes W*. Torga MHOXKECTBOM BCex
MCXOMIOB CTOXaCTUIECKOTO 3KCIIEPUMEHTA, SIBJISIETCS

QO ={WW* W*W, BW*, W*B}.
Cobbituga A1, Az, A1 N As Kak moaMHOXKECTBa, §2* ONUIITYTCS Tak:
Ay = {WW* W*W,W*B}, Ay = {WW* W*W, BW*},
AN Ay ={WW* W*W}.

ITosromy

B P(AgﬂAl) B 2/4 . 2
A= TGy Taa Ty

JlBa perrierns — nBa pa3HbIX oTBeTa. Hexoporro.

Bomnpoc 1. Kakoe u3 pemrennii nepepuoe?

Bonpoc 2. Tne gonyrena omubka?

IlonpiTatiTech cHavasa OTBETUTHL HA BOMPOCH 1 W 2, He ymrTad
Jlasee.

Orser ¥ npumepy 4.2.1. Pemenne 1 mesepuoe. Mogens He
KJIACCUYECKasi, & BEPOATHOCTH CODBITHII BHIYUCIAIOTCA KAK B KJIaC-
CUYECKOU MOJIENN.

TTockobKy cHaYaAIa B ypHE HAXOAUICS O€/IbIi Min 9ePHBIi mrap
(c BeposiTHOCTHIO 1/2), TO MOC/IE TOTO, KAK B YPHY TOIOXKMIIN GeIblii
map, B ypHE HAXOAATCH C BEPOATHOCTHIO 1/2 mapbl OJIHOI'O 1IBeTa U
¢ BeposaTHOCTBIO 1/2 — paszuoro. [losTomy B 9T0it MOze N d1€MEH-
TapHBIM CODBITHAM HEOOXOINMO MPUIHCATH BEPOSITHOCTU TaK:

P(WW) =1/2,P(WB) =1/4,P(BW) = 1/4.

Tora
P(Al N Ag) = P(WW) = 1/2;

P(A)) = PUWW,WB}) = PWW) + P(WB) = 1/2 + 1/4 = 3/4,

P(AQﬂAl) _17/2_ 2

P(A2/A) = ——— = =—.
P(A1) 3/4 3

B pemennn 2 KayK10My HCXO/Y TPUMHUCHIBAEM BEPOSATHOCTD 1 /4.

3aMeTuM, YTO COCTaB YPHBI TOCJIE BJIOXKEHWS OJHOTO IMapa M [0

BbIOOpA 11APOB TAKOil: jBa OeJibIX I1apa, OJMH M3 KOTOPbLIX [IOMe-

4eHHbll (C BeposiTHOCTBIO 1/2), wim onun Gesblit (11oMedeHHbI),

JPyTOii YepHblii (¢ BepoaTHOCTHIO 1/2).
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Komvenrapuit xk mpumepy. llpumep, B wacTooctn, mi-
JrrocTpupyer TOT (DAKT, 9TO I OJHOTO U TOIO K€ CTOXACTUIECKO-
0 SKCIEPUMEHTA MOYKHO IPEJJIOKUATH PA3HBbIE MPOCTPAHCTBA, dJie-
MEHTapPHBIX COOBITHIl, & BMECTE C TeM W pa3Hble BEPOATHOCTHBIE
IPOCTPAHCTBA (MOJIE/IH) CTOXAaCTHIECKOTO IKCIIEPUMEHTA, aeKBaT-
HO €ro OMUChIBaioIue. B mpumepe OBLIO TPeI/I02KEHO /1B TTPOCTPaH-
CTBa HJIEMEHTAPHBIX COOBITHIA:

Q= {WW,WB,BW}; Q" = {WW*, W*W, BW*, W*B}.

Pacnpenenenne BepogTHOCTER Ha IPOCTPAHCTBE 9JIEMEHTAPHBIX CO-
obITHil (2

1 1 1
PWW) ==, P(WB)=-, P(BW) = -,
2 4 4
a Ha IpocTrpaHcTee (2

1 1 1 1
PWW?*)=—, POW*W)=-, P(W*B) =—-, P(BW") = —.

4 4 4 4
O6e Mozien aJIEKBATHO OMHUCHIBAIOT CTOXACTUYECKUI SKCIEPUMEHT.
3aMernm, 9TO OJ[HA U3 HUX KJIACCUUYECKAs, JPyras — HeT.

4.3 OcHOBHBIE TOHATUS KOMOWHATOPUKN

B kmaccudaeckoit Mosesin 3a/1a9a BHIYUCICHUST BEPOSITHOCTH CO-
Opitua A cBogurcs K mojcdery orHomenus: uucsa n(A) mexomnos,
Bxogammx B A x ancay n(§2) secex ucxomosn 2. Tlpu mogcuere 3tux
YHMCEJ BAXKHYIO POJIb UIPAIOT METO/bl KOMOMHATOPUKK (pasjen Ma-
TEeMATUKHU, U3yJaOMUil KOHEIHbIE MHOYKECTBA).

IIpaBuio ymHO>KeHUs (OCHOBHOI MPUHIUN KOMOUHATO-
pukn). Ilycts A u B — npousBosibHbIe MHOXKeCTBa. Kaxk/pie aBa
snemMenTa a € A u b € B onpenensior ynopsiioueHHyo mapy 3Jie-
menToB (a,b). MuoxecrBo Bcex ynopsimouennbix map (a,b), a € A,
b € B maswBaioT dexapmosvim npoussedernuem muodceems A m B
n obozmavaor A X B.

IIpaBuno ymuoxkenusi. Qucao n(A X B) asemenmos dexap-
mosa npoussedenus A X B xoneunwr mmoorcecmse A u B pasho
npouseederuro n(A)n(B) wucaa n(A) sremenmos mroocecmea A u
wucaa n(B) anemenmos mmoscecmea B:

n(A x B) =n(A)n(B).
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HdoxazarenbcTBo. JekapToBo npomssenenne A X B mpej-
CTaBUM B BHUE O0bEINHEHNS:

AxB=({a1} x B)U({az} x B)U...U ({aya)} x B)

Hernepecekamuxes MHoKecTs {a;} X B, i =1,2,...,n(A). Yucao
9JIEMEHTOB KaXKJI0ro u3 MHOXKecTB {a;} X B pasuo n(B). [losromy

n(Ax B)=n({a1} x B) +n({az} x B) + ...+ n({an(A)} x B) =

=n(B)+n(B)+...+n(B) =n(A)n(B).

IIpumep. ITycmv A = {1,2,3} u B = {4,5,6,7}. Hatimu wucao
anemenmos 6 A X B.
Pemenue. CoriacHo nupaBuly yMHOXKEHUs

n(A x B) =n(A)n(B) =3-4=12.

Jlexapmosmm npouseedenuem mmoocecms AL, A AK)
6yﬂeM Ha3bIBATh MHOXKECTBO yHOpHILOLIeHHI)IX HOCHeﬂOBaTeﬂbHOCTeﬁ

@V,a®, .. a®)y, o® e AD =12 .k
u Oysiem 0003Ha4aTH €ro
AW x AP 5 x AR,

Ucnonw3ysa MeTon MaTeMaTuuecKoil MWHAYKIINY, YCTAHABJINBAEM
CTIEIYIOIIEe 00Wee NPABUAD YMHONCEHUA.

Jucao n(AMD x A@ x . x A®)) spemenmos dexapmosa npo-
useedenus AV x A® x . x A® ynooceems AV, AP AK)
pasno npouseederuo n(AD)n(AR) . n(A®) wucia saemenmos
n(AM), n(A®), ... n(A®) smuz mroscecms:

n(AM x A® xx ARY = (AR (AP . n(A®).

YacTo mpaBuo yMHOKEHUsT YI00HO (DOPMYINpPOBATH TEPMUHAX
JEeVCTBUMN.

ITycmov 1eobxodumo evinosnums 00no 3a dpyeum k deticmeudl.
Ecau nepsoe deticmeue MOACHO GHNOAHUMD N CNOCOLAMU, 8MOpOe
— ng cnocobamu u max 0o k-20 deticmeus, KOMOPOe MOANCHO Gbi-
NOAHUMD N cnocobamu, mo ece k deticmeuti emecme mo2ym 6vimov
BHNOAHEHDL NN . . . NE CNOCODAMU.
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[Tocnenree yTBEp!KAEHNE — HE UTO WHOE KAK MPABUJIO YMHOXKE-
Husg, chOpMYINPOBAHHOE B TEpMUHAX JeiicTBuii. B camowm jeste, 060-

suaunm gepe3 gepes A mabop crocoGos BemosmmnTs neficTsue 1,
aepes A2 — neiicreme 2, ..., qepes A¥) — reiicreue k (sicro, UTO
n(AW) =n;, i =1,2,...,k). Torna snement (¢, a®, ... a®) u3
AM x A@) x ..o x AK) 3a1aeT CIOCOO BLIMOJHUTEL BCe k ITeicTBMii
BMecTe (B YKa3aHHOM TOPSIJIKE), TIPH STOM

(AN x A@ s x AR = n(AM)n(AP) . n(A®)) = niny ... 0.

Tak 9T0 uKMCI0 CHOCOOOB BBIIOJIHUTL K JEHCTBUIA BMeCTe PaBHO
ning...Ng.

HpI/IMep. B mwcc?ym KAemwxy npﬂmoyeoanoﬂ ma@muu,
COC’mOﬂweﬂ u3 m cmpox u n Cm0ﬂ6u06, 3anucoiarom wucae +1
uau —1. Ckoavko ma6/Luq MOAHCHO NOAYHUMD MAKUM 06pa30m?

Pemenne. SanoaauTs Tabanity m X n aucaamu +1 n —1 3ma-
YUT BBITTIOJTHUTH TN JIEACTBAN (Ho YUCIY KJ'[eTOK). Kaxmoe neii-
CTBHE MOXKHO BBIIOJIHATH ABYMdA criocobamu. IlosTomy B cmiy mpa-
BUJIA YMHOXKEHHUsS YUCJI0 CIIOCOOOB 3aIOTHUTH TabIuIy (2, CIeoBa-
TEJIbHO, M UCKOMOE 9UC/I0 Tabui) pasHo 2",

A cKoavko cyuecmseyem mabauy Yy KOMOPwuLLT Npoudsederue wu-
Cen MO CMPOKam U npoudsederue no cmosbuam pasno +17

“Cooco6”. Bo MHOrmx 3amadax KOMOMHATOPHKH HEOOXOIMMO
OTBETUTH Ha BOMpPOC: “CKOJBKO CYIIECTBYET CIOCODOB BBIMTOJIHUTE
TO WJIN HWHOE ,[[el‘;ICTBI/Ie, yunopsAa04uTb TO WUJIM MHOE MHOXKECTBO U
. 1.77 Ilpu 3TOM, HpexkKje 4eM MOACYUTHIBATH YHUCIO CIIOCODOB,
HEOOXOIMMO BBISICHUTH, UTO WMEHHO TPeACTaBasieT coboit crmocod
i Kak (deM) ero MOyKHO omucarb. [Ipexkie dem oTBedarh Ha BO-
npoc “Ckoibko?” HeobX0IMMOo 0TBeTUuTh Ha Bompoc “Uro? YUro bymem
cuntarh!” B paccmarprBaeMbIX HAME 337a9aX CIIOco6 00pa3oBaTh,
COCTaBUTh, YIIOPSJIOYATH, U T. [I., KAK IIPABUJIO, MOKHO OITMCATH dJIe-
MEHTaMHU TOT0 WJIM WHOIO MHOXKECTBA WJIN IOCJIEI0BATEIbHOCTHIO
BBITTOJIHEHUA TE€X WJIA WHBIX JIEeHCTBUAN.

Bamedanue. Boraucisis aucio n(A) snementos mHoxkecra A,
yI00HO TTOTH30BaTHCA TaKUM (PAKTOM: €CJIN MEKIy MHOKecTBamu A
u B ycTaHOBJIEHO B3aWMHO OJHO3HAYHOE COOTBETCTBUE, TO

n(4) = n(B),
9ACTO YUCTI0 JIEMEHTOB MHOXKeCTBA I mojcanTars mporre.

Jlajiee MHOXKECTBO, COCTOMINEE U3 N IJEMEHTOB, KOPOTKO Oymem
Ha3BIBATH N-2AEMEHMHUM MHOHCECTNEOM.
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YnopsamodeHHbIE MHOXKeCcTBa. Mbl Oy1eM pa3naaTh MHOXKEC-
TBa U YyIIOPAJOICHHBIE MHOXKECTBA.

Omnpenesenne. MHOKeCTBO OyeM HA3bIBATH YNOPAOOUEHHBIM,
€Can KaXKJIOMY €ro 3JIEMEHTY TPUNNUCAH HOMep, MpUYeM TakK, 9TO
Pa3/IMIHBIM 3/IEMEHTAM MIPUNUCAHBI PA3IMIHbIE HOMEpPA.

YVropsaoueHHble MHOYKECTBA PA3IUYIHbI, €CJU OHU OTJINIAI0OTCS
JinbO CBOMMU 3JIEMEHTAMU, JILOO UX HOPHAITKOM.

KoneuHoe MHOXKECTBO MOXKHO yHOPSIJOUATE CJIEIYIONUM CIIOCO-
BoOM: 3anucamov 6ce INEMEHMbBL MHONCECMEG 8 ChUCOK a,b,c, ..., f,
U KAAHCOOMY INEMEHMY NPUNUCGMH €20 HOMEP 8 CNUCKE, UAU, YMO
MO 2HCE, PACTIONONACUMND IAEMEHITBL MHONCECTNBA HA 3GHYMEPOSAH-
HOLL MECMAT U KAHCOOMY INEMERTNY NPUNUCAMS HOMED MECMG, HA
KOMopom on oxa3ascs. Kak mpaBuio, Tak U OyIeM TOCTYIATh.

IlepecTanoBKU. N-DJeMEHTHbBIE YIIOPS0UEHHBIE TIOMHOXKECT-
Ba JTAHHOT'O M-3JIEMEHTHOTO MHOXKECTBa, OyjeM Ha3biBaTh €ro nepe-
CMAHOBKAMU.

Pazjmmanbie mepecTaHOBKY JJAHHOT'O MHOYKECTBA OTJIMIAIOTCS TOJIb-
KO TMOPSIIKOM 3JIEMEHTOB, HO HE CAMUMU 3/IEMEHTaAMU.

Yucmo Bcex mepecTaHOBOK N-3JIEMEHTHOTO MHOXKECTBa 0003HA-
qaior P,.

Ipumep 4.3.1. Bunucams 6ce Nepecmanos8ry, MHONCECTNEA
Q= {a,b,c}.

Pemenmwue. (a,b,c),(a,cb),(b,a,c),(b,c,a),(cab),(cb,a)
BCe MepecTaHoBku MHOKecTBa {a,b, ¢}, 3amernm, uro P3 = 6.

Teopema. Yucao P, secex nepecmanosok n-saemenmuo20 MHo-
olcecmea pasto nl, m. e.

P, =n!

HoxkazaTenbcTBo. Kaxmoili mepecTaHOBKE N-3JEMEHTHOTO
MHOKECTBA COOTBETCTBYET CIOCOD €ro yHopsiounuTh (YIOPSIOUnTh
— PACIIOJIOKUTH JIEMEHTHI MHOXKECTBA HA 1 3aHYMEDOBAHHBIX MeC-
TaX W KaxXKIOMY JEMEHTY TPUINCATH HOMEDP MeCTa, HAa KOTOPOM
OH OKa3aJ/Csi) M HA0OOPOT — CHocob YMOpsiIOYNTH MHOYKECTBO 3a-
JaeT nepectaHoBky. [losTomy 4mc/io mepecTaHoBOK M-371€MEHTHOTO
MHO2KECTBA PABHO YUC/Iy CIOCOO0B €ro YIOPSA0YUTh. Y TOPSII0UUTh
N-3JIEMEHTHOE MHOYKECTBO — PACIIOJIOKUTDH €r0 3JeMEHThI Ha 1. MeC-
TaX, MO2KHO, BBIIIOJIHUB N AEHCTBUNA: J1eiCTBUE IIEPBOE — 3aII0JHUTH
nepsoe Mecto (OJHUM U3 7. 3JEMEHTOB), JeHCTBHE BTOPOE — 3a-
HOJIHUTH BTOpoe MecTo (omauM u3 (n — 1) oCTaBIIUXCS 3/IEMEHTOB )
n 1. 1. Ilo mpaBmiry ymMHOXKeHUS BCe N JAeHCTBUIT MOXKHO BBITIOJ-
HuTh N - (n—1)---2 -1 cnocobamu. CiiesoBaresibHO, N-3/eMEHTHOe
MHOXKeCTBO §) MOXKHO ynopsigountb P, = n! cnocobamvu.

IIpumep. Crosvkumu cnocobamu MoAHCHO Yynopadouums MHo-
aicecmeo wucea 1,2, ....2n max, 4mobv, uemmvle 4UCAG NOAYHUAU
wemmuwe Homepa ?
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Pemenmune. Pacnonoxxum 2n uncen 1,2,...,2n Ha 2n Mecrax,
npuydeM Tak, qTO6])I YEeTHbIE YUuCJla 3aHAJIM MeCTa C YETHBIMU HO-
MepaMu (HpI/I 9TOM HEYETHBIE YUCJIad 3aﬁMyT MeCTa C HEYETHBIMU
HOMepaMmu). BeimonnuM 310 B 1Ba meiicteus. leiictBue mepsoe —
PACIIOIOKUTE 7 IETHBIX UHCEeN HA N IeTHBIX MeCTax (ymopsI09IuTh
N-3JIEMEHTHOE MHOYKECTBO), MOXKHO BBINOHUATE 1! criocobamu. Jleii-
CTBUE BTOPOE — PACHOJIOKUTH 77 HEYETHBIX YHCEJI Ha 7l HEYETHBIX
MECTax — MOYKHO BBITIOJHATEL 1! crocobamm. IBa meiicTeus Bmecre
COTJIACHO TIPABUJLY YMHOYKEHUS MOKHO BBIIOJIHUTE 1! -n! criocobamu.

CoueraHusi. k-DjeMeHTHBIE IIOIMHOMXKECTBA N-3JIEMEHTHOIO
MHOKECTBA OyJIeM HA3bIBATH COYCTNAHUAMU U3 N dAeMenmos no k.

Coueranus 3 n 3JeMEHTOB 10 Kk PA3JIUYHbBI, €CJIU OHU OTJINYA-
10TCA X0Tsd Obl oM 31eMenToM. CodeTaHus U3 1 3JIEMEHTOB 110 K,
COCTOSIIIIME M3 OJHUX M TEX YK€ IJEMEHTOB, HEPA3JINIMMBI.

qI/IC.HO BCeEX k—SﬂeMeHTHbIX IIOAMHOZKECTB T-3JIEMEHTHOT'O MHO-
JKecTBa (YMCJIO COUeTaHmit M3 N 37eMeHTOB 1o k) Oyaem 0003Ha-
aars CF.

IMpumep 4.3.2. ITycmv Q = {a,b,c}. Bunucamv ece couema-
HUA u3 3 anemenmos no 1, uz 3 no 2.

Pemenue. {a},{b},{c} — Bce 1-a/ementHble MOIMHOKECTBA
3-as1eMeHTHOrO MHOXKecTBa {a,b,c} (coueranusi uz 3 37€MEHTOB
1o 1), 3ametnwm, uto Ca = 3. {a, b}, {a, c}, {b, ¢} — Bce 2-31emenTHBIC
MOJIMHOXKECTBA 3-3JIEMEHTHOTO MHOYKECTBA (COUeTAHus U3 3 9JIeMeH-
ToB 110 2), C3 pasHo 3.

U3 onpenesienns cieayer, 9To, HanpuMep, {a, b} u {b,a} — oxno
U TO JKe COUeTaHue.

Teopema. Yucao CF ecex k-snemenmuva nodmmoscecms
N-9AEMEHMHO20 MHOICECMBA (HUCAO COMEMANUT U3 T IACMENMOB

no k) pasno n!/(kl(n —k)!), r. e.

Cn = kl(n — k)

HoxkazaTeasbcTo. [logcanTtaem 9mcao mepecTaHOBOK 1-3J1€-
MEHTHOrO0 MHOXKeCTBa AByMsa crmocobamu. C OgHOH CTOPOHBI, OHO
pasuo n! C 1pyroii CTOPOHBI, 3TO YUCJI0 MOKHO TOJTYUUTDH TaK: Pa3o-
ObeM NM-3JIEMEHTHOE MHOXKECTBO Ha, JIBa TTOJMHOXKECTBA, COJIEprKa-
mmx coorBercTBeHHo k u (n — k) 371emenToB, BRIOpaB k-37€MEeHTHOE

IOMHOKECTBO (370 MOKHO caenarh OF crocobanm). 3aTem kazk10e
U3 3THUX [OJMHOKECTB YIOPSAI09nM, IIepBoe — k! criocobamu, BTopoe
— (n—k)! cnocobamu u TakuM 06pa3oM MOJTY UM 1-37IEMEHTHOE yIIO-
PAI0YEHHOE MHOXKECTBO. BCEro BBITIOJIHEHO TpU JEeHCTBHA, TIO3TOMY
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COTJIACHO IIPAaBUJIY YMHOXKEHHA YHUCJIO T-3JIEMEHTHBIX YIIOPATOYEH-

upx MuOzKecTB pasuo CFEl(n — k)! Tax uro n! = CFE!(n — k)!
Orcrona
n!
(O e —
" kN n—k)!

IIpumep 4.3.3 (“maxmarHsbiii ropox”’). Paccmompum npsamo-
Y20A0HYI0 ceMKY Keadpamos — ‘“warmamuvili 20pod”; cocmosawu
u3 M X N K6AOPAMHLL KEapmasos, pasdesennuxr n — 1 “2opuson-
manvromu” u m— 1 “eepmuranvromu’ yauyamu (cm. puc. 4.3.1).
Croavko cyuecmayem Ha 9Moti cemke PadsudHvlT Kpamyatius ny-
meti, sedyuuz u3 ae6020 nusicrezo yeaa (mouwku (0,0)) 6 npaswi
seprruti yzon (mouky (m,n))?

0,n) (m,n)

(m,0)

Puc. 4.3.1: “IllaxmaTHbIil TOPOT’

Pemenue. Oboznaunm 6ykBoit “I'” ropusoHTa IbHBIN OTPE30K
nytn, 6ykBoii “B” — Beprukanbubiii. Kaxkaprit kpardaitnmii my s u3
(0,0) B (m,n) cocTouT U3 N BEPTUKAJBHBIX OTPE3KOB U 1M TOPU30H-
TaIbHBIX. OH ITOJTHOCTBIO 33/1aeTCs MOCAeI0BATETHbHOCTBIO JJINHOM
n + m, cocrasyennoit u3 m Oyks “I” u n 6yks “B”, u Ha06OpOT.
[Mosromy uucao kparvaiimux myreii uz (0,0) B (m,n) paBuo uunciy
MTOC/IEIOBATEIBHOCTEN IJIMHOM N + M, COCTaBIeHHBIX 13 M OykB “I7”
u n 0yks “B”. Kaxkmass Takas moc/e10BaTe IlbHOCT OTHOZHATHO 3a-
nmaeTcs BEIoopoM m mectT st 6ykBol ‘I w3 n+m mect (ocraBumecs
mecta 3anonasaiorcs oOyksamu “B”). Tlosromy uncsio nocaegoBareib-
Hocreit 3 m O6yks “I'” u n Oyks “B” pasno ()", .

Pa3menenus. k-DjeMeHTHBIE YIOPA/0YUEHHbIE I0/IMHOKECTBA
JIAHHOTO M-3JIEMEHTHOT'O MHO2KECTBA Oy/IeM HA3BbIBATH PA3MEU,EHUA-
MU U3 1 FJIEMEHTOB TI0 K.
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Pazmernenns n3 n 3JeMeHTOB 10 Kk Pa3IUYHbBI, €CJU OHU OTJIN-
FAIOTCS WJIA CBOMMU JIEMEHTAMU, WX TIOPSAIKOM 3JIEMEHTOB.

Yucsio BCeX pa3audHBIX Pa3MeIleHuil u3 1 3JIeMeHTOB 1o k Oy-
nem obozmauars AL,

IIpumep 4.3.4. ITycmv Q = {a, b, c}. Bunucams eéce pasmeuse-
HUA U3 3 2AeMeHmos8 no 2.

Pemenue. (a,b), (b,a),(a,c),(c,a),(b,c),(c,b) — Bee 2-anemen-
THBIE YTOPSITOYEHHBIE MOAMHOXKECTBA, 3-2JIEMEHTHOTO MHOXKECTBA
{a,b,c} (pasmemmenus u3 3 snementon 1o 2), A3 pasno 6.

Teopema. Jucao AX scex ynopadouennviz k-saemenmmviz noo-
MHONHCECTNG N-INEMEHNHO20 MHONHCECTNEA (HUCAO PAZMEWEHUT U3 N
anemenmos no k) pasno n!/(n — k)|, m. e.

AR =nl/(n —k)!

HokazaTenbcTBO. k-DIeMEHTHBIE YIIOPSITOYEHHBIE TTOAMHO-
JKECTBA, N-3JIEMEHTHOTO MHOYKECTBA, MOYKHO TTOJIyIUTh JABYMS I€HCT-
BUSMHI: CHAYAJIA BBIOPATH k-37IEMEHTHOE TTOJAMHOXKECTBO N-3/TIEMEHT-
roro muozkectsa (CX crocobamn), a 3arem yropsigouunts ero (k! crio-
cobamu). COrJIaCHO TIPABUJTY YMHOYKEHUsI STH JIBA JEHCTBUs BMECTe

MozkHO BEIoTHETE OF - k! crocobamu. Tax uTo wmcio
Ak = CF Kl =nl/(n —k)!

Pa3buenusi Ha MOAMHOX>KECTBAa, MEPECTAHOBKU C MOBTO-
peuusamu. Pa3buenuem n-3,IEeMEHTHOTO MHOXKeCTBa {2 Ha M momap-
HO HEMEPECEKAIOIINXCST TIOJMHOXKECTB, COEPKAIINX COOTBETCTBEHHO
k1, ko, ..., kmy snevenro (k1 + ka2 + ...+ kp, = n), Oyjem Ha3bIBATH
YnopadoueHnvil Habop

(B1,Ba,...,Bn)

U3 M NONAPHO HENEPECEKAOULULCA NOOMHOHCECTNE MHodcecmaea ),
codepotrcawur coomsememeenno ki, ks, ..., ky ssemenmos.
OueBuIHO, UMEET MECTO I[IPECTABIECHNE

BiUByU...UB,, =Q.

Jlpa pasbumennst MHOXKECTBa Ha 1M MOMAPHO HEIepeCeKaoImX-
Csl TIOJIMHOYKECTB, COJEPXKAaluX COOTBETCTBEHHO ki, ks, ..., ky, 3J1e-
MEHTOB, Pa3JIMYHbI, €CJIH XOTs OBl B OJHOI IIape COOTBETCTBYIOIIUX
kj-s/meMenTHBIX mOAMHOXKECTB (j = 1,2,...,M) UMEOTCS pasind-
HBIE 3JIEMEHTEL.
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Yucmo Bcex pazdmennii n-37eMeHTHOTO MHOYKECTBA Ha M TOoTap-
HO HETIEPECEKAIOIIUXCA TTOAMHOKECTB, COIEPKAIINX COOTBETCTBEHHO
k1, ko, ..., kn snementos (k1+ko+- - +kp = n), Oyaem obo3aagars
Cr(ki, ko, ... km).

Ilpumep 4.3.5. Ilpusecmu 6ce 803MONCHVIE PA3OUCHUA MHO-
orcecmea Q = {a,b,c,d} na 3 HenepeceKarUWUTCA NOOMHONCECTNEA
(B1, B2, Bs), codeporcawuz coomeememeenno ki = 1 asemenmos
(6 mmoorcecmee B1), ko = 2 anemenmos (6 muooicecnee Bo), ks = 1
anemenmos (6 muooicecmee Bs).

Pemenue.

({a},{b, ¢}, {d}), ({a}, {c,
({6}, {a, c}, {d}), ({b}, {c, d} {a
({c}, {a, b}, {d}), ({c}, {

qucao Cy(1,2,1) pasHo 12,
Bamerny, uro manpumep, ({a},{b,c},{d}) u ({d},{b,c} {a})

SIBJIAIOTCS PA3JIMIHbIMU pa3buenusivu muoxkectsa {2 = {a, b, ¢,

;v_/;v_/hv_/
——
NSNS
ta atnlstn ot

Teopema. Qucao Cy(k1, ke, ..., kn) ecex pasbuenuti n-ssemen-
mH020 MHOMCECNBa ) HA T NONAPHO HENEPECEKANOULULCA NOOMHO-
orcecme By, Bs, ..., By, codepocawur coomeememeenno ki, ko, ...

, ke, onemernmos (k1+ka+- - -+kn = n), pasnon!/(kilka! .. k!,
T. €.

n!
kilko! .. !

HoxkazaTeanbcTBo. [logcunTraem 9meso mepecTaHOBOK 71-3J1€-
MeHTHOro MHOxKecTBa §2. C 0IHOI CTOPOHBI, 3TO YUCJIO, KAK H3BECT-
1o, paBHo n! C APYroil CTOPOHLI, €r0 MOXKHO MOJIYYATE CJIELYIOIIIM
obpazoM: pasbuTh N-3JEMEHTHOE MHOXKECTBO Ha 1M HElepeceKaio-
MUXcst MOAMHOXKeCTB Bi, Ba, ..., By, comep:Kalmmx COOTBETCTBEH-
Ho k1, ko, . .., ky, amemenTtos (3ro moxuo caenars Cy, (k1, ko, ..., kpy)
criocobamu). A 3aTeM ynopsiIounTh KaxK10€ U3 HUX — COOTBETCTBEH-
o kil ko!, ..., kp! cocobamm. Torma corsacno mpaBmiy yMHOXKE-
HUST 9UCJI0 N-3JIEMEHTHBIX YIIOPSITOYEHHBIX MOIMHOKECTE MHOYKECT-
Ba {2 pasno npoussegennto C,(k1, ke, ..., km)k1lka! ... kp! Orcrona
HMeeM:

Cn(k17k27 .. 7km) =

n! = Cn(kl, kz, ey k‘m)kl!kg! e km!

[TosTomy
n!
kilka!. . k!
Yucna Cy(k1, ks, ..., ky) Ha3BIBAIOTCI NOAUHOMUAADHOIMU KO-
appuyuenmamu.

Cn(klak% .. 7km) -
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Onpepgenenne. [locmenoBaTebHOCTD JIUHON 71, COCTABIEHHYIO
u3 k1 snementos (OykB) ay, ko 31ementos (OyKB) ag, . . ., ky, S71eMen-
T0B (6YKB) Gy, (k1 + ko + ...+ kpy = n), Oynem Ha3BIBATL nepecma-
Ho6K0T ¢ nosmopenuamu (CA060M) JTMHON N U3 31eMeHTOB (OyKB)
ai,a9,...,0y, B Kojgudecrse ki, ko, ..., Kk, COOTBETCTBEHHO.

Hampuwmep, ciioBo “cratuctuka”’ — mepecTaHOBKa C TIOBTOPEHUSI-

MU COCTaBJIEHHAS U3 ABYX OYKB “a”, 1Byx OyKB “u”, 0/1HO# OYKBBI “K”,

J1ByX bykB “c”’, Tpex OykB “1”.

JlBe mepecTaHOBKM C TIOBTOPEHWSIMYM PA3JIUYIHBI, €CJIU Y Tepe-
CTAHOBOK XOTsl OBl Ha OJHOM MeCTe (M3 7 yHOPSJIOYEHHBIX MECT)
PACITOJTOZKEHBI PA3INIHbIE OYKBHI.

IIpumep 4.3.6. Bunucams 6ce nepecmanosku ¢ NOSMOPEH-
amu (crosa) daunot 4, cocmasaennvie us 6yxe {a,b}, 6 xKomopuix
byxev a, b ecmpeuaromes no dsa pasa.

Pemenmne. (aa a, b7 b)7 (CL, ba a, b); (ba a, a, b); (ba a, ba CL), (b7 b) a, (1),
(a,b,b,a).

Teopema. Yucao ecer nepecmanosox ¢ nosmopenuamy (€a08)
JAUHOT T, KOMOPBIE MOIHCHO COCMABUMD U3 k1 saemenmos aq,
ko anemenmos az u m. 0., ky, aremenmos apm, (k1+ka+---+ky =n)
PasHO

n!

Cnht, koo bm) = e

HoxazarenbcrBo. Pacnomoxus ki 37eMeHTOB a1, ko 3Jie-
MEHTOB A2, U T. 1., Ky, SJIEMEHTOB (4, Ha N 3aHyMEPOBAHHBIX UNC/Ia-
Mz 1,2,...,n MecTax ¥ IpPUMNNCAB KayKJOMY JIEMEHTY HOMep Mec-
Ta, HA KOTOPOM OH OKAa3aJiCsl, HOJIYYUM I[E€PECTAHOBKY C MOBTODE-
Husgmu. OQUeBUHO, [IEPECTAHOBKA C IOBTOPEHUSIME OIIPEJIE/IsAeTCs
yKazaHueM ki MeCT JJIsi 9JeMeHTa a1, ko MeCT JIst SJeMeHTa g,
U T. O., Ky MECT JIJISl SJIEMEHTA Uy, T. €. PA30MEeHneM 1-3IeMEHTHOIO
MHOKECTBa 3aHYMEpPOBAHHBIX MECT HA M HEIePeCEeKAIONNXC A T0I-
MHOKECTB, COJIEPIKAIIX COOTBETCTBEHHO k1, k2, . .., Ky 37€MEHTOB.
Yucsio Takux pasbuennii (a BMeCTe ¢ HUMU U [1€PECTAHOBOK C I10-
BTODEHUSIMN )

n!

Cn(k1, ko .. k) = T
kilko!. .. k!
Sameuanue. Cocrasjss cjaoBa, Heobxonumo: 1° ykazaThb Ju-
Hy n ciaosa; 2° ykazarh Habop {ai,as,...,a;,} Pa3IUIHLIX OYKB,
UCIIOJIB3YEeMBIX B 3aIIUCHU CJI0B3; 3° yKa3arThk 4uC/I0 k; — HOBTOpEHNil

KazK 101t OyKBBI @, HCIOIb3yeMoil B 3anucu cioBa (j = 1,2,...,m),
ki+ko+...4+kn=n.
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Kosm4ecTBo €10B, KOTOPBIE TIPH 9TOM MOYKHO TOJIYUUTh, PABHO
Cn(ki, kay ... km).
Teopema (monmHomuasibHasi popmyJia).

(a1—|—a2—|—,“—|—am)n = Z Cn(kl,kg,...,km)alflagz ...aﬁlm,
ki+ko+..+km=n

CYMMUPOBAHUE GEIEMCA NO 8CeM NOCACI0BaMEALHOCTIAM k1, k2, . . .
s km, Oas xomopwx k1 + ko + ...+ kyp = n.
HoxkaszaTenbcTBoO. [To ompemenenuio

(ar4ag+...+ay)" =
=(a1+az+...+an)(ar+as+...+ap)...(a1 +as+ ...+ ap)

PaBHO CyMMe Bcex cjaraembix Buja dids...d,, vje KaxKjblii CO-
muOKUTEL d; (1 = 1,2,...,n), paBeH wiu a, WM az, U T. J.
WIA Q. Jdpyruvu ciioBamu, kaxkaoe ciaaraemoe dids . ..d, ompe-
JTeITeTCs CJIOBOM JIJIMHOM 7, COCTABIEHHBIM U3 OYKB (1, A2, . . ., Gm.-

Kax oMy TakoMmy cjioBy cooTBeTCTBYyeT mpoussejenne dids . .. dp=

_ k1 ko k k1 ko k
— Gy Qg .. .ap". KosmaecTBo craraempix Brga a1 Gg” ... 4" PABHO

YUCITY CJIOB JJIMHON 1, KOTOPBIE MOXKHO COCTaBUTH U3 k1 OYKB a1, ko
OyKB a2, u T. 1., ky, OYKB apm, T. €. Cp(k1,ka, ..., kyn). Tem cambiv
TeopeMa, JOKA3aHa.

Mogenp MakcBesuia—BoJsibiiMasa. 9Ta MOIEIb OMHUCHIBAET
pasMellleHne PasInIUMBIX YaCTHUIL IO SIeiiKaM.

Teopema. [Tycmb N PA3AUNUMDBE HACMUY, PACTIPEICAAEMCH TO
m auetikam (obaacmam npocmpancmea). Toeda wucao ecexr pasme-
wenutls wacmuy, pasko M. Qucao pasmewsenuti wacmuy, 6 Komo-
pux nepsas auelixa codepocum ki wacmuy, emopas — ka wacmuy,
w m. d., m-a — kp, wacmuy (k1 + ko + ... + kyy, = n), pasno
Cn(ki, kay ... km).

JlokaszaTeascTro. g onpeneseHHOCTH 3aHY MEPYeM JaCTHU-
el gucaamu 1,2, ..., n, a gaeiiku (061aCTH IPOCTPAHCTBA) — HO-
Mepamu 1,2,...,m.

Ob6opot “pactpenenTs (Pa3MeCTUTh) N YACTHIL IO M sTIeiiKam”
obo3HaYaeT — KaXKJOW YaCTUIE MPUIUCATH HOMED d9eiiKu, B KO-
TOPOit OHa OKaxkercs. Tak 9To0 KasKJIOMYy Pa3MEIIEHUIO 7 YaCTHII
o M sA9eifiKaM COOTBETCTBYET TOCIEI0BATEIHHOCT IJIMHON 11, CO-

cTaBJleHHad U3 ducea 1,2,...,m, APYTUMH CJIOBaMU COOTBETCTBY-
er cioBo (i1,12,...,4,) JJIMHOI N, COCTABJIEHHOE U3 HOMEDOB SU€eK
1,2,...,m (i1 — HOMED sAueliKM, B KOTOPOil OKa3aaach YacCTHUIA C

HOMepoM 1, 49 — HOMep d49eiikKd, B KOTOPOIl OKa3aJlaCh YacTUTA C
HOMEPOM 2 U T. 1., &y, — HOMep SUelKH, B KOTOPO#l OKa3aaach 9acTu-
1a ¢ HomepoM n). U Hao6opoT, KaxK/1ast Takasi MOCIeJI0BaATETbHOCTD
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(c70BO) 3aaeT pacrpeeienne N Pa3IuIuMbIX JACTUI] IO M T4eii-
kam. [losTomy wwmcio Bcex pasmerienuit m 9acTuil 1Mo M sdeikam
paBHO M" — 9YuCay CJIOB JJINHON M, COCTABJIEHHBIX U3 49ucesa OT 1
10 M. A 9ncsI0 pasMerennii n YacTUIL o M stIeiikaM, y KOTOPHIX B
[IepPBOIl TUeliKe HAaXOMUTCA k1 IacTHIl, BO BTOPOil — ko YaCTUIl U T. 1.,
B m-it — ky, 9acTUIl pABHO YUC/TY CJIOB JIUHON 1, COCTABJICHHBIM U3
k1 snementoB (6ykB) “1” kg snementon (6ykB) “2” u T. 1., ky, te-
mentoB (6yks) “m”, 1. e. pasuo Cp(k1, ka2, ..., kn).

Coueranusi ¢ noBropenusimu. Habop u3 n 3jieMeHTOB, KaxK-
JIBIYi U3 KOTOPBIX MPUHAIEKUT OJHOMY U3 1M THUIOB, Oy/ieM Ha3bI-
BATh COYEMAHUEM U3 T IAEMEHMOE NO N € NOSMOPEHUAMU.

Coueranne ¢ TOBTOPEHUSIMU 33,]a€TCsT YKAZAHUEM UUC/1a JIEMEH-
TOB Ka2zK/I0I'O THIIA.

,ZLBa, COYeTaHUA U3 11 DJIEMEHTOB 110 T Pa3JIM4HbI, €CJI1 OHU OT-
JITJIAIOTCS KOJIMIECTBOM JIEMEHTOB XOTsI ObI OJIHOTO THUIIA.

Yucsio Beex coueTaHuii U3 m 3JeMEHTOB M0 7 ¢ TTOBTOPEHUSIMU
O6ymem obo3nagaTh f.

IIpumep 4.3.7. Bunucams 6ce covemaHus ¢ no6mopeHUuAMU
u3 4 anemenmos a,b,c,d no 2.

Pemenmne. aa, bd, cc,dd, ab, ac, ad, be, bd, dc, 3amernm, 9To unc-
a0 f2 = 10.

W3 onpenenenns cienyer, 9To, Hampumep, ab u ba — OHO U TO
JK€ COUYETAHUE C MTOBTOPEHUSIMHU.

Teopema 4.3.1. Yucao f], couemanui uz m asremenmos no n

¢ NOBMOPEHUAMY PAGHO C7T+_Trlb_1:
n _ ~ym—1
fm - Cnerfl'

HoxkazareancTBo. Kaxiomy coueranuio u3 m 37J€MEHTOB 10
7, C TIOBTOPEHUSIMU TTOCTABUM B COOTBETCTBHE TOCJIEI0BATETHHOCTH
u3 n Hyjaeh u m — 1 enwHUIT CaeIyIOMUM 00Pa30M: CHATAIA, BBITH-
meM HyJIW B KOJIMYECTBe, PABHOM YHCJY 3JIEMEHTOB IIEPBOrO THIIA,
BXOJAINNAX B COUETAHUE C IOBTOPEHUAMU, 3aTeM €JNHNUILY; TaJIee Bbl-
NUCBIBaeM HYJIN B KOJWYECTBE, PABHOM UYHCJIY 3JEMEHTOB BTOPOTO
TUIIA, 3aTeM €JMHUILY U T. JI. (1I0CJIe Hy/eil, COOTBETCTBYIONIUX 16~
MEHTaM M-T0 THUIA, eJIUHUIly He 3amuckiBaeM). Haobopor, Kaxmoii
TIOCTIeTIOBATENLHOCTN U3 1 HyJIelh u m — 1 eTWHUI] COOTBETCTBYET
COYeTAHMEe U3 1M FJEMEHTOB 110 N C NOBTOpeHusiMu (CHavas a Habu-
paem 3JIeMeHTHI IEPBOI0 TUIIA B KOJIMYECTBE PABHOM YMCJIY HYJIEH 710
TIEPBOil €IMHUIIBI, 3aTEM — 3JJIEMEHTHI BTOPOTO THUTA B KOJNYECTRE,
PaBHOM YHUCJy HyJeil MeXK/Ty [epBOil U BTODPOIi eJIuHUIell, U T. [I.).
IlosTomy umcno codeTanmit M3 M JIEMEHTOB 10 N C TIOBTOPEHUSIMU
PaBHO YHCJIY MOCTIENOBATEIBHOCTEN, COCTABJIEHHBIX W3 1 HyJel u
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-1 e,ZII/IHI/II_[, KOJIMYECTBO K€ TAKUX ITOCIEJ0BATEILHOCTEH paB-
HO Cn 1"

Teopema 4.3.2. Fcau n > m, mo YUCAO COMEMGHUL U3 M
ANEMEHTNOE NO N C MOGTNOPEHUAMU, Y KOMOPHLT IAEMERT, KaAHCA020

muna ecmpeuaemcs roms 6v, 00ur pas, pasHo C’Q"fll.

Jloka3aTeabCcTBO. YCTAHOBUM COOTBETCTBUE MEXK/IY COUETA~
HHUEM W3 170 3JIEMEHTOB 110 7 C IIOBTOPEHUSIMU U I[10CJIEI0BATEIHHOC-
TaMU U3 N Hyaeil m m — 1 eauHnI], Kak 3TO OBLIO ONMCAHO B J0-
KazarenabcTBe TeopeMbl 4.3.1. CodeTanusam m3 m 3JIEMEHTOB II0 N C
MIOBTOPEHUSIMHU, Y KOTOPBIX 3JIEMEHT KasKI0T'0 TUIA BCTPEYAETCS XO-
TA 6])1 O/JIH Pa3, COOTBeTCTByIOT IIOCJIEJOBATEJILHOCTHU U3 N Hyﬂeﬁ n
m — 1 CIMHUII, y KOTOPBIX HUKaKHeE JIBe €IMHHUIIBI HE DACIIOJIO?KECHDBI
PAIOM. TaKI/Ie IIOCJICJOBATECIBHOCTU MOXKHO HOJ‘[yLH/ITI)7 BI)I6paB nu3
n — 1 IpOMexKyTKOB MexXKTy HyIaMu m — 1 HpOMe}KyTOK 1 PacCIIojIo-
JKWB B HUX eauHUIbL. [locmegHee MOXKHO CaemaTh C 1 ! cnocobanu.

Ipumep. Kocmv domuro — nabop ud 06yxr wuces, xaxicdoe u3
Komopwx 6wbparo us mmoocecmea {0,1,2,...,6}. Kocmb moorcho
PACCMAMPUBATS KAK COYeMaHue u3 M = T aAeMEHMos no n = 2
¢ nosmopenuam. Qucao maxuz couemanut (a emecme ¢ HUMU U
YUCAO KOCMEL QOMUHO) PABHO

6 8 7.8

f7—02+7 1= CS 2'76' 7228

Teopema 4.3.3. /[aa yenozo n > 0 yucao peweruli ypasrerus

T1+20+...+Tm=n (4.3.1)

6 yeanis neompuyamenvtuz wucaar pasno Ci'sl 1, a 6 yeaws no-
-1
novrcumenvuoi (npu n > m) paswo C)71 .
Hoxkazarenbcrso. Pemennem ypasuenus

1 +2x2o+ ... +Tm=n

B II€JIBIX HEOTPUIATEJIbHBIX YUCIAX ABJIAETCI II0C/IeI0BATEeIbHOCTD
(3:1,:132, .. ,xm) [MeJbIX HEOTPHUIATEJbHBIX YHCeJ TakKad, dYTO
1+ x2 + ...+ x, = n. Kaxkgag Takas moc/egoBaTebHOCTL 3a-
JlaeT coYeTaHWEe W3 1M JIEMEHTOB 110 N C MOBTOPEHUSAMU W HA000-
por. B camom nese, coderanme m3 m 3JEMEHTOB IO 7. C TTOBTOpe-
HUAMU OAHO3HAYHO 3aJa€TCA YUCJIOM I SJIEMEHTOB IEePBOTO TUIIA,
YUCJOM 9 3JEMEHTOB BTOPOI'O TUIIA U T. [J., YUCJIOM Iy, SJIEMEH-
TOB M-T0 TUIIA B HEr'O BXOIIINNX, T. €. 33JaeTCI IIOCJIeJ0BATEILHO-
CTBIO (xl,xg, e ,mm) HEOTPHUILATEJIbHBIX IEeJIBIX YUCes, TaKOi, 4TO
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1+ 22+ ...+ Ty = n, ¥ HAOOOPOT, — COUETAHUE M3 1M DJIEMEH-
TOB TI0 7 C MOBTOPEHUSIMU OJIHO3HAYHO OTPEIeJIeT TOCIeI0BATE b
HOCTH (X1,Z2,. .., Ty ) HEOTPUIATETHHBIX MIEJIBIX YUCE, TAKUX, 9TO
T1+2To+...+Tm=n (:151 — YHCJIO 3JIEMEHTOB IIepBOr0 TUIIA, L9 —
BTOPOTO U T. [T, Ty — m ro tumna). [losTomy uckomoe wmcso pere-
Huit paBao ancay C +m | COYeTaHuil U3 M IO N C IOBTOPEHHUAMH.

Kosmuecrpo pemiennit ypastenust (4.3.1) B 1eJIbIX T0JI0KUTE/ b
HBIX Yncjaax (MpU yCJOBUU M > M) PABHO YUCJIY COUYETAHUI U3 m
9JIEMEHTOB 110 T C IIOBTOPEHUAMU, Y KOTOPBIX 9JICMEHT KazK/10T'0 TH-
a BCTpEYaeTcs XOTs Obl OJUH pa3, T. e. pasuo C)'

Cnemgcrrue. Mexy MHOXKECTBOM COUYETAHWI W3 1M SJIEMEH-
TOB II0 7 C MOBTOPEHMUSIMA U MHOKECTBOM PerreHuit (X1, T, ..., Ty )
YPABHEHUS X1 +T2+. . .4+Tp, = N B METBIX HEOTPUIATETLHBIX YNCTAX
CYIIECTBYET B3AWMHO OJTHO3HAYHOE COOTBETCTBHE.

IIpumep. Croavko cyujecmeyem passudHbLL 4ACTHOIL NPOUS-
800HBIT Nopadka n Y beckoneurno dugpepenyupyemots dymnryuu m
nepemeHHvLr ?

Pemenne. HacTHasg mpon3BoaHad IOPSIAKA 12 OECKOHEYIHO aud-
dbepennupyemoii byukuuu f(z1, T2, . .., Ty ) OT M IEPEMEHHBIX OTIpPe-
nesieTcs aucyaom audGepeHnupoBaHuil o KaxK/I0# mepeMeHHod u
He 3aBUCUAT OT mopsijka guddepennupoBanns. Ecim, ckaxem, 10
epBoil lepeMeHHo Mbl poud depennupyem k1 pas, o BTOPOit —
ko pas, u T. 1., mo m-it — ky, pa3 (npuuem ki + ko + ... + kp, =
anflgxlal‘fQ7 .- k ) - Yre-
O0x' 0xs” .. 856 m
JIO TAKUX TPOM3BOJHBIX PABHO UHCIY pEIIeHuil ypaBHEHWS
k1 + ko + ... 4+ kpn = n B 1eIbIX HEOTPUIATEILHBIX YHCIAX, & II0-
cJIe/THee PABHO

f Cner 1

Mogeap Bé63e—diininTeiiHa. 9Ta MoIe/]b ONMUCHIBAET pa3Me-
MICHNEe HEPA3/INIUMbBIX 9aCTHUI]L 110 sTUEeMKaM.

Teopema 4.3.4. ITycmsd N HEPASAUNUMDIT HACNUY, Pacnpede-
aaemea no m avetikam (obaacmam npocmparcmea). Hucao ecex
B03MONCHBLT PA3MEWEHUT, YACTNUY, PAGHO

f Cn+m 1

Ecau m > m, mo wucao mex pasmewenuti, iy KOmopouir Kancoas
Aavetika codeporcum xroms Ovt 00HY HACMUYY, PAEHO C’Zfll.

okaszaTeascTso. Pa3mernenne n Hepa3inanMbIX TaCTHI 110
m gUIefikaM 33/1aeTcsd yKa3aHneM UNCIa L1 JaCTUIl, TOMaBMNX B 1-10
AIelKY, L2 — BO 2-10 IIYEUKY U T. JI., TUCTA Ly, TACTUI], TTOTIABIINX B

= 1), TO MOy IUM 9aCTHYIO TPOU3BOAHYTO



4.4. Ilpumepsr u 3aaa49n 73

M-10 AYEHKY, T. €. 3a/IaeTCS TOCTEI0BATEIBHOCTBIO (L1, X2, - . ., Ty
OeJIbIX HEOTPHUIATE/IbHBIX YUCEJI TaI{OI’)’I7 qToO

r1+xro+...+Ty =N,

JPYTUMHI CJIOBAMHE, 33/Ia€TCS PeleHneM (X1, Lo, . .., Ty,) YPABHEHUS
r1+To+...+Ty = N, B OEJIBIX HEOTPUITATEIBHBIX YNCIAX (1/1 Ha000-
por). A uucio rakux pemenuii cornacuo reopeme 4.3.3 pasuo f.

CouyeraHus ¢ TOBTOpeHUAMU u cJjioBa. [lycrs umeercs cioBo
JUTMHOI M, cocTaBieHHoe u3 m OykB (3/1eMeHTOB): 1 OyKB a1, T2
OYKB ag U T. ., Ty OYKB Gy, (1 + 2 + ... + Zp, = n). “Cenmas”
OyKBBI CJIOBA B ypHY, [OJyduM HAOOD U3 N 3JIEMEHTOB, B KOTOPOM
9HUCI0 3JEeMEHTOB TEePBOr0 THTA PaBHO T1, BTOPOTO — X2, W T. I,
M-TO TUTA — Ty, T. €. MOJYIUM COYETAHWE U3 M DJIEMEHTOB 10 1
C TOBTOPEHUIME (OJTHO) C 33AHHBIM YHCJIOM JJEMEHTOB KazK0TO
THUIIA.

Haob6opot. IlycTs MBI uMeeM cOUETaHWE U3 1M IJIEMEHTOB M0 1
C TIOBTOPEHUSIMHU, B KOTOPOM YHCJIO 3JEMEHTOB MEePBOr0 THUIIA PaB-
HO X1, BTOPOTO — X9, W T. JI., M-TO TUNA — L, (MMeeM HAOOD n3
N DJIEMEHTOB ‘CCHITAHHBIX B YPHY: X1 JIEMEHTOB G, T2 JIEMEHTOB
a2 U T. JI., Ty, SJEMEHTOB ). PasMecTus 3/ileMeHTBl Ha N 3aHyMe-
POBaHHBIX MecTax (YMOpsAJ0YMB UX) TOJIyYUM CJIOBO. UMCIO BCEX
takux 0B paBao Cy (X1, T2,. .., Tm).

4.4 llpumepsl u 3aJa4n

B npejgnaraembix jajiee 3ajiadax, MpexKje 9eM MOJCYUThIBATH
YUCIO 9JIEMEHTOB TOTO WM WHOTO MHOXKECTBA, HEODXOIUMO OIpe/Ie-
JIATh, YMO UMEHHO NPEOCMABAAIOM Cco00T MU  IAEMEHMDL
(m. e., wmo nodcuummweams). Ilpexae 4eM OTBEYaTh Ha BOIPOC
“Croavro?”, HEOOX0IUMO OTBETUTH Ha BOTpOC “ Ymo? Ymo 6ydem
cuumamo?’

IIpumepnl

IMpumep 4.4.1. Cummempuuryro uepasvHyro Kocms nodopacol-
satom wecms pad. Ilocmpourms Mamemamuueckyro Modeas IMmozo
cmozacmuueckozo axcnepumenma. Onucamo cobwmue A — “swna-
dym ece wecmo epanett” U 8LUUCAUMD €20 BEPOATIHOCTD.

Pemenue. B xagecTBe npocTpancTBa 3/IEMEHTAPHBIX COOBITHIT
() CTOXaCTUYECKOTO IKCIEPUMEHTA €CTECTBEHHO PACCMOTPETH MHO-
2KE€CTBO IOCeJ0BATEILHOCTEH JTHHON IeCTh, 00PA30BAHHBIX YHC-
namu 1,2, ..., 6. Hanpumep, nocienosarensnocts (6, 1,6, 3,2, 4) onm-
CBIBAET MCXOJ CTOXACTUUIECKOTO SKCIEPHUMEHTA, COCTOSIIUNA B TOM,
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YTO TIPU TIEPBOM TOAOPACBIBAHUN UTPAJBHON KOCTU BhITIAIA 6, pu
BTOpOM — 1, ..., mpu mrecToM mojA0pachiBAaHUU BbIaIa 4.

Cobbitne A — “Bpmanm Bce Tpann’ OMUIIETCS TTOAMHOKECTBOM
MPOCTPAHCTBA ), COCTOSIMNM M3 TOCTEIOBATEIHHOCTEH, B 3aTuCh
KOTOPBIX BCTpedaeTcs Kaxkgas u3 mudp 1,2,...,6.

laiee, TMOCKOJBKY KaXK/bIl MCXOJ] CTOXACTUYUECKOTO HKCIIEPU-
MEHTA HUYEM He XyzKe M He Jiydlle, 4eMm JApyroi (Kocrb cummer-
pHUYHA), TO €CTECTBEHHO CIUTATH, UTO BCE HJIEMEHTapHbIE COOBITUS
PABHOBEPOATHBI (HU M3 KAKUX TEOPEM 3TO YTBEPKJIEHUE HE CJIe/y-
er). /lpyrumu cioBaMu, B KAUeCTBE MATEMATHIECKON MOJIE/TH JaHHO-
IO CTOXACTUIECKOTO HKCIIEPUMEHTA PACCMOTPUM KJIACCUIECKYIO MO-
sesb. Tem caMbIM BEPOATHOCTHOE MPOCTPAHCTBO (MOJIE/b CTOXACTH-
YECKOr0 SKCIEPUMEHTA) TIOCTPOEHO: MPE/IOKEH0 ) U Jisi KazKJ0T0
w € Q 3azana BepositHocTh P(w): P(w) = 1/n(Q).

Teneph BBIYUCINM BEPOATHOCTH COOBITHST A — “BRIMTagyT BCE
mects rpaneit”. [lockosbKy MOme/nb Kjaccuueckas, TO B COOTBET-
cTBum ¢ HOpMyJIOit Kaaccmueckoii BepostHocTH (M. (4.2.2)), Bepo-
ATHOCTH COObITUsT A paBHa OTHOmMEHUO uncaa n(A) smeMerTapHbIx
cobbITHil, BXOASIUX B coObITHe A, K uncay n({2) Beex smeMenTap-
HBIX COOBITHIA.

DIeMeHTaPHBIX COOBITHI B {} CTOHKO, CKOJTBKO CYIIECTBYET TIO-
CTIeIOBATEIHHOCTEN JTTMHOM 6, KOTOPBIE MOYKHO TIOCTPOUTDH U3 MECTH
ancen (or 1 g0 6). CoracHo npasmay ymHOXKenus, ux — 65, Djre-
MEHTApPHBIX COOBITHIA, BXOJSIIUX B COObITHE A, CTOJBKO, CKOJBKO
HMeeTCs IIepecTaHoOBOK u3 uucesa 1,2,...,6 — ux 6!

CrenoBarebHO, ICKOMAasi BEPOSITHOCTD

P(A) = gé

IIpumep 4.4.2 (C. H. Bepuuureiin). [lodopacvisarom npa-
BUALHBIT NEMPasdp, MPu 2pany KOMOoPo20 OKPAWEHDBL COOMBEMCM-
8EHHO 6 KPaACcHBIU, cuHUl U 3eaeHvitl yeema, a 68 okpacke yemeepmod
umeromes ece mpu uysema. Cobwmusa: B — “kpacnwd”, B — “cu-
nutl”, G — “seaenwviti” obosnaualom, wmo 6 okpacke 2panu, CONPuKa-
Ca0ULETCA C NOBEPTHOCMDIO, UMEIOMCA COOMBEMCMBYIOULUE YBEMA.
Véedumecwv, umo cobwmus R, B, G nonapno nesasucumvi, HO HE
ABAAIOMCA HE3ABUCUMBLMU 68 COBOKYNHOCTIU.

Pemenue. [lockosbKy TeTpasap mpaBuibHBINA, TO B KAIEeCTBE
MaTEeMATHIEeCKON MOJEIN CTOXACTUIECKOTO SKCIEPUMEHTa eCTeCT-
BEHHO PACCMATPUBATH KJIACCUIECKYIO MOIEh.

Kaxkip1it niBeT npucyTCTBYeT B OKpacKe JBYX I'paHeii, T03TOMY

P(R) =2/4=1/2, P(B) =2/4=1/2, P(G) = 2/4 = 1/2.
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B oxpacke TOTBKO OIHOI TpaHN MMEIOTCS TPH IIBETA, TTOITOMY
P(RNBNG)=1/4, P(RNB) =1/4,
P(RNG)=1/4, P(BNG) =1/4.
Tak uro
P(RNB)=P(R)P(B), P(RNG) =P(R)P(G),
P(BNG)=P(B)P(G),

1. e. cobbitus R, B, G nonapuo nesapucumbl. Ho

P(RABNG) = i % - % - % — P(R)P(B)P(G).

ITocnennee ozuauaer, uro cobuiTusg R, B, G He ABISIOTCSI He3aBUCH-
MBIMU B COBOKYITHOCTH.

IIpumep 4.4.3. ITodbpacvisaiom mpu CUMMEMPUUHDBLE U2PAND-
Hoie Kocmu. Hatimu eepoammocmos sunadenus xoms 6ot 00mot edu-
HUYDL, ECAU U3BECTIVHO, YO HA MPET KOCMAL 6bINAAU PA3HBLE 2DAHU.

Pemenue. B kagecrBe npocrpancrBa 3/ieMEHTAPHBIX COOBITHIT
() paccMOTpUM yHOPSIJIOUYEHHBIE TPONHKU, COCTABJIEHHBIE W3 YHUCET
1,2,...,6. [Tocko/sibKy KOCTH CUMMETPUYHBI, TO €CTECTBEHHO CUU-
TaTh BCE DJIEMEHTAPHBIE COOBITHSI PABHOBEPOSTHBIMU. TeM cambIiM
BEPOATHOCTHOE ITPOCTPAHCTBO CTOXACTUYECKOT'O SKCIIEPUMEHTa, T10-
CTPOEHO.

IIycts B — cobbITHe, COCTOSINEE B TOM, UTO HAa TPEX KOCTSIX BbI-
naJsiv pasabie rpaan, A — xoTst 661 HA OJHON KOCTH BBINIAIA €AMHATIA.
B 3ajiave HeOGXOAMMO BBIYHUCIUTH YCJIOBHYIO BepositHocTh P(A/B).

ITo ompenenenuio

_ P(ANnB)
B = )
Haee. 6-5-4 3.5.4
P(B)=7'63' ;P(AHB)Z%GB' ;
P(ANB) 3-5-4 /6-5-4 1
Pl4/B) = (P(B)): 63 EEabt

BepoaTtrocts P(A/B) MOKHO TaKzKe BBIYHCIUTD, BOCIIOIb30BAB-
HIMCH TEM, 4TO B Kjaccuaeckoit mogemn {2, P} yciosuas BeposiT-
HocTh P(A/B) paBHA OTHOIIEHWIO YHCJIA JIEMEHTAPHBIX COOBITHIA,
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BXOAAMNX B AN B, K YUCIY 9J1eMEeHTAPHBIX COOBITHI, TPUHAIIEKA-

mwmx B, T e.
354 1

6-5-4 2

IIpumep 4.4.4 (0606mienune 3agauu JIsiouca Kapposa).
B ypre naxodumcsa odun wap, o KOMOPOM U3BECTNHO, 4INO OH AUOO
Geanti (¢ sepoammocmovio 1/2), aubo wepnwi. B ypny nososcusu n
OEABLT WaAPOB, & 3aMEM NOCAE MUAMENBHOZ0 NEPEMEWUSAIHUA N0~
CAEDOBAMEADHO USBAEKAU T WAPOS, KOMOPHIE OKAAAUCH DEALIMU.

Pemenue. [llap, KoTOpbIit n3HAYAIHHO HAXOJIUTCS B YpHE, 0060-
suaunM uepes W, ecnu ou Gemblit, u depe3 B, ecin OH UepHBIi
(rax ke Oymem oGo3HAUATH M COOBITHS “B ypHE W3HAYAIBHO Oe-
JIBIil Trap”’, “B ypHe M3HAYAJIBHO UepHBIN map”’). Besbie mapsl, Ko-
TOpBIE KJIAAYT B ypHY, 0003naunm uwepes Wi, i = 1,2,... . n (6y-
JIeM CUMTATh UX PA3TUIUMBIME). DKCIEPUMEHT COCTOUT B TIOC/IE-
JIOBaTEJILHOM W3BJaedeHnn u3 ypHbl (n + 1) mapor. Vexogpl K-
nepuMeHTa — HOCJeJ0BaTeIbHOCTH JAynHOoi (n + 1), cocrasiennbie
u3 6yxs Wy, Wy, ... , Wy, W unu u3z 6yks Wi, Wy, ..., Wy, B. Ilo-
CKOJIbKY CHaJasa B yPHE C BEPOATHOCTBHIO 1/2 maxopmrcest Gesbrit
WJIX 9epHBII MIap, TO €CTECTBEHHO CYUTATH MOJIE/Ib KJIACCUIECKOIA.
IIycts A, — cobbiTre “mepBble N U3BJAEUYEHHBIX IMAapoB Oeanie”, A
— “mocienHuit U3BJIEUEHHBIN map Oenblit’. ZlcHo, UTO HEOOXOIUMO
BbBIYUCJIUTH BEPOATHOCTH

P(A/B)

P(A/A,) = D15 5

Borancium Bepositnoctn P(A,) n P(AN A,) mo dopmyste mos-
HO¥I BEpOSITHOCTH, B KAYECTBE MOJTHOM TPYIIIBI COOBITHIT pACCMOTPUM
coorrTuss W, B. Nmeem

P(An/W) =1, P(4,/B) = " =

P(An) = P(An/W)P(W)

1 1
=1-=+

1
2 n+1 2
P(ANA,) =P((ANA,)/W)P
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Tak uTo

1/2 n+1
P(A/An) = 0T mT) —nt2 (4.4.1)

3aMernM, 9TO €C/Id B YPHE HAXOIUTCA UEPHBIH 1M1ap, TO BEepOsAT-
HOCTH TOTO, UTO TIEPBBIE N BHIHYTHIX MAPOB OKAXKYTCA OEIBIMU

1

P(A,/B) = ——
(Au/B) = —.
a BEPOSATHOCTB TOT'O, YTO CPEJN MEPBBIX 7 BBIHYTHIX MTaAPOB OKAXKeT-
Cd YEepHbI

1 n

n+l n+1’

T. €. eCJIM B yPHE UMEEeTCH YePHBIN Tap, TO OH CKOPee BCETO TTOABUTCS
Cpe/id IEPBBIX Tv BBIHYTHIX.

W ecyu nepBbie 1 BBIHYTHIX IIIAPOB OKA3AJINCH DEJIBIMU, TO CKOPEee
BCEro YEpHOTO MIapa B ypHE U He ObLIO —

P(Zn/B) =1-

n+1_ 1
n+2 n+2

P(B/A,) =1— P(A/A,) =1

(cm. (4.4.1)).

IlosTOMy ecTecTBEHHO, YTO €C/U CpeIU MEPBLIX N IIAPOB OKa-
KYTCs TOJIBLKO Gejibie, T0 u (n + 1)-it map ckopee Bcero Oyuer Ge-
JIBIM:

n+1

n+2

P(A/An) =

[Tonyuyennbie pe3yabTAThl BIIOJHE COTIACYIOTCS C HAIIEH WHTYHU-
[IHEIO.

3aMernm, 9TO B YACTHOM CJIydae, Korga 1 = 1, Mbl uMeeM JIeJ10
¢ 3amaqeit JIvtouca Kapposa, npu sTom

n+1_2

n+2 3’

P(A/A1) =

YTO COBIAJAET C OTBETOM K 9TOM 3ajade.

IMpumep 4.4.5. Cpedu N ax3amenayuonmvix buremos n “cuacm-
aueoir”. Cmydenwmor nodrodam 3a Ousemamu 00ur 36 Opy2uM.
Y K020 boavuwe sepoammnocms 63a4me “‘cuacmaucoild” busem — y mo-
20, KMO NOJOULEA NEPEBIM, UAL Y MO20, KMO NOJOWEA BMOPHIM ?
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[Pt

Pemenue. Obo3naunm uepes Ai- cobObITHe “i-f1 CTYZEHT B3
caactymBelii 6uer”, ¢ = 1,2; A} — “l-it cTygeHT B3s1 HeCUaCTIIN-

o1t 6umer”. Berancamv P(A}) n P(AL).
ITo dopmye kaaccuaeckoit BEpOATHOCTH

n

P(4)) = ¥

Bepositrocts cobbirasi P(AL) Beramcamv mo dbopuyse mosmoii Be-
POATHOCTH, PACCMATPUBAs B KAYECTBE MOJHOM IPYIIIbl COOBITHI Al1
n AY:
P(A}) = P(AL/ADP(AY) + P(Ay/AY)P(AY) =
n—1n n N—-n n

N—-1N + N-1 N N’

Tak 410, BEPOATHOCTD B3Th CHACT/IUBBIN Ousier s 06oux cry-
JICHTOB OJIMHAKOBA.

SBamedganne. Takoit OTBET MBI TOJy9IaeM, €CIU TTEPBLIA CTY-
JIEHT He O0bSIBIsET, KaKOil OWIeT OH BBITAHY/ (CYACTIUBBIN N
HECYaCTIUBbI ). B mpOTUBHOM C/ly4uae BEPOSTHOCTD BBITSHY Th C4aCT-
JIMBBIN OWJIET BTOPBHIM CTYIAEHTOM PaBHA

l l
P(A3/A1) = (n = 1)/(N = 1),
€CJIW 11€PBbBII BBITSHYJ CHACTJIMBBIN OUjIeT, 1

P(A}/AY) = n/(N - 1)
— €CJIM HeCYaCTJ/IUBBbIA.

IIpumep 4.4.6 (3amaua o pasaese ctaBku). /[6a uzpoka ue-
PArOM 8 CNPasedAusYIo uzpy — Y 0bOUT WAHCHL GHLULPAMY KAAHCIYIO
napmuIo uzpor 00UHAKOEL, HAMPUMED, NOJOPACHLEAIOM, CUMMEMPUY-
HY10 MOHEMY, eCAU NPU IMOM MOHEMA AE2AG 26POOM, NAPMUI Ebi-
uepas nepewvili uepok, ecau pewemkolt — emopol. Heporu dozoso-
PUAUCH, MO U2DY BHUPHIBAEM MOM, KMO nepsvim suiuepaem 6
napmutd, NPy 9MoM 8vlupaswul nosywaem eecy npud. Ha camom
dese uepa 0cmano8uAGCH J0 MO20, Kak 00U U3 U2PoKos eviuzpas 6
napmuii, cragcem, nepeuili eviuzpan b napmud, a emopoti — 3. Kak
cnpasedauso pasdesumv npusd?

3adaua o pasdese cmasku umeem dasnue xophu. Bnepevie ee
onybaurosas 6 1494 2. 6 Beneuuu ussecmuwviti mamemamur Ppa
Jyxa Iaworu, Ho UMEIOMCA OCHOBAHUA CHUMAMD, YMO 34004 UME-
em apabcroe npouczoocdenue. Ha ee pewenue bespesysvomammo 6vi-
A0 TOMPAUEHO HEMAAO YCUAUTL BHAMEHUMBLE Mamemamukos. Henpa-
BUABHOE pewenue — npud caedyem paddesums 6 omuoutenuu 2 € 1,
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dasn Huxxoso Tapmanava (1499 — 1557), zomsa on Gva docmamou-
HO 2eHUANEH, YMOOBL 8 MAMEMAMUYECKOT 0Y2AU 30 00HY HOUD HAT-
mu hopmyay Kopret kybuveckozo ypasrenus. Ipaguavroe pewenue
He3a6uUcuMo dpye om dpyza noayywusu Hackasv u Pepma 6 1654 2.
Mo omKEPLIMUE 8DL2AAIEN0 HACTNOALKO BANCHBIM, YN0 MHOZUE CYU-
matom 1654 2. 2o0dom pootcdenus meopuu seposmmuocmeti.

Pemenue. Ilackans u @epma paccmarpuBaid 3a/a4y O Pas-
Jlejie CTaBKM KaK BEPOSITHOCTHYIO.

ITycTs BMECTO UTPOKOB, KOTOPBIE TPEPBAJIN UTPY, €€ MPOIOJIKa-
10T JIBa, HOBBIX MI'POKA (O/IHH 3a IEePBOTO, JIPYTOil — 3a BTOPOTO, MBI
no-npekHemy Oy/leM Ha3bIBaThb WX IIEPBBIM U BTOPHIM UIDOKAMH).
OHu UrpaioT [0 BRIMTPHIIIA OJHUM W3 UTPOKOB Iectu mapruii. [Ipu
3TOM 6 TmapTHii MOXKET BHIUTPATh KaK MEPBBI UTPOK, TaK W BTO-
poit. Bor TosibKo ¢ pa3ubiMu BepostHOCTMU. [losTomMy ecrecTBeH-
HO CUMUTATH CIPABE/JIUBBIM Pa3jes Mpr3a MPOMOPIHOHATHLHO BEpO-
SITHOCTSIM BBIUTPATH 6 MapTuii COOTBETCTBEHHO TEPBBIM U BTOPBIM
UIPOKAMU TIPU [TPOJIOJIKEHUH UTPHI.

Wrpa npogoskaerca ue 60siee Tpex maptuii. Bropoit urpok Bbi-
WUTPBIBAET WTPY, €CU B TPEX TMOCIeI0BATEIbHBIX TOAOPACHIBAHUIX
MOHETBI BBIIAJIET Tpu pernerku. 11o3ToMy BEpOSTHOCTH BBIUTDBI-
113 UTPBI BTOPBIM UTPOKOM paBHA 1/8 — BEPOATHOCTH BBITAJIEHUS
Tpex perreTok. BeposgTHOCTh BBIUTPBINIA, WTPHI TEPBBIM HUIPOKOM
pasna 7/8. CiemoBarenbHo, pu3 HEOOXOJAMMO Pa3JIEIUTh B OTHO-
menum 7 : 1.

3agaun

4.1. [Iyist ymenbInennsi 00IIero KoJanvaecTsa urp 2n Komas i (pas-
HBIX 110 CHJIE) HEODXOAMMO PAa3JeuTh HA JIBE IOArPYIIIbLI IO 7 KO-
MaH] KaxKasl.

1. KakoBa BEpOSITHOCTH TOTO, YTO JBE CaMble CHIbHBIE KOMAHIbI
OKaXKyTCs: a) B Pa3HBIX MOArpyNnax; 6) B ofHOl moarpymme?

2. KakoBa BepOSTHOCTH TOTO, YTO YETHIPE CaAMble CHUJIbHbIE KO-
MaH/Ibl OKAXKyTCsl: a) B PA3HBIX MOATpyMmax (Mo JBe B KaxK/IOii);
6) B OHOI MOArPYNIE; B) B PA3HBIX MOATPYINAX, TIPUIEM B OJHOT
[OAITPYIIie TPU KOMAH/IbI, B APyroit — oaua?’

Pemenne. Bynem pazauaars moArpynne: moArpynna 1° u mosu-
rpynna 2°. Vcxos sKcnepuMeHTa — YHOPSAOUeHHAsd Tapa n-dJe-
MEHTHBIX TTOJMHOYKECTB 27-3JIEMEHTHOIO MHOXKECTBa (IIPOCTPAHCT-
BO 3JIEMEHTAPHBIX COOBITHII — MHOYKECTBO BCEX Takux map). llpm
9TOM BBIOOD OJIHOTO M-3JIEMEHTHOIO TI0IMHOKECTBA, Tapbl (01HO# 13
MOJIPYIII, HAPUMED, TOATPYINbl 1°) ompeesisier cocTaB Jpyroro
noamuokectsa (nogrpynmner 2°). Tlosromy Beero ncxomor C%,. Mo-
JleJIb KJIACCUIeCKas.

CobeiTne A — “aBe caMble CHJIbHBIE KOMAHIBl OKA3a/IUCh B Pas-
HBIX TOJATPyNHax’ — OMUCHIBACTCS YIOPSITOUEHHBIMU TTapaMu
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N-3JIEMEHTHBIX TTOIMHOXKECTB, B COCTAB KayKJIOTO M3 KOTOPBIX BXO-
JUT POBHO OjiHA n3 Haubosiee CUIbHBIX KoMaH . [loaTomy

(A) CQC2n 2/0211

CobbiTre B — “aBe caMble CUJIbHbIE KOMaH/Ibl OKA3a/IUCh B OHO
MOATPYIIE” OMUCHIBAETCS YIIOPSA0UEHHBIMU TTAPAME N-3IEMEHTHBIX
TTOAMHOYKECTB, TPUUEM B COCTAB OHOTO N-3JIEMEHTHOTO TTOAMHOKECT-
Ba (IIEPBOTO WM BTOPOTO) BXOMSAT J(BE CaMble CHJIbHBIE KOMAHJIbI,
B COCTaB Jpyroro — Hu oxHOi. ITosTomy cHadasia BeIOepeM IIOI-
rpymmy (1° wim 2°), B cocTaB KOTOPOii BORIYT JIBE caMble CHIbHBIE

KOM&H,ZLBI (C3 cniocobamm), a 3arem cchopMEpyenM 3Ty HOArPyIITY —
C3p2, cnocobamu. Orciona

P( ) 02 2n 2/0271

4.2. J/leBaTh maccaykupoB Hay/Jady PacCarKMUBAIOTCS B TPU Baro-
Ha. Haiitu BepogTHOCTH TOTO, UTO:

a) B KaXKJbIil BArOH CsiIyT 110 TPU MACCAZKUPA;

6) B OMH BAarOH CAIYT Y€TBIPE, IPYroii — TPH, a B TpeTHil —
JIBa TIACCAXKUPA.

Pemenue. O60poT “1€BATH MACCAKUPOB PACCAKUBAIOTCS B TPH
BaroHa’ 0003HAYAET, YTO KAXKIOMY HACCAKUPY MPHUIHACHIBAETCSI HO-
Mep BaroHa, B KOTOPOM OH OKa3aJicst. VIcxo — mocjesoBaTelbHOCTh
(c10BO) MmOl 9, cocrasiennas u3 uncen 1,2, 3; Bcero ucxonos 37.
Mosenb KiiacCuaecKas.

a) CobbITre “B KaXK/Iblil BATOH CATYT [0 TPHU MACCAKUpa’ OIMu-
CBIBAETCd CIOBAMU JJINHON 9, COCTAB/IeHHBIMU M3 Tpex 1, Tpex 2,
tpex 3; rakux cjos 9!/(3!3!3!). Ilosromy nckoMast BEpOATHOCTH paB-

91/(31313!)
a — %59 -

6) CobriTHe “B OMH BATOH CSAIYT YETHIPE, B APYTOii — TpHU, Tpe-
Tl — JBa MaccaXupa’ OIMUCHIBAETCS TIOCJIEI0BATE/IbHOCTIMU JITU-
HOit 9, obpazoBanubiMu Tdpamu (Oyksamu) 1,2, 3, npudem ogHa
nudpa BCTpeUIaeTcs YeThIpe, Apyras TPU, TPeThs JBa pa3a. Bcero
rakux nocuaegosaresbrocreii 319!/(41312!1). B camom sese, nepsbim
neiicTBreM BbibepeM nudpy, KOTOpas BCTPETUTCS YeThIpe pa3a (Tpe-
Mst criocobamm), ToToM Py, KOTOPast BCTPETUTCs Tpu pasa, (JABy-
Mg criocobami ), T pa, BCTPEUYAIOIIasiCs TBa pa3a, MOKET ObITh BbI-
bpana oxauM criocobom. Bropwim jelicrBuem u3 BoIOpaHHBIX 1udP
obpasyem CJI0BO AauHOM 9 C 3a[aHHBIM YUC/IOM OyKB KaKIOr0 THIIA
(91/(41312!) criocobammu).

319!/(41312!)

Tak 9T0 MCKOMas BEPOSITHOCTH PaBHA — 30
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4.3. JlokazaTh, 9TO BEPOSITHEE TOJYIUTH TIPU YEThIPEX ToI0pa-
CHIBAHUSX WUTPAJIBHON KOCTH XOTd Obl ONHY ejumHuIly, dem mupu 24
oA0PaChIBAHUSX TTAPhl UIPAIBLHBIX KOCTEH X0Td Obl OMWH pa3 mapy
equant. (OTBer m3BecTen Kak “mapajokc e Mepe”. TlpuasopHbIii
KaBaJiep U a3apTHbBIN UT'POK MIeBajbe jie Mepe, coppemennuk besa
[Tackans, cauTag 3TU BEPOSITHOCTA PABHBIMU 1 OOBUHST MATEMATH-
KOB B CBOWX TIPOUTPHIIIAX. )

Pemenne. BeposTHOCTE TTOSABIIEHNUST XOTsT OBI OAWH pPa3 €IUHMN-
bl TPU YeThIPeX MOAOPACHIBAHUAX WIPAJIBHON KOCTH PpaBHA
1—5%/6%, a nosieaenue mapsr (1,1) xorst 661 ouE pa3 B 24 moAGPa-
CBIBAHIAX AP KocTeil pasua 1 —35%4 /3624, Heobxommmo mokazars,
91O

1-5%/6" > 1 —35%/36%4.

Jljist 3TOTO 10CTATOMHO yCTaHOBUTH, uTo (35/36)%* > (5/6)* wm
(35/36)° > 5/6. Ilocienuee ciemyer, HAIPHMED, U3 HEPABEHCTBA
I+x)">14nz,z>-1,n>1opun=6x=—1/36.

4.4. B ngudre cemp maccaxkupos. JIudT ocranaBimBaeTcd Ha
JIeCATHU 3TaKaX. BbI4UC/IUTh BEPOATHOCTH TOrO, YTO HUKAKUE JIBA
accakupa He BBIIIYT Ha OJHOM U TOM K€ dTarKe.

Otser: A7,/107, aro cocrasger okoso 0, 06.

4.5. Yuactuuk jorepen “Croptioro”’ u3 49 mazBanuii BUIOB
cropra (0003HaUeHHBIX dncaaMn 1 — 49) goyKeH Ha3BaTh IIECTh.
[TotHBI# BBIMTPBII IOy YaeT TPABUIBLHO YKA3aBIIUI BCE MIECTh Ha-
3BaHUil. BeIUrphIin moydaior U yrajaBiive He MeHee TPeX Ha3Ba-
Huii. BerancgmTs BEpOSITHOCTD MOJTHOTO BRIUTPHIIIA B “CriopTaioTo”.
Berancints BepogTHOCTH TOrO, 9T0 yuacTHUK “CroprioTo” yraja-
€T MATh, YeThipe, TPU Ha3BaHUs. KakoBa BEpOSATHOCTH IMOJYUUTH
BerphItt B “CropTaoro’”?

Oreerni: P(A,) = { yuacrauk yragan r sugos }, v = 3,4,5,6;
P(A3) = 0,017650, P(A4) = 0,000969, P(As) = 0,000018, P(A4s) =
= 0,00000007151.

4.6. BuraucanTh BEPOSITHOCTH TOTO, UTO UETHIPEX3HAYUHBIN HO-
Mep C/yYaiiHO BbIODAHHOTO aBTOMOOW/IsE B OOJIBIIIOM TOPOJE:
a) COCTOUT M3 Pa3IMIHBIX IUudP; 6) UMeeT POBHO JBE OJMHAKOBBIE
1 phl; B) UMEET JIBE MAaphl OJJMHAKOBBIX MU(MD; T') UMEET POBHO TPU
OZIMHAKOBBIE TIHQPBI; JT) COCTOUT U3 OAMHAKOBBIX THQP.

10-9-8-7 100241/ (2!1111)

w0t 10 '

B) HerbIpex3HAUHBIN aBTOMOOIIBHBIN HOMED — YIIOPSIOUeHHAS
MOC/IEI0BATENLHOCTE nHON 4 (c10B0), oOpazoBannas w3 mudp
0,1,2,...,9; Bcero Takux IocJje/I0BaTeTbHOCTEN 10%. Howmepa, nme-
IOIKEe JIBe Tapbl OJMHAKOBBIX NU(P, — ITO MOC/IET0BATETHLHOCTH

OTsernr: a)
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(coma) mawHO#N 4, o6pa3oBaHHBIE IBYMs PAa3HBIME I paMu, KO-
TOPBIE BCTPEHAIOTCs M0 Ba pasa, nx seero O 41/(212!). (Cravana

u3 10 mudp Bebupaem gse (C%) cmocobamm), a 3aTeM U3 HAX CO-
CTaBJisieM CJIOBO JTHHOM 4, B KOTOpOe KaKjas OyKBa BXOJUT JBa-
wibt (41/(212!) cnocobamn)). Tloaromy uckoMasi BEPOATHOCTH PaBHA

C2,41/(212!1)

ot
. 9.4 11!
r) M (aHAIOIMYHO pereHnio 3a7adu (IyHKT B));
) 1/103.

4.7 (npu3oBasi urpa). Ber yaacrteyere B mpu30Boii urpe (mpus
— aBromobub). Ilepes BaMu TPy 3aKpPBITBIX JABEpU. 3a OJHOM U3
Hux aBTomoOmib. Bemymmit npemiaraer Bam BeIOpaTh JaBeph. Bbl
BeiObupaere. [Ipex e gem OTKPBHITH BHIOPAHHYIO BaMU IBEPH BEIy-
Uil OTKPBIBAET OJIHY U3 OCTABIIUXCH JBEpeil — 3a Heil aBTOMOOU IS
uet. [locse sToro Bemymuit mpejjiaraeT BaM JBa BapuaHTa IOC/IE-
JYIONUX JefiCTBUl: OTKPBITH BHIOPAHHYIO paHee BaMU [Bepb WU
OTKPBITH OCTABINYIOCs JIBEPh. KC/U 3a OTKPBITON JIBEPHI0 aBTOMO-
Ou/ib — OH BAIIl.

Kakoit BI00Op cesaTh — OTKPBITH TEPBOHAYAIHLHO BHIOPAHHYTO
JIBEPDH UJIU OTKPBITH OCTABIIYIOCS?

EctectBento, uTo npenmnouTuTeIbHEE TOT BBIOOD, KOTOPHIT 0bec-
meInBaeT OOBINYI0 BEPOSITHOCTH BBHIUTPHINIA aBTOMOOUIIS.

Bbruucsiure BEpOATHOCTL BBIMIPBIIA aBTOMOOMIsE, ecym: 1) Bbl
OTKPBIBAETE TIEPBOHAYAJIBLHO BHIODAHHYIO JIBEPDH; 2) BBl OTKPBIBAETE
OCTaBIIYIOCHA JIBEPbD.

Pemenue. Bepograocts TOro, 9T0 aBroMOOMIbL HAXOAUTCS 3a
JaHHol (BHIOpaHHON Bamu) JBEPBIO, paBHA 1/3, a ciepoBarenbHO,
BEPOSAATHOCTH TOTO, 9TO 33 JTaHHON JIBEPHI0O aBTOMOOWJISI HET — aB-
TOMOOM/TH HAXOIUTCS 38 OCTABITMMUCS IBEpSIMU — paBHa 2/3 (BHE
3aBUCUMOCTH OT TOIO OTKDbLI Beaymmil jBepb uau wer). Ilosromy
CIelyeT 0TKa3aThCd OT MEPBOHAYAIHLHOTO BHIOOPA JBEpH U BhIOpATH
OCTaBIIYIOCS JBepb (OZHY JIBEPh BEAyIMii y’Ke OTKDBLI W 3a Heli
aBTOMOOMJISI HE 0KA3AJI0Ch ).

IIpennoxkenroe pernrerne 0COOEHHO “MPO3PATHO”, €CJIU ABTOMO-
OuIh HAXOAMTCS 32 OMHOM 3 N asepeit (manpumep, n = 1000).

BepositHOCTH aBTOMOOWIIIO HAXOAUTHCS 38 BRIOPAHHOI BAaMU IBE-
pBIO paBHA 1/n, U CIeI0BATENBHO, BEPOITHOCTD MPOTHBOIIOIOZKHO-
r0 COOBITHS — ABTOMOOW/IH HAXOIUTCS 33 OCTABIITUMUCS JTBEPSIMU —
pasua 1 — 1/n. IIpu n = 1000 sta BepoaruocTs cocrasiger 0,999.
Tak 9TO OTKPBIB OCTABIIYIOCS JIBEPH, Bbl MOUYTH HABEPHSIKA, yejlere
JIOMOIT Ha aBTOMOOMIIE.
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JlnckpeTrHasd caydaiiHast
BEJINYNHA

BepositTHOCTHOE pacripegesieHne Kak MOeJib CTOXaCTH-
Y4eCKOr0 3KCIepuMeHTa. PacCcMOTpUM HECKOJIBKO MMPUMEPOB CTO-
XaCTUIECKUX IKCIEPUMEHTOB.

Ilog6paceiBaOT UTPATBHYIO KOCTH U PETUCTPUPYIOT UHUCJIO BbI-
MaBITUX OYKOB.

Ilog6paceiBaloT MOHETY W WIPAIbHYI0 KOCTh W PErUCTPUPYIOT
YUCIO BBIMABIINX TePOOB U YHUCJIO BHITABIINX OYKOR.

Ha orpesok [0, 1] maygady 6pocaioT TOUKY M PErucTpUpyloT ee
KOOPJIMHATY.

Perucrpupytor Bpems 6e30TKa3HO# pabOThl KaxK/0T0 U3 N IPU-
OOpOB.

B cToxacTudecknx 3KCIEepUMEHTaX, OMUCAHHBIX B TPUMEPAX, UC-
XOMIbI ‘AMCIOBBIE”: JIMOO UMCI0, JIMOO IOCIEIOBATETHFHOCTD YUHCEN
(BexTOD).

MaTeMaTu4IecKoil MOIEIbI0 CTOXACTUIECKOTO HKCIEPUMEHTA C
“9rCJIOBBIM’ MHOYKECTBOM MCXO/0B, KAK U KaXK0I'0 CTOXACTUIECKOTO
9KCIIEPUMEHTA, SIBJISAETCS BEPOATHOCTHOE mpocrpanctso {2, §, P},
HO YaCTHOTO BWJA: MHOXKeCTBOM mcxomoB ) smistercss R™ miam ero
qacTh. B kadecrBe o-ayrebpbl § mogmuoxkecTs R™) Kak mpasBuio,
paccmarpuBaercs ‘craHIapTHasi o-aarebpa, TaK Ha3bIBaeMas
o-aarebpa OopenmeBckux MHOXKecTB Ha R — HanMeHbIas
o-ajrebpa, cojepKalias mapaJiiesenure/ibl, OHa 0003HATAETCS Te-
pe3 B" (nogpobuee o o-anrebpe B" B paz. 7.2. r1. 7). BepositHoCcTh
Ha o-aaredbpe OOPeeBCKUX MTOAMHOXKECTB MPOCTPAHCTBA, R™ 00BITHO
Ha3BIBAIOT 6EPOAMHOCMHbIM pacnpedeseruem Ha R™,

Bepositnoctroe mpocrpanctso {Q,F,P} ¢ @ = R" u § = B"
[IOJTHOCTBIO OIpE/IesgeTcs 3a/laHiueM BEPOSTHOCTHOI'O PAaCIIpe/jiesie-
uus (BepostHOCTH) HA R™, M03TOMY BEPOSITHOCTHOE PACIIPE/IEIEHIE
na R" paccMaTpuBalOT B KAaUeCTBE MaTEMATHUIECKONH MOJIENN CTO-

83
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XaCTUIECKOTO IKCIEPUMEHTA ¢ “INCI0BBIM’ UcXonaoM. B wactHocTn,
ecau MHOXKecTBO ncxomoB X C R™ ¢roxacTu4eckoro 3KCIepuMeH-
Ta KOHEYHO MU CYeTHO (KPATKO, JUCKPETHO), TO MATEMATUIECKO
MOJTETTHI0 CTOXACTUIECKOTO SKCITEPUMEHTa SIBJISETCST TUCKPETHOE Be-
POATHOCTHOE pacupejesienue Ha R”™.

ITpumepsbl

1. IlogOpaceiBalOT CUMMETPUIHYIO UT'PAJIBHYIO KOCTh U PETUCT-
PUPYIOT YUCJIO BBITTABIIUX OYKOB.

B kauecTBe MaTeMaTHYECKOM MOJIE/IN 3TOTO CTOXACTUIECKOTO JKC-
MEPUMEHTa €CTECTBEHHO PACCMOTPETh BEPOSITHOCTHOE PACIIpe/Iesie-
ue (BepodaTHOCTH) Ha ToaMHOXKecTse {1,2,...,6} mpamoit R!, za-
JIaBAEMOE PABEHCTBAMMU

2. Ha orpesok [a,b] Haygady GpocaioT TOUKY U PETUCTPUPYIOT
ee KOOpIMHATY.

B kauecTBe MaTeMaTHIeCKO MOJIE/N 3TOTO CTOXaCTHIECKOTO KC-
MEPUMEHTA, eCTECTBEHHO PACCMOTPETh BEPOSITHOCTHOE PACIPEIese-
HUe, 33/laHHOe HA HAMMEHbIIeH o-ajirebpe, coiepKalieil IpoMexyT-
KW, 1 TAKOE, 9TO 3HAYCHNE PACIIPEIETeHIT Ha KAXKIOM IIPOMEZKYTKE
[a/,b'] m3 [a, b] mpomOpIMOHATLHO J/TMHE TPOMEKYTKA, T. €.

P([",V]) = (b —d')/(b—a), [d,b] C [a,b].

Jlajiee MBI PacCMOTPUM 3TOT IPUMEP MOAPOOHEE.

5.1 CaydJaiiHag BeJUnHa KaK (pyHKIIAA
HA MHO2KECTBE HCXOJIOB

Pesysprar croxactmaeckoro sxcrmepumenTta ¢ ucxomamu B R™
€CTECTBEHHO PACCMaTPUBATH W KAK BEJIUYUHY, 3ABUCSIIILYI0 OT BMe-
maTeabCTBa caydasd. [loaToMy moOMIMO BEpOSITHOCTHOTO pacIpesie-
sienns Ha R™ Kak MaTeMaTuvecKoil MOJIEIN CTOXACTUYECKOr0 SKCITe-
puMenTa ¢ ucxogamu B R", B KauecTBe ero MaTeMaTndaecKoit MO/ u
MOXKHO IPEJIOKUTh U JIPYryI0 €CTECTBEHHYIO U COJEePKATEHHYIO
MOJI€JIb.

Ha maTYRNTHBHOM ypOBHE IO/ BEJIMTINHON, 3aBUCHAIIEN OT BMe-
IIAaTeIbCTBA CAydasd, Mbl IOHUMAaeM BeJIMINHY, KOTOpas IPUHIMAET
Te WIN WHbIE 3HAYEHNST B 3aBUCUMOCTH OT MCXOJa CTOXACTUIECKOTO
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9KCIIepUMEHTa. VCXOABI CTOXaCTHYECKOTO 3KCIIEPUMEHTA, OTMCHIBA-
JOTCsl TOYKaMU W IPocTpaHcTBa §) 31eMeHTapHbIX COObITHIT BEpOAT-
nocruoro npocrpanctia {2, §, P}. Tosromy, dbopmanusys nousarue
BEJIMYWHBI, 3aBUCAIIEH OT MCXOJa CTOXACTHIECKOTO SKCIEepUMeHTa,
B KAUeCTBE €€ MaTeMaTHIeCKOH MOJETN €CTECTBEHHO PAaCCMOTPETh
dbyurmo £ = €(w), 3a7aHHYI0 HA MHOKECTBE MCXOJI0B (3/1eMeHTap-
HBIX cOOBITHIT) () BeposiTHOCTHOTO MpocTpanctea {€),§, P}. Takne
dbynknun Mb1 6y1eM HA3BIBATH CIyYailHBIMU BEJTNIHMHAMHA.

IIpumepnl

1. Momery, BepOATHOCTD BHINIAIeHUSA Tepba KOTOPOii p, moaopa-
CBIBAIOT HE3ABUCHMbIM 0OPa30M J10 EPBOr0 BbINAIEeHUs repba u pe-
PUCTPUPYIOT YUCI0 & BHIIABIINX PEHIeTOK — YUCJI0 NoAOpachlBaHMit
JI0 TIEPBOTO BBITAIeHNs repoa.

CroxacTuaecKkuii SKCIIEPUMEHT, COCTOAIINI B OA0PACHIBAHIT MO-
HETHI JI0 epBOr0 BBINAJIEHUS Iepba, ONMMUCHIBACTCH BEPOSTHOCTHBIM
npoctpancreoMm {2, P}, rie

Q={I,P[,PPL,...}, P(PP...PT) = (1—p)kp, k=0,1,...
k

Yucio moabpacklBaHUil MOHETHI 70 IEPBOrO BBIMAIeHIA Tepha MOK-

HO paccMmarpuBarh Kak dyukiuio £ = (w), onpeaenennyio ua {2 u

npuHEIMaonyio B Touke w = (PP ...PTI') snagenne k, k =0,1,...
k

2. [TosOpachIBAIOT CUMMETPUYHY IO MOHETY ¥ CUMMETPUIHY O UT-
PATIBbHYIO KOCTh U PETUCTPUPYIOT: &) & — YUCJIO BBIIABIINX repOoB,
6) 7 — 4Yuca0 BhIMABIINX 0YKOB, B) ( = (£,7) — YNCJIO BBIIABIINX
repbOB UM YUCJIO BBIMABIINX OYKOB.

CroxacTUIecKuil 3KCIIEPUMEHT, COCTOAIIMN B MOAOPACHIBAHUI
CUMMETPUYHON MOHETbl U CUMMETPUYHON UrpajibHONM KOCTHU, OIU-
ChIBAETCs BEPOATHOCTHBIM npocTpancrBom {2, P}, roukn w u3 Q —
YIIOpSAI09eHHbIe aphl (si), rae s npuaunMaer “3uadenus’ [ nmm P,
i npuanMaer 3uadenns 1,2, ...,6, a P(si) = 1/12 nna kaxaoit na-
poI (si).

Yucso BeimaBmmx repbos &, 9MCa0 BHITABIIMX OYKOB 1), YHCJI0
BbITABIIMX repboB n 0ukOB ¢ = (&,7) MOXKHO PacCMaTPUBATH KAK
Dy € = £(w), 1 = 7W), ¢ = (W) = (Ew), 1)) ma D,

3alaHHbIE€ PaBEHCTBaAMM:

) yrins £ = £(w):

Ei) =1, Pi) =0, i=1,2,...,6
6) bynkuug n = n(w):

n(Ti) = i, n(Pi) =i, i =1,2,...,6;
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B) dymxmmsa ¢ = ((w) = (§(w), n(w)):
¢(Td) = (1,4), ¢(Pi) = (0,3), i =1,2,...,6.

Pestome. Umax, daa cmoxacmuueckozo sxcnepumenma ¢ “yuc-
A06bIM” UCTOIOM MOAHCHO TMPEIAOACUND J6E MAMEMATNUYECKUE MO-
deau:

1) sepoammnocmuoe pacnpedeserue na R™;

2) pynruyuro £ = &£(w) co snanenuamu 6 R™ na mmoorcecmese
anemenmaphuix cobvimuti (ucrodos) £ nekomopozo epoAMHOCMHO-
20 npocmpancmea {Q,§, P}.

CayuaiiHast BeJIMYMHA HA BEPOSITHOCTHOM MIPOCTPAHCTBE.
Oyukuns & = £(w) Ha § BeposirHOCTHOrO npocrpancrsa {2, §, P}
co 3navenuamu B R", mpemaraemas (paccMarpuBaemasi) B KadecT-
B€ MO/JIeJIN BeJIMYNHBI, HAXOAAIIeNCda Mo BO3AeCTBUEM CJTYYailHbIX
dakTopoB, HE MOXKET ObITH TPOU3BOJIbHON. OHA JIO/KHA YIOBJIET-
BOPSATH HEKOTOPBIM E€CTECTBEHHBIM TPEOOBAHUSIM, a WMEHHO: st
muOKecTB B C R™ 3 10CTaT0MHO MMUPOKOTO Kaacca (B 9aCTHOCTH,

TS TIApaJIIe/IeniIeoB, a B caydae R! 11g 0Tpe3KoB) MOXKHO To-
BOPHUTH O BEPOATHOCTH TOMaIaHus 3Hadennd £ B B.

Ecin mbl paccmarpuBaem Besmauny £, 3aBUCSILYIO OT C/Lydas,
kak byskmmio § = {(w) TOUYKM HA MHOXKECTBe UCX0J0B () Bepo-
araocTHOro mpocrpanctsa {2, §, P} (kak dbyukuumio ncxoma w cro-
XaCTU4YeCKOro SKCHepI/IMeHTa), TO TOBOPUTH O BEPOATHOCTH TIOTTa1a-
oug £ B MuOKecTBO B C R™ MOXKHO TOr/1a, KOT1a MOXKHO TOBOPUTH O
Bepogrnoctu MuoxkectBa {w : £(w) € B}. Ho BepoarnocTs onpeje-
JIEHA TOJTBKO JIJIst MHOYKECTB 13 KJ1acca § (13 o-aarebpsr coobrtuii §),
nosromy 4robbl hyHknuio & = &(w) MOKHO ObLIO PACCMATPUBATD
B Ka4eCTBE MOJIC/IN BECJIUYIUHDBI, 3aBUCAIICH OT BMEHIIQTE/ILCTBaA CJIy-
vast, MHOXKecTBO {w : £(w) € B} n0/1KHO NPUHAIE)KATH KJIACCY §
(TO/KHO OBITH COOBITHEM).

Cayu4aiiHas BeJMYMHA Ha JUCKPETHOM BEPOSITHOCTHOM
npoctrpaHcTie. g byuxiym £ = £(w), 3amannoii na ) quckper-
HOTO BEpOATHOCTHOTO mpoctpancTea {2, P}, Bcerma moxkuO roBo-
pPUTH 0 BEPOATHOCTH nomajanus 3Hadenus € 8 B C R™, nockosbky
Jutst gioboro B C R™ muoxkectBo {w : {(w) € B} sapusercs co-
ObITHEM U, CJI€JI0BATEIBHO, €r0 BEPOSATHOCTD ONpe/ieeHa (B obem
ciydae HeoGXxoanmo TpeboBarh, 9Tobbl MHOXKecTBO {w : {(w) € B}
6110 cobbiTrem). [Tosromy 00yI0 dbynknuio & = &(w) Ha quckper-
HOM {) MOXKHO pacCMaTPUBAThH B KAYECTBE MATEMATUIECKON MOIEH
BEJIMYNHBI, 3aBUCAINEH OT CJIydast, Takue PyHKINN Oy1eM HA3bIBATH
CJTy9IaiiHBIMU BETMIMHAMH.

Omnpenenenne. Cayyatinot eeauvunot co 3uavenusamu B R™ aa
JMCKPETHOM BEPOSTHOCTHOM npocTpanctse {{2, P} Gyzem nassisarh
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dbyurimo £ = £(w) co snavenuavu B R™, zamanuyio ma ) Beposr-
HOCTHOTO TipocTpancTsa {2, P}.
Ecmm n > 1, To cayvaiinyio BemIuHy

§=¢w) = (&(w),&w), - &n(w))

Ha3BIBAIOT 68eKMOpHOt, ecnn N = 1 — cxaaaprod.

Cayuaiinas semuunna (bysknug § = £(w)) HA IUCKPETHOM
{Q, P} npunnmaer me Gosiee Uem CUeTHOE YNCJIO 3HAYEHWIT, TaKast
ClydaiiHas BEIMIMHA HA3BIBACTCS QUCKDPEMHOT.

Bameuanune. Ecm £ = (£,8&2,...,&,) — BEKTOpHas Caydaii-
Hag BeJMYMHA CO 3HAYEHHAMHA B R"™) TO, 09eBUIHO, KaXK/Iad U3 KOM-
nonent &, j = 1,2,...,n, apudercy ciydailHONl BeJUMYNHOM CO 3HA-
gennsvu B R (1 maoGopor).

Pacnpenenenne QuCKpPeTHO CaydaifHOU BeJIUYUHBI £ =
= ¢(w). Hamomunwm, uto na guckpernom X C R™ meorpunarenn-
Has dyskuus Troukn Q(x), x € X rakas, uro Y, Q(z) = 1, 3za-

zeX
JAeT Ha KJACCe BCEX MOJMHOKECTB X HEOTPUIATENbHYI0 CIeTHO-
aJINTUBHYI0 HOPMUPOBAHHYIO (DYHKIMIO MHOXKECTBA

Q(B)=> Q(z), BCX.

zeB

(cm. (4.1.3)). Kak dynkuus muoxxecrsa Q(B)

)
nust toukn Q(z), x € X, rakas, uro Y, Q(z
rzeX

B C X, rak u dyHuk-
) = 1, naseiBaerca
pacrpeie/ieHreM Ha JUCKPETHOM X.

