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IIpenucioBue

WNmeer nu oTHOIIEHME MaTeMaTUYecKas JIOTHMKa K TOMY, UTO HEOOXOIIMO
3HATH crernuaancTy mo IBM?

Mpbr HameeMcs, YTO B pe3yabTaTe M3yUeHHUs DTOTO Kypca CiyllaTelb ybe-
IUTCSI, YTO UMeeT, W camoe HemocpenctBenHoe. Tak, rnasel [II m IV umeror
OTHOIIIEHNE K aJTOPUTMUYECKOMY MPOEKTUPOBAHUIO 3JIEKTPOHHBIX CXEM; TJIa-
Bel V 1 VI — K aBTOMATUYECKOMY TOPOXKICHUIO CUHTAKCUIECKU MTPABUITHHBIX
TEKCTOB, T.€. K CIEIUAIbHOMY MTPOTPAMMUPOBAHIIO; OCTATOK KHUTU TIOCBSIIICH
OCHOBAM TE€OPUU AJITOPUTMOB: 3[I€Ch 0OCYXKIAIOTCS, KAKUe 3a0aTl BOOOIIIE SBIIS-
IOTCSI AJITOPUTMUAYECKN PA3PEIIUMBIMI U KAKOBa, CJIOXKHOCTH COOTBETCTBYIOIIINX
agropuTmoB. B rimaBax I u I cobpan maTepuas mo HayajgaM TEOPUH MHOXKECTB,
HEOOXOMUMBIN [JT1 MOHUMAHUS OCTAIIBHOTO TEKCTa (KaK, BIPOYEM, U TIOUTH BCE
MATEMATHUKN).

B OCHOBHOM TeEKCTe COmep:XKUTCs Oojiee MBYXCOT 3allad, B OCHOBHOM Te-
OPETHUYECKON HAIIPABIIEHHOCTHU, PEIIeHUEe KOTOPBIX IMOMOXKET Pa3obpaThCs B
TOHKOCTSIX TEOPUH; HEKOTOPBhIE W3 HUX MOTYT CTaThb OCHOBOW MJjIs HAYIHO-
UCCTIENOBATEILCKON pabOThl CTYIECHTOB.

Samaun IS TPaKTUUIECKUX 3aHATHH 1 KOHTPOJLHBIX 3a0aHUI COOpaHBI B
pasmene ”3amaun”’, coctaBnenHoM 0. U. IlemenTbeBbiM Ha ocHOBe [4]. Vm xe
HaIICaHbI TporpaMMbl Ha s3biKe C.

B mocobun ucnons3oBanbl MaTepuasbl w3 KHur [1], [2] u [3] ¢ mo6GesHoro
COTJIACUST aBTOPOB.



[JTABA 1

MHoxecTBa NI MOIITHOCTHI

§1. MuoxecTBa

OcCHOBHBIE IOHATHS 1 O6OBHaT—IeHI/ISI, CBsA3aHHBIE C MHOXKECTBaMU 1 OIl€epalmig-
MNI Ha O HIIMMN.

e Munoocecmsa cocToaT u3 agaemenmos. 3amuck x € M o3HadaeT, ITO
X SIBIISIETCS 5JIeMEHTOM MHOXecTBa M.

e ['0BOPAT, UTO MHOXKECTBO A SBIISETCS NOOJMHOHMCECME0M MHOXKECTBA B
(3amucn: A C B), ecnu Bce 57eMeHTH A SBISIOTCS dreMeHTaMu B.

e MuoxectBa A u B pasnvt (3anuch: A = B), ecnu OHE COmepKaT OTHU U
Te ke dieMeHTh! (apyrumu cyioBamu, eciu A C Bu B C A).

e Eciu A — momMmuoxectBo B, He paBHOe Bcemy B, To A HaswbBaoT cob-
cmeennblmM onMHOKecTBOM B (3amucek: A C B).

e [Iycmoe MHOXKECTBO & He CONEPKUT HU OIHOTO JIEMEHTA U SIBJISIETCS TTO-
MHOXKECTBOM JII000TO MHOXKECTBA.

o [lepeceuenue ANB nByx MmHOX)eCTB A 1 B cOCTOUT U3 57IeMEHTOB, KOTOPLIE
IpUHAIIE)KAT 060uM MHOXKecTBaM A n B. DTo 3ammceiBaioT Tax:

ANB={z|z€ Aunzx € B}

(umTaeTcs: MHOXKECTBO TaKUX T, 4TO. .. ).
e Obvedunenue AU B coCcTOUT 13 37IeMEHTOB, KOTOPBIE IPUHAIIEKAT XOTS
ObI OMHOMY U3 MHOXKeCTB A u B:

AUB={x |z € Aum z € B}.

e Pasnocmb A\ B cocTouT U3 5I€MEHTOB, KOTOPbIE IPUHAMIEKAT A, HO He
npuHaIIexaT B:

A\B={x|z€ Aux ¢ B}.

Ecnu MuOX)ecTBO B sBIsSeTCS MOOMHOXKECTBOM MHOXKeCTBa A, Pa3HOCTH
A\ B masbiBatoT Takxke donoanenuem B do A.

o Cummempuueckad paznocms A/ B coCTONT U3 37IEMEHTOB, KOTOPLIE IIPH-
HaJJIeXKaT POBHO OmMHOMY U3 MHOXkecTB A u B:

AAB=(A\B)U(B\A) =(AUB)\ (AN B).
7



8 I'maBa I. MmuoxecTBa 1 MOIITHOCTH

e Uepes {a, b, ¢} 0603HATAETCS MHOKECTBO, KOTOPOE COMEPKUT DIIEMEHTHI d,
b, c m He comepxkuT Opyrux. Ecmu cpenu a, b, ¢ eCTh paBHBIE, OHO MOXKET CO-
mepXkaTh OMUH WK OBa djeMeHTa. [lomobHoe obo3HaUEHNE MCIOIB3YEeTC s
1 B MeHee (HOPMAILHBIX CUTYAIUSIX: MHOXKECTBO UJIEHOB IOC/IEIOBATE b

HOCTHU G, G1, . .. obo3Havaercs {ag,ay,. ..} wm naxe {a;}. Bonee akky-
paTHas 3aluch IJisl TOTO Xe MHOXKecTBa Takosa: {a; | i € N}, rme N —
MHOXKeCTBO HaTypanbHbx uncen {0,1,2,...}.

[TonsTe MHOXeCTBa TOSBIWIIOCH B MaTeMaTWKe CPaBHUTETHHO HENABHO, B
koure 19-ro Beka, B ¢Bs3u ¢ paboramu KanTopa (cpaBHEHHE MOIITHOCTEN MHO-
KECTB), O KOTOPBIX MOMMET peub masbire (pasmesn 3 u ciemytoiue). Hekoro-
poe BpeMs Ha3all dTOT SI3BIK MBITAINCH BHEIPUTH B MIKOJIBHOE MTPENOOaBaHUE,
OOBSACHSAS YUCHUKaM, UTO Vv ypaBHeHHS x2 + 1 = 0 ecTh MHOXKECTBO peIeHmit
(BIIpoueM, IyCTOe), YTO MHOKECTBO PEIIEHNUI CUCTEMbI YDABHEHUN €CTh Hepece-
YeHIe MHOXKECTB PEIIeHn KaXKI0ro U3 HuX (& [JIsi COBOKYITHOCTY yPaBHEHM —
obbemuHeHne), uTo B MHOXKecTBe {2, 2, 3} He Tpu dIeMeHTa, a IBa, U OHO PABHO
muOX)ecTBY {2,3}, uro @, {@} u {&,{@}} — sT0 TpH CcoBeplIEHHO paA3HBIX
MHOXKeCTBa 1 T. 1. Ho Bcé paBHO OONBIIMHCTBO IIKOJBHUKOB TaK W HE TIOHS-
710, TIOUeMy MHOXKECTBO peIleHmil ypaBHeHms T2 = 4 MOXKHO 3aIHCEIBATH KaK
{—2,2}, a MHOXeCTBO pellleHUil ypaBHeHUs T2 = —4 Heslb3s 3alUChIBATh Kak
{2} (a mano nmucate &). OTMETHM KCTATHU €I NBa PACXOKICHUS: B IIIKOJIE Ha-
TypaJibHbIE UNCIa HAUMHAIOTCS C €OUHUITHI, & B HEKOTOPBIX KHIKKAX — C HYJII
(MBI TOXKe 6yIeM Ha3bLIBATH Hy/Ib HATYpPaJbHBIM dnciioM). Kpome Toro, uHorma
BMecTo C iy T C, ucnosib3yss C 7T COOCTBEHHBIX TIOIMHOXKECTB (BMECTO Ha-
rero Q).

Mubr mpenmosaraeM, 4TO TEPEYNCIEHHBIE BBIIIE OCHOBHBIE MTOHSTUS TEOPUN
MHOXKeCTB 00Jjlee U MeHee BaM 3HAKOMBI, U OyleM MOCTaTOYHO CBOOOMHO UMU
MOJIb30BaThCI. BOT HECKOIBKO 3amad OjIsi CAMOKOHTPOJIS; HAIIEeMCs, YTO OOJThb-
IIIMTHCTBO U3 HUX HE MPENCTABUT I Bac OOIBIIIOTO TPyOA.

3AIAYA 1. Cmapetiwutld mamemamur cpedu Warmamucmos u cmapetiwut
warmamucm cpedu MAMEMAMUKO8 — IMO 00UH UAU TOM HCE UYEA0BEK UAU
(603m02cHO) pasnvie?

BAIAYA 2. Jlywwut mamemamur cpedu WaATMAMUCMos U AYuUuth Warma-
mucm cpedu, MaMemMamukos — Mo 00UK UAL O HCE YEA0BEK UAl (603MOMHC-
no) pasuvie?

SAIAYA 3. Kaocovili decamuvili mamemamur — wWaATMAMUCm, & Ka#cobLl
wecmoti warmamucm — mamemamur. Koeo 6oabwe — Mamemamuros uii
WATMAMUCTNOE — U 80 CKOABKO PA3?



§2. Ymcmo saeMeHTOB 9

3AIAYA 4. Cywecmsyrom au marue muoxcecmea A, B u C, umo AN B #
#+#3, ANC=0 u(ANB)\C =27

3A0AYA 5. Kakue uz pasencms (a) (AN B)UC = (AUuC)n (BUCOC);
(6) (AUB)NC = (ANnCYUu(BNC); (B8) (AUB)\C = (A\ C) U By
(r) (ANB)\C = (A\C)N B; (m) A\ (BUC) = (A\ B)N(A\C); (e) A\ (BN
NC)=(A\B)U(A\ C) sepuvt dasg awobvix mnoxrcecme A, B, C?

3AIAYA 6. IIposedume nodpobnoe doxazamesbcmeo BepHbIT PABEHCME
npedvidywets 3adauu, ucrodd us onpedesenut. (Hoxaxcem, wmo mmoxrcecmsa
8 4e801 U Mpasol uacmAxr paswuvl. Ilycmb x — 4000U d4eMmenm AEE0TU Ua-
cmu pasencmsa. Toeda ... Ilosmomy x sxodum 6 npasyr uacmsb. Obpammno,
nycmeo . .. ) [Ipusedume KoWmMpPNPuUMeEPsL K HEBEPHLILM DAEEHCTNEAM.

BA0AYA 7. [lokaxcume, wmo CUMMEMPUUECKAT PA3HOCTL GCCOUUAMUBHA:
AN(BAC)=(AA B)AC dag wobviz A, B u C. (Ykazanue: caoxrcenue no

MOYAI0 2 ACCOUUAUBHO. )

SADAYA 8. CKoabKO PABAUUHBIE BBIPAHCEHUT OAT MHOHCECTNE MONCHO CO-
cmasumy u3 nepemennls A u B ¢ nomowpio (MHO20KpAMHO UCTLOAb3YEMBIT)
onepayutll nepeceuenud, 06vedunenud u paznwocmu? (lsa svipasxcenud cuuma-
0OMCA 00UHAKOBBIMU, ECAU OHU DPABHbL NPU ANOVIT 3HAUEHUIT NEPEMEHHBIL.)
Tom ace sonpoc dag mpéx mnoxrcecms u dag n muoxcecms. (Omeem 6 obwem
cayuae: 22 71.)

3AIAYA 9. Tom arce sonpoc, ecau ucnoab3y0mca moavbko onepayuy U v M.
(Ilasg 068yr u MPET NEPEMENHBIT IMO UUCAO HECAOHCHO NOICUUMAMDb, HO 06Uel
PopMYAbL 04T N NEPEMENHBIT He U3BECMHO. OMY 3adauy HA3LIEAM MAKICE
3adauets 0 wucie MOHOMOKHBIT 6YAEBLIT PYRKYUT OM N AP2YMEHMOE. )

3AnA4A 10. Ckoavko cywecmsyem noomuoHcecms y n-sAeMeHmmno20 MHO-
acecmea?

SBAOAYA 11. ITycmb mmosxcecmeo A codepaucum n saemenmos, a e2o noo-
mmoxcecmeo B codepacum k saemenmos. Croavko cywecmesyem mnoxrcecme C,
oasg xomopvix B C C' C A?

BAIAYA 12. Muooswcecmso U codepacum 2n sasemenmos. B ném svideaeno
k nodmmoscecms, npuuém nu 00HO U3 HUT He ABALEMCI NOOMHONCECMBOM OPY-
2020. Kaxoso moaxcem O6bimb maxcumasbroe 3nauenue wucaa k?

§2. Yucso 31eMeHTOB

Yucso 51eMeHTOB B KOHEUHOM MHOXKeCTBe A HA3BIBAIOT TAKKe ero MOoUyHO-
cmuio u o6o3uauaioT |A| (a Takxke #A). (Bekope Mbl GymemM roBOPUTE O MOIITHO-
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CTAX U I GeCKOHEUHBbIX MHOXKeCTB.) Cremyrorias (GopMysia MO3BOIIAET HANTH
MOIITHOCTH OOBENIVHEHUST HECKOJIBKUX MHOXKECTB, €CJIM U3BEeCTHBI MOIITHOCTH Ka-
JKIIOT0 U3 HUX, & TaKXkKe MOIIIHOCTU BCEX IIE€PECCUCHU.

TEOPEMA 1 (dopmysa BKITIOYEHUIT 1 UCKITFOUEHNI ).
[ AU B = [A[+|B| = [AN B;
|JAUBUC| = |A|+|B|+|C| —
—|[ANB|—|ANC|—|BnNnC|+
+|ANBNC;
soobuwe |[A1 U ...UA,| pasno

DI = D JANA+ > JANANA] - ...
i 1<j 1<j<k

Iloka3aTebCcTBO. DTO YTBEPXKIEHIE HECTIOXKHO MOKA3aTh WHOYKIIUEN II0 N,
HO MBI IPUBEOEM IPYToe MOKA3aTeIbCTBO. PUKCHpyeM IPON3BOILHOE MHOKECT-
BO U, momMHOXKeCTBaMI KOTOPOIO SBJISIOTCS MHOXKecTBa A1, ..., A,.

Xapaxmepucmuueckotl @pynuryuet MuoxectBa X C U HaspBaioT QyHK-
IO X x, KoTOpas paBHa 1 Ha simemeHTax X m 0 Ha ocTajabHBIX diiemMeHTax U.
Omnepanun HaII TOAMHOXKECTBAMUI MHOXKeCTBa U COOTBETCTBYIOT OIEPAIUSIM C
X XapakTepucTuIecKuMu QyHKIusMu. B gacTHOCTH, MEPECeUeHNI0 MHOXKECTB
COOTBETCTBYET IPOU3BENEHNE XaPaKTEPUCTUICCKIX DYHKITHAN:

Xans(u) = xa(u)xs(u)

Homomuenuto (mo U) coorBeTcTByeT GyHKIUI 1 — X, €Ciau X — XapaKTepUCTH-
Yyeckas (PYHKIUSA NCXOMHOIO MHOXKECTBA.

Y1cCro 57IeMeHTOB MHOXKECTBA MOXKHO 3allICATh KAK CyMMY 3HAYCHHUI ero Xa-
PAKTEPUCTUICCKON (DYHKITNN:

XI=) xx ().

O6wenunenne A U ... U Ay MOXHO 3aImcaTh Kak HOOIOJHEHNE K IEePECeUeHIIO
IOMIOJTHEHNTT MHOXKECTB A;; B TepMuHax XapaKTepUCTUIECKNX (DYHKIIII IMEEM
XAu..u4, =1 — (1 - XAl) ce (1 - XAn)-

PackpbiB ckoOKHU B TIpaBOM YaCTH, MBI TIOJTY IIM

i 1<j 1<j<k
U TIPOCYMMUPOBAB JIEBYIO U MPABYIO YACTh O BeeM sremerTaMm U (06e oHE eCThb
dbyukiyuu Ha U), momyunm GOpMyITy BKIIOUEHUI 1 UCKITIOUEHMUI. O
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3AnAYA 13. lokaxcume, umo |Ay A\ ... A A,| pasno

S IAT=2> JANA+4 > JANANAl -

1<J 1<j<k
(roadPuyuenmpvr — nocaedosamenpubie cmenent, d80UKY).

[ToncuéT KOMMYECTB 5IIEMEHTOB B KOHEUHBIX MHOMXKECTBAX OTHOCIT K KOM-
ounamopure. HekoTopble HaYaJIbHBIE CBEIEHUS M3 KOMOMHATOPUKU TTPUBEIEHBI
nmajbiie B KauecTBe 3amad. Celivac HaC B MEPBYIO OUEpPENb NHTEPECYET CIIEMYIO-
AT TPUHITATL:

ec/In MEeXIY OBYMs MHOXKECTBAMHU MOXKHO YCTaHOBUTH B3aUMHO OTHO3HATHOE
COOTBETCTBHE, TO B HUX OQUHAKOBOE YHCJIO 3JIEMEHTOB.

(BzaumHuas omHO3HAYHOCTHL TpeOyeT, UTOOBI KaxKIOMY SJIEMEHTY IMEPBOrO
MHOYKECTBA COOTBETCTBOBAJI POBHO OIIMH 3JIEMEHT BTOPOTO U HAOOOPOT.)

BoT HECKOTBKO TPUMEPOB MCTIOTB30BAHUS 3TOTO TMTPUHITATIA.

3AOAYA 14. Ha oxpysrcnocmu svioparst 1000 6eavix mouex u 00Ha 4EPHAA.
Yeeo 6oavue — MpPey20abHUKOE € BEPUUHAMU 8 OEABLL MOUKAT UAU YEMBIPET-
Y2OAbHUKOS, Y KOMOPLIT 00HA 6EPUUHA YEPHAL, 6 0cmasbrble mpu Oeavie? (Pe-
wenue: UL nOPoBHY, NOCKOALKY KAHCAOMY YEMBIPELY20AbHUKY COOMBEMCMEYEM,
MPey2oabHuK, 00PaA306aHHbITL MPEMT €20 OEALIMU BEPULUHAMU. )

3AOAYA 15. Kakux nodmmosncecms boavwe y 100-aaemenmmoz2o mmodxce-
cmea: mownocmu 57 uau mowmocmu 437 (Yrkazanue: 57 4+ 43 = 100.)

BAIAYA 16. [okaxcume, wmo nocaedosamenbrocmeti O0aumbl n, COCMA-
BACHHBIT U3 HYAET U €OUHUY, CTMOALKO KHCE, CKOALKO MOOMHONCECTNE Y MHONCE-
cmea {1,2,...,n}. (Yrazanue: xaxcdomy nodmmoxcecmey X C {1,2,...,n}
COOMEEMCMBYEM TAPAKMEPUCTNUYECKAL NOCACI0BAMEADHOCTD, HA 1-M MECTNE
Komopot cmoum edunuya, ecau u moavko ecau i € X.)

SAAYA 17. [loxaxcume, ¥mo nocaedosamesbnocmets nyaet u eouHuy 0au-
HbL 1, 8 KOMOPHIT YUCAO €QUNUY, PABHO K, PABHO UUCAY K-IAEMEHMHBIT NOIMHO-
HCECNB N-INEMEHMHO20 MHOHCECTEE.

DT0 umMCo Ha3bIBAETCA wucAoM couemanuti uz n no k u oboznauaerca CF B
PYCCKIX KHIKKAX; B MHOCTPAHHBIX OOBIMHO HCIOTIB3YeTCs 0603HaueHne () ).

BAIAYA 18. [owascume, wmo C* = C"F,
BA0AYA 19. Joxaxcume, wmo CO+ Cl + ... + C" = 2",

3ADAYA 20. ITyemv U — menycmoe xoneunoe muoxrcecmso. Loxaxrcume,
umo nodmrosxcecms muoxrcecmsea U, umenuur wemmuyo MouHoCcmsb, CmMoAbKo
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e, CKOALKO UMENWUT Heuémuylo mowmnocmy. (Yrasanue: durcupyem a.ae-
mewm u € U u 00bedunum 6 napvl NOOMHOHCECTNBA, OMAULAOUUECT MOALKO 8
mouke u.)

BAnmAYA 21. oxaxcume, wmo CO—CLl+C2—. . +(=1)"C" = 0. (Vkazanue:
KaKk 9mo c843aHn0 ¢ npedvidywets 3adaueti?)

3AOAYA 22. Hoxaxcume gpopmyay 6muoma HuroToHa:
(a4+0b)"=C%"+Cla" o+ ...+ CFa" 0" + ...+ C™".

3A0AYA 23. [lokaxcume, umo cnoco606 paccmanosky ckobok (yKkazviearo-
wWuzT nopadok deticmeutl) 6 HEACCOYUAMUBHOM NPOUZBEIEHUU U3 T IAEMEHNOB
COABKO e, CKOAbKO cnocobos pazbums evinykavid (n—+ 1)-y2oabnuk na mpe-
Y2OAbHUKY HENEPECERANUUMUCT Juazonaatmy. ([lig npouseedenus mpér mmo-
acumeneti ecmov dea sapuarnma (ab)c u a(be); ¢ dpyeoti cmoponwl, ecmy dea cno-
coba pazpe3amp uembipETY20abHUK Ha 0804 MPEY2OAbHUKA, NPOBEIT JUAZOHAAD.
Ilag npoussedenus wemuipér commorcumenets u ad NAMUY20AbHUKA UMECTNCA
no 5 eapuanmos.)

43. PaBHOMOIIIHBIE MHOX€ECTBA

IIBa MHOXKECTBA HA3BEIBAIOT PAGHOMOUHBLMU, €CITH MEXKIY HIMEI MOXKHO yCTa-
HOBUTB B3alMHO OJHO3HAYHOE COOTBETCTBUE, IPU KOTOPOM KAXKIIOMY SJICMEHTY
OIHOTO MHOXKECTBA COOTBETCTBYET POBHO ONUH 3JIEMEHT IPYTOrO.

JI;19 KOHEUHBIX MHOXKECTB 3TO O3HAYAeT, YTO B HUX OJUHAKOBOE YUCIIO 3JIe-
MEHTOB, HO OINpPENeICHIe NMEeT CMBICH I I OCCKOHEYHBEIX MHOXKECTB. Hampn-
mep, orpesku [0, 1] u [0, 2] paBHOMOIIHBI, TOCKOIBKY OTOGpakKeHNe T — 22 OCy-
IIIECTBIIACT UCKOMOE COOTBETCTBHE.

3AIAYA 24. [lokaxcume, wmo awobvie dsa unmepsaaa (a,b) u (c,d) na nps-
MOU PABHOMOULHDL.

SAIAYA 25. [loxaxcume, umo a106bie 06€ OKPYHCHOCTIU HA NAOCKOCTU DPA6-
nomowmbl. Horaxcume, umo a0bvie d6a KpYy2a Ha NAOCKOCTIU PABHOMOUHDL.

BAnAYA 26. loxaxcume, wmo noayuwmepsad [0,1) pasnomowen noayun-
mepeaay (0, 1].

Heckombko Gostee clioxHA Takas 3a7a4a; 0Ka3aTh, uTo uaTepsad (0, 1) u ayq
(0, +00) pAaBHOMOIITHBL. DTO [eIaeTcs TaK. 3aMeTuM, YTO OTOOpaxkeHue T — 1/x
SBJIIETCSI B3AUMHO OMHO3HAUHBIM cooTBeTcTBIeM Mexky (0, 1) u (1, +00), a x —
— (2 —1) — B3aMMHO OIHO3HAYHBIM cOOTBeTCTBHEM Mexkay (1, +00) u (0, 4+00),
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HO9TOMY X KoMmmosuiust & — (1/x) — 1 sBisieTcss HCKOMBIM B3aMMHO OIHO3HAY-
ubIM cooTBeTcTBHEM Mexkay (0,1) u (0, 4+00).

Boobirie, kak TOBOPST, OTHOIIIEHIE PABHOMOIITHOCTU €CTh OMHOUEHUE IKEU-
8AAEHMHOCMU. DTO O3HAYAET, ITO OHO peduercusno (KaKmoe MHOKECTBO PaB-
HOMOIITHO caMoMy cebe), cummempuuno (ecimu A pasaomormo B, 1o u B pas-
HOMOIITHO A) 1 mpanzumueno (eciu A pasaomortro B u B pasaomoriso C') TO
A pasromorrao C'). CBORCTBOM TPAH3UTUBHOCTH MBI TOJIBKO UTO BOCIIOJIB30BA~
nuch, B3sB i1y4d (1, +00) B KauecTBe MPOMEKYTOTHOTO MHOKECTBA.

E1né HeckombKo mpruMepos:

e MuOX)ecTBO OECKOHEUHBIX MOCIENOBATETLHOCTEN HYIEN W eMUHUIT PABHO-
MOIITHO MHOXKECTBY BCEX TOIMHOXKECTB HATYpalbHOro psama. (B camom
Tiefie, COMOCTABUM C KaxKIOW IMOCIIENOBATETHHOCTBIO MHOXKECTBO HOMEDPOB
MeCT, Ha KOTOPBIX CTOAT ENWHUIILI: HAIIPUMepP, MOCIIENOBATEIbHOCTh U3
ONTHUX HYJEN COOTBETCTBYET IyCTOMY MHOXKECTBY, U3 ONHUX €IUHUI] —
HaTypaJbHOMY psny, a nocienoBarenabHocTs 10101010. .. — MHOXKECTBY
YETHBIX UHCEIT. )

e MuoxecTBO 6ecKOHEUHBIX mocaenoBaTeabHocTeln mudp 0, 1, 2, 3 paBHO-
MOIITHO MHOXKeCTBY GECKOHEUHBIX TocienoBarenbrocTeit mudp 0 u 1. (B
caMOM mejte, MOXXHO 3axonupoBaThb udpsl 0, 1, 2, 3 rpynmamu 00, 01, 10,
11. O6paTtHoe mpeobpasoBanne pa3bUBaeT MMOCIEIOBATEILHOCTL HYJIEN 1
eOUHUII Ha Taphbl, TOCe UYeTro KaxKas Imapa 3aMensercs Ha 1mudpy ot 0
1o 3.)

e MHuoxecTBO OecKOHEUHBIX TTocIenoBaTenbHocTeln mudp 0, 1, 2 paBHOMOIII-
HO MHOXeCTBY GeCKOHeUHBIX mocienoBaTenbrocTeidn udp 0 u 1. (MoxHo
OBIIIO OBI TIBITATHCS PACCYXKIOATh TaK: 3TO MHOXKECTBO 3aKITIOUEHO MEXKITY
NBYMsI MHOYXKECTBAMU OMHON U TOU K€ MOITIHOCTHU, U TTOTOMY PABHOMOIITHO
KaXKIOMY 13 HUX. DTOT XOI MBICJICH MPaBUJICH, KaK TMOKA3bIBACT TeOpeMa
KanTopa— bepumreitna n3 pa3mena 5. Ho 3mecs MoxuO oboniTuch n 6e3
ATOU TEOpPeMBI, eciii 3aKonupoBaTh udpsl 0, 1 1 2 nociaenoBaTeIbLHOCT -
vu 0, 10 m 11: merko coobpa3uTh, YTO BCSKas MOCIENOBATENBHOCTD HYIEN
I €IUHUI] OTHO3HAYHO pa3buBaeTcsa Ha Takue OJIOKU CJIeBa HAaIIpaBo. 1 akon
croco6 KOMMPOBAHUS HA3BIBAIOT MPEHUKCHBIM KOIOM. )

e [[pumep ¢ moOCITEMOBATENBHOCTSAMU HYJIE W €OUHUIT MOXKHO OOOOIMUTH:
MHOYKECTBO MOIMHOKECTB JIF000r0 MHOXKecTBa U (0HO 0OBIYHO 0603HAUTA-
ercs P(U) m mo-aHrmiicku Ha3BIBAETCST pOWer set) PABHOMOIIIHO MHOXKe-
CTBY BcexX QYHKINNI, KOTOPBIE CTaBSIT B COOTBETCTBUE KaXKIOMY SJIEMEHTY
x € U omuo u3 uncen 0 u 1 (MHOX)eCTBO TakuxX QYHKIUT OGBIYHO 0603HA-
qafor 2%). (B camom mene, kaxmomy mEOKecTBY X C U COOTBETCTBYeT
ero XapakTepucTuIecKas QyHKIIUs. )
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MBI TPOMOIIKUM STOT CIUCOK, HO CHAYAJIA IIOJIE3HO JOKA3ATh HECKOIIBKO IIPO-
CTBIX (HDAKTOB O CIETHBIX MHOKECTBAX (PABHOMOIIHBIX MHOKECTBY HATYPAIbHBIX
qrcern).

94. CuéTHbIe MHOXECTBA

MHuOxkecTBO Ha3BIBAETCS CUEMHBIM, ECITI OHO PABHOMOITIHO MHOXKeCTBY N Ha-
TYPAJIbHBIX YUCEIT, TO €CTh eCIIN er0 MOYXKHO MPENCTAaBUTh B Bune {xg, T1, T2, .. . }
(3mechb x; — SIEMEHT, COOTBETCTBYIOMINN YUCITY 7; COOTBETCTBUE B3AUMHO OfI-
HO3HAYHO, TAK UTO BCE T; PA3IINIHBI).

Hampumep, MHOXKECTBO LENTBIX YUCeI Z CIETHO, TaK KaK IejIble UMCIa MOXKHO
pacmoIoKuTh B mocnenoBaTenbuocTs 0,1, —1,2, —2,3, -3, ...

TEOPEMA 2. (a) Ioommoocecmeo cuémmuoz2o MHOHNCECTNEA KOHEUHO UAU
CUEMHO.

(6) Bceaxoe 6eckoneunoe mmoxrcecmseo codepacum cuémmuoe noomMHo#cecmeso.

(B) O6bedurenue KOHEUH020 UAU CUEMHO20 YUCAL KOHEUHDIT UAU CUEMHBIT
MHOHCECTNE KOHEUHO UAU CUEMHO.

Hoka3zarenscTBo. (a) [lycts B — mogMHOXeCTBO CIETHOTO MHOXKecTBa A =
= {ap, a1, as, ... }. BeiGpocum u3 mocienoBaTenbHOCTA g, A1, . .. T UIEHBI, KO-
TOpBIE He MpUHAIIEKAT B (coxpaHss MOPSIOK ocTaBImmxcs). Torma ocrasiime-
CsL WIEHBI 06PA3yIOT IGO0 KOHEUHYTO TIOCIIENOBATEIHLHOCT (1 Torna B KOHEUHO),
6o GeckoHeuHyo (1 Torma B CcUéTHO).

(6) IIycTtp A 6eckoneuno. Torma OHO HEMyCTO U COMEPKUT HEKOTOPBIN Hile-
MeHT by. Bymyunm GeckoHedHBIM, MHOXKeCTBO A He UCUEPIBLIBAETCS SJIEMEH-
TOM by — BO3bMEM KaKOW-HUOYIB OPYTOl sjeMeHT by, u T.n. Ilomyuumres mo-
CJIEIOBATEIILHOCTDL by, by, . ..; TOCTPOEHUE HE TPEPBETCS HU HAa KAKOM IIare,
ockoibky A 6eckoneuno. Temeps muoxkectBo B = {bg, by, ...} u Gymer ucko-
MBIM CYETHBIM TOIMHOXKECTBOM. (3aMeTuM, 9T0 B BOBCce He 0053aHO COBIAIATH
¢ A, maxe ecnu A CI8THO.)

(B) IlycTh mMeeTcst CY48THOE UUCIIO CUETHBIX MHOXKECTB Aj, Ay, ... Pacmoso-
KUB 3JIEMEHTHI KaXKIOTO U3 HUX CJIeBa HAIPABO B MOCIIENOBATENLHOCTL (A; =
= {aio, a;1, ... }) U HOMECTHUB 5TU MOCIENOBATEIILHOCTU APYT MO IPYTOM, TOITY-
quM TaOIUIy

apo @o1 ap2 Qo3
alp Qi a2 a3
Q20 G21 a2 Aa23
azp azr a2 ass
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Temepr 5Ty TAOMUIY MOXKHO Pa3BEPHYTH B TOCHIENOBATEIHLHOCTL, HAIIPUMED,
IIPOXOMs II0 OYepenu NuaroHaJIu:

apo, o1, aio, ao2,0dii, asp, aos, ai2, as1, Asp; - . .

Ecnu MmuOXKEeCcTBa A; He IepeceKaiCh, TO MBI TIOJTY YN/ TCKOMOE TIPEICTABICHTE
1 nX oObenmHeHns. Kenmm mepecekaanch, TO U3 MOCTPOEHHON TOCTIENOBATEb-
HOCTU HAJ0 BLIOPOCUTH MOBTOPEHUS.

Ecnun MHOXeCTB KOHEUHOE YNCIIO MM KaKue-TO U3 MHOXKECTB KOHEUYHBI, TO B
ATOU KOHCTPYKINN YaCTHU YJIEHOB He OyAeT — U OcTaHeTCsl Mubo KOHeYHoe, 110
CUYETHOE MHOXKECTBO. [

SAOAYA 27. Onucanmviii nporod no duazonasdm 3adaém 83aummo 00HO-
BHAYHOE COOMBEMCMBUE MEHNCIY MHONCECTNEOM BCEX NAP HAMYPAALHBIT UUCEA
(komopoe o6osnauaemes N x N) u N. Jlio6oneimno, wmo amo coomeememesue
3adaémesa npocmoti Popmyaoi (MHO@OWL@HOM 6MOPOU CMenert ¢ PalyuoHalb-
HBIMU KOIPPuyuenmamy). Yraxrcume 3mom MHO20UAEN.

3ameuanue. B nokasarenbcrse yrBepxkaeHus (6) TeOPEMBL 2 €CTh TOHKHIA MO-
MEHT: Ha KaXKJIOM IITare MbI JOJIXKHBI BHIOPDATH OOUH U3 OCTABIIIUXCS 3JIEMEHTOB
MHOXKeCcTBa A; Takme 3JeMEeHTHI €CTh, HO y HAC HET HUKAKOTO IIPABUJIA, ITO3BO-
JISIIOIIIET0 TaKOW BBIOOp omucaThb. [Ipu 6osmee popMaibHOM MOCTPOSHUN TEOPUN
MHOXKECTB TYT HYXKHO COCJIAThCS HA CIEIUAJILHYIO0 aKCUOMY, HA3BIBAEMYIO (K-
cuoMOtl 6b160pa. 3aKOHHOCTH DTOW aKCHMOMBI BBI3BLIBAJIA OOJILIIINE CIIOPHI B HAa-
gasie 20-r0 BeKa, HO TOCTENEeHHO K HEel MPUBBLIKIIN, U 3TU CIOPHI Celvac MOYTHU
He BOCTIpmHUMAaIOTCs. B cepenmue Beka Benukuil joruk Kypt ['émens mokasad,
YTO aKCHOMY BBIOOPA HEJIb3sI OITPOBEPTHY Th, TOJIB3YICh OCTAJIBHBIMI aKCUTOMAMMI
Teopun MHOXKeCTB, a B 1960-e ronbr amepukanckuit maTemaTuk [lon Ix. Kosn
NOKA3aJI, UTO eé HeJIb3s U BBIBECTU U3 OCTAIbHBIX akcnoM. (Koneuno, monmma-
HIE DTUX yTBEepXKIeHUN TpebyeT moapoOHOTO M3TOKEHIST TEOPUN MHOXKECTB KaK
AKCIOMATHIIECKON T€OPUIL. )

F1ié HeckombKo mpuMepoB CUYETHBIX MHOXKECTB:

e MuoxectBo (Q panmoHa/IBHBEIX dncesl cY€THO. B camMom merse, pamnmoHaIb-
HBIE YICIIA MIPEICTABIISIOTCS HECOKPATUMBIMI APOOSIMIE C TEIBIM IICIUTE-
jJeM u 3HaMeHaTesreM. MHOXecTBO mpobeli ¢ MaHHBIM 3HAMEHaTeIeM CUET-
1o, osTomy Q mpencTaBuMo B Bume OObENMHEHUs CIETHOTO YUCIA CUET-
HBIX MHOXKECTB. 3aberas Brepén (cum. pasnes 6), 0TMeTUM, YTO MHOKECTBO
R Bcex meMCTBUTEIBHBIX UNCE]T HECUETHO.

e Muoxkectso N¥, sjieMeHTaMI KOTOPOTO SIBIISIOTCS HAGOPHI U3 k HATYPAJIb-
HBIX UMCEeJI, CIETHO. JTO JIeTKO MOKa3aTh mHOyKiumen mo k. Ilpum kb = 2
mHOkecTBO N2 = N x N map HaTypaIbHBIX UICesT Pa30uBacTCs Ha CIETHOE
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urenno caéTHBX MHOKeCTB {0} X N, {1} x N, ... (smemenTamu i-ro MHOXKe-
cTBa OymyT Maphl, IEPBLIN WIeH KOTOPLIX paseH 7). [loaromy N? cuétHo.
AnasormaasiM 06pa3oM MHOkKeCTBO N Tpoek HATypaIbHBIX umces pasou-
BaeTcs Ha cuérHoe uncsio MaOkKecTB {7} X N x N. Kaxmnoe u3 Hux cocrout
13 TPOEK, IIEPBBIN WIeH KOTOPHIX GUKCUPOBAH I IOTOMY PABHOMOIITHO MHO-
XKECTBY Nz, KOTOpoe cuéTHO. TOoIHO Tak Ke MOXKHO IIEPERTH OT CUYETHOCTH
mHOKecTBa NF K cuéTHOCTH MHOMKecTBa, NFHL,

e MHOXeCTBO BCeX KOHEUHBIX ITOCIIENOBATEILHOCTEN HATYPAIbHBIX UNCEI
cuéTHO. B camoM mere, MHOXKeCTBO BCEX IIOCIIENOBATEILHOCTEH HAHHON
IJIMHBL CYETHO (KAK MBI TOJBKO YTO BUMIEIH), TAK YTO UHTEPECYIOIIee
HaC MHOXKECTBO Pa30UBaeTCsl HA CUETHOE UUCIO CUETHBIX MHOXKECTB.

e B mpenpinyiieM npuMepe He 00sS3aTEIBHO TOBOPUTH O HATYPAILHBIX UH-
CIIaX — MOXKHO B3STh J11060€ CI6THOE (Uil KOHETHOE) MHOXKecTBO. Hampu-
Mep, MHOXKECTBO BCEX TEKCTOB, UCIOJB3YIOIINX PYCCKUil aadaBuT (TakKoil
TEKCT MOYXKHO CUHTATb KOHEYHOH IOCIENOBATENBHOCTHIO OYKB, IPOOEIIoB,
3HAKOB MIPENUHAHUS U T.II.), CIETHO; TO XKe CaMOe MOXKHO CKa3aTh O MHO-
KeCTBe (BCEX MBICIIUMBIX) KOMIBIOTEPHBIX TIPOTPAMM U T. II.

e Ynciio HA3BIBAIOT A.12€0PauYecKUM, €CIII OHO SIBIISIETCS KOPHEM HEHYJIEBO-
r'o MHOT'OUJIEHA C IeIbIME KodddurmenTamu. MHoxecTBO anrebpanuecknx
YKCeIT CIETHO, TAK KAK MHOTOUIEHOB CUETHOE YNCIIO (MHOTOWIEH 38,0a8TCsI
KOHEUHON MTOCIIEIOBATEILHOCTBIO [EJIBIX YUCeI — ero KoahuineHTos), a
KasKIIBIl MHOTOWIEH MMeeT KOHEUHOE JKCIIO KOpHel (He 6osiee n i MHO-
TOUYJIEHOB CTEMEHM 7).

e MuoxecTBO mepumonmuecknx mpobent cuéTHO. B camoMm mene, Takas mpoOb
MOXKeT OBITH 3amlmlcaHa KaK KOHEYHAs IIOCIIENOBATEIBHOCTHL CHMBOJIOB
13 KOHEYHOIO MHOXKeCTBa (3amsaras, uudpbl, CKOOKN); HAIpUMED, APOOh
0,16666. .. MmoxHO 3ammcaTh Kax 0,1(6). A Takux mOCIEHOBATEIHLHOCTEN
CYETHOE MHOXKECTBO.

SAIAYA 28. [lokaxcume, wmo 41060e cemeticmeo HenePecekaOUUTCS Uk-
MEPBan06 Ha NPAMOT KOKEUHO Ul cuémuo. (Yrazanue: 8 kKaxrcdom unmepeane
HAUIEMCA PAYUOHAALHAT MOUKA. )

3AIAYA 29. (a) Hokaxcume, umo 41060e MHOHCECTNEO HENEPECEKANUUTC
B0COMEPOK HA MAOCKOCTU KOHEUHO Ul cuémuo. (Bocvmépra — o06wbedunenue
J8YT Kacawurca oxpyrcrocmet 40ovix pasmepos.) (6) Chopmyaupyime u do-
Kaxcume ananso2uunoe ymeepaicoenue dag o6yxe T.

3AnAYA 30. Zoxaxcume, 4mo MHOHCECTEO MOUEK CMPO2020 AOKAALHO20
MAKCUMYMA 420001 GyHKryuy deticmeumesbrno20 apeymenma KOHEUHO Ul CUEM-
HO.



§4. CuéTHbIe MHOXECTBA 17

3AIAYA 31. Zoxkaxrcume, 4mo mMuOHCECMBO MOUEK PA3PLIBA HeYObL6awet
Pynryuy deticmsumensbro20 ap2ymenma KOHEYHO UAU CUEMHO.

TEOPEMA 3. Ecau mnoxcecmeo A bGeckoneuno, a mmoxcecmso B xoweuno
uat cuémmuo, mo obwvedunenue AU B pasnomowmo A.

HokazarenscTBo. MoxHO cunTaTh, uro B He mepecekaercs ¢ A (mepecede-
HII€ MOXKHO BBIODOCUTH U3 B, OCTaHETCs MO-TPEXKHEMY KOHEUHOE MM CUETHOE
MHOYKECTBO).

Brigemum B A cuéTHOe OIMHOXKeCTBO P; ocTaTok obo3HaunmM depes (). Torma
HAM HAMO0 0Ka3aTh, YT0 B+ P+ () paBaomortao P+ () (3HaK + cHMBOIU3UPYET
OOBEIMHEHNE HETIePeCeKAIOIMXesl MHOXKecTB). [lockonpky B + P u P o6a cuéT-
HBI, MEXIY HAMH CYIIIECTBYET B3aUMHO OQHO3HAUHOE COOTBeTCTBHUE. Kro jrerko
IPONOJIKUATE 10 COOTBETCTBUs Mexny B + P+ Q u P 4 () (KaxXKobiil 51eMeHT
MHOKeCTBa () COOTBETCTBYET caM cebe). ]

3AIAYA 32. [Ipumenume My KOHCMPYKYUIO U A6HO YKAHCUME COOMEEM-
cmeue mexncdy ompesxom [0, 1] u noayunwmepsasom [0,1).

3AnAYA 33. Teopema 3 nokasvieaem, umo 0006a8AEHUE CUEMHO20 MHONCE-
cmea K OECKOHEUHOMY He MeHTem e20 Mmowmocmu. Moaxcno au ckazamv mo
ace camoe npo yodasenue? loxaxcume, umo ecau A beckoneuno u e A8ATEMCA
cuémmubim, a B xoneuno uau cuémmuo, mo A\ B pasrnomowmo B.

BAOAYA 34. Hemeuyruti mamemamur P. {edexund npedsosxrcus maxoe onpe-
deaenue 6ECKOHEUH020 MHOHNCECTNBA: MHOHCECTNEO OECKOHEUHO, ECAL OHO PABHO-
MOUHO HEKOMOPOMY CBOEMY NOOMHONCECMBY, He COBNADAIOUWEMY CO 8CEM MHO-
acecmeom. Ioxaxcume, umo yrazanmnoe Hedexurndom ceoticmeo deticmeumens-
HO onpedeasem 6eCKoOHEUHbLE MHONCECTNEA.

HobaBisss KOHEUHBIE UM CUETHBIE MHOXKECTBA, JIETKO TOHATh, YTO IpsIMas,
BCE MIPOMEXYTKN Ha MPSIMOil (OTPE3KN, MHTEPBAJIBI, IOy HHTEPBAIIbI ), JTy M, UX
KOHEYHBbIE UJIN CUETHBIE OOBEOUHEHNS U T. II. PABHOMOIIHBI APYT OPYTY.

3A0AYA 35. Ykasxcume 83aumno 00HO3HAUHOE COOMBEMCMEUE MEHCIY MHO-
acecmeonm [0,1]U [2,3] U [4,5]U... u ompeskrom [0, 1].

SAIAYA 36. [lokaxcume, wmo MHOHCECNBO BCET NPAMBIT HG NAOCKOCTU
PABHOMOUHO MHOHCECTNBY 6CEL MOUEK HA NAOCKOCU. (YKa3anue: U MouKU, U
npamvle 3a0a0MCT NAPAMU YUCES — 30 HEOOADUWUMY UCKAIOUEHUIMU. )

3A0AYA 37. [lokasxcume, wmo noaynaockocmsp (Mouky nioCKoCmuU, AEHa-
wue no 00Ky CMOPORY 0Mm HEKOMOPOT NPAMOTL) PABHOMOWHA NAOCKOCTU. (DMmo
BEPHO HEZABUCUMO OM MO0, BKANUAEM Mbl 2DAHUUHYIO NPIMYIO 6 NOAYNAOC-
KOCMb UAU HEM. )
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TEOPEMA 4. Ompesox [0,1] pasnomowen muoxcecmsy 6cexr 6eCKOHEUHbLT
nocaedosamesvrocmets nyaet u eounul.

HokasaremscTBo. B camom nese, kaxmoe uncino x € [0, 1] sanucoiBaercs B
Bume OECKOHEYHON mBoMYHON mpobu. IlepBoiit 3Hak sToi mpobm paseH 0 mmm 1
B 3aBUCUMOCTU OT TOTO, TomamaeT JIM YUCIO X B JIEBYIO WM TPaBYIO IMOJIOBU-
HY oTpe3ka. YToObl onmpenenTh CACOYIOITNI 3HAK, HAOO BEIOPAHHYIO TOJIOBUHY
MOIEIUTH CHOBA TIOIOJIaM U MMOCMOTPEeTh, Kylla MOnaaéT X, U T. II.

OTO XKe COOTBETCTBUE MOXKHO OMKICATH B MPYTYIO CTOPOHY: IOC/IEIOBATE b
HOCTU ToX1X2 ... COOTBETCTBYET UUCIIO, SIBIISIOIIEECS CyMMOU psaa

0 + o + =2 + ...

2 4 8
(B sTOM mOCTpOEHUN MBI UCTIOIB3YyEM HEKOTOPBIE (DAKTHI M3 MATEMATHUECKOTO
aHaIM3a, YTO He YOUBUTEJIHLHO — HAC MHTEPECYIOT CBOUCTBA MEMCTBUTEIHHBIX
HCe. )

OnucanHOE COOTBETCTBUE TMOKA UTO HE COBCEM B3aMMHO OTHO3HAYHO: IBO-
YHO-pAIMOHAIbHBIe 1nciaa (apobu Buma m/2") MMEIOT IBa IIPEACTABICHUS.
Hampumep, uucimo 3/8 moxuo 3anucats kak B Bume 0,011000. .., Tak u B Bu-
nme 0,010111. .. CooTBeTCcTBIE CTAHET B3aUMHO OMHO3HAUYHBIM, €CJIU OTOPOCUTH
npobu ¢ emuHUIER B nepuone. Ho Takux mpobelr cUéTHOE YHUCIIO, TOPTOMY Ha
MOITIHOCTB 3TO He TIOBITUSET. []

3AnAYA 38. Kaxas deouunas dpobv coomeememsyem wucay 1/37

B sToM mokazaTembcTBe MOXKHO ObLIO OBI MCIOIB30BaThH 00jlee TMPUBBIYHBIE
necsiTUIHbIe Tpobu BMecTo aBonuHbIX. [lomyumnocs 6b1, aTo oTpesok [0, 1] pas-
HOMOIIIEH MHOXKECTBY BceX O€CKOHEUHBIX TocaenoBaTenbuocTen mudp 0,1, ...,9.
YT1o0bI IeperiTu OTCIOOA K MOCIEOOBATEILHOCTSIM HYJIEH U €IUHUIT, MOXKHO BOC-
IIOJIL30BATHCS MPUEMOM, OIMUCAHHBIM Ha C. 13.

Tenepb BCE TOTOBO MJId NOKA3aTEIbCTBA TAKOTO YOUBUTEILHOTO (hakTa:

TEOPEMA 5. Ksadpam (co enympennocmpio) pasgrnomou,er ompesxy.

Ioka3arenscTBo. KBanpar pasromorien muoxectsy [0, 1] x [0, 1] map mei-
CTBUTEIBHBIX UHCeNT, KaXKI0e U3 KOTOPBIX JiexkuT Ha orpeske [0, 1] (meTom xo-
opausaaT). MBI yiKe 3HaeM, 4TO BMECTO YHCENl Ha OTPE3Ke MOXKHO TOBOPHUTH O
TIOCTIENOBATEIBHOCTSIX Hyneil n equHu. OCTaIoch 3aMETUTH, ITO Hape HOCTIe-
MOBATENLHOCTEN HyJell U eqUHUL (ToT1T2 ... ,YoY1Y2 - - ) MONKHO TOCTABUTDH B
COOTBETCTBUE IOCIEIOBATEIEHOCTB-CMECh LoYoL1Y1L2Y2 - - . U ITO 3TO COOTBET-
cTBUE OymeT B3aUMHO OMHO3HAUYHBIM. [
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OTOoT pe3ynbTaT ObLI HoyueH B 1877 romy HEMEIKIM MaTeMaTIKOM
['eoprom KaHTOpOM U yOWBUJI €r0 CaMOrO, MOCKOJIBKY ITPOTUBOPE-
YT UHTYUTUBHOMY OIIYIIIEHUIO PAa3MepPHOCTH (KBAIpaT IBYMEpDEH,
IIOSTOMY BpOIEe OBbI JTOIXKEH COMepkKaTh OOMBINIE TOYEK, UeM OITHO-
MepHBIT 0Tpe3okK). Pesynmbrar KanTtopa He nmuraeT cMmbicia MOHS-
THe Pa3sMEPHOCTH, €CJIN PAaCCMAaTPUBATH JIUITL HEIPEPBIBHBIE B 00€
CTOPOHBI COOTBETCTBUS, I TOTMa IMPOCTPAHCTBA PA3HON pPa3MepPHO-
CTH MOXHO GymeT pasimuunTh. (3aMeTuM Takke, 4TO CyIIECTBYeT
HEIIPEPBIBHOE 0TOOpaKEHe OTPE3Ka B KBAIpPaT, KOTOPOE TPOXOMIUT
gepes JT00yI0 TOUKY KBanpata. OHo HaseiBaeTcst Kpusoit [leano.)

3 TeopeMbl 5 JerKo MOJAyUYNTH MHOIO OPYIUX YTBEPKICHUN IIPO PABHOMOLII-
HOCTH T€OMETPUICCKIX O0BEKTOB: KPYT PABHOMOIIECH OKPY2KHOCTH, IIPAMAs PAB-
HOMOIITHA IIJIOCKOCTH 1 T. II.

Mo2KHO TakKe 3aMEeTUTh, UTO IPOCTPAHCTBO (TOYKU KOTOPOTO 3aIaI0TCSI TPe-
Ms KOOpAMHATAMU (X, Y, Z)) PABHOMOIIIHO TJIOCKOCTHU (HAIO 3aKONUPOBATDH Mapy
(x,y) OMHUM YUCIIOM ), U, CIIENOBATENbHO, mpsaMoit. To xke caMoe MOXKHO TpomIe-
JaTh U [JI1 IPOCTPAHCTB GOIBIIEeH PA3MEPHOCTH.

3AIAYA 39. [oxaxcume, wmo MHOHCECTNBO 6CET KOHEUHBLT NOCALA0EAMEN-
nocmet; deticmeumesbrbix wuces pasromowro R (muosxcecmsy ecer deticmeu-
MEALHBIT YUCER).

3AIAYA 40. Zlokaxcume, umo MHOHNCECMBO 6CET OECKONEUNBIT NOCACI06a-
meabrocmets 0etcmeumesvrblx Yuces pasHomouro R.

OTmeTnM, 9TO MBI IIOKa HE yMeeM HOKa3bIBaTb, UTO MHOMXKECTBO NEHCTBU-
TeJIBHBIX UncesT (MM MHOXKECTBO GECKOHEUHBIX TOCIENOBATEIBHOCTEN HYIel 1
CIUHUI) HeCUETHO. DTO OymeT crueiaHo B pasmere 6.

MorHOCTE MHOXKECTBA AEUCTBUTENBHBIX TICEI HA3BIBAIOT MOUHOCTILIO KOH-
munyyma (OT JTATHHCKOTO CJIOBA, O3HATAIOIIETO HEIPEPEIBHEL; IMEETCSI B BULY,
YTO TOYKA Ha OTPE3Ke MOXKET HEIPEPBIBHO IBUrAThCA OT OOHOIO KOHIA K NIPY-
roMY ).

§5. Teopema KanTopa— bepHinreitna

Omnpenesnennre paBHOMOIIIHOCTY YTOUHSIET NHTYUTUBHYIO UOEI0 O MHOKECTBAX
OMMHAKOBOTO pa3Mepa. A Kak HOpMaIbHO OIMPEnenTh, KOTIa OOHO MHOXKECTBO
60JIbIIIe IPYTOTo?

['oBoOpsT, YTO MHOXKECTBO A M0 Mowmocmu He 6oqbule MHOXKECTBa B, ecian
OHO PABHOMOIITHO HEKOTOPOMY MOMMHOXKECTBY MHOXKECTBa B (BO3MOXKHO, caMo-

My B).
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Puc. 1. TpaH3uTuBHOCTH CpaBHEHUS MOIITHOCTEN

3AIAYA 41. Hexmo mpedaosrcun maroe onpedeaenue: muoxrcecmseo A ume-
EM CMPO20 MEHLUWLYI MOUHOCTND, YEM MHOHCECNE0 B, ecau ono pasHOMOUMO
nexomopot uacmu mroxcecmea B, ne cosnadarweti co ecem B. Iouemy 3mo
onpedeaenue neydauno? (Yrazanue. Ilonyagprvie pacckazvl 0 Meopul MHo-
HCECTNB UACTNO HAUUHAIOMCA ¢ MaKo2o napadorca, 8ocrodgwez0 x I'asunero.
Kaxuz wucea 6oabwe — 8Cex HAMYPAALHIT YUCEA UAU MOUHIT KEaIPamos?
C 00noti cmoponbl, mounbie K8adpambl COCMABATIIOM AUWD HEOOALULYN UACTND
HAMYPAALHBIT YUCEA; C OPY20T CMOPOHBL UL MOWCHO NOCMABUMbL 60 63GUMHO
00HO3HAUHOE COOMBEMCNBUE CO BCEMU HAMYDAALHBIMU UUCAAMU. )

OTHolteHne nMeTh He OOJIBIIYIO MOIITHOCTL 00/IadaeT MHOTUMU €CTEeCTBEH-
HBIMU CBONCTBaAMNQ:

e Eciiu A u B paBHOMOIIIHEI, TO A nMeeT He OOJIBIIYI0 MOIIHOCTE, YeM B.
(OueBumno.)

e Eciu A umeeT He GOJIBIIYIO MOIIIHOCTDL, ueM B, a B umMeeT He GOJIBIIIYIO
MoIIHOCTE, ueM C', To A mmeer He Gomblryto MomHOCTE, yem C. (Toxe
HectoxkHO. [lycTs A HaxomuTcs BO B3aMMHO OMHO3HAYHOM COOTBETCTBUL
¢ B’ C B, a B maxomuTcs BO B3aIMHO OTHO3HAYHOM cooTBercTBun ¢ O C
C C. Torma mpu BTOpOoM cooTBeTCTBUU B’ COOTBETCTBYET HEKOTOPOMY
muoxkecTBy C” C C' C C, xax mokaszaHo Ha puc. 5, u moromy A pasBHO-
mortao C”)

e Eciu A umeeT He GOJIBIIYIO MOIIHOCTD, ueM B, a B umMeeT He GOJIBIIIYIO
MOIITHOCTh, 9YeM A, TO OHI PABHOMOIITHEL. (DTO BOBCE HE OYEBUIIHOE Y TBEP-
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Puc. 2

XKIOEHUE COCTABIISIET comepkanule TeopeMbl KanTopa — bepHinreiina, KoTo-
PYIO MBI cefigac JOKAXKEM. )

o [Ts miobbix mByX MHOXKeCTB A 1 B BepHO (XOTs 6bI) OMHO U3 MBYX: NGO
A nmeeT He GOJIBIITYIO MOIITHOCTE, 4eM B, mu6o B mmeeT He GOIBIIIYIO MOIII-
HOCTD, ueM A. (IlokazaTenbcTBO 5TOrO (hakTa Tpebyer Tak Ha3bIBAEMOI
TPaHCOUHUTHONUHIYKIINU U 3eCh TPUHIMAETCS Ha BEpPY)

TEOPEMA 6 (Kauropa—Bepuinreitna). Ecau muoxcecmeo A pasuomouwmo
HEKOMOPOMY NOOMHONCECTNEY MHoNcecmea B, a B pasHomoumo mexomopomy
nodmmoxncecmsy muoxcecmea A, mo mmoxcecmea A u B pasnomowmb.

HokazarenbcTBo. [IycTs A paBHOMOIITHO TOOMHOXKECTBY B MHOXKecTBa B,
a B pasHOMOIIHO ONMHOXKeCTBY A; MHOKecTBa A (cm. puc. 2). [lpu B3anMHO
OMHO3HAYHOM COOTBETCTBUM MexXny B um A; momMmHoxkecTBO B C B mepexoout
B HEKOTOpOe MoOMHOXKecTBO Ay C A;. Ilpu sTom Bece Tpu muOX)KecTBa A, Bl 1 A
PABHOMOIITHBI, — ¥ HYKHO [I0Ka3aTh, YTO OHI PABHOMOIIIHLI MHOXKECTBY B, i,
YTO TO XKe camoe, Aj.

Teneps MBI MOKeM 3a0bITH PO MHOXKECTBO B I €ro IMOOMHOXKECTBa 1 JOKa-
3BIBATL Takol dakT: ecam Ay C Ay C Ay m As paBrOMOIIIHO Ao, TO BCe Tpu
MHOXKecTBa paBHOMOIIHBL (s enuHOOGpasus Mbl roBopuM Ay BMecTo A.)

[IycTs f — QyHKIMS, OCYIIECTBIISIONIAS B3ANMHO OIHO3HAYHOE COOTBETCTBIE
Ay — As (onement x € Ay coorBercTByeT snementy f(x) € Ay). Korma Aj me-
pexonuT B As, MeHBIIIee MHOXKECTBO A1 mepexomnT B KaKoe-TO MHOXKeCTBO Az C
C A (cm. puc. 3). AnamormusbiM o6pasoM camo As MepexomuT B HEKOTOPOEe
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MHOXKeCTBO Ay C Ay. Ilpu sTom Ay C As, Tak kaxk Ay C As.
[Tpomoimkast 5Ty KOHCTPYKIINIO, MBI HOJIy4YaeM yOBIBAIOIIYIO ITOCIEIOBATE -
HOCTBH MHOXKECTB

A03A13A23A33A43...

1 B3aUMHO OMHO3HAUHOE cooTBercTBHe f: A9 — Ao, Ipu KOTOPOM A; COOTBET-
crByeT A;io (uHOrma sTo 3amuceiBaior Tak: f(A;) = Air2). PopManbHO MOKHO
omucaThb As, KaK MHOXKECTBO TeX 3JIEMEHTOB, KOTOPHIE IOy YAI0TCS 13 KAKOTO-TO
pJeMeHTa MHOXKecTBa Ag moce n-kpaTHOTO TpuMeHenns GyHKnun f. AHamormd-
HBIM 00pasoM Asg, 1 COCTOUT U3 TEX U TOJBLKO TEX BJIEMEHTOB, KOTOPLIE IIOJIY-
YAIOTCS U3 KAKOrO-TO dJIeMeHTa MHOXKecTBa A mocie n-KpaTHOro MpuMeHEHMs
dyukIun f.

SamMeTuM, 4TO IepecedeHne BCeX MHOXKECTB A; BIIOJIHE MOXKET ObLITh HeIly-
CTO: OHO COCTOUT U3 TeX DJIEMEHTOB, ¥ KOTOPBIX MOXKHO CKOJIBLKO YTOIHO pas
6paTh f-mpoobpa3. Temeps MOXKHO CKa3aTh Tak: MHOXKECTBO Ag MBI pa3duin Ha
menepecekaroruecs cnon C; = A; \ A1 u Ha cepanesuny C = [, A;.

Crnou Cy, Cy, Cy, ... paBHOMOIIHBI (QYHKIWMS f OCYIIIECTBIISIET B3AUMHO Ofl-
HOo3HauHOe coorBeTcTBIEe MexkIy Co u Cy, mexny Co u Cy u T. 1.):

c, Lo, Lo L

To xe camoe MOXHO CKa3aTh PO CIION C HEYETHBIMI HOMEDaMMU:

o, Lo Lo L
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Ao"—'Cu +.Cln+ Cz+03+04+""+

|

A = Ci + Co + Cs + C4 + -+ +

Puc. 4

MoxHO eré oTMeTuTh (UTO, BIPOUEM, He MOHANOOUTCs), 4To dyHKuusA f Ha
MHOXKecTBe C' OCYIIIECTBIISET €r0 MepecTaHOBKY (B3ANMHO OMHO3ZHAUHOE COOT-
BETCTBUE C CAMUM CO0Oi1).

Teneps J€rko MOHATH, KAK MOCTPOUTH B3AUMHO OOHO3HAYHOE COOTBETCTBUE
g mexny Ay m Ay, Ilycrs x € Ay. Torma coorBercTByommit emy siemeHT g(x)
crpoutcst Tak: g(x) = f(x) mpu x € Co, u g(x) = x mpu & € Copyq wmn x € C
(cm. puc. 4). O

Teopema KanTopa— bepHITellHa 3HAUNTEIFHO YIPOIIAET MOKA3ATEIbCTBA
PaBHOMOIITHOCTH: HAIIPUMEDP, €CJIU MBI XOTUM J0Ka3aTh, 4TO OyOIMK U IIap B
MIPOCTPAHCTBE PABHOMOIIHBI, TO JOCTATOYHO 3aMETUTh, YTO U3 OyOJImKa MOXKHO
BBIPE3aTh MAJIEHbKUIT MIap (TOMOTETHYHBIN GOIIBIIOMY ), & U3 IIapa — MaJIeHb-
K1l OyOJuK.

BAOAYA 42. ITocmompume na npusedénmvie sviuwie 3adavu, 20e mpebosa-
A40Cb JOKA3AMb PABHOMOWHOCTND, U YOLOUMECH, UWMO 80 MHORUT U3 HUT NPUME-
newue meopemvl Kanmopa — Beprnwmetina cuabno ynpowaem deao.

SAIAYA 43. lokaxcume, umo 8ce 2eomempuueckue Guaypvl, codeprcaujue
roms Obl KYycouex npamot usu Kpusot, pasHoMOUHbL.

SAIIAYA 44. [loxaxcume, umo ecau keadpam pa3bum wa 066 MHONCECMBA,
mo Toms Obl 00HO U3 HUT PABHOMOWMO Keadpamy. (Yrazanue. Ecau odna u3
yacmet co0epHcum 0mpe3ok, Mo MOHCHO 80CNOALIOBAMbCI Meopemoti Kanmo-
pa— Beprwmetina. Ecau oce, craxcem, Nepsas uacmb He COOEPHCUM 0OMPE3K08,
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mo 6 KanHcAoM 20PUBOHMAALHOM CEUEHUU KBAIPAMA €CMb MOUKA 8MOPOT Ua-
CMU, U CHOBA MONCHO COCAAGMbCA Ha meopemy Kanmopa— Beprwmetina.)

SAIAYA 45. [lokaxcume, wmo ecau ompe3okx pazbum wna deée uacmu, mo
TomA 6bl 00HA U3 HUT PABHOMOULHA OMPEIKY.

To xe camoe MOKa3aTEILCTBO MOXKHO U3JIOKUTDL Gojlee abcTpakTHO (1 m36a-
BUTHCSI OT YIOMUHAHUS HATYPAIbHBIX dncen). Hamomumwm, aro f: A — Ag ecThb
B3aMMHO OIHO3HATHOE COOTBETCTBIE MEXKIY MHOXKeCTBOM A 1 ero momMHOKe-
cTBOM Ay, a A] — HEKOTOPOE TTPOMEKYTOUHOE MHOXKEeCTBO. HazoBéM MHOKECTBO
X C A xoporruM, eciu oHO comepxkuT A\ A 1 3aMKHYTO OTHOCUTEIBHO f, T. €.

X DA\ A)+ f(X)

(MBI BCIIOIB3YEM 3HAK + IUIsi OOBEIUHEHNsI, TIOCKOIIbKY OOBEeIUHIEMbIe MHOXKe-
CTBa 3aBENOMO He IIepeceKaloTcs). JIerko mpoBepuTh, UTO IHepecedeHne 000~
ro CeMeNCTBa XOPOIINX MHOXKECTB XOPOIIee, MOTOMY €CIIH MBI IIePecedéM BCe
XOPOIIINe MHOXKECTBA, TO TOJIY UMM MIHIMAJIFHOE [0 BKITIOUEHNIO XOPOIIIee MHO-
xectBo. Hazosém ero M. Jlerko mpoBeputs, uro muoxkecTBO (A \ A1) + f(M)
Oy[eT XOPOILINM, TO9TOMY B CHILY MUHUMAILHOCTH MV BKITIOUEHNE B ONPEIETICHUN
XOPOIIIET0 MHOYKECTBA, IPEBPAIIIACTCS B PABEHCTBO!

M = (A\ A)) + F(M).

Teneps Bcé ToTOBO mjist mocTpoenus oueknnu g: A — Aj. Ora Guekius coBma-
naetT ¢ [ BayTpu M u TOXmecTBeHHa BHe M.

BAIDAYA 46. IIposedume samo paccyxrcdenue nodpobno.

OTO paccyxaeHne ymnoOHO MPU MOCTPOCHUN aKCHOMATUUIECKON TEOPUU MHO-
KECTB, TaK KAK B HEM He HYXKHBI HATYpaJbHbIE Ynciia (KOTOpbIe CTPOSITCS Ha-
JeKo He cpasy). Ho mo cyiecTBy 5T0 TO ke caMoe pacCy:KIeHue, TOCKOIbKY M
ecte CoUCH U . ..

Temeps, nmes B Bumy TeopeMmy KanTopa— bepHimTeiina, BEpHEMCS K BOITPOCY
o cpaBHeHUU MortHocTer. 71 maHubIx MHOXKECTB A 1 B T€OpeTUIecKr nMer0TCsI
JeTHhIPE BOBMOXKHOCTH:

e A paBHOMOIITHO HEKOTOPOU YacTu I, a B paBHOMOIITHO HEKOTOpO# yacTu A.
(B sTom cimyuae, Kak MbI 3HA€M, MHOKECTBA PABHOMOIITHHI. )

e A paBHOMOIITHO HEKOTOPO# dacTu B, HO B He paBHOMOIIIHO HUKAKON da-
ctru A. B sTom ciyuae roBopsaT, uTto A umeem membuwiyro mouymocmo,
wem B.

e B paBHOMOIIIHO HEKOTOpPOH dacTu A, HO A He PaBHOMOIIIHO HEUKAKON Ua-
cru B. B sTom ciyuae roBopsaT, uTro A umeem 60AbwWY0 MOUHOCTDb,
wem B.
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e Hu A me paBHOMOIIIHO HUKaKOW dacTu I3, Hu B He PaBHOMOIIIHO HUKAKOM
qactu A. (D1oT cirygail Ha caMoM Iere HEBO3MOMKEH ).

SADAYA 47. [lokaxcume, umo CuEMHOE MHOHCECTBO UMEEM MEHDULYIO
MOUHOCTD, UeM A1000€e HECUEMHOe.

3AIAYA 48. Ilposepvme axkypammo, 4mo ecau A umeem MmeHbuLyr Mou-
nocmov, wem B, a B umeem menvwyro mownocms, wem C', mo A umeem menb-
wyro mowrocmy, wem C' (Mpan3umusrocms cpasrenus MowHocmet).

3aMeTuM, 4TO MBI y2Ke HOJITO TOBOPUM O CPAaBHEHHUU MOIITHOCTEN, HO BO3MEP-
JKBAEMCsl OT YIIOMUHAHUS MOIIIHOCTU MHOXKECTBA KaK CaMOCTOSITEIbHOTO O0b-
€KTa, & TOJIBKO CPABHUBAEM MOIITHOCTH PA3HBIX MHOXKECTB. B mpuHInme M0oxKHO
OBLIO OBI ONIPENETUTh MOIITHOCTD MHOXKECTBa A Kak KJTacC BCEX MHOXKECTB, paB-
HomorHbIX A. Taxue knaccewr njis MHOXKECTB A 1 B cOBIATAOT B TOM U TOIBKO
ToM ciy4dae, Korma A m B paBHOMOIIHBI, TaK YTO CJIOBA UMEIOT PABHYIO MOIII-
HOCTBL TIpuoOpenu O6bI OYKBaIbHBIA cMbICI. [IpobilemMa TyT B TOM, UTO TaKux
MHOXKECTB (PABHOMOIIIHBIX MHOXKECTBY A) CIIMIITKOM MHOTO, MOCKOIBKY BCE Ha
cBeTe MOXKET OBITH UX djleMeHTaMu. VX HACKOIBKO MHOTO, YTO 00pa30oBaThb U3
HIX MHOXKECTBO 3aTPYIHUTEBHO, 5TO MOXKeT IIPUBECTH K TapamokcaM (CM. pas-
men 6, c. 28).

W3 sToii cuTyaruu ecTh HECKOJBKO BBIXOMOB. CaMbIll TPOCTON — MO-TIPEK-
HEMY TOBOPUTH TOJIBKO O CPABHEHUM MOIITHOCTEN, HO HE O CAMUX MOIIIHOCTSX.
MoxkHO TakxKe BBECTHU TOHSTHE KJIAacca — TaKou OOJIBIIION COBOKYITHOCTHU O0h-
eKTOB, UTO €& yKe Hellb3sl CUNTATh SJIEMEHTOM IPYTUX COBOKYITHOCTEN (eC/in BhI
HIOHIMAETE, O UéM 51 TYT TOJIKYIO), I CINTATh MOIIHOCTBIO MHOXeCTBa A Kitacc
BCEX MHOXKECTB, paBHOMOIITHBIX A. Ei11é oqun BbIxom — mits kaxmoro A BeIOpaTh
HEKOTOPOE CTaHIAPTHOE MHOXKECTBO, PABHOMOIITHOE A, m Ha3BaTb €TI0 MOIIHO-
cThi0 MHOXKeCTBA A. OOBIYHO B KaueCcTBe CTAHIAPTHOTO MHOXKECTBa OEPYT MU-
HUMAJIbHBIN OPIUHAJI, PABHOMOIIHBIT A, — HO 5TO mocTpoeHue yxke Tpebyer
6ostee GOPMAIILHOTO (AKCHOMATUIECKOTO) OCTPOEHUSI TEOPUN MHOYXKECTB.

Tax win wnave, Mbl OyneM ymorpebisiTh obo3HadeHue |A| mist MOIHOCTH
MHOKeCTBa A X0Ts Obl KaK BOJIBHOCTE peunt: |A| = | B| o3nauaeT, 910 MHOXKECTBa,
A u B pasaomomnsr; |A| < |B| osHauaer, 4T0 A PaBHOMOIIIHO HEKOTOPOMY
TIOMIMHOXKECTBY MHOXecTBa B, a |A| < |B| o3nauaeT, 9T0 A mMeeT MEHBIIIYIO
MOIITHOCTE, 4eM B (cM. c¢. 24).

§6. Teopema KanTopa

Kraccuaeckuit mpumep HepaBHOMOIITHBIX OECKOHEUHBIX MHOYXKECTB (10 CUX IIOD
TaKoro mpruMepa y Hac He Obuto0!) maéT mumaroHasbHas KOHCTPYKIms KauTopa.
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TeEOPEMA 7 (KauTopa). Muosxcecmso beckoneunviz nociedosamesbrocmei
nyaet u edunuy Hecuémmo.

HokazarenbcTBo. [Ipenmonoxum, aro omo cuéTHo. Torma Bce mocaenoBa-
TeJILHOCTHU HYyJIel U eIUHNI MOXKHO IIePeHyMepoBaTh: (g, &1, ... CocTaBum bec-
KOHEUYHYIO BHU3 TabIUILy, CTPOKaMU KOTOPOU OyoyT HAIIIN MOCIEN0BATEILHOCTA:

Qp = CQpp Gp1 Qp2
a;p = 19 O11 (712
Qg = Q9 (a1 0922

------------

(epe3 ;; MBI 00O3HAUAEM j-1I WiIEH i-i mocienoBaTenbHocTn). Temeps pacemo-
TPUM TIOCJIENIOBATEILHOCTD, 0OPA30BAHHYIO CTOAIIINMI HA MUATOHAIN UJeHAMN
Qpo, 11, 99, . ..; €€ -1 WIEH eCThb (y; U COBHAMAET C i-M WIEHOM -1 MOCJIENO-
BaTEIBHOCTHU. 3aMEHUB BCE UICHBI HA MPOTUBOMOJIOXKHBIE, MBI IOy UNM ITOCIIE-
NOBATE/TLHOCTD (3, Y KOTOPOM

Bi=1-—ay,

TaK YTO MOCIIENOBATEILHOCTE (3 OTINMYAETCS OT JIIOOON U3 MOCIENOBATETHHO-
cTeil (v; (B TO3UINN 7) U IOTOMY OTCYTCTBYET B TabuIe. A MBI TIPENTOIOKIIIN,
4TO TabuIla BKIIOYAET B ceOsl Bce MOCIeNOBATEIbHOCTI — IpoTuBopeune. [

3 5T0it TEOpEMBI CIleyeT, YTO MHOXKECTBO R MefCTBUTENBHBIX dmucelt (KO-
TOpO€, KaK Mbl BUIEINU, PABHOMOIITHO MHOXKECTBY ITOC/IEOOBATEILHOCTEN HYJIEi
U eIMHAI) HeCYETHO. B wacTHOCTH, OHO HE MOXKET COBIANATH CO CUETHBIM MHO-
JKECTBOM ajireOpanvdecKnX Yucesl U IOTOMY CYIIECTBYET NeNCTBUTEILHOE YUCIIO,
He SIBJIIOIIEECs airebpandeckuM (He sIBIISIFOIIeecs: KODHEM HUKAKOTO HEHYJIeBO-
IO MHOTOYJICHA C IeJIOUNCIeHHBIMU KOdbduinerTamn). Takue qucia Ha3bIBAIOT
MPAHCYEHOEHMHBLMU.

K momenTy cosmarms KanTopoMm Teopmm MHOXKECTB yikKe OBIIIO W3-
BECTHO, UTO TaKWUe YNCiIa CyIecTBYIOT. [lepBbIil mpuMep Takoro uu-
cita mocTpomi B 1844 romy dpanmy3ckuit maTemMaTuk 2K. JInyBusib.
OH mokasaji, 9YTO YHCJO, XOPOIIO NPUOIMKAEMOe PAITMOHAIBHBI-
MU, He MOXKeT ObITh ajrebpamdeckuM (TakoBO, HAIPUMED, UHUCIIO
3(1/10™)). HokasaTembeTBo TeopeMbl JIMyBIIIIS He OUeHb CITOMKHO,
HO BCE-Takm TpebyeT HEKOTOPBIX OIEHOK IOTPEITHOCTU TMPUOIIIKe-
HIsI; Ha ero (oHe mokazaTelbcTBO KaHnTopa, omyOInKOBaHHOE UM
B 1874 romy, BBITJISOUT YHCTON BOOBI (POKycoM. OTa mybImKarims
ObLiTa TEpBOI pabOTOU O TEOPUU MHOXKECTB; B €€ TIEPBOM ITaparpa-
(e moxaszbIBaeTCs CUETHOCTH MHOXKECTBa ajreOpandecKmx Ymced,
a BO BTOPOM — HECUYETHOCTH MHOYXKECTBa NENCTBUTEIbHBIX ULCE.
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(O6iriee ompemnesnenne paBHOMOIITHOCTH OBbIIO MAaHO KaHTOpOM Juilb
Uepe3 TPU TOMa, OMHOBPEMEHHO C HOKAa3aTeIbCTBOM PaBHOMOIITHO-
CTH TIPOCTPAHCTB PA3HOIO UMUCJIa M3MEPEHUH, O KOTOPOM MBI yKe
TOBOPMIIIL. )

OTmeTuMm KcTaTH, 9TO B TOM ke 1874 romy GpaHIly3CKUI MaTe-
MaTuk III. OpMuT mokasas, YTO OCHOBaHHE HATYPAJIbHBIX JOrapud-
MOB € TPaHCIEHIIEHTHO, a Yepe3 BOCEMb JIeT HEMENKUN MaTeMaTUuK
@. JIluamemaH mokasaJ TPAHCIEHIEHTHOCTb YKUCIA T U TEM CaMbIM
HEBO3MOYKHOCTHU KBAIIPATYPHI KPYTA. )

SAIAYA 49. Ilokaxrcume, wmo awboe 3amxuymoe muoxcecmeo A C R au-
60 KOHEUHO, AUOO CUEMHO, AUOO UMEEM MOWHOCTNG KOWMUKYYMa. (YKazanue.
Paccmompum mnoscecmeo B C A, cocmoswee u3 mexr mouex muwoxrcecmea A,
8 M10001 0KPECMHOCTU KOMOPLIL HECUEMHO MH020 Ipyeuxr mouek u3 A. Ecau
B nycmo, mo A koneuno uau cuémuo. Ecau B nenycmo, mo ono 3amknymo u
He UMEET UB0AUPOBAHHBIL TNOUEK. )

OTa 3amada MOKa3BIBAET, UTO IS 3aMKHYTHIX ITOIMHOXKECTBO IPSIMOI Bep-
Ha TUIOTe3a KOHTUHYYMAa, YTBEPXKIAOIIASL, ITO JI000Ee TOIMHOKECTBO IPSIMOI
b0 KOHEUHO, 6o cuéTHO, mubo pasromorso R. (KanTop, mokasapumit 5ToT
daxT, paccMaTPUBAJI €r0 KaK IEPBHIH IIar K I0KA3aTeIbCTBY TUIOTE3b KOHTU-
HyyMa IJIst O0IIero CiIyvast, HO U3 9TOr0 HUYEro He BBIIILIO. )

Beprémest ¥ auaroHaIbHON KOHCTPYKIuK. MBIl 3HaeM, 9TO MHOXKECTBO MOCTIE-
MOBATENILHOCTEN HYJEH W eIMHUI PABHOMOIIIHO MHOXKECTBY IMOIMHOXKECTB Ha-
TYPAIIBHOTO Psifa (KaXIOMYy HOAMHOXKECTBY COOTBETCTBYET €0 XapaKTePICTH-
YecKasl MOCIIeOBATENIBHOCTD, ¥ KOTOPOIl €OWHUIBI CTOST HA MECTax U3 5TOTO
nogMHOXKecTBa). [losToMy MOXKHO mepedopMyIHpPOBATE 9Ty TEOPEMY Tak:

MmuoxectBo N HE paBHOMOIIIHO MHOXECTBY CBOHX HOLMHOXECTB.
JlokazaTenbCTBO Takke MOXKHO IIIAr 34 [IArOM [IEPEBECTH Ha TAKOI SI3BIK: IyCTh
OHI PABHOMOIITHBI; TOTZIa €CTh B3AMMHO OTHO3HATHOE COOTBETCTBHE | — A; Mex-
Iy HATYDPAIBHBIMU YUCIIAME U IOIMHOXKECTBAMU HATypajbHOro psma. uaro-
HAJIbHAS TIOCTIENOBATEIHLHOCTD B 9TUX TEPMUHAX [MPENCTABIIET COOOM MHOKECT-
BO TeX {, I KOTOPBIX ¢ € A;, a MOCIenoBaTENbHOCTD (3, OTCYTCTBOBABIIAS B
IepEINCIIeHnN, Teneps Gyner ero momomaerueM (B = {i | i ¢ A;}).

[Ipu 5TOM OKa3BIBAETCS HECYIIIECTBEHHBIM, ITO MBI IMEEM [EJI0 ¢ HATYDPAIIb-
HBIM DSIIOM, I MBI IPUXOOUM K TAKOMY YTBEDKICHIIO:

TEOPEMA 8 (o6rmas dopmymupoBka Teopembl Kantopa). Hukakoe muodnce-
cmBo X He PasHOMOUMHO MHONCECTNEY BCEL CEOUL NOOMHONCECTS.

Hoka3zaTesbecTBO. [IyCcTh (0 — B3aMMHO OMHO3HAYHOE COOTBETCTBUE MEXKIY X
u MHO)KecTBOM P(X) Beex monMHOKecTB MHOXKecTBa X . PacemoTpuum Te semMen-
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Thl £ € X, KOTOpble HE NMPUHAIIEXKAT COOTBETCTBYIOIIEMY UM TOAMHOXKECTBY.
[IycTts Z — 0obpa3oBaHHOE UMHU MHOXKECTBO:

Z={zeX|z¢ep)}
IlokaxkeMm, ITO MOOMHOXKECTBO Z HE COOTBETCTBYET HUKAKOMY 3JIEMEHTY MHO-
xectBa X. IlycTh 5T0 He Tak u Z = (z) Iy HEKOTOPOTO sieMeHTa 2 € X.
Torna
zel e z¢dp(z)o2¢ 7

(mepBoe — 10 TIOCTPOEHMIO MHOKECTBA 7 , BTOPOE — IO MPEIIIONOKEHUIO ¢ (2) =
= 7). llomyuennoe mpoTUBOpeUNne MOKA3LIBAET, YTO Z NEACTBUTEIIHHO HIIEMY
HE COOTBETCTBYET, TaK UYTO (p HE B3AMMHO OITHO3HATHO. []

C mpyroii, cTOpoHBI, 1000€ MHOXKECTBO X DPaBHOMOIIIHO HEKOTODOW YacTH
muoxkectBa P(X). B camom mene, kaxkmomy smemeHTy © € X MOXHO MOCTa-
BUTH B COOTBETCTBHE OTHO3JIEMEHTHOE MOomMHOXkecTBO {x}. IlosTomy, Bemomu-
Hasl OIPENEeNICHNe CPABHEHUST MHOXKECTB IO MOITHOCTH (C. 24), MOXHO CKa3aTh,
YTO MOIITHOCTH MHOXKeCTBa X Bcerma MeHbIle MOIHOCTH MHO)KecTBa P(X)

3AOAYA 50. Hoxaxcume, umon < 2" dag ecex namypasvnvizn = 0,1,2, ...

B moxazarenbcTBe TeopeMbl 8 KaHTOp BMECTO OMMHOKECTB PaCcCy-
XKOaa 0 QYHKINAX, TpuHIMaionmx 3Haderus 0 m 1.

Ha camom mese MBI yke mpubAM3MINCH K OMACHON T'paHUIlE, KOTIa HATJIISII-
HBIE TTPENCTABIIEHNST O MHOXKECTBAX MPUBOMAT K MPOTUBOPeUno. B caMoM mere,
pPacCMOTPUM MHOXKECTBO BCeX MHOXKeCTB U, sjmeMeHTaMu KOTOPOTO SIBIISIOTCS
BCe MHOXKECTBa. 10rma, B YaCTHOCTH, BCe TOMMHOXKECTBa MHOXKecTBa U OymyT
ero siaementamu, u P(U) C U, uTo HeBO3MOXKHO 1o Teopeme KauTopa.

OTO paccykKIOeHue MOXHO Pa3BepHYTh, BCIIOMHUB HOKA3aTEIbCTBO TEOPEMBI
KarTopa — momyunTcs Tak Ha3bIBaeMbIN Tapanokce Paccema. BoT xax ero oObru-
HO U3J1aratoT.

TunugHble MHOXKECTBa HE SBJSIOTCS cBomME djeMeHTamu. (CkaxkeMm, MHO-
YKEeCTBO HATYPaJIbHBIX duces N caMo He SIBIIeTCs HATYPAITbHBIM YUCIOM U TTOTO-
My He OymeT cBouM djieMeHToM. OMHAKO B IPUHITATIE MOXKHO ceOe IPeNCTaBUTh 1
MHOXK€ECTBO, KOTOPO€ SBJSIETCS CBOMM 5JIEMEHTOM (HAIPUMED, MHOXKECTBO BCEX
MHOKeCTB). Ha3oBéM Takme MHOXKeCTBA HEOOBIYHBIMEI. PacecMOTpuM Termeps MHO-
YKECTBO BCEX OOBIYHBIX MHOXKECTB. bynet i ono o6brunbiM? Ecimun oo 0ObIUHOE,
TO OHO SBJISIETCSI CBOUM BJIEMEHTOM U TIOTOMY HEOOBIUHOe, 1 HaobopoT. Kak xe
Tax?!

MonudurnmpoBanHas Bepcus 3TOTO MapaaoKca TaKoBa: OyneM Ha3bIBaTh MPU-
JaraTeibHOE CAaMOIPUMEHNMBIM, €CIII OHO 00JIafaeT ONUCHIBAEMBIM CBOMCTBOM.
Hampumep, mpunaraTenbHOe PyCCKUT CAaMOITPUMEHIMO, & TpuilaraTeIbHoe IIn-
HSIHBIN HeT. [[pyroil mpuMep: mpuiaraTeabHoe TPEXCIOKHBIN CAMOIPUMEHIIMO, a
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NBYCHOXKHBIN HeT. Temeps Bompoc: OymeT u npumiIaraTebHOEe HeCaMOITPUMEHN-
MBIt camonpuMeHuMbIM? (J[F0601 OTBET 0YEBUIHO TPUBOAUT K TPOTUBOPEYIMIO. )

OTcrona HEmaieko 0 IMMPOKO M3BECTHOIO MapamdoKCa JIKera, TOBOPSIIEro s
JITY, WA 0O UCTOPUU O COJIaTe, KOTOPHIN NOTXKEH OIS OpUTH BCEX COJIAAT OTHON
C HUM 4YacTH, KTO He OpeeTcst caM U T. II.

Bospparrasck K TeOpUnm MHOXKECTB, MBI 00sI3aHBI IaTh cebe OTUYET B TOM,
YTO TIJIOXOTO OBIJIO B PACCYXKIEHUSIX, MPUBEOINX K mapanokcy Paccena. Bompoc
ATOT IAJIEKO He IPOCTOU, 1 €ro 00CYKOeHNEe aKTUBHO II1JI0 BCIO IIEPBYIO IMTOJIOBUHY
20-ro Beka. I'Toru sToro obcy)neHus mpudbIn3nTeTbHO MOXKHO C(hOPMYITTPOBATH
TaK:

e [[oHATHE MHOXKECTBa HE SBIISIETCS HEOCPEICTBEHHO OYEBUIHBIM; Pa3HBIE
monu (1 HAyYHBIE TPAMUIIAN) MOTYT MOHUMATDL €r0 MO-Pa3HOMY .

e MuoxecTBa — CIUIIIKOM abCTPAKTHBIE OOBEKTHI OJII TOrO, YTOOBI BOIIPOC
a uTo Ha caMoM mesie? uMen cMmbici. Hampumep, B pabore KanTopa 1878 ro-
na OblIa cHOPMYIUPOBAHA KOHMUHYYM-2UNOMEIA: BCIKOE TTOIMHOXKECTBO
oTpe3ka aubO KOHEUHO, TUO0 CUETHO, JUOO PABHOMOIITHO BCEMY OTpPE3-
Ky. (Ipyrumu cioBamu, MeXITy CIETHBIMU MHOKECTBAMUI U MHOXKECTBAMU
MOIITHOCTH KOHTUHYYM HET IPOMEXYTOUHBIX MoIHOCTel). KanTop Hamm-
cajl, ITO 3TO MOXKET OBITH MOKA3aHO C MOMOIIIBI0O HEKOTOPOTO METOIa MH-
NYKIIWN, B U3JI0KEeHEe KOTOPOro MBI He OyIeM BXOOUTH 3IeCh MOIpPOOHee,
HO Ha CAMOM Jejle OKa3aTh 3TO eMy He yIajioch. bojiee TOro, mocTerneH-
HO CTaJIO SICHO, UTO yTBEPXKIEHNE KOHTUHYYM-TUTIOTE3bl MOXKHO CUNTATH
MCTUHHBIM UIN JOXKHBIM, — IIPU 3TOM TOJYYaIOTCs pa3Hble TEOPUU MHO-
JKECTB, HO B OOIIIEM-TO HU ONHA U3 3TUX TEOPUU HE JIyUIle OPYTOil.

TyT ecTb HEKOTOpasi aHAJOTUS C HEEBKJIMUIOBON reomeTpueint. Mbr Mo-
KEM CUMTATH MATHINA mocTynaT EBkiauna (uepes MaHHYIo TOUKY MTPOXOMUT
He 6oJIee OHOI MIPSIMON, TTAPAJIIENIBHOIN NAHHO) HCTUHHBIM. Torma mory-
YNTCsI TEOMEeTPHsI, Ha3bIBaeMas €BKIINAOBON. A MOXKHO IPUHATH B KAUECTBE
AKCIOMBI TPOTUBOIIOJIOXKHOE YTBEPKIEHNE: Yepe3 HEKOTOPYIO TOUKY MOXK-
HO TPOBECTU NBe Pa3INYHbIE MIPSIMbIe, TapasljieIbHble HEKOTOPOUW TPSIMOIA.
Torma momyauTcss HEEBKINIOBA T€OMETPUS.

Bompoc o ToMm, eBKInmoBa uiIM HEEBKJIMOOBA F€OMETPUS IIpPaBU/IbHA Ha
caMOM [eJie, ecii BOOOIIe MMeET CMBICIT, He SIBJISIeTCSI MATEMATUIECKAM —
cKopee 00 ATOM CileflyeT CHpalnBaTh GU3NKOB. K Teopuu MHOXKECTB 3TO
OTHOCHUTCS B eIl GOJbIlel cTenenu, u passe uto teosorus (Kaurop meomn-
HOKPATHO 00CYK1aJl BOIPOCKHI TEOPUN MHOXKECTB € TPodeccuoHaIaMu-TeO-
joraMu) Morjia Obl B IPUHITAIE TPETEHI0BATH Ha OKOHYATETBHBIN OTBET.

e Flcmm MBI XOTUM pacCyX)OaThb O MHOXKECTBaxX, He BHamas B IIPOTUBOPE-
Uns, HYXKHO IIPOSIBIISTH OCTOPOXKHOCTH U M30eraTh ONpPeNesIEHHBIX BUIIOB
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paccyxknenuii. Besonacubie (1o kpaiiHeil Mepe Mmoka He MPUBEIIne K IPo-
TUBOPEUNIO) TpABUIa OGPAIEHNs CO MHOXeCTBaMu CHOPMYIUPOBAHBL B
AKCHOMATHIIECKON Teopun MHOXKeCTB ((hopMaiibHast Teopus ZF, HazBanHas
B yecTh llepmesio u @penxens). Ilo6aBuUB K 5TOi TeOpUU aKCHOMY BEIGODA,
nosryuaeM Teoputo, HazsiBaemyio ZFC (choice mo-anrmnuiicku — BBIGOD).
FEctb n npyrue, MmeHee TOMyIIpHBIE TEOPUN.

Omuako dhopMaibHOE MOCTPOEHNE TEOPUH MHOXKECTB BBIXOMUT 3a PAMKHU Ha-
mrero Kypca. [losTomy MBI orpaHmanMcs HehOpMATLHBIM OMTICAHTEM OTPaHIIe-
HUI, HaKJIaIbIBAEMBIX BO U30ekKaHWEe MPOTUBOPEUNI: HEJIB3s MPOCTO TaK pac-
CMOTPETH MHOXKECTBO BCEX MHOXKECTB UJIA MHOXKECTBO BCEX MHOXKECTB, HE SIBJIS-
IOIIIUXCS] CBOUMMU 3JIEMEHTAMU, TTOCKOJIBKY KJIaCC MOTEHIINAIbHLIX TPETEHIEHTOB
CAUIIKOM Heob0o3puM. MHOXKecTBa MOXXHO CTPOUTH JIMINL MOcTerneHHo. Harmpu-
Mep, MOXKHO 00pa30BaTh MHOXKECTBO BCE€X MOIMHOXKECTB HAHHOTO MHOXKECTBA
(axcuoma cmenenu). MoxHO pacCMOTPETH TIOIMHOXKECTBO JAHHOTO MHOXKECTBA,
06pa30BaHHOE DIIEMEHTAMIE C KAKUM-TO CBONCTBOM (axcuoma svideenud). Mox-
HO PacCMOTPEeTh MHOXKECTBO BCEX 3JIEMEHTOB, BXOMAIINX XOTsS Obl B OOUH U3
5JIEMEHTOB TAHHOTO MHOXKECTBa (aKkcuoma cymmbl). ECTh U npyrue akCHOMBI.

WN3maras cBemeHuss m3 TEOPUU MHOXKECTB, MBI OYIIEM CTapaThbCs IEPKATHCS
MofasIbIlle OT OMAaCHOU YepThl, M YKa3bIBATh Ha OMMACHOCTH B TE€X MecTax, KOTma
BO3HUKHET UCKYIIIEHNE K DTON UepTe Mpubam3uThes. [loka aTo Takoe MecTo OBIITO
OIIHO: TIOMBITKA OMPEHEINTE MOIITHOCTH MHOXKECTBA KaK KJ1acc (MHOXKECTBO) BCEX
PABHOMOIIHBIX €My MHOKECTB.

§7. OyHKIIAN

Ho cux mop MBI CTapaanch OrPAHUUNBATLCSI MUHEMYMOM (HOPMAILHOCTEN
1 TOBOPU/IN O GYHKINAX, UX apryMeHTax, 3HAUEHUSIX, KOMIIO3UIINKN 1 T.II. 6e3
MONBITOK MaTh ompenmesieHus >Tux noHsTnit. Ceirdac Mbl mamnM GOPMaTbHBIE
OIIPeIeIeHIS.

[Tycts A m B — nBa MHOXecTBa. PaccMOTprUM MHOXKECTBO BCEX YIIOPSIOUEH-
HBIX Tap (a,b), tme a € A u b € B. DT0 MHOXKECTBO HA3BIBAETCS JeKaApPMOBbIM
npouzeedenuem MuoxkectB A u B u obosmauaercs A X B. (K Bompocy o Tom,
YTO TaKOe YIOPSIOYeHHAs Tmapa, Mbl eIé BepHEMcs Ha ¢. 34.)

JTroboe mommuoxkecTBO R MHOXKecTBa A X B HA3BIBAETCS 0MHOULEHUEM MEKITY
MuHOXKecTBaMmu A u B. Ecitm A = B, roBopsaT 0 6UMapHOM OMHOULEHUY HA MHO-
x)ectBe A. Hampumep, Ha MHOXeCTBe HATYPAJIbLHBIX YNCET MOXKHO PACCMOTPETh
OUHAPHOE OTHOIIEHNE ObITH IeIuTeNeM, OOBIYHO 0003HaUaeMoe cuMBoJIoM |. To-
rIa MOXHO B HpuHNume Obuto 6l HanucaTh (2,6) € | u (2,7) ¢ |. O6biuHO,
OIHAKO, 3HAK OTHOIIEHUS MUIIYT MeXITy obbekTamu (Hampumep, 2(6).
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3AIAYA 51. Bonpoc dag camoxonmpoad: omuowenud 6bimsb deaumenem u
deaumvbca Ha — Mo 00HO U MO HCE OMHOWEHUE UAU Pa3Hble? (Omeem: KO-
Heuno, pasuble — 8 Ynopadouennol nape nopadox cyuecmeen. )

Ecaun aprymenTamMu QyHKIIUN SBIISIOTCS SJIEMEHTHI MHOXKECTBa A, a 3Haue-
HISIMI — 5JIEMEHTBI MHOXKECTBa B, TO MOXHO pacCMOTPETh OTHOIIIEHIE MEXK-
ny A u B, cocrosiiee u3 nap suna (z, f(x)). [lo amanoruu ¢ rpadukavu dyHK-
I Ha TJIOCKOCTU TAKOe MHOXKECTBO MOXKHO Ha3BaTh rpaduroMm ¢yuknun f. C
(hOpMAIBLHON TOYKM 3PEHUs, OOHAKO, yIoOHee He BBOOUTH OTIEIBLHOTO HEOIpe-
MeJIIeMOTO TTOHSITUS (DYHKITMH, & BMECTO TOTO OTOXKIECTBUTH (DYHKIUIO C eé
rpaduKoM.

Otnomrerne FF C A X B naswiBaetcs gyuryuet us A 6 B, eciu oHO He co-
IEPKUT Tap ¢ ONMHAKOBLIM IEPBBIM UIEHOM U Pa3HBIMEU BTOPBIME. pyrumun
CIIOBAMM, 5TO O3HAYAET, YTO IJIs KaXKIoro a € A cyiiecTByeT He 60jee OIHO-
ro b € B, npu kotopom (a,b) € F.

Te snemenTsl a € A, i1 KOTOPBIX Takoe b CyIecTByeT, 00pa3yioT 006.4acmb
onpedeaenus yukimu F. Ona obozuauaercs Dom F' (ot arrmnuiickoro ciosa do-
main). [lns mo6oro smemerTa a € Dom F' MOXHO OmpenenuThb 3nauerue QyHK-
1n F' Ha aprymenTe @ (B TOUKe @, KaK WHOTIA TOBOPSIT) KAK TOT eINHCTBEHHbII
sneMeHT b € B, miis kotoporo (a,b) € F. DTOT 5/IeMeHT 3amuchBaloT Kak F(a).
Bce Takue simemMeHTHI b 00pa3yioT muoxicecmeo 3nauenuti pyukiuu F', koTopoe
obosnauaercs Val F.

Ecnu a ¢ Dom F', T0 roBOpsT, 94TO QYHKIUS He onpedetena Ha G. 3aMEeTuM,
UTO IO HaIleMy onpenenennio Gyuknus n3 A B B He 006si3aHa OBITH ONMpeneeHa
Ha BCEX SJIEMEHTaX MHOXKeCTBa A — e€ 00/IacThb OIpenee st MOXKeT OBbITh JTHO-
OBbIM TTOMMHOXKECTBOM MHOXKeCcTBa A. CHUMMeTPpUIHBIM 00pa3oM MHOXKECTBO €€
3HAUEHUN MOXKET He COBIAIaTh C MHOXKECTBOM B.

Ecnu obnacts onpenenenus dyuknuu f u3 A B B coBnamaer ¢ A, To muIryT
f:A— B.

[Tpumep: moawcdecmeennas dyuxnus idy: A — A mepeBonuT MHOX)eCTBO A
B cebs1, mpuuéMm id(a) = a mst moboro a € A. OHa mpencTasiseT cOGON MHO-
xKecTBO map Buna (a,a) miusa Bcex a € A. (Uumexke A B id4 uHOTHA OmycKaroT,
eCJIN SICHO, O KAKOM MHOXKECTBE UIOET Pedb.)

Komnozuyueti nByx dyuknuii f: A — B u g: B — (' Ha3wpBaoT QyHKIIO
h: A — C, onpenenéunyto coorrorenueM h(z) = g(f(x)). Ipyrumun cmoBamu,
h mpencraBisgeT coboli MHOXKECTBO IIap

{{a,c) | {a,b) € f u (b,c) € g nna mexkoToporo b € B}.

Kommnosunus dyukuunit o6o3uadaercs g o f (Mbl, Kak 1 B GOJIBIIMHCTBE KHUT,
IUIIIEM CTIpaBa QYHKIMIO, KOTOPAs IPUMEHSETCS ePBOil ).
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OueBumno, KoMOo3umus (Kax omeparust Hall QYHKIUSIMEI) ACCOIMUATUBHA, TO
ectb ho(fog) = (ho f)og, MOSTOMY B KOMIIO3UIINE HECKOJILKIX MOMPSI WYX
(pyHKIUN MOXKHO ONyCKaTh CKOOKM.

[Ilycty f: A — B. Ilpoo6pazom nonvuoxectBa B’ C B Ha3bIBAeTCS MHO-
KECTBO BCex dyeMeHTOB = € A, myst xoropwix f(x) € B'. OHo obo3nauaer-
ca fH(B'):

fU(B)={zreA| f(x) e B'}.
O6paszom vuoxectBa A’ C A Ha3BIBAETCS MHOXKECTBO BCEX 3HAUCHUN QyHKINN f
Ha Bcex sreMeHTax MHOXKecTBa A’. Ono obosnauaercs f(A'):

f(A) ={f(a)|ac A} =
= {be B| {(a,b) € f nna mekoroporo a € A'}.

Crporo rosopst, o6o3uauenune f(A’) mMoxer mpuBecTn K myTanure (OIHU U Te
»Ke KPYTJIble CKOOKM YIOTPEeOIAIOTCS U I 3HAYCHUS (DYHKIMN, U IS 00pasa
MHOXKECTBA), HO OOBIYHO SCHO, YTO UMEETCS B BUILLY.

SAIAYA 52. Kaxue u3 caedyouur pasencmes 8epbl?
fA'NA") = f(A) N f(A");

f(AUA") = fA) U f(A");

fANAY) = A\ F(AY);
fB'nB") = (BN fY(B");
fB'UB") = fY(B)Uf (B,
fHBN\B") = fH(B)\ fY(B");

FHf(A)) C A

fTHFAN) D A

f(f7Y(B") c B;

f(f74(B") > B;

)

(3decv f: A—B,g:B—C,A,A"CA, B B"CB,C'"cC.)

Nuorma BMecTo QyHKIWIA TOBOPIT 06 OTOOpaXKeHUsX (pe3epBUpYs TEePMUH
GyHKIUSA 11 0TOOPaKEeHWI ¢ YUCIOBBIMU apryMeHTaMU U 3HAaYeHusMu). Mol
He OyIeM CTPOro NMPUAEPKUBATHCSI TAKUX Pa3IMUUil, yIOTPeOsIss clIoBa OTO-
OpaxeHnue n GYHKIUS KaK CUHOHUMBI.
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Oyukrus f: A — B Ha3bIBaeTCA UHBbEKMUESHOU, W UHDEKYUET, U 640~
JHCENUEM, ECTTI OHA TIEPEBOUT PA3HBIE 5JIEMEHTHI B Pa3Hble, TO eCTh ecin f(ay) #
# f(ay) TIpu pa3NIUYIHBIX a1 U 3.

dyukrus f: A — B Ha3bIBaeTCs COPbEKMUBHOU, WITN CIOPbeRyuet, I Ha-
AOHCEHUEM, ECTI MHOKECTBO eé 3HaueHuit ecthb Beé B. (Muorma takue GyHKImMn
Ha3BIBAIOT 0MOOPaNHceHuImy na B.)

Otu nBa onpemneneHns 60Jiee CUMMETPUYHBI, YeM MOXKET TTOKA3aThCs HA Mep-
BBIN B3TJIAM, KAK MOKA3LIBAIOT TAKWE 3aIauMu:

3AOAYA 53. Hoxaxcume, umo dynxyug f: A — B geagemca eaodxcenuem
moezda u moavko moezda, xKoeda ona umeem JEBYIO 0OpaTHYIO ynkyu g: B —
— A, mo ecmb pymnryuto g, dag komopot gof = ida. Horaxrcume, umo pymwryusg
f: A — B geagemca nansoxcenuem moza0a u moavko moada, K020a oHa uMmeem
mpaByo obpaTHyio pynukyuto g: B — A, dag xomopoi f o g =idp.

SAIAYA 54. [loxaxcume, wmo pynxyug f: A — B geagemcsa ea0xcenuem
mozda U MoAbko mo2da, Ko20a Ha HEeE MONCHO COKPAULAMb CACBQ: U3 PABEH-
cmea fo g = fogs caedyem pasencmeo g1 = go (0ad a0bvir Gynrkyuil gy,
g2, obaacmu 3nauenuti Komopwvir codepacamesa 6 A). Howxaxcume, umo dymk-
yug f: A — B geagemcd nasoxcenuem mozda u moavko moada, xkoeda na Heé
MONCHO COKPAWAMb CNPABa; U3 pasencmea g1 0 f = g o f caedyem pasencmeo
g1 = go (Oag aobviz Pynkyul g1, g2, 0baacmy onpedesenud Komopuix ecmy B ).

Orobpaxkenue (byukuus) f: A — B, KOTOPOe OMHOBPEMEHHO SIBIISIETCS UHbB-
eKITell U CIOPBEKIUEN (BIOKEHNEM U HAJIOXKEHUEM ), HA3BIBACTCS OueKyuel, iTn
B3aMHO OMHO3HAYHBIM COOTBETCTBUEM.

Ecmu f — 6mexnus, TO cyIiecTByeT obpamuad dyHKIUS f !, mas KoTopoit

flly) =z & f(z)=yv.

3AIAYA 55. Moeym au 0ag mexomopol Gynkuyuu 4e6ag U Npasas o6pam-
HblE CYUWECMB0BAMY, HO ObIMb PA3AUUHDLY

Hamomunm, uto MuOXKecTBa A 1 B paBHOMOIIIHEI, €CJIU CYIIIECTBYET OMEKITNsI
f: A — B. B xakom ciyuae cyiiecTByeT uHbekims (Biaoxkenue) f: A — B?
JIerko MOHSTH, YTO BIIOXKEHUE SIBISETCS B3AMMHO OTHO3ZHAUYHBIM COOTBETCTBUEM
MEXITY A 1 HEKOTOPBIM MOMMHOXKECTBOM MHOXKECTBa B, MOSTOMYy Takoe BITOXKe-
HIE CYIIIECTBYET TOTMIa U TOJBKO TOTMa, KOrma B B ecTh MOIMHOXKECTBO, paB-
HOMOIITHOE A, T. €. Korma MOIIHOCTb A He TPeBOCXOAUT MOIIHOCTU B (B cMbICIe
OIpeMesIeH s, TAHHOTO B pasmere 5).

YyTh MeHee OUeBHUICH OPYTON pe3ylbTaT: HajoxeHue A Ha B cylecTByeT
TOTA U TOJILKO TOTIA, KOTIa MOIIHOCTE B He TPeBOCXOMUT MOITHOCTH A.
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B camom meme, mycths Hastoxenme f: A — B cymecrByer. s xaxkmoro
sreMenTa b € B HalnéTest XoTs Obl onuH s5ieMeHT a € A, mist kotoporo f(a) =
= b. BeiGpas 1o omHOMY TAKOMY 3JIEMEHTY, MbI IIOJTy 9iM moaMHoxkecTBo A' C A,
KOTOPOE HAXOOUTCS BO B3aUMHO OMHO3HAYHOM COOTBETCTBUU C MHOXKECTBOM 3.
(3mech cHOBa UCMIOIIB3YETCS AKCMOMA BBIOOPa, 0 KOTOPOIl Mbl TOBOPIIIK Ha C. 15.)

B o6paTHyIO0 CTOPOHY: eciim Kakoe-To monMHOxkecTBo A’ muoxecrsa A pas-
HOMOIIIHO MHOXKecTBY B u umeerca oueknus g: A — B, To majgoxenue A na B
MO2KHO IOJIy YU Th, JOOIPENEINB 5Ty OUEKINIo Ha daeMeHTax BHe A’ kaxuMm yromn-
HO 0Opa3oM.

3ADAYA 56. Hatidume owubry 6 amom paccyrcoenuu, He yumasd 0atbuie.

Ha camom nene Takoe mpomomkeHne BO3MOXKHO, TOJTBKO ecin B HemycTo, Tax
YTO MPaBWIBHOE yTBEPXKIEHHNe 3ByUYNT Tak: HajoxkeHume A Ha B cylmecTByeT
TOJTBKO W TOJIBKO TOTMA, KOTMa 3 HemyCcTO 1 paBHOMOIITHO HEKOTOPOMY TTOMMHO-
x)ecTBy A, miau xkorma o6a MHOXKECTBA IIyCTHI.

B Haimem m3I0)KeHnn OCTaETCs eIé OMUH He BIIOJTHE MMOHATHBIA MOMEHT: ITO
Takoe yropsmodenHas mapa? HebopmaabHO TOBOPs, 5TO crocob u3 IBYX 00BHEK-
TOB X 1 Y 00pa30BaTh ONUH OOBEKT (T, Y), IPUUEM DTOT CIIOCOO 00JIANAeT TAKIM
CBOIICTBOM:

(T1,y1) = (T2,12) & T1=1To 1 Y1 = 1.
B mpuHImMme, MOXHO Tak W CUNTATH MOHATHUE YIOPSIIOUYEHHON Maphl HEOIpere-
JIsIEMBIM, & 9TO CBOUCTBO — akcumoMon. OmHako mpu (GopMaIbEHOM IMOCTPOCHUN
TEOPUN MHOXKECTB YIOOHO MCIOJIB30BaTh TPIOK, MPUAYMaHHBIA MOJIBCKAM Ma-
TeMaTKOM KypaToBckuM, 1 m36exKaTh MOSBIEHUS OTIETHEHOTO TOHITHS YIIOPSI-
nouenson napel. (Hamomuum, uto {x} o6o3HaUAET MHOXKECTBO, €INHCTBEHHBIM
5JIEMEHTOM KOTOPOTO SIBIIAETCS X, a {x,y} 00603HAUAET MHOKECTBO, KOTOPOE CO-
NEPXKUT T U Y U HE CONEPKUT APYrux simeMeHToB. Tem camem {z,y} = {z} =

={y}, ecmu x = y.)

TEOPEMA 9 (Ymopsimouennas napa o Kyparosckomy). Onpedeaum (z,y)
kax {{x},{x,y}}. Toeda evinoaneno yxazannoe eviwe c680UCMBEO:

(T1,y1) = (T2, 4p) & 1 =122 U Y1 = VY.

Hoka3aresnbeTBo. [Iycrs (r1,y1) = (X2, ys2). Ilo onpenenenuo 510 03HAUAET,

ey {e gy = {{e), {22, 923 )

Temepb HYX)HO aKKypaTHO pa3obparh ciydan (He myTas mpu 5ToM = ¢ {T}).
D10 ymobHO memaTh B clemylomeM mnopsamke. IlyeTh cHagamna x1 # y;. Torma
MHOXKECTBO {Z1, %1} COCTOUT W3 MABYX DJIEMEHTOB. Pa3 OHO MPUHAIIIEKUT JIEBOI
YaCTU PABEHCTBA, TO MPUHAMIEKUT U MPABON. 3HAUAT, OHO PaBHO Jubo {Ts},
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60 {zs,ys}. IlepBoe HEBO3MOXKHO, TaK KakK MIBYXDJIEMEHTHOE MHOXKECTBO He
MOXKET ObITH PABHO OMHOYIIEMEHTHOMY. 3HAauuT, {x1,41} = {2, y2}. C mpyroi
CTOPOHBI, OIHOBIEMEHTHOE MHOXKECTBO {1} NPUHAMIIEKUT JIEBON YACTU PABEH-
CTBa, TIOSTOMY OHO TPUHAIJIEKUT U MPABOL, U MOTOMY paBHO {Zs} (MOCKOIBKY
He MOXKeT OBITh PaBHO AByxXdieMeHTHOMY). OTcroma ©1 = s U Y1 = Yo, 9TO U
TpebOBAJIOCh.

AHaIOrnIHO MOXHO pa3o0paTh CUMMETPUYHBIN CIIyYail, KOTIa Ty 7 io.

OcTalioch pacCMOTPETh CUTYAINIO, KOTHa L1 = Y1 U To = Y2. B 5TOM cityuae
{z1,y1} = {1} u moromy neBas wacTh mAHHOrO HaM paBeHCTBa ecTb {{xi}}.
Awnamornanbiv 06pa3oM, paBast ero 4acTh ecTh {{Ts}}, n moromy 7 = x5, Tak
YTO BCE YETBIPE DJIEMEHTA I, L2, Y1, Yo COBIAIAIOT. O

3aMeTuM, UTO BO3MOXKHBI U AIPYTHE OMPENe/IeHNs YIOPSIOYEHHON Taphl, s
KOTOPBIX AHAJOTUYHOE YTBEPKOEHNE BEPHO, TaK UYTO HUKAKOTO (PUI0COPCKOTO
CMBICJIa B 9TOM OIIpeNeIeHUN HET — 5TO MPOCTO YIOOHBIN TEXHUUYECKUU ITPUEM.

3AIAYA 57. Zlokaxcume ymaepacdenue meopemvbt 9 044 yIOpsIHOIEHHON ma-

pet 1o Bunepy: (z,y) = {{2, {z}}, {{y}}}-

§8. Omepammu HaJ MOIITHOCT AMHA

MOoIIHOCTI KOHEUHBIX MHOXKECTB — HaTypaJbHbIe YNCiIa, 1 UX MOXKHO CKJla-
ILIBATH, YMHOXKATh, BO3BOOUTEL B CTEINEHL. DTU ONEPAIME MOXKHO OGOOIIUTE 1
Ha MOIITHOCTU GECKOHEUHBIX MHOXKECTB, U [IEJIAeTCst OTO Tak.

[Tycts A u B — nBa MHOXecTBa. YTOOBI CJIOKUTH UX MOITHOCTH, HAIO B3SITh
MOIITHOCTE MHOXkKecTBa AU B, eciu A u B He mepecekaioTcs. Ecin onu mepece-
KalOTCsI, TO UX HAO 3aMEHUTH Ha HEIIEPEeCEKAIOIINeCs PABHOMOIIHBIE M MHOKE-
cra A’ u B'. MoinocTs 06bequHenns u OyaeT cymmoti MOIIHOCTE MHOXKECTB
Au B.

