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0.1 Maremarndeckuii aHajIu3 KaKk HayKa W JUCIATLIHHA )

0.1 MaremaTrndeckuii aHaJan3 KaK HayKa W JUCITUTIINHA

Kak xopo111o u3BecTHO, BesIKast yBaskakoras cest HayKa JOMKHA TMeTh
B CBOEM DACIOpPsKeHNN 00BEKT ¥ MeTo uccaeaoBanuii. He cocrapisier
VICKJTIOYEHMST U3 9TOr0 00IIero NpaBuia U MaTeMaTHaecKuii anaams (co-
kpamenno, MATAH). O6bekrom MATAH a sipnistiorest byHKIMA 11X
000OITIeH NS, a METOJOM HCCIe0OBAHNS — TIPEIeIbHbIN Mepexo/.

Uraxk, aro rakoe MATAH — sicio. Tenepb Hy»KHO TOHATH, 9TO TAKOE
yHKIMS 1 9TO Takoe NpejesibHbIi 1epexon. M To, n npyroe — ¢yH-
namenTanpnble nonatusgs MATAH a, comepxanmne n ¢popma KOTOPLIX HE
pa3 MeHsLIuCh. [103:Ke MbI H3JI0XKUM COBPEMEHHOE TOJTKOBAHUE 9TUX I10-
HATHUI, a MOKa yIOBJIETBOPUMCsT O0ObICHEHUSIMHA, JaBaeMbIMIA B CpeIHEil
ITTKOJIE.

ITon dbynxuueit y = f(x) cormacuo Jlobauesckomy' u Jupuxie? mo-
HIMAETCST 3aKOH, 10 KOTOPOMY KaXKJIOMy UHCJY & CTABUTCS B COOTBET-
crBun uncyio y. Takum obpasom onpejenennas Gynkmus y = f(x) or
OJIHOTO TTEPEMEHHOTO X SIBJISIETCS OOHEKTOM M3YUeHUs TaK Ha3hIBAEMOIO
00HOMEPHO020 aHaAU3a. AHATIOTHYIHO ONpeeNsaeTcs GyHKII MHOTUX I1e-
pemenubix y = f(x1,To,...,x,) 1 Jaxke QYHKIMsT OECKOHETHOTO YUCIIA
nepeMeHHbIX §y = f (X1, To, ... ), KOTOPBIE H3YIAOTCS B KYPCax KOHEUHO-,
COOTBETCTBEHHO, OECKOHEUHOMEPHO20 AHAJIN3A.

Pazymeercs, npusenennoe "onpenenenne" GyHKINT TAKOBLIM B JIeii-
CTBUTEIHLHOCTH He siBjsieTcs. Cymaure camu, Tam Hanmucano ". .. moj pyHK-

et y = f(xr) normmaercst 3akon. .. " a aro Takoe "zakon"? Yuraem

nasee: ... KaxkgoMy ancay x ... ", a aro Takoe "gucno"? K obcyxe-
HUIO 9TUX BOIPOCOB MBI €Il BEPHEMCST, & ceiiuac HATOMHWM, 9TO HECMOT-
psT Ha CBOE HECOBEPIIEHCTBO 9T0 "onpegenenne GyHKIUU YIOBIECTBOPSI-
JIO BCEX MATEMaTHUKOB Ha MPOTSXKEHUH DoJiee BeKa.

Temeps obpatumMest K Apyromy byHIaMeHTAJIbHOMY TOHITHIO MA-
TAHA’a — npesieny. Tosopsit, uro dyukmst f(z) crpemMutest K npejeny
Yo TIPU T CTPEMSIIEMCST K T(, €CJin Bee 3Hadenuss GyHknuu f(x) cKoJb
YTOJHO MAJIO OTJIUIAITCSA OT %y, KOJb CKOPO T HAXOAUTCS JOCTATOTHO

'"Huxonait Usanoruy Jlo6auesckuii (1792-1856) — pycckuii MaTeMaTuK, cO3/1aBMIHil HEeBKIHIO0-
BY €OMETPHIO, HOCSIIYIO €ro UMs.

MMerep T'ycras Jlesxén Tupuxie (1805-1859) — HeMenkuii MaTeMaTHK, OJUH U3 AKTUBHBIX TBOD-
[IOB aHAJIM3A.
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OJTU3KO K Zg. B cuMmBoandeckoit 3anucu 3To BBITJVIAJIUT TaK:

f(x) - yo mpu x—xg wim lim f(z) = y,.

T—xTo

(Cumpoa lim ot narurckoro ciosa "limit", uro osnavsaer — npejedn).
Tounyio GpoOpMyNIUpPOBKY 3TOr0 MOHATHS MBI JaJUM Mo3aHee. A ceifuac
OTMETHUM, 9TO IPEJEJbHLIA Mepexo s NCIOIL3YeTCs JIJIsT N3y ICHUsT TAKIX
CBOMCTB (PYHKINKM KaK HENPEPLIGHOCMDY, JuPPHepeHuupyemocms u uH-
mez2pupyemocmno.

HTYyRTHBHO MOHSATHE HEMPEPLIBHOM (DYHKIINK KAK HEIIPEPBIBHOTO Te-
YeHHsT COBEPIIEHHO eCTeCTBEeHHO. HArs11iHo OHO BRIparkaeTcst Tak: MaJioe
M3MEeHeHe He3aBUCHMO# TIePEeMEeHHON & BhI3hIBAET JIUITH MaJIOe N3MeHe-
rue pynkinun f(x), 3HaUEHNsT KOTOPOii He JIEJIAl0T BHE3AMHBIX CKATKOB,
TO ecTb rpaduk PYHKIUN HUATJE He pa3pbiBaeTcs. OmHAKO Ha HHTYHUIIAIO
HEJTh3sT CChIIATHCS, KOTIa XOTSAT MOSICHUTH MaTeMaTHIeCKYI0 CUTYAINIO;
MEKJly MHTYUTHUBHOW UJieeil 1 MaTeMaTu4deckoir (popMyJInpOBKOit, Mpu-
3BAHHON OMUCLIBATL B TOUYHBIX BLIPAYXKEHUSIX BAYKHDLIE JJISI HAYKH DJIe-
MEHTBI HAIlleil MHTYUIINN, BCEra OCTACTCS PA3phIB, MPode.

Ha ocroBe nonsiTist npejiesia Mo>KHO J1aTh MATEMaTHIECKU COBEPITICH-
HO CTpOroe omnpejiesienne HernpepbiBaoit yuknnu. Oyuknust f(x) HasbI-
BAETCS HENPEPLIGHOT 6 MOUKE X, €CIII

lim f(z) = f(zo),

T—X0
TO ecTh 3HaUYeHne (PYHKIMU B TOUYKE T PABHO npejiesay MyHKINUT B 9TOM
TOUKE.

JIyuiie ysicHUTE cebe TOHATHE HeIPePhIBHOCTH (DYHKITUU MOXKHO B CO-
MIOCTABJIEHUHU C ITPOTUBOIOJIOXKHBIM €My MOHSTHEM pa3pbiBHOCTH. [Ipo-
CTEUINNIA BUJ pa3pbIBHOCTU B HEKOTOPO# TOYKE COCTOUT B TOM, UTO 3HA-
yeHust (PYHKIIMK B 9TOM TOUKe JEJIal0T cKadoK. B Takoit Touke paspbiBa
3HAYeHUsT PYHKIUN CTPEMATCS K OINpPEJIeJIeHHBIM, HO PA3JUIHBIM TIpe-
JleJiaM B 3aBUCHMOCTH OT TOT'O, TPUOJIMXKAETCsI U T K MECTY CKadKa

cIpaBa WU CJIeBA.
IIpocreiineit pa3pbIBHON (PYHKIIHMEH sIBISIETCS

dbyukius y = sgnx (unraercss "curaym", ot
JIATHHCKOTO cioBa "signum" — 3Hak).

—1 mpu z <0;
seny =< 0 mpu z =0;

1 mpu x> 0.
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ITycTh 3HAUEHWSA TIEpEeMEHHON T JieskaT KakK MOYKHO OJIMKe K HYJIIO,
ocTaBasiCh BCe BpeMsi cJieBa OT Hero. Torjia sicHO, UTo 3HaUYeHUsT (DYHKIIUK
y = sgnx OyayT Bce Bpemsi paBHbl —1. CHMBOJIMYHO 3TO 3aIMMCHIBACTCS
B BHU/JIE

lim sgnz = —1.
z—0—

Tenephb mycTh 3HAUYEHUS TIEPEMEHHON T JieXKaT KaK MOYHO OJIMXKe K
HYJIIO, OCTaBasiCh BCE BPEMsI CIIpaBa OT Hero. B aToMm ciydae 3HaYCHUS
dbyHnkIMM y = sgnr OyIyT Bce BpeMs paBHBI 1. B cuMBoJIax 3TO BBITJIS-
JINT TaK

lim sgnx = 1.
z—0+

Orciofia ciejyer, uTo (PyHKIHSA y = sgna mpejena B Touke 0 He umeeT
U TIOTOMY SABJISETCSA pas3pbiBHOM. [elicTBUTENbHO, Oeps MepeMeHHYI0 X
JIeXKaleil Kak MOXKHO OJIMyKe K HYJIO TO C OJIHO#W CTOPOHBI, TO ¢ JIPYTOi
MOTIEPEMEHHO, MBI TToJIydaeM, 970 GYHKINs y = sgnx Oymer mpuHUMATH
3HavYeHus 1 1 —1, KOTopble He OTIMIAIOTCS JIPYT OT JIpyTa CKOJIb YTOTHO
MaJIo.

Ecan nonsiTne HenpepbIBHOCTH (DYHKIIMK JTOCTATOYHO MPOCTO W Ha-
TJIAJIHO W HYKJIA€TCsl JIUITh B CTPOTOM ODOPMJICHUH, TO TIOHATHSA (-
bepeHIMpyeMOCTH U HHTErPUPYEMOCTH JIYUIIe U3ydaTh Ha OCHOBE CTPO-
rux gpopmyupoBok. [losroMy B 3aKjI0UeHNE MBI CIeJaeM BeChbMa KpaT-
kuit axkckypc B ncropuio MATAH a.

Tom poxgenns MATAH’a — 1687. B srom rogy mosiBuics ¢ymia-
MenTaspabll Tpyn V.Heorona! "Martemarnueckue Hauana HATypasb-
noit punocopun". Kak nayka MATAH 6b11 cozgan B XVII-XVIIIT se-
kax yemsnsamu I.JIei6rnma? n JI.9inepa® B nauane XIX Beka Tpyna-
v O.Kommu'! n K.Beitepmrpacca? 6511 pazpaboTaH MeTOJ TPeiebHOTO
nepexojia, 9To MO3BOJUIO CTPOro chOPMyNInpPOBaAThH U JOKA3aTh OCHOB-
aeie pesyabrarbl MATAHa. B cBs3u ¢ co3manmnem Teopun MHOYKECTB

'Ncaax Hetoton (1643-1727) — anrmmiickuii GU3NK 1 MaTeMaTHK, OCHOBOTIOMOKHIK Audhepenr-
IMATHFHOTO W WHTErPAIHLHOTO UCYUCTIEHS.

*Torcdpun Bumsreanu JleiiGrmmn (1646-1716) — memenxmit MaTtematnk, dbuswk, duaocod, ocHo-
BOIOJIOKHUK MATEMATHIECKOTO aHATU3A.

3 JTeonaps Diinep (1707-1783) — mBefiapckuii MaTeMaTHK, MeXaHUK U (DU3HUK, OUH U3 TBOPIOB
MATEMAaTHIECKOrO AHAJU3A.

'Orrocren JIyn Komm (1789-1857) — dbpanmysckuii MaTeMaTHK W MeXaHWK, OJWH U3 TBOPIOR
MATEMATHYIECKOTO aHAJIN3A.

Kapn Teomop Bumabreanm Beiiepmrpace (1815-1897) — memenkmii MaTeMaTuk, Hapsamgy C
O.Koru 0CHOBOMOMOXKHUK CTPOTHX METOIOB B MATEMATHYECKOM AHAIU3E.
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n teopun Mepbl B XX Beke MATAH npuobperaer 3aKOHUYEHHBIH B U
CTAHOBUTCS BCe DoJiee JIMCIUTIIMHON HEXKEJIN HayKOW.

B croeit npeapicropun go XVII Beka MATAH ssisin coboit coBo-
KYITHOCTDb PeIleHuil pa3po3HeHHBIX YaCTHBIX 3aJia4; HAIpUMep, 3aJadu
Ha BBIUMCJEHUE TLIONIaeil (puryp m oObeMoB Tesl ¢ KPUBBIMU I'PaHUIA-
mu. Kaxkmast Takas 3ajada periajgach CBOUM METOIOM, TMOIYaC CJIO¥K-
HBIM M TPOMO3JIKMM. Permraju sTu 3ajjauu JIOJId, UMEIOIIe 110 MEHb-
et Mepe yHuBepcuteTckoe obpazopanne. Ceituac ke, byarojgaps pas-
putnio MATAHa, permenne Takux 3ajaq BIOJIHE 0 TJIETY CTYIEHTAM-
MIEPBOKYPCHUKAM.

0.2 DJueMeHTbI MAaTEMATUYECKON JIOTUKU

Kax un mobast maremarndeckast reopuss, MATAH cocTout u3 BoicKa-
3bIBaHWi, cHOPMYJIMPOBAHHBIX O MTPABUIJIAM PYCCKOTO (JIjist HAC) SI3bIKA
1 HEKOTOPOT'0 0CODOT0 s3bIKa. ITOOBI HAYIUTHCSA TOHUMAThH 9TOT BTOPO
SI3BIK, YCJIOBUMCSI BCE BBICKA3BIBAHMUS, BBIPAXKEHHBLIE MOBECTBOBATEIh-
HBIMH [IpeIIOXKeHusIMH, obo3nadars oyksamu A, B, C, ... Coxep:kanne
BBICKA3BIBAHWI HAC WHTEpPecoBaTh He OyJeT, OJHAKO KayKIOMY BhICKa-
3LIBAHWIO MBI OyJeM mpunuchiBaTh duciao 0 manm 1, B 3aBUCHMOCTH OT
TOT'0, CIATAEM MBI 9TO BBICKA3bIBAHME JIOXKHBIM MJIM UCTHHHBIM. Kpowme
TOT'0, BBEJIEM CJEIYIOIINe CUMBOJIBL ', A, V, =, <. KaxjaoMy cuMBoy
COTIOCTABNUM TaK Ha3bhIBAEMYIO MaOAUYY UCTNUHHOCTIU:

- A O 1 " "
A 410 (umraercs  "we A")

(umraercs "A u B")

s

>

Sy
= O
o O O
_ O

I

<

oy
)
_— O O

1
1 (uwraercs "A wim  B")
1

(umraerca "A Bmewer B")

s

Y

oy
= O
—_ O
— O
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A< B 0
1

o = O

1
0 (umraercs "A pasHocusibHo B'")
1

Bce BoickaszbiBannst MATAH a MoXXHO pa3ienTh Ha akcuomsl, onpe-
desenusa u ymeepotcdenua. AKCHOMBI — 3TO HEKOTOPLIE MOJIOXKEHHUsI, KO-
TOphIE TPUHUMAIOTCsT Oe3 ToKazaTeshcTBa. B wacTHOCTH, puanne Tad-
JINIAM MCTUHHOCTH WMEHHO TaKOro BUJIA, & HE KAaKOrO-JnbO JIpyroro,
IpOM3BeIeH0 akcnoMarrndeckn. Ompeeennst — 3TO BLICKA3BIBAHUSI, [10-
CPEJICTBOM KOTOPBIX JINOO OMUCHIBAETCST HOBBI CUMBOJ (Tak, KaK 35TO
POMBOIIIIO € OTUCAHUEM JIOPHIECKUX CUMBOJIOR), JIMO0O yKa3biBaeTCst 60-
Jiee y3KWii 10 CPaBHEHUIO ¢ MMEIOIINMCsT Kytace 00bekToB. Onpeenenust
OCJIEIHETO COPTa BCETIa COMPOBOXKIAIOTCS MO KpaiHeid Mepe JIByMs
IpUMEpPaMK — OJIMH JIJIST TOTO, 9TOOBI MOKA3aTDh, UTO OMpPeessaeMble 00b-
eKThI CYIIECTBYIOT, & BTOPOil — 9TOOBI TTOKA3aTh CYIIECTBOBAHNE 00HEK-
TOB, He MOANAAIONINX O JaHHoe onpenenenne. leiicTBurensbio, 3atueM
TaKoe OIMpejiesIeHre, KOTOPOe HUUEro He Ompeeiser, JUO0 OmpeIessieT
Bce?!

Onnako ocnosrast wacth MATAH a — a1o yreepxk gerust. Onm moapas-
TEJISTIOTCST Ha meopembv, U Aemmoi. B Teopemax hOpMyInpyoTes OCHOB-
Hble Pe3yJLTaThl, & B JeMMaX — BCIOMoraTeabuble. M TeopeMbl, U JeM-
MBI 00513aTEJILHO COMTPOBOXKIAIOTCSA dokasamesvemeamu. PopMyanpoB-
KH BCEX yTBepXKJaeHnmii mmeror suj anbo A = B, mubo A < B. Ecin
= B, 10 MbI 6yjieM TOBOpUTh, 9T0 A — docmamounoe ycaosue (docma-
mounwili npusnak) 1us B a B — neobxodumoe ycaosue (Heobrodumuvii
npusnak) st A, a ecim A < B, 10 Mbl OyJieM TOBOPHUTh, 4T0 A WHC-
THHHO Mouno mozda, koz2da nctuano B. JlokazaTenneTBa yTBepXK IeHNR
umeior sung A = C) = -+ = (), = B, rae () — 1100 yKe J10Ka3aHHoe
yTBepXKjeHue, Jubo akcuoma.

B kauecTBe NpuUMeEpOB YTBEPXKICHWH TPUBEJEM J[Ba, BaXKHEHIITNX BbI-
CKa3bIBAHUSI, KOTOPBIE B OYAyIEeM He pa3 HaM PUTOISATCS.

[IPUHIIUII UCKJIIOYEHHOTO TPETBETO. Eciin A — BbicKa3bI-
pBanune, To0 A wam " A Bcerga MCTUHHO.

JoKa3aTeLeTBO STON0 YTBEPXKICHNAST OUCHDL IIPOCTOE — JIOCTATOUHO
MOCMOTPETHh Ha COOTBETCTBYIONIYIO Tabjuily uctuHHocTu. OpHaKo 0e3
9TOTO MPHUHIMITA HEBO3MOXKHBI JIOKA3ATEJHCTBA YTBEPYKICHUI METOIOM
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"or nporusnoro".

KJTACCUYECKOE ITPABUJIO BBIBOJA. Ecin A u B — Bhicka-
spiBanns, A u A = B wcruanbl, TO 1 B MCTHHHO.

JokaspiBaeTcst 9TO yTBEPXKJIEHNE TaK »Ke MPOCTO, KaK U MPeblIy-
mee — aneJuIdAnueil K COOTBETCTBYIOINIeH Tabsuie uctTuuaocTu. OHAKO
BaXKHOCTH €r0 TPYIHO TEPEOIEHUTh.

TabauI, MICTUHHOCTH BITOJTHE JIOCTATOYHO, YTOOBI JIOKA3bIBATH YTBEP-
JKJICHNST BUJIA

"(AvB)<s (TANTB),
"(AANB) < (TAVB),
(A= B) < (AATB),
(A= B)< ("B="A).

(2.1)

1
[IepBble 1Ba M3 HUX M3BECTHHI KaK NpaBuia je Moprana', a mocae-

HUM YTBEPXKICHUEM MbI OYIEM JacTO MOJb30BATLCS MPU U3YICHUH CXO-
JIUMOCTH PSIJIOB.

Nzyuennem Takoro pojia BhICKA3bIBaHWI BHE WX KOHKPETHOTO COJEP-
JKAHUsI 3aHUMACTCS MAMEMAMUNECK A02Uuka. MbI Oy1eM MoIb30BaThCS
MOHSITHIHBIM ANMapaToM 3TOH HAyKH IJIsl YIPOIIEeHUsT 3amucu hopmy-
JIMPOBOK YTBEPKICHNUH U JTOKA3aTEIHCTB.

BBesenHbIX HAMH CHMBOJIOB HEJOCTATOTHO JIJIsT 3aIIUCH BLICKA3LIBA-
it Buga "cymecreyer x > 0", mam "moboit x < 0". YUtobwr 3amm-
ChIBATh TaKWe BBICKA3BIBAHWUSI, MCIOJIH3YIOT JOIMYECKHE ONMepaTophbl —
keanmopv, 3 n V, a Takxke Jormdeckue (QpyHKINNA, Ha3bIBAEMbIE npedu-
kamamu. Kpanrop 3 unraercs "cymecrsyer", " nis nekoroporo", "maii-
nercst"; kpantop V unraercs "moboit", " st Beskoro". Tlpegukar BbI-
paskaeT CBOHCTBO HEKOTOPHIX 00HEKTOB ¥ nmpuHuMaeT 3nadennst 0 n 1 B
3aBUCUMOCTH OT TOTO, KAKO# 00BEeKT ceiivac paccmarpuBaercs. CKaxkeM,
nycTth P o3magaer cBoiicTBo "ObITH mosToM", a mepemennast x mpobera-
er MHOXKeCTBO Beex Jiosieil. Torjga BeickasbiBanne P(x) WCTUHHO, eCim
x = [lymkun; u goxkno, ecin £ = CBUPHUIIIOK.

Hanbosee BaxkHo# BOSMOXKHOCTBIO H3JIArA€MOT0 I3LIKA, SIBJISIETCS BO3-
MOYKHOCTH (hOPMAJILHBIM 00pa30M (TO €CTh He 33J[yMbIBAsICh O CYTH MPe-
0bpaszoBaHuil) CTPOUTH OTPHIAHNUS JIIOOBIX BbICKasbiBaHui. IT00BI 0Cy-
IMECTBUTDH 9TY BO3MOXKHOCTD B JIOTOJHEHUE K (2.1) HAMHIIEM OYeBUIHBIE

'Oracrec ne Mopran (1806-1871) — moTnanackuit MaTeMaTnk u A0ruK. OCHOBHBIE PAGOTHI TIO-
CBSAIIEHbI OCHOBAHUSAM aITreOphI, apudMETUKE U MATEMATUIECKOr0 aHAJIN3A.
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COOTHOIIIEHUA

Bz P(z) & (Vo "P(x)),
“(Vx P(x)) < (3x "P(x)).

HeitcTBUTENIBHO, OTpHUIIAHKE K BBICKA3BIBAHMIO "JJIST HEKOTOPOTO X WC-
TuHHO cBOficTBO P"oznawaer, uro "musg mroboro x werwano we P'; a
OTPHUIAHUe K BBHICKA3BbIBaHWIO " 1151 Jitoboro x nctunno P'oznadaer, 9To
"maiimercsa x, mias Koroporo uctunno ne P."lIpakTnueckass BaykKHOCTD
TPABUJILHOTO MOCTPOECHUsT OTPHUIAHUS CBSI3aHA, B YACTHOCTH, C METOIOM
JoKazaTenbcTBa 'or mporuBHOTO", KOra MCTUHHOCTH HEKOTOPOTO BhI-
ckasbiBaHWs A m3BaekaT n3 Toro, aro A JoxKHO.

0.3 MmuoxkecTBa 1 OTOOpaAYKEHUS

IKanTop! — TBOper Teopni MHOXKECTB — TaK OMUCHIBAJ MOHATHE MHO-
»kecrBa: "Ilojr MHOXKECTBOM Mbl TIOHUMAaEM O0beJMHEeHUEe B OJIHO IeJI0e
OTpEJIeJIEHHBIX, BIOJHE PA3JNINMbIX O0HEKTOB HaIlel WHTYWUIIUN WJIN
Harreit Mpican." Pazymeercs:, 970 ommcanne HH B KOEM CJIydae HEIb3sI
CUUTATDH ONpeieIeHHeM MHOXKEeCTBAa, IMOCKOJBKY OHO alesIupyer K I0-
HATUSIM OBITH MOXKeT 6oJiee CJIOKHBIM (BO BCSIKOM CJIy9ae He OlpejieJieH-
HBIM paHee), 4eM caMo MOHSITHEe MHOXKeCTBa. BoJiee TOro, Takoe oruca-
HHUE [TOIPOCTY TPOTHBOPEUNBO.

HeicTBUTEIHHO, HUYTO HE MemaeT '"Halleil WHTYWIUU WU Hallei
MbIcan ' IpecTaBuThH cebe MHOXKECTBO, KOTOPOE He COJIEPIKUT cedsi B Ka-
“ecTBe CBOero sjementa. (Hampumep, MHOXKECTBO CTYJIBEB CAMO CTYJIOM
ne spisercs). [lycrs ams muoxkecrsa M samues P(M) oznadaer, 910
M we coyepxut cebsi B kauectne vJjieMenTa. st iroboro muoxkectra M
Bepro jmbo " P(M), ambo P(M).

Teneps ycts K = {M : P(M)} — MHOXKeCTBO MHOKECTB, 00J1a1a10-
mux cBoiictBoM P. Takoe MHOXKECTBO TOXKe HETPYIHO cebe TpeICTaBUTh.
Ecan Bepro P(K) (To ecth MHOKecTBO K He cojiepkuT cebsi B KadecTse
cBOEro syieMenTa), 70 K yiexkut B K 10 Onpe/IeJIeHIo 3TOr0 MHOXKECTBA,
a suaunT, Bepuo ' P(K). Ecan xe Bepro "P(K) (10 ecth MHOXKeCTBO K
copiepKuT cebst B KadecTBe sjemMenta), 1o BepHo u P(K) no onpeese-
nnio K.

!Teopr Kantop (1845-1918) — memenkuii MaTeMaTHK, OCHOBOIIOIOKHUK TEOPUN MHOYKECTB.
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Takas cuTyalusi B MaTeMaTHKe, KOTJIa BEPHBI OJTHOBPEMEHHO YTBEP-
xaennss A m A, naseiBaercss napadoxcom. Janubiii mapaoKc npuHa/l-
nexxnt B.Pacceny!, on mpejynpeskiaer o KoBapcTBe Tak Ha3bIBAEMOTO
"mausnoro"onpeenenns MHOXKeCTBA.

B macrosiee BpeMs B MAaTEMATHKE U3BECTHO HECKOJILKO KOHKYPHUPY-
IOIUX JPYT C IPYTOM CUCTEM aKCHOM TEOPHUH MHOXKECTB, CBOOOHBIX KaK
or mapajiokca Paccerna, Tak u OT Apyrux M3BECTHBLIX MapagoKcoB. B na-
1y 3aJ1a9y He BXOJUT M3JI0KEHUE ITUX CHCTeM (M Jlayke KaKoii-mbo u3
HUX), OJIHAKO Mbl MOXKEM OTMETHTh, YTO BCE OHW TPUHUMAIOT MHOKECTBO
B KAuecTBe MepBUIHOrO (HEOMPeIesIsieMOoro) MOHsITHsI, TO €CTh MOHSITHS,
He MTOIBEPraeMoro JaJbHeHIIeMy JOrHIeCKOMY aHaJIn3y.

[Tepeiigem K M3I0XKEHNIO 3JIEMEHTOB TEOPUU MHOXKECTB, B PABHON Me-
pe MPUCYIIUX BCEM YIIOMSIHYTHIM cUcTeMaM. BhickasbiBanue

(xeX)e (X )

oznadaer, 9o "x ecth snement muoxkecta X', Orpunanue 3TOro BhI-
CKA3bIBAHUS 3aIMCHIBACTCS KaK

r¢ X wm X Zu.

BrickazwpiBanue

Ve ((r€ A) & (x e B))

ozmadaer, uro MuoxkectBa A m B cosmagaior. Kopoue Mbl 6ymem 310
BBICKA3bIBAHNE 3AIIMCHIBATH TaK

A=B0B.

3anuiinem ero oTpuiaHne

A+ B.

ITodmmoorcecmeo B MHOXKecTBa A onpenesisgercs BLICKA3bIBAHUCM
Ve ((r € B)= (ze€A)),
a KOpode 3allUCbIBAeTCA TaK

ADB wm B CA.

!Beprpan Apryp Yumbam Paccen (1872-1970) — amramiickmii MaTemaTnk, dbuaocod, TOTUK.
OcuoBHBIE PabOTHI B 00JIACTH MATEMATHIECKON JIOTMKYA W OCHOBAHUN MaTeMATHKH.
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OTpuranue ero COOTBETCTBEHHO 3aIMUCHIBAETCS
APB wm B¢ A.
TEOPEMA 3.1. (ACB)A(ADB)) < (A=

B).
< Beickassisanne (A = B) = ((A € B) A (A D B)) wctunno B
cuny onpenenenus. dokaxem ((A C B) A (A D B)) = (A = B).
Heitcreurensio, (A C B)A(AD B)) < ((Vr (r € A=z € B)) A
(Vx (reB=z€A))< (Ve (recAs2xeB))s (A=B)>

3anuceo

{reM:x#ux}

BBEJIEM B PACCMOTPEHWE NYCMOE MHONCECMEB0, KOTOpoe Oyaem 0bo3Ha-
garh cumiosioM (). Tlo onpenenenuio () — nogMHOXKECTBO JH060I0 MHOKE-
cTBa. KpoMe Hero mMbl OyjeM paccMaTpuBaTh HEKOTOPOE YHUBEPCATHHOE
MHOXKecTBO U, KOTOpOe HA3bIBACTCS YHUBEPCYMOM U TIOJMHOKECTBAMI
KOTOPOTO SIBJISIIOTCST BCE PACCMATPUBAEMbIe HAMW MHOXKECTBA.
Yuusepcym U ne HaJI0 nyTaTh ¢ MOHATHEM ''MHOXKeECTBa MHOXKeCTB"
YHUBEPCYM CYIIECTBYET B JIOOO# MaTeMaTHIeCKOil TEOPUU U COJIEPIKUT
TOJTHKO T€ MHOXKECTBa, KOTOPHIE H3YUalOTCsS METOJaMHU 3TOH TEOpWH.
Ckaxewm, B ognomepriom MATAH’e yauBepcymMoM City>KUT MHOXKECTBO
JEHCTBUTEIBHBIX YHCEJI, K U3YUECHUIO KOTOPBIX MBI BCKOPE Mepeitiem.
Y110OHO BCe OTHOIEHUS MEXKJTy MHOXKECTBAMHU UJLTIOCTPUPOBATH TaK
HazbIBaCMbIMU Juaepammamu Bernnal

— ynraercs "muoxecrso A B yuusepcyme U";

— guraerca A DO B.

ajiee MbI O€3 MOSICHEHI# BBeeM IIPOCTEHIITIe onepalun Hal MHOXKe-
CTBaMH, CONPOBOXKIasa nx auarpammamu Benna. O6sedunenuem A U B
MHOXKeCTB A n B HazbIBaeTCst MHOXKECTBO

{reU:(xeA)V(reB)}.

! >xon Benn (1834-1923) — anramiicknit Matematnk 1 joruk. OcHOBHBIE pabOTHI MO BEpOAT-
HOCTHOI1 JIOTHKE.
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Ilepecevenuem AN B muoxects A 1 B HA3LIBAETCS MHOXKECTBO
{xeU:(xeA)AN(xeB)}.

Pasnocmuoio A\ B mex iy MHOXKeCcTBOM A 1 MHOKeCTBOM B Ha3bIBaeTCsI
MHOXKECTBO

{reU:(zeA)AN(x¢&B)}.

Paznocts Mexay yauBepcymoMm U n MHOXKeCTBOM A Ha3bIBaeTcst dono-
nenuem A B U u oboznauaercs uepes C'A.

B Teopum MHOXKECTB UMEIOTCs aHaJIOrH npaBui jge Moprana
C(AUB)=CANCB; C(ANB)=CAUCB. (3.1)

YIIPAZKHEHUE 3.1. [lokasars pasencrsa (3.1), ucrnosn3yst Teope-
my 3.1.

Kopmesicem NIUHOR N HA3BIBAETCS YIIOPSIOUEHHOE MHOXKECTBO U3 1
9JIEMEHTOB, CHAOXKEHHBIX HOMEpaMi OT 1 710 M, U 3allUCAHHOE B MOPSIIKeE:
(21,9, ...,Ty,). [loHsATHE YIOPSIOUEHHOCTH MHOXKECTBA 3aKJHOUALTCST
B cIeayromeM: eciau (1, To, ..., Ty) U (Y1,Y2, ..., Yn) — JIBA KOPTEKA
OJINHAKOBOW JIJIMHBI, TO

((x17x27 .. -;xn) = (y17y27 . . 73/71)) A

& ((z1=y) NMwa=y2) A--- A(Tn = yn))-

Koprexx JnHBI IBa HA3BIBACTCS Ynopadouentot napot.
Onpegenum Tenepnh MOCIEIHION OIEePaInio HaJ MHOXKecTBaMu. /le-
KapmosuLM' Wil npamum npouseedenuem MHOKeCTB A1, Ay, ..., A, Ha-

3bIBa€TCA MHOXKECTBO KOpTe)KeI'/JI .

A1><A2><- . -XAn = {(5131,[62, .. .,In) X € Al/\ZCQ € Ag/\' AT, € An}

'Pene exapt (1596-1650) — dbpanmysckuii bumocod, MaTeMaTHK, OCHOBOTIOIOKHNK aHAIATH-
YeCKOl reoMeTpum.
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Ecin muOX)ecTtBO A — Kpyr B NOPU30OHTAIb-
HOM TJIOCKOCTH, & MHOXKECTBO B — OTpesok
Ha BEPTUKAJLHON MNPAMOIl, TO UX JEKapTO-
BBIM TiponsBejierareM A X B Oyaer nuanuap,
VMEIOIINI CBOMMHU MPOEKIUSIMU MHOXKECTBa
A (Ha TOPM3OHTANBHYIO MIOCKOCTL) 1 B (Ha
BEPTUKAJIBHYIO MPSMYIO).

[TonstTue oTobparkenust — pyHIAMEHTAIBHOE HAPSIY C TIOHSITHEM MHO-
JKECTBa MOHsITHE B MaTeMaTuke. MOXHO ckazarh, 4T Ji0bast MaTeMaTu-
"ecKasl TeOpHsi U3ydaeT HEKOTOPBI (BIOJHE OMpe/IeJIeHHbIN) BUJ MHO-
YKECTBA BMECTE ¢ HEKOTOPBIM (BIIOJTHE OTPEJICJICHHBIM) BUJOM OTOOpPa-
xenwst. (Ckaxkem, MATAH usydaer MHOKeCTBA JIEHCTBUTEIbHBIX THCEJT
BMeCTe ¢ ofpeJieJieHHbIMI Ha HuX dyHKumsamu). Beuny dyHmiamenrasb-
HOCTHU MOHSATHST OTOOpaXKeHust Oy1eM CIUTATH er0 HeOIPeIeIsieMbIM; OJl-
HAKO OIUIIEM ero CJIEIYIOIMNUM 00pa3oM: 0mobpascenue — 3aK0H, O KO-
TOPOMY KaXKJIOMy 3JIEMEHTY HEKOTOPOTO 3aJIAHHOTO0 MHOYXKeCTBa X CTa-
BHTCSI B COOTBETCTBHE BIIOJIHE ONPEEJEHHBIH 3JIEMEHT JPYTroro 3ajIaH-
HOTO MHOXKECTBa Y .

Ces13b Mexky saemernTamu X u Y OyneMm 3anuchbiBaTh B BUge: Y O
y = f(x), x € X. MuoxecrBo X OyjieM HasbBaTh 004a4CMbI0 0Npe-
desenua orobpaxkenust f (X := dom f), muOXKeCcTBO Yy = {y € YV :
(Jz € X)(y = f(z))} nasoBem MHOXKeCTBOM 3HaUEHM{ 0TOOpaXKeHust f
(Yo := im f). Kpome samucn y = f(x) mamyr takxke f : X — Y n
rosopsaT: " f orobpaxaer X B Y".

Orobpaxenne f: X — Y mopoxjgaer MHOXKECTBO

graphf :={(z, f(z)):x € X} C X x Y,

Ha3bIBaeMoe 2padurom omobpasicenus. Odbparro, muoxkecrso M C X X
Y omnpenensger orobpakeHrue TOUHO TOIA, KOTJA

Ve e X)3ly € Y)((z,y) € M).

Hra orobpaxenns f u g HazwiBatOTCSA pashvimu, eciim dom f = dom g =
Xu f(zr)=g(x) Vr € X.

Obpasom muoXKectBa A C dom f = X npwu orobpaxkennn f: X — Y
HA3BIBAETCS MHOYKECTBO

flA ={y eV (Fr e Ay = f(2))}
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MuoxecTBO

fUBl:={r e X : f(x)e B}

HA3bIBAIOT NPO0OPA3OM MHOXKECTBA, .

[Ipo orobpaxkenue f : X — Y roBopsr, 9T0 OHO ClOPBEKMUGHO (M
ectb orobpaxkenne X wa Y), eciiu f[X] =Y

unsexmueno (W ecth eaooicenue), ecam Yoy, xe € X (f(xy) =
f(z2)) = (z1 = 22);

buekmueno (M 63aUMHO 00HO3HAYHO), €CITH OHO CIOPBHEKTUBHO W
MHBEKTHBHO OJIHOBPEMEHHO.

Orobpaskenne y = 2 GyjeT CIOPHEKTUBHBIM, HO HE NHHEKTHBHBIM,
eCJIM B Ka9eCTBE MHOXKECTBA X pacCcMaTpUBaTh BCIO och O, a B KAUecTBe
MHOXKeCTBa Y paccmarpusaThb ayd {y > 0}. To e camoe oroGpakenue
y = 2 Oyner MHHEKTUBHBIM, HO He CIODheKTHBHBIM, €CJIM B KadecTBe
mHOkecTBa X paccMmarpuBarh jiyd {x > 0}, a B KauecTBe MHOXKECTBA
Y paccMarpuBath Bcio och Oy. U, Haxkoner, orobpaxenue y = x2 OyeT
OMEeKTUBHBIM, €CJIM B KadecTBe MHOXKeCTB X u Y paccMaTpuBaTh JIydn
{z >0} u {y > 0} coorBercrBenHO.

Ecnu orobpazkenne f : X — Y OMEKTHUBHO, TO €CTECTBEHHO BO3HU-

KaeT 0TODparkeHune
1y - X,

KOTOPOE OTpEeJIeIsSieTCs: Caeyomum obpasom: eciu y = f(x), 10 x =
f~Yy), To ecTb BaEMEHTY ¥y CTABUTCSA B COOTBETCTBHUE TOT 3JEMEHT T €
X, obpazom KoToporo pu orobparkennn f siBiasiercst y. Beuay ciophek-
TUBHOCTH TAKON 3JIEMEHT HANIETCsI, a BBUIY WHHEKTUBHOCTU OH €rH-
cTBeHHBINH. TaknM 06pa3oM, oTobpaxKeHue f ! ompemeseHo KOPPeKTHO.
DT0 oTOOparkeHKe Ha3BLIBAIOT 00paAMHbLM 110 OTHOIIEHUIO K HCXOIHOMY
orobpaxkennio f.

Ecin orobpaxenust f : X — Y u g : Y — Z makoBbl, 4TO 0JIHO U3
HIX (g) OMpeesIeHo Ha MHOXKECTBE 3HadeHwuil apyroro (f), To MOXKHO
MOCTPOUTH HOBOE OTOOpaYKeHUe

gof: X — 2,

onpeesnsiemoe dhopmyiioit (g o f)(x) := g(f(z)). [locrpoernoe orobpa-
XKeHue go f HazbIBAIOT KoMmnoszuyued (cynepnosuyued) IBYX 0ToOpasKke-

uuit f,g.
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OTmMmeTnM erne oJHO MOHSATHE B HEKOTOPOM CMbBICJIE TIOTPAHUYHOE MEXK-
JIy TIOHSITUSIMU MHOXKecTBa 1 oroOparkenusi. Ilycts X n Y — mexkoropbie
MHOYXKecTBa. Omuowenuem R Ha3bIBAETCS JII0O0E MOIMHOXKECTBO WX JIe-
KapToBa nmpomsseieansd X X Y. Jpyrumu cioBamu, oTHomeHne R — 3T0
MHOXKECTBO yIopsiioueHubix map (x,y), e © € X, a y € Y. Hacro
BMECTO TOTO, 9TOOBI mucath (x,y) € R, numyr xRy u roBOpsIT, 9TO T
C6A3GH C Y omHoweHuem R, WIH, ITO T HATOOUMCA 6 OMmHOweHuU R ¢
y. Ecrm X =Y, to ectb R C X x X = X?, T0 TOBOPAT, YTO 0MHOULEHUE
R 3adaro na X.

I[TPUMEP 3.1. Juazonanrs
A={(z,y) € X? iz =y}

eCTh TIOJIMHOXKECTBO X 2, 3aJ1aI01Tee OTHOIIEHIe PABEHCTBA MEYKILY dJ1e-
mertamu MuOKectBa X . JleiictBurensro, xAy o3Hadaer, uato (x,y) €
A\, TO ecTh T = .

B nanbreiiiem HaMm rorpedyercs JiBa Buja oTHotiennit. Ilycts R C
X? — orHOMmenwe, yAOBACTBOPSIONIEE CIEYIONNM aKCHOMAM:!

Vr € X xRz (pedekcuBHOCTS),

Vr,y € X 2Ry = yRax (cuMMeTpHIHOCTS ),

Va,y,z € X (zRy) A (yRz) = (zRz) (TpaH3uTHBHOCT ),

R TPUHATO HA3BIBATH OMHOULEHUEM IKEUBAACHMHOCU T 0DO3HA-
qaTh CUMBOJIOM ~.

YITPAZKHEHUE 3.2. TlokazaTh, 9T0 OTHOINEHWE TapaJIehHOCTH
PSIMBIX HA MJIOCKOCTH SBJISETCS OTHOIIEHNEM 3KBUBAJEHTHOCTH.

YIIPA?KHEHHE 3.3. Haiitu ommbKu B cieayiomeM paccy K IeHnn.
ITycts R — oTHOIIEHWE SKBUBAJEHTHOCTH. TOrjga B CUJIy CUMMETPUIHO-
ctn xRy = yRx, a oTcioga B CUIy TpaH3UTHBHOCTH TRy A yRr =
rRx. Hpyrumu cioBamu, pedIeKCHBHOCTD €CTh CJAeICTBHE CHMMETPHT-
HOCTH W TpaH3uTUBHOCTH (7).

JpyruM BayXHBIM OTHOIIEHWEM SIBJISIETCST OMHOWEHUE YACTMUYHOZ0
nopadka na MHOXKecTBe X, TO ecTh oTHOmenne R C X2, ynoBaeTBops-
[OITIee CJIETYIONINM aKCHOMAM:

(i) Vo € X 2Rz (pedaexcurocTb),

(ii) Vz,y € X (#Ry) A (yRx) = xAy, o ecth x = y (aHTHCHMMET-
PUIHOCTD ),

(iii) Vx,y, 2z € X (zRy) A (yRz) = (2 Rz) (TpaH3uTHBHOCTS ).
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JJ1s1 OTHOTIIEHUST TACTUIHOTO MOPSIIKA BMECTO BMECTO LRy TacTO MH-
myT £ < Yy ¥ TOBOPSIT, 9TO Y caedyem 3a T.

YIIPA?KHEHUE 3.4. [lycts M — nekoropoe muoxkectBo, a P (M) —
MHO>KECTBO BCEX €ro MoaMHOKecTB. [lokazarh, 9To OTHOIIEHNEe BKIIOUe-
HUST 33J1aeT OTHOIIEHNE TaCTHIHOTO Mopsifika Ha MHOXKecTBe P(M).

Teneps nycrs X u Y — JiBa NPOM3BOJILHBIX MHOXKecTBa. OTHOIIEHHE
R C X x Y nHazwbiBaeTcs GyHKUUOHAALHBIM, €CIINA

(xRy1) A (zRy2) = (Y1 = ¥2)-

YITPAZKHEHUE 3.5. Tlokazars, uro rpaduk graphf orobpaskemrust
f:dom f C X — Y sagaer ¢pyukimnonajsbHOE OTHOIIEHUE.

YIIPA2KHEHUWE 3.6. Ilokazarh, uro Jj0060My GyHKITHOHAILHOMY
oTHomernio R C X X Y MOXHO MOCTaBUTH B COOTBETCTBHE HEKOTOPOE
orobpaxenne [ n3 MHOKecTBa X BO MHOYXKECTBO Y .

0.4 DaemeHTapHBIE PYHKIINN

Ternepb MBI TOTOBBI JIaTh cTporoe onpejeneuue gpyuknuu. [Hox pynsk-
yuett y = f(x) mbl nonnmaem orobpakenwe f @ X — R, mie R -
MHOXKECTBO JieficTBUTEIbHBIX unces, a X C R.

OIIPEJEJIEHUE 4.1. Knacc ¢pyHKImit, COCTOSIII U3 TOCTOSIHHDBIX,
MOKA3aTEJbHBIX, JIOTAPU(PMUIECKNX, CTETEHHHBIX, TPUTOHOMETPUYCCKUX,
00paTHBIX TPUTOHOMETPUYUECKNUX, TUIEPOOIUICCKUX, O0OPATHBIX T'UIEp-
OOTMIECKUX, a TaK»Ke (DYHKITUiT, MOJYUYEHHBIX U3 MEePEUNCTCHHBIX BBIIIE
MOCPEJICTBOM UYeThIpex apuMETHUECKUX ONepalnii ¥ KOMIO3UIINN, Ha-
3BIBACTCST KIACCOM AAEMEHMAPHLT PYHKUUT.

Terneps nepeiteM K ONMpeeeHnio 0CHOBHLT INEMEHMAPHBLT PYyHK-
yutd. MeToJ1 ompesiesieHnsl, KOTOPBIM MbI BOCIIOJIb3YeMCsl, HOCUT Ha3Ba-
Hue axcuomamuyeckud. CyTh ero 3aK/JII09aeTcsa B CISIYIONEM: TTPU U3Y-
YeHUW KaKOrO-JTMD0 MAaTEeMaTHIeCKOTO 00hbeKTa BBIJESTIOTCS HEKOTOPhIE
NPU3HAKY STOTO 00HEKTa, HA3BIBAEMBIE CYULECMGEHHbLMU. 3aTEM ITH
MpU3HAKN UJYT B OCHOBY OTpejiesieHnst oobekTa. Pazymeercs mocye Ta-
KOI'O OlpejiesieHns HeoOXOAMMO eIe yOeanThCsi, 9TO O0BhEeKT, Olpeje-
JIEHHBI TTOCPEJICTBOM CBOMX MPU3HAKOB, CYIIECTBYET U ONPEIeeH 00H0-
3HaY4H0, TO €CTh HY>KHO YOSTUThCS, ITO HE CYIIECTBYET eIe KaKoro-Jmoo
00beKTa, 00JIaJAI0NIEr0 TAKUMHI K€ TTPU3HAKAMHU, UTO W ONpeIeIeHHbII
HAMU OO'bEKT.
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AxcroMaTHUeCKUil METOJ| OUeHb MOXOXK Ha OIOPOKpPATHYECKHH TOJI-
XOJI K JIeJIy, KOTJa CYIIEeCTBO Jiea nojaMensiercst nuerpykimeii. Opnako
B TeX CJydasxX, KOrja CyIecTBO jiejia XOpOIo BCeM M3BECTHO (& MMEHHO
TaK 0OCTOUT JIEJIO C JIEMEHTAPHBIMU (DYHKIUSIMU, 3HAKOMBIMU BCEM €I11e
CO TIKOJIBI), aKCHOMATUIECKUE MeToJ 00JaaeT PsIOM MPENMYIIECTB.
ITpaBna, kak 3amerus B.Paccesn, atu npeumMyIiecTBa cXoxu ¢ nNpenmy-
IIECTBOM BOPOBCTBA HEPE]] YECTHBIM TPY/IOM.

OIPEAEJIEHUE 4.2. @yukuusa y = f(x), obnamgamomast cieryo-
UMW CBOMCTBaAMU:

i) f(1)=a,a>0,a#1;

(i1) f(x1) - f(xe) = f(x1 + 22) mis MOOBIX UUCET T1 U To;

(iii) xh_{? f(z) = f(xp) nns moboro auncna g,

HaSBIBaeoTCH nokazamenrvnoti gynryuet n obosnavaercs y = a”.

TEOPEMA 4.1. Jlaa awboz0 wucaa a > 0,
a # 1 cywecmsyem 6 mounocmu 0dHa NOKa-
samenvhad GyHKYA.

BameTum, UTO B cHiy cBoficTBa (iii) mokasa-
TesbHast (QYyHKIMs HeNpepbiBHA Ha BCeil ocu

Ox.

OITPEJEJIEHUE 4.3. Oyukuust y = f(x), obnagatomniast cieyto-
UMW CBOWCTBaAMU:

i) fla)=1,a>0, a #1;

(i1) f(x1) + f(z2) = f(x1 - x2) Ana MOOBIX MONOKUTETLHBIX THCET
1 N X9,

(iii) lim f(x) = f(zo) mst TOMOKUTENBLHOTO JTIOOOTO TUCTA (),

T—xg

HA3BIBAETCSH A02apudmuieckoti pynkyued n obosnadaercd y = log, x.
TEOPEMA 4.2. /laa awboz0 wucaa a > 0,
a # 1 cywecmsyem 6 mounocmu 00na 102a-
pupmuneckas GyYHKUUA.
OTMeTrM HEIpepbIBHOCTH JIOrapupMUIECKOi
(byHKITUU, UMEIOIIYI0 MECTO B CHJIy CBOWCTBA
(iii).

JlokasbiBaTh TEOPEMbI O MOKa3aTeJIbHON U JorapudMuieckoit (pyHk-
IUSTX MBI HE OyJIeM, TTOTOMY Y9TO OHU OBLIN JOKA3aHbI B CPEIHE TTKOJIE.
(dpyrumu coBaMu, CyTh JieJia BCeM M3BECTHA, HEOOXOMMO TOJIBKO 3a-
MOMHUTH UHCTPYKIIHIO).
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ONPEJEJIEHUE 4.4. ®ynkiuio y = a®'°%?, onpejesennyto mnpu
TPOU3BOJILHOM (v JIJIsT JIIOOOTO TTOJIOKHUTEJIHLHOTO X, HA30BEM CMEneHHoT
dynryued m Oynem obozHadarh y = . Ecam mokazaTesb CTENEHW «
MpeJICTaB/IAeT cOOOM palMOHANILHOE YUCI0 (v = T TJie N — HEYEeTHOe
IUCJI0, TMOO M M N 9eTHBIE OJIHOBPEMEHHO, TO CTENMEeHHYIO (DYHKITNIO Y =
% MOXKHO OTpeJIesuTh Ha Beeit ocn Ox, moJjaras Jjisg OTPpUNATETbHBIX

T:
|z|“  ecaw m - gerHoe;

Y —|xz|*  ecam m u n — HEUETHDIE.