IMycrs £ = &£(w) — cayuaiinas Benmnanna co 3Hadenusvu B R™ ma
auckperaom {2, P}. Touky & € R™ 6ynem Ha3bIBATD 603MONCHBIM
3HAMEHUEM CYIANHON BeJIMIUHbBI £, eciiu

P{¢ =2} =P{w: &(w) =2} > 0.

MH0KEeCTBO BO3MOXKHBIX 3HAUEHUIN CJIyUIaiHON BeTUdIuHbl & OymeMm
ob6oznauars uepes X (X C R").

Cayuaiinag seqmunna { = (w), onpe/eseHHas Ha BEPOSITHOCT-
nom npocrpanctee {2, P}, 6cezda 3amaer na muoxecrse X cBomx
BO3MOKHBIX 3HAYEHUI BEPOATHOCTHOE PACIIPE/IE/IEHIe, HA3bIBAEMOEe
pacrpejie/ieHueM CIyqaifHol BeuduHbl €.

Omnpenesnenne. Pacnpedesenuem uckpemmnoti cayualinot eeu-
wunol & = &{(w) (co 3nauenusivu B R™) Oyuem HasbiBaTh OyHKIMIO

Pe:x — Pe(z) = P{¢ =z}, = € X, (5.1.1)
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3aJIAHHY0 Ha MHOYKeCTBe X DA3IMIHBIX BOZMOKHBIX 3HATCHUI CIIy-
YaiiHO# BeJMIMHBL £ ¥ CTABSILIYIO B COOTBETCTBUE KAXK/IOMY BO3MOXK-
HoMy 3nadennio & € X BepostHOCTh Pe(x) = P{{ = x}, ¢ koropoit
9TO 3HAYEHNE TIPUHUMAETCS.

g dyHKIum TOYKN

Pg%%Pg(@')ZP{ﬁZ%}, xGX,

> Pelz) =1.

zeX

BCErJIA

Ilocienmee paBeHCTBO CAEIyET U3 CBOMCTBA aCCOMMATUBHOCTH a0CO-
JIIOTHO CXOALAIIMUXCA PAJOB U IIPEJCTABJICHUA

Ufw:éw) =2} =2,

zeX

{wig(w) =2} N{w: &{(w) =x;} =0, z; # x;,

TaK:

1=P U{w:f(w):$} :ZP{w:f(w)zx}:

zeX zeX
=Y P{e=a} =) Pe(a).
zeX zeX

Tak uro pacnpeznenenne Pe(x), @ € X, cayaaiinoit Benanbl siBIIsi-
eTCa BEpOATHOCTHBIM PACIIPEIEICHIEM Ha MHOYKECTBE €€ 3HAYeHUIl.
Pacnpenenenune ciayvaiinoit semmunnet § = &(w)

Pe:ax — Pe(x) =P{{ =z}, v € X,
— (byHKIIUS TOYKI HA MHOKECTBE X €€ BO3MOKHBIX 3HAYCHUIT — 3a-

aeT Ha KJIaCCe MOJMHOMXKECTB MPOCTPAHCTBA X HEOTPUIIATETHHYIO
CYETHO-IIUTUBHYI0 HOPMUPOBAHHYIO (DYHKIINIO MHOXKECTBA

Pe(B) =) Pe(z), BC X, (5.1.2)
reB

(cm. (4.1.3)), KOTOPYTO MBI TaKKe OyjIeM HA3LIBATH PACIPEIETEHUEM
ciyqaitnoit Besmunabl £ = &(w).
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Hamee, dasa a106020 nodmmoscecmea B C X umeem mecmo pa-
8EHCMBO
Pe(B) = P{w : {(w) € B}. (5.1.3)

OHO caeyer w3 CBONCTBA aCCOIUATUBHOCTH abCOTIOTHO CXOISIIITUX-
Csl PsiZIOB U MTPEJICTABJICHU S

fw:w) e By = [ J{w: &) =),

zeB

{w:l(w) =z} N {w: {(w) = 2;} =0, 2 # xj,

TaK

P{w:f(w)GB}:P<U{w:§(w):x}> =

zeB

=) P{w:gw)=a} =) Pelx) =Pe(B).

reB zeB

Ha pasencrso (5.1.3) MOXKHO CMOTpeTh KaK Ha ONpEJeeHne Pac-
npenenenust Pe(B), B C X, ciay4aiinoii Besmauns &.

Cayuaitnas Bequunna £ = £(w) co 3uavenusvu B R Ha auc-
KPETHOM BepoaTHOCTHOM mpoctpancrse {2, P} 3amaer nuckpernoe
BEPOSTHOCTHOE pacrpesenenne Pg Ha MHOXKecTBe cBOuX 3HaueHnit X.
Cupaseinso u obparHoe.

Teopema 5.1.1. ITycms Q: z — Q(z) — sepoamnocmuoe pac-
npedeaenue na duckpemmnom X C R™. Cywecmsyrom eeposmmuocm-
noe npocmpancmso {Q, P} u cayuatinas seaununa & = E(w) co sna-
wenuamu 6 R™ na {2, P} maxue, wmo pacnpedeaerue P cayuatinot
seaununv, & coenadaem ¢ pacnpedeseruem Q.

Jocrarouno paccmorperb B KadecTsBe {2 MHOKecTBO X, B Ka-
gecTrBe BeposTHOCTH P — pacnipenenenne Q, a caydaiinyro Beawdn-
Hy £ = £(w) ompenenuTh Kak TOXKJIECTBEHHOE OTOOparkeHme & =
= ¢(w) = w. Torua

Pe(x) = P{w: {(w) = 2} = P(z) = Q(x),

P =Q.

Teopema ycTaHaBINBaET CBA3b MEXKIY MOJETBIO CIAYIAUHON Be-
JINYUHBI KaK BEPOATHOCTHBIM pacupejesienneM Ha R™ u MoOmenbio
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CITyYIaiiHoil BeJIMIMHBI KaK (PYHKIMEH Ha BEPOATHOCTHOM TIPOCTPAH-
cree co 3HaueHusIMU B R™ 1, B 4aCTHOCTH, OO'BSICHSIET 9aCTO BCTPE-
qaronmiics 060poT: “caydaiinas BeMauHa OMpeesierTcs (3a/1aeTcs )
CBOWM pacripegeaenem’.

®opMbl 3a0UICH pacOpeaeieHusl CJIyJaiiHO BeJIMYINHBI.
Pacnpenenenne

Pe: o — Pe(x), 2 € X CR",

cyuaiinoit Bemmunnb £ = (£1,82,...,&,) co 3navenusvu B R" B
KOOPJAMHATHON (bOpMe 3alMChIBAETC TaK:

Pe: (z1,22,...,2n) = Pe(m1,20,.. ., 2p), (z1,22,...,2,) =7 € X,

rae X — MHOXKECTBO PA3JIMIHBIX BO3MOXKHBIX 3HAUEHUN CJIyJIaiHON
BesmmunHbl £ = (§1,&2,...,&,), a

Pf(l‘luva"‘ 7xn) = P{(élvéé)’ "7571) = (33]_,332,. . 'axn)}

— BepoaTHOCTH, ¢ KoTopbivu & = (€1, &2, ..., &,) IpUHENMAET 3Ha4e-
s ¢ = (1,22, ...,%n).
Pacnipegenenne
Pe: (z1,22,...,2n) = Pe(x1,22,. .., 2p)
BEKTOPHOI cyvaiinoit Bemnunnnt & = (€1, &2, ..., &) elle Ha3bIBAIOT
coemecmuvLM pacnpedeserues CIydainbix seandaud £1, &2, ..., &y,

Ecmn € = £(w) — coyvaiinas Besmanna co 3nadenmsvu B R, To
ee paclpeesieHne

Pg X — Pg(.ﬁL‘Z’), z, € X C R!

9aCTO 3aIUCHIBAIOT B BU/ie TaO/INIIbI, B BEPXHEH CTPOKE KOTOPO#l yKa-
3BIBAIOT PA3/IUYHBbIE BO3MOXKHBIE 3HAUYEHUS CJIYIANHON BeJimanHbl
a B HUKHEH — BEPOATHOCTH, C KOTOPBIMA OHUA MPUHUMAIOTCH:

; T Tn

Pe(zi) | Pe(z1) -+ Pe(zn)

Ecin ¢ = (§,7) — cayuvaiinas Besmanna co 3nadenusMu B R?,
TO ee pacrpeje/IeHne

Pe: (zi,y;) = Pe(xi, y5), (wi,y;) € X C R?

yI00HO 3aMCHIBATL B Buae Tabs. 5.1.1.
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Ta6nuima 5.1.1. CoBMecTHOE pacipeenenne
CaydaiiHbIX BenaunH & u 1)

Suaue- Suavenust 7

Hust € Y1 Y2 | v Yk
1 P11 P12 ce Pik
T2 P21 D22 ce D2k
Ts Ps1 Ps2 et Psk

B raba. 5.1.1 ps, = Pe(@s,yk), s =1,2,..., k=1,2,...

Sameuanue. Korjga ropopsr “3aaHbl JBe CIyJdaiiHbIE BEJIUUIHU-
B, “331aHO N CAYYAWHBIX BEJIUYNH , UMEETCA B BUIY, 9TO 33JaHA
BEKTODHAST CIIy9aiiHas Be/IMYIMHA, cO 3HadenHnsMn B R?, co 3nadent-
avu B R™.

IIpumep 5.1.1. ITycms £ — wucso svnaswux 2epbos npu noo-
OpacvHi8aHUL NAPHL CUMMEMPUUHLLT Morwem. Hatmu pacnpedenenue
CAYHATHOT BesusuMbL €.

Pemenune. CroxacTnueckuii SKCIEPUMEHT, COCTOAIINMIA B T10/I-
OpachIBAHUN TIAPbI MOHET, OMKUCHIBAETCS BEPOITHOCTHBIM ITPOCTPAH-
creom {Q,P}, tne Q = {I'T,I'P,PT",PP}, P(IT) = 1/4,P(T'P) =
=1/4,P(PT') = 1/4,P(PP) = 1/4 (paBeHcTBO BEpOSITHOCTEl MCXO-
JIOB OTPazKaeT CBOMCTBO CUMMETPUYHOCTH MOHETHI).

Yuco € spmasmmx repbos — gyakmua £ = £(w) na Q:

£(IT) = 2, £(TP) = 1, £(PT) = 1, £(PP) = 0.
Borancimm Pe(i) = P{¢ =i}, i =0,1,2:
P{{ =0} =P(PP)=1/4,P{¢ =2} =P(IT) = 1/4,
P{¢ =1} = P({TP,PI'}) = P(PI') + P(IP) = 1/4 + 1/4 = 1/2.

Tem cambiM paciipejiesieHue Caydaiinoit Bequannbl  nosydeno. Ero
MOYKHO 3aliCaTh U B BUJIE

T; 0 1 2

Pe(z:) | 1/4 1/2 1/4
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Pacnpenenenne dyHkiuu ot ciaydaitHoii Bessuanabl. OyHK-
must ¢(C) or cayuaiinoit BemunHbl ( SABISETCS CAydaiiHOW Besn-
annoit. [lo pacnpedeseruto cayuatinot seausumns, ( 6ce20a MOHCHO
natimu pacnpedeaerue 10607 dynwyuu g(¢) om C.

Teopema 5.1.2 (o pacupenenenun dyakmum or §). [ycmo
¢ — cayuatinas seauvuna co anavenuamu ¢ R™, sadannas na duc-
Kpemmom eepoammuocmmom npocmpancmee {0, P}, u

Peiax — Pe(x), € X CR",

ee pacnpedeaenue; ¢ — Pynryua na R™ co snavenuamu ¢ R'. [asa
106020 nodmmooicecmea B C R!

P{g() e B} = > Pcla). (5.1.1)

z:g(x)eB

B wacmmuocmu, ecau ¢ = (§,m) — cAYHQTHAA BEAUNUNA CO 3HAUEHU-
amu 6 R2,

PC : (xzay]) — PC(:Z:l?yj)v (l'lay]) €XC R2a

— ee pacnpedeaenue, g = g(x,y) — Pynryua na R? co snavenusmu
6 R', mo das mobozo B C R!

P{g(¢) € B} =P{g(¢,n) € B} = > Pelaiyy). (51.2)
(wisy5):9(zi,y;)€EB

JlokazaTenbcTBO. BOCTOIR30BABIINCH CBOWCTBOM acCOIMa-
TUBHOCTH abCOJIIOTHO CXOMSIIUXCS PAIOB, U IIPeICTABICHIEM

{w:g(C(w)) € B} ={w:((w) € g 1(B)} =
= U {witw=2t= J {w:¢w) =z},

z:zeg—1(B) z:g(z)EB

fw: Cw) = 2} N {w: Cw) = a5} = 0, i # a5,

MOJIYYUM

Plg()eBY= ) Plw:(w)=2}=

z:g(x)eB
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ZP{C—:II}— ZPC

z:g(z)eB z)EB

B TEPMHHAX KOOPAWHAT YTBEP2KJACHUE TCOPEMbBI 3alIUIIETCA TAK:

P{g(£17£27"'7§n) GB}: Z PC(.’L’l,iL‘Q,...,JJn).

(#1,22,..,2n):9(21,22,...,2n ) EB

CaencrBue 1. [lycms £ — cay4alinga 6eAuURG CO 3HAYEHUA-
mu 6 R", 3adanman wa Quckpemmnom 8ePOATMHOCMHOM NPOCTPAHCI-

ee {Q,P}. Jlaa waocdoeo B C R™

P{¢eB}= > Pe(x) (5.1.3)

r:x€B

UAY 68 TMEPMUHAT moopaumzm

P{(§17§27"'7€H)GB}: Z Pg(.%'l,.%'g,...,l'n)

(z1,22,...,20n):(T1,22,...,0n)EB

Coorromenwue (5.1.3) mosnyaaercs u3 pasencrsa (5.1.1), mocra-
TOYHO B KAUECTBE § PACCMOTPETDH () = & — TOXKJIECTBEHHOE OTO6-
pazkenue R™ na R"™.

CiiencrBue 2 (BbIYKUCIEHUE PACIPEAeJIeHNs KOMIIOHEHThI
BeKTOpa). [Tycmo Pe(x1,%2,..., %6, ..., Tp) — pacnpedesenue ex-

————

s—1
mopa § = (£1,&2,...,&s,..-,&n) (cosmecmuoe pacnpedesenue cay-
watinwr seaunun £1,82, ..., &, ..., &), moada

Pﬁs(m):P{fszm}: Z Pg(ml,xg,...,x,...,xn).
(21,2250 yTsyeeeyTn ) Ts=T

Hokazarensbctno. ObozHaInM
B, =R!' xR x ... xR x{z} x R x ... x RL.
s—1
Pe,(z) = P{{ = 2} = P{(&1, &2, &, &) € Be} =
= Z Pe(z1,22,...,2,...,2n) =

(@1,82,...;T s, Tn ) EBz
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— Z Pg(thlfg,...,x,...,xn),

(21,2250 yTsyeeeyTn ) Ts=T

B 9aCTHOCTH, JJIA CﬂyqaﬁHbIX BE/JIMYUH CO 3HAQYEHUAMU B R2
(wacTo BeTpewalommiics caydait) nmeem:

Canencrsue 3. Ilycmov Pe(xi,yj) — pacnpedeaenue eexmopa
¢ = (&,1n) (cosmecmmoe pacnpedesenue cayuatnos seauswun &,1),

mozda
Pe() = D Pel,95),
Y5

Py(y) = Pe(wi,y).

JeiicTBUTETBHO,

Pe(z) = P{¢ = 2} = P{(¢,n) € ({2} xR} =
= Z PC(xi’yj) = Z PC(xiayj) = ZPC(xvyj)'
(z4,y5)e{x} xR? (i,y5):xi=x Yj

AHaJIOruIHO POBEPSIETCST BTOPOE PABEHCTBO.

Bameuanue. Creacreus 2 u 3 yTBEPKIAAIOT, ITO IO COBMECT-
HOMY pacCHpee/ICHUI0 CAYYallHbIX BEJIUYUH BCErjia MOXKHO HaTu
pacripejiejieHne Kaxk/10if u3 Hux; oOpaTHoe, BOOOIIEe TOBOPs, HE UMe-
€T MecCTa.

IIpumep 5.1.2. Jlsa pasa nodbpacviaiom d6e CuMMEMPUUHDLE
MOHEMDBL, NYCMb € — YUCAO GHLNABWUL 2ePOOE NPU NEPEOM NOO-
bpacweanuu, 7 — npu emopom. Hatimu pacnpedeserue caywatinod
seaununs, ¢ = min{&,n}.

Pemenune. Croxacrudeckuii 9KCIEPUMEHT, COCTOSINUN B JIBY-
KpPaTHOM TMOJA0PACBIBAHUHT JBYX CUMMETPUYIHBIX MOHET, OIMUCHIBAET-
¢s1 BEPOATHOCTHBIM npocTpancTBoM {2, P}, y xoroporo mexomsr w
PaBHOBEPOATHBIE IIOCJIEI0BATEILHOCTH “yiuHoi 47, cocTaB/ieHHBIE
u3 6yks ' m P. Hanpumep, ucxon w = (I'PI'T) osmauaer, aro mnpu
MIEPBOM TIOIOPACHIBAHNUN JIBYX MOHET Ha MEPBOil MOHETe BhITaJI repd,
Ha, BTOPOil — PEIIeTKa, a IPU BTOPOM 0A0PAChIBAHUN — HA 00enx
MOHeTax Bbinaj repb. Beero paBHOBEPOSITHBIX UCX010B 16, mosTomy
BEPOSITHOCTH KaxKJ0T0 Mcxoa pasaa 1/16.

Cuauasia Hafizem pacupejesenne Ciyvaiinoit sequuaunnst (€, 7).
OmHo npuBeIeHO B TAOIUIE:
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Suaxe- Suadenus 7
Hud & 0 1 2

0 1/16 | 2/16 | 1/16

1 2/16 | 4/16 | 2/16

2 1/16 | 2/16 | 1/16

Hampuwmep, P¢ (0, 1) momywaercs: tax:

Pey(0,1) = P{(§,n) = (0,1)} = P{w : (§(w),n(w)) = (0,1)} =
= P{(PPTP), (PPPT)} = 1/16 4+ 1/16 = 1/8.

Amnanorwano Beraucisiorcs Pe (4, j) aasa apyrux map (4, ).
Hasee, no pacnpemesennio caydaiinoit senmmannnl (€,7) Beeraa
MOXKHO HaliTH pacmupeenenue jo6oit dbyuknuu g or (§,7):

P{g(&:n) € B} = > Peg(iy;)

(wi,y5):9(xi,y;)EB

B uacruocru, qis dyakuuu g(§,n) = min{{, n} nveewm:

P{min{¢,n} =k} = > Peyling), k=0,1,2.
(4,7)min{i,j} =k

Ipu k=0

Plmin{¢,n} =0} = > Peyli.j) =
(4,7):min{i,5 }=0
1 2 1 2 1 7

T 161671616 16 16

Amnamornuno,
Plmin{¢,n} =1} = ) Peylij) =
(¢4,j):min{é,5}=1
2 2 8 1

4
=Pey(1,1) + Pey(2,1) + Pey(1,2) = T T8 16" 2



96 I'maBa 5. /luckpernas ciaydaiinas BeTnInHa

P{min{€,n} =2} = 1.

Tak uto caydaiinas semnuuna min{&, n} umeer pacupejenenue

T; 0 1 2

Pe(z:) | 7/16 1/2 1/16

5.2 Hes3aBucumsbie ciry4daiiHble BEJIMIUHBI

WuTyuTnBHO JBE CydaiiHble BEJUYUHBI £ U 1) HE3ABUCUMBbI, €C-
s wHMOpMAITUsT 0 3HAYEHUHN, IPUHATOM OJHON C/IyIaiiHON BETUYIHU-
HOIt (HampuMep, £ TpUHSAIA 3HAYEHNE U3 MHOKeCTBA A), He MeHsier
HPOIHO3 OTHOCUTE/IbHO 3HAYECHUN, IPUHUMAEMbBIX JIPYI'O#A Cjy4daii-
HOI BesmuuHOM (HarpuMep, 1) MPUHSIA 3HAYEHNE U3 MHOKeCTBa B).

ITpumepnt

1. [TonbpackIBalOT JBE MOHETHI U UIPAJIBHYIO KOCTb, & — YHC-
JIO BBITABIINX TepOOB HA MOHETAX; 1) — YUCJIO BBHITTABIIAX OYKOB HA
rpanu urpaybHoi Koctu. CiyJaiiiable BEIUYIUHBI £ U 1) HE3ABUCUMBI
(unbopManus 0 3HAYEHUM, TPUHATOM OAHON CaydaiiHONW Besmqu-
HOM, HE MeHdeT IPOI'HO3 3HAYCHUNI, NIPUHUMAEMbIX APYroil ciay4aii-
HO¥i BEJTMYMHOIN).

2. IlogbpaceiBatoT aBE MOHETBI: £ — UHUCI0 rephOB, BHITABIINX
Ha TIEepBOiIl MOHETe; 1) — YHCJI0 repbOB, BBIMABIINX HA 00EUX MO-
Herax. CiydaiiHblie BeJIMUMHBI £ U 1) HE SIBJASIOTCA HE3aABUCUMBIMU
(nurdbopmalus 0 3HAYEHUU, IPUHATOM CJIydaiiHOM BemunHoii &, me-
HSIET MIPOTHO3 3HAYEHUIl, TPUHUMAEMBIX CJIYyIaiiHOM BEJUIUHOI 7).

YVYauThIBasg HHTEPIPETAITIIO BEPOATHOCTH W YCOBHOM BEPOSITHOC-
TH COOBITHSA KaK KOJWIECTBEHHOI MePHhI TMPOTHO3a €r0 TOABJIEHUS
(cM. 3aMevaHme K ONPEeJIeIeHnI0 yCJOBHON BEPOITHOCTH B pas. 3.3
0J1. 3), HE3ABUCUMBIMU €CTECTBEHHO HA3BATDH C/IyJaiiHble BEJTHINHBI,

JJId KOTOprX
P{ne B/ € A} = P{nc B},
WJIN, 9TO TO K€,

P{¢ € A,ne B}
P{¢e A} 7

P{ne B} =

WU, B CHMMETPUYHOM BUJE,

P{¢ € A,n e B} =P{¢ € A}P{n € B}.
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[Tocnenree paBeHCTBO MOTUBHUPYET CJEIyIOIIEe (hopMaIbHOE OMpe-
JleJIEHUE HE3ABUCUMBIX CJIy9YaiHBIX BEJTUIUH.
Onpenesenne. Ciyuaitiabie BeJnauHbl £ U 1) €O 3HATCHUSIMU

B R! Gy/em HA3BIBATE HE3AEUCUMBLMU, €CITH JIJTsI JTIOOBIX MHOYKECTB

AuBusR!
P{¢ € A,ne B} =P{¢ € A}P{n € B}.

Onpenesnenne. Ciyvaiinbie BeTuIuHb! &1, &, . .., &, Oyaem Ha-
3BIBATDH HE3A6UCUMBLMU 6 COBOKYNHOCTU (HE3ABUCUMBLMU) , ECTTH TSI
M06bIx MHOKECTB A, Ag, ..., A, uz R

P{&l € Ay, & € Ay, ... En € Ay} =
=P{& € A1}P{& € Ay} . P{&, € ALY

Omnpenesnenne. Ciyyaiinbie BeTuIuHb! &1, &, . .., &, Oyaem Ha-
3BIBATH NONAPHO HE3A6UCUMBLMU, €CITT He3aBUCUMBI §; 1 & JJId JTIo-
ObIX 1 # J; 4,5 = 1,2,...,n.

Teopema. ITycmo f u g — ¢ynsyuu na R co snavenuamu
6 R, Ecau & un — nesasucumuie cayuatinve cesuvumns, mo f(€)
u g(n) — nesagucumvie caysatinve seaununve (Gynryuu om nesa-
BUCUMDBLT CAYYATUHBT BEAUNUH AGAAIOMCA HE3ABUCUMBLMY CAYYATI-
HOLMU 6EAUNUHAMU).

JoxazaTeabcTBO.

P{f(§) € A,g(n)e B} =P{¢ € f(A),neg ' (B)} =
=P{¢ e [T (A)}P{n g " (B)} = P{f(¢) € A}P{y(n) € B}.

CoBMecTHOE pacripejiejieHe He3aBUCUMbBIX CJIydYaiiHbIX
BesimauH. [1o pacrpeenennio Bekropa (£, 1) (mo coBmecTrOoMy pac-
npeJIe/IeHnIO CIydaitHbIX Beuaut £ U 1)) BCEra MOXKHO HaiiTu pac-
mpe/ie/ieHne KaxK 10l KOMIIOHEHTHI (pacipe/ie/ieHne KaxKIoi u3 CIy-
vaitubIx BesimauH € u 1)), cM. creacTBue u3 reopembr 5.1.2. O6parnoe
YTBEPKIEHNE, BOOOIIE TOBOPS, HE MMEET MECTA, NCKII0Ias BasKHBI
YaCTO BCTPEYAIONIUIACS CIydail He3aBUCHMBIX CIyJailHbIX BeJIMYINH,
KOIJ[a COBMECTHOE pacipeeienne & U 1) OIpeIeIseTcs pacipeeie-
ougaMu £ U ) — a UMEeHHO, PABHO UX IPOU3BEIeHUIO.

Teopema 5.2.1 (0 COBMECTHOM pacHpejieJIeHUN He3aBU-
CUMBIX CJIy4daiiHbIX BesmmauH). Cosmecmnoe pacnpedesenue Pe
HEBABUCUMDIT CAYHATUHLT BeAUNUH £ U 1) PAGHO NPOUIBEJEHUIO UL
pacnpedesenuti Pe u Py, m. e.

Pen(wi,yj) = Pe(xi)Py(y)) (5.2.1)
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ONA 6CET BOZMONCHOIT 3HAUEHUL T; U 1Y CAYMATUHOT 6eAuMun § U 1).
Cnpasedaiuso u 06pammoe YymeepocoeHue: ecat cO8MeCMHOE Pac-
npedesenue CAYYATUHHL 8eAUdUH & U 1) PABHO NPOUIBLICHUIO UL PAC-
npedeseruli, Mo CAYYatinble seauduros & U 1 HE3a6UCUMDL.
Hoxazarensbcrro. [lycts £ u 1 HE3aBUCUMBIE CITyUaiiHbIE Be-
JIMYUHEL, T. e. aya mobeix A, B C R

P{¢ € A,ne B} =P{¢ € A}P{n € B}.
ITonoxkus, B wactaocru, A = {z;}, B = {y;}, moxy4aum:
P{{ =zin=y;} = P{{ =zi}P{n=y;}

nJjinm
Pen(zi,y;) = Pe(wi)Py(y;)

— COBMECTHO€ paclpejesieHne He3aBUCUMBIX CIYYANHBIX BEJTHINH £
1 7) PABHO IPOM3BEJEHUIO UX PACIIPE/IeIeHI.
IIycts Terepn

Pe (@i, yj) = Pe(i)Py(y;)

JIIS BCEX BO3MOXKHBIX 3HAUEHMil T;,Y; CIydaitHbIX Beawuaus § u 7).
Toraa 1y Npou3BOILHLIX MHOXKeCTB A u B u3 R!

P{¢e Ane B} =P{(&,n) € Ax B} =

= Y Peglany) = Y Pe(wi)Pyly;) =

(.Z’i,yj)EAXB (Cci,yj)eAXB
= > Pe(wi) > Pyly;) = P{€ € A}P{n € B}
;€A y;€B

(BocnosibzoBasncy pasencreom (5.1.3)).

Teopema moxkazana.

AmasornaHast TeOpeMa MMeeT MeCTO W T N CAYJaiiHbIX BeJn-
9UH, 8 UMEHHO:

Teopema 5.2.2. Cosmecmuoe pacnpedeserue Pe nesasucumoir
cayuatinnr seaudun £1,&2, . .., Ey PAGHO NPouseedenuIo UL pacnpe-
deneruti Pe,,Pe,, ..., P, m. e

Pg(l‘l, Ly ey Jin) = Pgl (.’L’l)P& (.’L'Q) e an (a?n) (522)

ONA BCEL BOBMOANCHBIT 3HAYEHUT T1,XL2y...,Tn C./Ly’ll,a/le’bL.I GECAUYYUH

517527"'7571'
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Cnpasedauso u obpammoe ymeeporcienue: ecat CoOBMECTNHOE Pac-

npedeaenue cayuatinox seaunun 1,8, . . ., &n, PaBHO NPouseedenul0
ux pacnpedesenuti, mo cayuatinve seauvwunvt 1,8, ..., &, He3a68U-
CUMDL.

S3ameuanue. CoBMECTHOE pacmpe/ie/ieHne
Pen(wis yj): (wi,y5) = Pe(wi)Py(y;) = pigj

HE3ABUCUMBIX CJIYUANHBIX BEJTUIUH & U 1) COOTBETCTBEHHO C PacIpe-
Jle/IeHu MU

Pe: @i = Pe(xi) = pi m Pyry; — Poly;) = g
B TabyimuHO# (hopme 3amuchiBaeTca B Buje Tabs. 5.2.1.

Tabnuima 5.2.1. CoBMecTHOE pacIpeienenne
HE3ABUCUMBIX CIYYANHBIX BEJIUIUH £ U 1)

Suayge- Suavenuns 7
"ud & Y1 Y2 T Yk
1 piqr | p1q2 | -+ | P1gk
T2 Pp2q1 | p2q2 | - | P2gk
Ts Psq1 Psq2 et Psqk
Ipumep 5.2.1. Ilycmo &1,&2, ... ,& — He3asucumbie cayal-

Hule BEAUYMUHDL, Kascoad ¢ pCLC’ﬂp@()@./L@HU@M

)\k
P{gl:k}:ge—*, A>0, k=0,1,...,(1=1,2,...,n).

Bunucamv cosmecmmoe pacnpede/LeHue c./zy%aﬁm)w GECAUMUN

517527"'>£n-

Pemenue. Ilo pacnpenenenusm Pe,, Pe,, ..., P¢, HezaBucumbIx
caydaitHbIX BeandnH £1,&s . .., &, UX COBMECTHOE PaCIIpe/Ie/IeHIe

Pe(ki, ko, ... kn) =P{& = ki, & =ka, ..., & = kn}
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HAXO/IUM KaK MPOU3BeJEHNe PACTPE/IeIeHNN ITUX CAYIalHbIX BeTHU-
HUH:

n )\ i )\1:1 —n
Pg(kth,---,kn):Hpgi(ki):Hﬁe /\:me g
i=1 i=1 " e

k1=0,1,...; ko =0,1,...; ...; k, =0,1,...

5.3 Maremarn4deckoe OKUJaHIE
CJIyYaliHOI BeJIMYUHBI

Ciryqaiinas BeJIndnHa OIUCHIBAETCS CBOUM PACIIPE/I€/IEHUEM:
Pg X — Pg(.%‘l) = P{f = .CC,‘}, x; € X,

3aJaI0IUM 3HQUEHUd, IPUHUMACMbIC CIy4YailHOM BEJIUYUHOU, U Be-
POSITHOCTH, C KOTOPBIMHU 3TU 3HAYeHUs npuaumatorcs. Vudopma-
U0 O pPacCIpee/eHUN CIy4YaliHON BeJINYNHbl MBI IIOJIy4YaeM U3 9KC-
neprMeHTa (He3aBHCHMBIX HaOIOfeHnil ciayvaiinoit Beamanner). Ho
3a49acTyI0 JJId IIOJIyY€HHUdA YAOBJIETBOPATEIBHOIO NIPEJACTABICHAA O
pacupeie/ieHnn CayIaiiHOi BeTUINHBI UMEIOIIMXC HADJIIOAeHU T Ma-
J10. B cBsi3m ¢ 3TMM BO3HMKAaET HEOOXOIMMOCTH B ONUCAHWH PacIpe-
JeJIeHUd CJIy4JailHON BelInYUHbl XapaKTEepPUCTUKAMU, KOTOpbIe, BO3-
MOXKHO, ¥ He IIOJIHOCTBIO €r0 OIMUCLIBAIOT, HO JAI0T JOCTATOYHO XO-
polllee IpeacTaBJIeHUEe O paclpelle/IeHUr, U KOTOPble MOXKHO Olle-
HUATH 110 YKCIIEPUMEHTAJIbHBIM JAHHBIM. TakKuMu XapaKTePUCTUKA-
MU, B YaCTHOCTH, ABJIAIOTCA MaTE€MATUYECKOe OXKUJaHue U JTUCIEeP-
cust cydaiinoit Benmannanl. (Hexkoropeie pacnpenenenns maremarn-
YECKUM OKUJIAHUEM W JIUCTIEPCHeil 3aa10TCs TIOJTHOCTHIO. )
Onpegnenenne. Mamemamuueckum oocudaruem (cpedrnum) Ciry-

gajinoit Bemmunnbl ¢ = &(w) co 3madvenmavu B R, 3amammoit ma
JIICKPETHOM BEpOATHOCTHOM npocTpancTtse {€), P}, Gyaem naspiBaTh

CyMMY psiia
> &(w)P(w),
wef

ecam OH abcoaoTHO cxomuTcs. OO03HAYATH MATEMATHIECKOE OXKU-
nanne oyzem uepe3 M¢E:

ME =) ¢(w)P(w).

weN
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Tax 4To O OmpeeseHNI0 MaTeMaTudeckoe oxumanue ME ciry-
vaiinoii Besmuannbl £ = &(w) KOHEUHO.

Ecmu pan > £(w)P(w) me cxomurcs abeomoTHO, TO OyieM can-

we

TaTh, YTO MATEMATUYECKOE OKUJIAHWUE CAYYalHON BeJUIMHBI & He
cymecrByer. Ho mamee (B T/1. 9) MBI OImpeIe/InM MaTeMATHIECKOE
OXKUJAHME U JJig Caydaiinoii semmananl & = £(w), y KOTOPOii psij
> [€(w)|P(w) pacxomures (nmpaBaa, He s BCEX TAKMUX CJIy YalHbIX
we

BEJIMYINH).

B manbmeiinem 060poTHI “MaTeMaTHIECKOe OXKUIAHIE OIIpeIeIe-
HO' ¥ “MaTeMaTHYecKoe OXKHUIAHUE CYIIECTBYET O003HAUAIOT OHO
n TO 2Ke.

Maremarnveckoe oxujanue caydaitnoit seawuuns & = (&1, &,

., &n) co snavennavu B R™ ompesiensiercss paBeHCTBOM

M¢ = (M&r, M&, ..., ME&,).

CaoiicTBa MaTemaTu4deckoro oxkupauusa. CpoiicrBa mare-
MaTHYECKOTO OYKUJIAHHS TIOTyYal0TCs HETTOCPEJICTEEHHO U3 ero OMpe-
JIeJICHNS.

Csoiictso 1. Ecau § = £(w) = ¢ (¢ — xoncmanma), mo

Mé =Me=c

(Mamemamuueckoe 0ocudaHUE KOHCTIAHMYL PAGHO MO JHCE KOHC-
manme).
JlokazaTenbCcTRBO.

Mc = ZcP(w) = CZ P(w) =c.

we weN

CBoiicTBO 2 (IMHEHOCTHh MATEMATUYIECKOTO OXKU/IAHNS).
ITyemv € un — cayuatinoe eAUNUNDL C MATNEMAMUYECKUMY ONCU-
daruamu ME u Mn, a u b — xonecmarwmuwr. Tozda cayuatinas eeau-
wuna a& + bn maxoice umeem mamemamuueckoe osxcudanue U

M(a& + bn) = aM¢ + bMn. (5.3.1)

HdokazarenbctBo. Cymma abCOTIOTHO CXOISAITUXCS PSIOB €CTh
abco ToTHO cxofgruiicss psaa. [lpu sTom

aMé +bMn = a Y EW)P(w) +b Y n(w)P(w) =

weN we
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=) (a(w) + bn(w))P(w) = M(ag + bn).

weN

CaencrBue 1. Mamemamuueckoe oocudanue cymmos cay4ati-
HOLT BEAUYUN DABHO CYMME UL MAMEMAMUYECKUT 0MHCUIaHUL:

M(§ + 1) = ME + M.

Y1BepxKaenue ciaenyer u3 paseHcrsa (5.3.1), ecju MOJIOXKUTH
a=1, b=1.

Caencrsue 2. Konemanma 6bHocumcsa u3-nod 3naka mame-
MAMUYECKO20 OHCUOGHUA:

Ma& = aME.

YTBepK IeHne TmoTyIaercs u3 paperctsa (5.3.1), eciu moI0KuThH
b=0.
CsoiicTBo 3. Ecau
€1 < Inl,

mo u3 cywecmeosarus Mn caedyem cyuecmesosarue ME.
JocTaTouHo 3aMeTuThb, 4To u3 HepasencTsa |€| < |n| ciaemyer

D EWIPW) < ) In(w)|Pw).

we we
CsoiicTBo 4. Ecau ME onpedenero, mo
IME] < M.

JlokazareabCTBO OUEBUTHO.
CsoiicTBo 5. Ecau & > 0, mo

Mg > 0.

JlokazareabCTBO OUEBUTHO.

Crenyromas TeopeMa MOKA3bIBAET, KAK MO0 PACIIPEIEIEHUIO CJTy-
JaffHON BEJTMYIUHBI MOXKHO BBIUUCIUTH MATEMATUIECKOE OXKUTAHUE
mo6oit pynkimu or Hee (€C/au TOJIBKO OHO CyNIECTBYET).

HamomuamM, 9T0 MHOXKECTBO BCEX BO3MOXKHBIX 3HAUYEHWI HC-
KPEeTHON CJIyUIaifHOll BEIUINHBI Mbl 0003HaUMIM Uepe3 X.

Ecyiv mpu cymmupoBaHuu He YKa3aHbI MPEJIEIbl M3MEHEeHUsT UH-
JIEKCa, TO CYMMUPYIOT IT0 BCEM BO3MOXKHBIM €TI0 3HAUCHUSIM.
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Teopema 5.3.1 (o Bbruuciaenun Mg(€) mo pacupeesne-
uuto §). Hycmo £ = £(w) — cayualings 6eAUNUHA CO 3HAMEHUAMU
6 R na duckpemmom seposmmocmmom npocmpancmee {2, P} u

Pg T — Pg(azi), z; € X,

— ee pacnpedesenue, mozda drn moboti dynkyuu g = g(x) na R!
co snavenuamu ¢ R

Mg (&) =D gl@i)Pe(as), (5.3.2)

6 NPednoodHceHUY abCoaOMHOT CTOOUMOCTIU 00H020 U3 PAJOS:

> 9(E@))P(w) wau Y gli)Pe(wi).

we T

Hokaszareabcrso. [Iyers pag > g(§(w))P(w) cxomures ab-
weN
coorHo. IIpescraBus 2 B Bue 00benHEHNS

Q= Jlw: W) =z}

MOTIAPHO Herepecekaomuxcst MEOKecTB {w : §(w) = z;},i = 1,2, ...
(cm. Takzke puc. 5.3.1) 1 BOCIIOIB30BABIINCH CBORCTBOM acCOMATHB-
HOCTH aBCOJIIOTHO CXOJSIIIUXCS PSAJIOB, TOJIY 9UM

DolgEWNIPw@) = > 19(EW))IPw) =

weN wey{wzg(w):xi}

=S| Y weE@P@ ] =3 3 loPw) =

T w:E(w)=wz; Ti wi(w)=z;

=Y lgl)l Y P =Y lg(@)|P{w: f(w) =z} =

w:(w)=x;

= lg(@:)|Pe(xs),
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D 1gE@)Pw) = lgla:)|Pe(xs). (5.3.3)

weN

Tak uro psi » ., g(§(w))P(w) cxomures abeoaOTHO TOTA U TOJIBKO
we

TOT/Ia, KOraa abComoTHO cxomurcs psaf y | g(x;)Pe(x;).
x;

w: &(w) =25

Puc. 5.3.1: K npeacrasyennto €2

B nmpenmonokennsax TeopeMbl, TOBTOPAS BBIKJ/IAIKN, aHAJIOTUIHBIE
MPUBEIEHHBIM BBIIIE, TPUMEHUTENIHHO K ADCOTIOTHO CXOISIIEMYCSI

psty gﬂg(é (W))P(w), momyHum

Mg(€) = Y g(Ew)P(w) = D g(wi)Pe(xs),
weN T;

YTO ¥ JIOKA3BIBAET TEOPEMY.
CaencrBue. [Tyemsv £ = £(w) — cayuatinas seaunwuna co 3naue-

nuamu 6 R na duckpemmom sepoammocmmom npocmpancmee {Q, P}
u
Pg T — Pg(x,-), z; € X,

— ee pacnpedeaenue, mozoa
ME = aiPe(), (5.3.4)

6 NPednoaodHceHUU abcosomMHoti CLoduMocmu 00H020 U3 pados

D Ew)P(w) wau Y iPe(wi).

weN



5.3. Maremarudeckoe oxXunanne CaIydaiiHON BETUIHHBI 105

Hocrarouno B Teopeme B Kauectse hyHKIMH ¢(&) pacCMOTPETH
g(x) = .

Awnanornunas Teopema o Bbramcaennun Mg(€) mo pacupesgee-
HIIO £ UMEeT MeCTO U Jis Caydaiinoii sesmannst § = (£1,&2, ..., &)
co 3HavenusiMu B R" (BEKTOPHOI CrydaiiHON BeTMIWHBI).

Teopema 5.3.2. I[Tycmo § = (£1,&2,...,&,) — cayuatinas eenu-
YUHA €O 3HavenuAMU 6 R™ na Quckpemmom 6epoAmMHOCTIHOM POCT -
pancmee {Q, P} u

Pe: (x1,@2,...,2p) = Pe(z1,22,...,20), (x1,22,...,2p) € X,

ee pacnpedeaenue, moz0a 0as 410607 pynkuuu g = g(x1, T2, ..., Ty)
na R™ co snauenuamu ¢ R!

Mg(&l?&% ce 75”) = Z g(l'l,l'g, sy IEn)P§(£E1,$2, cee ,l’n),
L1,XL2,y..43Xn,
(5.3.5)
6 npednoaooiceruu, wmo pad Y g(x1, T2, ..., xn)Pe(x1,22,.. ., 20)
T1,L2,...,Tn
uau pad >y, g(&1(w), & (w), ..., & (w))P(w) cxodumea abeoarommo.
wel
JlokazaTeIbCTBO AHAJOTHIHO /TOKA3ATENLCTBY TeOpeMbl 5.3.1.
IIpumep 5.3.1. [Iycms £ — YUCAO BBINABUUT OUKOE HA UPAND-
ot Kocmu. Ilpednososicum, 4mo KOCMb U320MOBACHG MAK, 4MO
pacnpedenserue cAYwatinot sesununovr & umeem euod:

1 1 2 3 4 5 6

Pe(i) | 9/10 1/50 1/50 1/50 1/50 1/50

Buiwucaums mamemamuueckoe oocudarue &.

Pemenue. Cormacuo Teopeme 5.3.1 0 BBIYUCIEHUU MaTeMa-
TUYECKOI'0 O2KM/IaHUHA CJ1ydalHON BeJIMYUHBI 110 €€ PACIIPeesIeHUI0
nMeeM

9 1 1 1 13
ME=1—+2- — .. —=—=1_3.
¢ 1OjL 50+3 50+ 0 50 10 3

Ecian xocth cumMerpudnasi, TO pacrpeje/ieHne CJIydaiinoil Be-
JINYUHBI € IMeeT BUI:
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P(i) | 1/6 1/6 1/6 1/6 1/6 1/6

IIpu sTOM

Me=1-242.2403.240  46.1-35
=1 ; FR ;=35

Ecnm mpeamonoXknTh, 9T0 KOCTh N3TOTOBJ/IEHA TaK, 9YTO pacIpe-
JleJIEHUE CJIyYaifHoil BeInInHbl £ nMeer BUJ:

1 1 2 3 4 5 6

Pe(d) | 1/50 1/50 1/50 1/50 1/50 9/10

TO

1 1 1 9 57
ME=1- 2- 5. 6 - =5,7.
¢ 50 + 50 et 50 * 10 10 ’
IMpumep 5.3.2. Cayuatinas seauvuna & umeem pacnpedeserue
ITyaccona ¢ napamempom A:
L
Pe(k) = e A k=0,1,...

Buovucaums .

E+1°
Pemenmue. Ilo pacupegenenuio Pg cirydaitnoit Beimauns! § Beer-
Jla MOYKHO BBIYMCINTH MareMmarmieckoe oxwuganue Mg(E) moboit
dbyuxmuu g(§) or £ (ecau TONBKO OHO CYIIECTBYET), CM. TEOPEMY
5.3.1. B paccmarpusaemom npumepe ¢(t) = 1/(t + 1), a cayqaii-

Hag BeqmamHa £ uMmeeT pacnpejenenue llyaccona ¢ mapamerpom .
TToaTomy

=1 N
§+1 Zk:+1£ _Z:: Fiee -
e Ak _e*’\(/\ 1)_1—e*A

N k1) xS X\
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IIpumep 5.3.3. Jsaowcdv, nodbpacwisatom dee CuMMEMPULHDLE
MOHEMBL;, € — MUCAO 8UINABWUL 2epb08 NPu N00OPACHIBAHUY 08YL
MOHEM nepsvill pas; 1 — 8mopol.

Buiwucaums M sin (% min{¢, 17}) .

Pemenue. Pacnpenenenue ciaygaiinoit semmuunsr ( = (£,7)
u3BecTHO (cM. mpumep 5.1.2):

Suaxe- Suadenus 7
HUd & 0 1 2

0 1/16 | 2/16 | 1/16

1 2/16 | 4/16 | 2/16

2 1/16 | 2/16 | 1/16

ITo pacnpegenennio ¢ = (£,7) MOXKHO BBIYUCJIUTH MATEMATH-
YecKoe OXKUjaHue (€Cau TOJILKO OHO CYIIECTBYeT) Jio6oi dyHKinn
or ¢, B wacraoctu, n f(¢) = f(§,n) = sin (% min{é’,n}), CM. Teo-

pemy 5.3.2. B mamem nmpumepe

M sin (% min{¢, 77}) = sin (% min{0, 0}) . %—i—

2 1
+ sin (% min{0, 1}) 16 +...+sin (% min{2, 2}) 16 =

™ 1 s 2 ™ 1 8+43
= sin —-O)-— sin<7-0>-— sin(7-2>-—: .
(6 16 + 6 16 et 6 16 32
Teopema 5.3.3 (MyJIbTUINJIMKATUBHOE CBOCTBO MaTeMa-
TUYECKOro oxkujanusi). [Tycms £ un — nesdasucumvie cayuatinoe
BEAUMUNDL ¢ Mamemamuteckumy occudanusmu ME u Mn. Tozda cy-
WECMBYEM MAMEMATMUNECKOE 0dicudanue npoudsedernus £n u

M&n = ME - M7
— MAMEMAMUYECKOE 0dcudarue npousee&enux HE3ABUCUMDBIT CAY-

YATHLT BEAUNUH PABHO NPOUIEEIEHUIO UL MATMEMAMUYECKUL 0HCU-
daruti.
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Hoxazarenscrro. U3 cymecrsoBanusg ME u Mn u Teopembr
5.3.1 ciemyer abCOMIOTHAS CXOIUMOCTD PsiJIOB

> wiPe(ai), Y yiPyly;) (5.3.6)
T; vj

U paBEHCTBa

M¢ = lepgxl Mn = Zy]

Z;

N3 abcomorHoii cxomuvocTy psigos (5.3.6) u Teopembl 0 mpon3Be-
JIeHAN abCOJIIOTHO CXOMAMINXCS PANIOB CjeayeT abCOTIOTHAA CXOIU-

MOCTBb pdaa
> 2yiPe(xi)Py(y))
TiyYj

7 PABEHCTBO
<Z ﬂfz'Pg(l‘z')> (Z Yj Pn(!/j)) = > wiyPe(@i)Py(y)),
Zq Y5 Ti,Yj
KOTOpOe, y“II/ITI)IBaH7 qT0 Cﬂy‘{aﬁHbIe BEJIMYNHBI 6 n 77 HE3aBUCUMBI:
Pe (@i, yj) = Pe(i)Py(y;),
[epemuIneM TaK
(Z"Elpﬁ(%)) (Zw%(w)) = Z xiy;Pe (s, y;).  (5.3.7)
T Y5 Ti,Yj
M3 abcomoTHO# CXOAUMOCTH psiia
> miyPe (@i, ys)
i,y

7 TEOpeMHI 9.3.2 caeayeT CYIeCTBOBAHTE MATEMATUIECKOTO OKMIA-
aust dynknuu g(£,n) = &N ot caygaiinoro sektopa (€, 1) U paBeHcT-

BO
MEn = miyPe g (@i, y5)-

x5,Y5



5.3. Maremarudeckoe oxXunanne CaIydaiiHON BETUIHHBI 109

Orcioa n 3 pasencts (5.3.7) mMeem
Mén = MEM.

KoBapuamus. Ilycts &, 7) — clydaiinble BEIUUTHBI CO 3HAYEHNU-
avm B R! ma {Q, P}, y kotopsix cymectsyror ME? m Mn?. IlockonbKy

1
&n| < 5(52 +1?),
7, B 9aCTHOCTH,

€ < %(§2+ b,

10 u3 cymecrBoBanus ME? u Mn? crenyer cymecrsosanme MEn,
M¢, Mn.

Samerum, 49T0
(Mén)? < ME2Mn? < . (5.3.8)

HepagerncTBo ciaemyer m3 TOro, 9T0 KBAAPATHBIA OTHOCUTEIHHO A

tpexazen M(AE + n)? npu Bcex A € RY weorpumarenen, a ciesosa-

TeJBbHO, €ro JUCKPUMUHAHT MEHbBIIe U PDABEH HYJIs.
Omnpenesnenne. Yucio

cov(§,m) = M(§ — ME)(n — Mn) = Mén — MEMn

Ha3bIBAIOT KOGapuayuet CIyIalHbIX BeIUYIUH &, 1), a YUC/I0

_ M€ =M (n — Mn)
VM(E = ME)ZM (1 — Mn)?

Ha3BIBAIOT KOIPPHUUUEHMOM KOPPEAAUUY, CIIYyIaHHBIX BesuanH &, 1).

Kosppuyuenm xoppessuyuu no modyso e npesocxodum 1, ato
crenyer n3 Hepasencrsa (5.3.8).

Cayuaitable Besmaunbl &, 1), ayst KoTopbix cov(€,n) = 0, Ha3bI-
BaIOT HEKOPPEAUPOCAHHDIMU.

Hesasucumvie CAYyuatinve 6eAU4UHD, 6CC200 HEKOPPEAUPOBAHDL.
Ecnu € u 77 He3aBUCUMBI, TO B CHJIy MYJbTHILINKATUBHOTO CBOMCTBA
MATEeMATUIECKOTO OKUTAHUS

cov(§,n) = M&n — MEMn = MEMn — MEMn = 0.

r(&,m)

I3 HeKOppeIWpOBAHHOCTH CAYYIANHBIX BEJINYNH WX HE3ABUCH-
MOCTB, BOOOIIIE TOBOPSI, HE CJIE/IyeT.
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Ecnu cayuaitabie Bemnausb! £, 1) JUHEHHO 3aBUCUMBI:
n=a€+b

(a, b — xoucranrel, a # 0), o koaddbunuent koppesnsinuu (£, 1)
pasen +1 mam —1.
JleficTBUTEIBHO,

_ ME-MHm-Mn)
VM(E = M&)ZM(n — Mn)?

_ ME-ME(@E+b—Mag+b)
VM(E = ME?2M(a + b — M(a& + b))?
aM (& — M¢)? a

" JalV(ME-ME22 ]’

[Menounciiennbie cay4aiiubie Beanduubl. [IpousBoasiime
dbysKInyr. BaXXHBIM KJ1aCCOM CIYyYaHBIX BEJTMINH ABIAIOTCS HEOT-
PHIIATETbHBIE [[EJIOUNC/TIeHHBIE CIyIaliHble BEJTUNIUHB (IPHHUMAIOT
suavenns u3 maoxkecrsa {0, 1,2, ...}). Merog nponssoasimux dbyHk-
nit ABJIsteTCst Hanbojiee OOIIMM TIPU WX W3YIEHUH.

Onpegenienune. Ilycts € — mHeoTpunaresbHas MEJTOYNCICHHAST
cayJaiinas BeIUYNHA C PACIpeIeIeHIeM

P{{=k}=pr, k=0,1,...

Dyuxiuio P(t), onpesesennyio paBeHCTBOM

r(&,n)

(o]
P(t) =Mt = " thpg, |t < 1,
k=0

OymeM Ha3bIBATEH NPoussodaulet Pyrryuet IeTOINCICHHON CITydaii-
HO#i BesmmuuHbl € (pacupenesnenust {pg}).

IToCKOJIBKY MOCTIEIOBATEILHOCTD {; } SIBIISIETCST BEPOSITHOCTHBIM
paciipejiejieHueM, TO IPOU3BO/IsIIAs DYHKIINUS CYLIECTBYET, 110 MEHb-
mieii mepe npu [t < 1.

Teopema 5.3.4. [lycmv & — HEOMPUUATNENDHAA UCAOUVUCAECHHA
CAYUATHAA BEAUNUHA U

P{{=k}=pr, k=0,1,...,

— ee pacnpedeaenue.
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Ecau cywecmseyem ME, mo ee npoussodausas dymryus
oo
P(t) =Y thpg, [t| <1, (5.3.9)
k=0

duppepernyupyema na ompesxre [—1,1] u
M¢E = P'(1). (5.3.10)

Ecau cywecmeyem ME2, mo npoussodawan dynxuus P(t),
It] < 1, cayuatinot seaununs & dsatcow duddepenyupyema na om-
pesxe [—1,1] u

Me? = P'(1) + P"(1). (5.3.11)
HoxkazaTeabcTBO. B camom mese, ecan
(o]
kak: < 00,
k=0

TO pan

oo
>kt pg, [t <1,
k=1

(o]
OJIyUeHHBIH HOWIeHHBIM uddepenupoBanueM paaa Y. tipy,
k=0
|t| < 1, abcomoTHO cxomuTCa B TOUKe t = 1, a, CJ1€/I0BATEIBHO, CXO-
auTes papHOMepHO Ha orpeske [—1, 1]. Tosromy pss (5.3.9) MoxkHO
nowienuo audepennuposars Ha orpeske [—1, 1], a nmenno

Pty = Kkt pg, [t <L
k=1

IIpm sToM B TOouke t = 1
o
P'(1) =) kpe = M.
k=0

Ecnu cymectByer ME2, . e.
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TO PAT
o
> k(k— 1)t P, (H <1,
k=2

MOJIyY€HHBIN TMOYIeHHBIM uddepeHupoBanneM IBAXKIbI Psia
o0

S thpe, [t| < 1, abcomorHo cxouTest B Touke t = 1, a, ciemo-
k=0

BATEBHO, CXOAUTCs paBHOMEPHO Ha orpeske [—1, 1]. TTosromy psi
(5.3.9) MOXKHO IBaXK /bl TOWIEHHO ArhEPEeHINPOBATh HA OTPE3Ke
[—1,1], a umenno

k(k — 1)t 2py,, [t < 1.

WE

P”(t) —

b
I

2

IIpu sToMm B Touke t = 1

P"(1 Zk: —1pk—zkpk72kpk—w|52 3

Orcroma, yantsiBas paseHcTso (5.3.10), umeem, 4To
M2 = P/(1) + P"(1).

IMpumep 5.3.4. I[Tycmv & — NYacconosCkas CAYHATUHAA BEAU-
wuha ¢ napamempom 6:

ok
P{g—k‘}——e_e k=0,1,2,.
Hatmu npoussodawyro gynryuwio cayswatinot sesununvt &. Buuuc-
aumv ME u ME2,

Pemenmne. Ilo onpenenennto mponsBomdiias pyHKIMS CIIydaii-
HOIl BeJTUIHHBI &

t) = Mté = Ztkyefa =e%e™ = exp{O(t — 1)}.

k
Jamee, pambl Z kk,e n kz kmz:'e cxoparcst, nosromy ME
u Mg? CyIHeCTByIOT 7 COTJIaCHO Teopeme 5.3.4

Mé = P'(1), M2 = P'(1) + P"(1).
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[lepBasg m BTOpas IpOM3BOIHBIE TPOU3BOMAIIEH (DYHKITHH:
P'(t) = 0exp{f(t — 1)}, P"(t) = 6% exp{A(t — 1)}.

ITosromy
Mé = P'(1) = 6, M&? = P"(1) + P'(1) = 6% + 0.

Teopema 5.3.5 (equHCTBEHHOCTH). Pasauynvie 6epoAmMHOCT-
noe pacnpedesenua na {0,1,2, ...} umerom pasauunvie npoudeoos-
wue PYHKUUL.

HoxazarenbctBo. [lyctbpg, k=0,1,...,u fr,, n=0,1,...,
— BEpPOATHOCTHBIE pacupe/esienus. VIx npousBosiiue dyHKITIN

o (o9}
P(t)y="> thpy, [t <1, F(t)=> t°fi, [t| <1,
k=0 k=0

KaK CTeleHHbIE PSIIbI, MOYKHO TTOWIeHHO anddepeHImpoBaTh Heorpa-
HUYIEHHOE YNCJIO Pa3 BHYTPU NX TPOME?KYTKOB CXOAUMOCTN (HO MEHBb-
meit Mepe nipu [t| < 1). [Ipeamonoxkum, 910

P(t) = F(t), |t| < 1. (5.3.12)

Orcioga upu t = 0 umeem pasencrso P(0) = F(0), wim pg = fo.
[Mounenno mpoauddepentmposas (5.3.12), mosyanm

Dkt lpp =Plt) = F'(t) =) kt" ! fi.
k=1 k=1

Orcioga npu t = 0 umeem, uro P'(0) =
p1 = f1 u . ga. Tak garo npu Bcex k = 0,

F’(0), a, ciejoBarebho, u
L,

Pk = [k

[Mocennee obozuavaer, aro pacnpenenenns {py} u { f} cosnagaror.

Teopema 5.3.6 (CBOMCTBO MYJIBTUNINKATUBHOCTU MIPOU3-
Boasmmx byHkumih). [Ipouseodawas PyHKUus CyMMov: HE3A6U-
CUMDLEL CAYUATHDIL BEAUNUH PASHA NMPOUSGEIECHUIO NPOUSEOIAULUT
PyHKUUT CAAAEMBIT.

HoxkazarenbcTBo. g HE3aBUCUMBIX CAYyYANHBIX BEJIMIUH
& un B culy MyIbTHILINKATHBHOIO CBOMCTBA MATEMATHIECKOTO OXKI-
JTAHHST

Peiy(t) = METT = M8t = MtEMtT = Pe(t) Py (t).
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IIpumep 5.3.5. /Jloxazamsb, wmo cymma He3a8UCUMBLT NYAC-
COHOBCKUTL CAYYAUHDT BEAUNUN ABAAEMCA NYACCOHOBCKOU CAYUAU-
HOT BEAUNUHOU C NAPAMEMPOM, PABHHIM CYMME NAPAMEMPOS CAG-
20EMDBIL.

Pemenmne. [lycts & m 1) — myacCOHOBCKME CIy9aiiHbIE BEIMYN-
HBI ¢ TapaMerpamu 01 u 62, nx mpom3BomsIIie (DYHKITNU COOTBET-
crerno pasubl exp{01(t — 1)} u exp{f2(t — 1)} (cm. npumep 5.3.4).
[Ipoussosiast GyHKIUA CyMMbl ( = £ 4 1) HE3aABUCUMBIX CJIy4aii-
HBIX BEeJTMIMH

P(t) = Pe(t)Py(t) = exp{61(t — 1)} exp{02(t — 1)} =

= exp{(61 + 62)(t — 1)}

— B CWJIy MYJIbTUILIMKATUBHOTO CBONCTBA TPOU3BOAAIINX (DYHKITAIN.
C apyroit croponsl, exp{ (01 + 02)(t — 1)} — nponsBogsimas GyHK-
Ul TYaCCOHOBCKON CyYaiiHON BeMYMWHBI ¢ mapameTrpoMm 61 + 6a.
ITosTomy corytacHO Teopeme eamHCTBeHHOCTH (Teopema 5.3.5) pac-
npejeseHne CayIaiHoi BeTMIHbL £+1) COBIAIAET C TTYaCCOHOBCKUM
pacupejiejieHreM ¢ napamerpom 01 + .

5.4 HepaBencTBo HebnImméeRa,
AUcHepcus CJIy4daiiHON BeJIMYUHbBI

Hepagencrso UYebbiména. Ecau ME? < 0o, mo das kaorcdozo

e>0
M(E — M&)?

P{le —Mg| > ¢} < =y

(5.4.1)

JlokazaTealbCTBO.

M(E = ME)? = > (€(w) — ME)*P(w) >

weN

> Y (€w) = MEP(w) >
wil€(w)—ME|>e

>e? Y Pw) ="P{|§ — M¢| > ¢}
wilé(w)—M¢E|>e

Orcioma u caeayer HEPABEHCTBO 1eObITIERA.
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HepaBencrso YebbIméBa, B YaCTHOCTH, JAET OTBET HAa BOIPOC
“Hackobk0 9acTo HAD/IIOAAI0TCH OO/IbINe YKJIOHEHUS CJIydaifHON
BEJIMIUHBI £ OT CBOETr0 CPEJHETO (MaTeMaTnaeckoro oxxumanus) ME?”
U MOTHBUpYeT BBejenne Beamumanl M(€ — ME)? B kauecTBe Koum-
YeCTBEHHON Mepbl pazdpoca CAydailHOW BEJUIUHBI £ OTHOCUTETh-
wo ME.

Horosopumcst “Oosibiioe” yryiounerue & or ME xapakrepuzoBarh
HEKOTOPBIM 9ucaoM £: ecn |€ — ME| > €, To yknonenne “6osbioe”,
B IIPOTUBHOM CJiydae — “Masioe” (B KaxK10#i KOHKPETHO CUTyaln £,
pasymeercs, cBoe). 13 mepasencrsa YeObIméBa cieyer, 9To €Cin
sestmramaa M (€ —M¢)? Maa, To MasIa i BepoSTHOCT GOTBIIIX YKJIO-
uernit £ or M¢ (6ospinne ykaonerus £ or ME BeTpeuaroTcst u3pe/i-
ka). [TosTomy Bemmummy M(€ — ME)? ecrecTBeHHO paccMaTpHBATEH
B KaueCTBe KOJIMYECTBEHHOW Mepbl pazbpoca £ orHocurenibo ME,
ee Ha3bIBAIOT Jucrepcueii €.

Omnpenesaenune. JJucnepcuet DE caydaitnoit Beuanas € Oymem
Ha3bIBATh MATEMATUYECKOE OXKUJAHUE KBAJPATA OTKJIOHEHUS CJIy-
YyalHO! BEeJUYUHBI OT CBOET'O CPeIHero:

DE = M(€ — M&)2.

Yacto yao0HO 110/1630BATHCA CIEAYIONIUM TPECTAB/IEHUEM IHC-
mepeun:

D¢ = ME? — (M¢)?,

KOTOPOE MOJIy4YaeTCsl 13 PAaBEHCTB
D¢ = M(€ — ME)? = M(€2 — 26ME + (ME)?) =
= M — 2(M&)? + (ME)? = ME? — (ME)>.

CaoiicTBa aucniepcuu. [Ipusenernbie aaee CBOWCTBA ANCTIEP-
CUW HETIOCPEICTBEHHO CIEIYIOT W3 €€ OMPEIeICHNUS.

Csoiicrso 1 (gucnepcust a€+b). [lycmov a,b — xoncmanmaot,
mozda

D(a& + b) = a®DE.
JeitcTBUTEIBHO,
D(aé +b) = M(aé + b — M(aé + b))* =
= Ma?(€ — M¢)? = a®M(¢ — ME)? = a?DE.
CaencrBue 1. /[ucnepcus KoHCManmoL pasha Hy0:

Db = 0.
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Hocrarouno B pasencTse D(aé + b) = a?D¢ monoxuts a = 0.
CaencrBue 2. Koucmanma ebHoCUMCA u3-nod 3uaka ducnep-
cul ¢ K6adpamom:

D(a&) = a®D¢.

Jocrarouno B pasencTse D(aé + b) = a?DE¢ momoxuts b = 0.
CsoiicTBo 2 (aaauTUBHOCTb Auctiepcuu). /[is He3asucu-
MULT CAYHATUHOT seausun & u n

D(§ +n) = D¢+ Dn

(ducnepcus cymmvr HEZABUCUMBET CAYHATHOIT BEAUNUH PAGHA CYM-
me ux ducnepcud).
JlokazaTealbCTRO.

D(&+n) =M ((£+n) —M(E+n))* =M ((£ = ME) + (n— Mn))* =

=M ((€ = M&)* +2(£ = ME)(n — Mn) + (n — Mn)?) =
= M(§ = M&)® + 2M(& — M) (n — Mn) + M(n — Mp)? =
= D¢ + D + 2M(§ — M&)(n — Mn) =
= D¢ 4 Dn + 2cov(&, n).

s He3aBUCUMBIX CAyYAWHBIX BeauduH £ W 1) B CUJY CBOICTBa
MYJIBTUIIIUKQTUBHOCTH MATEMATUYECKOIO OXKUIAHUS

cov(§,n) = M({=ME)(n—Mn) = MEn—MEMn = MEMn—MEMn = 0.

Tak uTo
D(¢ +n) = D¢ + Dn.

Sameuanue. O4eBUHO, CBOICTBO A/ IUTUBHOCTU JTUCIIEPCUN
UMeeT MECTO He TOJIBKO JIjisi HE3aBUCUMBIX CJIYUYANHBIX BEJTUYUH, HO
U JI7IsT HEKOPPEJIUPOBAHHBIX.

3akon 6osbmmx 4quces. Amrgpeit Hukomaesna Kommoropos
TaK chOPMYIUPOBAJI CYyTh 3aKOHA HOIBINNX duce s : “BaKoH 6OBIITIX
quces — obwut NPUHYUN, 6 CUAY KOMOPO20 COBOKYnHoe delicmeue
00ADW020 YUCAE CAYHATHBT PaKMOPO8 NPUBOJUM, NPU HEKOMOPHLLT
B8ECOMA OOUUT YCAOBUAT, K DEIYALMAMY, NOYMU HE 3ABUCAUEMY
om cayuas”. B Teopum BeposTHOCTEN 3aKOH OOJIBITUX YUCET U3Y-
YaeTcd KaK MaTeMaTUYeCKUil Pe3ysibTar, OTPaKAoIUil STOT IPUH-
IIUII, JIeXKAINUii B OCHOBE O0ObEKTUBHBIX BHYTPEHHUX 3aKOHOMEPHOC-
Te#l peaJbHOr0 MUPA.
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Teopema 5.4.1 (3akoH Gosibmiux 4yucesi B popme Hebbi-

wésa). Ifycmo £1,82, ... — He3a8uUCUMBE CAYUATHDIE BEAUNUHDL C
ducnepcuamu, o2panudenHvMu 00not u mot oce xoncmarnmoti C
(D& < C, i=1,2,...). Toeda das aobozo € > 0

P iifz—;él\ﬂfz >ep—0

npu n — oo.

okaszaTeascTso. Bocioab3oBaBmmch HepaBeHCTBOM UeObI-
eBa ¥ HE3aBUCUMOCTHIO CIyYaiHBIX BeauduH &1, o, . . ., MOy INM:

SRR

9TO CTPEMUTCH K HYJIO 1IpU N — OO0.

Caenctsue. ITycmov £1,&2,... — He3asucuMble 00UHAKOBO PAC-
NPEOEAEHHDIE CAYHATINDIE GEAUNUHDL C MAMEMATNUNECKUM 0AHCUIAHU-

em ME&; = a u xoneunoti ducnepcueti (DE; = 0% < o). Tozda dns
a106020 € > 0 npu n — 0o

n

1
P 1 .
nE 13 al >y —0

=1

HoxkazaTeanbcTBo. JlocTaTOYHO 3aMETUTH, UTO JJId CIydaii-
HBIX BesuunH &1, &2, ... BBIMOJHSIOTCS YCIOBUS TEOPEMBI U K TOMY

2Ke
1 < 1 <
2 ME=5 ) a=a
=1 =1



118 I'maBa 5. /luckpernas ciaydaiinas BeTnInHa

5.5 Ilpumepnl u 3aga4n

ITpumepnt

IIpumep 5.5.1. Iodbpacwearom dee cummempuyrvie Uuzpaiv-
Hble Kocmu. Buruucaums mamemamuueckoe oocudanue u ducnep-
CUIO CYMMDL BDNASUUT OYKOG.

Pemenue. [lycrs £ — 9uCI0 0YKOB, BBITABINUX Ha TEPBO UT-
pasIbHOM KOCTH, 1) — Ha BTOPOii, Torma ( = £ +n — cymMMa OYKOR,
BBIMABIINX HA JIByX KOCTAX. 1aK KaK KOCTH CUMMETPUYHBI, TO Pac-
npejiesieHne KaXXa0i u3 CAyJdaiiHbIX BeJInanH & U 1) UMeeT CJIeTyIo-
N BAI:

Pz) | 1/6 1/6 1/6 1/6 1/6 1/6

OTcroma mmeeM:

T 7
Mg:M(§+n):M§+Mn:§+§:7.
1 1 1 7\? 35
DE=ME—(ME¥2 =122 4+22. -4 .. . +62. = — (=) ==,
¢ &= (M9 6 T2 g TG 2 12
Tlockobky € m 1) — HE3aBUCHUMBIE CJIyYaliHBIE BEJIMINHBI, TO
35 35 35
DC=D =D¢4+Dp="2 45 =
¢=D(+n) =D+ Dn TRET I

OTMeTnM, 9TO HEMOCPEICTBEHHOE BBIYHCICHNE MATEMATHIECKO-
10 OXKUJIAHUS U JUCHEPCUr CyMMbI ( OYKOB OBLIO ObI TPOMO3IKUAM.

Mpumep 5.5.2. Cayuatinas seaununa & umeem 2eomempuuec-
Koe pacnpedesenue ¢ napamMempom p:

P(k)=(1-p)*p, k=0,1,... (0<p<1).
Buucaums: ME, ME2, DE.

Pemenwne. B cuty Teopemsnr 5.3.1

o0

ME =D k(1 —p)*p,

k=0
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=Y K1-p'
k=0

Yr1o0bl HaflT CyMMBI 9THX Psi/IOB BOCIOJIb3YEMCS TE€M, 9TO DU

lz| <1
[e.9]
> ot =

k=0

[Ipomuddepeniiuposas mnocjeiHee paBeHCTBO U YMHOXKUB HA X, T10-
JIy9UM

ka i $)2 (5.5.1)

[Mpomnddepentmposar pasenctro (5.5.1) u yMHOXKUB €r0 Ha T, TO-
JIy UM

Z K2z = 196_4;)13 (5.5.2)

Bocnosnbzosasimcs pasencrsavu (5.5.1) u (5.5.2), npu x = 1 —p
HOJLy YaeM

ME=D k(1—p)fp=p> k(1-p)*=p =—r
=0 k=0

M2 = ikz(l _p)kp :pikZ(l _p)k _ (1-p)(2 —P).
k=0 k=0

DE = Mg? - (Mg)? = .

IIpumep 5.5.3. Teopema 5.1.1 2aparmupyem cywecmeosarue
seposmmuocmmozo npocmpancmea {2, P} u cayuatnot sesununov
&€ = &(w) na nem, pacnpedeaerue Pe xomopoti cosnadaem ¢ darnvim
pacnpedeacnuem Q:

P =Q,

1o maxkoe eepoammnocmuozo npocmparcmea {2, P} u cayuatinan se-
aununa € = E(w) ne eduncmeento.
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Hanpumep, na BeposTaOocTHOM mpocTpancTse {2, P}:
Q= {wi,wa,w3,ws}, Plw;)) =1/4, i=1,2,3,4,
CITydaiiHble BeJIMYNHbI
§=E(w) = Ljuy wo} (W), w e,
N =n(w) = Iy w}(w) weQ,

He COBIAJAIOT HU B OJHON TOYKe, HO WX pacupenenenus Pe u Py,
COBIIAIAIOT, KaXK0e N3 HUX paBHO Q:

Q(s) =1/2, s =0;1.

Pazymeercs pazjmaabiMu MOTYT OBITH U CAMU ITPOCTPAHCTBA.
IIpumep 5.5.4. Iycmo & = &j(w), j = 1,2,...,n, — nesasu-
CUMDLE CAYHATIHBIE BEAUNUNDL, ONA KOMOPDLT

P{{ >0} =p,P{§ <0} =¢,P{&=0}=F, p+q+f=1,

Jj = 1,2,...,n; s — Koauuecmeo cayualnur eeauvun cpedu &,
i=1,2,...,n, OMAUNHDT OM HYAS, G [L — YUCAO NOAOHCUMEALHDLT
cpedu &, j=1,2,...,n

Hatimu cosmecmmoe pacnpedeserue cayuatinoll 6eAuUM (L U S.

Pemenwue. Bekrop (u,s) = (u(¢*), s(¢*)) apnserca dbyuxmeii
cydaiinoro Bexkropa (* = (sign &y, sign s, ..., sign&,).

Cuauasa nHaiijem pacmupenenenne ¢*

P{C* = .’IJ} = P{(Signglvsign‘g% o ,Sigl’lfn) = (x17x27 B 7mn)} -

n
=[] Pisign&; = a;} = pr@g(@) (@) prs(e)
i=1
rae x;, @ = 1,2,...,n, npuanmaer 3Havenng —1,0, 1, s(x) — komm-
YEeCTBO KOMIIOHEHT BEKTOPA T, OTJIMYHBIX OT Hynd, ((r) — pas-

HbIx +1.
P{u ="k s=7j} =P{u((") = k,s(C7) = j} =
z:p(w)=k,s(z)=j
_ Z pu(:r)qs(x)fu(x)fnfs(z) _ C«%Cr]l.fpkqj*kfn*j7
z:p(x)=k,s(z)=j

k=1,2,...,7;7=1,2,...,n (cm. Teopemy 5.1.2).
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IIpumep 5.5.5. Ilycms & un — HE3GBUCUMDBIE YEAOYUCAEHHDIE
CAYUATHBLE BEAUNUHDL C PACTPEIEAEHUAMU,

P{E=k}=py, k=0,1,...; P{n=1}=q,1=0,1,...

Hatimu pacnpedesenue caywatinot sesuvunsvs ¢ = & + 1.
Pemenue. [lockosibKy ciaydaiiable BeuauHbl £ U 1) HE3aBUCH-
MBI, TO UX COBMECTHBIM PACIIPEJIeIEHNEM SBJISIETCS

P{(&,n) = (k,1)} =prq, k=0,1,...;1=0,1,...
Hanee, cormacao Teopeme 5.1.2 mmeem

P{C=m}=P{{+n=m}=

m
= Z Prqi :Zpkqm—k’v m:0,1,...
k=0

(kJ0):k+l=m

Pacnpenenenne

fm = ZPkafk = Podm + P1¢m—1 + ...+ Pmqo, m =0,1,...
k=0

HA3BIBAIOT CBEPTKOil pacnpenenennii {py} u {q}.
Tak 4To pacmpejiesieHre CyMMbl HE3ABUCUMBIX I€I0UUC/IEHHBIX
CAYyJYaflHBIX BeJIMUYMH PABHO CBEPTKE PACIIPEJIESCHU C/IaraeMbIX.
3agaun
5.1. TToxbpachiBafoT JIB€é CUMMETPUYHBIE WIDAJIbHBIE KOCTU U
paccMaTpuBaioT ciaydaiinyio Bemmuuny ( = (§,7), rae £ — 4mcso
OYKOB, BBINABIINX Ha I€PBOA UI'PDAJIBHONA KOCTHU, 7) — Ha BTOPOA.
1. Haittu pacnpeiesienns C/iydaiiHbBIX BEJIUINH:
a) max{¢, n};
6) min{¢, n};
) &+
BorauncanTs:
) P{€ < 2, max{&,n} > 4};
) Pmax{¢,n} > 4};
P{In—&| = 3};
P{4 <¢+n <6}
P{¢ < 1, max{¢,n} > 3};
P

x) P{max{¢,n} > 3}:
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3) P{{ > 2, max{¢,n} > 3}.

3. HaiiTi coBMecTHOE pacipeesenue CrydaifHbIX BEeJTMYnH:

a) & mw &+ n; aBasioTcd s caydaiitaeie Bewmaunabl § u § + 1)
HE3aBUCHMBIMT?

6) & u max{&, n}; aeagiorca u ciaydaiinbie Benaunb § u max{{, n}
HE3ABUCUMBIMU !

B) & u min{&, n}; apagorcs jin ciyyaitubie Besmannbl £ u min{&, n}
HE3aBUCUMBIMU !

Pemenune nynkra 2(k). CHavasa naiizem pacrnpejesenne
¢=(&n).

Coayuaiinas emanna ¢ = ((w) = ({(w),n(w)) asagerca dbyHK-
nueit Ha BeposTHOCTHOM npoctpancree {2, P}, npocrpancrso sste-
MeHTapHBIX coObITHi {2 KoTOporo obpasyior napst (i,7), ¢ =1,2,. ..
co,6, 5 =1,2,...,6, a P(i,j) = 1/36 nna Bcex (i,j) (BuiOpana
KJIACCAIECKAs MOJIEb, TIOCKOIBKY KOCTH CUMMETPUYHLI). [loaToMmy
pacnpenereanem ¢ = (£,1) apngercs

Pe(i,5) =P{¢=(4,7)} =1/36,i=1,2,...,6; j =1,2,...,6,
€ro MOYKHO 3alMCcaTh Takyke B Buae Taba. 5.5.1.

Ta6nuna 5.5.1. Pacupenenenune ¢ = (£,7)

Suauve- Suavenust 7
Husg & 1 2 3 4 5 6

1 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36

2 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36

3 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36

4 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36

5 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36

6 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36

[To m3BeCTHOMY pacipeIeeHnio Caydaitnoi Bemannnt ( = (&,
(cm. Taba. 5.5.1), noap3ysick Teopemoii 5.1.2 (3mecs g = g(s,t
= max{s,t}, B = (—o0, 3)), Haxoaum

P{max{¢,n} > 3} =1 — P{max{¢{,n} <3} =

IR
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=1- > Pi))=

(4,7):max{i,j } <3
=1—(Pe(1,1) + Pe(1,2) + Pe(2,1) + Pe(2,2)) =1 —4/36 = 8/9.

Pemenue 3(B). CoBMecTHOE pacipe/esieHne CIydailHbIX Be-
mrann § mw min{{, n} (pacnpenenenne sexropa (£, min{¢, n})) naxo-
M Kak pacnpenenenne gyaknuu 0 = g(§,n) = (&, min{&,n}) or
caydaiinoit Bemuunel ( = (£,7) 1o ee pacupejeneHuio (cMm. TabJI.
5.5.1), noab3ysack Treopemoit 5.1.2. Beraucaum HECKOJIBLKO 3HAYEeHu

Pé(iaj) = P{(§7min{£an}) = (Zvj)}
P{(§7min{‘£a77}) = (17 1)} = Z PC(LJ) =

(4,5):(5,min{é,5})=(1,1)

= Pe(1,1) + Pe(1,2) + ... + Pe(1,6) = 6/36;

P{(& min{¢,n}) = (1,2)} = > Pc(i,j) = 0;
(4,7):(4,min{7,5})=(1,2)

(ZJ) : (ivmin{ivj}):(lak)

k=3,4,5,6. I Tak namee.
Cosmectroe pacupesenenne & u min{, n} (pacupezeserne ciy-
vaiinoit Besmunnbl 0 = (&, min{&, n})) npusegeno B tabu. 5.5.2.

Tabauma 5.5.2. Pacupenenenwe 6 = (¢, min{&,n})

Suaue- Buauenus min{&,n}

Hua & 1 2 3 4 5 6
1 6/36 0 0 0 0 0
2 1/36 | 5/36 0 0 0 0
3 1/36 | 1/36 | 4/36 0 0 0
4 1/36 | 1/36 | 1/36 | 3/36 0 0
5 1/36 | 1/36 | 1/36 | 1/36 | 2/36 0
6 1/36 | 1/36 | 1/36 | 1/36 | 1/36 | 1/36
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Cayuaiiabie sennannnl £ 1 min{&, n} He SBISIOTCS HE3ABUCUMBI-
MU, MOCKOJIBKY WX COBMECTHOE PACIPEIeSeHre OTJIUTHO OT TTPOU3-
BeJIEHUsT PACIIPEIEICHUST

1 2 3 4 5 6

1/6 1/6 1/6 1/6 1/6 1/6

CIIy9aliHOM BeTMYWHBI £ U PACIpeeeHns

1 2 3 4 5 6

11/36  9/36 7/36 5/36 3/36 1/36

caydaitnoit Besmanub min{&, n} (cM. reopemy 5.2.1).
Orser k nynkry 1(a):

1 2 3 4 5 6

136 3/36 5/36 7/36 9/36 11/36

Ortser k mynkry 1(6):

1 2 3 4 5 6

11/36  9/36 7/36 5/36 3/36 1/36

Orserni: 2(a) 1/6; 2(6) 3/4; 2(8) 1/3; 2(r) 1/3; 2(1) 1/9; 2(e) 4/9;
2(x)8/9; 2(3) 7/9.

Orserni k 3(0):

Pacnipenenenne cayuaitnoit seqmananr 0 = (£, min{&,n}) (cos-
MecTHOE pachpezenenne £ u min{&,n}) npusegeno B Tab1. 5.5.2.

Coayuaiiabie Beqmannbl & u min{&,n} He SABISAIOTCA HE3ABUCH-
MBIMH, MOCKOJIBLKY WX COBMECTHOE pacrpegesnenue (cMm. tabi. 5.5.2)
OTJIMYHO OT IPOU3BEJIEHUs PACIIPe/Ie/IeHuii 1y dailHbIX BeuduH & u
min{¢{,n} (cM. Takxke 3amedanue K Teopeme 5.2.1). Pacupenenenus
min{&, n} npusegens B orsere K 1(a).

5.2. I'pann cuMMETpHUYHOl UIPATbHON KOCTH 3aHYMEPOBAHLI JBY-
M eIMHATIAMHE, JIBYMS JBOMKAMM M JIBYMS TPOMKAMI.



5.5. Ilpumepsr  3ana4n 125

B kBagparnom ypasHeHUn
x4z +C¢=0

&, n, ¢ onipeIeIIioTCs Kak Pe3yJibTarT TPeX MOC/JIeI0BATETFHBIX HE3a-
BUCHMbBIX TOA0pachiBaHUNl UrpajbHOil Koctu. Halitu BeposiTHOCTD
TOrO, 4T0: 1) ypaBHEHNE UMeeT JAeHCTBUTEIbHbIE KOPHI; 2) ypaBHe-
HI€ UMeeT pPallOHAJIbHbIE KOPHU; 3) YPaBHEHUE HE UMeeT JefiCTBU-
TEJIBHBIX KOPHEMN.

Ykazauue. CoBMECTHOE pacipe/ie/ieHne CayJIailHbIX BEJTUIUH

§n,¢:
P<P(i7jak) = P{€:Z7n:]7€: k} = 1/277 ivjvk: 17273~

VpagHenue nMeer [eiicTBHTEIbHBIE KOPHH, ecin 12 — 46¢ > 0;

P =46 >0 = > PuGgk)= > 1/21=4/27

(4,5,k):52 —4ik>0 (i,5,k) 52 —4ik>0

(cm. Teopemy 5.1.2).

5.3. Jlokazarb, 9YTO €CJN HE3ABUCHUMBIE CIyJaliHble BEIUIUHBI
& m € UMEIOT reoMeTPUYEeCKOe pacIpeseeHre, TO U Caydaiinas
pesimanna 1) = min{&;, {2} uMeer reomMerpuUecKoe pacpejeieHue.
HaiiTu mapaMeTp 3TOTO pacmpeieeHus, eCau TapaMeTphl pacipe-
JleJleHuit ciiydaitapix Besmaud &1 U 2 PaBHBI COOTBETCTBEHHO Pi
u po.

Orger: p1 + p2 — p1p2.

5.4. Ilycts € u 1) — He3aBUCUMBIE CJIyUIalHbIE BEJUINHBI, KaXK-
Jlast U3 KOTOPBIX UMeeT pacipenenenne [lyaccona ¢ mapamerpoMm A:

PUIEN
Pe(k) = Ze ™ k=0,1,...

Broranciurs:

DM 2)Me: 3)Des 4) Dl + ).

Otserrr: 1)1 —e™; 2) A% 3) A2(1 4+ 2)\); 4) 2.
5.5. Cayuaitaeiit Bektop p = (i1, fi2, - - - , fby) IMEET PACTIPEJIE-
JIEHHE:

P{(pe1, p2y -« s Py 1y - - - i) = (0,0,...,0,1,0,...,0)} = pg,



126 I'maBa 5. /luckpernas ciaydaiinas BeTnInHa

B nocienosareasaoctu (0,0,...,0,1,0,...,0) equanna pacmosoxe-
Ha Ha k-m mecre, k=1,2,...,7.
Breraucanrs

Mexp{i(t, 1)} = Mexp{i(tip1 + topiz + ... + trpr) ;-

Otser: Z pr exp{ity}.

5.6. HyCTI) £1,&9,...,&, — He3aBHUCHUMBIE OIMHAKOBO paCIIpe-
JleJIeHHbIe CTy9aiiHble BEeIMIUHBI CO 3HAUYeHmaME B R, Xj, j =
=1, 2 ...,7, — paszbuenne R! na He mepecekaloNImecs IOIMHOKECT-

UX = RLX,NnX, = 0,s # I, P{& € X} = pj,

J= 1 2 7y Vo= (V1,V2,...,Vj,...,Vp) — CILydallHbIl BEKTOD,

J-51 KOMIIOHEHTa Vj KOTOPOI'O PaBHA KOJIMYECTBY CJLy4ailHbIX BeJIU-

yH u3 1, &2, . .., &y, KOTOPHIEe OKa3amch B Xj, j = 1,2,...,7.
BeraucanTs

Mexp{i(t,v)} = Mexp{i(tivy + tova + ...+ t,vp)}.

Ykazanue. Beipasure sexrop v = (11,2, ..., V) 9epe3 BeK-
TOPBI

(B S, B = (I, (), T (68) - - Ix (€))

k=1,2,...,7,tme [4 — HH/WIKATOP MHOKECTBA A.

Orser: (Z pr expiity }
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WcnbiTanus bepnyJsm

6.1 MHcnobiTanua Bepnysin.
BuaomMuanbHOe pacnpegeseHue

B Teopuu BeposiTHOCTEl BaskKHOE MECTO 3aHUMAET CTOXACTUYEC-
KW 9KCIIEPUMEHT, M3BECTHBIN TT0/T Ha3bIBAHNEM MCIBITaHnM Bepmyt-
sim. Ha medpopmaibHOM g3bIKe €10 MOXKHO OIPEIE/UTh KAK I0C/Ie-
JIOBATEIBHOCTH HE3aBUCUMBbIX UCIIBITAHUI C JIByMs ucxogamu (OgmH
13 KOTOPBIX Oy/IeM Ha3bIBATh YCIIEXOM, IPYToii — Heyaaueii) u Bepo-
SITHOCTBIO yCIiexa, He U3MEHSIOIIENCsl OT UCIBITAHUS K UCIBITAHUIO.

IIpumepnt

Ucnbrranusamun Bepuysuim 6ymyT:

1) nociemoBaTenbHBIE MOAOPACKIBAHUSA CUMMETPUYHBIX MOHET
(repb — ycuex, pemerka — Heyjaqa);

2) crpesbba o MuIieHn 6€3 KOPPEKTUPOBKHU (IIOMAAHIe — yC-
nex, npoMax — HeyJiaua);

3) HabJIIOIeH s 3a TOT0/I0M, TIPOBOIUMBIE B OTIPE/IeIEHHbII JIeHb
(ckazkem, 7 Mast) KaxKa0ro roga (JOKIb — yCHex, HET JOXKIs —
Heyjla4a).

Ucnbiranusamun Bepuysuin ve Oy/ryT:

1) mocnemoBaTenbHBIE MOAOPACHIBAHUS B PA3HON CTENEHU U30-
THYTBIX MOHET — OT IIOJ0OPAChIBAHUSA K II0IOPACHIBAHUIO MEHAETCS
BEpPOSATHOCTH YCIIEXA;

2) crpenbba MO MUIIEHH ¢ KOPPEKTUPOBKON — HET HE3aBUCH-
MOCTH pe3y/IbTaTOB OTIEIbHBIX BBICTPEIOB, M3MEHSIETCS BEPOSITHOCTD
ycliexa;

3) mabsroienne 3a TOTOJ0H B MOC/IE0BATEIBHbBIE JTHU OJHOTO
r0/Ia — HEeT HE3ABUCUMOCTU HAOJIIOIEHUIL.

127
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BepositTHOCTHOE mpocTpaHCcTBO ucnbiTanuii Bepuysnm.
B kauecrsBe npocrpancrsa ) sjieMeHTapHbBIX COOBITUIl 7 MCIILITA-
Huit BepHy/In €cTeCTBEHHO PacCMOTPETh MHOYKECTBO YIIOPSAI09EH-
HBIX IIOCJICIOBATE/IBHOCTEN! JJIUHOI 7, COCTABJ/ICHHBLIX U3 HyJICH U
enuant. Kaxkmag Takasd mOC/IeI0BATETBHOCTh OJHO3HAYHO OIWCHI-
BaeT MCXOJ dKcmepnMenTa. Hampmmep, mociie1oBaTeTbHOCTD W =
= (110...01) omuchiBaeT UCXO: B MEPBOM UCHBITAHUN — YCIEX, BO
BTOPOM — YCIIEX, B TPETbEM — HEyJAada, ..., B N-M — yclex (eau-
HuIell Mbl 0603HAUMIN yCrex, Hyjaem — Heygady). Muoxecrso 2
KOHETHO.

BepositHOoCTh Ha K/Tacce BCeX MOAMHOMXKECTB JTUCKPETHOro {2 3a-
JIAeTCS  TIOCPENCTBOM HeoTpunarenbnoit ¢ynkmmn P(w) Touxn
w € Q, rakoit uro Y, P(w) =1 (cm. reopemy 4.1.1). B ucnbrranusix

weN
Bepuynnu B kagecrse P(w) ecrecTBenno paccMorpers dhyHKIIUIO

P:w— P(w) = pt@ (1 —p)nHw) = pr@)gn=n@) e, (6.1.1)

rie fi(w) — 9YUCII0 eJMHUI] B TOCTIEI0BATENLHOCTH W, (1 — u(w)) —
qucao myneit, p — napamerp (0 < p<1),¢=1—p.
Oyukuus P(w) = pH@ ¢ #@) | po-nepsbix, HeoTpUIATEIbHA:

Pw) >0, we,

> Pw) =1

we

1, BO BTOPBIX,

Y0661 yOenuThCs B CIIPABEINBOCTH TOCIEIHEr0 PABEHCTBA, 10CTa~
TOYHO 3aME€TUTH, 9TO

n

Udw (@) =k} = 9, {w: p(w) = k}n{w: plw) = 5} = 0, k £ .

k=0

IIO3TOMY
Z P(w) = Z pH(@) gn—n(w)
we we
= Z p@)gn—p(w) 4 Z pH@gn—nw@) 4
w:p(w)=0 wip(w)=1

+ Z pH@gn—rw@) 4 4 Z pH@) gn—i(@) —
wip(w)=k wip(w)=n
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= ¢"+Chp " T O P+ A CEPE TR 4" = (pg)" = 1.

(6.1.2)
Kaxmas uz cymm — » ph@gn—nw@) L =0,1,.. .y, BBIUHCJISA-
w:p(w)=k
eTCs TaK: He)
Z p“(“’) n—p(w Z pkg™ C’k kgn=k (6.1.3)
w:p(w)=k w)=k

— YHCJI0 OJMHAKOBBLIX caraeMbix pFq" * B cymme > pFgn—k
w:p(w)=k

PaBHO KOJIMYECTBY IIOC/IE0BATEJHHOCTENR W JIIMHON 1, COCTAB/IEH-

HBIX U3 k epunull u N — k HyJieil, a YUCI0 TOC/IEHUX PABHO Clrf.

[Mapy {2, P}, rue  — MHOXKECTBO MOCIEI0BATEILHOCTEH W TR~
HOI N, cocTaBaeHHBIX U3 Hysel n eaunun, P(w) — dynknus wa €,
ompezenennasa pasenctsom (6.1.1), u Gymem paccMaTpuBaTh B Ka-
YEeCTBE BEPOSITHOCTHOTO MPOCTPAHCTBA (MATEMATHIECKON MO1e/1n )
CTOXaCTUIECKOT0 SKCIEPUMEHTA, COCTOSIINEr0 B IIPOBEJIEHUH 7 UC-
mbITaHnl Beprymam.

B mamux MHTYUTUBHBIX TPEJCTABICHUAX 00 WCIBITAHUAX Bep-
Hysu cobbiTus “ycrnex” u “Heyiada’, CBsi3aHHbIE C PA3JIUIHBIMU UC-
BITAHUSME, HE3aBUCUMBbI U BEPOSITHOCTD yCIIEXa, He MEHSIeTCSI OT UC-
OBITAHUS K WCIBITAHUIO. MBI TIOKAXKEM, 9TO TPeIJI0KEHHAsT MOJIE/Ib
obJ1a/1aeT CBOMCTBaMM, KOTOPBIE UMEHHO TaK U MOYKHO TPAKTOBaTh.
Hnsg sroro onpenenum wa {2, P} ciayuaitubie Beuaunn fi:

(w) = 1, ecom B w HA k-M MecTe 1;
PE\W) =90, eciu B w Ha k-M mecte 0,

k=1,2,...,n. JOpyrnmu crosamwu, px(w) — cumBos Ha k-M Mecte
B MOCJIETOBATENHBHOCTH W, COCTABICHHON W3 HyJsIel W eTUHHUII,

Teopema 6.1.1. Cayuatinve seauvwunvs b,k =1,2,...n, nesa-
BUCUMDBL 8 COBOKYNHOCTIU U 00UHAKOBO PACTPEOEAEHbL:

Plur =5}y =p°¢"* s=0,1; k=1,2,...,n

Hokazarensbctso. CHagaia HalijieM pacipeIeieHus CIy daii-
HBIX BeJIUIWH Uk, k=1,2,...,n

Cryuaiinast BeIu4InHa (1, TpuHIMaeT apa 3uadenns: 0 u 1. [pn
3TOM

Plur =1} =P{lw:mp(w) =1} = > P(w)=

wip (w)=1
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=pCo_1p’q" - pCrp "+ pCr T =

=plp+q" ' =p,

Plux =0} =1—-p=gq, k=1,2,...,n.

Cymma >, P(w) Bbiumcssiercss anajgorudso cymme », P(w),
wipg(w)=1 weN

cMm. (6.1.2). Tak 9T0 KaxkK/1ast U3 CIYyIARHBIX BEJTUIUH (g, k = 1,2, ...

..., N, UMEET CBOMM PACIIPEIETICHIEM

P{ur = s} =p°¢' 7%, s =0,1.

[Tokazkem, 4TO ciyuaitHble BeJIMUYUHBI [k, kK = 1,2,...,n, HE3a-
BUCUMBI B COBOKYITHOCTH. [IJI 9TOTO BBIIUINIEM WX COBMECTHOE Pac-
nupejenenue. I[lycrs £ — Bo3MOXKHOE 3HAYEHHUE CIy4YAHON BEJIMYU-
uel py (xp npuanvaer 3navenns 0 wm 1, kK =1,2,...,n),

P{lin =z1, p2 =22, pin = a0} =
=P{w: 1 (w) =21, pua(w) = z2,. .., un(w) =z} =

=P(4)=> P(w).

w€EA

MmuozxecTBO
A={w: mw) =21, pa(w) = 22, ..., (W) = T}

COCTOWT M3 IOCJEIOBATENBHOCTEH IJIMHON 7N, COCTABJICHHBIX U3 HY-
JIeil W eJIMHUIl, y KOTOPLIX HA IIEPBOM MECT€ I, Ha BTOPOM T2,

., HA N-M — . OHO COZEpPXKUT TOJBKO OJHY TOUKY W: W =
= (z1,22,...,Ty). [TosTOMY

P{ur =z, 0 =9, ..., up = xn} = P(A) =

— P($1, x27 . ’xn) e P(w) — pu(w)qn—u(w) — pi:1 q = ’

9UCII0 eUHUIL (4(W) B TIOC/IEI0BATEIBHOCTH W = (L1, X2, ..., Ty)

pw) =D .
i=1
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Tak uTo
P{ur = z1, 0 = o, ... iy = T} =
z?xzn le— T l—x; __ P
=p=t q =11pr {pi =z}
=1

— COBMECTHOE paclpe/eseHne CJIydYalHbIX BEJIUYUH U1, U2, .. ., Uy
paBHO TpoM3BeIeHMIO UX pacupegeneHuii. [losromy ciayaaiinbie Be-
JIAYUHBL [4], (42, . . ., by, HE3ABUCUMBI.

3ameuanue. [IpuBenennas TeopemMa MOKa3BIBAET, UTO TIPEJIIO-
JKEHHAsl MOJIEJIb ONMUCHIBALT (B TEPMHMHAX CJIyYaiiHbIX BEJUYUH [} )
CJIEIYIOINIME CBOMCTBA CXeMbI UCTbITaHUI Bepryiin:

1) cobpiTust, HAOIIOTAEMBIE B DA3HBIX UCIIBITAHUSIX, HE3ABUCHMBI

— caydJaifHble BeJIUYNHBI Uk, kK = 1,2,...,n, HE3aBUCUMBI;

2) BEpOSITHOCTDL yCIiexXa He MEHSIeTCS OT WCTBITAHUS K WCIIBITA-
HUI0 — CJydJaiiHble BeJU9IuHbl g, k = 1,2,...,n, OJUHAKOBO pac-
IpeIe/IeHbI:

P{up = s} =p°¢* %, s=0,1.

BunomMuanbHOe pacripejiesienne. B cBsa3m ¢ MCTBITAHUSIMI
Beprynmn mac gacto 6ymeT WHTEpecoBaTh OTBET HA BOIPOC: KAKO-
Ba BEPOATHOCTEH COOBITHSI, COCTOAIIETO B TOM, 9TO B 7 UCIIBITAHUIX
Bepuynmu 6yaer poBHO k ycrmexos.

Ob6o3raunM gepes3 (i IUCI0 YCIEXOB B N UCTIBITAHUSIX BepHysmm.
Cayuaitnas Bemmuwnna g = p(w) — dbynaknus ma ) BEPOATHOCTHO-
ro npocrpatctea {2, P} n ucnbiranunit Bepuymiu, npuanmaromas B
TOYKE W 3HadYeHue k, ecu B I0C/IeJ0BATEALHOCTH W POBHO Kk €Jiu-
uuil. Beposirnocrs P{y = k} o6prano o6oznauaior yepes Py (k).

Teopema 6.1.2. B nocaedosamesvrocmu n ucnoimanuts bep-
HYAML C BEPOAMHOCTBLIO YCNELA P 6 00HOM UCTBIMAHUY GEPOAM.-

nocma P, (k) noseaenus k yenexos pasna CrpFgn=F:
Po(k) = CFpEq"* k=0,1,... n. (6.1.4)

JlokazaTeabCTBO.

Palk) = P{u =k} = Pl s pfe) =k} = 3° P(w) =

— Zp(w)nu(w qu Crkknky

wip(w)=k wip(w)=k
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OTHOCUTETHLHO BBIYUCIEHUSA CYMMBL ) @) gn=1w) ey pasen-
w:p(w)=Fk
crBo (6.1.3). Tak uro

P{u="Fk} =Pn(k) = CkpFg"".

Oty dopmyay HasbiBaoT GopMysioii Bepryiiin.
Onpenenenue. Pacpenenenne

Bpp(k) = C*pF(1 —p)" % k=0,1,...,n, (0<p<1)

HA3BIBAETCH OUHOMUAALHBIM pacnipedeaenuem ¢ mapamerpamu (n;p).

Tak 9TO YMCJIO fi YCIIEXOB B N HCIBITAHUSX BEpHYLIH ¢ BEPO-
SATHOCTBIO YCIIeXa, P B OJHOM HCIIBITAHAN UMeeT OMHOMUAIBLHOE Pac-
npejiesienne ¢ mapamerpamu (n;p):

Po(k) = P{u =k} = Bnp(k) = CFp*(1 —p)" %, k=0,1,...,n.

Onpenenenne. Pacnpesenenne By, HasbBaioOT pacnpedeseru-
em BepHyaau ¢ TapaMeTpoM p.

Cryuaiinyto BeJITYnHY, UMEIOIIY0 pacipeenenue bepuysiu, na-
BBIBAIOT OEPHYAAUEGOT CIYIANHON BeuunHOl. bepuyinesas ciy-
JaiiHas BeJIMYMHA PABHA YHUCJY YCIIEXOB B OJHOM HCHbITaHWU Bep-
HYJLJIH.

Eciin ciyuaitnas Besmunna | wMeer pacripejiesienne Beprysim
C IIapaMeTpoM P, TO

P{u=s}=p°(1 —p)lfs, s =0;1;

My = p, Dp = p(1 - p).
Teopema 6.1.3. I[Iycmo (1 — “uUCA0 YCNETO8 8 N UCNBIMAHUAL
Bepuyaau ¢ 8epoammnocmsvio ycnera p 6 00HOM UCTIBIMAHUY, 0200

Mu = np, Du = npq.

HokazareabcTBO. UUCIO (4 yCIIEXOB B 10 UCHBITAHUAX CKJIA-
AbIBACTCA U3 YUCJIa yCIIEXOB B KazKJO0OM UCIIbITAHUHA, T. €.

n
p= (6.1.5)
k=1

rje [ — 9ucao ycnexos B k-m ucnwiranun (pasuoe 0 wan 1). Coy-
YaiiHble BeJIMYUHBI (i, HE3ABUCUMBI U OJIMHAKOBO PACIIPE/IEJ/ICHbI:

Plur=s} =p°¢" %, s=0,1; k=1,2,...,n,
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(cm. Teopemy 6.1.1). OTciofa, B 4aCTHOCTH, UMEEM, UTO

Mug = p, Dug = pq.

A w3 npezcrapnenns (6.1.5) noxydaem:

n n
Mp = MZMZZMM:HR
k=1 k=1
n n
Dp=DY ur=>_ Dup=npg
k=1 k=1

— MBI BOCIIOJIB30BAJIMCH TEM, YTO JUCIEPCHAS CYMMBI HE3ABUCUMBIX
CJLy4aiHbIX BeJIMYUH PaBHA CyMMeE UX JUCLEPCUIL.

Hasnee, kak 06bvHO, (x| — nenas 9acTb 9ucaa .