3ameuanus. 1. UYTo6bl n36€KaTh YIOMIHAHUS MOIITHOCTEN KaK CaMOCTOATE b
HBIX OOBEKTOB, CJIEMYeT CUNTATh BEIPAKEHNE MOIITHOCTE MHOXKECTBa C' €CTh CyM-
Ma MOIITHOCTel MHOXKeCTB A n B MAnOMaTUIeCKUM BBIDAXKEHUEM (& CKa3aHHOe
BhIIIIe — ero onpenesierneMm). Ho Mbr miisa yoo6eTBa 6ymem 4acTo npenebperarhb
TAKIMH IPEIOCTOPORKHOCTAMIU.

2. B npunmune cienosaso 66l IPpOBEPUTH KOPPEKTHOCTL STOTO OIMPEETICHI 1
MOKa3aTh, YTO MOIIHOCTE MHOXKecTBa A’ U B’ He 3aBucuT 0T TOro, Kakue NUMEHHO
Herepecekatorecst MHOkecTBa A’ u B’ (paBHOMoOIHbIe A 1 B) MBI BEIGEpEM.
(Yro, BIpouem, OUEBHUIHO. )

3. s KOHEUHBIX MHOXKECTB IIOJIyUYaeTCs OOBIYHOE CJIOXKEHNE HATYPAIbHBIX
YHCET.
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4. Haxoner, ¢hopMaabHO CIIemoBajo Obl emé mokasaThb, uro Takue A’ u B’
MOYKHO BBIOPATh. DTO MOXKHO CIHeIaTh, HampuMep, Tak: nomoxum A’ = A x {0}
u B'= B x {1}.

[Tocnenueit mpobiieMbl He OyOeT IpK OIpene/IeHI Npou3eedenud MOITHOCTEN
Kak MOIIHOCTU mekaproBa mpomsBenerus A X B. (Ho ocranbubie 3ameuanus
OCTaIOTCS B CUJIE. )

Teneps ompenenum 6ozsedenue 6 cmenens. It 5TOro paccMOTpUM ([IJIs TaH-
HelXx A n B) MHOXeCTBO Beex GyHKIui Buna f: B — A (HAOMHIM: 5TO O3HAa-
JaeT, IYTO UX O0JaCTh ONpeneseHns ecTh B, a 001acTh 3HAUEHUN COMEPKUTCSI
B A). DT0 MHOXKECTBO 0603HauaeTca AP, i ero MoHOCTS I 6yIeT Pe3yIbTaTOM
OIlEpPAINI BO3BEIEHNUs B CTEIECHb.

Ecnu muoxecTBa A 1 B KOHEUHBI U CONEPKAT @ 1 b 5IIEMEHTOB COOTBETCTBEH-
1O, To AP comepxut xax pas a’ snemenTos. B camoM nese, ompenenss GpyHKIIHIO
f: B — A, Mbl OO/TXKHBI ONPENe/INTE €€ 3HAUEHNEe Ha KaXXIOM U3 b DJIeMEHTOB.

OT0 MOXKHO caesiaThb a CIIOCO68JMI/I7 TaK 49TO IIOJIyd9aeM BCETO CLb BapuaHTOB.

BAIOAYA 58. Yemy paeno 0° coeaacno wawemy onpedesenuro? (Omeem:
edunuue. )

Mpumep. OGo3uaunM yepes 2 Kakoe-HEHOYIb MHOXKECTBO U3 IBYX DJIEMEHTOB,
manpumep, {0,1}. Uto Takoe 2?7 Ilo ompemeneHmio 3T0 MHOXKECTBO (yHKITHiL
f: N — {0,1}. Takue hyHKIMT — 5TO IO CYIIIECTBY OCIENOBATEIILHOCTH HY Il
U eIIMHUIL, TOIBKO BMeCTO fof1fa ... mer mumem f(0), f(1), f(2),... (Popmanbho
MOCJIEIOBATEILHOCTD DJIEMEHTOB HEKOTOPOTO MHOXKECTBA X TaK U OMPENesIseT-
cst — Kak Gyuknus Tuma N — X

Bamernm, uto 2% paszomormao P(X) (B wactHOM cimydae X = N MBI 9T0
MOKA3BIBAJIN; IIJTsI OOIIIETO CITydast MOKA3aTeTbCTBO TaKOe JKe).

OOGBIUHBIE CBONCTBA CIIOXKEHUSI U YMHOXKEHUsS (KOMMYTaTUBHOCTD, acCOIUa-
TUBHOCTb U AUCTPUOYTUBHOCTH) COXPAHSIOT CUJIY U IJIsl apU()METUKN MOIITHO-
cTeit:

a+b=>b+a;
a+(b+c)=(a+b)+c
axb=>bxa;

ax (bxc)

(a x b) X ¢
(a+b)xc=(axc)+(bxec).
dopMaabHO UX ClEeoyeT YnTaTbh, m30eras CJIoBa MOIIHOCTH KaK CaMOCTOS-
TeJILHOIO0 OOBEeKTa: HampuMmep, a X b = b X a o3Hauaer, uto A X B u B x A

PaBHOMOIIHEL (M 5TO JIEFKO MPOBepuTh: (r,y) +— (y, ) Gymer B3auMHO OIHO-
3HAYHBIM COOTBETCTBHEM Mexmy HuMmu). OCTalbHBIE CBONCTBA NOKA3BLIBAIOTCS
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CTOJIb 2K€ IIPOCTO. LI}/'TI:» CJIO2KHEEe CBOfICTB&, BKJ/IIOYalIOIIIIE€e BO3BCOCHUEC B CTC-
IIE€Hb!:

"t =a" xa% (ab)=a x b (a’)¢ = a"*".

[Iposepum mepsoe w3 Hux. U3 wero coctont APHC? (Bymem cumrarts, uto B
u C ue mepecekarorcs.) Ero simemenTamu sBISOTCS QYHKINN CO 3HAYCHUSMU
B A, onpenenéunnie Ha B + C. Takas QyHKIUA COCTOUT U3 IBYX YaCTEN: CBOETO
cyxeHus Ha B (3HaYeHUs HA apryMeHTax u3 B 0CTalTCs TeMu ke, OCTaIbHBIE
oTbpaceiBaloTCs)  cBoero cyxenns Ha C. Tem caMbIM 71 KaKIOTO HIIeMEHTa,
mHoxecTBa, APHC M1 monygaem mapy smementos m3 AP u AY. Dro u Gymer
MCKOMOE B3aMHO OTHO3HATHOE COOTBETCTBIHE.

C cooTsercTBueMm Mexmy MuoxecTBamu (A x B)Y u AY x BY M Toxe gacTo
crankuBaemcsa. Hampumep, amement muoxkecTa (R x R)® ects orobpakenme
tuna R — R X R, To ects kpusas t — 2(t) = (x(t), y(t)) na mrockocru. Takas
KpuBas 3amaéTcs mapon ¢yHkmuin x,y: R — R.

Cootsercraue mexny (AP)Y u AP*C) perpeuaercs meckombko pexe. Dite-
ment f € AP*C) gpngercs orobpaxenmem B x C' — A, TO ecTb, B OGBITHOI
TEePMUHOJIOTUN, PYHKIMEN IBYyX apryMeHTOB (mepsbiit u3 B, sropoit u3 C'). Ecmm
3a(UKCIPOBAThL B HEll BTOPOH apryMeHT, TO moayuntcs Gyuknus f.: B — A,
onpenenéanas cootHoutenneM f.(b) = f(b, c) (Tounee, f((b,c))). Orobpaxenue

— f., npurannexaree (AP)C u coorsercrryer anementy f € AP*XC) (O1-
JACTH CXOMHAS KOHCTPYKIINS BCTPEYaeTcs B airebpe, Korma MHOTOUIEH OT IBYX
MIePEMEHHBIX PACCMATPUBAIOT KaK MHOTOUJIEH OT OMHOWM IepeMeHHON ¢ K03(hdu-
[IMEHTAMU B KOJIbIIE MHOTOUWIEHOB OT BTOPOU MEPEMEHHOI. )

MOIITHOCTE CYETHOTO MHOXKECTBA CUMBOINYECKN 0003HAYAETCS N(, MOIITHOCTD
KOHTUHYYMa (OTPe3Ka MM MHOXKECTBA GECKOHEUHBIX MOCIIENOBATEILHOCTEN Hy-
neit u enuuuil) obo3uadaeTcs ¢. [lo onpenenennio, ¢ = A

(EcrecrBennbiit Bompoc: kakoB cMmbics mHmekca 0 B Ng? uro Takoe, cka-
xeM, N7 O6braHO N1 0603HAYACT HANMEHBIITYIO HECUETHYIO MOIIHOCTD (KAK MBI
VBUIUM, Takast CyIecTByer). ['umore3a KOHTUHYYMa, O KOTOPOI MbI yIIOMITHAIIH
Ha . 29, yTBepKIaeT, 94To ¢ = Nj.)

W3BecTHBIE HAM CBOMCTBA CUETHBIX MHOXKECTB MOXKHO 3aIICATDH TaK:

o Ny + n = Ny mwist KoHeUHOTrO 1 (0ObeNUHEHNEe CUETHOTO U KOHEYHOTO MHO-
KECTB CUETHO);

o Ny + Ny = N (obbenuHeHne NByX CUETHBIX MHOXKECTB CUETHO);
e Ny X Ny = Ny (oObenuHeHre CUETHOTO YNCIIA CISTHBIX MHOXKECTB CUETHO).

OTcrona MOXHO (HOPMAJIbHO TOJIYYUTH MHOTHE (PAKTHI MAHUIYJIAIUIMEI C
MoOITHOCTsIMU. Hampumep, 1ernouka paBeHCTB

¢ X ¢ = 280 5 9N — 9RotRo _ oRo _



38 I'maBa I. MmuoxecTBa 1 MOIITHOCTU

[IOKA3LIBAET, YTO IPIMast U IJIOCKOCTH PABHOMOIIIHEL.
AnanormuasiM 00pasoM,

CN() — <2N0)N0 — 2NOXNO — 2N0 = C.

3A0AYA 59. Ob6vacnume nodpobno evikiadky:
c+e=1xc+1xc=2xc=2"x 2% =2l — 9% —

3AOAYA 60. IIposepbme, umo Ny X ¢ = c.

[IpuBenénHbIe HAMU CBOMCTBA MOITHOCTEN TOJIE3HO COUYETATH C TEOPEMOU
KanTopa — bepumireiina. Hanpumep, 3amerum, 4To

C:2N0<N0N0<CN0: 3

nosTomy Vo™ = ¢ (croBaMM: MHOYKECTBO BCEX GECKOHEUHBIX MOCIIENOBATETHHO-
CTell HATYPaJIbHBIX YUCENT MMEeT MOIIHOCTH KOHTUHYYMA).

3AIAYA 61. ITocaednee paccyxrcdenue HeI6HO UCNOALIYEM MOHOMOHHOCMb
OMEPAYUU 8036€IENUT 68 cmenenb dad moupocmed (ecau a; < az, Mo al{ < ag).
IIposepvme amo u anaso2uumble ceoticmea dad dpyeutr onepayul (6npouem,
noumu ouesudnbie).

3AIAYA 62. Yemanosume g6noe coomsememeue mencdy nocaedosamens-
HOCTNAMY HAMYPAALHBIT YUCEA U UPPAYUOHAALHBIMYU wucaamy wa ompesre (0, 1),
UCNoAb3Y yenmubvie 0pobu, mo ecmov dpoou euda 1/(ng+1/(n1+1/(na+...))).

3A0AYA 63. IIposepvme, umo N = 2°. (Hanomwum, wmo no meopeme Kan-
Mopa ama MOWHOCTL 60ABULE MOUHOCTIY KOHTNUKYYMA. )

SAIAYA 64. Kaxosa MOWHOCTL MHOHCECNBA BCEL HENPEPLIBHLIL PYHKYUL
¢ deticmsumensvnvimu ap2ymernmany u 3nauenugmu? Cywecmeenna au 30ecy
HENPEPLIBHOCTND ¢

3AIAYA 65. Kakxosa MOUMHOCMb MHOWCECMBG BCEX MOHOMOHHDIL PyHKUU
¢ 0eticmBUMEALHBIMYU AP2YMEHTNAMY U 3HAUEHUIMU ¢

3AIIAYA 66. Moocem au cemeticmeo noommoxrcecms Hamypaibro2o paoa
ObIMb HECUEMMHBIM, €CAU A00bIE 0680 €20 IAEMEHMA UMEIOM KOHEUYHOE NEPECE-
YEHUE? KOHEUHYIO CUMMEMPUUECKYIO PA3HOCTND ?

BrocmencTBun MbI YBAIUM, UTO I OECKOHEUHBIX MOIITHOCTEN a X b = a+b =
= max(a, b), HO OKa TOrO MBI HOKa3aTh He MoxkeM. [losTomy B 3amauax 44, 45
HaM MIPUIIIOCH BOCIIOIB30BATHCS OOXOMHBIM MaHEBPOM, YTOOBI JOKA3aTh, UTO U3
a+ b= c crenyer a = ¢ unu b = ¢. Cnenytoitiee yTBepKaeHne 0600I1aeT 3TOT
IPUEM:
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TEOPEMA 10. Ecau mmuoaxcecmeo Ay X Ay XX A, pazbumo na nenepecexa-
owuecd ywacmu By, ..., B,, mo naiidémca maxoe i, npu komopom mowmocmsv B;
He MeHbULE MOWHoCmU A;.

Iloka3aTenbcTBO. B camMoM meme, paccMOTpUM ITPOEKIINIO MHOXKeCTBa B; C
C Ay x...xA, 5a A;. Eciu xoTs 661 Ipu OOHOM i OHA IMIOKPLIBAET A; MOTHOCTEIO,
TO BCE MoKaszaHo. Kcim HeT, BHIOEpeM OIS KaXKIIOTO ¢ HEMOKPBITYIO TOUKY T;.
Ha6op (x1,...,2,) He BXOOUT HU B ONHO W3 MHOXKECTB B;, UTO MPOTUBOPEUNT
MIPENTIOIOKEHUIO. [

BameTuM, 4TO B (HOPMYJIMPOBKE 3TOrO YTBEPKIEHUS (KOTOPOE WHOTMA Ha-
3BIBAIOT TeopeMoll KéHura) roBopuTcs O IeKapTOBOM IIPOU3BENEHUN KOHETHOTO
YICIIa MHOXKECTB, KOTOPOe MOXKHO ONPENeNnTh NHAYKTUBHO (ckaxeM, A X B x C
OymeT cocTosTh u3 Tpoek (a, b, ¢), koropwie cyTh maper ((a,b), c)). HexapTroBo
[IPOU3BENCHNEe CUSTHOIO YMC/Ia MHOMXKECTB y2Ke TaK He ONpEeNeNIIb. Buxom Ta-
koit: Ag X A; X Ay X ... (CY6THOE YUCIIO COMHOXKUTENEN) MOXKHO OIPEIeSuTh
KaK MHOXKECTBO BCEX IIOCJIENOBATEILHOCTEN ag, d1,ds, ..., Y KOTOPLIX a; € A;,
TO €CTh KaK MHOXKECTBO BCex (MDYHKINIT a, ONpeneéHHbIX Ha N cO 3HaYeHnIMUI
B obbenuueHnn Beex A;, mpuuaém a(i) € A; mpu Beex i. [locme Taxoro ompeme-
nerus Teopema 10 JIETKO MEPEHOCUTCS U Ha CUYSTHBIE (& Takke U Ha JIIOOBIE)
IIPOU3BENCHNS.

[lepexons k oTpumanusaM, Teopemy KéHura MoxXHO cHOPMYINPOBATEL TaK:
ecrmm mpu Beex ¢ = 0, 1, 2. .. mJIs MOIITHOCTEN a; 11 b; BBITTOJTHEHO HEPABEHCTBO b; <
< a;j, TO

bo+bl—|—b2—|—...<a0><a1 X ag X ...

YuaureiBas, 94To ¢ X ¢ X ... (CUETHOE MPOM3BENEHUE) PABHO € °, TO €CTh C,
MOXKHO C(hOPMYJIIPOBATL TaKOe CIIENCTBUE TeopeMbl KEHnra: ecim KOHTHHYYM
pa3buT Ha CYETHOE YKCJIO MOAMHOXKECTB, TO OOHO M3 HUX UMEET MOIIHOCTL KOH-
TUHYYMA.

Ro

3AIAYA 67. Zoxaxcume nodpobrno smo ymeepxrcoenue.

3AOAYA 68. Ilycmb ag,aq,as, ... — MOWHOCTIU, NPUUEM Q; = 2 OAT 6CET 1.
Lloxaxcume, umo

apg+ar+as+...<agXap Xag X ...

BAIAYA 69. ITycmbv my < my; < mg < ... — 603pacmanwad Nociedo-
sameabrocmb mowypocmet. Hoxaxcume, umo cymma mgy + myq + mo + ... He
npedcmasuma 6 6ude a0 Hu 04 KAKOU MOUWHOCTNU G.



TITABA TI

YIIOPSII[O‘IGHHBIG MHOXeCTBa

§1. OTHOIIIEHNS SKBUBAJIEHTHOCTH U TOPSAKA

HamomuuM, 9TO GUHAPHBIM OTHOIICHIEM Ha MHOXKecTBe X HasbIBaeTCs IIOI-
muOKecTBO R C X X X; BMecTO (X1, x9) € R wacTo numnyt 1 Rxs.

Bunaproe oTHomernne R Ha MHOXeCTBe X HA3LIBACTCI OMHOULEHUEM IKEU-
6AAEHMHOCTMU, €CIIA BBIIOJIHEHB! CICOYIOIINe CBOICTBA:

e (pediekcuBHOCTL) TR mis Beex © € X
e (cummerpuuHOCTh) TRy = yRx mist Beex x,y € X
e (TpaH3uTUBHOCTL) xRy n yRz = xRz misa mo0bIX 5JIeMEHTOB T, Y, 2 € X.

Nmeet MecTo ciemytolriee OUEBUIHOE, HO JACTO UCIIOIB3YyEMOE YTBEPKIEHNE:

TEOPEMA 11. (a) Ecau muoxcecmso X pazoumo 8 o6vedunenue nenepece-
KAOUULCA NOOMHOHCECTNG, MO OMHOUEHUE AEHCAMb 6 00HOM NOOMHONCECNEE
ABATEMCA OMHOULEHUEM IKEUBAAECHMHOCTNU.

(6) Beakoe omuowenue 3K6UBAAEHMHOCTIU NOAYUAEMCT ONUCAHHBIM CTLOCO-
O0M U3 HEKOMOPO20 PA3OUECHUA.

Hloka3zaTesbecTBO. [lepBoe yTBepKIeHNE COBCEM OYEBUIHO; MBI ITPUBEOEM O~
Ka3aTeIbCTBO BTOPOrO, YTOOLI OBLIO BUOHO, DM€ HUCIOJIBL3YIOTCS BCE IIYHKTEHI
OmpeneseHns SKBUBaJeHTHOCTH. VTak, mycts R — OTHOIIEHNE SKBUBAJICHTHO-
ctu. Iyt kaxmoro siaemeHTa r € X PacCMOTPHUM €r0 KAGCC IKBUBAAEHIMHO-
MU — MHOXKECTBO BcexX y € X, miTs KOTOPBIX BEpHO T Ry .

IokaxkeMm, 9TO I OBYX Pa3jIUUHBIX T, Lo TaKWe MHOXKECTBA JINOO He Ie-
pecekaroTcs, aubo coBmamaioT. IlycTh OHU IEepeceKaroTCs, TO €CTh UMEIT 00-
it sieMenT z. Torma xRz u 9 Rz, orkyna z Rry (cuMmMeTpuuHOCTE) U 21 RXo
(TPaH3UTHUBHOCTSD), & TakXKe ToRry (cummerpuanocTs). [losTomy mis mo6oro 2
u3 r1Rz cnenyer xRz (TpaH3UTUBHOCTE) U HAOGOPOT.

OcTanock 3aMeTUTh, YTO B CIIY PeIIEKCUBHOCTU KaXKOBI SJEMEHT T IIPU-
HAIJIEKUT 3a0aBaeMOMY UM KJIACCY, TO €CTh AEMCTBUTENILHO BCE MHOXKECTBO X
pa3bUTO Ha HEIEPECEKAIOIINECs KITACCHL. O

3AnA4YA 70. Ilokaxrcume, umo mpebo8aAHUTL CUMMEMPUUHOCTU U MPAH3U-
MUBKOCTU MOHCHO 3amenumb odnum: TRz uw yRz = xRy (npu coxpanenuu
mpebo6anug pePaekcusHocmu).

BAOAYA 71. CKOoAbKO PABAUUHBIL OMHOULEHUT IKEUBAACHMHOCTU CYULe-
cmeyem na muoxcecmee {1,2,3,4,5}7
40
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3AIAYA T72. (Teopema Pamces) Mrnoxrcecmeo ecex k-saemenmubic noommo-
acecms beckoneunozo muoxcecmea A pazbumo na l xaaccos (k, | — namypaao-
nvie wucaa). Joxaxcume, umo natidémes beckoneunoe muoxcecmeo B C A, ece
k-aaemenmmubie noOMHONCECTNBA KOMOPO20 NPUHADAEHCAT, 00HOMY KAACCY.

(IIpu k = 1 5mo ouesudno: ecau 6ECKOREUHOE MHOHCECTNEO PA3OUMO HA KO-
HEeUHOe YUCAO KAACCO8, MO 00uH U3 Kaaccos beckoneuen. Ilpu k =2 u l = 2
ymeeprcdenue MoHCHO CHOPMYAUPOBAMb MAK: U3 OCCKOHEUH020 MHOHCECTNEE
A00€T MONCHO 8bIOPAMD AUOO OECKOHEUHO MHO20 NONAPHO ZHAKOMBIT, AUOO0 Oec-
KOHEUHO MHO20 NONAPHO HEHAKOMBIL. Koneunvitl sapuanm 3moz0 ymeeparcde-
HUSL — 0 MOM, Ymo cpedu A00bIT Wecmu A100et ecmb Aub0 MPu NONAPHO 3Ha-
KOMBIZ, AUOO MPU NONAPHO HE3HAKOMBIL, — UBBECTMHAA 300040 OAT WKOAbHU-
K08.)

MHOXECTBO KJIACCOB SKBUBAJICHTHOCTHU HA3LIBAIOT (PAKMOP-MHOHCECTNEOM
MHOKeCTBa X TI0 OTHOIIEHUO SkBuBajieHTHOCTH R. (Eciu oTHOIenune cormaco-
BAaHO C [ONOJIHUTEIBLHEIMEI CTPYKTypaMu Ha X, HOIydaroTcs (haKTOp-TPYIIILL,
baKTOpP-KOJIbIIA U T. II.)

OTHOIIEHN SKBUBAJCHTHOCTY HaM HE pa3 eIlé BCTPETITCs, HO cellyac Hallla,
OCHOBHASI T€Ma, — OTHOIICHUS IOPIIKA.

Bunaproe orHomeHne < Ha MHOXKeCTBEe X HA3LIBACTCA OMHOULECHUEM Ya-
CMUYH020 NOPAOKA, €CIIN BBIIOJHEHLI TAKIe CBONCTBA:

e (pedIeKCUBHOCTE) T < & I BeexX & € X
e (AHTUCHMMETPUYHOCTD) T < Y U Y < & = T = Yy st BCex T,y € X
e (TPAH3UTUBHOCTE) ¥ < Yy Uy < 2 = = < 2z Iyt BCex &, Y, 2 € X.

(Criemyst Tpamunuu, MbI UCTIOIB3yeM cuMBOI < (a He GYKBY) Kak 3HAK OTHO-
IeHust mopsaaka.) MHOXeCTBO ¢ 3a[JaHHBIM HA HEM OTHOIIEHUEM YACTHYHOTO
TOPSIIKA HA3BIBAIOT UG CTMUYHO YNOPAIOUEHHDIM.

['oBopsT, uTO MBA BIEMEHTA X, Y YACTUIHO YIIOPSIOUIEHHOTO MHOXKECTBA CPA6-
HUMbL, €CITH & < Y WK Yy < T. 3aMEeTHUM, 9TO ONpENIesIeHre YJaCTUIHOTO TOPSIIKA
He TpebyeT, 4TOOBI TI00BIE MBa 3JeMEHTa MHOXKeCTBa OblTu cpaBHUMEIL. Jlo6a-
BUB 5TO TpebOBaHUe, MBI MOJIYIUM OIpeNeIeHre AuHelino2o nopaoka (aunetino
YNOPIIOUEHHO20 MHOHCECTNEA).

[IpuBeném HECKOTBKO TPUMEPOB UACTUIHBIX MOPSITKOB:

e YucsioBble MHOXKECTBA ¢ OOBIYHBIM OTHOIIEHIEM TIOPSIAKA (3[1€Ch TOPSIIOK
OymeT JIMHETHBIM ).

e Ha mmoxectBe R X R Bcex map HeHCTBUTEIBHBIX UNCETI MOXKHO BBECTH
YACTUYHBIN TOPSANOK, cunTast, 9To (T, T2) < (Y1, Y2), ecm 21 < Ty U Y1 <
< y2. OToT MOPSHOK yxke He Oymer mumeinHbIM: mapel (0,1) u (1,0) me
CPABHUMEL.
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Ha MuOXecTBe QyHKIUN ¢ MENCTBUTEIBHBIMI apryMeHTaMI U 3HATYEHUSI-
MU MOYKHO BBECTHU YACTUYHBINA TOPSIOK, cuuTas, urto f < g, ecimu f(x) <
< g(z) mpu Bcex € R. DTOT MOPANOK He OyNeT JINHENHBIM.

Ha MHOXecTBe IeIBbIX TOJIOKUTETBHBIX UHCET MOXKHO ONPENe/TUTh MOpPsI-
MOK, CUUTAasl, UTO T < Y, €CJIU T JIEIUT Y. JTOT MOPSAIOK TOXKe He OymeT
JIMHETHBIM.

OTHorrerne 1000 MPOCTON HOEINTENIb ULUCHa I SIBISETCS TaKXKe U IIe-
JUTeJIeM Yucia Yy He OymeT OTHOIIIEHUEM MOPSIKA Ha MHOXKECTBE HeIbIX
TOJIOKUTEIBHBIX rcesl (OHO PehIIeKCHBHO U TPAH3UTUBHO, HO HE AHTU-
CUMMETPHIYHO ).

[Iycts U — npomssosibHOe MHOXKeCTBO. Torma wa MuOxkectBe P(U) BCex
TTOMMHOXKEeCTB MHOXKecTBa U oTHOIMIeHre BKItoYeHns C OyImeT JYacTUIHBIM
TTOPSIITKOM.

Ha 6yxBax pycckoro andaBuTa TPaguIlus OIpenesseT HEKOTOPHIN TOPSIOK

(a <o6<B<K...< 5{). OTOT MOPSANOK JIMHEEH — PO JIi00ble IBe OYKBBI
MOXKHO CKa3aTh, KaKas 13 HUX paHbIIIe (Hpm HeOOXOMUMOCTU 3arJISSHYB B
CIIOBAPB ).

Ha cmoBax pycckoro andaBuTa OnpenesiéH gekcukozpaduueckuti TOPmoK
(kax B cioBape). POPMATIBLHO OMPENETNTh €ro MOXKHO TaK: €CIH CIIOBO T
SBIIIETCSI HAYAJIOM CJIOBA ¥, TO < ¥y (Hampumep, KaHT < KaHTop). Ecim
HU OITHO W3 CJIOB HE SIBIISIETCSI HAYAJIOM APYTOro, IOCMOTPUM Ha MEPBYIO IO
nopsiOKy OyKBY, B KOTOPOU CJIOBA OTJIMYAIOTCS: TO CJIOBO, Toe ATa OyKBa
MEHbBIIIe B ajiDaBUTHOM TOPSIKE, U OyIeT MEHbIe. JTOT TOPSIOK TAKKe
nuHeeH (MHAYe ITO OBl eI COCTABUTENN CIOBApeit?).

Otrorrenne pasercTBa ((x < y) < (= y)) TakKe SIBIAETCS OTHOILIICHIEM
JACTUIHOTO TIOPSIIKA, OIS KOTOPOTO HUKAKUE MBA PA3IMYHBIX SJIEMEHTA HE
CPABHUMBL.

[IpuBeném Temeps ObiTOBON mpuMep. IlycThb ecTh MHOXKeCTBO X KapTOH-
HBIX KOPOOOK. BBeméM Ha HEM TIOPSIIOK, CIUTAs, YTO T < Y, €CIIN KOPOOKa T
IEJTIKOM TIOMEIIAETCS BHYTPb KOPOOKM Y (WM €CIIN T U i — OIHA U Ta, XKe
KopobKa). B 3aBucumocTu oT HaGopa KOPOGOK STOT TOPSIOK MOXKET ObIThH
i He OBITH JIMHENHBIM.

[IycTs o,y — d/IeMEHTBI YACTUYIHO YIIOPSIOUYEHHOTO MHOXKecTBa X . ['oBopsT,

uto x < Yy, e x < Yy u x F# y. It 9TOr0 OTHOINEHUS BBITIOJIHEHBI TaKUe
CBOICTBA:

xr £ T;

(x<yun(y<z) = <z

(ITepBoe oueBMIHO, TPOBEPUM BTOPOE: €C & < Y U Y < 2, TO €CTh T < Y, T # ¥,
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y < 2,y # 2, Tox < 2z 0 TPAH3UTUBHOCTHU; €Cu Obl 0Ka3ajaoCh, 9TO T = Z,
TO MBI ObI UMeNM T < Y < & U TOTOMY & = Y IO QHTUCUMMETPUYHOCTHU, UTO
IPOTUBOPEYUNT TPEANOIIOKEHIIO. )

TepMmuHOTOTIYECKOE 3aMeUaHNe: MBI UNTaeM 3HaK < KaK MEHbIIE WJIN PaBHO,
a 3HaK < — KaK MeHbIIle, HESIBHO MpeNnoaaras, 9To ¥ < Y TOTOa U TOJIBbKO
Torma, Korma x < y umm © = . K cgacTbio, 5To meficTBUTEIbHO TakK. FImé omHo
3aMedaHue: BeIpaxkeHne & > y (x 6osblie y) 03HAUAET, 9TO Y < &, 8 BBIPAKEHUE
x > y (r Gosbllle WK PABHO ) O3HAYAET, UTO Y < .

SADAYA 73. O6vachume, novemy He cmoum 4umams T < Y Kax T He 604b-
we y.

B HEKOTOPBIX KHIZKKAX OTHOIIEHHE YACTUYIHOTO HOPSAKA OMPENesIeTCs KakK
OTHOIIEHNE <, YIOBIECTBOPSIOIIEE IBYM YKa3aHHBIM CBOICTBAM. B 9TOoM ciyuae
oTHomIeHNe T < Y < [(v < y) wm (x = y)| SIBASETCs] OTHOMIEHIEM YaCTUIHOTO
MOPSIIKA B CMBICIIE HAIIIETO OIPEIeIeHNS .

3AOAYA 74. IIposepbme amo.

Bo um3bexaHue myTaHUIIBI OTHOIIEHME < WHOTIA HA3LIBAIOT OTHOIIIEHUEM
CMPo2020 NopAdKa, a OTHOIIEHNEe < — OTHOIIIEHIEM Hecmpo2020 nopadka. O-
HO U TO K€ YaCTUIHO YIOPSOOUEeHHOEe MHOXKECTBO MOXKHO 3a/1aBaTh MO-Pa3HOMY:
MOKHO CHAYAJIA OMPENeSINTh OTHOIIIEHNE HeCTPOroro mopsinka < (pedIiekcuBHoe,
AHTUCUMMETPUYHOE U TPAH3UTUBHOE) U 3aTeM M3 HEro MOJYYNTh OTHOIIEHUEe
CTPOroro nopsnka <, a MOXKHO JIEICTBOBATh U HAOOOPOT.

3AIAYA 75. Onyckag mpebosanue aHMUCUMMEMPUUHOCTIU 6 ONPeEIEACHUL
YACNUYH020 NOPAOKG, NOAYUGEM onpededenue Ipennopsaka. Joxaxcume, umo
410001 NPeONoPAOK YcCmpoern Mak: MHOHCECTNEO EAUMCT HaA HENEPECEKAIOULUE-
CA KAGCCHL, NPU IMOM T < Y OAT A100bIT BYL IACMEHMOB X, Y U3 00H020 KAGCCA,
a Ha Garmop-mroxcecmae 3a0aH YaCMuUHbLl NoPAI0K, KOMOPLIl U onpedetsem
PE3YALMAM, CPABHEHUT JBYT IACMEHMOB U3 PASHBIT KAAUCCOB.

Bot meckoabko KOHCTPYKHI/IfI, MMIO3BOJIAIOIINX CTPOUTHE OOHM YIIOPAOOYECHHLIC
MHO2KeCTBa U3 OpPpYyTrux.

e [IycTh Y — MOMMHOXKECTBO YACTUYIHO YHOPSAIOIEHHOTO MHOKeCTBa (X, <).
Torma Ha MHOXeCcTBe Y BO3HHKAeT €CTECTBEHHBIN JACTUIHBIN IOPSIOK,
undyyuposannviti n3 X . PopmaabHO TOBOPS,

(Sy) = ()N (Y xY).

Ecnu nopsamok Ha X OBbLT IUHEHHBIM, TO U UHIYIINPOBAHHBIN OPSIIOK Ha Y,
OYEBUIHO, OyIIeT JIMHEUHBIM.
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o [Iycts X u Y — nBa Hemepecekaronmxcs YaCTUIHO YHOPSIIOYECHHBIX MHO-
XecTBa. Torma Ha UX OOBEOUWHEHUU MOXKHO ONPENEINTh YaCTUYIHBIA II0-
PAMOK TakK: BHYTPHU KaXXIOTO MHOXKECTBa 3JIEMEHTHI CPaBHUBAIOTCS Kak
paHbIIIe, a 000 SJIEMEHT MHOXKECTBA X II0 OIIPENeIeHIIO MeHbIIIe JTI000TO
srmeMeHTa Y. DTO MHOXKECTBO ecTecTBeHHO 0003HaunTh X + Y. (Ilopsimox
OyIeT JIMHEHHBIM, eCJI OH ObIJI TAKOBBIM Ha KAXKIOM U3 MHOXKECTB.)

D710 XKe 0603HAUEHNE TPUMEHSIOT U [IJIs IepeceKarouxcs (n maxe co-
BIAJAIOIINX MHOXKeCTB). Hampumep, roBopst 06 yHIOPSIOUEHHOM MHOXKe-
ctBe N + N, MBI 6epéM Oj1s1 HemepeceKaromecs: KO HaTyPAJIbHOTO Psi-
na {0,1,2,...} u {0,1,2...} u paccmarpuBaem muOxkecTBO {0,1,2, ...,

0,1,2,...}, mpmuém k < [ mpu Beex k 1 [, a BHyTPH Ka K10t KOTIIHT TIOPSIIOK
OOBIYHBIN.
o [Tycts (X, <x) u (Y,<y) — OBa yHOPSAMOUEHHBIX MHOXKECTBA. MOXKHO

ONpEeNeINTh MOPSINOK Ha Ipom3BeneHun X X Y HECKOJIBbKUMU CIIOCOOAMIU.
MoxHo cunTaTb, uTo (T1,y1) < (T2, Ys), eciiu x1 <x T2 U Y1 <y Yo (1O-
KOODAMHATHOE CPABHEHUE). DTOT MOPSIIOK, OMHAKO, He OyIeT JTMHEIHBIM,
TTaXkKe eCJIM MCXOMHBbIE MOPSOKUA U ObLIM JIMHEMHBIMU: €CIIN IepBas KOOp-
nrHaTa OOJBINE y OMHOW THaphbl, a BTOpas y OPYIOil, KaK WX CPABHUTL!
YToOBI OMYyYNTH TUHENHBIN TOPSOOK, MTOTOBOPUMCS, KaKas KOOPAWMHATA
OymeT TJaBHON u OymeM CHaJYaja CPaBHUBATHL IO HEHM, a MoTOM (B CITy-
yae paBeHCTBA) — MO Apyroi. Eciu riaaBHOl cauTaTh X -KOOPIUHATY, TO
(r1,11) < (T2, y2), €CoU T1 <x T WIN €CTIU T = T9, & Y] Sy Yo. OmHAKO 11O
TEXHIYECKUM OPUYMHAM yIOOOHO CUATATh TJIABHOW BTOPYIO KOOPAUHATY.
['oBops 0 Mpom3BemeHNN NBYX JTUHENHO YIOPSIOUYEHHBIX MHOXKECTB KaK O
JINHENTHO YTHOPSOOUYEHHOM MHOXKECTBE, MBI B JaJIbHENIIIEM TOIpa3yMeBaeM
UMEHHO TaKOU MOPSAMIOK (CHAYAJIA CDABHUBAEM IO BTOPOU KOOPIUHATE).

BAIAYA 76. lokaxcume, 4mo 6 4ACMUYHO YNOPAJOUEHHOM MHONCECTNEE
N x N (nopadox noxoopdunamuwiii) nem 6Geckoneuno2o nodmmorcecmsa, 41o-
bvle dea daemenma Komopo2o 0biiu Obl HecpasHumbl. Bepno Au anasocuunoe
ymeepacdenue 0ag Z X 1.7

BAIDAYA 77. Howaxcume amaso2uunoe ymeeprcdenue dag NF (nopgdox no-
KoopAurammvii).

3ADAYA 78. Ilycmv U — womeunoe mmosxcecmso u3 n ssemenmos. Pac-
cmompum muoxrcecmeo P(U) ecex nodmuosxcecms muoxrcecmea U, ynopsdouen-
HOE NO 8KAVUEHUN. KaK068a MAKCUMAADHO 803MONCHAT MOUHOCTLL MHOHNCECTNEA,
S C P(U), ecau undyyuposannviii wa S nopadok auneen? ecau nurarue 06a
aaemenma S ne cpasnumvi? (Yrxazanue: cm. 3adavy 12.)

3ADAYA 79. Ckoavko cywecmeyem pa3AuduHbIL AUHEUHBIT NOPAIKOS8 HQ
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MHONCECMBE U3 T IAEMEHMOE ¢

3AnAYA 80. Zlokaxcume, umo 6cAKuUl YACMUUHBIL NOPAIOK HA KOHEUHOM
MHONCECTNBE MONCHO NPOA0ANCUMD 00 AUKETH020 (NPodoarcumy 03HaUAEM,
umo ecau T < Y 6 UCTOOHOM NOPAJKE, MO U 6 HOBOM MO OCMAHEMCI MAK).

3AIAYA 81. lano 6eckoneunoe wacmuuno ynopadouennoe muoxcecmaeo X.
Loxaxrcume, umo 8 ném 6ce2da Hatidémcea aubo OeckoHeuHoe NOOMHONCECTNEO
NONAPHO HECPABHUMDLE IAEMEHMOB, AUOO OECKOHEUHOE NOOMHOHNCECNEO, HA KO-
MOPOM UHOYYUP 08 AHHBIT NOPAVOK AUHEEN.

3A0AYA 82. (Koweunwviti sapuanm npedvidyweti 3adauu.) lawnwl yeavie no-
A0HCUMeEAbrble yucaa m u n. Joxaxcume, umo 80 8CAKOM UACTUYHO YNOPAAO-
YEHHOM MHOHCECBE MOWHOCU MmN + 1 modcno ykazamov aubo m + 1 nonapro
HECPABHUMDLE IAEMEHMOB, AUOO N + 1 NONAPHO CPABHUMbIL.

3A0AYA 83. B cmpouky nanucanbt mn + 1 pasauunviz wucea. Joxaxrcume,
UMO MONCHO UACTMb U3 HUL BLIUEPKHYML Ak, ¥MoObl 0CMasacs Aubo 603pa-
cmaowad nocaedosamesvrocms daunbt m + 1, aubo ybvisaowad nocaedosa-
meavnocmy daunvt n + 1. (Ykazanue: moxcno eocnoavzosamvcsa npedvidywyet
zadaueti.)

3AIIAYA 84. Paccmompum cemeticmeo 6cexr NoOMHOHNCECNE HAMYPAAbHO20
pada, ynopgdouennoe no sraouenur. Cyuwecmsyem au Yy He2o AUHEUHO Yno-
padouennoe (8 uUHOYYUPOBAHHOM NOPAJKE) NOICEMETCTNEO MOUHOCTY KOHINU-
nyym? Cywecmeyem Au Yy He20 NOJCEMETCMB0 MOUHOCTIU KORMUHYYM, A100ble
064 IAEMEHMA KOMOPO20 HECPABHUMbL?

OJIEMEHT YACTUYHO YIIOPSIOUEHHOTO MHOXKECTBA HA3hIBAIOT HaAUOOAbULUM, €C-
7 OH OOJTIBIIIE JTFOOOTO MPYTOTO BJIEMEHTA, U MAKCUMAALbHLIM, ECITI HE CYIIIECTBY-
eT OOJIbIIEro 3jeMeHTa. ECIm MHOXECTBO HE SBJISETCS JIMHEHO YIIOPSOOYeH-
HBIM, TO 9TO HE OITHO W TO XKe: HAaUOOJIBIINNA 5JIEMEHT aBTOMATUYIECKN SBIISIETCS
MAKCUMAJIbHBIM, HO He Ha000poT. (OmHO mesmo KopoOKa, B KOTOPYIO MOMEIaeTCsI
mobast Apyrast, Ipyroe — KOpoOKa, KOTOpast HUKYIA OOJIbIIe He TIOMEIaeTCs. )

AHaoruuHBIM 00pa30M OMPENETISIOTCS HAUMEHLWUE T MUHUMAALHIE DITe-
MEHTHI.

JIerko moHSATH, YTO HAMOOJIBIITUIN JIEMEHT B JAaHHOM YaCTUYIHO YIIOPSIOYEH-
HOM MHOXKECTBE MOXeT OBITh TOJIBKO ONNH, B TO BpeMs KaK MaKCUMaJbHBIX
9IIEMEHTOB MOXET OBITH MHOTO.

3AnAYA 85. lokaxcume, umo a00bie 064 MAKCUMAADHBIL IAEMEHMA He
cpasrumbl. Jlokaxcume, umo 6 KOHEUHOM UACTNUYHO YNOPAIOUEHHOM MHO-
acecmee X 0agd 4100020 dAeMERMA T HAUIEMCA MAKCUMAALHBIT dAEMEHM, I,
O0AbWUT UAU PABHBL T .
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§2. M3omopdu3mbl

IBa 9aCTUYHO YIIOPSIOYEHHBIX MHOXKECTBA HA3BIBAIOTCS U30MOPPHbIMU, €CITT
MEXTY HUMU CYITIECTBYET U30MOPHU3M, TO €CTh B3AUMHO OTHO3BHATHOE COOTBET-
cTBUe, coxpaHsolee mopsanok. (EcTrecTBeHHO, UTO B 5TOM Cilydae OHU PABHO-
MOIITHBI KaK MHOXKecTBa.) MoXHO cka3aTh Tak: 6ueknus f: A — B Ha3bIBaeTCs
m30MOPPU3MOM TACTUIHO YIOPSOOUeHHBIX MHOXKECTB A 1 B, ecnn

ap <ay & f(ar) < flaz)

IUTsT JTFOOBIX 9JIEMEHTOB a1, g € A (caeBa 3HaK < 0003HAYAECT MOPSIIOK B MHOXKE-
cTBe A, cpaBa — B MHOXecTBe B).

OueBUIHO, YTO OTHOIIEHNE U30MOPHOHOCTU PEPIIEKCUBHO (KAXKIOE MHOKECT-
BO m30MOpdHO camomy cebe), cummeTpuuro (ecim X m3omopdrO Y, TO 1 Ha-
060pOT) U TPAH3UTHUBHO (IBA MHOXKECTBA, M30MOP(MHBIE TPETHEMY, U30MOPQHLI
Mexmmy coboit). Takum o6pazoM, Bce YaCTUYHO YIOPSAIOYEHHBIE MHOKECTBA Pas-
6UBAIOTCS HA KJIACCHL M30MOP(MHLIX, KOTOPLIE HA3LIBAIOT NOPA0KOSLLMU MUNAMIU.
(IlpaBma, Kak M ¢ MOIIHOCTSME, TYT HEOOXOMUMA OCTOPOKHOCTH — U30MOPd-
HBIX MHOXKECTB CJIMIIKOM MHOTO, I IIOTOMY TOBOPUTEL O HMOPSAIKOBBEIX THUIIAX KAK
MHOXKECTBaX HeJIb3sl. )

TEOPEMA 12. Koneumbie Aunetino ynopadoueHHble MHOHCECNEE U3 00UHG-
K0B8020 UUCAL IAEMEHMOB U3OMODPHHYL.

Jloka3zaTesmbcTBO. KOHEUHOE JTMHENHO YIIOPSOOYEHHOE MHOXKECTBO BCErIa
IMeeT HAUMEHBII 57eMeHT (BO3bMEM JIFO00M DJIEMEHT; €CJI OH He HAUMEHb-
IIN1, BO3bMEM MEHBIINN, €CIN U OH HEe HAUMEHBIINU, €I1é MEHbIINN — U TakK
najiee; MOJIyunM YOBIBAIOIIIYIO MOC/IEIOBATENbHOCTh T > Y > 2 > ..., KOTOpas
PaHO WJIN TIO3IHO JOJKHA 000pBaThCs ). [[pucBonM HAMMEHBIIIEMY SJIEMEHTY HO-
Mep 1. U3 ocTaBmmxcs CHOBa BBIOEpEM HAUMEHBIITUHN 3JIEMEHT U TMPUCBOUM €My
HOMeD 2 U Tak najiee. JIerko MOHSITDH, UTO MOPSIOK MEXITY dJIeMeHTAaMI COOTBET-
CTByeT MOPSIOKY MeXIY HOMepaMU, TO €CTh UTO Hallle MHOXKEeCTBO M30MOPHOHO
muoX)ecTBY {1,2, ..., n}. O

3AIAYA 86. okaxrcume, umo MHOHNCECTNBO BCET YEABIT NOAOHCUMEALHBLE
deaumeaneti yucaa 30 ¢ omuowenuem 6bimb deaumenem 6 Kauecmee OMHOWEHUST
nopAdKa U30MOPPHO MHONCECTNBY BCET NOJMHONCECTE MHONcecmea {a,b, c},
YNOPAIOUEHHOMY NO BKAUEHUI.

BAIAYA 87. Bydem paccmampuéamsb GuHUMHBLE NOCAEI0EAMEALHOCTNU HA-
MYPAALHBLT YUCEA, TNO ECTND NOCAEA0BAMEALDHOCTIU, | KOTMOPLIL 6CE UAEHbL, KPO-
me Koueunoz0 wucaa, paswvl 0. Ha mmoscecmee maxuzr nocaedosamenvrocmet
68€0éM noKomnonenmubll, nopadox: (ap,ay,...) < (b, b1,...), ecau a; < b;
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npu ecex i. Hokanxcume, 4mo 3mo MHONCECTNBO UBOMOPPHO MHOHCECTNEY 6CET
NOAOHCUMEALHBIL YEABLL YUCEA C OMHOUEHUEM ObIMb JeAumesem 6 Kauecmee
nopAodxa.

BzamMHO omHO3HAUYHOE OTOOpaXKEHWE YACTUIHO VIOPSIIOYEHHOTO MHOMXKEe-
crBa A B cebs, aBisioieecss n30MOPAOU3MOM, HA3BLIBAIOT A8MOMOPPUIMOM Ta-
CTUYHO yHOpsoodeHHOTO MHOXkKecTBa A. ToxmecTBenHOe 0TOOpaKeHHE BCErIa
SIBJISIETCSI aBTOMOP(U3MOM, HO MIJIsI HEKOTOPBIX MHOXKECTB CYIIIECTBYIOT U OPYTUE
aBroMopdu3mMbl. Hampumep, orobpaxenue npubasierus equHuisr (r — x + 1)
SIBJISIETCSI aBTOMOPDU3MOM YaCTUUHO YIIOPSIIOYECHHOTO MHOXKECTBA 7 IE/TBIX UH-
cest (C eCTeCTBEHHBIM TOPSAKOM). [l MHOXKeCTBa HATYPAJbHBIX UHUCET Ta XKe
dopmya He maét aBToMopdu3Ma (HET B3aUMHOU OMHO3HAYHOCTH).

3ANAYA 88. Ilokaxcume, wmo He cywecmsyem asmomopduama ynopsdo-
wenHo2o mroxcecmea N HamMypasbHbly Yuces, OMAUUHO20 0M MOHCIECTNE EHHO-
20.

3AIAYA 89. Paccmompum muoxcecmso P(A) ecex nodmuosxcecms nexomo-
po2o k-saemenmmnoz2o mmoxcecmsa A, wacmuuno ynopadouennoe no er.oue-
wuto. Hatdume wucao asmomopPuamos amozo mmoxcecmsa.

3A1AYA 90. IHokaxrcume, umo MHOHCECMBO YEABLT NOAOHCUMEADHBIT YUCEL,
YACTNUUHO YNOPADOUEHHOE OMHOWEHUEM T 0eAUM Y, UMEEM KOWMUHYYM Da3-
AUYHBIT A8MOMOPPUIMOE.

BoT HeCKOIBKO TPUMEPOB PABHOMOIITHBIX, HO HE M30MOPMHBIX JIMHETHO YIIO-
PSIIOYEHHBIX MHOKECTB (B CHITy TeopeMbl 12 OHU MOJKHBI OBITH GECKOHEUHBIMN ).

e O1pesok [0, 1] (¢ OOBLIYHBIM OTHOIIIEHIEM TIOPSIIKA) He M30MOPHEH MHOKE-
crBy R, Tax Kax y mepBOro €CTh HAMOOJBIINI 3JIEMEHT, a Y BTOPOIO HET.
(ITpu u3oMopdu3Me HANGOIIBIINI SJIEMEHT, €CTECTBEHHO, OIKEH COOTBET-
CTBOBATH HAMOOJIBIIIEMY. )

e MuoxecTBO Z (11es1bie ynciia ¢ OOBIYHBIM TOPSIIKOM ) He H30MOP(HO MHOKE-
ctBy Q (panmonanbubie uncia). B camom neste, mycts «: Z — Q stBisieTcs
u3oMopdusMoM. Bo3bMEM Ba cocemHux MebIxX duciia, ckaxeM, 2 u 3. [Ipu
m30MOpU3Me (v UM JOJIKHBI COOTBETCTBOBATH KAKIE-TO IBA PAIlOHAIb-
meix ancia «(2) m «(3), mpmaém a(2) < «(3), Tak xak 2 < 3. Ho Torma
palNOHAIBHBIM drciaM MeXIy «(2) m «(3) MOMKHBI COOTBETCTBOBATH
IeJIble Unciaa MeXIy 2 U 3, KOTOPBIX HeT.

e bosee clmoXHBIN TIpuMep — MHOXKecTBa Z u Z + Z. BosbméMm B Z + 7
ImBe Komuu Hyss (M3 TOW W OPYTrOil KOMIIOHEHTHI); MbI 0603Hauamn ux 0
u 0. IIpu stom 0 < 0. Ilpu mzoMopdusMe UM MOKHBI COOTBETCTBOBATD
nBa LEeILIX uncsia a u b, miasg Koropeix a < b. Torma Bcem siiemenTaMm
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mexxny 0 u 0 (mx Geckoneuno muoro: 1, 2, 3, ..., —3, —2, —1) IO/mKHEI
COOTBETCTBOBATH UMCJIa MEXKOY 4 U b — HO UX JINITb KOHEYHOE JHUCIIO.

OTOT mpuMep NPUHIUATHAIILHO OTIMYAETCS OT MPEIBIAYIIINX TEM, ITO
3[eCh Pa3HUITy MEXIY CBONCTBAMU MHOXKECTB HeEIb3s 3amucaThb (GopMy-
jorr. Kax roBopsT, ymopsnoueHHbIe MHOXKECTBa Z U 7 + 7, 37eMeHTapHO
SKBUBAJICHTHHI.

3AOAYA 91. Zoxaxcume, umo aunetino ynopadouenuvie muoxcecmsea Z X N
U 7Z X7 (¢ onucanmubim 8bIUWE HA C. 44 NOPAIKOM) HE UBOMODPPHBL.

3AOAYA 92. Bydym au uzomopdubl Aunetino ynopadouennble MHOHCECTEA
NXZuZx7Z?

3AIAYA 93. Bydym au uzomopdrvl aunetino ynopadouenmbie MHOHCECMEA

QXZ uwQxN?

Orobpaxenue = — /22 OCYHIECTBISET M30MOPGU3M MEXKIy HHTEpPBAIa-
v (0,1) m (0,v/2). Ho yxe He Tak IPOCTO MOCTPOUTH M30OMOPMI3M MEXKITY
MHOXKECTBAMU PAIMOHAIBHBIX TOUYEK DTUX UHTEPBAJIOB (TO ecThb Mexmy Q N
N(0,1) m QN (0, v/2)), TOCKOIBLKY yMHOM«KEHME Ha \/2 TIePEBOINT PAIMOHATLHLIE
4ICIa B MPPAINOHAILHEIE. TeM He MeHee m30MOP(MHI3M MOCTPOUTL MOXKHO. Il
5TOT0 HANO B34Th BO3PACTAIOIINE IMOCICIOBATEILHOCTI PAIMOHAILHBIX YHCET
O<ari <29 < ... w0 < y; <9y < ..., CXOOJIIIIECS COOTBETCTBEHHO K 1
7 v/2 I TOCTPONTD KYCOUHO-TIMHEAHYI0 GYHKIMIO f, KOTOpAas MEPEBOINT T; B ¥
U JTHHEHHA Ha KaXIOM U3 OTPE3KOB [T;, T;41] (puc. 1). Jlerko moHsTh, 9TO OHA
OyIeT MCKOMBIM M30MOP(MU3MOM.

SAIAYA 94. Ilokadxcume, wmo MHOHCECMEO0 PAUUOHAALHIT YUCEA UHMEDBA-
aa (0,1) u mmoncecmso Q uzomopduvl. (Yrazanue: 30eco mosce MoACHO NO-
CMPOUMb AOMAHYIO; BNPOUEM, Y IMOU 3a0auu ecmb U dpyeoe peuerue, KOmo-
poe wauunaemca ¢ moeo, wmo gynryug r — 1/x nepesodum payuonasbbie
YUCAA 8 PAYUOHAALHBLE. )

Boree crnoxuas KOHCTpYKIust TpeGyeTcs B Cemyoleil 3amaue (BUIuMO, Hl-
Yero IMmpolre, YeM COCIAThCS Ha OOILyto TeopeMy 13, TyT He MPUIYyMAellb).

BAIAYA 95. [lokaxcume, wmo MHOHCECTNEO 060UUHO-DAYUOHAALHBLL YUCEN
uwmepsana (0,1) usomopdno mmosxcecmey Q. (ucao cuumaemes nBoMIHO-pa-
[UOHAJIBHBIM, €CAU OO umeem 6ud m/2", 2de m — yeaoe uucao, a n — Ha-
mypaabroe. )

IBa smemMeHTa T, Yy IUHERHO YIOPSIOUIEHHOTO MHOYXKECTBA HAa3BIBAIOT COCed-
HUMU, €CTTN © < Y W He CYIIeCTBYeT dJIeMeHTa MeXIy HUMU, TO eCTh TaKoro 2,
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V2,

0 21 'i

Puc. 1. Jlomanas ocyiiecTBiisgeT m30MOpGU3M.

uTo * < 2 < y. JInHeHO yHopsamoueHHOe MHOXKECTBO HA3BIBAIOT NA0MHbIM, ECITI
B HEM HET COCEIHUX JIEMEHTOB (TO €CTh MEXIY JIIOOBIMU MBYMS €CTh TPETHI).

TEOPEMA 13. Jlobvie 064 Cuémubly NAOMHLIE AUHEUHO YNOPAIOUEHHBIT
MHOHCECTNBA OE3 HAUOOALWER0 U HAUMEHDULERZO IACMEHMOE UBOMODHHDL.

Hoka3zaTesmbeTBo. [lycte X n Y — manHBIe HaM MHOXKecTBa. 1'pebyeMblit
m30MOpPU3M MeXIy HUMU CTPOUTCS 1o IaraMm. [locie n 1mraroB y Hac ecThb oBa
n-3IeMeHTHBIX moagMHOXkecTBa X, C X m Y, C Y, 37eMeHTH KOTOPHIX MBI
OymeM Ha3bIBATH OXBAUEHHBIMU, U B3aUMHO OIHO3HATHOE COOTBETCTBUE MEXKITY
HIIMU, COXPaHsoIIee Mopsanok. Ha ouepemnom mare Mbr 6epéM KaKoW-TO HEOXBa-
YEHHBI1 JIEMEHT OIIHOTO M3 MHOXKECTB (CKaxKeM, MHOXKEeCTBa X ) U CPaBHUBAEM
€ro co BceMu OxBadyeHHbIME sjeMeHTamMu X . OH MOXET OKa3aThCs JTuOO MEHb-
11e Bcex, aubo0 00JIbIle, JTMO0 MONacTh MEXIY KaKUMU-TO OABYMs. B kaxxmom u3
CIIY94aeB MBI MOXKEM HAWTU HEOXBAUYEHHBIN BJIEMEHT B Y, HAXOMSIIIUICSI B TOM
XKe TOoJIoKeHun (BOIIBIe BCEX, MEXKIY MePBLIM U BTOPBIM OXBAYEHHBIM CBEDXY,
MEXIy BTOPBIM U TPETbUM OXBAUYEHHBIM CBEPXY U T.TI.). IIpm 5TOM MBI OJIb-
3yeMcsl TeM, 9TO B Y HET HaWMEHBIIIETO 3JIEMeHTa, HeT HamOOJIbIIEero W HeT
COCEMHUX DJIEMEHTOB, — B 3aBUCUMOCTHU OT TOTO, KAKOW M3 TPEX CIIyYaeB UMeeT
MecTo. [locse aTOrO MBI MOGaBIsIEM BBIOPAHHBIE JIEMEHTHI K X,, U Y,, cUuTas
X COOTBETCTBYIOIIUMU IPYT IPYTY.

YToObBI B peneste HOJIyYNTh N30MOPDOU3M MEXKITYy MHOKecTBaMu X 1 Y, MBI
TMOJIKHBI IT03a00TUTHCS O TOM, UTOOBI BCE AJIEMEHTHI 000X MHOXKECTB OBIJIN pa-
HO UJIN TIO3IHO OXBAYEHBI. DTO MOXKHO CHE/IaTh TaK: MOCKOJIBLKY KaXXI0e 13 MHO-
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JKeCTB CUETHO, IIPOHYMEPYEM €ro 3JIeMeHTHI 1 OyaeM BhIOUpaTh HEOXBaueHHBLIN
5JIEMEHT ¢ HANMEHBIIINM HOMEPOM (HA HEUSTHBIX Iarax — u3 X, Ha Y6THBIX —
u3 Y). OTo coobpazkeHre 3aBepIaeT N0Ka3aTelIbCTBO. [

3A0AYA 96. Ckoavko cywecmsyem Heu3oMmopPHbIT CUEMHBIT NAOTIHBIT AU-
HetHO YNoPADOUEHHBIT MHOHCECTNE (NPO HAUMEHBULUT U HAUOOALULUT IAEMENMbL
nuue20 ne uzeecmuo). (Omsem: 4.)

3AIAYA 97. Ilpusedume npumep 08YT NAOMHLIL AUHETHO YNOPAOOUEHHHIT
MHOHCECTNE MOUHOCTIU KOHMUHYYM O€3 HAUMEHDULE2O U HAUOOALULE2O IACMEH-
Mo8, He ABATIOUWUTCA U30MopPrbimu. (Yrazanue: 6ozvmume mnoxrcecmea Q+R

uR+Q.)

TEOPEMA 14. Bcakxoe cuémmoe aunetino ynopasdouennoe MHo#cecmeso u3o-
MOPPHO HEKOMOPOMY NoIMHONCECMBY MHoHcecmea Q.

Hoka3arenbcTBO. 3aMeTUM Cpasy Ke, YTO BMECTO MHOXkKeCTBa (Q MOXKHO ObI-
JI0 B3SITH JII0O00€ TJIOTHOE CUETHOE BCIOAY IJIOTHOE MHOXKECTBO 0€3 MepBOro u
TIOCJIEHETO AJIEMEHTOB, TaK KaK OHU BCe M30MOPQHHI.

HokazaTeabCTBO DTOr0 yTBEPKOCHUS ITPOUCXOMUT TaK Ke, KaK U B Teope-
Me 13 — ¢ Toil pa3HuIlell, YTO HOBbIE HeOOpabOTaHHBIE AJIEMEHTHI OePyTCS TOIb-
KO C OITHOI CTOPOHBI (U3 MAHHOTO HAM MHOYKECTBA), & Maphbl K HUM HOIOHPAIOTCS
B MHOYXKECTBE PaIllMOHAJIBHBIX UMCETT. ]

§3. @yHIMpOBaHHBIE MHOXECTBA

[IpuHIII MaTeMATIICCKON MHAYKIAA B OMHOI 13 BO3MOXKHBIX ()OPM 3BYUUT
TaK:
IIyctb A(n) — HEKOTOpOE CBORCTBO HATYpPAJIbHOIO unciaa n. [lycts HaMm yna-
7g0ck mokazatb A(n) B mpemnmosoxerun, uto A(m) BEpHO IS BCEX 1M, MEHb-
mux n. Torma cBoiictBo A(n) BepHO Iy BCEX HATYPAIBHBIX UHCE 1.

(3ameTnm, uTo MO ycnoBuio mokazaTenbCTBO A(0) BO3MOXKHO 6€3 BCSIKIX
IPEIIOJIOKEHUI, TOCKOJIbKY MEHBIINX YICesT HeT. )

I KaKuX 9aCcTUYHO YIOPSIOYCHHBIX MHOXKECTB BEPEH aHAJIOTMYHLIA IIPIH-
nun? OTBeT maéTcs CIeOyIoIlel MPOCTON TeOPEeMOI:

TEOPEMA 15. Cuedyrowue mpu c80Ucmea wacmuuko Yynopadouenno2o muo-
acecmea X PasHOCUALHBL:

(a) aoboe nenycmoe nodmuoscecmeo X umeem MuHUMAALHOLL IAEMENTT;

(6) ne cywecmseyem bOeckoneunoti cmpozo yowvisarwwel nocaedosamesbro-
Cu To > X1 > T > ... IAEMEHMOE MHOHCECMBA X |
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(B) das muosxcecmsa X eepen npunyun undykyuy 8 caedyrowet gopme: ecau
(npu kaxcdom x € X ) uz ucmumnocmu A(y) dag ecer y < x caedyem ucmum-
nocmy A(x), mo ceoticmseo A(x) eepno npu eécex x. Popmaibro 3mo 3anuchi-
8amM MakK:

Ve (Vy ((y < x) = A(y)) = A(z)) = Vx A(x).

HokazarenbcTBo. CriepBa MOKaXKeM SKBUBAJIEHTHOCTD IIEPBLIX ABYX CBONCTB.
Ecmu g > x1 > x9 > ... — 6GeckoHeuHas yObIBAOIIIAs TOCIENOBATEILHOCTD,
TO, OYEBUIIHO, MHOXKECTBO €& 3HAUEHUI He NMeeT MUHUMAILHOTO dJIeMeHTa ([1JIst
KaJKIIOTO SJIeMeHTa, ciemyomuii emé menbine). [lostomy u3 (a) cienyer (6). Ha-
MPOTUB, ecu B — HelmycToe MHOXKECTBO, He UMEIOIee MUHIMAILHOTO SJIeMEH-
Ta, TO HECKOHEUHYIO YOBIBAIOIITYIO MOCIEIOBATEILHOCTE MOXKHO MMOCTPOUTH TaK.
Bos3bMém mponsBoIbHEBIN d1eMeHT by € B. 1lo mpenmnomoxeHnio ol He SIBIIIeTCS
MIHUMAJIBHBIM, TaK 9TO MOXKHO HaiTu by € B, mis xotoporo by > by. Ilo Tem
Ke TpUYrHAM MOYXKHO HauTu by € B, miisg xkotoporo by > b u T. o. [lomyuaercs
OeckoHeuyHas yObIBAIOIIasl MOCIEOOBATEIbHOCTD.

Temneps BbIBemeM IPUHIUI THIYKIINA U3 CYIIIECTBOBAHIS MUHIMAJIBLHOTO DyIe-
MeHTa B JII000M mOmMHOXKecTBe. [lycTs A(x) — mpom3BOSIbHOE CBOMCTBO Hile-
MEHTOB MHOXKeCTBa X , BEPHOE He MJIs BCEX DJIEMEHTOB x. PaccMoTpuM HemrycToe
MHOXKECTBO B Tex 3/IEeMEeHTOB, I KOTOPBIX CBOMCTBO A HeBepHo. IlycTh  —
MUHIMAJIBLHBIN 971eMeHT MHOXKecTBa B. 110 ycmoBuo MEeHBIITIX 5/TEMEHTOB B MHO-
xkecTBe B HeT, mosToMy My BCex y < x cBoicTBO A(y) Bbimomueno. Ho Torma
0 TPETOIIOKEHIIO MOIKHO ObITH BBIMOIHEHO n A(x) — mpoTUBOpedne.

Ocramock moka3zaTh CYIIIECTBOBAHIE MUHUMAJILHOTO DJIEMEHTA B JIIOOOM He-
IIyCTOM IIOOMHOXKECTBE, MCXOMOS U3 IpUHIuNIa nHaykmun. [lycts B — momMHO-
KEeCTBO 03 MIHUMAJIbHBIX 371eMeHTOB. JlokaxxeM 1o MHOYKIWH, 9TO B mycTo;
opyrumu cioBaMu, B KauectBe A(z) Bo3bMéM cBoiicTBO = ¢ B. B camom merne,
ecmu A(y) BepHO miist BeeX y < &, TO HUKAKON DJIEMEHT, MEHBIINH &, HE JIEXKUT
B B. Ecnu 661 x 1exxan B B, TO oH ObI1 ObI TaM MUHUMAJIBHBIM, & TaKux HeT. [

MHuoxkecTBa, obmamatorme cBoiicrBaMu (a)—(B), HA3BIBAIOTCS HyHIUPO6aH-
nwoimu. Kaxme ects mpumeps! GyHOINPOBAaHHBIX MHOXKecTB?! IIpexme Bcero, Har
HNCXOOHBIA IIPUMEP — MHOXKECTBO HATYPAJILHBIX UMCE]T.

Ipyroit mpumep — muOxkecTBO N X N map HaTypaimbHBIX uuces (MeHbIIe
Ta Tmapa, y KOTOPOW BTOPOW UJIEH MEHbBIE; B CIIydYae PAaBEHCTBA CPABHUBAEM
nepsbie). B camom nerne, mposepum yenosue (6). Ham Gymer ymo6HO chopmyru-
poOBaTh €ro Tak: BCIKas MOCIEOOBATEIBHOCTD Uy = U] = Uy = ... DIEMEHTOB
MHOKECTBA PAHO WJIH TIO3[IHO CTAOUIM3UPYETCs (BCe UJIEHBI, HAUMHAS C HEKOTO-
POTO, PABHBI); OYEBUIHO, UTO STO DKBUBAJIEHTHAS (HOPMYIIUPOBKA.

[IycTh mana mpom3BOIbHAS TOCIIENOBATETBLHOCTD TIAD

(o, y0) = (z1,01) = (T2, 92) > ...
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[To ompenesnennto mopsinka (CHAYATIA CDABHUBAIOTCS BTOPbLIE UJIEHBI) Yo = Y1 >
= 1Yy = ... U IHOTOMY MOCJIENOBATEILHOCTh HATYPAIIBHBIX YUCETT 1J; C KAKOTO-TO
MecTa He MeHseTcs. [locne »Toro yxe x; mOmXHBI YOBIBATH — U TOXKE CTa0UIN-
3upyioTcs. YTo 1 TpeboBaIOCH.

To xke camoe paccyX)meHue IPUTOIHO U B Oojiee OOIINEeN CUTYaITUN.

TEOPEMA 16. Ilycmv A u B — dea ¢ynduposanmviz wacmuuro ynopado-
yenHblr mroxcecmea. Tozda ux npouzeedenue A X B, 8 xomopom

<CL1, b1> < <a2,62> <~ [(bl < bz) UAY, (bl = b2 U a; < az)],
g6agemca GyHoupoe6aHHbIM.

Noxka3arenscTBo. B nocnenosarensuoctu (ag, by) = (a1, b1) > ... crabumu-
3UPYIOTCS CHAYAs1a BTOPBIC, a 3aTeM U IIePBLIe YJICHEL. O]

Orciona BoITekaeT anajormuanoe yreep:xkaerne miast N X N x N, moa N* nmm
BOOOIIIE IJIsI TPOU3BENIEHNST KOHETHOTO YnciIa PYHINPOBAHHBIX MHOXKECTB.

Emé mporrie mokazats, uto cymma A + B OByX QYHIMPOBAHHBIX MHOXKECTB
A n B ¢dynoumpoBaHa: MOCIEIOBATETBHOCTD T < T1 < Lo < ... JI0O IEIUKOM
comep:kuTcs B B (1 Mbl cebutaeMcst Ha GyHIUPOBAHHOCTEL B), nmu6o comepxkut
snemenT n3 A. B mocmensem cityuae Bce ciiemyrolme 5JeMeHThI TaKxKe TPUHAI-
nexaT A, m MBI UCTIOIb3yeM GyHINPOBAHHOCTL A.

YacTo B mporpaMMupoBaHuy (MM B OJIUMITAAIHBIX 3aa9aX ) HAM HYKHO 110
Ka3aTh, YTO HEKOTOPLIN IPOIECC HE MOXKET IMPOMOIXKATHCSI OECKOHEYHO HOJITO.
Hampumep, HanmmcaB UK/, Mbl OO/KHBI YOEMIUTHLCS, UYTO PAHO WM TO3IHO U3
HEr0 BBIIOEM. DTO MOXKHO CIeIaTh TakK: BBECTU KAKON-TO HATYPAJLHBLIN Iapa-
MeTp U yOenuThCs, YTO Ha KaKJIOM IIare IUKJIa 3TOT IapaMeTp YMeHbIITaeTCs.
Torma, ecnu ceftuac >TOT mapamMeTp paBeH [N, TO MOXHO TapaHTUPOBATH, UTO
He T03:ke ueM depe3 N I1aroB MUK 3aKOHUIUTCH.

Omuako OBIBAIOT CUTYyallll, B KOTOPBIX UKCIIO IIArOB 3apaHee OIEHUTH He-
JIb3sl, HO TEM He MeHee TapaHTUPOBATDL 3aBepIlleHre IUKJIa MOXKHO, TOCKOIbKY
eCcTh mapaMeTp, TPUHUMAIONINN 3HaUeHNs B GYHINPOBAHHOM MHOXKECTBE U yObI-
BAIOIINI Ha KaxKIOM Ilare IuKJa.

BoT mpumep omuMnuamHONW 3aadun, TIe MO CYIIIeCTBY TaKoe PAcCyXKICHUe 1
HCIIOJIb3y€eTCS.

busnecMeH 3akiTIOUMI ¢ YEPTOM CHENIKY: KaXKIBIH OEHb OH HAET YEPTY OOHY
MOHETY, U B 0OMeH TOJIyvaeT JTI0001 HabOp MOHET II0 CBOEMY BBIOOPY, HO BCe 3TU
MOHETBI MEHbBIIIETO NOCTOMHCTBA (BUIOB MOHET KOHEYHOE Urcyio). Menars (umm
MOJIyYaTh) HEHbIM B APYTOM MecTe Ou3HecMeH He MoxeT. Korma MoHeT Gosbiie
HE OCTaHeTCs, OU3HeCMeH MPOUTphIBaeT. [lokauTe, YTO paHO MIU MO3MHO YEPT
BBINTPAET, KAKOB Obl HU ObIJI HAUAJIbHBIN HAOOP MOHET y OM3HECMEHA.
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Pemrenne: nmycts umeercs k BumoB MoHeT. VICKOMBII mapaMeTp ONpeNeInM
TakK: MOCUYNTAEM, CKOJIBKO MOHET KaxKIOro BUIA €CTb y OusHecMmeHa (n; — du-
CJI0 MOHET MUHUMAJILHOIO HOCTOMHCTBA, Ny — YUCIIO CJCAYIOUINX, U TaK Hdajiee
10 Ny ). 3aMeTuM, 94TO B pe3ysIbTaTe BCTPEUN ¢ 9EPTOM HAGOD (N1, . . . , M) YMEHb-
raeTcst (B CMBICIIE BBEIEHHOTO HAME TMOPSIIKA, KOTIA MBI CDABHUBAEM CHAUAJIA
MOCTICHIE WIEHBI, 3aTeM Hpennocientsue u T.m.). Ilockonbky MHOXKecTBO NF
bYHOUPOBAHO, 5TOT IPOIECC MOIIKEH 060PBATHCS.

SAIIAYA 98. Ameemcsa KoOneunas nocaedosamesbrocmyb nyaet u edunuy. 3a
00un wae padpewaemcd cdesamsb makxoe deticmeue: natimu 6 Het epynny 01 u
samenums wa 100...00 (npu amom mosicno nanucamy ckoavko y2oono nyaet).
Loxaxrcume, wmo maKue wa2y Heab3d 8bINOAHAMb OECKOHEUHO MHO20 PA3.

SADAYA 99. Paccmompum mMHOMECME0 BCET CA06 PYCCKo20 aadasuma ( a
MOoUNEE, B8CET KOHEUHBLL NOCAECI0B8AMEALHOCTNEL PYCCKUT OYKSE, HE3ABUCUMO OM,
CMbICAQ) C aexcuropapuueckum nopaokom (cm. c. 42). bBydem au smo mmo-
sHcecmaso Pynouposano?

3AnAYA 100. Paccmompum MHONCECTE0 MEXT HEBO3PACNANULUL NOCAEI0Ba-
MeAbHOCMET HAMYPAALLHIT YUCeA, 6 KOMOPHIT 6CE UAEHbl, HAUUHAI C HEKOMO-
D020, pPasmbl HYa0. Beedém 8 ném nopadox max: chauasa cpasrusaem nepevle
uAEHbL, NPU PABEHCMEE NEPBLIT 8Mmopbie u m. d. [Hokaxcume, wmo amo (auneti-
1o) ynopadouennoe mnoxrcecmeo Pyrouposano.

3A0AYA 101. Paccmompum mmoxicecmeo 8Cer MHO20UAEHOE OM 00HOU Ne-
pemMennoti T, KoaPPuyUeHmvl KOMopulr — HAMYPAAbHIE YUCAG. Y NOPAIOUUM
e20 max: muo2ouaer P 6oavwe muozousena Q, ecau P(x) > Q(x) dag ecex do-
cmamouno 6oavwux x. Ilokarcume, umo amo onpedesenue 3a0aEM AuHEUHbLT
nopAOK U UMO NOAYUAOWEECT YNOPIDOUEHHOE MHOHCECTNEO PYHIUPOBaAHO.

§4. BmosiHe ymopsamodeHHBIE MHOXECTBA

OyHOUPOBAHHBIE JIMHEHHO YIOPSNOUYEHHBIE MHOXKECTBA, HA3BIBAIOTCI 68MO04HE
YNopA0oUEeHHbBIMU, & COOTBETCTBYIOIINE MOPIOKA — NOoAMbIMU. LI IUHEeAHBIX
MIOPSIIKOB TOHATUS HANMEHBIIEr0 U MUHUMAJBHOTO 3JIeMEHTa COBHAIAIOT, TakK
YTO BO BHOJIHE YIIOPSIOYEHHOM MHOXKECTBE BCIKOE HEMTYyCTOE TTIONMHOXKECTBO UMe-
eT HaIMEHBLIIINN 3JIEMEHT.

SaMeTnM, 9TO YaCTUIHO YIOPSIIOUYEHHOE MHOXKECTBO, B KOTOPOM BCSKOE He-
IIyCTOE TTOOAMHOXKECTBO UMeeT HAUMEHBIINN 3JIeMEeHT, aBTOMATUIECKU SIBIISIETCS
JIMHENHO yTIOPSINOYUeHHBIM (B caMOM [ieJie, BCSIKO€e NBYXAJIEMEHTHOE MHOXKECTBO
IMeeT HAUMEHBIINI 5JIEMEHT, TIO3TOMY JIIOOBIE [IBa DJIEMEHTa CPABHIMEI).
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[Tpumepst Brosnue yrnopsnodenubix MaoxkecTsB: N, N+ £ (3mecsk k o6o3nauaer
KOHEUHOE JINHENHO yHOpsAIoueHHoe MHOXKeCcTBO u3 k smemerToB), N+ N; N x N.

Harmra merb — MOHSATH, KaK MOTYT OBITH YCTPOEHBI BIIOJIHE YIIOPSIIOUEHHBIE
MHOXKecTBa. HauHEM ¢ HECKOITBKIUX MPOCTHIX 3aMeJYaHU.

e Brosite ymopsimoueHHOe MHOXKECTBO UMeeT HaumMeHbInuil srmemenT. (Hemo-
CPEIICTBEHHOE CJIENCTBUE OMPEIeIeHs. )

o ;s Kaxkmoro SjeMeHTa I BIIOJHE YIOPSIOYEHHOTO MHOXKECTBa (KpoMe
HAMOOJIBIIIET0) €CTh HEMIOCPEICTBEHHO CIIEMYIOIINIT 38 HIIM SJIEMEHT ¥ (9T0
3HAYNT, YTO Yy > &, HO HE CYIIECTBYET 2, IJIsI KOTOPOro y > z > x). B
caMOM [ejie, €CJIM MHOXKECTBO BCEX 3JIEMEHTOB, OOJIBIINX X, HEIIYCTO, TO B
HEM €CThb MUHUMAJBbHBIN 3J€MEHT Y, KOTOPBIN 1 OyOoeT MCKOMBIM. T'akoi
AJIEMEHT JIOTMYHO 0003HadaTh & + 1, ciaemyromuil 38 HUM — T + 2 1 T. 1.

e HexoTopble 51eMEHTHI BIOJHE VIOPSOOUYEHHOTO MHOYXKECTBAa MOTYT He
IMeTh HEIMOCPENCTBEHHO mpenbimyiiero. Hampumep, B MHOXKecTBe N +
+ N ecTb nBa sirleMeHTa, HE MMEIOIINX HEMOCPENCTBEHHO TPEOBIIYIIIETO
(HAUMEHBIINI DJIEMEHT, a TakKXKe HANMEHBIINN 3JIEMEHT BTOPOI KOIUN
HATYPaIBHOTO psna). Takue 5IeMeHThl HA3BIBAIOT NPedelbHblMU.

e Beakuil seMeHT yIOpSIIOYeHHOTO MHOXKECTBa UMeeT BUM 2 + N, THe 2 —
MPENEeNIbHLIN, & N — HATYpPaIbHOE Yncio (0603HAUEHMe Z + 1 TOHIMAET-
Csl B ONMCAHHOM BBIIIE CMBICTIE). B camom merne, eciu z He MpemesbHbIN,
BO3BMEM IIPENBIIYIINAN, €CJIN U OH HENPEeNeIbHBI — TO €r0 IPENbIIYIINN
U T. II., TIOKA& HE MOMIEM M0 MPEmeSbHOrO (6eCKOHEUHO MPOMOIIKATHCS 9TO
HEe MOXET, TaK KaK MHOXKECTBO BIIOJIHE ymopsimodeHo). OUueBUIHO, Takoe
MPENCTABIIEHNE OMHO3HAYHO (y DJIEMEHTa MOXKeT ObITh TOJBKO ONUH HEIO-
CPEICTBEHHO TPEIbIIYIIINiT).

e J[1000€e orpaHMYeHHOE CBEPXY MHOXKECTBO JIEMEHTOB BIIOJTHE YIIOPSIOUEH-
HOTO MHOXKECTBa UMEET TOYHYIO BepXHIOK rpadb. (Kak o6brano, momMHO-
KeCTBO X YaCcTUIHO YIHOPSOOYEHHOTO MHOXKeCTBa A HasbIBaeTCs o2pami-
YEHHBIM CEEPTY, €CITU OHO UMEET 8ePTHION 2PAHUYY, T.e. dIIeMeHT a € A,
IJIST KOTOPOro & < a Tpu Becex € X. Ecnu cpennu Bcex BEPXHUX T'PAHUIL
ITAHHOTO TOOMHOXKECTBA €CTh HAMMEHbINIas, TO OHA HA3BIBAETCS MOUHOU
seprHel 2panbio.)

B camom merme, MHOXKECTBO BCEX BEPXHUX T'DAHUIl HEMYCTO U TTOTOMY
MeeT HAUMEHBIIN 571eMeHT. (3aMeTuM B CKOOKaX, YTO BOIPOC O TOYHOI
HIKHEW T'paHU OJIs BIOJIHE YIOPSOOUYEHHOTO MHOXKECTBa TPUBUAJIEH, TaK
KaK BCSAKOE MHOXKECTBO UMeeT HANMEHBIIINI HJIEMEHT. )

[Tycts A — mpou3BOILHOE BIIOJTHE YIOPSIOUEHHOE MHOXKECTBO. Kro HamMeHb-
it 37eMeHT obo3uaumM depes (. Cremyrormuit 3a HuUM 3JIeMeHT 0003HaYNM He-
pe3 1, crmenyroruit 3a 1 — wepe3 2 u T. O. Ecim MHOXeECTBO KOHEUHO, ITPOIIECC
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TOT 000pBéTCs. Ecnm 6eCKOHEYHO, ITOCMOTPUM, UCUYEPIAINA JIU MBI BCE DJIEMEH-
ThI MHOXKecTBa, A. Eciu HeT, BO3bMEM MUHUMAJILHBINA SJIEMEHT 13 OCTABIIIIXCS.
O6o3raunMm ero w. Cremyrommuii 3a HIM 371eMeHT (eCiI OH eCTh) 0003HAUNM w +
+1, 3aTeM w—+2 u T. 1. Eciu u Ha 5TOM MHOXKECTBO HE NCUYEPIIAETCS, TO BO3BMEM
HAMEHBIIIA 5JIeMEeHT 13 OCTABIIUXCSI, HA30BEM €r0 W - 2, U MMOBTOPUM BCIO TIPO-
nenypy. 3areMm OynyT w-3, w-4 u T. a. Eciau u Ha 5TOM MHOXKECTBO He KOHUNTCS,
MIHIMAJIBHBIA I3 OCTABIIIXCS 3IEMEHTOB Ha30BEM w?. 3aTeM HOHmyT w? + 1,
W2, W tw, Wt w2 w2, w3, W L (e
TOSICHSIEM Celluac MompoOHO 0003HAYUEHNS).

Yo, cobGCTBEHHO TOBOPs, HOKa3bIBaeT 5T0 paccyxkmenne? IlombiTaemcs: BbI-
IeIUTh HEKOTOPBIE YTBepKIeHusI. [Ipu 5ToM Mose3Ho Takoe onpenesieHne: ecian
JIMHENHO YHOPSIOUeHHOe MHOXKeCTBO A pasbuTo Ha mBe (HEIepeceKarolmecs)
vactu B un C, npuuém mgo0oit saemeHT B mMenbirne joboro siaemernTa C, TO
B masbBaoT HauaabHbim ompeskom MHOXKecTBa A. Ilpyrumum croBamu, mom-
MHOXKECTBO B JIMHEHHO yIOpSOOYeHHOIO MHOXKECTBa A SBIISETCS HaYaIbHBIM
OTPEe3KOM, ecyin J1i060i srteMeHT B Menbite mro6oro smemenTta A\ B. Fué omna
nepedopmynuposka: B C A saBiseTcs HadaJbHBIM OTPE3KOM, ecin u3 a,b € A,
be Bua<bcnenyer a € B. 3ameTuM, YTO HAUAIBHBIN OTPE30K MOXKET OBITH
MyCTHIM WJIN COBITAIATEH CO BCEM MHOXKECTBOM.

OrmMmeTnMm Cpa3y 2K€ HECKOJIbBKO IIPOCTEIX CBOWCTB HAYaJILHBIX OTPE3KOB:

e HauasbHBI OTPE30K BIOJIHE YIOPSIIOYEHHOTO MHOXKECTBA, (KAK, BIIPOUEM,
1 71F060€ TOMMHOXKECTBO) SIBIISIETCSI BIIOJTHE YIOPSIIOYEHHBIM MHOXKECTBOM.

e HavambHBITT OTPE30K HAYAITLHOTO OTPE3Ka €CTh HAYATBHBIN OTPE30K WC-
XOITHOTO MHOXKECTBA.

e O6benuueHye JTFOO0TO CeMEICTBA HAYAIIBHBIX OTPE3KOB (B OIHOM U TOM
e YIOPSAIOUEHHOM MHOXKECTBE) €CTh HAYAIBHBIN OTPE30K TOTO YKE MHO-
KeCTBa.

e Eciu © — mpou3BOMBHBIN 57IEMEHT BIIOIHE YIOPSIOYEHHOTO MHOXKeCTBa A,
To MHOXkecTBa [0, x) (BCce smemenThl MHOXKecTBa A, Menbime z) u [0, 7]
(9reMeHTHI MHOKECTBA A, MEHbIIINe WK PABHBIE T') SIBIISIOTCS HAYATbHbI-
MU OTPE3KAMI.

e Besakuit Hava bHBIN OTPe30K [ BIOIHE YIOPSIOYEHHOTO MHOXKeCcTBa A, He
COBIIAAOIIII CO BCEM MHOKECTBOM, uMeeT BUI [0, ) I HEKOTOPOTO T €
€ A. (B camom memne, eciim [ # A, BO3bMEM HANMEHBIIUI 5JIEMEHT T B
muoxkecTBe A \ I. Torma Bce MeHbIIIE 97I€MEHTHI IPUHAIEKAT [, caM &
He TpuHamIe:KuT [ u Bce OObIINE T >JIEMEHTHI He IPUHaOIeXkaT [, mHaue
MOJTY YMIIOCH GBI TPOTUBOPEYNE C OMPENeIeHIeM HAYAIBLHOTO OTPE3KA. )

e JltoOble nMBa HAYABHBIX OTPE3Ka BIIOJIHE VIIOPSIOYEHHOTO MHOXKECTBA
CPABHUMBI TT0 BKJIFOUEHUIO, T. €. OIUH €CTh IOAMHOXKeCcTBO npyroro. (Cie-
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IyeT U3 MPebIIyIIero. )

e HauanbHble OTPE3KM BIOJIHE YIOPSOOYEHHOIO MHOXKeCTBa A, ymopsmo-
YEHHBIE II0 BKJIIOUEHUIO, 00Pa3yIOT BIIOJIHE YIOPIOOYEHHOE MHOXKECTBO.
DTO MHOXKECTBO COCTOUT U3 HAUOOIBINETO dyieMenTa (Bcé A) u ocTambHON
yacTu, uzoMopdHoit MuoxkecTtBy A. (B camom mnese, mauambHBIE OTpE3-
Ky MHOXKecTBa A, He coBnamatorime ¢ A, umeror Bun [0, %), 1 COOTBET-
ctBue [0, ) < x GymeT n30MOphU3MOM. )

Bos3BpaTumcs K HaIlleMy pacCyXKICHUIO C TOC/IEIOBATEILHBIM BBIOCTICHIEM
Pa3INYHBIX DJIEMEHTOB W3 BIIOJIHE YIOPSIIOUYEHHOTO MHOXKECTBa. Kro mepByio
JaCcTh MOXKHO CUNTATBH JIOKA3aTEIbCTBOM TAKOTO YTBEPXKIEHUS: €CJIU BIIOJIHE
YIIOPSIIOYEHHOE MHOXKECTBO OECKOHEYHO, TO OHO NMEET HavuaJIbHBII OTPE30K, N30~
MOpGhHBI Ww. (['0OBOpsS 0 MHOXKECTBE HATYDPAIBHBIX UHCE] BMECTE C TOPSIKOM,
OOBIYHO yTIOTPEOIISIIOT 0603HAYeHne w, & He N.)

Ho ma sToM Halle paccyxkmeHme He OKaHuYmBaeTcd. Ero crmemyroras 4acThb
MOXKET CUNTATLCSI HOKA3aTEeILCTBOM Takoro gaxta: ambo A m3oMopdHO HEKO-

TOPOMY Ha4aJIbHOMY OTPE3KY MHOXKECTBa w2, b0 OHO MMeeT HAYaJIbHBIN OT-

pe3ok, m3oMopdubIil w?. (3Meck wW? — BIOHE YIOPSAIOUEHHOE MHOXKECTBO Map
HATYPAJIBHBIX UUCEIT: CDABHUBAIOTCS CHAYAJIA BTOPBIE KOMIOHEHTHI T1ap, a Mpu
X PaBEHCTBE — MEPBHLIE. )

Boo6itie BepHO Takoe yTBep:KIeHUe: Uit JTIOOBIX ABYX BIOJIHE YHOPSIOUEH-
HBIX MHOXKECTB OIHO M30MOP(HO HAYAIILHOMY OTPE3KY IPYTOro, U INOKa3aTellb-
CTBO cocTouT 60Jiee Wl MeHee B IMOBTOPEHUN IIPOBEIEHHOTO paccyxnerus. Ho

9TOOBI COeIaTh 3TO AKKYPaTHO, HY2KHa HEKOTOpPad IIOATOTOBKA.



TITABA 1II

JIornka BBICKA3bIBAHUN

§1. Bnicka3bIBaHMS M oIEpaIIu

"Ecnm yucso 7 panuoHaabHO, TO T — anrebpandeckoe uucio. Ho ono He aj-
reOpamdeckoe. 3HAUNT, 7 He paruoHaJIbHO.” Mbl He 00sg3aHbI 3HATH, YTO TAKOE
YUCJO 7, KaKWe YNC/Ia Ha3bIBAIOT PAIlMOHAJBbHBIMU U KaKUe aJreOpamdecKuM,
YTOOBI MPU3HATDL, UTO DTO PACCykKOEHNE MPABUILHO — B TOM CMBIC/IE, YTO U3
nBYyX cOPMYIMPOBAHHBIX TOCBIIOK MEICTBUTEILHO BBITEKAET 3aKaodeHne. Ta-
KOI'O POHa CUTYyallull — KOTLIa HEeKOTOPOe YTBEPKIEHHEe BEPHO HEe3aBUCUMO OT
CMBICJIa BXOISIIINI B HETO BBICKA3BIBAHUI — COCTABJISIOT MIPEOMET 402UKU 6bl-
CKa3bl6 AHU .

Harrm paccMoTpenust OyoyT UMETh BIIOJIHE TOYHBIN MaTeMATUUYECKUN Xapak-
Tep, XOTsI Mbl HQUHEM ¢ He(hOPMAJIbHBIX MOTUBUPOBOK.

Bbicka3b16 GHUAMOTYT OBITh UCTRUMHBIMU T 40XcHbIMY. Hampuyep, 7210 +1 —
IpOCTOe 4nciio” — MCTUHHOE BBICKA3BIBaHUE, a 232 4 1 — mpocToe umeio” —
noxHoe (510 umeno menutcs Ha 641). IIpo BeickasbiBanme ”cyiecTByeT Gec-
KOHEYHO MHOTO MPOCTHIX P, IJIT KOTOPBIX P + 2 — Takke MpocToe” HUKTO He
OepéTcs cKazaTh HABEPHIKA, ICTUHHO OHO WJIN JIOXKHO. 3aMeTHuM, UTO ~ & IeJTIT-
cs Ha 2”7 B DTOM CMBICTIE HE SBJISIETCS BBICKA3LIBAHUEM, ITOKA HE CKA3aHO, TEeMY
PABHO X; TIPU PA3HBIX & TOJIYyYAIOTCS pas3Hble BBICKA3LIBAHUS, OMHU UCTUHHBLIE
(mpu 9ETHOM ), Ipyrue — JIOXKHBIE (IPU HEYETHOM ).

BrICKa3bIBaHUS MOXKHO COCNUHSATH APYT C OAPYTOM C TMOMOIIBIO ~ JIOTMYECKIX
CBSI30K” .OTHU CBSI3KHU MMEIOT MOBOJIBHO CTPAHHBIE, HO TPAOUIIMOHHLIE HA3BAHUS
u obosuadenus (tabia. 1). Ormerum Takxke, uyTo B mMmmumkanuu A = B BbI-
CKa3bIBaHIEe A HA3BIBAIOT NOCHIAKOU, W GHMEYEIERMOM UMNAUKAYUY, & B —
3AKAOUEHUEM, TITTA KOHCEKEEHITLOM.

[oBOpST Takke, YTO BBICKA3BIBAHIE UMEET ucmunrocmuoe anaueruel (uc-
TuHa), eciu oHo uctuHHO, win JI (10xn), eciim ono moxkHO. MHOrma Bmecto W
yrnorpebsiercst 6yksa T (true) win uucso 1, a Bmecto JI — 6yksa F (false) umn
qucsio 0. (C mepBoro B3rsina umest TPOU3BOIBLHBIM 00pa3oM BbIOpaTh unciia ()
1 1 xKaxeTcs OUKOWM — KakKas OBl MOJIb3a MOTJIa OBITH OT, CKaXXeM, CJIOXKEHIS
NCTUHHOCTHBIX 3HAUEHUI! Y OUBUTEILHBIM 00pa30M B MOCIEOHIE TOOBI OOHAPY-
JKUJIOCH, UTO TaKas MOJIb3a €CTh, U €CIIN ONEPUPOBATH C UICTUHON U JIOXKBIO KaK
3JIeMeHTaMU KOHEYHOTO TOJIsI, MOXKHO MOJYYUTh MHOTO HEOXKUIAHHBIX Pe3yilb-
TaToB. Ho 5T0 BBIXOMUT 3a paMKU HAIleil KHUTT. )
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CBSI3Ka, obo3HaUeHMEe Ha3BAHIE
Au B A&B AANB KOHBIOHKITIS
A and B
A nm B AV B A or B |Iu3bIOHKINS
e A -A ~A A OTPUIAHIE
A HeBepHO not A

m Acnenyer B | A— B A= B | uMmukamus
ecau A, To B ADB CJIeIOBaHIe
A Breuér B if A then B

B — cnenctBue A

[TPUITOXKEHUE 1. Jloruueckue cBI3KM, 0OO3HAUEHUS 1 HA3BAHMUS.

Jlormueckme CBI3KU ITO3BOJISIOT COCTABIISATD CI0KHBIE BHICKA3BIBAHIS 113 IIPO-
cTeIX. IIpu »TOM MCTUHHOCTH COCTABHOTO BBICKA3BIBAHUS OIPENEISICTCS MCTUH-
HOCTBLIO €r0 YacTell B COOTBETCTBUN C Tabauien 2.

A/ BIANB|AVB|A—B
J|Jg,| I JI n Al-A
J | I n n |
nJi I n JI n|
nn n n n

[IPUTOXKEHUE 2. Tabjauibl ICTUHHOCTU IJIS JIOTUTUYECKUX CBI30K.

Te xe mpaBmIa MOXKHO U3JIOKUTH CIIOBECHO. BrickasbiBanue A A B ncTuHHO,
ecan 0ba BeicKasweBauus A u B uctunnsl. BoickasoiBanue AV B nCTUHHO, ecn
XOTs OBbI OOHO U3 BhICKa3biBaHu A 1 B uctunno. BrickasbiBanue A — B JI0XHO
B eIMHCTBEHHOM ciiydae: eciim A mcrtuaHO, a B nox#o. Hakowner, = A ucTunHO
B TOM U TOJIBKO TOM CiIydae, Korma A JI0XKHO.

N3 Bcex cBsS30K OOJIBIIE BCETO BOIPOCOB BBI3BIBACT UMILIMKAIMSA. B camom
mejie, He OYeHb MOHSTHO, IOYeMy HAHOO0 CUNTATh, CKayKeM, BHICKA3HIBAHUS ~ eCJIn
2x2=5,102%x2=4"nu"eciu 2x2 =25, 10 3 X3 =1" ucrunabivu. (Anmenno
tak ropopsaT Hamm tabmuns: JI — W = JI — JI = W.) Crenyrormit mpumep
MIOKA3BIBAET, YTO B TAKOM ONPENEJICHUN €CTh CMBIC]T.

OO61enpusHano, 9YTO €C/IN YUC/IO X OEIUTCS Ha 4, TO OHO OeIUTCS Ha 2. DTO
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O3HAYAET, UTO BBICKA3BIBAHUE
(x memurest wa 4) — (x memuTces Ha 2)

UCTUHHO Tpu BcexX x. [lomeraBuM cioma x = 5: 0b6e YacTU JIOXKHBI, & yTBepKIe-
HIE B IIeJIOM UCTUHHO. [Ipu x = 6 mochlaka IMINTIKAIINYT JIOKHA, a 3aKJTIOUYCHIE
UCTUHHO, 1 BCS UMIIJIUKAIINS UCTUHHA. HakoHer, mpu x = 8 MOCHIJIKA U 3aKJTFOUe-
HIle UCTUHHBI U UMILIIKAIS B 1ejioM uctuaHa. C Opyroil cTOPOHBI, 0OpaTHOE
yTBepKIeHue (ecim T NeTUTCs HA 2, TO T HENUTCS Ha 4) HEeBEPHO, U UHUCIIO 2
SIBISIETCSI KOHTPIPUMepoM. [Ipu 5ToM MOCHITIKa UMITUKAIINY NCTUHHA, 3aKJTI0Ue-
HIE JIOXKHO, U caMa UMILIAKAIIS JIOXKHA. TakumM oOpa3oM, €Clu CUuTaTh, UTO
UCTUHHOCTH UMILIHKAIINN OMPENeseTCsl NCTUHHOCTBIO eé JacTell (a He HaJu-
YMeM MEXKIY HUMU KAKUX-TO TPUUNHHO-CIENCTBEHHBIX CBSI3€il), TO BCE CTPOKH
TabJIUIBI UCTUHHOCTA 0O0CHOBaHBI. UTOOBI TOMYEPKHYTH TaKoe Y3KO-(hOpMailb-
HO€e TIOHIMaHUe UMIITAKAInn, ¢GuIocoCcKn HaCTPOEHHbIE JIOTUKN HA3BIBAIOT €6
” MaTepuaJbHON UMILIIKAIIIen .

Temeps oT HeDOPMATIBLHBIX PA3TOBOPOB MEPEHIEM K OIMpEIeSIeHIIM. JJIeMeH-
TapHBbIE BBICKA3BIBaHUS (13 KOTOPBIX COCTABISIOTCS 6OJIee CIIOXKHBIE) MBI OyIeMm
0003HAUYATH MAJEHBKIMU JIATUHCKUME OyKBaMW U HA3BIBATH NPONO3UYUOHAL-
HOIMU NepemenHbimu. V3 HIX CTPOSITCS Npono3uyuoHaibrble Gopmyabl IO TAKUM
TIpaBUIAM:

e Besgkas mponosumnmonaibHas IepeMeHHas ecTh (POpMyIIa.

e Eciiu A — mpomnosunmoranbHast hopMmyia, To A — TPOomo3nuInOHATbHASE
popmyIa.

e Fciu A u B — nponosutmonanbubie hopmyisl, 0 (A A B), (AV B) u
(A — B) — mpomno3uimoHaibabie (GOPMYIIBL.

MoxHo ermé ckazaTh Tax: GOpMyIBl 00pPa3yiOT MUHUMAJILHOE MHOMXKECTBO,
obtafaoliee yKa3aHHBIMEI CBONCTBAME (CJIOBO ~MUHUMAJIBLHOE” 31eCh CyIlle-
CTBEHHO: Bellb €CJIn ObI MBI OOBSIBUIIN JTIO0YIO TTOC/IENOBATETLHOCTD IIEPEMEHHBIX,
CKOBOK U CBsI30K (DOPMYJIOiN, TO 9TH TPU CBOKCTBA ObLIN GBI TOXKE BBITOTHEHBI ).

[TycTb hopmyita ¢ comepXKUT n MPOMO3UIUNOHATIBHBIX IEPEMEHHBIX D1, P2, - - -
ppn. Ecam monmcraBuTh BMECTO HSTHUX MEPEMEHHBIX UCTUHHOCTHBIE 3HadeHus (M
win JI), To o TabnunaM MOXKHO BHIYUCIINTH UCTUHHOCTHOE 3HAUEHNE (HOPMYJIIbI
B nesioM. Takum obpasom, dopmyna 3amaéT HEKOTOPYIO GYHKIIUIO OT 7. apry-
MEHTOB, KaXKIBI 13 KOTOPBIX MOxkeT nmpuuHuMaTh 3HaueHus JI u W. 3navenus
dbyukunn Takxe gexar B Muoxkectse {JI, M}, koTopoe MbI Gymem obo3nauaTs B.
Mpur 6ymeM ciiemoBaTh yiKe YIOMUHABIIEHCS Tpaaunuu u OTOXmecTBIATh W ¢
enuuaunteit, a JI — ¢ myném, tem cambim B ects {0, 1}. Popmyna ¢ 3amaét oTo-
opaxenne Tumna B" — B. Taxume oTobpaxkeHus Ha3bBIBAIOT TaKXKe OY.1€6bIMU
PYHKYUAMU 1 GP2YMEHMOB.
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Mpumep. Pacemorpum dopmyity (pA (g A—r)). OHa ncTUHHA B €AMHCTBEHHOM
ciydae — KOTZa p U ¢ UCTUHHBL, a 7 JIOXKHO (cM. Tabauiy 3).

pla|r|—r|(@NhN=r)|(pA(gA-T))
0/0][0] 1 0 0
0o/o[1] o0 0 0
0ol1/0] 1 1 0
0o/1]1] 0 0 0
1/olo] 1 0 0
1/o[1]o0 0 0
1/1]0] 1 1 1
1/1]1]0 0 0

[TPUIOKEHUE 3. Tabmuua ncturaoctn oyt (p A (¢ A —r)).

HexoTopbie ¢popMynbl BEIpaXKarOT JIOTTYECKIE 3aKOHBI — COCTABHBIE BBICKA-
3BIBAHUS, NCTUHHBIE HE3aBUCUMO OT CMBICIa uXx uactreil. Takue dopmysnsr (uc-
TUHHBIE IPU BCEX 3HAUEHUSIX BXOMSIINX B HUX TIEPEMEHHBIX ) HAZBIBAIOT 1MaA6MOo-
A02UAMU.

Mpumep. Popmyna ((p A ¢) — p) ABIALETCS TABTOIOTHE (3TO MOXKHO TIPOBE-
pUTh, HATIpUMED, cocTaBuB TabnuIry ). OHa BEIDAXKAET TAKON JIOTUIECKUI 3aKOH:
113 KOHBIOHKIINN YTBEPXKIEHUN ClIeIyeT IepBOoe U3 HUX.

3AnA4A 102. Kax ebieagzdum cummempuunoe ymeeprcoenue 04 du3 vonk-
Yuu U Kaxad gopmyaa e2o svipaxcaem?

IIBe hOpMyIIBI HA3BIBAIOT 9K6UEAAEHIIHbLMU, €CTIN OHU UCTUHHEL IIPU OTHIX
U TeX e 3HAYEHUSX MePEeMEHHBIX (IPYTUMU CJIOBAMU, €CJIM OHU 3aMIal0T ONHY
u Ty xke GyneBy dyukimio). Hanpumep, dopmyna (p A (p — ¢)) ucTuHHA IUIIL
npu p = ¢ = W, u moromy skBuBasienTHa dhopmyie (p A q).

Pacemorpum dopmyity ((p A q) V q). Ona ucTuHHA, €Ciau MepeMeHHas ¢ UC-
TUHHA, 1 JIOXKHA, €CIU MEepPeMeHHas (¢ JIOXKHA. XOTeI0Ch Obl CKa3aTh, YTO OHA
SKBUBAJICHTHA (DOPMYyJIe ¢, HO TYT €CTh (DOpPMajbHas TPYIHOCTL: OHA CONEP-
KUT IBe MePEeMEeHHBIE 1 MOTOMY 3a1aéT (QYHKIUIO OT ABYX apryMEHTOB (THUIa
B x B — B), B To Bpems kak GopMmyiia ¢ 3a0aéT GYHKIUIO OMHOTO apryMeH-
Ta. MbI He GyneM obpamars Ha 5TO BHUMAHUA 1 OyIeM CUATATbL 5TH (HOPMYJIEL
SKBUBAJICHTHLIMEI. B0oOoOIIe, € eCTh CIUCOK MEPEMEHHBLIX Pi, ..., P, COOEp-
KAIIUN BCE TIEPEMEHHBIE HEKOTOPOil (HOpMYIIbI ¢ (1, BOBMOXKHO, €Ié KAKUe-TO
TIEPEMEHHBIE), MOXKHO CUMTATh, 4TO (HOpMyIa ¢ 3amaéT QYHKIMIO OT N apry-
MEHTOB, BO3MOXKHO, Ha IeJle 3aBUCSIIYIO0 HE OT BCEX aprYMEHTOB (IOCTOSHHYTO
0 HEKOTOPBIM apryMeHTaM )
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[Toce cnenaHHBIX OTOBOPOK JIETKO MPOBEPUTH CHEMYIONTUN (HaKT: (HOPMYITHI
@ ¥ 1) SKBUBAJIEHTHBI TOTNA U TOJBKO Torma, korma dopmyna ((p — ) A
A (Y — ¢)) sBrstercst TaBTosorueit. Mcnonb3yst cokpartenne (p < q) mis ((p —
— q)A(¢ — p)), MOXKHO 3AIIUCHIBATDH YTBEPKICHUS 00 SKBUBAJICHTHOCTU (hOPMYJT
B BIUE TABTOJIOTN. BOT HECKOIBKO TAKUX SKBUBAJICHTHOCTEIL:

TEOPEMA 17. Dopmyabl

ABALNOMNCA MaAMOAO2UAMU.

Iloka3zaTesbeTBO. [lepBhle YeThIpe SKBUBAJIEHTHOCTU BBIPAXKAIOT KOMMYTAa-
TUBHOCTH U aCCOIMATUBHOCTh KOHBIOHKIINI U MU3BbIOHKIINHA. [IpoBepuM, Hampu-
Mep, BTOPYIO: JIeBask U TpaBas YaCcTU UCTUHHBI B €IUHCTBEHHOM Cilydae (Korma
BCe MePEMEeHHBIE UCTUHHBI), U TIOTOMY SKBUBaeHTHBI. ([l nusbioHKImm yuno6-
Hee CMOTPETb, KOTIla OHa JIOXKHA. )

IBe cremyiolme SKBUBAJIEHTHOCTH yTBEPXKIAOT OUCTPUOYTUBHOCTH — 3a-
METHUM, UYTO B OTJMYNE OT CJIOXKEHWUS W YMHOXKEHUS B KOJIbIIAX 3/1€Ch BEPHBI
oba cBOWCTBa OUCTPUOYTUBHOCTH. IIpoBepUTH SKBUBAJEHTHOCTDL JIETKO, €CJIN
OTIETBHO PACCMOTPETh CIydand UCTUHHOTO U JIOXKHOTO P.

Crenytorine nBa cBONCTBA, 3axonbl e Mopeana, TerKo MpOBEPUTD, 3HAS, ITO
KOHBIOHKITNS UCTUHHA, & OU3BIOHKINS JIOXKHA JINIIL B OOHOM CIydae. DTU CBOM-
CTBa WHOTA BBIPAXKAIOT CJIOBAMU: ~ KOHBIOHKIIUS TBONCTBEHHA MTU3BIOHKITAN .

Ilasiee ciemyroT mBa OYEBUIHBIX 3aKOHA NO2AOWEHUL (OMUH M3 HUX MbI yIKe
YIIOMUHAJIN).

8a HUMU HOET MPABUIO KOHMPANO3UYUU, KOTOPOE TOBOPUT, B YACTHOCTM,
UTO YTBEPXKIEHUS ~€CJI T COBEPIIEHHO, TO T YéTHO MW ~eclu T HeYETHO, TO T
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HECOBEPIIIEHHO PaBHOCUIBHBI. XOTSI OHO W OYEBUIHO ITPOBEPSETCS C MOMOIIIBIO
TabJIUIT UCTUHHOCTHU, C HUM CBSI3aHBI JIFOOONBITHBIE MTApPaIOKCHl. BoT omuH u3
HIIX.

Buosor A BBEIIBUHYJI TUIIOTE3Y: BCe BOPOHBI YEpHLIE. [IpoBepsisa e, o BhIIIeN
BO JIBOP 1 OOHAPYKUII Ha mepeBe Bopony. OHa okaszasiock uépHoit. buomor A pa-
myeTcsl — TUIOoTe3a MonTBepxkaaeTcsa. buomor b nepedopmynupoBas runoresy
Tak: BCe He-USPHbIE MPEIMETHl — HEe BOPOHBI (IIPUMEHUB HAIIe MPABIIIO KOH-
TPAIO3UIINK) U He CTAJ BBIXOMUTH BO ABOP, & OTKPBLI XOJOMUIBHUK 1 HAIIE
TaM opamxkeBbIil mpenmer. OH OKa3ajics amejLCUHOM, a He BopoHon. buosor b
00OpamoBaJICst — TUMOTe3a TMOATBEPKIAeTCss — 1 1mo3BoHu 6uosory A. Tot you-
BJISIETCSI — Y HETO TOXKE €CTh allejIbCUH B XOJIOMUIbHIKE, HO C €r0 TOUKN 3PEHUS
HUKAKOTO OTHOIIIEHUS K €0 TUIOTe3€ alle/IbCUH HE MMEET . . .

Hpyroit mapa/iokc: ¢ TOYKU 3peHus GOpMaIbHON JOTUKU YTBEPKICHUSI =~ KTO
HE ¢ HaMU, TOT OpOTHUB Hac” 1 ~’KTO He IPOTHUB HAC, TOT C HAMHU PABHOCUILHBL.

[Mocnenuee (1 OUEBUIHOE) MIPABUIIO P > ——p HA3BIBAETCS CHAMUEM 0680UHO20
OMPUYAHUAL. [

3AnAYA 103. Ilepeuucaenmnvie 3K6UBAAEHMHOCTIU COOMBEMCMEYIOM PAEEH-
CMBAM 04T MHOHCECTNG. HANPUMED, NEPBAT 2aparmupyem, ymo PN Q = QN
N P dag mobvix mmwoxcecms P u Q). Kaxue ymaepacdenus coomeememeyom
0CMAALHBIM IKEUBAAEHMHOCTIIM?

3AIAYA 104. /lse popmyavt, codeprcauyue moabko NEPEMEHHBIE U CBAZKU /\,
V u -, akeusasenmubl. Joxaxcume, wmo onu OCMAHYMCA IKE6UBAAEHMHBIMU,
ecau 6crdy 3amenumsv N\ Ha NV U Hao60pOm.

ITasexo He Bce TaBTOJIOIMU UMEIOT SICHBI MHTYUTUBHLIA cMBICT. Hampumep,
dopmyma (p — q)V (¢ — p) sBIsIeTCs TaBTOIOTHEl (€CIII OMHO 13 Y TBEPIKICHUIT
p U ¢ JIOXKHO, TO U3 HETO CIIEAYyEeT BCE, YTO YIOMHO; €Ciu 00a MCTUHHBI, TO TEM
6oree GhopMyIsIa UCTUHHA), XOTs 1 OTUYACTH IIPOTUBOPEUUT HAIIEH UHTYUIIAN —
o4yeMy, COOCTBEHHO, 13 IBYX HUKAK HE CBI3AHHBIX YTBEPXKICHUI OMHO BJICUET
npyroe? Emé 6omee 3aranodsa TaBTOIOI IS

(p—q)—p) —p

<XOT5{ eé HUYero He CTOUT IIPOBEPUTH C IIOMOIIIBIO Ta6JII/IH I/ICTI/IHHOCTI/I).

OTcTynnenne o nonbse ckobok. Ha camom mere Hale omnpemesieHue MCTUH-
HOCTU COHEPXKUT CEPbE3HBIN Mmpobesi. UToObI 0OHAPYKUTH €ro, 3a1amauM cebe
BOIIPOC: 3a4eM HYKHBI CKOOKI B dopmyinax? IIpemcraBum cebe, 4TO MBI M3Me-
HIM ompenesnaerne GopMyasl, u OynemM roBopuTh, uto P A Q) u PV () sBasgoTcs
dopmymamu miis g00bix P u (). OcTaHyTcs Iu HAIM pacCyXIeHusI B cuiie?
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JIerko moHATH, YTO MBI CTOJIKHEMCS ¢ TPYOHOCTHIO IIPU OIpeneieHnn O6yTeBOi
OYHKIIIM, COOTBETCTBYIOIIEH GopMmysie. B sToM ompeneseHnu MblI TOICTABIISIIN
HYJIU 1 €QUHUAIIBI HA MECTO EPEMEHHBIX U 3aTe€M BBIUUCISIIN 3HAYeHUE (DOPMYJITHI
C TIOMOITIBIO TaOJIUI UCTUHHOCTU IJIs CBI30K. Ho Temeph, Korma Mbl U3MEHUIIN
onpenenenune GopMmyibl, hopmyiia p A g V r MOx)eT ObIThH MOJIyUeHa OBYMs CIIO-
cobamu — u3 GOpMyJI p A g U T ¢ TIOMOILIBIO ontepanuu V u u3 GopMya pu gV r
C MIOMOIIIBIO omepanuu A. JTHU OBa TOJKOBAHUS OaAyT Pa3HLIA Pe3ylIbTaT IPH
MIONIBITKE BEIYUCINTE 3HaveHne 0 A OV 1.

N3 cka3zaHHOTO SICHO, YTO CKOOKI HYXKHBI, YTOOBI MrapaHTUPOBATH OMHO3HAU-
HOCTH CHHTAKCIIeCKOTO pazbopa dopMmysbl. TouHee TOBOPS, BEPHO TaKOe yTBEP-
KIEHUE:

TEOPEMA 18 (omHO3HAUHOCTB pazbopa). [Iponozuyuonasvuad gopmyaa, He
ABATIOWAACT NEPEMEHHOT, MONCEM OLIMb NPEICNABAEHA POBHO 8 00HOM U3 Ue-
muipéx 6udos (AN B), (AV B), (A — B) uau —A, ede A v B — nexomopuie
dopmyavt, npuuém A u B (8 nepsvir mpér cayuadr) 60ccmanasau8ames 00-
HO3HAYUHO.

Hoka3zaTesbcTBo. POopMaTbHOE MOKA3ATETHCTBO MOXKHO MPOBECTU TaK: Ha-
30BEM CKOOOUHBIM UMO20M PASHUILY MEXKIY UMNCIIOM OTKPBIBAIOIITUXCS U 3aKPbI-
BaOIINXCSI CKOOOK. MHIyKImeld mo mocTpoeHuo (HOPMYIIHI JIETKO NOKa3aTh Ta-
KYIO JIEMMY:

Jlemma. Cxob6ounbIll UTOT GHOPMYJIBI paBeH HY/T0. CKOOOUHBIN MTOT JIIOOOTO
HavdaJsia (pOpMyJIbl HeOTPUIlATEIEH U PaBEH HYJIIIO, JINIIL €CJIN 3TO HaYaJsio COBIIa-
aeT Cco Bcell (GOPMYIIOit, TyCTO WM COCTOUT U3 OOHUX CUMBOJIOB OTPUIIAHUS.