Bynem 1o onpefeneHnio cauTaTh, uto mpu o > 0 09 = 0, 09 = 1.

B Teopeme 0 cylecTBOBAHUM €JIMHCTBEHHOW CTEIeHHONH (DYHKITUU 110
OOJILIIOMY CYETy HET HEeOOXOJMMOCTH, TaK KaK OHA OIpeJe/sieTcs ve-
pe3 MoKazaTeJbHYIO U JIOTapupMUIeCKyIO (DYHKITHH, COOTBETCTBYIONINE
TEOPEMBI JIJIsi KOTOPHIX MbI yKe ChOPMYJIMPOBAJIN.

Crenennbie QyHKINN TaK>Ke 00J1aal0T CBOWCTBOM HENPEPBLIEHOCTU.
loKazaTeIbeTBO 3TOTO YTBEPXKJICHUS ONMpAeTCsd Ha JIpyroii bosee pyH-
JTAMEHTAJbHBIN (PaKT — CyMMa, Pa3HOCTh, TPOU3BEJIEHUE, YaACTHOE U KOM-
MO3WIMsT JIBYX HenpepbiBHbIX (yHKui HenpepbiBabl. (IIpu paccmor-
PEHUN YaCTHOTO JIBYX (PYHKIMil JiejaeTcss oObluHasi OrOBOpPKa O Hepa-
BEHCTBE HYJIIO0 3HaMeHaTesist). [Ipyrumu cioBaMu, mpuMmeHenue apudme-
TUYECKUX JEHCTBUIA W KOMIO3UIIMKU HE BBIBEJIET HAC 3a Mpejesibl KJac-
ca HenpepbIBHBIX QyHKIWMIA. [lokazaTe/beTBO 3TOro hyHIaMEeHTaJIHLHOTO
haxTa MBI TIpOBEJIEM TO3THEE.

OIIPEAEJIEHUE 4.5. Oyuxiun y = f(z) u y = g(x), obnagawormue
CJIeJIYIOIIUMU CBOWCTBAMU:

(1) f(z1 4 x2) = f(21)g(22) + f(22)g(21) MT51 MHOOBIX YWCET T U To;

(ii) g(z1 +x2) = g(x1)g(xe) — f(21) f(22) Anst MOOBIX TUCEST T1 U To;

(iii) f2(z) + ¢*(x) = 1 aaa moboro uucnia ;

(iv) f(0) =0, g(0) =1, f(3) =1, g(3) = 0
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~

(z

x)
HA3BIBAIOTCS CUHYCOM U KOCUHYCOM N 0DO3HA-
qatorest f(x) = sinz, g(x) = cos .
TEOPEMA 4.3. Cywecmeyrom mouno dse
dynryuu f(x) u g(x), ydosaemesoparouue
onpedesenuto GyHKUUL CUHYC U KOCUHYC.

JloKkazaTesbCTBO 9TOH TeOpeMbI MBI OIIYCKAEM BBHJLY €r0 TeXHUIECKOI

—

(v) 0< flz) <z <

,ecmn 0 < < 3,

Q
—~

cJ0yKHOCTH. 2Kearlie MOryT O3HaKOMUThCsI C HUM B JIFOOOM JI0CTATOY-
HO TIOJTHOM y4eOHUKE 110 MaTeMaTHIYeCKOMY aHAJIU3Y.

YIIPA?KHEHUE 4.2. Ncxons u3 onpeenenns 4.5. 10Ka3aTh CJIEIy-
[oIe CBOMCTBa (DYHKIWI ¢y = Sinx W y = COoS X

(i) |sinz| <1, |cosz| < 1Vz €R,

(ii) sin(—z) = —sinx, cos(—x) = cosz Vz € R;

(iii) sin(§ — ) = cosx, cos(§ — x) = sinz Vo € R;

(iv) dyHKIMKM ¥y = SinT U Yy = COS T NMEPUOJNIHBI ¢ IEPUOJIOM 27

OrmeTnm erme OJHO OYeHb BayKHOE CBONCTBO (DyHKIWH y = sinx n
y = cosx — 3T PYHKIUU nenpepuiers. Iloka erie Joka3aTh 3TOT (GhakT
MBI HE B COCTOSTHUM ¥ [MOTOMY CJIeJIa€M 3TO TO3/IHEe.

OITPEJEJIEHUE 4.6. Tanzencom nasbiBaercs pyHkns y = tgr =
Sg;i, xv#5+7k k=0,£1,%£2,... Oynxuua y = ctgr = o7, & # 7k,
k=0,+1,42,..., Ha3BIBACTCI KOMAH2EHCOM.

Uz omnpesnenenus ciejayer, uro pyHKImu y = tgr n y = ctgr ne-
puojinvecKre ¢ nepuojioM m. Bce ocralibHbIe CBOWCTBA 3TUX (DYHKINH

3HAKOMBI U3 IIKOJIBI, TIO3TOMY MbI OTPAHUUUMCS TOJIHBKO SCKU3AMU I'Da-
JUKOB 3TUX PYHKIHIA.

OIIPEJEJIEHUE 4.7. Oyuknuo y = f(x), 3aJaHHy0 HA HEKOTO-
POM TIPOMEXKYTKE, HA30BEM MOHOMOHHO 603pacmatowet (yousarouet)
Ha 9TOM TIPOMEXKYTKE, €CJIU JJIsT JIIOOBIX UHCEJT X1, T U3 MPOMEXKYTKA Ta-
KUX, 9T0 T1 < To, uMeeM f(x1) < f(za) (f(x1) > f(x2)). Monomonmnot
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Ha, TTPOMEXKYTKE HAZBIBAETCS MOHOTOHHO BO3PACTAOIIAsT UJIH MOHOTOHHO
yObiBatoIas (pyHKINs.

Bamernm, urto GbiBaroT dbyHkIiwn, Hanmpumep, f(z) = 1 Ha orpeske
[0, 1], KOTOpBIE OJHOBPEMEHHO SIBJISIFOTCST MOHOTOHHO BO3DACTAIONHMHE
1 MOHOTOHHO YOBIBAIONIUME. UTOOBI MCKJIIOYUTHL 3TO, IPOBeJeM OoJee
CTPOTYIO CEJIEKINIO.

OIIPEAEJIEHUE 4.8. Oyuknuto y = f(z), 3aJaHHyI0 HA HEKOTO-
POM MIPOMEXKYTKE, HAZ0BEM CMP020 MOHOMOHHO 603pacmaroueti (y6ovi-
6atowyeli) Ha ITOM MPOMEKYTKE, eCIU JIJIsl JIIOObIX YHUCeN Tq, Lo U3 TIPO-
MEXYTKa Takux, 4To r1 < g, umeeM f(x1) < f(xe) (f(x1) > f(x2)).
Cmpozo MOHOMOHHOT HA TPOMEXKYTKE HA3BIBAETCS CTPOTO MOHOTOHHO
BO3pACTAONas UK CTPOTO MOHOTOHHO yObIBaromas (hyHKIHs.

[ToHsiTHO, 9TO KJIACC CTPOTO MOHOTOHHBIX (QDYHKIMH CONEPXKUTCS B
KJIACCe MOHOTOHHBIX (DyHKITHIA.

[TPUMEP 4.1. Oyukmusa y = sgnx ABAsIeTCs MOHOTOHHO, HO HE CTPO-
r0 MOHOTOHHO BO3pacTatoreii Ha orpeske [—1, 1] dyukiueit

['paduk cTporo MOHOTOHHOI (PYHKIMY TTEPECEKACTCs C MPSIMbBIMU 1 =
¢, TJie ¢ HeKOTOpasi KOHCTaHTa, He Oojiee, ¥eM B ofHOi Touke. [Tomuepk-
HEeM eIre, 9T0 MOHOTOHHBIE (DYHKITHHE He 00sS3aTeTbHO HEPEPbIBHBI.

OITPEJEJIEHUE 4.9. Tlycrs dyuakuus y = f(x) GuekruBHO 0TO6-
paxkaer mpoMexyTok I B mpomexxyTok J. Oyukius x = g(y), 3ajanHas
Ha J, co 3HaUYeHUAME B [ HazbIBaeTCA dyrryuet, oopamnot x dynkuyu
y = f(x), ecu juist iroboro uncna x u3 I go f(z) = .

[Tpu stom dyukuus y = f(x) asasercs dynknmeii, obpaTHOil K
dynkuun x = g(y).

['eomerpuaecku s5To o3Hagaer ciaeayomniee. [lopeprem rpaduk yHK-
mun y = f(x) BMecTe ¢ ocsiMu KOODJIMHAT HA T PaJliaH BOKPYT OMCCEK-
TPUCHI YTJIa MEXKIY MOJIOKUTETHHOW 0Chio OX M MOJOKUTETHHOW OChIO
Oy, 1 MBI cpa3y NoJayduM TrpaduiecKu T Kak (DYHKIIUIO OT ¥, TO eCTb
rpacduk obpatroit Gyuknnu r = g(y).

YiKe M3 3TOro reoMeTpUYecKOro MOCTPOEHWsT BUIHO, 9TO (DyHKIIWS
y = f(x), onpejiesieHHast Ha HEKOTOPOM MPOMEXKYTKe I, umeer obpart-
Hy10 (QYHKIMIO B TOM CJIydae, KOrja OHa CTPOro MOHOTOHHA W HeIpe-
poiBHa. [Ipuyem obparHast pyHKIMs OyjieT HEMPEPHIBHON U CTPOro MO-
HOTOHHO ¢ TeM »Ke XapaKTepoM MOHOTOHHOCTH, 9TO W MCXOAHas (DyHK-
s, [1o32ke MBI 9TOT (haKT CTPOTO TOKaXKeM, a ceiirac 0OpaTuMcst BHOBb
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K 9JIEMEHTAPHBIM (DYHKIIUSIM.

DynkiyMsa Yy = Sin T HempepbIBHA W CTPOrO MOHOTOHHO BO3PACTACT
Ha oTpeske [—7, 7]. B cumy Hammx reoMeTpuuecKuX paccysKIeHuii ona
nMeer Ha mpomexkyTke [—1, 1] obparnyio (yHKIHO, KOTOPYIO 0603HA-
guM depe3 y = arcsinx. OyHnkinus y = arcsinx ToxKe HelpepbiBHA U
CTPOrO MOHOTOHHO BO3pacTtaer Ha orpeske [—1,1].

[TosBepras aHAJIOPMYHOMY PACCMOTPEHHIO (DYHKIMU i = COSXT, Y =
tgxr, y = ctgx, mosyuuM oOpaTHLIE K HUM (DYHKIUK iy = arccosx, i =
arctgr, y = arcctga:

YITPAZKHEHUE 4.2. Jlokazath, 110

(i) arcsin(—z) = — arcsin z, arccos(—x) = ™ — arccos ;

(ii) arcsinz 4 arccosz =

5, arctgr + arcctgr = 3.

OIIPEAIEJIEHUE 4.10. lunepbosuveckum cunycom nasbiBaeTcst PyHK-

— shr = et—e™” " " 6
mus y = she = “=— (unraerca "xunyc ukc'"), eunepbosruveckum Ko-
xr —xT
cunycom — bynkuus y = chr = <L (unraercs "koxunyc ukc"), eu-

2
nepbosuveckum marzencom — y = thax = % ("ranxenc ukc"), eunep-

boauveckum xomarzencom — y = cthr = % ("koranxenc ukc").

YITPAZKHEHUE 4.3. JlokazaTth paBeHcTBa:
sh(zy + x9) = shzychxy + chzyshas,

Ch(il}l + 5132) = chaxchay + shxyshas,

ch?z — sh?z = 1, the - cthe = 1,
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ch2z = 1 4 2sh’z, sh2z = 2shxchz.

['unepbonmueckue pyHKINNA HENPEPHLEHbl, TAK KAK COCTABICHBI U3 MO-
KazaTeJbHbIX QyHKIWHA. B cuiy crporoit MoHoTOHHOCTH THIIEPOOJIMUE-
cKUX (DYyHKINI Ha OMPEJICJICHHBIX TTPOMEXKYTKAX OHU 00J1ajal0T odpat-
HeiMu pyHKIUIMA. Onpenesenns oOpaTHBIX TUIEPOOJIUIECKIX (DYHK-
U MBI A UM [T03/IHEe, a ceifgac 3aMeTnM, 9T0 OTPOMHYIO posih B MA-
TAH’e nurpaer nokasarennnast yakius ¢ ocHoBanneM e. OHa HOCUT
CIeNUAJIbHOE HA3BAHUE — IKCNOHEHUUANOHAA GYHKUUA NITH IKCNOHEHMA
— 1 obozHavaeTcd y = € Win y = exp x.
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1 JEVWCTBUTEJIBLHBIE UNCJIA

Tom xonebanca, u 6ud y Hezo Obia

CMYULEHHBLU.

- Tosopume osice MOt MAABHUK, HE

cmecnatimecs. Memuna ecezda noumenna.
Mapx Tsen "llpuxarovenus Toma Cotiepa”

1.1 MHo>XXecTBO JeiiCTBUTEJIbHBIX YHCEJ

[Tpu onpejiesienn MHOXKECTBA JIEHCTBUTENBHBIX dices R Mbl BHOBb
BOCIIOJIb3YEMCsl AKCHOMATHUECKUM METOJIOM.

OIIPEAEJIEHUE 1.1. MuoxectBo X Ha3bIBACTCS (.A2e0paUMECKUM
noaem, ecin

(i) ompesiesiero aMTUBHOE OTOOPaXKeHne (Orepalyst CJIOKeHUs ) + :
X XX — X co ciegyommuMn CBOMCTBAMMU:

Ve,y € X (v +y =y + ) (KOMMyTaATUBHOCTD );

Ve,y,z€ X ((x+y)+2z=2+ (y+ 2)) (acconnaTuBHOCTD);

30 € X Vx € X (z+0 = z) (cymecrBoBanne HEHTPATHHOTO JIEMEHTA
(myna1));

Vee X Jy € X (x4 y = 0) (cyuecrBoBatue mpoOTUBONOIOKHOTO
3JIEMEHTA);

(ii) onpejiesieHO MyJIBTHIIHKATHBHOE OTOOpaXkeHwe (oreparns yMHO-
xkerust) -0 X X X — X' o CIeIyonuMu CBOCTBAMY:

Ve,y € X (v -y =y x) (KOMMYTATHBHOCTb );

Ve,y,z€ X ((x-y)-z=x-(y-2)) (accouaruBHOCT );

d1 € X Vz € X (1-2 = x) (cymecrBoBanne HEfTPAJILHOTO SJEMEHTA
(emuHUIIB));

Vee X (x £20=TJy € X (x-y=1)) (cymecrBoBanne obpaTHOro
3JIEMEHTA);

(iii) ymoMstHyTBIE OTIEPAITMH CBSI3AHbBI CJEYIONIM 00PA3OM:

0+#1;

Ve,y,z€ X ((x+y) - z=x-2+y-2z) (1ucTpubyTHBHOCTD ).

YITPAZKHEHUE 1.1. [Iycts X — anrebpandeckoe nose. Jlokasath,
qTO

(i) (30 e X)A (3 € X);

(ii) Ve € X (z -0 =0);

J
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fii) Ve e X dly e X (x+y =0),Voe € X (v #0) Ny € X
(z-y=1);

(iv) Ve € X (—x = (—=1) - x), nae —x u -1 — 31€MEeHTHI, MPOTHBOTIO-
JIOXKHBIE 3JIeMeHTaM x 1 1.

ITo yrBepxaennio H.Bypbaxku! mobas mareMaTndeckas Teopus u3y-
JaeT MHOYKECTBA € 3aJaHHBIMUA Ha HUX MATEMATHYECKUMHU CTPYKTypa-
mu. CaMO TOHSTHE MaTeMATHYECKON CTPYKTYphl (DyHIAMEHTATLHO, TO
eCTh HEeOIIPEeJIeNIsIeMO, OJHAKO CPEJU HUX MPUHIATO Pa3JIndaTh ajaredpan-
YecKue, MopsiJKOBbIE U Tonojiornyeckue crpykryphbl. Onupegenennenm 1.1
JIaeTCs pUMep aJiredpandeckoit cTpyKTypbl. Huke Mbl nipuBejieM mpu-
Mep TIOPSIIKOBO# CTPYKTYPHI.

OIIPEJEJIEHUE 1.2. MuoxectBo X Ha3bIBAETCS AUHETHO YNOPA-
dOYUEHHDIM, €CIIH

(1) Ha HEM OMpEIEIeHO OTHOMIEHNE TACTHIHOTO MOpsiaka (<);

(ii) mpm 06X T,y € X cupaseuBo Jgub0 x < y, aud0 Yy < T.

Ornomenne x < y (unraercs: "z MeHbIIe WM paBHo Y'") 3alMCHIBAIOT
Takxke B Bujie y > x (uuraercst "y Gosbie uian pasro x''); OTHOIIEHHE
r < y npu x F# Yy 3anuchIBAIOT B Buje x < y (uuraercs "r MeHbIe
y") win B Buge y > x ("y Goapme x"). Ornomenne x < y HA3BIBAIOT
HEPaseHCMBOM, & OTHOTIEHNE T < Y CMPO2UM HEPABEHCTMEOM.

OIIPEJEJIEHUE 1.3. Muoxecrso X Ha3bIBaIOT AUHETHO Ynopado-
YEHHDBLM AA2E0PAUYECKUM NOAEM, €CIIA OHO SBJISIETCS OJHOBPEMEHHO aJl-
rebparvecKnM MoJIeM U JTUHEHHO yHOPsII0UeHHBIM MHOYKECTBOM, TPUYEM

i) Vz,y,z€e X (e <y=zx+2<y+2),

(i) Ve,y e X (0<2zAN0<y=0<zx-y).

(B manbreiinmem 3HAK YMHOXKEHHUS - 9acTO OYJIeM OIyCKATh).

YITPAZKHEHUE 1.2. [Tycts X — nuneitno yrnopsigovuerroe ajaredpa-
nueckoe roJie. Jlokazarh, 4T0

i) Vz,y,z e X (z<y)= (z+y <y+2);

i) Ve e X (0 < x) = (—z <0);

(iii)) Ve, y € X (z < 0) A (y < 0) = (zy > 0);

(iv) Ve,y e X (z <0) A (0 <y)= (zy <0).

OIIPEAEJIEHUE 1.4. Jluneiino ynopsijodeHHOE MHOXKeCTBO X Ha-
3BIBACTCS NOAHbLM, €CJIA JJIs JTOOBIX JBYX €r0 HEIyCThIX MOJMHOMXKECTB

'Huxkona Byp6aku — cobupare/ibHbIi NCEBIOHUM, 110 KOTOPLIM I'PyIa (BPAHILy3CKHX MaTeMa-
TUKOB O0'bEIMHUIACH C HETBI0 (hopMaTU3anuy BCeli MATEMATHKYA HA OCHOBE TEOPUH MHOYKECTB.
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X 1 Xy Takux, 4TO
Ve € Xy Vas € Xy (1 < 19),
HalieTcs 3jeMenT y € X Takoii, 910
r1 <y < xo.

JInneitrast ynopsiio9eHHOCTh MHOXKECTBA X 03HAYaeT, 9TO ero MOYKHO
"BRITSHYTH B OJIHY JIMHUIO", PACTIOJIOKWB JIEMEHTHI 110 Bo3pacTanuio',
TO €CTh

<< <y< <2<,

[TostHOTA YyHOPSIIOUEHHOTO MHOXKECTBA O3HAYAET CJICIYIOIIee: eCJI Mbl
Ha 3Toit "uHuKr" BRIOEpEM J[Ba HEYCTHIX MHOXKECTBA, MPUYEM OJHO W3
nux jgexutT "nesee qpyroro, To na 3toit "aunun'" obs3arenbHo HalimeTcs
9JIEMEHT, JIeXKaIuii ""Mex1y"9TuMu MHOYKeCTBAMU (BO3MOXKHO, MTPUHA/T-
JeXKAIAI OJIHOMY W OOOUM MHOXKECTBAM ).

Akcroma, Jexkarrasi B OCHOBE OIIPEJICJICHUsT TOJTHOIO JTUHEHHOr0 yII0-
PSATOYCHHOIO MHOXKECTBA, HAZLIBACTCS AKCUOMOT NOAHOMbL I UMEET UC-
KJIIOIUTEIHHO OOJIBITOE 3HAYEHWE B MAaTEMATHIECKOM aHajanse. B atom
HaM eIre MpeJcTOnT yoenuThes. A ceifdac gainmM, HaKOHeIl,

OIIPEJEJIEHUE 1.5. ITonanoe nunHeiino ymopsijodeHHoe ajredpan-
YECKOE TI0JIE HABBIBACTCS MHOMCECMEOM JeliCMEUMENDHLT YUCEA T 0DO0-
3HavaeTcs cuMBOJIOM R,

[Ipn akcmomaTmdeckoMm crocobe 3aJaHusl TOr0 WK WHOTO O0BLEKTa
BCer/Jja BO3HUKAIOT 10 KpaiiHeit Mepe jBa Bompoca. IlepBulit — He gaB-
JISIETCsT JIX MHOXKECTBO TaKWX OOBEKTOB MYyCTHIM? DTO OUYeHb BarKHbII
BOTIPOC, OT OTBETA HA KOTOPHII 3aBUCUT CaMO CYIIIECTBOBAHWE Pa3BNBAE-
Moii Teopun. [eiicTBUTENLHO, I9TO MOXKHO CKa3aTh O TEOPUH, KOTOpas B
KadecTBe YHUBEPCYMAa CBOMX MHOXKECTB PaCcCMaTPUBaja Obl MHOXKECTBO
crpaycos 3a [Tonsipabim kpyrom?! Bropoit Bonmpoc — ¢KOJIBKO Pa3JIMIHbIX
00'BEKTOB OINpEJIENIseT JaHHast CHCTEMa aKCHOM !

B ornomennn R ma mepBblii BOIPOC CJIEIYET OTBETUTL OTPUIIATE -
HO, MOCKOJIBKY MHOXKECTBO BCEX JIECATHIHBIX Ipo0eii, KakK Mbl 3HAEM
M3 Kypca CpeJHeil MKOJIbI, MOJHOCTHIO yIOBIETBOPSIET BCEM aKCHOMaM
TOJIHOTO JIMHEHHOr0 YHOPSIOUEeHHOTO aaredpamdeckoro mojs. Iro xke
KAacaeTcsl OTBETa Ha BTOPO BOIPOC, TO OH OJiee MpOoCTpaHeH, nho cHada-
J1a HY»KHO TIOHSITh, 9TO Takoe 'pasjmarbie o0bekTh". [Ipemmonoxknm,
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yTo Hekue juna A u B, MOab3ysach U3JI0XKEHHOH BBIIE aKCHOMATHKOM,
noctposiT mojiesn Ry u Rp MHOX)KeCTBa JIeCTBUTENIHLHBIX YNCETT, TPUYEM
OKaxkeTcst, 9To cyiiecTByer orobpaxkenne [ : Ry — Rp, coxpansioriee
olepaluy CIOXKEHNs U YMHOXKEHUs, a TaKyKe OTHOIICHHE IMOPSIKa; TO
eCTh TIpHU BceX T,y € Ry nmeem

flx+ay) = f(z)+5 fy),
f(x-ay) = f(x) B fy),

r<ay= f(x) <p f(y).

(Bmech +4,4,<4 ¥ +p,, <p — apudMeTHUECKHIE ONEPAIUT U OTHO-
IMeHust mopsijika Ha MHOXKecTBax Ry u Rp coorsercrBento). fcHo,aro
R4 n Rp wemnsst canrarh coBeceM yxke "pasnnanbiMu’, orn ckopee 'mo-
xoxku'" Jpyr Ha JIpyra.

B matemaruxke cioBo "moxoxnii"3amensiercs ciaosom "uzomopduniii”,
a caoBo "pazmmannrit! — cioBom "memzomopduniii". Tak BOT, OKazLIBa-
eTCS, ITO HEUSOMOPPHLIT MHONHCECNE JeTCMEUMEALHHIT wuces Hem,!

1.2 IloagmHO>KecTBa MHOXKECTBa JAeCTBUTEJILHBIX YHCEJI

U3 ompejienienust MHOXKecTBa R BbITEKAET CyIECTBOBAHUE €IMHUIIEI 1.
Ucrnonp3yst ee n akcmoMbl MHOXKeCTBa R, MBI MOYKEM TOCTPOUTH JHCIa
1L,L141=2,241=3,..., KaXKJ0e U3 KOTOPHIX MOJydaeTcs npubanie-
HUEM €JIMHUIBI K Tpeabiayiiemy. [lomydeHnblii psan quces Ha3bIBACTCs
MHOACECMBOM HAMYPAALHBLT Yuces 1 obo3HaYaeTcs cuMBoiom N. Dite-
MEHTHI MHOYKECTBA HATYPAJbHBIX UYUCEJ HA3BIBAIOTCS HAMYPAALHBIMU
YUCAAMU.

YIIPAZ2KHEHUME 2.1. Ilycts Muoxkecrso M C N. [lokasaTs, 4To
ecmleMu(meM)=(m+1eM), o M=N.

Yreepxkaenne ynpaxkHerus 2.1 Ha3bIBACTCS NPUHUUNOM MAMEMA-
muuveckoti undykyuu. Ha aToM npunimne da3upyercs oJuH U3 MOIITHEH-
X METOJIOB MaTeMaTHIeCKOro JoKazaTeabcTBa. OJIHAKO MpeXe, YeM
nepeiiTi K ero M3J0KEHN0, BREJIEM

OIIPEAEJIEHUE 2.1. Oroopazkenune f : N — X, rne X — npous-
BOJILHOE MHOXKECTBO, HA3bIBACTCS NOCACI0BAMENDHOCTDIO.

[TockobKy J1000e 0TOOpaXkeHue OJHO3HAUHO OIPEEeIsieTCs CBOUM
rpapukoM, TO MbI, HEe Tepsist ODIIHOCTH, OyJieM Ha3bIBaTh MOCJE/I0Ba~
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TeTLHOCTHIO MHOXKECTBO
{(n,z,) :neN, z,=f(n) e},

KOTOPOE MbI OyieM 0003HaIaTh CHMBOJIOM {Z;, }.

[Tycrs Teneps {A,} — nocienoBaresbHOCTh BhICKA3HIBAHUIA.

TEOPEMA 2.1 (meron maremarudeckoit wujaykinu). Ecau evicka-
aweanue Ay ucmunno, v u3 ucmuHHocmu evickadvisanus A,, caiedyem
UCTNUHHOCTG BbICKA3BIBAHUA A1, MO 6CE BVICKA3VIGAHUA NOCAEI0BA-
meavrocmu { A, } uemunmnoL.

< Ilyers I — mOAMHOMXKECTBO MCTHHHBIX BBICKA3BIBAHUN IMOCIEIOBA-
resbroct {Ay,}. I # (), mockoabky Ay € I no ycmosuio. Pacemorpum
MHOYKECTBO MHJIEKCOB WCTHHHBIX BhicKasbiBauuii ¢ = {1,m,...}. Tlo-
CKOJIbKY 1 € 7, m eciu m € i, To m + 1 € 4 no yciaosuto, ¢ C N 110
TIOCTPOEHHUIO, TO B CHJIy MPUHITAIIA MaTeMaTHIecKoi HHAyKIuu ¢ = N.>

YITPAKHEHUE 2.2. Tlokazarh, 9T0 cymMMa U IPOU3BEJICHNAE HATY-
PaJIbHBIX TUCEN SIBJISIOTCSA HATYPATLHBIMUA UNCIAMHA.

OIIPEJEJIEHUE 2.2. O6beaunenne MHOXKECTBA, HATYPAJIbHBIX TH-
ceJl, MHOYKECTBA UNCeJT, TPOTUBOMOJIOXKHBIX HATYPAJbHBIM U HYJIsSI HAZBI-
BaCTCS MHONCECMBOM UEABLT YUCes U ODO3HATAETCS CUMBOJIOM Z. Huciia
Buga ° raem € Z, an € N, HazbiBaloTcst payuonasvnbmu. MaoxkecTro
paIMOHANBHBIX Tnces obo3Havdaercs cuMmpooMm Q. Bee nmeiictBurenbubie
YUCTIA, He SBJSIONIIECS PAIHOHATLHLIMA, HA3BIBAIOTCS UPPAUUOHAALHDI-
M.

[IpaBusia cJIoKeHUsT ¥ YMHOXKEHHUS IpoOeil (4 MMEHHO OHU SIBJISTIOTCSI
ssementamu Q) ybexgaror nac, uro Q — anrebpamueckoe mogie. [lo-
ckobky Q C R Q # R, To Q n R — Henzomopdubie anredpandeckme
TTOJIST.

XOpoITo U3BECTHO, UTO JIOO0E MeHCTBATENLHOE TNCI0 MOXKHO MPEI-
CTABUTH GECKOHEUHOM JIECATUIHON IPoObIo (pannoHaJIbHOe TUCI0 — KO-
HEYHOM JInO0 OECKOHEUHOM eproanIecKoil Jpodhio, a ppalnoHaIbHOe
— BECKOHEUHOI anepruonieckoii 1pobnio). BosMoxkHOCTH TaKOro npeji-
CTABJICHUS IIOMOXKET HaM OTBETHUTE Ha CJIEAYIONNNA HHTEPECHBIN BOIIPOC:
a Kakux uncesn "bosbiie" — HATYPATBHBIX, HEIbIX, PAIMOHAIBHBIX WJIN
uppannoraababix? Ciaoo "Gosbre" MbI B3sIM B KABBIUKN MTOTOMY, 9TO
Bce muOXKecTBa N, Z, Q u R\ Q 6eckoneunnt u cpapauTh "Kosmaecrsa' ux
9JIEMEHTOB TIPOCTLIM MOICICTOM HE yIacTcsa. 1eM He MeHee CyIIeCTBYeT
MOHSITHE, TO3BOJISTIONEe CPABHUBATH DECKOHEUHBIE MHOXKECTBRA.
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OIIPEAEJIEHUE 2.3. /Isa muoxectBa X u )) Ha3bIBAIOTCS PABHO-
MOWHBLMU (VT UMEIOUSUMYU 00UHAKOBYI0 MOUSHOCTD), €CIIH CYIIECTRY-
et buektTuBHOE OoToOpakenue f : X — ). Beckoneunoe muoxkectBo X
HA3BIBACTCS CYeMmHbLM, €CJIU OHO PABHOMOIITHO MHOXKecTBY N, u necuem-
HoLM B TIPOTUBHOM CJIyUae.

['py6o roBopst, CueTHBIMK HA3BIBAIOTCST T€ MHOYKECTBA, BCE JIEMEHTHI
KOTOPOI0 MOXKHO '"mepernymepoBarh'.

TEOPEMA 2.2. Muooswcecmeo Q cuemmo.

< TIpomemypa mojacaera MOJOKUTETHLHBIX PAIMOHAIBHBIX THCEN yKa-
3aHa HUXKe (MOBTOPSIONIMECs: YUCIa 0TOpAChBAEM ):

DTH YKCIIa MOXKHO CUMTATH, CKAYKEM, C TIOMOIIIO TOJIHKO YeTHHIX Ha-
TypaJbHBIX YUCEJI, OCTABUB HEUETHBIE JIJIST OTPUNATE]bHBIX PAIlMOHAIb-
HBIX THCEJ U HYJIs. D

TEOPEMA 2.3. Muooscecmeo R necuemmo.

< JocraTrouHo j10Ka3aTh HECYETHOCTH KAKOr0-In00 mogMHuox)ecTsa R.
st 970ii miesin BeiOepem MuOXKecTBO {x € R : 0 < x < 1} u npeanoso-
JKHM, 9TO OHO cueTHO. [IocKoJIbKY BCe 3JIeMeHThI MHOXKECTBA, IIPeCcTa-
BUMBI B BHJIe OECKOHEUYHBIX JECITUIHBIX Jpobeii, TO BBUJY CUETHOCTH
3aIIMIIEM 3TO MHOXKECTBO B HOPsIJIKE HYMEPAIINH:

a=0,aasa3..., B=0,061003..., v=0,v1%3...,

re @ — IepBoe 9ucao, § — BTOPOe UHCIIO0, Y — TPEThe THUCJI0 U T. JI.

Cocraum Tereph ancio € = 0, 16963 . .. CIEIYIOMIM 00pa3oM: €; €
{1,2,...,8}, i € N, HO €1 # a1, €9 # (2, €3 # v3 u 7. . OueBujHo,
0 < & < 1, HO € HAMU HE COCIUTAHO MOTOMY, UTO € # (v, TaK KaK £1 7 Qv
£ # [3, TaKk KaK €9 # Qu; € # 7y, TaK Kak €3 # a3z u T. A. Jpyrumu
cJIoBaMH, £ He cojiep:kuTes Bo MuokecTBe {0 < x < 1}. [Ipornsopeune.
>
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1.3 IlpuHIUD TOYHON BepXHeil rpaHH, akcuoMa ApxuMena u
reoMeTpmyieckasd MHTEPIIPeTannsd MHOXKeCTBA JeliCTBUTEIb-
HBIX YUCEeJI

[Tpexxjie Bcero Mbl OTMETHUM, UTO NPUHUUNAMU Mbl OyJIeM Ha3bIBATH
Te YTBEPXKJCHNSA, KOTOPbIE 3KBUBAJECHTHBI OJHOW WJIM HECKOJILKUM aK-
CAOMaM.

OIIPEJEJIEHUE 3.1. Muoxectso X C R Ha3bIBaeTCsS 02panueH-
noLm ceepry (cHu3y), ecan

dJeeR VeeX (x<¢) (JceeR VxelX (x>c)).

Yucao ¢ nasbiBaercst geprret (Husicnel) epanvio muoxectsa X. Muo-
xkecTBO X C R, orpannueHHoe CBEpPXY W CHU3Y, HA3BIBACTCS 02PAHUYEH-
HOLM.

Kaxk nerpyano ysujgerh, muokectsa Nu R, = {zx € R: =z > 0}
OrpaHUYeHbl CHU3Y, & MHOXKECTBO OTPUINATEIHHBIX IMEJIBIX YUCET OTpa-
nudeno csepxy. Muoxectrso A = {xr € R: 0 < 2 < 1} orpanuteno
CBEPXY U CHU3Y, TO €CTh OIPAHUYEHO.

OITPEJIEJIEHUE 3.2. Qnement a € X muoxkectBa X C R nazniBa-
eTCsT HAUOOABULUM W MAKCUMAADHOM ( HAUMEHBULUM WITH MUHUMAAL-
HOILM), €CITH

(aeX)AN(NVzreX (z<a)) ((aeX)ANNVzeX (zr>a)).

MakcuMasbHbIH (MAHUMAJIBHBIN ) 9JIEMEHT MHOXKECTBa 0003HATAETCST CHM-
BOJIOM
a=maxX (a=mink).

Bamernm, aro muoxkectBo A = {r € R: 0 < 2 < 1} nmeer
MuHUMaJBHBIH (min. 4 = 0), HO He nMeeT MaKCHMAaJIbHOTO SJIEMEHTA.

OIIPEJEJIEHUE 3.3. Haumenbinast BepxXHsist rpaib MHOXKeCTBa X C
R naseiBaercsa mounoti seprueds 2panvto 1 0003HATALTCA CHMBOIOM

supX =min{ceR: VreX (z<c)}

(amraercs "cynpemym ukc"). Hanbosibinas HUXKHSIsSE TPaHb MHOXKECTBa
X C R nazwsiBaercs mounot nusicnetd 2pandvio n 000O3HATACTCS

inf ¥ =max{ceR: VreX (z>c¢)}
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("urdumym ukc").

TEOPEMA 3.1 (npunimn Tounoii Bepxteit rpaun). Jaa a106020 neny-
cMo20 ozpanurenno20 ceepxry muooicecmsea X C R cywecmeyem edun-
CMBEHHAA MOUYHAA BEPTHAA 2PAHD.

Allyers Y ={yeR: VreX (r<y)} MHOKECTBO BeDXHUX
rpaneii maoxkectsa X. Ilo onpenenennio sup X = min). Oboznaanm
supX = s u jgomycruMm, uro cymecrsyer eme s' = min). Torma c
onnoit croponnl s < s, a ¢ apyroit — s < s. Crano 6bITh, s = §'. Utak,
eMHCTBEHHOCTH sup X Jokasana. /JJokaykem Terneph CyIecTBOBAHME.

[TockobKy MHOXKeCTBO X # () M OrpaHMYeHO CBepXy, TO MHOMKECTBO
Y # (). Tak kax

VeeX Vyel (z<y),

TO OTCIOJIA 110 AKCHOME MOJIHOTHI CJeJyeT cyllecTBoBaHne ducia s € R

TaKOTro, UTO
VeeX Vye) (x<s<y).

Hpyrumu ciaoBamu, s — BepxHsist Tpadb MHOXKecTBa X, moatomy s € ). C
JIPYTOI CTOPOHBI, § — HUXKHsASA I'PaHb MHOXKECTBa )/, TO3TOMY § = min ).
>

YIIPA?KHEHHUE 3.1. ChopmynupoBaTh u J0Ka3aTh TPUHITUI TOY-
HOIl HUXKHEHN Tpaniu.

CJIEACTBHUE 3.1. B at0bom Henycmom 02paHuveHHoM C8EPTY MHO-
otcecmee X C N umeemea mMaxcumaronvil saeMmenm.

< Ilo npuHIMIy TOYHON BepxHEil TrpaHu

Hlsup X =s € R.
[To onpejiesiennio TOUHOI BepxHEil Tpann
neX (s—1<n<s).

Torpa n = max X', TOCKOJILKY BCe HATypaJbHBbIE UKCJA, KOTOPbIE 00JIhb-
me n, #e Menbiie n + 1, an + 1 > s. To ecth HATYypaJbHBIE YHCIHIA,
boJibINIE N, HE BXOJSAT BO MHOXKECTBO X . >

CHIELCTBUE 3.2. Muostcecmeo HamyparvHulT YUcens HEO2PAHUYEHO
ceepTy.

< B mpotuBHOM ciyuae cyIecTBoBaJjo Obl MaKCUMAaJIbHOE HATYPaJIb-
noe uuciao. Hon <n+1.>
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YIIPA?KHEHUE 3.2. [lokazarh, 910 B J1T000M HEIIYCTOM OrPAHAYIEH-
HOM CBepxy MHOXKecTBe X C 7 mMeeTcsi MaKCUMAaJIbHBI 9JIEMEHT.

YITPAZKHEHUE 3.3. [lokazarh, 910 B JIF0O0M HEMYyCTOM Or'paHUYIeH-
HOM CHU3Y MHOXKecTBe X C 7 uMeeTCss MUHUMAJIbHBIH 3JIEMEHT.

YIIPA?KHEHUE 3.4. JlokasaTh, 9T0 MHOYKECTBO Z HE OrpaHUYIeHO
HU CBEPXYy HU CHU3Y.

TEOPEMA 3.2 (npunnun Apxumena ' ). IIyems h € Ry — npous-
soavnoe yucao. Tozda daa aobozo wucaa x € R cywecmsyem edun-
cmeennoe wucao k € 7 makoe, umo (k — 1)h < x < kh.

< IockobKy MHOXKECTBO Z HEOI'PAHUYIEHO CBEPXY, TO MHOYKECTBO

{neZ: xz/h<n} -

HEIyCTOE OI'paHNYE€HHOE CHU3Y IMOJMHO>XKECTBO MHO>XKECTBaA IEJILIX YUCEJI.
TOF,ZL& B HEM MMeEEeTCsd MUHUMAJIbHBINA 3JIEMEHT ]{3, TO €CTb

k—1<az/h<k.

EnHcTBEHHOCTH MUHUMAIHLHOTO JIEMEHTA TaKYKe BLITEKAeT U3 TPUHITH-
ma TOYHON HUXKHEN rpanu. >
Ecaun B3sith h = 1, To u3 npuHnnna Apxumesa BHITEKAET, UTO JJIsi
qgoboro uncia x € R cymecTByeT eJuHCTBEHHOE YKMCIO0 k € 7, Taxoe,
ITO
E<zxz<k+1.

970 uncao k 0003HATACTCS [X] M HABBIBACTCS UeA0T 4aACMBIO TUCTA X,
Bemmuuna {x} = x — [x] HazsBaercs dpobnotl wacmvio Gucaa x.

[To ornomennio K IeRCTBUTETLHBIM YHCIaM 9YaCTO UCTIOJIB3YETCS Meo-
METPUIECKUIl I3BbIK, CBSI3aHHBIN € TeM 0DCTOATEJHCTBOM, YTO MOXKHO
OCTPOUTH OMeKkTuBHOE oToOpaxKenme f : R — L, rme L — HekoTopas
npsaMasi JUHUS. DTO OTOOparKeHue, HAa3bIBAEMOE 2eOMEMPUYECKOT UH-
mepnpemayuet Muoxkectsa R, crponTes ciaejyromum oopaszom. Ilycrs
L — npowsBosibHasg mpsiMasi JuHud. BpiOepem Ha Heil JBe NMPOM3BOJIb-
Hble TOYKH: JIEBYIO W MpaByio. JIeBoii TTOCTABUM B COOTBETCTBUE HYJIb,
a mpaBoit — egwaUIy. OTPE30K TPSIMOi, 3aKJIIOUEHHBIH MEXy HyJeM
v enuuuIei, nazosem edunuynvim ompesrom. CoBMerast MpaBbiii KO-
Hell €JIMHUYHOTO OTPEe3Ka, ¢ JIEBBIM KOHIIOM OTpe3Ka [, KOHT'PYIHTHOI'O

L Apxumen (ox. 287-212 1. 10 H.3.) — JpeBHErpedecKuii MATeMATHK W MeXaHuK. B MaTemaTuke
CO3/1aJ1 METOAbI BBIYUCJIEHUS ILIOMAaAei u 00beMOB u ObLT OJIM30K K OTKPBITHIO WHTErPATHHOTO
WCYUCTICHUS.
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eJIMHUYIHOMY, MBI COIIOCTABUM IpaBoMy KoHIy orpe3ka [ uwmcio 2. Ilo-
BTOPSIST 9TY OMEPAINNio, Mbl YKaXKeM BCe TOUKHU MpsiMoit L, cooTBeTcTRy-
IOIe HATypaJbHBIM duciIaM. B3sB TOYKH, CHMMETPUYIHBIE TOYKAM C
HATYPAJbHBIMUA UUCIAMU OTHOCUTEJIHHO TOUKK (), MBI HOJYUUM TOUKH,
COOTBETCTBYIOIIUE dIeMeHTaM Z.

YMest yaBanuBaTh, yTPauBaTh,... €ANHATHBIN OTPE30K, 10 Teopeme Da-
necal ero ke MOKHO PasbMTL Ha COOTBETCTBYIOIEE YUCIO (1) KOHIDY-
SHTHBIX OTPE3KOB. Beps ToT m3 HUX, JeBbIil KOHEII KOTOPOIO COBMEITEeH
¢ TOYKO# 0, MBI MTOJIyYUM TOUYKY (HpaBblﬁ KOHeT[ OTpGSKa), KOTOPO# CO-
nocraBuM ducyio 1/n.

JeitcTBys1 MOJOOHBIM 0Opa30M, HaiijleM BCe TOUKH, IIOCTAaBJICHHBLIE B
cooTBeTcTBUE deMeHTaM Q.

Opxnako wa IL ocranyTcst He3aHSThIE PAIMOHAIHLHBIMUA UUCIAMHU TOY-
k. (CkakeM, TPABBIl KOHEI| OTPE3KA, KOHTPYSHTHBIH JTHATOHAJN €11~
HUYIHOTO KBaJIpaTa, He MOXKET ObITh COBMEINEH HU ¢ KAKUM PalliOHAJb-
HBIM YHCJIOM, €CJIM, Pa3yMeeTCsl, ero JIeBbIH KOHEI[ COBMEIIEH C HYJIeM).
Takast Touka npousBoguT pasdbuenue (cevyenne) MHokectBa Q Ha sBa
HEMyCThIX ToaMHOKecTBa X u ), npudem Vo € X Vy € Y (z < y). Ilo
akcuoMme 1moJHOTH dec € R, pazjensioniee muoxkectsa X u ). ITockosib-
Ky YUY =Q, 1o s =supX = inf) = i, nbo B npoTuBHOM ciiyvae
s < 1 ¥ HAIJIOCh OBl PAIMOHAJBLHOE UKCJIO, JIeXKAIlee MeXJy § W 2, HO
He JiexKaree o B X, Hu B ). [losToMy JanHO# TOUKE MOXKHO TIOCTABUTH
B cOoOTBETCTBUE 1YnCio ¢ € R.

Mu1 He Oy1em BJaBaThCs B IOAPOOHOCTH MTOCTPOEHUS TEOMETPUIECKO
MHTEpIIPeTalny MHOMXKECTBa JIeHCTBUTEIbHBIX YHUCEJ, MOCKOJbKY CAMYy
reOMeTPUUIECKYI0 MHTEPHPEeTaIuio Mbl OYJIeM KCIOJb30BATH MCKJIOUHU-
TeJbHO JUIA HarasaHocTr. Bregem ciemyromnine 0003HATEHUsT JIJIST TUC-

JIOBBIX MHOYKECTB:
(a,b) :={x €eR: a<x<b} -wunrepan ab;
[a,b] : ={x €eR: a<xz<b} -orpe3ok ab;

(a,b] :={r €R: a<x<b} - noxyuHTEPBAJ C MPABBIM KOHIOM;

la,b) :={x € R: a<z<b} - noayuHTEPBAJ C JIEBHIM KOHIIOM.

L®anec Munerckuit (oK. 625-547 1. 710 H.3.) — JIpeBHerpevecKuil MaTeMATHK, aCTPOHOM U (bu-
nocod
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UnTepBaJibl, MOJYUHTEPBAJIBI 1 OTPE3KN HA3BIBAIOTCS NPOMEHCYMKI-
mu. Bennauna b — a naswiBaercst daunot mpomMexxyTka ab.
MuoxecTBa
(a,40) :={r eR:x > a};
[ )

={reR:x>a};
(—o0,b) :={x e R:x < b};
| :={z eR:z <b};

HA3BIBAIOTCST HEO2PAHUMEHHbLMU NpoMexdcymKkamu. B coorBeTcTBum ¢ Ta-
KM yrioTpebaeHneM cuMBOJIOB 400 (unraercs "mutoc 6eckonednocTn")
n —oo (unraercss "mmHyc GeckonednocTh") IS 0003HAUECHWST HEOTDa-
HUYIEHHOCTH YHCJIOBOTO MHOXKeCTBa X cBepxy (cHuH3y) OyleMm mucarhb
sup X = +oo (inf X = —o0).

Uurepnag, copepxkamuit Touky x € R, Oyjem Ha3biBaTh 0Kpecmmo-
CMb10 ITOA TOUKMU.

[Ipu & > 0 wnrepsan (x — 0, + 0) HA3BIBAETCS 0-O0KPECTHOCTNDIO
roukn ¢ € R. Ero gauna 20.

Paccrosiamem mex ity Toukamu ,y € R naspiBaercs BemauHa | —y|,
rie |z| — modyav unu abcorromuan éesununa, OMPEIEISIeTCs COOTHOIIE-

HUEM:
z upn z > 0;

zZl=4¢ 0 mpu z=0;
]
—z npu 2z <0.

TEOPEMA 3.1. Vz,y € R |z +y| < |z| + |y|, npuvem paserncmeso
uMeem Mecmo mouno mozda, K020a 064 YUCAGL HEOMPUUATEALHDL UAU
000 HENOAOIHCUMENDHDL.

dMycrb 2 < 0my < 0. Torpa |z+y| = —(z+y) = —x—y = |z|+|y|.
meeTr MecTo paBeHCTBO.

Amnasormano paccmarpuBaercs caydait x > 0wy > 0.

[Tycts x < 0 < y. Torga oo x < x4+ 1y <0, mbo 0 < z+y < .
B nepsowm cayuae |x 4 y| < |z|, a Bo Bropom |z + y| < |y|. >

BameTum erre, 9To OoTHOmeHwe < (>) Ha mpaMoil umTaercs "e-
see"("mpasee"), 1o ecth z < y o3HAUaAET "TOUKA MKC JIEKUT JIEBEE TOUKH
nrpek". Takum oOpazoMm BBeJEHHOE OTHOTICHNE OPSIIKA Ha L mposcHsi-
eT TepMuH "uHeRHAs yIOPSI0UIeHHOCTE" .
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AkcroMa TOJHOTEHI HA TEOMETPUIECKOM SI3LIKE O3HAYAET, ITO Ha, [IPsI-
moit I mer "npip", pasbuBaionux ee Ha JBa He UMEIOIIMX OOIUX TOUYEK
KycKa (Takoe pasbueHne MOKeT OCYIIECTBISIThCS, K MPUMEpPY, HEKOTO-
poit Toukoil mpsimoit ).

1.4 OcHOBHBIE IIPUHITAIIBI TEOPUN AEMCTBUTEIbHBIX YNCEJI

Bee npuBejicHHbBIC HYKE yTBEPYKJIECHUST HE TPOCTO BBITEKAIOT W3 aK-
CHOMBI TIOJTHOTBI: 00JIee TOTO, KayKJI0€ 3 HUX MOXKET OBITh MOJOXKEHO B
OCHOBY TEODHH JCHCTBUTENBHBIX TUCET BMECTO 9TOH aKCHOMBI.

ONIPEAEJIEHUE 4.1. Tocnenoparensrocts { X, } MHOXKeCTB Ha3bI-
BAETCST NOCALOBAMEALHOCTNDIO BAOHCENHVT MHodcecms, ecin Vn € N
(X, D X,41), TO ecThb

XD D---DA&,D...

TEOPEMA 4.1 (npuHuum BIOKeHHBIX 0Tpe3koB min npuniun Ko-
i - Kanropa). Jasa w60t nocaedosamervnocmu {1} eroocennox
ompe3xros cywecmsyem mouka ¢ € R maxas, wmo Vn € N (c c [n).
Ecau, xpome mozo, uzeecmuo, umo ¥Ye > 0 In € N (|| < €), mo ¢ -
eduHcmeenHas 00uLaA MouKka 8Cex OMPE3Kos.