Teopema. Ecau 6 nocaedosamesvrhocmu n ucnvimanuti Bep-
HYAAU C BEPOAMHOCTNGIO YCTETA D 6 O00HOM UCTIHIMGHUU YUCAO
(n+1)p — ne yeaoe u (n+ 1)p > 1, mo

Po(k)=CFp*(1 —p)" %, k=0,1,...,n,

docmuzaem nauboavwezo snauenus 6 mouke m = [(n+ 1)p], mono-
monno eo3pacmas npu k < m u monomonno yoweas npu k > m;
ecau m = (n+ 1)p — ueaoe, mo Pn(k) docmuzaem nauboavwezo
snavernus 6 mowkar m—1 um (Pp(m —1) = P,(m)), monomonno
so3pacmaa npu k < m — 1 u monomonno yéowsaa npu k > m.

Ecau (n+1)p < 1, mo Py, (k) monomonno ybmeaem (naubosviee
snavenue pasno Pp(0)), ecau (n+ 1)p = 1, mo Pp(0) = Pp(1) u
P.(k) monomonno yoweaem npu k > 1.

HokaszareascTso. llycrs (n+1)p > 1.

P.(k) C’kk”k _(n+1-Fk)p
Po(k—1)  CElph—tgn—(—1) kq B
(n+1)p—k(1-q) (n+1p—k
= =14 —2

kq kq

IMostomy ecm k < (n+ 1)p, To Py (k)/Pp(k —1) > 1 (c Bozpacra-
nuem k sepoaruocts P (k) Bospacraer); ecam ke k > (n + 1)p, o
Pn(k)/Pn(k—1) < 1 (c Bozpacranuem k Bepositaoctu P, (k) yobiBa-
er). Orcioga umeewm, aro ecau (n+1)p me nemnoe, To Py (k) nocruraer
HanboJIbIero 3uaveHns B Touke m = [(n + 1)p]. Ecom xe (n + 1)p
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— T[eJI0e YNCTI0, TO HAMOOJBIINX, PABHBIX MEXKIY CO0Oi, 3HaUeHMil
Pn(k) nBa: Pp(m — 1) u Pp(m) (Pp(m — 1) = P, (m)).

Cayuan (n+ 1)p < 1u (n+ 1)p = 1 paccmaTpuBaioTcs aHaao-
TUYHO.

Teopema 6.1.4. Cymma n HE3ABUCUMBIL OCPHYAAUESHIT CAY-
yatimox eeaunun £1,&, ..., &, € napamempom p:

P{gj:S}:ps(l_p)I*S? 820,17 j:1’27‘__7n,

umeem buromuasvhoe pacnpedeserue ¢ napamempamu (n,p).
Hoxkazarensbcrro. [Tlockoabky ciydaitabie Besmannbl £1, €,
.., &, HE3ABUCUMBI, X COBMECTHOE pacnpesienenne (pacnpesenenne

Bekropa & = (&1,&2,...,&y)) umeer Bu

Pg(:vl,:cg,...,xn) = P{§1 :x1,§2 :$2,...,€n ::Bn} =

n n % e
=[[P{& ==} =][p" " (1-p)' " =p= (1-p)
i=1 =1

]
i

Ty
)

(6.1.6)

rJe T; — BO3MOXKHOe 3HadYeHHe CJIydaitHoil Beamuunbl £, paBHoe 0
nml, j=1,2,...,n.

Pacnpenenenne ciaygaiinoit Besmanabl Sy, = & + & + ... + &,
BBIYUC/INM KaK pacrpeesierne QyHKInm

Sn=&+&+.. . +& =9(61,8,..., &)

or cayuaiinoro Bekropa & = (£1,&2,...,&,) 10 €ro pacupe/e/eHuio
(6.1.6), cm. Teopemy 5.1.2:

P{S, =k} =P{&i + &+ ...+ & =k} =
Z Pe(z1,22,...20) =

(z1,22,...Tn):x1+T2+...+Tn=k

ixi nfnxi
= Yo op= (1-p) ==

(z1,22,...Tn):x1+T2+... 4+ Tn=k
= > Pra-prt=opta-pth
(z1,22,...xn):x1+T2+...4+Tn=Kk

Tak 4aTo

P{S, =k} =CFp*(1—p)"* k=0,1,...,n.
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MynabTuHoMuasbHOE pacupeaesenue. EcrecTBeHHBIM 006006-
[IeHreM UCIbITanuit BepHy/in aBIgeTcs moc/Ie10BaTe/ IbHOCTD 1 He-
3aBUCUMBIX UCIIBITAHUI C I UCXOAaMU, 0003HAUINM UX Yepe3 a1, a3, - - -

, Gy, M BEPOATHOCTSIMU UCXOOB, HE MEHSIFOIIUMUCS OT UCITHITAHUS
K HCIOBITAHUIO.

B kadectBe npocrpancTsa {2 3/1eMEHTAPHBIX COOLITH 1 HE3ABU-
CHUMBIX UCTIBITAHUN C T WCXOJAMU a1, A2, . .. ,dr, OYIEM PACCMATPU-
BaTb MHOYKECTBO YIOPSIOYEHHBIX TTOCIEI0BATETHHOCTEN JINHON 1,
COCTaBJIEHHBIX W3 3JIEMEHTOB G1,d2,...,0r, T. €. MHOXKECTBO CJIOB
JIMHOI 7, COCTABJIEHHBIX W3 OYKB aj,as,...,a, (0 CIOBAX CM. Te-
PECTAaHOBKHU C MOBTOPEHUSIME B pass. 4.3. riaser 4).

MHuozxecTBO ) CJI0B JJINHO 1, COCTABJIEHHBIX U3 OyKB a1, a2, . . .

, 4y KOHEYHO. BeposiTHOCTD Ha, KJjlacce MOAMHOXKeCTB () 3a1aanM
HEOTPUIATEILHON (DYHKIMEN TOUKN

P:w— Pw) =7l pw )pM( ) @) e Q,

CcTaBdlIlledl B COOTBETCTBHUE CJIOBY W JIJIMHON 71, COCTABJICHHOM U3 [i]
OYKB a1, t2 OYKB ag U T. 1. fir OYKB ap (1 + p2 + ... + py = n),
quncJj10

P @) ),

p1>0,p2>0,....p->0; p1+p2+...+p,=1.
JIerko BUIETDH, 9TO

S Pw) = Y ) et

we weN

- ¥ ST e )

kitka+4...+kr=n wipi(w)=ki,...pur(w)=kr

= > > pYps? .. phr =

kitko+...+kr=n w:p(w)=ki,...,pr(w)=Fkr

ki, k .
= Z Cn(kthv"':k?’)plpoQ"'pf -
k1+ko+...+kr=n

=(p1+p2+...+p)" =1,

BO “BHEITHEN” CyMMe CyMMUPOBaHUE BEJETCS 110 TTOCIe0BaATE/IHHOC-
tam (K1, ko, ..., k,) HEOTPUIATENBHBIX MENBIX ducen ki, ke, ..., ky,
111 KOTOpBIX k1 + ko + ... + kr = n (cM. Tak:Ke MOJMHOMUATLHYIO
dopmyny B pasza. 4.3. riass 4).
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[Tapy {2, P} u 6ymem paccMarpuBaTh B KAU€CTBE MATEMATHUIEC-
KOil MOJIeJIM 1OC/Ie0BATEILHOCTH T HEe3aBUCUMBIX MCILITAHUl ¢ 7
WCXOJAMHA Q1, 02, ..., 0, W BEPOSTHOCTSIMHU WCXOI0B, HE MEHSIIOIIH-
MUCA OT UCHBITaHUA K UCIIBITAHUIO.

AmasoruaHo TOMy, Kak OBLIO MOJYYEHO PACHpPEeNeHne Tnucia
YCIIEXOB (i B N WCHBITAHUAX BepHysmm, moaydaeM pacrpeeenne
YHCIIA UCXOIOB A1, 42, . . . , 4y — PACHPEJeIeHHe BeKTOpa (i1, [42, . - .

., ) — B M HE3aBUCHMBIX HCIBITAHUI C T HCXOIAMMU:

P{in = ki, p2 = ko, ..., ptr =k} = Cn(kr, ko, . k) D 052 L,

(6.1.7
ki = 0,1,....n;...;k, = 0,1,....n k1 + ko + ... + k- = n,
Pi — BEposaTHOCTH ucxoa a; (i =1,2,...,7).

Teopema Bepnysau. Vcroprudeckn nepBbIM TEOPETUIECKUAM
pPe3yIbTaTOM, OOBLSICHSIIOMUM JaBHO W3BECTHBIN (DaKT yCTOHIMBOC-
TH YaCTOTHI, OblIa 3HAMEHWUTAsI TeopeMa BepHy/iiu, BIOC/IeCTBUN
Ha3BaHHAS 3aKOHOM OOJIBIINX YUCE. DTOT Pe3y/IbTaT MOJIOKUI Ha-
YaJI0 TeOPUU BEPOATHOCTEN KaK CAMOCTOATEJbHON HayKe.

Teopema 6.1.5 (Bepuymum). I[Tycmo (1 — “ucao ycnexos 6 n
UCNOIMANUAL BePHYAIU ¢ 8EPOAMHOCTIDIO YCNEXA P 68 00HOM UCHDI-
manuu. Tozda dan awboeo € > 0

o{lEr> )

npu 1 —r 0.

Hokazareabcrso. Kak ussecrno (cm. pasencrso (6.1.5)),
YUCJIO YCIIEXOB [ MOXKHO TIPEACTABUTH B BUJIE CYMMBbI

n
=3
k=1

HE3aBUCHMBIX CJyYaiiHbIX Beqmand iy (k= 1,2,...,n), Kaxasa n3
KOTOPBIX UMeeT pacIpe/iesieHne

P{ur = s} =p°(1 —p)lfs, s=0;1.
TlockosbKy 71t CoIy4alHBIX BEJUYUH [i1, (42, - - .

Muk = p, Dug = p(1 —p) < oo,

TO B CHJIY CJE€JCTBHA U3 3aKOHA OOJILIINX YHCEJT opu n — o0

1 n
PJ|= —p|>ep 0.
nkg_luk p
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Wnn, aTo To xKe: mpu n — 00
P{‘H—p‘ >5}—>0.
n
Tem cambiM Teopema Beprynim nokazana.

6.2 IlpenesabHble TeopeMbl JJid
OMHOMMAJILHOTO pacIIpeejeHnsd

3agaua o TesiecpoHHBbIX JMHUAX. Temedounasa crammmsa A
noskHa cBsa3aTh 900 aboHeHTOB ¢ cocemnei cranmueit B. Bprio 661
noporo (u 6eccmbicienno) npokaabsars 500 nunanit cs3u. Pazym-
HO OTPAHUYUTHCS TAKUM MUHWUMAJIBLHBIM YHUCJIOM JIMHUM, KOTOPOE
661 obecreanBaio TPUEMIEMOE KAUeCTBO CBA3M, 4 UMEHHO, BEPOST-
HOCTb OTKa3a B CBs3W ObLjga OBl Maja, CKaykeM, He IIPEeBOCXOJIMIIa
0,01 (B cpearem ma 100 TpebGoBaHMiT CBSI3M MPUXOJUTCS OTUH OT-
ka3). Kakum mpu 370M 10/IKHO OBITH IHCIIO JIMHUI CBA3H?

[TombiTaeMcs penuth nmocTaBaeHHYO 3agady. O6o3HaunM uepes
k MUHUMATBHOE YUCIO0 JUHUI, KOTOPbIe 00ECTIeYnBaOT OMMCAHHOE
KA4yecTBO CBs3M, 4epe3 [, — CyMMapHOE 4HUC/I0 TpebOoBaHUil CBA3MU
B Hay/Ja4dy BLIODAHHBIN MOMEHT HanboJ/iee HAIPSKEHHOTO Jaca JIHS.
Ecmm kaxkgomy abonenTy crannmn A HE3ABUCHMO OT APYTHUX HEOOXO-
JiuMa CB#A3b ¢ B B cpejiHeM JJINTeIbHOCTHIO, CKAXKeM, OJIHY MUHYTY,
TO B Hay/Ja4dy BbIOpAHHBI MOMEHT JAHHOIO Yaca Kaxjabii u3 500
abOHEHTOB (HE3ABUCHMO OT OCTAJIBHBIX) TOTPEOYET CBA3Db C BEPOSIT-
HOCTHIO 1/60 (MOMEHT CBSI3M TIPUXOIUTCS HA JIAHHYIO MUHYTY C Be-
positHocTbIO 1/60). B 911X npejinoiokenusx ¢y daiiHyio BeJuauHy
[0 MOXKHO paccMaTpuBaTh Kak 4duciao ycrexoB B 500 He3aBUCUMBIX
UCTILITAHUAX C BEPOATHOCTHIO ycmexa p = 1/60 B ogHOM mCmbITa-
nuu. Pacmpejiesiernem [ aBjisieTcsd OMHOMUAIBHOE PACIIPE/IESIEHIE C
napamerpamu n = 500 u p = 1/60, . e.

P{u=1i} = Cioop' (1 —p)*7%, i =0,1,...,500.

Hacrynnenue cobbiTust o > k o3HavaeT 0TKa3 B ¢Bs3u. U TOCKOIBKY
MBI XOTHM, 4TO0OBI BepoaTHOCTH oTKasza P{u > k} me mpesocxomau-
aa 0,01, o k ciaemyer BbIOpaTh (€CTECTBEHHO, MUHUMAJIBHBIM) W3
yCJI0BUS

500

P{u>k}= > Clyp'(1—p)>* " <0,01.
i=k+1
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s 9TOTO HEOOXOIUMO YMETHh BBIUUCIATH 3HAYUEHUS BBIPpAYKEHUN
BUJIAQ
_ m,..m n—m
Bpp(m) = C'p™ (1 —p)

npwu Gobmux 1w M (TTOPAIKa JIECATKOB M COTEH ), UTO JIeJIaTh HEMo-
CpEJICTBEHHO BeCbMa 3aTpyaHuTebHo. [loaToMy Bo3HUKaET HEOOXO-
JUMOCTD B IIOJTYy9eHUN “XOpoInux’ nNpudbIumKeHHbIX (POPMYJT JIJIsT BbI-
uucienust By.,(m) = C'p™ (1 —p)"~™ npu 6oabiumx n u m. Janee
PACCMATPUBAIOTCS JIBa IPUOIIZKEHUs J7Ist By,.p(m) — B pasnmaHbIX
MPEJITOOKEHUSIX OTHOCUTEIBHO N U p. DTU NPUOIMKEHUS TAF0TCs
teopemoii [lyaccona u JioKaabHOM npeiesibHON Teopemoit. CHavasra
paccmorpum Teopemy Ilyaccona.

Teopema Ilyaccona. Teopema Ilyaccona maer mpubimkenwe
JLIA

Bpp(m) = Cp'p™ (1 —p)" ™™,
KOTJIa YUCJI0 UCIBITAHUI 1 “Be/IUKO’, & BEPOATHOCTD ycrexa p ‘Ma-
Jjia”.

YT0o6B! HA MATEMATHIECKOM SI3bIKE KOPPEKTHO BHIPA3UTH YTBEP-
KAeHUA “ancao n 00sbimoe”, “ancao p Masaoe”’, BEIUTIHHBI N U P
JOJIZKHBI 6I)ITI) IEepeMEeHHbIMU, CTPEMANINMUCA COOTBETCTBEHHO K OO
n k 0. Ho B ncnibiranusix BepHy/uiin BeposiTHOCTH ycriexa 1MOCTOsH-
ua. Ilosromy Teopema Ilyaccona dhopmynupyercs B TepMuHax ce-
puit ucnbitanuit bepuyaau. Mbr 6yaem mnpeanosararh, 9T0 UMeeT-
cs1 GeCKOHEUHAsI TOCeI0BATEIBHOCTD Cepuil ncnbiTannii Bepuysim:
B 11€PBOI cepuu OJ{HO UCHBITAHUE, BEPOATHOCTH YyCIleXa Pi, BO BTO-
POl cepuu /iBa UCIBITAHULA, BEPOATHOCTb yClleXa P2, U T. J., B N-i
Cepuu N UCHBITAHUN, BEPOITHOCTD YCIIeXa Py U T. . B obo3Hadernnn
Dp, WHIAEKC N OyjeMm omyckarb. depe3 p Oymem o603HAYATH YUCTIO
yCIIEXOB.

Teopema 6.2.1 (ITyaccona). Ecau 6 ucnomarusx Bepryaau
npU N — 00 CPedHee YUCAO YCNETO08 NP CMPEMUMCA K KOHEYHOMY A
(A > 0), mo pacnpedeaenue wucaa ycnexos

Bp.py(m) =C'p"™(1—p)" ", m=0,1,...,n,
cxodumesa x pacnpedesenuro Ilyaccona ¢ napamempom \: drs Kasrc-
dozo Purcuposannozo m, m =0,1,2 ...
ATy

T om)

)TL—T)’L

: m,m(1 __
Jim Ctp™(1—p

HoxkazaTenbctno. CONTacHO YCJOBUIO TEOPEMBI NP — A IpU
n — 00, nosyromy np — A = o(1) (o(1) — Besmunna, crpemsiasics K
HyJI0 TIpH 1 — 00). OTciona

p=(A+o(1))/n
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u, craeposaresnsro, Cl'p™ (1 — p)™ " MOXKHO TIPEJCTABUTE B BUJIE:

Cpp™(1—p)" "=

_nn=1)...(n=(m-1)) (:L(,\Jro(l)))mx

m!

« (1 _ % (0 + 0(1))>n_m _

_i'n(n—l)...(n—(m—l)) A+ o(1))™ x

m! nm

« <1 _ % (O + 0(1))>n_m.

Hauee,

lim nn—1)...(n—(m—1))

n—oo nm

:nlggo1<1_i> (1_i>...<1_7";1> (A + o(1))™ = A™.

[Ipenmen mociemoBaTEILHOCTH

(A+o(1)" =

1 n—m
gon:<1—n()\+0(1))> ,n=1,2...,

BBIYUICINM, BOCIIOIB30BABIINCH T€M, ITO Tpu & — 0
In(1+z) ~ x.

Nmeem:

n

In oy = (n—m) In <1 _ % (O + 0(1))> ~ (n—m) < Loy 0(1))> .

Ozcioma lim Inyp, = =\, a lim ¢, = e™*. Tak 4ro B uTOre MOIY-
n—oo n—oo
JaeM:
ATy
lim C'p™(1 —p)" ™ = —e .
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SBameuanue 1. B cuny Teopembr Ilyaccona mpu 6oabImmmx n
M MajbIX P MOXKHO CUHTATb, 4T0 By,(m) pasmo Ae™*/m! rue
A = np. Yrobbl HOrPEIHOCTL B pe3ysbrare 3aMeHbl By.,(m) Ha

A"e~A/m! GbLta He3HAYMTEBHOI, N JIOZKHO OBITH HE MEHbIIE He-
CKOJIBKUX JIECSITKOB, @ JIydllle COTEH, & IPOU3BE/IEHIEe NP HE JIO0JIAKHO
npesocxoutsh 10. IIpu 1pyrux 3nadeHusx np peKOMeH/yeTcs Ipu-
MEHATD JOKaJIbHYIO IPeIeIbHYI0 TeOPEMY.

B ycnorusix Teopemnr Ilyaccona nveer MecTo oreHka

AT 2Amin{2, A
Brip(m) — e A< n{ ) (6.2.1)

(FO. B. IIpoxopos).
SBameuanue 2. Bripaxkenue Lre Taby/IUPOBAHO /I Pa3-

JIMYHBIX 3HaueHuit m u A (cm., nanpumep, Tabs. 27.6.1).

Bepmuemca k 3amate o Teﬂe(bOHHBIX gunangx. ducao p rpebopa-
HUIl CBA3U B JIAaHHBIA MOMEHT Mbl pPacCMarlpUBaeM KakK 4uCJIO yClie-
xoB B n = H00 ucnbrranusx BepHy/im ¢ BepoaTHOCTBHIO ycrexa B
omuoM ucnbitanun p = 1/60. TTo3TOMy MOXKHO CIMTATH, 9TO [t UME-
€T IIyaCCOHOBCKO€ DACIIPE/IeJIEHUE C TTapaMeTPOM A = np:

m

A
P{u:m}zﬁe_k, m=0,1,2,...

Torma BepOSITHOCTH 0TKA3a

500 A™
m=k+1

A vwmaumansuoe k, mag koroporo P{u > k} < 0,01, maxogum u3
yCJI0BUS

500 \m o0

A ™
Plu>kl= > We—A < ) me_’\ < 0,01,

m=k+1 m=k+1

rae A = np = 500/60 = 8,33. 1o k okazamock paBabiM 16.

Tak uarTo mast obecredeHns TpUEMJIEMOE PaboOThl TeredOHHO
cranuu A na 500 aboHEeHTOB (BEPOSTHOCTH OTKA3a B CBS3U HE IPe-
Bocxozaut 0,01) mocrarouno 16 gunumii cBA3M.
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B cuny Teopemsr Ilyaccona, perras 3agady o TeiepOHHBIX JTUHT-
sIX, MO2KHO OBLJIO OBbI C CAMOI'0 HAYa 1 UCXOJUTH U3 IyaCCOHOBCKOI'O
pacrpejiesieHnsi 9UCjia OTKA30B L.

JlokasibHast ipegesibHasi reopema. Hanmomunm n3pectrbie u3
anasn3a oboznavenud. Ilycrs dyuxiuu a(n) u f(n) co 3sHaveHus -
vu R sagane na Ny Ecim a(n) — 0 u B(n) — 0 npu n — oo,
opuYdeM Tak, 9TO

a(n)/B(n) =1,
TO 9TO 3ANUCHIBAETCS TaK:
a(n) ~ B(n);
ec/in
a(n)/B(n) =0,

TO 3TO 3allUChbIBaECTCAd TaK:

a(n) = o(B(n)).

Bynem npeamnosarats, 9T0 nMeeTcs OECKOHEUHAST TIOC/T€I0BATE -
HOCTBH Cepuil NCTIBITAHNHI BepHYIIN ¢ BEPOATHOCTHIO yCIIexXa P B KaxK-
0 cepuu.

Teopema 6.2.2 (yiokanbHasi mpejieibHas Teopema). B no-
caedosamenvrocmu n ucnvmanuti BEpryaiu ¢ 6epoammocmsio ycne-
Ta P OAA YUCAQ YCNETO06 M., YI0BAEMEOPAIOULUL HEPAGEHCMEY

m—np

v 1pq

< C < oo,

npu n — 0o

By.p(m)

o — 1.
1 exp _l({m—np
v 2mnpq 2\ /npq
Hokazarenbctso. ObozHaunm % = ZTp,m (IO yc10BHIO

|Zpm| < C). Torma jyist m 1 n — M MOLYYNM NIPECTABICHHS

m = np + \/Npqry m, N —m =ng — /NPpqey m. (6.2.2)
Orcrona
Moo L gy, o 2 (6.2.3)

np v 1pq nq v 1pq
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Hasee, Bocmob3oBaBmuch Gpopmynoit Ctupauura
n! ~V2rnn"e™ ",
nMeeM

n!

_ m _n—m ~
\/ 2mnpgBy.p(m) = \/27rnpq7m!(n — m)!p q

\/ﬂnnefnpmqnfm _

~ \/21n =
P V2rmmme=", /21 (n — m)(n — m)n—me—(n—m)

I nq m M —(n—m)
Vm n—m\np ng '

U3 (6.2.3) cremyer, uro pajgukas npu n — 0o crpemurca K 1. Tak

qTo
m\"™ /n—m —(n—m)
V 27Tnqun;p(m) ~ () ( ) )
np ng
UJTH, BOCIIOJIH30BABINUCH paBeHCTBOM (6.2.2),

vV 2mnpq By (m) ~

np + /NPqTn.m —(np++\/MPGTn,m)
- () X
y (nq - mxn,m> ~(namvpem)
ng
—(np+/npqen,m)
:< + a xnm> X
Vipg

—(ng—+/npqzn,m)
> (6.2.4)

< (1 I B
Vb

(3amermm, 910 XO0TS \/27NPq By (M) 3aBUCHT KAK OT N Tak U OT M,
CTPEMSIINXCA K +00, HO MpeIebHOe TOBEJIeHNE JIeBOi YaCTH, & BMe-
CTe C TeM U IPABOIL, OLPEIEISETCsE TOIBKO 1 HOCKOIBKY [Ty m| < C).
JIist moKa3aTeahCTBa TEOPEMbI YCTAHOBAM, UTO MPH 1 — 0O

V2mnpg By, (m) Lo,

¥n =1n 1
exp {—éx%,m}
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W, yauThIBas coornomenne (6.2.4) aua /2nnpgBy.,(m), aro

npq

q
Pn ~ —(np + v npqxn,m) In <1 + %xn,m> -

P 1
—(ng — /npqzy m) In (1 - mxnm> + 5:13?”” — 0.
Bocmionibzyemcsa Tem, aTo
L o 2
ln(1+x):x—§x + o(z*) upu x — 0.

Torma, yauTeiBasg, 9T0 npq — 00 IPU N — 00, UMEeM:

q
Pn ~ —(np + v npqxn,m) In (1 + xn,m) —

Vv 1Pq
—(ng — \/npqz, m)In 1- P 4 +1m2 =
n,m \/W n,m 2 n,m
n
= (T4 )

(st b ) 2o () )

2 2
__PF N 2 p 1,
X( g " 2(@) x””“((m) >>+2x"’m_

1
= _ (,/npqmn,m + qz:im — iquhm + 0(1)> —

1 1
- <_\/ npqTn,m +p$721,m - prgz,m + O(D) + §x31,m =

1 1 1
= _§q$i,m - ipl‘?z,m + 0(1) + ixi,m = 0(1)
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Tak uTo mpu n — oo

By, (m)
In T L T ~o(1)
v/ 2mnpgq exXp {_?x"’m}
OTcroma
B,..
2 (m) 1 (6.2.5)

1 _ 1.2
v/ 2mnpgq exp{ an’m}
opu n — 00,

Tem camMbIM TeopeMa JOKa3aHa.
Caencrsue. IIpu n — 00 u m maxuz, 4mo |Tpm,| < C

Bugp(m) = (1+ o(1)) (6.2.6)

1 1

Teopema 6.2.3 (uHTErpasibHas npegeabHas reopema My-
aspa—Jlamaca). Ilycmov (1 — 4ucao ycneroé 6 n UCHOMAHUAL
Bepryasu ¢ sepoammnocmvio yenexa 6 o0nom ucnvimanuy p. iz
21060 —00 < a < b < +00

b
. p—np 1 / ey
IimP<{a< <b,=——]ce¢ dx.
n { - /npg } V2T

HoxkaszaTensbcrso. CHaUAIA JTOKAKEM TEOPEMY I KOHEU-
HEBIX @, b.
CiyuaiiHast BeIMYUHA [ IMEET CBOUM pacIpejesieHneM By.:
P{nx=m} = Bp,(m), m=0,1,2,,n,
5.1.2 £—np i
O3TOMY COTJIacHO Teopeme 5.1.2 mia dyHKImm OT CJIydaii
Vv 1pPq

HOM BEJIVWYUHBI [L

P{a < “\/;7”5 < b} = Y Buym),

rJie, KaK M PaHee, Tn ., = (m —np)/\/npq.
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B cuny (6.2.6) st kaxgoro dbukcunposanuoro C uph |y, ., | < C
(y HAC @ < Zpm < b) LN — 00

Brp(m) = (14 0(1)) x

1 1,
NeZTT R {_2 ”’m} '

w—np
Pia< <bp =
{ —\/npg }

1 1 { [ }
— exXp _7l‘n,m .
mm:aﬁxn,m<bm 2
[amnee, a1s TOUEK Tpm

Tnm+1 — Tpnm = 1/\/ npq,

[TosTomy

= (1+0(1))

TTO3TOMY CyMMa

> e {-geta )

m:a<Tn,

OTJINYaeTCA OT HHTeraﬂbHOﬁ CYMMBbI

1
Z[a7b](xn,m+1 - xn,m) exXp {_21'721,m}

2
byuxnun e~* /2 na orpeske [a, b] He Gostee yem Ha BeMUMHY JIBYX
CJIaraeMbIX MHTErPaJbHON CyMMbl — “Kpaiinero” jeBoro u “Kpaiine-
ro” mpasoro. Kax1oe m3 3Tnx cjaraeMbiX He TTPEBOCXOIUT BEININ-

2
bt 1/4/npq (mockobky €% /2 < 1) 1, ce0BaTeIbHO, CTPEMITCS
K HyJ10 ipu 1 — oo. [losTomy

L o

. 1
hTan Z T exp {— 2xn’m} =

m:a<Tn,m<b

b
) 1 2
= lim Z[avb](-ﬁn,m—i-l — Tn,m) €XP {—236721,7,1} = /e /2.
a
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. H—np
ImP<a< <b,=
n { vV 1pq }

= lim(1 + 0(1))——

Tak 4uTo

1 1,
exXp{ — =& =
\/27r Z VP p{ 2 "m}

m:a<y

b
1 2
_ —x /2d
= — e xX.
\/277/

Jlnst KoHeuHBIX @, b TeopeMa, JoKa3aHa.
st GeckoHEUHBIX @ U b TeopeMa TIOJIy9IaeTcst peJIeIbHBIM I1e-
PeXoINM.

6.3 HeorpanudyeHHble MOCJIE€I0BATEIbHOCTU
ncnbiTaHui BepHym

NcneiTanusa mo nepsoro ycmexa. IlocsieoBareibHOCTh He-
3aBUCHMBIX MCIBITAHUI C IByMsI MCXojamu (ycriex, Heyjada) u Be-
POATHOCTBIO yCIleXa p, He MEHLIoIIeiics OT UCIbITaHUud K HUCIBITa-
HUIO, OTIPE/IeJIIeT CTOXACTUIEeCKU SKCIIEPUMEHT, COCTOLAIINN B TIPO-
BeJeHNN UCTBITAHUiT 0 MepBoro ycmexa. IlocTtponM BepoaTHOCTHOE
HPOCTPAHCTBO TOI0 CTOXACTUYECKOI'0 SKCIIEPUMEHTA.

B kagecTBe IpocTpaHCTBA 3/IEMEHTAPHBIX COOBITUN PACCMOTPUM
MHOKECTBO

Q= {1,01,001,...,00...01,...}.
k

Touka w = (00...01) mpocrpancTBa ) ONMUCHLIBAET WCXOJ] IKCITE-
~—

k
pPHUMEHTA, COCTOSAILIMIT B TOM, 9TO [EPBOMY yCIIeXy HpejiecrByer k
neyzad. Tak kak §) AUCKPETHO, TO BEPOSITHOCTD Ha TIOMHOKECTBAX
npocTpancTBa ) 3a/2€TCsT OCPEJCTBOM HEOTPUIATEHHON (hyHK-
muu P(w) roukn, w € Q, mua koropoit », P(w) = 1 (cm. Teopemy
we
4.1.1). B kauecrBe P(w) ecrecrBenHo paccmorpers (yHKIMIO

Pw)=(1-p)"“p, weq, (6.3.1)
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rae v(w) — 9ucsao Heysad JI0 MepBoro ycmexa (9ucyio Hyseit B mo-
caenosarensaoctn w = (00...01)). dcuo, uro P(w) > 0 u

Z Plw) = Z(l —P)V(w)p = pZ(l —p)k = pl—(i—p) =L
k=0

weN we

[Mosromy dbyuknus P(w), onpenenennas pasencrsom (6.3.1), 3agaer
Ha MOJMHOXKeCTBax npocrpancTsa {2 sepostrocts P. Ilapy {Q, P} u
Oy/ieM paccMaTpUBaTh B KAUECTBE MATEMATHIECKOI MOJIEIN CTOXAC-
TUYECKOrO YKCIIEPUMEHTA, COCTOLAIIErO B MPOBEJIEHUN HE3ABUCUMBIX
UCIBITAHUN JIO0 LIEPBOr0 yClexa.

B HamMX HHTYUTUBHBIX IPEJICTABIEHUSIX O MOCIEA0BATEIbHOCTH
HE3ABUCUMBIX HCIBITAHUN JI0 TIEPBOTO ycnexa uH(OpManus 0 ToM,
YTO TIEPBBIE 7 UCTIBITAHNI 3AKOHYMINCH Heyadell He MEeHseT mpor-
HO3 YUCJIa UCIBITAHUi /10 mepBoro ycmexa. Ilycrs, nanmpumep, cum-
METPUYHYI0 MOHETY MOA0PACHIBAIOT JIO MEPBOrO BBIMAJEHUS repba
(mo mepBoro ycnexa). MI3BecTHO, 9TO B MEPBBIX JECATH MOA0PACHIBA-
HUSX MOHETA JIETJIa PEIneTKoil (MepBhle JIeCITh UCIBITAHU 3aKOH-
YMINCh HEypadeit). Dra uadopmanysi He MEHSeT IPOTHO3 YUC/Ia UC-
IBITAHWI JI0 TIEPBOTO BbINAIeHus repOa — Hall MPOTHO3 TAaKOi Ke,
KaK W JI0 HavaJa TMOA0PACHIBAHWS MOHETBHI. B TPOTMBHOM CiIydae
HAM [PUILIOCH Obl COIVIACUTHCS C TeM, YTO MOHETa MMEeeT HaMATh
— MOMHHUT, YTO B [EPBBIX JECIATH M0JA0PACHIBAHUAX eph He TOSIBII-
Csl, & TIO3TOMY TOpa ObI MY y2Ke W BBITACTb.

Ecoiu npesioxkennas seimte Mogens {2, P} agexksarno onuceisa-
eT CTOXAaCTUYECKUil SKCIIEPUMEHT, TO OHA JIOJXKHA 00/1a/1aTh CBOMHC-
TBOM, COOTBETCTBYIOIIMM CBOHCTBY OTCYyTCTBUS MAMSITH y MOHETHI.
Itst popMaIbHOTO €ro OnmcaHusi BBEJAEM HEOOXOIMMBIE OIpeesie-
HUS.

Bagaaum wa §) BepositHocTHOrO npocrpancrea {§2, P} ciyuaii-
HYIO BEJIMYWMHY I, DABHYIO 9HUC/Iy HEYJad, MPe/IIECTBYIONNX MePBO-
MY YCIIEXY, €€ eIlle Ha3hIBAIOT GPEMEHEM 0XCUOGHUA TEPBOTO YCIIEXa.
Ha ncxome w = (00...01) 3nagenne v(w) pasuo k. Pacupenenenne

k
BpEMEHN OXKHJIAHUA V:

Pu(k) =Plw:v(w)=k}= > P)=

wiv(w)=k
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Onpepenenne. [eomempuueckum pacnpedeiecHuem ¢ TapaMeT-
pom p (0 < p < 1) masbiBaercs pacupegesenue Py, 3anannoe na
{0,1,...} paBencTBOM

Py(k) = (1 —p)*p, k=0,1,...

fcwo, uro
o0

ko _
> (1-p)fp=1.
k=0
Tak uT0 BpeMms OXWAaHWSA TEPBOrO YCIIEXA B IOC/IEI0BATE/Th-
HOCTW HE3aBUCUMBIX WCHBITAHWUIT MMEET TeOMETPUYIECKOe pacrpesie-
JIEHUE.
Onpegestenune. BymeMm roBOpuTh, YTO HEOTPUIATEIbLHAS €TI0~
YHC/IeHHAs CaydaiiHasg Beamunua & objamaer CBONCTBOM omcym-
cmeus nocaedeticmeus, ecan Jajs Kaxkjgoron, n=1,2,...,

Plé=n+m/¢>n}=P{¢=m}, m=0,1,... (6.3.2)

Teopema 6.3.1 (06 orcyTcTBUM IOCJIE€AEICTBUSI reOMeET-
PUYECKOro pacrpenesienusi). Jis mozo 4mobv, Heompuyamens-
HAA YEAOYUCAEHHAA CAYYATHAA BEAUNUNHA 00AA0AAG CEBOTCMBOM OM-
CYMCmMBUA nocsedeticmeaus, Heobrodumo u docmamouro, 4mobv, OHa
UMEAG 260MEMPUNECKOE PachpedescHue.

Hoxazarensbcrro. [lycts ciyuaiinas BeudanHa £ UMeET Teo-
METPUIECKOE PACIIPE/IETEHNTE:

P{é=k}=(1—p)p, k=0,1,..., (p>0).
Torma
Pl=n+m{=n}

P{¢=n+m/{>n} =

P{{>n}
_P{E=n+m}  (1-ptTp ym —m
- P{E=n} i(l_p)kp(l PITp=Pie ;
k=n

Tak 4aTo
P{{=n+m/&>n} =P{{=m}.
Oo6parro. Ilycrs HeoTpuUIaTe/IbHAST IEJTOYUCTIEHHAS CIydaiiHast

BesinanHa 006/1a/1aeT CBOICTBOM OTCYTCTBUS ITOCJIEIEHCTBUS: JI/Is Ka2K-
goron,n=1,2 ...,

Pl¢=n+m/E>n}=P{&=m}, m=0,1,....
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HOC.J'[e,JIHee PaBEHCTBO MOXKHO IIe€peInunucaThb TaK:

P{§:n+m}_ o
Plesny e=m

P{ =n+m} =P{{=m}P{{=>n}.

ITosiokuB B 1ocsiesineM pasercrse n = 1, nosyunm
P{{=m+1} =P{{¢=m}P{{ 21} =P{{=m}(1 -P{{<1}) =
=P{{=m}(1 - P{{=0})

w, 06o3uauus P{{ = 0} = p,
P{¢=m+1} =P{¢=m}(1-p), m=0,1,...

[Tosraras B moc/tetHEM COOTHOTIIEHWH TTOCaIeM0BaTe bHO M = 0,1, ...,
oJIy9aeM:

P{{ =1} =P{{=0}(1-p) =p(1-p),

P{¢ =2} =P{¢ =1}(1 —p) = p(1 —p)*,

P{{=m}=P{{=m—-1}(1-p) =p(1—p)™.

Tax uTo mng xaxmgoro m =0,1,...
P{{=m} =p(1-p)™

— ciyvaiiHas BeJuYuHA & UMEET TeOMETPUIEeCKOe PaCIpeieIeHIe.
Bpema oxxupanusg v mepBoTo ycrexa B OCIeI0BATETLHOCTH He3a-

BUCHUMBIX UCIIBITAHUN UMeeT TeOMeTPUIeCcKoe pacipegeenne u, ce-

JIOBATEJIbHO, 00/1a/1a€T CBOWCTBOM OTCYTCTBUS MOCIEAEHCTBUS:

Plv=n+m|v>n}=P{r=m},m=0,1,2,...,

MocJIeJHee KaK pa3 W O3HAYAEeT, 9T0 mHQPOPMAIUS O TMEPBBIX N UC-
OBITAHUAX, 3aKOHYINBIINXCA Hey,zgaqel‘/’l, HE MEHdeT IIPOTHO3 O YucJjIe
UCHBITAHUN JI0 IEePBOrO yCIexa.

Ucnpitanusa g0 r-ro ycunexa. IlocienoBaTe/lbHOCT HE3aBU-
CHMBIX WCIBITAHWN C JBYMs MCXOJaMu (ycIiex, Heyaada) U BepOsiT-
HOCTBIO yCIIexXa P, He MEHSIOIIEHCs OT UCIBITaHUS K HCIIBITAHUIO,
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OTIpeJieIgeT CTOXACTHYECKN SKCIEPUMEHT, COCTOAIINNA B TPOBEIe-
HUM MCHIBITAHUN 10 7-10 ycnexa. [[ocTpouM BEpOATHOCTHOE TPO-
CTPAHCTBO 3TOr0 CTOXACTUYECKOTO SKCIIEPUMEHTA.

B kadecTBe mpocTpaHCTBA 37eMEHTapHBIX COOBITHi () paccMoT-
PUM MHOZKECTBO MOC/IeI0BATEIbHOCTE, COCTABIEHHBIX U3 HyJIeil u r
eIMHUI ¥ OKAHYMBAIONMXCS eauuuieil. Hampumep, Touka w =
= (100...11) ommchIBaeT WCXOJM, COCTOSIIUIT B TOM, YTO B MEPBOM
UCIbITaHMKE HAOIIOAAICA YCIeX, B JBYX MOC/IEAYIONUX HCIIbITAHU-
AX HAOMIOAINCH HEYJad9ud W T. A., B JBYX TOCIEJIHUX WMCIBITAHU-
sIX Haboma nck yermexu. [IpocrpancTso () AUCKpeTHO, TT09TOMY Be-
POATHOCTH Ha KJIacCe BCEX MOJMHOXKECTB IpocTpaHcTBa ) 3a1aeT-
ca meorpunarenbuoit dbyukuueir Toukn P(w), w € 2, Takoii uto
> P(w) = 1 (cm. reopemy 4.1.1). B kauecrse P(w) ecrecrsento
we
pPaccMOTpeTh

Pw) = (1-p)"@p", weQ,

rjae v(w) — [ncao Hyseit B nociaegosareasbHoctn w = (100...11)
(ancso meymad o r-ro yenexa). g dyaknnm

Pw)=(1-p"“p", weQ,

uMeer MecTo paBeHcTBo » , P(w) = 1. Y6eaumcs B sToM. SIcHO, uTo

weN
SR =Y p = Y (- p
weN weN w:v(w)=0
+ > YO+ Y (=p)WpT =
ww(w)=1 wiwv(w)=k

SY -
k=0 w:w(w)=k

Mg kaxgoro k=0,1,...
Z (1— p)u(w)pr _ Z (1 _p)kpr _ Cllc€+r—l(1 _ p)kpr,
wwv(w)=k ww(w)=k
IIOCKOJIbKY YHCJ/IO OJNHAKOBBIX CJIar'a€MbIX B CyMMe€E

> a-pfpr

wiw(w)=k
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PaBHO UUCTY C}: nocsieioBaTebHoCTeil anuHoit k + (r — 1),

+(r—1)
cocraByieHHbIX U3 k Hysedl n (r — 1) equnui. [Tosromy

Y Pw) =Y (1—p)Wp = Ck (1= p)Fp.
k=0

weN weN

[Tokaxkem, aTo
oo
ZCIICC+T71(1 - p)kpr =L
k=0

st sroro paznoxum dbyukmuio f(x) = (1 —x)™" B pag Teiinopa
npu |z| < 1. Umeem:

@ =rr+1) .. (r+(k-1))1—z)" R k=12,

fO0) rer+1)...r+k—-1)  (k+7r—1) _ o
kT k! TR —1) kb

m = f(z) = Z ! k;'( )xk = chgwflxk-
’ k=0

k=0

[TostoxkuB B mocsenem paBeHcTBe T = 1 — P, IOy IUM:

[eS)
)k
k:—H" 1
k=0
nJjm

1= "Cf,, 1 (1-p)fp", (6.3.3)
k=

Hapy {Q, P}, rae P(w) = (1—p)*@p", v(w) — uucio veymau 10
r-TO ycliexa, U OyJeM pacCMaTpUBaTh B KAUYEeCTBE MaTeMaTHIECKO
MOJIEJIA CTOXACTHYECKOTO SKCIIEPUMEHTA, COCTOSIIEr0 B IPOBEIeHNN
HE3aBUCUMBbIX MCIIbITAQHUNA 10 T-ro ycr[exa.

Onpegnenerne. OmpuuyamesvHbim OUHOMUAALHBM Pacnpede-
Aenuem ¢ mapamerpamu (7; p) OyeM Ha3bIBATH BEPOATHOCTHOE Pac-
upejenenne Py, 3apannoe na {0, 1,...} pasencrsom

Pr;p(k) = CIICCJrTfl(l _p)kpr7 k= 07 17
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Bynem ropoputh, uTO ciayuaitHas BerwmdwHa £ UMEET OTPUIA-
TesIbHOE OMHOMMAIBLHOE PACIpeeIenue ¢ napaMerpamu (7;p), ecau

Pe(k) = Cip (1 =)™, k=0,1,...

Cayuaiiayio senmunny v = v(w) ma {2, P}, paBuyio auciy ue-
yaad 0 r-TO YCIeXa, HA3BIBAIOT GPEMEHEM OHCUOGHUA T-20 YCNETa.

Bpewmsa v oxupanus r-10 ycrexa uMeeT OTPUIATEIbHOe DUHOMU-
aTbHOE PaCTIpeeeHue:

P,(k)=P{v =k} =P{w: v(w) = ) P

ww(w)=k

= > A-p¥pr= 3 (1-pf=

wir(w)=h @)k
— k k,r _
= Ciyr1(1=p)"p", k=0,1,...

Teopema 6.3.2. Cymma r HE3A6UCUMBLL 260MEMPUUECKY PAC-
NPEdeseHHBT ¢ NAPAMEMPOM P CAYHAGTUHBLT GEAUNUH UMEEM, OMPU-
yameavroe bunomuasvbroe pacnpedesenue ¢ napamempamu, (1;p).

Joka3zaTesbCTBO CBOAUTCA K BBIYUCJIEHNIO PACIIPE/IE/IEHNS
dyHKIIIN

n=&+&+...+§&
OT HE3ABUCHUMBIX I'€OMETPUYECKN PACIPEIETEHHBIX CyJaliHbIX Be-
guand €1,&, ..., & 110 X coBMecTHOMY pactpesenennio. CoBmecT-
moe pacupemesnenne &1,&2, ..., &,

P{&1 =k, & =ko,... .6 =k} =

= [[P{& =k} = [[p(1 —p)" = p" (1 — p)lrthetth
=1 =1

kr=0,1,...; ko=0,1,...5 ...;k=0,1,...
Corytacuo Teopeme 5.1.2 0 BRIYUC/IEHUN PACIIpe/ieieHus (DYHKITUN OT
ciyuaiinoit  Benmumubl  (31ech  g(x) = g(z1,T2,...,%) =

=21 +x2+ ... +x,, B ={k}) ana kaxngoro k, k—Ol...7
HMeeM:
Pln=k}=P{&i+&+...+& =k} =

_ r Fahotethe _
= > pr(L—p)re =
(k1,k2,....kr):k1+ko+--+kr=k
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- 2. (1=p)"p" = Cip (1= p)*p".
(k1,k2,....kr):k1+ko+-+kr=Fk

CymMupoBaHue BeJeTCs O BCEM HEOTPUIATENbHBIM IET0UNCTIeH-
HBIM TocsieioBaresbaocTam (ki, ke, . . ., ky), g KOTOPBIX k1 + ko +
<o+ +k, =k, T. e. IO BCEM HEOTPUIATENHHBIM TEJTOUNCTEHHBIM Pe-
meHusiM ypapaerus ki + ko + -+ -+ k, = k, a uuc/i0 Takux pernenuit
PABHO C’,jJrT_l (cm. Teopemy 4.3.3).

CaencrBue. Mamemamuueckoe oorcudanue u QUCNEPCUR CAY-
YatiHot 6eAUNUHDL (, UMENOULET, OMPUYATNEABHOE OUHOMUAALHOE PAC-
npedeaenue ¢ napamempamu (T,p), COOMEEMCMEEHHO PAGHDL

—-p 1-p

1
M =r , DC=r—y
p

HoxazarenbcTBo. CorlacHO Teopeme pacipejieeHune Cy-
9aiiHoM BeIMYNWHBI ( COBIIAIAET C paclupeaeenneM cyMMbr &1 + &a +
...+ & He3aBUCHMBIX C/yYaitHbIX BeauduH &1, &o, . . ., &y, UMEIOMIUX
reoMeTpPUYEeCcKoe pacipesesienue ¢ napamerpom p. Ilostomy cosma-
JIAIOT UX MATEMaTUYEeCKUEe OXKUIAHUS U JINCIIEPCUN:

MC:M(§1+§2+...+§7»)=7“M§1:rl_p,

D<=D@y+&+au+&»=rma:ri;?

MaremaTmyeckoe OXKHUJIaHNE W JIUCIEPCUsS TeOMETPUIECKN pacIpe-
JIEJIEHHOM € TTapaMeTpoM p CAyIalHON BETUIUHBI &

Mg =L pg=1L

p p

CM. TIpuMep 5.5.2.

6.4 JluckpeTHble pacnpeieieHud Ha R!

Huxe paccmarpuBatorcs Hauboslee BasKHbIe U 9aCTO BCTPEUA0-
IIecs: B TEOPUH BEPOATHOCTEl IUCKPeTHbIe pacipeeaenns Ha R,

Hamomuum, 910 JUCKPETHBIM BEPOSITHOCTHBIM PaCIpPe/eIeHIeM
na R™ mMbl Ha3bIBaeM HEOTPHUIIATENHHYIO (DYHKIINIO TOYKN:

P::L'i—>P($i), xieXCR”.
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co 3navenusmu B R! na muckpernom X C R” takyio, uTo

> Pzi) =1

z,€X

(cm. Takxke (4.1.4)).
QyHKIMS MHOXKECTBA

P(A) = > P(x:)

T, EA

ABJIACTCA HEOTPULIATE/IbHON CYeTHO-/ AU TUBHO HOPMUPOBAHHON Ha
KJIACCE BCEX MOAMHOXKeCTB juckpernoro X C R™.

BunomuasgbHOe pacrnpeeneHue. BuroMmnaabHBIM pacipeme-
JIEHHEM C mapamerpaMu (1;p) Ha3bIBAETCS BEPOATHOCTHOE pacIpe-
nesenue By, 3amannoe na {0,1,...,n} pasencrsom

Bpp(k) = C*pF(1 —p)" % k=0,1,...,n

Ornpeiesienne KOPPEKTHO, MTOCKOJIBKY

ZBn;p Z Cap"(1—p)"*F = (p+(1—p)" =1L
k=0

MybTUHOMUAJILHOE pacnpeaeaeHne. MyIbTHHOMAAILHBIM
pacnpeesieanemM ¢ napamerpamu (1 pi, P2, ..., Pr), P1 + P2 + ...
Apr=1,0<p; <1,i=1,2,...,r, Ha3bIBAETCI BEPOSITHOCTHOE
pacnpenenenne P, 3amanHoe Ha MHOXKECTBE TMOCJIEI0BATETHFHOCTEM
(K1, k2, . .., k) menpix HEOTpUIATENBHBIX uncen ki, ka, . . . , k, Takux,
uro k1 + ko + ... + k, = n, paBeHCTBOM

P(k1, k... kp) = Cn(kr, K, ..., ke )phiph2 . phr

(cm. (6.1.7)). Onpegenenne KOPPEKTHO, MOCKOIBKY

k1 k
> Culky ko, k)pitph? . pir =
kitko+...+kr=n
=Pi1+p2+...+p)" =1,

CyMMUDOBaHUE BEJIETCS 110 BCEM TOCIE0BATEbHOCTSM K1, K2, . . ., Ky,
st KOTOpwiX ki +ko+. . .+k, = n (cM. nomuaOMUAIBHYIO GOpPMYyITY
B pazn. 4.3. riaser 4).
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Pacnpepesienne Ilyaccona. Pacnpedeaenuem ITyaccona (ny-
acconosckum pacnpedeseruem) ¢ mapamerpom A (A > 0) Ha3BI-
BAETCsl BEPOATHOCTHOE pacupesenenue Py, 3agannoe ma {0,1,...}

pPaBeHCTBOM
)\k
P)\(k') ge_A k:—() 1

OmpeesieHne KOPPEKTHO TOCKOJIBKY

iP,\( i € e_’\iﬁ:e_AeAzl.
k=0 k=0 k=0

Pacmupenenenne Ilyaccona urpaer BazkHYIO POJIb B TEOPUU MAaC-
COBOTO OOC/IyKWBAHWSI, TEOPUU HAJTEIKHOCTH, TEOPUU CJIyIaifHBIX
mporeccoB. Hampumep, myacCOHOBCKOe pacipeie/ieHne NMeeT 9rCJIo
YACTHIL, TOCTUTAONINX 33TAaHHON JaCTU TPOCTPAHCTBA TIPU PAIHO-
AKTUBHOM pAaCMa/e BENIeCTBA; YNC/I0 HECYACTHBIX CAyJaeB, MPOUC-
XOJAIIAX 38 eINHUILY BPEMEHW B JAHHONW COBOKYITHOCTH WHIWBHIY-
YMOB.

BaMeanI/Ie. Cﬂyqaf/'leIe BE/JIMYUHBI 9aCTO HA3BIBAIOT II0 UX
pacupenenennam. Hampumep, ciaydaiinyio Benmwauny & HA3BIBAIOT
OMHOMHUAILHO PACIIPEIEIEHHON ¢ mapaMerpaMu (n;p), eciu ee pac-
npejiesieHne OUHOMMUAIbBHOE:

‘ >~

Pe(k) = Buyp(k) = CEpP(1 —p)" ", k=10,1,...,n
IIyaCCOHOBCKOII — ecCJIi ee pacIpejeseHue IyacCOHOBCKOE:

A\F \
Pe(k) = ¢ k=0,1,.
Teomerpuyeckoe pacripeaesenmne. I eomempuieckum pacnpe-
deaeruem ¢ napamerpom p (0 < p < 1) HasbIBaeTCa pacupeeseHne
Py, 3agannoe na {0,1,...} paBencrBOM

Pp(k) = (1 —p)kp, k=0,1,...

dcwo, aro
(o)

da-pfp=1.

k=0

OrpuiiaresibHoe OuHOMUAJIBHOE pacnpejesieHue. Ompu-
UAMENLHBM BUHOMUAALHBIM pacnpedeaenuem ¢ TapaMeTpamu (1;p)
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Oy/leM Ha3bIBATH BEPOSITHOCTHOE pacmpejenenue Py, 3amanHoe Ha
{0,1,...} paBencrBoM

Prp(k) = C]l:+r—1(1 - p)kpr, k=0,1,

Omupeienenne KOPPEKTHO, CM. paBeHCTBO (6.3.3).

T'unepreomerpuveckoe pacupeneseHue. B ypue nmeercs N
Pa3/IMYUMBIX MIAPOB (HANPHMEp, 3aHyMEPOBAHHBIX YUCJAMU OT 1
10 N), cpeqn nux M Genwix, ocraabuabie N — M aepubie. Paccmor-
PUM CTOXACTHIECKUIl IKCIIEPUMEHT, COCTOSIINI B BHIOOPE HAYIATY
U3 YpHBI N MIAPOB, YUCAO 7 MEHbIEe YUC/Ia MIAPOB KaXKJIOTO IIBe-
Ta: n < M, n < N — M. Ucxox w 3KCIEPUMEHTa — N-3J1eMEHTHOEe
MOMHOXKeCTBO [N-37IEMEHTHOTO MHOXKeCTBa — codeTanue u3 N 3je-
MEHTOB 110 7, {} — COBOKYIHOCTH BCEX TakMx w. I10CKOJIBKY BbIOOD
OPOU3BOAUTCA HAyAa4dy, TO KazK/I0OMY HCXOAY W CJaeAyeT NPpUNInCaThb
BepositHocTh P(w) = 1/C}. Tem cambiM BEPOSITHOCTHOE ITPOCTPAH-
CTBO CTOXaCTUYECKOT'O HKCIIEPUMEHTa MOCTPOEHO. Boruucaum Bepo-
SITHOCTB COOBITUS “Cpesin 1 BEIOpAHHBIX IIApoB m 6esbix”. Ilockoib-
Ky MOJIETb KJIACCUIECKaAsI, TO UCKOMasi BEPOSITHOCTD

m n—m

Pyn(m) =P{{=m —#, m=0,1,....,n.
N

Onpenenenne. [unepzeomempuieckum pacnpedesenuem C Ta-
pamerpamu (N;M;n), n < M, n < N — M, Gyjaem Ha3biBaTh Be-
posiTHOCTHOe pacupeenenne Py, .y, 3agannoe na {0,1,...,n} pa-
BEHCTBOM:

CyiCn_m
)—T, m:(),l,..

PN;M;n(m ., n.

Ompenesienne KOppekTHO. Yb6eanmcs B 3ToMm. Ilycts B ypHE co-
nepxuTca N mapos, cpean uux M 6enpix u N — M depubix. Yuciao
N-3JIEMEHTHBIX 1TOAMHOKeCTB [N-371eMenTHOr0 Muoxecrsa (n < M,
n < N — M), cpean SJIeMeHTOB KOTOpPOTO POBHO M OeJIbIX Ia-
pos, ouesnzno, pasuo C;C "y, Torma ¢ oaHO# CTOPOHBI YHUCIIO
BCEX TL JIEMEHTHBIX HOI[MHO)KQCTB N—SﬂeMeHTHOFO MHO>KeCTBa paB-

HO Z CyiCN "y, a ¢ gpyroit CFy, mosromy

n
> GOy = Ch.
m=0
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Orcrona

D Paarm(m) = 1.
m=0

Teopema 6.4.1 (o npenenbHom nosegenun Pz, (m)).
IIyemv» N — oo u M — oo, npuuem max, wmo M/N — p
(0 <p< 1), mozda

PN;M;n(m) - Bn;p(m) =Cpp"(1—p)"™™, m=0,1,2,...,n

JlokazaTeabCTBO.

CriCn_m
PN;M;n(m) = cn =
~ nl(N —n)! M! (N — M)! B
TN mM-—m) (n—m)((N—-M)—(n—m))!
B n! (N —n)! M! (N —M)! B
" mln—m) N (M-m) (N—M)—(n-—m))
n! 1
“mlln—m) NN-1)..(N—(n—1) "

MM —1)... (M = (m 1))
1

N = MY(N =M —1)...(N=M=(n—m—1)
: .

Paznenus unciurens n 3HaMeHares b mpaBoit wactu Ha N, mosry-
TqaeM:

PN;M;n(m) = : ( ) X
1
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Yerpemus N u M K 6eCKOHEIHOCTH TaK, 9T00bI M /N — p, mojyanm

n!

Pnarn(m) — m)!p (1 =p)"™™ = Bpyp(m).

m!(n —

VTBepKieHre TeOPEMbl COTJIACYeTCs C Hallell mHTyurueil: ecau
N u M 6oabimme, TO pe3yJsibTaT OJHOKPATHOIO BBHIOOPA N IIAPOB
u3 N MOYKHO CIUTAThH COBIMAJAIONINM C PE3YJIBTATOM WX TOCIEL0Ba-
TesbHOro Beibopa. Ilpu 6oapmmx N u M mociieioBaTeIbHbBIN BEIOOD
IIIAPOB MOYKHO CUYUTATH HE3ABUCUMBIMEU COOBITUSIMU, & BEPOSITHOCTD
BBIHYTD Gesiblif map — nocrognuoil u pasuoit p = M/N; sTo mpes-
MOJIOYKEeHNe HeJIb3st TpuHATH, ecaim N u M wmanbeie (paccmorpure,
nanpumep, ciayvait N =4, M =2, n = 2).

MHoromMmepHoe THUEepreoMeTpuyiecKoe pacrpeaesieHue.
B ypue numeercss N pa3iuauMbIX MapoB (HAIpUMeEp, 3aHyMEpPOBaH-
Heix gucaamu ot 1 10 N), cpeam uux M7 mapos usera by, My mapos
usera bo, ..., M, mapos usera b, (M + My + ...+ M, = N). U3
YPHBI HAyady BBHIOMPAIOT N IIAPOB, YUCJIO N MEHbBIIE YUCTA I1apOoB
kaxkjgoro usera: n < Mi,n < Ms,...,n < M,. Ucxon w 3KcCie-
PUMEHTa — N-3JIEMEHTHOE ITOJMHOXKeCTBO N-SﬂeMeHTHOI‘O MHOXKe-
crBa (coueranme uz N 3emMenToB 10 1), () — COBOKYIHOCTH BCEX
TakuxX w. Ilocko/bKy BBIOOP MPOM3BOAUTCH HAYAATY, TO KaXKJIOMY
HCXO/ly W CJIeyeT IpUIncaTh BeposTHOCcTh P(w) = 1/CR,. Tem ca-
MBIM BEPOSITHOCTHOE MTPOCTPAHCTBO CTOXACTUIECKOTO SKCIIEPUMEHTA
[TOCTPOEHO.

Borauncium sepostaocts P(my, ma, ..., m,) Toro, aro cpeam n
BBIOPAHHBIX IAPOB 1] MIAPOB IBeTa b, Ma mapos 1sera by, u T. 1.,
m, mapos useta b, (my < My,ma < Ma,...,m, < M,). Ilockoab-

Ky {2, P} — knaccuueckast MOsIETH, TO MCKOMasi BEPOSITHOCTh

mi ,~ms M

b B CyChp - Cff

(my,ma,...,my;) = o .
N

Onpenenenne. MrozomepHvim 2UNEP2EOMEMPUYECKUM PACTPE-
desaenuem ¢ mapamerpamu N, My, Ms, ..., M., n; My + My + ...
oo+ M, = Nyn < My,n < Ms,...,n < M,, 6ymem HA3bIBATH
BEPOSITHOCTHOE pacipeneienne P, 3ajanHoe Ha MHOXKECTBe IIOC/Ie-
JIOBATEIBHOCTEH (M1, Ma, ..., M, ) TEIBIX HEOTPUIATETBHBIX THCET
TaKuX, 9TO M1 + m2 + ... + m, = n, paBEHCTBOM

mi ,Ymsa Moy
_ CyChp - Cyff
n
Cy

P(mi,ma,...,my)
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B TowMm, uTo

Z P(m17m27"'7m7’):17

mit+mo+...+mr=n

yOeXKIAeMCa AHAJIOTHYHO TOMY, KAK 3TO JEJAJOCH JJIS IHIIEPreo-
METPUYeCKOro pacnpejesnenus ¢ napamerpavu (N, M, n).

Kaxk u jijis runepreoMerpuueckoro pacipeje/eHus, Jjis MHOIO-
MEPHOTO THTIEPreOMETPUYECKOTO PACITPEIeTeHUST

mi ¥mso my

o eliiTel e,

(ml,mg,...,mT)— cn s
N

(my +mg + ...+ m, = n, m; — 1EIBIE HEOTPUIIATETbHBIE) UMEET
MECTO YTBEPYKIEHUE O €ro MPeJeJhbHOM MOBEJICHUN.

Teopema 6.4.2 [Tycmv N, My, Mo, ..., M,, cmpemamcsa x +00,
npuMem mMak, 4mo

M;/N = p;j, i =1,2,...,r,
Mo20a MHO2OMEPHOE 2UNEPLEOMEMPUUECKOE PACTLPEOCACHUE

m1 Ymo My
b B CyrChrs - Chrf
(my,ma,...,m;) = cn

N

C.’Z'Odumc.ﬂ K MYADMUHOMUAGADHOMY pacnpeae/LeHum C Napamempam,
(n7p17p27 s 7p7‘) :

P(mi,ma,...,my) = Cp(mi,ma,...,my)p{" 'y ... pr"

(m1+mo+ ...+ my =n, mj — yeavie HeOMPUYAMEALHDIE).
JlokazarenbCTBO aHAJOIMYHO JI0KA3aTe/IbCTBY TeopeMbl 6.4.1.

Teopema 6.4.3 (0 coxpaHeHUM BHUJA PACIIPEJIEJICHNS).

1° Cymma 1e3a8UCUMBIT NYACCOHOBCKUT CAYUATHBLL GEAUNUN
ABAACMCA NYACCOROBCKOU CAYHAUHOTU BEAUNUHOT C NAPAMEMPOM,
PABHBIM CYMME NAPAMEMPOE CAG2AEMBIT.

2° Cymma He3a6UCUMBLE CAYUATHOLT GEAUNUH, UMEIOUUT OMPU-
yameavroe bunomuarvroe pacnpedesenue ¢ napamempamu (ri,0) u
(rg,0), umeem ompuyamenrvroe GUHOMUAALHOE PACTPEIEAEHUE C Na-
pamempamu (11 + 12,0).

3° Cymma He3a6UCUMBLEL OUHOMUGADHO PACIPEICACHHBIT CAY%AT-
HOLT 6eAudur coomeemcemeento ¢ napamempamu (1;6) u (m;0) ae-
AAEMCA OUHOMUAALHO DPACTIPEIENCHHOT CAYHATHOT 8EAUMUHOT C TG~
pamempamu (n +m;60).
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JloxkazaTeabCcTBO.

1° JlokazaTenncTBa ImyHKTa 1° mpuBemeHo B mpumepe 5.3.5.

2° Ilycte coydgaiinas BeqnunHa £ UMeET OTPHUIATEILHOE OWHO-
MUAJILHOE pachpeiesenne ¢ mapamerpamu (r,0):

Ple=k}=0CF,_1(1—-0)f0", k=0,1,...; 0 € (0;1).

Jliist e€ npousBojsieit pyHKImn

Pelt) = M = 3" 1R, (1— 0)"0" =
k=0

o
k k
= 0" Creyp i (1= 0)0)",
k=0
yunutbiBag pasznoxenne dbyuknun 1/(1 — )" B psg Teitnopa

1 o k
=2y Zokwqx , o <1,
k=0

nMeeM CJIeJyIOIIee MpeJICTaBIeHne:

07"
e (6.4.1)

Fe(t) =

[Ipouzsomgas pyukims cymMmmbr ¢ = &1 + 2 HE3ABUCUMBIX CJTY-

YaitHbIX BejnanH £ u 2, UMEIOIIUX OTPULATEIbHBIE OMHOMUAJIbHBIE
pacupejiesieHns COOTBETCTBEHHO ¢ napamerpamu (11,60) u (r2,6)

o 02
Pe(t) = Pe, () Pe, (t) = (1—t(1—0) (1—t(1—0))

o +r2

T (A= t1—g))ire t<1,

COBIIQJIaeT C MpOom3BOjdAIIeil (PyHKIMEN OTpHUIaTe/IbHOr0 OUHOMU-
AJIbHOTO pAacTpejiesienusi ¢ mapamerpamu (rip + ra,6). Ilostomy B
CHJTy TEOPEMBI €MHCTBEHHOCTH (Teopema 5.3.5) cyMMa HEe3aBUCH-

MBIX CJIYYaiHBIX BEJMYUH, UMEOMNX OTPUNATENbHBIE OHHOMUAAIDL-
HbIE PACTIPE/IEJIEHUs COOTBETCTBEHHO ¢ napaMerpamu (11, 0) u (re, 6),
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nMeeT OTPHUIATETbHOe OUHOMHUATHHOE PACTIPEIeIeHNe C TapaMeTpa-
MU (7“1 + 7”2,9).

3° Ilycts caywaitnas Besmanua £ nMeeT OMHOMHUATBLHOE pacipe-
nenenvie ¢ mapamerpamu (n,6):

Ple=k}=Cko*(1 —0)" " k=0,1,...,n; 6 (0;1).

Eé npousBogsmas dyakims

Pe(t) = MtE =Y "t Cro~(1 - 0)"F =
k=0

= zn:c*’;(w)’“u—e)"—’f = (th+(1—0)" = (1+0(t—1))". (6.4.2)
k=0

IIpoussoxsmas GyHKnusa cyMMbl { = & + 1) HE3aBHCUMBIX OHHOMHU-
aJIbHO PACIIPeJIe/IeHHBIX CIIyJailHbIX BeJIMIHH ¢ napamerpamu (1, §)
u (m,0)

Fe(t) = Pe(t) Py(t) =

=1 +0t—1))"(1+0(t—1)"=(1+6(t—1)"™

COBIIAJIAET C MPOM3BOAAIIECH (DyHKIUEH OCHHOMAAIBLHO PACIPEIEIeH-
HOIl ciyuaiiHoii Beqwunuabl ¢ mapamerpamu (n + m, ). Ilosromy,
COTJIACHO TeOpeMe eMHCTBEHHOCTH (CM. TeopeMmy 5.3.5), pacmpee-
JeHne CyMMBI € + 1) He3aBUCHMBIX OMHOMHUATBHO PACIIPEIeTeHHBIX
CJAy9IaltHBIX BeJMUMH ¢ mapamerpamu (n,0) u (m, ) coBmamaer c
OMHOMHUAILHBIM paclpeneeHneM ¢ napamerpamu (n + m, 6).
CaeacrBue. Cymma T HE3AGUCUMBLT 2E0MEMPUUECKY PACTIPE-
0ENEHHBLT CAYHATHBLT 6eAUNUN C napamempom O umeem ompuua-
meavroe bunomuasvroe pacnpedesenue ¢ napamempamu (r,0).
JlocTaTouHo 3aMeTUTh, 9TO reOMETPUIECKOE PACIIPE/Ie/IeHUE:

Po(k) = (1—0)%0, k=0,1,2,...

ABJIACTCA OTPUIATE/IBHBIM 6I/IHOMI/Ia.HbHI)IM pacupegesieanemM C Ia-
pamerpamu (1,6).

MomMeHTBI JUCKPETHOI cay4aiiHoil BeJndnHbl (JucKper-
HOI'O BEPOSITHOCTHOIO pacrpepesnenust). [lycts £ — ciyqaiinas

BesmaEHa co 3Havenmavu B R ma {Q, P}, X — MmoxecTBo ee BO3-
MOXKHbBIX 3Ha4€HU,

Q:z— Qz), z€ X CR!
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— pacmpeaenenue . Byaem HazbBaTh

ME™ = Z " Q(x) = m,,

reX

r=1,2,..., momenmom nopadxa r ciydaiinoit Bemuaunel £ (Mo-
MEHTOM MopsiKa 7 pacrupeesnenns Q);

MIE" = |2l"Q(x) = M,

zeX

— abCcoAOMMHBLM MOMEHMOM NOPAOKA T CTydaiinoit Beamuunb & (a0-
COJTFOTHBIM MOMEHTOM TOPsiJIKa 1 pacupesenenns Q);

M(E—m1)" = > (z—m) Q(x)

zeX

— UEHMPAALHOLM MOMEHMOM NOPAJKG T CAyIailHON BeIUIUHBI &
(meHTpaIbHBIM MOMEHTOM TOPsijiKa 1 pacnpejenenus Q);

MIE —mi|" =) [o —mi| Q)

reX

— abCoAOMHBIM UEHMPAALHOIM MOMEHMOM NOPAJKG T CIyIaitHOM
BEJIUYUHbI & (a6COJHOTHbIM LEHTPAJIbHBIM MOMEHTOM IIOPA/IKaA 7" pac-
npejenennsa Q).

YacTto mucmoab3yeMoit XapaKTepUCTUKON CyYIaiiHON BeTUIIMHBI
(pacnpeﬂeﬂeHHH) ABJAAETCA IEHTPAJBbHBIA MOMEHT BTOPOIO NOPAI-
Ka, Ha3bIBAEMBIN HCIEpCHeil CIydailHoOil BeJUYnHbI (Iucrepcueii
pacrpeieienns ).

Omnpenesienne. llycts £ — ciyuaiinas BeMduHa C pacupese-
neaneM Q. Jlucnepcueti ciydaiiioii Beqmannbl € (aucmepcueii pac-
npenenenus Q) Oygem Ha3bIBATH

M(E = ME® = Y (z — m1)*Q(a).

reX

Jucrepcust o6ozHagaercs gepe3 DE mmm 02, T. e. TI0 ONpe IeIeHImIO

D¢ = M(¢ = ME)* = > (w —m1)’Q(z) = o*.

zeX
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Bemmunna
o= +D¢

HA3BIBAETCS CPEIHUM KEAIPAMUYECKUM YKAOHENHUCM T CMAHIAPM-
HOM YKAOHEHUEM CITy9aiinoil Bemmanabl  (CTAHIAPTHBIM yKJIOHE-

Huem pacupesesnenus Q).

MomMeHThI HEKOTOPBIX AUCKPETHBIX CJIyYaifHbIX BEJIMYUH
(mMCKpeTHBIX BEPOSITHOCTHBIX pacnpefesaeHuii). Momenmo
buroMuanvHo20 pacnpedeserus By, , (Momenmo, 6unomuasvno pac-
npedeaennoti ¢ napamempamu (n,p) cayuaiinot sesuuun §):

mi = np, 0% = npg
(cm. Teopemy 6.1.3).

Momenmovl nyacconosckozo pacnpedesenus ¢ Napamempom A
(Momenmur nyacconosckoli ¢ napamempom A caywatinoti eeauwu-
HoL §):

mi =\ o2 =M\

Momenmol 2eo0MempPuvecko20 pacnpedeierus ¢ NapamMempom p
(MoMernmbL 2e0MEMPUYIECKY PACTPEIEACHHOT € NAPAMEMPOM D CAY-

watinoti eeaununs, §):

1-— 1-— 2 — 1-—
B e
p b

(cm. mpumep 5.5.2).

Momenmu: ompuyamenavrozo GUHOMUAADHO20 pacnpedesenus ¢
napamempamu (r,p) (MOMEHMBL OMPUBAMEALHO OUHOMUAADHO PAC-
npedesennoti ¢ napamempamu (r,p) cayuainot seauuuno §):

_l-p o5 1-p
mi =7 , 07 =r

p p

(cm. npumep 5.5.2 u Teopemy 6.3.2).
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6.5 IIpumepnl u 3aga4n

IIpumepnt

Ipumep 6.5.1. YV 6oavwozo wucaa k ardel uccaedyemcs
Kpo6b. IMo UCCALOBAHUE MONHCHO OP2AHU308AMY 08YMA CNOCOOA-
M.

Cnocob 1. Kposv kaocdozo 4eao6eka UCCACOYEMCE 0MAIEADHO.
B amom caywae nompebyemces k anaausos.

Cnocob 2. Kposw k at0deti cmewusaemes u aHasu3upyemcs no-
ayuennan cmeco. Ecau pesyavmam anaruza ompuuamenen (Quae-
HO3 HEe NoOMEePHCAAeMCs), Mo IM0o20 00H020 GHAAU3A JOCMAMOYHO
oaa k wenosex. Ecau anarus nososicumenen, mo Kposv kaxncdozo do-
NOAHUMEADHO NPUTOOUMCA GHAAUSUPOSAMD OMOCABHO, U 6 UEAOM
na k wenosex nompebyemes k+ 1 anaaus. Ilpednonrooscum, wmo ee-
POAMHOCTIL P NOAOAHCUMEADHOZ0 GHAAU3A 00HG U MA JHce OASL BCET
A00€T, U 4Mo Pe3YALMAMbL AHAAU30E HE3a8UCUMDBL (6 meopemuko-
BEPOATNHOCTIHOM CMBICAE).

1. Hatimu eepoammocmvd mozo, 4mo aHAAU3 CMEWaHHol Kpo-
su k art00eti nososrcumenen.

2. Buluucaums MamemMamuseckoe oncudanue wucaa £ anaii3os,
HEOOTOOUMDIT NPU 6MOPOM Mmemode 00caedosarus.

Pemenwue. Haiinem pacupesesnenue ciydaifHoll BeTUIUHBI £ —
KOJIMYECTBA AHAM3OB, HEOOXOIUMBIX ST MCCAEIOBAHUS KpPOBU k
YEJI0BEK, €CJIU MCCIIEI0BAHNE TPOBOAUTCA CIOCobom 2.

Cayuaitnag Benmanna & npuanMaet 3Hadennd: 1 u k+1. O6ozma-
YUM Ydepes 1) KOJTMIECTBO MOJOKUTENHHBIX aHAJIN30B Ha k TpOBeTeH-
HBIX, €CJTH KPOBb KaXKJI0TO M3 k 9eIOBEK aHAJIN3UPYETCS OTIETBLHO.
CayuJaitHast BeJTMIUHA 1) IMeeT OMHOMUAIBLHOE PACIpeesIeHre C ma-
pamerpamu (k;p), BEPOATHOCTL XOTsi ObI OJHOTO MOJIOXKUTETHLHOTO
aHan3a Ha k paBHA

Pin>1}=1-P{n=0}=1-Cp°(1-p)*" =1-(1-p),

a BEPOATHOCTHL TOrO, YTO BCE AHAJM3LI OTPHUIATEILHLI, pPAaBHA
(1 — p)*. Hosromy ciayuaitmas Bemanna £ MMeET TAKOE PACITPETe-

JIeHue: P{€=1}=P{n=0} = (1—p)k7
Ple=k+1}=P{n>1}=1—(1—p).

ITo pacupenenennto £ HaxoauM:

ME=1(1—p)* + (k+ 1)1~ (1 —p)*) = k(1 - (1 -p)*) +1.
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IIpumep 6.5.2 (3agauya Banaxa). Mamemamux nocum ¢ co-
601t dse Kopobru cnuvek. Kascowd pas, £020a emy HYHCHA CNUNKG,
on Haydawy bepem 00HY U3 KOPOOOK, GUIHUMAEM CRUYKY U 8036DA-
waem kKopobry obpammo. Paro uau no3dno nacmynum momenm, Ko-
2da 6vibparnas Kopobra okascemes nycmot. Hatimu eepoammocmo
moz0, 4mMo dpyzaa KoOpobka COEPIHCUM T CRUYEK, 6 NPEONOAONHCE-
HUL, Mo cHauasa 6 Kancdol xopobxe codeporcumes N (r < N)
cnuves.

Pemenne. [lomernm onay m3 KOpoOOK, HAIpuMep, 3BE3104U-
koii. O6ozHaunM yepe3 B* cobniTue “moMedenHast KopoOKa mycras’,
qepe3 B — cobbiTre “HenoMedennas KOpoOKa mycras’, uepes A, 060-
3HaYUM COOBITHE “HermycTas KOpoOKa cojepxkut 7 cnndek’. Torma

P(4,) = P(A,[B)P(B°) + P(A,|B)P(B)

Kopobku 6epyT Haymaqy, MO3TOMY €CTeCTBEHHO 1o0KuTh P(B*) =
=1/2, P(B) = 1/2 . Boruucaum P(A,|B*). Kosb ckopo npousonio
coberrme B* — “momedennas kKopobka mycras’, TO cobbitne A, —
“HerrycTas KOPOOKa COMEPXKUTCS T COUYEK MTPOUCXOIUT TOTA, KO-
raa kopobkm Gpamu (2N — r) pas, npudyem nomedenHyio Opamam N
pa3. ITosromy P(A,|B*) pasua sepositnoctu N ycuexos (ycrnex —
BbIOpaHa moMevueHHasg Kopooka) B (2N — r) ucnbrranuax Beprysin
C BEPOATHOCTHIO ycrexa 1/2 B OHOM MCHBITAHWM, T. €.

P(Ar|BY) = Coy_,(1/2)*" ",
Anajornyso moJsryuaem
P(A;|B) = CoN 7, (1/2)" 7.

Tak uT0o mCKoMaga BEPOATHOCTD
1 2N — 1 — 2N —
P(Ar) = 308 (12N 7 4+ SO, (12 =

= Ofn—r(1/2)*"7".

3agaun
6.1. Ilycts & u 7 — HE3aBUCHMBIE C/Iy4aiiHble BEJIUYUHBI, UMe-
fompe pacupeaenenne [lyaccona cooTBETCTBEHHO € IapaMeTpamMu A

.
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JlokazaTh, ITO YCIOBHBIM PACIPEIETeHNEM CIyIailHON BeTndIn-
HbI £ IpU YCJI0BUH, 9TO £ +1) = N, ABJSIETC ONHOMUAIBHOE PaCIipe-
Jesienne ¢ napamerpamu (n; A/ (A + p)), T e.

B B i A k A n—=k
P{f—k/f‘H?—n}—Cn(w) <1_>\+M> )

k=0,1,...,n.

6.2. Texandeckuit KOHTPOJIb TPOBEPSET ML, KAXKI0€ U3 KO-
TOPBIX, HE3ABUCUMO OT OCTAJILHBIX, MOYKET C BEPOSITHOCTHIO P OKa-
3aTbCs J1eDEKTHBIM.

1) KakoBa BeposaTHOCTH TOrO, 9T0 3 10 npoBepeHHbIx n3jemit
TOJIBKO OJTHO OKAYKETCsT JeDEeKTHBIM !

2) HaiiTu BepOSATHOCTB TOTO, ITO MEPBLIM JehEeKTHBIM U3/1eTHeM
OKaxKkeTcsi k-e TpOBEpEeHHOe U3/Ieue.

3) Haiitu BeposiTHOCTH TOTO, UTO TIOCIeaytorme 10 u3mennii oka-
JKYTCs CTAHJAPTHBIME, TPU YCJIOBAU, 9TO HPEJAbLAYIIUe | u3ieuit
OBLIN CTAHIAPTHBIMUA. 3ABUCUT JIX 9T BEPOSITHOCTH OT [7

Otsersr: 1) Ciop(1 — p)?; 2) p(1 — p)*~1; 3) (1 — p)1O.

6.3. HaiiTi BepogaTHOCTD BBINTAJICHUS IO KpaiiHeir Mepe:

a) OJIHOI 1mecTepKu npu 1o A0pachiBaiuu 6 UrpabHbIX KOCTEH;

6) ABYyX IIeCTEpOK MpH MOAOpAChIBAHUN 12 UTPATBHBIX KOCTEIl;

B) TPEX MIECTEPOK NP NOAOpachiBanum 18 MrpajbHBIX KOCTEIH.

S50 gy o 1T sy 19651
66 ) 612 ) 618 '

6.4. Y10 BeposiTHEE: BHIMIPATH Y UI'POKA, PABHOIO 1O cujie (urpa
BejieTcs 6€3 HUIbNX),

1) 4 naprun u3 8 nin 3 uz 5;

2) 3 maptun u3 6 win 2 u3 4.

OrBerbl: BEpOsiTHEE BBIUIPATH

1) 3 napruu u3 5;

2) 2 maprun u3 4.

6.5. B srkcmepuMenTax Ha BCTPEUHBIX 3JIEKTPOH-TIO3UTPOHHBIX
IIy4YKax BEPOSITHOCTH TOI'0, YTO 3a €JMHUILY BPEMEHH IIPOM30iijer
J CTOJIKHOBEHWI, COIPOBOKIAIOIIMXCS POXKJEHUEM HOBBIX JJIEMEH-
TapPHBIX YACTUI[, PABHA

Otsetsr: a) 1

bV
4!
A — TOJIOKUTEIBHBII mapaMerp. [Ipu KaskI0M CTOJKHOBEHUU B pe-
3yJIbTaTEe B3AUMOJIEHCTBUS MOT'YT 06pa30BaThCs pa3Hble I'PYIIIIHI /1e-

MEHTapPHbBIX YaCTHI], IIPU 3TOM BEPOATHOCTD ITOIBJIEHUS KarK /101 I'PYyII-
bl TTIOCTOIHHA U HE 3aBUCHT OT PE3YJILTATOB B3aUMOJENHCTBUS MPHU

p]: ei)‘?jZOJ]'J"'?



6.5. IIpumepnr u 3a a0 167

JPYTUX CTOJKHOBEHHUsIX. B KadecTBe OHON W3 TAKUX TPYMI Pac-
CMOTPUM Iapy [4-ME30HOB 1 0003HAYUM Yepe3 P BEPOATHOCTH UX 00-
pa3oBaHus pU OJHOM CTOJKHOBeHuu. Haiitu pacmpemenenue Ciy-
YalHO! BEJIMYMHBI — KOJINYECTBA 1ap U-ME30HOB, POXKIAIOIINXCA 38
€JIMHUITy BPEMEHH.

OTBeT: MyacCOHOBCKOE pacIpejiesieHre C MapaMeTpoM Ap.

6.6. JIpoe urpaioT B Urpy, MOAOPACHIBAS O OYEPEIN MOHETY.
BourpeiBaer Tot, y xKoro Buepsbie Boinager repb. Haiitu BeposT-
HOCTh Pk TOIO, 4TO WUIPa 3aKOHYUTCH Ha k-M nogbpacwkiBanuu. Bo
CKOJIbKO Pa3 00JIbITIe BEPOATHOCTH BBIUTPBIMNIA /I WUTPOKA, KOTO-
pbIit HAYNHAET [TEPBBIM !

Otser: pp = (1/2); BeposTHOCTH BBHIUIPHIIIA /IS TOTO, KTO Ha-
9WHAET MEePBBIM, B JBa pas3a OoJibIIe.

6.7. Teatp, Bmermaronmuit 1000 ge10BeK, NMeeT 1Ba PA3HBIX BXO-
na. Bozje kaxkmoro u3 Hux nmeercs rapaepod. Kommdecrso mect B
rapepobax OauHAKOBOE.

Kakoe mMuHMMaIbHOE KOJUYECTBO MECT JIOJIZKHO OBITH B rap/ie-
pobax, urobbl B cpemnem B 9 ciaydasx u3 10 Bce 3purenum mMorin
pasjerbcs B rapiepobe Toro BXoja, depe3 KOTOPbIi OHKM BOILIU?
Paccmorpure f1Ba cirydasi: a) 3puTen PUXOIST napaMu; 6) 3pure-
JIn IpUXOAAT 1mo oguoMmy. IlpenmosioxkuTre, 9TO BXO/bI 3pUTETU BbI-
OUpAIOT C OJUHAKOBBIMU BEPOSTHOCTSAMH.

Pemenue. O6o3uaunM depe3 k KOJUTECTBO MECT B KaXKJIOM
rapjepobe. Ilycrs p; — ciaydaiinas BesiM4rHa, IPUHUMAIOIIAS 3HA-
qenwne 1, ecou -1 3puressb Buibpas Bxox 1, u 0, eciu BeIOpast BXox, 2,
1 =1,2,...,1000; p; — Ae3aBUCUMBIE CAyYaiiHbIEe BEJUINHBI, KaK-
Jlast ¢ pacupejeeHneM

P{u; =z} = (1/2)*(1/2)'%, 2 =0, 1.

1000
Torma = Y [; — KOJMYECTBO 3pHUTEJIEl, KOTOPBIE BOILIU Yepe3

i=1
Bxox 1, a 1000 — p — gepe3 Bxox 2.

CobbiTue “Bce 3pUTEIN UMEIOT BOZMOKHOCTD PA3/IeThCad’ B TEP-
MUHAX CJIy4YalHON BEIUYUHBI 4 3AMUIIETCA TaK:

{1 < k,1000 — p1 < k} = {1000 — k < p < k}.

Konnuecrso mect k (y kaxgom rapaepobe) HaxX0uTcs Kak Mu-
HUMaJIbHOE HATYPAJILHOE YHCJIO, Y/IOBJIETBOPSIONIEE YCIOBUIO

P{1000 — k < p < k} > 0,90.
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Yrobw! HaliTH K, BOCIOIB3yEMCS HHTETPATBHOM TeopemMoit MyaBpa—
Jlamaca.

Otrset: k = 527.

6.8. Cummerpuunyio mouery mogbpackBaior 10 pa3. Kak uz-
BECTHO, BEPOSITHOCTH TOT'0, YTO repb BhIajeT 4 pas3a, paBHA

Bip;1j2(4) = Cip(1/2)™.

A demy paBHA BEPOSITHOCTH TOT'O, YTO MPHU MOCEI0BATETBHOM O/
OpachbIBAHUN MOHETHI IJIsT TTOABIEHUsT 4-X TepOOB HEOOXOINMO Cle-
snarek 10 mogbpaceiBanmii?

Pemenue. Yucnio neynad £ /10 r-ro ycmexa B OC/I€I0BATETHHO-
CTU HE3ABUCUMBIX UCIBITAHUN C BEPOSITHOCTHIO YCIIEXA P B KaXKOM
UCTBITAHUN UMEeT OTPUIATEHhHOEe ONHOMUAIBHOE pacIpeesieHne C
napamerpamu (7;p):

Pe(k) =Ci o (1—p)F, k=0,1,...

Perrenne 3a1a4m CBOAUTCS K BBIYHUCJIEHUIO BEPOSITHOCTH TOTO, YTO
9uCsI0 Hey a4 10 4-ro ycmexa paBHO 6 (BEPOATHOCTH ycliexa B KazK-
Jom uctbitanun 1/2). Vckomast BeposiTHOCTD

Coran (1/2)1(1 = 1/2)° = C5(1/2)".

6.9. BepogaruocTh TOr0, 9TO B CIIPABOIHOE OIOPO HA MIPOTAKEHUN
4Jaca obparuioch k deioBeK, paBHa

)\k
Ee_’\, k=0,1,...,

(A — mostozkuTenbHBII Tapamerp). [ljis KaXK/10r0 Ye/ioBeKa BeposT-
HOCTh OoTKaza pasHa p (0 < p < 1). Haiitu BeposiTHOCTH TOTO, 4TO
Ha MTPOTAYKEHUN JaCa § 9EJIOBEK HE TTOJIyYaT OTBET Ha CBOM BOTIPOC.

Otser: e *P(Ap)°/s!
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IlocTpoenne
BEPOSITHOCTHBIX
ITPOCTPAHCTRB

7.1 TIlpomomkeHne BEepOSITHOCTMH.
Teopema Kaparteomopu

ITocTpouTh MaTEMATHUIECKYIO MOJIEIH CTOXACTUIECKOTO KCITE-
pumMenTa (BEPOATHOCTHOE TIPOCTPAHCTBO) — 9TO 3HAYUT ONPEETUTh
MPOCTPAHCTBO JIEMEHTAPHBIX COObITHil (), g-anrebpy § MOIAMHO-
»kecTB ) ¥ 38J1aTh BEPOATHOCTD Ha §. VICXOIHBIMU JAHHBIMU JIJIsI T10-
CTPOEHMS MaTEMaTUYECKON MOJIEJN CTOXACTUYIECKOTO SKCIEPUMEH-
Ta, KaK MPABUJIO, SIBJITIOTCS YaCTOTHI COOBITUI Ha HEKOTOPOM KJIacC-
ce K HabII0MAeMBIX COOBITHIA.

IIpumepsbl

1. BpocaioT cuMMeTpUYHYIO UI'PAJIbHYIO KOCTh. IlocTpouTs Mma-
TEeMATHIECKYIO MOJIEb JAHHOI'O CTOXACTUYECKOr0 SKCIIEPUMEHTA.

CobpITHs “BBIIAJIO OHO OYKO”, “BBIIAJIO ABa OUKa”, . . ., “BBIIAJIO
IeCTh 0YKOB” SABJISIOTCS HabomaeMbiMu (0603Haunm ux 1,2, ..., 6),
KJ1acc 3Tux coOwiTuit oboznaunm depe3 K. CobbiTust u3 Kjaacca K
B [OCJIEIOBATETBHOCTH YKCIIEPUMEHTOB MOSIBJIIOTCS OJMHAKOBO da-
CTO. 9TO OIIbITHBIE JJaHHBIC. OHI/I ABJIAIOTCA HUCXOOHBIMHW JIJId I10-
CTPOEHWST MaTEMaTHIECKON MOJEIN CTOXaCTUIECKOTO IKCIEPUMEH-
Ta. A mMeHHO, COOBITHAM U3 Kjaacca R €CTeCTBEHHO MPUINCATDH Be-
POSTHOCTH TaK:

P(i)=1/6, i=1,2,...,6.

BepostHocts P, 3amannas #Ha Kjaacce R, TPOOJIZKAETCS HA KJIAcC

169
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BCEX MOAMHOXKECTB IpocTpancTia 2 mig Kaxkmoro A C

P(4)=> Pw).

w€eA

2. Ha orpesok [a; b] maymaay Gpocator Touky. [IpemsioxuTs Ma-
TEMATUYECKYIO0 MOJIe/Ib 3TOI'0 CTOXACTHYECKOIr0 3KCIepUMeHTa.
Kiacc 8 mabmonaembix coberruit obpasyior cobbitus Ay py =

— “OporneHHas TOYKa TIONajJa B TPOMEXKYTOK ¢ KoHmamu a’,b’;
a', b € [a;b]”. Hacrora v(Agy ) cobbitus Ay B mociesoBaTesb-
HOCTH 3KcIepuMenToB omska K (' —a’)/(b—a). D1o onbrTHbIE TaH-
uele. OHN ABAAIOTCA UCXOAHBIMHI IS TOCTPOEHUS MaTeMaTHIecKoil
MOZIEJIH CTOXACTHIECKOrO 9KCIEPUMEHTa. A MMEHHO, COObITHIO Ay iy
€CTEeCTBEHHO IIPUIINCATH BEPOATHOCTH

P(Awy) =@ —d)/(b—a).

Hasee, BepositHocTh P, 3ajiannas Ha kiacce R, IPOLOJIZKAETCs
Ha, HAUMEHBINYIO0 0-aaredpy, ComepKaIyio Kiaacc K.

O 3ajaHUM BEpPOSITHOCTA HA HECUYETHOM IMPOCTPAHCTBE
3JIEMEHTAPHBIX COObITH. Ecn npocTpancTBO 3/1eMEHTAPHBIX CO-
OBITH () CTOXACTHIECKOTO SKCIIEPUMEHTA, JUCKPETHO, TO BEPOSITHOC-
TH 91eMenTapHbIX CoObITHil P(w) 0sHO3HAYHO 3a/1a10T BEPOATHOCTH
coObITHIT U3 T-aarebpbl BCeX moaMHOXKecTB () — camoro “boraroro”
KJIACCa TOAMHOXKECTB ), a mMenHo, s kaxkgoro A C

P(4) = P()

weA

(knacc K, HA KOTOPOM NEPBOHAYAJBHO ONPEJEIEHa BEPOATHOCTD,
06pasyIoT dJeMeHTapHbIE COOBITHUS).

B obmeit curyaruu onpeaesnTh BEPOSITHOCTb HA JIOCTATOYTHO
“DoraTom” KJIacce COOBITHUI IO BEPOSITHOCTAM 3JEMEHTAPHBIX COOBI-
THi 3aBEIOMO HE YAACTCSA. DTO HEBOZMOXKHO CIETATH JayKe TPH TI0-
CTPOEHWH BEPOSITHOCTHOTO TPOCTPAHCTBA TAKOI'0 CTOXAaCTHYECKOTO
SKCIIEpUMeHTa KaK OpocaHue C/IydaitHbIM 00pa30M TOYKH Ha OTpe-
30k [0;1]. eficTBUTEIBHO, BEPOATHOCTH 3JIEMEHTAPHBIX COOBITHI
ciejlyer cuuTarh paBHbiME Hymo: P(w) = 0, w € [0;1], mockoan-
Ky HYJII0 paBHA 9aCTOTa IOMaJaHus ODpOocaeMoil TOUYKU B 3a/IaHHYIO
Touky w npomexyrka [0;1]. Ho mo BeposTHOCTSIM 3j1€MEHTAPHBIX
COOBITHUl, PABHBIM HYJIIO, HEBOZMOXKHO KOPPEKTHO 33/1aTh BEpOST-
HOCTb TIONAAHUS TOYKHU JIazKe B NPOMEXKYTOK, Hanpumep, [0;1/2].
Ha nopvuoxkectBax mpomexyrka [0;1] MOXKHO 3ajaTh MHOTO Be-
positHOCcTelt P, 3Havenus KaxKjoit U3 KOTOPBIX HA 3JIEMEHTAPHBIX
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COOBITHSIX W PABHO HYJIIO, a 3Hauenue Ha mpomexyTke [0; 1/2] croe,
BOOOIIE ToBOpd, Jsoboe gucsio (u3 [0;1]). Hanpumep, musa Jo6oit
abCoTIOTHO HenpepbIBHON BeposithocTn P Ha [0;1], T. e. umeromeii
mioraocts f(t) (em. maparpad 9.6 B8 ri. 9), Beposraocts P({w})
roukn w € [0; 1] paBHa HysI0, Kak 3HAYEHNE

P(lwh) = [ sy
{w}

MHTErpaJja o MHOXKECTBY Mepbl HyJjlb, HO [IPU 9TOM 3a CYeT BbIOopa
miornoctu f, ckaxem tak: f(t) = a, kormat € [0,1/2] u f(t) = 2—a,
korzpa t € (1/2,1] (0 < a < 2), 3HaueHne BEPOSITHOCTH

P([0:1/2) = / f(t)ydt = a/2

[0;1/2]

MOXKeT ObITh ¢aemano mobeiv uncaom u3 [0; 1]. C apyroit cropomnsr,
OIBIT MOKA3BIBAET, 9YTO YACTOTA IOIAJAHUA TOYKH B IIPOMEXKYTOK
[0; 1/2] mpu ee Gpocanuu Ha orpe3ok [0; 1] 6imska k 1/2; a mosromy
BEPOSITHOCTH MONAaHust TOYKHM Ha oTpe3ok [0; 1/2] caeayer canrars
paBHoit 1/2.

Cpefu pa3InaHbIX CIIOCOOOB CAYIaAHOTO OPOCAHUST TOYKH HA OT-
pesok [0; 1] Bbuiessiercss 6pocanue, KOrja BEPOSTHOCTH IO aAHUS
TOYKU B IPOMeXRYTOK [a;b] C [0;1] mponopriuonaibHa JjIuHEe IPO-
mexyTKa [a;b]. Takoe 6pocanue Touku OyieM Ha3bIBaTh OpOCaHUEM
HayIady.

Tak 9TO MpHU MOCTPOEHUH BEPOATHOCTHOTO MPOCTPAHCTBA, CTO-
XaCTUIECKOrO SKCIIEPUMEHTA C HECIETHBIM MHOXKECTBOM HCXOOB )
KJ1acc K HAD/IIOAeMbIX COOBITHIT, HA KOTOPOM OIPE/I€IEHBI BEPOST-
HOCTH, JOJI2KEH OBITH JOCTATOYHO OOraThIM M YK 3aBeJIOMO Oorate
KJIACCA dJIEMEHTAPHBbIX cOObiTuii. Pazymeercs:, /st KaXK/J0ro cToxa-
CTHYECKOTO SKCIEPUMEHTa, KaacC K CBOIi.

IIponoskeHne BepoITHOCTH Ha o-ajaredpy. “Vcxoaubiv Ma-
Tepuaaom’ It TOCTPOEHUST BEPOATHOCTHOTO TIPOCTPAHCTBA ABJISAET-
CA BEPOATHOCTDH, 3aJaHHAA N3 TE€X UJIN MHBIX COO6pa}KeHI/Iﬁ Ha HEKO-
TopoM Kjacce 2 mogaMHoKecTB mpocTpancTBa . Ilpn 3ToM MOXKHO
cunTaTh, 4To Kjacc 2 sMmecre ¢ A, B € 2 conepxutr u AN B, BMec-
Te ¢ A € A comepxkur u A, T. e. aBasgercs anredpoit. OkaspBaeTcs,
YTO BEPOSITHOCTD, 3aJaHHyi0 Ha aarebpe A mogmuoxkects (2, Beer-
na (6e3 JOTOJHUTEILHBIX MTPEJITOI0KEH ) MOKHO TPOJIOIKUTEL HA
TaK HazbiBaeMyio o-anrebpy § = o(2l), mopoxkennyio anrebpoit 2.
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Onpenenenne. o-Anzebpoti, nopooscdennoti xaaccom A, Oymem
Ha3bIBAThH 0-aarebpy o(2), KoTopas, BO-epBbIX, COMEPKUT Kaacc AU:

2AC o),

U, BO-BTOPBIX, COJAEPKUTCS B JIIOOOI pyroii o-ajrebpe §, cojaepxKa-
meit knace 2A:
o) CF.

o-Anrebpy o(2l) eme HA3BIBAIOT Haumenvwel o-ai2ebpot, co-
deporcaweti kaacc 2U.

Teopema 7.1.1. Jlaa a106020 xaacca K nodmmooicecms €2 cy-
wecmeyem Haumenvuas o-aszebpa o(R), ezo codeparcauya.

HdokazaTenbcTBO. 3aMeTUM, YTO CEMENCTBO O-ajredp, co-
JepKammx Kiaace K, He MyCTo, HATpUMep, o-aaredpa BCeX TOIMHO-
kecTB §) comepxkut K.

[Tepeceuenue jroboro cemeiictBa o-anredp Fo, € J, ecTb
o-anrebpa. YoeamMcsd B 3TOM.

[Iycts A € [ §a, T . A € Fo mna kaxkgoro a € J. Tak kax

acJ
Sa — o-anrebpa, Tou A € §,, mag kaxmoro« € J,r.e. A€ () Fa-
acJ
IIycts A; € () B 1 =1,2,..., €. A €T, i =1,2,..., ana
aeJ

o0

kaxkjgoro a € J. Tak kak §, — o-anarebpa, 10 u A; € §o nna
i=1

oo
kaxkgoro o € J, e |J A € () Fa-
=1 acJ
[MosTomy 10 onpemenernio o-aaredpol Kaace (| Fo sBAAETCS
acJ
o-aarebpoti.
[Tepeceuenne [ Fo BeEX o-anrebp, comepKamumx Kaace 8, U sb-
ael
JisieTcst o-aarebpoii, mopoxk aeHHol K.
B camom gesie, Bo-iepBbIX, [ §o ABASETCA 0-AATEOPO; BO-BTO-
aecl
peix, [ Sa comepxut kaacce K; u, HaKOHell, o-aaredbpa (| §o Kak
ael acl
[epecevenne BCex o-ajredp, CojepxKallnx KJjace K, COJEepKUTCS B
JII000# o-aaredpe, comeprKaiieit K.
Mpumep 7.1.1. ITycmov Ky u Ry — dsa Kaacca nodmmnoosrcecms €1,
npunem K1 C Ra. Joxasamov, wmo o(R1) C o(Ra).
Pemenue. 3 yciaoBus u omupenesieHusi o-ajredpbl, MOPOK-
JeHHON JMaHHBIM KjaccoMm, umeem: R C Ry C o(Ra). [osromy
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R1 C 0(R2). A nockobky o(R1) — HanMeHbInas o-aarebpa, coaep-
Kamag kaace Ry, a 0(R2) — oxHa u3 o-aaredp, KOTOpas COAEPIKUT
kacc Ry, 1o 0(R1) C o(Re).

Teopema 7.1.2 (KapaTeoaopu O mpoOI0O/IKEHUN BEPOSIT-
uocru). ITycmo P(-) — sepoamnocmo, 3adannas na arzebpe 2A noo-
MHootcecms npocmpancmaa ). Cywecmeyem, u npumom eQuHCmMeEeH-
nas, eepoammuocmsy Q(+), sadannas na o-anzebpe o(A), noposcden-
ol aseebpoti A, maxas, 4mo

Q(A) = P(4)

das kaoicdozo A € .

Bepoarrocts Q masweBaAIOT npodoadsicernuem eepoammnocmu P ¢
anrebpsr A Ha o-aaretpy o(21).

EnuncrBennocTsh mpososikerus BeposaTHocTu P ¢ aarebper 2 Ha
o-anre6py o(2l) ozmaugaer caeaytomee. Ecm Q u Q' — msa mpomosn-
’Keans BepogTtHocTH P Ha o-anrebpy o(2), T. e. Q — BEpOATHOCTD,
sajiannas Ha o (2l), u Takas, 9To

Q(A) = P(A)
s kaxgoro A € A, u Q' — Bepoarnoctb, 3ajannas na o(2A),
M Takasi, 4To

Q'(A) =P(4)
g Kazkgoro A ms A, To

Q'(4) =Q(4)

s Beex A uz o(2).

Caencrsue (u3 reopembl Kapareomopu). Bepoamuocmu P(+) u
Q(+), s3adannme na o-anrzebpe §, cosnadarom, ecau oHu co6nNadaOM
na aszebpe A, noposicdaroweti o-arzebpy § (§ = o(A)).

dmobw yoedumoca, wmo eeposmmuocmu P(-) u Q(-), sadanmnvie
na o-anzebpe §, coenadarom, docmamouno YOeouMbCA, Mo OHU
cosnadarom na aszebpe A, noposcdaroweti o-anrzebpy §F (F = o(A)).

