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�à¥¤¨á«®¢¨¥

�§« £ ¥¬ë© ­¨¦¥ ¬ â¥à¨ « ¯à¥¤áâ ¢«ï¥â á®¡®© áãé¥áâ¢¥­­® à áè¨à¥­­ë© ª®­-
á¯¥ªâ «¥ªæ¨©, ç¨â ¥¬ëå  ¢â®à®¬ ­  ä¨§¨ç¥áª®¬ ä ªã«ìâ¥â¥ �à «ìáª®£® �®áã¤ à-
áâ¢¥­­®£® �­¨¢¥àá¨â¥â , ­ ç¨­ ï á 1991 £®¤ . �á­®¢­ ï § ¤ ç  ªãàá  | ¯®§­ ª®-
¬¨âì áâã¤¥­â®¢ { â¥®à¥â¨ª®¢ á ®á­®¢ ¬¨ á®¢à¥¬¥­­®© ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï ¨ ä¨-
§¨ª¨ í«¥¬¥­â à­ëå ç áâ¨æ. �®áª®«ìªã á¯¥æ¨ «¨§ æ¨ï áâã¤¥­â®¢ ¢ �à�� á¢ï§ ­ ,
£« ¢­ë¬ ®¡à §®¬, á ä¨§¨ª®© ª®­¤¥­á¨à®¢ ­­®£® á®áâ®ï­¨ï, ¯¥à¥¤  ¢â®à®¬ áâ®ï« 
­¥¯à®áâ ï § ¤ ç  ¨§«®¦¥­¨ï ¬ â¥à¨ «  ¢ ¤®áâ â®ç­® ª®¬¯ ªâ­®¬ ¨ í«¥¬¥­â à­®¬
¢¨¤¥. � â® ¦¥ ¢à¥¬ï, § ¤ ç¥© ªãàá  ï¢«ï¥âáï ¨§«®¦¥­¨¥ ­ ¡®à  á¢¥¤¥­¨©, ª®â®àë¥
­¥®¡å®¤¨¬® §­ âì, ¢ ­ áâ®ïé¥¥ ¢à¥¬ï, ª ¦¤®¬ã £à ¬®â­®¬ã â¥®à¥â¨ªã, ¤ ¦¥ ­¥ à -
¡®â îé¥¬ã ¢ ¤ ­­®© ®¡« áâ¨. � ¨§¢¥áâ­®¬ á¬ëá«¥, ¤ ­­ë© ªãàá § ¢¥àè ¥â ®¡é¨©
æ¨ª« ¯à¥¯®¤ ¢ ­¨ï â¥®à¥â¨ç¥áª®© ä¨§¨ª¨.

�¢ ­â®¢ ï â¥®à¨ï ¯®«ï ï¢«ï¥âáï, ­  á¥£®¤­ïè­¨© ¤¥­ì, ­ ¨¡®«¥¥ äã­¤ ¬¥­-
â «ì­®© â¥®à¨¥© ¬ â¥à¨¨. � ¯®á«¥¤­¨¥ ¤¥áïâ¨«¥â¨ï ¢ íâ®© ®¡« áâ¨ ¤®áâ¨£­ãâ ¢¯¥-
ç â«ïîé¨© ¯à®£à¥áá, ª®â®àë© á¢ï§ ­ á ¯®áâà®¥­¨¥¬ â®£®, çâ® ­ §ë¢ ¥âáï \áâ ­-
¤ àâ­®© ¬®¤¥«ìî" ç áâ¨æ ¨ ¨å ¢§ ¨¬®¤¥©áâ¢¨©. � â® ¦¥ ¢à¥¬ï, á®®â¢¥âáâ¢ãîé¨©
¬ â¥à¨ « ¥é¥ ­¥ ®ç¥­ì è¨à®ª® ¨§¢¥áâ¥­ §  ¯à¥¤¥« ¬¨ á®®¡é¥áâ¢  «î¤¥©, ­¥¯®áà¥¤-
áâ¢¥­­® à ¡®â îé¨å ¢ ä¨§¨ª¥ ç câ¨æ. � ¤àã£®© áâ®à®­ë, ¨¤¥¨ ¨ ¬¥â®¤ë ª¢ ­â®¢®©
â¥®à¨¨ ¯®«ï ­ è«¨ ®ç¥­ì è¨à®ª®¥ ¯à¨¬¥­¥­¨¥ ¢ â¥®à¨¨ ª®­¤¥­á¨à®¢ ­­®£® á®áâ®ï-
­¨ï, ¨ ¡¥§ §­ ­¨ï á®®â¢¥âáâ¢ãîé¨å ¯à¨­æ¨¯®¢, âàã¤­® íää¥ªâ¨¢­® à ¡®â âì ¢ íâ®©
®¡« áâ¨, ª § «®áì ¡ë ¤®áâ â®ç­® ¤ «¥ª®© ®â ªàã£  ¨­â¥à¥á®¢ â¥®à¨¨ í«¥¬¥­â à­ëå
ç áâ¨æ.

�¬¥¥âáï ¤®áâ â®ç­® ¡®«ìè®¥ ª®«¨ç¥áâ¢® áâ ­¤ àâ­ëå ãç¥¡­¨ª®¢ ª¢ ­â®¢®© â¥-
®à¨¨ ¯®«ï à §­®£® ãà®¢­ï [1] { [12]. �á®¡¥­­®áâìî ¡®«ìè¨­áâ¢  ¨§ ­¨å (ªà®¬¥, ¯®-
¦ «ã©, ¤®¢®«ì­® áâ àëå ª­¨£ [5, 6]) ï¢«ï¥âáï ¯®á«¥¤®¢ â¥«ì­®¥ ¤¥¤ãªâ¨¢­®¥ ¨§«®-
¦¥­¨¥ ¯à¥¤¬¥â  ¢ à ¬ª å ¨¤¥®«®£¨¨, ­ ¨¡®«¥¥ ¡«¨§ª®©  ¢â®à ¬. �â«¨ç¨¥ ¤ ­­®£®
ªãàá  á®áâ®¨â ¢ â®¬, çâ® §¤¥áì ¯à¨­ïâ áª®à¥¥ ¨­¤ãªâ¨¢­ë© ¬¥â®¤, ª®£¤  ®¤­¨ ¨ â¥
¦¥, § ç áâãî, ¢®¯à®áë ¨§« £ îâáï à §«¨ç­ë¬¨ á¯®á®¡ ¬¨. �â® ¢¥¤¥â ª ­¥¨§¡¥¦­ë¬
¯®¢â®à ¬, ­¥ª®â®à®¬ã à §­®¡®î ¢ ®¡®§­ ç¥­¨ïå ¨ â.¯. �¤­ ª®  ¢â®àã ¯à¥¤áâ ¢«ï-
¥âáï, çâ® â ª®© ¯®¤å®¤ ¡®«¥¥ ¯®«¥§¥­ á â®çª¨ §à¥­¨ï §­ ª®¬áâ¢  á à §­®®¡à §¨¥¬
¨¤¥© ¨ ¬¥â®¤®¢, ¨á¯®«ì§ã¥¬ëå ¯à¨ à¥è¥­¨¨¨ à¥ «ì­ëå § ¤ ç. �«ï ¯®­¨¬ ­¨ï ¡®«ì-
è¥© ç áâ¨ ªãàá  âà¥¡ã¥âáï §­ ­¨¥ ®á­®¢ ª¢ ­â®¢®© ¬¥å ­¨ª¨ ¨ áâ â¨áâ¨ç¥áª®© ä¨-
§¨ª¨. �¥ª®â®àë¥ ­ã¦­ë¥ ¯®¤å®¤ë, ­¥ ¨§« £ îé¨¥áï ¢ âà ¤¨æ¨®­­ëå ªãàá å ª¢ ­-
â®¢®© ¬¥å ­¨ª¨ ¨ áâ â¨áâ¨ç¥áª®© ä¨§¨ª¨, ¡ã¤ãâ ®¡áã¦¤¥­ë ¯® å®¤ã ¤¥« .

�à¨ ­ ¯¨á ­¨¨ ¤ ­­ëå «¥ªæ¨©  ¢â®à ¢ ­ ¨¡®«ìè¥© áâ¥¯¥­¨ ®¯¨à «áï ­  ª­¨£¨
[1, 8], ­® ¤®¢®«ì­® ¬­®£® ¬ â¥à¨ «  ¢§ïâ® ¨ ¨§ ¤àã£¨å ¨áâ®ç­¨ª®¢, ª®â®àë¥ ¡ã¤ãâ
æ¨â¨à®¢ âìáï ¯® å®¤ã ¨§«®¦¥­¨ï. � àï¤¥ á«ãç ¥¢, ¬ë áâ à ¥¬áï ¯à®¢®¤¨âì  ­ -
«®£¨¨ á ¨§¢¥áâ­ë¬¨ § ¤ ç ¬¨ â¥®à¨¨ ª®­¤¥­á¨à®¢ ­­®£® á®áâ®ï­¨ï ¨«¨ ¯à¨¢®¤¨âì
¯à¨¬¥àë à¥è¥­¨ï ª®­ªà¥â­ëå § ¤ ç ¨§ íâ®© ®¡« áâ¨, ¡®«¥¥ ¡«¨§ª®© á«ãè â¥«ï¬.
�à¨ íâ®¬ á«¥¤ã¥â ¨¬¥âì ¢ ¢¨¤ã, çâ® ¨ á®¢à¥¬¥­­ ï â¥®à¨ï í«¥¬¥­â à­ëå ç áâ¨æ § -
¨¬áâ¢®¢ «  ¬­®£¨¥ ¨¤¥¨ ¨ ¬¥â®¤ë â¥®à¨¨ ª®­¤¥­á¨à®¢ ­­®£® á®áâ®ï­¨ï, ¨ ®¤­®© ¨§
§ ¤ ç ¤ ­­®£® ªãàá  ï¢«ï¥âáï ¤¥¬®­áâà æ¨ï íâ®£® ¥¤¨­áâ¢  â¥®à¥â¨ç¥áª®© ä¨§¨ª¨.

�¥ª®â®à®© ­¥®¡ëç­®áâìî ªãàá , á¢ï§ ­­®© á ®â¬¥ç¥­­ë¬¨ ¢ëè¥ ¥£® ®á®¡¥­­®-
áâï¬¨, ï¢«ï¥âáï ¤®¢®«ì­® ¡®«ìè®¥ ç¨á«® «¨â¥à âãà­ëå ááë«®ª. �à¨ íâ®¬ ¨¬¥«®áì
¢ ¢¨¤ã, çâ® ­ «¨ç¨¥ ááë«®ª ¯®§¢®«ï¥â ç¨â â¥«î, ¯à¨ ¦¥« ­¨¨, ¯¥à¥©â¨ ª ¡®«¥¥
ã£«ã¡«¥­­®¬ã à áá¬®âà¥­¨î â¥å ¨«¨ ¨­ëå ¢®¯à®á®¢, â¥¬ ¡®«¥¥ çâ® çâ¥­¨¥ ¤ ­­ëå
«¥ªæ¨© ­¥ ¬®¦¥â, ª®­¥ç­®, § ¬¥­¨âì ¨§ãç¥­¨ï ¡®«¥¥ äã­¤ ¬¥­â «ì­ëå ãç¥¡­¨ª®¢.



2

�«¥¤ã¥â, ª®­¥ç­®, ¨¬¥âì ¢ ¢¨¤ã, çâ® íâ¨ «¥ªæ¨¨ ï¢«ïîâáï ¨§«®¦¥­¨¥¬ ¬ â¥à¨ « 
­¥ á¯¥æ¨ «¨áâ®¬ ¨ ¤«ï ­¥ á¯¥æ¨ «¨áâ®¢!

�¥­âà «ì­®© ¨¤¥¥© ªãàá  ï¢«ï¥âáï ¨§«®¦¥­¨¥ ®á­®¢ ª «¨¡à®¢®ç­ëå â¥®à¨© ¢§ -
¨¬®¤¥©áâ¢¨ï í«¥¬¥­â à­ëå ç áâ¨æ ¨ ®á­®¢ \áâ ­¤ àâ­®© ¬®¤¥«¨". � ¬¥â®¤¨ç¥áª®¬
¯« ­¥ ¤®áâ â®ç­® ¯®¤à®¡­® ¨§« £ ¥âáï ¤¨ £à ¬¬­ ï â¥å­¨ª  �¥©­¬ ­ , §­ ç¥­¨¥
ª®â®à®© ¢ëå®¤¨â ¤ «¥ª® §  ¯à¥¤¥«ë â¥®à¨¨ í«¥¬¥­â à­ëå ç áâ¨æ [13],   â ª¦¥
ä®à¬ «¨§¬ äã­ªæ¨®­ «ì­®£® (ª®­â¨­ã «ì­®£®) ¨­â¥£à¨à®¢ ­¨ï, ª®â®àë© â ª¦¥
è¨à®ª® ¨á¯®«ì§ã¥âáï ¢ ­ áâ®ïé¥¥ ¢à¥¬ï ¢ ¤àã£¨å ®¡« áâïå â¥®à¥â¨ç¥áª®© ä¨-
§¨ª¨ [14, 15]. �ë á®§­ â¥«ì­® ®£à ­¨ç¨¢ ¥¬áï íâ¨¬ ã¦¥ ¤®áâ â®ç­® âà ¤¨æ¨®­-
­ë¬ ¬ â¥à¨ «®¬, á®áâ ¢«ïîé¨¬ ®á­®¢ã á®¢à¥¬¥­­®£® ¯®­¨¬ ­¨ï ¢§ ¨¬®¤¥©áâ¢¨©
í«¥¬¥­â à­ëå ç áâ¨æ. � íâ®¬ á¬ëá«¥, ¨§« £ ¥¬ë© ¬ â¥à¨ « ­¥ ­®¢, ¢á¥ íâ¨ à¥§ã«ì-
â âë ¡ë«¨ ¯®«ãç¥­ë ¯à¨¬¥à­® ª á¥à¥¤¨­¥ 70-å £®¤®¢. �ë á®§­ â¥«ì­® ®áâ ¢«ï¥¬ § 
à ¬ª ¬¨ ¨§«®¦¥­¨ï ¡®«¥¥ á®¢à¥¬¥­­ë¥, ­® ¨ ¡®«¥¥ á¯¥ªã«ïâ¨¢­ë¥ ¢®¯à®áë, â ª¨¥,
áª ¦¥¬, ª ª áã¯¥àá¨¬¬¥âà¨ï. �¥¬ ¡®«¥¥ ­¥ ¨§« £ îâáï ¢¥é¨, ¢ëå®¤ïé¨¥ §  à ¬ª¨
á®¡áâ¢¥­­® ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï, â ª¨¥ ª ª áâàã­ë ¨ áã¯¥àáâàã­ë. �®¡áâ¢¥­­®
ä¨§¨ª¥ ç áâ¨æ â ª¦¥ ã¤¥«ï¥âáï ¤®¢®«ì­® ¬ «® ¬¥áâ , ¯à¨¢®¤ïâáï «¨èì ®â¤¥«ì-
­ë¥ ¯à¨¬¥àë à áç¥â  â¥å ¨«¨ ¨­ëå ¯à®áâ¥©è¨å íää¥ªâ®¢, á æ¥«ìî ¨««îáâà æ¨¨
¯à¨¬¥­¥­¨ï ®¡é¨å ¯à¨­æ¨¯®¢ â¥®à¨¨. �®à®è¥¥ ¨§«®¦¥­¨¥ ª®­ªà¥â­ëå ¢®¯à®á®¢
á®¢à¥¬¥­­®© ä¨§¨ª¨ ç áâ¨æ ¬®¦­® ­ ©â¨ ¢ [16] { [17].

� §¡¨¥­¨¥ ªãàá  ­  ¤¢¥ ç áâ¨ ­®á¨â ç¨áâ® â¥å­¨ç¥áª¨© å à ªâ¥à. � ¯¥à¢®© ç -
áâ¨ à áá¬ âà¨¢ ¥âáï « £à ­¦¥¢ ä®à¬ «¨§¬, á¨¬¬¥âà¨¨, ª ­®­¨ç¥áª®¥ ª¢ ­â®¢ ­¨¥
¨ ®á­®¢ë ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¨. �â®à ï ç áâì ¯®á¢ïé¥­  äã­ªæ¨®­ «ì­ë¬
¬¥â®¤ ¬, ª¢ ­â®¢ ­¨î ª «¨¡à®¢®ç­ëå ¯®«¥©, ¬®¤¥«ï¬ ®¡ê¥¤¨­¥­­®£® ®¯¨á ­¨ï
¢§ ¨¬®¤¥©áâ¢¨© í«¥¬¥­â à­ëå ç áâ¨æ,   â ª¦¥ ¡®«¥¥ ¤¥â «ì­®¬ã à áá¬®âà¥­¨î
â¥®à¨¨ ¯¥à¥­®à¬¨à®¢®ª ¨ ­¥¯¥àâãà¡ â¨¢­ëå ¬¥â®¤®¢.

�.�.� ¤®¢áª¨©, �ª â¥à¨­¡ãà£, 2000 £.
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.

� ­ á ­¥â «ãçè¥£® áà¥¤áâ¢  ¤«ï ®¯¨á ­¨ï í«¥¬¥­â à­ëå ç áâ¨æ, ç¥¬ ª¢ ­-
â®¢ ï â¥®àï ¯®«ï. �¢ ­â®¢®¥ ¯®«¥ { íâ®  ­á ¬¡«ì ¡¥áª®­¥ç­®£® ç¨á«  ¢§ ¨¬®¤¥©-
áâ¢ãîé¨å £ à¬®­¨ç¥áª¨å ®áæ¨««ïâ®à®¢. �®§¡ã¦¤¥­¨ï íâ¨å ®áæ¨««ïâ®à®¢ ®â®-
¦¤¥áâ¢«ïîâáï á ç áâ¨æ ¬¨... �á¥ íâ® ®ç¥­ì ¢ ¤ãå¥ XIX áâ®«¥â¨ï, ª®£¤  «î¤¨
¯ëâ «¨áì áâà®¨âì ¬¥å ­¨ç¥áª¨¥ ¬®¤¥«¨ ¢á¥å ï¢«¥­¨©. � ­¥ ¢¨¦ã ¢ íâ®¬ ­¨ç¥£®
¯«®å®£®, ¯®áª®«ìªã «î¡ ï ­¥âà¨¢¨ «ì­ ï ¨¤¥ï ¢ ®¯à¥¤¥«¥­­®¬ á¬ëá«¥ ¢¥à­ . �ãá®à
¯à®è«®£® ç áâ® ®ª §ë¢ ¥âáï á®ªà®¢¨é¥¬ ­ áâ®ïé¥£® (¨ ­ ®¡®à®â). �®íâ®¬ã ¬ë
¡ã¤¥¬ á¬¥«® ¯à¨¡¥£ âì ª à §«¨ç­ë¬  ­ «®£¨ï¬ ¯à¨ ®¡áã¦¤¥­¨¨ ­ è¨å ®á­®¢­ëå
¯à®¡«¥¬.

�.�.�®«ïª®¢. \� «¨¡à®¢®ç­ë¥ ¯®«ï ¨ áâàã­ë", 1987 [24]
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�ã­¤ ¬¥­â «ì­ë¥ ç áâ¨æë.

�à¥¦¤¥ ç¥¬ ¯¥à¥å®¤¨âì ª á¨áâ¥¬ â¨ç¥áª®¬ã ¨§«®¦¥­¨î ¬ â¥à¨ « , æ¥«¥á®®¡à §­®
¯à®¢¥áâ¨ ªà âª¨© ®¡§®à ¬¨à  í«¥¬¥­â à­ëå ç áâ¨æ, ¯à¨­æ¨¯ë ®¯¨á ­¨ï ª®â®à®£® ¨
á®áâ ¢«ïîâ ­ èã £« ¢­ãî § ¤ çã. �à¨ íâ®¬ ¡ã¤¥â ¢¢¥¤¥­  ®á­®¢­ ï â¥à¬¨­®«®£¨ï
ä¨§¨ª¨ í«¥¬¥­â à­ëå ç áâ¨æ, ªà âª® ®¯¨á ­  ¨å ª« áá¨ä¨ª æ¨ï ¨ ®â¬¥ç¥­ë ­¥ª®-
â®àë¥ æ¥­âà «ì­ë¥ ¨¤¥¨, ª®â®àë¥ ¨á¯®«ì§ãîâáï ¯à¨ ®¯¨á ­¨¨ ¨å ¢§ ¨¬®¤¥©áâ¢¨©.
�¤¥áì ¦¥ ã¬¥áâ­® § âà®­ãâì àï¤ ¢®¯à®á®¢, ª®â®àë¥ ¢ ¤ «ì­¥©è¥¬ ¢®®¡é¥ ­¥ ¡ã¤ãâ
®¡áã¦¤ âìáï. �®«¥¥ ¯®¤à®¡­® á íâ¨¬¨ ¢®¯à®á ¬¨ ¬®¦­® ®§­ ª®¬¨âìáï (­  ¢¯®«­¥
í«¥¬¥­â à­®¬ ãà®¢­¥) ¢ ®ç¥­ì å®à®è® ­ ¯¨á ­­ëå ª­¨£¥ [16] ¨ ®¡§®à¥ [21]. �à ©­¥
¯®«¥§­® ¯à®ç¨â âì íâ¨ à ¡®âë ¤® çâ¥­¨ï ®á­®¢­®© ç áâ¨ ¨§« £ ¥¬ëå «¥ªæ¨©! �­ -
«®£¨ç­®© ¯® ¤ãåã ¨ áâ¨«î ¨§«®¦¥­¨ï ï¢«ï¥âáï ¨ ª­¨£  [17]. �  ¬¥­¥¥ í«¥¬¥­â à­®¬
ãà®¢­¥ á ®á­®¢­ë¬¨ à¥§ã«ìâ â ¬¨ á®¢à¥¬¥­­®© íªá¯¥à¨¬¥­â «ì­®© ä¨§¨ª¨ ç áâ¨æ,
â ª¦¥, ª ª ¨ á £« ¢­ë¬¨ ¨¤¥ï¬¨, ¨á¯®«ì§ã¥¬ë¬¨ ¯à¨ ¨å ª« áá¨ä¨ª æ¨¨ ¨ ®¯¨á ­¨¨
¨å ¢§ ¨¬®¤¥©áâ¢¨©, ¬®¦­® ¯®§­ ª®¬¨âìáï ¢ [18, 19, 20].

� â¥ç¥­¨¥ ¬­®£¨å «¥â (®á®¡¥­­® ¢ 50-60 { å £®¤ å,   ¢ ¯®¯ã«ïà­®© «¨â¥à âãà¥ ¨
£®à §¤® ¯®§¦¥) ¡ë«® ¯à¨­ïâ® £®¢®à¨âì ® \ªà¨§¨á¥" ¢ ä¨§¨ª¥ í«¥¬¥­â à­ëå ç áâ¨æ,
ª®âàë© á¢ï§ë¢ «áï ª ª á ®£à®¬­ë¬ (á®â­¨!) ç¨á«®¬ íªá¯¥à¨¬¥­â «ì­® ®âªàëâëå
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áã¡êï¤¥à­ëå ç áâ¨æ, â ª ¨ á âàã¤­®áâï¬¨ â¥®à¥â¨ç¥áª®£® ®¯¨á ­¨ï ¨å ¢§ ¨¬®¤¥©-
áâ¢¨©. �¤­¨¬ ¨§ ­ ¨¡®«¥¥ §­ ç¨â¥«ì­ëå ¤®áâ¨¦¥­¨© á®¢à¥¬¥­­®© ä¨§¨ª¨ ï¢¨«®áì
çà¥§¢ëç ©­®¥ ã¯à®é¥­¨¥ íâ®© § ¯ãâ ­­®© ª àâ¨­ë, ª®â®à®¥ ¨ ¢ëà ¦ ¥âáï ¢ áâ ­-
¤ àâ­®© ¬®¤¥«¨. � ­ áâ®ïé¥¥ ¢à¥¬ï íªá¯¥à¨¬¥­â «ì­® ãáâ ­®¢«¥­®, çâ® ¬¨à ¨á-
â¨­­® í«¥¬¥­â à­ëå ç áâ¨æ 1 ãáâà®¥­ ¤®áâ â®ç­® ¯à®áâ®,   ®á­®¢ë áâà®¥­¨ï ¬ -
â¥à¨¨ ­ ¤¥¦­® ®¯¨áë¢ îâáï â¥®à¥â¨ç¥áª¨ ¢ à ¬ª å â ª¦¥ â¢¥à¤® ãáâ ­®¢«¥­­ëå
¯à¨­æ¨¯®¢ á®¢à¥¬¥­­®© ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï.

� ¨¡®«¥¥ äã­¤ ¬¥­â «ì­ë¬, á®£« á­® à¥«ïâ¨¢¨áâáª®© ª¢ ­â®¢®© â¥®à¨¨, ï¢«ï-
¥âáï ¤¥«¥­¨¥ í«¥¬¥­â à­ëå ç áâ¨æ ­  ä¥à¬¨®­ë ¨ ¡®§®­ë. �ªá¯¥à¨¬¥­â «ì­® ®â-
ªàëâë ¢á¥£® 12 í«¥¬¥­â à­ëå ä¥à¬¨®­®¢ (á® á¯¨­®¬ s = 1=2) ¨ 4 ¡®§®­  (á® á¯¨­®¬
s = 1). �â®, à §ã¬¥¥âáï, ­¥ áç¨â ï á®®â¢¥âáâ¢ãîé¨å  ­â¨ç áâ¨æ. � íâ®¬ á¬ëá«¥
¬¨à ãáâà®¥­ ¤®áâ â®ç­® ¯à®áâ®!

�¥à¬¨®­ë.

�á¥ ¨§¢¥áâ­ë¥ äã­¤ ¬¥­â «ì­ë¥ ä¥à¬¨®­ë (s = 1=2) ¯¥à¥ç¨á«¥­ë ¢ � ¡«¨æ¥ I. �§
¨å á¢®©áâ¢ ¢ íâ®© ¦¥ â ¡«¨æ¥ ãª § ­ «¨èì í«¥ªâà¨ç¥áª¨© § àï¤. �â¨ 12 ä¥à¬¨®­®¢
¤¥«ïâáï ­  3 \¯®ª®«¥­¨ï" 2, ¢ ª ¦¤®¬ ¨§ ª®â®àëå ¨¬¥¥âáï ¯® ¤¢  «¥¯â®­  ¨ ¤¢ 
ª¢ àª  3. � ª ¦¤®£® § àï¦¥­­®£® ä¥à¬¨®­  ¥áâì á¢®ï  ­â¨ç áâ¨æ  á ¤àã£¨¬ §­ -
ª®¬ í«¥ªâà¨ç¥áª®£® § àï¤ . �áâì «¨  ­â¨ç áâ¨æë ã ­¥©âà¨­® á¥©ç á ­¥¨§¢¥áâ­®,
¢®§¬®¦­®, çâ® ®­¨ ï¢«ïîâáï â ª ­ §ë¢ ¥¬ë¬¨ ¨áâ¨­­® ­¥©âà «ì­ë¬¨ ç áâ¨æ ¬¨.

� ¡«¨æ  I. �ã­¤ ¬¥­â «ì­ë¥ ä¥à¬¨®­ë.

�®ª®«¥­¨ï 1 2 3 Q
�¢ àª¨ u c t +2=3

(\¢¥àå­¨¥" ¨ \­¨¦­¨¥") d s b �1=3
�¥¯â®­ë �e �� �� 0

(­¥©âà¨­® ¨ § àï¦¥­­ë¥) e � � �1

�á¥ ®áâ «ì­ë¥ áã¡êï¤¥à­ë¥ ç áâ¨æë ï¢«ïîâáï á®áâ ¢­ë¬¨ ¨ áâà®ïâáï ¨§ ª¢ à-
ª®¢. � ª íâ® ¤¥« ¥âáï ¤®áâ â®ç­® å®à®è® ¨ ¯®¤à®¡­® ®¯¨á ­® ¢ [18, 19] 4 ¨ ¬ë
­¥ ¡ã¤¥¬ ã¤¥«ïâì íâ®¬ã ¢­¨¬ ­¨ï ¢ ¤ «ì­¥©è¥¬. � ¬¥â¨¬ â®«ìª®, çâ® ¨§ âà®¥ª
ª¢ àª®¢ áâà®ïâáï ¡ à¨®­ë, â.¥. ä¥à¬¨®­ë â¨¯  ¯à®â®­ , ­¥©âà®­  ¨ à §­®®¡à §­ëå
£¨¯¥à®­®¢, â®£¤  ª ª ¨§ ¯ à ª¢ àª {  ­â¨ª¢ àª áâà®ïâáï ¬¥§®­ë, â.¥. ¡®§®­ë â¨¯ 

1�áâ¥áâ¢¥­­®, çâ® ¯®¤ ¨áâ¨­­® í«¥¬¥­â à­ë¬¨ ¯®­¨¬ îâáï ç áâ¨æë, ª®â®àë¥ ­  á®¢à¥¬¥­­®¬
ãà®¢­¥ §­ ­¨ï ¨ íªá¯¥à¨¬¥­â «ì­®© â¥å­¨ª¨ ­¥ á®áâ®ïâ ¨§ ¡®«¥¥ í«¥¬¥­â à­ëå á®áâ ¢«ïîé¨å.

2� â¥®à¨¨ ç áâ¨æ áãé¥áâ¢ã¥â ãáâ®ï¢è ïáï â¥à¬¨­®«®£¨ï, ¢ ¤ «ì­¥©è¥¬, ¯à¨ ã¯®âà¥¡«¥­¨¨
á®®â¢¥âáâ¢ãîé¨å â¥à¬¨­®¢ ¬ë ­¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ª ¢ëçª¨. �à¨ íâ®¬, ¢á¥ ¦¥, ­ã¦­® ¯®¤-
ç¥àª­ãâì, çâ® ¢á¥ íâ¨ ¯®­ïâ¨ï ª®­¥ç­® ¦¥ ­¥ ¨¬¥îâ ­¨ª ª®£® ®â­®è¥­¨ï ª ®¡ë¤¥­­®¬ã á¬ëá«ã
â¥å á«®¢, ª®â®àë¬¨ ®­¨, §  ­¥¨¬¥­¨¥¬ «ãçè¥£®, ®¡®§­ ç îâáï.

3�¥¯â®­ë, â ª¨¥ ª ª í«¥ªâà®­ ¨ í«¥ªâà®­­®¥ ­¥©âà¨­®, ¨§¢¥áâ­ë ã¦¥ ¤ ¢­®. � ¯®¯ã«ïà­®© ¨
®¡é¥ä¨§¨ç¥áª®© «¨â¥à âãà¥, ª ª ¯à ¢¨«®, ª¢ àª¨ ¨¬¥­ãîâáï £¨¯®â¥â¨ç¥áª¨¬¨ ç áâ¨æ ¬¨. �â®
­¥¢¥à­®, ®­¨ ¤ ¢­® ¨§ãç îâáï íªá¯¥à¨¬¥­â «ì­®,   ­¥ª¨¥ á®¬­¥­¨ï ¢ ¨å à¥ «ì­®áâ¨ ï¢«ïîâáï
­ á«¥¤¨¥¬ ¨å â¥®à¥â¨ç¥áª®£® \¯à®¨áå®¦¤¥­¨ï" ¨ á¢ï§ ­ë á ­¥¢®§¬®¦­®áâìî ¨å ­ ¡«î¤¥­¨ï ¢
á¢®¡®¤­®© á®áâ®ï­¨¨. (ª®­ä ©­¬¥­â). �ã¦­® ¯®¤ç¥àª­ãâì, çâ® ª¢ àª¨  ¡á®«îâ­® à¥ «ì­ë, ®­¨
ç¥âª® ­ ¡«î¤ îâáï ¢­ãâà¨  ¤à®­®¢ ¢ ¬­®£®ç¨á«¥­­ëå íªá¯¥à¨¬¥­â å ¯à¨ ¢ëá®ª¨å í­¥à£¨ïå.

4� ¨áâ®à¨ç¥áª®¬ ¯« ­¥ ¢®§­¨ª­®¢¥­¨¥ ª¢ àª®¢®© ¬®¤¥«¨ å®à®è® ¯à®á«¥¤¨âì, ç¨â ï áâ àë¥
®¡§®àë [22, 23].
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�-¬¥§®­®¢, K-¬¥§®­®¢ ¨ â.¯. � à¨®­ë ¨ ¬¥§®­ë ®¡ê¥¤¨­ïîâáï ¢ ª« áá ç áâ¨æ, ¨¬¥-
­ã¥¬ëå  ¤à®­ ¬¨ | íâ¨ ç áâ¨æë ãç áâ¢ãîâ ¢® ¢á¥å â¨¯ å ¢§ ¨¬®¤¥©áâ¢¨©, ¨§¢¥áâ-
­ëå ¢ ¯à¨à®¤¥: á¨«ì­®¬, í«¥ªâà®¬ £­¨â­®¬ ¨ á« ¡®¬. �¥¯â®­ë ãç áâ¢ãîâ â®«ìª®
¢ í«¥ªâà®¬ £­¨â­ëå ¨ á« ¡ëå ¢§ ¨¬®¤¥©áâ¢¨ïå. �­ «®£¨ç­ë¥ ç áâ¨æë ¨§ à §­ëå
¯®ª®«¥­¨© ®â«¨ç îâáï â®«ìª® ¯® ¬ áá¥, ¢á¥ ®áâ «ì­ë¥ ª¢ ­â®¢ë¥ ç¨á«  ã ­¨å ¯à®-
áâ® á®¢¯ ¤ îâ. � ¯à¨¬¥à, ¬î®­ � ¢® ¢á¥å ®â­®è¥­¨ïå  ­ «®£¨ç¥­ í«¥ªâà®­ã, ­®
¯à¨¬¥à­® ¢ 200 à § âï¦¥«¥¥, ¯à¨à®¤  íâ®© à §­¨æë ­¥ ¨§¢¥áâ­ . � � ¡«¨æ¥ II ¯à¨-
¢¥¤¥­ë íªá¯¥à¨¬¥­â «ì­ë¥ §­ ç¥­¨ï ¬ áá ¢á¥å äã­¤ ¬¥­â «ì­ëå ä¥à¬¨®­®¢ (¢
í­¥à£¥â¨ç¥áª¨å ¥¤¨­¨æ å),   â ª¦¥ ¢à¥¬¥­  ¦¨§­¨ (¨«¨ á®®â¢¥âáâ¢ãîé¨¥ è¨à¨­ë
à¥§®­ ­á®¢) ¢ á«ãç ¥ ­¥áâ ¡¨«ì­ëå ç áâ¨æ. � ¬ ¦¥ ãª § ­ £®¤ ®âªàëâ¨ï á®®â¢¥â-
áâ¢ãîé¥© ç áâ¨æë 5. �­ ç¥­¨ï ¬ áá ª¢ àª®© (â ª¦¥ ª ª ¨ ¨å ¢à¥¬¥­  ¦¨§­¨) ­¥
á«¥¤ã¥â ¯®­¨¬ âì á«¨èª®¬ ¡ãª¢ «ì­®, ¯®áª®«ìªã ª¢ àª¨ ­¥ ­ ¡«î¤ îâáï ¢ á¢®-
¡®¤­®¬ ¢¨¤¥. �â¨ §­ ç¥­¨ï å à ªâ¥à¨§ãîâ ª¢ àª¨, ­ å®¤ïé¨¥áï £«ã¡®ª® ¢­ãâà¨
 ¤à®­®¢.

� ¡«¨æ  II. � ááë ¨ ¢à¥¬¥­  ¦¨§­¨ äã­¤ ¬¥­â «ì­ëå ä¥à¬¨®­®¢.

�e < 10eV (1956) �� < 170KeV (1962) �� < 24MeV (1975)
e = 0:5MeV (1897) � = 105:7MeV; 210�6s (1937) � = 1777MeV; 310�13s (1975)
u = 5MeV (1964) c = 1300MeV; 10�12s (1974) t = 176GeV; � = 2GeV (1994)
d = 10MeV (1964) s = 150MeV (1964) b = 4:3GeV; 10�12s (1977)

� ­ïâ­®, çâ® ¤«ï ¯®áâà®¥­¨ï ¢á¥£® ®ªàã¦ îé¥£® ­ á ¬¨à , á®áâ®ïé¥£® à¥ «ì­®
¨§  â®¬®¢, â.¥. ï¤¥à ¨ í«¥ªâà®­®¢,   á®®â¢¥âáâ¢¥­­® ¨§ â ª¨å áâ ¡¨«ì­ëå (¨«¨ ®â-
­®á¨â¥«ì­® áâ ¡¨«ì­ëå) ç áâ¨æ, ª ª í«¥ªâà®­, ¯à®â®­, ­¥©âà®­ ¨ ­¥©âà¨­®, ¤®áâ -
â®ç­® ç áâ¨æ â®«ìª® ¨§ ¯¥à¢®£® ¯®ª®«¥­¨ï! � ç¥¬ \­ã¦­ë" ¥é¥ ¤¢  ¯®ª®«¥­¨ï |
­¥¨§¢¥áâ­®, ¤®áâ â®ç ï ã¢¥à¥­­®áâì áãé¥áâ¢ã¥â â®«ìª® ¢ â®¬ ®â­®è¥­¨¨, çâ® ¤àã£¨å
¯®ª®«¥­¨© ¢ ¯à¨à®¤¥ ­¥â.

�¥ªâ®à­ë¥ ¡®§®­ë.

�®¬¨¬®äã­¤ ¬¥­â «ì­ëå ä¥à¬¨®­®¢, ï¢«ïîé¨åáï ®á­®¢­ë¬¨ \ª¨à¯¨ç¨ª ¬¨" ¬ -
â¥à¨¨, ¨§¢¥áâ­ë ¨§ ®¯ëâ  ¥é¥ 4 ¢¥ªâ®à­ëå (s = 1) ¡®§®­ , ï¢«ïîé¨¥áï ¯¥à¥­®áç¨-
ª ¬¨ ®á­®¢­ëå ¢§ ¨¬®¤¥©áâ¢¨©: ¢á¥¬ ¨§¢¥áâ­ë© ä®â®­ 
, £«î®­ g, ­¥©âà «ì­ë©
á« ¡ë© ¡®§®­ Z0 ¨ § àï¦¥­­ë¥ á« ¡ë¥ ¡®§®­ë W� (ï¢«ïîé¨¥áï  ­â¨ç áâ¨æ ¬¨
¤àã£ ¯® ®â­®è¥­¨î ª ¤àã£ã). �á­®¢­ë¥ á¢®©áâ¢  íâ¨å ç áâ¨æ ¯à¨¢¥¤¥­ë ¢ � ¡«¨æ¥
III.

� ¡«¨æ  III. �ã­¤ ¬¥­â «ì­ë¥ ¡®§®­ë, ¨å ¬ ááë ¨ è¨à¨­ë.

�®§®­ 
 (1900) g (1973) Z (1983) W (1983)
� áá  0 0 91:2GeV 80:4Gev
�¨à¨­  0 0 2:5GeV 2:1GeV

�ãçè¥ ¢á¥£® ¨§ãç¥­ë, ¥áâ¥áâ¢¥­­®, ä®â®­ë. �â® à ¤¨®¢®«­ë, á¢¥â, à¥­â£¥­®¢-
áª¨¥ ¨ 
-«ãç¨. � áá  ä®â®­  à ¢­  ­ã«î, â ª çâ® í­¥à£¥â¨ç¥áª¨© á¯¥ªâà á¢®¡®¤­®£®

5�®¤ ®âªàëâ¨ï, ª®­¥ç­®, ®¯à¥¤¥«¥­ ¨­®£¤  ¤®áâ â®ç­® ãá«®¢­®. � ­¥ª®â®àëå á«ãç ïå ãª § ­
£®¤ â¥®à¥â¨ç¥áª®£® ¯à¥¤áª § ­¨ï.
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ä®â®­  (§ ª®­ ¤¨á¯¥àá¨¨) ¨¬¥¥â ¢¨¤ 6: E = ~cjkj. �®â®­ë á E 6= ~cjkj ­ §ë¢ îâáï
¢¨àâã «ì­ë¬¨, ­ ¯à¨¬¥à ªã«®­®¢áª®¥ ¯®«¥ ¢  â®¬¥ ¢®¤®à®¤  á®§¤ îâ ¢¨àâã «ì-
­ë¥ ä®â®­ë á ~

2c2k2 � E2. �áâ®ç­¨ª®¬ ä®â®­®¢ ï¢«ï¥âáï í«¥ªâà¨ç¥áª¨© § àï¤.
�®®â¢¥âáâ¢ãîé ï ¡¥§à §¬¥à­ ï ª®­áâ ­â  ¢§ ¨¬®¤¥©áâ¢¨ï { ¨§¢¥áâ­ ï ¯®áâ®ï­­ ï
â®­ª®© áâàãªâãàë � = e2=~c � 1=137. �á¥ í«¥ªâà®¬ £­¨â­ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï ®¡ã-
á«®¢«¥­ë ®¡¬¥­®¬ ä®â®­ ¬¨. �¥®à¨ï, ®¯¨áë¢ îé ï í«¥ªâà®¬ £­¨â­ë¥ ¢§ ¨¬®¤¥©-
áâ¢¨ï ­ §ë¢ ¥âáï ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª®© (���).

� áá¨¢­ë¥ ¢¥ªâ®à­ë¥ ¡®§®­ë Z ¨ W� ï¢«ïîâáï ¯¥à¥­®áç¨ª ¬¨ ª®à®âª®¤¥©-
áâ¢ãîé¥£® á« ¡®£® ¢§ ¨¬®¤¥©áâ¢¨ï. �¬¥áâ¥ á ä®â®­®¬ ®­¨ ¢å®¤ïâ ¢ ¥¤¨­ãî £àã¯¯ã
í«¥ªâà®á« ¡®£® ¢§ ¨¬®¤¥©áâ¢¨ï. �®®â¢¥âáâ¢ãîé¨¥ ¡¥§à §¬¥à­ë¥ ª®­áâ ­âë ¢§ ¨-
¬®¤¥©áâ¢¨ï �W = g2W=~c � �Z = g2Z=~c � �, â.¥. ¯®àï¤ª  í«¥ªâà®¬ £­¨â­®© ª®­-
áâ ­âë.

�«î®­ë ï¢«ïîâáï ¯¥à¥­®áç¨ª¬¨ á¨«ì­®£® ¢§ ¨¬®¤¥©áâ¢¨ï. �áâ®ç­¨ª ¬¨ £«î-
®­®¢ ï¢«ïîâáï á¯¥æ¨ä¨ç¥áª¨¥ \æ¢¥â®¢ë¥" § àï¤ë. � ¦¤ë© ¨§ 6 á®àâ®¢ ª¢ àª®¢
(¨«¨, ª ª £®¢®àïâ \ à®¬ â®¢") u; d; c; s; t; b áãé¥áâ¢ã¥â ¢ âà¥å æ¢¥â®¢ëå à §­®¢¨¤-
­®áâïå: ªà á­®© r, §¥«¥­®© g, á¨­¥© b. �­â¨ª¢ àª¨ ®¡« ¤ îâ á®®â¢¥âáâ¢ãîé¨¬¨
 ­â¨æ¢¥â ¬¨: �r; �g;�b. �¢¥â  ª¢ àª®¢ ­¥ § ¢¨áïâ ®â ¨å  à®¬ â®¢. �¤à®­ë á®áâ®ïâ ¨§
á¨¬¬¥âà¨ç­ëå ¨«¨ ¯à®â¨¢®¯®«®¦­ëå ¯® æ¢¥âã ª®¬¡¨­ æ¨© ª¢ àª®¢ { ®­¨ \¡¥«ë¥",
¨å æ¢¥â à ¢¥­ ­ã«î. � ãç¥â®¬  ­â¨ç áâ¨æ, ª¢ àª®¢ 12,   á ãç¥â®¬ æ¢¥â  { 36. �® ¤«ï
ª ¦¤®£®  à®¬ â  à¥çì ¨¤¥â ¯à®áâ® ® à §­ëå ¯® æ¢¥âã á®áâ®ï­¨ïå ®¤­®© ç áâ¨æë.
�¢¥â®¢ ï á¨¬¬¥âà¨ï ï¢«ï¥âáï â®ç­®©.

�¢¥â®¢ë¥ á®áâ®ï­¨ï £«î®­®¢ á«®¦­¥¥. �«î®­ ¨¬¥¥â ­¥ ®¤¨­ æ¢¥â®¢®© ¨­¤¥ªá,  
¤¢ . �á¥£® ¨¬¥¥âáï 8 æ¢¥â­ëå £«î®­®¢: 3� �3 = 8 + 1, ®¤­  ª®¬¡¨­ æ¨ï r�r + g�g + b�b
ï¢«ï¥âáï ¡¥«®© ¨ ­¥ ­¥á¥â æ¢¥â®¢®£® § àï¤ . � ®â«¨ç¨¥ ®â í«¥ªâà®¤¨­ ¬¨ª¨, £¤¥
ä®â®­ë í«¥ªâà¨ç¥áª¨ ­¥©âà «ì­ë, £«î®­ë, ª ª ­®á¨â¥«¨ æ¢¥â®¢ëå § àï¤®¢, ¢§ ¨-
¬®¤¥©áâ¢ãîâ ¨ á ª¢ àª ¬¨ ¨ ¬¥¦¤ã á®¡®©, â.¥. ¨§«ãç îâ ¨ ¯®£«®é îâ ­®¢ë¥ £«î®­ë
(\á¢¥âïé¨©áï á¢¥â"). �â  ®á®¡¥­­®áâì ï¢«ï¥âáï ®¤­®© ¨§ ¯à¨ç¨­ ª®­ä ©­¬¥­â  {
¯à¨ ¯®¯ëâª¥ à §¢¥áâ¨ ª¢ àª¨ ¨ £«î®­ë ¨å í­¥à£¨ï ¢®§à áâ ¥â, çâ® ¨ ¯à¨¢®¤¨â
ª ­¥¢ë«¥â ­¨î ª¢ àª®¢. �¥®à¨ï ¢§ ¨¬®¤¥©áâ¢¨ï ª¢ àª®¢ ­ §ë¢ ¥âáï ª¢ ­â®¢®©
åà®¬®¤¨­ ¬¨ª®© (���).

�ã­¤ ¬¥­â «ì­ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï.

� ä¨§¨ª¥ í«¥¬¥­â à­ëå ï áâ¨æ à áá¬ âà¨¢ ¥âáï âà¨ ¢¨¤  ¢§ ¨¬®¤¥©áâ¢¨©: á¨«ì-
­ë¥, í«¥ªâà®¬ £­¨â­ë¥ ¨ á« ¡ë¥. �¥®à¨ï á¨«ì­ëå ¢§ ¨¬®¤¥©áâ¢¨© ®á­®¢ ­  ­ 
ª¢ ­â®¢®© åà®¬®¤¨­ ¬¨ª¥ ¨ ®¯¨áë¢ ¥â ¢§ ¨¬®¤¥©áâ¢¨ï ª¢ àª®¢ ¢­ãâà¨  ¤à®­®¢.
�«¥ªâà®¬ £­¨â­ë¥ ¨ á« ¡ë¥ ¢ §¨¬®¤¥©áâ¢¨ï ®¡ê¥¤¨­ïîâáï ¢ ¥¤¨­ãî áå¥¬ã í«¥ª-
âà®á« ¡®© â¥®à¨¨. �â¨ ¢§ ¨¬®¤¥©áâ¢¨ï å à ªâ¥à¨§ãîâáï ¡¥§à §¬¥à­ë¬¨ ª®­áâ ­-
â ¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï:� = e2=~c; �s = g2=~c; �W = g2W =~c; �Z = g2Z=~c. � ªâ¨ç¥áª¨
¥é¥ ¢ 50-å £®¤ å ¡ë«® ®á®§­ ­®, çâ® � = e2=~c � 1=137 ï¢«ï¥âáï ª®­áâ ­â®© «¨èì

6�®ª  ¬ë ¢ë¯¨áë¢ ¥¬ ¢ ï¢­®¬ ¢¨¤¥ ~ ¨ c, ­® ¢ ¤ «ì­¥©è¥¬ ¬ë ¡ëáâà® ¯¥à¥©¤¥¬ ­  ¥áâ¥áâ¢¥­-
­ãî ¤«ï ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï á¨áâ¥¬ã ¥¤¨­¨æ ~ = c = 1. �¢®©áâ¢  ¨ ¯à ¢¨«  à ¡®âë ¢ â ª®©
á¨áâ¥¬¥ ¯à¥ªà á­® ®¯¨á ­ë ¢ ª­¨¦ª¥ [16]. �®£¤  íâ® ­ã¦­®, ~ ¨ c «¥£ª® ¢®ááâ ­®¢¨âì.
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¯à¨ ­ã«¥¢®¬ (â®ç­¥¥ ®ç¥­ì ¬ «®¬) ª¢ ¤à â¥ ¯¥à¥¤ ¢ ¥¬®£® ¢ à áá¬ âà¨¢ ¥¬®¬ ¯à®-
æ¥áá¥ ¢§ ¨¬®¤¥©áâ¢¨ï (à¥ ªæ¨¨) ¨¬¯ã«ìá  q2. � ªâ¨ç¥áª¨, ¨§-§  ï¢«¥­¨ï ¯®«ïà¨§ -
æ¨¨ ¢ ªãã¬  ¢¥«¨ç¨­  � à áâ¥â á à®áâ®¬ q2 ¨ ¯à¨ ¡®«ìè¨å, ­® ª®­¥ç­ëå q2, ¬®¦¥â
¤ ¦¥ ®¡à â¨âìáï ¢ ¡¥áª®­¥ç­®áâì (¯®«îá � ­¤ ã { �®¬¥à ­çãª ). �®£¤  íâ® à á-
á¬ âà¨¢ «®áì ª ª ¢­ãâà¥­­ïï ¯à®â¨¢®à¥ç¨¢®áâì ���. �®á«¥ á®§¤ ­¨ï ��� ¢ëïá-
­¨«®áì, çâ® �s(q

2), ¢ ¯à®â¨¢®¯®«®¦­®áâì �(q2), áâà¥¬¨âìáï ª ­ã«î ¯à¨ q2 !1, çâ®
á®áâ ¢«ï¥â áãâì ï¢«¥­¨ï â ª ­ §ë¢ ¥¬®©  á¨¬¯â®â¨ç¥áª®© á¢®¡®¤ë. �á¨¬¯â®â¨ç¥-
áª ï á¢®¡®¤  ¯à¨¢®¤¨â ª â®¬ã, çâ® ¯à®æ¥ááë ¢§ ¨¬®¤¥©áâ¢¨ï £«î®­®¢ ¨ ª¢ àª®¢ ­ 
¬ «ëå à ááâ®ï­¨ïå (¡®«ìè¨¥ q2!), å®à®è® ®¯¨áë¢ îâáï â¥®à¨¥© ¢®§¬ãé¥­¨©, ª ª ¨
í«¥ªâà®¬ £­¨â­ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï. �¡®à®â­®© áâ®à®­®©  á¨¬¯®â¨ç¥áª®© á¢®¡®¤ë
ï¢«ï¥âáï ª®­ä ©­¬¥­â, â.¥. à®áâ ¢§ ¨¬®¤¥©áâ¢¨ï ª¢ àª®¢ ¨ £«î®­®¢ ­  ¡®«ìè¨å
à ááâ®ï­¨ïå. �àã¤­®áâ¨ â¥®à¥â¨ç¥áª®£® ®¯¨á ­¨ï ª®­ä ©­¬¥­â  (ã¤¥à¦ ­¨ï ª¢ à-
ª®¢) á¢ï§ ­ë ¨¬¥­­® á ­¥¯à¨¬¥­¨¬®áâìî â¥®à¨¨ ¢®§¬ãé¥­¨© ­  ¡®«ìè¨å (¯®àï¤ª 
à §¬¥à®¢  ¤à®­®¢) à ááâ®ï­¨ïå. �®­áâ ­âë á« ¡®£® ¢§ ¨¬®¤¥©áâ¢¨ï �W ; �Z â ª¦¥
¬¥­ïîâáï á ¯¥à¥¤ ¢ ¥¬ë¬ ¨¬¯ã«ìá®¬ { ¯à¨ à®áâ¥ q2 ®â ­ã«ï ¤® q2 � 100GeV 2, ®­¨
¢®§à áâ îâ (íªá¯¥à¨¬¥­â «ì­®!) ­  1%. � ª¨¬ ®¡à §®¬, á®¢à¥¬¥­­ ï â¥®à¨ï ¨¬¥¥â
¤¥«® á â ª ­ §ë¢ ¥¬ë¬¨ \¡¥£ãé¨¬¨" ª®­áâ ­â ¬¨ á¢ï§¨. � íâ®¬ á¬ëá«¥, áâ àë© ¢®-
¯à®á ® à áç¥â¥ ¢¥«¨ç¨­ë í«¥ªâà¨ç¥áª®£® § àï¤ , ª ª äã­¤ ¬¥­â «ì­®© ª®­áâ ­âë
�à¨à®¤ë, ä ªâ¨ç¥áª¨, ãâà â¨« á¬ëá« { § àï¤ ­¥ ª®­áâ ­â ,   äã­ªæ¨ï å à ªâ¥à-
­®£® à ááâ®ï­¨ï, ­  ª®â®à®¬ à áá¬ âà¨¢ ¥âáï ¢§ ¨¬®¤¥©áâ¢¨¥ ç áâ¨æ. �á«¨ â¥®à¥-
â¨ç¥áª¨ ¯à®íªáâà ¯®«¨à®¢ âì ¤¢¨¦¥­¨¥ ¢á¥å ª®­áâ ­â á¢ï§¨ ¢ áâ®à®­ã ¡®«ìè¨å q2,
â® ®ª §ë¢ ¥âáï, çâ® ¨¬¥¥âáï â¥­¤¥­æ¨ï ª ¯¥à¥á¥ç¥­¨î á®®â¢¥âáâ¢ãîé¨å § ¢¨á¨¬®-
áâ¥© ¢ ®¤­®© â®çª¥ ¯à¨ q2 � 1015 � 1016GeV 2, £¤¥ � � �s � �W � 8

3
1
137

� 1
40
. �â®

¯à¨¢®¤¨â ª ­ ¤¥¦¤ ¬ ­  â®, çâ® ¯à¨ â ª¨å ¡®«ìè¨å q2 áãé¥áâ¢ã¥â ¥¤¨­ ï â¥®à¨ï
í«¥ªâà®á« ¡®£® ¨ á¨«ì­®£® ¢§ ¨¬®¤¥©áâ¢¨ï.

�â ­¤ àâ­ ï ¬®¤¥«ì ¨ ¯¥àá¯¥ªâ¨¢ë.

� ®á­®¢¥ áâ ­¤ àâ­®© ¬®¤¥«¨ í«¥¬¥­â à­ëå ç áâ¨æ «¥¦¨â ¯à¨­æ¨¯ ®â­®á¨â¥«ì-
­®áâ¨ (íª¢¨¢ «¥­â­®áâì ¨­¥àæ¨ «ì­ëå á¨áâ¥¬ ®âáç¥â ). �®®â¢¥âáâ¢¥­­®, ¢á¥ ¯à®-
æ¥ááë áç¨â îâáï à §ë£àë¢ îé¨¬¨áï ¢ ç¥âëà¥å¬¥à­®¬ ¯à®áâà ­áâ¢¥ { ¢à¥¬¥­¨
�¨­ª®¢áª®£®: (x; y; z; t) = (r; t). � ááâ®ï­¨¥ ¬¥¦¤ã ¤¢ã¬ï â®çª ¬¨ (á®¡ëâ¨ï¬¨)
A ¨ B ¢ íâ®¬ ¯à®áâà ­áâ¢¥ ®¯à¥¤¥«ï¥âáï ç¥âëà¥å¬¥à­ë¬ ¨­â¥à¢ «®¬: s2AB =
c2(tA � tB)

2 � (xA � xB)
2 � (yA � yB)

2 � (zA � zB)
2. �­â¥à¢ « s2AB � 0 ¤«ï ¯à¨-

ç¨­­® á¢ï§ ­­ëå á®¡ëâ¨© (¢à¥¬¥­¨¯®¤®¡­ë© ¨­â¥à¢ «), ¥á«¨ ¦¥ â®çª¨ à §¤¥«¥­ë
¯à®áâà ­áâ¢¥­­® ¯®¤®¡­ë¬ ¨­â¥à¢ «®¬ s2AB < 0, â® ®­¨ ­¥ ¬®£ãâ ¡ëâì ¯à¨ç¨­­®
á¢ï§ ­ë.

� ®á­®¢¥ â¥®à¨¨ «¥¦¨â ª®­æ¥¯æ¨ï «®ª «ì­®£® ª¢ ­â®¢®£® ¯®«ï | ª®¬¬ãâ â®àë
¯®«¥© ¢ â®çª å, à §¤¥«¥­­ëå ¯à®áâà ­áâ¢¥­­® ¯®¤®¡­ë¬ ¨­â¥à¢ «®¬ ¢á¥£¤  à ¢­ë
­ã«î: [ (xA);  (xB)] = 0 ¯à¨ s2AB < 0, çâ® ®§­ ç ¥â ­¥§ ¢¨á¨¬®áâì á®®â¢¥âáâ¢ãî-
é¨å ¯®«¥©. � áâ¨æë ( ­â¨ç áâ¨æë) à áá¬ âà¨¢ îâáï ª ª ª¢ ­âë (¢®§¡ã¦¤¥­¨ï)
á®®â¢¥âáâ¢ãîé¨å ¯®«¥©. �§ á ¬ëå ®¡é¨å ¯à¨­æ¨¯®¢ à¥«ïâ¨¢¨áâáª®© ¨­¢ à¨ ­â­®-
áâ¨ ¨ ãáâ®©ç¨¢®áâ¨ ®á­®¢­®£® á®áâ®ï­¨ï á¨áâ¥¬ë ¯®«¥© á«¥¤ã¥â äã­¤ ¬¥­â «ì­ ï
â¥®à¥¬  ® á¢ï§¨ á¯¨­  ¨ áâ â¨áâ¨ª¨ { ç áâ¨æë á ¯®«ãæ¥«ë¬ á¯¨­®¬ ¯à¥¤áâ ¢«ïîâ
á®¡®© ä¥à¬¨®­ë,   çáâ¨æë á æ¥«ë¬ á¯¨­®¬ { ¡®§®­ë. � ¯à¨­æ¨¯¥, ¡®§®­ë ¢á¥£¤ 
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¬®¦­® ¬ëá«¨âì \á®áâ ¢«¥­­ë¬¨" ¨§ ä¥à¬¨®­®¢, ¢ íâ®¬ á¬ëá«¥ ä¥à¬¨®­­ë¥ ¯®«ï
\¡®«¥¥ äã­¤ ¬¥­â «ì­ë".

�á­®¢®¯®« £ îéãî à®«ì ¢ â¥®à¨¨ ¨£à îâ ¯à¨­æ¨¯ë á¨¬¬¥âà¨¨. �®¬¨¬® ã¦¥
ã¯®¬ï­ãâ®© à¥«ïâ¨¢¨áâáª®© ¨­¢ à¨ ­â­®áâ¨, ¢ á®¢à¥¬¥­­®© â¥®à¨¨ à áá¬ âà¨¢ -
¥âáï æ¥«ë© àï¤ â®ç­ëå ¨ ¯à¨¡«¨¦¥­­ëå á¨¬¬¥âà¨© (£àã¯¯ á¨¬¬¥âà¨¨), ª®â®àë¥
á«¥¤ãîâ ¨§ ®¡è¨à­®£® íªá¯¥à¨¬¥­â «ì­®£® ¬ â¥à¨ «  ¯® ª« áá¨ä¨ª æ¨¨ ç áâ¨æ
¨ ¨å ¢§ ¨¬®¤¥©áâ¢¨ï¬. �¨¬¬¥âà¨¨ â¥á­® á¢ï§ ­ë á á®®â¢¥âáâ¢ãîé¨¬¨ § ª®­ ¬¨
á®åà ­¥­¨ï (â¥®à¥¬  �¥â¥à), â ª¨¬¨ ª ª § ª®­ë á®åà ­¥­¨ï í­¥à£¨¨ { ¨¬¯ã«ìá ,
¬®¬¥­â , à §«¨ç­ëå § àï¤®¢. �à¨­æ¨¯ «®ª «ì­®© ª «¨¡à®¢®ç­®© á¨¬¬¥âà¨¨ ï¢«ï-
¥âáï ª«îç¥¢ë¬ ¯à¨ ¯®áâà®¥­¨¨ â¥®à¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï í«¥¬¥­â à­ëå ç áâ¨æ. � -
ª®­¥æ, ï¢«¥­¨¥ á¯®­â ­­®£® ­ àãè¥­¨ï á¨¬¬¥âà¨¨ (ä §®¢ë© ¯¥à¥å®¤ ¢ ¢ ªãã¬¥)
¢¥¤¥â ª ¬¥å ­¨§¬ã £¥­¥à æ¨¨ ¬ áá ¤«ï ¨áå®¤­® ¡¥§¬ áá®¢ëå ç áâ¨æ (¬¥å ­¨§¬
�¨££á )7. �®«ìè ï ç áâì «¥ªæ¨© ¯®á¢ïé¥­  ¯®¤à®¡­®© à áè¨äà®¢ª¥ íâ¨å, ¨ àï¤ 
¯®á«¥¤ãîé¨å, § ï¢«¥­¨©.

� ®á­®¢¥ áâ ­¤ àâ­®© ¬®¤¥«¨ «¥¦¨â íªá¯¥à¨¬¥­â «ì­® ãáâ ­®¢«¥­­ ï «®ª «ì-
­ ï ª «¨¡à®¢®ç­ ï á¨¬¬¥âà¨ï, ®¯¨áë¢ ¥¬ ï £àã¯¯®© SU (3)c 
 SU (2)W 
 U (1)Y .
�¤¥áì SU (3)c { á¨¬¬¥âà¨ï á¨«ì­®£® æ¢¥â®¢®£® ¢§ ¨¬®¤¥©áâ¢¨ï ª¢ àª®¢ ¨ £«î®­®¢,
  SU (2)W 
U (1)Y ®¯¨áë¢ ¥â í«¥ªâà®á« ¡ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï. � ­¥­ àãè¥­­®© á¨¬-
¬¥âà¨¨ ¢á¥ ä¥à¬¨®­ë ¨ ¢¥ªâ®à­ë¥ ª «¨¡à®¢®ç­ë¥ ¡®§®­ë ¡¥§¬ áá®¢ë. � à¥§ã«ìâ â¥
á¯®­â ­­®£® ­ àãè¥­¨ï á¨¬¬¥âà¨¨ SU (2)W 
U (1)Y , ¡®§®­ë { ¯¥à¥­®áç¨ª¨ á« ¡®£®
¢§ ¨¬®¤¥©áâ¢¨ï áâ ­®¢ïâáï ¬ áá¨¢­ë¬¨,   ä®â®­ ®áâ ¥âáï ¡¥§¬ áá®¢ë¬. �®«ãç îâ
¬ ááë ¨ «¥¯â®­ë (ªà®¬¥ ­¥©âà¨­®?)8. �«¥ªâà¨ç¥áª¨ ­¥©âà «ì­®¥ å¨££á®¢® ¯®«¥
®¡« ¤ ¥â ­¥­ã«¥¢ë¬ ¢ ªãã¬­ë¬ áà¥¤­¨¬ (¢ ªãã¬­ë© ¡®§¥ { ª®­¤¥­á â). �¢ ­âë
íâ®£® ¯®«ï (\å¨££áë") { áª «ïà­ë¥ ç áâ¨æë á® á¯¨­®¬ s = 0, ¯®ª  çâ® ­¥ ®¡­ àã-
¦¥­ë íá¯¥à¨¬¥­â «ì­®. � ¤ ç  ¨å ®¡­ àã¦¥­¨ï áâ®¨â ­  ¯®¢¥áâª¥ ¤­ï íªá¯¥à¨¬¥­-
â®¢ ­  ­®¢®¬ ¯®ª®«¥­¨¨ áâà®ïé¨åáï ãáª®à¨â¥«¥©. �à ªâ¨ç¥áª¨ ­¥â á®¬­¥­¨©, çâ®
\å¨££áë" ¡ã¤ãâ ®âªàëâë, ­® ¤¥«® ®á«®¦­ï¥âáï ¢¥áì¬  ­¥®¯à¥¤¥«¥­­ë¬¨ ®æ¥­ª ¬¨
¨å ¬ áá. �®«ìè¨­áâ¢® ®æ¥­®ª ¤ ¥â «¨èì £àã¡ë¥ ­¥à ¢¥­áâ¢  â¨¯ : mZ < mh < 2mZ
9. �ãé¥áâ¢ã¥â ¨­â¥à¥á­ë© ¢ à¨ ­â, ª®£¤  \å¨££áë" ¬®£ãâ ®ª § âìáï á®áâ ¢«¥­­ë¬¨
¨§ ä¥à¬¨®­®¢ áâ ­¤ àâ­®© ¬®¤¥«¨, ­® ®­ ®áâ ¥âáï ¤®¢®«ì­® ¯«®å® à §à ¡®â ­­ë¬.
� æ¥«®¬ { ¯à®¡«¥¬  ®¡­ àã¦¥­¨ï å¨££á®¢áª¨å ç áâ¨æ ®áâ ¥âáï ¯à®¡«¥¬®© ­®¬¥à
®¤¨­ á®¢à¥¬¥­­®© íªá¯¥à¨¬¥­â «ì­®© ä¨§¨ª¨ í«¥¬¥­â à­ëå ç áâ¨æ. �¥ à¥è¥­¨¥
§ ¢¥àè¨â íªá¯¥à¨¬¥­â «ì­®¥ ¯®¤â¢¥à¦¤¥­¨¥ áâ ­¤ àâ­®© ¬®¤¥«¨.

�ëè¥ ã¦¥ ®â¬¥ç «®áì, çâ® áâ ­¤ àâ­®© ¬®¤¥«¨ (¤ ¦¥ á ãç¥â®¬ â®«ìª® ¯¥à¢®£®
¯®ª®«¥­¨ï äã­¤ ¬¥­â «ì­ëå ä¥à¬¨®­®¢) ã¦¥ ¤®áâ â®ç­® ¤«ï ¯®«­®£® ¯®­¨¬ ­¨ï
â®£®, ª ª \ãáâà®¥­" ®ªàã¦ îé¨© ­ á ¬¨à, á®áâ®ïé¨© ¨§  â®¬®¢ ¨ ï¤¥à. �ëå®¤ë § 
à ¬ª¨ áâ ­¤ àâ­®© ¬®¤¥«¨ ­®áïâ ¤® á¨å ¯®à ¤®áâ â®ç­® á¯¥ªã«ïâ¨¢­ë© å à ªâ¥à.
�ãé¥áâ¢ã¥â æ¥«ë© àï¤ ¬®¤¥«¥© ¢¥«¨ª®£® ®¡ê¥¤¨­¥­¨ï, ¢ ª®â®àëå ¢ à ¬ª å ¥¤¨-
­®© £àã¯¯ë á¨¬¬¥âà¨¨ ®¯¨áë¢ îâáï ¬ã«ìâ¨¯«¥âë ª¢ àª®¢ ¨ «¥¯â®­®¢. �â  á¨¬-
¬¥âà¨ï, ¯à¥¤¯®«®¦¨â¥«ì­®, ï¢«ï¥âáï â®ç­®© ¢ ®¡« áâ¨ ¯¥à¥¤ ¢ ¥¬ëå ¨¬¯ã«ìá®¢
(à ááâ®ï­¨©) ¯®àï¤ª  q2 � 1015 � 1016GeV 2, £¤¥, ª ª ®â¬¥ç¥­® ¢ëè¥, ¯à¨¬¥à­®
áà ¢­¨¢ îâáï ª®­áâ ­âë ¢á¥å ¢§ ¨¬®¤¥©áâ¢¨©. �ªá¯¥à¨¬¥­â «ì­ ï ¯à®¢¥àª  ¬®¤¥-
«¥© ¢¥«¨ª®£® ®¡ê¥¤¨­¥­¨ï ¢¥áì¬  § âàã¤­¨â¥«ì­ , ¯®áª®«ìªã ¯àï¬ë¥ íá¯¥à¨¬¥­âë

7�¥å ­¨§¬ �¨££á  ¢ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï ï¢«ï¥âáï ¯àï¬ë¬  ­ «®£®¬ íää¥ªâ  �¥©áá­¥à  ¢
â¥®à¨¨ á¢¥àå¯à®¢®¤¨¬®áâ¨ �¨­§¡ãà£  { � ­¤ ã.

8�®¯à®á ® ¬ áá¥ ­¥©âà¨­® ®áâ ¥âáï ®âªàëâë¬, ¢®§¬®¦­®, çâ® ®­  ­¥ ­ã«¥¢ ï, ­® ®ç¥­ì ¬ «¥­ì-
ª ï (áãé¥áâ¢¥­­® ¬¥­ìè¥ ¬ ááë í«¥ªâà®­ ).

9�  ¢£ãáâ¥ 2000 £®¤  ¯®ï¢¨«¨áì ¯à¥¤¢ à¨â¥«ì­ë¥ ¤ ­­ë¥ ¨§ CERN ® ­ ¡«î¤¥­¨¨ å¨££á®¢áª®©
ç áâ¨æë á ¬ áá®© ¯®àï¤ª  115 GeV .
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¢ ãª § ­­®© ®¡« áâ¨ í­¥à£¨© ¢àï¤ { «¨ ª®£¤  { «¨¡® ¡ã¤ãâ ¤®áâã¯­ë ç¥«®¢¥ç¥áâ¢ã.
�¤¨­áâ¢¥­­ë¬ ¯à®¢¥àï¥¬ë¬, ¢ ¯à¨­æ¨¯¥, ¯à¥¤áª § ­¨¥¬ íâ¨å ¬®¤¥«¥© ï¢«ï¥âáï
à á¯ ¤ ¯à®â®­ , ­®, ­¥á¬®âàï ­  ¨­â¥­á¨¢­ë¥ íªá¯¥à¨¬¥­âë, ¢¥¤ãé¨¥áï ã¦¥ ®ª®«®
20 «¥â, ®­ â ª ¨ ­¥ ¡ë« ®¡­ àã¦¥­, çâ® § ¢¥¤®¬® ¯®§¢®«ï¥â ®â¡à®á¨â ¯à®áâ¥©è¨¥
áå¥¬ë ¢¥«¨ª®£® ®¡ê¥¤¨­¥­¨ï. �à®¢¥àª  ¦¥ ¡®«¥¥ å¨âàëå ¬®¤¥«¥©, £¤¥ ¢à¥¬ï ¦¨§­¨
¯à®â®­  ®ª §ë¢ ¥âáï ­  ¯®àï¤®ª ¨«¨ ¤¢  ¡®«ìè¥, ç¥¬ ¢ ¯à®áâ¥©è¥¬ á«ãç ¥, â ª¦¥
áâ ­®¢¨âáï ®ç¥­ì ¯à®¡«¥¬ â¨ç­®©.

�àã£®¥  ªâã «ì­®¥ ­ ¯à ¢«¥­¨¥ | ¯®¨áª¨ áã¯¥àá¨¬¬¥âà¨¨ (SUSY), ®¡ê¥¤¨­ï-
îé¥© ¢ ¥¤¨­ë¥ ¬ã«ìâ¨¯«¥âë ä¥à¬¨®­ë ¨ ¡®§®­ë. �áâì á«¥¤ãîé¨¥ ®á­®¢ ­¨ï ¤«ï
¢¥àë ¢ áãé¥áâ¢®¢ ­¨¥ SUSY:

� á®ªà é¥­¨¥ ­¥ª¨å à áå®¤¨¬®áâ¥© ¢ å¨££á®¢áª®¬ á¥ªâ®à¥ áâ ­¤ àâ­®© ¬®¤¥«¨,

� ®¡ê¥¤¨­¥­¨¥ ¢á¥å ¢§ ¨¬®¤¥©áâ¢¨©, ¢ª«îç ï £à ¢¨â æ¨î (?),

� ¬ â¥¬ â¨ç¥áª ï ¯à¨¢«¥ª â¥«ì­®áâì ¨ ªà á®â .

� ¯à®áâ¥©è¥¬ ¢ à¨ ­â¥ SUSY { â¥®à¨¨ ã ª ¦¤®© ¨§ ¨§¢¥áâ­ëå ­ ¬ ç áâ¨æ ¨¬¥¥âáï
á®®â¢¥âáâ¢ãîé¨© \áã¯¥à¯ àâ­¥à", ®â«¨ç îé¨©áï (¢ á«ãç ¥ â®ç­®© SUSY) «¨èì
á¯¨­®¬: ä®â®­ã á s = 1 á®®â¢¥âáâ¢ã¥â ä®â¨­® á s = 1=2, í«¥ªâà®­ã á s = 1=2 á®®â¢¥â-
áâ¢ã¥â í«¥ªâà¨­® á s = 0, ª¢ àª ¬ á s = 1=2 { áª¢ àª¨ á s = 0 ¨ â.¤. �ã¯¥àá¨¬¬¥âà¨ï
§ ¢¥¤®¬® á¨«ì­® ­ àãè¥­  (¯® ¬ áá¥), ¢ ­ áâ®ïé¥¥ ¢à¥¬ï íªá¯¥à¨¬¥­â «ì­ë¥ ãª -
§ ­¨ï ­  áãé¥áâ¢®¢ ­¨¥ áã¯¥à¯ àâ­¥à®¢ ®¡ëç­ëå ç áâ¨æ ¯à ªâ¨ç¥áª¨ ®âáãâáâ¢ãîâ.
� ­ è¨å «¥ªæ¨ïå ¬ë ­¥ ¡ã¤¥¬ § ­¨¬ âìáï ¨§«®¦¥­¨¥¬ ¨¤¥®«®£¨¨ áã¯¥àá¨¬¬¥âà¨¨.

� ª®­¥æ, ¤®«¦­  ¡ëâì ¥é¥ ®¤­  ç áâ¨æ , ¢ áãé¥áâ¢®¢ ­¨¨ ª®â®à®© ¯à ªâ¨ç¥áª¨
­¨ªâ® ­¥ á®¬­¥¢ ¥âáï. �â® | £à ¢¨â®­, â.¥. ª¢ ­â ¯¥à¥­á®ç¨ª £à ¢¨â æ¨®­­®£® ¢§ -
¨¬®¤¥©áâ¢¨ï (s = 2). �® £à ¢¨â æ¨ï § ¢¥¤®¬® ­ å®¤¨âáï §  ¯à¥¤¥« ¬¨ íªá¯¥à¨¬¥­-
â «ì­®© ä¨§¨ª¨ ç áâ¨æ. �¥«® ¢ â®¬, çâ® £à ¢¨â æ¨®­­®¥ ¢§ ¨¬®¤¥©áâ¢¨¥ ï¢«ï¥âáï,
á â®çª¨ §à¥­¨ï ä¨§¨ª¨ í«¥¬¥­â à­ëå ç áâ¨æ, ®ç¥­ì á« ¡ë¬. �£® à®«ì ¬®¦¥â áâ âì
§ ¬¥â­®© ¯à¨ ¨§ãç¥­¨¨ ¬¨ªà®¯à®æ¥áá®¢ «¨èì ¯à¨ ä ­â áâ¨ç¥áª¨å, â ª ­ §ë¢ ¥-

¬ëå ¯« ­ª®¢áª¨å í­¥à£¨ïå ¯®àï¤ª  E � mP c
2 =

�
~c
GN

�1=2
c2 = 1:221019GeV . �¤¥áì

GN { ­ìîâ®­®¢áª ï ª®­áâ ­â  £à ¢¨â æ¨®­­®£® ¢§ ¨¬®¤¥©áâ¢¨ï,   mP { â ª ­ -
§ë¢ ¥¬ ï ¯« ­ª®¢áª ï ¬ áá  (� 10�5 £à ¬¬!), ª®â®à ï ®¯à¥¤¥«ï¥â ¨ å à ªâ¥à­ãî

¯« ­ª®¢áªãî ¤«¨­ã: �P � ~

mP c
�

p
~GN

c3=2
� 10�33cm. �áâ¥áâ¢¥­­®, çâ® íªá¯¥à¨¬¥­âë

¯à¨ â ª¨å í­¥à£¨ïå ¨ à ááâ®ï­¨ïå â ª¦¥ ¢àï¤ { «¨ ª®£¤  { «¨¡® ¡ã¤ãâ ¤®áâã¯­ë
ç¥«®¢¥ç¥áâ¢ã. �¤­ ª® ¦¥, ª¢ ­â®¢ë¥ £à ¢¨â æ¨®­­ë¥ ¯à®æ¥ááë, ­¥á®¬­¥­­® ¨£à «¨
ª«îç¥¢ãî à®«ì ¢ ¬®¬¥­â �®«ìè®£® �§àë¢  ¨, â ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¨«¨ ¡ã¤ãéãî
í¢®«îæ¨î �á¥«¥­­®©. �®íâ®¬ã, ª¢ ­â®¢ ï £à ¢¨â æ¨ï ¯à¥¤áâ ¢«ï¥â ¯à¨­æ¨¯¨ «ì-
­ë© ¨­â¥à¥á ¤«ï à¥«ïâ¨¢¨áâáª®© ª®á¬®«®£¨¨. �­®£¨¥ â¥®à¥â¨ª¨ áç¨â îâ, çâ® ¡¥§
¯®­¨¬ ­¨ï ª¢ ­â®¢®© £à ¢¨â æ¨¨ ­¥¢®§¬®¦­® à¥è¨âì æ¥«ë© àï¤ ¯à¨­æ¨¯¨ «ì­ëå
¢®¯à®á®¢ â¥®à¨¨ í«¥¬¥­â à­ëå ç áâ¨æ. � á®¦ «¥­¨î, ª¢ ­â®¢ ï â¥®à¨ï £à ¢¨â -
æ¨¨ ¤® á¨å ¯®à ­¥ ¯®áâà®¥­ , ¨ ª â®¬ã ¨¬¥¥âáï æ¥«ë© àï¤ á¥àì¥§­ëå ¯à¨ç¨­. �®-
¯ëâª¨ ª¢ ­â®¢ ­¨ï à¥«ïâ¨¢¨áâáª®© â¥®à¨¨ £à ¢¨â æ¨¨ �©­èâ¥©­  (®¡é¥© â¥®à¨¨
®â­®á¨â¥«ì­®áâ¨) ­¥¨§¡¥¦­® ­ â «ª¨¢ îâáï ­  ¯à ªâ¨ç¥áª¨ ­¥¯à¥®¤®«¨¬ë¥ âàã¤-
­®áâ¨, á¢ï§ ­­ë¥ á® á«®¦­ë¬ ­¥«¨­¥©­ë¬ å à ªâ¥à®¬ íâ®© â¥®à¨¨. �à®¬¥ â®£®, ¢®
¢á¥å ¢ à¨ ­â å â ª®£® ª¢ ­â®¢ ­¨ï ¯®«ãç ¥âáï áãé¥áâ¢¥­­® ­¥¯¥à¥­®à¬¨àã¥¬ ï â¥-
®à¨ï, ª ª®â®à®©, ¯à ªâ¨ç¥áª¨, ­¥¯à¨¬¥­¨¬ë ¬¥â®¤ë á®¢à¥¬¥­­®© ª¢ ­â®¢®© â¥®à¨¨
¯®«ï. � §ã¬¥¥âáï,  ªâ¨¢­ë¥ ¨áá«¥¤®¢ ­¨ï ¢ íâ®© ®¡« áâ¨ ¢¥¤ãâáï ã¦¥ ¬­®£® «¥â.
�áâì ¬­®£® ªà á¨¢ëå ¯®¤å®¤®¢ ¨ ®¡®¡é¥­¨© ®¡ëç­®© â¥®à¨¨ £à ¢¨â æ¨¨, â ª¨å,
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­ ¯à¨¬¥à, ª ª áã¯¥à£à ¢¨â æ¨ï. �áâì ªà á¨¢ë¥ ¨¤¥¨ \¨­¤ãæ¨à®¢ ­­®©" £à ¢¨â -
æ¨¨, ª®£¤  â¥®à¨ï �©­èâ¥©­  à áá¬ âà¨¢ ¥âáï ª ª ­¨§ª®í­¥à£¥â¨ç¥áª¨© (ä¥­®¬¥-
­®«®£¨ç¥áª¨©) ¯à¥¤¥«, ¢®§­¨ª îé¨© ¯à¨ à áá¬®âà¥­¨¨ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï ¢
¨áªà¨¢«¥­­®¬ ¯à®áâà ­áâ¢¥ { ¢à¥¬¥­¨.

� ª®­¥æ, ¥áâì ¥é¥ ¡®«¥¥ ä ­â áâ¨ç¥áª¨¥ ¢®§¬®¦­®áâ¨. �ãé¥áâ¢ã¥â ¨¤¥ï, çâ®
ª¢ ­â®¢ ï â¥®à¨ï ¯®«ï ¨ áâ ­¤ àâ­ ï ¬®¤¥«ì ï¢«ïîâáï íää¥ªâ¨¢­ë¬¨ ä¥­®¬¥-
­®«®£¨ç¥áª¨¬¨ â¥®à¨ï¬¨, ¯®áâà®¥­­ë¬¨ ­  ­®¢®© ®á­®¢¥ äã­¤ ¬¥­â «ì­®© â¥®à¨¨
áâàã­. � íâ®¬ ¯®¤å®¤¥, ¢ ®á­®¢¥ ¢á¥£® «¥¦ â ­¥ â®ç¥ç¥­ë¥ ç áâ¨æë,   áâàã­ë á å -
à ªâ¥à­ë¬¨ à §¬¥à ¬¨ ¯®àï¤ª  �P � 10�33cm. �â¨ áâàã­ë ¤¢¨¦ãâáï (ª®«¥¡«îâáï)
¢ ¬­®£®¬¥à­ëå ¯à®áâà ­áâ¢ å ¨ ®¡« ¤ îâ ¡®§®­ { ä¥à¬¨®­­®© á¨¬¬¥âà¨¥© (áã¯¥à-
áâàã­ë). �  ï§ëª¥ â ª¨å ¯à¥¤áâ ¢«¥­¨© à §à ¡ âë¢ ¥âáï \â¥®à¨ï ¢á¥£®".

�® ­ è¨ § ¤ ç¨ ¢ ¤ ­­®¬ ªãàá¥ ï¢«ïîâáï £®à §¤® ¡®«¥¥ áªà®¬­ë¬¨. �ãé¥-
áâ¢ã¥â, ª®­¥ç­®, § ¡ ¢­ ï â¥à¬¨­®«®£¨ï [21], á®£« á­® ª®â®à®©, à ¡®âë, ¯®á¢ïé¥­-
­ë¥ ç áâ¨æ ¬, ª®â®àë¥ ã¦¥ ®âªàëâë ¨«¨ ¡ã¤ãâ ®âªàëâë ¢ ®¡®§à¨¬®¬ ¡ã¤ãé¥¬,
­ §ë¢ îâáï \ä¥­®¬¥­®«®£¨ç¥áª¨¬¨", â®£¤  ª ª à ¡®âë, ¯®á¢ïé¥­­ë¥ ç áâ¨æ ¬,
ª®â®àë¥ ­¨ª®£¤  ­¥ ¡ã¤ãâ ®âªàëâë íªá¯¥à¨¬¥­â «ì­®, á«¥¤ã¥â ­ §ë¢ âì \â¥®à¥â¨-
ç¥áª¨¬¨". � íâ®¬ á¬ëá«¥ ¬ë ¢®®¡é¥ ­¥ ¡ã¤¥¬ § ­¨¬ âìáï äã­¤ ¬¥­â «ì­®© â¥®-
à¨¥©, ®¤­ ª® ¨ ­  ¬ â¥à¨ «¥, ¤®áâ îé¥¬áï ­ ¬ ¨§ à¥ «ì­®£® íªá¯¥à¨¬¥­â , å¢ â ¥â
¯®ª  ¨­â¥à¥á­ëå ¢¥é¥©.
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� £à ­¦¥¢  ¬¥å ­¨ª  ç áâ¨æë.

�á¯®¬­¨¬ á­ ç «  ®á­®¢­ë¥ ¯à¨­æ¨¯ë ª« áá¨ç¥áª®© ¬¥å ­¨ª¨. � áá¬®âà¨¬ ç -
áâ¨æã (¬ â¥à¨ «ì­ãî â®çªã) á ¬ áá®© m, ¤¢¨¦ãéãîáï ¢ ­¥ª®â®à®¬ ¯®â¥­æ¨ «¥
V (x). �«ï ¯à®áâ®âë à áá¬ âà¨¢ ¥¬ ®¤­®¬¥à­®¥ ¤¢¨¦¥­¨¥. � ¬®¬¥­â ¢à¥¬¥­¨ t ç -
áâ¨æ  ­ å®¤¨âáï ¢ â®çª¥ x(t) á¢®¥© âà ¥ªâ®à¨¨, ª®â®à ï á¢ï§ë¢ ¥â ­ ç «ì­ãî x(t1)
¨ ª®­¥ç­ãî x(t2) â®çª¨, ª ª íâ® ¯®ª § ­® ­  �¨á.2-1( ). �â  âà ¥ªâ®à¨ï, ª ª ¨§-
¢¥áâ­®, ®¯à¥¤¥«ï¥âáï ¨§ à¥è¥­¨ï ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï �ìîâ®­ :

m
d2x

dt2
= F (x) = �dV (x)

dx
(2.1)

á á®®â¢¥âáâ¢ãîé¨¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨. �â® ãà ¢­¥­¨¥ ¬®¦­® \¢ë¢¥áâ¨" ¨§
¯à¨­æ¨¯  ­ ¨¬¥­ìè¥£® ¤¥©áâ¢¨ï. �«ï íâ®£® ¢¢®¤¨âáï äã­ªæ¨ï � £à ­¦ , ¯à¥¤áâ -
¢«ïîé ï á®¡®© à §­®áâì ª¨­¥â¨ç¥áª®© ¨ ¯®â¥­æ¨ «ì­®© í­¥à£¨©:

L = T � V =
m

2

�
dx

dt

�2

� V (x) (2.2)

¨ ¨­â¥£à « ¤¥©áâ¢¨ï:

S =

Z t2

t1

dtL(x; _x) (2.3)

15
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�¨á. 2-1 ( ) { �à ¥ªâ®à¨ï ç áâ¨æë, ã¤®¢«¥â¢®àïîé ï ¯à¨­æ¨¯ã ­ ¨¬¥­ìè¥£® ¤¥©-
áâ¢¨ï. (¡) { � ¡®à ¢®§¬®¦­ëå âà ¥ªâ®à¨© ç áâ¨æë.

£¤¥, ª ª ®¡ëç­®, ®¡®§­ ç¥­  áª®à®áâì _x = dx=dt. �áâ¨­­ ï âà ¥ªâ®à¨ï ç áâ¨æë
®¯à¥¤¥«ï¥âáï ¬¨­¨¬ã¬®¬ (¢ ®¡é¥¬ á«ãç ¥ { íªáâà¥¬ã¬®¬) ¤¥©áâ¢¨ï ­  ¬­®¦¥áâ¢¥
¢á¥å ¬ëá«¨¬ëå âà ¥ªâ®à¨©, á¢ï§ë¢ îé¨å â®çª¨ x(t1) ¨ x(t2), ª ª íâ® ¯®ª § ­® ­ 
�¨á.2-1(¡). �§ íâ®£® ãâ¢¥à¦¤¥­¨ï áà §ã á«¥¤ãîâ ª« áá¨ç¥áª¨¥ ãà ¢­¥­¨ï ¤¢¨¦¥-
­¨ï. � á ¬®¬ ¤¥«¥, à áá¬®âà¨¬ ¬ «ãî ¢ à¨ æ¨î a(t) âà ¥ªâ®à¨¨ ¢¡«¨§¨ â®© á ¬®©
¨áâ¨­­®© âà ¥ªâ®à¨¨ x(t):

x(t)! x0(t) = x(t) + a(t) (2.4)

� ­ ç «ì­®© ¨ ª®­¥ç­®© â®çª å ¢ à¨ æ¨ï, ¥áâ¥áâ¢¥­­®, ¯®« £ ¥âáï à ¢­®© ­ã«î
(§ ªà¥¯«¥­­ë¥ ª®­æë):

a(t1) = a(t2) = 0 (2.5)

�à¨ ¯®¤áâ ­®¢ª¥ (2.4) ¢ ¤¥©áâ¢¨¥ (2.3) ¯®«ãç ¥¬ ¥£® ¢ à¨ æ¨î ¢ ¢¨¤¥:

S ! S0 =
Z t2

t1

dt[
m

2
( _x+ _a)2 � V (x+ a)] =

=

Z t2

t1

dt[
1

2
m _x2 +m _x _a � V (x)� aV 0(x)] + O(a2) =

= S +

Z t2

t1

dt[m _x _a� aV 0(x)] � S + �S (2.6)

£¤¥ V 0 = dV=dx, â ª çâ®

�S =

Z t2

t1

dt[m _x _a� aV 0(x)] (2.7)
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�à¥¡®¢ ­¨¥ íªáâà¥¬ «ì­®áâ¨ ¤¥©áâ¢¨ï á¢®¤¨âáï ª ãá«®¢¨î �S = 0. �­â¥£à¨àãï
¯¥à¢®¥ á« £ ¥¬®¥ ¢ (2.7) ¯® ç áâï¬, ¯®«ãç¨¬:Z t2

t1

dt _x _a = _xajt2t1 �
Z t2

t1

dta�x = �
Z t2

t1

dta�x (2.8)

¯®áª®«ìªã ¢ à¨ æ¨¨ âà ¥ªâ®à¨¨ ­  ª®­æ å § ªà¥¯«¥­ë (2.5). �®£¤  ¨¬¥¥¬:

�S = �
Z t2

t1

dt[ma�x+ aV 0(x)] = 0 (2.9)

çâ® ¢¢¨¤ã ¯à®¨§¢®«ì­®áâ¨ ¢ à¨ æ¨¨ a á¢®¤¨âáï ª § ª®­ã ¤¢¨¦¥­¨ï �ìîâ®­  (2.1):

m�x = �V 0(x) (2.10)

®¯à¥¤¥«ïîé¥¬ã ¥¤¨­áâ¢¥­­ãî âà ¥ªâ®à¨î ¤¢¨¦¥­¨ï ª« áá¨ç¥áª®© ç áâ¨æë.

�¥©áâ¢¨â¥«ì­®¥ áª «ïà­®¥ ¯®«¥. �à ¢­¥-
­¨ï � £à ­¦ .

�¥à¥å®¤ ®â ª« áá¨ç¥áª®© ¬¥å ­¨ª¨ ç áâ¨æë ª ª« áá¨ç¥áª®© â¥®à¨¨ ¯®«ï á¢®¤¨âáï
ª ¯¥à¥å®¤ã ®â à áá¬®âà¥­¨ï âà ¥ªâ®à¨¨ ç áâ¨æë ª  ­ «¨§ã ¯à®áâà ­áâ¢¥­­® { ¢à¥-
¬¥­­ëå ª®­ä¨£ãà æ¨© ¯®«ï, ®¯à¥¤¥«¥­­®£® ¢ ª ¦¤®© â®çª¥ ¯à®áâà ­áâ¢  { ¢à¥-
¬¥­¨. �­ «®£®¬ ª®®à¤¨­ âë ç áâ¨æë ª ª äã­ªæ¨¨ ¢à¥¬¥­¨ x(t) áâ ­®¢¨âáï ¯®«¥¢ ï
äã­ªæ¨ï '(x�) = '(x; y; z; t).

�âáâã¯«¥­¨¥ ® à¥«ïâ¨¢¨áâáª¨å ®¡®§­ ç¥­¨ïå:

� ¤ «ì­¥©è¥¬ ¨á¯®«ì§ãîâáï á«¥¤ãîé¨¥ áâ ­¤ àâ­ë¥ ®¡®§­ ç¥­¨ï. �¢¥ ¬¨à®¢ëå â®çª¨ (á®¡ëâ¨ï)
(x; y; z; t) ¨ x+ dx; y + dy; z + dz; t+ dt à §¤¥«¥­ë ¨­â¥à¢ «®¬:

ds2 = c2dt2 � (dx2 + dy2 + dz2)

�­â¥à¢ « ds2 > 0 ­ §ë¢ ¥âáï ¢à¥¬¥­¨¯®¤®¡­ë¬, á®®â¢¥âáâ¢ãîé¨¥ â®çª¨ (á®¡ëâ¨ï) ¬®£ãâ ¡ëâì
¯à¨ç¨­­® á¢ï§ ­ë. �­â¥à¢ « ds2 < 0 ­ §ë¢ ¥âáï ¯à®áâà ­áâ¢¥­­®¯®¤®¡­ë¬, á®®â¢¥âáâ¢ãîé¨¥
â®çª¨ (á®¡ëâ¨ï) ­¥ ¬®£ãâ ¡ëâì ¯à¨ç¨­­® á¢ï§ ­ë.

� ¡®à ¢¥«¨ç¨­
x� = (x0; x1; x2; x3) � (ct; x; y; z)

§ ¤ ¥â ª®¬¯®­¥­âë ª®­âà¢ à¨ ­â­®£® ¢¥ªâ®à ,  

x� = (x0; x1; x2; x3) � (ct;�x;�y;�z)
¯à¥¤áâ ¢«ï¥â ª®¬¯®­¥­âë ª®¢ à¨ ­â­®£® ¢¥ªâ®à . �®£¤  ¨­â¥à¢ « § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

ds2 =

3X
�=0

dx�dx� � dx�dx� = c2dt2 � dx2 � dy2 � dz2

�¬¥¥â ¬¥áâ® ®ç¥¢¨¤­ ï á¢ï§ì:

x� = g��x
� = g�0x

0 + g�1x
1 + g�2x

2 + g�3x
3
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£¤¥ ¢¢¥«¨ ¬¥âà¨ç¥áª¨© â¥­§®à ¢ ¯à®áâà ­áâ¢¥ { ¢à¥¬¥­¨ �¨­ª®¢áª®£®:

g�� = g�� =

0@ 1 0 0 0
0 �1 0 0
0 0 �1 0
0 0 0 �1

1A ; g��g
�� = ���

�«ï ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á®ªà é¥­­ãî § ¯¨áì:

@� � @

@x�
= (@0; @1; @2; @3) = (

1

c

@

@t
;
@

@x
;
@

@y
;
@

@z
) = (

1

c

@

@t
;r)

@� = g��@� = (
1

c

@

@t
;�r)

� � @�@
� =

1

c2
@2

@t2
� (

@2

@x2
+

@2

@y2
+

@2

@z2
) =

1

c2
@2

@t2
�4

�«ï ¢¥ªâ®à  í­¥à£¨¨ { ¨¬¯ã«ìá  ç áâ¨æë á ¬ áá®© ¯®ª®ï m ¨¬¥¥¬:

p� = (
E

c
;p) p� = (

E

c
;�p)

p2 = p�p
� =

E2

c2
�p2 = m2c2

�«ï â¨¯¨ç­®© ª®¬¡¨­ æ¨¨, áâ®ïé¥© ¢ ¨­â¥£à « å �ãàì¥:

px = p�x
� = Et�pr

� ¤ «ì­¥©è¥¬, ¯®çâ¨ ¢á¥£¤ , ¨á¯®«ì§ã¥âáï ¥áâ¥áâ¢¥­­ ï á¨áâ¥¬  ¥¤¨­¨æ, ¢ ª®â®à®© ~ = c = 1.
�à¥¨¬ãé¥áâ¢  â ª®© á¨áâ¥¬ë, ªà®¬¥ ®ç¥¢¨¤­®£® á®ªà é¥­¨ï ä®à¬ã«, ¨ ¥¥ á¢ï§ì á âà ¤¨æ¨®­­ë¬¨
á¨áâ¥¬ ¬¨ ¥¤¨­¨æ å®à®è® ®¯¨á ­ë ¢ ª­¨£¥ [16].

� áá¬®âà¨¬ ¯à®áâ¥©è¨© ¯à¨¬¥à á¢®¡®¤­®£® áª «ïà­®£® ¯®«ï '(x�) = '(x; y; z; t),
ª®â®à®¥ á®¯®áâ ¢«ï¥âáï ç áâ¨æ ¬ á® á¯¨­®¬ 0. �â® ¯®«¥ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î
�«¥©­  { �®à¤®­ :

(� +m2)' = 0 (2.11)

�áâ®à¨ç¥áª¨ íâ® ãà ¢­¥­¨¥ ¡ë«® ¯®«ãç¥­® ª ª à¥«ïâ¨¢¨áâáª®¥ ®¡®¡é¥­¨¥ ãà ¢-
­¥­¨ï �à¥¤¨­£¥à . �¥©áâ¢¨â¥«ì­®, áç¨â ï '(x�) ¢®«­®¢®© äã­ªæ¨¥© ç áâ¨æë ¨
ãç¨âë¢ ï, çâ® ¢ à¥«ïâ¨¢¨áâáª®¬ á«ãç ¥ ¥¥ § ª®­ ¤¨á¯¥àá¨¨ (á¯¥ªâà) ®¯à¥¤¥«ï¥âáï
à ¢¥­áâ¢®¬:

E2 = p2 +m2 (2.12)

¬®¦­® ¯à®¢¥áâ¨ áâ ­¤ àâ­ãî èà¥¤¨­£¥à®¢áªãî § ¬¥­ã ¤¨­ ¬¨ç¥áª¨å ¯¥à¥¬¥­­ëå
­  ®¯¥à â®àë ¯® ¯à ¢¨«ã:

p! ~

i

@

@r
E ! i~

@

@t
(2.13)

çâ® ­¥¬¥¤«¥­­® ¤ ¥â (2.11). �áâ¥áâ¢¥­­®, çâ® íâ  ¯à®æ¥¤ãà  ­¥ ¥áâì ¢ë¢®¤, ¡®«¥¥
¯®á«¥¤®¢ â¥«ì­ ï áå¥¬  à áá¬®âà¥­¨ï á¢®¤¨âáï ª ¯®«ãç¥­¨î à¥«ïâ¨¢¨áâáª¨å ¯®-
«¥¢ëå ãà ¢­¥­¨© ¨§ ¢ à¨ æ¨®­­®£® ¯à¨­æ¨¯ .

�¢¥¤¥¬ äã­ªæ¨®­ « ¤¥©áâ¢¨ï ª ª:

S =

Z
d4xL('; @�') (2.14)

£¤¥ L { « £à ­¦¨ ­ (¯«®â­®áâì äã­ªæ¨¨ � £à ­¦ ) à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ¯®-
«¥©. �ã­ªæ¨ï � £à ­¦  ¥áâì L =

R
dx3L. �¡ëç­® ¯®« £ îâ, çâ® L § ¢¨á¨â ®â ¯®«ï
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' ¨ ¥£® ¯¥à¢ëå ¯à®¨§¢®¤­ëå. �à ¢­¥­¨¥ �«¥©­  { �®à¤®­  «¥£ª® ¢ë¢®¤¨âáï á ¯®-
¬®éìî « £à ­¦¨ ­ :

L =
1

2
(@�')(@�')� m2

2
'2 =

1

2
[(@0')

2 � (r')2 �m2'2] (2.15)

� íâ®¬ ¬®¦­® ã¡¥¤¨âìáï, ¥á«¨ à áá¬®âà¥âì ®¡é¨© « £à ­¦¥¢ ä®à¬ «¨§¬ ¢ â¥®à¨¨
¯®«ï. �¤­ ª® ¯à¥¦¤¥ ¯®«¥§­® á¤¥« âì ¥é¥

�âáâã¯«¥­¨¥ ® à §¬¥à­®áâïå:

� à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬¥ ¥¤¨­¨æ ~ = c = 1 à §¬¥à­®áâ¨ í­¥à£¨¨, ¬ ááë ¨ ®¡à â­®© ¤«¨­ë ¯à®-
áâ® á®¢¯ ¤ îâ: [í­¥à£¨ï]=[¬ áá ]=[l�1]. �«ï ¯®­¨¬ ­¨ï ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¤®áâ â®ç­® ¢á¯®-
¬­¨âì, çâ® ª®¬¯â®­®¢áª ï ¤«¨­  ¢®«­ë ç áâ¨æë á ¬ áá®© m ®¯à¥¤¥«ï¥âáï ª ª ~=mc. �¥©áâ¢¨¥

S =
R
d4xL ¨¬¥¥â à §¬¥à­®áâì ~ ¨, â ª¨¬ ®¡à §®¬, ¡¥§à §¬¥à­®! �®£¤  à §¬¥à­®áâì « £à ­¦¨ ­ 

[L] = [l�4]. �®®â¢¥âáâ¢¥­­®, ¨§ (2.15) ¯®«ãç ¥¬ à §¬¥à­®áâì áª «ïà­®£® ¯®«ï ['] = [l�1]. �®¤®¡­ë©
 ­ «¨§ à §¬¥à­®áâ¥© ¯à¨£®¤¨âáï ­ ¬ ­¥ ®¤­ ¦¤ë.

�ãáâì ¯®«¥ ' § ¯®«­ï¥â ­¥ª®â®àãî ®¡« áâì (®¡ê¥¬) R ¢ ¯à®áâà ­áâ¢¥ { ¢à¥-
¬¥­¨ �¨­ª®¢áª®£®. � ª ç¥áâ¢¥ ­ ç «ì­®© ¨ ª®­¥ç­®© £¨¯¥à¯®¢¥àå­®áâ¥© ¬®¦­®
¢§ïâì ¢à¥¬¥­­ë¥ áà¥§ë t = t1 ¨ t = t2. � áá¬®âà¨¬ ¯à®¨§¢®«ì­ë¥ ¬ «ë¥ ¢ à¨ æ¨¨
ª®®à¤¨­ â ¨ ¯®«¥©:

x� ! x0� = x� + �x� (2.16)

'(x)! '0(x) � '(x) + �'(x) (2.17)

�à¨ íâ®¬ ¯®« £ ¥¬, çâ® ¢ à¨ æ¨¨ �x� ¨ �'(x) ®¡à é îâáï ¢ ­ã«ì ­  £à ­¨æ¥ à á-
á¬ âà¨¢ ¥¬®© ®¡« áâ¨ ~R:

�'(x) = 0 �x� = 0 x 2 ~R (2.18)

� áá¬®âà¨¬ ¤®áâ â®ç­® ®¡é¨© á«ãç ©, ª®£¤  « £à ­¦¨ ­ L ï¢­® § ¢¨á¨â ®â ª®-
®à¤¨­ âë x�, çâ® ¬®¦¥â ¡ëâì ¢ á¨âã æ¨¨, ª®£¤  ¨¬¥¥âáï ¢§ ¨¬®¤¥©áâ¢¨¥ á ¢­¥è­¨¬¨
¨áâ®ç­¨ª ¬¨. �®«­ ï ¢ à¨ æ¨ï ¯®«ï ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥:

'0(x0) = '(x) + �'(x) (2.19)

£¤¥
�' = '0(x0) � '(x0) + '(x0) � '(x) = �'(x) + �x�(@�') (2.20)

�®£¤  ¢ à¨ æ¨ï ¤¥©áâ¢¨ï ¥áâì:

�S =

Z
d4x0L('0; @�'0; x0�) �

Z
d4xL('; @�'; x�) (2.21)

�¤¥áì d4x0 = J(x=x0)d4x, £¤¥ J(x=x0) { ïª®¡¨ ­ ¯¥à¥å®¤  ®â x ª x0. �§ (2.16) ¢¨¤­®,
çâ®

@x0�

@x�
= ��� + @��x

� (2.22)

¨ ¤«ï ïª®¡¨ ­  ¬®¦­® ­ ¯¨á âì ¯à®áâ®¥ ¢ëà ¦¥­¨¥ á â®ç­®áâìî ¤® ç«¥­®¢ ¯¥à¢®£®
¯®àï¤ª  ¯® �x�:

J(x=x0) = Det

�
@x0�

@x�

�
= 1+ @�(�x

�) (2.23)
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�®£¤ 

�S =

Z
d4x[�L+ L@��x�] (2.24)

£¤¥:

�L =
@L
@'

�'+
@L

@(@�')
�(@�') +

@L
@x�

�x� (2.25)

�§ (2.16) ïá­®, çâ® �(@�') = @��', â ª çâ® ¨§ (2.24) ¨ (2.25) ­¥¬¥¤«¥­­® á«¥¤ã¥â:

�S =

Z
R
d4x

�
@L
@'

�' +
@L

@(@�')
@�(�') + @�(L�x�)

�
(2.26)

�à¥âì¥ á« £ ¥¬®¥ ¢ ä¨£ãà­ëå áª®¡ª å ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«­ãî ¤¨¢¥à£¥­æ¨î,
â ª çâ® á®®â¢¥âáâ¢ãîé¨© ¢ª« ¤ ¢ ¨­â¥£à « ¬®¦¥â ¡ëâì ¯à¥®¡à §®¢ ­ (¯® â¥®à¥¬¥
� ãáá ) ¢ ¯®¢¥àå­®áâ­ë© ¨­â¥£à « ¯® £à ­¨æ¥ ®¡« áâ¨ R. �â®à®¥ á« £ ¥¬®¥ ¢ (2.26)
â ª¦¥ ¬®¦­® ¯¥à¥¯¨á âì â ª¨¬ ®¡à §®¬, çâ®¡ë ¢ë¤¥«¨âì ¯®«­ãî ¤¨¢¥à£¥­æ¨î:

@L
@(@�')

@�(�') = @�

�
@L

@(@�')
�'

�
� @�

�
@L

@(@�')

�
�' (2.27)

� à¥§ã«ìâ â¥ ¯¥à¥¯¨áë¢ ¥¬ ¢ à¨ æ¨î ¤¥©áâ¢¨ï (2.26) ¢ ¢¨¤¥:

�S =

Z
R

d4x

�
@L
@'

� @�

�
@L

@(@�')

��
�'+

+

Z
~R
d��

�
@L
@�'

�' + L�x�
�

(2.28)

� á¨«ã ãá«®¢¨ï (2.18) ¢ à¨ æ¨¨ ' ¨ x� ­  £à ­¨æ¥ ®¡« áâ¨ ¨­â¥£à¨à®¢ ­¨ïR à ¢­ë
­ã«î, â ª çâ® ¯®¢¥àå­®áâ­ë© ¨­â¥£à « ¢ (2.28) ®¡à é ¥âáï ¢ ­ã«ì. �®£¤  ãá«®¢¨¥
áâ æ¨®­ à­®áâ¨ ¤¥©áâ¢¨ï �S = 0 ¯à¨ ¯à®¨§¢®«ì­ëå ¢ à¨ æ¨ïå ¯®«ï ¨ ª®®à¤¨­ â
¤ ¥â:

@L
@'

� @

@x�

�
@L

@(@�')

�
= 0 (2.29)

�â® ¥áâì ®¡é¨© ¢¨¤ ãà ¢­¥­¨© � £à ­¦  (ãà ¢­¥­¨© ¤¢¨¦¥­¨ï) ¤«ï ¯®«ï ' 1.
� ¯¨è¥¬ « £à ­¦¨ ­ áª «ïà­®£® ¯®«ï ¢ ¢¨¤¥ ¯à®áâ¥©è¥© ª¢ ¤à â¨ç­®© ä®à¬ë

¯® ¯®«î ¨ ¥£® ¯¥à¢ë¬ ¯à®¨§¢®¤­ë¬:

L =
1

2
g��(@�')(@�')� 1

2
m2'2 (2.30)

�®£¤  ¨¬¥¥¬
@L
@'

= �m2'
@L

@(@�')
= g��(@�') = @�' (2.31)

¨ ãà ¢­¥­¨¥ � £à ­¦  á¢®¤¨âáï ª ãà ¢­¥­¨î �«¥©­  { �®à¤®­ :

@�@
�' +m2' � �'+m2' = 0 (2.32)

�â® ãà ¢­¥­¨¥ «¨­¥©­® ¨ ®â¢¥ç ¥â á¢®¡®¤­®¬ã (­¥¢§ ¨¬®¤¥©áâ¢ãîé¥¬ã) ¯®«î. �á«¨
¡ë ¬ë ¯à¨¯¨á «¨ ª « £à ­¦¨ ­ã (2.30) ¨­¢ à¨ ­âë ¯®«ï ' ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢
(áâ¥¯¥­¥©), â® ã ­ á ¢®§­¨ª«¨ ¡ë ­¥«¨­¥©­ë¥ ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï ¤«ï á ¬®¤¥©áâ¢ã-
îé¥£® áª «ïà­®£® ¯®«ï.

1�à®¢¥¤¥­­ë© ¢ë¢®¤ á¯à ¢¥¤«¨¢ ¤«ï «î¡®£® ¯®«ï, ­¥ ®¡ï§ â¥«ì­® ¤«ï áª «ïà­®£®. � á«ãç ¥
¢¥ªâ®à­ëå,â¥­§®à­ëå ¨«¨ á¯¨­®à­ëå ¯®«¥© íâ®¬ã ãà ¢­¥­¨î ã¤®¢«¥â¢®àïîâ ¢á¥ ª®¬¯®­¥­âë

¯®«ï, ª®â®àë¥ ­ã¬¥àãîâáï á®®â¢¥âáâ¢ãîé¨¬¨ ¨­¤¥ªá ¬¨.
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�¥®à¥¬  �¥â¥à.

�¥à­¥¬áï ª ¢ëà ¦¥­¨î (2.28) ¨ ¯¥à¥¯¨è¥¬ ¯®¢¥àå­®áâ­ë© ¨­â¥£à « ¢ ¨­®¬ ¢¨¤¥:

�S =

Z
R
d4x

�
@L
@'

� @�
�

@L
@(@�')

��
�'+

+

Z
~R
d��

�
@L

@(@�')
[�'+ (@�')�x

� ]�

�
�

@L
@(@�')

(@�') � ���L
�
�x�
�

(2.33)

£¤¥ ¯à®áâ® ¤®¡ ¢«¥­® ¨ ¢ëçâ¥­® ®¤­® ¨ â®¦¥. �ëà ¦¥­¨¥ ¢ ¯¥à¢ëå ª¢ ¤à â­ëå
áª®¡ª å ¢ ¯®¢¥àå­®áâ­®¬ ¨­â¥£à «¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«­ãî ¢ à¨ æ¨î ¯®«ï,
®¯à¥¤¥«¥­­ãî ¢ (2.20). �â®à ï ª¢ ¤à â­ ï áª®¡ª , ª ª ¬ë ã¡¥¤¨¬áï ­¨¦¥, ®¯à¥¤¥-
«ï¥â â¥­§®à í­¥à£¨¨ { ¨¬¯ã«ìá :

��� =
@L

@(@�')
@�'� ���L (2.34)

�¥¯¥àì �S ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

�S =

Z
R
d4x

�
@L
@'

� @

@x�

�
@L

@(@�')

��
�'+

+

Z
~R
d��

�
@L

@(@�')
�'� ��� �x�

�
(2.35)

� ¬¥â¨¬, çâ® ¯¥à¢ë© ¨­â¥£à « §¤¥áì à ¢¥­ ­ã«î (¯à¨ ¯à®¨§¢®«ì­ëå ¢ à¨ æ¨ïå �')
¢ á¨«ã ¢ë¯®«­¥­¨ï ãà ¢­¥­¨© ¤¢¨¦¥­¨ï (2.29). � áá¬®âà¨¬ â¥¯¥àì ¢â®à®© ç«¥­ ¢
(2.35). �ãáâì ¤¥©áâ¢¨¥ S ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ­¥ª®â®à®© ­¥¯à¥àë¢­®© £àã¯¯ë
¯à¥®¡à §®¢ ­¨© x� ¨ ' (£àã¯¯ë �¨). �®£¤  ¬®¦­® § ¯¨á âì ¨­ä¨­¨â¥§¨¬ «ì­ë¥
¯à¥®¡à §®¢ ­¨ï:

�x� = X�
� �!

� �' = ���!
� (2.36)

£¤¥ �!� { ¡¥áª®­¥ç­® ¬ «ë¥ ¯ à ¬¥âàë £àã¯¯®¢®£® ¯à¥®¡à §®¢ ­¨ï (\ã£«ë ¯®¢®-
à®â "), X�

� { ­¥ª®â®à ï ¬ âà¨æ , �� { ­¥ª®â®àë¥ ç¨á« . � ¬¥â¨¬, çâ® ¢ ®¡é¥¬
á«ãç ¥, ¨­¤¥ªáë ¯à¨ íâ¨å ¢¥«¨ç¨­ å ¬®£ãâ ¡ëâì ¤¢®©­ë¬¨, âà®©­ë¬¨ ¨ â.¯., ¢
ç áâ­®áâ¨ ¬®¦­® à áá¬®âà¥âì á«ãç ©, ª®£¤  ¨¬¥¥âáï ­¥ª®â®àë© ¬ã«ìâ¨¯«¥â ¯®-
«¥© 'i, â ª çâ®

�'i = �ij�!j (2.37)

£¤¥ â¥¯¥àì ¨ � ¯à¥¤áâ ¢«ï¥â á®¡®© ¬ âà¨æã ¢ ­¥ª®â®à®¬  ¡áâà ªâ­®¬ (\¨§®â®¯¨ç¥-
áª®¬") ¯à®áâà ­áâ¢¥.

�à¥¡ãï â¥¯¥àì ¨­¢ à¨ ­â­®áâ¨ ¤¥©áâ¢¨ï �S = 0 ¯® ®â­®è¥­¨î ª ¯à¥®¡à §®¢ ­¨î
(2.36), ¨§ (2.35), á ãç¥â®¬ (2.29), ¯®«ãç ¥¬:Z

~R
d��

�
@L

@(@�')
�� � ���X

�
�

�
�!� = 0 (2.38)

çâ®, ¢¢¨¤ã ¯à®¨§¢®«ì­®áâ¨ �!� , ¯à¨¢®¤¨â ª:Z
~R
d��J

�
� = 0 (2.39)
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£¤¥:

J�� =
@L

@(@�')
�� � ���X

�
� (2.40)

�® â¥®à¥¬¥ � ãáá  ¨§ (2.39) ¯®«ãç ¥¬ ãà ¢­¥­¨¥ ­¥¯à¥àë¢­®áâ¨:

@�J
�
� = 0 (2.41)

â ª çâ® ¢¥«¨ç¨­  J�� ¯à¥¤áâ ¢«ï¥â á®¡®© á®åà ­ïîé¨©áï â®ª. �®ç­¥¥, á®åà ­ïî-
é¥©áï ¢¥«¨ç¨­®© ï¢«ï¥âáï ®¡®¡é¥­­ë© § àï¤:

Q� =

Z
�

d��J
�
� (2.42)

£¤¥ ¨­â¥£à « ¡¥à¥âáï ¯® ¯à®¨§¢®«ì­®© ¯à®áâà ­áâ¢¥­­® { ¯®¤®¡­®© £¨¯¥à¯®¢¥àå­®-
áâ¨ �. �á«¨ ¢§ïâì � ¢ ¢¨¤¥ £¨¯¥à¯«®áª®áâ¨ t = const, â® ¯®«ãç¨¬ ¯à®áâ® ¨­â¥£à «
¯® âà¥å¬¥à­®¬ã ®¡ê¥¬ã V :

Q� =

Z
V

d3xJ0� (2.43)

�¡ëç­ë¬ ®¡à §®¬ [25], ¨­â¥£à¨àãï (2.41) ¯® ®¡ê¥¬ã V , ¨¬¥¥¬:Z
V

d3x@0J
0
� +

Z
V

@iJ
i
� = 0 (2.44)

�â®à®© ¨­â¥£à « §¤¥áì ¯à¥®¡à §ã¥âáï ¯® âà¥å¬¥à­®© â¥®à¥¬¥ � ãáá  ¢ ¯®¢¥àå­®áâ-
­ë©, ª®â®àë© ®¯à¥¤¥«ï¥â ¯®â®ª § àï¤  ç¥à¥§ íâã ¯®¢¥àå­®áâì [25]. �«ï § ¬ª­ãâ®©
á¨áâ¥¬ë (�á¥«¥­­®©) íâ®â ¯®â®ª à ¢¥­ ­ã«î ¨ ¯®«ãç ¥¬:

d

dt

Z
V

d3xJ0� =
dQ�
dt

= 0 (2.45)

�â® ¨ ¥áâì ®á­®¢­®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë �¥â¥à | ¨­¢ à¨ ­â­®áâì ¤¥©áâ¢¨ï ®â-
­®á¨â¥«ì­® ­¥ª®â®à®© ­¥¯à¥àë¢­®© ®¯¥à æ¨¨ (£àã¯¯ë) á¨¬¬¥âà¨¨ ¯à¨¢®¤¨â ª á®-
®â¢¥âáâ¢ãîé¥¬ã § ª®­ã á®åà ­¥­¨ï.

� áá¬®âà¨¬ ¯à®áâ®© ¯à¨¬¥à. �ãáâì ¯à¥®¡à §®¢ ­¨ï á¨¬¬¥âà¨¨ (2.36) á¢®¤ïâáï
ª ¯à®áâë¬ âà ­á«ïæ¨ï¬ ¢ ¯à®áâà ­áâ¢¥ { ¢à¥¬¥­¨:

�x� = "� �' = 0 (2.46)

â ª çâ®
X�
� = ��� �� = 0 (2.47)

�®£¤  ¨§ (2.40) ­¥¬¥¤«¥­­® ¯®«ãç ¥¬:

J�� = ���� (2.48)

¨ á®®â¢¥âáâ¢ãîé¨© § ª®­ á®åà ­¥­¨ï ¨¬¥¥â ¢¨¤:

d

dt

Z
d3x�0� = 0 (2.49)

çâ® ¯à¥¤áâ ¢«ï¥â á®¡®© § ª®­ á®åà ­¥­¨ï í­¥à£¨¨ { ¨¬¯ã«ìá  ¨, ªáâ â¨, ¯®¤â¢¥à-
¦¤ ¥â ¢¢¥¤¥­­®¥ ¢ëè¥ ®¯à¥¤¥«¥­¨¥ â¥­§®à  í­¥à£¨¨ { ¨¬¯ã«ìá . �à¨ íâ®¬, ¢¥«¨-
ç¨­ 

P� =

Z
d3x�0� (2.50)
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¯à¥¤áâ ¢«ï¥â á®¡®© 4-¨¬¯ã«ìá ­ è¥£® ¯®«ï. �â® ¯®­ïâ­® ¨ ¨§ ¯à®áâ®©  ­ «®£¨¨ á
¬¥å ­¨ª®©. �§ ®¯à¥¤¥«¥­¨ï (2.34), ¢ ç áâ­®áâ¨, á«¥¤ã¥â:Z

d3x�00 =

Z
d3x

�
@L
@ _'

_'� L
�

(2.51)

çâ®  ­ «®£¨ç­® ¨§¢¥áâ­®¬ã ¢ëà ¦¥­¨î, á¢ï§ë¢ îé¥¬ã äã­ªæ¨î � £à ­¦  á £ -
¬¨«ìâ®­¨ ­®¬ ¢ ª« áá¨ç¥áª®© ¬¥å ­¨ª¥ [26]:

H =
X
i

piqi � L pi =
@L

@ _qi
(2.52)

â ª çâ® (2.51) ¤ ¥â í­¥à£¨î ¯®«ï. �­ «®£¨ç­ë¬ ®¡à §®¬, ¢¥«¨ç¨­ 
R
d3x�0i ®¯à¥¤¥-

«ï¥â ¨¬¯ã«ìá ¯®«ï.
� ª¨¬ ®¡à §®¬, á®åà ­¥­¨¥ í­¥à£¨¨ { ¨¬¯ã«ìá  ¨¬¥¥â ¬¥áâ® ¤«ï «î¡®© á¨áâ¥¬ë,

« £à ­¦¨ ­ (¤¥©áâ¢¨¥) ª®â®à®© ­¥ § ¢¨á¨â ï¢­® ®â x�.
�«ï « £à ­¦¨ ­  �«¥©­  { �®à¤®­  (2.30) ¨§ (2.34) áà §ã ¯®«ãç ¥¬ â¥­§®à í­¥à-

£¨¨ ¨¬¯ã«ìá  ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

��� = (@�')(@�') � g��L (2.53)

�â® ¢ëà ¦¥­¨¥ ï¢­ë¬ ®¡à §®¬ á¨¬¬¥âà¨ç­® ¯® ¨­¤¥ªá ¬ ��� = ���. �® â ª ­¥
¢á¥£¤  ¯®«ãç ¥âáï, ¥á«¨ ¯®«ì§®¢ âìáï ®¯à¥¤¥«¥­¨¥¬ (2.34) ¤«ï ¯à®¨§¢®«ì­®£® « -
£à ­¦¨ ­ . � â®¦¥ ¢à¥¬ï ª (2.34) ¢á¥£¤  ¬®¦­® ¤®¡ ¢¨âì ç«¥­ â¨¯  @�f��� , £¤¥
f��� = �f��� , â ª çâ® @�@�f

��� � 0 ¨ § ª®­ á®åà ­¥­¨ï (2.49) ­¥ ­ àãè ¥âáï.
� ª®© ­¥®¯à¥¤¥«¥­­®áâìî ¬®¦­® ¢®á¯®«ì§®¢ âìáï ¨ ¢¢¥áâ¨

T�� = ��� + @�f
��� (2.54)

¢ë¡à ¢ f��� â ª, çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥ á¨¬¬¥âà¨¨ T�� = T ��. �®¤®¡à ­­ë©
â ª¨¬ ®¡à §®¬ â¥­§®à í­¥à£¨¨ { ¨¬¯ã«ìá  ­ §ë¢ ¥âáï ª ­®­¨ç¥áª¨¬. �áâ¥áâ¢¥­­®,
çâ®

@�T
�� = @��

�� = 0 (2.55)

�®«­ë© 4-¨¬¯ã«ìá ¯à¨ íâ®¬ â ª¦¥ ­¥ ¬¥­ï¥âáï, ¯®áª®«ìªã ¨¬¥¥â ¬¥áâ®:Z
d3x@�f

�0� =

Z
d3x@if

i0� =

Z
d�if

i0� = 0 (2.56)

�¥à¢®¥ à ¢¥­áâ¢® ¢ (2.56) á«¥¤ã¥â ¨§ f00� = 0,   ¢â®à®¥ ¨§ â¥®à¥¬ë � ãáá . �ã«ì
¢ ¯à ¢®© ç áâ¨ ¢®§­¨ª ¥â ¯à¨ ®â­¥á¥­¨¨ ¯®¢¥àå­®áâ¨ � ­  ¡¥áª®­¥ç­®áâì, £¤¥ ¯®«ï
áç¨â îâáï ®âáãâáâ¢ãîé¨¬¨.

� ª¨¬ ®¡à §®¬, í­¥à£¨ï ¨ ¨¬¯ã«ìá ¯®«ï ®ª §ë¢ îâáï ®¯à¥¤¥«¥­­ë¬¨ ®¤­®-
§­ ç­®, ­¥á¬®âàï ­  ­¥ª®â®àãî ­¥®¤­®§­ ç­®áâì ¢ ®¯à¥¤¥«¥­¨¨ â¥­§®à  í­¥à£¨¨
{ ¨¬¯ã«ìá .

�¬¥¥âáï àï¤ á®®¡à ¦¥­¨© ä¨§¨ç¥áª®£® å à ªâ¥à , ¯® ª®â®àë¬ â¥­§®à í­¥à£¨¨ { ¨¬¯ã«ìá 
á«¥¤ã¥â ¢á¥£¤  ¢ë¡¨à âì á¨¬¬¥âà¨ç­ë¬ [8, 25]. �á®¡¥­­® ¨§ïé­ë©  à£ã¬¥­â ®á­®¢ ­ ­  ¯à¨¢«¥-
ç¥­¨¨ ®¡é¥© â¥®à¨¨ ®â­®á¨â¥«ì­®áâ¨. �à ¢­¥­¨ï �©­èâ¥©­  ¤«ï £à ¢¨â æ¨®­­®£® ¯®«ï (¬¥âà¨ª¨
¯à®áâà ­áâ¢  g��) ¨¬¥îâ ¢¨¤ [25]:

R�� � 1

2
g��R = �8�G

c2
T�� (2.57)

£¤¥ R�� { á¢¥à­ãâë© â¥­§®à ªà¨¢¨§­ë �¨¬ ­  (â¥­§®à �¨çç¨), R { áª «ïà­ ï ªà¨¢¨§­  ¯à®áâà ­-
áâ¢ ,G { ­ìîâ®­®¢áª ï ª®­áâ ­â  âï£®â¥­¨ï.�¥¢ ï ç áâì (2.57) áâà®¨âáï ¨§ ¬¥âà¨ç¥áª®£® â¥­§®à 
g�� ¨ ¥£® ¯à®¨§¢®¤­ëå, ï¢«ïïáì ç¨áâ® £¥®¬¥âà¨ç¥áª¨¬ ®¡ê¥ªâ®¬.�à¨ íâ®¬ ®­  ¢á¥£¤  á¨¬¬¥âà¨ç­ 
¯® �; � [25]. �®íâ®¬ã ¨ â¥­§®à í­¥à£¨¨ { ¨¬¯ã«ìá  ¬ â¥à¨¨, áâ®ïé¨© ¢ ¯à ¢®© ç áâ¨ ¨ ï¢«ïîé¨©áï
¨áâ®ç­¨ª®¬ £à ¢¨â æ¨®­­®£® ¯®«ï, ¤®«¦¥­ ¡ëâì á¨¬¬¥âà¨ç­ë¬.
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�®¬¯«¥ªá­®¥ áª «ïà­®¥ ¨ í«¥ªâà®¬ £­¨â-
­®¥ ¯®«¥.

� áá¬®âà¨¬ â¥¯¥àì áª «ïà­®¥ ª®¬¯«¥ªá­®¥ ¯®«¥, ª®â®à®¥ ã¤®¡­® § ¯¨á âì ¢ ¢¨¤¥:

' =
1p
2
('1 + i'2) (2.58)

'� =
1p
2
('1 � i'2) (2.59)

� ªâ¨ç¥áª¨ §¤¥áì à áá¬ âà¨¢ ¥âáï ã¦¥ ¤¢  ­¥§ ¢¨á¨¬ëå áª «ïà­ëå ¯®«ï '1; '2,
ª®â®àë¥ ¬®¦­® à áá¬ âà¨¢ âì, ­ ¯à¨¬¥à, ª ª ¯à®¥ªæ¨¨ ­¥ª®â®à®£® ¤¢ã¬¥à­®£®
¢¥ªâ®à  ­  ®á¨ 1 ¨ 2 ¢ ­¥ª®â®à®¬ ¨§®â®¯¨ç¥áª®¬ 2¯à®áâà ­áâ¢¥,  áá®æ¨¨àã¥¬®¬
á ­ è¨¬ ¯®«¥¬. � ãç¥â®¬ âà¥¡®¢ ­¨ï ¤¥©áâ¢¨â¥«ì­®áâ¨ ¤¥©áâ¢¨ï, « £à ­¦¨ ­ â -
ª®£® ¯®«ï,  ­ «®£¨ç­ë© (2.30) ¬®¦­® § ¯¨á âì ª ª:

L = (@�')(@
�'�) �m2'�' (2.60)

� áá¬ âà¨¢ ï â¥¯¥àì ¯®«ï ' ¨ '� ª ª ­¥§ ¢¨á¨¬ë¥ ¯¥à¥¬¥­­ë¥, ¨§ ãà ¢­¥­¨© � -
£à ­¦  (2.29) ¯®«ãç ¥¬ ¤¢  ãà ¢­¥­¨ï �«¥©­  { �®à¤®­ :

(� +m2)' = 0 (2.61)

(� +m2)'� = 0 (2.62)

� £à ­¦¨ ­ (2.60) ®ç¥¢¨¤­ë¬ ®¡à §®¬ ¨­¢ à¨ ­â¥­ ®â­®á¨â¥«ì­® â ª ­ §ë¢ ¥¬ëå
£«®¡ «ì­ëå3 ª «¨¡à®¢®ç­ëå ¯à¥®¡à §®¢ ­¨© ¢¨¤ :

'! e�i�' '� ! ei�'� (2.63)

£¤¥ � { ¯à®¨§¢®«ì­ ï ¤¥©áâ¢¨â¥«ì­ ï ª®­áâ ­â . � (2.63) ¬ë ¨¬¥¥¬ ¤¥«® á â¨¯¨ç­ë¬
¯à¥®¡à §®¢ ­¨¥¬ £àã¯¯ë �¨ (¢ ¤ ­­®¬ á«ãç ¥ { £àã¯¯ë U (1) ¤¢ã¬¥à­ëå ¢à é¥­¨©),
á®®â¢¥âáâ¢¥­­®, ¤«ï ¬ «ëå � ¢á¥£¤  ¬®¦­® ­ ¯¨á âì:

�' = �i�' �'� = i�'� (2.64)

{ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ª «¨¡à®¢®ç­ë¥ ¯à¥®¡à §®¢ ­¨ï. �¢¨¤ã ­¥§ ¢¨á¨¬®áâ¨ � ®â
¯à®áâà ­áâ¢¥­­® { ¢à¥¬¥­­®© ª®®à¤¨­ âë, ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï
¯à®¨§¢®¤­ëå ¯®«ï ¨¬¥îâ â ª®© ¦¥ ¢¨¤:

�(@�') = �i�@�' �(@�'
�) = i�@�'

� (2.65)

� ®¡®§­ ç¥­¨ïå (2.36) ¨¬¥¥¬:

� = �i' �� = i' X = 0 (2.66)

2�¥à¬¨­ ¨§®â®¯¨ç¥áª®¥ ¨á¯®«ì§ã¥âáï ­ ¬¨ ¢ ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ ¢­¥ ¢áïª®© á¢ï§¨, ­® ¯®  ­ -
«®£¨¨ á ¨§®â®¯¨ç¥áª®© á¨¬¬¥âà¨¥© ¢ ï¤¥à­®© ä¨§¨ª¥ ¨ â¥®à¨¨  ¤à®­®¢ [27]. �¥çì §¤¥áì ¨¤¥â ®
­¥ª®â®à®¬ ¯à®áâà ­áâ¢¥ ¢­ãâà¥­­¨å ª¢ ­â®¢ëå ç¨á¥« ¯®«ï (ç áâ¨æë), á®åà ­¥­¨î ª®â®àëå á®®â-
¢¥âáâ¢ã¥â ­ ¤«¥¦ é ï á¨¬¬¥âà¨ï ¢ íâ®¬ ¯à®áâà ­áâ¢¥.

3�¥à¬¨­ £«®¡ «ì­ë¥ ®§­ ç ¥â §¤¥áì â®, çâ® ¯à®¨§¢®«ì­ ï ä §  � §¤¥áì ®¤¨­ ª®¢  ¤«ï ¯®«¥©,
¢§ïâëå ¢ à §«¨ç­ëå â®çª å ¯à®áâà ­áâ¢  { ¢à¥¬¥­¨.



��������� ���������. ��������� � ������������� ���� 25

â ª çâ® á®åà ­ïîé¨©áï ­¥â¥à®¢áª¨© â®ª (2.40) ¨¬¥¥â ¢ ¤ ­­®¬ á«ãç ¥ ¢¨¤:

J� =
@L

@(@�')
(�i') + @L

@(@�'�)
(i'�) (2.67)

� ãç¥â®¬ (2.60) ¯®«ãç ¥¬:

J� = i('�@�'� '@�'�) (2.68)

{ ï¢­ë© ¢¨¤ â®ª , ã¤®¢«¥â¢®àïîé¥£® ãà ¢­¥­¨î:

@�J
� = 0 (2.69)

� ¢ë¯®«­¨¬®áâ¨ íâ®£® ãá«®¢¨ï ¬®¦­® ã¡¥¤¨âìáï ¨ ­¥¯®áà¥¤áâ¢¥­­®, ¨á¯®«ì§ãï
ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï (2.61), (2.62). �®®â¢¥âáâ¢¥­­®, ¢ à áá¬ âà¨¢ ¥¬®© â¥®à¨¨ ¢®§-
­¨ª ¥â á®åà ­ïîé¨©áï § àï¤:

Q =

Z
dV J0 = i

Z
dV

�
'�
@'

@t
� '

@'�

@t

�
(2.70)

�á«¨ ¯®«¥ ¤¥©áâ¢¨â¥«ì­®, â® ' = '� ¨, ®ç¥¢¨¤­®, ¨¬¥¥¬ Q = 0, â ª çâ® ¯®­ïâ¨¥ á®-
åà ­ïîé¥£®áï § àï¤  dQ=dt = 0 ¬®¦­® ¢¢¥áâ¨ â®«ìª® ¤«ï ª®¬¯«¥ªá­®£® ¯®«ï. �à¨
íâ®¬ ®¯à¥¤¥«ïîé¥¥ §­ ç¥­¨¥ ¨¬¥¥â U (1) á¨¬¬¥âà¨ï « £à ­¦¨ ­  (2.60), (2.63). � -
¬¥â¨¬, çâ® ¢á¥ à áá¬®âà¥­¨¥ ¯®ª  çâ® ®áâ ¥âáï ç¨áâ® ª« áá¨ç¥áª¨¬, á®®â¢¥âáâ¢¥­­®
Q ¬®¦¥â ¯à¨­¨¬ âì «î¡ë¥ (­¥æ¥«®ç¨á«¥­­ë¥) §­ ç¥­¨ï.

�¥à¥¯¨è¥¬ (2.60) á ¯®¬®éìî (2.58), (2.59) ¢ ¢¨¤¥  ¤¤¨â¨¢­®© áã¬¬ë « £à ­¦¨-
 ­®¢ ¯®«¥© '1; '2:

L =
1

2
[(@�'1)(@

�'1) + (@�'2)(@
�'2)]� 1

2
m2('21 + '22) (2.71)

�®£¤ , ¢¢®¤ï § ¯¨áì ¯®«ï ' ¢ ¢¨¤¥ ¢¥ªâ®à  ~' ¢ ¤¢ã¬¥à­®¬ ¨§®â®¯¨ç¥áª®¬ ¯à®áâà ­-
áâ¢¥:

~' = '1~i+ '2~j (2.72)

£¤¥ ~i;~j { ¥¤¨­¨ç­ë¥ ®àâë ¢ íâ®¬ ¯à®áâà ­áâ¢¥, ¬®¦­® § ¯¨á âì (2.71) ª ª:

L =
1

2
(@�~')(@

� ~') � 1

2
m2~' � ~' (2.73)

®âªã¤  ïá­® ¢¨¤¥­ £¥®¬¥âà¨ç¥áª¨© á¬ëá« à áá¬ âà¨¢ ¥¬®© á¨¬¬¥âà¨¨ â¥®à¨¨ (« -
£à ­¦¨ ­ ). � «¨¡à®¢®ç­ë¥ ¯à¥®¡à §®¢ ­¨ï (2.63) ¬®¦­® § ¯¨á âì ¨ â ª:

'01 + i'02 = e�i�('1 + i'2)

'01 � i'02 = ei�('1 � i'2)

¨«¨

'01 = '1 cos� + '2 sin�

'02 = �'1 sin� + '2 cos� (2.74)

çâ® ®¯¨áë¢ ¥â ¯®¢®à®â ¢¥ªâ®à  ~' ­  ã£®« � ¢ ¯«®áª®áâ¨ 1; 2. � £à ­¦¨ ­, ®ç¥¢¨¤­®,
¨­¢ à¨ ­â¥­ ®â­®á¨â¥«ì­® â ª¨å ¯®¢®à®â®¢, â.¥. ®â­®á¨â¥«ì­® £àã¯¯ë ¤¢ã¬¥à­ëå
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¢à é¥­¨© O(2) ¨«¨ ¨§®¬®àä­®© ¥© £àã¯¯ë U (1) { ¯à¥®¡à §®¢ ­¨ï (2.63) ®ç¥¢¨¤­®
ã­¨â à­ë: ei�(ei�)� = 1. �àã¯¯®¢®¥ ¯à®áâà ­áâ¢® ®¯à¥¤¥«ï¥âáï ¬­®¦¥áâ¢®¬ ¢á¥å
¢®§¬®¦­ëå ã£«®¢ (ä §) �, ®¯à¥¤¥«¥­­ëå á â®ç­®áâìî ¤® 2�n (n { æ¥«®¥, ¯®¢®à®â
­  � â®¦¤¥áâ¢¥­ ¯®¢®à®âã ­  �+ 2�n), ¨ â®¯®«®£¨ç¥áª¨ íª¢¨¢ «¥­â­® ®ªàã¦­®áâ¨
¥¤¨­¨ç­®£® à ¤¨ãá .

� ¢®â â¥¯¥àì ¬®¦­® ¯®¯ëâ âìáï á¤¥« âì à¥è îé¨© è £! �®¦­® § ¤ âìáï ¤®-
áâ â®ç­® ä®à¬ «ì­ë¬ ¢®¯à®á®¬ { ­¥«ì§ï-«¨ á¤¥« âì ­ èã â¥®à¨î ¨­¢ à¨ ­â­®©
®â­®á¨â¥«ì­® «®ª «ì­ëå ª «¨¡à®¢®ç­ëå ¯à¥®¡à §®¢ ­¨© â¨¯  (2.63), ­® á ä §®©
(ã£«®¬), ï¢«ïîé¥©áï ¯à®¨§¢®«ì­®© äã­ªæ¨¥© ¯à®áâà ­áâ¢¥­­® { ¢à¥¬¥­­®© â®çª¨,
¢ ª®â®à®© ®¯à¥¤¥«¥­® ­ è¥ ¯®«¥:

'(x)! e�i�(x)'(x) '�(x)! ei�(x)'�(x) (2.75)

�á®¡ëå ¯®¢®¤®¢ ¤«ï â ª®£® ¦¥« ­¨ï, ¢ ®¡é¥¬-â®, ­¥â. �ã à §¢¥ çâ® ¬®¦­® áª § âì,
çâ® £«®¡ «ì­®¥ ¯à¥®¡à §®¢ ­¨¥ (2.63) ­¥¢ ¦­® á¬®âà¨âáï á â®çª¨ §à¥­¨ï ®¡é¥©
¨¤¥®«®£¨¨ à¥«ïâ¨¢¨áâáª®© â¥®à¨¨ { ¬ë \¢à é ¥¬" ­ è¥ ¯®«¥ ­  ®¤¨­ ¨ â®â ¦¥
ã£®« (¢ ¨§®â®¯¨ç¥áª®¬ ¯à®áâà ­áâ¢¥) ¢® ¢á¥å â®çª å ¯à®áâà ­áâ¢  { ¢à¥¬¥­¨, ¢ â®¬
ç¨á«¥ ¨ ¢ â¥å, ª®â®àë¥ à §¤¥«¥­ë ¯à®áâà ­áâ¢¥­­® { ¯®¤®¡­ë¬ ¨­â¥à¢ «®¬, â.¥.
­¥ ¬®£ãâ ¡ëâì ¯à¨ç¨­­® á¢ï§ ­ë. �® ¢¥¤ì ¨ ¨§®â®¯¨ç¥áª®¥ ¯à®áâà ­áâ¢® ­¨ª ª
¯®ª  ­¥ á¢ï§ ­® á ¯à®áâà ­áâ¢®¬ { ¢à¥¬¥­¥¬. �® ¬ë ã¢¨¤¨¬, çâ® âà¥¡®¢ ­¨¥ ¨­¢ -
à¨ ­â­®áâ¨ â¥®à¨¨ ®â­®á¨â¥«ì­® (2.75) ¯®çâ¨ ­¥¬¥¤«¥­­® ¯à¨¢®¤¨â ª á®¢¥àè¥­­®
§ ¬¥ç â¥«ì­ë¬ à¥§ã«ìâ â ¬.