CnoBa "UMHOYKIUEH 0 MOCTPOEHNIO” O3HAYAIOT, UTO MBI IIPOBEPSEM yTBEP-
XKIEeHUe U TIePEMEHHBIX, & TaKXKe MOKa3bIBaeM, UTO €CIU OHO BEpPHO OJIs Hop-
Myt A u B, To oHo Bepro u mis dopmyin (AA B), (AV B), (A — B) u —A.

[Tocme Toro kax memMma mokasaHa, pazdbop GOPMYITEI TPOBOMUTCS TaK: €CIIN
OHa HAUUHAETCS C OTPUIIAHUI, TO MOXKET OBITH 0Opa30oBaHa JIUIIL O YeTBEPTO-
My TpaBuUIy. Kcau ke oHA HAUWMHAETCS CO CKOOKM, TO HAOO CKOOKY yHOAIuTh, a
IMOTOM HCKaTh HEIyCTOE HAYAJI0, UMEIOIee HyJIEBOU CKOOOUYHBI UTOT U HE OKAaH-
YUBAIOIIEECS Ha 3HAK JIOTWMUYECKOH omeparun. Takoe HAYAI0 eIUHCTBEHHO (Kak
JIETKO TIPOBEPUTH, UCIOJIB3Y I JIEMMY ). DTO HAYAJIO U OyIeT MEePBOI YaCThIo (Hop-
Myl Tem caMbIM opMyna pa3zdbupaeTcs OMHOZHAYHO. [

Her cmbicia BOaBaThCs B MONPOOHOCTH TOTO (HECIIONKHOTO) PACCY K ICHMUS:
BOOOIIIE-TO AJITOPUTMBI pa3zdopa ¢GopMysI — 3TO OTHe/lIbHas OOJIbIIas 1 MPaKTHu-
YeCK! BasKHas TeMa (B IEePBYIO OYepelb B CBsI3U ¢ KoMmussitopamn). [Ipusenén-
HBII HAMH aJITOPUTM majieko He onTuMajeH. C Opyroir CTOPOHBI, MBI BOOOIIE
MOXKeM ODONTH 3Ty mpobieMy, TOoTpeboBan, YTOOBI Tpu 3anucu GopMyJI jJeBas 1
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npaBasi CKOOKM, OKpYyzKarolue (GOpMYIy, CBI3bIBAJINCH JIUHIEN — TOLIa OOHO-
3HAUYHOCTB pa3dbopa (popMyJsibl HE BBI3BIBAET BOIIPOCOB, U OOJIbIIlE HUYETO HaM He
HAMO.

B nmanpHelimmeM Mbl OyIeM OIyCKaTh CKOOKM, €C/T OHU JTUOO He UTPAIOT POJIN
(HATpUMED, MOXKHO HAIMCATH KOHBIOHKIINIO TPEX UJIEHOB, HE YKA3BIBAsS TOPSIOK
NefCTBUI B CUJTY aCCOMMATUBHOCTH), TUOO SCHBI U3 KOHTEKCTA.

3AOAYA 105. Ioavckuti aoeux Jykacesuyu npedaazas 06xodumovca 6e3 cko-
60K, 3aNUCHLBAT 8 HOPMYAAT CHAUAAL BHAK ONEPAYUL, G NOMOM ONEPandv (Oe3
npobeaos u pasdeaumeaneti). Hanpumep, (a + b) X (¢ + (d X €)) 6 e2o 06o3na-
wenugr 3anuuemcsa xax X-+ab+cxde. Omy 3anuce ewé Ha3vI6aAOM TOIBLCKOI
sanucvio. O6pamuad NoabCkag 3GNUCL OMAUYGENCA 0M HEE MEM, UMO 3HAK
onepayuy udém nocae onepandos. I[loxaxcume, umo 8 060UT CAYUAIT NOPAIOK
deticmeuti 80CCMANABAUBAENCA 0OHOZHAUHO.

§2. Ilosmble cucTEMBI CBA30K
PaccmaTpuBaemast HaMu cucTeMa, TPOMO3UINOHAIBHBIX CBSI30K (A, V, —, )
NnoAHa B CIEOYIOIIEM CMBICJIC:

TEOPEMA 19 (ITonuora cuctemsr cBs130K). Jlobas 6yiesa gywkyud n apey-
MEHMOB MONCEM OLIMb 3ANUCAHG 6 B8UJE NPONOUYUOHAALHOT HOPMYAbL.

Hoka3zaTesmbeTBo. [Iporie Bcero moscHuTh 510 Ha mpumepe. IlycTs, Hampn-
Mep, Oynesa dyukuus ©(p, q, ) 3amana rabauien 4.

pla|r|elpqr)

0(0/(0 1

0/0]1 0

011 1 V(mpAgATr)V
tiojo| o V(pAgAT)
1101 0

11110 0

11111 1

[TPUITOXKEHUE 4. bymeBa QyHKIIS 1 3amatorias eé hopMyna.

B Tabnuiie ecTb Tpu CTPOKU C €OUHUIIAMU B IIPABOW KOJIOHKE — TPU CIIY-
vast, Korma OyneBa ¢yHkuus uctunHa (pasHa 1). Hamuimem Tpum KOHBIOHKINH,
KayKIas 13 KOTOPBIX MOKPBIBAET OIUH CITyuail (& B OCTAIBHBIX CTPOKAX JIOXKHA),
7 COEMUHUM UX mu3bioHkIimeln. Hyxuas dopmyna mocTpoeHa.
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SlcHO, UTO aHAJIOrMYHAS KOHCTPYKIIMS IIPUMEHUMa s 000l Tabmuisl (¢
TEO6BIM UUCIIOM TIEPEMEHHBIX ). []

st hopMyiT TomoOHOTO BUOA €CTh CIeIuaIbHOe Ha3zBaHue: GOPMYIIBI B QU3 b-
0HKEMUBHOU HOPMaAbHOT Popme. Bomee mOnpobHO: Aumepa.som Ha3bIBACTCS TIe-
peMeHHas W OTPUIAHNE TIEPEMEHHON, KOHBLIOHKMOM HA3BIBAETCS IPOU3BOJIb-
Hasl KOHBIOHKIINS JINTEPAJIOB, a OU3BIOHKTUBHON HOPMAaJILHON (GOPMOI Ha3LIBa-
eTCsl MU3BIOHKINS KOHBIOHKTOB. B HaImem ciiydae B KaXXObI KOHBIOHKT BXOIUT
n auTepasioB (Ime 1 — YKUCIIO MEPEMEHHBIX ), & UUCI0 KOHBIOHKTOB PABHO YUCITY
CTPOK C eIUHWUIIAMI U MOXKET MEHSIThCsI OT HyJisl (TOrma, IMpaBhia, IMOIydaeTcs
He coBceM hopMyJIa, a ~IycTas MU3BIOHKIINA , 1 €€ MOXKHO 3aMEHUTH KAKON-HU-
OyIb Beerma JIoKHOM dopmystolt Tuna pA—p) mno 2" (eciu GyneBa GyHKIUS BCerma
HCTUHHA).

3AnAYA 106. [aumna nocmpoennoti 8 dokazameabcmaee meopembvl 19 dop-
MYABL 3GBUCUM OM YUCAA eQUHUY: dopmyasa 6ydem Kopomrotl, ecau edunuy 8
mabauye maao. A xax nanucams (cpasrumeavro) Kopomxyw Gopmyay, ecau 6
mabauye Matso HYyset, a 6 0CHOBHOM €OUHUYDL?

Wuorma mosesna KoHbOHKMUBHAT HOPMAAbHAT GOPMa, KOTOPAsS IPEICTABIIS-
eT coboil KOHBIOHKIIIIO Ju3bi0onkmos. KaxX il U3BIOHKT COCTOUT U3 JIMTEepa-
JIOB, COEMMHEHHBIX MU3BIOHKIIUAMUI. T'eopeMy 19 MOXKHO Temnepb yCUIUTH TaK:

TEOPEMA 20. Bcakag o6yaesa Pynxuyud moxcem Obimb 6bIPAHCEHE POPMY-
40T, HATO0TWEUCT 6 JUBBIOHKMUBHOT HOPMAALHOT dopme, a mardice opmy-
40T, HATOOTULETCA 8 KON BIOHKMUBHOT HOPMAALHOT popme.

Hoka3aTesbeTBo. [lepBas gacTh yTBepKOeHUS yXKe Noka3zaHa. BTopas JacTh
AHAJIOTMYIHA TIEPBOU, HAMAO TOJIBKO IS KaXXION CTPOKU C HYJIEM HAINCATDL MOM-
XOOSAIINN TU3BIOHKT.

MoxHO Takxke NpencTaBUTh QYHKIWIO ¢ B MU3BIOHKTUBHON HOPMAaJIHLHON
dopwme, a 3aTeM BOCIOIB30BaThC 3akoHaMu [le Moprasa, 9To0bI BHECTU OTPH-
IIaHe BHYTPb. [

3AOAYA 107. Ilposedume emopoti eapuarm paccyrcoenud nodpoomo.

Boobriie roBops, onpenenerne HOpMaIbHOW POPMBI He TpebyeT, UTOORI B Ka-
KIIOM KOHBIOHKTE (UJIN MU3BIOHKTE) BCTPEYAInCh Bee mepeMenHse. (IloBTopsaTs
IePEMEHHYIO OOJIBIIE OMHOIO Pa3a CMBICIA HET; €CJId, HAIIPUMED, IepeMeHHAasd 1
eé OTpHUIlaHUe BXOOAT B OOHY KOHBIOHKIINIO, TO 5Ta KOHBLIOHKIIAA BCErIa JIOKHA
1 €€ MOXHO BBIODOCHUTE. )
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3AOAYA 108. Ilpusedume npumep 6yae60t Gynkyuu n ap2ymenmos, y Ko-
mopoti 4100a4 QU3 BLIOHKMUBHAA UAU KOHBIOHKMUSHAT HOPMAALHAI dopma co-
depacum Auwd uaenbl daunbt n. (Yrazanwue: paccmompume GyHKyuo, KOMOPat
MENIEM, CB0E ZHAUEHUE NPU UBMEHEHUU ZHAUEHUT 410001 nepemernot.)

3aMeTuM, YTO TpPU HOKA3aTEILCTBE TeopeMbl 19 MbI obomiinch 63 MMILTH-
Kaluyu. DTO U He VIAUBUTEIHLHO, TaK KaK OHA BBIPAXKAETCS Uepe3 MU3BIOHKIIIO
7 OTpULIaHUE:

(p—4q) < (-pVa)

(mpoBepbTe!). Mbl Moryiu 661 OGONTHUCH TOTBKO KOHBIOHKIINEHN U OTPUIIAHUEM,
TakK Kak

(pVq) < —(-pA-g),

NI TOJIBKO OU3BIOHKIIEN 1 oTpunmaHueM, TaK KaK

(pAq) < —(=pV—q)

(0be SKBUBaJICHTHOCTU BBITeKaioT u3 3akoHOB [le Moprama; ux jerko mpose-
PUTBH U HEmocpencTBeHHo). Kak roBopsT, cucteMa CBSI30K A, 7, & TaKkKe CUCTe-
Ma CBSI30K V, - SBIIIOTCS noanvimu. (Ilo ompenenenmo sTo o3HavaeT, 9TO ¢ UX
TIOMOIITHIO MOKHO 3aIUCATD JII00YI0 OyiIeBy (DYHKIINIO. )

3AnAYA 109. Zoxaxcume, umo cucmema c8430K —, — noana. (Yrazanue:
KaK 3anucamy wepe3 Hux Ju3boHKyuo?)

A BoT 6e3 oTpunanus o6oiTuCh HeNb3sa. CucTeMa CBI30K A, V, — HEIIOJIHA —
I 110 OYEHbL IIPOCTON MPUUMHE: eC/IM BCe MePeMeHHBIe MCTUHHBI, TO JIH00As UX
KOMOUHAIIS, COMEPKAIIAs TOIBKO yKa3aHHble CBsi3Ku, ucturna. (Kax roBopsr,
BCE 5TU CBA3KHN ~ COXPAHSAIOT equHuIry” .)

3AnAYA 110. Jleeko nowamyv, umo 40604 Gopmyaa, cOCMABAEHHAT MOALKO
C NOMOWDIO C8A30K N\ UV, 3a0aém MOHOMONHYIO OYaesYy GynKyuI0 (6 MOM CMbL-
cae, Ymo Om YBeAUUEHUT 3HAUEHUT 4100020 U3 APYMEHMOB8 ZHAUEHUE PYHKYUU
MOKHCEM MOALKO 803PACTNU — UAU OCMAMbC npesxcnum). [loxaxcume, wmo awo-
bag monomonnag oysesa GynKyug moxcem 6vims svipaxcena Gopmyaoti, codep-
aHcauyeti moavko N\ u V.

3AnAYA 111. Hycmb ¢ — v — maemonoecus. [oxaxcume, umo natidémes
Popmysa T, KOMOPaAT 6KANUAEM 6 CEOT MOALKO 00wue 04 © U 1) nepemen-
note, dasg xkomopotl gopmyavt (p — T) u (T — ) A64ATIOMCT MABMOAOLUIMU.
(Boaee obwutl 6apuanm 3moz0 ymeepHcoenusd, 6 KOmopom Paccmampueatomcs
dopmyavt ¢ Keanwmopamu, Hasveaemes nemmvon Kpetira. )
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B mpuamume MBI He 00s43aHBI OTPAHUYUBATBHCS YETHIPBMS PACCMOTPEHHBI-
MU cBsi3Kamu. JIrobas 6ymeBa QyHKIIIS MOXET UTpaTh Poilb cBa3ku. Hampumep,
MOXKHO PAcCMOTPETH CBs3KY (p notand ¢), 3a0aBaeMyIO SKBUBAJEHTHOCTHIO

(p notand q) < —(pAq)

(cioBamu: (p notand ¢) JIOXKHO, JWIIE €CIIN P U ¢ UCTUHHLI). Yepes Heé BbIpa-
XKaeTcst orpurianue (p notand p), MOCIE YEro MOXKHO BBIPA3UTH KOHBIOHKIIUIO,
a 3aTeM, KaK MbI 3HAeM, 1 BOOOIIIE JII00YI0 QyHKINO. (3HAKOMBIE ¢ IU(GPOBLIME
JIOTUYIECKIME CXEMaMH MAJIOTO YPOBHSI MHTETPAIMU XOPOIIO 3HAKOMBI C DTHUM
yTBEPXKIEHNEM: NOCTATOIHO OombIion 3amac cxem W-HE mossomser peammso-
BaTh JTIO0YI0 TPEeOYEMYIO 3aBUCHMOCTD BBIXOIA OT BXOIOB. )

Hpyras wHTepecHas TOJHAsS CHCTEMa CBSI30K — CIIOKEHUE IO MOy 2,
KOHBIOHKIINS U KOHCTAHTa 1 (KOTOPYIO MOXKHO cuumTaThb (-apHOU CBS3KOM, 3a-
maroreil GyHKIu OT HyJs apryMeHToB). IIpemcraBieHuble B 9TON CHCTEME
OyITeBbI QYHKITNN CTAHOBSATCS TOIMHOMAMU € KO3(PUIIMEHTAMI B KOJTbIIE BHI-
JeTOB 10 Momynio 2. Umes paccmaTpuBaTh OyiieBbl QYHKIINN KaK ITOTMHOMBI
(OKa3aBIIASCS HEOKUIAHHO IIONOTBOPHON B MOCJIEMHIE TONbI) ObLTa BHICKA3AHA
B 1927 r. poccuiickum MaTeMaTukoMm VBanom WBanoBuuem zKerajKuHbBIM.

HazoBéMm wmoHoMOM KOHBIOHKITIIO JTI000TO HAbOpa MEPEMEHHBIX MIINM KOHCTAH-
Ty 1 (KOTOPYIO €CTECTBEHHO PACCMATPUBATH KAK KOHBIOHKITUIO HYJISI TePEMEH-
HbIX). HasBaHume 5T0 ecTeCTBEHHO, TaK Kak IIpHU HAIKMX coryatenusx (1 o6o3ua-
yaeT uCTuHY, 0 — JI0XKb) KOHBIOHKITUS COOTBETCTBYET YMHOKEHHIO.

Hazosém noaurnomom cymMmy TAKUX MOHOMOB IO MOMYJTO 2 (3TO 3HAYUT, UTO
060=0,001=1®0=1uld1 =0). dcro, 9TO MBA MOBTOPSIOIINX-~
Csl MOHOMA, MOXKHO COKPATUTH (Belb CIIOXKEHUEe [0 MOMYJIO 2), Tak uTo Gymem
paccMaTpUBATh TOIBKO TOIMHOMBI 0€3 TOBTOPSIOIINXCS MOHOMOB. [Ipm sTowMm,
€CTECTBEHHO, MOPSIIOK WIEHOB B MOHOME (KaK ¥ TOPSIOK MOHOMOB B IOJITHOME)
PO HEe UTPAET, UX MOXKHO MEPECTABIIATh.

TEOPEMA 21 (o monmuuaomax 2Keramkuna). Begkad 6yaesa ¢gywkyud odno-
BHAYHO NPEICMABATEMCI MAKUM NOAUHOMOM.

HokazarenbcTBo. CylllecTBOBAHIE MCKOMOTO ITOJIMHOMA CIEAyeT U3 Teope-
MBI 20, Tak KaK KOHBIOHKIINS €CTh YMHOXeHUe, OTPUllaHme — MIpudaBiIeHUe
eIUHUIIBI, 8 TU3BIOHKIINIO MOXKHO Uepe3 HUX BBIPA3UTh (MOIyIuTcs p+ q + pq).
Hamo TombKo 3aMeTUTD, 9TO CTENEHN He HYXKHBI: IepEMEeHHbIE TPUHUMAIOT 3HA-
venus 0 u 1, Tak 9To " MOXKHO 3aMEHUTH Ha XT.

MoxHO Takxke COCIaThCs Ha W3BECTHOE U3 aJireOphl YTBEPXKICHUE O TOM,
9YTO BCsiKash (DYHKIIUS ¢ ADTYMEHTAMU U3 KOHEYHOTO TOJIs (B MaHHOM CIIydae 5TO
IIBYX3JIEMEHTHOE T0JIe BEIYETOB 10 MOMyITo 2) 3amaéres moauHoMoM. (Orcona,
KCTATH, TIOJIyIaeTCs HOBOE NOKA3aTeNIbCTBO TeopeMbl 19.)
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Hamee MOXKHO 3aMETHUTB, UTO TOJMHOMOB CTOJIBKO YK€, CKOJIBKO OVJIIEBBIX
dyukmmit, a umerHo 22, B camom mene, GyneBa (DYHKINS MOXKET HPUHUMATE
m000e M3 MBYX 3HAUEHUN B KaxXmnou m3 2" Todek OyseBa kyba B", a MHOTOUIEH
MOXKET BKJIIOUATh WU HE BKIIIOUATH 0601 13 2" MoHOMOB. (MoHOMOB poBHO 27,
MIOTOMY YUTO KaKIIBIT MOHOM BKJIIOUaeT WU He BKJIIOUaeT JTI00YIO U3 1 lepeMeH-
HbIX.) [looTOMY M36BITKA TOIMHOMOB HET, U eciin Jiobast QYHKINS MPEICTABIMA,
MIOJIMHOMOM, TO €MUHCTBEHHBIM 0OpPa30M.

MoxHO m He ccbUTaThbCS HA CBemeHUs n3 anrebpel m Teopemy 20, a maThb
SBHYIO KOHCTPYKIIUIO. DTO YIOOHO crenaTh WHAYKInen 1mo n. IlycTs MbI yxe
yMeeM MPeNcTaBIATh JII00YI0 OyIeBy QyHKIIUIO OT 12— 1 apTyMEHTOB C TTOMOIIIBIO
nosnmuaOMa. Torma ¢(p1, . .., Pn) MOKHO IPENCTABUTH KAK

gp(pla o 7pn) — @(Oap% <. 7pn) + [90(07])27 o 7pn) + 90(17])27 o 7pn)]pl

(mpoBepbTe). OcTagTest 3aMETUTh, UTO MPABYIO YaCTh MOXKHO IPEICTABUTD 10
JIMHOMOM IIO IIPEAIIOJIOKEHUIO MHIYKIIAN.

HJ1s1 eIUHCTBEHHOCTH TAKXKeE €CTh MPYToe NOKA3aTeIbCTBO: MMYCTh IBA MHOTO-
ujieHa (MMEIOIIre CTemeHb 1 0 KaxK IOl IIePeMEeHHOI ) PABHBI TIPU BCEX 3HAYEHUSIX
nepeMeHHBIX. Torma ux cymma (M pasHOCTh — BBIUUACIEHUS TPOUCXOIAT IO
MOIYJTIO 2) SIBIISIETCS HEHYJIEBBIM MHOTOWIEHOM (COHEPKUT KAKUEe-TO MOHOMBI),
HO TOXIIECTBEHHO paBHA HYJI0. Tak He ObIBaeT, W 3TO JIETKO MOKa3aTh MO WH-
nykmuu. B camom merne, 060t muorowsieH A(py, ..., ) MOXKHO TPEICTABUTL B
BUIE

A(p17 <. 7pn) — B(p27 v 7pn) +p10(p27 v 7pn)7

roe B u C' — MHOTOYJIEHBI OT MEHBIIIETO Yucjia mepeMeHHbIX. [lomcTasmss cHa-
gajia p; = 0, a 3aTeM p; = 1, ybexmaemcst, o MEHOTOUIEHBI B 1 C' paBHBI HYITIO
BO BCEX TOYKAX, U MOTOMY (COTJIACHO MPENIOIOKEHIIO UHIYKIINN) DABHBL HYJTIO
KaK MHOTOUJICHBI (HE COMEPIKAT MOHOMOB). O

3AIAYA 112. IIycmv ' — npoussoavroe nose. Haz06ém MynbTUITMHETHONT
PYNKYUET NOAUHOM OM N NEPEMEHHBIT C KodPPuyuenmanmu u3 F, 8 xomopom
6ce nokazameau cmenenet pasuvl aubo 0, aubo 1. (Taxum obpazom, Kaxidvii
MOHOM 8 Hel ecmb npoudsedenue kK0dPPuyuenma u HeKOMopo20 Habopa nepe-
mennbiz 6ez nosmopenud.) bydem paccmampusams B = {0, 1} xax nodmmosrce-
cmeo F'. Iloxaxcume, wmo scaxag o6yasesa dynxyug B" — B odnoznaumno npo-
doadxcaemes do myavmuaunetinot gyuxyuu F" — F, u xoadduyuenmovt myav-
MUAUHETHOT PYHKYUL MOHCHO CUUMAMD YEABIMU YUCAAMU.

Fcnu paccmarpuBaTh TpPOM3BOIBHBIE OY/IEBBI DYHKIINN B KadeCTBE CBS30K,
BO3HUKAET BOMPOC: B KAKOM ClIydae Habop OyneBBIX (QYHKIUII oOpa3yeT MOJI-
ubiil 6a3uc? (D10 3HaUMT, UTO MH06ast OyeBa QYHKIUS IPEACTABISAETCSI B BIIE
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KOMIO3UINT PyHKIINNI 13 HAOOpa, T. €. 3alIUChIBACTCS B BUIe (POPMYJIBI, TII€e CBSI3-
KaMmu ciryxkar GyHKuunn Habopa.) [lomobHbBIe BOIPOCHI BEI3BIBAIIN B CBOE BPEMSI
OOITBITION MHTEePEC U OBIIIN XOPOITIO M3yYeHbl. HadaTlbHBIM 3TarmoM SBUIOCH TAKOe
yTBEPKIICHUE:

TEOPEMA 22 (kpureputit [locta). Habop 6yaesviz ynryutl g6.agemca noa-
HbLM M020a U MoAbKo moz2da, Ko2da on HE COOEPHCUMCT UCAUKOM HU 8 00HOM
u3 nAMU caedyowur "npednoanvir Kiaccos”:

® MOHOMOHHBIE PYHKUUL;

o PYHKUUL, COTPAHTIOUUE HYAD;

o PyYNKYUU, COTPAHTIOWUE EQUHUYY;
o sunetinbie PYHKYUU,

® camodsoticmeennbie GYHKUULU.

(Pynkyug [ MOHOTOHHA, €CAU OHG MOKOTNOHHO HEYOBIBAEM NO KAHCIOMY U3 CE0-
ux apeymenmos. Dynrkyug f coxpamser wynb/enuuuiy, ecau f(0,...,0) = 0
(coomsemcemeenno f(1,...,1) =1). Qyukyusg f nuueitna, ecau ona npedcma-
BUMA MHOZOUAEHOM, 8 KOMOPOM 8CE MOHOMbBL codeprcam we boaee 00Hot ne-
pemennot. Harxoneu, pynryug f nasvieaemcsa camonsoictsenson, ecau f(1 —

—py- L=pp) = 1= f(p1,.--,p0)-)

Hoka3zaTesbcTBO. Ecimm HAOOP COmMEPKUTCS B OMHOM M3 KJIaCcCOB, TO W BCE
KOMIIO3UIINU TAKXKe He BBIXOMAT 3a MPEeNesbl 5TOr0 Kiiacca (JIerko MPOBEPUTH
IUTsl KAXKIOTO M3 KJIACCOB B OTHEJIBHOCTHU) ¥ MOSTOMY HAOOp He SIBIISIETCS TOJI-
HbIM. [lokaxkem obpaTHOe yTBepxkmeHue. [IycTh mirs Kaxmoro kiacca BhIOpaHA
Kakas-To PYHKIUsS, B HEM He Jiexkalras. Y 6eImMcs, 9TO ¢ TTIOMOITIBIO0 KOMOMHAITIT
BBIOpAHHBIX (DYHKIIAN MOXKHO MOJIyUYUTH BCe OyiieBbl (DYHKINN.

Y Hac ecTb QYHKINS, HE COXPAHSOIIas HyIb. [loncTaBuM BMeCTO Beex apry-
MEHTOB OJTHY U Ty e mepeMeHHyto. [lomyauTcs QyHKIS OT OMHOTO apryMeHTa,
oToOpaxKaroIlias HyJIb B €eQUHUILY, TO €CThb Ju00 KOoHCcTaHTa 1, mubo oTpuiiaHue.
CnenaB To xe caMoe ¢ DYHKITEH, HE COXPAHSIONICH eNUHUILY, MOJIYYIUM 00
KOHCTAHTY HYJb, MO0 oTpunanue. Takum obpaszoM, y Hac mubO eCTh OTPHUIIa-
Hue, 1ubo obe koucTaHTHI 0 m 1.

Fcnu ecth 06€ KOHCTAHTHI, TO BCE pABHO MOXKHO MOy YNTh OTpullanue. Bo3b-
MEM HEMOHOTOHHYIO (PYHKIINIO. JIerko MoHSATH, YTO OHA MOJIKHA MEHSTH 3HAUe-
HIE ¢ eNUHUIBI HA HYJIb IPU U3MEHEHUN KaKOTO-TO OHOTO apT'yMeHTa C HyJIsI Ha
enuHUILy (B caMoM fejie, OyIeM yBeIMInBAThL apIYMEHTHI TI0 OHOMY, B KAKOH-TO
MOMEHT 3HaueHue QyHKIUN yMEHBIINTCSL. ) 3abUKCHPOBAB 3HAUEHESI OCTAIIBHBIX
aApryMEHTOB (Bemb MBI CUNTAEM, 9TO KOHCTAHTHI €CTh), MOIYIaeM OTPUIAHIE.

WNwmes oTpurnianme m HeCAMOOBONCTBEHHYIO (DYHKITUIO, JIETKO MOYYUTH KOH-
cTanThl (eciu ux He ObLIO). B camom mere, HeCaMOMBONCTBEHHOCTH O3HAYAET,
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aro f(x1,...,2,) = f(1 —x1,...,1 — x,) 0iIg KAKUX-TO 3HAYEHUI X1, ..., T, €
€ {0,1}. BmecTo Hy/IeBBIX 3HAYEHUIT IEPEMEHHBIX L1, . . . , T, TOICTABUM P, BMe-
CTO €OUHUIT TIOACTABUM —p, TIOJIYUYUTCS OHA W3 KOHCTAHT. BTopas momydurcs
OTPUIIAHUEM.

Temnepsb y HAC €CTH KOHCTAHTHI, OTPUIIAHUE U HejuHeHas yuknus f(p1, . . .,
Prn). HelmuHemHOCTL 03HAYAET, UTO B €8 TPENCTABIICHNN B BUIIE MHOTOUJIEHA €CTh
MOHOM, COCTOSIIINN Oojiee ueM W3 OmHOU mepeMeHHOU. IlycTh, Hampumep, >TOT
MOHOM COMIEPKUT MepPeMeHHbIE P 1 Po. CTPYIIUpPYyeM UIeHBI IO YeTBIPEM I'PYII-
aM 1 TOJIYYUM BBIPaKeHUe

p1p2A(ps, - ) + p1B(ps; ... ) + p2C(ps, . ..) + D(ps, - - .).

[Tpu 5Tom MuOTOUTIEH A(p3, . . . ) 3ABEIOMO OTIIMUEH OT HYyJIs, TO3TOMY MOYXKHO TaK
MOACTABUTH KOHCTAHTELI BMECTO P3, . . . , Pp, YTOOLI IEPBOE CIaracMoe He 00paTu-
JI0Ch B HYJIb. Torma moayauM 1ubo pips+d, mubo pips+p1+d, mubo pips+po+d,
160 p1ps + p1 + p2 + d. CBOOGOMHBIN WiIeH d MOXHO MEHSTD, €CJIN HYKHO (y HaC
eCTh OTPUIAHKE), TAK UTO MOIYUIALTCs b0 P1py (KOHBIOHKITHS, U BCE MOKA3aA-
HO), 60 p1p2 + p1 = p1(pe + 1) = p1 A —py (yOupaem oTpuLAHUIE, TOIYYaeM
KOHBIOHKIINIO, BCE TOKA3aHO ), 00 P12+ pa (AaHATIOTUIHO), Tub0 p1py+p1+p2 =
= (14+p1)(14+p2) —1 = =(—=p1 A—p2) = p1V py (OU3BIOHKINS, BCE HOKA3aHO). [

§3. CxeMbl U3 QYHKITMOHAILHBIX 3JIEMEHTOB

DopMYIIBI TIPEACTABIISIOT COOOH crocob 3ammucu Kommosunuu Gyukmuin. Ha-
MpUMep, ec/i MBI CHadaJia mpuMeHseM QYHKIUIO [, a ToToM QYHKIIUO ¢, 9TO
MOKHO 3amucaTh Gopmyioit g(f(x)). Ho ectb u npyroit cioco6: MOXKHO n300pa-
3UTh KaXKIyI0 PYHKIIMIO B BUOE MPSIMOYTOJBHUKA C ~BXOOOM U ~ BBIXOOOM U
COeMMHUTH BbIxon GyHKImu f co BxomoM dyukuuu g (puc. 1).

Tl s

Puc. 1. IIea crmocoba n300pa3suTh KOMITO3UIIIIO g O f.

Taxoe mpencraBjeHne OTHIONb HE SBJISETCS UHUCTO TeOpeTHUecKUM. B Te-
YEHNM HECKOJIBKUX MECATKOB JIeT 3JICKTPOHHAs IIPOMBIIIJICHHOCTDH BBIILYCKAaeT
MUKPOCXEMBI, KOTOpPBIe BBINOIHSAIOT JIOTIUecKHe onepannu. 1akas MIKPOCXeMa,
IMeeT 3IeKTPUYECKIE KOHTAKTBI, HAIIPXKEHNE Ha KOTOPBIX KOONUPYeT JIOTUde-
ckre 3HaueHns M u JI. KonkpeTHoe HampsikeHne 3aBUCHUT OT THIIA CXEMBI, HO
OOBITHO 5TO HECKOIBKO BOJIBT, M BBICOKHI TTOTEHIINAT (OTHOCHTEIILHO 3a3eMIIe-
HIUS) CIUTAETCS eIUHUIEN, a HU3KU HYJIEM.
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Onsont w3 TunmYHLIX cxeM gpigercs cxeMma VI-HE, oma mMeer mBa Bxoma u
onnH Buixon. CuUrHaj Ha BBIXOHE SIBJIIETCsS OTPUIIAHIEM KOHBIOHKIINN CUTHAJIOB
Ha Bxome. IpyruMu cioBaMu, Ha BBIXOE TIOSIBIISIETCS] BBICOKUN TIOTEHINAI (Cur-
HaJ1 1) TOrma 1 TOJNIBLKO TOTA, KOTA HA OHOM 13 BXOIOB MoTeHImasl Huskuii (0).
N3 rakoit cxeMbl Jlerko moayunTh cxemy HE (u3mensroniyto ypoBeHb curaasia
Ha TPOTUBOIOJIOKHBIIN ), COENUHIB TPOBOIOM N1Ba Bxoma. [Ipu sTom Ha 06a BXoma
MIOCTYTAET OIWH U TOT e curuas, u omneparus U ero we menser (pAp = p), a HE
MEeHseT Ha TPOTHUBOIOJIOKHBIA. B3saB nBa simemenTa U-HE u ncnonb3ys BTopoit
13 HIUX B KauecTBe dileMeHTa HE, mHBepTUPYIOIIEro curHai ¢ BBIXOIA IEPBOTO
HIIEMEHTa, TOJIyIaeM CXeMy, KoTopas peannsyeT Gyuknmio V. A eciin mocTaBuTh
nBa sneMenTa HE mepen kaxxmeim u3 Bxomo snemenTa V-HE, momyunm cxemy,
peanusyrorryto Gyukimo UJIN: =(=p A =q) < (p V q).

Teopema 19 0 MoOTHOTE CUCTEMBI CBSI30K TeNephb TapaHTUPYET, UTO JIIOOVIO
OyiteBy OYHKIINIO MOXKHO peali30BaTh B Bume cxeMbl. Hamo mMeTs B BuIy, Ofl-
HAKO, UTO TIPeJiaraeMas B €€ MOKA3aTeIbCTBe KOHCTPYKINS (IN3bIOHKTUBHAS
HOpMaJIbHAs (HOpMa) UMEeT CKOPee TeOPEeTUIECKUil MHTEPEC, TIOCKOIBKY TTPUBO-
IUT K CXeMaM OYeHb OGOJIBIIOrO pasMepa HaxKe IS TPOCTHIX (QYHKIWil (eciun
YICII0 apryMeHTOB Benuko). Hampumep, cxema, cpaBHuUBaoIas nsa 16-6uTHBIX
qrCa, NOJIKHA UMETh 32 BXOMa W TOSTOMY B €€ peaTm3allii ¢ TIOMOIIBIO TN3h-
IOHKTHUBHON HOPMaJIbHON (GOpMBI GymeT mopsaka 232 51eMeHTOB — dWTO Masio
peasbHO. (Mexkmy Tem Takyio cXemy MOXKHO TOCTPOUTH TOPA3MI0 MPOIIe, U3 He-
CKOJIBKIX COTEH 3JIEMEHTOB. )

[TosToMy BOIPOC O TOM, CKOJIBKO BJIEMEHTOB HYKHO I Pean3aIli TOW UK
HON (DYHKIINU, TpeNCcTaBIsgeT OOJILIIION MHTEPeC — KaK MPaKTUIECKU, TaK 1
dumocodekmit. (Omaa U3 MEHTPaIBHBIX TIPOOIEM MATEMATUKN U THHOPMATHUKIH,
Tak Ha3bpBaeMas ~mpobsieMa mepebopa’, MOXKeT OBITH CHOPMYIIPOBAHA B DTHUX
TepMUHAX. )

Mgl cetiuac mamum Oosiee poOpMalIbHOE OIpENe/IeHIE CXEMBI U peajn3yeMOoi
et Oynesont ¢pyukiuu. Ho mpexme Bcero oTBETUM Ha TAKOW BOIPOC — ITOYEMY
MBI BOOOIIe TOBOpUM O cxeMax?! Bemb MOXKHO 3ammcaTh KOMIIO3UIIIO OyJIeBbIX
dbyHKIUI B BuAe GOpMyIIbI, He OyIeT JI 9TO TO XKe camoe?

Oxa3biBaeTCs, He COBCEM, U PA3HUILY JIETKO YBUIETH Ha mpumMepe (puc. 2).

Puc. 2. OnemenT BXOIUT B HOPMYIY IBAKIHI.

3mech ONUH U TOT XKe 3IIeMeHT cxXeMbl ( f) IpuxonuTes yKaseBaTh B GopMyIie
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NBaYXKIbI, TTOCKOJIBKY €r0 BBIXOM UCIOJIb3yeTCsl B KaueCTBe BXOMa MBYX OPYTUX
551eMeHTOB. CXeMbl, B KOTOPBIX TAKOTO BETBJICHUS HeT (Ha MpAKTUKe BeTBIICHUE
BIIOJTHE BO3MOXKHO, XOTS M OTPAHUYIEHO ~HATPY30YHON CIIOCOOHOCTBIO BHIXOOA ,
KaK TOBODST MHXKEHEPHI), KaK pa3 U COOTBETCTBYIOT dopmynam. Ho B obrem
cilydae MOJyYeHHas U3 OAHHOU cXeMbl (hopMy/ia MOXKET ObITh IJINHHON, HAXKe
eCII cXeMa COHOEPKUT HeOOJBIIIOe UUCIIO 3JIEMEHTOB, IMOCKOJIbKY YNCIIO KOIU
MOXKeT PaCTHU HKCIOHEHIINAILHO C POCTOM TIyOUHBI CXEMBI.

XoTs umest 0Opa3oBaHUS CXeMbI 13 QYHKITNOHATBHBIX 3JIEMEHTOB, PEAITN3YIO-
X OyJIeBbl (PYHKINU, TOCTATOYHO HATJIsAHA, DaauM Oosee popMaIbHOE OIpe-
nerteane. PukcupyeM HEKOTOPHI Habop OyneBbrx dyakimin B. [lycTs mmeeTcs
n GyneBbix (mpuHEMAaOmuX 3HadeHus 0 u 1) mepeMeHHBbIX T, . . ., Ty, HA3bIBae-
MBIX 6x0damu. IlycTh Takxke mMeeTcss HEKOTOPOE UHUC/IO OYJIEeBBIX MMEPEMEHHBIX
Y1, - - > Ym, HABBIBAEMBIX Nnposodnukamu. IlycTh mis KaxXmoro mpoBOMHUKA CXe-
MBI 3amaHa OyneBa GyHKIUS u3 B, BeIpaXKaroIias ero 3HAUYeHne Jepe3 OpyTue
IIPOBOMHUKY U BXOMbL. [Ipu 5TOM TpebyeTcst, 4ToOk! He OBIIO IMUKIIOB (UK 00pa-
3yeTcs, KOTIa ¥; 3aBUCUT OT ¥;, KOTOPOE 3aBUCHUT OT Yk, ... , KOTOPOE 3aBUCUT
ot ¥;). IlycTh, KpoMe TOro, cpemu MPOBOMHUKOB BBINETIEH OINH, HA3BLIBACMBIN
gvixodom. B TakoMm ciydae TOBOPST, UTO 3allaHA CTEMG U3 PYHKYUOHAALHBIT
aaemenmos 6 b6asuce B ¢ n Bxomamu. Yucmo m HasbBaOT pasmepom cxemsl. (C
TOYKH 3PEHUsI WHXKEHEepa pa3Mep — 5TO YUCIO UCIOJIb30BAHHBIX 3JIEMEHTOB, a
6a3uc B — 5TO aCCOPTUMEHT IOCTYIHBIX €My 5JIEMEHTOB. )

OTcyTcTBUE MUKIIOB TAPAHTUPYET, YTO €CTh MPOBOMHUK, 3ABUCSIIINAN TOTHKO
OT BXOZIOB (MHAYE MOXKHO 6bIIO GbI HANTH IUKII: BO3BMEM KaKOi-TO MPOBOIHIIK,
3aTeM BO3bMEM TOT IIPOBOMHUK, OT KOTOPOTO OH 3aBUCUT U T.II.). SHAUEHUE
ATOr0 MPOBONHUKA, TaKAUM OOpa3oM, OOHO3HAYHO OIpeNessieTCs CUTHAJIaMU Ha
Bxonax. Cpenu oCTaBIIIXCS TPOBOMHUKOB TAKXKe HET IHNKJIA, MO3TOMY MOXKHO
HAWTU OOWH U3 HUX, 3aBUCSIINN TOJIBKO OT YK€ MU3BECTHBIX, U OIPENEIUTh €ro
3Havenne. [lepemymepoBaB TPOBOMHUKN B TAKOM TIOPSIKE, MBI MOXKEM 3aICaTh
MIOCIIENOBATENHHOCTD TPUCBAUBAHUN

Y1 = fl(---);
Y2 =f2(- 5
Ym :fm(- )7

B MPAaBBIX YACTIX KOTOPBIX CTOST QYHKIIUM U3 3, mMpuMeHEHHBIE KO BXOmAM 1
yKe HalIeHHbIM 3HaueHusIM. [Ipu 5ToM MOXHO cumTaTh, 9TO pe3yabTaT CXeMbI
eCTh Y, (BCe MoCIemyromme IpUCBANBAHNIS yKe He HyXKHbI). Takas mporpamma
onpenesseT Yy, OPU M3BECTHBIX 3HAUEHUSIX BXOIOB, U TEM CAMBIM 6blUUCAIENM
HEKOTOPYIO OyJieBy (QPyHKIIUIO.
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Temeps HAOOP OyNeBBIX PYHKIINHI B MOXHO HA3BATH NOAHbIM, €CITU JTI00as Oy-
neBa QYHKIUS MOXKET ObIThH 3alaHa CXeMOl 13 B-31eMeHTOB (CyIecTBYeT Ipo-
rpaMMa, €€ BBIUHUCIISIONIAsl, IPA 3TOM B IIPABBIX YaCTAX IPUCBAUBAHUU CTOST
dbyukiu u3 B). YlcHo, 94TO 5TO OmpenesieHne MOIHOTEl PABHOCUIILHO TIPEKHEMY,
TO €CTh BO3MOXKHOCTU 3anucaTh OyJieBy (QYHKINIO B BUAE (POPMYJIBI CO CBI3KAMUI
u3 B (kak MBI TOBOPUJIN, PA3HUIIA TOJIBLKO B TOM, YTO OIUH U TOT K€ HJIEMEHT
OymeT GurypupoBaTh B (hOPMYIIe MHOTOKPATHO).

Caoarcrnocmovio 6yneBoit GyHKINE f OTHOCUTEILHO B HA3BLIBAIOT MUHUMAJIb-
HBINl pa3sMep cXeMbl u3 B-s51eMeHTOB, Bhraucisomien pyuknuio f. Ero obo3na-
varoT sizeg(f).

TEOPEMA 23. Ilycmv By u By — dea noanviz nabopa 6yasesvix dynrxyuil.
Toz2da coomsemcmsyOUWUE MEPbL CAOHCHOCTNU OMAUNAIOMCT He O0AEE uem
Ha MOCTOIHHIT MHONCUMEAb: Hatidémes makoe wucao C, umo sizep, (f) <
< C'size,(f) usizep,(f) < Csizep, (f) dag aobou dynryuu f.

Jloka3zaTesbcTBO. Y TBEPXKIEHNE TIOUTH OYEBUIHO: TTOCKOIBKY HaOOphl B 1
By momubl, TO Kaxmas QYHKIIUS OOHOTO M3 HAOOPOB MOXKET OBITH BBIUMCIIEHA
KaKON-TO CXEMOU, COCTAaBIIEHHON W3 JIEMEHTOB Opyroro Habopa. Temeps MOXKHO
B34Th B KauecTBe C' HAMOOJIBINNT Pa3Mep TaKUX CXeM, U HePaBeHCTBA OYIyT BbI-
TOJTHATBHCS: KaXKIYI0 CTPOKY IIPOTPAMMBI MOXKHO 3aMeHUTh Ha C' (Wi MeHbIIe)
CTPOK C MCHOJIb30BaHUEM (PYHKIIUU APYTOTo HabOpAa. [

YT0 MOXHO CKa3aTh O CJIOKHOCTU ITPOU3BOJIBLHON OYJIeBOW (PYyHKIINU 712 apry-
MeHTOB? Criemyrorras TeopeMa MOKa3bIBAeT, UTO OHA HKCIIOHEHIINATLHO 3aBUCUT
ot n (ms ”Hayram B3sSToN” QyHKIMN).

TEOPEMA 24. (a) IIycmov ¢ > 2. Tozda caoxcrnocmsb 410601 6yaesot @ynk-
Yuu N apeymenmos e npesocrodum ¢’ dag 6cer docmamouno 60ALWUL M.
(6) Iycmp ¢ < 2. Toeda caoncnocmp 6oavwuncmaa 6yieeuix Gynkyul n apey-
MEHMO6 He meHbue ¢ dad 8cexr docmamouno 60ALULUL 1.

Noka3arenscTBo. [Ipexe Bcero 3aMeTnM, UTO MO MPEABIAYIIEH TeopeMe He
IMeEeT 3HAYEHUs, KAKOW TOJHBI 6a3uC BHIOpATh (M3MEHeHNe 3HAUeHus! ¢ 6osee
CYILIECTBEHHO, Y€M YMHOKEHUE CIIOXKHOCTU HA KOHCTAHTY ).

[lepBoe yTBepKIEHHE TEOPEMbI OUYEBUIHO: pPasMep CXEMbI, Peasln3yIoIiei
OU3BIOHKTUBHYI0 HOPMAaJbHYI0 (GopMmy ¢ n mepemenHbME, ecThb O(n2"), mo-
CKOJIbKY mMeeTcst He 6oiee 2" KOHBIOHKTOB pasmepa O(n). (Hamomuum cmbics
0-o60o3uauennit: O(n2") o3HAYALT, UTO CYIIIECTBYET BepXHsist oneHka Buma Cn2"
st HekoTopoit koucTauThl C.) Ocranocsk 3ameruthb, uro O(n2") < ¢ npu mo-
CTATOIHO OOTBINNX 1 (HATIOMHEUM, ITO ¢ > 2).

UTo6bI HOKa3aTh BTOPOE Y TBEPKIEHIE, OLEHIM YHUCIIO PA3IIMIHBIX CXeM (CKa-
xeM, B Gasuce U, VI, HE) pasmepa N ¢ n aprymentamun. Kaxmas Taxas
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cxeMa MOXKeT OBITH ONUCAaHA MOCIENOBATEILHOCTEIO 13 [N MIPICBANBAHUI, BBIDA-
XKAIOIINX ONHY U3 IEePEMEHHBIX Uepe3 Mpenbiayliue. s KaXmoro npucBanBa-
"I ecThb He Gonee 3(N + n)? BapuanTos (Tpu THUMA ONEPAINit — KOHBIOHKIIIS,
OU3BIOHKITSL, OTPUIIAHNE, I KAXKIBII n3 He 6oslee UeM IBYX apryMeHTOB BLIOH-
paetrcs cpenn He 6oiee ueMm N +n BapuanToB). OTCIONA JETKO MOy IUTh OIECHKY
20(NlogN) ya wmcno Beex dyHKImit croxuOCTH He Gomee N (cuntas N > n).
Bceero Gynesbrx dhyHKIHMit ¢ n aprymMerTamu umeetcs 22 . V3 cpaBHeRus 2THX
dOopMyT BHOHO, 9TO UTO HpU ¢ < 2 U IPU OOCTATOUHO OOJIBIIUX N GyJIeBBI
(QYHKIIHH CTI0KHOCTY MeHbIIe ¢ COCTABIIIOT MEHBIIIHCTBO, Tak Kak 20(¢"1ogc”)
MHOTO MeHbITe 22 []

3AnAYA 113. Ilposedume emopyro wacmy paccyxrcdenus 6oqee nodpooHo u
nokaxcume, umo npu wexomopom € > 0 cA0HCHOCMD O0ALWUHCMEE OYAEEHIT
Pynryul c n apeymenmamu ne menvuie £2" /n.

BepxHIo oeHKy B TeopeMe 24 MOXKHO YCHUIUTE U MOKA3aTh, YTO CJIOXKHOCTD
106011 GyseBolt GyHKIUM 1 apryMeHToB He npesocxonut O(2"/n).

3AIAYA 114. (a) Ilokaxcume, u4mo 803MONCHO NOCMPOUMb CITEMY DaA3Me-
pa O(2™) ¢ 2™ swvirodamu, peasusyrowyio éce 2™ B03MONCHBIT KOHBIOHKMOB
daunbt m (dag waxcdozo — ceo0tl 6bixod). (Yrazanue: maxyw cremy MmoHcHO
nocmpoums undykmueno.) (6) Iokaxcume, wmo MOHCHO MOCMPOUMb CTEMY
pazmepa O(22") ¢ 22" swiwodamu, peasusyowyro ece 22 byaeeviz Pynryuti m
apeymenmos. (Yrazanue: smy cremy marice MOHCHO NOCMPOUMb UHOYKMUG-
no.) (B) Ilycmv o(x1,. .., Tk, Y1,---,Y1) — Oyae6a PyHKYuL, apaymenmovl Ko-
mopot pazbumul na dee 2pynnuvl. Ilokaxcume, 4mo €€ MOIHO 3ANUCAMb 6 BU-
de duzvionkyuu 28 waenos, xaxcoviti uz xomopwir umeem 6ud C(w1,...,x1) A
AD(yi,...,y), ede C — wonwvronkm, a D — npouseovnag 6yie6a Gynkyus.
Buwisecmu omctoda ynomawymyio eviwe ouenky O(2"/n). (Yrasanue: pazymmo
noaoxcumsv k =n —logn + ¢, [ =logn —c.)

Teopema 24, onHaKO, HIYETO HE TOBOPUT O CJIOXKHOCTU KOHKPETHBIX OYJIeBBIX
¢dyuxnunii. Curyanus 3mech TakoBa. ECTb pa3sHOOOpa3Hble METONBI U IPUEMEL
HOJTyUeHNsT BePXHUX OIEeHOK. Ho Impo HIKHIE OIEHKN HEM3BECTHO IpaKTHIe-
ckn Hu4ero. IIpo MHOrme GyHKIINN MBI IIOO3PEBAEM, UTO UX CIIOKHOCTD BeJINKa
(9KCIIOHEHIIAIBHO 3aBUCUT OT TICJIA BXOIOB), HO NOKA3aTh 9TO IOKA HE YIAT-
csi. Becbma HeTpUBHANIbHBIE UIEW IO3BOJISIOT MHOKA3BIBATH SKCIIOHEHIINAIBHBIE
HIDKHIE OIEHKH IJIS HEKOTOPBIX CIEIMAIbHBIX KJIACCOB CXEM, HAIpIMeED, CXeM
13 MOHOTOHHBIX DJIEMEHTOB UJIM CXEM OTPAHUYEHHON TIIyOUHBI (HUCIONb3YOIIIX
snemerTsl I u WIJIU ¢ npowsBonbHBIM unciiom BxonoB). [lomyueHnne skcroneH-
IIIAJIGHBIX OIIEHOK It Oojiee OOIIMX CXeM — OOWH M3 BO3MOXKHBIX IOIXOIOB K
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3HAMEHUTOU npobaeme nepebopa, MEHTPAILHON MPOOIeMe TEOPUHU CIIOKHOCTHI
BBIUUCJICHUAN.

Mzt He 6ymeM yrayOasaThCS B 9TY TEOPUIO, & MIPUBENEM JINIITh HECKOJIBKO BEPX-
HIX OIIEHOK M1 KOHKPETHHIX 3anad4. [[pu 5ToM MBI He TpeTeHIyeM Ha, MMOJTHOTY,
a XOTUM JIUIIIH TTOKA3aTh HECKOJILKO MHTEPECHBIX UMEN U MPUEMOB.

Paccmorpum dyHKIno cpaBHeHUs OBYX N-6uToBbIX uuncesn. Ona mmeer 2n
aApryMeHTOB (1 [JIsl OMHOTO YUCIIA U N [IJI APYTOT0); €€ 3HaUeHne PaBHO 1, ecim
nepBOe 4uciio 60IbIe BTOporo, n ) B IPOTUBHOM CIIydae.

O6o3uaunm >ty dyurkiumio Comp,,.

TEOPEMA 25. Ilycmbv B — noanwviii nabop dpynruyui. Cywecmsyem maxad
rkoncmanma C, umo sizep(Comp,) < Cn.

Hoka3aTenabcTBO. 3aMeTUM, UTO MTOCKOIBKY B POPMYIUPOBKE TEOPEMBI OICH-
Ka pa3Mepa IPOBOAUTCSI C TOYHOCTBIO OO KOHCTAHTBI, TO BBIOOD KOHKPETHOTO
6a3nca He MMeeT 3HaYeHUs. pyruMu ciaoBamMu, MBI MOXKEM TIPENNOIaraTh, ITO
711000€e KOHEUHOE YUCJIO0 HeOOXOMMMBIX HaM (DYHKIIN B 9TOM Oa3uce eCTh.

Cxema cpaBHeHUs ducesl GymeT PeKYypCUBHON (YTOOBI CPABHUTH IBA YUCIIA,
MBI OTHEJIBHO CPaBHUBAaEM UX JIEBble U MPaBble MOJIOBUHBI, a 3aTeM OOBbeInHs-
eM pesynbTaThl). [Ipu 5TOM, Kak 4acTo ObIBaeT, HANO YCWINTH YTBEPKICHUE,
YTOOBI MHAYKIWS TpoInia. A IMEHHO, MBI OYZIEM CTPOUTH CXEMY C 27 BXOIAMNI

TlyeeyTyyYly-- ., Yy U OBYMS BBIXOOAMU, KOTOpPas YKa3bIBAaeT, KAKOU U3 TPEX
ciyuaeB © < Y, © = y Wik T > y uMeeT MecTo. (3mech x,y — UuUCIA, 3alu-
CBIBAEMOE B [IBOUYHON CUCTEME KaK T ...Ty U Y, . .., Yy.) IBA BHIXOTHBIX OGUTa

KONMUPYIOT YeThIPe BO3MOXKHOCTHU, & HYKHO TOJILKO TPHU, TaK UTO €CThb HEKOTO-
phIf 3amac. g onpenenéHHOCTI MOXKHO CUUTATDL, YTO IEPBBIN BBLIXOOHON OUT
UCTWHEH, €CJI YNCJIa PaBHBI, & BTOPOW — eciau * < Y. Torma BO3MOXHBI TPHU
BapuaHTa cUrHasIoB Ha Beixome: 10 (paserctso), 01 (mpu = < y) u 00 (mpu = >
> y).

O6bsacHnM Temepb, Kak coOpaTh, CKaXKeM, CXeMy CpaBHeHus OByX 16-paspsimi-
HbIX gucena. CobepéM OTIeNbHO CXeMy CPABHEHUS CTapIIuX 8 pas3psIoB 1 Milajl-
mux 8§ paspsanoB. Kaxnas n3 HUX macT oTBeT B ¢opMe mByx OmToB. Temepn
U3 9TUX UYETHIPEX OMTOB Hamo cobparTh msa. (Ecnm B crapumx paspsmax He-
PaBEHCTBO, TO OHO OMpeneaseT Pe3yabTaT CPABHEHUS; €CJIU CTapIIue pPa3psibl
PaBHBI, TO Pe3yIbTaT CPABHEHUs OMpEeNesseTcs MiammuMu paspsnavu.) Ha-
nucaHHasl B CKOOKax (pasa ompenesnseT OyneBy (PYHKINIO ¢ YeTBIPbMS OuTaMu
Ha BXOIEe U IBYMSI OMTaMU Ha BBIXOIE, I MOXKET ObITh peajim30BaHa HEKOTOPONI
cxeMoil pukcupoBaHHOTO pasmepa. Taxum obpasom, eciu uepes T'(n) o6osHa-
YUTh pa3Mep CXeMbl, CPDABHUBAIOIIEN N-OUTOBBIE YUCTIA, TO IMOJIyYaeM OLEHKY
T(2n) < 2T(n) + ¢, rme ¢ — HEKOTOpPasi KOHCTAHTA, 3aBUCSIIAs OT BbIOOpa Ha-
suca. Otciona cremyet, aro 1'(2F) < 2% npu mexoTopom ¢’. B camom nerne, mis
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NOCTATOTHO GOMBIIIOTO ¢ MOXKHO MOKa3aTh mo mEmykmmm, uto T'(2F) < d2F — ¢
(MBI IOTKHBI YCUJINTH HEPABEHCTBO, BBIUTS U3 MIPABOIl YaCTH ¢, YTOOBI UHIYK-
TUBHBII IIAr MpOMIEN; 6a3a MHOYKIMU OCTAETCS BEPHOM, eciau ¢ JOCTaTOYHO
BEJIUKO ).

Ty xe caMyro OIIEHKY MOYKHO OOBSCHUTD 1 HATJIsHO. Harrma cxema nMmeeT BUI
mepapxXmdeckoro nepesa. Ha kaxXmom ypoBHe M3 OBYX NBYXOMTOBBIX CUTHAJIOB
nostyaaeTcs onuH. OcTaéTcss BCIOMHUTE, UTO B TTOJTHOM JBOMYHOM [I€PEBE UKCIIO
BHYTPEHHUX BEPIINH (KOTOPOE ONMPeNesIaeT Pa3Mep CXeMbl) Ha eMHUILY MEeHbIIIe
qucsa JUCTheB. (B TypHUpe 1O 0IuMIMiicKol cucTeMe Yucyio Urp Ha eIUHUILY
MEHbIIIE YNCIIa KOMAH, TaK KaK MOCIIe KaXKIOl UPBI OHA KOMaHIA BEIObIBAET. )

Bce BHyTpeHHUE BEPIIUHBI U BCE JIUCTbsI (TIIe CPABHUBAIOTCS Ba 6UTA) Mpe-
CTaBJISIIOT COOOI CXeMbl OTPDAaHUYEHHOTO pa3Mepa, OTKyda U BbITEKaeT OIleHKa
T(2%) < 2%,

OcTasoch UMb CKa3aTh, 9TO [eIaTh, €CIIN Pa3Mep duceil (KOTOPHIT MbI 060~
3HAYAJIM Yepe3 N) He eCTh TOUYHAS CTeleHb MNBOMKU. B 5TOM ciryuae MOXKHO yBe-
JMYUTH pa3Mep no GIIrmKaiiiinell cBepxy CTermeHu NBoiku (He Gojiee yeM B IIBa
pasa) u MONAaTh HA CTapIue paspsabl BXonos Hymu. O6a meiicTBus TPUBOMAT K
YBEJIMUEHNIO pa3Mepa cxeMbl He 0oJjiee 4eM B KOHCTAHTY pas. []

[Tepeiiném K cIIOXKEHWUIO NBYX N-paspsaaabix aucest. (CTporo roBops, TyT BO3-
HIKaeT He OymneBa QyHKIms, a pyHKImS B" x B" — B"! Ho BCce Hamm onperme-
JIEHUsI OUEBUIHO TIEPEHOCATCS HA 3TOT CITyYail. )

TEOPEMA 26. Cywecmeyem crema paszmepa O(n), ocyuecmeidiow,as cao-
scenue 08Yxr N-O6UMOBHIT YUCEA.

Hoka3zarenscTBo. Hamomuum cmbici o6osuaverus O(n): HaM HAIO MOCTPO-
UTb CXEMy CJIOXKEHUs N-OMTOBBIX YHCeJI, UMEIOIIYI0 pa3dMep He Oojiee cn IJiIst
HEKOTOPOIO € U MJIs BCEX 7.

BenomanM, Kax CKIanbIBAIOT YUCIA B CTOJIOUK:

011
1001
1011
10100

Bepxusst ctpoka — OUTHI IepeHoca, HIKHSISI — pe3yabTaT. 3aMeTUM, UTO Ka-
KB 13 OUTOB TepeHoca WU Pe3yIbTaTa ONpenenseTcs TpeMs OPYTuMu Ou-
Tamu (OUT pe3yabTaTa paBeH CyMMe NBYX OMTOB CJIaraeMbIX U OUTa MepeHoca
10 MOMYJIIO 2, a OUT TepeHoca paBeH 1, eciim XOTs ObI OBa M3 3TUX TPEX OUTOB
paBHEbl 1). [TosTOMYy MOXKHO COCTABUTBH CXEMYy, KOTOPAs BBIUUCISIET 3TU OUTHI
cripaBa HaJieBO u mMmeeT pasmep O(n). ]
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3aMeTuM, UTO TeopeMy 25 JIETKO BBIBECTH U3 TeopeMbl 26: YTOObI CPABHUTH
ynucsa © u Yy, ciaoxuM uucio (2" — 1) — z (To ecTh YKCIO T, B KOTOPOM BCE
eIIMHUIBI 3AMEHEHBI HYJIIMI U HA000pOT) 1 umcsio y. Kcmu B cTapiieM paspsime
MOSIBUTCSI eOWHUIA, TO Y > X, a ecan HeT, To y < x. OcTaércs 3aMeTuThb, 9TO
U CJIOXKeHUe, n obpallleHne OUTOB B UHUC/Ie & TPeOYIOT CXeM JIMHENHOTO pa3Me-
pa. Takum oOpa3oM, cpaBHEHUE YUCEST CBOMUTCS K BBHIUUCEHUIO OUTa epeHoca.
Bepuo m obpaTHOe: BbIUmMCIeHNEe OMTa MEPEHOCa CBOOUTCS K CPABHEHUIO ITBYX
qucest (06paTuM B OMHOM M3 CJIAraeMbIX BCE OUTHI).

Tem He MeHee KOHCTPYKIINS, WCIIOIB30BAaHHAS MPU JTOKA3ATEILCTBE TeOpe-
MBI 25, UMEET HEKOTOpBbIe IpenmyiiiecTBa. HazoBéM 24yo6unoti cXeMbl MaKCU-
MaJIbHOE YHUCJIO DJIEMEHTOB Ha MyTH OT BXOHma K BBHIXOMY. Kcimm mpemncTaBUTH
cebe, YTO CUTHAJI Ha BBIXOJIE AJIEMEHTA MOSABIISIETCS He cpa3y IMOcye TMoIaun CUT-
HAJIOB Ha BXONbI, & C HEKOTOPOU 3aIepPKKOU, TO IJIYOMHA CXEMBbl OIpenesseT
CYMMAapPHYIO 3aIePKKY. JIeTKO TTOHATH, YTO PEKyPCUBHAS CXeMa, CDABHEHUS MMe-
na riayoury O(logn) (dnciio ypoBHEH TPOMOPIMOHAIBHO JOrapudMy pasMepa
BXOIIA), B TO BPEMS KAK MOCTPOEHHAs TOJBKO UTO CXeMa CIIOXKEHUS] UMEeT TIIy-
GUHY, TPOMOPIIUOHAIILHYIO 1 (GUTHI IEPEHOCA BBIUUCIISIOTCS MOCIEIOBATENBHO,
crpaBa HajeBo). Ho MOXHO coenmmHUTE 5TU MBa pe3ysIbTaTa:

TEOPEMA 27. Cywecmeyem crema caoncenus d6yxr n-6umosbis wuces pas-
mepa O(n) u eayounvt O(logn).

IokxazaTenbcTBo. Kak Mbl Bumenn, mpobiieMa B TOM, 9YTO OUTHI IEPEHOCa, BhI-
YHUCIIAIOTCS IIOCIENOBATEILHO, a He MapajuleabHo. Kemu ymacTes X Bee BbIUN-
cmuThb cxemoit pasmepa O(n) u rnybunst O(logn), To manbHeiilee OUEBUIHO.

Kax MBI yIOMIHAIIN, BEIYUCICHIE OUTOB IIEPEHOCA, PABHOCUILHO CPABHEHUIO,
TaK 4TO OJIs HOKA3aTeIbCTBA TeOPEMBI JOCTATOUYHO HAYyYNTHCS CPABHUBATD IIa-
pastensHo Bee T cybPuKCeh’ OBYX N-OMTOBBIX UUCET Ti...Tn, U Yi...Yn, T.E.
1T KAXKOOTO § CPABHUTD YUCHA X;Tit1 - - - Ty X Yilfitl - - - Yn-

BemoMurM, 9TO MBI Ieau Mpu cpaBHeHun uucelsl (ckaxkeM, minubl 8). Ha
HIDKHEM YPOBHE MBI CPABHUBAJIA OUTHL:

T1 X9 I3 Ty4 Xy Tg L7 XY
Yi Y2 Ys Ys Ys Y Y1 Y8
Ha crenyrorrieM ypoBHE MBI CpaBHUBAJIN OBY3HAYHBIC YNCIIA
T1Xx9 A3Xx4 T5Tg 78
Y1Yy2 Ysys YsYe YrYs
3aTeM YeTBIPEX3HAYHEBIe
L1934 5Lyl
Y1Y2Y3Ys YsYsY1Ys
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11, HAaKOHE€IL,, BOCbMU3HAYHBIC!

L1345 eX7LY
Y1Y2Y3YaYsYe Y7 Ys

Taxum obpazom, s cybdukcoB oauHbL 8, 4, 2 1 1 pe3yabTaThl CDABHEHUS YKe
ecThb. g cydpdukca oauabl 6 pe3yIbTaT MOXKHO TOJIYUINTH, KOMOUHUPYS pe-
3yJbTaT CPaBHCHUA T3X 4 YsYs I T5TgL7I8 YsYeY7Ys. ITocse sToro Y HaC €CThb
nHpopManusa O cydpPukcax BCeX YETHBIX NJIAH, U COCOUHIS eé ¢ MHPpOpMAaIl-
efl ¢ TIEPBOTO ?Tala, MoJIyJaeM CBedeHus Tpo Bce cyddurcsl. Hampumep, mirs
cpaBHeHUS CYy(GPUKCOB OJIMHBL 7, TO €CThb X9 ...T8 U Yo . . .Y, MBI COEIMHIEM pPe-
3Y/IBTATHI CDABHEHUS To U Yo C PE3yIbTaTaMU CpaBHeHUs Cy(hPUKCOB MIMHEL 6,
TO €CTb X3...T8 U Y3 . .. Ys.

B obrriem cimydae KapTHHA Takas: TMOCHe ~ CYKAIOIIErocs nepeBa’ Mbl CTPOUM
" pacimmpsioriieecs” ; 3a k I11aroB O KOHIIA MBI 3HA€M PE3yIbTaThl CPABHEHUS
Beex cy(hdOUKCOB, MIMHBI KOTOPBIX KpaTHE 2F. DTo mepeso mmeeT pasmep O(n)
u ry6ury O(logn), 4To 3aBepIiaeT NOKa3aTeIbLCTBRO. O

3A0AYA 115. Ilokasxcume, wmo ebivumanue 08YT n-6UmMosblT Yuces no mo-
dyaro 2" evinoangemcsa cxemot pasmepa O(n) u 2ayounny O(logn). (Yrazanue:
BLIUUMAHUE A€2KO CBOOUMCI K CAOHCEHUI, ECAU 3AMEHUMb HYAU HG eOUHUYDL U
naobopom.)

Teneps 3aimémca ymMHOKeHneM. CxeMa YMHOKEHNUS IBYX N-Pa3PAIHbIX YICET
uMeeT 21 BXOHOB (IO 7 IIs KaXKIIOTO MHOXKUTEIIS) U 27 BBIXOIOB 71 TPOU3Be-
ICHIS.

[TocmoTpuM, Kakme OMEHKHN MaéT OOBIYHBIN CIOCOO YMHOXKEHUS YMCEN CTOJI-
6ukoM. B HEM yMHOXEHUE OBYX N-paspsaOHbIX 9HCET CBOOUTCI K CJIOXKEHUIO N
KOIWIT IePBOrO YUCiIa (YaCTUYHO 3aMEHEHHBIX HA HYJIN B 3aBIUCAMOCTH OT 1udp
BTOPOT'O YUCIIA) CO CIABUTAMIM.

[omyuenne >Tux konuit TpeGyer cxembl pasmepa O(n?) (obimee uucio mudp
B komuax) u ryyounasr O(1). Croxenne nByX 2n-paspsimgHbIX UUCET MBI MOYKEM
BBILIOJIHUTE C TOMOIIBI0 cxeMbl pasmepa O(n) u rayburer O(logn), Tak aro
HeoOXomUMBbIE 1 — 1 CIOXKEHU MOYKHO BBITIOTHUTH CXEMOU pa3Mepa O(n2) U TJTy-
6umb O(log? n) (ecrm ckIamBIBATE CHAYAIA OMAPHO, TIOTOM PE3yIIbTATH CHOBA
monapHo u T. 1.). OKa3plBaeTCs, 5TOT PE3yIbTAT MOXKHO YiIydIuTh. Haubosee
SKOHOMHBIE CIIOCOOBI OCHOBaHBI Ha mpeobpaszoBanuun Pypre . C ux moMornso,
HAIIPIMED, MOXKHO IOCTPOUTE CXEMY YMHOXKEHUs N-OMTOBBIX YMCEJI, IMEIOIIYIO
pasmep n logn.

OTn MeTOmbI DAJIeKO BHIXOMAT 38 PAMKHU HAIEro O0CYKICHUs, HO IBa YIIyd-
IIICHUS MBI IIPUBEIEM.



§3. CxeMbl 13 PYHKIMOHAIBHBIX JIEMEHTOB 79

TEOPEMA 28. Cywecmeyem crema YmHOHNeHUT 06YT N-PAPAOHIT “uce
pazmepa O(n?) u 2aybuns O(logn).

IokaszarenbcTBo. Kak MBI y:Ke TOBOPUIIN, YMHOXKEHIE IBYX N-Pa3PIHbIX Uli-
CeJI CBONUTCS K CJIOXKEHUIO 1 TAKUX YICETI, X OCTAETCS BBIIOIHUTE TAKOE CJIOXKe-
Hue cxemoit pasmepa O(n?) u ray6unsr O(logn). KioueBbIM MOMEHTOM 37eCh
SBJISETCS CBEICHNE CIOXKEHI TPEX YUCEI K CIIOKEHIIO IBYX € IOMOIIBIO IIPOCTON
cxembl pazmepa O(n) u ray6usast O(1). B camom nmerne, mycTh ecTh Tpu Iucia ,
y 1 z. Ecin MbI 6yeM cKIIaabiBaTh OTAEILHO B KAXKIOM Pas3pame, TO B paspsie
MOXKeT HakKonuThbcs jrobas cymMMma oT 0 o 3, To ecTs B nBomvHon 3anucu ot 00
1o 11. ChopMupyem u3 MIAOMINX GUTOB STUX ABYXOUTOBBLIX CYMM YKCIIO U, & 13
CTapIINX (CHBMHyTbIX BJIeBo) — ynucno v. Torma, oueBUnHO, T +y + 2 = u + 0.
[Tomydenne mudp yucia © 1 v IPOUCXOOUT MapasIebHO BO BCEX paspsaax I
TpebyeT pasmepa O(n) u riybunsr O(1).

Tenepnb, ecim HANO CIOXKUTL 71 YUCEN, MOXKXHO pPas3OUTh UX HAa TPOUKU U 13
KaXXIbIX TPEX YUCell HMOAYYNTh 10 OBa. B cemymoimmii Kpyr, TakKuM 00pasoM,
BuIANYT (2/3)n uncen (mpumepro — rpanudHbie 5hGEKTH GOIBIION PO He
urpatot). VX CHOBa MOXKHO CIPYIIUPOBATE IO TPOKaM u T. 1. C KaXKIbIM yPOB-
HEeM YHCJIO CJIaraeMbIX yOLIBAeT B IOJITOPA pasa, TaK YTO INIyOUHA CXeMbI Oy1eT
norapudmudeckon. Kaxmoe mpeobpa3zoBanme TpEX cilaraeMbIX B IBa TpebyeT
cxeMbl pasmepa O(n) u yMeHbIAeT YKUCIO CIaraeMbIX Ha eqUHUILY, TaK 9YTO
noTpebyeTcs n Takux mpeobpasoBanuii. MTak, sTa KOHCTPYKITAS UMeeT OOIIIIi
pasmep O(n?) u ray6uny O(logn). Hamo ToAbKo OTMETHTE, UTO B KOHIIE Y HAC
MOJIy9aeTCs He ONHO YMCIIO, & IBa, M MX HAIIOCJICOOK HAIO CIOXKUTL — YTO MBI
ymeeM nenath ¢ riryouson O(logn) u pasmepom O(n). O

3ADAYA 116. Joxraxcume, wmo cxrema, sviuucagsowad o6yaesy dyuwryuto f
OMm N AP2YMENMOB, Y KOMOPOU HU 00UuH apeymenm He T6ATeMCcT GuKMuUeHbIM,
uMeem PaA3mMEP He MEHEE CN U 24Yyouny He menee clogn, 2de ¢ > 0 — nexomo-
Pag KOHCMANMG, 3A6UCAUWAT O 6bIOPAHHKO20 HAO0PA daemenmos. (Apeymenm
Pynryuy Ha3viearom QUKTUBHBIM, €CAU OM HEe20 3HAUEHUE PYHKUUU He 3a61U-
cum. )

OTa 3amaya MOKa3bIBAeT, YTO €CJIU B MPOIECCe YMHOXKEHUS IBYX N-pa3psii-
HBIX YHCEJI MBI CYMMUDPYEM 7 CJIaraeMBbIX pa3Mepa 7, TO OLEHKN O(n2) IJIs pas-
mepa u O(logn) mis riyOUHbL, MOTYYEHHbIE TIPU I0KA3aTeIbCTBE TeOpeMbl 28,
CYLIIECTBEHHO VJIYUIINATE HEJIb35.

Omnaxo HUKTO He 00s3bIBAET HAC CJIEOBATH TPAMUIIMOHHOMY CIIOCOOY YMHO-
JKEHUS CTOJOMKOM — OTKA3aBIIUCH OT HErO, MBI MOXKEM YMEHBIINTH pa3Mep
CXEMBL.
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TEOPEMA 29. Cywecmeyem crema ymHoH#cerus 06Yxr N-pas3paoHblr wuced
paamepa O(n'°823) u 2ay6uns O(log?n).

HokazarenbcTBo. Hauném ¢ Takoro 3ameuvanums. Boramcsss opom3BemeHue
IBYX KOMIIJIEKCHBIX UICE/T

(a+ bi)(c+ di) = (ac — bd) + (ad + bc)i

OOBIIHBIM CTIOCOOOM, MBI MelaeM 4deThIpe yMHOXKeHus. Ho Mox#HO oboniTuch m
TpeMsl C TIOMOIIIBIO TAKOTO TPIOKA: BBIUUCIUTD ac, bd u (a + b)(c + d), a morom
uaiitu ad + be kax pasnocts (a + b)(c+ d) — ac — bd.

Ananornunerit GOKyC MOXKHO MpOmEIaTh W I IHEeIbIX unceil. Pa3obbém
2n-6UTOBOE YUCIIO Ha MBe N-OMTOBBIE YACTHU, TO €CTh MPENCTAaBUM €ro B BU-
ne a2" 4+ b. Teneps 3anuiieM IpoOU3BENCHNE MBYX TAKUX ULUCEIT:

(a2" 4 b)(c2" + d) = ac2*" + (ad + bc)2" + bd.

Tenepb BUIHO, YTO MOCTATOYHO HANTH TPU npoussenenus ac, bd u (a+b)(c+d),
YTOGBI ONPENEINTE BCe TPH CaraeMbIX B IIPaBoil yacTu paBeHcTBa. [lomyuaeTt-
Csl, YTO YMHOXKEHUE IBYX 2N-Pa3PSIIHBIX YUCEST CBOMUTCSA K TPEM YMHOKEHUSIM
N-pa3psAMHBIX U K HECKOJIBKUM CJIoxKeHusiM 1 BeranTanusM. (Ha camom mesne mpu
ymuoxenun (a+b) va (c+d) comHOXUTEMM MOTYT OBITE (N~ 1)-paspsaHbIME, HO
5TO HE CTPAIIHO, TaK KaK 06pabOTKa JIMIITHETO pas3psiia CBOMUTCS K HECKOIBKIIM
CIIOZKEHUSIM. )
Iliist pasMepa cxXeMbl, TaKuM 00pa30M, TIOJTyIaeTCsl PEKYPCUBHAS OIEHKA

S(2n) < 3S(n) + O(n),

w3 KoTopoit ciemyet, uto S(n) = O(n'°%23). B camom meme, mis yMHOXKEHIS
N-pa3psOHbIX Ynce TpebyeTcs MepeBO PEKYyPCUBHBIX BBI3OBOB TITyOWHEBI log, 1
I CTEIeHN BETBJIEHUS 3. 3aMEeTUM, YTO Pa3Mep CXEeMbI B BEPIITHHE IPOIOPIINO-
HaJIeH YIC/Iy CKJalbiBaeMbIX OuTOB. IIpu mepexome oT OmHOTO YPOBHS K CIIEMY-
foremy (6ostee GIM3KOMY K KOPHIO) pas3Mep ClIaraeMblX PACTET BIBOE, & UKUCIIO
BEPIIIH YMEHBIIIAETCS BTPOE, IMTOITOMY OOIIlee UUCJIO DJIEMEHTOB Ha 3TOM yPOB-
HE YMEHBIITAeTCS B MOJITOPa pa3a. T'akmM oO0pa3oM, IpU IBIKEHUN IO YPOBHSIM
OT JIUCTHEB K KOPHIO TOJIYYaeTCsT YObIBAIOIIAs TeOMETpUIECKas IIPOTPECCUs CO
3HAMeHaTeseM 2/3, cyMMa KOTOPOI BCEro JIUIIb BTPOE MPEBOCXOMUT eé MEepPBLIT
wyter. OCTaéTCs 3aMETHTh, UTO UNCIIO JIMCTHEB PABHO 319827 = nlog23,

Onenka rayOMHBI TakKXKe OUYEBHUOHA: HA KAXKIOM YPOBHE MBI MMEEM CXEMY

croxenust Tiry6uasr O(logn), a wucio yposueir ects O(logn). O

Ha »ToM MBI 3aBepiiiaeM 3HAKOMCTBO CO cXeMaMU 13 (QYHKIIMOHAJIBHBIX DJIe-
MEHTOB, BBITIOJTHAMIOIINMI apudMeTudecKue omnepanuu. PaccMOTpUM Temepb
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dyuknumio “rosocoBanus’ OHa MMeEET HEUETHOE YUCIIO apryMEHTOB, W 3HAUE-
Hre eé paBHO (0 wiam 1 B 3aBUCUMOCTHU OT TOTO, KaKOe M3 NIBYX 3HAUECHUH YaIlle
BCTPEUAETCS CPEOU BXOIOB.

TEOPEMA 30. Cywecmeyem crema, SbluUCATIOWAA GYHKYUIO 2040C06AHUA,
pazmepa O(n) u eaybunvt O(lognloglogn).

Hoka3zarenscTBo. Ha camoMm mese MOXKHO mazke BBIYUCIUTD OOIIee YNCIIO -
HII[ CPEIIN BXOMIOB. DTO HEIACTCS PEKYPCUBHO: CUNTAEM OTIEIBHO IJIsI KaXKIOM
TIOJIOBUHBI, TIOTOM CKjambiBaeM. [lomydyaeTcs morapudmMudeckoe Juciao yPOBHEN.
Ha BepxHeMm ypoBHE HAIO CKJIAOBIBATE UnCIa pasMepa logn, Ha cremyromemM —
pasmepa (logn — 1) u Tax mo caMoro Hu3a, rae CKJIaIbIBAIOTCSI OMHOONTOBbIE U~
cia (To ecTh 6uTH Bxoma). Kakoit cpemumit pasmep ckiambiBaeMbix uncen?! [To-
JIOBUHA BEPIIINH B IEPEBe IPUXOMUTCS HA HIKHII YPOBEHb (JIuCia IInHbL 1), Je-
TBEPTH — Ha Ciemytonmit (umera mmae 2) u T. 1. Benovunas, aro pan Y (k/2F)
CXOMUTCsI, BUMUM, UTO CPEIHUI pa3Mep CKiaamabiBaeMbix ducen ecTb O(1) u 06-
it pasmep cxembl ecTb O(n). A obmas ray6una ects O(lognloglogn), Tak
Kak Ha KaxknoMm u3 logn yposreir crout cxema riayounsr O(loglogn). []

3ameTnm, 9TO XOTsI (HDYHKIMS TOJIOCOBAHWS MOHOTOHHA, TOCTPOCHHAS CXEMa
eé BBIUICJIEHUS COIEPKUT HEMOHOTOHHBIE 5JIEMEHTHI (IIOCKOJIbKY ONEepAIMs CJI0-
KEHUS He MOHOTOHHA). MBI y2Ke TOBOPHIIM, YTO BCSIKYIO MOHOTOHHYIO (DYHKITHIO
MOYXKHO COCTABUTH U3 KOHBIOHKINH 1 NU3BIOHKIWI. [ QyHKIMM rosocoBaHU
€CTh OYEBUIHBII CIIOCO0 HTO CHENIATH: HAMCATE MU3BIOHKIIIIO BCEX KOHBIOHKITHI
pasmepa (n+1)/2 (HamOMHIM, YTO YUCIIO BXOIOB 7 MIPEIIIOIATACTCS HEYETHBIM ).
OnHAKO IPH 9TOM IHOJLYIUTCS CXEMa SKCIOHEHINAIBHOTO 110 1 pasMepa.

TEOPEMA 31. Cywecmsyem czema pazmepa O(nc) u eayounst O(logn), co-
CMABACHHAT MOAbKO U3 daemenmos U u UJIU (c deymsa srodamu), ebiuucasdio-
wad PYHKYUIO 20.40C06AHUAL.

HlokazarenbcTBO. [I/1s9 HaUyada 3aMeTUM, YTO OTPAHUYEHHIE Ha pa3Mep SBIIS-
eTCsI CIeICTBIEM OTPaHNIeHUs Ha TIyomHy, Tak Kak 3rmeMeHTsl U u I nmerot
TOMBKO B BXOMa U UHCIIO SJeMEHTOB B cxeMe TiTy6mant d ects O(27).

CxeMma GymeT CTpOUTHCS U3 3JIEMEHTOB OOBITNHCTBA ¢ TpeMs Bxomamu. (Ka-
KIOBIM U3 HUX MOXKHO cOOpaTh U3 KOHBIOHKIIUN U OU3BIOHKIINUA IO (opMye
(anb)V(aNc)V (bAc).) Berxon cxembl GymeT GONBIIMHCTBOM U3 TPEX 3HAUCHIIL,
KasKII0e U3 KOTOPBIX €CTh OOJIBIITMHCTBO U3 TPEX 3HAUEHUN U T. A. (puc. 3).

[IponomKas 3Ty KOHCTPYKIIMIO Ha, k YPOBHSX, MBI HOIy4nM cxeMy ¢ 3% Bxoma-
mu. (OTMeTuM, 94TO 5Ta cxema He 6YIeT BHIYUCIISTH OOIBITMHCTBO CPEIU CBOUX
BXOIOB — IO TOW K€ MPUYWHE, IO KOTOPOW pe3yIbTaT HEMPSIMOTO T'OJIOCOBa-
HUSI MOXKET OTJINYATHCS OT MHEHUs GOIbIuHCTBA.) Ho MBI criermaeM BOT Kakyto
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Puc. 3. IlepeBo u3 »meMeHTOB 3-00JIBIITIHCTBA.

CTPAHHYIO BeIllb: BO3bMEM k paBHBIM clogn mpu MOCTATOYHO OOJIBIIIOM KO-
duimenTe MPOMOPIMOHAIILHOCTH ¢ (IIPU 5TOM YHCJIO BXOIOB TAKON CXEMBI Oy IeT
TIOJIMHOMUAJILHO 3aBUCETH OT 1) U HAINIIEM Ha BXONAX CIIYYANHO BbIOpAHHBIE
TIepeMeHHbIe U3 [aHHOTO HAaM Habopa I1, ..., T,. ([lepemennbie, 3anucriBaembre
HA Pa3HBIX BXOHAX, BBIOMpatoTcs He3aBucuMo.) OKasbIBAETCS, UTO € HEHYyJIe-
BOII BEPOSITHOCTBIO 3Ta cXeMa OyHmeT BHIUUCIATH QYHKINIO OOIBITHCTBA CPenn
x1,...,T,, €CIN KOHCTAHTA ¢ MIOCTATOYHO Bejuka. CaemoBaTe/IbHO, HCKOMAs CXe-
Ma CYIIECTBYET.

O6paTuTe BHIMaHIE: HAM yOACTCS JOKA3aTh CYIIIeCTBOBAHIE MHTEPECYIOIIEn
HAC CXeMBI, He TIpenbaBuB eé aBHO. (Takoe ncmomp30BaHme BEPOSITHOCTHBIX Me-
TONOB B KOMOMHATOPHBIX PACCYKIECHUAX UACTO OBIBAET IOJIE3HO. )

Nrak, mouemy xke cxeMma C MOJIOKUTEILHON BEPOSITHOCTHIO BBIUNCIIET DYHK-
1I1E0 OOJIBIIMHCTBA! DTO JOKA3hIBAETCSI TaK: PACCMOTPHUM KaKOW-TO OOUH HAOOD
3HAYEHNN Ha BXOMAaX U MOKaXKeM, 9YTO Ha 3TOM KOHKPETHOM Habope CiiydaiHas
cXeMa BBIIAET MPABUJILHBIA OTBET C BEPOSTHOCTBHIO, OUeHb OJIM3KOU K €IUHUIIE
(paBHOII 1 — £ IpU OYEHB MAJIOM €).

FEcnum uncno € HacTOTBKO MaJI0, ITO OCTAETCS MEHBIITIM €IMTHUITHI MaXKe TTOCIIe
VMHOXKEHUSI Ha, YUCII0 BO3MOXKHBIX BXOZIOB (2'), To moyyaeM Tpebyemoe (Kaxkmoe
3 2" cOOBITUI MMeeT BEePOSITHOCTH HEe MeHbINle 1 — £, 3HAUNT UX IepeceveHne
IMeEeT BEPOSITHOCTD He Menbire 1 — 2" > 0).

NTak, ocTamoch OIEHUTH BEPOSITHOCTD TOTO, UTO CIydaliHas cXeMa HacT Ipa-
BUJILHBIN OTBET Ha HAHHOM Bxome. [lycTh mons emuHUIT cpenm BceX BXOMOB PaB-
Ha p. Torma Ha KaXIBI BXOMHOUW ITPOBOMN CXEMBI MOMAETCS €NUHUTIA C BEPOST-
HOCTBIO P U HYJIb C BEPOSITHOCTBIO 1 — p (BBIOOD CITy9alHON EPEMEHHO MaéT
eIITHUIY C BEPOSITHOCTBIO P), IPUUEM CUTHAJIBL Ha BCEX BXONAX HE3ABUCUMBI.

FEcoun wa Tpéx Bxomax siaeMeHTa 3-OONBINMHCTBA CUTHAIIBI HE3aBUCHUMEI,
I BEPOSTHOCTDL TOSBIEHUS E€IWHUIILI Ha KaXXIOM BXOIe €CThb P, TO BePOsT-
HOCTDL TOSIBJICHHs eUHUIBI Ha BuIxone ecTh ¢(p) = 3p?(1 — p) + p* = 3p? —
— 2p3. Ha crenmyrommx ypOBHSIX BepOATHOCTD HOSBIICHIS eAUHAIE! OyIeT PaBHA
o(p(p)), e(e(p(p))), ... 'paduk dyuxuun ¢(z) Ha orpeske [0, 1] (puc. 3) moka-
3BIBAET, UTO TIPU UTepanusx GyHKIN ¢ nucbaianc (OTKIOHEHNE OT CePEIUHbI)
HapacTaeT U TOC/IENOBATEILHOCTL CTPEMHUTCS K Kpaio oTpe3ka. Hamo Tombko
OIIEHUTH YUCJIO IIaTroB.
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Puc. 4. Urepupyemas (i)yHKI_[I/Iﬂ ©.

Ecnu BHAUYATIE €MUHUIIBI COCTABIISIOT GOBITTHCTBO U3 7 ADIYMEHTOB (HAIO-
MHIM, 1 HEYETHO), TO UX Kak MuHuMyM (n + 1)/2, Tak ato p > (n+ 1)/2n =
=1/2+41/(2n). Takum 06pa3oM, HATATIEHBIN TUCOATAHC COCTABIIET KaK MITHII-
MyM 1/2n. A B KOHIIE HAM HYKHO TIPUOIM3UTHCS K KPAKO OTPE3Ka Ha PACCTOSIHIE
27",

Nrak, HaM ocTaoCh MOKa3aTh TaKyto JIeMMy (OTHOCAIIIYIOCS CKOpee K MaTe-
MATUYIECKOMY AHAJIU3Y ):

Jlemma. Ilycts mocnenoBarensHocTs Ty € [0, 1] 3amama pekypperTHO (op-
MyJIOl Tjy1 = @(x)), TIe

o(z) = 32% — 22,

[Iycte 29 > 1/2+1/(2n). Torma nocmenoBaTeIsHOCT &), MOHOTOHHO BO3DACTAET
u npubmmkaercs K 1 va paccrosaue 27" 3a O(logn) maros. [CummveTrpudsoe
yTBEepKICHIE BepHO 1 1pu 2o < 1/2 —1/(2n).]

Nnes nokazarenbcTBa: TOCMOTPUM Ha GYHKINO BOIU3M TOUKEU 1/2 1 y Kpaés
otrpeska. B Touke 1/2 npoussonuast 60sbiie 1, mosromy ymanenue ot 1/2 pactér
KaK TeoMeTpUUIecKast IIPOrPECCHsl, I TOUKA MEPENIET KaKyo-TO (PUKCUPOBAHHYIO
rpanniy (Hampumep, 0,51) we mosmuee uem 3a O(logn) maros. 3aTem moTpe-
oyercss O(1) maros, urober monTu, ckaxem, no 0,99. B enunuie nepsas mpouns-
BomHad (GYHKINKM PaBHA HYJIIIO, IIOSTOMY PACCTOSHNE IO €OUHUILI KaXKIbI pas
IIPUMEDPHO BO3BOAUTCS B KBAIPAT, U IOTOMY I JOCTIKEHNUS O PEITHOCTH 2"
norpebyercs O(logn) maros (kax B Mmerone HeroTona oTbicKanmst KopHs). Beero
noiyuaercs O(logn) + O(1) + O(logn) mraros, 9To u TpeGOBATIOCH. O
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Ha camom mere cmpaBenmmBo ropas3mo 0ojiee CUIIBHOE YTBEPXKIEHUE: CYITle-
crByer cxema pasmepa O(nlogn) u ray6unesr O(logn), cocrosias TOIBKO U3
srmemenToB VI m WJIM, xoTopas mMeeT n BXOMOB W 7 BBIXOIOB U OCYIIIECTBIIS-
eT COPTHUPOBKY MOCIIENOBATEILHOCTH N HYJIel U eIuHUIl (9TO O3HAYAET, UTO Ha
BBIXOJIE CTOJILKO YK€ eIUHUI], CKOJILKO Ha BXOOe, TPUUIEM BBIXOMHAsS IMOCIIENOBa-
TeJIBLHOCTH BCETIIa HEeBO3PACTAOIIAs). YICHO, UTO cpemHuit GUT BBHIXOMA B TaKOI
cUTyaluu peaan3yeT GYHKIIUIO OOIbIITTHCTBA.

[Ipn xaxyrencs mpocToTe (GOPMYIUPOBKI EOUMHCTBEHHAS W3BECTHAS KOH-
CTPYKIS Takoit cxeMbl (copTupyiomas cetb AKS, npunymannas Airran, Kom-
mormom u CrieMepenu CpaBHUTEIBHO HemaBHO, B 1983 romy) BecbMa ClioxkHA, U
MOSIBJIEHIE KAKOI-TO 00Jlee TPOCTON KOHCTPYKIIUM ObII0 OBl 3aMevdaTeIbHBIM J10-
CTIKEHUEM.



[ITABA IV

N cuncienne BLICKa3LIBAHNN

HamomamM, 9TO TaBTOIOrMEN MBI HA3BIBAIIN IIPOIO3UINOHAIBHYIO GOPMYILY,
NCTUHHYIO IIPU BCEX 3HAUEHUIX NepeMeHHBIX. OKa3bIBaeTCs, YTO BCE TaBTOJIO-
T MOYXKHO TIOJIYUYUTH M3 HEKOTOPOTo Habopa ~akcmoMm’ ¢ MOMOIIBIO ~ IpaBUII
BBIBONIA” , KOTOPBIE NMEIOT UNCTO CUHTAKCHYECKUI XapaKTep U HUKAK He allesl-
JTUPYIOT K CMBICITY (POPMYJIBI, €é NCTUHHOCTU U T.II. DTy 3amady pelraeT Tak
HA3LIBAEMOE UCUUCAeHUue 6bickazvisanutl (MB). B oToit raBe Mbl mepedncinm
AKCIOMBI I IIPABUJIa BLIBOIA STOIO UCUNCIIEHNS, U IPUBENEM HECKOJILKO TOKa3a-
TEILCTB MEeOPeMbl 0 NoAHOME (KOTOpasi yTBEPKIAET, YTO BCAKAS TABTOIOTUS
BBIBOIUMA B HCUNCIICHUN BBICKA3LIBAHIIN).

§1. Mcuuciennme BhICKA3bIBAHMI

KakoBwr 661 Hu 6btm hopMmynnr A, B, C, cnenyromime (GopMyIIbl HA3LIBAIOT
AKCUOMAMY UCYUCAEHUI 6bICKA3LIE AHUL:

1) A— (B—A);

(

(2) A—=(B—=0)—= (A= B)—=(A—=0));
(3) (AAB)— A

(4) (AAB)— B;

(5) A—(B— (AAB));

(6) A— (AV B);

(7) B— (AV B);

8 A—=-C)—»(B—C)—=(AVB—=C0));
(99 -~A—(A— B);

(10) (A— B) — ((A— —=B) — —A);

(11) AV -A.

Kax roBopsT, MBI IMeeM 3[1eCh OOUMHHAOIATE ~ CXEeM aKCHIOM ; U3 KaXKIION CXEeMbI
MOXKHO TIOJIYUUTH Pa3IUYIHbIE KOHKPETHBIE AKCUOMBI, 3aMEHSISI BXOMAIIINE B HEE
OYKBBI Ha MIPOMO3UIINOHATBHBIE (DOPMYJIHL.

EnuncTBeHHBIM IIPABUIIOM BBIBOMA MCUUCTIEHUS BBICKA3LIBAHUN SBJISETCS
IPaBUIO CO CpemHeBeKoBbIM HaszBanumeM “modus ponens” (MP). Oro mpasu-
JT0 pasperaeT monyunTh (BeiBecTn) us dopmyn A u (A — B) dopmyny B.

Buvigodom B mcuncieHnn BBICKA3LIBAHUN HA3BIBAETCsS KOHEUHAs TTOCIIEIOBa-
TeIBHOCTH (DOPMYII, KaxKIast M3 KOTOPBIX €CTh aKCIOMa, UJIN Oy IaeTCs U3 Ipe-
OBIOYIIUX 10 TIpaBmiIy modus ponens.

85
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Bot mpumep BeiBoma (B HEM mepBas GOpMyJIa SIBISIETCS YACTHBIM CITydaeM
cxeMsbl (1), Bropast — cxeMbl (2), & MOCIIeIHIS Oy YaeTCs 13 ABYX MPENbIIYIIIIX
o mpasuity modus ponens):

(p— (¢ —p)),
(p—(g—=p)—((p—aq) — (@—0p),
(p—q) — (p— D)

[TpomosurnonanbHas Gopmyna A Ha3BIBAETCS 8b1600UMOT B UCIUCIICHUN BbI-
CKa3bIBAHU, NI MeopemMol NCUNCIICHNS BbICKA3bIBAHUN, €CJIN CYIIeCTBYEeT Bbl-
BOII, B KOTOPOM Tocitenusist hopmyiia paBHa A. Taxoir BEIBOI HA3BIBAIOT BEIBOIOM
dopmynber A. (B npunmune MoxHO 66110 661 1 He TpeboBaTh, YTOOB! hopmyta A
ObLIa TIOCTIEMHET — BCe malibHeirme GOpMyJIIbl MOXKHO TIPOCTO BBIUYEPKHYTh. )

Kax MBI yxKe TOBOpU/IN, B MCUYUCTEHUN BBICKA3LIBAHUN BBIBOMSITCS BCE TaB-
TOJIOTUHU U TOJBKO OHU. OOBIYHO HTO YTBEpKICHUE Pa3dbUBAIOT HA IBE UACTH:
MIPOCTYIO U CJI0XKHYI0. Hauném ¢ mpocToit:

TEOPEMA 32 (o koppektHocTu UB). Beskas meopema ucuucaenus 6bicka-
3b18aHUL ECMb MABMOAOUL.

Iloka3aTenbcTBO. HecmoxkHO mpoBepuTh, YTO BCEe aKCUOMBI — TaBTOJIOTHM.
Ilist mpuMmepa TpomesiaeM 5TO [JIsl CaMOil JIMHHON AKCUOMBI (TOUYHEe, CXeMbI
AKCHOM) — IIJIsl BTOpOit. B kakom ciyuae dopmysia

(A= (B—=0)) = (A= B)—=(4—=C0))

(rme A, B,C' — wnexoropbie GopMysibl) Moryia Obl GbITH J0XkHOU? s sTOrO
noceika A — (B — C) momxkHa OBITH MCTUHHON, a 3akmouenne (A — B) —
(A — C) — moxubiv. UTo6B! 3akiToueHne ObIIO JTOXKHBIM, Gopmyna A — B
IOJKHA ObITH neTuHHOM, a dopmyna A — C' — noxuoin. [locaennee o3madaer,
uro A ucrunna, a C' noxua. Takum obpasoMm, mbl 3HaeM, uto A, (A — B) u
(A — (B — ()) ncrurnsl. Orciona crenyer, uro B u (B — (') uctunHH,
u moromy C' MCTWHHA — MPOTHUBOpedme. SHAYUT, Halra (GopMmysa He ObIBaeT
JIOZKHOM.

KoppekTrocts npasuia MP Takxe oueBnmna: eciu dopmyist (A — B) u A
BCerma MCTUHHLI, TO MO ONpeneeHno nMImKannu GopMmyita B Takxke Bcerma
uctuHHa. Takum o6pas3oM, Bce HOPMYIIBI, BXOIMIINE B BBIBONLI (BCE TEOPEMBbI)
SABJISIOTCS TABTOJIOT MM, ]

[N'opasmo crnoxuee moka3zaThk 0OpaTHOE YTBEPKIECHUE.

TEOPEMA 33 (o momuore UB). Beakas masmoso2us ecmy meopema ucuu-
CAEHUL 6bICKA3BLE AHU.
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Ioka3zarenscTBo. MbI mpemioxuM psii aJbTEPHATUBHBIX IOKA3aTETLCTB
sToir TeopeMbl. Ho mpeximme Bcero Mbl HO/KHBI MPUOOPECTU HEKOTOPBIA OIBIT
MIOCTPOEHUST BBIBOMIOB U MCIIOJIL30BAHUS AKCHOM.

Jlemma 1. Kaxkosa 661 HE Gbu1a dopmyna D, dopmyna (D — D) asasercs
TEOPEMOI.

IokaxkeM sieMMy, TIpenbaBUB BIBOA GopMyiibl (D — D) B UCYNCIEHUN BbI-
CKa3bIBAHN.

L. (D—(D—D)—D))—=((D—(D—D))—(D—D))
lakcoma 2 mpu A =D, B= (D — D), C = DJ;

2. D — ((D— D) — D) [akcuoma 1];

3.(D— (D— D)) — (D — D) [u31u 2 no npasuy MPJ;

4. D — (D — D) [akcuoma 1];

5. (D — D) [u3 3 u 4 mo npasuny MP].

Kak BumHO, BHIBOI Haxke Takoil mpocToit Taprosiornu, Kak (D — D), Tpebyer
HEKOTOPOH nm300peTaTeabHOCTH. MBI 06erynM cebe Ku3Hb, J0Ka3aB HEKOTOPOE
o0111ee yTBEPKIEHNE O BHIBOTUMOCTI.

YacTo MBI paccyKoaeM Tak: IPearnoaraeM, ITO BBITIOJTHEHO KaKOe-TO yTBeP-
X)menne A, n BHIBOmUM pasnudHble ciencTsBus. [locme Toro xax mpyroe yTBep-
XOeHne B moka3aHo, MBI BCIOMIHAEM, YTO KCIIOJIL30BaIN MpEInoaoxenue A,
7 3aKJI09aeM, UTO MBI mokasanau yTBepxkmenne A — B. Crenyromas memMa,
Ha3bIBaeMas MHOTA, ~ JIEMMON O MEeOyKIIUK , TIOKA3bIBAET, UTO DTOT IOIXOI IIpa-
BOMEPEH U IJTsI MCUNCIICHUS BHICKA3BIBAHUI.

[Tycts I' — HEKOTOpOE MHOXKECTBO hopMyil. Buisodom u3 I Ha3bIBaeTCs KO-
HEYHAs TOCIENOBATEILHOCTE (POPMYIT, KaxKIas U3 KOTOPBIX SIBJISETCS aKCHOMOI,
NpUHAMIEKUT | wim nomyydaercs u3 npensiaymx mo npasmwty MP. (dpyruvun
cJI0BaMu, MBI KakK Obl mobasiseM ¢GopMyasl n3 ' K akcmoMaM UCUNCIIEHUS BbI-
CKA3LIBAHUIT — UMEHHO Kak (DOPMyJIBI, & He Kak cxeMbl akcmom.) Popmyma A
svisoduma u3 I', ecrmm cyiecTByeT BBIBOO 13 I', B KOTOPOM OHa, SIBJISETCS IIO-
crenuent popmynoi. B stom ciyuae mer mutmiem I' = A, Ecau I' mycTo, To peun
UOET O BBIBOOUMOCTHU B UCUYUCIIEHUM BBICKA3LIBAHWUI, 1 BMeCTO & F A mumryT
mpocTo - A.

Jlemma 2 (o menykumn). Ilycrs I' — muoxkecTBo dopmyn. Torma I' - A — B
Torma u TONMbKO Torma, korma I' U {A} - B.

B ommy cTopony yTBepxkmenue moutu odeBuaHo: mycTh I' F (A — B). Torma
ul,AF (A — B). (i xpaTkocTu MBI OIycKaeM (pUTypHBIE CKOOKI 1 3aMe-
HseM 3HaK obbemuuenus 3angToi.) [lo onpenenenuio I') A = A, orkyna mo MP
moyuaem ', A - B.

[Tycts Teneps I', A = B. Ham mano moctpouTs BeIBOI hopmynsl A — B us .
Bossméwm BeiBon C, Co, ..., C, dopmynasr B = C), u3 I', A. [Ipunuiiem Ko Bcem
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dopMysaM 5TOro BBIBOZA CJI€BA MOCHUIKY A:
(A— ), (A—Cy),...,.(A— C)).

Ora mocienoBaTenbHOCTH oKaHunBaeTcs Ha (A — B). Cama mo cebe oHa He
6ymeT BeIBOIOM 13 [', HO M3 HEE MOXKHO MMOIYyUNTh TAKOW BBIBOM, HOOABUB HEIO-
cTatorrme GOPMYJIbI, I TEM CAMBIM I0KA3aTh JIEMMY O HEeIyKITAN.

Bynmem mo6asmsiTh 9Tu GOpMYIIBI, IBUTAICEH ClIeBa HampaBo. [lycTh MBI mTomo-
ttn K dopmyite (A — C;). Tlo npenmosnoxkenuto dopmysa C; mubo coBoamaet ¢
A, mubo nmpunammexut I, mubo ABISETCS aKCHOMOM, THOO MOIyJIaeTCs U3 OBYX
npensLayinmx mo npasmity MP. PaccMoTpuM Bce 5T cityyanm 1mo odepenu.

(1) Ecniu C; ects A, To ouepennas popmyia umeet sun (A — A). Tlo memme 1
OHA BBIBOIMMA, TAK UTO IE€pel Hell Mbl HOOaBIIsIeM €€ BBIBOL.

(2) Iycrs C; mpunammexur I'. Torma mer Berasiasem dopmyier C; u C; —
(A — C;) (axcumoma 1). ITpumenenune npasuima MP k stum dopmynam maér
(A — C;), uTo u TPe6GOBATIOCH.

(3) Te xe hopMysTBl MOXKHO H06aBUTE, eciiu C; ABISETCS AKCUOMON MCUNCITE-
HUS BbICKA3bIBAHU.

(4) IlycTs, nHakower, hopmysa C; MOTyUaeTCst U3 IBYX TPEObLIYIINX GOPMYIT
mo mpaBuity MP. OTo 3HauuT, 9TO B MCXOMHOM BBIBOME € TMPEMIIITeCTBOBAIN
dopmyiet C; u (C; — C;). Torma B HOBOII mOCIENOBATEIBHOCTH (C HOGABIIEHHON
nocslnkoit A) yxe 6prtn popmyisl (A — Cj) u (A — (C; — C;)). Ilooromy Mol
MOXKEeM MPONOIKUTEL Hall [-BeiBom, HamucaB GOPMYJIbI

(A= (Cj = C4)) = (A= C)) = (A — (i) (acuoma 2);
(A —Cj) — (A — (;)) (modus ponens);
(A — C;) (modus ponens).

I/ITaK, BO BCE€X qupréX ClIy4asiX Mbl HaY4YUJIACH OOIOJIHATE ITOCJIEO0BATEIIb-
HOCTBH OO BBIBOOA M3 F, TaK 49TO JIEMMa O OEOAYKIOUM NOKa3aHa.

3AnAYA 117. oxaxcume, wmo dag arobvix gopmyas A, B, C dopmyaa
(A= B)—=(B—=C)—=(4—=0))

8bIB0UMA 8 UCUUCAEHUL BLICKAZLIBANUT. (YKA3aHUE: UCTLOALIYTME semmy 0 de-
dyryuu u mom gaxm, wmo A — B,B — C, A+ C.)

BAOAYA 118. [loxaxcume, umo ecau I'y F A ul'y, A+ B, moI'y Ul'y
= B. (Omo ceoticmso unoeda nazvisatom "npasusom cevenus” (cut); 2oeopam,
ymo gopmyaa A “omcexaemca” uau "evicekaemca”’. Croduvie npasusa uepa-
10M YEHMPAALHYI POAL 8 Meopuu doxazamenbems, 2de Gopmyiupyemcs u Jo-
Kasvieaemca “meopema 06 ycmpanenuu ceuenud”’ O0Ad PA3AUUHBIT A02UUECKUL
cucmem. )
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3AIAYA 119. Jobasum ¥ UCUUCAEHUN BbICKAZLIBAHUL, NOMUMO NPABUALA
modus ponens, ew,é 00H0 NPABULO, HA3BIBAEMOE TIPABUIIOM MMOOCTAHOBKU. OO
PABPEULAEM 3AMEHUMD 6 BbIBEIEHHOT PopMyse 6CE NEPEMEHHBIE HA NPOU3BOLb-
nvie Gopmyavt (ecmecmeenno, 8TOHCIEHUT 00HOT NEPEMEHHOT DOANCHBL 3aMe-
HAMbCA Ha 00MYy u my oce Popmyay). Hokaxrcume, wmo nocae dobasaenus
MaK020 NPABUAQA KAACC BbIBOOUMBIE POPMYA HE USMEHUMCI, HO MEOPEMA O
dedyxuyuu nepecmarem obims 6EPHOT.

3aMeTnM, 94TO MBI ITOKa ITO UCIOJIH30BAIN TOJIBLKO IBE IePBbIE AKCIOMBI MC-
YUCIIEHUS BBICKA3bIBaHU. BUIHO, KCTaTH, YTO OHU CIIENUAJILHO TIONOOPAaHbI TaK,
YTOOBI TOKA3aTEILCTBO JIEMMbBI O OEMYKITUU ITPOIILIO.

Hpyrue akcmoMbl ONMUCBIBAIOT CBOMCTBA JIOTUYECKUX CBS30K. AKCHOMBI 3 1
4 TOBOPST, Kakue CIENCTBUS MOXKHO BbIBeCTH U3 KOHBIOHKIMKN (A A B - A u
AA B F B). Hanporus, akcuoma 5 TOBOPUT, KAK MOYXKHO BBIBECTU KOHBIOHKIIHIO.
3 neé merko cremyer Takoe mpaswio: eciim ' - Au ' B, o I' F (AN B)
(mpumensieM 5Ty akcmomy u aBax sl mpasuio MP). Hacro momobuere mpasuiia
3aIICHIBAIOT TaK:

'-A I'-B
'-AAB

(Ham wepToil muiryT " mockUIKE MPaBUIIA, & CHU3Y — €ro ”3akIovYeHune” | BeITe-
KAIOIIee 13 MOCHLIOK ).

3AnAYA 120. Zoxaxncume, umo gopmyasa (A — (B — C)) — (AANB) —
— ('), max xe xax u obpammuad x wetl Gopmyaa (6 Komopol nocviaka u 3a-
KAIOUEHUE NEPECTNABACHDL), 6ATIOMCT MEOPEMAMU UCUUCACHUL 6bICKA3bIE AHUL.
Hoxaxcume anansoeuunoe ymeepicdenue npo gopmyavt (AN B) — (BANA) u

(ANB)ANC) — (AN (BAQ)).

Axcuombr 6—7 mo3BOMIAIOT yTBEpXKOaTh, uto A W AV Bu B+ AV B.
Axcmoma 8 obecreunBaeT Takoe MPaBUIIO:

T'A-C T,BFC
T AVBFC

OmHO cooTBeTCTBYeT Takoi cxeme paccyxnerus: ” [Iycts Boimomaeno AV B. Pas-
6epém nBa ciryuast. Ecmu semosaeno A, to (. ..) u motomy C. Eciu Beimomaeso
B, 1o (...) unoromy C. B o6oux ciyuasx Bepuo C. 3uaunt, AV B Breuér C.”
O6ocHOBaHIE: MBAKILI BOCIIOIL3YEMCS JIEMMON O nemyKiun, moryuns [ F (A —
— C)ul'F (B — (), a3arem nBaxmnsl npumenuM mpasmio MP k stum dopmy-
nam u akcuome (A — C) — ((B— C) — ((AV B) — ()). Homyuus dopmyity
(AV B) — C, onsts npumennm npasuiio MP x weit u dopmyse (AV B).
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3AIAYA 121. [oxaxrcume, umo caedyrowue Gopmyasl, a maxice o6pammbie
K HUM (MEHIEM MECTAMU NOCHIAKY U 3AKAOUEHUE) T6ATIOMCT MEOPEMAMU UC-
YUCAEHUL 6bICKA3bLE AHUTL:

(AVB) = C)— (A= C)N (B — (),
(ANC)V (BAC)) — ((AV B)AC),
(AVC)N(BVC))— ((AANB)VC).

Y Hac ocTajmch emié TPM aKCHOMBI, Kacarolnmecs oTpumanus. Axcmoma 9
rapaHTUPyeT, UTO U3 IIPOTUBOPEUYNBOTO HAOOPA MOCHIJIOK MOXKHO BBIBECTH UTO
yroguo: eciu ' F Au I' - =A, o I' H B nnga moboro B. Axcumoma 10, mHampo-
TUB, OOBSICHSIET, KAK MOXKHO BBIBECTH OTPHUIIAHIE HEKOTOPO dopmyanl A: HAIO
MOMYCTUTH A U BBIBECTHU OBa MPOTUBOIOIOKHEIX 3akodueHus B u —B. Tounee
TOBOPS, MMeET MECTO TaKoe MPaBUJIO:

I''A+F B I' A+ -B
I'--A4A
(B camMOM mejie, MBaKIbl MPUMEHSIEM JIEMMY O IeIyKIuu, a 3aTeM mpasuio MP
¢ akcuomont 10).

Axcuomel 9 1 10 O3BOIAIOT BBIBECTH HEKOTOPBIE JIOTMYECKHE 3aKOHBI, CBSI-
saHHble ¢ oTpunanueM. Jlokaxem, Hampumep, 4To (mis obbx hopmyn A u B)
dopmyna

(A= B) = (=B = ~4)

("3aKOH KOHTpANO3uIuu” ) SIBISIETCS TEOPEMOU MCUNCIIeHNs BBICKa3bIBaHUil. B
caMOM Hejle, TIO JIeMMe O AeAYKIINX NOCTATOYHO YCTAaHOBUTH, UTO

(A— B),~BF —A.

Ils1st 5TOrO, B CBOIO OUYepelb, MOCTATOYHO BhIBeCTH 13 TOCHUIOK (A — B), =B, A
Kakyio-imm60 GopMyity u eé orpurianue (B maHHOM citydae hopmyssl B u —B).

SAIAYA 122. Bwisedume gopmyavt A — ——A u ———A — —A ¢ nomowpwio
AHAAORUUHBIT PACCYHCOCHUT.

[Tocnenusas akcmoMa, Ha3bIBaeMast ~ 3aKOHOM UCKJTIOUEHHOTO TPETHEro” , 1 MHO-
rIa ynTaeMas Kak ’Tperbero He maxo” (tertium non datur B saTMHCKOM Opu-
TUHAJIE), BBI3BAJIA B MEPBOI IMOJIOBUHE BeKa GOJIBINOE KOIMYIecTBO cropos. (B
MHTYUIUOHICTCKOM JIOTHKE 9TON aKCHOMBI HET. )

W3 Heé MOXKHO BBIBECTH 3aKOH ~ CHSITUS IBOWHOTO OTPUIIAHUS ,MIMEIOIIAN BU
-—A — A. B camom mene, noctaTtouno mokasaTh, uto AV —A,-—A F A. Ilo
mpaBmwiTy paszbopa cilydaes, JOCTATOYHO YCTAHOBUTE, 4T0 A, == A F A (510 0ue-
BunHo) u uto — A, -—A F A (a 9T0 BepHO, Tak Kak U3 ABYX MPOTHUBOPEUAIIIX
OpyT APYTy GOPMYIT BEIBOAUTCS UTO YIOMHO € TIOMOIIBIO AKCHOMBI 8).
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3AnAYA 123. Zlokaxcume, umo dopmyasa (=B — —A) — (A — B) g6ag-
emcsa Meopemots UCUUCACHUT BbICKA3LIBANUY. (YKazanue: ucnoavaylime 3aKon
UCKAIOUENH020 MpPembe2o. )

SANAYA 124. Uckaouum u3 4ucaa GKCUOM UCUUCAECHUT 6bICKA3bIEAHUL 3a-
KON UCKANUEHHO20 MPEMbE20, 3AMENUE €20 HA 3AKOH CHAMUIL J80TUH020 OMPU-
yarnug. Iloxaxcume, wmo om 3mo2o kaacc 8bi800UMBIL POPMYA He UBMEHUMC.