B cuny Teopemnbr Kapareomopu BepoarHocTh P, 3amanmyro mHa
anrebpe 2[, MOXKHO TPOJOIKUTEL Ha o(2), mpuuem 6e3 Kakux-mu6o
JONOIHUTEIbHBIX Orpanndenuii na A u P. Tlosromy B nasnbHeiinem
Bceryia OyjleM CYMTaTh BEPOATHOCTD 33/IaHHOM Ha o-aredpe.

Mepsi. Hanee npuBogsiTCs HEOOXOAMMBIE OTIPEEIeHNT N PaK-
THI U3 TEOPUH MEpBHI.

Onpenesnenne. Hamepumvim npocmpancmeom Oy1eM HA3bIBATH
napy {Q,F}, rae § — o-anrebpa mMoAMHOXKECTB TPOCTPAHCTBA §).
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Onpepnenenne. Mepoti 6ymeM Ha3bIBATHL HEOTPHUIIATENIHHYIO
CYETHO-3TUTUBHYIO0 (DYHKIMIO MHOXKecTBa [i(+), 3aJaHHYI0 Ha
o-anredpe § m3mepumoro npoctpanctsa {2, §} u Taxyio, uro pu(0) =

Bameuanue. Yeaosue p(()) = 0 9KBUBAJIEHTHO TOMY, YTO Me-
pa [/ He paBHA TOXKJECTBEHHO +00 HA § (IPOBEPHUTH).

Jlitst Mep mMeeT MecTO CBOMCTBO HEPEPBIBHOCTU, AHAJIOTHTHOE
chopMyIMpPOBAaHHOMY paHee CBOWCTBY HENPEPBIBHOCTH JIIT BEPOSIT-
Hocreit (cm. Teopemy 3.2.1).

Onpenenenne. [Ipocmpancmeom ¢ mepoti 6ynemM HA3BIBATH TPOTi-
Ky {Q,5,u}, vae {Q,F} — usmepumoe mpocTpaHcTBO, a f — Mepa
Ha g§.

Onpegnenenne. Mepy p, aist koropoit 1(€2) < +oo, Gyzem Ha-
3BIBATH KOHEUHOU MePOT.

Mepy p, ana kotopoii 4(2) = 1, 6ymem Ha3bIBATL 6EPOATMHOCT-
1ot Mepori.

BepOHTHOCTHaH Mepa ABJIAeTCA BEPOATHOCTHIO.

Onpenenenne. Mepy i na {2, §} 6ynem naswiBars o-Koneuno,
ecm ) MOYKHO IIPEJICTABUTH B BUJE OObEIMHEHNs CIETHOrO THC/IA
HeIepeceKaIuXcd MHOXKeCTB ), Takux, 910 1(€2;) KOHeIHO st
Kaxkgoro ¢ = 1,2,...

B npanbreiiiem mMbl OyeM mMETH J1€10 TOJIBKO C KOHEIHBIMUA U
0-KOHEYHBIMU MEPaMH.

Omnpenesnienue. Mepy (, 3a/1aHHyI0 HA o-ajarebpe §, Oyaem Ha-
3BIBATH NOAHOU, €CN I KazKI0r0 MHOKecTBa A € § Takoro, 4ro
u(A) =0, m3 A’ C A cnenyer A’ € §.

Mepy Bcerpa MOXKHO CIUTATDH MOJTHOM, YTO CJAEIYET U3 ITPUBOIU-
MOT0 Jlajiee yTBEPXKIEHN.

[Tycts v — Mepa Ha o-anrebpe G MOAMHOKECTB TPOCTPAHCTBA 2.
OnpenenuM Kiaacc T MOAMHOXKeCTB {2 CIeayIomuM 06pa3oM:

N={N:NcCS5e6&,v(5) =0}

(k1acc D 0OPa3yIOT MOIMHOKECTBA MHOYKECTB V-MePhI HyJIb). Hepes
§ 0603HAYNM KJIACC MHOXKECTB BIIA

A=(EUN')\N", rne E€ 6,N' € ,N" e n.

Kaace mnooicecme § asasemces o-an2ebpoti, a GyHuruyus mHo-
slcecmea |4, 3a006aeMan Ha T PABEHCTNEOM

W(E) = u ((BUN')\ N") = v(B),

ABAAECMNCA NOAHOT MePOU Ha T-anzebpe §.
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Mepy (4 MOYXKHO pacCMaTPUBATH KaK MPOJIOJIZKEHTE MePhI ¥ B TOM
CMBICJIE, 9TO

wE)=v(E), E€6.

Mepa MoxKeT 3aJaBaThCs HE TOABKO Ha g-aJarebpe, HO W Ha aJl-
rebpe. IIpu sTOM mmeer mecTo

Teopema 7.1.3 (Kapareomopu 0 1pogo/i2k€eHUM Mepsbl).
ITycmo () — mepa, 3adannan na arzebpe A nodmmoocecms npo-
cmpancmea ). Cywecmeyem, u npumom eduncmeennasn, mepa M(-),
3adannas na o-anzebpe o(A), noposcdennoti arzebpoti A, maxas,
4mo

M(A) = p(A)

das kaotcdozo A € .

V3 e IMHCTBEHHOCTH TIPOJIOIZKEHIS MEPHI C aareOphl Ha, 0-aaredpy
o(2l) moygaem ciesyiomee yTBepK IeHTe.

CuencrBue (u3 teopembl Kapareomopu). Mepo, pu(+) u v(+), 3a-
danmvie Ha o-aszebpe §, cosnadarom, ecau oHUu CO8NAJAIOM HA Gj4-
2ebpe 2, nopoorcdaroweti o-anrzebpy F (§ = o(A)).

Umobwi ybedumucs, wmo mepoi (u(+) u v(-), sadannvie 1a o-anzeb-
pe §, coenadarom, docmamouro Yyoedumnvbea, 4o OHY COBNAJAIM Ha
aazebpe A, noposcoaroweti o-arzebpy §F (F = o(2A)).

7.2 3amaHwme pacripenesienus Ha R"

CroxacTuaeckne 3KCHepuMeHThl ¢ ucxogamu B R (cayqaitabie
BEJINYMHBI) MPEJCTABISAIOT CO0O0i BayKHBIN KJIACC CTOXACTUYECKUX
QKCIIEPUMEHTOB. I/IX MaTEeMATUYICCKUMU MO/JC/IAMU ABJIAIOTCA BEPO-
sitHocTHble npocrpancTBa {2, §, P} ¢ R™ (wam gacreio R™) B ka-
qectie (), g-anarebpoit GopeneBCcKUX MHOXKeCTB B" B KadecTBe §
(0 meit masiee) U BEPOATHOCTHIO (BEPOSTHOCTHBIM PACIIpe/ieIeHIeM)
Ha o-aarebpe ‘B".

BopeneBckne MHOXKecTBa. o-A.nzebpoti 6Opese6CKUT MHO-
oicecme na R! HazpiBaercsa o-anrebpa, HOpOXKIEHHAS KaaccoM R
IIPOMEIKYTKOB BHA [a,b),a,b € R, O6osnagars o-anreGpy 6ope-
seBckux mMuozkects Ha R! Gynem uepes Bl

o-Ajrebpa OOPEIEBCKIX MHOYKECTB SIBJISIETCSI JJOCTATOYHO “Oora-
TBIM KJIACCOM:

Bl comepxuT Bee 0HOTOUEYHBIE MHOMKECTBA, TaK KaK

oo

{a} = (la,a + 1/n);

n=1
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Bl comepKuT OTKpEITHIE WHTEpBAIH (4, b), TaK Kak M060ii OT-
KPBITBINA mHTEPBAJ (@, b) MOXKHO IIPEJICTABATHL B BUJIE

(a7 b) = [a7 b) ﬂ@;

Bl comepkuT BCe OTKPHITBIE MHOYKECTBA, TAK KAK KAzKI0€ OT-
KPBITOE MHOKeCTBO Ha R! mpejcraBuMo B BHje 00beIMHEHHS KO-
HEYHOTO WJIM CYETHOTO YHCJIa, OTKPBITHIX WHTEPBAJIOR;

Bl comepruT BCe 3aMKHYTBIE MHOKECTBA, TAK KAK 3aMKHYTOE
MHOKECTBO SIBJISIETCSI IOTIOJTHEHUEM OTKPBITOTO.

IIpumep 7.2.1. Jloxasamo, wmo kiacc K omKEPLIMBLT UHMEPEa-
206 (a,b) na wucaosoti npamoti noposcdaem o-anzebpy 60pese6CrUT
mnooicecms na RE.

Pemenne. IMeer MecTO BKJIIOUEHTE

{[a,b) : a,b € R'} = & C o(R),

HOCKOJIBbKY 0 (R) COZEPKUT OHOTOUEUHBIE MHOXKECTBA {a}, 910 ciie-
n

ayer w3 pasencrea {a} = () (a—1/n, a+1/n), u [a,b) = (a,b)U{a}.
i=1
ITosromy
Bl =0o(R) C o(R),

HOCKOIBKY 0 (1) — HamMeHbIIas o-aarebpa, CoJepKaIas Kace
R1, a 0(R) — oxna u3 o-anrebp, comepxkamux kiaace K. Janee,
£ C B!, nosromy

o(R) c B,

tak kak o(R) — Hammenblag o-anrebpa, cojgepKaras kiaacc R,
a B! — oxHa u3 Takux o-anredp.

Cueposarensno, o(R) = Bl

o-Anrebpy B! mopoxgator, B wacTnocTu, Kitaccel: 81 = {[a, b];
a,b € R'}; Ry = {(—oco0,z];2 € RY}, R3 = {(~o0,z);x € R},
84 = {(z,+00);z € R}, K5 = {[x,+o0);z € R}, kmacc oTkphi-
THIX MHOXKECTB, KJIaCC 3aMKHYTBIX MHOXKECTB.

Omnpenenenne. o-Anzebpoti 6opesescrux mruosicecma na R™ mna-
3BIBAETCS o-aarebpa, MOpoK IeHHAs KJIacCOM MapaJlIeeluIe 0B BU-
Aa [al,bl) X [ag,bg) X ... X [an,bn).

Ob6oznavarh g-ajaredbpy OopesieBckux MHOX)KecTB Ha R Oyaem
uepes B,

Omnpegesnienue. Mepy Ha o-ajareope B" 60pesieBCKUX MHOKECTB

u3mepumMoro npocrpancrea {R"™, 8"} mazwpiBaloT pacnpedenenuem
na R™.
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Pacnpenenenne F ma R™ rtakoe, uro F(R™) = 1, maswiBaerca
BEPOAMHOCTIHbIM TITH PACHPEIEAEHUEM BEPOAMHOCMEY, UIU BEPO-
AMHOCMBIO.

Teopema Kapareomopu (cm. reopemy 7.1.2), B wacTHOCTH, MMeeT
MECTO i pacipejeenuii va R”™.

Teopema 7.2.1 (Kapareomopu 0 mpomoJI>KeHUM pPaciipe-
aeqiennii). [ycmv F — pacnpedeaenue na anzebpe 2 koneunvz 06s-
edurenull Henepecekawurcs napaiieienunedos [ai,by) x [ag, ba) X

. X [an, by) npocmpancmea R™.

Cywecmeyem, u npumom edurncmeennoe, pacnpedeserue Q, 3a-

dannoe na o-anzebpe B = o(A), nopoocdennoti arzebpoti A, ma-

KA, 4Mo QUA) = F(4)

Oaa xaoscdozo A € 2.

Pacmpenenenne Q mazwuiBalOT npodossicenuem pacnpedenerus F
c anrebpel A Ha o-aarebpy o(2A).

Enuncrsennocrs npogoizkenns: pacupejeienns F ¢ aireopor 2A
Ha o-anrebpy o(2l) oznauaer caemyromee. Ecmn Q u Q' — nBa mpo-
nosKenns pactpenenenns F na o-anre6py o(2A), 1. e. Q — pacmpe-
nesenne, 3aganHoe Ha o(2A), Takoe, 9TO

Q(A) = F(4)
g kaxgoro A € 2, Q' — pacnpenenenne, zanannoe wa o(2l), Ta-
KO€, 9TO

Q'(4) =F(4)
e Kazkgoro A ms A, To

Q(4) =Q'(4)

nuist Beex o (2A).

Caencrsue 1. Pacnpedesenus F u Q na B" cosnadatom, ec-

AU onu coenadarom na napassesenunedar [ai,bi) X [ag,by) X ...
X [an, by).

B camom gene, ecnu pacmpenenenusa F u Q, 3amammsie na B,
COBIAJAIOT TapaJutesienunesax [ay,by) X [ag, ba) X ... X [an, by), TO
OHU COBIIQJIAIOT ¥ Ha ajiredpe 2A KoHeIHbIX 00beIMHeHnTT Herepece-
KAIOIINXCs TapaJsLIe/IeNnIesioB, a B cuty Teopembl Kapareogopu u
Ha o-anrebpe B" = o(2A), mopoxaennoit anredbpoit A.

Hosmomy wmobwor ybedumovcea, wmo dea pacnpedesenusn Ha R™
(na B™) cosnadarom, docmamouno ybedumnvcs, wmo onu cosnada-
1om Ha napassesenunedar [ai,by) X [ag,ba) X ... X [an, by).
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B uwactoocTu gig n = 1 umeeM.

Cnencreue 2. Pacnpedeaerua F u Q na B! cosnadarom, ecau
onu cosnadatom 1) na npomescymrazx suda [a,b); 2) na npomesrcym-
Kax suda (—00,c).

Heiicreurenbro, eciim pacnpeenenus F u Q, copmagaror Ha po-
MeKyTKax [a,b), ToO OHH COBIIaIal0T 1 Ha aaredpe A KOHEYHBIX 00b-
eJIMHEHNH TAKUX HEIepPeceKaroNUXCsl IPOMEXKYTKOB, a B CHJIY TEO-
pembl Kapareomopu u Ha o-anrebpe B = o(2), nopoxaennoii a-
redpoii 2.

IHosmomy wmobv, ybedumocsa, wmo dea pacnpedesernus na R
(na B1) cosnadarom, docmamouro ybedumvca, wmo onu cosnadarom
na npomescymrax euda [a,b) (na npomescymrax suda (—oo,c)).

IMocrpoenue pacupesnenenus Ha R! no ¢pynkuum pacupe-
nenennsi. Kak B ciydae JUCKPETHOTO MPOCTPAHCTBA 3JIEMEHTAp-
HBIX COOBITHI §) MCXOTHBIM “MaTepraj oM’ s 3aJaHis BEPOITHOC-
TH Ha MOJAMHOXKeCTBax ) aBsioTcs BepoarHocTH P(w) smementap-
HBIX cOObITHIT (cM. Teopemy 4.1.1), Tak mpu MOCTPOEHUN MePHI (pac-
npenenenns) ma R! (ma o-anre6pe Gopenesckmx MEOKecTB Bl) mc-
xonHbIM “MaTepuanom” sBisitorca 3uadenus p([a,b)) pacnpemese-

HUSI (4 HA, K/JIACCe IPOMEKyTKOB { [a, b), a,b € R}, nociemnue, 06br4-
HO, 3a/1aI0T C IIOMOIIILIO, TaK Ha3blBaeMOii, (DYHKIUKY pacipe/le/1eHns]
F(z) na R pasencrsom

u([a,b)) = F(b) - F(a).

Onpenesenne. HeorpurareibHy0 OrpaHUIeHHY0 MOHOTOHHO
HeyGBIBAIONTYI0 HeIpephIBHYI0 cieBa dynkmmo F(r) ma R 6ymzem

Ha3BIBATH PynKyuel pacnpedeaerus ma R,
®Oyuxnuio pacnpegenenus F(), ylI0BIETBOPSIONLYIO yCIOBUSAM

F(+o0)=1, F(-o0)=0,
riae F(—oo) = lim F(x), F(+o0) = lim F(z), 6yzem HasbBaTh
T——00 T—r+00
sepoammuocmnotl gynrkyuet pacnpedeaerus (COOCTBEHHOIR).
Teopema 7.2.2 (o mocrpoenuu pacrpegenenuss Ha R!).
Iycmo F(x) — ¢ynxyus pacnpedenenus na RY. Cywecmeyem,

u npumom eduncmeennoe, pacnpedesenue [ na o-anrzebpe B ma-
Koe, wmo daa amobuz a,b € Rl (a < b)

p(la, b)) = F(b) — F(a).

Ecau x momy oce F' — sepoamnocmnas pynxyus pacnpedesenus,
mo i — eepoamuocmuoe pacnpedeserue (GEPOAMHOCTD).
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Hoxkazarenbctro. Oboznaunm uepe3 2l anaredpy MOIMHO-
ecTB R, cOCTOANIYI0 M3 KOHEUHBIX OOBLEINHEHHH HemepeceKaro-
HIMXCA NPOMEXRYTKOB Buja [a,b) (a u b Moryr npunuMarh 3Haue-
uus +00). Ilo dynkun pacnpenenenus F onpegennm na 2A GyHK-
o MHOKecTBa (. CHAaYa A ONpeIesInM (L Ha MPOMEKyTKax [a,b):

u(la,b)) = F(b) - F(a), (7.2.1)
3aTeM Ha KOHEYHBIX O6'be,HI/IHeHI/IHX

n

A= las, bs) (7.2.2)

=1

Henepecekamonmxess npomexytkos ([a;, b;) N [aj,b;) = 0, i # j),
eCTeCTBeHHO, TaK:

p(A) = p | |l b) ZM ai,bi)). (7.2.3)
=1

Hecnoxmo ybeanThcst, 9TO OIpeaeIeHne ,u(A) KOPPEKTHO, & NMEH-
HO, He 3aBUCUT OT mpeacrapienus A B Buae o0bequHeHHs Hemepe-
CEKAIOIUXCA IPOMEXKYTKOB, XOTd TAKOE IIPEJICTABJICHUE U HE eUH-
CTBEHHO.

Tak onpenenennas Ha 2 HeoTpunaresbHas (QYHKINA MHOKECT-
Ba [ SIBJISIETCS KOHEYHO-aIIuTUBHOM. [loKarkeM, UTO OHA ABJIIETCS
U CYETHO-3 /AU TUBHOM.

Jast mokazaTebCTBa CIYETHON aIJIUTUBHOCTH (i Ha aarebpe 2
JOCTATOYHO YCTAHOBUTL, YTO €CJIU

= lar: br), [ar, b) N [ar, b1) =0, k #1,
k=1

= ullax, br))
k=1

O‘IeBI/I,HHO, JJIA JIIOO0T0 KOHEYHOT'0 N UMEET MECTO BKJIIOUEHIE

n
U lax bx) C [a,b),
k=1
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TIO3TOMY
n

> ullaw, br)) < plla,b)),
k=1
a, CJIEIOBATE/IHLHO, U

S wllag, b)) < pa([a.b)). (7.2.4)

k=1

YcTanoBuM HEpPaBEHCTBO MPOTUBOMOJIOXKHOTO 3Haka. Ilycts € > 0
(¢ mpousBosbHO, HO dukcupoBano). Beibepem mas Touku b TOU-
Ky b’ (V' < b) Tak, 9T0GBI

F(b) - F(t) < % (7.2.5)
U ISl KasKJ0il TOUKH aj TOUKY a) (a), < aj) TaK, 9ToGbl
€
Flar) = Flak) < (7.2.6)

(3TO BCeryia MOXKHO CJIE€1aTh, TOCKOIbKY (DYHKIIUSI PACIIPEIeIeHIsT
F(z) nenpepsiBua cyiesa). 13 pasencrsa

la,0) = ) [ax, br)
k=1

u Brtodennit [a,b'] C [a,b), [ag,br) C (ap,bg), k=1,2,..., nve-
eM:
o0
[a, '] < (J (@}, br)-
k=1
B cuny nemwmbr lefitne—bBopesis n3 6€CKOHEYHOTO MOKPBITHS 3aMKHY-
Toro npomexyrka [a,b’] orkpoireivu (ay,by), k=1,2,..., Mox#O
M3BJIEYb KOHEYHOE ITOAIIOKPLITHE (az,s, br,),s=1,2,...,p:
P
[av b/] - U(a;C 7bks)
s=1
Torma n
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Orciona, yunrsiBast onpesenerne fi([a, b)) (em. (7.2.3)), moayaaem:

p [e%¢}
w(la, b)) < Z aks bi,)) < Z ([ag, br))
s=1 k=1

uu (B TepMunax GyHKimun pacrnpeenenus F(x))

< (F(br) = Flap)).

k=1

I3 nociiefiHero HEpaBeHCTBA, C yderoM BbIOOpa Touek b u aj

(cm. (7.2.5) u (7.2.6)), momygaem:

nJjim

A TOCKOJIBKY € TIPOUBBOJIBHO, TO

F(b) = Fa) < Y (F(by) = Flay)).,

nJjim

ITO BMECTe C HEPABEHCTBOM IIPOTHBOIOIOKHOIO cMbIcia (cum. (7.2.4))
et

Wrak, KoHEYHO-aIUTUBHAS (PYHKIIUS [, ONPEIeSeHHAsT HA aJj-
rebpe 2, ABJIIETCA CUETHOAIUTUBHOI (Ha 2L), MO3TOMY B CHJTY T€O-
pembl KapaTeomopu oHa MOXKeT OBITH MTPOIO/IKEHA ¢ aareOps A Ha

o-anre6py o(2A) = B! u mpuToM eauHCTBEHHBIM 06pPA3OM.
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®yuknug pacnpegenennsa F(x) u mocTpoennoe mo mei pacmpe-
nenenne (Mepa) [t CBS3aHBI COOTHOIIEHTEM

p(la, b)) = F(b) — F(a).

Hamnee, ecqim F' — BepoaTHOCTHAsS (DYHKITUS DPACIPETeIeHUs
(F(4+00) =1, F(—00) = 0), To COOTBETCTBYIONIEE PACTIPE/IETIECHAE [
apisercs sepostoctubiv (u(RY) = 1), Ieitcrurensno, mycrs

an 4 —00, by T +o00 npu n — oo, Torga

oo

R = | J[an, bn),

n=1

npudeMm [an, by) C [an+1, bnt1). Bocnonbs3osasimucs cBoiicTBOM Hempe-
PBIBHOCTH MepPBI, IMeeM:

[e.9]

p(RY) = p U [an, bn) | = h};n:u([anvbn)) =

n=1
= lim(F (by) — F(an)) = F(+00) — F(=00) = 1.

TeMm caMbIM TeopeMa IOJTHOCTBIO JOKA3aHa.

[Toctpoennoe B Teopeme no F'(x) pacmupenesnenue GyaeM Ha3bI-
BaTh paCHpeIeseHrueM, COOTBETCTBYIOMUM (DYyHKIUU PaClpeieste-
nus F(z).

ITocTpoenue pacupenenenust Ha R” mo dpyHKIINNU pacrpe-
nenennsi. Kak ma R ncxoqubivm JanHbIME [Tt 3a1aHusT PACIIPe-
JACJIEHUA ABJIAIOTCA 3HAYEHUA PaClipeaesieHud F Ha TTPOMEZKYTKaX
[a,b), 3amaBaemble ¢ moMoIIbi0 (byHKIWMH pacupesenenus F(z) na
R!, rak npu nocrpoennu pacupegesenns F na R™, nexoqusiMu jaH-
HBIMP SIBJIAIOTCA 3HAYEHUs PACIPEJe/IeHIs Ha Mapaslie/enuesax
[a1,b1) X [ag,b2) X ... X [an, by), 3amaBaemble dbyHkImEdl pacTpe;e-
neaust F(xy,29,...,2,) na R™.

Omnpenenenne. Qynryuel pacnpedesenus wa R™ Oymem Hazbi-
BaTh HEOTPUIIATENLHYIO Orpanndennyto pyuknuto F(x1, o, ..., x,),
YIAOBJIETBOPSIONLYIO YCJIOBUAM:

1) F(z1,x2,...,T,) HEyObIBAOMIAs [0 KaXKJIOH epeMeHHOi;

2) F(z1,22,...,Ty,) HEIPEPHIBHA CJI€BA IO KAXK IO EPEMEHHOI];

3) A}l A%Q ce A?nF(J'Il,LUQ, cee ,l‘n) > 0,

rue Ik‘ = [aka bk): ap < bk7 a A];kg(‘rlax?v SRR TR 7'1"71) A (byHK_
O g OoIIpeae/ideTCd KaK Pa3HOCTb

g(x1y .y by ) —g(T1, ey ).
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Teopema (o mocrpoennu pacupenesenust Ha R™). Qynx-
wusa pacnpedeaenus F(x1,xo, ..., x,) na R™ eduncmeennvim obpa-
30M 3adaem Ha o-anzebpe bopesescrur muosicecms B" pacnpedene-
nue F, npuuwem max, wmo

F(I1 x Iy x ... x I,) = Ap, A}, .. A} F(21,29,...,2).

Pacupenenenne F wa B" crpourcst ciaeayrommm odpaszom. 3Ha-
uenus F Ha napasuiesnenunegax

A:Il X Iy x...x I, (Ik: [ak,bk), k= 1,2,...,n)
OIIpeae/IdrTCd paBeHCTBOM
F(A) = A}l Ai ... A?HF(xl,xg, ceeyTp),

m

Ha KOHEeYHbIX obbenunenusax |J A; Hemepecekaonmxcs mapaJsiese-
i=1
muneios Ag, Ao, ..., Ay, (06pasyromumx anre6py ) paBeHCTBOM

(00) - S

=1

Tak omnpenenennas xa aarebpe A pyukiua mao)KecTBa F aBisgercs
pacipeie/ieHueM, TTPUIEM

F(Il X Iy X ... X In) :A}l Ai...A?HF(xl,l’Q,...,:L'n).

C anre6psr A wa o-anrebpy o(2) = B" pacnpenenenne F npomo-
JKaeTcd ¢ moMombio TeopeMbl Kapareomopu.

IIpumep. Hycmov F(x) — dynxyus pacnpedeaenus, moscoec-
meenno pashas nocmoannol c. Ilocmpoums no F(x) mepy (pacnpe-
denenue) L.

Pemenwne. Cormacao Teopeme 7.2.2 Ha MpOMEXKYTKaX [a, b)

w([a,b)) = F(b) — F(a) =c—c=0.

[TosToMYy j4 paBHA HYJIIO M JIIS KazKJ0TO MHOXKECTBaA U3 aareOpsl A,
00pa30BAHHON KOHEYHBIME O0LEIMHEHAAMHI HEIIEPECEKAIOMINIXCA TPO-
MEXKYTKOB BUJA [a;, b;). I mockombky 2 mopoxaer o-anre6py Bl
TO B CHIy TeopeMbl Kapareomopm ji MOXKHO TPOJIOTAKUTL ¢ 2
na Bl
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C Apyroii CTOPOHLL, mycTh 1 — Mepa Ha B, ToxK 1ecTBenHO paB-
nag mymo, T. e. i’ (B) = 0 ma xaxgom B € B!, B wacTnocrn, n ma
Kaxk1oM B’ u3 anre6pnr 2, 06pa3zoBaHHOil KOHCIHBIMU 00HE/IMHEHN-
SIMH HEIePEeCEeKAIOIUXCsl IIPOMEXKYTKOB Buaa |a;, b;). Torma B cumy
e/IMHCTBEHHOCTH 1IPOJIOJIZKEHUsST MEPBI € aaredpbl Ha o-aaredpy (cum.
teopemy 7.1.2), = g, IlosTomy Mepa, cOOTBETCTBYIOMAS (DYHKITHN
pacnpenesennst F'(x) = ¢, TOXK/ECTBEHHO PABHA HYJIIO.

DyHKINA pacripedesieHus JAHHOTO pachpejesjeHus. [1o
yHKIIMKT pacrnpeeeHnst BCeraa MOYXKHO TOCTPOWTH Pacrpeeie-
uue. CrpaBe/yinBO U 0OpaTHOE: KaXKIOMY PaCIpe/IeIEHII0 COOTBET-
cTByeT (PYHKIIUST PACIPEICTICHIS.

Teopema 7.2.3. ITycmv Q — sepoammuocmmuoe pacnpedenerue
na RY. @ynmyua mowsu Q(x), onpedeaennas pasencmsom

Q(z) = Q((—o0, z)),

ABAAECMCA 6epoAMHOCTNOT PYHKUUEl pacnpedesenus, npu Mom
Q([a,b)) = Q(b) — Q(a),
Q({zo}) = Q0 +0) — Q(xo — 0).

Hokazarenbcrso. Cravana ybeaumcs, aro Q(x) obramaer
BCeMU CBOCTBAMU BEPOATHOCTHON (PyHKIMU PaCIpPEe/IeHus .
@Oyuxnus Q(z) HEOTPUIIATEBHA 1O OMPEIETECHUIO:

Q(z) = Q((—o0, z)).
Hanee, eciim x1 < x2, T0 (—00, 1) C (—00,z2). [Tosromy

Q1) = Q((=00,21)) < Q((=00,22)) = Q(x2),

T. e. Q(x) — MoHOTOHHO HeyObIBatOmasa MOyHKIUI.
Henpepoierocts Q(x) cieBa cieyer u3 HENPEPLIBHOCTH Pac-
npeJeJIeHns Ha, MOHOTOHHO BO3PACTAOIIEH MOC/IE0BATETHHOCTH

o0
MHOKeCTR: ecn T, T2, To |J (—o0,xy,) = (—00, ), mosTomy
n=1

Q) = Q(—00,2)) = @ (U <_oo,xn)> _

n=1

= lim Q((—o0,z,)) = lim Q(z,),

n—o0 n—oo
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Q(z) = lim Q(zy).

znTx

Pasencrsa Q(—00) = 0, Q(+00) = 1 caeayior u3 CBOCTB HEnpe-
PBIBHOCTH pacrpejiesiennss Q Ha MOHOTOHHBIX TOC/IEIOBATETHHOC-

oo
TAX MHOXKECTB U COoOTHOmmenuit [ (—oo,zy,) = 0 mpu z, | —oo,
- n=1
U (7oovxn) = (*OO,+OO) npn Tp T +00.
n=1

© Tak uro Q(z) = Q((—00,x)) aBastercst ByHKIHEH pactpesese-
T Laee, e a < b, 1o (—00,a) C (—00,b) u
[a,b) = (—00,b) \ (~00, a),
109 TOMY
Q([a,0)) = Q((—00,b)) — Q((—0,a)) = Q(b) — Q(a).

Ocrajock 10Ka3aTh, 9TO

Q({zo}) = Q(zo +0) — Q(z0 — 0).

OueBuHO,
~ 1 1
{zo} = ﬂ [Il«“o ot n) )
n=1
npuyeM MHOXKeCTBa [T —1/n,z0+1/n),n =1,2,..., obpasyior mo-

HOTOHHO yOBIBAIOIIYIO 1TOC/IeI0BATENLHOCTD. [ToaTOMY B cnity cBOii-
CTBa HENPEPBIBHOCTU pacIpejle/IeHd

Q({ao}h) = Q <ﬁ 20— 200+ ;)) _

n=1

Zling <[$0—;,$0+i>> =
o)D)

= Q20 +0) — Q(xo — 0).
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Omnpenenenune. Qynryuets pacnpedesetnus AGHHO20 GEPOAMHOC-
mmozo0 pacnpedeaenua (BepogrHocTHON Meprl) Q ma R! Gymem ma-
3pBaTh yskImo Toukn Q(r), onpenenennyio Ha R! pasencrsom

Q(z) = Q((—00, z)).

Pacnpenenenne u ero dbyHKINIO pacupeme/ieHns, Kak MTPABUIIO,
0003HAYTAIOT OHON 1 TOM 2Ke OyKBOIi.

Teopema. Meowcdy cemeticmeom 8ePOATMHOCTIHOLT PYHKUUTL pac-
npedesenuti F(x) na R u kaaccom sepoammocmmois pacnpedenenu
1 CYWecmBsyem 63aUMHO 0OHOZHAYHOE COOMBEMCMEUE, NPUYEM Ma-
Koe, umo o pynkyuu pacnpedeserus F(x) u coomsememeyrowezo
eti pacnpedeerus (L UMeem Mecmo PageHcmeo

u(la,b)) = F(b) - F(a).

Hoxazarenbctro. Kaxmoii BepoaTHOCTHON (DYHKIUU pac-
npegesienns F(z) nocrasum B COOTBETCTBHE BEPOATHOCTHOE PACIPE-
JIeJTIeHne (1, KoTopoe crpoutcs o F'(x) cormacuo Teopeme 7.2.2, mpu

. u([a.b) = F(b) — Fla).

Y6eauMcst, 9TO 9TO COOTBETCTBUE MEXKJY BEPOATHOCTHBIMU (DYHK-
[USIMA PACTIPEJIEIEHUS U BEPOSITHOCTHBIMU PACTIPEIEIEHUSIMY B3a-
MMHO OJIHO3HAYHOE.

Pa3.HI/ILIH])IM BEPOATHOCTHBIM (byHKHI/IﬂM pacupegesiennd CTaBAT-
Cd B COOTBETCTBHE PA3JINYHBIC BEPOATHOCTHBIE DACIIPEaC/ICHUA. EC—
mu dynkumam pacupegenennsa F(x) nu G(x) mocrasieHo B cOOTBET-
CTBHE OJHO U TO ke pacupegesenune (i, To F(z) = G(z). B camom
Jiesie, Jiist JI000TO MPOMEXKYTKA, [Ty, T)

G(z) = G(xn) = ullzn, ) = F(z) — F(xn).
Orcioma, mepexofist K Tpejiey Tpu Ty | —00, mMoTydaeM
G(x) = p((—o0, 7)) = F(z).

Ocraioch 3aMeTUTh, 9TO § KaXKJ0r0 BEPOSTHOCTHOTO PACIIPE/Ie-
Jienus (i cyrectByeT (pyHKIms pacnpegesnennsa G(x), KoTopoit pac-
mpeJiesieHne (L CTABUTCSA B COOTBETCTBUE; 9Ta (DYHKIUS pacrpe/iesie-
HUS ONPEJIEIAETCS PABEHCTBOM

G(x) = p((—00, 7).

Mepa Jle6era. ITycrs [a,b) — mpom3BOIBHbI TPOMEKYTOK
ma R!. Yepes SB[la b) obozHaunM o-ajaredpy OOpeIeBCKUX MHOXKECTB
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suma BN[a,b), B € B! (’B[lmb) — o-anrebpa 6OpeIeBCKIX MHOKECTB
npomexxyrka [a,b)).
Omnpegenny na R dymrkmmo pacnpenenenns F(z):

F(z)={ z—a, ecma<z <b; (7.2.7)

b—a, ecmmz>0b

{ 0, ecma ¢ < q;

(em. Takske puc. 7.2.1). Kak n kaxmag (byHKIUS paCIpeieeHus,
F(x) 3amaer ma B! mexoropoe pacmpenenenue (mepy) p. B uact-
HOCTH, 9Ta Mepa OKa3bIBAETCsI ONpEJe/IeHHON Ha o-aarebpe ’B[la by

[IOCKOJIbKY %%a n C Bl Oynkmua pacnpeserenns F(z) u mocTpo-
b
€HHasl 110 Hell Mepa U CBA3aHbl COOTHOIIIECHUEM

p([d, b)) = F(¥) = F(a').

Ha [a, ) dyuxius pacnpenenenus F'(x) paBHa T — a, TIOITOMY JJIst
npomexyTtkos [a’, V') C [a,b)

u(la, b)) =F@®)—F(d)=0b —d.
Tak 9T0 /st MepbI, IOCTPOEHHOI 110 (DyHKIMHU pacupeaeterus F(z),

3a/1anHoi paeHcTBOM (7.2.7), €e 3HaUeHNe Ha KazKJIOM IPOMEKY TKe
[a’, V) u3 [a,b) coBnanaer ¢ gmunoit ' — o’ mpomexyrka [a’,b').

F(x)
b—a

0 a b T
Puc. 7.2.1: T'padux byuxnun F(z)
Onpenenenne. Mepy, 3a1annyio Ha o-aaredpe %[la’b), BHAUEHWE

KOTOpO# Ha Kaxkaom mpomexxytke [a',b) C [a,b) coBnamaer ¢ ero
NJIUHOM, Gy7ieM Ha3bBaTh Mmepoti Jlebeza na |a, b).
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Onpegnenenne. Mepy L, 3ananmyio Ha o-aare6pe B!, 3navenne
KOTOPOIi Ha KaxKJ0M IPOMEXYTKE [a,b) coBmasaer ¢ ero jajmHoii:

L([a,b)) = b—a,

6yaeM HasbBaTh Mepoti Jlebeza na R,

Mepa Jlebera na mpsmoii crpountca Tak. [Ipeacrasum npsamyio RY
+o00
Beuge R' = |J [n,n+1). Yepes u, obozmaunm mepy JleGera ua
n=—oo
npomeskytie [n,n+ 1), n € Z. JTanee, onpegernm na B! byrkmmo
MHOZKECTBA CJIEJIYIOIIUM PABEHCTBOM:

+oo
L(B)= > un(BN[n,n+1)), Be B

n=—oo

@Dyuxius L meoTpunaresbua u CHETHO-aIMTUBHA, (CUETHAS a1~

THUBHOCTD L ciienyer u3 cueTHON a I IUTUBHOCTH (i, Ha ’B[ln " +1)). Tem
b

cambiM Ha B! 3amana Mepa L, mprdeM 0 MOCTPOEHHIO /I8 11060r0

NPOMEKYTKa [a, b)

L([a,b)) = b — a.

Mepa Jle6era (bynxmmst MrOKecTBa, 3a1aHHas Ha Bl) spisercs
0606ITIeHreM JTMHBI, B TOM CMBICJIE, 9TO 3HAYEHNE MEPBI Ha KAXKOM
MPOMEKYTKE COBIIAIAET C €ro JJINHOMA.

IIpumep. Hatimu mepy Jlebeza mmooicecmsa uppayuonasbvhbis
wucen npomescymea [0;1).

Pemenwue. Cuauana naiisem mepy Jlebera muoxecrsa Qo)
panroHaIbHBIX duces npomexyTka [0;1).

Qo;1) MOXKHO TIpesicTaBuTh Tak: Qo1 = U{r}, rme {r} — ox-
HOTOUETHOE MHOKECTBO, COCTOSIIIEE U3 OHOTO PAIIHOHAIBHOIO THC-
na r. Mepa JleGera MHOXKeCTBa {7} paBHA HYJIIO:

i) =t () [ 1)) e ([ 1)) =it o

n=1

ITosromy

L(Qo:1y) =L U {r} Z LH{r}) = Z 0=0,

rel0;1) rel0;1) rel0;1)
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L(Qp;1)) = L([0;1)) = L(Qp;1)) = L.

Omnpenenenne. Mepa L, 3ajannas na o-anrebpe B2, 3Hadenue
KOTOPOIl Ha KayKJIOM NPsAMOYroJibHUKe [a1,b1) X [ag, b2) coBnasaer
C ero ILIOMAILIO:

L([a1,b1) x [az,b2)) = (b2 — a2)(b1 — a1),

HazpIBaercss mepoti Jebeza ma R,
Onpeaenenne. Mepa L, 3agannas na o-anredbpe 2B, 3Havenne
KOTOPOIl Ha KaxXJ0M IIapaJliejelliilele

[al,bl) X [ag,bz) X ... X [an,bn)

COBIIQIa€T C €ro 00bLEMOM:

n

L(lar,b1) x [az,b2) X ... X [an, bp)) = [ [(bi — @),
=1

Has3bIBaeTCs mepoti Jlebeea na R™.

Iocrpoenne mepst Jlebera ma mrockoctn R?, 8 mpoctpancrse R?
7 JI000M KOHEIHOMEPHOM mpocTpaHcTBe R” aHAIOTMIHO TIOCTPOEe-
Huto Mephbl Jlebera Ha TPAMOIl.

Mepa Jlebera ma mIockocTn — 0bobIIeHMe TIOMAIN, Mepa Jle-
bera B mpocTpaHcTBe — 0000IeHne 00beMa.

Mepy Jlebera, kak mpaBuio, OymeMm 0bo3HadaTh depes L.

7.3 BepoaTHoCTHBIE pacnpegenesusi Ha R1

Onpeesienne. HeoTpumaTepayro mETerpapyeMyro hyHKImro
p(t) ma R! co 3mavenmamu B R! Taxyro, uro

R[ p(t)dt =1,

Oy/IeM Ha3bIBATH NAOMHOCTLI0 1o R

'31ech Moz METErpasoM MOHMMAETCS MHTErpaj B cMbicie Puvana, B obiiem
cnyudae — B cmbiciie JleGera (cum. i 9).
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Onpepenenne. HeoTpunaTeabHYI0 THTETPUPYEMYIO (DYHKITHIO
p(t1,ta, ..., t,) 5a R™ co 3madenmavu B R! Taxyro, uro

/p(t17t27 cee 7tn)d(t17t2)' . 7tn) = 17
R”

OyaeM Ha3BIBATDL NAOMHOCTBI0 Ha R™,

[InoTHOCTH SIBNIATOTCS YIOOHBIM CPEJICTBOM JIjisl 3aj[aHUsI BEpO-
ATHOCTHBIX PACTIPE/Ie/IeHNT, TOCKOIBKY KayK1ast MIOTHOCTE p(t) 3a-
gaer MYyHKIUIO PACIPe/Ie/IeHIS:

T

F(z)= /p(t)dt, z e R

—0o0

a MOCJIEJIHsIsT — PACIPE/IEICHNUE.
Jlamee mpUBOAATCS HANOOJIEe TaCTO BCTPEIAIOIITNECS BEPOSITHOCT-

HbIE pacrpeenenus na R, 3a/aBaeMble IOTHOCTSIMA.
1. HopmasbHoe pacnpenesenue. Hopmasvrum pacnpedese-

nuem ¢ napamempamu (a;c?) (N, o2 -pacnpedeneruem, 2ayccoscrum

pacnpedesenuem) HA3BIBAIOT BEPOSATHOCTHOE PACIIPEIEICHHE, 32,12
BaeMoe TIJIOTHOCTBIO

p(z) = \/2;7%13{—(1;2_;)2}-

p(x)

4 2 0 2 4 z

Puc. 7.3.1: T'paduk mioTHOCTH HOPMAJILHOTO
¢ mapamerpamu (0; 1) pacnpegenenns
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Yoeaumcsa B KOPPEKTHOCTH omrpeaeaeHusd. /[ 3Toro mposepuw,
qTO0

o, ¢]
r—a)?
p(x)dr = /exp{ }da:zl.
/ @) V2ro? 202
—00
[ostoxwus £ o & — ¢, nosyunm:
? )2 7 2
1 Tr—a 1 t
P / exp{ 5,7 }dm v / exp {—2} dt.
—0o0
Ob6o3naganm
o0
2
/ exp {—2} dt = 2A,
—00

TOTIa

rae B = {(u,v) :u € [0,00),v € [0,00)}.
st BEIMUCTIEHWST TTOCTEHEr0 WHTErPaJia BOCIIOIb3yeMCs 3aMe-
HOI u = 7 Cos @, v = 7sin . [Toayunm:
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rae C = {(p,7r): ¢ €[0,7/2], r € [0,00)}. Orcriona

[e.9]

2
2A = / exp{—2} dt =2m

—00

(mocIe AW MATErPAT M3BECTEH TIO/T HA3BAHWEM MHTErpaia Jirepa
ITyaccona).

2. Tamma-pacnpenenenue. lavmma-dyuxnus ['(v), v > 0, onpe-
JIeJISIETCsl PABEHCTBOM

I'(v) = /:L‘”_le_xd:v.
0

MuTerpupyst 110 9acTsiM, OJLyYaeM:
I'v)=w-1I'(v-1),

B wacrHocTH, st n = 1,2, ... umeem I['(n) = (n — 1)!

Onpenenenune. [amma-pacnpedesenuem ¢ napamerpavu (v;6)
v > 0,60 > 0 (pacupenenernem G,.g) HA3LIBAETCS BEPOSTHOCTHOE
pacmpeseeHue, 3aaBaeMoe INIOTHOCTHIO

p(x) =

%x”_l exp{—0z}, ecmm x > 0;
0, ecm x < 0.

Ornpejiesienne KOppeKTHO, TaK Kak

o0

0" .1 -6
= v Ydr = 1.
/p(:c)dx /P(V):c e dx
0

—0o0
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p(T)

0 4 8

Puc. 7.3.2: I'paduk mroraocTn
raMMa-pacIpe/iesieans, v > 1

OmnpejessemMble aqee IOKa3aTe bHOe, DPIaHra, X2 pacipee-
JIEHUS SIBJISTIOTCS YACTHBIME CAYIagMU TaMMa-PaCIIpeIeIeHIs.

IMokazarenbHoe pacnpenesienne. [loxazamensvrovim pacnpe-
deaenuem ¢ mapamerpom 0, 0 > 0, HA3LIBACTCA BEPOATHOCTHOE PAC-
npeJIeieHne, 33/ [aBaeMOe TJI0OTHOCTHIO

() = { O exp{—0x}, ecom x > 0;

0, ecm ¢ < 0.
[TokazarenbHOE PACHPE/IEIEHNE SBIISETCS FAMMa-PACIIPE/IeJIeHUEM
¢ napamerpamu (1;0) (pacupenenenuem Gy.p).
p(z)
1 N

0 2.5 5 X

Puc. 7.3.3: I'paduk mioTHOCTH MOKA3ATETHHOTO
pacmpenesenns, 6§ = 1
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Pacnpenenenne Dpaaura. Pacnpedesenuem Ipaaneza ¢ mapa-
merpamu (m;0), 8 > 0,m € N, maspiBaercsa pacupejenenne, 3a/1a-
BaeMOE€ ILJIOTHOCTHIO

p(r) = %xmq exp{—0zx}, ecim x > 0;
0, ecan x < 0.

Pacnpenenenne Dpiiamra sBJIseTCs raMMa-PACIPeIeTeHIeM C Ta-
pamerpamu (m;0) (pacupenenenneMm Gy,.g).

X2-pacnpenenenue. x2-pacnpedeenuem ¢ n CTENEHSIME CBO-
60/1bI HA3BIBAETCST PACIPE/IE/ICHIE, 33/1aBAeMOe IIJIOTHOCTHIO

)"
p(z) = F2<nx"/2—1 exp {—%x} , ecau x > 0;

2
0, ecmn ¢ < 0.

Y2-pacmpeieienne sBISETCS TAMMa-PACIIPE/IeTEHIEM C TIApaAMeT-
pamu (n/2;1/2) (pacnpemenennenm Gy, /.1 /2)-

3. /IBycTopoHHee ToOKa3aTeJIbHOE paciipejesienue. /J[ey-
CMOPOHHUM NOKA3AMEALHbIM  pacnpedeseruem ¢ IapaMeTpoM 0,
6 > 0, OymeMm HA3LIBATH paCIpeieeHne, 3a1aBaeM0oe TIIOTHOCTHIO

p(z) = § exp{~6la]}.

Pacnpenenenne Jlarmtaca. Pacnpedeaenuem Jlanaaca c napa-
merpamu (6,b), 0 > 0, GyieM Ha3BIBATH PACIpPE/Ie/IeHne, 3a1aBaeMOe
IJTIOTHOCTBIO

p(x) = & exp{~0lz — b},

Pacnpenenenune Jlamiaca — 9710 CABUHYTOE JIBYCTOPOHHEE ITOKA-
3aTeNbHOE PACTIPereeHue.

4. PaBHOoMepHOe pacripejiesenne. Pastnomephvim pacnpede-
senuem Ha npoMexxyTke [a,b] (pacupenenenuem Ugyp) HassiBaercs
BEPOSITHOCTHOE PACIIPeieIeH e, 3a[aBaeMOe IOTHOCTHIO

1 , ecmu x € [a,b];
a

6, ecmu x ¢ [a,b].

plz) =4 b
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p(x)
0.25

0 4 T

Puc. 7.3.4: I'paduk mioTHOCTH paBHOMEPHOTO HA
npomexxyrke [0; 4] pacupenenenus

[I10THOCTH pABHOMEPHOTO Ha MPOMEXKYTKe [a, b] pacupeeienus
yIOOHO 3alNCHIBATH B BUJIE

1
p(z) = ml[a,b] (7).

6. Pacnpenesnenune Koiuu. Pacnpedesernuem Kowwu c mapa-
merpamu (a;b), a > 0 (pacupegenennem C,p) HasbIBaeTCS pacipe-
JleJIGHUE, 33/[aBAEMO€ ILIOTHOCTHIO

p(x) =

Jlerko ybeauThCsi B KOPPEKTHOCTHU OIPE/IEIEHIS.
Pacnpedenenuem Kowu c mapamerpom a, ¢ > 0, Ha3bIBaeTCH
pacmpenenenne Cg.0, €M0 MIOTHOCTD

1 e
ma?+ (z—b)2%

1 a
S
p(x)
0 4 8 T

Puc. 7.3.5: T'padwk maoTHOCTH pacrpemeaeHnst
Komm
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5. Bera-pacnpegeJienue. Bema-pacnpedeaenuem ¢ mapamMer-
pamu (u;v), p > 0, v > 0, Oysem Ha3bIBATH AGCOIIOTHO HENPEPHIB-
HOe pacipe/ie/ieHne, 3a/1aBaeMoe LI0THOCTBIO

B (a) = %x“_l(l — )" ecm z € (0,1);
. 7 0, ecrm 2€(0,1),

1
/#‘ll—tylﬁ
0

7. Jlorapudmuieckn HopMaJbHOE pacupejejieHue. Jloza-
puPMuecku HOPMaILHLLM pacnpedesenuem ¢ TTapaMeTpaMu (fi; o2)
HA3bIBAETCS BEPOATHOCTHOE PACIIPE/eIeHNe, 33/[aBaeMOe IIJI0THOC-
TBHIO

1 (Inz — p)* .
pla) = JIro%n exp{— 952 , ecam x > 0;
0, ecin x < 0.

Bamernm, 910

71 lnx—u)2 17 t2
— — = — _— f— 1
o 0/33 { g2 }dl’ o / exp{ 5 }dt

(BBIUHMC/ISST MHTErPAJI, BOCIOIB30BAINCH 3aMenoit (Inx — p)/o =1t).

8. Pacnpenenenue Ilapero. Pacnpedesenuem Ilapemo c ma-
pamerpamu (A;0), A > 0, 0 > 2, Ha3pIBa€TCsl BEPOATHOCTHOE PAC-
npejiesienne, 331aBaeMOoe TLIOTHOCTHIO

N )
p($) _ F, ecan x > A;
0, ecim x < .
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7.4 T'eomeTpudeckue BepOATHOCTU

3/1eCh MBI TIOCTPOMM MATEMATUYECKYTO MOJIETb CTOXACTHIECKOTO
9KCIIEPUMEHTA, COCTOSIIETO B OPOCAHNN HAY/IaTy TOYKN B MHOZKECT-
Bo B u3 R", manpumep, ma orpesox [a,b] C R!, B npsmoyroms-
"uK [ay,b1] X [az,b] C R? B mapammenermmmesn [a1,b1] X [ag, ba] X
x[az,b3] C R® u 1. a1 HaburomaeMbiMu COBBITHAME TAKHX CTOXA-
CTUYECKUX IKCIIEPUMEHTOB SBJISAIOTCH CODBITHS BUJIA “TOYKA 1TOTIAJIA
B mpomexyTok [a',b'] C [a,b]”, “rouka momana B MPAMOYTOJILHUK
[a}, V)] % [ab,bh] C [a1,b1] X [a2,be]” m T. ;. VI3 ombITa M3BECTHO,
4To npu GpocaHuy HayJady? TOYKM Ha OTPE30K [a,b] wacrtora eé
nonaanus B npoMexkyTok [a’, V'] C [a,b] 6imska k

(' —a')/(b—a) =L(la",])/L([a, }]),

npu 6pocaHnn Hayjady TOYKM B MHOXKecTBO B = [a1,bi] X [ag, ba]
qacToTa €€ NomalaHus B mpsaMoyronbHuk B’ = [a},b]] x [a), bb)
(B’ C B) 6amska

() — ai)(by — a1)/ (b1 — a1)(b2 — a1) = L(B')/L(B)

U T. ., T71e, Kak o0brano, L(-) — mepa Jle6era. ITosromy misa croxa-
CTUYECKOTO 9KCIEPUMEHTa, COCTOSIIEr0 B OPOCAHUYN HAY/Iady TOYKU
B MHO)kecTBO B m3 R™ (0 < L(B) < 00), B KauecTBe MPOCTPAH-
CTBa 9JIEMEHTAPHBIX CO6BITI/II‘/JI €CTEeCTBEHHO PaCCMOTPETH MHOXKECTBO
B € 8", B KauecTBe o-aaredpnl cOObITHI — 0-aaredpy B’y bopeses-

cKux MoaMHOKeCTB B (ona obpasosana muOKecTBaMu Buja BN A,

2CroxacTHUeCKIIT SKCIEPHMEHT, COCTOSTINA B 6POCAHNN HAYIATY TOUKH, CKa-
xeM, Ha oTpe3ok [0; 1] MoxkHO peanm3oBaTh, HATpAMEP, TaK. VI3 Tab Al Cry-

galHBIX aHcesT Beioupaem auciao abed (0HO MoxkeT GbITh 1 “nimHEee”) B TOYKY HA
otpeske [0; 1] ¢ xoopaumaroit a-107 4+b-1072 +¢-107°4d-10™* paccmarpusaem
B KaueCTBE MCXO0/Ia CTOXACTUIECKOTO IKCIIEPUMEHTA.

DTOT CTOXACTUYECKUIN IKCIIEPUMEHT MOYKHO Peajm30BaTh u Tak. llocmaesmo-
BaTEJILHO HE3ABUCUMBIM 00Pa30oM moAOpacChIBaeM CHMMETPHUYHYIO MOHeTY. Bri-
masenne Tepba obozuauaem depes 1, pemerku uepes — 0. Ilycts k mpumepy,
MOHETY TOAGPACHIBAEM HUETHIPE pa3a (MOXKHO MOAOPACHIBATH W GOJIBIIEE TUCTO
pas) m 1101 — pesymbraT nombpaceiBarmii MoreThl. Touky Ha orpeske [0;1] ¢
koopmumaTon 1-2714+1.272 40273 4+ 127" MoxHO paccMarpuBaTh Kak
HCXOJT CTOXAaCTUIECKOT0 YKCIIEPUMEHTA, COCTOSINEro B OPOCAHIH HAY ATy TOIKH
Ha orpesok [0;1].

Crenyer oTMeTuTh, ITO (PAKTHUUECKN MBI MOAEJUPYEM HUCKPETHOE IpHUO/In-
JKEHUE PABHOMEPHOI'O PACIIpeesIeHus.
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A € B8"), a BepoaTHOCTH Ha B €CTECTBEHHO 33/aTh PABEHCTBOM

_ Lo
PO = Lpy (7.4.1)

BepositHOCTS, Onpeenennyto pasencTsom (7.4.1), HA3BIBAIOT 2€0-
MEMPUYECKOT, 6EPOAMHOCTHIO.

Jlasiee B cii0Ba “TOUKy Haymady OPOCAIOT B MHOXKECTBO B” MbI Oy-
JeM BKJIaJIbIBaTh BIIOJTHE KOHKPETHOE COJEP2KaHne: 6pOH_IeHHaH TOY-
Ka MOZKET IONAaCThb B JiI060e moMHokecTBo B’ (Gopesesckoe) MHO-
’KecTBa B 1 BepogTHOCTL monaganusa B B’ C B mpomopruonaibHa
ero mepe Jlebera L(B’). @opMaibHO 3TO 03HAYAET, YTO B KAYECTBE
MATEeMaTHIECKOW MOJENN CTOXAaCTUIECKOTO IKCIEPUMEHTA, COCTOSI-
mmero B 6pocanuu Hayaady TOYKA B MHOXKeCTBO B m3 R mbr Oyaem
PaCCMaTpUBATh BEPOSTHOCTHOE HpoctpancTso { B, B, P}, rme P —
reoMeTprudecKasd BepOATHOCTH Ha ‘B.

IIpumep 7.4.1 (3apmaya Broddbona). ILiockocmv pasepad-
AEHG NAPAANENDHOMU NPAMBMY, OMCMOAUUMY OpY2 om dpyea Ha
paccmosanuu 2a. Ha naockocmsv naydawy® 6pocatom ueay daunoti 21
(21 < 2a). Hatlimu 6epoammocmb mozo, 4mo Uzaa NEPeceuem Ka-
KY10-Hubydo npamyo.

Pemenue. Obo3HaunM Uepes & pacCTOSTHUE OT CEPEIUHBI UI-
JIBI 10 Buinekaiditeil mpsiMoil, 4epe3 ¢ — yToJi, COCTaBJIEHHBIN UIJION
¢ mpsmoii (¢ GyaeM OTKJIaIbIBaTh IPOTUB YaCOBOI CTPEJIKU OT Ha-
NPaBJIEHKs] UTJIBbI JI0 HAIIPABJIEHUS PAMOM, ¢M. puc. 7.4.1).

Torma uryia Ha TIOCKOCTH, Pa3rpadIeHHOM TAPAJIIeTEHBIMIE TIPS
MBIMH, 3a/Ia€T YIOpsIoYeHHyto napy ugucen (o,x), ¢ € [0,
x € ]0,al]. Ta xe mapa unucen (@, ) 3a1aeT HA KOOPAMHATHON MI0C-
KOCTU , T TOYKY C KOOpauHaTamu (@, ), NPUHAJIEKAILYIO MPsi-
moyrosbauky B = [0, 7] x [0,a] (cm. puc. 7.4.2). I obparHO: Kaxk-
Jlast TOYKa M3 NPAMOYTobHUKA B onpeaenser napy uucen (¢, x),
a BMecCTe C 9TO¥ 1mapoil 1 MoJIOKEHWe UTJILI 110 OTHOIIEHNIO K TTapaJl-
JIEJTHHBIM TIPSIMBIM Ha, TI0cKocTH. [losToMy Gpocamme Haymady UriIbl
JUTHHOM 2] Ha TTOCKOCTD, pasrpadIeHHYO TapasieJbHBIMA TPIMbI-
MM, OTCTOSIIUMHY JPYT OT APYTa HA PACCTOSIHUN 2, W PETUCTPAIIHS
€ee 10JIOKEHUS 110 OTHOIIEHUIO K MPSMbIM DABHOCHJIbHBI OPOCAHUIO
Hayady TOYKM B npsiMoyroibiuk B = [0, 7] x [0, a] (cm. puc. 7.4.2).

3B 3anaue oBopor “Haynady Gpocaror uruy” o3HauaeT ciejpyiomee: 1° cepe-
JWHa, WryIbl (TOYKA) PAaBHOMEPHO DACTIPEIEIeHa Ha OTPE3Ke JJIMHOH 2a, Tep-
HEHAMKYJISPHOM [APAJJIeJbHBIM IPsAMbIM; 2° yros ¢, o0pa30BaHHbBIA HIJIOH ¢
MAPAJIEIbHBIMEA TIPAMBIME, PACIIPEIEICH PABHOMEPHO Ha mpoMmexyTke [0, 7];
3° cirydaifHBIe BEJIMMWHBI & — PACCTOSHUE OT MEHTPA UTIIBL 10 Gvskaiiimel npa-
MO — U (p ABJSAIOTCH HE3aBUCUMBIMHU (CM. IVL 8).
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MaTremMaTIH9IecKoil ¥Ke MOJEIBbI0 CTOXaCTHIECKOTO IKCIIEPUMEHTA, CO-
CTOAIIEr0 B OPOCAHNM HAY/A4uy TOYKK B IPAMOYTOJIbHUK B, siBjisier-

cst BeposiTHOCTHOE TipocTpancTso { B, B%, P}, re B = [0, 7] x [0, a],
‘B2B — o-anrebpa HOpeNeBCKUX MHOXKECTB mpocTpancTsa B, P —
reOMeTPUIECKas BEPOSATHOCTD Ha By,

90;: ['sin ¢

M\

2a

Puc. 7.4.1: Urna ma pazrpadaeHHON MI0CKOCTH

x =1Isinp

Puc. 7.4.2: K 3anaque Broddona

Urna mepecekaer MpsiMyi0 TOTJA U TOJBLKO TOTJA, KOTJIA 0 W
x cBs3aHbl cooTHOmennem < [sing (cm. puc. 7.4.1) waum, uro
TO Ke, OpomteHHas B npsMoyrosbauk B = [0, 7] x [0, a] Touka mo-
majlaeT B 06J1aCTh, OTPAHWYEHHYIO KpUBOH = = [siny u ocbio Op
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(cM. puc. 7.4.2). I mockobKyY TOUKa Gpocaercs HayIady, TO MCKO-
Masd BEPOATHOCTDH BBIYUC/IACTCA KaK I'reOMeTpruYeCKasd BEePOATHOCTD,
T. €.

1] 2l
p:/lsincpdnp:
am
0

aT

WuTepecro, 910 TOMYyYEHHOE COOTHOIIEHWE MOXKHO WMCIOIB30-
BaTh JIJId SKCIIEPUMEHTAJIBHOIO OIpPE/Ie/IeHUs YUC/Ia 7.

[Ipenmosnoxkum, 4To uria 6poIeHa Ha ILJIOCKOCTb N pa3 U MyCThb
m — YUCJI0 TIepecevdeHuit uribl ¢ npsiMoii. [Ipu 6osbmom n vacrora
m/n cobbITus “Uria mepeceveT MpsaMyo’ GIM3KA K ero BEPOSITHOC-
W P, T. €. BBIIIOJIHACTCA COOTHOIIICHUE

~
~

)

21 m
ar  n

OTKY/da TTOJIyda€eM:

7.5 lIpsMoe nmpou3BeaeHNE BEPOATHOCTHBIX
MPOCTPAHCTB

Paccmorpum mapy HE3aBHCHMBIX CTOXACTUYIECKUX SKCIEPUMEH-
TOB — CTOXACTUYECKUH IKCIEPUMEHT 1° M CTOXaCTHIeCKUil IKCIe-
pumMeHT 2°) ONUCHIBAEMBIX COOTBETCTBEHHO BEPOATHOCTHBIME IIPO-
CTPAHCTBAMHU {Q(l),g(l), P(l)} u {Q(Q),S(Q), P(z)}, a BMeCTe C HU-
MU CTOXACTHIECKUH IKCIEPUMEHT, COCTOATINI B TIPOBEICHIN TTAPHI
HE3aBHCHUMBIX CTOXACTHYECKUX dKcmepuMerToB 1° u 2°. IlocTponm
BEPOSITHOCTHOE MPOCTPAHCTBO ITOTO CTOXACTHIECKOTO SKCTIEPUMEH-
Ta

B kadecrBe mpocTpaHCTBA, 3JIEMEHTApPHBIX COOBITHI Maphbl CTO-
XaCTUIECKUX IKCIIEPUMEHTOB €CTECTBEHHO PACCMOTPETH JIEKAPTO-
Bo mpomssezenne ) = QU x Q2 — yHOKECTBO yHOpsIOMEHHDBIX
map w = (w(l),w(2)), w® e QW w® e O® g kauecrse o-an-
rebpbl cobbITHl — o-aaredpy, MOPOK/IEHHYIO “MPAMOYTO/IbHIKAMI
AWM x A®) (A € FW AR € §2)). D1y o-anrebpy Gymem 0603Ha-
JaTh 8’(1) X 3(2) 1 HA3BIBATH [IPOM3BEICHUEM O-aaredp 3(1) n 3(2).
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Jlaee, KOJb CKOPO CTOXACTUYECKIE SKCIIepUMeHTRI 1° u 2° Hesa-

BUCHMBI, BeposiTHOCTH Ha o-aureope F=F1) x F2) weobxoanmo 3a-
JIATh TaK, YTOOBI COOBITHS CTOXACTHIECKOTO SKCIepuMenTa 1° u cro-
XaCTUYIECKOro dKCrepuMenTa 2° 6buin He3aBucuMbl. (OKa3biBaeTCH,

9TO TaK ONPE/EJUTh BEPOSITHOCTH Ha, o-ajaredpe U x 2 moxno
n, 60jiee TOro, eJMHCTBEHHBIM 00Pa30M.
Teopema (0 mnpom3BeaeHUM BepoOsATHOCTEH). [Tycmo

{Q(l),S(l), P(l)} U {9(2),3(2), P(Q)} — 8ePOAMHOCMHDBLE NPOCNPAH-
cmea. Cywecmsyem, u npumom edurncmeertad, sepoamuocms P,
3a0annas Ha o-aszebpe § = S(l) X 3(2) noommoocecms € =
=W x Q@ makas, wmo

p (Aa) “ A<2>> _p) (Au)) p® (A<2>> (7.5.1)

ona mobwz AL € S(l), AR e 52

(Be3 mokaszarenncrsa.)

Beposrrocts P(-), 3asannyio na o-anrebpe § = §1 x 2 pa-
sercrBoM (7.5.1) 6yaem obosmauars PU) x P?) u mazears npous-
gedenuem sepoammuocmeti P u PR

Bepositnoctroe  mpocrpanctso {2, F, P}, mocrpoennoe 1o
{Q(l),g(l),P(l)} n {9(2),3(2),P(2)} TaK, KaK 3TO OTMHWCAHO B TEO-
peMe, Ha3LIBAETCS NPAMbLM NPOU3EEICHUEM BEPOATHOCTHBIX IPO-
CTPAHCTB {Q(l),S(l), P(l)} n {9(2),3(2), P(Q)}.

AnasoruaHeiM 06pa30M OIPEIENISIeTCs IPSMOe IIPOU3BEIEHIe N
BEPOATHOCTHBIX MPOCTPAHCTB.

HezaBucumocTb coObITHII 1 IPsIMOE IIPOU3BeIeHIEe BEPO-
SATHOCTHBIX TPocTpaHcTB. COOLITHSA CTOXACTUIECKOTO IKCIEPH-

MeHTa 1° MOXKHO ONUCHIBATH HE TOJBKO MHOKECTBAMU W3
o-anre6per § V), wo n MHO}KeCTBaMI/I u3 o-aaredpol U x 53, eii-

CTBHTEIBHO, 0603HaUNM depes §1) o- aﬂre6py LII/I.HI/IH,Z[pI/I‘{eCKI/IX MHO-
xecets B ) x Q) ¢ ocnopanuavu 8 Q). B ) onng HO,Z[MHO—
xecrsa 13 Q1) x Q@) pupa AD x QO ), e A ¢ 3’ . dcno,
9TO @(1) - 8’(1) X 3(2). Me:xnay o-aarebpamun 3(1) n 5 yCTAHAB-
J'[I/IBaeTCH eCTeCTBeHHoe B3aMMHO OJHO3HAYHOE COOTBETCTBUE: KarK-
nomy A e §) crapures B cOOTBETCTBHE MHIMHIPHIECKOE MHO-
KECTBO A(l) = AD x Q@ uz O ¢ ocuopanmem AD . Iosro-
My mumEaprdecknvn muoxkectsamn AL = AL x Q@) yoxno
OIKCHIBATL COOBITUS CTOXACTUUECKOrO SKCIEPHMEHTa, 1° 3 a MMEHHO

AL = AM) %« 0@ ¢ 1) % @) onucpsaer cobprrre AL € F),
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AHAJIOTHYHO ONpEIeNsieTcs o-aarebpa §2) i yeTaHaBIHBACTCS
B3aMMHO 0/HO3HAYHOE COOTBETCTBHE Mex1y §2 n §2).

Bepositaocrs P ma o-amrebpe ) x §? onpenenena xak mpo-
m3pesenne seposrrocreit P i P?) (ea. (7.5.1)) mostomy

p (Au)) _p (Au) « ch)) —p (A(l)) P® (g@)) -

_ p() (Aa)) 1 =pWd (Au)) '

Amnajsiormuno

p ( A(z)) — p® ( A@)) ,

Teopema. ITyemwv {Q,F,P} — npamoe npouseedenue eeposm-
HOCMHYIET MPOCTNPAHCMNE {Q(l),g(l),P(I)} U {9(2),3(2),P(2)}, mo-
2da daa mobwz AV € U 4 A® e F@ cobumus AV u A ysz
3 x §@ nesasucumm 6 {Q,F, P}.

JleficTBUTEIBHO,

P (;1(1) A A(z)) _p ((A(n » Q<2>) n (Q(n x A<2>)) -

_p (Aa) » A<2>> —_ p) (Au)) e (A<2>> _p (;1(1)) P (A@)) '

BepositnocTroe npoctpanctso {€2, §, P} saBnsercs maremarnaec-
KOI MOJTEJTBIO TTAPhI HE3ABUCHMBIX CTOXACTUIECKNX IKCIIEPUMEHTOB.
B TakoMm BEpOSITHOCTHOM TPOCTPAHCTBE COOBITHS, CBSI3AHHBIE C ITEP-
BBIM CTOXACTUYIECKUM SKCIIEPUMEHTOM U CO BTOPBIM, BCETIa HE3aBU-
CUMBI.

IIpumep. Croxacruyeckuii skcrepuMenT 1° cocrour B oadopa-
CHIBQHWUU CUMMETPUYHONW MOHETHI M PETUCTPAINN YNC/Ia, BHITIABITNX

rep6oB, OMHCBIBAETCA BepoaTHoCTHEIM mpoctpanctsom § Q1) P,
rae QW = {0,1}, PM(G) = 1/2, i = 0,1. Croxacruueckuii 9Kc-
nepuMeHT 2° COCTOUT B MOAOPACHIBAHUY CUMMETPUYHON MIPATHHOMN
KOCTH ¥ PErUCTPAIAN TIHC/IA BBIIABIINX OYKOB, OLICBIBAETCS BEPO-

SITHOCTHBIM TTPOCTPAHCTBOM {9(2),P(2)}, e Q3 = {1,2,...,6},
P@(j) = 1/6, j = 1,2,...,6. Tlapa He3aBUCHMBIX CTOXACTHUE-
CKHX 3KCIepHMEHTOB 1° m 2° OIUCBIBAETCH BEPOATHOCTHBIM IIPO-
crpancrtsoM {Q, P}, te Q = Q1 x Q@) P = PO x P?) | nonpo6-
mee, ) cocrour m3 map (i,j), ¢ = 0,1;5 = 1,2,...,6; P(i,5) =
=PWG) x PA(5) = (1/2) - (1/6) = 1/12,i=0,1;5 = 1,2,...,6
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7.6 Ilpumepsl u 3aaa4n

IIpumepnl

IIpumep 7.6.1. Ha ompesox [0; 1] naydawy 6pocarom napy mo-
wek. Briuucaums 6epoAMHOCTIIL MO20, 4MO PACCTNOAHUE MENCIY HU-
mu menvwe 1/2.

Pemenue. Touku Gyzem cUuTaTh pasinauMbIMU (HATIPAMED,
OHU OKpAIlleHbl B pa3Hble 1BeTa). IlycTh & 1 § — KOOPMHATHI STUX
TOYEK.

Ha orpeske [0; 1] ynmopsimouenHoit mape To4ex ¢ KOOpAMHATAME
T U Yy COOTBeTCTBYeT oaHa Touka B kBaspare [0; 1] x [0; 1] ¢ koopau-
naramu (z,y) n maobopor. [TosTomy Gpocanme Hayaqy mapbl TOYEK
na orpe3ok [0; 1] paBHOCHILHO BPOCAHUIO HAYIATY OJHONW TOYKU B
ksagpar [0; 1] x [0; 1]. IIpu srom mapam Touek Ha orpeske [0; 1], mis
KOTOPBIX paccrosiiue Menbie 1/2 (v e. |y — x| < 1/2), coorser-
CTBYeT MHOXKECTBO TOUeK (,y) kBagpara [0; 1] x [0; 1], koopauHaThI
KOTOPBIX YJIOBJIETBOPAIOT COOTHOMERNIO |y — x| < 1/2, m mao6opor.
O0603HAaYNM 9TO MHOXKECTBO 4epe3 A:

A={(v,y) € [0;1] x [0;1] : |y —z[ < 1/2} =

={(z,y) €[0,1] x [0,1] :z—1/2 <y <x+1/2}

(cm. puc. 7.6.1, MHOKECTBO A 3aIITPIXOBAHO).

BepositHocTh TOro, UTO paccrogHmE MeEXKJy OPOIIEHHBIMU Ha-
yaady #a orpe3ok [0; 1| roukamu Gyger menbme 1/2; paBaa BeposT-
HOCTH TIOTIATAHNS TOYKU OPOIIeHHON Hayaady B kBajapar [0; 1] x[0; 1]
B MHO2KECTBO A.

1/2

172 1 =z

Puc. 7.6.1: K npumepy 7.6.1
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MareMaTn9IecKoil MOJIENbI0 CTOXACTHIECKOTO SKCIEPUMEHTA, CO-
crosiniero B Opocanun Haygaady Touku B kBagpar [0;1] x [0; 1], sas-
JifeTca BepoaTHOCTHOE mpocTpancTso {B,B%, P}, rae B = [0;1]x
x[0;1], BL — kiacc (o-anrebpa) GOPETEBCKIX MOJAMHOKECTE KBa/I-
para [0;1] x [0;1], P — reomerpuueckas BeposTHOCTL Ha B%. Ilo-
TOMY

L(4) _3/4_3

(= ="T=1

IMpumep 7.6.2. Cmeporcenv daunoti 1 naydauy passamviearom
HA MPU wacmu. Buuuciums 6epoammnocms mozo, 4mo u3 o6paso-
BAGUIUTCA HACTNET MONCHO TOCMPOUMb MPEY2ONDHUK.

Pemenue. Crepxkens minHoit 1 y100HO MHTEPIPETUPOBATH KaK
orpe3ok [0;1] ma koopauHaTHON TpaMoil. PaznmaMbiBaTh OTpe30K
[0;1] ma Tpm wacTu Oymem Tak: OPOCMM Hayjady Ha OTPE30K JIBE
TOYKW W PA3JIOMAEM €ro B 3TUX TOYKAX (TOYKU OYJIeM CIMTATH Pa3-
JITIUMBIMU, UX KOOPAWHATEI 0603Ha9MM T,y ). [Ipm 3Tom 06pazosa-
JIOCh TPU OTpe3Ka: Kpaituuil jeswiit (qymuoit min{z,y}), cpepnuit
(nnuuoil | — y|), kpaitauit npassiit (gmunoit 1 — max{x,y}). 3 mo-
JIY9EHHBIX OTPE3KOB MOXKHO MOCTPOUTEH TPEYTOJBHUK, €C/N JIJINHA
KayKJOTO M3 HUX MEHBINE CYMMBI JIJTUH JPYTHUX:

min{z, y} < |z — | + (1 - max{z, y});
|z —y| < min{z, y} + (1 — max{z, y}); (7.6.1)
1 —max{z,y} < min{z,y} + |z — y|.

Bpocanue naper Touek na orpesok [0; 1] paBrocuibao Gpocanuio
onmuoit roukn B kBagpar [0; 1] x [0; 1] (cm. Takxke npumep 7.6.1). [Ipu
9TOM apam Touek Ha orpeske [0; 1], KoopMHATH KOTOPHIX yI0BIe-
TBOpAIOT HepaseHcTBaM (7.6.1), cooTBeTCTBYIOT TOuKM (Z,y) KBAJI-
pata [0; 1] x [0; 1], KoOpAMHATBI KOTOPBIX YIOBJIETBOPSIOT TEM K€ CO-
ornonreausiv. O603HaIMM 3TO MHOKECTBO Touek uepe3 A (cum. Tax-
XKe puc. 7.6.2, mHOKecTBO A 3amrpuxoBano). Ero yno6Ho mpezcra-
BUTL B BUJIE:

A=An{(z,y) <y} U{(z,y):z>y}) =
=AN{(z.y):e<yhHuAn{(z,y) x> y}) =
={(z,y):x<1/2, x+1/2>y, y>1/2}U
U{(z,y):y<1/2, x—1/2<y, z>1/2}.
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[TosToMy BBIUMCTIEHNE BEPOATHOCTH TTOCTPOEHUS TPEYTOILHUKA U3
qacTen OTPE3Ka CBOAUTCA K BBIYHUCJICHUIO BEPOATHOCTU ITOIIAJaHUA
toukn, Gpomennoii B ksajgpar [0;1] x [0;1], B muHOx)ecTBO A (CM.
puc. 7.6.2). I mockopKy TOUKY 6pPOCAOT Haygady, TO MCKOMas Be-
POATHOCTD BBIYUCIACTCA KaK reOMeTpruieCKad BePOATHOCTb:

- L(A) - 1/4 1
"W <o T T T

172

1/2 1
Puc. 7.6.2: K npumepy 7.6.2

Ipumep 7.6.3. Ha oxpyoicnocmu Haydauy 6wviduparom mpu
mowku. Kaxosa eepoammnocms mozo, 4mo mpeyzosoHuK ¢ 6ePULU-
HAMU 68 IMUT MOYKAT 0CTPOY20NLHbIT?

Pemenue. Ilpu sr060M 1mOBOpOTE OKPYKHOCTH BEPOATHOCTH
COOBITHS “TPEYTOJIbHUK OCTPOYTOJIbHBIN OCTAETCH HEM3MEHHOM!, 110~
3TOMY MOXKHO CUMTATh, 9TO n3 Tpex Beprmmu A, B, C' omna, nanpu-
mep C, purcuposana. [IBe qpyrue BeIOUpaioT Haytady. Bymem 3ama-
BaTh MOJIOXKeHus Touek A u B orHocuTenbHo Toukn C' BeTMInHAMK
ayr CA = aun CB = f (cm. puc. 7.6.3 0TKIaIbIBasg WX MPOTHUB
JIBUDKEHUST 9aCOBOM CTPEJIKM, JAyru OyjeM W3MepsiTh B pajdaHaX.
Tpeyronbauk ABC' ocrpoyronbubiii (npu o < ), ecim Kaxas u3
ayr CA=a,AB = — «a, BC =21 —  menbIie 7, T. €.

B>a a<m B—a<m, B>m, (7.6.2)

nm (nipu B < o) kaxgas u3z gyr CB = 3, BA=a—f,CA = 21—«
MEeHBIIIE T, T. €.

b<a B<m a—B<m a>m. (7.6.3)
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Hanee, ynopsiaouennoit mape uncen (o, 3), 0 < a < 2w, 0 < 5 < 27w
COOTBETCTBYeT O/Ha TouKa KBajpata [0, 27] X [0, 27] Ha miockocTu ¢
ocssmu Oam O 1 Hao60poT. A cjieI0BaTEIBLHO, MHOKECTBY IYT &, O,
KOTODPBIE YIOBJETBOPSIOT OAHOMY 3 ycaoswii: (7.6.2) umn (7.6.3),
COOTBETCTBYeT MHOXKECTBO Touek Kpazpara [0, 27| x [0, 27], xoop-
JIMHATBI KOTOPBIX YIOBJETBOPAIOT OHOMY 13 ycaoBuii: (7.6.2) win
(7.6.3). DTO MHOXKECTBO TOUEK KBaJpaTa HMeeT BH/], AHAJOTHIHbII
n3o0bpakeHHoMy Ha puc. 7.6.2.

Uckomas BEpOATHOCTH paBHA M _1
P P (2m)? 4

A

2n—P
Puc. 7.6.3: K nmpumepy 7.6.3

3agaun

7.1. IIycrs A — anrebpa muoxkecTs Ha R, sjnemenramu koropoit
ABJIAIOTCA KOHEYHBIEC O6'beﬂI/IHeHI/ISI HEEPECEKAIOMNXCA TPOMEZKYT-
koB Bua [a,b); a,b € R, a u b moryr npunnmars 3nauenns +oo,
—o00. Hokazarb, uro o-aiarebpa, HopoxKjaeHHas aaredbpoi A, saBis-
ercst o-asrebpoii GopesieBCcKux MHOKecTB Ha R

Ykazauue. Cum. mpumep 7.2.1.

7.2. Ilycrs B! — o-anrebpa Gopesnescknx MuOxkecTB Ha R
B — npousBobHOe, HO GUKCHPOBAHHOE MHOKecTBO 13 Bl. O603Ha-
amM gepes B 5 k1ace MuokecTs Bua BNA, rie A € B, Jlokazars,
qTO %}3 SIBIISIETCST 0-aaredpoii.

IIpumewganue. Honomrenune bepercst 10 MHOXKECTBA B.

7.3. Ha orpesok [—2;2| maymaqy Gpocator mapy Todek. IlycTs
T — KOOpJAWHATa OJHOI, y — apyroi#i. HaiiTu BepoaTHOCTH TaKUX
COOBITHIA:
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Dx+lzf=y+yl; 8) (v—22)(y+2z) > 0;

2) z —|z| =y — |yl; )(Iw|+|y\—1)(lx\+!y|—2)SO;

3) [y] = [=]; 10) [z =1 +[y—1 <1

4) [y] = —[z]; 11) (y —z)(y+2—2) > 0;

5) [yl = [z —1J; 12) ([y] = [=]))({y} — {z}) > 0;

6) {y} <{z} 13) (z —signz)? + (y —signy)? < 1;
) 2|+ Jy| < 1; 14) |z — signz| + |y —signy| < 1;
15) (\w—llﬂy—ll—1)(\w—1\+\y—1\—2)<0

16) ((z — signz)? + (y — signy)? — 1)(Jx — sign |+
+|y —signy| — 1) < 0.

Bruech [a] — menas wacTh umcaa a, {a} = a — [a] — npobuas
qaCThb 4ucjia a.

Otreersi: 1) 1/4; 2)1/4; 3)1/4; 4)3/16; 5)3/16; 6)1/2; 7)1/8;
8)1/4; 9)3/8; 10)1/8; 11)1/2; 12)5/8; 13)w/4; 14)1/2; 15)1/4;
16) (m — 2)/4.

7.4. Ha orpeske [—1; 1] maymauy Boibupator ase touku. IlycTh
P W ¢ — KOOPAWHATHI 9TUX TO4UeK. HaiiTm BEpOSTHOCTH TOrO, UTO
KBaJpaTHOE ypaBHEHUE 22 +pr+q=0: 1) mmeer JeiicTBUTETHHBIE
KODHH; 2) He UMeeT JeHCTBUTEIbHBIX KOPHEI.

Otser: 13/24, 11/24.

7.5. Ha orpesok mHaymady OpoCaiOT TPy TOYKM OIHY 3a JAPYTOii.
KakoBa BeposiTHOCTH TOTO, UTO TPEThs MO CUETY TOUYKA OKAZKETCST
MEXKIY TBYMS TEPBBIMU!

Otser: 1/3.

7.6. Ha orpeske [0;1] nociegoBaresbHo ciydaitHbIM 00pa3oM
BeIOUpAIOT Tpu uncyia. KakoBa BEPOSITHOCTH TOTO, UTO:

1) BBIGpAHHOE MOCJIEHUM YHUCI0 HAnbOIbITIeE;

2) uncaa Uy T B NOPS/KE BO3PACTAHMSA !

Otsersi: 1)1/3; 2)1/6.

7.7. OTpe3ok pasjiejieH HA Tpu paBHble dacTu. KakoBa Bepo-
SITHOCTH TOTO, YTO TPU TOYKH, HAYJAady OpOIIEHHBIE HA OTPE30K,
TOMAAYT B TPU PA3HBIE YACTHU?!

7.8. Ha okpyzknocTr Hay/a4dy BeIOpanbl Tpu TOYKU. Beraucants
BEPOATHOCTb TOI'O, 9YTO B TPEYTOJIbHUKE C BEPIIIUHAMU B ITUX TOY-
KaX:

1) mveerca yros, menbmmuii 30°;

2) Bce yruibl Gosbnre 30°;

3) mmeerca yroa 90°.

Otrserni: 1)3/4; 2)1/4.

7.9. Ha orpesok [0,nd], pasbureii Toukamu kd, k =
=0,1,...,n, Ha YaCcTH, HAY/Iady OPOCAIOT OTPE3OK CAYUANHON JIH-
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HBI. BEIYUCINTE BEPOITHOCTH TOTO, UYTO OTPE3OK “HAKPOET’ OIHY U3
TOYEK JIeJIEHUs, €CJU ero JJimHa 1° pacupezenena paBHOMEPHO HA
[0, d], 2° pacnpenenena pasnomepno Ha [0,1] (0 <1 < d).

7.9.* Ha okpyxkHocTH Haymady sblbupaior Toukm: A, B,C,D.
Beraucants BeposaTHOCTH TOro, uto oTpeskun AC n BD mnepeceka-
IOTCS.

Ykaszanue. 3adpukcupyem ogay n3 todek, nanpumep, A. To-
rIa MOJIOKEHWe APYTuX MOXKHO ormcarh gyramu AB, AC, AD, or-
JIOYKEHHBIMU [IPOTUB JIBUKEHUS] YACOBOI CTPEJIKH.

Otser: 1/3.

7.10. YTobb! coOpaTh MAPUKOIOMIINIHNAK, paguyc R BHemHe-
ro KOJIbIIA, PaJuyC T BHYTPEHHEr0 KOJIbIA W JAuaMeTp d Imapuka
JIOJIZKHBI YIOBJIETBOPATH YCJIOBUAM

0<R—-r—d<é.

[Ipennonoxum, uro R, r,d — He3aBUCUMBbIE U PABHOMEPHO Pac-
LPeJIeJIeHHbIE COOTBETCTBEHHO Ha oTpeskax [50,0; 51,0], [40,0; 41,0],
[9,5; 10,0] ciyuaiifble BeJTUIUHBL.

HaiiTi BEpOSTHOCTH TOrO, YTO IIAPUKOMOIIIUIIHUK OyIeT Co-
6pam, ecm 6 = 0, 5.

7.11. /IBa cyana [0OJKHBI TOA0HTH K OHOMY Ipryasty. Momen-
TBI IPUXO/IA CY/AEeH K TPUYaIy — HE3aBUCUMBbIE COOBITHUSI, PABHOBO3-
MO?KHBIE B TE€UYEHNE CYTOK. HaﬁTI/I BEPOATHOCTH TOT'O, 9TO OTHOMY U3
CyJleH HPUJIETCH YKJIAaTh OCBOOOKEHUS MPUYA/Ia, €CJIU BpPeMs CTO-
STHKH [IePBOTO Cy/IHa (CyaHa HOMep 1) — ojiuH Jac, a BToporo (cy/IHa
HOMeED 2) — JiBa 4aca.

‘Bacunren. H. B. Teomerputeckme pepostHoctn // Krant. — 1991. — N 1,
c. 47-53.
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Ciydaiinas BeJim4umHa
11 e€ pacrpejejeHne

8.1 CuaydvaiiHasg BeJINMINHA

IIpoobpas3br muoxkectB. HamomuuMm omnpejiesenne mpoobdpasa
MHOXKecTBa. Ilyctb X m Y — mpomsBoJIbHBIE MHOXKECTBA;
f — orobpazkenne X B Y, crapsinee B COOTBETCTBHUE KAXKIOMY JI€-
menty & € X snemenr y € Y, koropsiii Oygem obosnavars f(z)
(f:z—y=f(z)).

IIpoobpasom muoxkectBa B, B C Y, upu orobpakennn f 6y-
JIEM HA3bIBATH COBOKYITHOCTH TOUYEK & MHOXKECTBA, X, JJIs KOTOPBIX
f(z) € B. O6oznauaercss npoobpas3 MHOKeCTBa B 1pu oTobpaxe-
mmm f cuvsosom fH(B).

Ilycte By, A € A, — ceMeiicTBO IOIMHOXKECTB MHOXKECTBa, Y
NmeroT MecTo caeyroriue JErkKo MpoBepsieMble COOTHOIIEHUSI:

f_l(LAJBA> :LAJf_l(B,\)v
fl(QBA) =117,

f=(B) = f"1(B).

Cay4aiiHas BesimuMHa Kak (PYHKIMS Ha IMIPOCTPAHCTBE
3JIeMEHTApPHBIX cOObITHIi. PaccmarpnBas cToXacTHYeCKUe SKCIe-
puMenHTHhI ¢ ncxogamu B R™ (cayvaifible BETMYIMHBI), MBI TPUANLIA K
JBYM MX MaTeMaTudeckum mogessam (cm. maparpad 5.1 ri. 5):

209
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1° BeposiTHOCTHOMY pactpesenenuto Ha R™;

2° pysknun co 3HaveHusiMu B R™, 3aJaHHO#l HA TPOCTPAHCTBE
3JIEMEHTAPHBIX COOBITHUI () HEKOTOPOTO BEPOSITHOCTHOTO TTPOCTPAH-
crea {,§,P}

Boo6muie rosops, me mobas dynkmms £ = {(w) ma ) moxer pac-
CMaTPUBATHCA KaK MOJE/Ib CAydaitHoit Beanunnbl. [IpuBegem coob-
payKeHus, KOTOPble MOTHBHUPYIOT OTDAHUYEHUs Ha (DYHKIHIO
¢ = &(w), 3amannyio Ha ) BeposTHOCTHOrO TipocTpancTsa {€2, §, P},
no3BosIstionMe paccmarpuBarh { = £(w) B KaUecTBe MaTeMaTHYec-
KO MOJIe/IN CTOXaCTUIECKOTO SKCIepuMeHTa ¢ ucxogamu B R™,

[TepBBIit BOMPOC, BO3HUKAIOIIANA TP U3yIEHUH CTOXACTUIECKIX
skcrepumenTos ¢ ucxogamu £ B R™: “KakoBa BeposiTHOCTH TOMma-
Janusg £ B JIAaHHOE MHOXKECTBO B, HanpuMep, B Napa/lie/IernuIe
[a1,b1] X [ag, b2] X. .. X [an, by] (B 0sHOMEPHOM CiIyYae — B TIPOMEXKY-
TOK [, b], B IByMEPHOM B IPSIMOYTOJIBHUK [a1, b1] X [az, b2])?” Ecan
MBI paccmarpuBaeM & Kak (ByHKIUMIO OT w, T. €. £ = {(w), w € Q,
T0 & monasiaer B B Toryia u TOJIBKO TOT/Ia, KOTJIa W MOHAIaeT B MHO-
xectBo {w : &(w) € B} = €71(B) m3 Q. U, caenoaTenbno, 9T06HI
MOXKHO OBLIO TOBOPUTH O BEpOATHOCTH Tonaganus & B B, MHOXKeCT-
Bo {w:&(w) € B} = ¢71(B) n0o/mKHO mpEHAITEKATL KIACCY TeX
MOAMHOKeCTB 13 ), Ha KOTOPOM 3aJ[aHa BEPOATHOCTD, T. €. JOJXKHO
npuHaIexkarh o-aaredpe §:

¢(B) €3.

Tak 4TO B KauecTBe MaTeMaTUIeCKOil MOJIeIN CTOXaCTHIECKOr0 IKC-
nepuMeHTa ¢ ucxojaMu B R™ eCTeCTBEHHO pacCMaTpUBATL TAKYIO
dbyurmmo £ = ¢(w) co 3nadennavu B R" Ha OPOCTPAHCTBE S/I€MEH-
TapHbIX coObITHIT ) BepositHOCTHOrO npoctpancrsa {2, §, P}, mia

KOTOPOM
(B e,

Ha JIOCTATOYHO IMIMPOKOM KJjiacce nojamuoxkects B u3 R™, comepxka-
IIeM, B 9aCTHOCTH, TIapaJliIeenumesnl (a1, by X [az, ba] X ... X [an, by]
(B OIHOMEDPHOM CJlydae — MPOMEXKYTKH |a, b], B 1ByMEpHOM — TIpsi-
MOYTOJNILHUKY [a1,b1] X [ag,bo]). Takue dynkuuu Mbl Gygem HA3HI-
BaTh C/IyYaUHbIMU BECJIMINHAMU.

Omnpenesenne. Cayualinol eesununoli co 3HadeHusivu B R”
Gysem maspiBarh dyukmuo § = {(w) = (&1(w), &(w), ..., &n(w))
co 3HaYeHHAMH B R", 3aJlaHHYI0 HA IPOCTPAHCTBE 3JEMEHTAPHBIX
cobbiTHit {2 BeposTHOCTHOTO TpocTpanctsa {2, §, P}, Takyio, uro
s Kaxxaoro B € B

¢'(B) ey (8.1.1)
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Ecau n > 1, To cayuaiinyio senmuanny & = {(w) = (&1 (w), &2(w),
., &n(w)) HABBIBAIOT MHOIOMEPHOI, €Cin 1 = 2 — JIBYMEPHO, eC/In
n =1 — omHOMepHO#i (CKAaJISPHON) WM MPOCTO CIydaliHOM BeJnIn-
HOIA.
Jl1g 9acTo BCTpevaromerocss OJHOMEPHOTO CIydas MMEEM.
Onpenenenne. Cayuaiinot 6eaunwunoti co 3nadenusvn B R! Gy-
nem HazwBaTh Gyrkmmo & = £(w) co 3Hauennavu B RY, 3amammyio
Ha MPOCTPAHCTBE 3JEMEHTAPHBIX COOBITHIT ) BEPOATHOCTHOTO TTPO-
crpancrsa {Q, §, P}, Takyto, uro mas kaxgoro maoxkectsa B € Bl

¢(B) €3

Pucynok 8.1.1 urocTpupyer omnpejeseHue Ciydaiinoit Bendu-
HbI €O 3HaueHnsaME B R,

Puc. 8.1.1: K ompenesennio cayJaiiHON BeJTMINHBI

B kauectse {2, §, P}, B wacTHOCTH, MOXKET paccMaTpUBATHCS U
{Rl, B, P}. JLJtst 9TOT0 9aCTHOTO, HO BAXKHOTO CJIydasi HMEeM.

Onpenesnenne. Bopeaesckoti cayqatinot eeaununoti (6openes-
ckoit dbyHkmeit) co 3navenusivu B R” GygeM HA3BIBATH (DYHKITHIO
& =¢w) = (&4(w),&(w),...,&(w)) co sravennavu B R™, 3aman-
HYIO0 Ha IIPOCTPAHCTBE 3jeMeHTapHbIX cobprrrii R! BeposTHOCTHOTO
IIPOCTPAHCTBA, {Rl, B P}, TaKyI0, 9TO Jjid Kaxjgoro B € B"

¢ YB) e B

Pucynox 8.1.2 mamtocTpupyer ompejesieane 60PEIeBCKOit CIry-
vaitnol Bemunnbl (GOpeseBcKoil yHKIMN) CO 3HAYEHUSIMU B ]Rl,
sayranaoi Ha R

Bameuanune 1. Cayuaitnas sesmamna & = £(w) — 310 QyHK-
nug co 3HadeHnaMn B R Ha IpOoCTpaHCTBE 3JeMEeHTAPHBIX COOBITHIIA
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Q) BepogrHocTHOTO ipocTpancTea {2, §, P}, 11st KoTopoit BBITOTHS-
ercsa coornomenwe (8.1.1). B ananmse Takme dbyHKINE HA3BIBAIOT
$-M3MEepUMBIMU WX U3MEPUMBIMUA OTHOCUTEJIHHO 0-aaredpsl 5.

SBameuanue 2. B ompegenennn ciaydaitHOil BeaUYUHBI £ =
= {(w), zagannoit ma {Q,F,P}, Beposraocts P nukak ne ywacr-
BYyeT, II09TOMY MOXKHO IOBOPUTH O CJaydYailHON Beln4ynHe, 3aJaHHOi
Ha m3MepuMoMm npocrpancTse {2, §}.

Bameuanne 3. B quckpeTHoM BEpOSTHOCTHOM MTPOCTPAHCTBE
{Q,P} ={Q,F,P} o-anrebpy cobbiTuii obpasyer o-anrebpa § Bcex
moaMHOXKeCTB mpoctpancTtea 2. Ilosromy ama mo6oit dyHKIMNT
¢ = &(w) co 3uavenusvu B R™, 3aann0it Ha quckpernom (2,

¢ YB)eF, Be®B™.

Taxk gro yobdasa dyuknusa co 3uaderusamy B R Ha qucKpeTHOM BEPO-
aTHOCTHOM mpocTpancTse {2, P} aBnisiercs ciyuaitnoit BeimanHoii.

Hamomuwmm, a0 caydaitHyo BeTUInHY, IPUHIMAIOINILYI0 He 6ojiee
9eM CUETHOE UMCJI0 3HAYEHUI, Ha3bIBAIOT JuCkpemHodl.

£ (B)es' .
(R'%8'}

Puc. 8.1.2: K omnpenenenuto 60pesieBCKOil CirydaitHoi
sesuunnbl (n =1, [ =1)

SamMedanue 0 TepMuuHOJAOTnHU. OOBITHO BMECTO “CITydaii-
Has BenunHa & 3aj@aHa Ha MPOCTPAHCTBE 3JIEMEHTAPHBIX COOBITHI
Q BepograOoCcTHOrO npocrpancraa {2, §, P}, ropopar “£ 3amana na
BepogrHocTHOM npocrpancree {€), §, P}

DKBUBAJIEHTHBIE OTIpEOeJIeHUS CJyYaiiHOll BeJIUYUHbBI.
Dyuxmua ¢ = &(w) co 3navenmsavm B R, 3amanmas #Ha mpOCT-
PAHCTBE 3JIEMEHTAPHBIX COOBITHI () BEPOSITHOCTHOTO MPOCTPAHCTBA
{Q,5,P}, aBaserca ciaydaitHON BeJMYMHOlN, €CoU JJIA KaXKJOTO
B € B" ero npoobpaz £ 1(B) npunajtexur o-amrebpe §. Ho
OKAa3BbIBAETCd, JJIs TOrO 4T00bl yoeauThest, uro dyukims § = &(w)
SIBJIETCS CAYIARHON BEIUYINHOMN, He 00sI3aTeTHHO MPOBEPSTH TPH-
najeskuocTh £ 1(B) o-anrebpe § mng Kaxgoro B m3 B, MOXKHO
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oboiTuCh “OoJiee y3KUM’ KJIaccoM moaMHOXKecTB w3 R™ — xipaccom
M mopoxkgaronumM o-aareopy B".

Jlemma 8.1.1 (o o-anreope £(F)). Hyems & = E(w) — Pynx-
yua co snavenuamu 6 R", zadannan na  usmepumozo npocmpan-
cmea {Q,F}. Kaace & nodmmnooicecme B us R™, daa womopou

¢'(B) €3,

obpazyem o -anzebpy.
HoxazaTenbcTro. [IpoBepum, uto & apasercss o-anredbpoii.
1. ycts B € &, 310 o3mauaer, aro £ (B) € §. Torma u

BeaG,

ITOCKOJTBKY o
EHB)=¢6(B) g
2. Ilycte By € G,k = 1,2,..., 970 paBHOCHIBLHO TOMY, HUTO
4By eF, k=1,2,... Tornau

o
UBkEG,
k=1

TIOCKOJIBKY

= (fj Bk> Uy es
k=1 k=1

Tak uro & siBisiercs: o-aaredbpoit. o-Anrebpy & ere obo3nada-
o1 £(F).

Teopema 8.1.1 /Jlas moeo wmobw, dynkyus & = {(w) co 3na-
wenuamu 6 R", sadannas na usmepumom npocmparcmee {0, §},
OvLAG CAYHATHOT 8eAUMUHOT, JOCTNAMOYUHO, HMObVL 04 MHOHCECTNE
B C R™ us xaacca M, nopoocdarowezo o-arzebpy B",

¢'(B) €.

Hokazareabcrso. Ilycrs & = {(w) — byukunsa na {Q,F}
co suauennsgMu B R™ Takast, uro s moaMuHOkecTB B C R"™ n3
kracca M, mopoxparomiero B, ux npoobpassr £ 1(B) mpumaie-
xar §. Ilokazkem, uto Torma £ 1(B) € § u axa muoxects B n3 B"
(nocnenmee Gyger o6o3navaTh, uro & = &(w) aBasiercs ciryvaiinoit
BEJITINHOIA ).
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Ob6ozuaunm uepez & kacc mogMHOXKecTB B mpoctpancTBa R”,
n1s Kotophix £ H(B) € § (cormacuo memve 8.1.1 xnace & apasercs
o-anrebpoit). [lamee, mo ycaosuio Teopembl mas Kaxkgoro B € I
ero mpoobpas £~ 1(B) € §, mosronmy

mcC 6.

OTcroma

B =0(M) CS
(c(M) C G, rak kax o(IM) — Hammenwimast o-aarebpa, CojEpKa-
mas M, a B" = ¢(M) no ycaosuio Teopemsl). V1 MOCKOIBKY KIace

& cocrour n3 taknx B, mrs xoropeix £1(B) € §, a B" C &, o,
B YACTHOCTH, 7151 Kaxkaoro B € B"

¢(B) €3.

[Tocnenmee, mo ompegenennio, o3nadaer, uro & = &(w) aBageTcs
caydyailHoil BeJIUYUHON.

B npuBegerHoOM ajiee CaeACTBUN TEPEINCIEHB HEKOTOPBIE KOH-
KPeTHbIE KJIACChI, YaCTO MCIO/Ib3yeMble B KadecTBe .

CuiencrBue (06 9KBUBAJIEHTHBIX ONPE/IEJIEHUX CJIydaii-
HOU BesiuauHbl). /aa mozo wmobw dynryus & = {(w) co s3na-

wenusmu 6 R, 3adannas na usmepumom npocmpancmee {0, T},
610 CAYHATHOT GEAUNUNOT, JOCMAMOYHO, YMObbL OAA MHONCECTNE

B us waacca M; uz npoobpasw £ (B) npunadaescaru F, i = 1,2,
., 8, ade
My = {(—00733), T € ]Rl}, Ny = {(—oo,$], T € Rl},

M3 = {(w,+oo), xE]Rl}, My = {[m,—i—oo), xERl},
Ms = {(a,b), a,b € R'}, Mg = {[a,b), a,b e R},
M7 = {(a,b], a,bGRI}, Mg = {[a,b], a,bGRI}.
JHoxazaTenbcTro. JJocTaTouHO 3aMEeTHTh, 9TO KarKIbIH 13

TEePEeINCIIEHHBIX KJIaCCOB TTOPOXKIaeT J—aﬂre6py 60peHeBCKI/IX MHO-
2KeCTB.
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8.2 @dyHKNUA OT CIydaiiHOI BeJIMYUHBI

Teopema. Henpepusnaa dynxyua ¢ = o(z) na Rl co snauenu-
amu 6 Rl aeasemea 6opeaescrot.

Hokazarenbcrso. Dyukius ¢ = p(r) na R menpeprisna,
MOSTOMY JIJIsl KayKJI0r0 OTKPBITOrO MHOYKECTBA, €ro mpoobpas — oT-
KPBITOE, & CJIe0OBATEHHO, U H0PEIeBCKOEe MHOKECTBO, B YACTHOCTH,
mpoobpaz ¢ ((a,b)) orkperroro mpomexyrtra (a,b) GopeneBckoe
mnozkectso. Knace M = {(a,b) : a,b € R'} orxpbiTbIx HpoMexyT-
koB Ha R! mopoxpaer o-amre6py Bl. Orciona B cuiy ciegcTBus
u3 reopembl 8.1.1 momygaem, uTo ¢ = () aBageTca GOPETEBCKOit
byuxnneit za R! co snadenmsavu B R,

VTBeprK IeHIe NMEeT MeCTO 1 Jisi Henpephbisroii na R! dbyrkimm
co 3HaueHnaMHu B R™: nenpepwenas dynsyua na R co snavenuamu
6 R™ saeasnemcs bopenescrot.

Tak uTo 6OpeneBCKUMH, K HpUMepy, SBIAI0TCH (PYHKIHH T,
z~, |z|, sinz, |z + y|, cos(z +y) + €7, e™.