�  ¯¥à¢ë© ¢§£«ï¤ ¨­¢ à¨ ­â­®áâì â¥®à¨¨ ®â­®á¨â¥«ì­® (2.75) ­¥¢®§¬®¦­ . � á-
á¬®âà¨¬ ®¯ïâì á«ãç © ¡¥áª®­¥ç­® ¬ «ëå ¯à¥®¡à §®¢ ­¨© á �(x) � 1. �®£¤  (2.75)
á¢®¤¨âáï ª:

'! ' � i�' �' = �i�' (2.76)

çâ® ¨¤¥­â¨ç­® á (2.64). �¤­ ª® ¤«ï ¯à®¨§¢®¤­ëå ¯®«ï ¢á¥ á«®¦­¥¥ ¢ á¨«ã ï¢­®©
§ ¢¨á¨¬®áâ¨ �(x) ®â ª®®à¤¨­ âë:

@�'! @�' � i(@��)'� i�(@�') (2.77)

�(@�') = �i�(@�')� i(@��)' (2.78)

çâ®, ¥áâ¥áâ¢¥­­®, ­¥ á®¢¯ ¤ ¥â á (2.65). �«ï ª®¬¯«¥ªá­® á®¯àï¦¥­­®£® ¯®«ï ¢á¥
 ­ «®£¨ç­®:

'� ! '� + i�'� �'� = i�'� (2.79)

@�'
� ! @�'

� + i(@��)'
� + i�(@�'

�) (2.80)

�(@�'
�) = i�(@�'

�) + i(@��)'
� (2.81)

�âã á¨âã æ¨î ®¡ëç­® å à ªâ¥à¨§ãîâ á«®¢ ¬¨ ® â®¬, çâ® ¯à®¨§¢®¤­ë¥ ¯®«ï ' ¯à¥-
®¡à §ãîâáï â¥¯¥àì (¢ ®â«¨ç¨¥ ®â á ¬®£® ¯®«ï) ­¥ª®¢ à¨ ­â­®, â.¥. ­¥ ¯à®¯®àæ¨®-
­ «ì­® á ¬¨¬ á¥¡¥. �á¥ ¯®àâ¨â á« £ ¥¬®¥ á ¯à®¨§¢®¤­®© �! �¨ª ª®© ¨­¢ à¨ ­â­®áâ¨
« £à ­¦¨ ­  (2.60) ®â­®á¨â¥«ì­® â ª¨å ¯à¥®¡à §®¢ ­¨© ¯à®áâ® ­¥â. �®á¬®âà¨¬, ®¤-
­ ª®, ­¥«ì§ï-«¨ ¥¥ ®¡¥á¯¥ç¨âì?

�§¬¥­¥­¨¥ « £à ­¦¨ ­  ¯à¨ ¯à®¨§¢®«ì­ëå ¢ à¨ æ¨ïå ¯®«¥© ¨ ¨å ¯à®¨§¢®¤­ëå
¨¬¥¥â ¢¨¤:

�L =
@L
@'

�'+
@L

@(@�')
�(@�') + ('! '�) (2.82)
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�¥à¥¯¨áë¢ ï ¯¥à¢®¥ á« £ ¥¬®¥ á ¯®¬®éìî ãà ¢­¥­¨© � £à ­¦  (2.29) ¨ ¯®¤áâ ¢«ïï
(2.76) ¨ (2.78), ¯®«ãç¨¬:

�L = @�

�
@L

@(@�')

�
(��') + @L

@(@�')
(�i�@�' � i'@��) + ('! '�) =

= �i�@�
�

@L
@(@�')

'

�
� i @L

@(@�')
(@��)' + ('! '�) (2.83)

�¥à¢ë© ç«¥­ §¤¥áì ¯à®¯®àæ¨®­ «¥­ ¤¨¢¥à£¥­æ¨¨ ®â á®åà ­ïîé¥£®áï â®ª  (2.67) ¨
à ¢¥­, â ª¨¬ ®¡à §®¬, ­ã«î. �â®à®¥ ¦¥ á« £ ¥¬®¥, á ¨á¯®«ì§®¢ ­¨¥¬ ï¢­®£® ¢¨¤ 
« £à ­¦¨ ­ , ¯à¨®¡à¥â ¥â ¢¨¤:

�L = i@��('
�@�'� '@�'�) = J�@�� (2.84)

£¤¥ J� ¢á¥ â®â ¦¥ á®åà ­ïîé¨©áï â®ª (2.68).
�â ª, ¤¥©áâ¢¨¥ ­¥¨­¢ à¨ ­â­® ¯® ®â­®è¥­¨î ª «®ª «ì­ë¬ ª «¨¡à®¢®ç­ë¬ ¯à¥-

®¡à §®¢ ­¨ï¬. �ª §ë¢ ¥âáï, ®¤­ ª®, çâ® ¨­¢ à¨ ­â­®áâì ¤¥©áâ¢¨ï ¬®¦­® ®¡¥á¯¥-
ç¨âì ¯ãâ¥¬ ¢¢¥¤¥­¨ï ­®¢®£® ¢¥ªâ®à­®£® ¯®«ï A�, ­¥¯®áà¥¤áâ¢¥­­® ¢§ ¨¬®¤¥©áâ¢ãî-
é¥£® á â®ª®¬ J�, ¤®¡ ¢¨¢ ª ­ è¥¬ã « £à ­¦¨ ­ã á«¥¤ãîé¨© ç«¥­ ¢§ ¨¬®¤¥©áâ¢¨ï:

L1 = �eJ�A� = �ie('�@�'� '@�'�)A� (2.85)

£¤¥ e { ¡¥§à §¬¥à­ ï ª®­áâ ­â  á¢ï§¨. �®âà¥¡ã¥¬ â¥¯¥àì, çâ®¡ë ®¤­®¢à¥¬¥­­® á «®-
ª «ì­ë¬¨ ª «¨¡à®¢®ç­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ¯®«ï ' (2.75) ¯®«¥ A� ¯®¤¢¥à£ «®áì
¡ë £à ¤¨¥­â­®¬ã ¯à¥®¡à §®¢ ­¨î ¢¨¤ :

A� ! A� +
1

e
@�� (2.86)

�®£¤  ¯®«ãç¨¬:

�L1 = e(�J�)A� � eJ�(�A�) = �e(�J�)A� � J�@�� (2.87)

�¨¤¨¬, çâ® ¢â®à®¥ á« £ ¥¬®¥ ¢ (2.87) ª ª à § â®ç­® á®ªà é ¥â (2.84). �® ­ã¦­®
â¥¯¥àì ¥é¥ ¨§¡ ¢¨âìáï ®â ¯¥à¢®£® á« £ ¥¬®£® ¢ (2.87). � ¯®¬®éìî (2.76), (2.79)
¬®¦­® ¯®«ãç¨âì:

�J� = i�('�@�' � '@�'�) = 2'�'@�� (2.88)

â ª çâ®
�L+ �L1 = �2eA�(@��)'�' (2.89)

�® ¤®¡ ¢¨¬ ª L ¥é¥ ®¤¨­ ç«¥­:

L2 = e2A�A
�'�' (2.90)

�®£¤  ¯®¤ ¢®§¤¥©áâ¢¨¥¬ (2.86) ¨¬¥¥¬:

�L2 = 2e2A��A
�'�' = 2e2A�(@

��)'�' (2.91)

�¥¯¥àì «¥£ª® ¢¨¤¥âì, çâ®
�L+ �L1 + �L2 = 0 (2.92)

â ª çâ® ¨­¢ à¨ ­â­®áâì ¤¥©áâ¢¨ï ®â­®á¨â¥«ì­® «®ª «ì­ëå ª «¨¡à®¢®ç­ëå ¯à¥-
®¡à §®¢ ­¨© ®¡¥á¯¥ç¥­ !
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�çâ¥¬ â¥¯¥àì, çâ® ¢¢¥¤¥­­®¥ ­ ¬¨ ¢¥ªâ®à­®¥ ¯®«¥ A� ¤®«¦­® ®¡« ¤ âì ¨ á®®â-
¢¥âáâ¢ãîé¨¬ \á¢®¡®¤­ë¬" ¢ª« ¤®¬ ¢ « £à ­¦¨ ­. �â®â ¢ª« ¤ ¤®«¦¥­ ¡ëâì ¨­¢ -
à¨ ­â¥­ ®â­®á¨â¥«ì­® £à ¤¨¥­â­ëå ¯à¥®¡à §®¢ ­¨© (2.86). �®­ïâ­®, ª ª âãâ ­ ¤®
¯®áâã¯¨âì. �¢¥¤¥¬ 4-¬¥à­ë© à®â®à ¯®«ï A�:

F�� = @�A� � @�A� (2.93)

ª®â®àë©, ®ç¥¢¨¤­®, ¨­¢ à¨ ­â¥­ ®â­®á¨â¥«ì­® (2.86). �®£¤  ¬®¦­® ¯à¨­ïâì:

L3 = � 1

16�
F��F�� (2.94)

�®¡¨à ï â¥¯¥àì ¢á¥ ç«¥­ë ­®¢®£® « £à ­¦¨ ­ , ¯®«ãç¨¬:

Ltot = L+ L1 + L2 + L3 =
= (@�')(@

�'�)�m2'�'� ie('�@�'� '@�'�)A� + e2A�A
�'�'� 1

16�
F��F

�� (2.95)

çâ® ¯¥à¥¯¨áë¢ ¥âáï ¢ áâ ­¤ àâ­®¬ ¢¨¤¥ ª ª:

Ltot = � 1

16�
F��F

�� + (@� + ieA�)'(@
� � ieA�)'� �m2'�' (2.96)

� ª¨¬ ®¡à §®¬ ¬ë ¯®«ãç¨«¨ « £à ­¦¨ ­ í«¥ªâà®¤¨­ ¬¨ª¨ ª®¬¯«¥ªá­®£® áª «ïà-
­®£® ¯®«ï '! �­ «¥£ª® ¯®«ãç ¥âáï ¨§ ¨áå®¤­®£® « £à ­¦¨ ­  �«¥©­  { �®à¤®­ 
(2.60) áâ ­¤ àâ­®© § ¬¥­®© [25] ®¡ëç­®© ¯à®¨§¢®¤­®© @�' ­  ª®¢ à¨ ­â­ãî ¯à®¨§-
¢®¤­ãî 4:

D�' = (@� + ieA�)' (2.97)

¨ ¤®¡ ¢«¥­¨¥¬ ç«¥­  á¢®¡®¤­®£® í«¥ªâà®¬ £­¨â­®£® ¯®«ï (2.94).
� £à ­¦¨ ­ í«¥ªâà®¬ £­¨â­®£® ¯®«ï (2.94) ¬®¦¥â ¡ëâì § ¯¨á ­ ª ª L = aF��F�� [25], £¤¥

¯®áâ®ï­­ ï a ¬®¦¥â ¡ëâì ¢ë¡à ­  à §­®©, ¢ § ¢¨á¨¬®áâ¨ ®â ¢ë¡®à  á¨áâ¥¬ë ¥¤¨­¨æ. � £ ãáá®-

¢®© á¨áâ¥¬¥ ¥¤¨­¨æ, ¯à¨­ïâ®©, ¢ ç áâ­®áâ¨, ¢ ªãàá¥ � ­¤ ã ¨ �¨äè¨æ , ¯®« £ ¥âáï a = � 1
16� .

� àï¤ã á £ ãáá®¢®©, ç áâ® ¨á¯®«ì§ã¥âáï â ª¦¥ á¨áâ¥¬  ¥¤¨­¨æ �¥¢¨á ©¤ , ¢ ª®â®à®© a = � 1
4 ,

ª®â®à ï ¨á¯®«ì§ã¥âáï, ­ ¯à¨¬¥à, ¢ [8]. � íâ®© á¨áâ¥¬¥ ¢ ãà ¢­¥­¨ï ¯®«ï ­¥ ¢å®¤¨â ¬­®¦¨â¥«ì

4�, ­® § â® ®­ ¢®§­¨ª ¥â ¢ § ª®­¥ �ã«®­ . � £ ãáá®¢®© á¨áâ¥¬¥ ­ ®¡®à®â 4� ¢å®¤¨â ¢ ãà ¢­¥­¨ï

� ªá¢¥«« , ­® ®âáãâáâ¢ã¥â ¢ § ª®­¥ �ã«®­ . � «¨â¥à âãà¥ ¯® ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¥ ç é¥

¨á¯®«ì§ã¥âáï á¨áâ¥¬  �¥¢¨á ©¤ . �ë ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬, ¢ ®á­®¢­®¬, ¯®«ì§®¢ âìáï £ ãáá®¢®©

á¨áâ¥¬®©, á¯¥æ¨ «ì­® ®£®¢ à¨¢ ï ¯¥à¥å®¤ ª á¨áâ¥¬¥ �¥¢¨á ©¤  ¢ ®â¤¥«ì­ëå á«ãç ïå.

� ®â«¨ç¨¥ ®â @�' ¢¥«¨ç¨­  (2.97) ¯à¥®¡à §ã¥âáï ¯à¨ ª «¨¡à®¢®ç­ëå ¯à¥®¡à §®-
¢ ­¨ïå ª®¢ à¨ ­â­ë¬ ®¡à §®¬, â.¥. ª ª á ¬® ¯®«¥ ':

�(D�') = �(@�') + ie(�A�)' + ieA��' = �i�(@�' + ieA�') = �i�(D�') (2.98)

�®«î ' á®®â¢¥âáâ¢ã¥â, â ª¨¬ ®¡à §®¬, í«¥ªâà¨ç¥áª¨© § àï¤ e, á®¯àï¦¥­­®¥ ¯®«¥
'� á®®â¢¥âáâ¢ã¥â § àï¤ã (�e):

D�'
� = (@� � ieA�)'

� (2.99)

�®­ïâ­®, çâ® ¢¢¥¤¥­­ ï ¢ëè¥ ¢¥«¨ç¨­  F�� ¯à¥¤áâ ¢«ï¥â á®¡®© â¥­§®à ­ ¯àï¦¥­-
­®áâ¥© í«¥ªâà®¬ £­¨â­®£® ¯®«ï [25].

4�à¨ íâ®¬ ª®­áâ ­â  e ¨¬¥¥â á¬ëá« í«¥ªâà¨ç¥áª®£® § àï¤ .
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�à ¢­¥­¨ï � ªá¢¥««  á«¥¤ãîâ ¨§ (2.96) ª ª ãà ¢­¥­¨ï � £à ­¦  ¤«ï ¯®«ï A�:

@L
@A�

� @�

�
@L

@(@�A�)

�
= 0 (2.100)

çâ® ¤ ¥â:

@�F
�� = �ie('�@�'� '@�'�) + 2e2A�j'j2 =

= �ie('�D�'� 'D�'�) � �4�eJ � (2.101)

£¤¥
J � = i('�D�'� 'D�'�) (2.102)

{ ª®¢ à¨ ­â­ ï ä®à¬  â®ª . �§  ­â¨á¨¬¬¥âà¨¨ F�� áà §ã á«¥¤ã¥â:

@�J � = 0 (2.103)

â ª çâ® ¢ ¯à¨áãâáâ¢¨¥ í«¥ªâà®¬ £­¨â­®£® ¯®«ï á®åà ­ï¥âáï â®ª J �,   ­¥ J�.
�â¬¥â¨¬, çâ® ¡¥§¬ áá®¢®áâì í«¥ªâà®¬ £­¨â­®£® ¯®«ï ®ª §ë¢ ¥âáï ­¥®¡å®¤¨¬®© { ¥á«¨ ¡ë ã

í«¥ªâà®¬ £­¨â­®£® ¯®«ï ¡ë«  ¡ë ª®­¥ç­ ï ¬ áá  M , â® ª « £à ­¦¨ ­ã (2.94) ­ã¦­® ¡ë«® ¡ë
¯à¨¯¨á âì ç«¥­ â¨¯ :

LM = M2A�A
� (2.104)

�ç¥¢¨¤­®, çâ® â ª®© ¢ª« ¤ ­¥¨­¢ à¨ ­â¥­ ®â­®á¨â¥«ì­® «®ª «ì­ëå ª «¨¡à®¢®ç­ëå ¯à¥®¡à §®¢ -

­¨©.

� áá¬®âà¥­­ë© á¯®á®¡ ¢¢¥¤¥­¨ï í«¥ªâà®¬ £­¨â­®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¡ë« ¢¯¥à-
¢ë¥ ¨á¯®«ì§®¢ ­ �¥©«¥¬ ¯à¨ ¯®¯ëâª å ¯®áâà®¥­¨ï ¥¤¨­®© â¥®à¨¨ ¯®«ï ¢ ­ ç «¥
20-å £®¤®¢. �«¥ªâà®¤¨­ ¬¨ª  á®®â¢¥âáâ¢ã¥â  ¡¥«¥¢®© ª «¨¡à®¢®ç­®© £àã¯¯¥ U (1),
  í«¥ªâà®¬ £­¨â­®¥ ¯®«¥ ï¢«ï¥âáï ¯à®áâ¥©è¨¬ ¯à¨¬¥à®¬ ª «¨¡à®¢®ç­®£® ¯®«ï.

�®«ï �­£ {�¨««á .

�â ª, à áá¬®âà¥¢ ¨­¢ à¨ ­â­®áâì ®â­®á¨â¥«ì­® «®ª «ì­ëå ª «¨¡à®¢®ç­ëå ¯à¥-
®¡à §®¢ ­¨© £àã¯¯ë U (1), ¬ë ¯®«ãç¨«¨ ¨§ « £à ­¦¨ ­  á¢®¡®¤­®£® ¯®«ï �«¥©­  {
�®à¤®­  áª «ïà­ãî í«¥ªâà®¤¨­ ¬¨ªã, â.¥. â¥®à¨î á ¢¥áì¬  ­¥âà¨¢¨ «ì­ë¬ ¢§ ¨¬®-
¤¥©áâ¢¨¥¬. �®¦­® áª § âì, çâ® á¨¬¬¥âà¨ï \­ ¢ï§ « " ­ ¬ ä®à¬ã ¢§ ¨¬®¤¥©áâ¢¨ï
¨ ¯à¨¢¥«  ª ­¥®¡å®¤¨¬®áâ¨ ¢¢¥áâ¨ ª «¨¡à®¢®ç­®¥ ¯®«¥ A�, ª ª ¯¥à¥­®áç¨ª íâ®£®
¢§ ¨¬®¤¥©áâ¢¨ï. � áá¬®âà¥­­ ï ª «¨¡à®¢®ç­ ï £àã¯¯  U (1) ¡ë«   ¡¥«¥¢®©. �¡®¡-
é¥­¨¥ ¯à¨¢¥¤¥­­®£®  ­ «¨§  ­  á«ãç © ­¥ ¡¥«¥¢ëå ª «¨¡à®¢®ç­ëå £àã¯¯ ¡ë«® ¯à®-
¢¥¤¥­® ¢ ­ ç «¥ 50-å £®¤®¢ �­£®¬ ¨ �¨««á®¬. � à¥§ã«ìâ â¥ ¡ë«  ®âªàëâ  ¤®à®£ 
ª ¯®áâà®¥­¨î è¨à®ª®£® ª« áá  ¢¥áì¬  ­¥âà¨¢¨ «ì­ëå â¥®à¨© (¢§ ¨¬®¤¥©áâ¢¨©),
ª®â®àë¥, ª ª ®ª § «®áì, ¬®£ãâ ¡ëâì ¯®«®¦¥­ë ¢ ®á­®¢ã á®¢à¥¬¥­­®£® ¯®­¨¬ ­¨ï
¤¨­ ¬¨ª¨ í«¥¬¥­â à­ëå ç áâ¨æ 5.

�à®áâ¥©è¨¬ ¢ à¨ ­â®¬ ­¥ ¡¥«¥¢®© ª «¨¡à®¢®ç­®© £àã¯¯ë, à áá¬®âà¥­­ë¬ ¥é¥
¢ ¯¥à¢®© à ¡®â¥ �­£  ¨ �¨««á , ï¢«ï¥âáï £àã¯¯  ¨§®â®¯¨ç¥áª®£® á¯¨­  { SU (2),
¨§®¬®àä­ ï £àã¯¯¥ âà¥å¬¥à­ëå ¢à é¥­¨© O(3). �ëè¥ à áá¬ âà¨¢ «®áì ª®¬¯«¥ªá-
­®¥ áª «ïà­®¥ ¯®«¥, ª®â®à®¥ ¯à¥¤áâ ¢«ï«®áì ¤¢ã¬¥à­ë¬ ¢¥ªâ®à®¬ ~' = ('1; '2).

5�®à®èãî ¯®¤¡®àªã à ­­¨å ®à¨£¨­ «ì­ëå áâ â¥© ¯® â¥®à¨¨ ­¥ ¡¥«¥¢ëå ª «¨¡à®¢®ç­ëå ¯®«¥©
¬®¦­® ­ ©â¨ ¢ á¡®à­¨ª¥ [28]
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�ãáâì â¥¯¥àì ­ è¥ áª «ïà­®¥ ¯®«¥ ï¢«ï¥âáï âà¥å¬¥à­ë¬ ¢¥ªâ®à®¬ ¢ ­¥ª®â®à®¬
\¨§®â®¯¨ç¥áª®¬" ¯à®áâà ­áâ¢¥: ~' = ('1; '2; '3). �­¢ à¨ ­â­ë© ®â­®á¨â¥«ì­® âà¥å-
¬¥à­ëå ¢à é¥­¨© ¢ íâ®¬ ¯à®áâà ­áâ¢¥ « £à ­¦¨ ­ ª«¥©­ { £®à¤®­®¢áª®£® ¯®«ï
®¯ïâì ¬®¦¥â ¡ëâì § ¯¨á ­ ª ª:

L =
1

2
(@�~')(@

� ~') � 1

2
m2~' � ~' (2.105)

£¤¥ ¯®«¥ ~' ¢å®¤¨â â®«ìª® ç¥à¥§ áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï. �­¢ à¨ ­â­®áâì ®â­®-
á¨â¥«ì­® ¢à é¥­¨© §¤¥áì £«®¡ «ì­ ï { ¯®«¥ ~' ¬®¦­® ¯®¢¥à­ãâì ­  ¯à®¨§¢®«ì­ë©
ã£®« ¢ ¨§®â®¯¨ç¥áª®¬ ¯à®áâà ­áâ¢¥, ®¤¨­ ª®¢ë© ¤«ï ¯®«¥© ¢® ¢á¥å ¯à®áâà ­áâ¢¥­­®
{ ¢à¥¬¥­­ëå â®çª å. � ¯à¨¬¥à, ¬®¦­® à áá¬®âà¥âì ¢à é¥­¨ï ¢ ¯«®áª®áâ¨ 1� 2 ­ 
ã£®« �3 ¢®ªàã£ ®á¨ 3:

'01 = cos�3'1 + sin�3'2

'02 = � sin �3'1 + cos �3'2

'03 = '3 (2.106)

�«ï ¨­ä¨­¨â¥§¨¬ «ì­®£® ¯®¢®à®â  �3 � 1 ¨ ¬®¦­® ­ ¯¨á âì:

'01 = '1 + �3'2

'02 = ��3'1 + '2

'03 = '3 (2.107)

� á«ãç ¥ ¨­ä¨­¨â¥§¨¬ «ì­®£® ¯®¢®à®â  ¢®ªàã£ ¯à®¨§¢®«ì­® ®à¨¥­â¨à®¢ ­­®© ®á¨:

~'! ~'0 = ~'� ~�� ~'

�~' = �~� � ~' (2.108)

£¤¥ ¢¥ªâ®à ~� ¯® ¢¥«¨ç¨­¥ à ¢¥­ ã£«ã ¯®¢®à®â ,   ­ ¯à ¢«¥­ ¢¤®«ì ®á¨, ¢®ªàã£ ª®-
â®à®© ¯à®¨§¢®¤¨âáï ¢à é¥­¨¥.

� áá¬®âà¨¬ â¥¯¥àì «®ª «ì­®¥ ¯à¥®¡à §®¢ ­¨¥, ¯®« £ ï ~� = ~�(x�). �®£¤  ¯à®¨§-
¢®¤­ ï ¯®«ï ~' ¯à¥®¡à §ã¥âáï ­¥ª®¢ à¨ ­â­®:

@�~'! @�~'
0 = @�~' � @�~� � ~'� ~�� @�~'

�(@�~') = �~�� @�~'� @�~�� ~' (2.109)

�®¯ëâ ¥¬áï á­®¢  ¯®áâà®¨âì ª®¢ à¨ ­â­ãî ¯à®¨§¢®¤­ãî, § ¯¨á ¢ ¥¥ ¢ ¢¨¤¥:

D�~' = @�~' + g ~W� � ~' (2.110)

£¤¥ ¢¢¥«¨ ª «¨¡à®¢®ç­®¥ ¯®«¥ (¯®«¥ �­£  { �¨««á ) ~W�, ï¢«ïîé¥¥áï ¢¥ªâ®à®¬ ­¥
â®«ìª® ¢ ¯à®áâà ­áâ¢¥ �¨­ª®¢áª®£®, ­® ¨ ¢® ¢­ãâà¥­­¥¬ (¨§®â®¯¨ç¥áª®¬) ¯à®áâà ­-
áâ¢¥,   â ª¦¥ ª®­áâ ­âã á¢ï§¨ g.

�à¥¡®¢ ­¨¥ ª®¢ à¨ ­â­®áâ¨ ¨¬¥¥â ¢¨¤:

�(D�~') = �~�� (D� ~') (2.111)

� ª ¤®«¦­® ¯à¥®¡à §®¢ë¢ âìáï ¯®«¥ ~W�, çâ®¡ë íâ® ãá«®¢¨¥ ¢ë¯®«­ï«®áì? �â¢¥â:

~W� ! ~W� � ~�� ~W� +
1

g
@�~�

� ~W� = �~�� ~W� +
1

g
@�~� (2.112)
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� á ¬®¬ ¤¥«¥, ¨á¯®«ì§ãï (2.108), (2.109) ¨ (2.110), ¯®«ãç ¥¬:

�(D�~') = �(@�~') + g(�W�) � ~' + g ~W� � (�~') =

= �~�� @�~'� @�~�� ~'� g(~�� ~W�)� ~'+ @�~�� ~'� g ~W� � (~�� ~') =

�~�� @�~'� g[(~�� ~W�)� ~'+ ~W� � (~�� ~')] (2.113)

�®á¯®«ì§ã¥¬áï â¥¯¥àì ¢¥ªâ®à­ë¬ â®¦¤¥áâ¢®¬6:

( ~A � ~B)� ~C + ( ~B � ~C) � ~A+ (~C � ~A)� ~B = 0 (2.114)

¨§ ª®â®à®£® ¯ãâ¥¬ æ¨ª«¨ç¥áª¨å ¯¥à¥áâ ­®¢®ª ¬®¦­® ¯®«ãç¨âì:

( ~A � ~B)� ~C + ~B � ( ~A � ~C) = ~A � ( ~B � ~C) (2.115)

�à¨¬¥­ïï íâ® â®¦¤¥áâ¢® ª ¢ëà ¦¥­¨î ¢ ª¢ ¤à â­ëå áª®¡ª å ¢ (2.113), ¯®«ãç ¥¬:

�(D�~') = �~� � (@�~'+ g ~W� � ~') = �~��D�~' (2.116)

çâ® ¨ âà¥¡®¢ «®áì!
�®á¬®âà¨¬ â¥¯¥àì ª ª ¢ë£«ï¤¨â  ­ «®£ â¥­§®à  F�� í«¥ªâà®¤¨­ ¬¨ª¨. �¡®§­ -

ç¨¬ ¥£® ~W�� . � ®â«¨ç¨¥ ®â F��, ï¢«ïîé¥£®áï áª «ïà®¬ ¯® ®â­®è¥­¨î ª ¯à¥®¡à §®-

¢ ­¨ï¬ ª «¨¡à®¢®ç­®© £àã¯¯ë O(2)(U (1)), ¢¥«¨ç¨­  ~W�� ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥ª-
â®à ¯® ®â­®è¥­¨î ª O(3)(SU (2)). �®®â¢¥âáâ¢¥­­®, ¯à ¢¨«® ¯à¥®¡à §®¢ ­¨ï ¤®«¦­®
¡ëâì â¥¬ ¦¥, çâ® ¨ ã ¯®«ï ~':

�( ~W��) = �~�� ~W�� (2.117)

�¥«¨ç¨­  @� ~W� � @� ~W� â ª ­¥ ¯à¥®¡à §ã¥âáï:

�(@� ~W� � @� ~W�) = @�(�~� � ~W� +
1

g
@�~�) � @�(�~�� ~W� +

1

g
@�~�) =

= �~�� (@� ~W� � @� ~W�)� (@�~�� ~W� � @�~�� ~W�) (2.118)

�â®à®¥ á« £ ¥¬®¥ §¤¥áì \«¨è­¥¥". � ¬¥â¨¬ â¥¯¥àì, çâ®

�(g ~W� � ~W�) = g(��� ~W� +
1

g
@�~�)� ~W� + g ~W� � (�~� � ~W� +

1

g
@�~�) (2.119)

�¥à¢®¥ ¨ âà¥âì¥ á« £ ¥¬®¥ §¤¥áì ¬®¦­® ®¡ê¥¤¨­¨âì á ¯®¬®éìî (2.115), çâ® ¤ ¥â:

�(g ~W� � ~W�) = �g~� � ( ~W� � ~W�) + (@�~�� ~W� � @��� ~W�) (2.120)

�¨¤¨¬, çâ® ¢â®à®¥ á« £ ¥¬®¥ §¤¥áì á®¢¯ ¤ ¥â á \«¨è­¨¬" ç«¥­®¬ ¢ (2.118). �®íâ®¬ã
®¯à¥¤¥«¨¬ â¥­§®à ¯®«¥© �­£  { �¨««á  ª ª:

~W�� = @� ~W� � @� ~W� + g ~W� � ~W� (2.121)

çâ® ¯à¥®¡à §ã¥âáï ­ã¦­ë¬ ®¡à §®¬, â.¥. á®£« á­® (2.117).

6�â® â®¦¤¥áâ¢® ¬®¦­® «¥£ª® ¤®ª § âì, ¨á¯®«ì§ãï ¨§¢¥áâ­®¥ ¯à ¢¨«®: ( ~A� ~B)� ~C = ~B( ~A � ~C)�
~A(~B � ~C)
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�¥¯¥àì ¬®¦­® ¢ë¯¨á âì « £à ­¦¨ ­ â¥®à¨¨ �­£  { �¨««á :

L = (D� ~')(D
� ~')�m2~' � ~'� 1

16�
~W�� � ~W�� (2.122)

�à ¢­¥­¨ï ¤¢¨¦¥­¨ï ¢ë¢®¤ïâáï ®¡ëç­ë¬ ®¡à §®¬ ¨§ ãà ¢­¥­¨© � £à ­¦ :

@L
@(W i

�)
= @�

�
@L

@(@�W i
�)

�
(2.123)

£¤¥ i { ¢¥ªâ®à­ë© ¨­¤¥ªá ¢ ¨§®â®¯¨ç¥áª®¬ ¯à®áâà ­áâ¢¥. �®£¤  ¨¬¥¥¬:

@� ~W�� + g ~W � � ~W�� = g[(@�~')� ~'+ g( ~W� � ~') � ~'] (2.124)

¨«¨, á ãç¥â®¬ (2.110):

D� ~W�� = g(D� ~') � ~' � 4�g ~J� (2.125)

�® ¢­¥è­¥¬ã ¢¨¤ã íâ¨ ãà ¢­¥­¨ï ¯®å®¦¨ ­  ãà ¢­¥­¨ï � ªá¢¥«« , ­® ¢ ®â«¨ç¨¥ ®â
­¨å ®­¨ ­¥«¨­¥©­ë ¯® ¯®«î ~W�. � ®âáãâáâ¢¨¨ \¬ â¥à¨¨", â.¥. ¯à¨ ~' = 0 ¨§ (2.124),
(2.125) ¨¬¥¥¬:

D� ~W�� = 0 ¨«¨ @� ~W�� = �g ~W � � ~W�� (2.126)

â ª çâ® ï­£ { ¬¨««á®¢áª®¥ (­¥ ¡¥«¥¢® ª «¨¡à®¢®ç­®¥) ¯®«¥ ï¢«ï¥âáï ¨áâ®ç­¨ª®¬
á ¬®£® á¥¡ï7 (\á¢¥âïé¨©áï á¢¥â")! �â® à ¤¨ª «ì­® ®â«¨ç ¥âáï ®â á«ãç ï  ¡¥«¥¢ 
ª «¨¡à®¢®ç­®£® (í«¥ªâà®¬ £­¨â­®£®) ¯®«ï, ¤«ï ª®â®à®£® ¯à¨ ' = 0 â®ª { ¨áâ®ç­¨ª
¯®«ï § ­ã«ï¥âáï,   ãà ¢­¥­¨ï � ªá¢¥««  ¨¬¥îâ ¨§¢¥áâ­ë© («¨­¥©­ë©) ¢¨¤ [25]:

@�F�� = 0 ¨«¨ divE = 0
@E
@t
� rotB = 0 (2.127)

� ®¡ëç­®© í«¥ªâà®¤¨­ ¬¨ª¥ ¨¬¥¥âáï ¥é¥ ¨ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ � ªá¢¥««  ¢¨¤ 
[25]:

@�F�� + @�F�� + @�F�� = 0 (2.128)

¨§ ª®â®à®£® ¢ âà¥å¬¥à­ëå ®¡®§­ ç¥­¨ïå ¢®§­¨ª ¥â ¢â®à ï ¯ à  ãà ¢­¥­¨© í«¥ªâà®-
¬ £­¨â­®£® ¯®«ï:

divB = 0
@B
@t

+ rotE = 0 (2.129)

� ç áâ­®áâ¨, ¯¥à¢®¥ ¨§ íâ¨å ãà ¢­¥­¨© ®§­ ç ¥â ®âáãâáâ¢¨¥ ¬ £­¨â­ëå § àï¤®¢
(¬®­®¯®«¥©). �­ «®£¨ç­ë¥ ãà ¢­¥­¨ï áãé¥áâ¢ãîâ ¨ ¢ â¥®à¨¨ �­£  { �¨««á  (¨å
¢ë¢®¤ ¡ã¤¥â ¯à¨¢¥¤¥­ ­¥áª®«ìª® ¯®§¦¥):

D� ~W�� +D� ~W�� +D� ~W�� = 0 (2.130)

�¥­§®à ­ ¯àï¦¥­­®áâ¥© ¯®«ï �­£  { �¨««á  ~W�� ¬®¦¥â ¡ëâì § ¯¨á ­ ç¥à¥§ á®®â-
¢¥âáâ¢ãîé¨¥ ­ ¯àï¦¥­­®áâ¨ ­¥ ¡¥«¥¢ëå \í«¥ªâà¨ç¥áª®£®" ¨ \¬ £­¨â­®£®" ¯®«¥©
â ª¦¥, ª ª ¨ ¢ í«¥ªâà®¤¨­ ¬¨ª¥ [25]:

~W�� =

0BBB@
0 ~Ex ~Ey ~Ez

�~Ex 0 � ~Bz � ~By
�~Ey Bz 0 � ~Bx
�~Ez � ~By ~Bx 0

1CCCA (2.131)

7�¨âã æ¨ï §¤¥áì  ­ «®£¨ç­  ¢®§­¨ª îé¥© ¢ ®¡é¥© â¥®à¨¨ ®â­®á¨â¥«ì­®áâ¨, £¤¥ £à ¢¨â æ¨®­­®¥
¯®«¥ â ª¦¥ ï¢«ï¥âáï ¨áâ®ç­¨ª®¬ á ¬®£® á¥¡ï ¢ á¨«ã ­¥«¨­¥©­®áâ¨ í©­èâ¥©­®¢áª¨å ãà ¢­¥­¨©
£à ¢¨â æ¨®­­®£® ¯®«ï [25].
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�®£¤  ¨§ (2.130), ¢ ç áâ­®áâ¨, á«¥¤ã¥â:

div~B 6= 0 (2.132)

çâ®, ª®­æ¥ ª®­æ®¢, ¯à¨¢®¤¨â ª áãé¥áâ¢®¢ ­¨î ¢ â¥®à¨¨ �­£  { �¨««á  â ª ­ §ë-
¢ ¥¬ëå ¬®­®¯®«¥© â'�®®äâ  { �®«ïª®¢  [8]. �® íâ¨ ¨­â¥à¥á­ë¥ à¥è¥­¨ï ¯®«¥¢ëå
ãà ¢­¥­¨© ¬ë à áá¬ âà¨¢ âì ­¥ ¡ã¤¥¬.

�®«¥ �­£  { �¨««á , ¯®¤®¡­® í«¥ªâà®¬ £­¨â­®¬ã ¯®«î, ¤®«¦­® ¡ëâì ¡¥§¬ á-
á®¢ë¬. �á«¨ íâ® ­¥ â ª, â® ª « £à ­¦¨ ­ã (2.122) ¤®¡ ¢¨«áï-¡ë ç«¥­ ¢¨¤ :

LM =M2 ~W� � ~W � (2.133)

çâ® ¯à¨¢¥«®-¡ë ª § ¬¥­¥ (2.125) ­ :

D� ~W�� = 4�g ~J� +M2 ~W� (2.134)

çâ® ï¢­® ­¥ ¨­¢ à¨ ­â­® ¯® ®â­®è¥­¨î ª «®ª «ì­ë¬ ª «¨¡à®¢®ç­ë¬ ¯à¥®¡à §®¢ -
­¨ï¬.

�¥§¬ áá®¢®áâì ¯®«¥© �­£  { �¨««á , ¢ ãá«®¢¨ïå â®ç­®© ª «¨¡à®¢®ç­®© ¨­¢ à¨ ­â­®áâ¨, ¢
â¥ç¥­¨¥ ¤®¢®«ì­® ¤®«£®£® ¢à¥¬¥­¨ ï¢«ï« áì á¥àì¥§­ë¬ ¯à¥¯ïâáâ¢¨¥¬ ¤«ï ä¨§¨ç¥áª¨å ¯à¨¬¥-
­¥­¨© ®á­®¢­®© ¨¤¥¨ ª «¨¡à®¢®ç­ëå â¥®à¨©. �¤¥ï á®áâ®ï«  ¢ â®¬ [28], çâ® ¨§ â®© ¨«¨ ¨­®©
(íªá¯¥à¨¬¥­â «ì­® ®¡­ àã¦¥­­®©) ¢­ãâà¥­­¥© á¨¬¬¥âà¨¨ í«¥¬¥­â à­ëå ç áâ¨æ (­ ¯à¨¬¥à á®-
åà ­¥­¨ï ¡ à¨®­­®£® § àï¤  ¨«¨ ¨§®â®¯¨ç¥áª®£® á¯¨­ ), ¯®âà¥¡®¢ ¢ «®ª «ì­®© ¨­¢ à¨ ­â­®áâ¨
®â­®á¨â¥«ì­® á®®â¢¥âáâ¢ãîé¨å £àã¯¯®¢ëå ¯à¥®¡à §®¢ ­¨©, ¬®¦­® ¯®«ãç¨âì á®¢¥àè¥­­® ­¥âà¨¢¨-
 «ì­ë¥ « £à ­¦¨ ­ë ¢§ ¨¬®¤¥©áâ¢¨ï á á®®â¢¥âáâ¢ãîé¨¬¨ ( ¡¥«¥¢ë¬¨ ¨«¨ ­¥ ¡¥«¥¢ë¬¨) ª «¨-
¡à®¢®ç­ë¬¨ ¯®«ï¬¨. � «¨¡à®¢®ç­ë© ¯à¨­æ¨¯ ¢¢¥¤¥­¨ï ¢§ ¨¬®¤¥©áâ¢¨© ¯à¥¤« £ «®áì ¯®«®¦¨âì
¢ ®á­®¢ã â¥®à¨¨ ¢§ ¨¬®¤¥©áâ¢ãîé¨å ¯®«¥©. �¤­ ª® âàã¤­®áâ¨ âãâ ¢®§­¨ª îâ áà §ã ¦¥. �¥§¬ áá®-
¢®áâì ¯®«ï ®§­ ç ¥â ­ «¨ç¨¥ ¤ «ì­®¤¥©áâ¢ãîé¨å á¨«, á¢ï§ ­­ëå á íâ¨¬ ¯®«¥¬. �¨¯¨ç­ë© ¯à¨¬¥à
âãâ { í«¥ªâà®¤¨­ ¬¨ª  (§ ª®­ �ã«®­ ). �¤­ ª® í«¥ªâà®¬ £­¨â­®¥ ¯®«¥ ï¢«ï¥âáï, áª®à¥¥ ¢á¥£®,
¥¤¨­áâ¢¥­­ë¬ ¤ «ì­®¤¥©áâ¢ãîé¨¬ ¯®«¥¬ ¢ �à¨à®¤¥ (¨áª«îç ï, ª®­¥ç­®, £à ¢¨â æ¨î)! � íâ®¬
¬®¦­® ã¡¥¤¨âìáï á ¯®¬®éìî ¯à®áâëå ®æ¥­®ª, ª®â®àë¥ ¡ë«¨ á¤¥« ­ë �¨ ¨ �­£®¬ [28].

� áá¬®âà¨¬ ¯à®áâ¥©è¨© ¯à¨¬¥à  ¡¥«¥¢  ª «¨¡à®¢®ç­®£® ¯®«ï, ª®â®à®¥ ¬®¦­® ¡ë«®-¡ë á¢ï-
§ âì á § ª®­®¬ á®åà ­¥­¨ï ¡ à¨®­­®£® § àï¤ . �­® ¯à¨¢®¤¨«®-¡ë ª ¤®¯®«­¨â¥«ì­®© ¤ «ì­®¤¥©-
áâ¢ãîé¥© B { á¨«¥ ¤¥©áâ¢ãîé¥© ­  ¡ à¨®­ë. �à ¢­¨¬ ®¡ëç­ë© ¯®â¥­æ¨ « ­ìîâ®­®¢áª®£® âï£®-
â¥­¨ï á ¯®â¥­æ¨ «ì­®© í­¥à£¨¥©, ®¡ãá«®¢«¥­­®© ¢§ ¨¬®¤¥©áâ¢¨¥¬ â ª®£® £¨¯®â¥â¨ç¥áª®£® ¯®«ï,
­ ¯à¨¬¥à, á ­ãª«®­ ¬¨ ¨§ ª®â®àëå á®áâ®¨â �¥¬«ï. �ãáâì ¨¬¥¥âáï ¯à®¡­ ï ç áâ¨æ  p á ¬ áá®©mp,
­ å®¤ïé ïáï ­ ¤ ¯®¢¥àå­®áâìî �¥¬«¨ ­  à ááâ®ï­¨¨ r ®â ¥¥ æ¥­âà . �®£¤ :

Vgr = �GmpME

r
(2.135)

£¤¥ G { ­ìîâ®­®¢áª ï £à ¢¨â æ¨®­­ ï ¯®áâ®ï­­ ï,   ME { ¬ áá  �¥¬«¨. �ãáâì ¡ à¨®­­ë© § àï¤
íâ®© ç áâ¨æë à ¢¥­ Np. �ãáâì ¬ áá  ­ãª«®­  mN . �®¯ãáâ¨¬, çâ® ¯«®â­®áâì ­ãª«®­®¢ ¢ �¥¬«¥
¯®áâ®ï­­  (   ­â¨­ãª«®­®¢ â ¬ ¢®®¡é¥ ­¥â) ¨ à ¢­ :

� =
ME

mN
4
3�R

3
E

(2.136)

£¤¥ RE { à ¤¨ãá �¥¬«¨. �®£¤  ¯®â¥­æ¨ « VB, ®¡ãá«®¢«¥­­ë© B { á¨« ¬¨ ­ãª«®­®¢ ¨§ ª®â®àëå
á®áâ®¨â �¥¬«ï ¬®¦¥â ¡ëâì ¯®áç¨â ­ ª ª:

VB =
g2BMENp
4
3�R

3
EmN

Z
d3r0

jr� r0j =
g2BMENp

mN r
(2.137)

£¤¥ ¨­â¥£à¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® ®¡ê¥¬ã �¥¬«¨,   gB ª®­áâ ­â  ¢§ ¨¬®¤¥©áâ¢¨ï á ¯®«¥¬ B { á¨«.
�® ¢­¥è­¥¬ã ¢¨¤ã (2.137) á®¢¯ ¤ ¥â á ¯®â¥­æ¨ «®¬ âï£®â¥­¨ï. �®íâ®¬ã, ¯®«­ë© ¯®â¥­æ¨ «, ¤¥©-
áâ¢ãîé¨© ­  ¯à®¡­ãî ç áâ¨æã à ¢¥­:

V = �GmpME

r
+ g2B

MENp

mN r
= �GmpME

r

�
1� g2B

G

Np

mNmp

�
(2.138)
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� ª¨¬ ®¡à §®¬, ¯à¥¦¤¥ ¢á¥£®, ¯à¨ ­ «¨ç¨¨ ¯®«ï B { á¨« V 6= �V , £¤¥ �V { ¯®â¥­æ¨ «, ¤¥©áâ¢ãîé¨©
­   ­â¨ç áâ¨æã �p, ¤«ï ª®â®à®© ¡ à¨®­­ë© § àï¤ ¨¬¥¥â ¤àã£®© §­ ª: N�p = �Np. � ¯à¨­æ¨¯¥, íâ®â
íää¥ªâ ¡ë« ¡ë ­ ¡«î¤ ¥¬ ¯à¨:

g2B
m2
N

� G (2.139)

�  ¤¥«¥ ¨§¢¥áâ­®, çâ® á ¤®áâ â®ç­® å®à®è¥© â®ç­®áâìî â ª®© íää¥ªâ ­¥ ­ ¡«î¤ ¥âáï { ç áâ¨æë ¨
 ­â¨ç áâ¨æë¯ ¤ îâ ¢ ¯®«¥ �¥¬«¨ ®¤¨­ ª®¢®.�âáî¤  áà §ã á«¥¤ã¥â ®æ¥­ª  g2B < 10�38, ¯®áª®«ìªã

Gm2
N � 10�38. �® ¤ ¦¥ ¨ áâ®«ì ¬ «ãî gB ¬®¦­® ¨áª«îç¨âì. �¥«® ¢ â®¬, çâ® ãà ¢­¥­¨¥ ¤¢¨¦¥­¨ï

¯à®¡­®© ç áâ¨æë ¢ ¯®«¥ âï£®â¥­¨ï ¨¬¥¥â, ª ª ¨§¢¥áâ­®, ¢¨¤:

mpg = �GmpME

r2
(2.140)

¨ ¬ áá  mp §¤¥áì á®ªà é ¥âáï, â ª çâ® ãáª®à¥­¨¥ á¢®¡®¤­®£® ¯ ¤¥­¨ï g ®â ­¥¥ ­¥ § ¢¨á¨â (à ¢¥­-
áâ¢® ¨­¥àâ­®© ¨ âï¦¥«®© ¬ áá). �á«¨ ¯à¥­¥¡à¥çì ¬ áá®© í«¥ªâà®­®¢:

mp = mNNp � � (2.141)

£¤¥ � { í­¥à£¨ï á¢ï§¨ ¢ ï¤à å â®£® ¢¥é¥áâ¢ , ¨§ ª®â®à®£® á¤¥« ­  ­ è  ¯à®¡­ ï ç áâ¨æ . �âáî¤ 

Np =
mp

mN
+

�

mN
(2.142)

�à¨ ­ «¨ç¨¨ B { á¨« ãà ¢­¥­¨¥ �ìîâ®­  ¯à¨®¡à¥â ¥â ¢¨¤:

mpg = �mpME

r2
C +

g2B
r2

ME�

m2
N

(2.143)

£¤¥ C = G � g2
B

m2
N

¬®¦­® ®â®¦¤¥áâ¢¨âì á ¨§¬¥àï¥¬®© ª®­áâ ­â®© âï£®â¥­¨ï Gexp. �­ ç¥ £®¢®àï,

(2.143) ¬®¦­® ¯¥à¥¯¨á âì ª ª:

mpg = �mpME

r2
Gexp

�
1 +

g2B
Gexpm2

N

�

mp

�
(2.144)

�â®à®¥ á« £ ¥¬®¥ §¤¥áì ­ àãè ¥â ä ªâ á®¢¯ ¤¥­¨ï ¨­¥àâ­®© ¨ âï¦¥«®© ¬ áá, ª®â®àë© ¡ë« ãáâ -
­®¢«¥­ á â®ç­®áâìî ¯®àï¤ª  10�8 ¢ ª« áá¨ç¥áª¨å íªá¯¥à¨¬¥­â å �â¢¥è  ¤«ï à §«¨ç­ëå ¢¥é¥áâ¢.
�¨¯¨ç­ ï ®æ¥­ª , á«¥¤ãîé ï ¨§ á®¢à¥¬¥­­®£® ¢ à¨ ­â  íâ¨å íªá¯¥à¨¬¥­â®¢:

g2B
Gm2

N

�

mp
� 10�3

g2B
Gm2

N

< 10�12 (2.145)

£¤¥ ãç«¨, çâ® ¨§¬¥­¥­¨ï �=mp ¤«ï à §«¨ç­ëå ¢¥é¥áâ¢ ¯®àï¤ª  10�3. �®®â¢¥âáâ¢¥­­®:

g2B
Gm2

N

< 10�9 (2.146)

� ª¨¬ ®¡à §®¬ ¨§ íªá¯¥à¨¬¥­â «ì­® ãáâ ­®¢«¥­­®£® à ¢¥­áâ¢  ¨­¥àâ­®© ¨ âï¦¥«®© ¬ áá ¢®§­¨-
ª ¥â ®£à ­¨ç¥­¨¥: g2B < 10�47! �®®â¢¥âáâ¢¥­­®,B { á¨«ë ­¥áà ¢­¥­­® á« ¡¥¥ ¤ ¦¥ £à ¢¨â æ¨¨. �®-
íâ®¬ã, ¢ «î¡®¬ ¯à ªâ¨ç¥áª®¬ á¬ëá«¥, ª § «®áì ¡ë ¬®¦­® ¨áª«îç¨âì áãé¥áâ¢®¢ ­¨¥ ¡¥§¬ áá®¢ëå
ª «¨¡à®¢®ç­ëå¯®«¥©, ªà®¬¥ í«¥ªâà®¬ £­¨â­®£®. �ªá¯¥à¨¬¥­â «ì­® ¨§¢¥áâ­ë¥ ¢¥ªâ®à­ë¥ ¬¥§®­ë
¬ áá¨¢­ë ¨ ­ àãè îâ, â ª¨¬ ®¡à §®¬, «®ª «ì­ãî ª «¨¡à®¢®ç­ãî ¨­¢ à¨ ­â­®áâì. �®íâ®¬ã á ¬ 
¨¤¥ï ¢¢¥¤¥­¨ï ­®¢ëå ª «¨¡à®¢®ç­ëå ¯®«¥©, ª § «®áì ¡ë, ¯®¢¨á ¥â ¢ ¢®§¤ãå¥. � ¤ «ì­¥©è¥¬ ¬ë
ã¢¨¤¨¬ ª ª á®¢à¥¬¥­­ ï â¥®à¨ï à¥è ¥â íâã ¯à®¡«¥¬ã.

�¥®¬¥âà¨ï ª «¨¡à®¢®ç­ëå ¯®«¥©.

�¥à¥©¤¥¬ ª ­¥ª®â®àë¬ ®¡®¡é¥­¨ï¬. �ëè¥ ¬ë ¢¨¤¥«¨, çâ® ¯®¢®à®â ¢¥ªâ®à  ¢ ¨§®-
â®¯¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ ­  ¬ «ë© ã£®« ~�(j~�j � 1) ¬®¦¥â ¡ëâì § ¯¨á ­ ¢ ¢¨¤¥
(2.108):

~'! ~'0 = ~' � ~�� ~' (2.147)
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çâ® ï¢«ï¥âáï ¨­ä¨­¨â¥§¨¬ «ì­ë¬ ¢ à¨ ­â®¬ ®¡é¥£® § ª®­  ¯à¥®¡à §®¢ ­¨ï ¢¨¤ :

~'! ~'0 = exp(i~I � ~�)~' (2.148)

£¤¥ ~I { ¬ âà¨ç­ë¥ £¥­¥à â®àë ¢¨¤ :

I1 =

0@ 0 0 0
0 0 �i
0 i 0

1A I2 =

0@ 0 0 i
0 0 0
�i 0 0

1A I3 =

0@ 0 �i 0
i 0 0
0 0 0

1A (2.149)

�®®â¢¥âáâ¢ãîé¨¥ ¬ âà¨ç­ë¥ í«¥¬¥­âë ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ¢¨¤¥:

(Ii)mn = �i"imn (2.150)

£¤¥ "imn {  ­â¨á¨¬¬¥âà¨ç­ë© á¨¬¢®« �¥¢¨-�¨¢¨â . �®®â¢¥âáâ¢¥­­®, ¢ ¯®ª®¬¯®-
­¥­â­®© § ¯¨á¨ (2.147) ¬®¦­® § ¯¨á âì ª ª:

'0m = (1+ iIi�i)mn'n = (�mn + "imn�i)'n = 'm � "min�i'n = (~'� ~�� ~')m (2.151)

�®ª «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨¬¥îâ ¢¨¤:

~'! ~'0 = exp(i~I � ~�(x))~' = S(x)~' (2.152)

£¤¥ ç¥à¥§ S(x) ®¡®§­ ç¨«¨ ®¯¥à â®à «®ª «ì­®£® ¢à é¥­¨ï. � âà¨æë I ï¢«ïîâáï
£¥­¥à â®à ¬¨ ¢¥ªâ®à­®£® ¯à¥¤áâ ¢«¥­¨ï £àã¯¯ë ¢à é¥­¨© O(3) (¨«¨ SU (2)) ¨ ã¤®-
¢«¥â¢®àïîâ ¨§¢¥áâ­ë¬ ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬ ¬®¬¥­â  ¨¬¯ã«ìá :

[Ii; Ij ] = i"ijkIk = CijkIk (2.153)

�¤¥áì ç¥à¥§ Cijk ®¡®§­ ç¥­ë áâàãªâãà­ë¥ ª®­áâ ­âë £àã¯¯ë SU (2), ¢ ¤ ­­®¬
á«ãç ¥ Cijk = i"ijk. �áâ¥áâ¢¥­­®, çâ® ¤«ï ¤àã£¨å £àã¯¯ �¨ áâàãªâãà­ë¥ ª®­áâ ­âë
á¢®¨, ­® ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï ¤«ï £¥­¥à â®à®¢ ¢á¥£¤  ¨¬¥îâ ¢¨¤ (2.153).
�«ï ¯à®¨§¢®«ì­®© £àã¯¯ë �¨ ¥¥ £¥­¥à â®àë ã¤®¢«¥â¢®àïîâ â®¦¤¥áâ¢ã �ª®¡¨:

[[Ii; Ij]; Ik] + [[Ij; Ik ]; Ii] + [[Ik; Ii]; Ij] = 0 (2.154)

çâ® ¤«ï áâàãªâãà­ëå ª®­áâ ­â á¢®¤¨âáï ª:

ClimCmjk + CljmCmki + ClkmCmij = 0 (2.155)

�® á¨å ¯®à ¬ë à áá¬ âà¨¢ «¨ ¨§®¢¥ªâ®à­®¥ ¯®«¥. �®«¥¥ äã­¤ ¬¥­â «ì­ë© ¯®¤å®¤
âà¥¡ã¥â à áá¬®âà¥­¨ï ¨§®á¯¨­®à®¢ â®© ¦¥ £àã¯¯ë SU (2) 8. �à é¥­¨¥ äã­¤ ¬¥­-

â «ì­®£® ¤¢ãåª®¬¯®­¥­â­®£® á¯¨­®à   =

�
 1
 2

�
¬®¦¥â ¡ëâì § ¯¨á ­® ª ª:

 0 = exp[
i

2
~� � ~�(x)] (x) = S(x) (x) (2.156)

£¤¥ S(x) { ¬ âà¨æ  2�2,   ~� { ¬ âà¨æë � ã«¨ ¢ ¨§®¯à®áâà ­áâ¢¥, �i=2 ã¤®¢«¥â¢®àïîâ
ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬ (2.153), ¨ ¬ë áà §ã ¯¨è¥¬ «®ª «ì­®¥ ¯à¥®¡à §®¢ -
­¨¥. �«ï ®¡é¥£® n-¬¥à­®£® á«ãç ï:

 (x)!  0(x) = exp[iMa�a(x)] (x) = S(x) (x) (2.157)

8�¨¦¥ ¬ë ¥é¥ ¢¥à­¥¬áï ª ¯®á«¥¤®¢ â¥«ì­®¬ã à áá¬®âà¥­¨î á¯¨­®à®¢,   ¯®ª  ¤®áâ â®ç­® ¢á¯®-
¬­¨âì ªãàá ª¢ ­â®¢®© ¬¥å ­¨ª¨.
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�¨á. 2-2 ( ) { �¥«¨ç¨­  d ­¥á¥â ¨­ä®à¬ æ¨î ª ª ®¡ ¨§¬¥­¥­¨¨  , â ª ¨ ®
¯à¥®¡à §®¢ ­¨¨ ª®®à¤¨­ â­ëå ®á¥© ¢ ¨§®¯à®áâà ­áâ¢¥ ¯à¨ ¯¥à¥å®¤¥ ®â â®çª¨ x ª
x+ dx. (¡) { �¥«¨ç¨­  � , ®¯à¥¤¥«ï¥¬ ï ¯ à ««¥«ì­ë¬ ¯¥à¥­®á®¬.

£¤¥ a ¯à®¡¥£ ¥â §­ ç¥­¨ï 1; 2; 3 (£àã¯¯  SU (2)!),  §¤¥áì ã¦¥ n-ª®¬¯®­¥­â­ë© á¯¨-
­®à,   Ma { ¬ âà¨æë n�n, ã¤®¢«¥â¢®àïîé¨¥ ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬ â¨¯ 
(2.153).

�á«¨ ¬ë à áá¬ âà¨¢ ¥¬ «®ª «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï ¯®«¥©, â® ¯à®¨§¢®¤­ ï @� ,
ª ª ¬ë ¢¨¤¥«¨, ¯à¥®¡à §ã¥âáï ­¥ª®¢ à¨ ­â­®:

@� 
0 = S(@� ) + (@�S) (2.158)

�®¦­® áª § âì, çâ® ¯à¨ç¨­  íâ®£® ¨¬¥¥â ç¨áâ® \£¥®¬¥âà¨ç¥áª¨©" å à ªâ¥à. �¥«®
¢ â®¬, çâ® ¯®«ï  (x) ¨  (x + dx) =  (x) + d , ®â­®áïé¨¥áï ª ¡¥áª®­¥ç­® ¡«¨§ª¨¬
â®çª ¬ ®¡ëç­®£® ¯à®áâà ­áâ¢ , ¨§¬¥àïîâáï ¯® ®â­®è¥­¨î ª à §«¨ç­ë¬ (¯®¢¥à­ã-
âë¬ «®ª «ì­ë¬ ª «¨¡à®¢®ç­ë¬ ¯à¥®¡à §®¢ ­¨¥¬) ®áï¬ ¢ ¨§®¯à®áâà ­áâ¢¥, ª ª íâ®
¯®ª § ­® ­  �¨á.2-2( ). � ª¨¬ ®¡à §®¬, ¢¥«¨ç¨­  d ­¥á¥â ¨­ä®à¬ æ¨î ­¥ â®«ìª®
®¡ ¨§¬¥­¥­¨¨ ¯®«ï á à ááâ®ï­¨¥¬ ¯à¨ ¯¥à¥¬¥é¥­¨¨ ¨§ x ¢ x + dx, ­® ¨ á®®â¢¥â-
áâ¢ãîé¥¬ ¨§¬¥­¥­¨¨ §  áç¥â ¯®¢®à®â  ®á¥© ¢ ¨§®â®¯¨ç¥áª®¬ ¯à®áâà ­áâ¢¥. �â®¡ë
¯®áâà®¨âì ª®¢ à¨ ­â­ãî ¯à®¨§¢®¤­ãî, ­ã¦­® áà ¢­¨âì  (x + dx) ­¥ á  (x),   á®
§­ ç¥­¨¥¬, ª®â®à®¥ ¯à¨­ï«® ¡ë ¯®«¥  (x) ¯à¨ ¯¥à¥¬¥é¥­¨¨ ¨§ x ¢ x + dx ¯à¨ ­¥-
¯®¤¢¨¦­ëå ®áïå ¢ ¨§®¯à®áâà ­áâ¢¥ ¨ ª®â®à®¥ ¬ë ®¡®§­ ç¨¬ ª ª  + � , ¨ ª®â®à®¥
¬ë ¡ã¤¥¬ ­ §ë¢ âì ¯®«ãç¥­­ë¬ ¢ à¥§ã«ìâ â¥ \¯ à ««¥«ì­®£®" ¯¥à¥­®á , ª ª íâ®
¯®ª § ­® ­  �¨á.2-2(¡). �à¥¤¯®«®¦¨¬, çâ® ¢¥«¨ç¨­  � ¯à®¯®àæ¨®­ «ì­  á ¬®¬ã
¯®«î  ,   â ª¦¥ ¢¥«¨ç¨­¥ á¬¥é¥­¨ï dx�, ¨ § ¯¨è¥¬ ¥¥ ¢ ¢¨¤¥:

� = igMaAa�dx
� (2.159)

£¤¥ g { ­¥ª®â®à ï ª®­áâ ­â ,   Aa� { ª «¨¡à®¢®ç­®¥ ¯®«¥, ª®â®à®¥ ª ª ¡ë ®¯à¥-
¤¥«ï¥â ¢ ª ª®© áâ¥¯¥­¨ ®á¨ ¢ ¨§®¯à®áâà ­áâ¢¥ ¬¥­ïîâáï ¯à¨ ¯¥à¥å®¤¥ ®â ®¤­®©
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â®çª¨ ª ¤àã£®©. \�áâ¨­­ ï" ¨«¨ ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï  ®¯à¥¤¥«ï¥âáï â¥¯¥àì
à §­®áâìî

D = ( + d )� ( + � ) = d � � = d � igMaAa�dx
� (2.160)

¨ à ¢­ 
D 

dx�
= D� = @� � igMaAa� (2.161)

�¨âã æ¨ï §¤¥áì  ­ «®£¨ç­  ¢®§­¨ª îé¥© ¢ â¥®à¨¨ £à ¢¨â æ¨¨ [25], £¤¥ ª®¢ à¨ ­â­ ï ¯à®¨§-
¢®¤­ ï ¢¥ªâ®à  V � ®¯à¥¤¥«ï¥âáï ª ª:

D�V
� = @�V

� + ��
��
V � (2.162)

£¤¥ ª®íää¨æ¨¥­âë �à¨áâ®ää¥«ï ���� á¢ï§ë¢ îâ ª®¬¯®­¥­âë ¢¥ªâ®à  ¢ ¤ ­­®© â®çª¥ á ¥£® ª®¬-

¯®­¥­â ¬¨ ¢ á®á¥¤­¥© â®çª¥, ¨§ ª®â®à®© ¢¥ªâ®à ¯¥à¥¬¥é¥­ ¯ãâ¥¬ ¯ à ««¥«ì­®£® ¯¥à¥­®á  ¢ à¨¬ -

­®¢®¬ ¯à®áâà ­áâ¢¥.

�ëà ¦¥­¨¥ (2.161) ¤ ¥â ®¡é¥¥ ®¯à¥¤¥«¥­¨¥ ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© â¥®à¨¨
�­£  { �¨««á  ¤«ï «î¡®£® ¯®«ï  , ¯à¥®¡à §ãîé¥£®áï ¯® ­¥ª®â®à®¬ã ­¥¯à¨¢®¤¨-
¬®¬ã ¯à¥¤áâ ¢«¥­¨î ¯à®¨§¢®«ì­®© ª «¨¡à®¢®ç­®© £àã¯¯ë á £¥­¥à â®à ¬¨Ma [28].
� áá¬®âà¨¬ ¯à®áâ¥©è¨¥ ¯à¨¬¥àë:

� �àã¯¯  U (1).

'! e�i�' '� ! ei�'� M = �1 (2.163)

D� = @� + igA� g = e (2.164)

{ í«¥ªâà®¤¨­ ¬¨ª .

� �àã¯¯  SU (2).

�¥ªâ®à­®¥ ¯à¥¤áâ ¢«¥­¨¥:

(Ma)mn = �i"amn (2.165)

D�'m = @�'m � ig(Ma)mnA
a
�'n = @�'m � g"amnAa�'n =

= (@�~' + g ~A� � ~')m (2.166)

£¤¥ ~A íâ® â® á ¬®¥ ª «¨¡à®¢®ç­®¥ ¯®«¥, ª®â®à®¥ ¢ëè¥ ®¡®§­ ç «®áì ª ª ~W .

�¯¨­®à­®¥ ¯à¥¤áâ ¢«¥­¨¥:

Ma =
1

2
�a (i = 1; 2; 3) (2.167)

D� = @� � i
g

2
~� � ~A� (2.168)

{ â¥®à¨ï �­£  { �¨««á .

�â ª, ¯à¨ ¯à®¨§¢®«ì­®¬ ¢à é¥­¨¨ ¢ ¨§®¯à®áâà ­áâ¢¥ ¯®«¥ ¯à¥®¡à §ã¥âáï ª ª:

 ! S(x�) ; (2.169)

  ª®¢ à¨ ­â­ ï ¯à®¨§¢®¤­ ï ¯à¥®¡à §ã¥âáï ª ª ¯®«¥:

D� ! D0� 
0 = S(x�)D� (2.170)
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�¤®¡­® ¢¢¥áâ¨ ¬ âà¨ç­ë¥ ®¡®§­ ç¥­¨ï:

Â� =MaAa� (2.171)

â ª çâ® (2.161) ¯à¨­¨¬ ¥â ¢¨¤:

D� = (@� � igÂ�) (2.172)

�¥à¥å®¤ ª ­®¢®© á¨áâ¥¬¥ ª®®à¤¨­ â ¢ ¨§®¯à®áâà ­áâ¢¥, á ãç¥â®¬ (2.170), ¤ ¥â:

(@� � igÂ0�) 
0 = S(@� � igÂ�) : (2.173)

�®« £ ï §¤¥áì  0 = S , ¯®«ãç ¥¬:

Â0� = SÂ�S
�1 � i

g
(@�S)S

�1 (2.174)

çâ® ¤ ¥â ®¡é¨© § ª®­ ª «¨¡à®¢®ç­®£® ¯à¥®¡à §®¢ ­¨ï ¯®«¥© �­£  { �¨««á  (®¡®¡-
é¥­­®¥ £à ¤¨¥­â­®¥ ¯à¥®¡à §®¢ ­¨¥). �­®¢  à áá¬®âà¨¬ ¯à¨¬¥àë:

� �àã¯¯  U (1).

S = e�i� @�S = �i(@��)e�i� (2.175)

A0� = A� +
1

e
@�� (g ! e;M = �1) D� = @� + igA� g = e (2.176)

� �àã¯¯  SU (2).

�¯¨­®à­®¥ ¯à¥¤áâ ¢«¥­¨¥:

S = exp(
i

2
~� � ~�) @�S =

i

2
~� � @�~�S (2.177)

~A0� = ~A� � ~�� ~A� +
1

g
@�~� (2.178)

çâ® á«¥¤ã¥â ¨§ (2.174) ¯à¨ j~�j � 1, á ãç¥â®¬ ª®¬¬ãâ æ¨®­­ëå á®®â­®è¥­¨©
[�a; �b] = i"abc�c ¨ á®¢¯ ¤ ¥â á (2.112).

� áá¬®âà¨¬ â¥¯¥àì ¯®á«¥¤®¢ â¥«ì­® ¢ë¯®«­ï¥¬ë¥ \¯ à ««¥«ì­ë¥ ¯¥à¥­®áë" ¯®«ï
¢®ªàã£ § ¬ª­ãâ®£® ª®­âãà  ABCD, ¯®ª § ­­®£® ­  �¨á.2-3. � ç­¥¬ á â®çª¨ A, £¤¥
¯®«¥ áç¨â ¥¬ à ¢­ë¬  A;0, â®£¤  ¥£® ¨§¬¥­¥­¨¥ ¯à¨ ¯¥à¥å®¤¥ ¢ â®çªã B ®¯à¥¤¥«ï-
¥âáï ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© (á¬. (2.170),(2.161)), çâ® ¤ ¥â:

 B =  A;0+D� A;0�x
�+

1

2
D�D� A;0�x

��x� + ::: = (1+�x�D� + :::) A;0 (2.179)

� «¥¥, á®¢¥àè ï ¯¥à¥­®á ¢ â®çªã C, á â®ç­®áâìî ¤® ç«¥­®¢ ¯¥à¢®£® ¯®àï¤ª  ¯®«ã-
ç ¥¬:

 C =  B + �x�D� B = (1 + �x�D�) B = (1 + �x�D�)(1 +�x�D�) A;0 (2.180)

�®á«¥¤ãîé¨© ¯¥à¥­®á ¢ â®çªã D ¨ ¢ ¨áå®¤­ãî â®çªã A ¤ ¥â:

 D = (1��x�D�) C (2.181)
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�¨á. 2-3

 A;1 = (1� �x�D�) D = (1 � �x�D�)(1��x�D�)(1 + �x�D�)(1 + �x�D�) A;0 =

= f1 + �x��x�[D�; D�]g A;0
(2.182)

£¤¥ ¢®§­¨ª ª®¬¬ãâ â®à ®¯¥à â®à®¢ ª®¢ à¨ ­â­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï:

[D�; D�] = [@� � igÂ�; @� � igÂ� ] = �ig
n
@�Â� � @�Â� � ig[Â�; Â� ]

o
(2.183)

�¯à¥¤¥«¨¬ â¥¯¥àì â¥­§®à:

G�� = @�Â� � @�Â� � ig[Â�; Â� ] (2.184)

â ª çâ®

[D�; D� ] = �igG�;� (2.185)

�®®â­®è¥­¨¥ (2.184), ä ªâ¨ç¥áª¨, ¤ ¥â ®¡é¥¥ ®¯à¥¤¥«¥­¨¥ â¥­§®à  ­ ¯àï¦¥­­®áâ¥©
¯®«¥© �­£  { �¨««á  ¤«ï ¯à®¨§¢®«ì­®© ª «¨¡à®¢®ç­®© £àã¯¯ë. �®®â¢¥âáâ¢¥­­®
(2.182) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥:

 A;1 = (1� ig�S��G��) A;0 �S�� = �x��x� (2.186)

¨ ¬ë ¯®«ãç ¥¬:

 A;1 �  A;0 = �ig�S��G�� A (2.187)

� ª¨¬ ®¡à §®¬, ¥á«¨ â¥­§®à ª «¨¡à®¢®ç­®£® ¯®«ï ®â«¨ç¥­ ®â ­ã«ï, â® ®¡å®¤ ¯® § -
¬ª­ãâ®¬ã ª®­âãàã ¤ ¥â ª®­¥ç­ë© ä¨§¨ç¥áª¨© íää¥ªâ ¯à®¯®àæ¨®­ «ì­ë© ¯®â®ªã
ª «¨¡à®¢®ç­®£® ¯®«ï G�� ç¥à¥§ ¯«®é ¤ì ª®­âãà  �S�� : ¯®«¥  ¯®¢®à ç¨¢ ¥âáï ¢
¨§®¯à®áâà ­áâ¢¥. �¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¯®«¥ G�� ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ª -
«¨¡à®¢®ç­ëå ¯à¥®¡à §®¢ ­¨©:

G�� = SG��S
�1 (2.188)

¨ ¥£® ­¥«ì§ï á¢¥áâ¨ ª ­ã«î ¯ãâ¥¬ â ª¨å ¯à¥®¡à §®¢ ­¨©. �á«¨ ¦¥ ¯®«¥ G�� à ¢­®
­ã«î ¢ ®¤­®© ª «¨¡à®¢ª¥, â® ®­® à ¢­® ­ã«î ¨ ¢® ¢á¥å ®áâ «ì­ëå ª «¨¡à®¢ª å.

� áá¬®âà¨¬ ®¯ïâì ¯à®áâë¥ ¯à¨¬¥àë:
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� �àã¯¯  U (1).
G�� � F�� = @�A� � @�A� (2.189)

{ ®¡ëç­ë© â¥­§®à ­ ¯àï¦¥­­®áâ¥© ¯®«¥© ¢ í«¥ªâà®¤¨­ ¬¨ª¥.

� �àã¯¯  SU (2).

[Ma;M b] = i"abcM
c (2.190)

Ga�� = @�A
a
� � @�A

a
� + g"abcA

b
�A

c
� (2.191)

çâ® ¢ ¢¥ªâ®à­ëå ®¡®§­ ç¥­¨ïå ¢ ¨§®¯à®áâà ­áâ¢¥ § ¯¨áë¢ ¥âáï ª ª

~G�� = @� ~A� � @� ~A� + g ~A� � ~A� (2.192)

çâ® á®¢¯ ¤ ¥â á ¤ ­­ë¬ ¢ëè¥ ®¯à¥¤¥«¥­¨¥¬ (2.121).

�¤¥áì ¬®¦­® á­®¢  ®â¬¥â¨âì  ­ «®£¨î á â¥®à¨¥© £à ¢¨â æ¨¨. �¥­§®à ¯®«¥© �­£  { �¨««á , ¢
­¥ª®â®àëå ®â­®è¥­¨ïå,  ­ «®£¨ç¥­ â¥­§®àã ªà¨¢¨§­ë �¨¬ ­  { �à¨áâ®ää¥«ï [25]:

R���� = @��
�
�� � @��

�
�� + ��

��
���� � ��

��
���� (2.193)

�à¨ ¯ à ««¥«ì­®¬ ¯¥à¥­®á¥ ¯à®¨§¢®«ì­®£® ¢¥ªâ®à  V � ¯® § ¬ª­ãâ®¬ã ª®­âãàã ¢ à¨¬ ­®¢®¬ ¯à®-
áâà ­áâ¢¥ à §­®áâì ­ ç «ì­ëå ¨ ª®­¥ç­ëå ª®¬¯®­¥­â ¢¥ªâ®à  à ¢­ :

�V � =
1

2
R�
���

V ��S�� (2.194)

£¤¥ �S��, ª ª ¨ ¢ëè¥, ®¡®§­ ç ¥â ¯«®é ¤ì ®¡« áâ¨, ®£à ­¨ç¥­­®© ª®­âãà®¬. �¥«¨ç¨­  �V �

®â«¨ç­  ®â ­ã«ï â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ¯à®áâà ­áâ¢® ®¡« ¤ ¥â ¢­ãâà¥­­¥© ªà¨¢¨§­®©. �

®¡é¥© â¥®à¨¨ ®â­®á¨â¥«ì­®áâ¨ íâ® á®®â¢¥âáâ¢ã¥â ­ «¨ç¨î ­¥âà¨¢¨ «ì­®£® £à ¢¨â æ¨®­­®£® ¯®«ï.

�­ «¨§¨àãï ®¡å®¤ ¯® ª®­âãàã, ®ªàã¦ îé¥¬ã ¯ à ««¥«¥¯¨¯¥¤, ¯®ª § ­­®¬ã ­ 
�¨á.2-4, �¥©­¬ ­ ¤ « ¯à®áâ®© ¢ë¢®¤ á«¥¤ãîé¥£® â®¦¤¥áâ¢  ¤«ï ¯®«ï G�� :

D�G�� +D�G�� +D�G�� = 0 (2.195)

ª®â®à®¥, ä ªâ¨ç¥áª¨, ¨ ®¯à¥¤¥«ï¥â ¢â®àãî ¯ àã \ãà ¢­¥­¨© � ªá¢¥«« " ¤«ï ­ -
¯àï¦¥­­®áâ¥© ¯®«ï �­£  { �¨««á  (2.130). � á«ãç ¥ ª «¨¡à®¢®ç­®© £àã¯¯ë U (1)
íâ® â®¦¤¥áâ¢® ¯à®áâ® á¢®¤¨âáï ª:

@�F�� + @�F�� + @�F�� = 0 (2.196)

�ë¢®¤, ª®à®âª® £®¢®àï, á¢®¤¨âáï ª á«¥¤ãîé¥¬ã à ááã¦¤¥­¨î. �  �¨á.2-4 ¨§®-
¡à ¦¥­ ¯ãâì ®¡å®¤  ABCDAPSRQPA. �¬¥¥âáï ¥é¥ ¤¢  ¯ãâ¨ â ª®£® ¦¥ â¨¯ ,
¢¤®«ì £à ­¨æ ¤¢ãå ¤àã£¨å ¯ à ¯à®â¨¢®¯®«®¦­ëå £à ­¥© ¯ à ««¥«¥¯¨¯¥¤ , â ª
çâ® ¢¤®«ì £à ­¨æ ¢á¥å è¥áâ¨ £à ­¥© ¯à®å®¤¨â ª®­âãà (ABCDAPSRQPA) +
(ADSPABQRCBA) + (APQBADCRSDA). �â®â ¯ãâì ¯à®å®¤¨â ç¥à¥§ ª ¦¤®¥ à¥-
¡à® ¯ à ««¥«¥¯¨¯¥¤  ®¤¨­ ª®¢®¥ ç¨á«® à § ¢ ¯àï¬®¬ ¨ ®¡à â­®¬ ­ ¯à ¢«¥­¨¨.
�®®â¢¥âáâ¢¥­­®, ¯®«¥  ¯à¨ â ª®¬ ®¡å®¤¥ ­¥ ¬¥­ï¥âáï, ®âªã¤  ¨ á«¥¤ã¥â â®¦¤¥-
áâ¢® (2.195).

� â¥®à¨¨ £à ¢¨â æ¨¨ áãé¥áâ¢ã¥â  ­ «®£¨ç­®¥ â®¦¤¥áâ¢® �¨ ­ª¨ ¤«ï â¥­§®à  �¨¬ ­  { �à¨-
áâ®ää¥«ï:

D�R
�
��� + D�R

�
��� +D�R

�
��� = 0 (2.197)
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�¨á. 2-4

�­ «®£¨ï â¥®à¨¨ ª «¨¡à®¢®ç­ëå ¯®«¥© á â¥®à¨¥© £à ¢¨â æ¨¨ ¬®¦¥â ¡ëâì ¨§®¡à ¦¥­  á«¥¤ã-
îé¥© â ¡«¨æ¥©:

� ¡«¨æ  II. �­ «®£¨ï â¥®à¨¨ ª «¨¡à®¢®ç­ëå ¯®«¥© ¨ â¥®à¨¨ £à ¢¨â æ¨¨.

� «¨¡à®¢®ç­ë¥ â¥®à¨¨ �¡é ï â¥®à¨ï ®â­®á¨â¥«ì­®áâ¨

� «¨¡à®¢®ç­ë¥ ¯à¥®¡à §®¢ ­¨ï �à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â
� «¨¡à®¢®ç­ ï £àã¯¯  �àã¯¯  ¢á¥å ¯à¥®¡à §®¢ ­¨© ª®®à¤¨­ â

�®â¥­æ¨ « ª «¨¡à®¢®ç­®£® ¯®«ï A� �®íää¨æ¨¥­âë á¢ï§­®áâ¨ ����
� ¯àï¦¥­­®áâì ¯®«ï G�� �¥­§®à ªà¨¢¨§­ë R����

�â   ­ «®£¨ï ¨¬¥¥â ¤ ¦¥ ¡®«¥¥ £«ã¡®ª¨© á¬ëá«. �é¥ ­  à ­­¥¬ íâ ¯¥ à §¢¨â¨ï â¥®à¨¨ ª «¨-
¡à®¢®ç­ëå ¯®«¥© �â¨ï¬  ¯®ª § « (á¬. ¯¥à¥¢®¤ íâ®© ¨­â¥à¥á­®© à ¡®âë ¢ á¡. [28]), çâ® ãà ¢­¥­¨ï
®¡é¥© â¥®à¨¨ ®â­®á¨â¥«ì­®áâ¨ �©­èâ¥©­  ¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¯® à¥æ¥¯âã â¥®à¨¨ ª «¨¡à®¢®ç-
­ëå ¯®«¥© �­£  { �¨««á , ¥á«¨ ¢ ª ç¥áâ¢¥ ª «¨¡à®¢®ç­®© £àã¯¯ë ¢§ïâì £àã¯¯ã �®à¥­æ  (¯à¥®¡à -
§®¢ ­¨© ª®®à¤¨­ â ¢ á¯¥æ¨ «ì­®© â¥®à¨¨ ®â­®á¨â¥«ì­®áâ¨) ¨ ¯®âà¥¡®¢ âì ¨­¢ à¨ ­â­®áâ¨ â¥®à¨¨
®â­®á¨â¥«ì­® á®®â¢¥âáâ¢ãîé¨å «®ª «ì­ëå ¯à¥®¡à §®¢ ­¨© (ª®£¤  ¯ à ¬¥âàë £àã¯¯ë �®à¥­æ 
áç¨â îâáï ¯à®¨§¢®«ì­ë¬¨ äã­ªæ¨ï¬¨ â®çª¨ ¢ ¯à®áâà ­áâ¢¥ - ¢à¥¬¥­¨ �¨­ª®¢áª®£®).

�¥ «¨áâ¨ç¥áª¨© ¯à¨¬¥à | åà®¬®¤¨­ ¬¨ª .

� ª ç¥áâ¢¥ ¯à¨¬¥à  à¥ «¨áâ¨ç¥áª®© ­¥ ¡¥«¥¢®© ª «¨¡à®¢®ç­®© â¥®à¨¨ ªà âª® à á-
á¬®âà¨¬ áâàãªâãàã ª¢ ­â®¢®© åà®¬®¤¨­ ¬¨ª¨. � ®á­®¢¥ åà®¬®¤¨­ ¬¨ª¨ «¥¦¨â ã¦¥
®â¬¥ç¥­® ¢® ¢¢®¤­®© £« ¢¥ ®¡áâ®ïâ¥«ìáâ¢® (­  á¥£®¤­ïè­¨© ¤¥­ì íâ® ¬®¦­® à áá¬ -
âà¨¢ âì ¯à®áâ® ª ª íªá¯¥à¨¬¥­â «ì­ë© ä ªâ!): ª ¦¤ë© ª¢ àª ¤ ­­®£® \ à®¬ â "
u; d; s; c; t; b ®¡« ¤ ¥â ¥é¥ ¨ ¤®¯®«­¨â¥«ì­ë¬ ª¢ ­â®¢ë¬ ç¨á«®¬ | \æ¢¥â®¬", ¯à¨-
­¨¬ îé¨¬ âà¨ §­ ç¥­¨ï (1; 2; 3 ¨«¨ R;G;B) 9. � ª¨¬ ®¡à §®¬, ¯®«¥ ª ¦¤®£®

9�¥®¡å®¤¨¬®áâì¢¢¥¤¥­¨ï â ª®£® ª¢ ­â®¢®£® ç¨á«  ¡ë«  ïá­  á á ¬®£® ¬®¬¥­â  ¯®ï¢«¥­¨ïª¢ à-
ª®¢®© ¬®¤¥«¨  ¤à®­®¢ ¤«ï á­ïâ¨ï ­¥ª®â®àëå ¯à®â¨¢®à¥ç¨© á ¯à¨­æ¨¯®¬ � ã«¨.



42 ��������� ���������. ��������� � ������������� ����

ª¢ àª  ¯à¥¤áâ ¢«ï¥âáï äã­¤ ¬¥­â «ì­ë¬ á¯¨­®à®¬ £àã¯¯ë SU (3)10:

q =

0@ q1
q2
q3

1A (2.198)

�¢¥â®¢ ï á¨¬¬¥âà¨ï â¥®à¨¨ ï¢«ï¥âáï â®ç­®© ¨ « £à ­¦¨ ­ ¤®«¦¥­ ¡ëâì ¨­¢ à¨-
 ­â¥­ ®â­®á¨â¥«ì­® £àã¯¯ë ¯à¥®¡à §®¢ ­¨© ¢¨¤ :

q ! Uq (2.199)

£¤¥ 3� 3 ¯à¥®¡à §®¢ ­¨ï U ï¢«ïîâáï ã­¨â à­ë¬¨ ¨ ã­¨¬®¤ã«ïà­ë¬¨:

U+U = 1 DetU = 1 (2.200)

U = eiT T = T+ SpT = 0 (2.201)

�â¨ ¬ âà¨æë (¯à¥®¡à §®¢ ­¨ï) § ¢¨áïâ ®â ¢®áì¬¨ ¯ à ¬¥âà®¢ (\ã£«®¢ ¯®¢®à®â ")
"a, á®®â¢¥âáâ¢¥­­® ¨¬¥¥âáï ¨ ¢®á¥¬ì £¥­¥à â®à®¢ �i=2 (i = 1; :::; 8):

�1 =

0@ 0 1 0
1 0 0
0 0 0

1A �2 =

0@ 0 �i 0
i 0 0
0 0 0

1A �3 =

0@ 1 0 0
0 �1 0
0 0 0

1A (2.202)

�4 =

0@ 0 0 1
0 0 0
1 0 0

1A �5 =

0@ 0 0 �i
0 0 0
i 0 0

1A �6 =

0@ 0 0 0
0 0 1
0 1 0

1A (2.203)

�7 =

0@ 0 0 0
0 0 �i
0 i 0

1A �8 =
1p
3

0@ 1 0 0
0 1 0
0 0 �2

1A (2.204)

¯à¥¤áâ ¢«ïîâ á®¡®© ­¥ª®â®à®¥ \®¡®¡é¥­¨¥" ¬ âà¨æ � ã«¨ ­  âà¨ ¨§¬¥à¥­¨ï. �â¨
£¥­¥à â®àë ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬:�

�a
2
;
�b
2

�
= ifabc

�c
2

(2.205)

£¤¥ áâàãªâãà­ë¥ ª®­áâ ­âë fabc à ¢­ë:

f123 = 1 f147 = �f156 = f246 = f257 = f345 = �f367 = 1

2

f458 = f678 =

p
3

2
(2.206)

�¬ëá« åà®¬®¤¨­ ¬¨ª¨ á®áâ®¨â ¢ â®¬, çâ®¡ë áç¨â âì æ¢¥â®¢ãî á¨¬¬¥âà¨î «®ª «ì-
­®© ª «¨¡à®¢®ç­®© á¨¬¬¥âà¨¥©! � à¥§ã«ìâ â¥, ¯® ¨§«®¦¥­­ë¬ ¢ëè¥ à¥æ¥¯â ¬ ¢
â¥®à¨¨ ¢®§­¨ª ¥â ¢®á¥¬ì ª «¨¡à®¢®ç­ëå ¯®«¥© (£«î®­®¢) { ¯¥à¥­®áç¨ª®¢ ¢§ ¨¬®-
¤¥©áâ¢¨ï ¬¥¦¤ã ª¢ àª ¬¨. �å ã¤®¡­® § ¯¨á âì ¢ ¢¨¤¥ á«¥¤ãîé¥© ¬ âà¨æë (ª ª ¢
(2.171)):

Â� = Aa�
�a

2
==

1

2

0B@ A3
� +

1p
3
A8
� A1

� � iA2
� A4

� � iA5
�

A1
� + iA2

� �A3
� +

1p
3
A8
� A6

� � iA7
�

A4
� � iA5

� A6
� + iA7

� � 2p
3
A8
�

1CA (2.207)

10�®áâ â®ç­® ïá­®¥ ¨ ª®¬¯ ªâ­®¥ ¨§«®¦¥­¨¥ â¥®à¨¨ ­¥¯à¨¢®¤¨¬ëå ¯à¥¤áâ ¢«¥­¨© íâ®© £àã¯¯ë,
å®âï ¨ ¢ á¢ï§¨ á ­¥áª®«ìª® ¤àã£®© § ¤ ç¥© ä¨§¨ª¨ í«¥¬¥­â à­ëå ç áâ¨æ (¯à¨¡«¨¦¥­­®© á¨¬¬¥-
âà¨¥©  ¤à®­®¢ ¨ ¨å ª¢ àª®¢®© áâàãªâãà®©), ¬®¦­® ­ ©â¨ ¢ ª­¨£¥ [27].
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�¢­ë© ¢¨¤ â¥­§®à  ­ ¯àï¦¥­­®áâ¥© £«î®­­®£® ¯®«ï ¬®¦­® ¯®«ãç¨âì ¨§ (2.184) ¨«¨
¨§ (2.191), ¯®¤áâ ¢¨¢ ¢ ¯®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¢¬¥áâ® "abc áâàãªâãà­ë¥ ª®­áâ ­âë
fabc £àã¯¯ë SU (3). � á®®â¢¥âáâ¢¨¨ á ®¡é¥© ¨¤¥®«®£¨¥© â¥®à¨¨ ª «¨¡à®¢®ç­ëå ¯®-
«¥© £«î®­ë ï¢«ïîâáï ¡¥§¬ áá®¢ë¬¨,   ®âáãâáâ¢¨¥ ¢ íªá¯¥à¨¬¥­â¥ á®®â¢¥âáâ¢ãîé¨å
¤ «ì­®¤¥©áâ¢ãîé¨å á¨« ®¡êïá­ï¥âáï ï¢«¥­¨¥¬ ª®­ä ©­¬¥­â , ª®â®à®¥ ¡ã¤¥â à á-
á¬®âà¥­® ¡«¨¦¥ ª ª®­æã ­ è¥£® ªãàá .
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�®â®­.

�¢ ­â®¢ ­¨¥ í«¥ªâà®¬ £­¨â­®£® ¯®«ï.

�¥¯¥àì ­ è  § ¤ ç  á®áâ®¨â ¢ ¯¥à¥å®¤¥ ®â ª« áá¨ç¥áª®© ª ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï.
�à®æ¥¤ãà  ª ­®­¨ç¥áª®£® ª¢ ­â®¢ ­¨ï ª« áá¨ç¥áª®£® ¯®«ï ¯à®¢®¤¨âáï, ª ª ¬ë
ã¢¨¤¨¬, ¢ ¯®«­®©  ­ «®£¨¨ á  ­ «®£¨ç­®© ¯à®æ¥¤ãà®© ¤«ï ¬¥å ­¨ç¥áª®© á¨áâ¥¬ë.
�­ ç «  ¬ë à áá¬®âà¨¬ ª¢ ­â®¢ãî â¥®à¨î á¢®¡®¤­ëå (­¥¢§ ¨¬®¤¥©áâ¢ãîé¨å) ¯®-
«¥©, ¨ ­ ç­¥¬ ¬ë ­¥ á ¬®£® ¯à®áâ®£® ¯à¨¬¥à  á¢®¡®¤­®£® í«¥ªâà®¬ £­¨â­®£® ¯®«ï,
çâ® ®¯à¥¤¥«ï¥âáï ¥£® ¢ ¦­®© à®«ìî. �ëè¥ ¬ë ã¦¥ ¢¨¤¥«¨, çâ® í«¥ªâà®¬ £­¨â­®¥
¯®«¥ ï¢«ï¥âáï ¯à¨¬¥à®¬ ( ¡¥«¥¢ ) ª «¨¡à®¢®ç­®£® ¯®«ï. �®íâ®¬ã §¤¥áì ¢®§­¨ª îâ
¤®¯®«­¨â¥«ì­ë¥ á«®¦­®áâ¨, á¢ï§ ­­ë¥ á ãç¥â®¬ ª «¨¡à®¢®ç­®© ¨­¢ à¨ ­â­®áâ¨.
�® ¤«ï í«¥ªâà®¬ £­¨â­®£® ¯®«ï íâ¨ ¯à®¡«¥¬ë ¤®áâ â®ç­® ¯à®áâ® à¥è îâáï ¨ ¢
à ¬ª å ¯à®æ¥¤ãàë ª ­®­¨ç¥áª®£® ª¢ ­â®¢ ­¨ï, â®£¤  ª ª ¤«ï ­¥ ¡¥«¥¢ëå ¯®«¥©
�­£  { �¨««á  ­ã¦­® ¨á¯®«ì§®¢ âì áãé¥áâ¢¥­­® ¡®«¥¥ á«®¦­ãî áå¥¬ã ª¢ ­â®¢ -
­¨ï, ®á­®¢ ­­ãî ­  äã­ªæ¨®­ «ì­®¬ ¨­â¥£à¨à®¢ ­¨¨, ¨ ª®â®à ï ¡ã¤¥â ®¡áã¦¤ âìáï
­ ¬¨ £®à §¤® ¯®§¤­¥¥. � ¤ «ì­¥©è¥¬, ¢ íâ®© �« ¢¥, ¬ë á«¥¤ã¥¬, ¢ ®á­®¢­®¬, áå¥¬¥
¨§«®¦¥­¨ï ¯à¨­ïâ®© ¢ [1].

� â®çª¨ §à¥­¨ï ¬¥å ­¨ª¨, ¯®«¥ ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã á ¡¥áª®­¥ç­ë¬ ç¨-

45
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á«®¬ áâ¥¯¥­¥© á¢®¡®¤ë. �¤®¡­® ¨áå®¤¨âì ¨§ â ª®£® ª« áá¨ç¥áª®£® ®¯¨á ­¨ï ¯®«ï,
ª®â®à®¥ ¨¬¥¥â ¤¥«® á ¡¥áª®­¥ç­ë¬, ­® ¤¨áªà¥â­ë¬ ­ ¡®à®¬ ¯¥à¥¬¥­­ëå. �ã¤¥¬
à áá¬ âà¨¢ âì í«¥ªâà®¬ £­¨â­®¥ ¯®«¥ ¢ â ª ­ §ë¢ ¥¬®© ªã«®­®¢áª®© ª «¨¡à®¢ª¥,
ª®£¤  ¥£® ¢¥ªâ®à { ¯®â¥­æ¨ « A(r; t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ¯®¯¥à¥ç­®áâ¨:

divA = 0 (3.1)

�à¨ íâ®¬ áª «ïà­ë© ¯®â¥­æ¨ « ' = 0,   ¯®«ï E ¨ H ®¯à¥¤¥«ïîâáï ª ª1:

E = � _A H = rotA (3.2)

�à ¢­¥­¨ï � ªá¢¥««  á¢®¤ïâáï, ¢ ¤ ­­®¬ á«ãç ¥, ª ¢®«­®¢®¬ã ãà ¢­¥­¨î ¤«ï ¢¥ª-
â®à { ¯®â¥­æ¨ «  A:

r2A � @2A
@t2

= 0 (3.3)

� ª ¨§¢¥áâ­® è¥áâì ª®¬¯®­¥­â í«¥ªâà®¬ £­¨â­®£® ¯®«ï § ¯¨áë¢ îâáï ¢ ¢¨¤¥  ­â¨á¨¬¬¥âà¨ç­®£®
â¥­§®à :

F�� = @�A� � @�A� (3.4)

®âªã¤  áà §ã á«¥¤ãîâ ®¤­®à®¤­ë¥ ãà ¢­¥­¨ï � ªá¢¥««  ¢ ¢¨¤¥:

@�F�� + @�F �� + @�F�� = 0 (3.5)

� ¢ ªãã¬¥ (¢ ®âáãâáâ¢¨¥ ¨áâ®ç­¨ª®¢) ­¥®¤­®à®¤­ë¥ ãà ¢­¥­¨ï � ªá¢¥««  ¨¬¥îâ ¢¨¤:

@�F
�� = 0 (3.6)

¨«¨
2A� � @�(@�A

�) = 0 (3.7)

�ë §­ ¥¬, çâ® íâ¨ ãà ¢­¥­¨ï á«¥¤ãîâ ¨§ ¢ à¨ æ¨®­­®£® ¯à¨­æ¨¯  á « £à ­¦¨ ­®¬

L = � 1

16�
F��F

�� (3.8)

£¤¥ A� à áá¬ âà¨¢ ¥âáï ª ª ¤¨­ ¬¨ç¥áª®¥ ¯®«¥. �¤­ ª®, ¤«ï § ¤ ­­®£® §­ ç¥­¨ï ­ ¯àï¦¥­­®áâ¥©
í«¥ªâà®¬ £­¨â­®£® ¯®«ï F�� ¢¥ªâ®à A� ­¥ ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬,   ®¯à¥¤¥«¥­ á â®ç­®áâìî ¤®
£à ¤¨¥­â­®£® ¯à¥®¡à §®¢ ­¨ï:

A� ! A0� + @��(x) (3.9)

� « £ ï ­  �(x) ãá«®¢¨¥2� = �@�A�, ¤«ï ¯à¥®¡à §®¢ ­­®£® ¯® (3.9) ¯®«ï «¥£ª® ¯®«ãç¨âì @�A0� =
0, ¯®á«¥ ç¥£® èâà¨å ­ ¤ A� ã¦¥ ¬®¦­® ®¯ãáâ¨âì, § ¯¨á ¢ ãá«®¢¨¥ �®à¥­æ :

@�A
� = 0 (3.10)

�®£¤  (3.7) ¯¥à¥å®¤¨â ¢:
2A� = 0 (3.11)

{ ¢®«­®¢®¥ ãà ¢­¥­¨¥ ¤«ï ¯®â¥­æ¨ « . �á«®¢¨¥ �®à¥­æ  (3.10) ¤ ¥â ®¤­® ãà ¢­¥­¨¥ ¤«ï ç¥âëà¥å

ª®¬¯®­¥­â ¯®â¥­æ¨ « , á®ªà é ï ç¨á«® ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå ¯®«ï ¤® âà¥å. �¤­ ª®, íâ® ãá«®-

¢¨¥ ¥é¥ ­¥ ®¯à¥¤¥«ï¥â ¯®â¥­æ¨ « A� ®¤­®§­ ç­®. �ç¥¢¨¤­®, çâ® ¥á«¨ A� ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

�®à¥­æ , â® ¨ A0� = A� + @�� ¥¬ã â®¦¥ ã¤®¢«¥â¢®àï¥â ¢ á¨«ã 2�(x) = 0. �ë¡¥à¥¬ â¥¯¥àì �(x)

â ª, çâ®¡ë ¢ë¯®«­ï«®áì à ¢¥­áâ¢® @�
@t

= �', â®£¤  ¯®«ãç¨¬, ®ç¥¢¨¤­®, '0 = 0, çâ® ¢ á¨«ã (3.10)

¤ ¥â r � A = divA = 0. � ª¨¬ ®¡à §®¬, ¬ë ¨ ¯à¨å®¤¨¬ ª ªã«®­®¢áª®© ª «¨¡à®¢ª¥, ¢ ª®â®à®©

®áâ ¥âáï â®«ìª® ¤¢¥ ­¥§ ¢¨á¨¬ë¥ ª®¬¯®­¥­âë í«¥ªâà®¬ £­¨â­®£® ¯®«ï (ãá«®¢¨¥ ¯®¯¥à¥ç­®áâ¨),

á®®â¢¥âáâ¢ãîé¨¥ à¥ «ì­®¬ã ¬¨àã.

�¥à¥å®¤ ª ¤¨áªà¥â­®¬ã ­ ¡®àã ¯®«¥¢ëå ¯¥à¥¬¥­­ëå ¯à®¨§¢®¤¨âáï ¯ãâ¥¬ à á-
á¬®âà¥­¨ï ¯®«ï ¢ ª®­¥ç­®¬ ®¡ê¥¬¥ ¯à®áâà ­áâ¢  V (¢ ¤ «ì­¥©è¥¬, ¤«ï ªà âª®áâ¨,

1� ¯®¬­¨¬, çâ® ¬ë ¨á¯®«ì§ã¥¬ á¨áâ¥¬ã ¥¤¨­¨æ, ¢ ª®â®à®© áª®à®áâì á¢¥â  c = 1
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¢áî¤ã ¯®« £ ¥¬ V = 1) [25]. �®£¤  ¢¥ªâ®à { ¯®â¥­æ¨ « ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ àï¤ 
�ãàì¥ ¯® ¯«®áª¨¬ ¢®«­ ¬:

A =
X
k
(ake

ikr + a�ke
�ikr) (3.12)

£¤¥ ª®íää¨æ¨¥­âë à §«®¦¥­¨ï ak § ¢¨áïâ ®â ¢à¥¬¥­¨ ¯® § ª®­ã:

ak � e
�i!kt !k = jkj (3.13)

� á¨«ã ãá«®¢¨ï ¯®¯¥à¥ç­®áâ¨ (3.1) ¨¬¥¥¬:

ak � k = 0 (3.14)

� (3.12) áã¬¬¨à®¢ ­¨¥ ¨¤¥â ¯® ¡¥áª®­¥ç­®¬ã ¤¨áªà¥â­®¬ã ­ ¡®àã kx; ky; kz. �®¦­®,

ª ª ®¡ëç­®, ¯¥à¥©â¨ ¨­â¥£à¨à®¢ ­¨î ¯® kx; ky; kz, ¢¢¥¤ï
d3k
(2�)3 ª ª ç¨á«® ¢®§¬®¦­ëå

§­ ç¥­¨© k, ¯à¨å®¤ïé¨åáï ­  í«¥¬¥­â ®¡ê¥¬  k-¯à®áâà ­áâ¢  d3k = dkxdkydkz. �
¨â®£¥, ¯®«¥ ¯®«­®áâìî ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨­ ¬¨ ak, ª®â®àë¥ à áá¬ âà¨¢ îâáï ª ª
­ ¡®à ª« áá¨ç¥áª¨å ¯®«¥¢ëå ¯¥à¥¬¥­­ëå.

�¢¥¤¥¬ ª ­®­¨ç¥áª¨¥ ¯®«¥¢ë¥ ¯¥à¥¬¥­­ë¥ ª ª:

Qk =
1p
4�

(ak + a
�
k) (3.15)

Pk = �
i!kp
4�

(ak � a�k) = _Qk (3.16)

�¥£ª® ¢¨¤¥âì, çâ® íâ¨ ¯¥à¥¬¥­­ë¥ ¢¥é¥áâ¢¥­­ë. �®£¤  à §«®¦¥­¨¥ (3.12) ¬®¦­®
¯¥à¥¯¨á âì ¢ ¢¨¤¥:

A =
p
4�
X
k
(Qk coskr�

1

!k
Pk sinkr) (3.17)

�«ï ­ å®¦¤¥­¨ï £ ¬¨«ìâ®­¨ ­  ¯®«ï H, ¢ëç¨á«¨¬ ¥£® ¯®«­ãî í­¥à£¨î:

E =
1

8�

Z
d3r(E2 +H2) (3.18)

¨ ¢ëà §¨¬ ¥¥ ç¥à¥§ ¯¥à¥¬¥­­ë¥ Qk ¨ Pk. �«ï íâ®£® ­ ©¤¥¬ E ¨ H á ¯®¬®éìî (3.2)
¨ (3.17) ¨, ¯®¤áâ ¢¨¢ á®®â¢¥âáâ¢ãîé¨¥ ¢ëà ¦¥­¨ï ¢ (3.18) ¨ ¢ë¯®«­¨¢ ¨­â¥£à¨à®-
¢ ­¨¥ ¯® ª®®à¤¨­ â ¬, ¯®«ãç¨¬:

H =
1

2

X
k
(P2
k + !2kQ

2
k) (3.19)

�® ãá«®¢¨î ¯®¯¥à¥ç­®áâ¨, ¢¥«¨ç¨­ë Pk ¨ Qk ®àâ®£®­ «ì­ë ¢¥ªâ®àã k, â ª çâ®,
ä ªâ¨ç¥áª¨, ®­¨ ¨¬¥îâ ¢á¥£® ¯® ¤¢¥ ­¥§ ¢¨á¨¬ë¥ ª®¬¯®­¥­âë. � ¯à ¢«¥­¨ï íâ¨å
¢¥ªâ®à®¢ ®¯à¥¤¥«ïîâáï ­ ¯à ¢«¥­¨ï¬¨ ¯®«ïà¨§ æ¨¨ á®®â¢¥âáâ¢ãîé¥© ¢®«­ë. �¡®-
§­ ç¨¬ ¤¢¥ ª®¬¯®­¥­âë Pk ¨ Qk ¢ ¯«®áª®áâ¨ ®àâ®£®­ «ì­®© k ª ª Pk� ¨ Qk�, £¤¥
� = 1; 2. �®£¤  (3.19) ¬®¦­® ¯¥à¥¯¨á âì ª ª:

H =
1

2

X
k�

(P 2
k� + !2kQ

2
k�) (3.20)
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� ª¨¬ ®¡à §®¬, £ ¬¨«ìâ®­¨ ­ H à á¯ ¤ ¥âáï ­  áã¬¬ã ­¥§ ¢¨á¨¬ëå á« £ ¥¬ëå,
ª ¦¤®¥ ¨§ ª®â®àëå ¨¬¥¥â ¢¨¤ £ ¬¨«ìâ®­¨ ­  £ à¬®­¨ç¥áª®£® ®áæ¨««ïâ®à  (\à §-
«®¦¥­¨¥ ¯®«ï" ­  ®áæ¨««ïâ®àë).

�¥¯¥àì ¬ë ¬®¦¥¬ ¯¥à¥©â¨ ª ª¢ ­â®¢ ­¨î. � ª ª¢ ­â®¢ âì ®áæ¨««ïâ®àë å®à®è®
¨§¢¥áâ­® ¨§ ª¢ ­â®¢®© ¬¥å ­¨ª¨ [29]. �à®æ¥¤ãà  ª¢ ­â®¢ ­¨ï á®áâ®¨â ¢ § ¬¥­¥ ®¡®¡-
é¥­­ëå ª®®à¤¨­ â Qk� ¨ ®¡®¡é¥­­ëå ¨¬¯ã«ìá®¢ Pk� ®¯¥à â®à ¬¨, ã¤®¢«¥â¢®àï-
îé¨¬¨ áâ ­¤ àâ­ë¬ ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬2:

Qk�Pk� � Pk�Qk� � [Qk�; Pk�] = i (3.21)

�«ï à §­ëå §­ ç¥­¨© k� á®®â¢¥âáâ¢ãîé¨¥ ®¯¥à â®àë ª®¬¬ãâ¨àãîâ. �®®â¢¥â-
áâ¢¥­­®, ¯®«ï A;E;H â ª¦¥ áâ ­®¢ïâáï ®¯¥à â®à ¬¨.

�®¡áâ¢¥­­ë¥ §­ ç¥­¨ï £ ¬¨«ìâ®­¨ ­  (3.20), ®ç¥¢¨¤­®, ¨¬¥îâ ¢¨¤:

E =
X
k�

�
Nk� +

1

2

�
!k (3.22)

£¤¥ Nk� { æ¥«ë¥ ç¨á« , ª®â®àë¥ ¯à¥¤áâ ¢«ïîâ á®¡®© ç¨á«® ä®â®­®¢ ¢ á®áâ®ï­¨¨
k�. � âà¨ç­ë¥ í«¥¬¥­âë ®¯¥à â®à  Qk� â ª¦¥ å®à®è® ¨§¢¥áâ­ë ¨§ ª¢ ­â®¢®© ¬¥-
å ­¨ª¨ [29]:

< Nk�jQk�jNk� � 1 >=< Nk� � 1jQk�jNk� >=
s
Nk�
2!k

(3.23)

� âà¨ç­ë¥ í«¥¬¥­âë Pk� =
_Qk� ®â«¨ç îâáï ®â (3.23) ¬­®¦¨â¥«¥¬ �i!k.

�¢¥¤¥¬ ­®¢ë¥ ®¯¥à â®àë:

ck� =
1p
2!k

(!kQk� + iPk�) c+k� =
1p
2!k

(!kQk� � iPk�) (3.24)

�®£¤  ¨§ (3.23) ¨ (3.24) ¯®«ãç ¥¬:

< Nk� � 1jck�jNk� >=< Nk�jc+k�jNk� � 1 >=
q
Nk� (3.25)

�§ (3.24) ¨ (3.21) ­¥¬¥¤«¥­­® ¯®«ãç ¥¬ ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï ¤«ï ®¯¥à -
â®à®¢ ck� ¨ c+k�:

ck�c
+

k� � c+k�ck� � [ck�; c
+

k�] = 1 (3.26)

�«ï ­¥á®¢¯ ¤ îé¨å k ¨ � íâ¨ ®¯¥à â®àë ¯à®áâ® ª®¬¬ãâ¨àãîâ. �¯¥à â®àë ck� ¨

c+k� ­ §ë¢ îâáï ®¯¥à â®à ¬¨ ã­¨çâ®¦¥­¨ï ¨ à®¦¤¥­¨ï ä®â®­®¢ ¢ á®áâ®ï­¨¨ ¢®«-

­®¢ë¬ ¢¥ªâ®à®¬ (¨¬¯ã«ìá®¬) k ¨ ¯®«ïà¨§ æ¨¥© �. �à®¨áå®¦¤¥­¨¥ íâ®£® ­ §¢ ­¨ï
®ç¥¢¨¤­® ¨§ (3.25). �® ¨áâ®à¨ç¥áª¨¬ ¯à¨ç¨­ ¬, ä®à¬ «¨§¬, ®á­®¢ ­­ë© ­  ¨á¯®«ì-
§®¢ ­¨¨ â ª¨å ®¯¥à â®à®¢, ­ §ë¢ ¥âáï ¯à¥¤áâ ¢«¥­¨¥¬ ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï.

�¯¥à â®à ¢¥ªâ®à { ¯®â¥­æ¨ « , á ¨á¯®«ì§®¢ ­¨¥¬ (3.12), (3.16), (3.15) ¨ (3.24),
¬®¦¥â â¥¯¥àì ¡ëâì § ¯¨á ­ ¢ ¢¨¤¥:

A =
X
k�

(ck�Ak� + c+k�A
�
k�) (3.27)

2� ¯®¬­¨¬, çâ® ã ­ á ¢á¥£¤  ~ = 1
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£¤¥

Ak� =
p
4�

e(�)p
2!k

eikr (3.28)

£¤¥ e(�) { ¥¤¨­¨ç­ë© ¢¥ªâ®à ¯®«ïà¨§ æ¨¨ ¤«ï ¤ ­­®£® ¯®«¥¢®£® ®áæ¨««ïâ®à , ®ç¥-
¢¨¤­®, çâ® e(�)�k = 0, â ª çâ® ®­ ®àâ®£®­ «¥­ ¨¬¯ã«ìáã ä®â®­  k. �î¡®¬ã §­ ç¥­¨î
k á®®â¢¥âáâ¢ã¥â ¤¢  ­¥§ ¢¨á¨¬ëå ­ ¯à ¢«¥­¨ï ¯®«ïà¨§ æ¨¨ � = 1; 2.

�­ «®£¨ç­ë¬ ®¡à §®¬ ¬®¦­® ¢ë¯¨á âì à §«®¦¥­¨ï ¤«ï ®¯¥à â®à®¢ ­ ¯àï¦¥­-
­®áâ¨ ¯®«¥© E ¨ H:

E =
X
k�

(ck�Ek� + c+k�E
�
k�) (3.29)

H =
X
k�

(ck�Hk� + c+k�H
�
k�) (3.30)

£¤¥
Ek� = i!kAk� Hk� = [n� Ek�] (3.31)

£¤¥ n = k
!k

¯à¥¤áâ ¢«ï¥â á®¡®© ¥¤¨­¨ç­ë© ¢¥ªâ®à ¢ ­ ¯à ¢«¥­¨¨ à á¯à®áâà ­¥-

­¨ï ä®â®­ . �¢¥¤¥­­ë¥ ¢ (3.28) ¢¥ªâ®à  Ak� ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¥¬ã ãá«®¢¨î
®àâ®­®à¬¨à®¢ ­­®áâ¨: Z

d3rAk�A
�
k0�0 =

2�

!k
���0�kk0 (3.32)

£¤¥ ãçâ¥­®, ¢ ç áâ­®áâ¨, çâ® ¤¢  ­¥§ ¢¨á¨¬ëå ¢¥ªâ®à  ¯®«ïà¨§ æ¨¨ ®àâ®£®­ «ì­ë:
e(�) �e(�0)� = 0. � ªâ¨ç¥áª¨, ¢¥«¨ç¨­ë Ak� (¯«®áª¨¥ ¢®«­ë) ¬®¦­® âà ªâ®¢ âì ª ª
¢®«­®¢ë¥ äã­ªæ¨¨ ä®â®­  á ¨¬¯ã«ìá®¬ k ¨ ¯®«ïà¨§ æ¨¥© e(�)3.

�§ (3.32) ¨ (3.31) ­¥âàã¤­® ¯®«ãç¨âì, çâ®:

1

4�

Z
d3r(Ek�E

�
k0�0 +Hk�H

�
k0�0) = !k�kk0 ���0 (3.33)

�®¤áâ ¢«ïï (3.29), (3.30) ¢ (3.18) ¨ ¨á¯®«ì§ãï (3.33), ­ å®¤¨¬:

H =
X
k�

1

2
(ck�c

+

k� + c+k�ck�)
1

4�

Z
d3r(Ek�E

�
k0�0 +Hk�H

�
k0�0) =

=
X
k�

1

2
(ck�c

+

k� + c+k�ck�)!k (3.34)

¨«¨, ¨á¯®«ì§ãï ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï (3.26),

H =
X
k�

�
c+k�ck� +

1

2

�
!k (3.35)

{ ®¯¥à â®à � ¬¨«ìâ®­  á¨áâ¥¬ë ä®â®­®¢ ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï.
�§ áà ¢­¥­¨ï á (3.22) ïá­®, çâ®

N̂k� = c+k�ck� (3.36)

3�®¤ç¥àª­¥¬, çâ® íâ¨ ¢®«­®¢ë¥ äã­ªæ¨¨ ­¥«ì§ï à áá¬ âà¨¢ âì ª ª  ¬¯«¨âã¤ë ¢¥à®ïâ­®áâ¨
¯à®áâà ­áâ¢¥­­®©«®ª «¨§ æ¨¨ä®â®­ , ¯®áª®«ìªã ¯®­ïâ¨¥ ª®®à¤¨­ âë ¤«ï ç áâ¨æë, ¤¢¨¦ãé¥©áï
á® áª®à®áâìî á¢¥â  ¢ ¢ ªãã¬¥, ¯à®áâ® ®âáãâáâ¢ã¥â
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¯à¥¤áâ ¢«ï¥â á®¡®© ®¯¥à â®à ç¨á«  ä®â®­®¢ ¢ á®áâ®ï­¨¨ k�, ¬ âà¨ç­ë¥ í«¥¬¥­âë
ª®â®à®£® ¢ ¯à¥¤áâ ¢«¥­¨¨ ç¨á¥« § ¯®«­¥­¨ï ¤¨ £®­ «ì­ë ¨ ¯à¨­¨¬ îâ æ¥«®ç¨á«¥­-
­ë¥ §­ ç¥­¨ï. � ¬¥â¨¬, çâ® (3.33) ¯à¥¤áâ ¢«ï¥â á®¡®© § ¯¨áì ­®à¬¨à®¢ª¨ ¢®«­®¢®©
äã­ªæ¨¨ \­  ®¤¨­ ä®â®­ ¢ ®¡ê¥¬¥ V = 1".

� ª« áá¨ç¥áª®© â¥®à¨¨ í«¥ªâà®¬ £­¨â­®£® ¯®«ï, ¥£® ¨¬¯ã«ìá ®¯à¥¤¥«ï¥âáï ª ª
[25]:

P =
1

4�

Z
d3r[E�H] (3.37)

� ¬¥­ïï E ¨ H ®¯¥à â®à ¬¨ (3.29), (3.30) ¯®«ãç¨¬:

P =
X
k�

�
c+k�ck� +

1

2

�
k (3.38)

çâ® á®®â¢¥âáâ¢ã¥â â®¬ã, çâ® ª ¦¤ë© ä®â®­ ¯¥à¥­®á¨â ¨¬¯ã«ìá k.
� «¨ç¨¥ ¢ (3.35) ¨ (3.38) ¢ª« ¤®¢, ­¥§ ¢¨áïé¨å ®â ç¨á¥« § ¯®«­¥­¨ï (á¢ï§ ­­ëå

á® á« £ ¥¬ë¬ 1=2 ¢ áª®¡ª å), ®§­ ç ¥â ¯à¨áãâáâ¢¨¥ ¡¥áª®­¥ç­®£® ¢ª« ¤  ¢ ªãã¬­ëå
ä«ãªâã æ¨© (\­ã«¥¢ëå" ª®«¥¡ ­¨©) í«¥ªâà®¬ £­¨â­®£® ¯®«ï. �â® ¯¥à¢ë© ¯à¨¬¥à
â¨¯¨ç­®© \ª¢ ­â®¢® - ¯®«¥¢®©" à áå®¤¨¬®áâ¨, á ª®â®àë¬ ¬ë áâ «ª¨¢ ¥¬áï. � ¡®«ì-
è¨­áâ¢¥ á«ãç ¥¢, ¢ íâ®© á¨âã æ¨¨ ¯à®áâ® ¯¥à¥å®¤ïâ ª ­®¢®¬ã ­ ç «ã ®âç¥â  í­¥à£¨¨
(¨¬¯ã«ìá ) ¨ § ¯¨áë¢ îâ:

H =
X
k�

c+k�ck�!k P =
X
k�

c+k�ck�k (3.39)

�à¨ íâ®¬ ­ ç «® ®âáç¥â  \¯¥à¥­®à¬¨àã¥âáï" ¡¥áª®­¥ç­ë¬¨ (\¢ ªãã¬­ë¬¨") ª®­-
áâ ­â ¬¨, ­¥§ ¢¨áïé¨¬¨ ®â á®áâ®ï­¨ï ¢®§¡ã¦¤¥­¨ï ¯®«ï. �¬¥áâ¥ á â¥¬, á«¥¤ã¥â
áà §ã ¯®¤ç¥àª­ãâì, çâ® ­ «¨ç¨¥ ¡¥áª®­¥ç­®© í­¥à£¨¨ (¨¬¯ã«ìá ) ¢ ªãã¬  (­ã«¥-
¢ëå ª®«¥¡ ­¨©) ï¢«ï¥âáï á®¢¥àè¥­­® à¥ «ì­ë¬ ¯à®ï¢«¥­¨¥¬ ª¢ ­â®¢®© ¯à¨à®¤ë
¯®«ï ¨ ¯à¨¢®¤¨â ª ª®­¥ç­ë¬ íªá¯¥à¨¬¥­â «ì­ë¬ á«¥¤áâ¢¨ï¬, ®¤­¨¬ ¨§ «ãçè¨å
¯à¨¬¥à®¢ ª®â®àëå ï¢«ï¥âáï à áá¬ âà¨¢ ¥¬ë© ­¨¦¥ íää¥ªâ � §¨¬¨à .

� ¬¥ç ­¨ï ® £à ¤¨¥­â­®© ¨­¢ à¨ ­â­®áâ¨ ¨ áâ â¨áâ¨ª¥ �®§¥.

�ë¡®à ¯®â¥­æ¨ «®¢ ¢ í«¥ªâà®¤¨­ ¬¨ª¥, ª ª å®à®è® ¨§¢¥áâ­®, ­¥®¤­®§­ ç¥­. �ëè¥
¬ë ¨á¯®«ì§®¢ «¨ ªã«®­®¢áªãî ª «¨¡à®¢ªã (3.1). � ®¡é¥¬ á«ãç ¥, ª®¬¯®­¥­âë ¢¥ª-
â®à - ¯®â¥­æ¨ «  A� ¬®£ãâ ¡ëâì ¯®¤¢¥à£­ãâë £à ¤¨¥­â­®¬ã ¯à¥®¡à §®¢ ­¨î ¢¨¤ :

A� ! A� + @�� (3.40)

�«ï ¯«®áª¨å ¢®«­, ¥á«¨ ®£à ­¨ç¨âìáï ¯à¥®¡à §®¢ ­¨ï¬¨, ­¥ ¬¥­ïîé¨¬¨ â ª®£®
¢¨¤  ¯®â¥­æ¨ «  (â.¥. ¥£® ¯à®¯®àæ¨®­ «ì­®áâ¨ exp(�ik�x�)), íâ  ­¥®¤­®§­ ç­®áâì
á¢®¤¨âáï ª ¢®§¬®¦­®áâ¨ ¯à¨¡ ¢¨âì ª  ¬¯«¨âã¤¥ ¢®«­ë ¯à®¨§¢®«ì­ë© 4-¢¥ªâ®à, ¯à®-
¯®àæ¨®­ «ì­ë© k�.

� á«ãç ¥ ¯à®¨§¢®«ì­®© ª «¨¡à®¢ª¨, 4-¯®â¥­æ¨ « ¯®«ï ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥,
®¡®¡é îé¥¬ (3.27):

A� =
X
k�

(ck�A
�
k� + c+k�A

��
k�) (3.41)
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£¤¥ ¢®«­®¢ë¥ äã­ªæ¨¨ ä®â®­  ¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥:

A�k =
p
4�

e�p
2!
e�ik�x

�

(3.42)

£¤¥ e� { ¯à®áâà ­áâ¢¥­­®¯®¤®¡­ë© 4-¢¥ªâ®à ¯®«ïà¨§ æ¨¨, ã¤®¢«¥â¢®àïîé¨© ãá«®-
¢¨î e�e

�� = �1. �à®áâà ­áâ¢¥­­®¯®¤®¡­ë© å à ªâ¥à 4-¢¥ªâ®à  ¯®«ïà¨§ æ¨¨ ®ç¥¢¨-
¤¥­ ¨§ ãá«®¢¨ï ç¥âëà¥å¬¥à­®© ¯®¯¥à¥ç­®áâ¨, ¯®áª®«ìªã ¢®«­®¢®© ¢¥ªâ®à (¨¬¯ã«ìá)
à¥ «ì­®£® ä®â®­  ¢á¥£¤  «¥¦¨â ­  á¢¥â®¢®¬ ª®­ãá¥. � â ª®© § ¯¨á¨, ã¯®¬ï­ãâ®¥
¢ëè¥ ª «¨¡à®¢®ç­®¥ (£à ¤¨¥­â­®¥) ¯à¥®¡à §®¢ ­¨¥ á¢®¤¨âáï ª:

e� ! e� + �k� (3.43)

£¤¥ � = �(k�) { ¯à®¨§¢®«ì­ ï áª «ïà­ ï äã­ªæ¨ï k�. �®¯¥à¥ç­®áâì ¯®«ïà¨§ æ¨¨
®§­ ç ¥â, çâ® ¢á¥£¤  ¢®§¬®¦­  ª «¨¡à®¢ª , ¢ ª®â®à®© ¢ë¡¨à ¥âáï:

e� = (0; e) e � k = 0 (3.44)

®¡¥á¯¥ç¨¢ îé ï âà¥å¬¥à­ãî ¯®¯¥à¥ç­®áâì. �á«®¢¨¥ ç¥âëà¥å¬¥à­®© ¯®¯¥à¥ç­®áâ¨,
íª¢¨¢ «¥­â­®¥ ãá«®¢¨î �®à¥­æ  (3.10), § ¯¨áë¢ ¥âáï ¢ ¨­¢ à¨ ­â­®¬ ¢¨¤¥:

e�k
� = 0 (3.45)

�â® ãá«®¢¨¥, â ª¦¥ ª ª ¨ ãá«®¢¨¥ e�e�� = �1, ­¥ ­ àãè ¥âáï ¯à¥®¡à §®¢ ­¨¥¬
(3.43) ¢ á¨«ã â®£®, çâ® ¤«ï à¥ «ì­®£® ä®â®­  ¢á¥£¤  ¨¬¥¥¬ k2 = 0 (à ¢¥­áâ¢® ­ã«î
¬ ááë ä®â®­ , á¢¥â®¢®© ª®­ãá!). �§¬¥à¨¬ë¥ ä¨§¨ç¥áª¨¥ ¢¥«¨ç¨­ë, ¥áâ¥áâ¢¥­­®, ­¥
¤®«¦­ë ¬¥­ïâìáï ¯à¨ ª «¨¡à®¢®ç­ëå ¯à¥®¡à §®¢ ­¨ïå.

�®â®­ë ¯®¤ç¨­ïîâáï áâ â¨áâ¨ª¥ �®§¥. �â® ®ç¥¢¨¤­® ¨§ â®£® ä ªâ , çâ® ç¨á«®
ä®â®­®¢ Nk� ¢ á®áâ®ï­¨¨ k� ¬®¦¥â ¯à¨­¨¬ âì «î¡®¥ æ¥«®ç¨á«¥­­®¥ §­ ç¥­¨¥,  
â ª¦¥ ¨§ ¢¨¤  ª®¬¬ãâ æ¨®­­ëå á®®â­®è¥­¨© (3.26). �®§¥¢áª®¥ ¯®«¥ ¬®¦¥â ¨¬¥âì
ª« áá¨ç¥áª¨© ¯à¥¤¥«. �§¢¥áâ­®, çâ® á¢®©áâ¢  ª¢ ­â®¢®© á¨áâ¥¬ë ¯à¨¡«¨¦ îâáï ª
ª« áá¨ç¥áª¨¬, ª®£¤  ¢¥«¨ª¨ ª¢ ­â®¢ë¥ ç¨á« , ®¯à¥¤¥«ïîé¨¥ á®áâ®ï­¨ï á¨áâ¥¬ë.
�«ï í«¥ªâà®¬ £­¨â­®£® ¯®«ï íâ® ®§­ ç ¥â, çâ® ¢¥«¨ª¨ ç¨á«  ä®â®­®¢ Nk�. � íâ®¬
á«ãç ¥, ¬ë ¬®¦¥¬ ¯à¥­¥¡à¥çì ¥¤¨­¨æ¥© ¢ ¯à ¢®© ç áâ¨ ª®¬¬ãâ æ¨®­­ëå á®®â­®-
è¥­¨© (3.26) (®ç¥¢¨¤­®, çâ® íâ® á®®â¢¥âáâ¢ã¥â ¨ ¯à¥¤¥«ã ~! 0) ¨ § ¯¨á âì:

c+k�ck� � ck�c
+

k� (3.46)

â ª çâ® ®¯¥à â®àë ck�; c
+

k� ¬®¦­® à áá¬ âà¨¢ âì ª ª ª« áá¨ç¥áª¨¥  ¬¯«¨âã¤ë

¯®«ï. �¤­ ª® âãâ âà¥¡ã¥âáï ­¥ª®â®à®¥ ãâ®ç­¥­¨¥, ¯®áª®«ìªã ¯à¨ ¢á¥å Nk� � 1
¬ë ¯®«ãç¨¬ ¡¥áª®­¥ç­®áâì ¯à¨ áã¬¬¨à®¢ ­¨¨ ¯® k� ¢ í­¥à£¨¨ ¯®«ï (3.22).

� ªâ¨ç¥áª¨, ä¨§¨ç¥áª¨© á¬ëá« ¨¬¥¥â à áá¬®âà¥­¨¥ §­ ç¥­¨© ¯®«ï, ãáà¥¤­¥­-
­ëå ¯® ­¥ª®â®àë¬ ª®­¥ç­ë¬ ¯à®¬¥¦ãâª ¬ ¢à¥¬¥­¨ �t. � äãàì¥-à §«®¦¥­¨¨ ãáà¥¤-
­¥­­®£® ¯®«ï E ®á­®¢­®© ¢ª« ¤ ¤ ¥â ®¡« áâì ç áâ®â, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î
!�t < 1. � ª¨¬ ®¡à §®¬, ¯à¨ ¢ë¢®¤¥ ãá«®¢¨ï ª¢ §¨ª« áá¨ç­®áâ¨, ­ã¦­® à áá¬ -
âà¨¢ âì «¨èì ¯®«¥¢ë¥ ®áæ¨««ïâ®àë á ! < 1=�t. �¨á«® ®áæ¨««ïâ®à®¢ á ç áâ®â ¬¨
®â ­ã«ï ¤® ! � 1=�t, ¯® ¯®àï¤ªã ¢¥«¨ç¨­ë, à ¢­® (V = 1):�!

c

�3
� 1

(c�t)3
(3.47)
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�­¥à£¨ï ¯®«ï ¢ ¥¤¨­¨æ¥ ®¡ê¥¬  ¯®àï¤ª  E2. �®¤¥«¨¢ íâã í­¥à£¨î ­  ç¨á«® ®áæ¨«-
«ïâ®à®¢ ¨ ­  áà¥¤­îî í­¥à£¨î ä®â®­  � ~!, ¯®«ãç¨¬ ®æ¥­ªã ç¨á«  ä®â®­®¢:

N � E2c3

~!4
(3.48)

�®£¤  ¨§ ãá«®¢¨ï N � 1 ¨ (3.47) ¯®«ãç ¥¬:

jEj �
p
~c

(c�t)2
(3.49)

çâ® ®¯à¥¤¥«ï¥â ªà¨â¥à¨© ª¢ §¨ª« áá¨ç¥áª®£® à áá¬®âà¥­¨ï ¯®«ï4. �¨¤¨¬, çâ® ¯®«¥
¤®«¦­® ¡ëâì ¤®áâ â®ç­® á¨«ì­ë¬, â¥¬ á¨«ì­¥¥, ç¥¬ ¬¥­ìè¥ ¨­â¥à¢ « ¢à¥¬¥­¨ �t.
�«ï ¯¥à¥¬¥­­®£® ¯®«ï �t � !�1, â ª çâ® ¤®áâ â®ç­® á« ¡®¥ ¯¥à¥¬¥­­®¥ ¯®«¥ ­¥
¬®¦¥â ¡ëâì ª¢ §¨ª« áá¨ç¥áª¨¬. �¨èì áâ â¨ç¥áª¨¥ ¯®«ï, ¤«ï ª®â®àëå �t ! 1
¢á¥£¤  ¬®¦­® áç¨â âì ª« áá¨ç¥áª¨¬¨.

�¡ ¨§¬¥à¨¬®áâ¨ ¯®«¥© ¢ ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¥.

�ãé¥áâ¢®¢ ­¨¥ ¯à¥¤¥«ì­®© áª®à®áâ¨ à á¯à®áâà ­¥­¨ï ¢§ ¨¬®¤¥©áâ¢¨© (áª®à®áâ¨ á¢¥â ) ¯à¨¢®¤¨â
ª æ¥«®¬ã àï¤ã ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨© ¢®§¬®¦­®áâ¥© ¨§¬¥à¥­¨ï à §«¨ç­ëå ä¨§¨ç¥áª¨å
¢¥«¨ç¨­ ¢ à¥«ïâ¨¢¨áâáª®© ª¢ ­â®¢®© â¥®à¨¨, ¯® áà ¢­¥­¨î á ­¥à¥«ïâ¨¢¨áâáª¨¬ á«ãç ¥¬. �â®â
¢®¯à®á ¡ë« ¯à® ­ «¨§¨à®¢ ­ ­  à ­­¨å íâ ¯ å à §¢¨â¨ï ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï � ­¤ ã ¨ � ©-
¥à«á®¬. � ç¥áâ¢¥­­®¥ ®¡áã¦¤¥­¨¥ íâ¨å ®£à ­¨ç¥­¨© ¬®¦­® ­ ©â¨ ¢® �¢¥¤¥­¨¨ ª ª­¨£¥ [1]. � å®¤¥
á¢®¥£®  ­ «¨§ , � ­¤ ã ¨ � ©¥à«á ¯®¤­ï«¨ äã­¤ ¬¥­â «ì­ë© ¢®¯à®á ® ¢®§¬®¦­®áâ¨ ¨§¬¥à¥­¨ï
á ¬®£® í«¥ªâà®¬ £­¨â­®£® ¯®«ï. � ç áâ­®áâ¨, ®­¨ ãâ¢¥à¦¤ «¨, çâ® ¯®áª®«ìªã ¨§¬¥à¥­¨¥ «î¡®©
ª®¬¯®­¥­âë í«¥ªâà¨ç¥áª®£® (¤«ï ®¯à¥¤¥«¥­­®áâ¨) ¯®«ï âà¥¡ã¥â ®¯à¥¤¥«¥­¨ï ¨¬¯ã«ìá  § àï¦¥­-
­®£® ¯à®¡­®£® â¥« , â® ®¡à â­®¥ ¤¥©áâ¢¨¥ ¯®«ï, ¨§«ãç¥­­®£® ¯à¨ ¢ë¯®«­¥­¨¨ â ª®© ®¯¥à æ¨¨,
¢á¥£¤  ¯à¨¢®¤¨â ª ®£à ­¨ç¥­¨î â®ç­®áâ¨ ¨§¬¥à¥­¨ï ¯®«ï. �®®â¢¥âáâ¢¥­­® â®ç­®¥ ®¯à¥¤¥«¥­¨¥
­ ¯àï¦¥­­®áâ¨ ¯®«ï ­¥«ì§ï ¢¢¥áâ¨ ¢ ¯à®â¨¢®à¥ç¨¨ á à áá¬®âà¥­­ë¬¨ ¢ëè¥ ®á­®¢ ¬¨ ª¢ ­â®¢®©
í«¥ªâà®¤¨­ ¬¨ª¨. �â®, â ª¦¥ ª ª àï¤ ¤àã£¨å ®¡áâ®ïâ¥«ìáâ¢, ª®â®àë¥ ¬ë ¥é¥ à áá¬®âà¨¬ ­¨¦¥,
¡ë«¨ ¯à¨ç¨­®© ¤«¨â¥«ì­®£® áª¥¯â¨ç¥áª®£® ®â­®è¥­¨ï � ­¤ ã ª ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï.

�®«¥¥ ¤¥â «ì­® ¢®¯à®á ®¡ ¨§¬¥à¨¬®áâ¨ ¯®«¥© ¡ë« ¯à® ­ «¨§¨à®¢ ­ ¢ à ¡®â å �®à  ¨ �®-
§¥­ä¥«ì¤  (á¬. ¨­â¥à¥á­ë© ®¡§®à íâ®© ¯à®¡«¥¬ë ¢ áâ âì¥ �®§¥­ä¥«ì¤  ¢ á¡. [30]). �ª § «®áì,
¢ ç áâ­®áâ¨, çâ® ¢®¯à®á à¥è ¥âáï (¢ ¤ãå¥ ª®¯¥­£ £¥­áª®© ¨­â¥à¯à¥â æ¨¨ ª¢ ­â®¢®© ¬¥å ­¨ª¨)
¯à¨ ¨á¯®«ì§®¢ ­¨¨ ¯à®âï¦¥­­ëå ¯à®¡­ëå â¥«. � á ¬®¬ ¤¥«¥, à áá¬®âà¨¬ ¨§¬¥à¥­¨¥ ª®¬¯®­¥­âë
í«¥ªâà¨ç¥áª®£® ¯®«ï Ex, ãáà¥¤­¥­­®© ¯® ®¡ê¥¬ã V ¨ ¨­â¥à¢ «ã ¢à¥¬¥­¨ T . �®§ì¬¥¬ ¯à®¡­®¥ â¥«®,
§ ¯®«­ïîé¥¥ ®¡ê¥¬ V á à ¢­®¬¥à­®© ¯«®â­®áâìî § àï¤  �, ¨ ¨§¬¥à¨¬ ¥£® ¨¬¯ã«ìáë p0x ¨ p00x ¢
­ ç «¥ ¨ ª®­æ¥ ¢à¥¬¥­­®£® ¨­â¥à¢ «  T . �¤¥« ¢ ¯à®¡­®¥ â¥«® ¤®áâ â®ç­® âï¦¥«ë¬, ¬®¦­® ¯à®-
¨§¢®«ì­® ã¬¥­ìè¨âì ¥£® á¬¥é¥­¨¥ ¢ â¥ç¥­¨¥ íâ®£® ¨­â¥à¢ «  ¢à¥¬¥­¨,   ¤«ï áà¥¤­¥£® §­ ç¥­¨ï
�Ex ¯®«ãç¨âì:

�Ex�V T = p00x � p0x (3.50)

�¤­ ª®, ®¯à¥¤¥«¥­¨¥ ¨¬¯ã«ìá  ¯à®¡­®£® â¥«  ­¥¨§¡¥¦­® ¢«¥ç¥â §  á®¡®© ­¥ª®â®àãî ®è¨¡ªã �x ¢
®¯à¥¤¥«¥­¨¨ ¥£® ª®®à¤¨­ âë ¢ á®®â¢¥âáâ¢¨¨ á ®¡ëç­ë¬ á®®â­®è¥­¨¥¬ ­¥®¯à¥¤¥«¥­­®áâ¨: �px �
~=�x. �®£¤  ¢®§­¨ª ¥â ¨ ­¥â®ç­®áâì � �Ex ¢ §­ ç¥­¨¨ ¯®«ï �Ex, à ¢­ ï ª ª ­¥âàã¤­® ¢¨¤¥âì:

� �Ex � ~

�V T�x
(3.51)

�® íâ® ®è¨¡ªã ¬®¦­® á¤¥« âì ¯à®¨§¢®«ì­® ¬ «®©, ã¢¥«¨ç¨¢ ï ¯«®â­®áâì § àï¤  ¯à®¡­®£® â¥« .
�­ «®£¨ç­ë¬ ®¡à §®¬ ã¤ ¥âáï ¯à® ­ «¨§¨à®¢ âì ¢®§¬®¦­®áâì â®ç­ëå ¨§¬¥à¥­¨© § àï¤®¢ ¨

â®ª®¢ [30]. �® ¬­¥­¨î �®à  ¨ �®§¥­ä¥«ì¤ , â ª¨¬ ®¡à §®¬ ¤¥¬®­áâà¨àã¥âáï ­¥¯à®â¨¢®à¥ç¨¢®áâì
®á­®¢­ëå¯®­ïâ¨©ª¢ ­â®¢®©í«¥ªâà®¤¨­ ¬¨ª¨.� ¬¥â¨¬, ¢¯à®ç¥¬, çâ® á ¬  ª®¯¥­£ £¥­áª ï ¨­â¥à-
¯à¥â æ¨ï ª¢ ­â®¢®© â¥®à¨¨, ¨á¯®«ì§ãîé ï ¢ ª ç¥áâ¢¥ áãé¥áâ¢¥­­®£® í«¥¬¥­â  ç¨áâ® ª« áá¨ç¥áª¨¥
¯à¥¤áâ ¢«¥­¨ï, ¢ ­ áâ®ïé¥¥ ¢à¥¬ï ¯¥à¥áâ «  ¡ëâì ®¡é¥¯à¨­ïâ®© (¨«¨, ¯® ªà ©­¥© ¬¥à¥, ¢¯®«­¥
ã¤®¢«¥â¢®à¨â¥«ì­®© á â®çª¨ §à¥­¨ï ¬­®£¨å ¨áá«¥¤®¢ â¥«¥©). �¢â®àã ­¥¨§¢¥áâ­ë à ¡®âë, ¢ ª®â®-
àëå ¢®¯à®á ®¡ ¨§¬¥à¨¬®áâ¨ ¯®«¥© à áá¬ âà¨¢ «áï ¡ë á ¡®«¥¥ á®¢à¥¬¥­­ëå ¯®§¨æ¨©.