< Bamerum, 4To Jiist JIIOOBIX OTPe3KOB I, = [an, by] u Ly = [am, by
nMeeT MEecTO HepaBeHCTBO a, < b,,. Ilycts mer, To ects b, < a, =
am < by < a, < b,, TO0 ectb orpesku I, u I, He umesn Obl OOIIMX
TOYEK, B TO BpeMsI KaK OIWH U3 HUX JIOJKEH COJEPKaTh JIPYTOi.

Takum obpazom, st ancioBbix Muoxkects A = {a, : n € N} u
B = {b, : n € N} BbIoJHEHBI YCIOBUST AKCHOMbBI TIOJHOTHI, B CHJTY
koropoit d¢ € R Va, € A Vb, € B (a, < ¢ < b,) u, B 9acTHOCTH,
a, < c < b, Yn € N. Ho 310 o3Havaer, 4T0 TOUYKa C HMPUHAJIJICIKUT
KaXXI0MY OTPE3KY I,,.

IIycth Tenepnb ¢ n ¢y — JBe TOUKH, 00JIaaI0NINe STUM CBOWCTBOM.
Ecin ¢ n ¢y paznndanbl, ckaxem ¢; < Co, TO jJjsi jgoboro n € N nmeem
a, < ¢ < g < by, orkyna 0 < ¢ —c; < b, — a, = |I,|. Takum o6pa-
30M, JIJTUHA OTPE3Ka HE MOXKET ObITh MEHbIEe (DUKCUPOBAHHON MOJIOYXK -
TeJbHON BEJMINHBI. SHAYTUT, €CJN B MMOCJIEJI0BATEILHOCTH €CTh OTPE3KN
CKOJIb YTOJHO MAaJIO# JJIMHBI, TO 00INas TOUKA y HUX eJUHCTBEHHAS. >

BuumaTenbHbIi aHAIN3 JOKA3aTEJbCTBA MMOKA3bIBAET, UTO B HEM B
SIBHOM BW/JIE MCITOJIh30BAHbBI BCE YCJIOBUsT YTBEPKIEHNsT 38 NCKJIIOUEHNEM
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TpebOBaHUS UMEHHO 0mpesko6. [loaToMy mokaxkeM, ITO JIJIsT MOCJIeI0BA-
TEJILHOCTHU BJIOYKEHHBIX, CKAXKEeM, MOJYNHTEPBAJIOB YTBEPXK/ICHNE HEBEP-
HO.

KOHTPIIPUMEP 4.1. Ilycts {I,} — mociaenoBaTesbHOCTD MOy WH-
tepsaJioB Bua I, = (0,1/n]. llockonbky 1/n > 1/(n+1), 10 I,, D L1141
Vn € N, 1o ecTh MBI pacrojiaraeM MOCJIeI0BATEIHLHOCTHIO BIOXKEHHBIX
nmosiynHTepBaJIOB. [lokaXkem, UTo y MoCae10BaTeILHOCTH HET 00Imei To-
ku. JleiicrBuTennbHo, ecau OBl cymiecTBoBaja Touka ¢ € I, Vn € N, 1o
970 03Ha4aso Obl, uTo 0 < ¢ < 1/n Vn € N. Ograko, ecsin Mbl BO3bMEM
N >c ' N eN, 1o gnsa scex n > N nmeem ¢ > 1/n, to ects ¢ & I,
ITO MPOTUBOPEUUT MPE/IITOTIOKEHNIO.

OIIPEAEJIEHUE 4.2. Cucrema muoxkects S = { X, : X, C U, «a €
I} (I — HeKOTOPOE MHOYKECTBO MHJIEKCOB) HA3BIBACTCS MOKPLIMUEM MHO-

xkecrBa Y, ecain Y C | J Xy, (10 ecthb J060i#t smement y € Y comep-
acl
KUTCsT IO KpaiiHeii Mepe B ofHOM u3 MHOXecTB X, cucrembl S). Ilo-

KPBITHE OY/IeM HA3LIBATL OMEPbIMbLM, €CJIH OHO COCTOUT U3 OTKPBITHIX
MHOXKECTB, W KOHEUHbLM, €CJIH MHOXKeCTBO WHuekcoB I koneuno. Ilomu-
MHOKECTBO MOKPLITHS S, CaMO SBJISIONICECS IIOKPBITHEM TOTO YK€ MHO-
’KecTBa, OyJeM Ha3bIBaATh NoONOKPLIMUEM.

TEOPEMA 4.2 (npuHIum KOHEYHOTO MOKPHITHS WM TPUHIMI Bo-
penst -JleGeral). Jhoboe omxpvimoe noxprimue ompeska codepoicum Ko-
Hewnoe nodnokpbumue.

A Iyers S = {X,} — cucrema unrepBanos X, TOKpHIBAOIIAs OTpe-
30K [a,b] = I;. Eciau 661 0Tpe3oK He JIOMyCKaj TMOKPBITHST KOHETHBIM
HOJIIIOKPBITHEM, TO, MOJEINUB €ro MOMOJaM, Mbl MOJIYUUINA ObI, UTO IO
KpaiiHeil Mepe OJlHA W3 ero MOJOBUHOK (Ha30BeM ee [p) TOXe He JIOMyC-
KaeT KOHEeTHOTro MoKphITHst. C oTpe3koM [y MpoaesaeM Ty »Ke Orepainio
JIeJIeHMsT TIOTIOJIaM, TIOJIYIrM OTPe30K I3 u T. 1.

TaxkuMm 00paszoM, BO3HHUKAET IOCIEI0BATEILHOCTL [1 D Iy D
BJIO’KEHHDBIX OTPE3KOB, He JOMYCKAIONUX KOHEYHOTO MOKPLITUS WHTEp-
pasiamu cucreMbl S. [TockonbKy JnHa oTpeska, MOJYyIeHHOrN0 Ha 7-OM
mare, pasta |I,| = |I1] - 217", T0 B MocIEmOBATENLHOCTH €CTh OTpes-
KH CKOJIb YTOAHO MaJjoil Janubpl. [Io TpuHIUIY BIOKEHHBIX OTPE3KOB
de € RVYn € N (¢ € I,). llockobky ¢ € 1, T0 HaiijieTcss WHTEPBAJI

®enuke dayap Krocren Dvuan Bopenn (1871-1956), Anpu Jleon JleGer (1875-1942) — dbpan-
My3CKWe MaTeMATUKH, CIEIAATHCTBI B 00JaCTH TeOPUu (PyHKITHIA.
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(Gq, ba) € S TaKoi, T0 € € (aq, by). [lyctb € = min{c—aq, by —c} > 0.
Bosbmem orpesok 1, takoit, uro |[,| < €. Tak kak ¢ € I, n |[,| < ¢,
10 I, C (aq,bs). Ho 310 mpoTrBopednt ToMy, 910 0Tpe3oK I, Hesb3si
MOKPBITH KOHEUHO MOACUCTEMOR S. >

TpeboBanue, 4ToOBI cucTeMa S ObLIa OTKPBITO, TO €CTh COCTOSIIA U3
UNMEPEaN06, cymecrsenno. Pacemorpnm

KOHTPIIPUMEP 4.2. Tlycts I = (0,1) — unrepsan, a S — cucrema
orpeskoB Buga [1/n, 1]. [Tokaxkem, auro S mokpoiBaer I. [leiicTBuresin-
o, iycrs ¢ € I (to ect 0 < ¢ < 1). Tora In € N ¢! < n, orkya
1/n < ¢, to ects ¢ € [1/n,1] € S. Teneps nokaxkem, 910 13 S HEJb-
351 BLIOpPATHL KOHEYHOTO MOKPBITHs. JlomycTuM IpoTMBHOE, 9TO CyIle-

CTBYIOT YHCJIA N, N, ...,Nt € N takue, aro | J [1/n;, 1] D 1. Tlycrs
1<i<k
n; = max{ni,...,ng}. Ouesugno, [1/n; 1] C [1/n,1], i = 1,... k.

Bosbmem 0 < ¢ < n; ', deno, uto c € I noc ¢ |J [1/ni, 1],
1<i<k

YIIPA?KHEHHE 4.1. Pacemorpers ciayuan, Koraa

— U3 CHUCTEMbI OTPE3KOB, MOKPBIBAIOIIEH OTPe30K, Hejb3s BhIOPATH
KOHEYHOW MOJICUCTEMBI;

— W3 MOKPBITHST MHTEPBAJIA WHTEPBAJIAMN HEJb3sT BHIOPATh KOHETHOTO
IOJIITOKPBITHSI.

OIIPEJIEJIEHUE 4.3. Touka p € R HaswiBaeTca npedeavrotds mowy-
koti MmHOXKecTBa X € R, ecyin j1r0b6ast OKPECTHOCTH ITON TOUKU COIAEPIKUT
OecKoHEeYHOe MOJIMHOYKECTBO MHOXKeCTBa X .

DTO onpejieseHne, OUeBIIHO, PABHOCUILHO TOMY, UTO B JIFOOOI OKpecT-
HOCTH TOYKW P €CTh TO KpaliHeil Mepe oJiHa TOYKa MHOXKeCTBa X, OT-
JINTHAS OT P.

[IpuBejieM puMepsl MpeIeIbHBIX TOYEK.

[TIPUMEP 4.1. X = {1/n € R : n € N}. llpenensuoit qnsg X sapis-
eTcst TOJbKO Touka 0.

[TPUMEP 4.2. X = (a,b). llpegennnoit qst X spiasiercs Kaxjas
TOUKa OTpe3Ka [a,b], u Ipyrux mpejiesibHbIX TOUEK HeT.

[TPUMEP 4.3. X = Q. Ilpegennuoii jist X siBjasieTcst jarodast TOUKa,
MHOXKeCTBa IR, MOCKOJIbKY B JIFOOOM WHTEpPBAJIE BEIIECTBEHHBIX YHUCEI
UMEIOTCS pallioHaJbHbIE YKCIIA.

TEOPEMA 4.3 (nmpuHnun mpesesbHOl TOYKK WJIH TpUHIAT Bojb-
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nano! - Beitepmrpacca). Beaxoe 6eckoneumoe 02panumennoe Yucio60e
MHOICECMBO UMEEM MO KPATIHET Mepe 00HY NPedesvbHYI0 MOYKY.

< Ilyere X C R w X' — orpanudeno. 9o suaqut, uro X C [a,b] = I.
[Tokaxkem, uT0O MO KpaifHeii Mepe onHa U3 TOUeK OTpe3Ka I sBIsSETCS
npeaeabHoi s X.

[Tpenronoxkum MpoTUBHOE, TO €CcTh Y € [ cylecTByeT OKpPecTHOCTh
» Takad, 9o O, N X = ), muoo O, N X conepKUT KOHEUHOE THUCJIO
ToueK. COBOKYITHOCTh TaKuX OKpecTHOCTEN (,, MOCTPOCHHBIX JJIS JITO-
ooro xz € I, obpasyer nokpeitue {O,}.ex orpeska I. Tlo npunnummy
Bopeisi - Jlebera n3 3moro nokpbITHs U3BJACUYEM KOHEUHYIO TOJICUCTEMY
{O4,,04,,...,0, }, nokpsiBatoriytwo I u, ciegoparenbo, X. OnHako
B KaxkJ0oM mHTepBasie (O COJEPXKUTCA TOIHKO KOHEYHOE UUCJIO TOUEK
MHOYXKecTBa X, mosromy X — KoHedHoe MHOXKecTBO. [lomydennoe mporn-
BOpEUNe JOKA3BbIBAET YTBEPIKICHUE, >

'Bepnapa Bombmano (1781-1848) — wernckmit MaTemaTnk, dbuaocod, TEOIOT.
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2 YUCJIOBBIE HOCJEJOBATEJILHOCTHU U PSI-
TBI

Mune 6ca ama cemba Hpasuaacs, u
NOKOTUHUKY U HCUBBLE, U A B06CE HE
TOMEN HU C KeM U3 HUL CCOPUMDBCA.

Mapx Teen "Ilpuxatouenus
Texavbeppu Punna”

2.1 Omnpegenenue npeaesa IMOCJIeI0BATEILHOCTA U €ro CBOIi-
CTBa

OITPEJIEJIEHUE 1.1. Orobpaxkenne f : N — R nasvisaemcsa wucao-
601l nocaedosamenrvrnocmvro. Inciosas nocae10BaTeILHOCTL OJHO3HAY-
HO ompejensgercsa MuoxkectsoMm {z,} = {z, € R : x, = f(n),n € N}.
DjieMeHThl MHOXKECTBA {X,} HA3BIBAIOTCS UAEHAMU YUCA060T NOCACIO-
6aMENLHOCTIU.

OIIPEJEJIEHNE 1.2. Yucno x € R HaswiBaeTcs npedesom moce-
noBaTebHOCTH {T,}, ecin s oboro € > 0 maiigercs anciao N € N
Takoe, 910 mpu 1 > N BBITOJIHIETCS HEPABEHCTBO |T, — x| < €

(limz,=2z):=(dxr€R Ve>0 INeN Vn>N (lz—z, <e)).

n—oo

DT0 Ke camoe BbIpaXkKeHue JPYTUMU CUMBOJIAMU MOXKHO BbIPA3UTH TaK:
T, — T Opu n — oo (unTaercs "MoC/Ie0BATEILHOCTD UKC IHHOE CTPe-
MUTCsI K UKC IIPU 9H cTpemsiemcs K beckonednoctu'). [locimemoBaresin-
wocth {x,} umeem ceoum npedesom oo (auraercs: "Geckoneanoctn'),
ecan i Jjiroboro € > 0 cymecrsyer N € N rakoe, 910 st 1100010
n > N BBIONHACTCS HEPABEHCTBO |T,| > €.

(lim z, =00):=(¥e>0 AN N Vn>N (|z,| > ¢)).

n—oo

[IocnenoBaTeIbHOCTH, UMEIOIIAE CBOUM IIPEJIEJIOM YHCJIO, HA3bIBAIOTCS
CTOOAUUMUCA; TTOCTETOBATETLHOCTH, MEIOIIHE CBOUM TIPEIeIoM OecKo-
HEUHOCTD, HA3BIBAIOTCST CLOJAUUMUCA K DECKOHEUHOCMAU; BCE OCTAJIHHBIE
I0CJIEIOBATEILHOCTU HA3BIBAIOTCS PACTOOAUUMUCA.

YIIPAZKHEHHIE 1.1. B3ars orpunianust onpejeennii ¢XoIsmeics
MOCJIeJIOBATEILHOCTH U TOCJE0BATEILHOCTH, CXO/IsIeiicss K OecKoHed-
HOCTH.
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[IpuBeseM TpUMEpPBI CXOMSANMXC, CXOMAMNXCST K OCCKOHEYHOCTH U
PACXOAIIMXCS OCIIEI0BATEIHLHOCTEI.

[TPIMEP 1.1. [TocaenosarebHOCTD {%} CXOJIUTCST K HYJIIO, TOCKOJIb-
ky Ve > 0 AN € N (umenno, N = [¢71] + 1) Vn > N umeem
1

0 ! < ! <
_— — = — _— = — g
n n N ’

nockosibky 1+ [e71] > e, Urak,

. [ocaenoBarenbHOCTD {qin} TOXKE CXOMUTCs K Hymio mpu |g| > 1.
[Tosoxum |g| = 1+, rme § > 0. Ucnoan3yst 6unom Heiorona, momyanm
gV =1+ N§+--- > N§. Orciona ﬁ < ﬁ. Kpowme Toro, Vn > N
umeem |q" > |q|V, nostomy ﬁ < ﬁ. Okonuatespio: Ve > 0 3N € N
(nmvenno, N = [5] + 1) Vn > N nmeem:

1)
1 ‘ 1 - 1 - 1 -
— — 0| = E.
q" g™ lq|V  No
Urax,

_ 1

im — = 0.

n—>ooq”

lim n = oo,

n—oo

nockoybky € > 0 3N (umenno, N = [e] + 1) umeem |n| =n > N > .

O cyIecTBOBAaHUI PACXOJISIIIUXCST TOCJIEJ0BATEIBHOCTEH TOBOPHUT CJie-
Y TOTIINAA

[TPUMEP 1.4. Pacemorpum mocsienosaresabrocts {(—1)"} n noxa-
JKeM CHadvaJja, 9TO OHa He CXOJMTCS K OeckoneuHocTH. [eiicTBUTEIbHO,
ecain B3sTh € = 3/2, 70 YN € N In > N (nmenno: n = N + 1), ajist Ko-
toporo |(—1)"| =1 < 2. Tenepnb moKaxKeM, 9TO NOCIEOBATENLHOCTD He
CXOJIATCS HU K KaKOMy KoHedHomy wuucay . [lycts x € R, x # +1 BoI-
opano npousBoJibHO. Bosbmem € < min{|z — 1|, |z +1|}. Torga VN € N
dn > N (umenno, n = N+1), gias koroporo |z, —z| = |(=1)"—z| > e,
Ecim ¢ = 1 (x = —1), To mpu Beex HEYETHBIX (YETHBIX) N |z, — x| =
2> 1.
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OIIPEJIEJIEHUE 1.3. ITocienoBateqsbHOCTD {2, } HA3BIBACTCSA 02pa-
nuvennot, ecim 3¢ > 0 VN € N (|z,| < ¢). B nmporusnom ciyvae
MOCJIEJIOBATEHHOCTh HABBIBACTCS HEOZPAHUYEHHO.

YIIPA?KHEHUE 1.2. [IpuBectu npuMepnbl OrpaHUYeHHONE TOCTIET0-
BATEJILHOCTH.

CBOUCTBA mpejiesa mocie0BaTebHOCTH:

(i) Jhobaa oxpecmmnocmv npedeaa (Koneunozo uau beckoneunozo) no-
CAD06AMENBHOCTNU COOEPIAHCUM BCE UAELHDL NOCACIOBAMEALHOCTNU, 30 UC-
KAI0UCHUEM KOHEUHO20 UL YUCAA.

(ii) Iocaedosamenvrocmo He moscem umems J6YT Passu LT npe-
denos.

(iii) Crodawaaca nocaedo6amesvbnocms 02panu4ena.

< CroiicTBo (i) ciiejyer HEMOCPEJCTBEHHO U3 OTpeJIeeHust TIpeieda,
ecJii B KaueCTBE OKPECTHOCTH 0O OpaTh Jit0b0e MHOXKECTBO (—00,a) U
(b, +00), Tie a < b.

CroiicrBo (ii) gokaxkem ot nporusroro. Ilycrs Jz1, 20 € R (27 #
z2) A (lim z, = 1) A (lim @, = x3). BeiGepem € < 3|x1 — 5. Toraa

n—oo n—oo
no onpejesiennto npejgena umeeM (|x, — x1| < €) A (|z, — 22| < &).
[TosTomy
|y, — 21| + |2n — 22| < |21 — 29

C spyroit CTOPOHBI 110 CBOHCTBY MOJLYJIst
|21 — xo| < |2y — 21| + |20 — 22|
OkoHYaTETHHO
|21 — xa] < |z — 239

[Tosryvennoe nporuBopedne jokasbiBaer cpoiictBo (ii). Ecau opun w3
peesioB OECKOHEUEH, TO JIOKA3aTeJbCTBO AHAJOIMIHO.
Caoiictso (iii). [Iycts lim z, = z. Bosbmem € = 1 n Haiigem wncio

n—oo
N € N takoe, ato Vn > N umeem |z, — z| < 1. Otkyna |z,| < |z|+ 1
Vn > N. Bnaunt, ecan B3arb M > max{|xy|, |zaf, ..., |xn], |z| + 1}, TO

noayanm Vn € N (|z,| < M). >
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2.2 Ilpenen mocjiemoBaTeJIbHOCTH, apudMeTHYecKne olepa-
I 1 HEPABEHCTBA

OIIPEJEJIEHUE 2.1. Ecau {x,,} u {y,} — 1Be mocmenoBareaprocTy,
TO UX CYMMOT, NPOU3BEIEHUEM U UACTMHBLM HASBIBAIOTCS COOTBETCTBEH-
HO TOCJIE/IOBATEIBHOCTH

1T +unks A}, {xn/ynt,

YHacrHoe omnpejeseHo Jauib npu y, # 0 Vn € N.
JIEMMA 2.1. IIyemv {x,} u {y,} — nocaedosamenvrnocmu. Ecau

lim z, =2 v lim y, =y, mo
n—oo n—oo

(i) Ve € R (lim ¢z, = cx);
(i) lim (x, — z)(y, —y) = 0.

q (i) Hng mamworo € > 0 u ¢ # 0 cymecrByer N Takoe, 4T0 TpH
n> N |z, —z| < e/|c|. Torna |cx, — cx| < e. Has ¢ =0 (i) ouesuno.

(ii) Just mannoro € > 0 cymecrsytor Ni, No € N rakue, qro |z, —
x| < /e npu n > Ny, |y, —y| < v/ mpu n > N,. Torga upu n >
max{ Ny, No} nmeem |(z, —x)(yn —y) — 0| = |z, — 2| - lyn —y| <e. >

JIEMMA 2.2. ITycmo {x,} u {y,} — nocaedosameaviocmu. Ecau
glrgoyn:y, Yo #0Vn e N uy#0, mogirgol/yn:1/y.

< Ionoxnm € = |y|/2 n Beibepem Ny € N Tak, uro mpu n > N;
|y, — y| < e. Orcroma noayaaem, uto npu n > Ny

(lyn =yl < 1yl/2) & (y = [Y|/2 <y <y +|yl/2).

Eciau y > 0, To u3 jieBoro HepaBeHCcTBa nojydaem ¥y, > y/2. Ecmn y <
0, TO U3 TPABOro HEpaBeHCTRA ToJydaeM Yy, < y/2. B oboux ciydasix
|Yn| > |y|/2. Teneps npu npoussosbaoMm € > 0 BoiGEpeM Ny € N, Ny >
N; rakoe, uto npu n > Ny |y, — y| < (y*€)/2. Orciona pu n > Ny
MeeM:

i . 1| _ ‘yn T yl
yn -yl [yl
TEOPEMA 2.1. Tycmo {x,} u {y,} — nocaedosamervnocmu. Ecau

lim x, =2 v lim y, =y, mo
n—oo n—oo

(i) lim (z, +yn) =+,

(ii) lim z, -y, = 2y,

n—oo

2
<‘yn_y|'E<€' >
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(iii)) lim x,/y, = x/y, ecau y, #0Vn € N uy # 0.
q (i) Hycrs s3agano € > 0. (lim z, = z) = IN; € NVn > N

n—oo
|z, — x| < €&/2, (limy, =y) = INy, € NVn > Ny |y, — y| < /2.
n—oo
Orciona Vn > max{Ny, No} € > |y, —y| + |z, — 2| > |(yn — y) + () —
)| = |(@n +yn) — (z +y)|.
(ii) Mo mokazarenbcTBa yTBep:KaeHUs (il) BOCTONB3YEMCs TOXK/IE-
CTBOM:

Toln — 1Y = (X0 — ) (Yo — Y) + (Y — y) + (2, — )y

Ilepeitmem K mpeneny B JIEBOH M MpaBoil JacTIX paBeHCTBA, UCIOJIb3Ys
aemmy 2.1 u yrepxkaenue (i). Tlomayanm Tpebyemoe.

Yreepxenune (iii) caemyer uz jeMmbl 2.2 u yTBep:Kaenus (ii) amoii
TEOPEMBI. >

SAMEYAHUE 2.1. Jlanxoe yTBep:KJeHIE OCTACTCS B CHJI€ W B CJIY-
Jae, KOrJaa OIWH U3 MpeJesioB OeCKOHeUeH, eCIu ONpPeIenTh

00
r+oo=00;, xr-o0o=00, x#0;—=00; — =0.
x 00

TEOPEMA 2.2. (i) ITyemov {x,} u {y,} — dse nocaedosamervrnocmu,
npuuem Jz,y € R (lim z, = x) A (lim y, = y). Ecau x < y, mo
AN e NVn > N (z, < yp).

(ii) ITyemov {x,}, {yn} v {z.} maxoswv, wmo¥n € N (z, <y, < z,).

Tozda, ecau lim z, = lim z, = a, mo u lim y, = a.
n—oo n—oo n—oo

< (i) Bosbmem z € R Takoe, ato x < z < y. [lo ompenenennto
npegena AN7, Ny € N takue, aro Vn > Ny |z, —z| < z—x, aVn > Ny
|y — y| < y — z. Torma Vn > max{Ni, No} umeem z, < v+ 2z —x =
2=y —(y—2) <yn

(ii) o € > 0 naiimem N1, Ny € NVn > Ny (a —e < x,), Yn > N
(zn < a+e). Torma Vn > max{ Ny, No} umeem a — e < z, < y, < z, <
a+ e, 1o ecTh |y, —al < e. >

Yreepxkenue (i) reopembl 2.2 1acTo HasbBaoOT "TEOpeMoil O JBYX
MUJTAITHOHEpax " .,

CJIEJCTBUE 2.1. ITycmw le Tp =1, li_)m Yn =vy. Ecau AN € N

(i) @n < Yo, mo x < y;

(i) Zp < Yn, mo x < y;
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(iii) =, <y, mox < y;

(iv) z, <y, mox < y.

< Yreepxaenust (1) u (i) gokaspiBatoTcss ot nporuBHOro. JleficTru-
tesbHO, iycte IN € NVn > N (z, < yp, Vo, < yp) ux > y —
IPOTUBOpEYNe yTBepXKaeHuio (1) Teopembr 2.2,

(iii) m (iv) ecth gacrubie cayqan (i) u (ii). >

PaccMOTpuM HECKOIBKO YACTO BCTPEYAIONIIXCS TOCIC0BATEILHOCTEI,

[IPVIMEP 2.1. lim £ = 0 npu p > 0. Kak u B cayuae p = 1 Bo3bMeM

p
n—oo n

N = [8*1/]7] + 1. Torga ipu n > N umeem ‘# — O’ = # <e.
[MPUMEP 2.2. lim ¢/p = 1, p > 0. Ecim p > 1, nonoxum x, =

n—oo

/p—1. Torna x, > 0 n B cuny 6unoma Hetorona 1+nz, < (1+z,)" =
p. Otkyna 0 < x, < 1 Ilpumenss "Teopemy o JABYX MHJHIHOHE-

pax"nonyuaem lim x, = 1.
n—oo

Ecinu p = 1, yrBepxkaenue tpuBuajbho, eciim 0 < p < 1, To paccMoT-
pum ¢ = 1/p. Inst g nomyaum

1= lim ¢/q= lim — = (lim v/p) "

n—oo n—oo {1/279 n—oo
[TPUMEP 2.3. lim {/n = 1. lonoxum z,, = /n — 1. Torna z,, > 0
u 1o ouromy Helorona umeem
-1 —1

SuaunT, ipu n > 2

2
0<uxz, <4/ .
- n—1

OcraJjioch BOCIOJb30BATHCS TeOpeMoi 2.2.

2.3 Kpurepuu Komm n Beitepoirpacca. Ywucao e

Bea passuBaemasi 70 CUX IOp TEOPHsl MMEET OJMH CYIeCTBEHHDII
He10cTaToK. VIMEHHO: Jij1s1 TOro, 4ToObl YyCTAHOBUTH CXOAMMOCTH HEKO-
TOPO#i MocseoBaTebHOCTH {X;, }, HEOOXOMMO pachosararth Kakoi-To
utdopmarumeii o ee npejere x. Ckaxem, {x,} ecTb cyMMa Win Mpou3Be-
JIEHNE CXOJSAIIUXCs ocieioBaresibHocreit; uin {r,} 3akiovena Mex-
NIy CXOJSAIIUMUCH Tocseoparenbroctamu. Kpurepnit Komu mossosis-
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eT YCTAHOBUTH CXOJMMOCTH (HJIH PACXOMMOCTD) MOCIE0OBATETHLHOCTH
{x,}, He pacnonarast Hukakoit nadopmarmeil o ee pejese.

OITPEJEJIEHUE 3.1. Tlocnenosarenbuocts {z,} HasbiBaercs dym-

damenmanvnot (nam nocaedosamenvrnocmoio Kowu), ecan
Ve>0 INeN Vn>N Vm >N |z, —z,| <e.

TEOPEMA 3.1 (Kpurepnii Komm). ITocaedosamervrocms crodums-
cA mouno mozda, xozda ona HyHIaMEHMaIbHA.

< Ilyers lim z, = z. Ilo ganaomy € > 0 naiinem N € N Tak, 4To0bBI
n—oo

npu n > N |z, — x| < £/2. Ecam Teneppr m,n > N, 10 nmeem
T, — | < | — 2|+ |2y — 2] </2+e/2=c¢.

[Iycrs reneps {x,} — dynnamenranbua. [lo nanromy € > 0 naiiyem
N € N rak, aro nipu n,m > N |z, — x,| < /3. Qukcupoas n = N,
nosaydaem, aro Vm > N

Ty —€/3 <y, <xy+e/3. (3.1)

[ToCKOIbKY MMEETCsT BCEro KOHEUHOE YHCII0 YJICHOB MOCIEI0BATETHLHOCTH
{x,} ¢ HOMepamu, He peBocxosAME N, TO JTIOKA3aHO, 9TO (DY HIAMEH-
TajbHas MOCJIEI0BATEIHLHOCTL OrPaHUYIEHA.

Hnsg n € N nonoxum a,, := inf x, b, := sup xy.

OueBujtao, uto a;, < app1 < byr1 < by, (MOCKOJNBKY TIPH TEPEXO-
JIe K MEHBIEeMY MHOYKECTBY TOUHAsT HUXKHsIsI TPaHb He YMEHBIACTCS, a
TOYHAsi BEPXHsisi TpaHb He yBeandnBaercs). [locsienoBaresbHocTh BIIO-
YKEHHBIX OTPE3KOB [ay,, b,] mMeeT 0bIyto TouKy @ mo npuniwny Korm -
Kanropa.

[Tockombky Vn € Na, <z <b,,anpu k >n

a, = inf x; < xp < supxp = b,

to iput k > n |z — x| < b, — a,. Ho u3 (3.1) caenyer, uro mpu n > N

ry —e/3 < infxp=a, <b,=sup <xy+¢e/3.
kzn k>n
[Tostomy npun > N b,—a, < % < e. Orcona caefyer, 9o |rp—z| < €.
SAMEYAHUE 3.1. Te yTBepxKaenusi, KOTOpble Mbl Ha3bIBAEM KpH-
TepusiMi, 00s13aTe/ILHO COJepKaT HEOOXOMMOE 1 JIOCTATOYHOE YCIIOBHS.
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I[TPUMEP 3.1. IIyctb 21 = 0, 29 = 0,4, 3 = 0,10, ... — 1O-
CJICJIOBATEJILHOCTh JIECATUUHBIX JIPODEH, TpuieM Kayk iast 1ocjie/Lyonas
JIpOOb TOJIydaeTcsi MPUITUChIBAHUEM K TIPeIbIIyIneit Jo0oi mudpbt ot
10 9. ITokaxkem, 9T0 TaKas MOCIEIOBATENLHOCTD Beerya cxoanted. [Iycers
n > m. Torma

0 =Tl = |y £ e <O\ o T T e ) T
9. 10“1%+1 _ 10711+1 _ 11 < 1
1-1 10m 10" 10m

Taxum obpaszom, nogobpas Ve > 0 uncio N Tak, aro 1/10Y < e, nus
a00bIx > m > N nonyanM |, — T,,| < €.

Kpurepnit Ko nossosisieT ycTaHOBATEL HE TOJIBKO CXOAUMOCTD, HO 1
PACXOJUMOCTD TIOCJIEA0BATEILHOCTEH. 171 3TOr0 MoCTpOUM OTpUIIAHUE
onpeseennst GyHIaMeHTaJIbHOM MOCIe10BATEILHOCTH:

Je>0 VNeN dmn>N (lz,—x,| >¢).
[TPUMEP 3.2. Paccmorpum mocsiefoBaTebHOCTh {x,}, T1€ T, =

1+1/2+1/34---+1/n. [lockonsky VN € N

L + +1>N 1—1
N+1 2N ON 2’

10 B3s1B € < 1/2, noyanM pacxoguMoCTh TTOCIE[0BATEIHHOCTH.

|zon — zN| =

Pacrnonaras nekotopoii nndopmaryeil 0 moBeJeHnr HOCIEI0BATE b
HOCTel (CKaykeM, 00 UX BO3PACTAHUE UJIN YOBIBAHWH ),Mbl MOYKEM JIEJIAThH
3aKJII0UEHUsT 00 X CXOJMMOCTH, He npuberasi K Kpurepuio Ko,

OITPEJEJIEHUE 3.2. Tlocnemosarenprocts {x,} Ha3biBaeTCs

— monomonno eodpacmarowet, eciu AN € NVn > N (z, < z,41);

— monomonno yowearowed, ecniu AN € NVn > N (x, > x,41).

MHOXKECTBO MOHOMOHHBLEL NOCAEIOBAMENLHOCTET COCTOUT U3 MOHO-
TOHHO BO3PACTAIOIIMX ¥ MOHOTOHHO YOBIBAIOIINX MTOCJIEA0BATEILHOCTE.

TEOPEMA 3.2 (kpurepwuii Beiiepmrpacca). Monomonnaa nocaedo-
6AMENLHOCTND CTOIUMCA MOUHO Mo2da, K020a 0Ha 02PAHUYEHA.

< OrpannyueHHocTh CXOASANIEHCsT T10CAe0BATEJILHOCTH YCTaHOBICHA
IPU PACCMOTPEHUH CBOMCTB Mpejiesia MOCIeI0BATEIHLHOCTH.

[Iycts {x,} — orpannuennas MoHOTOHHAs (U1 OTMPEICTCHHOCTH —
BO3pACTAOIIAs ) TOCTE0BATEILHOCTE. [TocKOIBKY MHOXKECTBO {T,, : n €
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N} orpanutieno, To Isupz, = 2. Ve > 03IN € N (v —e < oy < x)
neN
wHavYe x He ObIo Obl TOUYHOW BepxHeil rpaHbio MHOXKecTBa {x,}. Tlo-

)

ckosbKy {z,} — BO3pacTamIas mocje0BaTeJbHOCTh, TO Tpu 1 > N
nMeeM
rT—e<ay<xz,<x<x+cE

Orkyna caenyer, uro lim x, = x.
n—oo

Anajoruamnlie paccyKIeHNs MPOBOJSITCS U B CJIYIae MOHOTOHHO YObI-
Balollei nocjaeaoBaTeJIbHOCTH. >
PaccmoTpum nipuMepbl IpUMEHEHWST TEOPEMBI.

ITPUMEP 3.3. lim % = 0, eciiu ¢ > 1. Tlonoxkum

n+l n+1 n n—+1
€T = = . — = .
n+l qn—i-l ng q" ng

xn.

[Tockonbky

11 1\ 1
lim 272 = 2 i <1+—>:—<1,

TO B cuIy TeopeMbr 2.2 (i)

n+1
dANeN Vn>N <1].
nq
Takum obpazom, npu n > N x,.1 < T,, TO €CTh MOCJEJIOBATE/IbH-
HOCTh { Xy} MOHOTOHHO yObIBaeT. YJeHbl MOCIEI0BATEILHOCTH OTPAHN-
deHbl CHU3Y HyseM, 3xaqut, 3x € R (lim z,, = x). Haiizewm ero:

n—oo
: . on+1 1
r= lim z,.; = lim - T, = —X.
n—00 n—oo  N( q

Orkyna naxogum x = 0.

[TPUMEP 3.4. /JokaxkeM cyllecTBOBaHUE TPEJesa MOCIeI0BaATE /b
wocru {x, : T, = (1 + %)n,n € N}. Tlpexje mokaxem Hepasencmeo
Bepruyanu':

1+a)">14+na YneN, a>-—1.

[Ipm n = 1 HepaBeHCTBO OYEBUIHO.

1 sTko6 Beprymin (1654-1705) — mBeiapcKuii MATEMATUK, BHEC BKJIAJ] B BAPUAIMOHHOE UCUKC-
JIEHUE U TEOPHUIO0 BEPOATHOCTEN.
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[Tpeanonaraem ero ueruarocTs npu n = k, To ecth (1+a)f > 1+ka.
Orciona (1 + )" =1+ a)f(1+a)> 1+ ka)(l4+a)=1+(k+
Da+ ka? > 1+ (k+ 1), To ecTb TOJIYYMIN UCTUHHOE BLICKA3bIBAHME
nmpu n = k + 1. Urak, B cuity npuHIuna MateMaTHIecKoil WHIYKIUH
HEPABEHCTBO JIOKA3aHO.

TToKazKeM Terepb, 4To MOCIEA0BATEIBHOCTD { Yy © Y = (1 + %)HH ,n €
N} monoronno yowiBatomiast. HeiicTBurensHo

1\ 2n, "
Yn—1 _ (1 + n—l)l — n . n — (1 + 1 ) . n Z
w e et \Met) e

n n 1 n
1 . 14+-)- =1
(+n2—1) n+1><+n) n+1

[TocKOJTBKY |JIEHBI MOCJIEIOBATELHOCTH { Yy, } TTOJOKUTEIIBHBI, TO MO~

cJlel0BaTeILHOCTh OrpaHnieHa CHU3Y, CBEpXy OHa OrpaHnveHa 4jeHoM

y1. [To xpurepuio Beitepmrpacca cymecrsyer npegen lim (14 1/n) L,
n—oo

Ho

lim (1—1——) = lim (1—1——) -(1-1——) = lim <1—i——) )
n—o0o n n—oo n n n—00 n

O6oznaanm lim (1 4+ 1/n)" = e.

n—oo

2.4 IlommocaepoBaTebHOCTU. BepxHuii m HUKHUI TIpeaesibl
MMOCJIE0BATEJIBHOCTH

OITPEJEJIEHUE 4.1. TTycrs 3a1ana nocaeoBarebHocTs { x, }. Pac-
CMOTPHUM TOCJIEJIOBATEILHOCTh {N}} HATYPAJIBHBIX YHCEJ TAKYIO, UTO
ny <mng <---<ng <... Torma nocienosarenbuocts {z,, } Ha3bIBaeT-
cst nodnocaedosamesvrocmuio ocaeaoBareabuoct {1z, }. Ecan nocre-
JOBATEIBHOCTH {Z), } CXOMUTCS, TO ee Tpejiest Ha3bIBACTCS YaACMUYHbIM
npedesom nocaedosamenvrocmu {,}.

TEOPEMA 4.1. Beakaa oepanurennan nocaedosamesvHocms codep-
ACUM CTOOAWYIOCA NOINOCACIOBAMEALBHOCTD.

< Pacemorpum muoxectBo E = {x, : n € N}. Ecim E — xonewnoe
MHOXKECTBO, TO CYIIECTBYET II0 KpaiiHeil Mepe OJlHa Takasd TouKa r € F
U TIOCJIEJOBATEbHOCTH HOMEPOB 11p < Ny < - -+ < N < ... TaKUX, 4YTO
T

1:xn2:...:xnk:..._
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Ecnmu E Geckoneuno, To nmo npunnuny Bosbiano - Beitepmirpacca
oHO 00JIaJIaeT 1Mo KpaitHeit Mepe oJiHOM Tpejie/IbHON TOUKOoi x. Bribepem
ny Tak, 9to |x,, — x| < 1. Ecim ny yxke BiOpano tak, 4To |z, —
x| < 1/k, T0 yuurbiBas, 910 x — mpejeabHas TouKa F, HaiimeMm njyq
TaKoe, 4o |Tp,,, — 2| < k%i—l U niir1 > ng. [locTpoeHHas TakuM oOpazoM
OJIITOCJIEJIOBATEILHOCTh CXOJIUTCA K X. D>

OIPEAEJIEHUE 4.2. [lycrs {x,} — mocnenoBarenbuocts. Torma

(lim z, =400):=(Ve>0 INeN VYn>N (x,>¢));

n—oo

(lim z, = —oc0):=(Ve>0 INeN Vn>N (z,< —¢)).

n—oo
B nepBom ciydae Mbl HA30BEM MOCJEI0BATEIBLHOCTD {T,} crodawetica
K NA10C OECKOHENHOCTU, & BO BTOPOM — CTOOAWETUCA K MUHYC DECKOHEY-
Hocmau.
OIPEIEJIEHUE 4.3. Beprnud npedea lim x,, mocjie10BATEIHHOCTH

n—oo
{x,} onpenensiercs cemyomum o6pasom:

lim z,, = lim sup zy.

Huowcnutdi npeden lim x,, mocae10BaTeIbHOCTH ONPEIESIETCI KaK
n—oo

lim z,, = lim inf x;.
n—oo n—oo k>n

I[TPUMEP 4.1. PaccmoTpum pacxosiiiyiocsi TOCJIEeS0BATEIHLHOCTD
{(—=1)"}. Ilokaxkem, ITO OHA MMeET BEPXHUil M HIKHUI pesennl. Jeii-
CTBUTEJTHHO,

lim (—1)" = lim sup(—1)" = lim 1 =1,

lim (=1)" = lim inf(=1)* = lim (—1) = —1.
n—oo n—oo k>n n—00
7151 BBIYUCIEHUS] BEPXHUX U HIDKHUX IIPEJIeJIOB OUYeHb yao0Ha Clie-
JIYIOTIIA st
TEOPEMA 4.2. Bepxuuti u nuscHuti npedesv, nocaedosamenvro-
CMU ABAAIOMCA COOMBEMCMEEHHO HAUDOALUIUM U HAUMEHDULUM U3 €e
YACMUYHDLT NPEIEnos.

< JlokaxeMm TeopeMmy sl HUXKHEro npejena lim x,, mocjienoBareib-
n—oo

woctu {x,}. Jis BepxHero mpejesia TeopeMa JOKA3bIBACTCS AHAJOTHY-
HO.
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[Ipennonoxum cuavana, aro {x,} — orpaHuYeHHAST OCIEOBATE b
HOCTE. PaccMorpum nociegoBareabHocTh i = inf z,,. OHa MOHOTOHHO
n>k

Bospacraer (tak kKak inf x, < inf z,), ciegoBarenbHo, MO KpUTEPHUIO

n>k n>k+1

BeitepmTpacca, umeer npegen ¢ = lim 4. [lokaxkem, 9To ¢ — 9acTmd-
—00

HBI TIpejiest mocseioBaresibuoctu {x, }. Ucnonbys omnpejenenue T04-

HO# HVXKHER rpanHu, nmogdbepeM 4dncjia Ny Tak, 9To ng < Ng < -+ < N

i < X, < i+ 1/k. Hockonbky lim 4 = lim (i + 1/k) = ¢, 1o 10O
k—oo k—o0

"reopeme o aByx muaunuonepax' lim z,, = 7. [lokakem, 4ro ¢ u ecThb
k—o0

HAUMeHbINNH JacTu4HbIid npenen. Ilo onpenenenuio Ve > 0 dk € N
(1—e <= inﬁxn < z,, Vn > k. Hepasencrso i — e < z, Vn > k
n>

o3HavaeT, YTO HU OJINH YaCTUYHBIN TIpeJies Hallel Mocjae1I0BaTeIbHOCTH
HEe MOXKET OBITh MEHBIIE § — €.

Ecnn nocieposarensrocts {x, } Heorpanndena (JIOMyCTUM CHHU3Y ), TO
10 OTIPEJIEJICHII0 MOXKHO TIO/I00PATh MOCJIEI0BATEILHOCTD { Ty, } TaKyIo,
970 Ty, < —k. IloaTOMY —00 sIB/IIETCA YACTUIHBIM MPEJIETIOM MOCTIEI0-
BATEJILHOCTH {X;,}, U MEHBINUX YACTUIHBIX MPEJIEJIOB HE CYIIECTBYET.

CHIIEACTBMUE 4.1. Ilocaedosamenvrocms umeem npedes uiu cmpe-
MUMCA K +00 UAU —O0 MouHo moezda, Ko2da ee 6epTHUT U HUHCHUL
npedeavt cosnadarom.

< Ilyers nmociemoBarensHOCTh {2, } UMeeT mpesen x, u mycth {x,, }
— HEeKOTOpas MojnocaenopareabHocts. Torma Ve > 0 AN € NVn > N
(|xn — x| < €). Boibepem K € N rakoe, uro npu k > K ng > N. [lpu
Takux k |x,, — x| < e, 10 ectb {x,, } TOXKE cxOMUTCs K . BBUIY TTpOU3-
BOJIa B BLIOOpE MOJIIIOCIE0BATEILHOCTA MBI TIOKA3AJIU, YTO BCE YACTHU-
HbIE TIPEJIESIBI MOCTe0BATEILHOCTH {2, } COBNAIAIOT. SHAYNT, BEDXHU 1
HUYKHUIT TTpejiesibl ocieoBareabroctu {1z, } copnagaot. AHagornasoe
YCTAHABIUBACTCS U B CJIyUYasaX T = 00.

Ilycts lim z, = lim x, = x. B cuny onpejgenenus nmeem
n—oo n—oo

inf z <z, <supuzy.

OkoHYATEeIBLHBIA PE3yJIbTAT MOJYUIAETCS MOCTe MPUMEHeHnsT "TeopeMbl
0 JIByX MuJuIroHepax'. o
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2.5 CxoammocTh 4YnucjoBoro pgaa. CBoiicTBa cXOagaMINXCS UHC-
JIOBBIX PA10B

Yucnrosvim padom Ha3bIBaeTcs (popMabHOE BhIpaXKeHHe BUIA

oo

Za:k:a:l—i—a:g—i—..., (5.1)

k=1
JIe T} — YJEHbI HEKOTOPO# MOCIe0BaTeIbHOCTY (OHU HA3BIBAIOTCS TaK-
xKe waenamu pada). Mbl IpugajnM TOYHBIH cMbica Bhipakennio (5.1),
YyKa3aB yCJIOBHUsI, TIPU KOTOPBIX 3TOMY BBIPAYKEHUIO MOXKHO CONOCTABUTE
HEKOTOPOE YKCJIO, HA3LIBAEMOE CYMMOT pAda.

OIMPEAEJIEHUE 5.1. Yucna

n
Sn: E s
k=1

HA3BIBAIOTCS YACTNUYHOLMU CYMMAMU TACIOBOTO psijia (B JaibHei em
npocto psga) (5.1). Cymmot psaga (5.1) HABBIBAETCS KOHETHBIN TpEJIEdT
MOCJIEJIOBATEHHOCTH YACTHIHBIX CyMM. DTOT Ipejiest 0003HaYaeTCst TeM
ke cuMBosioM, dro psaj (5.1). B mociennem ciydae, ecain

lim S, = +o0 (00),

n—oo

TO MbI OyJieM yTOuHATE, 9T0 psf (5.1) pacrodumes K £00 Wan 00 COOT-
BETCTBEHHO.
fcno, uro n00yI0 TEopeMy O MOCAeJOBATEIBHOCTIX MOXKHO chOop-
MYJTUPOBATH Ha sI3bIKe PSAJOB (mojaras 1 = S1, T, = Sy — Sp_1 mpu
n > 1) n obparro. Ho rem He Meree Mbl OyJieM pasjindarTh ITH HOHSITHSI.
I[TPUMEP 5.1. Paccmorpum GecKoHEUHYIO0 "eOMETPUIECKYIO ITPOIrpec-
cuio {aq”}, |g| < 1. lockonbKy ToCIe0BATENLHOCTD YACTHIHBIX CYMM

aq(l — g"
Sn:aq—Fan—{—---—{—aqn:M
l—gq
CXOJIUTCA K
aq
1—4q’
TO TIepeJT HaMU TIePBBIA CXOIANIUNCA PSJT
S k aq
aq” = .
D ad =1

k=1
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I[TPUMEP 5.2. Paccmorpum psn
D (=Dt =1—141-1+....
k=1

Ecnn paccrasuth ckoOkum Tak (1 — 1) + (1 — 1) + ..., T0o B pe3ynbrare
MOJTyInM HYJb, ecn uHade 1 — (1 —1) — (1 —1) — ..., T0 B pe3ynbrare
nosryanm eauaniy. OObsiCHEHHe B TOM, UTO MepeJi HaM# PaCXOsIIuiics
psiJl, TAK KaK ero 9acTUIHbIe CyMMbI 00Pas3yioT PacXOJAILyIOcs MOCe-
nosareabrocth {1,0,1,0,...}.

TEOPEMA 5.1. Pad (5.1) cxodumea mouno mozda, kozda

n—+p
Ve>0 INeN V¥n>N VpeN (ka <g>. (5.2)

k=n-+1

< IMo onpenenennto 5.1 psim (5.1) cxoauTesi, eciu CymiecTByeT Ko-
HEeUHBI Npejiesl ero 4acTUYHBIX cyMM. B cmiy kpurepust Komm s
10CJIE/I0BATEILHOCTEN KOHETHBIN 1pejies1 nocjieosarebnoctu {5, } cy-
IIECTBYET TOYHO TOTJA, KOTJIA

Ve>0 INeN Vn>N VpeN (|S,,— S, <e).

Ocrajoch 3aMeTUThb, 9TO

n+p

Spip— Sn= > _ x>

k=n-+1

Teopema 5.1 masbiBaercs kpumepuem Kowu daa wucroéwx padoe
CJIEJACTBUE 5.1. Ecau pad (5.1) cxodumca, mo klim x, = 0.

< Ilyers psn (5.1) exomures. Torma, momoxus B (5.2) p = 1, momyanm
Tpebyemoe. >

YTBepxKaenne caefAcTBas 5.1 HA3BIBACTCS HEOOTOOUMBIM NPUSHAKOM
crodumocmu pada. Tor ¢pakT, 9TO 9TOT NpU3HAK HE MOXKET OLITH JTIOCTa-
TOYHDBIM, MMOKA3bIBACT CJICYIOIINIA

[TPUMEP 5.3. Paccmorpum 2apmonuveckut pad

oo

§ 1._-1%_;l+_1_+
ko 2 3
k=1
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OueBnIHO,ITO ]}im % = 0. Ho corsacno npumepy 3.2 nocjeoBaTesib-

— 00
HOCTb JACTUUHBIX CYMM 3TOT'O psijia, PACXOMUTCS 1O KpuTepuio Kormm.

Tenepb paccMOTpHUM CBORCTBA, CXOIAIIIXCS PAIOB.
o0

TEOPEMA 5.2. (i) Ecau cxodumca pad » | xj, mo crodumca u paod

k=1
(0.0
> cxy npu mobom ¢ € R, npuuem
k=1
0 0.9
Z CT — C Z T.
k=1 k=1
o0 0.0 0
(ii) Ecau cxodamea padv Y xp u Y Yk, mo crodumca u pad Y, (Tp+
k=1 k=1 k=1
Yk), npusem
o0 0 0
D (et ) =D vt ) u
k=1 k=1 k=1

YIIPA?KHEHIE 5.1. Jokazats Teopemy 5.1, BOCIIOIL30BABIINACH aHa~
JIOTUYHBIMU pPe3ybTaTaMi JIJIsT TO0CJIEe0BATEIHLHOCTEN].