Teopema 8.2.1 (o dyHKIMEU OT CciaydaiiHONl BeJIUYUHBI).
Iyemov € = €(w) — cayuatinas eesununa co 3navenuamu 6 R na
{05}, ¢ = o(x) — Gopeaescras dynwuyus co snavenuamu 6 R
na RY. Tozda dynryusn

na {Q,F} maxowce asasemesn cayuatinot seaununot (bopesescrasn
ynryus om cAYHatinot GEAUNUHDL — CAYMATHAA BEAUNUNE).

JoxkazaTeascTso. [Iycts B € B, [IpeacTaBuM MHOKECTBO
n~(B) B Buze

7 H(B) = {w:n(w) € B} = {w: p({(w)) € B} =

={w:éw) e 1 (B)} = e ' (B)).

Tak xKak ¢ — Gopenesckas dyuxmus, To ¢ (B) € B!, u no-
CKOMBKY & — cayuaitnas semmanna, 10 £ (¢ 1(B)) € §. Tak uro
n_l(B) € §. Ilociienree o onpeiesieHUIo 0603HATALT, ITO 1) — CJIIY-
qaiiHas BeTMIUHA.

3 Teopembl, B 9aCTHOCTH, CJIEIYET, 9TO €Cau & — ClydaiiHas
semmanna, To €7, €6 siné, €7 = max {£,0}, & = —min{¢,0},
|£] — TakKe ciaydaiiHble BeJUYUHbL.
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Crenyromast TeopemMa OMUCHIBAET MHOTOMEPHYIO CJIYUIANHYIO Be-

muanny & = (1,82, ...,&,) B repMunax ee komMnouenT &1,&a, .. ., &y.
Teopema 8.2.2. /Jlaa mozo wmobw dynxyus & = E(w) =
= (&1(w),&(w), ..., &n(w)) co snauenusmu 6 R™, sadannas na us-

mepumom npocmpancmee {Q, F}, bviaa cayuainot sesununol, neob-
L00UMO U JOCMAMOUHO, YMOOBL CAYUGTUHDIMU BEAUNUHAMU OBLAU €€

komnonenmos & = &(w),i = 1,2,...,n
Hokazareabcrso. Iycrs £ = {(w) = (&1(w),&(w),. ..
&n(w)) — cayuaitnas senmunna co 3Havenugvu B R™. Ilpesn-

CTaBUM MHOYKECTBO Ei_l(Bi), B; € B!, B BugE
& H(Bi) = {w: &(w) € Bi} =
={w: (& Ww),&W), ..., &-1(w), &i(w), §ir1(w), ..., &nlw)) € Ci} =

-1
e C; =R xR x -+ x R x B; x R x -+« x R, 11 rak xak C; —
6opeseBckoe muo)kecTBO B R a £ — cnyanHaS{ BeJINYMHA, CO 3Ha-
wemnamu B R”, 10 £71(C;) € S a, suasnt, u & L(B;) € §. TlosTomy

o OHpe,Z[e.}IeHI/IIO & — cayvaitmas BesmumHa cO 3HadYenmsME B R,
1=1,2,....n

ﬂanee HyCTb & = &i(w),i =1,2,...,n, — ciyuaiiuble BeUYIn-
uol Ha {€, §} co 3navenusivu B R u

§=EW) = (&(w),&(w), . &nlw))

dyuknusa co 3navenusgymu B R™. Ob6o3naunm depes3 I kaacc becko-
HEYHBIX UHTEPBAJIOB

Iotao,an = {(x1, 22, ..., 2p) 121 < a1, 22 < ag,...,Tn < ap}.

Kuace M, Bo-uepsbix, nopoxkjaer o-aiarebpy B" (B" = o(M)),
a BO-BTOPBIX

E Tayazan) = {w 1 (E1(w), &2(w), - -+, €0 (W) € Loy ag,..an } =
={w:&w) <a1,§&w) <a,....6(w) <a,} =

ﬂ{w fk <ak}€S.

[Tostomy B cmmy Teopemsr 8.1.1 dynkmua £ = (&1,&2, ..., &y,) aBag-
€TCs CJIYUIAHON BeTMYNHON co 3HaUeHuIMHu B R™.
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Teopema 8.2.3. IIycmv £1,&2, ..., — KoHeuwHblE CAYUATIHDIE
seaununv, co snavenuamu 6 R na {Q,F} u o = p(t1,ta, ... tn) —
Gopenescras Pynryus na R™ co snavenuamu ¢ R', mozda

n=1nw) =& (w), (W), (W)

ABAACTNCA CAYainol eeaununols (bopesescras Gynryus om cay-
YAGHDT BEAUNUN ABAAEMCHA CAYHATHOT BeAUNUNOT).
Hoxaszarenncrso. Tak kak dynkumn & = &;(w), i =1,2,...
.+, M, ABJIAIOTCS CTYIANHBIME BeTHIHHAMH CO 3HaUeHuaME B R1, 0
dbyurius £ = E(w) = (&1(w), &2(w), . .., &n(w)) co snavenusvu B R”
SIBJISIETCsI CJlydaifHoil Besimunuoi (co snadennsivn B R™).
Jns kaxgoro B € B! muoxkecTso

n(B) = {w:n(w) € B} = {w: p({(w)) € B} =

={w:éw) e (B)}

IPUHAIEKAT §, TOCKOMBKY ¢ '(B) — GopeseBcKoe MHOMKECTBO,
a & = &(w) cayuaiinas Bemunna. [losromy, no onpepenennio, GbyHK-
st 1) = n(w) ABAETCs CIyYaiiHON BEJTHINHOMN.

CaencrBue. Ecau & un — Koneunvie CAY4atinbe 6EAUNUNDL CO
snavenuamu 6 R na {Q,F}, mo

§xn, &n, &/

MAKAHCE CAYHATIHBIE BEAUHUHDL,

JokazaTeabCcTBO CAeyeT u3 TOro, uto GpyHKnun @1 (,y) =
=z ty, pa(z,y) = 2y, e3(r,y) = x/y ABAAIOTCA GOPENTEBCKUMU.
(npu srom dynkuuio 1/ HEOOXOAMMO OJJHOZHAYHO OIPEJEIUThH B
touke = = 0).

Pestome. Asnzebpauueckue onepayus nad cAy4atinoMu 6eAuU-
HAMU HE BUEOOAM. U3 KAACCA CAYUATHUT GEAUNUH.

IIpumep. Tyems & u n — cayuwatinbe eausUuHb, M0200 MHO-
orcecmea

{w:g(w) <nlw)} {w: &(w) =n(w)}{w: &(w) = n(w)}

ABAANOMCA COOBIMUAMU.
Pemenmue. loctarouHo 3aMeTuTh, 94TO £ — 1) SIBJISETCS CJIydaii-
HOW BEJIMYUHOIA.
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8.3 IlIpenen mocjie0BaTE€ILHOCTU
CJIy4YaliHbIX BeJIMYUH

3iech Oyer 1mesiecoo0pa3sHO paCHIMPUTh KJIACC CJOYyUYailHbIX Be-
JIMYUH, AOMYyCTUB, 9TO OHU MOTYT NPUHUMATH 3HAYCHUA +o0.

HaHOMHI/IM M3BECTHHIE ONpPpeae/IeHNd HUKHETO W BEPXHETrO Ipe-
JIEJTOB TIOC/IETOBATETLHOCTH.

Omnpenesienue. Ilycrs {a,} — anciaoBas mocse[0BaTeIbHOCTS.
TucsI0 @ HABBIBACTCH 6EPTHUM NPedesom nocaeoBaTeabHoCcTH {ay, }
n 00603HaTaeTCs CHMBOJIOM lima,,, ecin CyIecTByeT MOIOCaea0Ba-
TEJIBHOCTD {ay, } TTOC/IEIOBATEILHOCTH {ay, }, CXOAAIIALACS K @, U JIJIsI
JE060it IPyToii TOAIOoC/IeJ0BATEILHOCTH { Gy, } TOCIIEI0BATEIBHOCTH
{an}, umeromeit npenen: lima,, = a, BBIIOJIHAETCS HEPABEHCTBO
a<a.

UHuCa0 @ HA3BIBACTCHA HUNCHUM NPEOeAOM TIOCTENOBATETLHOCTH
{an} n obosnauaerca lima,, ecan CymecTByer mojnoc/ae/0BaTe  b-
HOCTH {an, } mocienoBarenbHOCTH {ay}, CXOAAIIASLCT K @, W JIs
71060§i APYTroil MOAIOCIe0BATEILHOCTH {ady, } TTOCIeI0BATEIBHOCTH

{an}, nmerormeit npegen: lima,, = a, BBINOIHSIETCS HEPABEHCTBO
a<a.
[Iycts &, = &n(w), n = 1,2,..., — HOCAE0BATEILHOCTD CJIy-

vaiinpix Benmaud. Ipn kaxaom dbukcnpoBaHHoM w € () 3HAUEHUS
{&(w)} obpasyior uncaoByto nocnaesoBaresbHOCTH. OKa3bIBAETCS,
aro dynxmm sup &, (w), inf §,(w), an(w), lim&, (w), w € €, ma
{Q,F, P} asagiorcs coydaliHBIMU BeJTUIMHAMH.

Teopema 8.3.1. ITycmwv {£,} — nocaedosamenrvrocms cayuaii-

HOLT 6eAunUH co 3Hanenuamy 6 RY, sadannvr na usmepumom npo-
cmpancmee {Q,§}, moeda

sup&,, inf&,, im¢, = inf sup &,, lim&, = sup inf &,
n n nom>n n m>n

MAKHCE ABAANOMCHA CAYHAGUHBMU BEAUNUHAMU.
HdoxkazaTeabcTBOo. VMEOT MeCcTO CJIeAyIONIe paBEHCTBA
(B UX cIpaBeITHBOCTH yHEeXK TaeMCsl HEIIOCPEICTBEHHO TPOBEPKOIi):

{w : sgp{n(w) > 1:} = U {w: &p(w) >z}, (8.3.1)
n=1

o0

{w : i%ffn(w) < x} = U {w: & (w) <z}, (8.3.2)

n=1
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[ oluNNe olNe o

{w : im&, (w <x}—UUﬂ{w &(w <x—1}, (8.3.3)

k=1n=1j=n

[© S ENNe SlNe o]

(w0 limé (w >x}_UUQ{w Ew) > o4 & } (8.3.4)

k=1n=1j=n

Hasee, Tak kak £1,&2,... — CiydaiiHble BEJUYUHBI, TO KaXK0€ U3

MHOZKECTB {w:ép(w) >z}, {w:&(w) <z},

gt oo ) frcarcs- 1)

IPUHA/JIEKAT o-ajrebpe §, 09ToMy § IPUHA/IEeXKAT 1 MHOXKECTBA,
npezcrasssiionme coboil npassle actu pasencts (8.3.1) — (8.3.4),
a BMeCTe C MPAaBBIMU YaCTSIMW 9TUX PABEHCTB o-ajirebpe § MpHHa/I-
JIezKaT U JIeBble JaCTH.

Ocranock cocnarbes Ha Teopemy 8.1.1, 3aMerwB, 4TO KJIACCHI
{(—00,t),t € R'} u {(t,+00),t € R'} mopoxnator o-anre6py Go-
PEJIEBCKIX MHOKECTB.

B cnpaseanmuBoctn pasencts (8.3.1) — (8.3.4) ybex qaemcst merro-
CPEACTBECHHON IPOBEPKOM.

CaencrBue. Ecau nocaedosamenvrocmo {En} cayuatinms ee-
AUNUNH UMeEEM npeden

hrrzn &n =&,

Mo 0K ABAAEMCA CAYYAUHOT 6EAUNUHOU.
Hokazarenbctro. Jocrarouno 3amerntsh, uro ecau lim &,
n

CYHIECTBYET, TO o
lim¢&, = lim&,,

a lim&, — cayuaiinas BeaUYMHA.
8.4 Pacnpenesienue ciydaiiHON BeJIMYUHBI

Onpepesienune. Pacnpedeaeruem cayuatinot seaununv & = &(w)
co snauennsvm B R", 3amannoit na {Q,§, P}, 6ymem naseisars Be-
POATHOCTHOe pacupesenenue Pg, ompenenennoe Ha o-aiarebpe B™
npocrparcrsa R 3nadennii £ paBeHCTBOM

P¢(B) =P{w:{(w) € B} =P(¢7'(B)), B B"
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Ompenesienne KOPPEKTHO:
1° P¢(B) > 0 gna kaxzgoro B € B,
2° ecoiw B; w3 B™, ¢ = 1,2,..., TOmapHO HE TEPECEKAIOTCS:

BzﬂB] :@7/57&]’ TO

(Ur) =r(e*(Um)) -r(Us o) -

=D P (B)) =D Pe(B
=1

=1

3° P (R") =P{¢ € R"} = 1.

Pacnpenenenne P¢ caywaitnoit Bemmanant £ = (£1,&2,...,&n)
co sHadeHusaMu B R™ erre HA3BIBAIOT COBMECTIHbIM PACTPEICACHU-
em cayuatinox seaunun £1,&2, ..., En.

—1
%B—’ E(B)=P( (B))
1

BeB

Q8.7

Puc. 8.4.1: K omnpenenenuio pacmpe/ie/leHns
CJIyYaiHOU BeJIMYNHBI

Jnst mo6oro BepoaTHOCTHOTO pacnpeneneans Q MOXKHO yKa3aTh
BEPOATHOCTHOE MPOCTPAHCTBO U CaydaitHyto sequanny § = &(w) Ha
HeM, KOTopas uMeeT Q CBOMM pacIpeIe/IeHueM.

Teopema 8.4.1. IIycmv Q — sepoammnocmmoe pacnpedeserue
{Rl, %1}. Cywecmsyrom  8epoamHocmmoe  NPocmparcmso
{Q, 8P} u cayuatinas sesuvuna & = £(w) co 3navenuamu ¢ R
na {§2,§, P} maxas, wmo ee pacnpedesenue P¢ cosnadaem ¢ Q.
JlokazaTeabcTBO. B KagecTBe BEPOATHOCTHOI'O IIPOCTPAHC-

mBa {Q,§,P} pacemorpum {R', B! Q}, 1. e. @ = R, § = B,
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P = Q. A cayuaiinyto senmuuny £ = £(w) Ha {]Rl, Bl Q} orpeJie-
JMM KaK TOXKIecTBeHHOe oTobpaxkenue R! ma R, T. e.

Ew—E(w) =w.

ITo ompesenennio pacupeeneHns Pe cydaiiHOll BeJTHIUHEL &, ¢ yde-
TOM TOTO, 9T0 & — TOXKJIECTBEHHOE 0TOOPAYKEHUE, UMEEM:

P¢(B) = P(¢71(B)) = Q(¢~'(B)) = Q(B)

nas kazkgoro B € Bl Tak uro pacmpeesenne P¢ cayugaiinoii Be-
JmarHbl £ COBIIAJACT C 3aJaHHBIM pacrpemenenueM Q.

Tem cambIM TeopeMa JOKa3aHa.

Bameuanue 1. Teopema ycTanapaImBaeT COOTHOMIEHNE MEXK LY
ABYMA MOJEIAMU CTOXACTUYIECKOT'O SKCIIEPUMEHTa C UCXOJaMU B Rli
1° BeposiTHOCTHBIM pactpesenernem ra R u 2° dbynxumeit co 3na-
genmsvn B RY, 3a/[aHHO# HA IPOCTPAHCTBE JIEMEHTAPHBIX COOBITHIT
HEKOTOPOro BeposiTHOCTHOTrO npocrpancria {2, §, P}

Bameuanmne 2. [Iycrs § = £(w) — AuckperHag ciayvaiinas Be-
mranna co 3Havennsvu B R X={x1,z2,...,&y,... } — MHOXKECTBO
ee BO3BMOXKHBIX 3HAYEHUIL:

Pe(wi) =P{{ =2} >0, Y Pe(w;) =1

z,€X
s kaxxgoro B € B™ B cuty CUeTHOI aJIMTUBHOCTA BEPOSITHOCTH

Pe(B) = P{w:¢(w) € B} =

:{wzf(w)eBﬂX}:P<U {w:{(w):a;i}): Z Pe(xi),

z,€B xi:; €EB

T. e. 110 3HadeHnsM Pg¢(x;) moxkno Boraucaurs Pe(B) must moboro

B € 8™ (Bepuo u obparnoe). [losromy mannoe panee onpejeseHue
pacupeaeiennsa TUCKPETHON CIyJIaiiHON BEJIMIUHBI KaK (DYHKIUN

Pe iy — Pe(ws) = P{{ = a4}

na mHoxkecrBe X C R"™ ee BO3MOXKHBIX 3HAYEHUI SKBUBAJIECHTHO
IPUBEIEHHOMY ODIIEMY OTPeIeIeHUTO.

Bameuanne 3. Jisg Toro urobbl MOXKHO OBLIO TOBOPUTH O Pac-
IpeJie/IeHnn CIydaiinoii sesmananl & = &(w), oHA TOMKHA OBIThH 3a-
Jnana He Ha u3mepumom npocrpanctse {2, §}, a Ha BepoaTHOCTHOM

{Q,5,P}.
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DyHKIOWSA pacIIpesieJIeHUs CIIydaiiHON BeJInYInHbI. Pacripe-
nenenne Pg ciaydaiinoit BemunHbI § CO 3HAUEHUAMH B R!, kax u
J11000€e BEPOATHOCTHOE pacupejeeHne, nvmeer MOyHKIUIO Pacipeie-
JIEHWS, KOTOPYIO HA3bIBAIOT (DYHKIIMEH pacCIpeaeeHust CIyIaiHon
BEJIMINHBI &.

Onpenenenne. Pynkyuel pacnpedesenus CAYUaUHol seauwu-
not € co 3HavenmaMu B R! HasbiBaeTcs yHKIHS

Fe(v) = P{w: &w) < 2} = Pe((—o0, 7)), z € R

Bamernm, a0 P¢((—00, 7)) — dynkuus pacnpegenennst Pe ciy-
JaiiHol BeIUYInHBI .

Oyukuust pacrnpeznenennss Fg(x) caydaiiHoN BeJWYMHbBI, KakK 1
KaxKJlasl BEPOATHOCTHAsI (DYHKIMS paclpejiesieHnsi, 06/1aaeT cie-
JIYIOIIUME CBOficTBaMu (CM. Teopemy 7.2.3):

1°0 < Fe(x) < 1

2° F¢(x) me yobiBaer: ecim o1 < T2, 10 Fe(x1) < Fe(x2);

3° F¢(x) menpepeiBua cieBa: Fg(x) = Fe(x — 0);

4° Fy(—00) = 0, Fe(+00) = 1.

Kpowme Toro,

5° P{§ S [a,b)} = Fg(b) — Fg(a);

6°P{{=a}=Fc(x+0)— Fe(x—0).

CeroiictBa 5° m 6° MOIydaroOTCs U3 CJAEAYIONIAX COOOPAIKEHTIA.
Tzt pacrnpenenenns Q wa RY u ero dbysxmun pacnpegesrenns Q(x)
BCerjia MMEIOT MECTO paBeHCTBa (CM. Teopemy 7.2.3)

Q([a; b)) = Q(b) — Q(a), Q{z}) = Q(z +0) — Q(x - 0).

B wactrOCTH, N1 pacnpenenenus Pe ciyuaitnoit Bemanasl U ee
dbynkimm pacrpegenennst Fe(x)

Pe(la, b)) = Fe(b) — Fe(a), Pe({z}) = Fe(x +0) = Fe(z = 0).
A yunTeiBas, 9TO
Pe(la,b)) = P{E € [a,0)}, Pe({z}) = P{E = x},

nojtyaaem cpoiictBa 5° u 6°.

W3 cpoiicTBa 6° ciemyer, 9TO CAY4ATUHAA BEAUNUNAG & NPUHUMA-
em danmnoe 3HAUEHUE T ¢ HEHYAEBOT, BEPOATHOCTIIDIO 0204, U MOAb-
K0 mozda, kKo2da PYHKUUA pacnpedesenus CAyYywatinot sesusumnvt &
8 MOouKe T UMEEM CKAYOK.
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CsoiictBa 1° — 6° dbyuxunn pacnpenenenus Fe(x) ciydaiinoit
BEJIMYMHBI £ MOKHO [OJIYYUTh HEIIOCPEJICTBEHHO U3 €€ OIIPE/Ie/IEHNUS:

Fe(x) =P{w:{(w) <z} =P{{<a}.
1° Hockoabky Fe(x) = P{{ <z}, 10 0 < Fe(x) < 1.
2° Ilpn x1 < xo WMeeT MEeCTO BKJIIOUEHHE

{w:é(w) <z} C{w: &(w) < x2}.

Orcrona
Fe(x1) =P{w: &(w) < @1} S P{w: &(w) < @} = Fe(x2).

IIpu nokazarenscrBe cBoiicTs 3°, 4°, 5° HCIOIB3YETCI CBOCTBO
HEIIPEPBIBHOCTH BEPOSITHOCTH.
3° Ilycrs xy, T x, TOTIA

{w:é(w) <z} = U{w E(w) < xn )

n=1

Orcrona

Fe(z) =P{w:§(w) <z} =P (U{w E(w) < l’n}>

n=1

= hm Plw:&(w) <zp} = lir%a Fe(zy) = Fe(x —0).

TnTx

4° Ilycrs xy 1 400, TOrIa
oo
U{w E(w) <zp}=Q.
n=1

Orcrona

1:P<U{w:§(w)<xn}> =

= lim Plw:¢w) <an}= lim Fe(en) = Fe(+oo).

5° Ilpu a < b u3 paBercrsa

{w:gw) <b} ={w:¢(w) €a,b)} U{w: {(w) < a}
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HOJTyYaeM:
Fe(b) =P{w: ¢(w) < b} =P{w:&(w) € [a,b)} + P{w : {(w) < a} =

= P{w: {(w) € [a,b)} + Fe(a).

6° V3 paBercTBa

wiew=n=N{oecwelr-Ltar D]

n=1
AHAJIOMMYHO JI0KAa3aTe/IbCTBY CBOWCTBA 3°, nMeeM:
P{{=a}=Fe(x+0)— Fe(x —0).
Onpenenenne. Oyaxnnio

F(xi,x9,...,2y) = P{w: & (w) < 21,&%(w) < x9,...,&(w) < 2},

ompejiesiennyio Ha R”, Oygem HasbiBaTh GyHKkyued pacnpedeserus

cy4aiinoro sexkropa ¢ = (£1,&2,...,&n).
Onpenenenne. Ecin hyHKIMIO pacupeaeseHus CiaydaiHoro
Bekropa ¢ = (£1,&2,...,&,) MOXKHO IIPEJICTABUTHL B BUJIE

Fxy,29,... 2, / / / (t1,t2, ... tn)dbndty_1 ... dty,

—00 —O0
(8.4.1)
T0 Byiem roBopuTh, uto BekTop ¢ = (&1, &2, . . ., &y) umeer abcoarom-
no HenpepwvicHoe pacnpedeaenue (6eKMOp abCOAOMHO HENPEPHLEHBITL),
a pyrKIuio p(r1, T2, - - - , Ty ) HABBIBAIOT €I0 NAOMHOCTILIO PACTIPEde-
ACHUA, UAU COBMECTNHOT NAOTHOCTDIO PACTIPEICACHUA CAYUATHYIT

seaunun £1,€2, ..., &n.

ITnorrOCTH pactpenenenns p(x1, o, ..., Ty) CAYIARHOTO BEKTO-
pa ¢ = (&1,&2,. .., &) HEOTPHUIIATEILHA 1
+00 400

/ / /p tl,tQ,...,tn)dtndtn_l...dtl = 1.

—00 —00
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IlnoTHOCTL pacmpesesieHUs CIIyYaiiHON BEJWYUHBI CO

snavennsmMu B R'. Ecim dbynxmus pacnpenenenns F(x) cayaaii-
HO BesimauHbl & TIPEJCTABUMA B BUJIE

T

F(z) = / p(t)dt,

—0o0

TO TOBOPAT, 4TO CaydaiiHas BEININHA UMeeT abCOTIOTHO HEIIPEPHIB-
Hoe pacupejesnenue, dyHKnuio p(t) HABBIBAIOT NAOMHOCTIBIO PAC-
npedesenua CAYMatinot, 6eAUNUHBL, 8 CaMy CIyYIafiHyI0 BeJUUUHY
ele Ha3bIBAIOT abcoatommo nenpepuienoti. Iloka mHTerpas moHnMa-
eM Kak maTerpaj Puvana.

W3 ompenenerus MIOTHOCTH PACIpEIe/ICHUs CIydailtHOl BeJIu-
YUHBI CJIEJYET, 9TO

1° mnorHOCTH pacnpeaenenus p(x) paBHa NPOU3BOIHON 0T (DyHK-
muu pacnpegeseans F(z):

2° mroTHOCTE pacnpeaenenus p(r) HeOTpUIATETHHA;

3° [ p(t)dt =1;

b
4° P{¢ € [a,b)} = [ p(t)dt.

IIpumepsi paciipeaenennii cirydaiabix BejuduH. Ciydaii-
HbIE BEJIMYUHBI HA3bIBAIOT 110 ux pacupejesernsm. CaydaiiHyo Be-
amauny & co 3nadenusaMu B R Gynem Ha3bIBATH HOPMAALHO pacnpe-
deaenmnoti ¢ napamerpamu (a;02) (2ayccosckoti caywaiinot sesuu-
HOTL), €CJIN €€ PACIpPEIe/IeHNeM ABJISIeTC HOPMAIbHOE PaCIIpeIeie-
uue ¢ mapamerpamu (a;02); pasromepro pacnpedesennoti Ha mpo-
MexXyTKe [a,b], eciu ee pacipeesieHneM BJISETCS DABHOMEPHOE Ha
[a, b] pacnpenenenue; 2amma-pacnpedesernoti c napamerpamu (v;6),
eCJIN ee pacrpeje/ieHNeM SIBISIETCA TaMMa-paclipejie/ieHne ¢ mapa-
merpamu (v;0); nokasameavro pacnpedeaennoli ¢ mapamMerpom 6,
€CJIN ee paCIIpefieJIeHNeM dABJISIETCs MMOKA3aTeJbHOe pacupeeseHne
¢ mapameTrpoM 6, u T. 1.

IIpuBogmMas majee TeopemMa JaeT BO3MOKHOCTD 110 PABHOMEDPHO
pacnpezesennoit na [0, 1] caygaiinoii Beiuaute CTpOUTh CilydaiiHbie
BEJIMYINHBI C 33/TAaHHBIMI PAaCIpe/Ie/TeHIIMA.
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Teopema 8.4.2. [Iycmv & — pasnomepro pacnpedesehnasn Ha
[0, 1] cayuatinas eeaununa, F(x) — monomonno 6o3pacmarowan He-
npepueHaa seposmmocmnai Gynkyua pacnpedeaerud na RY, mozda
CAYUATIHAA BEAUNUHA
_ 1
n=F"()

umeem ceoeli pynxyuets pacnpedesenus F(x).
oxkaszarenscrro. U3 onpenenenns GpyHKIUU pacrpeeie-
HUS CYyIaiffHON BeJIMINHBI U €€ MOHOTOHHOCTU WMEeM

Fy(z) = P{n <z} =P{F () <z} = P{F(F'(§)) < F(2)} =
= P{{ < F(2)} = Fe(F(x)) = F(a).

Pagencrso F¢(F(x)) = F(x) cremyer u3 T0oro, 910 & PaBHOMEPHO
pacnpenenena ua [0, 1] — npu t € [0, 1] ee dynxnus pacnpegenenns
Fe(t) =t

CBO#CTBO OTCYTCTBHUSA TIOCJIEAEICTBUS TTOKA3aTEJIbHOTO
pacnpegesieHusi. bByaem roBopuTh, 9TO HEOTPUTTATETHHAST CITy Taii-
Hag BejquyuuHa £ obaadaem ce0UCMBOM OMCYMcmeus nocaedeticms-
sua, ecyau Jijis jobbix s > 0,¢ > 0,

Ple<s+t/€2 s} —P{E<t}. (8.4.1)

Teopema 8.4.3. /[as mozo 4mobvr HEOMPUUGTNEADHAA CAYHAT-
HnaA seauswuna & ¢ duddepenyupyemoti Ha nosoHCUMEALHOT NOAYOCU
Pynryuets pacnpedesenua, obpaujarousetica 6 nyiv 6 mouke v = 0,
obaadana ceoticmeom omecymemsus nocaedeticmeus, Heobrodumo u
docmamouro, ¥mobvl 0HG HVIAG NOKAZAMEALHO PACNPEICAEHHOV.

HokazarenbcrBo. llycrs £ — mokazare/bHO pacipejesieH-
Hag caydaiinas Besmunna. Ke QyHKIMS pacipe/iesieHus

_J1—e™ upuz>0;
F(m)—{ 0 mpuzxz<0

(A >0). s mobeix s > 0,t > 0

P{s<&{<s+t} F(s+t)—F(s)
P{¢>st 1-F(s)

PlE<s+t/E>5s)=

—As _ ,—A(s+t)
e (& _
= — =1-eM=P{¢<t},

P{{<s+t/E>s}=P{{<t}.
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[Tocnenree paBeHcTBO O3HAUYAT, 4TO £ 00JIATAET CBOWCTBOM OTCYT-
CTBUA TTOCJIEACHCTBAA.

Hauee. Ilycrs ciyuaitnast BeanunHa & 06J/1ajJaeT CBOWCTBOM OT-
CYTCTBUSA IOCJIEAeicTBUA:

Plé<s+t/E>s}=P{E<t}, s>0,t>0,

nJjimn

P{s<{<s+t}

P ey

B TepMunax dyukiun F(t) :

F(s+t)— F(s)
1—F(s)

= F(t). (8.4.2)

[Tocrennee paBencrso B TepymuHax dbyuaknun Q(t) = 1 — F(t) mepe-
HHIIETCS TaK:

Qs +1t) — Q(s)
Q(s)
(nockosbky F'(0) = 0, ro Q(0) = 1.) ®ynkuns Q(t) = 1 — F(t)
muddepennupyema, MOCKOIbKY O ycaosuto dyukuusa F(t) aud-
dbepernupyema Ha OJIOKUTETBHON MOJIYOCH.
IMycrs s € (0,+00). Pazmenms npasyio u JIeByI0 9aCTu PaBeH-
crBa (8.4.3) Ha t, mosyunm:

Qs +1) —Q(s))/t _ Q) —Q(0)
Q0s) = ; . (8.4.4)
Otcrona, nepexo/ist K npeaeny upu t — 040, moxyaaem guddepen-
nuasbHOe ypasHerue s Q(s):
Q'(s)
Q(s)

= Q(t) — Q(0) (8.4.3)

= Q'(0).

nJjim
d /
gan(S) =Q'(0)

(byukmua Q(s) muddepennupyema cupasa B Touke 0, 9T0O Cyey-
€T W3 CyIeCTBOBaHUS mpenena npu t — 0 JieBoil YacTu paBeHCTBA
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(8.4.4)). Pemag mocieauee nudepenimaibioe ypaBHeHNE TPH Ha-
gagpaOoM yeaosun Q(0) = 1, momyugaem:

Qs) = ¥

(samerum eme, uro Q'(0) < 0, nockoibky Q(t) — MOHOTOHHO yObI-
Batormas mpu ¢t > 0 dyuknusa). Tak aro

F(s)=1-Q(s)=1—¢e? s,

Tem cambIM TeopeMa JOKa3aHa.
8.5 He3aBucumbie ciryvdaiiHble BeJIMYUHBI

Onpenesnenne. Ciyuaitabie BeJInaunbl £ U £ €O 3HAYEHUSIMU
B R! HazpBaroT HeszasucumbLMU, eCTH 11 TI06BIX B, By € Bl

P{§1 € B1,§&2 € Bo} = P{& € B1} P{§ € Ba}.

O HE3aBUCUMBIX CﬂyqaﬁHbIX BeJIMYMHAX CMOTPH TaK2Ke B ITapa-
rpade 5.3 riaBsl 5.

Onpenenenne. Cayuaiiabie Beuuunsl &1, &2, ..., &, CO 3HAUE-
nmavy B R! HasbIBaoT Hezasucumomu (HE3a6UCUMDBIMU 6 COBOKYN-
nocmu), econ jyist mobeix By, Bo, ... B, € B!

P{€1 GBI?§2€B27"'a§n€Bn}:

=P{& € Bi}P{& € Bo}...P{&, € By} (8.5.1)

Bynem ropoputs, uro &£1,&2,...,&n NONAPHO HE3ABUCUMDL, €CTIH
JUIsE KazKJI0l apbl CIydaiiubix Beauaud &, & (1 # j) u s ao0bIx

muOXKecTs B, Bj € Bl i, =1,2,...,n,

P{& € Bi,§; € Bj} =P{& € B} P{{; € B;}.

W3 mezaBucumocTu ciaydaiiabix Beawawd £1,&s,...,&, Caeayer
nx IonapHad HE3aBUCHUMOCTDb. O6paTHO€ yTBEpzKJACeHUE HE HuMeeT
MECTA.

ajee HaM TOHAJOOUTCH TOHATHE MPOU3BEJEHUS paCIIpejesie-
HUIA.
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IIyemo {RY B F;} — sepoammocmunie npocmpancmea, i =
=1,2,...,n. Cywecmeyem, u npumom eduncmseenmoe, pacnpede-
aenue F, 3adannoe na o-aseebpe B bopesescrur mHocecms npo-
cmparcmea R™ maxoe, wmo 0aa a0bvx 60PEAEBCKUL MHOHCECTNE
Bi,Bs,...,B, us R!

F(By x By X ... x By) = F1(B1)F2(Ba) .. .Fu(B,).  (85.2)

Pacripenienienne F, 3Hauenume KOTOpOro Ha mapasiiesiernuiesax
B; X By X ... X B, onpenensiercsa paBeHCTBOM (8.5.2), Ha3bIBAIOT
npouseedenuem pacnpedesenuti F1,Fa, ... F, m obosmagaior depes
Fi xFa x ... xF,, T e

F=F xFax...xF,.

Pagenctso (8.5.1), onpesensiomnee HE3aBUCUMBIE CJIydaliHBIE Be-
JIMIWUHBI, MO?KHO TIepenncaTh B BUIE

P{&{1 € B1,& € By, ...,& € By} = P (B1)Pg,(B2) ... P¢, (Bn),

9TO MPUBOIUT K CJIELYIOIIEMY ONPEIETEHUI0 HE3ABUCUMBIX CJIyJaii-
HBIX BEJIUYUH B TEPMUHAX PACIPEIeIeHH.

Omnpenesnenne. Cayuaitabie Beuansbl £1,&2, . . ., &, HAZBIBAIOT
HE3a6UCUMDLMU, ECTI COBMECTHOE pacnpeesrenne Pe cayJdaiinex Be-

Jmant £1,&, ..., &, PABHO MPOU3BEJIEHUIO UX PACIPE/ICICHMI:
P£:P§1 X P£2 X ... X Pgn,

T. €. Jid JII0ObIX HopeeBcKux MHoxkecrs By, Bo, ..., By
P§<B1 X BQ X ... X Bn) = P& (Bl)P£2(Bg) . P§n<Bn)-

Cayuaitapie Benmwmauabl €1, &9, ..., &, HA3BIBAIOT NONAPHO HE3A-
BUCUMDBLMU, €CJI COBMECTHOE PACIPE/IEIEHNE CIYyIailHbIX BEJIUINH
&i,&j PaBHO TIPOM3BE/EHUIO WX DACIPEIesIeHuil s BCEX § # J,
1,7=12...,n:

P&mfj = Pg; X Pfj‘

Teopema 8.5.1. ITycmo & un — He3a68UCUMDBIE CAYHATIHBIE BEAU-
wunol co snavenuamu 6 R, f u g — 6opesescrue dynruyuu na R co

snavenuamu ¢ R, moeda f(€) u g(n) — nesasucumwvie cayuatinoe
BENUMUHDL.
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HoxazarenanbcTso. [Iycts A m B — 6opeeBcKre MHOKECTBA
u3z B!, rorma

P{f&) €A gn)eB=P{ccf (A),necqg(B))=

=P{cc fH(A}P{neg (B)} =P{f(6) € A}P{g(n) € B} .

Nmeer mecTo u Gosiee obiiiee yTBEPIKIEHME.

Teopema 8.5.2. ITycmv £1,€2,...,&n, M1,M2, - - -, N — HE3A6U-
CuMbLE CAYyUatinoe seauduns, [ — bopesescran dynruyus na R™ co
snavenuamu 6 R, g — Gopeaesckas dynryus na R™ co snavenus-

mu 6 RY mozda f(€1,&,...,&) w g, M2, - -, m) — He3acuCUMbLE
CAYHATIHDIE GEAUNUNDL.

Bes gokasarenncrsa.

8.6 Ilpumepsnl u 3ama4n

IIpumepsbl

Ipumep 8.6.1. Ilycmov &, ¢ = 1,2,...,n, — He3a6uUCUMDLIE
cayuatine seaununsl, Kaocdas ¢ Pynryuet pacnpedeaenus F(x).
Hatimu dyrkuuro pacnpedeserus cAyuatiHot seAuturvl

77 = min{€17§27 A 7571}
Pememnue. Ilo onpenenenmnio Fy(z) = P{n < x}. Orcioga
1-Fy(z)=1-P{n<a}=P{n>a}=

= P{min{§17€2a"-7§n} 2 .fL'} =
i=1

n n

- H(l — Fe () = H(l —F(z))=(1—F(z))"

i=1 =1

(BOCIOIB30BAINCH HE3ABUCUMOCTBIO Crydaitubix Besmann £1,89, . . .
., &n). Tak gro

Fy(z) =1— (1 — F(2))".
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ITpumep 8.6.2. Ha ompesox [0; 1] naydauy 6pocarom mouwxy, de-
AAWY0 €20 Ha dee wacmu. Hatimu dymrxyuwo pacnpedeserus dauro
menvwet wacmu ompeska [0;1].

Pemenue. Ilycts &€ — koopauHaTa OPOIIEHHON TOYKM, TOTIA
JIMHA 1) MeHbIneil yacru orpeska pasna min{{,1 — £}. 3amernwm,
uro Fy(xz) =0npu o <0u Fy(r) =1 mpu x > 1/2.

IIpu 0 < z < 1/2 umeem:

Fy(z) = P{n <z} = P{min{¢,1 - &} <z} =
=1-P{min{{,1 ¢} >z} =1-P{{>z,1-E(>a} =
=1-P{x << — 2}

Bepogrnocts P{z < £ < 1 — z} BbIUHCIEM KaK TEOMETPUIECKYIO
BEPOATHOCTH (TOuKy Ha oTpe3ok [0; 1] 6pocaror maygaqdy).
Ciie10BaTe/IbHO,

0, ecmmx <O0;
Fy(z) =4 22, ecm 0 <z <1/2;
1, ecmmx>1/2.

Ipumep 8.6.3. Cayuatinas 6eAUMUHA 1) UMEEM PACNPEIEAECHUE
N o2. Hdokazamo, wmo cayuaiinas eeaununa & = (n — a)/o umeem

pacnpedeaenue No.1.
Pemenne.

Fg(x):P{§<:c}:P{n;a<x}:P{n<a—|—ax}:

atox T
1 (t —a)? } 1 / 5
= —F— [$) —— dt = — e —u“ /2t du.
210 / P { 202 V2r < {-u/2)

(BocriosIb30BaINCE 3aMeHoll (t — a)/o = u).
3agaun
8.1°. Ilycts € — coydvaitHast BEIUIWHA C TIOTHOCTHIO PAcTIpeie-

JIEHU S
0, ecim x & |[—1;1
p(x) = { Z [_1 1

1—|z|, ecouz € [—1;

I;
I

Borancnurs P{€2 > 1/4}.
Otser: 1/4.
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8.2°. Ha orpesok [0,!] maymauy GpocaioT Touky, & — ee KOOp-
nuaara. Hafitn GpyHKIUIO pacupeseseHus u IJIOTHOCTh PaCIpesie-
JIEHUsI CJIyYaifHOl BeIuInHbI €.

OTser:

0, ecmmx <O0;

Fe(x) = { z/l, ecmn 0 <z <l

1, ecmmz >I.

8.3. Cayuaitnast Besimunna & paBHOMEPHO PaClpeeieHa Ha OT-
peske [—2;2]. Haiitm maoTHOCTH pacnpesenenus Caydaiinoi Bem-
quHbl ) = |£].

Orser: 0:2)

. 0, ecmmzx ¢ 10;2];

py(z) = 1/2, ecom x € [0;2].

8.4. [lycrs F () — dyukius pacupesenenus ciydaiiHoil Bein-
anael €. Haittun dbynxnmo pacnpegenenus 7 = £2.

Orser:

Fy(z) = { F(\/z)— F(—y/x +0), ecmu z > 0;

n 0, ecom x < 0.

8.5. @yuknus pacnpegenenns F(z) caygaiinoit semmunubr €
CTPOro MOHOTOHHA ¥ HempepblBHa. Haiitm dynknmio pacmpemene-
HUs Caydaiinoi Beqmuunbl 1) = F/(

Otser: ciayuvaiinag sequunna 1) = F(£) pacupeenena paBHO-
mepHo Ha orpeske [0; 1].

8.6. Ha orpesok [0;!] maymauy 6pocaioT TOUKY, JEJSILYI0 ero
wa aBe gacru. Halitu dyHKIMIO pacupeme/ieHus JJIuHbl 00/IbIeit
JaCTH.

Ykazauue. Cum. mpumep 8.6.2.

Ortser:
0, ecm x < 1/2;
Fyx)=19 Qz—-10)/l, ecm /2 <z <
1, ecan x > .

8.7. Mycre F(x) — dynkums pacnpeienenns CaydaiiHOl Be-
quuannbl €. Halitun GyHKINUIO pacipe/ie/ieHus C/IydailtHON BeTHIHHBI
n = min{¢, L} (L — koucranra).

Pemenmne.

Fy(z) =P{n <z} =P{min{{, L} <z} =

_ _ ) Pe(—o0,2), ecrm x < L;
- / Pe(dt) = { 1, ecm x> L.

tmin{t,L}<z



I'maBa 9

Maremarnaeckoe
OKMJTaHNE

IMpexjie yem paBarh (OpMaAIbHOE ONpEJeIeHne MaTeMaTHyde-
ckoro oxmujanus (narerpasia Jlebera), paccMOTPUM HECKOJIBLKO MPH-
MEpOB, €CTECTBEHHBIM 00pa30M MPUBOJAIIMX K 3TOMY IOHITHUIO.

IIpumep (moxon renedonnoit cranuum). Ha mesehonnot
CMARYUY 6 KaHcowi momenm t npomescymxa epemenu I durcupy-
emeca wucao f(t) eedywuzca meaedonnmr paseosopos. Hssecmmna
cmoumocmw F(I) odnozo paszosopa 3a epema Iy — dynxyua, cma-
sAawas 6 coomeememeue kadncdot wacmu Is npomescymra I cmo-
umocmo 00nozo paszosopa 3a epema ls (F : Is — F(Ig)). Hatimu
Haronsermoili 00xod meaeonnoti cmanyuu 3a epemas I.

Dyuxius f(t) npuHUMaET KOHEIHOE YUCJI0 HEOTPHUIATETHHBIX
nesouncIeHHbIx 3uadennit. Ecam wepes {t : f(t) = k} — obosna-
YUTH YaCTh MPOMEXKYTKa I, HA KOTOPOM BeJioCh k PasroBOpOB, TO
OYEBU/IHO, HAKOILIEHHBIN T0X0 OyIeT paBeH

> kF{t: f(t) =k},
k

Hocreamoo cymmy mpuasaTo obosuadats [ f(¢)F(dt) m maseBath
I
unrerpajoM Jlebera ot f(t) no mepe F.

IIpumep (ypoxkait ¢ nosisi). ITyemsv f(x) — ypoorcatinocms
nwenuyv, ma noae Q (r € Q), F — naowado — dpynryus mmo-
olcecmea, Cmasawas 6 coomsememeue kaxncdot wacmu Q; noas Q
wucao, pashoe ee naowadu F(Q;) (F: Q; — F(Qy)). Hatimu eeau-
wuHy ypoocas ¢ noad Q.

B orimume or npeaptymero npuMepa 3uadenus dyaximyun f ()
“CILJIONIb BAMOHSIOT HEKOTOPBIN MTPOMEXKYTOK.

233
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W3mepasa ypoxKaitHOCTb, MBI TIOJIB3YEMCSI TOM WU WHOU eTUHU-
neit ypoxkaitnoctu €. Hanpumep, € = 1 1, 0,5 1, 0,1 i u . a. (exn-
HUIA W3MEPEHNUs €, BOOOIIE TOBOPsI, MOXKET ObITh BHIOpaHa JII060I).
IIycre Ap. = {z : (n — 1)e < f(z) < ne} (Ap. — gacrs @, Ha
KOTOpOil ypoxaiinocts f jexur B mpegenax ot (n — 1)e mo ne).
Ypoxaitaocts Ha Ay, o Oynem canrars pasroii (n—1)e. Paccmorpum
Ha @ dynkuumio fo(x), IPUHUMAIONILYI0 KOHEYHOE YMCJIO 3HAYEHWIT,
a umenHo fe(z) = (n — 1)e mpu x € A, (f-(x) — ypoxaitHOCTD,
U3MEPEHHasi ¢ TOYHOCTBIO J10 €). B KauecTse Besmunibl ypoxKas ¢ @
eCTeCTBEHHO PACCMaTPUBATH

D (n—1eF{z: (n—1)e < f(z) < ne}.

n

YeM TOUHEe MBI XOTHM TOICIUTATH BEJTMUNHY YPOXKasl, TEM MEHBIIe
HeoDX0/[MMO BbIOMPATH €IMHUILY U3MePeHus yporxkaitnoctu. B kauect-
Be UCTUHHOW BEJINYMHBI yPOKast C 110 () eCTeCTBEHHO PAcCMaTpu-
BaTh

lim » (n—1)eF{z: (n—1)e < f(x) < ne}.

e—0

n

DroT 1peJes NPUHATO Ha3blBaTh MHTErpasom Jlebera or f(x) no

mepe F u o6osnauars [ f(z)F(dz).

Q
IIpumep (cpennee ciyuaiinoii Besmmumsbl). [lycmov £ =
= £(w) — cayuatinga eeaununa co snavenusmu 6 R, sadannasn

na {Q,§,P}. 9mo nonumams nod cpednum snauenuem &?

Bynem noctynars aHaIOTHYIHO TOMY, KaK MBI IIOCTYIAIH B IIPEIbI-
aymiem npumepe. Chadasia BbiOepeM HEKOTOPYIO €AMHULY U3Mepe-
HUSI €, KOTOPOit Oy/1eM HO0JIb30BATHCS, U3MePsIst 3HAUEHHs, IPUHUMA-
eMble ciydaitaoit seauaunoii €. [lycrs

Ape={w:(n—1) <{(w) < ne}

(Ape — yacTh MHOXKECTBa TOYEK (), B KOTOPBIX 3HadeHus &(w) je-
xkar mexiy (n— 1)e u ne, n € Z). Oupegenum Ha §) ciydaiinyio
sesnunny & = & (w), Koropas Ha MHOXKecTBe A, . IPUHIMAET 3HA-
genne {(w) = (n—1)e (§ = & (w) nocrpoena 1o € = &(w) n3mepe-
HUEeM TOCTIeIHel ¢ TOTHOCTHIO 110 €, T. €. m3MepennemM & “TmHelKoi”
C MEHOI meseHnd 5). B kauecTBe cpeiHETO 3HAYEHUS CJIYIANHON Be-
JIMYUHB! £ eCTECTBEHHO PACCMATPUBATE TIPEIE

;i_r% (n—1)eP{w: (n — 1)e < {(w) < ne},
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KOTOPBINl TTPUHSATO HA3BIBATH MHTErpajoMm Jlebera ot & mo mepe P
WM MAaTEeMaTHIECKUM OXKUJTaHUeM CaydaifHo#t Bejmuaunnbl € U 000-

sHadarh [ &(w)P(dw).
Q

Paccmorpennbie puMepbl WILTIOCTPUPYIOT TOT (aKT, ITO KOH-
CTPYKIus mHTErpaJia Jlebera BOBHUKAET B IPAKTUIECKON J1esATe/h-
HOCTH 4YeJIOBEKa TaK K€ €eCTECTBEHHO KaK, HAIpUMep, IMOHATHE ILJI0-
a1 y JAPEBHUX CrUNTAH IIPU U3MEPEHNUU IIJIOIIAJei ToIeil pa3imnd-
Hoit hopmbl mocsie pazausos Hua.

9.1 MaremaTrndecKoe O>KUJIaHNE ITPOCTO
CJIy4aliHON BeJIMYUHbBI

Hanmomuuwm, aro unduxamopom muoxectBa A C () masbBaror

byHKIIIO
1, ecmw € A;
[a=1a(w) = { 0, ecmmw¢ A.

Jnst vHAMKATOPOB MMEIOT MECTO CJIEJyIOIME OYEBUIHBIE COOT-
HOIIEHUS:

1°Ecom ANB =0, o Iqug = Iz + Ip.

2° Iyng = Ialp.

3° Iz =1—14.

4° Ecim A C B, 1o 14 < Ip.

5OECHHBiﬁBj:@,i75j,B: U Bi, To
i=1

o0
Ip =) I,
=1

Onpenesienne. Cayuaitayio Bemnanny (F-u3MepuMyio QyHK-

umio) € = &(w) co snauennsvu B R, zayannyio na {Q,F, P}, 6yxem
Ha3bIBATh NPOCMOL, €CJU TPOCTPAHCTBO ) MOXKHO TPEJCTABUTH B
BHUJIE 00beIUHEHNs KOHETHOIO IHC/Ia HellepeCeKaIOIIIXC sl MHOKECTB

AiGS:
Q=JA, AinA;=0,i#j,

=1

Ha KaxKJI0M 13 KOTOPbIX § = £(w) IPUHUMAET OCTOSTHHOE 3HAUEHUE:

Ew)=a;,we A, i=1,2...,n.
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Kaxkayio mpocTyo caydaitHyio BEJIMYUHY MOXKHO TIPEJICTaBUTH
B BUE JUHEHHON KOMOWMHAIINY WHINKATOPOB:

E=¢w) =) alx(w), we
=1

OTO IpejCTaB/IeHre [IPOCTOi CJIy4YailHON BeJIMYMHBI HE €JIMHCTBEH-
HO.
CuauaJia Onpejie/TiM MaTeMaTHuIecKoe OyKuIanue (MaTerpas Jle-
Gera) OT HEOTPUIATENTHLHON MPOCTON CAyIAiHON BETMUNHBI.
Onpenesienune. Mamemamuueckum oorcudaruem (unmezpanom
Jlebeza no mepe P) or HeoTpunaTebHON IPOCTOi CIydaiiHOl Besn-
YUHBI

E=€w) =) aila,(w)
=1

Oy/aeM Ha3BIBATH
n
i=1

0Obo3ragaTh MATEMATHIECKOE OKUIAHNE OT CJIYIANHON BETUIUHBI &
oymem depes ME, a mnrerpan Jlebera or & mo mepe P — wuepes
[ €(w)P(dw). Tak uro 10 ONpPEEIEHNTO

Q

M¢ = z;aiP(Ai) = /g(w)P(dw).
= Q

Ha unrerpan [ &(w)P(dw) Mbl GyeM cMOTpeTh Kak Ha MHTErPA/Ib-
Q

HyI0 GOPMY BaMUCH MaTEeMAaTHIECKOrO OXuAaHusa ME caydainoin
BeJINYUHBI .
Bameuanue. Cioydaithas Beauunna &, a BMecre ¢ Heil u ME,
MOYKEeT MPUHUMATH DECKOHEUHBIE 3HAUEHMWSI.
ammoe ompesiesierie MaTeMATHIECKOTO OXKNTAHNWST OT TTPOCTOi
cIydaiiHo# BeuYInuHbI £ KOPPEKTHO, 8 UMEHHO, HE 3aBUCUT OT IIPEJI-
n

crapierns & B Buge & = Y a;la,. DT0 ciaeyer u3 npuBeeHHOI
i=1
JaJIee JIeMMBL.
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Jlemma 9.1.1. ITycmov £ — neompuyamesvras Npocmas Cay-
YAUHAA BEAUNURG, OAA KOMOPOUT UMEIOM MECTO NPEICMABACHUA:

fziaszi, LnJAz‘ =0ANA; =0,i#j 4 €3,

i=1 =1

m m
=> bilp, | JB =QBNB; =0,i#jB; €7,

j=1 j=1
mozda . .
i=1 j=1

JlokazaTenabcTro. [Tomoxum
D’Lj :AZHBJ,Z: 1,2,...,71; ] = 1’27.”,m.
OueBuaHO
m n
Q= UDij7 A; = U D;;, Bj = UDiJ'

(zexoropsle u3 D;j MOTYT ObITH IIycTHIMN). 3HAUeHNE  HA HEILyCTOM
D;; obozmaunm depes d;;, fAcHO, 9TO d;j = a; = b;. [losTomy

Zdwp i) szwp is) Z Zd”P i) | =

=1 j=1 =1

:Z ZalP(DU) Z CLZZP ’Lj :ZaiP(AZ
=1

i=1 \j=1 i=1 Jj=1

AHaJIOruYHO yCTaHABIMBAEM, UTO

> di;P(Dij) =Y _biP(B))
ij j=1

Tem caMbIM JeMMa TOKa3aHA.



238 I'maBa 9. Maremarudeckoe OXKHJaHHe

Jlasee TpUBOJATCS OCHOBHBIE CBOMCTBA MATEMATUIECKOTO OXKH-
JaHug 0T HEOTPULATE/JIbHONI IIPOCTOM CJIy4ailHOA BEJIUYUHDL.

JInHEMHOCTh MaTEeMaTUYECKOr0 OXKUIAHUA. JTU CBOHCTBA
JIETKO MOJIy4Yal0TCd U3 CBOUCTB KOHEYHBIX CYMM.

CsoiicTBo 1. Ecau k — nocmoannas, mo

Mké = kME,

UAU, 8 UHMEzPpasbHol dopme,

k€(w)P(dw) =k [ §(w)P(dw)
/ et

(woucmaHma BHIHOCUMCA U3-N00 3HAKA MAMEMAMUYECKO20 omcu&mux).

CsoiicTBo 2. IIycmo &1 u & — Heompuuamesvhvle CAYHATHbIE
BEAUNUNDL, M020a

M(&1 + &) = M& + M&o,

UAU, 8 UNHME2PAIbHOT popme,

@)+ @) /51 ) + [ P

Q Q

(Mmamemamuueckoe oocudanue cymmvr CAYHATHOLT BEAUNUH DABHO
CYMME MAMEMAMUECKUL 0AHCUIAGHUT CAA2ZACMDBIT).

Hoxkazarenbcrro. Tak kak & u & — mPOCTHIE CIyYaiiHBIE
BEJIMYWHBI, TO JIjId HUX UMEIOT MECTO IPEJICTABICHNS

n m
&= aila, &= bilp,.
i=1 j=1

Ob6o3HaUNM
Dij:AiﬂBj, 1=1,2,...,n;7=1,2,...,m.

Ha nenycrom Dj; cymma &1 + §2 nocrosinHa u passa a; + b;. Ilo
onpegenennto M(&; + &2) nmeem:

M(E + &) = D (@i +b;)P(D Zaz (Dig) + D b;P(Dyy)

i?j
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=> | D aP@y) | +> (Z@P(D@) =

i=1 \ j=1 j=1

— —y

A fAuTUBHOCTD MATEMATUYECKOTO OXKUJAHUA KaK (PyHK-
muu MHOXKecTBa. Ilycrs & — HeorpuraTesbHasi TPOCTast CJLydaii-
Has BeMunHa (POU3BOJIbHAS, HO (PUKCUPOBAHHAS ) CO 3HAYEHUSMUI

B R! ma {Q,F,P}. Maremaruueckoe oxmmanme M(£1g), B € g,
apigercsa QyHKImen MHOXKecTBa Ha §. OyHKIHEHl MHOXKECTBA sIB-

JIAETCAd 1 I/IHTera.H
/ £(w)I5(w)P(dw),
Q

KOTOpBIit Oysem obosHauars vepe3 [ &(w)P(dw) n n HaspBaTH NH-
B
Terpajom Jlebera mo muoxkecTBy B. 3amernum, UTO

M(Elp) = | &(w)P(dw)
/

HemnocpencrBento u3 onpeie/ieHns MaTeMaTUIeCKOTO OXK U TAHUS
OT IIPOCTOI CaydailHON BEeJIUYNHDl UMEEeM:

M(clp) = /CIB(w)P(dw) = cP(B).
Q
CsoiictBo agaurusaoctu. Ecau By N By = () (By, By € §),

mo
M({1B,uB,) = M(ElB,) + M(ElB,),

uAU, 8 UHMe2PaALHOU popme,

| P /f P(dw) /5

B1UBs

JpyruMu cIoBaAMU, MAMEMAMUYECKOE ONCUIGHUE
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M(Elp) = / E(w)P(dw), B €3,
B

KAk OYHKYUA MHO2HCECNEA aI0UMUBCHO.
JokaszarenabcTso. Tak kak B; N By = (), To

IBlUBQ = IBl + IBQ'
TTosromy
M({IB,uB,) = M(E (I, + IB,)) = M(&lB,) + M(E1B,).
CBOMCTBO MOHOTOHHOCTH MAaTE€MaTHU4YE€CKOr'0 OXKWIAHWS.

Eeau 0 < €< n, mo
M¢ < M,

UAU, 8 UHME2PAALHOT popme,

[ e < [ np).
Q

Q

HoxkazaTeabcTBo. llpeacraBum cayvdaiiHyio BeJIUTIUHY 1) B
BUJIE CYMMBI HEOTPHUIIATENHHBIX CAYIAUHBIX BeJTUTINH:

n=&+¢,
re
o) = { MG e S
Orcroma momydaem:
Mn = M(§ + ¢) = M& + MC.
Hanee, ecin ME = 400, To 1 Mn = 400, mosTomMy
Mg < M.
Ecimn ME < oo, To Mp—ME=MC >0, 1. e.
M¢E < M.

TeMm caMBIM CBOHCTBO YCTAHOBJIEHO.
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Omnpenenenne. [oaoocumesvrot 4acmavto CITyIaitHON BETNIHN-
HbI £ OymeM Ha3BIBATH

¢ = max{¢,0},
ompuUUAMEALHOT 4ACNBI0 —
¢ = —min{&,0}.

Coayuaitnyio Beuauny & BCErjia MOXKHO PEICTABUTD B BUJIE PA3-
HOCTHU JBYX HEOTPUIIATEJIbHBIX CJIyYailHbIX BEJIWYNH:

E=¢r ¢

Onpenesienune. s ciygaiinoit Beimdunbl £, y KOTOPO# XO-
Ts1 661 0H0 U3 umcess MET mam ME™ ommuno 0T GeCKOHEeYHOCTH,
M¢ onpejiensiercss paBeHCTBOM

ME = MET — Mg

Ecm MET = +oo u ME™ = 400, TO MaTeMaTHIECKOe OYKHTaHue
CJIyJaiiHOl BeJIMYNHBI £ HE CyIIeCTByeT (He ONMpeIesieHo).

[IpuBeieHHbBIE BBIIIE CBOHCTBA MATEMATUIECKOTO OXKU/IAHUST HMe-
0T MECTO W JJIsi CAYYaWHBIX BEIUYWH, NPUHUMAIONMX 3HAYEHUS
000UX 3HAKOB.

9.2 MaremaTndeckKoe OXKHIaHIE
(obmmmit citydaii)

Hasee ompeiesinm MareMaTndeckoe oxuganne (uuarerpast Jlebe-

ra) oT ciydJaiiHoil BemumHEl co 3HauennaM B R B obmiem ciyudae.
[TockosbKy JTI00YIO CAyUaiiHyI0 BeTHInHY £ BCET1a MOYKHO TIPeI-
CTaBUTH B BAJE PA3HOCTU JBYX HEOTPHUIATEJIbHBIX:

et e
§=8" ¢,
TO JIOCTATOYHO WMETH “XOpoiee” oIpe/e/leHne MaTeMaTHIeCKOro

OXUIAHWS OT HEOTPUIATETLHON CyIaitHol BemInHbl. MartemaTn-
YeCcKoe OXKuJaHue OT IIPOMU3BOJILHON CJIy4YaiiHON BeJIMIUHbI

=€ ¢,
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OTIpeIeTUM PAaBEHCTBOM
M¢ = ME™ — Mg,

IPH YCIOBUH, YTO XOTd ObI 0HO 3 uuceas MEYT wm ME™ koneuno.

Maremarndeckoe xe oxunanne (marerpas Jlebera) ot meoTpn-
MATEIBLHON CJIYUIAHON BEJUYINHBI £ €CTECTBEHHO OMPEIeTNTh TaK:
HOCTPOUTH TOC/IEJI0BATENLHOCT {&),} HEOTPUIATESBHBIX TTPOCTHIX
CIIy9YaiHBIX BEJMYUH, CXOIAILYIOCH K &, W MOJIOXKNTH

M¢ = lim M.
n

IIpu sToM HEOOXOMMMO yOEIUTHCS, 9TO OMpEeIe/eHNe KOPPEKTHO,
a WMEHHO:

1° st KaXK 01 HEOTPUIATEIBHON CIYyIaiHON BETUIUHBI £ MOXK-
HO YKa3aTh MOCJIEI0BATEIBHOCTE {&,} HEOTPHUIATENBHBIX IIPOCTBIX
CYYaMHBIX BEJIUMUNH, CXOJSIIYIOCT K &;

2° lim M¢,, cymecrnyer;

3° lim M§,, 3aBucuT TOJBKO OT & U He 3aBUCUT OT IMOCJEI0Ba-
renprOCTH {&,}, anmpokcuMupytomeii §.

K Tomy 2Ke Tak onpejiesieHHOe MaTeMATHIeCKOe OXKUJAHUE CJTy-
JaifiHO#l Be/IMYMHBI TOJIKHO 00J1a/1aTh “Xopommumu’ CBONCTBAMU: JIH-
HEIHOCTU, MOHOTOHHOCTH, aJIMTUBHOCTU U T. II.

Hasiee peasm3yercsi HaMe4YeHHasi IPOIPAMMa TOCTPOEHUS MaTe-
MaTUYIECKOT'O O2KUTaHUA.

AnmpokcuMupyIoIias mocJjie 0BaTe/ibHOCTh. CHadasia yc-
TAHOBMM, YTO JIIOOYIO CAy4ailHyIO BEJIMYMHY MOYKHO CKOJIb YI'OJIHO
TOYHO alITIPOKCUMUPOBATH MPOCTHIMU CJIYIaUHBIMU BEJINYIUHAMMU.

JIlemma 9.2.1 (06 annpokcumanumn). /ia Heompuyameibhot
cayuatinoti seaununn £ = £(w) cywecmeyem Monomorno neytvl-
sarowan nocaedosamesvrocms {€,} Heompuyamesvnux npocmoir
CAYHATHOIT Beausun, crodawanca k E(w) 6 kaocdoti mouke w € Q.

HoxaszarenbcTo. 1o = {(w) muakaxgoron (n =1,2,...)
ompegennm &, = &p(w) caemyommm obpazom. Pazobbem mpome-
KyToK [0,m) MHOXKeCTBa BO3MOXKHBIX 3HadeHuil [0,400] ciyuaii-
HOIt Besmumunl § Toukamu /2", j = 1,2,...,2"n, ma nenepece-
karormuecst gactu (7 —1)/2",5/2"),5 = 1,2,...,2"n. Onpenenum
&n = &n(w) B TOuke w € Q) Tak: ecam 3Hauvenne &(w) > n, 1o &y (w)
B 9TOH TOuke nojoxkum pasubiM N; ecam E(w) < n, a caenosBa-
TesibHO, §(w) momajsaeT B ofuH U3 npoMexkyTKos [(j — 1)/2",5/2™),
j=1,2,...,2"n, ro 3nauenue &,(w) nosaraem pasubim (j — 1)/2".
Tem cambim &, = &, (w) onpenenena (cum. puc. 9.2.1). (Cayuaitaast



9.2. Maremaruueckoe oxkujanue (o0mmii ciydaii) 243

pesimanna &, = &, (w) nmomyuaerca 3 £ = {(w) u3MepeHueM 3HaUE-
uuit & “suneiikoit” ayuHON N ¢ neHoit genenus 1/2™.)

Yb6enumcsi, 9TO TOCTPOEHHAs TAKUM 00pPa30M TOC/IEI0BATE b
HOCTD {&,} 00/IaaeT MEePEUNC/IeHHBIMU B JIEMMe CBOWCTBAMU.

Ouesunno, &,(w) > 0 mna kaxmoro w € Q,n =1,2,...

[Mocnenosarensuocts {€,} — monoToHHO HeyOBIBalomas. Jleii-
CTBUTEJILHO, €C/IH B TOUKe w 3Hauenue &(w) < n, 1o &(w) npunasyie-
JKHUT OJIHOMY M3 TpoMexkyTkos [(j — 1)/2™,7/2™) (j = 1,2,...,2"n),
U TI0 OTIpe/iesiennio 3uavenne &, (w) caydaitnoit Beuaune! &, B TOY-
Ke w pasHo (j—1)/2". [Ipu nocrpoernn &, 11 pa3bueHne MHOKECTBA
SHAYEHU CIy9IaliHol BeJUUnHbI £ TPOU3BOAUTCS ¢ ImaroM 1/ 2"“,
HO3TOMY KazK/Iblil u3 nmpomexyTkos [(j — 1)/2™,j/2™) pasbusaerca
HA JIBA:

i1 j—1j-1 1 =1 1

[ 2n ’2”> - [ TR T U gn T gniiign )
U xosb ckopo 3navenue §(w) npunagnexur [(j —1)/2",5/2"), 1o
0HO OyJIeT NPUHAJJIEIKATH OJHOMY M3 NPOMEXKYTKOB:

j-1j-1 1 =1 1
|: omn ) on +2n+1> nm |: on +2n+1’27 :

nosTomy 3Hauenue &, 1 1(w) pasmo (j—1)/2" mm (5—1)/2"+1/2"

a, CJIeJ0BATENBHO,
En(w) < &ni1(w).

Eciu B Touke w 3uavenue &(w) > n, 1o &,(w) = n, a 3HaveHHE
&nt1(w) B 9TOM TOUKE, OYEBUIHO, HE MEHBIIE .

Yoeaumcst, ato &,(w) cxoqures K (w) mpu n — 00 B KaXkK0i
ToukKe W € ().

Ecau B rouke w 3navenue &(w) KOHEYHO, TO HAfiJeTcsi Takoe
HaTypasbhoe n, uro &(w) < n. [Ipu stom £(w) TpuHAIIEKUT HEKO-
Topomy mpomexyTky [(j — 1)/27,7/2™), mosromy, mo mOCTPOEHNUIO,
&n(w) B Touke w pasna (j — 1)/2", u, ciaenosarenbho,

1
£w) — €ale)] < 5

[Mocnennee oznauaer, uro &, (w) cxomures K &(w) npu n — oo.
Ecin B Touke w 3Hauenue {(w) = 400, TO jIst KAXKI0I0 1 UMe-

eMm {(w) > n, nosromy mno oupezeseruio &, (w) = n. Iociemosa-

TebHOCTD &y (W) = N mpu N — +00 CXOAUTCA K 400, a 3HAYUT, U

K &(w).
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n v

32"

E() o /
n+1

G-12" 12"
nl® ATL,]
G-1)2 5.
()]

Puc. 9.2.1: WnmarocTparus K TOCTpoeHUIO &, 10 &

Tem caMbIM J€MMa JIOKa3aHa.
Bameuanume 1 Kk gmemme. Ecam o60o3HaunTH

B, ={w: &w) > n},

i1 i .
An:j:{u}: on Sg(a))<2n},]:1,2,...,2nn,

TO corydaiinyio Benmnanny &, = &, (w), anmpoKCuMupyoNIyo &, MOXK-
HO IIPEJICTABUTH B BH/IE

2"n ] _1
&n(w) = Z on
7=1

WU KOPOUe

IAn,j (w) + nIBn (w)’ w €,

2"n
&= angla,,, (9.2.1)
=0

j—1
n 7
Sameuanue 2 kK JieMmMe. JleMMa yTBep:K/iaeT, 9To 3HAUE-
HUSL CTydaitHoi Bemaunbl = &(w) MOXKHO U3MEPUTH CKOJIb YTOHO

Apo={w:&w) >n}, anp=mn, an; = j=1,2,...,2"n.
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TOYHO, BLIOWpAd JOCTATOTHO MaJoil TMEHy AeeHus ‘JTUHeNKn’, KO-
TOPOIi TIPOM3BOIUTCST U3MEPEHE.

CaenctBue. /s 11060t cayuaiinot seaununv, & = {(w) cy-
wecmeyem nocaedo8amMesvbHOCG NPOCMBLEL  CAYUAGUHLEL GEAUNUH,
cxodauasca x & 6 Kascdoti mouxe w € €.

B camom gene, § = €T — 7. Jlna £ cymecTByeT MOHOTOH-
HO HEYOBIBAIOIIAS TOCIE0BATETLHOCTh HEOTPHUIATETHHBIX TPOCTHIX
CAydaiiHBIX BeMmanH 1), = n,(w), cxomgmasca x £T, mpudem
N (w) = 0 ma muoxkectBe {w : {(w) < 0}. Amamorudno, cymecrTsyer
MOHOTOHHO HeyObIBAIOIIAs TOCJIEA0BATEIbHOCTD HEOTPUIIATE/IbHbBIX
IPOCTHIX CAyYaitHbIX BeqmauH ¢, = (,(w), cxoqamasca K £, upu-
yeMm (p(w) = 0 va muoxkecrBe {w : {(w) > 0}. Torua, ouesuHO,
MOCJIe/I0BATEIBHOCTh

&n="1n —Cn

CXOAMTCA K caydaiinoit semmunne £ = £ — £ B KaxkI0it TOUKe.
CymecrBoBanue lim M&,. Ecm {£,} — monoTonno meyOwI-
n
BAIOIIAs MOCIETOBATEIHHOCTh HEOTPUIIATEMBHBIX CIYIaHBIX BEJIN-
9KH, TO TOCIeg0BaTeIbHOCTE {ME,} Takke MOHOTOHHO HeyObIBa-
I0IIast U, CJIeJI0BATENLHO, cylecTByer npejen lim ME, (Bo3moxkHO
n

paBHbIii +00).
HesaBucumoctp lim M&,, or nocsenosaresnbaoctu {£€,}.
n

[Iycts {£,} — MOHOTOHHO HEYOBIBAIOIIAS MOCIEIOBATETBHOCTDL He-

OTPHUIATETHHBIX CIYUIANHBIX BEJUYNH, cxo/sdrasica K £. Onpeee-

e ME kak lim M, Oymer KOppeKTHBIM, eCaIH Mg Jiio0oil apy-
n

roii MOHOTOHHO HeyObIBaOIIEil mocaenoBaTenbuoctu {1, } HeoTpu-
[aTeJbHBIX TPOCTHIX CAYYAlHBIX BEJUIUH, CXOALINENHcs K &, nmeer
MECTO PaBEHCTBO

lim M¢&, = lim My,

DTO PABEHCTBO €CTh CJIEJACTBUE IPUBOJAMMBIX jaJjiee jeMMm 9.2.2 u
9.2.3.

JlemMma 9.2.2. ITycmv 1 — neompuyamesvhas npocmasn Cay-
watinaa eeauuuna, {&,} — MOHOMONHO HEYOWBaIOWAA NOCAEA06A-
MEALHOCTND HEOMPUUATNEADHOIL NPOCTIOIL CAYUAGTHBIL GEAUUH, U

B = {w:lim&(w) = nw)},

moeda
li}LnM(ntB) > M(nlg),
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UAU, 8 UNHME2PAIbHOT popme,

iim [ &(@P() > [ nw)P(de).
B

B

JoxkaszareancTBo. Ilycts 0 < hy < hg < -+ < hg — 3Ha-
YEeHUs, IPUHUMAEMbIE CJydYaiiHOl BeuuuHON 1) (HE OrpaHuYMBast
obrHOCTH, OyHeM canrarh, uTo hy > 0, B IPOTUBHOM CJIydae Hepa-
BEHCTBO JIOCTATOYHO JI0Ka3aTh Jyisi MHOXKecTBa B\ {w : n(w) = 0}).
Haree, mycts 0 < € < hy/2. Insa kaxgoro m > 1 onpejeanM MHO-

2KeCTBO
Qm ={w:we B, (w) > n(w) —e}.

[Mockonbky {&,} — MOHOTOHHO HEyOBIBAIOIIAS IOC/IEI0BATEILHOCTD,
T0: 1) Ha @, Bee &, HauMHAsI ¢ HOMepa M, Oy1y T GOJIbIIE UM PABHBI
7 — €; 2) NOCJIeI0BATEIBHOCTD { Q) } MOHOTOHHO BO3pACTAOIIAs U

B = L_JlQm.

IIpu n > m, va MHOXKeCTBE @,
M(&nlp) = M(Enlgm) = M((n — €)lgm) = M(nlgm) — M(elgm) =

= M(ﬁme) - EP(Qm) > M(nIQm) - 5P(B)

Tak 4aTo
M(&nlp) = M(nlgm) — eP(B).

Orciona, 3amenus M(nIg,,) ero BeIpaskeHHeM U3 PABEHCTBA
M(nIg) = M(nlgm) + M(nlp\q,,.),
TIOJIY YM:
M(&nlB) > M(nlp) — M(nlp\q,,) — eP(B) >

> M(’I’]IB) — hSP(B \ Qm) - EP(B)

[epeiimem k mpeeny mpu m — 0o (Tak Kak n > m, TO U N — 00).
[Tpw 3Tom B custy HenpepbiBHOCTH BeposTaOCTH lim P(B\ Q) = 0.
m

[TosTomy
lim M(&, ) > M(nlp) — eP(B),
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U, TaK KaK € MMPOU3BOJIBHO, TO

lim M(&. 1) > M(nl).

JlemMa mokaszaHa.
JIemma 9.2.3. Ecau {&,} u {n,} — Mmonomonno neybumsarousue
nocAed08aAMENBHOCTNU HEOMPUUATNEADHBLT NPOCTIVLT CAYHATHYIT Ge-

AUUH U
B = {w (lim &, (w) = limnn(w)} )
n n

lim M(ntB) = lim M(T/TLIB)7

uau, 6 unmezpasvrol gopme,
lim/ﬁn(w)P(dw) = lim/nn(w)P(dw).
B B

JoxkazaTenanbcTBo. 13 ycjoBUS JEMMBI CJIeAyeT, YTO HA MHO-
2KeCTBe B JIl KazKJI0TO HATYPAJIbHOTO 1M

lim &, (w) > N (w).
[Tostomy B cury jteMmBl 9.2.2
1imM(§nIB) > M(nmIB)a
n

n TaK KaK 71 TIPOM3BOJIBHO, TO

lim M(ntB) > lim M(?]mIB).

Ho nocienoBarensHOCTD {7),} HUYEM HE XyKe U He JIydIlle Moc/e-
nosareabHocT {&y }, 109TOMY

lm M9, Ip) > lim M(§,,Ip).

Tak aTo

lim M(&,15) = im M(n,,, Ip).

Temeps MOXKHO OTIpeIeTNTH MaTeMaTUIeCKOe OKUIaHNEe OT IIPO-
U3BOJILHON CaydYailHON BeJUYUHBL.
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Onpenesenne. Maremarndeckum oxuganueM ME oT HEOTpH-
naTenpHON crydaiinoit Besmumubl ¢ = &(w) co 3madenmamu B RY,
samannoit na {Q, §, P}, 6yzem maswisars npegen

lim M¢&,, = M,
n

riae {,} — MOHOTOHHO HEyOBIBAIOIIASA MOCJIEI0BATEILHOCTD HEOT-
punaTeJIbHBIX IIPOCTHIX CHy‘IaﬁHbIX BEJIMYUH, CXOJANIAACA K 5

Ecin ciyuaitnas BeqnunHa & TpuHUMaeT 3HAYEHUs 000UX 3HA-
KOB, T X0Td OB 07180 13 uncesa MEY wmm ME™ komedno, To ME ompe-
JIeJISIETCS] PABEHCTBOM

ME = MEH — Mg

Ecan MET u ME™ pasrwr 6eckorednoctn, To ME we ompeenerno
(e cymectByer).
CorytacHO OIpeIeSIeHNI0, MATEMATHIECKOE OKUTAHIE MOKET [TPHU-
HUMATh GECKOHEYHbIE 3HAYCHMUSI.
Nurerpasn Jlebera [ &(w)P(dw) no mepe P or neorpunaresroit
Q

crydaiinoii Bemmumae! € = £(w) co 3mavenmamu B R, 3amammoit na
{Q,F, P}, onpenensierca pasencrsom

[ gip) =tim [ &P,
Q Q

rae {£,} — MOHOTOHHO HEyOBIBAIONIAS TTOCIE0BATEIHHOCTD HEOT-
PUIATEIBHBIX MPOCTHIX CAYYANHBIX BEJIUYUNH, CXOAAIIAAcT K &.
Ecnu € npunnvaer 3HadeHns: 000MX 3HAKOB U XOTsI OBl OJTHO U3

ancen [ & (w)P(dw) wmn [ € (w)P(dw) koneuno, To hff(w)P(alw)

Q Q
OIIpeaeIdeTcd paBeHCTBOM:

[Pt - / £+ (w)P(dw) — / £ (W)P(dw
Q

Ecn [ &1 (w)P( f ¢ (w)P(dw) pasubl GeckoneanocTn, TO
Q

unrerpasn JleGera me onpeﬂ;eﬂeH (He CYIIECTBYET).
Nurerpan Jlebera [ &(w)P(dw) no muoxkecrsy B € § onpeest-
B

€M PaBE€HCTBOM

/f P(dw) /513 P(d).
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3aMeuaHusa K OIpeaeneHnio nHTerpasa Jlebera.

1°. PaccmoTpenHOe BbIllle TOCTPOEHNE nHTerpaJa Jlebera mo me-
pe P or cayuaiinoit Beqmuunb £ = &(w), 3ajaHHON HA BEPOAT-
HoctHoM Tipocrpanctee {Q, §, P}, 6e3 usmenennit nepenocurcsa Ha
S-usmepumbie dyukmun f = f(w), 3a7aHHBIEe HA TPOCTPAHCTBE C
mepoii {2, §, pu}. Ilpruem mepa g MoXKeT OBITH KAK KOHETHOI, TaK 1
Beckoneunoit ((() = 400), a dynkuns f Moxer npuHUMaTH Gec-
KoHeuHble 3HadeHus. O603HAYATH I/IHTeI‘paJ'[ Jlebera mo mepe p oT

dbynkuun f = f(w) Gygem rax: ff p(dw).

B wacruocru, eciin 2 = R",S =B", u — mepa Jlebera wa B",

To marerpan Jlebera or f(x) o6oszmauatror wepes [ f(z)L(dx) nm
Rn

| f(z)dz, nonpobuee rak: [ f(z1,x2,...,xn)d(21,22,...,2s), IpH

R’I’L
n=1rak [ f(z)d(z).
R1

2°. Ilycrs {2, §, u} — npocrpascrso ¢ mepoit, B € §, u(B) > 0.
Hapsiny ¢ npocrpancreom {2, §, 1} MOKHO paccMaTpuBaTh u 1po-
crparcTio ¢ Mepoit {B,§p, 1}, §B 06pa30}3aHo MHOXKECTBAMU BUJIA,
BN A, tne A € §. llpuuem unTErpas f flw dw) ot f(w), 3aman-

noit ma {B,§p, u}, coBnagaer ¢ I/IHTeI‘pa.HOM [ f(w)Ip(w)p(dw) or
Q
dbyuxyun f(w)Ip(w), 3agannoit va {Q,§F, 1}
JleiictBuTeIbHO, HE HapyImas OOIIHOCTH, Oy/IeM CYUTATh, YTO
f > 0. Tycrs {fn} — MOHOTOHHO HEyOBIBAIOMIAS TTOC/IEIOBATEh-
HOCTb HEOTPUIIATEIbHBIX §-U3MEPUMBIX (DYHKIHI, CXOASIIMXCA K f
ma (2. ITo onpenenennio

/f ) p(w)p(dw) —hm/fn M (w)p(dw) =

2"n

: j—1
j=1

Hanee fIp — s10 §Fp-usmepumasa byuxnua wa {B,§p, u}; {fnlp}
— MOHOTOHHO HeyOBIBaromas Ha B IOC/IeJ0BaTeIbHOCTE HEOTPHUILA-
TeJBHBIX MPOCTBIX M3MePUMBIX (bYHKIWMIA, cxoagammxed K fIg, mo-
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9TOMY TIO OTpejesiennto uurerpanaa Jlebera ot fIp na {B,§p, 1}

/f (o) —hm/fn -

2"n .
. Jj—1
J:
U, crenosarensno, narerpan [ f(w)p(dw) or dysknmn f(w), 3a-

B
naunuoit na {B, §p, 1}, cosnanaer ¢ uarerpanom [ f(w)Ip(w)p(dw)
Q

or dynxumn f(w)lp(w), 3anannoii na {Q,F, 1}

IIprBoaMMEIE JaJIee CBOMCTBA A UTUBHOCTH W JIUHEHHOCTH Ma-
TEeMATUYIECKOI'O O2KH/TaHUA HO.HyLIa,IOTCH npege/IbHbIM IIepexXoJa0M U3
COOTBQTCTByIOH_H/IX CBOMCTB MaTeMaTU4deCKOI o OXKUJaHUA JIJId ITPOC-
ThIX CﬂyqaﬁHbIX BEJIMYUH.

Teopema 9.2.1 (cBoiicTBo agmuruBHocTn). Fcau B1N By =
=0, B;,By €F, mo

M(EIBlUBz) = M(lel) + M(§IB2)7
UAU, 8 UHME2PAAbHOT popme,
/ £(w)P(dw) = / £(w)P(dw) + / £(w)P(dw)
B1UB>o B1 B2
npu yC./lOSUU, 4Ymo 6 npaeoﬂ yacmu He cmoAam 6607§OH€HHOCmU pa3—

HHT 3HAKOS.
Teopema 9.2.2. Ecau o — xowcmanma, mo

M(allp) = aM({Ip),

UAU, 8 UHME2PaILHOU Popme,

/5( P(dw) —a/g ), BEF

(%oucmanma BVIHOCUMCA U3-N00 3HAKA MAMEMAMUYECKO20 owcuaamm).
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Teopema 9.2.3.
M((§ +n)IB) = M(£1B) + M(nlp),

uAU, 8 UHMe2PaALHOU popme,

/ (E(w) + (w)P(dw) = / £(w)P(dw) + / n(w)P(dw),
B B

B

ECAU 8 NPABoTl 4aCMmuU HE CMOAM DECKOHEUYHOCTNU PASHLIL 3HAKOS
(Mamemamuueckoe oocudanue CYmMmvs CAYHATHOT BEAUNUH DABHO
CYMME UL MAMEMAMUNECKUT 0AHCUIAHUT) .

CsolicTBa MOHOTOHHOCTHA MAaTE€MATUYECKOIr0 OXKHIaHMUSI.
OTH CBOMCTBA JOKA3BIBAIOTCS AHAJIOTUYIHO JOKA3ATEILCTBY CBOMCTB
MOHOTOHHOCTH JJIdA ITPOCTBIX CJ'IyLIa,I/IH])IX BEJIMYUH.

Teopema 9.2.4. Ecau & > 0 na muoocecmse B € §, mo

M(&Ig) >0

(Mmamemamuueckoe oocudanue HEOMPUUAMEALHOT CAYHATHOT 6EAU-
YUHDL HEOTMPUUATNEADHO), UAU, 6 UHMEZPAALHOT popme,

/ﬁ(w)P(dw) > 0.
B

JlokazaTeabCcTBO OUEBUIHO.
Teopema 9.2.5. Ecau £ <n na B, mo

M(§1B) < M(nlp),

UAU, 68 UHME2ParbHol Ppopme,
/ £(w)P(dw) < / n(w)P(dw)
B B

CaenctBue. Fcau ME cyuwecmsyem, mo
IME| < M[¢],

uau, 6 unmezpasvrol dopme,

/ £(w)P(dw)| < / €(w) | P(de).
Q

Q
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W3 HepaBeHCTB

—lgl <€ <],

nmMeeM:

—M[¢] < Mg < M[¢]

WUJIA, 9TO TO XKe,

IM¢[ < MIg].

Teopema 9.2.6 (nHTErpasi Mo MHOXKECTBY P-mepbl HyJIB).
Ecau P(B) =0, mo daa a060ti cayuaiinot eeaununse & (F-usmepu-

MOl PyHKyu)
M(Elp) =

UAU 68 UHME2PANLHOUT popme:

! E(w)P(dw) =

(unmeepan no muoorcecmey P-mepvr myav pasen nyao).
HoxkazaTenanbcTBo. Tak Kak

M(&Ig) = M(EF1R) — M(¢7 1),
TO yTBep)K,Z[eHI/Ie ,ZLOCT&TO‘IHO yCTaHOBI/ITb )IJ—IH HeOTpHHaTeﬂbHOﬁ C.Hy—

JaitHol BeIuInHbI €.
IIycTb

2™n
&n = E an,jIAn,j
Jj=0

— MOHOTOHHO HEYOBIBAOIIAs MOCIEI0BATEIHHOCTh HEOTPUIATE -
HBIX CJIyIaliHBIX BEJIMUINH, CXOAdAIasics K & (M. gemmy 9.2.1 u npet-
crasienue (9.2.1)). Torma

gnIB = IB Zan,jIAn, Zan,jIA IB - ZanvaAn,jﬂB7
j J

a tak kak P(B) = 0, To

ntB Zanj An,j N B) =0,
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U, CAeI0BaTeabHO,

M(&lp) = limM(& 1) = 0.

DKBUBAJIEHTHbIE CJIy4aliHbie BesimduHbl. Ciyuvaiinbie Be-
muannbl (§-uzmepumble dyaximun) § u ) OyeM HA3BIBATH IKGUGGH-
AEHMHLMYU HA MHOXKeCTBe B, eciin

P{w:w e B,{(w) #n(w)} =0.

Teopema 9.2.7. Ecau caywatinve seaununv, (F-usmepumoie
dynryuu) € u n sxeusasenmmv, wa B, mo

M(&Ip) = M(nlp)

(Mamemamuueckue 0XCUaGHUA IKEUBAAEHMHVEL CAYUATHVL GEAU-
YUH PAGHDL), UAU, 6 UHMEZPAAbHOT dopme,

[ e@p@) = [ P,

B B
JlokazaTeabCTBO.
M(§1B) = M((n+ (£ —n))IB) = M(nlp) + M((§ —n)IB),
M((§ —n)IB) = M((€ — 1) {ueB ¢ (w)=n(w)}) T+
M€ = M weB.gw)#nw)) =
= M(0 - IweB gw)=nw)}) + M€ = M weBew)tnw)) = 0,

M(0(€—?7)I{weB,g(w)¢n(w)}) = 0 nockoneky P{w € B, {(w) # n(w)} =

Onpenesenune. bByaem roBopuTsb, 9T0 HEKOTOPOE CBOMCTBO BBI-
TTOJTHSIETCS C BEPOSTHOCTHIO 1, €C/TN OHO MMEET MECTO [Tt BCEX TOUEK
w € Q npocrpanctia {2, §, P}, nckmouas, 6pI1Th MOKET, MHOKECTBO
TOYeK P-MephI HyIh.

WNnTerpupyemsple ciry4daiinbie BeJIMUUHBI. DyaeM roBopuTs,
9TO Coydaiinas BenmnunHa (§-m3mepumas yHKIWMA) & unmezpupye-
Mma Ha MHOXKecTBe B mo mepe P (me obs3aTeIbHO BEPOSTHOCTHOI! ),
ec/u

/{(w)P(dw) < 0.
B
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Teopema 9.2.8. Cayuatinas sesuvuna & (F-usmepuman dyrx-
yuA) unmezpupyema na mmodcecmee B mozda u moavko mozda,
K020a UHMEZPUPYEMA CAYUATHAA 6eauduna |E].

HoxkaszaTenscTBo. NaTerpan

[ep) = [ @Pw) - [ ¢ @P)
B B B

KOHeueH (cslydaiinas BejndarHa & — HHTErpUpyemMa), TOrja 1 TOJIbKO
Torja, Korga Koneunsl uurerpaabl [ T (w)P(dw) n [ (w)P(dw).
B B

NMurerpan
/ l(w)P(dw) = / EHP(dw) + / £ (w)P(dw)
B B B

KoHeueH (ciyuaiinas Bequuuna |{| — MHTErpupyemMa) TOTAa U TOJTb-

KO Tor/a, Korja Koneunsl unrerpaist [ £ (w)P(dw) u [ € (w)P(dw).
B B

Oupepenenne. Byjgem roBoputh, 4To CiaydaiiHas BeauduHa &

Madicopupyema HA MHOXKecTBe B ciydaiiHoil BeJWYIWHON 1), ecjin

HA B
i€l < .

Teopema 9.2.9. Cayuatinas GeauduHna &, MaACOPUPYEMASL HQ
Mmuooicecmee B unmeepupyemoti cayuatinot eeaunumot 1, unme-
epupyema Ha B.

Hoxaszarenscrso. llycrs || < nu [ n(w)P(dw) < co. U3
B

HepasencTsa || < 7 ciegyer HEPABEHCTBO
[le@lIptas) < [ nwpPds) < o,
B B

nosromy |£| — mHTErpmpyemasi ciaydaiiHas BeJMYMHA, a BMECTE C
Heil maTerpupyeMa u &.

Cpeanee ciy4uaiinoii Besimuunubl u ee 3HaveHusi. Cremayro-
IIIe JBe TeOPeMbl MOKA3LIBAIOT, UYTO HEKOTOPHIE BBIBOJIBI O 3HAYTe-
HUAX, IPUHUMAEMbIX CJLy4allHON BEJIMYUHON, MO2KHO C/leJ1aTh 110 €€
MaTeMaTHYeCKOMY OXKHJIAHUIO (CpejHemy).

Teopema 9.2.10. Ecau mamemamuseckoe odcudanue Heompu-
yameavrol caywatinol seauvurv, pasHo HYA0, MO U CAMA CAYSAT-
HaA seaununa pasua Hyato (¢ sepoammuocmoio 1).
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Hokazarenbcrro. llycrs {(w) >0, w € Q, u
B={w:{(w) >0}, By ={w:{w)>1/n}, n=1,2,...

OueBuaHO

B=|J{w:&w)>1/n} =] B, (9.2.2)
n=1 n=1

npudemM

B, C Boi1,n=1,2, ...
Hamee

0= Mg = [ £)P(as) 2

Q
> /f(w)P(dw) > /1P(dw) ~ 1pBy),
2 4 n n

nosromy P(B,) =0, n=1,2,... Orcioga, yuuTbiBas mpejcTasie-

ure (9.2.2) u CBO#CTBO HEMPEPBHIBHOCTH BEPOATHOCTH, TIOJIYIaeM:

P{w: &(w) > 0} = P(B) = P(U Bn) = lim P(B,) = 0.

n=1

3 aMeE€4dYaHUue. AHaJIOFI/ILIHOG yTrBEepzKAeHuEe nMeeT MeCTo u Jjid
HEIIOJIOZKUTE/IbHBIX CJIYIaWHbIX BEJIMYNH.

Teopema 9.2.11. Ecau mamemamuueckoe odcudarue CAY4ati-
HOU BEAUNUHDL OMAUYHO OM +00, MO U CAME CAYUATHAA BENUWUHA
omauuna om +00 (¢ eepoammuocmoio 1)).

Hokazareanbcrro. [lycrs ME # +4o00. Tlockonbky ME =
= MéT — MET, To cootromenne ME # +oo paBrocmabHO MET £
# +00. 3amernu emme, uto {w : {(w) = +oo} = {w : £T(w) = +o0}.
[To3TOMY JOCTATOYHO JOKa3aTh, 9To ecaun MET # +oo, To

P{w: T (w) # +oo} = 1.

nJjin

P{w: ¢t (w) = 400} =0.

[lo crywaitnoit Bemuamae 1 ompesesmu Mocie0BATETLHOCTS
{hn} cinyuaiinpix BeuanH:

~ fn,ecmn £ (w) = oo,
fin(w) = {0, ecn £ (w) < +o0.
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Ouesnusno, £ > hy, 179 KaxKJ0TO N, TOITOMY
MET > Mh, =0-P{w: €T (w) < oo} +n-P{w: €M (w) = o0}

B npeanonoxenun, uto P{w : T (w) = +o0} > 0, mpaBag uyacThb
MTOCJIETHETO HEPABEHCTBA 33 CYET BBIOOPA 1 MOXKET OBITH CIe/IaHa
CKOJIb YTOTHO GOJBINOI, JeBas ke JacTh MET Komeuama, mosTOMYy
P{w: &t (w) = +o0} =0.

Tem caMbIiM Teopema TOJHOCTHIO JOKA3AHA.

Amnajiormuno nmeem.
Ecau ME #£ —o0, mo u

P{w: €(w) # —oo} = 1

(ecau mamemamumneckoe oscudarue cAywatinoti EAURUNRDL OTRAUYHO
0m —00, O U CAMA CAYHATNAA BEAUIUNG omauyha om —oo (¢ 6e-
posamuocmuio 1)),

CaencrBue. Ecau M|£| # oo, mo

P{w: [¢(w)] # oo} = 1.

Teopema 9.2.12 (MyJIbTUMJINKATUBHOE CBOWCTBO MaTeMa-

TUYECKOr0 OXKujaHus). Ecau & u 1 — He3a6ucumvie cAyualinvie
seaununds ¢ Korewnomu ME u Mn, mo Mén maxorce Korneuro u

M¢n = Mg - Mn)

(Mamemamuueckoe oscudariue npouseedenun He3a6UCUMbBLT CAYHATi-
HOLT GEAUMUN PAGHO NPOUIEE0EHUI0 UT MAMEMATNUNECKUT 0HCUda-
JokazareabcTBO. YunreiBag, uro & = &F — & nun =
=nT — 1, TeopeMy JOCTATOYHO J0KA3aTh JJIs HEOTPHIATETbHEIX
CAYYIalHBIX BETHIHH.
IMycts € m 7 — HeoTpULATEIBHBIE C/IydaiiHbIe BEJMYUHbBI 1

2™n 2"n
gn = § an,iIAmia T = § bn,jIBn,j
i=0 Jj=0

— MOHOTOHHO HeyOBIBAIOIIHE MOCIE0BATEILHOCTH HEOTPUIATE b
HBIX [IPOCTBIX CJIyYaifHbIX BEJIMYUH, CXOJSIIMECs] COOTBETCTBEHHO K
&, n (em. miemmy 9.2.1 u npegcrasienne (9.2.1)). Monorontuo HeyObI-

BAIOIIAs MOC/IEJI0BATEIBHOCTD {&,1, } cxomuTes K €1).
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Tlokaxkem, UTO

Mgnnn = MgnMnn-

ITockobKY Ciydaiinble Beuuunbl £ U 1) — HE3ABUCUMBI, TO HE3a-
BUCUMBL U coObitust Ay u By j, Tak Kak A, = {w : {( ) > n},

Api = {w: (2—1)/2”<§( ) <i/2"}, 1 = 1,2,...,2"n, By =

= fw ¢ o) 2 n} Bay = {w:(-1)/2" <nw) < j/2"),
j=1,2,...,2"n (cMm. iemmy 9.2.1). Orcroga moJrydaem, 9ro

MIa, 1B, , =Ml ,nB,,; =P(AniN Bn;) =

= P(A,,)P(By,j) = Mla, ,MIp,

Hamee

2Mn 2"n
MEpn = M (Z amiIAn,i) A bnils,, | | =
i=0 Jj=0

Ny 2Ny 2"n 2™n
=M DD anibngla, Is,, | =D anibnMla, Ip,
i=0 j=0 =0 j=0
2"n 2™n
i=0 j=0
2"n 2™n
=D anibuiP (4n) P (Bnj) =
i=0 j=0
2"n 2"n
i=0 J=0
Tak gro

ME&, 1, = ME, - Mn,.

Ilepexonsa B mpaBoit 1 JI€BO# JaCTAX MOCTETHETO PAaBEHCTBA K IIpe-
JeJly IIpU N — 00, MO OIpeJIeJeHNI0 MaTeMaTUYeCKOTro OXKUJaHWd
OT HEOTPULATEJILHON C1y4aillHON BEeJIMYUHBI, 110JIyYaeM:

Men = ME - M. (9.2.3)
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U3 nocneanero pasencrsa u HepasencTs M|¢| < oo, M|n| < oo mme-
em M[én| < oco.

IIpoussegenne npocTpancTs ¢ Mepoid. [Tycts nveercs aBa
npocrpancrsa ¢ Mepoii: {QM, F1 M1 n {Q@) F?) 1)} Yepes
QW x Q@ o6o3naunm gexaproso npomssenenue npocrpancts Q1) 1
Q) —  umoxectso  ymopsgouennmx  map  (w® w®), rue
w® e QW W@ e Q@) Yepes FV x F@ o603mauMM o-aaredpy
nogmuorxkects muoxkecta Q) x Q)| nopoxk gerHy0 “HpaMoyToh-
mnkavn” A x A2 (A(l) e FW, A ¢ 3(2)), OyseMm ee HA3BIBATH
npoussedenuem o-aneebp T u F2.

Ha o-amreope FV) x 2 cymecrsyer, u npurom eguHCTBeHHAS,
Mepa V Takasi, 4To

V(AW x A®)) = M (AM),2) (42,

Mepy v HassBaor npoussedenuem mep pV) u 1 u obosmauaror
p x p2),

Ipocrpancrso ¢ mepoit {Q,F, v}, re @ = QU x Q@) §F =
= 3§V x§? v = ,u(l) X ,u(Q) Ha3bIBAETCA LPOU3BE/eHUEM IIPO-
crpamcrs ¢ mepoit {QM, FW, WY i {Q@) F@) L2}

IIpumep. IIpocmpancmeo ¢ mepoii {R?, B2 L2}, 20e L2 — me-
pa Jlebeza na B2, mooicho paccmampusams xak npouseedenue npo-
cmpancme ¢ mepoti {RY, B L} u {RY, B L}, 20e L — mepa Jlebeea
Ha NPAMOTU.

Teopema 9.2.13 (®Py6unn). ITycmv {Q, F,v} — npoussedenue
npocmpancme ¢ mepot  {QM FD MY 4 {Q@) FO) L2
0=00x0® 5=50x3? v=7p®xp®: fob u?)
— FD x 3 _usmepuman pynxyua, sadarnot na QL x Q2.

Ecau unmezpan

F®, 0@ (dw®,w®))
Q1) xO(2)

KOHEYEH, O

f(w(l)’w(2))y(d(w(1)’w(2))) -

Q1) x02)
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/ / flw (1)(dw( )) M(z)(dw@)) _

0@ \ o
/ /f 1@ (dw®) | 1M (dw™).
o \ @

Bameuanne. Ecm f(x,y) — 6openesckas dynxums na R?,
pM =L, u(2) = L — wmepsr JleGera na R, L? = L x L — npousse-
nmenne mep L u L, o

/ f(,y)L2(d(z,y)) =
RQ

//fxy (dz) | L(dy) = //fxy (dy) | L(dz)

R1 R1

nJjin B HpHBquHOﬁ 3allncum

[ st /(/mdx) dy/(R[m,y)dy) "

R! R1

9.3 HepaBeHcTBa AJid MaTeMaTUYeCKNX
OXKUJaHUIA

Onpenenenne. Oyuxiuio g(r) co 3navennsvu B R, 3a1amnmyio
wa npomeskyTke I C R, 6ynem nasweisars BeIyKII0it Ha I, ecom st
J00bIX 1,22 € [ u t € [0,1]

g((1 = t)z1 + twp) < (1 —t)g(z1) + tg(x2)
u BoruyrToi Ha I, ecin

g((1 —t)x1 +twe) > (1 —t)g(x1) + tg(x2).
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Samernm, 9T0O
x=1—t)x1 +tee, y=(1—1t)g(x1) +tg(x2), 0 <t <1

— napaMmeTpuyecKoe ypaBHEHHE OTPe3Ka, COeJUHSIONIEr0 TOYKHU

(z1,9(x1)) 1 (22, 9(22)).

Teopema 9.3.1 (mepaBencrBo I'€nbuepa). I[lycmwv deticm-
sumenvhvie wucaa p > 0, ¢ > 0 ydosaemeopaiom coommoweHnuio
1/p+1/q=1, mozda

Mlén| < (ME[P)/P (M]n|2)1/9 (9.3.1)

UAU, 8 UHME2PasbHol dopme,

/p
/ £(w)n(@)|P(dw) < / e rPPdml / ()| 7P (dw)
Q

Jokazareabcrso. Ecau xors 661 ogHo n3 gucea M|E|P win
M|n|? paBro mysmi0, TO

Plo:[fw)lF =0} =1

1/q

o P {w: n(w)]? = 0} = 1,

cum. reopemy 9.2.10. Orciopa P {w : [{(w)n(w)| = 0} = 1, a 3naunr,
M| (w)n(w)| = 0 u mepaBercTBo [énbaepa umeer MecTo.

Ecan xorst 661 01HO 13 Maremarndeckux oxuganuit M|E|P nam
M|n|? paBHO GECKOHEUHOCTH, TO HEPABEHCTBO OYEBU/THO.

[Iycts 0 < MIEJP < 00, 0 < M|n|? < oo. Higa nokazarenbcrsa
nepaserctsa (9.3.1) gocrarouno mokas3arh, 9TO

g
M
P (M7 =

ujii, 0603HAYUB,

€]
(M[¢Jp)t/P

7]

£ = nof =
(Mn|a)/a

9gTOo ~
MéEn < 1;
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3aMeTuM, 4YTO
£>0,7>0, ME =1,Mj? = 1.
@yuxiua y = Inz Borayra ma (0, 400), T. €. 119 IPOU3BOILHBIX

xz1 > 0 u x2 > 0 u npoussosbhoro t € [0; 1] umeer mecro HepaBeH-
CTBO

In((1 — t)x1 4+ teg) > (1 —t)Inzy +tlnag = In(xy ab),

a BMeCTe€ C HUM B HEPaBEHCTBO
1—t ¢t
(1 —t)zq +txe >z ‘xy.

[Monoxkus B mocieauem Hepaperctse ¢ = 1/q, x1 = &P, x9 = 74,
TTOJTY I1M:

s 1. 1.
& < —&7 + —ijf.
p q
Orcrona, yuursiBas, 9to 1/p 4+ 1/q = 1, mmeem
~ 1 - 1 1 1
Ménp < —MEP + —Mp? = — 4+ — = 1.
p q p q

Tem cambiM HepaBeHCTBO ['€1bmepa J0Ka3aHO.
CuencrBue (HepaBeHcTtBo Komu—ByHsakoBckoro).

2\1/2 2\1/2
Mlén| < (ME) ™" (M) .
Hepasencto Komu—DByHakoBCKOTro moIydaeTcs n3 HepaBeHCTBA
I'énpepa npu p = 2, ¢ = 2.
13 mepaBencTBa Komm—ByHAKOBCKOTO, B 9aCTHOCTH, CJIEIYeT,
gro ecam ME? < 0o, Mn? < oo, To

M|én| < oo.