4�«ï ­ £«ï¤­®áâ¨ ¢ íâ¨å ®æ¥­ª å c ¨ ~ ¢ë¯¨á ­ë ¢ ï¢­®¬ ¢¨¤¥.
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�¨á. 3-1

� ªãã¬­ë¥ ä«ãªâã æ¨¨ ¨ íää¥ªâ � §¨¬¨à .
�¥ «ì­®áâì ¢ ªãã¬­ëå (\­ã«¥¢ëå") ä«ãªâã æ¨© í«¥ªâà®¬ £­¨â­®£® ¯®«ï ¯à¥ªà á­® ¨««îáâà¨àã-
¥âáï à áá¬®âà¥­¨¥¬ â ª ­ §ë¢ ¥¬®£® íää¥ªâ  � §¨¬¨à  [10]. � áá¬®âà¨¬ ¤¢¥ ¡®«ìè¨¥ ¨¤¥ «ì­®
¯à®¢®¤ïé¨¥ ¬¥â ««¨ç¥áª¨¥ ¯« áâ¨­ë, ¯®¬¥é¥­­ë¥ ¢ ¢ ªãã¬¥, ­  à ááâ®ï­¨¨ a ¤àã£ ®â ¤àã£ , ª ª
íâ® ¯®ª § ­® ­  �¨á.3-1. �ãáâì ¯« áâ¨­ë ¯à¥¤áâ ¢«ïîâ á®¡®© ª¢ ¤à âë á® áâ®à®­®© L, ¯à¨ç¥¬
L � a. � áá¬®âà¨¬ ¬®¤ë ª®«¥¡ ­¨© í«¥ªâà®¬ £­¨â­®£® ¯®«ï ¢ ®¡ê¥¬¥ L2a. �à ­¨ç­ë¥ ãá«®¢¨ï
á®áâ®ïâ ¢ â®¬, çâ® ¢¥ªâ®à í«¥ªâà¨ç¥áª®£® ¯®«ï E ¯¥à¯¥­¤¨ªã«ïà¥­,   ¢¥ªâ®à ¬ £­¨â­®£® ¯®«ï
H ¯ à ««¥«¥­ ¯« áâ¨­¥ ­  ¢­ãâà¥­­¥© ¯®¢¥àå­®áâ¨. �ª« ¤ ¢ í­¥à£¨î ¢­®áïâ â®«ìª® ¯®¯¥à¥ç­ë¥
¬®¤ë. �á«¨ ª®¬¯®­¥­â  kz , ¯¥à¯¥­¤¨ªã«ïà­ ï ¯®¢¥àå­®áâ¨ ¯« áâ¨­, ®â«¨ç­  ®â ­ã«ï, â® ®­  ¬®-
¦¥â ¯à¨­¨¬ âì â®«ìª® ¤¨áªà¥â­ë¥ §­ ç¥­¨ï kz = n�=a (n = 1;2; :::), çâ®¡ë ã§«ë (­ã«¨) ¯®«ï
à á¯®« £ «¨áì ­  ¯« áâ¨­ å. �à¨ íâ®¬ ­ã¦­® ¥é¥ ãç¥áâì ¤¢  á®áâ®ï­¨ï ¯®«ïà¨§ æ¨¨. �á«¨ ¦¥
kz = 0, â® ®áâ ¥âáï â®«ìª® ®¤­  ¬®¤  (í«¥ªâà¨ç¥áª ï á®áâ ¢«ïîé ï ã íâ®© ¬®¤ë ¯à®áâ® à ¢­ 
­ã«î ¢ á¨«ã ®âáãâáâ¢¨ï â ­£¥­æ¨ «ì­®£® í«¥ªâà¨ç¥áª®£® ¯®«ï ­  ¯®¢¥àå­®áâ¨ ¨¤¥ «ì­®£® ¯à®-
¢®¤­¨ª ). �®£¤  í­¥à£¨ï ­ã«¥¢ëå ª®«¥¡ ­¨© í«¥ªâà®¬ £­¨â­®£® ¯®«ï ¢ à áá¬ âà¨¢ ¥¬®¬ ®¡ê¥¬¥
¬¥¦¤ã ¯« áâ¨­ ¬¨ à ¢­ :

E =
X
k�

1

2
~!k� =

X
k�

1

2
~cjk� j = ~c

2
L2
Z

d2kk

2�2

"
jkkj+ 2

1X
n=1

r
k2
k
+
n2�2

a2

#
(3.52)

�â® ¢ëà ¦¥­¨¥, ª ª «¥£ª® ¢¨¤¥âì, ¡¥áª®­¥ç­®. �ëçâ¥¬, ®¤­ ª®, ¨§ ­¥£®  ­ «®£¨ç­®¥ ¢ëà ¦¥­¨¥
¤«ï í­¥à£¨¨ ¢ ªãã¬­ëå ä«ãªâã æ¨© ¢ â®¬ ¦¥ ®¡ê¥¬¥, ­® ¢ ®âáãâáâ¢¨¥ ¬¥â ««¨ç¥áª¨å ¯« áâ¨­:

E0 =
~c

2
L2
Z

d2kk

2�2
a

Z 1

�1

dkz

2�
2

q
k2
k
+ k2z =

~c

2
L2
Z

d2kk

2�2
2

Z 1

0

dn

q
k2
k
+ n2�2=a2 (3.53)

�®£¤  ¨§¬¥­¥­¨¥ í­¥à£¨¨ ¢ ªãã¬ , ¢ë§¢ ­­®¥ ¢¢¥¤¥­¨¥¬ ¢ ­¥£® ¬¥â ««¨ç¥áª¨å ¯« áâ¨­, ¢ à áç¥â¥
­  ¥¤¨­¨æã ¨å ¯®¢¥àå­®áâ¨ à ¢­®:

E = E � E0
L2

=
~c

2�

Z 1

0

dn

Z 1

0

dkk

 
k

2
+

1X
n=1

p
k2 + n2�2=a2 �

Z 1

0

p
k2 + n2�2=a2

!
(3.54)

�â® ¢ëà ¦¥­¨¥, ¯® ¯à¥¦­¥¬ã, ¡¥áª®­¥ç­® ¨§-§  ã«ìâà ä¨®«¥â®¢ëå (¯à¨ ¡®«ìè¨å k) à áå®¤¨¬®-
áâ¥©. �çâ¥¬, ®¤­ ª®, çâ® ¤«ï ¤«¨­ ¢®«­ ¬¥­ìè¨å, ç¥¬ à §¬¥àë  â®¬ , ¯à¨¡«¨¦¥­¨¥ ¨¤¥ «ì­®£®
¯à®¢®¤­¨ª  (à áá¬ âà¨¢ ¥¬®£® ª ª á¯«®è­ ï áà¥¤ ) ­¥¯à¨¬¥­¨¬®. �®íâ®¬ã ¢¢¥¤¥¬ ¢ ¯®¤¨­â¥-
£à «ì­®¥ ¢ëà ¦¥­¨¥ ¢ (3.54) ­¥ª®â®àãî £« ¤ªãî äã­ªæ¨î ®¡à¥§ ­¨ï f(k), ª®â®à ï à ¢­  ¥¤¨­¨æ¥
¯à¨ k < km ¨ ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ k � km, £¤¥ km ¯®àï¤ª  ®¡à â­ëå  â®¬­ëå à §¬¥à®¢. �®£¤ 
¬®¦­® ­ ¯¨á âì:

E = ~c
�2

4a3

Z 1

0

du

"p
u

2
f

�
�

a

p
u

�
+

1X
n=1

p
u+ n2f

�
�

a

p
u+ n2

�
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�
Z 1

0

dn
p
u+ n2f

�
�

a

p
u+ n2

��
(3.55)

£¤¥ ¢¢¥«¨ ¡¥§à §¬¥à­ãî ¯¥à¥¬¥­­ãî ¨­â¥£à¨à®¢ ­¨ï u = a2k2=�2. �®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¬®¦­®
¯¥à¥¯¨á âì ª ª:

E = ~c
�

4a3

�
1

2
F (0) + F (1) + F (2) + :::�

Z 1

0

dnF (n)

�
(3.56)

£¤¥ ®¯à¥¤¥«¨«¨ äã­ªæ¨î:

F (n) =

Z 1

0

du
p
u+ n2f

�
�

a

p
u+ n2

�
(3.57)

�à¨ n! 1 ¨¬¥¥¬ F (n)! 0 ¢ á¨«ã á¢®©áâ¢ äã­ªæ¨¨ ®¡à¥§ ­¨ï. �«ï ¢ëç¨á«¥­¨ï à §­®áâ¨ ¬¥¦¤ã
áã¬¬®© ¨ ¨­â¥£à «®¬, áâ®ïé¥© ¢ ª¢ ¤à â­ëå áª®¡ª å ¢ (3.56), ¬®¦­® ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®©
áã¬¬¨à®¢ ­¨ï �©«¥à  - � ª«®à¥­ , § ¯¨á ¢ ¥¥ ¢ ¢¨¤¥:

1

2
F (0) + F (1) + F (2) + :::�

Z 1

0

dnF (n) = � 1

2!
B2F

0(0)� 1

4!
B4F

000(0) + ::: (3.58)

£¤¥ ä¨£ãà¨àãîâ ç¨á«  �¥à­ã««¨ B�, ®¯à¥¤¥«ï¥¬ë¥ á ¯®¬®éìî àï¤ :

y

ey � 1
=

1X
�=0

B�
y�

�!
(3.59)

�¬¥¥¬ B2 = 1=6, B4 = �1=30, ... . �ë ¨¬¥¥¬:

F (n) =

Z 1

n2

du
p
uf

�
�
p
u

a

�
; F 0(n) = �2n2f

�
�n

a

�
(3.60)

�à¥¤¯®« £ ï, çâ® f(0) = 1 ¨ ¢á¥ ¥¥ ¯à®¨§¢®¤­ë¥ ®¡à é îâáï ¢ ­ã«ì ¯à¨ ­ã«¥¢®¬ §­ ç¥­¨¨  à£ã-
¬¥­â , ¨¬¥¥¬ F 0(0) = 0, F 000(0) = �4,   ¯à®¨§¢®¤­ë¥ F ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤ª  à ¢­ë ­ã«î. � ª¨¬
®¡à §®¬, ¢ ®ª®­ç â¥«ì­ë© à¥§ã«ìâ â ¯ à ¬¥âà ®¡à¥§ ­¨ï ¢®®¡é¥ ­¥ ¢å®¤¨â, ¨ ¬ë ¯®«ãç ¥¬:

E = ~c�2

a3
B4

4!
= � �2

720

~c

a3
(3.61)

�®£¤  á¨« , ¤¥©áâ¢ãîé ï ­  ¥¤¨­¨æã ¯«®é ¤¨ ¯« áâ¨­, à ¢­ :

F = � �2

240

~c

a4
(3.62)

�âà¨æ â¥«ì­ë© §­ ª á®®â¢¥âáâ¢ã¥â ¯à¨âï¦¥­¨î. � ¬¥ç â¥«ì­®, çâ® áãé¥áâ¢®¢ ­¨¥ â ª®©, çà¥§-
¢ëç ©­® á« ¡®©, á¨«ë ¯à¨âï¦¥­¨ï, æ¥«¨ª®¬ ®¡ãá«®¢«¥­­®© ¢ ªãã¬­ë¬¨ ä«ãªâã æ¨ï¬¨ í«¥ªâà®-
¬ £­¨â­®£® ¯®«ï, ¡ë«® íªá¯¥à¨¬¥­â «ì­® ®¡­ àã¦¥­®,   ä®à¬ã«  (3.62) ¡ë«  ­¥¯®áà¥¤áâ¢¥­­®
¯à®¢¥à¥­ . �é¥ ¡®«¥¥ ã¤¨¢¨â¥«ì­®, çâ® áãé¥áâ¢®¢ ­¨¥ á¨«ë � §¨¬¨à , ¢ ­ áâ®ïé¥¥ ¢à¥¬ï, ¯à¨-
å®¤¨âáï ãç¨âë¢ âì5 ¯à¨ ª®­áâàã¨à®¢ ­¨¨ ¨ ®¡¥á¯¥ç¥­¨¨ à ¡®âë á®¢à¥¬¥­­ëå ¬¨ªà®¬ è¨­! �â®
¤®ª §ë¢ ¥â, çâ® \­ã«¥¢ë¥" ª®«¥¡ ­¨ï í«¥ªâà®¬ £­¨â­®£® ¯®«ï ¢¯®«­¥ à¥ «ì­ë.

�®§®­ë.

�ª «ïà­ë¥ ç áâ¨æë.
� áá¬®âà¨¬ ç áâ¨æë á® á¯¨­®¬ 0. �®áâ®ï­¨¥ á¢®¡®¤­®© ¡¥áá¯¨­®¢®© ç áâ¨æë ¯®«-
­®áâìî ®¯à¥¤¥«ï¥âáï § ¤ ­¨¥¬ ¥¥ ¨¬¯ã«ìá  p. �à¨ íâ®¬ ¥¥ í­¥à£¨ï "p ®¯à¥¤¥«ï¥âáï
¨§:

"2p = p2 +m2 ¨«¨ p2 = m2 (3.63)

5A.Lambrecht. Physics World 15, No.9, 29 (2002)
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¨«¨, ª ª £®¢®àïâ, ç áâ¨æ  «¥¦¨â ­  \¬ áá®¢®© ¯®¢¥àå­®áâ¨". �®åà ­¥­¨¥ í­¥à£¨¨ -
¨¬¯ã«ìá  ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ®¤­®à®¤­®áâ¨ ¯à®áâà ­áâ¢  - ¢à¥¬¥­¨. � ª¢ ­â®¢®©
¬¥å ­¨ª¥ âà¥¡®¢ ­¨¥ á¨¬¬¥âà¨¨ ¯® ®â­®è¥­¨î ª ¯à®¨§¢®«ì­®¬ã á¬¥é¥­¨î á¨áâ¥¬ë
ª®®à¤¨­ â ®§­ ç ¥â, çâ® ¢®«­®¢ ï äã­ªæ¨ï ç áâ¨æë á 4-¨¬¯ã«ìá®¬ p ¯à®áâ® ã¬­®-
¦ ¥âáï ­  ä §®¢ë© ¬­®¦¨â¥«ì, à ¢­ë© ¯® ¬®¤ã«î ¥¤¨­¨æ¥. �â®¬ã âà¥¡®¢ ­¨î
ã¤®¢«¥â¢®àï¥â «¨èì ¯«®áª ï ¢®«­ :

const e�ipx px = "pt� pr (3.64)

�®«­®¢®¥ ãà ¢­¥­¨¥ ¤«ï ­ è¨å ç áâ¨æ ¤®«¦­® ¨¬¥âì (3.64) ¢ ª ç¥áâ¢¥ ç áâ­®£®
à¥è¥­¨ï ¤«ï «î¡ëå p, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (3.63). �â® ãà ¢­¥­¨¥ ¤®«¦­®
¡ëâì «¨­¥©­ë¬, çâ® ¢ëà ¦ ¥â ¯à¨­æ¨¯ áã¯¥à¯®§¨æ¨¨: «î¡ ï «¨­¥©­ ï ª®¬¡¨­ -
æ¨ï à¥è¥­¨© â ª¦¥ ®¯¨áë¢ ¥â ¢®§¬®¦­®¥ á®áâ®ï­¨¥ á¢®¡®¤­®© ç áâ¨æë. � ª®­¥æ,
¯® ¢®§¬®¦­®áâ¨, íâ® ãà ¢­¥­¨¥ ¤®«¦­® ¡ëâì ¤®áâ â®ç­® ­¨§ª®£® ¯®àï¤ª  ¯® ¯à®-
¨§¢®¤­ë¬.

�¯¨­ ç áâ¨æë { íâ® ¥¥ ¬®¬¥­â ¨¬¯ã«ìá  ¢ á¨áâ¥¬¥ ¯®ª®ï,   á®áâ®ï­¨¥ ç áâ¨æë
¢ á¨áâ¥¬¥ ¯®ª®ï ®¯¨áë¢ ¥âáï ­¥à¥«ïâ¨¢¨áâáª®© ª¢ ­â®¢®© ¬¥å ­¨ª®©. �®£¤ , ¥á«¨
á¯¨­ ç áâ¨æë à ¢¥­ s, â® ¢ á¨áâ¥¬¥ ¯®ª®ï ¥¥ ¢®«­®¢ ï äã­ªæ¨ï ¤®«¦­  ¨¬¥âì 2s+1
ª®¬¯®­¥­âã (¯à¥¤áâ ¢«ïâìáï âà¥å¬¥à­ë¬ á¯¨­®à®¬ à ­£  2s) [29]. � áâ¨æ  á® á¯¨-
­®¬ s = 0 ¢ á¨áâ¥¬¥ ¯®ª®ï ®¯¨áë¢ ¥âáï âà¥å¬¥à­ë¬ áª «ïà®¬. �® íâ®â âà¥å¬¥à­ë©
áª «ïà ¬®¦¥â ¨¬¥âì ¤¢®ïª®¥ ç¥âëà¥å¬¥à­®¥ \¯à®¨áå®¦¤¥­¨¥" [1]: íâ® ¬®¦¥â ¡ëâì
ç¥âëà¥å¬¥à­ë© áª «ïà ', ­® íâ® ¬®¦¥â ¡ëâì ¨ ¢à¥¬¥­­ ï ª®¬¯®­¥­â   0 ¢à¥¬¥­¨-
¯®¤®¡­®£® 4-¢¥ªâ®à   �, â ª®£®, çâ® ¢ á¨áâ¥¬¥ ¯®ª®ï â®«ìª®  0 ¨ ®â«¨ç­  ®â ­ã«ï.
�¥­§®àë ¡®«¥¥ ¢ëá®ª®£® à ­£  ¬®¦­® ­¥ à áá¬ âà¨¢ âì, ¯®áª®«ìªã ®­¨ ¯à¨¢®¤ïâ ª
ãà ¢­¥­¨ï¬ ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢.

�«ï á¢®¡®¤­®© ç áâ¨æë, ¥¤¨­áâ¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ®¯¥à â®à®¬, ª®â®-
àë© ¬®¦¥â ¢®©â¨ ¢ ¢®«­®¢®¥ ãà ¢­¥­¨¥, ï¢«ï¥âáï ®¯¥à â®à 4-¨¬¯ã«ìá  p:

p� = i@� =

�
i
@

@t
;�ir

�
(3.65)

�®«­®¢®¥ ãà ¢­¥­¨¥ ¤®«¦­® ¯à¥¤áâ ¢«ïâì á®¡®© ¤¨ää¥à¥­æ¨ «ì­ãî á¢ï§ì ' ¨  �
á ¯®¬®éìî ®¯¥à â®à  p�, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î à¥«ïâ¨¢¨áâáª®© ¨­¢ à¨ ­â-
­®áâ¨. �ç¥¢¨¤­®, çâ® ¯à®áâ¥©è¨© ¢ à¨ ­â â ª®© á¢ï§¨ ¨¬¥¥â ¢¨¤:

p�' = m � p� � = m' (3.66)

£¤¥ m - áª «ïà, å à ªâ¥à¨§ãîé¨© ç áâ¨æã6. �®¤áâ ¢«ïï  � ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï
¢ (3.66) ¢® ¢â®à®¥, ¯®«ãç ¥¬:

(p2 �m2)' = 0 (3.67)

çâ® á®¢¯ ¤ ¥â á à áá¬®âà¥­­ë¬ ¢ëè¥ ãà ¢­¥­¨¥¬ �«¥©­  - �®à¤®­  (2.11), (2.32)
¤«ï áª «ïà­®£® ¯®«ï '. �®¤áâ ¢«ïï ' � e�ipx ¢ (3.67), ¨¬¥¥¬ p2 = m2, â ª çâ® (3.63)
ã¤®¢«¥â¢®àï¥âáï,   áª «ïàm ¨¬¥¥â á¬ëá« ¬ ááë (¯®ª®ï) ç áâ¨æë. �®áª®«ìªã (3.63)
á¯à ¢¥¤«¨¢® ¤«ï à¥«ïâ¨¢¨áâáª®© ç áâ¨æë á «î¡ë¬ á¯¨­®¬, ãà ¢­¥­¨î �«¥©­  -
�®à¤®­ , ä ªâ¨ç¥áª¨, ¤®«¦­ë ã¤®¢«¥â¢®àïâì ª®¬¯®­¥­âë ¢®«­®¢®© äã­ªæ¨¨ á¢®-
¡®¤­®© ç áâ¨æë á «î¡ë¬ á¯¨­®¬.

�¢®©áâ¢  áª «ïà­®£® ¯®«ï, ã¤®¢«¥â¢®àïîé¥£® ãà ¢­¥­¨î �«¥©­  - �®à¤®­ , ã¦¥
¤®¢®«ì­® ¯®¤à®¡­®  ­ «¨§¨à®¢ «¨áì ¢ëè¥. �ã¤¥¬, ¤«ï ®¡é­®áâ¨, à áá¬ âà¨¢ âì

6�¢®¤¨âì ¤¢  áª «ïà  m1;m2 ¡¥áá¬ëá«¥­­®, ¯®áª®«ìªã ¨å ¢á¥£¤  ¬®¦­® á¤¥« âì ®¤¨­ ª®¢ë¬¨
á®®â¢¥âáâ¢ãîé¨¬ ¯¥à¥®¯à¥¤¥«¥­¨¥¬ ¢¥«¨ç¨­ ';  �
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áà §ã á«ãç © ª®¬¯«¥ªá­®£® ¯®«ï. �£® â¥­§®à í­¥à£¨¨ ¨¬¯ã«ìá ,  ­ «®£¨ç­® (2.53)
¤ ¥âáï ¢ëà ¦¥­¨¥¬:

��� = (@�'�)(@�')� g��L (3.68)

£¤¥ « £à ­¦¨ ­ L ®¯à¥¤¥«¥­ ¢ (2.60). � ç áâ­®áâ¨:

T00 =
@'�

@t

@'

@t
+r'� � r'+m2'�' (3.69)

Ti0 =
@'�

@t

@'

@xi
+
@'�

@xi
@'

@t
(3.70)

�®£¤  4-¨¬¯ã«ìá ¯®«ï ®¯à¥¤¥«ï¥âáï ¨­â¥£à «®¬:

P� =

Z
d3rT�0 (3.71)

�§ (3.69) ¬ë ¢¨¤¨¬, çâ® T00 > 0, â ª çâ® í­¥à£¨ï ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥-
«¥­­®©, çâ®, ªáâ â¨, ¨ ®¯à¥¤¥«ï¥â ¢ë¡®à §­ ª®¢ ¢ « £à ­¦¨ ­¥.

�ëà ¦¥­¨¥ (3.69) ¬®¦­® ¨á¯®«ì§®¢ âì ¤«ï ­®à¬¨à®¢ª¨ ¯®«ï. �«®áª ï ¢®«­ ,
­®à¬¨à®¢ ­­ ï \­  ®¤­ã ç áâ¨æã ¢ ®¡ê¥¬¥ V = 1" § ¯¨è¥âáï ª ª:

 p =
1p
"p
e�ipx (3.72)

� á ¬®¬ ¤¥«¥, ¢ëç¨á«ïï (3.69) ¤«ï (3.72), ¯®«ãç¨¬ T00 = "p, â ª çâ® ¯®«­ ï í­¥à£¨ï
¢ ®¡ê¥¬¥ V = 1 ®ª §ë¢ ¥âáï à ¢­®© í­¥à£¨¨ ®¤­®© ç áâ¨æë.

�¥à¥©¤¥¬ ª ª¢ ­â®¢ ­¨î. � áá¬®âà¨¬ à §«®¦¥­¨¥ ¯à®¨§¢®«ì­®© ¢®«­®¢®©
äã­ªæ¨¨ (¯®«ï) ¯® á®¡áâ¢¥­­ë¬ äã­ªæ¨ï¬ ¯®«­®£® ­ ¡®à  ¢®§¬®¦­ëå á®áâ®ï­¨©
á¢®¡®¤­®© ç áâ¨æë, ­ ¯à¨¬¥à ¯® ¯«®áª¨¬ ¢®«­ ¬  p ¨§ (3.72):

' =
X
p

ap p '� =
X
p

a�p 
�
p (3.73)

�à®æ¥¤ãà  ª¢ ­â®¢ ­¨ï á¢®¤¨âáï ª § ¬¥­¥ ª®íää¨æ¨¥­â®¢ ap; a
�
p á®®â¢¥âáâ¢ãîé¨¬¨

®¯¥à â®à ¬¨ ã­¨çâ®¦¥­¨ï âp; â
+
p .

�à¨­æ¨¯¨ «ì­ë¬ ¬®¬¥­â®¬ à¥«ïâ¨¢¨áâáª®© â¥®à¨¨ ï¢«ï¥âáï, ®¤­ ª®, áãé¥áâ¢®-
¢ ­¨¥ ¤¢ãå à¥è¥­¨© ãà ¢­¥­¨ï (3.63), ¨§ ª®â®à®£® ¤«ï í­¥à£¨¨ ç áâ¨æë ¯®«ãç ¥¬:

"p = �
p
p2 +m2 (3.74)

�¨§¨ç¥áª¨© á¬ëá« ¨¬¥îâ â®«ìª® "p > 0, ¯®áª®«ìªã ­ «¨ç¨¥ (¢ ¯à¨­æ¨¯¥ áª®«ì
ã£®¤­® ¡®«ìè¨å) ®âà¨æ â¥«ì­ëå í­¥à£¨© ç áâ¨æë ®§­ ç ¥â ­¥ãáâ®©ç¨¢®áâì á¨áâ¥¬ë
(®âáãâáâ¢¨¥ ®á­®¢­®£® á®áâ®ï­¨ï). �à®áâ® ®â¡à®á¨âì à¥è¥­¨ï á "p < 0 ­¥«ì§ï, ¯®-
áª®«ìªã ®¡é¥¥ à¥è¥­¨¥ ¢®«­®¢®£® ãà ¢­¥­¨ï ¯à¥¤áâ ¢«ï¥â á®¡®© áã¯¥à¯®§¨æ¨î ¢á¥å
­¥§ ¢¨á¨¬ëå ç áâ­ëå à¥è¥­¨© ¨ à §«®¦¥­¨¥ ¯®«ï á«¥¤ã¥â ¢¥áâ¨ ¯® ¯®«­®¬ã ­ ¡®àã
á®¡áâ¢¥­­ëå äã­ªæ¨©. � ¯¨è¥¬:

' =
X
p

1p
2"p

a
(+)
p e

i(pr�"pt) +
X
p

1p
2"p

a
(�)
p e

i(pr+"pt) (3.75)

£¤¥ ¢ ¯¥à¢®© áã¬¬¥ áâ®ïâ ¯«®áª¨¥ ¢®«­ë á ¯®«®¦¨â¥«ì­ë¬¨,   ¢® ¢â®à®© { á ®â-
à¨æ â¥«ì­ë¬¨ ç áâ®â ¬¨. �¤¥áì ¨ ¤ «¥¥ ¢¥§¤¥ ¯®¤à §ã¬¥¢ ¥¬ "p =

p
p2 +m2, â.¥.

¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ãî í­¥à£¨î ä¨§¨ç¥áª®© ç áâ¨æë.
�¥æ¥¯â ¯à ¢¨«ì­®£® ¯¥à¥å®¤  ª ¯à¥¤áâ ¢«¥­¨î ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï ¬®¦¥â

â¥¯¥àì ¡ëâì áä®à¬ã«¨à®¢ ­ á«¥¤ãîé¨¬ ®¡à §®¬:
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� a(+)p ! âp { ®¯¥à â®à ã­¨çâ®¦¥­¨ï ç áâ¨æë á ¨¬¯ã«ìá®¬ p.

� a(�)p ! b̂+�p { ®¯¥à â®à à®¦¤¥­¨ï  ­â¨ç áâ¨æë á ¨¬¯ã«ìá®¬ �p.
�®á«¥¤­ïï § ¬¥­  ¢®§­¨ª ¥â ¨§ â®£®, çâ® ¢à¥¬¥­­ ï § ¢¨á¨¬®áâì ¢® ¢â®à®© áã¬¬¥
¢ (3.75) e

i"pt = (e
�i"pt)� á®®â¢¥âáâ¢ã¥â ¯®ï¢«¥­¨î ®¤­®© \«¨è­¥©" ç áâ¨æë á í­¥à-

£¨¥© "p ¢ ª®­¥ç­®¬ á®áâ®ï­¨¨ (¯à¨ ¢ëç¨á«¥­¨¨ «î¡®£® ¬ âà¨ç­®£® í«¥¬¥­â  ¯¥-
à¥å®¤ , ¢ª«îç îé¥£® ¢ á¥¡ï ¯®«¥ '). �¥¯¥àì, § ¬¥­ïï ¢® ¢â®à®© áã¬¬¥ p ! �p,
§ ¯¨è¥¬:

'̂ =
X
p

1p
2"p

(âpe�ipx + b̂+pe
ipx)

'̂+ =
X
p

1p
2"p

(â+pe
ipx + b̂pe�ipx) (3.76)

�¥¯¥àì ®¯¥à â®àë âp ¨ b̂p ¢ à §«®¦¥­¨¨ (3.76) ®ª §ë¢ îâáï ã¬­®¦¥­­ë¬¨ ­  \¯à -

¢¨«ì­ë¥" ¬­®¦¨â¥«¨ e
�i"pt,   ®¯¥à â®àë â+p ¨ b̂+p { ­  ª®¬¯«¥ªá­® á®¯àï¦¥­­ë¥

e
i"pt. �¡  ¢¨¤  ç áâ¨æ (ç áâ¨æë ¨  ­â¨ç áâ¨æë), ®¯¥à â®àë ª®â®àëå ¢å®¤ïâ ¢ ®¤¨­
'̂-®¯¥à â®à, ®ç¥¢¨¤­®, ¨¬¥îâ ®¤¨­ ª®¢ë¥ ¬ ááë.

�®¤áâ ¢«ïï ®¯¥à â®à­®¥ à §«®¦¥­¨¥ (3.76) ¢ (3.69) ¨ ¨­â¥£à «
R
d3rT00, ®¯à¥¤¥-

«ïîé¨© í­¥à£¨î ¯®«ï, ­ å®¤¨¬ £ ¬¨«ìâ®­¨ ­ ¢ ¢¨¤¥:

H =
X
p
"p(â+pâp + b̂pb̂+p) (3.77)

�¨§¨ç¥áª¨ à §ã¬­ë© à¥§ã«ìâ â ¤«ï á®¡áâ¢¥­­ëå §­ ç¥­¨© íâ®£® ®¯¥à â®à  (¯®«®-
¦¨â¥«ì­ ï ®¯à¥¤¥«¥­­®áâì í­¥à£¨¨), ¯®«ãç ¥âáï â®«ìª® ¥á«¨ ®¯¥à â®àë à®¦¤¥­¨ï
¨ ã­¨çâ®¦¥­¨ï ã¤®¢«¥â¢®àïîâ ¡®§¥¢áª¨¬ ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬:

[âp; â+p] = [b̂p; b̂+p] = 1 [âp; b̂p] = [âp; b̂+p] = ::: = 0 ¨ â.¤. (3.78)

� á ¬®¬ ¤¥«¥, ¯®«ì§ãïáì íâ¨¬¨ ª®¬¬ãâ æ¨®­­ë¬¨ á®®â­®è¥­¨ï¬¨, ¬®¦­® ¯à¥¤áâ -
¢¨âì £ ¬¨«ìâ®­¨ ­ (3.77) ¢ ¢¨¤¥:

H =
X
p
"p(a+pap + b+pbp + 1) (3.79)

�ëè¥ ¬ë ã¦¥ ¢¨¤¥«¨, çâ® ¢ ¯à¥¤áâ ¢«¥­¨¨ ç¨á¥« § ¯®«­¥­¨ï á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï
¡®§¥¢áª¨å ®¯¥à â®à®¢ a+pap ¨ b+pbp à ¢­ë ¯®«®¦¨â¥«ì­ë¬ æ¥«ë¬ ç¨á« ¬, ª®â®àë¥

¬ë ¡ã¤¥¬ ®¡®§­ ç âì, á®®â¢¥âáâ¢¥­­®, ª ª Np ¨ �Np (ç¨á«® ç áâ¨æ ¨  ­â¨ç áâ¨æ ¢
á®áâ®ï­¨¨ á ¤ ­­ë¬ ¨¬¯ã«ìá®¬). �®£¤  í­¥à£¨î ¨ ¨¬¯ã«ìá ­ è¥£® ¯®«ï, ®â¡à®á¨¢
(¡¥áª®­¥ç­ãî) í­¥à£¨î ¢ ªãã¬ , ¬®¦­® § ¯¨á âì ª ª:

E =
X
p
"p(Np + �Np) (3.80)

P =
X
p
p(Np + �Np) (3.81)
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�®à¬ «ì­ë© ¢ë¢®¤ ¯®á«¥¤­¥£® ¢ëà ¦¥­¨ï ¬®¦­® ¢ë¯®«­¨âì á ¯®¬®éìî (3.70),
(3.71). �á«¨ ¡ë ¬ë ¯à¨­ï«¨ ¤«ï ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï  ­â¨ª®¬-
¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï ä¥à¬¨¥¢áª®£® â¨¯ , â® ¢¬¥áâ® (3.79) ¯®«ãç¨«¨ ¡ë H =P
p "p(a

+
pap � b+pbp + 1), â.¥. ­¥ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®¥ ¢ëà ¦¥­¨¥ (®âáãâ-

áâ¢¨¥ ®á­®¢­®£® á®áâ®ï­¨ï). � ª¨¬ ®¡à §®¬, ç áâ¨æë á® á¯¨­®¬ ­®«ì (áª «ïà­ë¥
ç áâ¨æë), ï¢«ïîâáï ¡®§®­ ¬¨.

�ëè¥ ¬ë ¢¨¤¥«¨, çâ® ¤«ï ª®¬¯«¥ªá­®£® áª «ïà­®£® ¯®«ï ¢ë¯®«­ï¥âáï ¨ § ª®­
á®åà ­¥­¨ï § àï¤  (2.70). � ¬¥­ïï ¢ ¢ëà ¦¥­¨¨ ¤«ï ¯«®â­®áâ¨ â®ª  (2.68) ª« áá¨-
ç¥áª¨¥ ¯®«ï '; '� ­  ®¯¥à â®àë '̂; '̂+ ¨§ (3.76) ¨ ¯à®¢®¤ï í«¥¬¥­â à­ë¥ ¢ëª« ¤ª¨,
¯®«ãç¨¬ ¨§ (2.70):

Q =
X
p
(a+pap � bpb+p) =

X
p
(a+pap � b+pbp � 1) (3.82)

£¤¥ ¯à¨ ¯¥à¥å®¤¥ ª ¯®á«¥¤­¥¬ã à ¢¥­áâ¢ã ®¯ïâì ¢®á¯®«ì§®¢ «¨áì ª®¬¬ãâ æ¨®­­ë¬¨
á®®â­®è¥­¨ï¬¨ (3.78). �®¡áâ¢¥­­ë¥ §­ ç¥­¨ï íâ®£® ®¯¥à â®à , §  ¢ëç¥â®¬ ¢ ªãã¬-
­®£® ¢ª« ¤ , ¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥:

Q =
X
p
(Np � �Np) (3.83)

®âªã¤  ¢¨¤­®, çâ® § àï¤ë ç áâ¨æ ¨  ­â¨ç áâ¨æ ¯à®â¨¢®¯®«®¦­ë. � ¬¥â¨¬, çâ® â¥-
¯¥àì (¯®á«¥ ª¢ ­â®¢ ­¨ï) § àï¤ ¬®¦¥â ¬¥­ïâìáï â®«ìª® ¤¨áªà¥â­ë¬ ®¡à §®¬.

�áâ¨­­® ­¥©âà «ì­ë¥ ç áâ¨æë.
�ëè¥ ®¯¥à â®àë âp ¨ b̂p à áá¬ âà¨¢ «¨áì ª ª ®â­®áïé¨¥áï ª à §«¨ç­ë¬ ç áâ¨æ ¬.
�â® ­¥ ¢á¥£¤  â ª: ¢ ç áâ­®¬ á«ãç ¥ ®¯¥à â®àë, ¢å®¤ïé¨¥ ¢ à §«®¦¥­¨¥ '̂ ¬®£ãâ
®â­®á¨âìáï ¨ ª ®¤­¨¬ ¨ â¥¬ ¦¥ ç áâ¨æ ¬ ( ­ «®£¨ç­® â®¬ã, ª ª íâ® ¡ë«® ¤«ï
ä®â®­®¢). �®£¤ :

'̂ =
X
p

1p
2"p

(ĉpe�ipx + ĉ+pe
ipx) (3.84)

â ª çâ® ç áâ¨æ  ¯à®áâ® á®¢¯ ¤ ¥â á® á¢®¥©  ­â¨ç áâ¨æ¥©, ¨ ¬ë ¨¬¥¥¬ ¤¥«® á â ª
­ §ë¢ ¥¬ë¬¨ ¨áâ¨­­® ­¥©âà «ì­ë¬¨ ç áâ¨æ ¬¨. �¯¥à â®à ¯®«ï â¥¯¥àì íà¬¨â®¢:
'̂ = '̂+, çâ® ï¢«ï¥âáï  ­ «®£®¬ ¢¥é¥áâ¢¥­­®£® ¯®«ï ¢ ª« áá¨ª¥. �â® ¯®«¥, ¥áâ¥-
áâ¢¥­­®, ¨¬¥¥â ¢¤¢®¥ ¬¥­ìè¥ áâ¥¯¥­¥© á¢®¡®¤ë, ç¥¬ ª®¬¯«¥ªá­®¥ ¯®«¥, ¥£® « £à ­-
¦¨ ­ ¨¬¥¥â ¢¨¤ (2.30). �®®â¢¥âáâ¢¥­­®, ¬®¦­® ¢ëç¨á«¨âì â¥­§®à í­¥à£¨¨ - ¨¬¯ã«ìá 
¨, ¢ ç áâ­®áâ¨, ¤«ï ¯«®â­®áâ¨ í­¥à£¨¨ ¯®«ãç¨âì:

T00 =
1

2

(�
@'

@t

�2

+ (r')2 +m2'2

)
(3.85)

�®£¤ , ¯®¤áâ ¢«ïï ¢
R
d3rT00 à §«®¦¥­¨¥ (3.84), ¯®«ãç¨¬ £ ¬¨«ìâ®­¨ ­ ¢ ¢¨¤¥:

H =
1

2

X
p
"p(ĉ+pĉp + ĉpĉ+p) (3.86)

�­®¢  ¢¨¤­  ­¥®¡å®¤¨¬®áâì ª¢ ­â®¢ ­¨ï ¯® �®§¥, â ª çâ® ª®¬¬ãâ æ¨®­­ë¥ á®®â­®-
è¥­¨ï ¤«ï ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï ¨¬¥îâ ¢¨¤:

[ĉp; ĉ+p] = 1 [ĉp; ĉp] = [ĉ+p; ĉ
+
p] = 0 (3.87)
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�®£¤  £ ¬¨«ìâ®­¨ ­

H =
X
p
"p

�
c+pcp +

1

2

�
(3.88)

â ª çâ®, ¯®á«¥ ®â¡à áë¢ ­¨ï í­¥à£¨¨ ¢ ªãã¬ , ¥£® á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¯à¨®¡à¥-
â îâ ¢¨¤:

E =
X
p
"pNp (3.89)

�®­ïâ­®, çâ® ¤«ï íà¬¨â®¢  ¯®«ï (â ª¦¥, ª ª ¢ ª« áá¨ª¥ ¤«ï ¢¥é¥áâ¢¥­­®£®) ¯«®â-
­®áâì â®ª  ¨ § àï¤ à ¢­ë â®¦¤¥áâ¢¥­­® ­ã«î.

� ¬¥â¨¬, çâ® ¨§ à áá¬®âà¥­­ëå ¤® á¨å ¯®à ä¨§¨ç¥áª¨å ç áâ¨æ, ¯à¨¬¥à®¬ ¨á-
â¨­­® ­¥©âà «ì­®© ç áâ¨æë ¡ë« ä®â®­,   ¢¥é¥áâ¢¥­­®áâì á®®â¢¥âáâ¢ãîé¥£® ¯®«ï
®â¢¥ç «  ä¨§¨ç¥áª®© ¨§¬¥à¨¬®áâ¨ ­ ¯àï¦¥­­®áâ¥© í«¥ªâà¨ç¥áª®£® ¨ ¬ £­¨â­®£®
¯®«ï.

�âáâã¯«¥­¨¥ ® £àã¯¯¥ �®à¥­æ .

�®£« á­® á¯¥æ¨ «ì­®© â¥®à¨¨ ®â­®á¨â¥«ì­®áâ¨ ¢á¥ ¨­¥àæ¨ «ì­ë¥ á¨áâ¥¬ë ®âáç¥â  íª¢¨¢ «¥­â­ë.
�á«¨ ¤¢¥ á¨áâ¥¬ë ª®®à¤¨­ â ¤¢¨¦ãâáï ¤àã£ ®â­®á¨â¥«ì­® ¤àã£  ¢ ­ ¯à ¢«¥­¨¨ x1 á® áª®à®áâìî
v, â® á¢ï§ì ¬¥¦¤ã ­¨¬¨ ¢ëà ¦ ¥âáï ¯à¥®¡à §®¢ ­¨¥¬ �®à¥­æ  [25]:

x00 = 
(x0 � �x1) = x0ch u� x1sh u

x01 = 
(x1 � �x0) = x1ch u� x0sh u

x02 = x2 x03 = x3 (3.90)

£¤¥


 =
1p

1� �2
� =

v

c
th u = � (3.91)

� ®¡é¥¬ á«ãç ¥, ¯®áâã«¨àã¥âáï ¨­¢ à¨ ­â­®áâìä¨§¨ç¥áª¨å § ª®­®¢ ®â­®á¨â¥«ì­® «¨­¥©­ëå ¯à¥-
®¡à §®¢ ­¨© ª®®à¤¨­ â ¢¨¤  (­¥®¤­®à®¤­ëå ¯à¥®¡à §®¢ ­¨© �®à¥­æ ):

x� ! x0� = ��� x
� + a� (3.92)

á®åà ­ïîé¨å ª¢ ¤à â ¨­â¥à¢ « :

(x� y)2 = (x� � y�)(x
� � y�) = g��(x

� � y�)(y� � y� ) (3.93)

� (3.92) á¬¥é¥­¨¥ á®¢¥àè ¥âáï ¯®á«¥ ®¤­®à®¤­®£® ¯à¥®¡à §®¢ ­¨ï. �¥®¤­®à®¤­ë¥ ¯à¥®¡à §®¢ ­¨ï
�®à¥­æ  ­ §ë¢ îâ â ª¦¥ ¯à¥®¡à §®¢ ­¨ï¬¨ �ã ­ª àí.

�à¥¤¨ à áá¬ âà¨¢ ¥¬ëå ¯à¥®¡à §®¢ ­¨© á®¤¥à¦ âáï ­¥ â®«ìª® á¬¥é¥­¨ï ¨ ¢à é¥­¨ï ¢ ¯á¥¢-
¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥, ­® ¨ ®âà ¦¥­¨ï ¯à®áâà ­áâ¢  ¨ ¢à¥¬¥­¨, ®¡®§­ ç ¥¬ë¥ P , T ¨ PT :

Pxk = �xk Px0 = x0

Txk = xk Tx0 = �x0
PTx� = �x� (3.94)

�­â¥à¢ « (3.93) ­¥ ¨§¬¥­ï¥âáï ¯à¨ ¯à¥®¡à §®¢ ­¨ïå (3.92) ¥á«¨:

����
�
� = ��� ��� = g���

�
�g
�� (3.95)

� ¬ âà¨ç­®¬ ¢¨¤¥ ¯®á«¥¤­¥¥ ãá«®¢¨¥ § ¯¨áë¢ ¥âáï ª ª:

~�g� = g (3.96)

£¤¥ â¨«ì¤  ®¡®§­ ç ¥â ®¯¥à æ¨î âà ­á¯®­¨à®¢ ­¨ï. �âáî¤  ïá­®, çâ®

Det� = �1 (3.97)

�§ (3.95) â ª¦¥ á«¥¤ã¥â:

(�00)2 �
X
k

(�0k)2 = 1 (3.98)

â ª çâ® (�00) � 1. �®®â¢¥âáâ¢¥­­® ¢®§­¨ª ¥â ¤¢¥ ¢®§¬®¦­®áâ¨:

�00 � 1 �00 � �1 (3.99)

� ª¨¬ ®¡à §®¬, ®¡é¨¥ ¯à¥®¡à §®¢ ­¨ï (3.92) ¯®¤à §¤¥«ïîâáï ­  ç¥âëà¥ ª« áá :
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1. P"+: Det� = 1, �00 � 1.
�âà ¦¥­¨ï ¢à¥¬¥­¨ ¨ ¯à®áâà ­áâ¢  ®âáãâáâ¢ãîâ. �ç¨âë¢ îâáï â®«ìª® ¢à é¥­¨ï ¨ á¬¥-
é¥­¨ï ¢ ¯á¥¢¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥, ®¡à §ãîé¨¥ á®¡áâ¢¥­­ãî ®àâ®åà®­­ãî £àã¯¯ã
�ã ­ª àí.

2. P#+: Det� = 1, �00 � �1.
�¤¥áì ¢ª«îç¥­  ®¯¥à æ¨ï T . �¢¨¤ã ã­¨¬®¤ã«ïà­®áâ¨ ¯à¥®¡à §®¢ ­¨©, ®­¨ á®¤¥à¦ â â ª¦¥

¨ ®¯¥à æ¨î P . �î¡®¥ ¯à¥®¡à §®¢ ­¨¥ ¨§ P#+ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï

P"+ ¨ PT . � ç áâ­®áâ¨, 4-¨­¢¥àá¨ï PT 2 P#+,   P ¨ T ¯® ®â¤¥«ì­®áâ¨ ­¥ ¢å®¤ïâ ¢ P#+ ¢ á¨«ã

Det� = 1. �à¥®¡à §®¢ ­¨ï P"+ ¨ P#+ ¢¬¥áâ¥ ®¡à §ãîâ á®¡áâ¢¥­­ãî £àã¯¯ã �ã ­ª àí P+.
3. P"�: Det� = �1, �00 � 1.

�®®â¢¥âáâ¢ãîé¨¥ ¯à¥®¡à §®¢ ­¨ï ¨¬¥îâ ¢¨¤ PP"+. �¬¥áâ¥ á P"+ ®­¨ ®¡à §ãîâ ®àâ®åà®­­ãî
£àã¯¯ã �ã ­ª àí.

4. P#�: Det� = �1, �00 � �1.
� ¯à ¢«¥­¨¥ ¢à¥¬¥­¨ ¬¥­ï¥âáï. �î¡®¥ ¯à¥®¡à §®¢ ­¨¥ íâ®£® ª« áá  ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

TP"+.
�¡é ï £àã¯¯  �ã ­ª àí ¬®¦¥â, â ª¨¬ ®¡à §®¬, ¡ëâì ¯à¥¤áâ ¢«¥­  ª ª áã¬¬ :

P = P"+ + PTP"+ + PP"+ + TP"+ (3.100)

�§ ¢á¥å íâ¨å ª®¬¯®­¥­â £àã¯¯ë �ã ­ª àí â®«ìª® P"+ á®¤¥à¦¨â ¥¤¨­¨ç­®¥ ¯à¥®¡à §®¢ ­¨¥. �®-
íâ®¬ã ¯à¥®¡à §®¢ ­¨ï, ¯à¨­ ¤«¥¦ é¨¥ à §«¨ç­ë¬ ª« áá ¬, ­¥ ¬®£ãâ ¡ëâì á¢ï§ ­ë ª ª¨¬ - «¨¡®

­¥¯à¥àë¢­ë¬ ¯à¥®¡à §®¢ ­¨¥¬, ®â­®áïé¨¬áï ª P"+. �à¥®¡à §®¢ ­¨ï ¨§ ®¤­®£® ¨ â®£® ¦¥ ª« áá 

¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¤àã£ ¨§ ¤àã£  á ¯®¬®éìî ¯à¥®¡à §®¢ ­¨© ¨§ P"+.

�à¥®¡à §®¢ ­¨ï C;P; T .
�­¢¥àá¨ï ¯à®áâà ­áâ¢ .

� ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï ¨¬¥îâ ¡®«ìè®¥ §­ ç¥­¨¥ ¤¨áªà¥â­ë¥ á¨¬¬¥âà¨¨, â ª¨¥
ª ª ¨­¢¥àá¨ï ¯à®áâà ­áâ¢ , ®âà ¦¥­¨¥ ¢à¥¬¥­¨ ¨ § àï¤®¢®¥ á®¯àï¦¥­¨¥ (§ ¬¥­  ç -
áâ¨æ  ­â¨ç áâ¨æ ¬¨). � ç áâ­®áâ¨, ®¯¥à æ¨ï ¨­¢¥àá¨¨ ¯à®áâà ­áâ¢  ®¯à¥¤¥«ï¥âáï
á«¥¤ãîé¨¬ ®¡à §®¬:

Pr = �r (3.101)

�à¨ íâ®¬ ¯à¥®¡à §®¢ ­¨¨, à áá¬ âà¨¢ ¢è¥¥áï ¢ëè¥ áª «ïà­®¥ ¯®«¥ ¬®¦¥â ¯à¥-
®¡à §®¢ë¢ âìáï á«¥¤ãîé¨¬ ®¡à §®¬:

P'(t; r) = �'(t;�r) (3.102)

£¤¥ §­ ª¨ á®®â¢¥âáâ¢ãîâ á«ãç î ®¡ëç­®£® áª «ïà  ¨ ¯á¥¢¤®áª «ïà . � ­¥à¥«ïâ¨-
¢¨áâáª®© ª¢ ­â®¢®© ¬¥å ­¨ª¥ ¯®¢¥¤¥­¨¥ ¢®«­®¢®© äã­ªæ¨¨ á¨áâ¥¬ë ¯à¨ ¯à®áâà ­-
áâ¢¥­­®© ¨­¢¥àá¨¨ á¢ï§ ­® ¯à®áâ® á ¥¥ ª®®à¤¨­ â­®© § ¢¨á¨¬®áâìî, çâ® ¯à¨¢®¤¨â
ª ¯®­ïâ¨î ®à¡¨â «ì­®© ç¥â­®áâ¨ [29]:

 (t;�r) = � (t; r) (3.103)

� ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï à¥çì ¨¤¥â ® ¯®¢¥¤¥­¨¨ ¯®«ï ¢ ¤ ­­®© â®çª¥ ¯à®áâà ­áâ¢ ,
  á®®â­®è¥­¨¥ (3.102) ®¯à¥¤¥«ï¥â ¢­ãâà¥­­îî ç¥â­®áâì á®®â¢¥âáâ¢ãîé¨å ç áâ¨æ.
�®«­ ï ç¥â­®áâì á¨áâ¥¬ë ç áâ¨æ à ¢­  ¯à®¨§¢¥¤¥­¨î ¨å ¢­ãâà¥­­¨å ç¥â­®áâ¥© ¨
®à¡¨â «ì­®© ç¥â­®áâ¨ ¨å ®â­®á¨â¥«ì­®£® ¤¢¨¦¥­¨ï. \�­ãâà¥­­¨¥" á¢®©áâ¢  á¨¬¬¥-
âà¨¨ à §«¨ç­ëå ç áâ¨æ ¯à®ï¢«ïîâáï «¨èì ¢ ¯à®æ¥áá å ¨å ¢§ ¨¬­ëå ¯à¥¢à é¥­¨©.
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� ä®à¬ «¨§¬¥ ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï ¢­ãâà¥­­ï ç¥â­®áâì ¢ëà ¦ ¥âáï ¯®¢¥-
¤¥­¨¥¬ ¯à¨ ¨­¢¥àá¨¨ á®®â¢¥âáâ¢ãîé¨å '̂-®¯¥à â®à®¢. �ª «ïà­®¬ã ¨ ¯á¥¢¤®áª «ïà-
­®¬ã ¯®«î ®â¢¥ç ¥â:

P'̂(t; r) = �'̂(t;�r) (3.104)

�®§¤¥©áâ¢¨¥ P -®¯¥à æ¨¨ ­  '̂-®¯¥à â®à ¬®¦­® áä®à¬ã«¨à®¢ âì ¢ ¢¨¤¥ á®®â¢¥âáâ¢ã-
îé¨å ¯à ¢¨« ¯à¥®¡à §®¢ ­¨ï ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï ç áâ¨æ, â ª¨å,
çâ®¡ë ¢ à¥§ã«ìâ â¥ ¢®§­¨ª «® ¨§¬¥­¥­¨¥ (3.104). �á¯®«ì§ãï (3.76), ­¥âàã¤­® ¯®«ã-
ç¨âì, çâ® íâ¨ ¯à ¢¨«  ¨¬¥îâ ¢¨¤:

P : ap !�a�p bp !�b�p
a+p !�a+�p b+p !�b+�p (3.105)

� á ¬®¬ ¤¥«¥, § ¯¨á ¢:

'(t; r) =
X
p

1p
2"p

(ape
�i"pt+ipr + b+pe

i"pt�ipr) (3.106)

¯®á«¥ ®¯¥à æ¨¨ (3.105) ¨ ¯¥à¥®¡®§­ ç¥­¨ï ¯¥à¥¬¥­­®© áã¬¬¨à®¢ ­¨ï p ! �p ¯®-
«ãç¨¬ �'(t;�r), çâ® ¨ âà¥¡®¢ «®áì7. � ¬¥â¨¬, çâ® ¯à¥®¡à §®¢ ­¨¥ (3.105) ¢¯®«­¥
®ç¥¢¨¤­® { ¨­¢¥àá¨ï ¯à®áâ® ¬¥­ï¥â §­ ª ¯®«ïà­®£® ¢¥ªâ®à  p.

� àï¤®¢®¥ á®¯àï¦¥­¨¥.

� ¬¥­  ç áâ¨æ  {  ­â¨ç áâ¨æ  ¯à®¨§¢®¤¨âáï ¢ ¯®«¥¢®¬ ®¯¥à â®à¥ (3.76) á ¯®¬®éìî
®ç¥¢¨¤­®© ®¯¥à æ¨¨:

C : ap ! bp bp ! ap (3.107)

�à¨ íâ®¬ '! 'C , £¤¥

'C(t; r) = '+(t; r) (3.108)

�¬ëá« íâ®£® ¯à¥®¡à §®¢ ­¨ï ­¥ ¨§¬¥­ï¥âáï, ¥á«¨ ¢¢¥áâ¨ ¯à®¨§¢®«ì­ë© ä §®¢ë©
¬­®¦¨â¥«ì:

ap ! ei�bp bp! e�i�ap (3.109)

â ª çâ®

'! ei�'+ '+ ! e�i�' (3.110)

�¢ãªà â­®¥ ¯à¨¬¥­¥­¨¥ ¯à¥®¡à §®¢ ­¨ï § àï¤®¢®£® á®¯àï¦¥­¨ï ¤ ¥â â®¦¤¥áâ¢®
' ! '. �¨¬¬¥âà¨ï ¯® ®â­®è¥­¨î ª § ¬¥­¥ ç áâ¨æ ­   ­â¨ç áâ¨æë ­¥ ¯à¨¢®¤¨â, ¢
®¡é¥¬ á«ãç ¥, ª ¢®§­¨ª­®¢¥­¨î ª ª®© - «¨¡® ­®¢®© å à ªâ¥à¨áâ¨ª¨ ç áâ¨æ,   ®¯¥-
à â®à C ­¥ ¨¬¥¥â á®¡áâ¢¥­­ëå á®áâ®ï­¨© ¨ á®¡áâ¢¥­­ëå §­ ç¥­¨©. �áª«îç¥­¨¥¬
ï¢«ï¥âáï á¨áâ¥¬ , á®áâ®ïé ï ¨§ à ¢­®£® ç¨á«  ç áâ¨æ ¨  ­â¨ç áâ¨æ. �¯¥à â®à C
¯¥à¥¢®¤¨â â ªãî á¨áâ¥¬ã á ¬ã ¢ á¥¡ï, ¢ íâ®¬ á«ãç ¥ ¤«ï ­¥£® áãé¥áâ¢ãîâ á®¡-
áâ¢¥­­ë¥ §­ ç¥­¨ï C = �1 (¯®áª®«ìªã C2 = 1). �®¦¥ á ¬®¥ ¢¥à­® ¤«ï ¨áâ¨­­®
­¥©âà «ì­ëå ç áâ¨æ, ª®£¤  'C = �' ¨ ¢®§­¨ª ¥â ¯®­ïâ¨¥ § àï¤®¢® ç¥â­ëå ¨«¨
­¥ç¥â­ëå ç áâ¨æ.

7� ¬¥â¨¬, çâ® ¢ ¤ «ì­¥©è¥¬ ¬ë ¯à ªâ¨ç¥áª¨ ­¥ ¡ã¤¥¬ ãª §ë¢ âì §­ ç®ª ®¯¥à â®à  ­ ¤ ®¡®-
§­ ç¥­¨ï¬¨ ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï,   â ª¦¥ ¨ ¤àã£¨å ¯®«¥¢ëå ®¯¥à â®à®¢, ­ ¤¥ïáì,
çâ® íâ® ­¥ ¯à¨¢¥¤¥â ª ­¥¤®à §ã¬¥­¨ï¬.
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�¥âëà¥å¬¥à­ ï ¨­¢¥àá¨ï ¨ ®¡à é¥­¨¥ ¢à¥¬¥­¨.

�¥âëà¥å¬¥à­ ï ¨­¢¥àá¨ï ®¯à¥¤¥«ï¥âáï ®¯¥à æ¨¥©:

x!�x £¤¥ x = (r; t) (3.111)

�âã ®¯¥à æ¨î ¢á¥£¤  ¬®¦­® ¯à¥¤áâ ¢¨âì á¥¡¥, ª ª ­¥ª®â®à®¥ ç¥âëà¥å¬¥à­®¥ ¢à -
é¥­¨¥ ¨«¨, ¨­ ç¥ £®¢®àï, ª ª ¯à¥®¡à §®¢ ­¨¥ �®à¥­æ , ¯®áª®«ìªã ¤¥â¥à¬¨­ ­â ¬ -
âà¨æë ¯à¥®¡à §®¢ ­¨ï ¢ ¢ ®¡®¨å á«ãç ïå à ¢¥­ 1. �¨âã æ¨ï §¤¥áì ®â«¨ç ¥âáï ®â
âà¥å¬¥à­®© (¯à®áâà ­áâ¢¥­­®©) ¨­¢¥àá¨¨, ¤¥â¥à¬¨­ ­â ª®â®à®© à ¢¥­ -1. �®íâ®¬ã
«î¡®¥ ¢ëà ¦¥­¨¥, ¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© �®-
à¥­æ , ï¢«ï¥âáï ¨­¢ à¨ ­â­ë¬ ¨ ®â­®á¨â¥«ì­® ç¥âëà¥å¬¥à­®© ¨­¢¥àá¨¨. �® ®â-
­®è¥­¨î ª ®¯¥à â®àã áª «ïà­®£® ¯®«ï (áª «ïàã, ¯® ®â­®è¥­¨î ª ç¥âëà¥å¬¥à­ë¬
¢à é¥­¨ï¬!) íâ® ®§­ ç ¥â:

'(t; r)! '(�t;�r) (3.112)

� â¥à¬¨­ å ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï ¯à¥®¡à §®¢ ­¨¥ (3.112) ¤®áâ¨£ -
¥âáï ¯¥à¥áâ ­®¢ª®© ª®íää¨æ¨¥­â®¢ ¯à¨ e�ipx ¨ eipx ¢ ¢ëà ¦¥­¨¨ (3.76), çâ® ¤ ¥â:

CPT : ap ! b+p bp ! a+p (3.113)

� ª¨¬ ®¡à §®¬, íâ® ¯à¥®¡à §®¢ ­¨¥ ¢ª«îç ¥â § ¬¥­ã ç áâ¨æë  ­â¨ç áâ¨æ¥©,   ¢
à¥«ïâ¨¢¨áâáª®© â¥®à¨¨  ¢â®¬ â¨ç¥áª¨ ¢®§­¨ª ¥â ¨­¢ à¨ ­â­®áâì ¯® ®â­®è¥­¨î
ª ¯à¥®¡à §®¢ ­¨î, ¯à¨ ª®â®à®¬ ®¤­®¢à¥¬¥­­® á P ¨ T ¯à®¨§¢®¤¨âáï â ª¦¥ ¨ § -
àï¤®¢®¥ á®¯àï¦¥­¨¥ C. �â® ãâ¢¥à¦¤¥­¨¥ á®áâ ¢«ï¥â á®¤¥à¦ ­¨¥ â ª ­ §ë¢ ¥¬®©
CPT -â¥®à¥¬ë, ï¢«ïîé¥©áï ®¤­¨¬ ¨§ ­ ¨¡®«¥¥ ®¡é¨å à¥§ã«ìâ â®¢ ª¢ ­â®¢®© â¥-
®à¨¨ ¯®«ï: ­¨ç¥£® ¢ �à¨à®¤¥ ­¥ ¨§¬¥­¨âáï, ¥á«¨ ®¤­®¢à¥¬¥­­® á ç¥âëà¥å¬¥à­®©
¨­¢¥àá¨¥© (®âà ¦¥­¨¥¬ ¯à®áâà ­áâ¢  - ¢à¥¬¥­¨) ¯à®¨§¢¥áâ¨ § ¬¥­ã ¢á¥å ç áâ¨æ ­ 
 ­â¨ç áâ¨æë! �à¥®¡à §®¢ ­¨¥ (3.113) ¬®¦­® § ¯¨á âì â ª¦¥ ¢ ¢¨¤¥:

'CPT (t; r) = '(�t;�r) (3.114)

�âáî¤  «¥£ª® ­ ©â¨ ä®à¬ã«¨à®¢ªã T -¨­¢¥àá¨¨ (®¡à é¥­¨ï ¢à¥¬¥­¨). �âã ®¯¥à -
æ¨î ­ã¦­® ®¯à¥¤¥«¨âì â ª, çâ®¡ë ¢¬¥áâ¥ á CP ®­  ¤ ¢ «  CPT -¯à¥®¡à §®¢ ­¨¥
(3.113). �ç¨âë¢ ï (3.105) ¨ (3.107), «¥£ª® ­ å®¤¨¬:

T : ap !�a+�p bp !�b+�p (3.115)

£¤¥ §­ ª¨ á®®â¢¥âáâ¢ãîâ §­ ª ¬ ¢ (3.105). � ª¨¬ ®¡à §®¬, ®¡à é¥­¨¥ ¢à¥¬¥­¨ ­¥
â®«ìª® ¯¥à¥¢®¤¨â ¤¢¨¦¥­¨¥ á ¨¬¯ã«ìá®¬ p ¢ ¤¢¨¦¥­¨¥ á ¨¬¯ã«ìá®¬ �p, ­® â ª¦¥
¯¥à¥áâ ¢«ï¥â ­ ç «ì­ë¥ ¨ ª®­¥ç­ë¥ á®áâ®ï­¨ï ¢® ¢á¥å ¬ âà¨ç­ëå í«¥¬¥­â å, çâ®
¯à¨¢®¤¨â ª § ¬¥­¥ ®¯¥à â®à®¢ ã­¨çâ®¦¥­¨ï ç áâ¨æ á ¨¬¯ã«ìá®¬ p ­  ®¯¥à â®àë
à®¦¤¥­¨ï ç áâ¨æ á ¨¬¯ã«ìá®¬ �p (¨ ­ ®¡®à®â). �§ (3.115) ¨ (3.106), á ¯¥à¥®¡®§­ -
ç¥­¨¥¬ p!�p, ¯®«ãç ¥¬:

'T (t; r) = �'+(�t; r) (3.116)

� ªâ¨ç¥áª¨, §¤¥áì ¨¬¥¥âáï ¯®«­ ï  ­ «®£¨ï á ®¯¥à æ¨¥© ®¡à é¥­¨ï ¢à¥¬¥­¨ ¢
ª¢ ­â®¢®© ¬¥å ­¨ª¥ [29]: ¥á«¨ ­¥ª®â®à®¥ á®áâ®ï­¨¥ ®¯¨áë¢ ¥âáï ¢®«­®¢®© äã­ª-
æ¨¥©  (t; r), â® ®¡à é¥­­®¥ ¯® ¢à¥¬¥­¨ ®¯¨áë¢ ¥âáï á ¯®¬®éìî  �(�t; r).

�à¥®¡à §®¢ ­¨ï T ¨ CPT ¯¥à¥áâ ¢«ïîâ ­ ç «ì­ë¥ ¨ ª®­¥ç­ë¥ á®áâ®ï­¨ï ¨
¤«ï ­¨å ­¥ áãé¥áâ¢ã¥â ¯®­ïâ¨ï á®¡áâ¢¥­­ëå á®áâ®ï­¨© ¨ á®¡áâ¢¥­­ëå §­ ç¥­¨©.
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�­¨ ­¥ ¯à¨¢®¤ïâ, â ª¨¬ ®¡à §®¬, ª áãé¥áâ¢®¢ ­¨î ­®¢ëå å à ªâ¥à¨áâ¨ª ç áâ¨æ.
� á¨«ã à¥«ïâ¨¢¨áâáª®© ¨­¢ à¨ ­â­®áâ¨, ®¯¥à â®à CPT ¯à¥®¡à §®¢ ­¨ï ¤®«¦¥­
ª®¬¬ãâ¨à®¢ âì á «î¡ë¬ £ ¬¨«ìâ®­¨ ­®¬ (« £à ­¦¨ ­®¬) à¥«ïâ¨¢¨áâáª®© â¥®à¨¨
¯®«ï. �â® ¦¥ ª á ¥âáï C ¨ P (â.¥. ¨ T ) ¯® ®â¤¥«ì­®áâ¨, â® íâ® ¢®®¡é¥ £®¢®àï ­¥
â ª. � ç áâ­®áâ¨ á« ¡ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï í«¥¬¥­â à­ëå ç áâ¨æ ­¥ ¨­¢ à¨ ­â­ë ¯®
®â­®è¥­¨î ª ¯à®áâà ­áâ¢¥­­®¬ã ®âà ¦¥­¨î P , ¨ ¤ ¦¥ ¯® ®â­®è¥­¨î ª ª®¬¡¨­¨-
à®¢ ­­®© ®¯¥à æ¨¨ CP . �®á«¥¤­¥¥ (®ç¥­ì á« ¡®¥!) ­ àãè¥­¨¥ á¨¬¬¥âà¨¨ á« ¡ëå
¢§ ¨¬®¤¥©áâ¢¨©, á®£« á­® CPT -â¥®à¥¬¥, ®§­ ç ¥â ­ «¨ç¨¥ ¢ �à¨à®¤¥ ®ç¥­ì á« ¡®©
­¥íª¢¨¢ «¥­â­®áâ¨ ­ ¯à ¢«¥­¨© ¢à¥¬¥­¨, çâ® ¨¬¥¥â ¢¥áì¬  áãé¥áâ¢¥­­ë¥ ª®á¬®-
«®£¨ç¥áª¨¥ ¯®á«¥¤áâ¢¨ï. � ¯à¨¬¥à, á®£« á­® ¨¤¥¥ � å à®¢ , íâ® ®¡áâ®ïâ¥«ìáâ¢®
¬®¦¥â ®¡êïá­¨âì ª®«®áá «ì­®¥ ¯à¥®¡« ¤ ­¨¥ ¬ â¥à¨¨ ­ ¤  ­â¨¬ â¥à¨¥© ¢ á®¢à¥-
¬¥­­®¬ á®áâ®ï­¨¨ �á¥«¥­­®©.

�¨áªà¥â­ë¥ ¯à¥®¡à §®¢ ­¨ï â®ª .

� áá¬®âà¨¬ ®¯¥à â®à á®åà ­ïîé¥£®áï â®ª  áª «ïà­®£® ¯®«ï, ª®â®àë©, á ¯®¬®éìî (2.68), ¬®¦­®
§ ¯¨á âì ¢ ¢¨¤¥:

j� = i('+@�'� '@�'+) (3.117)

�à¥®¡à §®¢ ­¨¥ (3.104), ¢¬¥áâ¥ á ®ç¥¢¨¤­®© § ¬¥­®© (@0; @i)! (@0;�@i), ¤ ¥â:
P : (j0; j)t;r ! (j0;�j)t;�r (3.118)

ª ª ¨ ¤®«¦­® ¡ëâì ¤«ï ¨áâ¨­­®£® 4-¢¥ªâ®à .
�­ «®£¨ç­ë¬ ®¡à §®¬, ¯à¥®¡à §®¢ ­¨¥ § àï¤®¢®£® á®¯àï¦¥­¨ï (3.108) ¤ ¥â:

C : (j0; j)t;r ! (�j0;�j)t;r (3.119)

¥á«¨ ®¯¥à â®àë ' ¨ '+ ª®¬¬ãâ¨àãîâ. �à ¢¤ , ®­¨ ­¥ ª®¬¬ãâ¨àãîâ, ­® íâ® ®¡áâ®ïâ¥«ìáâ¢® ­¥áã-
é¥áâ¢¥­­® { ­¥ª®¬¬ãâ â¨¢­®áâì ¢®§­¨ª ¥â â®«ìª® ®â ­¥ª®¬¬ãâ â¨¢­®áâ¨ ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨
ã­¨çâ®¦¥­¨ï á ®¤¨­ ª®¢ë¬¨ p,   ¢ á¨«ã á®®â­®è¥­¨© ª®¬¬ãâ æ¨¨ ¤«ï íâ¨å ®¯¥à â®à®¢, ¨å ¯¥-
à¥áâ ­®¢ª  ¯à¨¢®¤¨â ª ¯®ï¢«¥­¨î ç«¥­®¢, ­¥ § ¢¨áïé¨å ®â ç¨á¥« § ¯®«­¥­¨ï, â.¥. ®â á®áâ®ï­¨ï
¯®«ï. �â¡à áë¢ ï íâ¨ ç«¥­ë, ¢á¥ à ¢­® ¯®«ãç¨¬ (3.119). �§ (3.119) ¢¨¤­®, çâ® § ¬¥­  ç áâ¨æ
 ­â¨ç áâ¨æ ¬¨, ¥áâ¥áâ¢¥­­®, ¯à¨¢®¤¨â ª ¨§¬¥­¥­¨î §­ ª  ¢á¥å ª®¬¯®­¥­â â®ª .

�¯¥à æ¨ï ®¡à é¥­¨ï ¢à¥¬¥­¨ á¢ï§ ­  á ¯¥à¥áâ ­®¢ª®© ­ ç «ì­ëå ¨ ª®­¥ç­ëå á®áâ®ï­¨©, â ª
çâ® ¯à¨ ¯à¨¬¥­¥­¨¨ ª ¯à®¨§¢¥¤¥­¨î ®¯¥à â®à®¢ ®­  ¬¥­ï¥â ¯®àï¤®ª á®¬­®¦¨â¥«¥©, ­ ¯à¨¬¥à

('+@�')
T = (@�')

T ('+)T (3.120)

� á®®â¢¥âáâ¢¨¨ á â®«ìª® çâ® á¤¥« ­­ë¬ ¯®á«¥ (3.119) § ¬¥ç ­¨¥¬, íâ® ®¡áâ®ïâ¥«ìáâ¢® ­¥áãé¥-
áâ¢¥­­®,   ¢®§¢à é¥­¨¥ ª ¨áå®¤­®¬ã¯®àï¤ªã ¬­®¦¨â¥«¥© ­¥ ®âà ¦ ¥âáï ­  à¥§ã«ìâ â¥. �ç¨âë¢ ï,
çâ® ¯à¨ T -®âà ¦¥­¨¨ (@0; @i)! (�@0; @i), á ¯®¬®éìî (3.116) ¯®«ãç ¥¬:

T : (j0 ; j)t;r ! (j0;�j)�t;r (3.121)

â ª çâ® âà¥å¬¥à­ë© j â®ª ¬¥­ï¥â §­ ª, ¢ á®®â¢¥âáâ¢¨¨ á ª« áá¨ç¥áª¨¬ á¬ëá«®¬ íâ®© ¢¥«¨ç¨­ë,
â®£¤  ª ª ¯«®â­®áâì § àï¤  j0 ­¥ ¬¥­ï¥âáï.

� ª®­¥æ, ¯à¨ ç¥âëà¥å¬¥à­®© ¨­¢¥àá¨¨ (3.112) «¥£ª® ¯®«ãç¨âì:

CPT : (j0; j)t;r ! (�j0;�j)�t;�r (3.122)

¢ á®®â¢¥âáâ¢¨¨ á® á¬ëá«®¬ íâ®© ®¯¥à æ¨¨, ª ª CPT ¯à¥®¡à §®¢ ­¨ï.
�¯¥à â®à í«¥ªâà®¬ £­¨â­®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¯à®¯®àæ¨®­ «¥­ j�A� ¨ ¨­¢ à¨ ­â¥­ ®â­®á¨-

â¥«ì­® CPT , ª ª ¨ ¢áïª®¥ ¤àã£®¥ à¥«ïâ¨¢¨áâáª®¥ ¢§ ¨¬®¤¥©áâ¢¨¥. �®®â¢¥âáâ¢¥­­®, ¨á¯®«ì§ãï
(3.118), (3.119) ¨ (3.121) ­¥âàã¤­® ¯®«ãç¨âì ¯à ¢¨«  ¯à¥®¡à §®¢ ­¨ï ¯®â¥­æ¨ «  í«¥ªâà®¬ £­¨â-
­®£® ¯®«ï A� = (A0;A):

C : (A0 ;A)t;r ! (�A0;�A)t;r
P : (A0;A)t;r ! (A0 ;�A)t;�r
T : (A0;A)t;r ! (A0 ;�A)�t;r

CPT : (A0;A)t;r ! (�A0;�A)�t;�r (3.123)

�­ «®£¨ç­ë¥ ¯à ¢¨«  ¯à¥®¡à §®¢ ­¨ï ¨¬¥îâ ¬¥áâ® ¨ ¤«ï ª «¨¡à®¢®ç­ëå ¯®«¥© �­£  - �¨««á .
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�¥ªâ®à­ë¥ ¡®§®­ë.
� áâ¨æ  á® á¯¨­®¬ 1 ®¯¨áë¢ ¥âáï ¢ á¨áâ¥¬¥ ¯®ª®ï âà¥åª®¬¯®­¥­â­®© ¢®«­®¢®©
äã­ªæ¨¥© { âà¥å¬¥à­ë¬ ¢¥ªâ®à®¬ (¢¥ªâ®à­ë© ¡®§®­). �® á¢®¥¬ã ç¥âëà¥å¬¥à­®¬ã
\¯à®¨áå®¦¤¥­¨î" íâ® ¬®£ãâ ¡ëâì âà¨ ¯à®áâà ­áâ¢¥­­ë¥ ª®¬¯®­¥­âë 4-¢¥ªâ®à   �

(¯à®áâà ­áâ¢¥­­®¯®¤®¡­®£®!) ¨«¨ ¦¥  ­â¨á¨¬¥âà¨ç­®£® â¥­§®à  ¢â®à®£® à ­£   �� ,
ã ª®â®àëå ¢ á¨áâ¥¬¥ ¯®ª®ï ®¡à é îâáï ¢ ­ã«ì á®®â¢¥âáâ¢¥­­® ¢à¥¬¥­­ ï  0 ¨ ¯à®-
áâà ­áâ¢¥­­ë¥  ik ª®¬¯®­¥­âë.

�®«­®¢®¥ ãà ¢­¥­¨¥ ®¯ïâì ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ ¤¨ää¥à¥­æ¨ «ì­®© á¢ï§¨  �

¨  �� ¢ á«¥¤ãîé¥¬ ¢¨¤¥:
i �� = p� � � p� � (3.124)

p� �� = im2 � (3.125)

£¤¥ p� = i@� { ®¯¥à â®à ¨¬¯ã«ìá . �â¨ ãà ¢­¥­¨ï ­ §ë¢ îâáï ãà ¢­¥­¨ï¬¨ �à®ª .
�à¨¬¥­ïï ª ®¡¥¨¬ áâ®à®­ ¬ (3.125) ®¯¥à æ¨î p�, ¯®«ãç¨¬ ¢¢¨¤ã  ­â¨á¨¬¬¥âà¨¨
 ��:

p� � = 0 (3.126)

�®£¤ , ¨áª«îç ï  �� ¨§ (3.124), (3.125) (¯®¤áâ ¢«ïï ¯¥à¢®¥ ãà ¢­¥­¨¥ ¢® ¢â®à®¥), á
ãç¥â®¬ (3.126), ¯®«ãç¨¬:

(p2 �m2) � = 0 (3.127)

â ª çâ® m, ¥áâ¥áâ¢¥­­®, ¯à¥¤áâ ¢«ï¥â á®¡®© ¬ ááã ç áâ¨æë. � ª¨¬ ®¡à §®¬, á¢®¡®¤-
­ ï ç áâ¨æ  á® á¯¨­®¬ 1 ®¯¨áë¢ ¥âáï ®¤­¨¬ 4-¢¥ªâ®à®¬  �, ª®¬¯®­¥­âë ª®â®à®£®
ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î \�«¥©­  - �®à¤®­ " (3.127) ¨ ¤®¯®«­¨â¥«ì­®¬ã ãá«®¢¨î
â¨¯  ãá«®¢¨ï �®à¥­æ  (ç¥âëà¥å¬¥à­®© ¯®¯¥à¥ç­®áâ¨) (3.126), ¨áª«îç îé¥¬ã ¨§
 � \ç áâì, ¯à¨­ ¤«¥¦ éãî á¯¨­ã 0".

� á¨áâ¥¬¥ ¯®ª®ï, £¤¥  � ­¥ § ¢¨á¨â ®â ¯à®áâà ­áâ¢¥­­ëå ª®®à¤¨­ â (pi = 0), ¨
¬ë ¨¬¥¥¬ ¯à®áâ® p0 0 = 0. � â®¦¥ ¢à¥¬ï, á ãç¥â®¬ â®£®, çâ® ¢ á¨áâ¥¬¥ ¯®ª®ï p0 = m,
â ª çâ® p0 0 = m 0. �®£¤  ïá­®, çâ® ¢ á¨áâ¥¬¥ ¯®ª®ï  0 = 0, ª ª ¨ ¤®«¦­® ¡ëâì
¤«ï ç áâ¨æë á® á¯¨­®¬ 1. �¬¥áâ¥ á  0 ¢ íâ®© á¨áâ¥¬¥ ®¡à é îâáï ¢ ­ã«ì â ª¦¥ ¨
 ik.

� áâ¨æ  á® á¯¨­®¬ 1 ¬®¦¥â ®¡« ¤ âì à §«¨ç­®© ¢­ãâà¥­­¥© ç¥â­®áâìî, ¢ § ¢¨-
á¨¬®áâ¨ ®â â®£® ï¢«ï¥âáï «¨  � ¨áâ¨­­ë¬ ¢¥ªâ®à®¬ ¨«¨ ¯á¥¢¤®¢¥ªâ®à®¬:

P � = ( 0;� i) ¨«¨ P � = ( 0;  i) (3.128)

�«®áª ï ¢®«­ , ­®à¬¨à®¢ ­­ ï ­  1 ç áâ¨æã ¢ ®¡ê¥¬¥ V = 1, ¯à¥¤áâ ¢«ï¥âáï ¢
¢¨¤¥:

 � =
1p
2"p

u�e
�ipx u�u

�� = �1 (3.129)

£¤¥ u� { ¥¤¨­¨ç­ë© 4-¢¥ªâ®à ¯®«ïà¨§ æ¨¨, ­®à¬¨à®¢ª  ª®â®à®£® ®¯à¥¤¥«ï¥âáï âà¥-
¡®¢ ­¨¥¬ ¯à®áâà ­áâ¢¥­­®¯®¤®¡­®áâ¨  �, ã¤®¢«¥â¢®àïîé¨© â ª¦¥ ãá«®¢¨î ç¥âë-
à¥å¬¥à­®© ¯®¯¥à¥ç­®áâ¨:

u�p
� = 0 (3.130)

� ¬¥â¨¬, çâ® ¢ ®â«¨ç¨¥ ®â ä®â®­®¢, ¢¥ªâ®à­ë¥ ¡®§®­ë á® á¯¨­®¬ 1 ¨¬¥îâ âà¨ ­¥-
§ ¢¨á¨¬ëå ¯®«ïà¨§ æ¨¨.

� £à ­¦¨ ­ ¢¥ªâ®à­®£® ¯®«ï ¬®¦¥â ¡ëâì § ¯¨á ­ ¢ ¢¨¤¥:

L = �(@� ��)(@� �) +m2 �� 
� (3.131)
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�âàãªâãà  íâ®£® « £à ­¦¨ ­   ­ «®£¨ç­  á«ãç î áª «ïà­®£® ¯®«ï, ­® ®¡à â¨¬
¢­¨¬ ­¨¥ ­  ¤àã£®© §­ ª! �¥«® §¤¥áì ¢ â®¬, çâ®  � { ¯à®áâà ­áâ¢¥­­®¯®¤®¡­ë©
¢¥ªâ®à, â ª çâ®  �� � < 0, â®£¤  ª ª ¤«ï áª «ïà­®£® ¯®«ï '�' > 0, â ª çâ® §­ ª
¢ë¡à ­ â ª, çâ®¡ë ®¡¥á¯¥ç¨â ¯®«®¦¨â¥«ì­ãî ®¯à¥¤¥«¥­­®áâì í­¥à£¨¨ ¯®«ï ¢ ª« á-
á¨ç¥áª®¬ ¯à¥¤¥«¥. � á ¬®¬ ¤¥«¥, ¯à ªâ¨ç¥áª®¥ ¨á¯®«ì§®¢ ­¨¥ « £à ­¦¨ ­  (3.131)
á¢®¤¨âáï ­¥ áâ®«ìª® ª ¯®áâà®¥­¨î ãà ¢­¥­¨© ¤¢¨¦¥­¨ï, áª®«ìª® ª ­ å®¦¤¥­¨î
â¥­§®à  í­¥à£¨¨ - ¨¬¯ã«ìá  ¨ â®ª . �¥âàã¤­® ­ ©â¨, çâ®:

T�� = �@� ��@� � ��@� ��@� � �Lg�� (3.132)

j� = �i[ ��@� � � (@� 
�
�) 

�] (3.133)

�â¨ ¢ëà ¦¥­¨ï ¢¯®«­¥  ­ «®£¨ç­ë ¯®«ãç¥­­ë¬ ¢ëè¥ ¤«ï áª «ïà­®£® ¯®«ï ¨ ­¥
âà¥¡ãîâ ®á®¡ëå ¯®ïá­¥­¨©.

�¢ ­â®¢ ­¨¥ â ª¦¥ ¬®¦­® ¯à®¢¥áâ¨  ­ «®£¨ç­® áª «ïà­®¬ã á«ãç î. �­®¢ , ¤«ï
®¡¥á¯¥ç¥­¨ï ®ç¥¢¨¤­®£® ¨§ ä¨§¨ç¥áª¨å á®®¡à ¦¥­¨© ãá«®¢¨ï T00 > 0 ¨ ¯à®¨§¢®«ì-
­®áâ¨ §­ ª  ¯«®â­®áâ¨ § àï¤  j0, ª¢ ­â®¢ âì ­ã¦­® ¯® �®§¥!

�®¤ç¥àª­¥¬, çâ® ¢¢¨¤ã m 6= 0 £à ¤¨¥­â­ ï ¨­¢ à¨ ­â­®áâì â¥®à¨¨ ®âáãâáâ¢ã¥â.
�¬¥­­® ¯®íâ®¬ã ¬ áá¨¢­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ¨¬¥¥â âà¨ ­¥§ ¢¨á¨¬ë¥ ª®¬¯®­¥­âë.
�âáãâáâ¢¨¥ £à ¤¨¥­â­®© ¨­¢ à¨ ­â­®áâ¨ à áá¬ âà¨¢ ¥¬®© â¥®à¨¨ ®á®¡¥­­® ç¥âª®
¢¨¤­® ¨§ ¢â®à®£® ãà ¢­¥­¨ï �à®ª  (3.125): ¢¥«¨ç¨­   �� £à ¤¨¥­â­® ¨­¢ à¨ ­â­ ,
â ª çâ® «¥¢ ï ç áâì ãà ¢­¥­¨ï £à ¤¨¥­â­® ¨­¢ à¨ ­â­ , â®£¤  ª ª ¥£® ¯à ¢ ï ç áâì,
®ç¥¢¨¤­®, ¬¥­ï¥âáï ¯à¨ £à ¤¨¥­â­ëå ¯à¥®¡à §®¢ ­¨ïå.

� áâ¨æë á ¯à®¨§¢®«ì­ë¬ æ¥«ë¬ á¯¨­®¬.

�®«­®¢ ï äã­ªæ¨ï ç áâ¨æë á æ¥«ë¬ á¯¨­®¬ s ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥¯à¨¢®¤¨¬ë© 4-â¥­§®à à ­£ 
s, â.¥. â¥­§®à á¨¬¬¥âà¨ç­ë© ¯® ¢á¥¬ á¢®¨¬ ¨­¤¥ªá ¬ ¨ ®¡à é îé¨©áï ¢ ­ã«ì ¯à¨ ã¯à®é¥­¨¨
(á¢¥àâª¥) ¯® «î¡®© ¯ à¥ ¨­¤¥ªá®¢:

 :::�:::�::: =  :::�:::�:::  �::::::�::: = 0 (3.134)

�â®â â¥­§®à ¤®«¦¥­ ã¤®¢«¥â¢®àïâì ¤®¯®«­¨â¥«ì­®¬ã ãá«®¢¨î ç¥âëà¥å¬¥à­®© ¯®¯¥à¥ç­®áâ¨:

p� :::�::: = 0 (3.135)

  «î¡ ï ¥£® ª®¬¯®­¥­â  ¤®«¦­  ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î:

(p2 �m2) :::�::: = 0 (3.136)

� á¨áâ¥¬¥ ¯®ª®ï (3.135) ¯à¨¢®¤¨â ª ®¡à é¥­¨î ¢ ­ã«ì ¢á¥å ª®¬¯®­¥­â 4-â¥­§®à , áà¥¤¨ ¨­¤¥ªá®¢
ª®â®àëå ¢áâà¥ç ¥âáï 0. � ª¨¬ ®¡à §®¬, ¢ á¨áâ¥¬¥ ¯®ª®ï ¯®«¥ á¢®¤¨âáï ª ­¥¯à¨¢®¤¨¬®¬ã âà¥å-
¬¥à­®¬ã â¥­§®àã à ­£  s, ç¨á«® ­¥§ ¢¨á¨¬ëå ª®¬¯®­¥­â ª®â®à®£® à ¢­® 2s + 1, ª ª ¨ á«¥¤ã¥â
¡ëâì.

� £à ­¦¨ ­, â¥­§®à í­¥à£¨¨ - ¨¬¯ã«ìá  ¨ ¯«®â­®áâì â®ª  ¤«ï ¯®«ï á æ¥«ë¬ á¯¨­®¬ s ®â«¨-
ç îâáï ®â ¢ë¯¨á ­­ëå ¢ëè¥ ¤«ï á«ãç ï s = 1 â®«ìª® § ¬¥­®©  � ­   :::�:::�::: . �®à¬¨à®¢ ­­ ï
¯«®áª ï ¢®«­  ¨¬¥¥â ¢¨¤:

 ��::: =
1

p
"p

u��:::e�ipx u���:::u
�� = �1 (3.137)

¯à¨ç¥¬
u:::�:::p� = 0 (3.138)

�¬¥¥âáï ¢á¥£® 2s+ 1 ­¥§ ¢¨á¨¬ëå ¯®«ïà¨§ æ¨©.
�¢ ­â®¢ ­¨¥ ¯à®¨§¢®¤¨âáï ®ç¥¢¨¤­ë¬ ®¡®¡é¥­¨¥¬ á«ãç ¥¢ s = 0 ¨ s = 1.
�§«®¦¥­­ ï áå¥¬  ¤®áâ â®ç­  ¤«ï ®¯¨á ­¨ï á¢®¡®¤­ëå ç áâ¨æ á® ¯à®¨§¢®«ì­ë¬¨æ¥«ë¬¨ á¯¨-

­ ¬¨. �à¨ ¢¢¥¤¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï á¨âã æ¨ï ãá«®¦­ï¥âáï. �«ï ¢á¥å æ¥«ëå s > 1 ®ª §ë¢ ¥âáï
­¥¢®§¬®¦­ë¬ áä®à¬ã«¨à®¢ âì ¢ à¨ æ¨®­­ë©¯à¨­æ¨¯ á ¯®¬®éìî â®«ìª® ®¤­®© (â¥­§®à­®©)äã­ª-
æ¨¨ ¯®«ï, à ­£ ª®â®à®© á®®â¢¥âáâ¢ã¥â ¤ ­­®¬ã á¯¨­ã. �ª §ë¢ ¥âáï ­¥®¡å®¤¨¬ë¬ ¢¢¥áâ¨ ¢á¯®-
¬®£ â¥«ì­ë¥ â¥­§®à­ë¥ (¨«¨ á¯¨­®à­ë¥) ¢¥«¨ç¨­ë ¡®«¥¥ ­¨§ª®£® à ­£ . �à¨ íâ®¬ « £à ­¦¨ ­
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¢ë¡¨à ¥âáï â ª, çâ®¡ë íâ¨ ¢á¯®¬®£ â¥«ì­ë¥ ¢¥«¨ç¨­ë ®¡à é «¨áì ¢ ­ã«ì ¢ á¨«ã á«¥¤ãîé¨å ¨§
¢ à¨ æ¨®­­®£® ¯à¨­æ¨¯  ãà ¢­¥­¨© ¯®«ï á¢®¡®¤­ëå ç áâ¨æ.

� ¬¥â¨¬, ¢ § ª«îç¥­¨¥, çâ® ¢®¯à®á ® ç áâ¨æ  á® á¯¨­®¬ s > 1 ¨¬¥¥â ¤®¢®«ì­® \ ª ¤¥¬¨ç¥áª¨©"
å à ªâ¥à, ¯®áª®«ìªã (¥á«¨ § ¡ëâì ® £à ¢¨â®­¥!) ¢ à ¬ª å áâ ­¤ àâ­®©¬®¤¥«¨ â ª¨å í«¥¬¥­â à­ëå
ç áâ¨æ ¯à®áâ® ­¥â.

�¥à¬¨®­ë.

�à¥å¬¥à­ë¥ á¯¨­®àë.
� ¯®¬­¨¬, ª ª ®¯¨áë¢ îâáï ç áâ¨æë á ¯®«ãæ¥«ë¬ á¯¨­®¬ (ä¥à¬¨®­ë) ¢ à ¬ª å
­¥à¥«ïâ¨¢¨áâáª®© ª¢ ­â®¢®© ¬¥å ­¨ª¨ [29]. � áâ¨æ  á® á¯¨­®¬ s = 1=2 ®¯¨áë¢ ¥âáï
¤¢ãåª®¬¯®­¥­â­®© ¢®«­®¢®© äã­ªæ¨¥© { á¯¨­®à®¬, ª®â®àãî ã¤®¡­® § ¯¨á âì ¢ ¢¨¤¥
áâ®«¡æ :

 =

�
 1

 2

�
=

�
 (12)
 (�1

2)

�
(3.139)

£¤¥ ª®¬¯®­¥­âë  1 ¨  2 á®®â¢¥âáâ¢ãîâ ¯à®¥ªæ¨ï¬ á¯¨­  sz = �1=2. �à¨ ¯à®¨§¢®«ì-
­®¬ ¢à é¥­¨¨ á¨áâ¥¬ë ª®®à¤¨­ â ª®¬¯®­¥­âë á¯¨­®à  ¯à¥®¡à §ãîâáï ¤àã£ ç¥à¥§
¤àã£  «¨­¥©­ë¬ ®¡à §®¬:

 01 = a 1 + b 2  02 = c 1 + d 2 (3.140)

¨­ ç¥ £®¢®àï:

 0 = U U =

�
a b
c d

�
(3.141)

�®íää¨æ¨¥­âë ¯à¥®¡à §®¢ ­¨ï (í«¥¬¥­âë ¬ âà¨æë U ), ¢®®¡é¥ £®¢®àï, ª®¬-
¯«¥ªá­ë ¨ ï¢«ïîâáï äã­ªæ¨ï¬¨ ã£«®¢ ¯®¢®à®â  á¨áâ¥¬ë ª®®à¤¨­ â.

� áá¬®âà¨¬ ¡¨«¨­¥©­ãî ä®à¬ã ¢¨¤ :

 1'2 �  2'1 (3.142)

£¤¥  ¨ ' { ¤¢  á¯¨­®à . �à®áâ®¥ ¢ëç¨á«¥­¨¥ ¤ ¥â:

 01'02 �  02'01 = (ad� bc)( 1'2 �  2'1) (3.143)

â ª çâ® (3.142) ¯à¨ ¯®¢®à®â å á¨áâ¥¬ë ª®®à¤¨­ â (3.140) ¯à¥®¡à §ã¥âáï á ¬  ç¥à¥§
á¥¡ï. � áá¬®âà¨¬ ¡¨«¨­¥©­ãî ä®à¬ã (3.142) ª ª ­¥ª®â®àãî ¢®«­®¢ãî äã­ªæ¨î
á®áâ ¢­®© á¨áâ¥¬ë. �® ¥á«¨ ¨¬¥¥âáï ¢á¥£® ®¤­  ¢®«­®¢ ï äã­ªæ¨ï, ¯à¥®¡à §ãîé -
ïáï ¯à¨ ¯®¢®à®â å á ¬  ç¥à¥§ á¥¡ï, â® ®­  á®®â¢¥âáâ¢ã¥â á¯¨­ã ­ã«ì, â.¥. ï¢«ï¥âáï
áª «ïà®¬ ¨ ¢®®¡é¥ ­¥ ¬¥­ï¥âáï ¯à¨ ¯®¢®à®â å. �®íâ®¬ã ­  ª®íää¨æ¨¥­âë ¯à¥®¡à -
§®¢ ­¨ï á«¥¤ã¥â ­ «®¦¨âì ãá«®¢¨¥:

ad� bc = 1 Det U = 1 (3.144)

�®£¤  (3.142) ¯à®áâ® ¯à¥¤áâ ¢«ï¥â á®¡®© ¢®«­®¢ãî äã­ªæ¨î ç áâ¨æë á® á¯¨­®¬
s = 0, á®áâ ¢«¥­­®© ¨§ ¤¢ãå ç áâ¨æ á® á¯¨­®¬ s = 1=2. �® ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥
¬®¦­® ¢¢¥áâ¨ ¥é¥ ®¤¨­ áª «ïà, á®áâ ¢«¥­­ë© ¨§ ª®¬¯®­¥­â á¯¨­®à  (3.139):

 1 1� +  2 2�; (3.145)
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¨ ¯à¥¤áâ ¢«ïîé¨© á®¡®© ¯«®â­®áâì ¢¥à®ïâ­®áâ¨ ­ å®¦¤¥­¨ï ç áâ¨æë ¢ ¤ ­­®©
â®çª¥ ¯à®áâà ­áâ¢ . �à¥®¡à §®¢ ­¨¥, ®áâ ¢«ïîé¥¥ ¨­¢ à¨ ­â­®© áã¬¬ã ª¢ ¤à -
â®¢ ¬®¤ã«¥© ¯à¥®¡à §ã¥¬ëå ¢¥«¨ç¨­, ï¢«ï¥âáï ã­¨â à­ë¬, â ª çâ®

U+ =

�
a� c�

b� d�

�
= U�1: (3.146)

� ãç¥â®¬ (3.144) ®¡à â­ ï ¬ âà¨æ  ¯à¥®¡à §®¢ ­¨ï ¨¬¥¥â ¢¨¤:

U�1 =
�

d �b
�c a

�
(3.147)

â ª çâ® ¨§ ãá«®¢¨ï ã­¨â à­®áâ¨ ¯®«ãç ¥¬:

a = d� b = �c� (3.148)

� á¨«ã ãá«®¢¨© (3.144) ¨ (3.148), ¨§ ç¥âëà¥å ª®¬¯«¥ªá­ëå ¢¥«¨ç¨­ a; b; c; d (â.¥.
¢®áì¬¨ ¢¥é¥áâ¢¥­­ëå), ­  á ¬®¬ ¤¥«¥, â®«ìª® âà¨ (¢¥é¥áâ¢¥­­ëå) ï¢«ïîâáï ­¥§ -
¢¨á¨¬ë¬¨, çâ® á®®â¢¥âáâ¢ã¥â âà¥¬ ã£« ¬ ¯®¢®à®â  âà¥å¬¥à­®© á¨áâ¥¬ë ª®®à¤¨­ â.

�à ¢­¨¢ ï áª «ïàë (3.142) ¨ (3.145) ¢¨¤¨¬, çâ®  1� ¨  2� ¤®«¦­ë ¯à¥®¡à §®¢ë-
¢ âìáï ª ª  2 ¨ � 1.

� àï¤ã á à áá¬®âà¥­­ë¬¨ ¢ëè¥ ª®­âà¢ à¨ ­â­ë¬¨ ª®¬¯®­¥­â ¬¨ á¯¨­®à 
 1;  2 ¢¢®¤ïâ ¥é¥ ¨ ª®¢ à¨ ­â­ë¥ ª®¬¯®­¥­âë:

 1 =  2  2 = � 1 (3.149)

�­¢ à¨ ­â (3.142) § ¯¨áë¢ ¥âáï â®£¤  ¢ ¢¨¤¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï:

 �'� =  1'1 +  2'2 =  1'2 �  2'1 (3.150)

�çâ¥¬ â¥¯¥àì, çâ®
 �'� =  1'1 +  2'2 = � 2'2 �  1'

1 (3.151)

â ª çâ® ¢á¥£¤  ¢ë¯®«­ï¥âáï á«¥¤ãîé¥¥ ãá«®¢¨¥  ­â¨á¨¬¬¥âà¨¨:

 �'� = � �'� (3.152)

�âáî¤  ®ç¥¢¨¤­®, çâ®:
 � � = 0 (3.153)

�®¦­® ®¯à¥¤¥«¨âì ¨ á¯¨­®àë ¢ëáè¨å à ­£®¢. � ¯à¨¬¥à, ¬®¦­® ¢¢¥áâ¨ á¯¨­®àë
¢â®à®£® à ­£  ª ª:

 �� �  �'�  �� �  �'�  �� �  �'
� (3.154)

�¯¨­®àë ¡®«¥¥ ¢ëá®ª®£® à ­£  ®¯à¥¤¥«ïîâáï  ­ «®£¨ç­®.
�¥à¥å®¤ ®â ª®­âà¢ à¨ ­â­ëå á¯¨­®à®¢ ª ª®¢ à¨ ­â­ë¬ ¬®¦­® ¯à®¢¥áâ¨ á ¯®-

¬®éìî \¬¥âà¨ç¥áª®£® â¥­§®à " ¢¨¤ :

g�� = g�� =

�
0 1
�1 0

�
(3.155)

¯®áª®«ìªã, ª ª «¥£ª® ¢¨¤¥âì, ¬®¦­® ­ ¯¨á âì:

 � = g�� 
�  � = g�� � (3.156)
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� áá¬®âà¨¬ ã¬­®¦¥­¨¥ ¨ ã¯à®é¥­¨¥ (á¢¥àâªã) á¯¨­®à®¢. �¬­®¦¥­¨¥ ¤¢ãå á¯¨­®à®¢
¢â®à®£® ¨ âà¥âì¥£® à ­£   �� 

��� ¤ ¥â á¯¨­®à ¯ïâ®£® à ­£ . �¯à®é¥­¨¥ (á¢¥àâª )
 ����� ¯® ¤¢ã¬ ¨­¤¥ªá ¬ � ¨ � ¤ ¥â á¯¨­®à âà¥âì¥£® à ­£   ����� . � ç áâ­®áâ¨, ã¯à®-

é¥­¨¥  �� ¤ ¥â áª «ïà  ��. �à¨ íâ®¬, ®¤­ ª®, ­ ¤® ãç¥áâì (3.152), (3.153), â ª çâ®
 �� = � ��. �âáî¤  á«¥¤ã¥â, çâ® ã¯à®é¥­¨¥ ¯® ¤¢ã¬ ¨­¤¥ªá ¬ «î¡®£® á¨¬¬¥âà¨ç-
­®£® (¯® ¯¥à¥áâ ­®¢ª¥ ¨­¤¥ªá®¢) á¯¨­®à  ¤ ¥â ­ã«ì! � ç áâ­®áâ¨ ¤«ï á¨¬¬¥âà¨ç­®£®
á¯¨­®à  ¢â®à®£® à ­£   �� =  �� ¨¬¥¥¬  �� = 0. �¨¬¬¥âà¨ç­ë© ¯® ¢á¥¬ ¨­¤¥ªá ¬
á¯¨­®à «î¡®£® à ­£  ¬®¦­® ¢á¥£¤  á®áâ ¢¨âì á®®â¢¥âáâ¢ãîé¥© á¨¬¬¥âà¨§ æ¨¥© (â.¥.
¢§ïâì áã¬¬ã á¯¨­®à®¢ á® ¢á¥¬¨ ¯¥à¥áâ ­®¢ª ¬¨ ¨­¤¥ªá®¢). � á¨«ã áª § ­­®£®, ¨§
ª®¬¯®­¥­â á¨¬¬¥âà¨ç­®£® á¯¨­®à  ­¥¢®§¬®¦­® á®áâ ¢¨âì (¯ãâ¥¬ ã¯à®é¥­¨ï) á¯¨-
­®àë ¡®«¥¥ ­¨§ª®£® à ­£ . � ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï â ª¨¥ á¯¨­®àë à¥ «¨-
§ãîâ ­¥¯à¨¢®¤¨¬ë¥ ¯à¥¤áâ ¢«¥­¨ï £àã¯¯ë ¢à é¥­¨© SU (2).

�® ®¯à¥¤¥«¥­¨î ®¯¥à â®à  ¬®¬¥­â  ¨¬¯ã«ìá  (á¯¨­ ) s ®¯¥à â®à 1 + i�'(n � s)
®¯¨áë¢ ¥â ¯®¢®à®â ­  ã£®« �' ­  ¡¥áª®­¥ç­® ¬ «ë© ã£®« �' ¢®ªàã£ ®á¨, ®à¨¥­â¨-
à®¢ ­­®© ¢¤®«ì ¥¤¨­¨ç­®£® ¢¥ªâ®à  n [29]. �«ï á¯¨­  s = 1=2 ¨¬¥¥¬ s = 1

2�, £¤¥ �
{ ­ ¡®à âà¥å ¬ âà¨æ � ã«¨:

�x =

�
0 1
1 0

�
�y =

�
0 �i
i 0

�
�z =

�
1 0
0 �1

�
(3.157)

�¯¥à â®à ¯®¢®à®â  ­  ª®­¥ç­ë© ã£®«, á®®â¢¥âáâ¢¥­­®, ¥áâì:

Un = exp

�
i

2
(n � �)'

�
(3.158)

çâ® ¨­ ç¥ ¬®¦­® § ¯¨á âì ª ª:

Un = cos
'

2
+ i(n � �) sin '

2
(3.159)

�®£¤  ¤«ï ¯®¢®à®â  ¢®ªàã£ ®á¨ z ¨¬¥¥¬:

Uz(') = cos
'

2
+ i�z sin

'

2
=

�
ei'=2 0
0 e�i'=2

�
(3.160)

â ª çâ®
 01 =  1ei'=2  02 =  2e�i'=2 (3.161)

�âáî¤  ¢¨¤­® ­¥®¡ëç­®¥ á¢®©áâ¢® á¯¨­®à  ¯¥à¢®£® à ­£  { ¯à¨ ¯®¢®à®â¥ ­  ã£®« 2�
¥£® ª®¬¯®­¥­âë ¬¥­ïîâ §­ ª (­¥ª« áá¨ç¥áª ï ¤¢ã§­ ç­®áâì). � ª¨¬ ¦¥ á¢®©áâ¢®¬
®¡« ¤ îâ ¢á¥ á¯¨­®àë ­¥ç¥â­ëå à ­£®¢.

�«ï ¯®¢®à®â®¢ ¢®ªàã£ ®á¥© x ¨ y  ­ «®£¨ç­ë¬ ®¡à §®¬ ­ å®¤¨¬:

Ux(') = cos
'

2
+ i�x sin

'

2
=

�
cos '2 i sin '

2
i sin '

2 cos '2

�
(3.162)

Uy(') = cos
'

2
+ i�y sin

'

2
=

�
cos '2 sin '

2
� sin '

2 cos '2

�
(3.163)

�¯¨­®¢ë¥ á¢®©áâ¢  ¢®«­®¢ëå äã­ªæ¨© â®¦¤¥áâ¢¥­­ë ¤«ï ç áâ¨æë á® á¯¨­®¬ s
¨ ¤«ï á¨áâ¥¬ë ¨§ n = 2s ç áâ¨æ á® á¯¨­ ¬¨ s = 1=2, ­ ¯à ¢«¥­­ë¬¨ â ª, çâ® ¯®«-
­ë© á¯¨­ á¨áâ¥¬ë à ¢¥­ 2s. �¨á«® ­¥§ ¢¨á¨¬ëå ª®¬¯®­¥­â á¨¬¬¥âà¨ç­®£® á¯¨­®à 
à ­£  2s à ¢­® 2s + 1, ¯®áª®«ìªã à §«¨ç­ë «¨èì ¥£® ª®¬¯®­¥­âë, áà¥¤¨ ¨­¤¥ªá®¢
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ª®â®àëå ¨¬¥¥âáï 2s ¥¤¨­¨æ ¨ 0 ¤¢®¥ª, 2s � 1 ¥¤¨­¨æ ¨ ®¤­  ¤¢®©ª , ... , 0 ¥¤¨-
­¨æ ¨ 2s ¤¢®¥ª. � ª ã¦¥ ãª §ë¢ «®áì, á¨¬¬¥âà¨ç­ë¥ á¯¨­®àë ¯à¥®¡à §ãîâáï ¯®
­¥¯à¨¢®¤¨¬ë¬ ¯à¥¤áâ ¢«¥­¨ï¬ £àã¯¯ë ¢à é¥­¨©.

� ç áâ­®áâ¨, á¯¨­®àë ç¥â­®£® à ­£  ¯à¥®¡à §ãîâáï ª ª â¥­§®à  ¯®«®¢¨­­®£®
à ­£ . �®¬¯®­¥­âë íâ¨å â¥­§®à®¢ ¬®£ãâ ¡ëâì ­¥¯®áà¥¤áâ¢¥­­® ¢ëà ¦¥­ë ç¥à¥§
ª®¬¯®­¥­âë á®®â¢¥âáâ¢ãîé¨å á¯¨­®à®¢. � ª ç¥áâ¢¥ ¢ ¦­®£® ¯à¨¬¥à  ¯à¨¢¥¤¥¬ ¢
ï¢­®¬ ¢¨¤¥ á¢ï§ì ª®¬¯®­¥­â á¯¨­®à  ¢â®à®£® à ­£  á ª®¬¯®­¥­â ¬¨ á®®â¢¥âáâ¢ãî-
é¥£® ¢¥ªâ®à  [29]:

 12 =
ip
2
az  11 = � ip

2
(ax + iay)  22 =

ip
2
(ax � iay) (3.164)

 12 = � ip
2
az  11 =

ip
2
(ax � iay)  22 = � ip

2
(ax + iay) (3.165)

¨ ®¡à â­®:

az = i
p
2 12 =

ip
2
( 12 +  21) ax =

ip
2
( 22 �  11) ay = � 1p

2
( 11 +  22) (3.166)

�á¯®«ì§ãï ¬ âà¨æë � ã«¨, íâ¨ á®®â­®è¥­¨ï ¬®¦­® ¯¥à¥¯¨á âì ¢ ­ £«ï¤­®¬ ¨ ª®¬-
¯ ªâ­®¬ ¢¨¤¥:

 �� = �
ip
2
a � ��� (3.167)

a =
ip
2
��� 

�
� (3.168)

�ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ ­¥¯®áà¥¤áâ¢¥­­® ¢ëà ¦ ¥âáï ç¥à¥§ áª «ïà­®¥
¯à®¨§¢¥¤¥­¨¥ á®®â¢¥âáâ¢ãîé¨å á¯¨­®à®¢ ª ª:

a �b =  ��'
�� (3.169)

�¯¨­®àë £àã¯¯ë �®à¥­æ .
�â ª, ¢ ­¥à¥«ïâ¨¢¨áâáª®© â¥®à¨¨ ç áâ¨æ  á® á¯¨­®¬ s ®¯¨áë¢ ¥âáï (2s + 1) - ª®¬-
¯®­¥­â­®© ¢¥«¨ç¨­®© { á¨¬¬¥âà¨ç­ë¬ á¯¨­®à®¬ à ­£  2s, â.¥. ¬ â¥¬ â¨ç¥áª®© ¢¥-
«¨ç¨­®©, à¥ «¨§ãîé¥© á®®â¢¥âáâ¢ãîé¥¥ ­¥¯à¨¢®¤¨¬®¥ ¯à¥¤áâ ¢«¥­¨¥ £àã¯¯ë ¢à -
é¥­¨© SU (2). �àã¯¯  ¢à é¥­¨© ï¢«ï¥âáï ¯®¤£àã¯¯®© £àã¯¯ë �®à¥­æ  (£àã¯¯ë
¢à é¥­¨© ¢ ç¥âëà¥å¬¥à­®¬ ¯à®áâà ­áâ¢¥ - ¢à¥¬¥­¨). �£à ­¨ç¨¬áï à áá¬®âà¥­¨¥¬
á®¡áâ¢¥­­®© £àã¯¯ë �®à¥­æ  (¡¥§ ¯à®áâà ­áâ¢¥­­ëå ®âà ¦¥­¨©). �¥®à¨ï ç¥âëà¥å-
¬¥à­ëå á¯¨­®à®¢ áâà®¨âáï  ­ «®£¨ç­® â¥®à¨¨ âà¥å¬¥à­ëå á¯¨­®à®¢.

�¯¨­®à �� ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¢ãåª®¬¯®­¥­â­ãî ¢¥«¨ç¨­ã � = 1; 2, á®®â¢¥â-
áâ¢¥­­® ¯à®¥ªæ¨ï¬ á¯¨­  s = �1=2. �®¤ ¢®§¤¥©áâ¢¨¥¬ ¯à®¨§¢®«ì­®£® ¯à¥®¡à §®-
¢ ­¨ï �®à¥­æ , ª®¬¯®­¥­âë á¯¨­®à  ¯à¥®¡à §ãîâáï ¤àã£ ç¥à¥§ ¤àã£  (¡¨­ à­ë¥
¯à¥®¡à §®¢ ­¨ï):

�01 = ��1 + ��2 �02 = 
�1 + ��2 (3.170)

£¤¥ ª®¬¯«¥ªá­ë¥ ª®íää¨æ¨¥­âë �; �; 
; � ®¯à¥¤¥«ïîâáï ã£« ¬¨ ¯®¢®à®â  ç¥âëà¥å-
¬¥à­®© á¨áâ¥¬ë ª®®à¤¨­ â ¨ ¯®¤ç¨­¥­ë ãá«®¢¨î:

�� � �
 = 1 (3.171)
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â ª çâ® ¤¥â¥à¬¨­ ­â ¯à¥®¡à §®¢ ­¨ï (3.170) à ¢¥­ 1, çâ® ­ ª« ¤ë¢ ¥â ®£à ­¨ç¥­¨¥
¢ ¢¨¤¥ ¤¢ãå ãà ¢­¥­¨© ­  ç¥âëà¥ ª®¬¯«¥ªá­ëå ª®íää¨æ¨¥­â . �®íâ®¬ã ®áâ ¥âáï
8-2=6 ¢¥é¥áâ¢¥­­ëå ¯ à ¬¥âà®¢ ¯à¥®¡à §®¢ ­¨ï, á®®â¢¥âáâ¢¥­­® ç¨á«ã ã£«®¢ ¯®-
¢®à®â  á¨áâ¥¬ë ª®®à¤¨­ â ¢ ç¥âëà¥å¬¥à­®¬ ¯à®áâà ­áâ¢¥ - ¢à¥¬¥­¨ (¯®¢®à®âë ¢
è¥áâ¨ ª®®à¤¨­ â­ëå ¯«®áª®áâïå).

� á¨«ã (3.171) ¯à¨ ¯à¥®¡à §®¢ ­¨ïå (3.170) ®áâ ¥âáï ¨­¢ à¨ ­â­®© ¡¨«¨­¥©­ ï
ä®à¬ :

�1�2 � �2�1 (3.172)

¯®áâà®¥­­ ï ¨§ ¤¢ãå á¯¨­®à®¢ �� ¨ ��, ¨ á®®â¢¥âáâ¢ãîé ï áª «ïà­®© ç áâ¨æ¥ á®
á¯¨­®¬ 0, á®áâ ¢«¥­­®© ¨§ ¤¢ãå ç áâ¨æ á¯¨­  1/2.

� àï¤ã á ª®­âà¢ à¨ ­â­ë¬¨ á¯¨­®à ¬¨ �� ¢¢®¤ïâ ¥é¥ ¨ ª®¢ à¨ ­â­ë¥ á¯¨­®àë
��:

�� = g���
� (3.173)

£¤¥

g�� = g�� =

�
0 1
�1 0

�
(3.174)

â ª çâ®

�1 = �2 �2 = ��1 (3.175)

�1�2 � �2�1 = ���� = ����� (3.176)

�®ª  ¢á¥ ä®à¬ã«ë  ¡á®«îâ­® â¥ ¦¥, çâ® ¨ ¢ ­¥à¥«ïâ¨¢¨áâáª®© â¥®à¨¨. � §«¨ç¨¥
¢®§­¨ª ¥â ¯à¨ à áá¬®âà¥­¨¨ ª®¬¯«¥ªá­® á®¯àï¦¥­­ëå á¯¨­®à®¢. � ­¥à¥«ïâ¨¢¨áâ-
áª®© â¥®à¨¨ áã¬¬   1 1�+ 2 2�, ®¯à¥¤¥«ïîé ï ¯«®â­®áâì ¢¥à®ïâ­®áâ¨ «®ª «¨§ -
æ¨¨ ç áâ¨æ ¢ ¯à®áâà ­áâ¢¥, ï¢«ï¥âáï áª «ïà®¬. �®íâ®¬ã, ª®¬¯®­¥­âë  �� ¤®«¦­ë
¯à¥®¡à §®¢ë¢ âìáï ª ª ª®¢ à¨ ­â­ë¥ ª®¬¯®­¥­âë á¯¨­®à . �®®â¢¥âáâ¢¥­­®, ¯à¥-
®¡à §®¢ ­¨¥ (3.141), ª ª ¬ë ¢¨¤¥«¨, ï¢«ï¥âáï ã­¨â à­ë¬. � à¥«ïâ¨¢¨áâáª®© â¥-
®à¨¨ ¯«®â­®áâì ç áâ¨æ ­¥ ï¢«ï¥âáï áª «ïà®¬,   ¯à¥¤áâ ¢«ï¥â á®¡®© ¢à¥¬¥­­ãî
ª®¬¯®­¥­âã 4-¢¥ªâ®à ,   ­  ª®íää¨æ¨¥­âë ¯à¥®¡à §®¢ ­¨ï (3.170) ­¥ ­ ª« ¤ë-
¢ ¥âáï ­¨ª ª¨å ®£à ­¨ç¥­¨©, ªà®¬¥ (3.171). �®íâ®¬ã, ¢ à¥«ïâ¨¢¨áâáª®© â¥®à¨¨
ª®¬¯«¥ªá­® á®¯àï¦¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï á¯¨­®à®¢ ®ª §ë¢ îâáï áãé¥áâ¢¥­­® à §-
«¨ç­ë¬¨. �®®â¢¥âáâ¢¥­­®, §¤¥áì ¢®§­¨ª ¥â ¤¢  â¨¯  á¯¨­®à®¢. �­¤¥ªáë á¯¨­®à®¢,
¯à¥®¡à §ãîé¨åáï ¯® ¯® ª®¬¯«¥ªá­® á®¯àï¦¥­­ë¬ ä®à¬ã« ¬ (3.170) ®â¬¥ç îâáï
â®çª ¬¨ (¯ã­ªâ¨à­ë¥ ¨­¤¥ªáë).

�® ®¯à¥¤¥«¥­¨î ¨¬¥¥¬ � _� � ��� (§­ ç®ª � ®§­ ç ¥â §¤¥áì \¯à¥®¡à §ã¥âáï ª ª"),
¨ ¯à ¢¨«® ¯à¥®¡à §®¢ ­¨ï á¯¨­®à®¢ á ¯ã­ªâ¨à­ë¬¨ ¨­¤¥ªá ¬¨ ¨¬¥¥â ¢¨¤:

�0 _1 = ��� _1 + ��� _2 �0 _2 = 
�� _1 + ��� _2 (3.177)

�¯¥à æ¨¨ ®¯ãáª ­¨ï ¨ ¯®¤­¨¬ ­¨ï ¨­¤¥ªá®¢ ¨¬¥îâ ¯à¥¦­¨© ¢¨¤:

� _1 = �
_2 � _2 = �� _1 (3.178)

�® ®â­®è¥­¨î ª âà¥å¬¥à­ë¬ ¢à é¥­¨ï¬ 4-á¯¨­®àë ¢¥¤ãâ á¥¡ï ª ª âà¥å¬¥à­ë¥
á¯¨­®àë, ¯®áª®«ìªã, ª ª ®â¬¥ç «®áì ¢ëè¥, £àã¯¯  ¢à é¥­¨© ï¢«ï¥âáï ¯®¤£àã¯¯®©
£àã¯¯ë �®à¥­æ . �® ¤«ï âà¥å¬¥à­ëå á¯¨­®à®¢  �� �  �. �®íâ®¬ã, � _� ¢¥¤¥â á¥¡ï
¯à¨ ¢à é¥­¨ïå ª ª ª®­âà¢ à¨ ­â­ë© 3-á¯¨­®à  �.
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�¯¨­®àë ¢ëáè¨å à ­£®¢ ®¯à¥¤¥«ïîâáï ª ª á®¢®ªã¯­®áâ¨ ¢¥«¨ç¨­, ¯à¥®¡à §ãî-
é¨åáï ª ª ¯à®¨§¢¥¤¥­¨ï ª®¬¯®­¥­â ­¥áª®«ìª¨å á¯¨­®à®¢ ¯¥à¢®£® à ­£ . � ¯à¨¬¥à,
¬®¦­® ¢¢¥áâ¨ âà¨ â¨¯  á¯¨­®à®¢ ¢â®à®£® à ­£ :

��� � ���� ��
_� � ���

_� � _� _� � � _�H
_� (3.179)

�®®â¢¥âáâ¢¥­­®, à ­£ á¯¨­®à  ¢ à¥«ïâ¨¢¨áâáª®© â¥®à¨¨ ãª §ë¢ ¥âáï ¢ ¢¨¤¥ ¯ àë
ç¨á¥« (k; l), â.¥. ç¨á«  ­¥¯ã­ªâ¨à­ëå ¨ ¯ã­ªâ¨à­ëå ¨­¤¥ªá®¢.

�¢¥àâë¢ ­¨¥ (ã¯à®é¥­¨¥) á¯¨­®à®¢ ¬®¦¥â ¯à®¨§¢®¤¨âìáï «¨èì ¯® ¯ à ¬ ¨­-
¤¥ªá®¢ ®¤¨­ ª®¢®£® à®¤  (¤¢ã¬ ¯ã­ªâ¨à­ë¬ ¨«¨ ¤¢ã¬ ­¥¯ã­ªâ¨à­ë¬), ¯®áª®«ìªã
áã¬¬¨à®¢ ­¨¥ ¯® ¯ à¥ ¨­¤¥ªá®¢ à §«¨ç­®£® à®¤  ­¥ ï¢«ï¥âáï ¨­¢ à¨ ­â­®© ®¯¥à -
æ¨¥©. �®íâ®¬ã, ¨§ á¯¨­®à 

��1�2:::�k
_�1 _�2::: _�l (3.180)

á¨¬¬¥âà¨ç­®£® ¯® ¢á¥¬ k ¯ã­ªâ¨à­ë¬ ¨ l ­¥¯ã­ªâ¨à­ë¬ ¨­¤¥ªá ¬ ­¥«ì§ï ®¡à -
§®¢ âì á¯¨­®à ¡®«¥¥ ­¨§ª®£® à ­£  (ã¯à®é¥­¨¥ ¯® ¯ à¥ ¨­¤¥ªá®¢, ®â­®á¨â¥«ì­®
ª®â®àëå á¯¨­®à á¨¬¬¥âà¨ç¥­ ¤ ¥â, á ãç¥â®¬ (3.176), ­ã«ì). � ª¨¬ ®¡à §®¬, á¨¬-
¬¥âà¨ç­ë¥ á¯¨­®àë à¥ «¨§ãîâ ­¥¯à¨¢®¤¨¬ë¥ ¯à¥¤áâ ¢«¥­¨ï £àã¯¯ë �®à¥­æ ,  
ª ¦¤®¥ â ª®¥ ¯à¥¤áâ ¢«¥­¨¥ ®¯à¥¤¥«ï¥âáï ¯ à®© ç¨á¥« (k; l). �®áª®«ìªã ª ¦¤ë©
¨§ á¯¨­®à­ëå ¨­¤¥ªá®¢ ¯à®¡¥£ ¥â ¤¢  §­ ç¥­¨ï, â® ¨¬¥¥âáï k + 1 áãé¥áâ¢¥­­®8

à §«¨ç­ëå ­ ¡®à®¢ ç¨á¥« �1; �2; :::; �k ¢ (3.180) (á®¤¥à¦ é¨å 0,1,2,...k ¥¤¨­¨æ ¨ k,k-
1,...,0 ¤¢®¥ª) ¨ l+1 ­ ¡®à®¢ ç¨á¥« _�1; _�2; :::; _�l. �«¥¤®¢ â¥«ì­®, á¨¬¬¥âà¨ç­ë© á¯¨­®à
à ­£  (k; l) ¨¬¥¥â (k+1)(l+1) ­¥§ ¢¨á¨¬ëå ª®¬¯®­¥­â, çâ® ¨ ®¯à¥¤¥«ï¥â à §¬¥à­®áâì
á®®â¢¥âáâ¢ãîé¥£® ­¥¯à¨¢®¤¨¬®£® ¯à¥¤áâ ¢«¥­¨ï.

�¢ï§ì á¯¨­®à®¢ á 4-¢¥ªâ®à ¬¨.

�¯¨­®à ��
_� ¨¬¥¥â 2�2=4 ª®¬¯®­¥­âë, áâ®«ìª® ¦¥, áª®«ìª® ¨ ã 4-¢¥ªâ®à  a�. �®-

áª®«ìªã â®â ¨ ¤àã£®© à¥ «¨§ãîâ ®¤­® ¨ â® ¦¥ ­¥¯à¨¢®¤¨¬®¥ ¯à¥¤áâ ¢«¥­¨¥ á®¡-
áâ¢¥­­®© £àã¯¯ë �®à¥­æ , ¬¥¦¤ã ¨å ª®¬¯®­¥­â ¬¨ áãé¥áâ¢ã¥â «¨­¥©­ ï á¢ï§ì:

a1 =
1

2
(�1

_2 + �2
_1) a2 =

i

2
(�1

_2 � �2
_1)

a3 =
1

2
(�1

_1 � �2 _2) a0 =
1

2
(�1

_1 + �2
_2) (3.181)

�«ï ¯à®áâà ­áâ¢¥­­ëå ª®¬¯®­¥­â íâ  á¢ï§ì â ª ï ¦¥, ª ª ¨ ¢ âà¥å¬¥à­®© £àã¯¯¥

¢à é¥­¨©, á ãç¥â®¬ § ¬¥­ë  �� ! ��
_�. �ëà ¦¥­¨¥ ¤«ï a0 ®ç¥¢¨¤­® ¨§ ¯à®¢¥¤¥­-

­ëå ¢ëè¥ à ááã¦¤¥­¨© ® ¯«®â­®áâ¨ ¢¥à®ïâ­®áâ¨ ¯à®áâà ­áâ¢¥­­®© «®ª «¨§ æ¨¨
ç áâ¨æë, ª ª ¢à¥¬¥­­®© ª®¬¯®­¥­âë 4-¢¥ªâ®à . �¡à â­ë¥ ä®à¬ã«ë ¨¬¥îâ ¢¨¤:

�1
_1 = �2 _2 = a3 + a0 �2

_2 = �1 _1 = a0 � a3
�1

_2 = ��2 _1 = a1 � ia2 �2
_1 = ��1 _2 = a1 + ia2 (3.182)

�®íää¨æ¨¥­âë ¢ íâ¨å ä®à¬ã« å ¯®¤®¡à ­ë â ª, çâ®¡ë áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥
§ ¯¨áë¢ «®áì ¢ ¢¨¤¥:

a2 =
1

2
�� _��

� _� (3.183)

8��
_� ¨ �

_�� { íâ® ®¤­® ¨ â® ¦¥, ¯®áª®«ìªã ¯à¥®¡à §®¢ ­¨ï (3:170) ¨ (3:177) ­¥§ ¢¨á¨¬ë.
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�®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ��
_� ¨ 4-¢¥ªâ®à®¬ a� ¥áâì ç áâ­ë© á«ãç © ®¡é¥£® ¯à ¢¨« :

«î¡®© á¨¬¬¥âà¨ç­ë© á¯¨­®à à ­£  (k; k) íª¢¨¢ «¥­â¥­ á¨¬¬¥âà¨ç­®¬ã ­¥¯à¨¢®-
¤¨¬®¬ã (â.¥. ®¡à é îé¥¬ãáï ¢ ­ã«ì ¯à¨ á¢¥àâë¢ ­¨¨ ¯® «î¡®© ¯ à¥ ¨­¤¥ªá®¢)
4-â¥­§®àã à ­£  k.

�¢ï§ì á¯¨­®à  à ­£  (1; 1) á 4-¢¥ªâ®à®¬ (3.181), (3.182) ¬®¦­® § ¯¨á âì ¢ ª®¬-
¯ ªâ­®¬ ¢¨¤¥ á ¯®¬®éìî ¬ âà¨æ � ã«¨:

a =
1

2
Sp(�̂�) a0 =

1

2
Sp�̂ (3.184)

�̂ = a � � + a01̂ (3.185)

£¤¥ �̂ { ¬ âà¨æ  ��
_�, 1̂ { ¥¤¨­¨ç­ ï ¬ âà¨æ .

� ¯¨è¥¬ ¯à¥®¡à §®¢ ­¨¥ á¯¨­®à  �� ¢ ¢¨¤¥:

�0� = (B�)� £¤¥ B =

�
� �

 �

�
(3.186)

�®£¤ 9

�0 _� = (B��) _� = (�B+)
_� (3.187)

�à¥®¡à §®¢ ­¨¥ á¯¨­®à  à ­£  (1; 1) § ¯¨áë¢ ¥âáï â®£¤  ª ª:

�0 = B�B+ (3.188)

�à¨ ¡¥áª®­¥ç­® ¬ «®¬ ¯à¥®¡à §®¢ ­¨¨B = 1+�, £¤¥ � { ¡¥áª®­¥ç­® ¬ « ï ¬ âà¨æ .
�®£¤  ¨§ (3.188) ¨¬¥¥¬:

�0 = � + (�� + ��+) (3.189)

� áá¬®âà¨¬ â¥¯¥àì ¯à¥®¡à §®¢ ­¨¥ �®à¥­æ  ª á¨áâ¥¬¥ ª®®à¤¨­ â, ¤¢¨¦ãé¥©áï á
¡¥áª®­¥ç­® ¬ «®© áª®à®áâìî �v (¡¥§ ¨§¬¥­¥­¨ï ­ ¯à ¢«¥­¨ï ¯à®áâà ­áâ¢¥­­ëå
®á¥©). �à¨ íâ®¬ 4-¢¥ªâ®à a� = (a0; a) ¯à¥®¡à §ã¥âáï ª ª:

a0 = a � a0�v a00 = a0 � a � �v (3.190)

�á¯®«ì§ã¥¬ â¥¯¥àì (3.184). � ®¤­®© áâ®à®­ë:

a00 = a0 � a�v = a0 � 1

2
Sp(���v) (3.191)

  á ¤àã£®©

a00 =
1

2
Sp�0 = a0 +

1

2
Sp(�� + ��+) = a0 +

1

2
Sp�(� + �+) (3.192)

�à ¢­¨¢ ï (3.191), (3.192) ¯®«ãç ¥¬:

�+ �+ = ���v (3.193)

�­ «®£¨ç­ë¬ ®¡à §®¬, à áá¬ âà¨¢ ï ¯à¥®¡à §®¢ ­¨¥ a, ¯®«ãç¨¬:

�� + �+� = ��v (3.194)

9�«ï ª®¢ à¨ ­â­ëå ª®¬¯®­¥­â ¨¬¥¥¬ �0� = ( ~B�1�)� = (�B�1)�, �0_� = (�B��1)�, â ª çâ® áª -
«ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ á¯¨­®à®¢ ®áâ ¥âáï ¨­¢ à¨ ­â­ë¬.
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� ¢¥­áâ¢  (3.193), (3.194) ¨¬¥îâ à¥è¥­¨¥:

� = �+ = �1
2
��v (3.195)

â ª çâ® ¡¥áª®­¥ç­® ¬ «®¥ ¯à¥®¡à §®¢ ­¨¥ �®à¥­æ  ¤«ï á¯¨­®à  �� ®áãé¥áâ¢«ï¥âáï
¬ âà¨æ¥©:

B = 1� 1

2
(� � n)�v (3.196)

£¤¥ n = �v=�v. �âáî¤  ¬®¦­® ¯¥à¥©â¨ ª ª®­¥ç­ë¬ ¯à¥®¡à §®¢ ­¨ï¬. �à¥®¡à §®-
¢ ­¨¥ �®à¥­æ  (¯¥à¥å®¤ ª á¨áâ¥¬¥ ª®®à¤¨­ â, ¤¢¨¦ãé¥©áï á® áª®à®áâìî v) £¥®¬¥-
âà¨ç¥áª¨ ®§­ ç ¥â ¯®¢®à®â ç¥âëà¥å¬¥à­®© á¨áâ¥¬ë ª®®à¤¨­ â ¢ ¯«®áª®áâ¨ (t;n)
­  ã£®« ', á¢ï§ ­­ë© á® áª®à®áâìî v à ¢¥­áâ¢®¬ v = th' [25]. �¥áª®­¥ç­® ¬ «®¬ã
¯à¥®¡à §®¢ ­¨î á®®â¢¥âáâ¢ã¥â ã£®« �' = �v,   ¯®¢®à®â ­  ª®­¥ç­ë© ã£®« ®áãé¥-
áâ¢«ï¥âáï '=�' - ªà â­ë¬ ¯à¨¬¥­¥­¨¥¬ ¯®¢®à®â  ­  �'. �®§¢®¤ï (3.196) ¢ áâ¥¯¥­ì
'=�' ¨ ¯¥à¥å®¤ï ª ¯à¥¤¥«ã �'! 0, ¯®«ãç ¥¬:

B = exp
�
�'
2
n � �

�
(3.197)

�ç¨âë¢ ï, çâ® ç¥â­ë¥ áâ¥¯¥­¨ n � � à ¢­ë 1,   ­¥ç¥â­ë¥ { n � �, ¨¬¥¥¬:

B = ch
'

2
� n � �sh'

2
th' = v (3.198)

�â¬¥â¨¬ íà¬¨â®¢®áâì ¬ âà¨æë ¯à¥®¡à §®¢ ­¨ï B = B+. �ëà ¦¥­¨¥ (3.198) ¨ ®¯à¥-
¤¥«ï¥â «®à¥­æ¥¢áª®¥ ¯à¥®¡à §®¢ ­¨¥ ç¥âëà¥å¬¥à­®£® á¯¨­®à  ¯¥à¢®£® à ­£ .

� áá¬®âà¨¬ â¥¯¥àì ¡¥áª®­¥ç­® ¬ «ë© ¯®¢®à®â ¢¥ªâ®à  ¢ âà¥å¬¥à­®¬ ¯à®áâà ­-
áâ¢¥, ª®£¤ :

a0 = a� [�� � a] (3.199)

� íâ®¬ á«ãç ¥,  ­ «®£¨ç­ë¬ ®¡à §®¬, ¯®«ãç¨¬:

B = 1 +
i

2
� � �� (3.200)

  ¤«ï ¯®¢®à®â  ­  ª®­¥ç­ë© ã£®«:

B = exp

�
i
�

2
n � �

�
= cos

�

2
+ in � � sin �

2
(3.201)

£¤¥ n § ¤ ¥â ­ ¯à ¢«¥­¨¥ ®á¨ ¢à é¥­¨ï. �â  ¬ âà¨æ  ã­¨â à­  B+ = B�1, ª ª ¨
¤®«¦­® ¡ëâì ¤«ï ¯à®áâà ­áâ¢¥­­®£® ¯®¢®à®â .

�­¢¥àá¨ï á¯¨­®à®¢ (P - ®âà ¦¥­¨¥).

� ­¥à¥«ïâ¨¢¨áâáª®© ª¢ ­â®¢®© ¬¥å ­¨ª¥ ®¯¥à æ¨ï ¨­¢¥àá¨¨ ¯à®áâà ­áâ¢  ­¥ ¬¥-
­ï¥â §­ ª  ªá¨ «ì­®£® ¢¥ªâ®à , ª ª®¢ë¬ ï¢«ï¥âáï á¯¨­. �®íâ®¬ã ­¥ ¬¥­ï¥â §­ ª
¨ ¥£® ¯à®¥ªæ¨ï sz . � ª¨¬ ®¡à §®¬, ¯à¨ ¨­¢¥àá¨¨ ª ¦¤ ï ª®¬¯®­¥­â  âà¥å¬¥à­®£®
á¯¨­®à   � ¯à¥®¡à §ã¥âáï â®«ìª® ç¥à¥§ á ¬ã á¥¡ï:

 � ! P � (3.202)

�à®¢®¤ï ¨­¢¥àá¨î ¤¢ ¦¤ë, ¬ë ¢®§¢à é ¥¬áï ª ¨áå®¤­®© á¨áâ¥¬¥ ª®®à¤¨­ â. � á«ã-
ç ¥ á¯¨­®à®¢, ¢®§¢à â ª ­ ç «ì­®¬ã ¯®«®¦¥­¨î ¬®¦­® ¯®­¨¬ âì «¨¡® ª ª ¯®¢®à®â
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­  ã£®« 0, «¨¡® ª ª ¯®¢®à®â ­  ã£®« 2=pi. �® ¬ë ¢¨¤¥«¨, çâ® ¤«ï á¯¨­®à®¢ íâ® ­¥
®¤­® ¨ â®¦¥, ¯®áª®«ìªã, á®£« á­® (3.161), ª®¬¯®­¥­âë  � ¬¥­ïîâ §­ ª ¯à¨ ¯®¢®à®â¥
­  2�. �®íâ®¬ã ¢®§­¨ª îâ ¤¢¥  «ìâ¥à­ â¨¢ë:

P 2 = 1 â.¥. P = �1 (3.203)

P 2 = �1 â.¥. P = �i (3.204)

�¥à¥©¤¥¬ ª ç¥âëà¥å¬¥à­ë¬ á¯¨­®à ¬. �­¢¥àá¨ï ª®¬¬ãâ â¨¢­  á ¯à®áâà ­áâ¢¥­-
­ë¬¨ ¢à é¥­¨ï¬¨, ¯®áª®«ìªã ®­  «¨èì ¬¥­ï¥â §­ ª x; y; z ¢ x; y; z; t, ­® ­¥ª®¬¬ã-
â â¨¢­  á ¯à¥®¡à §®¢ ­¨ï¬¨, ¯®¢®à ç¨¢ îé¨¬¨ ®áì t. � á ¬®¬ ¤¥«¥, ¥á«¨ L ¥áâì
¯à¥®¡à §®¢ ­¨¥ �®à¥­æ  ª á¨áâ¥¬¥, ¤¢¨¦ãé¥©áï á® áª®à®áâìî v, â® PL = L0P , £¤¥
L0 { ¯à¥®¡à §®¢ ­¨¥ ª á¨áâ¥¬¥, ¤¢¨¦ãé¥©áï á® áª®à®áâìî �v. � ª¨¬ ®¡à §®¬, ¯à¨
¨­¢¥àá¨¨, ª®¬¯®­¥­âë ç¥âëà¥å¬¥à­®£® á¯¨­®à  �� ­¥ ¬®£ãâ ¯à¥®¡à §®¢ë¢ âìáï ç¥-
à¥§ á ¬¨å á¥¡ï. � ª¨¬ ®¡à §®¬, ¨­¢¥àá¨ï ¯à¥®¡à §ã¥â �� ç¥à¥§ ¤àã£¨¥ ¢¥«¨ç¨­ë,
ª ª®¢ë¬¨ ¬®£ãâ ¡ëâì «¨èì � _�. �®áª®«ìªã ¨­¢¥àá¨ï ­¥ ¨§¬¥­ï¥â §­ ª sz , â® ª®¬-
¯®­¥­âë �1 ¨ �2 ¬®£ãâ ¯¥à¥©â¨ â®«ìª® ¢ � _1 ¨ � _2, á®®â¢¥âáâ¢ãîé¨¥ â¥¬ ¦¥ sz = +1=2
¨ sz = �1=2. �®­¨¬ ï ¯®¤ ¨­¢¥àá¨¥© ®¯¥à æ¨î, ¤ îéãî 1 ¯à¨ ¤¢ãªà â­®¬ ¯à¨¬¥-
­¥­¨¨, ®¯à¥¤¥«¨¬ ¥¥ ä®à¬ã« ¬¨:

�� ! � _� � _�! ��

�� !�� _� � _� !��� (3.205)

¤«ï á«ãç ï P 2 = 1. �«ï ¢ à¨ ­â  P 2 = �1 ¬®¦­® ­ ¯¨á âì:

�� ! i� _� � _�! i��

�� !�i� _� � _� !�i�� (3.206)

�àã£®© §­ ª ¢® ¢â®à®© áâà®ª¥ íâ¨å ä®à¬ã« á¢ï§ ­ á â¥¬ ®¡áâ®ïâ¥«ìáâ¢®¬, çâ® ®¯ãá-
ª ­¨¥ ¨ ¯®¤­¨¬ ­¨¥ ®¤­®£® ¨ â®£® ¦¥ ¨­¤¥ªá  ¯à®¨áå®¤¨â, á®£« á­® (3.175), (3.178),
á à §­ë¬¨ §­ ª ¬¨. �¨¦¥, ¤«ï ®¯à¥¤¥«¥­­®áâ¨, ¢¥§¤¥ ¡ã¤¥¬ ¯®«ì§®¢ âìáï ®¯à¥¤¥-
«¥­¨¥¬ (3.206).

�® ®â­®è¥­¨î ª ¯®¤£àã¯¯¥ ¢à é¥­¨©, ª ª ¬ë ¢¨¤¥«¨ ¢ëè¥, ¢¥«¨ç¨­ë �� ¨ � _�
¯à¥®¡à §ãîâáï ®¤¨­ ª®¢®. �¡à §ã¥¬ ¨å ª®¬¡¨­ æ¨¨:

�� � � _� (3.207)

�¥âàã¤­® ¢¨¤¥âì, çâ® íâ¨ ª®¬¡¨­ æ¨¨ ¯à¥®¡à §ãîâáï ¯à¨ ¨­¢¥àá¨¨ á ¬¨ ç¥à¥§ á¥¡ï,
ª ª (3.202) á P = �i. �¤­ ª®, íâ¨ ª®¬¡¨­ æ¨¨ ­¥ ¢¥¤ãâ á¥¡ï ª ª á¯¨­®àë ¯® ®â­®-
è¥­¨î ª® ¢á¥¬ ¯à¥®¡à §®¢ ­¨ï¬ £àã¯¯ë �®à¥­æ .

� ª¨¬ ®¡à §®¬, ¢ª«îç¥­¨¥ ¨­¢¥àá¨¨ ¢ £àã¯¯ã á¨¬¬¥âà¨¨ âà¥¡ã¥â ®¤­®¢à¥¬¥­-
­®£® à áá¬®âà¥­¨ï ¯ àë á¯¨­®à®¢ (��; � _�) { ¡¨á¯¨­®à . �¥âëà¥ ª®¬¯®­¥­âë ¡¨á¯¨-
­®à  à¥ «¨§ãîâ ®¤­® ¨å ­¥¯à¨¢®¤¨¬ëå ¯à¥¤áâ ¢«¥­¨© à áè¨à¥­­®© £àã¯¯ë �®-
à¥­æ . �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ¡¨á¯¨­®à®¢ ¬®¦¥â ¡ëâì ®¡à §®¢ ­® ¤¢ã¬ï
à §­ë¬¨ á¯®á®¡ ¬¨. �¥«¨ç¨­ 

���� + � _�H
_� (3.208)

¯à¨ ¨­¢¥àá¨¨ ­¥ ¬¥­ï¥âáï ¨ ®¯à¥¤¥«ï¥â, â ª¨¬ ®¡à §®¬, ¨áâ¨­­ë© áª «ïà. �¥«¨ç¨­ 

���� � � _�H
_� (3.209)
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â ª¦¥ ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® ¯®¢®à®â®¢ ç¥âëà¥å¬¥à­®© á¨áâ¥¬ë ª®®à¤¨­ â, ­®
¬¥­ï¥â §­ ª ¯à¨ ¨­¢¥àá¨¨, ®¯à¥¤¥«ïï, â ª¨¬ ®¡à §®¬, ¯á¥¢¤®áª «ïà.

�¢ã¬ï á¯®á®¡ ¬¨ ¨§ ª®¬¯®­¥­â ¤¢ãå ¡¨á¯¨­®à®¢ ¬®¦­® ®¯à¥¤¥«¨âì ¨ á®®â¢¥â-

áâ¢ãîé¨© á¯¨­®à ¢â®à®£® à ­£  ��
_�. �¯à¥¤¥«¨¢ ¥£® ª ª:

��
_� � ��H

_� +���
_� (3.210)

¯®«ãç¨¬ ¢¥«¨ç¨­ã, ¯à¥®¡à §ãîéãîáï ¯à¨ ¨­¢¥àá¨¨ á®£« á­® ��
_� ! � _��, â ª çâ® 4-

¢¥ªâ®à, íª¢¨¢ «¥­â­ë© íâ®¬ã á¯¨­®àã ¯à¥®¡à §ã¥âáï á®£« á­® (a0; a) ! (a0;�a) ¨
¯à¥¤áâ ¢«ï¥â á®¡®© ¨áâ¨­­ë© 4-¢¥ªâ®à (¯à¨ íâ®¬ a { ¯®«ïà­ë© ¢¥ªâ®à). �® ¬®¦­®
®¯à¥¤¥«¨âì ��

_� ¨ ¨­ ç¥:

��
_� � ��H

_� � ���
_� (3.211)

�®£¤  ¯à¨ ¨­¢¥àá¨¨ ��
_� !�� _�� ¨ íâ®¬ã á¯¨­®àã á®®â¢¥âáâ¢ã¥â 4-¢¥ªâ®à, ¯à¥®¡à -

§ãîé¨©áï ¯à¨ ¨­¢¥àá¨¨ ª ª (a0; a)! (�a0; a), â.¥. 4-¯á¥¢¤®¢¥ªâ®à (a {  ªá¨ «ì­ë©
¢¥ªâ®à).