3A0AYA 125. [oxascume, wmo npu HAAUNUL GKCUOMDL UCKANOUERHO020 Mmpe-
myeeo (11) axcuoma (10) geasemcs avwmneli — eé (mounee caedosaso 6Obvi
cKa3amp: 40600 Yacmubll CAYyuati IMot CLEMbL AKCUOM) MONCHO BbIBECTNU U3
0CMAALHBIL AKCUOM.

Temeps yxKe MOXKHO OOKa3aTh TEOPEMY O IIOJIHOTE: BCSIKAsl TABTOJIOTUS BLIBO-
IUMa, B MCUYNCIIEHUN BbICKa3bIBaHUM. Mmes mokasaTelbCcTBa COCTOUT B pasbope
cioyuaeB. [loscunm eé ma mpumepe. Ilycts A — mpomsBonbHas Gopmyna, co-
mep:Kalras mepeMeHHnie p, ¢, r. [Ipenmomoxum, uro A nmcTuHHA, KOroa Bee TPHI
IepeMeHHbIe NCTUHHBL. Torma, Kak MbI TOKaXKeM,

p,q,r A

Boobmme Kaxkmoit cTpoke TabIuIbl ICTUHHOCTH IS (JOPMYJIEI A COOTBETCTBYeT
yTBepKIeHne o0 BuiBomuMocTu. Hampumep, eciu A J1oxHa, KOrma p U ¢ JIOXKHEL,
a r UCTUHHO, TO
=p, g, r DA

Eciu dpopmyna A aBiagercs TABTOJOTHUEN, TO OKAXKETCs, 9TO OHA BBIBOIUMA, 113
BCEX BOCHBMH BO3MOXKHBIX BAPHAHTOB MOCHUIOK. I10IB3YICh 3aKOHOM MCKITIOYEH-
HOTO TPETHEr0, MOXKHO IOCTEIEHHO M30aBIATLCSA OT IOCBUIOK. Hampmmep, m3
p,q,r = Awup,q-rk AwMoxHo monyuuts p,q, (rV —r) F A, To ects p,qg - A
(mockombKy (7 V —r) SIBISIETCS aKCHOMON ).

[Iposeném 5To paccyxmenne nonpobro. s Hagasa JOKaKeM TaKyko JIEMMY:

Jlemma 3. Il mpousBonbHBIX hopmyt P u ()

P.QF (PAQ); P.QF (PVQ);

P.=Q - ~(P A Q) P=QF (PVQ);

“P.QF (P A Q) “P.QF (PVQ);
<P, ~Q; F ~(P A Q) “P,~QF (P V Q);

P.QF(P— Q)

P=Q 1 =(P = Q) P b ~(=P);

—P,QF (P — Q); ~P}+ P,

-P,-QF (P — Q);
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OTa 1eMMa TOBOPUT, UTO €CJIN IPUHATEL B KAYECTBE TMIOTE3 NCTUHHOCTD WJIN
JIOXKHOCTE GopMyT P 1 (), ABISIOIIMXCS IaCTSIMUI KOHBIOHKIINY, TU3BIOHKITIT
I UMILTAKAIINNA, TO MOXHO OyIeT HOKa3aTh WU ONPOBEPTHYTH BCIO (GOPMYITY
(B 32BUCHMOCTH OT TOTO, UCTUHHA OHA W JIOKHA). [Tociien s 4acTh ConepKuT
AHAJIOTUYHOE YTBEPKICHUE PO OTPUIIAHIE.

[Tocse mpennpuHsSTONR HAMI TPEHUPOBKI NOKA3ATh 9THU Y TBEPKICHUS HECTTOXK-
uo. Hanpmwvep, y6enumcst, uro =P F =(P A Q). st 5TOro mocTaToYHO BHIBECTH
IIBa TIPOTUBOINOJIOKHBIX yTBepxKaeHus u3 =P, (P A Q) — uvmu 6ymyT yTBepkKIe-
s P u —P.

[Tposepum eré onuo yreepxuenue: ~P, —Q F =(PV Q). Ham nano BeiBecTn
IIBa MPOTUBOMOJIOKHBIX yTBepxkaeHus uz —P, =Q, (P V Q). [lokaxem, uTo u3
—P,=Q, (PV Q) cienyer Bcé, uro yromuo. [lo mpasmty pasbopa ciiyuaes mocTa-
TOYHO yOoemuThest, 9To u3 - P, —Q), P u u3 -~ P, —(Q), () cmenyeT BCé, 9TO YTOMHO —
HO 5TO MBI 3HAEM.

Y TBepxKOeHUsI, KaCAIOITHeCs NUMIIINKAIIIN, IIPOCTHL: B CAMOM JeJjIe, MBI 3HAEM,
uro ) F (P — () 6maronaps akcuome 1, a =P = (P — Q) 6maronaps akcuome 9.

OcranbHble YTBEPKIECHNS JIEMMBI CTOJIb K€ ITPOCTHI.

Teneps MBI MOKeM cHOPMYITUPOBATH YTBEPKICHNE O pa3bope CiaydaeB s
MIPONU3BOJIBHOU (POPMYJIHI.

Jlemma 4. Ilycts A — nmpomsBosibHaAsE GopMyIIa, COCTABIEHHAS U3 TEPEMEHHBIX

P, ... ,Pp. Torma mig KkaxKkmoll CTPOKM TabIuIbl ICTHHHOCTH (hOpMYIIbl A mmve-
eT MeCTO COOTBETCTBYIOIEe YTBEPXKACHIE O BEIBOMUMOCTH: €CIH €1, . . ., Ep, € €
€ {0,1}, u sHauenue Gopmymsl A ecTb € IpU P = €1, . .., Pp = Ep, TO

e P1y -y T, P - e,

rie —,p 0603HauaeT p npu u = 1 u —p npu u = 0 (HanomunM, uTo 1 0603HAUAET
ucTuHy, a 0 — JI0XKb).

JleMMa OUEBMIHO MOKA3BIBACTCS MHAYKIUEN 10 OCTPoeHnio (hopmMyabl A. Mur
IMeeM TIOCBUIKI, YTBEPKIAIONEe NCTUHHOCTD MM JIOXKHOCTL IIEPEMEHHBIX, I
11t Beex mondopMysl (HAUMHAS ¢ TIEPEMEHHBIX U U1t KO BCell (GOpMyJie) BHIBOIUM
X WA UX OTPUIIAHUS C ITOMOILBIO JIEMMBI 3.

Ecnu dopmyna A gaBisercsa TaBTOJIOTKMER, TO U3 BeeX 2" BapUAHTOB MOCHIIOK
BBIBOOUTCS MMEHHO OHa, a He eé orpumanue. Torma mpasumio pasbopa ciiydaen
I 3aKOH MCKJIIOYEHHOIO TPETLErO MO3BOJIAIOT M30aBUTLCS OT IOCLIJIOK: CIPYII-
MUpyeM WX B Tapbl, OTINYAIONINECS B HO3UIMU P; (B OTHOM HAOOpPE MOCHIIOK
CTOUT Py, B APYTOM —py ), TIO IPABIITY pa3topa CIydyaeB 3aMEHUM UX Ha MOCHIIKY
(p1 V —p1), KOTOPYIO MOXKHO BBIOPOCUTH (OHA siBjIsieTcst akcuomont ). CrenaB Tak
IUTA BCeX Tap, mosrydnM 2" ! BEIBOMOB, B MOCHITKAX KOTOPEIX HET Pp; IIOBTOPUM
5TOT IPOILECC C HMOCBUIKAMI Po, P9 U T. . B KOHIIE KOHIIOB MbI YOEIUMCS, UTO
dopmyna A BeiBoguMa 6€3 IOCHLIIOK, KaK 1 YTBEPXKIAeT TeopeMa O IojaHoTe. [
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§2. BTopoe moka3aTesbCTBO TE€OPEMBI O TIOJTHOTE

OTO moKa3zaTelbCTBO, B OTJINYME OT HPEOLIAyIero, obobirmaercs Ha 0Ooitee
CITOXKHBIE CITydan (MCIUCIeHNe TPEIUKATOB, MHTYUIIMOHNCTCKOE UCINCIIEHNE Bhi-
ckasbiBanmit). Hauném ¢ Takoro ompemenenus: MHOXeCTBO dopmyit [ HasbiBaeT-
Cs COBMECMHBIM, €CTTA CYITIECTBYET HaOOP 3HAUEHUN MEPEMEHHBIX, TTPU KOTOPBIX
Bce dopmysbl u3 ' mcTunHBL. 3amMeTuM, 4TO GOPMYJIa  SIBISIETCS TaBTOJO-
rmefl TOrna M TOJBKO TOTMa, KOTMa MHOXKECTBO, COCTOSIIee M3 €IUHCTBEHHOU
dbopMynBl T, He SIBASETCS COBMECTHBIM. [lnsg cimydas omHOW (POPMYIIBI €CTh
CTIEITUAIBHBIN TePMUH: QOPMYJIIa T 8bINOAHUMA, €CTTA CYIIIECTBYIOT 3HAUECHUS TTe-
PEMEHHBIX, IPU KOTOPLIX OHA UCTUHHA, TO €CTh €CJI MHOXKECTBO {7} COBMECTHO.
TaBTonoruu — 3T0 GHOPMYJIbI, OTPULAHUSI KOTOPHIX HE BBHITTOTHIMHEI.

MmuoxecTBo dopmyn ' HA3BIBAETCS NPOMUBOPEUUBHIM, ECITT T3 HETO OTHO-
BPeMEeHHO BBIBOIATCs hopMyasl A u —A. Mer 3HAaEeM, YTO B 9TOM CIIydae U3 HErO
BBIBOISITCS BooOIIe Bee dopmysbl, cM 1. (B mporusnoMm ciyuae [ HasbiBaeTcs
HEeNpoOmMUEOPEUUBHIM. )

TEOPEMA 34 (KOPPEKTHOCTb MCUYUCIIEHUS BHICKA3BIBAHUI, BTOpas (hopMa).
Bceaxoe cosmecmmnoe muoxrcecmaso Gopmys HENPOMUEopeuuso.

Jloka3zaTesmbcTBO. B camMoM mese, MycTh COBMECTHOE MHOXKeCTBO I' mpoTu-
BopeunBO. T'ak Kak OHO COBMECTHO, CYIIIECTBYIOT 3HAUEHUS MEPEMEHHBIX, ITPU
KOTOPBIX Bce (opmyinel 3 ' mctunner. C mpyroirt cToponsl, u3 I’ BEIBOOUTCS
HekoTopas dopmyna B u eé orpunanme. MoxeT /i Tak OBITH?

OxasbiBaeTcst, uTo HeT. MBI yKe BUOEIN, UTO BCsIKas BhIBOOUMAS (DOpMYyIIa
UCTUHHA DU BCEX 3HAUYEHUSX MEePEMeHHBIX (sBiseTcs TaBTosorueil). Crpasen-
JIUBO M HECKOJIBKO 6ojiee oOIiee yTBepxkmeHue: ecin I' H A u mpm HEKOTOPBIX
3HAUEHUSAX ITEPEMEHHBIX Bee Gopmyibl u3 I’ uctunubl, TO 1 hopMmyita A ncTuHHA
Ipu 3TUX 3HAYEeHUsIX nepeMeHHbIX. (Kak u pambIle, 5TO JIErKO IOKA3BIBAETCS
UHIYKIUEN Mo mocTpoenuto BeiBoma A us I.)

B mHamreir cutyanuu 5TO TPUBOOUAT K TOMY, UTO Ha BBITIOJIHSIOIIEM Habope
3HAYEHUN TepeMeHHbIX i1 [' momKHBI OBITH UCTUHHBI 00e dopmynsl B u — B,
4TO, pa3zyMeeTCs, HEBO3MOXKHO. [

MBI Ha3BIBAEM 5TO YTBEPXKOCHUE OPYTOil (HOPMOIl TEOPEMEBI O KOPPEKTHOCTH
HCUNCIIEHNs BBICKA3BIBAHUIL, MTOCKOIBKY U3 Hero (hopMaabHO MOXKHO BBIBECTH,
YTO BCSAKAs TEOPEMa SIBJISIETCS TaBToJoruel: ecjim A — Teopema, TO MHOXKECT-
B0 {—A} mporuBopeunBo (u3 Hero BuBOmATCI A m —A), IOTOMY HECOBMECTHO,
3HAUNT, —A BCerma JI0XHAa, MO3TOMY A Bcerma MCTUHHA.

TEOPEMA 35 (HONHOTA MCYKMCIIEHNs BHICKA3BIBaHUil, BTOpas dhopma). Jo-
b60e HENPOMUBOPEUUBOE MHOHCECTNBO COBMECTVHO.
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Hoka3zaTesbcTBo. HaM mano HempoTmBOpednBoe MHOXKECTBO 1, a HAOO HAUTH!
Takye 3HAUYEHUs MePEMEHHBIX, TP KOTOPBIX Bee hopMmyibl u3 I' uctunusr. (Bo-
00I11Ie TOBOPSI, MHOXKECTBO [’ MOXeT ObITH OECKOHEYHO U COOEPKATh OECKOHETHOE
YICIIO PA3HBIX TEPEMEHHBIX. )

[IycTs ecTh Kakasg-TO mepeMeHHas P, BCTPeJaroIiascs B (opMyIax U3 ceMen-
crBa I'. Ham Hamo pemuTs, coenaTs nu e€ NCTUHHON WM JIOXKHON. Ecmm oxaza-
J0Ch Tak, uTo u3 [ BeIBOmUTCS popMysta p, TO BEIOOpa HET: oHa 00Os3aHA OBLITH
HNCTUHHOI B Tex Habopax, rmue ¢opMmyibl u3 [ ucTuHHBI (KAK MBI BUIEIN IIPU
IOKa3aTeIbCTBE KOPPEKTHOCTH). [lo Tem ke mpuumnaMm, ecnu u3 I’ BeIBOIUTCS
—p, TO B BBIIIOJIHAIOIIEM HaOOpe NepeMeHHasl p 00sI3aTeIbHO OyIIeT JIOXKHOI.

Ecmm okazamock Tak, 94TO Oy 000U IepeMeHHOI p aubo OHa cama, JI1bo
eé OTpuIlaHUe BBIBOMSATCS W3 [', TO BHIMOTHSIONINN HAOOP 3HAYEHUN ONpPENeTéH
ONMHO3HAYHO, 1 HAJO TOJILKO MPOBEPUTH, UYTO OH NENCTBUTEIHHO OyHeT BBITIOJ-
HSIOIIIM. A eclIu [jIs KaKUX-TO IepPeMeHHBIX HelTb3s1 BBIBECTU HU WX, HU UX
OTpUIlaHUEe, TO MBI TIOMOJTHIM HAIl Habop I’ Tak, 9TOOBI OHI, KaK Termephb MOITHO
TOBOPUTS, ~ OIPENCIUIINACE .

[TpoBeném sTO paccyxnenue nmompodHO. PaccMOTpuM Bce mepeMeHHBIE, BXO-
e B Kakme-n6o popMy bl M3 MHOXKeCTBa ['; 0003HAUNM MHOXKECTBO 3TUX
nepeMeHHbBIX uepe3 V. 3adukcupyeM 5TO MHOXKECTBO U JI0 KOHIIA TI0OKA3aTETLCTBA
TEOpEMBI O TOJTHOTE OyHmeM pacCMaTPUBATH TOIBKO (POPMYJIBI C ITepeMEHHBIMA
3 MHOXecTBa V', He oroBapmBas 3TOTO 0CO0O.

HazoBém HEempoTuBOpeunBoe MHOXKECTBO [ noanbim, eciu nys moboi popmy-
net F' umeer mecto sm6o I' = F) mu6o I' H = F (omHOBpeMeHHO 5TOro GbITH He
MOXKET, TaK Kak [ HempoTuBopeunso).

YTBepXKOeHNE TEOPEMBI O TIOJTHOTE OUEBUIHO CIIEMYEeT U3 OBYX JIEMM:

Jlemma 1. Begkoe HempoTHBOpEeUnMBOE MHOXKECTBO [' comepKuTcs B HENIPOTH-
BOPEYNBOM TIOJTHOM MHOKeCTBe A.

Jlemma 2. J1715 BCSIKOTO HETTPOTUBOPEYUBOTO ITOJTHOTO MHOXKECTBA A CYIIIEeCTBY-
eT HAOOD 3HAUEHUI TIepeMeHHbIX (13 V| HATIOMHIM ), TPE KOTOPOM BCE (POPMYJIBI
3 A UCTUHHBL.

HoxazaTenbcTBO leMMbI 1. OCHOBHYIO POJIb 3[IECh UT'PAET TAKOE yTBEPKIIe-
Hue: eciin I — HEPOTUBOPEYWBOE MHOXKECTBO, a A — mpomsBosbHast GopMyia,
T0 x0Ts1 661 orHO 3 MEOXKecTB I'U{A} u I'U{—A} menporusopeunso. B camom
nene, ecau 06a muoxkectBa I' U {A} u I' U {—A} nporusopeunser, To I' - = A un
I' - == A, no muOx)ecTBO I' mpennoaragocs HEIPOTUBOPEUNBEIM.

Fcnm MHOXecTBO mepeMeHHBIX V' KOHEUHO UM CYETHO, TO MOKA3aTeThCTBO
JeMMBI 1 JIerKo 3aBepIInTh: MHOXKECTBO BceX (DOPMYI TOTIa CUYETHO, U ITPOCMa-
TpUBas UX IO OUYepenn, Mbl MOXKeM M00aBIAThL K ' mubo camy dopmyity, 1udbo
eé oTpHuIlaHUe, COXPaHsIs HETPOTUBOPEUNBOCTE. [lomyduTcs, oueBumHO, MOTHOE
MHOXKeCTBO. UyTh MeHee OUeBUIHA €r0 HEMPOTUBOPEUNBOCTH: OHO OBIJIO HEITPO-
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TUBOPEUMBO Ha KAXKIIOM IIIare, HO TI0YeMy MpenebHOe MHOKECTBO (00benrHeHne
BO3paCTAIOIIEHN TOCIEIOBATELHOCTH) OymeT HempoTuBopeunBo? [emo B ToM,
YTO B BBIBOAE MBYX MMPOTUBOpPEYAIINX OPYTr OPYry (GopMys MoxkeT ObITH 3a-
NEeNCTBOBAHO TOJIBKO KOHEeUHOe uuciao Gopmyi u3 ' (o onpenesienuto BHIBOMM-
MOCTH: BBIBOI] €CTh KOHEUHAs MOCIIENOBATEILHOCTE hopmyi). [losTomy Bee oTm
hOPMYIBI OOJKHBI HOSBUTHLCS HA HEKOTOPOM KOHEUHOM IIIare KOHCTPYKIIN, a
5TO HEBO3MOXKHO (HA BCEX IIarax MHOXKECTBO HEMPOTUBOPEUNBO).

s caydast Ipon3BOJIBHOTO HAOOpa MepeMeHHbBIX V' paccyXaeHne MOXKHO 3a-
BePIINUTL CCBhIIKOW Ha jemMmy llopHa: paccMOTpUM YACTUYHO YIIOPSOOUEHHOE
MHOXKECTBO, dJIEMEHTaMII KOTOPOTro OYIyT HEIPOTUBOPEUNBLIE MHOXKECTBa (Hop-
MVJI, a MOPSOKOM — OTHOIIeHIe ~ObITh MoOMHOXKecTBOM . Paccyxmenue mpe-
OBIOYIIEro ab3alla MOKA3bIBaeT, UTO BCsSKas IeIb B DTOM MHOXKECTBE HMeeT
BEPXHIOI TpaHuily (06beIuHeHNe JIMHEHO YIIOPSIOUEHHOTO 10 BKITFOUEHUIO Ce-
MeNCTBa HEIIPOTUBOPEUUBBLIX MHOXKECTB SIBJISETCS HEIIPOTHUBOPEUUBBLIM MHOXKE-
ctBOM ). CrienmoBaTenbHO, IJ1st JIF060T0 HEIPOTUBOPEUNBOIO MHOXKECTBA, HANAETCS
comepIKalriee ero MakKCMaJIbHOE HEITPOTUBOPEUNBOE MHOXKECTBO. A OHO 0053aHO
OBITH MOIHBIM (MHAYE €r0 MOXKHO PACUINpUTh, n06aBuB A umum —A).

Jlemma 1 mokasana.

Hoxka3zaTtenbcTBO geMMHI 2. [IycTs [ — HempoTuBOpeunBOE MOTHOE MHOXKECT-
Bo. Torma mus kaxmoil mepeMenHoit (13 MHOX)eCTBa V') POBHO OmHA 13 (HOPMYII
p 1 —p BeiBomuMa u3 ['. Eciu nepBast, 6ymeM cuuTaTh MEPEeMEHHYIO P UCTUHHOM,
€CII BTOpas — JIOXKHOU. T'eM caMbIM IOSBIISIETCS HEKOTOPBIN HAOOP ¥ 3HAYCHUI
IIEPEMEHHBIX, 1 HAO0 TOJBKO IIPOBEPUTH, UTO Jrobas dhopmyna u3 [ npu Takumx
3HAUEHUSAX MEPEMEHHBIX MCTUHHA. JTO OeIaeTCs TakK: WHAYKINEHR 0 IOCTPoe-
o Gopmyabl A MBI HOKa3LIBAEM, UTO

A ucrtunna Ha Habope v = ['F A,

A noxna Ha Habope v = ['F —A.

Basuc nanyknun (korma A — mepemerHast) 00eCIeInBaeTCS OMPEIeTIeHIeM -
TUHHOCTU TlepeMeHHbIX. 715 1ara "HOYKIUY UCTIOIB3YeTCsl Ta Ke JIEMMa, UTO
U TIPU JOKA3aTeIbCTBE MOJTHOTHI C MOMOIIBIO paszbopa ciy4daes. IlycTh, Hampu-
mep, A nmeet Bun (B A C). Torma ecTh 4eTbIpe BO3MOXKHOCTH IJIsI HCTUHHOCTI
B u C. B ogaom n3 sux (korma B u C' MCTUHHBI HA V) HO IIPEANOIOKEHUIO
uaayknun Mbl umeeM ' = B u '+ C) orkyna I' H (B A C), 1o ects I' - A,
B npyrom (B uctunna, C' j10X)HA) Opemnosoxkenne uHIyknun naét I' = B u
'+ —=C, orkyna I' F =(B A C), to ectb [' F = A. Amanornuno pasbupaiorcst u
BCE OCTAJIbHBIE CITyUanl U JIOTUUIeCKue CBsI3Ku. JlemMa 2 mokaszaHa, I TeM CaMbIM
3aBEPIIIEHO TOKA3ATETHCTBO TEOPEMBI 35. [

Mpbr mokazaJiu, YTO BCIKOE HEITPOTUBOPEUNBOE MHOKECTBO (DOPMYJI COBMECT-
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HO. OTcCIONa JIeTKO CIIemyeT, UTO BCSIKash TaBTOJIOTUS SIBIIsIeTCs TeopeMoil. B ca-
MOM JIeJie, eCJIl (¢ — TABTOJIOTHsSI, TO MHOXKECTBO { ¢} HECOBMECTHO, TI0O9TOMY
13 T BBIBOOUTCS MPOTUBOPEUNE, TIOOTOMY F ——p, U 1O 3aKOHY CHSITHUS JTBOW-
HOTO OTpUIAHUS = .

Kpowme Toro, Teopema 0 mostHOTE BO BTOPOH (GOPMYIMPOBKE MMEET TAKOE OUe-
BUITHOE CIIEICTBUE:

TEOPEMA 36 (TeopeMa KOMIAKTHOCTH IJisi HCUNCIIEHUST BHICKA3BIBAHMIII).
ITyecmvy ' — mmosxcecmso dopmya, 6carkoe KOHEUHOE NOOMHOHCECTNEO KOMO-
poeo cosmecmuo. Toeda u ecé mnoncecmeo I' cosmecmmo.

Hoka3zaTesbcTBO. Kak MBI 3HaEM, HECOBMECTHOCTH PABHOCUITBHA ITPOTUBOPE-
IUBOCTH, & BBIBOI ITPOTUBOPEUNS II0 ONPENESIEHNIO MOXKET MCIOJIb30BaTh JIAIIH
KOHEUHOE YUCIIO POPMYI. [

§3. O XeHCKoM JIOTUKe

Kax m3BecTHO!, Belmkas pycckas JaUTepaTypa IpencKas3aja MHOTOE - OT

aromHuon 6oM6s1 (" Mup pBasics B onbrrax Kropu ardmuoit monuysieio 60Mo0it”
- 510 y Annpes Benoro) no dopmanusaium xkenckoit moruku (51o y JlepmorTo-
BA).
2KeHcKas TICUXOJIOTUST MHTEPECOBAIA €IBa JIN HE BCEX PYCCKUX TUCATEIel,
YKEHCKasl JIOTWKa — JIITh n3bpaHHbiX. Kean 6paTh TOMBKO KIACCUKOB, TO TIPS-
MBI€ 3asBJIEHNS Ha 5TOT CUYET MOXKHO HaiTu y Typrenesa m y JlepmoHTOBA.
Typrenes ycramu [Turacosa (B ” Pymuue”, ri1. 2) 3asBiuser: ... MyKUnHa MOKET,
HAIIpUMepP, CKa3aTh, UYTO ABAXKILI IBA HE YETHIPE, & MATh WIN TPU C ITOJIOBUHOIO,
a JKEeHIIHA CKa)KeT, YTO OBaXKObl IBa — cTeapuHoBas cBeuka’ . IIpuoupunBeii
KPUTHUK 3aMETUT, YTO 37IeCh CKOpEe TOBOPUTCS HE O KAKOU-TO TaM YKEHCKOU JIO-
TUKe, a O TOM, UYTO YKEHIIINHA CKJIOHHA K BBICKA3BIBAHUSM, JIEXKAIIINM BHE BCSIKON
noruku. JIEepMOHTOB meMOHCTpUpYeT 6oJiee TOHKUN TOMXOM. Y cTaMu (a TOYHee
pykoo) Ileuopuna OH CTPEMUTCS MPOAHAIN3UPOBATH XapAKTEPHBIE IJIS YKEH-
CKOH JIOTWKW CTPYKTYPHI paccyxneHus. BoT 3anmuch n3 xypHana [ledqopura ot
11-ro mrons:
Het Hudero mapamokcaibHee KEHCKOTO yMa:
MOPSITIOK OKA3aTEeIbCTB, KOTOPBIM OHU YHUYTOXKAIOT CBOU IIPENy-
OeXIeHns, OUYeHb OPUTHUHAJIEH; YTOOBI BBIYUNTHCS WX ITHAJIEKTUKE,
HAJ0 ONPOKUHYTH B YMe CBOEM BCE IITKOJIbHBIE TIPABUJIA JIOT UK.
Hampumep, crmoco6 0OBLIKHOBEHHBIN: DTOT YeJOBEeK JIIOOUT MEHSI,
HO sI 3aMY2KeM, CJIEIOBATE/ILHO, He JMOJIXKHA, €0 JTI0OUTh.

'Huxe mepeckaspiBaercs pasaen u3 kauru ” Tpynsl o He MaTeMaTHKe” KPYIHOIO CIIEIMAIICTA IO
MaTeMaTudeckon jjoruke B. A. Ycmerckoro.
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Crocob xenckuii: 91 He HOKHA €ro JTI00UThH, 100 S 3aMyKeM; HO
OH MEHS JTFOOUT, — CJIENOBATENTBHO . . .
TyT HECKOIBKO TOYEK, MO0 PACCYNOK yKe HIYIEro He TOBOPUT...

[IpunupuuBbIl KPUTUK W TYT HE HAXOET TOTO OIMPOKUILIBAHUS BCEX IIpa-
BUJI JIOTWKM, Ha KoTopoe cchimaercs [lewopun. Cxopee, cKaxeT 3TOT KPUTHUK,
30€Ch BCTYIAIOT B KOHPIUKT IBa CUJIJIOTU3Ma, HDABCTBEHHBIN I UYBCTBEHHBIN,
u 1yBcTBeHHBIN obexnaeT. (Chopmynupyem oba mist sicuoctu. HpaBcTBeHHBII
CUJIJIOTU3M: 3aMYKHSIS KEHIITTHA, He MOJIKHA JTIOOUTH HUKOTO, KPOME CBOETO MY-
Ka; OH — He MOHU MYXK, & 5 3aMY2KeM; CJIEIOBATEIbHO, 5 He MOJIKHA €r0 JTIOOUTh.
YyBCTBEHHBIN CUIIITOTU3M: S JTIOOITIO TOTO, KTO JTIOOUT MEHS; OH MEHS JTIOOUT; CITe-
MOBATEIBHO, sI ero J1t00IT0.) KpuTuky MbI BO3pa3uM, 4To CIOBO CA€J08aAMEALHO
BO (ppase, m3bpanHOn [leqopwHBIM 07T MITTIOCTPUPOBAHUS XKEHCKOTO CIIOCoba, He
BIIOJTHE YMECTHO IIOCJIE IBYX IPEIIIECTBYIOIINX eMy IOCBIIOK: A He doaxcHa e2o
A06umb, ubo I 3amyxcem 1 O Mmend A0OUM; U3 DTUX MOCBIIOK II0 IIPABUIAM
OOBIYHOW JIOTUKU MaJjio 4TO cjenyeT. Kpome Toro, Bo3pasuM MbI KPUTUKY, TIpe-
obtamaHme TeIOHNCTIYECKOTO Havalla, KOTOPOe MPOCICKBACTCS B TIETOPUHCKOM
IpuMepe, a eImré TOUHee — MCIOJIb30BAHUE STOT0 Havajla B KadeCTBe BayKHEN-
IITer0 DJIEMEHTA JIOTUUECKOH KOHCTPYKIIMU W €CTh OMHA M3 XapaKTEPHBIX UePT
YKEHCKOW JIOTUKU. DTO OBIJIO YCTAHOBIIEHO KOIMOTOPOBBIM.

"IIpu mmenu KosMoropoBa TOTYAC OCEHSET MBICIbL O PYCCKOM HAIMOHAIIb-
HOM y4€HOM , KaK cka3aj Obl ['oronb. [losToMy pasroBop o pycckoit nuTepa-
Type IIJTAaBHO IepeTeKaeT B PasroBOp O Pycckou Hayke. Cpenu mpencTaBuTeIeH
POCCUIICKON HAyKU €CTh Te, KOTO MO OOIIEMUPOBLIM CTaHIapTaM MOXKHO 0e3 KO-
nebaHUl Ha3BaTh BEJIUKUM yUEHBIM. 1aKOBBI, Ha HAII B3IJIsid, Tpoe: Mwuxamn
Bacunsesua Jlomonocos, Imurpuit Usanosua Mennesnees, Aunpeir Hukonaesua
Kommoropos. Y:xke miis BecbMa Hamu yBaxkaemoro Ueana Ilerposuua IlaBnosa
MBI TIPEANOYIN Obl TIOHATHE ‘BeJIUKUN HU3nO0Ior .

19 MOTHOTHI KapTUHBI HAMO MPUBECTU 3/I€Ch HEKOTOpbIE (aKThI HAayIHON
6uorpadun Kommoroposa Aunpes Hukomaesuuaa (25.04.1903 — 20.10.1987). Jlo-
ruka ObljIa JIFOOOBBIO €r0 MOJIONOCTU; OH BEPHYJICSI K HEW Ha CKJIOHE CBOUX JIET.
B 1925 r. Kommoropos ony6iukoBast ctaTkio O npuaIume tertium non datur”,
BXOOSIITYIO B OOIIENPU3HAHHBIA 30JI0TON (GOHI COUMHEHUN MO MAaTeMaTUIeCKO
JIOTUKEe, COUYMHEHWH, OMPENeInBIINX JIUI0 5Tol Hayku. A ¢ magasa 1980 r. mo
KOHIIa KM3HU KOIMOTOPOB BO3TIABIIA Kademnpy MaTeMaTudecKon noruku Mo-
CKOBCKOTO YHUBEPCUTETA.

Komvoroposekast cratbs 1925 1. 6bl1a MOCBSIIEHa TAK HA3BIBAEMOW WHTY-
UITMOHUCTCKON JIOTUKE, a WMEHHO — eé dopMaim3anuu. UHmyuyuonucmerad
JIOTUKA, B OTJIMYME OT OOBIYHOW, Ha3bIBAEMOU TaKXKe K.AACCUYUECKOU, HE IIPU-
3HAET 3aKOHA UCKJIIOYEHHOIO TPEThEro, OH Ke — IPUHINUII ~ TPeThero He HaHO'
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(tertium non datur). OTOT TPUHIUIT yTBEPKIAET, YTO KAKOE HII BO3bMU BBICKA-
3pIBaHuE A, 9YTO-HUOYIb OMHO, A un He- A, HeMPEMEHHO BEPHO: HEe MOXKET ObITh,
ITOOBI OBIJIO BEPHO HEUTO TpeThe. PopMaIm3alius ke KakKon-a1u0o JoTuku, 6yib
TO KJIACCUYIECKON, MHTYUIIUOHUCTCKOU UMW WHOU, COCTOUT B TOM, UTO IMPElb-
SIBJISIETCS IBa TOYHO OMUCAHHBIX U MCUEPIBIBAIOIINX CIUCKA: CIIUCOK AKCUOM 1T
CIIICOK MPasus 6b1600a. AKCIOMBI IIPOBO3IJIAIIAIOTCS NCTUHHBLIME IO OIIPeIIe-
JIEHUIO; HATIPUMED, B KJIACCUIECKO (HO, pasyMeeTcs, He B MHTYUIIMOHUCTCKON )
JIOTUKE B Ka4eCTBE OTHON M3 aKCHOM KaK pa3 W BHICTYIIAET 3aKOH MCKITIOUEHHO-
ro Tperbero. IIpaBunia BeIBOma 3a0af0T Te MPOIEMYPHI, TOCPEACTBOM KOTOPBIX
13 3aJaHHBIX TOCHIIOK BBIBOMSTCS HEMOCPENCTBEHHBIE CJIENCTBUS; BEPHBLI U
HEBEPHBI IIPU DTOM CaMU IIOCBHIIKM, HecyilecTBeHHO. OmHuUM 13 IPaBUJI BBIBO-
na (1 UTst KITACCUYIEeCKON, N3MI0KEHHON B 9TOMN IJIaBe, U MJIs MWHTYUIINOHICTCKOL
JIOTUKM) SIBJISIETCS, HAIIPUMED, TaKOe:

U3 deyz nocviioxk: [ecim Py To Q) u P — caedyem Q.
W, xopoue,

IIycmy [P = Q] u P; moeada Q.

OTO MpaBMUJIO HA3BIBAIOT IpaBuaIoM modus ponens.

Bcé ckazaHHOE MMeNo Me/TbI0 MOATOTOBATH YUTATEIS K BOCIPUSITUAIO KOJIMO-
TOPOBCKOTO OTKpBITUA. Kommoropo obHapomoBasl ¢cBoé mpasuiio B 80-X romax.
OTkpuiTHE cOCTOUT B GOPMYIUPOBKE CIIEOVIOIIErO MPABUIA KEHCKON JIOTUKIA:

[TpABUIIO KOMMOTOPOBA: ITycme [P = Q] u [Q upusTro|; mozda P.

Koamoropos He yTpymui cebs mpuBemeHHEM Kakoro-iaumbo mpumepa. [Ipu-
BEMEM TAKOBOW IJIsT SICHOCTH.

Wrak, BoT mpumep Ha mpuMeHeHme mpaBumia KoIMOropoBa: ecau y MyxHca
ecmy denveu, y mend 6ydem nosad wybkra (510 ectb P = Q); umemsp nosywo
wybry npuammo (3To ecth Q mpmaATHO); orcona (mo mpasmity Kommoroposa)
CITIEYET, UTO Y MYydHca ecmpb denbeu (910 ecthb P).



[JTABA V

I3bIKU TIEPBOTO MOPAIKA

[ToMuMO JTOrMYeCKUX CBA30K, B MATEMAaTUUECKIX PACCYKIEHUAX JaCcTO BCTPe-
yaroTest keanmopwr ” mis moboro” (V) u ”cymecrsyer” (). Hampumep, ompe-
TeJieHre HEeIMPEPBIBHOCTU HAUMHAETCS CJIOBAME ~ IJIS JII000TO IOJIOKUTEILHOTO

€ HAMOETCS TOJIOKUTEIBHOE O, IS KOTOPOro...” . A omHa U3 axcmoM Teopun
rpymnn (CyiecTBoBaHIe OOPATHOTO dJIEMEHTa) 3amuchiBaercs tak: Vrdy((ry =
=1)A(yx =1)).

Mox#o chopMyIIpOBATH Pa3IHUHLIE JIOTUYECKNE 3aKOHBI, BKJIIOYAOIINE B
cebst KBaHTOPBI. Hampumep, BeicKasbiBarme ” cyiiecTByeT Takoe x, aro A” (rme
A — HEKOTOpOEe CBOUCTBO OOBEKTA ) JIOMMUECKN SKBUBAJICHTHO BHICKA3BIBAHIIO
"He myst Bcex x BepHO —A”.

Mu1 6ymeM 3amuchbIBATH TAKOTO POMa 3aKOHBI C TOMOIIBIO (DOPMYII, HAIuM
ompezesieHne NCTUHHOCTH (HopMyJT (IpKU JAHHON MHTEPIPETAINN BXOMAIINX B
HIIX CHMBOJIOB) U UCCJIEMYeM, KAKOTO POIa CBOMCTBA MOXKHO BBIPAYKATH C TIOMO-
60 POPMYJIT U KaK1e HeJIb3.

§1. ®opMyJIbI M MHTEPIIPETAIAN

Hauném ¢ mpumepa. Ilycts M — HekOoTOpOe HerycToe MHOXKECTBO, a R —
OMHAPHOE OTHOIICHUE HA HEM, TO €CTh IOAMHOKECTBO OEKAPTOBA, MPOU3BEICHI
M x M. Bmecrto (x,y) € R Mt 6ynem nucats R(z,y). Pacemorpum dopmyity

Vo 3y R(z,y).

Ota GopMmysa BeIpakaeT HEKOTOPOE CBONCTBO OGUHAPHOTO OTHOIIeHWs R (miis
100010 B1eMeHTa ¥ € M HaWmETCs SIIEMEHT, HAXOMAIINICS C HIM B OTHOIIIEHUN
R) u moxer GbITh ucTUHHA Wik JoxkHA. Hanpumep, eciiu M ecTh MHOXKECTBO
HaTypaabHbX uncen N, a R — orHorerue ” cTporo Mebite” (IpyrumMu ciioBa-
M, R ecTh MHOXKECTBO Beex map (&, ¥y), I KOTOPBIX T < ), TO 5Ta (HopMyIia
ucTuHHA. A it oTHOMmEHWs ”cTporo Gosbine” (Ha TOM Ke MHOXKECTBE) 5Ta
dopmyma moxHA.
Bompoc o Tom, 6ymer nmu nctuHHA GOPMYIIa

Jy R(z,y)
IJIS MAHHOTO MHOXKecTBa M m mits maHHOTO OMHAPHOTO OTHOIIEHS R Ha HEM, He
IMeeT CMBICIIA, TIOKA He YTOYHEHO, KAKOBO 3HAUeHUe rmepeMerHon x. Hampumep,

ect M = Nu R(x,y) ects x > y, To oTa GopMmyia OymeT UCTUHHON Ipu T = 3
99
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n joxaon mipu x = 0. [Ing namubix M u R oHa 3amaéT HEKOTOpPOE CBOWCTBO
DJIEMEHTA X U TEM CaMBIM OIPEHeIsIeT HEKOTOPOe TIOIMHOXKECTBO MHOXKecTBa M.

[Tepeiiném x popmaabHbIM onpenesieHusM. [IycTs M — HemycToe MHOXKECTBO.
MuoxkecTBo M* cocTonT U3 Beex mocmenoBaTenbHOCTeH (my, . . ., my) OAuHEL k,
COCTaBJIEHHBIX 13 5jeMeHTOB MHOXKecTBa M. HazsoBém k-mecmmoti gymryuet
Ha MHOXKecTBe M mro6oe otobpakenne MY B M (ompenenénnoe na Beém MF).
Cunonnmer: ”pyuknus k aprymenToB”, " GyHKINS BajeHTHOCTH k7, 7 DyHKIIS
mectHOCTH k7 1 maxe ” dyukuus apaoctu k” (TOCIemHee CIOBO MPOUCXOMUT OT
croB ”yHapHas” miist GYHKIUIT OMHOTO apryMenTa, ”OuHapHas” (omeparst) s
byHKUn IByX apryMeHTOB 1 ~TepHapHas I TPEX apryMEHTOB).

Hazosém k-mecmuvim npedurxamom Ha mHOKecTBe M 11000€ 0TOOparKeHme
M* B mmoxecTBO B = {M,JI}. Taxoit mpennkaT GymeT NCTHHHLIM Ha HEKOTO-
peIx Habopax (mi, ..., my) MHOXKeCTBa M U JIOXKHBIM Ha OCTAJILHBIX HAOOpax.
[TocTaBUB eMy B COOTBETCTBUE MHOXKECTBO T€X HAOOPOB, TMl€ OH UCTUHEH, MBI
MOJTyYaeM B3aMMHO ONHO3HAYHOE COOTBETCTBUE MEXKIY k-MECTHBIMU IIPEINKa-
tamu Ha M 1 nomMHOxecTBaMu MHOxKecTBa M*. ['oBOps 0 mpenukaTax, TakxKe
YIOTPEOIIIOT TEPMUHBI ~ BAJIEHTHOCTD , ” UKCJIO apryMEHTOB” U M.

Mgbr 6ymem paccMaTpuBaTh TakKe (DYHKIINM W TPEOUKATHl BaJEHTHOCTU
"y b. MuO)kecTBo MY omHOdIeMEeHTHO (COMEPKUT eMUHCTBEHHYIO MOCTIeNoBa-
TerapHocTh muEEL 0). [Mostomy dymxmum M® — M OTOXIECTBIAIOTCS C 3Ile-
MeHTaMi MHOxecTBa M, a HyJIbMECTHBIX MPEOUKATOB POBHO OBa — WCTUHHBIN
U JTOXKHBIN.

EctecTBenHO, 9TO B (OPMYIIBI OYIYT BXOONUTH HE caMu (DYHKIIUU U TPEOu-
KaThl, & 0003HAYEHNUs I HUX, KOTOPBIE HA3LIBAIOT PYHKUYUOHAALHIMU T Npe-
JUKAMHBIMU CUMBOAAMU. B KadecTBe CUMBOJIOB MOXKHO HCIIOJIB30BATH JIIOOBIE
3HaKU. BaxXHO JIUAIIB, YTO KaXKIOMY CUMBOJTY IPUMICAHA BAJIEHTHOCTD, KOTOPAs
OIIPENEeNTSIeT, CO CKOJBKUMU apryMEeHTaMHU OH MOXKET BCTPEUYaAThCSI B (HOpMYyJIe.
[Tpon3BoIbHBIT HAOOP TPEMUKATHBIX U (GYHKITNOHAIBHBIX CIMBOJIOB, JIJIST KA 10~
ro 13 KOTOPBIX YKa3aHO HEOTPUIIATEIHLHOE YUCTI0, HA3bIBAEMOE 8aAEHIHOCMbIO,
MBI OyIIeM Ha3bIBATL CU2HAMYPO.

OcTaéTcs ompenenuTh TPU BEITU: YTO Takoe GOpMyJsia JaHHOW CUTHATYPHI,
YTO TaKOe WHTEPIPETAINs JaHHON CUTHATYPHI U Korna GopMyJia SBIISIETCS UC-
TUHHON (B TAHHON MHTEPIPETAINN).

dukcupyeM HEKOTOPBIT HAOOP CUMBOJIOB, HA3BIBAEMBIX UHOUBUIHLIMU NEPE-
mennvimu. OHI TpegHasHaueHbl i 0003HAUEHUS SJIEMEHTOB MHOXKECTBa, Ha
KOTOPOM OmpenesieHbl PYHKIINUA W TPEOUKATHI; OOBIYHO B TaKOM KAadeCcTBE WC-
MIOJIL3YIOT JIATUHCKUE OYKBBI X, 7, 2, U, V, W € WHAEKcaMu. B kaxmon dopmyiie
OyIeT MCIOIIB30BATHCS KOHETHOE YUCIIO TIEPEMEHHBIX, TaK UTO CUETHOTO HAabOopa
IIepeMEHHBIX HaM XBaTuUT. MBI mpemmosaraeM, 9TO IMEPEMEHHBIE OTJINYHBI OT
BCeX (DYHKITMOHAJIBHBIX U MPEIUKATHBIX CHMBOJIOB CUTHATYPHI (MHAYE BBINIAET
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Iy TAHUIA).

OmnpenennM MOHSITHE MeEPME TAHHON CUTHATYDBL 1epMOM HA3BIBAETCS II0-
CIIEIOBATEIFHOCTD [IEPEMEHHBIX, 3allSIThIX, CKOOOK I CIMBOJIOB CUTHATYPBI, KO-
TOPYIO MOXKHO IMOCTPOUTH IO CIIEMYIOIINM IIPABIIIAM:

e lnnuBunHas mepeMeHHas eCTh TEPM.

o OyHKIIMOHATBLHBIN CUMBOJT BajeHTHOCTH () eCTh TepM.

e Eciu tq,...,ty — Tepmbl, a f — QYHKIMOHAIBLHBIN CIMBOJI BAJIEHTHOCTH
k>0, o f(t1,...,t;) ecTb TEpM.,

B mpuHIue MOXHO OBIJIO HE BHIIETSITH QYHKIIMOHAIBHBIE CIMBOJIBI BaJIEHT-
HoCcTU () (KOTOpBIE TAKXKe HA3BIBAIOT KOMCMAKHMAMY) B OTIEIBHYIO TPYIITY, HO
Torna Gkl TTOCIIe HUX MPUIILIOCH THCATH CKOOKN (KaK 9TO HeIaeTcs B IpOrpaMMax
Ha s3bike Ci).

Ecmum A — npenmkaTHBIN CUMBOJI BajeHTHOCTH k, a tq,...,t; — TepMBI, TO
Boipaxkenue A(ty, ..., tx) cauraercs amomaprot gopmyaot. Kpome Toro, moboit
NpenuKaTHBIA CUMBOJ BajleHTHOCTHU () cumTaeTcss aToOMapHON (POpMYJIONn.

DopMyJIBI CTPOSITCS IO TAaKUM TPABUIAM:

e ATomapHas dopMyiia ecTh GOpMyIIa.

e Ecim ¢ — dopmyna, To - — dhopmyna.

e Ecnu ¢ u ) — dopmyisl, To Bepaxkernus (9 A1), (¢ V), (¢ — 1) Takxke
ABIIAIOTCA (POPMYJIIAMMU.

e Eciu ¢ ectb dopmyna, a & — WHOUBUOHAS MMepEMEHHAs, TO BBIPAXKEHUS
V& p m 3 ¢ aBngroTcsa hopMyTaMu.

Bo MHOTUX ciIy9asiX B CUTHATYPY BXOMUT ABYMECTHBIN MPEIUKATHBIN CHIMBOJT
=, HasbIBaeMbIll pasencmsom. I1o Tpagunuu BMecTo = (t1,ty) mumnyT (t; = t9).

Nrak, mousaTue GOpMyIIBl B MAHHON CUTHATYPE TOJHOCTHIO OMpeneieHo. VHo-
ra Taxue GOpPMYJIIbl HA3BIBAIOT (OPMYAAMU NEPE020 NOPAJKA TAHHON CUTHATY-
pbI, Win HGOPMYJIAMHU A3bIKA NEPE020 NOPAJKG C HAHHON CUTHATYPOIL.

Ha criemyromuit mar — onpenesieHne ukmepnpemauyut, JaHHON CUTHATYPHI.
[IycTh pukcupoBana HEKOTOpas CUTHATYpPa o. UTOObI 3aMaTh WHTEPIPETAIIIIO
CUTHATYPHI 0, HEOOXOIIMO:

® YKa3aThb HEKOTOPOE HEIyCTOe MHOXKECTBO M, HA3EIBAEMOE HOCUMEAEM NH-
TepIpeTaIus;

® IS KAXKIOTO IPEeOUKATHOIO CUMBOJIA, CUTHATYPLL 0 YKA3aTh IIPEOUKAT C
COOTBETCTBYIOIINM YUCJIOM APTYMEHTOB, ONPEACIEHHEIN Ha MHOKecTBe M
(kax MBI yKe TOBOPUIIH, 0-MECTHBIM MPEIUKATHBIM CUMBOJIAM CTABUTCS B
coorsercTBue au60 W, mu6o JI);

® I KaXKOoro (hyHKIMOHAJILHOTO CHMBOJIA CUTHATYPHL 0 VKa3aTb (PYHK-
IO COOTBETCTBYIOIIETO YUCIA APTYMEHTOB ¢ ApPIyMEHTAME 1 3HAYCHUS-
mu 3 M (B wacTHOCTH, M1t 0-MEeCTHBIX PYHKINOHAIILHBIX CIMBOJIOB HAJIO
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YyKa3aTh 5JIEMEHT MHOX)eCTBa M, ¢ HUMU COMOCTABIISIEMBIIT ).

FEcnu curaatypa BkitrouaeT B ce0s1 CHMBOJIT pABEHCTBA, TO CPENU €€ MHTEPIIPEe-
TaIlA BBIIEISIOT HOPMAAbHbIe MHTEPIPETAN, B KOTOPBIX CUMBOJI PABEHCTBA,
MHTEPIPETUPYETCS KaK COBHANEHUE 3JIEMEHTOB MHOXKecTBa M .

[IpuBeném HECKOTBKO TPUMEPOB CUTHATY]P, UCIOITB3YEMBIX B PA3INIHBIX Te-
OpusIX.

Curnatypa Teopun yIOPSIOUEHHBIX MHOXKECTB BKJIIOUaeT B cebs mBa IBY-
MECTHBIX TPEINKATHLIX CHMBOJIA (PABEHCTBO U TOPSIOK) 1 HE UMeeT (DYHKIINO-
HAJILHBIX CUMBOJIOB. 3M1ECh Takke BMeCTO < (,y) M0 TPAIUIMU MUIIYT T < Y.

Axcuombr mopsinka (pediIeKCUBHOCTH, aHTUCHMMETPUYHOCTH, TPAH3UTUB-
HOCTB) MOTYT OBITH 3amucanbl (HOPMyIaMu 9TOi curHaTypbl. Hampumep, Tpe-
OOBaHIE AaHTUCUMMETPUIHOCTH 3aNMUCHIBAETCS TaK:

VaVy((z <y) Ay < z)) — (x =1y)).

WMuorma B curHaTypy TEOPUM YIOPSIOUYEHHBIX MHOXKECTB BMECTO CUMBOJIA, <
BKJTIOYAIOT CUMBOJI <; OOJIBINION pa3HUIILI TYT HET.

3ADAYA 126. Kax 3anucamb ¢ nomowpro Gopmyavt c60Ucmeo Aunetinot
ynopadouennocmu? c80tUcmeo He UMEMb HAUOOALWLE20 dAeMEHMA? CB80UCMEBO
NAOMHOCU (OMCYMCMEUT COCEINUT daemenmos)? caoticmao Gynduposanmo-
cmu (omeymemeusd 0eCKoHeUHbIT YObl6AIOUUT NOCALI06AMEALHOCET — UAU,
YMO IKEUBAAEHMHO, HAAUUUT MUHUMAALHO20 IAEMEHMA 6 A0O0M TOOMHONCE-
cmee)? ceoticmeo noanot ynopgdouennocmu? (Yrazanue: ne g 6cer nepe-
YUCAEHHBIT CBOUCME IMO 803MONCHO. )

CurnaTypy Teopuu IpymIi MOXKHO BHIOUPaATh MO-pa3zHoMy. MOXKHO cUUTATH,
4TO (MOMUMO PABEHCTBA) OHA MMEET IBYMECTHBIN (HyHKIINOHAIBHBIA CUMBOJT X
(KOTOPBII TIO TPAIUIIAN 3AMUCHIBAIOT MEXKITY MHOKUTEISIMHI ), KOHCTAHTY (HYJIb-
MECTHBIN (HYHKIIMOHAIIBLHBIN CUMBOJI) 1 U OMHOMECTHBIN (HYHKINOHAIILHBIN CHM-
BOJ inv(z) mis obparrerus. Torma akCHOMBI TEOPUU TPYII 3AMUCHIBAIOTCS C
HCTIOJIB30BAHUEM JIAIIb KBAHTOPOB BCEOOIITHOCTU:

Vo yVz(((z x y) x 2) = (z x (y x 2))),
Vo (((zx1)=2)A((1 xx)=ux)),
Vo (((x x inv(z)) = 1) A ((inv(x) x ) = 1)).

FEcnu ve BKIIOUATH omeparuio oOpallleHus B CUTHATYPY, MPUAETCS UCIOIb-
30BaTh KBAHTOP CYIIIECTBOBAHUS U MEPENNCATh MOCIEOHIOI0 aKCUOMY TakK:

Vo dy ((z x y) =1) A((y x z) =1)).
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3AIAYA 127. Kak 3anucamb aKCuoMbl, MEOPUL 2PYNnn, e€CAl 6 CuHamype
nem Koncmarwmut 17 (Yrasanue: axcuoma o cywecmsosanul, 06pammo2o cma-
Hem Yacmplo AKCUOMbBL O CYWECMB0BAHUY eOUHUYDL. )

3AnAYA 128. Kax 3anucams 6 sude gopmyabt mpebosanue KomMmymamaue-
nocmu 2pynnul? ymeepxcienue 0 mom, umo 410001 ssemenm (kpome edurnuybl)
umeem nopadox 117 xoneunocms epynnuvi? (Yraszanue: e 6C€ u3 nepeuucaen-
HO20 MONHCHO 3GNUCAMb, TOMI NOKA Y HAC Hem cpedcmes 3mo Ycmarosums. )

Curnarypa Teopuum MHOXKECTB CONEP:KUT OBa OBYMECTHBIX MPEIUKATHBIX
CHUMBOJIA: [JIS IPUHAMIEKHOCTY 1 TSI PABEHCTBA. AKCHOMBI TEOPUU MHOXKECTB
MOXHO 3aIllCBIBATHL B Bume (GOpMYJ 3TON CUTHATYPBI. Hallie Bcero paccma-
TPUBAIOT BapUAHT aKCUOMATUYECKOU TEOPUU MHOXKECTB, HAa3bIBAEMbBI TEOPUEN
[Hepmemo — Ppenkens n oboznadaembrn ZF. IlpuBeném mimst mpumepa omHy u3
akcroM Teopun ZF, HazbIBaeMyIo akcuomot 00bEMHOCMU, NI IKCMEHCUOHAAD-
HOCTNAU:

Vevy ((Vz((z €2) = (z€y)) AVz((z €y) = (z € 7)) = (2 =y)).
3AOAYA 129. Chopmyauposamsv cao8echo 3mMy AKCUOMY.

3AnA4A 130. Kaxosa ecmecmsennad cuznamypa 0agd meopuu noaeti?
Moo au 3anucams 6 sude Gopmyabt Imoti Cu2HAMYPbL YMBEEPHCIEHUE O MOM,
YMO NoAe UMEEM TAPAKMEPUCTIUKY 2 ¢ KOHeunyro Tapaxmepucmury? as2cebpa-
UYECKU 3AMKHYMO ?

3AnAYA 131. [oxaxrcume 0CHOBHBIE IKBUBAAEHMHOCTNU, COJEPHCAULUE
K8AHMOPDLI.

1) Vo P(x) = 3z P(x)

2) 3z P(x) =V P(x)

3) VaVy P(x,y) = VyVx P(x,y)

4) dx3y P(x,y) = Jy3z P(x,y)

5) Vx (P(x) AN Q(x)) =V P(z) ANVx Q(x))
6) dz (P(z) V Q(x)) = 3z P(x) vV dz Q(x))
7) Vo (P(z) vV Q(y)) = Vz P(z) V Q(y)

8) 3z (P(x) AQ(y)) = Fr P(z) AQ(y)

9) JyVz P(x,y) = VaJy P(z,y) =1

§2. OmpemnesieHre MCTUHHOCTH

W3 mpuBenéHHBIX BHIIIIE TPUMEPOB, BEPOSITHO, TTOHATEH CMBICIT (DOPMYITHI, TO
€CThb SICHO, B KAKUX MHTEPIIpeTAlNAX NAaHHOU CATHATYPBI U NJIs KAKUX dJIeMEeH-
TOB popMyJTia UCTUHHA. ['eM He MeHee HJIs JTIOOMTETIEN CTPOTOCTU MBI IIPUBENEM
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dopmanbHoe ompenenenne uctunHocTu. (Ero meramum moHAmoGATCA, KOTHA MBI
OyIeM MpOBEPATH UCTUHHOCTH BHIBOMUMBIX (DOPMYJI, CM. pasmen 3.)

[Ipex e Bcero, onpenenum GOPMATLHO TIOHATHE Napamempa hopMybt (Tepe-
MEHHOIT, OT 3HAUEHUS KOTOPOI MOXKET 3aBUCETH UCTUHHOCTE (hopMyitsl). Cormac-
HO DTOMY OIPENESIEHNUIO, CKaxeM, Gopmyia Ve Jy A(x, y) He uMeeT mapaMeTpos,
a dopmyier Jy A(x,y) u (A(x) A Ve B(z,r)) UMEOT eNUHCTBEHHBIN MapamMeTp
2. BOT Kax BBIJIAIUT 5TO OIpeIe/IeHue:

e [lapameTpaMu TepMa SIBIISIIOTCS BCE BXOMSIINE B HETO WHIUBUIHBIC TTEpe-
MEHHBIE.

e [JlapameTpaMu aTOMapHOU (DOPMYIIBI SBJISIOTCS TTapaMeTPhl BCEX BXOMs-
IIINX B HEE TEPMOB.

e [[apameTpsl GOPMYJIIBI —p Te XKe, YTO Y DOPMYJIHI .

e [Tapamerpamu dopmyit (0 A ), (¢ V) u (¢ — 1) ABAAOTCA Bee mapa-
MeTPBI (DOPMYJIHI ¥, & TaKXKe BCe IMapaMeTpPhl DOPMYIIHI 1.

e [TapameTpamu dhopmyit VE @ u I€ ¢ IBAAIOTCA BCe mMapaMeTphbl (HOPMYJIbI
©, KpoMe TIepeMEeHHOM &.

[TapameTpbl mHOTIA HA3BIBAIOT C80000HLIMU NEPEMEHHBIMU HOPMYIIBI. 3aMe-
TUM, 94TO (HOpMyIa MOXKET UMeTh OOHOBPEMEHHO IapaMeTp T U MCIOIb30BaTh
(B mpyrom mecte) kBaTOp V. Kax roBopaT B 5TOM cilyuae, OOHA U Ta JKe
mepeMeHHast UMeeT c80000nblen c8a3anHble BXOxKmeHus. CBOOOMHOE BXOXKIEHIE
IepeMEHHON — 3TO TaKoe BXOXKIeHIe, KOTOpPoe He BXOAUT B 00JaCTh NENCTBUS
OMHOMMEHHOTO KBAaHTOpA. Fcam akKypaTHO ompenennTh 3Ty 00IacTh NeNCTBUS,
HECJIOKHO MIPOBEPUTH, YTO HNapaMeTpbl GOPMYIbl — 3TO KaK pa3 IepeMeHHBIE,
UMeIoIe CBOOOMHBIE BXOXKIEHUS.

Teneps MBI XOTUM ONpENEeNUTH MOHSATUE (GOPMYIBI, ICTUHHON B JTAHHOW WH-
TEPIPeTAIN TIPU MAHHBIX 3HAUEHUSAX IMMapaMeTpPoB. TeXHWYIeCKHW MPOITEe CUU-
TaTb, YTO BCEM WHIONBUOHBLIM MEPEMEHHBIM NPUMUCAHBI KaKWe-TO 3HAUEHUS, a
MIOTOM JIOKa3aTbh, UYTO MEpeMeHHbIe, He SBIISIONINECS MTapaMeTpaMu, He BIUSIOT
Ha UCTUHHOCTH (OPMYJIHI.

Nrak, mycTs pukcwpoBaHa CUTHATYpa W HEKOTOpAas WHTEPIPETAINS 3TOU
curHaTypbl. Ouenkotl Ha30BEM OTOOpaKeHUe, KOTOPOEe CTABUT B COOTBETCTBUE
KaXKJIO1 MHIWBUOHON MEPEMEHHON HEKOTOPBLIA 3JIEMEHT MHOXKECTBA, SBJISIOIIE-
roCsi HOCUTEJIEM UHTEPIPETAIIuu. JTOT dJIEMEHT OyIoeM Has3bIBaTb 3HAUEHUEM
nepemernrotl Tpu TaHHOU OIlEHKE.

Onpenenum UHOYKTUBHO 3HaueHue mepma t IpU TAHHOHN OIEHKE T, KOTOPOe
MBI Oymem o6o3HavaTh [¢] (7).

e JI1g mepeMeHHBIX OHO YK€ OIpeneseHo.
e Eciu ¢ sBiseTcst KOHCTAHTON (HYJIBMECTHBIM (DYHKIMOHATIBHBIM CHMBO-
soMm), TO [t](7) He 3aBHCAT OT T U PABHO 3HAUEHUIO STON KOHCTAHTHI TIPU
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IMAHHON WHTEepIpeTanuu (HATIOMHUM, B UHTEPIPETAINN C KAXKION KOH-
CTAHTON COMOCTABIISETCS HEKOTOPBIN 5JIEMEHT HOCUTEIIS).

e Ecnu t mmeer Bun f(t1,...,ty), toe f — QYHKINOHAJIBHBIA CUMBOJ Ba-
JIEHTHOCTU M, a t1, . . ., t, — Tepmbl, 1o [t](7) ects [f]([t1](7), ..., [tm](7)),
rie [f] ecTb QyHKIMSA, COOTBETCTBYOIIAs CUMBOILY f B HAIlEl WHTEpPIIpe-
Taruu, a [t;|(7) ecTs 3HAUEHME TepMa t; TIPU OIEHKE 7.

Temepb MOXKHO ONPENENUTh 3HaUeHue GopMyabl  TIPU ITAHHON OIEHKE T B
IMAHHON MHTEPIPeTAIN, KOTOpoe 0003HauaeTcs [](7) u MOxeT OBITH PaBHO
M win JI; B mepBoM cityuae GopMysia Ha3BIBAETCS UCMUHHMOU, BO BTOPOM —
A02HCHOT. DTO ONpenesieHne TakKe UHIYKTUBHO:

e 3uauenne aTomapHoi popmyiel A(ty, ..., t,,) ONpeneaseTcs Kak
[A]([ta (), - - - [Ema] (),
rne [A] — mpemmkaT, COOTBETCTBYIOIIMI TPEIUKATHOMY CUMBOIY A B

paccMaTpuBaeMoll mHTepuperanu. Ecim GopMysia mpeacTasiser coboil
HYJIbMECTHBIN TPEIUKATHBIA CUMBOJI, TO €€ 3HAUEHUE HE 3aBUCUT OT OIEH-
KII 1 €CTh 3HAYEHNEe STOT0 CUMBOJIA.

e [—p](m) ompenemnsercs kKak —[@(7)], rme - mOHEMAaeTCs Kax omepanus B B.
Ipyrumu ciaoBamu, GOpMyIIa —p UCTUHHA IIPU OIEHKE T TOTHA W TOIBKO
TOrna, Korna GopMmyria ¢ JIOXKHA IIPUA STON OIIEHKE.

e [p AY](m) ompenensiercs kax [¢](m) A [1](7), toe A B mpaBoil YacTu IOHN-
maeTcs Kak orneparus B B. (Ipyrumu cioBamu, dopmysna (¢ A1) ncTuaHa
IIPU OLIEHKE T TOTIA U TOJIBLKO TOTA, KOTIa 06e (GOPMYIIBL (0 U ¢ NCTUHHEL
IpU 5TOM OreHKe.) AHamoruuusiM 06pasoM [ V 1](m) ompenensercs Kax
Lo](m) vV [¥](m), a ¢ — ¥](r) — xax [](7) — [¢](7).

e ®opmyna V€ ¢ nCcTUHHA Ha OIEHKE T TOTHA U TOJIBKO TOTHA, KOTIa (POpPMY-
J1a (p UCTUHHA Ha JII000I1 OIleHKe 7’| KOTOpas COBIAMNAET C 7 BCIOMLY, KPOME
3HAYEHUS TIePeMeHHOIT ¢ (KOTOpoe B OleHKe 7' MOXKeT OBITH J1100bIM). [Ipy-
TUMU CJIOBAMU, €CJIM 0003HAUUTE depe3 T+ (& — m) OIEeHKY, IPU KOTOPOIT
3HAYEHNE TePEMEHHON  PaBHO M, a OCTAJILHBIE IePEeMEHHBIE IPUHIMAIOT
Te e 3HAYEHUs, 9TO U B OIEHKE T, TO

VEQl(m) = N\ [el(m + (£ — m)).

meM

(B mpasoit uacTu cTouT GECKOHEUHAS KOHBIOHKIINS, KOTOPas UCTUHHA, €C-
M BCE €@ YUJIeHBI UCTUHHBL. )

e ®opmyna J€ ¢ UCTUHHA Ha OIEHKE T TOTIA U TOJBLKO TOTma, Korma (op-
MyJIa (0 ICTHHHA Ha HEKOTOPOII OIICHKE 7', KOTOpas COBIAIAET C T BCIOLY,
KPOMeE 3HAUEHUsI TIepeMeHHOI £ (KOTOpOe B OIEHKe T’ MOXKeT ObITb JIIOOBIM ).
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Hpyrumm cioBamu,

Vep)(m) = \/ [el(m + (£ — m)).
meM
(B mpaBoit uacTu cTouT 6eCKOHEUHAS MU3BIOHKIINS, KOTOPasi ICTUHHA, €C-

7 XOTs1 OBl OIUH U3 €€ WICHOB MCTUHEH. )

3aMeTHuM, ITO B ABYX MOC/IETHUX IIyHKTAX 3HAUEHNE IEPEMEHHON & B OIEHKE
T He UrPaeT POJIH. DTO MO3BOJISLET JIETKO NOKA3aTh (MHIYKINEN IO IOCTPOEHUIO
GOpMyIIBI) TAKOE YTBEDKICHUE: €CIIU IABE OLUCHKHU 7| U Ty IPUMAIOT ONIMHAKO-
BBl 3HAUEHWS BCeM mapamerpaM (GopMynsl ¢, To [¢](m1) = [p](ms). Opyrumu
CJI0BAMU, NCTUHHOCTH (DOPMYJIBI OIPENEsISIeTCsT 3HAUCHISIMI €€ TapaMeTPOB.

3AOAYA 132. Ilposedume amo undyxmuernoe paccyxrcdenue nodpoomo.

3AnAYA 133. Ipusedénmnvie sviwe onpedesenud npumernumsbl K 4100601 op-
myae, 6 mom wucae u x cmpannot popmyae Vy A(x). Kaxue y neé napamempur?
IIpu kaxuz 3nauenuds napamempos ona ucmurna? (Omeem: ona umeem eQun-
cmEenHbLl napamemp T u Ixsusasenmua gopmyae A(x).)

3A0AYA 134. B xaxom cayuae 6ydem ucmunna gopmyaa ¥V Iz A(x)? Tom
arce eonpoc dag gopmyavt Ix Ve A(x). (Omeem: nepsasg uz smuz Gopmya sK6u-
sanenmua gopmyae Ix A(z), a emopas — dopmyae YV A(x).)

Dopmyna HABBIBAETCS 3AMKHYMOU, €CIIH OHA HEe NMeeT apaMeTPOB. 3aMKHY-
Thle (HOPMYJIBL HA3LIBAIOT TakXke cyxcdenudmu. Kax MBI MOKa3aM, NICTHHHOCTD
3aMKHYTOH (DOPMYIIBI OLIPENEIISIeTCST BEBIOOPOM MHTEPIPETANNH (1 He 3aBUCUT OT
3HAUEHUN EPEMEHHBIX ).

§3. BnIpa3sumble IpenNKATHI

[TycTh ukcupoBaHa HEKOTOpas CUTHATYPA 0 1 €€ NHTEPIIPETALS ¢ HOCHTe-
neM M. MBI XOTUM ONpENeTuTh TOHITHE 8biPa3uM020 (C TOMOIIBIO (HOPMYITBL
IMAHHON CUTHATYPHI B IAHHON WHTEPIPETAINN) k-MECTHOTO MPEIUKATA.

Bribepem k mepeMeHHBIX X1,...,TE. PaccMOTPUM IPOU3BOIBHYIO (HOPMYITY
0, BCE TTapaMeTPhl KOTOPOI COOEePKAaTCs B CIIUCKE X1, .. ., L. CTUHHOCTD STOR
(HOPMYIIBI 3aBUCUT TOJBLKO OT 3HAUEHUA IMEPEMEHHBIX X1,...,~Tg. 1€M CAMBIM
Bo3HmKaeT oTobpaxernme M — B = {M,JI}, To ecTh HEKOTOPLIHT k-MeCTHLIIT
npenukatT Ha M. ['oBOpAT, UTO 5TOT mpenukaT svipaxcaemcsa dopmyon ¢. Bee
MPEOUKATHI, KOTOPBIE MOXKHO IOJIYIUTh TAKIM CIIOCOOOM, HA3BIBAIOTCS 6bIPA3U-
muimy (SICHO, YTO KOHKPETHBIN BHIOOD CIUCKA MEPEMEHHBIX POIM HE UrPaeT.)
CooTBeTCTByOIMe MM MOAMHOXKECTBa MHOx)ecTBa MF (o6macTn meTuHHOCTH
BBIPA3UMBIX MIPENUKATOB) TAKkKe HA3BIBAIOT BBIPAZUMBIMI.
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3AOAYA 135. [okanxcume, umo nepeceuenue, o06bedunenue U pPa3HOCMb
08YL 8bLIPABUMBIT MHONCECTNE ABATIOMCA BbIPaA3UMbIMU. [[oKaxcume, umo npo-
exyug k-mepro2o 6vipaszumMo20 mHoxrcecmsa 6004b 00not us “oceti koopdunam”
aeagemces (k — 1)-MepHbiM 8bIPAZUMbLM MHOHCECTIEBOM.

Mpumep. Curnarypa COmep:KUT OMHOMECTHBIN (DYHKIIMOHAIBHBIN CUMBOI S
U IBYMECTHBI MPEMUKATHBIN CHMBOJI paBeHCTBa (=). PaccmoTpum mHTEpIpe-
TAIUIO DTOW CUTHATYPHI. B KauecTBe HOCUTENs BHIOEpEM HATypaabHbIN psam N.
CumBon S 6ymer 0603HaUATH GYHKINIO MPUOABICHUS €OWHUIBI (MOXKHO CUU-
TaTh S COKPAIIEHHEM OT CJIOBA SUCCESSOr — IIOCTIENOBATEND). 3HAK PABEHCTBA
MHTEPIPETUPYETCS KaK COBIACHUE DIIEMEHTOB.

Jlerxko mpoBepUTH, UYTO OMHOMECTHBIN TPeOuKAT ~OBITH HYJIEM BBIpA3UM B
STON MHTEPIPETAINT, HECMOTPSI Ha TO, YTO KOHCTAHTHI IS HYJIS B CUTHATYPE
He MIPeIycMOTPeHo. B camoM merte, OH BBIpaxaeTcs GOpMyJIIon

~Jy(r = S(y))
C eMMHCTBEHHBIM ITapaMETPOM .

E1r1é mporiie BEIpa3uTh B 9TON CUTHATYPE IBYMECTHBIN TPENUKAT ~ ObITH O0IThb-
e Ha 2”7, U 5TOM [axKe He HyXKHbI KBaHTOpBL: Yy = S(S(x)).

JI060IIBITHO, YTO YK€ B TAKOW MPOCTON CUTYaITUU MOXKHO C(hOPMYIIPOBATH
comepKaTeIbHYIO 3a0ady: BEIpa3uTh npenukaT y = = + N, rme N — Oosbliiioe
Yo (CKaXKeM, MIUJUTHAPIT), C TIOMOIIBIO CYIIIECTBEHHO 60see KOPOTKOM (hOpMY-
mer, weMm y = S(S(...(S(x))...)). Kax Hu ynuBuTensHo, 5TO BIOTHE BO3MOXKHO,
7 COOTBETCTBYIOIIYIO (GOPMYITY BIIOJIHE MOXKHO YMECTUTDH Ha JINCTe OyMarmy.

3AnAYA 136. oxaxcume, umo npedukam y = x + N MOHCHO 8bIPA3UMD
Popmyaoti yrazannotl cuenamypvl, daura xkomopot ecmv O(log N). (Yrazanue.
Ecau mvl nayvwuiucy svipaxcams y = & + N, MOHNCHO 8bIPA3UMb Y = T + 2n ¢
NOMOWBIO POPMYAbI

((z=z+n)AN(y=2+n))

(6 Komopotl uepez z = r+n Uy = 2+ N 0003HAUEHBL COOMBEEMCMEYOUUE
Popmyavt). Omo camo no cebe nuuezo ne daém, max Kax diuna Gopmyavt yee-
AUNUAACH 8080€, HO MONCHO UCTLOAL30BAMb MAKOU MPIOK:

VuVo((u=xAv=2)V(u=zAv=y)) = (v=u+n)).

Hlanee moHCHO 80CTOAB306AMbCA 3aNUCHI0 Yucaa N 8 d80uUKOU cucmeme cuu-
CAEHUA. )

MoxHO mokaszaThb, YTO B 3TOW CUTHATYpPE KBAHTOPHI MOUTH HE YBEINUNBA-
0T HaOOP BBIPA3UMBIX MPEONKATOB: BCIKUI BBIPA3UMBIN IpeauKaT OylIeT BbIpa-
KAThCsE GECKBAHTOPHON (GOpMyIIoil (BO3MOXKHO, ropas3no 6ojee MIIMHHON), eCiIu
no0aBUTH K CUTHATYpe KOHCTAHTY ().
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YT06bI TPUBLIKHYTH K MOHSTHIO BEIPA3UMOCTHU, PACCMOTPUM €II1€ ONUH ITPU-
Mep. IlycTh curHaTypa comepKuT MpenumkaT PaBEHCTBA U TPEXMECTHBIN MPEeIn-
kaT C. PaccMOTpuM MHTEPIIpETAIINIO, B KOTOPON HOCUTEIEM SIBIISIETCS MHOXKECT-
BO TOYEK TJIOCKOCTH, PABEHCTBO MHTEPIPETUPYETCS KaK COBIAMIEHUE TOYEK, a
C(x,y, z) o3HAUAET, YTO TOYKU T U Y PABHOYIAJIEHBI OT TOUKW z. OKasbiBaeT-
CsI, YTO DTOTO MPEOUKATa MHOCTATOYHO, UYTOOBI BBIPA3UTH 0OOJIee WM MEHee BCe
TPAIUIIOHHbBIE TIOHATUS 3JIEMEHTAPHON TeOMETPUMN.

Kaxk, mampumep, 3anucarsb, uTo Tpu pasnuaabie Touku A, B, C nexat Ha ofI-
Hoit mpsamon? Bot kak: "me cymectyer npyroir Toukn C’, KOTOpas HaXOOMIACH
6bI Ha Tex Xke paccTosHusx oT A u B, aro u Touka C”.

3AIAYA 137. Hanuwume coomsemcmsyowyio Gopmyay yxa3arwnot cuHa-
mypbo.

Temeps 71erKko BBIPA3UTh TAKOE CBONCTBO YeTHIPEX Touek A, B, C, D: ” Toukn
A u B pasnuunsl, Touku C' u D paznuunsr u apsmele AB n C'D napasiens-
el . B camoMm merne, Hamo HAMMCATH, UYTO HET TOUKU, KOTOpPas ObI OMHOBPEMEHHO
nexxasia Ha oguon npsaMon ¢ A u B, a Takxke Ha omgHon mpsmoit ¢ C' u D.

[Tocse TOro0 MOXKHO BHIPA3UTH CBONCTBO YETHIPEX TOUEK ~OBITH BEPIITMHAMU
mapaJiiesiorpaMma’ . OTO TO3BOJISIET MEPEHOCUTh OTPE30K MapaslIesIbHO cebe.
[Tocrte 5TOrO HECTTOKHO BHIPA3UTh TAKOe CBOMCTBO: ~ paccTostaue AB pasHO pac-
crostauo C'D”.

3AIDAYA 138. Zanuwume coomsemcmsyowyro Gopmyaty.
AHnanorndaeiM 06pa3soM MOXKHO IBUTATHCS U JAJIBIIIE.

SAOAYA 139. Bwipasume ceoticmeo |(OA| < |OB| mpéxr mouex O, A, B.
(Yrazanue. Hanuwume, wmo ece npamvie, nporodsuue uepes A, nepecexarom-
ca ¢ okpysHcnocmuio paduyca OB ¢ yewmpom 6 O.)

3AnAYA 140. 3anuwume 8 sude gopmyavt: (a) pasencmseo mpey2oavHuKos;
(6) pasencmso yeaos; (B) ceoticmeo y2aa 6bimb NPAMbIM.

3ADAYA 141. Paccmompum ecmecmeentyto uHmMePnpemayulo cu2Hamypbl
(=, <) na muosxcecmse yeavir wucea. Kax evipazums npedukam y =z + 17

SAIAYA 142. Paccmompum mMHOHNCECTNEO 0€UCMBUMEALHDIT YUCEA KAK UH-
mepnpemayuio cuenamypvy (=, +,y = 22). Kax evipaszumv mpérmecmmuoiii npe-
duxam xy = 2 ¢

SAIIAYA 143. Paccmompum MHONCECTNEO UEABLE NOAOHCUMEADHBIT YUCEA KAK
UHMEPNPEMAYUI CULHATMYPDLL, COJEPHCAULET PABEHCBO U 08YMeCMHbLT NPEU-
wam “x deaum y”. Buvipazums ceoticmea "pasnamuvca edunuye” u 7 6bimb npo-
CMbIM YUCAOM” .
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3AIAYA 144. Paccmompum naockocms Kak UHMEPNPEMAYUUIO CULHAMYPYI,
codepacaweti npedukam pasencmea (cosnadenue mouex) u d8YMecmubil npe-
durxam “Harodumbca nwa paccmognwuu 17, Buipazumb deymecmubvie npeduramol
"narodumvca wa paccmoganwuu 2”7 u "narodumovca na paccmognuu ne boaee 27.

§4. BripasumocTs B apudMeTuUKe

PaccmoTpum curHaTypy, IMEOIYIO IBa ABYMECTHBIX (DYHKITMOHAIIBHBIX CIM-
BOJIA — CJIOXKEHUE U YMHOXKeHne (Kak OOBIYHO, MBI OyIEM MHCATH T + Y BMECTO
+(z,y) U T.10.) U OIBYMECTHBIN MIPEAUKATHBIN CHMBOJI PaBEHCTBA. PaceMoTpum
MHTEPIPETAINIO STON CUTHATYPHI, HOCUTEIIEM KOTOPOU SBIIIETCS MHOXKeCTBO N
HaTYPaJbHBIX YUCEN, a CIOXKEHIE, YMHOXKEHIE I PABEHCTBO UHTEPIPETUPYIOTCS
CTaHIAPTHBIM 00pa30M.

BrrpazumMbie ¢ TOMOIITBIO (GOPMYIT 3TOW CUTHATYPHI TPEAUKATH HAZBIBAIOTCS
apupmemuueckumy 1 UTPAIOT B MATEMATAIECKON JIOTUKE BaXXKHYIO POiib. COoOT-
BETCTBYIOIIINE MHOXKECTBA TaKxKe HA3BIBAIOTCI apudmemuueckumu. O HIX TIO-
IPOOHO pacCKa3aHO B OPYTON IVIaBe; OKA3bIBACTCS, YTO IMIOYTH BCIKOE MHOXKECT-
BO, KOTOPOE MOYXKHO OIUCATH CJIOBAMMU, SIBJISIETCS apUPMETUIECCKIM.

3A0AYA 145. Jlokaxcume, wmo cywecmeyem MHOHCECTNBO HATYDAALHBLT
wuced, me Asazoueecd apupmemuveckum. (Yrazanue: cemeliicmso écer noo-
MHoHceCm6 mHoxHcecmea N Hecuémmo, a apuPmMemuuUecKuT MHOHCECTNE CUEMHOE
wuca0.)

s HaUaIa MBI YCTAHOBUM apu(PMETUIHOCTD JOBOJIBHO MPOCTHIX MPEOUKa-
TOB.

o [IpemukaT xr < y aBugeTcsa apupmeTndeckuM. B camoMm mere, ero MOXKHO
samucarh Kak 3z (x + 2 = y).

o [Ipemukater x = 0 mw x = 1 aBnaoTCa apudmMeTndecKkuMu. B camom medte,
xr = 0 Torma m TOJBKO TOTHA, Korna T < Y I JIF60ro y (a Takxke KOrma
r+2x=uz). A x=1Torma u TOILKO TOTHA, KOTMA X MPEICTABISIET COOOI
HAMMEHbIIIee YUCII0, OTINIHOEe OT HyJst. (MOXHO Takike BOCIOIb30BATHC
TeM, uTo Y - 1 = y npu o60oM ¥.)

e Boo0bite mis m060ro GUKCUPOBAHHOTO YHUCTIA € IPEIUKAT T = C SIBISET-
cst apudmermaeckuM. (Hampumep, MOKHO HammcaTh CyMMY 13 GOJIBIIIOTO
YKCITa, eIUHIL. )

e [lone3no Takoe oblriee HAOJIOOEHUE: €CITU MBI VK€ YCTAHOBUJIM, UTO Ka-
KOI-TO MPEeNuKaT SIBIIIeTCsI apudMeTUIeCKIM, TO B DaJbHENIIEN €T0 MOXK-
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HO HCTIOJIB30BATh B (DOpMYyJIax, KaK ecjau Obl OH BXOOWJI B CUTHATYPY, MO-
CKOJIBKY €r0 BCerlla MOXKHO 3aMEHUTh Ha BBIPAXKAIOIIYIO €ro (hopMyIIy.

e [Ipenukar x|y (Yucio x ABIIETCS mENUTeNeM JKUCa §), OYEBUIHO, apud-
metuuer (hopmyna 3z (zz = y)).

e [Ipenukar ”x — mpocToe uncyo” apudmeTudues. B camom mernte, 9ucio mpo-
CTO, €CJIN OHO OTJIMYHO OT 1 m 100011 ero menuTenb paBeH 1 umm camomy
YUCITY. DTO Cpasy Ke 3aIlUChIBAeTCs B Bume (HOPMYJIHL.

e Omepanun J4acTHOTO U OCTATKA MPU HeJeHUN apu(@METUIHBI (B TOM CMbI-
cJle, 9TO TPEXMECTHBIE IPEIUKAThl ~ ¢ €CTh YacTHOEe IIPHU OeJeHun a Ha b’
u ’r ecTh OCTATOK IIpHU mejeHun a Ha b’ apudmernunsl. Hampumep, mep-
BBIN U3 HUX 3amuckiBaeTcs dhopmymoit Ir ((a = bg + 1) A (r < b)) (kak MbI
YK€ TOBOPUJIM, WUCIOJIb30BaHNE apuGMeTHIECKOTo npenukaTta (r < b) me
CO3MaéT mPobIIeM).

e OTOT CIIMCOK MOXXHO TPOMOIXKATh: IJIs MHOTUX IPEOUKATOB UX OIIPeme-
JIEHUE TIO CYIIIECTBY yKe SBIIsIeTCs HYyXKHOU dopmyron. Hampumep, cBoi-
cTBa "OBITH HAMOOJLIINM OOIIMM mOenauTenaeM’ , ”ObITh HAMMEHBIIIIM 00-
MM KPaTHBIM |, ” OBITH B3AaUMHO ITPOCTHIMI~ BCE OTHOCSITCS K DTOU KaTe-
TOPU.

e [Ipenukar ”6bITH CTEMEHBIO NBOWKM® SBIISIETCS ApUPMETHUECKUM (XOTs
5TO W HE CTOJIb OYEBUIHO, KaK B IPENBIAYINNX IpuMepax). B camom me-
JIe, 5TO CBOMCTBO MOXKHO HepedOopMyInpoBaTh TaK: JTI000U NeJTuTes b JIu00
paBeH enuHUIlE, I100 JETEH.

[Tocmemuee 3 HAIMMX PacCyXOEHUA TOMUTCS NJIs CTETIEHEN TPOWKMW 1 BOOOITIE
I cTemeHen jo0oro mpoctoro umcia. OmHako yxke I CTeleHel JYeTBEPKU
OHO HE TPOXONUT, W, MOXKAJIYH, MBI MONOIIIN K TpaHuile, rme 6e3 HEKOTOPOTO
o0111er0 MeTona He OOONTUCH.

IBa HamboJee M3BECTHBHIX CIOCOOa MOKA3bIBATH apUMMETUIHOCTH OCHOBAHBI
Ha, BO3MOXKHOCTH ~ KOOUPOBAHNS KOHEUHBIX MHOXKECTB I IOC/IEI0BATEILHOCTEI.
Omun Bocxonut K ['énerio (Tak HaseiBaemas [S-dyukuus ['énemns), BTopoil u3io-
x)eH B kuure ” Teopus ¢popmanbabIX cucteM. Ké nanucan P. Cmannuan, nu3Bect-
HBII TakKKe KaK aBTOP IOMYJISIPHBIX COOPHUKOB ~JIOTMYECKUX 3a/lad’ U aHeK-
notoB. (OmuH 13 Takux COOPHUKOB MMeeT mapamokcasibHoe HasBanue " Kak xe
HA3BIBACTCS 9Ta KHUTA?).

B HeKOoTOpBIX OTHOIIEHUAX MeTon ['émesiss mpenmoYTuTe/TbHe, 1 MBI PaccKa-
3bIBaEM O HEM HUXKE, HO cemdac IS Pa3HooOpa3us pacCMOTPUM OPYTOR CIIOCOD.
SadukcupyeM B3alMHO OTHO3HAYHOE COOTBETCTBUE MEXY HATYPAJbHBIMU Y-
CJIaMU W TBOMYHBIMU CJIOBAMMU:

012 3 4 5 6 7 8
A 0O 100 01 10 11 000 001
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OTO COOTBETCTBUE 3aMaETCsI TaK: YTOOBI MOIYUUTH CJIOBO, COOTBETCTBYIOIIIEE
YUCIY N, HAO 3alucaTh n + 1 B IBOMYHOW CHCTEME U yOAJIUTH MEPBYIO €NIHU-
y. Hampumep, mymo coorBeTcTByeT mycrToe cioBo A, unciy 15 — cmoso 0000
u T.n. Tenepb MOXHO MOBOPUTH 00 apu(METUIHOCTH MPEIUKATOB, OIPEOCIEH-
HBIX Ha OBOMYHBIX CJIOBaX, UMesS B BUMOY apUOMETHIHOCTH COOTBETCTBYIOIINX
npenukaToB Ha N.

e [IpenukaT ”C/TOBO & COCTOUT W3 OMHUX HYJeH apudmerudeH. B camom
mesie, MPU Mepexone K YucjaM eMy COOTBETCTBYeT mpenukaT x + 1 ecTb
CTeNeHb MBOMKN | KOTOPBIN (KAK MBI BUIENN) apudMeTHIeH.

e [IpenukaT "cloBa r W Yy UMEIOT OOWHAKOBYIO HIWHY apudmeruueH. B
caMOM Jiejie, 3TO O3HAYaeT, YTO HANAETCS CTeNeHb IBOUKA ¢, MJIsT KOTOPOI
c—1< z,y < 2¢c — 1 (uMeHHO TaKOIl TPOMEXKYTOK 3AIOHIIOT YUCIIA,
KOTOPBIM COOTBETCTBYIOT CJIOBA OMHOM IJTUHEI).

e [Ipenukat ”cjI0BO 2z ABISIETCS KOHKATEHAIneil cjoB - u ” (mporre roBo-
psi, z TOJIy9YaeTcsl MPUINCHIBAHNEM Y CIIpaBa K CIOBY ) apuGMeTHYEH.
B camoMm mese, ero MOXKHO BBIPA3UTL TaK: HAMOETCA CIIOBO ¥y M3 OmHUX
HyJIell, UMelolee Ty Ke IJIMHY, 4TO U CJIOBO Yy, mpu dToM (z + 1) =
=(x+ 1) +1)+ (y —v) (ymuoxenue ma 3y’ + 1 coorsercTByeT mHO-
NUCHIBAHIIO HyJell, a nobasieHne y — ' 3aMeHseT HyJIn Ha OyKBBLI CJIOBA
y)-

e [IpenukaT ”cjI0BO T SBJISETCS HAaUaJIOM CjIoBa iy’ apudmeTndeH. B camom
mesie, 5TO O3HAYAET, UTO CYIIECTBYET CJIOBO {, TP KOTOPOM ¥ €CTh KOHKA-
TEHAIUS T U .

e To ke camoe BepHO NI IMPEOINKATOB ~ T €CThb KOHEIl CJIoBa Yy, "I eCThb
MOINCIOBO ¢jioBa ¢y~ (TOCTIemHee O3HAYALT, UTO HANMYTCS CIIOBA U U U, IJIs
KOTOPBIX Y €CTh KOHKATEHAINsI U, £ 1 V; KOHKATeHAIns TPEX CJIOB BhIPa-
3uMa Yepe3 KOHKATEHAINIO IBYX ).

e CymrecTByer apudMeTUIeCKnil TpEXMECTHBIN npenukat S(x, a,b) ¢ Taku-
Mu cBoiicTBaMu: (&) myst o0bIX a U b MHOXKeCTBO Sy, = {x | S(z,a,b)}
KOHEYHO; (6) cpenu MHOXKECTB Sg;, MIPH PA3INYHBIX Tapax @, b BCTPeUaoT-
cs BCe KOHEUHbIE MHOXKecTBa. Hampumep, B KauecTBe TaKOrO MpEeanKaTa,
MOKHO B3SITh ' ara eCTh TIOICIIOBO cjioBa b” (3MeCh ara eCTh KOHKATEHAIWS
TPEX CJIOB: @, T U CHOBA Q).

B camom merne, sicHO, UTO CJIOBO T HE JJTMHHEE CJIOBa b, M TIOTOMY MHO-
KECTBO S Beerna KoneaHo. C Opyroil CTOPOHBI, IIyCTh NMeEeTCsI HEKOTOPOe
KOHEYHOE MHOYXKECTBO CJIOB X1, . . . , Lp. Llomoxum a = 100. ..001, roe uucio
HyJIell OOJIBIIE JINHBI JTIOOOTO U3 CJOB T;, U b = ar1axsa . . . ax,a.

HOCJIeHHee YTBEPKICHUE HE YIIOMMNHaAECT ABHO O CJIOBaX, 1 OOJIbIIIE OHU HaM
He IIOHaJ00ITCsI: JOCTATOYHO 3HaThb, YTO KOHE€YHBIC MHOXKCCTBa HaTypPaJbHBIX
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qncesl MOXKHO KONUPOBATH MapaMi HATYPaJbHBIX YUCET B OMUCAHHOM CMBICTIE.

Temeps MBI MOXKEM BBIPA3UTH, UTO UMUCIO & SBJISETCS CTEMEHBIO uncia 4,
CJICIYIOITIM 00pa30M: CYIIIeCTByeT KOHEUHOEe MHOXKeCcTBO U, KOTOpPO€e COMEPKUT
qnCio T U o0amaeT TaKMM CBOMCTBOM: BCIKUH 3jeMeHT u € U mmbo pasen 1,
mubo nemurces Ha 4 u u/4 Takxke npuramexut U. Teneps HAO Be3ne 3aMEHUTH
MHO)ecTBO U Ha ero Kom uj, ug, a yreep:xknenue x € U wa S(x,u1,us), rme S —
MIOCTPOEHHBI HAMU KONUPYIOMINI IPEOnKaT.

HeMHOTO cliozkHee BEIPA3WTh OBYMECTHEIN npemmkaT ¢ = 4. 3meck mHaM xo-

TeJIoch OBl CKa3aTh TaK: CYLIECTBYET IOCIENOBATEIBHOCTD X(, L1, . . ., Tk, I
KOTOpOUl Ty = 1, KaXOBI CHEMYIONINN YjleH BUeTBEPO OOJIbIlle TpenbIaylile-
ro (zj11 = 4w;) u xp = x. Kak HayunThCs TOBOPUTH O TOCIENOBATEIHHO-

CTSX, €CIIM MBI yMEEM TOBOPUTH O MHOXKeCTBax! BCHmoMHEMM, 9TO B TepMu-
HAX TEOPUEU MHOXKECTB MOCIIENOBATEIBLHOCTL €CTh (DYHKIIUSA, ONpeNneéHHas Ha
HAYAJIBHOM OTPE3Ke HATYDAJBHOIO PAMa, TO €CTh KOHEUHOEe MHOXKECTBO Iap
{{0, z¢), (1, 1), ..., (k,z)}. Ilapsr mMoxkHO KOomumpoBaTh umnciamu. Hampumep,
MOKHO CUHTATh KOIOM Taphl (x,y) uucio ¢ = (z + y)? + &, HOCKOIbKY O HeMy
apudMeTHIeCK BOCCTAHABIUBACTCA & + Y (Kak HamboJIbIlee JIUCIIO, KBAaIpaT
KOTOPOTO He TIPEBOCXOMUT C), a 3aTeM T 1 Y. Temnepb KOHEUHOe MHOKECTBO Iap
MOYXKHO 3aMEHHTH KOHEUHBIM MHOXKECTBOM HX KOIOB, KOTOPOE B CBOK OY€PElb
MOXKHO 3aKOMUPOBATE MAPOM YUCE]L.

3AIDAYA 146. Ilposedume amo paccyxrcdenue nodpobro.

. M 1 b N-
SAIAYA 147. Iokaxcume, wmo dsymecmuwviti npedukam “xr ecmb n-oe no
nopAdky npocmoe wucao’ apudmemuuen.

§5. HeBnIpa3sumble IpeqnKaThl: aBTOMOPHI3MBI

MBI BImenm, Kax MOXKHO JOKA3aTh BEIPA3MMOCTb HEKOTOPEIX cBoitcTB. Celrgac
MBI TIOKAaXKeM, KAKM 00pa30M MOXKHO IOKA3BIBATH HEBLIPA3ZUMOCTE.

Hauném ¢ Takoro mpumepa. IlycTh curmaTypa COOEpXKHUT ABYMECTHBI IIPe-
IUKAT PABEHCTBA (=) U OBYMECTHYIO omeparmio ciioxenus (+). Pacemorpum eé
MHTEPIPETAINIO, HOCUTEIEM KOTOPOIl SBJISIOTCA IEIbIe YUCia, & PABEHCTBO U
CIIO2KCHIE MHTEPIPETUPYIOTCA CTaHIAPTHLIM 00pa3oM. OKa3bIBAeTCs, 9TO Ipe-
IUKAT & > Y He SIBJIACTCS BLIPA3AMBIM.

[IprunHa OYeBUOHA: ¢ TOYKN 3PCHUS CIIOXKEHUS IeJIble 9ICa YCTPOCHBI CAM-
METPHYHO, HOJIOKATEILHEIE HITUEM He OTIMYAIOTCS OT OTPUIATEILHBEIX. Femm
MBI I3MEHIM 3HAK Y BCEX IMIEPEMEHHBIX, BXOMAIINX B (POPMYILY, TO €€ ICTHHHOCTD
He MOXKeT m3MeHuThes. Ho mpu sToMm 2 > y 3aMeHnTCs Ha & < ¢, U TIOTOMY 5TO
CBOWICTBO HE SBJISCTCS BBIPA3IMBIM.
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PopMasIbHO TOBOPSI, HANO NOKA3LIBATH M0 MHIYKINHI TAKOE CBOWCTBO: €CIIN
dbopmyna ¢ yKazaHHOW CUTHATYPHI NCTUHHA IIPU OIIEHKE 7, TO OHA UCTUHHA U
IIpU OIIEHKe 7', B KOTOPOIl 3HAYEHUS BCEX TePeMEeHHbIX MeHsoT 3HaK. ([Tompo6Ho
MBI OOBSICHUM 5TO B OOIIIEH CHTYyaluu AaJiblile. )

Chopmynupyem oOIIIyI0 cxeMy, KOTOPOU ClIlemyeT 3TO paccyxnenue. [IycTb
UMeeTCsI HEeKOTOpas CUTHATypa ¢ W WHTepIpeTalus 3TON CUTHATYDPHI, HOCHU-
TeJleM KOTOPOU sBiseTcs MHOX)ecTBO M. BzamMHO omHO3HATHOE OTOOpaXKeHu!e
a: M — M Ha3bBaeTCs a8MomopPu3dmom THTEPIPETAINN, €CITH BCe PYHKIIIHT
U TPEOUKATHI, BXOMSIIINE B MHTEPIIPETAINIO, YCTONUYNBEI OTHOCUTENTBHO (. [Ipm
TOM k-MECTHBI TpenuKaT P Ha3bIBAeTCSI YCmouuusbim OTHOCUTETILHO (v, €CIIN

P(a(my),...,a(my)) < P(my,...,my)

IJIS JTFOOBIX DJIEMEHTOB My, ..., My € M. AHajgormganiM o6pasoMm k-MecTHas
dbyuknusa [ Ha3bIBAETCS YCmotiuueot OTHOCUTEIBHO (v, €CIIn

fla(my),...,a(my)) = a(f(my,...,myg)).

OTo ompenenenne 0000ITAET CTAHOAPTHOE OIpeneseHrne aBTOMOpPdU3Ma, s
CPYII, KOJIell, HoJie U T. O.

TEOPEMA 37. Ilpedukam, evipazumbiti 6 0anmotl UHMEPNPEMAUUL, YCMOTU-
YUB OMHOCUMEALHO EE ABMOMOPPHUIMOE.

Noka3zarenscTBo. [IpoBeném mokas’aTeabCTBO 9TOTO (IOCTATOTHO OYEBUIHO-
r0) YTBEPKIEHUS POPMAIIBLHO.

[Iycts m — HEKOTOpAas OIeHKa, TO €CTh 0OTOOPaKeHWe, CTaBsIee B COOTBET-
CTBUE BCEM WHIVBUIHBIM ITIEPEMEHHBIM HEKOTOPBIE BJIEMEHTHI HOcUTeasd. Hepes
« o T 0003HAYUM OIIEHKY, KOTOpas MOJIYUUTCS, €CIN K 3HAUCHUIO KaXKIIOW mepe-
MEHHOI TIPUMEHUTH 0ToOpaykenue «v; npyrumu ciaosamu, a o (&) = a(w(§)) mus
10001 TTIepeMeHHO &.

[lepBEIil mIAr cOCTOUT B TOM, YTOOBI MHOYKIIMEH IO MMOCTPOEHUIO TepMa t
TOKa3aTh TaKOe YTBEPXKIEHNE: 3HAUeHe TepMa ¢ TP OIEHKE (v O 7T TIOJTYJaeTCs
NPpUMEHEHUEM (¢ K 3HAUYEHUIO TepMa | IIPU OIeHKE 7T:

[](aom) = a([t](x)).
s mepeMeHHBIX 3TO OYEBUMIHO, & MIAT WHOYKIINNW WCIOIb3YyeT YCTONUYMBOCTH
BCeX (PyHKIIUUN MHTEPIPETAINN OTHOCUTEIIBHO (.
Temeps MHOYKITEN TTO TOCTPOEHUIO POPMYJIBI (0 JIETKO MOKA3aTh TAKOE YTBEP-
XKIEHUE:

[el(avom) = [p] ().
Mgbr He OymeM BBITUCHLIBATH DTy MPOBEPKY; CKaXKeM JINIIb, YTO B3aUMHAS OIHO-
3HAYHOCTB (v UCTIOIIB3YeTCsI, KOTa Mbl pasbupaeM ciryuaii KBaHTOpoB. (B camom
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neJjie, eCIU C OTHON CTOPOHBI M30MOpdu3Ma OepETCS KAKON-TO OOBEKT, TO B3aNM-
Hasi OMHO3HAYHOCTH MO3BOJISET B3SITh COOTBETCTBYIOIIUN €My OOBEKT C NPYTron
CTOPOHBI U30MOPHU3MA. ) O

Teopema 37 mO3BOMIIET MOKa3aTh HEBHIPA3UMOCTH KAKOTO-TO MPENUKATA,
IpenbsiBUB aBTOMOPGU3M HMHTepIpeTalui, OTHOCUTEIBHO KOTOPOTO WHTEpe-
CYIOIINI HAC TMPENNKAT HEYCTONUMB. BOT HECKOTBKO TPUMEPOB:

e (Z,=, <) Curmatypa ComepKuT PABEHCTBO U OTHOIIEHKE mopsinka. VHTep-
mpeTaus: mensle uncia. HeBbipasumerit mpenukat: © = 0. ABToMOpdu3Mm:
x— x4+ 1

e (Q,=, <, +) Curnarypa conepKuT paBeHCTBO, OTHOIIIEHNE TIOPSIIKA U OTle-
pamuio cioxenus. VIHTeppeTamnus: parmoHajibHbIe Yncia. HeBerpasnMbIit
npenukaT: £ = 1. ABTroMopdusm: x — 2.

3aMeTuM, 9TO CJIOXKEHUE TTO3BOJIIeT BhIpa3uTh npenukat r = 0. Kpome
TOTO, OTMETUM, UTO BMECTO PAIMOHAIILHBIX YNCENT MOXKHO B3SITh JIENCTBU-
TeJIbHBIE (HO He IeIble, TaK KaK B 9TOM CJIyYae e[INHUIA OMMCHIBACTCS KaK
HAMMEHbIIIee ICII0, OOIIbIee HyJIs).

e (R,=,<,0,1) Curaarypa comep:KUT PaBEHCTBO, MOPSIIOK U KOHCTAHTHL ()
n 1. UaTepnperamnus: neiicTBUTEIbHBIE YnciIa. HeBBIpa3UMBI TPEOUKAT:
r = 1/2. (ABTOMOpPOU3M YHIOPSIOUEHHOTO MHOXKeCTBa R, coxpasstorimit ()
u 1, Ho He 1/2, MOCTPOUTH JIETKO. )

e (R,=,+,0,1) Curaarypa comepxKUT PABEHCTBO, CIOXKEHUE, KOHCTAHTHL ()
u 1. UaTepnperarnus: meficTBuTeNbHbIE ducia. OMHOMECTHBI MPEOUKAT
X = 7y BBIPA3UM [JI PAIlUOHAJBHBIX Y W HEBBIPA3UM JI UPPAIUOHATIb-
HBIX 7.

B camom nere, BRIPa3nMOCTh OIS PAITMOHAIBHBIX 7Y oueBunHa. HeBbipa-
3UMOCTD [JIsl UPPAIMOHAIBHBIX 7Y CJeayeT U3 TOTO, YTO IJIS JIIOOBIX NBYX
IPPAIMOHAITBHBIX Y] W Yo CYIIIECTBYET aBTOMOPGU3M, MEPEBOMAIINN Y1
B V2. (B camom meme, paccmorpum R kak GECKOHETHOMEPHOE BEKTOPHOE
npoctpancTBo HaO Q. BexTopsr 1,7, TUHENHO HE3aBUCUMBI U TTOTOMY WX
MOKHO JIOTIOJTHUTD 10 6asuca ['amestst (ToqpoGHOCTH CMOTPY B KHUXKKE TI0
reopun MHOKecTB [1]). Cremaem To ke camoe ¢ BekTopamu 1, 9. [lomyaat-
¢s1 PABHOMOIIIHEIE 0a3UChI, TOCIe 4ero Mbl OepéM Q-ImHenHBI onepaTop,
nepeBomsaimit 1 B 1 u y1 B 7s.)

o (C,=,+,x,0,1) B curmarypy BXOmST TpEOUKAT PABEHCTBA, OMEPAIMN
CTIOXKEHUS U YMHOXKEHU, a Takxke KoHcTaHThI 0 u 1. UaTepnperarus: KoM-
nJIeKCHBbIe gucia. [Ipequkat r = vy, Te 7 — HEKOTOpOe KOMIIJIEKCHOE Yn-
CJI0, BBIPpA3UM JJId PAIMOHAIBHBIX Y U HEBBIPA3UM IJISI UPPAIMOHAILHBIX
y.

B camom merte, ecnu vy mpparmoHaJIbHO, TO OHO MOXKeT ObITH ajirebpa-
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MIEeCKUM UM TPAHCIEHIEHTHLIM. B mepBoM ciiydae paccMOTPUM MHOTO-
wiien u3 Q[z] MunnManbHOM cTenenn, obparaommuiics 8 0 B TOUke y; HO
MIPENTIOJIOKEHNIO OH UMeeT CTeleHb 00JbIlle 1 1 TOTOMYy UMeeT APYToil KO-
penb 7. B anrebpe mokaswiBaeTcs, uTo cyirecTByeT aroMopdusm C Han
Q, mepeBomsiuit v B Y.

B cnyuae TpaHCHEHOEHTHOTO 7Y MBI UCIOIB3yeM TaKO! (HakKT: IS JTIO-
OBIX TPAHCIEHIEHTHBIX 71, V2 € C cymiecTByeT aBToMopdusm mons C man
Q, KOTOpBI IEPEBOMUT Y1 B 2.

Otmetum, uto st mosst R Bmecto C Takoe paccyxkeHne He TPOXOIUT,
Tak KakK 5TO IOJie He MMeeT HeTPUBUAILHBIX aBTOMOpdu3MoB. (OTHOIIE-
HIE TIOPSIOKA BBIPA3UMO: MIOJIOKUTEIbHBIE YUCIIa CYTh KBaAPaThl, TO3TOMY
0001 aBTOMOPGU3M coxpaHsgeT Mopsnok. [lockonbky aBTOMOpPdU3M OcTa-
BJISIeT Ha MeCTe BCe palllOHAJIbHbBIE UNCiia, OH NOJIKEeH ObITh TOXKIECTBEH-
HBIM. )

(B sToM ciyuae mpemmkaT x = 7 BBIpA3sUM TOTOA U TOJBKO TOTIA,
KOTZIa 7y — aJrebpamdeckoe JImcio. )

3AIAYA 148. Iloxaxcume, umo npeduxam y = x + 1 nesvipasum 8 unwmep-
npemavyuu (Z,=, f), ede f — odnomecmuag Pynryug x — (z + 2).

SAIAYA 149. Iokaxcume, ymo npedukam r = 2 HEBLIPAZUM 8 MHOWCECTNEE
YEABIT TMOAOHCUMEALHBIT UUCEA C NPEIUKAmMamy pasencmea u "x deaum y”.



TITABA VI

N caucienune IIpeanKaToB

§1. O6ie3sHaunmbie GOpPMYJIBI

Ucuncnenne BrickaspiBanuil (riasa 1V) m03BOMISIIO BEIBOOUTE BCE TABTOIIO-
TUM U3 HEKOTOPOTO HAabOpa GA3UCHBIX TABTOJOTHWl (HA3BAHHBIX AKCHOMAMIE) C
TIOMOIIIBIO HEKOTOPBIX MPABUIT BEIBOMA (Ha CAMOM IeJie eINHCTBEHHOTO TPaBUIIa,
modus ponens). Ceiiuac MBI XOTUM PEIIUThL AHAJOTUYHYIO 3amady s (Hop-
My epBoro mopsiaka. CooOTBETCTBYIOIIEE UCUNCIICHIE HAZBIBACTCS UCUUCAEHU-
em npeduramos.

[IycTts dukcupoBaHa HEKOTOpas cUTHaTypa o. PopMmyna ¢ 5TOH CUTHATYPEI
(BO3MOXKHO, ¢ TapaMeTpaMu) HA3BLIBAETCS 06We3HAUUMOT, €CITN OHA MCTUHHA B
JTI000N MHTEPNPEeTAIINN CUTHATYPHI 0 Ha JTIIOO0U OIleHKE.

O6rmiesaaunMbie GOPMYIIBI B JIOTHKE IPEOUKATOB UTPAIOT TY K€ POJb, UTO
TaBTOJIOTUN B JIOTWKE BHICKA3bIBaHWN. Mexmy HuMu ecTh n (hOpMaJTbHAS CBSI3b:
€CIIN B3STh JII00YI0 TaBTOJIOTUIO U BMECTO BXOMSIINX B HEE IPONO3NITNOHATIBHBIX
IepeMEeHHBIX MONCTABUTH IPOU3BOIbHBIE (HOPMYIIBI CUTHATYPHI 0, HOJTYUYUTCS 00-
me3HaunMas GopMyiia. B camMoMm mene, MycTh €CTh HEKOTOPas WHTEPITPETAIINAS
CUTHATYPBL 0 U HEKOTOPas OIEHKA (TO eCTh (DUKCHPOBAHBI 3HAUEHUS WHIUBUI-
HBIX IepeMeHHbIX ). Torma Kaxmas u3 moICTaBIeHHBIX (OPMYIT CTAHET UCTUHHOM
WU JIOXKHOU, & 3HaYeHUe BCell (POPMYJIIBL OIPENesIsieTCsl ¢ TOMOIIBI0 TabInIl UC-
TUHHOCTH [IJIs1 JIOTUYECKUX CBSI30K, TO €CTh IO TEM Ke IIPaBUJIaM, YTO B JIOTUKE
BBICKA3bIBAHUI.

Konreuno, 661BatoT 1 mpyrue oo1e3HaInMblie OPMYIIBI, HE SBITSIONIAECST JACT-
HBIM CJIyYJasMU TIPOIMO3UITNOHAIBHBIX TaBTosIoruii. Hampumep, dopmyna

Vo A(z) — JyA(y)

obIe3HaunMa (371eCh CYIIIECTBEHHO, UTO HOCUTENH JIIOO0N MHTEPIPETAIINN He-
myct). Ipyrue npumMepst obiesHaunMbix GopmMyst (BO BTOPOM CIIyUae ¢ — Mpo-
U3BOJIbHAS (DOPMYJIA):

JyVa B(x,y) — YV Iy B(x,y), =V —p — Jx .

3AOAYA 150. Bydem au obwesnavuma dopmyaa
(a) Vz Iy B(z,y) — JyVa B(z,y);
(6) ~Va 3y B(z,y) — 3ay Bz, y)?

116
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Mmuorue Bompoch! MOXKHO c(hOPMYITPOBATH KaK BOIIPOCHI 00 OOITIE3HAUMMOCTT
HEKOTOPBIX popmyn. Hampumep, MOXKHO 3ammcaTh CBONCTBa pedIeKCUBHOCTH,
TPAH3UTUBHOCTU U AHTUCUMMETPUIHOCTE B Bume ¢opmyt R, T'u A curuaTypsr
(=, <) u 3aTeM HamucaThb HOPMYITY

RATNA— JzVy((y<x)V(y=21)).

OO6I111e3HaYNMOCTE 3TOI GOPMYJIILI O3HAUA A ObI, UTO JII000e JTUMHEHHO YIIOPSIO-
YeHHOE MHOXKECTBO NMeeT HanOOJIBIITNNA JIEMEHT, TaK UTO OHA He OOITIe3HATNMA.

3AnAYA 151. Hanuwume gopmyavy R, T, A u nposeppme, umo npusedén-
HAT HAMU POPMYAG HE 00ULL3HAUUME, TOMI UCTNUHHG 80 BCEL KOHEUHBIL UM-
MePnPemayuAL.

3ANAYA 152. Uzsecmno, wmo Gopmysa ucmurka 60 BCEX KOHEUHHIT U
cuémublr unmepnpemayugr. Moxicno au u3 3mo20 3aKA0UUMDb, YMO 0Ha 00-
wesnauuma? (Yrazanue: socnoav3yimecs meopemots Jeseneeima— Croasema
00 saemenmaproti nodmodeau.)

IlBe dopmyinbl ¢ u ¢ (¢ mapamerpaMu win 6€3) HA3BIBAIOTCS IKEUBAAEHT-
HblMU, €CITA B JTIOOON MHTEPIpeTAllud 1 Ha JTI000N OIleHKe, Ha KOTOPOU UCTUHHA
ONHA U3 HUX, UICTUHHA U OPyTas. DTO Ompene/ieHrne PaBHOCUIEHO TaKOMY: (hop-
MyJIa (o <> 1 OOIle3HAUNMa. 30eCh, HATIOMHUM, ¢ < 1) €CTh COKPAIIIeHUe I
((p = &) A& = ).

O6111e3HAYNMOCTD 10001 (HOPMYJIBI (0 OUEBUIHO PABHOCUIBHA OOITIE3HATIMO-
CTU €€ 3amMblkaHUg — POPMYJIIbI, KOTOPas MOJIYIUTCS, €CJIU CIEBA K Y MIPUITUCATD
KBaHTOPHI BCEOOITTHOCTH TI0 BCEM ITapaMeTpPaM.

IBoricTBEHHOE K OOIIE3HAYNMOCTH MMOHATHE — BBITIOTHUMOCTE. PopMya Ha-
3BIBAETCS 6bINOAHUMOU, €CTITA OHA UCTUHHA B HEKOTOPOUW MHTEPIpEeTAlun Ha He-
KoTopoint orerke. OueBunHO, hopmyia ¢ OOIIe3HAUNMa TOTOA W TOJIBKO TOTMA,
Korna (popMmysa — He SIBISETCS BBIITOTHAMOIL.

3ADAYA 153. 3axonuume ymeepacdenue: 8bINOAHUMOCTID HOPMYAbL C NAPA-
MEMPAMU PABHOCUALHA BLINOAHUMOCTIU 3AMKHYMOU OPMYAbL, KOMODAT NOAY-
YUMCA, eCAl. . .

YT00OBI MPOBEPUTD, SBIIAETCS T (POPMYJIa TaBTOJIOTHEN, TOCTATOYHO ITOACTa~
BUTH B HEE BCE BO3MOXKHBIE HAOOPHI 3HAUECHUH ITEPEMEHHBIX. XOTs 9TOT IPOIIECC
MOKET OBITH HA TPAKTUKE HEBBIMOJIHUM (HAGOPOB CIIMIIIKOM MHOTO), TEOPETHU-
YeCcK MBI IMeeM IIPOCTON aJITOPUTM MPOBEPKU, ABIsSeTCS U (hopMysia TaBTO-
goruent. s obmiesHaunMbIX GOPMYJ B OOIIIEM ciIydae TaKOro aJropuTMa He
cymecTByeT (Teopema Yépua; eé mokazaTenbCTBO MOXKHO MpoUecTh B [3]); oH
€CTh TOJILKO IJIs OYeHb OT'PAaHUYEHHBIX KJ1accoB dopmyit. Hampumep, ecimu cur-
HATypa CONEPXKUT TOJBKO HyJIbMECTHBIE TIPEeNUKATHBIE CUMBOJIBI, TO 3a1a4a 110
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CYIIIECTBY CBONUTCS K TIPOBEPKE TABTOJOTMYHOCTU (B HTOM CJIyUuae KBAHTOPBI
dukTuBHLL). Yy Th Gomee croxeH ciIydail ¢ OMHOMECTHBIMI IPEINKATAMI.