CuieacrBue (mepasBencrso JIsimynosa). Ecau 0 < s < t, mo
1 1/t
(MI¢9)Y* < (M[¢) ", (9.3.2)
HokazaTenancTBo. I3 nepasencrna ['€iabaepa

Mlgn| < (MIEJP)MP (Mn|9)!/4
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1/p+1/g=1(p> 0,9 >0) npu n = 1 nosyuaem HEPABEHCTBO
Mlg| < (Mg[?)!/?,

KoTOpOe, moyoxkus & = |(|%, mepenmmenm ciemyomum o6pasom
MI¢I* < (MI¢]*P)"7. (9:3.3)

Hasee BeIGEpEM P Tak, 9TOOBI Sp = t (MOCKOIBKY § < t 9TO MOXKHO
caenars). Torpa nepasencrso (9.3.3) 3anumiercs B Buje

MIcl* < (MI¢l)™*

nJjm

(MICIY* < (MI¢|)Y".

Caiencraue. Ecau M|(|! < 0o, mo daa 0 < s < t uM|(|¥ < oo.

Jasee Ham 1oHAIOOUTCH CJIEIYIONIEE OIPEIeIeHUE BBITYKJION
(byHK]_[I/H/I, 9KBUBAJICHTHOEC TPUBECACHHOMY BbIIIIE.

Onpenenenne. Byaem rosoputh, uro dynkmms g = g(z) co
suadennsamu B R, 3a1amnas na npomeskyrke I C R, swnykaa na I,
ecam s KasKjIoi Touku xo u3 [ cymecTByer Takoe dmucyio A(xo),
9TO 71T BCeX T € [

9(zo) + A(zo)(x — o) < g(z).

Samerum, 9T0O
y = g(x0) + Azo)(x — o)

— ypaBHeHue IpsaMOoii, TpoXosIei uepes Touky (o, g(zg)) ¢ yrio-
BBIM KO3 dunmentom A(zg), cm. Takxke puc. 9.3.1.

Ecau g(x) deasicown dupdepenyupyema na npomescymxe I u
g"(x) >0, mo g(x) evinyraa na npomescymse I.

Heticreurensno, ecim ¢”(x) > 0, o mng mobbix x,z9 € I,

x > Xo,
x

/ g (Hdt = ' (z) — ¢ (w0) > 0,

zo

T

/(9’(15) — g (w0))dt = g(x) — g(x0) — g'(w0)(x — 20) > 0,

zo
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T. €.
9(x) = g(zo) + ¢'(z0)(z — ).
JlokazaTeaIbCTBO STOTO HEPABEHCTBA A1d T < g AHAJOTUIHO.

g(z)

Y= g(xo) + M) ( - 7,)

9(z,) (@5:9(,))

x, x

Puc. 9.3.1: K onpejiesienuio BbiyK/a0i pyHKIun

Teopema 9.3.2 (nepaBencrso Mencena). Jas ewunykiot na
RY Gopenescroti dymruuu g(x) u cayuatinot seaunumno, & ¢ Komeu-

Hotm ME
g (Mg) < Mg(¢).
B wacmmocmu,
(M&)? < M&2, [Me[” < M¢[", r > 1.

HoxaszarenbcTBo. Pynknusa ¢g(x) BeIIyK/IA, T. €. I KaxkK-
noro xg € R! cymectsyer uncto A(zp) Takoe, aTo

g(xo) + Mxzo)(x — z0) < g(2), z € RL

[MockonbKy moCTEqHEe HEPABEHCTBO BBITIOIHAECTCS JJIs  JTIOOBIX
zo,x € RY, 10, nonoxus xg = M€ u x = £, nosryunm:

9(M&) + A(ME) (€ — ME) < g(§)-

Borumcenus maTeMaTmdecKoe OXKWTaHE OT IPABOH W JIeBOIT dacTeid,

nmMeeM
g(M&) < Mg(§).

B uacrnocTu, ecsm B Kauectse ¢(T) PacCMOTPETH BBILYKJIbIE
byrkumn g(z) = 22, g(x) = |z|", r > 1, nonyunm nepasencrsa

(ME)? < ME, |MEI" < MI¢|", r > 1.
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9.4 IlpeneabHbliT Mepexo1 Mo 3HAKOM
MaTeMATUIECKOTr0 OXKUAAHUSA

Omnpenestenne. bByiem roBopuTh, 94T0 MOCJIEI0BATETBHOCTD CJLY-
vaitubix Benmann {§, }, 3agannas na {Q, §, P}, cxodumcea ¢ seposm-
nocmwto 1 (czodumes P-nouwmu ecrody, crodumcsa noumu naseproe)

K caydaiinoit Besimunne € (koneunoit), ecan {&, (w)} cxoqures k €(w)
JU1s BeeX w € ), MCKJIo4ast, ObITh MOXKeT, MHOXKECTBO TOUeK P-mepbr

HYJIb, T. €.
Plw: lim(w) = E(w)} = 1
Ob6o3Ha4vaTh 3Ty CXOAUMOCTH Oy/eM Tak:

li}lnﬁn =¢ (mB.).

IIpumep. ITycmo Q = [0,1], ‘3[10;1] — o-anzebpa bopeaesckuT
mmooicecme wa [0;1], P — mepa Jlebeza na %[10,1]. Ha sepoammnocm-

nom npocmpancmee {€, %[10,1], P} paccmompum nocaedosamenvrocmo
b
CAYUATIHBLT GEAUNUN

gnzgn(w):wn, n=12...

Heeaedosams nocaedosamenvrocms {€,} na cxodumocms ¢ epo-
amuoemvro 1 x £ = &(w) = 0.

Pemenune. ocreposareasuocrs {&,(w)} cxopures K ciayvaii-
HOIT BesInvIuHe

625((4)) =0, we [Ovl]a

B Kax10it Touke w € [0; 1], nckmouas Touxy w = 1. I mockobKy
P({1}) = 0, ro mo onpenenernio {&,} ua [0;1] cxomures Kk {(w) = 0
C BEPOSATHOCTHIO 1.

Ecmm BepositrocTs Q Ha [0; 1] 3amana dynkuumeii pacnpeeienns

0, ecm x < 0;
Q(x) =< z/2, ecm 0 <z <1,
1, ecmmz > 1;
(mpu srom 3mauenune Q({1}) = 1/2), T0 HA BEPOSITHOCTHOM TPO-
crpanctse {[0, 1],%[10,1],Q} OCTIeI0BATEBLHOCTE &p(w) = w™ He

cxopurest ¢ BeposaTHOCTBIO 1 K € = E(w) = 0 (&,(w) He cxogures
K £(w) Tonbko B oguoit Touke 1, Ho Q({1}) =1/2 # 0).
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O mnpesiebHOM TE€pPexoie Mo 3HAKOM MaTeMaTUYeCKOTr0
oxkumanus. [IycTs nocae10BaTebHOCTD CryYaiinbix Beanant {&, }
CXOJUTCS T.B. K CAydaitHoil seaumaune . MOXKHO Jin yTBep»K1aTh,
YTO TI0CIE0BATENHLHOCTH MaTeMaTnaecknx oxugannii {ME,} cxo-
IUTCS K MaTeMaTndeckKomy oxkumannio ME mpenenbHO caydaitHON
BesimanHb! €7 OKa3bIBACTCS, UTO U3 CXOAUMOCTH TOCIE0BATETHHOC-
tn {&,}, BOOOIIE TOBOPS, HE CJEIYET Jazke CXOAUMOCTH TOCTEI0BA~
TeJIbHOCTU MaTeMarudeckux oxumanuii {ME,} (cm. npumep 9.4.1),
HO €CJIM TI0C/IEI0BATENHHOCTD {&,} MOHOTOHHO HeyOBIBAIOIIAs!, TO
nocaegosarenbHocts {ME,} cxomures u, Gostee Toro,

lim Mg, = Mlim &,.

IIpumep 9.4.1. Iocmpoums crodauyrocs ¢ eepoammuocmoio 1
n0cAedOBAMEADHOCTIID HEOMPUUATIEALHOLL CAYUGTHDIT GEAUYUH, ONA
xomopot lim M, ne cyuecmeyem.

IMycrs Q = [0,1], § = %[10;1} — o-anrebpa 6OPeJeBCKUX MHO-
xkecrs Ha [0;1], P — mepa Jlebera na ‘3[10;1].

[MocreosarenbrOCTE Cotyvaiinbix Besmann &, = &,(w), 3aman-
nag "a {Q,§, P} pasencreamu

€0 = En(w) = { 2(;?, ecm w € |

1
i1

[=X=

ecm w ¢ |

JJId 9€THBIX 71 1 PAaBEHCTBaMM
_ _J n, ecmw e [0;1/n];
&n = &n(w) = { 0, ecomw ¢ [0;1/n],

JIJTsT HEUETHBIX 71, CXOJUTCSI C BeposATHOCTHIO 1, HO lim M&,, He cyme-
CTBYeT.

Teopema 9.4.1 (JIebera o MOHOTOHHOM cxoxumocTn). Ec-
AU CTOOAWAACA M. 6. nocaedosamensvrocms {€i} neompuyamens-
HOLE CAYHATHOIT BEAUNUH MOHOTNOHHO HEYOLBAIOULAA, MO CTOOUMCA
u nocaedosamenvnocmo {ME} u

hlgn Mé, = M hlgn &y

uAU, 8 UHMEZPAALHOU popme,

liin /gk(w)P(dw) = /lilgnfk(w)P(dw).
Q

Q
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TokazaTeanbcTso. [IoCKOIBKY TOCTEIOBATENBHOCTE { &) } MO-
HOTOHHO HEYOBIBAIOIIAst, TO MOHOTOHHO HEYOBIBAIOIIAST U MOCIE0-
BarenprocTh {MEL}, a cnemosarensHo cymecTByer 11]131 M&g. Yoe-

JIIMCSI, 9TO lillgrn Mé, =M lilinfk.
st KaXK 1011 CoIygaitHOl BeTMIuHbI £ HANIeTCT MOHOTOHHO He-

n
yOBIBAIOIAs TIOC/IEI0BATETLHOCTD §,E/, ), n=1,2,..., HEOTPUIIATE b~
HBIX IPOCTBIX CJIYYAWHBIX BEJIHMYINH, CXOAAMIAsICT K & IpH N — OC:

& 4 g

(cm. memmy 06 annpoxcumarn 9.2.1). s Beex n,k (n=1,2,...;
k=1,2,...) uMEIOT MECTO HEPABEHCTBA

5;(;) <&,

a BMeCTe C HUMHU 1 HEPaBEHCTBa

(n) < -
ﬁg};f max &k =&n (9.4.1)

(mocJie/iHee paBEHCTBO MMeeT MeCTO B Cujy MOHOTOHHOCTH {&}).
Ob6o3naamM

(n)
=

[Tocen0BaTeILHOCTD {7)y} MPOCTHIX (10 MOCTPOEHUIO) CJIYIARHBIX
BeJIMYUH MOHOTOHHO HEyOBIBAIOIIAs — IIOCKOJIBKY

) < i)

TO

(n) (n+1) +1)
= max < max < max = 1.
= ngk k:k<n & k:k<n +1£k it

Ybeaumest, 9TO HOC/E10BATENLHOCTD {nn} cxomuresa k npepenbroit
ciaydaiinoit semaunne & = lim &.
k

3 (9.4.1) nmeem

é](fn) <p <&, k<. (9.4.2)
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[Tepexonst B HepaBencTBax (9.4.2) K mpeesry cHavYasa Mo n:
& = limg"” <limy, <lmg, =¢,
n n n

& <limn, <¢;
n

3areM 1o k:
§= likmfk <limn, <¢,
n

TOJTY 9rM
limn, = €.
n
U3 nocieqHero papeHcTBa, y4uTbiBas, 4ro {19,} — MOHOTOHHO He-

yObIBAIOMIAA MOCJIEJ0BATENHLHOCTh HEOTPUIATEIHHBIX MTPOCTHIX CJIy-
JaflHbIX BEJIMYHUH, CXOJdAmasica K £, no onpeaenennio ME nveem

liTan Mn,, = ME. (9.4.3)
Hasee, u3 wepasencts (9.4.2) nmeem
ME™ < M, < M&,, k < n. (9.4.4)
JBazk 61 Mepexo/is K mpe/iesty B HepaBeHcTBax (9.4.4), cHagasa mo n:
Mg = lim Me™ < lim My, < lim M,

3areM 1o k:
lilgn M¢g, < lim Mn,, < lim M¢,,

TIOJIy YAM

lim M, = lim Mn,, = lim M§,,,
k n n
um
lipn Mg, = M¢ = lim M,
n

— pasencTro lim M& ,gn):Mfk CJIeTyeT U3 OTPEICTeHNA MaTEMATHIEC-
n

KOTO OXKWJIAHUS CJIYIANHON BeIUIUHBI k, & PABEHCTBO

lim Mn,, = M¢

U3 OILpejeeHns MaTeMATHIECKOTO OKUJAHNS CIyJailHONH BesJHdn-
uel € (cm. 9.4.3). Tem cambIiM Teopema J0Ka3aHa.
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IIpumep. IHoxasamv, 4wmo Yci06ue MOHOMOHHOCTU NOCAEIOCA-
meavrocmu 6 meopeme 9.4.1 asaaemes cyuecmeeHtvim.
_ 1
Pemenue. [Tycrs Q = [0, 1], %[0;1} — o-airebpa 6ope/ieBCKUX
muoxkecrs Ha [0;1], P — wmepa JleGera na ’3[10,1]. Ha BeposirnoCT-
HoM npocrpancree {€2, ‘B[l(}l]’ P} paccmorpum moc/ienoBaTebHOCTh
C/Iy4allHbIX BEJINYUH
€0 = Enlw) = n, ecim w € [0,1/n),
noan 0, ecmw € [1/n,1],
n = 1,2,... Jaa sroit mocrenoBarensaoct limé, = 0 (m.B.), HO
n
Mlim &, # lim M&,,.
n n

CiuencrBue 1 (MaremMarmydeckoe OXKUJAHUE CyMMBI Psi-
o0

na). Ecau &, >0, k=1,2,..., u pad Y & cxodumca ¢ eeposm-
k=1

M) & =) Mg
k=1 k=1

Hocmovro 1, mo

u 0as xascdozo A € §

MDD &) 1a) =D M(&Ia)
k=1

=1

UAU, 8 UHMezpasbHol dopme,

[ aw )P =Y [awPaw)
k=1

A k=1

(kpamxo — noumu 6c100y crodauuecs Padvl U3 HEOMPUUAMEALHIT
CAYMATIHDIT BEAUNUH, MONHCHO TOYAEHHO UHTEZPUPOSATND).

n

Hoxaszarenbcrso. [lycts n, = Y &. Tak xak & > 0, o
k=1

{nn} — MoHOTOHHO HEYOBIBAIOIIAS TTOC/IEA0BATETHHOCTL HEOTPUILA~

TEJIbHBIX CﬂyqaﬁHbIX BEJIMYUH, CXOAAIIAACA K KOHCIYHOMY IIPDEIETy
o0

> &k Torpa B cuiy reopemsl Jlebera 0 MOHOTOHHOMN CXOUMOCTH
k=1

Mlim 5, = lim Mn,
n n
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njain
MUm ) & =lUmM» & =lim» M.
= " k=1 -
Taxk 4aTo

MDD & =) M.
k=1 k=1

s moKazaTe/IbCTBA BTOPOTO PABEHCTBA TOCTATOYHO 3aMETUTh,

qTo oo oo
P ka = Z I4&;
k=1 =1

IIOYTHU BCIOY.
CuieacrBue 2 (cuerHasi aJJUTUBHOCTH MHTErpaJia JleGe-
ra). Ecau AiNA; =0, i # j, mo

/ EWP(dw) = / £(w)P(dw),
Ej N i:lAZ_

8 NPEONONOICEHUU CYWLLCNBOBAHUSA UHMEZPAAG 8 AEGOT 4acmu, IPY-
2uMu caosamu, unmezpan Jlebeea

p(4) = [P, 4¢3,
A
ABAACTNCA CUEMHO-A00UTMUBHOT PYHKYUET MHONHCECMEA:

P <U Ai) = p(Ai).
i=1 =1

Hokazarenncrro. Ilycrs chagama £ > 0.
oo

Ecm A = AiI/IA,L'ﬂAj:@,Z'#j,TO
=1

o0 o
In= ;IA,., Iy = ;alAi.
1= 1=
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Orcioma B cuny caencrsust 1

/ E@)a@)P(dw) = 3 / £(w)La, (0)P(dw)
Q i=1q

/ EW)P(dw) =Y / £(w)P(dw)

‘A i:lAl

Ecmn cnyuaiinag BemanHa IpUHAMAET 3HAYCHAS 000MX 3HAKOB
u [ &(w)P(dw) cymecTByer, yTBepK/IeHHE CIEyeT U3 €ro CHIpPaBel-
A

JIUBOCTH IJId HEOTPUIATEIbHBIX Cﬂy‘{aﬁHbIX BE€JINYKUH U PABEHCTBA

[ epta) = [ @Ps) - [ ¢ @P).
A A A

CuiencrBue 3 (cueTHasi A IMTUBHOCTHh MATEMATUYIECKOTO

o
oxknpanns). Ecau Q= |J A; u AiNA; =0,i%# j, mo
=1

ME =) M(£n,),
=1

8 npednoaoscenuu cyuecmesosanus ME, dpyeumu caosamu, mame-
MAMUYECKOE 0ACUIAHUE

p(A) = M(&la), A€,

KAk OYHKYUA MHOHCECMEA, CUEMHO-AIOUTNUBHO.
CrnencrBue 3 mosydaercs n3 CAEJACTBUS 2, €CIM 3aMETHTh, UTO

M(ELy) = / £(w)P(dw).
A
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13 cuernoit aganTUBHOCTH NHTErpasia Jlebera kak OyHKIINN MHO-
2KeCTBA, B 9aCTHOCTHU, UMEEM:

CaencrBue 4. Ecau & — HEOMPUUAMEALHAA CAYUGTHAA BENU-
wuna, sadannan na {Q,§, P}, mo dynxyus mroocecmesa

/5 L Ac3,

asasemes mepoli na § u, Kax caedemeue, O MOHOTMONHO 603PAC-
marowets nocaedosamesvrnocmu {Ap}

/f P(dw) —hm/s

0AA MOHOMONHO Yoweatoueti nocaedosamenvrocmu { Ay}

/5 P(dw) —hm/&

Teopema 9.4.2 (nemma DPary). aa 41060t nocaedosamens-
nocmu {&n} HEOMPUUAMEALHOIT CAYUATHVT BEAUNUN

Mlim &, < lim M§,,

uAU, 8 UHMe2PAALHOU popme,

[ iméu@Pds) < lim [ & (@)P(d).
Q Q

JJokazaTeabcTso. 3aMEeTUM, 9TO OCKOJIBKY MOCIE0BATE b
Hocth {&} orpanmuena cuuzy (& > 0), ro lim &, xoneden. Ilpes-

CTaBUM €ro B BHUJE Ipejiesia MOHOTOHHO HeyOBIBAIOIIEl MoCIe/10Ba-
TeJILHOCTU CTydaitubix Besmand (, = inf{&,, &y1, ...}

lim &, = lim Cp.

Bocmnoan3opasimmck Teopemoit Jlebera 0 MOHOTOHHOW CXOIMMOCTH,
IPUMEHATENTBHO K MOHOTOHHO HeyOBIBAIOIMIEH MOCIEI0BATETbHOCTI
{Cn}, cxongmeiics k koneunomy npezeny lim &, moaydaem:

MEm &, = Mlim ¢, = lim M¢,, = lim M¢,, < lim Mé,
n n



272 I'maBa 9. Maremarudeckoe OXKHJaHHe

(mepaBercrBo lim M(, < lim M¢,, crenyer us ¢, < &,). Tak uro
Mlim &, < lim M&,.

3ameuanue. Jlemma Pary nmeer MecTo u st JI000M OrpaHu-
YEHHOW CHU3Y MOC/IeI0BATEILHOCTH CJIyYailHbIX BEJUUNH.

CaencrBue 1. Ecau nocaedosameavnocms {€,} neompuuya-
MENDHBT CAYHATHDLL BEAUNUN, UMEEM Npedes N.6., Mo

CanencrBue 2. Ecau nocaedosamenvrocmv {£,} cayuatinos
BEAUNUH 02PAHUYEHE CEEPTY, MO

lim Mg, < Mlim¢,,

Teopema 9.4.3 (JIeGera o MarkopupyemMoii CXOAUMOCTH).
Ecau nocaedosamenvrocms cayuatinmz seaunvun {E,} masrcopupy-
emMa unmez2pupyemoti cAYHatUnot 6eAUdUHOU:

|§TL|§,’77 M77<oo7 n:172""7

Ecau nocaedosamervnocms caywatinos seauswur {&,} mascopu-
pYyema uHmezpupyemoti CAYHatiHot 6eAUMUHOT U CTOOUMCA N.6., Mo
cxodumesa u nocaedosamenvrocmv {ME,} u

lim Mg, = M lim &,,

8 UHME2PANLHOT POPME

i [ &(@)P() = [ lim ()P ().
Q

Q

Hoxaszarenbcrso. [o yenosuio reopemsr |§,| < 1 wm, aro
to ke, —1 < &, < n. Orcioma n+ &, > 0,n = 1,2,... [lpumenas
nemmy Pary K mocaenosarenbaoctu {n + &, }, momyuaem:

Mlim (n + &,) < lim M(n) + &,) (9.4.5)

nJjain
Mn + Mlim &, < Mn + lim M&,.



9.4. IlpenenpHbIii IEpexor ... 273

A nockonbky Mn koreuno, To BeruuTas Mn u3 obeux vacreit Hepa-
BEHCTBa, OJIy9IUM

IMocnenosarensrocTs {—&,} MMeer Ty ke uHTErpUpPYEMyIO Ma-
JKOPAHTY 1], TIO3TOMY

Mlim (—&,) < lim M(=¢,),
a Tak Kak lima, = —lim (—a,), To M(=lim¢,) < —lim M&,,, um
lim M&,, < Mlim¢,,
U3 mocenmero nepasencrsa u (9.4.6) nveem:
Mlim &, < lim M&, < limM¢, < Mlimé&,.
Ecau nocienosarensuocts {€,} cxomures, To
limg, = Tmé, = limé,

[TosTomy
Mlim ¢, = Mlim &, < lim M§,, < mMén < Mmgn = MIlimé¢,.
n n

Tak aTo

lim M&,, = M lim &,.

Tem cambIM TeopeMa JOKa3aHA.

CoorHouienne mexkay mHTerpasiamu Jlebera u Pumana.
[Ipex e Bcero zamerum, uTo mHTErpas Jlebera ompenensercs ais
u3MepUMbIX (PyHKIW, 3aJaHHBIX HA JIIOOOM MPOCTPAHCTBE C Me-
poit {Q,F, u}. Mnarerpan Pumana na abCTPaKTHBIX TPOCTPAHCTBAX
{Q,F, 1} BooGIIE HE OTIpenenseTcs, a ero nocrpoenne Ha R™ zapucur
oT n.

B ocuoBy nocrpoenus waTerpasoB Pumana u Jlebera mostoxe-
HBI pa3nynble uaen. [1epBrlil mar B KOHCTPYKIMN nHTerpata (Kak
Pumana, rak u Jlebera) — nocrpoenue marerpasbHoit cymmbl. Ho
Ipu TOCTPOeHWU mHTErpasia Jlebera Toukm w usz obJsiacTu MHTErpu-
poBanus () TPYNNUPYIOTCS MO0 MPU3HAKY OJU30CTH 3HAUEHUN WHTE-
rpupyeMoit QyHKIUU B 9TUX TOYKAX, & IPU [IOCTPOEHUU UHTErpaJia
Pumana ToUKE rpynmupyroTes Mo npu3Haky ux osmzoctn B {2 = R”.
B pesynbrare okasbiBaeTcs, 4To nHTEerpaj Pumana onpeseneH jis
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“He CJIMIIKOM pa3pLIBHLIX (DYHKIINI, B TO BpeMd KaK mHTerpaJ Jle-
Oera onpejieseH it U3MepUMbIX (DYHKIUI — IIMPOKOIO KJiacca,
BKJIFOYAIOIIET0, B YACTHOCTH, HENpepbiBHbIe (byHKIinn. Ecin xe un-
rerpupyemast dbyHknus ¢(x) TOCTATOYHO TJIAJKas, TO WHTErPAJIbI
Jlebera n Pumana or g(x) coBnajgaror:

b

(L) / g(x)dz =(R) / g(z)dz,
a [a,b]
Jutd TakuxX (pyHKIuit narerpan Jlebera MOXKHO BBIYUCTIATH KAaK WH-
terpays Pumana.
Teopema. Ecau g = g(x) — nenpepwviehas dynxyus co 3nave-

nuamu 6 R, sadannas na xoneunom npomescymee [a,b] C R, mo

anauenue unmeezpasa Jebeza (L) [ g(z)dx cosnadaem co snauenu-
[a,b]

b
em unmezpaaa Pumana (R) [g(z)dz.
a

HoxkazaTenbctBo. g KaK 000 HATYPATHHOTO N pa300bEM
NPOMEXKYTOK [a,b] Toukamu Zg,x1,...,T, (@ = o < 1 <
... < xp = b) npuyem Tax, 4Tobel max(x;y+1 —x;) — 0 1pu N — 0.
Ha [a, b] paccmoTpuM 1m10C1€10BATENBHOCTD TIPOCTHIX (DyHKIMIT

n—1
g'ﬂ(m) = Zg(il)l[xl,xl+1)($)7 T; € [xivxi—i-l)vg(b) - g(‘%n—l)'
i=1
IMockonbky dbynknus g(x) menpepbisHa Ha [a, b], a ciegoBaTenLHO,
U PAaBHOMEDHO HEIIPEpBbIBHA, TO

sup |gn(x) — g(z)| — 0 mpu n — oo,
a<z<b

T. €. 1 gaHHoro € > 0, naunnas ¢ mekoroporo N (n > N),

sup [gn(z) —g(z)| <e.
a<lz<b

Orcioma, BO-TIEPBBIX,

lirrbngn(x) =g(z),
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BO-BTOPBIX, pu 1 > N

sup [gn(z)| < sup |gn(z) — g(@)[ + sup |g(z)| <e+C,
z€a,b] z€la,b] z€[a,b]

T. e. mocjaenoBareibHoCTh GyuKiwi {g,(x)} upu n > N maxopu-
pyema unrerpupyemoii dbyunknueit € + C' (KoHCTaHTa Ha KOHEYHOM
IPOMEXKYTKe HHTerpupyema 1o Mmepe Jlebera). [Tosromy B cuty Teo-
pembl Jlebera o MaxKopupyeMoil CXOIUMOCTH

lim(L) / gn(z)dz = (L) / g(z)dz.

[a,b] [a,b]

C nipyroii CTOpOHHI,

n—1 b
(L) [ ga(a)do = lim Y~ g(@) w1 — 20) = () [ gl
1=0

[a,b] ' a

Tak uro

©) [ gta)ds = (R) /b g(w)de.

9.5 ATtomMuveckoe pacripenesieHne

Onpenesenne. Ilycte F — pacnpenenenne wa R™. Touky
zo € R"™ naswiBaor amomom pacnpenenenns F,ecan F({zo}) > 0,
a camo uucao F({xo}) nasesator maccoti amoma xg.

Bynem ropoputh, uro pacnpenenenue F cocpemoroueno na MHO-

xectse A € B", ecoim F(A) = 0.

Pacnpenenenne F naspsaercs amomuueckum (Quckpemmnim), ec-
JIM OHO COCPEIOTOYEHO Ha MHOYKECTBE CBOWX aTOMOB.

Pacupenenenne, ne mmeromiee aroMoB, Oy/1eM Ha3bIBATH HEMpPeE-
DOIGHDIM.

SaMedganne. Pazymeercs MOXKHO TOBOPHUTH HE TOJBKO 00 aTO-
muueckux pacnpegesneansix na {R”, B"} Ho n 06 aroMuyeckux me-

pax na {Q,§}.
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Teopema 9.5.1. Yucao amomos sepoammocmuoz0 pacnpedene-
HUA HE boaee wem CHemHo.

HoxkazareabcTBo. MHOXKECTEO A aTOMOB BEPOATHOCTHOIO
pacnpenenennst F npencrasumM B Buje 00beINHEHNST

o0
A= A
k=2
rjae Ay — MHOXKECTBO aTOMOB C Maccoi, bombmeit 1/k, k= 2,3, ...
[Tockomsky F — Bepoarmoctaoe pacmpenenenme (F(R!) = 1), To

9HCI0 ATOMOB C MACCOoit, 6o/bImedi 1/2, He IpeBbIaeT OHOTr0; YUCI0
ATOMOB C MaCcoit, 6o/bInedi 1/3, He IPEBBIMAET ABYX; YUCIO0 ATOMOB
¢ maccoi, 6osbmeii 1/k, ue npessimaer (k — 1) u 1. a. Ilosromy
YHCII0 ATOMOB (T. €. YnCJI0 31eMeHTOB B A) He GoJiee ueM CYeTHO, Kak
obbequuenue He 60J1€€ YeM CIETHOTO UNC/Ia, KOHEIHBIX MHOXKECTB.
Bameuanue. AroMudeckoe BEPOATHOCTHOE pacipejesenue F

3a/1aeTCA CBOMMU 3HAYCHUAMMU Ha MHOXKECTBE A aTOMOB — JIJId KazK-
noro B € B"

F(B)=F(BNA)U(BNA)=FBNA) +FBNA) =

=F(BNA) = > F({z}).

r;EBNA

[ToaToMy BEpOSTHOCTHOE aTOMWIECKOe PACTPEETeHIe YaCTO OTpe-
JIeJII0T KaK HEOTPHUIATETbHY0 (DYHKIIUIO TOUYKM, 33/JaHHYIO0 HA HE
6osee ueMm cuernoMm MHOKecTBe A C R™, Takyio, 4uro

S F({ai)) = L.

T, EA

Aromuueckoe pacnpegesenue Ha RY. ITycrs F — Bepost-
HocTHOe pachpesenenne Ha R m F(x) — ero dbynxmus pacmpee-
JICHUS.

Touky xg OymeM Ha3BIBATH MO4KOU PA3PHIBA PYHKUUL pacnpe-
desenus F(x), ecm

F(x0+0)—F(x0—O)>O.

Besmmunny F(x9+0) — F(x9—0) Oyaem HazbBaTh ckaukom Gynruuy
pacnpedeaenusn F(x) B Touke x.
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Jltsa 060 TOUKH X
F({zo}) = F(zo +0) — F(xo — 0). (9.5.1)

(cm. Teopemy 7.2.3). JleBast 4acTh paBeHCTBA — 3HAYEHUE PACIIpe-
JIEJIEHNsT B TOYKE T(, MPaBasi — BEJIWMINHA CKadKa (PyHKIIMKA Pacrpe-
JIEJIEHNsT B TOYKE X(.

Paserncrso (9.5.1) ycranaBamBaeT B3aWMHO OJHO3HATHOE COOT-
BETCTBUE MEXKJY MHOKECTBOM aTOMOB PACIpEIeJeHUs U MHOMKE-
CTBOM TOUEK pa3pbiBa ero dbyuknuu pactupenenenus F(x). Orciona
u u3 TeopeMbl 9.5.1 cilemyer, 9TO YUCAO MOYEK PA3PLIBA GEPOAM-
HOCMHOU PYHKUUYU pacnpedesenus ne bosee wem CHemmo.

Hemnocpeacreenno u3 pasencrsa (9.5.1) momydaem cieyroree
yTBEpK IEHNe.

Teopema 9.5.2. Touka r9 € R' asasemcsa amomom ¢ mac-
coti pg eepoamuocmnozo pacnpedesernus F, mozda u moavko moada,
Ko02da Ty A6AAEMCA MoK paspuea Gynkyuy pacnpedeaenus F(x),
npu smom eeaununa cxkawka F(xg+0) — F(zg — 0) pasna macce pg

amoma x :
F(zo+0) — F(xo — 0) = po.

Touka xg ne Asasemes amomom pacnpedesenus F mozda u moav-
Ko moezda, kozda dynkyusa pacnpedesenus F(x) 6 moure xo nenpe-
POIBHA.

Teopema 9.5.3 (0o dbyHkKuumM pacmnpeseseHuss aToMude-
cKoro pacnpegesienus ). Qynuxyua pacnpedesenus F(x) eepoam-
HOCTNIHO20 AMOMUYECK020 pacnpedesernus F ¢ Koneunvm wuciom amo-
MOG T1,X2, ..., Ti, .., Ty KYCOUHO NOCTMOAHNHE, CO CKAYKAMU 6 ATMO-
maz u seauvurol ckauka F(x;+0) — F(x; —0) 6 amome x; pasrot
ezo macce F({z;}).

Kycouno-nocmosanmnas 6epoammocmnas GyHkuus pacnpedeserus
F(x) ¢ KoneunsM “UCAOM MOYEK PASPUEA T1, L2, . ..y Liy .. ., LTy, AG-
agemea Pyurxyued pacnpedesenus amomuueckozo pacnpedesenus F
C AMOMAMU 6 MOYKAT PA3PuEa PYHKUUY PacnpedeseHus U Maccot
amoma ; pasroti sesunune ckaura F(x; +0) — F(x; —0) dynryuu
pacnpedeaenua F(x) 6 mouke x;.

HdoxaszarenbcTro. [IycTh aTOMBI BEPOATHOCTHOTO aTOMUYE-
CKOTO pacupezeneHusd F nepenyMepoBaHbl B OPAIKe BO3PACTAHN:
21 < ... <2 < XTig1 < ... < Ty, TAK 9TO MEXKTY COCETHUMHU ATO-
MaMH T;j U Tj4+] HET Apyrux atoMoB. Dyuknus pacnpegenenns F(x)
MOCTOSTHHA HA KAXKJIOM MPOMexRyTKe (X, Tiv1], 7 =1,2,...,n. Ecim
o1 marmmmch Toukn ¥, y” (v < y’) w3 mpomexyTtka (z;, 1], Ta-
kue aro F(y") — F(y') > 0, o F([y/,y")) = F(y") — F(y') > 0 (cm.
Teopemy 7.2.3), u, ClIeI0OBATENBHO, Ha TpoMeKyTKe [y, y”) ObLia 6br
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COCPEOTOUCHA IOJIOKHATENbHAS MACCA, YTO IPOTHBOPEYAT IPEIIIO-
JIO?KEHUIO 00 OTCYTCTBHM aTOMOB aTOMMYECKOrO pacupejesnenus F
MEXKIy TOUYKAMU Tj U Lit]. LaK 9TO HA TPOMEKYTKE (T, Tit1] MEXK-
JIy COCEJIHUMHU aTOMAMU X; U X;y1 GyHKIUs pacupenenenus F(z)
[IOCTOAHHA U

F(l’) = F(CCZ'_H).

Tor daxt, uro F(r) B aToMe X; UMEET CKadeK p; CIEIyeT n3
pasencrsa (9.5.1).

Jns jmokazaTe/bCcTBa BTOPOi YaCTH yTBEPYKIEHUs JT0CTATOYHO
3amMeTnTh, 9T0 (byHKIMM pactnpegenenns F'(x) coorsercTByer pac-
npenenenne F (cm. Teopemy 7.2.2), npuuem

F([a,b)) = F(b) — F(a), a < b,
F({z:}) = F(x; +0) — F(z; — 0).

1 rtak kax F(x) KyCOYHO MOCTOSHHA CO CKAYKAMU B TOYKAX T,
1 =1,2,...,n, TO TOYKHU X; ABJSIIOTCI AaTOMAMHU U BCSI MaCCa, PACIIpe-
JIeJIeHUsT COCPEJ0TOYeHa B HUX — pacnpesesenue F aromuaeckoe.

I'padbuk dbyHKIIMM aToMumyueckoro pacripeneseHud. ['pa-
dbux bynknum pactnipenenennst F() BEPOSITHOCTHOrO aTOMUYECKOTO
C KOHEYHBIM YHCJIOM aTOMOB

T <T2<...<T <Tiy1 <...< Ty

MOZKHO IIOCTPOUTH TaK.
DyHKIMA pacpe/e/eHnst aTOMUYECKOTr0 PacpeleeHls MOCTO-
SIHHA HA IIPOMEXKYTKaAX (X;, Ti41], HO3TOMY

Flz; +0) = F(z) = F(zis1 — 0) = F(zi41). (9.5.2)

ITo onpesenennto dyukms pacupegenenus F(z) = F((—oo, z)),
nosromy F(z1) = F((—oc0,21)) = 0 m, ciaemoBaTenbHO, IpH
x € (—00, 1]

0.

F(x)

ITo m3BectroMmy 3nauenuio F(x) = 0 wa (—00,x1] n usBecrHoi
BeqmmuuHe cKadka dhynknun F(x) B atome x1:

F($1—|—O)—F(l‘1—0) =p1
onpegenmm 3uadenne F () na npomexyrke (21, xs]. Tockoabky

F(z1+0)=F(x; —0)4+p1 = F(z1) +p1 =0+ p1 = p1,
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u byuxIws pacnpegenenns F () mocrosHHa Ha IPOMEKYTKe (21, 2]
(em. 9.5.2), To mpu Beex x € (x1, 2]

F(a:) :F(xl—i—()) =p1.

ITo usBecrHOMY 3Hauenuio F(z) = p; va (r1,x2] n nssecrHoi
BesinanHe cKadka pyukiun F(x) B atome xg

F(zg+0) — F(za —0) = po
onpeaenum 3uadenne F(z) ma npomexyTke (T2, x3]. Tlockoapky
F(za +0) = F(z2 — 0) + p2 = F(x2) + p2 = p1 + p2,

u yuxius pacnpejgenenns F () nocrosuua ua (ze, z3] (cm. (9.5.2)),
To ipu x € (w2, T3]

F(z) = F(z2+0) = p1 + po.

U rak jnanee — mpu mepexojie depe3 aToM I; (PYHKIUsS pacipejie-
nenus F'(x) Bospacraer ckaukoM Ha Besmuuny p; = F'({z;}) maccer
aroma x; (cM. puc. 9.5.1).

F(x)
1

b,

Puc. 9.5.1: I'paduk GpyHKINN BEPOATHOCTHOTO
ATOMUYECKOTO pacrpeesennst F, cocpemoToueHHoro
B aromax x; (F({z;}) =pi, 1 =1,2,...,n)
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Teopema 9.5.4 (0 BbIYMCJIEHNN UHTErPaja Mo aTOMUYeC-

KoMy pacupejesiennio). Ecau F — amomuueckoe pacnpedenerue
na R™, cocpedomouennoe na ne boaee wem CHEMHOM MHONCECTNEE
A ={x1,x2,...} céoux amomos, mo daa 1060t bopesesckoti dyr-

yuu g na R™ co snavenuamu 6 R

/ Zg () F({2;}), (9.5.3)

R”

6 npednosooicenuu, wmo unmezpan | g(z)F(dz) woneven uau pad
R’I’L
Y- g9(xj)F({z;}) cxodumeca abecorromno.

JokaszareabcTBo. 3amernM, 94T0 GyHKIU ¢(2) HHTErPUDY-
eMa BMecTe co cBouM mozysem |g(z)|.

o
IMockosbky F — aromnueckoe pacupegenenne u A = |J {z;} —

J=1
MHOKeCTBO ero aromos, To F(R™\ A) = 0 u, cregosarensho,

/|g )|F(dx) = /|g )|F(dz) + /|g )|F(dx) = /|g )|F(dz).

R\ A

B cuny cuernoit anmuTuBHOCTH MHTErpas Jlebera

/ l9(2)|F(dz) = / l9(a)|F(dz) =
A

U{z;}
=3 [ loiFa Z|g ) IF({a)).
T=Haj)
| [19ta)iFan) - i oF(), (954
3716Ch ! g

/ l9(@)|F(dz) = lg(z;)F({z;})
{z;}
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Kak wHTerpas Jlebera ot mpocToii pyHKINY (Ha KOHETHOM MHOYKECT-
Be KazK1ast bopesesckas dyukuust npocras). Tax uro [ |g(z)|F(dx)
R”
KOHEYEH TOIJIa 1 TOJILKO Torja, Korga psit y | |g(x;)|F({x;}) cxonnr-
T
Csl.
Pagencrso (9.5.3) nosygaem anamorndno pasencrsy (9.5.4), mosn-

3y£Ch CBONCTBOM CUETHOI aJINTUBHOCTU WHTErpasa Jlebera.

9.6 ADCOJIIOTHO HEmpepbIBHOE
pacmnpeesieHne

Onpeaenenne. Pacnpegenenne F na R" nazwiBaercs abcoarom-
HO HENnpPePueHvIM omHocumenrvro mepo, L wa R™, eciin oHo mpejcra-
BHMO B BHJIE:

F(B) = /f(x)L(da:), B e B, (9.6.1)
B

rie f(x) — Gopenesckas dynkums va R™ co 3nadenmsvm B R,
Ha3bIBaeMast NA0MHOCTbI0 pacipeaenenus F orHocurensHo Mepsr L.
B wacrnocru, eciiu L — mepa Jlebera, To F nasbisaior abcoarommo
HENPEPuIeHbIM pacnpedeseruem, a f — IIOTHOCTBIO.
Pagemcrso (9.6.1) KopoTKO OymeMm 3aliCBIBATL TAK:

F(dz) = f(z)L(dz),
a eciu L — mepa Jlebera, to Tak
F(dx) = f(x)dx,

OOBIYHO pacrpeie/ieHue U ero IJA0THOCTE OyteM 0003Ha9aTh OJ1-
HOIT OYKBOIT — pacupeesieHne TPOMUCHOM, TIIOTHOCTh CTPOYHOIA.

Paszywmeercst, MOXKHO TOBOPUTH 1 00 aOCOTIOTHOM HEITPEPBIBHOCTH
HE TOJILKO pacrpeaeeHuit, Ho u 00 abCOJIOTHON HEmPEePBIBHOCTHU
Mep.

[Iycrs pu v — Mepsl Ha u3MepuMoM npocrpancTse {2, § . Mepy
L OyIeM HABBIBATD AOCOAOMHO HENPEPBIEHOT OTHOCUTEHHO MEPHI V,
eCcJIu OHA TPEJCTABUMA B BUJIE

u(B) = / f@)r(dw), B €3,
B
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f(w) — F-mamepnmvas dbynxmug ma {Q,F} co 3mauemmavu B RY,
Ha3bIBaEMast NAOMHOCMHIO MEPYL |4 OTHOCUTETEHO MEDHI V.

CaoiicTBa MJIOTHOCTU pacnpeneaenus. Iliomuocms danHo-
20 abcoarommo nenpepovierozo pacnpedeserus F na R™ omuocumenn-
1o dannot mepoi L

1) onpedeasemesa 00HO3HAMHO, UCKAIOUAA, GOIMD MONHCEM, MHO-
otcecmeo mouex L-mepvr myav;

2) HEOMPUUAMENLHA, UCKAIOUAH, ObIMD MONCEM, MHOHCECTNGO
mouex L-mepor Hyav.

HeiicTBurensHo, nycth f u @ — TIOTHOCTH pachpeneieHus: F
oTHOCUTEHLHO Mephl L. Ob6o3naunm

By ={z:9(z) > f(2)}

(samerum uro B € B"™). U3 onpejeenus mI0THOCTH Pacnpeee-
HUA IMeeM:

Fwnz/ﬂ@MW%HBn=/ﬂ@uM>
By B
Orcroma:
[ - )i =0,
B

a Tak Kak Ha B) 3uadenusi dynkuun ¢(x) — f(x) 6osbuie nyssi, To
L(By) = 0.

Amnanornano s muoxkectBa By = {z : ¢(x) < f(x)} umeem
L(B2) = 0. ITosromy

L{z: f(x) # p(2)} = L(B1 U By) = 0.
Tak uTo
o(r) = f(x),
HCKJIIOUas, OBITh MOYKET, MHOYKECTBO TOUEK L-Mepbl HyJIb.

HMamee, mycts f — TIUIOTHOCTH —pachpejenenus F o u
B ={xz: f(z) < 0}, rorga

0<FB)= [ f(z)L(dz) <0.
/

IToaTomy

[ f@Lan =o.

B
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a Tak Kak Ha B 3uauvenns dbyukuuu f(r) MeHbIe HYJIs, TO
L(B) = 0.

CsolicTBa ILIOTHOCTU pPAacOpeeieHUsl BepPOATHOCTENA.
Iromnocmoy [ dannozo abCoAOMHO HENPEPHIBHOZO BEPOAMHOCTIHO-
20 pacnpedeaenus F na R™ ommnocumenvro dannoti mepwv L

1) onpedeasemca 00HO3HAUHO, UCKAIOUAA, OBIMD MONCEM, MHO-
sicecmeo mouex L-mepvr nyan;

2) HeompuuamesvHa, UCKAIOUAL, OLIMD MOACEM, MHONCECTNEO
mouex L-mepor nyan;

3) | f(z)L(dx) =1.
Rn

CnpaBemnyinBo u 06paTHOE, & UMEHHO: HEOMPUUAMEAbHas bope-
nesckas dynxyua f na R™ co snavenuamu ¢ RY maxas, wmo

/ f(@)L(dz) =1,
J

ABAACMCA NAOMHOCDIO HEKOMOPO20 8EPOAMHOCMHO20 PAcCNPedee-
nua wa R™ ommocumenvro mepor L.

B camowm neme, dpyHKIMSA MHOXKECTBaA F, ompegesienHast paBeHcT-
BOM

F(B) = / f(z)L(dz), B € B", (9.6.2)
B

SIBJISIETCS CUETHO-3IUTUBHON (Kak mHTerpas Jlebera), meorpuria-
renbrol u K Tomy ke F(R™) = 1, 1. e. F — BepositnocTHOE pacnpee-
nenue Ha R™. A pasencrso (9.6.2) oznauaer, uro f(z) — mI0THOCTS
pacupenenenust F orHocuTesHO Mepbr L

Ilosromy wacTo HEOTpHUIIATE/HLHYIO OOPEIEBCKYI0 (DYHKIUIO HA,
R™ Takyto, 9To

/ f(@)L(dr) =1,
RTL

Ha3bIBAIOT TIJIOTHOCTHIO.
Teopema 9.6.1 (mocrarouHoe ycsioBue aGCOMIOTHOI Henpe-

poiBHOCTU pacupenenenust Ha R" ). /aa mozo wmobv, pacnpe-
deaenue F na R™ 6v10 abcoatommno HenpepuieHvM OMHOCUMEADHO
mepve L u bopenescran dynxyus f(z) > 0, z € R", 6waa ezo
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naAomHocmslo, aocmammmo, ymobul Ha Kaacce K napaﬂ/wﬂenunedos
1 .
[al,bl) X [CLQ,bQ) X ... X [an,bn) =B, a;,b; R, i=1,2,...,n,

F(B) = / f(2)L(dz). (9.6.3)
B

B wacmmuocmu, daa mozo wmobwu pacnpedesenue F na RY 6ouio
abCONOMHO HENPEPOIBHBIM OMHOCUMEAbHO Mepb, L u boperescran
dynxyua f(x) > 0 6waa ezo naommnocmvio, docmamouno, 4mobv

na waacce & npomescymxos [a,b), a,b € RY,

F(la, b)) = / FOL(dD). (9.6.4)

[a,)
Hoxaszarenscrso. Ecau pacnpepenenns F(B) u [ f(z)L(dx)
B

COBIIAJIAIOT Ha NapaJuiesenunesax [a,by) x[ag, ba) X ... X [ap, by) =
= B (cm. (9.6.3)), To orm coBmasaoT u Ha anrebpe 2 KOHETHBIX
o6 beMHEHNIT TapasIeIeNnIe OB, a B CIIy TeopeMbl Kapareogopn
(cm. Teopemy 7.1.3) u na o-anrebpe o(2A) = B™:

F(B) :/f(x)L(dx), B e ®".
B

TMocnemree n obosnadaer, uro F abCOTIOTHO HENMPEPBIBHO OTHOCH-
TeJIbHO MephI L.

CiuencrBue 1 (byHKUuMs 1 NJIOTHOCTH PACIIPE/IEJIEHNS]).
Bepoammocmnoe pacnpedeaenue F na R abcoaromno nenpepwisno,
mozda u Moavko moezda, koz2da ez20 dynkyus pacnpedeserus F(x)
Nnpedcmasuma 6 6uUde:

F(z) = /f(t)dt, r € R, (9.6.5)

2de f(t) — Gopeaescran dynryus na R co snauenuamu ¢ RY, npu
amom f(t) asasemca naommuocmovio pacnpedesenusn F.
Hoxazarensbcto. Ilycrs mveer mecto paBercrso (9.6.5).
Bamerum, uto f(z) HEOTpUIATEHHA KAK MPOU3BOJHASA OT MO-
HOTOHHO HeyObIBatomeit dyukiu F(x).
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N3 pasenctsa (9.6.5) ciemyer, 4To A MPOMEXRYTKOB |a,b),
a,b e R,

F(la, b)) = [ f(t)dt,
[a,b)
[I09TOMY B CHJIy T€OpEMBI paciipe/iesenue F abcosiroTHO HepepbIBHO

u f(t) ero mJIOTHOCTD.
Ecau F abcomoTHO HEMpepBIBHO ¢ TIOTHOCTHIO f, TO

Fl) = F((—c0,2)) = / f(t)dt, z € R,

Sameuanne. Crencreue 1 maeT SKBHBAJIEHTHOE OIPEIE/ICHIE
abCOTIOTHO HEMPEPBIBHOTO pactpeeaenns Ha R,

CaencrBue 2. Ecau F — abcomommoe nenpepwisroe pacnpede-
aenue na RY, mo ezo naommocms f(t) pasna (n.6.) npoussodofi
om pynrxyuu pacnpedesenusn F(x) :

f(z) = F'(a).

JokazaTreanbcTBo. Ecau F — abcosroTHoe HempephIBHOE pac-
npejiesienne ¢ mWIOTHOCTBIO f(), To dyHKIWs pacupeesenns

Flz) = F((—00, 7)) = / F(t)dt. (9.6.6)

[TosTomy, Bo-tiepBbIX, F'(x) muddepenimpyema nouT ey (0THO-
cutebHO Mephl Jlebera), a, BO-BTOPBIX, BOCCTAHABINBAETCS 110 CBO-
el TPOM3BOIHON TIOCPEICTBOM OTIEPAIY WHTETPUPOBAHMUS, & NMEH-

HO!:
T

/ F(t)dt = F(z) — Fla).

a

Orcrona
F(la, z)) = / F(t)dt.
j0.2)

[Mostomy B cuty Teopembr 1 dynxius F/(z) sBasiercs nioTHOCTBIO
pacmpemesnenns F, a B ciiy e IMHCTBEHHOCTH TIIOTHOCTH

f(z) = F'(z) (m.B.).
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Teopema 9.6.2 (0 BbIYMCI€EHUN MHTErpaJia mo abCoJIroT-
HO HeINPEepPBIBHOMY pacnpenesenuro). Ecau F — abcoarommo
HenpepueHoe omuocumeavno Mmepor L pacnpedesenue wa R,
f — ez2o naomnocmsv, mo das awbotli bopesesckoli ynruuy g Ha

R™ co snauvenusmu ¢ R
[ st@Ftan) = [ o)) (9.6.7)
Rn Rn

6 npednoaooicenuu, wmo onpedesen, unmezpan [ g(x)F(dz) uau un-
Rn
meepan [ g(z)f(x)L(dz).
Rn

HdoxkazaTeasbcTBO. B cuay cBoiicTBA TMHENHOCTH MHTETPAJIA
Jlebera u npejcrapienus ¢ = g7 — g~ DYHKIUM ¢ B BUJIE PA3HOCTH
HeOTPUNATeTbHLIX (DYHKIHUIT g7 1 ¢, TeopeMmy J0CTaTOYHO JOKa-
3aTh JIs HEOTPUIIATETbHBIX (.

Teopema WMeeT MeCTO, eCau ¢ — UHAUKATOp, T. e. g(x) =
= Ip(x), B € *8™. B camom Jesie, ¢ OJHOI CTOPOHHI,

/g(m)F(dm) = /IB(a:)F(dm) = F(B),

Rn Rn
C Ipyrom —
/ o(2) f (2)L(dz) = / I5(2) f(2)L(dz) = / f(@)L(dx) = F(B),
R™ Rn B
II03TOMY

/ o(2)F(dx) = / o(2) [ (2)L(de).
R™ R

B cuny croiicrBa muneitHOCTH nHTErpasa Jlebera Teopema crpa-
BeJJINBA U /TS TMHEWHBIX KOMOUHAIUI WHINKATOPOB, T. €. JJIsI TPOC-
ThIX DOpesieBCKuxX (PyHKITHA.

Hamee, mycrs g — meoTpuiaTebHasd OOpeneBcKas (OyHKIUSI.
MomoTOHHO HEYOBIBAIOIIAA TOCIEI0BATETHHOCTH HEOTPUIIATETHHBIX
MPOCTBIX OOpeieBCKuX (DyHKITH

2kE
7—1
ge(x) = o L{w -1y /20 <91 <i/20} (@) F Blarg(a)>hy (2)
j=1
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cxommTes B Kaskoit Touke z € R x g(z) (em. memwy 9.2.1). Jlna
IPOCTHIX gk () TeOpeMa UMeeT MeCTo:

/ gk (2)F(d) = / 01 (@) ()L (dz).
Rn Rn

BocnosipzoBaBminck Teopemoii Jlebera o MOHOTOHHOI CXOAMMOCTH,
mepeiieM K Ipejeay B IpaBO U JIEBOI YacTAX IOCJEJHEro Hepa-

BEHCTBaA:
[ st@Ftan) = [ ga)s@iidn)
i R™
Tak uro B npeanonoxennsax reopemsl [ g(z)F(dz)(dz) onpenenen
Rn
TOTJIa 1 TOJIBKO TOLJa, Korja onpesenen uarerpan [ g(z)f(z)L(dx)
R”
u umeer Mecto pasenctro (9.6.7).

Tem camMbIM TeopeMa JOKa3aHA.

Bameuanne. TeopeMa mMeeT MeCTO U B CIydae MHTETPUPOBA-
HUA OTHOCUTEILHO abCOTIOTHO HEIPEPLIBHON MEPHI [ F-U3MepuMOoit
dbynkun, 3ajanH0it Ha npocTpancTee ¢ mepoit {2, F}.

Nurerpan mo cymme pacupesaeseHuii. [lycrs F u G pacipe-
penenns wa R, Oynknms muoxkecTBa Q, 3amannasa Ha o-aaredpe
B" paBEeHCTBOM

Q(B) =F(B)+ G(B), B €%B",

OYEBMIHO ABJSETCs pacnpejenennem. Pacnpejenenne Q 6yuem na-
3bIBATH cymmol pacnpedesenut F u G u Oygem obosuagars F + G.

Henocpencrsenno u3 onpesenenns nuarerpasia Jlebera moryda-
eM, 9ITO

[ s@atin) = [ g@)Ftan) + [ gw6iin)
R R™ R™
(B TIPEAIIOIOKEHUT CYIIECTBOBAHUSI HHTEIPAJIOB).
B uacrnocTu, ecim pacnpegenenne Q sapisgerca cymmoit abco-

JIIOTHO HENPEPBIBHOTO pacupesaenenus F (¢ mwrornocrsio f) u aro-
Mmugeckoro G, To

/ o(2)Q(dx) = / o(0) f()dz + 3 gla)G({}),
R R" i

B MOCTETHENH CyMMe CYMMUPOBAHUE BEJIETCS TI0 MHOYKECTBY aTOMOB
pacupenesenus G.
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9.7 A6cosoTHO HEmpepbIBHBIE
U JUCKPETHBIE CIIydaiiHble BEJIUIUHBI

Kaxas ciaydaiinas BeamyunHa uMeeT pacmpejesenue. B 3aBu-
CUMOCTH OT TOT0, KAKUM $IBJISI€TCs PACIIPE/IESIEHIE CITy YaiHON Beju-
YUHBI — A0COJIIOTHO HENPEPBIBHBIM WK JUCKPETHBIM, — MbI Oy1eMm
pazinyuars abCOIOTHO HEIIPEPHIBHBIE U JUCKPETHBIE CIyYaiiHbIe Be-
JIMYUHDBI.

JIluckperHbie cjaydaiiHbie BeJuduHbl. Ciydaiinas Beandn-
Ha & co 3HavennaMu B R™ HasbIBaeTcs duckpemmoti, eCIm ee pac-
npejenenue P¢ muckperHoe (aToMmdeckoe).

pyrumu ciioBaMu, ciaydaiinyto Beguduny & co 3aavenusgyu B R
Oy/eM HA3bIBATH JUCKPETHOM, eC/IN CYIIECTBYeT He Oojiee ueM cueT-
HOe MHOXKEeCTBO Touek x; € R™ takux, 9uTo

Pe({zi}) =P{¢ =2} >0, i=1,2,..., > Pe({m:}) = 1. (9.7.1)

Touku x; € R™, 115t KOTOPBIX BBITOJIHAETCS HEPABEHCTBO
P{g = l‘l} > 0,
Ha3bIBAIOT BO3MOXKHBIMU 3HQUEHUAMU JUCKPETHOU CJIydailHO#N Be-

JIMYNHBL.
3aMeudaHUe OTHOCUTEJBHO 0OO3HAYEHUN. 3HAYECHUE

Pe({zi}) = P{€ € {wi}} = P{€ = =i}

JIMCKPETHOTO pacrpesenenus P¢ ma atome {x;} eme 6yzem o6o3ma-
garh Pg(z;) (ecou 3anucs Pg(x;) nonumaercs oqnosnadno), . e.

Pe({zi}) = Pe(wi).

Teopema 9.7.1. Ilycmo & = {(w) — dynryua na {Q,F, P} co

snavenuamu 6 R, npunumaiowas xomeuwnoe uau cuemmoe wucao
snavenuti x1,Ts, ... Feau daa xaosicdozo ;

{w:é(w) =} €3, (9.7.2)

mo & = &(w) asasemea F-usmepumoti (aeasemea cayuatinot eeau-
YUHOT).
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JI1a KaskJI0TO BEIIECTBEHHOTO T

{w:é(w) <z} = U {w:€(w) =z;} €7,

T <X

MO3TOMY COTJIACHO CJiecTBUI0 13 TeopeMbr 8.1.1 dbynknug & = (w)
SIBJISIETCSL § U3MEPUMOii.

AGCOJIIOTHO HeEIpepbIBHbIE CJIydaiiubie BeaunduHbl. Ciry-
vaitHast BequwauHa & co 3HaYeHuAMEU B R™ Ha3bIBaeTC GOCOAIOMHO
HenpepuieHot OTHOCHTEILHO Mephl L, eciti ee pacripesesenne Pe ab-
COJTIOTHO HEMPEPHIBHO OTHOCUTENHHO L.

Jpyrumu cioBamu, caydaiinas Beqnanna £ co 3HaveHusMu B R”
abCOJIIOTHO HENPEPBLIBHA OTHOCUTEJIBHO MepbI L, eciiu ee pacupeje-
nenwe P¢ npejcraBuMo B BHIE:

Pe(B) = /p(a:)L(de Be®B", xR, (9.7.3)
B

e p(r) — 6openesckas dynkuus na R” co 3nadennsvu B R, na-
3BIBAEMast NAOMHOCMLIO PACNPEIeAeHUA CIyTARHON BeJTMIUHBI £ OT-
HOCHUTEILHO Mephl L.

B wacrmoctn, ecim pacnpenenerne Pg abcomoTHO HempephIB-
HO OTHOCWTEIHLHO OTHOCHTETHHO Mephl JleGera, To p(x) Has3bBAIOT
IJIOTHOCTBIO PACIIPEIEIeHI CIyIailHON BeTMIuHbI &.

[LnoTHOCTH pacnpeneneans p(x) caydaitHOl BEJIUIMHBI OTHOCH-
TeabHO Mephl L, OyIy4n mI0THOCTEI0 BEpOATHOCTHOTO PACIPE/IeIe-
HUS,

1) onpedeasemes 00H03HAMHO, UCKAIOUAA, OBIMD MOHCEM, MHO-
orcecmeo mouver, L-mepvr nyav;

2) HeOMPUUAMEALHA, UCKAIOUAHL, OLIMD MOICEM, MHONCECTNEO
mouex L-mepvr 1yan;

3) [ pla)L(de) = 1.
)

WNmeer mecTo u obpaTHOE yTBep:K/ieHUEe, a WMEHHO, HEOTPUIla-

TespHag Gopenesckad dynknua f(x) ma R™ co 3mauenmavu B R!
TaKagd, 4TO

/ f(@)L(dz) =1,
Rn

ABJIAEeTCH IJIOTHOCTBIO paclpeie/leHusd HeKOTOPO# ciIy4Jaiinoil Beau-
YUHBI CO 3HAUEHnAMHI B R".
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Teopema 9.7.2 (0 GyHKIUM U MIJIOTHOCTY PACIIPEIEJIEHUST
CJly4daiiHOM BeJImumHbl). J[As mo2o wmobvl CAYHatnGA 6EAUNUNA
€ co snauenuamu ¢ R' Guna abcoatommo menpepuenoti neobrodu-

MO U docmamouno, umobvs ee dynkyus pacnpedeaenus F () bvaa
npedcmasuma 6 6Ude:

Flz) = / FO)dt, = € R,

npu amom bopeaescran Pynryus f AGAAEMCA NAOMHOCBIO PAC-
npedesenus cAywatnot seaudunos €.

Caencrue. Ecau pacnpedenenue F cayuatinot seaunumnve co
snavenuamu 6 R1 abcorommo nenpepuisto, mo ezo naommocms f(t)
pasna (n.6.) npouseodnoti om Gynryuu pacnpedesernua F(x) :

f(a) = F'(z).

Teopema u ciaejcTBUE U3 HEE ABJASIIOTCSA IACTHBIM CIy9IaeM CJIe/I-
crBuit 1 m 2 u3 Teopembr 9.6.1, MOCKOMBKY pacmpeesenne cayvaii-
HOI BeJIMYUHBI SBJISETCA YAaCTHBIM ClydaeM BEePOATHOCTHOI'O pac-
npejesieHns.

Pacupenenenune pynkiuu or ciy4uaiinoii Besimuunsbl. 1o
pactpesienieanio P¢ ciaydaiinoil BesmanHBl { BCerja MOXKHO HaiTH

pacnpezenenne joboit dyuxmun g(&) or .

Teopema 9.7.3 (o pacupenenenun dyuknum ot §). [Tycmo
€= (&1,&,...,&) — cayuatinas seaununa co snauenuamu 6 R u
Pe — ee pacnpedeaenue, g(x) — bopesescran dynruyus na R™ co

snavenuamu 6 Rl [Taa amobozo Gopeaescrozo mroocecmsa B uz R
Plo@) € BY = [ Peldo). xR
z:g(z)EB

ecau & = (£1,82,...,&) — abCOAOMHO HENPEPLIBHAA CAYHATHAA
seauvuna u pg(T) — ee naomHOCMb, MO

P{g(&) € B} = / pe(x)dr, x € R™;

z:g(z)EB
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ecau & = (£1,&,...,&) — duckpemmnas cAYy4alHAA 6EAUNUHA U
Pe: o — Pe(x) — ee pacnpedenenue, mo

P{g(6) e Bl = ) Pe(o)

z:g(z)€EB

(cymmuposanue eedemca no amomam pacnpedenenun Pe, npunao-
nedrcaugum mnogcecmsy {x : g(x) € B}).
JlokazaTeabCTBO.

P{g(¢) € B} =P{¢ € g7'(B)} = Pe(9™'(B)) =

- /Pg(d:c): / Pe(dz) = /Pﬁ(dm)'

g~ 1(B) z:x€g—1(B) z:g(z)€eB
B wacrHocTu, ecim cayuaiinas seqmumna & = (€1,&2,...,&)
IMeeT IJIOTHOCTD pacipesenetnus pe(x) = pe(21,T2,. .., &pn), TO

P{g(§) € B} = / Pe(dx) = / pe(z)dz, z € R"

z:g(x)eB z:g(x)eB

(B cuy Teopembl 9.6.2 0 Bbruncienun unrerpasa Jlebera 1o abeo-
JIFOTHO HEMPEPBIBHOMY DPACIIPE/IEJIEHUIO).

Ecmm & = (&1,&9,...,&,) — auckperHas ciaydaiinas BeqwduHa U
Pe : @ — P¢(x) — ee pacmpenenerue, 10

Plal) e B) = [ Peldn)= 3 Pelo)

z:g(z)EB z:g(z)eB

CyMMEpPOBaHHeE BEJETCs [0 aTOMaM pacmpeesenns Pg m3 Mmoxkect-
Ba {x : g(x) € B} (B cuy Teopembl 9.5.4 0 BHIUACTIEHNN HHTETPAJIA
JleGera 10 JIICKPETHOMY DACIIPEIEJIEHHIO).

Caencrue. ITyemv & = (§1,&2,...,&) — cayuatinan 6eaunu-
na co snavenuamu ¢ R™ u Pe — ee pacnpedenenue. Jas aobozo
bopenescrozo muoocecmea B uz R™

P{¢c B) = / Pe(de), = € R™;

B



292 I'maBa 9. Maremarudeckoe OXKHJaHHe

ecau & abcontommno nenpepviena u pe(r) — ee naommocmv pacnpe-
desenua, mo

P{¢ € B} = /pg(m)dx, r € R™;
B
ecau & — duckpemmna u Pe : & — Pg(x) — ee pacnpedeaenue, mo

P{¢e B} =) Pela)

z€EB

(cymmuposanue sedemca no amomam pacnpedeaenus Pe, npunad-
Aedcauyum mrogcecmey B).

JlocTaTovHO B Ka4ecTBe ¢ PacCMOTPETH TOXKIECTBEHHOE 0TO0pa-
xenne R™ ma R™.

Ipumep 9.7.1. Cayuatinas seauvuna & pacnpedesena noxasa-
meavHo ¢ napamempom A. Hatimu naommocms pacnpedesenus cay-
watinot eeaununve = 1/(1 —¢).

Pemenue. Cuavyasa Haiinem (pyHKIUIO paclipe/ie/ieHus 1), BOC-
TTOJTb30BABIINCEH TeopeMoit 9.7.3

1-1/x
[ AeMdt, ecmn x < 0,
oo
F,(z) = [ Ae Mdt, ecm 0 <z <1,
1
1-1/x +o00
[ AeMdt+ [ XeMdt, ecm x> 1,
1 1

0, ecan x € [0;1];
py(@) = { Aexp {=A(1 —1/x)} /2%, ecrm z ; {O; 1}'

CoBmecTHOE pacrpe/iejieHue HE3aBUCUMbBIX CJIy4aiiHbIX

BesimumH. Pacupenenenne sekropa & = (£1, &2, ... ,&y,) ele Ha3bIBa-
10T COBMECTHBIM pacnpedeseuem CaIyIaiHbIX Beamans &1, o, - . ., &y,
a MJI0THOCTH pacupesesenust Bekropa & = (£1,&2,...,&,), ecin ona

CYIECTBYET, — NAOTMHOCTIBI0 COBMECTHo20 pacnpedesenus ' &1, o, . . .
- én.

[To coBmectHOMY pacnpenenenuio £1,E&2,...,&, BCerga MOXKHO
HAWTU pacripeIeeHne Kax a0l 3 CayIaiiHbIX BeTUInH &;, MOCKOTb-
Ky komnonenta & Bexkropa £ = (£1,&2,...,&,) apagercs dbyuxuueit
or &. ObparHoe, BOODIIE rOBOPs, HEBEPHO, UCKJIOYast YaCTHBIN, HO

I10THOCTD COBMECTHOTO PACIIPE IeTeHIs CIIYTAMHBIX Bemant &1, o, . . ., &n
eIe HA3BIBAIT COBMECTHOU nAomHocmoio pacnpedeschus E1,€2,...,&n.
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BAXKHBIII M YaCTO BCTPEYAIOIIUICA CiIydail He3aBUCUMBIX CJIydYaii-
HBIX BE/IUYUH, KOI'/Ia COBMECTHOE paclpe/e/ieHue Cly4alHblX BeJlu-
ant 1,89, ... &, PABHO MPOM3BEIEHUIO WX PACIPEIeIeHM:

Pg(Bl X Bg X ... X Bn) = P§1 (B]_)P£2(BQ) . an(Bn)

IS TTIOOBIX GOpesIeBCKuX MHOXKecTB B, Bo, ..., B, u3 Rl
B wacTHOCTH, NI IUCKPETHBIX CJIYYANHBIX BEJTUIUH UMEEM.
Teopema 9.7.4. Cosmecmmoe pacnpedeserue

Pf(xhy]a . 7Zk‘) = P{(flv&%"'a&'ﬂ) = (wl’ij ,Zk)}

HE3ABUCUMDBIT QOUCKPETHOIL CAYHATHUT seausun &1, &, . .., &y pagHo
npoussedenuto ux pacnpedesenudi Pe, (x;), Pe, (y5), - .., Pe, (2):
Pe(@i, yjs -5 2k) = Py (24)Pey (y5) - - - Pe,, (21) (9.7.4)
0AA BCET BO3MONCHVT 3HAYEHUT TjyYj, . - ., 2 CAYHAUHDT GEAUNUN
517527 s 7571-
JeiicTBuTebHO, ecu Caydaiinbie seuaunst &1, &, . . ., &, He3a-

BUCUMBI, TO
P{(xivyj,"'vzk) = P{gl = ‘/Ei7€2 =Yj,-- 'agn = Zk} =

=P{& =zitP{& =yt P& ==t =
= PE1 (xi)P& (yj) s P§n (Zk)

IIpumep 9.7.2. Hatimu cosmecmmnoe pacnpedeserie HE3AEUCU-

MOLE CAYHaTHBT seaudun €1, &, . .., &y, Kaoicdas u3 KOMOPHIT uMe-
em 2eomempuueckoe pacnpedeserue ¢ Napamempom p.
Pemenue. g caygaiiabix sequaun &, ¢ = 1,2,...,n,

Pe, (ki) = p(1 —p)*, ki =0,1,...

CoBmectHOe pacopesenenne &, ¢+ = 1,2,...,n,

n

P(ki, ko,... ky) = H Pe, (ki) = Hp(l_p)ki — p(1—p)lthetetha
=1 =1

k1=0,1,2,...:ks=0,1,2,...5 ... kn=0,1,2,...
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Teopema 9.7.5. Ecau &1,&2,...,&, — He3asucumvie abCOAOM-
HO HENPEPLIGHBLE CAYUATHDIE BEAUNUND, COOMBEMCMEEHHO C NAOM-
noemamu p1(z1), p2(x2), ..., pn(xn), mo cywecmeyem naommocmo
p(T1,Z2, ..., Ty) COBMECTNHOZO PACNPEICACHUA CAYUATHVIT BEAUNUH
£1,€9,...,&,, U oHG pasHa NPoOU3GEIEHUIO UT NAOTMHOCTMEN:

p(r1, @2, .., xn) = pr(@1) p2(22) - . . pu(Tn)-

HloxkaszareancTBo. [lockoabKy caydaiiabie BeunauHbl €1, &2,

.., &, He3aBUCHUMBI U abCOJIIOTHO HENPEPLIBHBI COOTBETCTBEHHO C

mioraoctsaMu p1(xy), pe(x2),...,pn(zy), TO ans mobBIX [ag,b;),
i=1,2,...,n,8a B=1[ay,b1) X [ag,b2) X ... X [ay,b,) 3nauenne

PE(B) = P{([al,bl) X [a2,b2) X ... X [an,bn)) =
= P{(&1,82,...,&n) € [a1,b1) X [ag, b2) X ... X [an,bn)} =
= P{& € [a1,b1),&2 € [az,b2),...,8n € [an,by)} =
= P{& € [a1,b1)}P{& € [az,b2)} ... P{& € [an,bn)} =
= / p1(xy)dx; / pa(z2)dxs . .. / P (xp)dzy, =

[a17b1) [a27b2) [a’VL7bTL)

= /pl(xl)p2($2) coopp(zR)d(zy, 29, Ly ),
B

110CJIe/IHEE PABEHCTBO nMeeT MecTo B cuity TeopeMbl @ybunu. Takum
00pa3oM, JABa PacIpe/le/leHns, a UIMEHHO, Paclpe/le/ieHue

Pg(B), B e %n,

U paclpejesieHne

G(B):/pl(xl)pg(xg) cooppl(zp)d(z1, 29, . .., Tp), B €B"
B

COBIIAJIAIOT Ha KJacce mapasienenune o B = [ay,b1) X [ag, by) X
. X lan, by), a 3aaunT, n #a aaredpe 2A KOHEUHBIX 00HEIUHEHMI

HEMePEeCceKAIOMNXCA MapaJsIeIenue 0B, a B CIIy TeopeMbl Kapa-

Teoopu u Ha o-ajnrebpe o(2A) = B" GopeseBCKUX MHOXKECTB:

Pg(B) = /pl(xl)pg(xg) .. pn($n) d(.l‘l,:tz, . ,l‘n), B e 8",
B
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ITocennee paBeHCTBO O3HAYAET, UTO pacHpeseneHne P¢ BeKTOpHOIL
cayuaiinoit Bemmunnbl § = (£1,&2, .. .,&,) abCOMOTHO HENPEPHIBHO,
u dynakuua p1(x1)p2(x2) . .. pp(Ty,) g9BISETCS MIOTHOCTHIO PacIpe-
nenerns P¢ — TJIOTHOCTBIO COBMECTHOTO DPACIIpeJeeHns CoIydaii-
HBIX BeuauH &1, &, ..., &y,

Jlerko ybeauThCsa B CIPaBeIMBOCTA OOPATHOTO YTBEPKICHUS:
ECAU COBMECTNHAA NAOMHOCMS CAYYATUHBT eeauysur &1,E2,...,&y,
PABHA MPOU3EEIEHUIO UL NAOTMHOCTEU, MO CAYHATHBIE GEAUNUHDL
&1,8,...,& — mesasucumoL.

Ilpumep 9.7.3. Hatimu cosmecmuyio naommnocms pacnpedene-
HUA HE3AGUCUMDBLT CAYYAUHBT seaudur E1,E, ..., &y, Kaocdas u3
KOMOPWT uMeem nokasamesvhoe pacnpedesenue ¢ napamempom 6 :

, ecau T < 0,

p(z:0) = { Gexp%—ex}, ecau x> 0;

2de 6 > 0.
Pemenue. CopmecTHast I0THOCTH pacupenenenus &1, o, . .., &y

n
p(ﬂflyﬂf?’ cee 7'Tn) - Hp(IZ) -
i=1

= ﬁ@exp{—@xi} =0 exp{—Gzn:wz},
i=1

i=1

€CJIU BCE T; TOJIOXKUTEbHBI, U PABHA HYJIIO, €CJIN XOTd Obl OJIHO U3
Z; HEIOJIOXKUTEJIHHO.

9.8 Ilpumepsl u 3aJa4n

Ipumep 9.8.1. ITycmo P — wmepa Jlebeea na RY. Ecau dymx-
yua f(x) unmeepupyema no Jlebeey na deticmeumenvroti npamot,
mo odas dannozo € > 0 natidemesa maxoe § > 0, wmo daa 4106020
bopeaesckozo muoocecmea A maxozo, wmo P(A) < 46,

/]f(x)]P(dx) <e.
A
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Pemenwne. Unuterpan

Q(B) = / F(@)|P(dz), B € B,
B

KakK (DYHKIIUS MHOKECTBA, ABJIAETCS MEpOil.
[ockombKy dbyukmusa f(x) narerpupyema o mepe P ma R, To

P{z :[f(z)] = o0} =0

(cm. Teopemy 9.2.11 u cexcTBuS U3 Hee).
IMycrs Ay, = {x: |f(x)| > n}. OueBngro Ap11 C Ap m

)
{o:]f(@)] = 00} = ) A
n=1
B cuy menpepsiBHOCTH Mephl Q

0=Q({z:[f(z)] = oo}) = lim Q(Ay).

Ilosromy mia mammoro € > 0 maiigercs takoe N, 9T0

QAy) = / 1 (@)[P(dz) < /2.
AN

g moboro A

Q(4) = / (@) |P(dz) + / (@) [P(d) <

AQZN AmAN

< NP(ANAy)+ /yf(x)yP(dx) < NP(A) +¢/2.
AN

IMosTomy, ecim B KawecTse 0 paccmorpers § = /2N, To gjist 11060T0
muo)kecTBa A, Takoro, uro P(A) < /2N = §, suauenue

Q) = [17(e)Plds) < =
A



I'maBa 10

Bouraucienune
MaTeMAaTUYeCKOT'O
O2KMJIaHUA

10.1 Bprunciaenue mMaTeMaTUuYeCKOro
OXKHIJIaHUdA TI0 pacrupeaesieHUuIO

ITo pacnpeenenuio ciaydaiiHOM BEIUYINHBI £ BCETIa MOYKHO Haii-
T maremarudeckoe oxuganue Mg(§) moboit bynknuu g(&) or &,
b 661 TobKO Mg(€) cymecTBoBasto.

Teopema 10.1.1 (o Bbruucaennu Mg(€) mo pacupeesne-
auio £). ITycmoy & — cayuatinas seaununa co 3navenuamu 6 R
u P¢ — ee pacnpedenenue, daa aoboti bopeaescroti Pynryuu g(x)
na RY co snavenuamu ¢ R!

Mg (¢) = / 9(2)Pe(dx), (10.1.1)

Rl

6 NPEINONOACEHUU, MO ONPEICAEHO MAMEMAMUNECKOE ONCUIAHUE
Mg(§) uau onpedenen unmezpan [ g(x)Pe(dx).
Rl

JlokaszaTenabcTBo. U3 npeacrapienus g = g+ — g~ , cBoiict-
Ba JIMHEHHOCTH MATEeMATHYECKOTO OXKHUJAHUA W MHTErpasa Jlebera
CJIEJIYeT, 9TO TEOPEMY JOCTATOUHO JOKA3ATh JJI HEOTPUIATEIbHBIX
bysaKIIHIiL.

Teopema mmveer mecto, ecau ¢(r) — HHAMKATOP, T. €.

g(x) = Ig(z), B € B

297
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HeiicTBUTETLHO, C OTHOM CTOPOHEI,

/ 9(x)Pe(d) = / I(2)Pe(da) =
RL Rl

1 Pe(B) 40 Pe(B) = Pl £(w) € B),
C Apyrom —
Mg(&) =MIg(€) =1-P{w: &(w) € B} +0-P{w: é(w) € B} =

= P{w: ¢(w) € B}

B cuny cpoiicTBa JMHEHOCTH MAaTEMATHYECKOTO OXKWUIAHUA U
unrerpasa Jlebera pasercrso (10.1.1) mmeer Mecto m Jyisi JuHEi-
HBIX KOMOMHAIUI WHIXKATOPOB, T. €. JJisT TMPOCTBIX GOPEIeBCKUX
DYHKITHI.

[Tycts g(x) — meorpunarenbuasa 6openeBckas GyHkms. Mono-
TOHHO HEYOBIBAOIIAS TOCIEI0BATETFHOCTD HEOTPUIATETHHBIX MTPOC-
TBIX OOpeeBCKuX PYHKIINIA,

2"n .
j—1
9n(@) = 3 G 1) /20 <oy <s/2y (@) F+ (@2 (2);
j=1
n=1,2,..., cxomarea ¥ g(z) B Kaxoit Touke ¥ € R (ca. meavy

9.2.1). U Tak kak gn(r) — npocrasi, TO

Man(€) = [ gnl)Pe(de).
R1
BocmonpzoBasmucs Teopemoii Jlebera o MOHOTOHHOI CXOIUMOCTH,

mnepeiiieM K IIpeaesly B IPaBOM U JIEBOH YaCTAX IIOCIETHET0 PABEHCT-
Ba, I10JIy4YuM

My(§) = [ g(o)Pelda).
Rl
Tak 9TO B IPE/IOIOKEHIAX TeopeMbl MaTeMaTHdecKoe OXKUTaHue
Mg(§) onpeseneno Torga u TOJALKO TOT/A, KOIJA OIMPEIeJIeH HHTe-

rpan [ g(x)P¢(dx), m umeer mecro pasencrso (10.1.1).
Rl
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CaenctBue. Ilycms £ — cayualings 8eAUNUNG CO 3HAYEHUAMU
6 R u P¢ — ee pacnpedenenue, moada

M¢ = | xP¢(dx),
/

6 NMPEINONONCEHUN, UMO ONPEOCAEHO MAMEMAMUYECKOE 0NCUIAHUE
ME uau onpedener unmezpan [ zPe(dz).
R1

Hocrarouno B Teopeme B kauectse dbyHKImn ¢(x) paccMOTpPeTh
g(x) = .

Awnanornunas Teopema o Bbramcaennn Mg(€) mo pacnpenee-
HUIO £ MMEeT MeCTO W Jis CAy9ailHOH BeJUYMHBI CO 3HAYEHUSMU
B R".

Teopema 10.1.2. ITycmv § = (51,%, ooy &n) — cayuatinas ee-

u

AUNUHG  CO  3Havenuamu 6 R” ¢ — ee pacnpedesenue,
oas moboti bopeaesckoli pynruuu g(x) = g(x1,xo,...,x,) na R”
co snavenuamu ¢ R
Mg(§) = /g(x)Pg(da:), r € R, (10.1.2)
Rn

6 NPEONOAodICENUU, YMO ONPEIEAEHO MAMEMATNUYECKOE OACUIAHUE
Mg(§) uau onpedenen unmezpan [ g(x)Pe(dz).
R

JlokazaTeabCTBO aHAJIOTUYHO JI0KAa3aTeJ bCcTBY Teopembr 10.1.1.
B koopaunaTHoii 3amucu pasenctso (10.1.2), 3anuceiBaeTcs Tak

Mg(&1,&2, -, &n) :/g(xl,xg,...,xn)Pg(d(xl,avg,...,xn)).
R’ﬂ

Janee nprusenenn aBa HanboOJI€E 9ACTO BCTPEIAIOIMINXC CIIY9asd
serancaennst Mg(§) mo pacmpenenennio Pg: korma pacrpesenente
P¢ abcomoTHO HenpepsIBHO U Korja P¢ auckpeTHo.

Teopema 10.1.3 (o Bberamcsiennn Mg(§) mo mioTHOCTH
pacnpenesienus £). Ecau & — abcoaommno nenpepuisnan cay4ati-
naa seaununa co shanenuamy 6 R' u pe(x) — ee naommocmo pac-
npedeaenus, mo das o6t Goperescroti dynxuuu g(x) na RY co
snavenuamu 6 R

Mg (€) = / g(@)pe()dz, (10.1.3)

Rl
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6 NPEONOAONCEHUU, YN0 ONPEIEAEHO MAMEMAMUYECKOE ONCUIAHUE
Mg(&) uau onpedeaer unmeepan [ g(x)pe(x)dz.
R1
JlokazaTealbCTBO. B TIPEANON0OKEHNSIX TEOPEMBI O BBIUWC-
nernn Mg(€) no pacnpenenennio £ (teopema 10.1.1) u Teopembr o
BRIYUCIEHNN WHTEerpaJia Jlebera mo abCcoTIOTHO HETPEPHIBHOMY Pac-
npenesennio (Teopema 9.6.2)

Mg(€) = / 9(w)Pe(dz) = / 9()pe()da.

R? R!

Tak uro Mg(§) onpesiesiero Toria u TOJBKO TOT A, KOT/Ia ONpe/Ie/IeH
unrerpan | g(x)pe(x)dz n nveer mecto pasencrso (10.1.3).
R
CaepncrBue. Ecau & — abeomomno Henpepuienad caywatinas ée-
aununa co snavenuamu 6 R u pe(r) — ee naommocmv pacnpede-
AENUA, MO

Me = [ ope(a)da,
]Rl

6 MPEONONOACEHUN, 4NO ONPEJEACHO MATMEMATMUYECKOE 0NHCUIAHUE
M¢ uau onpedener unmezpan [ zpe(x)dz.
Rl

Hocrarouno B Teopeme B Kauectse dbyHkun ¢(x) paccMOTpeTh
9(z) = .

Amnanornanag reopema o erauciennu Mg(€) mo miorHocTn pac-
npejieserust & UMeeT MeCTO ¥ Jijisd CJIyYaifHON BEJUYUHBI CO 3HAYE-
ausavu B R™.

Teopema 10.1.4. Ecau & = (£1,&2, . ..,&n) — abcoatommo wenpe-
poleHas  cayualinas — 6eaununa €O 3nauenuamu 6 R w
pe(x) = pe(x1,22,...,Tp) — ee naomuocmb pacnpedesenus, mo
oas moboti bopeaesckoti pynruuu g(x) = g(x1,z2,...,x,) Ha R”
co anavenuamu 6 R,

Mg(&) = /g(:):)pg(m)dac, z € R", (10.1.4)
R
6 NPEONOAOIICEHUL, MO ONPEIEAEHO MATNEMATNUYECKOE ONHCUITHUE

Mg(&) uau onpedeaer unmeepan [ g(x)pe(x)dz.
Rl
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B koopaunaTtHOii 3anucn pasencTso (10.1.4) 3amuceiBaeTcs Taxk

Mg(§1. &2, -+, 6n) =

:/9(961,902,~--7$n)p§($1,962,---vxn)d(fchxm---,xn)-
Rn
JlokazaTeabCTBO TEOPeMbl AHAJOTUYHO JTOKA3ATEJBCTBY Teope-
bl 10.1.3.
Ilpu BBIUMCIEHHH MaTeMaTHYECKUX OXKHIAHUI CIyJYaiiHBbIX Be-
JINUKMH YACTO OBLIBAET IIOJIE3HLIM CJIEIVIOIIEe YTBEPKIeHNUE.
Teopema 10.1.5. Ecau naommnocmo pacnpedeaenus f(x) abeo-

AOMHO HEenPepuienots caywaiinot eeauvunst & co snavenuamu ¢ R
CUMMEMPUYHA OTMHOCUMEAOHO NPAMOT T = G

fla+t)=fla—1t), te R,

M¢é =a

6 npednoaooicenuu, wmo ME Koneuno.
Ecau f(x) — naommuocmsv pacnpedeserus abcosommo Henpepbis-

HOU CAYUATHOT BCAUNUHDL E CO 3HAYEHUAMUY 6 R, mo flx —c¢) —
NAOMHOCTG PAcnpedeseHus Caywatinoti seauvunvt 1 = £ + ¢, npu
2MOM

Mn = M¢ + c.

Jokazareabcrtso. Cummerpuanocts mioraoctu f () orHo-
CUTEJIbHO IPAMOl T = a:

fla+t)=fla—1t), t € R,

ozuavaer, uro byuxuus ¢(t) = f(a +t) yernas.
Hamee,
400

Mé = / o f ()da.

—00

B mocnennem maTerpase cuemaeM 3ameny r =t 4+ a. Umeem

+oo +oo

/xf(x)dx: /(t+a)f(t+a)dt:

—0o0 —0o0
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+00 +oo
=a / f(t+a)dt+ / tft+a)dt=a-1+0=a,
—00 —0o0
+oo
unrerpai [ tf(t + a)dt pasen HyaI0 KaK MHTErpaj oT HeYeTHOI
—0o0

dbyuxruu tf (t+a) 10 TPOMEKYTKY, CAMMETPUYHOMY OTHOCUTEIHHO
HYJIS.

Yrobb1 yoeauTcs B COpaBeJIMBOCTU BTOPOI'O YTBEPKAEHUS, 10~
CTaTOYHO 3aMETHUTh, 9TO (DYHKIIAA PACIPEIEICHUsT CAyIANHON Be-
JIMIUHBI 1)

Fy(z) =P{{+c<z}=Fcx—c),

a I[IJIOTHOCTDB PacCIIpeIe/ICHuA

fala) = - Fy(e) = = Fe(w = ¢) = f(a — o).
CupaBe yIMBOCTb PABEHCTBA,
Mn = ME+c

OYEBUIHA.

Hamnpumep, Kak caecTBue u3 TEOPEMBI Oy IaeM: MaTEMATUIEC-
KO€ 0KH/IAHIe HOPMAJIbHO PACIPEIeICH Ol ¢ mapamerpami (a, o)
CJTy9aiiHON BeJTMYUHBI PABHO ¢ (€€ TIOTHOCTH CUMMETPUYHA OTHO-
CUTETHHO NPSMOli T = @); MATEMATUIECKOE OKUJAHNE PABHOMEDPHO
pachpeieIeHHoi HA TPOMEXKYTKe [a, b] caydaiinoil BeMIuHbl pas-
HO (a + b)/2 (ee WIOTHOCTH CHMMETPUYHA OTHOCHUTEJBLHO MPSIMOM
x = (a+b)/2).

IIpumep 10.1.1. Ha ompesox [0; 1] naydawy 6pocarom mouxy,
oHa deaum ezo wa dee wacmu. Hatimu pacnpedeserue u 6vivuc-
AUMD MAMEMAMUYECKOE 0AHCUIGHUE TAUHDL OKDYICHOCU ¢ PAdu-
YCOM, PABHBIM OAUNE BOADWET YaACmYU OMPE3Ka.

Pemenmne. [lycts £ — KoOpauHaTA Haymady OPOIIEHHON Ha OT-
pesok [0; 1] Toukn, Torga n = max{{, 1 —{} — nauna Gosbineit yactu
orpeska, ( = 27N — JUIMHA, OKPYKHOCTH C PAJUYCOM 1).

Crauasia, HaiijeM (GYHKIUIO paclpejeserns CIydaiiHol Beju-
quabl 1) = max{{,1 — &£}. Tlpn & < 1/2, ouesngno, P{n < z} = 0,
a npu x > 1 3nauenne P{n < 2} = 1. Ecim 1/2 < x < 1, nmeem:

P{n <z} =P{max{{,1 -¢} <z} =P{{ <z, 1-¢<a} =
=P{l-z<é<z}=(x—-(1-2))/(1-0)=2x—1.
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Bepogrnocts P{1—x < £ < x} BbIunCIeHa KaK T€OMETPUYIECKAS Be-
POATHOCTD COOBITUS “TOUKa, OpomieHHas Haygady Ha orpe3ok [0; 1],
nonazer Ha orpe3ok [1 — z; x]”. Ciaenosarensno, dyHkImeil pacnpe-
JCJIEHNA CIIYIaWMHOU BEJIUYIUHDBI 7) ABJIACTCA

0, ecrn © < 1/2;
Fyz)=19 2z—-1, ecm 1/2 <z <1;
1, ecau x > 1

(n pacnpenenena pasaomepHo Ha orpeske [1/2;1]). Orcroma mosy-
qaeMm (QYHKIIUIO pacipejesienus (:

x x
Fr(z) =P —P{2 :P{ —}:F(—).
() =P{C <o) =Plam <o} =P {n< D)= p (2
[TockosibKy 1) paBHOMEpHO pacmpezesena Ha [1/2;1], To
M¢ = M2 = 27Mn = 37 /2.

Ormernm, uro M( MOXKHO BBIYHC/IUTH U KAK MATEMATHIECKOE
oxuyanune dbyuknun ( = 27 max{&, 1 — £} cayvaiinoit Besuunnbr §

10 ee pacupesesenuto (paBaomeproe Ha orpeske [0;1]), cM. Teopemy
10.1.3:

+oo
M(¢ = M2r max{{,1 — &} = 27T/max{x, 1 —a}pe(x)de =

1
= 27r/max{ac, 1 —z}dx = 3m/2.
0

Teopema 10.1.6 (o Beruucaenun Mg(€), korga € auckper-
Ha). Ecau & — duckpemnas cAYy4aiings 6eAUNUNG CO 3HAUEHUAMU
e R u

Pg LT — Pg(l‘i), x; € X,
— ee pacnpedeaenue, mo daa 110601 bopeaescroli Pynkyuu g(x) na
R! co snavenuamu 6 R

Mg (&) =Y gli)Pe (i), (10.1.5)

6 mpednoaoscenuu, wmo mamemamuueckoe ogcudanue Mg(€) xo-

newno uau pad Y g(x;)Pe(x;) cxodumea abecoromno.
z;
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JokazaTenbCcTBO. B IPeaNoOIoKeHUSIX TEOPEMBI O BBIUNC-
nernn Mg(€) no pacnpenenennio £ (teopema 10.1.1) u Teopembr 0
BBIYUC/IEHNN WHTErpaJja Jlebera mo AUCKPETHOMY PaCIPeIeIeHuo
(reopema 9.5.4)

My(€) = [ g()Pe(d) = S otaPe(e

R

Tak 90 MaTeMaTnaeckoe oxumanue Mg(§) KoHeuHO TOT/Ia 1 TOTBKO
rorga, korga ps . g(x;)Pe(x;) abcomorHo cxouuTcs uMeer MecTo

pasemcrso (10.1.5).
CaencrBue. Ecau & — duckpemnaa cayualnas 6eAUNUHA CO
snavenuamu 6 R u

Pg X — Pg(ﬂfi), x; € X,

— ee pacnpedesenue, Mo

ME = aiPe(), (10.1.6)

6 NPEANOAOICEHUU, MO Mamemamuveckoe oocudarue ME Koneurno
uau paod Y xiP¢(x;) cxodumes abeoarommo.
z;

HocraTouno B Teopeme B Kauectse pyHKIHN () pacCMOTPETH
g(x) = .

Amnanornunag teopema o Berauciennun Mg(§) mo pacnpemee-
auio £, Korma & QUCKPEeTHA, UMeeT MeCTO W JJid CIydaiiHoOi Besu-
YMHBI CO 3HaYeHUsIMHU B R"™.

Teopema 10.1.7. Ecau & = (§1,&2,...,&,) — duckpemmas cay-
walinaa seaununa co snavenuamu 6 R u

Pe: (1, 22,...,2n) = Pe(1, 22, ..., 20n), o = (21, 22,...,2,) € X,

— ee pacnpedenenue, mo 0z a0607 bopenescrkoti Pynryuu g(r) =
=g(z1,x2,...,2y) na R co snauenuamu 6 R

)= glx)Pe(), (10.1.7)

6 npednoaooicenuu, wmo mamemamuueckoe ogcudanue Mg(€) xo-
newno uau paod Y, g(x)Pe(x) cxodumea abcorromno.
x
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B koopaunaTHOii 3anucn pasencTso (10.1.7) 3amuceiBaeTcs Tax

Mg(§17£27 s 7571) = Zg(xlux% s ,l’n)Pg(l'l,.%'Q,. . .,.fn),

CYMMWPOBAHIE BEJETCS O MHOMKECTBY BCEX ATOMOB JMCKPETHOTO
pacupesenenns Pe.

IIpumep 10.1.2. Cayvatinas seaununa € pacnpedesena noxa-
3ameavHo ¢ napamempom 6.

Hatimu pacnpedenenue caywatinots seaununve 1 = [£], evuuc-
aumo Mn ([z] — ueaas wacmov x).

Pemenwue. Cayuaiinas sesmauna 1) = [£] npunuMaer 3HaueHus
0,1,2,... (aBagerca muckpernoii). Ee pacmpeerenne:

Py(k) =P{n =k} =P{l{] =k} =P{k <& <k+1} =

k+1
= /Ge_emdznze_ek(l—e_e):p(l—p)k, k=0,1,2,...,
3

e p =1 — e~?. Tax wro 1 = [£] umeer reomerpuaeckoe pacmpeie-
Jtere ¢ mapamerpoM p = 1 —e 7.

Ilo m3BecTHOMY pacmpeesleHui0 TUCKPETHON CIyIaitHON Besu-
YMHBI 1) €6 MATeMATHIECKOe OKUAHNEe BBIYUCIAETCS TaK (CM. Teo-
pemy 10.1.6):

—0

00 00 1—p e
Mn =Y kPy(k) = > k(1 —p)'p = P g
k=0 k=0

10.2 MowmenTsl. /lucnepcus.
HepasencrBo YebrnImésa

Onpenesnenne. [lycts £ — ciayuaitHas BeJiMunHa CO 3HAYEHU-
avm B R ma {Q,F, P}, F — ee pacupenernenne, r = 1,2, ... Byzem
HA3bIBATH

ME™ = /acTF(dx) =m,

Rl
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MOMEHMOM NOPAJKG T CIIyIalHOM BeTUIUHBI { (MOMEHTOM TIOPS/I-
Ka 1 pacmpenesenus F);

MIe|” = / [« "F(dz) = M,
Rl

— abCcoMOMHBLM MOMEHMOM NOPAOKA T Cydaiinoit Beqmanns & (a0-
COJTIOTHBIM MOMEHTOM TOPsijiKa 1 pacupesenenus F);

M(E—my)" = /(m — my)"F(dz)

Rl

— UEHMPAALHOLM MOMEHMOM NOPAJKG T CAydaiiHOW BeauduHbI &
(meHTpAIBLHBIM MOMEHTOM TIOPsI/IKA T pacupejgenenus F);

M| —my|" = / |x — mq|"F(dz)

Rl

— abCoNOMHBLM UEHMPAALHOIM MOMEHMOM NOPAJKG T CIyIaiHOMN
BeInIuHbL £ (aOCOTIOTHBIM TIEHTPAIBHBIM MOMEHTOM MOPSIIKA 1" PAC-
npegesenns F).

Yacto ncrnob3yeMoit XapaKTePUCTUKON CIyIaiiHON BETUIHHBI
(pacmpesesienusi) SBJISIETCS TEHTPAIBHBII MOMEHT BTOPOTO HOPSIJI-
Ka, Ha3blBaeMbIH aucnepcueil ciaydaiinoit sesuumubl (aucnepcueii
pacCIpe/Ie/IeHus ).

Onpenenenne. [lycts £ — cayuaitHas BeIWdwHa C pacupese-
nennem F. Jlucnepcueti coiyqaiinoii seqmuaunnt € (pucnepceueit pac-
npegenenns F) 6yaem HaspiBaTh

M(E -~ Me)? = [ (o = mu)PF(de).
RL

Jucrepcus: o6ozHagaercs gepe3 DE mmm 02, T. e. TI0 ONpe IeIeHIIO

DE = M(€ — M¢)? = /(x —m1)?F(dz) = o°.

Rl

o = /D¢

Begnunna
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HA3BIBAETCS CPeIHUM KEAIPAMUNECKUM YKAOHEHUEM WA CAHAIAPM-
HOM YKAOHEHUEM CIydaiinoil Besmaunbl  (CTAHIAPTHBIM yKJIOHE-
HEeM pacrpejesenus F).

Onpegenenne. [lycte M|¢|" < oo, MIE,|" < oo, n =1,2,...,
r — MOJIOXKUTETbHOE. BymeM ToBOpHUTH, UTO MOCIETOBATENIHHOCTD
cayvaitneix Bequunn {&,} crodumca 6 cpednem nopadka r K Ciy-
JaiiHoil Beuuune &, eciu

M|&, — £ — 0, ipu n — oo.

B caygae r = 2 9Ta CXOAMMOCTD HA3BIBAETCA CXOIUMOCTBIO 6 Cped-
HEM KBAOPAMUNECKOM.
13 mepasencrBa Jlgmynosa

(MI¢5)Y* < (MICI)Y*, 0 < s <t

caemyer, 9To TP § < ¢ CXOAMMOCTEH B CPEeIHEM TOpsiaKa, t Bjieder
CXOJMOCTD B CPETHEM TTOPSIIKA, S.

Teopema 10.2.1 (mepaBencrBo Yebbmména). [Tycmo f(x)
— 3000HHAA HA NOAOAHCUMEALHOT NOAYOCYU HEOMPUUAGMENDLHAA MO-
HOMONHO HEeYOVBAIOULAA PYRKUUA U & — CAYNAUNAA BEAUNUHG CO
snavenuamu 6 RY. s ao6oz0 a > 0

M
Pilel > a) < T KD,
Pllel > a} < e,
D¢

P{I{ = M¢| > a} <

a?’

JoxkazareabctBo. C yIeToM HEOTPUIATETBHOCTH W MOHO-
tonuoctu f(z) umeem:

MA(E]) = / F(E@))P(dw) =
Q

= / SI&(w) )P (dw) + / FIE(w))P(dw) >
{wil¢(w)|=a} {wilg(w)<a}
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> / F(E@))P(dw) > / f(a)P(dw) =
{w:é(w)|>a} {w:]g(w)|>a}

= f(a)P{[¢| = a}.

Orcrona "
M (1<)
P{l¢| > a} < “fa)
B wacrnocru, ecim f(z) = x, 0
P{le > a} < 141

Ecimn f(z) = 2%, a B kauecTBe CrydaifHON BEJIMYMHBI PACCMOTPETH

(§ - Mg)a TO

M(€ —M¢)? _ D¢
2

P{I€ —M¢| > a} <

a a?

(aacTo ucmosib3yemasi hopma HepaBeHCTBa 1eOBIIEBRA).
W3 nepasencTsa YeOnImména:

Plle -~ Me| > a} < WML

MOJIy9aeM, 9TO U3 CXOAUMOCTH B CPEJIHEM CJIEJYET CXOJIMMOCTH 110
BEPOATHOCTH, 0OpaTHOE, BOODIIE TOBOPST, HEBEPHO.

HepaBenctBo Yebnnnéra g pacnpejesenuii. [lTycmo
F — sepoammuocmmoe pacnpedenenue na RY ¢ komewnoti ducnepcu-
eti 0. Jlaa mobozo a > 0

2
Flz: |z —mi|>a} < % (10.2.1)

(macca pacnpedeaenus F, cocpedomonwennas wa ezo “reocmax”
(—00,m1 — a] U [my + a,+o0), ne npesocrodum o2 /a?).
Hoxkaszarenanbcrso. OueBugHoO,

o2 = /(x —m1)?F(dz) =

]Rl
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= / (z —m1)?F(dz) + / (z —m1)*F(dz) >

{z:|x—m1|>a} {z:|lz—m1|<a}
> / (z — mq)?F(dz) > / a’F(dx) =
{z:|x—m1|>a} {z:|x—m1|>a}

= a*F{z : |z —my| > a}.
Tak aTo
o2
Flz : |z — > < —.
{z:|lx—mq| >a} < 2

CsoiicrBa gucnepcumn. [lajiee mnpejmosaraercs, 910 JUCIEDP-

CHU CJIYYaiiHBIX BEJUYNH KOHETHEL.
1. Jaa ao0bwviz a u b (a,b — xonemarnmo)

D(aé +b) = a*D¢.

B wacmmnocmu,

D(af) = a’D¢
(K‘OHcmaHma eblHOCUMCA u3—nod 3HaxKa ducnepcuu C KSG@pdmO.M) u
Db=0

(Jducnepcus Koncmanmuve pasua Hya10).
HeiicTrBUTEIBHO,

D(aé + b) = M(a& + b — M(a& + b))? = M(a + b — aM¢ — b)* =
= a®M(¢€ — M¢)? = o?D¢.
B wacrroctm, ecm b = 0, To
D(af) = a®DE,

ecan a = 0, TO

Db = 0.