�à ¢­¥­¨¥ �¨à ª .
� áâ¨æ  á® á¯¨­®¬ 1/2 ¢ á¨áâ¥¬¥ ¯®ª®ï ®¯¨áë¢ ¥âáï ¤¢ãåª®¬¯®­¥­â­®© ¢®«­®¢®©
äã­ªæ¨¥© { âà¥å¬¥à­ë¬ á¯¨­®à®¬. �® á¢®¥¬ã ç¥âëà¥å¬¥à­®¬ã \¯à®¨áå®¦¤¥­¨î"
íâ® ¬®¦¥â ¡ëâì ª ª ­¥¯ã­ªâ¨à­ë©, â ª ¨ ¯ã­ªâ¨à­ë© 4-á¯¨­®à: �� ¨«¨ � _�. �¤¨­-
áâ¢¥­­ë© ®¯¥à â®à, ¢å®¤ïé¨© ¢ ¢®«­®¢®¥ ãà ¢­¥­¨¥ ¥áâì p� = i@�, ª®â®àë© ¢ á¯¨-
­®à­®¬ ¯à¥¤áâ ¢«¥­¨¨ ¢ëà ¦ ¥âáï ç¥à¥§ p� _�:

p1
_1 = p2 _2 = pz + p0 p2

_2 = p1 _1 = p0 � pz
p1

_2 = �p2 _1 = px � ipy p2
_1 = �p1 _2 = px + ipy (3.212)

�§ âà¥¡®¢ ­¨ï à¥«ïâ¨¢¨áâáª®© ¨­¢ à¨ ­â­®áâ¨ áà §ã ¦¥ ¬®¦­® ­ ¯¨á âì á«¥¤ãî-
éãî á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª :

p�
_�� _� = m��

p _���
� = m� _� (3.213)

ª®â®à ï ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã ãà ¢­¥­¨© �¨à ª  ¢ á¯¨­®à­®¬ ¯à¥¤áâ ¢«¥-
­¨¨.

�®¤áâ ¢«ïï � _� ¨§ ¢â®à®£® ãà ¢­¥­¨ï (3.213) ¢ ¯¥à¢®¥, ¯®«ãç¨¬:

p�
_�� _� =

1

m
p�

_�p
 _��

 = m�� (3.214)

�ç¨âë¢ ï p�
_�p
 _� = p2��
 , ¯®«ãç ¥¬ ¨§ (3.214):

(p2 �m2)�
 = 0 (3.215)

{ ãà ¢­¥­¨¥ �«¥©­  - �®à¤®­  ¤«ï ª ¦¤®© ª®¬¯®­¥­âë á¯¨­®à . �à¨ íâ®¬ ïá­®,
çâ® ¯ à ¬¥âà m ¨£à ¥â à®«ì ¬ ááë ç áâ¨æë. � ¬¥â¨¬, çâ® ¨¬¥­­® ­¥®¡å®¤¨¬®áâì
¢¢¥¤¥­¨ï ¬ ááë âà¥¡ã¥â ®¤­®¢à¥¬¥­­®£® à áá¬®âà¥­¨ï ¤¢ãå á¯¨­®à®¢ �� ¨ � _�, â.¥.
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¢¢¥¤¥­¨ï ¡¨á¯¨­®à , ¨­ ç¥ ­¥ ã¤ ¥âáï á®áâ ¢¨âì à¥«ïâ¨¢¨áâáª¨ ¨­¢ à¨ ­â­ë¥ ãà ¢-
­¥­¨ï, á®¤¥à¦ é¨¥ à §¬¥à­ë© ¯ à ¬¥âà m. � à¥§ã«ìâ â¥, ¢®«­®¢®¥ ãà ¢­¥­¨¥ ®ª -
§ë¢ ¥âáï  ¢â®¬ â¨ç¥áª¨ ¨­¢ à¨ ­â­ë¬ ®â­®á¨â¥«ì­® ¯à®áâà ­áâ¢¥­­®© ¨­¢¥àá¨¨,
¥á«¨ ®¯à¥¤¥«¨âì ¥¥ ª ª (áà. (3.206)):

P : �� ! i� _� � _�! i�� (3.216)

�à¨ íâ®¬ ¢ (3.213) ®¤­®¢à¥¬¥­­® p _�� ! p� _�.
� ¯®¬®éìî (3.185) ãà ¢­¥­¨ï (3.213) ¬®¦­® § ¯¨á âì ª ª:

(p0 + p�)� = m�

(p0 � p�)� = m� (3.217)

£¤¥ ¢¢¥«¨ áâ®«¡æë:

� =

�
�1

�2

�
� =

�
� _1
� _2

�
(3.218)

�«ï ª®¬¯«¥ªá­® á®¯àï¦¥­­ëå ãà ¢­¥­¨© ã¤®¡­® ¢¢¥áâ¨ áâà®ª¨:

�� = (�1�; �2�) �� = (��_1 ; �
�
_2
) (3.219)

¨ § ¯¨á âì (á ãç¥â®¬ p�� = �p�):
��(p0 + p�) = �m�
��(p0 � p�) = �m� (3.220)

�¯¥à æ¨ï ¨­¢¥àá¨¨ ¤«ï ª®¬¯«¥ªá­® á®¯àï¦¥­­ëå á¯¨­®à®¢ § ¯¨áë¢ ¥âáï ª ª:

P : ��� !�i��_� ��_�!�i��� (3.221)

� «¨â¥à âãà¥, £®à §¤® ç é¥ ­¥¦¥«¨ (3.213) ¨«¨ (3.217), ¨á¯®«ì§ã¥âáï â ª ­ -
§ë¢ ¥¬ ï á¨¬¬¥âà¨ç­ ï ä®à¬  ãà ¢­¥­¨ï �¨à ª . �â®¡ë ¯¥à¥©â¨ ª ­¥©, ¢¢¥¤¥¬
ç¥âëà¥åª®¬¯®­¥­â­ë© ¡¨á¯¨­®à �¨à ª , á®áâ ¢«¥­­ë© ¨§ áâ®«¡æ®¢ (3.218):

 =

�
�
�

�
(3.222)

�®£¤  á¨áâ¥¬ã (3.217) ¬®¦­® § ¯¨á âì ª ª:

p�

�
ik k = m i (3.223)

¨«¨, ®¯ãáª ï ¡¨á¯¨­®à­ë¥ ¨­¤¥ªáë:

(
�p� �m) = 0 â.¥. (i
�@� �m) = 0 (3.224)

£¤¥ 
�p� = p0

0 �p �
 = i
0 @@t + i
 �r, ¨ ¬ë ¢¢¥«¨ ¬ âà¨æë 4�4 (¬ âà¨æë �¨à ª )

¢¨¤ :


0 =

�
0 1̂

1̂ 0

�

 =

�
0 ��̂
�̂ 0

�
(3.225)

�¥©áâ¢¨â¥«ì­®, (3.217) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:�
0 p0 + p�

p0 � p� 0

��
�
�

�
= m

�
�
�

�
(3.226)
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çâ® á®¢¯ ¤ ¥â á (3.224) ¯à¨ ¢ë¡®à¥ 
-¬ âà¨æ ¢ ¢¨¤¥ (3.225).
� ®¡é¥¬ á«ãç ¥ 
-¬ âà¨æë ¤®«¦­ë «¨èì ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬, ®¡¥á¯¥ç¨¢ -

îé¨¬ à ¢¥­áâ¢® p2 = m2. �«ï ¢ë¢®¤  íâ¨å ãá«®¢¨© ã¬­®¦¨¬ (3.224) á«¥¢  ­  
�p�.
�®£¤ :

(
�p�)(

�p�) = m(
�p�) = m2 (3.227)

�®áª®«ìªã p�p� ¯à¥¤áâ ¢«ï¥â á®¡®© á¨¬¬¥âà¨ç­ë© â¥­§®à (ª®¬¯®­¥­âë ¨¬¯ã«ìá 
ª®¬¬ãâ â¨¢­ë), â® (3.227) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥:

1

2
p�p�(


�
� + 
�
�) = m2 (3.228)

â ª çâ® ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¢ë¯®«­¥­®, ¥á«¨:


�
� + 
�
� = 2g�� (3.229)

� ª¨¬ ®¡à §®¬, ¯ àë à §­ëå ¬ âà¨æ 
�  ­â¨ª®¬¬ãâ¨àãîâ,   ¨å ª¢ ¤à âë à ¢­ë:

(
1)2 = (
2)2 = (
3)2 = �1 (
0)2 = 1 (3.230)

�à¨ ¯à®¨§¢®«ì­®¬ ã­¨â à­®¬ ¯à¥®¡à §®¢ ­¨¨ ª®¬¯®­¥­â ¡¨á¯¨­®à   :  0 = U ,
£¤¥ U - ã­¨â à­ ï ¬ âà¨æ  4�4, 
-¬ âà¨æë ¯à¥®¡à §ãîâáï ª ª:


0 = U
U�1 = U
U+ (3.231)

â ª çâ® (
�p� �m) = 0 ¯¥à¥å®¤¨â ¢ (
0�p� �m) 0 = 0. �à¨ â ª®¬ ¯à¥®¡à §®¢ ­¨¨
á®åà ­ïîâáï ®ç¥¢¨¤­ë¥ ¨§ (3.225) á¢®©áâ¢ :


+ = �
 
0+ = 
0 (3.232)

�à ¢­¥­¨¥, ª®¬¯«¥ªá­® á®¯àï¦¥­­®¥ (3.224), ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

(�p0~
0 � p~
 �m) � = 0 (3.233)

�¥à¥áâ ¢«ïï  � á ¯®¬®éìî ~
� � =  �
� ¨ ã¬­®¦ ï ¢á¥ ãà ¢­¥­¨¥ á¯à ¢  ­  
0 (á
ãç¥â®¬ 

0 = �
0
), ¯®«ãç¨¬ á®¯àï¦¥­­®¥ ãà ¢­¥­¨¥ �¨à ª :

� (
�p� +m) = 0 (3.234)

£¤¥ ¢¢¥«¨:
� =  �
0  � = � 
0 (3.235)

{ ®¯¥à æ¨î ¤¨à ª®¢áª®£® á®¯àï¦¥­¨ï ¡¨á¯¨­®à   .
�¥âàã¤­® ¢¨¤¥âì, çâ® ãà ¢­¥­¨¥ �¨à ª  (3.224):

(i
�@� �m) = 0 (3.236)

¬®¦¥â ¡ëâì ¯®«ãç¥­® ¨§ ãà ¢­¥­¨ï �©«¥à  - � £à ­¦ :

@L
@ � 

� @�

�
@L

@(@� � )

�
= 0 (3.237)

¥á«¨ ¢¢¥áâ¨ « £à ­¦¨ ­ ¤¨à ª®¢áª®£® ¯®«ï ¢ ¢¨¤¥:

L =
i

2
[ � 
�(@� ) � (@� � )


� ]�m �  � i � 
� e@� �m �  (3.238)
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£¤¥ ç¥à¥§ e@� ®¡®§­ ç¥­  ®¯¥à æ¨ï ¤¨ää¥à¥­æ¨à®¢ ­¨ï \¢¯à ¢®" ¨ \¢«¥¢®", ®¯à¥¤¥-
«¥­­ ï ¢ë¯¨á ­­ë¬ â®¦¤¥áâ¢®¬. �à¨ íâ®¬, ¢ ãà ¢­¥­¨ïå �©«¥à  - � £à ­¦  � ¨  
à áá¬ âà¨¢ îâáï ª ª ­¥§ ¢¨á¨¬ë¥ ¯®«ï (á®¯àï¦¥­­®¥ ãà ¢­¥­¨¥ �¨à ª  (3.234))
¯®«ãç ¥âáï ¨§ ãà ¢­¥­¨ï (3.237) ¯®á«¥ § ¬¥­ë � !  . �®£¤  ­¥¬¥¤«¥­­® ­ å®¤¨¬
ª ­®­¨ç¥áª¨© ¨¬¯ã«ìá �(x) ¤¨à ª®¢áª®£® ¯®«ï:

�(x) =
@L

@ _ (x)
= i +(x) (3.239)

� à¥§ã«ìâ â¥, ¯«®â­®áâì £ ¬¨«ìâ®­¨ ­  ¤¨à ª®¢áª®£® ¯®«ï § ¯¨áë¢ ¥âáï ª ª:

H = � _ �L =  +
0(�i
i@i +m) =  +
0(i
0@0 ) =  +i
@ 

@t
(3.240)

£¤¥ ¢® ¢â®à®¬ à ¢¥­áâ¢¥ ¨á¯®«ì§®¢ ­® ãà ¢­¥­¨¥ �¨à ª  (3.224).

�âáâã¯«¥­¨¥ ® à §¬¥à­®áâïå.

�á¯®«ì§ãï ï¢­ë© ¢¨¤ « £à ­¦¨ ­  ¤¨à ª®¢áª®£® ¯®«ï (3.238) ¨ ¨§¢¥áâ­ë¥ à §¬¥à­®áâ¨ [L] = l�4,
[m] = l�1 , [@] = l�1, í«¥¬¥­â à­® ­ å®¤¨¬ à §¬¥à­®áâì ¤¨à ª®¢áª®£® ¯®«ï:

[ ] = [ � ] = l�3=2 (3.241)

çâ® ¯à¨£®¤¨âáï ¢ ¤ «ì­¥©è¥¬.

�à¥®¡à §®¢ ­¨¥ ¨­¢¥àá¨¨ (3.216) ¤«ï  ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

P :  ! i
0 � !�i � 
0 (3.242)

�­¢ à¨ ­â­®áâì ãà ¢­¥­¨ï �¨à ª  ®â­®á¨â¥«ì­® (3.242) ®ç¥¢¨¤­ : § ¬¥­ïï p!�p
¨  ! i
0 ¯®«ãç ¥¬ (p0
0+p
�m)
0 = 0,   ã¬­®¦ ï íâ® ãà ¢­¥­¨¥ á«¥¢  ­  
0,
¨ ãç¨âë¢ ï  ­â¨ª®¬¬ãâ â¨¢­®áâì 
0 ¨ 
, ¢®§¢à é ¥¬áï ª ¨áå®¤­®¬ã ãà ¢­¥­¨î.

�¬­®¦¨¬ (
�p� �m) = 0 á«¥¢  ­  � ,   � (
�p� +m) = 0 á¯à ¢  ­   , á«®¦¨¬
¨å ¨ ¯®«ãç¨¬:

� 
�(p� ) + (p� � )

� = p�( � 
� ) = 0 (3.243)

{ ãà ¢­¥­¨¥ ­¥¯à¥àë¢­®áâ¨ ¤«ï 4-â®ª  ¤¨à ª®¢áª¨å ç áâ¨æ:

@�j
� = 0 j� = � 
� = ( � ;  �
0
 ) (3.244)

®¯¨áë¢ îé¥¥ § ª®­ á®åà ­¥­¨ï § àï¤ , ¯«®â­®áâì ª®â®à®£® j0 =  � > 0.
�à ¢­¥­¨¥ �¨à ª  ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ ãà ¢­¥­¨ï �à¥¤¨­£¥à :

i
@ 

@t
= H (3.245)

£¤¥ £ ¬¨«ìâ®­¨ ­ H ¨¬¥¥â ¢¨¤:

H = �p+ �m (3.246)

£¤¥ ¤¨à ª®¢áª¨¥ ¬ âà¨æë � ¨ �:

� = 
0
 � = 
0 (3.247)

â ª çâ® (3.246) á®¢¯ ¤ ¥â á ¢¢¥¤¥­­ë¬ ¢ëè¥ (3.240). � âà¨æë (3.247) ã¤®¢«¥â¢®-
àïîâ ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬:

�i�k + �k�i = 2�ik ��+ �� = 0 �2 = 1 (3.248)
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  ¨å ï¢­ë© ¢¨¤:

� =

�
� 0
0 ��

�
� =

�
0 1
1 0

�
(3.249)

� áá¬®âà¨¬ ­¥à¥«ïâ¨¢¨áâáª¨© ¯à¥¤¥«. �¥à¥å®¤ï ¢ (3.217) ª ¯à¥¤¥«ã p ! 0; " !
m, ¯®«ãç¨¬ � = �, â ª çâ® ®¡  á¯¨­®à  ¨§ ¡¨á¯¨­®à  á®¢¯ ¤ îâ, ­® ¢á¥ ç¥âëà¥
ª®¬¯®­¥­âë ¡¨á¯¨­®à  ®áâ îâáï ­¥­ã«¥¢ë¬¨. � â®¦¥ ¢à¥¬ï, ïá­®, çâ® «¨èì ¤¢¥ ¨§
­¨å ­¥§ ¢¨á¨¬ë. �¤®¡­® ¯¥à¥©â¨ ª â ª ­ §ë¢ ¥¬®¬ã áâ ­¤ àâ­®¬ã ¯à¥¤áâ ¢«¥­¨î,
¢ ª®â®à®¬ ¢ ­¥à¥«ïâ¨¢¨áâáª®¬ ¯à¥¤¥«¥ ¤¢¥ ª®¬¯®­¥­âë ¡¨á¯¨­®à  ®¡à é îâáï ¢
­ã«ì. �«ï íâ®£® ¢¢®¤¨¬:

 =

�
'
�

�
' =

1p
2
(� + �) � =

1p
2
(� � �) (3.250)

�«ï ¯®ª®ïé¥©áï ç áâ¨æë, ®ç¥¢¨¤­®, ¨¬¥¥¬ � = 0. �ª« ¤ë¢ ï ¨ ¢ëç¨â ï ãà ¢­¥­¨ï
(3.217), ¯®«ãç ¥¬:

p0' � p�� = m'

�p0� + p�' = m� (3.251)

®âªã¤  ¬®¦­® ­ ©â¨ ï¢­ë© ¢¨¤ 
-¬ âà¨æ ¤«ï áâ ­¤ àâ­®£® ¯à¥¤áâ ¢«¥­¨ï [1]. �â-
¬¥â¨¬, çâ® ¢ (3.250) ®â¤¥«ì­® áª« ¤ë¢ îâáï ¯¥à¢ë¥ ¨ ¢â®àë¥ ª®¬¯®­¥­âë á¯¨­®à®¢
� ¨ �. �®®â¢¥âáâ¢¥­­®, ¢ áâ ­¤ àâ­®¬ ¯à¥¤áâ ¢«¥­¨¨, ª ª ¨ ¢ à áá¬®âà¥­­®¬ ¢ëè¥
á¯¨­®à­®¬, 1;  3 á®®â¢¥âáâ¢ãîâ ¯à®¥ªæ¨¨ s

z = +1=2,    2;  4 { ¯à®¥ªæ¨¨ s
z = �1=2.

� âà¨æ 
1

2
� =

1

2

�
� 0
0 �

�
(3.252)

¤ ¥â âà¥å¬¥à­ë© ®¯¥à â®à á¯¨­  ¢ áâ ­¤ àâ­®¬ ¯à¥¤áâ ¢«¥­¨¨.

�¯¨à «ì­®áâì.

� à¥«ïâ¨¢¨áâáª®© â¥®à¨¨ ®à¡¨â «ì­ë© ¬®¬¥­â l ¨ á¯¨­ s ¤¢¨¦ãé¥©áï ç áâ¨æë ­¥ á®åà ­ïîâáï
ª ¦¤ë© ¢ ®â¤¥«ì­®áâ¨. �®åà ­ï¥âáï «¨èì ¯®«­ë© ¬®¬¥­â j = l + s. �®íâ®¬ã ­¥ á®åà ­ï¥âáï
¨ ¯à®¥ªæ¨ï á¯¨­  ­  ª ª®¥-«¨¡® ­ ¯à ¢«¥­¨¥ (®áì z), â ª çâ® íâ  ¢¥«¨ç¨­  ­¥ ¬®¦¥â á«ã¦¨âì
¤«ï ¯¥à¥ç¨á«¥­¨ï ¯®«ïà¨§ æ¨®­­ëå (á¯¨­®¢ëå) ª®¬¯®­¥­â ¤¢¨¦ãé¥©áï ç áâ¨æë. �®åà ­ï¥âáï,
®¤­ ª®, á¯¨à «ì­®áâì, â.¥. ¯à®¥ªæ¨ï á¯¨­  ­  ­ ¯à ¢«¥­¨¥ ¤¢¨¦¥­¨ï (¨¬¯ã«ìá ). � á ¬®¬ ¤¥«¥,

¯®áª®«ìªã l = [r � p], â® ¯à®¨§¢¥¤¥­¨¥ s � n, £¤¥ n = p
jpj , á®¢¯ ¤ ¥â á ®ç¥¢¨¤­® á®åà ­ïîé¨¬áï

¯à®¨§¢¥¤¥­¨¥¬ j �n. �®¡áâ¢¥­­ë¥ §­ ç¥­¨ï á¯¨à «ì­®áâ¨ � = �s; :::;+s. �®®â¢¥âáâ¢¥­­®, ¢®«­®¢ë¥
äã­ªæ¨¨ á¢®¡®¤­®©ç áâ¨æë á ¨¬¯ã«ìá®¬p å à ªâ¥à¨§ãîâáï ¥é¥ ¨ á¯¨à «ì­®áâìî: p�. � á¨áâ¥¬¥
¯®ª®ï á®áâ®ï­¨¥ ç áâ¨æë å à ªâ¥à¨§ã¥âáï, ª ª ®¡ëç­®, á¯¨­®¬ (¥£® ¯à®¥ªæ¨¥© ­  ®áì z).

�«ï ç áâ¨æë á ­ã«¥¢®© ¬ áá®© ¯®ª®ï ­¥ áãé¥áâ¢ã¥â á¨áâ¥¬ë ¯®ª®ï, ¢ «î¡®© á¨áâ¥¬¥ ª®®à¤¨­ â
®­  ¤¢¨¦¥âáï á® áª®à®áâìî á¢¥â . �® ®â­®è¥­¨î ª â ª®© ç áâ¨æ¥ ¢á¥£¤  áãé¥áâ¢ã¥â ¢ë¤¥«¥­­®¥
­ ¯à ¢«¥­¨¥ ¢ ¯à®áâà ­áâ¢¥ { ­ ¯à ¢«¥­¨¥ ¢¥ªâ®à  ¨¬¯ã«ìá  p. � íâ®¬ á«ãç ¥ ­¥ áãé¥áâ¢ã¥â
á¨¬¬¥âà¨¨ ¯® ®â­®è¥­¨î ª® ¢á¥© £àã¯¯¥ âà¥å¬¥à­ëå ¢à é¥­¨©,   áãé¥áâ¢ã¥â «¨èì  ªá¨ «ì­ ï
á¨¬¬¥âà¨ï ¯® ®â­®è¥­¨î ª ¯®¢®à®â ¬ ¢®ªàã£ íâ®© ¢ë¤¥«¥­­®© ®á¨. �®®â¢¥âáâ¢¥­­®, á®åà ­ï¥âáï
â®«ìª® á¯¨à «ì­®áâì. �á«¨ ¯®âà¥¡®¢ âì á¨¬¬¥âà¨î ¯® ®â­®è¥­¨î ª ®âà ¦¥­¨ï¬ ¢ ¯«®áª®áâïå,
¯à®å®¤ïé¨å ç¥à¥§ ®áì p, â® á®áâ®ï­¨ï, ®â«¨ç îé¨¥áï §­ ª®¬ �, ¡ã¤ãâ ¢ëà®¦¤¥­ë, â ª çâ® ¯à¨
� 6= 0 ¨¬¥¥¬ ¤¢ãªà â­®¥ ¢ëà®¦¤¥­¨¥. � ª¨¬ ®¡à §®¬, ¯à¨ ¯¥à¥å®¤¥ ª ¯à¥¤¥«ã m ! 0 á¨áâ¥¬ 
ãà ¢­¥­¨© ¤«ï ç áâ¨æë á® á¯¨­®¬ s à á¯ ¤ ¥âáï ­  ­¥§ ¢¨á¨¬ë¥ ãà ¢­¥­¨ï, ®â¢¥ç îé¨¥ ç áâ¨æ ¬
á® á¯¨à «ì­®áâï¬¨ �s;�(s � 1); :::. � ¯à¨¬¥à, ¤«ï ä®â®­  � = �1, çâ® ­  ï§ëª¥ ¯®«ïà¨§ æ¨¨
á®®â¢¥âáâ¢ã¥â ¯à ¢® ¨ «¥¢® ¯®«ïà¨§®¢ ­­ë¬ ä®â®­ ¬.
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�«£¥¡à  ¬ âà¨æ �¨à ª .
� ¯à ªâ¨ç¥áª¨å ¢ëç¨á«¥­¨ïå ¡®«ìè®¥ §­ ç¥­¨¥ ¨¬¥¥â  «£¥¡à  
-¬ âà¨æ. �à¨¢¥¤¥¬
á¢®¤ªã ®á­®¢­ëå ä®à¬ã« ¨ ®¯à¥¤¥«¥­¨©, ª®â®àë¥ ¡ã¤ãâ ¢á¥ ¢à¥¬ï ¨á¯®«ì§®¢ âìáï ¢
¤ «ì­¥©è¥¬. �á¥  «£¥¡à ¨ç¥áª¨¥ á¢®©áâ¢  íâ¨å ¬ âà¨æ ¢ë¢®¤ïâáï ¨§ ¤¢ãå ®á­®¢­ëå
á®®â­®è¥­¨©:


�
� + 
�
� = 2g�� (3.253)

g��

�
� = 
�


� = 4 ¨«¨ 
20 � 
21 � 
22 � 
23 = 4 (3.254)

â.¥. ¨§ ®á­®¢­®£®  ­â¨ª®¬¬ãâ æ¨®­­®£® á®®â­®è¥­¨ï ¨ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï.
�á«¨ 
� ¨ 
� à §¤¥«¥­ë ­¥áª®«ìª¨¬¨ ¬ âà¨æ ¬¨ 
, â® 
� ¨ 
� ¬®£ãâ ¡ëâì ¯à¨-

¢¥¤¥­ë ¢ á®á¥¤­¨¥ ¯®«®¦¥­¨ï á ¯®¬®éìî (3.253), ¯®á«¥ ç¥£® áã¬¬¨à®¢ ­¨¥ ¯® �
¬®¦­® ¯à®¢¥áâ¨ á ¯®¬®éìî (3.254). � ª¨¬ ®¡à §®¬ ¬®¦­® ¯®«ãç¨âì á«¥¤ãîé¨¥
á®®â­®è¥­¨ï:


�

�
� = �2
�


�

�
�
� = 4g��


�

�
�
�
� = �2
�
�
�


�

�
�
�
�
� = 2(
�
�
�
� + 
�
�
�
�) (3.255)

� áâ® 
� ¢áâà¥ç îâáï ¢ ª®¬¡¨­ æ¨ïå á 4-¢¥ªâ®à ¬¨. �¢¥¤¥¬ áâ ­¤ àâ­®¥ ®¡®§­ ç¥-
­¨¥:

â � 
�a� (3.256)

�®£¤  ¨§ (3.253) ¯®«ãç ¥¬:

âb̂+ b̂â = 2(a�b
�) ââ = a2 (3.257)

  ¨§ (3.254):


�â

� = �2â


�âb̂

� = 4(a�b

�)


�âb̂ĉ

� = �2ĉb̂â


�âb̂ĉd̂

� = 2(d̂âb̂ĉ+ ĉb̂âd̂) (3.258)

�¨à®ª® ¨á¯®«ì§ã¥âáï ®¯¥à æ¨ï è¯ãà¨à®¢ ­¨ï 
-¬ âà¨æ. � ç áâ­®áâ¨:

Sp
� = 0 (3.259)

�¢®¤ï

T�� =
1

4
Sp(
�
� ) (3.260)

¨ ¢ëç¨á«ïï è¯ãà ®â (3.253), ­ ©¤¥¬:

T�� = g�� (3.261)

¨, á®®â¢¥âáâ¢¥­­®
1

4
Sp(âb̂) = a�b� (3.262)
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�á®¡ãî à®«ì ¨£à ¥â ¬ âà¨æ  
5, ®¯à¥¤¥«ï¥¬ ï ª ª:


5 = �i
0
1
2
3 (3.263)

�¥£ª® ã¡¥¤¨âìáï, çâ®


5
� + 
�
5 = 0 (
5)2 = 1 (3.264)

â ª çâ® 
5  ­â¨ª®¬¬ãâ¨àã¥â á ®áâ «ì­ë¬¨ 
-¬ âà¨æ ¬¨. �® ®â­®è¥­¨î ª ¬ âà¨æ ¬
� ¨ � ¨¬¥¥¬:

�
5 � 
5� = 0 �
5 + 
5� = 0 (3.265)

� âà¨æ  
5 íà¬¨â®¢ :


5+ = i
3+
2+
1+
0+ = �i
3
2
1
0 = 
5 (3.266)

¯®áª®«ìªã ¯¥à¥å®¤ ®â ¯®àï¤ª  ¨­¤¥ªá®¢ 3210 ª 0123 ¤®áâ¨£ ¥âáï ç¥â­®© ¯¥à¥áâ -
­®¢ª®© 
-¬ âà¨æ.

� á¯¨­®à­®¬ ¯à¥¤áâ ¢«¥­¨¨ ï¢­ë© ¢¨¤ 
5 ¥áâì:


5 =

� �1̂ 0
0 1̂

�
(3.267)

  ¢ áâ ­¤ àâ­®¬ ¯à¥¤áâ ¢«¥­¨¨:


5 =

�
0 �1̂
�1̂ 0

�
(3.268)

®âªã¤  ¢¨¤­®, çâ®

Sp
5 = 0 (3.269)

çâ®, ¥áâ¥áâ¢¥­­®, ­¥ § ¢¨á¨â ®â ¢ë¡®à  ¯à¥¤áâ ¢«¥­¨ï.

�®¢®ªã¯­®áâì 16 ¬ âà¨æ:�

A
	
=
�
1̂; 
5; 
�; i
�
5; i���

	
(3.270)

£¤¥

��� =
1

2
(
�
� � 
�
�) (3.271)

®¡à §ã¥â \¯®«­ë© ­ ¡®à", ¯® ª®â®à®¬ã ¬®¦¥â ¡ëâì \à §«®¦¥­ " «î¡ ï ¬ âà¨æ 
4�4. � á ¬®¬ ¤¥«¥, ¢á¥ íâ¨ ¬ âà¨æë ®¡« ¤ îâ á¢®©áâ¢ ¬¨:

Sp
A = 0 (A 6= 1)


A
A = 1
1

4
Sp
A
B = �AB (3.272)

�®®â¢¥âáâ¢¥­­®, ¢á¥ 
A-¬ âà¨æë «¨­¥©­® ­¥§ ¢¨á¨¬ë,   «î¡ ï ¬ âà¨æ  4�4 ¯à¥¤-
áâ ¢«ï¥âáï ¢ ¢¨¤¥:

� =
X
A

cA

A cA =

1

4
Sp
A� (3.273)
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�«®áª¨¥ ¢®«­ë.
�®áâ®ï­¨¥ á¢®¡®¤­®© ç áâ¨æë á ®¯à¥¤¥«¥­­ë¬ ¨¬¯ã«ìá®¬ ¨ í­¥à£¨¥© ®¯¨áë¢ ¥âáï
¯«®áª®© ¢®«­®©, ª®â®àãî § ¯¨è¥¬ ¢ ¢¨¤¥:

 p =
1p
2"p

upe
�ipx (3.274)

£¤¥ up ®¯à¥¤¥«¥­­ë¬ ®¡à §®¬ ­®à¬¨à®¢ ­­ë© ¡¨á¯¨­®à. �«ï ¢®«­®¢®© äã­ªæ¨¨ á
\®âà¨æ â¥«ì­®© ç áâ®â®©" (¨§¬¥­ïï â ª¦¥ §­ ª p) § ¯¨è¥¬:

 p =
1p
2"p

u�peipx (3.275)

� ®¡®¨å á«ãç ïå ¯¨è¥¬ "p = +
p
p2 +m2. �®¬¯®­¥­âë ¡¨á¯¨­®à®¢ up ¨ u�p ã¤®¢«¥-

â¢®àïîâ á«¥¤ãîé¨¬ ãà ¢­¥­¨ï¬, ¯®«ãç îé¨¬áï ¯à¨ ¯®¤áâ ­®¢ª¥ (3.274) ¨ (3.275)
¢ ãà ¢­¥­¨¥ �¨à ª :

(p̂�m)up = 0 (p̂ +m)u�p = 0 (3.276)

�«ï á®¯àï¦¥­­ëå á¯¨­®à®¢ �up = u�p
0 ¨¬¥¥¬:

�up(p̂�m) = 0 �u�p(p̂+m) = 0 (3.277)

�à¨¬¥¬ á«¥¤ãîé¥¥ ¨­¢ à¨ ­â­®¥ ãá«®¢¨¥ ­®à¬¨à®¢ª¨:

�upup = 2m �u�pu�p = �2m (3.278)

�¬­®¦ ï (3.276) á«¥¢  ­  �u�p ¯®«ãç¨¬ (�u�p
�u�p)p� = 2m2 = 2p2, â.¥.

�up

�up = �u�p
�u�p = 2p� (3.279)

â ª çâ® 4-¢¥ªâ®à ¯«®â­®áâ¨ â®ª  ¤«ï ¯«®áª¨å ¢®«­ (3.274), (3.275) à ¢¥­:

j� = � �p
� �p =
1

2"p
�u�p
�u�p =

p�

"p
(3.280)

â.¥. j� = (1;v), £¤¥ v = p
"p { áª®à®áâì ç áâ¨æë. �¨¤¨¬, çâ® ¢ë¡à ­­ ï ­®à¬¨à®¢ª 

á®®â¢¥âáâ¢ã¥â \®¤­®© ç áâ¨æ¥ ¢ ®¡ê¥¬¥ V = 1".
� áâ ­¤ àâ­®¬ ¯à¥¤áâ ¢«¥­¨¨, ¨§ (3.251) ¯®«ãç ¥¬ á¨áâ¥¬ã ®¤­®à®¤­ëå «¨­¥©-

­ëå ãà ¢­¥­¨©:

("p �m)'� p�� = 0

("p +m)�� p�' = 0 (3.281)

�âáî¤ :

' =
p�

"p �m
� � =

p�
"p +m

' (3.282)

�¡é¨© ¬­®¦¨â¥«ì ¯¥à¥¤ ' ¨ � (¯à®¨§¢®«ì­ë©, ¯®ª  à¥çì ¨¤¥â ¯à®áâ® ® à¥è¥­¨¨
®¤­®à®¤­ëå ãà ¢­¥­¨©) á«¥¤ã¥â ¢ë¡à âì ¨§ ãá«®¢¨ï ­®à¬¨à®¢ª¨ (3.278). �®®â¢¥â-
áâ¢¥­­®, ¢ áâ ­¤ àâ­®¬ ¯à¥¤áâ ¢«¥­¨¨, á¯¨­®àë up ¨ u�p ¨¬¥îâ ¢¨¤:

up =

� p
"p +mwp

"p �m(n�)w
�

u�p =
� p

"p �m(n�)w0p
"p +mw0

�
(3.283)
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£¤¥ n = p
jpj ,   w - ¯à®¨§¢®«ì­ë© ¤¢ãåª®¬¯®­¥­â­ë© á¯¨­®à, ã¤®¢«¥â¢®àïîé¨© ãá«®-

¢¨î:
w�w = 1 (3.284)

�â®à ï ä®à¬ã«  ¢ (3.283) ¯®«ãç ¥âáï ¨§ ¯¥à¢®© ¨§¬¥­¥­¨¥¬ §­ ª  ¯¥à¥¤ m ¨ ¯¥à¥-
®¡®§­ ç¥­¨¥¬ w ! (n�)w0. �­ «®£¨ç­ë¬ ®¡à §®¬, ¬®¦­® ¯®«ãç¨âì [1]:

�up = (
p
"p +mw�;�p"pw�(n�))

�u�p = (
p
"pw0�(n�);�p"pw0�(n�w0�) (3.285)

�¥à¥¬­®¦¥­¨¥¬ ­¥¯®áà¥¤áâ¢¥­­® ã¡¥¦¤ ¥¬áï, çâ®

�u�pu�p = �2m (3.286)

� á¨áâ¥¬¥ ¯®ª®ï, â.¥. ¯à¨ "p = m, ¨¬¥¥¬:

up =
p
2m

�
w
0

�
(3.287)

u�p =
p
2m

�
0
w0

�
(3.288)

â ª çâ® w { íâ® â®â á ¬ë© âà¥å¬¥à­ë© á¯¨­®à, ª ª®â®à®¬ã ¢ ­¥à¥«ïâ¨¢¨áâáª®¬
¯à¥¤¥«¥ á¢®¤¨âáï ª ¦¤ ï ¨§ ¢®«­:

w�=1=2 =

�
1
0

�
w�=�1=2 =

�
0
1

�
(3.289)

�à¨ § ¤ ­­®¬ ¨¬¯ã«ìá¥ áãé¥áâ¢ã¥â ¤¢  à §«¨ç­ëå ­¥§ ¢¨á¨¬ëå á®áâ®ï­¨ï, ¢ á®-
®â¢¥âáâ¢¨¨ á ¤¢ã¬ï ¢®§¬®¦­ë¬¨ §­ ç¥­¨ï¬¨ ¯à®¥ªæ¨¨ á¯¨­ . � á®®â¢¥âáâ¢¨¨ á®
á¤¥« ­­ë¬¨ à ­¥¥ ®¡é¨¬¨ ãâ¢¥à¦¤¥­¨ï¬¨, ¢ ®¡é¥¬ á«ãç ¥, à¥çì ¨¤¥â ® á¯¨à «ì-
­®áâ¨ ç áâ¨æë � { ¯à®¥ªæ¨¨ á¯¨­  ­  ­ ¯à ¢«¥­¨¥ p. �¯¨à «ì­ë¬ á®áâ®ï­¨ï¬
á®®â¢¥âáâ¢ãîâ ¯«®áª¨¥ ¢®«­ë, ã ª®â®àëå á¯¨­®à w = w(�)(n) ï¢«ï¥âáï á®¡áâ¢¥­­®©
äã­ªæ¨¥© ®¯¥à â®à  n�:

1

2
(n�)w(�) = �w(�) (3.290)

�¢ï§ì á¯¨­  ¨ áâ â¨áâ¨ª¨.
�â®à¨ç­®¥ ª¢ ­â®¢ ­¨¥ ¤¨à ª®¢áª®£® ¯®«ï (ç áâ¨æ á® á¯¨­®¬ 1/2) ¯à®¨§¢®¤¨âáï
á«¥¤ãîé¨¬ ®¡à §®¬. �¢¥¤¥¬ à §«®¦¥­¨¥ ¯à®¨§¢®«ì­®£® ¤¨à ª®¢áª®£® ¯®«ï ¯® ¯«®á-
ª¨¬ ¢®«­ ¬ ¢ ¢¨¤¥:

 =
X
p�

1p
2"p

(ap�up�e�ipx + b+p�u�p��e
ipx)

� �  +
0 =
X
p�

1p
2"p

(a+p��up�e
ipx + bp��u�p��e�ipx) (3.291)

� ¬¨«ìâ®­¨ ­ �¨à ª  ­ ¬ ¨§¢¥áâ¥­, ¯®íâ®¬ã â¥­§®à í­¥à£¨¨ - ¨¬¯ã«ìá  ¬®¦­® ¨ ­¥
¨áª âì. �á¯®«ì§ãï (3.240), (3.245) ­ å®¤¨¬ áà¥¤­îî í­¥à£¨î ¤¨à ª®¢áª®© ç áâ¨æë
¢ á®áâ®ï­¨¨ á ¢®«­®¢®© äã­ªæ¨¥©  :

E =

Z
d3r �H = i

Z
d3r �

@ 

@t
= i

Z
d3r � 
0

@ 

@t
(3.292)
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�®¤áâ ¢«ïï áî¤  (3.291), ãç¨âë¢ ï ®àâ®£®­ «ì­®áâì äã­ªæ¨© á à §­ë¬¨ p; �,  
â ª¦¥ �u�p�
0u�p;� = 2"p (áà. (3.280)), ¯®«ãç ¥¬:

H =
X
p�

"p(a+p�ap� � bp�b+p�) (3.293)

�â® ¢ëà ¦¥­¨¥, ®ç¥¢¨¤­®, ¥áâì ¯àï¬®¥ á«¥¤áâ¢¨¥ âà ­áä®à¬ æ¨®­­ëå á¢®©áâ¢ ¤¨-
à ª®¢áª®£® ¯®«ï ¨ âà¥¡®¢ ­¨ï à¥«ïâ¨¢¨áâáª®© ¨­¢ à¨ ­â­®áâ¨. �® â¥¯¥àì ¬ë ¢¨-
¤¨¬, çâ® ­ è¥ ¯®«¥ ­ã¦­® ª¢ ­â®¢ âì ¯® �¥à¬¨, â.¥. ¢¢®¤ï  ­â¨ª®¬¬ãâ â®àë:n

ap�; a+p�
o
= 1

n
bp�; b+p�

o
= 1 (3.294)

�à¨ ­¥á®¢¯ ¤ îé¨å ¨­¤¥ªá å,   â ª¦¥ ¤«ï ¯ à \­¥ªà¥é¥­ëå" ¨ \ªà¥é¥­ëå" ®¯¥-
à â®à®¢ ¯à ¢ë¥ ç áâ¨  ­â¨ª®¬¬ãâ â®à®¢ à ¢­ë ­ã«î. � à¥§ã«ìâ â¥ (3.293) ¯¥à¥¯¨-
áë¢ ¥âáï ¢ ¢¨¤¥:

H =
X
p�

"p(a+p�ap� + b+p�bp� � 1) (3.295)

â ª çâ® á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï í­¥à£¨¨, §  ¢ëç¥â®¬ ¡¥áª®­¥ç­®© í­¥à£¨¨ ¢ ªãã¬ ,
à ¢­ë:

E =
X
p�

"p(Np� + �Np�) (3.296)

¨ ï¢«ïîâáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬¨. �à¨ ª¢ ­â®¢ ­¨¨ ¯® �®§¥ ¯®«ãç¨«¨ ¡ë
E =

P
p "p�(Np� � �Np�), â.¥. ­¥ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®¥ ¢ëà ¦¥­¨¥ 10.

�«ï ®¯¥à â®à  ¨¬¯ã«ìá , ¨§
R
d3r �p ,  ­ «®£¨ç­ë¬ ®¡à §®¬ ¯®«ãç¨¬:

P =
X
p�

p(Np� + �Np�) (3.297)

�¯¥à â®à ¯«®â­®áâ¨ 4-â®ª  j� = � 
� , ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢â®à¨ç­®£® ª¢ ­â®¢ ­¨ï
¤ ¥â ®¯¥à â®à § àï¤  ¢ ¢¨¤¥:

Q =

Z
d3r � 
0 =

X
p�

(a+p�ap� + bp�b+p�) =
X
p�

(a+p�ap� � b+p�bp� + 1) (3.298)

çâ® ¤ ¥â á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï § àï¤  ¢ ¢¨¤¥:

Q =
X
p�

(Np� � �Np�) (3.299)

çâ® ®§­ ç ¥â ¯à®â¨¢®¯®«®¦­®áâì § àï¤®¢ ç áâ¨æ ¨  ­â¨ç áâ¨æ.
�¥à¬¨®­­ë¥ ¯à ¢¨«   ­â¨ª®¬¬ãâ æ¨¨ ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï,

ª ª å®à®è® ¨§¢¥áâ­® [29], ¯à¨¢®¤ïâ ª ¯à¨­æ¨¯ã � ã«¨ { á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯¥-
à â®à  ç¨á«  ç áâ¨æ ¢ ¤ ­­®¬ ª¢ ­â®¢®¬ á®áâ®ï­¨¨ Np� ¬®£ãâ à ¢­ïâìáï â®«ìª®
0 ¨«¨ 1, ¯à¨ç¥¬ ¬ë ã¡¥¤¨«¨áì, çâ® ¤«ï ç áâ¨æ á® á¯¨­®¬ 1/2 íâ® ï¢«ï¥âáï ¯àï¬ë¬
á«¥¤áâ¢¨¥¬ âà¥¡®¢ ­¨© à¥«ïâ¨¢¨áâáª®© ¨­¢ à¨ ­â­®áâ¨ ¨ ¯®«®¦¨â¥«ì­®© ®¯à¥¤¥-
«¥­­®áâ¨ í­¥à£¨¨. � à¥§ã«ìâ â¥, ¬ë ¬®¦¥¬ «¥£ª® ¯à¨©â¨ ª ®¡é¥© â¥®à¥¬¥ ® á¢ï§¨
á¯¨­  ¨ áâ â¨áâ¨ª¨: ¢á¥ ç áâ¨æë á ¯®«ãæ¥«ë¬ á¯¨­®¬ { ä¥à¬¨®­ë,   ç áâ¨æë á

10�á¥ ®¡®§­ ç¥­¨ï §¤¥áì áâ ­¤ àâ­ë¥, ®¡é¨¥ á¢®©áâ¢  ¨ á¬ëá« ä¥à¬¨¥¢áª¨å ®¯¥à â®à®¢ à®¦¤¥-
­¨ï ¨ ã­¨çâ®¦¥­¨ï ¯à¥¤¯®« £ îâáï ¨§¢¥áâ­ë¬¨ [29]
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æ¥«ë¬ á¯¨­®¬ { ¡®§®­ë. �â® ®ç¥¢¨¤­®, ¥á«¨ ãç¥áâì, çâ® «î¡ãî ç áâ¨æã á® á¯¨­®¬ s
¬®¦­® ¯à¥¤áâ ¢¨âì á¥¡¥ \á®áâ ¢«¥­­®©" ¨§ 2s ç áâ¨æ á® á¯¨­®¬ 1/2. �à¨ ¯®«ãæ¥«®¬
s ç¨á«® 2s ­¥ç¥â­®,   ¯à¨ æ¥«®¬ s { ç¥â­®. \�«®¦­ ï" ç áâ¨æ , á®¤¥à¦ é ï ç¥â-
­®¥ ç¨á«® ä¥à¬¨®­®¢ ï¢«ï¥âáï ¡®§®­®¬,   á®¤¥à¦ é ï ­¥ç¥â­®¥ ç¨á«® ä¥à¬¨®­®¢
{ ä¥à¬¨®­®¬. �â®¡ë ¯®­ïâì íâ® ¤®áâ â®ç­® à áá¬®âà¥âì ¯¥à¥áâ ­®¢ª¨ â ª¨å \á®-
áâ ¢­ëå" ç áâ¨æ. �à¨ íâ®¬ ¯®¤à §ã¬¥¢ ¥âáï, çâ® ¢á¥ ç áâ¨æë á ®¤¨­ ª®¢ë¬ á¯¨­®¬
¯®¤ç¨­ïîâáï ®¤¨­ ª®¢®© áâ â¨áâ¨ª¥. �á«¨ ¡ë áãé¥áâ¢®¢ «¨ ä¥à¬¨®­ë á® á¯¨­®¬
0, â® ¨§ â ª®£® ä¥à¬¨®­  ¨ ä¥à¬¨®­  á® á¯¨­®¬ 1/2 ¬®¦­® ¡ë«® ¡ë á®áâ ¢¨âì
ç áâ¨æã á¯¨­  1/2, ª®â®à ï ¡ë«  ¡ë ¡®§®­®¬, ¢ ¯à®â¨¢®à¥ç¨¨ á ®¡é¨¬ à¥§ã«ì-
â â®¬ ¤«ï s = 1=2, ¯®«ãç¥­­®¬ ¢ëè¥. �â  § ¬¥ç â¥«ì­ ï â¥®à¥¬ , ®â­®áïé ïáï
ª ­ ¨¡®«¥¥ ®¡é¨¬ ãâ¢¥à¦¤¥­¨ï¬ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï, ¢¯¥à¢ë¥ ¡ë«  ¤®ª § ­ 
� ã«¨11.

�à¥®¡à §®¢ ­¨ï C;P; T ¤«ï ä¥à¬¨®­®¢.
�­®¦¨â¥«¨  p�, ¢å®¤ïé¨¥ ¢ (3.291) á ®¯¥à â®à ¬¨ ap�, ¯à¥¤áâ ¢«ïîâ á®¡®© ¢®«­®¢ë¥ äã­ªæ¨¨

á¢®¡®¤­ëå ç áâ¨æ (­ ¯à¨¬¥à í«¥ªâà®­®¢) á ¨¬¯ã«ìá®¬ p ¨ ¯®«ïà¨§ æ¨¥© �:  (e) =  p�. �­®¦¨-
â¥«¨ � �p�� ¯à¨ ®¯¥à â®à å bp� á«¥¤ã¥â à áá¬ âà¨¢ âì ª ª ¢®«­®¢ë¥ äã­ªæ¨¨ á®®â¢¥âáâ¢ãîé¨å
 ­â¨ç áâ¨æ (­ ¯à¨¬¥à ¯®§¨âà®­®¢) á â¥¬¨ ¦¥ p ¨ �. �¤­ ª®  p� ¨ � �p�� à §«¨ç­ë ¯® á¢®¨¬
âà ­áä®à¬ æ¨®­­ë¬ á¢®©áâ¢ ¬,   ¨å ª®¬¯®­¥­âë ã¤®¢«¥â¢®àïîâ à §«¨ç­ë¬ á¨áâ¥¬ ¬ ãà ¢­¥-
­¨©. �«ï ãáâà ­¥­¨ï íâ®£® ­¥¤®áâ âª  ­ ¤® ¯à®¢¥áâ¨ ¥é¥ ­¥ª®â®à®¥ ã­¨â à­®¥ ¯à¥®¡à §®¢ ­¨¥
� �p��, â ª®¥, çâ®¡ë ­®¢ ï ¢®«­®¢ ï äã­ªæ¨ï ã¤®¢«¥â¢®àï«  â®¬ã ¦¥ ãà ¢­¥­¨î, çâ® ¨  p�. � -
ªãî äã­ªæ¨î ¨ ¡ã¤¥¬ ­ §ë¢ âì ¢®«­®¢®© äã­ªæ¨¥©  ­â¨ç áâ¨æë (¯®§¨âà®­ ) á ¨¬¯ã«ìá®¬ p ¨
¯®«ïà¨§ æ¨¥© �. � ¯¨è¥¬:

 
(p)
p� = UC � �p�� (3.300)

�â  ®¯¥à æ¨ï ­ §ë¢ ¥âáï § àï¤®¢ë¬ á®¯àï¦¥­¨¥¬ C. �â  ®¯¥à æ¨ï ­¥ ®£à ­¨ç¨¢ ¥âáï ¯«®áª¨¬¨
¢®«­ ¬¨, ¢ ®¡é¥¬ á«ãç ¥ ¯¨è¥¬:

C (t; r) = UC � (t;r) (3.301)

�¯ãáª ï ¤¥â «¨ ¢ë¢®¤ , ª®â®àë¥ ¬®¦­® ­ ©â¨ ¢ [1], ¯à¨¢¥¤¥¬ â®«ìª® ®ª®­ç â¥«ì­ë© à¥§ã«ìâ â:

UC = 
2
0 (3.302)

�§ � =  �
0 = ~
0 � = 
0 � ¨¬¥¥¬:

C = 
2
0 � = 
2 � (3.303)

�«ï à¥è¥­¨© ¢ ¢¨¤¥ ¯«®áª¨å ¢®«­ ­¥âàã¤­® ã¡¥¤¨âìáï, çâ®

C �p�� =  p� (3.304)

â ª çâ® í«¥ªâà®­ë ¨ ¯®§¨âà®­ë ®¯¨áë¢ îâáï ®¤¨­ ª®¢ë¬¨ ¢®«­®¢ë¬¨ äã­ªæ¨ï¬¨:  (e) =  (p) =
 p�, ª ª ¨ ¤®«¦­® ¡ëâì, ¯®áª®«ìªã íâ¨ äã­ªæ¨¨ ­¥áãâ ¨­ä®à¬ æ¨î â®«ìª® ®¡ ¨¬¯ã«ìá¥ ¨ ¯®«ï-
à¨§ æ¨¨ ç áâ¨æ.

�­ «®£¨ç­® ¬®¦­® à áá¬®âà¥âì ¨ ®¯¥à æ¨î ®¡à é¥­¨ï ¢à¥¬¥­¨. �§¬¥­¥­¨¥ §­ ª  ¢à¥¬¥­¨
¤®«¦­® á®¯à®¢®¦¤ âìáï ª®¬¯«¥ªá­ë¬ á®¯àï¦¥­¨¥¬ ¢®«­®¢®© äã­ªæ¨¨ [29]. �«ï â®£®, çâ®¡ë
¯®«ãç¨âì ¢ à¥§ã«ìâ â¥ \®¡à é¥­­ãî ¯® ¢à¥¬¥­¨" ¢®«­®¢ãî äã­ªæ¨î ä¥à¬¨®­  T ¢ â®¬ ¦¥
¯à¥¤áâ ¢«¥­¨¨, çâ® ¨ ¨áå®¤­ ï  , ­ ¤®, ®¯ïâì â ª¨, ¯à®¢¥áâ¨ ­ ¤  � (¨«¨ � ) ­¥ª®â®à®¥ ã­¨â à­®¥
¯à¥®¡à §®¢ ­¨¥:

T (r; t) = UT � (r;�t) (3.305)

�®¦­® ¯®ª § âì [1], çâ®
UT = i
3
1
0 (3.306)

â ª çâ®
T (t;r) = i
3
1
0 � (�t;r) = i
3
1 �(�t;r) (3.307)

11�®¤ç¥àª­¥¬, çâ® ¢ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï íâ  â¥®à¥¬  ¨¬¥­­® ¤®ª §ë¢ ¥âáï, ­  ®á­®¢¥ á ¬ëå
®¡é¨å âà¥¡®¢ ­¨© à¥«ïâ¨¢¨áâáª®© ¨­¢ à¨ ­â­®áâ¨ (âà ­áä®à¬ æ¨®­­ëå á¢®©áâ¢ ¯®«¥©) ¨ ¯®«®-
¦¨â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ í­¥à£¨¨, â.¥. ãáâ®©ç¨¢®áâ¨ ®á­®¢­®£® á®áâ®ï­¨ï,   ­¥ ¯®áâã«¨àã¥âáï,
ª ª íâ® ¤¥« ¥âáï ¢ ­¥à¥«ïâ¨¢¨áâáª®© ª¢ ­â®¢®© ¬¥å ­¨ª¥.
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�¯¥à æ¨ï ¯à®áâà ­áâ¢¥­­®© ¨­¢¥àá¨¨ (¡¨)á¯¨­®à®¢ P ¡ë«  ®¯à¥¤¥«¥­  ¢ëè¥ ¢ (3.242):

P = i
0 P � = �i � 
0 (3.308)

�à¨¢¥¤¥¬ ¯®á«¥¤®¢ â¥«ì­® à¥§ã«ìâ â ¢®§¤¥©áâ¢¨ï ­  ¤¨à ª®¢áª®¥ ¯®«¥  ¢á¥å âà¥å ®¯¥à æ¨©
T;P; C:

T (t;r) = �i
1
3 �(�t; r)
PT (t;r) = i
0(T ) = 
0
1
3 �(�t;�r)

CPT (t; r) = 
2(
0
1
3 �)� = 
2
0
1
3 (�t;�r) (3.309)

¨«¨
CPT (t; r) = i
5 (�t;�r) (3.310)

�à¨¬¥­ïï íâ¨ ®¯¥à æ¨¨ ª (3.291), ¬®¦­® ­ ©â¨ á«¥¤ãîé¨¥ ¯à ¢¨«  ¯à¥®¡à §®¢ ­¨ï ®¯¥à â®à®¢
à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï [1]:

aCp� = bp� bCp� = ap�

aP�p� = iap� b�p� = ibp�

aT�p�� = 2�ia+p� bT�p�� = 2�ib+p� (3.311)

�¨«¨­¥©­ë¥ ä®à¬ë.
�®áª®«ìªã ¡¨á¯¨­®àë  ¨  � ¨¬¥îâ ¯® 4 ª®¬¯®­¥­âë, â® ¨§ ­¨å ¬®¦­® á®áâ ¢¨âì
4�4=16 ­¥§ ¢¨á¨¬ëå ¡¨«¨­¥©­ëå ª®¬¡¨­ æ¨©. � á¨¬¬¥âà¨ç­®¬ ¢¨¤¥ íâ¨ ª®¬¡¨­ -
æ¨¨ § ¯¨áë¢ îâáï á«¥¤ãîé¨¬ ®¡à §®¬:

S = �  V � = � 
� 

P = i � 
5 A� = � 
�
5 

T�� = i � ��� (3.312)

£¤¥

��� =
1

2
(
�
� � 
�
�) (3.313)

�â¨ ¡¨«¨­¥©­ë¥ ä®à¬ë ®¡à §ãîâ ®¤¨­ áª «ïà S, ®¤¨­ ¯á¥¢¤®áª «ïà P , 4-¢¥ªâ®à
V �, 4-¯á¥¢¤®¢¥ªâ®à A� ¨  ­â¨á¨¬¬¥âà¨ç­ë© â¥­§®à T�� .

�ª «ïà­®áâì S ¨ ¯á¥¢¤®áª «ïà­®áâì P ®ç¥¢¨¤­ë ¨§ ¨å á¯¨­®à­®£® ¯à¥¤áâ ¢«¥-
­¨ï (á¬. (3.208) ¨ (3.209)):

S = ��� + ��� P = i(��� � ���) (3.314)

�¥ªâ®à­ë© å à ªâ¥à V � ®ç¥¢¨¤¥­, â®£¤ , ¨§ ãà ¢­¥­¨ï �¨à ª  p�

� = m , ¨§

ª®â®à®£® áà §ã á«¥¤ã¥â ( � p�

� ) = m �  , £¤¥ á¯à ¢  ¨ á«¥¢  áâ®ïâ áª «ïàë.

�®®¡é¥, ¯à ¢¨«® á®áâ ¢«¥­¨ï ¡¨«¨­¥©­ëå ä®à¬ (3.312) ®ç¥¢¨¤­®: ®­¨ á®áâ -
¢«¥­ë â ª, ª ª ¡ã¤â® 
� ¯à¥¤áâ ¢«ï¥â á®¡®© 4-¢¥ªâ®à, 
5 { ¯á¥¢¤®áª «ïà,   áâ®ïé¨¥
á ®¡¥¨å áâ®à®­ � ¨  ®¡à §®¢ë¢ îâ ¢¬¥áâ¥ áª «ïà. �âáãâáâ¢¨¥ ¡¨«¨­¥©­ëå ä®à¬,
ª®â®àë¥ ¨¬¥«¨ ¡ë å à ªâ¥à á¨¬¬¥âà¨ç­®£® 4-â¥­§®à  ïá­® ¨§ â®£® ä ªâ , çâ® á¨¬-
¬¥âà¨ç­ ï ª®¬¡¨­ æ¨ï 
�
� + 
�
� = 2g�� , â ª çâ® á®®â¢¥âáâ¢ãîé ï ¡¨«¨­¥©­ ï
ä®à¬  á¢®¤¨âáï ª g�� �  . �à ªâ¨ç¥áª¨, ¡¨«¨­¥©­ë¥ ä®à¬ë (3.312) ¨á¯®«ì§ãîâáï
¯à¨ ¯®áâà®¥­¨¨ à §«¨ç­ëå « £à ­¦¨ ­®¢ ¢§ ¨¬®¤¥©áâ¢¨ï á¯¨­®à­ëå ¯®«¥© ¬¥¦¤ã
á®¡®© ¨ á ¤àã£¨¬¨ ¯®«ï¬¨. �à ¢¨«  ¯à¥®¡à §®¢ ­¨ï ¡¨«¨­¥©­ëå ä®à¬ ¯à¨ ¤¨á-
ªà¥â­ëå ¯à¥®¡à §®¢ ­¨ïå C;P; T ¬®¦­® ­ ©â¨ ¢ [1].
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�¥©âà¨­®.
�ëè¥ ¬ë ¢¨¤¥«¨, çâ® ­¥®¡å®¤¨¬®áâì ®¯¨á ­¨ï ç áâ¨æë á® á¯¨­®¬ 1/2 ¤¢ã¬ï á¯¨-
­®à ¬¨ � ¨ � á¢ï§ ­  á ¬ áá®© ç áâ¨æë. �â  ¯à¨ç¨­  ®â¯ ¤ ¥â, ¥á«¨ ¬ áá  à ¢­ 
­ã«î12. �®«­®¢®¥ ãà ¢­¥­¨¥, ®¯¨áë¢ îé¥¥ â ªãî ç áâ¨æã ¬®¦¥â ¡ëâì á®áâ ¢«¥­®
á ¯®¬®éìî ¢á¥£® ®¤­®£® á¯¨­®à , ­ ¯à¨¬¥à �:

p�
_�� _� = 0 (3.315)

¨«¨, çâ® â®¦¥ á ¬®¥:
(p0 + p�)� = 0 (3.316)

�â® ãà ¢­¥­¨¥ ­ §ë¢ ¥âáï ãà ¢­¥­¨¥¬ �¥©«ï.
�ëè¥ ®â¬¥ç «®áì, çâ® ¢®«­®¢®¥ ãà ¢­¥­¨¥ á ¬ áá®© m,  ¢â®¬ â¨ç¥áª¨ ®ª §ë¢ -

¥âáï ¨­¢ à¨ ­â­ë¬ ¯® ®â­®è¥­¨î ª ¯à®áâà ­áâ¢¥­­®© ¨­¢¥àá¨¨ (¯à¥®¡à §®¢ ­¨¥
� $ � (3.216)). �à¨ ®¯¨á ­¨¨ ç áâ¨æë ®¤­¨¬ á¯¨­®à®¬ íâ  á¨¬¬¥âà¨ï ¯à®¯ ¤ ¥â.

�­¥à£¨ï ¨ ¨¬¯ã«ìá ç áâ¨æë á m = 0 á¢ï§ ­ë á®®â­®è¥­¨¥¬ " = jpj. �®íâ®¬ã
¤«ï ¯«®áª®© ¢®«­ë �p � e�ipx ãà ¢­¥­¨¥ (3.316) ¤ ¥â:

(n � �)�p = ��p (3.317)

£¤¥ n = p
jpj . � ª®¥ ¦¥ ãà ¢­¥­¨¥ ¨¬¥¥â ¬¥áâ® ¨ ¤«ï ¢®«­ë á \®âà¨æ â¥«ì­®© ç áâ®-

â®©" ��p � eipx:
(n � �)��p = ���p (3.318)

�â®à¨ç­® - ª¢ ­â®¢ ­­ë¥ ®¯¥à â®àë ¯®«ï � ¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥:

� =
X
p
(�pap + ��pb+p)

�+ =
X
p
(��pa

+
p + ���pbp) (3.319)

�âáî¤ , ª ª ®¡ëç­®, á«¥¤ã¥â, çâ® ���p ï¢«ï¥âáï ¢®«­®¢®© äã­ªæ¨¥©  ­â¨ç áâ¨æë.
�¥©âà¨­® ¯à¥¤áâ ¢«ï¥â á®¡®© í«¥ªâà¨ç¥áª¨ ­¥©âà «ì­ãî ç áâ¨æã, ­® ¢ à áá¬ âà¨-
¢ ¥¬®¬ ä®à¬ «¨§¬¥ ®­® ­¥ ï¢«ï¥âáï ¨áâ¨­­® ­¥©âà «ì­®© ç áâ¨æ¥©!

�§ ®¯à¥¤¥«¥­¨ï ®¯¥à â®à®¢ p�
_� (3.212) ¢¨¤­®, çâ® p�

_�� = �p _��. �®íâ®¬ã ª®¬-
¯«¥ªá­® á®¯àï¦¥­­ë© á¯¨­®à �� ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î p _����_� = 0, ¨«¨, çâ® â®¦¥
á ¬®¥:

p _���
_�� = 0 (3.320)

�¡®§­ ç¨¬ �
_�� = �� , ¯®áª®«ìªã ª®¬¯«¥ªá­®¥ á®¯àï¦¥­¨¥ ¯à¥¢à é ¥â ¯ã­ªâ¨à­ë©

á¯¨­®à ¢ ­¥¯ã­ªâ¨à­ë©. � ª¨¬ ®¡à §®¬, ¢®«­®¢ë¥ äã­ªæ¨¨  ­â¨ç áâ¨æë ã¤®¢«¥-
â¢®àïîâ ãà ¢­¥­¨î:

p _���
� = 0 (3.321)

¨«¨
(p0 � p�)� = 0 (3.322)

�«ï ¯«®áª®© ¢®«­ë ®âáî¤  ¨¬¥¥¬:

(n � �)�p = �p (3.323)

12�à¥¤¨ ¢á¥å ¨§¢¥áâ­ëå ä¥à¬¨®­®¢, á ¨¬¥îé¥©áï íªá¯¥à¨¬¥­â «ì­®© â®ç­®áâìî, à ¢­  ­ã«î
¬ áá  ­¥©âà¨­®: ãáâ ­®¢«¥­­®¥ ®£à ­¨ç¥­¨¥ ­  ¥£® ¬ ááã m� < 30eV .
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�¨á. 3-2 �à¨ ®âà ¦¥­¨¨ ¢ §¥àª «¥ (¯à®áâà ­áâ¢¥­­®© ¨­¢¥àá¨¨) «¥¢®¥ ­¥©âà¨­®
¯¥à¥å®¤¨â ¢ ­¥áãé¥áâ¢ãîé¥¥ ¯à ¢®¥ ­¥©âà¨­® ( ). �¥ «ì­®¥ á®áâ®ï­¨¥ ¯®«ãç ¥âáï
¯à¨ ®¤­®¢à¥¬¥­­®¬ á ®âà ¦¥­¨¥¬ ¯¥à¥å®¤¥ ®â ç áâ¨æë ª  ­â¨ç áâ¨æ¥ (§ àï¤®¢®¬
á®¯àï¦¥­¨¨), ¯à¨ íâ®¬ «¥¢®¥ ­¥©âà¨­® ¯¥à¥å®¤¨â ¢ ¯à ¢®¥  ­â¨­¥©âà¨­® (¡).

� ¬¥â¨¬, çâ® 1
2(n ��) ¯à¥¤áâ ¢«ï¥â á®¡®© ®¯¥à â®à ¯à®¥ªæ¨¨ á¯¨­  ­  ­ ¯à ¢«¥­¨¥

¤¢¨¦¥­¨ï (á¯¨à «ì­®áâ¨). �®íâ®¬ã ãà ¢­¥­¨ï (3.317), (3.323) ®§­ ç îâ, çâ® á®áâ®ï-
­¨¥ ç áâ¨æë á ®¯à¥¤¥«¥­­ë¬ ¨¬¯ã«ìá®¬  ¢â®¬ â¨ç¥áª¨ ®ª §ë¢ ¥âáï á¯¨à «ì­ë¬ {
¯à®¥ªæ¨ï á¯¨­  ã ­¨å ­ ¯à ¢«¥­  ¢¤®«ì ­ ¯à ¢«¥­¨ï ¤¢¨¦¥­¨ï. �à¨ íâ®¬ á¯¨­
ç áâ¨æë ¯à®â¨¢®¯®«®¦¥­ ¨¬¯ã«ìáã (á¯¨à «ì­®áâì à ¢­  -1/2, \«¥¢ë© ¢¨­â"),  
á¯¨­  ­â¨ç áâ¨æë ­ ¯à ¢«¥­ ¢¤®«ì ¨¬¯ã«ìá  (á¯¨à «ì­®áâì à ¢­  +1/2, \¯à ¢ë©
¢¨­â"). �®®â¢¥âáâ¢¥­­® ¤«ï ­¥©âà¨­® ¨  ­â¨­¥©âà¨­® ®âáãâáâ¢ã¥â á¨¬¬¥âà¨ï ¯®
®â­®è¥­¨î ª ®âà ¦¥­¨ï¬ ¢ ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§ ®áì, ­ ¯à ¢«¥­­ãî ¢¤®«ì
¨¬¯ã«ìá , ª ª íâ® ¯®ª § ­® ­  �¨á.3-2. �â® á®®â¢¥âáâ¢ã¥â íªá¯¥à¨¬¥­â «ì­® ­ -
¡«î¤ ¥¬®¬ã ­ àãè¥­¨î ¯à®áâà ­áâ¢¥­­®© ç¥â­®áâ¨ ¢ á« ¡ëå ¢§ ¨¬®¤¥©áâ¢¨ïå.
�à¨ íâ®¬ á®åà ­ï¥âáï, ®¤­ ª®, á¨¬¬¥âà¨ï ®â­®á¨â¥«ì­® ®¯¥à æ¨¨ CP { â ª ­ -
§ë¢ ¥¬ ï ª®¬¡¨­¨à®¢ ­­ ï ç¥â­®áâì13 � áá¬®âà¥­­ ï áå¥¬  ­ §ë¢ ¥âáï â¥®à¨¥©
¤¢ãåª®¬¯®­¥­â­®£® ­¥©âà¨­®. �­  ¡ë«  ¯à¥¤«®¦¥­  ¢¯¥à¢ë¥ � ­¤ ã. � ¯®¬®éìî
®¤­®£® á¯¨­®à  � (¨«¨ �) ¬®¦­® ®¡à §®¢ âì ¢á¥£® ç¥âëà¥ ¡¨«¨­¥©­ë¥ ª®¬¡¨­ æ¨¨,
á®áâ ¢«ïîé¨¥ ¢¬¥áâ¥ 4-¢¥ªâ®à:

j� = (���; ����) (3.324)

� á¨«ã (p0 + p�)� = 0 ¨ ��(p0 � p�) = 0 ¨¬¥¥â ¬¥áâ® ãà ¢­¥­¨¥ ­¥¯à¥àë¢­®áâ¨
@�j

� = 0, â ª çâ® j� ¯à¥¤áâ ¢«ï¥â á®¡®© 4-¢¥ªâ®à ¯«®â­®áâ¨ â®ª  ­¥©âà¨­®.
�«®áª¨¥ ¢®«­ë ­¥©âà¨­® ã¤®¡­® § ¯¨á âì ª ª ¨ ¢ëè¥ ¢ ¢¨¤¥:

�p =
1p
2"
upe

�ipx ��p =
1p
2"
u�peipx (3.325)

13� ªâ¨ç¥áª¨ ¢ á« ¡ëå ¢§ ¨¬®¤¥©áâ¢¨ïå¨¬¥¥â ¬¥áâ® â ª¦¥ ¨ ®ç¥­ì á« ¡®¥ ­ àãè¥­¨¥ CP ç¥â­®-
áâ¨, çâ® ­ ¡«î¤ ¥âáï, ¢ ®á­®¢­®¬, ¢ ¯à®æ¥áá å à á¯ ¤®¢ K-¬¥§®­®¢. �â® ®§­ ç ¥â, ª ª ®â¬¥ç «®áì
¢ëè¥, â ª¦¥ ®ç¥­ì á« ¡®¥ ­ àãè¥­¨¥ T - ¨­¢ à¨ ­â­®áâ¨.�à¨à®¤  ­ àãè¥­¨ï CP -¨­¢ à¨ ­â­®áâ¨
®áâ ¥âáï ­¥¢ëïá­¥­­®©,¨§«®¦¥­­ ï ¢ëè¥ áå¥¬  ®¯¨á ­¨ï ­¥©âà¨­® ¯à¥­¥¡à¥£ ¥â íâ¨¬ á« ¡ë¬ íä-
ä¥ªâ®¬.
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  á¯¨­®à­ë¥  ¬¯«¨âã¤ë ­®à¬¨à®¢ âì ¨­¢ à¨ ­â­ë¬ ãá«®¢¨¥¬:

u��p(1; �)u�p = 2(";p) (3.326)

�®£¤  ¯«®â­®áâì ç áâ¨æ ¨ ¯«®â­®áâì â®ª  à ¢­ë j0 = 1, j = p
" = n.

�à¨ à áá¬®âà¥­¨¨ ¯à®æ¥áá®¢ ¢§ ¨¬®¤¥©áâ¢¨ï ­¥©âà¨­® á ¤àã£¨¬¨ ç áâ¨æ ¬¨
ã¤®¡­® ¯®«ì§®¢ âìáï ¥¤¨­®®¡à §­ë¬¨ ®¡®§­ ç¥­¨ï¬¨ ¨ ¢¢¥áâ¨ ¤«ï ­¥©âà¨­® \¡¨á-

¯¨­®à­ãî" ¢®«­®¢ãî äã­ªæ¨î, ¤¢¥ ¨§ ª®¬¯®­¥­â ª®â®à®© à ¢­ë ­ã«î:  =

�
0
�

�
.

�¤­ ª® â ª ï ä®à¬   , ¢®®¡é¥ £®¢®àï, ¬¥­ï¥âáï ¯à¨ ¯¥à¥å®¤¥ ª ¤àã£®¬ã (­¥ á¯¨­®à-
­®¬ã) ¯à¥¤áâ ¢«¥­¨î. �âã âàã¤­®áâì ¬®¦­® ®¡®©â¨, ¥á«¨ § ¬¥â¨âì, çâ® ¢ á¯¨­®à­®¬
¯à¥¤áâ ¢«¥­¨¨ ¨¬¥¥¬:

1

2
(1 + 
5) =

1

2

��
1̂ 0
0 1̂

�
+

� �̂1 0
0 1̂

��
=

�
0 0

0 1̂

�
1

2
(1� 
5) =

�
1̂ 0
0 0

�
(3.327)

â ª çâ® ¬®¦­® ­ ¯¨á âì â®¦¤¥áâ¢ :

1

2
(1 + 
5)

�
�
�

�
=

�
0
�

�
(��; ��)

1

2
(1� 
5) = (��; 0) (3.328)

£¤¥ � { ¯à®¨§¢®«ì­ë© \¡ «« áâ­ë©" á¯¨­®à. �®£¤  ãá«®¢¨¥ ¨áâ¨­­®© ¤¢ãåª®¬¯®-
­¥­â­®áâ¨ ­¥©âà¨­® ¡ã¤¥â á®¡«î¤¥­® ¨ ¯à¨ ®¯¨á ­¨¨ ¥£® ç¥âëà¥åª®¬¯®­¥­â­ë¬
¡¨á¯¨­®à®¬  ¢ «î¡®¬ ¯à¥¤áâ ¢«¥­¨¨, ¥á«¨ ¯®¤  ¯®­¨¬ âì à¥è¥­¨¥ ãà ¢­¥­¨¥
�¨à ª  á m = 0:

p̂ = 0 (3.329)

á ¤®¯®«­¨â¥«ì­ë¬ ãá«®¢¨¥¬ (
5-¨­¢ à¨ ­â­®áâì):

1

2
(1 + 
5) =  ¨«¨ 
5 =  (3.330)

�â® ãá«®¢¨¥ ¬®¦­® ãç¥áâì  ¢â®¬ â¨ç¥áª¨, ¥á«¨ ¢® ¢á¥å ¢ëà ¦¥­¨ïå ¯à®¨§¢¥áâ¨
§ ¬¥­ã ­¥©âà¨­­ëå ¡¨á¯¨­®à®¢ ¯® ¯à ¢¨«ã:

 ! 1

2
(1 + 
5) � ! � 

1

2
(1� 
5) (3.331)

� ¯à¨¬¥à, 4-¢¥ªâ®à ¯«®â­®áâ¨ â®ª  § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

j� =
1

4
� (1� 
5)
�(1 + 
5) =

1

2
� 
�(1 + 
5) (3.332)

�§ ¯à®¢¥¤¥­­®£® ¢ëè¥ ®¡áã¦¤¥­¨ï á¯¨à «ì­®áâ¨ ¡¥§¬ áá®¢ëå ä¥à¬¨®­®¢ ïá­®,
çâ® ¤«ï ­¨å ¢ ®¡é¥¬ á«ãç ¥ ã¤®¡­® ¢¢¥áâ¨ \¯à ¢ë¥" ¨ \«¥¢ë¥" ¯®«ï ª ª:

 R =
1

2
(1 + 
5)  L =

1

2
(1� 
5)  =  R +  L (3.333)
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� ª¨¥ ®¡®§­ ç¥­¨ï ç áâ® ¨á¯®«ì§ãîâáï ­¥ â®«ìª® ¯à¨ ®¯¨á ­¨¨ ­¥©âà¨­®, ­® ¨ ¤«ï
«î¡ëå ¤àã£¨å ä¥à¬¨®­®¢ á® á¯¨­®¬ 1/2, ¯à¨ à áá¬®âà¥­¨¨ § ¤ ç, ¢ ª®â®àëå ¬®¦­®
¯à¥­¥¡à¥çì ¨å ¬ áá®©.

� ¯®á«¥¤­¨¥ £®¤ë, ¢ á¢ï§¨ á ª®á¢¥­­ë¬¨ íªá¯¥à¨¬¥­â «ì­ë¬¨ ãª § ­¨ï¬¨ ­  ª®­¥ç­®áâì
¬ ááë ­¥©âà¨­®, ¢®§­¨ª ¨­â¥à¥á ª ¬®¤¥«¨ ¨áâ¨­­® ­¥©âà «ì­ëå, â ª ­ §ë¢ ¥¬ëå ¬ ©®à ­®¢áª¨å

­¥©âà¨­®, ¯¥à¥å®¤ïé¨å á ¬¨ ¢ á¥¡ï ¯à¨ ®¯¥à æ¨¨ § àï¤®¢®£® á®¯àï¦¥­¨ï ¨ ¨¬¥îé¨å ª®­¥ç­ãî
¬ ááã, ®¯¨á ­¨¥ ª®â®à®© ­¥áª®«ìª® ®â«¨ç ¥âáï ®â ®¡ëç­®© ¤¨à ª®¢áª®© ¬ ááë. � áá®¢ë© ç«¥­ ¤¨-
à ª®¢áª®£® â¨¯ , ª ª ïá­® ¨§ ¯à¥¤ë¤ãé¥£® ¨§«®¦¥­¨ï, ¢ « £à ­¦¨ ­¥ á¢ï§ë¢ ¥â (¯¥à¥¬¥è¨¢ ¥â)
L ¨ R ª®¬¯®­¥­âë ®¤­®£® ¨ â®£® ¦¥ ¯®«ï:

LD = D( � L R + � R L) = D �  (3.334)

£¤¥ D ®¡®§­ ç ¥â ¤¨à ª®¢áªãî ¬ ááã. � áá®¢ë© ç«¥­ ¬ ©®à ­®¢áª®£® â¨¯  ¯¥à¥¬¥è¨¢ ¥â L ¨ R
ª®¬¯®­¥­âë § àï¤®¢® á®¯àï¦¥­­ëå ¯®«¥©, â ª çâ® á®®â¢¥âáâ¢ãîé¨¥ ¢ª« ¤ë ¢ « £à ­¦¨ ­ ¬®¦­®
§ ¯¨á âì ª ª [11]:

LMA = A( � CL  L + � L 
C
L ) = A���

LMB = B( � CR R + � R 
C
R) = B�!! (3.335)

£¤¥ ¨­¤¥ªá C ®¡®§­ ç ¥â § àï¤®¢®¥ á®¯àï¦¥­¨¥ ¨ ¢¢¥¤¥­ë íà¬¨â®¢ë (¨áâ¨­­® ­¥©âà «ì­ë¥ ¨«¨
¬ ©®à ­®¢áª¨¥) ¯®«ï:

� =  L +  CL �C = �

! =  R +  CR !C = ! (3.336)

�¡à â­ë¥ à ¢¥­áâ¢  ¨¬¥îâ ¢¨¤:

 L =
1

2
(1� 
5)�  CL =

1

2
(1 + 
5)�

 R =
1

2
(1 + 
5)!  CR =

1

2
(1� 
5)! (3.337)

�®£¤  ¢ « £à ­¦¨ ­¥ ®¤­®¢à¥¬¥­­® ¯à¨áãâáâ¢ãîâ ¨ ¤¨à ª®¢áª¨¥ ¨ ¬ ©®à ­®¢áª¨¥ ¬ áá®¢ë¥
ç«¥­ë, ¨¬¥¥¬:

LDM = D � L R + A � CL  L +B � CR R + h:c =

=
1

2
D(��! + �!�) + A���+B�!! = (��; �!)

�
A 1

2D
1
2D B

��
�
!

�
(3.338)

�®§­¨ªè ï §¤¥áì ¬ áá®¢ ï ¬ âà¨æ  «¥£ª® ¤¨ £®­ «¨§ã¥âáï ¨ ¥¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¤ îâ:

m1;2 =
1

2
(A+ B)� 1

2

p
(A�B)2 + D2 (3.339)

� ª¨¬ ®¡à §®¬, á ¬ë© ®¡é¨© ¬ áá®¢ë© ç«¥­ (3.338) á ç¥âëà¥åª®¬¯®­¥­â­ë¬ä¥à¬¨®­­ë¬ ¯®«¥¬
ä ªâ¨ç¥áª¨ ®¯¨áë¢ ¥â ¤¢¥ ¬ ©®à ­®¢áª¨¥ ç áâ¨æë á à §­ë¬¨ ¬ áá ¬¨. �®®â¢¥âáâ¢ãîé¨¥ ¯®«ï
¯à¥¤áâ ¢«ïîâáï á«¥¤ãîé¨¬¨ (¤¨ £®­ «¨§ãîé¨¬¨ (3.338)) «¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨ ¨áå®¤­ëå
¯®«¥©:

�1 = cos ��� sin �! �2 = sin ��+ cos �! (3.340)

£¤¥

tg2� =
D

B � A
(3.341)

�¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¯à¨ A = B = 0 (â.¥. ¯à¨ à ¢­ëå ­ã«î ¬ ©®à ­®¢áª¨å ¬ áá å) ®âáî¤ 
¯®«ãç ¥âáï ä®à¬ «¨§¬ ®¡ëç­®£® ç¥âëà¥åª®¬¯®­¥­â­®£® ¤¨à ª®¢áª®£® ¯®«ï, â ª çâ® ¤¨à ª®¢áª¨©
ä¥à¬¨®­ á®®â¢¥âáâ¢ã¥â \¢ëà®¦¤¥­­®¬ã" ¯à¥¤¥«ã A = B = 0 ¤¢ãå ¬ ©®à ­®¢áª¨å ç áâ¨æ. �®-
áª®«ìªã ¬ ©®à ­®¢áª¨¥ ¬ áá®¢ë¥ ç«¥­ë ¢ « £à ­¦¨ ­¥ (3.335), ®ç¥¢¨¤­®, ¯à¨¢®¤ïâ ª ­¥á®åà ­¥-
­¨î  ¤¤¨â¨¢­®£® ª¢ ­â®¢®£® ç¨á« , ª®â®à®¥ ­¥á¥â ¯®«¥  , ­ ¯à¨¬¥à í«¥ªâà¨ç¥áª®£® § àï¤ , ¢á¥
¨§¢¥áâ­ë¥ í«¥¬¥­â à­ë¥ ä¥à¬¨®­ë, §  ¨áª«îç¥­¨¥¬ ­¥©âà¨­®, ¡ã¤ãç¨ § àï¦¥­­ë¬¨, ¤®«¦­ë
¨¬¥âì A = B = 0, â.¥. ¡ëâì ¤¨à ª®¢áª¨¬¨ ç áâ¨æ ¬¨. � ¢®â ¤«ï ­¥©âà¨­® íâ®£® ®£à ­¨ç¥­¨ï
­¥â ¨ ¥£® ¬®¦­® ®¯¨áë¢ âì ¨ ¢ à ¬ª å ¡®«¥¥ ®¡é¥£® ¬ ©®à ­®¢áª®£® ä®à¬ «¨§¬ . �á«¨ ¬ áá 
­¥©âà¨­® â®ç­® à ¢­  ­ã«î, â® ¬ ©®à ­®¢áª¨¥ ­¥©âà¨­® ­¥®â«¨ç¨¬ë ®â ¤¢ãåª®¬¯®­¥­â­ëå (¢¥©-
«¥¢áª¨å) ­¥©âà¨­®, à áá¬®âà¥­­ëå ¢ëè¥. �á«¨ ¦¥ ¬ áá  ­¥©âà¨­® ®â«¨ç­  ®â ­ã«ï, â® â¥®à¨ï
¬ ©®à ­®¢áª¨å ­¥©âà¨­® ¯à¨¢®¤¨â ª àï¤ã á¯¥æ¨ä¨ç¥áª¨å ¯à¥¤áª § ­¨©.
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� áâ¨æë á® á¯¨­®¬ 3/2.

� áâ¨æë á® á¯¨­®¬ 3/2 ¢ á¢®¥© á¨áâ¥¬¥ ¯®ª®ï ®¯¨áë¢ îâáï âà¥å¬¥à­ë¬ á¨¬¬¥âà¨ç­ë¬ á¯¨­®à®¬
âà¥âì¥£® à ­£ , ¨¬¥îé¨¬ 2s + 1 = 4 ­¥§ ¢¨á¨¬ëå ª®¬¯®­¥­âë. �®®â¢¥âáâ¢¥­­®, ¢ ¯à®¨§¢®«ì-

­®© á¨áâ¥¬¥ ®âáç¥â  ®¯¨á ­¨¥ â ª¨å ç áâ¨æ ¬®¦­® áâà®¨âì, ¨á¯®«ì§ãï á¯¨­®àë ��
_� _
 , � _��
 , �

��
 ,
� _� _� _
 , ª ¦¤ë© ¨§ ª®â®àëå á¨¬¬¥âà¨ç¥­ ¯® ¢á¥¬ ®¤¨­ ª®¢ë¬ (â.¥. ¯ã­ªâ¨à­ë¬ ¨«¨ ­¥¯ã­ªâ¨à­ë¬)

¨­¤¥ªá ¬. � ¬¥â¨¬, çâ® ¯®á«¥¤­ïï ¯ à  á¯¨­®à®¢ ­¥ ¤®¡ ¢«ï¥â ­¨ç¥£® ­®¢®£® ¢ ãà ¢­¥­¨ï, ¯®«ã-
ç¥­­ë¥ á ¯®¬®éìî ¯¥à¢®© ¯ àë. �ãé¥áâ¢ã¥â ­¥áª®«ìª® íª¢¨¢ «¥­â­ëå ä®à¬ã«¨à®¢®ª ¢®«­®¢ëå
ãà ¢­¥­¨© ¢ à áá¬ âà¨¢ ¥¬®© § ¤ ç¥, ¬ë ®£à ­¨ç¨¬áï ªà âª¨¬ ®¡§®à®¬ «¨èì ®¤­®© ¨§ ­¨å [1].

� à¥ á¯¨­®à­ëå ¨­¤¥ªá®¢ � _�, ª ª ¬ë ¢¨¤¥«¨ ¢ëè¥, ¬®¦­® á®¯®áâ ¢¨âì ®¤¨­ 4-¢¥ªâ®à­ë©

¨­¤¥ªá �. �®íâ®¬ã á®¯®áâ ¢«ï¥¬ ��
_� _
 !  _


� ¨ �
_��
 !  
�, â.¥. ¢¢®¤¨¬ \á¬¥è ­­ë¥" á¯¨­®à­® -

â¥­§®à­ë¥ ¢¥«¨ç¨­ë. �®¢®ªã¯­®áâ¨ íâ¨å ¤¢ãå á¯¨­®à®¢ á®¯®áâ ¢«ï¥âáï \¢¥ªâ®à­ë©" ¡¨á¯¨­®à  �
(£¤¥ ã¦¥ ­¥ ¯¨è¥¬ ¡¨á¯¨­®à­ë¥ ¨­¤¥ªáë). �®«­®¢®¥ ãà ¢­¥­¨¥ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ \ãà ¢­¥­¨ï
�¨à ª " ¤«ï ª ¦¤®© ¨§ ¢¥ªâ®à­ëå ª®¬¯®­¥­â  �:

(p̂�m) � = 0 (3.342)

á ¤®¯®«­¨â¥«ì­ë¬ ãá«®¢¨¥¬

� � = 0 (3.343)

�¬­®¦ ï (3.342) ­  
�, á ãç¥â®¬ (3.343), ¯®«ãç¨¬ 
�
�p� � = 0 ¨«¨, ¢ á¨«ã ¯à ¢¨« ª®¬¬ãâ æ¨¨
¤«ï 
�: 2g��p� � � 
�
� � = 0, £¤¥ ¢ á¨«ã (3.343) ¢â®à®© ç«¥­ ¤ ¥â ­ã«ì. �®£¤  ¨¬¥¥¬:

p� � = 0 (3.344)

çâ® ®¡¥á¯¥ç¨¢ ¥â ¯¥à¥å®¤ ç¥âëà¥å¬¥à­ëå á¯¨­®à®¢ ¢ \­ã¦­ë¥" âà¥å¬¥à­ë¥ ¢ á¨áâ¥¬¥ ¯®ª®ï.
�à®¡«¥¬ ãç¥â  ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨© ª ¢®«­®¢ë¬ ãà ¢­¥­¨ï¬ á®§¤ ¥â áãé¥áâ¢¥­­ë¥ âàã¤-

­®áâ¨ ¯à¨ ¯à®¢¥¤¥­¨¨ ¯à®æ¥¤ãàë ª¢ ­â®¢ ­¨ï. � ¬¥â¨¬, ®¤­ ª®, çâ® ª ª ¨ ¢ á«ãç ¥ ç áâ¨æ á
¢ëáè¨¬¨ æ¥«ë¬¨ á¯¨­ ¬¨, â ª ¨ ¯à¨ ®¡áã¦¤¥­¨¨ ä¥à¬¨®­®¢ á® á¯¨­®¬ s � 3=2, á«¥¤ã¥â ¯®¬­¨âì,
çâ® í«¥¬¥­â à­ëå ç áâ¨æ â ª®£® â¨¯  ¢ à ¬ª å \áâ ­¤ àâ­®© ¬®¤¥«¨" ¯à®áâ® ­¥â.
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�« ¢  4

������������� ������
��������� � ���������-
��� ������ ���������
���������������

�¥à¥«ïâ¨¢¨áâáª ï â¥®à¨ï. �ã­ªæ¨¨ �à¨­ .

� íâ®© £« ¢¥ ¤ ¥âáï í«¥¬¥­â à­®¥ ¢¢¥¤¥­¨¥ ¢ ª¢ ­â®¢ãî í«¥ªâà®¤¨­ ¬¨ªã, ¯®­¨-
¬ ¥¬ãî, ª ª â¥®à¨ï í«¥ªâà®¬ £­¨â­®£® ¢§ ¨¬®¤¥©áâ¢¨ï í«¥¬¥­â à­ëå «¥¯â®­®¢ {
â.¥., ä ªâ¨ç¥áª¨, í«¥ªâà®­®¢ ¨ ¯®§¨âà®­®¢. �à¨ íâ®¬ ¬ë á«¥¤ã¥¬, ¢ ®á­®¢­®¬, ®à¨-
£¨­ «ì­ë¬ à ¡®â ¬ �¥©­¬ ­ , å®à®è¥¥ ¨§«®¦¥­¨¥ ª®â®àëå ¬®¦­® ­ ©â¨ ¢ [5, 31].
�® ­ ç­¥¬ ¬ë á ­¥à¥«ïâ¨¢¨áâáª®© ª¢ ­â®¢®© ¬¥å ­¨ª¨, çâ®¡ë ¢¢¥áâ¨ àï¤ ¯®­ïâ¨©
¨ ¯®¤å®¤®¢, ª®â®àë¥, ®¡ëç­®, ¢ë¯ ¤ îâ ¨§ âà ¤¨æ¨®­­ëå ªãàá®¢ â¨¯  [29].

� áá¬®âà¨¬ ­¥áâ æ¨®­ à­®¥ ãà ¢­¥­¨¥ �à¥¤¨­£¥à :

i~
@ 

@t
= H (4.1)

�¡ëç­ë© ¯®¤å®¤ ª à¥è¥­¨î â ª®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á®áâ®¨â ¢ â®¬,
çâ® §­ ï ¢®«­®¢ãî äã­ªæ¨î ¢ ­¥ª¨© ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨  (t1), ¬ë ¯ëâ -
¥¬áï à ááç¨â âì ¥¥ ¨§¬¥­¥­¨¥ §  ¬ «ë© ¨­â¥à¢ « ¢à¥¬¥­¨ �t, á®®â¢¥âáâ¢¥­­® ­ ©â¨
 (t1 +�t),   § â¥¬ ¯à®¤®«¦¨âì íâ®â ¯à®æ¥áá. �¥©­¬ ­ ¯à¥¤«®¦¨« § ¯¨áì à¥è¥­¨ï
(4.1) ¢ ¨­â¥£à «ì­®¬ ¢¨¤¥, â ª çâ® ¯à¨ ¯¥à¥å®¤¥ ª ¬®¬¥­âã ¢à¥¬¥­¨ t2 > t1 ¢®«­®-
¢ ï äã­ªæ¨ï ¢ â®çª¥ (t2;x2) ¢ëà ¦ ¥âáï ç¥à¥§ ¢®«­®¢ãî äã­ªæ¨î ¢ â®çª¥ (t1;x1)

93



94 ������������� ������ ��������� � ������������ ������ ��������� ���������������

á«¥¤ãîé¨¬ ®¡à §®¬:

 (x2; t2) =
Z
d3x1K(x2t2;x1t1) (x1t1) t2 � t1 (4.2)

�¤¥áì ¨­â¥£à «ì­®¥ ï¤à® K(x2t2;x1t1) ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¯ £ â®à (äã­ªæ¨î
�à¨­ ), á®®â¢¥âáâ¢ãîéãî «¨­¥©­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î (4.1). �¨§¨-
ç¥áª¨© á¬ëá« ¯à®¯ £ â®à  ïá¥­ ¨§ á ¬®© § ¯¨á¨ (4.2) { íâ® ª¢ ­â®¢®¬¥å ­¨ç¥áª ï
 ¬¯«¨âã¤  ¢¥à®ïâ­®áâ¨ ¯¥à¥å®¤  ç áâ¨æë ¨§ â®çª¨ x1 ¢ ¬®¬¥­â ¢à¥¬¥­¨ t1 ¢ â®çªã
x2 ¢ ¬®¬¥­â t2.

�ãáâì, ¤«ï ¯à®áâ®âë, £ ¬¨«ìâ®­¨ ­ H ­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨. � á®®â¢¥âáâ¢¨¨
á ¯à¨­æ¨¯®¬ áã¯¥à¯®§¨æ¨¨ ª¢ ­â®¢®© ¬¥å ­¨ª¨ ¬®¦­® à §«®¦¨âì  (x1t1) ¢ àï¤
¯® ¯®«­®¬ã ­ ¡®àã ®àâ®­®à¬¨à®¢ ­­ëå á®¡áâ¢¥­­ëå äã­ªæ¨© un(x) ®¯¥à â®à  H á
á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ En:

Hun = EnunZ
d3xu�n(x)um(x) � (un; um) = �nmX

n

un(x)u�n(x
0) = �(x � x0) (4.3)

�®£¤ :
 (x1t1) =

X
n

cnun(x1)e�iEnt1=~ (4.4)

�®íää¨æ¨¥­âë cn ¬®¦­® ¯®«ãç¨âì â¥¯¥àì, ã¬­®¦ ï (4.4) ­  u�n(x1) ¨ ¨­â¥£à¨àãï
¯® âà¥å¬¥à­®¬ã ¯à®áâà ­áâ¢ã:

cn =

Z
d3x1u�n(x1) (x1t1)e

iEnt1=~ (4.5)

�®«­®¢ãî äã­ªæ¨î ¢ ¬®¬¥­â ¢à¥¬¥­¨ t2 ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

 (x2t2) =
X
n

cnun(x2)e�iEnt2=~ (4.6)

�®¤áâ ¢«ïï (4.5) ¢ (4.6), ¬¥­ïï ¯®àï¤®ª áã¬¬¨à®¢ ­¨ï ¨ ¨­â¥£à¨à®¢ ­¨ï ¨ áà ¢­¨-
¢ ï á (4.2), ¯®«ãç ¥¬:

K(x2t2;x1t1) =
X
n

un(x2)u�n(x1)e
�iEn(t2�t1)=~ (4.7)

¨«¨, ¢¢®¤ï ®¡®§­ ç¥­¨¥
�n(x; t) = un(x)e�iEnt=~ (4.8)

¨¬¥¥¬ ¡®«¥¥ ª®à®âªãî § ¯¨áì:

K(x2t2;x1t1) =
X
n

�n(x2t2)��n(x1t1) (4.9)

�à¨ á®¢¯ ¤ îé¨å ¢à¥¬¥­ å t1 = t2 = t ¨§ (4.7) ¯®«ãç¨¬:

K(x2t;x1t) =
X
n

un(x2)u�n(x1) = �(x2 � x1) (4.10)
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�â®, á ®ç¥¢¨¤­®áâìî, ¯à¥¢à é ¥â (4.2) ¢ â®¦¤¥áâ¢® ¯à¨ t1 = t2. � á, ª®­¥ç­®, ¨­â¥-
à¥áãîâ ¢à¥¬¥­  t2 > t1, ¯®íâ®¬ã ã¤®¡­® ¯®«®¦¨âì K(x2t2;x1t1) = 0 ¯à¨ t2 < t1, çâ®
®¡¥á¯¥ç¨â ¢ë¯®«­¥­¨¥ ¯à¨­æ¨¯  ¯à¨ç¨­­®áâ¨, ¨ ®¯à¥¤¥«¨âì:

K(x2t2;x1t1) = �(t2 � t1)
X
n

�n(x2t2)��(x1t1) (4.11)

£¤¥ ¢¢¥¤¥­  áâã¯¥­ç â ï äã­ªæ¨ï:

�(t) =

�
1 ¯à¨ t � 0
0 ¯à¨ t < 0

(4.12)

�«ï ¯à®¨§¢®¤­®© �-äã­ªæ¨¨ ¨¬¥¥¬:

d�(t)

dt
= �(t) (4.13)

�¥¯¥àì ã¦¥ ¬®¦­® ¢ë¢¥áâ¨ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ �à¨­  (¯à®-
¯ £ â®à )K(r2t2; r1t1). �®áª®«ìªã �n ¯à¥¤áâ ¢«ïîâ á®¡®© à¥è¥­¨ï ãà ¢­¥­¨ï �à¥-
¤¨­£¥à  (4.1), (4.3), â® ¨á¯®«ì§ãï (4.10), (4.11) ¨ (4.13) ¨¬¥¥¬:�

i~
@

@t2
�H(x2)

�
K(x2t2;x1t1) = i~

X
n

�n(x2t2)��(x1t1)
@

@t2
�(t2 � t1) =

= i~
X
n

un(x2)u�n(x1)e
�iEn(t2�t1)=~�(t2 � t1) =

= i~�(t2 � t1)
X
n

un(x2)u�n(x1) = i~�(t2 � t1)�(x2 � x1) (4.14)

�â ª, ¢ ®¡é¥¬ á«ãç ¥ (¤ ¦¥ ª®£¤  H § ¢¨á¨â ®â ¢à¥¬¥­¨) äã­ªæ¨ï �à¨­  (¯à®-
¯ £ â®à) K(x2t2;x1t1) ®¯à¥¤¥«ï¥âáï ª ª à¥è¥­¨¥ ­¥®¤­®à®¤­®£® (á �-¨áâ®ç­¨ª®¬ ¢
¯à ¢®© ç áâ¨) ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢¨¤ 1:�

i~
@

@t2
�H(x2t2)

�
K(x2t2;x1t1) = i~�(t2 � t1)�(x2 � x1) (4.15)

¯à¨ç¥¬ ¢ ª ç¥áâ¢¥ £à ­¨ç­®£® ãá«®¢¨ï âà¥¡ã¥¬

K(x2t2;x1t1) = 0 ¯à¨ t2 < t1: (4.16)

�à¨ t2 6= t1 ãà ¢­¥­¨¥ (4.15) á¢®¤¨âáï ª:�
i~

@

@t2
�H(x2t2)

�
K(x2t2;x1t1) = 0 (4.17)

�á«¨ ¯à®¨­â¥£à¨à®¢ âì (4.15) ¯® ¡¥áª®­¥ç­® ¬ «®¬ã ¨­â¥à¢ «ã ¢à¥¬¥­¨ ®â t2 =
t1 � " ¤® t2 = t1 + ", â® ¯®«ãç¨¬:

K(x2t1 + ";x1t1)�K(x2t1 � ";x1t1) = �(x2 � x1) (4.18)

1�âáî¤ , ªáâ â¨, ¢¨¤­®, çâ® ­ è¥ ®¯à¥¤¥«¥­¨¥ äã­ªæ¨¨ �à¨­  ãà ¢­¥­¨ï �à¥¤¨­£¥à  á®¢¯ -
¤ ¥â á ¥¥ ®¯à¥¤¥«¥­¨¥¬ ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥ [32]
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�ª« ¤ ¢â®à®£® ç«¥­  ¢ «¥¢®© ç áâ¨ (4.15) ¯à®¯ ¤ ¥â ¯à¨ " ! 0 ¤«ï ª®­¥ç­ëå H.
�çâ¥¬, â¥¯¥àì, çâ® K(x2t1 � ";x1t1) = 0 ¢¢¨¤ã (4.16) ¨ t1 � " < t1. �®£¤ :

lim
"!0

K(x2t1 + ";x1t1) = K(x2t1;x1t1) = �(x2 � x1) (4.19)

çâ® á®¢¯ ¤ ¥â á (4.10).
� ª¨¬ ®¡à §®¬, ¨á¯®«ì§®¢ ­¨¥ (4.2) íª¢¨¢ «¥­â­® ®¡ëç­®¬ã ª¢ ­â®¢®¬¥å ­¨-

ç¥áª®¬ã ®¯¨á ­¨î. �ãáâì ¨¬¥¥¬ ¤¥«® á § ¤ ç¥©, ¢ ª®â®à®© H = H0 + V , ¯à¨ç¥¬
¤«ï H = H0 § ¤ ç  à¥è ¥âáï â®ç­®. �®£¤  ¯® ¯®â¥­æ¨ «ã V ¬®¦­® ¯®¯ëâ âìáï
¯®áâà®¨âì â¥®à¨î ¢®§¬ãé¥­¨©. �¡®§­ ç¨¬ K0(x2t2;x1t1) äã­ªæ¨î �à¨­  \á¢®¡®¤-
­®©" ç áâ¨æë, ¤¢¨¦ãé¥©áï ¢ ®âáãâáâ¢¨¥ ¢®§¬ãé¥­¨ï V . �¥âàã¤­® ã¡¥¤¨âìáï, çâ®
¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (4.15) ¨ £à ­¨ç­®¥ ãá«®¢¨¥ (4.16) ¬®¦­® ®¡ê¥¤¨­¨âì
¢ ®¤­® ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥:

K(2; 1) = K0(2; 1)� i

~

Z
d4x3K0(2; 3)V (3)K(3; 1) (4.20)

£¤¥ æ¨äà ¬¨ ®¡®§­ ç¥­ë ¯à®áâà ­áâ¢¥­­® - ¢à¥¬¥­­ë¥ â®çª¨, ­ ¯à¨¬¥à (2) =
(x1; t2) ¨ â. ¯., ¨ ¢¢¥¤¥­  ç¥âëà¥å¬¥à­ ï ¯¥à¥¬¥­­ ï ¨­â¥£à¨à®¢ ­¨ï x3 = (x3; t3),
¯à¨ç¥¬ ¯® ¢à¥¬¥­¨ t3 ¯®¤à §ã¬¥¢ ¥âáï ä®à¬ «ì­®¥ ¨­â¥£à¨à®¢ ­¨¥ ¢ ¡¥áª®­¥ç­ëå
¯à¥¤¥« å (­ «¨ç¨¥ �-äã­ªæ¨¨ ¢ ®¯à¥¤¥«¥­¨¨ ¯à®¯ £ â®à   ¢â®¬ â¨ç¥áª¨ ®¡¥á¯¥-
ç¨¢ ¥â ¯à ¢¨«ì­ë¥ ª®­¥ç­ë¥ ¯à¥¤¥«ë). �â®¡ë ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ (4.20)

¯®¤¥©áâ¢ã¥¬ ­  ®¡¥ ¥£® ç áâ¨ ®¯¥à â®à®¬
h
i~ @
@t2

�H0(2)
i
¨, ¨á¯®«ì§ãï ãà ¢­¥­¨¥

(4.15) ¤«ï K0 (â.¥. ¯à¨ V = 0), ¯®«ãç¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢¨¤ :�
i~

@

@t2
�H0(2)

�
K(2; 1) = i~�(2; 1) + V (2)K(2; 1) (4.21)

çâ® ¯®á«¥ ¯¥à¥­®á  ¢â®à®£® ç«¥­  á¯à ¢  ¢ «¥¢ãî ç áâì ¯à®áâ® á®¢¯ ¤ ¥â á (4.15).
�®áª®«ìªã K0(2; 1) = 0 ¯à¨ t2 < t1, â® ¨ K(2; 1) = 0 ¯à¨ t2 < t1.

�à¥¨¬ãé¥áâ¢® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (4.20) á®áâ®¨â ¢ â®¬, çâ® ¥£® ã¤®¡­®
à¥è âì ¨â¥à æ¨ï¬¨, â ª çâ® ¢®§­¨ª ¥â àï¤ â¥®à¨¨ ¢®§¬ãé¥­¨© ¤«ï ¯à®¯ £ â®à 
¢¨¤ :

K(2; 1) = K0(2; 1)� i

~

Z
d4x3K0(2; 3)V (3)K0(3; 1) +

+

��i
~

�2 Z
d4x3d

4x4K0(2; 3)V (3)K0(3; 4)V (4)K0(4; 1) + :::: (4.22)

�«¥­ë íâ®£® àï¤  ¨¬¥îâ ®ç¥¢¨¤­ãî ¨ ­ £«ï¤­ãî ¨­â¥à¯à¥â æ¨î { ¯¥à¢ë© ç«¥­
®¯¨áë¢ ¥â à á¯à®áâà ­¥­¨¥ á¢®¡®¤­®© ç áâ¨æë ¨§ â®çª¨ 1 ¢ â®çªã 2, ¢â®à®© ®¯¨-
áë¢ ¥â à á¯à®áâà ­¥­¨¥ á¢®¡®¤­®© ç áâ¨æë ¨§ â®çª¨ 1 ¢ â®çªã 3, £¤¥ ®­  ¨á¯ë-
âë¢ ¥â à áá¥ï­¨¥ ­  ¯®â¥­æ¨ «¥ V , ¯®á«¥ ç¥£® á­®¢  ¯à®¨áå®¤¨â à á¯à®áâà ­¥­¨¥
á¢®¡®¤­®© ç áâ¨æë ¨§ 3 ¢ 2. �ç¥¢¨¤­®, çâ® â®çª  3 ¯à®¨§¢®«ì­ , â ª çâ® ¯® ¥¥
ª®®à¤¨­ â ¬ ­ ¤® ¯à®¨­â¥£à¨à®¢ âì. �à®æ¥áá ¯à®¤®«¦ ¥âáï ¡¥áª®­¥ç­®, â.¥. àï¤
®¯¨áë¢ ¥â â ª¦¥ ¯à®æ¥ááë ¤¢ãªà â­®£®, âà¥åªà â­®£® ¨, ¢ ¯à¥¤¥«¥, ¡¥áª®­¥ç­®-
ªà â­®£® à áá¥ï­¨ï ­  ¯®â¥­æ¨ «¥ V . � ª ï â¥®à¨ï ¢®§¬ãé¥­¨© ¬®¦¥â ¡ëâì íä-
ä¥ªâ¨¢­® ¨á¯®«ì§®¢ ­  ¯à¨ à¥è¥­¨¨ ª®­ªà¥â­ëå § ¤ ç, ¨ ¬ë ¥é¥ ¢¥à­¥¬áï ª ¥¥
¨á¯®«ì§®¢ ­¨î.
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�¥«ïâ¨¢¨áâáª ï â¥®à¨ï.

�¥à¥©¤¥¬ ª ¯®áâà®¥­¨î  ­ «®£¨ç­®£® ä®à¬ «¨§¬  ¢ à¥«ïâ¨¢¨áâáª®© â¥®à¨¨. �à ¢-
­¥­¨¥ �¨à ª  ¤«ï á¢®¡®¤­®© ç áâ¨æë ¨¬¥¥â ¢¨¤:

(ir̂ �m) = 0 (4.23)

£¤¥, ¢ ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¥£® à §¤¥« , ¬ë ¢¥à­ã«¨áì ª á¨áâ¥¬¥ ¥¤¨­¨æ ~ =
c = 1. �¥âëà¥åª®¬¯®­¥­â­ ï ¢®«­®¢ ï äã­ªæ¨ï (¡¨á¯¨­®à) �¨à ª   (x2t2) ¬®-
¦¥â ¡ëâì ¯®«ãç¥­  ¨§ \­ ç «ì­®©"  (x1t1) á ¯®¬®éìî ¯à®¯ £ â®à  (äã­ªæ¨¨
�à¨­ ) K0(x2t2;x1t1), ¯à¥¤áâ ¢«ïîé¥£® á®¡®© ­¥ª®â®àãî ¬ âà¨æã 4�4. �â  ¬ -
âà¨æ  ¤®«¦­  ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î �¨à ª  á ¯à ¢®© ç áâìî,  ­ «®£¨ç­®¬ã
(4.15):

(ir̂2 �m)K0(2; 1) = i�(2; 1) (4.24)

£¤¥ ¨á¯®«ì§ã¥¬, ª ª ¨ ¢ëè¥, ®ç¥¢¨¤­ë¥ ®¡®§­ ç¥­¨ï ¯à®áâà ­áâ¢¥­­® - ¢à¥¬¥­­ëå
¯¥à¥¬¥­­ëå æ¨äà ¬¨. �®  ­ «®£¨¨ á (4.4), (4.6) äã­ªæ¨î  ¬®¦­® à §«®¦¨âì ¢
àï¤ ¯® ­ ¡®àã á®¡áâ¢¥­­ëå äã­ªæ¨© un, á®®â¢¥âáâ¢ãîé¨å ­ ¡®àã ª ª ¯®«®¦¨â¥«ì-
­ëå, â ª ¨ ®âà¨æ â¥«ì­ëå í­¥à£¨©. �¬¥áâ® u�n ã¤®¡­® ¨á¯®«ì§®¢ âì á®¯àï¦¥­­ë¥
á¯¨­®àë �un = u+
0 = u+� (£¤¥ ä¨£ãà¨àã¥â ¤¨à ª®¢áª ï ¬ âà¨æ  
0 = �, �2 = 1).
�®¢â®àïï à áá¬®âà¥­¨¥, ¨á¯®«ì§®¢ ­­®¥ ¯à¨ ¢ë¢®¤¥ (4.7), ­ ©¤¥¬ ¨áª®¬ë© ¯à®¯ -
£ â®à ¢ ¢¨¤¥:

K(x2t2;x1t1) =
X
En>0

un(x2)�un(x1)e�iEn(t2�t1) +
X
En<0

un(x2)�un(x1)e�iEn(t2�t1)

¯à¨ t2 > t1;

K(x2t2;x1t1) = 0 ¯à¨ t2 < t1 (4.25)

� §«®¦¥­¨¥  ¤®«¦­® ¨¤â¨ ¨¬¥­­® ¯® ¯®«­®¬ã ­ ¡®àã á®¡áâ¢¥­­ëå äã­ªæ¨©,
¢ª«îç îé¥¬ã á®áâ®ï­¨ï á ®âà¨æ â¥«ì­®© í­¥à£¨¥©. � § «®áì ¡ë, íâ® ¯«®å® á ä¨-
§¨ç¥áª®© â®çª¨ §à¥­¨ï { ­ ¯à¨¬¥à ¢­¥è­¥¥ ¢®§¬ãé¥­¨¥ (¯®â¥­æ¨ «) ¬®¦¥â ¢ë§¢ âì
¯¥à¥å®¤ë ç áâ¨æë (¤«ï ®¯à¥¤¥«¥­­®áâ¨ í«¥ªâà®­ ) ¨§ á®áâ®ï­¨© á ¯®«®¦¨â¥«ì­®©
í­¥à£¨¥© ¢ á®áâ®ï­¨ï á ®âà¨æ â¥«ì­®© í­¥à£¨¥©, çâ® ®§­ ç ¥â ­¥ãáâ®©ç¨¢®áâì á¨-
áâ¥¬ë (®âáãâáâ¢¨¥ ®á­®¢­®£® á®áâ®ï­¨ï). �¨à ª, ª ª ¨§¢¥áâ­®, à¥è « íâã ¯à®¡«¥¬ã
â ª: ¤ ¢ ©â¥ áç¨â âì, çâ® ¢á¥ á®áâ®ï­¨ï á ®âà¨æ â¥«ì­®© í­¥à£¨¥© ¢ ®á­®¢­®¬ á®áâ®-
ï­¨¨ (¢ ªãã¬¥) ã¦¥ § ­ïâë í«¥ªâà®­ ¬¨, â®£¤  ¯à¨­æ¨¯ � ã«¨ ­¥ ¤ ¥â í«¥ªâà®­ã,
¤¢¨¦ãé¥¬ãáï ­ ¤ â ª¨¬ ¢ ªãã¬®¬, ¯¥à¥©â¨, ¢ à¥§ã«ìâ â¥ à áá¥ï­¨ï, ¢ ã¦¥ § ­ï-
âë¥ á®áâ®ï­¨ï á ®âà¨æ â¥«ì­®© í­¥à£¨¥©. �â® âà¥¡ã¥â, çâ®¡ë ¤«ï t2 > t1 ¯à®¯ £ â®à
K(x2t2;x1t1) ¡ë« áã¬¬®© à¥è¥­¨©, á®®â¢¥âáâ¢ãîé¨å â®«ìª® ¯®«®¦¨â¥«ì­ë¬ í­¥à-
£¨ï¬ ç áâ¨æë. �«ï â®£®, çâ®¡ë à¥ «¨§®¢ âì íâ® ¬ â¥¬ â¨ç¥áª¨, â.¥. á¤¥« âì

K(x2t2;x1t1) =
X
En>0

un(x2)�un(x1)e�iEn(t2�t1) ¯à¨ t2 > t1 (4.26)

­ã¦­® ¨§ (4.25) ¢ëç¥áâì áã¬¬ã ç«¥­®¢ ¢¨¤ :

un(x2)�un(x1)e�iEn(t2�t1) (4.27)

¯® á®áâ®ï­¨ï¬ á ®âà¨æ â¥«ì­®© í­¥à£¨¥© ¤«ï ¢á¥å ¬®¬¥­â®¢ ¢à¥¬¥­¨. �â® á¤¥« âì
¬®¦­®, ¯®áª®«ìªã â ª ï áã¬¬  ¯à¥¤áâ ¢«ï¥â á®¡®© à¥è¥­¨¥ ®¤­®à®¤­®£® (¡¥§ ¯à -
¢®© ç áâ¨) ãà ¢­¥­¨ï (4.24). � à¥§ã«ìâ â¥, íâ  áã¬¬  á®ªà â¨âáï á® ¢â®à®© ¯®«®-
¢¨­®© à¥è¥­¨ï (4.25), ¨ ¬ë ¯®«ãç¨¬ á«¥¤ãîéãî äã­ªæ¨î �à¨­  ¤«ï á¢®¡®¤­®©
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�¨á. 4-1

ç áâ¨æë:

K+(x2t2;x1t1) =
X
En>0

un(x2)�un(x1)e�iEn(t2�t1) ¯à¨ t2 > t1 (4.28)

�® â¥¯¥àì ¤«ï t2 < t1 íâ  äã­ªæ¨ï ã¦¥ ­¥ à ¢­  ­ã«î, ¨ ¬ë ¨¬¥¥¬:

K+(x2t2;x1t1) = �
X
En<0

un(x2)�un(x1)e�iEn(t2�t1) ¯à¨ t2 < t1 (4.29)

�¡à â¨â¥ ¢­¨¬ ­¨¥ ­  ¢®§­¨ªè¨© §¤¥áì ®¡é¨© §­ ª ¬¨­ãá! �®á«¥¤­¥¥ ¢ëà ¦¥­¨¥
ã¤®¡­® § ¯¨á âì ª ª:

K+(x2t2;x1t1) = �
X
En<0

un(x2)�un(x1)e�ijEn jjt2�t1j ¯à¨ t2 < t1 (4.30)

â ª çâ® ¢ ¯®ª § â¥«¥ íªá¯®­¥­âë áâ®ïâ ã¦¥ â®«ìª® ¯®«®¦¨â¥«ì­ë¥ ¢¥«¨ç¨­ë,  
®âà¨æ â¥«ì­ë¥ í­¥à£¨¨ ª ª-¡ë ¨áç¥§«¨.

�à¨ ­ «¨ç¨¨ ¢­¥è­¥£® ¯®â¥­æ¨ «  ¬®¦­® ®¯ïâì ­ ¯¨á âì ¨­â¥£à «ì­®¥ ãà ¢-
­¥­¨¥ â¨¯  (4.20) ¨ ¥£® à §«®¦¥­¨¥ ¢ àï¤ (4.22), â®«ìª® K0 ­ã¦­® ¢¥§¤¥ § ¬¥­¨âì
­  K+,   ¯®â¥­æ¨ « V à áá¬ âà¨¢ âì ª ª ¬ âà¨æã 4�4. �¬ëá« ç«¥­®¢ ¯®«ãç¥­-
­®£® àï¤  «ãçè¥ ¢á¥£® ¯®­ïâì, ­ à¨á®¢ ¢ ¯à®áâà ­áâ¢¥­­® - ¢à¥¬¥­­ë¥ ¤¨ £à ¬¬ë
�¥©­¬ ­ . �¥à¢ë© ç«¥­ àï¤  (4.22) K+(2; 1) ®¯¨áë¢ ¥â à á¯à®áâà ­¥­¨¥ á¢®¡®¤­®©
ç áâ¨æë ¨§ â®çª¨ 1 ¢ â®çªã 2 (�¨á.4-1). �â®à®© ç«¥­ (�¨á.4-2) ¨¬¥¥â ¢¨¤:

(�i)
Z
d4x3K+(2; 3)V (3)K+(3; 1) (4.31)

¨ ®¯¨áë¢ ¥â ®¤­®ªà â­®¥ à áá¥ï­¨¥. �  à¨áã­ª¥ § ¬ª­ãâ®© ªà¨¢®© ®¡®§­ ç¥­ 
®¡« áâì, ¢ ª®â®à®© ®â«¨ç¥­ ®â ­ã«ï ¯®â¥­æ¨ « V . �à¥â¨© ç«¥­ (�¨á.4-3):

(�i)2
Z
d4x3d

4x4K+(2; 3)V (3)K+(3; 4)V (4)K+(4; 1) (4.32)

®¯¨áë¢ ¥â ¤¢ãªà â­®¥ à áá¥ï­¨¥. �¨ £à ¬¬ë �¨á.4-3( ) ¨ �¨á.4-3(¡) ¨««îáâà¨àãîâ
¤¢  ¢ à¨ ­â  â ª®£® à áá¥ï­¨ï, ª®â®àë¥ ¨««îáâà¨àãîâáï ¤¨ £à ¬¬ ¬¨ �¨á.4-3:

� �«ãç © ( ): �á«¨ ¨§ â®çª¨ 1 ª â®çª¥ 2 í«¥ªâà®­ ¤¢¨¦¥âáï â ª, çâ® ¢à¥¬ï à áâ¥â
¢¤®«ì ¬¨à®¢®© «¨­¨¨, â® ¢ ¢ëà ¦¥­¨¨ ¤«ï K+ ¨¬¥îâáï «¨èì áã¬¬ë â¨¯ 
(4.28), â.¥. ãç¨âë¢ îâáï â®«ìª® á®áâ®ï­¨ï ç áâ¨æë á ¯®«®¦¨â¥«ì­®© í­¥à£¨¥©.
�â® ¥áâì ®¡ëç­®¥ ¤¢ãªà â­®¥ à áá¥ï­¨¥ í«¥ªâà®­  á ¯®«®¦¨â¥«ì­®© í­¥à£¨¥©,
ª ª ¢ ­¥à¥«ïâ¨¢¨áâáª®© â¥®à¨¨.
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�¨á. 4-2

�¨á. 4-3

� �«ãç © (¡): �à¨ ¤¢¨¦¥­¨¨ ¯® ¬¨à®¢®© «¨­¨¨, ¯à¨ ¯¥à¥å®¤¥ ¨§ 4 ¢ 3 ç áâ¨æ 
¢®§¢à é ¥âáï ­ § ¤ ¯® ¢à¥¬¥­¨, â®£¤  ¢ ¢ëà ¦¥­¨¨ ¤«ï K+ ®áâ îâáï â®«ìª®
áã¬¬ë ¯® á®áâ®ï­¨ï¬ á ®âà¨æ â¥«ì­®© í­¥à£¨¥© â¨¯  (4.30). � ¨­â¥à¯à¥â æ¨¨
�¥©­¬ ­  íâ® á®®â¢¥âáâ¢ã¥â à á¯à®áâà ­¥­¨î ¯®§¨âà®­  (â.¥.  ­â¨ç áâ¨æë)
¨§ â®çª¨ 3 ¢ â®çªã 4. �á«¨ áç¨â âì, çâ® ¢à¥¬ï ¢á¥£¤  ¢®§à áâ ¥â, â® íâã ¯®-
á«¥¤®¢ â¥«ì­®áâì á®¡ëâ¨© ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì â ª: ¢ â®çª¥ 3 à®¦¤ ¥âáï
í«¥ªâà®­ - ¯®§¨âà®­­ ï ¯ à , í«¥ªâà®­ à á¯à®áâà ­ï¥âáï ¢ ­ ¯à ¢«¥­¨¨ ª
â®çª¥ 2, â®£¤  ª ª ¯®§¨âà®­  ­­¨£¨«¨àã¥â ¢ 4 á ¯à¨å®¤ïé¨¬ âã¤  ¨áå®¤­ë¬
í«¥ªâà®­®¬.

� ª¨¬ ®¡à §®¬, ¯® �¥©­¬ ­ã, ¯®§¨âà®­ áãâì í«¥ªâà®­, à á¯à®áâà ­ïîé¨©áï
®¡à â­® ¯® ¢à¥¬¥­¨.

�â  ¨­â¥à¯à¥â æ¨ï ¬®¦¥â ¡ëâì ¯à®¨««îáâà¨à®¢ ­  ¨ ¨§ ª« áá¨ç¥áª¨å á®®¡à ¦¥­¨©: ¢ ãà ¢-
­¥­¨ïå ¤¢¨¦¥­¨ï ª« áá¨ç¥áª®© ç áâ¨æë ¢ í«¥ªâà®¬ £­¨â­®¬ ¯®«¥ [25]:

m
d2x�

ds2
= e

dx�

ds
F�� (4.33)

¨§¬¥­¥­¨¥ ­ ¯à ¢«¥­¨ï á®¡áâ¢¥­­®£® ¢à¥¬¥­¨ s íª¢¨¢ «¥­â­® ¨§¬¥­¥­¨î §­ ª  § àï¤  e.

� ¬¥â¨¬, çâ® ¢ ¯à®æ¥áá¥, ¯®ª § ­­®¬ ­  �¨á.4-3, ¬ë, ª®­¥ç­®, ¤®«¦­ë ¯à®-
¨­â¥£à¨à®¢ âì ¯® ¢á¥¬ ¢à¥¬¥­ ¬ t3 ¨ t4, â ª çâ® ®¡  á«ãç ï ®¯¨áë¢ îâáï ®¤­¨¬
ç«¥­®¬ àï¤  (4.32), ª®â®àë© ¨§®¡à ¦ ¥âáï ®¤­®© ¤¨ £à ¬¬®© �¨á.4-3( ),   ¤¨ -
£à ¬¬  �¨á.4-3, ä ªâ¨ç¥áª¨, ¨¤¥­â¨ç­ . �à®æ¥áá �¨á.4-3(¡) ¯à®â¥ª ¥â ¨¬¥­­® â ª,
ª ª ¨ á«¥¤ã¥â ¨§ â¥®à¨¨ �¨à ª : í«¥ªâà®­ á ®âà¨æ â¥«ì­®© í­¥à£¨¥© ¯¥à¥å®¤¨â ¢
á®áâ®ï­¨¥ 2 á ¯®«®¦¨â¥«ì­®© í­¥à£¨¥© (ª®­¥ç­®¥ á®áâ®ï­¨¥), â.¥. à®¦ ¥âáï í«¥ª-
âà®­ - ¯®§¨âà®­­ ï ¯ à ,   ¤ëàª  § ¯®«­ï¥âáï í«¥ªâà®­®¬, ¯à¨«¥â¥¢è¨¬ ¨§ 1,
â.¥. ¯à®¨áå®¤¨â  ­­¨£¨«ïæ¨ï. � à¥§ã«ìâ â¥ í«¥ªâà®­ à áá¥¨¢ ¥âáï, ¯¥à¥å®¤ï ¨§
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á®áâ®ï­¨ï 1 ¢ á®áâ®ï­¨¥ 2, ¯à¨ç¥¬ í«¥ªâà®­ á ¯®«®¦¨â¥«ì­®© í­¥à£¨¥© § ¬¥­ï-
¥âáï ®¤­¨¬ ¨§ í«¥ªâà®­®¢ á ®âà¨æ â¥«ì­®£® \ä®­ ". �à®¨áå®¤¨â, â ª¨¬ ®¡à §®¬,
®¡¬¥­ â®¦¤¥áâ¢¥­­ë¬¨ ç áâ¨æ ¬¨,   á®®â¢¥âáâ¢ãîé¨© ¬ âà¨ç­ë© í«¥¬¥­â ¨¬¥¥â
®âà¨æ â¥«ì­ë© §­ ª, ª ª ¨ ¤®«¦­® ¡ëâì ¯® ¤«ï ä¥à¬¨®­®¢. �® ¬ë ­¨£¤¥ ­¥ ¨á-
¯®«ì§®¢ «¨ ï¢­® ¯à¨­æ¨¯ � ã«¨! �ª §ë¢ ¥âáï, çâ® ¢®§­¨ª­®¢¥­¨¥ ®âà¨æ â¥«ì­®£®
§­ ª  ¢ (4.29), ¯à®¨§®è¥¤è¥¥ ¨§ á ¬®£® ¬¥â®¤  ¯®áâà®¥­¨ï ¯à®¯ £ â®à  K+, ®¡¥á-
¯¥ç¨¢ ¥â ­ ¬ ¯à ¢¨«ì­ãî áâ â¨áâ¨ªã! �¡®¡é¥­¨¥ íâ¨å à ááã¦¤¥­¨© ¤«ï ¯à®æ¥áá®¢
¯à®¨§¢®«ì­®£® ¯®àï¤ª  â¥®à¨¨ ¢®§¬ãé¥­¨© ¤ ¥â ¥é¥ ®¤­® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë
® á¢ï§¨ á¯¨­  ¨ áâ â¨áâ¨ª¨ [31].

�¬¯ã«ìá­®¥ ¯à¥¤áâ ¢«¥­¨¥.

� áç¥âë à¥ «ì­ëå § ¤ ç §­ ç¨â¥«ì­® ã¤®¡­¥¥ ¯à®¢®¤¨âì ¢ ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥-
­¨¨. �à®¯ £ â®à K+ ­ å®¤¨âáï ª ª à¥è¥­¨¥ ãà ¢­¥­¨ï:

(ir̂ �m)K+(2; 1) = i�(2; 1) (4.34)

�¢¥¤¥¬ äãàì¥ - ®¡à § K+, ª®â®àë© ®¡®§­ ç¨¬ S+(p), â®£¤ :

K+(2; 1) =

Z
d4pe�ip(x2�x1)S+(p) (4.35)

£¤¥ ddp = dp0d
3p. �¯¥à â®à (ir̂ �m) ¬®¦­® ¢­¥áâ¨ ¯®¤ ¨­â¥£à « ¢ ¢¨¤¥ (p̂ �m),  

¤«ï �-äã­ªæ¨¨ ­ ¯¨á âì äãàì¥ - ¯à¥¤áâ ¢«¥­¨¥:

�(x2 � x1) =

Z
d4p

(2�)4
e�ip(x2�x1) (4.36)

�®£¤  «¥£ª® ¯®«ãç ¥¬ ãà ¢­¥­¨¥ ¤«ï S+(p):

S+(p) =
i

(2�)4
1

p̂�m (4.37)

�â® ¢ëà ¦¥­¨¥ ã¤®¡­® ¯¥à¥¯¨á âì â ª:

S+(p) =
i

(2�)4
p̂+m

p̂+m

1

p̂�m
=

i

(2�)4
p̂+m

p2 �m2
(4.38)

£¤¥ ãç«¨, çâ® p̂2 = p�p
� = p20�p2 = p2, â ª çâ® §­ ¬¥­ â¥«ì ¢ (4.38) ã¦¥ ­¥ á®¤¥à¦¨â

¬ âà¨æ. �®®â¢¥âáâ¢¥­­®:

K+(2; 1) =
i

(2�)4

Z
d4pe�ip(x2�x1)

p̂+m

p2 �m2
(4.39)

�¢¥¤¥¬, ¯® ®¯à¥¤¥«¥­¨î, ¨­â¥£à «:

I+(2; 1) =
1

(2�)4

Z
d4p

e�ip(x2�x1)

p2 �m2
(4.40)



������������� ������ ��������� � ������������ ������ ��������� ��������������� 101

�¨á. 4-4

�®£¤  (4.39) ¬®¦¥â ¡ëâì § ¯¨á ­® ª ª:

K+(2; 1) = i(ir̂2 +m)I+(2; 1) (4.41)

�®¤áâ ¢«ïï (4.41) ¢ (4.34), ­ å®¤¨¬, çâ® ¨­â¥£à « I+ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î:

(�+m2)I+(2; 1) = ��(2; 1) (4.42)

â.¥. ï¢«ï¥âáï, ä ªâ¨ç¥áª¨, äã­ªæ¨¥© �à¨­  ãà ¢­¥­¨ï �«¥©­  - �®à¤®­ . � ¯¨á ¢
®â¤¥«ì­® ¯à®áâà ­áâ¢¥­­ë¥ ¨ ¢à¥¬¥­­ë¥ ª®®à¤¨­ âë, ¯¥à¥¯¨è¥¬ I+ ª ª:

I+(x2 � x1) =
1

(2�)4

Z 1

�1
dp0

Z
d3p

e�ip0(t2�t1)eip(r2�r1)

p20 � p2 �m2
(4.43)

�® §¤¥áì ¢®§­¨ª ¥â ¯à®¡«¥¬  { ¯®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¨¬¥¥â ¯®«îá  ¯à¨
p20 � p2 � m2 = 0, â.¥. ¯à¨ p0 = �

p
p2 +m2 � �Ep. �®íâ®¬ã ¨­â¥£à « ­ã¦­®

¤®®¯à¥¤¥«¨âì ¯à ¢¨«®¬ \®¡å®¤ " íâ¨å íâ¨å ¯®«îá®¢. �à ¢¨«® �¥©­¬ ­  á®áâ®¨â ¢
§ ¬¥­¥:

m! m� i� � > 0 � ! +0 (4.44)

�®£¤  ¬®¦¥¬ § ¯¨á âì ­ è ¨­â¥£à « ª ª:

I+(x2 � x1) =
Z

d3p
(2�)3

eip(r2�r1)
Z 1

1

dp0
2�

e�ip0(t2�t1)

(p0 �Ep + i")(p0 + Ep � i")
(4.45)

¯®áª®«ìªã ¯à¨ § ¬¥­¥ (4.44), ¢¥«¨ç¨­  Ep ¯à¨®¡à¥â ¥â ¡¥áª®­¥ç­® ¬ «ãî ¬­¨¬ãî
¤®¡ ¢ªã, ª®â®àãî ¬ë ®¡®§­ ç¨«¨ i". � áá¬®âà¨¬ â¥¯¥àì ¯®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥-
­¨¥ ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ ¯¥à¥¬¥­­®© p0. �¨¤¨¬, çâ® ¯®«îá p0 = �Ep â¥¯¥àì
«¥¦¨â ­¥¬­®£® ¢ëè¥ ¤¥©áâ¢¨â¥«ì­®© ®á¨ p0 (¯ãâ¨ ¨­â¥£à¨à®¢ ­¨ï ¢ (4.45)),   ¯®«îá
p0 = +Ep «¥¦¨â çãâì ­¨¦¥ ¥¥, ª ª íâ® ¯®ª § ­® ­  �¨á.4-4. �à®¨­â¥£à¨àã¥¬ (4.45),
áç¨â ï, çâ® t2 � t1 > 0. �®£¤  ¨­â¥£à « ¬®¦­® «¥£ª® ¢ëç¨á«¨âì ¯® â¥®à¥¬¥ �®è¨,
§ ¬ëª ï ª®­âãà ¨­â¥£à¨à®¢ ­¨ï ¢ ­¨¦­¥© ¯®«ã¯«®áª®áâ¨ p0. �à¨ íâ®¬ ¨­â¥£à «
¯® ã¤ «¥­­®© ¯®«ã®ªàã¦­®áâ¨ ®¡à é ¥âáï ¢ ­ã«ì ¨§-§  ¡ëáâà®£® § âãå ­¨ï íªá-
¯®­¥­æ¨ «ì­®£® ¬­®¦¨â¥«ï ¢ ¯®¤¨­â¥£à «ì­®¬ ¢ëà ¦¥­¨¨, â ª çâ®, ä ªâ¨ç¥áª¨
®áâ ¥âáï â®«ìª® ­ã¦­ë© ­ ¬ ¨­â¥£à « ¢¤®«ì ¢¥é¥áâ¢¥­­®© ®á¨. �® ¨­â¥£à « ¯® § -
¬ª­ãâ®¬ã ª®­âãàã ¯à®áâ® ®¯à¥¤¥«ï¥âáï ¢ëç¥â®¬ ¢ ¯®«îá¥ +Ep, ª®â®àë© ®ª § «áï
¢­ãâà¨ ª®­âãà  (¨ ®¡å®¤¨âáï ¯® ç á®¢®© áâà¥«ª¥), â ª çâ® ¯®«ãç ¥¬ ®â¢¥â:

� 2�i

2Ep
e
�iEp(t2�t1) (4.46)
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�á«¨ ¦¥ t2 � t1 < 0, â® ¤«ï ®¡­ã«¥­¨ï ¢ª« ¤  ã¤ «¥­­®© ¯®«ã®ªàã¦­®áâ¨, ­ã¦­®
ª®­âãà ¨­â¥£à¨à®¢ ­¨ï § ¬ª­ãâì á¢¥àåã. �®£¤  ¢­ãâàì ª®­âãà  ¯®¯ ¤¥â â®«ìª®
¯®«îá ¯à¨ �Ep, ª®â®àë© ¡ã¤¥â ®¡å®¤¨âìáï ¯à®â¨¢ ç á®¢®© áâà¥«ª¨, ¨ ¨áª®¬ë©
¨­â¥£à « à ¢¥­:

� 2�i

2Ep
e
+iEp(t2�t1) (4.47)

� ¬¥â¨¬, çâ® ¢¥«¨ç¨­  Ep, ¯® ®¯à¥¤¥«¥­¨î, áç¨â ¥âáï ¯®«®¦¨â¥«ì­®©, â ª çâ®
¯®ª § â¥«ì íªá¯®­¥­âë ª ª ¢ (4.46), â ª ¨ ¢ (4.47), ¯®«®¦¨â¥«¥­ (á â®ç­®áâìî ¤®
i). � ª¨¬ ®¡à §®¬, ¨­â¥£à « I+,   §­ ç¨â ¨ äã­ªæ¨ï K+, ¢¥¤ãâ á¥¡ï  ­ «®£¨ç­®
(4.28) ¨ (4.29) | ¯à¨ t2 � t1 > 0 ¨£à îâ à®«ì â®«ìª® ¯®«®¦¨â¥«ì­ë¥ í­¥à£¨¨,  
¯à¨ t2 � t1 < 0 { â®«ìª® ®âà¨æ â¥«ì­ë¥! � ªâ¨ç¥áª¨, ãá«®¢¨¥ (4.44) ®¡¥á¯¥ç¨¢ ¥â
íª¢¨¢ «¥­â­®áâì ¯à¥¦­¥¬ã ®¯à¥¤¥«¥­¨î ¯à®¯ £ â®à  K+.

�®¦­® ¡ë«® ¡ë, ¯à¨ ¤®®¯à¥¤¥«¥­¨¨ ¯à®¯ £ â®à , ¯®áâã¯¨âì ¨­ ç¥ ¨ ¢¬¥áâ® (4.44) ¤®¡ ¢¨âì
¡¥áª®­¥ç­® ¬ «ãî ¬­¨¬ãî ¤®¡ ¢ªã ª p0:

p0 ! p0 + i� � ! +0 (4.48)

�à¨ íâ®¬ ¢ (4.43) ¢®§­¨ª îâ ¤¢  ¯®«îá , «¥¦ é¨¥ ¢ ­¨¦­¥© ¯®«ã¯«®áª®áâ¨ p0. �®£¤ , ¯à¨

t2 � t1 > 0, ª®£¤  ª®­âãà ¨­â¥£à¨à®¢ ­¨ï § ¬ëª ¥âáï ¢ ­¨¦­¥© ¯®«ã¯«®áª®áâ¨, ¨£à îâ à®«ì

ª ª ¯®«®¦¨â¥«ì­ë¥, â ª ¨ ®âà¨æ â¥«ì­ë¥ í­¥à£¨¨. � â®¦¥ ¢à¥¬ï, ¯à¨ t2 � t1, § ¬ëª ï ª®­âãà

á¢¥àåã, ¢¨¤¨¬, çâ® ¢­ãâà¨ ­¥£® ¢®®¡é¥ ­¥â ¯®«îá®¢, â ª çâ® á®®â¢¥âáâ¢ãîé¨© ¨­â¥£à « ¯à®áâ®

à ¢¥­ ­ã«î. � ª®¥ ¤®®¯à¥¤¥«¥­¨¥ ¯à®¯ £ â®à  K ¤ ¥â, ä ªâ¨ç¥áª¨, à¥§ã«ìâ â (4.25) (\§ ¯ §¤ë-

¢ îéãî" äã­ªæ¨î �à¨­ ), â.¥. ¤¨à ª®¢áªãî â¥®à¨î ®¤­¨å â®«ìª® í«¥ªâà®­®¢. �¥©­¬ ­®¢áª®¥

¯à ¢¨«® ¨¬¥¥â â® ¯à¥¨¬ãé¥áâ¢®, çâ® ¬­¨¬®áâì ¢¢®¤¨âáï ¢ à¥«ïâ¨¢¨áâáª¨© ¨­¢ à¨ ­â m, ¢á¥ ¢ë-

à ¦¥­¨ï ®áâ îâáï ª®¢ à¨ ­â­ë¬¨, â®£¤  ª ª ¢ â¥®à¨¨ \®¤­¨å í«¥ªâà®­®¢" ¬­¨¬®áâì ¢ ¢¥«¨ç¨­¥

p0 ¤¥« ¥â ¥¥ ®â«¨ç­®© ®â ®áâ «ì­ëå ª®¬¯®­¥­â ¨¬¯ã«ìá .

�ë ¥é¥ ­¥ à § ¢¥à­¥¬áï ª ®¡áã¦¤¥­¨î íâ¨å, ¤®áâ â®ç­® â®­ª¨å, ¢®¯à®á®¢ ®¯à¥-
¤¥«¥­¨ï  ­ «¨â¨ç¥áª¨å á¢®©áâ¢ äã­ªæ¨© �à¨­ ,   á¥©ç á ®â¬¥â¨¬ ®¡é¥¥ á¢®©áâ¢®
| ¯®«îá  ¯à®¯ £ â®à®¢ (äã­ªæ¨© �à¨­ ) ¢ ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨, ä ªâ¨ç¥-
áª¨, ®¯à¥¤¥«ïîâ í­¥à£¥â¨ç¥áª¨© á¯¥ªâà á®®â¢¥âáâ¢ãîé¨å ç áâ¨æ. � à áá¬®âà¥­-
­®¬ á«ãç ¥ Ep =

p
p2 +m2 ¯à¥¤áâ ¢«ï¥â á®¡®© à¥«ïâ¨¢¨áâáª¨© á¯¥ªâà á¢®¡®¤­®£®

í«¥ªâà®­  (¯®§¨âà®­ ). �â® á¢®©áâ¢® äã­ªæ¨© �à¨­  ¯®«ãç¨«® £«ã¡®ª®¥ à §¢¨â¨¥
¢ á®¢à¥¬¥­­®© â¥®à¨¨ ª®­¤¥­á¨à®¢ ­­®£® á®áâ®ï­¨ï, ­  ­¥¬, ¢ ç áâ­®áâ¨, ®á­®¢ ­ 
¢áï ª®­æ¥¯æ¨ï ª¢ §¨ç áâ¨æ | í«¥¬¥­â à­ëå ¢®§¡ã¦¤¥­¨© ¬­®£®ç áâ¨ç­ëå á¨áâ¥¬
[13].