3ADAYA 154. Ilyemy cuenamypa o codeparcum moabko 00HOMECTIHBLE Npe-
duxkambl. oxaxcume, umo 6CAKAT BLINOANHUMAT HOPMYAG IMOT CUSHAMYPDL,
CO0ePHCAULAT N PASAUUHBLE NPEIUKAMOB, BLINOAHUMA 8 HEKOMOPOU KOHEUHOT
urnmepnpemayuu, codepacaueti ne 6oaee 2" snemenmos. Kax ucnoab3osamo
amom paxm 04d aa20PpUMMUUECKOT NPOBEPKY BLINOAHUMOCTY HOPMYA MAKOU
cuernamypvl?

§2. AKcmoMbI M TIpaBWJIa BHEIBOLA

BosBpaTumcs K Hallleln 3amade: Kake akKCHOMBI 1 TTPABUJIa BHIBOAA HAM HY K-
HBI, YTOOBI MTOJIYYUTH BCE OOIIe3HAaUNMbIE (DOPMYIIBI HEKOTOPOW CUTHATYPHI O 7
EcrecTBenHO ncmonb3oBaTh Bee cxeMbl akcuoM (1) —(11) ucunciierust BBICKA3bI-
Bauuit (pasmen 1), Ho TosbKO BMecTO 6ykB A, B u C' Tenepsb MOXKHO MOACTABIISATH
MIPOM3BOJIBHBIE (DOPMYJIIBI CUTHATYPHI 0. TeopeMa 0 TIOTHOTE UCUNCIIEHNS BBICKA-
3BIBAHUI TapaHTUPYET, UTO IIOC/IE 3TOTO MbI CMOXKEM BBIBECTHU JTIOOON YaCTHBIN
citygait Jiro00# POMO3UITNOHAIILHON TaBTOIOrnn (TO eCTh JTI00YI0 (hOpMYITy, KO-
TOpasl MOJIy4YaeTCs U3 MPONO3UIIMOHAIIBHON TABTOJIOTUHU 3aMEHOU IPOMO3UIINO-
HAJIBHBIX MTePEMEHHBIX Ha (HOPMYJIbI CUTHATYDPHI o). B camom mene, BO3bMEM
BBIBOI[ DTOIl TABTOJOTUN B UCUUCIEHUN BBICKA3BIBAHUE (KOTOPOE, KAK MBI 3HA-
eM, TOJTHO) U BBIMOJIHUM COOTBETCTBYIOIIYIO 3aMEHY BO BCEX (HOPMYIIAX STOrO
BBIBOIIA.

[Toutn cTOMB XKe MPOCTO MOHSATH, UTO HUYErO OPYrOoro TakuWe aKCUOMBI He
DAy T: €CIIU MOIB30BATHCS MU cxeMamu akcnoM (1) —(11), paspemras 6paTs B
HuX B KadecTBe A, B, C' mpou3BombHbBIE (DOPMYIIBI CUTHATYPHI 0, & B KAUECTBE
MpaBUJIa BBIBOAA MCIOJIB30BATH Modus ponens, TO BCe BBIBOOUMBIE (POPMYITHI
OyIyT JaCTHBIMIU CIIydasMU ITPOMO3UIINOHAILHBEIX TaBTONOruil. B camom mere,
eclm Kakas-To noadopMmysia HAUNHAETCS ¢ KBAHTOPA, TO B BBIBOOE OHA MOXKET
BCTPEUYATHCS TOJIBKO KaK €INHOE [esIoe, TO eCTh Takas nondopMmysia BeOeT ceds
KaK IIPOINO3ULINOHAIbHAS ITIepEMEeHHAasI.

3AIDAYA 155. Ilposedume amo paccyxcdenue axkypammo.

OTO HaAOIIOIEHNE CKOpee TPUBUAIILHO, YeM yYIOUBUTEILHO — €CIIH CPEeIu Ha-
IIIX aKCUMOM 1 MPaBUJI BBIBOAA HET HUYETO O CMBICIIE KBAHTOPOB, TO (POPMYJIHI,
HAUMHAIOIINECS ¢ KBAHTOPOB, OyIyT BecTu ceOs KaK HemeauMmblie OJI0KU. TaxuMm
0obpa3oM, HaM HYKHBI aKCIOMBI U TIPaBUJIa BBIBOA, OTPaKaIoIIne NHTYUTUBHBIN
CMBICJT KBAHTOPOB.

BcmmoMHNIM, Kak BBITJISIEIN aKCHOMBI HCUNCIEHUS BHICKA3bLIBAHUI. Y HAC OBI-
JIO IBa TUIIA aKCUOM JIs1 KOHBIOHKIINU U MU3BIOHKIINNA: OMHU TOBOPUJIU, UTO U3
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HUX crenyeT (Hampumep, u3 A A B cienoBano B), a mpyrue — Kak X MOXK-
HO nokas3aTh (Hampumep, akcuoma (A — (B — (A A B))) rosopuia, 9To Ijist
nokaszarenbcTBa (A A B) Hano nokaszats A u B). KBanTopsl BceoGIHoCTH 1 Cy-
IIIECTBOBAHUS B HEKOTOPOM CMBIC/IE aHAJIOTUYHBI KOHBIOHKITUN U MU3BIOHKIINNT,
7 aKCHOMBI IJIT HUX TOXe OymyT moxoxumu. Hampumep, cpenu akcuom OymeT
dopmya
Vo A(z) — A(t),

roe A — OMHOMECTHBIN MPEOUKATHBIA CHMBOJI HAIIEH CUTHATYPHI, & t — KOH-
CTaHTa, mepeMeHHas win Booobire 060t Tepm. (Ecmu A BepHO miis Bcex x, TO
OHO MOJIXKHO OBITH BEPHO U JIJI HAIIETO KOHKpeTHOTO t. MOXHO cKka3aTh 1 Tak:
u3 " GECKOHEUHO KOHBIOHKINN® BeeX A(Z) BBITEKAET ONUH U3 eé UJIEHOB. )

Koneuno, Takyo akcmoMy HAOO UMETH He TOJIBKO IJIS OMHOMECTHOTO IIPEIu-
KaTHOTO cuMBojia A, HO 11 110601 (hOPMYIIBI 0, JTI000M TIepeMeHHOn & 1 JTF060T0
Tepma t. FcTecTBeHHO cKa3zaTh, 9TO eciau ¢ — mdobas popmyita, a t — 1000
TEepM, TO GopMyIia

VE o — p(t/€),

rme @(t/€) obo3HAUAET PE3yNIbTAT MONCTAHOBKU ¢ BMECTO BCEX BXOXKICHUN TIe-
peMeHHOI & B hopMyIty , saBiseTcs akcuomMoit. (3amuck ¢(t/€) MoKHO unTaTh
Kax "¢ oT T9 BMECTO KCu' . )

K coxanenuto, Bcé He Tak nmpocto. Hampumep, eciu ¢popMmyita ¢ uMeeT BUI

A(z) A Jz B(x, z),
TO moncTaHoBKa TepMa f(y) BMecTo o macT abCypaHOe BhIDasKeHUe

A(f(y) AN 3f(y) B(f(y), f(y)),

BOOOIIIE HE sBIIsttolieecst hopmysioit. A eciu mofcTaBuTh f(y) TonbKo BHyTpu A
u B, TO MOIyYnTCs BHIPAKEHUE

A(f(y)) A3e B(f(y), [(y),

KOTOPOEe XOTs u OyneT GopMyJIol, HO UMeeT COBCEM HE TOT CMBICI, KOTOPBI HAM
HYXKeH.

Koneuno, B MaHHOM Cilydae 10 CMBICITY SICHO, UTO HONCTaBiaATh f(y) Hamo
JIUIIIb BMECTO CAMOTO IIEPBOTO BXOXKIEHUs IepemeHHOn x. Ho eciam MBI XOoTUM
onpenennTh GOPMaAJIbHYIO CHCTEMY aKCHUOM U MPaBWI BBIBOIA, TO HAMIO OATh
dopmabHBIE OIIPENEIICHNS.

I71st KaXXKmoro KBaHToOpa B (DOPMYJIe PACCMOTPUM €ro 004acmb detlicmeusd —
HAUYMHAIOIIYIOCS ¢ Hero mondopmyity. Ce80000nbim 6T0d#cJeHueM THIUBUITHON TIe-
peMeHHOI B JOPMYJIIYy Ha3bIBAeTCs BXOXKIEHUE, He Moangallee B 00/1acTh Ieu-
CTBUsI OMHOMMEHHOTO KBaHTOpPAa. JIerko MOHATH, UYTO HTO OHpEeNeIeHUE MOYKHO
nepeopMyInpOBaTh NHIYKTUBHO:
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e j11000€ BXOXKOEHNE MEPEMEHHON B TEPM CBOOOIHO;

® CBOOOOHBIE BXOXKIECHUS IIEPEMEHHOU B (DOPMYILY O SBIISIOTCS €€ CBOOOIHBI-
MU BXOXKOEHUSIMHI B GOPMYILYy —;

e CBOOOMHBIE BXOXKIEHUS JTIOOOI TIEPEMEHHOI B OMHY U3 (DOPMYIT © U 1) SIBIIS-
FOTCSI CBOOOMHBIMU BXOXKIEHUAME B (p A1), (¢ V ¥) u (p — ¢);

e nepeMeHHas & He mMeeT CBOOOMHBIX BXOXKIEHUN B opmyitel VE ¢ m € ¢;
CBOOOMIHBIE BXOXKOEHMUS OCTAJIBHBIX IIEPEMEHHBIX B (0 SIBJISIIOTCSI CBOOOTHBI-
MU BXOXIEHUSMU B 3TU OBE (HOPMYIILI.

CpaBHUBasL 5TO ONpefleNieHNe ¢ MHIYKTUBHBIM OIPEIeIeHIeM IapaMeTpOB
dopMyIIBL B pasmerne 2, Mbl BUAUM, 9TO MapaMeTPhl — 5TO IePEMEHHBIE, MMEeIo-
1me CBOOOMHbIE BXOXKIEHUS B (HOPMYILY.

BXOXIeHus epeMeHHOl, He SBILIOIMEC CBOOOMHBIMU (B TOM YUCTIE CTOSI-
e PsAOOM ¢ KBAHTOPOM) HA3BIBAIOT C643aMHbLMu. Hampumep, mepemeHnas x
UMeeT OIHO CBOOOMHOE U TPU CBSI3aHHBIX BXOXKHeHUs B Gopmyny A(z) A Iz
B(z,x).

Tenepb MOXKHO BHECTHU MONPABKY B CKA3aHHOE BBIIIE U CIUTATH, UTO AKCHO-
MaMU SBJISIOTCS (POPMYIIBI

VE @ — p(t/€),

rie ¢(t/€) ecTb pPe3yIbTAT MONCTAHOBKY ¢ BMECTO BCEX CBOOOMHBIX BXOXKIICHUI
nepemennoit £. OmHAKO TAKOI OIOBOPKHU HEIOCTATOYHO, KAK IOKA3BIBACT CIICILY-
IOILUY TPUMeED.

[Moncrasnsist f(y) Bmecto = B hopmyiy Vz B(x, z), Mbl moiaydaeM (B HOIHOM
cornacuu ¢ Hameir naTyunueir) dopmyiny Vz B(f(y), z). Tenepb paccmorpum
dbopmyny Vy B(x,y), kotopast oTiuuaercs or Vz B(x, z) nuis uMeHeM CBsi3aH-
HOI ITIePEeMEHHON 11 NO/KHA IMETh TOT Ke CMBICT. IlepeMennas @ B Hell HO-IIpex-
HeMy CBOOOmHA, HO moncTanoBka f(y) BMecto x maét dopmyny Yy B(f(y),y)),
B KOTOpOI f(y) HeOXUmaHHO miis cebs TomamaeT B 00JIaCTh NeCTBUS KBAHTOPA
o y. Taxoe siBIeHNE NHOTIA HA3LIBAIOT KOAAU3UET NEPEMEHHbIL; TIPU STOM IIOM-
CTAHOBKA MaéT (POPMYILY, IMEIOIIYIO COBCEM HE TOT CMBICH, KAKOU MBI XOTEJIN.

3ANAYA 156. IIpusedume npumep gopmyavt suda Y& @ — p(t/€), 6 womo-
Potl MPOUCTOOUM KOAAUSUT NEPEMEHHDIT U KOMOPAL He A6AIEMCI 0OUe3HAUU-
mot. (Omeem: YV Iy A(z,y) — JyA(y,v).)

[TosToMy HaM IPUOETCS TPUHATH €I1IE OOHY MEPY TPEIOCTOPOKHOCTH U GHOp-
MaJIbHO OIPENeINTh MOHITHE Koppekmrot TMONCTAHOBKI TepMa BMECTO Ilepe-
MeHHOI. MBI 6yZieM TOBOPUTH, UTO MOICTAHOBKA TepMa ¢ BMECTO MEPEMEHHON &
KOPPEKTHA, €CJIN B MPOLECCe TEKCTYaJIbHOM 3aMeHBI BCEX CBOOOIHBIX BXOXKIIE-
HUH TIepeMeHHol & Ha TepM t HUKakas IepeMeHHas u3 ¢ He monagaeT B 00J1acTh
TENCTBUS OMHOMMEHHOTO KBaHTOPA.
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[TemaHTUYIHBIT YnTATETH MOT OBI IOMMPOCUTH MOKA3aTh, YTO PE3YIILTAT TAKON
MONCTAHOBKY OymeT hOpPMYJIONi. DTO MPOIIE BCETO COeNIATh TaK: HaTh MHIYKTUB-
HOe OIpenesieHrne KOPPEKTHON MTOACTAHOBKY, PABHOCUIBHOE MCXOMHOMY.

Crauasa onpemesnM UHAYKTUBHO PE3YILTAT MONCTAHOBKN TEPMa, ¢ BMECTO
TepeMeHHON £ B TepM u; 5TOT pesyiabTar OymeM obo3nadars u(t/€):

£(t/€) ecTs t; mmsa mOGOI IEPEMEHHOI 1), OTIIMYHON OT &, MBI MOJAraeM

n(t/€) paBHBIM 7).
ecnu f ecTb k-MeCTHBI (QYHKIMOHAIBHBIN CUMBOJI, & t1,. .., t; — TEPMHI,

TO

flty, ) (8/€) = f(0(t/8), .- tk(t/€)).

Teneps MHOAYKTUBHOE OIpenesieHne TMTPOOOIKAETCS O (OPMYIT:

IUTST aTOMAPHBIX POpMYIT: ecin R ecThb k-MeCTHBI NpeNUKaTHBIA CUMBOJI,
aty,...,ty — TEepMBI, TO

R(ty, ... te)(t/€) = R(t(t/€), ... t(E/€))

1 TIOACTAHOBKA SIBJISIETCS KOPPEKTHOI;
TIONICTAHOBKA TepMa  BMECTO mepeMeHHon & B (GopMysIy —@ KOPpPEKTHA,
€CJIi OHa KOPPEKTHA I POPMYIIBL O, IPU STOM

(=] (t/€) = —lw(t/S)]

(kBampaTHBIE CKOOKU YKA3BLIBAIOT MOPSIOK MEACTBU, He SBIISSICH YACTHIO
hopayaTen);

MOLICTAHOBKA TepMa ¢ BMeCTO mepeMeHHoi € B popmyity (A1) KOppeKTHA,
€CJIN OHa, KOPPEKTHA I 0benx GOopMyJI ¢ U 1), IPU 5TOM

(e AP)(E/€) = ((t/€) N (L/E));

aHAJIOruIHO it hopmyit (¢ V ) u (¢ — );
HAKOHEI[, IOACTAHOBKA t BMecTO & B Gopmyily V1@ KOppeKTHa B IOBYX
CITy Yasx:

(1) ecnu & we sBsgeTcs mapamMeTpoM GOPMYIIEL V1) ¢ (9TO BO3MOXKHO,
Korma & He SBJISETCS MAPAMETPOM (o WM Korma £ COBIANAET C 1)); MpH
5TOM IONCTAHOBKA HUYErO HE MEHSAET B (DOPMYIIE;

(2) mepemennast £ ABIsETCS TapaMeTpoM (HOPMYIIBL V1) ¢, HO TIepeMeH-
Hasl 7) HEe BXOAUT B TepM t 1 MOACTAHOBKA ¢(1/£) KOPPEKTHA; IIPU 3TOM

[Vn el (t/€) = Vn [p(t/E)].

AHnamoruuHoO ompenenseTcs KOppPeKTHas MOACTaHOBKa B (opmyiry €.
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['maBHAs YacTb B 5TOM ONpEeNesIeHIN — IMOCJEIHUN ero MyHKT, KOTOPBIN, BO-
MIEPBBIX, TOBOPUT, UYTO BMECTO CBSI3aHHBIX BXOXKICHUI TIEPEMEHHBIX HIYETO TOJI-
CTABJISITH HE HAMO, a BO-BTOPHIX, TPpebyeT, YTOOLI TPU KOPPEKTHOW OACTAHOBKE
epeMeHHbIe 13 TepMa t He TOMIaaa/In MOoN JeCTBIE OMHONMEHHBIX KBAHTOPOB.

[Tocre Bcex 9TUX MPUTOTOBJIEHUH MBI MOXKEM CHOPMYJIIPOBATH IBE OCTABIIIH-
€csl CXeMbI aKCUOM MCUUCIICHUS TPEIuKaTOB: (hopMyIa

(12) V€ & — w(t/€)

1 OBONCTBEHHAs el popmyiia

(13) p(t/€) — F
OyIyT aKCMOMAaMUI UCUNCIIEHUS TTPEIUKATOB, €CJIN YKA3aHHBIE B HUX ITONCTAHOBKHI
KOPPEKTHHI.

IBa YacTHBIX CJIydas, KOTa IOICTAaHOBKA 3aBEIOMO KOPPEKTHA: BO-TIEPBBIX,
MOKHO 0e30I1aCcHO TONCTABIATE KOHCTAHTY (uiu jiio6oi TepM 6e3 mapaMeTpoB),
BO-BTOPBIX, MOACTAHOBKA MMEPEMEHHON BMECTO cebst Beerma KOppeKTHa (1 HIIero
He MeHseT B GopMyJIe).

Orcrona cienyet, 9To GOpMYyJbL VE @ — @ u @ — 3 @ OyOyT aKCHOMaMU
UCYUCIIEHNs IPEIUKATOB (It JII060i GOPMYIIBI (0 U TIepeMeHHOIT &).

Hyxwubr mu mam ermé kaxkue-HnOyOb aKCHOMBI U IpaBuia BbiBoma! Komeuwo,
HYXKHBI, TIOCKOJIBKY y2Ke c(hOPMYINPOBaHHBIE AKCUOMBI HE TIOJTHOCTHIO OTPAKAIOT
CMBICIT KBAHTOPOB. (Hampumep, oHI BIOITHE COMTACYIOTCS ¢ TAKUM MOHIMAHUIEM
sTOrO CMBIciTa: hopmyita VE ¢ Becerma jtoxHa, a hopmyia € ¢ Bcerma UCTUHHA. )
[TosToMy MBI BBemEM B HaIlle UCUUCIIEHUE NIBA TIPABUJIa BBIBOMA, HA3ZLIBAEMBIE
npasusamu bepratica, 1 Ha >TOM OmpeneseHre UCUNCICHUs TPEIUKATOB OyIeT
3aBEPIIIEHO.

Ecnu nepemennas £ He gBisgeTcs mapaMeTpoM GopMyJIbL ¢, TO IpaBuia bep-
Hallca pa3peraioT TaKie MePEXOb:

Y= p— 1
Y=V Ko —9

MBI TOBOpUM, UTO CTOSINAS CHU3Y OT YePTHI (B KAXKIOM U3 IPABUII) (HOpPMYIIa
IIOJIyIaeTCsl TI0 COOTBETCTBYIOIIEMY IpaBuily u3 Bepxueir. COOTBETCTBEHHO HO-
TIOJTHSIETCS U ONpeielieHe BBIBOAA KaK MOCIIeNOBATEILHOCTA (OPMYII, B KOTOPO
Kaxkgas opMmyiia Tub0 SBASETCS aKCUOMON, TUOO0 MOIydaeTCsT U3 MPEIbLIYIIINX
IO OIHOMY U3 TIPABUJI BBIBOMA (paHbIie 6610 TOIBKO npasmio MP, Teneps mo-
OABIIINCH 1B HOBBIX IIPABUIIA).

[losscHUM WHTYUTHUBHBIA CMBICH 3TUX OpaBuil. I[lepBoe roBopuT, 4TO eciu
u3 Y cjaenyer @, IpudYéM B (p ecTh mapamMeTp &, KOTOPOrO HET B 1), TO 5TO
O3HavaeT, 4TO (OpMyJia (¢ UCTUHHA IMPHU BCEX 3HAUCHUSX HapamMeTpa &, ecitu
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TOJILKO (DOpPMYJIa ) UCTUHHA.
Wcmons3yst mepBoe mpaBuio bepHaiica, Jerko yCTAHOBUTDH HOIIYCTUMOCTD
npasuaa 00600ueHus

. (Gen)
V€
(ecsin B MCYMCIIEHUN TTPEIUKATOB BIBOAUMA (HOPMYyJIa CBEPXY OT YEPTHI, TO BbI-
BonuMa 1 opmysia causy). B camom mene, BO3bMEM KaKyO-HUOYIb BHIBOMLUMYIO
dopmyiy ¢ 6e3 mapamMeTpoB (HampuMmep, akCuomy, B Kotopoit BMecto A, B u C
TIONICTABIICHBI 3aMKHYTHIE GOpMyITbl). Pas BeiBommMa GopMyia ¢, TO BEIBOIIMA,
u dopmyna ) — ¢ (HOCKOIBKY ¢ — (1) — ) ABIAETCS TABTOJOTUEN U MaXe
akcuomoti). Teneps mo mpasuwiy Bepraiica BoiBomuM ¢ — V& ¢ u mpuMeHseMm
npasuiio MP x sToit hopmyre u x dhopmyie .

[Ipasusio (Gen) (ot Generalization — 06061ienne) KomuUIMPYeT CTaHIaAPT-
HYIO IPAKTUKY PACCYKICHUI: MBI OKa3bIBAEM KAKOE-TO YTBEPKIIEHUE (0 CO CBO-
OOMHON epeMeHHON &, TTOCTIe Yero 3aK/IIovaeM, YTO MbI HoKas3aan VE ¢, Tak Kak
¢ OBITIO TPOU3BOJILHBIM.

Bropoe nmpaBuio bepHaiica Tak:ke BIOJTHE €CTECTBEHHO: XKejas I0Ka3aThb U
B NIPENNOJIOKeHNN 3 (o, MBI TOBOPUM: IIyCTh Takoe & CYIIIeCTBYET, BO3BMEM €ro
1 MOKaxKkeM 1) (TO eCTh MOKaXKeM ¢ — 1) cO CBOOOMHON TIEpEeMEHHOIT & ).

3AIAYA 157. Ioxaxcume, umo Kaacc 8bi800UMBIT 6 UCUUCAEHUU NPEOUKa-
mos GopMys He UBMEHUMCI, ECAU Mbl 8MECTO Npasus bepuatica dobasum myda
npasusLo 0606uenuT u 06e aKcuombl

VE(Y — @) = (Y = V)

VE(p =) = (I — )
(6 Komopuix mpebyemcs, wmobvl nepemennad & ne Oblia NapamMempom Hopmy.il

b).

Kax m B cinydae mcumcieHns BBICKA3bIBAHUN, Iepen HaMHU CTOST IOBE 3ama-
YU HAMO OKA3aTh KOPPEKTHOCTD MCUYUCIEHUS MTPEIUKATOB (BCSIKash BHIBOMUMAS
dopmyita obIesHaunMa) U ero MoIHOTY (BCsKast obIe3HaunMast GopMyIia BEIBO-
muMa). DTUM MBI U 3afMEMCS B CIIEMYIOMINX Pa3merax.

§3. KoppekTHOCTH MCUMCIIEHUS TIPEINKATOB

TEOPEMA 38. Bcakasg 6vi600uMad 8 UCUUCAEHUU NMPEIUKAMOB HOPMYALQ
ABATEMCA 00ULEIHAUUMOU.
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Hoka3aTenscTBo. [l mCUUCIeHNs] BBICKA3BIBAHUN TPOBEPKA KOPPEKTHOCTU
OblIIa TPUBHAJIIBHOW — HAMO OBLIO TIO TabIUIlEe MPOBEPUTH, YTO BCE AKCUOMBI
(1) —(11) sBasrorcs Tapromormsivu. C 5STUME AKCHOMAMI I CETYIac HET IPOBIIeM.
Ho B mByX cremyrolmx akCmoMax eCTh OTpaHMYeHNe Ha KOPPEKTHOCTD IMOICTa-
HOBKHU, 6€3 KOTOPOTO OHU MOTYT He OBITH OOIe3HAaUNMbIMU. FCTECTBEHHO, 5TO
OTpPaHUYIEHNE MNOJIXKHO OBITH MCIOIB30BAHO U B IOKA3aTEIIECTBE KOPPEKTHOCTH,
7 5TO MOTPeOyeT NOBOIBHO CKYUHBIX PACCYXKIEHUN — TeM 0ojiee CKyJIHBIX, YTO
caM (paKT KaxKeTcs sICHBIM U Tak. T'eM He MeHee Takue PacCyKIEHNS HAIO YMETh
MPOBOIUTH, TaK YTO MBI HIYETO IPOIYCKATh HE OyIeM.

Urak, nycTb pukcupoBaHa CUTHATYpa 0, & TAKXKe HEKOTOPask MHTEPIIPETaIlNsI
9TOI CUTHATYPHL. Beromy nasee, roBopst o TepMax u GopMysiax, MbI IMEEM B BUITY
TepMbI 1 DOPMYJIBI STON CUTHATYPBI, & TOBOPSI 00 UX 3HAUYEHUIX, UMEEM B BUILY
3HAUEHWS] B ATOW MHTEPIPETAINN.

Jlemma 1. [lycTb ©w u t — TepMmbl, a £ — mepeMenHas. Torma

[u(t/E))(m) = [u](m + (€ — [t](7)))

IS TIPOM3BOJILHON OLIEHKI 7.

Hamomuum 0603HaYeHNs: B JI€BOI YaCTH MBI IIOOCTABIIIEM ¢ BMECTO £ B TEPM
u, u GepéM 3HaueHUEe IOJIYUYUBIIIETOCs TepMa Ha OlleHKe m. B mpaBoil wacTu
CTOUT 3HAUYEHUE TePMa U Ha OLEHKEe, KOTOPas MOJIYIUTCS U3 7T, €CIU 3HAYCHHEe
HepEeMEHHON £ M3MEHUTh U CUNTATH PABHBIM 3HAUEHUIO TepMa t Ha OIEHKe T.

B cymmocT, 5T0 yTBEpXkKOEHNE COBEPIICHHO TPUBUAILHO: OHO TOBOPUT, Ha-
npuMep, 4TO 3Hadenue sin(cos(r)) mpm x = 2 paBHO 3HavYeHWIO Sin(y) mpu
y = cos(2). Ho pa3 yx MBI B3sIICh BCE MOKA3BIBATH (HOPMAIIBHO, OKAKEM €ro
MHOYKIUE 110 TIOCTPOEHNIO TepMa, t. K TepM « ecTh mepeMeHHas, OTInIHAs
oT &, TO HU TONCTAHOBKA, HU W3MEHEHUE OIEHK! He CKa3bIBAIOTCS Ha 3HAUE-
Hun tepma w. s coydas u = € momyuaem [t](7) cieBa u copasa. Eciu Tepm
HOJIyYaeTCs U3 APYTUX TEPMOB IPUMEHEHNeM (yHKIIMOHAJILHOTO CHMBOJIA, TO
MONCTAHOBKA, BBITOJIHIAETCSA OTIOEILHO B KAXKOOM U3 DTUX TEPMOB, TaK UTO MCKO-
MO€ PaBEHCTBO Takxke coxpansercs. Jlemma 1 mokasana.

Amnanornunoe yrsepxaenue mjis GOpMYJI TAKOBO:

Jlemma 2. Ilycts ¢ — dopmyna, ¢ — TepMm, a £ — TepeMeHHas, ITPUIEM
TIONICTAHOBKA, t BMecTO & B OPMYITY (© KOppekTHa. Torma

[p(t/)(m) = [p)(m + (€ = [t](7)))

71T TIPOM3BOJIBLHOI OLICHKI 7.

[TosgcHMM CMBICII 5TOM JIeMMEI Ha, ipuMepe. IIycTs € aBnageTcs enMHCTBeHHBIM
napaMeTpoM (GOpMyIIBl , a ¢ — KoHcTaHTa. Torma dopmyna ¢(c/§) 3aMkHy-
Ta; JeMMa YTBEpXKIaeT, 4TO €8 MCTUHHOCTL DPABHOCHIbHA HUCTUHHOCTHU © HA
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OTICHKE, TIPU KOTOPOU 3HAUYeHUE MEePEMEHHOU & €CThb DJIEMEHT WHTEPIIPETaIlnH,
COOTBETCTBYIOIIN KOHCTAHTE C.

HokazaTenbCTBO JIEMMBI TPOBENEM MHIYKIIMEN IO MTOCTPOEHUIO (POPMYITBI (.
st aToMapHBIX HOPMYIT 3TO YTBEPKIEHUE SIBISIETCS TTPSIMBIM CIIENICTBUEM JIEM-
Mbl 1. Kpome Toro, u3 omnpeneneHus ICTUHHOCTHOTO 3HAYeHUs (POPMYIIBI U U3
OIIpeMiesIeHnsl TIOACTAHOBKU SICHO, UTO €CITH YTBEPXKIEHUE JIEMMBI 2 BEPHO IJIs
IBYX GOPMYII (01 U P2, TO OHO BEPHO IJI UX JIIOOOU UX JIOTMYECKON KOMOUHAIINN
(KOHBIOHKIINY, MU3BIOHKIINY ¥ UMIUIMKAIINN ); AHAJIOTHYHO sl OTPUIAHUS.

EnuHCTBEeHHBII HETPUBHAJBLHBIN CiIydail — (QopMyiia, HAUMHAIOMIASCST C
KBaHTOpa. 3MIeCh HAIIN ONpeNesieHrs BCTYHmaioT B urpy. IlycTs ¢ mmeeT Bum
Vn 1. EcTb nBa NpUHIIUNINAILHO PA3HBIX CIydas: THO0 & SBIISETCs TapaMeTpPOM
dopmyitet ¢ (T. e. dopmyiiet V1 1)), mu60 Her. Bo BropoMm cityuae p(t/€) copnana-
eT C ¢, a U3MEHEHNe 3HAUYCHUS TIePEMEHHO £ B OIICHKE T He BIIUSIET Ha 3HAUCHUE
bopMyIIBI (o, Tak ITO BCE cxomuTcst. OcTaiock pa3obpaTs ciaydait, Korna & sSBiis-
eTcst mapameTpoM dopmyiel Vi1 (orcioma ciemyer, uTo £ HE COBIANAET C 1)).
[To ompeneneHn0 KOPPEKTHON TMOICTAHOBKM, B DTOM CJIydae MepeMeHHas 1) He
BXOIUT B TepM t u momcTanoBka 1 (t/€) koppekTra. Torma

(¥ ) (/) = [Vn (¥ (t/§)))(7) =

= Am[p (/)T + (= m)) =

= Am[P)(m + (n = m) + (€ = [t (7 + (1 — m)))).
MBI BOCIIONIB30BAIINCEH OMPENeSIeHIeM MOICTAHOBKY, ONPENeIeHNeM UCTUHHOCTH
(A O3HAYAET KOHBIOHKIIUIO IO BCEM SJIEMEHTAM U3 HOCUTEIIST NHTEPIPETAINN )
U TIPEIOJIoKeHneM MHAYKIWY it Gopmyiist . Teneps HamO 3aMeTUTb, UTO
IlepEMEHHAs 1) He BXOAUT B ¢ [0 NPENIOIOKEHIIO KODPEKTHOCTH, 1 IOTOMY 3Ha-
YeHIe TepMa t He W3MEHUTCS, eCli 3aMeHuTh m + (1 — m) Ha 7. Hamee, £ u 7
Pa3JINYHBL, TIO9TOMY [1BA U3MEHEHUs B T MOXKHO [lepecTaBuTh Mectamu. Vcnosns-
3ysl 9TU COOOPAKEHUsI, MOKHO IIPOMOIIKUTD IIEMOUKY PABEHCTB:

= Am[Y)(m + (€ = [t] (7)) + (n = m)) =
(V] (m + (€ = [t](7))) =
= [](m + (& = [t](7))),

uTo u TpeboBasoch. Cayuann dopmynsl Buma JE 1 pa3dbupaercss aHAJOTUUHO,
HaJ0 TOJLKO /\,, 3aMEHUTL Ha V,,. JleMMma 2 mokasana.
Temneps yxke sicHO, modeMy GOpMyIa

VE o — p(t/€)

Oymer MCTUHHA Ha JIIOOOM OleHKe T (eciu MOmCTAaHOBKA KOpPpeKTHA). B camom
nese, eclu JieBas 4acTh UMINIAKAIIAM UCTUHHA HA 7T, TO (¢ OymeT MCTUHHA Ha
1106011 OlIeHKe 7', KOTOpas OTIMYAeTCa OT 71 JIUIIL 3HAUYeHneM mepeMenHoir €. B
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YaCTHOCTH, ¢ OymeT ucTuHHa u Ha ouenke 7 + (£ — [t](7)), 4TO MO TOIBLKO UTO
MOKA3aHHOM JIeMMe 2 03HAYAET, UTO IIpaBas 9acTh UMIUIMKAIINYA UCTUHHA HA 7.
O6resHaunMOCTh GOPMYIIBI

p(t/§) — I

TOKA3BIBACTCS aHAJIOTUIHO.

HaMm ocrtanoch mpoBepuThb, UTO TpaBUia BBHIBONA COXPAHSIOT OOIIe3HAUN-
MocThb. s mpaBuima MP 510 oueBumHO (Kak m B Cilydyae MCUUCIEHUS BBICKA-
spiBanmit). [Iposepum 510 mist mpasui bepratica. 9ToO cOBCeM HECIOXKHO, Tak
KaK 3[eCh HET PeYn HU O KAKWX KOPPEKTHBIX MOMICTAHOBKAX.

[TycTh, HATTIPUMED, hOpMYIIa 1) — @ ObIIe3HaYnMa, 1 IepeMeHHast  He SBIIsIeT-
cst mapameTpoM dopmyitel Y. [IpoBepum, uto dopmyita ) — VE o obriesHaumMma,
TO eCTh UCTUHHA Ha JIIOOON onleHke 7 (B 060 maTepnpeTanun). B camom me-
jle, yCTh 1 UCTUHHA Ha oueHke 7. Torma oHa mcTUHHA U Ha JI000I1 OLeHKe 7,
OTJIMYAIOIIENCST OT 7 TOIBKO 3HAUEHNEeM MepeMeHHON & (3HaueHne TepeMeHHON &
He BIINAET HA UCTUHHOCTH 1, TaK Kak & HE SBIIETCS MapaMeTpoM). 3HAUNT, 1
dbopMyIia ¢ MCTUHHA Ha 000 TAKol OIEeHKe m'. A 5TO B TOYHOCTU O3HAYAET,
9TO V€ (0 ICTUHHA HA OIEHKE T, YTO U TPEOOBAJIOCH.

s Broporo npaBuiia bepraiica paccyxnenne cumMeTpudHo. IlycTs dopmy-
71a (p — 1) obIIe3HAUYNMa U TIepeMeHHas & He sBIIIeTCS TapaMeTPoM (POPMYIIHI 1.
[Toxaxem, uTo popmyita 3¢ ¢ — ) obiesHaunma. B camMom merne, mycTh €€ jeBast
JacTh UCTUHHA Ha HeKOoTOpon oreHke m. [lo onpemenenuto nctuaHOCTH HOPMY-
JIbI, HAUMHAIOIIENCST ¢ KBAHTOPA CYIIIECTBOBAHUS, 9TO O3HAYUAET, UTO HAXIETCS
oleHKa 7', KOTOpas OTJINYAeTCs OT 7 TOJIbLKO Ha IepeMeHHON &, IJIs KOTOPOIl
[¢](7") mcturno. Torma u [¢)(7") merurno. Ho mepemennas € He siBiseTcs ma-
pameTpom dopmynsl ¢, Tak uato [](n') = [¢](7). CnenosaTensHo, dopmyia 1)
NCTUHHA Ha OIEHKE 7, YTO U TPeOOBAIOCH MOKA3ATh. ]

94. BuIBombI B mMCUYMCIIEHUN IIPEANKATOB
4.1. Ilpmmepsl BEIBOAUMEBIX GopMyIT

[Ipexme 1em moxkasbIiBaTh TeopeMy ['émens o MOTHOTe MCUYUCTIEHUS MTPeanKa-
TOB, MbI JNOJIXKHBI TPUOOPECTU HEKOTOPBIA ONLIT MOCTPOEHUS BBIBOIOB B 3TOM
ACYUCIICHUN.

e [Ipexme Bcero oTMETUM, YTO BO3MOXKHOCTH COCIIATHCS HA TEOPEMY O TIOJI-
HOTE UCYUCJIEHUS BBICKA3bIBAHUN 1 CUNTATH BHIBOONUMBIM JIFOO0M YaCTHBIN
cydvall MPOIO3UIIMOHAIBHON TaBTOJIOTUHU CUJILHO ObjerdaeT Xu3Hb. Ha-
IIpUMEDP, MYCTh MBI BBIBEIU IBE (POPMYIIBI 0 U 1) U XOTUM TEIEPb BhIBE-
ctu opmyiy (@ A ). O1o mpocro: 3amerum, uro dhopmyna (¢ — (P —
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— (pA1)))) ABIIETCS TACTHBIM CITy A€M MPOIO3UINOHAILHON TaABTOIOT AN
(a HA caMOM mere U aKCHOMOI) U IBaXKIBI IpuMeHseM npasuio MP.

e [[pyroii mpuMmep TakKoro xe poma: ecim GopMylia ¢ — 1) BBIBOOUMA, TO
BBIBOOUMA 1 (hOpMysIa —) — =, TOCKOIBKY MMIIIAKAIINS

(o =) = (¢ — =p)

SIBJISIETCSI YACTHBIM CJIy4daeM MPONO3UINOHAIIBHON TABTOJIOTUMN.
e EIr1é onmuH mpuMep: eciti BBIBOMUMBI (POPMYJIBI (0 — 1) U Y — T, TO BBIBO-
nuMa um popmysa ¢ — T, IOCKOJIBKY GopMmyIia

(¢ =) = (¥ =7) = (¢ —=71))

SIBJISIETCST YACTHBIM CJIyYaeM ITPOMO3UITUOHAIBHON TaBTOJIOT .
e [l mpou3BOILHON (DOPMYIIBI (0 BHIBEIEM (HOPMYITY

Vo — dx .

B camoMm mere, momcTaHOBKA MEPEMEHHON BMECTO ceOs BCerna MOIMYCTU-
Ma, TO3TOMY (POPMYIIBL VI ¢ — @ U (p — JT @ SBIAIOTCSI AKCUOMAaMU.
OcTaéTcst BOCTIONB30BATHCS MIPEOBIAYIIIIM 3aMEIAHIEM.

e [Ins mpom3BOIBHON POPMYIIHI © BEIBEIEM (hOPMYITY

dyVzr o — Vo dy .

Dopmynsl Vo o — @ u ¢ — Jy @ saBiasiorcs akcrnomMamu. C mxX MOMOIITBIO
BRIBOIUM opMmyy Vo ¢ — dy . Teneps 3ameTuM, 9TO jeBas IacThb M-
IIJTUKAIIA HEe UMeeT TapaMeTpa T, a paBas 9acTh HE UMeeT IapaMeTpa y,
Tak YTO MOXKHO MIPUMEHUTD NBa MpaBmia bepuaiica (B 1060M MOpsIIKe) U
nobaBUTH cIpaBa KBAaHTOD VI, a cjleBa — KBaHTOP Jy.

e [Ipennomoxum, uTo popmyra ¢ — 1) BeIBoOuMAa, a & — IPOU3BOJILHAS TTe-
pemennas. [lokaxkem, 9To B 5TOM ciy4uae BeiBoguMa dopmyna VE ¢ — VE ).
B camom mene, popmyna VE ¢ —  saBaseTcs akcuoMmoii. Jlasee BBIBOIUM
(¢ OMOIIIBIO TPOMO3UITMOHAIBHBIX TaBTOIOrui u npasuia MP) dopmyity
V€ ¢ — 1); ocTagTes BOCIONB30BaThCS IpaBwiioM bepraiica (eBas 1acThb
HE UMeeT TmapamMeTpa &).

e AHAIOTMIHBIM 00OPaA30M U3 BBIBOMUMOCTHU (DOPMYIIBI 0 — 1) CJIEMyeT BbI-
BOOUMOCTL GopMysbl 3 ¢ — dE1), TOMBKO HANO HAYATh C AKCUOMBI
Y — dE€1), 3aTeMm momyunTh (¢ — I, a MOTOM TPUMEHUTH IIPABUIIO
Bepnatiica.

e Takum o6pasom, ecitrr GOPMYIIBL 1 P MOKA3YyeMO SKBUBATIEHTHBI (9TO 3HA~
YUT, YTO UMIUIUKAIIN © — ¢ U Y — @ BBIBOOUMEI), TO GopMyIibl VE ¢ u
V€ 1) Takke MOKa3yeMo SKBUBAJICHTHBI. (AHAJIOTMYHOE yTBEPKICHIE Bep-

HO 1 it popmy 3E p u IE.)
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Temeps HECTTOXKHO MOKA3aTh 1 U HoJIee OOIINiA (hakT: 3aMeHa OIPopMy-
Bl Ha JOKA3yeMO SKBHUBAJICHTHYIO IA8T IOKA3yeMO SKBUBAJCHTHYIO (Gop-
MYILY.

e Brisenem dopmyny Vo A(x) — Yy A(y) (3mecb A — omHOMECTHBIN Tpe-
OUKATHBIA CHMBOJT). DTO HECTIOXKHO: HAUHEM ¢ akcmoMbl Vo A(x) — A(y),
B Heil jeBas 9acTh HE MMeeT IapaMeTpa Y M IOTOMY IO IpaBumiy bep-
HaliCa U3 Heé MOJIydaeTcs UCKoMas (hopMysa. DTOT MpUMED MOKA3BIBAET,
YTO CBSI3AQHHBIE TIEPEMEHHBIE MOXKHO TEPENMEHOBLIBATE, HE MEHSSA CMBICIIA

(popMyJIBI
e BriBeneM GOpMYIIbI, CBSI3BLIBAIOIINE KBAHTOPHI BCEOOIITHOCTI U CYIIIECTBO-
BaHUS:
V€@ < 23y
I p = VEp.

Hamomumm, aTo o <= (3 MbI cunTaem cokpattienunem mist (a« — S)A (G — «),
TaK ITO HAM HAJO BBIBECTU YeThIPE (DOPMYIIHI.

Hagném ¢ popmynbr 3¢ p — —VE . Umes B Bumy npasuiio bepnaiica,
NOCTATOYHO BBIBECTH (hopmyiy ¢ — —VE —p. Tasromorus (B — —A) —
— (A — —B) mo3BosseT BMECTO 3TOr0 BBIBOIUTEL hopMyity VE - — =,
KOTOpAas SIBJIIETCS aKCUOMOI.

B Tonbko uTo BeIBeneHHON hopMmyiie € ¢ — —VE o MOXKHO B KauecTBe
¢ B34Th J100YI0 QOPMYITy, B TOM UNCJE HAUYMHAIOIIYIOCS C OTPUIAHIUS.
[ToncTaBuB —( BMECTO @, TOTYIUM

3~ — 2VE e,

rIe =@ MOKa3yeMo SKBUBAJICHTHA (¢ U MIOTOMY MOXKET ObITH 3aMEHEeHa Ha
. Ilocse sToro mpasusio kouTpanosurmu (eciu u3 A cienyer - B, o u3 B
crenyer —A) magér

VE @ — =36 .

BriBemem TpeTbio dopmyiry: —3E ~p — VE . [lo mpaBuny Bephartica
MOCTATOUYHO BBIBECTH —3€ — — 0, UTO MOCJIe KOHTPAIIO3UIINY ITPEBPAIIIa-
eTcs B aKCuoMy —p — € .

YeTpépTras Gopmylia MOTYIUTCS, €CITH 3aMEHUTH B TPEThEl  Ha —(@ 1
IPUMEHUTH KOHTPAIIO3UIILO.

4.2. BpiBOOIMMOCTSH U3 IMOCHLIIOK

B ucumcieHnn BbICKa3bIBAaHUN BayKHYIO POJIb UTPAJIO MOHATHUE BBIBOOUMOCTHI
U3 [OCBIJIOK U CBSI3aHHAS ¢ HUM jleMMa o nenykiwu (c. 87). st ucuucnenus mpe-
IUKaTOB CUTYaIllsl HEMHOTO MeHsAeTcs. Fican pa3pemnTh NCIoIb30BaTh IIOCBIIKI
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HapaBHE ¢ aKCMoOMaMn 6€30 BCAKUX ONPAHNYEHUI, TO YTBEPKIOCHNE, aHAJIOIMY-
HOE JIeMMe O IemyKiuu, Oymer neepabiM. Hampumep, u3 dopmyser A(z) MoxHO
BoiBecT Gopmyiny Vo A(x) (kak Mbl Bumenu Ha ¢. 123 mpu o6CyXKIeHUN mIpa-
Buta o6o6renns). Ho mvnnukamus A(z) — Vo A(x) He sSBIseTcsl BBIBOLIMOI
(OCKONBKY He OOIIe3HATNMA).

[To5TOMY MBI OFPAHMYNIMCS CIIy9aeM, KOTIa BCE MOCHLUIKI SBIISIOTCA 3aMKHY-
TeiME (popMysiamu. [IycTs I — mpomsBosibHOE MHOXKECTBO 3aMKHYTHIX (hOPMYIT
paccMaTpuBaeMoi HaMu curHaTyphl 0. (Takume MHOXKeCTBA HA3BIBAIOT MEOPUI-
mu B curaatype o.) ['oopsar, uro dopmyna A ewisoduma usz I, eciu eé MOKHO
BLIBECTH, UCIIOb3Y S HapaBHe ¢ akcroMmamu dopmyiisl u3 . Kax u mis ucuuciie-
HUS BhICKasbBaHuil, Mel mumieM I F A. Boisomumblie u3 I' GopMyiibl Ha3LIBAIOT
Takxke meopemamy, Teopun .

Jlemma o menykummn ans ucumcnenus npeaukaTos. Ilycts ' — mHOXKeEcTBO 3a-
MKHYTBIX dopmyit, a A — samkuyTas dpopmysa. Torma I' - (A — B) torma u
Tonbko Torna, xorma [' U {A} F B.

Ioka3aTenbCTBO MPOXOMUT IO TOW K€ CXeMe, YTO U [JIs MCUUCICHUS BhI-
ckaspiBanuit (c. 87): k dopmynam C1,. .., C,, obpasywoumm BeBon C),, = B u3
[' U{A}, MBI mpunucbiBaeM MOCBUIIKY A U [OMOJHSEM IOy YeHHYIO MOCIeNOBa~
TEILHOCTD

(A—Cy),....(A—=C))

1o BerBoda u3 I'. OTandume oT IPONo3uIInOHaILHOTO CIydas B TOM, YTO B BBIBOIE
MOT'YT BCTpeuaThcs npaBuia bepraiica. Hampumep, oT BeiBomuMocTu (GOPMYIIBI

A— (Y — )

HAOO MeperTH K BBIBOOUMOCTHI (DOPMYJIbI

A— (P = V)

(B KOTOpOIT TIepeMeHHast & He SIBIISIETCS TapaMeTpoM (GOPMYIILI ¥). DTO HECTIOKHO
chenaTh, €Cil 3aMETUTh, YTO B CUJIY MPOMNO3UIMOHAIBHBIX TaBTOJOTUN MOXKHO
nepeiitu ot A — (Y — ¢) ¥ (AAY) — ¢, 3aTeM TpUMEHUTH MpaBuwio bep-
Haiica (9TO 3aKOHHO, TaK Kak IepeMeHHas & He SBIIIeTCS TTapaMeTpoM (HOPMYIIbI
Y, a dopmyna A 3amkHyTa 1m0 Tpenmnosokeruo). [lomyuurcs BeiBomumast u3 I
(popmynna
(AANY) = Vo,

7 OCTa€TCs BEPHYTh A U3 KOHBIOHKIINU B TTOCHIIKY.

CxomabIiM 06pa3oM paccMaTpUBAECTCS U BTOpoe mpaBuiio bepraiica. Kciau BbI-
Bonuma popmyina A — (p — 1)), TO B CWIy TPOMO3UIMOHAIBHBIX TABTOIOT U
BuIBOnuMAa hopmyia ¢ — (A — 1)), K KOTOPOIl MOYXKHO IPUMEHUTH TPaBIIo bep-
Harica u noyauTb 3¢ ¢ — (A — 1), mocne gero BepHYTh A HA3AI C TOMOIIBIO
MPONO3UIIOHAIBHON TaBTOJIOTUN. JleMMa 0 menmyKnnu IoKa3aHa.
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OrmeTnMm TEIIEPb HECKOJILKO IIOJIE3HBIX CBOWICTB BBEIBOOUMOCTH M3 IIOCBIJIOK.

e Eciu'FAul'DT, toI"F A. (OueBunHo criemyeT u3 onpeneseHus. )

e Eciu I' H A, To cymecTsyer komeunoe muoxkectso [V C I', nisa koroporo
I+ A. (BbiBom KOHEUEH U IOTOMY MOXKET WCIOJIb30BATH JIUIIL KOHETHOE
qrcsio GopMyIL. )

e Ecnu I" koneuno u pasuo {7, ...,V,}, To I' - A paBHOCHIBHO BBIBOIUMO-
ctu (6€3 MoCBUIOK) GOPMYITBL

(M A A7) — A

B camom mene, eciau {71,...,7,} F A, TO MHOrOKpaTHOE TIpUMEHeHUe
JIEMMBI O IEeOYKIUN OaéT

= G (= 4)).

I OCTaéTCsl BOCIIOIb30BATHCS HAJIEXKAITEeN TPOTO3UOHAITHHON TaBTOJIOT -
eit. (B o6paTHyio cTOpOHY paccyxmeHue Takke MpoXomuT 6e3 Tpyna.)

e KOMOMHUDYS TPU MPEObIOYIINX 3aMEUYaHUs, IPUXOIUM K TaKOMY SKBUBA-
JIEHTHOMY OIIPEIesIeHIIO BEIBOOUMOCTH U3 TMOCBIIOK: ' - A, eciu HaimyTest
dbOpMymIBI Y1, . .., Y, € ', 019 KOTOPBIX

= (= (0= 4)-0).

OTO0 ompemeneHne UMeeT CMBICT U It GOPMYJ ¢ IapaMeTpaMu, TaK ITO
ecIII YK OIPENeATh BBIBOMUMOCTb U3 IOCBUIOK C HapaMeTpaMu (9ero
OOBITHO M30ErafoT), TO MMEHHO TaK.

[TousiTE BLIBOMUMOCTH U3 MOCHIJIOK TTO3BOJISET TepedOPMYITMPOBATHL TEOPEMY
O KOPPEKTHOCTU MCUUCIIEHUS ITPEIUKATOB.

["oBopsaT, uro muTepnperanus M CUTHATYPHL 0 ABIIETCSI Modeabto Teopun I,
ecitn Bce hopmyiiel 3 ' mctuaHab B M.

TEOPEMA 39 (o KoppekTHOCTH; iepedOpMyIUpOBKa). Bce meopemvt meo-
puu I' ucmumnmnvl 6 aro60t modeau M meopuu I.

Hoka3aresnbcTBo. Eciu dopmyna A ssisercs teopemoit Teopun I' (T.e. I' -
A), HafmyTcs HGOPMYIIBL V1, - . ., Vn € [, mIst KOTOPBIX

Frn—= (=G (= A4).0).

[To Teopeme 0 KOPPEKTHOCTH (B y2Ke U3BeCTHON HaM dopme) sTa dhopmysta Gymer
ICTUHHA BO BCEX MHTepIpeTanusx, B dacTHocTu B M. Ilockombky v1,...,7n
uctuaHabl B M, 10 u dopmyna A uctunna B M (Ha 1106001 OIEHKE). [

B CJIEOYIONUX 3ada49aX — 1 TOJIBKO B HUX — 3HaAK - moHMMAaeTCs B OIIICAHHOM
BBIIII€ CMBICJIC (B IIOCBIJIKaX HOITYyCKalTCA HapaMeprI).
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3ANAYA 158. ITycmb ' — mmooscecmso npouzsospwuix (ne 06g3ameavro 3a-
mxnymur) gopmya. (a) Hycmop cywecmsyem ”6v1600” nexomopot gopmy.avt @,
8 KOMOPOM HAPABHE C AKCUOMAMU UCTOAL3YOMCT dopmyavt u3 I', npu smom
gce npumenenus npasus bepuatica npedwecmeyom nogeaenuto dopmya us I.
Hoxaxcume, umo I' = @. Iokaxcume, umo sepno u obpammoe ymeepicoenue.
(6) IHoxancume, ecau 6 “evisode” Gopmyavt © HAPABHE C AKCUOMAMU UCTLOALIY-
romes popmyavt u3 I', no npasusa Bepratica ne npumensiomcea no nepemenHbiMm,
c80600nvim 6 I', mo ' - .

SAIAYA 159. Iokaxcume, wmo npasusa Bepuatica modxrcno nepenucamy
max:

A+ B I''BFA
[AFVYEB r3E - A
ede nepemennag & nwe gagemca napamempom Gopmyavt A, a maxxrce napame-

mpom popmya u3 I'. (B nepeom npasuie mbl 0ad cummempuu 8videauiu Gop-
nyay A, zoms ona wuuem ne omavuaemcs om gopmya ud ')

4.3. IlepeMeHHBIE 1 KOHCTAHTEI

OTMeTnM e111é HECKOIBKO IIPOCTHIX CBOMCTB BLIBOMUMOCTH, KOTOPLIE HAM IIO-
TpebyroTCs:

Jlemma o ceexux koHcTauTax. IlycTs BeIBomMMAa dopmyna ¢(c/), tme ¢ —
IPOU3BOJIbHAs hopMyJia, & — MepeMeHHas, ¢ — KOHCTAHTa, He BXOHsIas B (hop-
Myity . Torma BeiBonuMa 1 GopMmyiia o.

VHTYUTUBHBIT CMBICTT JIEMMBI: €CJIN MBI JOKA3aJII YTO-TO PO ~’ CBEXYIO~ KOH-
cTanTy ¢ (He 3amsITHABIILYIO cebs yuacTueM B GopMyIie @), TO GaKTUIECKN MBI
nokazaan GOpMYILy ¢ s IPOU3BOJIBHBIX 3HAUECHUN ITEPEMEHHOU.

IokasarenbcTBo emMbL. [lo yemoButo cyiiectByer BoiBOm hopmyst p(c/€).
Bos3bMém 7 cBexy0” epeMeHHYIO 1), He BCTPEYAIOIIYIOCSI B 9TOM BBIBOIIE, U BCIO-
Iy 3aMEHKM B HEM KOHCTAHTY ¢ Ha 5Ty nepeMennyo. [Ipu 5ToM BeIBom ocTaHeTCs
BBLIBOIIOM, TaK Kak IpaBu/ia OOPAIeHUs ¢ IIEPEMEHHBIMI I KOHCTAHTAMU HIYEeM
He OTJIMYAIOTCS (KBAHTOPOB TI0 HOBOW TIEPEMEHHOI B HEM HET, TAaK YTO KOPPEKT-
HbIEe TIOICTAHOBKU OCTAHYTCS KOPPEKTHBIMU U IPUMEHEHUs MpaBuil bepHaiica
ocTanyTcs momyctumbiMu). Takum o6pazom, BeiBomuma dhopmyia p(n/€).

[To mpaBuy o6obienus BeiBomuMa dopmynna Vn p(n/€). Ocramocs mpumve-
HUTE akcuomy Vi @(n/€) — ¢(n/€)(£/n); momcTaHoBKa B MPABON YaCTU KOP-
pekTHA U HaéT GOPMYIIY (o, TaK KaK CHAaJYaJIa Mbl 3aMEHIIN CBOOOMHLIE BXOXKIE-
Hust £ Ha 7), & 3aTeM OOpaTHO (Tak UTO B 30HY HENCTBUs KBAHTOPOB IO & OHU
nonacTh He Morin). Jlemma mokasaHa.
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3AOAYA 160. Coopmyaupyiime u dokarcume aHaAOLUUHYIN AEMMY OAT He-
CKOALKUL KOHCMANM.

Anasoruunoe paccy:KIaeHne Mo3BOIsIeT NOKA3aTh I IPYTroe yTBePKIeHe, KO-
TOpO€e HaM MOTpebyeTcs:

Jlemma o pobaeneHun kKoHcTaHT. IlycTs dopmyna ¢ HEKOTOPOW CUTHATYPHI O
BLIBONUMA B UCYMCICHUN IPEIUKATOB PACIIMPEHHON CUTHATYPHI 0, MOJIydeH-
HOUI 13 ¢ mobaBlIeHHEM HOBBIX KOHCTAHT. Torma ¢ BBIBOOUMA W B MCUNCICHUN
IPEINKATOB CUTHATYPHI 0.

HokazatenbcTBo. [lycTh hopmyna ¢, He comepkariias HOBBIX KOHCTAHT, MMe-
€T BBIBOII, B KOTOPOM HOBBIE KOHCTAHTHI BCTpedaioTcs. Kak nx oTTyna yoaauTh !
JIerko MoOHATH, UTO UX MOXKHO 3aMEHUTH Ha CBEKUE TIEPEMEHHBIE, HE BXOMSIIINE B
BBIBOII, I OH OCTAHETCS BBIBOIIOM, HO yKe 6€3 HOBBIX KOHCTaHT. JleMma mokasaHa.

Ha camom mese sTa meMma BepHa 7Tl POU3BOJILHOTO PACIIIUPEHUS CUTHATY-
pBI (MOXHO HOOABIISATH HE TOIBKO KOHCTAHTHI, HO U (DYHKIIMOHAIIBHBIE CMBOJIBI
060 BAJIEHTHOCTH, & TAK¥Ke MPEeIUKATHBIE CHMBOJIBI). YTOOBI yoaauThb HO-
BbI€ CHMBOJIBI 13 BBIBOIA, TOCTyHaeM Tak. Bece tepmsl Buma f(...), rme f —
MOOABIIEHHBIN (PYHKITMOHAJILHBIM CUMBOJI, MBI 3aMEHsIEM Ha HOBYIO TTEPEMEHHYIO
(MOXKHO B3STh ONHY U Ty e MEPEMEHHYIO IIJI BCEX HOBBIX CHMBOJIOB U BCEX MX
BXOXKIeHni). Bee aToMapHbre GOPMYIIBI ¢ HOBBIMU MPEINKATHBIMI CHMBOJIAME
3aMeHsIeM Ha KaKyko-Tu00 3aMKHYTYI0 GopMysty (OmHY U Ty XKe; Kakas NMEHHO
dbopMyIia, poili HE UTPAET).

3AIAYA 161. Ilposedume amo paccyxrcdenue nodpobro.

Takum o6pa3zoM, MBI MOXKEM TOBOPUTH O BHIBOOUMOCTHU (GOPMYJIBLI, HE yTOU-
HsIs, B KAKON MMEHHO CUTHATYpe (ComepIKaIreil BCe UCIOIb30BaHHbIE B (GOPMYIIe
IpenuKaTHBIE U QYHKIIMOHAIBHBIE CHMBOJIBI) MBI UIIIEM €€ BBIBOLI.

Ecau mpunaTh Teopemy O TMOTHOTE, 1O KOTOPOW BBIBOOAMMOCTH PaBHOCUIIb-
Ha OOIIe3HAUNMOCTU, HE3ABUCUMOCTH BBIBOIUMOCTHI OT CUTHATYPHI CTAHOBUTCS
OYEBUIHON: NICTUHHOCTD (POPMYIIBI HE 3aBACUT OT MHTEPIPETAIINN CUMBOJIOB, KO-
Topbie B Heé He BxomsT. (Ecau mHTepnperupoBaTh OTCYTCTBYIOIMME B (hopMyIie
CAMBOJIBI KaK MOCTOSTHHBIE (DYHKIINN U NIPEOUKATHI, Mbl IIPUXOINUM K CUHTAKCH-
YECKOMY PACCYKIEHUIO, YIOMSIHYTOMY BHIIIIE. )

45. IlosmHOTA MCUYMCIIEHNS TIPEINKATOB

B sToM pasmene MBI HOKaxKeM, 9TO BesKas oOIe3HaunMas GopMysia BEIBOIN-
Ma B UCYUCJICHUN MpenukaToB. Mbr Oynem cjienoBaTh CxXeMe, UCIOIb30BAHHON B
pasznene 2, 1 BBeIEM MOHSATUS HEIPOTUBOPEUNBOU U TIOJTHOU TEOPUM.



§5. IlomHOTa MCUMCTEHUS TPEIUKATOB 133

dukcupyem HEKOTOPYIO curHaTypy o. I[lycts I' — Teopus B curasatype o, TO
€CTb ITPON3BOILHOE MHOXKECTBO 3aMKHYTHIX (DOPMYJT 3TOM CUTHATYPHL. ['oBOpST,
uTo Teopus I' npomusopeuusa, ecmn B Hell BRIBOOUTCS HEKOTOpas GopMyna ¢
u eé oTpurianme —p. B aTom cioyuae u3 I' BeiBoguTcs mobas hopMyia, Tak Kak
mmeercs akcuoma A — (A — B). Ecau teopus I' we siBisteTcst mpoTuBopedn-
BOI, TO OHA HA3BIBAETCS HENPOMUBOPEUUEOT.

3A0AYA 162. Hokaxcume, wmo meopud npomusopeuusa mozada u moabko
moeda, xo2da 8 nel evisodumces gopmyaa p N —p (3decy © — NPOU3BOALHAT
dopmyaa cuenamypot).

HemocpencTBeHHO U3 OmMpenesieHns: CenyeT, UTO BCSIKOE TOOMHOXKECTBO He-
IIPOTUBOPEUNBOIO MHOXKECTBa HEIIPOTUBOPEUNBO. Kpome Toro, ecian 6ecKoHedU-
HOE MHOYKECTBO MPOTUBOPEUNBO, TO HEKOTOPOE €r0 KOHEUHOE MTOAMHOXKECTBO TO-
e TIPOTUBOPEUNBO (IMOCKOIIBKY B BBIBOIE YUACTBYET JIUIIb KOHETHOE YUCIIO hop-
MYI).

CunTakcrdeckoe MOHSITIE HEIIPOTUBOPEUNBOCTH MbI OYIeM CPaBHUBATL C Ce-
MaHTUYECKIM TIOHITHEM COBMECTHOCTH. [lycThb mMeeTcss HeKOTOpasi MHTepPIIpe-
tamus M curnaTypel o. HamoMumM, 9T0 OHa HasbIBaeTCsI Modeavro Teopun I,
ecnu Bce opmyitbl u3 ' uctunnsr B M. MuoxecTBO [' HasbiBaeTcst cosmecmmbim,
€CJI OHO UMEET MOMENb, TO €CTh €CJIU Bce ero (hOPMYJIbI ICTUHHBI B HEKOTOPOM
MHTEePIPEeTAINN.

TEOPEMA 40 (o koppekTHOCTH; iepedopMyIupoBKa). Joboe cosmecmmuoe
MHOHCECTNBO 3AMKHYMBIT GOPMYA HENPOMUBOPEUUBO.

Hoka3aTesbeTBo. [lycTs Bce popmysbr u3 I' uCTUHHBI B HEKOTOPOW WHTEP-
nperaruun M. Moxer nu oxkazarwbes, uto I' = ¢ uw I' = =@ nnsg mexoTopoi
3aMKHYTOI GopMynbl 7 Jlerko moHsATh, YTO HET. B camMoM meje, B 9TOM CIIy-
gae Teopema 39 (c. 130) mokasbiBaeT, 9TO HOPMYIIBI ¢ U — MOTKHBI OBITH
OMMHOBPEMEHHO UCTUHHBI B M, 4TO, O9€BUIHO, HEBO3ZMOXKHO. ]

Iist mokazarenbeTBa OGPATHOTO YTBEPKIEHUS (O COBMECTHOCTH HEITPOTUBO-
PEUnBOIl TEOPUM) HAM TOHAIOOUTCS TIOHSITHAE TMOTHON TEOPUHL.

HenmpoTuBopeunBoe MHOX)ecTBO ', cocTosIee n3 3aMKHY THIX (DOPMYJI CUTHA~
TYPBI 0, Ha3bIBAETCS NOAHbIM B DTOU CUTHATYPE, €CIIN I JII0O0U 3aMKHYTOUN
(popMyIIBI (p ATOU CUTHATYPBI 160 hopMyna @, IuO0 €€ OTpUIaHUE 1 BBIBO-
nsares u3 1.

Hpyrumm croBaMu, TeOpus TOJTHA, €CIU W3 JTIOOBIX MBYX (GOPMYIT @ U —(p
(COOTBETCTBYIOIIEN CUTHATYPBI) POBHO OIHA SIBJISETCS TEOPEMOI STON TEOPUN.

[TomHOE MHOXKECTBO MOXKHO TOIYYUTH, B3IB KaKyIO-TMO0 WHTEPIIPETAIIAIO 1
paccMOTpEB BCe 3aMKyThIe (DOPMYJIbI, HICTUHHBIE B 5TON nHTepnpetanuu. (Bmo-
CJIEICTBUU MBI YBUIAUM, YTO JTIIOO0€ TOJTHOE MHOYXKECTBO MOXKET OBITH IOJIyUeHO
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TaKUM CIIOCOO0M — DTO JIETKO CIIeyeT u3 TeopeMbr 41.)

B onpenenernn MOTHOTHI CYIIIECTBEHHO, UTO MBI OTPAHTUMBAEMCS 3aMKHY ThI-
MU (hOpMYJIaMuI TOM ke curHaTypbl. Hampumep, eciii MbI BO3bMEM OMHOMECTHBIT
MPENUKATHBIA CUMBOJI S, He Bxomsmuid B I', To dopmysnsr u3 I' mpo Hero nudero
HE YTBEPKIAIOT, U TIOTOMY, CKaxeM, Hu Gopmysta Vo S(x), Hu eé oTpuriaHue He
BRIBONUMEI 13 I'. 3aMKHYTOCTH OPMYIIBI  TOXKe BaxkKHa. Hampumep, MHOXKeCT-
BO BCEX UCTUHHBIX B HATYPAIBHOM DSy GOPMYII CUTHATYPHI (=, <) HOJHO, HO
Hu dopmyna r = y, HI QOpMYyJIa T # Yy U3 HEro He BBIBOOSITCS, MHAYE TI0 IIpa-
BIUTY O0OOIIeHNsT MbI TOIyumin Obl j1oxkHYI0 B N dopmyny VaVy (r = y) win
VaVy (z # y).

[TomHOE MHOXKECTBO MTOIOOHO MIPOBO33PEHIIO YEJI0BEKA, TIOCTUTIIIETO TPEIesa,
YMCTBEHHOTO Pa3BUTHsL: Ha BCE, YTO BXOMUT B KPYT €ro MOHATHUH (BbIpaXkKaeTCs
bOPMYJIOil CUTHATYDHL 0), OH UMeeT TOUKY 3peHus. Ho 5T0 He OTHOCUTCS HU K
dopmyam GOBINell CUTHATYPBI (COMEPXKAIIMM HOBBIE ISl HETO MOHSITUS), HU
K dopMyIaM ¢ mapaMeTpaMu (TIOCKOJIbKY 3HAUEHUs TapaMeTpPOB He GUKCHPOBa-
HBI).

Temeps MBI TOTOBHI K IOKA3aTEIBCTBY OCHOBHOTO PE3YIbTATa 3TOTO Pa3merna.

TEOPEMA 41 (mOMHOTa MCYUCIIEHNs IPEIUKATOB, CIbHasA dhopma). Jlobas
HENPOMUBOPEUUBAT MEOPUL COBMECTIHA.

Hoka3zaTesbcTBo. HamomumM, Kak MBI TOKa3BIBAIIN AHAJIOTTIHOE YTBEPKIIE-
HIe M1 BBICKa3bIBaHUN. MBI pacmupsmm Hallle HETPOTUBOPEUNBOE MHOXKECTBO
I' mo momuoro MHOkKecTBa [V, a MOTOM moJIaraau IPONO3NINOHAILHYIO IePEMEH-
HyI0 p ucTunHOu, ecau [+ p. 3meck sToro 6ymeT HemOCTATOYHO, KAK MBI YBUINM
(HampuMep, HEMOHATHO, OTKyma 6paTh HOCHTENIb UCKOMOM Monemn). Ho Hauaso
paccyxkneHus: OyneT TaKuM XKe.

Jlemma 1. 11 BCSIKOTO HEIPOTUBOPEUYNBOTO MHOXKeCTBa I’ 3aMKHYTHIX dop-
MyJI CUTHATYPBI 0 CYIIECTBYET IIOJHOE HEIPOTUBOPEYNBOe MHOXKecTBO IV 3a-
MKHYTBIX (DOPMYJ TOU Ke CUTHATYPHI, comepxkariee [

Hoka3aTembCTBO MTOBTOPSET PACCYXKIEHUE pPa3menna 2: pacCMaTpuBas o Ode-
penu 3aMKHYTBIE (OPMYJIIBI, MBI HOOaBiIgeM MO0 UX, JUOO WX OTPUIIAHUS B
MHOxkKecTBO I

DTO MOXKHO cHenaTh 6€3 TPyIa i KOHEUHON WU CUETHON CUTHATYPHI (TO-
IIIa MHOXKECTBO BCEX 3aMKHYTHIX (DOPMYJI DTON CUTHATYDPHI CUETHO). Jlemma 1
TTOKa3aHa.

Kaxk e HaMm Tenepb MOCTPOUTH MOJIEIh TTOJTHOTO MHOXKecTBa ['7 IIpex e Bcero
HAI0 PEIINTh, 9TO OyIeT HOCUTEIeM STON MOMEIN. 3aMeTUM, YTO B CUTHATYPE
MOTYT OBITH HEKOTOPBIE KOHCTAHTHI ((DYHKITMOHAIILHBIE CUMBOJIBI BAJIEHTHOCTH
0). Im momKHBI COOTBETCTBOBATH HEKOTOPBIE 3JIEMEHTHI HocuTesst. Kpome To-
0, 3aMKHYTBIM TepMaM (KOTOPBIE HE CONEPKAT HUKAKUX MEPEMEHHBIX, TOIBKO



§5. IlomHOTa MCUMCTEHUS TPEIUKATOB 135

KOHCTAHTBI) TAKXKE NO/KHBI COOTBETCTBOBATE HJIEMEHTHI HOCUTENA. [1ompoby-
eM B35Th B Ka4eCTBEe HOCUTENId KaK pa3 MHOXKECTBO 1 BCEX 3aMKHYTBHIX TEPMOB
HaIllell CUTHATYPHL 1Ipm 3TOM MOHATHO, KaK HAIO ONPEHCIATh CUTHATYPHBIC
(DYHKIIIT Ha 5TOM MHOXKECTBE: (DYHKIUSA, COOTBETCTBYIOMIAsA CUMBOJIY f BAJICHT-
HOCTH Kk, OTOOPAXKAeT 3aMKHYTHIE TEpMEI t1, ... ,tx B TepMm f(t1,...,t). (D10
OlpeMeieHre HUKAK He 3aBUCUT OT I.)

[IpemukaThl Ha 5TOM MHOXKECTBE OIpelesideM TaK: eclin A — NpeanKaTHBII

CUMBOJI, & ti1,...,t, — 3aMKHYTBIE TE€PMbI, TO IPEONKAT, COOTBETCTBYIOIIIII
cumBoity A, uctusen uHa TepMmax ty, . .., t,, eciu dopmyna A(ty, ..., t,) BeIBOMU-
Ma u3 I'.

Tem caMbIM THTEPIIPETAITAS TTOJTHOCTHIO OMMMCAHA, M MBI XOTeIN ObI MOKA3aTh,
uT0 Bee popmyibl u3 I' B Hell mctunHEBI. MBI Oy/meM noka3bBaTh 1O MHIYKITAN Ta-
Koit axT: ecnu ' F o, To hopmyna o UCTUHHA B TOCTPOEHHON MHTEPIIPETAIINH,
a ecnu [' = —p, To popmyna ¢ J0xKHA.

Omuako 6e3 HOOMOTHUTEILHBIX MPEITOIOKEHUN 0 MHOXKecTBe [' »ToT miman
00pedéH Ha Heymady, MOCKOJIbKY 3aMKHYTBIX TEPMOB MOXKET OBITH COBCEM Ma-
70 (Wim maxke BOBCE HE OBITBH), B TO BPEMs KaK COOTBETCTBYIOIIAs TEOPUs He
nMeeT KOHEUHBIX Mofmerneit. Fcimm HauaTh WHIYKTUBHOE PACCYXKIIEHUE, TO BBISC-
HUTCSI, YTO TPYIHOCTH BO3HUKAET B cjydae, Korma Gopmysia (¢ HAUMHAETCS C
kBaHTOpa. Hampumep, Moxer okasarhbes, uTo (opmysia dr A(r) BeIBomUMA 13
MHOX)ecTBa '), B TO BpeMst Kak HU [JTs KAKOTO 3aMKHYTOTo TepMa t popmyia A(t)
ue BeiBomuMa u3 I'. Torma dopmyna dx A(z) GymeT JOXKHON B OMUCAHHON HAME
Momesn (XOTst BBIBOMUMON ). UTOOBI MPEOMOIeTh 5Ty TPYIHOCTb, MbI HAJIOXKIM
TIOTIOJTHUTEITbHBIE TPEeOOBaHUS HA MHOXKECTBO ['.

HazoBéMm Teopuio (MHOKECTBO 3aMKHY THIX (DOPMYIT CUTHATYPLI 0) 9K3UCTMEH-
YUGALHO NOAHOT B CUTHATYPE 0, €CIIN I BCIKON HOPMYIIBl 3€ (0 CUTHATYPHI O,
BBIBOIUMON 13 I, HAWMETCS 3aMKHYTHI TEPM ¢ DTOW CUTHATYPHI, OIS KOTOPOIO
I'Fo(t/€).

Ecnu MmHOXecTBO [' OTHO 1 HK3UCTEHIINAIBHO IMOJIHO, TO OIMMCAHHAS BBIIIIE
KOHCTPYKITS C 3aMKHYTBIMU TepMaMé TaéT ero mMomenb. [Ipexme wem mpoBe-
PSATH 5TO, MMOKaXKeM, KaK PACIIUPUTH [’ 10 TTOJTHOTO U HK3UCTEHITNAIBHO TTOJTHOTO
MHOXKecTBa. KiioueByio posib 3/1eCh UrpaeT Takas JieMMa

Jlemma 2. Ilycte I' — HempoTHBOpPEUMBOE MHOXKECTBO 3aMKHYTBHIX (DOPMYII,
13 KOTOPOTO BBIBOMUTCS 3aMKHyTas popmyita 3€ . [IycTh ¢ — KoHcTaHTAa, HE
BcTpevatortiasica Hu B [, Hu B . Torma MHOX)ecTBO ' ocTaHeTcss HETPOTUBOPE-
YUBBIM TIOCTIe HobGaBierust Gopmyisl ¢ (c/§).

(3ameuanue. 3neck u majee, rOBOPs O HEIPOTUBOPEUUBOCTY U BHIBOIUMOCTH,
MBI He YTOUYHSIEM, B KAKOU CUTHATYPEe CTPOSATCS BBIBOMLI: BCE HAIIIM CUTHATYPHI
OyoyT OTIUYATHCS JIUIIIL HAOOPOM KOHCTAHT, U JJeMMa O NOOaBIE€HUN KOHCTAHT
Ha c. 132 maér maMm Taxoe Ipaso.)
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HokazaTeabcTBo jleMMbI 2. [IycTs I’ cTaHOBUTCS MPOTUBOPEUYNBLIM ITOCTIE O~
6asnerust popmyisl ¢(c/€). OTcrona cremyeT (HCIOIB3yeM TOIXOMSIITY O TPOIIO-
3UIMOHAIIBHYO TABTOJIOTHIO), UTO OTPUIAHNE STON GOPMYIIbI BHIBOOUTCS U3 )
TO ecThb BhIBomUMa dopmyina v — —w(c/€), Tme 7 — KOHBIOHKINS KOHEYHOTO
quciaa Gopmyit us [. [lo memme o cBexux koncranTax (c. 131) BeiBomuma dop-
Mysa 7 — — (HAIIOMHEUM, 9TO ¢ HE BXOOUT HU B ¢, HU B 7). KonTpamnosurus
naét dopmynny ¢ — —vy, a mpaBuio bepnaiica — dopmyny 3€p — —y. Ilo
npennosoxenuio gopmyna 3€ ¢ BeiBomuMa u3 I', u MHOXKecTBO I' OKa3bIBaeTCs
MPOTUBOPEYMBLIM. JlemMMa 2 mokazaHa.

BAOAYA 163. [okaxcume makxoe ycuaenue aemmvl 2: npu dobassenuu 6 T’
dopmyavt (c/€) (6 npednosoxcenuir semmbl) muoxrcecmeo 6vi60dumuir uz I’
Popmya ucrodnotl cuenamypvl (63 KOHCMANMbL C) He MEHIEMCA.

Jlemma 3. IIycts I' — HempoTuBOpEUMBOE MHOXKECTBO 3aMKHYTBIX (POPMYII
curHaTypsl 0. Torma cyiecTByeT paciimpeHne CUTHATYPHI 0 HOBBIMU KOHCTAaH-
TaMU 1 HEIIPOTUBOPEUNBOE, TIOJTHOE U SK3UCTEHIIMAIIBHO MOJTHOE (B PACIIINPEHHOI
curHaType) MHOX)eCcTBO 1V 3aMKHYTEIX dopmy, conepxarree [

HoxazaTenbcTBo. [IycTh curHaTypa KoHeuHa uim cuéTHa. Torma hopMysT Bu-
na 3€ ¢, BeIBOMUMBIX U3 1, He 6osiee yeM cuéTHOe unciio. K KaXmoi m3 HuX 10
ouepenu OyneM MPUMEHSITH JIEeMMY 2, BBOIS HOBYIO KOHCTAHTY. CoOrsiacHO 5TOM
JeMMe, Ha KayKIOM Ilare MHOXKeCTBO [’ ocTaéTcss HeMpOTUBOPEYNBBIM, TIOITOMY
OHO OYIEeT HENMPOTUBOPEUYUBBLIM U TOCJE MHOOABJICHUS CUETHOrO ducjaa GhopMyIT
(BBIBOI TPOTHUBOPEUNSI 32TPATUBAET JIAIIL KOHETHOE IUCIIO0 GOPMYI).

Omuako HeENb3sT YTBEPXKIATH, UTO MOJYUYEHHOE MHOXKECTBO OyIeT HK3UCTEH-
[IIaJbHO TOJHBIM B HOBOHW CUTHATYpPE, MMOCKOJBKY PO (GopMysel Buma € ¢ ¢
MOOABIIEHHBIMU KOHCTAHTAMU MbI HIYETO He 3HaeM. [[omoTHuM 5TO MHOXKECTBO,
MPUMEHNUB JIEMMY 1, 1 TIOBTOPUM pacCyXKIeHUe: IS KaXKIOH BBIBOOUMOU (Hop-
MYJIbI, HAUMHAIOIIENCS ¢ KBAHTOPA CYIIIECTBOBAHUS, BBEIEM HOBYIO KOHCTAHTY
u T. .

3aTeM CHOBa TOIOJIHUM €r0, CHOBA MOOABUM KOHCTAHTHI, CHOBA ITOTIOTHUM 1
TaK crenaeM caéTHoe Jucyio pa3. OObenuHeHne BCeX MOy YeHHBIX MHOXKECTB Oy-
IeT HEMPOTUBOPEUYMBBIM, TIOTHBIM U HK3UCTEHIINAIBHO MOJTHBIM. B camom merte,
OHO HETPOTUBOPEUNBO, TaK KaK TPOTUBOPEUNE NOIKHO BHIBOOUTHCS N3 KOHETHO-
ro unciia GopMyI1 (U IOITOMY [OIIKHO TOSIBUTHCS yiKe Ha KOHeUHOM Irrare). OHo
MOJTHO: JTI0Oast 3aMKHyTas GOpMyJa (¢ CONEPKUT KOHEUHOE UUCIIO HOBBIX KOH-
CTAHT, TIO9TOMY Ha KAKOM-TO IIIare IMOMOJTHEHNST OHA UJI €€ OTPUIlaHne CTAHYT
BRIBOMUMBIMEU. HakoHel, TOCTPOEHHOE MHOXKECTBO DK3UCTEHIINAIBLHO TTOJIHO IO
TOW Ke MPUYNHe: BCIKast (HOPMYyITa CONEPXKUT KOHETHOE IUCIIO0 HOBBIX KOHCTAHT,
MIOTOMY Ha CJIEAYIOIIEeM Iare IjIs Heé MpemyCMOTpPeHa CBOS KOHCTAHTA.

Jlemma 3 moxazaHa.
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[MocmeqauM maroM B MOKA3aTeILCTBE TEOPEMBI O TIOTHOTE (BCSIKOE HEIPOTHU-
BOPEUYMBOE MHOXKECTBO 3aMKHYTHIX (DOPMYJI COBMECTHO) SIBIISIETCST TaKasl JIEMMA:

Jlemma 4. IIyctb I' — mostHOE 1 SK3UCTEHITUAIBHO ITOJTHOE MHOXKECTBO 3aMKHY-
TBIX (OPMYJI HEKOTOPOW CUTHATYPHI o. Torma cyinecTByeT mHTeprpeTatus M
CUTHATYPHI 0, B KOTOPON UCTUHHBI BCe GOpMYyJIhI n3 [

Mgbr yxke roBopmian, Kak HaOO CTPOUTH TakKylo mHTeprpeTaiuio. [loBTopum
a0 6ostee mompobHO. PacecMoTpuM Bee 3aMKHYTHIE TEPMBI CUTHATYPBI 0, TO €CTh
TepMBbI, He colepiKalllle MePEMEHHBIX, a TOIbKO (DYHKIIMOHAJIbHBIE CUMBOJIBI U
koHCTaHTHI. (Takue TepMBI CYIIIECTBYIOT, TIOCKOJIbKY Teopus [ 9K3uCTeHInAIb-
HO TIOJIHA.) DTO MHOXKECTBO OyIeT HOCUTEJEM MHTEPIPeTAINN.

Kak wmHTepnpeTupoBaTh GyHKINOHAIBHBIE CHMBOJIBI, MOHITHO (9TO HE 3a-
BUCUT OT MHOXeCcTBa ['): ecim cuMBOJI f WMeeT BAJIEHTHOCTH 7, TO €My CO-
OTBETCTBYET (QYHKIUS, KOTOpas oToOpaxKaeT 7 3aMKHYTLIX TEPMOB ti,...,1T,
B 3aMKHYTBI TepMm f(ty1,...,t,). KoncTanTol (QyHKINOHAIBHBIE CUMBOJIBI Ba-
neaTHOCTHU () UHTEPIPETUPYIOTCS CAMU COBOI.

WuTrepuperamus mpequKaTHLIX CUMBOJIOB TakoBa. IlycTts A — npenmkaTHEBIR
CIMBOJT BaJIEHTHOCTH 7. UTOOBI y3HATH, UCTUHEH JII COOTBETCTBYIOIIUN €My
npequkaT Ha 3aMKHYTBIX TepMmax ti,...,L,, HAIO COCTAaBUTH aTOMapHYI (QOp-
mymy A(ty, ..., t,) 1 BBIICHUTE, 9TO BeIBOmUTCS U3 I — cama sra dopmysia win
eé orpuranue. (3mech MBI UCIOIB3YeM MOTHOTY.) B mepBom ciayuae mpemmukar
OymeT MCTUHHBIM, BO BTOPOM — JIOXKHBIM.

Munyknuei mo 9uciIy JIOTMYECKUX CBSI30K U KBAHTOPOB B 3aMKHYTOW (HOpMy-
Jle (0 CUTHATYPBI 0 MOKaXKeM TaKOe YTBEPXKIEHUE:

' ¢ < ¢ uctuana B M.

s aToMapHbIX GOPMYI 5TO BEPHO MO MOCTPOEHUIO mHTepuperanuu M.

s Tpono3UIMOHAIBHEIX CBSI30K PACCYXKIOECHUE HUYEM HE OTINYAECTCS OT
NPUBEIEHHOTO B pasmenie 2. HaM HyXHO TmpoBepuTh, YTO BHIBOOUMOCTH U3 I
MOMUUHSIETCS TEM XKe ITpaBUjiaM, YTO U UCTUHHOCTD:

'--A<THA,
'FAANB<THFAul F B,
'FAVBT'FAumI'F- B,
'M" A= B T'FAum ' B.

Bce 5Ty cBOMCTBA HECIOKHO MOKa3aTh. [lepBoe M3 HUX BBIPAKAET MOTHOTY (U
HETPOTUBOPEUYNBOCTh — HAIIOMHUM, YTO IO ONPENesieHnIO TOJIHAs Teopusl Bce-
ra HempoTuBOpednBa) MHOKecTBa ['. OcTasbHble CBONCTBA JIETKO MPOBEPUTH,
eCclii UMeTh B BUIY, UTO BCE YaCTHBIE CIydal IPOIO3UITNOHAILHBIX TaBTOJIOT U
BBIBOOUMBI.
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[TycTb Teneps dhopmyita ¢ umeet Bum € 1, rme ¢ — dhopMmyiia ¢ eOUHCTBEH-
HBIM TapameTpoM & (mmm 6e3 mapameTpoB). [Ipeanonoxum, 4To oHa BBIBOIIMA
m3 I'. Torma B cuity 9K3UCTEHIINAIBHON TOJTHOTHI HAWIETCS KOHCTAHTA C, MIJIST KO-
Topoit I' F 1(c/€). Popmyna ¥(c/€) umeer MeHbIlIe YUCIIO JIOTUYECKUX CBA30K,
MOPTOMY K Hell MOXKHO IPUMEHUTD MTPEATIOIOKEHNE NHAYKIINI 1 3aKTI0UNTh, UTO
ona ucruana B M. Torma dopmyia ¢ uctunsua Ha oreHke & — ¢ (cM. emMMy 2
Ha ¢. 124 u 3ameuanue mocse Hed), mosTomy dopmyita 3€ ¢ uctuana B M.

Hamporus, mycts dopmyna 3¢ 1 uctunna 8 M. Torma (mo onpenesnenuto wuc-
TUHHOCTH) HAWIETCS 5JIeMEHT (3aMKHYTBII TepM) ¢, IJIsi KOTOPOTO 1) MCTUHHA
Ha oleHKe & — t u motomy dopmyna ¥ (t/€) ncturna B M. Ilo npennonoxenuto
uanykiumn Gopmyia 1 (t/€) Beonuma u3 I'. OcTansoch BOCIONB30BATHCS TEM,
o Gopmyra ¥(t/€) — I aBsiercs akCcOMOll (HATIOMHIM, TIOACTAHOBKA 3a-
MKHYTOTO TepMa BCErIa KOPPEKTHA).

Haxkomner, paccmorpuM citydait, korma dopmyita ¢ uMeeT Bun VE . Ilycthb
ona BeiBomuMa u3 I'. opmyna V€Y — (t/€) aBaseTcs akcuoMoit jist 0600
saMkHyTOro TepMma t. [Tosromy u dopmymna (/&) BoBonuma u3 I'. B Heit MeHb-
1€ JIOTUYECKUX CBSI30K, UeM B (0, TIOATOMY IO IIPEOIOJIOKEHUIO WHIYKIINNA OHA,
uctunana B M. 3uaunT, popmyiia i) UCTUHHA Ha JTFOO0H oneHKe & +— {, U TOTOMY
dopmyta V€ ¢ ucturna B M.

Ecnu dopmymta VE 1 me BoiBonuma u3 I', To u3 I' BeIBoouTCS €€ oTpuUIlaHue.
OHo, Kax MBI BUIEIN, HOKA3yeMO SKBUBAJIEHTHO dopmyite € —). IlosTomy B
CIUTY 9K3UCTEHIMAIIBHOI MOJHOTHL BhiBonuMa Gopmyia —b(c/&) mist HeKOTOpoi
KOHCTAHTHI €. OTa (OopMyJa UCTUHHA, TIOATOMY ) JIOXKHA IIPU HEKOTOPOM 3HA-
YeHUU TepeMeHHon &, Tak 4To popmyita VE 1) moxua B M.

Taxum 06pa3oM, MBI IOKA3aJI1, ITO BCIKOE HEITPOTUBOPEUNBOE MHOXKECTBO 3a-
MKHYTBIX GOPMYJIT IMEEeT MO (PACIIIIPUB €10 [0 TOIHOTO 1 SK3UCTEHIINATHHO
TIOJTHOTO MHOXKECTBA, ¥ KOTOPOTO €CTh MOJENb U3 3aMKHYTHIX TEPMOB). ]

Ananns IOKa3aTeIbCTBa MO3BOJISET cAelaTh TakKoe HabOIIoOeHNe:

TEOPEMA 42. Henpomu6opeuusoe MHOMECMEO 3AMKHYMBIT HOopmya KO-
HEUHOU UAU CUEMHOT CULHAMYDPLL UMEEM CUEMHYIO MOODEAD.

HlokazaTenbcTBO. B camoMm mese, siemMeHTaMy HOCTPOEHHON HAMH MOMENIN
SBIITFOTCS 3aMKHYTBIE Te€pMBI, OOpa30BaHHBIE U3 HOOABIEHHBIX KOHCTAHT U
(OYHKIUOHAIBHBIX CUMBOJIOB CUTHATYPBI. Ha Kaxxmom 1mare mobaBiaseTcs: CUéT-
HOE MHOXKECTBO KOHCTAHT, MOYTOMY BCEX KOHCTAHT CUYETHOE YHUCIIO, 3HAUUT, U
TEPMOB CUETHOE YUCIIO. []

AHanornanoe paccyXaeHne ¢ UCIOIb30BAHNEM CBONCTB OMEPAIUN ¢ MOIITHO-
cTsamu (0 KOTOPBIX MOXKHO TIPOYeCThb B [1]) ycTaHaBnmuBaeT Takoil hakT:
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TEOPEMA 43. Bcakoe Henpomueopeuusoe MHo#cecmeo Gopmys cueramy-
pvi 0 umeem modeab mowmnocmu max(R, |o|) (ede Ry ob6oznauaem cuémmyro
MOWHOCTMB, a |o] — mowmocmp cuenamypol).

Kcratn, mpn mokazatenbcTBe TeopeMm 42 u 43 MOXHO OBITIO OBI COCTTATHCS
Ha Teopemy JleBerreiima— Ckosema 06 57€MEHTAPHON MOAMONETN (IIOCTPOUTH
MOIIEJTb TIPOU3BOJILHON MOIIIHOCTH, & TIOTOM YMEHBIINTh, €CJIA HATO).

Bosepatumcsa Teneps K MCXOMHON (HOPMYIUPOBKE TEOPEMBI O TIOJTHOTE.

TEOPEMA 44 (HONHOTA UCUYKUCIIEHNs TPENUKATOB, cilabas dopma). Begkas
00WEHAUUMAT POPMYAG 8bIBOOUMA 8 UCUUCAEHUL NPEIUKATNOB.

Hoka3zaTesmbcTBo. [lycTts dhopmyna ¢ 3amkHyTa. Ecimu oHa HEeBBIBomUMA, TO
MHOXKECTBO {—¢@} HEMPOTUBOPEUNBO U MOTOMY COBMECTHO. B ero momemu ¢op-
MyJia ¢ OyIeT JI0XKHOU, YTO MPOTUBOPEUUT IIPEATIOIOKEHNUIO.

YUTto kacaeTcs HE3aMKHYTBIX (DOPMYJ, TO MX OOIIE3HAYUMOCTH W BBIBOMIU-
MOCTBb PaBHOCUJTbHA, OOITIE3HAUNMOCTY U BBIBOMUMOCTH UX 3aMBIKAHUS. ]

Kaku B pasgerie 2, 13 TEeOpEMEI O IIOJIHOTE MOXKHO BBIBECTU TaKO€ CJICOCTBUE:!

TEOPEMA 45 (KOMOAKTHOCTB [IJIs UCYUCIIeHUs TpenukaTos). [Tycme ' —
MHONCECTNEO BAMKHYMBIL POPMYL HEKOMOPOT cuesHamypsl, U A10060e e20 Ko-
Heuroe Noodmuoxcecmso umeem modeav. To2da u camo muoxcecmso I' umeem
MOO0enb.

IokasaTenbcTBo. B camom mere, o TeopeMe o ToJTHOTE (1 KOPPEKTHOCTH, €C-
it OBITH TOYHBIM ) HAJIMYIKE MOIETH (COBMECTHOCTD) PABHOCUIIEHO HEITPOTUBOPE-
YUBOCTU. A TI0 OIPENesIeHNIO IPOTUBOPEUNBOCTE 3aTPATUBACT JIUIIL KOHETHOE
qrcno dopmyn u3 1. ]

3AOAYA 164. Iloxaxcume, umo meopema 0 NOAHOME 8 CUuAbHOl dopme
ABATEMCA CACOCTNBUEM MEOPEMDL KOMNAKMHOCNU U MEOPEMbL 0 NOAHOME 8
caabotli gopme. (Yrazanue: ecau mmoxncecmso I' ne umeem modeau, mo e2o
KOMEUHAT YaACMb He UMEEM M0Jeau, nodmomy gopmyaa ...) obwesnauuma,
nosmomy ... )

Ermé oqun BaxXHBIA pe3ynabTaT, BEITEKAIOIINNA 13 TEOPEMBI O MTOJIHOTE — CO-
BIAIEHIIE CUHTAKCIYECKOTO MOHSTUS BEIBOOUMOCTI I CEMAHTUYECKOTO TTOHSI TS
cienoBanus. IlycTs mama HekoTopas curaatypa o. PaccMorpum MHOXKeCTBO [
3aMKHYTBIX (DOPMYJT 5TOI CUTHATYDHI (Takue MHOXKECTBa MbI HA3bIBAEM TeO-
pUSMHI B CUTHATYPE 0) U €IIE OMHY 3aMKHYTYi0 (hopmyiy ¢. ['oBopsar, uro ¢
cemanmuuecku caedyem uz I', ecan ¢ ncTuHHA BO BCAKOW Momenu Teopuu I', To

€CTb BO BCSKOI MHTEPIPETAI[NN CUTHATYDEL 0, T UCTUHHLI BCe (OPMYIIBL I3
I". (O6osuauenne: I' E .)
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TEOPEMA 46.
I''-p&eTIFoe.

Hoxka3zarenscTBo. Eciu I' F ¢, To I' F ¢ (xak Mb1 Bumenu B Teopeme 39 Ha
c. 130).
Hanporus, mycts ¢ He BeiBomuma u3 I'. Torma Teopus I' U {—¢} memporu-

BOpeUrBa U (B CHJIy TEOPEMBI O TIOJIHOTE) UMEET MOMENb. 3HAUUT ¢ HE CIICIYeT
3 L. [l

3AIAYA 165. Kaxumu wyaxcrno ezamo  u I’ 6 amoti meopeme, wmobvr noay-
wUMb NPusedénnvie paree GopmysuposKy meopemvt o noarwome? (Omeem: npu
@ =1 (moacdecmsenno 10xcHag Gopmyaa) noayuaem cuabHyO Gopmy meopemul
o noarome, npu I' = & — caabyro.)

§6. O BBIBOmax M MOKa3aTeJILCTBAX

HenTpanbHas mmes MaTeMATHIECKON JIOTUKW BOCXOMUT eIlé K JIenOHuIy n
COCTOUT B TOM, UTOOBI 3alIICHIBATH MaTeMaTUUYeCKNe YTBEPKIECHNUS B BUME TO-
CJIEIOBATEJIBHOCTEN CUMBOJIOB U ONEPUPOBATH C HUMU NO (DOPMAJIbHBIM IIPABU-
gaMm. [Ipu 5ToM IpaBUITBHOCTBE PACCYXKIEHUN MOYKHO ITPOBEPSITH MEXaHUIECKN,
He BHUKAs B UX CMBICI.

Ycumusavu OOIBITIOTO YUCITa MATEMAaTUKOB U JIOTUKOB BTOPOW TOIOBIHBI XX
u niepBoit mosioBuHbl X X Beka (Byinb, KanTop, ®@pere, [leano, Paccemn, Yairrxen,
[epmeno, ®penkens, ['unsbepr, hon Heitman, ['énens u npyrue) sTa mporpam-
Ma OBbIJIa B OCHOBHOM BBITIOJIHEHA. [[PpUHATO cUnTaTh, YTO BCIKOE TOTHO cHOpMY-
JIMPOBAHHOE MaTeMaTUYEeCKOe YTBEPXKIEHNE MOXKHO 3acaTh (OPMYJION TEOPUN
MHOXKECTB (OMHOI 13 Hamboee o0muX GOPMAITLHBIX TEOPHil), a BCIKOE CTPOTOe
MaTeMaTUYIeCKOe NOKa3aTeIbCTBO Ipeobpa3oBaTh B (POPpMaJIbHBIA BEIBOI B 3TOUN
Teopun (MOCIIENOBATEILHOCTD (POPMYJIT TEOPUE MHOXKECTB, TOMIMHSIONLYIOCS He-
KOTOPBIM TIPOCTHIM TpaBujaM). B KAKOM-TO CMBICIIE 9TO MaxKe CTajo Ompemnese-
HUEM: MaTeMaTUIeCK CTPOTUM CUUTAETCS TaKOe PacCyXKIeHne, KOTOPOEe MOXKHO
IepeBecT! Ha S3BIK TEOPUU MHOMXKECTB.

Tax uTo xKe, Tenmepb MATEMATUKN MOTYT IPYKHO YUTH Ha MEHCUIO, TTOCKOTb-
Ky MOXHO OTKPBIBATH MaTeMaTUYeCKHe TeOPEeMBI ¢ IOMOIIbI0 KOMIBLIOTEDPOB,
3aIIPOTPAMMUPOBAHHBIX B COOTBETCTBUU € (OPMAIILHBIMU IIPABUIIAMU TEOPUN
MHOXKecTB? KOHeUHO, HeT, MPUIEM Cpa3y MO HECKOJIBKUM MTPUYINHAM.

Hauuém ¢ Toro, uro MaImHa, BbIOaiolas ¢ OOJIBIIION CKOPOCTHIO MaTeMa-
TUYECKIe TeOPEeMbI (M UX IOKA3aTeIbCTBA), XOTS U BO3MOXKHA, HO GECIIONe3Ha.
Iermo B TOM, UTO Cpeu STUX BEPHBIX YTBEPXKICHUN ITOUYTHU Bee Oy oy T HEMHTEPEC-
HbIMI. PopMasIbHAs JJOTUKA TOBOPUT, KaKUe MpaBUiia HAIO COOTIONaTh, IYTOOBI
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MIOJTyIaTh BEPHBIE PE3YIbTATHI, HO HE TOBOPUT, B KAKOM IOPSIOKe UX HAIO TPU-
MEHSITH, YTOOBI MOJIYUYUTH YTO-TO MHTEPECHOE.

Kazamoch Ob1, MBI MOXKEM 3aIlyCTUTH MAIIIMHY 1 XKIATh, IIOK& OHA HE TOKAXKET
UMHTEPeCYIoIee HAC yTBEPKIeHne (IIpoIycKas Bce ocTainbHbe). [Ipobiema B TOM,
4TO (hopMaJIbHOE JT0KA3aTEeIbCTBO CKOJIBKO-HUOYIL CONEPKATETHLHON TeOpeMbl
HACTOJIBKO INJIMHHO, YTO MPOYECTh €ro 4UesIoBeK He B cocTosHuu. [Ipencrasbre
cebe moKazaTeIbCTBO, KOTOPOE COCTOUT U3 MIJIIINOHOB (POPMAIHHO TPABUIBHBIX
II1arOB, B KOTOPOM MBI MOXKEM IIPOBEPUTH KaXKOBIN OTMOENIbHBIN IITar, HO TaK 1
HE TIOHIMAaeM, 9TO MPOUCXOOUT — MHOTO JI B HEM IIPOKY?

Ha camom mesre mpok BCE-TaKW €CTh: MBI y3HAEM, UTO MOKA3bIBAEMOE YTBED-
XKIEHNEe BEPHO, XOTsS TaK W He TMOHUMAaeM, ModeMy. T'ak UTO W TakKas MAallll-
Ha OBl OBI TIONIE3HA. Y BBI, U 3TOTO CHENATh He yHOAETCs, MMOCKOIIBKY Ha TTOMCK
TIOKA3aTeITbCTBA CKOJIBKO-HIOYIb CIIOXKHOTO yTBEPKIEHUSI MU3BECTHBIMU ceivuac
MeTomaMu TpebyeTcss acTPOHOMIYECKH GOJIBINOe BpeMsl (Iaxe eCim TpeacTa-
BUTH cebe, UTO MaIlnHa paboTaeT ¢ TPeneTbHO BO3MOXKHON O 3aKOHAM (PU3UKU
CKOPOCTBIO).

MoxHO ymMepuTh aMOUIIIN U MOCTABUTHL 0Ojlee MPOCTYIO 3a0ady: IyCTh Ma-
IIIHA TPOBEPSET MOKa3aTelbCTBa, 3allMCAHHbIE YeJIOBEKOM IO MpaBumiiaM (op-
MaJILHOW JIOTUKHU. Eciam MallmHa He MOXKET IOMOYb HaM UTO-TO OTKPHITH, IIyCTh
OHa XOTs ObI IPOBEPUT, He MPOMYCTUIN I MBI KAKOTO-TO IIIara paccykKIeHns.

W3 Bcex mepeunciieHHBIX 3a0ad 5Ta BBINIIIUT Hambojee peaucTUudHOn. K
COXKAaJIEHNIO, TIOKa YTO pabOThl U B 3TOM HaIlPaBIeHUU He VIIJIN TaJIeKO: Hop-
MaJIbHas 3alliCh MOKa3aTeIbCTBa B BUOE, IPUTOMHOM MIJIs MAIIIMHHONU ITPOBEPK,
SIBJISIETCS OOJITUM W CKYYHBIM OEJIOM, Ha KOTOpPOe y MaTeEMATHKOB HE XBaTaeT
DHTY3HUa3Ma u TepreHns. A pa3paboTaTh yHOOOHBIE CPEOCTBA TAKOH 3aIICH ITOKa
He yIaJIoCh.

Kopoue roBops, peBomornmonHas mporpamma Jleitbrua moctpoerus ¢Gop-
MaJIbHBIX OCHOBAHUN MaTeMaTHUKU OCYIIIECTBUIAChH, HO HE3aMETHO: IO 3OaHue
MATEMATUKU TOIBEIN HOBBI (1 MOBOJIBHO TPOYHBIN) GyHIAMEHT, HO GOJIBIITIH-
CTBO KUJIBIIOB IIPO 3TO OO CUX IIOp HE 3HAIOT.

Tax uTo xe, MaTeMaTHuecKas jJoruka Oecrosne3na? Hu B Kkoem ciyuae: oHa
He TOJILKO YOOBJIETBOPSET €CTEeCTBEHHBLIN (UI0COMCKUN MHTEpeC K OCHOBAHU-
SIM MaTeMaTUKN, HO U COMEPXKUT MHOXKECTBO KPAaCUBBIX Pe3yIbTaTOB, KOTOPHIE
BaXXHBI He TOJILKO [JIs MaTeMaTUKW, HO U [JIs computer science.

B xagecTBe mIocTpanuu K STUM OOIITIM COOOPaKEHUsM PACCMOTPUM TaK
Ha3bIBAEMYIO MIPOOJIEMY UYeThIpeX KPACOK.

PackparmmBas reorpaduieckyio KapTy €CTeCTBEHHO IOJIb30BATHCS IO BO3-
MOXKHOCTU MEHBIINM KOJIMIECTBOM IIBETOB, OOMHAKO TakK, YTOOLI IBE CTPAaHHI,
IMEIOIIIX OOIIYI0 YaCcTh TPAHUILI (HE TOIBKO OOIIYI0 TOUKY ), ObLIM ObI OKpa-
1eHb! o pasuomy. B 1852 romy ®pencuc I'yrpu, cocrasmss kapTy rpadcTs AH-
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iy 00paTuI BHUMAHUE, YTO [JIs TaKOU 11eJIU BIIOJIHE XBaTaeT YeThIpeX KPacoK.
Ero 6pat, ®penepuk, coobiu 06 5ToM HaOIIOOCHNN U3BECTHOMY MaTEeMATUKY
HeMoprany, KOTOpBI# cresaa 5Ty TUTOTe3y MNOCTOSHUEM MaTeMaTUIeCKOn 00-
1ecTBeHHOCTHU. [lepBas TouHas GOPMYIUPOBKA B MeYATU MPUHAMIEKUT Koman
(1878).

[TepBoe (HEmpaBIIIbHOE) MOKA3ATENBLCTBO MOSBUIIOCH TOI CIIYCTS M IIPUHAI-
nexano Kemme. Omubky B HeM OOHAPYXKUI XUBYH IEIBIX OMUHHAMIIATH JIET
cuycts. OmHako, mpocMaTpuBas paccyxmenns Kemu, XuByn MOHSI, ITO U3 HIX
CJIEMyeT, UTO IMATH KPACOK MeHCTBUTEIBLHO XBaTaeT. 1T'eM He MeHee, MJIs 0001
KOHKPETHOW KapThl XBaTAJI0-TaKN YeThHIpeX Kpacok! 3a mepBbIM HEIIPaBUILHBIM
TTOKa3aTeTbCTBO TOCIIENOBAIIO MHOYXKECTBO OIPYTUX. B 5TOM OTHOIMEHNN TpobiteMa
JeThIpeX KPacoK YCTYIIaJja JIUIb 3HaAMeHUTOn mpobiteme depma.

Io cepemmHBI 5TOTO BeKa, HECMOTPS Ha TO, YTO ITPOOJIEMON UeTHIPEX KPACOK
3aHIMAJIACh MHOTHE BBIIAIOIINECS MAaTEMATUKN, TIOJIOKEHNE C TIOKA3ATETHCTBOM
M3MEHIJIOCH HecylrecTBeHHO. Hambomee 3HAUNTEIBEHBIN BKIAI B PEHICHUE ITPO-
6nembl BHec B 1913 rony bupkrod, ubn uaen mo3Boauian PpaHKINHY OOKA3aTh
TUTIOTE3Y IS KapTHI ¢ He 00jlee UeM MBaaNaThio MAThio cTpanamu. [lo3:xe ObI-
JIO YCTAHOBIIEHO, YTO €CJIU YUCIIO CTPaH He MPEBOCXOMUT TPUMIIATU BOCHBMU, TO
TUnoTesa crupasenusa. V3 gero GbII0 TOHATHO YTO MOKA3ATEIHCTBO (MU OMPO-
BEPrafolil IpUMep) He MOTYT OBITH OCOOEHHO MPOCTHL.

B 1977 rony moka3aTenbCTBO TUMIOTE3bI YeTHIPEX KPACOK OBIJIO HAKOHEIT TTOJTY-
veHo AmesneMm m XakeHOM U OIMyOJIMKOBAHO B IBYX CTaThAX B XkypHaje Contem-
porary Mathematics. Becbma 3HaunTenbHas 4acTh PyTUHHBIX ITPOBEPOK OBIIA
BBITIOJTHEHA, KOMITBIOTEPOM, 1 3TO PEBOJIIOIIMOHHOE HOBOBBENIEHNUE B CIOKUBIITYIO-
csl TPAKTUKY NENYKTUBHBIX PACCYXKOEHUN B UMCTON MaTeMaTHUKe CIIyKUAT OCHO-
BaHUEM IIJI HEKOTOPOT'O €CTECTBEHHOTO CKENTTUIIN3MA IO OTHOIIIEHUIO K NAHHOMY
TIOKA3aTEeTLCTBY U MO CEN NEHb.

Mexny Tem, misg JemoBeKa TMOBEPXHOCTHO 3HAKOMOTO C MaTEMAaTHWKOW, Ipe-
IBITyIas pasza MOIMKHA BBI3BATH M3YMIIEHUE: a KaK Ke 00sI3aTelbHBIN I
MATEMATUKN, U TOJIBKO IJIs Hee, TpuHIWMI tertium non datur (MCKITFOUEHHOTO
TPETHEr0) B COOTBETCTBUAU C KOTOPBIM YTBEPXKAEHNE JINOO CIPABEIINBO, 6O
wet? Ilemo obcTouT HEe TaK MPOCTO. BOT UTO MUIITyT caMu aBTOPHI HOKA3aTeTh-
CTBa:

"YuraTenb MOMKeH pa3obpaThes B 50 cTpaHUIaX TEKCTa W OuUarpamm, 85
cTtpanuiiax ¢ noutu 2500 momosHUTEeNbHBIMI nuarpamMamu, ¢ 400 cTpanuia-
M MUKPODUIIIEN COMEPKAIINMUI eI1le MuarpaMMbl, & TaKXKe THICIIN OTOeTbHBIX
IIPOBEPOK YTBEPXKIOCHUN, CICIaHHBIX B 24 JJeMMaX OCHOBHOTO TeKcTa. BmobaBox
qYnTaTelb y3HaeT, UTO MPOoBepKa HEKOTOPHIX (akToB noTpedoBasia 1200 vacos
KOMIIBIOTEPHOTO BPEMEHU U KOTOPBIE ObIIN ObI UPe3BbIYAHO MJINTEILHBIMUI IIPU
npoBepke BpyuHyo. CTaThl yCTPAIIAONIN IO CTU/IO U U [JINHE, U HEMHOTHe
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MaTeMaTUKN MPOYIN UX CKOJIBKO-HUOYIL TOMPOOHO.”

['oBOpsI IPsSIMO, KOMIIBIOTEPHYIO YacTh HOKA3aTeTbCTBA HEBO3MOYXKHO ITPOBE-
PUTH BPYUHYIO, & TPAOUIIMOHHAS JACTh MOKA3ATEIbCTBA [IJINHHA U CJIOKHA Ha-
CTOJILKO, UTO €€ HUKTO IEJIMKOM U He MpoBepsiji. Mexmy TeM, moKaszaTeIbCTBO,
HE TIONIAOIIeecs] MPOBEPKe, eCTh HOHCEHC. COTIacUuThCS € MOMOOHBIM IOKa3a-
TEJILCTBOM O3HA4YaeT IPUMEPHO TO Ke, UTO MPOCTO MOBEpUTHL aBTopaMm. Ho u
30EeCh HE BCE TaK IPOCTO.

Mmorue syeMeHTapHbIe PACCYXKOCHUS — HaIpuMmep, hopMyiia Dimepa o rpa-
dax, BXomsIlas B HOKa3aTeIbCTBO, OCHOBaHA Ha YTBEPXKICHUAX Tuna: ~ [Imockuit
rpad paspesaer MIOCKOCTh HA COBOKYMHOCTh D((G) HEMepeKphIBAIOIIMXCS MHO-
TOYTOJIBHBIX OOJIacTel” , YTO Bpome Obl HETPYIIHO IIPOBEPUTH, B3SB JIUCT OyMaru
u xkapaunaii.. K coxalleHnio, 5TO YyTBEPXKICHIE He TPUHAIICKUT K IUCTY aKCU-
OM WJIN IITKOJIBHBIX TEOPEM IIJIOCKON TeOMEeTPUH U €r0 HYXKHO NOKa3biBaTh. COOT-
BETCTBYIOIIass TeopeMa, chopMyIupoBaHHas 2KopmaHoM, MOKA3hIBA€TCSI OYEHb
HEIIPOCTO, OMHAKO OCHOBHBIE TPYIHOCTU CBSI3aHBI C TEM, KaK CIIEIyeT MOHUMATh
cJI0Ba THUMa ' pa3pe3aeT’, UHTYUTUBHO BIOJIHE sSICHBIE, HO C TPYIOOM IIOIOAI0-
mmMcst Gopmanu3aiuu. B cBeTe 5TOro 3aMedaHus CTAHOBUTCS YK€ HE COBCEM
MOHSATHBIM, TOKa3aHa /i (hopmysta Dijiepa Wil MbI 706 epuit TPABIOTONOOHBIM
PACCYXKIEHUSIM, OCHOBAHHBIM HA WHTYUTHUBHBIX IPENCTABJICHUSX O CBOMCTBaX
reoMeTpUYecKux Quryp.

Honroe BpeMs umeajoM MaTeMaTUYeCKOW CTPOroCTU ObLIH (POPMYIUPOBKI
7 IOKAa3aTeIbCTBA JBKJINMIA, B KOTOPBIX OCYIIIECTBIISIACH IPOTpaMMa BBIBOMIA
TEeOpEM 13 AKCHOM II0 OIPENEeSICHHBIM MpaBuaM (Tak HA3BIBAEMBIN METOIM M-
MKW, TTO3BOJISIONINN TIOyYaTh HEOUEBUIHBIC YTBEPKICHUS W3 OUECBUIHBIX
MIOCPENCTBOM PsIa SIBHO NPEIBSIBISIEMBIX 3JIEMEHTAPHBIX, OUEBUIHO 3aKOHHBIX,
YMO3aKITIIOUeHniT). DToT obpaser; CTPOroCTH U B HAIE BPeMs HENOCTUKUM B
Kypce IIKOJIbHOW MaTeMaTUKN, HO JIJIsl COBPDEMEHHOU YMCTOU MATEeMAaTUKN CTaH-
MapThl DBKIINOA HEIOCTATOYHBI. DBKJIIN [TO-BAAMMOMY HE 3a0yMBIBAJICSI O TOM,
TOUeMy TIPSIMast IeIUT TJI0OCKOCTh Ha JIBE YACTH (M ITO HTO 3HAUUT), OH He OIpe-
NETIST TOHSITUsT " MeXAy” , CUMTasi 9TO MOHATHE OUeBUAHBIM u T.m. (Bombias
YaCTh COOTBETCTBYIOIINX YTBEPKICHUN BKJIIOUEHA B AKCUOMATUKY T'€OMETPUHN
TOJILKO B MOCIIEIHIOID COTHIO JIeT). PopMalibHbIe BBIBOIBI U3 HOBON CUCTEMBI aK-
CHOM CTAJIU TOpa3no IINHHee, YeM B aHTUYHBIE BpeMeHa. TpymHo maxe BooOpa-
3UTH IJIMHY TIOJTHOTO BBIBOMA (POPMYIILI Jiijiepa B COOTBETCTBUU C COBPEMEHHBI-
MU CTaHIapTaMU MaTEeMaTHIECKON JIOTUKU U CUCTEMBI aKCIOM T€OMETPU.