2.6 Pganpl ¢ HeoTpunarTeJbHbIMI YjieHaMu. IIpu3Hakm cpasb-
HEHUSA

o0
Psan Y ) HA3BIBACTCS pAJOM ¢ HEOMPUUAEALHOMU UAEHAMU, CITTH

TEOPEMA 6.1. Pad ¢ neompuy,amesvmvlmu 4aenamu cTo0umcs moy-
Hno mozda, k0204 NOCACIOBAMENLHOCTND €20 YACNUNHDLT CYMM 02PAHU-
YeHa.

< Ilyern psig

k=1

CXOJIATCST, TOTJIa TOCIEIOBATEIbHOCTE {.S,} ero 4acTuIHbIX CyMM Oorpa-
HUYCHA, TaK KaK OHA CXOJIUTCH.

Econ psig (6.1) siBasiercst psijloM ¢ HEOTPHUIATETIbHBIMU YHCIAMH, TO
10CJIEI0BATEIHLHOCTh €10 4aCTUIHBIX cyMM {5, } MOHOTOHHO BO3pacTaer,
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TaK KaK
n+1

Sn—|—1 = § T = Sn + Tnt1 > Sn
k=1
ITockonbKy oHa orpaHuveHa, TO B CUIy Kputepusi BeitepmTpacca s

I0CJIEIOBATEILHOCTEl CyIecTByeT KOHeUHbIH npegesn S = lim .5),.>
n—oo

Teopewma 6.1 nHazbiBaeTcs kpumepuem Betiepumpacca nist psinos. Ile-

peiijieM K (hOPMYJIUPOBKE U JOKA3ATEIBCTBY NPU3HAKOE CPAGHEHUA.
TEOPEMA 6.2. Ilycmo danw dea pada

oo

k=1

> (6.3)

¢ HeompuyamervnuMu waenamu. Tozda

(1) ecau xp < yr npu mobvx k > N € N, mo uz crodumocmu pada
(6.3) caedyem crodumocmo pada (6.2), a us pacrodumocmu pada (6.2)
caedyem pacxodumocmy pada (6.5);

(ii) ecau cywecmeyem npeden

T
lim =% =a>0,a €R, (6.4)
k—oo Y
mo padve (6.2) u (6.3) cxodames uau pacrodamea 00HOEPEMEHNO.
< (i) yers pax (6.3) cxomurest, u S — ero cymma. Torma mocsenosa-
TeJbHOCTD {.S, } dacTuunbix cymMm psinia (6.2) orpaHuvena, Tak Kak

k=1 k=1

Orciona B cuity Teopembl 6.1 cxopnrest psj (6.2).

Teneps mycrs psaj (6.2) pacxomures. Torma B custy Teopemst 6.1 mo-
CJIeJIOBATEHLHOCTh {5, } ero 4acTuIHbIX CyMM HeorpaHWveHa. SHAUMT,
HeOTpaHMUeHa 1 TTOCJIeI0BATeIbHOCTD {.S), } acTuaHbIxX cyMM psijia (6.3),

noo . .
Sy, = Zfﬁk < Zyk =35,.
k=1 k=1
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Orcrofa B cuity Teopembl 6.1 cieyer pacxomquMocts psiia (6.3).

(ii) Ecam cymecryer nipesen (6.4), To 1o onpejesneHuio mpejiesia mo-
caetoBaresbrHocTn Jisi garnoro € € (0, a) waigem ancio N € N rakoe,
yro npu Beex k > N

Tk
a—ec< —<a-+te.
Yk

Orcrona,
(a—e)yr < x < (a+ €)Y

Ecan psizt (6.3) cxopuTcest, T CXOIUTCST W s
Z(a + 8)y/<;,

k=1

a OTCIofIa caejyer cxomumocth psiyia (6.2). Ecow psap (6.3) pacxomures,

TO PACXOJUTCS U PSIT
(0.9]

Z(a — €)Yk,

k=1
¥ TIO3TOMY pacxoautcs psf (6.2). >
Ot npu3HaKOB CpaBHEHWSI CaMUX IO cebe MaJjio TOJKY. UToObl mx
YCIIEIIHO TPUMEHSATh, BO3bMEM B KadyecTBEe WHIUKATOPA 0000UieHHbLl

=1
P
k=1

TEOPEMA 6.3. Ob6obuennoiii 2apmonuneckut pad npu o < 1 pac-

20PMOHUNECKUT PAO

xodumeca, a npu o > 1 crodumca.
JlokazaTesbCTBY TEOPEeMbI IIPEJIIOILIeM BCIIOMOTaTeIbHOE YTBEPIK,I1e-
HUEe

JIEMMA 6.1 (remma Korw). ITycmo dan pad

> (6.5)

C HEOMPUUATNEALHOIMU YAECHAMU, NPUYEM €20 UACHBL 00PA3YOM MOHO-
monno yowsarowyo nocaedosamesvnocmyv. Pad (6.5) cxodumes mouno
mozda, xoz2da crodumca pad

ZQkiL“Qk =x1+ 209+ 44+ . ...
k=0
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< Pacemorpum mocenosarensroctn {Sy,} v {71, } 9acTHIHBIX cyMM
Sp=x1+x0+ - +xn Tn=x1+2x+ +2"xm.
IIpm n < 2™ umeem
Sp < x1+(wotas)+- - A+ (wom+- - A xgmir_1) < x14+2x0+- - +2"wom = Ty,
(6.6)

a ripu n > 2" uMmeem
SnZ 1+ T2+ (T3 +24) + -+ (Tgm-1p1 + -+ Tom) >
ST Do+ 20y + -+ 2" gw = 1T,
B cuny (6.6) n (6.7) nocaenosarensnoct {S,} n {71,,} win obe orpa-
HUYEHbI, min obe Heorpanmdensl. Cebliika Ha Teopemy 6.1 3aBeprmaer

(6.7)

JTOKA3aTeIbCTBO. b

[Tepeiiiem K JloKazaTeabLCTBY TeopeMbl 6.3.

< Ecim oo < 0, 10 pacxoumMocTh 000MEHHOTO TAPMOHUIECKOTO PsiJia
celyeT u3 HeoOXOJAMMOro mpu3Haka cxogumoctu. Mrak, mycrs oo > 0.
Torga nmpumenuma jeMMa Kotn, 1 Mbl TPUXOTUM K PSIJTY

i 21{% _ i o(1-a)k
= 2 k=0

DTOT psJi CXOMUTCSA TOUHO TOrna, Korma 2'~% < 1, a 9T0 paBHOCHJILHO
paBeHcTBY o > 1. D

2.7 Pganpl ¢ NOJOXKUTEJIbHBIMU WieHaMu. JlocTaTouHble Mpu-
3HAKMN CXOJIUMOCTHU

[IepeitmeM K paccMOTPEHUIO PsIJIOB BU/IA,

vak, (7.1)

rie x; > 0 npu Beex k > N € N. Psiyier Takoro Buja 6yneMm Ha3biBaTh
PAJAMU € NOAOAHCUMENLHVLMU YALHAMU.
TEOPEMA 7.1 (npusnax anambepa '). Iycmo dan pad (7.1) c
NOAOACUMENDHOMU UACHAMU U CYUWECMEYEM npede
o Tkl
lim =q
k—oo Xy

1 3Kan Jlepon Tamambep (1717-1783) — dbpanmysckuii MaTemaTtnk, Mexanuk, dbumocod. OcHos-
HBIE HCCIEIOBAHUA OTHOCATCA K MEXaHHKE, MHIPOJAUHAMUAKE, MATEMATHIECKONH (DU3UKE U MaTeMma-
THYIECKOMY aHAU3Y.
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Tozda

(i) npu q < 1 pad crodumca, a npu q > 1 — pacrodumeca;

(ii) cywecmeyrom kax crodausueca, max u pacrodauuecs padv. npu
q=1.

4 (i) ycrb ¢ < 1. Torma B cuity ompeieieHust pejiesia mocjie0Ba-
TEJILHOCTH Jiist janHoro € > (0 takoro, 9to q¢ + £ < 1 BwhiOepeM 4nCII0
N € N Takoe, 9T0

M<q+5<1 Vk > N.
L

Tenepn 3ameTnm, 9T0

TN+1 L,

T = TN < ZIZN(Q + E)k_N Vk > N. (72)

IN Lhk—1

B cuny nepsoro mpusnaka cpaBHenusi psifi (7.1) CXOAUTCs, MOCKOJBKY

CXOIUTCS PsII
0

Z (g4 )N

k=N
u umeer mecrto (7.2).
IIycts Teneps ¢ > 1. Paccy»kasi Kak B IpeAbIAYIIEM CJydae, MoJy-
YUM HEPABEHCTBO

zp > an(g—e) Y Vk> N,

rie ancao € > 0 Takoe, 9To ¢ — ¢ > 1. Pesynprar mogydurcs, ecyu
cpaBuuTh psaj (7.1) ¢ psijom

Z rn(q—e)" V.
k=N

(ii) [Ipumennwm npusnak [Jamambepa K 0606IMIEHHOMY TApMOHIYECKO-
My pAdy

.k . 1\
fin g = Jim (1) =1 vaer.

Opnnako uzBectHo, uto npu 0 < o < 1 0600IIEeHHBINA rApMOHUYECKMA
psiJi pacxoJiuTes, a npu a > 1 cxonpures. >
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SAMEYAHUE 7.1. Cymecrsyer 6osee obmmit npusnaxk Jamambepa,
JIOKa3bIBAEMBIil aHaJornano, — psij (7.1) cxopures, ecin

—
lim —L <1,
k—oo Tj
W PACXOJIUTCsl, eCIIn
T
lim = > 1,
k—oo T
TEOPEMA 7.2 (npusnak Komm). ITyemo dan pad (7.1) ¢ noaoorcu-
MEALHBLMU YACHAMU U CYULLCEYEM npeden

hm Y = q.

k—o00

Tozda

(i) npu q < 1 pad crodumca, a npu q > 1 — pacrodumca;

(ii) cywecmeyrom kax crodawsueca, max u pacrodiuuecs padv. npu
q=1.

4 (i) Iyers ¢ < 1. Torma anst garnoro € > 0 takoro, 910 ¢ + ¢ < 1
nojibepem uncio N € N Takoe, 910

Y <q+¢e Vk> N.

Orciofia mosrydaem
. < (q+¢)*

B cuny nepsoro mpusnaka cpaBHenusi psifi (7.1) CXOAUTCs, MOCKOJBKY

00
2 1+
k=1

ITycts Teneps ¢ > 1. Torja B cuity cBOMCTB TIpejiesia Moc/IeI0BaTe b

OUYEeBUJIHO CXOJUTCS PsI/I

Hoctu umeeM /xy > 1 npu Beex k& € N bosbimux nekoroporo N € N.
Suauurt, rp > 1 Vk > N. OTcioga B cuay HEOOXOJUMOIO IMPU3HAKA CXO-
JMMOCTH BbITEeKaeT, 9To psif (7.1) pacxomurcs.

(ii) [Tpumennm npusnak Ko kK 06001IEHHOMY MapMOHHYECKOMY Psi-

Ay

lim ! = lim ( ! )azl Va e R,.

k—oo A/ k—o0 \17% *

Ho pn 0 < o < 1 006001menHbIi TapMOHUYIECKANA PSI, PACXOIATCS, & TIPH
a > 1 cxogures. >
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SAMEYAHUE 7.2. CymectByer 6ojee obmmit npusnak Komn, [o-
KasbIBaeMblii anajorudro, — psij (7.1) cxoaures, ecan klim WV <1, m
—00
pacxoaurcs, ecan lim #/x, > 1.

k—o00

SAMEYAHUE 7.3. ITpusnak Jlasambepa 0ObIUHO Jierde NpuMeHsiTh,
yem npusHak Ko, Tak Kak B OOJBIMTUHCTBE CIy9IaeB MPOIIE BHITUC-
JIATh JacTHBIE, YeM KOpHHU k-it ctenenu. Onnako npusHak Kormm cuib-
Hee B CJIEJIYIOIIEM CMbICe: Korja npu3Hak JlajmamOepa ykasbiBaeT Ha
CXOJIMMOCTh, TO W Tpu3Hak Kormm yKaspiBaeT Ha CXOAWMOCTDH; €CJIN YKe
npuszHak Komm He Mo3BoJisger ciesiaTh HIKaKUX 3aK/JII0UeHNi, TO 1 TTPH-
3Hak Jlasambepa He TO3BOJIIET cheaTh HUKAKUX 3aKJIOUEeHHH. DTOT
dbaxT MBI JOKa3bIBATH HE OyIeM, OJHAKO MPOUJLIIOCTPUPYEM TTPUMEPOM.

[TPUMEP 7.1. Paccmorpum psijt % + % + 2—12 + 3—12 + ..., JIUIsT KOTOPOTO

2\" "1

. Tkt . — Tkl . 3

lim — =1lm (=] =0; lm—=1lm (=] == +4o0;
k—oo Lk k—oo \ 3 k—oo Tp k—o00 2

E— 1 1
1 k — |1 —
I T

IIpusnak Komm ykasbiBaeT Ha CXOIMMOCTH, a npus3Hak Jlamambepa me

[MO3BOJIAET cAeJlaThb 3aKJ/JII0YE€HHE.

2.8 Hes3nakonocTogHHbIEe paabl. /locTaTouHble MPU3HAKU CXO-
JUMOCTU

B 1ByX mpeablaymnux pasjesiax Mbl H3YYaJu TPU3HAKUA CXOTUMOCTH
PSIJIOB ¢ HEOTPUTIATEILHBIMIA U TOJOKUATEILHBIME diaeHnaMu. OQUeBnIHoO,
YTO 9TU NPU3HAKKU C YCIIEXOM MOYKHO MCIIOJIb30BATH P MCCJIEJ0BAHNN
CXOMMOCTH PSIZIOB € HEITOJIOXKUTEIHLHBIMI 1 OTPULIATEILHBIMU TJIEHAMMU.
Bce T pasHOBUIHOCTH PSIIOB HA3BLIBACTCS 3HAKONOCMOAHHLMU PAOG-
Mu. PaccMOTprM Teneph HEKOTOPBIE BUIBI HE3HAKONOCMOAHHBLL PAJOE.

[Iycrs pan psig Buga

Z TkYk- (8.1)
k=1

NccnenoBannio cxoguMoctu psijia (8.1) mpejnonieM ojinH BCIOMOTa-
TEJILHBINA Pe3yJIbTaT.
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JIEMMA 8.1 (nepasencrso A6enal). ITycmuv danwr wucaa aj, u by,
k= 1,2,....n, maxue, umo aubo ap > api1, AUb0 ap < apiq, k =
1,2,...,n—1, u, kpome moezo, |by+---+by| < B, k=1,...,n. Toeda

n

> " arbi| < B(|aa] + 2an)).

k=1
n m
a4 Obosnaunm S = Y apby w nonoxum By, = > b, m=1,2,... n.

Torna

S = (a1 — CLQ)Bl -+ (CLQ — ag)BQ + -+ (anfl — an)an1 + a, B,

TO €CTb
n—1
S = (ak — ak+1)Bk + a,B,,.
k=1
Orcrona
n—1
S| <> lak = argal - [Be| + lan] - [ Bl
k=1

[To yenosuio |By| < B, k= 1,2,...,n, nosromy

n—1
S| < B lar — arga] + lan| | - (8.2)
k=1
Ecmm ap > apy1, k=1,2,....,n—1, 10
n—1 n—1
jar — ara] = Y (ar — arp1) = a1 — ay < |ar] + |ag].
k=1 k=1
Ecmu xe ap < apyq1, k=1,2,...,n—1, 10
n—1 n—1
D lak — appa] =D (are — a) = an —ar < |ag| + an|.
k=1 k=1

Orcrona n u3 (8.2) mosydaeM yTBEpXKIACHAE JTEMMBI. >

"Hunne Xenpuk Abenn (1802-1829) — nopsesxkckuit MatemMaTnk. QCHOBHbIE PAGOTHI OTHOCATCS
K anrebpe, Teopun GYHKINI 1 MATEeMATUYECKOMY aHATIU3Y
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TEOPEMA 8.1 (mpusnax Abens). Ecau nocaedosamenrvriocmsv {xy}
MONOMONNG U 02PANUYENA, @ PAO

oo

> (8.3)

k=1

cxodumca, mo pad (8.1) maxoce crodumea.

< Ilycres nocnenoBarensnoctsh {xy} orpanndena quciom x > 0. B
cuy kpurepusi Kot Jijist psijioB 110 3ajianHomy € > (0 HaiijieM 49nciio
N € N Takoe, 910

n+p
Z Yk <i Yn>N VpéeN.
3x

k=n+1
B cuny nepapencrsa Abestst

n—+p

g
> m| < (Tl +20any]) <& ¥n>N WpeN.
k=n-+1

Orciona B cuity Kpurepusi Kori BeITeKaeT yTBEpXKICHHE TEOPEMbI. 1>

TEOPEMA 8.2 (npusnax Hupuxie). ITyemwv dan pad (8.1) maxoti,
umo nocaedosamervnocms {xTy} MOHOMOHNO CIMPEMUMCA K HYAI0, G
nocaedosamenrvnocmo {Yy,} wacmuunwx cymm pada (8.3) oepanuvena.
Toeda pad (8.1) cxodumca.

< Ilyers nocnenosarensuocts {Y,} orpanmvena uauciom Y > 0. B
CHJTy CXOJIMMOCTH TiocsieioBaresbuoctu {zy} mo nansomy € > 0 Haiijem
guciao N € N rakoe, 19To

3

< Vk > N.
ol < Gy
[Tockonbky
k=n+q
Z Yk | = |Yn+q - Yn' <2y Vq €N,
k=n+1
TO B CUJIy HepaBeHCTBa Abesss nMeem
k=n+p 3y
Z Tryr| < 2Y (|eng1] + 2|zn4p]) < 2- oy €=°¢

k=n-+1
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npu Bcex n > N u p € N. Orciona B cuy kKpurepust Koin BeITeKaeT
yTBEPXKJIeHUE TeopeMbl. >

CJIIEACTBUE 8.1 (npusnak Jleiiouuna). ITycmv dan pad

o

> (=1)F (8.4)

k=1

npunem nocaedosamenvnocms {xy} MOHOMONHO cmMpeMumcs K Hya0.
Toeda pad (8.4) cxodumca.
< [ockosbKy MOC/IEI0BATEILHOCTD

n
Yo = Z(_l)kﬂ _ { 0 mpu n dYeTHOM;
k=1

1 npm n HederHOM

TACTUIHBIX CyMM psija (8.4) orpanudena, a MOCIEI0BATEIHLHOCTD {Ty }
MOHOTOHHO CTPEMUTCSI K HYJIIO, TO CXOIMMOCTh psifia (8.4) BbhITeKaeT u3
npusnaka upuxie. >

2.9 AOCOJIIOTHO CXOASMINEcCs Psiabl

e}
Psin > xp waswiBaercs abcomommuo crodauwumcs (pacrodsusumc),
k=1
0
eCITH CXOMUTCS (PACXOUTCs) P Y | |xg|.
k=1
[Tosoxxnm
" rr nupu x> 0, _ 0 mpu z >0,
T = T, =
0 mpm x <O, —xp upn  xp < 0.

Hucna a:z, X, , OYEBUJIHO, HEOTPUIIATEJILHbBIC, TPUIEM

=1 —x, |vgl =2 + 1.

o0
TEOPEMA 9.1. Pad > . abcoaommuo cxodumca mouno mozda, %o-
k=1
o (0.9]
2da cxodames padv Y, xf u Y. x .
k=1 k=1
e}
< Ilyerb psin Y xp aGeomorHo cxopurest. [lockonbky |z > af u
k=1
|zx| > x,, To orciofa B CHJIy HEPBOrO NPHU3HAKA CPABHEHU: CJIEyeT

o0 o0
CXOJAMOCTD PSJIOB Y &) U Y X .
k=1 k=1
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+ - +
Ecnn e cxomsarest psiibi /<;Z1 T m /<;Z1 T, , TO B CUJIy DABEHCTBA T +

X, = || ¥ CBOMCTB CXOAAMUXCST PSATIOB OTCIONA CJIEJIyeT abCOJIOTHAS
o0

CXOJIUMOCTD psijia » | T. >
k=1
CJIEJCTBUE 9.1. A6comommno crodauwutica pad crodumca.
0
<4 B custy reopembt 9.1 u3 abCOMIOTHON CXOIUMOCTH psifia » | T CIEJTY-
k=1
eT CXOJMMOCTD PJIOB » . 3 1y & . B cuny pasencrsa xf —x, = xj u

k=1 k=1
CBOMCTB CXOJSAIINXCS PsAJOB OTCIONA BBITEKAET CXOAUMOCTH CaMOro psijia.

>
Ob6paTHOe yTBepXKIeHHe HEeBEPHO, YTO IMOKA3bIBAeT CJIEIYIONInii

I[TPUMEP 9.1. Paccmorpum psn

k+1 1 1

E; =l-gdz—

DTOT psiJi CXOMUTCS B cuay npusHaka Jleitbnuma. OmgHako abCOIIOTHO
TOT PsIJ], PACXOIUTCSI, TIOCKOJILKY

> |5

k=1

k+1

i Ly
=1ttt

TEOPEMA 9.2 (reopema Kot 06 abcosmoTHO CXO,ZLSIHLI/IXCH psiyiax).

ITyemv pad Z xy abcomommuo cxodumea. Tozda pad Z Yk, COCMAB-
k=1 k=1
AEHNBIT U3 MET JHCE YACHOE, MO B3AMBIL 6 Opy2om nopadke, Makice

abconoOmmo crodumesa u umeem my oHce CyMmy.

o0
< st psima Y gy, BBeseM nocienosarensroctn {yi } u {y; } ana-
k=1

nornuno nocaenosareasnoctsam {x) } u {x; }. Hokaxkewm, uro Y x =

k=1
00

>y (PaBenctso Y = D y; JIOKA3BIBAECTCS AHAJOTHYHO).
= k=1 k=1
Pacemorpum wactuanyio cymmy Y,oF = yf +- -4yt Qnenwr gy, ..yt
oo

HAXOSATCS B Psifie » | &7 101 Homepamu ki, . . ., k. Ilycrs N — nanGosb-
k=1
; Xt gt 4 gt
muit cpeu HUX U X = &7 + -+ + T — COOTBETCTBYIONIAs YaCTHIHAL
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cymma. OueBmIHO,
0
Y, < Xi<Xt=> "
k=1

0
TakuM 06pa3oM, JYACTUUIHBIE CYMMBI psifia » y,j OrpaHWYeHbl U B
k=1
cuy kpurepusi Beitepriirpacca Jijist psijioB CyIIECTBYeT CyMMa

Yt = i Y
k=1

oo (0.]
+ + + +
[Tousitno, urto Y+ < X7, IloMeHssB MecTaMu DsiJIbI kz T u kz Y, W,
nosTopus paccyxaenus, noayanM X < YT, Crano 6wirs, X7 =Y.

Teneps B cuity Teopembl 9.1 U CBORCTB CXOASIIUXCS PSIJIOB NMEEM

o0 0 0 o0 0 0 0

_ + - + - _ + —-_
D mi= (wfma) =) wf=) wp =) i) oy =) e b
k=1 k=1 k=1 k=1 k=1 k=1 k=1

2.10 VYcaoBHO cxoadmIvecsd PAabI

Psin Ha3bIBACTCS YCA06HO CTOOAUUMCA, €CTIU OH CXOIUTCSI, HO HE ab-
cosifoTHO. Kak rokasbiBaer rnpumep 9.1, yCJI0BHO CXOISIITUECs PsIjibl CYy-
IECTBYIOT.

TEOPEMA 10.1 (Teopema Pumanal 06 ycioBHO cxoigImuxces psijiax).

0
IIyemo pad > xy, crvodumea yeaosno. Tozda, kaxoso 6ve nu 6viao S

k=1
(—o0 < S < +00), nymem nepecmanosry 4aeH08 pAada MocHo Jo-

oumuvca, umobv, cymma pada bviaa pasHa S.
< OTMeTnM mpeske BCero, 4To JJIsd YCIOBHO CXOISIINXCS PSJIOB

e} 0
E i =400 m E T, = +00.

JeiicTBUTEIbHO, B CUIY TeopeMbl 9.1 XoTs ObI OMH U3 3TUX PsIJIOB PaC-

!Teopr ®puapux Beprrapa Puvan (1826-1866) — nemenxmnit matemarnk. OCHOBHbBIE HCCTeIOBA-
HUsI OTHOCATCS K Teopuu (PyHKIHi, reOMeTPUN, MAaTEMATHIECKOH U TEOPEeTUIecKoi (u3uke.
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(o]
xomurest. Iyers st onpenenennocrn Y 27 = +oo. Ilockonbky
=1

n n n
- _ +
DT = w4
k=1 k=1 k=1
TO, Tepexojiss B 3TOM PaBeHCTBE K Ipelesy Hpu n — 00, IHOJYUUM
o0
Y.z, = +o0.
k=1
Kpome Toro orMeTum ere, 9To B CHIY HEOOXOIUMOTO MPU3HAKA CXO-
anvoctn x, — 0 npu kK — oo. A 910 o3nagaer, 9To Iz— — O npu k — oo.
IIycts Teneps S € R. Ilonbepem HaTypajbHble ancaa ny < ng < ...,

n}, < mhy < ... KaK HaMMEHBIINEe YHUCJA, JJIsi KOTOPHIX BBIMOJIHSIIOTCS
HEPaBEHCTBA

Spy =Y ap >8, (101) Sy =5, - z; <5 (10.2),
k=1 k=1

Sy =Su+ Y xf>S (10.3) Sy=05,— » ;<S5 (10.4),...

k=n;+1 k=nj+1

BosmoxknocTs mogodpaTth Takue ducyaa nj m TL/ cjaenyeTr n3 pacxoJnMo-
k k

o0 o0

CTH DSUZIOB Y & U Y @ .
k=1 k=1
[Tokaskem, 4TO Psij

ny ny N2 ny 00

+ ~ + E : — _E :
E xk—g x;, + E Ty — Ty = Yk
k=1 k=1 k=ny+1 k=n{+1 k=1

cxomuTess K S. PacemoTpnM cHavasia mocaeoBaTebHOCTE TaCTHIHBIX
cymm {5y, }. o mocTpoenmo

1S — Syl = Sy — 5 < .
+

i
Sp, — 5. Ananornuno nokaspisaercs, uro S, — S. Paccmorpum Te-

[TockombKy x,j — O0npn k — oo, Tom z,;, — 0 npn k — oo. Orcioga

0

1epb MPOU3BOJILHYIO YACTUUHYIO CyMMy Sy, Psijia Y | Yg. [1o mocrpoenuto
k=1

mist mioboro n € N MoKHO 110/100paTh Takue Ny U N1, JHO0 Ny U N,
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aTo Sy <S5y <8

nrs 00 Sy <5, <5, OTcrona B custy Teopembl

0 JIBYX MUJIUITMOHEPAX CJIEJIyeT yTBEPKICHNUE.

HroObI IOJIYIUTH YTBEPKAEHNE TEOPEMBI TpK S = 400, HaJI0 B HEPAa-
sercrBax (10.1), (10.2), (10.3), (10.4) u 7. m. BMecTO S B3ATH UHCIA
2,1,4,3 u T. . COOTBETCTBEHHO. >

YITPAZKHEHUE 10.1. Hokazars Teopemy 10.1 npun S = +o00.

o~ (1)
[TPUMEP 10.1. Panee mbl mokasayu, 9to psji » —— CXOUTCA
k=1

ycsioBHO. O003HAUNM Yepe3 S CyMMY 9TOTO psijia U IepeCTaBUM ero ujie-
HbI TaK, 9TOOBI OH UMEJI CYMMY B J[Ba pa3a MeHbIyio. s aroro crpym-
MUPYyeM 9JIeHBI Psijia CAEAYIONMM 00pa3oM:

1_1_1 + 1_1_1 + + ! — ! _i +
2 4 3 6 8 2k—1 4k —2 4k

Paccmorpum qactudryo cymmy S5 HOBOTO psija

. 1 1 1) _ 1y ! 13y _1
S3m_z<2k—1 Ak —2 4k _22 oh—1 2k) 20w

k=1 k=1

rjie So,, — JaCTHIHAsST CyMMa, UCXOIHOTO psiga. OdeBniHo,

1 1

m—oQ m—0o0
Kpowme Toro,

1

1
Sém—l - ng + Sém—Q = Sém—l + Am — 2

4m

[TosToMy OKOHYATEIHLHO MMEeM

lim S}, = lim S5, ;= lim S} ,= §S.

m—00 m—00 m—00
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3 HEIIPEPBIBHbBIE ®OYHKIINN

- 9mo xmo orce maxoti? -
- A no-meoemy, xmo smo?
- Honamua ne umero. Kmo amo?
JIvrouc Koapoan "Aauca 6 3asepranve”

3.1 IIpenen dyHKIUM B TOUYKE U €r0 CBOMCTBA

OITPEJIEJIEHUE 1.1. Orobpaxenne f : X — R, rie X C R, na-
3prBaercst ynryuetd. Muaoxecreo X' = dom f wazwiBaercss obaacmovio
onpedesenus GYHKITNNA, a KaXXIbIi ero sjeMedT OyaeM Ha3bIBATh ap2y-
menmom dyukrmn. Obpas muokecrsa X im f = f[X] C R 6yaem nasbi-
BaTh 00.4acMbI0 3Haverud byukiun f, a ero sjmementsl y = f(z) € im f
OyneM Ha3bIBaTh 3HAYEHUAMY PYHKIUKA f.

OIIPEJEJIEHUE 1.2. Touka gy, € R nazwiBaercs npedesom HyHK-
mmn y = f(x) B TouKe g, ecau Ji1s Jr060it ocaeoaresbroct {x, } C

dom f Takoit, uro lim xz,, = xo u x, # xo Vn € N, nocienoBarepHOCTH
n—oo

{f(x,)} ecxomurest K yo (ompesenenue mo Leiine).
C MOMOIIBIO JIOTHIECKO# CUMBOJIMKY 3TO OMpEJIeJIeHNe 3amluilierTcs B
CJIEJTYIOIIEM BHUJIE

(yo = lim f(z)) := (v{zn} C dom f\ {0}

T—xTo

(limz, =2y = lim f(z,) =w)).

n—oo
OIIPEJEJIEHUE 1.3. Touka gy, € R nazwiBaercs npedesom HyHK-
Yy = f(x) 6 mouke xg, ecau st jroboro € > 0 cymecrsyer § > 0
Takoe, uTo u3 HepaperctBa 0 < |r — zo| < J, © € dom f, cuemyer
nepaBeHcTBo | f(z) — yo| < € (onpenenenne no Komm).
[lepesesieM 1 3TO onpeeaeHne Ha S3bIK JOTHIECKIX CUMBOJIOB:

(yo = lim f(z)):=(Ve>0 3F6>0 Vzedomf

O<|z—zo| <0 = [f(z)—wl| <e)).

TEOPEMA 1.1. Onpedensenus npedena dymuruyuu no Ietine u no Ko-
WU IKGUBANAECHIHDL.

< (npegned 1o Teitne) = (npegen o Kormm). JTokaxkem oT npoTHBHO-
ro, TO €CTh JIOMYCTUM, 9TO mpefen yo byukmun y = f(x) B ToUKe Iy



3.1 Ilpenen ¢pyakmnum B TOYKe H €ro CBOHCTBA 69

o leiine He spigercs npejenoMm no Kommwu. [locnaennee B jormueckoit
CAMBOJINKE O3HAYAET:

de V0>0 dredomf (O<|z—xol<d A |f(x)—y|>e).

Orcroma caeayer, 9To st KarXKJI0TO YIeHa MOCIE0BATEILHOCTH {5n :
0, = n_l} HalileTcs J1eMeHT &, € dom f Takoii, 4To

0<|zp,—x0| <0p wm |f(xn)— 10| >e.

JleBble HepaBeHCTBa 03HAYAIOT, UTO (7}1_)11(;10 T, = x9) N\ (x, # x0), a mpaBoe

ozHagaer, uro lim f(x,) # yo. [IpoTuBopeune.
n—oo
(mpegen no Komu) = (npeges no Teitne). Boibepem HekoTopyto mo-
ciaeposatenabnocts {2, } C dom f\ {xo} Takyio, aro lim z,, = x, n mo-
n—oo

kaxkeM, 9to lim f(x,) = yo. s mannoro 6 > 0 nombepem N € N rak,

n—oo

arober 0 < |x — 29| < 0 mpu n > N. B cuny onpenenenus no Kormmn ot-
ciona caegyer, ato |f(xz,) —yo| < €. 1o o3nauaer, aro lim f(x,) = yo.
> n—oo
PaccMmorpum npuMmepsl.
[TPUMEP 1.1. Pacemorpum dynkmnnio f(x) = |sgnz|. Ee obmacts
onpenesennss dom f = R, obmacte 3nadenwit im f = {0,1}. Haiizem
;lcig(l) f(x). B cuny onpenenenust Leitre st 1i000# m0CI€0BATEIBHOCTH

{z,}, im 2, =0wu z, # 0VYn € N umeem lim f(z,) = lim |sgnz,| =

n—00
lim 1 =1.

[TPUMEP 1.2. Pacemorpum dynxiuto f(z) = xsinz . Ee obnacthb
onpegienenust dom f = R\ {0}. Tlokaxem, uro lim zsinz~! = 0. Boc-

z—0
noJsib3yemcs ompeaenenneM Komu. dng 3amammnoro € > 0 BosbMeM 0 =

e, Torjia u3 HepaperctBa 0 < |x| < & Oymer cieoBaTh HEPABEHCTBO
|f(z) — 0| = |zsinz™!| < |z| < e

IIPUMEP 1.3. Pacemorpum dynxuuio f(z) = sinz~!. Ee obmacts
onpenenenusi dom f = R\ {0} ta xe, ato n y QyHKINYM B peibLyIem

1

npumepe. OnHako npejena hH(l) sinx™ " He cyIiecTByeT. Bocrnoab3yemcst
T—>

onpejesenneM 1o I'eitie. Bribepem 1aBe mociienoBaTeIbHOCTH

O
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[Tongruo, aro x/, # 0 u x), # 0, npuuem 7}1_)11(;10 x, = nh_}rgo z;, = 0. Ho
lim f(2]) = lim sin7n =0, lim f(z!) = lim sin(2n + 1/2)7 = 1.
n—oo n—oo n—oo n—oo

[lepeiiieM K paccMOTPEHHIO HEKOTOPBLIX HTPAIONIUX OCODEHHO BarK-
HYI0 POJib CBO#CTB mpenena (GyHKIUM B Touke. s 9TOro HamoOMHUM
crapbie ¥ BBEJEM HOBBIE TIOHSTHS.

ONPEAEJIEHUE 1.4. Oxpecmnocmuvio O, toukn x € R HazbBaeT-
ca roboit maTepBas I C R, comepxKaluii TOUKY X; 0-0Kpecmmocmvio
O? Touku r HazbiBaeTca untepsal (v — d,x + 0). Hpokoromoti oxpecm-

nocmwvio Oy (npoxosomoti J-OKpeCTHOCTHIO éx ) TOUKM T Ha3bIBAETCS
COOTBETCTBYIOIIUI UHTEPBAJ C BLIOPOIIEHHON TOUKON .

cnonb3yst BBeJIeHHBIE IOHATHUSI, ONpeIeJieHne npeesia (PyHKIUN 10
Kot MoxkHO 3anucarsh 00Jjiee KOMIIaKTHO:

(yo = lim f(x)) :=

T—xTo

P
(Ve>0 3F0>0 (re€0, Ndomf = f(zx)eO,)).
OIIPEAEJIEHUE 1.5. ®yukrus y = f(x) HA3BIBAETCS 02paHuveH-

Hoti, o2panuvennoti ceepTy, 02panuMennoti cHus3y, eCIN HalIeTcs TaKkoe
qucyio ¢ € R, aro juist Bcex © € dom f BBITOJTHEHO COOTBETCTBEH-
o |f(z)] < ¢, f(z) < ¢, f(x) > c. B cayuae, eciim nepBoe, BTOpoe
WJIN TPEThE W3 ITUX COOTHONICHWIT BBINOJHEHO B HEKOTOPOIl MPOKOJIO-
TOIl OKPECTHOCTH TOYKM T, TO (PYHKIMS Ha3bIBACTCA COOTBETCTBEHHO
A0KaAbHo ((Punaivno) ozpanuiennot, sokarvono (Punasvno) ozpanuien-

noti ceepxy, A0KaAvHO ((PunaibHo) 02panuvenHol CHU3Y.

CBOICTBA mpejena GyHKIHT B TOUKE.
(i) ITycmo cywecmseyem npedea yo = lim f(x), O, C dom f, mozda
T—X0
PynKUUA NOKAADHO 02PAHUYEHA.
(ii) Iyemov cywecmeyrom npedeaw, y; = lim f(x), yo = lim f(x).
r—2X0 T—XTo

Tozda 1y, = yo.
< (1) o onpenenennto Komu (lim f(z) = yo) := (Ve > 0 30 >

T—T

0 Ve edomf (0<|z—x <d=|f(x)— 1wl <e¢)). Pacriucan
MOCJIEJIHEE HEPABEHCTBO, TOJIYIUM

.6 .6 [ ] ./

yo—e< flz) <y +e VreO, Ndomf D0, N Oxn=0,,
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o/
Orkyna |f(x)| < ¢ Vo €0,,, rae ¢ = max{|yo — €|, |yo + €|}
(ii) Mo onpenenennto Leiine uz (lim f(z) = y1) A (lim f(z) = ys)
T—X0 T—T0o
CJIEJIyeT, UTO CYyIIECTBYET CXOJSIIasicst mnocieaoBaresbuocth { f(x,)},
mpraeM (lim f(z,) = y1)A(lim f(x,) = y2). B ey croiicTra npejena
HOCIIEIOBATOIBHOCTH ¥y = Y. >

3.2 Ilpenen, apudmMerndeckme onepannum 1 HEPABEHCTBA

OITIPEJEJIEHUE 2.1. Ecim y asyx dyukumit y = f(x) v y = g(x)
obsactn omnpenenenns copnagaiorT dom f = domg = X, 10 UX cym-
MOTl, NPOU3GEIEHUEM T U4ACTMHBLM HASBIBAIOTCS COOTBETCTBEHHO (PYHK-
1[I, OIIpejieIeHHbIe CJIeIYIOMUMEI (POPMYJIaMU:

(f+9)(@) = f(x)+9(x), (f-9)(z)=f(z)g(z),
dom(f + g) = dom(fg) = X,

Y ) 20 dom 1) = (o e e oty
(-1 domig-2\pex: gw-0)
TEOPEMA 2.1. lIyemv y = f(z) uy = g(x) — dee dynruyuu c

obwetdi obaacmuvio onpedeaenua. Ecau lim f(x) = yp, a lim g(z) = yo,
T—T0 T—X(
m

T—xTo

i) lim (fg)(z) = y1 - v
(iii) lim (5) (z) =L, ecau yo # 0.

T—xTg

(i) lm (f +g)(z) = y1 + v2;
(

< Iycers nocaenosarensrocts {x,} C X = dom f = dom g Takasi,

aro (z, # x9 VYn € N) A (lim z, = zy). Torma B cuny onpenenenus
n—oo

Teitre (lim f(z,) = y1) A (lim g(z,) = y2). B cuny coorBercrByionux
n—oo n—oo

CBOMCTB IIOCJIEI0BATEJIBHOCTEN UMeeM

im (f(z,) + g(zy)) = y1 +y2,  lim (f(z,)9(20)) = 1192,

n—oo n—oo

lim (f(azn)) = @) ecin Yy # 0.
9(xn) ) Yo

Orcrofa BBULY MPONU3BOIA B BHIOOPE TOCIEIOBATEIHHOCTH { Xy} 1 Ompe-

nenenns eitne ciepyer yTBep>KeHue TeopeMbl. >
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TEOPEMA 2.2. (i) IIycmv y = f(x) uy = g(x) - dse dynryuu c

obweti obaacmuio onpedeaenus X. Feau lim f(x) =y < lim g(x) =
T—2X0 T—XTo

b
L]
Y2, mo natidemea npokosoman d-oxpecmmuocmv Oy, MOUKU Ty MAKAA,

o6
umo f(z) < g(x) Vr €0, NX.

(ii) ITycmo gynrsuyuu y = f(x), y = g(x), y )
aacmuvio onpedeaenus X maxosv, wmo f(x) < g(x) < h(zx). Ecau
lim f(x) = lim h(z) = yo, mo lim g(z) = yo.
T—X0 T—XT0 L—To
4 (i) Bosemem y' € R Takoe, uro y; < y' < yo. [lo onpenenenuto
o 01 o 02

Komu maiiieM mpoKoJoThe -OKPeCTHOCTH O, 1 O,, TaKue, ITO

= h(x) ¢ obwet 06-

|f(z) =l <y —y1 Voeo, NX,

9(z) — ol <y2—y V€O, NX.
Torma

od
Ve €0, NX f2)< W —y)+m=y =m—(p—y) <gl).
3nech § = min{dq, d2}.
(ii) Ecim lim f(z) = lim h(z) = yo, T0 Ve > 0 Haiigyrcest TpoKosio-
T—X0 T—T0

) )
e U1 e U2
Thle 0-OKPECTHOCTH Ozo u Ozo TOYKU Xy TaKue, 4To

o 01
yo—e < f(x)<yp+e Vax €0,, NX,
o 5
Yo —e < g(z) <yo+e Vreo, NX.

o 01 P o)
Torma nis seex © €0,, N O,, NX =0, NX nmeem

o —& < f(a) < g(z) < h(z) <yo+e,

otkyna |g(z) — yo| < €, uro B cuiy onpejnenenusi Ko 3asepriaer
JI0KA3aTeIbCTBO. >

CJIEJCTBUE 2.1. IIycmo lim f(z) =y u lim g(x) = yo. Ecau s
T—Tg T—T0

Hemmopoil npom/wmoil OKPECITNMHOCTNU OZEO mouyxu g 6biNOAHEHO
(1) f(x) = g(x), mo y1 = ya;
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(i) f(x) > g(x), moyy = yo:

(iii) f(z) > ¢, c€R, moy; > ¢;

(iv) f(x) > ¢, ce R, moy > c.

< Paccyxmast o mpoTUBHOTO, U3 yTBEpK/IeHust (1) TeopeMbl 2.2 HeMeT-
merno noayvaem (i) u (ii). YrBepxkmenus (iii) n (iv) momywatorcs u3 (i)
w (ii) npu g(x) = c. >

OIPEAEJIEHUE 2.2. [lycrs 3amanst gase dhyukiwn y = g(x) u z =
f(x), mpuuem img C dom f. @yuknuio z = f o g(x), onpeeaeHHyO
o dopmyse f o g(x) = f(g(x)), byaem HasbBATH KOMNO3UYUE JIBYX
dyHKIHI.

TEOPEMA 2.3. IIycmv y = g(x), z = f(x) - deée ynruyuu maxue,

ymo img C dom f. Iycmw, danee, cywecmsyrom lim g(x) = yo u
T—T0

lim f(y) = 2z0. Ecau
Y—Yo

(i) yo ¢ dom f
(ii) f(yo) = %0,

mo lim f o g(x) = 2

T—Tg

< (i) yo ¢ dom f = yy ¢ im g. [Iycrs {x,} C dom f — npousBosbHAS
MOCJIeIOBATEIHHOCTh TaKas, 910 T, — Xg, T, #* o Vn € N. Torma
g(zn) — yo m g(x,) # yo Vn € N. Tosromy f(g(x,)) — 29. B cuiy
POM3BOJIBHOCTH TOCJIEIOBATEILHOCTH {X,} TOCIeHee 03HATAET, UTO

lim fog(z) = 2.

T—T0

.. o / o

(i) Ecm 29 = f(yo), T0o Ve > 0 36" > 0 (y € Oy Ndom f =
f(y) € OZ,). (Bnech BuHO, 9TO BHICKA3bIBAHNE NCTUHHO HE TOIBKO J1/Is
POKOJIOTHIX OKPECTHOCTEH TOUKHU ¥p ).

Tak kak lim g(z) = yo, To st §' mMoxkuo nogobpars § > 0 Takoe,

T—xg
o0 ,

ato v €0,, Ndomg = g(z) € OZO N dom f, Tak kak im g C dom f.

Orciona momy4aem, aro ecin x €0, Ndomg, To f(g(x)) € O . >
SBAMEYAHUS. Orpanutennus (i) u (ii) cymecTBeHus B Teopeme 2.3.
B camom jiesie, mycTh HapyIaeTcst BTopoe u3 orpanudenunii. st sroro

sosbMeM f(y) = |sgnyl|, g(x) = zsina™!, g = yo = 0. Tonyunm
lin(l)gcsinac‘_1 = 0, lin%\sgny| = 1. Ognako npenesn Gyukiun f o g B
r— y—

touke 0 He cymiecTByeT. JJocTaTouHO paccMOTPETh MOCIET0BATEIHLHOCTH
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3.3 Kpurepuii Kommu cymiectBoBanus mnpejesa (pyHKIIAN

Omnpenenenus no [eitne n nmo Kommwm npejena GpyHKIMM B TOUKe Ue-
pecdyp OorpaHnunuTeNIHbHBI, TAK KaK He OXBATHIBAIOT BCETO MHOI00Opa3wst
curyannii. [Toaromy BBejiem

OIIPEJEJIEHUE 3.1.

(1) (xEIJPoof(I) =10 = (Ve>036 >0Ver e domf (z > 6 =

f(x) € O5));
i) ( lim f(z) = w) = (Y{z,} C domf (nll_%loﬂ}n = 400 =

r—400

lim f(z,) = wy))

n—oo

(ii) ( im f(x) =y) :=(Ve>036 >0Ver edomf (z < =6 =

T——00

fx) € Oy));
(i) (lim f(z) = y) = (WHz,} € domf (lim z, = —c0 =

r}ggo f(xn> - y0>>;
(iii) (lim f(z) = yo) :== (Ve > 030 > 0 Ve € dom f (Jz| > 0 =

Flz) € O; )

(iii’) (lim f(z) = y) := (V{x,} C dom f (lim z,, = o0 = lim f(z,) =

T—00 n—oo n—oo
Y))-

YIIPAZKHEHUE. [okazars sxsuBanenrnocts (i) u (i), (ii) n (ii’),
(iii) m (iii’) B mpempbutyiiemM onpenesnennn. VccaenoBaTsh CBsi3b BBEJICH-
HBIX B TOM ONPEJICJCHNN TOHATHI ¢ apudPMETHUCCKUMA ONePaIuaMu
v HepaseHcTBaMu. JloKasaTh aHAJOr TEOPEMbI O TIpeJesie KOMIO3UIINN
nByx dyuKIHmit (Teopema 3).

OIIPEAEJIEHUE 3.2. Hpmﬁo,/wmog‘z d-oxpecmuocmvro £00 U 0O Ha-

0
L] o
30BEM COOTBETCTBEHHO MHOXKECTBA (), = {:I: ceR:z > 5}, O_=

o0
{reR:x< =6}, O ={reR:|z|>d}.
Tenepn y Hac Bce TOTOBO i u3ydenus kKputepus Komm. 3ydenne
HaYHEM C omnpejiesienus ycaosua Kowu:
OIIPEAEJIEHUE 3.3. Bynem ropoputs, uro dyukiws y = f(x) ydo-

saremeopaem ycaosuto Kowu npu x — ¢ (xg € R wn zyp = 00, 00)

)
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ecn
o0
Ve>0 36>0 V2’2" edomfno,= (|f(z)— f2")] <e).

TEOPEMA 3.1 (xpurepuii Komm). ITycmo xy € R, aubo xg =
+00,00. Ilpedea lim f(x) cywecmsyem mouno mozda, kozda Pymryua
T—T0

y = f(z) ydosaemsopaem ycaosuro Kowu npu x — .
< Ilycrs cymecrsyer lim f(x). Torma
T—T0

o
Ve>0 35>0 Va',2" € dom fn Oy,

(Lf (=) = wol <e/2) A f(2") = wol < £/2).
Orciona [ f(2') — f(2")] < [f(2) —wol + [f(2") —wol <e/2+e/2 =,
TO eCThb ycjioBue Ko BBITOTHEHO.
[Tokaskem Tenephb, 4TO U3 ycjoBus Kolmu cjejiyer CyIliecTBOBaHUE
npejena. [ycrs

o
Ve>0 36>0 V2’2" edomfno, (f(a)—f(a")]<e).

Pacemorpum mocsieioBaresibiocts {x,} C dom f Takyiwo, uto x, # T

Vn € Nu lim z, = ¢, u mokaxeM, 910 nociegoBarensaoctsb { f(z,)}
n—oo

CXOJINTCH.

B cuuy kputepuss Kormmu st rnocjieloBaTebHOCTEH W3 TOro, 4To

5
7}1_{20'7;" = xg, caeayer (Vo > 0 IN € NVn,m > N (x,,z, Géxo)).
Crasio 6bITh, B cuity ycaosust Kot jijist Tpous3BOabHOTO € > () MbI Ha-
nuim N € N rakoe, uro npu mobbix n,m > N |f(x,) — f(z,)| < e
D70 3HAUMT, B cuiy Kpurepust Koru jisi mocseoBaTebHOCTel, 910
cymectsyer npegen lim f(x,) = yo.

-
[Tokakem, 4T0 Bce Hgi:ﬂeILOBaTeﬂbHocm, BHIOpAHHBIE YKA3aAHHBIM CITO-
coBOM, CXOJISATCsT K OJIHOMY 1M TOMY Ke mpejiesty. PaceMorpum jiist 517010

nocaenosateabrocts { f(x))}, toe {2),} C dom f \ {x0}, lim =z, = z.
n—oo

Torna B cuny yenosus Ko umeem, aro ipu n > N | f(z,) — f(2))| <
1/N (ecaw 6parh € = 1/N). Orkyna f(z,) — 1/N < f(z)) < f(z,) +
1/N. Tlepexoyst K npesiey npu N — 00 nosydum tpebdyemoe. >

Kpurepuit Kommu B ToM Bue, B KOTOPOM MBI €0 JTOKa3aJ#, OUeHb
HEeYI00HO TPUMEHATH Ha HpakTuke. UToObl ¢chpopMyaupoBaTh ero B 060-
Jlee yJI00HOM BUJIE JIaJIAM
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OIIPEJAEJIEHUE 3.4. Koaebanuem pynrkuyuu f: X — R Ha MHOXKe-
cree X C R naswiBaercst penmuanna w(f, X) = sup |f(a') — f(z")].