2. Jlucnepcus cymmovl NONAPHO HE3ABUCUMDBLL CAYHATHLIT BEAU-
wun £1,€2, ..., &y pasna cymme ur Jucnepcuts;

D (Z &') = Z D&,
=1 i—1
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HeiicTBUTETBLHO,
n n n 2
D (Z&) =M (Z& - MZ&) =
i=1 i=1 i=1

=M (Z (& — M&; ) =M Z — M&;)(& — Mg;) =

1,7=1

Z — M&)(& — M&) + > M((& — M&)(& — Mg))) =
i=1 i£]

—ZDMZM —M&)(& — ME;)) ZD&

i#]

Tlpm @ # j B cuay CBOWCTBA My/JILTHUILIMKATHUBHOCTH MaTEMaTHYE-
CKOTr'O OXKWJQHUSA

M(& — M&) (& — ME;) = M(& — M&)M(E; — ME;) = 0
3. Ecau DE =0, mo

P{¢=Me} = 1.
OueBnHo,
> 1
(o lew) - el > 0 = [ fle) - > 1.
n=1
npuyaeM
) —Mel >~ b e dw s jew) - Mg >
w:|€(w) — — w:
n n+1
n = 1,2,... Orcioa, TOJb3ysICh CBONCTBOM HENPEPBIBHOCTU Be-
posiTHOCTH, HepaBeHCTBOM YebbiméBa u yuurbiBas, uro DE = 0,
TTOJTY Ia€eM:

P{I¢ — M¢| > 0} =lig1P{|g— M| > ;} <lim s =0
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[TosTomy
P{l¢ —M¢[ =0} =1
WIN, 9TO TO XK€,
P{¢ = Mé¢} = 1.
4. Jlaa 110600 KoHcmanmol ¢

M(E — ¢)* > M(§ — Mg)* = D¢

(M(€ — ¢)? npunumaem naumenvwee 3nauenue, ecau ¢ = ME).
HeitcrBuTEIBHO,

M(E = ¢)* = M((€ = M&) + (M€ — ¢))* = M(€ — M&)*+

+2(ME — ¢)M(§ — ME) + (ME — ¢)” = D€ + (M€ — ¢)* > DE.

Teopema 10.2.2 (0 MOMEHTaX HOPMAaJILHOTO PaCIpee-
genus). [Tycemov & — HOPMAAbHO pacnpedesennas ¢ napamMempamu
(a;02) cayuatinas seaununa. Tozda

M(E —a)?*7 1 =0, M(€ — a)?* = (2k — D)1 o2*,
k=1,2,...,20e 2k —1)!!=1-3-5-...-(2k —1). B wacmnocmu,
M¢ = a, D¢ = o

JlokazaTeabCcTBO.

= ! o™l exp —132 ds = o s exp —132 ds
2ro 2 Vor 2
]Rl

(MBI BOCIIOJIB30BAJIUCH 3aMeHOiT TlepeMeHHoit (x — a)/o = s), T. e.

M —a)" = ;;/s”e_SQ/st.
™
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Eciun =2k —1, To

o" 2
M( —a)" = /8”6_5 2ds =
\/27r]Rl

O.n

= lim s"e=5"2ds = 0
V2T m

[_m’m]

(mocsteHMIT HHTErPAJT pABEH HYJTI0 KaK HHTErpaJl OT HeYeTHO (DY HK-
[IUM 110 CHMMETPUIHOMY TIPOMEXKYTKY ).
B wacrnoctu, npu n = 1 umeem M(§ — a) = 0, nan

M¢ = a.

CulefioBaTeIbHO, Yy HOPMAJbHO PACIpEIENeHHOl ¢ IapaMeTrpaMu
(a;0?) cayuaiiHoii BeJMUMHBI MATEMATHYECKOE OKIJIAHEE PABHO a4
(nepseiit MmomenT N, 2-pacipe/e/ienus paseH a).

Ecau n gernoe (n = 2k), 1o

+oo
n o _ 0" 2k Lo
M(E—a)"=M( —a) :\/ﬂ s expq —os ds =

—+00
202k 1
_ 2 SleXp{—282}d8.

BhLIIOMHEB B HOCIeIHEM HHTErpase 3aMeHy HmepeMenHoi s2/2 = t,
TIOJTYYUM:

+

+o00
2% k 2k
20 (20)F et (26)71/2 gt = 280 / (b +1/2)~1 ~t gy _

V2T
0

SE) T () ()
<+_k> <;> 2k g2k 2k2—1‘2k2—3m;r<;>:
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_ 7 k1T (;) .

™

3amMerum, 9To
+o0 +00 1
Vor = / e_tQ/th = \/§ / u_l/Qe_“du = \/51—‘ <2>
—0o0 0

(MBI BOCIIOJIB30BA/INCH 3aMeHOf mepemennoii t2/2 = u). Orcioma

I'(1/2) = /7.

" cnenoBarensHo,

M (¢ — a)®* = (2k — D)1 o 2*.

B wacrnocru, npu k = 1 umeem M (€ — a)2 = 1lo? = 02, a yunToi-

Bast, aro M& = a, mosryuaem:
DE=M (€ —a)? =0

CieoBaTe/IbHO, Y HOPMAJIBHO PACHPE/IeJICHHOI ¢ ITapaMeTpamMu
(a;0?) ciyuaiinoit BeMUMHBI JACTIEpPCHst paBHa 02 (BTOPOIl HEeHT-
pasibublit MOMeHT N, 2-pacipesesienus paser o2).

Bamewanne. 3uagerne M(§ — a)? MOYKHO BEITHCIATH 1 TaK:

0'2 i 2 0'2 e 2
M(§ - CL)2 = E / 826_8 /QdS = —E sde™® /2 =
_ o —s2/2 e —s2/2 _ 2
—E (36 _OO— / e dS) =0 .

IIpumep 10.2.1. Bwuucaumov momenmov, k-z0 nopadka (k =
=1,2,3,...) u ducnepcuro cayuatinoti sesuuuns &, umeroueti 2aMma-
pacnpedeaenue ¢ napamempamu (v;6) :

[ v—1 -0 .
p(:z:):{ F(y)x exp{—60z}, ecau x> 0;

0, ecau r < 0.
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Pemenue. B cuny teopemobr 10.1.3 o seruncienun Mg(€) mo
pacupejeiennio & umeem:

+o0o —+o00
GV
ME = [ zp(x)de = [ x 2’ Vexp {—02}dx =
[ [
(v +1) T (v+1)—1
= oT () /I‘(V—i— 1)x exp{—fz}dx =
(v +1) 1- I'(y) v
0T(v) CT(v) 0

9V+1 y
/ mx exp{—Oz}dr =1
0

KaK HHTerpaJl OT IJIOTHOCTH FaMMa-PacIpe/ieeHns ¢ TapaMeTpaMu
(v +1;0).

Anasoruyno umeem:

Mgk:y(y—{—l)...eil/—k(k—l)’ k=23 .
Jucnepcug

ane2 2_1/(V+1)_ VN2 v

e p 50 (1)

IIpumep 10.2.2. Ilpumepom pacnpedesenus, Y KOMOPO20 He
onpedeset MOMER NePeozo nopadka, Asasemcsa pacnpedesenue Ko-
WY

ITo onpegenennio MOMEHT TIEPBOIO MOPsiAKa pacupenenenns F

+oo +0o0
my = /$+F(d$)—/l‘_F(d$),

€CJ/In TOJIBKO MHTErpaJibl OT IOJIO2KUTEJbHON YacTu x+ n oTpuia-
TeJTbHON JaCTU &~ He PaBHBI OO.
Ina pacupenenenns Komu nmeem
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+o0 +oo

1 1 1 1
N dr = — dr =
/(x )771+$2x /xwl—l-x?x

—00 0

1 +oo
=—In(l1+2?)| =+oo,
2

0

1 aHAJIOTUYHO

400 0
/(x_)lldx _ /(—a:)lldﬂs — oo,
71+ a2 71+ a2
—0oQ —0o0
[TosTomy MomenT TIepBOTO TIOPsiIKa pacupeaenenns Kot He omnpe-
nesed (He CyIIECTBYET).

MMpumep 10.2.3. Iycmo &, 1 =1,2,..., — nesasucumvie 00u-
HAKOBO PACTPEIEAECHHBIE CAYYATUHBIE BEAUNUHDL € KOHEYHDLMU MO-
MEHMAMY 6TNOPO20 NOPAIKG, V — NYACCOHOBCKAA CAYIATUHAA BEAU-
YUHG, HE 3GBUCAUGA OM CAYHATUHBT seauvun &, 1= 1,2,.. ..

Caynatinas 6eAuMUHG Sy ONPEEAEH PABEHCMEOM

Sy=>_&.
=0

Buuucaums MS,,, DS,.
Pemenue. Pasencrso

SI/ = Z£j7
=0

ciaenyeTr IOHUMaTh TaK

Su = Skl
k=1

Ob6o3HaunM HEePBBI U BTOPOIl MOMEHTHI C/Iy4YaliHON BeJIMYUHbBI
&; COOTBETCTBEHHO Yepe3 My U Mg, MapaMeTp MyaCCOHOBCKOTO Pac-
npesesienns 0bo3HaYNM depes 6.
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B cuy cBoiicTBa CUETHOM aIIUTUBHOCTH W MYJIBTUTLTUKATHBHO-
CTU MATEMATUYECKOTO OYKUJIAHUS UMeeM

MS, =3 M(S,Ij_py) =
k=1

=Y M(Skl—py) = Y MSiMI_yy =
k=1 k=1

> 0 > 0

Z MS), He 0 — Zmlkye =m10
k=1 k=1

Tak 4aT0
RASV::7n19.
Hamee,

DS, = MS2 — (MS,,)>.
Boraneamv MS2.

MS2 = " M(S}jypy) =
k=1

2 2 2 —0.
=Y M(SPIpogy) = > MSEMIg,_jy = > MSEo e
=1 k=1 k=1

k 2 k k
MS2=M<Z@> =M|> &+ > &g =
i=1 i=1 i,j,i#]

= kmy + k(k — 1)m2,

TOITOMY
0o ek -
MS] = "(kmy + k(k — 1)m%)ﬁe o
k=1
_ G kek —0 2 - k29k —0 - kek —0 _
—mgkz He +m1 kz Ee —kz He =
=1 =1 =1

= maf +m3 (0% 4+ 0 — 0) = maf + m36°.
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Tak 4rTo
MS? = mq + mi62,

DS, = mof + m%92 — (m19)2 = maf.

MomMeHTbI HEKOTOPbBIX a0COJIIOTHO HEIIPEPBLIBHBIX pacnpe-
JeJsieHuil n cuayvdaiiHbIX BeJaumdnH. /lajiee npuBejieHbl BbIYKUCIEH-
Hble paHee MOMEHTbI HEKOTOPhIX abCOIIOTHO HEIIPEPHIBHBIX PaCIIpe-
nenennit (cm. reopemy 10.2.2, mpumep 10.2.1).

Momermat 1opmaavnozo pacnpedeaerus ¢ napamempamu (a; o?)
(Momenmot nopmanbno pacnpedesernoti ¢ napamempamu (a; o) cay-
watlinoti eeaununv, §):

M¢ = a, DE = o2,

M(E —a)* L =0, M —a)** =2k —Do?* k=1,2,...

Momenmui zamma-pacnpedesenus ¢ napamempamu (v,0) (mo-
MenmbL 2amma-pacnpedeaennoti ¢ napamempamu (v,0) cayuatinot
seausunb, §):

v, U
m]_:g,(f :?
viv+1)...(v+(k—1))

mi —

o L k=1,2,...

Momenmoi pacnpedesernua Opranea ¢ napamempamu (m,6) —
eamma-pacnpedeaenus ¢ napamempom (m,0):
m 5 m

mlzgaa :pv

mm+1)...(m+ (k—1))
Qk
Momenmuv nokazameavnozo pacnpedeserus ¢ napamempom 6
— 2amma-pacnpedeserus ¢ napamempom (1,0):

mp =

L k=1,2,...
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Momermui X2 -pacnpedenenus ¢ napamMempom n — 2aMma-pacnpe-
deserus ¢ napamempamu (n/2,1/2)
— 2 _
my=mn, 07 =2n.

Momenmui pasromepnozo wa npomescymsze [a, b] pacnpedesenua,
MOMEHMBL PASHOMEPHO pacnpedenennoti na npomescymsxe [a,b] cay-
YatHot sesuduHs & :

b b—a)?
a + 0_2:( CL).

=y 12

10.3 IIpumeps! u 3a7a49n

IIpumepnt

IIpumep 10.3.1. Cayuatinas seaununa € ¢ pacnpedeseruem F
umeem KoHewHoe mamemamuyeckoe odcudanue ME = a.

Hycmo

En = Elgyy1<ny (€)s M = EL gy >} (6)-
Zoxazamuv, wmo
lim Mn,, = 0, lim M¢§, = M¢ = a.
Pemenune. Ecim
a= /mF(da:) # 00,
Rl
TO (PYHKIUST MHOXKECTBA,

QA) = / 2F(da),

A

SIBJISIETCS HEITPEPBIBHOM 110 MOHOTOHHO YOBIBAIOIIEH [TOC/IE0BATE b~
HOCTU MHOXKECTB

Ay, = (—o0, —n) U (n, +00), nzl,?,...,ﬂAn:@
n=1
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[TosTomy

liﬁn Q(4,) = lirrln/:nF(d:E) = /acF(daz) =0,
Apn 0

1 cnenoBarensHO,

lim Mn,, = lim/xIAn(x)F(da?) = lim/xF(dx) =0.
R! An

Jlaiee, MOCKOJIBKY

f = fn + Mns
TO
M¢ = ME,, + M.
Orcroma
lim M§, = M¢ = a.
3agaun

10.1. Cayuaiinas sesnuuna 1 umeer pacupesenenne No.,2. Bol-
YUCJIUTDb MaTeMaTU4eCKOE€ O2KHJIaHMne CﬂyqaﬁHOﬁ BEJIMYNHBI 77+ -
= max{0,n}.

Oteer: Mt = o/+/27.

10.2. IIycts ¢ = (£,m) — abCOTIOTHO HENPEPBIBHBIA BEKTOD C
wi0THOCTBIO f¢(x,y). Boraucanrs ME, M.

Ykazauue. Cnyuaitnas Bequanna & aBiisieTcs QyHKITUEIO BEK-

Topa ¢ = (£, 7):
§=9(0) =g(&m),

IIO3TOMY

M¢ = Mg(¢) = /g(x,y)fc(w,y)d(x,y) = /wfc(x,y)d(w,y)-

R2 R2

10.3. Ha okpyxHOCTH ¢ pagmycoMm R maymady 6epyT aBe TOU-
ku. Halitu dysknuio pacupejeienus: PAaCCTOSHUS 1) MEXKIy HUMU U
BBIYUCTUTE M7).

Vkazaunwue. [lockonbpky mpu j11060M TOBOPOTE OKPYKHOCTHU Be-
POSITHOCTH COOBITHSI, 3ABUCAINETO OT OT PACCTOSTHUS MEXKJY JIBY-
MsI TOYKAMU OKPYZKHOCTH, OCTAETCS HEM3MEHHO, TO OJHY U3 TOUEK
MOYKHO CUUTATEH (PUKCUPOBAHHOI.
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Otgert:
0, ecin < 0
F)(z) = %arcsin %, ecin 0 < z < 2R;
1, ecim x> 2R.

10.4. Ilycts € — caydaiiHasg BEIUYUNHA C IJIOTHOCTHIO pacIpe-

nejleHnst
1

p(x) = m

Borancanrs M min{|€], 1}.

Otser: (In2)/m+1/2.

10.5. Ha orpesok [0; 1] maymaqy 6pocator Touky. Ona gesaur ero
Ha JaBe yacTu. Haiitn pacripesesenne n BHIYUCINTH MATEMATHIECKOE
OXKMJIaHNe CJIy4YaiiHOW BeJIMYUHbBI 7):

1. JITMHBI OKPYZKHOCTH C PAJINYCOM, PABHBIM JTUHE: a) MEHbIIIei
qacTu OTpe3Ka; 06) GosbIell YacTn oOTpesKa.

2. Ilmomaam Kpyra ¢ pamycoM, PaBHBIM JIJIMHE: a) MEHbIIel
qacTu OTpe3Ka; 0) GosbIell yacTn oTpesKa.

10.6. Ilycre &1,&9, ... ,&, — HE3ABUCHMBIE CJIyYaiiHbIE BEJIMIM-
HBI, KQyKast 13 KOTOPBIX WMEET CBOEH MIOTHOCTHIO PACIPEIeTCHIs

0, eciu T < 0;
p(z) = %exp{—é(x—ﬁ)}, ecmm x> 0, a> 0.

Brurancants MaremMarmieckoe O2KHJJaHu1e C.Hy‘-I&fIHbIX BeJINYNH:

Orsersr: 1)ME = 0 + a; 2)Mmin{&} = 0 + a/n; 3)MO; =
=0+ a/n? 4)Mby = a(l —1/n?).

10.7. Ilycrs &1,&9,...,&, — HE3ABUCHMBIE CJIyUYaiiHbIe BeJIMIM-
HBI, KayKJasd U3 KOTOPBIX UMEET CBOEll IJIOTHOCTHIO pacIpeaeeHus

() = 0, ecmmax¢][0—h;0+h];
PRI = 1/2h, ecim z € [ — ;0 + h).
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BerancnTh MaTeMaTHyeckoe OXKUJIAHNE CJYIARHBIX BEJTHUINH:
1) min{&1,&2, ..., &n}; 2) max{&1,82,. .., &n};
3) (maX{fl 525 ce. 7§n} - Hlln{él, 527 R 7£n})/2
1 n—1 n—1y. n—1p

Oteerer: 1) 0 — —7h; 2)9+mh, 3) nTTh

10.8*. Tycrs A, = {(u,v) : u+ v < x} — muoxkecTBO B R?,
T — npousBoJibHOE, HO dukcupoBannoe uuciao, ( = (§,1) — ciy-
vyaiiHasl BeJIMYMHA CO 3HAYEHUIMN B R2.

Borauciaurs M1y, (€,m), eciu u3secTHo, 4TO:

1) cyuaiinbie Bemuaunbl £, 1) HE3ABUCUMbBI M UMEIOT CBOUMU PaC-
npegenenusvu F u G coorBercrBeHHO;

2) ciy4aiinbie BeJTMIUHLL £, 1) HE3aBUCUMBI U aDCOTIOTHO HEIIPe-
PBIBHBI C TUIOTHOCTAMU f W g COOTBETCTBEHHO.

Ykazauue. [lockoabKy £ u 1) HE3ABUCUMBIE CIyJIaliHbIE BEJIU-
YHMHBI, PACIPEJIEeJCeHUeM CIyqdaiiHoll Besuuunbl (£,7)) sABISETCH
F x G. CorjacHo TeopemMe O BBIYUCJIEHUN MaTEMaTUIeCKOrO OXKU-
nmauus YHKIAA OT CJIYIailHON BEJMYUHBI 10 €e PACIPEJIe/IEHHIO,
nMeeM

MI, (€1) = / Ly, (u, 0)F x G(d(u, v)) =

RQ

:/ /[AI(U,U)F(du) G(dv):/F(az—v)G(dv).
R! “R! R!

A ecu € m 1 abCOTIOTHO HEPEpLIBHbIE HE3ABUCUMBIE CJTyJaiiHbIe
BEJIMYUHBI, TO JJId MOCJIEIHEI0 NHTerpaJjia NMEeeM:

/Fx—v )G(dv) = / /f )ds | g(v)dv.

Bamernm, aro MI4,(£,7n), Kak MaTeMaTHIeCKOe OXKUAHUE OT
npocToit cayuaitnoit senmmamner 14, (€,n), pasao P{{ +n < x} —
byHKIINN pacupeseseHust CayIaiitHol BeTUIUHbI £ 4+ 1) B TOUKE T.

10.9. Ilycrs &1,&9,...,&, — HeE3aBUCUMBIE OJIMHAKOBO pacipe-
JleJIEHHBIE CITydaiinble BeJIUInHb (KaxKaas ¢ pacrupenesernem F) co

sHagenusvu B R

,
=JXi, XinX; =0, i #j;
=1



322 10. Bprunciaenne MaTeMaTHIECKOIO OXKIJJAHHS

V; — UHCA0 CAydaiHbix Beauwund &1,&s,...,&,, momaBmux B X,
pi = F(X;) = P{& € X;} — BeposarHOCTh, TOTO, 4TO &) MONAJET B
Xii=1,2...r
BerauncanTh
Mv;, Dy, 1 =1,2,...,7.
Beimucars pacmpesienienne sektopa v = (U1, Va, ..., Up).
Ykazanue. OueBugHo

n
Vi:ZIXi(fk), 7,= 1,2,...,7’.
k=1

10.10. ITycrs &1,&2, . . ., &y, — HEBABUCUMBIE OJUHAKOBO pacIIpe-
JIeIEHHbIE CIydaifHble BeJUYUHBI, KaxKaasd ¢ QyHKImeil pacmpe;ie-
nenusa F(x).

Oynuxmus I, (1), onpepenennas na R! paserncrsom

R 1<
Fn(l’) = E ZI(foo,x)(gk)v
k=1

Ha3BIBAETCS IMIUPUIECKON (DyHKIMEH pacipere/ienns.
[Ipu xaxj0M (HUKCUPOBAHHOM T dMIUPUYECKas (DYHKIUS Pac-

npenenenusa Fp,(z), kak byHKIusa or caydaiipix eamaun &1, o, - . -
., &n, ABMSETCS CIydaiiHON BETUINHOM.
1° Haiitu pactpenenenne F,(x).
2° IlokazaTrh, 9TO



I'maBa 11

CBepTKa

11.1 CsepTKa u pacipejejieHie CyMMbI
HE3aBUCUMbBIX CJIyYalHbIX BeJIUYNH

Ounpepnenenne. Csepmuoti Gopenesckoii dbynxmun ¢ ua Rl co
snauennsiMu B R ¢ BepogrHOCTHBIM pacmpenenennem F ma R ma-
seiBaeTcst byukimsa u = u(x), onpegensemMast s KasKgaoro T € R!
pPaBEHCTBOM

ulz) = / (e — y)F(dy),
Rl

obo3HauaeTcs ceepTka ¢ ¢ F rak:
u=Fxqp.

CaeprKa orpaHndeHHO 60pesIeBCKOM (DYHKIUHU  C BEPOSITHOCT-
HBIM pacnpeenernem F Bcerna onpemenena — orpannyerHast pyHK-
[ WHTEIPUPYEMa [0 BEPOATHOCTHOMY PACIPEISIECHUIO.

Ecan BeposTHOCTHOE pacmpesenenne F abCOIIOTHO HEPEPHLIBHO
n f ero MIOTHOCTH, TO

u() = Fx plz) = / o — y)F(dy) = / oz — ) F(y)dy,
Rl Rl

a eciim F — aromuueckoe pactpeaenenne, COCpeaJOTOYCHHOE B aTO-
Max Yi,Y2,..., TO

u(x) = Fx p(z) = / (@ — y)F(dy) = 3 ol@ — u)F (i)
R Yi

323
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BameTrnm, 9To cBepTKa (PYHKIUHU @ ¢ pacrnpeenennemM F ompe-
JleJIeTcs U Ul pacupejenennii F, oTindHbIX 0T BEPOSTHOCTHBIX.

Bamevanue. [lopsiyiok komonenT B ceeprke F * ¢ cymecrse-
vern. CumBost ¢ * F, BoODIIIE TOBOPST, CMBIC/IA, HE UMEET.

IMpumep 11.1.1. ITyemov ¢(x) = o) (7), F — amomuueckoe
pacnpedesenue:

F({i})=1/3, i=0,1,2.

Hatdmu F * .
Pemewnmne. Ilo onpenenennio ceeprku u(x) = F * ()
+oo +o0o
u(w) = [ ole = w)Fdn) = [ Toa (e~ p)Fdy) =
= Ijp,1)(z) - F({0}) + o) (@ — 1) - F({1}) + Iy (= — 2) - F({2}) =
1 1 1 1
= Ijp,1)(x) - 3 + Ligy(w — 1) - 3 + Ligy (v —2) - 33" To;3y (7).

Teopema 11.1.1 (cBoiicTBa cBeprku). Ceepmia F* @ dymx-
YUU @ ¢ 8ePoAMHOCMHBLM pacnpedeseruem F

1) ozpanuuena, ecau @ o2paHuNena;

2) 02paAHUMEHA U HETMPEPLIEHA, €CAU P 0ZPAHUNEHA U HENPEPLIG-
Ha;
3) asasemca sepoammnocmnoli Pynkyueti pacnpedesenus, ecau
© — BEPOAMHOCTHAA GYHKUUA PACTIPEICACHUA.

Hokazareasbcrso. Ilycrs

u=Fxop.

Ecim ¢ orpanmuena (|o(z)| < C < +o0, x € RY), 1o

mmns/ww—mwuwso<+m.
Rl

Iamnee, mycThb (o OorpanmieHa W HempepbiBHA. g KaxXK7aoro
x € R! (mponzsosbroTo, HO (DUKCHPOBAHHOTO)

Mw+m—uw%=/¢@+h—wH@0—/w@—yﬁww=

R? R!
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_ / (p(x+h—y) — oz — y))F(dy).
R1

[TogbiaTerpanpuas QyHKIASA

Un(y) =@ +h—y) —p(x—y), y €R,

BO-TIEPBBIX, MAYKOPUPYEMa HHTETPUPYEMOii TI0 BEPOATHOCTHOMY Pac-
npejenenuio yakmueit 2C' u, BO-BTOpBIX, cxogurcs mpu h — 0 k
dynkuun ¥ (y) = 0 mockonbKy ¢ HenpepbiBHA. [103TOMY COrIacHO
Teopeme Jlebera o mMaxkopupyemoii cxogumoctu pu h — 0

u(z+h) —u(z) = /wh(y)F(dy) — 0.
Rl

[Tocrennee o3nagaer, 9To0 (PyHKIMS U HENPEPLIBHA B TOUKE .

ITycts o — BepoATHOCTHAS (DYHKIHS PACIPEIEJCHAS — HEOT-
punarebHas MOHOTOHHO HEYOBIBAIOIIAsl HEIIPEPBIBHA CI€Ba PYHK-
s, UMeoIas npejeas Ha “Oeckonednoctsx’: ¢o(—oo) = 0,
¢(400) = 1. Torga u = F % ¢ menpepsiBHa ciieBa (cegyer u3 orpa-
HUYEHHOCTH W HETPEPBIBHOCTHU CJIEBA ), U MOHOTOHHA, (CJIeIyeT u3
MOHOTOHHOCTH ). [lasiee, B unTerpase

u(r) = /so(w —y)F(dy)
Rl
noeETerpabaas byakims ¥, (y) = o(x —y),y € R, maxopupy-
ema Ha R! mHTErpmpyeMoii o BepOSTHOCTHOMY pacipeseseHuio F

dbynknueit ¥(y) = 1 u npu  — +00 cxoaurces K Gyuxnuu Y(y) = 1.
[Tostomy B cuty Teopembr Jlebera o MakopupyeMoit CXOAUMOCTH

lim wu(x) = lim p(r —y)F(dy) =

r—r+00 T—>+00
R1
= /gcgrfoosO(x—y)F(dy) = /1F(dy) =1
R? R1

AHaJIOrUYIHO TPOBEPSIETCST, UTO

xll)lzloo u(z) = 0.
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Taxkum obpazom, u(x) = F x p(x) — BeposTHOCTHAS dyHKIUA
pacrpejie/ieHusl.

CBepTKa BepOsSITHOCTHBIX pacipenesenunii. Ceepmxkoti 6e-
poammHocmuo20 pacnpedeserus G ¢ 6ePOAMHOCTIHBIM pacnpedeseHu-
em F Bymem HasbIBATH BEPOSITHOCTHOE pactpemenenne Q, pyHKIms
pacnpezenenns (Q(r) KOTOPOro sABISETCA CBEPTKOH (DyHKIUU pac-
npenenenns G(x) ¢ pacnpenenennem F:

- / Gz — y)F(dy).
Rl

Ob6o3HavaTh CBEPTKY BEPOATHOCTHOTO pacnpenenenns G ¢ Bepoar-
HOCTHBIM pacupefenenneMm F 6ymzem rak F * G:

Q=F=x*xG

KoppekTHOCTh TPUBEIEHHOTO OIIPEeIe/IEHNS CIETYeT U3 TEOPEMBI
11.1.1.

Hamomuanm, uro pacupezenenue, He MMEOIIEro aroMOB, HA3bI-
BaETCs HEIPEePbIBHBIM.

N3 teopemsr 11.1.1 kax cieacTBue, B 9aCTHOCTH, [TOTYyIAeM CJle-
JYIOIIee YTBEPK/IeHTe:

Csepmxa Q = F x G nenpepwisrozo seposammnocmmozo pacnpede-
aenua G ¢ sepoamuocmuvim pacnpedesenuem F — aeasemes nenpe-
DUBHOIM BEPOAMHOCTHIM DPACNPEICACHUEM.

Jlajiee MBI yCTAHOBUM, 9TO JIjIsi BEPOATHOCTHBIX PACIIpPeIe/IeHuit

FugG
FxG=GxF,

MOITOMY MOYKHO TOBOPHTBH O CBEPTKE BEPOSTHOCTHBIX PACIIpeesie-
nnit G u F.

Hamomumm, uro pacnpegenenne F ma R™ cocpemoroueno Ha MHO-
xecre A C R™, ecm F(A) = 0.

Teopema 11.1.2 (0 cBepTKe aTOMUYECKUX PpacIpeeie-
Huit). Ceepmika

Q=F=x*xG
amomuneckur eepoammnocmunz pacnpedesenuti G u F, cocpedomo-
wennvir na mnoocecmee {0,1,...} asasemes amomuseckum pac-

npede/LeHueM, cocpe@omoueHHMM HA MOM IHCE MHOIHCECTBE, NPUUEM

k
Q{k}) => G({k—jHF({j}), k=0.1,... (11.1.1)
7=0
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HoxazaTeanscTBo. [lo onpenenennio pyHKIMS pacmpemeie-
nus ceeprkn Q = F x G BepogrnocTHbix pacupenenennii F u G

- / Gl(a — y)F(dy).
Rl

Bnauenne pacupesgenenns Q B Touke z € R! pasno

Q({z}) = Q(z +0) — Q(z - 0).

BocmnonibzoBasiuces Teopemoit Jlebera o maxkopupyemoit cxoammoc-
TH TIOJIy9aeM

Q ({x}) = / (G(a—y+0)—Glx—y—0)F(dy) = / G ({z — y}) F(dy)

R R
Tak kak F — aromuueckoe pacripejiesieHne, COCPEJIOTOUYEHHOE HA
muoxkectse {0, 1, ...}, TO B CHIy TEOPEMbI O BHIYUCIEHUN UHTEIPAJIA

Jlebera mo arommueckoMmy pacrpesesnernio (reopema 9.5.4)
Q({z}) = Z G({z—JHF({i})

Ho G — Takske aToMm9ecKoe pacipejeseHne, COCPeJOTOUeHHOe Ha
o0

muoxkectse {0,1,...}, mosromy smauenme » , G ({x —j})F({j}) =
7=0

= Q ({z}) MoxkeT GbITH OTJIMIHO OT HyJIs TOJIBKO JJIs [EJBIX HEOTPH-

HATENbHBIX X, a CJIeJI0BATENLHO, pacnpeaenenne Q cocpesoToueHo
na muoxecrse {0,1,...} npu sTom

k
Q{k}) =D G({k - jHF({s}), k
7=0

SamMeuanue. Eciim 0603Ha9UTH
G({i}):ghizoala"'; F({]}) :fjvj:071>--';
Q({k}):qk, k:O,l,...

To pasencTio (11.1.1) 3anumercst Tak

k
qdk :ng—]f]7 kZO,].,
j=0
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Teopema 11.1.3 (o mmorHocTu cBeprku). Ceepmzka
V=FxG

abCONOMHO HENPEPHLEHO20 BEPOAMHOCTHO020 pacnpedeserus G ¢ se-
poammnocmuvim pacnpedeeruem F asasemes abcoarommo nenpepuig-
HOLM BEPOATMHOCTIHOIM DACNPEJEACHUEM U €20 NAOMHOCTD U DAGHA
ceepmKe NAOMHOCIY § A6CONOMHO HENPEPBI8H020 pacnpedesenus G
¢ pacnpedenenuem F:

v=Fxg.

Hoxaszarenbcrso. Dyuxnus pacnpeenenus V() ceeprku
V = F x G onpejiensiercss paBeHCTBOM

+oo
Vi(z) = / Gl — y)F(dy).

Orcioma, yunrsiBasi, uro G — abCOJIIOTHO HENMPEPBIBHOE PACIIpe/ie-
JIEHUE C IMJIOTHOCTBIO §, MMEEM:

+oo /xT—yY
[o.¢]

V() = 70G<x—y>F<dy>: || [ st | Fean)

— OO

Beinosinus 3ameny mepeMenHoi § = t + Y, MOy InUM:

7 x_yg(t)dt F(dy)z+<>o mg(s—y)ds F(dy) =
/\/ /\/
:7 7wg(sy)F(dy) ds

(Bocmosib30BasNCH Teopemoit Py6uHnm).

Urak, pis kaxgoro © € R dynxnus pacnpenerenns V(x)
IpeJICTABAMA B BH/IE:

x +o0 T

V= [ | [ os-ftn) | ds= [vs)as

—00 —00 —0o0
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IOTOMY B CHJIy CJEJCTBAS 1 M3 TEOpEeMBI O JOCTATOYHOM yCIOBHUH
abCoTIOTHON HenpepbhIBHOCTH pacupejesnenus: (cM. teopemy 9.6.1)
pacnpezenerne V abCOMIOTHO HEMPEPBIBHO, W €ro MJIOTHOCTH U(S)

+oo
pasaa [ g(s —y)F(dy), T e.

—0o0
v=F=xg.

Caencrsue. Ceepmra V = F x G abcoarommno nenpepuleHbs se-
poammnocmuby pacnpedesenuti G u F coomeememeenno ¢ naommo-
cmamu g U f abcoarommo nenpepuista, U ee NAOMHOCMG U PABHA
ceepmike naomuocmeti g u f:

R1
HeiicrBureibHO,
+oo +oo
o@) = [ gle = 0F@) = [ oo - s

Ceepmxky naomuocmet g u f 6ydem obosnauamv wepes f * g,
m. e.

v=f=xg.

Cirenyroliast TeopeMa, JaeT BEPOSITHOCTHYIO MHTEPIIPETAIINIO CBEPT-
ki F * G BepOATHOCTHBIX pacrpe/eenuii.

Teopema 11.1.4. Pacnpedesenue cymmovr HE3ABUCUMDBLT CAY-
YATUHBLT BEAUNUN DABHO CEEPTKE PACNPEJeAeHUl CAGLZAEMBIE.

Apyeumu caosamu, ecau & u N — HE3ABUCUMDIE CAYHATHBIE 66~
AUBUNDL coomeemcemeento ¢ pacnpedesenuamu F u G, mo pacnpe-
deaenue Q cymmur & + 1 pasno Fx G, m. e.

Qlz) = /G(x—u)F(du) _ /F(x—u)G(du). (11.1.2)
Rl

Rl
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Hokazarenbcrro. [lycts Q(x) — dyurmus pacupeseerus
CIy9aiiHO¥ BesmmaunHbl & + 1):

Q(x) = P{{ +n < x}.

Econ uepes 14, = Ia,(u,v) 0603HAYMTH MHANKATOD MHOMXKECTBA
Ay = {(u,v) : u+v < 2} C R, 10 ana Q(x) momyumm mpe-

CTaBJIeHNe
Qz) =P{{+n <z} =My, (¢ n)

— jocrarouno Bbrancantb M1y, (€,1) Kak MaremaTndeckoe 0xKuia-
HEe TIPOCTOli cayuaituoii Bemmansnl 4, (€, 1), TpuHUMAaONe 3Ha-
uenue 1, ecim € + 1 < x, u 3nadenue 0, ecyim & +1n > x.

Hanee Boraucaum MI4, (€,7) kak MaTeMaTndeckoe OKUIAHUE
dyuxmun I4,(€,n) or cayuaituoi Besuunnbt (£,7) CO 3HAYCHUSIMA
B R? 10 ee pacnpemesnennio, cm. Teopemy 10.1.2. (Pacupenenenue
(£,m), KaK COBMECTHOE PACIIPE/IeIeHNe HE3aBUCUMBIX CTYIalHBIX Be-
JmarH £ 1 1) COOTBETCTBEHHO ¢ pacupenenenuamu F u G, pasro mpo-
usBegenuio F X G pacupenenenuii F u G.) Nmeem

MLy, (€)= [ La,(u.0)F x Gld(u, v)).
RQ

Tocnegauit nATErpasT BBIYUCUM, BOCIIOIB30BABIIICH Teopemoit Py-
OuHM:

/IAm(u,v)FxG(d(u,v))—/ /IAx(u,v)G(dv) F(du).

R2 Rl \R!

[Tpu dukcuposantom u dbyukIwusa 14, (1, v) SABIIETCS UHAUKATOPOM
MHOXKECTBa (—00, T — ), HO3TOMY

/ / Ia, (u,v)G(dv) | F(du) =
R! \R!

= /(1 - G((—o00,z — u)) 4+ 0+ G([z — u, +00)))F(du) =
Rl

_ / Gl — u)F(du)
J
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(cm. Takxke puc. 11.1.1). B nrore moxyvaem
Qz) = /G(m — u)F(du).
R1

Amnamornyso mogydaem

Qz) = /F(x _ w)G(du).

RI

Tem cambIM Teopema JOKa3aHa.

— v

v=x-U
utov=x

Z2 u

Puc. 11.1.1: K BbIunciennio nHTErpasa

S (T, (u,0)6(do) ) F(du)

R! "R

CaencrBue 1. B xaacce sepoammocmuox pacnpedesenuds one-
PAYUA CEEPMKU KOMMYMAMUCH:

FxG=GxF
U ACCOUUAGMUBCHA:

Fx(GxQ)=(F*xG)*Q.
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HoxazaTesnbcTso. KOMMyTATUBHOCTE OTIEPAITIH CBEPTKH JT0-
kazana B reopeme 11.1.4 (cm. (11.1.2)).

AccomnmaTuBHOCTE OTIepaluy CBEpTKU: CJIEIYeT M3 acCOTMATHB-
HOCTH CJIOJKEHUs CAYYANHBIX BEJUYWH: /I HE3ABUCUMBIX CJTyJaii-
HBIX BeandwH &, 1), ( COOTBETCTBEHHO ¢ pacupenenennsmu F, G, Q,

x(GxQ)=(FxG)*Q,

IIOCKOJIBKY

E++Q)=E+n)+¢

3 reopembr 11.1.4 u Teopembl 0 TIOTHOCTH CBEPTKHU (TeopeMa
11.1.3) mostyunm psiji yTBEpPKIEHUIT O paCpeIeIeHun CyMMBI He3a-
BUCHMBIX aDCOJIIOTHO HEIPEPBIBHBIX CJIyYailHbIX BEJIMYUH.

Caencrsue 2. Cymma HE3468UCUMBLE CAYIAGTHBIL BEAUYUH, LTO-
ma Ov, 00Ha U3 KOMOPHLT AOCOANOMHO HENPEPBIGHA, ABAACTNCA GOCO-
ANOMHO HENPEPHLEHOUT CAYUATUHOTY seaururol, U ee NAOMHOCTMD Pa6-
HA C8EPMKE NAOMHOCTU AOCOAOMHO HENPEPOIEHOT CAYUATHOT Ge-
AUYUHDL ¢ pacnpedesenuem dpy2od.

Apyeumu crosamu, ecau € u 1N — HE3A6UCUMDBLE CAYLATHDIE BEAU-
yuno ¢ pacnpedesernuamu F u G, npuuem £ abcorrommo nenpepuiera
u [ — ee naommnocmo, mo cymma €+n abCcoaoOmMMO HENPEPHLIEHA U €€
nAOMHOCML P pasha ceepmike naomuocmu f ¢ pacnpedesenuem G:

/f z —y)G(dy)

p=Gxf.

usU

Pacnpenenenne P cymmvbr € +1 pasao GxF (cm. reopemy 11.1.4).
A rak kak F abcoyrorHO HenpepbIBHO U f — MJIOTHOCTH pacipe/eie-
uus F, 1o B cuy Teopembr o miotHOCTH cBepTKU (Teopema 11.1.3)

/fw— G(dy).

CaencrBue 3. [Liomnocmsd cymmv, HE3ABUCUMBLL AOCOAIOM-
HO HENPEPHIEHLIT CAYUAUHDT GEAUYUH DAGHA CEEPMKE NAOMHOCTE
CAA2AEMDIT.

Apyeumu caosamu, ecau € un — He3asucuMmvie aDCONOMHO Henpe-
PHEHBLE CAYUATHDLE BEAUNUHDL COOMBEMCMEEHHO C NAOMHOCMAMY |
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U g, MO NAOMHOCMb P pacnpedesenud cymmo. &+ 1 pacha céepmue
naommnocmets f u g :

p@w—/fm—ymwwy—/ﬁm—yﬁ@my
R! R!
- p=gx*xf=fx*g.

,ZL.HH JI0Ka3aTe/JIbCTBa JOCTAaTOYHO BOCIIOJIB30BaATbCA CJI€J1CTBU-
eM 2 u Teopemoii 0 BhramMCIeHUN nHTErpasa Jlebera mo abcoFOTHO
HEMPEPBIBHOMY pPaCIpeIe/IeHUTO.

Caenacrsue 4. I[Tycmov € un — He3a8ucuUMBIE GOCOAIOMHO Henpe-
PHIBHBLE CAYUATIHBLE BEAUNUNDE COOMBEMCMEEHHO C NAOTMHOCTIAMU
f u g, moeda naomnocmsv pacnpedesenus pasnocmu ( =& —n

p@w=/f@+ymwwy
Rl

HeticrBurensro, cymma ( = & —n = £ + (—n) umeer cBoeit
TJIOTHOCTBIO (DYHKITHTO

p(:c):/f(:z:—t)s(t)dt, (11.1.3)
R1

rie s(t) — mI0THOCTH coydaitnoit Besmaunabl —1). Boipazum s(t) we-
pe3 maoTHOCTh ¢(t) CayvaiiHoil BemauHbl 7):

+o0 —t
zam@zp&n<ﬂ=mn>4b=/mww= —/ﬁwmw

—t

s(t):%F(_n)(t):% = /g(u)du -

—0o0

[Tosromy pasencrso (11.1.3) MOXKHO HEpENUCATH TAK:

+oo
M@z/ﬂw%M%W,
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W, TIOCTIe 3aMeHbl IepeMeHHBbIX Y = —1,

+oo
p(x) = / £+ 1)g(y)dy.

Mpumep 11.1.2. ITycmv F u G — sepoamnocmmuwie pacnpede-
aenua na RY, u(s) — Gopesescran dynryua na RY co anavenusmu
6 RY. Jlokasamo, wmo

/u(s)F * G(ds) = /u(az +y)F x G(d(z,y)),

R! R2

8 NPEONONOICEHUU, YO UHMEZPAABL ONPEOEAEHDL.

Pemenue. i He3aBuCUMbIX CAy9aflHBIX BeguduH € U 1) CO-
OTBETCTBEHHO ¢ pacnpeeneanayu F u G, serancany Mu(€+1n) cra-
Jajga KaK MaTeMaTwdecKoe OxXujanune yHKIUNU OT CIydailHoil Be-
mmannbl ( = & 4+ 1 (¢ pacnpegenenunem F * G), a 3arem kak marema-
tuueckoe oxuganue Mu(€ + 1) dyakuuu or ciydaitHol BeUInHBI
(&,m) (c pacnpenenennem F x G).

Teopema 11.1.5. Cemeticmeo zamma-naommuocmet; 3aMEHYMO
OMHOCUMEADHO ONEPAUUU CEBEPTNKU:

fu;@ * fu;@ = fu+u;6

(cymma HE3ABUCUMBIT 2aMMA-PACIPEOEACHHVT € NAPAMENPAMU
(v;0) u (1;0), cayuwatinos seaunun ecmv 2aMMa-PACTIPEICACHHAH
¢ napamempamu (p + v;0) cayuatinas sesuvuna).

HoxkazaTenabcTBOo. [amma-pacmpenesienne ¢ mapaMeTpamu
(v;0) abCOIIOTHO HENPEPBIBHO ¥ €0 IJIOTHOCTH

0> 1/—16—9$

fu;a(ﬂf) = F(V)x

npu x > 0;
0 npu x < 0.

IIpu z < 0 paBeHCTBO

fu;@ * fr/;@ = fu-‘ru;a

OYEBU/THO.
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IIpu = > 0 umeem

fu,@*fu& /fu@ fu, dy—/fVO y)fu;@(y)dy:

z i
- / d (z —y) e 0y O ey —
0

I'(v) I'(w)
_ 6u+u /x— Vluldy
0
BeinosiauB B mocsieiHeM WHTErpaJie 3aMeHy MepeMeHHo y = i,
TTOJTY 9VM:
9u+u :
/ x— xt) " Nat)* tedt =
0
Qvtu ;
_ —Ox, v+p 1/ p—1 v—1
e 1 =) dt
LT J
v+ L
— grh v+pu—1_—0x F(V_'_M) /tu 1(1 7t)z/ ldt
T+ ) LT /
r ) i
v+ p 1 1
= (1 =)V dt
fu+y0( ) T V)F(M)/ ( )
0
CremoBarenbHO,

1
o * fo@) = frole) - p . [omta -y tan. (1114
0
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W nockoabky fue * fuo(x) u futv0(x) — maoTHOCTH, TO, TPOUHTE-
rpuposas (11.1.4) mo R, momygaem, uro

1
T +p) /t“l(l —t) 1t = 1. (11.1.5)
0

Tak arTo
fu;@ * fu;9 = f,qul/;H-

Tem camMbIM TeopeMa JOKa3aHa.

11.2 Ilpumepsl u 3a7a49n

ITpumepsbl

IMpumep 11.2.1. Hesasucumvim obpazom bpocarom dee more-
mot, 00HG U3 KOMOPVIT CUMMEMPUUHAA, GEPOAMHOCTG BBINAOCHUA
eepba na dpyeoti moneme pacna 3/4. Iycmv & — wucao 6vnasuus
2epbos 1a nepeoti moneme, 11 — wa 6mopot. Hatimu pacnpedesenue
cayuatinot seaununos ¢ = & + 1.

Pemenne. Pacpenenenns ciayaaiiHbIX BeIUIwH & U 1):

Pe(i) = fi,i=0,1; fo=1/2, f1 =1/2;

Py(j) = 95,5 =0,1; go = 1/4, g1 = 3/4.

Coracao teopeme 11.1.2 pacnpenesienne CaydaifHONW BeJUIUHBI
¢ = £ + 1 pasro cBeprKe pacupezenennit Pe u Py:

k k
B)=qr=_ feigi =Y gkifi k=0,1,2.
i=0 1=0

Ilogpobuee:
0
1 1 1
0: = g = -« — = —
) =4qo ;fo i9i = fogo =757 =¢
1 1 1 3 1
)=q = Zﬁ i9i=fgo+fopr=5-7+57=5
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1 3
=@ = Zfz i9i = fago + frgr + fog2 = fron = 5 - = ¢
(P¢(2) = fo = 0 mak kax fo + f1 = 1; Py(2) = g2 = 0, mockosbky
go+g1=1).

Ilpumep 11.2.2. I[Iycmo € un — nezagucumovie caywatinve e-
AUNUHDL, KAHCOAA U3 KOMOPHLT pasHomepHo pacnpedesena na [0;1].

Hatdmu:

1) naommuocmsv pacnpedeaerus cymmo, ¢ =& +n;

2) dynryuro pacnpedesernua cymmo, ¢ =& +n;

) P{IE+n—1/2] <1}.
Pemenmne.
1) Ilo u3BeCTHBIM IJIOTHOCTSIM PACIpPE/Ie/IeHIiT

1, ny € [0;1];
fe(w) ={ A i

1, ecmmy € [0;1];
Faly) = { 0, ecmm y & [0;1]
CAyJaitHbIX BeanvnH & U 1) TJIOTHOCTh PACIpeIeeHus CyMMbl ( =

= { + 1) HAXOIUM KAaK CBEPTKY IIOTHOCTEH CJlaraeMbIX (CM. CJiej-
crBue u3 reopembl 11.1.4):

/fgw— Vol )dy—/f z—y dy—/fg

Borumcmm nocsie iauit iHTerpast Jist Kask10ro 3Hauenns & € (—oo, +00).
Nmeen:

ecmx < 0,10 [ fe(t)dt= [ 0dt=0;

z—1 z—1

ecm 0 <z <1lro [ fe(t)dt= [ 0dt+ [1ldt=z;
0

rz—1 r—1

1 T
ecmn 0 <z —1<1, 10 ffg = [ ldt+ [0dt =2 — x;
z—1 1

rx—1

ecmz—1>1 10 f fe(t)dt = f 0dt = 0.

z—1 z—1
Tak 9T0 MJIOTHOCTH PACHIPE/Ie/IEHUs CAyIaiiHOl BendauHbl ( = €41
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paBHa
0, ecm x < 0;

folz) = x, ecm 0 <z < 1;

)=9 2—2, ecml<z<2
0, ecan T > 2.

2) ®yukims pacupegenenns Fe(r) ciydaiinoil Bequanns! ¢ M0
ee TIJIOTHOCTH pacmpesenenns f¢(t) HAXOIUTCS Tak:

Fe(x) = /fg(t)dt:

X
J 0dt =0, ecin x < 0;
—o0

0 T
[ 0dt + [ tdt = 2?/2, ecmm 0 < x < 1;
0

—0oQ
1 T
[tdt+ [(2—t)dt = —(z —2)?/2+1, ecm 1 <z < 2;
0 1

0 1 2
[ 0dt+ [tdt+ [(2—t)dt=1,  ecmmz > 2.
—00 0 1

\

3) BepositHOCTH TOTO, UTO 3HadYeHHe ( MOMATACT B MHOMKECT-
BO B, mo m3BecTHOI mioTHOCTH pacnpenenenns f¢(t) ciaydaitHoit
BEJIMUYMHBI ( BBIYUC/ISIETCS CJIEIYIONTUM 00pa3oM:

P{Ce B} = [ fe(t)dt
/

(cm. crepcrBue u3 reopembl 9.7.3). B wactHocTH, B janHoil 3aa4e
P{&+n—1/2| <1} =P{|C—1/2[ <1} =

=P{-1/2<(<3/2} =

3/2

0 1
_ / fe(t)dt = /0dt+0/tdt+

~1/2 —1/2

2
7
2 —t)dt = —.
(2 - t)dt =
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IIpumep 11.2.3. IIycmos &1,&9, ..., &, — Hezasucumbie CAY4ati-
Hole eeaununy, Kaotcdas ¢ pacnpedeneruem No.1. Hatimu pacnpede-
AeHUE CAYHAUHOT GeAUNUHDL

n
n=y &
i=1

Pemenne. Cravana mokaxxem, 9To ecau § pacupesenera No.i,
10 1) = £2 mmeer ramma-pacpesesenne ¢ mapamerpamu (1/2;1/2).
B camowm ferte,

Fy(z) =P{n <z} =P{ <z}
Ipu z < 0 snavenne F,(z) = P{¢? < z} pasuo nymmo, a ipu = > 0

NG

Fyfe) = Pl < vt = o= [ epl=r/2)at
-VE

Wu mociie 3aMeHbl tz = S§ IIOJ] 3HAKOM HHTEerpaJia:

~1/2,-5/2 (1/2)'2 / 1/2-1 —s/2
F,(x) \ﬁ/ ds = °(1/2) J s e ds,

a 910 QyHKIMs ramma-pacrnpejaenenust ¢ napamerpavu (1/2;1/2)
(Bocnosb3zoBamuch Tem, uro I'(1/2) = /7).

aJiee, MOCKOJIbKY TaMMa-pacipeie/leHne 3aMKHYTO OTHOCUTE b~
HO omepanuu cBepTku (cM. reopemy 11.1.5), To cymma HE3aBUCUMBIX
raMMa-pacnpesenennnix ¢ mapaverpavn (1/2;1/2) ciayaaiineix Be-
JINYWH $BJISIETCSl FaMMa-PacCIpele/IeHHON CIydailHON BeJUIHHON C
napaverpamu (n/2;1/2).

Tamma-pacnpesienerne ¢ napamerpaMu (n/2;1/2) eme nasbiBa-
10T X2-pacupeieieHneM C 1 CTemeHsME CBODOJIBI.

IIpumep 11.2.4. Ilycmv & u 1) — HE3a4BUCUMDIE CAYHATIHDIE
seaununvl, € pacnpedeaena pasromepro wa [0;1), n umeem ceoum
pacnpedeaenuem Py(k) = P{n = k} = 1/2, k = 0,1. Hatmu pac-
npedensenue cAyHatHot sesudunsvt ¢ = & 4 1.
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Pemenue. Cayuaiinag Besuunaa £ abCOMIOTHO HEMpPEPBIBHA
(ee miornocts fe(w) = I 1y(x)), nosromy ¢ = & + n raxxke ab-
COJTIOTHO HETPEPHIBHA U €€ TJIOTHOCTD

1 1
fe(x) = /1[0,1) (x — y)Py(dy) = 5—7[0,1)(95) + 5—7[0,1) (z —1).
Rl

njim

0, ecmmz ¢]0,2];
fe(z) :{ 1/2, ecou x z {0,2%

3agaun

11.1. Haiitu ceprky dbynxmun ¢ = o(x), 3azanHoii ma R,
C ATOMWYECKUM PACTPEeIEHNeM, COCPEJIOTOIEHHBIM B TOUKE .

Otser: p(r — a).

11.2. ITycts Q — coGCTBEHHOE ATOMUIECKOE PACTIPEIETIEHNE, CO-
cpejloToueHHoe B To4Ke 1, a pacupejesenue Qp 3a/1aHO0 PABEHCTBOM

Q=Q" =Q" *4xQ, n=2,3,..., Q" =Q.

Haiitu Q,,.

OrBer: coOCTBEHHOE ATOMUYECKOE paclpejesieHne, COCPEI0TO-
YEeHHOE B TOYKE M.

11.3. TIycrs U, — pasromepnoe na npomexxyrxe [0,a] pac-
npejenerne, Pg — myacCOHOBCKOe pacrpeieieHue ¢ mapaMerpom 6,
G, — reomerpuveckoe paclpejieeHue ¢ IapaMeTpoM p.

Haiitu cBepTKH:

1) Pgx Upg 1),

2) Py x U[0,1/2] * U[0,1/2],

3) Gp * U[O,1]7

4) Gp * Uo,1/2) * Ujo,1/2)

IToctpouTs rpaduku maI0THOCTEH Oy YEHHBIX CBEPTOK.

OTBeTh:

1) TlnorHocts ceeprku Py * Uy 1) :

filx) = He_ Loy (z — k).
k=0

2) Crauaa HAXOJUM TLIOTHOCTH CBEPTKU Ujo,1/21 * Upo,1/2

p(x) = I,y () (2 — 4|z — 1/2]).
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[TnotrocTs cBepTrE Pg * Upg 1 /9) * Ujg,1/9) = Py * () pasna
i k
P ! €

11.4. Tlycts 4 — cumTaromias Mepa — aTOMHYECKas Mepa, CO-
cpemoTOoUYeHHAs Ha MHOXKecTBe N, Takas, 94T0

u({k}) =1, ke N.

u mycTs o = @(z) — 6openesckas dbynkmma za R co smauenmavm
B RL.
Haiitu cBepTky W * 0, ecan
1) ) = 4l y(2)(x — 1/2)2,
2) p(x) = Ijg 1)(2)(1 — 4(z — 1/2)?),
3) ¢(x) = Ijpy(@) |z — 1/2],

4) p(x) = I 1 () (1/2 — o — 1/2]).

[Mocrpours rpaduku dbyukuii @ * o(z).

11.5. IloxbpackiBalOT CUMMETPUYHYIO UTPAJbHYIO KOCTb U Ha-
yaady 6pocator Touky Ha orpe3ok [0;1]. [lycts 1 — gucsio Bbinas-
X OYKOB, a & — KoopamHaTa Toukn Ha orpeske [0; 1]. Haiitu pac-
mpejesieHne Caydainoit Beanauns ( = £ + 7).

Orser: pasHOMepHOe Ha npomexyTke [1; 7] pacnpeenenne.

11.6. HaitTu m10THOCTD pacIpeneeHns CyMMBI 1 HE3aBUCHMBIX
CAYJANHBIX BEIUYNH, KaXKJas U3 KOTOPBIX MMEET TOKA3aTeTbHOe
pacmpegesenne ¢ mapamerpoMm A. CpaBHHUTE ee ¢ MIOTHOCTHIO Pac-
[pejesieHust JPJiaHra.

11.7. Ilycrs &1,&9, .. ., &, — HE3aBUCUMBIE PABHOMEPHO PACIIPe-
neneunbie wa [0;1] ciyuaiinbie Bemmuunnel. Haiitu pacmupenenenue
CJLy4aiiHO!l BeJIMYUHbI

n==:&é.. &

Brerancanms M7).
Otsert:

My = Méi&s ... & = MEMEs ... ME, = (1/2)".

Yrobb! HaiiTH pacupe/iesieHune 1, BOCIOIb3yHTECh TEM, UTO CJIy-
Jaiinas BeandnHa — In §; mMeeT moKazaTeabHOe pacIpeaeaeHie.
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11.8. IIycts F u G — BeposTHOCTHBIE pachpesenenns Ha R
Jokazars, 94T0

/SF * G(ds) = /3: Fd(x) + /y Gd(y),

R1 R1 R1

IIPU YCJIOBUU, YTO UHTErPAJIbl ONIpEIeIeHbl.
VYkazanue. YTBepKIeHNE MOXKHO TOJTYIUTH U 13 PABEHCTBA

M(& +n) = M + M,

3aIIMCAB €ro0 B TEPMUHAX PACIPEIEIEHUIT COOTBETCTBYIOIINX CTyTaii-
HBIX BEJINYHH.

11.9. IIycrb € u ) — HE3ABUCHUMBIE CJIYYAlHbIE BEJIMYUHbBL, CJIY-
vaiinas Bequunna § pacnpeaesnena pasaomepno va [0; 2], cayuaiinas
pesimanna 1) — Ha [—2;0]. Berauncaurs

P{g-1]+|n+1] > 1}.

11.10. Ilycts € m 1 — He3aBUCUMBIE CJIyYaiiHbIE BEJIUYUUHBI;
¢ pacmpesieniena pasaomepso ua [—1;1], n — ma [0; 1].

BeraucanTs:

1) P{&* +n > 1/2};

2) P{€+n>1};

3) P{IE +n| > 1/2};

4) P{ln — €] <1/2};

5) P{n* — &> 0};

6) P{I¢| +n > 1}.

Ykazauue. CHavaa HalTH pacpeseseHne CyMMBbl (pa3HOC-
TI/I) COOTBETCTBYIOIINX Cﬂy‘{aﬁHbIX BEJIMYUH.

Hpyroit monxos; — HANTU COBMECTHYIO ILJIOTHOCTH pacipejesie-
Hus € U 1), & 3aT€M BOCIIOJI30BaThCs TeopeMoit 9.7.3.

Otsersr: 1) 1—1/(3v/2); 2)1/4; 3)9/16; 4)7/16; 5)2/3; 6)1/2.
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CxoamMoCThb
pacupeaeieHnii

12.1 CxoammMocCTh pacripeeJeHnii:
orpeesieHud, IpuMepPbI

W3naraemble jajiee pe3ybTaThl HE 3aBUCIAT OT PA3MEPHOCTH T
npoctpancrBa R"™. Ho Mbl 1j1s1 HarissiHOCTH Oy/IeM PacCMATpPUBATH
OJIHOMEPHBIN CJIyYaii.

Onpenenenne. Uurepsan [ Buga [a,b) Oymem Ha3bBATH UH-
MeP8asoM HENPEPBIBHOCTU pacnpedesenus F, ecm ero KOHIIBT @ 1 b
He gBJA0TCT aromamu F.

Hamomaum, uTo TOUKa X ABJASETCS aToMOM pactpejenenns F,
ecim F({zo}) > 0.

Omnpenenenne. Bymem roBopuTh, 9TO TTOCTETIOBATETBHOCTH PAC-
npenenennii {F,} crodumesa x pacnpedeaenuro F, ecim mnsa kaxgoro
OrpaHUYEHHOr0 MHTepBaJa HenpepbiBHOCTH | pacupenenenns F

Fn(I) — F(I)

mpu n — 0.
DTy CXOAMMOCTH pacupejesennit 0yaemMm 0003HAYATH TAK:

F, = F

I
limF, =F.
n

IIpenen cxongmmeiics mocjie J0BATETLHOCTH PACIPEIeIeHN €TIH-
CTBEHEH.

343
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Brenennoe ompemesieHne CXOAUMOCTH PACIPEICTICHNI, pasyMe-
€TCsi, UMEeeT MEeCTO U JIJIsi BEPOSTHOCTHBIX PaCIpejeIeHui.

Cx0MMOCTh BEpPOSITHOCTHBIX pacripeaesieHuii. /lajee Mbr
PaCITUPUM MOHSITHS BEPOITHOCTHOIO PACITPEJIETIEHUsT U BEPOSITHOCT-
HOW (DYHKINN PACIIPeTeIeHS.

Pacmpenenenne F na R! 6y1em HA3BIBATD 6€pOATIHOCTIHBIM, €C-
o F(RY) < 1. Bepositroctroe pacnpesenenne F Gymem naswiBarh
cobemeenmvm, ecmn F(RY) = 1 1 necobemeenmvnm, ecmm F(RY) < 1.

Oynxnmio pacnpegenenus F(z) ma R 6yzem nassmars eepo-
amnocmnot, ecmn 0 < F(x) < 1. BeposTaOCTHYI0 (DYyHKIIUIO pac-
npejesiernst Gyjiem HasbiBaTh cobcmeennot, ecin F(+o0) = 1 n
F(—00) = 0, u necobemesennoti, ecmun F(+00) < 1 nmm F(—o0) > 0.

HecobcTBernbie BEPOSITHOCTHBIE PACIIPE/IE/IEHUS €CTECTBEHHBIM
00pa30M BO3HUKAIOT KaK TPeJe/ibl TMOCIeI0BATETLHOCTEH BepOosiT-
HOCTHBIX PACIIpeIe/eHui.

Jlemma 12.1.1 Ilpeden nocaedosamesvHocmu 6EPOAMHOCTIIHBLET
pacnpedesenuti ABAAENCHA BEPOAMHOCTIHLIM pacnpedesenuem (cob-
CMBEHHDBIM UAU HECODCTNEEHHDIM).

Heiicteurensno, mycrs {F, } — mocregosarebHOCTE BEPOATHOCT-
HBIX pacIpejiesieHnii, CXodIasics K HeKOTOpOMY pacipesesenuio F.
JIs KazK 1010 MHTepBasia HEMPEePLIBHOCTH [as, bs) pacupenenenns F

F([as, bs)) = hTILn Fn(las, bs)) < 1.

Orcioma ipu as | —00,bs T +00 B cuily CBOWCTBA HENPEPBIBHOCTH
pacrpeie/ieHus MeeM

F(R!) = lim F([as, bs)) < 1.

Tak uto F — BeposiTHOCTHOE pacipe/iesienue.

[Tpenen mocnenosarensuoctu {F, } BeposiTHOCTHBIX pactpeee-
HUIT MOYKET OBITH KaK COOCTBEHHBIM, TAK N HECOOCTBEHHBIM (9TO M-
JIOCTPUPYIOT [IPUBO/MMBIE Jlajiee TpuMepbl). Mol 6yieM pas3indarsb
€x0MMOCTh TocaenoBarensnocrn {Fp} BeposTtHoCTHBIX pacnpese-
JIeHWH K COOCTBEHHOMY BEPOSITHOCTHOMY PACHPEIETCHUI0 U K HE-
CcOOCTBEHHOMY.

Ounpeaesienue. Eciin n1ocie0BaTeIbHOCTD BEPOATHOCTHBIX PAC-
npenenennit {F,} cxomurca u npenenbuoe pacmnpenenenune F co6-
cTBEHHOE, TO Oyaem roBopuTh, uto {F,} cxomures x F 6 cobemeen-
nom cmoicae (cxodumocmov Fp — F cobemesenmnan).

Eciu {F,} cxomurcs u mpenensuoe pacnpesesnerue F ueco6-
cTBEHHOE, TO Oy1eM roBopuTh, uto { Fy, } cxomures x F 6 necobecmeen-
Hom cmuicae (cxodumocmv Fr, — F necobemeennas).
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Hamee MBI OyneM pacCMaTpUBaTh CXOAMMOCTH BEPOATHOCTHBIX
pacupeneaeHunii.

IIpumep 12.1.1. ITyemv F — cobemeennoe nenpepwvishoe (He
uMmerowee amomos) eeposmmuocmuoe pacnpedeserue. Paccmompum
nocaedosamenvrocms {Fp} sepoammuocmuviz pacnpedeaenuti coom-
8EMCMBEHHO € PYHKUUAMY PacnpedeeHus

Fo(z)=F(z+1/n).

Hokascem, wmo {F,} cxodumes x pacnpedeneruro F.
Tax kax F(r) menpepeisra, o st Kaxoro ¢ € R

hﬁn F.(z) = li7rlnF(x +1/n) = F(x),

H03TOMY /1t JIF0GOro mHTepBaia [a,b)

lim Fy,([a, b)) = lim (F, (b) = Fu(a)) =

= li7£nFn(b) — liinFn(a) = F(b) — F(a) = F([a,b)).

[Tocnennee mo ompemenenuto ozuavaer, uro F, — F nmpu n — oo.
N nockosibky 1nipesiesibioe pacipejenerue F — cobcrBennoe, 10 ¢xo-
aumoctsb F,, — F cobcrBennast.

IIpumep 12.1.2. Ilycmv F — cobecmeennoe nenpepvighoe ee-
poamuocmuoe pacnpedeaenue. Paccmompum nocaedosamenvrocmo
sepoammocmunz pacnpedesenuti {F,} coomeememeenno ¢ dynryu-

AMU PACNPEIENCHUS.

Iokaoicem, wmo npu n — 00 NOCALIOBAMEALHOCTD PacCNpPedeseHUl
{Fn} cxodumes x necobecmesennomy seposmmocmmomy pacnpedese-
nuto Q, mootcdecmeenno pasnomy nyato (pacnpedeaenue Q =0, ec-
au das wasicdozo B € B evinoansemeca pasencmeo Q(B) = 0).
HefictBuresibHO, yunTbiBas HenpepbiBHOCTL F'(T), nmeem:

lim Fy([a, b)) = lim (F, (b) = Fu(a)) =

= lim (F(b/n) = F (a/n)) = F(0) = F(0) = 0 = Q([a, b))

11 106010 mpomMexyTka [a, b), T. e. F,, — Q mpu n — 0o. A Tak Kak
Q — HECOOCTBEHHOE BEPOATHOCTHOE PACIIPEIEIEHNE, TO CXOUMOCTD
F, — Q mecobcrBennad.
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CxonumocTs B ocHOBHOM. Ilociemosarensnocts {F,(x)}
dyHKIMI pacupeeneHust crodumesa 6 0CHOBHOM K (DyHKIUU pac-
npegenenns F(z), ecin {F,,(x)} cxomures k F(x) B Kax10ii TOUKe
nenpepbisaoctu F(x). (Cxomumocts F,(z) B ocHoBHOM K F'(2) 3T0
cxomumocThb Fp((—o00,x)) kK F((—00, ) B KazK10ii TOUKe HEIPEPHIB-
nocru F(z).)

ocTaTouHoe ycJioBUEe CXOAUMOCTHU pactnpeaesennii. Cro-
dumocmv 6 ocrosrom nocaedosamenvrocmu { Fp(x)} sepoammnocm-
HOT Pynruul pacnpedeaenus k ynkyuu pacnpedesenuan F(x) eae-
wem CroouMocms coOmeememeyowel nociedosamesvbHocmy pac-
npedeaenuti {F,} % pacnpedeaenuro F (us crodumocmu 6 ocroshom
Pynruut pacnpedesenus caedyem crooumocms pacnpedesenul).

HeiicrBurenvho, eciu {F,(x)} cxomurca x F(x) B ocHOoBHOM,
TO JIJIST KAKJI0T0 OFPAHMYEHHOTO MHTEPBAJa HENPEPBIBHOCTH [, b)
pacupejenenns F

Fn([a,0)) = Fu(b) — Fu(a) = F(b) — F(a) = F([a, ),

nocJiesinee obozuavaer, uro F, — F.

Ob6parnoe meBepHO. M3 cxodumocmu pacnpedesernuts F, — F,
6000wWEe 2080pA, He CAedYem CLOOUMOCTID 6 OCHOBHOM PYHKUUT pac-
npedeaenuti F,(x) x F(z). Ilpusegem npumep.

[Tycts F(x) — cobcTBeHHAs BEPOATHOCTHAA (DYHKIMS pacpe-
nesernst. PaccMoTpum nocseoBarebHOCTh pacnpeenennii {Fy,} ¢
GYHKIUSAME PACIPEIeIeHU ST

Fo(z)=F (x+ (-1)"n).
T xazxmoro « € R mveen:

lim Fop(z) =1, lim Foppq(z) =0.
k—o00 k—o00

IMosTomy nocnegoBarenbuocTh Gynkuuit pacnpegenennii F,(z) ne
CXO/IUTCA HE B 07iHOI Touke x € R, xora jerxo ybeaurnes, 9o

F,—Q=0.

CobcTBeHHAS JKe CXOINMOCTD TOCTETOBATETHLHOCTH BEPOATHOCT-
HBIX PACTIPEIETEHNH SKBUBATEHTHA CXOJUMOCTH B OCHOBHOM WX
byHKIM pacupe/Ie/eHns.

Teopema 12.1.1. Cobcmeennan crodumocms nocaedosamens-
nocmu eeposammuocmuniz pacnpedeaenuti {Fn} x pacnpedeaenuro F
pasrocusvha crooumocmu 6 ochosnom {F,(x)} ® cobemeennot
Pynryuu pacnpedeaenus F(x).
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HokaszareabcTBo. U3 cxomumoctu B ocHoBHOM {Fj,(z)} K
cOOCTBEHHOI BEPOATHOCTHON (hyHKIMU pacnpenenenns F(x) B cu-
JIy JIOCTATOYHOTO YCJIOBUS CXOJMMOCTH CJIEIyeT COOCTBEHHAsS CXOJIH-
mocts {F,} x F.

[Mokazxkem obparHoe: u3 coberennoit cxomumoctu {Fp} x F cite-
ayer cxonumocthb {Fy,(z)} k F(z) B ocHOBHOM.

IIycts € > 0. Tak kaxk F — cobcTBeHHOE BEPOSITHOCTHOE pacCIIpe-
nenenne (F((—oo,400)) = 1), T0O B CHIy HENPEPHLIBHOCTH BEPOSIT-
HOCTH HAfiIeTCsl Takoil KOHeYHbIi nATEpBaA [a,b) (HOTOMTHUTETHHO
BbIOEPEM €r0 MHTEPBAJIOM HENPEPBIBHOCTU pactpejesenus F), aro

Fla, b)) > 1 — . (12.1.1)
A nockoneky F,, — F, T0o, maunnas ¢ mekoroporo N (n > N), n
Fo(ja,b)) > 1 — 2. (12.1.2)
U3 nepasenctsa (12.1.1) cremyer, aro
F((—o00,a)U[b,+0)) <e,
a u3 HepasencTsa (12.1.2) caemxyer, uro mpu n > N
Fr((—o00,a) U [b,+00)) < 2e.
[Iycrs  — Touka HenpepbiBHOCTH DyHKIUY pactpeaenenus F(x)

un>N.
1. Ecm x < a, TO

[Fn(z) — F(2)] = |[Fa((—00,2)) — F((—00, 2))| <
< Fn((—00,a)) + F((—00,a)) < 3e.
2. Ecom x > b, 1o
[Fn(z) — F(z)| = |[Fa((—00,2)) = F((—00,2)) + 1 = 1] <
< |1 =Fn((=o00, @) + [1 = F((—00,2))| =
= F,([z,+00)) + F([z, +00)) < Fu([b, +00)) + F([b, +0)) < 3e.
3. Ecou x € [a,b), To

[Fn(z) = F(2)| = [Fu((—00, 7)) = F((=o00,z))| =
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= |Fr((—00,a)) + Fn(la, ) — F((—00,a)) — F([a, z))
< Fn((=00,a)) + F((—00,a)) + [Fu([a, z)) — F(la, z))
<2 +¢e+¢e=4e,

(IFn(Ja,x)) —F([a, x))| < € npu g0cTATOUHO GOIBIIUX N, TIOCKOIBKY
Fn. — F, a [a,x) — npomexkyToKk HempepbIiBHOCTH pacupejesenus F).
Tax uTO J/Is KaKJ0it TOYKH HenmpepulBHOCTH o € R (byHKmnm
pacupegesenust F'(z) upu n — oo umeem Fp(z) = F(x).
IIpumep 12.1.3. ITycms {F,,} — nocaedosamervrnocms pacnpe-
deaenuti ¢ pyHryuAMU pacnpedesenus

IN

IN

0, ecauz <O0;
Fo(z) =% nz, ecau0<z<1/n;
1, ecauz>1/n.

Hcceaedosamo nocaedosamenvrocmsy {Fp} na cxodumocmo.

Pemenwne. IIpu n — oo nocremosarensuocts dbyuxmmii F, ()
CXOUTCS B Kaxk0i Touke (MCKIovas, ObiTh MoxKeT, Touky & = 0)
K DYHKIUU paCIpeIeTeHnsT

1, ecom x > 0;
F(x):{ 0, ecimz <0

ATOMUYECKOTO PACIPEIeIeHNnsI, CoCpesoToueHHoro B Touke 0 (z =0
SIBJIsIETCs TOYKOi paspbisa F(x)).

B camom fese, mycTh ¥ — IpPOM3BOJIbHAsA, HO (DUKCHPOBAHHAS
TOYKa, JexKamas cjaea or Hyad. [lo ycmoBuio B 3TOit TOUKe
Fo(x) = 0 mpu KaxJ0M n, MO3TOMY li;LnFn(x) =0 = F(x). Jda-

Jiee, MyCTh T — TPOU3BOJIbHAs, HO (DUKCHPOBAHHAS TOYKA, JIEZKAIIAs
crpaBa ot HyJst. [lockobKy n — 00, TO, HAYWHAS C HEKOTOPOTo [V
(n > N), BBIIOJHSETCA HEPABEHCTBO 1/n < T U, CJI€I0BATENHHO,
F,(z) = 1. llosromy lim F,(z) = 1 = F(z) u upu x > 0. To ectb
opu 1 — 00 "

B KaK/I0if Touke r € R!, nckmouas, 6e1Th MoxeT, Touky 0. OTciona
B CHJIy JOCTATOYHOTO YCJIOBHUS CXOAUMOCTH PACIPEIETEHUN NMeeM:

F, — F.

Tax 4T0 mocsenoBaTeNbHOCTEL pacupeaenennii {F,} cxomurea
COOCTBEHHOMY ATOMHUYIECKOMY PACIIPEIEIEHUIO, COCPEIOTOUEHHOMY
B Touke 0.
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CroxacTuyeckasi OTpPaHUYEHHOCTb. [locie1oBaTeTbHOCTE Be-
positHOCTHBIX pacnpenenennit {F,} Oyaem naszwiBaTs cmozacmuuec-
KU 02paHUuYeHHot, ecan I Kaxaoro € > 0 Haiigercs Takoe @, ITo
IJId BCEX 1 HaQYUHaAd C HeKOTOpOFO N

Fn([—a,a)) > 1—¢.

CobcTBeHHAS CXOMUMOCTD I CTOXACTHYIECKAS OIPAHTICHHOCTD Be-
POSTHOCTHBIX PACIPENE/ICHI TECHO CBA3AHEI MKy cO60ii. A mMeH-
HO, UMEET MECTO TEOPEMA.

Teopema. Ecau nocaedosamenvrocms pacnpedesenuti {F,} cxo-
Jumca 6 cobCmEEHHOM CMBICAE, TO OHA CMOTACTIUYECKY 02PAHUYC-
Ha, u ecau crodawaaca nocaedosamenvrocms {Fp} cmozacmuuec-
KU 02DAHUMENA, TO OHA CTOOUMCA 6 COBCTMEEHHOM CMBICAE.

HoxkazareanbcTBo. [lycts mocienoBaTe/ ibHOCTD BEPOITHOCT-
ueix pacnpenenennit {F,} cxomurcs k cobersennomy pacmpeese-
auio F. Tokaxkewm, uro {F,} croxactuuecku orpannuena.

Tak kak F — cobcrBeHHOE BEPOSTHOCTHOE PACHPE/IE/IEHUE, TO
s € > 0 Haiigercs waTEpBaNI [—a,a) Takoii, 9To

F([-a,a)) > 1—¢,

JIOTIOJTHATETLHO TIOTPedyem, 9To0bI [—a, a) ObLT MHTEPBAJIOM Herpe-
poisaoctu F. A nockosbky Fp([—a,a)) — F([—a,a)), To, naunnas ¢

HexkoToporo N,
Fn([—a,a)) > 1 —2¢,

T. e. mocaenoBareabHocTh {Fj,} croxacTuvecku orpanuuena.

[Tycrs reneps F,, — F u mocnenosarensuocts {Fy,} croxacruaec-
ku orpanmyena. Jlokaxkem, aTo cxomumocts F,, — F cobcrBennast,
T. e. F — cobcrBenmoe pacmpenenenne.

ITo ompeeIeHNIO CTOXACTUIECKN OTPAHMIEHHON TTOC/IeT0BATE -
HocTH, Ajis jJaHHOTO € > (0 Halijmercd TakOd MPOMEKYTOK [—a,a)
(momostHUTEILHO BBHIGEPEM €ro MPOMEXKYTKOM HempepbiBHOCTH F),
410 HaunHast ¢ Hekoroporo N (n > N)

Fn([—a,a)) > 1 —e.

[lepexong K mpemeny B TOCTeIHEM HepPaBEHCTBe, CHAYaIa IIPU
7 — 00, & 3aTeM IIPU @ — OO0 MOJIYYaEM:

FRY) >1-e.

W3 nmocaemamero ciemyer, uto F — cobcTBennoe pacipeaenienne.
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Teopema 12.1.2 (mepBoe 0CTATOYHOE YCJIOBAE CXOMMOC-
TH K aTOMUYECKOMY pacnpejesienuto). Ilocaedosamenvrocmo
cobcmBeHHbLT 8eposmHOCMHBIL pacnpedesernuti F, ¢ odnum u mem
oice cpednuM a u QUCTIEPCUAMU 02 , CTOOAUSUMUCA K HYA10, CTOOUM-
CA K COBCMBERHOMY ATMOMUYECKOMY PACNPEJEAEHUIO, COCPEIOMOYEH-
HOMY 6 MOouKe G.

HloxkazaTenbcTno. Bocmoab30BaBIIUCh, HEPABEHCTBOM e0bI-
mépa, yoemuMed, 9To BbyHKIus pacupenetenus Fy,(x) npu 02 — 0
CXOJIUTCST B OCHOBHOM K (PYHKITUU PACIPEIeTIeHUST

(0, ecm z <a,
Fo(z) = { 1, ecmmx > a

COBCTBEHHOTO aTOMUYECKOTO pactpesenenns Fo, cocpegoTouennoro
B TOYKE @ (BBIIOJHAETCS JJOCTATOYHOE YCJIOBUE CXOJAUMOCTH PACIpe-
nemenns F,, x Fp).

IIycts  — mpousBosibHAST, HO (PUKCUPOBAHHAS TOUKA, JIEYKAIIAST
nesee a. [Ipencrasus = B Bugie x = a — t (¢ > 0) moaydaum

F.(z) — Fo(r) =Fuyla—t)—0=Fyla—t)=F,{y: y<a—t} =

2
=F{y: y—a< -t} <F,{y: ]y—a|>t}§—;.

o
t
Orciona mpu n — 0o cienyer, uro Fy,(x) — Fy(z).

Ecmun x — npoussosbaas, HO GUKCHPOBAHHAT TOIKA, JIEYKAIIAS
npaBee @, TO MPeJCTaBuB & B BUjge £ = a+t (¢ > 0), mosyanm

Fo(z)—F(z) =1—-F,(z) =1-F,(a+t) =1-F,{y: y<t+a} =

2
On

=F{y:yzatt} =F{y: y—a>t} <Fp{y: [y—al =21} < 12

Tak uro F,(z) — Fy(z) mpm 02 — 0 B KaxKI0il TOUKe Hempe-
peiBHOCTH Fjj().

Tem cambIM Teopema J0Ka3aHa.

Teopema 12.1.3 (BTOpoe AOCTAaTOYHOE YCJIOBHUE CXOJIM-
MOCTH K aTOMUYECKOMY pacnpezaejenuro). Ilocaedosamenn-
nocmsv {Fp} cobemesennvir eeposmmocmuviz pacnpedesenuti coom-
8EMCMBEHHO CO CPEOHUMUY Cp, CTOOAUUMUCSA K G, U OUCTIEPCUS-
mu 02, crodsugumuca ® 0, crodumcsa % coBCMEEHHOMY 6EPOAT-
HOCTMHOMY GIMOMUYECKOMY PACTPEIEACHUIO, COCPEJOTNOYEHHOMY 6
mouke Q.
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HoxkazaTeabcTBo. /JocTaTouno moka3aThb, 9TO MOCTETOBA-
resibHOCTH { Fy, (2) } dbyHKmit pacupegesnennst cxoaurcs K QyHKIUN
pacipejieseHust

_ [0, ecmmzx <a;
Fo(m)_{l, ecau T > a

ATOMHUYECKOTO PACIIPE/IEeIEHNS, COCPEIOTOUEHHOTO B TOUKE @, BO BCEX
TOYKaX T # a.

IIycts t > 0, x = a—2t. IlockoNBKY @y, — @, IPU N —> 00, TO Ay,
IpU JIOCTATOYHO OOJIBIINX N TOMAAeT B OKPECTHOCTE (a — ¢, 4+00)
TOYKHU @, T. €.

a—1t<apy,

7, CJIeJ0BATEHHO,
a—2t<ap—t.

VuuTeIBasg mOCIEIHEe HEPABEHCTBO, IMEEM:
F.(z) = F(a —2t) = F,((—o00,a — 2t)) < Fp((—o00,an — t)) =

2
a,
=Fulyiy<a—th<Fafyily—al 200 <2

(Bocmostp30BaICH HepaBeHCTBOM Uebwimesa). IToaromy
Fo(a—2t) = 0

npu 02 — 0.
Anamormano ybexgaemcs, aro Fp(a +2t) — 1 npu n — oo.

IIpumep 12.1.4. Hccaedosamsd ma cxodumocms nociedosamenb-
nocmo pacnpedesenuti {Qn} ¢ naomuocmamu

qn(x) = \/%exp {—(x - (_21)n)2n2 }, n=12,...,

COOMBEMCMBEHHO.

Pemenune. B cuny mocTarodnOro ycaoBusi CXOAUMOCTHA K aTO-
MHUYECKOMY pacrpenesernio (cMm. teopemy 12.1.2) njas geTHBIX n
HOC/IEI0BATENLHOCTD pacnpeaenennii {Q,} cxogures k cobecTBeHHO-
My aTOMHUYECKOMY PaCIPEIETeHUI0, COCPEJIOTOYEHHOMY B TOUYKe 1,
a IpHd HEYETHBIX N — K COOCTBEHHOMY aTOMHUYECKOMY pacIpejie-
JIEHUIO, cocpeoTodeHHOMY B Touke —1. [loaToMy mociemoBaTe s b-
HocTh {Q,,} He sBisteTcs cxogMIedics.
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12.2 Teopema Xejam o BeIOOpe

CrangapTHBI METOT JOKA3ATEIbCTBA CXOINMOCTH IUCTIOBOM TI0-
CJIEIOBATEJIBHOCTU COCTOUT B CJIEYIONIEM: CHAYAIA YCTAHABINBAECT-
CsS1 CYIECTBOBAHME Y TOCIEIOBATEIHFHOCTH XOTS OBI OTHOM TPeIeTh-
HOIl TOYKHM, 3aT€M €€ eAUHCTBEHHOCTh. CXO[HbI HpUeM LPUMEHUM
M K MOCJE0BATETHHOCTAM PaCIpeAegeHnii. AHAJIOrOM TEOPEMBI O
CYIIIeCTBOBaHNN Hperﬂ;eﬂbHOf/i TOYKHU MMOCJICAO0BATC/IBHOCTHU ABJIACTCA
Teopema Xejuin o Beibope. Teopema Xejjin BEpHA B IIPOCTPAHCTBE
R® 1106010 KOHEYHOTO UNC/Ia M3MEpeHnii. Mbl TOKaxKeM ee I OJI-
HOMEPHOTO CJTyYas.

Teopema 12.2.1 (Xesn). X3 w0606 nocaedosamenvrocmu
seposmuocmuu pacnpedeseruti na RY moorcno ewbpamv cxods-
WYI0CA 8 COOCMBEHHOM UAU HECOOCTNEEHHOM CMbLCAE N00NOCAedO-
6aMENLHOCTND.

[Tycrs {F,} — mocienoBarebHOCT BEPOSITHOCTHBIX PACIPeie-
sernii. JIjist Toro, 9T06BI YCTaHOBUTD, 9TO U3 {F\,} MOXKHO BBHIOpATH
cxodILyocst nosocsteosarensaocts {Fy, b nocrarouno ybemurs-
Cs1, 9TO M3 nocaegoBaresbHoCTH yHKIWIA pacnpeenenus {Fy,(x)}
MOYKHO BBIOPATH mogmnocaeroBaresbuocts {Fy,, ()}, cxopsmtyrocs B
OCHOBHOM K HEKOTOPOl BEPOSATHOCTHOUM (DYHKIMU DPACIIPEIe/IeHus
F(z) (cobcrBennoit nim HecOOCTBEHHOIH).

JlokazaTeanCTBO UCIONB3YeT CIAEAYIONIYIO JTEMMY.

JIlemma. U3 moboti nocaedosamenrvrocmu dymruyut {uy} (co
snauernuamu ¢ RY), sadannoti na cuemmom nodmmoocecmse {a;}
npamoti RY | moorcro ewbpamo nodnocaedosamenvrocmo, cxodauyy-
1oca 6 Kasicdol mouke a; € {a;} (6vimv mooicem, K £00).

JList 1OKa3aTe/IbCTBA JIEMMBbI BOCIIOJIB3YEMCs IMArOHAJIBHBIM Me-
togom” KanmTopa.

13 nocnenosarensuoctun pyukimit {u,} MOXKHO BBIGpATH O
[OCJIEI0BATEIBHOCTD { Uy, }, CXOASILYIOCS B TOUKe a1 (GBITH MOXKET,
K £00). Yro6bl n36€KaTh CIOKHBIX HHJEKCOB, 0003HAUNM Up, =

(1) (1)

= uk , TaK 9TO {Uk } — HIOAIIOCJICJOBATECIBHOCTH TIOCICJOBATEC/Ib-

Hoctu {uy, }, cxopgmasics B Touke a1 . VI3 nocaemoBarensnoctu byHK-

i {u,(gl) } BBIOEPEM TTOITOCIEI0BATETHHOCTD u,(f)}, CXOJISIILYTO-

Cca B TOYKE (2, KaK TOANOCIEI0BATEJIBHOCTD MOCIEI0BATEIHBHOCTH
1

{ul(€ )} OHA CXOIUTCA U B TOYKE a1. IIpogoKas mo MHIyKIuM, mo-

crpoum s Kaxaoro s (s = 1,2,...) mocaenoBarebHoCTh (byHK-

o S
i {u,(g)}, CXOJISILYIOCH B TOYKE (g W SBJSIONLYIOCH TIOJIOCIE-
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(s

-1
J0BaTEJIbHOCTBIO IIOCJIEA0BATC/IBHOCTHI {'I,Lk )}, a CJIeJ0BaTeJIbHO,

CXOIAILYIOCH I B TOYKAX (1,02, ..., Us_1-

Paccmorpum Teneps “auaronaabayo” m0cC/ie10BaTeIbHOCTD Py H-
KITWiA: ugl),ugz), ... DTa MOCJeJO0BATEILHOCTL CXOJUTCS B KaXKIOM
TOYKe a; MHOXKecTBa {a;}. JeficrBurensHo, ycTb Gy — IPOU3BO/IL-
Hasg, HO (uKcupoBaHHag TouKa u3 {a;}. Ilo mocrpoenuto moceno-

(s)

BaTEIBHOCTD Uy, , k = 1,2,..., cxomurca B Touke as. Ilocaenosa-

1 (2 (@)

S
TEJIBHOCTD K€ Uy , Us ,...,ug ), ..y Uy, ..., HAUMHAA C HOMEpa §,

(s) k=

ABJIACTCA MTOAIOC/ICIOBATCIBPHOCTHIO TOCJIECJ0BATCIBHOCTI uk

= 1,2,... (cxomameiics B TOUKe Gg), W MO3TOMY OHA CXOJUTCS B
TOYKE Gs. A MOCKOJIbKY TOYKA G5 BIOpaHa IIPOU3BOJIBHO, TO JIEMMa,
JIOKa3aHa.

JJokazaTeabCTBO TEOPEMBI O BBIOOPE.

Iycts {a;} — cuernas scrogy miortHas B R mociemosatens-
HOCTH TOYEK. B CHJIy JeMMBbl W3 MOCTIeI0BATENBHOCTH hyHKITHI
{F,(y)} moxuo BbIOpaTs nOANOCIEROBaTENbHOCTE {Fy, (Y)}, cxO-
JSIyI0cs B KaxKJIo# Touke a; € {a;}. OnpeennM Ha MHOXKeCTBe
{a;} dynkunio F(y) pasencrsom:

F(aj) = 1;1]1;1Fnk (aj), a; € {az}

Oyuknua F(y), sagannas va {a;}, 09€BUIHO, ABIIETCI MOHOTOHHO
neybbisaomeit u 0 < F(a;) < 1. Toonpepemum F(y) na R\ {a;},
nosaras B Kaxoi Touke y € R\ {a;}

F(y)= sup Fl(ag). (12.2.1)

ag: ap<y

Tax ompenenennag ma R dynknua F(y) npurmMaer 3Ha¥eHAs 13
[0; 1] u sBASIETCA MOHOTOHHO HEYOBIBAIOIIETH.

Jlasiee mOKazKeM, 9TO TIOAMOCTe0BATeTbHOCTE { Fyy, (y)}, y € R,
nocaenosarensaoctu { F,(y)} cxonuresa k F(y) He TOIBKO B TOUYKaX
muO)KecTBa {a;} (Ha {a;} oHa cxoAMTCsS 10 MOCTPOEHUIO), HO U B
KayKJI0i TouKe HenpepbiBHOCTH = DyHKImu F(y).

IMycrs € > 0, * — Touka HenpepwiBHOCTH byHkmn F(y), He
npunHaiexaas Maoxkectsy {a;}. B cuny niornocrn muoxkecTBa
{a;} B R! u nenpepuisnoctu F(y) B TouKe o HaifIercst mapa ToueK
a;, a; U3 {ak} TaKWX, 9T0 a; < T < a; U

|F(a;) = Fai)| < |F(aj) = F(x)| + |F(x) = Fai)| <e. (12.2.2)
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B cuy monoronnoctu dbyukuuii F(y) u F,, (y) umeror Mecto Hepa-
BEHCTBA,

F(a;) < F(z) < F(aj), (12.2.3)
Fnk(al) < Fnk(l') < Fnk(aj)v

a BMECTe C MOCJIEJHUM HEPABEHCTBOM, U HEPABEHCTRO,
F(a;) < lim Fy, (z) < lim F,, (z) < F(aj ), (12.2.4)

MOJTy 9eHHOE W3 HErO MpeIe/IbHBIM epexogoM. U3 nepasencrs (12.2.3)
u (12.2.4) cneayer, wro touxkn F(z), limF,, (z), imF,, (x) npumas-
nexar orpesky [F(a;), F(a;)], nauaa KOTOpOro He IPEBOCXOJHUT €
(cm. mepasencrso (12.2.2)) ). I nockosubky € > 0 1pou3BOJILHO, TO
Bee Tpu touku F(z), lim F,, (x), lim F,,, (z) cosnasaior:

lim F,,, (2) = Tim By, (2) = F().

ITocnennee obosuauaer, uro I, (z) cxomurca x F(z) (B Kaxmoii
Touke HenpepbisHOCTH T dbynknnn F(y)).

Ha stoMm jo0KazarenbcTBO TeopeMbl XeJid 3aKaHIUBaJIOCh ObI,
ecru 6b1 F'(y) Obuta dyHKIUel pacupeeienns, 9ero Mbl yTBep-
JKJTaTh, BOODIIE TOBOpsI, HE MOYXKeM — (DyHKIUS paCIpeIeaeHus
JI0/2KHA OBITH HENPEPBIBHOI coieBa, a F'(y) TakoBoit, BoobIe rosops,
ue spisiercs. “Ilognpasum” dyukimio F(y) B Toukax paspbiBa Tax,
4106Bl OHA Craja HempepbulBHOI ciesa. Tounee, ompegennm ma R!
dynkmmio F(y), xoropas cosnagaer ¢ F(y) B Toukax HENMPEPHIB-
nocru F(y), a B Toukax paspeiBa dynkuun F(y) sumauenns F(y)
onpejiesium TaK, 9rodbl F(y) Obl1a HENpepbIBHON CeBa. A MMEHHO,
ecu B Touke z pyukiusa F(y) TepnuT paspbiB, TO MOJOKUM

F(z) = lim F(y).
ytz
QyHKITAA ﬁ (y) MOHOTOHHO HEyOBIBalOIasi, HElPEePbIBHAS CJIEBA

n0<F (y) <1, . e. seasiercs pynknmeii pacnpegenenns. [Ipuaem
HOCKOJIBKY B TOYKax HenpepbisHOCTH dbyukiuu F(y) Boinoaasercs

paserctso F(y) = F(y), To B 3THX TOYKax

lim F,, (y) = F(y) = F(y).

N —r00

13 mocyienmero paBeHCcTBa B CUIY JOCTATOTHOTO YCIOBUS CXOTIMOC-
TN pacnpejenenuii noaydaem, uro Iy, — F npn ny — oo.
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12.3 Cnabasg cxoauMOCTh pacrupejieieHnit

Jlemma 12.3.1 (o 3aaHum pacripefesieHusi 3HAYE€HUSIMU
unTerpanos). Pacnpedesenue na R sadaemea snavenuamu un-

mezpaaos (no smomy pacnpedesenuro) na xaacce {p} nenpepuiervir
02panUMEeHHOLIT PYHKUULT ©, 00PAUAIOUUTCA 6 HYAD GHE 02PAHUMEH-
HOLT MPOMENCYMEOS.

Ecau snanenua unmezpanos no pacnpedesenuam F u G na xaac-
ce {¢} nenpeprienvixr oeparunennur GyrKUU ©, 06PAULAIOWUTCH 6
HYA 6HE 02PAHUMEHHDLIT NPOMENCYMKOS, COBNAIAIOM.:

/(p(x)F(dx) = /gp(m)G(dm), (12.3.1)

R1 R!
mo coenadalom u camu pacnpedeserus:
F=G.

Hokazarenscrso. [lycrs gus pacupenenenus F, 3a1anH0T0
na R (F(RY) < 00), ussectnbl 3nauenus nnrerpasion

I(p) = / o (2)F(dz)

RI

Ha Kjacce {¢} HENPEepbIBHBIX OMPAHUYEHHBIX (DYHKIWIA, 00pariao-
MIUXCS B HYJIb BHE OPDAHUYEHHBIX MTPOMEXKYTKOB.

Pacrpenenenne na R! oqnosnadno 3a1aeTcsa CBOMME 3HAYCHUS-
MU Ha TIPOMEKYTKaxX BUIa [a,b), a < b, a,b € R! (cm. ciaexcraume 2
u3 Teopembl 7.2.1). TI09TOMY JOCTATOYHO YCTAHOBUTD, YTO 3HAYEHUS
F([a,b)) pactipenenenus F ma npomexyTkax [a,b) 3amaiorcs 3uade-
ausivu ().

Snavenve

F((a, b)) = / T (@)F(dz).
Rl

[pescrapuv namKaTop I, ) () MpomexyTKa [a, b) B BUIE TIPeiesa
noceoBaTebHOCTH {9y, ()} HenpeprIBHBIX OrpaHnYeHHBIX (DyHK-
i, OOPAIAIONMXCA B HYJIb BHE KOHEUHBIX MPOMEKYTKOB:

Tiu() = lim gy ().
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B kauectse @, (x) MOXKHO paccMOTpeTh, HapuMep, (hYHKIH BUJIA:

0, upux € (—oo,a—1/n),
n(x—(a—l/n)), npu = € [a — 1/n,a),
on(x) = 1, npuz € [a,b—1/n),
—n(z —b), mpuzx € [b—1/n,b),
0, mpm z € |b, +00).
Torna

Fb) = [ Tun(@)F(dz) = [ (lim (@) Fldo)
R1 R1

WJTA, BOCIIOJIB30BABIIUCEH TeopeMoii Jlebera o MaKopupyemoii cxo/u-
MOCTH,

([a, b)) —hm/gpn F(dx) —hmI(tpn)

IMocneanee pasencTso u 0603HAUaET, uTO pacnpeeneane F ogno-
3HAYHO OHPEAEIdeTCd 3HAYCHUAMU WUHTErPaJIOB IO 3TOMY DacCIlipe-
JIETEHNIO Ha K1acce {p} HempephIBHBIX OrPaHuIeHHbIX (DyHKIHH
06paIamoIuXcs B HyJIb BHE OPPAHUYEHHBIX [TPOMEXKYTKOB.

Hanee, ecom ayist pacupegesennit F u G umeer mecro (12.3.1),
TO OHO UMeEeT MeCTO, B 4acTHOCTH, eciu ¢(x) = o, (x):

[ en@Fin) = [ ou(@6tda).

R1 R1

Ilepexomst B 9TOM paBeHCTBE K TIPEIEIy B MIPABOil U JIEBOW YaCTIX U
OJIB3ysICh Teopemoii Jlebera 0 MakKOpUpyeMoit CXOAUMOCTH, TIOJIY-

/ Ty (2)F(dr) = / T (2)G(dx)

R1 R1

F([CL, b)) = G([av b))

3 cosnanenus F u G ma mpomexxyrkax [a,b) B cuty crencrus 2
u3 Teopembl Kapareogopu (reopema 7.2.1) cieayer, aro

njin

F=G.
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O603nauyenus. Mu1 Gynem pazamaars #a R! mpur kmacca dynk-
1uii: KJIACC HENPEPBIBHBIX OrpaHuYeHHbIX (DyHKnuii (0603HaueHME
C(—00, +00)); KJIACC HEMTPEPBIBHBIX OrPAHUYEHHBIX (DYHKIU{T U, nMe-
IOIMX KOHEYHbIE T1peiesibl U(—00) n u(+00) COOTBETCTBEHHO Ha —00
u Ha 400 (06o3nauenne C[—00, +00]); KIaCC HEMPEPHIBHBIX OTPAHH-
YeHHbIX QDYHKIUA u, umeronmx npeaeasl u(—oo) = 0 u u(+oo) = 0
Ha —00 M Ha +00 (0Opam@AIMXCa B Hy/Ib HA GECKOHETHOCTH ), 060~
snauenne Cp|—o0, 4+00]. OueBnino,

Co[—00, +00] C C[—00, +00] C C(—00,+00).

Hanpumep, dyukims sinz € C(—00,400), HO HE TPUHAJIEKUT
knaccy C[—o0,400]; dynxmus 1 + e ¥l sinz € C[—o0,400], HO
14 e l*lsinz ¢ Cy[—o0, +-00]; e~ I#l sinz € Cy[—o0, +o0].

Omnpenesnenne. Ilycrs U — xnacc 6openeBckux (pyHKIHU Ha
R! co 3magenuamu B R!. BygeM roBopurs, 4To moC1e0BaTeILHOCTS

pacnpenenennit {F,} caabo cxodumca x pactpenenenuio F ornocu-
TesibHO Kjacca U, ecim st kaxjpoit u € U npu n — 0o

/ w(@)Fu(dz) — / w(@)F(dz).
2

R1

MeI TOKazKeM, 9TO BBeJICHHAS HAMHU paHee CXOJUMOCTL PACIpe-
JleJIeHUT 9KBUBAJIEHTHA CIa00H CXOAMMOCTH OTHOCHUTEIBHO KJIACCa
Co|—00, +00]. TlorsiTue ci1aboii CXOAMMOCTH UMEET TO HMPEUMYIIIE-
CTBO, 9TO TIPUMEHNMO K MPON3BOILHBIM BEPOITHOCTHBIM MPOCTPaH-
CTBaM, HO HAIE€ OIpPENEICHHE CXOAMMOCTH OOJIBIIE COOTBETCTBYET
UHTY I,

Hamee 6ymeM UCIOIb30BATH 0003HAUEHUST

Moyt = / w(z)Fy (dar), Mu = / w(z)F(dz).

R1 R!

Teopema 12.3.1 (0 cxomammocTn u cJjaboil CXOAUMOCTH
pacnpegesieruii). Crodumocmsv nocaedosamenvrnocmu {F,} eepo-
amuocmuux pacnpedeaenuti x pacnpedesenuro F (cobcmeennas uau
necobcmeennan) skeusasenmua caaboti crooumocmu {F,} x F om-
nocumenavno xaacca Co[—oo, +00].

Cobecmeennas crodumocms nocaedosamenvnocmu {Fp} eepoam-
HOCMHBIT pacnpedesenutl % pacnpedesernuro F eaevem caabyro cxo-
dumocmv {F,} x F omnocumenvno xaacca C(—o0, +00).



358 I'mapa 12. CxonumMocThb paciipesesieHuii

HoxkazarenbcrBo. CHagama JOKayKeM, 9TO U3 CXOAUMOCTH
Fn — F (cobcrBennoii niam necobcrBennoii) caemayer ciaabas Cxo/u-
mocth Fp, k F oTHOCHTEMBHO Kiacca Cpl—oo, +00].

IMycrs F,, — F (cobcTBenno wmiam HECOOCTBEHHO) W MyCTh
u € Cy[—00, +00]. TTokazkeM, 9T0 mpu N — 00

Mpu = / w(z)Fn(dz) — / u(z)F(dz) = Mu.
i

R1
[Mockonbky u € Cp[—o0, +00], TO

lim w(z) =0, lim wu(zx)=0,
r—r+00 T—r—00

u s JaHHOrO € > 0 Halijiercst KOHeYHbI TPOMEXKYTOK J Takoii,
4ro 1ipu Beex T ¢ J 3nadenue |u(z)| < e (monosHuTebHO BhIGEPEM
J mHTepBasioM HenpepbiBHOCTH F).