Ho uTo coBepiiieHHO TOYHO, TaK 9TO TO, YTO TO TAKOE PACCYKICHUE HUKOTIA
He OBLJIO TTPOMeNIaHO 13-3a OECIOJIE3HOCTU PTOTO 3aHATHU: PopMasbHbIE BHIBOILI
MPAKTUYIECKN HE TOMIAIOTCS MTPOBEPKE B CUJIy CBONCTB YEJIOBEUYECKOUN TCUXUKN:
TIOMIMO X TOPA3o GObIeil (M0 CPABHEHUIO C TIPUBBIUYHBIME PACCY K ICHUSIMY)
IJTIHBI UX CO3HATEJIbHOE YCBOEHUE UmeT ropasno MmemieHuee. [loaToMmy oOBITHO
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YIOOBIIETBOPSIIOTCS Y8EPEHHOCMBI0 B TOM, UTO (DOPMAJILHBIN BHIBOI BO3MOXKEH B
TIPUHITHTIE.

B dopmynie Oitnepa, HampuMep, MaTeMaTUKH He COMHeBatoTcsa. Boobite, mpu-
HATHE JOKa3aTeIbCTBA €CTh HEKII COIMaILHBIN akT. Boimatoruiicsa aarebpamncT
FO.M. Mauuu B cBoeir kuure ” [fokazyemoe u Hemokasyemoe” [5] mumrer mo 5To-
My TOBOMY: ” ... OTCyTCTBHE OMINOOK B MATEMATUIECKON paboTe (ecim OHU He
OOHAPYKEHBI ), KaK U B IPYTUX €CTECTBEHHBIX HAYKAX, YACTO YCTAHABIMBAECTCS
IO KOCBEHHBIM JAHHBIM: UMEET 3HaUeHIe COOTBETCTBUE C OOIIIUMY OXUIAHUSIMA,
UICIIO/Tb30BaHNE aHAJOTUUHBIX APIYMEHTOB B OPYTUX paboTax, pasrysobIBaHue
"T00 MUKPOCKOIOM™ OTHIEIBHBIX yUACTKOB JOKA3aTelIbCTBA, MaxKe PEIyTallns
aBTOpPAa; CJIOBOM, BOCIPOM3BOOANMOCTE B IIIMPOKOM cMbICTIe. ~ HemonsaTHbIe” mOKa-
3aTeILCTBA MOTYT CBhII'PATH OYEHBb TOJIE3HYIO POJIb, CTUMYJIUPYS MOUCKHU Oostee
TMOCTYITHBIX PACCyXKICHU.”

WNmenHo Takas mcTOpUS MPOUCXOOUT U C NOKA3aTeTLCTBOM TEOPEMBI O Ue-
ThIpeX Kpackax. He Tak maBHO MOSBUIOCH HOBOE MNOKA3aTEILCTBO, IPUYEM Ta
JacTh, KOTOPas BLIITOJIHEHA HE Ha KOMIILIOTEPE, YKe ToamaeTcs mposepke. OmHa-
KO KOMIIBIOTEPHAs YaCTh BCE eIlle OCTAeTCsI CKOpee IIPenMeToM Bephbl. Benb maxe
IIPOBEPKA PaCIeYaTOK BCEX IPOrPAMM I BCEX BXOMHBIX TAHHBIX HE MOXKET TapaH-
TUPOBATH OT CIYYalHBIX COOEB WM HaXe OT CKPBITHLIX IMOPOKOB BJIEKTPOHUKN
(BCIIOMHMM, YTO HEYMEHUE MeJUThb IepBOil Bepcuu mporeccopa Pentium 6b110
CIIyYIalHO OOHAPYKEHO CIIYCTS TOJITOMIa MOCJe Hadajla ero KOMMEPUYECKUX IpOo-
Iaxk — KCTATU,  YUCTBIM  MAaTeMaTHUKOM, pabOTaBIINM B 0OJIACTU TEOPUHN UN-
cen). [lo-BumumoMy, eMUHCTBEHHBIN CIIOCOO TTPOBEPKU KOMIBIOTEPHBIX Pe3yilb-
TATOB — HAIMUCATH APYTYIO IPOTPAMMY U IJIsl APYTOro TUIa KOMIbIOTEpa. JTO,
KOHEUHO, COBCEM HETIOXOKe Ha CTaHIapPTHBIN UIeasl NeMyK TUBHBIX PACCYKICHU,
HO UMEHHO TaK OCYIIIECTBIIIETCS MPOBEPKA YTBEPKIECHUN BO BCEX HKCIIEPUMEH-
TaJbHBIX HAYKaX.

W3 xoTOpBIX MaTeMaTuKa, CTAJIO ObITh, UCKITIOUEHA, HAITPACHO.
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Borauciimveie GyHKIMm, pa3permMbie 1
IepeYncjmMbie MHOXECTBA

§1. Beramcsimmvbie ¢pyHKIIM

dyukiusa [ ¢ HATYpaJIbHBIMEI APTYMEHTAME U 3HAUYEHUSME HA3BLIBACTCS 6bl-
YUCAUMOT, €CITA CYIIIECTBYET aJTOPUTM, €€ BBIYUCIISIONINN, TO €CTh TaKOW ajl-
roput™m A, uTo

e eciu f(n) ompeneneHo O HEKOTOPOTO HATYPAILHOTO N, TO amroputm A
OCTaHABIIMBAETCS HA BXome n u nedaraeT f(n);
e eciu f(n) He oIpeneseHo, TO AMrOpUTM A He OCTaHABINBAETCS HA BXOIE N.

Heckonmpko 3aMedannii Mo MOBOMY STOTO OMPENe/IeHI:

1. IloHsaTHe BBIYUCINMOCTU OIPENENseTCs 30eCh s YACTUYHBIX (DYHKIIII
(06macTBIO OmpenesieHnss KOTOPBIX SIBIIIETCS HEKOTOPOE TOMMHOXKECTBO HATY-
pasibHOTO psina). Hampumep, Hurme He ompenenéHHas QYHKIMS BbIYUCINMA (B
KauecTBe A HAMO B3ITh MPOrpaMMy, KOTOpas BCErma 3aliK/INBAeTCs).

2. MoxkHo 66110 GBI U3MEHUTH OIpeeieHne, cka3as Tak: ~eciau f(n) He ompe-
IesIeHo, To aubo aaropuTM A He ocTaHaBIEBaeTCs, JTHOO OCTAHABIUBAETCS, HO
HIUero He nevataer” . Ha camom meste 0T 5TOro Hudero 6bl He M3MEHWIOCH (BMe-
CTO TOrO, YTOOBI OCTAHABIUBATHLCS, HUUETO HE HAIEUATaB, aJTOPUTM MOXKET
3AIIIKIINBATHC).

3. BxomamMu 1 BBIXOHAMUI AJITOPUTMOB MOTYT OBITH HE TOJBKO HATYPAJIbHBIE
Yncsia, HO M nBomuHbIe cTpoku (crioBa B andasute {0,1}), mapbl HATypab-
HBIX UNCEJT, KOHEUHBIE MTOCJIEIOBATE/TEHOCTH CJIOB U BOOOIIIE JTI00bIE, KaK TOBOPSIT,
" KOHCTPYKTUBHBIE OOBEKTHI . [TosTOMYy aHAIOrmIHBIM 0Opa30M MOYKHO OIpeIIe-
JINTH IOHATHE, CKAXKeM, BEIYUCINMON (DYHKINI C OBYMs HATYPAJIBLHBIMI apry-
MEHTaMU, 3HAUECHUSIMI KOTOPO SBJISIOTCS PAlNOHAIbLHBIE THCIA.

st QyHKIUR, CKaXXeM, ¢ OeHCTBUTEIbHBIMI apryMEHTaMU U 3HATCHUSIMI
MOHSITUE BBIUNCINMOCTH TPebyeT CIenmnaabHOrO OMpeneseHns. 3mech CUTYaIlnsI
CJI0XKHee, OIpeneeHnss MOTYT ObITh PA3HBIMU, WU MBI O BBIYHCIUMOCTU TaKUX
dyukuuit roBoputh He OymeM. OTMETUM TOIBKO, UTO, HAIPUMED, CUHYC (IpH
Pa3yMHOM OIpEeSIeHIN BHIYUCIUMOCTH ) BEIYUCINM, & QyHKI sign(x), paBHas
—1,0mlopuxr <0,z =0uz >0 cooTBeTcTBEHHO — HeT. TOYHO Tak XxKe
TpebyeT CHenuaIbHOTO OMpEeNeIeHns BBIYNCIUMOCTE (DYHKINNA, apryMeHTaMK
KOTOPBIX SIBIITIOTCS OECKOHEUHBIE MTOCIeI0OBATEILHOCTY HYJIe 1 €qUHUI 1 T. II.
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4. HeckOMbKO MeCATUIETUH HA3a0 MOHSITHE aJITOPUTMa TPeboBajIo CIIeInab-
HOro pasbsicHenus. Cefigac (”KOMIbIOTEpHAs: TPAMOTHOCTE” 7) Takue OObsICHe-
HIsI BCE PABHO HUKTO YUTATh He OyHeT, MOCKOIbKY U TaK sICHO, UTO TaKoe ajl-
roput™. Ho Bcé xe Hamo cobIoaaTh OCTOPOXKHOCTD, UTOOBI HE TIPUHSITH 34 all-
TOPUTM TO, UTO UM He SBJIgeTCss. BOT mpuMep HEBEPHOTO PACCYKICHIUS:

” [TokaxxkeM”, 94TO BCsSKas BbrUucianMas QyHKIUs f ¢ HATYPaTbHBIMU apry-
MEHTAMUI U1 3HAUCHUSIMEI MOXKeT ObITH MPOMIO/KEHA 10 BCIOMY OMPENe/IEHHON BbI-
qucanmont ¢yukiuu g: N — N. B camom nene, ecimu f BBIYUCISETCS alITOPUAT-
MOM A, TO criemyromnmit anrropuT™ B BeauciseT QYHKIIIO ¢, TPOIOIKAONIYIO f:
"ecnmm A ocTaHABIUBAETCS Ha N, TO B maér TOT ke pe3ynbTaT, uTo n A; ec-
mm A He OCTaHABIUBAETCS Ha m, TO B maér pesymbrar (ckaxkem) 07. (B uém
OImbKa B 5TOM PACCYXKICHUNU? )

§2. Pa3permmmMsie MHOXecCTBa

MHOXKeCTBO HATYPAIBHBIX uncen X Ha3bIBACTCS PA3PEUUMbLM, €CITA CYIIe-
CTBYeT AJITOPUTM, KOTOPLIH 10 JTI060MY HATYPAJIBHOMY 7 OMPENeIisieT, TPUHAI-
JIEXKUT JII OHO MHOXKECTBY X .

Ipyrumu ciaoBaMu, X paspermMo, eClli €10 TapaKmepucmuueckad GYRKyu
x(n) = (if n € X then 1 else 0 fi) Beramcamma.

OueBumHo, niepecevenne, OOBEIMHEHNE I PA3HOCTD PA3PEIINMbIX MHOXKECTB
paspermMebl. J1060e KOHETHOE MHOKECTBO Pa3PEIInMO.

AHAIOTUYHO OMPENesSIOT PA3PEIINMOCTh MHOXKECTB Hap HATYPaIbHBIX Ud-
CeJI, MHOXKECTB PAIMOHAIILHBIX YUCENT U T. II.

3AIAYA 166. [lokasxcume, wmo MHOHCECMBO 6CET PAUUOHAALHBIT UUCE,
MEHLUWAUT YUCAG € (0CHOBAHUL HAMYPAALHBIL A02aPUPMO8), PaA3PeWUMO.

3ADAYA 167. [lokasxcume, wmo HenYcmoe mMhoHCeCmeE0 HaMypPaibHblL UUCE
paspewumo moz2da u moabko moeda, Ko20a 0HO €CMb MHONCECTEO 3HAUEHUT
6c100y onpedeaénnoti neybvisarwet 6bIUUCAUMOT GYHKYUY ¢ HAMYPAALHBIMU
ap2YMeHmMams U 3HAUEHUIMU.

OTMeTHM TOHKHAH MOMEHT: MOXKHO IOKa3aTh Pa3pelInMOCTh MHOXKECTBa He-
KOHCTPYKTUBHO, HE PEObSIBIILS aJIrOpUTMa. BOT TpaauIimoHHbIN TpUMED: MHO-
JKECTBO TeX N, IJId KOTOPBIX B YUCJIE T €CTh HEe MeHee N IeBSITOK HONPSI, pa3pe-
muMo. B camoMm mesie, 5ToO MHOXKECTBO COMEPKUT JTUOO BCe HATYpaIbHbIE YUCIIA,
a0 Bce HATYpallbHBIE YNCIIAa BINIOTH N0 HEKOTOPOTO. B 0obomx ciydasx OHO
pazpertumo. T'eM He MeHee MBI TaK U He TPENbIBUIIN aJITOPUTMAa, KOTOPBIA 1O N
y3HaBaJI Obl, €CTh JII B T HE MEHee 7l NeBSTOK ITOOPSIII.
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3AIIAYA 168. Hcnoab306ambl AU 6 3MOM PACCYHCIEHUU KAKUE-MO CE0UCTMEA
yucaa ¢ Umo uzmenumcsd, ecau 3aMenumsb cao8a “ne menee n desamokr” Ha
"posno n desamok (okpyscénnbixr ne-desamramu)”?

Cy1iecTBYIOT I HepaspelmMbie MHOKecTBa! CyIIeCTBYIOT — IIPOCTO II0-
TOMY, 9TO AJITOPUTMOB (U TIOSTOMY Pa3PEIINMBIX TOIMHOKECTB HATYPATIBLHOTO
psima) CYETHOE UUCIIO, a BCEX MOMAMHOXKECTB HATYPAIBLHOTO Psia HECUETHOE Ul-
c10. boree KOHKpeTHBIE TPUMEPBI MBI €I11€ TTOCTPONM.

§3. IlepeunmcimMbie MHOXECTBa

MHOXeCTBO HATYDAJIBHBIX UICET HA3BIBACTCS NEPEUUCAUMbLM, €CIII OHO e
PEUNCIIETCST HEKOTOPBIM aJITOPUTMOM, TO €CTh €CIH CYIIECTBYET AJITOPUTM,
KOTODBII Ie9aTaeT (B IPOM3BOIBHOM MOPSIIKE U C IPOM3BOIBHBIME IIPOMEXKY T-
KaMII BDEMEHNI) BCE IIEMEHTBL 9TOI0 MHOXKECTBA U TOJIBKO WX.

Takoit alIrOpITM He IMeeT BXOIa; HAeIaTaB HECKOIBKO TICEIT, OH MOXKET Ha-
IOJITO 3alyMaThCS U CIEAYIOIIee YICIIO0 HAEYATATh IOCIe GOJIBIIONO IIepephiBa
(a MokeT BOOOIIIE GOITBIIIE HUKOTIA HIYEro He HAeUaTaTh — TOLIA MHOXKECTBO
OyIeT KOHEIHBIM).

Cy1iiecTByeT MHOTO 5KBUBAJIEHTHBIX ONPENEIEHNN IIePETINCINMOIO MHOXKE-
cTBa. BOT HEKOTOpBIE U3 HUX:

1) MHOXeCTBO TEPEUnCIInMO, €CII OHO €CTh O0IACTD OMPEHNEIeHIS BhIUNCITH-
MO (DYHKIIUU.

2) MHOXeCTBO MEpeunciimMo, eCiin OHO eCTh 06IaCTh 3HAUEHUN BBIUHCIIMOL
dyHKIINNT.

3) MuoxkecTBO X HEPEUUCIINMO, €CIIN €ro (KaK MHOTIA TOBOPAT) ” oIy Xapak-
Tepuctuueckas’ GyHKIms, paBHas 0 Ha seMeHTax X 1 He OompeneIéHHAasI
BHE X, BLIUICIIIMA.

YT106BI NOKA3aTh SKBUBAJIEHTHOCTD 3TUX OMPENENIEHNH, BOCIIOIb3YeMCsS BO3-
MOXXHOCTBIO TIOITATOBOTO UCIIOTHEHNUS aJITOPUTMA.

[Tycts X mepeuncnsercs HekoTOpbIM ajropuTMmoMm A. Iloxaxem, aTo mosry-
XapakTepucTuIeckas (GyHKINS MHOXKeCTBa X BBIYUCIUMA. B caMoM 1mese, aaro-
PUTM €€ BBIUUCIIEHWS TAKOB: TOJIYYWB HA BXOI YUCIIO 71, TOIIATOBO BHITTOTHITH
aIropuT™M A, oXumas, TIOKa OH HaledaTaeT Iucjo n. Kax TOIbKo OH 5TO caerna-
eT, BBIIaTh Ha BBIXON () U 3aKOHIUTH PaboTy.

Hao6opor, mycts X ecTh 0651acTh onpenenienns (BorAucanMoit) dyukuun [
BBIYUCIISIEMON HEKOTOPBIM anroputmoM B. Torma X mepeuwncseTcs TakuM ajl-
roputmoM A: Bllapammensuo 3anyckars B Ha Bxogax 0, 1,2, .. ., menas Bcé 60JIb-
1re 1maroB paboTsl asroput™a B (cHavasma omus 1mar pabors Ha Bxomax 0 u 1;
IIOTOM TIO IIBa Irtara paboTsl Ha Bxomax 0, 1,2, morom no Tpu Ha Bxonax 0,1,2,3
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u Tak masee). Bce apryMeHTBI, Ha KOTOPBIX aJllOpUTM B 3akaHuYmMBaeT paboTy,
rneyaTaThb IO Mepe OOHapyKeHUs.

WNTax, MBI ycTaHOBIIIN 5KBUBAJIEHTHOCTH MCXOMHOTO OMPEENIEHUs Ompenese-
uaustM 1 n 3. Eciir B TO/TBKO 9TO MPUBEIEHHOM OMUICAHUE ajropuTMa A mevaraTh
HEe apryMeHTHI, Ha KOTOPHIX B 3akaHumBaeT paboTy, & pe3yIbTaThl 3TON pabo-
THI, TO TOJIYYAECTCS AJITOPUTM, TIEPEUUCIIIIONTUN 001aCTh 3HaYeHu GyHKIun f.
OcTasocs eré yoenuThes, YTO BCIKOE TePEUIUCIIMOe MHOKECTBO €CTh 00/1aCTh
3HAUEHWH BBIYUCINMON QYHKIUU. JTO MOXKHO CHEIaTh, HAIPUMED, TaK: MyCTh
X ecTb 006/1aCTH ONPEeTIeHNs] BEITUCINMON (DYHKIIUN, BEIYUCIITIEMON HEKOTOPBIM
anmroputmMoM A. Torma X ecTh 061acTh 3HAUEHNN QYHKITAN

x, ecnun A 3akaHUIMBaeT paboTy Ha I,
bz) = He OIIpeesIeHO B IIPOTUBHOM CITydae.
Brrancrnstrornuit 5Ty QyHKIIO aJIrOPUTM OEHCTBYeT Tak ke, Kak n A, HO TOIBKO
BMECTO DPe3yIbTaTa paboThHl aaropuTMa A BHIIAET KOMMIO BXOMA.

Emé omHO 5KBUBa/leHTHOE ONpelesieHne MIEePEUNCINMOTr0 MHOXKECTBA: MHO-
KECTBO HATYDPAJBHBIX THCE IIEPETNCINMO, €CIN OHO JIH0O0 IyCTO, ub0 eCThb
MHOYKECTBO 3HAYEHUN BCIOMY OMPENeSIEHHON BBIYUCIUMON (GYHKIUU (IPYTUMEI
CTIOBAMM, €r0 3JIEMEHTHEl MOXKHO DACIOJIOKATH B BBIUHCIUMYIO HOCIEIOBATE b
HOCTB ).

B camom merne, myCcTh HePEINCINMOe MHOXKECTBO X , IIEPETUCIIIEMOE ATITOPHUT-
MoM A, HerrycTo. Bo3bMéM B HEM KaKOI-TO 3JIEMEHT (. 1emeps pacCMOTPUM Ta-
KYIO BCIOLY ONPeNeEHHYI0 QYHKIIIIO @: €CIN Ha N-M Iare paboTsl anroputMa A
TIOSIBIISIETCST 9UCTIO T, TO HOMOXKUM a(n) = t; eciiu JKe HUYIero He MOSIBIIIETCS, TO
nonmoxuM a(n) = xg. (MbI npeqmosaraemM, 9To Ha TAHHOM Iare pabOTHI aJro-
PUTMa MOXKeT IOSIBUTHCSI TOJIBKO OIHO UNCIO — B IPOTUBHOM CiIydae paboTy
HaI0 pa3buTh Ha Goslee MesKue IIari. )

3aMeTHM, UTO 9TO PACCYKICHNE HEKOHCTPYKTHBHO — MMest &ITOPUTM A, MBI
MOYKEM He 3HATBH, IIYCTO JIU [EePEUNCIIeMOe UM MHOXKECTBO I/IN HeT.

TEOPEMA 47. Ilepeceuenue u 06vedunenue nEPeuUCAUMbLE MHONCECME Ne-
DEUUCAUMDbL.

HokazarenncTBo. Eciu X u Y mepeuncnsrorcs anropurmamu A n B, To ux
0O0beOUHEHNE TEPEUUCIIETCS aJITOPUTMOM, KOTOPBIN MapaslIeIbHO BBITIOIHSIET
mo maram A m B u meuaraer Bcé, uto meuaraioT A u B. C mepeceuennem
HEMHOT'O CJIOXKHee — Pe3yIbTaThl paboThl A 1 B Hamo HakamImBaTh U CBEPSATH
IPYT ¢ OPYTOM; UTO HMOSBUTCS OOIIIEr0 — IeYaTaTh. ]

3AAYA 169. IIposedume amo paccymxrcdenue, ucnoav3yid xaxoe-iubo opy-
20€e IKBUBAAEHMHOE ONPEIEAEHUE NEPEUUCAUMOCTU.
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Kax MBI yBuOuM, OOTOJHEHHUE MEPEUNCTIMOIO MHOXKECTBa HE 00s3aHO OBITH
MePEYUCIIUMbBIM.

3AIAYA 170. Unozda 2060pam o makx Ha3bi8AEMBIT ~HEOEMEPMUHUP OB AH-
HoIT an2opummaz” (0KCIOMOPOH, HO PACIPOCTPAHERHBIT) — MaKol ai2opumm
srAN0UAEM 68 CEOT KOMAHILL MUNG

n = Npou360gAbHOE HAMYPAALDHOE YUCAO

(docmamouno, enpouem, xkomander "n = 0 uwau 1”7, max xax npoussosvrnoe
YUCAO MOHCHO Popmuposampb no 6umam). Hedemepmunuposannviii as2opumm
(npu odnom u mom dHce 8rode) moxcem Jelcme06amsb NO-PaszHOMY, 6 3A6UCU-
MOCTU 0M Mo20, Kakue “npoussosbmnvie” wucaa 6ydym evibpanwl. okaxrcume,
YMO NEPEUUCAUMOE MHOHCECTNEO MONCHO IKBUBAAEHNHO ONPEIEAUMDb KAK MHO-
HCECNBO YUCEA, KOMOPLIE MO2YM NOABUMbCI HA BbITOJE HEIEMEPMUHUPOBGH-
HO20 aA20pumma (Npu GuKcuposanrom 8rode).

3AnAYA 171. oxaxrcume, umo ecau mmoxcecmsea A C N u B C N nepevu-
caumbl, mo uxr dexapmoso npouzsedenue A X B C N x N maxoce nepevucaumo.

54. IlepeunciamMbie U pa3pemnmMble MHOXECTBA

TEOPEMA 48. Bcakoe pa3peuwumoe MHOHRCECTNE0 HAMYPAAbHIT YUCel nepe-
wucaumo. Ecau mnoxncecmso A u e2o donoanenue (do mnoxcecmsa 6cexr namy-
PAALHBIT YUCEN) NEPEUUCAUMbL, MO A paspewumo.

Hoka3arenbcTBo. Eciu npuHaIIekHOCTE Yncia K MHOXKECTBY A MOXKHO mpo-
BEPUTH HEKOTOPLIM AJITOPUTMOM, TO A 1 ero momosiHeHne mepedncInMbL: HAIO0 IO
odepenn MpoBepsTh NpuHaIIeXKHOCTE ducen 0,1,2,... u megaTaTh Te U3 HUX,
KOTOpBIe npuHamIexkat A (umm Te, KOTOpble He TpuHALIEKAT A).

B opyryio cTopoHy: eciii y HAC €CTh aJITOPUTM, HepPeuncIssonmi A, a Tak-
K€ OPYTOI aJrOpUTM, MEPEUHC/IIONINA OOIOJIHeHne K A, TO OIS BBISCHEHIS
MPUHAIIEKHOCTH 33JaHHOTO YmIcaa 1 K A Hamo 3amycTUTh 06a 5TH ajJropuTMa
U K[IaTh, MOKA ONUH W3 HUX HamedaTaeT 7N (Mbl 3HAEM, YTO PAHO WU TO3IHO
POBHO OIIMH 13 HUX 5TO crenaeT). [locMoTpeB, Kakoi ajaropuTM 5TO CIETAJT, MbI
y3HAEM, JIeXKUT jau n B A. ]

OToT paxT HA3BIBAIOT meopemoti [locma.

Ona TOBOPUT, YTO Pa3pelIuMble MHOXKECTBA, — HTO MEPEUUCTIIMbBIE MHOXKE-
CTBa C TMEePEUIUCITUMBIMI IOMOTHeHUsIMU. HampoTus, mepeuncnuMbie MHOXKECTBA,
MOXKHO OIPENEeIUTh Yepe3 pasperinMbie:

TEOPEMA 49. Mmnooxcecmeo P wamypasbHble YUces nepeuuciumo moz0a u
moabko moz2da, k0200 0HO ABATEMCI NPOEKYUET HEKOMOPO20 PA3PEULUMO20
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mrozxcecmea () nap namypasbnvir wuced. ([Ipoexyusg noayuaemed, ecau om nap
ocmasums ux nepsvie Komnowenwmpl: x € P < Jy((z,y) € Q).)

Ioka3zarenscTBo. [Ipoexims m060r0 IEPeInCINMOTO MHOKECTBA TIEPETICITI-
Ma (MepedrnCIISIONIN AJITOPUTM [IOJIKEH JIUINb YIAJIITh BTOPbIE WJIEHBI Tap),
TaK UTO MPOEKIINs PA3PEIIIMOr0 MHOXKECTBA TeM 00Jiee Mepednc/IimMa.

Hamporus, eciu P — mepedyucimmMoe MHOXKECTBO, TePEeUnCIsIeMoe ajrOpuT-
MOM A, TO OHO eCTh MPOEKITNsI PA3PEIITIMOTO MHOXKECTBA (), COCTOSIIIErO U3 BCEX
Takux map (r,n), YTO X MOSBISETCS B TEUCHUN TEPBBIX 1 IIATOB PAGOTHI aJIro-
purma A. (OTO CBOWCTBO, OUEBUIHO, PA3PEIINMO. ) ]

§5. IlepeunmcamMocTh M BBIYMCIIMIMOCTD

MBI BuIEM, 9TO MEPEUNCANMOE MHOXKECTBO MOXKHO ONPENe/INTh B TEPMU-
HAX BBIYUCIMMBIX QYHKIUN (HATIpUMED, KaK 00IaCTh OIMPENeIeHNS BBIUNCIIMOI
dyukuun). MoxHO cnesars 1 HA06OPOT:

TEOPEMA 50. Qyuxyug [ ¢ HaMYPAALHLIMU AP2YMEHMAMUY U 3HAYEHUIMU
BHIUUCAUMA 0200 U MOAbKO moz2da, koz2da eé 2paduk

F ={(z,y) | f(x) onpedeseno u pasno y}
ABATEMCT NEPEUUCAUMBIM MHONCECTNBOM NAP HATNYDAALHBIT YUCEL.

Hoka3zaTesbeTBo. IlycTs f Boruncanma. Torma cyiecTByeT ajaropuTM, Iepe-
YUCJIAIONINN €€ 00/1acTh ONpenesieHns, TO eCTh MedaTaloIlInid BCe X, Ha KOTOPBIX
f ompenenena. Eciu Teneps O KaXXIOro U3 TAKUX T BBEIUUCISITD €II1E 1 3HAUE-
uue f(x), mOIyInM aIrOpuTM, MEPEUUCIISIONINT MHOXeCTBO F.

HampoTus, ecimu mMeeTcst ajlIropuTM, mepeducysonmi F, To GyHkims f BbI-
YUCIIIeTCS TaKIM aJITOPUTMOM: MMesT Ha BXOMOe N, XKIOEM TOsBIeHus B F' maphl,
TIEPBBIN YJI€H KOTOPOW paBeH N; KaK TOJBbKO TaKas Mapa IMOSBUIACH, ITeYaTaeM
e€ BTOpPOU 4JIeH U KOHUYaeM paboTy. [

[Iycts f — wacTwunas QyHKIUA ¢ HATYPAILHLIMI APIyMEHTAME 1 3HAYCHI-
amu. O6pa3 muoX)ecTBa A ipu f ompenenseTcs Kak MHOXKeCTBO Beex unced f(n),
st Kotopeix n € A u f(n) onpeneneno. IIpoobpasz muoxkectBa A tipu [ ompe-
NEJIAETCST KaK MHOYKECTBO BCEX TeX N, TP KOTOPHIX f (1) OmpemeseHo u mpuHa/I-
aexuT A.

TEOPEMA 51. IIpoobpa3 u 06pa3 nepeuucaumozo MHOHCECNBA NPU BbLUU-
CAUMOT PYHKYUU NEPEeUUCAUMDL.
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HokazarenscTBo. B camoMm mese, mpoobpa3s mepeuncinmMoro MHoxkecTBa A
IpU BBIYUCINMON QYHKIUE [ MOXKHO IMOJIYyYNTHh TakK: B3ITh rpaduk [, mepe-
CeYb ero C IePeunCINMBIM MHOXKECTBOM N X A 1 cIpoekTupoBaTh Ha IEPBYIO
koopnuHaTy. Paccyxmenue njs o6pa3oB aHAJIOTMYIHO, TOJIBKO KOOPIMHATHI Me-
HAIOTCI MeCTaMMU. L]

3AIAYA 172. Ilycmv F' — nepeuuciumoe MHO#CECME0 NAP HAMYPAALHHIL
yucea. Hoxaxcume. umo cywecmeyem sviuucaumad Gyrwkyud f, onpedeaénnas
Ha MET U MOALYKO MeT T, Iad KoOmopulx natdémed y, npu komopom (T,y) €
€ F, npuuém snauenue f(x) geagemes oonum u3 maxux y. (Omo ymeepacdenue
Ha3b18a0M UH020a TeopeMort 06 YHIDOPMI3AIIIN.

SAIAYA 173. anbl 064 NeEpEceKaOUUTCT NEPEUUCAUMIL MHOHcECMEa X

u'Y. Hoxascume, umo natidymca menepecexaouuect NePevucAuUMblE MHONCe-
cmea X' C X vwY' CVY, dag xomopuix X' UY =X UY.

SAIAYA 174. ITnodaHTOBBIM HaA3blEAEMCA YPABHEHUE, KOMOPOE UMEEM, BUJ
P(xy1,...,x,) = 0, 2de P — mnocousen ¢ yeavimu xoddpduyuenmanu. Hoka-
Heume, UMoO MHOHMCECMB0 UOPAHMOBLIT YPABHEHUT, UMEOUUL UeAble peule-
nud, nepeuucaumo. (OHO HePA3PEWUMO: 8 IMOM COCTNOUM UBBECTIHBIL PEYAb-
mam FO. B. Mamusgcesuua, seéuswuiica peuwenuem 3namenumots ”10-i npobae-
mvr T'uavbepma’”.)

3AIIAYA 175. He cevinagcy nwa doxkazamenbcmaso meopemvt Depma, noxaxcu-
me, Umo MHOHNCECMBO BCET NOKAZAMEACT N, OAT KOMOPHIL CYWecmeyem peuie-
Hue ypasHerwud x' + y" = 2" 8 YeablT NOAOHCUMEADHBIT YUCAAT, NEPEUUCAUMO.
(Kax menepv uzsecmmo, 3mo MHOHNCECMBO COdepHcUmM Auwdb wucaa 1 u 2.)

3AIAYA 176. Iloxaxcume, wmo 6caKoe OECKOMEUHOE MEPEUUCAUMOE MHO-
acecmeo moacno 3anucams 6 sude {a(0),a(l),a(2),...}, ede a — svruucaumas
dynkyud, ece 3nauenud Komopol pazauunbl. (Yrkazanue: 8 Tode nepevucienus
ydaagem nosmopenud.)

BAOAYA 177. IHokaxcume, wmo 6cakoe OECKOHEUHOE NEPEUUCAUMOE MHO-
HCECNBO COJEPAHCUM OECKONEUHOE PA3PEWUMOE NOIMHONCECMB0. (YKazanue:
gocnoavayemca npedvidywet 3adaveti u 6bIOEPEM 603PACMANOWYI NOONOCAEO-
6ameabHocmy. )

SADAYA 178. Ioxasrcume, umo 0ad 8cakot sviuucaumoti pynryuu f cywe-
CMBYem 6blUUCAUMAT PYHKYUL, A8adouagca “necesdoobpammuot” x f 6 caedy-
oUeM CMbICAE: 004aCMb onpedeseHus g coenadaem ¢ obaacmvio 3nauenud f,
u npu amom f(g(f(z))) = f(x) dag ecex x, npu komopwx f(x) onpedeaeno.
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3ADAYA 179. eticmeumeavnoe Yucaio @ Ha3bl8GEMCA BBIUUCIUMBIM, €CAU
CYWECNBYEM BLINUCAUMAT PYHKUYUL @, KOMOPAL NO A0O0MY PAYUOHAALHOMY
e > 0 daém payuonasvroe npubsudcenue k o ¢ owubkol ne boaee €, m.e. | —
a(e)| < e dag wobo2o payuonasvnozo € > 0. (Payuonasvbroe wucio géagemcs
KOHCMPYKMUBHIM 00HEKMOM, THAK UMO NOHIMUE BLIYUCAUMOCTU HE MpPedyem,
CEYUAALHOZ0 YMOUHEHUL. )

(a) Hoxaxcume, umo wucao o 8LIUUCAUMO MO020a U MOALKO Mo20a, Ko2da
MHOHCECTNEO PAYUOHAALHBIT YUCEM, MEHLUUL (¥, PA3PEULUMO.

(6) lloxaxcume, wmo wuUCAO O BBIUUCAUMO MO20G U MOALKO Mo2da, Koeda
nocaAed08amesbHOCMb 3KAK08 NPedcmasidiowet, e2o decamuunot (uiu deouu-
Hoti) dpobu evIUUCAUMA.

(B) Hokasxcume, 4mo wucao o 8bIUUCAUMO M020a U MOAbKO Mo2da, Ko2da
CYWECNBYEM, BLIYUCAUMAT NOCACI0BAMEALDHOCTND PAYUOHAALHBIL YUCEA, BbIULU-
CAUMO CTOOTWAACT K v (nocaednee 03HAUAEM, UMO MONCHO AA2OPUMMUUECKY
yrkazamb N no € 6 cmandapmmuom £-N -onpedesaenuu cxodumocmu.)

(r) Hoxaxcume, umo cymma, npoudgedenue, pasznocmsp U YACMHOE BbIUUCAU-
MBIT 0EUCTNBUMEALHBIT YUCEA BBINUCAUMbL. [IoKaHCUME, UYMO KOPEHD MHO20UAC-
HG C 8LIYUCAUMBIMY KOIPHUUUEHMAMU BIUUCAUM.

(r) Chopmyaupyiime u dokaxrcume ymeeparcderue 0 mom, wmo npedes 6bluu-
CAUMO CTOOAULETCA MOCACAOBAMEALHOCTNU BBIUUCAUMBLIL DTUCTNEUMEADHDIL YU~
CEN BLIUUCAUM.

(e) Leticmeumenvroe uucio o Ha3b184H0OM MEPEUNUCTUMBIM CHU3Y, €CAU MHO-
HCECNBO 6CET PAYUOHAALHBIT UUCEA, MEHLUIUL (v, nepevucaumo. (Illepevucau-
MOCTMb CE8EPTY onpedesemcd anaro2uuno.) Jlokaxcume, umo wucao o nepevu-
CAUMO CHU3Y MO020a U MOALKO M020a, k0204 0HO ABATEMCA NPEIEAOM HEKOMO-
POt BLIUUCAUMOT 803PaAcMarULEt NOCACI0EAMEALHOCTNU DAYUOHAALHBIT YUCEL.

(x) oxaxcume, umo deticmeumesbroe YuUci0 8bIUUCAUMO MO20a0 U MOALKO
moz2da, K020 0HO NEPEUUCAUMO CHU3Y U CEEPTY.

IanpHennme CBOMCTBA BBLIYUCIUMBIX INENCTBUTENBHBIX YHUCEJI CM. B 3ala-

ye 188.



['JTABA VIII

Y HuBepcajibHble QYHKITUN 1
Hepa3pernmMOCTh

§1. YHmBepcasbHBIE QyHKITAN

Ceitgac MBI TOCTPOUM TIPUMEP TEPEUNCTUMOTO MHOKECTBA, HE SBIISIOIIETOCS
paspermMbiM. [Ipu sToM 6ymeT mcmonb30BaThCS TaK Ha3biBaeMash YHUBEPCAITh-
Hast QYHKIUS.

['oBopsT, uTto dyukIUs U OBYX HATypaIbHBIX apryMEHTOB SBIISETCS YHU-
6epcasbHOl NI KilacCa BBIYMCIUMBIX (QDYHKINI OIHOTO apryMeHTa, €CIIU IJIs
KaXKIIOro N QyHKIUS

Up: +— U(n,x)

(" ceuenne” Gyukiuu U mpu GUKCUPOBAHHOM N) ABISETCS BBIYUCIUMON U €CIIN
BCe BBIYUCIUMBIE QYHKIMK (OMHOTO aprymenTa) BcTpedatorcs cpemu U,. (Ha-
mOMHIM, 9T0 HEU GyHKIS U, HI BRIYACIUMBIE GYHKIINE OOHOTO apryMeHTa He
06s13aHBI OBITH BCIOMY ONMPEIeSTEHHBIMI. )

Anajoruunoe ompemneieHne MOXKHO IaTh U IJIS OPYTUX KJIACCOB (QyHKITHAN
(omuOrO aprymenTa): Hampumep, Gyukuus U nByx apryMeHTOB OymeT yHUBED-
CAJILHOI IJIS KJIACCA BCEX BCIOMY OMPEOeIEHHBIX BBIUUCINMBIX (YHKIIINA OIHOTO
apryMeHTa, ecian eé ceuenus U, SBISIOTCS BCIOMY OMPENeIEHHBIMI BHIUMCTIMbI-
MHI QYHKIIISIMEI OTHOTO apryMeHTa U MCUePILIBAIOT Bce Takme dyakimu. Oue-
BUIIHO, YHIUBEPCAIILHBIE (DYHKIIUY CYIIIECTBYIOT IJIs JIFOOBIX CUSTHBIX KIACCOB (1
TOJIBKO IJISl HUX ).

KmroueByto poib B 5TOM pasmerie urpaeT Takon GhakT:

TEOPEMA 52. Cywecmsyem 8biuucaumad GyHkyud 08Yr apeymenmos, g6-
ATIOUWAACA YHUBEPCAAbHOU PYHKYUET OAT KAGACCA BLINUCAUMBLIT PYHKYUT 00H020
apeymerma.

Hoka3aTenbcTBO. 3amnuiiieM Bce MPOTrPAMMBbI, BEIYUCIAIONITE PYHKIIUN OTHO-
r0 APryMEHTa, B BHIUUCIUMYIO OCIEIOBATEILHOCTE Do, P1, - - - (HAIIPEMED, B TI0-
psinke Bo3pacTanus ux minibl). [Tomoxum U (i, ) paBHBIM pe3yibTaTy paboThl
1-Olf TIporpaMMbI Ha BXome x. Torma ¢yskmus U um 6ymeT nCKOMOW BBIUUCIIMONR
yuuBepcasbaon pyukimein. Ceuenne U; 6ymeT BBIYUCIUMON (YHKIIAEH, BHIYUL-
CJISIEMON IIPOTPAMMON ;. ATOPUTM, BEIYUC/ISIONINGA caMmy GyHKInio U, ecTh 1Mo
CYIIECTBY MHTEPIPETATOP IS UCIOIB3YEMOTO S3bIKa TPOTPAMMUPOBAHUS (OH
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IIPUMEHSIeT TIEePBBI APIYMEHT KO BTOPOMY, €CJIM OTOXKIECTBUTDH MPOrPAMMY U
eé HOMED). O

3AOAYA 180. Bce ceuenus U, mexomopot ¢dymuxyuu U deyr apeymenmos
svruucaumvt. Caedyem au omcioda, umo dyurxyugd U svivucauma?

3AnAYA 181. Zlatime (ecmecmeennoe) onpedesenue nowamusd 6biuucaumot
PyHKYUY MPET aP2YMEHMOB, YHUBEDCAALHOU AT KAGCCA BLINUCAUMBIL PYHKUUT
d8YT apeymenmos, u JOKaHCUme e€ CYw,ecmsosarue.

71 MHOXKECTB UCHOJIb3yeTCsl aHAJIOTUYIHAS TEPMUHOJIOTUST: MHOXKeCcTBO W C
C N x N ma3pBaoT yHusepcasbrbiM O HEKOTOPOTO Kjlacca MHOXKECTB HATY-
PaAIbHBIX YUUCETI, €CITN BCE CEUEeHUS

W, ={z| (n,z) e W}
MHOXKecTBa W mpuHAIIEKAT 5TOMY KIacCy U IPYTUX MHOXKECTB B KIIACCe HET.

TEOPEMA 53. Cywecmeyem nepeuuciumoe mhoOHCeCmao nap HamypaibHbly
YUCEA, YHUBEPCAALHOE OAT KAACCA BCET NEPEUUCAUMIL MHOHCECTNE HAMYDAAb-
HBIT YUCEN.

Hoka3zaTesbcTBO. PaccMoTpuM 06/1aCTh ONpenesieHnsl YHIBEPCATBHON (PyHK-
nuun U. Ona OymeT yHUBEPCAJIBLHBIM MEPEUNCIIMBIM MHOXKECTBOM, ITOCKOJIBKY
BCSKOE TIEPEUNCIIIMOE MHOXKECTBO SIBIISIETCS 00IAaCTHIO OIPeNe/IeHIsT HeKOTOPOI
BeIuncauMon dyukiun U,. ]

SAIAYA 182. Kax nocmpoumbs yHuBepCcasbhoe MHOHMCECME0, UCTOO0T U3 MO-
20, UMO 8CAKOE NEPEUUCAUMOE MHOHCECMBO €CTMb MHOHCECMEO 3HAUEHUT HEKO-
mopot pynryuu U, ?

SAIAYA 183. Cywecmeyem au pa3pewsumoe MHOHCECMBO NAP HAMYDPAAb-
HBIT YUCEA, YHUBEPCAADHOE OAT KAACCA BCET PA3PEWUMLL MHONCECME HAMY-
DAALHBIT YUCEN T

§2. JlmaroHasbHas KOHCTPYKITHAS

B npenbimyiiiem pa3nesie MbI HOCTPOUIN YHIBEPCATBHYIO QOYHKITUIIO 1T KJIaC-
ca BCEX BBIYUCIUMBIX (PYHKIIWH OMHOTO apryMmeHTa. MoxHO mu crmemaTs TO xe
camMoe IJIS KJ1acca BCIOMY ONPENeTéHHBIX BRIUYNCIUMBIX QyHKImi? OKa3biBaeTcs,
qTO HET.

TEOPEMA 54. He cywecmseyem sbiuucaumoti 6crody onpedesénnots Gynrkyuu
d6YT AP2YMEHMOB, YHUBEPCAALHOU OAT KAGCCA 8CET BLIUUCAUMIT 6CI00Y ONpe-
0eAEHHBIT PYHKYUL 00H020 ap2ymenma.
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Ioka3aTesbeTBO. Bocnonb3yemMces ” muaroHaIbHOIN KOHCTPYKIIEH — TOYHO
TaK e NOKA3bIBAETCS HECUETHOCTb MHOXKECTBA BCEX O€CKOHEUHBIX NECITUIHBIX
npobeit. [lycts U — mpou3BosIibHAS BBIYUCIUMAsS BCIOMY ONpeneéHHas (yHK-
IMst ABYX apryMeHToB. Paccmorpum muarosanbuyio dysknuio u(n) = U(n,n).
OueBunHO, Ha apryMmenTe n QyHKIUs v coBmamaeT ¢ dyuknumen U,, a GyHK-
st d(n) = u(n) + 1 ornuuaercs ot U,. Taxum o6pazoM, BEIUACIIMAS BCIOLY
onpenenéuaast GyHKIwMs d(n) ornauyaeTcs oT Beex cevenutt U, nm moTomy GyHK-
st U He ABJISIeTCS YHUBEPCAIBHOI. []

[Touemy 5T0 paccyKeHue He MPOXOMUT [JIs KJIACCA BCEX BHIUUCIUMBIX (yHK-
it (B ToM uncie vacTudabix)? Hemo B Tom, uto 3Hauenue d(n) = U(n,n) + 1
Tereph He 00s13aH0 OTInYaThes oT 3HaueHus U,(n) = U(n,n), Tak kak 06a OHI
MOTYT GBITH He ONpPEIEIeHbI.

Tem He MeHee, JaCTb PACCYXKICHUS OCTAETCS B CHIIE.

TEOPEMA 55. Cywecmeyem sviuucaumad Gynryud d (¢ Hamypaipbroimu ap-
CYMEHMAMU U ZHAUEHUIMU), OM KOMOPOU HUKAKAT 8LIUUCAUMAT Pynryud [ ne
MmoHcem 6crdy OMAUUAMbCA, 04 40001 8bruucAumot Gynwkyuy [ watidémes
maxkoe wucao n, wmo f(n) =d(n) (nocaednee pasencmso nowumaemcs 6 mom
cmbicae, umo aubo oba anauenus f(n) u d(n) we onpedesenvt, aubo oba onpe-
deaenvl u pasmbl).

Hloka3zaTesbeTBo. [l0 cyiecTBy BCE yKe CKazaHO: TakOBa MOUATOHAJIbHAS
dbyukuus d(n) = U(n,n) (3mecb U — BbrumcimMmas GYHKIUS IBYX apryMeH-
TOB, YHUBEPCAIbHAS I KJIACCA BBIUUCIUMBIX (DYHKINUNA OMHOTO apryMEHTa).
JTrobas Beruncaumas dyukuus f ects U, npu HekoTopoM 1 u notomy f(n) =

=Up(n) =U(n,n) =d(n). O

TEOPEMA 56. Cywecmsyem 6bluucaumad GywKyui, He UMENUAT 60y
ONPedeaéHno20 BbIUUCAUMOZ0 NPOJOAHCEHUL.

Hoka3zarenscTBo. Takosa, manpumep, dyukuus d'(n) = d(n) + 1, tme d —
GYHKIUS 13 IpenbIayIien TeopeMul. B camom mere, moboe e€ BCIOMY OMpenesIéH-
HO€ MIPOMOJIKEHNEe BCIOMY OTINYaeTcs OT d (B Tex MecTax, rie GyHKIwms d ompe-
nesena, Gyukims d’ Ha equHUILy 6OJIbIe d 1 IIOTOMY JII000€ IPONOLKEHIE (DYHK-
muu d’ oTimaaeTcs oT d; TaM, The d He OIpenesieHa, Jodas BCIOMY OMpeIeIéHHaAs
byHKIusA OTIIYaeTCst 0T d). ]

3AOAYA 184. [lokaxcume, umo u cama Pynkyug d u3 dokazamesbcmea
npedvidyweti Mmeopemvbl He UMEEM, BLIYUCAUMO20 6CH00Y ONPEIEAEHH020 NPOJO-
HCEHUA.
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§3. IlepeunmcimMoe Hepa3pelmMoe MHOXECTBO

Temeps MBI MOXKEM JOKa3aTh OOEIIAHHOE YTBEPKICHUE.

TEOPEMA 57. Cywecmeyem nePeuucAumoe HEPa3PewuMoe MHOHCECMEBO.
(Ilepedopmyauposra: CYwecmeyem nepeuuciumoe MHOHCECTNEO C HENEPEUU-
CAUMBLM DONLOAHEHUEM. )

Ioka3arenscTBo. PacemorpuM BeruncaumMyio dyHknuio f(x), He MMEOILYIo
BCIOMY OIIPENENIEHHOTO BBIUUCINMOTO IPpOonoIKeHus. [é obmacTs onpenenenns F
OymeT MCKOMBIM MHOXKECTBOM. B camom mere, F' mepeunciumo (mo omHOMY 13
ompenesieHnit mepedncauMocTn). Kemu 661 F GbII0 paspemnmo, 70 QyHKIHsE

f(z), ecnmu x € F,

g\r) =
() 0, ecmu x ¢ F

ObTa ObI BBIUUCIUMBIM BCIOY OMPENENIEHHBIM MponoskenneM Gyukuun f (mpu
BBIUUCIICHUN ¢(T) MBI CHAUAJIA TIPOBEPSIEM, JIEKUT Jin T B F| eciu ymexur, TO

BeruncisieM f(z)). O

[Tomesno mpocmenuTsh, KaKoe MMEHHO MHOXKECTBO B UTOTE OKa3aJ0Ch IIepe-
YUCIUMBIM U HEPa3PEIINMbIM. JIerKo MOHSATH, UTO TO MHOXKECTBO T€X N, IIPHU
kotopbix U(n,n) onpenenerno. Ecmu BcnoMHUTH KOHCTPYKIWO dyHKImu U, TO
9TO MHOXKECTBO T€X N, IIPU KOTOPHIX N~ MPOTpaMMa OCTaHaBIuBaeTcs Ha n. [1o-
5TOMY WHOTZIa TOBOPST, YTO ~TpobieMa caMOIPUMEHIMOCTH (TIPUMEHIMOCTH
IIPOTPAMMBI K CBOEMY HOMEPY ) Hepa3pelMa.

SaMeTnM, 9TO OTCIOHA CJIEMyeT, 9TO u 06JIacTh OIpeme/IeHnsT BCEl YHUBEP-
canbHON GyHKINU U SABISETCS NEPEUNCIUMBIM HEpPa3perInMbIM MHOKECTBOM
nap. (Ecmu 661 mpobriema BBISICHEHIST TPUMEHIMOCTU IPOTPAMMBI K ITPOM3BOIIb-
HOMY apryMeHTy Obliia Obl pa3peninMa, TO U €€ JYaCTHBIA claydal — MPUMeEHU-
MOCTB IIPOTPAMMEBIL K ce6e — ObIT OBl pa3perin. )

3A0AYA 185. IIyemp U — nepeuucaumoe MHOMCECTBEO NAD HAMYDAALHHLT
YUCEN, YHUBEPCAADHOE OAT KAACCA BCEL NEPEUUCAUMBIL MHONCECTNE HAMYDALb-
noix wuced. Hoxasxcume, umo e2o ”duaeonaavnoe ceuenue” K = {x | (x,z) €
€ U} geagemea nepeuucaumbim Hepaspeuumbli MHOHCECTNEOM.

3AIAYA 186. Hexomopoe mHoxcecmeo S HamypasbHbll YUCEA PA3PEULUMO.
Pazaoncum 6ce wucaa u3z S ma npocmuvle MHOMCUMEAU U COCTNABUM MHOHCECTN-
60 D ecex npocmuvlx wuces, 6CMPeUAOUUTCA 8 IMUT Pa3soxrcenudr. Moxicrno au
ymaeepacdamyv, umo muoxcecmeo D paspewumo?
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3AOAYA 187. Muoawcecmeo U C N X N paspewumo. Moxwcrno au ymeep-
aHcdamyv, umo mmoxrcecmeo Huxicnur mouex” mmoxncecmsa U, mo ecmvb mmo-
HCECMBO

V= {(e) | () €U)u((e.2) ¢ U dax ocex z < y)}

geagemcA paspewumbim? Mooxeno au ymeepacdamo, umo V nepeuucaumo, ecau
U nepeuucaumo?

3AOAYA 188. Ilokaxcume, umo CYw,ecmeyom nepeuuciumble CHudy, Ho He
BLIUUCAUMBLE UUCAAL 8 CMbICAE onpedesenut, danunix na c. 152. (Yrazanue. Pac-
cmompum cymmy pgoa Y 27 no ecem k u3 xarxo20-4ub0 nepeuuCAUMO20 MHO-
scecmea P. Ona scez2da nepeuucauma crusdy, Ho 6ydem 6bIUUCAUMOT MOALKO
npu pazpewumom P.)

Mubr BepHEMCS K BBIYUCIUMBIM TEACTBUTEIBHBIM YUCIaM B 3aade 192



[ITABA IX

Hymepamuu u onmepaitnm

§1. I'maBHBIEe yHMBEpCAIIbHBIE ()YHKIINN

OueBUAHO, KOMIIO3UIIAS IBYX BHIUUCINMBIX GQYHKITNN BeraucauMa. [Ipum sTom
DTO yTBEpXKIEHUE KaxeTcs ~3POEeKTUBHBEIM B TOM CMBICJIE, YTO IO IIPOTPaM-
MaM IBYX (DYHKIINA MOXKHO ajJTOPUTMUYECKN TTOIYYIATEH MPOrPAMMY X KOMIIO-
suruu. B pasymMHOM s3bIKE TPOrpPaMMUPOBAHUS OHA OyIeT COCTOSATH U3 HOBYX
MOMITPOTPAMM, COOTBETCTBYIOIINX ABYM BBIUUCIUMBIM (DYHKIIASIM, U TJIABHON
MIPOrpaMMHBI ¢ eOMHCTBeHHOM cTpokon "return (f(g(x)))”.

OnmHAKO MBI XOTUM TOBOPHUTH HE O MporpamMmax (d4ToObI HE BIABATHCS B II€-
TaJIn s3bIKa IIPOrPAMMEUPOBAHNS), & 0 HOMepax (QyHKIwmil. Iyt 5Toro y Hac ecTb
cpencTBa. VIMeHHO, Besikast yHUBepcasiabHas GyHKius U miis Kjiacca BBIYUCIA-
MBIX (YHKITUH OTHOTO apryMEHTa 3a0aéT HyMepalllio 5TOTO KJIACCa: UUCIo N
aBisercss nomepom dyukuun Uy, : x +— U(n, x).

Boobitie nymepayuet (6oee TOUHO, HAMYPabHOU HYyMeEPayuet) TPON3BOIb-
HOTO MHOXKECTBa J HA3BIBAIOT BCIOMY OmpeneéHHoe orobpaxkenue v: N — F|
06JIaCTh 3HAUEHUI KOTOPOTO eCTh BCé MHOKecTBO F. Ecnu v(n) = f, To uucio n
HA3BIBAIOT Homepom obbekTa f. Takum obpasoMm, Beskas GyHKIUS OBYX apry-
MEHTOB 3a[1aéT HYMepPaIuo HEKOTOPOro Kiacca (GYHKIUN OMHOTO apryMmeHTa (u
SIBIIIE€TCS] YHIUBEPCAIBHON IJIsI TOTO KJIacca).

Harma nienms — copMymupoBaTh U IOKa3aTh TAKOE YTBEPXKIEHUE: (IIpU He-
KOTOPBIX YCIIOBUSX HA HYMEDPAIUIO BBIYUCIUMBIX (QYHKIINIT) CYIIECTBYET ajro-
PUTM, KOTOPBIT MO JIIOOBIM IBYM HOMEPaM BBIYUCIUMBIX (QYHKINNA DAaéT HEKO-
TOPBIT HOMEP UX KOMITO3UIINN.

[Tpexme Bcero Mbr moTpebyem, ITOOBI YHUBEPCATbHAS (QYHKIS, 3a1ai0I1as
HyMepaiuio, 6bu1a BeraucnMmoit. (Takne HyMepam Ha3bIBAIOT 6bIUUCAUMbBLMU. )
OmHaxo 5TOTO yCJIOBUS MAJIO: HAM MOTPebyeTcs, YTOObl HyMepalus Oblia, Kak
TOBOPAT, 24a6H0U (26deneso1).

[Iycts U — nByMecTHasl BBIUUCIUMAs YHUBEpCAIbHAS QYHKIIAS I KJIacCa
OIHOMECTHBIX BBIUUCIUMBIX GyHKImi (TepMus ”k-MecTHas GYHKIUS” O3HAUAET
"dyukuus k aprymenTos” ). Eé HasbIBAIOT 24a6M01U YHUBEPCAIBHON (yHKIIN-
ell, ecau M1 TI000W MBYMECTHOH BBIYUCIUMON (GYHKIIUM V' CYIIIECTBYET BCIOILY
OmpenesiéHHas BeraucanMas GyHKIms s(m), oyist KOTOpOit

V(m,z) =U(s(m),x)

Ipu BCeX M U & (PaBEHCTBO MOHUMAETCS, KaK OOBIYHO, B TOM CMBICJIE, UTO JIGO
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06a 3HAYEHUS He OIPENeSIeHbI, 00 OMPENeIeHbl I PABHHI).

TUMHU cjoBaMu, V,, = TO €CThb (PYHKIUS S DaéT 1o V' -HOMepy HeKo-
Hpy y Vin = Us(m), y 4 y
TOpON QYHKITNUI HEKOTOPHIT U-HOMep TOW Xe (PyHKIIIH.

TEOPEMA 58. Cywecmeyem 24a8Hag YHUBEPCAALHAT PYHKYUAL.

Ioka3arenscrBo. (Ilepsorit crioco6.) [Tokazkem, 1To onucanHoe B JOKa3aTEb-
cTBe Teopembl 52 (c. 153) mocTpoeHne yHUBEPCATIBHON DYHKINEN NaéT TIIABHYTO
VHUBEPCAJILHYIO0 QyHKINO. HamoMHmM, 9T0 MBI IEPEUNCIAIN BCE MIPOrPAMMEL
D0, P1, P2, - - - KAKOTO-TO €CTECTBEHHOIO sI3bIKa IMPOrPAMMUPOBAHUS B IMOPSIKE
BO3pACTAHUs UX UIMH U mojaraiun U(n, ) paBHBIM PE3yIbTATY MPUMEHEHUS
IpOrpaMMbl p, K Bxomy . IlycThb Temepsb ecThb Kakas-TO Opyras BBLIYUCIAMAS
dyakmsa V' oByx aprymenToB. Ham Hamo mo g060My HATYPAIBHOMY 1M TTOJTY-
YUTH IporpaMmy QYHKIUEU V,,, TO €CThb (MYHKINN, KOTOPas IOIYyYATCS, €CJIN
B V 3aduKCUPOBATL MEPBLI apryMEHT PaBHBIM 1. YICHO, UTO TaKyw IIPOT-
pammy (B GOJIBIIUHCTBE A3BIKOB IIPOTPAMMUPOBAHNS) TIOYYATE JIETKO — HAIO
TOJIBKO B IIporpaMme i V' 3aMeHUTH HepPBLI apryMeHT Ha OINpene/ieHre KOH-
CTAHTHI (MU UCIOIB30BATH MPOrpaMMy I V' B KauecTBe HOMIPOrPAMMEL, & B
OCHOBHOII TIPOTPAMMe BBI3BIBATE V' ¢ (QUKCUPOBAHHBIM MIEPBBIM APIYMEHTOM ).

(Bropoit crioco6.) Ho MOXKHO 1 He BIaBaThCs B METAIN OCTPOEHUS YHUBED-
caJIbHON (DYHKIINU, 8 BOCIOJIB30BATHLCS JIUITL (PAKTOM €€ CYIIIECTBOBAHMS.

BaMeTuM CHadaia, YTO CYIIECTBYET BLIUMC/IMMAsg (DYHKINUS TPEX apryMeH-
TOB, YHUBEpCAJIbHAS IJIs KJIACCA BBIYUCIUMBIX (QYHKINAN ABYX apryMEHTOB, TO
ecTh Takas QyHKus 1', 9To mpu GuKcarmyu IepBOro apryMeHTa cpenu QyHKITni
T, (u,v) = T(n,u,v) BCTPEUAIOTCSA BCE BBIUUCIUMBIE (DYHKIUU IBYX apryMeH-
TOB.

Takyo QyHKIIIO MOXKHO IIOCTPOUTEL Tak. PukcupyeM HEKOTOPYIO BLIUNCIIN-
MYTO HYyMEPAINIO TIap, TO €CTh BLIUNC/IMMOE B3aNMHO OIHO3HAYHOE COOTBETCTBHE
(u,v) < [u,v] mexny N x N u N; uncno [u,v], coorBercTBytoiiee mape (u,v),
MbI OyZleM Ha3bIBATh HOMEPOM 5TOil mapbl. Eciu Teneps R — OByMeCcTHAas BbI-
qyc/InMas YHUBEpcaabHas GYHKIUS OIS BHIYUCIUMBIX OTHOMECTHBIX (DYHKIIWIA,
To BhruncauMas Gyukuus 1, onpenenéunas dopmyson T'(n, u,v) = R(n, [u,v]),
6ymeT yHUBEPCAJIBHON I BBLIYUCIUMBIX ABYMECTHBIX (QyHKImW. B camom me-
ne, mycTh F — mpomsBosbHas BhIducinMas GyHKINS OBYX apryMeHTOB. Pac-
CMOTPUM BBIYUCIUMYO OMHOMECTHYIO QYHKIUIO f, OIMPEIeIEHHY 0 COOTHOIIIEHN-
em f([u,v]) = F(u,v). [lockombky R yHuUBepcaidbHa, HAWOETCS YUCIO 7, IJIS
koroporo R(n,z) = f(x) npu Bcex x. s 5TOr0 n BBINOIHEHBI DABEHCTBA
T(n,u,v) = R(n,[u,v]) = f([u,v]) = F(u,v), n moromy n-oe ceyenune QpyHK-
muu T coBmamaer ¢ F. Urak, yauBepcaibHas QyHKIMS TPEX apryMEHTOB IIO-
CTpOEHA.
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Temepr mcmomb3yeMm eé My OmpeneneHus TIIABHOW YHUBEPCAIILHON (DYHK-
nuu U nByx aprymeHToB. HedbopmanabHO roBopsi, MBI BCcTpouM BHYTphb U Bce
Ipyrre BBIUNCINMBIE (DYHKINM OBYX apryMeHTOB, U TeM caMmbiM U cTaneT
ritauoit. Popmansro roBops, nomoxum U([n,u],v) = T(n,u,v) u nposepum,
uto (yukius U Oyner rnasuoit. J[obas BberaumciauMas ¢yHknus V' OByX apry-
MEHTOB BCTPEYAETCS Cpenu cedeHuid GyHKIun 1': MOXKHO HAATH TakKoe 1, UTO
V(u,v) =T(n,u,v) mus Beex v u v. Torma V (u,v) = U([n, u], v) ms Bcex u u v
u notoMmy GyHKUus s, onpenesnéuuas dopmyson s(u) = [n,u], ymoBreTBopser
TpebOBaAHUSAM U3 ONpPENe/IeHUs TIIaBHOU YHUBEPCAJIBbHOU (DYHKIIAN. [

Hywmepamum, cooTBeTCTBYIOIINE TTIABHBIM YHUBEPCAITBHBIM (DYHKIIISM, HA3HI-
BAIOT 24G68HbIMU, TN 2E0eAE6bILMU.

Tenepb yxke MOXHO MOKa3aTh TOYHBIM BapUaHT YTBEPKIEHUS, C KOTOPOTO
MBI HAYAJIU.

TEOPEMA 59. ITycmv U — dsymecmuad 24a68Had YHUBEPCAAbHAT GYHKYUL
OAd KAACCA BLIUUCAUMBIE PyHKyutl 00Ho20 apeymenma. To2da cywecmsyem
8100y onpedeaéunas PYHKYUL ¢, Komopas no Homepam p u q 08yr Gywryul
odnozo apaymernma daém womep c(p,q) ur xomnozuyuu: U ) €cmb KOMNO3U-
yug U, o U,, mo ecmo

Ule(p,q),x) =U(p,Ulq, x))

oAd 6Ccex P, q U x.

Hoka3arenbcTBO. PaccMoTpuM MByMeCTHYIO BBIYUCIUMYIO QYHKIIIO V| Mt
koropoit V([p,q|,z) = U(p,U(q,z)). [lo onpenenennio riaBHON YyHUBEPCAIIb-
HOU (DYHKIMMN, HANIETCS TaKast BCIOY OMPENESIEHHAS OMHOMECTHAS BHIUNCIIIMAsT
byukuus s, uro V(m,x) = U(s(m),z) mna Bcex m u z. Torma V([p,q],z) =
= U(s([p, q]), x) u moromy dyHKIUS ¢, OnpeneséHHas COOTHOIIEHuEM ¢(p, q) =
= s([p, q]), 6ymeT mCKOMOi. O

[ToBTOpUM 5TO HOKa3aTenbLCTBO HedopMasbHO. Ompenenenune TIaBHOW YVHIU-
BepCcaJIbHON QYHKIIUN TpebyeT, YTOOBI AjIs JII000T0 MPYTOro SI3bIKa ITPOrpaMMU-
POBaHUS, MIJIT KOTOPOTO MMEETCS BEIUUCIUMBIN THTEPIIPETATOP V', CYIIIeCTBOBAJT
OBl BBRIYUCITIMBIN TPAHCIISITOP § TPOT'PAMM STOTO SI3bIKa B IPOrPaMMBbI s3b1Ka U.
(st KpATKOCTH MBI He pa3imdyaeM IIPOrpaMMbl U UX HOMEPa U PACCMATPUBAEM
qucsao m kKak U-nporpammy dyukimm U, .)

Teneps paccMOTpUM HOBBIA CITOCOO TPOTrPAMMUPOBAHUS, TPU KOTOPOM TIa-
pa (p, q) OOBABIAETCS MPOrPAMMON KOMIO3uIy QyHKImit ¢ U-mporpaMMaMu p
u q. I[lo ycnoBuio, Takme mporpaMMbl MOXXKHO aJITOPUTMUAYECKN TPAHCINPOBATH
B U-mporpaMmbl, 9TO 1 TpebOBAJIOCH TOKA3aTh.

JI1060IIBITHO, UTO BEPHO U 0OpaTHOE K TeopeMe 59 yTBepXKIIeHUeE:
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3AanA4A 189. ITycmy U — deymecmuad 8biuucaumag YHUBEPCAAbHAL HyHK-
YU OAA KAQCCA BLIYUCAUMDIL Pynkyuti odnozo apeymenma. Ecau cywecmey-
em 6c0dy onpedeiénnad GynKYUL, Komopad no Homepam p u q 08ys Gynryud
001020 apaymenma 0aém Kaxol-4ubo Homep ur Komnozuyuu, mo Gymwkyud U
aeagemcd 2aa6nol. (Yrazanue: noxaxcume, wmo no k moxrcHo aseopummuue-
cku noayuamv U-nomep dynkyuu x — |k, z].)

EcTecTBeHHBIN BONPOC: CYIIECTBYIOT JIM BEIYUCINMbBIE YHUBEPCAIbHBIE (DYHK-
1Y, HE SBIISIONTUECS TJIaBHBIMU! MBI YBUIUM MaJIbIle, YTO CYIIIECTBYIOT.

3AOAYA 190. Azmenum onpedesenue 24a6H0U YHUBEPCAALHOU PYHKYUL U
bydem mpebosamp cywecmeosanud “mpancaamopa’ S AuUL 04T YHUBEDCAAb-
HOLX BbluucAuMblr Pynkyutd Vo (a ne dag aobviz, xax panvwe). Iokaxrcume,
umo Ho8oe onpedesenue IK6UBAAEHMHO cmapomy. (Yrazanue: 406y Gynk-
YU MOHCHO UCKYCCMBEHHO NEPEIEAAMb 6 YHUBEPCAIHYI0, “pacmeopus” 6 Hel
A106Y10 IpY2yio YHUEEPCatbHYI0 HYHKYWI. )

3AOAYA 191. ITycme U — 2aasnag ynusepcasvrag pynwxyud. loxaxrcume,
umo dag 40601 svruucaumot gynwkyuu V(m,n,x) cywecmsyem maxad 6crody
onpedeaéunad sviuucaumad ynryug s(m,n), wmo V(m,n,x) = U(s(m,n),x)
npu 6cex m, n u x. (Yrkazanue: 06vedurnums m u n 6 napy.)

§2. BprumcimMble OCIETOBATEIHLHOCTH
BBIYUCJIMMBIX (yHKITII

[Tycts mana HEKOTOpas MOCIENOBATENBHOCTE fq, f1,... BBIUACIUMBIX (DYHK-
A OMHOTO apryMeHTa. MBI XOTUM NPUOATH CMBICT BBIPAXKEHUIO ~ MOCIIENOBA-
TEIBHOCTD ¢ > f; BRIIucCauMa” . DTO MOXKHO CIETaTh ABYMS CIOCOOAMU:

® MOXKHO HA3BIBATH OTY MOCIEIOBATEILHOCTE BEIUYUCINMON, eciin pyHKms F
IIBYX apryMeHTOB, 3amanuas Gopmyioir F(i,n) = f;(n), aBusercs Bbrau-

CJIIMOT.
® MOXHO Ha3bIBaTh 3Ty IOCIENOBATENBHOCTH BBIUUCINMON, €CJIN CYIle-
CTBYeT BBIUUCIMMAs MOCIENOBATEILHOCTh YUCEN Cq, Cq, . .., IJII KOTOPOU

¢; SIBJIISIETCSI OOHUM U3 HOMEPOB DYHKIHHI f;.

Bropoe omnpenenenne (B oTamume OT MEPBOTO) 3aBUCHT OT BBIOOpa HyMepa-
19924178

TEOPEMA 60. Ecau Hymepayud I64g1emcad 6bluucAumoti (mo ecmvb coom-
6EMCMBYIOWLAT YHUBEPCAALHAT PYHKUUL BLIUUCAUMA), MO U3 6MOPO20 ONpe-
desenud caedyem nepeoe. Ecau nymepayug 16.A4emcd K oMy dHe 24a6H0l, mo
U3 nepeoz0 onpedeserud caedyem 6mopoe.
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(Brpemb, TOBOps O BBIUHCINMOI TOCIENOBATEIBHOCTH BBHIYUCIUMBIX (DYHK-
nuy, MBI OyZieM Bcerma mpenrosaraTh, YTO HyMepalus sBJISeTCs JIaBHOU, TakK
YTO MOXKHO TIOJIb30BATHCS JTFOOBIM U3 IBYX OMPEIeIICHMIT. )

IokazarenbcTBOo. Eciu U — BoIumcmMas yHUBepcaJIbHass QYHKIIUS, & II0-
CIIE[IOBATENILHOCTS i — ¢; Bbhraucianma, To gyukuus F: (i, z) — fi(z) = U(c;, x)
BBIULC/IIMA KaK Pe3yIbTaT MOACTAHOBKI OMHOW BBIUMCINMON (DYHKIUU B OPY-
T'VIO.

Hamnporus, ecimu dyukims F' BeraucianMa, a yHuBepcaiibHas Gyuknusa U aBiis-
eTCsI TITABHOW, TO (PYHKIIU-TPAHCIITOP, CYIIIECTBYIOIIA IO OMPEIETIEHTIO TJIaB-
HOU YHUBEPCAJbHON (QYHKIINU, KaK pa3 W HaéT IO ¢ OOUH U3 HOMEPOB (PyHK-
nun f;. ]

SADAYA 192. Ilycmv pukcuposana 24a46HAT YHUBEDCAALHAT DYHKUUL 04T
KAGCCA BLINUCAUMBLE PYHKUUT 00n020 apeymenma. Tozda so3nuraem Hymepa-
YUL BLIYUCAUMBIL JCTUCMEUMEALHBIT YUCEA 6 COOMBEMCMEUN C OnpedeseHuem
Ha c. 152: nomepom uucaa o A64Iemcs 410001 womep 410001 GyrnKyuY, Komopast
no payuonasbromy € > 0 daém e-npubaurcenue K .

(a) Iokaxcume, wmo cywecmsyem aa2opumm, KOmopvil no A06bim I68YM
HOMEPAM DBYT BLINUCAUMBIE DeTUCMBUMEALHBIT Yuces daém (Hekomopviill) nomep
UT CYMMbL.

(6) Iloxaxcume, wmo He CYwecmsyem ai20pumma, KOmopvi no 4060Mmy
HOMEPY 4100020 BLIUUCAUMO20 JEUCMBUMEALHO20 UUCAL OMBEUAEMN, HA 0NPOC,
PABHO AU IMO YUCAO HYA.

(B) Kax mvi sudeau 6 3adaue 179, 6caxoe eviuucaumoe deticmseumesvroe
YUCAO UMEEM BBIUUCAUMOE decamuunoe pasdaoxcenue. Ilokancume, wmo mem
HE MEHEE HEM AA20PUMMA, KOMOPHIL N0 A000MY HOMEPY 4100020 BbIUUCAUMO20
deticmeumesbHo20 wucaa Aaém Homep BbIUUCAUMOT PYHKYUYL, 3a0atowet e20
decamuunoe PasaoHcerue.

§3. I';maBHBIE yHHMBEpPCAIIbLHBIE MHOXECTBA

[To amamormm ¢ Qysknumsavu, nepeuncianmoe MHOXKecTBOo W C N X N Ha-
3BIBAETCS 2AA68HbIM YHUBEPCAALHBIM NEPEUUCAUMbIM MHOAHCECMEoMm (T Kitacca
BCEX TEPEUNCIIMMBIX TONMHOXKECTB N), ecyiu [iis 711060r0 IPYTOTro MePEeUnCInMO-
ro mHOXkecTBa V' C N X N Haiinércs Takas BCIOOY ONpEIe/IEHHAS BBIUUCTIIMASI
dyukmusa s: N — N, aro

(n,x) e V& (s(n),x) e W

st Bcex n u x. (OUeBUIHO, YTO U3 HTOTO CBOMCTBA CJIENyeT YHIUBEPCAIBLHOCTS. )
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Kax u mms GyHKIUNA, MOXKHO IepeiiTu K HyMeparusMm. Kaxxmoe MHOXeCTBO
U C N x N 3agaét HyMepaImo HeKOTOPOrO CeMEeCTBa MOIMHOXKECTB HaTyPajlb-
HOTO PsIIa: YUCIIO 1 SBJIAETCS HOMepoM n-ro ceuenus U, = {z | (n,x) € U}.
[Tepeuncnmumoe momMHOXKecTBO MHOXKecTBa N X N 3amaéT HyMepaluo HEKOTO-
POTO CeMeNCTBa MEePEUNCIUMBIX TOIMHOXKECTB HATYPAJIbHOTO Psma; TaKue Hy-
Mepaluy Ha3BIBAIOT biuucaumbimu. Ilepeancimmoe muoxkectso W C N x N
YHUBEPCAJIBHO, €CJI U TOJBKO €CJIU BCAKOE TIEPEUNCINMOe TIOIMHOXKECTBO HATY-
paabHOrO psma umeeT W-HOMED; OHO SIBJISETCS IVIABHBIM TOTIA U TOJIBLKO TOTMIA,
Korma Jobast BeruncianMas HyMmeparms Vo (71:060ro ceMencTBa MepedncImMbIX
MHOYKECTB) BBIUUCIUMO CBOOUTCSA K W-HyMepamuu B TOM CMBICTE, 9TO V, =
= Wy(n) S HEKOTOPOI BBIYMCTUMON (DYHKIUM S U IJIs BCEX 7.

TEOPEMA 61. Cywecmsyem 2a4a6H0E YHUBEPCAADHOE NEPEUUCAUMOE MHO-
acecmeo W C N x N.

Joka3aTesbcTBO. JTa TeopeMa SIBJISETCS OUYEBUIHBIM CJICICTBUEM TAKOTO
VTBEPXKICHUS:

Jlemma. O6mmacTh onpenesnieHns IIaBHON YHIBEPCAILHON (YHKIINH IJIsI KJIacCa
BBIYUCIUMBIX (DYHKITUN OMHOTO apryMEHTA SIBJISIETCS TVIABHBIM YHUBEPCAJIBHBIM
MHOXKECTBOM JIJTSI KJIACCa MePeYnCINMbIX TOOMHOXKeCTB N.

HoxazaTenbcTBo nemMMbl. [lycTts U — rnaBHas yHUBepcajbHas QYHKIISI, a
W — obnacts eé onpenenenns. [Iycts V' C N x N — mpon3BonabHOe nTepednciin-
MOe MHOXKeCTBO. PacemorpuMm BeranciuMyo ¢yHKIIO G ¢ 06/1acThIO Olpenesie-
Hus V. [lockonbky dyukims U sSBiseTCs TIIaBHON, HAWIETCS BCIOMY ONpPeNneséH-
Has BeraucnMas yukmus s: N — N, s kotopoit G, = U,y npu Beex n. To-
raa paBHEI 1 061acTu onpenenenus Gynkmmi Gy, 1 Uy, To ecThb Vi, = W,y O

3AIAYA 193. Ilocmpotime 2aa8noe YHUBEPCAALHOE MHOHCECTEO HENOCPED-
CMEENHO, UCNO0ADIYT YHUSEPCasHoe nodmuoxcecmeo N3 (no anaro2uu ¢ eblwe
NPUBEIEHHBIM TLOCTNPOEHUEM 2AA6HOT YHUBEPCAALHOT HYHKYUL).

Kax u mims GyHKIINH, MBI Telleph MOYXKEM JT0OKA3bIBATH, YTO PA3TUIHBIM OIle-
pamusaM HaJl MHOXKECTBAMU COOTBETCTBYIOT BBIUUCIMMBIE TPEOOpPa30BaHUS HO-
MepoB. BoT nuIlb OMUH TpUMEP TAKOrO POma:

TEOPEMA 62. IIycme W C NXN — 2ua6rnoe ynusepcasbroe nepevuciumoe
muoxHcecmeo. Tozda mo W-nomepam 08Yr nepeuucAumMblis MHOHCECTLE MOHCHO
AA20PUMMUUECKY NOAYUUND HOMED UL NEPECEUEHUL: CYULECTBYEM MAKA 6bl-
YUCAUMAT BCI00Y onpedeabrnnad Gynkyud 06Yxr apeYMeHRMOs S, YIMmo

Ws(m,n) =WnnW,

OAd A1006IT DBYT M U N.



164 ['maBa IX. Hywmepanum u oneparimm

Hoka3aTembcTBo. Paccmorpum muoxkecTBO V' C N X N ompenenénnoe Tak:
(fm,n],z) e V& ze (W, NnW,)

(3meckb KkBagpaTHBIE CKOOKI 0603HAYAIOT HOMED Taphl) U IPUMEHIM K HEMY OIpe-
TeJIeHNe TJIaBHOTO YHUBEPCAJIBHOIO MHOXKECTBA. [

Kax u nnsg GyHKINN, TOHSATUE BBIYUCINMOCTH IOCJIENOBATEILHOCTH IIepe-
YUCIIUMBIX MHOYXKECTB MOYXKET OBITH OIMPENeeHO MBOSKO: MOXKHO CUNTATh BHIUH-
CJIMMOM TIOCJIEAOBATETBHOCTD V), V7, ... cedueHni Mpon3BOJILHOTO IIEPEUNCIUMOTO
MHOXKeCTBa V', & MOXKHO TpeboBaTh, UTOOBI IO ¢ MOXKHO OBIJIO aJITOPUTMUIECKI
yKa3aThb OIWH U3 HOMEPOB ¢-TO UjleHa MOCIeNOBATEILHOCTHU B TJIABHOU HyMepa-
UK. DTU OMPENeSIeHNs] PABHOCHIBHBI (TOKA3aTeIHCTBO MOTHOCTHIO AHAJIOTTIHO
paccyKIeHuo st hyHKIIIIT).

54. MHoXecTBa HOMEDPOB

Hauném ¢ Takoro mpumepa. PaccMoTpuM MHOXKECTBO HOMEPOB HUTIIE HE OITpe-
MeIEHHON DYHKIINN IJI KaKOW-Im00 IIaBHOW HyMepaluu. byner jau oHo pa3pe-
mmMo? [IpyruMu cjoBaMu, MOXKHO JTH IO HOMEPY GYHKINE B IJIABHOW HyMepa-
I OIPENE/TUTD, SIBIISIETCS JTU 5Ta (QYHKIINS HUATIE He OMpeneIéHHON !

[Ipexxme wem oTBedYaTh Ha HTOT BOIPOC, 3AMETUM, UTO OTBET HE 3aBUCUT OT
TOTO, KaKas TJIaBHAs HyMepaIus BeiOpaHa. B camom merte, ecim eCTh nBe pas3HbIE
rJIaBHBIE HYMEPAIINL, TO OHU, KaK TOBOPST, ~ CBOOATCST OPYT K OAPYTY: IO HOMEPY
GYHKIUU B OMHOW HYMEPAIUU MOXKHO aJrOPUTMUYECKU TOJYUYUTH HOMED TOM
e GYHKIUU B OPYTON HyMmeparuu. Ecmm 661 B OOQHOW HyMeparuyu MOXKHO OBIITO
OBbI ITPOBEPSITH ~ HUTIE-HE-OMPENeIEHHOCTE (DYHKIIMH, TO 3TO MOYKHO OBIJIO OBbI
nenaTh U B Apyroil (mpumenus ” GyHKImMY nepexona” ).

Crenyroras TeopeMa MOKa3bIBAE€T, YTO OTBET Ha UCXOOHBLIA BOMPOC OymeT
OTPUIATEILHBIM.

TEOPEMA 63. Ilycmv U — npou3soavnad 24a46Hag YHUBEPCAAbLHAL PYHK-
yusg. Toeda mmoxcecmaso mex n, npu xomopwvix dynrxyug U, geagemca nuzde ne
onpedesénnot, HePa3pewuUMo.

Hoka3zaTesbeTBO. Vcronb3yeM MeTOm, Ha3bIBAEMBIN ~ CBEMEHUEM — IIOKa-
JKeM, 4TO ecqiu ObI 3TO MHOXKECTBO OBIJIO pa3pelIinMbIM, TO U BOOOIIE TI000€e
IEPEUNCINMOe MHOXKECTBO ObII0 OBl paspermnMbiM. (UTo, Kak MBI 3HAEM, HEBED-
HO. )
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[Iycts K — mpom3BOIIBHOE TIEPEUUCTIUMOE HEPA3PEITNMOe MHOXKeCTBO. Pac-
CMOTPUM TaKyIO BEIYUCIUMYIO QYHKIINO V' OBYX apryMeHTOB:

0, ecmu n € K,
V(n,a:) -

He ompeneseHo, ecim n & K.

Kax BumaO, BTOpOIl aprymMeHT 3Toi (PYyHKINU (DUKTUBEH, U OHA IO CYIIIECTBY
COBIAAET C TMOIyXapaKTEPUCTUUICCKON (DYHKIIMEN MHOXKecTBa K OT MEpBOro
aprymenTa. OueBuaHO, 5Ta DYHKIUS UMeeT CedeHus OBYX TUIOB: mpu n € K
ceuenue V,, SIBIAETCS HYIeBON QyHKIMed, mpu n ¢ K — Hurme He OmpeneIéHHoN
pyHKIIHIEN.

Takx xax dyukiusa U sgBisgeTcs TVIABHOH, CYIIECTBYET BBIUUCIUMAS BCIOMY
ompenenéunas GyHKIMs S, My koropoir V(n,x) = U(s(n),z) nupu Bcex n u x,
T.e. V,, = Uspy. Hosromy mpun n € K 3mauenne s(n) ssisercs U-rHomepom
HyseBol GyHkimu, a npu n ¢ K sHadenuwe s(n) sBisiercss U-HOMEPOM HUTIE
He onpenenéunon Gyukmnuu. [losTomy eciau 661 MHOXKECTBO [/-HOMEPOB HUTIIE HE
onpenenéHHON (PYHKIIUU pa3peniaioch Obl HEKOTOPHIM aJITOPUTMOM, TO MbI ObI
MOTJIA TIPUMEHUTH STOT AJTOPUTM K S$(n) U y3HATH, MPUHAMJIEKUT JIU IUCIIO 7
MHOX)ecTBY K umm HeT. Taxum obpaszoM, MHOKECTBO K OBIJIO OBI pa3perrmMbIM
B IMMPOTUBOPEYNN C HAIITUM ITPEIITOI0KEHIEM. []

B wacTHOCTH, MBI MOXKEM 3aKJIFOUNThH, YTO HUTIE He ompeneaéHHas PyHKITIS
mMeeT GECKOHEYHO MHOTO HOMEPOB B JIIOOON TIIABHON HyMepaluu (MOCKOIBKY
110606 KOHEUHOE MHOYKECTBO PA3PEIINMO).

Kpowme Toro, MoxKHO 3aMeTUTH, YTO MHOXKECTBO HOMEPOB HUTIE HE OMPENETEH-
HOW (DYHKIIUU HE TOJIBKO HE pas3pelmMo, HO U He mepeducinmMo. B camom mere,
€ro NOIOJTHEHE — MHOXKECTBO BCEX HOMEPOB BceX (PYHKIUU ¢ HemmycTou obJa-
CTBIO OINpeNeNieHrsI — MepedrcanMo. (DTo BepHO [ JTFOO0N BBIYUCIMMON HY-
MepAIiK, & He TOJILKO IJIs TJIABHON: apauiesbHO Beranciss U(n, x) miis Bcex n
1 X, MBIl MOXKEM IedYaTaTb Te N, MJIs KOTOPBIX OOHAPYKUIIOCH I, IIPU KOTOPOM
U(n,x) ompenesieHo.) A eciu [OMOTHEHIE HEPA3PEIINMOTO MHOKECTBA TEPEUl-
CITIMO, TO CAMO MHOXKECTBO HemepeuncsimMo (1o Teopeme [locta, c. 149).

CupasenuBo u 6ostee o0Iliee yTBEpXKIOEHNE, HA3BIBAEMOE MHOTIA TEOPEMON
Y cnernckoro — Paiica. O603Ha4nM KJTaCC BCEX BBIYUCTUMBIX QYHKINA (OMHOTO ap-
rymenTa) uepes F.

TEOPEMA 64. ITycmv A C F — npou3eoavroe HEMPUBUAALHOE CEOTUCMEO
BLIUUCAUMBIT PYHKYUT (HEMPUBUAALHOCTIL 03HAUAEM, YMO eCMb KaK PyHk-
yuu, emy ydosaemeopaoujue, max u GYHKYUY, emy we ydosasemeopaoujue, mo
ecmv wmo muoxcecmeo A nenycmo u we cosnadaem co ecem F). Ilyemo U —
2Aa8nad YHusepcasvrad Gynryud. To2da me cywecmeyem ai2opumma, KOmMo-
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poiti no U-nomepy svivucaumoti pynrxyuu nposepas 6vi, obaadaem au ona C601i-
cmeom A. Ipyeumu caosamu, mnoxrcecmso {n | U, € A} nepazpewumo.

JlokazarenbcTBO. [locMOTpuM, TpUHAIIEKUT U HUTIE HE OIpeneaIéHHAs
dbyukuus (o6oznaumMm eé () kimaccy A, 1 BO3bMEM MTPOU3BOILHYIO GyHKIUIO £ 7 ¢
npyroit croponsr” (ecnu ¢ € A, 1o £ ¢ A u HA060pOT).

Haee meficTByeM Kak paHbIIle, HO TOJIBKO BMECTO HYJIEBON (DYHKIINHI BO3BMEM
OYHKITIIO &: TTOI0KUM

£(x), ecmun € K,
V(n,z) =

He OompeneseHo, eciu n & K.
Kak u panbire, dyakuust V' 6ymeT BeIYACIUMON ([ DAHHBIX 7 U T MBI OXKU-
maeM TOsIBIIeHUsT i B MHOX)ecTBe K, mocse uero BeruucisgeMm &(z)). llpu n € K
dbyukuus V,, copnamaer ¢ &, mpu n ¢ K — ¢ (. Takum o6pazom, mpoBepsis
coiictBo V,, € A (ecnu 6bI 5TO MOXKHO OBITIO CHETIATH BOIPEKH YTBEPKICHIIO
TEOPEMBI ), MOXKHO OBbLIO ObI Y3HATDH, MPUHAMJIEKUT JIN YUCIO 1 MHOXKECTBY K
UM HET. [

HexoTopbIM HEDOCTATKOM 5TOTO IOKA3aTEIbCTBA SIBIISIETCS €r0 HeCHMMe-
TPUYHOCTH (C OMHOI CTOPOHBI OT A MbI GE€pEM HUTIE HE OMPENeTEHHYIO (DYHK-
IO, C IIPYTOil CTOPOHBI — J1106Y10). BoT Gosee cummerpuunbiit BapuanT. [Toka-
KEM, UTO eCJIN CBOMCTBO A MOXHO pacmo3HaBaTh 1mo U-HoMepaM, TO /To0bIe 1Ba
HETIEPECEKAOIIINXCS TIEPEUUCTNMBIX MHOXKECTBa P 1 () OTIeTUMbI Pa3peInMbIM
MHOXKecTBOM. BribepeM xakme-HUOynb OBe GyHKIUU & U 1), HAXOMSAIIIAECS ~ II0
pasubie ctopousl” oT A. Pacemorpum dyukmImio

£(x), ecmun € P,
V(n,z) = ¢ n(x), ecmu n € Q,
He orpeneseHo, eciu n ¢ P U Q.

OTa GYHKIUS BBIYUCINMA: IS 3a0AHHBIX N U T OXKUIOAeM, IOKa 7 MHOSBUTCS
mm6o B P, mu6o B (), TOCIE Uero 3amyckaeM BBIUNCIEHNE COOTBETCTBEHHO & (1)
i 7(x).

Ecmu n € P, Tto V, coBmamaer ¢ &; ecnmtu n € (), To V, coBmamaeT C 1.
[TosTomy, TpoBepsist, mpuHAMIEKUT 1 V), Kinaccy A, MBI MOTII OBbI Pa3pEeImMo
ormenuTh P ot (). [lomyuaem npoTuBopedne, KOTOPOe U 3aBEPIIAET STOT Hojtee
CIMMETPHUYHBIN BapUAHT OOKA3aTeIbLCTBA.

BTopoit BapraHT HOKa3aTeIbCTBA MOKA3ZBIBAET, UTO BEPHO CIIEHYIOIEe YCU-
JIEHIIE TOW TEOPEMBI: MJIsl JIIOOBIX PA3IMYHBIX BBIYUCIUMBIX QYHKIIUH © 1 Y 1
100011 TJIaBHOU yHUBepcaabHON GyHKIN U MHOXKecTBa Beex U-HOMEPOB (DyHK-
un @ 1 QYHKIUN 1) He OTHETNMBI PA3PEIINMBIM MHOXKECTBOM. (3aMeTum, 4o
9TU MHOXKECTBA HE MEePeUNCINMBL, KaK Mbl BIOCICICTBUN YBUIIM. )
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Tenepnb JIerko yKasaTh IPUMEDP BBIYUCIUMON YHUBEPCAIBLHON (DYHKIMHN, HE
SIBJISTIOITIENICS TJIaBHOM. [locTaTouYHO cOenaTh TakK, YTOOLI HUTOE HE OINpeneIeHHAas
byHKIUS mMesa eqUHCTBEHHBIN HOMep. D10 HecsioxHo. [lycrs U(n, x) — mpo-
M3BOJIbHAS BBIUUC/IIMAs yYHUBepcaiabHas GyHKnus. PaccmoTrpum MuHOXKECTBO D
Bcex UU-HOMEpOB BceX (DYHKIUI C HEMYyCTOH O0JIacThIO ompemeneHus. Kax Mbl
y2K€ TOBOPUJIN, 5TO MHOXKECTBO IEePEUNC/IIMO. PacCMOTpPUM BCIOAY OINpeneIéH-
HYIO BBIUHCIIMYO QyHKIMO d, ero mepeuncisorryio: D = {d(0),d(1),...}.
Teneps pacemorpum dyukuuio V (i, x), mist koropoit V (0, x) He onpenesieHo Hu
npu kakoM , a V (i+1, z) = U(d(7), z). Ipyrumu cnoBamu, GyHkuus Vy HATIe He
ompenenena, a Gynkmus Vi conmanaet ¢ Uy;). JIerko mousTs, ato dynkmus V'
BBIUMC/IIMA; OHA YHUBEPCAJILHA II0 IMOCTPOEHUIO, U €MUHCTBEHHLIM V -HOMEpPOM
HUTIE He ONpeNeéHHON QYHKIMN aBiisteTcst ducyo 0.

Ha camom meme cyiecTByIOT u 60Jiee SK30TUUYECKIE HyMEPAIMN: KaK IOKa-
3a;1 Ppunbepr, MOKHO IOCTPOUTDH YHUBEPCAJILHYIO BEIYUCINMY O (DYHKIIIIO, IS
KOTOPON KaKOas BuIYUCIuMas QYHKINsS OyoeT mMeTh poBHO omuH HoMmep. Co-
OTBETCTBYIOIIE HYMEPAIU HASBIBAIOT 00HO3HAUHbIMU; OUEBUIHO, OHI HE MO-
I'yT OBITH MJIABHBIMU. 3abaBHas mepedOpMyInPOBKa: MOKHO pa3paboTaTh TAKON
A3LIK IPOTPAMMUPOBAHIS, B KOTOPOM KaXKIVIO IIPOrPAMMUICTCKYIO 3a1a9y MOXK-
HO PEIIUTDb eNUHCTBEHHBIM 06pa3oM. ([loka3aTenbeTBO 5TOM TEOPEMbI TPYIIHO I
HE TIPUBOONTCS, HA PYCCKOM s3bIKe OHO ecTh B KHIkKe A. V. Mamnbiesa ” Amro-
PUTMBI U PEKYPCUBHBIE (DYHKITHN. )

AHanornunoe yTBEpKIEHIE BEPHO U IJIs HyMeEpalWil MepedrC/IMMbIX MHO-
YKECTB.



[ITABA X

TeopeMa 0 HEIIOABUXKXHOM TOYKE

§1. HemomBuXHas TOYKA W OTHOIIIEHUA SKBUBAJIEHTHOCTH

TEOPEMA 65. IIycmbs U — 2406HAA 8LINUCAUMAT YHUBEPCAALHAT GYHKYUTL
04T KAQCCA BLINUCAUMBLE PYyHKYUl 00H020 apeymenma, a h — NPou3soabHag
8C100Y ONPEIEAENHAT BLINUCAUMAT PYHKYUIL 001020 apeymenma. Toz2da cywe-
cmeyem makoe wucao n, umo U, = Uy, mo ecmv n u h(n) — nomepa 0dnot

PynryuL.

Hpyrumu cioBaMu, HETb3s HANTU aJITOPUTMa, ITPeoOpas3yIoIero MporpaMMBbl,
KOTOPBIiT ObI TIO KazKI0i1 TPOrpaMMe IaBaJl IPYTYIo (He SKBUBAJICHTHYO eii). DTy
TeOpeMy Ha3BIBAIOT meopemoti Kaunu o nenodsuicrotli mouke umm meopemot o
DERYDCUL.

Hoka3zaTesbcTBO. MBI Oynem meficTBOBaTH IO aHAJIOTUE C TIOCTPOEHUEM BbI-
YUCUMON GHYHKITIN, HE UMEIOIIEN BCIOMY ONMPENeIEHHOTO BHIYUCINMOTO TTPOIOTI-
xenus (rmasa VIII).

PaceMoTpuM mpom3BOIBHOE OTHOIIEHNE SKBUBAJIEHTHOCTH (KOTOPOE MBI OY-
neM 0003HAYATH T = ¥) HA MHOXKECTBE HATYPATLHBIX dncesl. MbI OKaXeM, 4To
CIIEMYIOIINE TBA CBOMCTBA DTOTO OTHOIICHUS HE MOTYT BBITIOJHSATHCS OITHOBPE-
MEHHO:

e [[/11 BCIKOW BBIYUCIUMON (PYHKIU [ CYIIIECTBYET BCIOAY OIMpEeNeIeHHASI
BBIUUCTUMAsT QYHKIUS ¢, IBIISAIOMIAIC €8 =-IPONOJIKEHIeM (9TO O3HAYA-
eT, uTo eciin f(x) ompemeseHo mpu HEKOTOpoM I, To g(x) = f(x)).

e CyIriecTByeT BCIOMY ONpeNe/ICHHAs BhIUucanMas QyHKIUI b, He UMeoIas
=-HENOIBUKHON TOUKU (TO ecTb QYHKIWs, s KOTOpoit n Z h(n) ms
BCEX N).

Ecmu x = y — oTHOIeHNe paBeHCTBa (T = ¥), TO BTOPOE CBONCTBO BBI-
moJtHeHO (TostoKuM, HampuMep, h(n) = n + 1), mO53TOMY He BBIIIOIHEHO TEPBOE.
Teopema 0 HEMOOBIKHON TOUKe momyunTes, ecnmu . =y «— U, =U, (rmy —
HOMEpa OIHON 1 TOi ke GyHKIuN). B 5ToM ciIyuae BBEIIOIHEHO [IEPBOE CBONCTBO,
KaK MBI cefaac yoemmMcs, 1 TTOTOMY He BBITIOJTHEHO BTOPOE.

[Touemy BuIMOSTHEHO TIEpBOe cBocTBO? IlycTh f — mpoms3BobHAS BHIYUCIN-
Mast GYHKIUsS OMHOTO aprymenTa. Pacemorpum dyukuuio V(n, x) = U(f(n), x).
[Tockonbky U sBmsieTcs TIABHOW YHUBEPCAJIBHOU (DYHKIIMEN, HAWIETCS BCIO-
ny ompemnenéuuas GyHKus s, mis koropoit V(n,z) = U(s(n),z) npu Bcex n

168



§1. HemomBmxHas TOUYKa 1 OTHOIICHUS SKBUBAJIEHTHOCTU 169

u r. Ora QyHKuus u GymeT UCKOMBIM =-TIPOIOJIKeHHmeM. B camoMm mere, ec-
ma f(n) ompemenerno, To s(n) GymeT OPYrUM HOMEPOM TO@l ke (QYHKIMU, UTO
u f(n). (Ormerum, uro ecniu f(n) me ompemenieno, To s(n) OymeT OMHUM U3
HOMEPOB HUTJIE He ONpPeeIéHHON GyHKIIN. )

Il1st 3aBepIIieHns MOKA3aTEIbCTBA TEOPEMBI O HETIOABIZKHON TOYKE OCTAIIOCH
IIPOBEPUTD, UTO YKA3AHHBIE [BA CBOMCTBA OTHOIIEHUS SKBUBAJIEHTHOCTH HECO-
BMECTHBI. JTO MeJlaeTcs Tak ke, Kak B Teopeme 55 (pasmen 2). Bo3bMmém BbI-
YUCTUMYI0 QYHKINIO f, OT KOTOPO#l HUKAKAS BBIYUCIUMAsT (DYHKIIUS HE MOKET
OTIINYATHCS BCIOAY (HAPUMED, MUaroHajbHyo QyHKimo © — U(x, ) mis He-
KOTOPOIl BEIYUCIUMON YHUBepcaabHOit pyukimu U). [lo mpenmonoxkenuto cyiie-
CTBYET BCIOMly OIPENeSIEHHOe BBIUNCINMOe =-Tiponojikenue g dyukimm f. Pac-
cmotrpuM dyukimio t(x) = h(g(x)), rme h — BuUUCIUMAs BCIOMY OMpPENeIEHHASL
byHKIWSI, He IMEIOIIAs =-HeMOABIKHOI Touku. Torna t 6ymer BCIOLy OTInIaTh-
cs ot f. B camom mene, ecnu f () onpenenero, to f(x) = g(x) # h(g(x)) = t(z),
u otomy f(z) # t(x). Ecnu xe f(z) He ompeneneno, To 5TOT dakT cam mo cebe
yxke ornmuaer f(x) u t(x). O

TeopeMy 0 HEMOMBUKHOW TOYKE MOXKHO TepedOopMyInpOBaTh U TaK:

TEOPEMA 66. IIycmp U(n,r) — 24a6HGT BLINUCAUMAT YHUBEPCAALHAT
Pynryug O0ag Kaacca evIvUCAUMBIE PyHrkyul odnozo apeymenma. Ilycmob
V(n,z) — npouzsoavnag eviwucaumad gynwkyud. Toeda dynwwyuu U u V' co-
enadaom na Hexomopom ceuenuu: watidémea maroe p, wmo U, = V,, mo
ecmv U(p,n) =V (p,n) dag arob6020 n.

HokazarenscTBo. Tak kax pynkius U sgBseTcs TIaBHOW, HAWOEM TaKyIO
BCIOIY OIPENeSIEHHYI0 Bhraucanmyto Gyukuuio h, aro V(n,z) = U(h(n), z) npu
Bcex n 1 x. OcTaaoch B3ATh B KAUeCTBE P HEMONBIKHYIO TOUKY QyHkmuu h. [

(IIpumep crencTBust W3 9TOI TEOPEMBL: KaK OBl HEU CTAPAJINCh Pa3paboTIm-
K1, IUTs JTIOOBIX [IBYX BEPCHI KOMIMJISITOPA CYIIECTBYET IIPOrPAMMa, KOTOPast
OIMHAKOBO PAaboTaeT B 00enX BEPCHUAX — HANPUMED, 3AlUKINBACTCS U TaM, I
TaM. Brpouem, 5To Bcé e He HABEPHSKA, & TOIBKO €CIIM KOMIMIIATOD 3a0a8T
[IABHYIO YHUBEPCAIbHYIO (DYHKIINIO — HO HAIO OYEHb IOCTAPATHCS, YTOOBI 9TO
OBIIIO He Tak!)

[ToyunTenbHO pasBepHYTH IEHOUYKY IPUBEACHHBIX DACCYKICHUI U IPOCIIe-
IOUTH, KAK CTPOUTCS HeHmoNmBIKHas Touka. s marmsnHocTu BMecto U(n, x)
MBI OynmeM mucaTh [n](z) u auTaTh 9T0 ” pe3ynbTaT IPUMEHEHHS IPOTPAMMEL 70
K BXOMmy T ;

Paccyxnenme HaumHaeTCs € PaCCMOTDPEHUS ~ MNUATOHAJIBLHOW — (QyHK-
mun  U(z,x), KOTOpYH Temepb MOXHO 3amucarh kKak [z|(z) (pesymbrar
IPUMEHEHIs IPOrpaMMBL & K ce6e). Jlamee MBI cTponM eé BCIOAY ONpeneéHHOe
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=-pPOMOJIKEHNe. OJTO melaeTcs Tak. Beipaxenue [[z](z)](y) Bbrumcammo
3aBHCAT OT IABYX apryMeHToB. Mer BcroMunaeM, 9To U ecTh ryIaBHAS yHUBED-
casmbHas QYHKINS, 1 HAXOOUM Takyo mporpammy g, uto [[g](z)](y) = [[z](z)](y)
npu Bcex x u y. llpu stom [g](x) ompemeneno mist Bcex x. IlycTb MBI XOTUM
HAWTH HENONBIXKHYIO TOYKY mporpamMmbl h. Msl paccmaTpuBaeM KOMIIO-
surmio  [h]([g](x)). OTO BBIpaXeHHme BBIYMCIMMO 3aBUCAT OT X, W MOTOMY
cyiecTByeT mporpamma t, mis koropoit [t](z) = [h|([g](x)) npu Bcex x. Ora
IIpOrpaMMa IPUMEHIMa, KO BCEM X, MOCKOJIbKY TakKOBHI h 11 g. Tenepb HemomBuK-
Holl Toukou 6yner [g|(t). Urobbl y6enuThess B 9TOM, MBI IOJKHBI TIPOBEPUTH,
aro [[g](¢)](z) = [[h]([¢](t))](x) mms Bcex x. B camom merme, mo CBOWCTBY ¢
mveeM [[g](¢)](z) = [[t](¢)](x). Bemomunas ompenenerme t, 5TO BBIpaKeHHE
MoxkHO mepenucaThb Kax [[h]([g](t))](z) — urTo kak pa3 u Tpe6GoBasOCh.

§2. IIporpamma, medyaTaromias CBOM TEKCT

Knaccuaecknm mpumMepoM TpUMeHEHUsI TEOPEMBI O HETIOMBUKHOW TOYKE SBJITS-
eTcsl Takoe eé CIIeNCTBHUE: CYIIeCTBYeT IIporpaMMa, Iedararomas (Ha JI00M
BXOIIe) CBOI COOCTBEHHBIN TeKCT. B caMoMm merte, eciu ObI TAKOI MPOrpaMMbl He
OB1JI0, TO Mpeobpal3oBaHUIe

p — (mporpamma, KoTopast Ha JII060M BXOIEe IeuaTaetT p)

HEe 1IMeJIo ObI HeIOOBUYKHOM TOYUKIU.
PopMaJIbHO TOBOPS, 9TO CJIEACTBIE MOXKHO BHIPA3UTH TaK:

TEOPEMA 67. IIycmv U(n,xr) — 24G6HAT BLINUCAUMAT YHUBEPCAAbHAL
Pynryug dag Kaacca écer 6bIUUCAUMMIY PYHKUUL odno2o apeymenma. Toz0a
cywecmeyem maxoe wucao p, umo U(p,z) = p dag arbo20 x.

B mporpammuctckux TepMmuHax: mycTh U(p, ) — pes3ysnbTaT IpUMEHEeHUs
C-mporpaMMel p K cTaHIapTHOMY BXomy . (Y Tounerus: (1) MBI OTOXKIECTBIIAEM
YECIa U TIOCIENOBATEILHOCTH 6ailToB; (2) eciu mporpaMma He 3aBepIlaeT pa-
OOTBI, MBI CUMTaeM, UYTO Pe3yIbTaT He ONPENeEH, TaxKe eci Ha CTaHIapPTHBIN
BBIXOIl UTO-TO MOCAHO.) YlcHo, uTo dyukims U Gymer riaBHON yHUBEPCAILHO
dyukimein. [TosTomy K HEll MOXHO MPUMEHUTH CHOPMYINPOBAHHOE TOJIBKO UTO
yTBEPXKIEHNE; TOJIYUNM IIPOrpaMMy p, KOTOpas Ipu JIF0O0M BXOOe Ha BBIXOMIE
naér p.

ylcHO, UTO 5TO paccyX)meHue MPUMEHIMO JIs JTI000TO S3BIKa IIPOTPaAMMUIPO-
BAHU; TO, IYTO MBI YIOMSIHY/IN 361K C, POJTN HE UTPaeT.

3AOAYA 194. lokaxcume, umo cywecmseyem C-npo2pamma, Komopad ne-
yamaem c8oti mexcm 3adom Hanepéo.
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3AOAYA 195. Iloxaxcume, umo ecmob dee pasauunbvie C-npoepammvlt P u () ¢
maxumu ceoticmeamu: npozpamma P newamaem mexem npoepammvt ), a npo-
epamma () newamaem mexcm npoepammvt P. (Ecau ne mpebosame pazauuusg
meancdy P u @), mo 6 xauecmee P u () moxHcno 834mb 00ny u my He npo2pammy),
newamanwylo ceot mexcm.)

3AI0AYA 196. Hanuwume npoepammy Ha g3vike C, newamarowyro ce6of
mexcm (6e3 ucnoavzosanud Gyrwkyut pabomsi ¢ datisamu wanodobue read ).

Ha pycckoMm s3bike momobHasi mporpamMMa uMejia Obl BUI: HamedaTaThb IBa,
pasa, BTOPOii pa3 B KaBbIUKaX, TAKO TEKCT: ~HaledyaTaTh OBa Pasa, BTOPOI pa3
B KaBBIYKaX, TAKOW TEKCT:” .

3AnAYA 197. Hanuwume npoepammy wa a3vike C, newamarowyo ceof
mexcm 3adom Hanepéd.

CoemnaB erré oguH Iar, MOXKHO TOJYINTDH U HOKA3aTETECTBO TEOPEMBI O He-
ONBIRKHOI Touke. IIycTh h — HekoTopoe mpeobpaszoBanne C-miporpamm, y Ko-
TOPOTO MBI XOTUM HAWTU HEMOABUXKHYIO TOUKY. T'Orma HAmWIIeM IpPOTrpaMMy
Harmonobue medaTalolien cebsi, KoTopas OynmeT 3aluChbIBaTh CBOU TEKCT B CTPO-
Ky P, 3aT€M IPUMEHITH h K p, MOJIydas HEKOTOPYIO OPYTYIO CTPOKY , & 3aTeM
3amyckaTh nHTeprnperaTop s3bika C Ha CTpOKe q (UCIONB3ys B KAYECTBE BXO-
1A TIPOTPAMMBI ¢ BXOI MCXOMHOU mporpammbr). KoHeurno, sTa mporpaMmma yixe
He OyIeT Takoill KOPOTKOM, TaK Kak OymeT BKIIIOUaTh B cebs (U maxe OBa pa-
3a — TEPBBIN pa3 MPOCTO TAaK, a BTOPOil pa3 B KaBblukax) mHTeprperarop C,
Hanucaaubiii Ha C.

YlcHO, UTO Takas mporpamMmMa OyOeT HEMOMBUXKHON TOUYKOHN IIpeobpa3oBaHms h,
TaK KakK e€ BBITIOJIHEHUE HAUMHAETCS POBHO C TOTO, UTO BBIUUCIISIETCS 3HAUEHUE
dyHKIIIKM h Ha €€ TeKcTe, MOCe Yero TO 3HaUYeHHEe BOCHPUHUMAETCS KaK IIPO-
rpaMMa 1 TPUMEHSIETCS K BXOIY.

Ha camom mese 5TO moKa3aTeIbCTBO B CYIIIHOCTH TOBTOPSET IPEIbIOyIIee,
TOJILKO B O0JIee MPpOrpaMMUCTCKIX TEPMUHAX.

33. Heckoyibko 3aMedyaHmU
3.1. BeckoneyHoe MHOXeECTBO HEIIOABNM2KHBIX TOYEK

Teopema 65 (0 HEMOABUKHOI TOUYKE) YTBEPKIAET CYIIECTBOBAHUE XOTS ObI
OITHOW HETOABUWKHOU TOYKU. JIETKO MOHSATH, UYTO Ha caMOM [Mejie mX OECKOHETHO
MHOTO: B 0003HAUYEHUSIX dTOI TEOPEMBI CYIIeCTBYEeT OECKOHEYHO MHOIO YHUCEeI 1,
npu KOTOpeIX Uy = Upy)
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OTO MOXKHO OOBSICHUTD, HAIIPUMED, TaK: €CJTU Obl HEMMOMBUXKHBIX TOUEK OBIIIO
OBl KOHEYHOE YNCIIO, TO MOYXKHO OBIJIO ObI M3MEHUTH (QYHKIWIO i B 3TUX TOUYKAX
Tak, YTOOBI HETIOABUKHBIX TOUEK HE OCTajoch. HemocTaTok »TOro paccy)neHns
B TOM, YTO OHO HE MO3BOJIsIeT 3(PHEKTUBHO MEPEUNUCIATh HENMONBUKHbBIE TOUKU
(ykazaTh mis maHHOl (QyHKIMU h GECKOHEYHOE TEePEUnCInMOe MHOXKECTBO, CO-
CTOsIIIIee U3 €€ HEMOMBUKHBIX TOUEK). MOXHO cremaTh 1 9TO, eCIu BCIOMHUTD
TIOKa3aTeTbCTBO TeopeMbl 65. B HEM HETIOOBMKHBIMU TOUYKAMU OKA3bIBAJINCH U1-
cia [g](t), a QyHKIUIO ¢ MOXKHO BBIODATH TaK, YTOOBI BCE €€ 3HAYEHUS ObIIN
OobIIle JTIFOOOTO HAIlepE 3aIaHHOTO YHUCiIa

3AIAYA 198. IIposedume amo paccyrcdenue nodpobro.

3.2. HemomBmxXHas TOYKa C TapaMeTpPOM

Ecau nmpeobpasoBares mporpaMM BBIYUCIIIMO 3aBUCAT OT HEKOTOPOIO Ia-
pameTpa, TO U HEMOABIXKHYIO TOUKY MOYKHO BBIOPDATH BBIUMCINMO 3aBUCSIIIEN
9TOro mapamMeTpa. TOUHBIA CMBICIT DTOTO YTBEPKICHUS TAKOB:

TEOPEMA 68. Ilycmv U — aaa6nag ynusepcasvnad Gywkyud 044 Kaacca
BHIUUCAUMBIE PYHKYUT 00H020 apeymenma, a h — 6crdy onpedesénnad 6viuu-
caumag pynxyug dsyxr apeymenmos. Toeda cywecmeyem 6crody onpedesérnad
BLIUUCAUMAA PYHKYUL . 00H020 aAPSYMENMA, KOMOPAT NO A0O0MY P YKA3bIEA-
em HenodeudcHyro mouky oag gymkyuu hy,, max wumo Uyp,p)) = Unp), uau,
Opy2uUMU CA0BAMU,

U(h(p;n(p)), ) = U(n(p), x)

npu 6cer p u T (Kak 06biuno, 06e wacmu mo2ym Obimb 00HOBPEMERHO HE ONpe-
desaenbl).

Iloka3aTesabcTBO. MBI Bumenn, YTO HEMMOABUKHAS TOYKA CTPOUTCS KOHCTPYK-
TuBHO. [losTOMY ecim MBI HIlleM HENMOABIRKHYIO TOUKY 71 MYHKIUN N, BBHIUH-
CJIMMO 3aBUCSIIIEN OT mapaMeTpa p, TO U pe3yabTaT HAIlero MocTpoeHus: OyneT
BBIYUCJIAMO 3aBUCETH OT ITapaMeTpa p.