' x’eX
[TPUMEPHI
1. w(sgnz, [—1,2]) = 2;
2. w(|sgnz|,[-1,2]) = 1;
]

3. w(|sgnzl|, 0,) = 0.
Ucnonb3ys nousitue Kojaebanusi GyHKIUK JIaJIMM WHYIO 3aIlliCh KPH-
Tepusi Korn:

(Flim f(z)) o (Ve>0 36>0 (w(f, éio) < ).

T—xTo

3.4 3amedaTeJbHBIE TPEJIEJIBI N SKBUBAJIEHTHBIE (DYHKITNN

[Tpexkjie 1emM NpucTynuTh K JOKa3aTeJILCTRBY Nep6020 3aMeUamenbHo-

20 npedena
sin x
=1

lim

z—0 X ’

HATIOMHUM OJIHO U3 CBONCTB TPUIOHOMETPUUIECKUX (DYHKITUI, 1TOJIOXKEH-
HBIX HaMM BO BBejenun B ocHOBY mx onpejesennsi. Vimenno,

sin x

Ve e (0,7/2) O0<sinz<z< (4.1)

cosx

[TocpesicTBOM 3TOr0O CBONCTBA JIOKAYKEM CJIeJIyIOIee yTBEPIKIeHe:
JIEMMA 4.1. Jlaa ar06020 xg € R (lim sinz = sinxg A lim cosx =

T—T T—Tg

COS () -

< JlokaxxeMm cHadaJia paBeHCTBO lim sinz = sinxg. [Ipexe 3ame-
T—X0

M, aro |sinz| < |z| Vo € R. HeiictBurensro, B cuay (4.1) mpn
z € (0,7/2) umeem 0 < sinx < x, a ipu « € (—n/2,0) umeeM BBUIY
rHederHocTh byHKImK sinx 0 < sin(—z) < —z. Orcioga |sinz| < |z],
ecin |x| < /2. Ecau xe |x| > /2, 10 Hepamencrro |r| > |sinz]
CIIPABEJIMBO B CHJTy Toro, uto |sinz| <1 < 7w/2 < |z|.

Tenepn, ecn g = 0, To lim sin z = 0, MTOCKOJLKY JJ1s1 JIIOOO# TTOCTIE-

—0
nosaresbiocti {z,} C R\ {0}, lim z,, = 0 umeewm |z,| > |sinx,| > 0.
n—oo
B custy meopembl 0 mpejiesie mocsieI0BaTeIbHOCTH U HEPABEHCTBAX MOJIY-

qaeM lim |sinz,| = lim sinz, = 0.
n—oo n—oo
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Bosbmem Teneph npousBosibHOe uncio rg € R. Torma mjs joboit
nocegoBaresbrocT {x, } C R\ {zo}, lim x, = zy, nomayunm
n—oo

: : Tp+ Ty . Ty — X
| sin x,, — sin x| = 2 |cos 5 s < |z, — x0].

Bocnoib30BaBIIUCH TTPEJIBIIYITUIMI PACCYKICHUAME MOJYIUM Tpedye-

MO€

Hokaxxem, uro lim cosx = cos xg. st aT0r0 3amMeTuM, 4TO B CUJY
T—Ig

TeOpeMBbI O IpeJiesie KOMIIO3UIINN JIBYX (PYHKITHI

lim cosz = lim sin(7/2 — x) =

T—T0 T—xg
=(r/2—x=y, T—oax9=>Yy—7/2—10) =

= lim siny =sin(7/2 — ) = cosxzy. >
y—m/2—x0
[Tepeiiiem Temneph K JIOKA3aTENILCTBY TEPBOrO 3aMEYATEIHLHOIO Mpe-
nea.
< B cuny (4.1) mmeem Vo € (0,7/2) 0 < sinz < r < 2%, oTKy-
nal < < L < 1. Ormernwm,
sSmx COsST

qTO MOCJIE/IHee HEPABEeHCTBO cripaBeinBo u npu Vo € (—7/2,0) B cu-

sinx

Hpyrumu cjaoBamu, cosT <

JIy 9eTHOCTU (PYHKIHUK COS & 1 HeueTHOCTH (hyHKIuM sinx. [lepexons kK
npejeny npu £ — 0 B clIy JeMMbI B TeOpeMbl O Ipejesie (PyHKINA U
HEpaBEHCTBAX MoJydaeM Tpedyemoe. >

Terneps moKaXkeM 6mopot 3ameuamesvuviti npeden

liH(l)(l + )" =

< Hamomamnm, uro e = lim(1+1/n)". B cuny caepcTus u3 TeopeMbr
O BEPXHEM W HUKHEM IpPejiesiax uMeeM

V{ny} C {n} (khm (14 1/np)™ =e).
—00
DukcupyeM HEKOTOPYIO MPOU3BOJILHYIO MOCIEJ0BATEILHOCT {X)} Ta-
Ky10, 910 (25 > 0) A (khm z = 0). PacemoTpum mocsieoBaTebHOCTD
—00

{ny = [1/zk]}. OueBumno, 4ro 974 MOCIETOBATENLHOCTD SIBJISETCS TIO/I-

TOCIIEZIOBATETIHLHOCTHIO ocseoaresbaoctn {n}, npuaem ngp+1 > 1/x) >
1 1

Nk, OTKYJA UMEEM - > 1 > T [TosTomy

1+ ! " < (T+ap)/* < 1+ L\ (4.2)
E—— T — . .
ne+ 1 - b

n
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Kpowme Toro,

1 Nk 1 ni+1 1 -1
lim [ 1+ = lim ( 1+ 1+ =e.
k—o0 ng + 1 k—o0 ng + 1 ne + 1

1 ni+1 1 ng 1
lim <1—i——) = lim (1—i——) <1+—):6.
k—o00 ng k—o0 ng ng

B cuity (4.2) u Teopembl 0 peJIeJILHOM TIepexo/ie U HepaBeHCTBAX MOJTy-

JaeM
lim (1 4 2;)Y/% = .
k—00
Teneps nyers (2 < 0) A (k:h—>Holo xp = 0). HMosnoxum yp = —xy. Toraa
]}LIEO yr = 0, HO ¥ > 0. [auee,

1/yx
Jirm (1+ ) = Jimn (1= )40 = o (1 i gk%) :

(1 L 2, >0, Yy — 0= 2, — O) = lim(l—i—zk)l/z’“H.
— Yk k—oo

[ToaTromy

lim (1 + 2;)Y* = lim (1 + z)Y*(1+ 2) = e
k—o0 k—o00
B CHJTy y¥Ke JIOKA3aHHOTO. ATeJUIsIIus K ONpeJeJIeHI0 Tpejesia (DyHK-
nuu 110 [eiine 3aBepinaer JOKa3aTe bCTBO. >
Or obonx 3amMedaTesibHbIX MPEJEJIOB caMuX 1o cebe MaJio mpoky. Vx
BO3MOXKHOCTH JIJIsT BBIYUCJICHUST JIPYTUX TPEJIEJIOB 3HATUTEIHLHO PACIITH-
psieT CJIeIyroIee
OITPEJEJIEHUE 4.1. [Ise dyukunu y = f(x) u y = g(zr) naswi-
BAIOTCS 9KGUBAACHMHUMU Npu T — xo (f ~ g mpuw x — xg), ecan
Va Eézo f(z) = a(z)g(z), npuaem :clgg a(z) = 1.
[TokaxkeM, 9TO MBI JIEHCTBUTETHHO onopeﬂeﬂnﬂn 9KBUBAJIEHTHOCTD, TO
eCTh
(i) f~ f npn @ — @p;
(ii) ecou f ~ g pu x — x(, T0 g ~ f TpH T — Xp;
(iii) ecau (f ~ g) A (g ~ h) mpn x — xy, T0 f ~ h npn & — .
< (i) Ouenugno, nockosbky f(z) = a(z)f(z), rue a(x) = 1.



3.4 BameuarenpHbIe TIPEIEIBI W SKBUBAJTCHTHBIE (DYHKITHH 79

(ii) Hycts f ~ g mpu * — xp, 10 ects f(x) = a(z)g(z), rme

lim a(xz) = 1. Dro 3HAYWT, UTO CYIIECTBYET OKPECTHOCTH gy, TIC
T—T0

a(x) # 0. B aroit okpectroctn nmeem g(x) = [(x)f(x), rme f(x) =
1/a(z), mpuuem lim B(z) = lim 1/a(z) = 1, To ectb g ~ f npm
N xo T—T0 T—X0

(iii) Myers (f ~ g) A(g ~ h) pu x — xg, To ectsb f(z) = a(x)g(x),
g(x) = B(x)h(z), mpuiem xli_}rg()oz( x) = lim f(x) = 1. llosromy f(z) =

Tr—X0
v(x)h(z), toe v(x) = a(x)f(x), lim v(x) = 1, To ectb f ~ h npn
r — ZTg. b e
TEOPEMA 4.1. z ~ sinx ~ arcsinz ~ tgr ~In(1 +x) ~e” — 1 ~
(1 +2)*—=1) npuzr — 0, a € R\ {0}.
< To, uto & ~ sinx npu & — T, CJEJYET HEMOCPEJCTBEHHO U3 TIep-
BOTO 3aMedaresibHOro npejena. Jlokaxkem ocraibHoe.

xr ~arcsine npu x — 0:

hH(l) AL _ (arcsine =y, x=siny, (r—0)=(y—0))=
r— X
= lim —2— = 1.
y—0 Sin y
x~tgr npu x—0:
t 1
lim 2% — lim sin 2 : = 1.
z—0 T z—0 X CoOsS ™
r~In(l+z) mpu z—0:
In(1
lim In(1 +2) = limIn(1 + )% = In (lim(l + a:)l/z> =1Ine =1.
z—0 X z—0 z—0

(311€ch BO BTOPOM PaBEHCTBE Mbl BOCIOJIH30BAINCH CBOMCTBOM Herpe-
PBIBHOCTH JiorapudMuieckoit (pyHKIUN

lim Inx =In lim =1Inzy, z¢>0).
T—X0 T—X0

r~e*—1 nmpu x—0:

=(e"=14y, z=Ih(l+y), (x—0)=(y—0))=

lim
z—0 x
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. Y
yﬁ%ln(l%—y)

B CHJIY JIOKA3AHHOTO BBIIIIE.
(1+2)*~1+azr upn z—0:

(42 —1 e 1 In(142)
lim = lim :
oAy ax =0 aln(l + z) T

B CHJIYy JOKa3aHHOT'O BBIIIE. D>

=1

[TousaTHE SKBUBAJEHTHOCTU (DYHKIIHMI BEChbMa MOJIE3HO MPU BBIYUCTC-
HUW TIPEJIETIOB.

TEOPEMA 4.2.Ecau f ~ f1 u g ~ g1 npu x — xg, mo
lim _f(ac) = lim filz)

NPU YCAOBUU CYULLCMEOGAHUA TOMNA Obl 00H020 U3 IMUL NPEDEA0E.
< Mockombky (f ~ f1) A (g ~ ¢1) tpu & — xg, TO B CUITy OTpejie-
nenvsi f(x) = a(z)fi(x) u g(x) = B(x)g1(x) B HEKOTOPOI TTPOKOIOTO
OKPECTHOCTH TOYKHU X, MPAIEM zhrrzl a(r) = xhr? B(zx) = 1. Homycrum,
— 0 — X0

(4.3)

aro cymiecrByer npasbiii ipegen B (4.3). Torga samerum, 4urto cyiie-
CTBYET HEKOTODPasi MPOKOJIOTAsT OKPECTHOCTE (g, B KOTOPOit g1(x) # 0
u F(x) # 0. B aroit okpectHoCTH Ompeiesiena (yHKITHsT

/(@) = a(@) : fl(x), npuaeM  lim —= = 1.

g(x)  Blz) () w0 ()

Orcroa B cujly TeopeMbl 0 npejesie GyHKINE 1 apudMETHIeCKIX OIle-

ar)

palnusx cieayer Tpedyemoe. >

3.5 CuwmsoJasl Jlaggay o u O

[TonsiTe SKBUBAJEHTHBIX (PYHKIMI IPE3BbIUANHO MMOJIE3HO TPU BhI-
YUCJICHUH MPEJICJIOB, OJIHAKO HE OXBATBIBAET BCEIO MHOTOOOPA3US BO3-
MOXKHBIX CUTyaluit. YToOBI pacIIupUTh HAIIA BO3MOXKHOCTH, BBEJIEM

OIIPEAJEJIEHUE 5.1. [Iycts 2 € R wim 2y = £o00, 29 = 00. Torma
(Ve>0 36>0 Vzedomf

) o€
N B _ ) (x€0,,= f(z) €0L);
Dl 70 =000 =1y 1 dom £\ {ao}

(lim z, = o = lim f(z,) = c0);
\ Nn—o0 n—aoo

o\
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(Ve>0 36>0 Vzedomf
o0 o€
(i) (lim f(z) = +00) := { €0z F(7) €010);

T—p ' V{z,} C dom f\ {xo}
(lim z, = 2o = lim f(z,) = +00).

YITPAZKHEHUE 5.1. JlokazaTh 5KBUBaJIEHTHOCTH OTIPeIesIeHnii bec-
KOHEeIHOTO Tipejiesa no Komm u no Teitne.
[lepeiinem K ompeseneHnio cuMBosIoB Jlanmay .

OIPEAEJIEHUE 5.2. @yukuus y = f(x) HasbBaercss 6eckonewHo

manoti npu x — xg, ecam lim f(x) = 0. @yuknus y = f(z) vaspiBaer-
T—T0

cst beckoneuno Marol no cpasruenuto ¢ ynrkyuetd y = g(x) npu r — x,
ecn f(x) = a(x)g(x), rae a(z) — 6eckonedno Masas mpu £ — xo. O6o-
3HAYAETCS 9TO caepyionmm obpasoM: f ~ o(g) (uuraercs "o masmoe")
npu r — xg. BEcaw [ ~ o(g) u g(x) — beckoHedHO Masiast Ipu T — T,
To f OymeMm Ha3bIBATH OECKOHEUHO MAA0T O0Aee BbLCOKO20 NOPAJKA MO
CPABHENUIO € § NPU T — X(.

[TPUMEP 5.1. 2> ~ o(x) npn  — 0, Tak Kak 2> = ¥ - T.

[IPUMEP 5.2. x ~ o(x?) upn x — oo, Tax Kak = 1/x - 2* npu
JI0CTATOYHO BOJIBITIUX 0 MOJLYJIO .

OIIPEAEJIEHUE 5.3. Bynem rosopurs, uro dbyuknus y = f(z)

ozpanurena no cpasrwenuto ¢ gynryuetd y = g(x) npu x — xy (0603HA-

qaercss f = O(g), anraercs "o Gosbinoe or g"), ecan 3 éxo de > 0

Va €0z, (|f(2)] < elg())).

IMPUMEP 5.3. 1/ = O(1/2%) upn z — 0, Tak kax |1/x| < 1/22
mpu |z| < 1.

[TPUMEP 5.4. 1/2®> = O(1/x) npu x — oo, Tak Kak 1/2% < |1/x]
mpu x| > 1.

YcranosuM cpofictea o n O.

TEOPEMA 5.1.ITycmv ¢ € R\ {0}, moeda npu v — xy

(1) o1(cf) = cos(f) = o(f), Oi(cf) = cOx(f) = O(f);
O(E”i;) 01(f) + 02(f) = o(f), OL(f) + Oao(f) = O(f), o(f) + Ou(f) =
0(531){) 01(02(f)) = o(f), 01(0(f)) = o(f), O(o1(f)) = o(f), O1(Oa(f)) =

'3 amyna Teopr Tepman Jlanmay (1877-1938) — HeMenkuii MaTeMATHK, OMH U3 TBOPIOB COBpe-
MEHHOTO MAaTEMATUIECKOTO QHAJIM3A.
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(iv) ecau g(z) # 0 Vo Eéxo, mo

(). 0())

< (i) or(cf) = a(z)(c- f(x)) = ca(z)- f(x) = (c-a(x))- f(x) = o(f),

rie a(z), ¢ - a(r) — 6eCKOHETHO MaJIble TP T — X.

Bce nemokazanuble yTBepyKAeHUS TeopeMbl 5.1 npejaralores B Ka-
yectpe YIIPAZKHEHNA. >

TEOPEMA 5.2 (kpurepuit sxBuBasenTaoctu dbyHkuuii). f ~ g npu
r— x9) & (f(z) =g(x) + o(g) npu x — x).

A Ilyers f(x) = a(z)g(x) npn & — xp, tae lim a(z) = 1. Torga

z—0
f(@) = g(z) = g(z)(af2) - 1) = B(z)g(z), rae lim B(z) = 0.

Tenepn JlokaxkeM yTBepXK/ieHne B 00paTHyio cropony. [lycrs f(x) =
g(x)+a(x)g(z), rae zlgr; a(x) = 0. Craso 6eith, f(2) = (1+a(z))g(z) =
B(x)g(x), e lim ﬁ(x)oz L. >

B cuny ILOKZLB;OHHOIVI TeopeMbl 1 TeopeMbl 4.1 MOXKHO 3amucarh CJie-
JIYFOTITYI0 TaOJIUITY

sinz =z + o(x), e* —1=uz+o(x),
tgr = x + o(x), r—0 In(1+2) =x+ o(z),
arcsine = x + o(x), (1+2)*=1+ax+ o(z).

3.6 OpagHOCTOPOHHUE TIPEAETBI

OTIPEJEJIEHUE 6.1. WnrepBan suga (zg,zo + 0) ((xg — 0, x0))

HazbiBaeTcst npasots (ae6otl ) npokosomot 0-0kpecmnocmvlo TOUKH Ty
b
[ ] [ ]

(zo € R) n obosnauaerca " O, (* O,,). Apyrnmu caosavu

o0 o)
"O,,={r €R 19 < <w0+6}, lOzoz{xER:x0—5<x<xo}.

OITPEJEJIEHUE 6.2. [Tycts x¢g € R. IIpasvim npedesom dpyHKImu
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y = f(z) mpu © — x( HA3BIBAaETCS

(Ve >0 30 >0 Vzedomf

o o
( €7 O4= f(2) €Of(4910));
(lim f(x)= f(zo+0)) :=¢ V{x,} Cdom f

et ((xy, > 2o A lim x,, = z¢)
= (lim f(en) = Flan+0),
Jleevim npedesom dbyuriwm y = f(x) npu © — xy HA30BEM

(Ve >0 36>0 Vzedomf

o0 oc
(‘T S : OzO: f(.%') EOf(:cofO));
(lim f(x)= f(zo—0)):=¢ V{x,} Cdom f

T—To— ((I'n < x9N\ r}l—{go Lp = 'TO)
| = (lim 7(a) = fa—0)

B mannom onpenenenvn sesmanant f(z9+0) n f(xg—0) moryT ObITH

0O JIEeHCTBUTENHLHBIMIA YUCJIaMK, JIKOO CUMBOJAMHU 0O B £00.

YITPAZKHEHUE 6.1. /Iokazarh 3KBUBAJIEHTHOCTH ONPEIEIEHUI 10
[eitne u 1o Kot 0 iHOCTOPOHHKX MTPEJIEIOB.

YIIPA?KHEHHE 6.2. CdopmyanpoBaTh 1 T0Ka3aTh TEOPEMBI O CBsl-
3U TIOHSITHsT OJJHOCTOPOHHETO MPeIea ¢ apudMEeTHICCKIMHI OMePAIIAsIMA
M C HEPABEHCTBAMM.

YIIPA?KHEHUE 6.3. Chopmynuposarsh n 1oKa3aTh Kpurepuii Ko-
I CYIIEeCTBOBAHUS OJHOCTOPOHHEro Ipejesa (PYHKIMU B TOUKE U HA
OECKOHETHOCTH.

[TPUMEP 6.1. Mbr y>ke nokasbiBajm, 4To (PyHKINSA Yy = SGNT B TOY-
Ke HyJb He uMmeer upejesna. OHaKo JIEBbIH U NpaBblii Ipeesbl y 3TOi
(GyHKINKE B TOUKE HYJIb CYIIECTBYIOT. [leiicTBUTEILHO, IO ONpPeIeICHITO
[eitre BO3bMEM MOCJIEI0BATENILHOCTH TaKyi0, 9TO X, — 0 nmpm n — oo,
TOT /1A

lim sgnz = lim sgnx, =1, Tak kak x, > 0,

z—0+ n—00
lim sgnz = lim sgnx, = —1, Tak kKak x, < 0.
x—0— n—00

[TPUMEP 6.2. @yuknus dupuxie

[ 1 mpn z€Q,
D('T)_{O mpu € R\ Q
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He UMeeT HU JIeBOrO, H IPaBOro MpeiesioB HA B OJIHON Touke. JlelicTBu-
TeJbHO,

lim D(x,) =1, ecim (x, > x9) A (2, € Q) A (lim z,, = xy),

n—oo

lim D(z)) =0, ecmn (z], > x0) A (2, € R\Q)A (lim z,, = xy).

n—oo

[Tosromy lim D(z) we cymecTByer. AHAJOIMIHO MOKA3BIBAETCS, ITO
r—2Xo+

re cymecrsyer lim D(z).

T—To—

SAMEYAHUE. Ecin 2y = 0o, TO HETPYIHO 3aMETHTH, 9TO

lim f(z)= lim f(z), a xl_lgole f(x) zwl_i)r_noof(a:).

T—To— r——400

TEOPEMA 6.1 (kpurepwmii cyimecrBoBanus mpejesa dbyukmu). [Tycmo
2o € R usu xg = 00, a yo € R uau yp = oo, +o00. Tozda

(lim f(w) =) & (lim f(x) = yo) A lim f(z) = po).

< Bocrnonmbsyemest onpenenenusivmu Lejine. Ilyers {z,} C dom f \
{zo}. Pazobbem ee wa jpe noganocienosarensroctn {x,} = {z) }U{z]},
re x, > xo, a rh < xg. OUeBuIHO,

(lim z, = z9) & (lim 2/, = x9) A (lim 2, = ).

n—oo n—oo n—oo
Orciofa cieyer yTBepXKIeHHe TeOPEMbl. >

HokazanHnast TeopeMa U MPUBEIEHHBIE BBIIIE TPUMEPDI HE TTO3BOJIAIOT
HAJICSTHCST HA CYIIECTBOBAHNE JIEBOTO U TIPABOTO TPEJIEJIOB Y TTPOU3BOJIb-
HO B3stTOW (byHKIMU. OMHAKO CYIIECTBYET JOBOJIHHO OOIMMPHBII KJlacc
byHKIMH, 1715 KOTOPBIX BOIIPOC O CYIIECTBOBAHUU OJHOCTOPOHHUX IIPe-
JIEJIOB PEIaeTCsl MOJOKNATEIbHO.

Hamomuum, aro dyukius y = f(z) HA3BIBAETCS MOHOMOHHO 603PaC-
maroweti (Moromonno ybuearowed) Ha HeKoTopom MHOKecTBe X C R,
ecim V!, 2" € X, o’ < 2" mmeer mecro f(2') < f(2") (f(2)) > f(2")).
MHOoXkecTBO MOHOMOHHHBLT PYHKUUT COCTOUT U3 MOHOTOHHO BO3pacCTa-
IOIUX ¥ MOHOTOHHO YOBIBAIOIIUX (DYHKITUIA.

TEOPEMA 6.2. ITycmov ¢ynxuyua y = f(x) monomonno sospacmaem
na unmepesane (a,b). Toeda xl_l)g)l_f([b‘) u x1—1>££+ f(z) cywecmeyrom 6

kaotcdoti mouke xo € (a,b). A umenno, Yy € (a,b)

sup (@) = lim_f(@) < f(e0) < lim f(z) = inf f(x).

a<r<zxg ro<x<b
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Kpome mozo, ecau a < xy < xj < b, mo

flzg+0) = lim f(z) < lim f(z) = f(ag—0).
=)+ =Tl —

< To npeanonoxennio maoxkectso ancen {f(x) : a < x < xy} orpa-
HIYEHO CBEPXY IHCAOM f(Zo) M TTOITOMY MMEET TOUHYIO BEPXHIO TPAHb
s(xg). OueBngno, aro s(xg) < f(xo). [Hokaxkem, aro s(xg) = f(zo—0).
ITo zamannomy € > 0 nmombepem 0 > 0 Takoe, 9To npm a < Ty — 0
nmeer MecTo S(xg) — e < f(xg — 9) < s(xg). [lockombky f MOHOTOHHO
BO3PACTAET, TO

flxg—0) < f(x) < s(xg) mpu zp— 9 <x < xp.

o5
Hpyrnvm cnosamn, | f(z)—s(zg)| < enpnz €' O, ,roecrs lim f(z) =

T—To—
s(xg).
Bropasi 4acth HEpaBEHCTBA JIOKA3BIBAETCS aHAJOTUIHO.
Jlasee, u3 J0KA3aHHOTO HEPABEHCTBA

sup f(x) = f(wo—0) < f(zo+0) = inf f(z)

a<x<x( ro<r<b

MeeM Tpu a < T < xy < b

flzy+0)= inf f(z)= inf f(2).

ry<w<b ry<z<z(

C apyroit cTOpOHBI

flag—0)= sup f(z)= sup f(a).
a<z<x] ry<z<z]
I3 cpaBHeHuUs ABYX MOCJIEIHUX PABEHCTB IOJydaeM Tpedyemoe. >
YIIPA?KHEHUE 6.4. ChopmynnpoBaTh 1 J0Ka3aTh aHAJOT TEOpe-
MbI 6.2 JIJIsT MOHOTOHHO yOBIBAIOIINX (DYHKITUI.

3.7 JlokanbHbie cBoiicTBa HenmpephiBHLIX (pyHKImit. Kiaccu-
dukalus pa3pbIBOB

[Tycrs xg € dom f. Hanmomuuwm, aro dyukiws y = f(x) naspiBaercs
nenpepuénot 6 mouke xo, ecam lim f(z) = f(x). (Apyrumu cioBamu,
T—X0

eciim lim f(z) = f(lim x) npn xy € dom f).
r—T0 T—X0
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B cuny Teopembl 6.2 nMeeT MeCTO SKBUBAJEHTHOE
OITPEJEJIEHUE 7.1. Ilycrs z¢ € dom f. Oyuknust y = f(x) nHa-
3BIBACTCST HENPepuieHots 6 mouke To, ecin lim f(z) = lim f(x) =

T—To— r—2xo+
f (o).

OIIPEJEJIEHUE 7.2. Ecau ¢dyuknus #e gBjseTcs HeIpPepbIBHOR B
Touke xy € dom f, To MBI OyjieM FOBOPHUTD, UTO (ByHKINA [ paspviena 6
movke gy, VIV 9TO f umeem paspuié 6 mouke x.

Kaxk nokazano Beiiie, dyukims Jupuxie y = D(x) paspbiBHA B KaXK-
JI0ii TOUuKe 0bJacTH ompejesenus. BeegeM B pacCMOTpeHHe eIre OIUH
9K30TUICCKUN

[TPUMEP 7.1. ®yuknust Pumana y = R(z), e

1 o —  Hecokparumasi Jpo0b,

— n’ n
Rlz) = { 0, z€R\Q
HerpepbhiBHA TOJIHKO B WppaIlMoOHaIbLHbIX ToYKax. [eilcTBUTENbHO, Ka-
KOBBI Obl HE Obun umcio zop € R, orpanmuennas okpecTHOCTb O, U
ancio N € N, B okpecrHoctt O, €CcTh TOJBKO KOHEYHOE YHCIIO TOYEK
prga m/n, rne n < N. YMenbiasg okpecTHOCTh Oy, MOXKHO, TaKUM
00pa3oM, CYUTATH, UTO 3HAMEHATENN BCEX PAIMOHAJLHBIX UHCENI, I0-
MaJIAIONINX B Hee (KpoMme, MOXKeT ObITh, ducia X, ecau Ty € Q) yxe

bosibiie N. Takum obpasom, B J11060it TOUKE T Eéxo |R(z)| < 1/N, o0
ecth lim R(z) = 0.

T—Tg
JIOKAJILHBIE CBOVICTBA wenpepbiBHbIX byHKIIHiL:
(i) mempepniBHAas B Touke xy € R dynkmua y = f(z) Jg0KambHO
OTpaHUYCHA;

(ii) ecou dynkiwn y = f(x) n y = g(x) HENpephIBHBI B TOUKE T(, TO
nx cymma (f + g)(x), npomssenenue (f - g)(x) u gacruoe (f/g)(z) (B
ciayuae g(xg) # 0) ToxKe HEMPEPBIBHBIE B TOUKE To (YHKITUH;

(iii) mycrs y = g(x) n z = f(y) — age dbynkiwn, npudem img C
dom f, g HenpepbiBHA B TOUKE X, a f HempepbiBHA B TOUKe Yy = ¢(Xp);
TOr/Ia UX KOMIO3UIIUS HEIPEPLIBHA B TOUKE I

JlokazaTesbCTBO clie/lyeT U3 COOTBETCTBYIONIUX CBOUCTB mpejiesa (hyHK-
IIMU B TOYKE W ONPEACICHUS HETPEPHIBHOCTH.

OITPEJIEJIEHUE 7.3. ®yukuns, HenpepbiBHAS B KaXKI0i TOUKE HEKO-
TOPOrO IPOMEKYTKA, HAZBIBACTCS HENPEPLIGHOT HA ITOM NPOMENCYINKE.
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OyHKIK, HEPEePbIBHAS B KAaXKJIOH TOUKe 00JIACTH ONpeJIe/IeHNsI, Ha3bl-
BaeTcss nenpepwviénoti. MHoxkecTBO (DYHKINI, HENPEPHIBHBIX HA MHOXKE-
cree X C R obozradnm cumposiom C'(X).

Chopmynupyem Baxkueiimnii pesyasrar MATAH:

TEOPEMA 7.1. 9aemenmaprvie GyHkuuy HenpepuieHol.

< Hamomunm, 910 371eMeHTapHBIMI HA3BIBAIOTCSA (DYHKITH, MOJIYIeH-
Hble W3 CTENEHHBIX, TMOKA3aTeJIbHBIX, JOrapupMUIECKUX, TPUTOHOMET-
PUYECKUX U OOPATHBIX TPUTOHOMETPUUECKUX (DYHKITHH TTOCPEICTBOM KO-
HEYHOTO unciia apudmernydecknx onepanuit u kommnosuimit. Bo Bree-
HUU MBI TaK orpejiesinan PyHKInn y = e* u y = In x, 4To oM 0Ka3aJnuch
HenpepbIBHBIMU. HenpepbIBHOCTL (DYHKIWI Sinx U cOS X MBI JIOKa3aJn
BbIlie. HenmpepbIBHOCTH 0OpATHBIX TPUTOHOMETPUUECKUX (DYHKIIMH MBI
ycTaHOBUM Jiajiee. Bee »ke ocrajbHble 3jieMeHTapHbie (DYHKIUN TIOJIyve-
HbI U3 TIEPEYHUCICHHBIX TOJBHKO 9TO (PYHKINN YIOMAHYTBIMUA OTIepaIsi-
Mu. B cuny JIOKaIbHBIX CBOWCTB HEMPEPBIBHLIX (DYHKIIHI CIIPaBE/IJINBO
yTBEPKJIeHNe TeopeMbr 7.1, >

OxapakTepr30BaB HelpepbiBHbIE (DYHKIMU TepeiiieM K PpaccMoTpe-
HUIO BO3MOYKHBIX Pa3pPbIBOB.

ONPEAEJIEHUNE 7.4. Touka xy € dom f nHa3biBaeTcs TOUKOM ycmpa-
HUMO20 PA3PHLEaQ, €CIIN CYIIEIECTBYIOT JICBBII U MPaBbId TPEeIesIhl f(a:o—
0) = f(xo + 0), Ho onm He paBubl 3Hadennio Gynknun f(xp). Touka
o € dom f Ha3BIBAETCS TOUKOW NpPocmoz0 pa3pviea, €CJIN JIEBBIH U Mpa-
BRI TIpejiesibl cytectBytor, HO f(xg — 0) # f(xg + 0). Verpanumbie n
POCTHIE PA3PHIBhI HA3BIBAIOTCS PA3PLIBAMU NEPE020 POAa, BCE OCTAJb-
HbIE PA3PBIBBI — PA3PvLIEAMU 6MOP020 Poda.

OyHKIMs y = [sgnx| mMeerT B TOUKE HYJIb YCTPAHUMBIH DPa3phIB.
Ycerpanumbie pa3pbiBbl nMeeT (PyHKIMs PrMana B KaxkJI0il pamoHab-
HOit Touke. [IpocToit pa3phiB B TOUKe HysIb UMeeT (PYHKIU ) = SgNT.
Oyuknusa dupuxiie B KaXKa0i TOUKe UMEET Pa3pbIBbI BTOPOrO poOJia.

3.8 TI'nmobasbHBIE CBOIICTBA HENPEPBIBHBIX (DYHKITIIA
TEOPEMA 8.1. (Bosbuano-Kormm o mpoMesKyTouHOM 3HAYEHNUH).
(f € Cla, 0] A fla) - f(b) <0) = (Fc € (a,b)  f(c) =0).

< demum orpesok [a, b] nomosam. Eciau B Touke jenenust byHKIMsT
He paBHa HYJI0, TO Ha KOHIAX OAHOTO W3 JABYX TMOJYUYEHHBIX B PE3YJIih-
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TaTe JeJeHNsT OTPE3KOB (DYHKIUS CHOBA NMPUHUMAET 3HAYCHUS PA3HBIX
3nakoB. [Iposommkas niporece geennst u BbIOOPa OTPE3KOB, Mbl JIN0OO Ha
KaKOM-TO Trare nomajem B T0uky ¢ € (a,b), vae f(c) = 0, mubo mosny-
TUM TOCJIEIOBATELHOCT {1, } BJIOXKEHHBIX OTPE3KOB, JITMHBI KOTOPBIX
crpemstes K Hymo. [lo npunnuny Komn - Kanropa Jle € R (¢ € [,
Vn € N). Paccmorpum mocienosarenbroctn {x) } n {x!'} konios or-

pe3koB I,,. OueBugno, uro lim z! = lim 2! = ¢, npuuem f(z!) < 0, a
n—oo n—oo

f(z)) > 0. Orcroma B cuity cBoiicT mpegena uveem lim f(x)) < 0

n—oo

lim f(x)) > 0. Ilockonbky f — nempepsiBras ¢yukims, To f(c) = 0. >

n—oo

CHEIOCTBUE 8.1. Ecau dynruyua y = g(x) nenpepuisna na npo-
meorcymre I, npuvem npu a,b € I gla) = A # B = g(b), mo daa
aobozo C, aeorcawezo meocdy A u B, natidemesa moura ¢ € R, sesca-
waa mexncdy a u b, 6 komopoti g(c) = C.

< Pacemorpum dyukimio f(x) = g(x) — C. Ha orpeske [a,b] f(a) -
f(b)=(A=C)-(B—C) < 0 no nocrpoenuto. Kpome roro, f € C|a,b].
Buauut, dc € (a,b) (0= f(c) =g(c) —C). >

TEOPEMA 8.2 (Beitepmpacca o MakcuMaibHOM 3Hadernn). Qymik-
UUA, HENPEPBIBHAA HaA OMmpeske, o2panuvena Ha wem. IIpu smom wa om-
pe3ke ecmov mouka, 206 GYHKUUA NPUHUMAET, MAKCUMANDHOE 3HAYEHUE,
U ecmv movka, 20e 0Ha NPUHUMAEM MUHUMAANDHOE 3HAYEHUE.

A Ilyers f € Cla,b]. Torga Vo € (a,b) 30, Taxas, aro na O, N |a, b]
dyukims f orpanndena. CoBOKymHOCTH Takux okpectHocteir O, obpa-
3yeT MOKpBITHE OTpe3Ka [a, b] WHTepBajaMu, U3 KOTOPOTO MO MPUHITAITY
Bopest - Jlebera MmoxkHO BbIOpaTh KoHeUHOE TTOANOKPLITHE {Oy ;.. ., Oy}
COCTOSIITEE U3 MWHTEPBAJIOB, HA KaXKJOM n3 KOTopbix my < f(z) < My,
k=1,...,n. 3uauur, Yz € |a,d]

min{mys,...,m,} < f(x) < max{M,..., M,},

10 ecTh (pyHKIWs f orpannuena Ha [a, b]. [Tycts Teneps s = sup f(x).

xE€la,b]
IIpeamonoxum, uro f(z) < s Vo € [a,b]. Torna nenpepsisuas na [a, b]
dbyukiusa s — f(x) # 0 Vo € [a, b], xorst MOXKeT MpUHUMATH 3HAUCHUS,
CKOJIb yrojiHo Osmskue K Hyso. Torga dynkmus 1/(s — f(x)) nernpe-
pbIBHA HAa [a, b], HO Heorpauuvena. [IporuBopeune.

Urak, Jz, € [a,b] (f(xs) = s).

Ananornuno, nonoxkus ¢ = inf,c,y f(2) 1 paccmorpes dynkimio
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f(z) — i, mokaxkem, uTo cymiecTByeT Touka x; € [a,b] (f(xz;) =1i). >
OITPEJEJIEHUE 8.1. ®yukuust y = f(x) pasnomepno nenpepuiehna
Ha mmooicecmee X C R, ecin

Ve>0 36>0 Va'2a"eXx (o' —2"|<d=|f(a)— f(a")] <e).

O6cyuM noHsATHe PABHOMEPHO# HENMPEPLIBHOCTH.

(i) Ecim dbyuKIMst paBHOMEPHO HEMpepbIBHA HA MHOYKECTBE, TO OHa
HelpepbIBHA Ha 5TOM ¥Ke MHOXKecTBe. JefcTBUTEeNLHO, JOCTATOYHO B
onpeJiesiennn 3auKCUpPOBaThL OJHY TOUKY, CKaXkeM ' = X, a JPYrylo
MOJOKUTH " = x, u momyanm Ve > 030 > 0 Ve € X (Jz — 29| < d =
(&) = f(xo)| < &)= (lim f(z) = f(z0)) ~ onpenenenue npesena no
Komn. i

(ii) Us menpepbiBHOCTH, BOOOIIE TOBOpsi, HE CJIEyeT PaBHOMEpHast
HEMPEPLIBHOCTD.

[TPUMEP 8.1. @ynkius y = sin(1l/x) menpepsisaa wa (0,1) xax
KOMIIO3UIIAS dJIeMeHTapHbIX (GyHKIuit. OnHako B J1I000# OKPECTHOCTH
roukn x = 0, nexkarmieit B uarepnase (0, 1), cymecTByOT TOYKH, B KOTO-

phix (YHKIMS IPUHUMAET Kak 3Haderne —1, tak u 3nadenve 1. (Mmen-
2

w(1+2k)’

BBLIMIOJHEHO YCJIOBAE PABHOMEPHON HEeNpepLIBHOCTH.

HO, T = k € Z). llosromy mpu jiroboMm £ < 2 Jjist Hee yiKe He

[Tostezno cpaBHUTH OMpe/iesieHst HEMPEePHIBHOCTH U PaBHOMEPHOH He-

MPEPBIBHOCTH (DYHKITMH, ITOOBI MOHSATh, OTKY/1a TTPOUCTEKAET TaKOe pa3-

nuaue. B cuny onpenenenus npejgena pynknun no Komm nMeem: y =

f(z) nenpepeiBia na X C R & Vzy € X (lim f(x) = f(x)) &
T—T0

Vg € XVe>030 >0Ver € X (0 < |z—xo| <= |f(z)—f(x0)] < €).

3ech anciao 0 > 0 BeIOMpaeTcss B 3aBUCUMOCTH OT TOYKU Ty € X n
or € > 0, © TOTOMY TIpH 3aJaHHOM £ > (0 MOXKET MEHSIThCsS OT TOUKH
K TOUKe. B ciaydae e paBHOMEPHOH HEMPEPBhIBHOCTH TapaHTHPYeTCs
BO3MOYKHOCTH BhiOOpa d > 0 TosbKo 110 uncay € > 0 Tak, 9To cpasy Jisi
Beex Tg € X u3 |x—xo| < d npn x € X 6yzaer caenonars | f(x)— f(x)] <
E.

Ecmu dynknust y = f(x) Heorpanwdena B Jir000#i, HATpUMED, TTPABOIl
OKPECTHOCTH TOYKK T € R, TO oHa He SIBJsIeTCs pABHOMEPHO HElPephiB-
HO# B 9TO# OKPECTHOCTH, JTaKe ecJI HelpepbiBHA B Heil. /leiicTBUTEIbHO,
npu Jit06om 0 > 0 B J-okpectHOCTH (X, + 0) TOUKU T HANTYTCS TOUKH
o', 2" rakme, aro |2' — 2"| < 0, wo |f(2') — f(2")| > 1. Tax obcront
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neno ¢ gyukiusavu y = 1/x u y = Inx, paccMaTpuBaeMbiMi B TIPaBOii
okpecTtHOCTU TOYKM ().

[TPUMEP 8.2. ®ynkuns y = sin o2, HenmpepbIBHAS W OTPaHWICHHAA
na R, He siBJsIeTCsl paBHOMEPHO HENpepbIBHO# Ha R, MOCKOIBKY B TOUKAX
x, =+/5(n+1) na) = /5n umeem |f(x],) — f(])| = 1, B T0 Bpems
kak lim |2, — 2| = 0.

n—oo

[Tocsie aToro 06CYXKJIEHUsT MOHATHS PABHOMEPHON HENPEPLIBHOCTH 1
COTIOCTABJICHNsI PABHOMEPHOI HENPEPLIBHOCTH ¥ HEMPEPLIBHOCTH MBI MO-
JKEM Tenepb OICHUTH CJICLYIOMYIO TCOPEMY.

TEOPEMA 8.3 (Kantopa o paBHOMepHO# HempepbiBHOCTH). Dynik-
UUA, HENPEPLLEHAA HA OMPEIKE, PASHOMEPHO HENPEPLIEHA HA HEM.

a4 Mycrs f € Cla,b]. Cuenosaresnsho, Vo € [a,b] Ve > 0 30 >

0 (2 € OO = f) € O;/(i)) [ousitHo, uTO ¢ 3aBucuT OT T €

[a, b]. nTepBadini 032 COBOKYITHOCTH 00pa3yioT MOKPHITHE OTPE3Ka,
[a, b]. [To npuniuny Bopesst - Jlebera BoibepeM KOHEUHOE TMOAMOKPHITHE

{021/2, o 022/2} n BosbMeM § = Lmin{dy, 0y, ..., d,}. [lokaxkewm, aro
V' 2" € |a,b] rakux, uro |z’ — 2"| < § BeImOMHEHO |f(2) — f(2")] < €.
JeitcTBUTENLHO, cucTEMa {0211/27 . 022/2} MOKPBIBAET OTPE30K [a, b,

MOSTOMY Haiijiercs x; Takoe, 910 |r; — x'| < §/2. Orcona
2" — x| < 2" — 2|+ |2 —ay) <5+ 06;/2 < 6:/2+6;/2 = 0.
Canenosarensno, x’, 1" € ng 1, 3HAUNT,

1f(a) = ()] <|f(@) = flx)| + | f(z) = f(2")] <e/24e/2=¢. >

3.9 Kpurepuii HempepbIBHOCT MOHOTOHHOUN (pyHKOUU. Teo-
pemMma 006 obparHoOit PyHKIINMT

CradaJjia BepHeMcst K TeopemMe 6.2 1 ToOCMOTPUM Ha Hee ¢ TOUKU 3PEHNsT
OJIHOCTOPOHHMX TpeiesioB. OYeBnIHO

CJIEJCTBUE 9.1 (u3 Teopemst 6.2). Monomonnaa dynkyua ne ume-
em pa3puleos 6mopozo poda.

CJIIEACTBUE 9.2 (u3 teopembr 6.2). Mnuoowcecmeo mouek paspuisa
MOHOMOHHOT PYyHKUUU He boaee, YeM CHEMHO.

< Ilyers mst onpenenenaoct y = f(x) — MOHOTOHHO BO3pacTaro-
masi ynrkius. [Tokaykem, 910 OHa HE WMEET yCTPAHWMBIX Pa3PHIBOB.
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JeiicTBUTEIBHO, B CUJIy TEOPeMbl 6.2 M OmpejesieHus OJHOCTOPOHHUX
npegenos, ecin f(x —0) = f(z+0), 10 f(x) = f(xr—0) = f(z+0). B
CUJIy CKa3aHHOTO U cjeJcTBus 9.1, MOHOTOHHAsT (DYHKIUS MOYKET UMETh
TOJILKO TIPOCTBIE pas3pbiBbl. Teneps mycTh X — MHOXKeCTBO Touek dom f,
B KOTOpbIX f(x) paspeiBHa. Kaxoit Touke © € X comocTaBuM parmo-
rasbHoe uncsio 1(x) rak, aro f(x —0) < r(x) < f(z + 0). dcno, uro
orobpaxenue r : X — Q wmabekTuBHO, TO ecTh r(x') # r(2”), ecam
o’ < 2", Tak kak B cmiy Teopemer 6.2 f(z' +0) < f(z" —0).

Takum 00pasoM, yCTAHOBJIECHO B3AMMHO OJHO3HAYHOE COOTBETCTBHUE
MexXy X ¥ HEKOTOPBIM MOAMHOXKECTBOM MHOXKecTBa Q, KOTOpOE, Kak
MBI 3HAEM, CUETHO. D>

TEOPEMA 9.1. @yuxyua y = f(x), monomonnaa na ompesxe |a, bl
HENPEPLIBHA Ha Hem Mowno moezda, kozda f||a,b]] ecmov ompesox ¢ kou-
yaswu f(a) u (D).

< Ilyers monoronnas dyukunus f € Cla,b]. Beugy monoToHHOCTH
Bce ee 3Hadenus jgexar mexkiay f(a) m f(b). Beugy menpepwiBHOCTH U
caegcrbust 8.1 ona npuanmaet Bee 3Hadenns mexiay f(a) n f(b). Takum
obpasoM, f[[a,b]] — orpesok ¢ koumamu f(a) n f(b).

[Iycts f — MoHOTOHHAST HA OTpe3Ke [a, b] dbynknus, u nycrs ¢ € [a, b]
— TouKa pas3pbiBa. Torja o Teopeme 6.2 1o Kpaiineii Mepe OJIiH U3 WH-
teprasios (f(c —0), f(c)) nam (f(c), f(c+ 0)) me mycr u He comepKRuT
suavennit pyukiun f. Ho B ¢y MOHOTOHHOCTH STOT MHTEPBAJ COMIEP-
KuTest B orpeske ¢ kortamu f(a) u f(b), mosTomy ecam MOHOTOHHAs Ha
[a, b] dbyHKIMS MMeeT XOTst ObI OJIHY TOUYKY paspbiBa, TO BECh OTPE3OK C
kortamu f(a) u f(b) He Moxer seskaTh B obmacTn 3uadenunii im f. >

JIEMMA 9.1. Cmpozo monomonnas na muoscecmee X C R gpynxk-
yusa y = f(x) obnadaem wna mmooscecmse f|X] obpamnot dynryuer
v = fYy), umerwet mom sice zapaxmep momomonnocmu, wmo u
pymwyus y = f(x).

<4 Orobpaxenue f : X — f[X] ciopbexrusno. [lokaxkem, 910 0HO
nnbektusno. Hefictsurensno, (f(2') = f(2")) & (@' = 2") B cn-
Jqy crporoit Monoronnoctu s jobbix x’, x” € X. Tlockombky [ :
X — f[X] 6uekrtuBHO, TO CyIiecTBOBaHUE OOPATHOTO OTOODPAYKEHUS
1 flX] — X noxaszano. Uccnenyem xapakrtep MOHOTOHHOCTH T =
f~Hy). Myers pns onpenesenHocTd f CTPOro MOHOTOHHO BO3DACTAET,
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TO eCThb
Vo' o' e X (2 <" & f(a)) < f(a")).

ITonn3ysich onpejenennemM f 1 nveem

vy, y" e flX] (FUY) < ) ey <)

Cuayuait ¢ MOHOTOHHO yOBIBatoIei (byHKIMeH paccMaTpUBaeTCs aHa-
JIOTUYHO. D>

TEOPEMA 9.2. Cmpozo mornomonnas u HenpepwvieHas Ha ompeske
[a,b] pynryua obaadaem na ompeske ¢ xonyamu f(a) u f(b) cmpoeo
MOHOMONNOT U HENPEPBLLEHOT 00pammot dynryueld r = f_l(y), uMero-
wett mom olce Tapaxmep MOHOMOHHOCMAL.

< BBugy siemmbl ¢cTporo MoHOTOHHast Ha [a,b] dyukiusa y = f(x)
obnanaer na f[[a,b]] obparnoii dbynkmmeit x = f~1(y), nmeromeit Tor
JKe XapaKTep MOHOTOHHOCTH, 4TO U f. BBUly MOHOTOHHOCTH W Hempe-
poisHocTn dyukunu y = f(x) u3 reopemnr 9.1 caemyer, aro f[[a, b]| —
orpesok ¢ kounamu f(a) u f(b). [lycrs st onpegenennocru f{[a, b]] =
[£(a), £(b)]- Tocxomsxy £ [[f(a), f®)]] = o flla,b]] = [a,b], 10 »
ety MonoToHHOCTH byHKImn = = f~1(y) u Teopembr 9.1 ara GyHKIMsA
HempepbiBHa Ha oTpeske ¢ Kounamu f(a), f(b). >

[TPUMEP 9.1. ®dynknusa y = sin x Bo3pacTaeT U HEIpepbIBHA Ha OT-
peske [—m /2, 7/2]. Buaunt, o Teopeme 9.2 CyIecTByeT BO3ZPACTAIOIIAST
HenpepbiBHas GyHKIMs £ = arcsiny Ha orpeske [sin(—m/2), sin(w/2)] =
[—1,1].

[TPUMEP 9.2. Ananoruaso npegpiayiieMy cyx)euue (GyHKIum y =
cosx Ha orpe3ok [0, 7] crporo monoronuo yoniBaer or 1 jgo —1. Tlo-
sroMy Ha orpeske |—1, 1] cymecrByer obparTHasi HenpepbIBHAST CTPOTO
MOHOTOHHO yOBIBatoIas oT 7 10 0 pyHKINSA T = arccos y.