�«¥ªâà®­ ¨ ¢­¥è­¥¥ í«¥ªâà®¬ £­¨â­®¥
¯®«¥.

� áá¬®âà¨¬ ¢§ ¨¬®¤¥©áâ¢¨¥ í«¥ªâà®­  á ¢­¥è­¨¬ í«¥ªâà®¬ £­¨â­ë¬ ¯®«¥¬. �â®
¢§ ¨¬®¤¥©áâ¢¨¥ ®¯¨áë¢ ¥âáï ¢ëà ¦¥­¨¥¬ ej�A� = e � 
� A�, â ª çâ® \¯®â¥­æ¨ «"

¢§ ¨¬®¤¥©áâ¢¨ï ã¤®¡­® ®¡®§­ ç¨âì ª ª: e
�A� � eÂ (e { § àï¤ í«¥ªâà®­ ). �à ¢-
­¥­¨¥ �¨à ª , ãç¨âë¢ îé¥¥ ¢§ ¨¬®¤¥©áâ¢¨¥ á í«¥ªâà®¬ £­¨â­ë¬ ¯®«¥¬, ¨¬¥¥â,
®ç¥¢¨¤­®, ¢¨¤:

(ir̂ � eÂ �m) = 0 (4.49)
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£¤¥ ¯à®¨§¢¥¤¥­ ¯¥à¥å®¤ ª á®®â¢¥âáâ¢ãîé¥© ª®¢ à¨ ­â­®© ¯à®¨§¢®¤­®© í«¥ªâà®¤¨-
­ ¬¨ª¨. �®®â¢¥âáâ¢¥­­®, ¯à®¯ £ â®à ç áâ¨æë ¢® ¢­¥è­¥¬ ¯®«¥ KA

+ ®¯à¥¤¥«ï¥âáï
ãà ¢­¥­¨¥¬:

(ir̂ � eÂ �m)KA
+ (2; 1) = i�(2; 1) (4.50)

�à ¢­¥­¨¥ �¨à ª  (4.49) ¬®¦­® â ª¦¥ ¯¥à¥¯¨á âì ¢ ¢¨¤¥ ãà ¢­¥­¨ï �à¥¤¨­£¥à  á á®®â¢¥âáâ¢ãî-
é¨¬ £ ¬¨«ìâ®­¨ ­®¬:

i
@ 

@t
= H = � � (p� eA) + e' +m� (4.51)

£¤¥ ãçâ¥­®, çâ® A� = (';A). �à®¯ £ â®à, â®£¤  ®¯à¥¤¥«ï¥âáï ª ª à¥è¥­¨¥ ãà ¢­¥­¨ï:h
i
@

@t2
� e'2 � � � (�ir� eA2)�m�

i
KA
+(2;1) = i��(2;1) (4.52)

£¤¥ ¯®ï¢«¥­¨¥ ¬ âà¨æë � = 
0 á¯à ¢  á¢ï§ ­® á ¨á¯®«ì§®¢ ­¨¥¬ á®¯àï¦¥­­ëå (¯® �¨à ªã) á¯¨­®-
à®¢ ¢ ®¯à¥¤¥«¥­¨¨ (4.25), ¨ ®¡¥á¯¥ç¨¢ ¥â, â ª¨¬ ®¡à §®¬, à¥«ïâ¨¢¨áâáªãî ¨­¢ à¨ ­â­®áâì. �¬­®-
¦ ï (4.52) ­  ¬ âà¨æã �, ¯à¨¢®¤¨¬ ¥£® ª ¢¨¤ã

(ir̂2 � eÂ2 �m)KA
+(2;1) = i�(2;1) (4.53)

á®¢¯ ¤ îé¥¬ã á (4.50). �¥è¥­¨¥ ãà ¢­¥­¨ï (4.50) ã¤®¢«¥â¢®àï¥â ¨­â¥£à «ì­®¬ã ãà ¢-
­¥­¨î,  ­ «®£¨ç­®¬ã (4.20):

KA
+ (2; 1) = K+(2; 1)� ie

Z
d4x3K+(2; 3)Â(3)K

A
+ (3; 1) (4.54)

à §«®¦¥­¨¥ ª®â®à®£® ¢ àï¤ â¥®à¨¨ ¢®§¬ãé¥­¨© (¨â¥à æ¨¨) ¤ ¥â  ­ «®£ (4.22):

KA
+ (2; 1) = K+(2; 1)� ie

Z
d4x3K+(2; 3)Â(3)K+(3; 1) +

+(�ie)2
Z
d4x3d

4x4K+(2; 3)Â(3)K+(3; 4)Â(4)K+(4; 1) + :::: (4.55)

� à¥«ïâ¨¢¨áâáª®¬ á«ãç ¥, á¢ï§ì ¬¥¦¤ã ¢®«­®¢ë¬¨ äã­ªæ¨ï¬¨  (2) ¢ â®çª¥ x2 ¨
 (1) ¢ â®çª¥ x1, ¯®  ­ «®£¨¨ á (4.2), ª § «®áì ¡ë, ¬®¦­® § ¯¨á âì ª ª:

 (2) =

Z
d3x1KA

+ (2; 1)� (1) (4.56)

£¤¥ d3x1 { í«¥¬¥­â ®¡ê¥¬  âà¥å¬¥à­®£® ¯à®áâà ­áâ¢  ¯à¨ ä¨ªá¨à®¢ ­­®¬ ¢à¥¬¥­¨
t1, çâ® ¨««îáâà¨àã¥âáï �¨á.4-5( ), £¤¥ ¯®ª § ­  á®®â¢¥âáâ¢ãîé ï £¨¯¥à¯«®áª®áâì
t1 = const, ¢®«­ë, ¨á¯ãáª ¥¬ë¥ â®çª ¬¨ ­  ª®â®à®©, ä®à¬¨àãîâ ¢®«­®¢ãî äã­ª-
æ¨î ¢ â®çª¥ x2 ¢ ¡®«¥¥ ¯®§¤­¨© ¬®¬¥­â ¢à¥¬¥­¨ t2. �® íâ® ­¥ á®¢á¥¬ â ª! �¥«®
¢ â®¬, çâ® ¬ë ®¯à¥¤¥«¨«¨ äã­ªæ¨î �à¨­  (¯à®¯ £ â®à) ¢ à¥«ïâ¨¢¨áâáª®© â¥®à¨¨
â ª, çâ® ®­  ®¯¨áë¢ ¥â à á¯à®áâà ­¥­¨¥ ç áâ¨æ á ¯®«®¦¨â¥«ì­®© í­¥à£¨¥© ¢¯¥à¥¤
¯® ¢à¥¬¥­¨,   à á¯à®áâà ­¥­¨¥ ç áâ¨æ á ®âà¨æ â¥«ì­®© í­¥à£¨¥© ­ § ¤ ¯® ¢à¥¬¥­¨.
�®íâ®¬ã, ä ªâ¨ç¥áª¨,  ­ «®£ ¢ëà ¦¥­¨ï (4.2) ­ ¤® ¯¨á âì â ª:

 (x2t2) =
Z
d3x1KA

+ (x2t2;x1; t1)� (x1t1) �

�
Z
d3x1KA

+ (x2t2;x1t
0
1)� (x1t

0
1) (4.57)

£¤¥ t1 < t2 < t01! �¤¥áì, ¢ á®®â¢¥âáâ¢¨¨ á �¨á.4-5(¡), ¯¥à¢®¥ á« £ ¥¬®¥ ¯à¥¤áâ ¢«ï¥â
¢ª« ¤ á®áâ®ï­¨© á ¯®«®¦¨â¥«ì­®© í­¥à£¨¥© ¨ § ¢¨á¨â ®â ¯à¥¤è¥áâ¢ãîé¨å ¬®¬¥­-
â®¢ ¢à¥¬¥­¨,   ¢â®à®¥ á« £ ¥¬®¥ ¤ ¥â ¢ª« ¤ á®áâ®ï­¨© á ®âà¨æ â¥«ì­®© í­¥à£¨¥©
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¨ § ¢¨á¨â ®â ¯®á«¥¤ãîé¨å ¬®¬¥­â®¢ ¢à¥¬¥­¨. �¬¯«¨âã¤  ¢¥à®ïâ­®áâ¨ â®£®, çâ®
ç áâ¨æ  ¯à¨å®¤¨â ¢ â®çªã x2; t2 ­¥ ®¯à¥¤¥«¥­ , ¥á«¨ ¨§¢¥áâ­  â®«ìª®  ¬¯«¨âã¤  ¢¥-
à®ïâ­®áâ¨ ®¡­ àã¦¥­¨ï í«¥ªâà®­  (¨«¨ ¯®§¨âà®­ ) ¢ ¡®«¥¥ à ­­¨© ¬®¬¥­â ¢à¥¬¥­¨.
�á«¨ ¯®§¨âà®­ ¨ ­¥ ¯à¨áãâáâ¢®¢ « ¢ ¡®«¥¥ à ­­¨© ¬®¬¥­â ¢à¥¬¥­¨, ¢­¥è­¥¥ ¯®«¥
¬®¦¥â ¯®à®¤¨âì í«¥ªâà®­­® - ¯®§¨âà®­­ãî ¯ àã ¢ ¯à®æ¥áá¥ í¢®«îæ¨¨ á¨áâ¥¬ë, çâ®
¯à¨¢®¤¨â ª ¯®ï¢«¥­¨î  ¬¯«¨âã¤ë ¢¥à®ïâ­®áâ¨ ®¡­ àã¦¥­¨ï ¯®§¨âà®­  ¢ ¡ã¤ãé¥¬.
� â¥®à¨¨ �¥©­¬ ­  ¢ª« ¤ë ¢ ¯à®¯ £ â®à, á®®â¢¥âáâ¢ãîé¨¥ ç áâ¨æ ¬ á ¯®«®¦¨-
â¥«ì­®© í­¥à£¨¥©, à áá¬ âà¨¢ îâáï ª ª  ¬¯«¨âã¤ë ¢¥à®ïâ­®áâ¨ â®£®, çâ® í«¥ª-
âà®­ ¨¬¥¥â ®¡ëç­ë© ®âà¨æ â¥«ì­ë© § àï¤, â®£¤  ª ª ¢ª« ¤ë, á®®â¢¥âáâ¢ãîé¨¥
ç áâ¨æ ¬ á ®âà¨æ â¥«ì­®© í­¥à£¨¥©, à áá¬ âà¨¢ îâáï ª ª  ¬¯«¨âã¤ë ¢¥à®ïâ­®-
áâ¨ ®¡­ àã¦¥­¨ï ¯®§¨âà®­  á í­¥à£¨¥© �E > 0. � ª¨¬ ®¡à §®¬, çâ®¡ë ®¯à¥¤¥«¨âì
¢®«­®¢ãî äã­ªæ¨î ¤¨à ª®¢áª®£® ¯®«ï ¢ ­¥ª®â®àë© ¬®¬¥­â ¢à¥¬¥­¨, ­¥®¡å®¤¨¬®
§­ âì ¥¥ í«¥ªâà®­­ãî ª®¬¯®­¥­âã ¢ ¯à¥¤ë¤ãé¨© ¬®¬¥­â ¢à¥¬¥­¨,   ¥¥ ¯®§¨âà®­­ãî
ª®¬¯®­¥­âã ¢ ¯®á«¥¤ãîé¨© ¬®¬¥­â ¢à¥¬¥­¨!

�ëà ¦¥­¨¥ (4.57) ¬®¦­® ®¡®¡é¨âì, § ¬¥ç ï, çâ® ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨
 (x2t2) ­¥®¡å®¤¨¬® §­ âì ¢®«­®¢ãî äã­ªæ¨î  (x1t1) ­  ­¥ª®â®à®© ç¥âëà¥å¬¥à-
­®© £¨¯¥à¯®¢¥àå­®áâ¨, ®ªàã¦ îé¥© â®çªã x2; t2, ª ª íâ® ¯®ª § ­® ­  �¨á.4-6:

 (x2t2) =
Z
d�(x1)K

A
+ (2; 1)N̂(1) (1) (4.58)

£¤¥ N̂ = N�

�, £¤¥ N� { ¢¥ªâ®à ­®à¬ «¨ ª £¨¯¥à¯®¢¥àå­®áâ¨, ®ªàã¦ îé¥© â®çªã

x2; t2. �­â¥£à¨à®¢ ­¨¥ ¢ (4.58) ¨¤¥â ¯® íâ®© £¨¯¥à¯®¢¥àå­®áâ¨. �®£¤  ¬®¦­® áª -
§ âì, çâ® § ¯¨áì ¢ ¢¨¤¥ (4.56) ¨¬¥­­® íâ® ¨ ¯®¤à §ã¬¥¢ ¥â. �®íâ®¬ã ¢ ¤ «ì­¥©-
è¥¬, ¤«ï ªà âª®áâ¨, ¬ë ¨ ¡ã¤¥¬ ¯®«ì§®¢ âìáï íâ®© ¯à®áâ¥©è¥© ä®à¬®© § ¯¨á¨.
�ã¦­® â®«ìª® ¯®¬­¨âì, çâ® ¯à®áâà ­áâ¢¥­­®¥ ¨­â¥£à¨à®¢ ­¨¥ ¢ (4.56) ¯®¤à §ã¬¥-
¢ ¥â ¨­â¥£à¨à®¢ ­¨¥ ¯® ¯à ¢¨«ì­® ¢ë¡à ­­®© £¨¯¥à¯®¢¥àå­®áâ¨ ¢ ç¥âëà¥å¬¥à­®¬
¯à®áâà ­áâ¢¥ - ¢à¥¬¥­¨.

�®à¬ «ì­ë© ¢ë¢®¤ (4.58) ¬®¦­® ¯à®¢¥áâ¨ á«¥¤ãîé¨¬ ®¡à §®¬. �®á¯®«ì§ã¥¬áï ç¥âëà¥å¬¥à­®©
â¥®à¥¬®© � ãáá : Z




d4x
@F�(x0)

@x0�
=

Z
S

d�(x0)F�(x
0)n�(x0) (4.59)

£¤¥ F�(x0) { ­¥ª®â®à ï 4-¢¥ªâ®à­ ï äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ¢ ¯à®áâà ­áâ¢¥­­® - ¢à¥¬¥­­®¬ ®¡ê¥¬¥

, ®£à ­¨ç¥­­®¬ ¯®¢¥àå­®áâìî S, n�(x0) - ¢­¥è­ïï ­®à¬ «ì ª í«¥¬¥­âã ¯®¢¥àå­®áâ¨ d�(x) ¢ â®çª¥

x0. �ãáâì  (x) - à¥è¥­¨¥ ãà ¢­¥­¨ï �¨à ª  i
�
@ (x)
@x�

� m (x) = 0. �ë¡¥à¥¬ F (x0) = K+(x �
x0)
� (x0), £¤¥ x; x0 2 
. �®£¤  ¨¬¥¥¬:

@F�(x0)

@x0�
= i

@

@x0�
[K+(x� x0)
� (x

0)] =
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=

�
i
@K+(x� x0)

@x0�

� +mK+(x� x0)

�
 (x0) +K+(x� x0)

�
i
�

@ (x0)

@x0�
�m (x0)

�
(4.60)

�â®à®¥ á« £ ¥¬®¥ §¤¥áì à ¢­® ­ã«î ¢ á®®â¢¥âáâ¢¨¨ á ãà ¢­¥­¨¥¬ �¨à ª . �®¤áâ ¢¨¬ ¯®«ãç¥­­®¥
¢ëà ¦¥­¨¥ ¢ «¥¢ãî ç áâì (4.59) ¨ ãçâ¥¬ ¥é¥, çâ®

i
@K+(x� x0)

@x0�

� +mK+(x� x0) = �i�(x� x0) (4.61)

�®£¤  ¨¬¥¥¬:

 (x) = �
Z
S

d�(x0)K+(x� x0)
� (x
0)n�(x0) (4.62)

£¤¥ n� - ¢­¥è­ïï ­®à¬ «ì. �ã   ¥á«¨ ¢¢¥áâ¨ ¢­ãâà¥­­îî ­®à¬ «ì N�, â® ¯®«ãç¨¬:

 (x) =

Z
S

d�(x0)K+(x� x0)
� (x0)N�(x0) (4.63)

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì. �ëà ¦¥­¨¥ (4.57) á«¥¤ã¥â ®âáî¤ , ¥á«¨ ¢ë¡à âì ¯®¢¥àå­®áâì S ¢ ¢¨¤¥
¤¢ãå ¯à®áâà ­áâ¢¥­­® - ¯®¤®¡­ëå £¨¯¥à¯«®áª®áâ¥© t1 ¨ t2,   \¡®ª®¢ë¬¨" ¢ª« ¤ ¬¨ ¯à¥­¥¡à¥çì, á
ãç¥â®¬ â®£®, çâ® á®®â¢¥âáâ¢ãîé¨¥ ç áâ¨ ¯®¢¥àå­®áâ¨ S à áâï£¨¢ îâáï ­  ¡¥áª®­¥ç­®áâì. � ¬¥â¨¬
¥é¥, çâ® ¯à¨ íâ®¬ N0
0 = �.

�¬¯«¨âã¤  ¢¥à®ïâ­®áâ¨ ¯¥à¥å®¤  í«¥ªâà®­  ¨§ ­¥ª®â®à®£® á®áâ®ï­¨ï á ¢®«­®¢®©
äã­ªæ¨¥©  0(x1t1) ç áâ¨æ á ¯®«®¦¨â¥«ì­®© í­¥à£¨¥© ¢ ¬®¬¥­â t1 ¢ á®áâ®ï­¨¥ á
¢®«­®¢®© äã­ªæ¨¥© '0(x2t2), â ª¦¥ á®®â¢¥âáâ¢ãîé¥© á®áâ®ï­¨ï¬ á ¯®«®¦¨â¥«ì­®©
í­¥à£¨¥©, ¢ ¬®¬¥­â t2 > t1 ¤ ¥âáï ¢ëà ¦¥­¨¥¬:

M =

Z
d3x1d3x2'�0(x2t2)K+(x2t2;x1t1)� 0(x1t1) =

Z
d3x1d3x2 �'0(2)�K+(2; 1)� 0(1)

(4.64)
�á«¨ ¬¥¦¤ã ¬®¬¥­â ¬¨ ¢à¥¬¥­¨ t1 ¨ t2 ¤¥©áâ¢ã¥â ¯®â¥­æ¨ « eÂ, â® äã­ªæ¨ï K+

§ ¬¥­ï¥âáï ­  KA
+ . �®íâ®¬ã  ¬¯«¨âã¤  ¯¥à¥å®¤  ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥­¨¨, ¢ á®®â¢¥â-

áâ¢¨¨ á (4.55), à ¢­ :

M1 = �ie
Z
d3x1d3x2d4x3 �'0(2)�K+(2; 3)Â(3)K+(3; 1)� 0(1) (4.65)

� ¯®¬®éìî (4.56) ¬®¦­® á­ïâì ¨­â¥£à «ë ¯® x1 ¨ x2 ¢¢¥¤ï:

 0(3) =

Z
d3x1K+(3; 1)� 0(1) (4.66)

�'0(3) =

Z
d3x2 �'0(2)�K+(2; 3) (4.67)
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â ª çâ® (4.65) ¯à¥¢à é ¥âáï ¢:

M1 = �ie
Z
d4x3 �'0(3)Â(3) 0(3) (4.68)

�ãáâì ­ ç «ì­ ï ¢®«­®¢ ï äã­ªæ¨ï á®®â¢¥âáâ¢ã¥â í«¥ªâà®­ã á 4-¨¬¯ã«ìá®¬ p1,  
ª®­¥ç­ ï { í«¥ªâà®­ã á 4-¨¬¯ã«ìá®¬ p2:

 0(x) = u(p1)e
�ip1x �'0(x) = �u(p2)e

ip2x (4.69)

£¤¥ u { á¯¨­®àë, á®®â¢¥âáâ¢ãîé¨¥ á¢®¡®¤­ë¬ ç áâ¨æ ¬ á ¯®«®¦¨â¥«ì­®© í­¥à£¨¥©.
�¢®¤ï äãàì¥-®¡à § A�(x):

A�(x) =

Z
d4ke�ikxa�(k) (4.70)

¨ ¯®¤áâ ¢«ïï (4.69) ¨ (4.70) ¢ (4.68), ¢ë¯®«­ï¥¬ ¨­â¥£à¨à®¢ ­¨¥ ¯® x3 ¨ ¯®«ãç ¥¬:

M1 = �ie(2�)4
Z
d4k�(p2 � k � p1)�u(p2)â(k)u(p1) = �ie(2�)4�u(p2)â(p2 � p1)u(p1)

(4.71)
çâ® ¬®¦­® ¨§®¡à §¨âì ¤¨ £à ¬¬®©, ¯®ª § ­­®© ­  �¨á.4-7. �­ «®£¨ç­ë¬ ®¡à §®¬,
¬ âà¨ç­ë© í«¥¬¥­â ¯¥à¥å®¤  ¨§ á®áâ®ï­¨ï á p1 ¢ á®áâ®ï­¨¥ á p2, ¢® ¢â®à®¬ ¯®àï¤ª¥
â¥®à¨¨ ¢®§¬ãé¥­¨©, ¬®¦­® § ¯¨á âì ª ª:

M2 = (�ie)2
Z
d4x3

Z
d4x4 �'0(3)A(3)K+(3; 4)Â(4) 0(4) (4.72)

�âáî¤ , ¯®á«¥ ¯®¤áâ ­®¢ª¨ äãàì¥-®¡à §®¢ äã­ªæ¨© Â ¨ K+ ¨§ (4.70) ¨ (4.39),  
â ª¦¥ (4.69), ¯®«ãç ¥¬:

M2 = �ie2(2�)4
Z
d4p

Z
d4k1

Z
d4k2�(p2�k1�p)�(p1+k2�p)�u(p2)â(k1) 1

p̂�m
â(k2)u(p1)

(4.73)
¨«¨

M2 = �ie2(2�)4
Z
d4k�u(p2)â(p2 � p1 � k)

1

p̂1 + k̂ �m
â(k)u(p1) (4.74)

çâ® ¨§®¡à ¦ ¥âáï £à ä¨ª®¬ �¨á.4-8. �á­®, çâ®  ­ «®£¨ç­ë¬ ®¡à §®¬ ¢ë¯¨áë¢ -
îâáï ¨ ç«¥­ë ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤ª . � à¥§ã«ìâ â¥ ¢®§­¨ª îâ á«¥¤ãîé¨¥ ¯à ¢¨« 
¤¨ £à ¬¬­®© â¥å­¨ª¨ ¤«ï à áá¥ï­¨ï í«¥ªâà®­®¢ ­  ¯®â¥­æ¨ «¥ ¢­¥è­¥£® í«¥ªâà®-
¬ £­¨â­®£® ¯®«ï:
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1. � âà¨ç­ë© í«¥¬¥­â ¯¥à¥å®¤  ¨¬¥¥â ¢¨¤ M = �u2Nu1.

2. � ¦¤®¬ã ¢¨àâã «ì­®¬ã á®áâ®ï­¨î í«¥ªâà®­  (¢­ãâà¥­­¥© í«¥ªâà®­­®© «¨-
­¨¨) á ¨¬¯ã«ìá®¬ p á®®â¢¥âáâ¢ã¥â ¢ N ä ªâ®à i

p̂�m .

3. � ¦¤®¬ã ä®â®­ã (¢®«­¨áâ®© «¨­¨¨) á ¨¬¯ã«ìá®¬ q á®®â¢¥âáâ¢ã¥â ¢ N ä ªâ®à
�ieâ(q).

4. �® ¢á¥¬ ¨¬¯ã«ìá ¬ qi, ­¥ ä¨ªá¨à®¢ ­­ë¬ § ª®­ ¬¨ á®åà ­¥­¨ï, ¢ë¯®«­ïî-

é¨¬¨áï ¢ ¢¥àè¨­ å ¢§ ¨¬®¤¥©áâ¢¨ï, ¯à®¢®¤¨âáï ¨­â¥£à¨à®¢ ­¨¥ d4qi
(2�)4 .

�à¨ ¢ëç¨á«¥­¨¨ ¨­â¥£à «®¢ ª®­âãà ¨­â¥£à¨à®¢ ­¨ï ¯® ¢à¥¬¥­­®© ª®¬¯®­¥­â¥ ¨¬-
¯ã«ìá  á«¥¤ã¥â ¢ë¡¨à âì ¨áå®¤ï ¨å ä¥©­¬ ­®¢áª®£® ¯à ¢¨«  ®¡å®¤  ¯®«îá®¢: ¬ áá 
m ¢ ¯®¤¨­â¥£à «ì­®¬ ¢ëà ¦¥­¨¨ § ¬¥­ï¥âáï ­  m! m� i� (� ! +0).

� ª ç¥áâ¢¥ ¯à®áâ®£® ¯à¨¬¥à  ª®­ªà¥â­ëå ¢ëç¨á«¥­¨© à áá¬®âà¨¬ § ¤ çã à áá¥ï­¨ï ­  ªã«®-
­®¢áª®¬ ¯®«¥  â®¬­®£® ï¤à  (à¥§¥àä®à¤®¢áª®¥ à áá¥ï­¨¥) á § àï¤®¬ Ze. � íâ®¬ á«ãç ¥, ¯®â¥­æ¨ «
ï¤à  à ¢¥­:

A0 = V (r) =
Ze

r
(4.75)

�®®â¢¥âáâ¢¥­­®:

â(q) =
1

(2�)4

Z
d4xeiqx
�A� =

1

(2�)3
�(q0)


0

Z
d3xe�iqrV (r) =

Ze

2�2q2
�(q0)


0 (4.76)

�®£¤   ¬¯«¨âã¤  ¯¥à¥å®¤  ¯¥à¢®£® ¯®àï¤ª  (4.71) ¨¬¥¥â ¢¨¤:

M1 = �2��(E1 � E2)
�
�u(p2)

4�Ze2

jp2 � p1j2

0u(p1)

�
(4.77)

£¤¥ E1 ¨ E2 { ­ ç «ì­ ï ¨ ª®­¥ç­ ï í­¥à£¨ï í«¥ªâà®­ . �§ (4.77) ¢¨¤­®, çâ® E1 = E2 = E, â.¥.
à áá¥ï­¨¥ ã¯àã£®¥ (áâ â¨ç¥áª¨© ¯®â¥­æ¨ «!). �¥à®ïâ­®áâì à áá¥ï­¨ï ®¯à¥¤¥«ï¥âáï ª ª:

jM1j2 = (2�)2

�����u(p2) 4�Ze2

jp2 � p1j2

0u(p1)

����2 �(E1 � E2)�(0) (4.78)

�¤¥áì ¬ë § ¯¨á «¨ [�(E1�E2)]2 = �(E1�E2)�(0), çâ® á®§¤ ¥â ¯®­ïâ­ë¥ ¯à®¡«¥¬ë. �¥«¨ç¨­ã �(0)
­ ¤® ¨áâ®«ª®¢ âì, ¯®«ì§ãïáì ¨§¢¥áâ­ë¬ à¥æ¥¯â®¬ �¥à¬¨, ª ª:

�(0) = lim
T!1

lim
x!0

1

2�

Z T=2

�T=2

dteixt = lim
T!1

T

2�
(4.79)

£¤¥ T { ¢à¥¬ï ¢§ ¨¬®¤¥©áâ¢¨ï. �®£¤  ¬®¦­® ¢¢¥áâ¨ ¢¥à®ïâ­®áâì ¯¥à¥å®¤  ¢ ¥¤¨­¨æã ¢à¥¬¥­¨ w1!2:

w1!2 = 2�

�����u(p2) 4�Ze2

jp2 � p1j2

0u(p1)

����2 �(E1 � E2) (4.80)

� «ì­¥©è¨¥ ¢ëç¨á«¥­¨ï (¢ ¯à¥¤¯®«®¦¥­¨¨ ­¥¯®«ïà¨§®¢ ­­®áâ¨¯ãçª  ¨áå®¤­ëå í«¥ªâà®­®¢) âà¥-
¡ãîâ ¯à®¢¥¤¥­¨ï ãáà¥¤­¥­¨ï ¯® ¤¢ã¬ ­ ç «ì­ë¬ ¯®«ïà¨§ æ¨ï¬ á¯¨­  í«¥ªâà®­  ¨ áã¬¬¨à®¢ ­¨ï
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¯® ª®­¥ç­ë¬ ¯®«ïà¨§ æ¨ï¬. �«ï íâ®£® áãé¥áâ¢ã¥â à §à ¡®â ­­ë©  ¯¯ à â, ¨á¯®«ì§ãîé¨© ï¢­ë©
¢¨¤ á¯¨­®à®¢ u(p) ¨ á¢®©áâ¢  ¬ âà¨æ �¨à ª . �ë ®¯ãáâ¨¬ á®®â¢¥âáâ¢ãîé¨¥ â¥å­¨ç¥áª¨¥ ¤¥â «¨,
ª®â®àë¥ ¬®¦­® ­ ©â¨, ­ ¯à¨¬¥à, ¢ [5] ¨«¨ ¢ [1]. � ª®­¥ç­®¬ ¨â®£¥, ¨§ (4.80) ¬®¦­® ¯®«ãç¨âì à¥-
«ïâ¨¢¨áâáª¨© ¢ à¨ ­â ä®à¬ã«ë �¥§¥àä®à¤  (ä®à¬ã«ã �®ââ ) ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® á¥ç¥­¨ï
à áá¥ï­¨ï ¢ í«¥¬¥­â â¥«¥á­®£® ã£«  d
 [5]:

d�

d

=

Z2e4

4p2v2 sin4 �2

�
1� v2 sin2

�

2

�
(4.81)

£¤¥ ãç«¨ jp1 � p2j = 2jpj sin �=2, £¤¥ � { ã£®« à áá¥ï­¨ï, ¨ ¢¢¥«¨ áª®à®áâì v = jpj=E.

� ¤ ç  ¤¢ãå ç áâ¨æ.

�á«¨ ¢ë¡à âì «®à¥­æ¥¢áªãî ª «¨¡à®¢ªã, â® ãà ¢­¥­¨¥ � ªá¢¥««  ¤«ï ¯®â¥­æ¨ -
«®¢, ª ª ¬ë ¢¨¤¥«¨, ¯à¨­¨¬ ¥â ¢¨¤:

�A� = 4�j� (4.82)

�â® ãà ¢­¥­¨¥ «¥£ª® à¥è¨âì á ¯®¬®éìî äã­ªæ¨¨ �à¨­  D+, ª®â®àãî ®¯à¥¤¥«¨¬
ãà ¢­¥­¨¥¬:

�2D+(2; 1) = 4��(2; 1) (4.83)

�à®¢®¤ï ®ç¥¢¨¤­ë¥ ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ¨¬¥¥¬:

D+(2; 1) = � 4�

(2�4)

Z
d4keik(x2�x1)

1

k2 + i�
� ! +0 (4.84)

�® áãé¥áâ¢ã, á â®ç­®áâìî ¤® ª®­áâ ­âë ¨ §­ ª , íâ® ¢ëà ¦¥­¨¥ á®¢¯ ¤ ¥â á ¨­â¥-
£à «®¬ I+ ¨§ (4.40), ¥á«¨ ¢ ­¥¬ ¯®«®¦¨âì ¤®®¯à¥¤¥«¥­­ãî, á®£« á­® (4.44) ¬ ááã
m = 0. �¥¯¥àì ¬ë ¬®¦¥¬ § ¯¨á âì à¥è¥­¨¥ (4.82) ¢ ¯à ªâ¨ç¥áª¨ ®ç¥¢¨¤­®¬ ¢¨¤¥:

A�(2) =

Z
d4x1D(2; 1)j�(1) (4.85)

�¤¥áì ®âáãâáâ¢ã¥â ¢®§¬®¦­ë© ­¥®¤­®à®¤­ë© ¢ª« ¤, çâ® á®®â¢¥âáâ¢ã¥â £à ­¨ç­®¬ã
ãá«®¢¨î ®âáãâáâ¢¨ï á¢®¡®¤­®£® í«¥ªâà®¬ £­¨â­®£® ¨§«ãç¥­¨ï ¯à¨ t = �1 (â.¥.

®âáãâáâ¢ãîâ à¥è¥­¨ï A
(0)
� ãà ¢­¥­¨ï �A� = 0, ª®â®àë¥ ¢á¥£¤  ¬®¦­® ¤®¡ ¢¨âì ¢

¯à ¢ãî ç áâì (4.85)).
� áá¬®âà¨¬ â¥¯¥àì á«ãç © ¤¢ãå § àï¦¥­­ëå (¢§ ¨¬®¤¥©áâ¢ãîé¨å!) ä¥à¬¨®­®¢.

� ¦¤ ï ¨§ ç áâ¨æ ï¢«ï¥âáï ¨áâ®ç­¨ª®¬ í«¥ªâà®¬ £­¨â­®£® ¯®«ï, ª®â®à®¥ ®ª §ë-
¢ ¥â ¢«¨ï­¨¥ ­  ¤¢¨¦¥­¨¥ ¤àã£®© ç áâ¨æë. � à¥§ã«ìâ â¥ íâ®£® ¢§ ¨¬®¤¥©áâ¢¨ï ç -
áâ¨æë à áá¥¨¢ îâáï ¤àã£ ­  ¤àã£¥. � ¯¨è¥¬ ¢ëà ¦¥­¨¥ ¤«ï â®ª , á®®â¢¥âáâ¢ãî-
é¥£® ¯¥à¥å®¤ã í«¥ªâà®­  \a" ¨§ á®áâ®ï­¨ï ua(p1)e

�ip1x ¢ á®áâ®ï­¨¥ ua(p2)e�ip2x:

j�(x) = e�ua(p2)

�
aua(p1)e

i(p2�p1)x (4.86)

� á®®â¢¥âáâ¢¨¨ á (4.85) íâ®â â®ª á®§¤ ¥â ¢ ¯à®áâà ­áâ¢¥­­® - ¢à¥¬¥­­®© â®çª¥ x
¯®«¥ á ¯®â¥­æ¨ «®¬:

A�(x) = e

Z
d4x0D+(x � x0)ei(p2�p1)x0 �ua(p2)
�aua(p1) =

= �4�e
Z
d4k

1

k2 + i�
e�ikx�(k + p2 � p1)�ua(p2)


�
aua(p1) (4.87)
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�â®â ¯®â¥­æ¨ « ¤¥©áâ¢ã¥â ­  ¤¢¨¦¥­¨¥ ¢â®à®£® í«¥ªâà®­  \b". �®£« á­® (4.68),
¬ âà¨ç­ë© í«¥¬¥­â ¯¥à¢®£® ¯®àï¤ª , á®®â¢¥âáâ¢ãîé¨© ¯¥à¥å®¤ã í«¥ªâà®­  \b" ¨§
á®áâ®ï­¨ï á 4-¨¬¯ã«ìá®¬ q1 ¢ á®áâ®ï­¨¥ á 4-¨¬¯ã«ìá®¬ q2, ¢ë§¢ ­­®¬ã ¯®â¥­æ¨ «®¬
(4.87), ¨¬¥¥â ¢¨¤:

M = �ie
Z
d4x�ub(q2)e

iq2x
�b A�(x)ub(q1)e
�iq1x =

= 4�ie2(2�)4
�ub(q2)


�
b ub(q1)�ua(p2)
a�ua(p1)

jp1 � p2j2 �(p1 + q1 � p2 � q2) (4.88)

� áá¬®âà¨¬ â¥¯¥àì ¯à®¯ £ â®à á¨áâ¥¬ë ¨å ¤¢ãå ç áâ¨æ (¤¢ãåç áâ¨ç­ãî äã­ªæ¨î
�à¨­ ). � ­¥à¥«ïâ¨¢¨áâáª®¬ ¯à¨¡«¨¦¥­¨¨ á¨áâ¥¬  ¨§ ¤¢ãå ç áâ¨æ ®¯¨áë¢ ¥âáï
èà¥¤¨­£¥à®¢áª®© ¢®«­®¢®© äã­ªæ¨¥©  (xa;xb; t), ¨ ¬ë ¬®¦¥¬, â ª¦¥ ª ª ¨ ¢ëè¥
¢ á«ãç ¥ ®¤­®© ç áâ¨æë, ®¯à¥¤¥«¨âì ¯à®¯ £ â®à K(xa;xb; t;x0a;x0b; t0), ¯à¥¤áâ ¢«ï-
îé¨© á®¡®©  ¬¯«¨âã¤ã ¢¥à®ïâ­®áâ¨ â®£®, çâ® ç áâ¨æ  \a" ¨§ â®çª¨ x0a ¢ ¬®¬¥­â
¢à¥¬¥­¨ t0 ¯¥à¥å®¤¨â ¢ â®çªã xa ¢ ¬®¬¥­â t, â®£¤  ª ª ç áâ¨æ  \b" ¨§ â®çª¨ x0b ¢
¬®¬¥­â t0 ¯¥à¥å®¤¨â ¢ â®çªã xb ¢ ¬®¬¥­â t. �á«¨ ç áâ¨æë ­¥ ¢§ ¨¬®¤¥©áâ¢ãîâ, â®,
®ç¥¢¨¤­®, ¨¬¥¥¬:

K(xa;xb; t;x0a;x0b; t0) = K0a(xat;x0at0)K0b(xbt;x0bt0) (4.89)

£¤¥ K0a, K0b { ¯à®¯ £ â®àë á¢®¡®¤­ëå ç áâ¨æ \a" ¨ \b". � á«ãç ¥ ®âáãâáâ¢¨ï ¢§ -
¨¬®¤¥©áâ¢¨ï ¬®¦­® ®¯à¥¤¥«¨âì ¨ ¡®«¥¥ ®¡éãî ¤¢ãåç áâ¨ç­ãî äã­ªæ¨î �à¨­ , ã
ª®â®à®© ¢à¥¬¥­  ç áâ¨æ ¢ ­ ç «ì­®¬ ¨ ª®­¥ç­®¬ á®áâ®ï­¨ïå ­¥ á®¢¯ ¤ îâ:

K0(3; 4; 1; 2) = K0a(3; 1)K0b(4; 2) (4.90)

�ëà ¦¥­¨¥ (4.88) ¬®¦­® â¥¯¥àì à áá¬®âà¥âì ª ª ¬ âà¨ç­ë© í«¥¬¥­â, ¢®§­¨ªè¨© ¨§
¯®¯à ¢ª¨ ¯¥à¢®£® ¯®àï¤ª  K(1) ª ¯à®¯ £ â®àã ¤¢ãå á¢®¡®¤­ëå ç áâ¨æ, § ¯¨á ­­®©
¢ ¢¨¤¥:

K+(3; 4; 1; 2) = �ie2
Z
d4x5

Z
d4x6K+a(3; 5)


�
aK+a(5; 1)D+(5; 6)K+b(4; 6)
b�K+b(6; 2)

(4.91)
¨ ¯à¥¤áâ ¢«¥­­®© ¤¨ £à ¬¬®© �¥©­¬ ­  ­  �¨á.4-9. �­®¦¨â¥«ìD+ ¢ íâ®¬ ¢ëà ¦¥-
­¨¨ à áá¬ âà¨¢ ¥âáï ª ª ¯à®¯ £ â®à ¢¨àâã «ì­®£® ä®â®­ . � ªâ¨ç¥áª¨, ¯à¨¢¥¤¥­-
­ë© ¢ë¢®¤ ­¥ ¢¯®«­¥ ã¤®¢«¥â¢®à¨â¥«¥­, ¯®áª®«ìªã ¬ë ¯®ª  ¢®¢á¥ ­¥ ª¢ ­â®¢ «¨
á ¬® í«¥ªâà®¬ £­¨â­®¥ ¯®«¥, ­®, ª ª ¬ë ã¢¨¤¨¬ ­¨¦¥, íâ®â ¦¥ à¥§ã«ìâ â ¢®á¯à®-
¨§¢®¤¨âáï ¨ ¢ ¯®á«¥¤®¢ â¥«ì­®© â¥®à¨¨.
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� ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨ ¢á¥ íâ® ¬®¦­® ¯¥à¥¯¨á âì ¢ ¡®«¥¥ ¯à¨¢ëç­®¬ ¢¨¤¥.
�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï �®à¥­æ  @A�

@x�
= 0, ¤¨ää¥à¥­æ¨à®¢ ­¨¥ (4.87) ¯® x� ¤ ¥â:

�ua(p2)

�
a k�ua(p1) = �ua(p2)(


0
ak

0 � 
 � k)ua(p1) = 0 (4.92)

�â® á®®â­®è¥­¨¥ ¤¥©áâ¢¨â¥«ì­® ¢ë¯®«­ï¥âáï, ¯®áª®«ìªã ¨§-§  ­ «¨ç¨ï ¢ (4.87) �-

äã­ªæ¨¨ ¨¬¥¥¬ k̂ = p̂2� p̂1,   u(p2) ¨ u(p1) ï¢«ïîâáï á¯¨­®à ¬¨ á¢®¡®¤­ëå ç áâ¨æ,
â ª çâ®

�u1(p2)(p̂2 � p̂1)u(p1) = �u(p2)[(p̂2 �m) � (p̂1 �m)]u(p1) = 0 (4.93)

�®íâ®¬ã ¢áî¤ã, £¤¥ ¢ (4.88) ¢áâà¥ç ¥âáï ¬ âà¨æ  
0a), ¬®¦­® ¢®á¯®«ì§®¢ âìáï á®®â-
­®è¥­¨¥¬:


0a � k0 � 
a � k = 0 (4.94)

¨ ¢ëà §¨âì 
0a ª ª:


0a = 
al

� jkj
k0

�
(4.95)

£¤¥ 
l { ¬ âà¨æ  
 \¢ ­ ¯à ¢«¥­¨¨ à á¯à®áâà ­¥­¨ï" k (¯®¤ç¥àª­¥¬, çâ® ¤«ï ¢¨à-
âã «ì­®£® ä®â®­  k0 6= jkj). � ª¨¬ ®¡à §®¬, ®¡®§­ ç ï \¯®¯¥à¥ç­ë¥" ª®¬¯®­¥­âë


 ª ª 
it ¬®¦­® ¯¥à¥¯¨á âì

�a 


�
b

k2 ¢ (4.88) ª ª:


�a 

�
b

k2
=

0a


0
b � 
la
lb �

P2
i=1 


i
at


i
bt

k20 � k2
=

0a


0
b

�
1� k20

jkj2
�
�P2

i=1 

i
at


i
bt

k20 � k2
=

= �

0
a


0
b

k2
�
P2
i=1 


i
at


i
bt

k20 � k2
(4.96)

�¥à¢®¥ á« £ ¥¬®¥ ¢ íâ®¬ ¢ëà ¦¥­¨¨ ®¯¨áë¢ ¥â ¢ (4.88) ¨ (4.91) ¬£­®¢¥­­®¥ ªã«®-
­®¢áª®¥ ¢§ ¨¬®¤¥©áâ¢¨¥ ¤¢ãå í«¥ªâà®­®¢,   ¢â®à®¥ ãç¨âë¢ ¥â ¯®¯¥à¥ç­ë¥ ª¢ ­âë,
®¡ãá« ¢«¨¢ îé¨¥ § ¯ §¤ë¢ îé¥¥ ¬ £­¨â­®¥ ¢§ ¨¬®¤¥©áâ¢¨¥ ç áâ¨æ. �®§­¨ª­®¢¥-
­¨¥ \¬£­®¢¥­­®£®" ¢§ ¨¬®¤¥©áâ¢¨ï á¢ï§ ­® á ­¥ª®¢ à¨ ­â­ë¬ å à ªâ¥à®¬ à §¡¨-
¥­¨ï ­  ¤¢  á« £ ¥¬ëå ¨áå®¤­® ª®¢ à¨ ­â­®£® ¢ëà ¦¥­¨ï ¢ (4.96): ä ªâ¨ç¥áª¨
¯¥à¢ë© ç«¥­ ï¢«ï¥âáï £« ¢­ë¬ ¢ ¯à¥¤¥«¥ ¬ «ëå áª®à®áâ¥©,   ¢â®à®© ç«¥­ ¤ ¥â
¯®¯à ¢ª¨ ª ¬£­®¢¥­­®¬ã ªã«®­®¢áª®¬ã ¢§ ¨¬®¤¥©áâ¢¨î.

�® á¨å ¯®à ¬ë ­¥ ãç¨âë¢ «¨, çâ® í«¥ªâà®­ë â®¦¤¥áâ¢¥­­ë ¨ ¯®¤ç¨­ïîâáï ¯à¨­-
æ¨¯ã � ã«¨. �ç¥â íâ®£® ®¡áâ®ïâ¥«ìáâ¢  ¯à¨¢®¤¨â ª âà¥¡®¢ ­¨î  ­â¨á¨¬¬¥âà¨ç­®-
áâ¨ ¢®«­®¢®© äã­ªæ¨¨ á¨áâ¥¬ë ç áâ¨æ, çâ® ®¡¥á¯¥ç¨¢ ¥âáï ¢¢¥¤¥­¨¥¬ ¤¢ãåç áâ¨ç-
­®£® ¯à®¯ £ â®à  K(3; 4; 1; 2)� K(4; 3; 1; 2), ®¯¨áë¢ îé¥£® ¯¥à¥å®¤ ¤¢ãå ç áâ¨æ ¨§
â®ç¥ª 1 ¨ 2 ¢ â®çª¨ 3 ¨ 4, á ãç¥â®¬ ®¡¬¥­ . � ª¨¬ ®¡à §®¬ ¢¬¥áâ® (4.88) ¯®«ãç ¥¬
¬ âà¨ç­ë© í«¥¬¥­â à áá¥ï­¨ï ¤¢ãå â®¦¤¥áâ¢¥­­ëå ç áâ¨æ, ¢ ¯¥à¢®¬ ¯®àï¤ª¥ ¯®
¢§ ¨¬®¤¥©áâ¢¨î, ¢ ¢¨¤¥:

M = 4�ie2(2�)4
�
�ub(q2)


�
b ub(q1)�ua(p2)
a�ua(p1)

jp1 � p2j2 �

� �ub(p2)

�
b ub(q1)�ua(q2)
a�ua(p1)

jq1 � p2j2
�
�(p1 + q1 � p2 � q2) (4.97)

çâ®, ®¯à¥¤¥«ï¥â, ¢ ç áâ­®áâ¨, á¥ç¥­¨¥ â ª ­ §ë¢ ¥¬®£® ¬¥««¥à®¢áª®£® à áá¥ï­¨ï.
� ¢ëáè¨å ¯®àï¤ª å ¯® ¢§ ¨¬®¤¥©áâ¢¨î ¯®ï¢«ï¥âáï ¡¥áª®­¥ç­®¥ ç¨á«® ¯®¯à -

¢®ª ª íâ®¬ã ¬ âà¨ç­®¬ã í«¥¬¥­âã, á®®â¢¥âáâ¢ãîé¨å ®¡¬¥­ã ¢á¥ ¡®«ìè¨¬ ç¨á«®¬
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¢¨àâã «ì­ëå ä®â®­®¢ ¬¥¦¤ã ç áâ¨æ ¬¨ ¨ á®¡áâ¢¥­­®¬ã ¢§ ¨¬®¤¥©áâ¢¨î ç áâ¨æ.
�á¥ â ª¨¥ ¯à®æ¥ááë ¨§®¡à ¦ îâáï ¤¨ £à ¬¬ ¬¨ �¥©­¬ ­ , ª®â®àë¬ á®¯®áâ ¢«ï-
îâáï á®®â¢¥âáâ¢ãîé¨¥ ¬ â¥¬ â¨ç¥áª¨¥ ¢ëà ¦¥­¨ï. �à¨¬¥àë ¤¨ £à ¬¬ ¯®àï¤ª 
e4 ¯®ª § ­ë ­  �¨á.4-10. �à ¢¨«  ¤¨ £à ¬¬­®©, ¤®¯®«­ïîé¨¥ áä®à¬ã«¨à®¢ ­­ë¥
¢ëè¥ ¤«ï § ¤ ç¨ à áá¥ï­¨ï ­  ¢­¥è­¥¬ ¯®«¥, â¥å­¨ª¨ ä®à¬ã«¨àãîâáï á«¥¤ãîé¨¬
®¡à §®¬:

1. �¬¯«¨âã¤  ¢¥à®ïâ­®áâ¨ ¨§«ãç¥­¨ï ¢¨àâã «ì­®£® ä®â®­  à ¢­  e
� , çâ® á®¯®-
áâ ¢«ï¥âáï â®çª¥ (¢¥àè¨­¥) ­  ¤¨ £à ¬¬¥.

2. �¬¯«¨âã¤  ¢¥à®ïâ­®áâ¨ ¯¥à¥å®¤  (¯à®¯ £ â®à, ¢®«­¨áâ ï «¨­¨ï) ä®â®­  ¨§
â®çª¨ 1 ¢ â®çªã 2 à ¢­  D+(2; 1) ¨«¨, ¢ ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨ � 4�

k2+i� .

�£à ­¨ç¨¬áï ¢ § ¤ ç¥ ¤¢ãå ç áâ¨æ \«¥áâ­¨ç­ë¬¨" ¤¨ £à ¬¬ ¬¨ (¡¥§ ¯¥à¥á¥ç¥-
­¨© «¨­¨© ¢§ ¨¬®¤¥©áâ¢¨ï), ¯®ª § ­­ë¬¨ ­  �¨á.4-11. �¢¥¤¥¬ äã­ªæ¨î '(x1; x2) {
 ¬¯«¨âã¤ã ¢¥à®ïâ­®áâ¨ ­ å®¦¤¥­¨ï ¤¢ãå ç áâ¨æ ¢ â®çª å x1 ¨ x2 ¯®á«¥ â ª®£®
®¡¬¥­  n ¢¨àâã «ì­ë¬¨ ä®â®­ ¬¨. �®£¤   ¬¯«¨âã¤  ¢¥à®ïâ­®áâ¨ ¯®á«¥ ®¡¬¥­ 
(n+ 1)-¬ ä®â®­®¬ ¨¬¥¥â ¢¨¤:

'n+1(1; 2) = �ie2
Z
d4x3

Z
d4x4K+a(1; 3)


�
aK+b(2; 4)
b�D+(3; 4)'n(3; 4) (4.98)

�«¥¤®¢ â¥«ì­®, ¯®«­ ï  ¬¯«¨âã¤  ¢¥à®ïâ­®áâ¨ ¢ «¥áâ­¨ç­®¬ ¯à¨¡«¨¦¥­¨¨ ¬®¦¥â
¡ëâì ¢ëà ¦¥­  ¢ ¢¨¤¥:

 (x1; x2) =
1X
n=0

'n(x1; x2) (4.99)

¨, á®®â¢¥âáâ¢¥­­®:

 (2; 1) = '0(2; 1)� ie2
Z
d4x3

Z
d4x4K+a(1; 3)


�
aK+b(2; 4)
b�D+(3; 4) (3; 4) (4.100)

£¤¥ '0(2; 1) { ¢®«­®¢ ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãà ¢­¥­¨î �¨à ª  ¤«ï á¢®¡®¤-
­®© ç áâ¨æë ¯® ®¡¥¨¬ ¯¥à¥¬¥­­ë¬. �á«¨ â¥¯¥àì ª ®¡¥¨¬ ç áâï¬ ãà ¢­¥­¨ï (4.100)
¯à¨¬¥­¨âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë �¨à ª  ¤«ï ç áâ¨æ \a" ¨ \b", â® ¯®«ãç¨¬
¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¤«ï  (2; 1):

(ir̂a �m)(ir̂b �m) (2; 1) = ie2
�a 
b�D+(2; 1) (2; 1) (4.101)

�â® ãà ¢­¥­¨¥ ­ §ë¢ ¥âáï ãà ¢­¥­¨¥¬ �¥â¥ { �®«¯¨â¥à  (¢ «¥áâ­¨ç­®¬ ¯à¨¡«¨-
¦¥­¨¨) ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© à¥«ïâ¨¢¨áâáª®¥ ¢®«­®¢®¥ ãà ¢­¥­¨¥ ¤«ï á¨áâ¥¬ë ¨§
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�¨á. 4-11

¤¢ãå ç áâ¨æ. �­® ¯®§¢®«ï¥â, ¢ ¯à¨­æ¨¯¥, ¯®«­®áâìî à áá¬®âà¥âì ¨ § ¤ çã ®¡à §®¢ -
­¨ï á¢ï§ ­­ëå á®áâ®ï­¨© ¢ â ª®© á¨áâ¥¬¥, ­ ¯à¨¬¥à ®¡à §®¢ ­¨¥ ¨ í­¥à£¥â¨ç¥áª¨©
á¯¥ªâà ¯®§¨âà®­¨ï.



�« ¢  5

������� ���������

�¬¯«¨âã¤  à áá¥ï­¨ï.

�®¤ ¢«ïîé¥¥ ¡®«ìè¨­áâ¢® íªá¯¥à¨¬¥­â®¢ ¢ ä¨§¨ª¥ í«¥¬¥­â à­ëå ç áâ¨æ á¢®¤ïâáï
ª ¨§ãç¥­¨î ¨å à áá¥ï­¨ï, à¥ ªæ¨© ¨ à á¯ ¤®¢. �§ ¨¬®¤¥©áâ¢¨ï ç áâ¨æ ¯à®¨áå®-
¤ïâ, ª ª ¯à ¢¨«®, ­  ®ç¥­ì ¬ «ëå à ááâ®ï­¨ïå ¨ ¢à¥¬¥­ å (­ ¯à¨¬¥à ¢ ¬¨è¥­ïå
¨«¨ ¢ ®¡« áâ¨ ¯¥à¥á¥ç¥­¨ï ¢áâà¥ç­ëå ¯ãçª®¢ ãáª®à¨â¥«¥©), ¯®á«¥ ç¥£® à¥£¨áâà¨-
àãîâáï ã¦¥ ¯à ªâ¨ç¥áª¨ ­¥¢§ ¨¬®¤¥©áâ¢ãîé¨¥ ¯à®¤ãªâë à¥ ªæ¨¨, ¯®¯ ¤ îé¨¥ ¢
á¨áâ¥¬ã ¤¥â¥ªâ®à®¢, ­ å®¤ïé¨åáï ¤ «¥ª® ®â ®¡« áâ¨ ¢§ ¨¬®¤¥©áâ¢¨ï, ¯à¨¢¥¤è¥£®
ª ®¡à §®¢ ­¨î íâ¨å ¯à®¤ãªâ®¢. �®íâ®¬ã, ¢¥áì¬  ®¡é ï ¯®áâ ­®¢ª  § ¤ ç¨ á¢®¤¨âáï
ª § ¤ ç¥ ® áâ®«ª­®¢¥­¨ïå. �­ ï ­ ç «ì­®¥ á®áâ®ï­¨¥ á¨áâ¥¬ë á¢®¡®¤­ëå ç áâ¨æ,
­ã¦­® ­ ©â¨ ¢¥à®ïâ­®áâì à §«¨ç­ëå ª®­¥ç­ëå á®áâ®ï­¨©, á¢®¤ïé¨åáï ª ¤àã£¨¬
á®¢®ªã¯­®áâï¬ á¢®¡®¤­ëå ç áâ¨æ, ¢®§­¨ª îé¨å ¢ à¥§ã«ìâ â¥ ¢§ ¨¬®¤¥©áâ¢¨ï.

�ãáâì ji > { ­¥ª®â®à®¥ ­ ç «ì­®¥ á®áâ®ï­¨¥. �¥§ã«ìâ â  ¢§ ¨¬®¤¥©áâ¢¨ï ¬®¦­®
¯à¥¤áâ ¢¨âì ª ª áã¯¥à¯®§¨æ¨î: X

f

jf >< f jSji > (5.1)

£¤¥ áã¬¬¨à®¢ ­¨¥ ¨¤¥â ¯® ¢á¥¬ ¢®§¬®¦­ë¬ ª®­¥ç­ë¬ á®áâ®ï­¨ï¬ jf >. �®íä-
ä¨æ¨¥­âë Sfi =< f jSji > ®¡à §ãîâ â ª ­ §ë¢ ¥¬ãî ¬ âà¨æã à áá¥ï­¨ï ¨«¨ S-
¬ âà¨æã1. �¥«¨ç¨­  jSfij2 ¤ ¥â ¢¥à®ïâ­®áâì ¯¥à¥å®¤  i! f . � ®âáãâáâ¢¨¥ ¢§ ¨¬®-
¤¥©áâ¢¨ï S-¬ âà¨æ , ®ç¥¢¨¤­®, ¥¤¨­¨ç­ . �¤®¡­® íâã ¥¤¨­¨æã ¢ë¤¥«¨âì ¨ § ¯¨á âì:

Sfi = �fi + (2�)4�(Pf � Pi)Tfi (5.2)

1�®­ïâ¨¥ ¬ âà¨æë à áá¥ï­¨ï ¢¯¥à¢ë¥ ¢¢¥« �¥©§¥­¡¥à£, ¯à¥¤«®¦¨¢ ¥¥ ¢ ª ç¥áâ¢¥ ­ ¨¡®«¥¥ äã­-
¤ ¬¥­â «ì­®© å à ªâ¥à¨áâ¨ª¨ ¯à®æ¥áá®¢ ¢§ ¨¬®¤¥©áâ¢¨ï í«¥¬¥­â à­ëå ç áâ¨æ.

113
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£¤¥ �-äã­ªæ¨ï ¢ëà ¦ ¥â § ª®­ á®åà ­¥­¨ï 4-¨¬¯ã«ìá . �«ï ­¥¤¨ £®­ «ì­ëå í«¥-
¬¥­â®¢ ¨¬¥¥¬ ¯à®áâ®:

Sfi = �i(2�)4�(Pi � Pf )Tfi (5.3)

�¥«¨ç¨­  Tfi ­ §ë¢ ¥âáï  ¬¯«¨âã¤®© à áá¥ï­¨ï.
�à¨ ¢®§¢¥¤¥­¨¨ (5.2) ¢ ª¢ ¤à â ¯®ï¢«ï¥âáï ¯«®å® ®¯à¥¤¥«¥­­ë© ª¢ ¤à â �-

äã­ªæ¨¨, á¢ï§ ­­®© á § ª®­®¬ á®åà ­¥­¨ï. �¤¥áì ­ã¦­® ¯®áâã¯¨âì á«¥¤ãîé¨¬
®¡à §®¬. �¢¥¤¥¬ äãàì¥ - ¯à¥¤áâ ¢«¥­¨¥:

�(Pf � Pi) = 1

(2�)4

Z
d4xei(Pf�Pi)x (5.4)

�®£¤  ¢® ¢â®à®¬ â ª®¬ ¦¥ ¨­â¥£à «¥ ¢ëç¨á«¥­¨ï ¯à®¨§¢®¤ïâáï ¯à¨ Pf = Pi, ­®
¨­â¥£à¨à®¢ ­¨¥ à á¯à®áâà ­ï¥âáï ¯® ­¥ª®â®à®¬ã ¡®«ìè®¬ã, ­® ª®­¥ç­®¬ã, ®¡ê¥¬ã
V ¨ ¨­â¥à¢ «ã ¢à¥¬¥­¨ T , çâ® ¤ ¥â V T=(2�)4, ¨ ¬ë § ¯¨áë¢ ¥¬:

jSfij2 = (2�)4�(Pf � Pi)jTfij2V T (5.5)

�®®â¢¥âáâ¢¥­­®, ¬®¦­® ¢¢¥áâ¨ ã¦¥ å®à®è® ®¯à¥¤¥«¥­­ãî ¢¥à®ïâ­®áâì ¯¥à¥å®¤  ¢
¥¤¨­¨æã ¢à¥¬¥­¨ (¢ ª®­¥ç­®¬ ®¡ê¥¬¥)2:

wfi = (2�)4�(Pf � Pi)jTfij2V (5.6)

�¢®¡®¤­ë¥ ç áâ¨æë ®¯¨áë¢ îâáï á®®â¢¥âáâ¢ãîé¨¬¨ ¯«®áª¨¬¨ ¢®«­ ¬¨ á  ¬¯«¨âã-
¤ ¬¨ u, ¯à¥¤áâ ¢«ïîé¨¬¨ á®¡®© ¡¨á¯¨­®àë ¤«ï ¤¨à ª®¢áª¨å ä¥à¬¨®­®¢, 4-¢¥ªâ®à 
¤«ï ä®â®­®¢ ¨ â. ¯. �®£¤  ¨¬¥¥¬:

Tfi = u�1u
�
2:::Q:::u1u2::: (5.7)

£¤¥ Q { ­¥ª®â®à ï ¬ âà¨æ  ¯® ¨­¤¥ªá ¬ ª®¬¯®­¥­â  ¬¯«¨âã¤ ¢®«­®¢ëå äã­ªæ¨©
¢á¥å ç áâ¨æ.

� áá¬®âà¨¬ ­ ¨¡®«¥¥ ¢ ¦­ë¥ á«ãç ¨, ª®£¤  ¢ ­ ç «ì­®¬ á®áâ®ï­¨¨ ¨¬¥¥âáï
¢á¥£® ®¤­  ¨«¨ ¤¢¥ ç áâ¨æë, â.¥. à á¯ ¤ ®¤­®© ¨ áâ®«ª­®¢¥­¨ï ¤¢ãå ç áâ¨æ. � -
ç­¥¬ á § ¤ ç¨ ® à á¯ ¤¥. �ãáâì ç áâ¨æ  à á¯ ¤ ¥âáï ­  ­¥ª®â®à®¥ ç¨á«® ¤àã£¨å
ç áâ¨æ á ¨¬¯ã«ìá ¬¨ p0a, ¯®¯ ¤ îé¨¬¨ ¢ í«¥¬¥­â ®¡ê¥¬  ä §®¢®£® ¯à®áâà ­áâ¢ Q
a d

3p0a (a ­ã¬¥àã¥â ç áâ¨æë ¢ ª®­¥ç­®¬ á®áâ®ï­¨¨). �¨á«® á®áâ®ï­¨© ¢ íâ®¬ í«¥-

¬¥­â¥ à ¢­®
Q
a
V d3p0

a

(2�)3 , á®®â¢¥âáâ¢¥­­® (5.6) ­ ¤® ã¬­®¦¨âì ­  íâã ¢¥«¨ç¨­ã, ¤ ¡ë
¯®«ãç¨âì ¢¥à®ïâ­®áâì ¯¥à¥å®¤  ¢ ª®­¥ç­ë¥ á®áâ®ï­¨ï, ¯®¯ ¤ îé¨¥ ¢ íâ®â í«¥¬¥­â
®¡ê¥¬  ä §®¢®£® ¯à®áâà ­áâ¢ :

dw = (2�)4�(Pf � Pi)jTfij2V
Y
a

V d3p0a
(2�)3

(5.8)

�ë ¢¥§¤¥ ¨á¯®«ì§ã¥¬ ­®à¬¨à®¢ªã ­  \®¤­ã ç áâ¨æã ¢ ®¡ê¥¬¥ V ", â®£¤  ¢®«­®-
¢ë¥ äã­ªæ¨¨ ¢á¥å ç áâ¨æ á®¤¥à¦ â ¬­®¦¨â¥«ì 1p

2"pV
, £¤¥ "p { í­¥à£¨ï ç áâ¨æë.

�¤®¡­® íâ¨ ¬­®¦¨â¥«¨ ®â­¥áâ¨ ¢  ¬¯«¨âã¤ã à áá¥ï­¨ï, â.¥. ¯¨á âì ¢®«­®¢ë¥ äã­ª-
æ¨¨ ª ª:

 = ue�ipx �uu = 2m (í«¥ªâà®­ë) (5.9)

A� = 4�e�e
�ikx e�e

�� = �1 e�k
� = 0 (ä®â®­ë) (5.10)

2�â®â à¥æ¥¯â ¯à¨­ ¤«¥¦¨â, ª ª ®â¬¥ç «®áì ¢ëè¥, �¥à¬¨.



������� ��������� 115

¨ â. ¯.,    ¬¯«¨âã¤ã à áá¥ï­¨ï ¯à¥¤áâ ¢¨âì ç¥à¥§ ­®¢ãî  ¬¯«¨âã¤ã Mfi, ®¯à¥¤¥-
«¥­­ãî ª ª:

Tfi =
Mfi

(2"1V:::2"01V:::)1=2
(5.11)

£¤¥ ¢ §­ ¬¥­ â¥«¥ á®¤¥à¦¨âáï ¯® ®¤­®¬ã ¬­®¦¨â¥«î (2"iV ) ­  ª ¦¤ãî ­ ç «ì­ãî
¨ ª®­¥ç­ãî ç áâ¨æë. � ç áâ­®áâ¨, ¤«ï ¢¥à®ïâ­®áâ¨ à á¯ ¤  ¨¬¥¥¬:

dw = (2�)4�(Pf � Pi)jMfij2 1
2"

Y
a

d3p0a
(2�)32"0a

(5.12)

£¤¥ " { í­¥à£¨ï à á¯ ¤ îé¥©áï ç áâ¨æë. � ª ¨ á«¥¤®¢ «® ®¦¨¤ âì, ­®à¬¨à®¢®ç-
­ë¥ ®¡ê¥¬ë ¢ (5.12) ¯®«­®áâìî á®ªà â¨«¨áì. �á«¨ áà¥¤¨ ª®­¥ç­ëå ç áâ¨æ ¥áâì N
â®¦¤¥áâ¢¥­­ëå, â® ä §®¢ë© ®¡ê¥¬ ª®­¥ç­ëå á®áâ®ï­¨© ­ã¦­® ¥é¥ ¯®¤¥«¨âì ­  N !,
çâ®¡ë ãç¥áâì ¨å ¢®§¬®¦­ë¥ ¯¥à¥áâ ­®¢ª¨.

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ á«ãç © à á¯ ¤  ­  ¤¢¥ ç áâ¨æë á ¨¬¯ã«ìá ¬¨ p01, p
0
2 ¨ í­¥à£¨ï¬¨ "

0
1,

"02. � á¨áâ¥¬¥ ¯®ª®ï à á¯ ¤ îé¥©áï ç áâ¨æë p01 = �p02 � p0, "01 + "02 = m. �®£¤ 

dw =
1

(2�)2
jMfij2

1

4"02"
0
2

�(p01 + p02)�("
0
1 + "02 �m)d3p01d3p02 (5.13)

�¥à¢ãî �-äã­ªæ¨î ¬®¦­® ãáâà ­¨âì, ¢ë¯®«­¨¢ ¨­â¥£à¨à®¢ ­¨¥ ¯® d3p02. � «¥¥ ¯¥à¥¯¨è¥¬ d
3p01

¢ ¢¨¤¥:

d3p0 = jp0j2djp0jd
 = jp0jd
 "
0
1"
0
2d("

0
1 + "02)

"01 + "02
(5.14)

çâ® ¯®«ãç ¥âáï á ãç¥â®¬ "01
2�m2

1 = "02
2�m2

2 = jp0j2. �®£¤ , ¯à®¨­â¥£à¨à®¢ ¢ ¯® d("01+"02), ãáâà ­¨¬
¨ ¢â®àãî �-äã­ªæ¨î ¢ (5.13). �®®â¢¥âáâ¢¥­­®, ¤«ï ¢¥à®ïâ­®áâ¨ à á¯ ¤  ¢ í«¥¬¥­â â¥«¥á­®£® ã£« 
d
 ¯®«ãç¨¬:

dw =
1

32�2
jMfij2jp0jd
 (5.15)

� áá¬®âà¨¬ â¥¯¥àì § ¤ çã ® áâ®«ª­®¢¥­¨¨ ¤¢ãå ç áâ¨æ á ¨¬¯ã«ìá ¬¨ p1, p2 ¨
í­¥à£¨ï¬¨ "1 ¨ "2, á ¯à¥¢à é¥­¨¥¬ ¨å ¢ á®¢®ªã¯­®áâì ¨§ ­¥ª®â®à®£® ç¨á«  ç áâ¨æ
á ¨¬¯ã«ìá ¬¨ p0a ¨ í­¥à£¨ï¬¨ "0a. �®£¤ 

dw = (2�)4�(Pf � Pi)jMfij2 1

4"1"2V

Y
a

d3p0a
(2�)32"0a

(5.16)

�­¢ à¨ ­â­®¥ (®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© �®à¥­æ ) á¥ç¥­¨¥ à áá¥ï­¨ï ¯®«ãç -
¥âáï ¨§ (5.16) ¤¥«¥­¨¥¬ ­  [25]:

j =
I

V "1"2
£¤¥ I =

q
(p1p2)2 �m2

1m
2
2 (5.17)

� á¨áâ¥¬¥ æ¥­âà  ¨­¥àæ¨¨ ¨¬¥¥¬ p1 = �p2 � p, â ª çâ® I = jpj("1 + "2) ¨

j =
jpj
V

�
1

"1
+

1

"2

�
=
v1 + v2
V

(5.18)

çâ® ¤ ¥â ¯«®â­®áâì ¯®â®ª  áâ «ª¨¢ îé¨åáï ç áâ¨æ (v1, v2 { ¨å áª®à®áâ¨). �®£¤ 
®ª®­ç â¥«ì­®:

d� = (2�)4�(Pf � Pi)jMfij2 1
4I

Y
a

d3p0a
(2�)32"0a

(5.19)

�áª«îç¨¬ �-äã­ªæ¨¨ ¤«ï á«ãç ï, ª®£¤  ¢ ª®­¥ç­®¬ á®áâ®ï­¨¨ ¨¬¥îâáï ¢á¥£® ¤¢¥ ç áâ¨æë.
�à®¢¥¤¥¬ à áá¬®âà¥­¨¥ ¢ á¨áâ¥¬¥ æ¥­âà  ¨­¥àæ¨¨. �ãáâì " = "1 + "2 = "01 + "02 { ¯®«­ ï í­¥à£¨ï
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�¨á. 5-1

áâ «ª¨¢ îé¨åáï ç áâ¨æ,   p1 = �p2 � p, p01 = �p02 � p0 { ­ ç «ì­ë¥ ¨ ª®­¥ç­ë¥ ¨¬¯ã«ìáë.
�®£¤ , ¤¥©áâ¢ãï â ª¦¥, ª ª ¨ ¢ëè¥ ¢ § ¤ ç¥ ® à á¯ ¤¥, ¯®«ãç ¥¬:

d� =
1

64�2
jMfij2

jp0j
jpj"2 d


0 (5.20)

� ç áâ­®¬ á«ãç ¥ ã¯àã£®£® à áá¥ï­¨ï ¨¬¥¥¬ jp0j = jpj. �¢¥¤¥¬ ª¨­¥¬ â¨ç¥áª¨© ¨­¢ à¨ ­â:

t � (p1 � p2)2 = m1
2 +m0

1
2 � 2(p1p

0
1) = m1

2 +m0
1
2 � 2"1"

0
1 + 2jp1jjp01j cos � (5.21)

£¤¥ � { ã£®« à áá¥ï­¨ï. � á¨áâ¥¬¥ æ¥­âà  ¨­¥àæ¨¨ jp1j � jpj ¨ jp01j � jp0j ¨ ®¯à¥¤¥«ïîâáï â®«ìª®
¯®«­®© í­¥à£¨¥© ", â ª çâ® ¯à¨ ¥¥ § ¤ ­­®¬ §­ ç¥­¨¨ ¨¬¥¥¬:

dt = 2jpjjp0jd cos � (5.22)

�®®â¢¥âáâ¢¥­­®, ¢ (5.20) ¬®¦­® ­ ¯¨á âì:

d
0 = �d'd cos � = d'd(�t)
2jpjjp0j (5.23)

£¤¥ ' {  §¨¬ãâ «ì­ë© ã£®« ¢¥ªâ®à  p01 ®â­®á¨â¥«ì­® p1. � «¥¥, ¤«ï ªà âª®áâ¨, ¯¨è¥¬ d(�t) ª ª
dt ¨ ¯®«ãç ¥¬:

d� =
1

64�
jMfij2

dt

I2
d'

2�
(5.24)

�á«¨ á¥ç¥­¨¥ ­¥ § ¢¨á¨â ®â  §¨¬ãâ  ', â®

d� =
1

64�
jMfij2

dt

I2
(5.25)

�¨­¥¬ â¨ç¥áª¨¥ ¨­¢ à¨ ­âë.

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ ª¨­¥¬ â¨ªã à áá¥ï­¨ï ¤¢ãå ç áâ¨æ ¢ ¤¢¥ ç áâ¨æë ¢ ª®­¥ç­®¬
á®áâ®ï­¨¨. � ¯¨è¥¬ § ª®­ á®åà ­¥­¨ï 4-¨¬¯ã«ìá  ¢ ¢¨¤¥, ­¥ ¯à¥¤à¥è îé¥¬, ª ª¨¥
¨§ ç áâ¨æ ï¢«ïîâáï ­ ç «ì­ë¬¨,   ª ª¨¥ ª®­¥ç­ë¬¨:

p1 + p2 + p3 + p4 = 0 (5.26)

�¬¯«¨âã¤ã á®®â¢¥âáâ¢ãîé¥£® ¯à®æ¥áá  ¬®¦­® ¯à¥¤áâ ¢¨âì £à ä¨ª®¬ (¤¨ £à ¬-
¬®©), ¯®ª § ­­ë¬ ­  �¨á.5-1, ­  ª®â®à®© ­ ¯à ¢«¥­¨ï áâà¥«®ª á®®â¢¥âáâ¢ãîâ \¢å®-
¤ïé¨¬" ¨¬¯ã«ìá ¬. �¢  ¨¬¯ã«ìá  ®â¢¥ç îâ ­ ç «ì­ë¬ ç áâ¨æ ¬,   ¤¢  ª®­¥ç­ë¬
(¤«ï ª®â®àëå ¨¬¯ã«ìá ¬¨ ï¢«ïîâáï á®®â¢¥âáâ¢ãîé¨¥ �pa). � ª¨¬ ®¡à §®¬, ¯à¨
â ª®© § ¯¨á¨, ã ¤¢ãå ¨§ pa ¢à¥¬¥­­ ï ª®¬¯®­¥­â  p0a > 0,   ã ¤¢ãå p0a < 0. �à¨ § -
¤ ­­ëå â¨¯ å ç áâ¨æ, ãç áâ¢ãîé¨å ¢ ¯à®æ¥áá¥ à áá¥ï­¨ï, ª¢ ¤à âë ¨å 4-¨¬¯ã«ìá®¢
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�¨á. 5-2

p2a ®¯à¥¤¥«ïîâáï ¨å ¬ áá ¬¨: p
2
a = m2

a (á¢®¡®¤­ë¥ ç áâ¨æë ¢á¥£¤  \«¥¦ â ­  á¢®¥©
¬ áá®¢®© ¯®¢¥àå­®áâ¨"). � § ¢¨á¨¬®áâ¨ ®â §­ ç¥­¨©, ª®â®àë¥ ¬®£ãâ ¯à¨­¨¬ âì ¢à¥-
¬¥­­ë¥ ª®¬¯®­¥­âë p0a ¨ ®â §­ ç¥­¨© § àï¤®¢ ç áâ¨æ,  ¬¯«¨âã¤  à áá¥ï­¨ï �¨á.5-1
¬®¦¥â ®¯¨áë¢ âì âà¨ à §­ë¥ à¥ ªæ¨¨:

(1) 1 + 2! 3 + 4 (s-ª ­ «)

(2) 1 + �3! �2 + 4 (t-ª ­ «) (5.27)

(3) 1 + �4! �2 + 3 (u-ª ­ «)

£¤¥ ç¥àâ  ®¡®§­ ç ¥â á®®â¢¥âáâ¢ãîé¨¥  ­â¨ç áâ¨æë. �â¨ ¯à®æ¥ááë à áá¥ï­¨ï ­ §ë-
¢ îâ ¯¥à¥ªà¥áâ­ë¬¨ (ªà®áá) à¥ ªæ¨ï¬¨, £à ä¨ç¥áª¨ ®­¨ ¬®£ãâ ¡ëâì ¨§®¡à ¦¥­ë
¤¨ £à ¬¬ ¬¨, ¯®ª § ­­ë¬¨ ­  �¨á.5-2. �®¦­® £®¢®à¨âì ¨ ® âà¥å ¯¥à¥ªà¥áâ­ëå ª -
­ « å ®¤­®© ¨ â®© ¦¥ à¥ ªæ¨¨, ¨§®¡à ¦¥­­®© ­  �¨á.5-1. �¥à¥å®¤ ®â ®¤­®© à¥ ªæ¨¨
ª ¤àã£®© ¯à®¨áå®¤¨â ¯à¨ ¨§¬¥­¥­¨¨ §­ ª  á®®â¢¥âáâ¢ãîé¥© ¢à¥¬¥­­®© ª®¬¯®­¥­âë
¨¬¯ã«ìá  p0a ¢ (5.26):

p01 > 0 p02 > 0 p03 < 0 p04 < 0 (s-ª ­ «)

p01 > 0 p02 < 0 p03 > 0 p04 < 0 (t-ª ­ «) (5.28)

p01 > 0 p02 < 0 p03 < 0 p04 > 0 (u-ª ­ «)

  â ª¦¥ §­ ª  § àï¤ . �á¥ ­ ç «ì­ë¥ ¨ ª®­¥ç­ë¥ á®áâ®ï­¨ï ¢ (5.29) ¨¬¥îâ, ª®­¥ç­®,
¯®«®¦¨â¥«ì­ãî í­¥à£¨î. �à¨ ¯¥à¥å®¤¥ ª ¯¥à¥ªà¥áâ­®© à¥ ªæ¨¨ ¨¬¯ã«ìá ç áâ¨æë
¢ ­ ç «ì­®¬ á®áâ®ï­¨¨ pa § ¬¥­ï¥âáï ­  ¨¬¯ã«ìá  ­â¨ç áâ¨æë �pa ¢ ª®­¥ç­®¬ á®-
áâ®ï­¨¨. �®®â¢¥âáâ¢¥­­® ¬¥­ïîâáï ¨ § àï¤ë. � á¨«ã CPT - ¨­¢ à¨ ­â­®áâ¨ â¥®à¨¨
¢¬¥áâ¥ á íâ¨¬¨ à¥ ªæ¨ï¬¨ ¬®¦­® ®¤­®¢à¥¬¥­­® à áá¬®âà¥âì ¨ âà¨ CPT - á®¯àï-
¦¥­­ë¥ à¥ ªæ¨¨, ¯®«ãç îé¨¥áï ¨§ (5.28) § ¬¥­®© ¢á¥å ç áâ¨æ ­   ­â¨ç áâ¨æë ¨
¯¥à¥áâ ­®¢ª®© ­ ç «ì­®£® ¨ ª®­¥ç­®£® á®áâ®ï­¨©. �á«¨ â¥®à¨ï ¨­¢ à¨ ­â­  ®â­®-
á¨â¥«ì­® § àï¤®¢®£® á®¯àï¦¥­¨ï C, â® ª íâ¨¬ 6 à¥ ªæ¨ï¬ ¤®¡ ¢¨âáï ¥é¥ 6 C -
á®¯àï¦¥­­ëå à¥ ªæ¨©, ¢ ª®â®àëå ¢á¥ ç áâ¨æë § ¬¥­¥­ë ­   ­â¨ç áâ¨æë.

�§ ç¥âëà¥å 4-¨¬¯ã«ìá®¢, ¢å®¤ïé¨å ¢ à¥ ªæ¨î, ¬®¦­® ®¡à §®¢ âì ¤¢¥ ­¥§ ¢¨á¨-
¬ë¥ ¢¥«¨ç¨­ë. � á ¬®¬ ¤¥«¥, ¢ á¨«ã (5.26) ¢á¥£® âà¨ 4-¢¥ªâ®à  pa ­¥§ ¢¨á¨¬ë, ¯ãáâì
íâ® ¡ã¤ãâ p1; p2; p3. �§ ­¨å ¬®¦­® á®áâ ¢¨âì 6 ¨­¢ à¨ ­â®¢: p

2
1; p

2
2; p

2
3; p1p2; p1p3; p2p3.

�¥à¢ë¥ âà¨ á¢®¤ïâáï ª á®®â¢¥âáâ¢ãîé¨¬ ª¢ ¤à â ¬ ¬ áá: m2
1;m

2
2;m

2
3. �â®àë¥ âà¨

á¢ï§ ­ë ®¤­¨¬ á®®â­®è¥­¨¥¬, ¢ëâ¥ª îé¨¬ ¨§ à ¢¥­áâ¢ : (p1+p2+p3)
2 = p24 = m2

4.
�«ï ¡®«ìè¥© á¨¬¬¥âà¨¨ ¯à¨­ïâ® ¢¢®¤¨âì âà¨ ª¨­¥¬ â¨ç¥áª¨å ¨­¢ à¨ ­â :

s = (p1 + p2)
2 = (p3 + p4)

2
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t = (p1 + p3)
2 = (p2 + p4)

2 (5.29)

u = (p1 + p4)
2 = (p2 + p3)

2

¨¬¥­ã¥¬ë¥ ¯¥à¥¬¥­­ë¬¨ � ­¤¥«áâ ¬ . �¥£ª® ¯à®¢¥à¨âì, çâ®:

s + t+ u = h � m2
1 +m2

2 +m2
3 +m2

4 (5.30)

� ª ­ «¥ (1) ¨­¢ à¨ ­â s ¯à¥¤áâ ¢«ï¥â á®¡®© ª¢ ¤à â ¯®«­®© í­¥à£¨¨ áâ «ª¨¢ î-
é¨åáï ç áâ¨æ 1 ¨ 2 ¢ ¨å á¨áâ¥¬¥ æ¥­âà  ¨­¥àæ¨¨. � á ¬®¬ ¤¥«¥, ¯à¨ p1 + p2 = 0
áà §ã ¯®«ãç ¥¬ s = ("1 + "2)2. � ª ­ «¥ (2)  ­ «®£¨ç­ãî à®«ì ¨£à ¥â ¨­¢ à¨ ­â t,
  ¢ ª ­ «¥ (3) { ¨­¢ à¨ ­â u. �®®â¢¥âáâ¢¥­­® £®¢®àïâ ® s, t ¨ u ª ­ « å à¥ ªæ¨¨.

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ s-ª ­ «. �ãáâì:

p1 = ("1;ps) p2 = ("2;�ps)
p3 = (�"3;�p0s) p4 = ("4;p0s) (5.31)

�®£¤  ­¥âàã¤­® ¯®«ãç¨âì:

s = "2s £¤¥ "s = "1 + "2 = "3 + "4 (5.32)

4sp2s = [s � (m1 +m2)
2][s� (m1 �m2)

2]

4sp02s = [s � (m3 +m4)
2][s� (m3 �m4)

2] (5.33)

2t = h � s + 4psp0s �
1

s
(m2

1 �m2
2)(m

2
3 �m2

4)

2u = h � s � 4psp0s +
1

s
(m2

1 �m2
2)(m

2
3 �m2

4) (5.34)

� á«ãç ¥ ã¯àã£®£® à áá¥ï­¨ï (m1 = m3,m2 = m4) ¨¬¥¥¬ jpsj = jp0sj, â ª çâ® "1 = "3
¨ "2 = "4. �®£¤  ¢ëà ¦¥­¨ï (5.33) ã¯à®é îâáï:

t = �(ps � p0s)2 = �2p2s(1 � cos �s)

u = �2p2s(1 + cos �s) + ("1 � "2)2 (5.35)

£¤¥ �s { ã£®« ¬¥¦¤ã ps ¨ p0s, â.¥. ã£®« à áá¥ï­¨ï. � ª¨¬ ®¡à §®¬ ¨­¢ à¨ ­â �t
¯à¥¤áâ ¢«ï¥â, ¢ ¤ ­­®¬ á«ãç ¥, ª¢ ¤à â ¯¥à¥¤ ­­®£® ¯à¨ áâ®«ª­®¢¥­¨¨ 3-¨¬¯ã«ìá .

�­ «®£¨ç­ë¥ ä®à¬ã«ë ¤«ï ¤àã£¨å ª ­ «®¢ ¯®«ãç îâáï ¯¥à¥®¡®§­ ç¥­¨¥¬. �¥-
à¥å®¤ ª t-ª ­ «ã ®áãé¥áâ¢«ï¥âáï § ¬¥­®© s$ t, 2$ 3, ¯¥à¥å®¤ ª u-ª ­ «ã § ¬¥­®©
s$ u, 2$ 4.

�á«¨ ç áâ¨æë, ãç áâ¢ãîé¨¥ ¢ à¥ ªæ¨¨ ­¥ ¨¬¥îâ á¯¨­ , â®  ¬¯«¨âã¤  à áá¥-
ï­¨ï § ¢¨á¨â â®«ìª® ®â ª¨­¥¬ â¨ç¥áª¨å ¨­¢ à¨ ­â®¢ s; t; u, â ª çâ®, ä ªâ¨ç¥áª¨,
 ¬¯«¨âã¤  à áá¥ï­¨ï á¢®¤¨âáï ª ®¤­®© äã­ªæ¨¨:

Mfi = f(s; t) (5.36)

�á«¨ ¦¥ ç áâ¨æë ®¡« ¤ îâ á¯¨­ ¬¨, â® ¯®¬¨¬® s; t; u áãé¥áâ¢ãîâ ¨­¢ à¨ ­âë,
ª®â®àë¥ ¬®¦­® á®áâ ¢¨âì ¨§ ¢®«­®¢ëå  ¬¯«¨âã¤ ç áâ¨æ (â.¥. ¡¨á¯¨­®à®¢, ¢¥ªâ®à®¢,
4-â¥­§®à®¢ ¨ â.¯.). �®£¤   ¬¯«¨âã¤  à áá¥ï­¨ï ¨¬¥¥â ¢¨¤:

Mfi =
X
n

fn(s; t)Fn (5.37)

£¤¥ Fn { ¨­¢ à¨ ­âë, «¨­¥©­® § ¢¨áïé¨¥ ®â ¢®«­®¢ëå  ¬¯«¨âã¤ ¢á¥å ãç áâ¢ãîé¨å
ç áâ¨æ,   â ª¦¥ ®â ¨å 4-¨¬¯ã«ìá®¢. �®íää¨æ¨¥­âë fn(s; t) ­ §ë¢ îâáï ¨­¢ à¨ ­â-
­ë¬¨  ¬¯«¨âã¤ ¬¨.
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�á«®¢¨¥ ã­¨â à­®áâ¨.

� âà¨æ  à áá¥ï­¨ï ¤®«¦­  ¡ëâì ã­¨â à­®©: SS+ = 1 ¨«¨

(SS+)fi =
X
n

SfnS
�
in = �fi (5.38)

£¤¥ n ­ã¬¥àã¥â ¢á¥ ¢®§¬®¦­ë¥ ¯à®¬¥¦ãâ®ç­ë¥ á®áâ®ï­¨ï. �á«®¢¨¥ ã­¨â à­®áâ¨
(5.38) ¢ëà ¦ ¥â á®åà ­¥­¨¥ ­®à¬¨à®¢ª¨ ¨ ®àâ®£®­ «ì­®áâ¨ á®áâ®ï­¨© ¢ ¯à®æ¥áá å
à áá¥ï­¨ï. � ç áâ­®áâ¨, ¤¨ £®­ «ì­ë¥ í«¥¬¥­âë (5.38) ¯à¥¤áâ ¢«ïîâ áã¬¬ã ¢á¥å
¢¥à®ïâ­®áâ¥© ¯¥à¥å®¤®¢ ¨§ ¤ ­­®£® ­ ç «ì­®£® á®áâ®ï­¨ï ¢ «î¡®¥ ª®­¥ç­®¥:X

n

jSnij2 = 1 (5.39)

�á¯®«ì§ãï (5.2) ¯®«ãç ¥¬ ¨§ (5.38):

Tfi � T �if = i(2�)4
X
n

�(Pf � Pn)TfnT �in (5.40)

�¥¢ ï ç áâì «¨­¥©­ ,   ¯à ¢ ï ç áâì ª¢ ¤à â¨ç­  ¯® T . �á«¨ ¢§ ¨¬®¤¥©áâ¢¨¥ á®¤¥à-
¦¨â ¬ «ë© ¯ à ¬¥âà, â® «¥¢ ï áâ®à®­  \¡®«ìè¥" ¯à ¢®© ¨, ¢ ¯¥à¢®¬ ¯à¨¡«¨¦¥­¨¨,
¯à¥­¥¡à¥£ ï ¯à ¢®© áâ®à®­®©, ¬®¦­® § ¯¨á âì:

Tfi = T �if (5.41)

â ª çâ® T -¬ âà¨æ  ®ª §ë¢ ¥âáï, ¢ íâ®¬ ¯à¨¡«¨¦¥­¨¨, íà¬¨â®¢®©.
� áá¬®âà¨¬ § ¤ çã ® áâ®«ª­®¢¥­¨¨ ¤¢ãå ç áâ¨æ. �ãáâì ¨¬¥îâáï â®«ìª® ã¯àã-

£¨¥ áâ®«ª­®¢¥­¨ï, â®£¤  ¢á¥ ¯à®¬¥¦ãâ®ç­ë¥ á®áâ®ï­¨ï ¢ (5.40) â®¦¥ â®«ìª® ¤¢ãå-
ç áâ¨ç­ë¥. �ã¬¬¨à®¢ ­¨¥ ¯® ­¨¬ á¢®¤¨âáï ª ¨­â¥£à¨à®¢ ­¨î ¯® ¯à®¬¥¦ãâ®ç­ë¬
¨¬¯ã«ìá ¬ p001;p002 ¨ áã¬¬¨à®¢ ­¨î ¯® á¯¨­ ¬ (á¯¨à «ì­®áâï¬) ®¡¥¨å ç áâ¨æ, ª®-
â®àë¥ ®¡®§­ ç¨¬ ç¥à¥§ �00: X

n

= V 2

Z
d3p001d

3p002
(2�)6

X
�00

(5.42)

�áª«îç ï �-äã­ªæ¨¨ á¯®á®¡®¬,  ­ «®£¨ç­ë¬ ®¯¨á ­­®¬ã ¢ëè¥, ¬®¦­® ¯®«ãç¨âì
\¤¢ãåç áâ¨ç­®¥" ãá«®¢¨¥ ã­¨â à­®áâ¨ ¢ ¢¨¤¥:

Tfi � T �if = i
V 2

(2�)2

X
�00

jpj
"

Z
TfnT

�
in"

00
1"
00
2d


00 (5.43)

£¤¥ p { ¨¬¯ã«ìá,   " { ¯®«­ ï í­¥à£¨ï ¢ á¨áâ¥¬¥ æ¥­âà  ¨­¥àæ¨¨. �®à¬¨à®¢®ç­ë©
®¡ê¥¬ ¨áç¥§ ¥â ¯®á«¥ ¯¥à¥å®¤  ª  ¬¯«¨âã¤ ¬ Mfi:

Mfi �M�
if =

i

(4�)2

X
�00

jpj
"

Z
MfnM

�
ind


00 (5.44)

�¨ £®­ «ì­ë© í«¥¬¥­â Tii ­ §ë¢ ¥âáï  ¬¯«¨âã¤®© à áá¥ï­¨ï ­  ­ã«¥¢®© ã£®«. �«ï
íâ®©  ¬¯«¨âã¤ë ãá«®¢¨¥ ã­¨â à­®áâ¨ ¯à¨­¨¬ ¥â ¢¨¤:

2ImTii = (2�)4
X
n

jTinj2�(Pi � Pn) (5.45)
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�à ¢ ï áâ®à®­  §¤¥áì ¯à®¯®àæ¨®­ «ì­  ¯®«­®¬ã á¥ç¥­¨î «î¡ëå ¯à®æ¥áá®¢ à áá¥-
ï­¨ï ¨§ ¤ ­­®£® ­ ç «ì­®£® á®áâ®ï­¨ï i, ª®â®à®¥ ®¡®§­ ç¨¬ �tot. � á ¬®¬ ¤¥«¥,
áã¬¬¨àãï (5.6) ¯® f ¨ ¯®¤¥«¨¢ ­  ¯«®â­®áâì ¯®â®ª  ç áâ¨æ j, ¯®«ãç¨¬:

�tot =
(2�)4V

j

X
n

jTinj2�(Pi � Pn) (5.46)

â ª çâ®
2V

j
ImTii = �tot (5.47)

�®à¬¨à®¢®ç­ë© ®¡ê¥¬ á®ªà é ¥âáï ¯®á«¥ ¯¥à¥å®¤  ª Tii = Mii=(2"1V 2"2V ) (£¤¥
"1; "2 { í­¥à£¨¨ ç áâ¨æ ¢ á¨áâ¥¬¥ æ¥­âà  ¨­¥àæ¨¨) ¨ ¯®¤áâ ­®¢ª¨ j ¨§ (5.18):

ImMii = 2jpj"�tot (5.48)

çâ® ¯à¥¤áâ ¢«ï¥â á®¡®© â ª ­ §ë¢ ¥¬ãî ®¯â¨ç¥áªãî â¥®à¥¬ã.
� á¨«ã CPT -â¥®à¥¬ë ¨¬¥¥¬:

Tfi = T�i �f (5.49)

£¤¥ �i ¨ �f { á®áâ®ï­¨ï, ¯®«ãç îé¨¥áï ¨§ i ¨ f § ¬¥­®© ¢á¥å ç áâ¨æ  ­â¨ç áâ¨æ ¬¨.
�«ï ¤¨ £®­ «ì­ëå í«¥¬¥­â®¢:

Tii = T�i�i (5.50)

�®£¤  ¨§ (5.45) ¨ (5.48) á«¥¤ã¥â, çâ® ¯®«­®¥ á¥ç¥­¨¥ ¢á¥å ¢®§¬®¦­ëå ¯à®æ¥áá®¢ (á
§ ¤ ­­ë¬ ­ ç «ì­ë¬ á®áâ®ï­¨¥¬) ®¤¨­ ª®¢® ¤«ï à¥ ªæ¨© ¬¥¦¤ã ç áâ¨æ ¬¨ ¨  ­â¨-
ç áâ¨æ ¬¨. � ç áâ­®áâ¨, ®¤¨­ ª®¢ë ¯®«­ë¥ ¢à¥¬¥­  ¦¨§­¨ (¢¥à®ïâ­®áâ¨ à á¯ ¤ )
ç áâ¨æë ¨  ­â¨ç áâ¨æë.

� ¯¥à¨®¤ ­¥ª®â®à®£® à §®ç à®¢ ­¨ï ¢ ¢®§¬®¦­®áâïå ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï,
á¢ï§ ­­®£®, ª ª ª § «®áì, á ­¥¯à¥®¤®«¨¬ë¬¨ âàã¤­®áâï¬¨ ¢ ¥¥ à §¢¨â¨¨, ¯à¥¤-
« £ «®áì ¯®«­®áâìî ¯¥à¥©â¨ ª  ­ «¨§ã ¢§ ¨¬®¤¥©áâ¢¨© í«¥¬¥­â à­ëå ç áâ¨æ ­ 
®á­®¢¥ ®¡é¨å á¢®©áâ¢ S-¬ âà¨æë, â ª¨å ª ª ã­¨â à­®áâì ¨ ­¥ª®â®àë¥ ®¡é¨¥ á¢®©-
áâ¢   ­ «¨â¨ç­®áâ¨, á¢ï§ ­­ë¥ ­ ¯à¨¬¥à á ¯à¨­æ¨¯®¬ ¯à¨ç¨­­®áâ¨. �â® ¯®à®¤¨«®
æ¥«®¥ ­ ¯à ¢«¥­¨¥ â¥®à¨¨, ­ §¢ ­­®¥  ­ «¨â¨ç¥áª®© â¥®à¨¥© S-¬ âà¨æë [33]. �®âï
­  íâ®¬ ¯ãâ¨ ¨ ã¤ «®áì ¯®«ãç¨âì æ¥«ë© àï¤ ¢ ¦­ëå â¥®à¥¬ ¨ ãâ¢¥à¦¤¥­¨©, ¢
æ¥«®¬ íâ®â ¯®¤å®¤ ®ª § «áï ­¥¤®áâ â®ç­ë¬ ¤«ï á®§¤ ­¨ï ¯®«­®© ¤¨­ ¬¨ç¥áª®© â¥-
®à¨¨ í«¥¬¥­â à­ëå ç áâ¨æ. � â®¦¥ ¢à¥¬ï, ª ª ¬ë ã¢¨¤¨¬ ­¨¦¥, ª¢ ­â®¢ ï â¥®à¨ï
¯®«ï á®¤¥à¦¨â å®à®è® à §à ¡®â ­­ë© ä®à¬ «¨§¬ ¢ëç¨á«¥­¨ï S-¬ âà¨æë ¢ à ¬ª å
¤®áâ â®ç­® âà ¤¨æ¨®­­®£® ¯®¤å®¤ , ®á­®¢ ­­®£® ­  â¥®à¨¨ ¢®§¬ãé¥­¨©.
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�à¥¤áâ ¢«¥­¨¥�à¥¤¨­£¥à  ¨ �¥©§¥­¡¥à£ .

�¥à¥©¤¥¬ ª á¨áâ¥¬ â¨ç¥áª®¬ã à áá¬®âà¥­¨î ¬ â¥¬ â¨ç¥áª®£®  ¯¯ à â  â¥®à¨¨ ¢®§-
¬ãé¥­¨© ¯® ¢§ ¨¬®¤¥©áâ¢¨î ¢ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï. �®à®è® ¨§¢¥áâ­®, çâ® áã-
é¥áâ¢ã¥â ¤¢¥ ®á­®¢­ëå ä®à¬ë ¯à¥¤áâ ¢«¥­¨ï ãà ¢­¥­¨© ¤¢¨¦¥­¨ï ¢ ª¢ ­â®¢®©
â¥®à¨¨. � èà¥¤¨­£¥à®¢áª®¬ ¯à¥¤áâ ¢«¥­¨¨ á®áâ®ï­¨¥ á¨áâ¥¬ë ¢ § ¤ ­­ë© ¬®¬¥­â
¢à¥¬¥­¨ t ®¯à¥¤¥«ï¥âáï ¢¥ªâ®à®¬ á®áâ®ï­¨ï 	S (t), á®¤¥à¦ é¨¬ ¯®«­ë© ­ ¡®à ¢á¥å
¢®§¬®¦­ëå à¥§ã«ìâ â®¢ ¨§¬¥à¥­¨©, ¯à®¨§¢®¤¨¬ëå ­ ¤ á¨áâ¥¬®© ¢ íâ®â ¬®¬¥­â ¢à¥-
¬¥­¨. � «ì­¥©è ï í¢®«îæ¨ï á¨áâ¥¬ë ®¯¨áë¢ ¥âáï ¢à¥¬¥­­®© § ¢¨á¨¬®áâìî íâ®£®
¢¥ªâ®à  á®áâ®ï­¨ï (¢®«­®¢®© äã­ªæ¨¨), ®¯¨áë¢ ¥¬®© ãà ¢­¥­¨¥¬ �à¥¤¨­£¥à :

i~
@	S
@t

= HS	S(t) (6.1)

� íâ®¬ ¯à¥¤áâ ¢«¥­¨¨, ®¯¥à â®àë ä¨§¨ç¥áª¨å ¢¥«¨ç¨­ FS ­¥ § ¢¨áïâ ®â ¢à¥¬¥­¨,
¤«ï ¢á¥å t ®­¨ ®¤¨­ ª®¢ë: @FS@t = 0. � â®¦¥ ¢à¥¬ï, áà¥¤­¥¥ §­ ç¥­¨¥ ®¯¥à â®à :

< FS >=< 	S(t)jFSj	S(t) > (6.2)

¢®®¡é¥ £®¢®àï, ¡ã¤¥â § ¢¨á¥âì ®â ¢à¥¬¥­¨ ª ª:

i~
d

dt
< FS >=< 	S(t)j[FS;H]j	S(t) > (6.3)

�®¢¥àè¨¬ ­¥ª®â®à®¥ ã­¨â à­®¥ ¯à¥®¡à §®¢ ­¨¥ ¢¥ªâ®à  	S(t), § ¢¨áïé¥¥ ®â ¢à¥-
¬¥­¨:

�(t) = V (t)	S (t) (6.4)

121
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£¤¥

V (t)V +(t) = V +(t)V (t) = 1 V +(t) = V �1(t) (6.5)

�®£¤  ­®¢ë© ¢¥ªâ®à á®áâ®ï­¨ï �(t) ¯®¤ç¨­ï¥âáï ãà ¢­¥­¨î 1:

i~
@�(t)

@t
=

�
i~
@V

@t
V �1 + V HSV

�1
�
�(t) (6.6)

�ë¡¥à¥¬ â¥¯¥àì V (t) ã¤®¢«¥â¢®àïîé¥¥ á«¥¤ãîé¥¬ã ãà ¢­¥­¨î:

� i~
@V

@t
= (V HSV

�1)V = V HS (6.7)

�®£¤  ¯à¥®¡à §®¢ ­­ë© ¢¥ªâ®à á®áâ®ï­¨ï ­¥ ¡ã¤¥â § ¢¨á¥âì ®â ¢à¥¬¥­¨, çâ® ¯àï¬®
¢¨¤­® ¨§ (6.6). � á¨«ã ã­¨â à­®áâ¨ V (t), áà¥¤­¥¥ §­ ç¥­¨¥ ®¯¥à â®à  FS ¢ëà ¦ ¥âáï
â¥¯¥àì ¢ ¢¨¤¥:

< F >=< 	S (t)jFSj	S(t) >=< V (t)	S(t)jV (t)FS	S (t) >=< �H jV (t)FSV �1(t)j�H >
(6.8)

£¤¥ ®¯à¥¤¥«¨«¨ �H ª ª:

�H = V (t)	S (t) (6.9)

¯à¨ç¥¬ V (t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (6.7). �¯à¥¤¥«¨¬ ¥é¥ FH(t):

FH(t) = V (t)FSV
�1(t) (6.10)

�®£¤  § ¢¨áïé¨© ®â ¢à¥¬¥­¨ ®¯¥à â®à FH(t) ¨¬¥¥â â ª®¥ ¦¥ áà¥¤­¥¥ ¢ á®áâ®ï­¨¨,
®¯à¥¤¥«ï¥¬®¬ ¢¥ªâ®à®¬ �H , ª ª®¥ ¨¬¥¥â ®¯¥à â®à FS ¢ á®áâ®ï­¨¨, ®¯à¥¤¥«ï¥¬®¬
¢¥ªâ®à®¬ 	S . �¨ää¥à¥­æ¨àãï (6.5) ¯® ¢à¥¬¥­¨, ¨¬¥¥¬:

dV (t)

dt
V +(t) + V (t)

dV +(t)

dt
= 0 (6.11)

�®£¤  ¨§ (6.6) ¨ (6.10) ¯®«ãç ¥¬ ¤«ï ¢à¥¬¥­­®© § ¢¨á¨¬®áâ¨ FH(t)2:

@FH (t)

@t
=
@V

@t
V +FH(t) + FH (t)V

@V +

@t
=
i

~
[V HSV

+; FH(t)] =
i

~
[HH ; FH(t)] (6.12)

çâ® ¯à¥¤áâ ¢«ï¥â á®¡®© ãà ¢­¥­¨¥ ¤¢¨¦¥­¨ï ¤«ï ®¯¥à â®à  ä¨§¨ç¥áª®© ¢¥«¨ç¨­ë
¢ £¥©§¥­¡¥à£®¢áª®¬ ¯à¥¤áâ ¢«¥­¨¨. �¥©§¥­¡¥à£®¢áª¨© ¢¥ªâ®à á®áâ®ï­¨ï �H ®â ¢à¥-
¬¥­¨ ­¥ § ¢¨á¨â:

@�H
@t

= 0 (6.13)

�®¦­®, ­ ¯à¨¬¥à, áç¨â âì, çâ® �H ¯à®áâ® á®¢¯ ¤ ¥â á 	S (0) ¯à¨ t = 0.

1�®¤à®¡­® ¨¬¥¥¬: i~ @�(t)
@t

= i~ @V
@t

	S(t)+ i~V
@	S
@t

= i~ @V
@t
V �1�(t)+VHS	S = i~ @V

@t
V�1�(t)+

VHSV
�1�(t), çâ® á®¢¯ ¤ ¥â á (6.6).

2�à¨ ¯®«ãç¥­¨¨ (6.12) ãçâ¥¬, çâ®: @FH
@t

= @V
@t
FSV

�1 + V FS
@V �1

@t
= @V

@t
V�1FH + FHV

@V �1

@t
.
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�à¥¤áâ ¢«¥­¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï.

� áá¬®âà¨¬ á­®¢  ®¡ëç­®¥ ãà ¢­¥­¨¥ �à¥¤¨­£¥à :

i~
@�(t)

@t
= (H0 +HI)�(t) (6.14)

£¤¥ H0 { £ ¬¨«ìâ®­¨ ­ ­¥¢§ ¨¬®¤¥©áâ¢ãîé¨å ¯®«¥© (ç áâ¨æ),   HI { ­¥ª®â®àë© £ -
¬¨«ìâ®­¨ ­ ¢§ ¨¬®¤¥©áâ¢¨ï. �¥ªâ®à á®áâ®ï­¨ï � ¢ ®âáãâáâ¢¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï, â.¥.
¯à¨ HI = 0, ®¯¨áë¢ ¥â ¤¢¨¦¥­¨¥ § ¤ ­­®£® ç¨á«  á¢®¡®¤­ëå ç áâ¨æ á ®¯à¥¤¥«¥­-
­ë¬¨ ¨¬¯ã«ìá ¬¨ ¨ á¯¨­ ¬¨. �¯¥à â®à HI ®¯¨áë¢ ¥â ¢§ ¨¬®¤¥©áâ¢¨¥ íâ¨å ç áâ¨æ
¤àã£ á ¤àã£®¬ ¨ á ¬¨å á á®¡®©.

�¢¥¤¥¬ â¥¯¥àì ¢¥ªâ®à á®áâ®ï­¨ï:

	(t) = e
iH0t
~ �(t) (6.15)

�¥âàã¤­® ã¡¥¤¨âìáï, çâ® 	(t) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î:

i~
@	(t)

@t
= e

iH0t
~ HIe

� iH0t
~ 	(t) (6.16)

¨«¨

i~
@	(t)

@t
= HI(t)	(t) (6.17)

£¤¥

HIR
I (t) = e

iH0t
~ HIe

� iH0t
~ (6.18)

{ ®¯¥à â®à í­¥à£¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï ¢ íâ®¬ ­®¢®¬ ¯à¥¤áâ ¢«¥­¨¨. �â®â ®¯¥à â®à
ï¢­® § ¢¨á¨â ®â ¢à¥¬¥­¨, ¢ ¯à®â¨¢®¯®«®¦­®áâì èà¥¤¨­£¥à®¢áª®¬ã ®¯¥à â®àã HI.
�®®¡é¥, ¯à®¨§¢®«ì­ë© ®¯¥à â®à QIR(t) ¢ íâ®¬, â ª ­ §ë¢ ¥¬®¬ ¯à¥¤áâ ¢«¥­¨¨
¢§ ¨¬®¤¥©áâ¢¨ï, á¢ï§ ­ á èà¥¤¨­£¥à®¢áª¨¬ ®¯¥à â®à®¬ QS ª ª:

QIR(t) = e
iH0t
~ QSe

� iH0t
~ (6.19)

�âáî¤  áà §ã ¦¥ á«¥¤ã¥â, çâ® ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï § ¢¨á¨¬®áâì ®¯¥à -
â®à®¢ ®â ¢à¥¬¥­¨ ®¯à¥¤¥«ï¥âáï £ ¬¨«ìâ®­¨ ­®¬ á¢®¡®¤­ëå ç áâ¨æ, â ª ª ª ¤¨ää¥-
à¥­æ¨àãï (6.19) ¯® t ¯®«ãç ¥¬:

i~
@QIR(t)

@t
= [QIR(t);H0] (6.20)

� ¬¥â¨¬, çâ® HIR
0 = HS

0 . � ª¨¬ ®¡à §®¬, ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï ®¯¥-
à â®àë ¯®«¥© ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨ï¬ ¤¢¨¦¥­¨ï á¢®¡®¤­®£® ¯®«ï 3, â®£¤  ª ª
§ ¢¨á¨¬®áâì ®â ¢à¥¬¥­¨ ¢¥ªâ®à  á®áâ®ï­¨ï á¨áâ¥¬ë 	(t) ®¯à¥¤¥«ï¥âáï, á®£« á­®
(6.17), «¨èì í­¥à£¨¥© ¢§ ¨¬®¤¥©áâ¢¨ï. �à¥¤áâ ¢«¥­¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï ®ª §ë¢ ¥âáï
¢¥áì¬  ã¤®¡­ë¬ ¤«ï ¯®áâà®¥­¨ï â¥®à¨¨ ¢®§¬ãé¥­¨©.

� áá¬®âà¨¬ ­ ¯à¨¬¥à â¥®à¨î ¤¨à ª®¢áª¨å ä¥à¬¨®­®¢, ¢§ ¨¬®¤¥©áâ¢ãîé¨å á® áª «ïà­ë¬ ¯®-
«¥¬. � èà¥¤¨­£¥à®¢áª®¬ ¯à¥¤áâ ¢«¥­¨¨ £ ¬¨«ìâ®­¨ ­ á¢®¡®¤­ëå ¯®«¥© ¨¬¥¥â ¢¨¤:

H0 =

Z
d3r

�
� (x) (�i
 � r+m) (x) +

1

2

�
@'(x)

@t

�2
+
1

2
(r'(x))2 + 1

2
m2'2(x)

�
(6.21)

3� ç áâ­®áâ¨, íâ® ®§­ ç ¥â, çâ® ¤«ï «î¡ëå ¬®¬¥­â®¢ ¢à¥¬¥­¨ á®åà ­ïîâáï á®®â¢¥âáâ¢ãîé¨¥
ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï ¤«ï íâ¨å ®¯¥à â®à®¢.
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  £ ¬¨«ìâ®­¨ ­ ¢§ ¨¬®¤¥©áâ¢¨ï (­ ¯¨á ­­ë© ¨§ ¯à®áâ¥©è¨å á®®¡à ¦¥­¨© à¥«ïâ¨¢¨áâáª®© ¨­¢ -
à¨ ­â­®áâ¨) ¥áâì:

HI = g

Z
d3r � (x) (x)'(x) (6.22)

£¤¥ g { ¡¥§à §¬¥à­ ï ª®­áâ ­â  ¢§ ¨¬®¤¥©áâ¢¨ï. �®á«¥ ¯¥à¥å®¤  ª ¯à¥¤áâ ¢«¥­¨î ¢§ ¨¬®¤¥©áâ¢¨ï
®¯¥à â®àë ¯®«¥© '(x) ¨  (x) ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãà ¢­¥­¨ï¬:

(ir̂+m) IR(x) = 0 (�+m2) IR(x) = 0 (6.23)

  ãà ¢­¥­¨¥ (6.17) ¨¬¥¥â ¢¨¤:

i~
@	(t)

@t
= g

Z
ct=x0

d3r � IR(x) IR(x)'IR(x)	(t) (6.24)

�à ¢­¥­¨¥ (6.17) ¬®¦­® ®¡®¡é¨âì, á¤¥« ¢ ¥£® ª®¢ à¨ ­â­ë¬. �â® ®¡®¡é¥­¨¥
¯à®¨§¢®¤¨âáï ¯ãâ¥¬ ¢¢¥¤¥­¨ï ¯à®¨§¢®«ì­®© £¨¯¥à¯®¢¥àå­®áâ¨ ¢ ¯à®áâà ­áâ¢¥ {
¢à¥¬¥­¨ ¢¬¥áâ® \¯«®áª®©" ¯®¢¥àå­®áâ¨ t = const. �¤¨­áâ¢¥­­®¥ ãá«®¢¨¥, ª®â®à®¬ã
¤®«¦­  ã¤®¢«¥â¢®àïâì íâ  ¯®¢¥àå­®áâì { ­®à¬ «ì ª ­¥© n�(x) ¢ «î¡®© â®çª¥ r
¤®«¦­  ¡ëâì ¢à¥¬¥­¨ { ¯®¤®¡­®©, â.¥. n�(r)n�(r) > 0. �â® ®§­ ç ¥â, çâ® ­¨ª ª¨¥
¤¢¥ â®çª¨ ­  ¤ ­­®© ¯®¢¥àå­®áâ¨ ­¥ ¬®£ãâ ¡ëâì á¢ï§ ­ë á¢¥â®¢ë¬ á¨£­ «®¬, ¨«¨
¦¥, çâ® «î¡ë¥ ¤¢¥ â®çª¨ ­  ¯®¢¥àå­®áâ¨ à §¤¥«¥­ë ¯à®áâà ­áâ¢¥­­® { ¯®¤®¡­ë¬
¨­â¥à¢ «®¬. �¡®§­ ç¨¬ â ªãî ¯®¢¥àå­®áâì á¨¬¢®«®¬ �. � «î¡®© â®çª¥ r ­  íâ®©
¯®¢¥àå­®áâ¨ ¬®¦­® ¢¢¥áâ¨ ¢à¥¬ï t(r), ­ §ë¢ ¥¬®¥ «®ª «ì­ë¬ ¢à¥¬¥­¥¬. � ¯à¥¤¥«¥,
ª®£¤  ¯®¢¥àå­®áâì áâ ­®¢¨âáï ¯«®áª®©, ¢á¥ â®çª¨ ­  ­¥© ¨¬¥îâ ®¤¨­ ª®¢®¥ ¢à¥¬ï
t = const. �¥¯¥àì ¬®¦­® ®¡®¡é¨âì 	(t) ¢¢¥¤ï 	[t(r)]. �á­®¢­®¥ ãà ¢­¥­¨¥ (6.17)

i~
@	(t)

@t
= HI(t)	(t) (6.25)

¬®¦­® â¥¯¥àì à áá¬®âà¥âì ª ª à¥§ã«ìâ â áã¬¬¨à®¢ ­¨ï ¡¥áª®­¥ç­®£® àï¤  ãà ¢-
­¥­¨©, ¯®«ãç¥­­ëå ¢¢¥¤¥­¨¥¬ «®ª «ì­®£® ¢à¥¬¥­¨ ¤«ï ª ¦¤®© â®çª¨ ¯à®áâà ­-
áâ¢¥­­® { ¯®¤®¡­®© ¯®¢¥àå­®áâ¨. �á«¨ £ ¬¨«ìâ®­¨ ­ ¢§ ¨¬®¤¥©áâ¢¨ï ¢ëà §¨âì ª ª
áã¬¬ã ¯® ¬ «ë¬ âà¥å¬¥à­ë¬ ïç¥©ª ¬ �V ¯à®áâà ­áâ¢¥­­® { ¯®¤à®¡­®© ¯®¢¥àå­®-
áâ¨ �, â.¥.

HI =
X
�

HI(x)�V (6.26)

â® ãà ¢­¥­¨¥ ¢ ¬ «®© ïç¥©ª¥ ¢®ªàã£ ¯à®áâà ­áâ¢¥­­® { ¢à¥¬¥­­®© â®çª¨ r; t(r)
¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

i~
@	[t(r)]
@t(r)

= HI(x)�V	[t(r)] (6.27)

çâ® ®¡®¡é ¥â ãà ¢­¥­¨¥ (6.17). �®áª®«ìªã ¢ à¨ æ¨ï 	(t), á®®â¢¥âáâ¢ãîé ï ¦¥áâ-
ª®¬ã ¡¥áª®­¥ç­® ¬ «®¬ã ¯¥à¥¬¥é¥­¨î £¨¯¥à¯«®áª®áâ¨ t = const ª ª æ¥«®£®, ®¯à¥-
¤¥«ï¥âáï ¨­â¥£à «®¬

R
t
HId3r, â® ïá­®, çâ® ¢ à¨ æ¨ï 	[t(r)] ®â­®á¨â¥«ì­® â®çª¨ x

¡ã¤¥â ®¯à¥¤¥«ïâìáï í­¥à£¨¥© ¢§ ¨¬®¤¥©áâ¢¨ï ¢ HI(x)�V ¢ ¡¥áª®­¥ç­® ¬ «®¬ ®¡ê-
¥¬¥ ¢®ªàã£ x. �®áª®«ìªã ¯à®¨§¢¥¤¥­¨¥ �V�t ï¢«ï¥âáï à¥«ïâ¨¢¨áâáª¨ ¨­¢ à¨ ­â-
­ë¬, â® ­ ¯à è¨¢ ¥âáï á«¥¤ãîé ï ¨­¢ à¨ ­â­ ï ¯à®æ¥¤ãà  ¤¨ää¥à¥­æ¨à®¢ ­¨ï.
� áá¬®âà¨¬ äã­ªæ¨î ­  ¯à®áâà ­áâ¢¥­­® { ¯®¤®¡­®© ¯®¢¥àå­®áâ¨ 	[t(r)] = 	(�).
�à ¢­¨¬ § â¥¬ ¢¥«¨ç¨­ë íâ¨å äã­ªæ¨© ­  ¤¢ãå ¯à®áâà ­áâ¢¥­­® { ¯®¤®¡­ëå ¯®-
¢¥àå­®áâïå � ¨ �0, ª®â®àë¥ ¡¥áª®­¥ç­® ¬ «® ®â«¨ç îâáï ¢ ®ªà¥áâ­®áâ¨ â®çª¨ x,
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�¨á. 6-1

ª ª íâ® ¯®ª § ­® ­  �¨á.6-1. �¯à¥¤¥«¨¬ â¥¯¥àì ¨­¢ à¨ ­â­ãî ®¯¥à æ¨î �=��(x)
á«¥¤ãîé¨¬ ®¡à §®¬:

�	(�)

��(x)
= lim

�t�V!0

	[t(r+�t(r)]�	[t(r)]
c
R
�V d

3r�t(r)

�	(�)

��(x)
= lim

�t�V!0

	(�0)� 	(�)

c�t(r)�V
�	(�)

��(x)
= lim


(x)!0

	(�0)� 	(�)


(x)
(6.28)

£¤¥ !(x) { 4-®¡ê¥¬, § ª«îç¥­­ë© ¬¥¦¤ã � ¨ �0. �®£¤  ¢ ¯à¥¤¥«¥ 
(x)! 0 ãà ¢­¥­¨¥
(6.27) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ â ª ­ §ë¢ ¥¬®£® ãà ¢­¥­¨ï �®¬®­ £  { �¢¨­£¥à :

i~c
�	(�)

��(x)
= HI(x)	(�) (6.29)

�â® ãà ¢­¥­¨¥ ª®¢ à¨ ­â­®, ¯®áª®«ìªã HI(x) ¯à¥¤áâ ¢«ï¥â á®¡®© à¥«ïâ¨¢¨áâáª¨©
¨­¢ à¨ ­â (áª «ïà),   ¤«ï ®¯à¥¤¥«¥­¨ï ¯à®áâà ­áâ¢¥­­® { ¯®¤®¡­®© ¯®¢¥àå­®áâ¨
� ­¥ âà¥¡ã¥âáï ª ª®© - «¨¡® ®¯à¥¤¥«¥­­®© «®à¥­æ¥¢áª®© á¨áâ¥¬ë ®âáç¥â . �®íâ®¬ã
ãà ¢­¥­¨¥ �®¬®­ £  { �¢¨­£¥à  § ¯¨áë¢ ¥âáï ¡¥§ ãª § ­¨ï á¨áâ¥¬ë ª®®à¤¨­ â, ª
ª®â®à®© ®­® ®â­®á¨âáï. �¯à®ç¥¬, ¢ ¤ «ì­¥©è¥¬ ¬ë, ¢ ®á­®¢­®¬, ¡ã¤¥¬ à ¡®â âì á
ãà ¢­¥­¨¥¬ (6.17), § ¯¨á ­­®¬ ¢ ª®­ªà¥â­®© á¨áâ¥¬¥ ª®®à¤¨­ â.

� §«®¦¥­¨¥ S-¬ âà¨æë.

�¥è¥­¨¥ ãà ¢­¥­¨ï ¤¢¨¦¥­¨ï ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï (6.17) ¬®¦­® § ¯¨-
á âì ¢ ¨­â¥£à «ì­®¬ ¢¨¤¥:

	(t) = 	(t0)� i

~

Z t

t0

dt0HI(t
0)	(t0) (6.30)

�¤¥áì ãçâ¥­® ¨ ­ ç «ì­®¥ ãá«®¢¨¥ | ¯à¨ t = t0 äã­ªæ¨ï 	 á¢®¤¨âáï ª 	(t0).
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� ¯¨è¥¬ á¢ï§ì 	(t) á 	(t0) ¢ ¢¨¤¥
4:

	(t) = U (t; t0)	(t0) (6.31)

	(t0) = U�1(t; t0)	(t)
U (t0; t0) = 1

£¤¥ U (t; t0) { ã­¨â à­ë© (á®åà ­ïîé¨© ­®à¬¨à®¢ªã!) ®¯¥à â®à í¢®«îæ¨¨. �®£¤ :

S = U (+1;�1) (6.32)

®¯à¥¤¥«ï¥â S-¬ âà¨æã (¬ âà¨æã à áá¥ï­¨ï), ª®â®à ï ®¯à¥¤¥«ï¥â ¢á¥¢®§¬®¦­ë¥ ¨§-
¬¥­¥­¨ï á®áâ®ï­¨© á¨áâ¥¬ë ¢ à¥§ã«ìâ â¥ ¢§ ¨¬®¤¥©áâ¢¨ï:

	(+1) = S	(�1) (6.33)

£¤¥ 	(�1) ¨ 	(+1) {  á¨¬¯â®â¨ç¥áª¨¥ ¢¥ªâ®à  á®áâ®ï­¨ï á¨áâ¥¬ë, ¢ ç áâ­®áâ¨,
 á¨¬¯â®â¨ç¥áª¨¥ ä®à¬ë ¯ ¤ îé¥© ¨ à áå®¤ïé¥©áï ¢®«­ ¢ § ¤ ç¥ à áá¥ï­¨ï.

�¯¥à â®à U (t; t0) ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î,
®ç¥¢¨¤­®¬ã ¨§ (6.17):

i~
@U (t; t0)

@t
= HI(t)U (t; t0) (6.34)

�­ «®£¨ç­®:

� i~
@U+(t; t0)

@t
= U+(t; t0)HI(t) (6.35)

¯®áª®«ìªã HI(t) íà¬¨â®¢. �§ íâ¨å ãà ¢­¥­¨© áà §ã á«¥¤ã¥â, çâ®

@

@t
(U+(t; t0)U (t; t0)) = 0 (6.36)

çâ® íª¢¨¢ «¥­â­®
U+(t; t0)U (t; t0) = 1 (6.37)

�«ï ¤®ª § â¥«ìáâ¢  ã­¨â à­®áâ¨ ­ã¦­® ¥é¥ ¯®ª § âì, çâ®

U (t; t0)U
+(t; t0) = 1 (6.38)

�ë¯®«­ï¥âáï á«¥¤ãîé¥¥ £àã¯¯®¢®¥ á¢®©áâ¢® ®¯¥à â®à  í¢®«îæ¨¨:

U (t; t1)U (t1; t0) = U (t; t0) (6.39)

� á ¬®¬ ¤¥«¥, ¨§

	(t) = U (t; t1)	(t1) 	(t1) = U (t1; t0)	(t0) (6.40)

á«¥¤ã¥â:
	(t) = U (t; t0)	(t0) = U (t; t1)U (t1; t0)	(t0) (6.41)

çâ® ¨ âà¥¡ã¥âáï ¤«ï ¢ë¯®«­¥­¨ï (6.39). �á«¨ ¢ (6.39) ¯®«®¦¨âì t = t0, â® ¯®«ãç¨¬:

U (t0; t1) = U�1(t1; t0) (6.42)

4�§« £ ¥¬ë© ­¨¦¥ ä®à¬ «¨§¬ ¯à¨­ ¤«¥¦¨â � ©á®­ã.
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�§ à ¢¥­áâ¢  U (t0; t1)U (t1; t0) = 1, ã¬­®¦ ï ¥£® á«¥¢  ­  U+(t0; t1) ¨ ¨á¯®«ì§ãï
(6.37), ¯®«ãç¨¬:

U (t1; t0) = U+(t0; t1) = U�1(t0; t1) (6.43)

çâ® ¨ ¤®ª §ë¢ ¥â ã­¨â à­®áâì ®¯¥à â®à  í¢®«îæ¨¨.
�¥¯®áà¥¤áâ¢¥­­® ¨§ £àã¯¯®¢®£® á¢®©áâ¢  (6.39) ¢ëâ¥ª ¥â, çâ® «î¡®© ¯¥à¥å®¤ á¨-

áâ¥¬ë ­  ª®­¥ç­®¬ ¨­â¥à¢ «¥ ¢à¥¬¥­¨ ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï
¯®á«¥¤®¢ â¥«ì­®áâ¨ ¡¥áª®­¥ç­® ¬ «ëå ¯à¥®¡à §®¢ ­¨©, á®¢¥àè ¥¬ëå á ¯®¬®éìî
®¯¥à â®à  í¢®«îæ¨¨:

U (t; t0) = U (t; t1)U (t1; t2):::U (tn�1; tn)U (tn; t0) (6.44)

£¤¥ U (tj ; tj+1) { ¡¥áª®­¥ç­® ¬ «®¥ ¯à¥®¡à §®¢ ­¨¥ ®â ¬®¬¥­â  ¢à¥¬¥­¨ tj ª tj+1.
�¥è¥­¨¥ ãà ¢­¥­¨ï (6.34), ®ç¥¢¨¤­®, â ª¦¥ ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¨­â¥£à «ì­®¬

¢¨¤¥:

U (t; t0) = 1� i

~

Z t

t0
d�HI(� )U (�; t

0) (6.45)

�®íâ®¬ã, ¤«ï ¡¥áª®­¥ç­® ¬ «®© à §­®áâ¨ ¢à¥¬¥­ tj � tj+1 ¨¬¥¥¬:

U (tj; tj+1) = 1� i

~

Z tj

tj+1

d�HI(� )U (�; tj+1) �

� 1� i

~

Z tj

tj+1

dt0HI(t
0)U (tj+1; tj+1) = 1� i

~

Z tj

tj+1

dt0HI(t
0) (6.46)

�¥®£à ­¨ç¥­­® ã¢¥«¨ç¨¢ ï ç¨á«® ¨­â¥à¢ «®¢ ¨ £àã¯¯¨àãï ç«¥­ë ¨§ (6.44) ¯®«ã-
ç ¥¬:

U (t; t0) = 1+

��i
~

�Z t

t0

dt1HI(t1) +

��i
~

�2 Z t

t0

dt1

Z t1

t0

dt2HI(t1)HI(t2) +

+

��i
~

�3 Z t

t0

dt1

Z t1

t0

dt2

Z t2

t0

dt3HI(t1)HI(t2)HI(t3) + ::: (6.47)

� áá¬®âà¨¬ ¨­â¥£à «, ®¯à¥¤¥«ïîé¨© n-© ¯®àï¤®ª â¥®à¨¨ ¢®§¬ãé¥­¨©:Z t

t0

dt1

Z t1

t0

dt2:::

Z tn�1

t0

dtnHI(t1)HI(t2):::HI(tn) (6.48)

�­â¥£à¨à®¢ ­¨¥ §¤¥áì ¢¥¤¥âáï, ¯® áãé¥áâ¢ã, ¯® ¢á¥¬ã ¨­â¥à¢ «ã ¢à¥¬¥­¨ ®â t0 ¤® t, á
â¥¬ ®£à ­¨ç¥­¨¥¬, çâ® ¬®¬¥­â ¢à¥¬¥­¨ tj à ­ìè¥ ¬®¬¥­â  tj�1(j � n). �áâ¥áâ¢¥­­®,
çâ® ¢ ¢ëà ¦¥­¨¨ (6.48) ¬®¦­® ¯à®¨§¢®«ì­ë¬ ®¡à §®¬ ¯¥à¥®¡®§­ ç¨âì ¯¥à¥¬¥­­ë¥
¨­â¥£à¨à®¢ ­¨ï t1; :::; tn ! tp1 ; tp2 :::tpn, ®â ç¥£® §­ ç¥­¨¥ ¨­â¥£à «  ­¥ ¨§¬¥­¨âáï.
�à®¤¥« ¢ ¢á¥ ¯¥à¥áâ ­®¢ª¨ ¯¥à¥¬¥­­ëå t1; :::; tn, á«®¦¨¢ ¢á¥ ¢ëà ¦¥­¨ï ¨ à §¤¥«¨¢
­  ç¨á«® ¯¥à¥áâ ­®¢®ª n!, ¬ë à á¯à®áâà ­¨¬ ®¡« áâì ¨­â¥£à¨à®¢ ­¨ï ¯® ª ¦¤®©
¯¥à¥¬¥­­®© ­  ¢¥áì ¨­â¥à¢ « ®â t0 ¤® t. �ãé¥áâ¢¥­­® ¯à¨ íâ®¬, ®¤­ ª®, çâ®¡ë ®¯¥-
à â®àëHI(tj) ¯®¤ §­ ª®¬ ¨­â¥£à «  ¢á¥£¤  à á¯®« £ «¨áì á¯à ¢  ­ «¥¢® ¢ ¯®àï¤ª¥
¢®§à áâ ­¨ï ¢à¥¬¥­¨. �â® ¬®¦­® ®¡¥á¯¥ç¨âì ¢¢¥¤¥­¨¥¬ ®¯¥à â®à  T -ã¯®àï¤®ç¥­¨ï,
ª®â®àë© ¤¥©áâ¢ãï ­  ¯à®¨§¢¥¤¥­¨¥ ®¯¥à â®à®¢, § ¢¨áïé¨å ®â ¢à¥¬¥­¨, à á¯®« -
£ ¥â ¨å ¢ åà®­®«®£¨ç¥áª®¬ ¯®àï¤ª¥, â.¥. ®¯¥à â®à á ¡®«ìè¨¬ §­ ç¥­¨¥¬ ¢à¥¬¥­¨ ¢
¯à®¨§¢¥¤¥­¨¨ áâ®¨â á«¥¢ :

T (HI(t1):::HI(tk)) = HI(ti)HI(tj):::HI(tk) ¯à¨ ti > tj > ::: > tk (6.49)



128 ������������ ������ ����������

�¨á. 6-2

çâ® ®¯à¥¤¥«ï¥â â ª ­ §ë¢ ¥¬®¥ åà®­®«®£¨ç¥áª®¥ ¨«¨ T -¯à®¨§¢¥¤¥­¨¥ ®¯¥à â®à®¢.
�®£¤ , ¨á¯®«ì§ãï ã¯®¬ï­ãâãî á¨¬¬¥âà¨î ¯®¤¨­â¥£à «ì­®£® ¢ëà ¦¥­¨ï (6.48), ¯®-
«ãç ¥¬: Z t

t0

dt1

Z t1

t0

dt2:::

Z tn�1

t0

dtnHI(t1)HI(t2):::HI(tn) =

=
1

n!

Z t

t0

dt1

Z t

t0

dt2:::

Z t

t0

dtnT (HI(t1)HI(t2):::HI(tn)) (6.50)

� áá¬®âà¨¬ ¯®¤à®¡­® íª¢¨¢ «¥­â­®áâì íâ¨å ¤¢ãå ä®à¬ ¨­â¥£à «  ¤«ï á«ãç ï n = 2.
�§ ®¯à¥¤¥«¥­¨ï T -¯à®¨§¢¥¤¥­¨ï ¨¬¥¥¬:Z t

t0

dt1

Z t

t0

dt2T (HI(t1)HI(t2)) =

=

Z t

t0

dt1

Z t1

t0

dt2HI(t1)HI(t2) +

Z t

t0

dt1

Z t

t1

dt2HI(t2)HI(t1) (6.51)

�¡« áâì ¨­â¥£à¨à®¢ ­¨ï ¢ «¥¢®© ç áâ¨ ¨§®¡à ¦¥­  ­  �¨á.6-2 ¢ ¢¨¤¥ ª¢ ¤à â . �
¤àã£®© áâ®à®­ë, ¢ ¯¥à¢®¬ ç«¥­¥ ¢ ¯à ¢®© ç áâ¨ (6.51) ¨­â¥£à¨à®¢ ­¨¥ à á¯à®áâà -
­ï¥âáï ¯® ®¡« áâ¨ I (­¥§ èâà¨å®¢ ­­ë© âà¥ã£®«ì­¨ª), â®£¤  ª ª ¢® ¢â®à®¬ ç«¥­¥
¨­â¥£à¨à®¢ ­¨¥ ¨¤¥â ¯® § èâà¨å®¢ ­­®© ®¡« áâ¨ II. �®¬¥­ï¥¬ ¢® ¢â®à®¬ ¨­â¥-
£à «¥ ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï, ¡ã¤¥¬ á­ ç «  ¨­â¥£à¨à®¢ âì ¯® t1, â®£¤  ¯à¥¤¥«ë
¨­â¥£à¨à®¢ ­¨ï ¨§¬¥­ïâáï, ¨ ¬ë ¯®«ãç¨¬:Z t

t0

dt2

Z t2

t0

dt1HI(t2)HI(t1) (6.52)

�á«¨ â¥¯¥àì ¯à®¨§¢¥áâ¨ § ¬¥­ã ¯¥à¥¬¥­­ëå t1 ! t2 ¨ t2 ! t1, â® ¢ëà ¦¥­¨¥ (6.52)
¯à¨¬¥â ¢¨¤: Z t

t0

dt1

Z t1

t0

dt2HI(t1)HI(t2) (6.53)

â ª çâ® (6.51) á¢®¤¨âáï ª:Z t

t0

dt1

Z t

t0

dt2T (HI(t1)HI(t2)) = 2!

Z t

t0

dt1

Z t1

t0

dt2HI(t1)HI(t2) (6.54)
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çâ® ¤®ª §ë¢ ¥â á¯à ¢¥¤«¨¢®áâì (6.50) ¤«ï á«ãç ï n = 2.
�â ª, à §«®¦¥­¨¥ (6.47) ¬®¦­® ¯¥à¥¯¨á âì ª ª:

U (t; t0) = 1 +

��i
~

�Z t

t0

dt1T (HI(t1)) +
1

2!

��i
~

�2 Z t

t0

dt1

Z t

t0

dt2T (HI(t1)HI(t2)) +

+
1

3!

��i
~

�3 Z t

t0

dt1

Z t

t0

dt2

Z t

t0

dt3T (HI(t1)HI(t2)HI(t3)) + ::: =

=
1X
n=0

1

n!

�
� i

~

�n Z t

t0

dt1

Z t

t0

dt2:::

Z t

t0

dtnT (HI(t1)HI(t2):::HI(tn))

(6.55)

çâ® ¬®¦­® ¯¥à¥¯¨á âì ª ª:

U (t; t0) = T

�
exp

�
� i
~

Z t

t0

HI(t
0)dt0

��
(6.56)

£¤¥ ¯à®¢¥¤¥­® á¨¬¢®«¨ç¥áª®¥ áã¬¬¨à®¢ ­¨¥ àï¤  (6.55), á¢®¤ïé¥¥ ¥£® ª â ª ­ §ë-
¢ ¥¬®© T -íªá¯®­¥­â¥.

�®¦­® ­¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥à¨âì, çâ® àï¤ (6.55) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (6.34). �«ï
íâ®£® ¯à®¤¨ää¥à¥­æ¨àã¥¬ (6.55) ¯® ¢à¥¬¥­¨ t:

@U(t; t0)

@t
=

1X
n=1

1

n!

�
� i

~

�n Z t

t0

dt1

Z t

t0

dt2:::

Z t

t0

dtn�1nHI(t)T (HI(t1)HI(t2):::HI(tn)) (6.57)

�à¨ ­ ¯¨á ­¨¨ ¯à ¢®© ç áâ¨ (6.57) ¬ë ¢®á¯®«ì§®¢ «¨áì á¨¬¬¥âà¨ç­®áâìî ¯®¤¨­â¥£à «ì­®£® ¢ë-
à ¦¥­¨ï,   â ª¦¥ â¥¬ ®¡áâ®ïâ¥«ìáâ¢®¬, çâ® ®¯¥à â®à HI(t) ¢á¥£¤  § ¢¨á¨â ®â ¬®¬¥­â  t, ¡®«¥¥
¯®§¤­¥£®, ç¥¬ t1; :::; tn�1. �®íâ®¬ã ¬ë ¢ë­¥á«¨ ®¯¥à â®à HI(t) §  §­ ª T -¯à®¨§¢¥¤¥­¨ï ¨ ­ ¯¨á «¨
¥£® «¥¢¥¥ ¢á¥å ®áâ «ì­ëå ¬­®¦¨â¥«¥©. �®£¤  (6.57) ¬®¦­® ¯¥à¥¯¨á âì ª ª:

@U(t; t0)

@t
= HI(t)

1X
n=1

1

(n� 1)!

�
� i

~

�n�1 Z t

t0

dt1

Z t

t0

dt2:::

Z t

t0

dtn�1T (HI(t1)HI(t2):::HI(tn�1)) =

= HI(t)

1X
n=0

1

n!

�
� i

~

�n Z t

t0

dt1

Z t

t0

dt2:::

Z t

t0

dtnnHI(t)T (HI(t1)HI(t2):::HI(tn)) =

= HI(t)U(t; t0)

(6.58)

çâ® ¨ âà¥¡®¢ «®áì!

�á¯®¬¨­ ï, çâ®

HI(t) =

Z
d3rHI(x) (6.59)

¬®¦­® ¯¥à¥¯¨á âì (6.55) ¢ ä®à¬¥, ¡®«¥¥ ï¢­® ãª §ë¢ îé¥© ­  ¥£® ª®¢ à¨ ­â­®áâì:

U (t; t0) =
1X
n=0

1

n!