Js by u(x) nocrponm va R kycouno-mocrosmnyio byHk-
o (), TPUHUMAIOILYI0 KOHEIHOE YUC/I0 3HAUEHUH U OTIAIAI0-
nytocst ot u(x) He 6ostee ueMm Ha €. ITO MOKHO CEIaTh, HATIPUMED,

cremytomuy obpazom. M3 menpepsisHocTH u(x) ma R cremyer ee
PpaBHOMEDHAsA HEIPEPBIBHOCTH HA KazKJIO0M KOHEYHOM IIPDOME2KYTKE,
B yactHocTH u Ha J. [losromy J MOKHO pa3zdbuTh HA KOHEYHOE YUCJIO
7 HeTePECEeKAIOIMINXC NHTEPBAIOB Ji:

J=J e JinJ;=0,i#j
k=1

(ronotHUTENIBHO BHIGEPEM MX MHTEPBAJIAME HEIPEPBIBHOCTU Pac-
npejenenns F) tak, 9To00bI Ha KaxK/IOM U3 HUX

sup lu(z) — u(z")] < e.
(z/,2"): (2! ,z'") e Ty,

3 mocieHero HepaBeHCTBA CIEAYeT, 9TO s KaxK0ro Ji MOXKHO
yKa3aTh TaKOe YUCI0 Pk, ITO

lu(z) —gr| <e, z € Jg, k=1,2,...,7.

Onpegemum reneps na R dbyrximmo

p(z) = ol (x). (12.3.2)
k=1
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OyuKINIa Lp( ) KyCOYHO-TIOCTOSTHHA — paBHa @ Ha Jp C J,

=1,2,...,r, u my/ai0 BHe J — ¥ 110 TOCTPOEHUIO HA ITPOMEKYTKE J
yKJ’[OHSIeTCH or u(x) He GosibIllle, YeM Ha £:
lu(z) —p(z)] <e.

A nockosbky nipu x ¢ J snavenue |u(z)| < €, To u npu Beex € R

u(z) — p(z)] <e,

KPaTKO
lu—¢| <e.

Ucnonb3ysa dbyuxmmio ¢(z), onennm
IMpu — Mul.
JIJ11 3TOrO OIEHNM KazKJI0e CIaraeMoe B IIPABOil 9aCT HEPABEHCTBA,
IMpu — Mu| < Mpu — Myp| + [Mu — Mg| + M0 — M.
[Mockoneky |u — ¢| < g, To
IMpu — M| < My |u— ] <e,
Mu— M| < Mlu— ¢ < e,

Canaraemoe |My, o — Myp| onennm Tak:

‘Mn@ - M“P‘ =

= /(ngkljk(:n)> < orly (z >F(dl’) =
B \k=1

= Z(Pan(Jk Z@kF Ji)
k=1

[Mockonbky Fp, — F, To Fp,(Jx) — F(Jk) s Kaxkgoro k= 1,2,...
., T, ¥ TIO3TOMY IPH JOCTATOIHO GOJIBIINX 7

\SDkHF (Jk) — F(Ji)|-

> lerllFn(Jk) — F(J)| <,
k=1
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a CJIeJIOBATEIHHO, U
M, — Mo| < e. (12.3.3)

Tak uaro mis dyukuun u € Cp[—00, +00], HAUMHAS C HEKOTOPOTO
N (n>N),
IM,u — Mu| < 3e,
T. €. IpA N —> 0O
M, u — Mu.

[Tycrs Teneps Fp, — F B co6erBennom cMbicae (npeaesbaoe pac-
npesenenne F — cobersennoe) u nycrs u € C'(—00, +00) (He orpa-
HUuUuBas o0muEOCTH OyjaeM cuurarh, uto |u| < 1). Jokaxkem, 9ro
pu 1 — 00

M, u — Mu.

Tak xak F — cobcrBeHHOE BEPOSTHOCTHOE PpACIpeseaeHne
(F(RY) = 1), To maa mammoro € > 0 B CHTy HEIpepLIBHOCTH Be-
POSTHOCTH MOKHO BBIOpATH OTpaHMYEHHBINH HHTEepBa J Takoii, 9To
F(J) > 1 — ¢, a cienoBaTesnbHo,

F(J)<e (12.3.4)

(monotEUTENBHO BhIGEPEM J MHTEPBAIOM HENPEPBIBHOCTH PaCIpe-
nenenus F). Ipu srom mockonsky {F,} cxonures k F, To, nauunas ¢
nekoroporo N (n > N), snauenns F,(J) > 1—2¢, a cienoarensHo,

Fu(J) < 2¢. (12.3.5)

Haee, aas byskmmm u(r) crpony wa R kycoarno mocTosiamyio
bynknuio p(z), ormuatontyiocs ot u(z) ma npomexyrke J He 6oJiee
JeM Ha € (Kak 3T0 Jenasnu pamee, cM. (12.3.2)).

Ucnonssys ¢(x), onennm

My, u — Mu.
JIJIs1 3TOTO OIEHUM KasKJ0e CIaraeMoe B IPaBoil 9aCTH HEPABEHCTBA
M, u — Mu| < [Mpu — Myp| + [Mu — Mg| + My, — M.

JJist mepBOTO CaraeMoro MMeeM:

Myt — Mygo| = / u(a)Fo(de) — / o (2)Fu(da)| <

R? R!
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< [ u(e) = (@) Fatde) =
R1

- / () — ()] Fa(da) + / () — ()| Fa(de) <
J

J

< /EFn(dZ’) + / 1F,(dz) < e+ Fp(J) <&+ 2 = 3¢,
J J
Fn(J) < 2¢, cum. (12.3.5). Anagoruano

IMu — M| < e+ F(J) < 2,

F(J) < g, em. (12.3.4). Cnaraemoe |Myp — M| mpu gocraroumno
GoapIux n He mpeBocxoaut €, cM. (12.3.3). ITosTomy, Haunuas c
Hekoroporo N (n > N),

IMpu — Mu| < 6¢,

T. €. IpU N — 00
M, u — Mu.

Tax uro u3z cobcreennoit cxogumoctu Fp, — F ciaemyer crnabas
cxomuMocTh mocnenosarensaoctu {F,} x F oTrHOCHTENBHO Kimacca
HEIIPEPBIBHBIX OTPAHNIEHHBIX (DYHKITHI.

Ocranock yCTaHOBUTH, 9TO U3 caaboit cxogumoctu F, — F orHO-
curenbno Knacca Cpl—oo, +00] cremyer cxoqumocts Fp, — F (co6-
CTBEHHAs W HECOOCTBEHHAS ).

MMycrs ans xkaxmoi dyukmum v n3 kaacca Co[—oo, +00]

Moyt = / (@) (dz) — R/ w(@)F(dz) = Mu. (12.3.6)

Rl

JokazxeMm, 1uTo Toraa mnocsiegosareabuocts {Fy,} exomures x F (co6-
CTBEHHO WJIM HECOOCTBEHHO).

B cuny reopembr Xesm o Boibope n3 nocaenosarensuocrtu {Fy,}
MOZKHO BBIOPATH MOIOCTIe10BATEIbHOCTD { Fyy, }, cxozsinyrocst K Heko-
TopoMmy pacrpeseseHuio G (B cOBCTBEHHOM MJIH HECOOCTBEHHOM CMBIC-
ne). okaxem, aro, Bo-epebix, G = F, a, BO-BTOpBIX, 1 cama mo-
caenosarensHocTh {Fp,} cxoqures k pacnpenenennto F.
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N3 cxomumoctu Fp,, — G cregyer, uro amsa kaxaoit GyHKINM
u € Cy[—00, +0]

lim | u(z)Fy, (dx) :/u(:v)G(d$) (12.3.7)

ny
R! R1

(cM. moKaz’aTenheTBO NepBoit wactu teopembl). C ApyTOit CTOPOHBI,
noceposareabnocts [ u(z)Fp, (dz), Gyayan nopnocieoBaTebHo-

R
crpio nocaepoarensroctn | u(z)Fy,(dz), cxonsmeiica k[ u(x)F(dz)
R1 R1
(en. (12.3.6)), cxopures k[ w(z)F(dz):
R1
lim | w(@)Fy, (dz) = / w(@)F(dz).
-t R!

Orciona n n3 paserctsa (12.3.7) nmeem

/ w(z)G(dz) = / u(z)F(dz)

R1 R1

st Kaxaoit dyakmum u € Cy[—o00, +00]. Tlosromy B cuty emmbl
12.3.1 o 3aanun pacupeseeHns 3HAUEHUIMI THTETPAIOB

G=F.

Tak uTo eciau nocsaeposaresbuocts {Fp} crabo cxomures k F orHo-
curesibHO Kyacca Co[—00, 00], TO KazxkK1as ee CXOASIIAACS MOIOCIe-
nosaresnsrocTsb {Fp, } cxopnres k F. Cama nocinegosarensuocrs Fy,
rakxke cxoxurea K F — ecoum 661 {F,} me cxommnacs x F, To B cu-
JIy T€OPEeMBbI 0 BbIOOpe Xeslin HAILIACh OBl MO IOCIe0BATEIHHOCTE
{Fn.} mocnenosarensuoctn {F,} cxomsmmasics k mekoTopoMy pac-

npegenennto G’ # F, uro HEBO3ZMOXKHO, T. K. KasKJas CXO/AIIALC
[O/IIOC/IEI0BATEILHOCTE nocaeosarebaoctu {F,} cxonures x F.

Tem caMbIM TeopeMa TOTHOCTHIO JOKA3AHA.

[Tycrs nocaeposarensuocts {Fp,} BepostoCcTHBIX pacnpejeste-
HUl CXOaUTCA B COBCTBEHHOM CMBICJE K pacupegenennio F n
uy = w(x) — cemeitcrBo dynkumit n3 knacca C(—o0,400), 3aBu-
camux or napamerpa t € T. g kaxgporo gpukcupopanuoro t € T
mpu N — 00

Mpu — Mug.
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Jlamee IpUBOAATCA YCIOBHSA, IPH KOTOPBIX CXOJUMOCTD TIOCIEI0BA-
resibHOCTH byHKIMIE Myu; k dysknun Mu; paBHOMepHast OTHOCH-
Tenpao t € T'.

HanomuuMm, uto cemeiictBo (pyHKIWmA Uy = uy(x), 3aBuUCHIIEe OT
napamerpa t € T, paBHOMEPHO OIPAHUYEHO, €CJIN CYIIECTBYET TAKOE
uncyo M, 4o

\ut] SM

nst Beex t € T

CemeiicrBo dbyuxmmit uy = wi(x), t € T, Ha3bIBaeTCS PABHOCTE-
IIEHHO HENpPEepPLIBHBIM, €Cau JId Kaxkaoro € > 0 maiigerca 0 > 0
(obrmee gyt Beex t) Takoe, uTo u3 |xe — x1| < 0 caexyer

lut(w2) —we(z1)| < e

ns Beex t € T

CuieacrBue (kpurepuii paBHOMepHOiT cxogumoctu My uy).
IIycmwv F, — F 6 cobemeenmom cmoicae. Ecau cemeticmeo dynryui
ur = ug(x), t € T, us xaacca C(—o0,+00), 3asucauee om napa-
Mmempa t, ABAAEMCA PABHOCTNENEHHO HENPEPBIBHLIM U DABHOMEPHO
02PAHUYEHHBIM, MO CTOOUMOCTD

M, u; — Muy

npu n — 0o pasromepras no t € 1.

JlokaszaTeanbcTBoO. B mokazarenbcTBe TeOPEMBI OBLIO UCTIOJIh-
30BaHO pasbuenue uHTepBasia J Ha umHTEpBaNBl Ji,Jo,...,J,, HaA
KaXKJIOM U3 KOTOPBIX KoJjiebaHue

sup u(a) — u(2")]
(o @)’ ") E Ty

dbyukuy U MenbIie €. B cuity paBHOCTEEHHO HEITPEPHIBHOCTHU Ce-
MeficTBa U; 9TO pas3bueHme MOKeT OBITH BHIOPAHO OJHUM W TEM Ke
It i Bcex DyHKIMN cemeiicTBa Uy, ¢ € T, M03TOMY, TOBTOPSIsT
PacCyKIeHUA TEOPEMBI, TTOTyIaeM:

|Mnut — I\/Iut| < 6e

TIPY TOCTATOYHO OOJIBINIUX N /I BCEX t.
Tem cambIM cle/ICTBUE TOKA3AHO.
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12.4 Ilpumepsl u 3aa49nu

ITpumepnt
IIpumep 12.4.1. Ilycmov Fp — cemeticmseo eepoammocmmoir
pacnpedesenudi, 3a0aHHBLE NAOTNHOCTNAMU

(z —a)?
—_ h > 0.
exp{ 252 , >

1

xr) =

Hceaedosamsw Fp, na cxodumocms 1° npu h — oo; 2° npu h — 0.

Pemenue. 1° Bamernu, uro dymkmms F(z) = ¢, z € R,
rae ¢ — koucranta (0 < ¢ < 1) aBagercs dynkuumeii pacupesjese-
HUS HECOOCTBEHHOTO BEPOSITHOCTHOTO PACTPEIEIEHN, TOXK I€CTBEH-
HO paBHOrO HY/10. B camom gene, smauenue F([a, b)) pacnpenenenns
F na npomexyrkax [a,b) pasuo F(b) — F(a) = ¢ —c =0, a cieno-
BaresibHO, F = 0 u Ha MHOXKecTBax u3 ayredpbl A KOHEIHBIX 00b-
e/IMHEeHNiT HeepeceKaroNXcsa MPOMEXKYTKOB Buja [a,b), a B cury
TeopeMbl Kapareomopu n Ha 60peIeBCKUX MHOKECTBAX.

Haree,
f (t —a)? _
/fh tydt = rh/eXp{ Qh}dt_

(z—a)/h
_ b / G
= exp 5 (v

(BocmosibzoBaNCH 3aMeHol (t —a)/h = u). [Ipu Kaxg0M GUKCHpPO-
BAHHOM X

h_)ngth F/exp{—}du—

Ilostomy Fp, mpu h — 0o cxomuTcest K HECOOCTBEHHOMY pacIpeeie-
HUIO, TOXKJ/IECTBEHHO PABHOMY HYJIIO.

2° Ilpu h — 0 cemeiictBo pacmupenenenunii Fj, cxomurcs K cob-
CTBEHHOMY aTOMMYECKOMY PAacClpPe/e/IeHUI0, COCPEeJOTOYEHHOMY B
Touke a (B cumy reopembr 12.1.2 0 CXOAMMOCTH K aTOMHYECKOMY
paCIpe/IeIeH o).



12.4. Ilpnvepsr u 3aga9n 365

3agaun
12.1. Ilycrs {F,} — mocnemoBarenbuocTs pacnpejesiennii 3a-
TAHHBIX CBOUMU (DYHKITUSIME PACIIPE/IeICHIT

0, ecmn x < —1/n;
F,(z) =% n(z+1/n)/2, ecm —1/n<z<1/n;
1, ecan > 1/n.

HUccenenosars noctegosarebHOCTE pacnpeaenennii {F, } na cxo-
JONMOCTb.

12.2. UccaemoBaTh Ha CXOAUMOCTH IPH N — OO TOCJETOBA-
TeJILHOCTD pachpeenenuit F, ¢ mioraocTamm

n/2, ecoim x € [—1/n;1/n;
fn(z) = { (/), ec/Iu T ; {—1?7% 1?"%

Orser: F,, cxomurcst K cOGCTBEHHOMY aTOMUYECKOMY PACIpe/ie-
JIEHUIO, COCPEeJI0TOUeHHOMY B TOUKe (.

12.3. Ilycrs F(x) — dbyHKIusa pacupee/eHns HempepbIBHOIO
COOCTBEHHOTO BEPOSITHOCTHOTO PACIIPE/IE/IEHUS.

WccemoBaTh HA CXOUMOCTD KAXKIYIO U3 TIEPEUNCTEHHBIX TATee
[TOCJIEI0OBATE/ILHOCTEN paciupeie/ieHuil, 3alaHHbIX CBOUMU (DyHKIIH-
AMU PACIIPEJICJICHAS:

1) Fp(x) =F(z+1/n), n=1,2,...;

Gn(z ) F(ac—i—n) n=12,...;
S .

(x) (a;/n) n:1,2,...;
w@) = Flo+ (—1)™), n=1,2,...

Orser: F,, cxomurca B cobcrBeHHOM cMmbIcae K F; pacrpenee-
uust G, Sp, Pn, Qn cxomsarcsa K HECOOCTBEHHOMY pPacCIpeieseHnIo,
TOXKJIECTBEHHO PABHOMY HYJIIO.

12.4. O6o3maamm gepe3 Q, COOCTBEHHOE aTOMUYECKOE PAaCIIPe-
JIeJIEHne, COCPEJOTOYEHHOE B TOYUKE Gy . VICCIEI0BATH HA CXOAUMOCTH
noceoBaTebHOCTL pacnpenenernit {Q,} 1° npm a, — —+oo;
2° npu a, — —o0; 3° npu a, — a.

12.5. Ilycrs {F, } — mocsiemoBarebHOCTD pacpeiesienuii ¢ miotT-
HOCTSIMU

2)
3)
4) P
5) Q

) n/2, ecmxe|[(-1)"—1/n;(—1)" 4+ 1/n];
fn(z) = { 0, ewmadg[(—1)"—1/n;(-1)"+1/n],

COOTBETCTBEHHO.
Uccnenosars wa cxopumocts {Fp,} mpu n — oo.
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OTBeT: mocIes0BATEBLHOCTE PACIIPeIeaennii F,, He apagerca cxo-
NAIIENCA.

12.6. Tlycrs {F,} — nmocnenosarenbHOCTL pacnpesenenuii 3a-
JAHHBIX CBOUMMU d)yHK]_H/IHMI/I pacupeaeIeHndg:

F.(z) =14 G(z), ecm —1/n<z<1/n;

0, ecmz<-—1/n;
1, ecmmx>1/n,
G(r) — MOHOTOHHO HEyOBIBAIOIIAS HENpPEepPbIBHAS CJeBa (DYyHKIs
co 3nauenusivu B [0, 1], 3agannas na [—1,1].
HUcenenoBarh mocae0BaTeIbHOCTE pactpeenennii {Fy, } ma cxo-
IIIMOCTb.
12.7. Ilycrs D,, — aromuveckoe pacrpejesieHue:

Dn(k)=1/n, k=0,1,2,...,n— 1.

WccnemoBaTrh mociemoBaTe/IbHOCTD pacmpenenenuii D, Ha cxomm-
MOCTB TIPU 1 — OO.

12.8. HMccaemnoBaTh Ha CXOIMMOCTH IOCJEIOBATEHFHOCTH pPac-
LpeJIeJIeHuii:

—n n

2) G, : < _11/2” %g) =12

. n n2 J— .
3) Fp < 1 1yg ) =2

i _n(_l)n n(_l)n o
4)Sn.< 1/2 1/2 ,m=12...

Omrsersr: 1) nocegoBarebHOCTD pactupegenennii {Fy, } cxoqures
K HECOOCTBEHHOMY PACIPEJIeIEHNIO, TOXKJIECTBEHHO PDABHOMY HYJIIO;
2) mocnemoBareLHOCTH pactpeaenennii {G, } cxomuest Kk cobcTRER-

HOMY aTOMIIECKOMY pPacIpeeeHnio, COCPeI0TOUeHHOMY B ToUKe 0.
12.9. IlycTb

1 t—x)?
Ny.o2(y) = = /exp{—(20§)}dt; z,y e R o > 0.

Boraucanrs im N, 2(y).
o—0 ’

OtBeT: I(_oy)(2) mma KazK 0l mapsl (T,y), T # y.
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12.10*. Ilycts F)\ — pacnpenenenue, 3agannoe QyHKITHEH pac-
TIpeIeIeHNUS

N
F)\(y): Z ﬁe Aay6R17)‘>07
k:0<k<y

k — LeJible HEOTPULATEIbHbIE.

Uccnenoars Fy na cxomumocts mpu A — 0.

Pemenune. Fy — myaccoHosckoe pacupemenenue C napamer-
pom A. Maremarndeckoe OKHMJaHUE W JUCIEPCHS MyaCCOHOBCKOTO
pacrpenesienusi ¢ mapamerpoMm A pagabl A. [Ipu A — 0, myacco-
HOBCKOE DPacCIIpejie/ieHne CXOAUTCS K COOCTBEHHOMY aTOMUYECKOMY
PaCIIPE/IEJIEHIIO, COCPEJIOTOYEHHOMY B TOouKe (.

12.11. ITycre Ng o (t > 0) — cemeiicTBO HOPMAJILHBIX PACIIPE/Ie-
snennit co cpexamm 0 m gucnepcmeit ct, t > 0, ¢ > 0, ¢ — KOHCTaHTA.

Cewmeiicteo pacnpenenennit Q; (t > 0) ompemensiercs pasen-
CTBOM

1
Qu(dy) = gﬁNo,ct(dy)

WJIA, 9TO TO XK€,

1
Q(B) = /CtyQNO,ct(dy), B c B!
B

(pactpeneserne Qi abCOTIOTHO HEPEPBIBHO OTHOCUTEIBHO PACIIPE-
nenennst No ¢4 ¢ IIIIOTHOCTHIO éyQ)

Uccrenosars Q¢ ma cxommmocts npu t — 0.

12.12. ITycre F — coberBerHOE BEPOSITHOCTHOE pacipejlesieHne
na RY, Uy, ;) — pasromepHoe na [—h, h] pacupepesnenne. Tokasars,
uto npu h — 0 pacnpeeienne

Fh =Fx U[—h,h]

cxouMTCs K pacupeesiennto F.
12.13. ITycrs Q,, — aromuyeckoe pacupejenenue, 3a/laHHoe pa-

BEHCTBOM
Q.({k/n})=1/n, k=0,1,...,n—1.

Uccnenosars Qp Ha CXOIUMOCTH TIPA N — OO.
Yxkazanune. Pacupemenenne Q, CXOIUTCA K PABHOMEPHOMY Ha,
npomexxyTke [0, 1] pactnpenenenuio. JIocTaTrouHo 3aMeTUTh, 9TO IPU
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0 <z <1 mnga dyuxnun pacnpegenenns Qp (L) UMEIOT MECTO HEpa-
BEHCTBA

x—1/n<Qn(x) <z+1/n.

12.14*. Ilycrs F) —pacnpenenenne, 3agantoe byHKIHEH pac-
npejie/ieHus

\eoo
F)\(y): Z ﬁe AayeRla)\>07
k:0<k<y
k — mesible HeOTpHUIATEIbLHEIE.
Brrancaurs
—+o00
lim [ e ¥'/2 Fa(dy).

A—0
—0o0



I'staBa 13

XapaKTepucrunieckas
D yHKINS

13.1 KoMIuieKCHO3HaYHbIE CJIyYaiiHble
BEJINYNHBI

Komnuiekcubie uncia. Kounaexcruom wucaom z = (a,b) na-
3BIBAETCsI yIIOPSAI0YEHHAs 1apa JeficTBurebubIx yuces (a, b); auc-
Ji0 @ 6ymemM HA3bIBATH AEHCTBUTEILHON 9aCTHI0 KOMIIJIEKCHOTO 9HC/Ia
z = (a,b), b — MHUMOI.

Cymmoti z1 + z2 aucen z1 = (a1, b1) u zo = (ag, ba) HazBIBAETCH
KOMTIJIEKCHOE 9uCIo (a1 + ag, by + ba).

IIpoussedenuem z1z9 aucen zy = (a1,b1) u zo = (ag,by) HAZBI-
BAeTCs KOMILIEKCHOE ancio (ajaz — biba, arbe + biaz).

Kowmnexcuoe uncio Buga (a,0) Oygmem O0TOXKJIECTBAATDL C J1eii-
CTBUTEJ/IbHBIM YUCJIOM Q.

Kowmmnexcroe uuncno suga (0, 1) maseiBaercs muumol edunuyed
u obosnauaercs i, T. e. i = (0, 1). OgeBumnoO,

i* = (0,1)(0,1) = (-1,0) = —1.
Kowmmiekcuoe uncio z = (a,b) MOXKHO pPeJCTABUTEL B BUE
z=(a,b) =a+idb
(anzebpauveckas @opma 3anmucu KOMILIEKCHOTO dnca). Omeparnun

HaJT KOMIIEKCHBIMHU YHCJaMU 21 = a1 + thy m 2o = ag + tby ymob-

HO BBIIIOJIHATHL KaK OIl€epalluy HaJ MHOTOYWICHAMHM, YIUTHBIBad, 9ITO

2= —1.

369
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Mody.aem KOMILIEKCHOTO YNCIA Z = a + th HA3BIBAETCST TUCIIO

|z| = Va? + b2

B mexaprToBoii cucTeMe KOOPAMHAT 9UCI0 2 = a+1b m300parkaoT
TOYKOIl 1110CKOCTH ¢ KoopauHaTramu (a,b).

U3 coorHommennit Mexay gekapToBbiMu (a,b) U TOJSAPHBIME
(p, ) KOOpAMHATAMM TOYKHU HA MJIOCKOCTH (@ = pcos @, b = psinp)

HOJTy 9aeM:
z = (a,b) = a+1ib = p(cos ¢ + isinp)
(mpuzornomempuueckas $opma 3amucH KOMILIEKCHOTO YHUC/IA).

DJjieMeHTapHbIE (DYHKITUU KOMIIJIEKCHOTO TIEPEMEHHOI'0 OIpE/Ie-
JISFOTCS KaK CyMMbI aOCOJIFOTHO CXOJISIIUXCS PSI0B, & UMEHHO:

o
1
et = E lzk,
k=0

o~

. — 2k+1
sin z ,;_0 2k + 1)!2 ,

[e.e]

(=D ka1
ln(z+1)=272 ozl < 1.
—k+1

Ms1 wacTo 6yaeM moab30BaThCs (hopMyaoit Ditiepa:
e'? = cos p + isin g,
KOTOpPAast OUEBUIHBIM OOPA3OM CJIeTyeT U3 MPUBEIEHHBIX BBIIIE OTIpe-

JejieHuit e”,sin z, cos z. U3 Hee, B 9aCTHOCTH, TOJIyIaeM, 9TO KOM-
NJIeKCHOE 1ncyio 2 = (a,b) MOKHO NPEJCTABUTH B BUJIE:

z = pe'?

(nokasameavnas gopma 3amnUCH KOMILIEKCHOTO THCIIA).
KomMmnutekcHo3HadyHbIe ciy4aiinbie BeJaundunbl. [lycts £ =

=& (w) 1 & = &(w) — corydaiinble BeTHYMHB CO 3HAUeHTAME B R
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ua {Q, §,P}. @ynximio & = & +1&2 co 3nauenusvu B C na {Q, §, P}
OyzeM Ha3BIBATD KOMNACKCHOZHAUHOU CAYHATUHOU BEAUNUHOT.

MaremaTutieckoe OK1/TaHne KOMIIEKCHOZHATHON CTyIaifHON Be-
jgmannbl £ = &1 + i€y onpeieigeTcss paBeHCTBOM

M = M(&1 + i) = M + iM&s

u o0TaZjaeT TeMu 2Ke CBOUCTBAMH, 9TO I MaTeMaTHIeCKoe OXKHJaHIe
JefiCTBUTEIBHOM CITyJaifHON BeJIMINHbI (33 NCKIIIOYEHIEM CBOMCTBA
MOHOTOHHOCTH )

M(&Ig) =0, ecim P(B) = 0,

M(&Ip,uB,) = M(&lB,) + M(&lp,), ecm By N By = 0,
M(aélp) = aM(&IB), o — koHCTAHTA,
M((£ +n)Ip) = M(£1B) + M(nlp),
IM¢| < MIE].

Hepqu/IC.}IeHHBIe CBOMCTBA MaTeMaTUYECKOTO OKNJaHUA KOMIIJICKC-

HO3HAYHOU CIy4allHON BeJIMYUHBI, 33 UCKJIIOUYEHUEeM IIOC/IeIHEr0, Oue-

BUHBIM 00PA30M CJIEIYIOT W3 COOTBETCTBYIOIIUX CBOMCTB MaTeMa-

TUYECKOTO OXKUJAHUSA NeHCTBUTEJTbHON CIIydYaliHOU BEJIUYUHBI.
Jlokarkem, 9TO

IME[ < MIg].

[IpencraBum caydaiinyio BeuauHy & U ee MaTeMaTHIECKOe 0K -
nanve ME B nokaszarTeabHOM BUJIE:

€= pe®,|¢| = p; ME =re |ME| =7

(p=p(w), ¢ = p(w) — ciryuaitHble BEJUYUHBI; T, [ — OCTOSIHHBIE).
W13 mocieHux mpecTaBIeHnii mMeeM

|M£| =T = 6’_ZﬂMf = e_prei‘p e Mpei@p—ﬁ) —

= Mpcos(p — B) + iMpsin(p — 3).

U1 rax kak 7 — geficrBurensuoe uncyao, To 1 = Mpcos(¢ — ), no-
STOMY

M| =7 = Mpcos(p — ) < Mp = M[¢].

Tak uTo

IME[ < MIg].
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Onpepenenne. KoMIIGKCHOZHAYHBIE CAyYaiiHble BEIMUYNHLL
=& +i& un=mn +ine OygeMm Ha3BIBATH HE3AGUCUMDBLMU, ECITA
I7st 1I00BIX OopeeBcKux MHOXKecTB By, Ba, D1, Do

P{& € B1,§& € Ba,m € D1,m2 € Do} =

= P{& € By,& € Ba}P{n € Dy,m2 € Da}.

Jlist HE3ABUCHMBIX KOMILIEKCHO3HAYHBIX CAYIANHBIX BEJIUIUH
MMeeT MeCTO MYJIbTUTIINKATUBHOE CBOMCTBO MaTEMaTHIECKOTO 0XKH-
JaHWI:

Mén = MEM,.

13.2 Xapakrepuctuieckas (pyHKINA —
orpejiejieHue, CBOMCTBA

[IpuBouMoe j1ajiee orpejiejieHue XapaKTEPUCTUUECKON (DyHK-
1Y BBOJIUTCS JIjIsi KOHEYHBIX C BEPOSITHOCTHIO 1 CAydailHBIX BeJIHU-
YUH U JIjiT COOCTBEHHBIX BEPOSTHOCTHBIX PACIIPEIETEHUIA.

Xapakrepucrudeckre QyHKIUNA ABJAIIOTCS MOITHBIM aIllIapaToOM
uccaeaoBanus pacupeaenernii. CBg3aHO 9TO C T€M, UYTO MEXK/Y Pac-
OpPEIEeICHUSIMA U XapaKTEPUCTUIECKUMU (DYHKITUSIMHU CYIIEeCTBYeT
B3aMMHO O/ITHO3HAYHOE€ W B3aMMHO HEIIPEPbIBHOE COOTBETCTBHE. HO—
9TOMY CBOWCTBa paclpeleleHnil MOKHO U3y4arTh, U3ydas CBONCTBA
X XapPaAKTEPUCTUIECKUX (DYHKITHUIA.

Onpenesnenne. Ilycts £ — ciayuaiinas BeTUINHA CO 3HAYEHUSI-
vu B R!  F — ee pacnpenenenne. Xapaxmepucmuueckoti dynsyued
cayuatinot seaununv & (xapaxmepucmuueckol Pynrkyued pacnpe-
deaenus F) Gymem Ha3bIBATH KOMILIEKCHO3HAUHYIO (DyHKIHIO ¢(t),
OTIpE/Ie/IEHHY 0 PABEHCTBOM

©(t) = Me''t = /emF(dx).
Rl

Xapakrepuctudeckas (QyHKIWA JIOO0H CIyIaiiHON BETUIHHBI
(y1r060r0 BEPOSTHOCTHOTO pactpesenenns F) ompenesrena, mocKoIb-

Ky |e¢| = 1, a MaTemMaTHUeCKOe OXKHAHHE OrPAHUYEHHOL C/Tydafi-
HOIl BEJIMYMHBI CYIIECTBYET W KOHEYHO.
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Ecnu pactipenenenne F (pactnpenesnenme ciydaiinoit Benaune: £ )
JINCKPETHO — CyIlecTByer He 0ojiee 4eM CYETHOE MHOXKECTBO TO-

4ek T Taknx, 9ro Pe(xp) = F({zg}) >0 m % F({zr}) =1, 1o

Plt) = M6 = 37 o ({a,})
k

Ecmu pacnpenenenne F (pacnpeﬂeﬂeﬁne CJTyJaitHOM BEJTMIUHBI & )
abCOJIIOTHO HEIPePBIBHO C IIOTHOCTBIO f, TO

o(t) = Me't = /eitzf(x)d:n. (13.2.1)

Rl

Ipumep 13.2.1. Buosucaums Tapaxmepucmuyeckyro Gynruuo
NYACCOHOBCKO20 PACNPEIEACHUS C NAPAMEMPOM .

Pemenmue. IlyacconoBckoe pacupesenenne Py ¢ mapamerpom A
3aJTAETCS PABEHCTBOM

)\k

o
e k=0,1

Pa(k) =

[TosTomy

oo )\k
SD(t) _/ ztzP)\ dac Zeztk 7)\ _
k=0

Rl

)\ zt 5 )
¢ e e = exp {Ae"-1)}.

‘*Z

IMpumep 13.2.2. Buoinucaums Tapaxmepucmuyeckyro GyHryuo
amomuueckozo pacnpedesenus Fq, cocpedomouennozo ¢ mouke a.

Pemenne.

o(t) = /eitIFa(daj) = e"9F,(a) = "

Rl

OcHoBHbIE CBOICTBA XapaKTePUCTUIECKON (PYyHKIUU I10-
JIYIAIOTCSA HETIOCPEJICTBEHHO U3 €€ OTPeIe/IeHNUs.
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JIlemma 13.2.1. 1° Xapaxmepucmuueckan dynxyus o(t) cay-
YAUHOU BEAUNUNDL & PABHOMEPHO HENPEPHLIBHA U 02DAHUYEHA:

lp(t) <1, p(0) =1, t e R
2° Xapaxmepucmuueckan PyHKUUAL w(t) CYMMDL

n=of+a
paena npoussedenuro @(ot)elte.
HoxaszarenbcrBo. A
1° [p(t)] = IMe&| < M|ef€| = 1; p(0) = Me® = 1, € RL.
Harnee,

[t + h) = p(6)] = M e — Mete| =

= [Me (e — 1) < M|ethé — 1].
Crayuaiinas semmunna S — 1| Maskopupyema WHTErpEpyeMoil Mo
BePOATHOCTHOH Mepe dymknumeii Y(w) = 2 u e — 1| — 0 npn
h — 0 B xaxjoit Touke w. Ilosromy B cuiy Teopemsbl Jlebera o
Mazkopupyemoit cxomumoctu M|e? — 1| — 0 mpu h — 0. Tak uTo
©(t) paBHOMEPHO HENPEPHIBHA.

90 ¢(t) — Meitn = Meit(oé+a) — pitapgei(to)s — @(Ut)eita.

JIemma 13.2.2 (MyJIbTUIUINKATUBHOE CBOMCTBO XapaKTe-
pucrtuyeckux (byukuuii). Xapaxmepucmuieckas Gynryus cym-
ML HE3AGUCUMDBLE CAYHATIHOIT GEAUNUH DAGHA NPOU3EEOCHUIO TaAPAK-
MEPUCTNUNECKUT HYHKUUT CAQGZAEMDIT, 6 MEPMUHAT CEEPMOK: Ta-
PAKMEPUCTNUNECKAA PYHKUUA CEEPMKU BEPOATMHOCTIHLE Pacnpede-
ACHUT  PABHA  MPOUSBEIEHUIO  TAPAKMEPUCTNUNECKUT — PYHKUULT
amux pacnpedenenu.

HoxazareabcTBo. Ilycts £ ) — He3aBUCHMBIE CTydaiiHbIe
BEJIMYMHBI COOTBETCTBEHHO C pacupejenenusyu F u G u xapakrepuc-
rnaecknmu pyuakuuavu p(t) m P(t). Xapakrepucrnueckas byHk-
U CyMMBI & + 7:

Meit(f-i—ﬂ) = Meéeitn — MeteMet = So(t)'@b(t)

~— MBI BOCIIOJIB30BaJINCh CBOMCTBOM MY/IBTUIIINKATUBHOCTH MaTeMa-
THYECKOTO OKMaanus (Caydaiinbre Bemanie €S i e nezapucumbr
KaK (QYHKINH HE3ABUCHMBIX CJIyIAlHBIX BEJIUIHH & 1 1)).
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Hasee, mockonnky F * G — pacupenenenne cymMMbl £ + 1) He3aBU-
cumbIxX Cayvaiiabix Bequmand € u 7 (cm. reopemy 11.1.4); o xapak-
TepucTudeckas GpyHKIUs pacupenenenus: F x G copnaaer ¢ xapak-
TEPUCTUIECKOM (DYyHKITHEN CyMMBbI £ + 1), a TTOCJIEIHSIST paBHA TTPON3-
Begennio ¢(t)1(t) xapakrepucTuaecknx (byHKIHMIT pacrpeie/ennii

1 G

o(t)(t) = MeEFM = M = /emF * G(dx).

Rl

13.3 /IuddepeHnImpyeMocTb
XapaKTepPUCTUYIECKO (pyHKITNN

Jlasiee Ham moHa100UTCs OIEHKA MIOTPEITHOCTH, C KOTOPOit (hyHK-
g e’ anmpoKCHMEpYeTCs KOHEYHBIM OTPE3KOM cBoero psa Teii-
JIopa.

JIemma 13.3.1 (06 onenke norpewnocru). Iloepewrocmo
npu zamene gynruyuu e, t € R, ompesxom ee pada Tetinopa ne
nPe6ocTodum Mooyss NEPeo2o OMOPOUEHHO20 YACHA:

: it (it)? (it)? |t|n L
it_ (142 < 3.
¢ ( ut o Tt ) S e (33

n=0,1,2,...
Hoxaszarensctso. O603naunm uepes py, (1) norpemuocrs npu

samene e orpeskom psa Teitiopa:

pu(t) = e — <1+it+ @7 (it)n>,

1! 2! n!
n=20,1,2,... B vactHOCTH,
po(t) = et — 1.

OueBuHo,
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HemocpencTBenHoit MpoBepKoit yoexK 1aeMcst, ITo

t
Z/pnl )dz, n > 1.
0

Orcropa jist t > 0 1ocie10Bare/lbHO UMEEM:

t t
)| = |i [[eaa| < [|e¥a <t
0 0

t t
2

t
t
|p1 (%) /po )dx| < |p0 |dm</xdaz<2
0 0
u T I
g+l ¢+
( +1)! (n+1)!

Tlocnennee HEpaBeHCTBO A0Ka3aHO s t > (0, aHAJTOTUIHO OHO II0-
KasbIBaercd nipu ¢ < 0.
Tak gro mjsg neapix n > 0

’t’nJrl
)] < —.
JlemMma JoKazaHa.
Caencrsue. /lasa yeaviz n > 0
it (it)? (i)™ (it)"
=1+= 1 + 91 +...+ ] o e(t), (13.3.2)

npuuem €(t) — 0 nput — 0 u |e(t)| < 2, 6 wacmmocmu, npu t — 0

it (it)? (it)" N
—1+1'+ 2' +...+7+O(t )

HokazaTenbcTBOo. B cuty steMMBI

t, + (it)” POl

)
t—1
+ 2! n!

1!

+ pn(t), (13.3.3)
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npuyueMm
|t|n+1
) < ——.
(it)"
Pasjie11B M0U/IeHHO [IOC/Ie/IHEe HEPABEHCTBO Ha |~ 4—|, LOJIY THM:
(t)" i
H/ . 13.3.4
pult) /| < L (13.3.4
Ecnu BBecTu 0603HaUeHUE
(it)"
() = pult) /.
TO J1s1 Py (t) TOSIyaMM TIpejicTaBIIeHNe
(it)"
pult) = T (1),
a HepaBeHcTBo (13.3.4) 3ammmercs B Bue
e < [¢]/(n +1).
Otcroma cremyer, uro £(t) — Onpu t — 0 m
pn(t) = o (t").
Tax aro pasencTsBo (13.3.3) MOXKHO 3amuCaTh B BHUJE:
it it | (it)? @)t - @)n ()"
=14+ t), (13.3.5
A TR Fooo T T e, (18:39)
npuuem £(t) — 0 npu t — 0, B wacruoctu, npu t — 0
Wit (it @G
=14+—-—+——+... t").
e T TR pop s R U

Ocramock moKas3aTh, 9TO uMeeT MecTo oreHka |e(t)| < 2. Ilepe-
mumeM paseHcTso (13.3.5) Tak:
Wit (it @t G
=1+ .
e T T R o DI

(1+e(t)).

n!
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C nmpyroit CTOPOHHI,

@ it (it)? (it)" 1
e _1+ﬂ+ ol ...—l—m"‘ﬂn—l(ﬁ).

1 e} ABYX IIOCJIEAHUX PAaBEHCTB MMEEM:

pocr ) = (1 4 <),

Orcioma, yauThIBast, IT0O

(t)"

n!

(it)"
n!

9

a +e<t>>\ o (t)] <

10CJIE/IOBATE/IBHO TTOJTy4aeM:
1+e@®) <1, le() =le(®) +1 -1 <[e(t) + 1]+ 1 <2

Tak uTo
e(t)] < 2.

Tem caMbIM cJIeICTBHE JTOKa3aHO.
[Iycrs F — pacmpemesnemnne BeposSTHOCTEN 1 ¢ — €ro XapaKTepH-
cruyeckas pyuxims. Haaee Oymem ucmoipb30BaTh 0003HAMEHMS

My, = /x"F(daz), M, :/]aj\"F(dx).
R

Rl

Hamomuanm, aro dyuknmsa narerpupyema mo Jlebery Bmecre co
CBOMM MOJYJIEM.

Teopema 13.3.1 (o muddepenuupyemocTun xapakrepuc-
Tudeckomt dbyukuyun). Ecau n-t momenm pacnpedesenusn F xore-
YeH, Mo Y €20 TAPAKMEPUCNUYECKOT PYHKUUU

o(t) = /eimF(dx)
Rl

cyuecmsyem n-A NPou3soona, OHa HENPEPLIEHA, U MOXCEM, Oblmb
noayuena Juddepernyuposaruem nod 3HAKOM UHMELPAAG:

oM (t) = z"/ e F(dz).
R1
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HoxkazaTeascTBo. PaccmoTpuM pa3zHoCTHOE OTHOIIIEHTE

o(t+ h)—p(t) _/ei(t+h)x_eitx _/ et 1
h - 3 F(dz) = [ € ——F(du).
R1 R1

(13.3.6)

itz e — 1 (
=7, (3aBucsmas or napaver-

[Mogpiarerpaipuas GyHKIM €
pa h):
1° mazkopupyema unrerpupyemoii dpynkumeii ||
ihx
L oethr .
eztm ‘ — ‘elta:‘

h

ethr — 1 < lihz| 2]
= |z
h 17— |nl

(dyuknusa |x| uaTerpupyema, Tak Kak mo ycJaoBuio |x|" mHTErpUpy-
ema, cM. HepaseHCTBO JlsmyHosa (9.3.2));
2° cxommres K ixe™ mpm h — 0, Tak Kak
thx
ethz 1
ezt:pi —ire

h

et — (1 +ihx)
h

tx

itx ‘

lihx|?/2! _ |hl 2
- A 2
(MBI BOCIIOJIB30BAIMCH JIEMMOIT 00 OLEHKE IOrperntHocTy (jemMa

13.3.1)). ITosromy B cuay Teopemsbr JleGera o MazKOpUpyeMoii Cxo-
JIAMOCTHI

) eihm -1
i itx F —_
fim | )
RrR1
) ezhz -1 )
= /}llir%e’mhlz(da:) = /ixe’t’”F(da:).
R1 - R1

Orcroga n w3 pasercrsa (13.3.6) ciemyer, Bo-TIePBbIX, CyIIECTBOBA-

HUe . h .
i £ 1) = (1)
h—0 h

a BO-BTOPLIX, PABEHCTBO

St = i / ¢t 2 F (dx).

Rl
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ITo muyKIMH TOTygaeM:
(n) _;n ite .n
e (t) =" [ " x"F(dx).
R1

Henpepoisrocts @™ (t) ciaenyer u3 onenkn

inxnei(t%)a: _ Z-nl,neita: F(dl‘) —

o+ 1) - o) < [

Rl
~ [lar
Rl

HoasaTerpatbuas dbynkius [z|" |e MaXKOpHUpyeMa HHTeTpH-
pyewmoii 110 pacupegenenuio F dynkuuneit 2|x|" (no ycuaosuio 2|z|"
uaTerpupyeMa) u mpu h — 0 CXOIUTCSA K HYJIO, TOCKOJIBKY

gihe _ 1‘ F(dx).

ih:p_ll

[

eihe _ 1‘ < |z|"|hal.

Ilosromy B cuiny teopembr Jlebera o mMaxKopupyemoil CXOTUMOCTH

npu h — 0
[ e

R1
a, CJIeJI0BaTeIbHO, U

elhe — 1‘ F(dx) — 0

|t + ) = "M (2)] = 0.

Caencrue. Ecau n-ti momenm cayuatinoti eeaununve § (pac-
npedeaenus F) xoneuwen, mo

0™ (0) = i"my, = i"ME™. (13.3.7)
JlocTarodHo B paBEeHCTBE
go(") (t) = i"/ eitma:"F(dx)
R1

nosioxuth t = 0.
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Teopema 13.3.2 (o pazsioxkenun Teisiopa njisi xapakre-
pucrudeckoii byukumu). Ecau n-ii Momenm 6epoammocmmnozo
pacnpedenenus F xonewen, mo das ezo rapaxmepucmuseckots Gyr-
YUL © 8 OKPECTNHOCTIU HYAA UMEEM Mecmo pasaodicernue Tetiropa:

/ /" n
£'(0), , #"(0) P"(0)
ot

npusem 6(t) — 0 nput — 0 u |0(t)| < 2M,,.
HokazarenbctBo. B cuny ciaengcrBusa u3 jgemmbr 13.3.1 06

OII€HKE TTOT'PENTHOCTH

itr  (itz)? (itz)" N (itz)™

itr el
e TR TR A st

npudem £(tx) — 0 opu tx — 0 u |e(tzx)| < 2. Ilounennoe unre-
IPUPOBAHNUE O PACTIPEIEIEHIIO F moc/IeIHero paBencTsa, ¢ yaerom
TOTO, YTO

Mn::/‘wa@m)<<m u @wNO):i%nk:ié/kade
R1 R1

t’n
plt) =1+ " (),

k=1,2,...,n, naer:

/ ! (TL) n
wt_i_ L((th + -+ L(O)tn + t—é(t),

p(t) =1+, 51 nl nl

rie
o(t) = z"/ a"e(tz)F(dx).
R1
Hanee, z"¢(tx) — 0 upu t — 0 u |2"e(tx)| < 2|z|™, upuuem byHk-
s |x|™ uarerpupyema no pacnpenenenuio F. ITosromy B cuy reo-

pembr Jlebera o maxkopupyemoii cxogumoctn 6(t) — 0 mpu ¢ — 0.
Ocraioch 3aMeTUThb, UTO

w@ﬂg/ﬁwdmnﬂmggg/mwﬂmg:QMw
R1 R1

Tem camMbIM TeopeMa JOKa3aHA.

CaencrBue. B ycaosuar meopemuv, npu t — 0
a0 an) (0

0), 0, e
1! 2! n!

e(t) =1+ "+ o(t").
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Teopema 13.3.3. Xapaxmepucmuueckas GYHKEUUA HOPMAALHO-
20 pacnpedesenua ¢ napamempamu (0;1) pasna

42
e /2,

HokazaTeascTso. [lo onpenenennio

+o0
. 1 2
t) = et e 2y =
o) = [ et

' '
= — costr - e~/ 2dg + z/ sintz - e~/ 2dzx.
v 2T / V2T
—00 —00

Tlocneauit nuTerpas paBeH HyJIIO KAk MHTErPaJl OT He4eTHOH pyHK-
VA TI0 CAMMETPUYHOMY ITPOMEXKYTKY:

+o0 n
/ sintz - e~ /2dz = lim / sintz - e~ /2dx = 0.
—0o0 " —n
TTosromy

+oo
1
o(t) = Nors / costr - e /2 dz. (13.3.8)

Y HOPMaJILHOTO PACIIPE/IE/IEHNs KOHEUEH IIEPBbI MOMEHT (KaK, BIPO-
YeM, BCE OCTAJIbHBIE) MO3TOMY TOCTETHEe PABEHCTBO MOXKHO TIPO-
muddepennuposars (M. Teopemy 13.3.1), npuuem B npagoii gactn
[I0JT 3HAKOM WHTerpaJia;

+00 +00
/ 1 / : —x2/2 1 / : —z2/2
t) = —— [ z(—sintz)e dx = sintz de =
P(t) = = [ a(=sinta) =

+o00
teostr e " 2dy = —to(t).

1
- Ver
—00
Tak uro ¢(t) yaosnaersopsier nuddepennuajabHOMy yPABHEHUIO

(/o) = —t.
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Pemmas ero ¢ yuerom Hauanbuoro yciaosust ¢(0) = 1, momyuaem:
—t2/2
p(t) =e 72

CaencrBue. Xapaxmepucmuieckas Gynkyus HOpMaAbHO20 Pac-
npedeaenus ¢ napamempamu (a;0°) pasha

eita7t202/2.
HoxkazaTeannbcTBo. Ecmm 17 — HOpMaIbHO pacupeneseHHAs C
mapamerpaMi (a; 02) ciydaiinas BeIIMMIHA, TO CIyUafiHas BeJIIYn-
na { = (n—a)/o pacupenenena No.; (B uem yGexxpaemcst Hermocpe/-

cTBeHHOit poBepkoit). [TosTomy N a;02-PACIPENIeSIEHHY IO CIIy JaliHYfO
BeJIUYUHY 1) MOXKHO IIPEJCTABUTL B BHUJIE!

n=a+og,
rie § pacnpenenena No.;1. Orciona

Meith — Meitlatad) _ gitapgilto)s _ ita 67t202/2 _ 6ita7t202 /2

13.4 Teopema eaMHCTBEHHOCTH,
dopmysia obpareHus

PasencrBo Ilapcesassa. Ilycmv F u G — sepoamuocmmwie
pacnpedeseHus ¢ TaPaxmMePucmUBECKuUMY GYHKYUAMU © U Y COOM-
eemcmeenno, mozda umeem mecmo pasencmeo llapcesans:

/e_iStap(s)G(ds) = /’y(x — t)F(dx). (13.4.1)
R! R!
Ilo ompenesiennio xapakTepUCTUIECKOH (DYHKIMU pacIpeesie-
amst F
p(s) = /eist(d:U).

Rl

VMHOXKHB OpaByIo U JIeBYI0 JaCTH PaBeHCTBa Ha e St

6_i5tg0($) :/eis(:r:—t)F(dm)

Rl
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U TIPOMHTETPUPOBAB O pactpeaeaennio G, mogyunm:

[estetsictas = [ | [ e @) | tas) -
R! Rl \R!

= / / @ DG(ds) | F(da) = / v(z — t)F(dz).

R! R1 R1

Teopema 13.4.1 (eauHCcTBEHHOCTH). Pasiusnvie 6eposmmocm-
HHLE PACTPEIENEHUA UMEIOM PASAUNHBLE TAPAKMEPUCMUYECKUE PYHK-
YUY.

JlokazaTenbcTro. g qoka3zaTess»CTBA TEOPEMBI JOCTATOY-
HO JI0Ka3aTh, YTO pacrpejesnenne F oiHo3HaYHO BhIpaykaeTcs depes
CBOIO XapaKTePUCTUIECKYIO (PyHKIHUIO . Yem Mbl 1 3aiiMeMcs.

Bsenewm pacmpenenenne

Fo- = Fx N0;0'2 = N0;0.2 * F

U YCTAHOBWM, UTO

1° cemeiicTBo pacnpenenennii F, cxoguresa k pacupenenennio F
pu o — 0;

2° moTHOCTH f, pactpenenennst F,, a BMecTe ¢ HUM U CaMO pac-
mpejesieHne, 0JHOZHATHO BBIPAYKAETCS Uepe3 XapaKTepPUCTHIECKYTO
dyuknuo @ pacmnpeaenerus F.

Cuavasia ToKaykeM, 9To

lim F, = F.

c—0

JI1s1 3TOro moKazKeM, 94TO B KaxK/I0il TOUKe HEIIPEepPLIBHOCTH Y (DY HK-
nuu pacnpegesenust F(x)

lim Fi(y) = F(y)-

o—0
Pagencteo F, = Ng.,2 * F ozmagaer, uro

+oo
Foly) = / F(y — )Ngp2(da) =

—00



13.4. Teopema equHCTBEHHOCTH, (pOpMYyJTa 0OpaIeHusT 385

+o0

—0oQ
Cpenas 3ameny x/o = t, nosyunm

“+o00

FHMZi/F@—Gﬂy;ﬁm{—i}ﬁZ
:{7}@—mwmww

[MoppiaTerpanbuasa dyaknusa F(y — ot) Makopupyema HHTErpUpye-
moit 1o Ng 1-pacupenesenuto dbyukipeit f(t) = 1 u B kax10it Touke
HenpepbiBHOCTH Yy bynkumu F(x)

F(y —ot) = F(y)

npu 0 — 0. Ilostomy B cuiry Teopembr Jlebera o markopupyemoit
CXOIMMOCTH

“+oo
lim Fi(y) = lim [ F(y—ot)Ngi(dt) =

o—0 o—0
—00

—+o00
g 1‘ — frg
[ i Py = ot)No ()
—0oQ
400 +oo
Z/F@MAMZHM/MAMZHM
— 00 — 00
Tem caMbIM MBI YCTAHOBUJIN, UTO B KaK/0i TOUKE HEIIPEPBIBHOCTH Y

dbyuxun pacnpenenenus F ()

F(y) = lim Fo(y). (13.4.2)

Hanee mokaxkem, 9TO MIOTHOCTE f, abCOTIOTHO HEMPEPBIBHOTO
pacnpenenenusa F, = F x Ng,2, a B7Mecre ¢ meit u camo pacmpe-

nenenne F,, OMHO3HAYMHO BHIPAYKAETCS Yepe3 XapaKTEePUCTUIECKYTO
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dbynxmmio ¢ pactpegenenns F. Ilnorrocts f, ceeptru Fo = F%Ng, ;2
paBHA CBEPTKE IJIOTHOCTH

1 { 52 }
expl ——=
\2mwo P 202

pacripesienenns No.,2 ¢ pacnpegerenwem F:

202

£(8) = IR/ zlm exp {— (t = o) } F(dz) (13.4.3)

(cm. Teopemy 11.1.3).
YT00BI BBIPA3UTL [, Y€pe3 XapaKTEPUCTUUECKYIO (DYHKIHIO ¢
pacnpezenenns F, Bocnonb3yemcst pasercrsom [lapcesasist:

+00 +o0
/ e 5 p(5)G(ds) = / y(z — t)F(dz).

Paccmorpum B KadectBe pacnpesenenns G HOpMaJIbHOE PACIpeie-
nerme No.i /52, €ro MIOTHOCTH

o) = ew{ -1

a XapaKTepucTudeckas PyHKInsd

+(s) = exp{—;;}.

TToyaum
+oo +00
2 2 2
O 2o )
——— rds = ———— F(d
/e cp(s)\/ﬂexp{ 5 } s /exp{ 572 (dx)
% -
WU, TIOY/IEHHO YMHOXKUB [OC/Ie/[Hee PABEHCTBO HA \/L ,
o
+oo
1 —1st 8202
— —_—— d pu—
5 | ¢ ©(s) exp 5 s

—0o0
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s (t - )’
= [ a i = o0

(cm. Takxke pasencTso (13.4.3)). Tak uro miotHOCTS f,(t) pacpeme-
nenns Fo 0JIHOBHAYHO BBIPAZKACTCS YePe3 ero XapaK TePUCTUIECKY IO

dyHKIMIO P!

fo(t) = 217T/e_i5t<,0(s) exp {—82202 } ds. (13.4.4)

RI

Orcioga, yuurbiBas pasencrsa (13.4.2) umeewm:

y
F(y) = lim F,(y) = lim [ f,(t)dt =
o—0 oc—0
Y +oo
3 1 —ist s%0”
—;IL% 27r/e gp(s)exp{— 5 }ds dt.

Urak, dynxmusa pacupenenenus F(y), a ciemoBaresbHo, W caMo
pactpenenenne F, omnosnadno ompenensercs mo . Boee Toro, Mur
HOJIyunin mpejcTasienne aaa F(y) depes XapakTepuCTHYIECKYIO
dyHKIUO  pacupeaenerus F.

ITpumep 13.4.1 (cBepTKa HOPMAJTBHBIX PACIIPEIEJICHNIA).
IIycmy F u Q — mopmaavnvie pacnpedesenus ¢ napamempamu
(a1;0?) u (az;03) coomsememeenno. Hatimu ceepmry F x Q pac-
npedeaenut Q u F.

Pemenne. Bocmomb30BaBmmch My IbTHILTAKATABHBIM CBOICT-
BOM Xapakrepucrudeckux (QyHknuii (xapakrepucruueckas yHK-
111 CBEPTKYM BEPOATHOCTHBIX PACIIPEJIEIEHN PABHA TPOU3BEIEHUIO
UX XapaKTePUCTHIeCKUX (DyHKIMIA), M0 M3BECTHBIM XapaKTEPUCTH-
9eCKUM (PyHKIIIAM

t2o? t202

2 2
1(t) = exp {z’tal — ;71} u @a(t) = exp {z’tag — 2}

HOPMaJIbHBIX pacupezesennii F u Q ¢ napamerpamu coorBeTCTBEHHO
(a1;0?) u (az; 03) HOJIYYUM XapaKTEPUCTUUECKYIO (DYHKIIUIO CBEPT-
km F

2 0_2 0_2
o(t) = @1(t)pa(t) = exp {it(al 4 ag) — t(l;z)} '
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C npyroit cTOPOHBI

t*(of + a%)}
2

o(t) = exp {it(al +ag) —

— XapakTepucTuaeckas (PyHKIUS HOPMAJIHHOTO PACTPEIETCHUS C
napamerpamu (a1+ag, 02+03). TlosToMy B CHITy TEOPEMBI €IMHCTREH-
Hoctu pacupegenenue Fx Q copnagaer ¢ HOpMaJTbHBIM PACIIPEIeIe-
HEeM ¢ mapaverpamu (ay + ag; o3 + 03).

Tax 910 c6epmKa HOPMANLHBLT PACTPEOeseHUls ¢ NAPAMEMPAMU
(a1;0%) u (az; 03) A6AACMCA HOPMAALIBIM PaCTPEdeeHUEM C NAPa-
mempamu (a1 + ag; 03 + 03).

@aKTUIECKN MOTYYeH CIEAYIONMi PE3YIbTAT: KAACC HOPMAAD-
HOLT pacnpedesernuti 3aMEHYM OMHOCUMEADHO ONEPALUL CEEPMKI.

IIpumep 13.4.2 (cBepTKa IyaCCOHOBCKHUX pacripeeJie-
Huii). Ilyemv F u Q — nyacconosckue pacnpedesenus ¢ napamem-
pamu coomeememeento A1 u A2. Hatimu ceepmxy F x Q pacnpede-
aenuti Q u F.

P emenne. Xapakrepuctudeckne pyHKIIUN TyaCCOHOBCKUX PAC-
IpeJe/Iennii ¢ mapaMeTpaMu A1 B A2 COOTBETCTBEHHO PABHBI

p1(t) = exp{A1(e” — 1)} m @a(t) = exp{ra(e” — 1)}

(cm. mpumep 13.2.1), a xapakrepuctuaeckas Gynkums ¢(t) cBeprkn
F % Q B cuty MyJIBTUIIMKAQTUBHOTO CBOICTBA paBHA

p(t) = 1(t)pa(t) = exp{(A1 + A2)(e" — 1)}.

Ho exp{(A\1 + A2)(e* — 1)} — xapaxrepuctuueckas byHKIus Tyac-
COHOBCKOT'O pacrpejesienns ¢ napamerpoM A1+ Ao. [Tosromy B cuy
TEOPEMBI eIMHCTREHHOCTN pacnpenenenne F x Q cornamaer ¢ myac-
COHOBCKUM DPACIIPEJIEJIEHUEM C APAMETPOM A1 + Ag.

CuieloBaTeIbHO, C8EPMKA NYACCOHOBCKUT PACNPedeseHuli ¢ na-
PAMEMPAMU A1 U No ABAACMNCA NYACCOHOBCKUM PACHPEICACHUEM C
napamempom A1 + Aa.

Tak 9T0 MOJIyYeH CAepyIOMuil Pe3yabTar: KAacC NYACCOHOBCKUT
pacnpedesenuti 3aMKEHYM OMHOCUMEALHO ONEPAUUL CEEPMKY.

Teopema 13.4.2 (bopmyna obpareHust AJisi IJIOTHOCTH).
Ecau zapaxmepucmuueckas GyHKUuuL © 6EPOAMHOCIMHOZO PACTIPE-

deaenus F unmeepupyema no mepe Jebeza ([ |o(s)lds < oo),
]Rl



13.4. Teopema equHCTBEHHOCTH, (pOpMYyJTa 0OpaIeHusT 389

mo pacnpedeaenue F abcorromno nenpepweno, e2o naommnocmo f(t)
npedcmasuma 6 6uUde

1
o

f(t) /eiStcp(s)dS (13.4.5)

Rl
U ABAACMCA 02PAHUYEHHOUT U HENPEPLIEHOT.

JlokazaTeancTso. [Ipu tokazarenbCcTBE TEOPEMBI €IMHCTBEH-
HOCTHU OBLIO BBEJEHO aDCOIOTHO HEIIPEPBIBHOE PACIpeIeIeHne

FO’ = F * NO;O'Q’
M yCTAHOBJIEHO, 4YTO, BO-IIE€PBLIX, IIPU 0 — 0
F, — F,

a, BO-BTOPBIX, IJIOTHOCTH pacupesenenus F,

fo(t) ! /e_iStgo(s) exp{—SQQ‘TQ}ds. (13.4.6)

o7
R1

Mg okazxkem, 9o tipu 0 — 0 miaoTHOCTH fo (1) UMeer mpesen

lim fo(t)dt = f(t),

o—0

u npenenbaas Gynknms f(f) ABASETCS TIOTHOCTHIO PACTIPEIEse-
nuga F.
Yro6Bl YyCTAHOBUATEL CYIIECTBOBAHUE lirr%) fo(t)dt mocrarouno 3za-
o—

METHTh, 9TO MOJbIHTErpabHasg (GyHKIUS B MPaBOH YacTH PaBEH-
crBa (13.4.6) maxkopupyema unrerpupyemoii no mepe Jlebera dyHk-
nueit |o(s)]:

5202

%) exp {_2}\ < lo(s)l,

mpu o0 — 0 cxoqurca

e (s) exp {—
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7 BOCIIOJIb30BAThCA TeopeMoit Jlebera o MaxKopupyeMmoit CXOmImMo-
CTHU:

l'mf(t)dt—l'ml/ —ist,(s) e B
e AT A A BN (e

1

Cor
Rl

e p(s)ds = f(t). (13.4.7)

Hautee, mockosbky F, — F, 10 fj1s1 KaxK 1000 mpoMekyTKa Hermpe-
peiBHOCTH [a, b) pacupenenenus F

F([a” b)) = lim Fa([a7 b))’

o—0
a, yanTeiBasg, uro fs(t) — nporaocTh pacnpenenenus F,
F([a,b)) = lim [ f,(t)dt. (13.4.8)
o—0
[a,b)
B npaBoii wactu (13.4.8) BO3MOXKeH MpeJIe/IbHBIN MTEPEXOJ] O/ 3HA-

koM mHTerpasa npu o — 0. Jocrarodno 3amMeTuThb, YTO MOJBIHTE-
rpajbHas QyHKIUS

o) = o= [t e {—;} ds.
Rl

npu 0 — 0 nmeer npegen (cum. (13.4.7)) u orpaHnvyeHa KOHCTAHTOT:

‘ 2,2
5201 < 5 [ e eten{-7-
R1

— uHTerpupyemoit 1o Jlebery dyHnkiueit Ha KaXkJ0M KOHEYHOM IIPO-
MEXKyTKe, ¥ BOCIIOJIb30BATHCA Teopemoii Jlebera o Makopupyemoi
CXOJMIMOCTH:

dsS/]g@(s)]ds-C<oo
Rl

o—0
[a,b)

F(la,b)) = lim [ fo(t)dt = /f(t)dt.
[a,b)
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[Tocmennee paBeHCcTBO 0O603HATAET, UTO (DYHKIIAA

£ =5 [ tets)ds

R

SIBJISIETCS TIIOTHOCTBIO pacrpemesenns F.
Ocraioch 3aMeTuTh, 9TO MJIOTHOCTH

10 =5 [ tets)ds

R

orpanudena (3To ciegyer u3 mHTErpupyeMoctu ¢(s)) m HenpephIB-
HA, MTOC/IeJIHEe CJIEJYeT U3 HEPABEHCTB

|f(t+h) |< /) *’LS(t+h) e lst (S) ds <

—ish
1) )|d
< 27/‘ lp(s)|ds

u Teopembr Jlebera 0 MaxKOpPUPyeMOil CXOAUMOCTH.

IIpumep 13.4.3 (xapakTepucrudeckasi (pyHKIUsI pacripe-
neqaenusi Komm). Bowwucaums xapaxmepucmuveckyro Gynryuio
pacnpedeaenua Cq o — pacnpedeaenua Kowu ¢ napamempamu (a,0),
€20 NAOMHOCTD:

1 a

1
——— xR
ma? + 22’

p(x) =

Pemenune. Cuauana HaiijleM XapaKTEPUCTUUECKYIO (DYHKITUIO
JIBYyCTOPOHHEr0 TOKA3AaTeJbHOTO pACIPEIe/eHus, C TJIOTHOCTHIO

f(t) = 5 exp{—alt[}:

—+o00 +oo

2
o(s) = / ¢UF(1)dt = / pist atlgy _ @
2 a? + s2

—0o0 —00

Xapakrepucrudeckas GyHKIINA
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WHTeTpupyemMa mo mepe Jlebera

[ letids < .
J

ITosTomy B cuty TeopeMbl 0OpAIeHus [IJsi TIJIOTHOCTA UMEEeM:

+o00 9
a _ 1 . a
Ze alt] — e its 5 2d87
2 2 a“+ s
— 0o
9TO MOYKHO TIEPENNCATh TaK:
—+00
_ o1 a
et = 6”5—72 5ds.
T™Ta*+ S8

—00

OcTaerca 3aMeTUTh, 9TO MOCAEIHUI HHTErpaJ — He 9TO MHOE, KaK
xapakrepucrudeckas QpyHKius pacrupezgenenust Ko ¢ mapamer-
pamu (a,0).

Caencrsue. Xapaxmepucmuueckasn ynxyus pacnpedeserus Ko-
wu ¢ napamempamu (a,b) (pacnpedesenusn Cqp)

C,D(t) — efa|t\+itb_

JlocTaTogHO 3aMeTUTh, YTO €CJIM CaydaiiHasd BeawmduHa £ mMe-
er pacupegeinenne Cq, TO ciaydaiinas Besmuuna 1 = § + b umeer
pacmpenenerne Cqyp, B mocaeqaem ybexgaeMcst HEMOCPEICTBEHHOI
POBEPKOIA .

IIpumep 13.4.4 (cBeprka pacupegesiennii Kowm). [Tycmo
F u Q — pacnpedesernua Kowu ¢ coomeememeento ¢ napamempamu
(a1,0) u (ag,0). Hatimu ceepmry F * Q pacnpedesernuti Q u F.

P emenne. Xapakrepuctuueckne dpynkiunu pacnpeneneanii Ko-
mm ¢ napamerpamu (a1,0) u (a2,0) COOTBETCTBEHHO pABHBI

—a1lt| —aslt|

pi(t) =e u pa(t) =e

(cm. mpumep 13.4.3), a xapakrepucruueckas Gynkuus ¢(t) cBeprkn

F * Q B cuty MyJIBTHILIMKAQTUBHOTO CEOMCTBA XapaKTEPUCTUIECKNX
dbyHKIM paBHA

o) = p1(t)pa(t) = e~ (@taz)lt]
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Ho e~(@talltl _ yapakrepucrndaeckas GyHKINS pPACIpe e eHus
Komm ¢ mapamerpavu (a1 + ag,0). Ilosromy B cuity Teopembl e/ 1uH-
creennoctu pacnpegesnenne Fx Q cosmamaer ¢ pacnpenenenunem Ko-
mm ¢ mapamerpamu (a1 + ag,0).

Cnenosarenbho, ceepmka pacnpedeaenuti Kowu ¢ napamempa-
mu (a1,0) u (az,0) asasemes pacnpedeaenuem Kowu ¢ napamem-
pamu (a1 + az,0).

Amnanoruano mosydaem, 4ro

Ca17b1 * Ca2,b2 = Ca1+a2,b1+52'

Tak 49TO HOIydYeH CJICAYIOMMA PE3YJIbTAT: KAacc pacnpedenenud
Kowu samxnym omuocumessHo onepayut, c6epmx.

Teopema 13.4.3 (0 coxpaHeHUM BHUA PACIIPE/IEJIEHNS]).

1° Cymma me3a6UCUMBL HOPMANLHO PACTIPEICACHHBIT CAYUATi-
nolw éesunun ¢ napamempamy (ai, o) u (az,03) asasemca Hop-
MAABHO  pacnpedesehnoli CAYuatHol GEAUNUHOT C NAPAMEMPAMU
(a1 + az,0? + 03).

B mepmunax ceepmor — c6epmKa HOPMAALHHIT pacnpedesenut
¢ napamempamu (a1,03) u (az,03) ACAACMCA HOPMAALHOLM PACTIPE-
deaenuem ¢ napamempamu (a1 + ag, or + o3) :

N 2% N 2 =N

a1,07 a2,05 a1+a2,0%+o§'

2° Cymma He3a6UCUMBLT CAYHATIHLT GEAUNUH, UMENULUT PAc-
npedesenun Kowu ¢ napamempamu (a1,b1) u (az,b2), umeem pac-
npedeaenue Kowu ¢ napamempamu (a1 + az, by + ba).

B mepmunazr ceepmor — ceepmxa pacnpedesenuti Kowu ¢ na-
pamempamu (a1,b1) u (ag,b2) asasemes pacnpedeaenuem Kowu ¢
napamempamu (a1 + ag, by + ba) :

Cahbl * CaQ,bz = Ca1+a2,bl+b2'

3° Cymma He3asucuMbLET CAYHATHYT GEAUNUH, UMEIOULUT 2AMMA-
pacnpedeaenua ¢ napamempamu (v1;0) u (v2,0), umeem 2amma-pac-
npedeaenue ¢ napamempamu (V1 + v, 0).

B mepmunax ceepmox — ceepmxa 2amma-pacnpedesenuti ¢ na-
pamempamu (11,0) u (v2,0) Asaaemca zamma-pacnpedeseruem c
napamempamu (V1 + va,0) :

Gl/1,9 * GV2,9 - GV1+V2,9'

4° Cymma He3a6UCUMBLT NYACCOROBCKUT CAYUAGUHBLL BEAUNUH
coomeemcmeenno ¢ napamempamu 01 u 0y sAsasemca nyacconos-
ckotll cayuatinoti seaununoti ¢ napamempom 01 + 0.
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B mepmunar ceepmox — C6epmKa NYacCOHOSCKUT pacnpedene-
Hutll ¢ napamempamu 01 u Oy AsaseMCs NYACCOHOBCKUM pacnpede-
Aenuem ¢ napamempom 01 + s :

Po, * Pg, = Pg,10,.

Hoxkazarensbcrso. JokazarenbcrBa mynkros 1°, 2° u 4° cum.
coorBercTBerHO B mpuMepax 13.4.1, 13.4.4 u 13.4.2, nokazareibCTBO
nyaKTa 3° — cM. Teopemy 11.1.5.

13.5 Teopema JleBu

Teopema 13.5.1 (JIeBn). Crodumocmv nocaedosamenvrocmu
on(t) zapaxmepucmuueckuzr Gynkyut pacnpedesenuti Fp, x nenpe-
puienoti Pynkyuu p(t) 6 xaocdoti mouke t € R eneuwem cobemeen-
HYI0 CTOOUMOCTG Nocaedosamenvrocmu pacnpedesenuti Fp, u nenpe-
poienwiti npedea p(t) nocaedosamesbHoCmu TAPAKMEPUCTNURECKUT
dynrxuut o, (t) asasemca xapaxmepucmuueckot dynrxyuet: npedenv-
Hno20 pacnpedesenusn F nocaedosamenvrnocmu F,,.

Cnpasedauso u obpammnoe. Cobcmeennasn cxodumocmsd nocaedo-
B8AMEALHOCTIU BEPOAMHOCTIHUT pacnpedesenuts F, eaewem crodu-
MOCTD NOCACIOBAMEALHOCTNY UL TAPAKMEPUCTIUYECKUL HYHKUUY
on(t) ® zapaxmepucmuneckoti pynryuu p(t) npedeavhozo pacnpede-
aenua F npuvem crodumocmy o, (t) — ¢(t) pasnomepnas na xasic-
0OM KOHEUHOM NPOMENCYMEKE.

HoxazarennbcTro. CHagama JOKayKeM, 9TO U3 COOCTBEHHOI
cxomumoctu F, — F mociemoBarenbrocTn pacmpemenenwnii Fp cie-
JIyeT CXOJMMOCTD MOC/IEJOBATETLHOCTH ¥y, (1) XapaKTepuCTHIECKUX
dbynkumit pacnpenenennii F,, x xapakrepucruueckoii dbyuximum p(t)
peesbHOTO pactpesesenns F.

[MockombKy jytst Kax10ro t dhyakuum uy = ug(z) = etr g e R,
npuHasgexkar kiaaccy C(—oo,+00), To B cuiy TeopeMbl 0 Caaboii
cxoaumocTu pactpegesnenanii (cm. teopemy 12.3.1) u3 cobeTBeHHOI
cxopumocTu pacnpegenenuit F, k pacnpenenennio F s xazkporo
t € R! ciesyer cxoquMOCTh UX XapPAKTEePUCTHIECKIX (byHKIIHIA

on(t) = / ¢1F, (dz) — / ¢ (dz) = o(b),
Rl

Rl

a 9T00BI YCTAHOBUTH, YTO TA CXOJAMMOCTH PABHOMEpHAS HAa OTPaHU-
YEHHBIX MMPOMEYKYTKAX, COTJIACHO CJAEJCTBUIO U3 TEOPEeMbl O cJ1aboil
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CXOMMOCTH pactpesenennii (Teopema 12.3.1) g0CTATOYHO TPOBE-
pUTh, 9TO ceMeicTBO pyHKImit

up = ug(z) = e,z € R, |t| < a < oo,

3aBUCAIIMX OT IapamMerpa !, paBHOMEPHO OTPAHUYEHO U PaBHOCTe-
TIEHHO HempepbIBHO. PaBHOMepHas OTpPaHUYEeHHOCTL ITOTO CceMeii-
CTBA OYEBUJTHA, & PABHOCTENEHHAS HEIIPEPBIBHOCTH CJIEJlyeT U3 Hepa-

BEHCTB ‘ A
‘Ut(.fl,‘ + h) — Ut(l’)| = |eZt(I+h) _ eztz| _

— | ||e — 1] < |ith| = [t]|A] < alh].

ITokazkem TEIIEPb, 9TO U3 CXOAUMOCTH IIOC/IE€0OBATEJILHOCTHU

on(t) = /e’thn(dx)
Rl
XapakTepucTuueckux QyHKIuit pacupegenennii F, k HekoTopoii He-
npepbiBHOl dbyHKINY ¢ (t) ceayer coOGCTBEHHAS CXOAUMOCTD TTOCTIe-
JIOBATEJIbHOCTU BEPOATHOCTHBIX pacupeaenenuii {F, }.

B cuy teopembr Xesm 0 BBIGOpE U3 MOCIET0BATENLHOCTH PAC-
npenenennit {Fy,} MoxkHO BRIGpaTh MOAMIOCAEq0BaTEbHOCTE {F)Yy) b,
CXOJISIILYIOCST K HEKOTOPOMY BEPOSITHOCTHOMY pacipejesienuto F
(B cobcTBEHHOM MM HECOOCTBEHHOM CMbICE). [latee nokazxkem, 9To

1° exomumocts noamocaenosarensuoct {Fy,, } k F cobcrBennas
(1. e. F — cobcTBenHOE BEPOSITHOCTHOE PACIpe/IesIeHne) U

2° me TosbKO nozmnocsefoBarensaocts {Fy, }, HO U cama mocie-

nosarenbaoCTh {Fp} cxommres k F.
s nokasarenbcrBa coberBennoit cxoxmmoctn Fp, — F BOC-
nojib3yeMcs pasenctBoMm [lapcesasis:

[ tes6s) = [ - vF()
R1 Rl
(cm. (13.5.1)), paccmorpes B KadecTBe pactpejenenusi F pacupese-

nenue Fp, (c xapakrepucruuaeckoii pyHKIme @y, (S)), a B KadecTse
pacnpenenenns G — nopmanbaoe pacupesenenne Ny 2 (ero xapax-

Tepuctnieckas dynxmus ¥(s) = exp { —s?0?/2}):

[t on oMot = [ exp {—“‘?2”2} Fo ().

R1 R1
(13.5.2)
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Y6eauMcs, 9To B MOCTEIHEM PABEHCTBE MOYKHO TEpPEiTH K mpe-
Jesly TIpHA N — 00, TPUYEM 10/ 3HAKOM MHTErpaJa.

JIist KaxK10ro (pUKCHPOBAHHOTO ¢ MOJBIHTErpaibHas (DyHKIHs
e "5, (s) B esoit wactn pasencrsa (13.5.2) cxomurest (pu ny —
— 00) u maxopupyema wunrerpupyemoii dynkumeii u(s) = 1
(u(s) = 1 unTerpupyema o pacupezenennio Ng.,2). [Tostomy B cu-
Jly TeopeMmbl Jlebera 0 MaXKOpUpyeMoiil CXOAUMOCTH CYIIECTBYET Ipe-
Jiest JieBoit actu pasenctsa (13.5.2), a cieoBaTeIbHO CYIIECTBYET
npejiesl U MpaBoii 4acTu paBeHCTBa. U1 B cuy TeopeMbl O Caaboii
CXOAUMOCTH pacCupese/IeHn BO3MOXKEH IIPEIEAbHBIA IEPEX0J IO/,
3HAKOM MHTerpasa (cxogumocrs Fp, — F sxBuBaienrtna ciaboit cxo-
qumoctu Fp, k F ornocurensro xiacca Co[—o0, +00], a dynknus

(t — x)%0?

exp pU Kaxk10M (PUKCUPOBAHHOM ¢ MIPUHA/IEKUT

Co[—00,+¢]). B pesyabrare nmpegeapHOro nepexona npu ng — 0o
nMeeM:

[ et Mogatas) = [[exp { - N <

R1 R1

< /F(dx) = F(RY).
R1

Tak uaTo

/e_i5t<p(s)N0;Uz(ds) < F(RY). (13.5.3)

R1
Hanee, npu o — 0 pactpesenenne No. 2 cxopures B cobcTBeHHOM
cMbICIe K aromudeckomy pacupegesenuio No.g, cocpesorodeHHoMy
B Touke 0, a dynkmmsa et p(s) mpumagmresxut xKraccy C(—o0o, +00)

HEIPEPBIBHBIX OrpaHuIeHHBIX DYHKIWMIT ((S) HenpepbIBHA 110 YCII0-
Buio, 1 orpanudena: |¢(s)| < 1 — mockonbky ¢(s) = limpy(s),
n

a |pn(s)] < 1). Hosromy B cuity Teopemsr 12.3.1 cymecrsyer

i{% 6_2'815()0(8)'“0;02 (dS)
R1

u B HepaseHncTse (13.5.3) BO3MOXKeH MperesbHbII TTepexo/] MO 3Ha-
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KOM HHTerpaJa:

/e_iStgp(s)No;o(ds) < F(Rl).

Rl

Ocrasocs 3aMeTuTh, 9TO

/e_iStga(s)No;o(ds) =(0) =1,

]Rl

¢(0) = 1, xak npezen nocaenosareasaocta ¢, (0) = 1,n =1,2,...
Tak [aro
1< F(RY),

T. . F — cobcTBeHHOE BEPOATHOCTHOE PACIpPENe/ICHHe H, CACLOBa-
TeIbHO, cxopgumocThb Fp, — F cobcrBennasi.

Hamnee mokaxem, aro me Toasko Fp, — F, mo n F,, — F. Ecim
ow1 {F,} me cxommmacs xk F, 10 B cumy Teopemnr 0 BeIGOpE Xesau
Haluach Obl MOAIOCIEI0BATEILHOCTD {Fn;} II0C/IeIOBATEILHOCTI

{Fp}, cxonsmasicss B cOBCTBEHHOM CMBIC/IE K HEKOTOPOMY DaCIipe-

nemennto F, otmmaromy ot F (cobeTBennas cXouMOCTh yCTaHABIIN-
BaeTCs Tak ke, Kak u panee). Ho Torma, ¢ 0fHON CTOPOHBI, B CHILY
TEOpeMbI O CJ1aD0H CXOIUMOCTHU PACTIPEACICHU

lim ¢, (1) = lim/eiank(dx) = /eimF(d:c);
ng ng
R1

R1
hmgon —hm/ mﬁF (dx) /mﬂlz(dx)

C npyroit cropoust, {pp, ()} u {<Pn; (t)} xak mopmocseoBaTe b

HOCTH TocJiesioBaresibHoCTH {@n (1)}, cxonsmeiics k p(t), cxomsares
K ©(t). losToMy WX Tpesiesbl COBMAMAIOT W PABHBI Tipeneny o(t)
HOC/Ie/J0BATEILHOCTH ¥, (1)

/ ¢t (dz) = / EF(dz) = (), ¢ € R, (13.5.4)

R! R!
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T. €. COBIAAI0OT XapakTepuctuueckne GyHKIunm pacmpeaenenuii F
u F. A ciegoBare/ibHO, B CHJIy T€OPEMBI €JIMHCTBEHHOCTH, COBIIAa-

0T U camu pacupenenenusi: F = F, aro mpoTuBopeanT mpeamnosio-

keuuio F £ F. 910 mporuBopeune J0Ka3bIBA€T CXOAMMOCTH IOCTIE-
nosaresbHoctn {Fp} x F.

Pasencrso
[ eFan) = oo

Rl

(cm. (13.5.4)) ozmauaer, uTo npegenbhas Gynkuus o(t) aBasgeTcs
XapaKTEePUCTUIECKOH (yHKIHEN TTpeIeIbHOr0 pacipenenenust F.
Tem cambIM Teopema J0Ka3aHa.
Teopema 13.5.2 (IyacCOHOBCKOE paCIIpeIeJieHIe B CXeMe

cepuit) . ycmv &,1,8n,2, - &nks - &nn — HE3ABUCUMBIE CAY-
YAUHBIE BEAUNUHDL, KaIHCIaA ¢ pacnpedeseHuem
( 1 X )
Pn 1—pn )’

Sn = Z gn,k-
k=1

Ecau npu n — oo 3nauenue p, — 0 max, umo
np, = MS,, = A >0,

mo pacnpedesenue cymmot Sy CLOOUMCA K NYACCOHOBCKOMY PACHpE-
denenuro ¢ napamempom A:

P{S. :m}%%eq‘, m=0,1,...

loxkaszareancTro. Uccnegyem nmoBemenme xapak TePUCTIIEC-
KO (DYHKIINU CIyIafiHON BEWIUHBI Sy, TIPH 17— 00 :

U (t) = Mexp {itS,} = Mexp itz&,k =
k=1

n

= [[ Mexp {it&nr} = [ ] (¢"pn + (1 = pn)) = (1 + pu(e” —1))"
k=1

k=1
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I[Ipu n — oo 3Hauenwue p, — 0 Tak, 9TO0 NP, — A, TOITOMY s
KaxKJ0r0 (pUKCUPOBAHHOTO t

In 4y (t) = nln (1 + Pn (eit — 1)) ~ NPy, (eit — 1) — A (eit — 1) )
0TCIO/Ia '
Un(t) = exp {A (e —1)}
— xapakTrepuctudeckast GpyHkuus ¥, (t) ciaydaiinoit Bemudaunbr Sy,

CXOIUTCH K XaPaKTEPUCTUIECKON (PyHKIMU exp {/\ (eit - 1) myac-

COHOBCKOI'O pacripejiesierus ¢ mapamerpom A. [losTomy B cuity Teo-
n

pemsl JleBu pacipejenenne cyMMbl S, = » & ) CXOAUTCA K Pac-
k=1
npeenenuio Ilyaccona ¢ mapameTpom A.

13.6 Xapakrepuctuieckasa (pyHKINUA
cMecu paclpeaejeHnin

Cwmecs pacnpegenennii. [lycrs Fg, F1,... — cobcTBenmbie Be-
poATHOCTHEIE pacrpeenenna ma RY, {p,} — cobersennoe BeposT-

o
HOCTHOE pacupejesnenue Ha {0,1,2,...} (Z DL = 1). 1 mycrs
k=0
n
Qn(x) - Zkak(x)u HARS R17
k=0

Q(z) =Y prFr(z) = liyZkak(ﬂf) =limQy(z), z € R,
k=0 k=0

Q(x) — cobcTBenHAas BEPOATHOCTHAS (YHKIMS DPACIPEIeEeHUsT
(B CIIpaBeIITMBOCTH TIOCIEHET0 YOEXK TAeMCsl HETIOCPEICTBEHHOI TTpo-
Bepkoit), Q u Q,, — pacmupenesenus, COOTBETCTBYOMIUE (DYHKIHIM

pacupezeserns Q(z) u Qn(z).
TTockombKy ist J1I000T0 (PUKCHPOBAHHOTO T

Q(x) = lirrln Qn(z), z € RY,

TO B CHJIY JJOCTATOYHOTO YCJIOBUST CXOAMMOCTH PACIpeeeHni
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npuueMm ecau Fo,Fq,... — cobcTBeHHBIE BEPOSITHOCTHBIE PACIIPE/Te-
JIGHUS, TO CXOJMMOCTH COOCTBEHHASI.
Omnpenenenne. Pacipenenenne Q, ompeseieHHOe paBEHCTBOM

n
Q =1limQ,, =lim E piFr, (13.6.1)
n n
k=0
HasbIBaeTcs cmecwblo pacnpedesenuti Fi, k = 0,1,..., u obosnavaer-
ca
o
Q= E PiFE.
k=0
Teopema 13.6.1 (0 xapakrepuctuyeckoii byHKIuM cMme-
cu). Ilycmov Fo,F1,... — cobecmeennvie sepoammocmuvie pacnpe-
denenus na RY, o, 01,... — ux zapaxmepucmuyeckue Pyrryuu,
{pr} — cobemeennoe sepoammnocmmoe pacnpedesenue na {0,1,2,...}
Cmecw
[o.¢]
Q= E PiFE
k=0
pacnpedeaenuti Fo, Fq, ... umeem ceoel zapaxmepucmuneckoli gymx-
yuet

w(t) = prepr(t).
k=0

HoxazarenbcTBo. [lo ompemerennio cmecn Q pacmpeese-
HUN F(), Fl, ce

Q=1lim» piFj =1limQ,,
k=0

1 IIOCKOJIbKY pacupesaesnenns Fo, F1, ... cobcTBennbIe, TO CXOINMOCTH
Qn — Q

cobctBennas. [losTomy B crty TeopeMbl 0 ¢j1aboit CXOIUMOCTH PAC-
upegenennii (cm. reopemy 12.3.1) umeem

w(t) = / ¢ Q(dr) = lim / ¢ Q (di) —
b

Rl
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= liTanZpk/eka(dx) = lifI}lZPk(Pk(ﬂ = pre(t).
k=0 k=0 k=0

= R

CymmMa ciy4yaiiHoro ymcJia cjaaraembix. Ilycrs &1,&, ... —
HE3ABUCHUMBIE Caydaiiubie Beaudunbl, £y = 0,

Sk:£0+§1++€ka k:071327"'7

vV — HeOTpHUllaTe/JbHad 11eJIOUNCIeHHad CaydaiiHasg BeJudnHa, Ipu-
qeM CaydaliHas BeJTUIUHA UV U CAyJaiiHble BeuduHsl €1, £, . . . HE3aA-
BUCHUMBIE.

CryJaitnyio Beuauny S, ONPEIeIeHHYI0 PABEHCTBOM

oo
Sy — E Sk.[{l/:k},
k=0
HA3BIBAIOT CYMMOT CAYHATHO20 YUCAA CAYYATHDIT BCAUYUN, €e eITe

0003HAYAIOT TaK:
14
S, = g &,
k=0

Teopema 13.6.2 (o pacupejesieHUu CyMMbI CJIy4aiiHOTO
amucsa caaraemoix). [yemo 1,82, ... — nezasucumvie 00uHaKO-
60 PACTPEVCAEHHDIE CAYUATIHBIE BEAUNUNDL, KANHCOAA C PACTPEIesCHU-
em F u zapaxmepucmuveckol pynryued @, v — HEOMPUUAMEALHAA
YEAOUUCAEHHAA CAYUATHAA BEAUNUHG C PACHPEIesCHUEM

Plv=Fk}=pr, k=0,1,...,

HE 3ABUCAULAA OM CAYHATHUT seaudun £1, &0, ... Tozda pacnpedene-
nue Q cymmot

Sy =) &, & =0,
k=0

pasho cmecu pacnpedesenuti FO* FY F2* . a4 umenno

oo
Q=> mF"
k=0
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(FO* — amomumeckoe pacnpedesenue, cocpedomouenmoe 6 mouse 0,
v _ kv _ ple  plh=1)% 7.

F*=F F*=F*xF Jk=2,3,...), a zapaxmepucmuueckas

Pbynryus cymmov, Sy

w(t) =Y pet(t) = Ple(t),
k=0

2de P(s) = Y prs”.
k=0

JlokaszaTeanbcTBO. YOequMcs, 9T0 XapakTepucTrdeckas QyHK-

IS CMECH
o
Q=) mF"
k=0

1 XapaKTepUCTHYecKass (PYHKIHA CAyIaiiHON BEJTUINHBI S, COBIA-
JTATOT.
Xapakrepucruyieckas QYHKIUsT CMECH

Q=) mF"
k=0

pacopenenennit F**, k= 0,1,2,..., B cuny Teopemy 13.6.1 pasna
[o.@]
w(t) =Y pret(t) = P(p(t))
k=0

(xapakTepuctuueckast ynxmuss F¥ pasna ¢F(t) B cumy myasTn-
IJIMKATUBHOIO CBONCTBA XapaKTePUCTHIECKUX (DyHKIMIA).

XapakrepucTnaeckyo (pyHKIMIO CIydaitHOl BeJMYUHBI S), BbI-
YUCMM, BOCTIOJIB30BABIINCH CBOWCTBOM CUETHON aIUTUBHOCTH Ma-
TEMATHIECKOTO OXKUJIAHUS U MY/JIbTHILIMKATHBHBIM CBOHCTBOM Xa-
PaKTEPUCTUIECKUX DyHKIIHIL:

itSy, _ itSy _ itS _
Me'S =3 "Me™v I,y =Y Me™h I,y =
k=0 k=0

= M™EMI_y = M Py =k} =
k=0 k=0
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= meMe’k =3 " () = P(o(t))
k=0

k=0

(Me®Sk = @F(t) — xak xapaxTepucTudeckas byHKImst cymmb Sy,
HE3aBUCUMBIX CJIYIAfHBIX BEJIMINH).
Xapakrepucruueckas dpynkums w(t) cmecn

Q= ZPka*
k=0

COBITAAET C XAPAKTEPUCTUIECKON (DyHKIMEH CIydaitHoil Beandn-
HBI Sy, TIOSTOMY B CHJIY TEOPEeMbI €UHCTBEHHOCTU PACIpeIe/IeHIe
CyUaiiHOM BeUYWHB! S, COBMAIaeT ¢ pacupeaesenneM Q.

13.7 Ilpumepsl u 3aja49n

IIpumepnt

IIpumep 13.7.1. Ilyemv n = £ + a (a — Kkowcmanma),
©(t) — zapaxmepucmuneckasn Pynryus cay4atinot eeaununvs €. Boi-
YUCAUMD TAPAKMEPUCTNUYNECKYIO PYHKUUIO 7).

Pemenue. Xapakrepucruueckas MyHKIMsT KOHCTAHTHI @ PaB-
Ha €' a p,(t) = €"p(t), 1. e. comnokures €’ “orpevaer” 3a
caBur € Ha BEJTUYUHY q.

IIpumep 13.7.2. Boiuucaums xapakmepucmuseckyro Gyrryuio
CcAYalinotl seaudunol &, uMeowet bUNOMUAAIbHOE Pacnpedesernue ¢
napamempamu (n,p):

P{¢=k}=Ckp*(1—p)" " k=0,1,...,n.

Pemenue. Cnyuaitayo Beuduny &, MMEIOIY0 ONHOMUATBHOE
pacrpesiesienne ¢ mapamerpamu (1, p), MOXKHO MPEJCTABUTL B BUJE

CYMMBI
n
= m
k=1
HE3aBACUMBIX CIYYANHBIX BEJIMYHUH (i1, (12, - - - , fln, KAXKJag C pac-
opeaejIeHueM

P{up =s}=p°(1—p) 5, 5=0,1; k=1,2,....n,
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U, CJIeJI0OBATEIBHO, KarXK/Iasd ¢ XapaKTePUCTUIECKOH (dhyHKITHeHl
pt) = Me™t = elp 4 01— p) = pe + 1= p =1+ p(e" ~ 1),

k = 1,2,...,n. Orciosa, mojb3ysach MYJIbTUILINKATUBHBIM CBOIi-
CTBOM XapaKTEPUCTUIECKUX (PYHKIINAN, TIOTYIAEM:

n

pe(t) = [[ t) = (1 +p(e™ —1))"

k=1

3agaun

13.1. BuraucanTs XapakTepUCTUUIECKYIO (DYHKITHIO CIyIaifHONl
BeJIMYMHBL &, UMEIOIIE TeOMETPUIECKOe PACIIPE/IEICHIE C TTapaMeT-
poM p:

P{¢=k}=p(1-p)* k=0,1,...

13.2. BuraucauTh XapaKTEePUCTUUECKYIO (DYHKITUIO CIyYaitHON
BEeJINUNHBI, PABHOMEDHO DACIIPEIeJIeHHOl Ha [—a; al.

13.3. Ilycre &, p, — OMHOMHMAIBHO pacHpeje/leHHas C Hapa-
merpamu (n,p,) ciaydaiiHas BemmuumHa. JloKa3zaTh, 9TO €CaHM IIpH
n — 00, 3HadeHune p, — 0, Tak, YTO CpeaHEe NP, — A , TO pacIpe-
JesleHne CIyJaifiHON BeJHInHBI &y p, CXOAUTCA K IIyaCCOHOBCKOMY
pacripeeiennio ¢ napamerpom A (cum. Takxke reopemy 13.5.2).

13.4. B teopeme 13.5.2 ncciienoBaTh MOBeeHNE pacIpeeeHns
CYMMBI Sy, €CJIU TIpH N — 00 3HadeHue np, — 0.

13.5. Ilycrs cayuaitaas semansa €y numeer pacupejenerue [lyac-
COHa, C ApaMeTpoOM A.

Jlokazarh, 9TO mpu A — 0O

A } 1 /x —t2/2
P < —_ — dt.
{ U Vor . ¢

13.6. B kax/oit Touke z; = j/n,j = 0,1,...,n, orpeska [0;1]
cocpeporouena Macca 1/(n + 1). O6oznaunm vepes F,, tak ompese-
JIEHHOE BEpOATHOCTHOE PACIIPE/Ie/ICHNE.

1° Haiitu xapaxkrepuctuueckyio GyHkumio ¢p(t) pacnpegene-
muga F,.

2° Boruncanth npegesnt @p(t) mpu n — oo.

3° okazarb, 9TO mpu N — OO MOCJEI0BATEIbHOCTD PACIIPE/IEe-
nenuit {F,,} cxomurca x pasuomepuomy ua [0; 1] pacnpegenenuto.
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13.7. JlokazaTh, 9TO aTOMUYECKOE PACIIpe/Ie/IeHme

D:<1(/)2 1}2)

MO’KHO TIPECTaBUTh B BHU/IE TPeIesia abCOMIOTHO HEMTPEPBIBHBIX pac-
npeeseHuii.

Vkazaunue. [locTaTovHO yCTAHOBUTH, 9TO XaPAKTEPUCTUIECKAS
dbynkms pactpesenenns Fo = DxNg ;2 cxomurest K xapakTepucTn-
geckoit pyHKIMN pacnpeenenns D.

13.8. Ilycre Py — myaccoHOBCKOE pacipejiesieHune ¢ rnapaMer-
pom 6.

Uccnemosars Py ma cxomumocts mpu 6 — 0.

13.9. Ilycts G, — reoMeTpudeckoe pacIpejeseHue ¢ mapaMer-
poMm p.

Hccnenosars G, Ha CXOAUMOCTD IIpu p — 1.

13.10. (uenTpasibHas npejgeJsibHasi Teopema). Ilycrs {&,}
— TIOC/IEIOBATEIbHOCTh HE3ABUCUMBIX OJIMHAKOBO PACIIPEIeIEHHBIX
CIydalHbIX BedwunH co cpeguuM (0 U KOHeUHO# Jgucnepcureit
D&, = o2, JlokazaTh, 9TO OPH N — 00, PacIpe/eseHne CIydaiiHoil
BEJINYUHBI

1 n
Sn—mgsk

CXOJIUTCA K HOPMaJIbHOMY pacnpesenenuto ¢ mapaverpavu (0;1).

Ykazanue. O6o3aaunm gepes p(t) XapaKTepuCTHIECKyI0 (DyHK-
nuio coaydaiinoii seawuannnl & (k= 1,2,...), a gepes ¢p(t) — cuy-

n
TAHOM BeIITHIb —L > k.
IV =1

[Mocnie1oBaTEILHO PEIUTe TAKUE 3aIa9H:

1° Boinucars xapakrepuctuueckyio dyHknmio ¥, (t) yepes xa-
pakTepucTHIecKyto dpynkumio p(t).

2° Beimucats paszsoxenne Teiinopa mis ¢(t) B OKpeCTHOCTH TOU-
ku t = 0, cogepxariee 2.

3° Bocmosib30BaBIUCh pe3yabTaTaMu MyHKTOB 1° u 2°) HaiiTu
npejies xapakrepuctuaeckoit pynknuu ¥, (t), npu n — oo.

4° Bocmo/ib30BaBIUCH PE3yabTaTOM TYyHKTA 3° 1 Teopemoii Jle-

BU, JI0OKA3aTh, 4TO 1IPU 1 — OO, paclpe/le/ieHue C1ydaiiHoil Beandu-
n

>~ &k CXOAUTCS K HOPMAJILHOMY DACLPE/EIeHUIO C Hapa-
k=1
merpamu (0;1).

HbI
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13.11. Ilycts &1, &9, ..., &, — HE3aBHCHMBIE OJUHAKOBO PACIIPe-
Jle/IeHHbIe CoyYaiiHble BeJIUYNHbI O 3HadeHnaMu B R! (kaxgas c
pacnipenenernem F),

T
R'= )X XinX;=0,i+#j,
i=1

V; — YUCA0 CAaydaiHbix Beauwdud &1,&a,...,&,, momaBmux B X,
pi = F(X;) = P{& € X;} — BepoaTHOCTB, TOTO, UTO CirydaiiHas
Besmunna & nonager B X;, 1 =1,2,...,7.

Jlokazars, 9TO pu N — 00, pacupeeeHne
Vi —np;
np;(1 — p;)

CXOIUTCS K HOPMaJbHOMY pacnpesenenuto ¢ mapaverpavu (0;1).
13.12. Ilycrs {&x} — nocnaenoBaTe/bHOCTL HE3ABUCHMBIX OJ11-
HAKOBO Paclpe/le/IeHHbIX CIyYailHbIX BEeJIUYUH.
Ecan
D¢, =0 2 < 00,
TO U3 HepaBeHCTBA 1eObInIéBa

P{|¢ — M(| > e} < D¢/e”

CJIEJIYET, 9TO NPH 7 — 00, TIOCAEIOBATEIHHOCTh

1 n

Sp=— § &k
n
k=1
CXOAUTCs 110 BeposgTHoCTH K a = ME7, 1. e. jyis jiroboro € > 0
P{|S, —a| > e} — 0.

Temneps He 6ysem Tpe6oBaTh, 9TO0B 02 < 00, HO MYCTh

ME& = a # oo.

Jlokazarh, 9TO TIpH N — 0O TOCTETOBATEIBHOCTE Sy, CXOTUTCS TIO
BEPOSITHOCTH K @ (3aKOH 6OJbIuX unces B hopMe XUHIMHA).



I'maBa 14

3aKOH OOJIBIIINX YNCeJl
11 ero NPuJIOXKEeHU s

14.1 3akoH 0OJIBININX YUCEJI

3akon OoJibiinx uuces B popme Yedbimiésa. B npusioxe-
HUSX Caydaiiias BeTnInHa 0OBIYHO BOZHUKAET KaK Pe3yIbTAT M3Me-
pennii (Hab/monennii). JIroOble n3Mepenus Hen36eKHO COMPOBOK 1~
IOTCST TIOTPeNTHOCTsIMEU (M3Mepennii 6e3 morpentHocreil He ObiBaer),
TIPU 3TOM OOBEKTHI U3MEPEHNH 3a9aCTy0 BEIOMPAIOTCS CTyIailHbIM
obpaszoM, a Jalre BCEro MMeeT MEeCTO W TOo, U JApyroe. laBHo ObLIO
3aMedeHo, UYTO B TO BpeMsi KaK pe3yabrarsl £1, &2, . . ., &, OTAETBHBIX
usmepennii (Hab/0eHnit) BeayT cebst JOBOJILHO “HEPEryJIsapHO”, X
cpennee apudmernaeckoe (1+&2+. . .+E&,)/n CpABHUTENIBHO yCTOI-
YUBO. DTOT IKCIEPUMEHTAIBHBIN (HAKT, B IACTHOCTU, HADTIOTAETCS
Ipru N3y4Y€HUn 9aCTOThI

1 1 n
vl A) = —ka(4) = = (Iﬁf) TN SR I ))

k
COOBITHS B TIOCJIIOBATEILHOCTH SKCIIEPUMEHTOB ([ 1(4 ) UHUKATOD

cobbituss A B k-M sKcnepumente) — ec/u IXC) BeayT cebsi “Hepery-
JAgpHO” — mpuHUMaOT 3Hadenud 1 uiwm 0, To yactora vy(A) Beger
cebsi yCTOWYMBO — 3aMeTHbIe YKJIOHEHHUsI Vp (A) 0T HEKOTOPOro vuc-
Jia, HabJTIOIAI0TCST M3PEIKA.

[ToaTOoMy €cTecTBEHHO OXKUIATH CYIIECTBOBAHUS PE3YIbTATOB,
COOTBETCTBYIOIMUX IMIUPUIECCKOMY (DAKTY YCTOWIUBOCTU CPETHEX.
OfHUM U3 TaKUX PE3YJIBTATOB SIB/ISETCS 3aKOH OOJIBIINX YUCET.

407
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Teopema 14.1.1 (3akoH Goabinux uncesa B popme Hedbi-
mwesa). [Tycmo £1,&2,... — HE3ABUCUMBIE CAYUATNBIE BEAUBUNDL C
JucnepcuaMy, 02paHuYeHHuMYU 000t U moti dce xoucmanmoti C.
Tozda das w6020 € > 0 npu n — 00

1 — 1 &
P ngi—gZMfi >ep — 0.
=1 =1

JlokazaTeab