[TPUMEP 9.3. [lonp3ysack npeabayIuMi IpuMepaMu, HETPYIHO MO-
CTPOUTH HENPEPHIBHYIO CTPOrO MOHOTOHHO BO3PACTAIOIIYIO 0T —7 /2 10
7/2 dyHkmMio r = arctgy, a Takke MOCTPOUTH HEMPEPHIBHYIO CTPOTO
MOHOTOHHO yOBIBaoIyio oT 7 1o 0 (pyHKIMIO £ = arcctgy.

I[TPUMEP 9.4. Oynkiusa y = shz ¢cTporo MOHOTOHHO BO3pacTaeT Ha
BCeil YMCJIOBOI ocu M HenpepbiBHA. B cuity Teopembl 9.2 ona obJiajiaer
00paTHOI HEempepbhIBHON CTPOro MOHOTOHHO BO3pacTarolieil ¢pyHKIue
x = arshy.
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[TockonbKy mcxonnas pyHKIUA y = shz BeIpaykaeTcs depes mokas3a-
TeJIbHYIO (DYHKIIMIO, TO HE UCKJIIOYEeHAa BO3MOXKHOCTH, 9TO W oOpaTHas
dyuknus r = arshy Beipazurcs yepes jiorapudmbl. deiicTBUTeIHLHO,

x —Z

e

—e
y = shx =

2

Orciofa nosnydyaeM KpajpartHoe ypasrenwe e** — 2ye® — 1 = 0. Ilo-
CKONBKY €* # y — \/y?+ 1 < 0, To mojyuyaeM OKOHYATEJLHO T =
In(y + /9% +1).

[TPUMEP 9.5. Anajiornano ucnosib3ysi MOHOTOHHOCTH (QYHKIINN §f =
chz na ygacrkax (—oo,0) u (0, +00), MOXKHO OCTPOUTD (DYHKITUH

r =arch,y =1In(y + /y* — >
x=arch_y =1In(y — /9% — ) ==

obparubie K ¢pyHknnn y = chx. OObIaHO, Kak n B ciaydae QyHKINN y =
\/Z, UCHOJB3YIOT TOJBLKO BEPXHIOID BETBL, 0003HaYas ee & = archy =
In(y + y?> — 1),y > 1.

[TPUMEP 9.6. [Ipumensis onucanuyro BbIIIE MPOIeypy K QyHKITUIM
y = thz n y = ctha, nonyvaem

1. 14y
= arthy = -1 <1
1 1
xr = arcthy = -1 yr ly| > 1.

ni)
2 y—1
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4 JNOOEPEHIHVPYEMDBIE ®©YHKIINN

Pasese s sac we snaro? 3naro

KaK C60U NAMD NAALUECE.
Mapx Teen "Ilpurxatouenus

Texavoeppu Punna”

4.1 IlIpomsBoaHasi GYHKIIMM B TOUYKE U €€ CMBICJI

OINPEAEJIEHUE 1.1. IIpoussodnoti ¢gynruyuu y = f(x) 6 mouke

x € dom f, npenenbHoit 1y MHOXKecTBa dom f, Ha3bIBaeTCsI KOHEUTHBIH

1) —
)~ (@)

t—x t—ux
Unorma 3moT mpeies 3anuchiBAeTCs B IPYTOM BUJE:

x4+ Azxr) — f(x A

lim f(w+ Ar) f(>zlim —f,

Ax—0 Az Az—0 Ax
rie Ax =t —ax, Af = f(z + Az) — f(x); npn gannoit 3anmncn Az
(umraercs "nmenpra wkc") HA3BIBaeTCS npupaweruem apeymenma, a A f

npejes

= f/, tedomf.

T

— npupawernuem Gyruryuy. OyHKIMI, UMEIONAs TPOU3BOIHYI0O B TOUKE
X, Ha3bIBaeTCsA duddepenuyupyemoti 6 mouke x; Gyukius, nuddepen-
nmupyeMast Vo € X, nasnipaercs nuddepeHinupyeMoil na MHOXKECTBEe X ;
dynkmus, muddepennupyemas Vr € dom f, HazbiBaeTcs dugpepenyu-
PYemot.

I[TPUMEP 1.1. Oyuknus y = e* — nuddepennupyemasi. JleitcTBu-

TeJILHO,

o . et _ et . eAx -1
("), = lim =¢e' lim ——
t—x t — 1 Az—0 Ax
B CUJIYy BTOPOT'O 3aMeUYaTeILHOrO MpeJIeIa.

[TPUMEP 1.2. @yukius y = In |x| — nudpdepeniupyemasi. Heiicrru-
TEJILHO,

:el‘

, . In|z+ Az| —In |z .1 ln!l—l—%‘ 1
-

T

B CWJIy SKBUBAJEHTHOCTU COOTBETCTBYIOIMNX (DYHKIINIA.
I[TPUMEP 1.3. @yuknusa y = sinx Toxe guddepenimpyema. Jleii-
CTBUTEJIHHO,
Y . sin(x + Azx) —sinz . 2sin §F cos #EHAE
(sinz), = lim = lim =
Ax—0 Az Az—0 Ax
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. singt 20 + Ax
lim = lim cos—— = cosz
Az—0 Tx Az—0 2

B CUJIy TIEPBOI'O 3aMedaTebHOIO Mpe/iea.
[TPUMEP 1.4. llocrosinnasi pyuknust y = ¢ qudpdepennupyemar

c—¢C

= 0.

lim
tmxt —x

OIIPEAIEJIEHUE 1.2. Odnocmoponnumu npoussodnvimu Oyrem Ha-
3LIBATL JAEGYI0 NPOU3COIHYIO

;o fle+ Ax) — f(z)
Jo = A}clgtl)— Az

U npasyro npou3eoonyio

fla+Aw) - fw)

Az—0+ Az

13 coorBeTCTByOMEro CBOMCTBA Mpeiea Cpasy CJaeyerT

TEOPEMA 1.1. Qynuxuusa f 6 moukxe x duddepenyupyema mouro
moeda, ko2da Ae6aA U NPaBas NPoudsodnvie Gynkuuy f 6 mouke x cy-
WLECMBYIOM. U PAGHDL, NPU ITOM

fg,c - f,_ = f9,c+'

YCTaHOBUM CBSI3L MEKTY MOHATHIMHI TU(MDMEPEeHIIPYEMOCTH 1 HeIIpe-
PBLIBHOCTH.

TEOPEMA 1.2. U3 dugdepenyupyemocmu pynkuyuu 6 mouke cae-
dyem ee HENPepvuieHOCMY 6 Mot mouke.

<4 Homycrum, uro pyHknus f paspblBHA B TOUKE T, TO €CTh %im(f(t) —

—T

f(z)) = a # 0. Torma, oueBHIHO, KOHETHOTO TpEETA %E{%W cy-

IMECTBOBAThH HE MOXKET, Tak Kak lim(t — z) = 0. >
t

—X

[TPUMEP 1.5. Paccmorpum menpepbisrayto ¢yuknuio y = |z|. Haii-
JIeM ee OJIHOCTOPOHHUE MPOU3BOJIHBIE B HYJIE:

t|—10
lim = | |— lim (—1) = —1,
t—0— t—20 t—0—
fi A =100 g = ,
t—0+ t—0 t—0+
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Tak KakK B miepBoM ciaydae t < 0, a BO BTO-
pom t > 0. U3 Teopemnr 1.1 crmenmyer, 9To
byuknus y = |z| wve nuddepenupyema B
Touke r = (), XOTh ¥ HenpepbiBHA B HEil.
DT10T (PaKT MOKA3LIBAET, UTO U3 HENPEPHIB-
HOCTH (DYHKIUU B TOUKe JaudepeHnupye-

MOCTh HE CJIe/Iyer.

I[TPUUMEP 1.6. Paccmorpum mexanuveckuti cMuiea npoudeoodnoti, Ko-
TOPBIil M3HAYAJILHO JIEXKaJ B OCHOBE TOI'0 TMOHSITHUS TPU BO3HUKHOBEHUU
nudgdepeHnraabHOT0 ucIucaeHus. [lycTh MarepuajbHas TOUYKA JIBU-
JKEeTCA 0 OCH ¥, W 3aKOH ee JIBMXKEHHUsI ONMUCKhIBaeTcs auddepeHImpy-
emoit dyuximeit or Bpemenn y = f(t). Torma npoussoguas f(ty) s1oii
dbyHKIUM (TOUKOI CBEPXY NPUHSATO 0O03HAYATH TPOU3BOJIHYIO 110 BpEMe-
HH t) B TOUKE ty UMEET CMBICJ MIHOBEHHON CKOPOCTH B MOMEHT BPEMEHH
to.

Hammmem ypaBruenne cexyieit AB:

Y — Yo _f(550+A:E)_f($o)@

T — X xo + Ax — x9

cY= for AA:?; — (z —z0) + f(20).

FeOMeTpI/I‘{eCKaH WHTYUIHA HaM ITOIACKa3bI-

Baer, 9to npu crpemiernn Axr — 0 ce-
KyIast JOJPKHA TTPEBPATUThCS B KacaTesb-
HYIO, €CJIU OHA B TOYKE X( CYIIECTBYET.

OITPEJEJIEHUE 1.3. [Tycrs dyukius y = f(x) auddepennupye-
Ma B TOUKe T, Torja npamyio y = f, (x — x¢) + f(z) nazosem xaca-
meavnotl K rpaduky dbyakmnn y = f(x) B Touke (z9, f(x0)).

Takum 06pazoM, 2eoMempPuveckuts CMuLCA NPOU3600H0T 3aKII0IATCS
B TOM, 9TO TIPOU3BOIHAsT (DYHKIIMU B TOYKE PaBHA TAHIEHCY yTJIa MEXK Iy
KacaTeJbHOI K rpaduKy 370l (pyHKIIMN B JAHHON TOUYKE M MOJIOXKUTEIh-

HeIM Hampapjienuem ocu Ox. B ciaydae, Korma

S AT — f()

Az—0 Ax

= 400
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MOXKHO CUHTATh TPOU3BOIHYIO TAHIEHCOM yIJia HakKJIoHa K ocu O Bep-
TUKAJILHOM npsimoit x = x. Takum obpaszom onpejiesisieTcst 6eckoHeuHaa
npouseoduas (MHOTIA T06ABISAIOT: onpedesennozo 3uaka) Gy f B
TOUKE I(.

4.2 IlpouwsBoanasi n apudpmerndeckue omnepaiuu. IIpousBos-
Hag KoMmno3unuu pyHKnnii. [IponsBoauas obpaTHoil pyHK-
I

TEOPEMA 2.1. ITycmo gynvyuu y = f(x) uy = g(x) onpedesetv

6 okpecmuocmu mouwky T u dupdepenyupyemo, 6 amot mouke. Tozda

dynxvuu cf, f+g, f-g, f/g (nocaednas npu yeaosuu g(x) # 0) moorce
dugpdpepenyupyemv, 6 Mouke T, NPuUEeM

(cfle=cfe, (fH+9)e=1Fr+ 9

(f-9e=fe9+f g (f/9).= flgg 3
< (ef), = lim (Cf)(ti:;(:f)(x) _ }EC% _of!.
(f+9). = lim (f+g)(tl)t - if +9)(x) _
i f(ti - :J;(x) +Jim g(ti - j;(x) iy
(f-g), = lim (f- g)(ti - :(Ef 9)(x) _
iy L D9) = [(2)g(t) + f(2)g(t) = fz)g(x) _
t—w t—x
i PO ZIE o) i p )29 29E) 1) 1 pan,

t—x

OCKOJILKY hm g(t) = g() B cuy HEnpepbIBHOCTH (DYHKIUUA § B TOUKE
t—x
T

t—x t—=x t—x

(J/9)(0) = (f/9)(x) _

t—x

(f/9); = lim
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L (0=t
t=z g(t)g(x)
f29(z) — f(@)g,
(g(x))*
YUUTBHIBAs HEMPEPLIBHOCTHL (DYHKIMK ¢ B TOUKE X. D>
JIEMMA 2.1. ITycmv cywecmsyem %gr; f(t) =y. Toeda f(t) =y +

a(t), 2de a(t) — beckoneuno manas nput — x.

< Honoxum a(t) = f(t) — y. Torma B cuity onpejenenus mpejena
(%im flt)=vy) < qim a(t) =0). »

B cienytomeit reopeme X, Y — oTKpbIThie MHOXKecTBa 13 R.

TEOPEMA 2.2. Ilyecmov dpynxuua f : X — Y dupdepenyupyema
6 mouke r € X, a pynkyua g : Y — R dupdepenyupyema 6 mouke
y = f(z) € Y. Toeda womnosuyus dynkuyui go f : X — R moorce
dugppepernyupyema 6 mouke xr € X, npuuem

(g0 f)e =29y fo
a U3 muddepenmupyemoctn Gy f B ToUKe € X CIOIyer, 4To
f) = f(z) = (t —2)(f, + alt)).
Mockonbky byrkims g auddepenmupyenma 5 Touke y = f(z) € Y, 10
9(s) = 9(y) = (s — y)(g, + B(s)).
Terteph
(go f)(t) = (g0 f)(x) =g(f(t) — 9(f(2)) =
(f(t) = f(@)(g, + B(f(1))) = (¢t = 2)(fz + () (g, + B[ (£)))-

OTkyna

<wﬁﬂ2:goﬂwtzugwm»«%+ﬂuw»=

9y - fo + alt)g, + BUf () f2 + a(t)Bf(1)).

Boraucinm mpejiess

limal(t)g) =0+ g, =0, lim B(f(1)f, = f;+ lim B(s) = f1-0 = 0.

t—x
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[TockonbKy }im f(t) =y, 10
—x
lima(t)B(f(t)) =lima(t) - lim G(s) = 0.
t—zx t—zx s—y
[TosTomy
i W ) = (g0 f)(2)
t—x t—x
[TPUMEP 2.1. Ucnonb3yst mpeabIayIine TeOpeMbl, BHIUUCIUM TTPOU3-
BOJIHBIE OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIIHIA.

=g, fe ©

/ 1 _
(xoz)lgj _ (eozlnz)gj _ ealnz Co E — ar® 1;
(ax); _ (exlna)/ :exlna-lna:axlna;

] ! 1
(log, [z])!, = ( “‘“’") _

Ina /, zlna’

(cosx), = (sin(m/2 — x)), = cos(w/2 — ) - (—1) = —sin z;

. ! 2 )
sin x Cos“x + sin“x 1
(tge), = ( ) - -

)

cosz /), cos? ©cos2x
1 1 1
tgx), = (tg”'2), = ——— - = — :
(ctgz), = (tg ), tg?r cos?x sin® 2’
1 1 S| 1
(shz)! = <§e$ — §e_$> = 5636 + ie_x = chux;
1 1 S | 1
(chx)!, = <§e” + ie_x) = iex — 56_36 = shux;
(thz)’ (shx)/ ch?z — sh’z 1
x _— —_— g g N
v chx ) | ch’z ch?z’
chz\’ sh’z — ch’x 1
cthz) = — ] = — _
( Ja (sha:) . sh’z sh’z

TEOPEMA 2.3. ITyemv ¢ynxuyua y = f(x) nenpepuwena u cmpozo
Monomonma na ompesre [To—0, vo+0], npunem f, # 0. Toeda dynxyusa
v = fYy), obpammnas % dymxuyuu y = f(x), duddepenvupyema o
mouxke yo = f(xg), npuvem
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< Iyers s onpesiesientoct GyHKIwst f ¢TpOro MOHOTOHHO BO3-
pacraer Ha orpeske [rg — 0, xg + 0]. Obozwaunm o = f(xg — ), § =
f(xg+0). ITo Teopeme 06 0bpaTHOitl byHKIMK Ha OTpe3Ke [, (3] onpeie-
nena Gynknua f1, HempepbIBHas U CTPOro MOHOTOHHO BO3pACTAKOIIAs,
mpuiem Yo = f(xo) € (o, ). Bosbmem Ay HACTOJBKO MAJBIM, €TO
Yo + Ay € (a, 3). Oboznaunm Az = f~1(yg + A) — [~ (yo) n naiinem
npeiet

. Ax
Aglfilo A—y
Samernm, aro ecan Ay # 0, To m Ax # 0, Tak KaK B MPOTUBHOM CJIy-
qae [ (yo + Ay) = f~yo), 9TO MPOTHBOPEUNT CBOWCTBY CTPOTOTO
MOHOTOHHOTO BospacTanua ¢yuknmn f 1. [lostomy npu Ay # 0 crpa-
BEJIJINBO
Ar 1
Ay %

I[Iycts Ay — 0, Torna Az — 0, Tak xak dbyukimua = f(y) nenpe-
pbhIBHA, B TOUKe T. [loaTomy

[TPUMEP 2.2. Tlo Teopeme 2.3 byHKIMM y = arcsinx u y = arccos
muddepennupyembl pu —1 < x < 1, a dyHknum y = arctgr u
y = arcctgxr muddepennupyembl Ha Bceeil uucaoBoit mpamoii. Haiinem
nponsBogHbie 3Tux (yrkuit. [Ipn y = arcsinx, x = siny. OTcioza

(aresin 2 1 1 1 1
arcsinzT),. = - = = = .
(siny), cosy /1—siny V1-—a?

3Hak mnepej pajuKajoM BbIOpaH ¢ yderoM Toro, 4to cosy > (0 mpm

ly| < m/2.
AnaIornIHO Moayvaem
( )/ 1 1 1 1
arccos ), = = = S —
© (cosy), —siny \/1—cos?y V1 — a2
1 1 1
t ! — _— 2 — —
(arctgz)., ()] cos™Yy = o vl
1 1 1
(arcctgr)! = — —sin’y = — _
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1 1 1 1
arshx)! = = = = ;
( ) (shy), chy \/sh?y+1 Va2+1
(archz)!, = L — = L _ ! = ! :
(chy), shy /eh?y—1 Va?-1
1 1 1
arthz)’, = = ch?y = = ;
( )z (thy)! YT C th?y 1 —a?
1 1 1
thr)! = ——— = —sh?y = — = :
(arctha), (cthy);, Y cth’y —1 1 —a?

Kak cjiesicTBue TeopeM 0 pOU3BOIHON KOMITO3UIINK ABYX (DYHKIINA 1
0 TIPOM3BOAHOI 00PATHOI (DYHKIIMK TOJTYIUM yTBEPKICHUE O TIPON3BOJI-
HOU ¢hynryuu, 3adannot napamempuuecku. Ilycrs dyukiun y = y(t) u
xr = x(t) onpenenennl Ha orpeske [ty — d,ty + 6], 6 > 0, npuuem yHK-
must © = x(t) HempephIBHA U CTPOTO MOHOTOHHA. Torjga Ha OTpe3Ke ¢
koHtamu o = x(tg— ) u § = x(ty+ ) onpejesiena obparHast HyHKITHsT
t = t(x), HempepbIBHAST U CTPOTO MOHOTOHHASI.

[IpeanonoXKuM JIONOJTHATENBHO, YTO CYIIECTBYIOT HPOU3BOIHbLIC ;.
n g, npuiem xy 7 0. Torna mpomssopnas dynkmun y(z) = y(t(x))
MMEeT BU/J

/

' yto -
w = > Toe Tg= x(to).
to

HeiicTBurenbio, 1o teopeme o jaudepeHImpoBaHUN KOMITO3UITUY
JIBYX (PYHKIIHI BMeeM

/
r I Y,
Yo = Yty two WA
L
0
rae t, = 1/} cormacio Teopeme o muddepennupopanuu 06paTHOl

dyHKINIH.
Hpyrum, 6oJ1ee Ba>KHBIM JIJIsT HAC CJIEACTBAEM M3 JOKA3aHHBIX TEOPEeM

SIBJISIETCST CJIEJIYIOIII pe3yIbTaT:

TEOPEMA 2.4. Saemernmapnvie pynruuu duddepenyupyemos na a0-
O0M UHMEPBANE, NEAHCAUEM 6 00AGCMU ONpedeseHUA.

HokazaTeibeTBO 3TON TEOPEMbI aHAJOTUYIHO JIOKA3ATEILCTBY TEOPE-
MbI O HEIPEPBIBHOCTHU 3JIEMEHTAPHBIX (DYHKIINN U TTOTOMY OIMyCKAETCs.
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4.3 OcHoBHBIE TeopeMbl 0 MuddepeHTNPYyeMbIX (DYHKITUIX

OIIPEJEJIEHUE 3.1. Touka xg € X C R HazwBaeTcsa mowkot 10-
KaAbH020 Marcumyma (Munumyma), a 3HadeHust QyHKIMA B HE 10-
Kanrvnoim makcumymom (munumymom) bynukimun f 0 X — R, ecan
cymecrByer okpecrHocth O,, C R makast, uro f(x) < f(zg) (f(x) >
f(zo)) Vo € O, NAX. Touku JOKATEHOTO MAKCHMYMa U JIOKAJTHHOTO M-
HAMyMa HAa3bIBAIOTCS TOYKAMHU A0KAALHOZ0 IKCIMPEMYMA, & SHAUCHUS

(byHKI_[I/H/I B HUX — AO0KANOHBIMU IKCITNPEMYMAMU.

I[TPUMEP 3.1.

2, —1<z2<2,
fla) = 4, x> 2

st aroit pyskimn r = —1, = 2 — T04-
KU JIOKAJILHOT'O MakcumyMma; x = () — Touka
JIOKAJIbHOT'O MUHUMYMa; T > 2 — TOUKH IKC-
TpeMyMa, SIBJIAIONIAECS OTHOBPEMEHHO TOY-
KaM¥ JIOKAJHbHOTO MaKCUMyMa ¥ JIOKAJIbHO-
ro MUHUMYyMa, MOCKOJBKY 3/1€Ch (DYHKIINS
JIOKAJIbHO TIOCTOSTHHA.

OIIPEJEJIEHUE 3.2. Touky zy € X M0KaJIBHOTO SKCTpeMyMa (DyHK-
i [ : X' — R Oymem HaszwiBaTh MOYKOT 6HYMPEHHE20 IKCMPEMYMA,
ecJIv CyIIeCTBYeT OKPECTHOCTh TOUKHU X, IMEJUKOM JiexKaras B X .

B paccMoTpentnoM BBIIIE TPpUMEpE BCE TOUKN SKCTPEMYMOB 38 HCKJIIO-
YeHreM TOUKHA & = —1 SABJSIOTCS TOYKAMU BHYTPEHHUX SKCTPEMYMOB.

TEOPEMA 3.1 (reopema @epma 0 jokajbHOM 3KcTpemyme). ITycmo
bynxuyua [ X — R duddepenuupyema 6o enympenmnets movke A0-
KaA1020 axcmpemyma To. Tozda f = 0.

< Tlo onpegeneruio MPOM3BOIHON B TOUKE Ty UMEEM

f(@) = f(zo) = (f1, + ax))(x — x),

riae a(x) — beckoHeuHO Majiasi Tpu & — Xg. LlycTh Jjisi onpejiesenHo-
CTH Z( — TOYKA BHYTPEHHEr0 MUHAMYMa, TOTJIA JeBas 4acTh PABEHCTBA
HeoTpunatenbna Vo € O, C X.
[Tycrn renepn f,  # 0. Torma seugy Geckoneunoit manoctn yHk-
i a(z) pu r — x¢ Haiigerca okpecrnoctTh O] Takas, 9TO MPU BCEX
/ / /
v € O soipaxenne f, -+ a(r) OymeT UMeTh TOT XKe 3HAK, 9TO U f; .
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Buaunt, npu Beex x € O, N O, \ {zo} BEIpakenue (f, +a(zr))(x — )
OylerT MeHsITh 3HAK B 3aBUCMMOCTH OT BbiOOpa T > Tg win T < Ig, a
seipaxkenne f(x) — f(xg) > 0 no npegnosoxenuto. [Iporusopeune. >

SAMEYAHUE 3.1. Teopema ®epma 1aeT TOJHKO HEOOXOIUMOE YCIIO0-
BH€ CYIECTBOBAHUs SKCTpeMyMma JuddepeHnupyeMoil pyHKINKT, TpHu-
4eM TOJLKO BO BHyTpeHHel Touke. st HeBHYTPEHHHMX 3KCTPEMYMOR
(kak TOuKa x = —1 B PACCMOTPEHHOM BBIIIIE TIPUMEPE) YTBEPKICHHE O
ToM, 9TO f, = 0, BOOOIIE roBOpPS, HE BEPHO.

SAMEYAHUE 3.2. Teomerpudeckn Teopema BIOJHE OYEBHIHA, MO0
OHA YTBEPXKJAET, YTO B TOYKE JIOKAJIHLHOIO 3KcTpeMyMa auddepeniim-
pyeMoil pyHKINN KacareabHad K ee rpaduKy TOpU30HTAILHA.

TEOPEMA 3.2 (treopema Ponnsl). Hyemo dynxyua f € Cla, b] dudg-
dpepenyupyema na unmepsase (a,b) u f(a) = f(b). Toeda I¢ € (a,b)
fi=0.

< ockombky f € Cla, b, To mo Teopeme Beitepmrpacca cyrmectsy-
FOT TOYKU Ty, Tpy € [a, b], B KOTOPBIX QYHKIMST TPUHIMAET MUHUMAb-
Hoe W MakcuMmaJsbHoe 3uadenusi. Ecan f(x,,) = f(xy), To bynkums f
nocrofnna Ha [a,b] u, cnenosarennno, fi = 0V € (a,b). Ecmn xe
f(zn) < f(xar), To nockombky f(a) = f(b), To ofHA U3 TOUYEK JOJIKHA
nexarb B wHTepBasie (a,b). Ee mbl u oboznadnm depes €. [lo meopeme
Depma fe = 0. >

TEOPEMA 3.3 (dopmysna koneunbix npuparienuit Jlarpamxa). ITycmo
dynryus f € Cla, b] duddepenyupyema na (a,b). Tozda

3 € (a,0) [f(b) = fla) = fe(b—a).
< Pacemorpum BeriomoraresibHy0 (OyHKIIAO

Fe) = fa) - 2O D g

F € Cla,b] u F nudpdepentupyema Ha (a, b), npuaem
b) —
£ty = 1)~ =Dy~ ) = Fla)
[Tosromy B cusy Teopembr Postst 3€ € (a, b) Takas, aro
/ ! f b) — f
PR LY.

"Mumrens Ponms (1652-1719) — dbpaHIy3cKumii MaTeMATHK, aBTOP HCCAeI0BAHMI 10 MaTeMaTH-
YECKOMY aHaJIN3Yy.

=0. >




4.3 OcHoBHBIE TeOpeMbI 0 JupPepPEeHITHPYEMBIX (DYHKITHSIX 104

JlokazaHHasg TeopeMa, UMeeT HalJIsIHBII reOMeTPUYICeCKII CMBICIT: Be-

f(b) = f(a)
b—a

ecTh yraoBoit koaddunment nakiaona npsmoit AB k ocu Ox. [Tockoibky

JINYNHA

fé ecrn manrenc yria makiona xacatenbnoil K rpadmky y = f(r) B
touke (£, f(§)), TO yTBEpKIEHUE TEOPEMBI CBOJUTCS K YTBEPXKICHUIO O
CYIIECTBOBAHUH KaCATEJbHOMN, mapasienbHoil cekymeit AB.
CJIIEACTBUE 3.1. Meoswcdy xapaxmepom monomonnocmu dudgpge-
penyupyemoti na unmepsase (a,b) gynkyuuy = f(x) u ee npouseodnot
', x € (a,b), umeemea credyrowan 63auUMoCEA3Y:

fl >0« f(x) wmoHOTOHHO BO3pacTaer;

fi=0<« f(x) mnocrosuna;
fi. <0<« f(x) wmonoronno ybnipaer.

A Iyers o', 2" € (a,b), mpuuem ' < z”. Tlo Teopeme Jlarpamxa

HIE(I/,I”) f/:f(x)_f(x)

T ! — !

[Tockosbky fl. > 0 Vo € (a,b), To f(z") > f(2') Va',2" € (a,b),
' < 2", nosromy dynkius f MOHOTOHHO Bo3pacraer. AHAJIOIMYHO UC-
caenyercs ciaydan fl=0wu f <0,

[Tycts reneps nuddepennupyemas Ha (a,b) GyHKIwsa f MOHOTOHHO
Bo3pacraet. Tora

t i
Vo € (a,b) f.= limM = lim p(2).
t—x t—=x t—x
B cuny monoronnoro Bospactanust f dyukiust o(t) > 0 Vit € (a,b).
[TosTomy %im @©(t) > 0 B cuity Teopembl 0 Tipejiesie (GYHKINN U HepaBeH-
—XT

cTBax. AHAJIOMMYHO MCCICLYIOTCS IPYTHe Cydan. >

TEOPEMA 3.4 (dopmyna Komu koneunsix npupariennit). ITycmo
r=ux(t) uy=y(t) - dse Pynryuu, nenpepvienvie na ompesxe [a, B u
dugpepenyupyemvie na unmepsaae (o, 3), npuvem xy # 0Vt € («, 5).
Tozda

ar € (o, §) ===,
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< ITokaxkem cnauama, aro x(a) # x(3). Ecau 661 970 6170 He TaK, TO
o Teopeme Posiist B HekoTopoit Touke t € (a, (3) mpousBojHast hyHKIAN
x(t) obparmajack Obl B HyJib. PaccMOTPUM BCIIOMOTATeIbHY IO (DYHKIHIO

y(B) — y(o)
P = o(6) ~ y(e) = 2 ) =20 (0l0) - a(a)).
Ora dyuknusa wemnpepbiBHa Ha [a, 3] u muddepennupyema Ha (a, ).
Kpowme toro, F(a) = F(3) = 0. Ilo Teopeme Posisi cymmecrByer Touka
T € (a, ) Takast, uro

' y(a> _y(6>fﬁl _
o i,

Yuaursiast, 910 2, # 0, U3 MOCJAETHErO PABEHCTBA TOJYIHM (DOPMYITy
Ko, >

SAMEYAHUE 3.3. ®opmyna Jlarpam:ka KOHEUHBIX IPUPAITEHIA €CTh
qacTHBIN ciydaii hopmyssl Ko nipu x(t) = ¢.

4.4 DPopmyaa Teiigopa
OITPEJEJIEHUE 4.1. Tlycrs dyukuust y = f(x) uMeer B Touke

BCe TIPOM3BOIHBIE N0 TOPAAKA N BKIIOUATENbHO. Popmyaoti Tetinopat
HA3bIBAETCs MpeJicTaBienne GyHKIUU f B BUje
f/ f(n)
f(@) = flwo) + (@ = wo) 4+ + =
vie 7, (xo; ) — ocmamounwit waen gopmyave Tetnopa. Tpu xy = 0 dop-
myaty Teiimopa gacto Ha3BIBAIOT gopmy.aoti Maxaopena®
TEOPEMA 4.1. Ecau na ompeske ¢ xonuamu x u xo dynkyus f

HeENpeEpvI6HA 6MECTE C NEPBHIMU CEOUMU T np0U3600H’bLMU, a 60 6HYM-

(x — x0)" + ru(xo; ),

PEHHUT MOYKAT IMO20 OMPE3KA OHA UMEEM NPOU3BOIHYI0 NopAdKa N +
1, mo npu moboti pynryuu ©, HENPEPLIBHOT Ha IMOM OMPE3KE U UMe-
et OMAUYHYIO OM HYAA NPOU3BOOHYIO 6 €20 BHYMPEHHUT MOUKAL,
natidemes mouka &, aescausas mexcdy T U To, MaAKaA, 4MO

p(@) — o(x0) ,n n
pen! : ff( H)(I_g) '

rn(To;x) =

'Bpyk Teitnop (1685-1731) — anrsmiickuit MmaTemMaTuk, dbunocod, aBTop psaga paboT M0 MaTe-
MATHYECKOMY AHAJHU3Y.

2Komun Maknoper (1698-1746) — moTnanacKuil MaTeMaTHK, aBTOP psaaa paboT O TEOPHH Ps-
JIOB.
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< Ha orpeske [ ¢ KoHITaM# T, £( pACCMOTPUM BCIIOMOTaTeJIbHY IO (DYHK-
11820(0)

/ (n)
Fﬁ)zmw—<ﬂﬂ+ﬁ@—ﬂ+~~+t@—ﬂﬂ-

Oyuxius F' HenpepbiBHa Ha oTpe3ke I u quddepennupyeMa B €ro BHYT-
PEHHUX TOYKaX, NpUIeM

n!

1/ f(?’H-l)
F =— ft’+1—’5'(:1;—15)+---+’f (z—t)" | +

" (n) (n+1)
(ft' + 1—15'(x —t)+---+ ft—y(x — t)"1> = —ft—(x — )"

(n—1 n!
[Tpumensist k nape dyukuii F(t) u o(t) va orpeske I Gopmyny Korn
KOHEUHDIX TIPUPAIICHHN, 10JIyUaeM
F(z) — F(z) _ I
o) —p(z0) @

rje & — HeKOTOpas TOYKa MEXKJy & U Tg. I10JICTaBIsAA CIO/1a BhIPArKEHNe
st Fy mosameuast, 9to

F(x) — F(x9) =0 — F(x9) = —1rp(x0; 1),

noJiydaeM Tpedbyemoe. >
CJIEACTBUE 4.1. Tlonaras ¢(t) = x — t, moaydaeM ocmamoyumnoil
uynen 6 opme Kowu

rali; 2) = 10w — € (0 — ),

CJIEACTBUE 4.2. onoxkum () = (x — )" u nonyunm ocma-
mounoil waen 6 gopme Jlazpanorca

L )
(n+ 1)!fg (=@
JIEMMA 4.1. ITycmo f(x) = Py(zo;x) + o((x — x0)™) npu x — x,
ede P, (zo;x) = co+cr(x—x0)+- - -+ (x—x0)". Toeda xosdduyuermo
mrozouaena P, onpedeastomea eduncmeennvim 06pasom.

rn(xo;x) =
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1B CHJIy €IJUMHCTBEHHOCTH IIPpEaeJia UMEEeM

xr)—c
CO:;}LI? f(x); ¢ = lim M;...;
0 rT—x9 I X

¢ — lim f(x) — (Co + Cl(.T — I()) + - cn_1(a: — .T())n_l). >
T—X0 (iL“ - Io)n

JIEMMA 4.2, Tyemo ¢gynxyus ¢ : I — R (I C R — ompesoxk ¢
KOHUOM To) makosa, wmo umeem 6 mouke xg € R 6ce npoussoduvie do
nopAdka N 6KA0MUMENLNO, npuem p(Tg) = @l = QL = = 905;;) =
0. Tozda p(z) = o((x — x0)") npu x — x.

< lokazaTebCTBO TTPOBEJIEM METOJIOM MATEeMATUICCKOH WHJIYKITHN.

ITycte n = 1. Torga B cuiny audpdepeHimpyemMoct (pyHKIUA © B

TOYKE Ty UMeeM

p(r) — p(r0) = @y, (T — 20) + a(x)(x — 20),
riie a(x) — 6eckonedno manas npn r — xo. [ockombky o(xg) = ¢}, =0,
10 () = o(xr — ).
[Ipenmonoxum, UTo yTBepXKaeHue nokazano npu n = k > 1. Jloka-
JKeM, 9TO oHO cripaBeiuBo u nipu n = k + 1. [Tockosbky

(k) (k)
QU+ — (go(k)>/ — lim M’

X X
0 O Jxg  w—mo T — X

k+1 k
TO CYIIECTBOBAHUE gpﬁcj ) IpeJIoaaraeT, 9To (pyHKIIK gpé ) omnpejiesieHa

Ha [ XOTs Obl BOJM3U TOUKHU To. ¥ MEHBINAsSI, €CJIN HY»KHO, OTPE30K I,
MOYKHO 3apaHee cauTarh, 910 DyHKImH ©(x), @, . .., go(xk), roe k > 1,
onpejiesienbl Ha BeeM [ ¢ kKoHIoM . [Tockobky k > 1, To dyukius ¢,
CYIIECTBYET U YIOBJIECTBOPAET YCIOBUIM

/
(== (&) =0

To npeanonoxkennio nuaykmmn ¢, = o((x — x¢)*) npn 2 — x(. Torma
w3 Gopmysl Jlarpamxka ciemyer

() = () = p(20) = iz — w0) = a(€)(§ — 20)"(z — o),
rae £ — TouKka, Jiexkalas Mexjay T u o (1o ectb |€ — x| < |x — x¢])

w 3aBucAmas ot x, npudem a(£(x)) — OecKOHEUIHO Majast Ipu T — .
[TosToMy M3 HepaBeHCTBA

(@) < |a(©)] - |z — ao]* - [& — ]
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nostyaaeM, uto ¢(z) = o (z — x9)F*1). >
TEOPEMA 4.2. ITyemov I — ompesox ¢ xonuom xg € R. Ecau ¢ynk-
yua I — R umeem 6 mouke xy 6ce npoussoduvie do nopadka n
BKAIOUUMENDHO, MO CNPABEIAUBH HOPMYAG
/. £ty

f(z) = f(zo) + Ty (@ — o) + -+ 5

(x — x0)" + o((z — z0)")

npu xr — T.
< Tlockompky muorOwIeH P, (20; ) cormacho jemme 4.1 onpeensercst
eJIMHCTBEHHBIM 00pa30M, TO MBI BBEJIEM B paccMOTpeHue (DyHKITIIO

/ /

o) = 5@) ~ (1a) + Zoa—ay -+ Bae ).

Ouesnmmo, ¢(xg) = ¢, = - = gpg? = 0. o nemme 4.2 p(z) =

o((z — xp)"). >
OITPEJIEJIEHUE 4.2. ®opwmyia, ycranoBieHHas B TeopemMe 4.2, Ha-
3biBaercst popmyitoii Teiisopa ¢ ocmamounvim waenom 6 gopme Ieano'.
Vtak MBI IOy IUIN BasKHeimnre (popMyJIbl MaTeMATHIECKOTO aHAJIH-

3a.
/ (n) (n+1)
) = oo+ Ete s+ B oy L

dopwmyiy Teitopa ¢ ocrarounbiM dieHoM B (popme Jlarpamxka, n

/ (n)

f(x):f($0)+%(x—xo)+...+

npu x — o — popmyny Teitmopa ¢ ocTarounbiM 1ieHoM B popMme [leano.

ITeppasi yjo0Ha it TPAKTUYECKUX PACUYETOB, BTOpast MPU MCCJIEI0Ba-
HUM aCUMIITOTHYECKOrO noBejienns pyHkunii. Paznmmane stnx dpopmyr
Teiiopa 6osee riybokoe. Onna nokanbhast (B dopme [leano), a gpyras
riobasbrast (B dopme Jlarpanxka nin Kommw). Tlepsast naer nndopma-
IIUIO O TOBeJeHW (DYHKIINN JIUITTH TPA & — Xo. BTOPYIO MOYXKHO TTpUMe-
HSITH JIJIsI OIEHOK Ha OOJIBIINX OTPEe3KaX.

Obpamasich K TabJnIe TPOU3BOIHBIX MOPsIKA 1 HAMUIIEM (DOPMYJTY
Teitnopa npu xg = 0 1J157 OCHOBHBIX 3JIEMEHTAPHBIX (PYHKITHIA.

! Moxysenme Teamo (1858-1932) — nTanbauCcKuii MATeMATHK, HCCIEI0BATEh OCHOBAHHI MaTe-
MaTHKH.
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[TPUMEP 4.1. Tlycrs f(x) = e*, Torna fén) = 1. [TosTomy

z 1 1 2 1 n 66 n+1
e —1—|—ﬁa:—|—ia: —l—---—l—mx —l—(n+1)!x :
[TPUMEP 4.2. Tlycrs f(z) = sinz, Torma
) _ ..m™m |0, n=2m,
fo | =sin 5 —{ (1), n—2m+1, m € {0} UN.
[TosTomy
. 15 1 (=)™ g sin(E+F(n+1))
sm:c—:c—gx +ax —---+mx + n+ 1) T,
rmen =2m-+ 1 nmn = 2m + 2.
[TPUMEP 4.3. Ilycrs f(z) = cosz, Torma
(n) ™ |0, n=2m+1,
fo ' = cos 5 —{ (1™, 1= 2m, m e {0} UN.
[TosTomy
1 1 —1)m cos(§ + 5(n+1
cos:czl——:c2+—x4—---+( )x2m+ (€ + 5 )

oI T4 (2m)! CE
n = 2m umm n = 2m + 1.
[TPUMEP 4.4. ITycts f(x) = In(1+x), Torma fé") = (=) Yn-1).
[ToaTromy
PR o P oV

1
1 1 o _—— —_ Y . .
n(l+z)==x 2x—|—3x +— +n—|—1 A+

IPUMEP 4.5. Mycrs f(z) = (1+2), o € R. Torna £\ = a(a —
1)...(a = n+1). [Tosromy

(1+z)° =1+%x+—&(a2!_ Doz oy 2los 1)"7'1!(0‘_n+1):c”+
afa—1)...(a=n+1)(a—n) "t
TESY T+ gy

B npuBeieHHBIX IpUMepax OCTATOUHbIN 4jeH npuBeaeH B ¢popme Jla-
rpamxka. [Ipumenenue ocraTounoro 4jeHa B (popmax Ileano mwau Koru
HE BBI3OBET 3aTPYHEHUI.
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SAMEYAHUE 4.1. I3 dopmyanr Teitsopa ¢ 0CTATOYHBIM TIEHOM B
dopwme Jlarpanrxka ciegyer acuMITOTHYIECKAsT (DOPMYJIa BUIA,

/ (n)
Fo) = Flao) + 2o =) 4o 2

1 (2 — 20)" + O((z — 0)"™)

pu T — Xy.

4.5 JlocTraTodyHoe ycjoBue 3kcTpeMmyMa PyHKInn. BeimykiiocTh
1 BOTHYTOCTh (PYHKITUN

Teopema @epma, Kak 0TMEYAJIOCH, JIA€T JINITH HEOOXOAUMbIE YCIOBHUsI

KcTpemyMa. 11oaToMy akTyasbHA CIeAyIONAast
TEOPEMA 5.1. IIycmos f @ Oy, — R ¢pynwyua, onpedesennas 6
nexomopot oxpecmmuocmu Oy, MOUKU T, HENPEPUIBHAA 6 TOUKE To U

[} [}
duppepenyupyeman 6 nporosomot oxpecmuocm Og,. Iycmv Oyy=
[ ] [ ]
'Oy U™ Oy (n€6a4 u npasas oxpecmmocmu). Tozda

(i) ecau (Vx Eéxo (fi<0))VVx Eéxo (fl >0)), mo dynryus

f 6 mouke xg sxcmpemyma ne umeem;

(i) ecau (Vo €1 Oy (fL < O)A(Vz €7 Ouy  (f. > 0)), mo

Pynryua f 6 mouke xoy uMeem AOKANHLT MUHUMYM;

(iii) ecau (Vo € 1 Osy  (fL >0 ANz €7 Oy (fL < 0)), mo

nxyuA 6 mouke xy umeem A0KAALHYT MAKCUMYM.
pymwvyus f 0 yM.

< (i) Beibepem st OHpe,ZI;eJIeHHOCTI/I papnant (Vo €0, (f. < 0)).
OH paBHOCHIIeH (Vz € OgcO (fi <0)) A(Vx € " Oy, (f. <0)). Ha
! Oa:o u Ogc0 B cuity Teopembl Jlarpamka Gynkmmst f CTpOI‘O MOHOTOHHO
yobiBaet. IIockonbKy [ HempepblBHA B TOUKe Ty, TO V' € OwO va e
" OSCO
f@) > lm f(a') = f(zo) = lm f(2") > f(z").

' —xp— " —xo+
[TosToMy TOYKa Ty HE MOXKET OBITh TOYKOH JIOKAJILHOTO 3KCTPEMYMA.
AHaJoOrnuHO paccMaTpUBAeTCA U APYTOil BapuaHT.
L]
(ii) B cuny Teopempr Jlarpamxka na ! O, dbynkius f crporo MoHo-
[ ]

TOHHO yObIBaeT, a Ha " (), CTPOTO MOHOTOHHO Bo3pacTaeT. IlockombKy
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B TOUKe Z( (DyHKINs f HempepbiBHA, TO nMeeMm Vo' € ! ézo v e’ (.):co
f@) > lm f(a) = f(zo) = lm f(2") < f(2"),
xr'—xo— x—xo+
TO €CTh X — TOYKA JOKAJLHOTO MUHUMYMA.

Cayuaii (iil) paccmaTpuBaercs aHaaorudso (ii).

JlokazanHast TeopemMa 0OXOJUTCS BeChbMa, CKPOMHBIMU YCJOBUSMU —
HENPePBIBHOCTHIO (DYHKIMKA B TOUYKE MPEINOIAaraeMoro 3KCTpeMyMa u
nudGepeHIpyeMOCThI0 B TPOKOJOTON OKPECTHOCTH 3TOi Touku. Ecin
MBI pacriojiaraeM Oosiee GoraToit madopmanneir o GyHKIMU f B TOUKe
X, TO U Pe3yJIbTaThl MOT'YT OBITH CPOPMYTUPOBAHBI DOJIee BECOMBIE.

TEOPEMA 5.2. lIyemwy gynryuay = f(x), onpedesennan 6 oxpecm-
nocmu Oy, mouku o € R, umeem 6 xg 6ce npoussodnuvie do nopadka
n € N sxaovumenvno. Ecau fr = --- = éi}‘” =0 u fég) # 0, mo npu
HEUEMHOM T 6 TOYKE T IKCMPEMYMA GYHKUUL HEm, a4 NPU N LeMmHOM
6 cAyuae fx(g) > 0 — 6 mouke xg A0KAALHOIT MUHUMYM GyHuKuuy |, a 6
cayuae féff) < 0 = A0KAALHOIT MAKCUMYM.

< [Mpumenum dpopmyiy Teitsopa ¢ ocrarounbiM wjieHom B popme Ile-
aHo.

(n)
F(@) = ao) + 12— o)+ 0(e) @ — o)

rie a(z) — 6GeCKOHEUHO MaJiast IPU & — To. JAmuIieM 5Ty (HOpMysny B
BH/IE

F(a) — Fla) = (£ + o)) (w — mo)"

rie O(x) — 6ecKOHETHO MaJiast IpU & — Tg, U OyJIeM Paccyk/JIaTh, Kak
pu JoKazareaberse TeopeMbl Pepma. Ecin fx(?) # 0, To TIpu T J0CTa-
TOYHO OJIN3KUX K () 3HAK BBIPAKCHUS ngZ}) + B(x) byner coBmagath co
3HAKOM fég‘) 3HaunT, ecyin n — HeIeTHOE, TO TPW MePexojie Yepes Ty 3HaK
BbIDAKEH ST (fég) + B(x))(x — xp)" OymeT MEHATHCS, a TPU 9eTHOM 1 —
He OyIeT, TO eCTh 3HaK 3TOTO BHIPAXKEHWs OyIeT COBNAIATH CO 3HAKOM
RN

OIIPEAEJIEHUE 5.1. ®yuknus f : (a,b) — R nasbiBaercs swnyk-
a0t, ecam Yy, 29 € (a,b) Yag,as € Ry (ag + ag = 1) umeer mecto
HepaBeHCTBO f(a1x1 + qos) < aq f(x1) + aof(x2).
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[eoMerpuueckn  yCIOBHE — BBIMYKJIOCTH
byukmun f : (a,b) — R ozmagaer, aro
TOYKHU JII000M JIyru rpaduKa JexKaT HUXKe
XOPJIbl, CTATUBAIOIIEH 9Ty JIyTYy.

OIPEAEJIEHUE 5.2. ®yukius f : (a,b) — R wassiBaeTcs gozuy-
mot, eciu Vxy, 9 € (a,b) Yai,as € Ry (ag + as = 1) umeer mecto
HepaBeHCTBO f(aqTy + exs) > a1 f(x1) + aof(xs).

Herpyano 3aMeTHTh, 9TO TOYKHM Jyru rpaduka BOMHYTON (yHKIMNA
JICZKAT BBIIIC XOPJIbI, CTATUBAIONICH 3Ty JIYTY.

OTIPEJEJIEHUE 5.3. Beinykaas (Bornyrasi) Ha unreppajie (a,b)
byukuus f: (a,b) — R nazsiBaercst cmpozo sunykaoti (cmpozo 6oeny-
moti), eciu TIpu X1 # X9 B onpejenennn 5.1 (5.2) umeer MecTo crporoe
HEPABEHCTBO, TO €CTh

flanzy + aomws) < ayf(x1) + aof(xs)

(f(aumy + agwa) > a1 f(w1) + o f(22)).

TEOPEMA 5.3. Juggepenyupyeman na unmepsane (a,b) dymruui
y = f(x) swnyksa na nem mouno mozda, kozda npoussoduan f. mo-
nomonno eospacmaem wa (a,b). Hpu smom cmpozomy mMoHOMOHHOMY
goapacmanuio fi. coomeememeyem cmpozai GunYKAOCb.

< Iycrs f @ (a,b) — R muddepeniupyema u Boinykia Ha (a,b).
Torma n3 cooTHOMEHNH ¥ = Q121+ QoTa, o + o = 1, aq, as > 0 uMeeMm
Tro — T r — I

9y —

a1 = = .
L2 — I

Ty — x1

Tenepb YCJ0OBHUE BBIIIYKJIOCTH MO2KHO 3allMCaTb B BHUJIC

flz) < f(@2).
OTKya mojsydaeM
(w2 — @) f(21) + (21 — @2) f(2) + (2 — 21) f(22) = 0.

Teneps 3amernM, at0 (29— 1) = (T2 — )+ (£ — 1), TOITOMY Oy INM

f(x) — f(z1) < f(z2) — f()

xr — X o To — I

To — X rT—T
2 ) + —
X9 — X1 Lo — T1
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npu 1 < T < To. [lomyuennoe HepaBeHCTBO €CTh Jipyras (hopMa, 3aIIucH
YCJIOBUs BBINYKJIOCTH (DYHKIUK. YCTPEMUM & CHaYaj a K X1, & 3aTeM K
xo. IlocyieioBaresibHO MOy YUM

f(x2) — f(z1)

L2 — 1

/ /
fo, < < Jaw

OTKY/la CJIeyeT MOHOTOHHBIN POCT MTPOU3BOIHON fa’C
YYauThIBast 3TO, JIJISI CTPOTO BBITYKJI0# (DyHKIIMU U3 TeopeMbl JlarpaH-
’Ka CJIeIyeT

f(z) — f(x1) < f(z2) — f(z)

r— X To9 — T

fo < f = = fi, < fry
re r4 < 51 <z < 52 < T9, TO €CTb CTPOTasl BLINYKJIOCTH BJICUET
CTPOI'yI0 MOHOTOHHOCTB ITPOU3BOIHOM.
Tenepn nycrs f1 #a (a, b) MOHOTOHHO (CTPOrO MOHOTOHHO) BO3pacTa-
er. Torma st a < 1 < © < 9 < b mo Teopeme Jlarpam:xa
f(z) = f(z1) f(za) — f(2)

I < (<
e T — T = (<) Tog— T

/
:f,an

e 1 <& <x <& < x9. D

CJIEJCTBUE 5.1. @ynruyua f : (a,b) — R, umerowas na unmepsa-
ae (a,b) emopyro npoussoduyto, uNYKAG HA HeM MOUHO Mo2da, K020a
f2>0. Us yeaosua fIl >0 caedyem cmpozas 6uinyki0cmy.