�
� i
~

�n Z t

t0

d4x1

Z t

t0

d4x2:::

Z t

t0

d4xnT (HI(x1)HI (x2):::HI(xn)) (6.60)

£¤¥ ãçâ¥­®
R
dt
R
d3x =

R
d4x=c. �®¦­® ®¡®¡é¨âì (6.60) â ª¨¬ ®¡à §®¬, çâ®¡ë ¯à¥-

¤¥«ë ¨­â¥£à¨à®¢ ­¨ï ¯à¥¤áâ ¢«ï«¨ á®¡®© ¯à®áâà ­áâ¢¥­­® { ¯®¤®¡­ë¥ ¯®¢¥àå­®áâ¨
� ¨ �0, â®£¤  U (�; �0) ¡ã¤¥â ¨¬¥âì ¨­¢ à¨ ­â­ë© ¢¨¤, ¯®áª®«ìªã ¨HI ¨ í«¥¬¥­â ®¡ê-
¥¬  d4x ï¢«ïîâáï 4-áª «ïà ¬¨.
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� ¦­¥©è¨¬ ¬®¬¥­â®¬ ¢ ®¡®á­®¢ ­¨¨ ¨§« £ ¥¬®£® ä®à¬ «¨§¬  ï¢«ï¥âáï â ª
­ §ë¢ ¥¬ ï  ¤¨ ¡ â¨ç¥áª ï £¨¯®â¥§ . �®£« á­® ®¯à¥¤¥«¥­¨î S-¬ âà¨æë ­ã¦­®
ãáâà¥¬¨âì ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨ t0 ª �1,   ª®­¥ç­ë© ¬®¬¥­â t ª +1. �® âãâ
á«¥¤ã¥â ¯à®ï¢¨âì ®áâ®à®¦­®áâì | ¤«ï ç«¥­  à §«®¦¥­¨ï (6.55) n-£® ¯®àï¤ª  íâ®
¬®¦­® á¤¥« âì n! á¯®á®¡ ¬¨ ¤«ï ª ¦¤®£® ¨§ ¯à¥¤¥«®¢. � ©á®­ ¯à¥¤«®¦¨« ®¡®©â¨
íâã ¯à®¡«¥¬ã ¯ãâ¥¬ ¢¢¥¤¥­¨ï ¬­®¦¨â¥«ï áå®¤¨¬®áâ¨ ¢¨¤  e��jtj, ­  ª®â®àë© á«¥-
¤ã¥â ã¬­®¦¨âì £ ¬¨«ìâ®­¨ ­ ¢§ ¨¬®¤¥©áâ¢¨ï. �®á«¥ ¯à®¢¥¤¥­¨ï ¢á¥å ¢ëç¨á«¥­¨©
¯®¤à §ã¬¥¢ ¥âáï ¯¥à¥å®¤ ª ¯à¥¤¥«ã � ! 0. �â  ¯à®æ¥¤ãà  íª¢¨¢ «¥­â­  ­¥ª®â®-
à®¬ã ãáà¥¤­¥­¨î ¯® ¢á¥¬ ¢®§¬®¦­ë¬ n! ¯¥à¥å®¤ ¬ ª ¯à¥¤¥«ã t ! �1. �à¨­ï¢
íâã  ¤¨ ¡ â¨ç¥áªãî £¨¯®â¥§ã ¬®¦­® áç¨â âì, çâ® ¢®«­®¢ë¥ äã­ªæ¨¨ ­ ç «ì­®£®
¨ ª®­¥ç­®£® á®áâ®ï­¨© ï¢«ïîâáï á®¡áâ¢¥­­ë¬¨ äã­ªæ¨ï¬¨ \á¢®¡®¤­®£®" £ ¬¨«ì-
â®­¨ ­  H0, ¨å ®¡ëç­® ­ §ë¢ îâ äã­ªæ¨ï¬¨ á®áâ®ï­¨© \£®«ëå" ç áâ¨æ. �®íâ®¬ã,
«î¡®© ¯à®æ¥áá à áá¥ï­¨ï ¬®¦­® à áá¬®âà¥âì á«¥¤ãîé¨¬ ®¡à §®¬:

1. � ¬®¬¥­â ¢à¥¬¥­¨ t = �1 á¨áâ¥¬  ­ å®¤¨âáï ¢ á®áâ®ï­¨¨, ®¯¨áë¢ ¥¬®¬ ¢®«-
­®¢®© äã­ªæ¨¥© �, ï¢«ïîé¥©áï á®¡áâ¢¥­­®© äã­ªæ¨¥© ®¯¥à â®à  H0. � íâ®¬
á®áâ®ï­¨¨ ­ å®¤¨âáï § ¤ ­­®¥ ç¨á«® ç áâ¨æ á ®¯à¥¤¥«¥­­ë¬ á¯¨­®¬ ¨ ¨¬¯ã«ì-
á®¬, ¯à¨ç¥¬ ç áâ¨æë ®â¤¥«¥­ë ¤àã£ ®â ¤àã£  ¨ ­¥ ¢§ ¨¬®¤¥©áâ¢ãîâ ¬¥¦¤ã
á®¡®©. �¥ªâ®à � ï¢«ï¥âáï ¯®áâ®ï­­ë¬ ­¥ § ¢¨áïé¨¬ ®â ¢à¥¬¥­¨ (Hi = 0)
¢¥ªâ®à®¬ á®áâ®ï­¨ï ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï.

2. � «¥¥  ¤¨ ¡ â¨ç¥áª¨ ¢ª«îç ¥âáï ¢§ ¨¬®¤¥©áâ¢¨¥, ¨ á®áâ®ï­¨¥ á ¢®«­®¢®©
äã­ªæ¨¥© � ¯¥à¥å®¤¨â ¢ á®áâ®ï­¨¥ 	(t0) = U (t0;�1)�, ª®â®à®¥, ª ª áç¨-
â ¥âáï, á®®â¢¥âáâ¢ã¥â à¥ «ì­®¬ã á®áâ®ï­¨î ä¨§¨ç¥áª¨å (\®¤¥âëå") ç áâ¨æ á
â¥¬¨ ¦¥ ¨¬¯ã«ìá®¬ ¨ á¯¨­®¬. �à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® ç áâ¨æë ¢á¥ ¥é¥
¤®áâ â®ç­® ®â¤¥«¥­ë ¤àã£ ®â ¤àã£  ¨ ­¥ ¢§ ¨¬®¤¥©áâ¢ãîâ ¬¥¦¤ã á®¡®©. �¤-
­ ª® ¢ª«îç¥­¨¥ HI ®¡¥á¯¥ç¨¢ ¥â á®¡áâ¢¥­­®¥ ¢§ ¨¬®¤¥©áâ¢¨¥, ¢ à¥§ã«ìâ â¥
ç¥£® \£®«ë¥" ç áâ¨æë ¯à¨®¡à¥â îâ \èã¡ã" ¨§ ¢¨àâã «ì­ëå ª¢ ­â®¢, â.¥. ¯à®-
¨áå®¤¨â ¨å \®¤¥¢ ­¨¥", â ª çâ® ç áâ¨æë áâ ­®¢ïâáï à¥ «ì­ë¬¨ ä¨§¨ç¥áª¨¬¨
ç áâ¨æ ¬¨, ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î p2 = m2, £¤¥ m { ­ ¡«î¤ ¥¬ ï ¬ áá 
ç áâ¨æë.

3. � «¥¥ ç áâ¨æë ¢§ ¨¬®¤¥©áâ¢ãîâ ¬¥¦¤ã á®¡®©, â.¥. à áá¥¨¢ îâáï, ¯¥à¥å®¤ïâ
¢ ¤àã£¨¥ ç áâ¨æë ¨ â. ¯. �® ¯à®è¥áâ¢¨¨ ¤®áâ â®ç­® ¡®«ìè®£® ¢à¥¬¥­¨ T =
t� t0 ç áâ¨æë á­®¢  à áå®¤ïâáï, ­® ã¦¥ ­ å®¤ïáì ¢ á®áâ®ï­¨ïå, ®¯¨áë¢ ¥¬ëå
¢®«­®¢®©äã­ªæ¨¥© 	(t) = U (t; t0)	(t0), íâ® á®áâ®ï­¨¥ á®®â¢¥âáâ¢ã¥â \®¤¥âë¬"
(â.¥. à¥ «ì­ë¬ ä¨§¨ç¥áª¨¬) ç áâ¨æ ¬ ¯®á«¥ à áá¥ï­¨ï.

4. � «¥¥ ¢§ ¨¬®¤¥©áâ¢¨¥  ¤¨ ¡ â¨ç¥áª¨ ¢ëª«îç ¥âáï ¨ á®áâ®ï­¨¥ á ¢®«­®¢®©
äã­ªæ¨¥© 	(t) ¯¥à¥å®¤¨â ¢ á®áâ®ï­¨¥ á ¢®«­®¢®© äã­ªæ¨¥© �0, ª®â®à®¥ á®®â-
¢¥âáâ¢ã¥â \£®«ë¬" ç áâ¨æ ¬ ¯®á«¥ à áá¥ï­¨ï, ¯à¨ç¥¬ �0 = U (1; t)	(t).

� ª¨¬ ®¡à §®¬ à¥ «ì­ ï § ¤ ç  à áá¥ï­¨ï 	(t0) ! 	(t) § ¬¥­ï¥âáï \íª¢¨¢ «¥­â-
­®©" § ¤ ç¥©, ¢¢®¤ïé¥© ¢ à áá¬®âà¥­¨¥ \£®«ë¥" ç áâ¨æë ¯à¨ t = �1. � áá¬®âà¨¬
á®®â­®è¥­¨¥:

	(t) = U (t; t0)	(t0) (6.61)

¨ § ¯¨è¥¬ ¥£® ¢ ¢¨¤¥:

U�1(1; t)	0 = U (t; t0)U (t0;�1)� (6.62)
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�âáî¤  ¨¬¥¥¬:

�0 = U (1; t)U (t; t0)U (t0;�1)� = U (1;�1)� = S� (6.63)

�â® ®§­ ç ¥â, çâ® �0 ¯à¨ t = +1 ¤¥©áâ¢¨â¥«ì­® ï¢«ï¥âáï ¢®«­®¢®©äã­ªæ¨¥© á®áâ®-
ï­¨ï \£®«ëå" ç áâ¨æ, ¢ ª®â®àë¥ ®­¨ ¯¥à¥å®¤ïâ ¢ à¥§ã«ìâ â¥ à áá¥ï­¨ï ¨§ á®áâ®ï­¨ï,
®¯¨áë¢ ¥¬®£® äã­ªæ¨¥© � ¯à¨ t = �1.

�¤¨ ¡ â¨ç¥áª ï £¨¯®â¥§  ¯à¨¢®¤¨â ª à¥§ã«ìâ â ¬, ¯à¥ªà á­® á®£« áãîé¨¬áï
á íªá¯¥à¨¬¥­â®¬. �â® ®¡áâ®ïâ¥«ìáâ¢® ¤®¢®«ì­® ã¤¨¢¨â¥«ì­®, ¯®áª®«ìªã ïá­®, çâ®
¢§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã ¯®«ï¬¨ ­¥«ì§ï \¢ëª«îç¨âì" ( ¤¨ ¡ â¨ç¥áª¨ ¨«¨ ª ª «¨¡®
¨­ ç¥). � íâ®¬ ®â­®è¥­¨¨ ª¢ ­â®¢ ï â¥®à¨ï ¯®«ï ¤®¢®«ì­® á¨«ì­® ®â«¨ç ¥âáï ®â
ª¢ ­â®¢®© ¬¥å ­¨ª¨, £¤¥ ®¡ëç­® ¨¬¥îâ ¤¥«® á ¯®â¥­æ¨ « ¬¨ ª®­¥ç­®£® à ¤¨ãá 
¤¥©áâ¢¨ï (ªà®¬¥ ªã«®­®¢áª®£® á«ãç ï, ­® â®£¤  ¨§¢¥áâ­ë â®ç­ë¥ ¢®«­®¢ë¥ äã­ª-
æ¨¨), â ª çâ® ¢ § ¤ ç¥ à áá¥ï­¨ï ¢®«­®¢ë¥ äã­ªæ¨¨ ­ ç «ì­®£® ¨ ª®­¥ç­®£® á®áâ®-
ï­¨© ¤¥©áâ¢¨â¥«ì­® á®®â¢¥âáâ¢ãîâ á¢®¡®¤­ë¬ ç áâ¨æ ¬.

�¨ £à ¬¬ë �¥©­¬ ­  ¤«ï à áá¥ï­¨ï í«¥ª-
âà®­®¢ ¢ ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¥.

� ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¥ ¯«®â­®áâì £ ¬¨«ìâ®­¨ ­  ¢§ ¨¬®¤¥©áâ¢¨ï ¨¬¥¥â ¢¨¤:

HI(x) = j�(x)A
�(x) (6.64)

£¤¥ j� { â®ª ¤¨à ª®¢áª¨å í«¥ªâà®­®¢,   A� { ¢¥ªâ®à ¯®â¥­æ¨ « í«¥ªâà®¬ £­¨â­®£®
¯®«ï. �®®â¢¥âáâ¢¥­­®, ¬ âà¨æ  à áá¥ï­¨ï § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ 5:

S = T exp

�
�ie

Z
d4xj�(x)A

�(x)

�
(6.65)

£¤¥ ¬ë ¢¥à­ã«¨áì ª á¨áâ¥¬¥ ¥¤¨­¨æ ~ = c = 1.
� áá¬®âà¨¬ ª®­ªà¥â­ë¥ ¯à¨¬¥àë ¢ëç¨á«¥­¨ï ¬ âà¨ç­ëå í«¥¬¥­â®¢ ¬ âà¨æë

à áá¥ï­¨ï. �¯¥à â®à â®ª  j á®¤¥à¦¨â ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå í«¥ªâà®­­ëå  -®¯¥à â®à®¢.
�®íâ®¬ã ¢ ¯¥à¢®¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨© ¬®£«¨ ¡ë ¢®§­¨ª­ãâì ¯à®æ¥ááë, ¢ ª®-
â®àëå ãç áâ¢ãîâ ¢á¥£® âà¨ ç áâ¨æë { ¤¢  í«¥ªâà®­  ¨ ®¤¨­ ä®â®­, â¨¯  ¯®ª § ­­ëå
¤¨ £à ¬¬®© �¨á.6-3,  ­ «®£¨ç­®© �¨á.4-7, £¤¥ â¥¯¥àì ä®â®­ ®¡®§­ ç ¥âáï ¯ã­ªâ¨à-
­®© «¨­¨¥©. �¤­ ª® â ª¨¥ ¯à®æ¥ááë á® á¢®¡®¤­ë¬¨ ç áâ¨æ ¬¨ ­¥¢®§¬®¦­ë ¨§-§ 
§ ª®­®¢ á®åà ­¥­¨ï í­¥à£¨¨ ¨ ¨¬¯ã«ìá . � á ¬®¬ ¤¥«¥, ¥á«¨ p1 ¨ p2 { 4-¨¬¯ã«ìáë
í«¥ªâà®­®¢,   k { 4-¨¬¯ã«ìá ä®â®­ , â® § ª®­ á®åà ­¥­¨ï ¨¬¥¥â ¢¨¤ k = p2�p1 ¨«¨
k = p1+p2. �¤­ ª® â ª¨¥ à ¢¥­áâ¢  ­¥¢®§¬®¦­ë, ¯®áª®«ìªã ¤«ï à¥ «ì­®£® ä®â®­ 
¢á¥£¤  k2 = 0, â®£¤  ª ª ª¢ ¤à â (p2 � p1)2 § ¢¥¤®¬® ­¥ ­ã«ì. � íâ®¬ ­¥âàã¤­®
ã¡¥¤¨âìáï, ¢ëç¨á«ïï (p2 � p1)

2 ¢ á¨áâ¥¬¥ ¯®ª®ï ®¤­®£® ¨§ í«¥ªâà®­®¢, ­ ¯à¨¬¥à
í«¥ªâà®­  1. �®£¤  (p2 � p1)2 = 2(m2 � p1p2) = 2(m2 � "1"2 � p1p2) = 2m(m� "2),  
¯®áª®«ìªã "2 > m, â® ¨ ¨¬¥¥¬ (p2 � p1)

2 > 0 ¨«¨ (p2 � p1)2 < 0.

5� ¤ «ì­¥©è¥¬ ¨§«®¦¥­¨¨ ¢ íâ®© ¨ á«¥¤ãîé¥© £« ¢ å, ¬ë á«¥¤ã¥¬, ¢ ®á­®¢­®¬, ª­¨£¥ [1].
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�¨á. 6-3

� ª¨¬ ®¡à §®¬, ¯¥à¢ë¥ ­¥¨áç¥§ îé¨¥ ¬ âà¨ç­ë¥ í«¥¬¥­âë S-¬ âà¨æë ¬®£ãâ
¯®ï¢¨âìáï «¨èì ¢® ¢â®à®¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨©:

S(2) = �e
2

2!

Z
d4x

Z
d4x0T (j�(x)A�(x)j�(x0)A�(x0)) (6.66)

�®áª®«ìªã í«¥ªâà®­­ë¥ ¨ ä®â®­­ë¥ ®¯¥à â®àë ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï
ª®¬¬ãâ¨àãîâ ¤àã£ á ¤àã£®¬ (6.66) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥:

S(2) = �e
2

2!

Z
d4x

Z
d4x0T (j�(x)j�(x0))T (A�(x)A�(x0)) (6.67)

� ª ç¥áâ¢¥ ¯¥à¢®£® ¯à¨¬¥à  à áá¬®âà¨¬ ã¯àã£®¥ à áá¥ï­¨¥ ¤¢ãå í«¥ªâà®­®¢.
�®£¤  ¢ ­ ç «ì­®¬ á®áâ®ï­¨¨ ¨¬¥¥¬ ¤¢  í«¥ªâà®­  á ¨¬¯ã«ìá ¬¨ p1 ¨ p2,   ¢ ª®-
­¥ç­®¬ { ¤¢  í«¥ªâà®­  á ¨¬¯ã«ìá ¬¨ p3 ¨ p4. �®¤à §ã¬¥¢ ¥âáï, çâ® í«¥ªâà®­ë ­ -
å®¤ïâáï ¢ ª®­ªà¥â­ëå á¯¨­®¢ëå á®áâ®ï­¨ïå, ­® á¯¨­®¢ë¥ ¨­¤¥ªáë, ¢ ¤ «ì­¥©è¥¬,
®¯ãáª ¥¬ ¤«ï ªà âª®áâ¨. � ááç¨â âì ¬ë ¤®«¦­ë, ª®­¥ç­® ¦¥, ¬ âà¨ç­ë© í«¥¬¥­â
¬ âà¨æë à áá¥ï­¨ï, ¬¥¦¤ã ­ ç «ì­ë¬ ¨ ª®­¥ç­ë¬ á®áâ®ï­¨ï¬¨, á á®®â¢¥âáâ¢ãî-
é¨¬¨ ç áâ¨æ ¬¨. �®áª®«ìªã ¢ ®¡®¨å íâ¨å á®áâ®ï­¨ïå ä®â®­ë ¯à®áâ® ®âáãâáâ¢ãîâ,
â® ­ã¦­ë© ­ ¬ ¬ âà¨ç­ë© í«¥¬¥­â T -¯à®¨§¢¥¤¥­¨ï ä®â®­­ëå ®¯¥à â®à®¢ ¥áâì ¯à®-
áâ® < 0j:::j0 >, £¤¥ j0 > { á®áâ®ï­¨¥ ä®â®­­®£® ¢ ªãã¬ . �®®â¢¥âáâ¢¥­­® ¨§ (6.67)
¢®§­¨ª ¥â â¥­§®à:

D��(x� x0) = i < 0jTA�(x)A�(x0)j0 > (6.68)

ª®â®àë© ­ §ë¢ ¥âáï ä®â®­­®© äã­ªæ¨¥© à á¯à®áâà ­¥­¨ï (¯à®¯ £ â®à®¬) ¨«¨ ä®-
â®­­®© äã­ªæ¨¥© �à¨­ .

�§ T -¯à®¨§¢¥¤¥­¨ï í«¥ªâà®­­ëå ®¯¥à â®à®¢ ¢ (6.67) ¢®§­¨ª ¥â ¬ âà¨ç­ë© í«¥-
¬¥­â ¢¨¤ :

< 34jTj�(x)j�(x0)j12 > (6.69)

£¤¥ j12 > ¨ j34 > ®¡®§­ ç îâ á®áâ®ï­¨ï á ¤¢ã¬ï í«¥ªâà®­ ¬¨ á á®®â¢¥âáâ¢ãîé¨¬¨
¨¬¯ã«ìá ¬¨. �â®â ¬ âà¨ç­ë© í«¥¬¥­â ¬®¦­® â ª¦¥ ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ­¥ª®â®à®£®
áà¥¤­¥£® ¯® ¢ ªãã¬ã, ¥á«¨ ¢®á¯®«ì§®¢ âìáï á®®â­®è¥­¨¥¬ â¨¯ :

< 2jF j1>=< 0ja2Fa+1 j0 > (6.70)

£¤¥ F { ¯à®¨§¢®«ì­ë© ®¯¥à â®à,   a+1 ¨ a2 { ®¯¥à â®àë à®¦¤¥­¨ï 1-£® ¨ ã­¨çâ®¦¥­¨ï
2-£® í«¥ªâà®­®¢. �á­®, çâ® ¢¬¥áâ® (6.69) ­ã¦­® ¢ëç¨á«ïâì:

< 0ja3a4T (j�(x)j�(x0))a+2 a+1 j0 > (6.71)
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� ¦¤ë© ¨§ ®¯¥à â®à®¢ â®ª  ¥áâì j = � 
 , ¯à¨ç¥¬  -®¯¥à â®àë ¯à¥¤áâ ¢«ïîâáï
ª ª:

 =
X
p
(ap p + b+p �p) � =

X
p
(a+p � p + bp � �p) (6.72)

£¤¥ ç¥à¥§  p ®¡®§­ ç¥­ë á®®â¢¥âáâ¢ãîé¨¥ á¯¨­®àë (¯«®áª¨¥ ¢®«­ë). �â®àë¥ á« £ -
¥¬ë¥ §¤¥áì á®¤¥à¦ â ¯®§¨âà®­­ë¥ ®¯¥à â®àë, ª®â®àë© ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¢
¨£à¥ ­¥ ãç áâ¢ãîâ. � ãç¥â®¬ (6.72) ¯à®¨§¢¥¤¥­¨¥ j�(x)j�(x0) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥
áã¬¬ë ç«¥­®¢, ª ¦¤ë© ¨§ ª®â®àëå á®¤¥à¦¨â ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ®¯¥à â®à®¢ ap ¨

¤¢ãå a+p, ª®â®àë¥ ¤®«¦­ë ®¡¥á¯¥ç¨âì ã­¨çâ®¦¥­¨¥ í«¥ªâà®­®¢ 1 ¨ 2 ¨ à®¦¤¥­¨¥

í«¥ªâà®­®¢ 3 ¨ 4. �á­®, çâ® íâ® ¤®«¦­ë ¡ëâì ®¯¥à â®àë a1; a2; a
+
3 ; a

+
4 , ª®â®àë¥ \á¯ -

à¨¢ îâáï" á \¢­¥è­¨¬¨" ®¯¥à â®à ¬¨ a+1 ; a
+
2 ; a3; a4 á®£« á­® ®ç¥¢¨¤­®¬ã à ¢¥­áâ¢ã:

< 0japa+p j0 >= 1 (6.73)

� ¬¨ ®¯¥à â®àë, ¯à¨ íâ®¬, ¯à®¯ ¤ îâ, ®áâ îâáï c-ç¨á« . � § ¢¨á¨¬®áâ¨ ®â
â®£®, ¨§ ª®â®àëå  -®¯¥à â®à®¢ ¡¥àãâáï a1; a2; a

+
3 ; a

+
4 ¤«ï á¯ à¨¢ ­¨ï á ¢­¥è­¨¬¨

a+1 ; a
+
2 ; a3; a4, ¨§ (6.71) ¢®§­¨ª îâ 4 á« £ ¥¬ëå ¢¨¤ :

a:::3 a
:
4(
� :
� ::)( � 0:::
� 0::::)a+::2 a+::::1 + a:3a

:::
4 (

� :
� ::)( � 0:::
� 0::::)a+::::2 a+::1 +

+a:3a
:::
4 ( � 

:
� ::)( � 0:::
� 0::::)a+::2 a+::::1 + a:::3 a
:
4( � 

:
� ::)( � 0:::
� 0::::)a+::::2 a+::1 (6.74)

£¤¥  =  (x) ¨  0 =  (x0),   ®¤¨­ ª®¢®¥ ª®«¨ç¥áâ¢® â®ç¥ª ¢ë¤¥«ï¥â á¯ à¥­­ë¥ ä¥à-
¬¨¥¢áª¨¥ ®¯¥à â®àë. �¥¯¥àì ­ã¦­® ¢ ª ¦¤®¬ ¨§ íâ¨å á« £ ¥¬ëå ¯®á«¥¤®¢ â¥«ì­®
¯¥à¥áâ ¢¨âì \á¯ à¥­­ë¥" ®¯¥à â®àë a1; a2; ::: ¨§  , § ¯¨á ­­ëå ¢ ¢¨¤¥ (6.72), â ª
çâ®¡ë ®­¨ ®ª § «¨áì àï¤®¬ á® á¢®¨¬¨ ¢­¥è­¨¬¨ a+1 ; a

+
2 ; :::, çâ®¡ë ¬®¦­® ¡ë«®

¢®á¯®«ì§®¢ âìáï (6.73) ¨ ¯®«ãç¨âì ¯à¨ ¢ëç¨á«¥­¨¨ ¢ ªãã¬­®£® áà¥¤­¥£® ¯à®áâ®
¯à®¨§¢¥¤¥­¨¥ á®®â¢¥âáâ¢ãîé¨å áà¥¤­¨å. �ç¨âë¢ ï  ­â¨ª®¬¬ãâ â¨¢­®áâì íâ¨å ®¯¥-
à â®à®¢ (1,2,3,4 { à §«¨ç­ë¥ á®áâ®ï­¨ï!), ­ å®¤¨¬, çâ® ¬ âà¨ç­ë© í«¥¬¥­â (6.69)
à ¢¥­6:

< 34jTj�(x)j�(x0)j12 >= ( � 4

� 2)( � 

0
3

� 01) + ( � 3


� 1)( � 
0
4

� 02) �

�( � 3
� 2)( � 04
� 01)� ( � 4

� 1)( � 

0
3

� 02) (6.75)

£¤¥  ã¦¥ ­¥ ®¯¥à â®àë,   á®®â¢¥âáâ¢ãîé¨¥ á¯¨­®àë (¯«®áª¨¥ ¢®«­ë á ¨¬¯ã«ìá ¬¨
1,2,3,4)! �¡é¨© §­ ª §¤¥áì ãá«®¢¥­, ®­ § ¢¨á¨â ®â ¯®àï¤ª , ¢ ª®â®à®¬ à á¯®«®¦¥­ë
\¢­¥è­¨¥" í«¥ªâà®­­ë¥ ®¯¥à â®àë. �­ ª ¬ âà¨ç­®£® í«¥¬¥­â  ¤«ï à áá¥ï­¨ï â®-
¦¤¥áâ¢¥­­ëå ç áâ¨æ ¢®®¡é¥ ¯à®¨§¢®«¥­. �¥à¢®¥ ¨ ¢â®à®¥ á« £ ¥¬ë¥ ¢ (6.75) (â ª¦¥,
ª ª ¨ âà¥âì¥ ¨ ç¥â¢¥àâ®¥) ®â«¨ç îâáï ¤àã£ ®â ¤àã£  «¨èì ¯¥à¥áâ ­®¢ª®© ¨­¤¥ªá®¢ �
¨ � ¨  à£ã¬¥­â®¢ x ¨ x0. �® â ª ï ¯¥à¥áâ ­®¢ª  ­¥ ¬¥­ï¥â ¬ âà¨ç­ë© í«¥¬¥­â (6.69),
¢ ª®â®à®¬ ¯®àï¤®ª ¬­®¦¨â¥«¥© ¢á¥ à ¢­® ®¯à¥¤¥«ï¥âáï á¨¬¢®«®¬ T -ã¯®àï¤®ç¥­¨ï.
�®íâ®¬ã, ¯®á«¥ ¯®á«¥ ¯¥à¥¬­®¦¥­¨ï (6.75) ¨ (6.68) ¨ ¨­â¥£à¨à®¢ ­¨ï ¯® d4xd4x0

ç¥âëà¥ ç«¥­  ¨§ (6.75) ¤ îâ ¯®¯ à­® á®¢¯ ¤ îé¨© à¥§ã«ìâ â, ¨ ¬ë ¨¬¥¥¬:

Sfi = ie2
Z
d4xd4x0D��(x� x0)[( � 4
� 2)( � 03


� 01) � ( � 4

� 1)( � 

0
3

� 02)] (6.76)

6�¢¨¤ã  ­â¨ª®¬¬ãâ â¨¢­®áâ¨ ä¥à¬¨¥¢áª¨å ®¯¥à â®à®¢, ®¯¥à â®àë â®ª  j(x) ¨ j(x0), á®áâ -
¢«¥­­ë¥ ¨§ ¨å ¯ à, ¬®¦­® áç¨â âì, ¯à¨ ¢ëç¨á«¥­¨¨ ¬ âà¨ç­®£® í«¥¬¥­â  , ª®¬¬ãâ¨àãîé¨¬¨
¨ ®¯ãáâ¨âì §­ ª T -¯à®¨§¢¥¤¥­¨ï.
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�¨á. 6-4

� ¬¥â¨¬, çâ® ¬­®¦¨â¥«ì 2! á®ªà â¨«áï! � ãç¥â®¬ â®£®, çâ® í«¥ªâà®­­ë¥ äã­ª-
æ¨¨ §¤¥áì ¯à¥¤áâ ¢«ïîâ á®¡®© ¯«®áª¨¥ ¢®«­ë, ¬®¦¥¬ ­ ¯¨á âì, çâ® ¢ëà ¦¥­¨¥ ¢
ª¢ ¤à â­ëå áª®¡ª å ¢ (6.76) à ¢­®:

(�u
�u2)(�u3

�u1)e

�i(p2�p4)x�i(p1�p3)x0

�(�u4
�u1)(�u3
�u2)e�i(p1�p4)x�i(p2�p1)x0 =
= f(�u
�u2)(�u3
�u1)e�i[(p2�p4)+(p3�p1)]�=2

�(�u4
�u1)(�u3
�u2)e�i[(p1�p4)�(p3�p2)]�=2ge�i(p1+p2�p3�p4)X (6.77)

£¤¥ ¢¢¥«¨ � = x�x0 ¨ X = 1
2 (x+x

0). �­â¥£à¨à®¢ ­¨¥ ¢ (6.76) ¯® d4xd4x0 § ¬¥­ï¥âáï
â¥¯¥àì ­  d4�d4X. �­â¥£à « ¯® d4X ¤ ¥â �(p1 + p2 � p3 � p4), á®®â¢¥âáâ¢ãîéãî
§ ª®­ã á®åà ­¥­¨ï 4-¨¬¯ã«ìá . �¥à¥å®¤ï ®â Sfi ª Mfi á®£« á­® (5.2), (5.3)], (5.11),
¯®«ãç¨¬  ¬¯«¨âã¤ã à áá¥ï­¨ï Mfi ¢ ¢¨¤¥:

Mfi = e2[(�u4

�u2)D��(p4 � p2)(�u3


�u1)� (�u4

�u1)D�� (p4 � p1)(�u3
�u2)] (6.78)

£¤¥ ¢¢¥«¨ ä®â®­­ë© ¯à®¯ £ â®à ¢ ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨:

D��(k) =

Z
d4�eik�D��(�) (6.79)

� ¦¤ë© ¨§ ¢ª« ¤®¢ ¢  ¬¯«¨âã¤ã à áá¥ï­¨ï ¢ (6.78) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­
á®®â¢¥âáâ¢ãîé¥© ¤¨ £à ¬¬®© �¥©­¬ ­ . � ¯à¨¬¥à, ¯¥à¢ë© ç«¥­ ¯à¥¤áâ ¢«ï¥âáï
¤¨ £à ¬¬®© �¨á.6-4, £¤¥ k = p1 � p3 = p4 � p2. �­ «®£¨ç­®, ¢â®à®¥ á« £ ¥¬®¥ ¯à¥¤-
áâ ¢«ï¥âáï ¤¨ £à ¬¬®© �¨á.6-5, £¤¥ k0 = p1 � p4 = p3 � p2. �à ¢¨«  ¯®áâà®¥­¨ï
¤¨ £à ¬¬  ­ «®£¨ç­ë ã¦¥ ®¡áã¦¤ ¢è¨¬áï ¢ �« ¢¥ 4:

1. \�å®¤ïé¨¥" á¯«®è­ë¥ «¨­¨¨, ­ ¯à ¢«¥­­ë¥ ª ¢¥àè¨­¥ ¢§ ¨¬®¤¥©áâ¢¨ï, ®â-
¢¥ç îâ ­ ç «ì­ë¬ í«¥ªâà®­ ¬, ¨¬ á®¯®áâ ¢«ïîâáï ¡¨á¯¨­®àë u. \�ëå®¤ï-
é¨¥" á¯«®è­ë¥ «¨­¨¨, ­ ¯à ¢«¥­­ë¥ ®â ¢¥àè¨­, á®®â¢¥âáâ¢ãîâ ª®­¥ç­ë¬
í«¥ªâà®­ ¬, íâ¨¬ «¨­¨ï¬ á®¯®áâ ¢«ïîâáï ¡¨á¯¨­®àë �u. �â¨ ¬­®¦¨â¥«¨ § -
¯¨áë¢ îâáï á«¥¢  ­ ¯à ¢® ¢ ¯®àï¤ª¥, á®®â¢¥âáâ¢ãîé¥¬ ¯¥à¥¤¢¨¦¥­¨î ¢¤®«ì
á¯«®è­ëå «¨­¨© ¯à®â¨¢ ­ ¯à ¢«¥­¨ï áâà¥«®ª.

2. � ¦¤®© ¢¥àè¨­¥ á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì (�ie
�). �¥àè¨­ë á®¥¤¨­ï-
îâáï ä®â®­­®© «¨­¨¥©, ª®â®à®© á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì �iD�� . �«ï 4-
¨¬¯ã«ìá®¢ ¢á¥å ç áâ¨æ («¨­¨©) ¢ ¢¥àè¨­ å ¢ë¯®«­ï¥âáï § ª®­ á®åà ­¥­¨ï.
�à¨ íâ®¬, ­ ¯à ¢«¥­¨¥ ä®â®­­®© «¨­¨¨ ­¥áãé¥áâ¢¥­­®, ®­® «¨èì ¬¥­ï¥â §­ ª
¨¬¯ã«ìá  ä®â®­  k, ­® äã­ªæ¨ï D��(k) ç¥â­ ï.
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�¨á. 6-5

�¨á. 6-6

�¢¥ à áá¬®âà¥­­ë¥ ¤¨ £à ¬¬ë ®â«¨ç îâáï ¤àã£ ®â ¤àã£  ®¡¬¥­®¬ ¤¢ãå í«¥ªâà®­-
­ëå ª®­æ®¢ (p3 ¨ p4), çâ® á®®â¢¥âáâ¢ã¥â ®¡¬¥­ã â®¦¤¥áâ¢¥­­ëå ç áâ¨æ ¢ ª®­¥ç­®¬
á®áâ®ï­¨¨, ¯à¨ íâ®¬ ¯à®¨áå®¤¨â á¬¥­  §­ ª   ¬¯«¨âã¤ë à áá¥ï­¨ï (¯à¨­æ¨¯ � -
ã«¨!).

� áá¬®âà¨¬ â¥¯¥àì à áá¥ï­¨¥ í«¥ªâà®­  ¨ ¯®§¨âà®­ , ¨å ­ ç «ì­ë¥ ¨¬¯ã«ìáë
®¡®§­ ç¨¬ p� ¨ p+,   ª®­¥ç­ë¥ á®®â¢¥âáâ¢¥­­® p0� ¨ p0+. �¯¥à â®àë à®¦¤¥­¨ï ¨
ã­¨çâ®¦¥­¨ï ¯®§¨âà®­®¢ ¢å®¤ïâ ¢ ¯®«¥¢ë¥ ®¯¥à â®àë (6.72) ¢¬¥áâ¥ á á®®â¢¥âáâ¢ã-
îé¨¬¨ ®¯¥à â®à ¬¨ ã­¨çâ®¦¥­¨ï ¨ à®¦¤¥­¨ï í«¥ªâà®­®¢. � à áá¬®âà¥­­®¬ ¢ëè¥
á«ãç ¥ à áá¥ï­¨ï í«¥ªâà®­®¢, ã­¨çâ®¦¥­¨¥ ­ ç «ì­ëå ç áâ¨æ ®¡¥á¯¥ç¨¢ «®áì ®¯¥-
à â®à®¬  ,   à®¦¤¥­¨¥ ª®­¥ç­ëå { ®¯¥à â®à®¬ � . �¥©ç á à®«¨ íâ¨å ®¯¥à â®à®¢
¬¥­ïîâáï { á®¯àï¦¥­­ ï äã­ªæ¨ï � (�p+) ®¯¨áë¢ ¥â ­ ç «ì­ë© ¯®§¨âà®­,   ª®-
­¥ç­ë© ¯®§¨âà®­ ®¯¨áë¢ ¥âáï äã­ªæ¨¥©  (�p+). � ãç¥â®¬ íâ®£® ®â«¨ç¨ï, ¤¥©áâ¢ãï
ª ª ¨ ¢ëè¥, ¬®¦­® «¥£ª® ¯à¥¤áâ ¢¨âì á®®â¢¥âáâ¢ãîéãî  ¬¯«¨âã¤ã à áá¥ï­¨ï ¢
¢¨¤¥:

Mfi = �e2(�u(p0�
�u(p�))D�� (p� � p0�)(�u(�p+)
�u(�p0+)) +
+e2(�u(�p+)
�u(p�))D�� (p� + p+)(�u(p

0
�)


�u(�p0+)) (6.80)

çâ® ¨§®¡à ¦ ¥âáï ¤¨ £à ¬¬ ¬¨, ¯®ª § ­­ë¬¨ ­  �¨á.6-6. �à ¢¨«  á®áâ ¢«¥­¨ï
¤¨ £à ¬¬ ®áâ îâáï ¯à¥¦­¨¬¨, ¢å®¤ïé¨¬ á¯«®è­ë¬ «¨­¨ï¬ á®¯®áâ ¢«ï¥âáï ¡¨á-
¯¨­®à u,   ¢ëå®¤ïé¨¬ �u. �¤­ ª® â¥¯¥àì ¢å®¤ïé¨¥ «¨­¨¨ á®®â¢¥âáâ¢ãîâ ª®­¥ç-
­ë¬,   ¢ëå®¤ïé¨¥ ­ ç «ì­ë¬ ¯®§¨âà®­ ¬, ¯à¨ç¥¬ ¨å ¨¬¯ã«ìáë ¡¥àãâáï á ®¡à â-
­ë¬ §­ ª®¬. �â® á®®â¢¥âáâ¢ã¥â ®¡áã¦¤ ¢è¥©áï ¢ �« ¢¥ 4 ä¥©­¬ ­®¢áª®© ª àâ¨­¥
¯®§¨âà®­ , ª ª í«¥ªâà®­ , à á¯à®áâà ­ïîé¥£®áï ®¡à â­® ¯® ¢à¥¬¥­¨. � ¯¥à¢®© ¤¨ -
£à ¬¬¥ �¨á.6-6 ¢ ®¤­®© ¢¥àè¨­¥ ¯¥à¥á¥ª îâáï «¨­¨¨ ­ ç «ì­®£® ¨ ª®­¥ç­®£® í«¥ª-
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âà®­®¢,   ¢® ¢â®à®© { ¯®§¨âà®­®¢, íâ  ¤¨ £à ¬¬  ®¯¨áë¢ ¥â à áá¥ï­¨¥ í«¥ªâà®­ 
­  ¯®§¨âà®­¥. �® ¢â®à®© ¤¨ £à ¬¬¥ ¢ ª ¦¤®© ¨§ ¢¥àè¨­ ¢áâà¥ç îâáï í«¥ªâà®­­ ï
¨ ¯®§¨âà®­­ ï «¨­¨¨, ¢ ¢¥àå­¥© ¢¥àè¨­¥ ¯à®¨áå®¤¨â  ­­¨£¨«ïæ¨ï ¯ àë á ¨á¯ãá-
ª ­¨¥¬ ¢¨àâã «ì­®£® ä®â®­ ,   ¢ ­¨¦­¥© { à®¦¤¥­¨¥ ¯ àë ¨§ íâ®£® ä®â®­ . �â®
à §«¨ç¨¥ ®âà ¦ ¥âáï ¨ ¢ á¢®©áâ¢ å ¢¨àâã «ì­ëå ä®â®­®¢. � ¯¥à¢®© ¤¨ £à ¬¬¥ (ª -
­ « à áá¥ï­¨ï) 4-¨¬¯ã«ìá ¢¨àâã «ì­®£® ä®â®­  à ¢¥­ à §­®áâ¨ 4-¨¬¯ã«ìá®¢ ¤¢ãå
í«¥ªâà®­®¢ (¨«¨ ¯®§¨âà®­®¢), ¯®íâ®¬ã k2 < 0 (á¬. á­®áªã ¢ ­ ç «¥ íâ®£® à §¤¥« ).
�® ¢â®à®© ¤¨ £à ¬¬¥ ( ­­¨£¨«ïæ¨®­­ë© ª ­ «) k0 = p� + p+,   ¯®â®¬ã k02 > 0.
�â¬¥â¨¬, çâ® ¤«ï ¢¨àâã «ì­®£® ä®â®­  ¢á¥£¤  k2 6= 0, ¢ ®â«¨ç¨¥ ®â à¥ «ì­®£®, ¤«ï
ª®â®à®£® ¢á¥£¤  k2 = 0.

�¨ £à ¬¬ë �¥©­¬ ­  ¤«ï à áá¥ï­¨ï ä®-
â®­ .

� áá¬®âà¨¬ â¥¯¥àì ¤àã£®© íää¥ªâ ¢â®à®£® ¯®àï¤ª  | à áá¥ï­¨¥ ä®â®­  ­  í«¥ª-
âà®­¥ (íää¥ªâ �®¬¯â®­ ). �ãáâì ¢ ­ ç «ì­®¬ á®áâ®ï­¨¨ ä®â®­ ¨ í«¥ªâà®­ ¨¬¥îâ
4-¨¬¯ã«ìáë k1 ¨ p1,   ¢ ª®­¥ç­®¬ k2 ¨ p2 (  â ª¦¥ ¨ ®¯à¥¤¥«¥­­ë¥ ¯®«ïà¨§ æ¨¨,
ª®â®àë¥ ¤«ï ªà âª®áâ¨ ­¥ ãª §ë¢ ¥¬). �à¨ à áç¥â¥ ¬ âà¨ç­®£® í«¥¬¥­â  S(2) ¯® ­ -
ç «ì­®¬ã ¨ ª®­¥ç­®¬ã á®áâ®ï­¨ï¬, ¢®§­¨ª ¥â ä®â®­­ë© ¬ âà¨ç­ë© í«¥¬¥­â ¢¨¤ :

< 2jTA�(x)A�(x)j1 >=< 0jc2TA�(x)A�(x0)c+1 j0 > (6.81)

£¤¥ (áà. (3.41))

A� =
X
k
(ckAk� + c+kA

�
k�) (6.82)

� (6.81) ¯à®¢®¤¨¬ ¢á¥ á¯ à¨¢ ­¨ï \¢­¥è­¨å" ¨ \¢­ãâà¥­­¨å" ä®â®­­ëå ®¯¥à â®à®¢
¨ ¯®«ãç ¥¬:

c:2A
:
�A

0::
� c

+::
1 + c:2A

::
�A

0:
�c

+::
1 = A�2�A

0
1� + A1�A

0�
2� (6.83)

�¤¥áì ãç«¨ ª®¬¬ãâ â¨¢­®áâì c1 ¨ c
+
2 , ¨ ¯®â®¬ã ®¯ãáâ¨«¨ §­ ª T -ã¯®àï¤®ç¥­¨ï.

�­ «®£¨ç­ë¬ ®¡à §®¬ ­ã¦­® à áá¬®âà¥âì ¨ í«¥ªâà®­­ãî ç áâì ¬ âà¨ç­®£® í«¥-
¬¥­â :

< 2jTj�(x)j�(x0)j1 >=< 0ja2T ( � 
� )( � 0
� 0)a+1 j0 > (6.84)

�¤¥áì ®¯ïâì ä¨£ãà¨àãîâ ç¥âëà¥  -®¯¥à â®à . �®«ìª® ¤¢  ¨§ ­¨å ã­¨çâ®¦ îâ í«¥ª-
âà®­ 1 ¨ à®¦¤ îâ í«¥ªâà®­ 2, â.¥. á¯ à¨¢ îâáï á ®¯¥à â®à ¬¨ a+1 ¨ a2. �â® ¬®£ãâ
¡ëâì ®¯¥à â®àë � 0;  ¨«¨  0; � , ­® ­¥  ; � ¨«¨  0; � 0, ¯®áª®«ìªã à®¦¤¥­¨¥ ¨ ã­¨çâ®-
¦¥­¨¥ ¢ ®¤­®© ¨ â®© ¦¥ â®çª¥ x ¨«¨ x0 ¤¢ãå à¥ «ì­ëå í«¥ªâà®­®¢ (¢¬¥áâ¥ á ®¤­¨¬
à¥ «ì­ë¬ ä®â®­®¬) ¤ ¥â, ®ç¥¢¨¤­®, ­ã«ì. �à®¨§¢®¤ï ¢á¥ á¯ à¨¢ ­¨ï, ¯®«ãç ¥¬ ¢
¬ âà¨ç­®¬ í«¥¬¥­â¥ (6.84) ¤¢  á« £ ¥¬ëå, ª®â®àë¥ ¢ë¯¨è¥¬ á­ ç «  ¤«ï á«ãç ï
t > t0:

a:2( � 
:
� )( � 0
� 0::)a+::1 + a:2( � 


� ::)( � 0:
� 0)a+::1 (6.85)

� ¯¥à¢®¬ á« £ ¥¬®¬ á¯ à¨¢ ­¨ï ¤ îâ:

a2 � ! a2a
+
2
� 2  0a+1 ! a1a

+
1  

0
1 (6.86)
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�®áª®«ìªã ¯à®¨§¢¥¤¥­¨ï a2a
+
2 ¨ a1a

+
1 ¤¨ £®­ «ì­ë, ®­¨ § ¬¥­ïîâáï ¨å áà¥¤­¨¬ ¯®

¢ ªãã¬ã §­ ç¥­¨¥¬, â.¥. ¥¤¨­¨æ¥© á®£« á­® (6.73). �«ï  ­ «®£¨ç­®£® ¯à¥®¡à §®¢ -
­¨ï ¢â®à®£® á« £ ¥¬®£® ¢ (6.86) ­ã¦­® á­ ç «  \¯à®â é¨âì" ®¯¥à â®à a+2 ­ «¥¢®,  
a1 ­ ¯à ¢®, çâ® ¬®¦­® á¤¥« âì á ¨á¯®«ì§®¢ ­¨¥¬ ¯à ¢¨« ª®¬¬ãâ æ¨¨, ¨§ ª®â®àëå
á«¥¤ã¥â, çâ®:

fap;  g+ =
�
a+p ;

� 
	
+
= 0�

ap; � 
	
+
= � p

�
a+p ;  

	
+
=  p (6.87)

£¤¥ ¢ ¯à ¢®© ç áâ¨ ¯®á«¥¤­¨å ¤¢ãå á®®â­®è¥­¨© ¯®ï¢¨«¨áì á¯¨­®àë, á®®â¢¥âáâ¢ãî-
é¨¥ ¯«®áª¨¬ ¢®«­ ¬ á 4-¨¬¯ã«ìá®¬ p (áà. (6.72)). � à¥§ã«ìâ â¥ (6.85) ¯à¥®¡à §ã¥âáï
ª ¢¨¤ã:

< 0j( � 2
� )( � 0
� 01)� ( � 
� 1)( � 
0
2

� 0)j0 > ¯à¨ t > t0 (6.88)

£¤¥  ¡¥§ ¨­¤¥ªá  { ®¯¥à â®àë,    1;  2 ®¯ïâì ¯à®áâ® á¯¨­®àë (¯«®áª¨¥ ¢®«­ë) á
á®®â¢¥âáâ¢ãîé¨¬¨ ¨¬¯ã«ìá ¬¨. �­ «®£¨ç­ë¬ ®¡à §®¬, ¯à¨ t < t0 ¯®«ãç ¥¬ ¢ëà -
¦¥­¨¥, ®â«¨ç îé¥¥áï ¯¥à¥áâ ­®¢ª®© èâà¨å®¢ ¨ ¨­¤¥ªá®¢ � ¨ �:

< 0j � ( � 0
� 01)( � 2

� ) + ( � 02


� 0)( � 
� 1)j0 > ¯à¨ t < t0 (6.89)

�¡  ¢ëà ¦¥­¨ï (6.88) ¨ (6.89) ¬®¦­® § ¯¨á âì ¥¤¨­ë¬ ®¡à §®¬, ¢¢¥¤ï á«¥¤ãîé¥¥
®¯à¥¤¥«¥­¨¥ åà®­®«®£¨ç¥áª®£® (T -ã¯®àï¤®ç¥­­®£®) ¯à®¨§¢¥¤¥­¨ï ä¥à¬¨¥¢áª¨å ®¯¥-
à â®à®¢:

T (x) � (x0) =
�

 (x) � (x0) t0 < t
� � (x0) (x) t0 > t

(6.90)

�®£¤  ¯¥à¢ë¥ ¨ ¢â®àë¥ á« £ ¥¬ë¥ ¢ (6.88) ¨ (6.89) ®¡ê¥¤¨­ïîâáï ¢ ¥¤¨­®© § ¯¨á¨:

� 2

� < 0jT � 0j0 > 
� 1 + � 02


� < 0jT 0 � j0 > 
� 1 (6.91)

�â¬¥â¨¬, çâ® ¢ á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥­¨¥¬ (6.90) ¯à®¨§¢¥¤¥­¨ï ®¯¥à â®à®¢ ¯à¨
t < t0 ¨ t > t0 ¡¥àãâáï á à §­ë¬¨ §­ ª ¬¨. � íâ®¬ ®â«¨ç¨¥ ®¯à¥¤¥«¥­¨ï T -
¯à®¨§¢¥¤¥­¨ï ¤«ï ä¥à¬¨¥¢áª¨å ®¯¥à â®à®¢ ®â ¢¢¥¤¥­­®£® ¢ëè¥, çâ® á¢ï§ ­® á  ­-
â¨ª®¬¬ãâ æ¨¥© íâ¨å ®¯¥à â®à®¢, ¢ ®â«¨ç¨¥ ®â ª®¬¬ãâ¨àãîé¨å ¡¨«¨­¥©­ëå ä®à¬,
¢å®¤ïé¨å ¢ £ ¬¨«ìâ®­¨ ­ ¢§ ¨¬®¤¥©áâ¢¨ï.

�¯à¥¤¥«¨¬ â¥¯¥àì í«¥ªâà®­­ë© ¯à®¯ £ â®à (äã­ªæ¨î à á¯à®áâà ­¥­¨ï) ¨«¨
äã­ªæ¨î �à¨­ , ª ª ¡¨á¯¨­®à ¢â®à®£® à ­£  á«¥¤ãîé¥£® ¢¨¤ :

G(x� x0) = �i < 0jT (x) � (x0)j0 > (6.92)

�®£¤  ¨­â¥à¥áãîé¨© ­ á í«¥ªâà®­­ë© ¬ âà¨ç­ë© í«¥¬¥­â § ¯¨áë¢ ¥âáï ª ª:

< 2jTj�(x)j�(x0)j1 > i � 2

�G(x� x0)
� 1 ++i � 02


�G(x0 � x)
� 1 (6.93)

�®á«¥ ã¬­®¦¥­¨ï ­  ä®â®­­ë© ¬ âà¨ç­ë© í«¥¬¥­â (6.81) ¨ ¨­â¥£à¨à®¢ ­¨ï ¯®
d4xd4x0 ®¡  ç«¥­  ¢ (6.93) ¤ îâ ®¤¨­ ª®¢ë© à¥§ã«ìâ â, â ª çâ®:

Sfi = �ie2
Z
d4x

Z
d4x0 � 2(x)
�G(x� x0)
� 1(x0)[A�2�(x)A1�(x

0) + A�2�(x
0)A1�(x)]

(6.94)
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�¨á. 6-7

�®¤áâ ¢«ïï ¤«ï í«¥ªâà®­­ëå ¨ ä®â®­­ëå ¢®«­®¢ëå äã­ªæ¨© ¯«®áª¨¥ ¢®«­ë ¨
¢ë¤¥«ïï, â¥¬ ¦¥ á¯®á®¡®¬, çâ® ¨ ¢ëè¥, �-äã­ªæ¨î, á®®â¢¥âáâ¢ãîéãî § ª®­ã á®-
åà ­¥­¨ï 4-¨¬¯ã«ìá , ¯®«ãç ¥¬  ¬¯«¨âã¤ã à áá¥ï­¨ï ¢ ¢¨¤¥:

Mfi = �4�e2�u2[(
e�2)G(p1 + k1)(
e1) + (
e1)G(p1 � k2)(
e
�
2)]u1 (6.95)

£¤¥ e1 ¨ e2 { 4-¢¥ªâ®àë ¯®«ïà¨§ æ¨¨ ä®â®­®¢,   G(p) { í«¥ªâà®­­ë© ¯à®¯ £ â®à ¢
¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨. �¢  á« £ ¥¬ëå íâ®£® ¢ëà ¦¥­¨ï ¯à¥¤áâ ¢«ïîâáï ä¥©-
­¬ ­®¢áª¨¬¨ ¤¨ £à ¬¬ ¬¨, ¯®ª § ­­ë¬¨ ­  �¨á.6-7.

�å®¤ïé¨¬ «¨­¨ï¬ (­ ç «ì­ë© ä®â®­) á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì
p
4�e,   ¢ëå®-

¤ïé¨¬ (ª®­¥ç­ë© ä®â®­) { ¬­®¦¨â¥«ì
p
4�e. �­ãâà¥­­ïï á¯«®è­ ï «¨­¨ï ®â¢¥ç ¥â

¢¨àâã «ì­®¬ã í«¥ªâà®­ã, 4-¨¬¯ã«ìá ª®â®à®£® ®¯à¥¤¥«ï¥âáï § ª®­®¬ á®åà ­¥­¨ï 4-
¨¬¯ã«ìá  ¢ ¢¥àè¨­ å. �â®© «¨­¨¨ á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì iG(f). � ®â«¨ç¨¥ ®â
4-¨¬¯ã«ìá  à¥ «ì­®© ç áâ¨æë, ª¢ ¤à â 4-¨¬¯ã«ìá  ¢¨àâã «ì­®£® í«¥ªâà®­  ­¥ «¥-
¦¨â ­  ¥£® ¬ áá®¢®© ¯®¢¥àå­®áâ¨, â.¥. ­¥ à ¢¥­ m2. � áá¬ âà¨¢ ï ¨­¢ à¨ ­â f2 ¢
á¨áâ¥¬¥ ¯®ª®ï í«¥ªâà®­ , «¥£ª® ¯®ª § âì, çâ®:

f2 = (p1 + k1)
2 > m2 f 02 = (p1 � k2)2 < m2 (6.96)
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�«¥ªâà®­­ë© ¯à®¯ £ â®à.

� ©¬¥¬áï â¥¯¥àì ï¢­ë¬ ¢ëç¨á«¥­¨¥¬ ¯à®¯ £ â®à®¢ (äã­ªæ¨© �à¨­  á¢®¡®¤­ëå ç -
áâ¨æ). �® ®¯à¥¤¥«¥­¨î (6.92) í«¥ªâà®­­ë© ¯à®¯ £ â®à ¥áâì:

G(x� x0) = �i < 0jT (x) � (x0)j0 > (6.97)

�®¤¥©áâ¢ã¥¬ ­  ­¥£® á¯à ¢  ®¯¥à â®à®¬ 
�p��m, £¤¥ p� = i@�. �®áª®«ìªã á¢®¡®¤­®¥
¯®«¥  (x) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î �¨à ª  (
�p� �m) (x) = 0, â® ¬ë ¯®«ãç¨¬ ¢
à¥§ã«ìâ â¥ ­ã«ì ¢® ¢á¥å â®çª å x §  ¨áª«îç¥­¨¥¬ â¥å, ¢ ª®â®àëå t = t0. �¥«® §¤¥áì
¢ â®¬, çâ® G(x � x0) áâà¥¬¨âáï ª à §«¨ç­ë¬ ¯à¥¤¥« ¬ ¯à¨ t ! t0 + 0 ¨ t ! t0 � 0,
¯®áª®«ìªã á®£« á­® ®¯à¥¤¥«¥­¨î (6.92) íâ¨ ¯à¥¤¥«ë á®®â¢¥âáâ¢¥­­® à ¢­ë:

� i < 0j (rt) � (r0t)j0 > ¨ + i < 0j � (r0t) (rt)j0 > (6.98)

â ª çâ® ¯à¨ t = t0 äã­ªæ¨ï �à¨­  ¨¬¥¥â ª®­¥ç­ë© à §àë¢. �â® ¯à¨¢®¤¨â ª ¯®ï¢«¥-
­¨î ¢ ¯à®¨§¢®¤­®© @G=@t ¤®¯®«­¨â¥«ì­®£® ç«¥­  á �-äã­ªæ¨¥©:

@G

@t
= �i < 0jT @ 

@t
 (x0)j0 > +�(t � t0)[Gjt!t0+0 � Gjt!t0�0] (6.99)

� ¬¥ç ï, çâ® ¢ 
�p� �m ¯à®¨§¢®¤­ ï ¯® t ¢å®¤¨â ¢ ¢¨¤¥ i
0 @@t , ¨¬¥¥¬ ¯®íâ®¬ã:

(
�p� �m)G(x � x0) = �(t� t0)
0 < 0j� (rt); � (r0t)	
+
j0 > (6.100)

�ëç¨á«¨¬ áâ®ïé¨© §¤¥áì  ­â¨ª®¬¬ãâ â®à. �¥à¥¬­®¦ ï ¯®«¥¢ë¥ ®¯¥à â®àë, § ¤ ­-
­ë¥ ¢ ¢¨¤¥ (6:72) ¨ ¨á¯®«ì§ãï ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï ¤«ï ap ¨ bp, ¯®«ãç¨¬:�

 (r; t); � (r0t)
	
+
=
X
p
[ p(r) � p(r0) +  �p(r) � �p(r0)] (6.101)

£¤¥  �p(r) { ¯«®áª¨¥ ¢®«­ë (¡¨á¯¨­®àë) ¡¥§ ¢à¥¬¥­­®£® ¬­®¦¨â¥«ï. �® á®¢®ªã¯-
­®áâì ¢á¥å â ª¨å äã­ªæ¨© ¯à¥¤áâ ¢«ï¥â ¯®«­ë© ­ ¡®à, â ª çâ®:X

p
[ p(r) �p(r

0) +  �p(r) ��p(r
0)] = �(r� r0)�ik (6.102)

£¤¥ �ik { á¨¬¢®« �à®­¥ª¥à  ¯® á¯¨­®à­ë¬ ¨­¤¥ªá ¬. �ã¬¬ , áâ®ïé ï ¢ ¯à ¢®© ç áâ¨
(6.101) ®â«¨ç ¥âáï ®â (6.102) § ¬¥­®©  � ­   �
0, â ª çâ®:�

 (rt); � (r0t)
	
+
= 
0�(r� r0) (6.103)

�®¤áâ ¢«ïï (6.103) ¢ (6.100) ¯®«ãç¨¬ ®ª®­ç â¥«ì­®:

(
�p� �m)G(x � x0) = �(x� x0) (6.104)

� ª¨¬ ®¡à §®¬, í«¥ªâà®­­ë© ¯à®¯ £ â®à ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î �¨à ª  á �-
äã­ªæ¨¥© ¢ ¯à ¢®© ç áâ¨, â.¥. ¤¥©áâ¢¨â¥«ì­® ï¢«ï¥âáï äã­ªæ¨¥© �à¨­  ¤«ï íâ®£®
ãà ¢­¥­¨ï7.

7�¥£ª® ¢¨¤¥âì, çâ® á ¢¥«¨ç¨­  iG(x1 � x2) ¯à®áâ® á®¢¯ ¤ ¥â á ¢¢¥¤¥­­®© ¢ëè¥ ¢ �« ¢¥ 4 ä¥©-
­¬ ­®¢áª®© äã­ªæ¨¥© K+(2; 1)
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� áá¬®âà¨¬ á­®¢  äãàì¥-®¡à § äã­ªæ¨¨ �à¨­ :

G(p) =

Z
d4�e�ip�G(�) (6.105)

�ëç¨á«ïï äãàì¥-ª®¬¯®­¥­âë ®â ®¡¥¨å áâ®à®­ ãà ¢­¥­¨ï (6.104), ­ ©¤¥¬:

(
�p� �m)G(p) = 1 (6.106)

�¥è ï íâ® ãà ¢­¥­¨¥, ¯®«ãç ¥¬ à¥§ã«ìâ â, ª®â®àë© ­ ¬ ¨§¢¥áâ¥­ ¥é¥ ¯® �« ¢¥ 4:

G(p) =

�p� +m

p2 �m2
(6.107)

�®¬¯®­¥­âë 4-¢¥ªâ®à  p ¢ G(p) ï¢«ïîâáï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨, ®­¨ ­¥ á¢ï-
§ ­ë á®®â­®è¥­¨¥¬ â¨¯  p2 � p20 � p2 = m2. �á«¨ § ¯¨á âì §­ ¬¥­ â¥«ì (6.107)
¢ ¢¨¤¥: p20 � (p2 + m2), â® ¢¨¤­®, çâ® G(p) ª ª äã­ªæ¨ï p0 ¯à¨ § ¤ ­­®¬ p ¨¬¥¥â

¤¢  ¯®«îá  ¯à¨ p0 = �", £¤¥ " =
p
p2 +m2. �®£¤ , ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¯® dp0 ¢

¨­â¥£à «¥:

G(�) =

Z
d4p

(2�)4
e�ip�G(p) =

1

(2�)4

Z
d3peipr

Z
dp0e

ip0�G(p) (� = t � t0) (6.108)

¢®§­¨ª ¥â ¯à®¡«¥¬  ®¡å®¤  íâ¨å ¯®«îá®¢, â ª¦¥ §­ ª®¬ ï ­ ¬ ã¦¥ ¯® �« ¢¥ 4.
�à¨¬¥­¨¬ á­®¢  ¨á¯®«ì§®¢ ¢è¨©áï â ¬ ¯®¤å®¤ �¥©­¬ ­ . �¥à­¥¬áï ª ®¯à¥¤¥«¥-
­¨î (6.97). �®¤áâ ¢¨¬ ¢ ­¥£®  -®¯¥à â®àë ¢ ¢¨¤¥ (6.72), § ¬¥ç ï, çâ® ®â«¨ç­ë ®â
­ã«ï ¢ ªãã¬­ë¥ áà¥¤­¨¥ â®«ìª® ®â á«¥¤ãîé¨å ¯à®¨§¢¥¤¥­¨© ®¯¥à â®à®¢ à®¦¤¥­¨ï
¨ ã­¨çâ®¦¥­¨ï:

< 0japa+p j0 >= 1 < 0jbpb+p j0 >= 1 (6.109)

�®£¤  ¯®«ãç¨¬:

G(x� x0) = �i
X
p
 (rt) � (r0t0) = �i

X
p
e�i"(t�t

0) p(r) � p(r0) (6.110)

¯à¨ t � t0 > 0. �®®â¢¥âáâ¢¥­­®:

G(x� x0) = i
X
p

� (r0t0) (rt) = i
X
p
ei"(t�t

0) �p(r) � �p(r0) (6.111)

¯à¨ t � t0 < 0. �¨¤¨¬, çâ® ª ª ¨ �« ¢¥ 4 ¯à¨ t � t0 > 0 ¢ª« ¤ ¢ G ¤ îâ â®«ìª®
í«¥ªâà®­ë,   ¯à¨ t � t0 < 0 { â®«ìª® ¯®§¨âà®­ë. �à ¢­¨¢ ï (6.110) ¨ (6.111) á
(6.108) ¢¨¤¨¬, çâ® ¨­â¥£à « Z

dp0e
�ip0� (6.112)

¢ ¢ëà ¦¥­¨¨ (6.108) ¤®«¦¥­ ¨¬¥âì ¬­®¦¨â¥«ì e�i"� ¯à¨ � > 0 ¨ ei"� ¯à¨ � < 0.
�â®£® ¬®¦­® ¤®¡¨âìáï, ¥á«¨ ¯à¨ ¢ëç¨á«¥­¨¨ (6.112) ®¡å®¤¨âì ¯®«îá  p0 = " ¨
p0 = �" á®®â¢¥âáâ¢¥­­® á¢¥àåã ¨ á­¨§ã ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ ¯¥à¥¬¥­­®© p0,
ª ª íâ® ¯®ª § ­® ­  �¨á.6-8. � á ¬®¬ ¤¥«¥, ¯à¨ � > 0 ­ã¦­® (¤«ï áå®¤¨¬®áâ¨!) § -
¬ª­ãâì ¯ãâì ¨­â¥£à¨à®¢ ­¨ï ¯® ¡¥áª®­¥ç­® ã¤ «¥­­®© ¯®«ã®ªàã¦­®áâ¨ ¢ ­¨¦­¥©
¯®«ã¯«®áª®áâ¨ p0, â®£¤  §­ ç¥­¨¥ ¨­â¥£à «  (6.112) ¡ã¤¥â ®¯à¥¤¥«ïâìáï ¢ëç¥â®¬ ¢
¯®«îá¥ p0 = +". �à¨ � < 0 § ¬ëª ¥¬ ª®­âãà ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ ¨ ¨­â¥£à «



������������ ������ ���������� 141

�¨á. 6-8

�¨á. 6-9

®¯à¥¤¥«ï¥âáï ¢ëç¥â®¬ ¢ ¯®«îá¥ p0 = �". � ª¨¬ ®¡à §®¬ ¯®«ãç ¥âáï â®, çâ® âà¥¡ã-
¥âáï. �¥©­¬ ­®¢áª®¥ ¯à ¢¨«® ®¡å®¤  ¯®«îá®¢ ¬®¦­®, ª ª ¬ë ã¦¥ ¢¨¤¥«¨ ¢ �« ¢¥ 4,
áä®à¬ã«¨à®¢ âì ¨ ¨­ ç¥: ¨­â¥£à¨à®¢ ­¨¥ ¯® p0 ¢¥¤¥âáï ¢¤®«ì á ¬®© ¢¥é¥áâ¢¥­­®©
®á¨, ­® ª ¬ áá¥ ç áâ¨æë m ¯à¨¯¨áë¢ ¥âáï ¡¥áª®­¥ç­® ¬ « ï ®âà¨æ â¥«ì­ ï ¬­¨¬ ï
ç áâì:

m! m � i0 (6.113)

�®£¤ 
"!

p
p2 + (m � i0)2 =

p
p2 +m2 � i0 = "� i0 (6.114)

�®®â¢¥âáâ¢¥­­®, ¯®«îá  p0 = �" á¬¥é îâáï ¢­¨§ ¨ ¢¢¥àå ®â ¢¥é¥áâ¢¥­­®© ®á¨,
ª ª íâ® ¯®ª § ­® ­  �¨á.6-9, â ª çâ® ¨­â¥£à¨à®¢ ­¨¥ áâ ­®¢¨âáï íª¢¨¢ «¥­â­ë¬
¨­â¥£à¨à®¢ ­¨î ¢¤®«ì ª®­âãà  �¨á.6-88.

� áá¬ âà¨¢ ¥¬®¥ ¯à ¢¨«® ®¡å®¤  ¯®«îá®¢ á®®â¢¥âáâ¢ã¥â ¨§¢¥áâ­®¬ã á®®â­®è¥­¨î:

1

x� i0 = P
1

x
� i��(x) (6.115)

ª®â®à®¥ ¯®­¨¬ ¥âáï ¢ â®¬ á¬ëá«¥, çâ® ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ á ª ª®© - «¨¡® £« ¤ª®© äã­ªæ¨¥© f(x)
¨¬¥¥¬: Z 1

�1

dx
f(x)

x� i0 = P

Z 1

�1

dx
f(x)

x
� i�f(0) (6.116)

£¤¥ P ®¡®§­ ç ¥â ¨­â¥£à¨à®¢ ­¨¥ ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï.

� ãç¥â®¬ ä¥©­¬ ­®¢áª®£® ¯à ¢¨« , í«¥ªâà®­­ë© ¯à®¯ £ â®à ¢ ¨¬¯ã«ìá­®¬ ¯à¥¤-
áâ ¢«¥­¨¨ § ¯¨áë¢ ¥âáï ª ª:

G(p) =

�p� +m

p2 �m2 + i0
(6.117)

�â  äã­ªæ¨ï �à¨­  ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¨§¢¥¤¥­¨¥ ¡¨á¯¨­®à­®£® ¬­®¦¨â¥«ï

�p� +m ¨ áª «ïà :

G(0)(p) =
1

p2 �m2
(6.118)

�®®â¢¥âáâ¢ãîé ï ª®®à¤¨­ â­ ï äã­ªæ¨ï �à¨­  G(0)(�) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î:

(� �m2)G(0)(x� x0) = �(x� x0) (6.119)

8�®«¥§­® ®â¬¥â¨âì, çâ® ¯à ¢¨«® á¤¢¨£  ¯®«îá®¢ á®®â¢¥âáâ¢ã¥â â®¬ã, çâ® G(x�x0) ¯à¨®¡à¥â ¥â
¡¥áª®­¥ç­® ¬ «®¥ § âãå ­¨¥ ¯® j� j. �¥©áâ¢¨â¥«ì­®, ¥á«¨ § ¯¨á âì §­ ç¥­¨¥ p0 ¢ á¬¥é¥­­ëå ¯®«î-
á å ª ª �("� i�) ¨ +("� i�), £¤¥ � ! +0, â® ¢à¥¬¥­­®© ¬­®¦¨â¥«ì ¢ ¨­â¥£à «¥ (6.112) ¡ã¤¥â à ¢¥­
exp(�i"j� j � �j� j).
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¨ ï¢«ï¥âáï, â ª¨¬ ®¡à §®¬, äã­ªæ¨¥© �à¨­  ãà ¢­¥­¨ï �«¥©­  - �®à¤®­ . �ç¥-
¢¨¤­®, çâ® ®­  § ¤ ¥â ¯à®¯ £ â®à áª «ïà­ëå ç áâ¨æ ¨ ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­  ç¥à¥§
áª «ïà­®¥ ¯®«¥ ª ª:

G(0)(x� x0) = �i < 0jT'(x)'+(x0)j0 > (6.120)

£¤¥

T'(x)'+(x0) =
�
'(x)'+(x0) t0 < t
'+(x0)'(x) t0 > t

(6.121)

{ ®¯à¥¤¥«¥­¨¥ T -¯à®¨§¢¥¤¥­¨ï ¤«ï ¡®§¥¢áª®£® ¯®«ï.

�®â®­­ë© ¯à®¯ £ â®à.

�à¨ à áá¬®âà¥­¨¨ á¢®¡®¤­®£® í«¥ªâà®¬ £­¨â­®£® ¯®«ï ¬ë ¯à¥¤áâ ¢«ï«¨ ¢¥ªâ®à -
¯®â¥­æ¨ « ¢ ¢¨¤¥ à §«®¦¥­¨ï ¯® ¯®¯¥à¥ç­ë¬ ¯«®áª¨¬ ¢®«­ ¬. � ª®¥ ®¯¨á ­¨¥ ­¥
£®¤¨âáï ¢ á«ãç ¥ ¯à®¨§¢®«ì­®£® í«¥ªâà®¬ £­¨â­®£® ¯®«ï. �â® ®ç¥¢¨¤­®, ­ ¯à¨¬¥à,
¨§ â®£®, çâ® ¢ ¤¨ £à ¬¬ å à áá¥ï­¨ï í«¥ªâà®­®¢ ­ã¦­® ãç¨âë¢ âì ¨ ¨å ªã«®­®¢-
áª®¥ ¢§ ¨¬®¤¥©áâ¢¨¥, ª®â®à®¥ ®¯¨áë¢ ¥âáï áª «ïà­ë¬ ¯®â¥­æ¨ «®¬ ¨ § ¢¥¤®¬® ­¥
á¢®¤¨âáï ª ®¡¬¥­ã ¯®¯¥à¥ç­ë¬¨ ¢¨àâã «ì­ë¬¨ ä®â®­ ¬¨. �®íâ®¬ã ¬ë, ª § «®áì -
¡ë ­¥ ¨¬¥¥¬ ¥é¥ ¯®«­®£® ®¯à¥¤¥«¥­¨ï ®¯¥à â®à®¢ A� ¨ ­¥ ¬®¦¥¬ ­¥¯®áà¥¤áâ¢¥­­®
¢ëç¨á«¨âì ä®â®­­ë© ¯à®¯ £ â®à ¯® ä®à¬ã«¥:

D��(x� x0) = i < 0jTA�(x)A�(x0)j0 > (6.122)

�à®¬¥ â®£®, ª «¨¡à®¢®ç­ ï ¨­¢ à¨ ­â­®áâì ¢ §­ ç¨â¥«ì­®© ¬¥à¥ «¨è ¥â ä¨§¨ç¥-
áª®£® á¬ëá«  ®¯¥à â®àë, ª®â®àë¥ ¬®¦­® ¢¢¥áâ¨ ¤«ï \¯®«­®£®" ®¯¨á ­¨ï í«¥ª-
âà®¬ £­¨â­®£® ¯®«ï. �¤­ ª® ®ª §ë¢ ¥âáï, çâ® ¬®¦­® ¯à®¢¥áâ¨ ­¥ª®â®àë© ®¡é¨©
 ­ «¨§, ª®â®àë© à §à¥è ¥â ¢á¥ íâ¨ ¢®¯à®áë [1].

� ¨¡®«¥¥ ®¡é¨© ¢¨¤ á¨¬¬¥âà¨ç­®£® 4-â¥­§®à  ¢â®à®£® à ­£ , § ¢¨áïé¥£® â®«ìª®
®â 4-¢¥ªâ®à  � = x� x0, ¥áâì:

D��(�) = g��D(�
2) � @�@�Dl(�2) (6.123)

£¤¥ D ¨ Dl { áª «ïà­ë¥ äã­ªæ¨¨ ¨­¢ à¨ ­â  �2. �®®â¢¥âáâ¢¥­­®, ¢ ¨¬¯ã«ìá­®¬
¯à¥¤áâ ¢«¥­¨¨ ¨¬¥¥¬:

D�� (k) = g��D(k
2) + k�k�D

l(k2) (6.124)

£¤¥ D(k2) ¨ Dl(k2) { ª®¬¯®­¥­âë �ãàì¥ äã­ªæ¨© D(�2) ¨ Dl(�2).
� ¢ëà ¦¥­¨ïå ¤«ï  ¬¯«¨âã¤ à áá¥ï­¨ï ä®â®­­ ï äã­ªæ¨ï �à¨­  ¢á¥£¤  ¢å®¤¨â

ã¬­®¦¥­­®© ­  ¬ âà¨ç­ë¥ í«¥¬¥­âë â®ª®¢ ¯¥à¥å®¤®¢ ¤¢ãå í«¥ªâà®­®¢, â.¥. ¢ ª®¬-
¡¨­ æ¨ïå ¢¨¤  j�21D��j

�
43, çâ® ¢¨¤­®, ­ ¯à¨¬¥à, ¨§ (6.78). � á¨«ã § ª®­  á®åà ­¥­¨ï

â®ª  ¨¬¥¥¬ @�j
� = 0, â ª çâ® ¬ âà¨ç­ë¥ í«¥¬¥­âë â®ª  ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

ç¥âëà¥å¬¥à­®© ¯®¯¥à¥ç­®áâ¨:
k�j

�
21 = 0 (6.125)

£¤¥ k = p2 � p1. �®íâ®¬ã, ä¨§¨ç¥áª¨¥ à¥§ã«ìâ âë ­¥ ¨§¬¥­ïâáï ¯à¨ § ¬¥­¥:

D�� ! D�� + ��k� + ��k� (6.126)
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£¤¥ �� { ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ k. �â®â ¯à®¨§¢®«, ä ªâ¨ç¥áª¨, á®®â¢¥âáâ¢ã¥â ¯à®-
¨§¢®«ã ¢ ¢ë¡®à¥ ª «¨¡à®¢ª¨ ®¯¥à â®à®¢ ¯®«ï. �®íâ®¬ã, ¢ë¡®à äã­ªæ¨¨ Dl(k2) ¢
(6.124) ä ªâ¨ç¥áª¨ ¯à®¨§¢®«¥­9 ¨ ¬®¦¥â ¯à®¨§¢®¤¨âìáï ¨§ á®®¡à ¦¥­¨© ã¤®¡áâ¢ .
� å®¦¤¥­¨¥ äã­ªæ¨¨ �à¨­  á¢®¤¨âáï, â ª¨¬ ®¡à §®¬, ª ®¯à¥¤¥«¥­¨î ¢á¥£® ®¤­®©
ª «¨¡à®¢®ç­® ¨­¢ à¨ ­â­®© äã­ªæ¨¨ D(k2). �á«¨ à áá¬®âà¥âì § ¤ ­­®¥ §­ ç¥­¨¥
k2 ¨ ¢ë¡à âì ®áì z ¢¤®«ì ­ ¯à ¢«¥­¨ï k, â® ¯à¥®¡à §®¢ ­¨ï (6.126) ­¥ ¡ã¤ãâ § -
âà £¨¢ âì Dxx = Dyy = �D(k2). �®íâ®¬ã ­ ¬ ¤®áâ â®ç­® ¢ëç¨á«¨âì ¢á¥£® ®¤­ã
ª®¬¯®­¥­âã Dxx, ¯®«ì§ãïáì «î¡®© ª «¨¡à®¢ª®© ¯®â¥­æ¨ «®¢.

�¤®¡­® ¢®á¯®«ì§®¢ âìáï, ª ª ¨ ¢ëè¥, ªã«®­®¢áª®© ª «¨¡à®¢ª®© divA = 0, ª®£¤ 
®¯¥à â®à A ¤ ¥âáï à §«®¦¥­¨¥¬:

A =
X
k�

r
2�

!
(ck�e

(�)e�ikx + c+k�e
(�)�eikx) (6.127)

£¤¥ ! = jkj,   � = 1; 2 ­ã¬¥àã¥â ¯®«ïà¨§ æ¨¨. �§ ¢á¥å áà¥¤­¨å ¯® ¢ ªãã¬ã §­ ç¥­¨©
¯à®¨§¢¥¤¥­¨ï ®¯¥à â®à®¢ c; c+ ®â«¨ç­ë ®â ­ã«ï «¨èì

< 0jck�c+k�j0 >= 1 (6.128)

�®£¤  ¨§ ®¯à¥¤¥«¥­¨ï (6.122) ¯®«ãç ¥¬:

Dik(�) =

Z
d3k
(2�)3

2�i

!

 X
�

e
(�)
i e

(�)�
k

!
e�i!j�j+ik� (6.129)

£¤¥ i; k { âà¥å¬¥à­ë¥ ¢¥ªâ®à­ë¥ ¨­¤¥ªáë. � «¨ç¨¥ ¢ ¯®ª § â¥«¥ íªá¯®­¥­âë ¬®¤ã«ï
� = t � t0 ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ T -ã¯®àï¤®ç¥­¨ï ¯®«¥¢ëå ®¯¥à â®à®¢ ¢ (6.122). �§

(6.129) ïá­®, çâ® ¯®¤¨­â¥£à «ì­®¥ ¢ëà ¦¥­¨¥ ¡¥§ ¬­®¦¨â¥«ï eik� ï¢«ï¥âáï äãàì¥
- ª®¬¯®­¥­â®© äã­ªæ¨¨ Dik(rt). �«ï Dxx = �D ®­  à ¢­ :

2�i

!
e�i!j�j

X
�

je(�)x j2 = 2�i

!
e�i!j�j: (6.130)

�«ï ­ å®¦¤¥­¨ï Dxx(k2) ®áâ «®áì à §«®¦¨âì íâã äã­ªæ¨î ¢ ¨­â¥£à « �ãàì¥ ¯®
¢à¥¬¥­¨. �â® à §«®¦¥­¨¥ ¤ ¥âáï ä®à¬ã«®©:

2�i

!
e�i!j�j =

Z 1

�1

dk0
2�

4�

k20 � k2 + i0
e�ik0� (6.131)

� ª ¯®ª §ë¢ «®áì ¢ëè¥, â ª®¥ ¨­â¥£à¨à®¢ ­¨¥ ¯®¤à §ã¬¥¢ ¥â ®¡å®¤ ¯®«îá®¢ k0 =
�jkj = �! á®®â¢¥âáâ¢¥­­® á­¨§ã ¨ á¢¥àåã, ¯à¨ íâ®¬ ¯à¨ � > 0 ¨­â¥£à « ®¯à¥¤¥«ï¥âáï
¢ëç¥â®¬ ¢ ¯®«îá¥ k0 = +!,   ¯à¨ � < 0 { ¢ëç¥â®¬ ¢ ¯®«îá¥ k0 = �!. � ª¨¬ ®¡à §®¬
­ å®¤¨¬ ®ª®­ç â¥«ì­®:

D(k2) =
4�

k2 + i0
(6.132)

�âáî¤  ®ç¥¢¨¤­®, çâ® á®®â¢¥âáâ¢ãîé ï äã­ªæ¨ï ¢ ª®®à¤¨­ â­®¬ ¯à¥¤áâ ¢«¥­¨¨
ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î:

�D(x � x0) = �4��(x � x0) (6.133)

9�ãáâì �Dl(k2) { ¯à®¨§¢®«ì­®¥ ¨§¬¥­¥­¨¥ äã­ªæ¨¨Dl(k2). �®£¤  ¢®§­¨ª ¥â �D�� = k�k� �Dl �
k��� , £¤¥ �� = k� �Dl(k2).
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â.¥. ï¢«ï¥âáï äã­ªæ¨¥© �à¨­  ¢®«­®¢®£® ãà ¢­¥­¨ï.
� ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ ã¤®¡­® ¢ë¡à âì Dl = 0, â®£¤  ä®â®­­ë© ¯à®¯ £ â®à

¨¬¥¥â ¢¨¤:

D�� = g��D(k
2) =

4�

k2 + i0
(6.134)

çâ® á®¢¯ ¤ ¥â á à¥§ã«ìâ â®¬, ¯®«ãç¥­­ë¬ ¢ �« ¢¥ 4 ¨ á®®â¢¥âáâ¢ã¥â â ª ­ §ë¢ ¥¬®©
ª «¨¡à®¢ª¥ �¥©­¬ ­ .

�­®£¤  ®ª §ë¢ ¥âáï ã¤®¡­ë¬ ¯®«®¦¨âì Dl = �D(k2)=k2, â ª çâ®

D�� =
4�

k2

�
g�� � k�k�

k2

�
(6.135)

çâ® á®®â¢¥âáâ¢ã¥â â ª ­ §ë¢ ¥¬®© ª «¨¡à®¢ª¥ � ­¤ ã. �à¨ íâ®¬D��k
� = 0 ¨ â ª®©

¢ë¡®à  ­ «®£¨ç¥­ ª «¨¡à®¢ª¥ �®à¥­æ , ª®£¤  k�A� = 0.
� «¨¡à®¢ª¥ divA = 0  ­ «®£¨ç­  ª «¨¡à®¢ª  ¯à®¯ £ â®à  ãá«®¢¨¥¬:

Diik
l = 0 D0lk

l = 0 (6.136)

çâ® ¢¬¥áâ¥ á Dxx = �D = �4�=k2 ¤ ¥â:

Dil = � 4�

!2 � k2
�
�il � kikl

k2

�
D00 = �4�k2 D0i = 0 (6.137)

â ª çâ® D00 ¯à®áâ® à ¢­® äãàì¥ - ®¡à §ã ªã«®­®¢áª®£® ¯®â¥­æ¨ « .
�«ï ¬ áá¨¢­ëå ç áâ¨æ á¯¨­  1 ª «¨¡à®¢®ç­ ï ¨­¢ à¨ ­â­®áâì ®âáãâáâ¢ã¥â ¨ ¢ë¡®à ¯à®¯ £ -

â®à  ®¤­®§­ ç¥­. �®¤áâ ¢«ïï á®®â¢¥âáâ¢ãîé¨¥ ®¯¥à â®àë  � ¢ ®¯à¥¤¥«¥­¨¥:

G�� (x� x0) = �i < 0jT �(x) +� (x0)j0 > (6.138)

¯®«ãç¨¬ ¢ëà ¦¥­¨¥, ®â«¨ç îé¥¥áï ®â (6.129) â®«ìª® ¢¨¤®¬ áã¬¬ë ¯® ¯®«ïà¨§ æ¨ï¬, çâ® íª¢¨¢ -
«¥­â­® ãç¥âã âà¥å ­¥§ ¢¨á¨¬ëå ¯®«ïà¨§ æ¨© ¬ áá¨¢­®£® ¢¥ªâ®à­®£® ¯®«ï. �¯ãáª ï â¥å­¨ç¥áª¨¥
¤¥â «¨ [1] ãª ¦¥¬ â®«ìª®, çâ® ¢ ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨ ¯à®¯ £ â®à ¢¥ªâ®à­®£® ¯®«ï à ¢¥­:

G�� = � 1

p2 �m2 + i0

�
g�� � p�p�

m2

�
(6.139)

�¥®à¥¬  �¨ª  ¨ ®¡é¨¥ ¯à ¢¨«  ¤¨ £à ¬¬-
­®© â¥å­¨ª¨.

� à áá¬®âà¥­­ëå ¢ëè¥ ¯à®áâëå ¯à¨¬¥à å ¢ëç¨á«¥­¨ï ¬ âà¨ç­ëå í«¥¬¥­â®¢ ¬ -
âà¨æë à áá¥ï­¨ï ã¦¥ ¡ë«¨ ¢¨¤­ë ¢á¥ ¯à¨­æ¨¯¨ «ì­ë¥ ¬®¬¥­âë ¤¨ £à ¬¬­®£® ¬¥-
â®¤ . � áá¬®âà¨¬ â¥¯¥àì ®¡é¨© á«ãç ©. � âà¨ç­ë© í«¥¬¥­â S ¤«ï ¯¥à¥å®¤  ¬¥¦¤ã
«î¡ë¬¨ ­ ç «ì­ë¬¨ ¨ ª®­¥ç­ë¬¨ á®áâ®ï­¨ï¬¨ á®¢¯ ¤ ¥â á® áà¥¤­¨¬ ¯® ¢ ªãã¬ã
§­ ç¥­¨¥¬ ®â ®¯¥à â®à , ¯®«ãç¥­­®£® ã¬­®¦¥­¨¥¬ S á¯à ¢  ­  ®¯¥à â®àë à®¦¤¥-
­¨ï ¢á¥å ­ ç «ì­ëå ç áâ¨æ,   á«¥¢  { ­  ®¯¥à â®àë ã­¨çâ®¦¥­¨ï ¢á¥å ª®­¥ç­ëå
ç áâ¨æ. �®®â¢¥âáâ¢¥­­®, ¢ n-¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨© ¬ âà¨ç­ë© í«¥¬¥­â ¯¥-
à¥å®¤  ¨¬¥¥â ¢¨¤:

< f jS(n)ji >= 1

n!
(�ie)n < 0j:::b2fb1f :::a1f:::c1f

Z
d4x1:::d

4xnT ( � 1
A1 1):::

( � n
An n)c
+
1i:::a

+
1i:::b

+
1i:::j0> (6.140)
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�­¤¥ªáë 1i; 2i; ::: ­ã¬¥àãîâ ­ ç «ì­ë¥ ç áâ¨æë (®â¤¥«ì­® í«¥ªâà®­ë, ¯®§¨âà®­ë
¨ ä®â®­ë),   1f; 2f; ::: { ª®­¥ç­ë¥. �­¤¥ªáë 1; 2; ::: ã ®¯¥à â®à®¢  ¨ A ®§­ ç îâ
 1 =  (x1) ¨ â. ¯. �¯¥à â®àë  ¨ A ¯à¥¤áâ ¢«ïîâ á®¡®© «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨
®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï á®®â¢¥âáâ¢ãîé¨å ç áâ¨æ ¢ à §«¨ç­ëå á®áâ®-
ï­¨ïå. � ª¨¬ ®¡à §®¬ ¢ ¬ âà¨ç­®¬ í«¥¬¥­â¥ ¢®§­¨ª îâ áà¥¤­¨¥ ¯® ¢ ªãã¬ã ®â
¯à®¨§¢¥¤¥­¨© ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨ ã­¨çâ®¦¥­¨ï ¨ ¨å «¨­¥©­ëå ª®¬¡¨­ æ¨©.
�á¥ íâ¨ ®¯¥à â®àë ¢§ïâë ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï, â ª çâ® ®­¨ ¯®¤ç¨­ï-
îâáï ãà ¢­¥­¨ï¬ ¤¢¨¦¥­¨ï ¨ ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬ á¢®¡®¤­ëå ç áâ¨æ.
�ëç¨á«¥­¨¥ â ª¨å áà¥¤­¨å ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî â¥®à¥¬ë �¨ª , ª à áá¬®-
âà¥­¨î ª®â®à®© ¬ë ¨ ¯¥à¥å®¤¨¬.

�¥®à¥¬  �¨ª .

� §®¢¥¬ ­®à¬ «ì­ë¬ ¯à®¨§¢¥¤¥­¨¥ ­¥áª®«ìª¨å ®¯¥à â®à®¢

N (ABCD:::XY Z) (6.141)

¢ ª®â®à®¬ ¢á¥ ®¯¥à â®àë à®¦¤¥­¨ï áâ®ïâ á«¥¢  ®â ®¯¥à â®à®¢ ã­¨çâ®¦¥­¨ï,   §­ ª
á®®â¢¥âáâ¢ã¥â ç¥â­®áâ¨ ¯¥à¥áâ ­®¢ª¨ ä¥à¬¨¥¢áª¨å ®¯¥à â®à®¢, ¯à¨¢®¤ïé¥© ¯à®¨§-
¢¥¤¥­¨¥ ª â ª®¬ã ¢¨¤ã. � ªãã¬­®¥ áà¥¤­¥¥ ®â ­®à¬ «ì­®£® ¯à®¨§¢¥¤¥­¨ï ®¯¥à -
â®à®¢, ®ç¥¢¨¤­®, à ¢­® ­ã«î, ªà®¬¥ á«ãç ï, ª®£¤  ¯®¤ §­ ª®¬ ­®à¬ «ì­®£® ¯à®-
¨§¢¥¤¥­¨ï áâ®¨â ¯à®áâ® c-ç¨á«®. � §®¢¥¬ ¤ «¥¥ \á¯ à¨¢ ­¨¥¬" ¤¢ãå ®¯¥à â®à®¢
à §­®áâì

A:B: = T (AB) �N (AB) (6.142)

�¥£ª® ¢¨¤¥âì, çâ® íâ® ¢ëà ¦¥­¨¥ ï¢«ï¥âáï c-ç¨á«®¬, ¯®áª®«ìªã ¥£® ¯à ¢ ï ç áâì
«¨¡® à ¢­  ­ã«î, «¨¡® á®¢¯ ¤ ¥â á â®ç­®áâìî ¤® §­ ª  á ª®¬¬ãâ â®à®¬ ( ­â¨ª®¬-
¬ãâ â®à®¬) ¤«ï ®¯¥à â®à®¢ A ¨ B. �¥®à¥¬  �¨ª  ãâ¢¥à¦¤ ¥â, çâ® T -¯à®¨§¢¥¤¥­¨¥
«î¡®£® ç¨á«  ®¯¥à â®à®¢ ¬®¦­® ¢ëà §¨âì ç¥à¥§ ¢á¥¢®§¬®¦­ë¥ N -¯à®¨§¢¥¤¥­¨ï á®
¢á¥¬¨ ¢®§¬®¦­ë¬¨ á¯ à¨¢ ­¨ï¬¨:

T (ABCD:::XY Z) = N (ABCD:::XY Z) +

+N (A:B:CD:::XY Z) +N (A:BC:D:::XY Z) + :::

:::+ N (A:B::C:::::X:Y ::Z::) (6.143)

â.¥. åà®­®«®£¨ç¥áª®¥ ¯à®¨§¢¥¤¥­¨¥ ®¯¥à â®à®¢ à ¢­® ­®à¬ «ì­®¬ã ¯à®¨§¢¥¤¥­¨î
¯«îá áã¬¬  ­®à¬ «ì­ëå ¯à®¨§¢¥¤¥­¨© á ®¤­¨¬ á¯ à¨¢ ­¨¥¬ (¯à¨ íâ®¬ ¯ à  ¢ë-
¡¨à ¥âáï ¢á¥¬¨ ¢®§¬®¦­ë¬¨ á¯®á®¡ ¬¨), ¯«îá áã¬¬  ­®à¬ «ì­ëå ¯à®¨§¢¥¤¥­¨© á
¤¢ã¬ï á¯ à¨¢ ­¨ï¬¨ ¨ â. ¤. �¯ à¨¢ ­¨¥ ¢­ãâà¨ ­®à¬ «ì­®£® ¯à®¨§¢¥¤¥­¨ï ï¢«ï¥âáï
c-ç¨á«®¬, ª®â®à®¥ á â®ç­®áâìî ¤® �1 ®¯à¥¤¥«ï¥âáï (6.142). �­ ª ¬¨­ãá ¢ë¡¨à ¥âáï
¢ â®¬ á«ãç ¥, ª®£¤  ¯¥à¥áâ ­®¢ª , ¢ë¢®¤ïé ï á¯ à¥­­ë¥ ®¯¥à â®àë ¨§ ­®à¬ «ì­®£®
¯à®¨§¢¥¤¥­¨ï á¢®¤¨âáï ª ­¥ç¥â­®© ¯¥à¥áâ ­®¢ª¥ ä¥à¬¨¥¢áª¨å ®¯¥à â®à®¢.

�«ï ¤®ª § â¥«ìáâ¢  § ¬¥â¨¬, çâ® ®¤­®¢à¥¬¥­­ ï ¯¥à¥áâ ­®¢ª  ®¯¥à â®à®¢ ¢
®¡¥¨å ç áâïå à ¢¥­áâ¢  (6.143) ­¥ ­ àãè ¥â íâ®£® á®®â­®è¥­¨ï. �«¥¤®¢ â¥«ì­®,
¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® ¯®àï¤®ª ¢à¥¬¥­ ®¯¥à â®à®¢ á®®â-
¢¥âáâ¢ãîâ ¨å à á¯®«®¦¥­¨î ¢ (6.143). �«ï â®£® çâ®¡ë ¯®«ãç¨âì ¨§ T -¯à®¨§¢¥¤¥­¨ï
N -¯à®¨§¢¥¤¥­¨¥, ­ ¤® ¢§ïâì ¢á¥ ®¯¥à â®àë à®¦¤¥­¨ï ¨ ¯®á«¥¤®¢ â¥«ì­® ¯¥à¥áâ -
¢¨âì ¨å á® ¢á¥¬¨ ®¯¥à â®à ¬¨ ã­¨çâ®¦¥­¨ï, áâ®ïé¨¬¨ «¥¢¥¥ ¨å, ¯®«ì§ãïáì ®¯à¥¤¥-
«¥­¨¥¬ (6.142). �à¨ íâ®¬ ¬ë ¯®«ãç¨¬ áã¬¬ã N -¯à®¨§¢¥¤¥­¨© â®£® â¨¯ , ª®â®àë©
­ ¯¨á ­ ¢ (6.143). �¤­ ª® ¢ ­¥¥ ¡ã¤ãâ ¢å®¤¨âì á¯ à¨¢ ­¨ï â®«ìª® â¥å ®¯¥à â®à®¢,



146 ������������ ������ ����������

ã ª®â®àëå ¯®àï¤®ª ¢ T -¯à®¨§¢¥¤¥­¨¨ ®â«¨ç ¥âáï ®â ¯®àï¤ª  ¢ N -¯à®¨§¢¥¤¥­¨¨. �®
â ª ª ª á¯ à¨¢ ­¨ï ®¯¥à â®à®¢, ¤«ï ª®â®àëå ®¡  ¯®àï¤ª  íª¢¨¢ «¥­â­ë, à ¢­ë
­ã«î, ¬®¦­® áç¨â âì, çâ® ¢ ¯à ¢ãî ç áâì (6.143) ¢å®¤ïâ ­®à¬ «ì­ë¥ ¯à®¨§¢¥¤¥­¨ï
á® ¢á¥¬¨ ¢®§¬®¦­ë¬¨ á¯ à¨¢ ­¨ï¬¨. � ª¨¬ ®¡à §®¬, â¥®à¥¬  �¨ª  ¤®ª § ­ .

�¥®à¥¬  �¨ª  ®¡«¥£ç ¥â ¢ëç¨á«¥­¨¥ áà¥¤­¨å §­ ç¥­¨© ¯à®¨§¢¥¤¥­¨ï ®¯¥à â®à®¢
¯® j0 >. �à¥¤­¥¥ §­ ç¥­¨¥ ­®à¬ «ì­®£® ¯à®¨§¢¥¤¥­¨ï ®¯¥à â®à®¢ à ¢­® ­ã«î, ¯®-
íâ®¬ã ­  ®¡à é îé¥©áï ¢ ­ã«ì ¢ª« ¤ ¤ îâ â®«ìª® â¥ ç«¥­ë ¢ ¯à ¢®© ç áâ¨ (6.143),
¢ ª®â®àëå ¢á¥ ®¯¥à â®àë á¯ à¥­ë:

< 0jT (ABCD:::XY Z)j0 >=< 0jT (AB)j0 >< 0jT (CD)j0 > ::: < 0jT (Y Z)j0 > �
� < 0jT (AC)j0 >< 0jT (BD)j0 > ::: < 0jT (Y Z)j0 > �:::

(6.144)

£¤¥ ãç«¨, çâ®
< 0jA:B:j0 >=< 0jT (AB)j0 > (6.145)

� ª¨¬ ®¡à §®¬ áà¥¤­¥¥ à §¡¨¢ ¥âáï ­  áã¬¬ã ¢á¥å ¢®§¬®¦­ëå ¯à®¨§¢¥¤¥­¨© áà¥¤-
­¨å ¯® ®á­®¢­®¬ã á®áâ®ï­¨î ®â ®â¤¥«ì­ëå ¯ à T -¯à®¨§¢¥¤¥­¨© ®¯¥à â®à®¢. �­ ª
¯¥à¥¤ ª ¦¤ë¬ ç«¥­®¬ á®®â¢¥âáâ¢ã¥â ç¥â­®áâ¨ ¯¥à¥áâ ­®¢ª¨ ä¥à¬¨¥¢áª¨å ®¯¥à â®-
à®¢. �§ (6.144), ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® áà¥¤¨ ®¯¥à â®à®¢A;B;C;D; :::®¡ï§ â¥«ì­®
¤®«¦­® ¡ëâì ç¥â­®¥ ç¨á«® ®¯¥à â®à®¢ ª ¦¤®£® ¯®«ï. �á«¨ ¢á¯®¬­¨âì ®¯à¥¤¥«¥-
­¨¥ äã­ªæ¨© �à¨­ , â® áâ ­®¢¨âáï ïá­®, çâ® ¢ ªãã¬­®¥ áà¥¤­¥¥ ®â T -¯à®¨§¢¥¤¥­¨ï
«î¡®£® ç¨á«  ®¯¥à â®à®¢ ¯®«ï ¢ëà ¦ ¥âáï ç¥à¥§ áã¬¬ã ¯à®¨§¢¥¤¥­¨© á¢®¡®¤­ëå
£à¨­®¢áª¨å äã­ªæ¨©.

�à¨¬¥­ïï â¥®à¥¬ã �¨ª  ª ¬ âà¨ç­®¬ã í«¥¬¥­âã (6.140), ¬ë ¯à¥¤áâ ¢¨¬ ¥£® ¢
¢¨¤¥ áã¬¬ë ç«¥­®¢, ª ¦¤ë© ¨§ ª®â®àëå ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ ­¥ª®â®àëå ¯®-
¯ à­ëå áà¥¤­¨å. �à¥¤¨ ­¨å ¡ã¤ãâ ¢áâà¥ç âìáï á¯ à¨¢ ­¨ï ®¯¥à â®à®¢  ; � ¨ A á
\¢­¥è­¨¬¨" ®¯¥à â®à ¬¨ à®¦¤¥­¨ï ­ ç «ì­ëå ¨«¨ ã­¨çâ®¦¥­¨ï ª®­¥ç­ëå ç áâ¨æ.
�â¨ á¯ à¨¢ ­¨ï ¬®£ãâ ¡ëâì ¢ëà ¦¥­ë ç¥à¥§ ¢®«­®¢ë¥ äã­ªæ¨¨ ­ ç «ì­ëå ¨ ª®-
­¥ç­ëå ç áâ¨æ ª ª:

< 0jAc+p j0 >= Ap < 0jcpAj0 >= A�p
< 0j a+p j0 >=  p < 0jap � j0 >=  �p (6.146)

< 0jbp j0 >=  �p < 0j � b+p j0 >= � �p

£¤¥ Ap;  p { ä®â®­­ë¥ ¨ í«¥ªâà®­­ë¥ ¢®«­®¢ë¥ äã­ªæ¨¨ á ¨¬¯ã«ìá®¬ p. �®«ïà¨-
§ æ¨®­­ë¥ ¨­¤¥ªáë ¤«ï ªà âª®áâ¨ ®¯ãáª ¥¬. �ã¤ãâ ¢áâà¥ç âìáï â ª¦¥ á¯ à¨¢ ­¨ï
\¢­ãâà¥­­¨å" ®¯¥à â®à®¢, áâ®ïé¨å ¯®¤ §­ ª®¬ T -¯à®¨§¢¥¤¥­¨ï. �â¨ á¯ à¨¢ ­¨ï
§ ¬¥­ïîâáï á®®â¢¥âáâ¢ãîé¨¬¨ ¯à®¯ £ â®à ¬¨.

� ¦¤ë© ¨§ ç«¥­®¢ áã¬¬ë, ­  ª®â®àãî à §¡¨¢ ¥âáï ¬ âà¨ç­ë© í«¥¬¥­â S-
¬ âà¨æë ¢ à¥§ã«ìâ â¥ ¥£® à áªàëâ¨ï ¯® â¥®à¥¬¥ �¨ª , ¨§®¡à ¦ ¥âáï ­¥ª®â®à®©
¤¨ £à ¬¬®© �¥©­¬ ­ . � ¤¨ £à ¬¬¥ n-£® ¯à¨¡«¨¦¥­¨ï ¨¬¥¥âáï n ¢¥àè¨­, ª ¦¤®©
¨§ ª®â®àëå áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ®¤­  ¨§ ¯¥à¥¬¥­­ëå ¨­â¥£à¨à®¢ ­¨ï x1; x2; :::.
� ª ¦¤®© ¢¥àè¨­¥ áå®¤¨âáï âà¨ «¨­¨¨ { ¤¢¥ á¯«®è­ëå (í«¥ªâà®­­ëå) ¨ ®¤­  ¯ã­ª-
â¨à­ ï (ä®â®­­ ï), ª®â®àë¬ á®®â¢¥âáâ¢ãîâ í«¥ªâà®­­ë¥ ( ¨ � ) ¨ ä®â®­­ë© (A)
®¯¥à â®àë, ª ª äã­ªæ¨¨ ®¤­®© ¨ â®© ¦¥ ¯¥à¥¬¥­­®© x. �à¨ íâ®¬  á®®â¢¥âáâ¢ã¥â
¢å®¤ïé ï «¨­¨ï,   � { ¢ëå®¤ïé ï.

�«ï ¨««îáâà æ¨¨ ¯à¨¢¥¤¥¬ ­¥áª®«ìª® ¯à¨¬¥à®¢ á®®â¢¥âáâ¢¨ï ¬¥¦¤ã ç«¥­ ¬¨
¬ âà¨ç­®£® í«¥¬¥­â  âà¥âì¥£® ¯®àï¤ª  ¨ ¤¨ £à ¬¬ ¬¨. �¯ãáª ï §­ ª ¨­â¥£à «  ¨
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�¨á. 6-10

�¨á. 6-11

T -ã¯®àï¤®ç¥­¨ï,   â ª¦¥ ¬­®¦¨â¥«¨�ie
 ¨ ­¥ ¢ë¯¨áë¢ ï  à£ã¬¥­â®¢ ã ®¯¥à â®à®¢,
­ ¯¨è¥¬ íâ¨ ç«¥­ë ¢ á¨¬¢®«¨ç¥áª®¬ ¢¨¤¥, ¯®ª § ­­®¬ ­  �¨á. 6-10. £¤¥ á¯ à¨¢ -
­¨ï ¯®ª § ­ë, ª ª íâ® ç áâ® ¤¥« ¥âáï, «¨­¨ï¬¨, á®¥¤¨­ïîé¨¬¨ á®®â¢¥âáâ¢ãîé¨¥
¯®«¥¢ë¥ ®¯¥à â®àë. � ¬¥â¨¬, çâ® ¤«ï ¢­ãâà¥­­¨å ä®â®­­ëå á¢¥àâ®ª ­ ¯à ¢«¥­¨¥
ä®â®­­ëå «¨­¨© ­¥ ¨¬¥¥â §­ ç¥­¨ï, çâ® á¢ï§ ­® á ç¥â­®áâìî ä®â®­­®£® ¯à®¯ £ -
â®à  ª ª äã­ªæ¨¨ x� x0.

�à¥¤¨ ¯®«ãç ¥¬ëå â ª¨¬ ®¡à §®¬ ç«¥­®¢ ¥áâì íª¢¨¢ «¥­â­ë¥, ®â«¨ç îé¨¥áï
â®«ìª® ¯¥à¥áâ ­®¢ª®© ­®¬¥à®¢ ¢¥àè¨­ { á®®â¢¥âáâ¢¨¥¬ ¬¥¦¤ã ¢¥àè¨­ ¬¨ ¨ ­®¬¥-
à ¬¨ ¯¥à¥¬¥­­ëå x1; x2; :::, â.¥. ¯à®áâë¬ ¯¥à¥®¡®§­ ç¥­¨¥¬ ¯¥à¥¬¥­­ëå ¨­â¥£à¨à®-
¢ ­¨ï. �¨á«® â ª¨å ¯¥à¥áâ ­®¢®ª à ¢­® n!. �­® á®ªà é ¥â ¬­®¦¨â¥«ì 1

n!
¢ (6.140),

¯®á«¥ ç¥£® ãç¨âë¢ âì ¤¨ £à ¬¬ë á ¯¥à¥áâ ­®¢ª®© ¢¥àè¨­ ã¦¥ ­¥ ­ ¤®. � ¯à¨¬¥à,
íª¢¨¢ «¥­â­ë ¤¢¥ ¤¨ £à ¬¬ë ¢â®à®£® ¯®àï¤ª , ¯®ª § ­­ë¥ ­  �¨á.6-11. �  �¨á.6-
10 ¨ �¨á.6-11 ¨§®¡à ¦¥­ë â®«ìª® ¢­ãâà¥­­¨¥ á¯ à¨¢ ­¨ï, ª®â®àë¬ á®®â¢¥âáâ¢ãîâ
¢­ãâà¥­­¨¥ «¨­¨¨ ¤¨ £à ¬¬ (¢¨àâã «ì­ë¥ í«¥ªâà®­ë ¨ ä®â®­ë). �áâ ¢è¨¥áï á¢®-
¡®¤­ë¬¨ ®¯¥à â®àë á¯ à¨¢ îâáï á â¥¬¨ ¨«¨ ¨­ë¬¨ ¢­¥è­¨¬¨ ®¯¥à â®à ¬¨, ¢ à¥-
§ã«ìâ â¥ ç¥£® ãáâ ­ ¢«¨¢ ¥âáï á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã á¢®¡®¤­ë¬¨ ª®­æ ¬¨ ¤¨ £à ¬¬
¨ â¥¬¨ ¨«¨ ¨­ë¬¨ ­ ç «ì­ë¬¨ ¨ ª®­¥ç­ë¬¨ ç áâ¨æ ¬¨. � ¯à¨¬¥à, � , á¯ à¨¢ ïáì á
®¯¥à â®à ¬¨ af ¨«¨ b

+
i , ¤ ¥â «¨­¨î ª®­¥ç­®£® í«¥ªâà®­  ¨«¨ ­ ç «ì­®£® ¯®§¨âà®­ ,

   , á¯ à¨¢ ïáì á a+i ¨«¨ bf , { «¨­¨î ­ ç «ì­®£® í«¥ªâà®­  ¨«¨ ª®­¥ç­®£® ¯®§¨-
âà®­ . �¢®¡®¤­ë© ®¯¥à â®à A, á¯ à¨¢ ïáì á c+i ¨«¨ á cf , ¬®¦¥â á®®â¢¥âáâ¢®¢ âì
ª ª ­ ç «ì­®¬ã, â ª ¨ ª®­¥ç­®¬ã ä®â®­ã. � ª¨¬ ®¡à §®¬ ¯®«ãç ¥âáï ­¥áª®«ìª®
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�¨á. 6-12

â®¯®«®£¨ç¥áª¨ ®¤¨­ ª®¢ëå (â.¥. á®áâ®ïé¨å ¨§ ®¤¨­ ª®¢®£® ç¨á«  ®¤¨­ ª®¢® à á-
¯®«®¦¥­­ëå «¨­¨©) ¤¨ £à ¬¬, ®â«¨ç îé¨åáï â®«ìª® ¯¥à¥áâ ­®¢ª ¬¨ ­ ç «ì­ëå
¨ ª®­¥ç­ëå ç áâ¨æ ¯® ¢å®¤ïé¨¬ ¨ ¢ëå®¤ïé¨¬ á¢®¡®¤­ë¬ ª®­æ ¬. �î¡ ï â ª ï
¯¥à¥áâ ­®¢ª  íª¢¨¢ «¥­â­  ®¯à¥¤¥«¥­­®© ¯¥à¥áâ ­®¢ª¥ ¢­¥è­¨å ®¯¥à â®à®¢ a; b; :::.
�á­®, çâ® ¥á«¨ áà¥¤¨ ­ ç «ì­ëå ¨«¨ ª®­¥ç­ëå ç áâ¨æ ¨¬¥îâáï â®¦¤¥áâ¢¥­­ë¥
ä¥à¬¨®­ë, â® ®â­®á¨â¥«ì­ë© §­ ª ¤¨ £à ¬¬, ®â«¨ç îé¨åáï ­¥ç¥â­ë¬ ç¨á«®¬ ¯¥-
à¥áâ ­®¢®ª á¢®¡®¤­ëå ª®­æ®¢, ¤®«¦¥­ ¡ëâì ¯à®â¨¢®¯®«®¦­ë¬.

�¥¯¥à¥ªàë¢ îé ïáï ¯®á«¥¤®¢ â¥«ì­®áâì á¯«®è­ëå «¨­¨© ­  ¤¨ £à ¬¬ å á®-
áâ ¢«ï¥â í«¥ªâà®­­ãî «¨­¨î, ¢¤®«ì ª®â®à®© áâà¥«ª¨ á®åà ­ïîâ ­¥¯à¥àë¢­®¥ ­ -
¯à ¢«¥­¨¥. � ­¥¥ ¬®¦¥â ¡ëâì «¨¡® ¤¢  á¢®¡®¤­ëå ª®­æ , «¨¡® ®­  ¬®¦¥â ®¡à §®¢ âì
¯¥â«î, ª ª íâ® ¯®ª § ­® ­  �¨á.6-12. �®åà ­¥­¨¥ ­ ¯à ¢«¥­¨ï ¢¤®«ì í«¥ªâà®­­®©
«¨­¨¨ ï¢«ï¥âáï £à ä¨ç¥áª¨¬ ¢ëà ¦¥­¨¥¬ § ª®­  á®åà ­¥­¨ï § àï¤ : \¢å®¤ïé¨©"
¢ ª ¦¤ãî ¢¥àè¨­ã § àï¤ à ¢¥­ \¢ëå®¤ïé¥¬ã". � á¯®«®¦¥­¨¥ ¡¨á¯¨­®à­ëå ¨­-
¤¥ªá®¢ ¢¤®«ì ­¥¯à¥àë¢­®© í«¥ªâà®­­®© «¨­¨¨ á®®â¢¥âáâ¢ã¥â § ¯¨á¨ ¬ âà¨æ á«¥¢ 
­ ¯à ¢® ¯à¨ ¤¢¨¦¥­¨¨ ¯à®â¨¢ áâà¥«®ª. �¨á¯¨­®à­ë¥ ¨­¤¥ªáë à §­ëå í«¥ªâà®­­ëå
«¨­¨© ­¨ª®£¤  ­¥ ¯¥à¥¯ãâë¢ îâáï. �¤®«ì ­¥§ ¬ª­ãâ®© «¨­¨¨ ¯®á«¥¤®¢ â¥«ì­®áâì
¨­¤¥ªá®¢ § ª ­ç¨¢ ¥âáï ã á¢®¡®¤­ëå ª®­æ®¢ ­  í«¥ªâà®­­ëå (¨«¨ ¯®§¨âà®­­ëå)
¢®«­®¢ëå äã­ªæ¨ïå. �  § ¬ª­ãâ®© ¯¥â«¥ ¯®á«¥¤®¢ â¥«ì­®áâì ¨­¤¥ªá®¢ â®¦¥ § ¬ë-
ª ¥âáï, â ª çâ® ¯¥â«¥ á®®â¢¥âáâ¢ã¥â è¯ãà ¯à®¨§¢¥¤¥­¨ï à á¯®«®¦¥­­ëå ¢¤®«ì ­¥¥
¬ âà¨æ. �¥£ª® ¢¨¤¥âì, çâ® íâ®â è¯ãà ¢á¥£¤  ­ ¤® ¡à âì á® §­ ª®¬ ¬¨­ãá. � á ¬®¬
¤¥«¥, ¯¥â«¥ á k ¢¥àè¨­ ¬¨ ®â¢¥ç ¥â á®¢®ªã¯­®áâì k á¯ à¨¢ ­¨©:

( � :A ::)( � ::A :::):::( � :::A :) (6.147)

¨«¨ ¤àã£ ï íª¢¨¢ «¥­â­ ï, ®â«¨ç îé ïáï ¯¥à¥áâ ­®¢ª®© ¢¥àè¨­. � (k � 1)-©
á¢¥àâª¥ ®¯¥à â®àë  ¨ � ã¦¥ áâ®ïâ àï¤®¬ ¢ â®¬ ¯®àï¤ª¥ ( � á¯à ¢  ®â  ), ¢ ª®-
â®à®¬ ®­¨ ¤®«¦­ë áâ®ïâì ¢ í«¥ªâà®­­®¬ ¯à®¯ £ â®à¥. �¯¥à â®àë ¦¥, áâ®ïé¨¥ ¯®
ªà ï¬, ¯à¨¢®¤ïâáï ¢ á®á¥¤áâ¢® á ¯®¬®éìî ç¥â­®£® ç¨á«  ¯¥à¥áâ ­®¢®ª á ¤àã£¨¬¨  -
®¯¥à â®à ¬¨ ¨ ¯®á«¥ íâ®£® ®ª §ë¢ îâáï à á¯®«®¦¥­­ë¬¨ ¢ ¯®àï¤ª¥ �  . �®áª®«ìªã
< 0jT � 0 j0 >= � < 0jT � 0j0 >, â® § ¬¥­  íâ®£® á¯ à¨¢ ­¨ï á®®â¢¥âáâ¢ãîé¨¬ ¯à®-
¯ £ â®à®¬ á¢ï§ ­  á ¨§¬¥­¥­¨¥¬ ®¡é¥£® §­ ª  ¢á¥£® ¢ëà ¦¥­¨ï.

�¥à¥å®¤ ª ¨¬¯ã«ìá­®¬ã ¯à¥¤áâ ¢«¥­¨î ¯à¨¢®¤¨â ª â®¬ã, çâ® ­ àï¤ã á ®¡é¨¬
§ ª®­®¬ á®åà ­¥­¨ï 4-¨¬¯ã«ìá , ¤®«¦¥­ á®¡«î¤ âìáï â ª¦¥ ¨ § ª®­ á®åà ­¥­¨ï ¢
ª ¦¤®© ¢¥àè¨­¥. �¤­ ª® íâ¨å § ª®­®¢ ¬®¦¥â ®ª § âìáï ­¥¤®áâ â®ç­® ¤«ï ®¤­®-
§­ ç­®£® ®¯à¥¤¥«¥­¨ï ¨¬¯ã«ìá®¢ ¢á¥å ¢­ãâà¥­­¨å «¨­¨© ¤¨ £à ¬¬. � â ª¨å á«ã-
ç ïå ¯® ¢á¥¬ ®áâ ¢è¨¬áï ­¥®¯à¥¤¥«¥­­ë¬¨ ¢­ãâà¥­­¨¬ ¨¬¯ã«ìá ¬ ¯à®¢®¤ïâáï ¨­-

â¥£à¨à®¢ ­¨ï d4p
(2�)4 .

�­ «®£¨ç­ë¬ ®¡à §®¬ ¬®¦­® à áá¬®âà¥âì á«ãç ©, ª®£¤  ¢ § ¤ ç¥ ä¨£ãà¨àã¥â ¢­¥è­¥¥ í«¥ª-
âà®¬ £­¨â­®¥ ¯®«¥ (áà. �« ¢ã 4), â.¥. ¯®«¥, á®§¤ ¢ ¥¬®¥ \¯ áá¨¢­ë¬¨" ç áâ¨æ ¬¨, á®áâ®ï­¨¥ ª®â®-
àëå ¢ ¯à®æ¥áá¥ à áá¥ï­¨ï ­¥ ¨§¬¥­ï¥âáï (íâ® ¬®£ãâ ¡ëâì âï¦¥«ë¥ \ª« áá¨ç¥áª¨¥" § àï¤ë). �ãáâì
A(e)(x) { 4-¯®â¥­æ¨ « ¢­¥è­¥£® ¯®«ï. �­ ¢å®¤¨â ¢ « £à ­¦¨ ­ ¢§ ¨¬®¤¥©áâ¢¨ï ¢¬¥áâ¥ á ä®â®­-
­ë¬ ®¯¥à â®à®¬ A ¢ ¢¨¤¥ áã¬¬ë A + A(e). �®áª®«ìªã A(e) ï¢«ï¥âáï ª« áá¨ç¥áª¨¬ c-ç¨á«®¢ë¬
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¯®«¥¬, â® ®­® ­¥ á®¤¥à¦¨â ­¨ª ª¨å ®¯¥à â®à®¢ ¨ ­¥ ¬®¦¥â á¯ à¨¢ âìáï á ¤àã£¨¬¨ ®¯¥à â®à ¬¨.
�®íâ®¬ã, ¢­¥è­¥¬ã ¯®«î ¢ ¤¨ £à ¬¬ å �¥©­¬ ­  ¡ã¤ãâ á®®â¢¥âáâ¢®¢ âì â®«ìª® ¢­¥è­¨¥ «¨­¨¨.
�à¥¤áâ ¢¨¬ A(e) ¢ ¢¨¤¥ ¨­â¥£à «  �ãàì¥:

A(e)(x) =

Z
d4q

(2�)4
e�iqxA(e)(q) A(e)(q) =

Z
d4xeiqxA(e)(x) (6.148)

� ¢ëà ¦¥­¨ïå ¤«ï ¬ âà¨ç­ëå í«¥¬¥­â®¢ ¢ ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨ 4-¢¥ªâ®à q ¡ã¤¥â ä¨£ãà¨-
à®¢ âì ­ àï¤ã á 4-¨¬¯ã«ìá ¬¨ ¤àã£¨å ¢­¥è­¨å «¨­¨©, ®â¢¥ç îé¨å à¥ «ì­ë¬ ç áâ¨æ ¬. � ¦¤®©
â ª®© «¨­¨¨ ¢­¥è­¥£® ¯®«ï á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì A(e)(q), ¯à¨ç¥¬ «¨­¨î ­ã¦­® à áá¬ âà¨-
¢ âì ª ª \¢å®¤ïéãî" ¢ á®®â¢¥âáâ¢¨¨ á® §­ ª®¬ ¢ ¯®ª § â¥«¥ e�iqx , á ª®â®àë¬ A(e)(q) ¢å®¤¨â ¢
¨­â¥£à « �ãàì¥ (\¢ëå®¤ïé¥©" «¨­¨¨ ­ ¤® ¡ë«®-¡ë á®¯®áâ ¢¨âì A(e)�(q)). �á«¨ ¯à¨ íâ®¬ § ª®­
á®åà ­¥­¨ï 4-¨¬¯ã«ìá , ¯à¨ § ¤ ­­ëå 4-¨¬¯ã«ìá å ¢á¥å à¥ «ì­ëå ç áâ¨æ, ­¥ ä¨ªá¨àã¥â ®¤­®-
§­ ç­® 4-¨¬¯ã«ìáë ¢á¥å «¨­¨© ¢­¥è­¥£® ¯®«ï, â® ¯® ®áâ ¢è¨¬áï \á¢®¡®¤­ë¬¨" q ¯à®¨§¢®¤¨âáï

¨­â¥£à¨à®¢ ­¨¥ d4q
(2�)4

, ª ª ¨ ¯® ¢á¥¬ ¤àã£¨¬ ­¥ ä¨ªá¨à®¢ ­­ë¬ 4-¨¬¯ã«ìá ¬ ¤ ­­®© ¤¨ £à ¬¬ë.

�á«¨ ¢­¥è­¥¥ ¯®«¥ ­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨, â®

A(e)(q) = 2��(q0)A(e)(q) (6.149)

£¤¥ A(e)(q) { âà¥å¬¥à­ ï ª®¬¯®­¥­â  �ãàì¥:

A(e)(q) =

Z
d3rA(e)(r)e�iqr (6.150)

�­¥è­¥© «¨­¨¨ â®£¤  á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì A(e)(q) ¨ ¥© ¯à¨¯¨áë¢ ¥âáï 4-¨¬¯ã«ìá q� =
(0;q). �­¥à£¨¨ í«¥ªâà®­­ëå «¨­¨©, ¯¥à¥á¥ª îé¨åáï (¢¬¥áâ¥ á «¨­¨¥© ¢­¥è­¥£® ¯®«ï) ¢ ¢¥à-
è¨­¥, ¯à¨ íâ®¬ ®¤¨­ ª®¢ë ¢ á¨«ã § ª®­  á®åà ­¥­¨ï. �® ¢á¥¬ ®áâ ¢è¨¬áï ­¥ä¨ªá¨à®¢ ­­ë¬¨

âà¥å¬¥à­ë¬ ¨¬¯ã«ìá ¬ p ¢­ãâà¥­­¨å «¨­¨© ¯à®¨§¢®¤¨âáï ¨­â¥£à¨à®¢ ­¨¥
d3p
(2�)3

.

� ¤¨¬ â¥¯¥àì á¢®¤ªã ®ª®­ç â¥«ì­ëå ¯à ¢¨« ¤¨ £à ¬¬­®© â¥å­¨ª¨, ¯® ª®â®àë¬
á®áâ ¢«ï¥âáï ¢ëà ¦¥­¨¥ ¤«ï  ¬¯«¨âã¤ë à áá¥ï­¨ï (â®ç­¥¥ ¤«ï iMfi) ¢ ¨¬¯ã«ìá­®¬
¯à¥¤áâ ¢«¥­¨¨ ¢ ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¥:

1. �ª« ¤ã n-£® ¯®àï¤ª  â¥®à¨¨ ¢®§¬ãé¥­¨© ®â¢¥ç îâ ¤¨ £à ¬¬ë á n ¢¥àè¨­ ¬¨,
¢ ª ¦¤®© ¨§ ª®â®àëå áå®¤ïâáï ®¤­  ¢å®¤ïé ï ¨ ®¤­  ¢ëå®¤ïé ï í«¥ªâà®­­ë¥
(á¯«®è­ë¥) «¨­¨¨ ¨ ®¤­  ä®â®­­ ï (¯ã­ªâ¨à­ ï) «¨­¨ï. �  ¬¯«¨âã¤ã ¯à®-
æ¥áá  à áá¥ï­¨ï ¢å®¤ïâ ¢á¥ ¤¨ £à ¬¬ë, ¨¬¥îé¨¥ á¢®¡®¤­ë¥ ª®­æë (¢­¥è­¨¥
«¨­¨¨), á®®â¢¥âáâ¢ãîé¨¥ ­ ç «ì­ë¬ ¨ ª®­¥ç­ë¬ ç áâ¨æ ¬.

2. � ¦¤®© ¢­¥è­¥© ¢å®¤ïé¥© á¯«®è­®© «¨­¨¨ á®¯®áâ ¢«ï¥âáï  ¬¯«¨âã¤  ­ -
ç «ì­®£® í«¥ªâà®­  u(p) ¨«¨ ª®­¥ç­®£® ¯®§¨âà®­  u(�p). � ¦¤®© ¢ëå®¤ïé¥©
á¯«®è­®© «¨­¨¨ á®¯®áâ ¢«ï¥âáï  ¬¯«¨âã¤  ª®­¥ç­®£® í«¥ªâà®­  �u(p) ¨«¨ ­ -
ç «ì­®£® ¯®§¨âà®­  �u(�p).

3. � ¦¤®© ¢¥àè¨­¥ á®¯®áâ ¢«ï¥âáï 4-¢¥ªâ®à �ie
� .
4. � ¦¤®© ¢­¥è­¥© ¢å®¤ïé¥© ¯ã­ªâ¨à­®© «¨­¨¨ á®¯®áâ ¢«ï¥âáï  ¬¯«¨âã¤  ­ -

ç «ì­®£® ä®â®­ 
p
4�e�,   ¢ëå®¤ïé¥© «¨­¨¨ {  ¬¯«¨âã¤ 

p
4�e�� ª®­¥ç­®£®

ä®â®­ . �¥ªâ®à­ë© ¨­¤¥ªá � á®¢¯ ¤ ¥â á ¨­¤¥ªá®¬ ¬ âà¨æë 
� ¢ á®®â¢¥âáâ¢ã-
îé¥© ¢¥àè¨­¥, â ª çâ® ¢®§­¨ª ¥â áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥.

5. � ¦¤®© ¢­ãâà¥­­¥© á¯«®è­®© «¨­¨¨ á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì�G(p),   ¢­ã-
âà¥­­¥© ¯ã­ªâ¨à­®© «¨­¨¨ { ¬­®¦¨â¥«ì �iD�� (p). �¥­§®à­ë¥ ¨­¤¥ªáë ��
á®¢¯ ¤ îâ á ¨­¤¥ªá ¬¨ ¬ âà¨æ 
�; 
� ¢ ¢¥àè¨­ å, á®¥¤¨­ï¥¬ëå ¯ã­ªâ¨à­®©
«¨­¨¥©.

6. �¤®«ì ª ¦¤®© ­¥¯à¥àë¢­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ í«¥ªâà®­­ëå «¨­¨© áâà¥«ª¨
¨¬¥îâ ­¥¨§¬¥­­®¥ ­ ¯à ¢«¥­¨¥,   à á¯®«®¦¥­¨¥ ¡¨á¯¨­®à­ëå ¨­¤¥ªá®¢ ¢¤®«ì
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­¨å á®®â¢¥âáâ¢ã¥â § ¯¨á¨ ¬ âà¨æ á«¥¢  ­ ¯à ¢® ¯à¨ ¤¢¨¦¥­¨¨ ¯à®â¨¢ áâà¥«®ª.
� ¬ª­ãâ®© í«¥ªâà®­­®© ¯¥â«¥ ®â¢¥ç ¥â è¯ãà ¯à®¨§¢¥¤¥­¨ï à á¯®«®¦¥­­ëå
¢¤®«ì ­¥¥ ¬ âà¨æ.

7. � ª ¦¤®© ¢¥àè¨­¥ 4-¨¬¯ã«ìáë ¯¥à¥á¥ª îé¨åáï ¢ ­¥© «¨­¨© ã¤®¢«¥â¢®àïîâ
§ ª®­ã á®åà ­¥­¨ï, â.¥. áã¬¬  ¨¬¯ã«ìá®¢ ¢å®¤ïé¨å «¨­¨© à ¢­  áã¬¬¥ ¨¬-
¯ã«ìá®¢ ¢ëå®¤ïé¨å «¨­¨©. �¬¯ã«ìáë á¢®¡®¤­ëå ª®­æ®¢ { § ¤ ­­ë¥ (á á®-
¡«î¤¥­¨¥¬ ®¡é¥£® § ª®­  á®åà ­¥­¨ï) ¢¥«¨ç¨­ë, ¯à¨ç¥¬ ¯®§¨âà®­­®© «¨­¨¨
¯à¨¯¨áë¢ ¥âáï ¨¬¯ã«ìá �p. �® ¨¬¯ã«ìá ¬ ¢­ãâà¥­­¨å «¨­¨©, ®áâ îé¨åáï
­¥ä¨ªá¨à®¢ ­­ë¬¨ ¯®á«¥ ãç¥â  § ª®­®¢ á®åà ­¥­¨ï ¢® ¢á¥å ¢¥àè¨­ å, ¯à®¨§-

¢®¤¨âáï ¨­â¥£à¨à®¢ ­¨¥ d4p
(2�)4 .

8. �å®¤ïé¥¬ã á¢®¡®¤­®¬ã ª®­æã, ®â¢¥ç îé¥¬ã ¢­¥è­¥¬ã ¯®«î, á®¯®áâ ¢«ï¥âáï
¬­®¦¨â¥«ì A(e)(q), ¯à¨ íâ®¬ 4-¢¥ªâ®à q á¢ï§ ­ á 4-¨¬¯ã«ìá ¬¨ ¤àã£¨å «¨-
­¨© § ª®­®¬ á®åà ­¥­¨ï ¢ ¢¥àè¨­¥. �á«¨ ¯®«¥ ­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨, â®
á¢®¡®¤­®¬ã ª®­æã á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì A(e)(q),   ¯® ®áâ ¢è¨¬áï ­¥-
ä¨ªá¨à®¢ ­­ë¬¨ âà¥å¬¥à­ë¬ ¨¬¯ã«ìá ¬ ¢­ãâà¥­­¨å «¨­¨© ¯à®¢®¤¨âáï ¨­-

â¥£à¨à®¢ ­¨¥ d3p
(2�)3 .

9. � ¦¤®© § ¬ª­ãâ®© ä¥à¬¨®­­®© ¯¥â«¥ á®¯®áâ ¢«ï¥âáï ¤®¯®«­¨â¥«ì­ë© ¬­®-
¦¨â¥«ì (�1). �á«¨ áà¥¤¨ ­ ç «ì­ëå ¨«¨ ª®­¥ç­ëå ç áâ¨æ ¨¬¥¥âáï ­¥áª®«ìª®
í«¥ªâà®­®¢ ¨«¨ ¯®§¨âà®­®¢, â® ®â­®á¨â¥«ì­ë© §­ ª ¤¨ £à ¬¬, ®â«¨ç îé¨åáï
­¥ç¥â­ë¬ ç¨á«®¬ ¯¥à¥áâ ­®¢®ª ¯ à â®¦¤¥áâ¢¥­­ëå ç áâ¨æ (â.¥. á®®â¢¥âáâ¢ã-
îé¨å ¨¬ ¢­¥è­¨å ª®­æ®¢), ¤®«¦¥­ ¡ëâì ¯à®â¨¢®¯®«®¦­ë¬.

� ¯®¬­¨¬, çâ® ¯à¨ ­ «¨ç¨¨ â®¦¤¥áâ¢¥­­ëå ä¥à¬¨®­®¢ ®¡é¨© §­ ª  ¬¯«¨âã¤ë
ãá«®¢¥­.
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�¯¥à â®àë ¯®«¥© ¢ £¥©§¥­¡¥à£®¢áª®¬ ¯à¥¤-
áâ ¢«¥­¨¨, á¢ï§ì á ¯à¥¤áâ ¢«¥­¨¥¬ ¢§ ¨¬®-
¤¥©áâ¢¨ï.

�ëè¥ ¯®á«¥¤®¢ â¥«ì­ë¥ ç«¥­ë àï¤  â¥®à¨¨ ¢®§¬ãé¥­¨© ¢ëà ¦ «¨áì ç¥à¥§ ®¯¥-
à â®àë ¯®«¥© ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï, ¢à¥¬¥­­ ï § ¢¨á¨¬®áâì ª®â®àëå
®¯à¥¤¥«ï¥âáï £ ¬¨«ìâ®­¨ ­®¬ á¨áâ¥¬ë á¢®¡®¤­ëå ç áâ¨æ H0. �®ç­ë¥  ¬¯«¨âã¤ë
à áá¥ï­¨ï ã¤®¡­¥¥ ¢ëà ¦ âì ç¥à¥§ ¯®«¥¢ë¥ ®¯¥à â®àë ¢ £¥©§¥­¡¥à£®¢áª®¬ ¯à¥¤áâ -
¢«¥­¨¨, ¢ ª®â®à®¬ § ¢¨á¨¬®áâì ®â ¢à¥¬¥­¨ ®¯à¥¤¥«ï¥âáï â®ç­ë¬ £ ¬¨«ìâ®­¨ ­®¬
á¨áâ¥¬ë ¢§ ¨¬®¤¥©áâ¢ãîé¨å ç áâ¨æ H = H0+HI . �® ®¡é¥¬ã ¯à ¢¨«ã á®áâ ¢«¥­¨ï
£¥©§¥­¡¥à£®¢áª¨å ®¯¥à â®à®¢ ¨¬¥¥¬:

 (x) �  (rt) = exp(iHt) (r) exp(�iHt) (7.1)

¨  ­ «®£¨ç­® ¤«ï � (x) ¨ A�(x), ¯à¨ç¥¬ §¤¥áì  (r) { ­¥§ ¢¨áïé¨¥ ®â ¢à¥¬¥­¨ (èà¥-
¤¨­£¥à®¢áª¨¥) ®¯¥à â®àë. �¥©§¥­¡¥à£®¢áª¨¥ ®¯¥à â®àë, ¢§ïâë¥ ¢ ®¤¨­ ª®¢ë¥ ¬®-
¬¥­âë ¢à¥¬¥­¨ ã¤®¢«¥â¢®àïîâ â¥¬ ¦¥ ¯à ¢¨« ¬ ª®¬¬ãâ æ¨¨, çâ® ¨ ®¯¥à â®àë ¢
èà¥¤¨­£¥à®¢áª®¬ ¯à¥¤áâ ¢«¥­¨¨ ¨ ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï. � á ¬®¬ ¤¥«¥,
¨¬¥¥¬, ­ ¯à¨¬¥à:�

 (rt); � (r0t)
	
+
= exp(iHt)

�
 (r); � (r0)

	
+
exp(�iHt) = 
0�(r� r0) (7.2)
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�­ «®£¨ç­ë¬ ®¡à §®¬  (rt) ¨ A�(rt) ª®¬¬ãâ¨àãîâ:

[ (rt); A�(r0t)] = 0 (7.3)

� à §«¨ç­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨ ¢á¥ íâ® ®â­î¤ì ­¥ â ª!
�à ¢­¥­¨¥ ¤¢¨¦¥­¨¥ ¤«ï £¥©§¥­¡¥à£®¢áª®£®  -®¯¥à â®à  ¨¬¥¥â ¢¨¤:

� i
@ 

@t
= H (x) �  (x)H � [H; (x)] (7.4)

�«ï á ¬®£® £ ¬¨«ìâ®­¨ ­  èà¥¤¨­£¥à®¢áª®¥ ¨ £¥©§¥­¡¥à£®¢áª®¥ ¯à¥¤áâ ¢«¥­¨ï á®-
¢¯ ¤ îâ ¨ £ ¬¨«ìâ®­¨ ­ ¢ëà ¦ ¥âáï ®¤¨­ ª®¢ë¬ ®¡à §®¬ ç¥à¥§ ¯®«¥¢ë¥ ®¯¥à -
â®àë ¢ ®¡®¨å íâ¨å ¯à¥¤áâ ¢«¥­¨ïå.

�à¨ ¢ëç¨á«¥­¨¨ ¯à ¢®© ç áâ¨ (7.4) ¬®¦­® ®¯ãáâ¨âì ¢ £ ¬¨«ìâ®­¨ ­¥ ç áâì, § ¢¨áïéãî â®«ìª®
®â ®¯¥à â®à  A�(x) (£ ¬¨«ìâ®­¨ ­ á¢®¡®¤­®£® í«¥ªâà®¬ £­¨â­®£® ¯®«ï), ¯®áª®«ìªã ®­  ª®¬¬ãâ¨-
àã¥â á  . �®£¤ :

H =

Z
d3r �(rt)(�p+ �m) (rt) + e

Z
d3r � (rt)
�A�(rt) (rt) =

=

Z
d3r � (rt)[
�p� +m+ e
�A�(rt)] (rt) (7.5)

�ëç¨á«ïï ª®¬¬ãâ â®à [H; (x)] á ¯®¬®éìî (7.2) ¨ ãáâà ­ïï �-äã­ªæ¨î ¨­â¥£à¨à®¢ ­¨¥¬ ¯® d3r,
¯®«ãç¨¬ ãà ¢­¥­¨¥ ¤¢¨¦¥­¨ï ¤«ï ®¯¥à â®à   ¢ ï¢­®¬ ¢¨¤¥:

(
�p� � e
�A� �m) (rt) = 0 (7.6)

ª®â®à®¥, ¥áâ¥áâ¢¥­­®, á®¢¯ ¤ ¥â á ãà ¢­¥­¨¥¬ �¨à ª  ¢ í«¥ªâà®¬ £­¨â­®¬ ¯®«¥.
�à ¢­¥­¨ï ¤¢¨¦¥­¨ï ¤«ï í«¥ªâà®¬ £­¨â­®£® ¯®â¥­æ¨ «  A�(rt) § à ­¥¥ ®ç¥¢¨¤­ë ¨§ á®®â¢¥â-

áâ¢¨ï á ª« áá¨ª®© (¡®«ìè¨¥ ç¨á«  § ¯®«­¥­¨ï), ª®£¤  ®¯¥à â®à­®¥ ãà ¢­¥­¨¥ ¤®«¦­® ¯¥à¥©â¨ ¢
®¡ëç­ë¥ ãà ¢­¥­¨ï � ªá¢¥««  ¤«ï ¯®â¥­æ¨ «®¢, â ª çâ® ¢ ¯à®¨§¢®«ì­®© ª «¨¡à®¢ª¥ ¨¬¥¥¬:

@�@�A
�(x)� @�@

�A� (x) = 4�ej� (x) (7.7)

£¤¥ j� (x) = � (x)
� (x) { ®¯¥à â®à â®ª , ã¤®¢«¥â¢®àïîé¨© ãà ¢­¥­¨î ­¥¯à¥àë¢­®áâ¨:

@�j
� = 0 (7.8)

�¨áâ¥¬  ãà ¢­¥­¨© (7.6) ¨ (7.7) ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® ª «¨¡à®¢®ç­ëå ¯à¥®¡à §®¢ ­¨©:

A� ! A�(x)� @��(x)

 (x)!  (x)eie�(x) � (x)! e�ie�(x) � (x) (7.9)

£¤¥ �(x) { ¯à®¨§¢®«ì­ë© íà¬¨â®¢ ®¯¥à â®à, ª®¬¬ãâ¨àãîé¨© (¢ ®¤¨­ ¨ â®â ¦¥ ¬®¬¥­â ¢à¥¬¥­¨) á
 . �¤¥áì à¥çì ¨¤¥â ¨¬¥­­® ® £¥©§¥­¡¥à£®¢áª¨å ®¯¥à â®à å. � ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï ª -
«¨¡à®¢®ç­®¥ ¯à¥®¡à §®¢ ­¨¥ í«¥ªâà®¬ £­¨â­®£® ¯®â¥­æ¨ «  ¢®®¡é¥ ­¥ § âà £¨¢ ¥â  ®¯¥à â®àë!

�áâ ­®¢¨¬ â¥¯¥àì á¢ï§ì ¬¥¦¤ã ®¯¥à â®à ¬¨ ¢ £¥©§¥­¡¥à£®¢áª®¬ ¯à¥¤áâ ¢«¥­¨¨
¨ ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï. � á®®â¢¥âáâ¢¨¨ á  ¤¨ ¡ â¨ç¥áª®© £¨¯®â¥§®© ¯à¥¤-
¯®«®¦¨¬, çâ® ¢§ ¨¬®¤¥©áâ¢¨¥ HI(t) ¬¥¤«¥­­® \¢ª«îç ¥âáï" ®â ¬®¬¥­â  t = �1 ª
ª®­¥ç­ë¬ ¢à¥¬¥­ ¬. �®£¤  ¯à¨ t!�1 ®¡  ¯à¥¤áâ ¢«¥­¨ï (£¥©§¥­¡¥à£®¢áª®¥ ¨ ¢§ -
¨¬®¤¥©áâ¢¨ï) ¯à®áâ® á®¢¯ ¤ îâ. �®¢¯ ¤ îâ ¨ á®®â¢¥âáâ¢ãîé¨¥ ¢®«­®¢ë¥ äã­ªæ¨¨
(¢¥ªâ®à  á®áâ®ï­¨©) � ¨ �int:

�int(t = �1) = � (7.10)

� ¤àã£®© áâ®à®­ë, ¢®«­®¢ ï äã­ªæ¨ï ¢ £¥©§¥­¡¥à£®¢áª®¬ ¯à¥¤áâ ¢«¥­¨¨ ®â ¢à¥¬¥­¨
¢®®¡é¥ ­¥ § ¢¨á¨â (¢áï ¢à¥¬¥­­ ï § ¢¨á¨¬®áâì ­  ®¯¥à â®à å!),   ¢ ¯à¥¤áâ ¢«¥­¨¨
¢§ ¨¬®¤¥©áâ¢¨ï § ¢¨á¨¬®áâì ¢®«­®¢®© äã­ªæ¨¨ ®â ¢à¥¬¥­¨ ¨¬¥¥â, ª ª ¬ë ¢¨¤¥«¨,
¢¨¤:

�int(t) = S(t;�1)�int(�1) (7.11)
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£¤¥1

S(t2; t1) = T exp

�
�i
Z t2

t1

dt0HI(t
0)
�

(7.12)

á ®ç¥¢¨¤­ë¬¨ á¢®©áâ¢ ¬¨:

S(t; t1)S(t1; t0) = S(t; t0) S�1(t; t1) = S(t1; t) (7.13)

�à ¢­¨¢ ï (7.11) ¨ (7.10) ­ å®¤¨¬:

�int(t) = S(t;�1)� (7.14)

çâ® ãáâ ­ ¢«¨¢ ¥â á¢ï§ì ¢®«­®¢ëå äã­ªæ¨© ¢ ®¡®¨å ¯à¥¤áâ ¢«¥­¨ïå. �®®â¢¥âáâ¢ã-
îé ï ä®à¬ã«  ¯à¥®¡à §®¢ ­¨ï ®¯¥à â®à®¢ ¨¬¥¥â ¢¨¤:

 (rt) = S�1(t;�1) int(rt)S(t;�1) = S(�1; t) int(rt)S(t;�1) (7.15)

¨  ­ «®£¨ç­® ¤«ï  ¨ A�. �â¨ ä®à¬ã«ë à¥è îâ ¯®áâ ¢«¥­­ãî § ¤ çã.