Koneuno, M0OxkHO ObIJIO ObI GOPMAIBHO 3AIIICATH PACCYKOCHIE, PEATI3YIOIIee
5TOT IIJIAH, HO OHO MOBOJIHO T'POMO3IKO (M BPSI JIU OT 5TOrO IOKA3aTEIHCTBO
cTaHeT 6oJIee TOHSITHBIM). O

B sToill TeopeMme MBI Ipennosiaraiy, 4TO ceMelcTBO GyHKIM h, COCTOUT
13 BCIONY ompenenéHHbIX QyuHKImi. Ha camom meme 5To He 00s3aTeNTbHO: IS
IIPOM3BOJILHOTO BBITHCIINMOTO CEMERCTBA BBLIUUCIUMEIX QYHKIWI h, (DpyruMuo
CJIOBAMM, 711 IPOM3BOJILHON BBIUUCIUMON (MYHKIUM h IBYX apryMeHTOB) CY-
HIECTBYET BCIOMY ONpenesiéHHas BbIUUCIUMAas QYHKIINAS 7 OMHOTO apryMeHTa C
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TaKNM CBOMCTBOM: IIPU KasKIOM p 160 GyHKIus h, He OIpeneneHa B TOUKe n(p),
60 n(p) SBITETCS HENONBUKHON TOUKON BYHKIAL M.

3AOAYA 199. Y6edumecv, wmo npusedénnad 8 dokazamesbcmee meope-
mvt 68 Konempyrkyug kax pas u daém gynryuwio n(p) ¢ maxum c6olcmeom.

3A0AYA 200. Ob6vbedungs cdeaanmpie 8blue 3AMEUAHUT, NOKAHCUME, UMO
no 410601 eviuucaumoli Gynryuu h (3adannotli c60uM HOMEPOM OMHOCUMEALHO
Purcuposannoti 24a46H0U YHUBEPCAMHOT PYHKUUL) MOKCHO IPPERMUBHO YKa-
3amb OECKOHEUHO MHO20 Yuced, Kaxcdoe u3 Komopux 4ubo 6ydem nenodeuic-
ot moukol dag pynwkyuu h, aubo moukoi, 2de ama Gynryug He onpedesena.

3.3. HeIIO,I[BI/I)KHajI TOYKa MJIAd IIepevYC/JINMbIX MHOXKECTB

Bceé ckazamnoe mouTu 6e3 M3MEHEHWH TEePEHOCUTCS Ha TIIaBHBIE HyMepalrun
HEePEUnCInMBIX MHOXKeCTB (ecim W — riaBHOE yHUBEpPCATIBHOE HEPEUnCIIMOe
MHOXKECTBO, TO BCsIKasl BBIYUCIUMAs BCIOHY ONpeneiéHHas GyHKIUS h umeer
HEIMTOIBINKHYIO TOYKY 7, IJIs KoTopoun W, = Wh(n)).

B camom mene, ecnmu W — riaBHOe yHUBEPCAITBHOE TIEPEUNCITIMOE MHOXKECT-
BO, TO K OTHOIIIEHUIO YKBUBAJIEHTHOCTU

a=bes W, =W,

MIPUMEHIMO PaCCyKIEHIE U3 TOKa3aTeIbCTBa TeopeMbl 65, MOCKOIBKY JTr00ast
BhIUnCIIMas QYHKINSA [ mMeeT BBIUHCINMOE BCIOMY ONPENeTéHHOe =-IIPOHOJI-
YKEHIIE.

IIpoBepumMm 5T0. i1 5TOr0 paccMOTpPUM MHOXKECTBO

V = {{p,z) | f(p) onpenenero u (f(p),x) € W}.

JIerko moHATH, YTO HTO MHOXKECTBO MEPEUNCIINMO (HAIIPUMED, OHO €CTh 00JIaCTh
ompenesneHust BeraucanMoit dyuknun (p, x) — w(f(p), z), rme w — BeIYACIIMAST
dynxmmsa ¢ obmacteio onpenenerns W). Ipu atom V), = Wy(,), ecmu f(p) ompe-
nenero, u V), = &, eciu f(p) we onpenenexo. Beromunast, aro W sBisercs rias-
HBIM YHIBEPCAJIBLHBIM MHOXKECTBOM, MbI HAXOMUM BCIOLY OMPEIESIEHHYIO (PYyHK-
nuio s, msg koropont V, = Wy, Taxum obpazom, Wy, = Wy, mna tex p, nns
KOTOPBIX f(p) ompemeneno, 9To u TpeGOBAJIOCH.

SADAYA 201. IIycmy W — 2ua6moe ynusepcaavroe muoxrcecmso (04d xaac-
Ca 6CET MEPEUUCAUMBLE NOIMHONCECTE HAMYPaabHo20 pada). (a) [lokaxcume,
umo natidémed wucao x, dag komopoeo W, = {x}. (6) Hokancume, umo naii-
dymed pasavumnble wucaa x u Yy, dag komopvir W, = {y} v W, = {x}.



174 ['maBa X. TeopeMa 0 HEOOBUKHOW TOUKE

3.4. Ilpumep mcnosiL30BaHUA

[Ipocreiiiiiee (XOTs HE OYEHBb TUINYHOE) TPUMEHEHIE TEOPEMbI O HEMOMNBUK-
HOW TOYKe — €I11€ OITHO MOKA3aTETbCTBO TeopeMbl 64 0 HEPa3peITnMOCT CBONCTB
BBIUMCIUMBIX QyHKIWA. B camMoM mesie, myCcTh eCTh HeTPUBUAIBLHOE CBOMCTBO A
BBIUUCIUMBIX (QYHKIIUN, KOTOPOE MOXKHO PACIO3HABATH IO HOMepaM (PyHKIIII
B ryaBHON HyMmepanuu U. IlycTs p — xaxoil-To HOMep Kakou-To dyHKiun U,
obnafaroiell 5TUM CBOICTBOM, & ¢ — KaKOW-TO HOMep Kakoil-To gynkuuu U,

M He obiamarormM. Torma QyHKIusS
q, ecnu dyuknus U, obnamaer cBoitcTBOM A,

h(z) =

p, ecau dyukuus U, me obimamaer cBoiicTBoM A

OymeT BBIUUCIUMON U He OyleT UMeTh HEMOABUAKHON TOUKU.



TITABA XI

Mammusr Thlopunra

§1. 3aueM HYXHBI IIPOCTHIE BLIYMCINTEILHLIE MOIEIIN !

Ho cux mop HaM OBIJI0 yIOOHO CCBIIATHCS Ha MMPOTPAMMUCTCKIH OMBIT, TOBO-
ps 00 anropuTMax, IporpamMMax, UHTEPIpeTaTopax, MOIMIArOBOM BBITIOJTHEHIN
7 T.I. DTO TO3BOJISIIO HAM UTHOPUPOBATH METAJI TMOCTPOCHUS TEX WUJIM UHBIX
AJITOPUTMOB TIOL T€M MPEMJIOTOM, YTO UUTATENb UX JIErKO BOCCTAHOBUT (UIiw
XOTs OBI IOBEPUT — BCE-TAK! He KaXKIBI UMTATEIb B CBOEH KW3HU MUCAJT WH-
tepruperaTtop s3bika C Ha C).

Ho B HEKOTOPBIX CiTydasx 3TOTO HeMOCTATOUHO. [lycTh, Hampumep, MBI XOTUM
TIOKa3aTh aJITOPUTMIUECKYIO HEPA3PEITNMOCTDh KAaKOU-TO 3a/1a4d, B ONPeIeIeHN N
KOTOPOI HUYEro He TOBOPUTCS O MpOorpaMMaxX. JDTO OOBIYHO mejaeTcs Tak. Mbl
MOKAa3bIBAEM, ITO TPOOIIeMa OCTAHOBKYU CBOOUTCS K 3TOH 3amade. I 3Toro MbI
MomenupyeM paboTy MPOU3BOIILHOTO ajIlTOPUTMa B TePMUHAX PACCMaTPUBAEMON
3amaun (YTO STO 3HAYUT, Oy[AeT BUIHO U3 MPUBOAMMOIO HIKE Tpumepa). [1pu
ATOM HaM BaxKHO, UTOOBI OIpenesieHre ajJropuTMa ObIJIo KaK MOXKHO IIPOITIE.

Taxum obpa3om, HaIT TIsTaH TakoB. MBI onmuteM TOBOIBHO ITIPOCTO OMpenessie-
MBIl KITACC MAIIUH (€10 MOXKHO BHIGHPATD MO-PA3HOMY, MBI GyIEM UCIOIIB30BATh
Tak Ha3bIBAEMbIe MAIUHBI THIOPUHTA), 3aTeM OOBIBUM, UTO BCSIKAS BBHIYUCIIU-
Mas GYHKIIIS MOXKET OBIThH BBIUNCIIEHA Ha TaKOW MaIlllHe, a 3aTeM ITOKaKeM, ITO
BOIIPOC 00 OCTAHOBKE MAIlIMHBI ['bIOPIHTa MOXKHO CBECTH K BOITPOCY O PABEHCTBE
CJIOB B TOJIyTPYIIIIE.

Hpyras mpuumHa, MO KOTOPOW BaKHBI MPOCTHIE BBIYUCIUTEIbHBIE MOIETN
(Takux MOmesniell MHOTO — pa3Hble BUAbI MalinH ThIOPUHTA, aIpecHbIe MaIlTHbI
U T.T.), CBSA3aHA C TeOpUell CIIOKHOCTU BBIUUCIICHUN, KOTIA HAC HAUMHAET WH-
TEPEecoBaTh BPEMSI BHITIOJTHEHUS TporpaMM. Ho 3TOT BOpoOC BBIXOOUT 3a paMKH
KJIACCUYECKON TEOPUU AJITOPUTMOB.

§2. Mammmnasl ThlopuHTa: onpenesieHne

Mawuna Tvropunea nmeeT 6ECKOHETHYIO B 00€ CTOPOHBI 4eHMY, PA3IETEHHYTO
Ha kBampaTukn (guetku). B kaxmoil sueiike MOXKET GBITH 3AMICAH HEKOTOPLI
CUMBOJT U3 PUKCUPOBAHHOTO (MJIs TAHHON MAIIMHBI) KOHEYHOTO MHOXKECTBA, Ha-
3BIBAEMOTO a4Pasumom maHHon MamuHbl. OOMH U3 CUMBOJIOB aJipaBuTa BbIIE-
JIEH 1 Ha3bIBAeTCS ~IpobesioM’ — IpedrnojaraeTcs, YTO M3HAYAILHO BC JIEHTA

175
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IycTa, TO €CTh 3alloJTHEHA TTPobeIaMu.

Marmmaa TwhiopuHra MOXKET MEHSTH COOEPKUMOE JIEHTHI C ITOMOIIBIO CIICIIH-
AJIbHON YMTAOIIE U MUIITYIIEeH 20.408KU, KOTOPas MBIKETCS BIOJb JIEHTHL. B
KaXXIObII MOMEHT TOJIOBKA HaXOMUTCSI B omHOW m3 sdeek. Marmua Twiopunra
MoJiydgaeT OT TOJOBKU MHAOPMAIINIO O TOM, KaKOI CHUMBOJI Ta BUOUT, U B 3aBU-
CUMOCTH OT 5TOTO (M OT CBOErO BHYTPEHHErO COCTOSIHIUSI) PeIraeT, 4To IeiaTh,
TO €CTh KaKOUl CUMBOJI 3aIlicaTh B TEKYIIEN sSUellke U Kyla CABUHYTLCS TOCIIE
5TOro (HAJIEBO, HAIIPABO WJIM OCTATLCs Ha MecTe). [Ipu sTOM Takxke MeHsETCs
BHYTPEHHee COCTOSHIE MAIINHBI (MBI IIPEINoIaraeM, 4To MAIIMHA — He CUl-
Tas JIEHThl — UMeeT KOHEUHYIO MaMATb, TO €CTh KOHEUHOE UNCIIO BHYTPEHHUX
cocrosiumit). EIé Hamo moroBOpuThCs, ¢ 9ero Mbl HAUMHAEM U KOTIA KOHYAEM
paboTy.

Takum obpa3zoM, YTOOBI 3a0aTh MaIIUHy 'bIOPUHTA, HAOO YKa3aTh CJIEOYIO-
e O0ObEKTHI:

® [IPOM3BOJILHOE KOHEUHOe MHOXKeCTBO A (aadasum); ero sieMeHThl Ha3bl-

BAIOTCS CUMBO0AAMU;

HEKOTOPBIl BBIJIEIIEHHBIN CUMBOII g € A (npobea, wim nycmot cumson);

KOHETHOE MHOXKECTBO .S, Ha3bIBAEMOE MHOKECTBOM COCTMOAHU;

HEKOTOPO€e BBIENIEHHOE COCTOSIHIE S) € S, Ha3bIBAEMOE HAUAAbHbIM;

mab.auyy neperodos, KOTOpast OMPENeNsieT TOBENCHNE MAIINHBL B 3aBUCH-

MOCTH OT COCTOSIHUS U TEKYIIEro CUMBOJIA (CM. HIKE);

® HEKOTOPOE MONMHOXKeCTBO F C S 9JeMEeHTBI KOTOPOrO HA3BIBAIOTCS 3a-
KAIOUUMEADHBIMU COCTNOAHUAMY (TIOTIAB B TAKOE COCTOSIHUE, MAIIIITHA OCTa~
HABJIUBAETCS ).

Tabnuma mepexonoB yCTpoeHa CIMyomuM 06pa3oM: Il KaxkK ol maphl (Te-
KylIllee COCTOSIHUE, TEKYIIMI CHUMBOJI) YKa3aHA TPOUKa (HOBOE COCTOSHUE, HO-
BBIil CUMBOJI, CIIBUT). 3Hech cOBUr — omHO u3 umcen —1 (BieBo), 0 (Ha mecTe)
u 1 (mampaso). Takum o6paszom, TabIUIa MEPEXONOB eCTh GYHKIWs TUma S X
X A— S xAx{-1,0,1}, onpenenéunas Ha TeX mapax, B KOTOPBIX COCTOSIHIE
HE SIBIISIETCS 3aKITIOUNTEIIbHBIM.

Ocragéres onucaThb MoBeneHre Mauibl ThIopuHra. B KaX il MOMEHT mMe-
eTCsl HEKOTOpas KOoHPueypayusd, CKIANBIBAIOIIAICI U3 COHEPIKUMOTO JIEHTHI
(hopMAaIEHO TOBOPSI, COMEPKUMOE JIEHTHI €CTh IIPOU3BOJILHOE OTOOpaXKeHue 7 —
— A), TexyIel MO3UII TOJOBKU (HEKOTOPOE HEJI0e UUCII0) U TEKYIIIEro COCTO-
suust Marmuabl (smementT S). [IpeoGpasoBanue KOHGUIYpAIUU B CIEAYIOIIYIO
IPOUCXOMUT MO €CTECTBEHHBIM MPABUJIAM: Mbl CMOTPUM B TabiIUIE, YTO HAIO
NeJIaTh [JIsl MAHHOTO COCTOSIHUS U ISl MAHHOTO CUMBOJIA, TO €CTh BBISICHIEM HO-
BOE COCTOSIHIE MAIIIMHBL, MEHSIEM CHMBOJI HA YKA3AHHBII U TIOCJIE STOTO CIBUTAEM
TOJIOBKY BJIEBO, BIIPABO UJIM OCTaBJIseM Ha MecTe. [Ipu 5TOM, eciim HOBOe COCTO-
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SHUE SIBIIIETCSI OMHUM W3 3aKIII0UNTEIHHBIX, PaboTa MAIINHBl 3aKAHIMBACTCS.
OcTaéTcst MOTOBOPUTHCS, KAK MBI TIOHAEM MHMOPMAIINIO HA BXOI MAIIWHBI I ITO
CUNTAETCS PE3yIbTaToM eé paboTel. bymem cumraTh, 4TO amdaBUT MAIIWHBI,
oMuMo TIpobGena, comepkuT cuMBoibl 0 u 1 (a Takike, BOSMOXKHO, €II1¢ KaKIe-TO
CUMBOJIBI ). BXOMOM 1 BBIXOMOM MAIIMHBI GyIyT KOHEUHBIE TOCIEN0BATEILHOCTH
HyJIell 1 enuHUIl (IBOMYHBIE CJIOBA). BXOMHOE CIIOBO 3aluCHIBAETCS HA IIyCTOM
JIEHTE, TOJIOBKA MAIIIMHBI CTABUTCS B €10 TMEPBYIO KIIETKY, MAIIINHA TPUBOIATCSI
B HaJYaJIbHOE COCTOSHUE I 3aIlyCKaeTcs. Ecam Malmna ocTaHaBIMBAETCS, Pe-
3yJIBTATOM CUXTAECTCS TBOUTIHOE CJIOBO, KOTOPOE MOXHO IIPOYECTb, HAUMHAS C
TIO3UIUU TOJIOBKY U IBUTasiCh HAMPABO (MOKA He MOSBUTCS CHMBOJI, OTIIMIHBIN
or 0ml).

Taxum o6paszom, mrobast MamnHa THIOPUHTA 3a1a8T HEKOTOPYIO YaCTUIHYTO
GyHKINIO Ha MBOMYHBIX CJIOBaX. Bce Takme QyHKINN eCTECTBEHHO HA3BATDH 6bl-
YUCAUMBIMY Ha mawunar Teropunea.

§3. Mammusl ThropumHra: 06Ccy X aeHme

PaszymeeTcs, Halrie ompenerieHne comep:KUT MHOTO KOHKPETHBIX JTeTaJIel, KO-
TOpBIE MOXKHO OBIJIO ObI M3MeHUThL. Hampumep, geHTa MoXKeT ObITh OECKOHEeTHOM
TOJTBKO B OOHY CTOPOHY. MOXHO mpuaaTh MaltmHe aBe JeHThl. MO0oXHO cunTaTh,
9TO MAIlMHA MOXKeT JInOO HallMCaTh HOBBI CUMBOJII, TNO0 COABUHYTHCS, HO HE TO
n npyroe BMecTe. MOXHO OrpaHUYINTHL ajadaBUT, CUNTAsI, CKAaXXeM, UTO B HEM
MOKHO OBITH poBHO 10 cumMBOj0B. MOXHO moTpeboBaTh, YTOOBI B KOHIIE HA
JIEHTe HUYEero He GbIJI0, KpOMe pe3yibTrara paboThl (OCTAIBHBIE KIIETKH HOJIK-
HBI OBITH TyCTHI). Bee mepevncieHHbe 1 MHOTHE APYTHe N3MEHEHUs He MEHSIOT
KJIacca BBIUMCIUMBIX Ha MarnmnHaX Tbiopunra ¢ysknui. KoneuHno, ects n HeOe-
300umHbIE M3MeHeHnsa. Hampumep, ecrmu 3alpeTuTh MallliHe IBATATHCS HAJIEBO,
TO 5TO pagUKaJIbHO MOMEHSET [EeJI0 — IO CYIIECTBY JIeHTa CTaHeT OECIIOJIe3HO,
TaK KaK K CTapbIM 3aIllUCSIM yKe Helb3s OyleT BepHYThCS.

Kak mousaTs, kakue n3menennss 6e300uaHbl, a Kakue Het! BuauMo, TyT HeoO-
XOIIIM HEKOTOPBIN OMBIT IPAKTUIECKOTO IIPOrPAMMUIPOBAHNUS Ha MaIlImHax 1 bro-
puHTa, XoTs ObI HeOOIbINON. [Toce »Toro yKe MOXKHO MPEencTaBIsaTh cebe BO3-
MOXKHOCTHU MAIITUHbLI, HE BHIMUCHIBAs MPOTrPaMMbI TOJTHOCTHIO, & PYKOBOINCTBYICh
JANTL TPUOAM3UTETFHBIM OMUCaHmeM. B KadecTBe mpuMepa OMUIIIEM MAIIIHY,
KOTOpasl YyIBAMBAET BXOIHOE CJIOBO (M3TOTABIMBAECT CJIOBO X X, €CiIM Ha BXOME
OBIIO €7T0BO X ).

Ecnu marmmmua BuouT mpobest (BXOMHOE CJIOBO MyCTO), OHA KOHYAET PaboTy.
Ecnu Her, oHa 3amOMUHAET TEKYIIINI CHMBOJI U CTABUT HOMETKY (B andaBute
novumo cuMBosIoB 0 1 1 6ymyT emé ux ”momedennbie BapuanTel’ 0 u 1). BaTem
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OHa IBUKETCS HAIIPABO MO MyCTOU KJIETKU, TOCTIE Yero MUAMIeT TaM KOIIHIO 3aIl0-
MHEHHOT'O CHMBOJIA. 3aTE€M OHA HOBIKETCS HAJeBO IO IOMETKW, YTKHYBIINCH B
MIOMETKY, OTXOMUT Ha3al U 3alOMUHAET CIIEIYIOIIUN CUMBOJI U TaK HaJjee, MOKa
HE CKOIIIPYyeT BCE CJIOBO.

Wmest HEKOTOPBIN OMBIT, MOXKHO 3a BCEMU STUMHU (Ppa3amMu BUAETH KOHKPET-
HbIE KYCKU ITPOTrPaMMBI IIJIs MailuHbl 1 hopuara. Hampumep, citoBa ” 3armoMuHa-
€T CUMBOJI U IBUKETCSI HAIIPABO O3HAYAIOT, UTO €CTh IBE TPYIIILI COCTOSHUH,
ONMHA IJIS CATYallMu, KOTJa 3allOMHEH HYJIb, IPyras — KOTIJa 3allOMHEHa eou-
HIUIIA, U BHYTPHU KAXKIOW T'PYIIHI 3aIPOTPAMMEUPOBAHO MBIXKEHUE HAIIPABO [0
MIEPBOU MyCTON KJIETKU.

Nwmes eré uyTh 60JBINE ONBITA, MOXKHO TOHSITH, YTO B 9TOM OIUCAHUU €CTh
orrnbKa — He TMPENyCMOTPEH MEXaH!3M OCTAaHOBKH, KOTIa BCE CJIOBO OYIIET CKO-
MIAPOBAHO, MTOCKOJILKY KOIUU CHMBOJIOB HUYUEM HE OTJIMYAIOTCS OT CUMBOJIOB UC-
XOIMHOTO CJIOBa. ICHO m TO, KaK OMIMOKY MCIPAaBUTH — HAMO B KaueCTBE KON
MICATH CIenNaIbHbIe CUMBOMEL 0 1 1, a Ha HOCIEIHEM TAIle BCE IOMETKHI YiIa-
JIATh.

3AnAYA 202. okaxcume, umo gynkyugz ~obpawenue”, nepesopayusaio-
Wadg ca080 3a0oMm HANEPED, BbINUCAUMG HA mawuHe Tvropunea.

Hpyront mpumep HeDOPMATBLHOTO PACCyXKOEHUI: OOBSICHUM, MOUYEMY MOYKHO
He HCIOJIb30BaTh HOMOIHUTENBHBIX CUMBOJIOB, KpoMme 0, 1 m mycToro cuMBoa.
[TycTs ecTh MarumHa ¢ 60mbiuM aiadasutoMm u3 N cumBosioB. [locTpoum HOBYIO
MAIIIMHY, KOTOpas OyaoeT MOOeInpoBaTh pabOTy CTapou, HO KaXKIIO! KJIETKe CTa-
poit 6ymeT cooTBETCTBOBATE OJIOK U3 k KJI€TOK HOBOIT. Pasmep 6ioka (uuciio k)
OyneT huKCcUpoBaH Tak, YTOOLI BHYTPH OJI0Ka MOXKHO OBIJIO OBI 3aKOOUPOBATH HY-
JSIMI ¥ €IUHUIIAMI BCe CUMBOJIBI OombIioro ajdasuta. Mcexomubie cumBoibr 0,
1 u mycroit 6ymem komupoBaTh Kak 0, 3a koTopbiM umyT (k — 1) mycThIX crM-
BOJIOB, 1, 3a KOTOpBIM unyT (k — 1) mMyCTBIX CUMBOJIOB, U TPYIILY U3 k MyCTHIX
cuMBOJIOB. 71 Havuanga HamO pas3nBUHYTH OYKBBI BXOMHOTO CJIOBA HA PaCCTOS-
HEe Kk, UTO MOXKHO CIIEJIATh 6e3 MOMOTHUTETbHBIX CHUMBOJIOB (OISl 0 KpalHert
OYKBBI, OTOABUTAEM €€, 3aTeM MOUIS N0 CIEMYIOIEN, OTOOBUTAEM €€ U KPANHIOIO
U TakK [ajiee); HAO TOIBKO MOHMMATDH, YTO MOXKHO UIEHTU(DUIUPOBATH KOHEI
CJIOBa KaK TO3UITNIO, 3a KOTOPOH ciiemyeT 60siee k mMyCTHIX CUMBOJIOB. YICHO, UTO
B 3TOM IIPOIIECCE MBI JIOJIXKHBI XPAHUTH B IMaMSITU HEKOTOPHIN KOHEUHBIN O0BHEM
nHDOpMAIINNI, TAK 9TO 3TO BO3MOXKHO. [locie »Toro yke MOXHO MOIETMPOBATH
paboTy MCXOMHOU MAIIWHBL IO IIIaraM, 1 OJIs 3TOT0 TOXKe NOCTATOYHO KOHEUHOU
naMsaT (T.€e. KOHEYHOTO YUCIIA COCTOSHUM), TAK KaK HAM BajKHa TOJBKO He-
OOJIBIITas OKPECTHOCTH TOJIOBKH MOMIETTMPYEMO MaInHbl. HakoHer, Hammo cxkaThb
pe3yabTaT obpaTHO.

YTBepxKIeHne 0 TOM, UTO BCAKAas BbIYUCIUMAas PYHKINS BBIUYUCINMA HA Ma-
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mrHe ThIopuHTa, HA3BIBAIOT Mme3ucom Tviopurea. KoHeUHO, €ro CMBICIT 3aBUCUT
OT TOTO, YTO IOHUMATh IO CJIOBaMu ~BhIunciuMast GyHkIius . Kcan moHuMaTh
UX B PACIIIBIBUATO-UHTYUTUBHOM CMBICTIE (7 DYHKINS BHIUUCIISIETCST AIITOPUTMU-
YeCKU, TO €CTh II0 UYETKUM, HEIBYCMBICJIEHHBIM, OMHO3HAYHBIM IpaBUIaM’ WUJIA
YTO-TO B TAKOM POIIE), KOHEYHO, HI O KAKOM JI0OKa3aTebeTBe Tesnca ThiopuHra
HE MOXKeT OBbITh peun. M0XKXHO JTUIITb TOBOPUTH, YTO MHOTOBEKOBAsI ITPAKTUKA, Ue-
noBevecTBa 0T EBkmuna no Kuyra ( HbIHE XKUBYIIIA KPYITHENIINN CIEITATIACT
B TEOPUU AJTOPUTMUYECKUX S3BIKOB) HE BCTPETUIACH C MIPUMEPOM AJTOPUTMA,
KOTOPBIN HEeJIb3s OBIJIO OBI 3alICaTh KaK IMIPOrpaMMy MallluHbl ThIOpUHTA U T. 11
Bropouew, eré onu (He CIUIIKOM YOEIUTEIbHbIN) ApTYMEHT TPUBEIEH HIXKE.

Ho ecnu monmMaTs cjoBo ”Bbrumciaummas’ B Tes3uce THIOPUHTA KaK ~ BBIYH-
cauMasl ¢ TIOMOITIbIo TmporpamMMbl Ha C7 u mpencTaBuTh cebe HA MUHYTY, UTO
cuHTakcuc u cemanTuka C-mporpaMM TOYHO OINPENeseHbl, TO Te3uc 1 BhIopuH-
ra CTaHET yXKe YETKUM yTBEPKIECHUEM, KOTOPOE MOXKET ObITh MCTUHHBIM WJIU
JIOXHBIM, U KOTOPO€ MOYXKHO NOKA3bIBaTh. KOHEUHO, TaKoe MOKA3aTEeIbCTBO IO
HEOOXOMMMOCTH MNOJIXKHO MCIIOIB30BATh (OPMaJIbHOE OIMMICAHNE CHHTAKCICA U Ce-
MaHTUKE C, 1 TOTOMY HUKEM HE TTPOBOIUIIOCH, HO IJTs 60JIe€ TPOCTHIX BBIUNCIN-
TEJIbHBIX MOMEJIEN 5TO MENCTBUTEIBHO MOXKHO (hOPMaJIbHO HOKa3aTh. Brpouew,
TAKOTO poda MNOKA3aTeIbCTBA CPOMHU MOKA3ATEIbCTBY KOPPEKTHOCTU IJIUHHON
MIPOrPaMMBbI, U TIOTOMY KEJIAIOIIIX UX IMUCaTh U TeM 0ojiee YuTaTh HEMHOTO.

B 3akmioueHun mpuBenéM OOCIIaHHBIN apryMEHT B IOJIB3Y TOTO, YTO JTI0Oast
BBIUKC/IIMAas QYHKIIASA BBIYUCIIMA Ha MarmHe Twropuara. I[IycTts ecTh QyHK-
IIAs1, KOTOPYIO U€/IOBEK YMEET BBIUUCISITHL. [Ipu 5TOM, OH, €CTEeCTBEHHO, TOJIXKEH
UCIIOIB30BATH KApPaHIAIll n OyMary, Tak Kak KOJUnIecTBO HHOOPMAIINK, KOTOPOE
OH MOXKET XPaHUTh 'B yMe”, OrpaHUYeHO. byneM cunTaTh, YTO OH IUIIET Ha OT-
NMEeJbHBIX ucTax Oymaru. [loMumo TekyIiero jgucTa, €CTh CTOKa OyMar crpaBa
7 CTOIIKa CJIEBa; B JIFOOYIO U3 HUX MOYKHO ITOJIOKUTH TEKYIIUN JIUCT, 3aBEPIINB C
HIIM PabOTYy, & U3 OPYTOl CTONKU B3I Th CIENYIONINH. Y JeJI0BeKA eCTh KapaH Al
u jacTuk. [lockombKy oueHb MejKre OyKBBI Ha JIICTE HEPA3IUUNMBI, THCIO OT-
YETIINBO PA3IMIHBIX COCTOSHUN JTUCTa KOHEUHO, TaK YTO MOYXKHO CUNTATh, UYTO B
KasKIIBI MOMEHT Ha JINCTE 3aIllNcaHa OmHa GyKBa 13 HEKOTOPOTO KOHETYHOTO (XO-
TS 1 BeCbMa, GOJIBINOrO0) ajihaBuTa. YemoBeK Toxe MMeET KOHEUHYIO MAMSITh, TaK
YTO €r0 COCTOSIHIE €CTh 3JIEMEHT HEeKOTOPOTO KOHEYHOTO MHOXKecTBa. [Ipu sTom
MOXKHO COCTABUTH HEKOTOPYIO TaOJINITY, B KOTOPOH 3aIlMCAHO, YeM KOHUUTCS €Tr0
paboTa HAI JINCTOM C aHHBIM COMEPKUMBIM, HAYaTAas B MAHHOM COCTOSIHUY (UTO
OymeT Ha IUCTe, B KAKOM COCTOSHUN OyIeT YeJIoBeK U U3 KaKO! MavuKu OyoeT B3AT
criemytoruit iuct). Teneps yxke BUOHO, UTO HENCTBUS Y€JIOBEKA KaK pas COOT-
BETCTBYIOT pabore Marmuubl ThiopuHra ¢ 60IbIINM (HO KOHEYHBIM ) ajihaBUTOM
1 GOJIBIITM (HO KOHEYHBIM) UHUCJIOM BHYTPEHHUX COCTOSHIIL.



FITABA XTI

ApudMeTNIHOCTH BEIYMCJIMMBIX (OYHKITAI

§1. IIporpamMMbI ¢ KOHEUHBIM YMCJIOM IIE€PEMEHHBIX

Mub1 xoTuM mOKa3aTh, YTO TpaduK BCSIKON BBIYUCIUMON (DYHKIIAU SBITSETCS
apudMeTIIECKIM MHOXKECTBOM, TO €CTh BhIpa3uM ¢hopMyIon apudmeTuku. s
9TOro yOOoOHO MEPENTHN OT MAINWH THIOPUHTa K APYTON MOIEITH, KOTOPYIO MOXKHO
YCJIOBHO Ha3BaTh MAIIMHAMU C KOHEUYHBIM YUCJIOM PETUCTPOB.

[Tporpamma njs Takoir MaIIMHBI UCTOIB3YyeT KOHEUHOE UMCIIO TIEPEMEHHBIX,
3HAUEHUSIMU KOTOPBIX SBIISIOTCS HaTypajbHBIE ynciaa. Yucma 3T MOryT OBITh
IIPOM3BOJIBHOTO pa3Mepa, TaK YTO MAalllMHA PeajibHO MMeeT MaMsAThb HeOTDaHU-
JeHHOTO 00BEMa. [Iporpamma cocToOnT U3 HYMEPOBAHHBIX 1O MOPSIKY KOMAHI.
Kaxmas komanma mMeeT OOUH U3 CIEMYIONTNX BUIOB:

a=0;

a=b;

a=b+1;

a=b-1;

goto met;

if (a==0) goto metl; else goto met2;
exit (0);

[TockombKY MBI CUMTaeM, YTO 3HAYEHUS MEPEMEHHBIX — HAaTypasbHbe (I1e-
JIble HEOTPUIATEbHBIE) UUCIIA, YCIOBUMCS CUATATh pasHocTb 0 — 1 pasHoit
(BIIpoueM, 5TO He TaK BAXKHO — MOXKHO OBIJIO OBl CYNTATEH DTO aBapuel).

Hotins no KOMaHOBI eXit, mporpaMMa 3aKaHImBaeT paboTy.

Kak m mma mamma TweopuHra, mose3Ha HEKOTOpPas MPAaKTHUKa MPOTPaMMU-
poBanus. [J11 TPEHUPOBKM HAIUINIEM IPOTPAMMY CJIOXKeHus nByX umcesna. OHa
MTOMEITIaeT B C CYMMY 4YHUCeJI, KOTOpHLIe ObIIN B epeMeHHBIX a n b. Takas mpo-
rpamMa Ha C mmesna ObI BU

c=a;
/* MHBapWAHT: OTBET = CyMMa TEKyNMX 3HAUEHUA C X b */
while (b!=0)

180
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VMuTupys MUK ¢ IOMOIIBIO OIEPATOPOB Mepexona, MOIyYaeM TPOrpaMMy IJIs
HaIllel MaIlInHbBL:
1: c=a;
if (b==0) goto 6; else goto 3;
Cc++;
b-—;
goto 2;
exit (0);

Temeps erko MOHATH, KaK HAIMCATH IPOTPAMMBI IJISI BEIYUTAHUS, YMHO-
XKeHus (KOTOpOe peajim3yeTcs Kak IUKJI ¢ MOBTOPHBIM CJIOXKEHUeM ), NEJIeHUs C
OCTaTKOM (KaK yumiI eIé DHrellbC B 3a0bITON HblHe KHure ” [lnamek Tuka mpupo-
mel” | mesieHne ecTh COKPAIIIEHHOE BEIYUTAHIE ), BO3BEIEHISI B CTEIIeHb, TPOBEPKM
MIPOCTOTHI, OTBICKAHUS N-TO MIPOCTOTO YUCIa U T. . BoobIIe 1o cpaBHEHUIO C Ma-
muHaMU T'BIOpUHTa 5TOT SI3BIK OOJIee TPUBBIYEH U TTOTOMY JIerde MOBEPUTH, UTO
Ha HEM MOXKHO 3aIIPOTPAMMUPOBATH BCE AJITOPUTMBI.

EnuncrBenHoe, yero B HEM peailbHO HE XBaTaeT — 3TO MaccuBoB. Ho 510
JIETKO OOONTU, TOCKOJIBKY €CTh YHCIIa ITPOM3BOJLHOTO pasMepa W Hac He WH-
TepecyeT UmCIo omepalmii (Kak 9TO MPUHATO B OOIIEN TEOPUH AJITOPUTMOB).
BmecTto MaccuBa 6UTOB MBI MOXKEM XPAHUTDH UKUCIIO, JBOMYHOW 3AITUCHIO KOTO-
pOTrO OH SIBJISIETCS, & IJIsI MACCUBOB UKCE] BOCIIOJIb30BATBCs, CKAaXKEeM, OCHOB-
HOIT TeopeMoll apudMeTUKU U XPaHWUTb MOCIENOBATEILHOCTE (a,b, ¢, d, e) xak
qncno 293°5¢7911¢. Tlpu sToMm omepaiu alil=b u b=al[i] 3amensioTCS Ha He-
OoBITIIIE IPOrPaMMBbI, KOTOPHIE comepkKaT IIepeMeHHbIe a, b, 1 1 elré HeCKOJIbKO
nepeMeHHBIX. (HacThio 5TUX TPOrpaMM SIBIISIETCS] HAXOXKIEHUE MPOCTOrO YnCIIa
C 3a[IaHHBIM TTOPSIIKOBBIM HOMEPOM. )

Jlerko ompenenuTh MOHITHE BHIYUCIMMON (B 5Tol Momenu) Gyukimm. [lycTs
eCTh IporpaMMa ¢ IByMs rnepeMenabivu X u'y (u, ”.,.&-., npyrumun). [lomecTmm
B X HEKOTOPOE UUCIIO N, & B OCTAJIbHBIE TIEPEMEHHBIE TIOMECTUM HYJIA. 3aITyCTIM
nporpamMmMmy. Ecium oHa He OCTaHOBUTCS, TO BBIUMCISAEMAas €l YHKIIUSI B TOU-
Ke N He ompeneneHa. FCIM OCTAHOBUTCS, TO COOEPKUMOe TEPEMEHHON Y TOCTIEe
OCTAHOBKU U GymeT 3HaueHreM (QYHKIINN, BEIYUCISEMON HAIIEN MporpamMMoi (B
Touke n). PyHKINS HA3BIBATCS BEIUUCIUMOM (B 9TOM MOMIEIN), €CIIU CYIIeCTBY-
eT BBIYUCIISIONIAs €€ MporpaMMa.

Kax Bcerma, mpu ompeneneHn Mbl (DUKCUPOBAJIN Pa3INIHbIE NeTaIu, 60Jb-
IIITHCTBO U3 KOTOPBIX HE SABJISIOTCS CyIleCTBeHHBIMU. M0KHO OBII0 OB MOOABUTH
HEKOTOpbIe KOMAHIBI (CII0KEHNe, HAIPUMeD ) — WJIN [aXKe UCKIOUYATH (HAIPU-
Mep, 6e3 KOMUPOBAHUS MOXKHO OOOMTHUCH C TIOMOIIBIO HEGOIIBIIION XUTPOCTH]).

O W

3ADAYA 203. [okaxrcume, wmo Kaacc 8bINUCAUMBIT PYHKUUT He USMEHUM-
CA, eCAU UCKAOUUMD U3 ONPedeseHud KOMandy KOnuposarus a=b.
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Heckombko 605ee yIuBUTETBHO, UTO YUCIO MTEPEMEHHBIX MOXKXHO OTPAHITINTD,
CKakKeM, COTHEII — HO M 3TO He TaK YyXK CTPaHHO, €CIIM BCIOMHUTH, UYTO MBI
MOXKEM XPAaHUTh B OOHOU MEPEMEHHON LEJIbII MACCUB.

3AOAYA 204. IIposepvbme amo.

§2. Mammmasl ThlopuHTa 1 MIPOrPaMMEI

[TocTpoernas BHIUMCIUTETBHAS MOMETH He ciaabee MalmmH THIOPUHTA B TOM
CMBICJIE, UTO JIIOOYIO BBIYUCINMYIO Ha MaIlnHaX 1hIOpUHTa (QYHKIINIO MOXKHO
BBIUUCIUATH U IPOrPAMMOI C KOHEYHBIM YHCJIOM IIePEMEHHBIX.

TEOPEMA 69. Bcakag ¢pynwryud, sviuucaumad wa mawurar Toropurea, mo-
HCEM, OBIMB BBIYUCAEHA C TOMOUDIO NPOLPAMMbL ONUCAHHO20 BUDA C KOHEUHBIM
YUCAOM NEPEMEHHDLE.

CremyeT yTOYHUTE, OMHAKO, YTO MBI IMEEM B BUY, TaK KakK s MaInH Tbio-
PUHTa MCXOOHOE MAHHOE U Pe3yIbTaT ObLIM MBOMYHBIME CIIOBAMU, & IJIS MIPO-
rpaMM — HaTYPATbHBIME dnciaaMu. MBI OTOXOECTBIIEM Te U OPYTHUeE IO ecTe-
CTBEHHOMY ITIPABUIIY, Ipu KoTopoM ciioBa A (myctoe), 0, 1, 00, 01, ... cooTBeT-
crBytoT unciaam 0, 1, 2, 3,4 ... (ITOOBI MOIyYUTH U3 YUCIIA CIIOBO, MTPUOABUM K
HEMY €IUHUITY, ITePeBEeNEM B IBOMIHYIO CUCTEMY U OTOPOCUM €OUHUITY B CTap-
IIIeM paspsife).

Hoka3zaTesmbcTBO. Kak u pamHbIlle, MBI TPUBEOEM JIUIIL NPUOIU3UTETHHOE
ONUCAHUE TOTO, KaK IO MaIllmHe TBIOPUHTa CTPOUTCS IIPOTPAMMa ¢ KOHEUHBIM
YHUCJIOM TIEPEMEHHBIX, BBIUUCIIAIOas Ty xke dyHkmuo. [Ipexne Bcero kongury-
panuu MaIrHbl ThIOPUHTA HAIO 3aKOOUPOBaTh yuciaMu. MoxHO coenaTs 5To,
HaIIpUMep, IMOCTABUB B COOTBETCTBUE KaK/IOW KOHGUTYpAIIUW deThIpe Jucia:
HOMEpP TEKYIIEro COCTOSHUS, HOMED TEKYIIero CUMBOJIA (B sS4ellKe, TOe CTOUT
TOJIOBKA MAIIWMHBI ), KOII COIEPXKUMOTO JIEHTHI CJIEBA OT TOJIOBKM U KO CONEPIKI-
MOT'O JIEHTHI CIIPaBa OT TOJIOBKU.

YT0oOBI pelInTh, KaK yI0OHee KOOUPOBAThH CONEPKUMOE JIEHTHI CJIEBA U CIIPABa,
OT TOJIOBKU, 3aMETHUM, UTO MaIlinHa T hIOpUHTa 00paInaeTcs ¢ AByMs TTOJIOBIHA-
MU JIEHTAMU CJIeBa U CIpaBa OT TOJIOBKU Kak co crekamu. (CTeKoM HA3BIBACTCS
CTPYKTYpa MaHHBIX, HAIIOMUHAIOIIIAs CTOIKY JUCTOB. B HEE MOXHO IMOJIOXUTH
JIICT HABEPX, B3sITh BEPXHUI JINCT, & TaK¥Ke IPOBEPUThH, €CTh JIN I11é JTUCTHL. ) B
caMOM iefie, TIPU OBUXKEHUN TOJOBKHW HAIIpaBO U3 IIPABOTO cTeKa OepéTcs Bepx-
HUH JIEMEHT, & B JIEBBIN CTEK KJIAOETCS; MPU OBUKEHUN HAJEBO — HA0OOPOT.
CTexku JIErKO MOMETUPOBATH C TMOMOIIIBIO YKCENT: HAIPUMED, €C/TU B CTEKEe Xpa-
HsATCa cuMBONBI 0 u 1, TO mobaBieHue HYJIs COOTBETCTBYET omnepaluu r — 2T,
nobaBIIeHNEe eqUHAIIIBI — Omepanuu * — 2T + 1, BepXHUI 3JIeMEHT €CTh OCTaTOK
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IIPU [IeJIEHNN Ha 2, a yIaJleHne BePXHero SJIeMeHTa eCTh nejieHue Ha 2 (¢ oTOpa-
CBIBaHUEM OCTATKA). pyrumMu ciioBamu, MbI BOCIPUHUMAEM IBOUIHYIO 3AIUCH
Jmnciia KaK CTEK, BEPIIMHA KOTOPOTO HAXOMUTCS CIpaBa, y MJIAQIIIEr0 pa3psiia.
Touno Tak Ke MOXHO HCIOJIbL30BATh N-UYHYIO CUCTEMY CUHUCJCHUS U IPEICTa-
BUTH CTEK C 1 BO3MOXKHBIMU CAMBOJIAMU B KaXKIOW TO3UITAN.

Tenepb OCHOBHON ITUKJI MAITUHBI T BIOPUHTA MOXKHO 3aIllICATh KaK MPOTrpaM-
MY, OIEPUPYIOIIYIO ¢ YKA3AHHBIMU Y€THIPHMS YUCIaMu (CUMBOJI, COCTOSIHUE, JIe-

BBl CTEK U TIPABBIl cTeK) — 6e3 ocoberx xuTpocTeil. Ho Heckombko Berreit
BCE-TAK! HAO UMEThb B BHIY.
Bo-nepBeIX, CTeKH KOHEYHBI, a JIeHTa OCCKOHeYHa — MBI JIOJKHBI JOTOBO-

PUTHCS, UTO €CJIM CTEK OMYCTOIIAeTCs, TO B HErO0 aBTOMATUYECKN NOOABIIETCS
cuMBOJT Tpobesa. Tem caMbiM OECKOHEUHBIN MYCTON XBOCT JIEHTHI MOXKET ITPU-
CyTCTBOBAThb B CTeKe, KaK Telepb T'OBOPST, BUPTYAJIbLHO.

Bo-BTOpBIX, HATOMHUM, YTO MBI HOTOBOPUINCH OTOXKIECTBIATH NBOUYHBIE
cioBa (KOTOpPBIE MOMAIOTCs HA BXON Mamiuibl ThioprHra) u uX Kombl (KOTOpPHIE
XPaHATCS B MEPEMEHHBIX HAIlell mporpaMmsbl). [1osToMy, MOIyYnB KON BXOMTHO-
ro CJI0Ba, HAO €ro paszobpaTh MO CUMBOJIAM MU IOJIOXKUTH 3TU CAMBOJBI OOUH
3a OPYTUM B CTeK (OCHOBAHUSI CHCTEM CUUCIIEHUS PA3Hble, TaK 4TO IIPOCTO TaK
MEPENUCaTh 9TO HeIb3s ). AHAJIOTUYHBIE TTPOOIEMbI BOSHIUKAIOT I TIPU TIPEBPAITIe-
HUM BBIXOMA (YaCTU COMEPKUMOTO MPABOrO CTEKA) B COOTBETCTBYIOIIEE UKCIIO,
HO BCE OHU JIETKO IIPEOHOJINMBL, U MBI He OyzieM BOaBaThCs B nonpobHocTu. [

BepHo u obpaTHOe yTBepXKIeHNE:

TEOPEMA 70. Bceakad pynkyusd, 8bIuUCAUMAT NPO2PAMMOL ¢ KOHEUHBIM U~
CAOM NEPEMEHHDIT, BLIYUCAUMA HaA Mawure Tvropurea.

Hoka3zaTesbcTBo. HaM HAMO MOmenmmpoBaTh MOBENEHNE TPOTPAMMEBI C TIOMO-
B0 MalWHBL ThopuHTa. bymeM cumTaTh, YTO 3HAUYEHUS MEPEMEHHBIX 3alll-
caHbl Ha JieHTe (B IBOMYHON CHUCTEME) U PA3MESIeHbI CIENUATIBLHBIM Da3Ielin-
TeJILHBIM CHMBOJIOM. Torma MalllmHa MOXKET HaWTH! JI00VIO TepeMEeHHYIO, U
OT HadaJa JIEHTHI U CUNTas pa3leIuTeSIbHbIEe CUMBOJIBI, COEIATh YTO-TO C 3TON
TIEPEMEHHON U 3aTeM BEepHYThCS 06paTHO B Hauaso. (Her meobxommmocTu 3amnu-
CBIBATh Ha JIEHTE HOMED MCIOJIHSEMON KOMAaHIbI, ITIOCKOJIbKY KOMaHI KOHEYHOe
YICIIO W MAIIMHA MOXKET MOMHUTH HOMED TeKyIllell KOMaHIbl KaK 4aCThb CBOETO
cocrosiamst.) Oneparun TpubaBIeHNs I BHIYUTAHUS €INHUIBI TAKXKE JIETKO BBI-
TIOJTHUMBI B IBOMYHON 3aICH (€CIn UATH CIIpaBa HasieBo). Hamo Toapko umeTs B
BUIY, UTO pa3Mep YUCIa MOXKET YBEeIUUUTHCS, U TOTOA HYKHO IJIs HETO OCBOOO-
IUTb MECTO, CIBUHYB BCE CUMBOJIBI CIIPaBa OT TOJIOBKU Ha onuy mosutuio. ([Ipu
VMEHBIIIEHIN HYKHO CIIBUHYTbH BJIEBO.) YICHO, UTO 5TO TakK¥kKe JIErKO BBIIOIHUTD
C TIOMOITIBIO MAITIHBI T BIOPUHTA.
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Ecnu Mbl 3anmceiBaeM 9ucia B OBOMYHON CHCTEME, TO MPOBIEMBI ¢ EPEKO-
IUPOBAHUEM IIPU BBOME-BBIBOIE MUHUMAJIBHBI (HAMO JIUIIb HOMUCATH HYIIH IJIs
3HAUYEHU OCTAIILHBIX TIEPEMEHHBIX B Hauajle pabOTHI U BCTATH B HYKHOE MECTO
JIEHTBI B KOHIIE). O

§3. ApmdpMeTHIHOCTH BBIUMCIIMMBIX PyHKITII

Ceftuac MBI JOKaXKeM, YTO (PYHKIINN, BHIYUCINMBIE TPOTPAMMAaME ¢ KOHETHBIM
YUCIIOM IEePEMEHHBIX, apuPMETUUHbI, TO €CTh UX I'PadUKN SABJISAIOTCI apudme-
TUYECKIMU MHOXKeCTBaMu. B »ToM pasmeste MbI BHOBB IIPEOIIOIaraeM HEKOTOPOe
3HAKOMCTBO YMTATEIIs C JIOTUYEeCKMMU OOO3HadYeHUsIMHU, n OymeM paccMaTpu-
BaThb apug@memuueckue Gopmyabl, COMEPKAIINE TEPEMEHHBIE TT0 HATYPAJIbHBIM
qmuceiiaM, paBeHCTBO, KOHCTAHTHI 0 1 1, omepanuny CJIOXeHUsS U yMHOXKEHUS, JIO-
ruueckue ces3ku (U, WU, HE) u xBanToper ”mns Bcex” u ”cyrectByer”.
DopMaJIbHO TOBOPST, MBI PacCMATPUBAEM CUTHATYPY, COMEPKAIIIYIO €OIMHCTBEH-
HBIIl IBYMECTHBIN MPEIUKATHBIN CUMBOJI (PABEHCTBO), nBe KOHCTAHTEL 0 u 1 u
IBa IBYMECTHBIX (QYHKIIMOHAIIBHBIX CUMBOJIA (CJI0XKeHue u ymMHoxenue). ['oops
00 UCTUHHOCTU TaKuxX GOPMYJ, Mbl UMeeM B BUIY UX UCTUHHOCTH B CTaHOAPT-
HOHI MHTEPIPEeTAINN, HOCUTEIeM KOTOPOU SIBJIIETCS MHOXKeCTBO N HATYpPaJIbHBIX
qUCe.

Muozxkectso A C N¥ HazbIBaeTCS apu@memuueckum, eCm CyIIecTByeT apud-
MeTmdeckas GopMyIa (¢ ¢ mapaMeTpaMu Xy, . . . , Tk, KOTOpas ero IpeacTaBiseT B
CIIEIyIOIeM cMbIciie: (ng, .. .,ng) € A TOrma u TOIBKO TOrma, Korma hopMmyia o
UCTUHHA OPU 3HAYEHUSIX TapaMeTPOB L1 = N, ... ,Tk = Nj.

TEOPEMA 71. I'pagur w060t dynxuyuu, SbIMUCATEMOT NPOPAMMOL C KO-
HEUHBIM YUCAOM NEPEMENHBIT, ABAAEMCA GPUPMEMUUECKUM MHONCECTNEOM.

Hoka3zarenscTBo. [Iycts f: N — N — dyukius, BoraucanMas HEKOTOPOR
mporpaMMont PP ¢ KOHEUHBIM YHCJIOM TEepPeMEHHBIX ki, ..., ky. bynem cumrars,
YTO BXOMHOW IEPEMEHHON sBjisteTcs ki, a BBIXOmMHON — k9. Ham HyXHO Hamm-

caTh GOPMYIIy C OBYMsI NEPEMEHHBIMU T, Y, KOTOpas Obljia ObI MCTUHHA TOTOA
u ToJbKO Torma, Korma y = f(x). CocrosHne mporpaMMbl ¢ KOHEUHBIM YUCIIOM
MIePEMEHHBIX TTOJTHOCTHIO OMUCHIBACTCS 3HAUYECHUSIMU ITIEPEMEHHBIX I HOMEPOM Te-
KyIIIeil KOMaHIB! (B MPOIECCOPAX COOTBETCTBYIOMINI PETUCTD YACTO HA3BIBAIOT
program counter, mo-pyccKn CY8TYMK KOMAH[). JIerKO TOHATH, UTO COOTBET-
CTBHUE MEXOY OBYMs IOC/IENOBATEIBHBIMU COCTOSHUSIMUI IIPOrPAaMMBI C KOHEU-
HBIM YKCIIOM TIepeMeHHBIX apudMeTndHO. MBI mMeeM B BUIY, YTO MOXKHO HAaIlU-
caTh apuPMeTUdIeCcKyo GopMyTy

Step(s1,..., SN, P, S, -5 Sn, D),
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¢ 2N + 2 mepeMeHHBIMU, KOTOpas YTBEPXKOAET, UTO MaHHAI mporpamMma P um3
COCTOSIHUS, TIe MepeMeHHbIe PaBHBI Sq, ..., Sy, & CIETUYMK KOMaHIl PaBeH p, 3a
OIUH IIIAT TIEPEXOIUT B COCTOSHUE, TIe TIEPEMEHHbIE PDABHEL 1, . . ., S, , & CIETUNK
komas paset p'. (IloroBopumest, uro 3uadenue p' = 0 COOTBETCTBYET OCTAHOBKE
mporpaMMbl.) Takas GopMysia sBISIeTCsT KOHBIOHKIINEN OTHETbHBIX YTBEPKIe-
HIH, COOTBETCTBYIOIINX KaXKIOW CTPOKe mporpaMMbl. IlycTs, Hampumep, cTpo-
Ka 7 TporpaMMbl mMeeT Bum ko=ks. Torma B KOHBIOHKIIUN OYyIEeT YjIeH BUOA

p=T7)= ((s1=351) A (55 =83) A(sh =s3) A...A(sy =sn) A (p =8)).

It CTPOKM ¢ YCIIOBHBIMU TIEPEXOIAMU THIIA
3: if (ks;==0) goto 17; else goto 33;
B (hopmyse OymeT aBa KOHBIOHKTUBHBIX ujleHa (Ha IBa CIIydas IIepexoa)

(p=3)A(s5=0)=((s]=s1)A...AN(sy =sn) A (P =17))

(p=3)A(s5 #0))=((s1 = s1) A... A(sy = sn) A (' = 33)).

Hamo erié mobaBuTh yTBepKOeHUE O TOM, UTO IIpu p = () paboTa mpekparaeTcs,
TO €CThb YTO IePEeMEHHLIE Ha, CICOYIOIIeM IIare COXPAHIIOT CBOM 3HAYCHU, 1 P’
ocTaéTcs paBHBIM ().

Takum obpasoM, apudMeTUIHOCTL OTHOIO ITara padoThl IPOrPAMMbBI JOKa-
3aTh Hecao:xkHO. OcTaéTcs TIaBHBIA BOIPOC: KaK 3alucaTh B BuAe (POPMYIIbI
TOT (QaKT, ITO CYIIECTBYET NOCACI068AMEALHOCNMD IIIATOB, KOTOPAs HAUMHAETCSI
C UCXOMHOTO COCTOSHUSI, 3aKAHUNBAETCSI B JaHHOM U B KOTOPOW KaXXObIN IIIar
npaBuiieH. TpymIHOCTH B TOM, UTO 3IECh HYKHO KaK Obl HAIIMCATH ITEPEMEHHOE
YICJIO0 KBAHTOPOB CYIIIECTBOBAHUS — WM KBAHTOP ~ CYIIIECTBYeT KOHEUHas II0-
CJIeNOBATEIFHOCTh HATYPAIbHBIX UMCEIT .

OTO mejaeTcs ¢ MOMOIIBI0 MPUEMa, TPATUIINOHHO HA3BIBAEMOTO (3-(QYHKIIN-
ert ['émens. Bor uro numeercs B Bumy.

Jlemma 1. s mro6oro kK MOXKHO HAWTU CKOJIb YTOOHO OOJIBIIIOE IIEJIoe ITO-
JIOXKUTEIbHOE YUCJIO b, TP KOTOPOM IIepBbIE Kk YJIEHOB IMOC/IENOBATEILHOCTU
b+ 1,20+ 1,30+ 1,... momapHO B3auMHO IIPOCTHI.

HoxazaTenbcTBO. J[1000# 00N TPOCTON MEMUTENb IBYX U3 3TUX Juces Oy-
meT meaumTesieM UX PAa3HOCTHU, TO ecTh umcna (b npu 0 < [ < k; B3aB b Kpat-
HBIM k!, MBI TapaHTHUpyeM, 9TO OH OymeT meamTeseM dYucjiaa b, HO Bce UJIeHBI
Halllell IOCIeN0BaTEILHOCTI B3aMMHO IIPOCTHI ¢ b. JlemMma mokasaHa.

Jlemma 2. 17151 mr0601t TOCIe00BaTEILHOCTH L, L1, . . . , Ly, HATYPAIBHBIX TICEIT
MOXKHO HAWTU TaKWe Yucia ¢ u b, 9TO x; eCTh OCTATOK OT mejeHus a Ha b(i +
+1)+ 1.
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IoxkazatenscTBo. CormacHo mpenslayieit semme, meaurenn b(i+1)+1 MoxHo
B3ATh B3aMMHO IIPOCTHIMU (U CKOJIb YTOMHO GOJIBIIMME), OCTAETCSI BOCTIOIB30-
BaTbCsl ' KUTAMCKON TeopeMon 006 ocTraTkax’ . OTa TeopeMa yTBEpPXKIAeT, UTO
eCJIU TIeJIble TIOJIOKUTENbHbIE Uncia di, . . ., d; B3aUMHO IIPOCTHI, TO MPU IeJe-
HIW TI€JTOTO U HA HUX MOXKET IOJIYyUINThCs 10001 3aaaHHbI HabOp ocTaTKoB. B
caMoM [iesie, TakuxX Habopos Oynet dids . . . dj, (MOCKOIBKY TIpU IesieHnn Ha d; BO3-
MOxkHBL ocTaTku 0T 0 o d; — 1). [pu menennu uncen u = 0,1,. .., dydsy. .. di—1
TIOJTy 9ar0OTCs PasHble HAOOPBI 0CTATKOB (eciu mBa unciaa v’ u v’ maroT omuHa-
KOBBIE OCTATKH, TO UX PA3HOCTDH MEIUTCS Ha BCe d;, YTO HEBO3MOXKHO B CHUJIY
B3aMMHOI TPOCTOTHI). [105TOMY UmcesT CTONBKO ke, CKOIILKO HAOOPOB OCTATKOB,
7 TOJIXKHBI TIOSIBUTHCS Bee HAOOpHI. Jlemma 2 mokazaHa.

OTa /leMMa TOKa3bIBAET, UTO IOCIEIOBATEILHOCTEH MPOU3BOIBLHON [IJIMHEI
MOKHO 3aKOIUPOBATH TPeMs duciaMu a, b u n (mocimemsee Iuciao — IJINHA [0-
crenoBaTebHOCTH). Takum 06pa3oM, yCIOBHO TOBOPSI, MOXKHO 3aMEHUTD ~ (Hop-
MyITy”

Hxo, ..., xn) (Vi < n)[...x;...]
(koTOpast Ha CAMOM [eJie He BIIAETCS apudMeTHIecKon hopMyJIoil, TaK KakK Co-
NEPKUT KBAHTOP IO KOHEUHBIM MMOCIIENOBATEILHOCTSIM) Ha (HhOPMYILY
Ja3b3In (Vi < n)[... (ocrarok ot menenus a Ha b(i + 1) +1)...].

Mbi Gymem 3amuchiBaTh OCTaTOK OT menenus a Ha b(i + 1) + 1 xak (B(a,b,1)
(orcioma n HasBanue ”GeTa-pyHkuus’” ).

Bosspariasces k mporpamMmme P ¢ KOHEUHBIM YICJIOM IIEPEMEHHBIX k1, ..., ky I
BBIUUCIISIEMOI el QyHKIMY [, MOKHO 3aIUCATh yTBepkKIenue suna f(x) = y Tak:
CYIIIECTBYIOT TaKO€ YKCJO IIIaroB n W TakKue Jucjiaa ai, by, as, by, ... an, by, a,b,
UTO

e (a1, b1,0),...,0(an,by,0) ecTb IpaBUIIBHBIE HAYAIILHBIE 3HAUCHUS TIEPE-
MeHHBIX (IepBoe paBHO X, ocTtajbHble paBHbl 0); F(a,b,0) ecTb mpaBuiIL-
HOEe HAYAJILHOE 3HAUCHUS CUSTUYMKA KOMAHI, TO €CTh 1]

e 11 Kaxknoro ¢ ot 0 mo n — 1 umeeT MecTo

Step(ﬂ(alablai)a .. .,6(@N,bN,i),ﬁ(a, b; Z)?
ﬁ(alablai—i_ 1)7"'76(aNabNaZ'+ 1)75(a7b7i+ 1))7

TO €CTh KayKIbIil IePEXOl COOTBETCTBYET IIPOrPAMME;

e ((ay, by, n) =y (3HAUEHNE BBIXOMHOW MEPEMEHHON ko B KOHIIE BHIUUCIICHUSI
pasuo y) u ((a,b,n) = 0 (3HAUEHNE CUETINKA KOMAHI B KOHIIE BBIUMCIIE-
Hust paBHO 0, UTO MO HAIER HOTOBOPEHHOCTU COOTBETCTBYET OCTAHOBKE
MAIITIHBI ).

Nrak, apudMeTUIHOCTD BEIYUCIMMBIX (Ha MAIITHAX ¢ KOHEUHBIM YHUCIIOM TIepe-
MEHHBIX ) QYHKINN TOKa3aHA. [
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Bcnomuuas Teopemy 69, MBI 3aKiTIOUaeM, UTO BCSKas BBIYUCIUMAS HA Ma-
mHe ThiopuaTa QyHKINS apudmernyana. [Ipuanmas Te3uc TrwrOpuHra, MOXKHO
CKa3aTh, YTO Ipaduk 000U BEIYUCINMON PYHKIIAN SIBJISETCS apUPMEeTUICCKIM
MHOXKECTBOM.

94. Teopemsbr Tapckoro u I'é mesns

[Tockonbky rpaduKyn BEIYUCIUMBIX QYHKIINH apudMeTUIHbI, OU€BUIHO, Pa3-
peIMbIe U TIEPEUNCINMbIE MHOXKECTBA TOXKe OynyT apudMeTUIeCKIMU.

PaccmoTpum Termeps MHOXKeCTBO 1, 57IeMEHTAMU KOTOPOTO SIBJISIIOTCST BCE UC-
TuHHBIE apudmeTrueckue GOpMyIIbl 6€3 mapaMeTpoB (TOYHee, UX HOMepa B Ka-
KO-TO BBIYMCIUMON HyMepanun Bcex GopMyI.)

TEOPEMA 72. Mmnooxcecmeo T ne apugpmemuuno.

Hoka3zaTesmbcTBo. Haunnas moxaswsiBaTh Teopemy Tapckoro, MpemnmnoIoKuM,
YTO MHOYKECTBO HOMEPOB BCEX MCTUHHBIX apudmeruueckux Gopmyi (6e3 mapa-
MeTpoB) apudmerudro. [lycts T — 5T0 MHOXKECTBO, a T(T) — COOTBETCTBY-
fortas opmysaa. I[leperymepyeMm Tak:xke Bce GOPMYIIBI ¢ OOHIM IIapaMeTPOM X;
nycth F,(x) — dopmyra, uMmeroras HoOMep n B 5TOl Hymepanuu. PaccMoTpum
HhOpMyITy ¢ €OMHCTBEHHBIM IMMapaMeTpPOM &, YTBEPXKIAIOIIYIO, UTO PEe3yIbTaT
MONICTAHOBKM KOHCTAHTHI T B T-YIO (DOPMYITY C IapaMeTpoOM JIOKEH. DTy (Hop-
MYJIy MOXKHO HAINCATh TaK:

3z(—7(2) A Subst(z, z, x)),

rie Subst(p, ¢, ) — dopmMyita ¢ Tpems mapaMeTpaMi, BEIPAKAIOIIAS TAKOe CBOI-
cTBO: ”p ecTb HOMED (B Hymepanuu Bcex (hopMys 6e3 mapaMeTpoB) Tol GhopMy-
JIBI, KOTOPAs Oy INTCSI, €CITA B ¢-10 GOPMYITY C OIHUM ITapaMeTPOM HOICTABUTH
KOHCTAHTY I" BMECTO DTOro mapameTpa’. 3alncanHoe B KaBbIUKaX CBONCTBO OIIN-
CbIBaeT rpadukK HEKOTOPOI BBEIUUCIUMON (GYHKINU (COOTBETCTBYIOIIEH TPOCTHIM
CUHTAKCUUIECKUM MEACTBUSAM U MEPEXOMy OT ONHON HyMepaluu K IPYTOi) U Mmo-
TOMY CYIIECTBYET BBIPaXKarolnas ero GopMya.

WNTax, Mbl HamucaaIn HEKOTOPYIO GOPMYJTy C €IMHCTBEHHBIM ITapaMETPOM .
[Tycts ona mmeeT mHekoTopbiin HOMep N. IlomctaBum 3TOT HOMep N BMeECTO eé
mapameTpa. [lomyuuTcs HekoTopas dopmyna 6e3 mapameTpoB. VI3 mocTpoeHns
BUHO, 9TO 3Ta (opMysla MCTUHHA TOTMAa W TOJBKO TOTMAa, KOTIa pe3yIbTaT
noncTanoBku uucia N B dopmyity Homep N (To ecThb cama 5Ta opmysial) moxew.

OTO IpPOTUBOpEUNE 3aBePIaeT J0Ka3aTeILCTBO TeopeMbl Tapckoro. Mbr Bu-
M, ITO HAM MTOTPebOBAIACh BHIPA3UMOCTD B apu(MeTUKe He JTFOOBIX BEIIUCIIN-
MBIX (QDYHKITN, & OMHON BIIOJIHE KOHKPETHON. [Ipn mocTaToYHOM TEpPIIEHUU COOT-
BETCTBYIOIITYIO (DOPMYJITY MOXKHO-TAK! HAIICATH, I TEM CaAMBIM JI0Ka3aTeIbCTBO
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CTaHeT COBCEM ~OCI3aeMbIM .

[

OTa TeopeMa HazbIBaeTcss meopemoti Tapckozo. Eé MOx)HO mpouecTh Tax:
MHOXKECTBO apudMeTHIeCKIX UCTUH He apudMeTudno. Van: morsTtue apudme-
TUYECKON MCTUHLI HEBBIPA3UMO B apudMeTUKe.

3AnAYA 205. okaxcume, umo 0ag 4106020 N MHOHCECMBO 8CET UCNUHHBLET
3aMKEHYMBIE apudmemuueckur dopmya, codeprcawus we 6oaee N K8anmMopos,
apuPmemuuHo.

3AnAYA 206. Chopmyaupyiime u Joxaicume anaL02UYHOE YMEEPHCOEHUT
0ad PopmMys 02PaAHUUENHOT KBANMOPHOT 2AYOUHBL (YUCAO BAOHCEHHBLT KEAHIMO-
P086) U Oad POPMYA C 02PAHUUEHHBIM YUCAOM NEPEMEH KBAKTOPOS 8 NPEIEapEn-
HOU HOPMAALHOT POPME.

TEOPEMA 73. Mmnooxcecmeo T apupmemuueckur ucmum HenepeuucAumo.

IlokazaTenbcTBO. B camoMm mene, moboe mepedncanMoe MHOXKECTBO apudme-
TUYHO. []

DTO yTBepKIeHNEe Ha3bIBaeTCs meopemoti ['édead o nenoanome. Ero MoxHO
nepe@OopMyInpOBaTh TaK: BCAKOE MCUYUCIICHUE, TTOPOXKaaroiee GopMyIbl apud-
MeTHKE (T.e. ajIrOpUTM, TMEePEYUCIIONINNA HEKOTOPOe MHOXKECTBO TakuX (hop-
My1) 60 Headeksamuo (TIOPOXKIAET HEKOTOPYIO JIOKHYIO GOPMYITY ), b0 He-
noano (He MOPOXKIAET HEKOTOPOl UCTUHHON GOPMYIIBI).

Teneps M3M0XKUM TIPSIMOE TOKA3aTEILCTBO TeopeMbl ['émers. Kak MBI yxke
TOBOPUJIN, UCUUCIIEHIE — 5TO MeXaHu3M (aJIropuTM), KOTOPBIN MO3BOJISET IO~
POXKIATH HEKOTOPBIE (POPMYJIBI SI3bIKA apudMeTUKN (711 IPOCTOTHL OyIeM CUu-
TaTh, YTO TOPOKIAIOTCA TOIBKO GopMyiiel 6e3 mapameTpos). Taxkum o6paszom,
BO3HUKAET HEKOTOPOE MEPEUNCIIMMOE MHOKECTBO, KOTOPO€e OOBIYHO 3a0al0T KaK
MIPOEKITNIO PA3PEIImMOT0 MHOXKeCTBa. VIMeHHO, BBOOAT HEKOTOpPOE IMOHSATHE 00-
rxa3zameabcmea. 1lpum >ToM moKazaTeNbCTBa SBJIAIOTCS CJIOBAMU B HEKOTOPOM
andasute. MHOXECTBO MOKA3aTEILCTB Pa3penInMo, TO €CTh €CTh aJTOPUTM,
OTJINYAIONINI HACTOSIINE NOKA3aTEIbCTBA OT TEKCTOB, KOTOPBII TAKOBBIMU HE
ABIAOTCA. KpoMe Toro, ecThb (Takxke paspeninMoe) CBOMCTBO MBYX CIIOB T U Y,
KOTOpOE TJIACUT, UTO T €CTh HOKa3aTeIbCTBO dopMysibl y. [lepenymepoBas Bce
oKa3aTeIbCcTBa U (HOPMYJIbI U BbIPA3UB yKa3aHHBIE Pa3peIlInMble CBONCTBA B
s3bIKe apudMeTuku, Mbl mpuxomuM K dopmyie Proof(x,y), koropas ucrunua,
KOTZIa & €CTh HOMEP NOKa3aTeIbCTBa (POPMYJIIBI C HOMEPOM Y.

Teneps mHanuimeM GopMysTy ¢ OOHIM TapaMeTPOM X, KOTOpas TOBOPUT, UTO
pe3yabTaT NOACTAHOBKHI YNCJIa £ BMECTO IMapaMeTpa B T-YIO GOPMYJILYy C OOHUM
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apaMeTpoM He UMeeT IOKa3aTelIbCTBA:
—3z3p[Subst(z, x, z) A Proof(p, z)]

Ora GopMmyna UMeeT eNUHCTBEHHBI mapamerp (T); IMyCTb €€ HOMEP B HyMe-
panuu Takux dopmyn pasen N. IlomcraBum N BMecTO mapamerpa. [lomyunr-
csa dopmysa 6e3 mapameTpoB . Ilo mocTpoenmto dopmyna ¢ MCTUHHA, KOTOA
pesynbTaT moncTaHoBku N B N-10 GOpPMYyJTy ¢ OOHUM TapaMeTpPOM HEIOKa3y-
eM. A 5TOT pe3ynbTaT ecTh caMa (PopMysa Y, TaK 9TO OHA MCTUHHA TOTHA 1
TOJILKO TOT[a, KOTIa HeMOKa3yeMa. SHAUUT, Hallle NCUUCIIeHNE JTNOO0 TTO3BOJISIET
NOKa3aTh JIOKHYI0 GOPMYITY ¢ (€ ¢ JIOXKHA; B TAKOM CIIydae ero Ha3blBaioT
HeaJIeKBATHBIM ), SO0 He TO3BOJIIET NOKA3ATh UCTUHHYIO (GOpMYITY .
3ameTuM, uTO HoKazaTeabcTBa Teopem ['enens nu Tapckoro HAMOMUHAIOT KaK
MIOCTPOEHNE HETOABUKHON TOUKM, TaK U KJIACCUIECKUN MapaioOKC JIKeTa:

‘YTBEP}KIIEHI/IE B PAMKE HO}KHO\

§5. O HemocTmXuMON 3PHEKTUBHOCTI MATEMATHUKI

W3mmoxeHHbIE B 9TON TJIaBE PE3YIbTaThI, IPU BHEITHEN CyXOCTH, OOBITHO CBOI-
CTBEHHOI MaTeMaTUIeCKIM TEKCTaM, B CBOE BPeMs BbI3BAJIU MOTPsICEHUE OCHOB
Bcell MaTEMATUKN, 1a U €CTECTBO3HAHUS B II€JIOM.

Hawubomnbitiee cMsTeHNe y MaTEeMaTUKOB BBI3BAJ pe3yiabTaT ['émerns, yTBep-
KIAIOIINN, YTO HEMPOTUBOPEUYNBOCTDL JIIOO0OM NOCTATOYHO MOIITHON MaTeMaTH-
YEeCKOI CUCTEMBI, OXBATBIBAKIIEN apU(PMETUKY IENbIX YMCes, He MOXKET ObITh
YCTAHOBJIEHA CPENCTBAMU CAMOW STOW CUCTEMBI Ha OCHOBE MaTeMaTUYeCKUX
MIPUHITNATIOB, TPUHSITHIX PA3INUYHBIMUI IITKOJIAMI B OCHOBAHUSIX MaTeMaTuku. Pe-
3yAbTATHI ['€nests mocIyKuIn TOBOIOM JIJIsl I3BECTHOTO BBICKa3bIBaHMs [ 'epMaHa
Betinsa: ”Bboe cywecmsyem, nockoabKy MAMEMAMUKG, HECOMHEHHO, HENPOTU-
BOPEUUBA, HO CYWECMBYEM U ObABOA, NOCKOALKY J0KAZAMb €€ HENPOMUBOPE-
YUBOCMb Mbl HEe MoKHceM.”

[IpuBenennbIii pesynbTatr ['énemns aBaseTcs ciaencTBUEeM U3 TeopeMbl ['émers
o memoytHOTe. OHA yTBEpXKOAeT, KAK MBI BUOEIN BBIIIE, YTO ecau (hopMaib-
Has Teopus , BKITIOUAIOIIas apuMeTUKy IeJIbIX YUCesI, HEITPOTUBOPEUnBa, TO
OHAa HeroJTHa. VIHawe ToBOpSsI, CyIeCTBYeT UMEIOIIee CMBICTT YTBEPKICHUE apud-
METUKN TeNbIX qucesn (0603HaunM ero S), KOTOpoe B paMKax MAHHON Teopun
HEBO3MOXKHO HHU HOKa3aTh, HI ONpPOBEeprHyTh. Ho mubo yTeepxkmenue S, n1ubo
yTBepxkaenue we S umctuaHO. CenoBaTenbHO, B apudMeTHKe CYIIECTBYET IC-
TUHHOE yTBEPXKICHUE, KOTOPOEe HEOOKA3YEMO, a 3HAUUT, I HEePa3pelInMo. XOTs
['énenb HE yKa3al TOYHO, O KAKOM KJIacce aKCUOMAaTUIECKIX CUCTEM UIIEeT Pedb
B MOJIYYEHHOM UM pe3yJibTaTe, TeOpeMa O HEMOJTHOTEe NMPUMEHUMa K CUCTEMaM
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Paccena - Yanrxena, llepmeno - ®@penkens, rub0epTOBCKON aKCMOMATUKE Y-
ceJl U KO BceM HamboJjiee pacupoOCTPAaHEHHBIM aKCUOMATUUYECKIM CHCTEMAM.

Kazamoch, HEmpOTHBOPEUNBOCTH MOOCTUTAETCS II€HOW HemoJHOTHI Ocyiie-
CTBUB IIEPEBOI CJIOBECHBIX yTBEPXKICHUN MeTaMaTeMaTHKU Ha apudMeTude-
CKUH s3bIK, ['émenb mokasaj, KakK MOCTPOUTH apudMETUIecKoe yTBEpPKIECHUE
(G, o3HagaoIee B EPeBOIe HA MeTaMAaTeMATHUIECKUN SI3bIK, UTO yTBEPKICHIe
¢ TémeseBCKUM HOMepoM ¢ Hemokaszyemo. Ho yTeepxknenue (G, paccmaTpuBae-
MO€ KakK IOCJIeI0BATEeIbHOCTh CUMBOJIOB, UMeeT rémeneBckuii Homep ¢. Cremo-
BaTenbHO, (G yTBEpXKIAeT O caMOoM cebe, 4TO OHO Hemokazyemo. VTak, eciu
(G moka3yeMo, TO OHO MOJIXKHO ObITH HemoKaszyeMbIM, a eciu G Hemokasyemo,
TO OHO JOJIXKHO OBITH MOKa3yeMbIM, ITOCKOJIBKY HEMOKa3yeMO, UTO OHO HeIOKa-
3yemo. Tak kak /mob6oe apudMeTHIecKoe YTBEpXKIeHUe 00 MCTUHHO, JTHOO
JI0XKHO, GOpMaJIbHAsI CUCTEMa, KOTOPOI TpuHamieknT (G, HemoiHa (eCiiu TOITb-
KO OHA HempoTuBopeunBa). Tem He MeHee apudmermueckoe yTBepxkuenue G
UCTUHHO, TaK KaK SIBIIIETCS YTBEPXKICHUEM O IEJIbIX YHCIaX, KOTOPOe MOXK-
HO MOKa3aTh, UCIOIL3Ysl 60jiee MHTYUTHUBHBIE PACCYXKOCHUs, YEM IOIYCKAeT
dbopmanbHas cuctema. [losicHUM CyTh TémeneBCKol cXeMbl Ha puMepe. Paccemo-
TpuM, yTBepxKmenue S: "OTo yTBepxmenue j0xkHO W (mapamokc mxera). OO
MPUBOOUT K IPOTUBOPEUNIO. ['émeb 3aMEHMIT CJIOBO J0MCHO CIIOBOM HedoKa3ye-
Mo, IpeBpaTuB S B yrBepxaenne GG - Omo ymeepocdenue nedokrasyemo. Ecnm
yTBEpKIEeHIE HEIOKAa3yeMo, TO yTBepKIaeMoe uM UCTUHHO. C IPYTrol CTOPOHHI,
eCJI YTBEPXKIIEHNE NOKa3yeMO, TO OHO JIOXKHO, MJTH, B COOTBETCTBUU C OOBITHON
JIOTWKOW, €Cjii YTBEepPXKIEeHe UCTUHHO, TO OHO Hemokaszyemo. (CremoBaTeTbHO,
YTBEPXKIEHNE UCTUHHO B TOM U TOJIBKO B TOM CJIy4ae, €C/I OHO HEeMOKa3yeMo.
Mubr mpuxonuM He K TPOTUBOPEUNIO, & K UCTUHHOMY YTBEPXKICHUIO, KOTOPOE
HEIOKa3yeMo, T. €. HEPa3PEIInMo.

3aroToBUB BIPOK Hepa3pelinMoe yTBepxkaeHue, ['émens mocTpouna apudme-
TUYECKOe YTBEPXKOCHUE 1), COOTBETCTBYIOIIEE MeTaMaTeMaTUIECKOMY yTBED-
xaeauio Apugpmemura menpomusopevusa, m moxasai, uro u3 ¢ ciaenyer G.
[TosTomy ecu 6vI ¢ ObLTIO HOKa3yeMbIiM, TO U (G OBbITIO ObI HOKa3yeMmbiM. Ho Tak
kak (G Hepaspernmo, ¢ Hemokasyemo. HbIMu cjoBamu, yTBepkKOeHume A He-
pasperiuMo. T'eM caMbIM yCTAHOBIIEHA HEBO3MOXKHOCTD JOKA3ATh 8HYMPEHHUMU
cpedemeamu (T. e. B paMKaxX TOM K€ CUCTEMBI) HEIPOTUBOPEUNBOCTL apudme-
TUKU JTIOOBIM METOIOM — C TIOMOIIIBIO JTFOOO! CUCTEMBI JIOTUUECKUX TTPUHITUIIOB,
IpeacTaBUMOUN B BUIE apUPMETUIECKON CUCTEMEI.

Ha mepBwIl B3TIIm KaxKeTCs, UTO HETOTHOTHI MOYXKHO OBIJIO ObI mM30€XKaTh,
ecqTi BBeCTU B (POPMAJIBHYIO CUCTEMY HOMOJHUTEIbHBIN JIOTUUYECKUN TTPUHITAI
ui MaTeMaTuueckyio akcuoMmy. Ho meton ['émerns mo3BosseT noka3aTh, 4TO €C-
JIM OOTIOJTHUTEILHOE YTBEPXKICHIE NOMyCKAeT MePEBOI Ha S3bIK apU(METUKN TI0
IpesIokeHHoil ['éneem cxeme (COrIacHO KOTOPOil cuMBOIaM U (GOPMYIaM MBI
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CTABUM B COOTBETCTBUE HEKOTODBIE UUCIIA - UX DEIeJeBCKIEe HOMEpPa), TO U B
PaCIINPEHHON CUCTEeME MOXKHO CHOPMYINPOBATh HEpa3pEIINMOe YTBEPKICHUE.
Wuage roBopsi, m36eXaTh HEPA3PEIINMBIX YTBEPKICHIN U NOKA3aTh HEIPOTU-
BOPEUUBOCTH MOYXKHO JIUIIb C TIOMOITBIO JIOTHIECKUX TPUHITUATIOB, He 0MOOPa#Ca-
embiz B apudmMeTuKy. YTOOBI MOSICHUTE CYTh [€jla, BOCIOIB3YEMCS aHAJIOTUEN
(XOTsI U HECKOJILKO HETOUHOI): eCiIu Obl JIOTMYECKUe MPUHIUIBI U MaTeMaTHIe-
CKIe aKCHOMBI ObLIN C(OPMYIUPOBAHBI Ha SIIIOHCKOM SI3BIKE, a apu(MeTu3aIus
['émers o3Hauana ObI IEPEBOM HA AHTITUNACKAN SI3BIK, TO Pe3yIbTaThI | éners mo-
JIydaauch Obl 10 TeX MOp, MOKa ObLI OBl OCYIIIECTBUM IIEPEBOI C SIIOHCKOI'O Ha
QHTJINACKU.

Takum obpazoMm, Teopema ['émens o HEMOMHOTE yTBEpXKIaeT, YTO HU OMHA
cucTeMa MaTeMaTUUYeCKUX U JOTUYECKUX aKCHUOM, apudmeTuzyeMas TeM WIn
IHBIM CIIOCOO0M (HANIDIMED, TaK, KaK 5TO CIeNall ['émenb), He mo3BOIISeT OXBa-
TUTH OaxKe BCE COMepKallliecsl B Hell UCTUHBI, He TOBOPS yKe€ O BCeU MaTeMa-
TUKE, TTOCKOJIbKY JII00asi CUCTEMa aKCUOM HemojIHa. B 6ol akcmoMaTuIecKon
CHCTeMe CYIIeCTBYIOT YTBEPXKIEHN, HeNOKa3yeMble B paMKaX JAHHON CUCTEMBI.
WcTtuHHOCTE TAKWX YTBEPKIEHUN MOXKET OBITH YCTAHOBJIEHA JIUIITH C TIOMOITHIO
He(OpPMaJIbHBIX PACCyKOCHU.

Teopema I'énemns o HemoIHOTE, TTOKA3aBIIIAs, YTO AKCIOMAaTHI3AIINIS TMEET CBOU
MIPEMEIThI, PA3UTETHHO OTINYaIach OT TOCTIONCTBOBABITIX B KOHIE XIX B. mper-
CTABJIEHUI O MaTEeMaTHUKe KAK O COBOKYIHOCTU AKCHOMATHU3UPYEMBIX (M aKCh-
OMaTU3UPOBAHHBIX) Teopuil. Teopema ['émenst HaHeCTA COKPYIINTENBHLIA yIap
IO BCEOOBEMITIONIEN aKkcmoMaT3anuu. HeanekBaTHOCTE aKCIOMaTIIECKOTO TIOI-
Xoma caMa 1o cebe poTUBOpedYneM He Obljla; OMHAKO OHA SIBUJIACh MOJTHOU He-
0XKUMIAHHOCTBIO, TIOCKOJIBbKY MaTEeMAaTUKN, OCOOEHHO (POPMAIUCTHI, IIPeAIoIara-
1, 9YTO B paMKaxX HEKOTOPON aKCHOMAaTHUYEeCKON CUCTeMBbl 1000e MCTUHHOE B
Hell yTBepXKIEH!E 3aBENOMO ITOKazyeMo. bpay3p yCTaHOBUI, UTO MHTYUTUBHO
BOCIIPUHUMAaEMbIE UCTUHBI YaCcTO JIEXKAT IaJIEKO 3a IpenejaMu TOTO, 4TO ObI-
JIO JTIOKAa3aHO B KJIACCUYECKON MaTeMaTuke, a ['émens mokasasr, 9TO MHTYUTUBHO
BOCIIpUHUMaeMble UCTUHBI BOOOITIE BHIXOMST 38 PAMKU MaTeMaTUIeCKOrO NOKa-
3aTenbcTBa. [1o Beipaxenuto [laynsa bepraiica, HbiHe Oojee pa3yMHO HE CTOIBKO
PEKOMEHIOBATh aKCMOMATHUKY, CKOJIBKO IIPENocTeperaTh MPOTUB €€ MIePEOLeHKN,
pa3yMeeTcs, CKa3aHHOE BBIIIE HE UCKIIYAeT BO3MOXKHOCTU MHOSIBIIEHUS HOBBIX
METONOB NOKa3aTeIbCTBa, KOTOPBIE BBIXOAAT 3a IpPeNesIbl OOy CTUMOTO JIOTnYe-
CKAMU TPUHITATIAMU, TPUHATBHIMA PA3JIMIHBIMUI IIKOJAMU B OCHOBAHUSIX MaTe-
MaTUKU.

O6a monyuennbrx ['émesieM pesynabTaTa MOTPSACIN MATEMATHUKY. JTO O3HA-
qaJ10, YTO MaTeMaTHKa BBIHYXKOEHA OECIIOBOPOTHO OTKA3aThCSI OT NPETEH3UUN
Ha abCOIIOTHYIO NOCTOBEPHOCTH UM 3HAYNMOCTH CBOUX PE3Y/IbTATOB, T. €. JIN-
IINTHCS OHOU M3 OCHOBHBIX CBOUX OCOOEHHOCTEN, Ha KOTOPYIO IIPETEHIOBaJIa
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eIlle CPaBHUTETHHO HETABHO.

[TomoxeHme 0CI0KHITOCHh HEBO3MOXKHOCTBHIO TOKA3aTh HETPOTUBOPEUNBOCTD:
Bellb BCE, O YeM TOBOPUIU MaTEMATUKU, MOTJIO OKa3aThCs OECCMbLICIIUIEN, MO0
Tenepb HUKTO HE MOT FapaHTUPOBATh, YTO B OyMyIIleM He BOZHUKHET ITPOTUBO-
peunst. CIy4dnch TaKoe U OKaXKUCh TPOTUBOPEUNE HEPAZPEIITUMBIM - BCS MaTeMa-
TuKa obpaTuiaach Obl B mpax. lefcTBUTEIBHO, OMHO U3 IBYX ITPOTUBOPEUYUBHIX
YTBEPKICHUN NOIXKHO OBITH JIOXKHBIM, & COTJIACHO MPUHSITON BCEMU MaTeMaTH-
JEeCKIMU JIOTUKAMU KOHTIETITNY UMTITUKAIINY, T3 JIOXKHOTO YTBEPKIEHUS MOXKET
cjaenoBaTh UTO yrogHo. MTak, MaTeMaTuky paboTaIn O YT PO30H OJTHOTO TIPO-
Basta. Kirte onwH ymap HaHecna TeopeMa O HETOTHOTE.

Teopemy ['émenst 0 HemoHOTE MO HEKOTOPOW CTENEHW MOXKHO PacCMaTpH-
BaTh KaK OTPUIAHUE 3aKOHA MCKIIOYEHHOTO TPEeThero. Kaxkmoe yTBepKIeHUe
MBI CUUTaeM JTUOO UCTUHHBIM, TUOO JIOXKHBIM. B COBpEMEHHBIX OCHOBAHUSIX Ma-
TEMATUKN 3TO O3HAYAET, UTO PACCMaTPUBAEMOE YTBEPXKIEHIE NOKA3yeMO WIIN
HEMOKA3yeMO € TIOMOITIBIO 3aKOHOB JIOTUKI M aKCUOM TOTO pas3feiia MaTeMaTUKN,
K KOTOPOMY OTHOCHUTCsI MHTEpPeCyIolllee HAC YTBepx)aeHue. |'énenb ke mokasad,
UTO HEKOTOPHIE YTBEPKIEHUs HETb3s HU NTOKa3aTh, HI OMPOBEPTHYTH. Hempo-
TUBOPEYUBOCTHL MOXKHO OBbIJIO ObI CUMTATh HOKA3aHHOW, €CjIu Obl B IPOTUBOBEC
nonxony ['émens B cucteMe ynamock OOHAPYKUTH HEPA3PENTIMOE YTBEPXKICHUE:
Belb KaK MBI VK€ YCTAHOBUJIM, OMUPAsCh HA CBOWCTBA MATEPUAITLHON WMIIIU-
KaIluu, €CJIN B CUCTEME MMeeTCsl TPOTUBOpEYNe, TO B Hell MOXKHO HOKA3aTh UTO
yroguo. OmHAKO 10 CUX TMOp OOHAPYXKUTH HEpa3PEIINMOe YTBEPXKICHIE He YIIa-
JIOCh.

JTaypeat HobGemesckoit npemun o pusuke KO mxua [lon Buraep, obcyxmast B
1960 r. senocTmkMMYyI0 3PHEKTUBHOCTh MaTeMaTUKI B €CTECTBEHHBIX HayKax
B CTaThe TIOM TeM Ke Ha3BaHWEM, He Majl HUKa KOTO OOBSICHEHWS W OTDAHWIMIICS
JIUIIBL KOHCTATAIINEeH CIIOPHOTO Bompoca: ~Mamemamuueckuti a3vik yousumetb-
HO TOPOUWLO NPUCNOCOOAEH 04T POPMYAUPOSKYU PUBUUECKUT 3aKOHO08. DMO uY-
decupili dap, KOMOPLIL Mbl HEe NOHUMAEM U KOMOPO20 He 3acayxcusaem. Ham
ocmaemcs auwb 6.4a200apumsv 3a He2o cydvby u wadeamuvca, Yumo u 8 6ydywur
CBOUT UCCAED0BAHUIL MbL CMONCEM NO-NPEHCHEMY NOAb308aAMbCA UM. Mol dyma-
em, 4mo cepa e20 NPUMEHUMOCTIU (TOPOULO FMO UAU NAOTO) 6Ydem Henpepbl6-
HO 803PACMAMDb, NPUHOCT HAM HE TOALKO PAJOCMb, HO U HOBbLE 204080A0MHbLE
npobaembl.”

3ameuaTenbHas TOYHOCTD U 9PPEKTUBHOCTH MATEMATUKN B OMICAHUT PEasTb-
HOTO MUPa TO-TIPEXHEMY XKIYT CBOero obbsicHeHns . HecMoTps Ha oOHaApYyXKeH-
HYIO OrPAHMYEHHOCTH BO3MOXKHOCTEH, MaTeMaTHKe eCTh ueM ropauThes. Oma
OBIJIa W OCTAETCS BBHICIINM WHTEUIEKTYaJIbHBIM JOCTUXKEHNEM U HamboJiee Opu-
TMHAJIBHBIM TBOPEHUEM YeJIOBEYECKOro myxa. My3bIika MOXKEeT BO3BBIIIATH WJTH
YMUPOTBOPSITH MIYIIY, JKUBOIUCH - PANOBATH TJIa3, MO33Us — TPOOYXKIATH TYyB-
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CcTBa, PuIocodpus - yIOBIECTBOPSITH NOTPEOHOCTHU pa3yMa, MHKEHEPHOE NeJI0 - CO-
BEPIIIEHCTBOBATh MaTePUAIbHYIO CTOPOHY KU3HU jtoneir. Ho MaTemaTuka cro-
coOHa IOCTUIB BCEX DTUX IeNlel. Kemm ke TOBOPUTH O BO3MOXKHOCTSIX JeJIoBeve-
CKOTO pa3zyMa, TO MaTeMaTUK HEMAJO MNOTPYOUINCH, YTOOBI MTOKA3aTh, CKOJIb
BBICOKYIO HAJIEXKHOCTDH PE3YIbTATOB CHOCOOEH 00eCIeUnTh YeJIOBEUECKU PA3YM.
He cnyuaiino maTeMaTryeckas TOYHOCTD BOIIJIA B IIOTOBOPKY. MaTemaTuka mo-
MIPEXKHEMY OCTAeTCSI 9TAJIOHOM CaMOTO HAOEKHOTO U TOYHOTO 3HAHUS, KOTOPOTO
MBI TOJIBKO B COCTOSIHUM OOCTUYb.

Bce cBepiiieHnss MaTeMaTUKI - 5TO CBEPIIIEHUS UeJIoBeUecKoro pasyma. [loka-
3aB, Ha UYTO CHOCOOEH YeJIOBEK, MaTeMaTHUKa BCEINJIa B JIIOIEN CMEJIOCTh U yBe-
PEHHOCTD, IMO3BOJIMBIIINE UM BIJIOTHYIO B3SIThCS 3a pa3raiky paHee, Ka3ajloCch
OBbI, HEIPUCTYIIHBIX TallH KOCMOCA, JIEUEHNE CTPAIIHBIX OOJIe3HeN, KOTNYeCTBEH-
HBIII aHAJIN3 IIPOOJIEM, OTHOCSIINXCS K DKOHOMUKE W YCTPOMCTBY YEJIOBEUYECKOIO
001I11eCTBa, YTO MO3BOJISIET HANESATHCI Ha TAJbHENIINN IIPOTPECC YEJIOBEUECTBA.
B pemmernn sTux mpobiteM MMEHHO ¢ MaTEMATUKON CBI3aHBI OCHOBHBIE HAIEXK THI
Ha yCIIEeX.



JTABA XIII

PexypcuBuble ¢pyHKITAN

§1. IIpuMuTuBHO peKypcuBHbIE GyHKITHT

[TporpamMMbI ¢ KOHEUHBIM UNCIIOM TIEPEMEHHBIX HAIOMUHAIN acceMbIiep; pac-
CMaTpUBAEMbIE B 3TOM paslelie PEeKYyPCUBHBIE (YHKIINU CKOpee HATIOMUHAIOT
(bYHKIIMOHAIBHOE TPOTPAMMUPOBAHIE, KOTTIA OMHN (DYHKIINN ONPEICIISTIOTCS He-
pe3 npyrue. Mbr 6ymeM paccMaTpuBaTh GYHKINE C HATYPAJILHBIMU apryMeH-
TaMu U 3HaUYeHusIMu. Boobiie ToBOps, GyHKIIUU MOTYT OBITH HE BCIOIY OIpe-
NeJIEHHBIMI, TaK ITO TOBOPs 0 (GyHKImu n aprymeHToB (yukmunm n3 N” B N,
N-MECTHOW (HDYHKIUN), MBI UMeeM B BUIY (DYHKIUIO, OIMPENeIEHHYIO HA HEKOTO-
pom monmHuOkKecTBe N co 3HaueHusMu B N.

[TycTb umeercs omua k-mecTHas ¢yHknus f u k IITYK N-MECTHBIX (1, . - - , J-
Torma u3 HUX MOXKHO ¢HOPMUPOBATH OMHY N-MECTHYIO (QYHKITIIO

(1, ..y zn) — flgr(xy, . ), gk, o x)).

["oBopsAT, UTO onpemenéuHas TakuM o0pa3oM (PYHKIMA MOIydeHa u3 QyHKIui f
ngi,.--,9k

C IIOMOILIBIO OIEPAII T0JCMAN0BKL.

Ipyras omeparus, HasbiBaeMas ONEpaIueil pexypcu, i

NPUMUMUBHOU pexypcuu, TpuMeHseTcss K k-mectaont Gyukiumu [ u (k +
+ 2)-mecTHOR dyuKunU g. Ké pesynbrarom 6ymer (k + 1)-mecTHas dyHKus A,
ompenessgeMas Tak:

h(ﬂ:l,... ,ZEk,O) Zf(l‘l,... ,:L"k); (1)
h('rb e s Ty Y 1) - g(xb s Tk Y, h(xb cee s Ly y)) (2)
B mocnemosatensuoctu h(z1, ..., 2,,0), h(xy, ..., 2y, 1),... Kaxmoe 3HaUEHTE

ompenesisieTcs uyepe3 Ipeablayliiee, IO3TOMY €CId KaKOe-TO U3 3HaUeHUN He OIpe-
TIEJIEHO, TO HE ONpPEeNesIeHbl U BCe MOCIENYIOIINE.

Ilist enuHOOGpasus GymeM cuMTaTh, YTO HYJIb-MeCTHble GyHKuun (QyHK-
1u 6€3 apryMeHTOB) CYTh KOHCTAHTBL; 9TO MO3BOJIAET PEKYPCUBHO ONPEHENSITh
(pyHKIIIM OMHOI MEePEMEHHOM.

IIpumumuseno pexypcusHbiMy HA3HLIBAIOT (PYHKIINU, KOTOPBIE MOXKHO TIOJTY-
YUTH C TIOMOIITBIO OIEPAITN MTOICTAHOBKY I PEKYPCUU U3 CIEAVIOIINX 0a3UCHbLT
dyuxmuit: koHcTaHTHI (), onepanuu TprbaBIeHNsT eqUHUNLL S: - — T + 1 1 ce-
MeicTBa QYHKINN MTPOEKIINHI: 3TO CEMEMCTBO IS KaXKIOTo k COmepKUT k IMITYK
k-mecTHBIX QyHKIU 7 (11, . .., TK) = 7).

194
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DYHKITUN TPOEKIUH TTO3BOJISIOT BBIMOIHATE ~ HEOMHOPOMHBIE” TONCTAHOBKIM:
CKaxkeM, MOXHO monyunTh Gyukimio (z,y) — f(g(x), h(y,z,y),r) n3 dyHk-
uii f u h, KOMOUHUDYS X ¢ GYHKIUSIME TPOEKITNN: CHAYA A ToTydaeM GyHK-
umo (z,y) — g(z) (moncranoska 73 B g), 3atem (x,y) — h(y, r,y) (moncranopka
73, T3, ™5 B h), 3aTeM HOIydeHHbIC Be (BDYHKIIMU BMecTe ¢ GyHKImell T4 moncTa-
BIIsTEM B f.

[Toncrasnss kouctaunTy 0 B GyHKINIO TpUOABICHUS EMUHUILI, TOTYJIaeM
KOHCTAHTY (DYHKIMIO HYJIA apryMeHToB) 1. 3aTeM MOXKHO MOIYYUTH KOHCTAH-

THI 2, 3 U T. O.

§2. IIpumepsl IPUMUTUBHO PEKYPCUBHLIX GyHKITHIA

Kax u ¢ OpyruMu BBIUACIUTEILHBIMI MONEISIMI, BaXKHO HAKOIUTH HEKOTO-
PBIT TPOTPAMMUCTCKIN OITBIT.

Cnoxenue. yukuus (r,y) — sum(z,y) = = + Yy TOIYIACTCS € MOMOIIBIO
PEeKyPCHn:

sum(zx,0) = x; (1)
sum(z,y + 1) = sum(z,y) + 1. (2)

Hano, xoneuHO, mpemcTaBUThL IPaByIO YacTh BTOPOTO PABEHCTBA KaK PE3YIIb-
TaT noncraHoBku. PopmasbHO TOBOps, h(T, Yy, Z) B ONPENeNeHNN PEKYPCUN HAO
TIOJIOXKUTE PABHBIM §(2), e s — QYHKIMs TPUOABICHNS eIUHUIIbL.

Ymuoxenve. Pyuxrms (x,y) — prod(x,y) = Ty HOIyIaeTCA € TOMOIIBIO
pekypcun (¢ UCTIONb30BAHIEM CJIOXKEHUS ):

prod(z,0) = 0; (3)

prod(z,y + 1) = prod(z, ) + 2. @)

AnanoruaabiM 06pa30oM MOXKHO TMEPEHTH OT YMHOKEHUS K BO3BEICHUIO B CTe-
TIEHb.

YceuéHHoe BblunTanue. Mbr roBopuM 00 ”yCEUEHHOM BBIUMTAHUU I — Y =
=r—ynpux > yuxr—y=_0mnpux <y, TOCKOIBEKY MBI IMeEeM IEJI0 TOIBKO C
HATYPAJIBHBIME (TEJTBIME HEOTPUIATEIbHBIME) ynciaMu. OmHOMeCTHAs QyHK-
IsI YCEUEHHOTO BBIUUTAHUS €MUHUIIBI OTIPENEIIeTCs PEKYPCUBHO:

0-1=0; (5)
(y+1)=1=y. (6)

(Pexypcus 3meck dopMasbHa, TaK KaK MPEAbIAYIIee 3HAUEHIE He UCIOJIb3YeT-
cs1.) [locse sTOr0 yCceuénHoe BHIYUTaHUE IS TPOU3BOIILHBIX APTYMEHTOB MOXKHO
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ONIPENENNTh TaK:
r=0=u; (7)
r=y+1)=(r-y -1 (8)

§3. IIpuMUTUBHO peKypCUBHBLIE MHOXECTBA

Byzmem HA3BIBATH MHOKECTBO NPUMUMUEHO PEKYPCUBHbIM, €CITH €10 XapaKTe-
pucTuueckas GyHKINA TPUMUTUBHO peKypcuBHa. (BapuanT: eciin OHO SBIIseTCs
MHOXKECTBOM HyJIell TPUMUATHUBHO PEKYPCUBHON (DYHKIUU; 5TO TO Ke CAMOe, TaK
KaK MOXHO CIeJIaTh MOACTAHOBKY B GyHKIUIO T — 1 = x.)

[Tepeceuenne u oObeNUHEHNE TPUMUTUBHO PEKYPCUBHBIX MHOXKECTB ITPUMU-
TUBHO PEKYPCUBHBI (CJIOXKUM WU TEPEMHOKUM (HYHKIIUM, MHOKECTBAMUI HYJIei
KOTOPBIX OHU SBJISIIOTCA). JlOMOIHEHNEe TPUMUTUBHO PEKYPCUBHOTO MHOKECTBA
IPUMUTUBHO PEKYpPCUBHO. OTOXKIECTBIISISI MHOXKECTBA CO CBOMCTBAMIE, MOYXKHO
CKa3aTh, YTO KOHBIOHKIINN, MU3HIOHKIINA U OTPUIAHUS TPUMATUBHO PEKYPCUB-
HBIX CBOMCTB OyIyT MPUMUTUBHO PEKYPCUBHEL.

CpolicTBa £ = y U T # Yy IPUMUTUBHO PEKYPCUBHBI (I = Y TOTHA U TOJIBKO
Torna, korna (xr —y) + (y — z) = 0).

dyuxumsa f(x), 3amaHHAS COOTHOIIEHTEM

f(z) = [if (R(z)) g(z); else h(x);],

Oy[eT IPUMUTUBHO PEKYDPCUBHOI, €CIN TaKOBbI MyHKIWMU g u h u cBoiicTBO R.
B camom memne, f(x) moxuo 3amucars kak 7(x)g(x) + (1 = r(x))h(x), roe r —
XapakTepuctudeckas GyHKIus cBoiicTa R.

Tenepb MOXKHO 3amucaTh GOPMYITY i TPUOABIIEHNS UHUIILL [0 MOILYJIIIO 710
(@ISt wmcest, MEHBIINX N):

t+1modn=[if (x+1==n)0; else x + 1;]

[Tocne sToro dyuknmo x mod n (0CTATOK OT HeIeHNs Ha 1) MOKHO ONPENEINTh
PEKYPCUBHO:

0 mod n = 0; (1)
(x +1) mod n = (x mod n) + 1 mod n. (2)
[TokazkeM, 9TO OrpaHUYEHHbIE KBAHTOPHI, IPUMEHSHHBIE K TIPUMATUBHO pe-
I Y
KYPCUBHBIM CBOICTBAM (MHOXKECTBaM), MAXOT CHOBA MPUMUTHUBHO PEKYDCHUBHBIE

CBOMCTBA. DTO O3HAYAET, HAIIPUMED, UTO €CIu CBONCTBO R(x,Yy) IpUMUTUBHO
PEKYPCUBHO, TO CBOUCTBA

S(x, 2) = (Jy < 2) R(z,y)
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T(y,z) = (Vy < z) R(z,y)

Takke TPUMUTUBHO PEKYPCUBHBL. UTOOLI yOENUTHCS B OTOM, 3aMETUM, UTO IJIs
GYHKIUI OrPAHUIEHHBIN KBAHTOD COOTBETCTBYET IEPEMHOKEHUIO WU CYyMMU-
poBanuto: eciiu cBoiicTBO R(x,y) paBaocunbho r(x,y) = 0, TO

z

S(z,z2) < Hr(m,y) =0

y=0

A mpousBeneHue JIerkKoO ONpPenenTh PEKYPCUBHO:

o

Hr(m,y) = r(z,0); (3)

t

r(e,y) = [ r(@.9) | -zt +1); (4)

0 y=0

t+

—

Y

C CYMMUPOBaHIEM MOXKHO TOCTYIHUTH aHAJOTMYHBIM 0OpPa30M.

Ilocne sToro nerko 3aMeTUTh, YTO CBOMCTBO ~OBITH IIPOCTBIM  IIPUMUATUBHO
peKypcuBHO (J11060€ MeHbIIIee YUCII0 60 PABHO HYIO, 6O paBHO 1, mub0 He
SABIISIETCSL [IEJTUTETIEM ).

[Tokaxkem Temnepsb, YTO eciu rpaduK HEKOTOPON GYHKINKN [ TPUMUTUBHO pe-
KYPCUBEH U €€ 3HAUYECHUS OT'PAHUYEHBI CBEPXY HEKOTOPON IMPUMUTUBHO PEKYP-
CUBHOI (GyHKIIEH ¢, TO cama (GYHKIUS [ NPUMUTHBHO PeKypcuBHa. B camom
merne, ecium T — XapakKTepucTudeckas QyHKIS rpaduka, 1o ecTb r(z,y) = 1
npu y = f(x) u r(z,y) =0 npu y # f(x) (mWist TPOCTOTHI MBI pACCMATPUBAEM
citydail GyHKIMI OMHOTO apryMeHTA), TO

f(z) Z_Zy~7“(x,y),

a CyMMUPOBAHIE MOXKHO OFDAHUYUTEH CBEPXY BbIpaXKeHHeM ¢(T) U BOCIOJIB30-
BAaThCS NPUMUTUBHON PEKYPCUBHOCTHIO OrPAHUYEHHON CYMMBI.

OTcronma IerKo BBIBECTHU CJEMYIOIee YTBEPKIeHE: ecian GyHKIU § U CBOM-
cTBO R(,y) OIPUMUTUBHO PEKYDPCUBHBI, TO (QYHKIIHS

r +— f(x) = nanmensiee y < g(z), mius koroporo R(z,y)

(ecsu 711 HEKOTOPOTO & TAKOTO Y HET, TO MOJIaraeM 3HaueHne QYHKIIII PABHBIM,
ckaxeM, ¢g(z) + 1) GymeT IpuMUTUBHO peKypcuBHOI. B camom mene, rpaduk
dbyHKIUU f JIErKo ONMmcaTh C MOMOIIBIO OTPAHNIEHHBIX KBAHTOPOB.
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Taxkont cocob ompeneneruss QYHKIINN HA3ZBIBAIOT 02DAHUUEHHBIM ONEPAMO-
POM MUHUMU3AYUY — B OTIININE OT HEOTPAHUUYEHHOTO, TJIe HET 3apaHee N3BECT-
HOU TpanuIlsl ¢(x). Kak Mbl yBUINM, B HEOTDAHIUYEHHOM CIIYUYae MOITY YAfOIIAsICsI
(pysKIUS HE 00s3aHa OBITh MPUMUTUBHO PEKYPCUBHON.

OrpanndeHHbBIN OEPATOP MUHIMHI3AINI MOYXKHO HCIIOJIB30BATH, YTOOLI yOe-
OUTHCS, 9TO QYHKIWS & — (MIHIMAIBHOE IPOCTOE YHICIIO, OOJIBIIEE &) MPIMU-
TUBHO peKypcuBHa (paccyxknenue EBkimma o 6ECKOHEUHOCTH MHOXKECTBA MPO-
CTBIX YKCENI YCTAHABINBAET, UTO DTO UKUC/IO He mpeBocxonuT x! 4+ 1, a daxTopn-
aJI IPUMUTUBHO pekypcuseH). [locse sToro dyukuus n — (n-e mpocToe IucIo)
JIETKO OIPENesIsieTCs ¢ IIOMOIIBIO PEKYPCUU.

§4. Ilpyrue BUABI peKypcuu

CnoBa ”pekypcuBHOe omnpenenienne GyHKIUI MOXKHO IMOHIMATL U B Ooee
IIIMPOKOM CMBICTIE, HEXKEJIU MBI 5TO HeJIaau (CM. BBIIIEe OMpeNeeHne PEKYPCUN,
W TIPUMUTUBHO PEKYPCUN ) — KaK JII060i criocob 3amanust GyHKIINT, KOTOPHII
CBSI3BIBAET 3HAUEeHUE PYHKIINN B MAHHOW TOUYKE C APYTUMU €€ 3HAUYeHmsMU. Kaxk
MBI YBUOUM HIDKe MPU 06CyX)meHnn GyHKInn AKKepMaHa, eCTh TaKIe CXeMBbI
PEKYPCUBHBIX OIPENeSIeHNH, KOTOPBIE BBIBOMST U3 KJIAacCa MPUMUTHBHO PEKYyP-
cuBHBIX QyHKINA. Ho ecTh 1 Takme, KOTOPbIE MOXHO CBECTH K PaCCMOTPEHHOM
HAMI CXeMeE.

Mubr mpuBenéMm nmBa mpuMepa TMOCTIETHETO THUIA: COBMECTHOE OMpeNesieHre He-
CKOJIBKUX (DYHKITIN U MCIOJIB30BAHNE ITPON3BOJIBHBIX MEHBIITNX 3HAUEHUN apry-
MEHTA.

CoemecTHas pekypcus. [lycTs nBe omHOMecTHBIE QYHKIUNA f U ¢ 3adaHBI CO-
OTHOITICHUASIMI:

)=a (1)
9(0) = b, (2)
f(n+1) = F(n, f(n),g(n)), (3)
g9(n+1) = G(n, f(n), g(n)), (4)

rae a u b — "HekoTophle ducia, a ¢yukiun F' u G — IPpUMUTUBHO PEKYPCUBHBIE
dbyHKIUI TPEX aprymeHToB. [lokaxem, uTo Torna GyHKIUU f U ¢ IPUMUATUBHO

PEKYPCHUBHEL
YToOBl HOKA3aTh 3TO, HAM HOTpeOyeTcs NPUMHUTHBHO PEKyPCHBHAS HyMe-
pauus map — Takas dyukuus (z,y) — [z,y] (HOMep mapbl MbI 0GO3HAUAEM

KBaIPATHBIMI CKOOKAMN), KOTOpast Oblia Obl TPUMUTHUBHO PEKYPCUBHA BMECTe
¢ OByMs o6paTHBIMI GYHKIUSME ([HAIOIMMMU [0 HOMEpY Tapbl €€ TEepBLIN U
BTOPOil wiieHbl). Torma Mbl CMOXeM HAINCATH PEKYPCUBHOE ONpeNesieHre IJist
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dynxmmn h(n) = [f(n), g(n)]:

h(O) :[a7 b]? (5)
h(n + 1) =[F(n, pi(h(n)), p2(h(n))), (6)
G(n, p1(h(n)), p2(h(n)))], (7)

rrme QYHKIIIT p; U Po OAIOT IO HOMEPY Iaphl MEPBBIN U BTOPOU €€ ujleHbl. Femm
dyHKIusA h TPUMUTUBHO PEKypCUBHA, TO u dyukunu f u g (kommosuruu h ¢
GYHKIUSIME D1 U Pg) TAKKe TPUMATUBHO PEKYPCUBHBI.

Ocramock OOBACHUTH, KaK HANTH MPUMUATHBHO PEKYPCUBHYIO HYMEPAITHIO
map. MoXHO 3aMeTuTh, YTO €CThb MHOTOYJIEH BTOPOTO TOPSMIKA C MBYMS Iepe-
MEHHBIMU, 3aHaOIIni B3auMHO omHo3HauHOoe cooTBeTcTBIE N X N — N. 910
COOTBETCTBUE BUIHO U3 TAOJIUIIBL:

—_— W

7
4 8
0259

[IpuUMUTUBHYIO PEKYPCUBHOCTHL OOPATHBIX OTOOPAXKEHWH pi W Py MOXKHO YCTa-
HOBUTB, BOCIIOIIBL30BABIINICH OTPAHIYEHHON MIHUMUI3AINel, Tak Kak p1(n) ecTsb
MUHIMAJIbHOE T < 7, I KOTOPOTO HANASTCS Yy < 1, IPU KOTOPOM [z, y] = n.

Memee cuMMeTprYHAS HyMepalus nap MOXKeT ObITh 3anana hopmyioit [a, b] =
= (2a + 1)2°. MoxHO Takxke 3aMeTUTh, YTO HAM He HYXKHO, UTOOLI BCe Uhcia
OBLTH HOMEpPAMU KAKUX-TO Tap, 1 BOCIOIL30BATHCS HyMepanuei [a, b] = yARL

SaMeTuM B 3aK/IIOUEHHE, UTO aHAJOTMYHAS KOHCTPYKINS MPUMEHUMA IIJIS
OOJTBITIETO YMCITa OMHOBPEMEHHO OIMPENENIeMbIXx QYHKIWN W M8 QYHKIIAA OT
OOMBITIEr0 YncIa apryMEHTOB.

BosepaTHas pekypcus. Crenyioiiiee yTBep:KIOEHIE MMOKA3bLIBAET, UTO MIPU pe-
KyPCUBHOM OITpENeIEHIN MOYKHO ICIIOJIb30BATh HE TOJIBKO 3HAUYEHUE B IPEObIIY-
Iel TOYKe, HO U JII000e MpenIIecTBYIOIIee 3HaUeHUE.