< JInst ToKa3aTesbeTBa JOCTATOYHO CJIEJCTBHE K Teopeme Jlarpamxa
MPUMEHUTH K QyHKIWMA fl. >

Anasiornaio (GOpMyIUPYIOTCS U TOKA3HIBAIOTCST PE3YIHTATHI JIJIST BO-
HYTO# (DYHKIINN.

TEOPEMA 5.4. Jugdepernyupyeman na unmepsane (a,b) dynryua
y = f(x) 6oenyma na nem mouno moada, xoeda npoussodnasn f. mono-
monno yoweaem wa (a,b). IIpu amom cmpozomy MoHOMOHHOMY YOEA-
nuto fl coomeememeyem cmpozas 602HYMOCMY.

CJIEJCTBUE 5.2. @ynxuyua f : (a,b) — R, umerowas na unmepsa-
ae (a,b) emopyro npouszsoduyro, 6oenyma Ha wem Mouro mozda, ko2da
fr<0. Us yeaosua fIl < 0 caedyem cmpozas 6ozHymocmo.

OIIPEAEJIEHUE 5.4. Ilycts f : O, — R — dbynknusa, onpene-

nennas B okpecruoctu O,, Touku ro € R. Ecim na muoxecrse ! O,
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dbyukImst f BorayTa (BBIMYKJa), a HA MHOXKECTBe " ézo dbynkius f BbI-
nykia (Bormyra), 10 Touka rpaduka (x, f(zg)) HazbiBAETCS MouKkol
nepeauba.

Taxum 0Opa3oM, eciu B TOUKe nepernoda g GyHKIus f 1Baxk bl 1ud-

depenimpyema, To B cuily TeopeM 5.3, 5.4 u Teopembl Pepma HEOOXO-

2

r, = 0. Ecim xe BTOpast npoussojnast onpejesena B

JINMO, 9TOOBI
[ ] l L]
MIPOKOJIOTON OKPECTHOCTU Dy, TOUKHU Xo U B " (), UMEET OJWH 3HAK, a B
L]

" O, TPOTUBOMNOJIOXKHBI, TO T( ABJISETCA TOUKON Tepernoda.

4.6 IIpaBuno Jlonurans

Becbma 1mosie3noii Ob1BaeT IpK BLIYUCACHUN TIPEJEJIOB CIeIyIOIas

TEOPEMA 6.1 (npasuno Jlonuranal). Mycms dymsyuu f: (a,b) —
R ug: (a,b) — R dugpepenuyupyemor na unmepsane (a,b) (—oo < a <
b < +00), npuuem g, #0, x € (a,b), u

/

lim = =A (—o00 <A< +0).

r—a+ g;c

Tozda npu svinosnenuu 1106020 u3 credyrowuxr d8YT Ycr06ul
() (lim f(z) =0) A (lim g(z) = 0),

r—a+
(ii) lim g(x) = o0
T—a+
6y06m BN OAHAINCA PAGEHCTN G0
lim m = A.
r—a+ g(aj)

AnanornuHoe yTBep:KaeHNe CIPaBeINBO U MpU T — b—.
< IIpeamonoxkum cragama, ato A < 400, n pUKCHpyeMm dncia p u ¢
!

Tak, 9To0bl A < p < ¢. [lockoabky lim g—f = A, To cyImecTByeT ToUKa
r—a+ Jz

¢ € (a,b) rakasi, aro nipu Jaw0bom = € (a,c) oymer fl/g. < p < q. Tak
kak ¢, # 0 ua (a,b), o g(x) crporo monorouna ua (a,b), u noromy, Bbi-
OpaB TOUKY ¢1 € (@, €) JTOCTATOUHO OJIM3KON K TOUKE @, MOKHO CUUTATD,
aro g(x) # 0 wa unrepsaie (a,cp). [losromy npu J0bbix x,y € (a,c1),
y < x 1o Teopeme Koru o npupalieHusix mmeem

f@) = fly) _f&
9(x) —g(y)  g¢

Tnitom ®@pancya Antyan me Jlommramn (1661-1704) — dbpanmysckumii MaTeMaTHK
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rie € € (y,z) C (a, ). Orcrona

9(x) = g(y)
ecim x,y € (a,cy).
Tenepn paccmMoTpum 00€ BO3ZMOXKHOCTH:
— B caydae (1), mepexojist B IPEJIbIIYIIEM HepaBEHCTBE K MPejiey pH
Yy — a-+, DOJIy4uM
()
g(x)

— B cayuae (ii), duxcupyst y u 6epst  JOCTATOYHO OJIU3KUM K a,
9(y)

9@)—gly) . 9y
0 =1 g(x)>0. (6.2)

Homuoxkast HepaBeHcTBO (6.1) Ha nostokuTeabHOE Yncio (6.2), mosydnm

f(x) = fy) <p< g(y)) |

<p<gq, z€/(a,c);

nMeemM

9(x) 9()
1@ ) fW)
o0) ~" P o) glay
Bribpas ¢y € (a, ) jocratodno 6JaU3KUM K @, Jiist J0boro x € (a, ¢z)
o f@) e W)
o) =P Pyt " gy

Nrak, B obonx cuyuasx (i) wu (ii) cymecrsyer nnrepsan (a,c,), B
moboii Touke Kotoporo f(x)/g(x) <

Ecin A = —o0, 1o B cuy npouwsBoJia B BeiOOpe ¢ > A Teopema B
9TOM CJIydae JOKa3aHa.

Ecan A = 400, To B3B ¢ 1 P Tak, 4ToObI ¢ < p < A, aHAJIOTTIHO
MpeJIBIIyIeMy HaiieM uHTepsBas (a, cq) B JII000# TOYKE KOTOPOro § <

f(x)/g(z), ro ects lim f(z)/g(x) =

Ecin A € R, 1o st moboii mapel ancesn § < A < ¢ HaiijeM WHTEepBaJI
(a,cq) N (a,cq), B 11000it TOUKE KOTOPOrO OyJIEM NMETD

f (=) /(=)

§g<=——=<gq, TOecth lim —==A. »
9(x) r—a+ g(x)
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4.7 Heonpeneaenublit uHTerpaJ. Ilpocreiimue mpuemMbl MHTE-
TPUPOBAHUS

OIPEAEJIEHUE 7.1. Tlycts dyuknun y = F(z) u y = f(x) onpe-
JIeJIeHbI Ha, HEKOTOPOM TTpoMekyTKe (a, b), mpuaem dyukims F audde-
peHIpyeMa Ha 3TOM TIPOMEXKyTKe. Eciu

Vo € (a,b) F.= f(x), (7.1)

to dyuknus F(x) naseBaercs nepeoobpasnoti daa dynkyuu f(x) Ha
npoMexyTke (a, b).

SBAMEYAHUE 7.1. Herpyaro 3amerutsh, uro nepBoobpasnast F(x)
dbyukiun f(x) onpeensiercs neognoznadno. eiicrBurensho, ecan F(x)
— nepBoobpasnas dbyuknun f(z), To bynknusa ¢(x) = F(z)+C, rue C
KOHCTaHTa, TOXKe OyJieT 1epBOOOPa3HOil, TTOCKOIBKY

(©(2)); = (F(x) + C), = F, + C, = F, = f(x).
OITPEJEJIEHUNE 7.2. CookymnHoCTh BCEeX MEPBOOOPA3HBIX (DYyHK-

nnu f(x) Ha HEKOTOPOM TTPOMEXKYTKE (a, b) HAZBIBAIOT Heonpedesetnvim
unmezpanom om gynryuu f(x) Ha ITOM TPOMEKYTKE, 0003HATAIOT CUM-

[ fays

/ F@)de = F(z)+ C. (7.2)

3necy F(z) — xakag-HuOyab» mepBooOpasnas dbyuknun f(x) Ha mpome-

BOJIOM

U TATTYT

xyTxe (a,b), C — npomsBonbHas noctoganast. 3uak " [ HazpBaoT sna-
xom unmezpasa, Gyakmmio f(x) — nodunmeepasvroti Gynryued, BoIpa-
xenwe f(x)dr — nodunmezpasvivim 6uipasicenuem.

[Tomunrerpaabnoe BhIpaskeHne MOXKHO 3alucarh B Buje auddepen-
mmana Fl.dr = dF(x), To ecth

f(x)dx = dF(z). (7.3)

Omnepalnio HaX0XK IEHNST HEOTIPeJeJeHHOTO HHTerpaJia OT JAHHOH QyHK-
IUU, KOTOpas sABJsieTcss oOpaTHOH K omeparuu 1uddepeHnnpoBanus,
HA3BIBAIOT unmezpuposaruem. IloaTomy sobdyo GopMyay s npous-
BOJIHOM, TO ecth Gopmyny Buga (7.1), MoxxHO 3amicarh B Buje (7.2).
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Ucnonb3yst popMysIbl Js TPOU3BOIHBIX MOXKHO 3AIUCATD MadAULY UH-
me2pa.noe:

a+1 d
/xo‘d:ﬁ:w +C, a#-1; —x:1n|x|+0;
a+1 x

/a:”dx:a +C, a>0, a#l; /ezdx:ez—i-C;

Ina

/Sinxdx:—cosaz—i—C; /cosxdx:sina:—l—C;

d d
/ Y e+ / f=—ctg9:+0;

cos? x sin” x

/shxdw = chx + C; /chxdx = shx + C

d
/ | +xx2 = arctgr + C = —arcctge + C;

/ dr arcsing + C' arccosx + C
— = arcsinz = —ar T :
V1 — 2?2
d d
/ g:dx:thx—FC’; /—g:dx:—cthanC.
sh”x

ch®x

Teneps chopMysInpyeM OCHOBHBIE CBOMCTBA HEOIPEJIeJIEHHOIO MHTe-

d (/ f(:z:)dx) = f(z)dz.

< U3 pasencrs (7.2) n (7.3) caeayer, aro

rpaJia

CBONCTBO 1.

d ( / f(x)dx) — d(F(z) + C) = dF(z) = f(x)dz,

tak Kak dC = 0. >
CBOICTBO 2.

/ dF (1) = F(z) + C.

< CpoiictBo cpazy caenyer us (7.2) u (7.3). >
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CBOUCTBO 3. Ecau dynsyuu f(x) u g(x) umerom na nexomopom
npomescymee (a,b) nepeoobpasnvie, mo s Mobvir wuces o u 3 dym-
yua of (x) + Bg(x) mooce umeem nepsoobpasnyio na (a,b), npuem

[+ ytands=a [ fa)ds+ 5 [ gloyds

< [ycers F(x) w G(x) — nepBoobpasubie st GyHkuuii f u g co-
orBerctBenno. Torna aF'(z) + BG(x) — mepBoobpasnast st byHKIHHK
af(x) + Bg(x), mockonbKy

(aF (x) + BG(2)), = al} + G, = af(z) + Bg(z). ©

Taknm obpaszoM, HHTErpuUpoBaHue 00J1aJ1aeT CBONCTBOM AUHETUHOCTIU:
MHTErpaJl OT JIMHEHHOW KoMOMHAIMY (DYHKITUI paBeH COOTBETCTBYIOIIEH
JIMHEHHON KOMOMHAIIUU OT PACCMaTPUBAEMBIX (DYHKITHIA.

[lepeiizieM K mpocTeinmuM MeTojaM MHTerpupoBanus. Haunem ¢ wme-
moda 3aMmenvl nepemeno20.

TEOPEMA 7.1. ITycmov gynxyua y = f(x) onpedesena u dudie-
penyupyema na npomescymre A u nyemo A — mnooicecmeo snavenud
dynryuu f(x) na A. Ecau pynkyua g(y) umeem nepsoobpasnyro G(y)
na A, mo cywecmeyem nepsoobpasnaa dynkuyuu g(f(z))f(x) na npo-
Mesrcymee A, npuvem uMeem Mecmo kanicooe us cAeOyuUUT I6YLT k-
GUBANEHMHDBIL MONCICCTNG

/ﬁuuwfwwx=00u»+o, (7.4)

/mﬂmumw:Gum»+a (7.5)

q JeiicTBATENBHO, B YCJIOBUSAX TEOPEMbl Ha IPOMEXKYTKe A ompeje-
nena u guddepennupyema caoxuas byuknusa F(x) = G(f(x)) u

EF, =G (f(x)- fr=9)fr

Orciona caenyer, aro ecan G(y) — neppoobpasnasi Gyukmmu g(y), TO
G(f(x)) — nepoobpasuast pyuxiuu g(f(x)) - fl. >

Qopmyny (7.4) (mmm dopmymny (7.5)) HaspBAIOT dopmyrot unme-
epuposanui 3amenoti nepemennozo. OTMETHM BasKHBIE YACTHBIE CJIYUIaK
9TO# (POPMYJIBI.
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CJIEJCTBUE 7.1. (i) Ecau
/ fla)d = F(a)+ C.

/f(a:c+b)dx:/f(a:c+b)éd(a:c+b):%F(a:v+b)+0;

(i1) /f df(z) =In|f(x)|+ C;

&
i) [rn s = [@rae =T e oy

Ha CTYJEHYECKOM 2KaproHe MeTOJ 3aMEHbI IMEPEMEHHOT'O HaA3bIBAIOT

erie "sarnarh noj auddepentman’ (bynkmuio f(x)). Pacemorpum npu-
Mepbl, KOTOPLIMY MOMNOJHUM TaOJIHUIy UHTErPAJIOB.

/ dx _/d(a:—l—a)_ Infr+al+C, a=1;
(x + a)” (x 4+ a)® %, a#1

dv 1 d(xz/a) 1 x 1 x
/J;2 g R / T+ (wjal aarctga +C = —aarcctga + C.

/dix = d(z/a) — arcsin® +C = _arccos— +C.
Vva? — x? V1= (z/a)? a a

[Tpn HAXOXKJIEHUU TTePBOOOPA3HBIX YACTO TPUMEHSCTCS Memod unme-
2puPoBanUA nodcmanoskot, KOTOPBIH MO CYIIECTBY €CTh IMPOCTO BapH-
alMsi MeTojia 3aMeHbI TIePeMeHHOTO (Ta e onepalusi, HO B 0OpaTHOM
nopsijike). IlycTh HaM HEOGXOJMMO HaliTH WHTErpaJ

[ fays

Crenaem B HeM 3ameny nepementoro: x = ¢(t). Torma

[ e =le = gtt), s dt| [ st

Vuorna wHTErpaJ B IpaBoil YacTH OKA3bIBAETCS MPOIIE, YeM HCXOTHBII

uHTerpaJj. PaccMorpum nipumMepbl

/\/@2 — 22dx =

r = asint, dx:acostdt‘ :/a20082tdt:
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1
:—/1+0082t 2(t+§sm2t) + C.
OxkonuaresnLHO HaiigeMm
2 _ 2
/\/ — 2%dx = —arcsm Ve 5 +C,
OCKOJIBKY
, x x2 1. , xva? — 22
sint=—, cost=14/1——, =sin2t=sintcost =
a a?’ 2 a?

ITopcTanoBky momgac OBIBAIOT 3aMbBICJIOBATBLIMU:

/ dx B
2 +a
dt
:/?:1n|t\+C’:1n|x+\/x2+a\+C-

TEOPEMA 7.2. ITyemwv ¢pynruuu f(x) v g(x) duddepenvyupyemos na
nexomopom urmepsane A, u, kpome moezo, na nem Pyuruyus f'(x)g(x)
umeem nepsoobpasnyto. Tozda cywecmeyem nepsoobpasnan Oad Pyrk-

x t
r+HvVari+a=t, dt= <1+—)dx:—dx
2+ a 2+ a

yuu f(z)g (x), npuuem cnpasedauso aoboe us caedyrowur dsyxr IK6uU-
GANCHMHDBIT MOHCIECTNE:

/f(x)g’(l‘)dl’z f@)g(x) —/f'(x)g(l‘)dl’, (7.7)

/f(x)dg(x) = f(z)g() —/g(x)df(w)- (7.8)

< B yesosusix Teopembl dynknus f(x)g(x) nmeer mpon3BoHYyO U MO
npaBusy JuddepeHnupoBanns UMeeM

f(@)g'(x) = (f(x)g(x)); — f(x)g(x).

ITepBoobOpasHast npaBoil YacTH STOrO paBEHCTBA CYIIECTBYET, MOITOMY
CYIIECTBYET W MePBOOOPa3Has JIEBO dacTu. Y YMThIBas, 9TO

[r@g@)ds = fa)g(e) +C

oJry4aem

[ @@ = @) - [ r@gtas +c
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Orroca konctauty C' K WHTErpaJgy

[ F@gteis

nosrydaem (7.7), u3 koroporo cpasy caejyer (7.8), rak kak f'(z)dr =

df (x), g'(v)dz = dg(x).
Dopwmyna (7.7) (nnm bopmymna (7.8)) HasbiBaeTcs gopmyaot unme-
2PUPOBANUA MO YACMAM. PACCMOTPUM MPUMEPBI, KOTOPHIE BHECEM B Ta0-

/\/xQ—i—adx:
‘f(x)zvx2+a, df(f)ZL, g(x) =z, dg(zr)=dx

ViTra
=2vV2?+a— /W—x\/ﬂ—i—a—/\/ﬂ—i—ada&—i—a/
2+ a

MCHOJ’IBBYH HpeﬂbIAYHIHH npuMep, OKOH4YaTEJIbHO IIOJIY4YHUM:

/\/x2+adx:% xQ—i—a—i—gln\a}—i—\/xQ—i—a\—l—C.

ITycTh

JIMIY MHTETPAJIOB!

dx
Vi +a

In:/(dix, neN, az#0.

x? 4 a?)"
Monoxkum g(z) = z, f(z) = (22 + a*) ™", rorna df (x) = —2nx(x? +
a?)™" " ldzx. Tloaromy

[ T 5 x2dx B T 5 a:2—|—a2—a2d
n = (x2_|_a2)n+ n (22 + a2+ (x2_|_a2)n+ n (22 + a2)nH x
x
= m + 2n[n - QnaQInH.

CrenoBaTesnbHo,
x 2n — 1

I,. 7.9
2na?(x? + a?)" o (7.9)

InJrl —

IIpu m0boM n 1o 3T0i GopMysIe MOXKHO BBIYHCIUTL MHTErpa I, 1,
BBIUUCTUB cHavdasa [, [o, ..., I,. MBI y>Xe 3HaeM, 9TO

d 1
I = / v —alrctgz + C.
a

24+a?2 a
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Orcrona

7 / dx x n 1 ol 4 O
= = arctg— :
? (224 a?)?  2a*(2®>+a?)  2a? ®a

4.8 HWurterpupoBanme panuoHaabHbIX (pyHkImit. Meroa Oct-
porpajickoro

OTPEJIEIEHUE 8.1. Oynkuna R(z) = 28, rie Pp(x) n Qu(x)

MHOT'OYJICHBI OT HepeMeHHOﬁ T CTereHeir m u n COOTBETCTBEHHO, Ha3bI-

BaETCS PauuoHaroroti dynrxyued.
B sTom naparpade MbI peruM BOINPOC O CYIIECTBOBAHUU HEOTPE/ie-

/R(a:)da:,

rie R(x) — pannonaibias GyHKIHS.

TEOPEMA 8.1. ITyemv R(x) — payuonasvnan dynryus. Tozda cy-
wecmeyem nepeoobpasnas F(x) ¢dynrxuyuu R(x), ewpascennan uepes
anNeMEHMapHbe GyYHKUUL.

JloKazaTeanLeTBO 3TOI TeopeMbl CYIECTBEHHLIM 00pa30M OIUPACTCS

JICHHOT'O MHTETPaJia

Ha JiBa BaXHEHINX pe3ysbrara, JI0Ka3aTeJbCTBa KOTOPBIX MPUBOJST-
cs1 B Kypce Teopun (DYHKIINI KOMIJIEKCHON MEepEeMeHHOM. 3/1eCh YKe MbI
TOJILKO TIPHUBEJIEM UX (POPMYIUPOBKY.

TEOPEMA 8.2 (ocnoBrast Teopema Bbicimeii anreOpsr). Jobot mro-
eounen P, (x) ecmenenu n mootcno npedemasums 6 eude npouseéedenu

P,(x) =ap(x —x)™ ... (x — £Ek)ak(3}2 +prx +q1)51 . (x2 +pix +ql)6l,

ede x; — wopru muozousena Pp(x) xpammwocmu «;, 1 =1,...k, a dsy-
YNEHDI x2+pjx+qj, 7 =1,...,1, deticmeumervHuix xKopnet He umerom,
npuem

bit---+ 0
=n
2
[Ipexne, 4eM chOpMyIUpOBaTh CICAYIONIYIO TEOPEMY, BBEIEM IO-

ay+ -+ ag +

M

< < P (X
HATHE NPacuAbHOU PAUUOHAADHOU ¢yH7{I’l4UU 0 E;; — TaKOHN palluOHaJIb-
n

Hoit yukimu, ato m < n. OQUueBnHO, JIIOOYIO paIMOHAILHYIO (DYHK-
Py (x)

1187470} (To ecTh W Takyiw, rje m > n) MOXKHO TPUBECTH K BUJLY
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S(zx) + C];l((?), rie S(x) — HeKOTOpBIi MHOTOWIEH, a | < n. [lanee, Haz0-

BeM palMoHaJbHbIe (DYHKIUA BUJIA
a1 73 7
(x — x;)o (22 + pjx + q;)"

(P} < 4q5),

a;, 3; € N, — npocmetiwumu payuonarvivmu dpobamu Il Kopode —
npocmetiwumu dpobAMU.

TEOPEMA 8.3. Jhobas npasusvhas pauuorasvtas Gynxuus padia-
2aemca 6 cymmy npocmetiwuz dpobeti, mo ecmo

(z) Bij L2 M;;x + Nij
(1) ZZ w—JIJ +ZZ a:2—|—]pix—|—(;i)j’

i=1 j5=1

npuvem 6ce KoIPOUUUEHMDBL IMO20 PA3AOHCERUA ONPEIEAANMCA 00HO-
3HAYHO.

Teneps nepeiijiemM K JloKa3aTeabCTBY TeopeMbl 8.1.

< B cuny teopembl 8.3 uHTErpa

o Pm(x)
| i = Q)"

NpeacTaBJjdeTCsa B BUJIE CYMMbI HHTEI'PaJIOB BUJa

/S(x)dx (8.1),

/ %, (8.2)

r — ;)
/ Mir £ Nii_g, (8.3)
(22 + pix + ;)7 o

Murerpan (8.1) — uHTErpajs OT MHOrOYJIEHA — OYEBU/HO BHIPAKAELTCS

aepes ssieMenTapubie GyHKIwu. VaTerpad (8.2) — TabiuaHblii nHTErpat:

Ay .
/Lijdm _ ] iy I
(x — x;)) Ajjln|z — |, j=1.

Nurerpan (8.3) mocpencrBoM mpeobpasoBanuii CBOJAUTCS K CyMMe Tabd-
JIMYHBIX UHTETPAJIOB:

/ MijZC + sz o MZ] / 2x + Di do
@?+mw+% (22 + pix + q;)
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(.- M;;pi / dx _
N 2 (22 + pix + ;)7

MZ]/ ©? + pix + ;) n (N»- _ Mijpz‘)/ dx
x2 + DiZ + %) Y 2 ((x + Oé,')Q + B@')j,

oz-:]i ':CI'_p—?'
2 2 'L 1 47
/d(:c + pix + q;) { x+pz$+qz) 1, i#1,
(22 + pix + ;) ?+prtql, j=1

WuTerpan

dy .
L= - >y
’ / Z+py 7

BBIYUCIIAETCS TOCPEJICTBOM PEKYPPEHTHOro cooTHormenust (7.9). >

M.B.Octporpajcknm! mpeiosken ocTpoyMHbIT METO BBIICJICHNS Pa-
IMOHAJILHOM YaCTH HWHTerpaja OT MPABUJILHON palMoHAJbLHONI JIpoou
P(2)/Qx)

Ananusupyst Buj narerpaon (8.2), (8.3), MOXKHO cjienarh Cjiejyio-
II1e BLIBOJIBI:

(i) marerpaner (8.2), (8.3) npu j = 1 ABAAIOTCS HEPATIMOHATBHBIMHE
dbyuknusaMu (OHE paBHbI JorapudMy WK ApKTAHTEHCY );

(ii) warerpas (8.2) mpu j > 1 sijisiercst NIPaBUJIBHON PAIMOHATIBHO
JPOOBIO CO 3HAMEHATEJIEM, PABHBIM TOMY K€ JBYUJICHY B CTCNeHn j — 1;

(iii) waTerpan (8.3) mpu j > 1 ¢ yueroM pekyppeHTHOH (GOpMyJIbI
(7.9) paBen cymMme TIpaBUJIBbHOM paIMOHAIBHON JPOOM €O 3HAMEHATe-
JIeM, PaBHBIM TOMY K€ TpexX4JleHy B CTeNeHn j — 1, U NpUBOJSAIIerocs K
APKTAHTCHCY WHTErpaJia

/ dx
const 5 .
xre + yus + q;

Boisognr (i), (ii), (iii) MO3BOJSIFOT 3aKJIOYMTH, YeMy DaBHA paliy-
OHaJIbHAsT YaCTh BCErO MHTErpaJjia OT mpaBuibHO# jpobu P(z)/Q(T).
[Iycts 3Ta 1pobb HECOKpaTHMa U ee 3HaMeHaTe/h UMEeT BU/L

Qlx)=(r—x21)...(x — a:k)o"“(a:Q +prr + ql)ﬁ1 . (J:2 + px + ql)ﬂl

"Muxaun Bacunbesua Octporpasckuii (1801-1861) — pycckuii MaTemaTuk.
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Torpa paruonaabHas YaCTh HHTETPaJIa OT 3TOH IpodK paBHA CYyMMe IIpa-
BUJIbHBIX PaIlMOHAJIBHBIX JIPOOEil, 3HaMeHaTe I KOTOPhIX COOTBETCTBEH-

HO paBHBI

)a1—1 )Ozk—l

(r — 2 ooy (T — g
(x2 + p1x + ql)ﬁl_l, cey (IQ + pixr + %)Bl_

Parnmonasbhast vacth wHTErpasa or apoou P(x)/Q(x) npeacranisier co-

9

00if, OUEBMJIHO, TPABUILHYIO PAIMOHAJIBHYIO 1po0h P (x)/Q1(x), 3Ha-
MEHATeJb KOTOPOil UMEeT BUJ

Q1(x) = (a:—a:l)‘)”*l . (a:—a:k)o"fl(x2—|—p1x+q1)51*1 . (xQ—i—plx—i—qg)ﬁl*l.

[TojcunraeM Tenepb CyMMy TeX HPOCTEHINNX JApobeil, MHTerpaJbl OT
KOTOPBIX TPEJICTABIISIOT HepaloHa bubie Gynknuu. 13 BeiBoios (i) u
(iii) BBITEKAET, YTO Ta CyMMa paBHA MPABUIBHON PAIMOHAJILHON J1poOK
Py(x)/Q2(x), 3mamenaTesb KOTOPOii paBeH

Q)= (x—21) ... (x —zp) >+ prx+q) ... (2> +px+q).
Taxum ob6pazoM MbI TpUXOAUM K (opMmyse OcTporpaickoro

/ _ Pz Py (z)

P
(x)dx = ——=+ | ——=dx,
Q(x)
B meit Muorownensr Qq(z) u Qa(x) ompesensioTes BBINE U MOTYT OBITH

Q1(z) Qa(z)

BBIYHCJICHBI 03 pasioKeHnst MHOrowIeHa () () Ha Mpou3Be/IeHIe HEelpH-
BOJIMMBIX MHOXKHUTEJICH.

HeiicrBurenbro, QQ1(x) siBisiercst HAMOOJIBITUM OOIMM JIEJTUTEIEM
aByx MaOrOwWIeHOB Q(x) n Q'(x) n MOXKeT OBITH BBIYHUCIIEH TIPU TTOMOIIH
asropurTMa EBKJMIa, KOTOPBIH H3araercsi B Kypce ajredph.

Muorounen @Qo(x) mpencrasnser coboit sactaoe Q(x)/Q1(x) n mo-
KeT OBITh BBIUUCICH mocpeacTBoM genenns Q(z) ma @Q1(x) "cronbu-
KoM

Ocraercst BeraucanTh Maorowiensl Py(x) n Po(x). ITockosbKy apo-
ou Pi(x)/Q1(x) n Py(x)/Qa(x) aBasioTcs MpaBUIBHBIME, MHOTOWICHBI
Pi(z) n Py(x) ecrecTBeHHO 3a/1aTh KaK MHOTOYUJICHBI € HEOMPEIETCHHBI-
MU KOaQUIMEHTAMY CTeNeHr Ha euHuIly Huke, deM (Qq(x) u Q2(x)
COOTBETCTBEHHO. JIJTsT BLIUMCICHNST YKA3AHHBIX HEOMPEICTCHHBIX KO-
dunuenTon caeayer npoauddeperimposatsh dhopmysay Ocrporpaicko-
ro, MPUBECTH pe3yiibTar jnddepeHInpoBanusi K 00IIeMy 3HAMEHATEITIO
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M COTIOCTABUTH KOAMDMUIMEHTDHI TP OJUHAKOBLIX CTEIEHSIX T B UHCIIH-
TEJISAX.

Meroj Octporpajickoro ocoberto sddekTuBeH, Kora Kopan ()
B OCHOBHOM S$IBJISIIOTCSI KPATHBLIME WJIM KOIJIa BBI3LIBAET 3aTPY/IHEHUE
HaxXOXKJIeHne KopHeit Q(x).

[TPUMEP 8.1. Merogom OcTporpajickoro BEITHCIAM

/ 6 —Tr — 2
dzx.
xt =203 + 322 -2+ 1

Qz) = 2* — 22° + 327 — 2z + 1,
Q'(z) = 42 — 62° 4 62 — 2.

Nnmeem

Hanbonpimuii o0muii 1euresib STHX MHOTOYMICHOB paBeH
Qi(z)=a*—a+1.

[Togerms Q(x) wa Q1(x) "cronbukom", Haiimgem
Q2(z) =2* — 2+ 1.

Pi(z) w Py(z) 3amaeM Kak MHOTOWJIEHBI TIEPBO CTENEHN ¢ HEOMpe/ie-
neHabiMu Koadummentamu, n dopmyna OcTporpagckoro MpUHIMAET
B/

/ 6 —Tr — x? Ax + B +/ Cx+ D

- 2 —x+1

r=-—-—— dzx.
xt =203 4+ 322 -2+ 1 22 —x+1

IIponudpdpepenriupyem 3ty hopmyy:
6 — 7Tx — 2° B
zt— 223+ 322 -2 +1
Al —a2+1)— (Az + B)(2x — 1) Cx+ D
2 T3 :
v —x+1 ¢ —x+1
Pesynbrar guddepennupoBannsi IpuBOIUM K ODIEMYy 3HAMEHATEJIIO,

ITOCJIE Yero COITOCTaBJIACM YUCJIUTEJIN. HO.quI/IM

6—Tr—2?= Az’ —2+1)— (Az+B)2x— 1)+ (Cx+D)(z* -z +1).
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Cpasruas kosddurmentst npu 2°, 2!, 2% u 23, moayunm cucremy ypas-

HEHUM

C =0,

—-A+D-C=-1,

—2B-D+C=-7,

A+ B+ D =6.
Pemast sty cucremy, naiinem A = 2, B =3, C = 0, D = 1. Takum
obpasom dopmysa OcTporpaJICKoro NpuHUMAET BHU/I

/ 6 —Tr — 2 2 + 3 / dx
de = ——+ | ———.
x4 — 2234+ 3x2 —2x +1 2—xr+1 2 —x+1

Beraucium mHTErpaJ B IpaBoOil YacTH:

/ dx / dx 2 ; 2x — 1 L
S — = arc .
22—+ 1 (x—1/22+3/4 3 %
OKoHuaTeJIbHO UMeeM

/ 6 —7r — x? p 2z 4+ 3 N 2 t2x—1+0
xr = arc .
xt =213 + 322 - 22+ 1 22—x+1 /3 5

4.9 HWuTerpupoBaHme HEKOTOPBHIX NPPAIMOHAJIBHBIX (DYHKITHIA

PaccMmorpum Tereph HEKOTOPhIE THUITBI WHTEIPAJIOB OT MPpaIMOHAJIb-
Hbix yukimit. Marerpas Bujia

ar + b\ " ar +b\"™"
Nl
/R (x, (caz + d) T (cx —|—d) > dz, (9-1)

e, €Q, k=1,...,n,a,b,c,d € R, ad — bc # 0, noxcraHOBKOi

ar + b 4
- 9
cr+d
rJle p — HAaUMEHBIIUil o0l 3HaMeHaTe b Jipobeit 11,7y, . . ., Ty, TPUBO-

JINTCS K MHTErpaJjy oT panroHaJbHoi hbyukiun. JleiicTBuTe/bHo, Haxo-
JIAM
dtP — b ad — be

ST (ctP — a)?

[Toncrasnss (9.2) B unrerpan (9.1), momyanm Tpebyemoe.

dt. (9.2)
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uTerpaans Bua

/R(x,\/azc2+b:c+c)d:c, a#0, b*—4dac+#0,

MOYKHO CBECTH K MHTErpajaM OT palroHAIbLHBIX (DYHKIINN MOCPEICTBOM
nodcmanosox Jisepat:

Vaz? +br +c =+t ++Jar, a>0,

Vaz? +br +c=+tr £+/c, c¢>0,
Vaz? +bz +c=+t(z —z1), b —4dac> 0,

rjae xr1 — OJUH M3 KOPHEH KBaJpaTHOTO TpexdJjeHa ax® + bz + c.

WurerpaJ Buja
/xm(aa:" + b)Pdx, (9.3)

rne a,b € R, m,n,p € Q, npuaem a, b, n, p # 0, HA3BIBAIOT UHME2PANOM
om dugpepenyuanrvrozo bunoma. Uurerpan (9.3) cBopnuTCst K MHTErpaJLy
OT PAIMOHAJILHON (DYHKIINK B CJAEAYIOMNUX TPEX CIYUAAX:

p € Z — nojicTanoBKoit x = t4, riae ¢ — obIuit 3HaMeHaTeN b M, N;

mT“ € 7 — nojcranoBkoit ax”™ + b = t¢, rie ¢ — 3HaMeHaTesb p;

p+ mTH € Z — nojacTanoBkoit a + bxr~" = t9, rue ¢ — 3HaMeHaTes b P.

OrmeTnM, UTO 9T caydand ObLIN M3BECTHHI ere HbioToHy, HO JIUIIb
B cepennne XIX B. Buigaforiuiics pycckuii maremaTuk 1. JI. HeObimen
nokazas, aro uHTerpas (9.3) B Apyrux ciaydasix He BbIParkaeTcst depes
dJeMeHTapHble (DYHKITNN.

uTerpan Buaa

/ R(sin x, cos x)dx

MO>KHO CBECTH K WHTErpajly OT PalMOHAJbHON (DYHKINK MOCPEICTBOM
MOJICTAHOBKHU { = tg%, [TIOCKOJIBKY
2t 1—t? 2dt

sing = ——, cosx=-——, dxr= :
1+¢2 1+¢2 1+1¢2

uTerpan Buaa
/ R(shz, chz)dx

! Teomaps Ditnep (1707-1783) — maTeMaTnr, Mexanuk n busuk. Pomumnca s Ilseitnapuu, 607Tb-
IITyI0 9aCcTh CBOEH »ku3Hu mposesn B Poccun.
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MOYKHO PalMOHAIM3UPOBATL MOCPEJCTBOM HOACTaHOBKM ¢ = th, mpm
9TOM )
2t 1+t 2dt
shr = chr = ——, dr=

1 —¢2’ 1 —¢2’ 1—1¢2
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5 HWHTEI'PUPYEMBDBIE ®©YHKIINN

- Tom, Tom, mor 3a64ydusucsy! Mo
sabayduaucey! Ham nuxozda ne 6oi-
bpamuvea u3 amot cmpawHot neuwsepos!

Mapx Tsen "llpuxarovenus Toma Cotiepa”

5.1 Omnpenenenne nHTerpaja Pumana u mHTerpaJon Jlapoy

[Tycrs [a,b] C R — wekoropsrit orpesok; f : [a,b] — R — nekoropast
dbyukiusa. Orpe3ok [a, b] pazobbem Ha 1 acTed ToUKaMu ¢ = To < T1 <
s < Xy < T, = b u OyIeM roBOpUTH, YTO TPOU3BOJICHO pasdbueHue T
orpeska [a, b Ha orpeskn [z, x4, 1 =0,1,...,n — 1. Jauny orpeska
[, ;11] yenosumest obosuadars depe3 Az, a max{Az; :1=0,...,n—
1} = A.. Ha xaxjom orpeske [x;, ;11| BbIOEpEM TPOU3BOJIBHYIO TOUKY
&, 1 COCTaBUM CYMMY

n—1
1=0

Ee naspiBaior unmezpaivnot cymmoti Pumana Gyuxmun f wa orpeske
[a, b] ¢ pasbuennem r 1 TPOMEKYTOUHBIME TOUKAMH &;.

OITPEJEJIEHUE 1.1. Humeeparamu Pumana om pynwxyuu f na

ompeske |a,b] HAZBIBAETCS KOHEUHBIN MTPEIET

lim Z f&)Ax; = / f(x)dz = I, (1.1)

€CJIM OH He 3aBUCHUT OT BhIOOpa paszbuennii u Touek &;.

Nuaue rosopsi, Ig ecth Takoe qucyo, uyro Ve > 0 30 > 0 Vr V{}
(A < 0 = |S, — Ig| < €). Herpyaao BuieTh, 9TO MBI JIAJIH OTpeIesie-
HUe mHTerpaJia Pumana B nyxe onpeneneHus npejesa no Kommu. Jlaanm
Terephb onpejiesieHrue nHTerpaja Pumana B jiyxe onpejesieHust mpejiena

no leitne.
OIIPEAEJIEHUE 1.2. Myers {r*} — mocnenosatemsmocTs pasbue-
mnit v = {a = zf < 2} < - < af = b} makam, wro Ax =

max {AF} — 0 npu k — oo. Torya unmezpaiom Pumana om dynxyuu
<i<ny
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f ma ompesxe [a, b] HA3BIBAETCST KOHEUHBI TpeJe

nE—1

lim S,x = hm Zf YAzZF /f Ydx = I,

k—o0

eCJIM OH HE 3aBUCUT OT BbIOOpA pazbueHnii r* u mpoMesKyTOYHBIX TOYEK

Szk < [If7 Ii'€+1]'

YITPAZKHEHUE 1.1. JlokazaTh 5KBUBaJEHTHOCTH onpeesennit 1.1
n1.2.

OIIPEAEJIEHUE 1.3. ®yukmuio f : [a,b] — R, mas koropoit cye-
creyer nipejen (1.1), nasbiBator unmezpupyemots no Pumany dbynkipeii.
MHOKeCTBO BCeX HHTErpUPYEMbIX 10 PuMany Ha orpeske |a, b] dyHknii
Oymem obo3HauATH cuMBOJIOM R[a, b]

Uwmeer mecto kpumepuii Kowu MHTErpupyeMocT (pyHKITUN.

TEOPEMA 1.1. (f € Rla,b]) & (Ve > 036 > 0 Vr,r" V{&}, {&}
Ay, Ay <0 = |S, — Sp| < e).

YIIPA?KHEHHE 1.2. JIokazaTs Teopemy 1.1.

YcraHOBUM Tenepb neobxrodumoe ycaosue UHTErpupyeMoctu no Pu-
MaHy.

TEOPEMA 1.2. Ecau ¢ynryua f unmezpupyema na ompeske |a, b],
Mo 0Ha 02PAHUMEHE HA HEM.

< [penmnonoxum, aro waTErpUpyemMast (pyHKIUS HE sIBISETCsT Orpa-
HUYeHHOi. PaccMoTpruM MHTErpasibHYI0 CyMMYy

—_

n—

Sr= ) _[f(&)Az;,

i

|
o

COOTBETCTBYIOILY IO TPOU3BOJLHOMY pasouennio r. Ecin f neorpanuuena,
Ha [a,b], To cymecTByer orpe3ok (ckaxkem, [z;, x;11]), HA KOTOpOM f
TOXKe Heorpanmdena. ViMmeem

Sp = [(&) Ay + Y f(&)AZ; = (&) Ay, + A,
i#ig
[TockosbKy f HeorpanuwtdeHa Ha [X;,, Tj 41|, TO HE MeHsis BeJMInHbI A,

MBI MOXKEM CKOJIb yTOaHO yBeauduts wucao |f(&;,)|Ax;,, BbOpas moj-
XOMSAMUM 00pa3oM TOUKY &, € [Ty, Tig+1]. A TOCKOIBKY

[Se] 2 [f(&io)[Aziy — [A],
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To orcioa ciaenyer f & Ra, b]. [Iporusopetune ¢ ycioBrueM TeopeMbl.>

Yeranosjiennast Teopema, o3BOJISIET HAM B JIaJIbHEHIIeM 00XOINTHCS
TOJILKO OFPAHUYCHHLIMUA (PYHKINAMU. [Ipy nccsaejoBannm MHTErpupye-
MOCTH (PYHKINU OBIBAIOT MOJIE3HBI TaK Ha3bIBaeMbIe unmezpaav, Japby
1

OITPEJEJIEHUE 1.3. Tlycrs f : [a,b] — R — orpannuennast hyHk-

must; 1 = {a = xyg < x1 < -+ < x, = b} — mpousBoOIBHOE pazbEeHUE
orpeska [a,b]. [lomoxum m; = inf f(z), a M; = sup f(x), tae
[T ] [i,@it1]

1 =20,1,...,n—1. Hucna

n—1 n—1
§r = ’ITLZ'AZCZ', ST = E MZAZCZ
1=0 1=0

Ha3BIBAIOTCS Huschel nu eepruet cymmamu apby cOOTBETCTBEHHO.

Ouesngno, S, < S,.

[Iycte 71,79, 73 — pasbuenusi orpeska |a,b]. Ecin Bce Touku paszdu-
eHUs 71 NPUHAJJIEXKAT Pa3dUEHUIO 19, TO Oyjem nmcath 11 C ro. FKeim
MHOYKECTBO TOUEK Pa30MeHMs T3 COCTOMT U3 TOUEK Pa3sOUeHWil ri U T,
TO MBI OyjieM mucarh r3 = rq U ro.

JJEMMA 1.1. (r c ') = (S, < S, < 8. <S,).

>IMyctb r ={zg <1 < - <a,},ar ={xg=2) <z} < - <

m —_ 0 m —_ 0 Mp—1
vy’ <z =] <<t <mg=u1x9 < oo <z, < x,}. Torma,
OYEBH/THO,
J— : — m.
m] = 1§1fj fle) = inf  f(z) =m,,
we(r] ), ] TE[T;,Tiy1]
¥ TTO3TOMY
n—1 m‘]il n—1 mj—
= g m;Az; = g m; E Ax g g ijf- =S,
1=0 = 1=0 j=

Mur JOKa3aJiu IepBOe€ HEPABEHCTBO. TpeTbe JOKa3bIBaCTCA aHAJIOT Y-
HO, a BTOpO€ O04YeBUIHO. D>
JIEMMA 1.2. VTl,T’QS <Sr2.

< Heficrurensno, S, < S < Spur < Sy b

=2riUry

17Kam Tacron JTapby (1842-1917) — dbpanmysckuii MaTeMaTHK, H3BECTEH CBOMMH paboTaMm B
06J1acTy MaTeMaTUYecKoro aHaau3a.
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OIPEAEJIEHUE 1.4. Yucna

infS, =1Ip un supS, =1,

HA30BEM GePTHUM U HUNCHUM unmezpasamu Japby byukmun f Ha OT-
peske [a, b)].

TEOPEMA 1.3. Ilycmo dynruua f : [a,b] — R ozpanuvena. Tozda
cywecmeyrom L, Ip € R.

< PacemorpuM muokectso {S, : 7 — pasOmenme } BCexX BepXHEX
cymm lapby dbyuknuu f Ha orpeske [a, b]. B cumy gemwmbr 1.2 oo orpa-
HUYIEHO CHM3Y Ji00oi HuxkHeir cymmoit [TapOy dbyukmuun f wa orpeske
la,b]. B ety npunmuma Toanoit nuxkneit rpanu 31 p = inf S,

AHAJIOrMYIHO yCTAaHABINBAETCS CYIIIECTBOBAHNE 1 e,Z[I/IHC;BeHHOCTb HIK-
Hero unrerpaJja Jlap0Oy. >

5.2 Caga3b mHTerpaJjga Pumana m unarerpaJjon Jlap0y

Csi>keM Terneph MOHATHST wHTerpajga Pumana u warerpasos HapoOy.
CdopmynupyeM JiBa BCIIOMOTIaTEIbHBIX YTBEPIKICHUS:

A=WNe>0 Ir (r — pagdmenne) (S,—9, <e¢)).

B:=(e>0 36>0 Vr (r — pasbuenue)
A <d=S, -85, <e)).

JIEMMA 2.1. (Ip = I,) & A.
QU3 Ip = I, cnenyer, aro Jry,re Takue, uto Iy — /2 < S,
Ip+¢e/2>S,,. Torma npu r = r; Ury umeem

lD_€/2<§r1 §§r§§T§§T2<7D+8/27

TO ecth S, — S, < €.
[Tycts 7 — pazdbuenne, a5t koroporo Beimosineno A. Torma

S, <Ip,<Ip<5,

otkyna Ip — I < €. Ho ¢ > 0 MOXHO 6paTh Kak yrojHo MasbiM, a
paznoctsb I p — Ip ne 3aBucut ot 7. llosatomy I'p = 1p. >
JJEMMA 2.2. A< B.

< Vrrepxkaenne A n3 yreepxKjaenns B cienyer TpuBHabHO.
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ITycts r* — pazbuenne, mis Koroporo Boimosneno A. Beibepem § > 0
10 € W I TaK, 9T00BI ObLJIM BHINIOJHEHBI HEPABEHCTBA,

200<zi—x;, 1=0,...,n—1, zy€r,
dnoM < e, M =sup|f(x)]
[a.b]

Teneps nyctb 7 — HEKOTOPOE HpOI/ISBO.HbHOG pa36I/IeHI/Ie y KOTOPOTO

2 Z(M m;) Az + Z( —m;)Az;,

)

A\, < 6. Torma umeem S, — S

rJie CyMMa Y B3sITA [0 TeM OTPEe3KAM pasbuennus 7, KOTOpre COJZIePIKAT
TOUKM pasOueHns r*, a cyMMa . B3fATa 10 OCTAIBHLIM OTPE3KAM.
B cymme Y me Gosee 2n craraeMbIX — OJMH OTPE30K NOKDBIBACT
TOUYKY @, a JAPyroit — Touky b, u Va; € r* nokpsiBaercs He Oojee dem
/

nAByMsi oTpeskamu pasouenust . Umeem Y (M;—m;)Az; < 2M§-2n < e,

1
" . k k
CymMmy Y 3amuiieMm BBHUJE KPATHON CyMMBI Y = » > ", 1€ »
j 2
" * %
0003HAYAET CyMMY CJIATAEMbIX » |, ONABIINX B OJNH OTPE3OK (X}, T} 4]

2
pasbuerns 1%, Mmeem S (M; — my)Az; = SO S (Mg — mp)Azy <
' F

J
* * k * * Q
Zk:(Mk —mi) Y " Axp < < Zk:(Mk —mj)Az; < S — S, <e.

[Tosromy S, — S, < 2¢ s Beex paszdMenuit v, Jyis KOTOPbIX A, <

J. >

JIEMMA 2.3. B < (f € Rla, b]).

< U3 onpepenenns 2.1 caenyer, uro Ve > 0 35 > 0 Vr V{&} (r -
pazbuenne) (A, < §) UMEIOT MECTO HEPABEHCTBA

-1
Ip—¢/2 < Z fl&)Ax; < Igp+¢/2.
i=0

Bepst BepXHIO0 U HIKHIO TpaHu 10 & € [z, T4 1], TOIyInM
Ip—¢/2<8, <8, <Igp+¢/2,

YTO U TPeDOBAJIOCD.
HoxkakeM yTBepxKaeHne B obpaTHyo cropony. st jiroboro pasbue-
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HUs 7, YIOBJIETBOpsIONero B, nMeem
n—1
S, <> f&)Ax; <,
1=0

Tockonnky B < A < (I, = 1Ip), 10 S, < I, = Ip < S,. Tonoxus
Iy = Ip = Ip, TOJTY UMM

n—1
Ir=> f(&)Ar] <S5, -8, <e v
1=0

13 sTtux gemm cieayer

TEOPEMA 2.1. IIycmo ¢gynruua f: [f,0] — R oepanuvena. Tozda
(f € Rla,b]) < (Ip = Ip).