�®ç­ë© ä®â®­­ë© ¯à®¯ £ â®à.

�®ç­ë© ä®â®­­ë© ¯à®¯ £ â®à ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©:

D��(x� x0) = i < 0jTA�(x)A�(x0)j0 > (7.16)

¢ ª®â®à®© A�(x) { £¥©§¥­¡¥à£®¢áª¨¥ ®¯¥à â®àë ¯®«ï, â®£¤  ª ª ¢ëè¥ ¬ë, ä ªâ¨ç¥-
áª¨, à áá¬ âà¨¢ «¨:

D��(x� x0) = i < 0jTAint� (x)Aint� (x0)j0 > (7.17)

¢ ª®â®àãî ¢å®¤¨«¨ ®¯¥à â®àë ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï. �¥«¨ç¨­ã (7.17)
®¡ëç­® ­ §ë¢ îâ ¯à®¯ £ â®à®¬ á¢®¡®¤­ëå ä®â®­®¢ (\­ã«¥¢®©" äã­ªæ¨¥© �à¨­ ).

�ëà §¨¬ â¥¯¥àì â®ç­ë© ¯à®¯ £ â®à D�� ç¥à¥§ ®¯¥à â®àë ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢§ -
¨¬®¤¥©áâ¢¨ï. �ãáâì t > t0, â®£¤  ¨á¯®«ì§ãï á¢ï§ì A� ¨ Aint� â¨¯  (7.15) ¨¬¥¥¬:

D��(x� x0) = i < 0jTA�(x)A�(x0)j0 >= (7.18)

= i < 0jS(�1; t)Aint� (x)S(t;�1)S(�1; t0)Aint� (x0)S(t0;�1)j0 >
�á¯®«ì§ãï (7.13) ¨¬¥¥¬:

S(t;�1)S(�1; t0) = S(t; t0) S(�1; t) = S(�1;+1)S(1; t) (7.19)

�®£¤  (7.19) § ¯¨áë¢ ¥âáï ª ª:

D��(x� x0) = i < 0jS�1[S(1; t)Aint� (x)S(t; t0)Aint� (x0)S(t0;�1)]j0 > (7.20)

£¤¥ ¤«ï ªà âª®áâ¨ ®¡®§­ ç¥­®:

S = S(+1;�1) (7.21)

1� ¬¥â¨¬, çâ®  ­ «®£¨ç­ë© ®¯¥à â®à ¢ ¯à¥¤ë¤ãé¥© £« ¢¥ ®¡®§­ ç «áï ª ª U(t2; t1).
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¨ ¬ë ãç«¨, çâ® S�1(1;�1)S(1; t) = S(�1; t). �®áª®«ìªã S(t2; t1) á®¤¥à¦¨â
â®«ìª® ®¯¥à â®àë ¢ ¬®¬¥­âë ¢à¥¬¥­¨ ¬¥¦¤ã t1 ¨ t2, à á¯®«®¦¥­­ë¥ ¢ åà®­®«®£¨-
ç¥áª®¬ ¯®àï¤ª¥, â® ®ç¥¢¨¤­®, çâ® ¢®®¡é¥ ¢á¥ ®¯¥à â®à­ë¥ ¬­®¦¨â¥«¨ ¢ ª¢ ¤à â­®©
áª®¡ª¥ ¢ (7.20) à á¯®«®¦¥­ë ¢ ¯®àï¤ª¥ ã¡ë¢ ­¨ï ¢à¥¬¥­ á«¥¢  ­ ¯à ¢®. �®áâ ¢¨¢
¯¥à¥¤ áª®¡ª®© á¨¬¢®« T -ã¯®àï¤®ç¥­¨ï, ¬®¦­® ¯®â®¬ ¯à®¨§¢®«ì­® ¯¥à¥áâ ¢«ïâì ¯®-
àï¤®ª ¬­®¦¨â¥«¥©, ¯®áª®«ìªã T -ã¯®àï¤®ç¥­¨¥ ¢á¥ à ¢­® à ááâ ¢¨â ¨å ¢ ­ã¦­®¬
¯®àï¤ª¥. �®£¤  ¬®¦­® ¯¥à¥¯¨á âì íâã áª®¡ªã ¢ ¢¨¤¥:

T [Aint� (x)Aint� (x0)S(1; t)S(t; t0)S(t0;�1)] = T [Aint� (x)Aint� (x0)S] (7.22)

� ª¨¬ ®¡à §®¬ ¯®«ãç ¥¬:

D��(x� x0) = i < 0jS�1TAint� (x)Aint� (x0)Sj0 > (7.23)

�®¢â®àïï ¢á¥ à ááã¦¤¥­¨ï ­¥âàã¤­® ã¡¥¤¨âìáï, çâ® íâ  ä®à¬ã«  á¯à ¢¥¤«¨¢  ¨
¤«ï t < t0.

�®¦­® ¯®ª § âì, çâ® ¬­®¦¨â¥«ì S�1 ¢ë­®á¨âáï ¨§ ¯®¤ §­ ª  ãáà¥¤­¥­¨ï ¯®
¢ ªãã¬ã ¢ ¢¨¤¥ ­¥ª®â®à®£® ä §®¢®£® ¬­®¦¨â¥«ï. �¥©áâ¢¨â¥«ì­®, £¥©§¥­¡¥à£®¢áª ï
¢®«­®¢ ï äã­ªæ¨ï ¢ ªãã¬  �0

int (ª ª ¨ ¢áïª ï ¤àã£ ï £¥©§¥­¡¥à£®¢áª ï äã­ªæ¨ï)
á®¢¯ ¤ ¥â, á®£« á­® (7.10), á® §­ ç¥­¨¥¬ �0

int(�1) ¢®«­®¢®© äã­ªæ¨¨ ¢ ªãã¬  ¢
¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï. � ¤àã£®© áâ®à®­ë, ¨¬¥¥¬:

S�0
int(�1) � S(+1;�1)�0

int(�1) = �0
int(+1) (7.24)

�® ¢ ªãã¬ (®á­®¢­®¥ á®áâ®ï­¨¥), ¢ ãáâ®©ç¨¢®© á¨áâ¥¬¥, ¯à¥¤áâ ¢«ï¥â á®¡®© áâà®£®
áâ æ¨®­ à­®¥ á®áâ®ï­¨¥, ¢ ­¥¬ ­¥¢®§¬®¦­ë á ¬®¯à®¨§¢®«ì­ë¥ ¯à®æ¥ááë à®¦¤¥­¨ï
¨ ã­¨çâ®¦¥­¨ï ç áâ¨æ. �­ ç¥ £®¢®àï, á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ ¢ ªãã¬ ®áâ ¥âáï ¢ ªãã-
¬®¬. �â® ®§­ ç ¥â, çâ® �0

int(+1) ¬®¦¥â ®â«¨ç âìáï ®â �0
int(�1) â®«ìª® ­¥ª®â®àë¬

ä §®¢ë¬ ¬­®¦¨â¥«¥¬ ei�. �®£¤ :

S�0
int(�1) = ei��0

int(�1) =< 0jSj0 > �0
int(�1) (7.25)

¨«¨, ¯à®¨§¢®¤ï ª®¬¯«¥ªá­®¥ á®¯àï¦¥­¨¥ ¨ ãç¨âë¢ ï ã­¨â à­®áâì S:

�0�
int(�1)S�1 =< 0jSj0 >�1 �0�

int(�1) (7.26)

�âáî¤  ïá­®, çâ® (7.23) ¬®¦¥â ¡ëâì ¯¥à¥¯¨á ­® ¢ ¢¨¤¥:

D��(x� x0) = i
< 0jTA�(x)A�(x0)j0 >

< 0jSj0 > (7.27)

�®¤áâ ¢«ïï áî¤  ¢ ç¨á«¨â¥«ì ¨ §­ ¬¥­ â¥«ì à §«®¦¥­¨¥ S-¬ âà¨æë ¢ àï¤ â¥®-
à¨¨ ¢®§¬ãé¥­¨©, ®¯à¥¤¥«ï¥¬®¥ ¨§ (6.55), ¨ ¯à®¢®¤ï ãáà¥¤­¥­¨¥ á ¯®¬®éìî â¥®à¥¬ë
�¨ª , ¬®¦­® ¯®«ãç¨âì à §«®¦¥­¨¥ D�� ¯® áâ¥¯¥­ï¬ ª®­áâ ­âë á¢ï§¨ e2.

� ç¨á«¨â¥«¥ (7.27) ãáà¥¤­ï¥¬ë¥ ¢ëà ¦¥­¨ï ®â«¨ç îâáï ®â ¬ âà¨ç­ëå í«¥-
¬¥­â®¢ ¬ âà¨æë à áá¥ï­¨ï, à áá¬®âà¥­­ëå ¢ ¯à¥¤ë¤ãé¥© £« ¢¥, «¨èì â¥¬, çâ®
¢¬¥áâ® \¢­¥è­¨å" ®¯¥à â®à®¢ à®¦¤¥­¨ï ¨«¨ ã­¨çâ®¦¥­¨ï ä®â®­®¢ ¢ ­¨å áâ®ïâ
®¯¥à â®àë Aint� (x) ¨ Aint� (x0). �®áª®«ìªã ¢á¥ ¬­®¦¨â¥«¨ ¢ ãáà¥¤­ï¥¬ëå ¯à®¨§¢¥-
¤¥­¨ïå áâ®ïâ ¯®¤ §­ ª®¬ T -¯à®¨§¢¥¤¥­¨ï, â® ¯®¯ à­ë¥ á¢¥àâª¨ íâ¨å ®¯¥à â®à®¢ á
\¢­ãâà¥­­¨¬¨" ®¯¥à â®à ¬¨ Aint� (x1); Aint� (x2) ¡ã¤ãâ ¤ ¢ âì ä®â®­­ë¥ ¯à®¯ £ â®àë
D�� . � ª¨¬ ®¡à §®¬, à¥§ã«ìâ âë ãáà¥¤­¥­¨ï ¢ëà §ïâáï á®¢®ªã¯­®áâï¬¨ ¤¨ £à ¬¬
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�¨á. 7-1

�¨á. 7-2

á ¤¢ã¬ï ¢­¥è­¨¬¨ ª®­æ ¬¨, á®áâ ¢«¥­­ë¬¨ ¯® ¯à¨¢¥¤¥­­ë¬ ¢ ¯à¥¤ë¤ãé¥© £« ¢¥
¯à ¢¨« ¬, á â®© à §­¨æ¥©, çâ® ¢­¥è­¨¬ (ª ª ¨ ¢­ãâà¥­­¨¬) ä®â®­­ë¬ «¨­¨ï¬ ¤¨ -
£à ¬¬ë ®â¢¥ç îâ â¥¯¥àì ¯à®¯ £ â®àë D�� , ¢¬¥áâ®  ¬¯«¨âã¤ à¥ «ì­ëå ä®â®­®¢. �
­ã«¥¢®¬ ¯à¨¡«¨¦¥­¨¨, ª®£¤  S = 1, ç¨á«¨â¥«ì (7.27) ¯à®áâ® á®¢¯ ¤ ¥â áD��(x�x0).
�«¥¤ãîé¨¥ ®â«¨ç­ë¥ ®â ­ã«ï ç«¥­ë ¨¬¥îâ ¯®àï¤®ª � e2. �­¨ ¨§®¡à ¦ îâáï ¤¨ -
£à ¬¬ ¬¨, á®¤¥à¦ é¨¬¨ ¤¢  ¢­¥è­¨å ª®­æ  ¨ ¤¢¥ ¢¥àè¨­ë, ¯®ª § ­­ë¬¨ ­  �¨á.7-
1. �â®à ï ¨§ íâ¨å ¤¨ £à ¬¬ á®áâ®¨â ¨§ ¤¢ãå ­¥ á¢ï§ ­­ëå ¬¥¦¤ã á®¡®© ç áâ¥©:
¯ã­ªâ¨à­®© «¨­¨¨ (ª®â®à®© ®â¢¥ç ¥â �iD��) ¨ § ¬ª­ãâ®© ¯¥â«¨. �â® ®§­ ç ¥â, çâ®
á®®â¢¥âáâ¢ãîé¥¥ ¤ ­­®© ¤¨ £à ¬¬¥  ­ «¨â¨ç¥áª®¥ ¢ëà ¦¥­¨¥ à á¯ ¤ ¥âáï ­  ¤¢ 
­¥§ ¢¨á¨¬ëå ¬­®¦¨â¥«ï. �à¨¡ ¢¨¢ ª ¤¨ £à ¬¬ ¬ �¨á.7-1 ¯ã­ªâ¨à­ãî «¨­¨î ­ã-
«¥¢®£® ¯à¨¡«¨¦¥­¨ï ¨ \¢ë­¥áï ¥¥ §  áª®¡ªã" ¯®«ãç¨¬, çâ® á â®ç­®áâìî ¤® ç«¥­®¢
� e2 ç¨á«¨â¥«ì (7.27) ¨§®¡à ¦ ¥âáï ¤¨ £à ¬¬ ¬¨ �¨á.7-2. �ëà ¦¥­¨¥ < 0jSj0 > ¢
§­ ¬¥­ â¥«¥ (7.27) ¯à¥¤áâ ¢«ï¥â á®¡®©  ¬¯«¨âã¤ã \¯¥à¥å®¤ " ¢ ªãã¬ { ¢ ªãã¬. �£®
à §«®¦¥­¨¥ ¢ àï¤ â¥®à¨¨ ¢®§¬ãé¥­¨© á®¤¥à¦¨â ¯®íâ®¬ã «¨èì ¤¨ £à ¬¬ë ¡¥§ ¢­¥è-
­¨å ª®­æ®¢. � ­ã«¥¢®¬ ¯à¨¡«¨¦¥­¨¨ < 0jSj0 >= 1,   á â®ç­®áâìî ¤® ç«¥­®¢ � e2 íâ 
 ¬¯«¨âã¤  ¢ëà ¦ ¥âáï £à ä¨ç¥áª¨, ª ª íâ® ¯®ª § ­® ­  �¨á.7-3. � §¤¥«¨¢ á â®© ¦¥
â®ç­®áâìî � e2 ç¨á«¨â¥«ì (7.27) ­  §­ ¬¥­ â¥«ì ¯®«ãç¨¬ ¤¨ £à ¬¬ë, ¯®ª § ­­ë¥
­  �¨á.7-4. â ª çâ® ¢ª« ¤ \¢ ªãã¬­ëå" ç«¥­®¢ (¢ë¤¥«¥­­ëå ­  à¨áã­ª å ä¨£ãà­®©
áª®¡ª®©) ¯®«­®áâìî á®ªà é ¥âáï. � ª¨¬ ®¡à §®¬ ­¥á¢ï§­ ï ¤¨ £à ¬¬  �¨á.7-1(¡)
¢ë¯ ¤ ¥â ¨§ ®â¢¥â . �â®â à¥§ã«ìâ â ¨¬¥¥â, ­  á ¬®¬ ¤¥«¥, ®¡é¨© å à ªâ¥à. �®-
à §¡¨à ï ¯®¤à®¡­¥¥ á¯®á®¡ ¯®áâà®¥­¨ï ¤¨ £à ¬¬, á®¯®áâ ¢«ï¥¬ëå ç¨á«¨â¥«î ¨
§­ ¬¥­ â¥«î ¢ (7.27), ¬®¦­® ¯®­ïâì, çâ® à®«ì §­ ¬¥­ â¥«ï < 0jSj0 > á¢®¤¨âáï
ª â®¬ã, çâ® ¢ «î¡®¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨© â®ç­ë© ¯à®¯ £ â®à D�� ¨§®¡à -
¦ ¥âáï â®«ìª® ¤¨ £à ¬¬ ¬¨, ­¥ á®¤¥à¦ é¨¬¨ ®â¤¥«¥­­ëå ¤àã£ ®â ¤àã£  ç áâ¥©,
¨«¨, ª ª ¯à¨­ïâ® £®¢®à¨âì, â®«ìª® á¢ï§­ë¬¨ ¤¨ £à ¬¬ ¬¨.

� ¬¥â¨¬, çâ® ¤¨ £à ¬¬ë ¡¥§ ¢­¥è­¨å ª®­æ®¢ (§ ¬ª­ãâë¥ ¯¥â«¨) ¢®®¡é¥ ­¥
¨¬¥îâ ä¨§¨ç¥áª®£® á¬ëá« , ¯®áª®«ìªã â ª¨¥ ¯¥â«¨ ¯à¥¤áâ ¢«ïîâ á®¡®© à ¤¨ æ¨-
®­­ë¥ ¯®¯à ¢ª¨ ª ¤¨ £®­ «ì­®¬ã í«¥¬¥­âã S-¬ âà¨æë, ®¯¨áë¢ îé¥¬ã ¯¥à¥å®¤ë

�¨á. 7-3
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�¨á. 7-4

�¨á. 7-5

¢ ªãã¬ - ¢ ªãã¬, â®£¤  ª ª ¬ë ã¦¥ ®â¬¥ç «¨, çâ® áã¬¬  ¢á¥å â ª¨å ¯¥â¥«ì (¢¬¥-
áâ¥ á 1 ¨§ ­ã«¥¢®£® ¯à¨¡«¨¦¥­¨ï) ¤ ¥â «¨èì ­¥áãé¥áâ¢¥­­ë© ä §®¢ë© ¬­®¦¨â¥«ì,
ª®â®àë© ­¥ ®âà ¦ ¥âáï ­  ä¨§¨ç¥áª¨å à¥§ã«ìâ â å.

�¥à¥å®¤ ®â ª®®à¤¨­ â­®£® ª ¨¬¯ã«ìá­®¬ã ¯à¥¤áâ ¢«¥­¨î ¯à®¨§¢®¤¨âáï ª ª
®¡ëç­®. � ¯à¨¬¥à, ¢ ¯®àï¤ª¥ e2, ¯à®¯ £ â®à �iD��(k) ¤ ¥âáï £à ä¨ª ¬¨, ¯®ª § ­-
­ë¬¨ ­  �¨á.7-5, £¤¥ á ¬ íâ®â ¯à®¯ £ â®à ¨§®¡à ¦¥­ ¦¨à­ë¬ ¯ã­ªâ¨à®¬ ¢ «¥¢®©
ç áâ¨. �­ «¨â¨ç¥áª®¥ ¢ëà ¦¥­¨¥, á®®â¢¥âáâ¢ãîé¥¥ íâ¨¬ ¤¨ £à ¬¬ ¬ ¨¬¥¥â ¢¨¤:

D��(k) = D��(k) + ie2D��(k)

Z
d4p

(2�)4
Sp
�G(p+ k)
�G(p)D��(k) (7.28)

�«¥­ë á«¥¤ãîé¨å ¯®àï¤ª®¢ áâà®ïâáï  ­ «®£¨ç­® ¨ ¨§®¡à ¦ îâáï ¤¨ £à ¬¬ ¬¨ á
¤¢ã¬ï ¢­¥è­¨¬¨ ä®â®­­ë¬¨ ª®­æ ¬¨ ¨ ­ã¦­ë¬ ç¨á«®¬ ¢¥àè¨­, á®®â¢¥âáâ¢ãîé¨¬
à áá¬ âà¨¢ ¥¬®¬ã ¯®àï¤ªã â¥®à¨¨ ¢®§¬ãé¥­¨©. � ¯à¨¬¥à, ç«¥­ ¬ � e4 ®â¢¥ç îâ
¤¨ £à ¬¬ë á ç¥âëàì¬ï ¢¥àè¨­ ¬¨, ¯®ª § ­­ë¥ ­  �¨á.7-6. �¥âëàì¬ï ¢¥àè¨­ ¬¨
®¡« ¤ ¥â â ª¦¥ ¤¨ £à ¬¬ , ¯®ª § ­­ ï ­  �¨á.7-7, ¢ ¢¥àå­¥© ç áâ¨ ª®â®à®© á®-
¤¥à¦¨âáï í«¥ªâà®­­ ï ¯¥â«ï, ®¡à §®¢ ­­ ï ®¤­®© § ¬ª­ãâ®© \­  á¥¡ï" á¯«®è­®©
«¨­¨¥©. � ª ï ¯¥â«ï ®â¢¥ç ¥â á¯ à¨¢ ­¨î � (x)
 (x), â.¥. ¯à®áâ® ¢ ªãã¬­®¬ã áà¥¤-
­¥¬ã ®â â®ª : < 0jj(x)j0 >. �¦¥ ¯® á ¬®¬ã ®¯à¥¤¥«¥­¨î ¢ ªãã¬  íâ  ¢¥«¨ç¨­ 
¤®«¦­  â®¦¤¥áâ¢¥­­® ®¡à é âìáï ¢ ­ã«ì, ¯à¨ç¥¬ íâ® â®¦¤¥áâ¢® ­¥ ¬®¦¥â ¡ëâì ¨§-
¬¥­¥­® ­¨ª ª¨¬¨ à ¤¨ æ¨®­­ë¬¨ ¯®¯à ¢ª ¬¨ ª â ª®© ¯¥â«¥ (å®âï, ªáâ â¨, ¯àï¬®¥
¢ëç¨á«¥­¨¥ íâ®© ¯¥â«¨ ¤ ¥â ¡¥áª®­¥ç­ë© à¥§ã«ìâ â!). �®íâ®¬ã ¢®®¡é¥ ­¨ª ª¨¥ ¤¨ -
£à ¬¬ë á \§ ¬ª­ãâë¬¨" ­  á¥¡ï í«¥ªâà®­­ë¬¨ «¨­¨ï¬¨ ­¥ ¤®«¦­ë ãç¨âë¢ âìáï
­¨ ¢ ª ª®¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨©.

� áâì ¤¨ £à ¬¬ë (\¡«®ª"), § ª«îç¥­­ãî ¬¥¦¤ã ¤¢ã¬ï ä®â®­­ë¬¨ «¨­¨ï¬¨
(¢­¥è­¨¬¨ ¨«¨ ¢­ãâà¥­­¨¬¨), ­ §ë¢ îâ ä®â®­­®© á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª®©
ç áâìî. � ®¡é¥¬ á«ãç ¥ â ª®© ¡«®ª ¥é¥ á ¬ ¬®¦¥â ¡ëâì à §¤¥«¥­ ­  ç áâ¨, á®-
¥¤¨­¥­­ë¥ ®¤­®© ä®â®­­®© «¨­¨¥©, ª ª ¯®ª § ­® ­  �¨á.7-8, £¤¥ ªàã¦ª¨ ®¡®§­ -

�¨á. 7-6
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�¨á. 7-7

�¨á. 7-8

ç îâ ¡«®ª¨, ª®â®àë¥ ã¦¥ ­¥«ì§ï ¤ «ìè¥ à §¤¥«¨âì â ª¨¬ ®¡à §®¬. � ª¨¥ ¡«®ª¨
­ §ë¢ îâ ­¥¯à¨¢®¤¨¬ë¬¨ (¨«¨ ®¤­®ç áâ¨ç­® ­¥¯à¨¢®¤¨¬ë¬¨). �¡®§­ ç¨¬ áã¬¬ã
(¡¥áª®­¥ç­®£® ç¨á« !) ¢á¥å ­¥¯à¨¢®¤¨¬ëå ä®â®­­ëå á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª¨å
ç áâ¥© ª ª iP��=4� ¨ ­ §®¢¥¬ ¥¥ ¯®«ïà¨§ æ¨®­­ë¬ ®¯¥à â®à®¬. �« áá¨ä¨æ¨àãï
¤¨ £à ¬¬ë ¯® ç¨á«ã á®¤¥à¦ é¨åáï ¢ ­¨å ¯®«­ëå ­¥¯à¨¢®¤¨¬ëå á®¡áâ¢¥­­® - í­¥à-
£¥â¨ç¥áª¨å ç áâ¥© (¯®«ïà¨§ æ¨®­­ëå ®¯¥à â®à®¢), ¬®¦­® ¯à¥¤áâ ¢¨âì â®ç­ë© ä®-
â®­­ë© ¯à®¯ £ â®à D�� ¢ ¢¨¤¥ ¤¨ £à ¬¬­®£® àï¤ , ¯®ª § ­­®£® ­  �¨á.7-9, £¤¥ ª -
¦¤®¬ã § èâà¨å®¢ ­­®¬ã ªàã¦ªã á®¯®áâ ¢«ï¥âáï iP��=4�. �  ­ «¨â¨ç¥áª®¬ ¢¨¤¥
íâ® § ¯¨áë¢ ¥âáï ª ª:

D = D +D
P
4�
D +D

P
4�
D
P
4�
D + ::: =

= D

�
1 +

P
4�

�
D +D

P
4�
D + :::

��
(7.29)

�¨¤¨¬, çâ® àï¤ ¢ ª¢ ¤à â­ëå áª®¡ª å á­®¢  ¤ ¥â ¯®«­ë© àï¤ ¤«ï D. �®íâ®¬ã
¯®«ãç ¥¬:

D��(k) = D�� (k) +D��(k)
P��(k)
4�

D��(k) (7.30)

�¬­®¦ ï íâ® à ¢¥­áâ¢® á«¥¢  ­  ®¡à â­ë© â¥­§®à (D�1)�� ¨ á¯à ¢  ­  (D�1)��,
¯®«ãç¨¬:

D�1�� = D�1�� �
1

4�
P�� (7.31)

�á¥ áª § ­­®¥ ¢ ¯à¥¤ë¤ãé¥© £« ¢¥ ®â­®á¨â¥«ì­® â¥­§®à­®© áâàãªâãàë ¨ ª «¨¡à®-
¢®ç­®© ­¥®¤­®§­ ç­®áâ¨ ­ã«¥¢®£® ¯à®¯ £ â®à  D�� ®â­®á¨âáï ¨ ª â®ç­®¬ã ¯à®¯ -
£ â®àã D�� . � ¯¨è¥¬ ¥£® ®¡é¨© ¢¨¤ ¢ ä®à¬¥:

D��(k) = D(k2)
�
g�� � k�k�

k2

�
+Dl(k2)k�k�

k2
(7.32)

�¨á. 7-9
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£¤¥ Dl(k2) { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, ®¯à¥¤¥«ïîé ïáï ¢ë¡®à®¬ ª «¨¡à®¢ª¨. �«ï
­ã«¥¢®£® ¯à®¯ £ â®à   ­ «®£¨ç­® ¬®¦­® ­ ¯¨á âì:

D��(k) = D(k2)

�
g�� � k�k�

k2

�
+Dl(k2)

k�k�
k2

(7.33)

çâ® ä®à¬ «ì­® ®â«¨ç ¥âáï ®â ¢¨¤ , ¨á¯®«ì§®¢ ¢è¥£®áï ¢ ¯à¥¤ë¤ãé¥© £« ¢¥, ­®
íª¢¨¢ «¥­â­® ¥¬ã ¯® áãâ¨, ®â«¨ç ïáì «¨èì ®¯à¥¤¥«¥­¨¥¬Dl(k2). �à®¤®«ì­ ï ç áâì
¯à®¯ £ â®à  (¢â®à®¥ á« £ ¥¬®¥ ¢ íâ¨å ä®à¬ã« å) á¢ï§ ­  á ­¥ ¨¬¥îé¥© ä¨§¨ç¥áª®£®
á¬ëá«  ¯à®¤®«ì­®© ç áâìî 4-¯®â¥­æ¨ «  ¯®«ï ¨ ­¥ ãç áâ¢ã¥â ¢® ¢§ ¨¬®¤¥©áâ¢¨¨.
�®íâ®¬ã ¢§ ¨¬®¤¥©áâ¢¨¥ ¥¥ ¨ ­¥ ¬¥­ï¥â, â ª çâ® ¢á¥£¤  ¬®¦­® áç¨â âì, çâ®

Dl(k2) = Dl(k2) (7.34)

�¢¥¤¥¬ â¥¯¥àì ®¡à â­ë¥ â¥­§®àë, ã¤®¢«¥â¢®àïîé¨¥ à ¢¥­áâ¢ ¬:

D�1��D�� = ��� D�1��D
�� = ��� (7.35)

�«ï (7.32) ¨ (7.33) ®¡à â­ë¥ â¥­§®àë, á ãç¥â®¬ (7.34), ¨¬¥îâ ¢¨¤:

D�1�� =
1

D
�
g�� � k�k�

k2

�
+

1

Dl

k�k�
k2

(7.36)

D�1�� =
1

D

�
g�� � k�k�

k2

�
+

1

Dl

k�k�
k2

(7.37)

�âáî¤  á«¥¤ã¥â, çâ® ¯®«ïà¨§ æ¨®­­ë© ®¯¥à â®à ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®¯¥à¥ç­ë©
â¥­§®à:

P�� = P(k2)
�
g�� � k�k�

k2

�
(7.38)

£¤¥ P(k2) = k2 � 4�
D(k2) , â ª çâ®

2

D(k2) = 4�

k2(1�P(k2)=k2) (7.39)

� ª¨¬ ®¡à §®¬, ¢ ®â«¨ç¨¥ ®â ä®â®­­®£® ¯à®¯ £ â®à , ¯®«ïà¨§ æ¨®­­ë© ®¯¥à â®à
ï¢«ï¥âáï ª «¨¡à®¢®ç­® - ¨­¢ à¨ ­â­®© ¢¥«¨ç¨­®©.

�­®£¤  ¯®«¥§­® ¢¢¥áâ¨ á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áªãî ç áâì ä®â®­ , ®¯à¥¤¥«ï¥-
¬ãî ª ª áã¬¬ã ¢á¥å,   ­¥ â®«ìª® ­¥¯à¨¢®¤¨¬ëå, £à ä¨ª®¢. �¡®§­ ç¨¬ ¥¥ i���=4�,
â®£¤  ¨¬¥¥¬:

D�� = D�� +D��
���

4�
D�� (7.40)

çâ® ¨§®¡à ¦ ¥âáï £à ä¨ª ¬¨ �¨á.7-10. �ëà §¨¢ ®âáî¤  ���, ¯®«ãç¨¬:

1

4�
��� = D�1��D��D�1�� �D�1�� (7.41)

¨ ¨á¯®«ì§ãï (7.32), (7.33), (7.36) ¨ (7.37), ¯®«ãç¨¬:

��� = �(k2)

�
g�� � k�k�

k2

�
� =

P
1�P=k2 (7.42)

�âáî¤  ¢¨¤­®, çâ® ��� , ª ª ¨ P�� , ï¢«ï¥âáï ª «¨¡à®¢®ç­® - ¨­¢ à¨ ­â­ë¬ â¥­§®-
à®¬.

2�®«¥§­® § ¬¥â¨âì, çâ® P(k2) = 1
3P

�
� (k2).
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�¨á. 7-10

�¨á. 7-11

�®ç­ë© í«¥ªâà®­­ë© ¯à®¯ £ â®à.

�®ç­ë© í«¥ªâà®­­ë© ¯à®¯ £ â®à ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©:

G(x� x0) = �i < 0jT (x) � (x0)j0 > (7.43)

®â«¨ç îé¥©áï ®â ¯à®¯ £ â®à  á¢®¡®¤­ëå ç áâ¨æ:

G(x� x0) = �i < 0jT int(x) � int(x0)j0 > (7.44)

§ ¬¥­®©  -®¯¥à â®à®¢ ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢§ ¨¬®¤¥©áâ¢¨ï ­  £¥©§¥­¡¥à£®¢áª¨¥. � ª
¬ë ¢¨¤¥«¨ ¢ëè¥ ­  ¯à¨¬¥à¥ ä®â®­­®£® ¯à®¯ £ â®à , ¢ëà ¦¥­¨¥ (7.43) ¬®¦­® ¯à¥-
®¡à §®¢ âì ª ¢¨¤ã:

G(x� x0) = �i< 0jT (x)int � int(x0)Sj0 >
< 0jSj0 > (7.45)

� §«®¦¥­¨¥ íâ®£® ¢ëà ¦¥­¨ï ¯® áâ¥¯¥­ï¬ e2 ¯à¨¢®¤¨â ª ¯à¥¤áâ ¢«¥­¨î G-äã­ªæ¨¨
¢ ¢¨¤¥ ¤¨ £à ¬¬­®£® àï¤  á ¤¢ã¬ï ¢­¥è­¨¬¨ í«¥ªâà®­­ë¬¨ «¨­¨ï¬¨ ¨ à §«¨ç­ë¬
ç¨á«®¬ ¢¥àè¨­. �®«ì §­ ¬¥­ â¥«ï ¢ (7.45) á­®¢  á¢®¤¨âáï ª ­¥®¡å®¤¨¬®áâ¨ ãç¨-
âë¢ âì â®«ìª® ¤¨ £à ¬¬ë ¡¥§ ¨§®«¨à®¢ ­­ëå ¢ ªãã¬­ëå ¯¥â¥«ì. � â®ç­®áâìî ¤®
ç«¥­®¢� e4 £à ä¨ç¥áª®¥ ¯à¥¤áâ ¢«¥­¨¥ G ¯®ª § ­® ­  �¨á.7-11, £¤¥ á ¬ â®ç­ë© ¯à®-
¯ £ â®à ®¡®§­ ç¥­ ¦¨à­®© á¯«®è­®© «¨­¨¥©. �¨ £à ¬¬ë â¨¯  �¨á.7-12 á § ¬ª­ã-
âë¬¨ \­  á¥¡ï" «¨­¨ï¬¨, ª ª ®â¬¥ç «®áì ¢ëè¥, ãç¨âë¢ âì ­¥ ­ ¤®. � ¨¬¯ã«ìá­®¬
¯à¥¤áâ ¢«¥­¨¨ ¦¨à­®© á¯«®è­®© «¨­¨¨ á®¯®áâ ¢«ï¥âáï iG(p),   á¯«®è­ë¬ ¨ ¯ã­ª-
â¨à­ë¬ «¨­¨ï¬ { ¯à®¯ £ â®àë á¢®¡®¤­ëå ç áâ¨æ �iG(p) ¨ �iD(k).

�¨á. 7-12
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�à¨¢¥¤¥¬ ä®à¬ «ì­®¥ ¤®ª § â¥«ìáâ¢® á®ªà é¥­¨ï ¢ ªãã¬­ëå ¤¨ £à ¬¬. � áá¬®âà¨¬ ¯®-
¯à ¢ªã n-£® ¯®àï¤ª  ª £à¨­®¢áª®© äã­ªæ¨¨ í«¥ªâà®­  (¯à®¯ £ â®àã), ª®â®à®© á®®â¢¥âáâ¢ã¥â
ª ª ï-â® ­¥á¢ï§­ ï ¤¨ £à ¬¬ . �­ , ®ç¥¢¨¤­®, á®áâ®¨â ¨§ ¤¢ãå ¬­®¦¨â¥«¥©. �¥à¢ë© ¨§ ­¨å
¢ª«îç ¥â ¢á¥ HI , á¢ï§ ­­ë¥ á  (x) ¨ � (x0), â.¥. á®®â¢¥âáâ¢ã¥â á¢ï§­®¬ã ¡«®ªã á ¢­¥è­¨¬¨ ª®­-
æ ¬¨. �â®à®© ¬­®¦¨â¥«ì ®¯¨áë¢ ¥â ®áâ «ì­ãî ç áâì ¤¨ £à ¬¬ë. � ª¨¬ ®¡à §®¬, ¢ëà ¦¥­¨¥ ¤«ï
à áá¬ âà¨¢ ¥¬®© ¯®¯à ¢ª¨ à ¢­®:

�i (�i)
n

n!

Z
dt1 :::

Z
dtm < 0jT ( (x) � (x0)HI(t1):::HI(tm))j0 >c �

�
Z

dtm+1:::

Z
dtn < 0jT (HI(tm+1):::HI(tn))j0 > (7.46)

�¤¥áì < 0j:::j0>c ¨ < 0j:::j0> á®®â¢¥âáâ¢ã¥â ­¥ª®â®àë© ¢¯®«­¥ ®¯à¥¤¥«¥­­ë© ­ ¡®à á¯ à¨¢ ­¨© ¯®
â¥®à¥¬¥ �¨ª , ¯à¨ç¥¬ á¨¬¢®« < ::: >c ®§­ ç ¥â, çâ® ¢ íâ®¬ ¢ëà ¦¥­¨¨ á¯ à¨¢ ­¨ï ¤ îâ á¢ï§­ãî
¤¨ £à ¬¬ã.

�¥âàã¤­® ¢¨¤¥âì, çâ® áà¥¤¨ ¤¨ £à ¬¬ ¨¬¥îâáï â ª¨¥, ª®â®àë¥ ¤ îâ ¢ â®ç­®áâ¨ ®¤¨­ ª®¢ë©
¢ª« ¤. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¬ë ¨§¬¥­¨¬ á¯ à¨¢ ­¨ï â ª, çâ® ¤¥«® á¢¥¤¥âáï ¯à®áâ® ª ¯¥à¥áâ ­®¢ª¥
à §«¨ç­ëå HI ¬¥¦¤ã áª®¡ª ¬¨< ::: >c ¨ < ::: >, â® íâ® ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ¯à®áâ® ¯¥à¥®¡®§­ -
ç¥­¨î ¯¥à¥¬¥­­ëå ¨­â¥£à¨à®¢ ­¨ï ¨ ­¥ ¨§¬¥­¨â ¢¥«¨ç¨­ã ¯®¯à ¢ª¨ ª G. �¨á«® â ª¨å ¤¨ £à ¬¬
à ¢­® ç¨á«ã à §¡¨¥­¨© n ®¯¥à â®à®¢ HI ­  £àã¯¯ë ¨§ m ¨ n � m ®¯¥à â®à®¢, â.¥. ¡ã¤¥â à ¢­®

n!
m!(n�m)!

.

�®«­ë© ¢ª« ¤ ¢á¥å â ª¨å ¤¨ £à ¬¬ ¡ã¤¥â à ¢¥­:

�i (�i)
m

m!

Z
dt1:::

Z
dtm < 0jT ( (x) � (x0)HI(t1):::HI(tm))j0 >c �

� (�i)
n�m

(n�m)!

Z
dtm+1:::

Z
dtn < 0jT (HI(tm+1):::HI(tn))j0 > (7.47)

�à®áã¬¬¨àã¥¬ ¢ª« ¤ë ®â ¢á¥å ¤¨ £à ¬¬, «î¡ëå ¯®àï¤ª®¢, á®¤¥à¦ é¨å ®¯à¥¤¥«¥­­ãî á¢ï§­ãî
ç áâì ¨ «î¡ë¥ ­¥á¢ï§­ë¥ ç áâ¨. �ç¥¢¨¤­®, ¯à¨ íâ®¬ ¯®«ãç¨¬:

�i (�i)
m

m!

Z
dt1:::

Z
dtm < 0jT ( (x) � (x0)HI(t1):::HI(tm))j0 >c �

�
�
1� i

Z
dtm+1 < 0jHI(tm+1)j0 > �

�1
2

Z
dtm+1

Z
dtm+2 < 0jT (HI(tm+1)HI(tm+2))j0 > +:::

:::+
(�i)k
k!

Z
dtm+1:::

Z
dtm+k < 0jT (HI(tm+1:::)HI(tm+k))j0 > +:::

�
(7.48)

�¥à­¥¬áï â¥¯¥àì ª ¨áå®¤­®© ä®à¬ã«¥ (7.45). �á«¨ à §«®¦¨âì áâ®ïéãî ¢ §­ ¬¥­ â¥«¥ ¢¥«¨ç¨­ã <
0jSj0 > ¢ àï¤ ¯® áâ¥¯¥­ï¬HI , â® ¯®«ãç¨âáï ¢ â®ç­®áâ¨ â® ¦¥ á ¬®¥ ¢ëà ¦¥­¨¥, ª®â®à®¥ § ª«îç¥­®
¢ ä¨£ãà­ë¥ áª®¡ª¨ ¢ (7.48). � ª¨¬ ®¡à §®¬:

< 0jT (x) � (x0)Sj0 >=< 0jT (x) � (x0)Sj0 >c< 0jSj0 > (7.49)

â ª çâ®, á®£« á­® (7.45)
G(x� x0)� i < 0jT (x) � (x0)Sj0 >c (7.50)

çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì! �®«ãç¥­­®¥ ¯à ¢¨«® á¯à ¢¥¤«¨¢® ¯à¨ ¢ëç¨á«¥­¨¨ «î¡®£® ¢ëà ¦¥­¨ï
â¨¯  (7.27) ¨«¨ (7.45) á ¯à®¨§¢®«ì­ë¬ª®«¨ç¥áâ¢®¬¯®«¥¢ëå ®¯¥à â®à®¢. �  ¯à ªâ¨ª¥ íâ® ®§­ ç ¥â,
çâ® ¬®¦­® ¢®®¡é¥ ®¯ãáâ¨âì ¬­®¦¨â¥«ì < 0jSj0 > ¢ §­ ¬¥­ â¥«¥, ¥á«¨ áà §ã ¤®£®¢®à¨âìáï ­¥
ãç¨âë¢ âì ­¥á¢ï§­ë¥ ¤¨ £à ¬¬ë.

� «ì­¥©è¨¥ ã¯à®é¥­¨ï ¢®§­¨ª îâ ¢á«¥¤áâ¢¨¥ â®£®, çâ® ¢á¥ â¨¯ë á¯ à¨¢ ­¨© ¢ ¢ëà ¦¥­¨¨

� i (�i)
m

m!

Z
dt1:::

Z
dtm < 0jT ( (x) � (x0)HI(t1):::HI(tm))j0>c (7.51)

®â«¨ç îé¨¥áï â®«ìª® ¯¥à¥áâ ­®¢ª®© HI, ¤ îâ ®¤¨­ ª®¢ë© ¢ª« ¤. �« £®¤ àï íâ®¬ã ¬®¦­® ®¯ã-
áâ¨âì ¬­®¦¨â¥«ì 1=m! ¨ ãç¨âë¢ âì â®«ìª® â ª¨¥ á¯ à¨¢ ­¨ï, ª®â®àë¥ ¯à¨¢®¤ïâ ª â®¯®«®£¨ç¥áª¨
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­¥íª¢¨¢ «¥­â­ë¬ ¤¨ £à ¬¬ ¬, â.¥. â ª¨¬, ª®â®àë¥ ­¥«ì§ï ¯®«ãç¨âì ¤àã£ ¨å ¤àã£  ¯¥à¥áâ ­®¢ª®©
®¯¥à â®à®¢ HI. �ª« ¤ ®â ª ¦¤®© â ª®© ¤¨ £à ¬¬ë ã¦¥ ­¥ á®¤¥à¦¨â ¬­®¦¨â¥«ï, áãé¥áâ¢¥­­®
§ ¢¨áïé¥£® ®â ¯®àï¤ª  ¤¨ £à ¬¬ë m. �« £®¤ àï íâ®¬ã ª ¦¤ ï ¤¨ £à ¬¬  ¬®¦¥â ¡ëâì à §¡¨â 
­  í«¥¬¥­âë, ª®â®àë¥ ¬®¦­® à áá¬ âà¨¢ âì ®â¤¥«ì­® ª ª ¯®¯à ¢ªã ª â®© ¨«¨ ¨­®© £à¨­®¢áª®©
äã­ªæ¨¨. � ç¨á«ã ­¥áãé¥áâ¢¥­­ëå § ¢¨á¨¬®áâ¥© ®â m ®â­®á¨âáï, ®ç¥¢¨¤­®, ¬­®¦¨â¥«ì �m, £¤¥
� { ª®­áâ ­â . � ª®© ¬­®¦¨â¥«ì ­¥ ¬¥è ¥â à §¡¨¥­¨î ¤¨ £à ¬¬ë ­  í«¥¬¥­âë (¡«®ª¨). � ®¡®-
à®â, ¯®ï¢«¥­¨¥ ¬­®¦¨â¥«ï â¨¯  1=m ã¦¥ ¯à¥¯ïâáâ¢ã¥â â ª®¬ã à §¡¨¥­¨î ¨ áã¬¬¨à®¢ ­¨î ç áâ¥©
¤¨ £à ¬¬ë ¯® ®â¤¥«ì­®áâ¨.

�«®ª, § ª«îç¥­­ë© ¬¥¦¤ã ¤¢ã¬ï í«¥ªâà®­­ë¬¨ «¨­¨ï¬¨, ­ §ë¢ ¥âáï í«¥ª-
âà®­­®© á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª®© ç áâìî. � ª ¨ ¢ ä®â®­­®¬ á«ãç ¥, ¥¥ ­ -
§ë¢ îâ ­¥¯à¨¢®¤¨¬®© (¨«¨ ®¤­®ç áâ¨ç­® ­¥¯à¨¢®¤¨¬®©), ¥á«¨ ®­  ­¥ ¬®¦¥â ¡ëâì
à §à¥§ ­  ­  ¤¢¥ ¤àã£¨¥ á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª¨¥ ç áâ¨ ¯ãâ¥¬ à áá¥ç¥­¨ï ®¤­®©
í«¥ªâà®­­®© «¨­¨¨. �ã¬¬ã ¢á¥å ­¥¯à¨¢®¤¨¬ëå á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª¨å ç áâ¥©
®¡®§­ ç¨¬ �iM(p), íâã ¢¥«¨ç¨­ã ­ §ë¢ îâ ¥é¥ ¬ áá®¢ë¬ ®¯¥à â®à®¬. � â®ç­®-
áâìî ¤® ç«¥­®¢ � e4 ¬ áá®¢ë© ®¯¥à â®à ¨§®¡à ¦ ¥âáï £à ä¨ª ¬¨, ¯®ª § ­­ë¬¨
­  �¨á.7-13. �ãâ¥¬ áã¬¬¨à®¢ ­¨ï,  ­ «®£¨ç­®£® ¯à®¢¥¤¥­­®¬ã ¯à¨ ¢ë¢®¤¥ (7.30),
¯®«ãç ¥¬ ãà ¢­¥­¨¥ � ©á®­ :

D(p) = G(p) +G(p)M(p)G(p) (7.52)

¨«¨, ¤«ï ®¡à â­ëå ¬ âà¨æ:

G�1(p) = G�1(p)�M(p) = 
�p� �M(p) (7.53)

�à ¢­¥­¨¥ (7.30) â ª¦¥ ¬®¦­® ­ §¢ âì ãà ¢­¥­¨¥¬ � ©á®­  ¤«ï ä®â®­­®£® ¯à®¯ -
£ â®à . �¨¦¥ ¬ë ¥é¥ ­¥ à § ¢¥à­¥¬áï ª ®¡áã¦¤¥­¨î íâ¨å ãà ¢­¥­¨©.

�¥©§¥­¡¥à£®¢áª¨¥  -®¯¥à â®àë (¢ ®â«¨ç¨¥ ®â  -®¯¥à â®à®¢ ¢ ¯à¥¤áâ ¢«¥­¨¨ ¢§ -
¨¬®¤¥©áâ¢¨ï), ª ª ®â¬¥ç «®áì ¢ëè¥ ¬¥­ïîâáï ¯à¨ ª «¨¡à®¢®ç­ëå ¯à¥®¡à §®¢ -
­¨ïå. �¬¥áâ¥ á ­¨¬¨ ­¥ ï¢«ï¥âáï ª «¨¡à®¢®ç­® ¨­¢ à¨ ­â­ë¬ ¨ â®ç­ë© í«¥ªâà®­-
­ë© ¯à®¯ £ â®à G. �á­®, çâ® ¨§¬¥­¥­¨¥ G ¯à¨ ª «¨¡à®¢®ç­ëå ¯à¥®¡à §®¢ ­¨ïå
¤®«¦­® ¢ëà ¦ âìáï ç¥à¥§ âã ¦¥ ¯à®¨§¢®«ì­ãî äã­ªæ¨î Dl, ª®â®à ï ¤®¡ ¢«ï¥âáï
¯à¨ íâ®¬ ª ä®â®­­®¬ã ¯à®¯ £ â®àã. �â® ïá­® ¨§ â®£®, çâ® ¯à¨ ¢ëç¨á«¥­¨¨ G ¨§ ¤¨ -
£à ¬¬­®£® àï¤  â¥®à¨¨ ¢®§¬ãé¥­¨©, «î¡®© ç«¥­ àï¤  ¢ëà ¦ ¥âáï ç¥à¥§ äã­ªæ¨¨
D ¨ ­¨ª ª¨å ¤àã£¨å ¢¥«¨ç¨­, á¢ï§ ­­ëå á í«¥ªâà®¬ £­¨â­ë¬ ¯®«¥¬ ¢ ­¨å ¯à®áâ®
­¥â. �ë ¬®¦¥¬ ¤¥« âì «î¡ë¥ ¯à¥¤¯®«®¦¥­¨ï ® á¢®©áâ¢ å ®¯¥à â®à  � ¢ (7.9), «¨èì
¡ë ®â¢¥â ¢ëà ¦ «áï ç¥à¥§ Dl . � à¥§ã«ìâ â¥ ¯à¥®¡à §®¢ ­¨ï (7.9) ¯à®¯ £ â®àë D ¨
G ¯¥à¥å®¤ïâ ¢:

D�� ! i < 0jT [A�(x) � @��(x)][A� � @0��(x
0)]j0 > (7.54)

G ! �i < 0jT (x)eie�(x)e�ie�(x0) � (x0)j0 > (7.55)

�ã¤¥¬ ¯®« £ âì, çâ® ®¯¥à â®àë � ãáà¥¤­ïîâáï ¯® ¢ ªãã¬ã ­¥§ ¢¨á¨¬® ®â ®áâ «ì-
­ëå, çâ®, ¥áâ¥áâ¢¥­­®, ®á­®¢ ­® ­  â®¬, çâ® ¢ á¨«ã ª «¨¡à®¢®ç­®© ¨­¢ à¨ ­â­®-
áâ¨ í«¥ªâà®¤¨­ ¬¨ª¨ \¯®«¥" � ­¥ ¯à¨­¨¬ ¥â ­¨ª ª®£® ãç áâ¨ï ¢® ¢§ ¨¬®¤¥©áâ¢¨¨.
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�®«®¦¨¬ â ª¦¥ < 0j�(x)j0 >= 0. �®£¤  ¢ (7.55) ¨ (7.55) ç«¥­ë, á®¤¥à¦ é¨¥ �,
®â¤¥«ïîâáï ¨ ¬ë ¯®«ãç ¥¬:

D�� !D��+ < 0jT@��(x)@0��(x0)j0 > (7.56)

G ! G < 0jTeie�(x)e�ie�(x0)j0 > (7.57)

�®¤ç¥àª­¥¬ ¥é¥ à §, çâ® ¢¥«¨ç¨­ë � §¤¥áì ï¢«ïîâáï ®¯¥à â®à ¬¨. � «¥¥ à áá¬®-
âà¨¬ á«ãç © ¡¥áª®­¥ç­® ¬ «ëå ª «¨¡à®¢®ç­ëå ¯à¥®¡à §®¢ ­¨© ¨ ¢¢¥¤¥¬ �� ¢¬¥áâ®
�. �à¥®¡à §®¢ ­¨¥ (7.57), ­¥§ ¢¨á¨¬® ®â ¬ «®áâ¨ ��, ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥:

D�� !D�� + �D�� �D�� = @�@
0
�d
l(x� x0) (7.58)

£¤¥
dl(x� x0) = i < 0jT��(x)��(x0)j0 > (7.59)

�âáî¤  ¢¨¤­®, çâ® dl ®¯à¥¤¥«ï¥â ¨§¬¥­¥­¨¥ ¯à¨ ª «¨¡à®¢®ç­®¬ ¯à¥®¡à §®¢ ­¨¨
¯à®¤®«ì­®© ç áâ¨ ä®â®­­®£® ¯à®¯ £ â®à  Dl.

� ¯à¥®¡à §®¢ ­¨¨ (7.57) à §«®¦¨¬ íªá¯®­¥­âë ¯® áâ¥¯¥­ï¬ �� á â®ç­®áâìî ¤®
ª¢ ¤à â¨ç­ëå ç«¥­®¢, â®£¤ :

< 0jTeie��(x)e�ie��(x0)j0 >� �1
2
e2 < 0j��2(x) + ��2(x0) � 2T��(x)��(x0)j0 > (7.60)

� ãç¥â®¬ ®¯à¥¤¥«¥­¨ï (7.59) ¯®«ãç ¥¬:

G ! G + �G �G = ie2G(x� x0)[dl(0)� dl(x� x0)] (7.61)

� ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨ íâ® ¤ ¥â:

�G(p) = ie2
Z

d4q

(2�)4
[G(p)� G(p � q)]dl(q) (7.62)

¯à¨ç¥¬
q2dl(q) = �Dl(q) (7.63)

�â¨ ä®à¬ã«ë ¤ îâ ®¡é¨¥ ¯à ¢¨«  ª «¨¡à®¢®ç­ëå ¯à¥®¡à §®¢ ­¨© â®ç­ëå ¯à®¯ -
£ â®à®¢ ¢ ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¥.

�¥àè¨­­ë¥ ç áâ¨.

� á«®¦­ëå ¤¨ £à ¬¬ å ¬®¦­®, ­ àï¤ã á á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª¨¬¨ ç áâï¬¨,
¢ë¤¥«¨âì â ª¦¥ ¨ ­¥ á¢®¤ïé¨¥áï ª ­¨¬ ¡«®ª¨ ¤àã£®£® ¢¨¤ . � áá¬®âà¨¬ äã­ªæ¨î:

K�(x1; x2; x3) =< 0jTA�(x1) (x2) � (x3)j0 > (7.64)

� á¨«ã ®¤­®à®¤­®áâ¨ ¯à®áâà ­áâ¢  - ¢à¥¬¥­¨ ®­  § ¢¨á¨â â®«ìª® ®â à §­®áâ¥© á¢®¨å
 à£ã¬¥­â®¢. �®á«¥ ¯¥à¥å®¤  ª ¯à¥¤áâ ¢«¥­¨î ¢§ ¨¬®¤¥©áâ¢¨ï ¨¬¥¥¬:

K�(x1; x2; x3) =
< 0jTA�int(x1) int(x2) � int(x3)Sj0 >

< 0jSj0 > (7.65)
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�¨á. 7-14

�¨á. 7-15

� ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨ ¬®¦­® ­ ¯¨á âì:

K�(p2; p1; k)(2�)
4�(p1 + k � p2) =

Z
d4x1

Z
d4x2

Z
d4x3e

�ikx1+ip2�ip1x3K�(x1; x2; x3)

(7.66)
� ¤¨ £à ¬¬­®© â¥å­¨ª¥ äã­ªæ¨ï K� ®¯¨áë¢ ¥âáï \âà¥åå¢®áâª®©", ¯®ª § ­­®© ­ 
�¨á.7-14, á ®¤­¨¬ ä®â®­­ë¬ ¨ ¤¢ã¬ï í«¥ªâà®­­ë¬¨ ª®­æ ¬¨, ¨¬¯ã«ìáë ª®â®àëå
á¢ï§ ­ë § ª®­®¬ á®åà ­¥­¨ï:

p1 + k = p2 (7.67)

�«¥­ ­ã«¥¢®£® ¯®àï¤ª  ¢ à §«®¦¥­¨¨ íâ®© äã­ªæ¨¨ ¢ àï¤ â¥®à¨¨ ¢®§¬ãé¥­¨©
®¡à é ¥âáï ¢ ­ã«ì,   ç«¥­ ¯¥à¢®£® ¯®àï¤ª  ¢ ª®®à¤¨­ â­®¬ ¯à¥¤áâ ¢«¥­¨¨:

K�(x1; x2; x3) = e

Z
d4xG(x2 � x)
�G(x� x3)D

��(x1 � x) (7.68)

¨«¨, ¢ ¨¬¯ã«ìá­®¬ ¯à¥¤áâ ¢«¥­¨¨:

K�(p2; p1; k) = eG(p2)
�G(p1)D
��(k) (7.69)

çâ® ¨§®¡à ¦ ¥âáï ¤¨ £à ¬¬®© �¨á.7-15.
� á«¥¤ãîé¨å ¯®àï¤ª å ¤¨ £à ¬¬ë ãá«®¦­ïîâáï §  áç¥â ¤®¡ ¢«¥­¨ï ­®¢ëå ¢¥à-

è¨­. � ¯à¨¬¥à ¢ âà¥âì¥¬ ¯®àï¤ª¥ ¢®§­¨ª îâ ¤¨ £à ¬¬ë, ¯®ª § ­­ë¥ ­  �¨á.7-16.
� ¯¥à¢ëå âà¥å ¤¨ £à ¬¬ å �¨á.7-16 ¢ë¤¥«ïîâáï ®ç¥¢¨¤­ë¥ á®¡áâ¢¥­­® - í­¥à£¥â¨-
ç¥áª¨¥ ç áâ¨ ä®â®­  ¨ í«¥ªâà®­®¢. �® ¢ ç¥â¢¥àâ®© ¤¨ £à ¬¬¥ â ª¨å ¡«®ª®¢ ­¥â.

�¨á. 7-16
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�¨á. 7-17

�â® ®¡é ï á¨âã æ¨ï { ¯®¯à ¢ª¨ â¨¯  á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª¨å ç áâ¥© ¯à®áâ®
¯à¨¢®¤ïâ ª § ¬¥­¥ ¢ (7.69) äã­ªæ¨© �à¨­  G ¨ D ­  G ¨ D. �áâ «ì­ë¥ ç«¥­ë à §-
«®¦¥­¨ï ¢ áã¬¬¥ ¤ îâ ¢¥«¨ç¨­ã, ¨§¬¥­ïîéãî ¢ (7.69) ¬­®¦¨â¥«ì 
�. �¡®§­ ç ï
á®®â¢¥âáâ¢ãîéãî ¢¥«¨ç¨­ã ç¥à¥§ �� ¨¬¥¥¬, ¯® ®¯à¥¤¥«¥­¨î:

K�(p2; p1; k) = fiG(p2)[�ie��(p2; p1; k)]iG(p1)g [�iD��(k)] (7.70)

�«®ª, á®¥¤¨­¥­­ë© á ¤àã£¨¬¨ ç áâï¬¨ ¤¨ £à ¬¬ë ®¤­®© ä®â®­­®© ¨ ¤¢ã¬ï í«¥ª-
âà®­­ë¬¨ «¨­¨ï¬¨ ­ §ë¢ ¥âáï ¢¥àè¨­­®© ç áâìî, ¥á«¨ íâ®â ¡«®ª ­¥«ì§ï à §¤¥-
«¨âì ­  ç áâ¨, á®¥¤¨­¥­­ë¥ ¬¥¦¤ã á®¡®© ®¤­®© (í«¥ªâà®­­®© ¨«¨ ä®â®­­®©) «¨-
­¨¥©. �¢¥¤¥­­ë© ¢ëè¥ ¡«®ª �� ¯à¥¤áâ ¢«ï¥â á®¡®© áã¬¬ã ¢á¥£® ¬­®¦¥áâ¢  ¢¥à-
è¨­­ëå ç áâ¥©, ¢ª«îç ï ¯à®áâãî ¢¥àè¨­ã 
�, ­ §ë¢ ¥âáï ¢¥àè¨­­ë¬ ®¯¥à â®à®¬
(¨«¨ ¢¥àè¨­­®© äã­ªæ¨¥©). � â®ç­®áâìî ¤® ç«¥­®¢ ¯ïâ®£® ¯®àï¤ª  ®­ ¨§®¡à -
¦ ¥âáï ¤¨ £à ¬¬ ¬¨, ¯®ª § ­­ë¬¨ ­  �¨á.7-17. �á¥ âà¨ ¨¬¯ã«ìá  âãâ ­¥ ¬®£ãâ
®¤­®¢à¥¬¥­­® ®â­®á¨âìáï ª à¥ «ì­ë¬ ç áâ¨æ ¬: ¬ë ã¦¥ ¢¨¤¥«¨, çâ® ¯®£«®é¥­¨¥
(¨§«ãç¥­¨¥) ä®â®­  á¢®¡®¤­ë¬ í«¥ªâà®­®¬ ­¥¢®§¬®¦­® ¨§-§  § ª®­®¢ á®åà ­¥­¨ï
4-¨¬¯ã«ìá . �®íâ®¬ã, ®¤¨­ ¨§ ª®­æ®¢ §¤¥áì § ¢¥¤®¬® ¤®«¦¥­ ®â­®á¨âìáï ª ¢¨àâã-
 «ì­®© ç áâ¨æ¥ (¨«¨ ¢­¥è­¥¬ã ¯®«î).

�®¦­® ¢¢¥áâ¨ ¯®­ïâ¨¥ ª®¬¯ ªâ­®© ¨ ­¥ª®¬¯ ªâ­®© ¢¥àè¨­­®© ç áâ¨. �®¬¯ ªâ-
­ë¬¨ ­ §ë¢ îâáï â¥, ª®â®àë¥ ­¥ á®¤¥à¦ â á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª¨å ¯®¯à ¢®ª ª
¢­ãâà¥­­¨¬ «¨­¨ï¬, ¨ ¢ ª®â®àëå ­¥«ì§ï ¢ë¤¥«¨âì ç áâ¥©, ¯à¥¤áâ ¢«ïîé¨å á®¡®©
¯®¯à ¢ª¨ ª ¢­ãâà¥­­¨¬ ¢¥àè¨­ ¬. �§ £à ä¨ª®¢, ¯®ª § ­­ëå ­  �¨á.7-17, ª®¬¯ ªâ-
­ë¬¨ ï¢«ïîâáï â®«ìª® ¤¨ £à ¬¬ë (¡) ¨ (£). �à ä¨ª¨ (¦,§,¨) á®¤¥à¦ â á®¡áâ¢¥­­®
- í­¥à£¥â¨ç¥áª¨¥ ¯®¯à ¢ª¨ ª í«¥ªâà®­­ë¬ ¨«¨ ä®â®­­ë¬ «¨­¨ï¬. � ¤¨ £à ¬¬¥
(¢) ¢¥àå­¨© £®à¨§®­â «ì­ë© ¯ã­ªâ¨à ¬®¦­® à áá¬ âà¨¢ âì ª ª ¯®¯à ¢ªã ª ¢¥àå-
­¥© ¢¥àè¨­¥,   ¡®ª®¢ë¥ ¯ã­ªâ¨à­ë¥ «¨­¨¨ ­  ¤¨ £à ¬¬ å (¤) ¨ (¥) ¬®¦­® áç¨â âì
¯®¯à ¢ª ¬¨ ª ¡®ª®¢ë¬ ¢¥àè¨­ ¬. � ¬¥­¨¢ ¢ ª®¬¯ ªâ­ëå ¤¨ £à ¬¬ å ¢­ãâà¥­­¨¥
«¨­¨¨ ­  ¦¨à­ë¥,   ¢¥àè¨­ë § èâà¨å®¢ ­­ë¬¨ ªàã¦ª ¬¨ ¯®«ãç¨¬ à §«®¦¥­¨¥
¢¥àè¨­­®£® ®¯¥à â®à  ¢ ¢¨¤¥, ¯®ª § ­­®¬ ­  �¨á.7-18, ª®â®àë© ¨­®£¤  ­ §ë¢ îâ
à §«®¦¥­¨¥¬ ¯® \áª¥«¥â­ë¬" ¤¨ £à ¬¬ ¬. �â® à §«®¦¥­¨¥, ä ªâ¨ç¥áª¨, ¤ ¥â ¨­â¥-
£à «ì­®© ãà ¢­¥­¨¥ ¤«ï �, ­® á ¡¥áª®­¥ç­ë¬ ç¨á«®¬ ç«¥­®¢ ¢ ¯à ¢®© ç áâ¨ { ¤«ï
¢¥àè¨­ ­¥«ì§ï ¯®«ãç¨âì § ¬ª­ãâë©  ­ «®£ ãà ¢­¥­¨© � ©á®­ , ª®â®àë¥ ¨¬¥îâ
¬¥áâ® ¤«ï äã­ªæ¨© �à¨­  (¯à®¯ £ â®à®¢).

�®¦­® ¢¢¥áâ¨ â ª¦¥ ¢¥àè¨­ë á ¡®«ìè¨¬ ª®«¨ç¥áâ¢®¬ ¢­¥è­¨å ª®­æ®¢, ­ ¯à¨-
¬¥à \ç¥âëà¥åå¢®áâªã", ¯®ª § ­­ãî ­  �¨á.7-19. � â ª®© ¤¨ £à ¬¬¥ ¬®¦­® ¯à¨©â¨
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�¨á. 7-18

�¨á. 7-19

à áá¬®âà¥¢ äã­ªæ¨î:

K(x1; x2;x3; x4) =< 0jT (x1) (x2) � (x3) � (x4)j0 > (7.71)

ª®â®àãî ®¡ëç­® ­ §ë¢ îâ ¤¢ãåç áâ¨ç­®© äã­ªæ¨¥© �à¨­ . �­  ®¯ïâì § ¢¨á¨â
â®«ìª® ®â à §­®áâ¥© á¢®¨å  à£ã¬¥­â®¢. �¥ ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ § ¯¨áë¢ ¥âáï ¢
¢¨¤¥:Z

d4x1

Z
d4x2

Z
d4x3

Z
d4x4K(x1; x2;x3; x4)e

i(p3x1+p4x2�p1x3�p2x4) =

= (2�)4�(p1 + p2 � p3 � p4)K(p3; p4; p1; p2) (7.72)

¯à¨ç¥¬:

K(p3; p4; p1; p2) = (2�)4�(p1 � p3)G(p1)G(p2)� (2�)4�(p2 � p3)G(p1)G(p2) +
+G(p3)G(p4)[�i�(p3; p4; p1; p2)]G(p1)G(p2) (7.73)

�¥à¢ë¥ ¤¢  á« £ ¥¬ëå §¤¥áì ¨áª«îç îâ ¨§ ®¯à¥¤¥«¥­¨ï �(p3; p4; p1; p2) £à ä¨ª¨
â¨¯  ¯®ª § ­­ëå ­  �¨á.7-20. � âà¥âì¥¬ ç«¥­¥ (7.73) ¬­®¦¨â¥«¨ G ¨áª«îç îâ ¨§
®¯à¥¤¥«¥­¨ï ¢¥àè¨­ë � â¥ ¤¨ £à ¬¬ë, ª®â®àë¥ ¯à¥¤áâ ¢«ïîâ á®¡®© ¯®¯à ¢ª¨ ª
¢­¥è­¨¬ í«¥ªâà®­­ë¬ «¨­¨ï¬. �® á¢®©áâ¢ ¬ T -¯à®¨§¢¥¤¥­¨ï ä¥à¬¨¥¢áª¨å ®¯¥à -
â®à®¢, ¢¥àè¨­  �(p3; p4; p1; p2) ®¡« ¤ ¥â ®ç¥¢¨¤­ë¬¨ á¢®©áâ¢ ¬¨  ­â¨á¨¬¬¥âà¨¨:

�(p3; p4; p1; p2) = ��(p4; p3; p1; p2) = ��(p3; p4; p2; p1) (7.74)

�¨á. 7-20
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�¨á. 7-21

�¨á. 7-22

�â  ¢¥àè¨­  ¬®¦¥â ®¯¨áë¢ ¥â ¯à®æ¥áá à áá¥ï­¨ï ¤¢ãå í«¥ªâà®­®¢, ¥£®  ¬¯«¨âã¤ã
¬®¦­® ­ ©â¨, á®¯®áâ ¢¨¢ ¢­¥è­¨¬ ª®­æ ¬  ¬¯«¨âã¤ë ­ ç «ì­ëå ¨ ª®­¥ç­ëå ç -
áâ¨æ (¢¬¥áâ® ¯à®¯ £ â®à®¢ G):

iMfi = �u(p3)�u(p4)[�ie�(p3; p4; p1; p2)]u(p1)u(p2) (7.75)

¯à¨ç¥¬ � ®¯¨áë¢ ¥â ¢á¥ ¢®§¬®¦­ë¥ ¯à®æ¥ááë ¢§ ¨¬®¤¥©áâ¢¨ï ¤¢ãå ç áâ¨æ ¢® ¢á¥å
¯®àï¤ª å â¥®à¨¨ ¢®§¬ãé¥­¨©.

�à ¢­¥­¨ï � ©á®­ .

�®ç­ë¥ ¯à®¯ £ â®àë ¨ ¢¥àè¨­­ë¥ ç áâ¨ á¢ï§ ­ë ¬¥¦¤ã á®¡®©, ª ª ¬ë ã¦¥ ¢¨¤¥«¨,
®¯à¥¤¥«¥­­ë¬¨ ¨­â¥£à «ì­ë¬¨ á®®â­®è¥­¨ï¬¨. � áá¬®âà¨¬ íâ®â ¢®¯à®á ¯®¤à®¡-
­¥¥. � áá¬®âà¨¬ £à ä¨ª¨ ¤«ï ­¥¯à¨¢®¤¨¬ëå á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª¨å ç áâ¥©
í«¥ªâà®­ . �¥âàã¤­® á®®¡à §¨âì, çâ® ¨§ ¡¥áª®­¥ç­®£® ¬­®¦¥áâ¢  íâ¨å ¤¨ £à ¬¬
â®«ìª® ®¤­ , ¯®ª § ­­ ï ­  �¨á.7-21, ï¢«ï¥âáï ª®¬¯ ªâ­®© ¢ ®¡áã¦¤ ¢è¥¬áï ¢
¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ á¬ëá«¥,   «î¡®¥ ¥¥ ãá«®¦­¥­¨¥ ¬®¦¥â à áá¬ âà¨¢ âìáï
ª ª ¢¢¥¤¥­¨¥ ¯®¯à ¢®ª ª ®¤­®© ¨§ ¥¥ ¢¥àè¨­. �á­®, çâ® ¢á¥ ¢¥àè¨­­ë¥ ¯®¯à ¢ª¨
¤®áâ â®ç­® ¯à¨¯¨áë¢ âì ¨¬¥­­® ª ®¤­®© («î¡®© ¨§ ¤¢ãå) ¨§ ¥¥ ¢¥àè¨­, ®áâ ¢«ïï
¤àã£ãî \£®«®©". �®®â¢¥âáâ¢¥­­®, áã¬¬  ¢á¥å ­¥¯à¨¢®¤¨¬ëå á®¡áâ¢¥­­® - í­¥à£¥-
â¨ç¥áª¨å ç áâ¥© (â.¥. ¬ áá®¢ë© ®¯¥à â®à) ¬®¦­® ¨§®¡à §¨âì ¢á¥£® ®¤­®© áª¥«¥â­®©
¤¨ £à ¬¬®©, ¯®ª § ­­®© ­  �¨á.7-22. �®®â¢¥âáâ¢ãîé¥¥ ¢ëà ¦¥­¨¥ ¢  ­ «¨â¨ç¥áª®¬
¢¨¤¥ ¨¬¥¥â ¢¨¤:

M(p) = G�1(p)� G�1(p) = �ie2
Z

d4k

(2�)4

�G(p + k)��(p + k; p; k)D��(k) (7.76)

�­ «®£¨ç­®¥ ¢ëà ¦¥­¨¥ ¬®¦­® ­ ¯¨á âì ¨ ¤«ï ¯®«ïà¨§ æ¨®­­®£® ®¯¥à â®à . �à¥¤¨
­¥¯à¨¢®¤¨¬ëå ä®â®­­ëå á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª¨å ç áâ¥© â ª¦¥ â®«ìª® ®¤­ 
ï¢«ï¥âáï ª®¬¯ ªâ­®©, ¨ ¯®«ïà¨§ æ¨®­­ë© ®¯¥à â®à ¯à¥¤áâ ¢«ï¥âáï áª¥«¥â­®©
¤¨ £à ¬¬®©, ¯®ª § ­­®© ­  �¨á.7-23. �®®â¢¥âáâ¢ãîé¥¥  ­ «¨â¨ç¥áª®¥ ¢ëà ¦¥­¨¥
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�¨á. 7-23

¨¬¥¥â ¢¨¤:

1

4�
P��(k) = D�1�� (k)� D�1�� = ie2Sp

Z
d4p

(2�)4

�G(p+ k)��(p+ k; p; k)G(p) (7.77)

�à ¢­¥­¨ï (7.76) ¨ (7.77) ¯à¥¤áâ ¢«ïîâ á®¡®© ®¤­ã ¨§ ï¢­ëå ä®à¬ § ¯¨á¨ ãà ¢-
­¥­¨© � ©á®­  (7.52) ¨ (7.30), ¯à¥¤áâ ¢«ïîé¨å á®¡®© ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¤«ï
â®ç­ëå ¯à®¯ £ â®à®¢ ¨ ¢ëà ¦ îé¨¥ ¨å ç¥à¥§ â®ç­ë¥ ¢¥àè¨­­ë¥ äã­ªæ¨¨. �®-
áª®«ìªã ¤«ï ¢¥àè¨­­ëå ç áâ¥©  ­ «®£¨ç­ë¥ \§ ¬ª­ãâë¥" ¨­â¥£à «ì­ë¥ ãà ¢­¥-
­¨ï ®âáãâáâ¢ãîâ, â® ¢ ¯à ªâ¨ç¥áª¨å á«ãç ïå ãà ¢­¥­¨ï � ©á®­  ¬®¦­® à¥è âì,
¨á¯®«ì§ãï ª ª¨¥ - «¨¡®  ¯¯à®ªá¨¬ æ¨¨ ¤«ï ¢¥àè¨­, ®á­®¢ ­­ë¥, ­ ¯à¨¬¥à, ­  â®¬
¨«¨ ¨­®¬ ¢ë¡®à®ç­®¬ áã¬¬¨à®¢ ­¨¨ ä¥©­¬ ­®¢áª¨å ¤¨ £à ¬¬.

�®¦¤¥áâ¢® �®à¤ .

�ãé¥áâ¢ãîâ â®ç­ë¥ á®®â­®è¥­¨ï ¬¥¦¤ã ¯à®¯ £ â®à ¬¨ ¨ ¢¥àè¨­­ë¬¨ ç áâï¬¨,
¡®«¥¥ ¯à®áâë¥, ç¥¬ ãà ¢­¥­¨ï � ©á®­ . � áá¬®âà¨¬ í«¥ªâà®­­ë© ¯à®¯ £ â®à. �®-
¢¥àè¨¬ ª «¨¡à®¢®ç­®¥ ¯à¥®¡à §®¢ ­¨¥ (7.9), ¯®« £ ï �(x) = ��(x), £¤¥ ��(x) ¡¥áª®-
­¥ç­® ¬ « ï ­¥®¯¥à â®à­ ï äã­ªæ¨ï ª®®à¤¨­ â x. �®£¤  í«¥ªâà®­­ë© ¯à®¯ £ â®à
¨§¬¥­¨âáï ­  ¢¥«¨ç¨­ã:

�G(x; x0) = ieG(x � x0)[��(x)� ��(x0)] (7.78)

� ª®¥ ª «¨¡à®¢®ç­®¥ ¯à¥®¡à §®¢ ­¨¥ ­ àãè ¥â ®¤­®à®¤­®áâì ¯à®áâà ­áâ¢  - ¢à¥-
¬¥­¨ ¨ äã­ªæ¨ï �G § ¢¨á¨â ã¦¥ ®â x ¨ x0 ¯® ®â¤¥«ì­®áâ¨,   ­¥ â®«ìª® ®â x� x0. �¥
à §«®¦¥­¨¥ �ãàì¥ ¯à®¨áå®¤¨â ¯®íâ®¬ã ¯® x ¨ x0 ¢ ®â¤¥«ì­®áâ¨, â ª çâ® ¢ ¨¬¯ã«ìá-
­®¬ ¯à¥¤áâ ¢«¥­¨¨ �G ï¢«ï¥âáï äã­ªæ¨¥© ¤¢ãå 4-¨¬¯ã«ìá®¢:

�G(p2; p1) =
Z
d4x

Z
d4x0�G(x; x0)eip2x�ip1x0 (7.79)

�®¤áâ ¢«ïï áî¤  (7.78) ¨ ¨­â¥£à¨àãï ¯® d4xd4� ¨«¨ d4x0d4�, £¤¥ � = x�x0, ¯®«ãç ¥¬:

�G(p + q; p) = ie��(q)[G(p) � G(p+ q)] (7.80)

� ¤àã£®© áâ®à®­ë ¯à¨ â®¬ ¦¥ ª «¨¡à®¢®ç­®¬ ¯à¥®¡à §®¢ ­¨¨ ª ®¯¥à â®àã ¢¥ªâ®à
- ¯®â¥­æ¨ «  í«¥ªâà®¬ £­¨â­®£® ¯®«ï A�(x) ¤®¡ ¢«ï¥âáï äã­ªæ¨ï:

�A(e)
� (x) = � @

@x�
�� (7.81)
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�¨á. 7-24

ª®â®àãî ¬®¦­® à áá¬®âà¥âì ª ª ¡¥áª®­¥ç­® ¬ «®¥ ¢­¥è­¥¥ ¯®«¥. � ¨¬¯ã«ìá­®¬
¯à¥¤áâ ¢«¥­¨¨ ¨¬¥¥¬:

�A(e)
� (q) = iq��(q) (7.82)

�¥«¨ç¨­ã �G ¬®¦­® ¢ëç¨á«¨âì ¨ ª ª ¨§¬¥­¥­¨¥ ¯à®¯ £ â®à  ¯®¤ ¤¥©áâ¢¨¥¬ íâ®£®
¯®«ï. � â®ç­®áâìî ¤® ¢¥«¨ç¨­ ¯¥à¢®£® ¯®àï¤ª  ¯® �� íâ® ¨§¬¥­¥­¨¥ ¨§®¡à §¨âáï
®¤­®© áª¥«¥â­®© ¤¨ £à ¬¬®©, ¯®ª § ­­®© ­  �¨á. 7-24, £¤¥ ¦¨à­ë© ¯ã­ªâ¨à ®¡®-
§­ ç ¥â íää¥ªâ¨¢­ãî «¨­¨î ¢­¥è­¥£® ¯®«ï, ª®â®à®© á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì:

�A(e)
� (q) + �A

(e)
� (q)

1

4�
P��(q)D��(q) (7.83)

ãç¨âë¢ îé¨© ¢¢¥¤¥­¨¥ ¢ ­¥¥ á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª¨å ¯®¯à ¢®ª. �® 4-¢¥ªâ®à

�A
(e)
� (q) ¯à®¤®«¥­ (¯® ®â­®è¥­¨î ª q),   â¥­§®à P�� ¯®¯¥à¥ç¥­ (áà. (7.42)). �®íâ®¬ã

¢â®à®© ç«¥­ §¤¥áì ¯à®áâ® ®¡à é ¥âáï ¢ ­ã«ì, â ª çâ® ä ªâ¨ç¥áª¨ ®áâ ¥âáï â®«ìª®
¢ª« ¤ £à ä¨ª , ¯®ª § ­­®£® ­  �¨á.7-24, ¢ ª®â®à®¬ «¨­¨î ¢­¥è­¥£® ¯®«ï ¬®¦­®

áç¨â âì \â®­ª®©" ¨ à ¢­®© ¯à®áâ® �A
(e)
� (q). �  ­ «¨â¨ç¥áª®¬ ¢¨¤¥ ¨¬¥¥¬:

�G(p+ q; p) = eG(p+ q)��(p + q; p; q)G(p)�A(e)
� (q) (7.84)

�®¤áâ ¢«ïï áî¤  (7.82) ¨ áà ¢­¨¢ ï á (7.80), ­ å®¤¨¬:

G(p+ q)� G(p) = �G(p + q)q��
�(p+ q; p; q)G(p) (7.85)

¨«¨, ¤«ï ®¡à â­ëå ¬ âà¨æ:

G�1(p+ q)� G�1(p) = q��
�(p+ q; p; q) (7.86)

�à¨ q ! 0, áà ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ¡¥áª®­¥ç­® ¬ «®¬ q� ¢ ®¡¥¨å ç áâïå
à ¢¥­áâ¢ , ¯®«ãç¨¬:

@

@p�
G�1(p) = ��(p; p; 0) (7.87)

{ â ª ­ §ë¢ ¥¬®¥ â®¦¤¥áâ¢® �®à¤  ¢ ¤¨ää¥à¥­æ¨ «ì­®© ä®à¬¥. �®®â­®è¥­¨¥
(7.86) ¯à¥¤áâ ¢«ï¥â á®¡®© â®¦¤¥áâ¢® �®à¤  ¤«ï ª®­¥ç­ëå q. �§ (7.87) ¢¨¤­®, çâ®
¯à®¨§¢®¤­ ï G�1(p) ¯® ¨¬¯ã«ìáã á®¢¯ ¤ ¥â á ¢¥àè¨­­ë¬ ®¯¥à â®à®¬ á ­ã«¥¢®©
¯¥à¥¤ ç¥© ¨¬¯ã«ìá . �à®¨§¢®¤­ ï ®â á ¬®© äã­ªæ¨¨ �à¨­  G(p) à ¢­ :

� @

@p�
iG(p) = iG(p)[�i��(p; p; 0)]iP(p) (7.88)

� ­ã«¥¢®¬ ¯à¨¡«¨¦¥­¨¨ íâ® â®¦¤¥áâ¢® ¢®®¡é¥ ®ç¥¢¨¤­®, ¯®áª®«ìªã ¨§ G�1 =


�p� � m áà §ã á«¥¤ã¥â @G�1

@p�
= 
�. �âáî¤  ­¥âàã¤­® ¯®«ãç¨âì ¨ £à ä¨ç¥áª¨©

¢ë¢®¤ íâ®£® â®¦¤¥áâ¢  { ¨§ ãà ¢­¥­¨ï � ©á®­  (7.53) «¥£ª® ¢¨¤¥âì, çâ® ¤¨ää¥-
à¥­æ¨à®¢ ­¨¥ ®¡à â­®© äã­ªæ¨¨ �à¨­  ¯® ¨¬¯ã«ìáã íª¢¨¢ «¥­â­® ¢á¥¢®§¬®¦­ë¬
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¢áâ ¢ª ¬ «¨­¨© ä¨ªâ¨¢­®£® ¢­¥è­¥£® ¯®«ï á ­ã«¥¢ë¬ ¯¥à¥¤ ¢ ¥¬ë¬ ¨¬¯ã«ìá®¬
¢® ¢á¥ £à ä¨ª¨ ¤«ï ­¥¯à¨¢®¤¨¬®© á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª®© ç áâ¨, çâ® £¥­¥à¨-
àã¥â ¢á¥ £à ä¨ª¨ ¤«ï á®®â¢¥âáâ¢ãîé¥© ¢¥àè¨­­®© ç áâ¨. �®¦¤¥áâ¢® �®à¤  ¨¬¥¥â
®£à®¬­®¥ §­ ç¥­¨¥ ¤«ï ¯à®¢¥àª¨ á®£« á®¢ ­­®áâ¨ ª®­ªà¥â­ëå ¯à¨¡«¨¦¥­¨© ¢ § -
¤ ç å ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï.

�¥áª®«ìª® ¡®«¥¥ £à®¬®§¤ª¨¬ ï¢«ï¥âáï ¢ë¢®¤  ­ «®£¨ç­ëå â®¦¤¥áâ¢ ¤«ï â®ç­®©
ä®â®­­®© äã­ªæ¨¨ �à¨­  (¯®«ïà¨§ æ¨®­­®£® ®¯¥à â®à ). �®®â¢¥âáâ¢ãîé¨¥ ¤¥â «¨
¬®¦­® ­ ©â¨ ¢ [1].
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�« ¢  8

��������� ����������
��������� �����������-
����

� áá¥ï­¨¥ í«¥ªâà®­  ­  áâ â¨ç¥áª®¬ § -
àï¤¥: ¯®¯à ¢ª¨ ¢ëáè¨å ¯®àï¤ª®¢.

� íâ®© £« ¢¥ ¬ë à áá¬®âà¨¬ ¯à¨¬¥àë à áç¥â  ­¥ª®â®àëå ª®­ªà¥â­ëå íää¥ªâ®¢ ¢
à ¬ª å ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¨, â ª¦¥ ª ª ¨ àï¤ ¢®¯à®á®¢ ¯à¨­æ¨¯¨ «ì­®£®
å à ªâ¥à , ®â­®áïé¨åáï ª ®á­®¢ ¬ íâ®© â¥®à¨¨. �ã¦­® § ¬¥â¨âì, çâ® ª¢ ­â®¢ ï
í«¥ªâà®¤¨­ ¬¨ª  ï¢«ï¥âáï ®¡à §æ®¬ çà¥§¢ëç ©­® ãá¯¥è­®© â¥®à¨¨ ¢§ ¨¬®¤¥©-
áâ¢¨ï í«¥¬¥­â à­ëå ç áâ¨æ. �­  ¤ ¥â ¢®§¬®¦­®áâì ¯®à §¨â¥«ì­® â®ç­ëå à áç¥-
â®¢ íää¥ªâ®¢ í«¥ªâà®¬ £­¨â­®£® ¢§ ¨¬®¤¥©áâ¢¨ï, à¥§ã«ìâ âë ª®â®àëå ­ å®¤ïâáï
¢ ¨¤¥ «ì­®¬ á®®â¢¥âáâ¢¨¨ á á®¢à¥¬¥­­ë¬¨ íªá¯¥à¨¬¥­â ¬¨. �à¨¬¥àë ¤¥â «ì­®£®
 ­ «¨§  ¬­®¦¥áâ¢  ª¢ ­â®¢®í«¥ªâà®¤¨­ ¬¨ç¥áª¨å § ¤ ç ¬®¦­® ­ ©â¨ ¢ ª­¨£ å
[1, 2], §¤¥áì ¬ë, ¢ á®®â¢¥âáâ¢¨¨ á å à ªâ¥à®¬ ­ è¥£® ªãàá , ®£à ­¨ç¨¬áï â®«ìª®
àï¤®¬ ¨§¡à ­­ëå ¢®¯à®á®¢. �à¨ íâ®¬ ¤¥â «¨ ¢ëç¨á«¥­¨©, ª®â®àë¥ «¥£ª® ­ ©â¨ ¢
«¨â¥à âãà¥, ¡ã¤ãâ ¯® ¡®«ìè¥© ç áâ¨ ¯à®áâ® ®¯ãáª âìáï. �ë¤¥«ïâìáï ¡ã¤¥â â®«ìª®
ª ç¥áâ¢¥­­ ï áâ®à®­  ¤¥« .

� ª ç¥áâ¢¥ ¯¥à¢®£® ¯à¨¬¥à  ¢¥à­¥¬áï ª ã¦¥ à áá¬ âà¨¢ ¢è¥©áï ¢ �« ¢¥ 4 § -
¤ ç¥ ® à áá¥ï­¨¨ í«¥ªâà®­  ­  áâ â¨ç¥áª®¬ § àï¤¥ ï¤à  (à¥§¥àä®à¤®¢áª®¥ à áá¥ï-
­¨¥). � ¯¥à¢®¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨© íâ®â ¯à®æ¥áá ¨§®¡à ¦ ¥âáï £à ä¨ª®¬
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�¨á. 8-1

�¨á.8-1( )1, £¤¥ áâ â¨ç¥áª¨© § àï¤ ®¡®§­ ç¥­ ªà¥áâ¨ª®¬. � á®®â¢¥âáâ¢¨¨ á ®¡é¨¬¨
¯à ¢¨« ¬¨ ¤¨ £à ¬¬­®© â¥å­¨ª¨,  ¬¯«¨âã¤  íâ®£® ¯à®æ¥áá  § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

Mfi = �i
Z
d4x < f jj�(x)ji > A�(x) (8.1)

£¤¥ ¬ âà¨ç­ë© í«¥¬¥­â â®ª  ¯¥à¥å®¤  ¥áâì:

< f jj�(x)ji >= e�uf
�uie
�iqx (8.2)

£¤¥ q = pi � pf ¨ ¢¢¥¤¥­ë á¯¨­®àë ­ ç «ì­®£® ¨ ª®­¥ç­®£® á®áâ®ï­¨© í«¥ªâà®­ .
�¥ªâ®à - ¯®â¥­æ¨ « A�(x) ®¯¨áë¢ ¥â í«¥ªâà®¬ £­¨â­®¥ ¯®«¥ áâ â¨ç¥áª®£® § àï¤ .
�®®â¢¥âáâ¢¥­­®, ¬®¦­® ­ ¯¨á âì:

Mfi = �ie�uf
�uiA�(q) (8.3)

£¤¥

A�(q) =

Z
d4xe�iqxA�(x) (8.4)

� á«ãç ¥ áâ â¨ç¥áª®£® § àï¤  ¢¥«¨ç¨­  A�(x) ­¥ § ¢¨á¨â ®â ¢à¥¬¥­¨, ¯®íâ®¬ã:

A�(q) =

Z
dte�i(Ei�Ef )t

Z
d3reiqrA�(r) = 2��(Ef � Ei)A

�(q) (8.5)

�â â¨ç¥áª¨¥ ãà ¢­¥­¨ï � ªá¢¥««  ¨¬¥îâ ¢¨¤:

r2A�(r) = �4�j�(r) (8.6)

�®£¤  ¨¬¥¥¬:

A�(q) =
4�

jqj2 j
�(q) (8.7)

�®®â¢¥âáâ¢¥­­®, ¨§ (8.3) ¨ (8.5) ¯®«ãç ¥¬:

Mfi = �2��(Ef �Ei)ie�uf
�ui 4�jqj2 j
�(q) (8.8)

�â®¡ë ­¥ § £à®¬®¦¤ âì ¤ «ì­¥©è¨¥ ®æ¥­ª¨, ®¯ãáâ¨¬ �-äã­ªæ¨î § ª®­  á®åà ­¥­¨ï
í­¥à£¨¨ ¨ ®¯à¥¤¥«¨¬  ¬¯«¨âã¤ã M ª ª:

� iM = ie�uf
�ui
4�

jqj2 j
�(q) (8.9)

1� ¯¥à¢®© ¯®«®¢¨­¥ ¤ ­­®© £« ¢ë, â ª¦¥, ª ª ¢ �« ¢¥ 4, ¬ë ¡ã¤¥¬ ®¡®§­ ç âì ¢­¥è­¥¥ ¯®«¥ ¨
ä®â®­ë ¢®«­¨áâë¬¨ «¨­¨ï¬¨.
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�¨á. 8-2

�à¨ à áá¥ï­¨¨ ­  áâ â¨ç¥áª®¬ § àï¤¥ í«¥ªâà®­ ¨á¯ëâë¢ ¥â ®â¤ çã ¨ pi 6= pf , ­®
í­¥à£¨ï á®åà ­ï¥âáï ¨ Ei = Ef , ¨«¨ q0 = 0. �®íâ®¬ã:

q2 = �jqj2 < 0 (8.10)

{ ¯à®áâà ­áâ¢¥­­® ¯®¤®¡­ë© ¢¥ªâ®à à áá¥ï­¨ï,   (8.9) ¯¥à¥¯¨áë¢ ¥âáï ¢ ¢¨¤¥:

� iM = (ie�uf

�ui)

��4�ig��
q2

�
(�ij�(q)) (8.11)

�¤¥áì ¯¥à¢ë© ¬­®¦¨â¥«ì ®¯¨áë¢ ¥â ¢¥àè¨­­ãî ç áâì,   ¢â®à®© { ä®â®­­ë© ¯à®-
¯ £ â®à. �«ï áâ â¨ç¥áª®£® ï¤à  á § àï¤®¬ Ze ¨¬¥¥¬:

j0(r) = �(r) = Ze�(r) j(r) = 0 (8.12)

â ª çâ®

� iM = (ie�uf

0ui)

��4�i
q2

�
(�iZe) (8.13)

çâ® ¨§®¡à ¦ ¥âáï ¤¨ £à ¬¬®© �¨á.8-1(¡) ¨, ¯® áãâ¨ ¤¥« , á®¢¯ ¤ ¥â á (4.77). �â¨
ä®à¬ã«ë ¨ ®¯¨áë¢ îâ à¥§¥àä®à¤®¢áª®¥ à áá¥ï­¨¥, á¥ç¥­¨¥ ª®â®à®£® (4.81):

d�

d

� jM j2 � q�4 � 1

sin4 �2
(8.14)

£¤¥ � { ã£®« à áá¥ï­¨ï, ª®â®àë© ®¯à¥¤¥«ï¥âáï ¨§ ª¨­¥¬ â¨ª¨:

q2 = (pi � pf )2 � �2k2(1� cos �) = �4k2 sin2 �
2

(8.15)

£¤¥ ¯à¥­¥¡à¥£«¨ ¬ áá®© í«¥ªâà®­  (¯® áà ¢­¥­¨î á ¬ áá®© ï¤à ) ¨ ¢¢¥«¨ k � jpij =
jpf j.

� ª®¢  ª àâ¨­  à áá¥ï­¨ï ¢ ¯¥à¢®¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨©. �®á¬®âà¨¬
ª ç¥¬ã ¯à¨¢®¤ïâ ¢ëáè¨¥ ¯®àï¤ª¨ (à ¤¨ æ¨®­­ë¥ ¯®¯à ¢ª¨). � ª ç¥áâ¢¥ ¯à¨¬¥à 
à áá¬®âà¨¬ ¤¨ £à ¬¬ã âà¥âì¥£® ¯®àï¤ª , ¯®ª § ­­ãî ­  �¨á.8-2. �á¯®«ì§ãï ®¡é¨¥
¯à ¢¨«  ¤¨ £à ¬¬­®© â¥å­¨ª¨ ­¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¥© á®®â¢¥âáâ¢ã¥â:

�iM = (�1)(ie�uf 
�ui)
�
�i4�g��0

q2

�Z
d4p

(2�)4

�
(ie
�

0

)
i(p̂+m)

p2 �m2
(ie
�

0

)
i(q̂ � p̂+m)

(q � p)2 �m2

�
�

�
�
�i4�g�0�

q2

�
(�ij� (q))

(8.16)
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�¨¤­®, çâ® ¯® áà ¢­¥­¨î á à¥§ã«ìâ â®¬ ¯¥à¢®£® ¯®àï¤ª  (8.11) §¤¥áì ¯à®¨§®è« 
®ç¥¢¨¤­ ï ¬®¤¨ä¨ª æ¨ï ä®â®­­®£® ¯à®¯ £ â®à , ¢ ª®â®à®¬ ¯®ï¢¨« áì ®¤­®¯¥â«¥-
¢ ï ¯®«ïà¨§ æ¨®­­ ï \¢áâ ¢ª ", â ª çâ®

�i4�g��
q2

!�i4�g��
q2

+

�
�i4�g��0

q2

�
I�

0�0
�
�i4�g�0�

q2

�
=

= �i4�g��
q2

+
(�4�i)
q2

I��(q
2)
(�4�i)
q2

(8.17)

£¤¥

I��(q
2) = (�1)

Z
d4p

(2�)4
Sp

�
(ie
�)

i(p̂+m)

p2 �m2
(ie
� )

i(q̂ � p̂ +m)

(q � p)2 �m2

�
(8.18)

�à §ã ¦¥ ¢¨¤­®, çâ® ¯à¨ jpj ! 1 ¨­â¥£à « ¢ I�� á®¤¥à¦¨â ¢ª« ¤ (®â ¯®«ïà¨§ -

æ¨®­­®© ¯¥â«¨) ¢¨¤ 
R
dpp

3

p2
, ª § «®áì ¡ë ª¢ ¤à â¨ç­® à áå®¤ïé¨©áï ­  ¢¥àå­¥¬

¯à¥¤¥«¥. �â® ¯à¨¬¥à â¨¯¨ç­®© à áå®¤¨¬®áâ¨, ¯®ï¢«ïîé¥©áï ¢ ¢ëáè¨å ¯®àï¤ª å
â¥®à¨¨ ¢®§¬ãé¥­¨© ¯à ªâ¨ç¥áª¨ ¢ «î¡®© ¬®¤¥«¨ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï. �¨§¨ç¥-
áª ï ¯à¨à®¤  à áå®¤¨¬®áâ¨ á¢ï§ ­ , ¥áâ¥áâ¢¥­­®, á â®ç¥ç­ë¬ («®ª «ì­ë¬) å à ªâ¥-
à®¬ ¢§ ¨¬®¤¥©áâ¢¨ï ¯®«¥© ¢ à¥«ïâ¨¢¨áâáª®© â¥®à¨¨. � ªâ¨ç¥áª¨, íâ  à áå®¤¨¬®áâì
§¤¥áì ¡®«¥¥ á« ¡ ï («®£ à¨ä¬¨ç¥áª ï), ­® ¯à®¡«¥¬  ®áâ ¥âáï. �¨¦¥ ¬ë á­ ç «  ®¡-
áã¤¨¬ ª ç¥áâ¢¥­­ãî áâ®à®­ã ¤¥« .

�àï¬ë¥, ­® ¤®¢®«ì­® £à®¬®§¤ª¨¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ [2], çâ® I�� ¬®¦­®
§ ¯¨á âì ¢ ¢¨¤¥:

I��(q
2) = �ig��q2I(q2) + ::: (8.19)

£¤¥

I(q2) =
e2

3�

Z 1

m2

dp2

p2
� 2e2

�

Z 1

0
dzz(1� z) ln

�
1� q2z(1 � z)

m2

�
(8.20)

  ¬­®£®â®ç¨¥¬ ¢ (8.19) § ¬¥­¥­ë ç«¥­ë ¯à®¯®àæ¨®­ «ì­ë¥ q�q�, ª®â®àë¥ ®¡à é -
îâáï ¢ ­ã«ì ¯à¨ ¢ëç¨á«¥­¨¨ â¥­§®à­®© á¢¥àâª¨ ä®â®­­®£® ¯à®¯ £ â®à  á ¢­¥è­¨¬¨
§ àï¤ ¬¨ (â®ª ¬¨). �¥à¢®¥ á« £ ¥¬®¥ ¢ (8.19) ª ª à § ¨ ¢ë¤¥«ï¥â «®£ à¨ä¬¨ç¥áªãî
à áå®¤¨¬®áâì ¯®«ïà¨§ æ¨®­­®© ¯®¯à ¢ª¨ 2.

�®«¥§­® ¢ë¯¨á âì ¢ëà ¦¥­¨ï ¤«ï I(q2) ¢ ¯à¥¤¥«¥ ¡®«ìè¨å ¨ ¬ «ëå (�q)2. �«ï
¯à¨¤ ­¨ï ®¯à¥¤¥«¥­­®£® §­ ç¥­¨ï ¨­â¥£à «ã ¢¢¥¤¥¬ ¢ ¯¥à¢®¬ ç«¥­¥ (8.20) ¯ à -
¬¥âà ®¡à¥§ ­¨ï �2 (à §¬¥à­®áâ¨ ª¢ ¤à â  ¨¬¯ã«ìá  (¬ ááë), �2 � m2) ­  ¢¥àå­¥¬
¯à¥¤¥«¥. �®£¤  ¯à¨ (�q2)� m2 ¨¬¥¥¬:

ln

�
1� q2z(1� z)

m2

�
� �q

2z(1� z)

m2
(8.21)

¨ á®®â¢¥âáâ¢¥­­®:

I(q2) � e2

3�
ln

�
�2

m2

�
+

e2

15�

q2

m2
(8.22)

�à¨ (�q2)� m2 ¨¬¥¥¬:

ln

�
1� q2z(1� z)

m2

�
� ln

��q2
m2

�
(8.23)

2�®£ à¨ä¬¨ç¥áª¨©,   ­¥ ª¢ ¤à â¨ç­ë©, å à ªâ¥à à áå®¤¨¬®áâ¨ á¢ï§ ­ §¤¥áì á ­¥ª®â®à®©
\áªàëâ®©"  «£¥¡à®© ¯®¤¨­â¥£à «ì­®£® ¢ëà ¦¥­¨ï [2].
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â ª çâ®:

I(q2) � e2

3�
ln

�
�2

m2

�
� e2

3�
ln

��q2
m2

�
=
e2

3�
ln

�
�2

�q2
�

(8.24)

�®£¤   ¬¯«¨âã¤ã à áá¥ï­¨ï á ãç¥â®¬ ®¤­®¯¥â«¥¢®© ¯®¯à ¢ª¨ ¬®¦­® § ¯¨á âì ¯à¨
(�q2)� m2 ¢ á«¥¤ãîé¥¬ ¢¨¤¥3:

� iM = (ie�uf
0ui)

�
�4�i
q2

��
1� e2

3�
ln

�
�2

m2

�
� e2

15�

q2

m2
+O(e4)

�
(�iZe) (8.25)

�â® ¢ëà ¦¥­¨¥ ¬®¦­® á â®© ¦¥ â®ç­®áâìî ¯¥à¥¯¨á âì ª ª:

� iM = (ieR�uf
0ui)

�
�4�i
q2

��
1� e2R

15�

q2

m2

�
(�iZeR) (8.26)

£¤¥ ¢¢¥¤¥­ ¯¥à¥­®à¬¨à®¢ ­­ë© § àï¤:

eR = e

�
1� e2

3�
ln

�2

m2

�1=2

(8.27)

�à¥¤¯®«®¦¨¬, çâ® ¢¥«¨ç¨­  eR ¨§ (8.27) ¯à¥¤áâ ¢«ï¥â á®¡®© \¨áâ¨­­ë©" (íªá¯¥à¨-
¬¥­â «ì­® ¨§¬¥àï¥¬ë©) í«¥ªâà¨ç¥áª¨© § àï¤. �®£¤   ¬¯«¨âã¤  à áá¥ï­¨ï (8.26)
áâ ­®¢¨âáï ª®­¥ç­®©, à áå®¤¨¬®áâì \ã¡à « áì" ¢ eR, ª®â®àë© ¡¥à¥âáï ¨§ íªá¯¥-
à¨¬¥­â  ¨ ­¥ ¯®¤«¥¦¨â ¢ëç¨á«¥­¨î ¢ à ¬ª å à áá¬ âà¨¢ ¥¬®© â¥®à¨¨. � ª¨¬
®¡à §®¬, ­ ¬ ã¤ «®áì ¢ ï¢­®¬ ¢¨¤¥ ¯à®¢¥áâ¨ ¯¥à¥­®à¬¨à®¢ªã à áå®¤ïé¥©áï à ¤¨-
 æ¨®­­®© ¯®¯à ¢ª¨. � ¤ «ì­¥©è¥¬ ¬ë ã¢¨¤¨¬, çâ® ¢ ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¥
¢á¥ à áå®¤¨¬®áâ¨, ¢®§­¨ª îé¨¥ ¢ ¢ëáè¨å ¯®àï¤ª å â¥®à¨¨ ¢®§¬ãé¥­¨©, ã¤ ¥âáï
 ­ «®£¨ç­ë¬ ®¡à §®¬ \á¯àïâ âì" ¢ ª®­¥ç­®¥ ç¨á«® ¯ à ¬¥âà®¢, ¯®¤«¥¦ é¨å ®¯à¥-
¤¥«¥­¨î ¨§ íªá¯¥à¨¬¥­â . � íâ®¬ ¯à®ï¢«ï¥âáï äã­¤ ¬¥­â «ì­®¥ á¢®©áâ¢® ¯¥à¥-
­®à¬¨àã¥¬®áâ¨ íâ®© â¥®à¨¨. �®«ìª® ¯¥à¥­®à¬¨àã¥¬ë¬ ¬®¤¥«ï¬ ª¢ ­â®¢®© â¥®à¨¨
¯®«ï ¬®¦¥â ¡ëâì ¯à¨¤ ­ ä¨§¨ç¥áª¨© á¬ëá«.

�í¬¡®¢áª¨© á¤¢¨£ ¨  ­®¬ «ì­ë© ¬ £­¨â-
­ë© ¬®¬¥­â.

�¥à¢®¥ á« £ ¥¬®¥ ¢ ä®à¬ã«¥ (8.26) ®ç¥¢¨¤­ë¬ ®¡à §®¬ á¢ï§ ­® á ªã«®­®¢áª¨¬ ¯®-
â¥­æ¨ «®¬:

V0(r) = �Ze2R
Z

d3q
(2�)3

eiqr
4�

jqj2 = �
Ze2R
r

(8.28)

�â®à®¥ á« £ ¥¬®¥ ¢ (8.26) á®®â¢¥âáâ¢ã¥â ª¢ ­â®¢ë¬ ¯®¯à ¢ª ¬ ª ªã«®­®¢áª®¬ã ¯®-
â¥­æ¨ «ã, á¢ï§ ­­ë¬ á ¢®§¬®¦­®áâìî à®¦¤¥­¨ï ¢¨àâã «ì­ëå e+e�-¯ à. �®¤¥à¦ -
é¨©áï ¢ ­¥¬ ¬­®¦¨â¥«ì jqj2 ¯à¨ ¯¥à¥å®¤¥ ª ª®®à¤¨­ â­®¬ã ¯à¥¤áâ ¢«¥­¨î § ¬¥­ï-
¥âáï ­  �r2. �®£¤  c ãç¥â®¬ (8.28) ¨ äãàì¥ - à §«®¦¥­¨ï �-äã­ªæ¨¨

�(r) =

Z
d3q
(2�)3

eiqr (8.29)

3� ¯®¬­¨¬, çâ® à §«®¦¥­¨¥ ¢ àï¤ â¥®à¨¨ ¢®§¬ãé¥­¨© ¨¤¥â §¤¥áì ¯® ¡¥§à §¬¥à­®¬ã ¯ à ¬¥âàã

e2 ! e2

~c
� 1

137 .
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�¨á. 8-3

¨«¨, ¢á¯®¬¨­ ï ¨§¢¥áâ­®¥ á®®â­®è¥­¨¥ [25] r2 1
r
= �4��(r), ¢¨¤¨¬, çâ® ä®à¬ã« 

(8.26) ¢ ª®®à¤¨­ â­®¬ ¯à¥¤áâ ¢«¥­¨¨ á®®â¢¥âáâ¢ã¥â ¢§ ¨¬®¤¥©áâ¢¨î ¢¨¤ :

V (r) = �Ze2R
�
1� e2R

60�2m2
r2

�
1

r
= �Ze

2
R

r
� Ze4R
15�m2

�(r) (8.30)

� ª¨¬ ®¡à §®¬ à®¦¤¥­¨¥ ¢¨àâã «ì­ëå e+e�-¯ à (¯®«ïà¨§ æ¨ï ¢ ªãã¬ ) ¯à¨¢®¤¨â
ª ¬®¤¨ä¨ª æ¨¨ ªã«®­®¢áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï ­  ¬ «ëå à ááâ®ï­¨ïå { ¢®§­¨ª ¥â
¤®¯®«­¨â¥«ì­®¥ ¯à¨âï¦¥­¨¥ ª ï¤àã. �®­¥ç­®, íâ¨ ä®à¬ã«ë ­¥ ¢¯®«­¥ ª®àà¥ªâ­ë,
¯®áª®«ìªã ®­¨ ¯®«ãç¥­ë ¨§  á¨¬¯â®â¨ª¨ ®¤­®¯¥â«¥¢®£® ¢ª« ¤  ¢ ¯à¥¤¥«¥ (�q)2 �
m2. �¤­ ª® ¤«ï ¯à®áâëå ®æ¥­®ª ®­¨ ¢¯®«­¥ ¤®áâ â®ç­ë.

� áá¬®âà¨¬ á«ãç © Z = 1 (¯à®â®­). �á­®, çâ® ¢â®à®¥ á« £ ¥¬®¥ ¢ (8.30) ¬®¦¥â
¤ âì ¢ª« ¤ ¢ í­¥à£¥â¨ç¥áª¨¥ ãà®¢­¨  â®¬  ¢®¤®à®¤  Enl. � áá¬ âà¨¢ ï ¥£® ª ª
¢®§¬ãé¥­¨¥, ¯®«ãç ¥¬ á®®â¢¥âáâ¢ãîé¨© ¢ª« ¤ ¢ á¤¢¨£ ãà®¢­¥© ¢ ¢¨¤¥:

�Enl = � e2R
15�m2

j nl(0)j2�l0 = � 8e2R
15�n3

Ry�l0 (8.31)

£¤¥  nl(0) { ¢®«­®¢ ï äã­ªæ¨ï  â®¬  ¢®¤®à®¤ , á®®â¢¥âáâ¢ãîé ï £« ¢­®¬ã ª¢ ­-
â®¢®¬ã ç¨á«ã n ¨ ®à¡¨â «ì­®¬ã ¬®¬¥­âã l, Ry = me4=2 { ¯®áâ®ï­­ ï �¨¤¡¥à£ 
(Ry � 13:5eV ). �§-§  â®ç¥ç­®£® å à ªâ¥à  ¤®¯®«­¨â¥«ì­®£® ¢§ ¨¬®¤¥©áâ¢¨ï ¢
(8.30), ®­® ¤¥©áâ¢ã¥â «¨èì ­  ¢®«­®¢ë¥ äã­ªæ¨¨, ®â«¨ç­ë¥ ®â ­ã«ï ¢ ­ ç «¥ ª®®à-
¤¨­ â, â.¥. ­  s-á®áâ®ï­¨ï (l = 0). �®®â¢¥âáâ¢ãîé¨© («í¬¡®¢áª¨©) á¤¢¨£ ãà®¢­¥© ­ -
¡«î¤ ¥âáï íªá¯¥à¨¬¥­â «ì­® ¨ ¨§¬¥àï¥âáï á ¢¥áì¬  ¢ëá®ª®© â®ç­®áâìî. � ¯¥à¢ëå
íªá¯¥à¨¬¥­â å �í¬¡  ¨§¬¥àï« áì à §­¨æ  í­¥à£¨© ãà®¢­¥© 2s1=2 ¨ 2p1=2, ª®â®àë¥
ï¢«ïîâáï ¢ëà®¦¤¥­­ë¬¨ ¢ à ¬ª å â¥®à¨¨ �à¥¤¨­£¥à  { �¨à ª , ­¥ ãç¨âë¢ îé¥©
à ¤¨ æ¨®­­ëå ¯®¯à ¢®ª. �ª § «®áì, çâ® ¢¥«¨ç¨­  á¤¢¨£  à ¢­  +1057MHz. � áç¥â
¯® ä®à¬ã«¥ (8.31) ¤ ¥â ¢¥«¨ç¨­ã -27MHz. �¤­ ª® ¯¥â«ï ¯®«ïà¨§ æ¨¨ ¢ ªãã¬  ®â-
¢¥ç ¥â â®«ìª® §  ç áâì á¤¢¨£  ãà®¢­¥© 2s1=2 ¨ 2p1=2. �®«­ë© ­ ¡®à ä¥©­¬ ­®¢áª¨å
¤¨ £à ¬¬, ®â¢¥âáâ¢¥­­ëå §  «í¬¡®¢áª¨© á¤¢¨£ ¢ à áá¬ âà¨¢ ¥¬®¬ ¯®àï¤ª¥ â¥®à¨¨
¢®§¬ãé¥­¨© (� e3) ¯®ª § ­ ­  �¨á.8-3. �á¥ ¢®§­¨ª îé¨¥ ¢ íâ¨å ¤¨ £à ¬¬ å à á-
å®¤¨¬®áâ¨ ¬®£ãâ ¡ëâì \á¯àïâ ­ë" ¢ ¯¥à¥­®à¬¨à®¢ªã § àï¤ , ¬ ááë ¨ ¢®«­®¢®©
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äã­ªæ¨¨ í«¥ªâà®­ . � ª¨¬ ®¡à §®¬ ã¤ ¥âáï à ááç¨â âì ¯®«­ãî ¢¥«¨ç¨­ã «í¬¡®¢-
áª®£® á¤¢¨£ , ª®â®à ï ®ª §ë¢ ¥âáï ¢ ¨¤¥ «ì­®¬ á®®â¢¥âáâ¢¨¨ á íªá¯¥à¨¬¥­â®¬4.
� á¢®¥ ¢à¥¬ï íâ® ¡ë« âà¨ã¬ä â¥®à¨¨ ¯¥à¥­®à¬¨à®¢®ª ¢ ª¢ ­â®¢®© í«¥ªâà®¤¨-
­ ¬¨ª¥. �®áª®«ìªã ¢¥«¨ç¨­  á¤¢¨£  ¨§¢¥áâ­  á â®ç­®áâìî �0.01%, â® ­¥âàã¤­®
ã¡¥¤¨âìáï ¢ áãé¥áâ¢¥­­®áâ¨ ¢ª« ¤®¢ ª ¦¤®© ¨§ ¤¨ £à ¬¬ �¨á.8-3, ¢ â®¬ ç¨á«¥ ¨
à áá¬®âà¥­­®£® ¢ëè¥ ®â­®á¨â¥«ì­® ¬ «®£® ¢ª« ¤  ¯®«ïà¨§ æ¨¨ ¢ ªãã¬ , á¢ï§ ­-
­®£® á ¤¨ £à ¬¬®© �¨á.8-3( ). �á­®¢­®© ¢ª« ¤ ¢ á¤¢¨£ á¢ï§ ­ á ¯¥à¥­®à¬¨à®¢ª®©
¬ ááë í«¥ªâà®­  (¤¨ £à ¬¬ë �¨á.8-3(¢)). �¨§¨ç¥áª¨ íâ®â íää¥ªâ á¢ï§ ­ á â¥¬, çâ®
¢¥«¨ç¨­  (¡¥áª®­¥ç­ ï) à ¤¨ æ¨®­­ëå ¯®¯à ¢®ª ª ¬ áá¥ á¢®¡®¤­®£® í«¥ªâà®­  ®â-
«¨ç ¥âáï ®â (â ª¦¥ ¡¥áª®­¥ç­®©) ¨å ¢¥«¨ç¨­ë ¤«ï í«¥ªâà®­ , á¢ï§ ­­®£® ¢  â®¬¥.
� §­®áâì íâ¨å ¤¢ãå ¡¥áª®­¥ç­ëå ¢¥«¨ç¨­ ª®­¥ç­  [5, 31] ¨ ¤ ¥â ®á­®¢­®© ¢ª« ¤ ¢
á¤¢¨£  â®¬­ëå ãà®¢­¥©.

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ íää¥ªâë, á¢ï§ ­­ë¥ á ¤¨ £à ¬¬®© �¨á.8-3(¡). � ªâ¨ç¥-
áª¨, íâ  ¤¨ £à ¬¬  ¬®¤¨ä¨æ¨àã¥â áâàãªâãàã í«¥ªâà®­­®£® â®ª  ¯¥à¥å®¤  (¢¥à-
è¨­ã) �e�uf
�ui. �ëç¨á«¥­¨¥ ª®­¥ç­®© ç áâ¨ íâ®© ¤¨ £à ¬¬ë ¢ ¯à¥¤¥«¥ ¬ «ëå
(�q2) ¤ ¥â [25, 2, 31]:

� e�uf
�ui !�e�uf
�

�

�
1 +

e2

3�

q2

m2

�
ln

m

m

� 3

8

��
�
�
e2

2�

1

2m
i���q

�

��
ui (8.32)

£¤¥ ��� =
i
2(


�
��
�
�). �ëà ¦¥­¨¥ ¢ ¯¥à¢ëå ª¢ ¤à â­ëå áª®¡ª å §¤¥áì ¤ ¥â á®®â-
¢¥âáâ¢ãîé¨© ¢ª« ¤ ¢ «í¬¡®¢áª¨© á¤¢¨£, ¯®áª®«ìªã íâ®â ç«¥­ ¯® ä®à¬¥  ­ «®£¨ç¥­
(8.26). �® ¯à¨ íâ®¬ ¬ë áâ «ª¨¢ ¥¬áï ¥é¥ ¨ á à áå®¤¨¬®áâìî ­  ¬ «ëå ¨¬¯ã«ì-
á å, çâ® ä®à¬ «ì­® ®¡å®¤¨âáï ¢ (8.32) ¢¢¥¤¥­¨¥¬ ¬ «®© ä¨ªâ¨¢­®© ¬ ááë ä®â®­ 
m
 . �â® â ª ­ §ë¢ ¥¬ ï ¨­äà ªà á­ ï ª â áâà®ä . � ªâ¨ç¥áª¨ ¢ª« ¤, á¢ï§ ­­ë©
á ä¨ªâ¨¢­®© ¬ áá®© m
 , ¯®«­®áâìî á®ªà é ¥âáï á  ­ «®£¨ç­ë¬¨ ¢ª« ¤ ¬¨, ¢®§-
­¨ª îé¨¬¨ ®â ¤¨ £à ¬¬ �¨á.8-3(¢). �­äà ªà á­ë¥ à áå®¤¨¬®áâ¨, ¢®§­¨ª îé¨¥ ¢
ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¥, ­¥ ­®áïâ áâ®«ì ¯à¨­æ¨¯¨ «ì­®£® å à ªâ¥à , ª ª ®¡-
áã¦¤ ¢è¨¥áï ¢ëè¥ ã«ìâà ä¨®«¥â®¢ë¥ (â.¥. ¢®§­¨ª îé¨¥ ®â à áå®¤¨¬®áâ¥© ä¥©­-
¬ ­®¢áª¨å ¨­â¥£à «®¢ ­  ¢¥àå­¥¬ ¯à¥¤¥«¥). �¨§¨ç¥áª¨ ¨­äà ªà á­ ï ª â áâà®ä 
á¢ï§ ­  á ¢á¥£¤  áãé¥áâ¢ãîé¥© (¤«ï «î¡ëå í«¥ªâà®¤¨­ ¬¨ç¥áª¨å ¯à®æ¥áá®¢) ¢®§-
¬®¦­®áâìî ¨§«ãç¥­¨ï ¡®«ìè®£® ç¨á«  \¬ï£ª¨å" ä®â®­®¢ á ®ç¥­ì ¬ «®© í­¥à£¨¥©
(ç áâ®â®©). �®íâ®¬ã ¨­äà ªà á­ ï à áå®¤¨¬®áâì ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ­¥ ¢¯®«­¥
ª®àà¥ªâ­®© ¯®áâ ­®¢ª¨ ¢®¯à®á : ª ª®¢   ¬¯«¨âã¤  ¢¥à®ïâ­®áâ¨ à áá¥ï­¨ï í«¥ª-
âà®­  ­  áâ â¨ç¥áª®¬ ï¤à¥ ¡¥§ ¨§«ãç¥­¨ï ä®â®­ ? � ªâ¨ç¥áª¨ ­ã¦­® ®¯à¥¤¥«¨âì
 ¬¯«¨âã¤ã à áá¥ï­¨ï í«¥ªâà®­  ¡¥§ ¨§«ãç¥­¨ï ä®â®­ ,   â ª¦¥ ¢¥à®ïâ­®áâ¨ ¨§-
«ãç¥­¨ï ®¤­®£®, ¤¢ãå ¨ â.¤. \¬ï£ª¨å" ä®â®­®¢ á í­¥à£¨¥© ¬¥­ìè¥ m
 . � ¦¤ ï ¨§
íâ¨å  ¬¯«¨âã¤ ¯® ®â¤¥«ì­®áâ¨ à áå®¤¨âáï, ­® ¨áªãááâ¢¥­­®¥ ¢¢¥¤¥­¨¥ m
 ¤¥« ¥â
¨å ª®­¥ç­ë¬¨. �ã¬¬  ¦¥ íâ¨å ¢¥à®ïâ­®áâ¥© ­¥ à áå®¤¨âáï,   ¯ à ¬¥âà m
 ¢ ®â¢¥â¥
á®ªà é ¥âáï. �â  ¯à®¡«¥¬  ¡ë«  ¤¥â «ì­® ¯à® ­ «¨§¨à®¢ ­  ¨ à¥è¥­  ¥é¥ ­  à ­-
­¥¬ íâ ¯¥ à §¢¨â¨ï ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¨ [1, 2, 31]. �«ï ­ á á¥©ç á ¨­â¥à¥á¥­
¢â®à®© ç«¥­ ¢ ª¢ ¤à â­ëå áª®¡ª å (8.32), ª®â®àë© ¬®¤¨ä¨æ¨àã¥â ¢¥«¨ç¨­ã 
�, â.¥.
«®à¥­æ¥¢ã áâàãªâãàã â®ª .

� ªâ¨ç¥áª¨, ¬®¦­® ã¡¥¤¨âìáï [1, 2, 31], çâ® ¢ª« ¤ â¨¯  ���q� ®¯¨áë¢ ¥â ¬ £­¨â-
­ë© ¬®¬¥­â í«¥ªâà®­  � = � e

2m�, ª®â®àë© ®¡ëç­® § ¯¨áë¢ îâ ¢ ¢¨¤¥ � = �g e
2ms,

£¤¥ á¯¨­ s = 1
2�,   g { £¨à®¬ £­¨â­®¥ ®â­®è¥­¨¥ í«¥ªâà®­  (¢ â¥®à¨¨ �¨à ª  g = 2).

4�®®â¢¥âáâ¢ãîé¨¥ à áç¥âë ¢¥áì¬  £à®¬®§¤ª¨ ¨ ¬ë ®âáë« ¥¬ ç¨â â¥«ï §  ¤¥â «ï¬¨ ª ª­¨£ ¬
[1, 2]
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�®®â¢¥âáâ¢¥­­®, ¢â®à®© ç«¥­ ¢ (8.32) ®¯¨áë¢ ¥â ¤®¯®«­¨â¥«ì­ë© ¢ª« ¤ ¢ ¬ £­¨â-
­ë© ¬®¬¥­â í«¥ªâà®­ , â ª çâ®

� = � e

2m

�
1 +

e2

2�

�
� (8.33)

¨«¨

g = 2 +
e2

�
(8.34)

� ª¨¬ ®¡à §®¬, ¤®¯®«­¨â¥«ì­® ª ¤¨à ª®¢áª®¬ã ¬ £­¨â­®¬ã ¬®¬¥­âã í«¥ªâà®­ 
¢®§­¨ª ¥â  ­®¬ «ì­ë© ¬ £­¨â­ë© ¬®¬¥­â e2=2�. �®«¥¥ â®ç­®¥ ¢ëà ¦¥­¨¥ ¤«ï  ­®-
¬ «ì­®£® ¢ª« ¤  ¢ £¨à®¬ £­¨â­®¥ ®â­®è¥­¨¥, ¯®«ãç îé¥¥áï ¯®¬®éìî ¢¥áì¬  £à®-
¬®§¤ª¨å ¢ëç¨á«¥­¨© á â®ç­®áâìî ¤® ç«¥­®¢ � e6 ¨¬¥¥â ¢¨¤:

g � 2

2
=
1

2

e2

�
�0:32848

�
e2

�

�2

+(1:49�0:2)
�
e2

�

�3

+::: = (1159655:4�3:3)�10�9 (8.35)

�ª § ­­ ï §¤¥áì ®è¨¡ª  á¢ï§ ­  á âàã¤­®áâï¬¨ ¢ëç¨á«¥­¨© ¡®«ìè®£® ç¨á«  ¤¨ -
£à ¬¬ � e6. �ªá¯¥à¨¬¥­â «ì­®¥ §­ ç¥­¨¥  ­®¬ «ì­®£® ¬ £­¨â­®£® ¬®¬¥­â  í«¥ª-
âà®­  à ¢­®:

g � 2

2
jexp = (1159657:7� 3:5) � 10�9 (8.36)

�®â ¯®íâ®¬ã ª¢ ­â®¢ ï í«¥ªâà®¤¨­ ¬¨ª  ¨ áç¨â ¥âáï, ¯®¦ «ã©, á ¬®© â®ç­®© ¨§
¨¬¥îé¨åáï â¥®à¨© äã­¤ ¬¥­â «ì­ëå ¢§ ¨¬®¤¥©áâ¢¨© í«¥¬¥­â à­ëå ç áâ¨æ. � -
áª®«ìª® ¨§¢¥áâ­®  ¢â®àã, ¤® á¨å ¯®à ­¥ ®¡­ àã¦¥­® ­¨ª ª¨å à áå®¦¤¥­¨© ¬¥¦¤ã
¥¥ ¯à¥¤áª § ­¨ï¬¨ ¨ íªá¯¥à¨¬¥­â®¬, ¢ â¥å á«ãç ïå, ª®£¤  à¥çì ¨¤¥â ® ç¨áâ® í«¥ª-
âà®¤¨­ ¬¨ç¥áª¨å ï¢«¥­¨ïå.

� áá¬®âà¥­¨¥ à ¤¨ æ¨®­­ëå ¯®¯à ¢®ª ­  ®á­®¢¥ ä¥©­¬ ­®¢áª®£® ä®à¬ «¨§¬  ï¢«ï¥âáï ¤®-
áâ â®ç­® á«®¦­ë¬ ¨ £à®¬®§¤ª¨¬. �«ï ¯®­¨¬ ­¨ï ä¨§¨ª¨ íâ¨å ï¢«¥­¨© ¯®«¥§­® à áá¬®âà¥âì ª -
ç¥áâ¢¥­­ë© ¯®¤å®¤, ¯à¥¤«®¦¥­­ë© �¥«ìâ®­®¬, ¨ ¯®§¢®«ïîé¨© ¤ âì ¯à®áâãî ª ç¥áâ¢¥­­ãî ¨å
¨­â¥à¯à¥â æ¨î, ®á­®¢ ­­ãî ­  ª àâ¨­¥ ¢ ªãã¬­ëå ä«ãªâã æ¨© í«¥ªâà®¬ £­¨â­®£® ¯®«ï ¨ à®«¨
í«¥ªâà®­ - ¯®§¨âà®­­®£® ¢ ªãã¬ .

�¡áã¤¨¬, ¯à¥¦¤¥ ¢á¥£® ¢®¯à®á ® â®¬, ª ª®¥ §­ ç¥­¨¥ ¨¬¥¥â áà¥¤­¥ª¢ ¤à â¨ç­®¥ §­ ç¥­¨¥ ­ -
¯àï¦¥­­®áâ¨ í«¥ªâà®¬ £­¨â­®£® ¯®«ï ¢ ¯à®¨§¢®«ì­®© â®çª¥ ä¨§¨ç¥áª®£® ¢ ªãã¬ . � áá¬®âà¨¬

¯®«¥ ¢ ­¥ª®â®à®¬ ­®à¬¨à®¢®ç­®¬ ®¡ê¥¬¥ V . �ã«¥¢®¥ ª®«¥¡ ­¨¥ á ç áâ®â®© ! ¨¬¥¥â í­¥à£¨î ~!
2 .

�®¦­® ­ ¯¨á âì ®ç¥¢¨¤­®¥ à ¢¥­áâ¢®:

~!

2
=

1

8�

Z
dV (E2

0! +H2
0!) =

1

4�

Z
dVE2

0! =
E2
0!

8�
V (8.37)

£¤¥ E0! ¨ H0! {  ¬¯«¨âã¤ë ­ ¯àï¦¥­­®áâ¥© ¯®«¥© ¢ ¢ ªãã¬¥, ®â¢¥ç îé¨å à áá¬ âà¨¢ ¥¬ë¬
­ã«¥¢ë¬ ª®«¥¡ ­¨ï¬ á ç áâ®â®© !,   ç¥àâ  ®¡®§­ ç ¥â ãáà¥¤­¥­¨¥ ¯® ¯¥à¨®¤ã ª®«¥¡ ­¨©. �§ (8.37)
­ å®¤¨¬ áà¥¤­¥ª¢ ¤à â¨ç­ãî  ¬¯«¨âã¤ã ­ã«¥¢ëå ª®«¥¡ ­¨© ¯®«ï á ç áâ®â®© !:

E2
0! =

4�~!

V
(8.38)

� áá¬®âà¨¬ í«¥ªâà®­ ¢  â®¬¥. �  íâ®â í«¥ªâà®­ ¤¥©áâ¢ã¥â ªã«®­®¢áª®¥ ¯®«¥ ï¤à  ¨ ä«ãªâã -
æ¨¨ ­ã«¥¢ëå ª®«¥¡ ­¨© ¯®«ï ¢ ¢ ªãã¬¥. �®íâ®¬ã ­  ®à¡¨â «ì­®¥ ¤¢¨¦¥­¨¥ í«¥ªâà®­  ­ « £ ¥âáï
å ®â¨ç¥áª®¥ ¤¢¨¦¥­¨¥ ¯®¤ ¤¥©áâ¢¨¥¬ íâ¨å ¢ ªãã¬­ëå ä«ãªâã æ¨©. �ãáâì V (r) ®¡®§­ ç ¥â ¯®â¥­-
æ¨ «ì­ãî í­¥à£¨î í«¥ªâà®­ , ­ å®¤ïé¥£®áï ¢ â®çª¥ r. �à¥¤¯®«®¦¨¬, çâ® ª®®à¤¨­ âã í«¥ªâà®­ 
¬®¦­® ­ ¯¨á âì ª ª r = r0 + r0, £¤¥ r0 { ®¡ëç­®¥ §­ ç¥­¨¥ ª®®à¤¨­ âë í«¥ªâà®­ , ¡®«¥¥ ¨«¨ ¬¥-
­¥¥ ¯« ¢­® ¬¥­ïîé¥¥áï ¯à¨ ¥£® ®à¡¨â «ì­®¬ ¤¢¨¦¥­¨¨,   r0 { ¥£® ¬ «®¥ á¬¥é¥­¨¥ ¯®¤ ¤¥©áâ¢¨¥¬
á«ãç ©­®© á¨«ë á® áâ®à®­ë ä«ãªâã¨àãîé¥£® ¢ ªãã¬­®£® ¯®«ï. �®£¤  ¬®¦­® § ¯¨á âì á«¥¤ãîé¥¥
¨§¬¥­¥­¨¥ áà¥¤­¥© ¯®â¥­æ¨ «ì­®© í­¥à£¨¨ í«¥ªâà®­ , ¨á¯ëâë¢ îé¥£® á«ãç ©­ë¥ á¬¥é¥­¨ï:

< �V (r) >=< V (r0 + r0)� V (r0) >�< x0i
@V

@xi
+
1

2
(x0ix

0
k)

@2V

@xi@xk
>=

=
1

2
r2V < (x0i)

2 >=
1

6
r2V < (r0)2 > (8.39)
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�£«®¢ë¥ áª®¡ª¨ §¤¥áì ®¡®§­ ç îâ áà¥¤­¥¥ ¯® ¢á¥¬ ¢®§¬®¦­ë¬ §­ ç¥­¨ï¬ á«ãç ©­®© ¢¥«¨ç¨­ë r0.
�à¨ ãáà¥¤­¥­¨¨ ãçâ¥­®, çâ®< x0i >= 0,   ¢ á¨«ã ¯à®áâà ­áâ¢¥­­®© ¨§®âà®¯¨¨ á«ãç ©­ëå á¬¥é¥­¨©

< x0ix
0
k >=

1
3 < (r0)2 >.

� ªã«®­®¢áª®¬ ¯®«¥ ¯à®â®­ 
r2V (r0) = 4�e2�(r0) (8.40)

â ª çâ®

< V (r) >= V (r0) +
2�e2

3
�(r0) < r0

2
> (8.41)

�«ï ¯®«ãç¥­¨ï «í¬¡®¢áª®£® á¤¢¨£   â®¬­®£® ãà®¢­ï ­ã¦­® ãáà¥¤­¨âì (8.41) ¯® á®áâ®ï­¨î í«¥ª-
âà®­  ¢  â®¬¥, â®£¤  ¨¬¥¥¬:

�ELamb =
2�

3
e2
Z

dV j n(r0)j2�(r0) < r0
2
>=

2�

3
e2j n(0)j2 < r0

2
> (8.42)

£¤¥  n { ¢®«­®¢ ï äã­ªæ¨ï à áá¬ âà¨¢ ¥¬®£® á®áâ®ï­¨ï.
�«ï ¢ëç¨á«¥­¨ï < r0

2 > ¯à¥¤¯®«®¦¨¬, çâ® á¬¥é¥­¨¥ í«¥ªâà®­  ¯®¤ ¤¥©áâ¢¨¥¬ ä«ãªâã æ¨©
¯®«ï ¯à®¨áå®¤¨â ­¥§ ¢¨á¨¬® ®â ¥£® ®à¡¨â «ì­®£® ¤¢¨¦¥­¨ï. � ¯¨è¥¬ ª« áá¨ç¥áª®¥ ãà ¢­¥­¨¥
¤¢¨¦¥­¨ï:

m
d2r0!

dt2
= eE0! = eE0! sin(kr� !t) (8.43)

®âªã¤  ¯®«ãç¨¬:

r0! = � eE0!

m!2
sin(kr� !t) (8.44)

�®®â¢¥âáâ¢¥­­®:

< (r0!)2 > =
e2

2m2!4
E2
0! =

2�e2~

m2!3V
(8.45)

£¤¥ ç¥àâ  á­®¢  ®§­ ç ¥â ãáà¥¤­¥­¨¥ ¯® ¢à¥¬¥­¨,   ¤«ï ¯®«ãç¥­¨ï ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¢®á¯®«ì-
§®¢ «¨áì (8.38).

�®áª®«ìªã ­ã«¥¢ë¥ ª®«¥¡ ­¨ï á à §­ë¬¨ ç áâ®â ¬¨ ï¢«ïîâáï ­¥§ ¢¨á¨¬ë¬¨, ¨å ¢ª« ¤ ¢
¯®«­®¥ áà¥¤­¥ª¢ ¤à â¨ç­®¥ á¬¥é¥­¨¥ í«¥ªâà®­  ¬®¦­® ­ ©â¨ ¯à®áâë¬ áã¬¬¨à®¢ ­¨¥¬:

< r0
2
>=

V

�2c3

Z
d!!2< (r0!)2 > =

2e2~

�c3m2

Z !max

!min

d!

!
(8.46)

�á«¨ ¡ë ­¥ áãé¥áâ¢®¢ «® í«¥ªâà®­ - ¯®§¨âà®­­®£® ¢ ªãã¬ , â® ¢¥àå­¨© ¯à¥¤¥« §¤¥áì ¬®£ ¡ë ¯à¨-
­¨¬ âì «î¡ë¥ §­ ç¥­¨ï ¨ ¬ë ¨¬¥«¨ ¡ë à áå®¤ïé¨©áï à¥§ã«ìâ â. �¤­ ª®, ¯à¨ ç áâ®â å ¯®àï¤ª 
mc2=~ ¢®§­¨ª ¥â ¢§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã ­ã«¥¢ë¬¨ ª®«¥¡ ­¨ï¬¨ ¯®«ï ¨ § ¯®«­¥­­ë¬ ä®­®¬ ®â-
à¨æ â¥«ì­ëå í­¥à£¨© ä¥à¬¨®­®¢. � £«ï¤­® ¬®¦­® ¯à¥¤áâ ¢¨âì ¤¥«® â ª, çâ® ¢§ ¨¬®¤¥©áâ¢ãîâ
ä«ãªâã æ¨¨ â®ª®¢, á¢ï§ ­­ëå á® á«ãç ©­ë¬¨ á¬¥é¥­¨ï¬¨ í«¥ªâà®­  á ¯®«®¦¨â¥«ì­®© í­¥à£¨¥©
¨  ­ «®£¨ç­ë¥ â®ª¨, á¢ï§ ­­ë¥ á® á«ãç ©­ë¬¨ á¬¥é¥­¨ï¬¨ í«¥ªâà®­®¢ ä®­  § ¯®«­¥­­ëå á®-
áâ®ï­¨©. �®áª®«ìªã ¢ á¨«ã ¯à¨­æ¨¯  � ã«¨ ¢á¥ í«¥ªâà®­ë áâà¥¬ïâáï ­ å®¤¨âìáï ¢ ã¤ «¥­¨¨
¤àã£ ®â ¤àã£ , íâ¨ ä«ãªâã æ¨¨ â®ª®¢ ¡ã¤ãâ ¯à®¨áå®¤¨âì ¢ ¯à®â¨¢®ä §¥, çâ® ¯à¨¢¥¤¥â ª ¨å ¢§ -
¨¬­®¬ã ¯®£ è¥­¨î. � à¥§ã«ìâ â¥ ¢á¥ á¢®¤¨âáï ª ¢®§­¨ª­®¢¥­¨î íää¥ªâ¨¢­®£® ®¡à¥§ ­¨ï (8.46)
¯à¨ !max � mc2. �¥«¨ç¨­  ®¡à¥§ ­¨ï (8.46) ­  ­¨¦­¥¬ ¯à¥¤¥«¥ ®¯à¥¤¥«ï¥âáï ­¥ª®â®à®© áà¥¤­¥©
ç áâ®â®© ¢®§¡ã¦¤¥­¨ï í«¥ªâà®­  ¢  â®¬¥, ¬ áèâ ¡ ª®â®à®© ®¯à¥¤¥«ï¥âáï à¨¤¡¥à£®¢áª®© ç áâ®â®©:

!min = !0 � Ry
~

= me4

2~3
. �®£¤  (8.46) á¢®¤¨âáï ª:

< (r0
2
) >=

2e2~

�c3m2
ln
mc2

~!0
=

2

�

e2

~c

�
~

mc

�2

ln
mc2

~!0
(8.47)

�®£¤  ¤«ï ¢¥«¨ç¨­ë «í¬¡®¢áª®£® á¤¢¨£  (8.42) ¯®«ãç ¥¬:

�ELamb =
4

3

e2

~c

�
~

mc

�2

j n(0)j2 ln mc
2

~!0
(8.48)

�â®â á¤¢¨£ ¢á¥£¤  ¯®«®¦¨â¥«¥­ { s-ãà®¢¥­ì ¢á¥£¤  «¥¦¨â ¯® í­¥à£¨¨ ¢ëè¥, ç¥¬ íâ® ¯à¥¤áª §ë¢ -
¥âáï â¥®à¨¥© �à¥¤¨­£¥à  { �¨à ª . � ãç¥â®¬ â®£®, çâ® ¢  â®¬¥ ¢®¤®à®¤ :

j n(0)j2 =
�

1

na�1=3

�3
(8.49)

£¤¥ a = ~2

me2
{ ¡®à®¢áª¨© à ¤¨ãá, ¯®«ãç ¥¬

�ELamb =
8

3�

�
e2

~c

�3
Ry

n3
ln
mc2

~!0
(8.50)
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�¨á. 8-4

�¨á. 8-5

�¯¥æ¨ «ì­ë¥ à áç¥âë, ¯à®¢¥¤¥­­ë¥ �¥â¥, ¤ «¨ ãâ®ç­¥­­®¥ §­ ç¥­¨¥ ~!0 � 18Ry. �®£¤  ¨§ (8.50)
á«¥¤ã¥â §­ ç¥­¨¥ á¤¢¨£  ¤«ï 2s-á®áâ®ï­¨ï ¢®¤®à®¤  �ELamb(2s) � 1040 MHz, çâ® ®ç¥­ì ¡«¨§ª®
ª à¥§ã«ìâ âã â®ç­ëå à áç¥â®¢ ­  ®á­®¢¥ ®¡é¥£® ä®à¬ «¨§¬  ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¨ ¨ â¥-
®à¨¨ ¯¥à¥­®à¬¨à®¢®ª. � ª¨¬ ®¡à §®¬, «í¬¡®¢áª¨© á¤¢¨£ ï¢«ï¥âáï ¥é¥ ®¤­¨¬ ¯®¤â¢¥à¦¤¥­¨¥¬
à¥ «ì­®áâ¨ ä¨§¨ç¥áª®£® \¢ ªãã¬ " ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï.

�¥à¥­®à¬¨à®¢ª  { ª ª íâ® \à ¡®â ¥â".