TEOPEMA 74. Ilycmb dynrxyud g 00n020 apeymenma npumumuero pexyp-
cusna, npuuém g(x) < x npu x > 0; nyeme F — npumumueno pexypcus-
Had PYHKYUT 08YT aAP2YMEHMOB8; NYCMb C — NPOU3BOALHAT Koncmanma. Toz2da
Pynryug h, onpedeaérnnag coommoULeHUTMU

h(0) = c, (8)
h(z) = F(z,h(g(x))) npu z > 0 9)
NPUMUMUBHO PEKYPCUEHA.

< YtoOBI moka3aThb 3Ty TEOPEMY, UCIOIb3yeM CIEMYIONIYI0 HyMePAIio KO-
HEYHBIX II0CJIENOBATEIBHOCTEN HATYPAJIBbHBIX YHUCEJI: HOMEPOM IIyCTOU IIOCIIeNO-
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BATEILHOCTH CUMTAEM YHUCIO 1, HOMEPOM OTHOSJIEMEHTHON IIOCIICIOBATEILHO-
ctu {a) camTaem wmcyo 27 mocnenosaTenbHOCTD (a, b) mveeT Homep 247130
MOCIIeIOBATEILHOCTE (a, b, ¢) mveeT momep 2¢T13PT15¢+L ¢ tak mamee (ocmosa-
HIsI CTETeHel — MPOCTHIE Yncia). BymeM 0603HaYATH HOMED TOCINOBATEIBHO-
ctu {(a,b,...,z) gepes [a,b, ..., z]. OTa HyMepaIus B HEKOTOPOM CMBICIIE TIPU-
MUTHUBHO peKypcuBHa. KoHeuHo, GyKBaabHO 3TO IMOHIMATL HEIb3s, TaK KaK Hy-
Mepalus IpeacTaBiseT cobol ” PYHKIINIO ¢ IePEeMEHHBIM UICIOM apryMeHTOB” .
Ho pasHble cBa3aHHBIE ¢ Hell (DYyHKIMN IPIMUTHBHO PEKYPCHBHEL. B gacTHOCTH,
TAaKOBBI PYHKIINN

e Length(r) = mnuHa MOCIENOBATEIBHOCTI ¢ HOMEPOM ]

e Select (i, x) = i-BIil WIEH MOCIENOBATEILHOCTI C HOMEPOM

e Append(x,y) = HOMED MOCIEIOBATEIHFHOCTH, KOTOPAS MOJIY YA€ TCs IIPUTIH-
CBIBAHIEM 4YHC/Ia Y K IOCICNOBATEIBHOCTIA C HOMEPOM .

Bce sTu dyHkuum (1 npyrue aHAJOIMYHBIE ) CBOMSTCS K PA3IIMIHBIM OTIEPAIISIM C
MIPOCTBIMI YUCJIAMUA U MHOXKUTEJISIMU, KOTOPbIE MBI B CYIITHOCTHU YK€ pa3doupaJin.
Tenepbs MBI HOKaxeM, 9TO PYyHKITAST

¢ H(z) = [h(0), (1), .., h(a)]
IPUMUTUBHO pekypcuBHa. B camom nere, H(0) = [¢], a

H(k+1) = Append(H (k), F(k + 1, Select(g(k + 1), H(k)))). >

§5. Mammmasl ThlOpMHTa U IPMMHITHBHO PEKYPCHUBHBIE (YHK-
I

MubI paccMOTpenu HECKOTBKO PAa3IMYHbIX TPUEMOB IIOCTPOEHUS TPUMUATUBHO
peKypCcUBHBIX QyHKINNA. TeMm He MeHee OCTAETCs He BIIOJTHE SICHBIM, HACKOJIBKO
5TOT Kjiacc mmpok. Cerraac MBI ITOKaXKeM, UYTO OH BKJIIOUaeT B cebsl Bce mocTa-
TOYHO OBICTPO BBIYUCIUMBIE (DYHKITAMN.

TEOPEMA 75. Jhobas pynkuyug, eviuucaumad na mawure Toropurea ne 60-
A€E UeM 30 NPUMUMUEHO PEKYPCUBHOE (0M Jaunbl 6200a) PEMA, NPUMUMUEHO
PEXYPCUBHA.

Hoka3zaTesbcTBO. HamoMHMM, YTO MBI CUMTAEM BXOIOM W BBIXOIOM MAIIIM-
Hbl ThIOpUHTa cjoBa U3 Hyjaend u enuHuUi. IIocKOIbKYy aprymMeHTaMm 1 3HAYe-
HUSMU TIPAMUTUBHO PEKYPCUBHBIX (DYHKIIMU SIBJISIOTCS YUCIIa, TeopeMma OymeT
UMETHb CMBICI, TOJBKO €CJIU Mbl OOTOBOPUMCS OTOXKIECTBJISATH UNCIa U CJIOBA.
Kak yxe roBopuitoch, Mbl OTOXIECTBIISIEM YUCIIO 72 CO CJIOBOM, KOTOPOE ITOJTyva-
eTcs Tocyle yaaJeHns cTapiiero outa 1 B IBOMYHOM pasjiokKeHUU ducia n + 1.
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[Ipn mMuTanmm pabOThEl MAIIUH THIOPUHTA C HOMOIILIO IIPOTPAMM MBI KO-
IUPOBAJIA COCTOSIHIE MAIINHBI YeTBIPBMS JUCIaMu (KO JIEBOM YACTHU JIEHTHI,
KOJI TIPABOI YACTHU JIEHTHI, COCTOSIHIE 1 OyKBa oM ToJI0BKoI ). [Ipu sToM ymo6Ho
OBIJIO TaKoe KOOUPOBAHUE: JIEBYIO YACTh JIEHTHI Mbl CUUTAIIN 3alUCHIO YUCIa B
CUCTEME CUUCJIEHUSI, B KOTOPOU OCHOBAHUE PABHO YUCJIY CUMBOJIOB B ajdaBuTe
MAIIWHBI, & TPobes cumTaeTcs Hy/IEM; ¢ IPaBOil YacThIO JIEHTHI MBI IOCTYIIa-
I Tak e, TOJBKO B OOPATHOM MOpsiIKe (MIIaaiine paspsmasl y rosoBku). [Ipu
9TOM NOOABJIEHNE WU U3BSITUE CUMBOJIA Y TOJOBKM COOTBETCTBOBAJIO IIPOCTON
apudMeTHIecKo oneparuu (yaajgeHne — 5TO IejleHre Haleso, no0aBIeHne —
VMHOXKEHIE Ha OCHOBAHWE CHCTEMBI CUUCIIeHUs U ciioxenue). [Ipn Takom komu-
poBaHuU HYHKIUE Mepexona (deThipe GYHKINN YeTHIPEX apryMEHTOB, MOKA3bI-
BAIOIIE CJIEMYIONIee COCTOSHUE KaK (DYHKIUIO MPEMBIIYINEro), 3aliChbiBAIOTCS
MPOCTHIMU (POPMYyJIaMU U TPUMUTUBHO PEKYPCUBHHI.

Teneps paccMOTpuM UTEPUPOBAHHYIO (DYHKIIIIO TIEPEXOITA, KOTOpas TOBOPUT,
KaKOBO OyHeT COCTOSHIE MaIInHbI T'hbiopuHTra mocie ¢ maros. TouHee, TYT mMe-
IOTCST YeThIpe QYHKINN OT ISTH APIYMEHTOB (IepBbIe YeThIPE apryMEHTa, KO-
PYIOT COCTOSIHEE, TISITHIN MPEICTABIIAET cOO0M Yrcio maros). Ux ompenenenue
MeeT BUI COBMECTHOW PEKYypPCHUU, KOTOPYIO MBI TOJIBKO UTO pa3obpasu. [losTo-
MY 5T QYHKIINT IPIMUATUBHO PEKYPCUBHBI. bymeMm cunTaTh, 9TO IOCTIE MTOSIBIIC-
HUS 3aKII0UNTEILHOTO COCTOSHUU KOHPUIYPAIIS MAIIUHBI He MeHsgeTcs. Fcan
MBI 3HA€M, 4YTO YHUCIO I1aroB pabOThl OrPaHUYEHO MPUMUTUBHO PEKYPCUBHON
dyHKIUe, TO HOCTATOYHO TOACTABUTL €€ Ha MEeCTO MATOr0 aprymeHTa (du-
CIa IIaroB), YTOOBl yOEMUTHCs, ITO 3aKITIOUNTEIbHAS KOHPUIYPAIINS MAIIAHBL
SIBJIIETCSI IPUMUTUBHO PEKYPCUBHON (DYHKIIMEN OT €€ HadaJbHOU KOH(pUTYPa-
nuu. CrenoBaTeIbHO, Pe3yabTaT pabOThl SBJISETCS MPUMUTUBHO PEKYPCUBHOMN
GyHKIIUN HaYaJIBHOTO MTAaHHOTO.

OTo paccyX)meHne HesSBHO UCIOIL3yeT MPUMUTHUBHYIO PEKYPCUBHOCTL Pas-
JIMYIHBIX PYHKIIAHN, CBA3AHHBIX C IIEPEXOIOM OT OMHOTO MPENCTABIECHUS TaHHBIX
K npyromy. Hampumep, Bxon Marmmabl ThIOpUHTa SBIISETCS TBOUYHBIM CJIOBOM,
KOTOPOE MBI JOTOBOPUIINCEH OTOXKIECTBIISATH C HEKOTOPBIM YUCIOM . DTOMY BXO-
Iy COOTBETCTBYET HadaIbHAas KOHOUTYpalus MaInHbl T bIOpUHTa, KOTOPYIO MBI
KOmUpyeM dJeTBEpKou umcesi. Ham BaxkHO, 4TO »Ta YeTBEpPKA TPUMUTHUBHO pe-
KYPCUBHO 3aBUCUT OT X. DTO JIETKO IOHSATH, TaK KakK Ipeodpa3oBaHUe CBI3a-
HO C MEPEXOIOM OT OIHOW CHCTEMBbI CUUCIEHUS K MPYTOil (OMHO U TO ke CII0BO
KOIMUPYET pa3Hble UMUCIa B PA3HBIX CUCTEMaX CUYMUCIIEHUs); TPUMUTUBHYIO pe-
KYPCUBHOCTL TaKuX (QYHKIIUN JIETKO YCTAHOBUTH C MOMOIITBIO OIMMMCAHHBIX BHIIIIE
MeTonoB. KpomMe Toro, Ham HaJI0 U3 BBIXOMHON KOHMDUTYPAIIUKN TPUMUTUBHO pe-
KYPCUBHO U3BJIeYb Pe3yIbTAaT U TakKxKe NePEKONUPOBATH €r0, a TaKxKe MO BXOIY
MOJIYyYUTH €ro MINHY (ITOOBI MONCTABUTH B MPUMUTUBHO PEKYPCUBHYIO (DYHK-
IO, OTPAHIYUBAIOLILYO YUCIIO maros). Ho BCE 9To Takxke He BBIXOMUT U3 KPyra
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pa300paHHBIX BHIIIE TPUEMOB, 1 TIOIPOOHO OCTAHABIMBATLCI Ha 3TOM MBI He Oy-
IIEM. []

OTa Teopema ybexxnaeT HAC B IPUMUTUBHON PEKYPCUBHOCTH MHOTUX IOBOJIb-
HO CJIOXKHO ompenersieMbIx GyaKIuin. Hampumep, paccmMoTpumM GYHKIIIO 1 +—
— (n-BIIl OECATUIHBIA 3HAK 4uciaa 7). V3BECTHO, YTO BBIYMCIICHBI MUJIIMOHBI
TaKNX 3HAKOB, TIO3TOMY €CTh BCE OCHOBAHUS MOJIAraTh, YTO U3BECTHLIE AJITOPUT-
MBI PA0OTAIOT HE CITUIIKOM IOJITO — OBIJIO OBl OUeHb CTPAHHO, €CJIN OBl BpeMs X
paboThI (Haxke yIUTHIBAS HEYIOOCTBO MAITUHLI T HIOpUHTa IS TPOr PAMMUPOBa-
HIIsI) He OIEHUBAJIOCH ObI, CKaxkeM, DyHKImeh ¢ X 2" mpu JOCTATOUHO GOJIBIIIOM C.
A Takas oleHKa IPUMUTHUBHO PEKYPCUBHA, UTO MO3BOJISET COCIATHCS Ha TOIBKO
4TO MOoKas3aHHyto Teopemy. (Ha camom mese TyT 60sbIioit 3amac — CyIecTBYIOT
IPUMUTUBHO PEKYPCUBHBIE DYHKIINE, KOTOPBIE PACTYT ropas3no 6uicTpee 2".)

§6. YacTmuHo pekypcuBHbIe GyHKITHT

OnepaTopsl IPUMUTUBHON PEKYPCUAN 1 MOACTAHOBKH HE BLIBOLAT HAC U3 KIIAC-
ca BCIOLy ompenenéHHbx dyakimii. He Tak 06CTOUT IEI0 ¢ onepamopom mumu-
MUBAYUL, O KOTOPOM MBI yike ynomunaian. Ou npumensercs K (k + 1)-mMecTHOi
byukuuu f u maét k-mecTHYIO GYHKIUIO ¢, ONpenenseMyo Tak: ¢(xi,...,Tk)
eCTb HauMeHbIIee ¥y, mis Kotoporo f(xy,...,xx,y) = 0.

CMBICT BBIIENICHHEIX CJIOB SICeH, ecianm (yHKOus f BCIOLy ompemeseHa. Hc-
M HeT, TO MOHMMATH UX HANO Tak: 3HaueHuwe ¢(ri,...,Ty) PABHO Y, €Cin
f(x1,..., 2, y) ompenemeHo m paBHO HYJIO, a Bce 3HaueHus f(r1,...,Yk Y)
npu i < Yy OIpeImeseHbl U He PABHLI HYJIIO.

YacTo ucmonb3yercs 0603HaYeHIe

g(xy, .., x) = py (f(r1,.. . 28, y) = 0),

I TIOTOMY OIEPATOP MUHIMUI3AINN TaKXKe HA3BIBAIOT [i-0NEPAMOPOM.

glcro, uTO Takoe ompeneneHue 06ECTIEUNBACT BBIUUCIUMOCTD ¢, €CJINA BBIUM-
cmuva f (MBI mepebupaeM B HOPSIIKE BO3DACTAHIS BCE Y, OXKUIAS MOSBIICHIUS
HYJICBOTO 3HAUCHUS).

3ADAYA 207. Hoxasrcume, umo ecau u3merums ONpedeserue u padpeuLumn
f(x1,..., 2, y") 6imb He onpedeaéunvim npu y' < y, mo Pynryug g moxrcem
ObIMb HEBLIUUCAUMOT NPU BLIYUCAUMOT | .

dyuxium, momyuaonmecs 3 6a3uCHBIX (HyJIs, MPOEKINN U MPUOABIICHIS
eIIMHUIIBL) ¢ TIOMOIIIBIO OMEPATOPOB MONCTAHOBKY, IPUMUTUBHON DEKYDPCUN U MU-
HUMU3AINN, HA3bIBAIOTCI YACMUYHO PeRYpCcusHbimu. Feam Takas QyHKIIIS OKa-
3BIBAETCS BCIOMY OINPENEIEHHON, TO €€ Ha3bIBAIOT 0bwepexypcusroti GyHKITHEN.
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TEOPEMA 76. Bceakad Pynryud, 6bIMUCAUMAT C MOMOWDIO Mawunbl Tovio-
PUHRA, ABATEMCA YACTUYHO PERYPCUBHOU.

IokaszareabcTBo. [lycTs [ — BoIYmCIMMAas ¢ IOMOIIBIO MAIIMHBL 1 BIOPUHTA
(obosuaumM 5Ty Maruny depes M) QyHKIUS OMHOTO apryMenTa. PaccMoTpum
coiictBo T'(x, y, t), cocTosiiee B ToM, 9T0 Maiumaa M Ha BXome T aéT OTBET Y
3a BpeMms He 6osiee yeM ¢. Kak MBI BUOeIn BBIIIE, IO BXOMY MAIINHEL ThIOpUHTA,
1 110 BPEMEHU ! MOXKHO IPUMHUTHBHO PEKYPCUBHO BBLIUKUCIUTEL €6 COCTOSHUE B
MOMEHT t; SICHO, 9YTO MOXKHO TaKxKe y3HaTh, 3aKOHUMJIA JII OHA PabOTy, U €ClIn
ma, TO OBLIT U OTBET paBeH y. MTak, cBoicTBO T NPUMUTHBHO PEKYPCHUBHO.

Tenepb 06BEIUHIM APTYMEHTHL i U § B APy ¢ MOMOIIBIO IPUMUTABHO PEKYp-
CHBHOII HyMEPAII; IOJIYYUTC IPUMATABHO PeKypcuBHas Gyukmmd 17, mis Ko-
topoit T"(x, [y, t]) = T(z,y,t); Temeps Moxuo Hanucats f(x) = p1(uz1"(x, 2)),
rIe pi; OaéT IO HOMEPY Hapbl eé HepBBI WICH, a (12 O3HAdaeT ~ HalMEHBLIIee Z,
171t KoToporo . . .”. Takum o6paszoM, GyHKIUSA f ABIIETCS JACTUIHO PEKYPCUB-
HOU. [

Bepno u obpathoe:

TEOPEMA 77. Bcaxad uacmuuno pexypcusnad GyHKUUI 6bluUuCAUMA Ha M-
wure Tvropunea.

Jloka3zaTesbcTBO. JIerko HammcaTh MPOrpamMMy C KOHEUHBIM YHCJIOM IIEepe-
MEHHBIX, BBIUUCIISIONIYIO JIIOOYI0 YACTUYHO PEKYPCUBHYIO (QYHKIMO (momeTa-
HOBK& CBOOUTCS K TOCJIENOBATEIIHHOMY BBITIOTHEHUIO TTPOTPAMM, PEKYPCHSI — K
nukity Tumna for, MurIMMI3aIus — K nukiIy Tuna while; ob6a Buma mMuKIIOB JIETKO
PEANTN3YIOTCSI ¢ MOMOIIBIO OIEPATOPOB TIEPEXOA).

[Tocie »TOTO OCTAETCST TOMBKO COCIATHLCS HA TO, UTO BCSAKas (PYHKIUS, BbI-
qucIIsieMast TPOrPAMMON ¢ KOHEYHBIM UMCIIOM PETUCTPOB, BHIYNCINMA HA MAIITU-
He TriopuHra (Kak Mbl Bumenu B pasmese 2, Teopema 70). []

[TosTomy ecimu MBI BepuM B 7 Te3uc ThiopuHra’, rIacsaIluil, YTO BCSIKas BbI-
qrcmMas QYHKINS BEIYUCINMA Ha MalmnHe TBhIOpUHTa, TO MOXKHBI BEPUTDH U B
"re3uc Yépua” (Beskast BeramcanMast GyHKIUS YACTUYHO PEKYPCUBHA), TaK YTO
BTU TE3UCHI PABHOCUJIHHEI.

Harmre nokazaTembcTBO Teopem 76 m 77 MO3BOJISIET TaK¥kKe MOIYUINTH TAKOE
CJIENICTBUE, HA3BIBAEMOE UHOTIA meopemoti Kaunu o wopmasonot gopme:

TEOPEMA 78. Bcakag wacmuuno pexypcusnad Gynkuyud [ npedcmasuma 6
gude

f(x) = a(pz(b(z, z) = 0)),

ede a u b — mexomopbvie NPUMUMUEHO PEKYPCUBHbIE GYHKUULU.
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IlokazaTenbcTBO. B camom mese, robas JacTUYHO peKypcuBHas (HYHKITAS
BBIUUCIMMA Ha MalllmHe ThIOPUHTA, a CJIeNOBATETFHO, MTPENCTaBUIMa B HYKHOM
HAM BHUIE, KAK BUIHO U3 [IOKA3aTeIbCTBA TeopeMbl 76 (B KauecTBe a GEpETCs
byHKIUS, TAIOIIII IEPBBII YWIEH Haphl 0 eé HOMEDY ). [

Mu1 chopMymUpoOBaATE 3Ty TEOPEMY IJIsI CIyUas OMHOMECTHOW GyHKIUK f, HO
AHAJIOTMYHOE YTBEPKIEHNE BEPHO U i MYHKIMI HECKOILKUX apryMeHTOB (1
NOKA3aTEeILCTBO MOYTU HE MEHSETCH ).

3AnAYA 208. Iokaxcume, wmo 00HUM [L-ONEPAMOPOM, NPUMEHIT €20 NO-
caednum, ne 000UMUCH: HE BCIKAL YACNUUHO PEKYPCUBHAT yrKkyug npedcma-
suMma 8 sude
f(z) = pz(blz, z) = 0)

ede b — mexomopag NPuUMUMUBHO PEKYPCUBHAT GYHKYUA.
N3 teopembr Knmuan o HOpMaTbHON (hOpMe BBEITEKaeT TaKoe YTBEDPXKIICHUE:

TEOPEMA 79. Bcakoe nepeuucaumoe MHOHCECMBO €CMb NPOEKYUT NPUMU-
MUBHO DPERYPCUBHO20 MHOHCECTNEA.

IokasarenbcrBo. [lepeuncimmoe MHOKECTBO eCTh 0671aCTh OIPEIENICHIs Pe-
KYPCUBHOI (HYHKIMN; IPENCTABUB €& B HOPMAJILHON (hOpMe, BULUM, ITO OOJIACTD
OIpEIEeNIeHNsT eCTh Ipoeknus MHoXKecTBa { (T, 2) | b(z, 2) = 0}. O

§7. Omenku ckopoctu pocra. Pynkmus AxkkepMmaHa

O6paTtumcs Temepb K BOIPOCY, KOTOPHIA MOXKHO OBLIO OBI 3aaTh y2Ke OaBHO:
CYIIIECTBYIOT JII OOITIEPEKYPCUBHBIE, HO HE TPUMUTUBHO PEKYPCUBHBIE DY HKITAN !
Mer mpuBenéM IBa MOKa3aTeIbCTBA CYIIECTBOBAaHMUS TaKOBHIX. [lepBoe mexomuT
13 OOIIMX COOOpaKEHU:

TEOPEMA 80. Cywecmsyem 6cody onpedeabrnad 8bluucAuMast GyHKYUL
d8YT AP2YMEHRMOB, YHUBEPCAALHAAL OAT KAGCCA BCET NPUMUMUBHO PEKYDCUEHBLT
Pynryul 00no20 apymenma.

OueBunno, uto ecimm U — Takas QyHKIUA, TO GyHKIUS d, OIS KOTO-
poit d(n) = U(n,n) + 1, 6ymeTr BCIOMy ONPENeTEHHON, BBIYUCIUMON U OyIeT
OTJIMYIATHCS OT JIE000T MPUMUTUBHO PEKYPCUBHON GYHKIUU (OT N-0if — B TOU-
Ke 1).

Jloka3zaTesbcTBO. Besikas TpUMUTUBHO PeKypcUBHAsS (QYHKIUS ITOTYIaeTCs
13 OA3UCHBIX C TIOMOIIBIO0 HEKOTOPOU MOCJIEIOBATEILHOCTH OIlePaIliil MTOICTaHOB-
KII 1 peKypcuu. JIcHO, YTO TaKyIo MOCIeO0BATEIbHOCTH MOXKHO OIMICATH CJIOBOM B
KOHEYHOM aJIpaBUTE — TaK CKa3aTh, IPOrPAMMOI (B KOTOPOI MOCIENOBATETBLHO
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OPENENAIOTCS PA3IMUHble MPUMUTUBHO PEKYPCUBHBIE PYHKITUN U IS KaXKIOU
HAIIICAHO, U3 KAKUX APYTHUX OHA MOJIYYaeTCs U C TIOMOIIIBIO KaKuX oneparnuit). 13
BCEX MPOrpaMM OTGEPEM IPOrPAMMEBI 71T OMHOMECTHBIX (hYHKIUN (pasymMeeTcs,
B KQUeCTBe MPOMEKYTOUHBIX (PYHKIIMI MOXKHO UCIOIb30BATH QYHKIIAN C JTIOOBIM
YCIIOM apryMeHTOB). MHOXKECTBO TaKuX IPOrPAMM Pa3PeInMO, UX MOXKHO IIPO-
HYMEPOBATH BBIYUCIUMBIM o0paszoM. Dyukiust (n, z) +— (pesynbrar mpuMeHe-
HUst QYHKIUN, 380aHHON IIPOTPAMMOIL HOMEp 7, K YUCITy ) Oy[IeT BBIUYUCIUMA I
[0 TOCTPOEHUIO OyHoeT yHUBEPCAJILHON M1 KJIacca MPUMUTUBHO PEKYPCUBHBIX
byHKITUI. [

OnHaxo MHTEPECHO YKa3aTh U 60jiee KOHKPETHYIO IPUUYNHY, MEIIAIOIIYIO He-
KOTOPBIM BLIUYACIUMBIM (DYHKIUAM OBITH MIPUMUTHUBHO PEKYypCUBHBIMU. BoT on-
HA 13 BO3MOXKHOCTEI: MPUMUTHUBHO PEKYPCUBHLIE (DYHKINNA HE MOT'YT OBLICTPO
pactu. OTa umest BOCXonuT K AKKepMaHy, KOTOPBIN MOCTPOMIT (DYHKIINIO, PACTY-
11y 10 OBICTPEE BCEX MPUMUTUBHO PEKYPCUBHBIX — Pynkyuto Axrkepmana. Ceitaac
MBI U3JI0KUM DTy KOHCTPYKIIUIO (XOTsI IETAIN TOCTPOEHUsI OYIyT WHBIMMT).

Onpenenum moc/IenoBaTelIbHOCTL PYHKIA (v, (rp, . .. OT OOHOIO apryMeHTa.
(Bce sTu dyskrmuu 6GymyT Beromy ompenenéuubivu.) [lomoxum ap(z) = = + 1.
Omnpenenss o, MbI GyIeM MCIOIB30BATH Takoe obosHauenme: f(x) oszmaua-
et f(f(...f(x)...)), rme dyukuns f ucmonb3oBana n pa3. Tak Bor,

ai(z) = o) (z)

(moueMy ymoOHO TPUMEHSITH QYHKIMIO (v 1 POBHO X + 2 pa3a, Mbl YBUAUM Uy Th
TI03KE).
OueBnmabie cBOCTBA ((HOPMATIBHO UX MOYKHO NOKA3aTh MO WHIYKIINN):
e o;(x) > x mpu Bcex i u x;
e «;(r) BO3pacTaeT ¢ BO3pACTAHUEM I;
e ;(x) Bo3pacTaer ¢ Bo3pacTaHueM i ([IJI KaXKIOoro (GUKCHPOBAHHOIO I);
(] ozl(x) > Odi_l(Oéi_l(i)).
Temeps MOXKHO ONEHUTH CKOPOCTH POCTa JTIOOOW MPUMUTUBHO PEKYPCUBHON
pyHKIINU.

TEOPEMA 81. IIycmb [ — npumumueno pexypcusnad GynKyud n apaymer-
mos. Toeda natidémea maxoe k, umo

f(z1, ..., x,) < ap(max(xy, ..., 2,))

NpU 6CET L1, ..., Ty.

HokazarenbcTBo. nes mpocTa — MOXKHO OIEHUTH CKOPOCTH POCTa KOMIIO-
sunnu GYHKINN, 3Has ONEHKN OIS KaXKIOW U3 HUX; aHAJOTUYIHO OJIs PEKYPCUM.
PopMaIbLHO TOBOPSI, NOKA3aTETBLCTBO UCIOIb3YeT ~ WHIYKIIUIO IO MOCTPOECHUIO”
IPUMUTUBHO PEKYPCUBHBIX (OYHKIIHI.
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Isist 6a3ucHBIX QYHKIUN yTBEPKIeHIE 09eBUIHO. [locMOTpUM Ha TTOOCTaHOB-
Ky. IlycTb

f(x) = g(hi(z), ..., hi(z))

(m1s KpaTkocTH MBI IUINEM OOHY OYKBY &, UMes B BHIY BEKTOD IIEPEMeH-
ubix). [lycTs an omenuBaer Bce GyHKImu hy,...,h; U QYHKIHIO ¢ CBEPXY,
To ectb hi(x) < ay(max(r)) npu Becex i u z, a Takxke ¢(y) < ay(max(y))
(3mech max(u) o3HaUACT MaKCHMAJBHBIN s5ieMeHT B Habope u). Torma f(x) me
IIPEBOCXOIUT

ay(max(hi(z),..., h(z))) < an(any(z)) < anii(x)

(MBI TIOJTB3YEMCsI YKA3aHHBIME BBIIIE CBONCTBAME (DYHKITAN (v; ).
[Toxoxe (HO HEMHOTO CITOXKHEE) Meio 06cTouT ¢ pekypceueit. [Iycrs dyuxrms f
OIPENENIeTCs PEKYPCUBHO:

f(z,0) = g(z); (1)
flz,n+1) =h(x,n, f(x,n)). (2)

(3mech & Takxke 0603HAUAET HAOOP HECKOJILKUX mepeMeHHbIX. ) [lycrs dyukmn g
u h omeHWBaIOTCS cBepxy QyHKImen ay. Torma

f(x,1) = h(z,0, f(x,0)) < ay(max(z,0, f(z,0))) <
< ay(max(z, 0, ay(max(z)))) < ay(ay(max(x))) (3)

(B mociemHeM Tepexome MbI TOJb3yeMcst TeM, 9To an(t) > t). Anamormano
f(z,2) < ay(ay(ay(max(z)))) u Boobiie

f(z,i) < ozgijl](max(:c)) < ayy1(max(i, max(x))),
4TO 1 TpebOoBaIOCh NOKA3aTh. [

3aMeTuM, UTO KaXXOBI OIMepaTop MOACTAHOBKI MJIM PEKYPCHUHU yBEININBAET
HOMED BEpXHEHW OIeHKM Ha 1, Tak YTO (DYHKIINSA, B ONPENeJeHUN KOTOPOW He
6omee 100 ormepaTopoB, pacTéT He OLICTPEE (v1p1.

O4eBUOHBIM CITEACTBUEM IOy Y€HHON OIEHKU SIBIISIETCS TAaKOe YTBEPKICHIE:

TEOPEMA 82. Dynkyusg A(n) = a,(n) pacmém bvicmpee 410601 npumumue-
HO DPERYPCUBHOT PYHKUUL.

OrmeruMm, uto omnpenesnerve (yHkimn Axkepmana (Tounee, (QYHKIUN
(n,z) — a,(r)) BOOIHE MOXKHO HA3BATH PEKYPCUBHBIM — OIHO 3HAUEHUE STOI
GYHKIUU ONpeNessieTcs depes Ipyrue, ¢ MEeHBIINM TepBeIM aprymerToM. OHO
SIBIIIETCS IPUMEPOM PEKYPCUBHOTO OIIPEIETICHISI, He CBOMSIIIETOCS K TIPUMITUB-
HOU PEKYPCHUU.
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3AnAYA 209. Ilokaxcume, wmo npamot nepecuém (6 603pacmarouwem no-
pAdKe) 6eCKOHEUR020 NPUMUMUBHO PEKYPCUBHO20 MHONCECTNEA MONCEM HE
ObIMb NPUMUMUBHO PEKYDCUBHBIM.

3AIAYA 210. Ioxasxcume, ymo Gynkyusd, 00pamuad K NPuMUMUEHO Peryp-
cusnoti buexyuu i: N — N, moocem ne 6bimv NpumMumMueHo pexypcusHo.
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§1. Anre6pa BBICKA3LIBAHHU
1.1. Ta6muibl ICTUHHOCTH

Kaxmas ¢opmyna anreOpbl BBICKa3bIBaHUN 00JamaeT CBOWMCTBOM IIPEBpa-
ITIAThCS B BBICKA3bIBaHUE MpU (GUKCAIINT B HEW 3HAUEHUI BCEX BBHICKA3HIBATEITh-
HBIX TIepEMEHHBIX, TO €CTh eClIu MblI 3adukcupyeM B ¢GopMyse 3HAUEeHUs BCeX
BBICKA3BIBATEIILHBIX TEPEMEHHBIX, TO, IMOJIL3YICh OMpENeIeHUsIMIA JTOTUIECKUIX
omepanuil, Mbl MOYXKeM BBIYUCIIUTH 3HAUEHNE NCTUHHOCTU (POPMYIIHI.

Tabauna uctuHHOCTH (HOPMYIIBI AareOphl BHICKA3BIBAHUN COOEPKUT CTOIb-
KO CTPOK, CKOJILKO BCEBO3MOXKHBIX HAOOPOB 3HAUYEHUN MCTUHHOCTHU MepEMEHHbBIX
MOXXHO 00pa3oBaTh. Kaxkmas BbICKa3bIBaTe/IbHAs IEPEMEHHAs MOXKET IIPUHU-
MaTh TOIBKO nBa 3Hadenus (0 u 1), mosToMy B ciIydae n mepeMeHHBIX TabiIuia
ICTUHHOCTU CONEPKUT 2" CTPOK.

[Ipu mocTpoeHnn TabINUIBI ICTUHHOCTH HAOOPHI 3HAUECHUN EePEMEHHBIX Pac-
MOJIArat0T CBEPXY BHU3 B JIEKCUKOTPADUIECKOM TOPSAIKe (KaxK bl HAGOp MOHU-
MalOT KaK TBOMYHYIO 3allCh HEOTPUIIATEIBHOTO IEJI0TO YUCIa W PACIIOiaraioT
B nopsinke Bospactanus or (000...0) mo (111...1).

IIpmmep 1. [TocTpouTs TabnuUIly UCTUHHOCTH (POPMYJIBI:

T1XTo9 — (5131 V Ig)fg.

PEmEHKUE. 1. OnpenenuMm MOPsOOK OEHCTBUR B GOpMYIIE:

21 ¢ 3 (54
T1-To9g— (5131 \/5132)'5133.

2. [lonmb3ysich ompeneseHusIMU Onepauii -, -, V 1 —, 3allOJTHIM TabJInILy.

T1|Xo| X3 | X | X1 T | X1V T2 | T3 (Il V xQ)Tg T1To — (xl V Ig)fg
0/0(0]1 0 0 1 0 1
010111 0 0 0 0 1
0/1]0]0 0 1 1 1 1
0/1}1]0 0 1 0 0 1
110101 1 1 1 1 1
110711 1 1 0 0 0
1117010 0 1 1 1 1
1117110 0 1 0 0 1

208
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CocTaBuThb TabMUIBI UCTUHHOCTU MJIST CIICMYIOIINX (HOPMYIT:

1. z V7, 2. T A\ T; 3.z — (y Vo) 4. v — (x N y);
5. (zVy) — (TVY); 6.2 — ((zVy)Vz);, T.x—(y—2); 8.(r—oy)— z
9. 2~ (y ~ 2); 10. (z ~ y) ~ z; 11. (zV(yV2) = (TA[TGAZ));
12 (v = (yA2) = (@ = (A2 B (e~ V) ~ (@~ (yV2)
14. (zVY) = ((yAZ) — (xV(y ~ 2))); 15. ((z ~y) ~ ((z = (TVY) —
D)~ (V) 16 (@ ay) = (5~ 2) — (2~ 1)) — (2 ~ 7))

[ycts x; (1 = 1,2,3) — cuMBOIBI GYJIEBBIX EPEMEHHBIX (TO €CTh MIPUHIMA~
forrx nBa 3uauvenus: 0, 1). [loctponTs TabIUIBI NCTUHHOCTH:
17. (5131 = SUQ)\/(HJQ = 5133); 18. (5131 > 5132) — (SUQ = 5133); 19. (331 75 5132)\/(5132 75 563);
20. ((z1 > x9) A (22 = x3)) — (21 > 23).

[Ipumensiss TaGIUIBI UCTUHHOCTHU, MOKA3aTh TOXKIECTBEHHYIO MCTUHHOCTD
popmy:

21. x ~ x; 22. VT 23. (z A T); 24. T ~ x;
25. x — (y — x); 26. T — (x — y); 27. ((z — y) Nz) — y;
28. ((x = y) \Y) — T; 29. (xVy) ANT) — y; 30. (z~y)AT) =T,
3L (z — y) ~ (§ — 7); 32. (z =y Ay — 2) = (r = 2);

33, (2 (4 2)) = ((why) = 2 34 (2 — 2)A(y - 2)) (V) — 2)

ot

[IpumMenss TaGIUIBI ICTUHHOCTH, IOKA3aTh PABHOCUILHOCTE (HOPMYIT:
36. ctVy=yVe;, 37.xV(yVvz)=(xVyVz 38.xA(yVvVz)=(xAy) Az

39. cA(yNz) = (z Ay Az 40. 2V (yNz) = (xVy A(zV 2);
41. 2N (yVz2)=(zAy) V (z A 2);

42. (x\/y)_:zs/\y} — 3akoubl e Moprana;

43. (tNy) =T V7Y

4. xtVr =z

45 oA g = x} — 3aKOHBI UIEMIIOTEHTHOCTH;

46. VvV 0 = x; A7. c N1 = x; 48. T = x; 9.1~y =y ~ x;
50. 2~ (y~z2) = (x ~y) ~ 2 5.0 - y=TVuy; 5. z ~y = (v —
—y) Ay — )

1.2. Ilopsamok nercTBU M YIPOIIEHHAA 3aIMCh POPMYII

YuauTsIBast COTIAIIEHNS O TIOPSIKE BBITTOTHEHUS OMEePaIliiil, OyCTUTh “JIAIII-
H1te” cKOOKH; u 3Hakx “A” B dpopMyiax:
53. z A (y A (T V7)); 54. (x Ay) V(A 2) V(T AY)V(zAZ));
5. (2Vy)V2) — (tAF)V2); 56 (2V) A2V (yA2) — (FAT) — 2);
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57. (xVy) VeV (yA(x V) Ay — 2)) ~ 2); 58. (z Vy) —
= (@AY))V(EAY)V(EVY); 89 ((aVy)Az) = (V) V2)~ (TVy));
60. (z A (yV2)A((x — (y — 2)) ~ (. Ay)).

BoccranoBuTh ckOOKM 1 3HaK “A” B hopmynax:

61. x Vy — z; 62. x Vy — ay; 63. Ty V 2y(y V 2);
64. tVy(xyVvz); 65.xyVayz —TVyz; 66.(x - xVyz)~(xVy — 2);
67. (xVy)z — (xy ~ YV Z); 68. tVy = xVylr — 2)Va(y ~ 2);

69. vyz — (z ~yz)VaVy(r — (y ~ 2)); T0.20y ~z(y — 2)(v ~y)VazVyz.

1.3. PaBHOCWILHBIE TPeoOpa30BaHUs U yIpoIneHne Gopmyst

MeTomom pertieHrsT TPUMEPOB Ha, PABHOCUJIBHBIE TTPEOOPa30BaHUS 1 YIIPOIIIEe-
Hue GOPMYIT ABISETCS UCHOIb30BaHne 19 OCHOBHBIX PABHOCUIBHOCTEN OyiieBOI
aJreOpbl BHICKA3bIBAHUM, TOATOMY HEPBBIM IIIATOM MPU PEIIEHUN TaKUX IIpUMe-
POB sABHsIETCS Mepexon K OYJIEBBIM OlepalusM ¢ TOMOIIBI0 (POPMYI:

a—b=aVhb,
a~b=(a—b)(b—a)=abVab=(aVb)(aVb).
CriemyeT uMeThb B BULY, YTO OyKBEI, MCIOIbL30BAHHEIC IIPU 3AIIACH OCHOBHBIX
PABHOCUILHOCTEN, MOI'YT O3HAYATH KAK CUMBOJILI BLICKA3BIBATEILHLIX IEPEMEH-

HBIX, TaK 1 (HOPMYJIbI ajareOpbl BBICKA3bIBAHU, TO €CTh OCHOBHAs PaBHOCUJIb-
HOCTb

aVa=1
O3HAYaeT, B YACTHOCTH, UTO
r1VrT =1,
1vi=1,

(xl — $2)f3 V (Il — $2)f3 =1.

[Tonme3ubiMu Ipu perieHnr TPUMEpPOB Ha YIpOIeHre HOPMYJ SIBISIOTCS 3a-
KOHBI TTOJTYTIOT JIOIIIEH NS

1) avab=aV b; 1y avab=aVb
2) a-(@vb)=ab; 2) alaVb)=ab,

KOTOPBIE MOKA3ZBIBAIOTCS TIPU TOMOIIN AUCTPUOY TUBHOTO 3aKOHA:
aVa-b=(aVva)lavb)=1(aVb) =aVb
a(@vb)=a-avVa-b=0Vab=ab.
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ITpumep 2. C moMoITIbI0 PABHOCUIBHBIX ITPEOOPA30BAHIE YIIPOCTUTEL POPMY-
Iy

1Ty — (T1 V Ta)T3.
PEIIEHUE.

1Ty — (fl V Tg)fg Hepgozt : r1T9 V (Tl V TQ)Tg =

OyJIeBBIM OIEpPAIIsIM
3akoH e Moprana 3aKOH

= TV Ez V T1Z3 V T3 =
IUCTPUOY TUBHLI 3aKOH IBOMHOTO OTPUIAHIS

= T1VTixs V 9V Toxs =
—— ——

3aKOH IIOTJIOILIEHM A 3aKOH IIOTJIOIIICHM A
(

a) TV (xaVT3) =x1 — (19 VT3),
6) T3V (Tl \/332) = T3 — <£L"1\/£L"2),
=71 VT2 VIz= < B) To VT VI3=2x0V T123,
F) T1 VT3V Iy =7T1T3V Ty =2T1X3 — To,
I[) T1VroVI3=a1 Ty T3.

3ameganwme. Jl06yio 3ammch a) — 1) MOXKHO CINTATH OTBETOM.

Crenyrorumii TUTI TPUMEPOB — MOKA3aTEeIbCTBO PABHOCUIILHOCTH IBYX 3a0aH-
HBIX (DOPMYJI C MOMOIIBIO PABHOCHIBHBEIX mpeobpasoBanuii. CyIlecTBYIOT TPHU
OCHOBHBIE CXEMBI PEITIeHNs] TaKUX MpuMepoB. Kaxkmas m3 HUX mpennosaraeT Bbl-
MOJTHEHNE Tepexona K OyJIeBBIM OlepalsaM B UCXOMHBIX (OpPMYyIax.

Haree, IO TEpBOU CXeMe MPENTNoIaraeTcs, HaunHas ¢ JIEBOU (POPMYIIBI, ITPOBe-
CTU LEMTOYKY PABHOCUJIBHBIX TPEOOPA30BAHN, 3aBEPIINB €€ Ha TpaBou (hOpMyIJIe.

Bropas cxema — 3epKajbHOe OTPaxKeHne TIEPBOI.

Tperbs cxema mpennojaraeT TPOBEICHUE MapPaIeIbHBIX IEIOUYeK PaBHO-
CUJIbHBIX ITPeoOpa30BaHUM JIEBOM W MPaBOil GOPMYJ IO TeX IOpP, MOKa B 3TUX
IEMOYKAX He OOHAPYXKUTCS COBIAMEHNE KAKIX-TO 3BEHbEB (OMHOTO 3BEHA JIEBOI
IEMIOYKY C OIHUM 3BEHOM TIPABOIl).

IIpmmep 3. JloxazaTnb, aTO
(1 — z3) (19 — 23) = (11 V 2) — 3.

PEmEHKE. Ilepeiimém K OyJIeBBIM OIEPAIIASIM

(fl V $3)(EQ V $3) =x1 VoV s
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1-a cxema:
3aKOH IIOIJIOLIIEHNS
. . OUCTPUOYTUBHBIN — -\ ~
(561 V 5133)(5132 V 5133) = T1To V 3T V T1T3 V X3 =
3aKOH N e’
38KOH TIOTJIOIICHIIS
o 3aKOH
=T179 V X3 = 1V a9V xs.
ne Moprana
2-9 cxeMa:
- 3aKOH OuCTpuOY TUBHBIN , o
T VIaVTs = T1-TaVas = (T1 V x3)(T2 V x3).
ne Moprana 3aKOH
3-5 cxeMa:
_ _ OUCTPUOYTUBHBIL __ _ _ L
(Il V Iz)(.fQ V xg) = T1To V XoZ9 V X123V T3 = T1T2 V T3,
3aKOH
3aKOH
x1 VoV xs = T1X9 V I3.

ne Moprana

3ameuanme. Crenyer uMeTh B BUOY, YTO CPEOU IPUMEPOB Ha, HOKA3aTEJIb-
CTBO PABHOCUJILHOCTH (GOPMYJ €CTh MPUMEPHI ¢ OTPHUIATEILHBEIM OTBETOM. B
DTOM CJydae HU OOHA M3 CXeM He MPUBOOUT K IoaydeHuio orsera. OmHAKO,
Heyoada IPHU UCIOJIb30BAHUI CXeM 1 — 3 MOXKeT TOBOPHUTL U O HEIOCTATOUHO
BBICOKOI TEXHUKE PaBHOCUIILHBIX ITPeobpa3oBaHuil. B ciayuae HEymauHBIX OIbI-
TOK IIpuMeHeHus cxeM 1 — 3 cienyer mjs obeux ¢GOpMYJI IIOCTPOUTH TaOIAIIBI
nctuaHOCTH. CoOBIameHne CcTOOIOB 3HAYeHUN GopMyI OymeT o3HaYaTh X PaB-
HOCUJIbHOCTD, & HECOBIAOeHIe — HEPABHOCUILHOCTD.

[Tpumenss paBHOCHIBHBIE TPeOOPA30BAHNS, MOKA3aTh CIIEAYIOIIIEe COOTHOIIIE-
HIS:

N.xvVy=z-y; T2.zy=x2Vy, MWB.xr—y=z-y, Tdr—oy=y—T7T,;
75. vy Vay = 1 76. 2V ry = x; 7. x(xVy) = x; 78. xVTy = Vuy;
79. (T V y) = zy; 80. (z —y) Dy=zVy; 81. (x Vy)(z VYY) = x;
82.T7Vy=y — 7; .z ~y=7 ~7; 84. zyVITYyVvVIy =z — vy
85.x — (y — 2) = (x V2)(y V 2); 86. x — (y — 2) =y — (v — 2);

7. zVryVazVayViz=ax —yV z.

[Ipumensiss paBHOCWIIbHBIE TIPEOOPA30BAHUS, IOKA3aTh TOXKIECCTBEHHYIO WC-
TUHHOCTH (POPMYIL:
8.z —-xzVy, 8%zy—=x, 90.T—(r—y); 9L (z—oy)— (TVy);
92. (xVTy) ~ (zVy); 93. (T —vy) — (¥ — x); 94. (T —7) — (y — x)
95. (v — y) V (y — x); 96. (x — y) V (z — V); 97. v — (y — zy);
98. (z — y)r — v; 99. (z — y)y — T; 100. (z V y)T — ;
101. (zVWy)z — 7 (“V V" — anbrepHaTUBHAS MU3BIOHKIUS: (2 VVY) =T ~ 7);

)
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102. (z — y)(y — 2) — (v — 2); 103. (x — (y — 2)) — (zy — 2);
104. (z — 2)(y — 2) — (xVy — 2); 105.(z — 2) — ((y — 2) — (zVy — 2)).
[Tpumensst paBHOCUIBHBIE TPEOOPA30OBAHUS, “YIPOCTUTD :
106. 7y V (v — y)x; 107. (TVy — a2 Vy)y; 108. (z — y)(y — Z);
109. (zVy)(x ~y); 110. (x — y)(y — 2) — (z — x); 111l.xzV2ZVyzVTyz;
112. zy(z — y); 113.zy(x ~vy); 114. (z = 7)(x ~y); 115. (z = 7)V(z Vy).
Crnenyromme (HopMysIbl MPeobpa3’oBaTh TaK, YTOOBI OHU CONEPIKAJN TOIBKO
NS
116. xVy; 117.2 —y;, 118.z~y; 119.2VyVz, 120.x — (y — 2);
121. zV(z ~y); 122.7=gyV(T—7); 123.xWy; 124.27 — (J — z);
125. x Vy — (T — 2).
Crnenyromme (HopMysIbl MPeobpa3’oBaTh TaK, YTOOBI OHU CONEPIKAJN TOIBKO
VAR
126. zy; 127. xyz; 128. = ~ y; 129. z VV y; 130. z(y ~ z2);
131. . ~y ~ z; 132. (x ~ y)(y ~ 2); 133. zy ~ xz.

[IpeobpasoBaTs ciaemytorue GOPMYJIBI TaK, YTOOBI 3HAK OTPUIIAHUS OBITT OT-
HECEH TOJIBKO K MEePEMEHHBIM BBICKA3bIBAHUSIM:
134. T V y; 135. zy V z; 136. 2y V z — TYZ; 137. x — (y — 2);
138. r — y — (T — 2); 139. (x ~ y)(y ~ z).

[IpeobpasoBaTsh GOPMYILI TaK, YTOOBI OHI COMEPKAJIN TOIBLKO omeparmn “V”
WA W_ "
N m "=

140. = ~ y; 141. (z — y) ~ (y — 2); 142. (z ~y) — (y — 2);
143. (x ~ y) — (y ~ 2); 144. (x ~ y)(y ~ 2) — (v ~ 2);
145. (z ~y)V(y ~ 2) = (x ~ y ~ 2); 146. © ~ y ~ z ~ v;

147. (z — y) ~ (z — (x ~ 2)).

§2. JIBOMCTBEHHOCTH B ajire6pe BLICKA3bIBAHUI

[TocTpoenune MBOMCTBEHHBIX (DOPMYJIT OCHOBAHO Ha OOITIeM 1 OYJIEBOM ITPUHIIH-
max OBOVCTBEHHOCTM.

OOt TPUHIUIT OBONCTBEHHOCTH COCTOUT B CJEOVIOIIEM: €C/TH WCXOMHAs
dbopmyna npencrapisgeT coboi TOACTAHOBKY (GoOpMy B (pOpMYyITy, TO OBONCTBEH-
Hasg (HopMyJa — aHAJOTUYHAs TONCTAHOBKA MBOMCTBEHHBIX (POPMYJI B OBOU-
CTBEHHYIO POPMYILY.

IIpumep 4. [IycTs

F(Il,l‘z, 563) = (5131 — 52563) V (331 ~ 563).

HariTu nBoricTBenHyto hopmymny F™.
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PEmEHNE. O6o3HauMM 41 = T1 — Tal3, Yo = X1 ~ T3, Torma F = y; V ys.
Haiiném mBoiicTBeHHBIE (HOPMYIIBI IS TONCTABISIEMBIX GOPMYIT (Y1, Yo) U IJIs
bOPMYIIBI, B KOTOPYIO OCYIIECTBIISIETCSI TIONCTAHOBKA (F):

(561 — fQZEg)* =71 — Tol3 =71 V 93 =

=11 VI9T3 =71 T Ty = fl(fz V .Ig) = El(xg — xg);

(IlNﬂjg)*Efl NTgEfl-fg\/il'igEflfg\/IlZEgE

=T1T3-21 T3 = (Il V Ig)(fl V fg) =T1x3V X1T3 = 11 ~ T3.
[Ipumenum Teneps OOIIUT MPUHIIAI IBONCTBEHHOCT:
* - - — p—
F* =y1 -y = 7112 — w3) (21 ~ T3).

byneB mpuHIUI OBOMCTBEHHOCTU COCTOUT B CJEMyIOIIeM: (OpMyJa, IBOI-
cTBeHHas K OymneBon (opmyrsie mogydaeTcs 3ameronr V Ha A, A Ha V, 0 Ha 1, 1
Ha 0 m coxpaHeHneM CTPYKTYPHI (POPMYIIHI.

IIpmmep 5. HaiiTu dpopmyity, mBONCTBEHHYIO K hopMyTie

(x1 — Taxs) V (21 ~ x3),

IIOJII:3y$ICI> 6yneBbIM HpI/IHLII/IIIOM HBOfICTBeHHOCTI/I.
PEIIEHUE.
0
(21 = Tows) V (21 ~ 23))" = (@1 V Tows) V (1123 VT T3))" =
OBONCTBEHHOCTHU
_ _ . o OUCTPUOY TUBHBIN
=X (SUQ V 5133) . <(£L"1 V 5133)(5131 V 5173)) ! Ey e

3aKOH

= El(xg — xg)(acﬁg V ngl) = fl(l'g — wg)(Il ~ fg).

Haritu nBoiicTBeHHBIE (DOPMYITHI:
148. z(gVz); 149.zyVzz; 150. (x Vy)(zVyz); 151. (xyVyzVzo)(zVyV 2);

152. <y Vz(z Vv y)), 153. TyzVayzVayzVTyz, 154. ((90 Vy)zVz)V xy) v

v ((mVy)z\/x); 155. zy (W\/xyz(a:z\/yz) \/J:_y) (xVyVz).
[IpuMeHNTD 3aKOH OBOMCTBEHHOCTH K CJICMYIOIINM PABHOCHILHOCTSIM:

156. cx =2; 157.2v0=x; 158.zy=yx; 159.2V(yVz)=(xVy)Vz;

160. 7y = T V ¥; 161. z(z Vy) = x; 162.  VTy = x V y;

163. zVaxyVyzVzz=xV 2.
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§3. Hopmanbusie ¢popmer: TH®, KH®, CITH®, CKH®

Hopmasnbabie hopMbr hopMyn aareOpbl BHICKA3BIBAHIH OBIBAIOT TBYX TUIIOB:
MU3BIOHKTUBHBIE I KOHBIOHKTUBHBIC, B KAXKIOM U3 DTHUX THUIIOB BBIOEJICH KJIACC
COBEPIIEHHBIX HOPM.

AsropuT™ MOCTpOEHNs MU3BIOHKTUBHON HOpMasibHO dopmbr ([THD):

1. IlepeiiTu K OYyJIEBBIM OIEPAIIISIM.

2. IlepeiiTu x GopMysle ¢ TECHBIMU OTPUIIAHUSIME, TO €CTb K (GopMyJie, B
KOTOPOI OTPUIIAHUS HAXOMATCS HE BBIIIE, YeM HAJI IMepPEeMEHHBIMI.

3. PackpbITh CKOOKH.

4. IToBTOpSIOIIMECS CaraeMble B3sSTh IO OOHOMY pa3y.

5. [IpruMeHnUTH 3aKOHBI TOTJIOIIEHUS W TIOJTYTIOTJIOIIIEHUS.

IIpmmep 6. Hatitu ITH® dopmyasr

(5131 — IQTg) — (331 ~ 563).

PEIIEHUE.

(Il — wzfg) — (Il ~ xg) = (fl — $2§3) V (a:lacg \/fl fg) =
= (Tg V 5133) VX123V IT1Tyg=21T2 VX123V o123V IT1Tg=
= 2129 V X123V T1T3.

KonboukTusnas sopmanbhas dopma (KH®) — nsoitctennoe mis [THP mo-
HSITUE, TIODTOMY €€ MOXKHO IIOCTPOUTH II0 CXEMe:

f= ()" = (HHD(f7))" = KHD(f).
IIpumep 7. Hatttu KH® dopmymsr
(Il — .Tgfg)(wl ~ xg)

PEINIEHUE.

(71 = 22%3) (21 ~ x3) = (((71 — 22T3) (71 ~ 33))")" =

= (((Tl V 5Ezfg)<$1£€3 VT fg))*) =
= (fl . (5132 \/Tg) V (331 V 5133) . (Tl \/Tg))* =
= <f1£€2 Vx1Z3V 2173V 51563)* = <f1$2 V x173 V Tlajg)* =
= (fl V SUQ)(SUl V fg)(fl V 5133).
CoBeplreHHy 0 TU3BIOHKTUBHYI0 HOpMasbayio dhopmy (CIH®D) moxwO mo-
CTPOUTB, UCIOJIB3YS CIEOYIONINNA aJITOPUTM:
1. IlepeiiTu K OyIeBBIM OMEPATIISIM.

2. IlepeiiTu x GopMysle ¢ TECHBIMU OTPUIIAHUSIME, TO €CTb K (GopMyie, B
KOTOPOU OTPUIIAHUS HAXOMIATCS HE BBIIIE, YeM Hal IepeMEeHHBIMU.
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3. PackpbITh CKOOKM.

4. IloBTOpSIOIIMECS ClTaraeMble B3sTh 110 OMHOMY pa3sy.

5. OmycTuTh TOXIECTBEHHO JIOXKHBIE CllaraeMble, TO €CTh CJaraeMble BUIa:

6. IlomoTHUTE OCTaBIIIMECS CllaraeMble HeMOCTAOININMUI TIePEMEHHBIM.
(IIpumep Ha momosHeHVE (MEPEMEHHBIE T, T, T'3):
..V rrg V... = ...xl(Iz\/fz)fg... = ...Vxl.fog\/Ilfzfg\/...)

7. IloBTOpSIONIMECS ClaraeMble B3SITh IO OIHOMY Pa3y.

IIpumep 8. Haiitu CIIH® dopmyinr

(5131 — 33253) — (331 ~ 563).

PEILIEHUE.

. 2
(561 — Igfg)(ﬂﬁl ~ 5133) =T — Tax3 V (CL‘liL"g V flfg) =

3

€ - (EQ V xg) Vx1r3V T1T3

_ 4 _ __ 6
=11T2 V123V 2103V T1T3 = 11T2 V X123V T1T3 =

_ _ _ _ _ T
= T1X2T3 V 193 V T1T2T3 V T1X9T3 V 193 V T1X2T3 =

= X1X9x3 V 123 V T1X2x3 V T1X2X3 V T1T2X3.
CoBeplIleHHY 0 KOHBIOHKTUBHYIO HOpMasbHyio dhopmy (CKH®) moxwO mo-

CTPOUTH TO CIEMYIOIIEN CXeMe:

IPUHIINIT

f= () = (COHD(f)y =" CKHA(f).

OBONCTBEHHOCTH
IIpumep 9. Haiitu CKH® dopmyibr
(5131 — 33253) — (331 ~ 563).

PEIIEHUE.

(1 — x9T3) — (11 ~ x3) = (((xl — x9T3) V (z123 V f@g))*>* =

= (Il(EQ Vv 5133) V xix3 V flfg)*)* = ((331 V 52333) . (5131 vV 5133) . (Tl V fg))* =

= ((xl V acﬁgacg V T1T3 V fzig)(fl V fg))* = (flfzxg V Ilfg)* =

= <T1§2£IJ3 V 212973 V x@ﬁg)* = (fl V Ty V 5133) (331 V9V Tg)(ﬂ?l V Ty V Tg).

Nzsectro, uro CIH® u CKH® ompenenens hopMy ol OMHO3HAYHO 1, 3Ha-
YNT, UX MOXKHO CTPOUTH IO TabJIUIE UCTUHHOCTU (HDOPMYJILL.

Cxema noctpoenns CIIH® u CKH® no Tabnauile uCTUHHOCTU TPUBEIeHa HII-
xKe it hopMyiibl (r7 — T9T3)(x1 ~ T3).
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T1| T2 | T3 (Il — .Tgfg)(wl ~ xg)
0 0 0 1 — flfo?,
0/]0|1]0 — x3VaaVzTs
0 1 0 1 — T1T2X3
0]1]1]0 — xz1VTaVT3
11001 — xTow3
1 0 1 1 — T1ToX3
111700 — x1VZyV s
1 1 1 1 — T1X9T3
CIIH®: 1223 V 12203 V 1X92X3 V T1XT9x3 V T1X2X3;

CKH®: (331 V x99V Tg)(l‘l V Ty V fg)(fl VoV 5133).

[IpuBecTr K MU3BLIOHKTUBHON HOpMasbHON dopme ([THD):

164. x — (y — 2); 165. 7y V (v — y); 166. (x VyV z)(z — y);
167. (zxVy)(yVz) — (zVz); 168.xz~vy; 169.xVVy;, 170.x~y~ z;
171. (x — y) ~ (z — (y — 2)); 172. (x ~ y)(y ~ 2) — (x ~ 2);

173. (x ~y)(y ~ 2)(z ~ ).

[IpuBecTn K KOHBIOHKTUBHON HOpMasbHOI dopme (KHD):

174. z V yz; 175. zy V yz V Z; 176.  Vyz VITyZ, 177. x — yz;
178. © — yzv; 179. x ~ yz; 180. zy ~ T ¥; 181. z ~ y ~ z;
182. xVy ~x ~ z; 183. z VV (y VV z).

[IpuBenerueM K HOpMaJbHOU (OPME BBIICHUTH, KaKue U3 GOPMYJT SBIISTIOTCS
TOXKJIECTBEHHO UCTUHHBIMU, TOXKIECTBEHHO JIOXKHBIMI, BHITTOJTHUMBIMU:

184. vy — x V y; 185. x Vy — xy; 186. 7y — x7;
187. (r - y)r —xVyVz, 188.zVy—xVz  189. (z — y) — (T — T);
190. (z — 2) = (y = 2) = ((z Vy) — 2)); 191. 7y V 2yz V 2yzZ VT Y Z;

192. 2y VZy ~ (zVy) (T VY).
Tl Kaxkmoit u3 crenyomux hopMyIT HANTH TU3HIOHKTUBHOE U KOHBIOHK THB-

HOE Pa3JIoKeHUe:
193. z V y; 194. zy; 195. z — v; 196. © ~ y; 197. z VV y;

198. © — (y — x); 199. 7y(z — y); 200. x V y — z; 201. xy — 2.
[Tpusectu k cosepiennoir [JTH® (CHHP) cremyrorime hopMyIibt:
202. TV 7; 203. (T — y) — ; 204. x — (y — x); 205. v — (y — 2);
206. (z — y)(y — 2) — (x — 2); 207. (z — y)(y — 2)(z — x);
208. (xVy)(yV z2)(z ~ x); 209. (z — y)(y — 2)(z — v).
[Tpusectn k cosepiennoir KH® (CKH®) caemyrorme dhopmysist:
210. (z — y) = x V7 211. 27 - 7; 212. zy(z — y); 213. v — yz;
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214. zyz; 215. (x Vy)(y — 2)(z ~ x); 216. z Vy — (z — 2);
217. ((z — y) ~ (y — @))z; 218. zVyVz— (xVy)z; 219. zy — 2zv.

[IpuBenenueM K COBEPIIEHHBIM HOPMAJILHBIM (HOpMaM MHOKa3aTh HEPABHO-
CUJIBHOCTB CJIEAYIOIINX (POPMYIT:
220. xVyuzxz — vy 221. 2 — yux ~ v 222. zVyuzxduy;
223.x = (y—2)u(r—y) — 2z 224.xyVzuzx(yVz);, 225 (xr—y)Vz
nrVy— z; 226. (r — y)z ux — yz; 227. (z > y) ~zu (x ~y) — z;
228. (zVy)~zu (z~y)Vz; 229. xy ~ zu (x ~y)z.

Crnemyrormue $hopMyIIbl PA3IOKNATE 10 IEPEMEHHBIM I, I, Z:
230. xy;  231l.xVy;, 232.x; 233, (xVy)(TVY); 234.xyVITyVvVITy.

Onpenenenne. Popmyna [ HA3BIBACTCA JIOTHYCCKAM CJICOCTBHEM (DOPMYII
(mocbtok) fi, ..., fo, ecma f1- fo-o. - fp— F =1

BoisscHuTh, gBisgeTcs au nepsas hopMmysia JIOTHIECKIM CIIEICTBUEM OCTAJIb-
HBIX:
235. y; x — vy, x; 236. ;. — vy, y; 237. 7,0 — vy, y; 238. y; v — v,
T; 239. y; z Vy, T; 240. y; x VV y, x; 241. x — z; 0 — Y, Yy — 2;
242. xVy — 2,0 — 2, Y — 2; 243. z — x50 — Y, Y — Z; 244. x V vy;
rT—Y,y—T, TV 245. T; x ~y,yV z, z; 246. z; x — Y,y VvV 2, x;
247. yVzZ,xVZ,y —>x -2, x; 248. z — y; x — Y, T, 2; 249. 7 — T
T =Y, 1Y, Z =1 250. xVit;x —y,y—2, xVz— yt 251. zt; x — z,
yVz, z—yVit, zVL.

Haiitu Bce (¢ TOUHOCTBIO 0 PABHOCUIILHOCTH) JIOTUYIECKUE CIIECTBUS U3 MO~
CBIJIOK:

252. 1, x — y; 253. T, x ~ y; 254. x, 7Y, x V y; 255. ¢ — (y — 2),
Yy — 2 256. r — (y — 2), y — Z; 257. 0 — y, y — 2; 258. x V),
yVz zVux 259. 2, xVy, zVyV z 260.  — (y — (z — 1)),
r— (y — 2); 26l. 2 — (y — 2), y — (2 = t).

Haiitu Bce (¢ TOYHOCTBIO MO0 PABHOCUIIBHOCTHU) TOCBIIKM, JIOTMIECKUAM CIIeMI-
CTBUEM KOTOPBIX ABIAIOTCS (DOPMYIIHI:
262. x - y; 263. x ~ y; 264. x V y; 265. z — y; 266. xt Vy — x-vy;

267. x -y - 2; 268. (z V) - z; 269. (z — y) - z; 270. x — y - z;
271. 2 — (y — 2).

Onpenestenne. Beison f1, ... , f, = F' Ha3bIBaeTcs MpaBUIbHBIM, eciu Hop-
Mys1a F aBisercs jorudeckuM cienctsueM dopmyia fi, ..., fu.

IoxkaxunTe MPaBUIILHOCTD BBIBOIIOB: _
272.a - b,a=0b; 273.a—bb=a; 274.aVvVb,a=b;, 275.aVVb,a= b
276. aVV b,a = b; 277.a - b,b - c=a — ¢ 278. aVb,a — b= b;
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279.a - b,b - c,c=a;, 280.a—bb—c,a=0b; 28l.aVVba—b=b;

282. aVVb,bVVc= a— c 283.a - b,b —c,c —a= a— bc
BBISCHUTD, IPaBWILHLL JIU CIIEOYIOIINE BLIBOMLL:

284. a — b, b = a; 285.a — b,a = b; 286.a — ba — b= a~b

287.a — bb —a=a~ b 288. a — b,aV b= a; 289. a — b,

b— a,aVb= a-b; 290. a — (b — ¢),(a = b) - ¢c= b — ¢

291.a — (b — ¢),(a = b) - ¢c = a — ¢ 292. a — be,b — ac,

c—ab,aVbVvVc=a-b-c; 293.aVb— c,aVc—bbVc— a,aVbVc=a-b-c.

§4. PesteiHO-KOHTAKTHBIE CXEMBI M CX€MbI M3 (DYyHKITMOHAIIE-
HBIX 3JIEMEHTOB

4.1. 3agauu cuHTE3a

IIpumep 10. IlocTponTs cxemMy MaIIIHBL SK3aMEHATOPA, B KOTOPOH CTYIEHTY
IpemIaraeTcss BOIPOC 1 YeThIPEe BapUaHTa OTBETA Ha HEro, TOJILKO OOUH U3 KO-
TOPBLIX IPABUILHLIN. B ciydae, Korma oTBET IpaBUILHBIN, JO/KHO 3a2KNTATHCS
Tabo “oTBeT BepeH’ .

PEMEHUE. 3akommpyemM HOMepa OTBETOB MOBYXPA3PSOHBIMU IBOMTHBIMI
quncaamu 00, 01, 10, 11. Ctyment

I MAIllTHAa [O/IKHBEI T€HePUPOBATD Cr|Cy | My | My | f
IBYXpaspsIHbe VIPABIISIONINE CHT- 010} 00]1
Hajael. OYHKINS TPOBOMUMOCTH CXe- 0100} 110
MBI 3aIaéTca TabIuIen 0|01 /00
0]0] 1 1 10
Ol 1] 0 010
0110 1 |1
0Ol11 010
01 1 1 10
1701] 0 010
1]0] 0 110
1107 1 0|1
1107 1 1 10
1]11]0 010
1] 11]0 1 10
11 1 010
11 1 1 |1
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Bermuirem u ynpoctum CIITH® dyuakunm f:
f

6162M1M2 V 6102M1M2 V 01€2M1M2 V C1CoM My =
= ?1 (62M2 V CQMQ) Ml V Cl (€2M2 V CQMQ) Ml =
= (ﬁzﬂg V CzMz) (ﬁlﬂl V ClMl) .

(CxeMma mMeeT BUL:

a)
e e,
_IC1 _IM1 _IC2 _IM2

nJjim
6)
] 02 M2 -
C1 | | M1
o _'Cz _'Mz_
] C2 [|/]2 L
_IC1 - —_'M1
| _'Cz _IMz'

Cxema a) IpeAnoITUTETIbHEN CXeMBL 6).

4.2. Anpamms cxem

IIpnmep 11. HaifiTu QyHKIIMIO TPOBOMUMOCTHU CXEMBI

X X
X, -
xl

PEmEHKE. [lpu perrenun 3amat TAKOTO TUIA CIEAYET MOMHUTH, UTO MOCIIE-
NOBaTEIBLHOE COEMMHEHNE Pelle COOTBETCTBYET KOHBIOHKITNN, & IapaJlie/IbHOe —
nu3bIoHKINE. [[oMTe3HBIM SBIISETCS yMEHUE Mpeodpa3oBaTh TOMOJIOTHUIO CXEMBbI
TakK, YTOOBI SIBHO OBLIN BUOHBI TOCTENOBATEIbHBIC U MapajljiebHbIE YUACTKH
cxembl. [IpeobGpasyeM TOMOIOruio cxeMbl (MOGABIEHHBIE YUACTKEA 0G03HAUECHBI
IYHKTUPOM, YAAJsIeMbIe YUACTKI TTIOMEYEHBl “X”):
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F—-—‘xl » X
% xz X ;
) £
X X, i
¥ X,
[Tonmygaem cxemy:
. '“xj
X3
X

Eé dymkmma mpoBonmMocTn 3amaéTces GopMyIIon
1V IV (Tl \/ilfz)fg =11 VITaVIT1T3V 2x3 =21V TV Ts3.

BraunT, 60JIee IpocTas cXeMa UMeeT BULI:

X,

_lxj

3ameuanume. CyIecTBYIOT CXeMbI, B KOTOPBIX TPEOOPA30BaHIE TOMOJIOT Y HE
IPUBOAUT K HYXKHOMY Pe3yabTary (Ul Takoe Ipeobpa3oBaHue TPYIHO MPOBe-
ctu). Hampumep, paccMoTpum cxemy:

X X

d T ®

y R

AHanu3 BCEBO3BMOXKHBIX MyTel MPOXOXKICHUS MO STON CXeMe OT TOUK: 1 Mo
TOYKH 2 MOKa3bIBaeT, UYTO SKBUBAJICHTHAs CXeMa UMeeT CIJIeNYIOLINl BU:
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Yy b 4 X

DYHKIINS TPOBOMUMOCTHU UCXOMHON CXEMBI 3a0aéTCsa (POPMYIION:
TZY V TYZ.

[TpuBeném Tenepsb Mpeobpa30BAHUE TOMOIOTUN CXEMBI (30eCh Oy T N06aBIATHCS
U yOATATHCS HEe TOJILKO MPOBOMHUKI, HO U PEJie):

X n—'—n—-?ng—n—'lx

{y Ty

[Iepeceuenne TPOBOMHUKOB, HE OTMEUYEHHOE YXKUPHON TOUYKOW, O3HAYAET WMX
300 IPYT OT Apyra. M3o00pa3mMm ocTaBIeecss Ha TOCETHEN CXeMe.

X b4 Y
y F4 X
CoCTaBUTh CXEMBI, peaan3yoIue CICAyIone (yHKINT:
294. v — y; 295. © ~ y; 296. © V V y; 297. (x — y)(y — 2);
298. (x — y) = T(y V 2);
299.

_ == O OO O
_ =0 O kO o
—_— O = O = O = Ol
oo, OR RO
SO OO O
RO R R OO S




§4. PemeliHO-KOHTAKTHBIE CXEMBI I CXeMbI U3 (QYHKIIMOHAIBHBIX DJIEMEHTOB223

300. meeTcs omHa jaMIia B JIECCTHUYHOM IIPOJIETE OBYXA3TaxKHOro moma. 1lo-
CTPOUTH CXeMY TakK, 4YTOObI Ha KayKIOM dTaxKe CBOUM BBIKJIIOUATEIEM MOXKHO
OBIJIO TACUTDH U 3aXKUTATh JIAMITYy HE3aBUCUMO OT TOJIOKEHUS OPYTOTO BLIKIIOUA-
TeJs.

301. Ilo ycTaHOBIEHHOMY CUTHAJTY KaKIbIH UTPOK 3aMBIKAET UJTH Pa3MbIKaeT
BBHIKJTIOUATETb, HAXOMSIIIUICS O €r0 yhpaBiieHneM. Fcmm oba memaroT OmHO T
TO e, TO BHIUTPBIBaeT A, B mpoTuBHOM ciiyuae — B. [locTpouTs cxemy Tak,
9TOOBI B C/Iydae BBIUTPHIIIA A 3aXKUTa/Iach JTAMIIOUKA.

302. KomuTeT 13 5 YenoBeK MPUHUMAET PeIleHus OOJIBIITIMHCTBOM T'OJIOCOB.
[TpencenaTent monb3yeTcs mpaBoM “BeTo” . [TocTponTs cxeMy Tak, YTOOBI TOJIO-
COBaHUE IIPOUCXOOMIIO HaxKaTHeM KHOIOK U B CIydae IPUHSITUS PEIIeHUs 3aro-
paJiach JIAMIIOUKA.

303. ITocTpouTh cxemMy, YIPaBIIAIOIIYIO CITYCKOM JII(PTa CO BTOPOTO DTaxXa
Ha TIEPBBINA. Y CIIOBUS, ONpENesIsIonime paboTy audTa, CIemyolme:

— OBepb JaudTa Ha MEPBOM dTaxKe 3aKPLITa,

— OBepb JaudTa Ha BTOPOM 3Taxe 3aKphITa,

— TaccaXup HaXOOUTCS B KabuHe audra,

— KHOIIKa BBI30Ba Ha MEPBOM dTaxKe HaxKaTa,

— KHOIIKa CIIyCKa Ha NEPBBIN 5TaX B KaOWHEe HaxXaTa.

Halitu GyHKIUU TPOBOMUMOCTH CJECOYIOININX CXEM, €CJIU BO3MOXKHO, YIIPO-
CTUTH CXEMBI:

304. 305.

e

306. 307.

x
y —x —] -
G H Ly

] - B y Z-
y 4y
z —% <-
x—Z-
-—y-—z—J. _H
X
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308.

309. 310.

45. IlpemmkaThl, KBAHTOPHI, MHOXECTBA M 0TOOpaXKEH!A
5.1. IIpemukaTsl, KBAHTOPHI, MHOXECTBA

[Ipu perrernu mpuMepoOB Ha MOKA3aTETHCTBO PABHOCUIILHOCTU (DOPMYIT ajIre-
OpBI IPEOUKATOB clemyeT obpalaTh BHIMaHIE Ha CJIEOyIOIIee.

1. O6nacTu onpeneneHnst IPEONKATOB, CTOSIINX CJIeBa 1 CIIpPaBa OT 3HaKa =,
TIOJKHBI COBITAIATh.

2. CBs13aHHasT KBAHTOPOM II€pEMEHHAss MOXKET 0003HAUaThCs JTF0O0I OYKBOI,
TO €CThb

VeP(z) =VyP(y) =VtP(t) = ...

3. OcHOBHBIE PABHOCHIIBHOCTH, COMEPKAIIIe KBAHTOPBI, MMEIOT MeCcTO B 60-
Jlee MIMPOKOM CMBICIIe, UeM OHU OIMMCAHBI B COOTBETCTBYIOIIEN TeopeMe. Hampu-
Mep:

VaVy3dzP(x,y, z) = YyVz3zP(z,y, 2);
VaVyVzP(z,y, z) = V2VaVyP(z,y, 2).

Kaxue u3 crnenyommnx IpeqaoKeHnil SBISIOTCI TpequKaTaMuI’

311. x nemurca Ha 3 (x € N); 312. x menurcd Ha 5; 313. y = 2%, v € R;
314. 22 +z + 1, z € R; 315. 2> + 4> =0, z,y € R; 316. 22 + 4% > 0,
r,y € R; 317. 22 +y> = 2, x,y, 2 € R; 318. x <y, x,y € R; 319. g
Beskoro © € R mannéres y € R Takoi, uro x =y + 1. 320. 2% + ¢ < -2,
x,y € R.

321. Kakwne u3 mpenukaToB B mpuMmepax 311 — 320 ToxmecTBEHHO MCTUHHEI,
TOXKIECTBEHHO JIOXKHBI, HETPUBUAIBHO BBITIOJTHIMBI !

BuineanTh cBOGOMHBIEC TePeMeHHbIe CICAYIONIX IPeIuKaTOB:
322. Vo(z —y = z + (—y), =,y € R); 323. (v,y, z,y € R) —
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— Jz((zA2)A (2 < y), z € R; 324.Vy((y € R, y > 0) — Fz(x = yz, x,2z € R));
325. Vx(JyP(x,y) — Q(x,y, 2)); 326. JuVvd(u,v) — FHP(t, u).

327. U3 mpenukaTos npumepoB 311 — 320 o6pa3oBaTh € TOMOIIBIO KBAHTOPOB
BBICKA3bIBAHUS, HANTH X 3HAUEHUS UCTUHHOCTU.

JTokasaThb Cemyomnme paBHOCUIILHOCTH:
328. VeP(z,y) = JzP(x,y); 329. JxP(z,y) = VaP(z,y);
330. VaVyP(z,y, z) = VyVeP(z,y,z);  331. JodyP(x,y, 2) = JyIzP(x,y, 2);
332. Vz(P(z,y) ANQ(z,y)) = Ve P(x,y) A\VeQ(z,y); 333.3x(P(z,y)VQ(z,y)) =
= dzP(x,y) V IzQ(z, y); 334. Vx(P(x,2) VQ(y, 2)) = VzP(x,2) VQ(y, 2);
335. dx(P(x,2) AN Q(y, 2)) = JzP(z,2) A Qy, 2); 336. JaVyP(x,y,2) —
— YyJzP(z,y,2) = 1.

BBecTu mpennKaTel 1 ¢ MOMOIIBI0 KBAHTOPOB 3allUCATh CIIEMAYIOIINE Opeme-
JIEHUS, C TIOMOIIBIO 3aKOHOB e MopraHa mojlyduTh X OTPUIAHUS:

337. onpenenenune mpemena YMUCIOBOI MOCIEIOBATEILHOCTH;

338. onpenenenne yHmaMeHTaIBbHON 1O KoIK MocienoBaTeIbHOCTH;

339. onpenenenue npenena QyHKIUU B TOUKE;

340. onpeneseHne HEMPEPHLIBHOCTU (DYHKIIUU B TOUKE;

341. onpeneneHne HEIPEPBLIBHON Ha MHTepBaJe PyHKIIAN;

342. onpenesienne paBHOMEPHO HENIPEPBIBHOU HA MHTepBaJie QYHKIINU.

343. [louemy u3 paBHOMEpPHOI HempepbIBHOCTH GyHKIUU Ha (a,b) cremyer
HEIPEPBIBHOCTH GyHKIuu Ha (a,b)?

344. Jloxa3aThb, 9TO CymiecTByOT npenukaTsl @, () u P Takue, 94T0

a) Va(®(x) vV Q(x)) # Vad(z) V VeQ(z);

6) Jz(®(x) A Q(x)) # Fx®(x) A JxQ(x);

B) Vydz P(x) — JaVyP(z) # 1.

345. Kakue u3 cimemyrommmx GOpMYIT TOXKIECTBEHHO NCTUHHBI?

a) Vo (®(z) — P(z)) — (Vad(z) — Ve P(z);

6) Vz(®(x) — P(x)) — (FJxP(x) — JxP(x);

B) Jz(®(z) — P(x)) — (Va®(x) — VaP(z);
) Jx(P ) x);
) Va (P

Y

r (®(x) — P(x)) — (FxP(z) — JzP(

Il (®(z) — P(x)) ~ (F2P(z) — Yz P(x).

OCHOBHBIM THUIIOM TIIPUMEPOB CJEOVIOIIETO MyHKTa sBisercs “IlokaszaTh pa-
BEHCTBO MHOXKECTB, 3aIaHHBIX (hopMyIaMu ajareOpsl MHOKecTB” . PekoMmenmyeT-
cs eper T K popMysiaM ajarebpbl MPequKaTOB, OMPEOESISIOITIM YT MHOXKECTBA,
I BBIYUC/INTH, PABHOCUIILHEI JIN OHU, WJIN, OCTaBasICh B (POpMyIax ajarebpbl MHO-
KECTB, HepeiTu K OysIeBbIM (GopMysIaM ajareOpbl MHOXKECTB U BOCIOJIB30BATHCS
OCHOBHBIMU paBeHCTBaMU OyJIeBOI ajreOpbl MHOXKECTB.
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ITpumep 12. Jlokasats, uto A\(BU C) = (A\B) N (A\C).
PEmEHKE. Ilepeiimém x OyneBbIM opMyJIaM ajarebpbl MHOXKECTB

A\(BUC)=AN(BUC)=AN(BNC) =
= (ANB)N(ANC) = (A\B) N (A\O).

Ocoboe BHUMAHUE CIEMyeT yOEIUTh PEIICHUIO MPUMEPOB, COMEPKAIITIX Ce-
MENCTBA MHOXKECTB, TaK KakK OIepalliy Hal CeMeiCTBAMU MHOXKECTB BBOMSITCS
C TIOMOITTBIO0 KBAHTOPOB.

IIpumep 13. [loka3aTk, 4TO

Am(uBO:LMAm&)
il iel
PEIIEHUE.
:UEAﬂ(IUIBZ) (x € A) A <:U€ UB) (x e AN (Ti(z € By)) =
1€
=Ji((z € A)A(x € By)) =Fi(x (AHB))ExE_UI(AﬂBi).
1€

346. [lokazaTh, 9TO MHOXKECTBO A Bcex UETHBIX UNCET PABHO MHOXKECTBY B
IIeJTBIX YHUCEST, TPEICTABUMBIX B BUAME CYMMBI IBYX HEUETHBIX MEJIBIX UUCEI.

347. Hokaszats, uto MHOXKecTBO A = {7 | * € Z, x memurcs Ha 6} paBHO
muOX)ecTBY B = {x | x € Z, xmenurcs Ha 2, xmenuTcs Ha 3}

348. Hokaszats, uro Z = {x | Im3In(C Z) x = 3m + 5n}.

349. Ilpusectu mpumep Taxux muoxkectB A, B, C, uto A € B, B € C, no

Aé¢C.
350. IIpuBecTu mpumep muoxkecTB A, B, Takux, uto A € Bu A C B.
351. Jlokazars, uroecm Ay C Ay C ... C A, C A, To A=Ay =...=A,.

352. Jloxasarn, utro A C B Torma m TOIbKO Torma, korma A\B = J&.

353. llokasats, uto A = B Torma um TojibKO Torma, korma A A B = &.

Ioka3zaTh paBeHCTBA:
354. A\(BUC) = (A\B) N (A\C); 355. A\(BNC) = (A\B) U (A\C);
356. A\(A\B) = ANDB; 357. (A\B)\C = (A\B)\(B\C); 358. AAB = BAA;
359. AAB)AC=AA(BAC); 360. AN (BAC)=(ANB)A(ANC);
361. AA(AAB) =

362. Brpasuts onepamun U, \ uepes A, N.

363. Brrpasuts omeparun N, \ uepe3 A, U.

364. Bripasuts omepamun U, N, gepe3 A, U.

365. JloxasaTh, 9TO HEIb3s BHIpA3UTh \ uepe3 U u M.

366. [loka3aTh, YTO HEIb3s BRIPA3UTL U uepe3 N u \.
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367. [lycte A = {1;4;5}, B = {2;4;6}. Haittu AU B, AN B, A\B, B\A,
AN B.

368. [lepeuncauTh Bee momMHOKECTBA MHOXKeCTBa { 1; 2; 3}, Bce cobGcTBeHHbIE
HOAMHOXKECTBA.

369. IlokazaTs, uto 247 = 24N28 rme 24 — MHOXKECTBO BCex MOMMHOKECTB
MHOXKeCTBa A.

370. [IycTes nMmeeTcs mOC/IemOBATEBLHOCTD MHOXKECTB A1 D Ay D ... A, D ...

Hokazatb, uto N A, = N _A,, 10 1000l HeOTPAHUIEHHON TOCIeIOBATEb-
neN nireN

HOCTHU HATYDPAIBHBIX THCeT {ng 7.

[IycTh nZ ecTh MHOXKECTBO BCEX HENIBIX UMCENI, NeNAimxcs Ha n. HanTu:

371. nZ N mi; 372. OLjZ ni; 373. oﬁl ni; 374. UPpZ, roe P —
MHOXKECTBO IIPOCTHIX UHUCETT; 375. U [%, 1-— %}, 376. N [—%; 1+ ﬂ
neN neN

377. llycts C([a; b]) — MHOXKECTBO BCEX HEMTPEPBIBHBIX (DYHKIINIT, OIPEIeIéH-
HBIX Ha OTpeske [a; b,

C3([a;0]) = {f € C([a;0]) | f(z) = 3}.
Haiitu U C2([a;0]), N C3([a;b]).

x€[asb] x€[asb]
HokazaTs:
378. BN (u AZ-) — U (BHAZ-); 379. B U (m Ai> e <BUAZ-).
1€l 1€l 1€l el

5.2. OTobpaxeHus

Hamomumm, uto otobpaxenue (dbyukuus) f meficrByioree u3 X B Y, 5T0
tpoiika (X, Y, f), rme X, Y — HemycTble MHOXKECTBA, & f — MPABUIIO, COMOCTA-
BILIOIIIEe KaXKIIOMY SJIEMEHTY X U3 MHOX)ecTBa X sieMeHT f(x) u3 MHOXKeCTBa
Y. PaBencTBO 0TOOpaKeHUin — 5TO PABEHCTBO TPOEK.

HanbombImyto CI0XKHOCTH BBI3BLIBAIOT IMPUMEPBI HA HAXOXKIECHIE KOMITO3UITAN
OTOOpaKEHNU, 3aIaHHBIX TPABUIAMUI, CONEPKAIITIMU PAa3BETBIICHUS.

IIpumep 14. IIycts oTobpaxenus f,g: R — R neficTByOT 1o mpaBuiaMm:
3

o) = { x®  mpu |z| > 1,

—z mpu 7| < L

x npu x > 8,
g(x)=4q 2—a mpu |z| <8,
242 upmz < —8.

Haittu g o f.
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PEmMEHME. Kowmmnosumus — »To MocienoBaTeIbHOE TPUMEHEHIE 0TOOpaXke-
uuit. B mamem mpumepe mepBBIM HeRCTBYeT oToOpaxkeHume f, BTOPBIM — (.
[TosToMy, HYXKHO TPENCTABUTL, UYTO TOJIYUNUTCS U3 OOJTACTH OMpENESIEHMS IO
neticrBueM orobpaxenus f, To ects MuoXkecTBO f(X). [lomyuenHoe MHOXKECTBO
3allaHNeM ¢ pa3duBaeTCs Ha YaCcTH, 0OJIaCThb OMpeNneIeHus OTOOpaXeHus [ ToxkKe
pa3buBaeTCs Ha YaCTH.

[Iepenuiiem oTobpaxkenue f, yOpaB 3HaK MOMIYJIS:

3 mpmax > 1,

fx)=< —z mpu|—1<x<1,
3 mpmax < —1.

Ecmu x € (1;00), To oTobpaxkenue f meficTByeT MO MpaBUIly T 1 MHOXKECT-
Bo (1;00) oTobpaxaercs Bo MHOXkecTBO (1;00). Ha momyueHHOM MHOXKECTBE
IEeNCTBUE OTOOpaXKeHUs ¢ OIpenessieTcsl KaK BepXHell, TaK W CPEeOHEN CTpPO-
Koit. YToOBI YETKO OIpenennTh, KOTOa KaKas CTPOKa NEHCTBYET, UCXOMHOE MHO-
KECTBO pa3o0béM TOUKON x = 2 Ha mBa momMmuoXkecTBa: (1;2] u (2;00). Torma
f((1;2]) = (1;8] m (1;8] meaukoM momamaeT B CPEOHIOIO CTPOKY OMPENETICHIUS
orobpaxenus g, a f((2;00)) = (8;00), 4TO COOTBETCTBYET BEPXHENl CTPOKE
ompenesenns g. TaxuM o6pa3oM, MbI HOIYUAIIN, ITO

x3 npu r € (2;00),
(gof)(x):{g_gg?’ ngxegl;z].)

Ecmu z € [-1;1], o f([—1;1]) = [—1;1], a 9T0 MHOXeCTBO IETUKOM MOMa-
IaeT B CPEIHIO CTPOKY OIMpPEeNeeHus §. 3HAINT,

(gof)(z)=2—(—2x)=2+zmpuz € [-1;1].

Ecmun z € (—oo;—1], To f((—o0;—1)) = (—o00;—1). Ha sToM MHOXKeECTBe
oToOpakeHue ¢ OIpeNesieTCs KaK CBOEH CpemHel, TaK W HUXKHe CTPoKoi. Pa-
300bEM MHOXKECTBO (—00; —1) Ha aBe gactn: (—oo; —2) u [—2; —1). paccMoTpmM
KaKIIyIO U3 9TUX JacTell OTHETHHO.

f((=00; =2)) = (—o00; —8). Ha sTOM MHOXKeCTBe O0TOOpaKEHUE § OMpPEHes-
€TCsI CBOEU HUXKHEN CTPOKOU, 3HAUUT,

(go f)(x) =2+ 2° npm & € (—o0; —2).

f([—2;—1)) = [-8; —1). Ha sToM MHOKeCTBe 0TOGpaKEHNE § OMPENEIIIETCsI
CBOEU CpeNHEN CTPOKOU, 3HAUUT,

(go f)(x) =2 —2° npu x € [-2;—1).
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OKoHYATENTBHO MOy YaeM

3 mpu x € (2;00),

2—2% mpuxe|[-2;,—-1)U(1;2],
242 mpmax € [-1;1],
2+ 2% 1mpux € (—oo; —2).

(go f)(x) =

[Tycts f: X — Y — mpousBonbHoe oTobpaxkenue, B, By, By — mpou3BoIb-
HBIE TIOIIMHOXKECTBa MHOXKecTBa Y. Iloka3aTs, 4TO:
380. f 1 (B1UBy) = fH(B1)Uf ! (Bs); 381. f~1(BiNDBy)
382. fY(Y\B) = X\f1(B); 383. [ 1(B)\By)
384. B C By = f_l(Bl) C f_l(B2>.

385. IIpuBecTn mpumep, MOKA3BIBAIOIINT, UTO UMILINKAIIHS
f'(B1) C f1(By) = B C Bs,

BOOOI1Ie TOBOPSI, HE UMEET MeCTa.
386. [lokazath, utoecizn f: X - Y uw A C X, 1O

fLA)={yeY [Tz(e X) (x € A) N (y = f(2))}.
[Iycts f: X — Y — mpousBonbHoe oTobpaxenne, Ay, Ay — npon3BoOIbHBIE
ITOAMHOXKEeCTBa MHOxKecTBa X . [loka3aThb, 4TO:

387. f(A1U Ag) = f(A1) U f(A); 388. f(A1 N As) C f(A1) N f(As).

389. IIpuBecTu mpumep, MOKA3LIBAIOIINI, UTO BKIIOUECHIE

f(A1) N f(A2) C f(A1 N Ag),

BOOOIIIE TOBOPsI, HE UMEET MECTa.
390. [IoxazaTnb, uTO

= [ (BN H(By);
= Y (B)\f 1 (B);

fLADNf(A2) C f(A1\Ay).

391. [IpuBecTu nmpuMep, TOKA3BIBAIOIINN, YTO BKJTIOUEHIE

FANAz) C f(AD\S(A2),

BOOOI1Ie TOBOPS, HE UMEET MeCTa.
392. [loxaszaThb, 4TO

(A1 C A2) = (f(A1) C f(A2)).

393. IIpuBecTn mpumep, MOKA3BIBAIOIINNI, UTO BKJIIOUCHUE

(f(A1) C f(A2)) = (A1 C A),

BOOOI1Ie TOBOPS, HE UMEET MeCTa.

HokazaTsh, 4TO IJis IPOM3BOJILHOIO MOOMHOXKeCTBa B obiacTtu 3HaYeHuin Y
oTtobpaxenus f : X — Y BBIIOIHSIIOTCS COOTHOIIIEHIS:

394. f(fY(B))=Bn f(X); 395. f1(B)=9o < BN f(X)=2.
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396. JloxaszaTs, 94TO I IPOU3BOJILHOIO IMOAMHOXKeCTBa A obiacTu ompene-
nerust X otobpaxkennus f: X — Y ummeer mecto coorHommenue A C fH(f(A)).

[Mycts f: X — Y, AC X, BCY. llokazaTs, 4TO:
397. f(A)N B = f(AN f~YB)); 398. f(A)NB=2 < AN f4B) =g;
399. f(A)c B AcC fY(B).

[Mycts f: X =Y, 9:Y —-Z, AC X, C C Z. Hoka3zaTb, 4TO:
400. (9o /) "H(C) = fHg 1 (C)); 401 (go [)(A) = g(f(A)).

402. oxazate, uto eciu A C X, B C X, 14 : A — X — orobpaxenue
BrITIOYeHns, T0 i, (B) = AN B.

403. Ilycts f : X - Y, AC X, BCY,g= flas A— Y — cyxeune
otobpaxkenns f Ha A. IlokazaTs, uto g +(B) = AN f~1(B).

Hokazats, uto ecimu [ : X — Y — UHBEKTUBHOE OTOOpaKEHHE, TO I
m00bIx onMuOXKecTB A, Ay, Ay ero obmactu ompemeneHuns X HMEIOT MeCTO
COOTHOITICHUS:

404. f(A1 N Az) = f(A1) N f(A2); 405. f(A\A2) = f(A)\f(A2);
406. A, C Ay & f(A1) C f(Ag); 407. fH(f(A)) = A.

408. [IycTe mist orobpaxenus [ : X — X u o1 HEKOTOPOrO HATYPaILHOTO
yucita n BeIoTHeHO f" = ey. [loka3aTsb, uTo oTOOpaxenue [ OUEKTUBHO.

409. oxazaTh, uTO eciu oToOpaxeHue [ o g UHBEKTUBHO, TO § TaKXKe UHb-
eKTUBHO.

410. Hoka3aTb, 9TO ecim OTOOpaxKeHme f o g CIOPBHEKTUBHO. TO [ Takike
CIOPBEKTUBHO.

411. Ilycts 3amambr mHOXKecTBa A, B, C, D un orobpaxenus f : A — B,
g: B — C,h:C — D. Hoka3arsb, 9T0 eciau oTobpaxenus go f u ho g
OUEeKTUBHBI, TO U oTOOpaxkenus f, g, h OMEeKTUBHEI.

412. I[Tycts 3amansr muoxectBa A, B, C' mw otobpaxenus f : A — B, g: B —
— (', h: C — A. Hokasarb, 4To eciu cpenu oTobpaxkenuit hogo f, go foh,
f o hog mBa ABIAIOTCS NHBEKTUBHBIMU (CIOPHEKTUBHBIMI), 8 TPEThE CIOPBHEK-
TUBHO (MHBEKTUBHO), TO oTO6paxkenus f, ¢, h GUEKTUBHBL.

s cnenyrommux oTobpaxenuit f, g : R — R maiiTn komnosumuu fog, go f.
413.

) 1+x mpmx >0, _J 14z mpmx =1,
f(x)_{l—ac npu z < 0; g()—{ 2r  mpuzx <1

414.

x npu x < 2,
g(x) = { 4‘ |

—x Tpuzx > 2.



§6. PyHKUM aareOpbl JOTUKH 231

415. I[Iycts oTobpaxenue f : R — R meficTByeT mo mpaBumiy

) 1+2 umpmz >0,
f(x)_{l—x npu x < 0.

Hairrn f([0;1]), f([=1;2]), f7([0; 1]), fH([=1;2]).
416. ITycrs samano orobpaxenme f : R — R, rme f(x) = sinz. Haiiru
FO;m), fF((5%))s £ ((=553))s F([0;2)).

417. SIBnsgercs nmu oToOpaKeHme

n—k upuk <n,
n+k mpuk>=n

fon N —=N, fn(k):{

NHBEKTUBHBIM, CIOPBEKTUBHBIM, OMEKTUBHBIM !

[Iycts C(R) — MHOXeCTBO BCEX BEIIECTBEHHBIX HEIPEPHIBHBIX (DYHKIIAL.
[Iposeputs, sBsrorcs nu craenyiomue oroopaxenust F @ C(R) — C(R) unab-
eKTUBHBIM, CIODBEKTUBHBIM, OleKTUBHEIM. HaiiTu o6paTHbIE K HUM C COOTBET-
CTBYIOILIEN CTOPOHBI.

418. [F(f)](x) = f(e"); 419.[F(f)|(z) = /) 420. [F(f))(x) = (2> ~1)f(2);
21, [F(H)() = (2 + 1)f () 422, [P(f)](x) = f(20 — 1)
423. [F()(x) = f¥(x); 424, [F())(2) = f(2).

425. Hanitn xommo3untnio oTobpaxkennit u3 3amad 420, 421, 423 u 424.

§6. @yHKIMU aJre6phl JJOTUKT

HamomumM, uTo 6yneBsr oneparnuu —, A, V o0pa3yioT TOTHYIO CUCTEMY DYHK-
1uit. DTo 03HAYAET, UTO JiIobast HyHKIUS anreOpsl Torukn (<> GyaeBa GyHKIMs)
MOXKeT ObITh 3amaHa GopMyIon Ham —, A, V.

B wactaoctu, z |y =T -y, x Ty=xVy,c Dy =2y V TY.

Ewé onsoit monuoi cucremoit pyukunit ssistercs {0, 1, B, A}. Popmyssr Han
{0,1, ®, &w} waseiBaroT MuOrOwIeHaME ZKeramkuna.

Kanonngeckum mMHOTOUWIeHOM 7KerajaknHa Ha3bIBalOT MHOTOWIeH 2Keraiku-
Ha, B KOTOPOM PACKPBITHI CKOOKU U TIPUBENEHBI TTOOOHEIE.

[Tepemennas x; GyHKIIMN Ha3bIBAETCS PUKTUBHOW, €CIN

flry, o w1, 0w,y xn) = fon, @1, L i, o0 )

[lepemennas z; B Gyukiuu f(xy, ... ,T,) UKTUBHA TOTIA U TOJIBKO TOTMIA, KO-
raa KaHOHUWYIeCKWi MHOrOouwIeH zKerajgkuwaa QyHKIUN f HE COOEPKUT MTEPEMEH-
HOH ;.

426. HaliTu kaHOHWYIECKUE MHOTOWIEHBI zKerajkmHa CIIenyomninX OyaeBbIX
pyHKIIIII:
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Bcex OyneBbix Gyukimit u3 Po(1), P(2); 6) (r1 — x3) ~ (19 ~ x3);
(1 — 3) - (T2 © 73); r) 7123V T2 - Ty x) (z1 ~ z2) — x3;
(10101100) — cronbern 3Hauenuit byuxuuu f B eé Tabmuue; %) (11000100);
(Tl | SUQ) T 3.

427. HaliTu Bce QUK TUBHBIE TIEPEMEHHBIE CITIEAYIONTNX OYIIEBHIX (DYHKITAI:

a
B
e

w
N N

a) T129 V T1T2; 6) T1T2 V T2; B) T1T2 V X1; I‘) (5131 — (SUQ —
—a3)) = (11 = 22) = (11 = 23)); &) (21 — 22) (22 — 73) — (21 — 23));
e) (Cl?l — 372) — (fQ — fl); }K) (5171 — ZEQ) — X1.

428. CKOMBbKO GQYHKIINA COMEPKUTCS BO MHOXKECTBE:
a) Py(n) N P(n); 6) Po(n)UPi(n);  B) By(n)\Pi(n); r) Py(n)NS(n);
n) Py(n)U S(n); e) Po(n)\S(n); x) S(n)\Py(n).

429. Cpenu ¢yuxnuit mpuMepoB 426 u 427 HaWTU Bce QYHKIIUU, BXOMSIIILE:
a) B Py; 6) B P.

430. Kaxue n3 cnenyrormmx GyHKIIUH CAMOIBONCTBEHHEI:

a) (Il — .Tz) — X1T3; 6) (fl V 9 \/El)m \/flwzfg; B) T1T2 D T173 @.IQ.I;),;
I‘) (0001001001100111), ,I[) f(SL’l, Lo, ... ,5132m+1) =1 PT2P®... DB Topi1 DI,
d € {0,1}; e) (x1V za)(x1 V x3) (22 V 23); x) (21 | T1) T 22

431. N3 mecamMonBONCTBEHHONW (GYHKIIUKM [ C ITOMOIIBIO OTOXKIECTBIICHUS TIe-
PEMEHHBIX U OMEePAIN — MOJIYyYINTh KOHCTAHTY:
a) (00111001); 6) (1 | 2) — (21 D x3); B) (x1V T2 V x3) ® T1xom3;
r) x122 V X123 V XXy V T3Ty.

432. Kakue u3 pyukiuit npumepoB 426, 427, 430 MOHOTOHHBI?

433. V3 semoHoTOHHBIX GyHKIUN puMepoB 430 u 431 ¢ mOMOIIIBIO TIONCTA-
HOBKU KOHCTAHT TOJIYYUTH L.

434. Kaxue u3 cnenytorux GyHKIIUA MOHOTOHHBI:
a) r1 — (r2 — x3); 6) (00110111); B) x173 - (21 ® 73);
r) T1x2 D x123 D Tox3 D T1; m) (01100111).

435. Kakue u3 pyukiuit npumepo 426, 427, 430, 434 nuHewHbI?

436. U3 menuHelHbIX QyHKIUN npuMepa 435 ¢ momoriibio KoHCTaHT 0, 1 m
onepamnuy — IOJIy4uTh /\.

437. BeIpasuThb ¢ TMOMOIIBIO CYTEPIIO3UITNIA:

a) A u — uepe3 7, V; 6) V u — uepe3 7, A\; B) A u V uepe3 -, —;
r) — uepes 0, —; n) — uepes 1, ®; e) V uepe3 —; x) 7,V N\, =~
yepes 1; 3) =, V, A\, —, ® ugepes |[; u) | uepes |; K) | uepes 1.

438. JloxazaTh MOTHOTY CHEMYIOITNX CUCTEeM DYHKIINHN CBEIEHIEM K 3aBEIOMO
MIOJTHBIM CUCTEMaM:
a) {z1 1 22}; 6) {z1 | 22}; B) {11 — 72,21 © 22 © 23};
r) {(1011), (1100001100111100)}.

439. C nomortisio TeopeMbr [locTa mpoBepuTh Ha MOTHOTY CIIEMYIOIITHEe CUCTe-
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MbI QYHKITAN:

a) T172, 1 V X; 6) 1 — T2, T1 — TaT3; B) 11T2, T1 ~ T2T3;
1) 0, 1, z1(xs ~ 23) V T (22 B 23); x) -z, (0010), (0101110011100011);
e) 1, 11 @y, (v1 — x2) T (w2 ~ x3), (23 | (21 72)) — Ts; X) 1 — T2, Ty;
3) 102, T1V T, T1 — Tp; M) Ty ~ Ty, Ty, T1 — Ta;  K) 1 — To, 0, 21 ~ Ty;
a) x1 D x9, Ty, M) x1x2 V x1x3 V Tax3, 0, 1; H) T1%2 V x123 V Tox3, T1,
T1 — T2;

440. 3 monubix cucteM npuMepa 439 BeIOEINTH BCe BO3MOXKHBIE 6a3UCHI, TO
€CThb TaKle TOJIHBIE TIONCUCTEMBI, ¥ KOTOPBIX HU OTHA COOCTBEHHAs TOICUCTEMA,
HE SIBJISIETCS TIOJIHOU.

441. JlokasaTb, uTo eciu cuctema (yukiwmit {f1, fo,... , fru} TOmHA, TO U
cuctema yuxumit {f7, f5, ..., f} Takxe momHa.

442. Kaxue n3 clenymomnmx cucteM QYHKIINH SIBISIOTCS 3aMKHY THIMIZ:
a) Pg(].); 6) PQ(Z); B) PQ; 1‘) Poﬂpl; I[) P()UPl; e) P()\Pl.
443. JTokazaThb, 4TO TlepecederHre QYHKITMOHAIBHO 3aMKHY THIX KJTACCOB SIBJIS-

eTCA CI)YHKHI/IOHaJIbHO 3aMKHYTBIM KJIaCCOM.

444. Jloka3aTb, 9YTO €CiIn MHOXKeCTBO M QYHKIIMOHAIILHO 3aMKHY ThII KJIACC,
TO MHOXKeCTBO M™, cocTosiree n3 QyHKINN, TBONCTBEHHBIX K QYHKIIAM 13 M,
TaKXke SBJIIeTCs PYHKIMOHAIBHO 3aMKHYTHIM KJIACCOM.

445. Jlokasatb, uro ecmu M # &, M # P, u [M] = M, to P,\M nesa-

MKHYTO.

446. O6o03naunM uvepe3 M~ MHOXKECTBO MOHOTOHHO YOBIBAIOIIUX OYJIEBBIX
dyuknmii. Jlokazars, uro muoxkectBa M~ u M U M~ He3aMKHYTHI.

447. Jloka3aTh, 9TO IJII MOHOTOHHOCTH (DYHKIIUM, OTJIMYHON OT KOHCTAHTHI,
HEOOXOMUMO M JOCTATOYHO, YTOOBI OHA IPENCTABIIANACH B BHUIE CyIEPIO3UIIIHA
KOHBIOHKINI 1 nu3boHKIm (< f € [V, A]).

448. Ilokasath, uto f € M < f* € M.
449. Hantu M N (PQ\P()), MN (Pz\Pl)

450. K xakoMy HamMEHBIIIEMY YHICTy TeEPEMEHHBIX MOXKHO CBECTU HEMOHOTOH-
HY10 QYHKIIIO C COXpaHEHNEM HEMOHOTOHHOCTH, OTOXKIECTBIISA €€ IepeMeHHbIE !

451. Haiitu P (2)\(PpUPLULUSUM).

452. HaiiTu Bce QYHKIIUM, KOTOPBIE MOYXKHO IOJIYUUTH, OTOXKIECTBIISS TIepe-
MEHHBIE, U3 CIIEMYIONMIX DyHKITAIN:
a) (10010110); 6) (11111101); B) T1T2 V Towg V T1X3;
r) 117273 O Tow3 O 1371 O T2 B 1.
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§7. Mammaa Thropunra

B sToM pasmerne comep:kaTcs 3a0aun OBYX TUIOB:

— TI0 3aJaHHOW MaImHe TBHIOpUHTA HAUTHU Pe3yiIbTaT €€ MPUMEHEHUs K
3a[TAHHOMY CJIOBY U, TO ecThb HaiTu T (u);
— NOCTPOUTH MAIIINHY, PEHIAIONIYI0 JAaHHBIN KJIacC 3a1ad.

[Tpu perrernn 3ama1 BTOPOro TUIA PEKOMEHIYETCS 10 COCTABIIEHUS TTPOTPaM-
MBI MAIIIMHBI, TO €CTh N0 3allOJTHEHUS TaOJIUIILI, 3a0aloIlell TporpaMmy, TIa-
TeJIbHO IPOAYMATh aJITOPUTM, KOTOPBIN OOIXKEH ObITh Peajin30BaH IPOTPAMMOI.
B komie perienust (Korma mporpaMMa coCcTaBjIeHa) He 3a0ynbTe TPUMEHUTD eé
K TECTOBOMY IIPUMEPY.

[To samannoit Marmee 1" ¢ BrentanM anbasutoMm A = {|, A} u croBy u HaiiTn
croBo 1'(u):

453.
q1 q2
— uy =||]]
| A +1|]qg—1 wy —| AN |
Al @0 [Aq+1
454.
41 q2 qs3 ulzm
[ [las+1] [0 [[a+1 us =| AA |
ANla+1]]g+1] |¢0 ug =|| ANANA |

BoisicuuTh, npuMennMa jin Marunaa 1 ¢ BHerHuM ajipasuToM { |, A} K cioBy
U, ¥ B CJIydae TIPUMEHUMOCTU HANTH PE3YIbTAT:

455.
q1 q2
] Wl
AlAg—11]]q +1 2
456.
q1 q2 qs
= A
‘ /\Q1+1 ‘Cﬂ_]- |C_I2+1 51:}|A|}H
ANMAg+1[Ag+1] AgO 2

457. Iloctponts Mamuuy Ko Ham andasutom {|}.
458. [locrpouts Mamuny K7 Han andasutom {a, G}

459. Kakyo GyHKIUIO HATYPaJbHOTO apryMEHTa BBIUHUC/ISIET MAallluHa, 3a-
NaHHas TPOTPaMMON:
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1 q2
1l e+1||gp+1
Al Tg0 | g0

YTOpPOCTUTH 3Ty MAIITUHY.

460. ITocTpouTh MaIIIHY, PACIO3HAIONIYIO YETHOCTH HATYPAIILHOTO ULCIIA.

461. Iloctpouts MamuHy R,,, BEIUYUCISIONIYIO OCTATOK OT IEJICHUS HATY-
PaILHOTO YUCIa Ha M.

462. ITocTpouTh MamuHbl ThIOPUHTA, BEIYUCISIONIIE CeMyIoue QyHKIINT,
3amanuble Ha N X N:
a)r+y;, 6)z+2y;  B)xz-y; 1)’ +3y

463. IlocTpouTh MamuHbl ThIOPUHTA, BEIYUCISIONIIE CAEMYIoe QyHKIINT,
onpenenéuubie Ha N:
Dan 0w fla)={ e

x npux=2n+ 1.

464. [TocTpouts MauHy Ham anbaBuToM { |}, IPUMEHIMYTO K JTIOGOMY CIIOBY

YETHOU NJINHBI U HE TPUMEHUMYIO K CJI0BaM HEYETHON MJTUHLI.

[TocTpouts B andasure {0, 1} mammay 7', paGoTAOIIYIO O MPABUILY:

465. T(1") = 101", n € N, a" ¥ ga

( ea. ..
466. 7(0"1") = (01)", n € N;
467. T(17) = 17012019, n € N;
468. T(1"01") = 101", n,m € N;

1" mpm n > m,

469. T(1"0™) = < (01)" mpu n =m,
0™  mpun <m.
470. Kakyio GyHKIINIO HATYPAJILHOTO apryMEeHTa BBIYUCISeT MaliuHa, 17

a)

q1 q2 q3 q4 ds
| 1] +1]0g3+1|0g5+1|]|qg—1||¢g—1
ANANp+1 NG —1|Ags—1|Ags—1]ANgy+1

6)
q1 q2 q3 q4 g5 q6 qr qs q9
| | Aga+1 | [ga+1 | [g3—1 | [qa+1 | |ge+1 | |g6+1 | Aggs—1 | [gs—1 | [go+1
A Aga+1 | Ags+1 | |qo0 | Ags+1 | Ags—1 | Agr—1 Ago—1 | Aqi+1

471. Kakue omHOMecTHBIE (DYHKIINE HATYPaJbHOTO apryMeHTa B ajipaBuUTe
{|, A} MOPYT BBIYMCIISATH MAIIMHBI, TPOrPAMMBI KOTOPBIX COIEPIKAT TOIBKO KO-
MaHOBL o 1 ¢17
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[To cnoBecnomy ommcanuto Marmue 13, Ty, ... TOCTPOUTH WX TPOTPAMMEI C
BHerHuM ajipasurom {0, 1, A}:

472. T3 — HaunHas C HOCIeOHEN eOUHUIILI MACCUBA, U3 €QUHUI, ‘COBUTAeT’
€ro Ha ONHY SYEWKYy BJIEBO U OCTAHABJINBAETCS Ha TEPBOU €IMHUIIE;

473. T, — npu 3amannom [ > 1 C3Y MaImabl, HAUAB ¢ TPON3BOJILHON TIEHK,
3aITOJTHEHHOW E€MUHUIECH, OBUKETCS BIPABO, HE MEHSIS CONEPIKUMOTO STUEEK, IO
TexX Mop TOoKa He mponnét maccuB u3 [ + 1 mymnsa; C3Y ocranaBaumBaeTcst Ha
CIIeAyIOLIel sTUerKe, ITIOMECTUB Tyla eqUHUILY;

474. Ty — npu 3amanaom [ > 1 C3Y, HauaB ¢ TPOU3BOILHON STUEHKN U JTBU-
rasChb BIIPABO, TPOCTABJIISIET MOAPSII | eMUHUI] U OCTAHABIMBAECTCS HA MTOCIIETHEN
u3 HUX;

475. T — MammHa HaYMHAET PabOTy ¢ KpalHel CJieBa HEMyCTON SYelKn
MIPOU3BOILHOIO CJIOBA, MIPU 3aaHHOM [ > 1 OTBICKHBAET B CJIOBE MEPBBIN CJIeBa
maccuB u3 [ 4+ 1 HyJIS n OCTaHABINBAETCS HA MOCIETHEM U3 HUX (COmEPIKIMOE
STUEEK HE MEHSIETCS );

476. I7 — mauaB pabOTY ¢ caMOU JIEBOU HEMYCTOU STUENKN, MAIITMHA, OTHICKH-
BaeT eNUHUITY, IPUMBIKAIOIIYIO CJIeBa K MIEPBOMY CJIEBA MACCUBY U3 TPEX HYJIEH,
“okammiénnomy” enmuumamu, C3Y ocTaHaBIMBAeTCsS Ha HAWOEHHON e€IUHUIIE
(comepKUMOe STUEEK HE MEHSIETCS );

477. Ty — B ucxomHom siuerike meuyarTaeT HyIb, C3Y coBuraeTcss Ha OIHY
SYENKY BJIEBO U MAIIITHA OCTAHABINBAETCS.

478. Ty — C3Y MaIuHbl COABUTAETCS HA JBE STUCHKU BIPABO OT HAYAJILHOM,
MalllTHa OCTAHABINBAETCS B COCTOSIHUU (), €CIIN DTa STUeiKa COOEPKUT HYJIb, B
COCTOSIHUY (), €CITA DTa STIENKA COMEPIKUT CIUHUILY .

479. Ty — C3Y mnepenBuraercs Ha OOHY SUYEHKY BJIEBO M MalllMHA OCTaHA-
BIINBAETCS;

480. 71, — OTHPABILACH OT HAYAIBLHON STUYEHKN, HAXOMUT TIEPBYIO EIUMHUILY
7 OCTAHABJIMBAETCS HA CIEOYIOIEN 3a HEU sSTYEUKe.

481. Haitnure xommosuruu marus: Ty o T3, Tg o Ty, 111 0 Tyg o Ts. (Marmussr
T3, Ty, ... cm. B mpumepax 472 — 480.)
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