I[TPUMEP 2.1. [IpuBegem npumep orpaHUYueHHON, HO HE HHTETPUPY-
emoit mo Pumany dbyuknuu. g dyuxmun Hupuxmie D(x), paBHoit eu-
HUIIE BO BCEX PAIMOHAJIBHBIX W HYJIIO BO BCEX MPPAIMOHAJIBHBIX TOUKAX,
sepxuuii waTerpas JlapOy na orpeske [0, 1] pasen 1, a amxnauii — 0. SHa-
ant, yskims Jupuxie xorsh u orpanndena ua [0, 1], Ho HemHTErpUpye-
Ma. [TosToMy akTyaJsieH MOMCK JTOCTATOUHBIX YCJIOBUI HHTEIPUPYEMOCTH

dyHKIIMKM Ha OTPE3Ke.
[TPUMEP 2.2. Tlycrs f(z) = 1 na orpeske |[a, b]. Torma

b

/f(x)dx:/abdx:b—a.

a

HeiictBUTENBHO,

—_

n—

S. =8, = Ar,=x1—a+29—21+--+b—2,_1=>b—a.

|
o

i
5.3 locTaTo4Hble ycJ0BUA MHTErpupyeMocTu 1mo Pumany

PaccMoTpuM Tenephb JOCTATOYHBIE YCJIOBUS WHTETPUPYEMOCTH.
TEOPEMA 3.1. (f € Cla, b)) = (f € Rla,b]).
< 3arnmmem paznocth cymm Jlapoy:

n—1

S, =8, =) (M; —mi)Axy,

1=0
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rie M; = sup f(x),am; = inf ]f(x) [ockombky f € Cla,b] =
[%i,7i41] T, Tl

f € Clzi, xi41], m no Teopeme Beiiepirpacca 0 MakCHMaJIbHOM 3HATE-
"W HenpepbiBHO# ynkimn 3x, xf € [x;, xiq] f(ah) = M;, f(a)) =
m;. I1o Teopeme KanTopa 0 paBHOMEpPHOIT HENPEPHIBHOCTHU JIJIsT JIAHHOTO
w > 0 mombepem o > 0 rtakoe, aro Va', 2" € [a,b] (|2’ — 2" < a =
[f (@) = f(2")] < w).

Teneps no manvomy € > 0 BosbMem § = min{a, e/w}, n mycrs r —
POM3BOJILHOE pas3buenune Takoe, 91o A, < 0. Torma

n—1 n—1
Sp =8, = (M —mi)Ax; = > (f(a) — f(a])Az; < w - 5 =e.
1=0 1=0

B cuiy aemmbl 2.3 nosiydaem Tpedyemoe. >

TEOPEMA 3.2. Monomonnasa na ompesxke |a,b] dynryus unmeepu-
pyema no Pumany na mem.

< Ilycrws nnig onpeneneHHOCTH (BYHKINA f MOHOTOHHO BO3pacTaeT Ha
la,b]. Ecm f(a) = f(b), To dyHKIWs MOCTOSIHAA, ¥ TIOITOMY

S, =8, = S (M~ m)Ax = (f(a) ~ f() 3 Az =0+ (b—a) = 0
=0 i=0

HE3aBUCUMO OT pas3OueHus 7.
Ecmn f(a) < f(b), To nng maunoro € > 0 Bo3bMeM

)< ____E;____
f(b) = fla)’
1 IyCTh 7" — NPOU3BOJLHOE pasbuenue, 1y KoToporo A, < 0. Torma
n—1 n—1
Sp =8, =Y (M —mi)Ax; = > (f(wir1) = flw:)Aw; <
1=0 1=0
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5.4 CsoiicTBa mHTerpaJjga Pumana

CBOWCTBO 1 (agautusnocts). [Tycmo ¢ € [a,b]. Tozda (f € R[a, b))
& (f € Rla, ] A f € Rle,b]), npuuem

/bf(x)dx/Cf(x)dx—l—/bf(a:)da:.

< Ilyers f uarerpupyema na [a, b]. Torga pis pansoro € > 0 nojgbe-
pem § > 0 Takoe, 9T0 JijIst JI0O60T0 pasbuenus r orpeska [a,b] ¢ A, < 0
BBINOJIHSIOCE

gr—§7,<5.

[Iycts memepnb r* — pasbuenue [a, b], comeprKaliee TOUKHA I U TOUKY C.

)

Torna o gemme 1.1

e>5,-8 >8.-8.=(S.—8.)+ (5. —S8"),
—/!

rae ?;*(Sr*) u S (S, — cymmnr Tapby na orpeske [a, c] ([c, b]).
JlokazaTesibecTBO 0OPATHOTO YTBEPXKICHUS aHAJIOTHIHO. >
CgoiicTBo 1 M03BOJISIET PACIIUPUTE OTIPEJICTCHNE UHTErPAJa, UMEHHO,
B ciydae a = b 1moJjoxKum

/af(x)dx =0, /bf(az)da: = —/af(az)da:
a o )

CBOICTBO 2 (mmneitnocts). [Iycmo f,g € Rla,b], ¢ € R. Tozda
f+ g€ Rlab], cf € Rla,b|, npuuem
b

[ @)+ gl - / f()ds + / g(z)dz,

a a

/bcf(:c)dx:c/bf(x)dx.

< Ilo onpejiesiennio nHTErpasa u COOTBETCTBYIONIMM CBOMCTBaM Tipe-
Jlesia uMeeM

im 3 (&) + (&) A =
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b

-1
hmegleﬁh Z (&)Az; = /f d:z:+/g( )d.

a

f(fz)sz—Chme& A:C,—C/f >

CBOMCTBO 3 (unTerpupyeMocTh TpoR3BeIeHus i 1acTHOTO). Tycms
f,g € Rla,b]. Tozda fg € Rla,b] u f/g € Rla,b], ecau |g(z)] > c >0
na la, b].

< Obosnatmm wepes My, = sup f(z), my; = inf f(z). Haa

[zi,:pi+1] xi,$z‘+1]

Mo0ObIX £, 1 € [x;, Tiy1] UMeeM

1£(£)g(&) = Fimgm| < [F)]-19(&) — g+ lg(m)] - 1£(§) — f(n)| <
Kp(Mg; —mg;) + Kg(Myp; —mg;).

L1 gm-g© 1

9(&) gn)  g(&gn)

rie Ky = s?pb]f(az)
re|a,

Bzgas rounnie BEPXHHE I'PaHU JIEBbBIX qacrei IMMOJIYHYE€HHbIX HEPABEHCTB

(Mg —my),

o £,1 € [z, x;41], yMHOXKUB UX HA Ax; U TPOCYMMHUPOBAB TIO 4, TOJIY-

qUM
n—1 1 -
Z Mfgz mfgz AiL“Z < Kfz g, ng)AZC —{—K Z Mfz mfz)Ax“
1=0 i=0 i—0

n—1 | ool

Z(Ml/g,i — myygi) Az, < 2 Z(Mgai — my;)Ax;.

=0 i=0

Tenepn jist jannoro € > 0 Haiigem pa3OneHust | U ry TaKue, ITO

gﬁ(f)_ﬁrl(f) <¢, §T2(g)_§r2(g) <E€.

BBuy nmepBoro u3 mojiyueHHBIX Iepej STUM HEPABEHCTB JIJIsi pa30ueHms
r =11 Ury umeem

S:(fg) = S.(fg) < (Kf+ Kye,
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nockoJbKy f, g € Rla,b]. Bropoe yTBepxkieHue J0Ka3bIBACTCS aHAJIO-
TUIHO. >

CBONCTBO 4. (i) ITyemw f,g € Rla,b], Vo € [a,b] (f(x) < g(x)),

mozda
/bf(l‘)dw < /bg(w)dl‘-

(ii) IIyemwv f € Rla,b], mozda u |f| € Rla,b], npuuem
b b

[ t@s| < [ 1f@)ldz < 316~ a),

a a

ede M = sup |f(x)].

x€la,b]
< (1) Ucnonbays cpoitcTra mipejiena nmeem

(ii) IMoxkaxewm cnauama, aro |f| € Rla,b]. Ilockonbky mist mOOBIX
€,m € [a,b] umeeT MeCTO HEPABEHCTBO

1A= 1 < [£(E) = F(n)l,

TO Ha KaXKJIOM OTPe3Ke [T, T;11] pasbuenust r orpeska [a, b| umeer mecto

COOTHOIIICHNE
M; —m; < M; —my,
rne M; = sup |f(z)], m; = inf |f(z)], a M; u m; — coor-
.’L'G[ZCZ',.’L'H_l] ZL'E[SCZ',IL'Z'Jrl]

BeTCTRYIOIIME Bennannbl Jjsi f. [ToaTomy pasHocTh BepxHel U HUXKHEH
cymm JlapOy st byskimn | f| He mTpeBOCXOUT aHAJIOTHIHON Pa3HOCTH

T byHKIAR f:

n—1 n—1
Se(IF1) = S. (1) = Y (M; —mi)Awy < Y (M; — my) A <
i=0 i=0
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Tenepn, nockonbky Vo € [a,b] (—|f(z)] < f(z) < |f(x)]), o B cuy

(i) mmeem
b b b

- [ 1@z < [ f@yis < [ 17@)ds.

a a

Hepasencrtpo

[15@lds < mo—a

OYEBUJIHO. >
TEOPEMA 4.1 (teopema o cpeptiem). [Tyecmos f,g € Rla,b] u Va €
la,b] (g(x) > 0). Tozda

b

/b f)g(a)dz = [ gla)da,

a

edem <~y < M, m= inf f(x), M = sup f(x).
r€(a,b] refab)

< TTockonbky g(x) > 0, 10 mg(x) < f(x)g(z) < Mg(z) na [a,bl.
Orcroa BBULY CBOHCTB 2,4 mMmeem

m/bg(w)dx < /bf(fv)g(fv)dx < M/bg(fv)dw-

a

Ecan

V=" D
[ g(x)dx

CJIEJCTBUE 4.1. Iycmwv 6 ycaosuax meopemo, 4.1 f € Cla,b.
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Tozda cyusecmeyem mouka £ € [a, b] maxas, wmo
b

jﬂ@ﬂmwf@/EmMm

a

<4 Pesyabrar cienyer ns reopembr bosbiano - Korm o mpomerkyTou-
HOM 3HAYeHUH. >

5.5 MHWurerpas kak pyHKIUg BepxHero nmpejaeiaa. Popmyiia Heio-
ToHa - JleibauIia

[TIycts f € Rla,b]. Bamernm, aT0

/bf(x)dx/bf(t)dt

TO €CTh HE UMeeT HUKAKOTO 3HAUEHNUsI, Kakasi OyKBa (r uju t) CTOUT moj
3HAKOM OIPEJCJICHHOTO HHTErPaJIa.
[Tycrs x € [a, b]; paccMoTpuM (DyHKITHIO

- / F(t)dt

3aMerum, 4To

a b
:/f(t)dt:O, F(b) :/f(t)dt

TEOPEMA 5.1. (f € Rla,b]) = (F € Cla,b]). Ecau sdobasor f
nenpepuisna 6 mouke xro € [a,b], mo F duddepenyupyema 6 moure x,
u k= f(xo).

< Ecin dynkimst naTerpupyeMa ua orpeske [a, b], To oHa orpanuuena
na nem. Ilycrs |f(t)] < M npn a < t < b. Torma npu 2/, 2" € [a, b
MeeM

(s w-/f ﬁ—/f /f<ﬁ<AMv—m
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B CHJTy TeOpeMbI 0 cpeaeM. Mbl Buum, ato jist ganuoro € > 0 | F(z")—
F(2')| < €, ecom Tonbko |2” — /| < § = /M. D1um nokasana Herpe-
PHIBHOCTH U, DOJiee TOro, paBHOMEpHasi HelPepPbIBHOCTH (PyHKIMN F'.

IIycts Tenepnh f HempepbiBHA B TOUKe xg. [ns manxoro € > (0 BbI-
bepem 6 > 0 Tak, aro |f(t) — f(zo)| < € xak ToMBKO |t — 20| < 0 W
a<t<b Tormmupmazy—0<s<axyg<t<axyt+odnma<s<t<bd
NMeeM

— | [ fwdu— s 5)| <

t
/ f(zo)|du < (t_S)zg.

t—s

Crenosaremsno, F, = f(xg). >
B cnyuae f € Cla, b] dbyuknus

- / F(t)dt

Oyzer, o9eBnIHO, TepBOOOPa3Hoit pyHKINN f.
TEOPEMA 5.2 (Heiorona - Jleiibnuma). Ecau f € Rla,b] u cywe-
cmeyem nepsoobpazuaa ®(x) Gyuknuu f Ha [a,b], TO

b
/f(a:)da: = ¢(b) — P(a).

< Iycrs @ — mpousBosibHast nepBoobpasnast dbyukun f Ha [a, b]. To-
ria ®(x) = F(x) + C, rne F(x) onpenenena soire. [lockoapky ®(a) =
F(a)+ C,a F(a) =0, to ®(a) = C. Buaunt, F(z) = ®(z) — ®(a). U

npu r = b nosydaem
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[IpuBesieM Jpyrue 4acTo MCHIOJbL3yeMble BapraHThl (popMyabl Hbro-
tona - Jleitbunma:

b o= b
[ f@ds=0@)| = o@)| =) - v
' b b b
/F;dx:/dF(x):F(a:) = F(b) — F(a),

a a
ecin F' — nudpdepennupyemast va (a, b) dyHKIWsI, TPOU3BOHAST KOTOPOTi
HenpepbiBHa Ha [a, b].

Teopema Hriorona - JleiibHuna siBjisiercsi OCHOBHOW TeOpEeMOil 0JIHO-
meproro MATAH a, mockoIbKy OHa yCTaHABIUBAET CBSI3h MEKIY HEOIpe-
JIEJIEHHBIM ¥ OTNpeJIeIeHHBbIM WHTerpaaamu. 11op3ysich 9Toi CBsI3hIO, Te-
pereceM Ha ONpPeeIeHHBIN WHTEerpaJ OCHOBHBIE CIIOCOOBI MHTErPUPOBa-
HUS HEOTIPEJICJIEHHOTO WHTETPAJIA.

CJIEJACTBUE 5.1. IIycmo f u g — nenpepwisro dugdepenyupyemoie
na [a,b] gynryuu. Tozda

[ F@g@)is = f@)g(a)| - [ fo)g @)

< Unrerpupysi paBeHCTBO

(f(x)g(2)), = fo(x)g(x) + f(z)g,(x),
C YYeTOM HEeNpPEpPbIBHOCTH, a 3HAUUT, U UHTEIPUPYEMOCTH (DUTYPHUPYIO-
IUX B HEM (DYHKIIMN 1TOJIyYUM
b

/(f(w)g(fc));dw: /bfé(fc)g(w)dwr/bf(w)g;(fc)dx,

OTKYy/1a TpedbyeMoe MoIydaeTcst Mocje MPUMeHeHUsT TeopeMbl .1, >

CHEIACTBUE 5.2. I[Tycmo f € Cla,b], a p : I — [a,b] nenpepvisno
dupepernyupyeman dynryua na ompeske I ¢ wonyamu ¢ = o (a) u
d = ¢ 1(b). Tozda cnpasedauco mosicdecmeo

/bf(fv)dx= /df(w(t))wédt-
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< Illycrs F' u @ — mepBoobpasusie dbynknuit f u f(p(t))y). Umeem
O(t) = F(p(t)) + C. HMosromy ®(d) — ®(c) = F(b) — F(a) B cuuy
TeopeMbl d.1. >

5.6 Omnpenenenne u cBoicTBA HECOOCTBEHHOTO MHTErpaJia Pu-
MaHa

HanomuumMm, 1to Mbl onpejiesisijin uaterpaj Pumana rnpu cobJitojiennn
JBYX ycJioBuii: (1) orpaHHueHHOCTh MHOYKECTBA, Ha KOTOPOM WHTErpUpY-
ercst yHKIHMS (B HAIIIEM Carydae 9T0 ObLT OTPE30K [a, b]); (ii) orpamuten-
HOCTH HHTerpupyemoii pynkimn. Onnako, naTerpaJ Pumana momyckaer
060011IeHIe TIPU HAPYIIIEHUN 3TUX YCI0BUil. B TakoM ciiyuae oH Ha3biBa-
eTcst Hecobemeennvim unmezpasom Pumana.

OIPEAEJIEHUE 6.1. [Tycrs f : [a,b) — R, npuaem —o0o < a < b <
+00, u nipu Jsobom b € (a,b) byukius f € Rla, ], a B okpecTHOCTH
roukn b dynkius f nHeorpanuvena. (B cuiy nHeoGxommmMoro ycsosusi
unrerpupyemoctu f & Rla,b)). Hecobcmeenmom unmezpaniom nepeozo
muna ot GyHKIHE f HA TPOMEXKYTKE |a,b) HASBIBAIOT MPEJIe

eCJIM, pa3yMeeTcs, OH CYIIeCTBYeT. B TakoM ciydae ele TOBOPAT, UTO

/bf(x)dx

crodumcsa, a B IPOTUBHOM CJIydae MOBOPSIT, 9TO OH PaAcTodumcA Win He

UHTETrpaJl

CYIIECTBYET KaK HECOOCTBEHHBI PUMaHOB MHTErPaJl.

Anajornuno onpejensiercss uarerpas st byaknuu f : (a, b — R,
npuueM f € Rla’,b] Va' € (a,b), Ho B okKpecTHOCTH TOUKEH @ (DYHKIUS
HEOIPAHUYCHA.

I[TPUMEP 6.1. Unrerpas

JE 1)
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npu « > 0 yjoBieTBopsieT BceM TpeboBaHUsAM omnpesesnenusa 6.1. Pac-
CMOTPUM TIpH ¢ 7 1

1

, dx , 1 . 1 L a<l
lim [ — = lim 217 = lim (1—51_0‘) ={ 1-a’ :
e=0+ ) ¢ =0+ 1—« e—=0+ 1 — « 400, a > 1.

g
Ecmm xe a = 1, TO
1
. dx . ! :
lim | — = lim Inz| = — lim Ine = +o0.
e—0+ xo e—0+ e—0+

€

Takum obpazom muarerpas (6.1) cxomurest npn a < 1 W pacxomurcs B
IIPOTUBHOM CJIyUae.

ONPEAEJIEHUE 6.2. Ilycrs f : [a,+00) — R, npudem npu Jto-
oom b’ € (a,+00) byukmus f € Rla,b']. Hecobemesennvim unmezpanom
6mopo2o muna ot GyHKIUK [ Ha TPOMEKYTKE |a, +00) HA3hIBAETCS MTPe-
nest

y

/f(a:)da:: lim [ f(z)dx,

b'—+00
a

ecJI OH CYTIEeCTRYeT.
AHaJIormaHO onpeiensieTcst HeCOOCTBEHHBINH MHTErpaJt Jiuisd PYHKIINN
f:(—o0,b] = R
I[TPUMEP 6.2. Paccmorpum muTerpaJ

00 A
d d 1
/_x = lim 2 _ lim gt a-1

+00, a<l,

&%  A—too | % A—dx ]l — «
1 1

4 {L a>1,

+00 Ad
/: lim o“r_ lim InA = +o0.

A—+00 x A—+00
1 1
Hac aTor npumep He HOMKEH YINBIATH, TTOCKOJIBKY Mbl 3HAKOMBI C
noBeieHneM 000DIIEHHOTO TAPMOHIYECKOTO PsijIa.
B nanbneiimneM Mbl OyJieM paccMaTpuBaTh 00a caydas HeCOOCTBEH-
HOTO mHTerpaJsa BMecrte. [oaTomy ycmoBuMcst O CaeayroImeid TepMUHO-

JIOTUM:



5.6 Ompeneserne n cBoiCTBAa HECOOCTBEHHOTO HHTerpaJja Puvana 146

OIIPEJEJIEHUE 6.3. Breipaxxenne

/bf(x)dx

OyneM Ha3bIBaTh UHMeZPasoM OT PYHKIUKA f ¢ 0cobeHHocmblo 6 movke
b, ec/ii BBITTOJIHEHO OJHO U3 CJEAYIOIMINX YCJIOBHIL:

(i) b€ R, f € Rla,V] V' € (a,b) n f neorpannyena B OKPECTHOCTH
TOYKHU b;

(ii) b = +o0, f € Rla, V] Vb € (a,+0).

[Tomo0HBIM 0Opa3oM ompeieisieTcst THTerpaJi ¢ 0COOEHHOCTHIO B TOUKE

a.
TEOPEMA 6.1 (kpurepuii Komurtu). Humezpan

/bf(x)dx

¢ eduncmeennoti ocobennocmvio 6 mouke b crodumca mouno mozda,
koeda Ve > 0 by € (a,b) V', 0" € (by, b)
b//

b/f(x)dx < €.

< Pacemorpum (pyHKINIO

F(z) = / F(t)dt.

/b F(t)dt

SKBUBAJICHTHA CYIIECTBOBAHUIO TIpejiesia lim F'(x), 94To B ¢BOIO 0OUepe/ib
T—b—

CxouMoCTh UHTErpaJa

9KBUBAJICHTHO IO KPUTEPHUIO KOLHI/I JLJIET (byHKI_[I/II/I BBIIIOJIHEHUIO YCJIOBUA
Ve > 0 3by € (a,b) VU, 1" € (bo, b) |F(b") — F(¥)| < e. Ho
b//

PO - F) = | f(tydt. »
/
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[lepeiiiem K pacCMOTPEHHIO CBOMCTB HECOOCTBEHHBIX HHTEIPAJIOB. 3/1€Ch
MBI TIEpeHeceM COOTBETCTBYIOIIME CBOWCTBA COOCTBEHHBIX PUMAHOBBIX
MHTErpaJioB Ha HECOOCTBEHHBIE.

CBOWICTBO 1. Hycmo crodumea unmezpan

/bf(x)dx

¢ eduncmsennoti ocobennocmuiro 6 mouke b. Tozda Ve € (a, b) unmezpan

/f(x)dx

c

mootce crodumca, npuiem

/bf(x)dx/cf(x)dx—i—/bf(a:)da:.

< IMockonbky ycnosue Ko Jiisi unTerpasion

/bf(:c)d:c . /bf(:c)d:c

dopMynIupyeTcss COBEpIIeHHO OJMHAKOBO, TO B CUJy Kpurepus Koru
OHM CXOJISATCSI MW PACXOJSATCs oJHOBpeMenHo. Kpowme Toro,

b

/f(l’)dl’: lim ]f(x)dx lim jf(x)dx+if(x)dx _

b'—b— b'—b—

a

/Cf(iv)d:Uer/lii?/blf(x)dx:/cf(x)der/bf(I)dx.

31ech mMepBoe PaBeHCTBO MMEET MECTO B CHJIy OTNpEIe/eHUsT WHTerpa-
Jla, BTOPOE — B CUJIY aJIIMTUBHOCTH COOCTBEHHOTO MHTerpaJa Pumana,
TpeThe — CBOMCTBO Tpejesia CyMMbI; HY a YeTBEPTOe — ONATh B CHUJY
ornpejiesieHust HeCOOCTBEHHOI'0 MHTErpaJia. >
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CBOWICTBO 2. ycmw crodamca unmezpansy

/bf(az)da:, /bg(x)dx

¢ eduncmeennoti ocobenrnocmovio 6 mouke b. Tozda unmezpan
b
[as@) + dg(ads
a
npu Abwur o, 5 € R mooce crodumesn, npurem
b b

/(Oéf(fv) + Bg(x))dx = a/f(fv)dx + ﬁ/bg(w)df'f-

a a

YIIPA?KHEHUE 6.1. JIoka3aTh ¢BO#icTBO 2.

5.7 AbBcoJsoTHag 1 yCJIOBHAs CXOANMOCTH HECOOCTBEHHOTO MH-
TerpaJa

OIIPEAEJIEHUE 7.1. NuaTerpan

Iy = /bf(az)da:

¢ 0CODEHHOCTHIO B TOUKE b HA3BIBACTCS aOCOAMOMHO CTLOOAUUMCA, €CIIN
CXOJTUTCS UHTErpaJ

Iy = / ()| da.

SAMEYAHUE 7.1. Herpynro 3aMeTuTh, 9T0 aOCOJTIOTHO CXOISIIIIIT-
cst mHTerpas cxonutces. JefictBurenbho, B cuity kputepus Koru uz cxo-
numocTu naTerpana Iy cienyer, aro Ve > 0 3oy € (a, b) V', 0" € (b, b)
o <"

b b

o> [15@ldr> | [ fa)ds|
v y
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Orcroia onsdTh Ke B CuIy Kpurepus Kolm cieayer cXOJUMOCTh MHTe-
rpayia Ir. >

OIIPEAEJIEHUE 7.2. Cxopsiuiicst, HO He aDCOJIOTHO CXOISIITAACS
HECOOCTBEHHBIH MHTErpaJj Ha3bIBACTCS YCAOBHO CTOOAULUMCA.

st HecoOCTBEHHOIO MHTerpaJia OT HEOTPUIATEJILHON WU HEeIoJo-
JKATEIBHON (DYHKIINM, OYEBUIHO, MOHATHST CXOJMMOCTH U a0COJIOTHOM
CXOJINMOCTH COBIIAIAOT.

TEOPEMA 7.1 (kputepuit Beiiepmrpacca st HecOOCTBEHHBIX HH-
Terpasio). Hnmeepas om neompuyameavnot gynryuu f(x) >0, z €

(a,b), b
/f(x)dx

¢ eduncmeennot ocobennocmuio 6 mouke b crodumcs mouno mozda,
Koz2da PynryUA

NQ:/ﬂ@M

ozpanunena nput € (a,b).

< Beujy meorpunaressuoctu f dyuknus F(t) MOHOTOHHO BO3pac-
taeT. [Tosromy yTBepxkienne cienyer n3 Kpurepusi Beiiepmrpacca st
MOHOTOHHBIX (DYHKIIWA. >

CdopmynupyeM u JoKaxkeM aHAJOTH IPU3HAKOB CPABHEHUsI B TEOPUN
PSITIOB.

TEOPEMA 7.2 (nepsasi Teopema cpasuenust). [lycmo unmezpansy

b

hjﬂ@@,b/ﬂ@@

a

umerom. eQUHCMBEHHYI 0cobernocmy 6 mouke b, u Ha npomescymre
(a,b) swnoanens nepasencmea 0 < f(x) < g(x). Toeda us cxodumo-
cmu unmezpaaa Iy caedyem crodumocms unmezpara Iy, npuvem ume-
em mecmo nepasencmeo Iy < Iy, a us pacrodumocmu unmeepanra Iy
caedyem pacrodumocms unmezpana Io.

a4 Hnst oboro t € (a,b) umeem B cuity Teopembl 06 uHTErpae Pu-
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MaHa 1M HEepaBEHCTBaX

0< F(t) = /f(x)dx < /g(x)dx = G(t).

Ecnn narerpas Iy cxojpures, 1o B cuity Kputepusi Beitepriirpacca pyHK-
nust G(t) orpanuvena, a cjejoBaTeIbHO, orpanndena u dyuknus F(t).
B cuny xputepusa Beitepmitpacca 1 cXoauTcs, npuieMm

t—b— t—b—

b b
0< /f(x)dx = lim F(t) < lim G(t) = /g(x)dx.

Ecmm [ pacxomutcs, TO
+o00 = lirbn F(t) < lirbn G(t). >
t—b— t—b—
TEOPEMA 7.3 (Bropast Teopema cpasuenust). [lycms unmezpansi
b b
h= [ f@ds, b= [ g

umerm et?uncmeennym 0COOEHHOCMD 6 MOoYKe b, U Ha NPOMENCYMrKE

(a,b) svinoanenvr nepasencmea 0 < f(z) < g(x). Kpome mozo, nycmo
cywecmeyem Koneunvd npeden

lim @ =A>0.
w—b- g()
Tozda I u Iy odnospemernno crodamcesa Uil pacrodimca.

< BBuny cymiectBoBaHus npenena

Ve>0 (e<A) dc€la,b) A—s<m<A+s, z € (¢, b),

9()
n Tak Kak g(x) > 0 na [a,b), T0

(A—e)g(x) < f(x) < (A+e)g(x), x€ (cb). (7.1)

13 cxomuMoctn mHTErpasa Iy cieayer cXoaIuMOCTh HHTerpaJia

/bg(x)dx
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(cBoiicTBO 1), a OTCIOIA CJIEIyeT CXOUMOCTh WHTErpaJia
b
[+ 2@
C

(cBoitcTBo 2). ITosToOMy 13 TeopeMbr 7.2 clielyeT CXOANMOCTh WHTErpasa

/bf(x)dx,

a caesoBaTenbHo, U uHTerpasna I (coiictso 1).

rak, Mbl JI0OKa3aJM, 9T0 U3 CXOIUMOCTH [ cyiejryer cxoguMocTh Ij.
O6paTHOe yTBEPXKJICHHUE JJOKA3bIBACTCS AHAJIOIMTHO C HCIOIh30BAHIEM
Je€BOTO HepaBeHcTBa B (7.1). 1>

5.8 Ilpusnaku Abens - JIlupuxJie CXOQUMOCTH HECOOCTBEHHBIX
MHTErpaJjioB

JIEMMA 8.1. ITyemwv g € C'la, +00), f € Cla,+00), a F(x) — nep-
soobpasnaa dynrkuuu f(x). Ecau cywecmeyem necobemeennviti unme-

epan
+00

[ d.F@yds =4,

a

u cywecmeyem npedei

lim g(x)F(z)= B,

r——400

mo cyuecmeyem HecobcmeenHvll UHMELPAN

/#ummw:B—m@n@_A

< Ilyers A € R, A > a. Paccmorpum naTErpa

A A
/ f(x)g(x)de = g(A)F(A) — g(a)F(a) — / F(z)d (z)dz.
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DTO paBEHCTBO CIPABEINBO B CHIY (DOPMYJIBI MHTETPUPOBAHUS IO Ya-
crsim. [ITpumenenne popmysibt HeioTona - Jleitbuuiia o0ycioBieHo Tpedbo-
BAHUSIME HEMPEPBIBHOCTH Ha f ¥ HempepwiBHOW nuddepeHnupyeMocTu
ra ¢. [lepexoas B paBenctse K npegeny npu A — 400, moayanm Tpe-
oyemoe. >

Bamernm, arto jgemma 8.1 SBJISETCS HEMPEPHIBHBIM aHAJIOTOM MPEe0d-
pazoBanus AGesst B TEOpUN IUCJIOBBIX PAIOB. YCTAHOBUM TIEPBBIN TPH-
snak Abens - dupuxie.

TEOPEMA 8.1. ITyemv g € Cla, +00), f € Cla,+o0), a F(z) -
nepeoobpasnan dynkyuu f(x), asaaowaca ozpanusennots Gynryued
(mo ecmov |F(z)] < M Vx> a), xpome mozo,

r——+00

+00
lim g(z) =0, Iy = / 19/ (2)|dzx < .

Tozda cywecmsyem necobcmeennvili unme2pan

70]” (2)g(x)dx.

< JlokazaTesbeTBO TEOPEMbl CBOJMTCS K MPOBEPKE YCJIOBUIT JTeMMBbI
8.1. Heitcreurenbho, |¢'(z)F(x)] < M|g¢ ()|, n noromy wunTerpasn

+o00o
[ ¢'(x)F(x)dx cxonurcs aBGeoMOTHO B CHITy CXOAMMOCTH HHTErpaja
a

I,4- Kpome Toro,
g(x)F(z)] < Mlg(z)| =0 wpn  z — o0,
1 TIOTOMY CYIIECTBYET MpeIeT

lirf g(x)F(z)=0. >
TEOPEMA 8.2. ITyems» g € Cla, +00), f € Cla,+00), a F(z) -
nepeoobpasnas dynxyuu f(x), asrmowaaca oepanuiennol Gynryued
(mo ecmo |F(x)] < M Yz > a), kpome mozo, dynkuus g Monomonmo
ybvieaem npu r > a u

lim g(x) = 0.

r—400
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Tozda cywecmsyem necobcmeennvil unme2pan

7?@M@M%

< Teopema cBOIMTCA K MPEJBIAYINEH, €CIH 3aMETUTh, 9TO
A

A
lim /\g’(a:)\dx =— lim [ ¢(2)dz =

A—+oo A—+oo
a

= lim (g(a) —g(A)) = g(a)

A—+00
BBUJIY HETOJIOXKUTEILHOCTH MTPOU3BOIHON MOHOTOHHO YOBIBaOMIE (hyHK-
. >
[TPUMEP 8.1. Unrerpasnb

—+00 —+00
Sin COoS T
I = de, I,= dx
xr xr
a a

yJoBaeTBopsioT npu « > 0, a > 0 Tpebopanusm Teopembl 8.2. Pac-
cmorpum unrerpan Iy (I pacemarpuBaercst anagorudno). [lepsoobpas-
nasg F'(x) = —cosx dyuxkmun f(x) = sinx orpanudena, a dbyHKIH
g(z) = =% nenpepniBHo juddepenippyema Ha (a, +00) 1 MOHOTOHHO
CTPEMUTCS K HYJIO Tpu  — +00. ClieloBaTeibHO, MHTErpaJsl [| CXOINuT-
csl.

Teneprb ucciejyeM €Bsi3b HECOOCTBEHHBIX WHTEI'PAJIOB U YUCJIOBBIX
psizioB. JLjist 3TOTO paccMOTPUM UHTErpaJ

ij@ﬂ%

MMEIOIINI eIMHCTBEHHYI0 0cOOeHHOCTh B TouKe b. IIycTh

a:b0<b1<---<bk<---<b, lim b, = b.

k—o00
Toria MOYXKHO ONPEJICIUTh YNUCTOBOM Psi/l

br+1

S = i:: / f(z)dz.
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TEOPEMA 8.3. Ecau crodumeca unmezpan I, mo pad S mooice cxo-
dumceasa, npuvem I = S.

" bry1 b1 b
q hmZ/f(:c)d:c: lim f(:c)d:c:/f(:v)d:c >
=0 bi a a

TEOPEMA 8.4. Ecau f(z) > 0V € [a,b), a pad S cxodumea, mo
urmezpans I moowce crodumesa, npuvwem I = S.

4 B camom gene YO € (a,b) In (b, € (V,0). losromy, yunrnipast
HEOTPUIATEILHOCTL (DYHKIMN f| MOJIydnM

F(V) = if(x)dx < 7f(fc)dx = nz—:l 71f(33)d56 <I
a a =0 p,

Eciu psi S cxopuresi, to dyuknust F(0) orparundena npu b € (a,b), u

o kpurepnio Beitepmrpacca unrerpan I cxogures. CregoBareanio, 1o

IPEeBIIYINEH TeopeMe UMeeT MecTo papeHcrso [ = S. >
KOHTPITPUMEP 8.1. Pan

27 (k+1)

0
g / sin rdx,
k=0 27k
OYEBUJIHO, CXOJUTCSI, TTOCKOJIBKY KaXKJIbIii €ro dJIeH
2 (k+1
mk+1) 27 (k+1)
/ sinxdr = —cosx =—-14+1=0.
21k
27k
0 X
Ho maTerpan f sin tdt pacxoauTcs, Tak KakK (DYHKIUS OT & f sintdt =
0 0

1 — cos x He mmeer mnipejiesia Mpn r — +00. JTOT MPUMED MTOKA3HIBAET,
910 TpeboBaHWe HeoTpulaTesbHOoCTH QyHKIMN f B Teopeme 8.4 cyie-
CTBEHHO.

TEOPEMA 8.5. ITycmo gynrxyua f € C[0,+00) Mmonomonno yoovi-
saem u weompuuyamenvua. Tozda urnmezpan

]Of(x)dx
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u pad
S Fk) = F0) + F(1) + ..

00HOBPEMEHHO CXLOOAMCA UAU PACTOOAMCA.
< B cuny monoronroro yonisanust f mMEIOT MECTO HEPABEHCTBA,
k+1

flk+1) < : (z)dx < f(k).

Cymmupyst ux 1o k, mojgyanm

S k1) =S fk) < / Floyde <3 F(k).
k=0 k=1 0 k=0

Orcroa, YyIUTBIBasl, UTO BCE UJIEHBI IIOCIEI0BATEIbHOCTEl B HepaBeH-
CTBaX MOHOTOHHO BO3pacTaloT, B Cujy Kputepusi Beitepmrpacca s
MOCJIeJIOBATETHLHOCTEN CIelyeT YTREPXKJIeHne TeopeMbl. >

3 Teopembl 8.5, B 4acTHOCTH, CJIEIYET, 9TO PSIT

B
ka

oo

k=1
CXOUTCS TpU « > 1 m pacxogures npu « < 1 mOTOMY, 9TO (DYHKIHSI
(1 + )" npu v > 0 HempepbIBHA ¥ MOHOTOHHO yObiBaeT Ha [0, +00) u

o0 0

/ dx _/@_ ﬁ, a>1,
(14+z)> )y | 400, a<1.
0 1

Tenepn paccMOTPUM CUTYALMIO, KOIJIa HECOOCTBEHHbIH MHTErPaJl NMe-
er 0COOEHHOCTH B HECKOJbKHX Toukax. Ilycrs f : (a,b) — R, npuuem
WHTErpaJI

]:/bf(:v)d:c

nMeeT 0COOEHHOCTH TOJLKO B TouKax a u b. [IpomsBosbHas Touka ¢ €
(a,b) nenuT wHTEpPBAJ HA JIBE YACTH, IPUUEM WHTEIPAJIBI

]1=/Cf(5’7)d5’7a [2=/f(5’7)d5’7

c
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UMEIOT eJMHCTBeHHbIE 0COOEHHOCTH B TOUYKAX @ U O COOTBETCTBEHHO.
OITPEJIEJIEHUE 8.1. Bysnem roBopuTh, 9T0 HECOOCTBEHHBIH MHTE-
rpaj I CXOINUTCsI, eCJIn CXOATCst WHTerpaJibl 11, [s, mpuyuem OyeM moJjia-
rate [ = [ + I>.
[Tokazkem, 4TO 3TO ompejeseHre HE 3aBUCUT OT BLIOOpA TOUKH C €
(a,b). Tycrn, craxkem, a < ¢ < ¢ < b. Torya

/Cf(:c)d:ch/bf(x)da::/Cf(g;)d:c+/df(;,;)dx+/bf(x)dx:

]f(x)dx+/bf(x)dx.

%
Paccmorpum Terepb o0Imit ciyyai.
OITPEJEJIEHUE 8.2. ITycts unrtepsad (a, b) MoXKHO pazdouTh TOUKa-
M a=cy)<cp<--<CC1 <, =>bHa KOHEUHOE UNCJTIO UHTEPBAJIOB
(Ck, Ck11) TAKUX, UTO KAXKJBIil M3 HHTETPAJIOB

Ck+1

Ik:/f(a:)da:, k=0,1,...,n—1

MMEET TOJBKO OJTHY OCOOEHHOCTH HA OJTHOM U3 KOHIIOB HHTEPBAJIA (Cp, Chi1)-
Hecobcreennniit unrerpas I 6yaem Ha3bIBaATH CXOMSIIIUMCS, €CJINA CXOJIAT-
cs1 KaXkJIblii naTerpas I, npudem OyaeM roJjararh

n—1
I = Z 1.
k=0

B cBs3u ¢ 9TUM ompejiesieHueM PACCMOTPUM CJIe Ty IOt

I[TPUMEP 8.2. Paccmorpum mHTErpas
0 1

1
dx dx dx
R — —
T T T

-1 ~1 0

OueBuHO, OH HE CXOJMTCSI, TOCKOJILKY He CXOIATCS WHTErpPasbl, CTOsI-
mue crupasa. ViMeHHO,

1
et dx

-
- R .,
X

— =In|z|
£ 1
-1 1S

€2
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Tdr [d

T T 3

/ — 4+ [ ==m=
i i 82

-1 €

IIpenena lim ln HE CYIIECTBYET, €CJIN €1 U €2 CTPEMATCA K HYJIIO
€1,€2*>0
HE3aBUCUMO JIPYT OT ;prra.

Orcrona

O1HaKo CyImecTByeT OJHO BaXKHOe 0000IIeHrne HecOOCTBEHHOrO NHTe-
rpaJa.

b
OIIPEJEJIEHUE 8.3. [Tycts [ f(x)dx — unTerpas ¢ eMACTBEHHO

a
0COOEHHOCTBIO B TOUKE € € (a, b). ByneM roBopuTh, UTO 3TOT UHTETIPAJ
CXOJIUTCS 6 CMDBICAE 24461020 3HadeHuA no Kowu, ecin cyIecTByeT Ko-
HEYHDBIA Tpee

li_r}ré C/Ef(:v)d:UJr/bf(x)dx :p.v./bf(:c dx
a cte a

urerpan B npumMepe 8.2 CXOIUTCS B CMBIC/IE TJIABHOTO 3HAYEHUsT 110
Kommu, To ecthb

1

/d /dx /d:l:
D.v. = lim =
xT e—0

-1

5.9 MeToabl TPpUOINIKEHHOTO BHIYUCJIEHUS OTTPEIeJIEHHBIX MH-
TerpaJioB

O,ZI;HI/IM n3 HpOCTeﬁLHHX METOJ0B HpI/I6.HI/I)KeHHOFO BBIYUCJICHUA OIIPE-
JCJICHHBIX MHTEI'PAJIOB ABJIACTCA MEMOJ npAMOY20A4bHUKOG. HyCTB Tpe-
6yeTC${ BBIYUCJIUTH OHpe,Z[eJIeHHbIﬁ HHTEeTrpaJl

I/bf(a:da:

Pazobrem oTpesok [a, b] Ha n paBHBIX YacTeil MOCPEJCTBOM TOUEK G =
) < Xo < x4 < -++ < Ty, = b. Obo3HAUUM UEpe3 Toj_1 TOUKY, Jie-
KAIYI0 HA CepeiiHe OTpe3Ka [Tog o, Tog|, K = 1,...,n, u npegcraBum
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uHterpaa I B Buje

b—a

n

Il =

(f(z1) + -+ fr201)) + R

Dta hopMmyJia JJist BEIYUCICHUsT TPUOINXKEHHOTO 3HaYeHns narerpaa [
HA3bIBACTCS (POPMYAOT NPAMOY20NDHUKOS.

TEOPEMA 9.1. IIyemo f € C?[a,b]. Toeda cywecmeyem mouka
n € la, bl maxas, wmo ocmamorx

(b—a)’

R =
24n?

f'(n).

< CHauaja OIEHUM HHTErpPall
h
| s
—h
canras, uro f € C%[—h,h]. JIna 3T0ro NpOMHTErpUpyeM KarKabiii 13
MHTErPAJIOB
0 h
[1=/f()(x+h2dx /f” ) dx
“h 0
o JacTaM JBa pasza. s [; numeem
0 0 0
—Q/f’(a:)(x—l—h)dx: f’(O)h2—2f(O)h+2/f(a:)da:.
~h

—h —h

I = (z+h)* f'(x)

Hns I, anajgornano aeficTBys, MOJTyInM

h
L= f'(0)r* =2f(0)h+2 [ f(z
[y

CxaanpiBast 1 n Iy, moayaum
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Orcrofa, UCIOIB3YsI TEOPEMY O CpeJIHeM 3HAUYEHUH, TMEEM

0 h
L+ 1 1 1
1; =3 / ["(@)(x + h)*de + 5 / (@) (z — h)’dz =
_h 0
0 h
_h 0

Hanee, nockonbky f” HempepbiBaa Ha [—h, h], To B cuy Teopemb Beii-
epITpacca 06 OrpaHMYeHHOCTH HEIPEPBIBHON (PYHKIINA NMEeM

m = min /() < '(€) < max (€)= MV € [=h, ]

Orcrofa B custy Teopembl Bosbiiano - Komun o mpomMekyTouHOM 3HATE-
HUW HaiijieTcst Touka 1) € [—h, h] Takas, aro

_ ST&) + (&)

f(n) 5 :
OKOHUYATEJILHO UMeeM
h 1
[ Faxds = ) 2n -+ o) - 20" (91)
—h

Bepuewmcst terieph K naTerpaJsy . IlpejcraBum ero B Bujie

/bf(x)dx:jf(x)d:ch---nL 7" f(z)dx,

Tan—2
n K Ka}K,Z[OMy U3 MHTETPaJIOB - CJaracMbIX IPUMEHUM (bOpMy'JIy (91)

I:b—a

- (f(x)+ -+ flwon1)) + Ri+ -+ Ry,

rie b*T“ = 2h. lnst cymmbl ocratkoB Ry + Re + - -+ + R, = R umeem

Cb=a) ")+ ) (b—a)®
= 24n2 n  24n? (),

PUYEM CYIIECTBOBAHNE TOUKHU 1) € [a, b], KaK U BBIIIE, yCTAHABIMUBAETCS

nmocpejicTBOM Teopembl bosibiiano - Komn. >
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B psizie ciaydaeB BMecTO (hOpPMYIIbI IPSIMOYTOJILHUKOB YI00OHO KCIIOJIb-
30BaTh (hopmyay mpaneyud. YTodBI MOJYINTE €e, THTErPaJI IPEICTaBUM

B BUJIC
b —a
I = f (f(xo)+f(:c1)+---+f(:vnf1)+f(:vn))+R,
e a = x9g < 1 < -+ < x, = b — TouKM pasbuenusi orpeska |a, b]
HA M PABHBIX YacTell jamHoil =2, a M b=a _ ynomanp Tparme-

AW ¢ OCHOBaHUAMA f(Tp_1) 1 f(:ck) u BbicoToit =2, Cnmposom R, Kak
¥ BBIITE, 0O03HAYMM OCTATOK. 3aMETHB, 4TO Kakjasi Bejuduna f(xy),
k= 1,2,...,n — 1, 9Basercss OCHOBaHUEM JIBYX Tpalernuii, popMmymay
Tpalenuii mepenuineM B BUJIE

I= b;na (f(a) + f(b) +2;f(xk)> + R

meer mecTo
TEOPEMA 9.2. IIycmnv f € C?[a,b]. Tozda cywecmeyem mouka
n € la, bl maxas, wmo ocmamorx

_ (b_ a>3 "
h
< Onenum wnrerpan [ f(z)dz, cunras, uro f € C*[—h,h]. dna
“h

3TOTrO MOJABEPTHEM JIBYKPATHOMY MHTETPUPOBAHUIO IO YACTAM WHTErPaJI

h
[ f"(x)(x* — h?)dzx. Homyunm
“h

h h h
[r@e - =yt - -2 [of @ -
—h - —h

h
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Orcrofa, UCIOIB3YsT TEOPEMY O CPEJIHEM, MOJIyYIaeM

h h
[ f(x)dx = 2h—f(_h)2+f(h) + % [ f"(z)(a? — h?)dx =
—h —h

" h "
_ o L) _ 1" j}; (12— a2)do = 2n IR0 £10) )

Teneps npencraBuM uHTErpas [ B BUJE CYyMMBI

T1 €2

[:/f(:c)dzc+/f(x)dx+---+ / f(z)dx,
o xr1 Tn—1

W K KaXKJIOMy MHTErpaJy - caaraeMomy npumennM dopmyy (9.2). Tlo-
JIY UM

n—1

(f(a)+ f(O)+2D> f(w))+ R+ -+ Ry,

k=1

_b—a
- 2n

I

rjie b*T“ = 2h, Ry = fnl(gk) : (b;§)3, kE = 1,...,n. llonoxu R =
R+ - -+ R, n TpUMeHUB, KaK TPH JIOKA3aTEJIhCTBE MPEJIbITYINel Teope-
MbI, TeopeMy Bosbiiano - Komm o mpoMe:KyTOUHOM 3HAYEHWUH, TTOJTY IUM
Tpebyemoe. >

DopMysibl TPSIMOYTOJLHUKOB W TPAMEIuil Jalne BCero MCroab3yT-
cd Tpu pydHOM cdete. IIpm MaImMHHOM cuUeTe UCHONB3YETCS hopMysa

Cummnconal

uian opmyra napabos. ITodbI ee MoayInuTh, pa3odbeM oTpe-
30K |a, b] Ha YeTHOE Uncao n = 2m paBHBIX dacTeii: a = xg < 1 < -+ <

Tom = bu npeacraBuM HHTETpaJl B BUJE

I= [ fayds = (1) + Af(a0) + fa)+

+(f(w2) +4f (23) + f(2a)) - -+ (f (w2m—2) +4f (22m1) + [ (22m))) + R,

rae cjJlaraemMoe

L famn) A o) + (o)

'Tomac Cummcon (1710-1761) — anrmmiickuit MaTeMaTnk. OCHOBHbBIE TPY/IbI IO TEOMETPHH, TPH-
TOHOMETPUN U MATEeMATHIEeCKOMY aHajn3y. ) CHOBOMOJIOXKHUK TEOPUU OIMTUOOK.
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IIpeJICTABJIsIeT CODOI MIIONA L KPUBOJNHEHHON Tpamennu, JexKalreil mo;1

mapaboJIoit, TpoxosIeil Yepe3 TouKu (Tok_o, f(Tor—2)), (Top—1, f(Top_1))
, (wok, f(xar)). IlpuBost moobHBIE CaraeMble, MOJIyYaeM

=1 (f(a) FO) 2D fm) +4Y f(fc%l)) +R
k=1

k=1

s onpenenennsa octaTka R cipaBeimBa
TEOPEMA 9.3. ITyemv f € CHa,b]. Toeda cywecmeyem mouka
n € |a,b] makaa, wmo

(b—a)

— (4)
B=—gom1! 1)
h
< Cnauana onenum unrerpan [ f(x)dz, canras f € C*—h, h]. Ona
—h

9TOTO TOJBEPTHEM HETBHIPEXKPATHOMY WHTETPUPOBAHUIO TIO YaCTIM WH-
TerpaJibl

0

h
I1:/f(4)(a:+h) (z — h/3)dx /f (z + h/3)dx

—h
Hnsa I; nmeem

0 0

—f"(2)(@+h)*(3(x—N/3)+(x+))

—h

I = f"(x)(x+h)*(x—h/3) +

—h

0

— 6f(x)(4x + 8/3h)

0

+6f'(z)(z + h)((x — h/3) + (x — h)) +

—h
SHALO)=Sh(F(-h)+f()+21 [ fla)d

0
+24 [ f(z)dz = —f"(0)
[ 3 /

Hnst I5 moJiyauM cOOTBETCTBEHHO

= £7(0)" — 47 O~ $h(f () + £(1) + 21 [ )
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CxnanpiBag [1 u Iy, moayaum

h
[ stoyte = LA 0 g Dt T
—h

Hanee, k materpasaMm [1 u Is IpUMEHUM TEOPEMY O CPEJIHEM, YINTHIBAA
HenooxkuTensHocTh dbynxmuit (x+ h)3(x — h/3), (z — h)*(x + h/3) na
orpeskax [—h, 0] u [0, h] coorBercrBenno. [lomyunm

0
I + I 1

YRy f(4)(§1) /(x + h)*(x — h/3)dx+

h

(e / (£ — W)} + hy3)de | =

0

_ B f9&) + fY(E)
90 2
[Tosbsysick Teopemoit Bosbnano - Komm, naitiem touky 1 € [—h, hl

TaKylo, 4TO

FO @) = fY(&) ‘g f(4)(f2>,

" TTIOJIYy9YUM OKOHYaTEJIbHO

6 2880

[IpesncraBuB Tenepb naTErpas I B BUJIE CyMMBbI

szf(x)dx+ff(x)dx+---+ 7” f(z)dx

Tom—2

¥ IPUMEHUB K KaXKJ[OMy WHTerpajy - ciaaraemomy gopmyny (9.3), mo-
Jiyanm Tpebyemoe. >
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