� à áá¬®âà¥­­ëå ¢ëè¥ ¯à¨¬¥à å à áç¥â®¢ à ¤¨ æ¨®­­ëå ¯®¯à ¢®ª ¢ ª¢ ­â®¢®©
í«¥ªâà®¤¨­ ¬¨ª¥ ¬ë ¢¨¤¥«¨ ®¯à¥¤¥«ïîéãî à®«ì ¯à®æ¥¤ãàë ¯¥à¥­®à¬¨à®¢ª¨, ª®-
â®à ï ¯®§¢®«ï¥â ¨§¡ ¢¨âìáï ®â ­¥¨§¡¥¦­® ¢®§­¨ª îé¨å à áå®¤¨¬®áâ¥© ä¥©­¬ -
­®¢áª¨å ¨­â¥£à «®¢ ¢ ¢ëáè¨å ¯®àï¤ª å â¥®à¨¨ ¢®§¬ãé¥­¨©. �¬¥­­® ¡« £®¤ àï
à §¢¨â¨î â¥®à¨¨ ¯¥à¥­®à¬¨à®¢®ª ¢ ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¥ ¢®§­¨ª«¨ à¥ «ì­®
à ¡®â îé¨¥ à áç¥â­ë¥ ¬¥â®¤ë, ¯®§¢®«¨¢è¨¥ ¯à®¢®¤¨âì ª ª à áç¥âë ¯à ªâ¨ç¥áª¨
«î¡ëå ª®­ªà¥â­ëå íää¥ªâ®¢, â ª ¨ ¯à® ­ «¨§¨à®¢ âì ­¥ª®â®àë¥ ¯à¨­æ¨¯¨ «ì-
­ë¥ ¢®¯à®áë â¥®à¨¨. �®­ïâ¨¥ ¯¥à¥­®à¬¨àã¥¬®áâ¨ ¨£à ¥â ®¯à¥¤¥«ïîéãî à®«ì ¢
á®¢à¥¬¥­­®© ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï. �®¤¥«¨ ¢§ ¨¬®¤¥©áâ¢¨© ­¥ ®¡« ¤ îé¨¥ íâ¨¬
á¢®©áâ¢®¬ ®¡ëç­® áç¨â îâáï ­¥ä¨§¨ç¥áª¨¬¨. �à¥¦¤¥ ç¥¬ ¯¥à¥å®¤¨âì ª ¯®á«¥¤®¢ -
â¥«ì­®¬ã  ­ «¨§ã ¯à®æ¥¤ãàë ¯¥à¥­®à¬¨à®¢®ª, ¬ë à áá¬®âà¨¬ ª ç¥áâ¢¥­­ãî áâ®-
à®­ã ¤¥«  ­  ¯à¨¬¥à¥ ã¦¥ ¨§¢¥áâ­®© ­ ¬ ¯¥à¥­®à¬¨à®¢ª¨ § àï¤  ¢ ®¤­®¯¥â«¥¢®¬
¯à¨¡«¨¦¥­¨¨.

�¥à­¥¬áï ª ä®à¬ã«¥ (8.27), á®¤¥à¦ é¥© à áå®¤¨¬®áâì ¢¨¤  ln �2

m2 . �¥«¨ç¨­ 
í«¥ªâà¨ç¥áª®£® § àï¤  ¢å®¤¨â ¢ â¥®à¨î ç¥à¥§ £à ä¨ª ¤«ï í«¥¬¥­â à­®© ¢¥àè¨­ë,
¯®ª § ­­ë© ­  �¨á.8-4. �® ª íâ®© ¢¥àè¨­¥ ¨¬¥¥âáï ¬­®¦¥áâ¢® ¯®¯à ¢®ª, ¯à¨¬¥àë
ª®â®àëå ¯®ª § ­ë ­  �¨á.8-5, ª®â®àë¥, ä ªâ¨ç¥áª¨, ¨§¬¥­ïîâ ¢¥«¨ç¨­ã § àï¤ .
�¨§¨ç¥áª¨© § àï¤ ®¯à¥¤¥«ï¥âáï ¢á¥¬¨ ¤¨ £à ¬¬ ¬¨ â ª®£® â¨¯ , ¨¬¥­­® à¥§ã«ì-
â â áã¬¬¨à®¢ ­¨ï ¢á¥å ¤¨ £à ¬¬ ¤«ï ¢¥àè¨­ë ¨§¬¥àï¥âáï íªá¯¥à¨¬¥­â «ì­® ª ª
§ àï¤ í«¥ªâà®­ . � §®¢¥¬ \¨áå®¤­ë©" § àï¤, á®¯®áâ ¢«ï¥¬ë© í«¥¬¥­â à­®© ¢¥à-
è¨­¥ �¨á.8-4, \£®«ë¬" § àï¤®¬ e0. �®£¤  ¤«ï \¨áâ¨­­®£®" ¨«¨ \®¤¥â®£®" § àï¤  e
¬®¦­® § ¯¨á âì, ­ ¯à¨¬¥à, à §«®¦¥­¨¥ ¢ àï¤ â¥®à¨¨ ¢®§¬ãé¥­¨© ¯® \£®«®¬ã" § -
àï¤ã, ¯®áâà®¥­­®¥ ­  ®¤­®¯¥â«¥¢ëå ¯®«ïà¨§ æ¨®­­ëå ¯®¯à ¢ª å, ¯à¥¤áâ ¢«¥­­®¥
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�¨á. 8-6

�¨á. 8-7

¤¨ £à ¬¬ ¬¨ �¨á.8-6, £¤¥ ¬­®£®â®ç¨¥¬ § ¬¥­¥­ë  ­ «®£¨ç­ë¥ ¤¨ £à ¬¬ë ¢ëáè¨å
¯®àï¤ª®¢. �®®â­®è¥­¨¥ ¬¥¦¤ã e2 ¨ e20 ­ã¦­® ®¯à¥¤¥«¨âì, ª ª íâ® ¨ ¯®ª § ­® ­ 
�¨á.8-6, ¯à¨ ­¥ª®â®à®¬ á¯¥æ¨ «ì­®¬, ¯®¤å®¤ïé¨¬ á â®çª¨ §à¥­¨ï íªá¯¥à¨¬¥­â ,
§­ ç¥­¨¨ ¯¥à¥¤ ¢ ¥¬®£® (ä®â®­­®© «¨­¥©) ¨¬¯ã«ìá  5 q2 � �Q2 = ��2. � ¯à¨¬¥à,
¢® ¢á¥å âà ¤¨æ¨®­­ëå ¬¥â®¤ å ®¯à¥¤¥«¥­¨ï § àï¤  à¥çì ¨¤¥â ® ­¨§ª®í­¥à£¥â¨ç¥-
áª®¬ ¯à¥¤¥«¥ Q2 � m2. � à¥§ã«ìâ â¥, à §«®¦¥­¨¥, ¯®ª § ­­®¥ ­  �¨á.8-6, ¬®¦­®
áå¥¬ â¨ç¥áª¨ § ¯¨á âì ª ª:

e2 = e20[1� I(Q2 = �2) +O(e40)] (8.51)

£¤¥ ¢¥«¨ç¨­  I(Q2) ®¯à¥¤¥«ï¥âáï ä®à¬ã« ¬¨ (8.17) - (8.20), â.¥. ®¤­®¯¥â«¥¢ë¬ ¯à¨-
¡«¨¦¥­¨¥¬ � e20. �§¢«¥ª ï ¨§ ®¡¥¨å áâ®à®­ (8.51) ª¢ ¤à â­ë© ª®à¥­ì, ¯®«ãç¨¬:

e = e0

�
1� 1

2
I(Q2 = �2) +O(e40)

�
(8.52)

çâ® á®¢¯ ¤ ¥â c (8.27) ¯®á«¥ à §«®¦¥­¨ï ª®à­ï. � ¤¨ £à ¬¬­®¬ ¢¨¤¥ à §«®¦¥­¨¥
(8.52) ¯®ª § ­® ­  �¨á.8-7. �®®â¢¥âáâ¢¥­­®, á ãç¥â®¬ ¢á¥å ¯®àï¤ª®¢ ¨¬¥¥¬:

e = e0[1 + e20A1(Q
2) + e40A2(Q

2) + :::]Q2=�2 (8.53)

�á­®, çâ® A1(Q
2); A2(Q

2); ::: ¡¥áª®­¥ç­ë ¯à¨ �2 ! 1. � áá¬®âà¨¬ ª ª®© - «¨¡®
ä¨§¨ç¥áª¨© ¯à®æ¥áá à áá¥ï­¨ï, ­ ¯à¨¬¥à ¨§®¡à ¦ ¥¬ë© ¤¨ £à ¬¬ ¬¨ �¨á.8-8. �
 ­ «¨â¨ç¥áª®¬ ¢¨¤¥:

� iM (e20) = e20[F1(Q
2) + e20F2(Q

2) + O(e40)] (8.54)

5�¥«¨ç¨­  Q2 ¢¢¥¤¥­  ¢¬¥áâ® (�q2), ¤«ï ã¤®¡áâ¢ , çâ®¡ë à ¡®â âì á Q2 > 0.
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�¨á. 8-8

�¨á. 8-9

�¤¥áì ¢á¥ ¢ëà ¦¥­¨ï â®¦¥ à áå®¤ïâáï. �® â¥¯¥àì ­ áâã¯ ¥â à¥è îé¨© ¬®¬¥­â.
� ¢ ©â¥ à¥¯ à ¬¥âà¨§ã¥¬ (¯¥à¥­®à¬¨àã¥¬) ¢¥«¨ç¨­ã �iM (e20), ¢ëà §¨¢ e0 ç¥à¥§ e,
®¡à â¨¢ (8.52), ¨«¨, ¨­ ç¥ £®¢®àï, ¯¥à¥áâà®¨¢ £à ä¨ª¨ �¨á.8-7, á â®© ¦¥ â®ç­®áâìî,
ª ª íâ® ¯®ª § ­® ­  �¨á.8-9, ¨ ¢®á¯®«ì§®¢ ¢è¨áì íâ¨ à §«®¦¥­¨¥¬, ¯®¤áâ ¢¨¢ ¥£®
¢ ¢¥àè¨­ë £à ä¨ª®¢ �¨á.8-8. �®£¤  ¯®«ãç¨¬ ¤¨ £à ¬¬­®¥ à §«®¦¥­¨¥, ¯®ª § ­-
­®¥ ­  �¨á.8-10. �¢¥ ¯¥à¢ë¥ ¤¨ £à ¬¬ë íâ®£® à §«®¦¥­¨ï ¯à®¨áå®¤ïâ ¨§ ¯¥à¢®©
¤¨ £à ¬¬ë �¨á.8-8, ¬­®¦¨â¥«ì 2 ¢®§­¨ª ¥â ¨§-§  â®£®, çâ® ¬ë ¤®«¦­ë ¢ëà §¨âì
e0 ç¥à¥§ e ¢ ª ¦¤®© ¢¥àè¨­¥. � ®áâ ¢è¥©áï ¤¨ £à ¬¬¥ �¨á.8-8 ¬®¦­® ¯à®áâ® § -
¬¥­¨âì e0 ­  e, ¯®áª®«ìªã ¢®§­¨ª îé ï ¯à¨ íâ®¬ à §­¨æ  ¢ëà ¦¥­¨© ¯®àï¤ª  e6.
�¥¯¥àì à §«®¦¥­¨¥ �¨á.8-10 ¬®¦­® ¯¥à¥¯¨á âì, ª ª íâ® ¯®ª § ­® ­  �¨á.8-11. �
 ­ «¨â¨ç¥áª®¬ ¢¨¤¥ íâ® à §«®¦¥­¨¥ ¨¬¥¥â ¢¨¤:

� iM (e2) = e2[F 01(Q
2) + e2F 02(Q

2) + O(e4)] (8.55)

�®â â¥¯¥àì ¬ë ¤®áâ¨£«¨ ¦¥« ¥¬®£® { áà ¢­¨¢ ï (8.54) ¨ (8.55) ¢¨¤¨¬, çâ® ¯®«ãç¥­®
­®¢®¥ ¢ëà ¦¥­¨¥ ¤«ï  ¬¯«¨âã¤ë à áá¥ï­¨ï, ¢ ª®â®à®¥ ¢å®¤¨â \íªá¯¥à¨¬¥­â «ì-
­ë©" § àï¤ e, ®¯à¥¤¥«¥­­ë© á®£« á­® (8.53) ¨ ¨§¬¥àï¥¬ë© ¯à¨ Q2 = �2. �à¨ íâ®¬
¬ë ­¨ç¥£® ­¥ ¤®¡ ¢¨«¨ ¨ ­¨ç¥£® ­¥ ¢ë¡à®á¨«¨,   ¯à®áâ® à¥¯ à ¬¥âà¨§®¢ «¨ (8.54),
á®®â¢¥âáâ¢¥­­®M (e2) = M (e20). � â®¦¥ ¢à¥¬ï ç«¥­ � e40 ¢ (8.54) ¡¥áª®­¥ç¥­,   ç«¥­
� e4 ¢ (8.55) ª®­¥ç¥­! �â® ïá­® ¨§ â®£®, çâ® \íªá¯¥à¨¬¥­â «ì­ë©" § àï¤ e ª®­¥ç¥­
¯® ®¯à¥¤¥«¥­¨î,   ¤¢  á« £ ¥¬ëå ¢ áª®¡ª å ­  �¨á.8-11 ¯à®â¨¢®¯®«®¦­ë ¯® §­ ªã

�¨á. 8-10
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�¨á. 8-11

�¨á. 8-12

¨ ¤ îâ ¢ áã¬¬¥: �
e2

3�
ln
�2

Q2
� e2

3�
ln
�2

�2

�
=
e2

3�
ln
�2

Q2
(8.56)

çâ® ­¥ § ¢¨á¨â ®â ¯ à ¬¥âà  ®¡à¥§ ­¨ï �2. � §­ë© ¢ë¡®à ¯ à ¬¥âà  �2 (â®çª¨
¯¥à¥­®à¬¨à®¢ª¨) ¯à¨¢®¤¨â ª à §­ë¬ à §«®¦¥­¨ï¬ (8.55). �¤­ ª® ­ ¡«î¤ ¥¬ ï ¢¥-
«¨ç¨­  jM j2 ­¥ ¤®«¦­  § ¢¨á¥âì ®â ¢ë¡®à  �. �â® âà¥¡®¢ ­¨¥ ¬®¦­® § ¯¨á âì ¢
¢¨¤¥ á«¥¤ãîé¥£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï:

�
dM

d�
=

�
�
@

@�
+ �

@e

@�

@

@e

�
M = 0 (8.57)

�â® ®§­ ç ¥â, çâ® ï¢­ ï § ¢¨á¨¬®áâì M ®â �, ª®â®à ï ¤ ¥âáï ª®íää¨æ¨¥­â ¬¨
F 0i (Q

2; �2) ¢ à §«®¦¥­¨¨ (8.55), ª®¬¯¥­á¨àã¥âáï á®®â¢¥âáâ¢ãîé¥© �2 § ¢¨á¨¬®áâìî
e2(�2). �à ¢­¥­¨¥ (8.57) ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ à¥­®à¬
- £àã¯¯ë (¨«¨ £àã¯¯ë ¯¥à¥­®à¬¨à®¢®ª), ¨£à îé¥© ®£à®¬­ãî à®«ì ¢ ª¢ ­â®¢®© â¥-
®à¨¨ ¯®«ï. �¨¦¥ ¬ë ¥é¥ ­¥ à § ¢¥à­¥¬áï ª ®¡áã¦¤¥­¨î íâ®© (à¥­®à¬ - £àã¯¯®¢®©)
¨­¢ à¨ ­â­®áâ¨ â¥®à¨¨, ª®â®à ï ¯®§¢®«ï¥â ¯à® ­ «¨§¨à®¢ âì ¥¥ ¯à¨­æ¨¯¨ «ì­ë¥
®á­®¢ë,   â ª¦¥ ¤ ¥â íää¥ªâ¨¢­ë©  ¯¯ à â ¤«ï ¯à®¢¥¤¥­¨ï à áç¥â®¢ ª®­ªà¥â­ëå
íää¥ªâ®¢.

\�¥£ãé ï" ª®­áâ ­â  á¢ï§¨ .

� §«®¦¥­¨¥, ¯®ª § ­­®¥ ­  �¨á.8-6, ¬®¦­® ¯¥à¥à¨á®¢ âì ¢ ¢¨¤¥ �¨á.8-12. �á«¨ ®£à -
­¨ç¨âìáï â®«ìª® íâ¨¬¨ (¯¥â«¥¢ë¬¨) £à ä¨ª ¬¨, â® §¤¥áì ¢®§­¨ª ¥â £¥®¬¥âà¨ç¥-
áª ï ¯à®£à¥áá¨ï, ª®â®à ï «¥£ª® áã¬¬¨àã¥âáï, ª ª íâ® ¯®ª § ­® ­  �¨á.8-13. �ëè¥
¬ë ¢¨¤¥«¨, çâ® à áå®¤¨¬®áâ¨ ¬®¦­® ãáâà ­¨âì, ¥á«¨ à ¡®â âì á ä¨§¨ç¥áª¨¬ (¯¥-
à¥­®à¬¨à®¢ ­­ë¬) § àï¤®¬ e, ª®â®àë© ®¯à¥¤¥«ï¥âáï à §«®¦¥­¨¥¬ �¨á.8-13 ¯à¨
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�¨á. 8-13

Q2 = �2. � ªâ¨ç¥áª¨ ¬®¦­® ¨á¯®«ì§®¢ âì «î¡®¥ §­ ç¥­¨¥ �2. � §«¨ç­ë© ¢ë¡®à
Q2 = �21; �

2
2; ::: á®®â¢¥âáâ¢ã¥â à §«®¦¥­¨î â¥®à¨¨ ¢®§¬ãé¥­¨© ¯® ç¨á«¥­­® à §«¨ç-

­ë¬ §­ ç¥­¨ï¬ ä¨§¨ç¥áª®£® § àï¤  e(�2i ). � á ¬®¬ ¤¥«¥, ¨§ �¨á.8-13 ¨¬¥¥¬:

e2(Q2) =
e20

1 + I(Q2)
(8.58)

â ª çâ® íªá¯¥à¨¬¥­â «ì­® ­ ¡«î¤ ¥¬ë© § àï¤ § ¢¨á¨â ®â ¢¥«¨ç¨­ë ¯¥à¥¤ ¢ ¥¬®£®
(¢ ¯à®æ¥áá¥ à áá¥ï­¨ï) ¨¬¯ã«ìá  Q2. �¥«¨ç¨­ã e(Q2) ­ §ë¢ îâ \¡¥£ãé¥©" ª®­áâ ­-
â®© á¢ï§¨. � ¯à¥¤¥«¥ ¡®«ìè¨å Q2 � (�q2) ¢¥«¨ç¨­  I(q2) ¤ ¥âáï ¢ëà ¦¥­¨¥¬ (8.24),
â ª çâ® ¯®«ãç ¥¬:

e2(Q2) =
e20

1� e2
0

3� ln
�
Q2

�2

� (8.59)

�â®¡ë ¨áª«îç¨âì ¢ (8.59) ï¢­ãî § ¢¨á¨¬®áâì e2(Q2) ®â ¯ à ¬¥âà  ®¡à¥§ ­¨ï �,
à áá¬®âà¨¬ íâ® ¢ëà ¦¥­¨¥ ¯à¨ Q2 = �2 ¨ ¢ëà §¨¬ e0 ç¥à¥§ e2(�2). � à¥§ã«ìâ â¥,
¯à¨ ¡®«ìè¨å Q2 ¬®¦­® ¯¥à¥¯¨á âì (8.59) ª ª:

e(Q2) =
e2(�2)

1� e2(�2)
3� ln

�
Q2

�2

� (8.60)

�¤¥áì ã¦¥ ¢á¥ ª®­¥ç­®! \�¥£ãé ï" ª®­áâ ­â  á¢ï§¨ e(Q2), ®¯¨áë¢ ¥â § ¢¨á¨¬®áâì
íää¥ªâ¨¢­®£® § àï¤  ®â ¯¥à¥¤ ¢ ¥¬®£® ¨¬¯ã«ìá Q2, â.¥. ä ªâ¨ç¥áª¨ ®â à ááâ®ï­¨ï
¬¥¦¤ã § àï¦¥­­ë¬¨ ç áâ¨æ ¬¨. �â®, ª ª ¬ë ã¢¨¤¨¬ ¢ ¤ «ì­¥©è¥¬, ¥áâì à¥ «ì­®
­ ¡«î¤ ¥¬ë© íää¥ªâ, ¯à¨ç¥¬ á®®â¢¥âáâ¢ãîé ï § ¢¨á¨¬®áâì ­®á¨â ¨¬¥­­® «®£ -
à¨ä¬¨ç¥áª¨© å à ªâ¥à. � á¢ï§¨ á à¥§ã«ìâ â®¬ (8.60) ¢®§­¨ª ¥â àï¤ ¯à¨­æ¨¯¨ «ì-
­ëå ¢®¯à®á®¢ ®â­®á¨â¥«ì­® ­¥¯à®â¨¢®à¥ç¨¢®áâ¨ ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¨. �¥«®
¢ â®¬, çâ® ¨§ (8.60) ¢¨¤­®, çâ® á à®áâ®¬ Q2 (ã¬¥­ìè¥­¨¥¬ à ááâ®ï­¨ï) ¢¥«¨ç¨­ 
íää¥ªâ¨¢­®£® § àï¤  ¢®§à áâ ¥â, â ª çâ® à ­® ¨«¨ ¯®§¤­® â¥®à¨ï ¢®§¬ãé¥­¨©
áâ ­®¢¨âáï ­¥¯à¨¬¥­¨¬®© ­  ¬ «ëå à ááâ®ï­¨ïå,   ¯à¨

Q2 = �2 exp

�
3�

e2(�2)

�
(8.61)

¢®§­¨ª ¥â ï¢­® ­¥ä¨§¨ç¥áª ï à áå®¤¨¬®áâì (\«®¦­ë©" ¯®«îá). �à¨ Q2 ¯à¥¢ëè î-
é¨å íâ® §­ ç¥­¨¥ § àï¤ ¢®®¡é¥ áâ ­®¢¨âáï ¬­¨¬ë¬! �®§­¨ª îé ï §¤¥áì á¨âã æ¨ï,
¯® ¯à¨ç¨­ ¬ ¨áâ®à¨ç¥áª®£® å à ªâ¥à , ­ §ë¢ ¥âáï \¬®áª®¢áª¨¬ ­ã«¥¬". � ¤ «ì­¥©-
è¥¬ ¬ë ¥é¥ ­¥ à § ¢¥à­¥¬áï ª ®¡áã¦¤¥­¨î ¢®§­¨ª îé¨å ¢ á¢ï§¨ á íâ¨¬ ¯à®¡«¥¬.
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� ¡¥£ ï ¢¯¥à¥¤ ®â¬¥â¨¬, çâ® ¢ ª¢ ­â®¢®© åà®¬®¤¨­ ¬¨ª¥ á¨âã æ¨ï ¯à¨­æ¨¯¨ «ì­® ¨­ ï. � ¬
â ª¦¥ ¢®§­¨ª ¥â \¡¥£ãé ï" ª®­áâ ­â  á¢ï§¨ ª¢ àª®¢ ¨ £«î®­®¢, ¢ëà ¦¥­¨¥ ¤«ï ª®â®à®© (¯®«ã-
ç ¥¬®¥  ­ «®£¨ç­® (8.60)) ¨¬¥¥â ¢¨¤:

g2(Q2) =
g2(�)

1 +
g2(�2)
12� (33� 2nf ) ln

�
Q2

�2

� (8.62)

£¤¥ nf { ç¨á«®  à®¬ â®¢ ª¢ àª®¢,   ª®­áâ ­â  33 á¢ï§ ­  á ­¥ ¡¥«¥¢ë¬ å à ªâ¥à®¬ ª «¨¡à®¢®ç-
­®© á¨¬¬¥âà¨¨ åà®¬®¤¨­ ¬¨ª¨ (ä ªâ¨ç¥áª¨ ®­  ¢ëç¨á«ï¥âáï ª ª ­¥ª®â®à ï ª®­áâ ­â , á¢ï§ ­­ ï
á® á¢®©áâ¢ ¬¨ ¬ âà¨æ £¥­¥à â®à®¢ æ¢¥â®¢®© £àã¯¯ë SU(3)). �®«ìª® ¢ ¬¨à¥, £¤¥ nf > 16 §­ ª ¢
§­ ¬¥­ â¥«¥ (8.62) ¡ë« ¡ë â ª¨¬ ¦¥, ª ª ¢ ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¥. � à¥ «ì­®¬ ¬¨à¥ nf = 6.
�®íâ®¬ã íää¥ªâ¨¢­ë© § àï¤ ��� ­¥ à áâ¥â,   ¯ ¤ ¥â á à®áâ®¬Q2 ¨ áâ ­®¢¨âáï ¬ «ë¬ ­  ¬ «ëå
à ááâ®ï­¨ïå! �â® á¨âã æ¨ï â ª ­ §ë¢ ¥¬®© \ á¨¬¯â®â¨ç¥áª®© á¢®¡®¤ë". �à¨ ¤®áâ â®ç­® ¬ «ëå
Q2 (­  ¡®«ìè¨å à ááâ®ï­¨ïå ¬¥¦¤ã ª¢ àª ¬¨) íää¥ªâ¨¢­ ï ª®­áâ ­â  á¢ï§¨ ­ ®¡®à®â áâ ­®¢¨âáï
¡®«ìè®©, çâ® íªá¯¥à¨¬¥­â «ì­® ¯à®ï¢«ï¥âáï ¢ ï¢«¥­¨¨ ª®­ä ©­¬¥­â  (\¨­äà ªà á­ ï âîàì¬ ").
�«ï §­ ç¥­¨ï Q2, ¯à¨ ª®â®à®¬ ¢®§­¨ª ¥â (®¯ïâì â ª¨ \«®¦­ë©"!) ¯®«îá ¢ (8.62), ¯à¨¬¥¬ ®¡®§­ -
ç¥­¨¥ �2 :

�2 = �2 exp

�
� 12�

(33� 2nf )g2(�2)

�
(8.63)

�®£¤  (8.62) ¯¥à¥¯¨áë¢ ¥âáï ª ª:

g2(Q2) =
12�

(33� 2nf ) ln

�
Q2

�2

� (8.64)

�à¨ Q2 � �2 íää¥ªâ¨¢­ ï ª®­áâ ­â  á¢ï§¨ ¬ «  ¨ ¢§ ¨¬®¤¥©áâ¢¨¥ ª¢ àª®¢ ¨ £«î®­®¢ (­  ¬ «ëå
à ááâ®ï­¨ïå ¨«¨ ¯à¨ ¡®«ìè¨å ¨¬¯ã«ìá å) ¬®¦­® ®¯¨áë¢ âì ¯® â¥®à¨¨ ¢®§¬ãé¥­¨©,  ­ «®£¨ç­®
¢§ ¨¬®¤¥©áâ¢¨î í«¥ªâà®­®¢ ¨ ä®â®­®¢ ¢ ��� (­  ¡®«ìè¨å à ááâ®ï­¨ïå ¨«¨ ¬ «ëå ¨¬¯ã«ìá å).
�à¨ Q2 � �2 â ª®¥ ®¯¨á ­¨¥ áâ ­®¢¨âáï ­¥¢®§¬®¦­ë¬,   ª¢ àª¨ ¨ £«î®­ë ®¡ê¥¤¨­ïîâáï ¢ á¨«ì­®
¢§ ¨¬®¤¥©áâ¢ãîé¨¥ ª« áâ¥àë {  ¤à®­ë. �ªá¯¥à¨¬¥­â «ì­®¥ §­ ç¥­¨¥ � «¥¦¨â ¢ ¨­â¥à¢ «¥ ®â 0.1
¤® 0.5GeV . �®£¤  ¤«ï íªá¯¥à¨¬¥­â®¢, ¯à®¢®¤¨¬ëå ¯à¨ Q2 � (30GeV )2 ¨§ (8.64) ¯®«ãç ¥¬ g2 � 0:1,
â ª çâ® â¥®à¨ï ¢®§¬ãé¥­¨ï ï¢­® ¯à¨¬¥­¨¬ , ª ª ¢ ���. � ¯à¥¤¥«¥ ¡®«ìè¨å Q2 ¢á¥¬¨ ¬ áá ¬¨
ª¢ àª®¢ ¬®¦­® ¯à¥­¥¡à¥çì, ®¤­ ª® ¢ â¥®à¨î ¢á¥ à ¢­® ®à£ ­¨ç¥áª¨ ¢å®¤¨â ¬ áá®¢ë© ¬ áèâ ¡ �2,
¢®§­¨ªè¨© ¢ ¯à®æ¥áá¥ ¯¥à¥­®à¬¨à®¢ª¨.

�­­¨£¨«ïæ¨ï e
+
e
� ¢  ¤à®­ë { ¤®ª § â¥«ì-

áâ¢® áãé¥áâ¢®¢ ­¨ï ª¢ àª®¢.

� ª ç¥áâ¢¥ ¨­â¥à¥á­®© ¨««îáâà æ¨¨ ¯à¨¬¥­¥­¨© ��� ¯®ª ¦¥¬, ª ª ¨§ ç¨áâ® í«¥ª-
âà®¤¨­ ¬¨ç¥áª¨å íªá¯¥à¨¬¥­â®¢ ¬®¦­® ã¡¥¤¨âìáï ¢ áãé¥áâ¢®¢ ­¨¨ ª¢ àª®¢ [18].
�â® ®ª §ë¢ ¥âáï ¢®§¬®¦­ë¬ ¯à¨ ¨§ãç¥­¨¨ ¯à®æ¥áá®¢  ­­¨£¨«ïæ¨¨ í«¥ªâà®­®¢ ¨
¯®§¨âà®­®¢ ¢ëá®ª¨å í­¥à£¨©, ª®£¤  ¢ ª ç¥áâ¢¥ ª®­¥ç­ëå ¯à®¤ãªâ®¢ à¥ ªæ¨¨ ¢®§-
­¨ª îâ ¢á¥¢®§¬®¦­ë¥  ¤à®­ë. � ªâ¨ç¥áª¨, â ª¨¥ à¥ ªæ¨¨ ¨¤ãâ ç¥à¥§ ¯à®æ¥ááë
à®¦¤¥­¨ï ¯ à ª¢ àª {  ­â¨ª¢ àª, â.¥. e+e� ! q�q, ª®â®àë¥ ¢ ¤ «ì­¥©è¥¬ ®¡ê¥¤¨­ï-
îâáï ¢  ¤à®­ë. �ª §ë¢ ¥âáï, çâ® á¥ç¥­¨¥ â ª¨å ¯à®æ¥áá®¢ ¬®¦­® ¯®«ãç¨âì á¥ç¥­¨ï
¨§ «¥£ª® à ááç¨âë¢ ¥¬®£® ¢ à ¬ª å ��� ¯à®æ¥áá   ­­¨£¨«ïæ¨¨ í«¥ªâà®­ { ¯®§¨-
âà®­­ëå ¯ à ¢ ¬î®­ë: e+e� ! ���. �«ï à áç¥â  á¥ç¥­¨ï â ª®£® ¯à®æ¥áá  ¢ ��� ¤®-
áâ â®ç­® à áá¬®âà¥âì ¢â®àãî ¨§ ä¥©­¬ ­®¢áª¨å ¤¨ £à ¬¬, ¯®ª § ­­ëå ­  �¨á.6-6,
¢ ª®â®à®©, ¢ ª ç¥áâ¢¥ ª®­¥ç­ëå ¯à®¤ãªâ®¢ à¥ ªæ¨¨, ä¨£ãà¨àã¥â ¯ à  ���6. �â ­-
¤ àâ­ë© à áç¥â ¯® ¯à ¢¨« ¬ ¤¨ £à ¬¬­®© â¥å­¨ª¨ ��� ¤ ¥â ¤«ï ¯®«­®£® á¥ç¥­¨ï

6� ¯®¬­¨¬, çâ® ¬î®­ë ­¨ç¥¬ ­¥ ®â«¨ç îâáï ®â í«¥ªâà®­®¢, ªà®¬¥ ¡®«ìè¥£® (¯à¨¬¥à­® ¢ 200
à §) §­ ç¥­¨ï ¬ ááë ¯®ª®ï.
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â ª®£® ¯à®æ¥áá  [18]:

�(e+e� ! ���) =
4�e2

3Q2
(8.65)

£¤¥ Q2 = 4E2 { ª¢ ¤à â í­¥à£¨¨ ¢ á¨áâ¥¬ æ¥­âà  ¬ áá (¯¥à¥¬¥­­ ï � ­¤¥«áâ ¬ 
s). �­â¥à¥áãîé¥¥ ­ á á¥ç¥­¨¥  ­­¨£¨«ïæ¨¨ ¢ ¯ àã ª¢ àª {  ­â¨ª¢ àª à ¢­®:

�(e+e� ! q�q) = 3e2q�(e
+e� ! ���) (8.66)

£¤¥ eq { § àï¤ ª¢ àª . �®¯®«­¨â¥«ì­ë© ¬­®¦¨â¥«ì 3 ¢®§­¨ª ¥â §¤¥áì ¨§-§  â®£®,
çâ® ¬ë ¨¬¥¥¬ ¯® ®¤­®© ¨ â®© ¦¥ ¤¨ £à ¬¬¥ ¤«ï ª¢ àª®¢ ª ¦¤®£® æ¢¥â , â ª çâ®
á®®â¢¥âáâ¢ãîé¨¥ á¥ç¥­¨ï ­ã¦­® ¯à®áâ® á«®¦¨âì. �â®¡ë ­ ©â¨ â¥¯¥àì á¥ç¥­¨¥ à®-
¦¤¥­¨ï ¢á¥å ¢®§¬®¦­ëå  ¤à®­®¢, ­¥®¡å®¤¨¬® ¯à®áã¬¬¨à®¢ âì ¯® ¢á¥¬ ª¢ àª®¢ë¬
 à®¬ â ¬ q = u; d; s; :::, ¯®íâ®¬ã:

�(e+e� ! hadrons) =
X
q

�(e+e� ! q�q) = 3
X
q

e2q�(e
+e� ! ���) (8.67)

� ª¨¬ ®¡à §®¬, íâ¨ ¢ëç¨á«¥­¨ï ¯à¨¢®¤ïâ ª ®ç¥­ì áãé¥áâ¢¥­­®¬ã ¯à¥¤áª § ­¨î:

R � �(e+e� ! hadrons)

�(e+e� ! ���)
= 3

X
q

e2q (8.68)

� ª ª ª á¥ç¥­¨¥ �(e+e� ! ���) å®à®è® ¨§ãç¥­® íªá¯¥à¨¬¥­â «ì­® (¨ ¯à¥ªà á­®
®¯¨áë¢ ¥âáï ä®à¬ã«®© (8.65)), â® ¨§¬¥à¥­­®¥ ­  íªá¯¥à¨¬¥­â¥ á¥ç¥­¨¥ e+e�-
 ­­¨£¨«ïæ¨¨ ¢  ¤à®­ë ­¥¯®áà¥¤áâ¢¥­­® ¤ ¥â ¨­ä®à¬ æ¨î ® ç¨á«¥ ª¢ àª®¢, ¨å
 à®¬ â å ¨ æ¢¥â å. �¬¥¥¬:

R =

8><>:
3
h�

2
3

�2
+
�
1
3

�2
+
�
1
3

�2i
= 2 ¤«ï u; d; s

2 + 3
�
2
3

�2
= 10

3 ¤«ï u; d; s; c
10
3 + 3

�
1
3

�2
= 11

3 ¤«ï u; d; s; c; b ¨ â. ¤.

(8.69)

�â¨ ¯à¥¤áª § ­¨ï ¯à¥ªà á­® á®£« áãîâáï á íªá¯¥à¨¬¥­â®¬! �­ ç¥­¨¥ R = 2 ­ ¡«î-
¤ ¥âáï ¯à¨ Q < 2(mc + mu) � 3:7GeV , â.¥. ­¨¦¥ ¯®à®£  à®¦¤¥­¨ï c-ç áâ¨æ. �ëè¥
¯®à®£  à®¦¤¥­¨ï ¯ïâ¨ ª¢ àª®¢ëå  à®¬ â®¢, â.¥. ¯à¨ Q > 2mb � 10GeV íªá¯¥à¨-
¬¥­â «ì­® ­ ¡«î¤ ¥âáï §­ ç¥­¨¥ R = 11=3. �â¨ íªá¯¥à¨¬¥­âë ­¥¯®áà¥¤áâ¢¥­­®
¯®¤â¢¥à¦¤ îâ, çâ® ¨¬¥¥âáï âà¨ æ¢¥â  ª¢ àª®¢ á ­ ¤«¥¦ é¨¬¨ (¤à®¡­ë¬¨!) §­ ç¥-
­¨ï¬¨ í«¥ªâà¨ç¥áª®£® § àï¤ .

� à ¬ª å ��� ¬®¦­® ãç¥áâì â ª¦¥ ¢ª« ¤ë ¤¨ £à ¬¬, ¢ ª®â®àëå ª¢ àª ¨«¨  ­â¨ª¢ àª ¨á¯ãá-
ª ¥â £«î®­ë [18]. � ¯¥à¢®¬ ¯®àï¤ª¥ ¯® g ä®à¬ã«  (8.68) ¬®¤¨ä¨æ¨àã¥âáï ª ª:

R = 3
X
q

e2q

�
1 +

g2(Q2)

�

�
(8.70)

â ª, çâ® ¢ íªá¯¥à¨¬¥­â å ¯à®ï¢«ï¥âáï ¤ ¦¥ á« ¡ ï («®£ à¨ä¬¨ç¥áª ï) § ¢¨á¨¬®áâì R ®â Q2.

�¨§¨ç¥áª¨¥ ãá«®¢¨ï ¯¥à¥­®à¬¨à®¢ª¨.

�¥à¥©¤¥¬ ª ¡®«¥¥ ¯®á«¥¤®¢ â¥«ì­®¬ã ¨§«®¦¥­¨î â¥®à¨¨ ¯¥à¥­®à¬¨à®¢®ª ¢ ���.
�á­®, çâ® ¨§« £ ¢è ïáï ¢ëè¥ áå¥¬  ¯®áâà®¥­¨ï ¨­¢ à¨ ­â­®© â¥®à¨¨ ¢®§¬ãé¥-
­¨© ¨ ¤¨ £à ¬¬­ëå ãà ¢­¥­¨© ¤«ï â®ç­ëå ¯à®¯ £ â®à®¢, ­®á¨«  ¢ §­ ç¨â¥«ì­®©
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¬¥à¥ ä®à¬ «ì­ë© å à ªâ¥à. � ª ¬ë ®¯¥à¨à®¢ «¨ á® ¢á¥¬¨ ¢¥«¨ç¨­ ¬¨ â ª, ª ª
¥á«¨ ¡ë ®­¨ ¡ë«¨ ª®­¥ç­ë¬¨, â®£¤  ª ª ä ªâ¨ç¥áª¨ ¯à¨ ¢ëç¨á«¥­¨¨ D;G;� ¯®
â¥®à¨¨ ¢®§¬ãé¥­¨© ¢®§­¨ª îâ à áå®¤ïé¨¥áï ¨­â¥£à «ë. � ª ¬ë ¯®ª ¦¥¬ ­¨¦¥,
¢ â¥®à¨¨ ¬®¦­® áä®à¬ã«¨à®¢ âì ®¯à¥¤¥«¥­­ë¥ ¯à¥¤¯¨á ­¨ï, ¯®§¢®«ïîé¨¥ ®¤­®-
§­ ç­ë¬ ®¡à §®¬ ¯à®¨§¢®¤¨âì \¢ëç¨â ­¨¥" ¡¥áª®­¥ç­®áâ¥© ¨ ¯®«ãç âì ª®­¥ç­ë¥
¢ëà ¦¥­¨ï ¤«ï ¢á¥å ¢¥«¨ç¨­, ¨¬¥îé¨å ­¥¯®áà¥¤áâ¢¥­­ë© ä¨§¨ç¥áª¨© á¬ëá«. �
®á­®¢¥ íâ¨å ¯à¥¤¯¨á ­¨© «¥¦ â ®ç¥¢¨¤­ë¥ ä¨§¨ç¥áª¨¥ âà¥¡®¢ ­¨ï, çâ®¡ë ¬ áá 
ä®â®­  ¡ë«  à ¢­  ­ã«î,   § àï¤ ¨ ¬ áá  í«¥ªâà®­  à ¢­ï«¨áì ¨å ­ ¡«î¤ ¥-
¬ë¬ §­ ç¥­¨ï¬. � è¥ ¨§«®¦¥­¨¥ ¡ã¤¥â ­®á¨âì ­¥áª®«ìª® áå¥¬ â¨ç¥áª¨© å à ª-
â¥à, ¤ «ì­¥©è¨¥ ¯®¤à®¡­®áâ¨ ¬®¦­® ­ ©â¨ ¢ [1] ¨, ¢ ®á®¡¥­­®áâ¨, ¢ ¨áç¥à¯ë¢ îé¥©
¬®­®£à ä¨¨ [2].

�¨§¨ç¥áª¨© ä®â®­ ¨¬¥¥â ­ã«¥¢ãî ¬ ááã ¨, á®®â¢¥âáâ¢¥­­®, ¤«ï ­¥£® ¢á¥£¤  k2 =
0. �â® ®§­ ç ¥â, çâ® â®ç­ë© ä®â®­­ë© ¯à®¯ £ â®à ¤®«¦¥­ ¨¬¥âì ¯®«îá ¯à¨ k2 = 0,
â ª çâ®

D(k2) = 4�e2

k2
Z ¯à¨ k2 ! 0 (8.71)

£¤¥ Z { ¯®áâ®ï­­ ï. �®áª®«ìªã á®£« á­® (7.39) ®¡é¨© ¢¨¤ ¯à®¯ £ â®à  ®¯à¥¤¥«ï¥âáï
ç¥à¥§ ¯®«ïà¨§ æ¨®­­ë© ®¯¥à â®à ª ª

D(k2) = 4�

k2(1�P(k2)=k2) (8.72)

â® ¨§ (8.71) ¤«ï ¯®«ïà¨§ æ¨®­­®£® ®¯¥à â®à  á«¥¤ã¥â:

P(0) = 0 (8.73)

�­ «®£¨ç­ë¬ ®¡à §®¬, ¯®áâ®ï­­ ï Z ¢ (8.71) ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­  ª ª:

1

Z
= 1� P(k

2)

k2
jk2!0 (8.74)

� «ì­¥©è¨¥ ®£à ­¨ç¥­¨ï ­  P(k2) ¬®¦­® ¯®«ãç¨âì ¨§  ­ «¨§  ä¨§¨ç¥áª®£® ®¯à¥-
¤¥«¥­¨ï í«¥ªâà¨ç¥áª®£® § àï¤  ç áâ¨æë. �¢¥ ª« áá¨ç¥áª¨¥ (áª®«ì ã£®¤­® âï¦¥«ë¥)
ç áâ¨æë, ¯®ª®ïé¨¥áï ­  ¡®«ìè®¬ à ááâ®ï­¨¨ (r� m�1, £¤¥ m { ¬ áá  í«¥ªâà®­ )
¤àã£ ®â ¤àã£ , ¤®«¦­ë ¢§ ¨¬®¤¥©áâ¢®¢ âì ¯® § ª®­ã �ã«®­ : V (r) = e2=r. � ¤àã-
£®© áâ®à®­ë, íâ® ¢§ ¨¬®¤¥©áâ¢¨¥ ¢ëà ¦ ¥âáï ¤¨ £à ¬¬®©, ¯®ª § ­­®© ­  �¨á.8-14,
£¤¥ ¦¨à­ë© ¯ã­ªâ¨à ®¡®§­ ç ¥â â®ç­ë© ¯à®¯ £ â®à ¢¨àâã «ì­®£® ä®â®­ ,   ¢¥àå-
­¨¥ ¨ ­¨¦­¨¥ «¨­¨¨ á®®â¢¥âáâ¢ãîâ ª« áá¨ç¥áª¨¬ ç áâ¨æ ¬. �®â®­­ë¥ á®¡áâ¢¥­­® {
í­¥à£¥â¨ç¥áª¨¥ ¯®¯à ¢ª¨ ãçâ¥­ë ¢ â®ç­®¬ ¯à®¯ £ â®à¥ ¢¨àâã «ì­®£® ä®â®­ . �áï-
ª¨¥ ¤àã£¨¥ ¯®¯à ¢ª¨, § âà £¨¢ îé¨¥ «¨­¨¨ âï¦¥«ëå ç áâ¨æ, ¯à¨¢®¤ïâ ª ®¡à é¥-
­¨î á®®â¢¥âáâ¢ãîé¨å ¤¨ £à ¬¬ ¢ ­ã«ì. �¥©áâ¢¨â¥«ì­®, ¤®¡ ¢«¥­¨¥ ¥é¥ ª ª®© -
«¨¡® ¢­ãâà¥­­¥© «¨­¨¨ ¢ ¤¨ £à ¬¬ã �¨á.8-14, ­ ¯à¨¬¥à á®¥¤¨­¥­¨¥ 1 ¨ 3 ¨«¨ 1 ¨ 2
ä®â®­­®© «¨­¨¥©, ¯à¨¢®¤¨â ª ¯®ï¢«¥­¨î ¢ á®®â¢¥âáâ¢ãîé¥© ¤¨ £à ¬¬¥ âï¦¥«ëå
¢¨àâã «ì­ëå ç áâ¨æ (á®®â¢¥âáâ¢ãîé¨å á¯«®è­ë¬ «¨­¨ï¬, ®ª § ¢è¨¬áï ¯®¤ ¤®-
¯®«­¨â¥«ì­®© ä®â®­­®© «¨­¨¥©), ¯à®¯ £ â®à ª®â®àëå á®¤¥à¦¨â ¡®«ìèãî ¬ ááã M
ª« áá¨ç¥áª®© ç áâ¨æë ¢ §­ ¬¥­ â¥«¥ ¨ ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ M !1. �®£¤  ïá­®,
çâ® ¬­®¦¨â¥«ì e2D(k2) ¢ ¤¨ £à ¬¬¥ �¨á.8-14 ¯à¥¤áâ ¢«ï¥â á®¡®© (á â®ç­®áâìî ¤®
§­ ª ) äãàì¥ - ®¡à § ¯®â¥­æ¨ «  ¢§ ¨¬®¤¥©áâ¢¨ï à áá¬ âà¨¢ ¥¬ëå ç áâ¨æ. �â â¨ç-
­®áâì ¢§ ¨¬®¤¥©áâ¢¨ï (¯®ª®ïé¨¥áï ç áâ¨æë!) ®§­ ç ¥â, çâ® ç áâ®â  ¢¨àâã «ì­®£®
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�¨á. 8-14

ä®â®­  ! = 0,   ¡®«ìè¨¬ à ááâ®ï­¨ï¬ ®â¢¥ç îâ ¬ «ë¥ ¢®«­®¢ë¥ ¢¥ªâ®à  k. �®-
áª®«ìªã D § ¢¨á¨â â®«ìª® ®â k2 = !2 � k2, â® ¯à¨å®¤¨¬ ª ãá«®¢¨î

e2D ! 4�e2

k2
¯à¨ k2 ! 0 (8.75)

â ª çâ®, ä ªâ¨ç¥áª¨, ¢ (8.71) ¬ë ¤®«¦­ë ¯®«®¦¨âì Z = 1. �®£¤  ¨§ (8.74) ­¥¬¥¤-
«¥­­® á«¥¤ã¥â:

P(k2)
k2

! 0 ¯à¨ k2 ! 0 (8.76)

�®¬¨¬® ã¦¥ ¨§¢¥áâ­®£® ­ ¬ ãá«®¢¨ï (8.73) ®âáî¤  á«¥¤ã¥â:

P0(0) � dP(k2)
dk2

jk2=0 = 0 (8.77)

� ¬¥â¨¬, çâ® íää¥ªâ¨¢­®© ¢­¥è­¥© «¨­¨¨ à¥ «ì­®£® ä®â®­ , ¢ ¯à¨­æ¨¯¥, ­ ¤®
¡ë«® ¡ë á®¯®áâ ¢«ïâì ¬­®¦¨â¥«ì [1 + 1

4�P(k2)D(k2)]e�. �¤­ ª® ¤«ï à¥ «ì­®£® ä®-
â®­  ¢á¥£¤  k2 = 0, â®£¤  ¢ á¨«ã (8.73) ¢¨¤¨¬, çâ® ¢ «¨­¨ïå ¢­¥è­¨å ä®â®­®¢
à ¤¨ æ¨®­­ë¥ ¯®¯à ¢ª¨ ¢®®¡é¥ ­¥ ­ã¦­® ãç¨âë¢ âì.

� ª¨¬ ®¡à §®¬, ¥áâ¥áâ¢¥­­ë¥ ä¨§¨ç¥áª¨¥ âà¥¡®¢ ­¨ï ¯à¨¢®¤ïâ ª ãáâ ­®¢«¥­¨î
®¯à¥¤¥«¥­­ëå (à ¢­ëå ­ã«î!) §­ ç¥­¨© P(0) ¨ P0(0). � â®¦¥ ¢à¥¬ï, ­¥¯®áà¥¤áâ¢¥­-
­®¥ ¢ëç¨á«¥­¨¥ íâ¨å ¢¥«¨ç¨­ ¯® ¤¨ £à ¬¬ ¬ â¥®à¨¨ ¢®§¬ãé¥­¨© ¯à¨¢®¤¨â ª à á-
å®¤ïé¨¬áï ¨­â¥£à « ¬. �¯®á®¡ ãáâà ­¥­¨ï íâ¨å ¡¥áª®­¥ç­®áâ¥© á®áâ®¨â ¢ ¯à¨¯¨-
áë¢ ­¨¨ à áå®¤ïé¨¬áï ¢ëà ¦¥­¨ï¬ ­ ¯¥à¥¤ § ¤ ­­ëå §­ ç¥­¨©, ãáâ ­ ¢«¨¢ ¥¬ëå
ä¨§¨ç¥áª¨¬¨ âà¥¡®¢ ­¨ï¬¨. � ª ï ¯à®æ¥¤ãà  ¨ ­ §ë¢ ¥âáï ¯¥à¥­®à¬¨à®¢ª®©. �¯®-
á®¡ ¯à®¢¥¤¥­¨ï íâ®© ®¯¥à æ¨¨ ¬®¦­® áä®à¬ã«¨à®¢ âì ¨ ¨­ ç¥. �®¦­® ¢¢¥áâ¨ ­¥ä¨-
§¨ç¥áª¨© \§ âà ¢®ç­ë©" § àï¤ e0 ª ª ¯ à ¬¥âà, ª®â®àë© ¢å®¤¨â ¢ ¢ëà ¦¥­¨¥ ¤«ï
¨áå®¤­®£® ®¯¥à â®à  í«¥ªâà®¬ £­¨â­®£® ¢§ ¨¬®¤¥©áâ¢¨ï, ä¨£ãà¨àãîé¥£® ¢ ä®à-
¬ «ì­®© â¥®à¨¨ ¢®§¬ãé¥­¨©. �®á«¥ íâ®£®, ãá«®¢¨¥ ¯¥à¥­®à¬¨à®¢ª¨ ä®à¬ã«¨àã¥âáï
ª ª âà¥¡®¢ ­¨¥

e20D(k2)!
4�e2

k2
¯à¨ k2 ! 0 (8.78)

£¤¥ e { ¨áâ¨­­ë© (ä¨§¨ç¥áª¨©) § àï¤ ç áâ¨æë. �âáî¤  ­ å®¤¨¬ á¢ï§ì:

e2 = Ze20 (8.79)

¨ á ¥¥ ¯®¬®éìî ­¥ä¨§¨ç¥áª ï ¢¥«¨ç¨­  e0 ãáâà ­ï¥âáï ¨§ ä®à¬ã«, ®¯à¥¤¥«ïîé¨å
ä¨§¨ç¥áª¨¥ íää¥ªâë (  à áå®¤¨¬®áâì \§ £®­ï¥âáï" ¢ ä ªâ®à ¯¥à¥­®à¬¨à®¢ª¨ Z).
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�®âà¥¡®¢ ¢ áà §ã Z = 1 ¬ë ¯à®¨§¢®¤¨¬ ¯¥à¥­®à¬¨à®¢ªã \­  å®¤ã" [1] ¨ ¨§¡ ¢«ï-
¥¬áï ®â ­¥®¡å®¤¨¬®áâ¨ ¢¢¥¤¥­¨ï ä¨ªâ¨¢­ëå ¢¥«¨ç¨­ ¢ ¯à®¬¥¦ãâ®ç­ëå ¢ëª« ¤ª å.

�¥à¥©¤¥¬ â¥¯¥àì ª à áá¬®âà¥­¨î ãá«®¢¨© ¯¥à¥­®à¬¨à®¢ª¨ í«¥ªâà®­­®£® ¯à®¯ -
£ â®à . �ç¥¢¨¤­®, çâ® â®ç­ë© ¯à®¯ £ â®à G(p) ¤®«¦¥­ ¨¬¥âì ¯®«îá ¯à¨ p2 = m2,
£¤¥ m { ¬ áá  ä¨§¨ç¥áª®£® í«¥ªâà®­ . �®®â¢¥âáâ¢¥­­®, ¬®¦­® ­ ¯¨á âì ¯à¥¤¥«ì­®¥
¢ëà ¦¥­¨¥:

G(p) � Z1

�p� +m

p2 �m2 + i0
+ g(p) ¯à¨ p2 ! m2 (8.80)

£¤¥ Z1 { áª «ïà­ ï ¯®áâ®ï­­ ï (ä ªâ®à ¯¥à¥­®à¬¨à®¢ª¨),   g(p) ª®­¥ç­® ¯à¨ p2 !
m2. �§ (8.80) ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨ ¢¨¤ ®¡à â­®£® ¯à®¯ £ â®à :

G�1(p) � 1

Z1
(
�p� �m) � (
�p� �m)g(p)(
�p� �m) ¯à¨ p2 ! m2 (8.81)

� áá®¢ë© ®¯¥à â®à ¨¬¥¥â â®£¤  ¯à¨ p2 ! m2 á«¥¤ãîé¨© ¢¨¤:

M(p) = G�1(p)�G�1(p) �
�
1� 1

Z1

�
(
�p��m) + (
�p��m)g(p)(
�p��m) (8.82)

�ää¥ªâ¨¢­®© ¢­¥è­¥© í«¥ªâà®­­®© «¨­¨¨ (­ ¯à¨¬¥à ¢å®¤ïé¥©) ¢ ¤¨ £à ¬¬¥
à áá¥ï­¨ï ¤®«¦¥­ ®ç¥¢¨¤­® á®¯®áâ ¢«ïâìáï ¬­®¦¨â¥«ì:

U(p) = u(p) + G(p)M(p)u(p) (8.83)

£¤¥ u(p) { ®¡ëç­ë© í«¥ªâà®­­ë© ¡¨á¯¨­®à, ã¤®¢«¥â¢®àïîé¨© ãà ¢­¥­¨î �¨à ª 
(
�p��m)u = 0. � á¨«ã ãá«®¢¨© à¥«ïâ¨¢¨áâáª®© ¨­¢ à¨ ­â­®áâ¨ (U â®¦¥ ¡¨á¯¨­®à)
¯à¥¤¥«ì­®© §­ ç¥­¨¥ U(p) ¯à¨ p2 ! m2 ¬®¦¥â ®â«¨ç âìáï ®â u(p) «¨èì ¯®áâ®ï­­ë¬
áª «ïà­ë¬ ¬­®¦¨â¥«¥¬ (¯¥à¥­®à¬¨à®¢ª  ¢®«­®¢®© äã­ªæ¨¨):

U(p) = Z0u(p) (8.84)

�¥âàã¤­® ¯®ª § âì [1], çâ® áãé¥áâ¢ã¥â ¯à®áâ ï á¢ï§ì

Z0 =
p
Z1 (8.85)

�â® ¯®çâ¨ ®ç¥¢¨¤­® ¨§ â®£®, çâ® äã­ªæ¨ï �à¨­  (¯à®¯ £ â®à) ª¢ ¤à â¨ç­  ¯® ®¯¥-
à â®à ¬ í«¥ªâà®­­®£® ¯®«ï.

�¥¯¥àì ¬®¦­® ã¡¥¤¨âìáï, çâ® ¯®á«¥ ãáâ ­®¢«¥­¨ï ¯à¥¤¥«ì­®£® ¢¨¤  í«¥ªâà®­-
­®£® ¯à®¯ £ â®à  ã¦¥ ­¥â ­¥®¡å®¤¨¬®áâ¨ ¢ ª ª¨å - «¨¡® ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨ïå
¤«ï ¢¥àè¨­­®£® ®¯¥à â®à . � áá¬®âà¨¬ ¤¨ £à ¬¬ã, ¯®ª § ­­ãî ­  �¨á.8-15 ¨ ¡ã¤¥¬

áç¨â âì, çâ® ®­  ®¯¨áë¢ ¥â à áá¥ï­¨¥ í«¥ªâà®­  ­  ¢­¥è­¥¬ ¯®«¥ A(e)
� (k) ¢ ¯¥à¢®¬

¯®àï¤ª¥ ¯® íâ®¬ã ¯®«î, ­® á ãç¥â®¬ ¢á¥å à ¤¨ æ¨®­­ëå ¯®¯à ¢®ª. � ¯à¥¤¥«¥ k! 0
¨¬¥¥¬ p2 ! p1 � p à ¤¨ æ¨®­­ë¥ ¯®¯à ¢ª¨ ª «¨­¨¨ ¢­¥è­¥£® ¯®«ï ¨áç¥§ îâ (¢ëè¥
¬ë ®â¬¥ç «¨, çâ® ®­¨ ¨áç¥§ îâ ¢®®¡é¥ ¯à¨ ¢áïª®¬ k2 = 0). �®£¤  à áá¬ âà¨¢ ¥¬®©
¤¨ £à ¬¬¥ á®®â¢¥âáâ¢ã¥â  ¬¯«¨âã¤ :

Mfi = �e �U (p)��(p; p; 0)U(p)A(e)
� (k ! 0) (8.86)

�® ¯à¨ k ! 0 ¯®â¥­æ¨ « A
(e)
� (x) á¢®¤¨âáï ª ­¥§ ¢¨áïé¥© ®â ª®®à¤¨­ â ¨ ¢à¥¬¥­¨

ª®­áâ ­â¥. � ª®¬ã ¯®â¥­æ¨ «ã ­¥ á®®â¢¥âáâ¢ã¥â ­¨ª ª®¥ ä¨§¨ç¥áª®¥ ¯®«¥, â ª çâ®
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®­ ­¥ ¬®¦¥â ¢ë§¢ âì ­¨ª ª®£® ¨§¬¥­¥­¨ï í«¥ªâà®­­®£® â®ª  ¯¥à¥å®¤ . �àã£¨¬¨
á«®¢ ¬¨, ¢ íâ®¬ ¯à¥¤¥«¥ â®ª ¯¥à¥å®¤  �U��U ¤®«¦¥­ ¯à®áâ® á®¢¯ ¤ âì á® á¢®¡®¤­ë¬
â®ª®¬ �u
�u:

�U(p)��(p; p; 0)U(p) = Z1�u(p)�
�u(p) = �u(p)
�u(p) (8.87)

�â® á®®â­®è¥­¨¥  ¢â®¬ â¨ç¥áª¨ ¢ë¯®«­ï¥âáï ¢ á¨«ã â®¦¤¥áâ¢  �®à¤ , ­¥§ ¢¨á¨¬®
®â ¢¥«¨ç¨­ë Z1. � á ¬®¬ ¤¥«¥, ¯®¤áâ ¢«ïï G�1(p) ¨§ (8.81) ¢ (7.87), ¯®«ãç ¥¬:

��(p; p; 0) =
1

Z1

� � 
�g(p)(
�p� �m) � (
�p� �m)g(p)
� (8.88)

¨ à ¢¥­áâ¢® (8.87) ã¤®¢«¥â¢®àï¥âáï ¢ á¨«ã (
�p� � m)u(p) = 0 ¨ (
�p� �m)u(p) =
0. �á¥ íâ®, ¯® áãé¥áâ¢ã, ®¯ïâì ¤ ¥â ®¯à¥¤¥«¥­¨¥ ä¨§¨ç¥áª®£® § àï¤  í«¥ªâà®­ .
�¨¤¨¬, çâ® ¯à¨ á®áâ ¢«¥­¨¨  ¬¯«¨âã¤ë ä¨§¨ç¥áª®£® ¯à®æ¥áá  ¯¥à­®à¬¨à®¢®ç­ë©
ä ªâ®à Z1 ¢®®¡é¥ ¢ë¯ ¤ ¥â. �ë ¬®¦¥¬ ¯à®áâ® ¯®âà¥¡®¢ âì:

�u(p)��(p; p; 0)u(p) = �u(p)
�u(p) ¯à¨ p2 = m2 (8.89)

â.¥. ¯®«®¦¨âì Z1 = 1. �¤®¡áâ¢® â ª®£® ®¯à¥¤¥«¥­¨ï á®áâ®¨â ¢ â®¬, çâ® ®â¯ ¤ ¥â ­¥-
®¡å®¤¨¬®áâì ¢¢¥¤¥­¨ï ¯®¯à ¢®ª ¢® ¢­¥è­¨¥ í«¥ªâà®­­ë¥ «¨­¨¨ ¨ ¬ë ¯à®áâ® ¨¬¥¥¬
U(p) = u(p). �â® ïá­® ¨ ¨§ â®£®, çâ® ¯à¨ Z1 = 1 ¤«ï ¬ áá®¢®£® ®¯¥à â®à  (8.82)
¨¬¥¥¬:

M(p) = (
�p� �m)g(p)(
�p� �m) (8.90)

â ª çâ® ¢â®à®© ç«¥­ ¢ (8.83) ®ç¥¢¨¤­ë¬ ®¡à §®¬ ®¡à é ¥âáï ¢ ­ã«ì. � ª¨¬ ®¡à §®¬
­¥ âà¥¡ãîâ ¯¥à¥­®à¬¨à®¢ª¨ ¢­¥è­¨¥ «¨­¨¨ ¢á¥å à¥ «ì­ëå ç áâ¨æ { ª ª ä®â®­®¢,
â ª ¨ í«¥ªâà®­®¢.

�« áá¨ä¨ª æ¨ï ¨ ãáâà ­¥­¨¥ à áå®¤¨¬®-
áâ¥©.

� áá¬®âà¥­­ë¥ ¢ëè¥ ä¨§¨ç¥áª¨¥ ãá«®¢¨ï ¯¥à¥­®à¬¨à®¢ª¨ ¯®§¢®«ïîâ, ¢ ¯à¨­æ¨¯¥,
¯®«ãç¨âì ®¤­®§­ ç­ë¬ ®¡à §®¬ ª®­¥ç­®¥ §­ ç¥­¨¥ ¤«ï  ¬¯«¨âã¤ë ¢áïª®£® ¯à®-
æ¥áá  ��� ¢ «î¡®¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨©.

� áá¬®âà¨¬ á­ ç «  å à ªâ¥à à áå®¤¨¬®áâ¥©, ¢®§­¨ª îé¨å ¢ à §«¨ç­ëå ¨­-
â¥£à « å �¥©­¬ ­ . �à¥¦¤¥ ¢á¥£® ¯à®¨§¢¥¤¥¬ ¯®¤áç¥â áâ¥¯¥­¥© ¢¨àâã «ì­ëå 4-
¨¬¯ã«ìá®¢, ¢å®¤ïé¨å ¢ ¯®¤¨­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï. � áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî
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¤¨ £à ¬¬ã n-£® ¯®àï¤ª  (n { ç¨á«® ¢¥àè¨­!), ¨¬¥îéãî Ne í«¥ªâà®­­ëå ¨ N
 ä®-
â®­­ëå ¢­¥è­¨å «¨­¨©. �¨á«® Ne ¢á¥£¤  ç¥â­®. �®«­®¥ ç¨á«® í«¥ªâà®­­ëå «¨­¨©
à ¢­® 2n, ­® ¨§ ­¨å Ne ¢­¥è­¨å,   áª ¦¥¬ Ie ¢­ãâà¥­­¨å. �à¨ ¯®¤áç¥â¥ ç¨á«  «¨­¨©
¢­ãâà¥­­¨¥ «¨­¨¨ ãç¨âë¢ îâáï ¤¢ ¦¤ë, ¯®áª®«ìªã ®­¨ á¢ï§ë¢ îâ ¤¢¥ ¢¥àè¨­ë,
â ª çâ®:

2n = Ne + 2Ie (8.91)

�®®â¢¥âáâ¢¥­­®, ¯®«­®¥ ç¨á«® ¢­ãâà¥­­¨å í«¥ªâà®­­ëå «¨­¨© ¢ ¤¨ £à ¬¬¥:

Ie = n� Ne
2

(8.92)

� ª ¦¤ãî ¢¥àè¨­ã ¢å®¤¨â ®¤­  ä®â®­­ ï «¨­¨ï, ¯à¨ íâ®¬ ¢ N
 ¢¥àè¨­ å íâ 
«¨­¨ï ¢­¥è­ïï,   ¢ ®áâ ¢è¨åáï n�N
 { ¢­ãâà¥­­ïï. �®áª®«ìªã ª ¦¤ ï ¢­ãâà¥­­ïï
ä®â®­­ ï «¨­¨ï á¢ï§ë¢ ¥â ¤¢¥ ¢¥àè¨­ë, â® ¯®«­®¥ ç¨á«® â ª¨å «¨­¨© à ¢­®

n�N

2

(8.93)

� ¦¤®© ¢­ãâà¥­­¥© ä®â®­­®© «¨­¨¨ á®¯®áâ ¢«ï¥âáï ¬­®¦¨â¥«ì D(k), á®¤¥à¦ -
é¨© k ¢ áâ¥¯¥­¨ -2. � ¦¤®© ¢­ãâà¥­­¥© í«¥ªâà®­­®© «¨­¨¨ á®¯®áâ ¢«ï¥âáï G(p),
á®¤¥à¦ é ï p ¢ áâ¥¯¥­¨ -1 (¯à¨ p2 � m2). � ª¨¬ ®¡à §®¬, áã¬¬ à­ ï áâ¥¯¥­ì
4-¨¬¯ã«ìá®¢ ¢ §­ ¬¥­ â¥«¥ ¤¨ £à ¬¬ë à ¢­ :

2
n� N


2
+ n� Ne

2
= 2n� Ne

2
� N
 (8.94)

�¨á«® ¦¥ ¨­â¥£à¨à®¢ ­¨© ¯® d4p ¨ d4k ¢ ¤¨ £à ¬¬¥ à ¢­® ç¨á«ã ¢­ãâà¥­­¨å «¨­¨©,
®¤­ ª® ¢ ª ¦¤®© ¢¥àè¨­¥ ¢ë¯®«­ï¥âáï § ª®­ á®åà ­¥­¨ï 4-¨¬¯ã«ìá , çâ® ­ ª« -
¤ë¢ ¥â n�1 ¤®¯®«­¨â¥«ì­®¥ ãá«®¢¨¥ ­  ¨¬¯ã«ìáë ¨­â¥£à¨à®¢ ­¨ï (®¤¨­ ¨§ íâ¨å n
§ ª®­®¢ á®åà ­¥­¨ï ®â­®á¨âáï ª ¢­¥è­¨¬ ¨¬¯ã«ìá ¬ ¤¨ £à ¬¬ë { ®­ á®®â¢¥âáâ¢ã¥â
®¡é¥¬ã § ª®­ã á®åà ­¥­¨ï ¢ à¥ ªæ¨¨, ®¯¨áë¢ ¥¬®© ¤ ­­®© ¤¨ £à ¬¬®©). �®®â¢¥â-
áâ¢¥­­®, á ãç¥â®¬ (8.92) ¨ (8.93), ¯®«ãç ¥¬, çâ® ¯®«­®¥ ç¨á«® ¢­ãâà¥­­¨å «¨­¨©
¤¨ £à ¬¬ë (í«¥ªâà®­­ëå ¨ ä®â®­­ëå) à ¢­®:

n� Ne
2

+
n

2
� N


2
=
3

2
� Ne

2
� N


2
(8.95)

çâ® ¤ ¥â ç¨á«® ¨¬¯ã«ìá®¢ ¨­â¥£à¨à®¢ ­¨ï ¡¥§ ãç¥â  § ª®­®¢ á®åà ­¥­¨ï. �®£¤ 
¢ëç¨â ï ®âáî¤  n� 1, ¨¬¥¥¬ ¤«ï ç¨á«  ­¥§ ¢¨á¨¬ëå ¨¬¯ã«ìá®¢ ¨­â¥£à¨à®¢ ­¨ï

3

2
� Ne

2
� N


2
� n + 1 =

n

2
+ 1� Ne

2
� N


2
(8.96)

�ç¥â¢¥àïï íâ® ç¨á«® ¯®«ãç ¥¬ ¯®«­®¥ ç¨á«® ¨­â¥£à¨à®¢ ­¨©:

2(n� Ne � N
 + 2) (8.97)

�®£¤  à §­®áâì ¬¥¦¤ã ç¨á«®¬ ¨­â¥£à¨à®¢ ­¨© ¨ áâ¥¯¥­ìî ¨¬¯ã«ìá®¢ ¢ §­ ¬¥­ â¥«¥
¯®¤¨­â¥£à «ì­®£® ¢ëà ¦¥­¨ï ¤«ï ¤ ­­®© ¤¨ £à ¬¬ë à ¢­  à §­®áâ¨ (8.97) ¨ (8.94):

r = 4� 3

2
Ne �N
 (8.98)
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�â® ç¨á«® ¨ ®¯à¥¤¥«ï¥â ï¢«ï¥âáï «¨ á®®â¢¥âáâ¢ãîé¨© ä¥©­¬ ­®¢áª¨© ¨­â¥£à «
áå®¤ïé¨¬áï ¨«¨ à áå®¤ïé¨¬áï7. �¥«®, ¯à ¢¤ , ãá«®¦­ï¥âáï â¥¬ ®¡áâ®ïâ¥«ìáâ¢®¬,
çâ® ãá«®¢¨ï r < 0 ¤«ï ¤¨ £à ¬¬ë ¢ æ¥«®¬ ¥é¥ ­¥¤®áâ â®ç­® ¤«ï ¢ë¢®¤  ® ¥¥ áå®-
¤¨¬®áâ¨. �¥®¡å®¤¨¬®, çâ®¡ë ¡ë«¨ ®âà¨æ â¥«ì­ë¬¨  ­ «®£¨ç­ë¥ ç¨á«  r0 ¤«ï ¢á¥å
¢­ãâà¥­­¨å ¡«®ª®¢, ª®â®àë¥ ¬®¦­® ¨§ ­¥¥ ¢ë¤¥«¨âì. � «¨ç¨¥ ¢­ãâà¥­­¨å ¡«®ª®¢ á
r0 > 0 ¯à¨¢¥¤¥â ª à áå®¤¨¬®áâ¨ ¤¨ £à ¬¬ë ¢ æ¥«®¬, å®âï ®áâ «ì­ë¥ ¨­â¥£à¨à®¢ -
­¨ï ¬®£ãâ áå®¤¨âìáï á ¨§¡ëâª®¬. �á«®¢¨ï r < 0, ®¤­ ª®, ¤®áâ â®ç­® ¤«ï áå®¤¨¬®áâ¨
¯à®áâ¥©è¨å ¤¨ £à ¬¬, ¢ ª®â®àëå n = Ne+N
 ¨ ¨¬¥¥âáï ¢á¥£® ®¤­® ¨­â¥£à¨à®¢ ­¨¥
d4p.

�á«¨ ¦¥ r � 0, â® ¨­â¥£à « ¢® ¢áïª®¬ á«ãç ¥ à áå®¤¨âáï. �à¨ íâ®¬ áâ¥¯¥­ì
à áå®¤¨¬®áâ¨ ­¥ ¬¥­¥¥ r, ¥á«¨ ç¨á«® r ç¥â­®, ¨ ­¥ ¬¥­¥¥ r � 1, ¥á«¨ r ­¥ç¥â­®
(ã¬¥­ìè¥­¨¥ áâ¥¯¥­¨ à áå®¤¨¬®áâ¨ ­  1 ¢ ¯®á«¥¤­¥¬ á«ãç ¥ á¢ï§ ­® á ®¡à é¥­¨¥¬
¢ ­ã«ì ¨­â¥£à «  ®â ¯à®¨§¢¥¤¥­¨© ­¥ç¥â­®£® ç¨á«  4-¢¥ªâ®à®¢ ¯à¨ ¨­â¥£à¨à®¢ ­¨¨
¯® ¢á¥¬ã 4-¯à®áâà ­áâ¢ã). �â¥¯¥­ì à áå®¤¨¬®áâ¨ ¬®¦¥â ¨ ã¢¥«¨ç¨âìáï ¯à¨ ­ «¨ç¨¨
¢­ãâà¥­­¨å ¡«®ª®¢ á r0 > 0.

� ¬¥â¨¬, çâ® áâ¥¯¥­ì à áå®¤¨¬®áâ¨ ¤¨ £à ¬¬ë r á®£« á­® (8.98) ­¥ § ¢¨á¨â ®â
¯®àï¤ª  ¤¨ £à ¬¬ë n. �¬¥­­® íâ® § ¬¥ç â¥«ì­®¥ ®¡áâ®ïâ¥«ìáâ¢®, ª ª ¬ë ¥é¥ ã¢¨-
¤¨¬ ¯®§¤­¥¥, ¨ ¤¥« ¥â â¥®à¨î ¯¥à¥­®à¬¨àã¥¬®©. �®à®âª® £®¢®àï, ¤¥«® âãâ ¢ â®¬,
çâ® ¨§ (8.98) áà §ã ïá­®, çâ® ¢ â ª®© â¥®à¨¨ áãé¥áâ¢ã¥â ª®­¥ç­®¥ ç¨á«® â¨¯®¢ à áå®-
¤¨¬®áâ¥© { ¯®áª®«ìªã ¨§ ¯®«®¦¨â¥«ì­®áâ¨ æ¥«ëå ç¨á¥« Ne ¨ N
 ¢¨¤­®, çâ® áãé¥-
áâ¢ã¥â «¨èì ­¥áª®«ìª® ¯ à ¨å §­ ç¥­¨©, ¯à¨ ª®â®àëå r � 0, ¨ ª®­¥ç­®¥ ç¨á«®
¯à®áâ¥©è¨å ¯à¨¬¨â¨¢­® à áå®¤ïé¨åáï ¤¨ £à ¬¬. �®®â¢¥âáâ¢¥­­®, ¢ â¥®à¨¨ ¤®-
áâ â®ç­® ¢¢¥áâ¨ ª®­¥ç­®¥ ç¨á«® ¯ à ¬¥âà®¢ (®¯à¥¤¥«ï¥¬ëå ¨§ íªá¯¥à¨¬¥­â ), ¢
ª®â®àë¥ ¨ \§ £®­ïîâáï" ¢á¥ à áå®¤¨¬®áâ¨. �á«¨ ¡ë ¢ (8.98) ¢å®¤¨«  (á® §­ ª®¬
¯«îá) ¢¥«¨ç¨­  n, â® ç¨á«® â¨¯®¢ à áå®¤¨¬®áâ¥© à®á«® ¡ë á à®áâ®¬ n ¨ á¨âã -
æ¨ï ®ª § « áì ¡ë á®¢¥àè¥­­® ¡¥§­ ¤¥¦­®©! � ��� «¥£ª® ¯¥à¥ç¨á«¨âì ¢á¥ ¯à¨¬¨-
â¨¢­® à áå®¤ïé¨¥áï ¤¨ £à ¬¬ë ¢ ï¢­®¬ ¢¨¤¥. �à §ã ¦¥ ¨áª«îç¨¬ ¨§ ­¨å á«ãç ¨
Ne = N
 = 0 (¢ ªãã¬­ë¥ ¯¥â«¨) ¨ Ne = 0; N
 = 1 (áà¥¤­¥¥ §­ ç¥­¨¥ ¢ ªãã¬­®£®
â®ª ). �áâ «ì­ë¥ á«ãç ¨ ¯®ª § ­ë ­  �¨á.8-16. � ¯¥à¢®© ¨§ íâ¨å ¤¨ £à ¬¬ r = 2
¨ à áå®¤¨¬®áâì ä®à¬ «ì­® ª¢ ¤à â¨ç­ ï, ¢ ®áâ «ì­ëå á«ãç ïå r = 0 ¨«¨ r = 1 ¨

7� ¯®¬­¨¬, çâ® à¥çì ¢á¥ ¢à¥¬ï ¨¤¥â ® à áå®¤¨¬®áâ¨ ¨­â¥£à «®¢ ­  ¢¥àå­¥¬ ¯à¥¤¥«¥!
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à áå®¤¨¬®áâì «®£ à¨ä¬¨ç¥áª ï.
�¨ £à ¬¬  �¨á.8-16(£) ¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥à¢ãî ¯®¯à ¢ªã ª ¢¥àè¨­­®¬ã ®¯¥-

à â®àã. �­  ¤®«¦­  ã¤®¢«¥â¢®àïâì ãá«®¢¨î (8.89), ª®â®à®¥ § ¯¨è¥¬ ¢ ¢¨¤¥:

�u(p)��(p; p; 0)u(p) = 0 ¯à¨ p2 = m2 (8.99)

£¤¥
�� = �� � 
� (8.100)

�¡®§­ ç¨¬ ¨­â¥£à « �¥©­¬ ­ , § ¯¨á ­­ë© ¯àï¬® ¯® ¤¨ £à ¬¬­ë¬ ¯à ¢¨« ¬, ª ª
���(p2; p1; k). �â®â ¨­â¥£à « «®£ à¨ä¬¨ç¥áª¨ à áå®¤¨âáï ¨ á ¬ ¯® á¥¡¥ ãá«®¢¨î
(8.99) ­¥ ã¤®¢«¥â¢®àï¥â. �ë, ®¤­ ª®, ¯®«ãç¨¬ ¢¥«¨ç¨­ã, ã¤®¢«¥â¢®àïîéãî íâ®¬ã
ãá«®¢¨î, ®¡à §®¢ ¢ à §­®áâì:

��(p2; p2; k) = ��(p2; p1; k)� ���(p1; p1; 0)jp2
1
=m2 (8.101)

� áå®¤¨¬®áâì ¢ ¨­â¥£à «¥ ¤«ï ���(p2; p1; k) ¬®¦­® ¢ë¤¥«¨âì à áá¬®âà¥¢ ¢ ¯®¤¨­â¥£à «ì­®¬
¢ëà ¦¥­¨¨ áª®«ì ã£®¤­® ¡®«ìè®© 4-¨¬¯ã«ìá ¢¨àâã «ì­®£® ä®â®­  f . �®£¤  ¨¬¥¥¬:

� 4�ie2
Z

d4f

(2�)4

�G(p2 � f)
�G(p1 � f)
�D��(f) � �4�ie2

Z
d4f

(2�)4

�(
�f�)
�(
�f�)
�

f2f2f2
(8.102)

çâ® ­¥ § ¢¨á¨â ®â §­ ç¥­¨© 4-¨¬¯ã«ìá®¢ ¢­¥è­¨å «¨­¨©. �®íâ®¬ã ¢ à §­®áâ¨ (8.101) à áå®¤¨¬®áâì
á®ªà é ¥âáï ¨ ¯®«ãç ¥âáï ª®­¥ç­®¥ ¢ëà ¦¥­¨¥.

� â ª®© ¯à®æ¥¤ãà¥ ãáâà ­¥­¨ï à áå®¤¨¬®áâ¥© £®¢®àïâ ª ª ® ¯¥à¥­®à¬¨à®¢ª¥ á
¯®¬®éìî ¢ëç¨â ­¨©. �®¤ç¥àª­¥¬, çâ® ¢®§¬®¦­®áâì ãáâà ­¥­¨ï à áå®¤¨¬®áâ¨ ¨§
¨­â¥£à «  ���(p2; p1; k) ¯ãâ¥¬ â®«ìª® ®¤­®£® ¢ëç¨â ­¨ï ®¡¥á¯¥ç¨¢ ¥âáï â¥¬, çâ®
¢ ¤ ­­®¬ á«ãç ¥ à áå®¤¨¬®áâì «¨èì «®£ à¨ä¬¨ç¥áª ï, â.¥. ­ ¨¬¥­ìè ï ¨§ ¢á¥å
¢®§¬®¦­ëå.

�®á«¥ ®¯à¥¤¥«¥­¨ï ¯¥à¢®© ¯®¯à ¢ª¨ ¢ �� (â.¥. ¯¥à¢®£® ç«¥­  à §«®¦¥­¨ï ��)
¯¥à¢ ï ¯®¯à ¢ª  ¢ í«¥ªâà®­­®¬ ¯à®¯ £ â®à¥ (¤¨ £à ¬¬  �¨á.8-16(¡)) ¬®¦¥â ¡ëâì
à ááç¨â ­  á ¯®¬®éìî â®¦¤¥áâ¢  �®à¤  (7.87), ª®â®à®¥ ¬®¦­® ¯¥à¥¯¨á âì ª ª:

@M(p)

@p�
= ��(p; p; 0) (8.103)

¢¢¥¤ï ¬ áá®¢ë© ®¯¥à â®àM ¢¬¥áâ® G ¨ �� ¢¬¥áâ® ��. �â® ãà ¢­¥­¨¥ ¬®¦¥â ¡ëâì
¯à®áâ® ¯à®¨­â¥£à¨à®¢ ­® á £à ­¨ç­ë¬ ãá«®¢¨¥¬:

�u(p)M(p)u(p) = 0 ¯à¨ p2 = m2 (8.104)

á«¥¤ãîé¨¬ ¨§ (8.90).
� ¯à¨­æ¨¯¥,  ­ «®£¨ç­ë¬ á¯®á®¡®¬ (å®âï ¨ ­¥áª®«ìª® ¡®«¥¥ £à®¬®§¤ª¨¬) ¬®¦­®

ãáâà ­¨âì à áå®¤¨¬®áâ¨ ¨ ¨§ ¯®«ïà¨§ æ¨®­­®£® ®¯¥à â®à  �¨á.8-16( ) [1, 2]. §¤¥áì
âà¥¡ã¥âáï ¯à®¨§¢¥áâ¨ ¤¢  ¢ëç¨â ­¨ï:

P(k2) = �P(k2)� �P(0)� k2 �P0(0) (8.105)

£¤¥ ç¥à¥§ �P ®¡®§­ ç¥­ ä¥©­¬ ­®¢áª¨© ¨­â¥£à «, á®®â¢¥âáâ¢ãîé¨© à áá¬ âà¨¢ ¥¬®©
¤¨ £à ¬¬¥. �ç¥¢¨¤­®, çâ® (8.105) ã¤®¢«¥â¢®àï¥â à áá¬®âà¥­­ë¬ ¢ëè¥ ä¨§¨ç¥áª¨¬
ãá«®¢¨ï¬ (8.73) ¨ (8.77).

� á«¥¤ãîé¥¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨© ¯®¯à ¢ª  ª ¢¥àè¨­­®¬ã ®¯¥à â®àã

�(2)
� ®¯à¥¤¥«ï¥âáï ¤¨ £à ¬¬ ¬¨, ¯®ª § ­­ë¬¨ ­  �¨á.7-17(¢-¨). �§ ­¨å ª®¬¯ ªâ-

­ë¬¨ ï¢«ïîâáï â®«ìª® ¯®ª § ­­ë¥ ­  �¨á.7-17(£-¥), ¨ ®­¨ ¬®£ãâ ¡ëâì ¢ëç¨á«¥­ë
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�¨á. 8-17

¢ ª®­¥ç­®¬ ¢¨¤¥ ®¯ïâì á ¯®¬®éìî ®¤­®£® ¢ëç¨â ­¨ï (8.101). �®¤¥à¦ é¨¥áï ¦¥ ¢
­¥ª®¬¯ ªâ­ëå ¤¨ £à ¬¬ å ¢­ãâà¥­­¨¥ á®¡áâ¢¥­­® - í­¥à£¥â¨ç¥áª¨¥ ¨ ¢¥àè¨­­ë¥
ç áâ¨ ¡®«¥¥ ­¨§ª®£® ¯®àï¤ª  áà §ã § ¬¥­ïîâáï ã¦¥ ¨§¢¥áâ­ë¬¨ (¯¥à¥­®à¬¨à®¢ ­-

­ë¬¨) ¢¥«¨ç¨­ ¬¨ ¯¥à¢®£® ¯®àï¤ª  P(1);M(1);�
(1)
� , ¯®á«¥ ç¥£® ¨­â¥£à «ë ®¯ïâì

â ª¨ ¤¥« îâáï ª®­¥ç­ë¬¨ á ¯®¬®éìî ¢ëç¨â ­¨ï (8.101). �®¯à ¢ª¨M(2) ¨ P(2) § -
â¥¬ ¢ëç¨á«ïîâáï ¨§ â®¦¤¥áâ¢  �®à¤  (8.103) ¨ ¨§ (8.105). �¯¨á ­­ ï á¨áâ¥¬ â¨ç¥-
áª ï ¯à®æ¥¤ãà  ¤ ¥â, ¢ ¯à¨­æ¨¯¥, á¯®á®¡ ¯®«ãç¥­¨ï ª®­¥ç­ëå ¢ëà ¦¥­¨© ¤«ï P;M
¨ �� ¢ «î¡®¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨© [1, 2]. �¥¬ á ¬ë¬ áâ ­®¢¨âáï ¢®§¬®¦­ë¬
¨ ¢ëç¨á«¥­¨¥  ¬¯«¨âã¤ ä¨§¨ç¥áª¨å ¯à®æ¥áá®¢ à áá¥ï­¨ï, ¢ ª®â®àë¥ ¡«®ª¨ P;M ¨
�� ¢å®¤ïâ ª ª á®áâ ¢­ë¥ ç áâ¨. � ª¨¬ ®¡à §®¬, ãáâ ­®¢«¥­­ë¥ ¢ëè¥ ä¨§¨ç¥áª¨¥
ãá«®¢¨ï ¯¥à¥­®à¬¨à®¢ª¨ ®ª §ë¢ îâáï ¤®áâ â®ç­ë¬¨ ¤«ï ãáâà ­¥­¨ï à áå®¤¨¬®-
áâ¥© ¨§ ¢á¥å ¨­â¥£à «®¢ �¥©­¬ ­ . � íâ®¬ ¨ ¯à®ï¢«ï¥âáï ¢¥áì¬  ­¥âà¨¢¨ «ì­®¥
á¢®©áâ¢® ¯¥à¥­®à¬¨àã¥¬®áâ¨ ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¨. � ¤ «ì­¥©è¥¬ ¬ë ¥é¥
¢¥à­¥¬áï ª ®¡é¥¬ã ®¡áã¦¤¥­¨î ¯®­ïâ¨ï ¯¥à¥­®à¬¨àã¥¬®áâ¨ ¨ ¥£® ¨á¯®«ì§®¢ ­¨î
¢ ¤àã£¨å ¬®¤¥«ïå ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï.

�á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ ä®â®­­®£® ¯à®-
¯ £ â®à  ¯à¨ ¡®«ìè¨å ¨¬¯ã«ìá å.

� áá¬®âà¨¬ ¢ ¦­ë©, á ¯à¨­æ¨¯¨ «ì­®© â®çª¨ §à¥­¨ï, ¢®¯à®á ®¡  á¨¬¯â®â¨ª¥ ä®-
â®­­®£® ¯à®¯ £ â®à  ¢ ®¡« áâ¨ ¡®«ìè¨å ¨¬¯ã«ìá®¢ jk2j � m2. � ¯¥à¢®¬ ¯à¨¡«¨¦¥-
­¨¨ â¥®à¨¨ ¢®§¬ãé¥­¨© ¯®«ïà¨§ æ¨®­­ë© ®¯¥à â®à ®¯à¥¤¥«ï¥âáï ¯à®áâ®© ¯¥â«¥¢®©
¤¨ £à ¬¬®©, ¯®ª § ­­®© ­  �¨á.8-17. �à¨ ¯àï¬®¬ ¢ëç¨á«¥­¨¨ ®­ ®¯à¥¤¥«ï¥âáïä¥©-
­¬ ­®¢áª¨¬ ¨­â¥£à «®¬ ¢¨¤ :

i

4�
P�� (k) = �e2

Z
d4p

(2�)4
SpG(p)
�G(p� k) (8.106)

�¤­ ª® íâ®â ¨­â¥£à «, ¢§ïâë© ¯® ¢á¥¬ã ç¥âëà¥å¬¥à­®¬ã p-¯à®áâà ­áâ¢ã, à áå®-
¤¨âáï (ª¢ ¤à â¨ç­®, á®£« á­® ¯à®áâ®¬ã ¯®¤áç¥âã áâ¥¯¥­¥© ¯à¥¤ë¤ãé¥£® à §¤¥« ,
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  ­  á ¬®¬ ¤¥«¥ «®£ à¨ä¬¨ç¥áª¨ ¨§-§  \áªàëâ®©"  «£¥¡àë ¯®¤¨­â¥£à «ì­®£® ¢ë-
à ¦¥­¨ï). �â¨ ¡¥áª®­¥ç­®áâ¨ ­ã¦­® ãáâà ­¨âì ¯® à¥æ¥¯â ¬ ¯¥à¥­®à¬¨à®¢ª¨, ®¡áã-
¦¤ ¢è¨¬áï ¢ ¯à¥¤ë¤ãé¨å à §¤¥« å. �àï¬ë¥ ¢ëç¨á«¥­¨ï ¢®§¬®¦­ë, ­® ¢¥áì¬  £à®-
¬®§¤ª¨ [2]. � áá¬®âà¥­¨¥ á¨«ì­® ã¯à®é ¥âáï ¢  á¨¬¯â®â¨ç¥áª®¬ ¯à¥¤¥«¥ jk2j � m2,
ª®â®àë© ­ ¬ â®«ìª® ¨ ¨­â¥à¥á¥­. � ª ¬ë ã¢¨¤¨¬ çãâì ­¨¦¥, ¢ íâ®¬ ¯à¥¤¥«¥ ­¥-
âàã¤­® ¯®«ãç¨âì, çâ® ¯®á«¥ ¯¥à¥­®à¬¨à®¢ª¨ (8.106), á¢®¤¨âáï ª:

P(k2) = e2

3�
k2 ln

jkj2
m2

(8.107)

�® áãâ¨ ¤¥«  íâ® ¥áâì ¯®¯à ¢ª  ¯¥à¢®£® ¯à¨¡«¨¦¥­¨ï ª ¯à®¯ £ â®àã 4�D�1 = k2 ¨
¥© ¬®¦­® ¯®«ì§®¢ âìáï ¯®ª  ¢ë¯®«­¥­® ãá«®¢¨¥:

e2

3�
ln
jk2j
m2

� 1 (8.108)

çâ® ®£à ­¨ç¨¢ ¥â ®¡« áâì ¯à¨¬¥­¨¬®áâ¨ á® áâ®à®­ë ¨­â¥à¥áãîé¨å ­ á ¡®«ìè¨å
jkj2. � ¤¥©áâ¢¨â¥«ì­®áâ¨, ¢ëà ¦¥­¨¥ (8.107) ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬ ¯à¨ £®à §¤®
¡®«¥¥ á« ¡®¬ ãá«®¢¨¨:

e2

3�
ln
jk2j
m2

. 1 (8.109)

�å¥¬  ¤®ª § â¥«ìáâ¢  íâ®£® ãâ¢¥à¦¤¥­¨ï, ¯® å®¤ã ª®â®à®£® ¬ë § ®¤­® ¯®«ãç¨¬ ¨
á ¬ à¥§ã«ìâ â (8.107), á®áâ®¨â ¢ á«¥¤ãîé¥¬ [1]. �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® å®âï ¯à¨
ãá«®¢¨¨ (8.109) ¢ P(k2) ¬®£ãâ ¢®§­¨ª âì ¢ª« ¤ë ®â ç«¥­®¢ ¢á¥å ¯®àï¤ª®¢ â¥®à¨¨

¢®§¬ãé¥­¨©, ¢ n-¬ ¯®àï¤ª¥ ¤®áâ â®ç­® ãç¨âë¢ âì â®«ìª® ç«¥­ë � (e2)n lnn
�
jkj2
m2

�
,

á®¤¥à¦ é¨¥ ¡®«ìè®© «®£ à¨ä¬ ¢ ¨­â¥à¥áãîé¥¬ ­ á ¯à¥¤¥«¥ jk2j � m2. �à¨ íâ®¬
«®£ à¨ä¬ ¤®«¦¥­ ¢å®¤¨âì ¨¬¥­­® ¢ â®© ¦¥ áâ¥¯¥­¨, çâ® ¨ e2, ¯®áª®«ìªã ç«¥­ë á
¡®«¥¥ ­¨§ª¨¬¨ áâ¥¯¥­ï¬¨ «®£ à¨ä¬  § ¢¥¤®¬® ¬ «ë ¢ á¨«ã ­¥à ¢¥­áâ¢  e2 � 1.
�â® ­ §ë¢ îâ ¯à¨¡«¨¦¥­¨¥¬ £« ¢­ëå «®£ à¨ä¬®¢.

� áá¬®âà¨¬ â¥¯¥àì ãà ¢­¥­¨¥ � ©á®­  ¤«ï ¯®«ïà¨§ æ¨®­­®£® ®¯¥à â®à  (7.77):

P(k2) = 4�ie2

3
Sp

Z
d4p

(2�)4

�G(p+ k)��(p+ k; p; k)G(p) (8.110)

�®áª®«ìªã, ª ª ¡ë«® ¯®ª § ­® ¢ëè¥, äã­ªæ¨ï P(k2) ª «¨¡à®¢®ç­® ¨­¢ à¨ ­â­ , â®
¯à¨ ¢ëç¨á«¥­¨¨ ¥¥ ¨§ ¤¨ £à ¬¬ �¥©­¬ ­  ¬®¦­® ¨á¯®«ì§®¢ âì «î¡ãî ª «¨¡à®¢ªã
¤«ï ¯à®¯ £ â®à®¢ ¨ ¢¥àè¨­. � ¤ ­­®¬ á«ãç ¥ ­ ¨¡®«¥¥ ã¤®¡­®© ®ª §ë¢ ¥âáï ª «¨-
¡à®¢ª  � ­¤ ã, ¢ ª®â®à®© ¯à®¯ £ â®à ä®â®­®¢ ¨¬¥¥â ¢¨¤ (Dl = 0):

D��(k) = 4�

k2

�
g�� � k��

k2

�
(8.111)

�¥â «ì­ë©  ­ «¨§ ¯®¯à ¢®ç­ëå ¤¨ £à ¬¬ ¤«ï (8.106), ª®â®àë© ¬®¦­® ­ ©â¨ ¢ [1],
¯®ª §ë¢ ¥â, çâ® ¢ â ª®© ª «¨¡à®¢ª¥ àï¤ë â¥®à¨¨ ¢®§¬ãé¥­¨© ¢®®¡é¥ ­¥ á®¤¥à¦ â
ç«¥­®¢ á ­ã¦­ë¬¨ áâ¥¯¥­ï¬¨ «®£ à¨ä¬ .

�®íâ®¬ã ¢ (8.110) ¤®áâ â®ç­® ¯®¤áâ ¢¨âì ­ã«¥¢ë¥ ¯à¨¡«¨¦¥­¨ï G = G ¨ �� = 
�.
�®£¤  (8.110) á¢®¤¨âáï ª ¨­â¥£à «ã:

P(k2) = 4�ie2

3
Sp

Z
d4p

(2�)4

�G(p+ k)
�G(p) (8.112)
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â ª®¬ã ¦¥ ª ª ¢ (8.106). �à®á«¥¤¨¬, ¯à¥¦¤¥ ¢á¥£®, §  ¯à®¨áå®¦¤¥­¨¥¬ «®£ à¨ä¬ 
¢ íâ®¬ ¨­â¥£à «¥. �¥£ª® ¢¨¤¥âì, çâ® «®£ à¨ä¬¨ç¥áª¨© ¢ª« ¤ ¢®§­¨ª ¥â ®â ®¡« áâ¨
¨­â¥£à¨à®¢ ­¨ï:

p2 � jk2j ¯à¨ jk2j � m2 (8.113)

�¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ ¯à¥¤¥«¥ ¬®¦¥¬ ­ ¯¨á âì8:

G(p) � 1


�p�
=

�p�
p2

(8.114)

G(p� k) � 1


�p� � 
�k� �
1


�p�
+

1


�p�

�k�

1


�p�
+

1


�p�

�k�

1


�p�

�k�

1


�p�
+ :::

=

�p�
p2

+
(
�p�)(


�k�)(

�p�)

(p2)2
+
(
�p�)(


�k�)(

�p�)(


�k�)(

�p�)

(p2)3
+ :::

(8.115)

�à¨ ¯®¤áâ ­®¢ª¥ íâ¨å ¢ëà ¦¥­¨© ¢ (8.112) ¯¥à¢ë© ç«¥­, ­¥ § ¢¨áïé¨© ®â k, ¢ë-
¯ ¤ ¥â ¢ à¥§ã«ìâ â¥ ¯¥à¥­®à¬¨à®¢ª¨, ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨¥¬ P(0) = 0 (¯¥à¢®¥
¢ëç¨â ­¨¥ ¢ (8.105)). �â®à®© ç«¥­ ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¯® ­ -
¯à ¢«¥­¨ï¬ p. �à¥â¨© ¦¥ ¨­â¥£à « «®£ à¨ä¬¨ç¥áª¨ à áå®¤¨âáï ¯® p2, ¥£® «¥£ª®
®æ¥­¨âì ¯à®¢®¤ï ¨­â¥£à¨à®¢ ­¨¥ ¢ ¯à¥¤¥« å ®â p2 � jk2j (­¨¦­¨© ¯à¥¤¥« ®¡« áâ¨
(8.113)) ¤® ­¥ª®â®à®£® \¯ à ¬¥âà  ®¡à¥§ ­¨ï" �2:Z

d4p
p4

p8
�
Z
dpp3

p4

p8
�
Z �2

jk2j
dp2p2

p4

p8
�
Z �2

jk2j
dp2

1

p2
� ln

�2

jk2j (8.116)

� ¨â®£¥ ¯®«ãç ¥¬:

P(k2) = � e
2

3�
k2 ln

�2

jk2j (8.117)

�® íâ® ¥é¥ ­¥ ¢á¥, ¤«ï ®ª®­ç â¥«ì­®£® ãáâà ­¥­¨ï à áå®¤¨¬®áâ¨ (� ! 1) ­ã¦­®
¥é¥ ¢ëç¥áâì ¨§ P(k2)=k2 ¥£® §­ ç¥­¨¥ ¯à¨ k2 = 0 (¢â®à®¥ ¢ëç¨â ­¨¥ ¢ (8.105)). �®
¯®áª®«ìªã «®£ à¨ä¬¨ç¥áª ï â®ç­®áâì ­ è¨å ¢ëç¨á«¥­¨© ¯à¥¤¯®« £ ¥â jk2j � m2,
â® ¯à¨ ¢ëç¨á«¥­¨¨ á íâ®© â®ç­®áâìî ¢ëç¥áâì ­ã¦­® §­ ç¥­¨¥ (8.117) ¯à¨ jk2j � m2,
¢ à¥§ã«ìâ â¥ ç¥£® �2 ¢  à£ã¬¥­â¥ «®£ à¨ä¬  § ¬¥­ï¥âáï ­  m2, ¨ ¬ë ¯®«ãç ¥¬ ¨á-
ª®¬ë© à¥§ã«ìâ â (8.107). � ¯®áª®«ìªã ¢ ª «¨¡à®¢ª¥ � ­¤ ã ­¥ ¢®§­¨ª ¥â ¯®¯à ¢®ª
ª G ¨ � á \­ã¦­ë¬¨" áâ¥¯¥­ï¬¨ «®£ à¨ä¬ , â® ¢ëà ¦¥­¨¥ (8.107) ¤¥©áâ¢¨â¥«ì­®
á¯à ¢¥¤«¨¢® ¨ ¯à¨ ãá«®¢¨¨ (8.109).

�ã­ªæ¨ï D(k2), á®®â¢¥âáâ¢ãîé ï ¯®«ïà¨§ æ¨®­­®¬ã ®¯¥à â®àã (8.107), ¨¬¥¥â
¢¨¤:

D(k2) = 4�

k2
1

1� e2

3� ln
jk2j
m2

(8.118)

� á¨«ã (8.109) íâ® ¢ëà ¦¥­¨¥ ¬®¦­® ­¥ à §« £ âì ¯® áâ¥¯¥­ï¬ e2. �¤­ ª® ¯à¨-
¬¥­¨¬®áâì (8.118) ®£à ­¨ç¥­  á® áâ®à®­ë ¡®«ìè¨å jk2j ¢ á¢ï§¨ á ã¬¥­ìè¥­¨¥¬
¥¥ §­ ¬¥­ â¥«ï. �ë¢®¤ (8.118) ®á­®¢ ­ ­  «®£ à¨ä¬¨ç¥áª®¬ ¯à¨¡«¨¦¥­¨¨ ¨ ¯à¥-
­¥¡à¥¦¥­¨¨ ¡¥áª®­¥ç­ë¬¨ ¯®á«¥¤®¢ â¥«ì­®áâï¬¨ ¤¨ £à ¬¬ ¢ëáè¨å ¯®àï¤ª®¢, ­¥

8�­ ª¨ §¤¥áì ®¯à¥¤¥«ïîâáï á¢®©áâ¢ ¬¨ 
-¬ âà¨æ.
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á®¤¥à¦ é¨å ¤®¬¨­¨àãîé¨å «®£ à¨ä¬®¢. �®£« á­® (8.118) ¤®¡ ¢«¥­¨¥ ª ¦¤®© ­®-
¢®© ¦¨à­®© ä®â®­­®© «¨­¨¨ ¯à¨¢­®á¨â ¢ ¤¨ £à ¬¬ã ¬­®¦¨â¥«ì e2D,   à®«ì ¬ «®£®
¯ à ¬¥âà  â¥®à¨¨ ¢®§¬ãé¥­¨© ¢¬¥áâ® e2 ¨£à ¥â ¢¥«¨ç¨­ :

e2

1� e2

3� ln
jk2j
m2

� 1 (8.119)

á®¢¯ ¤ îé ï á ®¡áã¦¤ ¢è¥©áï ¢ëè¥ \¡¥£ãé¥©" ª®­áâ ­â®© á¢ï§¨ (8.60). �®£¤ , ¯®
¬¥à¥ ¢®§à áâ ­¨ï jk2j, íâ  ¢¥«¨ç¨­  ¯® ¯®àï¤ªã áà ¢­¨¢ ¥âáï á ¥¤¨­¨æ¥©, ¨§ â¥®à¨¨,
¯® áãé¥áâ¢ã, ¢®®¡é¥ ¨áç¥§ ¥â ¬ «ë© ¯ à ¬¥âà ¨ â¥®à¨ï ¢®§¬ãé¥­¨© áâ ­®¢¨âáï
­¥¯à¨¬¥­¨¬®©.

�¢ï§ì ¬¥¦¤ã \§ âà ¢®ç­ë¬" ¨ ¨áâ¨­­ë¬
§ àï¤®¬.

�¨âã æ¨î á (8.118), (8.119) ¬®¦­® ¯®­ïâì ¡®«¥¥ ïá­®, ¥á«¨ ¯à¨ ¢ë¢®¤¥ (8.118) ¤¥« âì
¯¥à¥­®à¬¨à®¢ªã ­¥ \­  å®¤ã",   ¯ãâ¥¬ ¯à¥¤¢ à¨â¥«ì­®£® ¢¢¥¤¥­¨ï \§ âà ¢®ç­®£®"
¨«¨ \£®«®£®" § àï¤  e0, ª®â®àë© ¢ ¤ «ì­¥©è¥¬ ¯®¤¡¨à ¥âáï â ª, çâ®¡ë ¯à¨¢¥áâ¨
ª ¯à ¢¨«ì­®¬ã ­ ¡«î¤ ¥¬®¬ã §­ ç¥­¨î § àï¤  e (¨«¨ eR, ¢ ®¡®§­ ç¥­¨ïå, ¨á¯®«ì-
§®¢ ¢è¨åáï ¢ëè¥). �á«¨ à áå®¤ïé¨©áï «®£ à¨ä¬¨ç¥áª¨© ¨­â¥£à « ®¡à¥§ ¥âáï ­ 
¢á¯®¬®£ â¥«ì­®¬ �2 (¢ëè¥ ¬ë â ª¦¥ ¨á¯®«ì§®¢ «¨ ¤«ï ¯ à ¬¥âà  ®¡à¥§ ­¨ï ®¡®-
§­ ç¥­¨¥ M2), â® § âà ¢®ç­ë© § àï¤ ¬®¦­® áç¨â âì ¥£® äã­ªæ¨¥©: e0 = e0(�2),   ¢
§ ª«îç¥­¨¥ ­ã¦­® ¯¥à¥å®¤¨âì ª ¯à¥¤¥«ã �! 1. �à¨ â ª®¬ ¯®¤å®¤¥ ¯®«ïà¨§ æ¨-
®­­ë© ®¯¥à â®à ¨¬¥¥â ¢¨¤ (8.117):

P(k2) = � e
2
0

3�
k2 ln

�2

jk2j (8.120)

�®®â¢¥âáâ¢¥­­® ¯®«ãç¨¬:

D(k2) = 4�

k2
1

1 +
e2
0

3� ln
�2

jk2j
(8.121)

�¯à¥¤¥«¨¬ â¥¯¥àì ä¨§¨ç¥áª¨© § àï¤ e á®£« á­®:

e20D(k2)!
4�e2

k2
¯à¨ k2 ! m2 (8.122)

â.¥. ­  à ááâ®ï­¨ïå ¯®àï¤ª  m�1 (â.¥. ª®¬¯â®­®¢áª®© ¤«¨­ë ¢®«­ë í«¥ªâà®­  ~=mc,
®¯à¥¤¥«ïîé¥© ¥£® íää¥ªâ¨¢­ë© à ¤¨ãá ¢ ª¢ ­â®¢®© â¥®à¨¨). �®£¤  ¯®«ãç¨¬:

e2 =
e20

1 +
e2
0

3� ln
�2

m2

(8.123)

çâ® ä ªâ¨ç¥áª¨ á®¢¯ ¤ ¥â á (8.59) ¯à¨ ¢ë¡®à¥ â®çª¨ ­®à¬¨à®¢ª¨ �2 = m2. �âáî¤ 

e0 =
e2

1� e2

3� ln
�2

m2

(8.124)
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�á«¨ â¥¯¥àì ä®à¬ «ì­® ¯¥à¥©â¨ ¢ (8.123) ª ¯à¥¤¥«ã â®ç¥ç­®£® § àï¤  � ! 1, â®
e! 0, ­¥§ ¢¨á¨¬® ®â ¢¨¤  äã­ªæ¨¨ e20(�). �â  á¨âã æ¨ï ¨ ­ §ë¢ ¥âáï \¬®áª®¢áª¨¬
­ã«¥¬". �­  ¢¯¥à¢ë¥ ¡ë«  ®â¬¥ç¥­  ¢ à ¡®â å � ­¤ ã { �®¬¥à ­çãª  ¨ �à ¤ª¨­ 
¢ á¥à¥¤¨­¥ 50-å £®¤®¢. �® ¬­¥­¨î � ­¤ ã [30] â ª ï á¨âã æ¨ï ®§­ ç «  ¡ë ­¥¢®§-
¬®¦­®áâì áâà®£®£® ¯à®¢¥¤¥­¨ï ¯¥à¥­®à¬¨à®¢ª¨ ¨ ¢­ãâà¥­­îî ¯à®â¨¢®à¥ç¨¢®áâì
��� (¨, ª ª â®£¤  áç¨â «®áì, «î¡®© ¤àã£®© ¬®¤¥«¨ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï).

�à¨¢¥¤¥¬  à£ã¬¥­â æ¨î � ­¤ ã ¨ �®¬¥à ­çãª , á ¯®¬®éìî ª®â®à®© ®­¨ ®¡®á­®¢ë¢ «¨ á¢®¨

¢ë¢®¤ë. �ãáâì ®â­®è¥­¨¥ �2

jk2 j
­ áâ®«ìª® ¢¥«¨ª®, çâ®

e20
3�

ln
�2

jk2j � 1 (8.125)

­®, ¢ â®¦¥ ¢à¥¬ï, ¥é¥ e0 � 1. �®£¤  ¢ (8.121) ¬®¦­® ¯à¥­¥¡à¥çì ¥¤¨­¨æ¥© ¢ §­ ¬¥­ â¥«¥, â ª çâ®

D(k2) = 12�2

k2e20 ln
�2

jk2 j

(8.126)

¨, á®®â¢¥âáâ¢¥­­®, ¨§ (8.122) ¨¬¥¥¬:

e2 =
3�

� ln �2

m2

(8.127)

çâ® ­¥ § ¢¨á¨â ®â ¢¥«¨ç¨­ë § âà ¢®ç­®£® § àï¤  e0. � ¬¥â¨¬, çâ® §¤¥áì ¬ë ¥é¥ ¤®¯®«­¨â¥«ì­®
¯®¤¥«¨«¨ (8.127) ­  ¯ à ¬¥âà � { ç¨á«® â¨¯®¢ äã­¤ ¬¥­â «ì­ëå ä¥à¬¨®­®¢, ¤ îé¨å ¢ª« ¤ ¢
¯®«ïà¨§ æ¨î ¢ ªãã¬  (á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¢ª« ¤ë ¢ ¯®«ïà¨§ æ¨®­­ë¥ ¯¥â«¨ ¯à®áâ® áª« ¤ë¢ -
îâáï!).

�¢¥¤¥¬ â¥¯¥àì ¢¬¥áâ® ®¯¥à â®à  4-¯®â¥­æ¨ «  í«¥ªâà®¬ £­¨â­®£® ¯®«ï A�, 4-¢¥ªâ®à A� =
e0A�. â®£¤  £ ¬¨«ìâ®­¨ ­ ¢§ ¨¬®¤¥©áâ¢¨ï HI ­¥ ¡ã¤¥â á®¤¥à¦ âì § âà ¢®ç­®£® § àï¤  e0,   £ -
¬¨«ìâ®­¨ ­ á¢®¡®¤­®£® í«¥ªâà®¬ £­¨â­®£® ¯®«ï H0 (ª¢ ¤à â¨ç­ë© ¯® A�) ¡ã¤¥â á®¤¥à¦ âì e20 ¢

§­ ¬¥­ â¥«¥. �ã­ªæ¨ï ¦¥ ~D(k2), ®¯à¥¤¥«¥­­ ï á ¯®¬®éìî A� â ª¦¥, ª ª D(k2) ®¯à¥¤¥«ï¥âáï á
¯®¬®éìî A�, ¡ã¤¥â à ¢­ :

~D(k2) = e20D(k2) =
12�2

k2 ln �2

jk2j

(8.128)

�â® ¢ëà ¦¥­¨¥ ­¥ á®¤¥à¦¨â e0,   íâ® ®§­ ç ¥â, çâ® ®­® á®®â¢¥âáâ¢ã¥â ¯à¥­¥¡à¥¦¥­¨î ¢ £ ¬¨«ì-
â®­¨ ­¥ H = H0 + HI § ¢¨áïé¨¬ ®â e0 ç«¥­®¬ H0. �® ¥á«¨ ¯à¥­¥¡à¥¦¥­¨¥ H0 ¯® áà ¢­¥­¨î á
HI ¢®§¬®¦­® (¯à¨ ¡®«ìè¨å �) ã¦¥ ¯à¨ e

2
0 � 1, â® ¥áâ¥áâ¢¥­­® ¤ã¬ âì, çâ® ®­® â¥¬ ¡®«¥¥ § ª®­­®

¯à¨ ­¥ ¬ «ëå e20. � ª¨¬ ®¡à §®¬ (8.126),   á ­¥© ¨ (8.127) ¯¥à¥áâ îâ ¡ëâì á¢ï§ ­­ë¬¨ á ãá«®¢¨¥¬
e20 � 1 ¨ ¯¥à¥å®¤ ª ¯à¥¤¥«ã � !1 áâ ­®¢¨âáï ¢®§¬®¦­ë¬. �à¨ íâ®¬ e2 ! 0 ¢­¥ § ¢¨á¨¬®áâ¨ ®â
¢¨¤  äã­ªæ¨¨ e0(�).

� à ¬¥âà ®¡à¥§ ­¨ï �, ¯à¨ ª®â®à®¬ ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥ (8.127), ¢® ¢áïª®¬ á«ãç ¥ ®ç¥­ì
¢¥«¨ª. �  á®®â¢¥âáâ¢ãîé¨å (ªà ©­¥ ¬ «ëå!) à ááâ®ï­¨ïå íää¥ªâë £à ¢¨â æ¨®­­®£® ¢§ ¨¬®¤¥©-
áâ¢¨ï ¬®£ãâ ¯à¥¢ëè âì í«¥ªâà®¬ £­¨â­ë¥. �¥áì¬  á®¡« §­¨â¥«ì­  ¨¤¥ï, çâ® \ªà¨§¨á" í«¥ªâà®¤¨-
­ ¬¨ª¨ ¯à®¨áå®¤¨â ¨¬¥­­® ­  â¥å à ááâ®ï­¨ïå (í­¥à£¨ïå), ª®£¤  £à ¢¨â æ¨®­­®¥ ¢§ ¨¬®¤¥©áâ¢¨¥
áà ¢­¨¢ ¥âáï á í«¥ªâà®¬ £­¨â­ë¬. �ë¡¨à ï ¨¬¯ã«ìá ®¡à¥§ ­¨ï ¯®àï¤ª  ®¡à â­®© ¯« ­ª®¢áª®©
¤«¨­ë, ¨¬¥¥¬:

GN�
2 � 1 (8.129)

£¤¥ GN { ­ìîâ®­®¢áª ï £à ¢¨â æ¨®­­ ï ¯®áâ®ï­­ ï. �à¨ â ª®© â®çª¥ §à¥­¨ï ¢¥«¨ç¨­  ä¨§¨ç¥-
áª®£® § àï¤  e  ¢â®¬ â¨ç¥áª¨ ®¯à¥¤¥«ï« áì ¡ë ¨§ â¥®à¨¨ ¯® ä®à¬ã« ¬ (8.127) ¨ (8.129), çâ® ¤ ¥â
� � 12. �á«¨ � < 12, £à ¢¨â æ¨®­­ë¥ íää¥ªâë ­ áâã¯ïâ §­ ç¨â¥«ì­® à ­ìè¥, ç¥¬ íää¥ªâ¨¢-
­ë© § àï¤ áâ ­¥â ¯®àï¤ª  ¥¤¨­¨æë. � ¯à®â¨¢, ¯à¨ � > 12 £à ¢¨â æ¨®­­ë¥ íää¥ªâë ­¥ \á¯ áãâ"
í«¥ªâà®¤¨­ ¬¨ª¨, â ª ª ª ®­¨ ­ áâã¯ïâ á«¨èª®¬ \¯®§¤­®". � ­ïâ­®, çâ® á®£« á­® á®¢à¥¬¥­­ë¬
¯à¥¤áâ ¢«¥­¨ï¬ ® ¬¨à¥ í«¥¬¥­â à­ëå ç áâ¨æ, ¨§«®¦¥­­ë¬ ¢ �« ¢¥ 1, ¢ �à¨à®¤¥ áãé¥áâ¢ã¥â ª ª
à § 12 äã­¤ ¬¥­â «ì­ëå ä¥à¬¨®­®¢!

�ã¦­®, ¢¯à®ç¥¬, ¯®¤ç¥àª­ãâì, çâ®, á®£« á­® ¬­¥­¨î ¡®«ìè¨­áâ¢  ¤àã£¨å ¨áá«¥-
¤®¢ â¥«¥© ¯¥à¥å®¤ ª ¯à¥¤¥«ã �!1 ¢ ¢ëà ¦¥­¨ïå â¨¯  (8.123) ¨ (8.124) ¢ë¯®«­ïâì
­¥«ì§ï, ­¥ ­ àãè¨¢ ¯à¥¤¯®«®¦¥­¨©, á¤¥« ­­ëå ¯à¨ ¨å ¢ë¢®¤¥. �§ (8.124) ¢¨¤­®, çâ®
¯® ¬¥à¥ ã¢¥«¨ç¥­¨ï � (¯à¨ § ¤ ­­®¬ §­ ç¥­¨¨ e2) ¢¥«¨ç¨­  e20 à áâ¥â, ¨ ã¦¥ ¯à¨
e20 � 1 íâ¨ ä®à¬ã«ë â¥àïîâ á¢®î ¯à¨¬¥­¨¬®áâì, ¯®áª®«ìªã ¨å ¢ë¢®¤ ¡ë« ®á­®-
¢ ­ ­  ¯à¥¤¯®«®¦¥­¨¨ e20 � 1, ª ª ãá«®¢¨¨ ¯à¨¬¥­¨¬®áâ¨ â¥®à¨¨ ¢®§¬ãé¥­¨© ª
§ âà ¢®ç­®¬ã ¢§ ¨¬®¤¥©áâ¢¨î.
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� ¬¥â¨¬, çâ® ¢ ¯à¨¬¥­¥­¨¨ ª ��� ¢á¥ íâ¨ âàã¤­®áâ¨ ¨¬¥îâ ¤®¢®«ì­® \ ª ¤¥-
¬¨ç¥áª®¥" §­ ç¥­¨¥, ¯®áª®«ìªã ®­¨ ¢®§­¨ª îâ ¯à¨ ä ­â áâ¨ç¥áª¨å í­¥à£¨ïå, ­¥

¯à¥¤áâ ¢«ïîé¨å ­¨ª ª®£® à¥ «ì­®£® ¨­â¥à¥á : à ¢¥­áâ¢® e2

�
ln
�
E2

m2

�
= 1 ¤®áâ¨-

£ ¥âáï ¯à¨ E � 1093m, çâ® ª®­¥ç­® ¦¥, á¢ï§ ­® á ¬ «®© ¢¥«¨ç¨­®© e2 = 1
137

.
�¥áà ¢­¥­­® à ­ìè¥, ª ª ¬ë ã¢¨¤¨¬ ¤ «¥¥, í«¥ªâà®¬ £­¨â­ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï
\§ ¯ãâë¢ îâáï" á® á« ¡ë¬¨ ¨ á¨«ì­ë¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï¬¨ ¨ \ç¨áâ ï" í«¥ªâà®¤¨-
­ ¬¨ª  â¥àï¥â á¬ëá«. �ë ¥é¥ ¢¥à­¥¬áï ª ®¡áã¦¤¥­¨î ¯à®¡«¥¬ ¯®á«¥¤®¢ â¥«ì­®£®
®¯¨á ­¨ï  á¨¬¯â®â¨ç¥áª¨å á¢®©áâ¢ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï ¢ ª®­æ¥ ­ è¥£® ªãàá .

�«ï «ãçè¥£® ¯®­¨¬ ­¨ï ®¡áã¦¤ ¥¬ëå ¯à®¡«¥¬ ¯à¨¢¥¤¥¬ ¥é¥ ¯à®áâë¥ ª ç¥áâ¢¥­­ë¥ à ááã-
¦¤¥­¨ï ¢ ª®®à¤¨­ â­®¬ ¯à®áâà ­áâ¢¥ [34]. � \ª®®à¤¨­ â­®¬ã ¯à¥¤áâ ¢«¥­¨î" ¢ à áá¬ âà¨¢ ¥¬ëå
 á¨¬¯â®â¨ç¥áª¨åä®à¬ã« å ��� ¬®¦­® ¯¥à¥©â¨ á ¯®¬®éìî ®ç¥¢¨¤­®© (¨§ á®®¡à ¦¥­¨© à §¬¥à­®-
áâ¨) § ¬¥­ë: m! r�1 ¨ �! r�10 , £¤¥ r { å à ªâ¥à­®¥ à ááâ®ï­¨¥ í«¥ªâà®­  ®â æ¥­âà  í«¥ªâà®­ 
(¥£® ¬®¦­® ¢§ïâì ¯®àï¤ª  ¥£® ª®¬¯â®­®¢áª®© ¤«¨­ë ¢®«­ë),   r0 { ­¥ª®â®à ï äã­¤ ¬¥­â «ì­ ï
¤«¨­ , å à ªâ¥à¨§ãîé ï £¥®¬¥âà¨ç¥áª¨© à §¬¥à § âà ¢®ç­®£® § àï¤ , ª®â®àë© ¬®¦­® ¯à¥¤áâ -
¢«ïâì á¥¡¥ ¢ ¢¨¤¥ è à¨ª  á à ¤¨ãá®¬ r0 . �®£¤  ¢ëà ¦¥­¨¥ (8.123) ¬®¦­® § ¯¨á âì â ª:

e2(r) =
e2(r0)

1 + 2e2(r0)
3�2

ln r
r0

(8.130)

�ãáâì ¢¥«¨ç¨­  § âà ¢®ç­®£® § àï¤  e2(r0) ä¨ªá¨à®¢ ­ . �ë å®â¨¬ ¯¥à¥©â¨ ª â®ç¥ç­®¬ã § âà -
¢®ç­®¬ã § àï¤ã ¨ ­ ç¨­ ¥¬ ã¬¥­ìè âì r0, á®åà ­ïï e20(r0) ­¥¨§¬¥­­ë¬. �®£¤ , à ­® ¨«¨ ¯®§¤­®,

¯®«ãç¨¬
2e2(r0)
3�2

ln r
r0
� 1 ¨ §­ ¬¥­ â¥«¥ (8.130) ¬®¦­® ¯à¥­¥¡à¥çì ¥¤¨­¨æ¥©. �®®â¢¥âáâ¢¥­­®:

e2(r) =
1

2
3�2

ln r
r0

(8.131)

�® â¥¯¥àì, ¯à¨ ¤ «ì­¥©è¥¬ ã¬¥­ìè¥­¨¨ r0 ¯®«ãç ¥¬ e2(r) ! 0 ¯à¨ r0 ! 0. �â® ¨ ¥áâì \¬®áª®¢-
áª¨© ­ã«ì". � ª ¯¨á «¨ � ­¤ ã ¨ �®¬¥à ­çãª9: \�ë ¯à¨å®¤¨¬ ª äã­¤ ¬¥­â «ì­®¬ã ¢ë¢®¤ã,
çâ® ¨§ ä®à¬ «ì­®© ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¨, ¯®-¢¨¤¨¬®¬ã, á«¥¤ã¥â à ¢¥­áâ¢® ­ã«î § àï¤ 
í«¥ªâà®­ . �£®¢®àª  \¯®-¢¨¤¨¬®¬ã" ®â­®á¨âáï ª ­¥ª®â®à®© ­¥áâà®£®áâ¨ ¨§«®¦¥­­®© ¢ëè¥  à£ã-
¬¥­â æ¨¨". �¨§¨ª  ¤¥«  á®áâ®¨â §¤¥áì ¢ â®¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ ¯à¨¡«¨¦¥­¨¨, ¯®«ïà¨§ æ¨ï
¢ ªãã¬  (§  áç¥â à®¦¤¥­¨ï ¢¨àâã «ì­ëå í«¥ªâà®­ { ¯®§¨âà®­­ëå ¯ à) ®ª §ë¢ ¥âáï ­  ¬ «ëå
à ááâ®ï­¨ïå áâ®«ì á¨«ì­®©, çâ® ­  ­¥ª®â®à®¬ à ááâ®ï­¨¨ ®áâ â®ç­ë© § àï¤ ã¦¥ ­¥ § ¢¨á¨â ®â
¯¥à¢®­ ç «ì­®£® (§ âà ¢®ç­®£®). � ¯à¥¤¥«¥ ¦¥ â®ç¥ç­®£® § âà ¢®ç­®£® § àï¤  ®â ­¥£® ­¨ç¥£® ­¥
®áâ ¥âáï ­  «î¡®¬ ª®­¥ç­®¬ à ááâ®ï­¨¨ { ¯à®¨áå®¤¨â ¯®«­ ï íªà ­¨à®¢ª . � ¬¥â¨¬, çâ® íâ 
ä¨§¨ª  ¢¯®«­¥ ¯à®§à ç­ , ï¢«¥­¨¥ íªà ­¨à®¢ª¨ å®à®è® ¨§¢¥áâ­® ¢ ä¨§¨ª¥ ¯« §¬ë ¨ â¢¥à¤®£®
â¥«  [35], ®­® ¨ ®¯¨áë¢ ¥âáï á®¢¥àè¥­­®  ­ «®£¨ç­ë¬¨ à áç¥â ¬¨ ¯®«ïà¨§ æ¨®­­®£® ®¯¥à â®à  ¢
¬­®£®ç áâ¨ç­®© á¨áâ¥¬¥ [13]. � ª ¦¥ â®£¤  ¯®­¨¬ âì ¯à ªâ¨ç¥áª¨¥ ãá¯¥å¨ ª¢ ­â®¢®© í«¥ªâà®¤¨-
­ ¬¨ª¨?

� ¯¨è¥¬ (8.130) ¢ ¢¨¤¥, à §à¥è¥­­®¬ ®â­®á¨â¥«ì­® e2(r0) ¨ ¯®«®¦¨¬ r = �e = m�1 (ª®¬¯â®-
­®¢áª®© ¤«¨­¥ í«¥ªâà®­ ):

e2(r0) =
e2(�e)

1� 2e2(�e)
3�2

ln �e
r0

(8.132)

�¤¥áì e2(�e) á«¥¤ã¥â ¯®­¨¬ âì ª ª \ä¨§¨ç¥áª¨©" § àï¤ í«¥ªâà®­ , â.¥. â®â, ª®â®àë© ¯à®ï¢«ï¥âáï
­  ¡®«ìè¨å à ááâ®ï­¨ïå (¯®àï¤ª  �e) ¢­¥ íää¥ªâ¨¢­®© ®¡« áâ¨ ¯®«ïà¨§ æ¨¨ ¢ ªãã¬  (íªà ­¨-
à®¢ª¨). �®£¤  ¬ë \¢å®¤¨¬" ¢­ãâàì íâ®© ®¡« áâ¨ (r0 < �e), â® § àï¤ ã¢¥«¨ç¨¢ ¥âáï { íªà ­¨à®¢ª 
®á« ¡¥¢ ¥â, ª®£¤  ¬ë ¢å®¤¨¬ ¢­ãâàì \èã¡ë" ¨§ í«¥ªâà®­ { ¯®§¨âà®­­ëå ¯ à10. �¤­ ª® ¤®áâ¨çì
¯à¥¤¥«ì­® ¡®«ìè¨å §­ ç¥­¨© íâ®£® § àï¤  ¬ë ­¥ ¬®¦¥¬ ¨§-§  «®¦­®£® ¯®«îá , ¢¡«¨§¨ ª®â®à®£®
ä®à¬ã«  (8.132) ¯à®áâ® â¥àï¥â á¬ëá«. �à ªâ¨ç¥áª¨ íâ® ­¥  ªâã «ì­®, â ª ª ª à¥çì ¨¤¥â ®¡ ®¡« -
áâ¨ r0 � �e exp[�(137)(3�2)=2]. ��� ¯à ªâ¨ç¥áª¨ ¯à¨£®¤­  ¨¬¥­­® ¯®â®¬ã, çâ® ¬ë ¯®«ì§ã¥¬áï ­¥
â®ç­ë¬¨ à¥è¥­¨ï¬¨ á â®ç¥ç­ë¬ ¢§ ¨¬®¤¥©áâ¢¨¥¬, ®áâ ¢«ïï ®âªàëâë¬ ¢®¯à®á ® â®¬, çâ® ¤¥« ¥âáï
­  ¬ «ëå à ááâ®ï­¨ïå, £¤¥ ­¥á®¬­¥­­® áãé¥áâ¢¥­­ë ¤àã£¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï. �  ¨ ªâ® áª § «, çâ®
­  ¬ «ëå à ááâ®ï­¨ïå ­¥ à ¡®â ¥â ª ª®©-â® ä¨§¨ç¥áª¨© ¬¥å ­¨§¬ ®¡à¥§ ­¨ï à áå®¤¨¬®áâ¥© (­ -
¯à¨¬¥à, á¢ï§ ­­ë© á £à ¢¨â æ¨¥© { áà.(8.129)!), ª®â®àë© ­ ¬ ¯®ª  ­¥ ¨§¢¥áâ¥­, ­® ª®â®àë© ¤¥« ¥â

9��� 102, 489 (1955)
10� ªâ¨ç¥áª¨ íâ® ®§­ ç ¥â, ­ ¯à¨¬¥à, § ¢¨á¨¬®áâì \¯®áâ®ï­­®© â®­ª®© áâàãªâãàë" ®â ¯¥à¥¤ -

¢ ¥¬®£® ¢ à¥ ªæ¨¨ ¨¬¯ã«ìá . � ª ã¦¥ ®â¬¥ç «®áì, íâ®â íää¥ªâ à¥ «ì­® ­ ¡«î¤ ¥âáï!
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¢§ ¨¬®¤¥©áâ¢¨¥ ¢ â¥®à¨¨ ¯®«ï íää¥ªâ¨¢­® ­¥â®ç¥ç­ë¬? � ª¨¬ ®¡à §®¬, \¯à £¬ â¨ç¥áª ï" â®çª 
§à¥­¨ï (¡®«ìè¨­áâ¢ !) á®áâ®¨â ¢ â®¬, çâ® í¬¯¨à¨ç¥áª¨ § ¤ ­ \ä¨§¨ç¥áª¨©" § àï¤ e(�e), â®£¤  ¥áâì
à¥è¥­¨ï ¢ ¢¨¤¥ àï¤®¢ â¥®à¨¨ ¢®§¬ãé¥­¨©, ­® ª ¬ «ë¬ à ááâ®ï­¨ï¬ á®¢à¥¬¥­­ ï â¥®à¨ï ­¥¯à¨¬¥-
­¨¬ . �®®â¢¥âáâ¢¥­­®, ­  á¥£®¤­ïè­¨© ¤¥­ì, ¯à®¡«¥¬   á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥­¨ï ��� ®áâ ¥âáï
­¥à¥è¥­­®©.

�  á¨¬¯â®â¨ç¥áª¨ á¢®¡®¤­ëå â¥®à¨ïå ¯®«ï, ­ ¯à¨¬¥à ¢ ���, á¨âã æ¨ï, ª ª ã¦¥ ®¡áã¦¤ «®áì
¢ëè¥, ¨­ ï. �®áª®«ìªã §­ ª ¢ §­ ¬¥­ â¥«¥ ä®à¬ã« â¨¯  (8.130) ¨ (8.132) â ¬ ¯à®â¨¢®¯®«®¦-
­ë© á«ãç î ���, â® ¨  á¨¬¯â®â¨ç¥áª®¥ ¯®¢¥¤¥­¨¥ \ª®­áâ ­âë" ¢§ ¨¬®¤¥©áâ¢¨ï (§ àï¤ ) ¤àã£®¥:
g2(r0) ! 0 ¯à¨ r0 ! 0. �¥¯¥àì ­¥ § àï¤ ­  ª®­¥ç­®¬ à ááâ®ï­¨¨ ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ «î¡®¬
§­ ç¥­¨¨ § âà ¢®ç­®£® â®ç¥ç­®£® § àï¤ ,   ­ã«¥¢®© â®ç¥ç­ë© § àï¤ ®â¢¥ç ¥â ª®­¥ç­®¬ã § àï¤ã
­  ª®­¥ç­®¬ à ááâ®ï­¨¨: g2(r) à áâ¥â á à®áâ®¬ r. � ��� ¨¬¥¥â ¬¥áâ® íää¥ªâ¨¢­ ï \ ­â¨íªà ­¨-
à®¢ª " § àï¤ . �ë ­¥ §­ ¥¬, ®¤­ ª®, ª ª®¥ r0 ¨ g(r0) á«¥¤ã¥â § ä¨ªá¨à®¢ âì ¨ ¤® ª ª¨å r ¬®¦­®
¯®«ì§®¢ âìáï «®£ à¨ä¬¨ç¥áª®© ä®à¬ã«®© â¨¯  (8.130). �á­®, çâ® ­¥ ¡¥§£à ­¨ç­®, ¯®áª®«ìªã ¯à¨
ã¬¥­ìè¥­¨¨ §­ ¬¥­ â¥«ï (á à®áâ®¬ r) ¬ë á­®¢  ¢ëå®¤¨¬ §  ®¡« áâì ¯à¨¬¥­¨¬®áâ¨ â¥®à¨¨ ¢®§-
¬ãé¥­¨©. � ç¥áâ¢¥­­®, ®¤­ ª®, ®ç¥¢¨¤­®, çâ® § àï¤ à áâ¥â á à ááâ®ï­¨¥¬, çâ®, ¯®-¢¨¤¨¬®¬ã, ¨
¢¥¤¥â ª ª®­ä ©­¬¥­âã ª¢ àª®¢. �® áãé¥áâ¢ã, íâ¨ § ¢¨á¨¬®áâ¨ â ª¦¥ á¥©ç á ¨§¬¥àïîâáï ­  íªá-
¯¥à¨¬¥­â¥. � ª®­æ¥ ªãàá  ¬ë ¥é¥ ¢¥à­¥¬áï ª ®¡áã¦¤¥­¨î ä¨§¨ç¥áª®© ¯à¨à®¤ë ï¢«¥­¨ï  á¨¬¯â®-
â¨ç¥áª®© á¢®¡®¤ë ¢ ��� ¨ ¥£® §­ ç¥­¨ï ¢ ä¨§¨ª¥ ç áâ¨æ.

�àã¯¯  ¯¥à¥­®à¬¨à®¢ª¨ ¢ ���.

�®ª ¦¥¬ â¥¯¥àì, ª ª ä®à¬ã«ë (8.130) ¨ (8.124) ¬®£ãâ ¡ëâì ¯®«ãç¥­ë á ¯®¬®éìî
¯à®áâëå à ááã¦¤¥­¨©, ®á­®¢ ­­ëå ­  á¬ëá«¥ ¯®­ïâ¨ï ¯¥à¥­®à¬¨à®¢ª¨ ¨ á®®¡à ¦¥-
­¨ïå à §¬¥à­®áâ¨, á®áâ ¢«ïîé¨å ®á­®¢ã ¯à¥¤áâ ¢«¥­¨© ® £àã¯¯¥ ¯¥à¥­®à¬¨à®¢ª¨
(à¥­®à¬ - £àã¯¯¥), ¨ ¢¢¥¤¥­­ëå ¢ ��� �¥««-� ­­®¬ ¨ �®ã. � áá¬®âà¨¬ á­®¢ 
ª¢ ¤à â § âà ¢®ç­®£® § àï¤  ª ª äã­ªæ¨î ¯ à ¬¥âà  ®¡à¥§ ­¨ï e20(�), ¨ ¢¢¥¤¥¬
äã­ªæ¨î d, ®¯à¥¤¥«ïîéãî á®®â­®è¥­¨¥ ¬¥¦¤ã §­ ç¥­¨ï¬¨ e20 ¯à¨ ¤¢ãå §­ ç¥­¨ïå
¥¥  à£ã¬¥­â :

e20(�
2
2) = e20(�

2
1)d (8.133)

�à¨ �2
1;�

2
2 � m2 äã­ªæ¨ï d ­¥ § ¢¨á¨â ®â m ¨, ¡ã¤ãç¨ ¡¥§à §¬¥à­®© ¢¥«¨ç¨­®©,

¬®¦¥â § ¢¨á¥âì â®«ìª® ®â ¡¥§à §¬¥à­ëå ¦¥ ¢¥«¨ç¨­ e20(�
2
1) ¨ �

2
2=�

2
1, â ª çâ® ¬®¦­®

§ ¯¨á âì:

e20(�
2
2) = e20(�

2
1)d

�
e20(�

2
1);

�2
2

�2
1

�
(8.134)

�â® ¨ ¥áâì ¯à¥®¡à §®¢ ­¨¥ £àã¯¯ë ¯¥à¥­®à¬¨à®¢ª¨. �¬ëá« ¥£® ¯à®áâ { ¢ ¯¥à¥-
­®à¬¨àã¥¬®© â¥®à¨¨ ¨§¬¥­¥­¨¥ ¯ à ¬¥âà  ®¡à¥§ ­¨ï ¬®¦¥â ¡ëâì áª®¬¯¥­á¨à®¢ ­®
á®®â¢¥âáâ¢ãîé¨¬ ¨§¬¥­¥­¨¥¬ § âà ¢®ç­®£® § àï¤  ¡¥§ ¨§¬¥­¥­¨ï ä¨§¨ç¥áª¨å à¥-
§ã«ìâ â®¢ (¢ ¤ ­­®¬ á«ãç ¥ { ¢¥«¨ç¨­ë ä¨§¨ç¥áª®£® § àï¤ ). �â äã­ªæ¨®­ «ì­®£®
ãà ¢­¥­¨ï (8.134) ã¤®¡­® ¯¥à¥©â¨ ª ¤¨ää¥à¥­æ¨ «ì­®¬ã. �«ï íâ®£® à áá¬®âà¨¬
¡¥áª®­¥ç­® ¡«¨§ª¨¥ §­ ç¥­¨ï �2

1 ¨ �2
2. �¡®§­ ç¨¬ �2

1 = � ¨ �2
2 = � + d�. �®£¤  ¨§

(8.134) ¯®«ãç ¥¬:

e20(� + d�) = e20(�) + de20(�) = e20(�)d

�
e20(�); 1 +

d�

�

�
=

= e20(�)

�
d(e20(�); 1) +

@d(e20(�); x)

@x
jx=1 d�

�

�
(8.135)
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®âªã¤ , á ãç¥â®¬ d(e20(�); 1) = 1, ¨¬¥¥¬:

de20(�) = e20(�)
@d(e20(�); x)

@x
jx=1d�

�
(8.136)

çâ® ¨ ¤ ¥â ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ �¥««-� ­­  { �®ã:

de20
d ln �

=  (e20) (8.137)

£¤¥ ¢¢¥¤¥­  äã­ªæ¨ï �¥««-� ­­  { �®ã:

 (e20) = e20

�
@d(e20; x)

@x

�
x=1

(8.138)

� ¯¨áë¢ ï (8.137) ¢ ¢¨¤¥ de20
 (e2

0
) =

d�
� ¨ ¨­â¥£à¨àãï ¥£® ®â � = �2

1 ¤® � = �2
2, ¯®«ãç¨¬:

ln
�2
2

�2
1

=

Z e20(�
2
2)

e2
0
(�2

1
)

de2

 (e2)
(8.139)

�á«¨ ¢® ¢á¥© ®¡« áâ¨ ¨­â¥£à¨à®¢ ­¨ï ¢¥«¨ç¨­  e20 ¬ « , ¬ë ¬®¦¥¬ ¢®á¯®«ì§®¢ âìáï
¤«ï  (e2) ¢ëà ¦¥­¨¥¬, ¯®«ãç îé¨¬áï ¨§ ¯¥à¢®£® ¯à¨¡«¨¦¥­¨ï â¥®à¨¨ ¢®§¬ãé¥-

­¨©. �§ ®¡é¥£® ¢ëà ¦¥­¨ï D(k2) = 4�
k2

�
1� P(k2)

k2

��1
ïá­®, çâ® ¯®¯à ¢ª¨ ª § âà -

¢®ç­®¬ã § àï¤ã e20 ¤ îâáï ¢¥«¨ç¨­®© e20k
�2P(k2). �®£¤ , ¨á¯®«ì§ãï ¤«ï ¯®«ïà¨§ -

æ¨®­­®£® ®¯¥à â®à  ¥£® ¢ëà ¦¥­¨¥ ¯¥à¢®£® ¯à¨¡«¨¦¥­¨ï (8.120), ­ ©¤¥¬:

e20(�
2
1) = e20

�
1� e20

3�
ln

�2
1

jk2j
�

e20(�
2
2) = e20

�
1� e20

3�
ln

�2
2

jk2j
�

(8.140)

�âáî¤ :

d

�
e20;

�2
2

�2
1

�
=
1� e20

3� ln
�21
jk2j

1� e2
0

3� ln
�2
2

jk2j
� 1 +

e20
3�

ln
�2
2

�2
1

(8.141)

�®®â¢¥âáâ¢¥­­®, ¨á¯®«ì§ãï ®¯à¥¤¥«¥­¨¥ (8.138), ¯®«ãç ¥¬:

 (e20) =
e20
3�

(8.142)

â ª çâ® äã­ªæ¨ï �¥««-� ­­  { �®ã ª¢ ¤à â¨ç­® à áâ¥â á à®áâ®¬ á¢®¥£®  à£ã¬¥­â .
�¥¯¥àì ¨­â¥£à¨à®¢ ­¨¥ ¢ (8.139) ¬®¦­® ¯à®¢¥áâ¨ ¢ ï¢­®¬ ¢¨¤¥:

1

3�
ln
�2
2

�2
1

=
1

e20(�
2
1)
� 1

e20(�
2
2)

(8.143)

�á«¨ â¥¯¥àì ®¯à¥¤¥«¨âì ä¨§¨ç¥áª¨© § àï¤ ª ª e2 = lim�2
1
!m2 e20(�

2
1), â® ¢ëà ¦¥­¨¥

(8.143) á¢®¤¨âáï ª (8.123) ¨ (8.124). � ª¨¬ ®¡à §®¬, à áç¥â äã­ªæ¨¨ �¥««-� ­­  {
�®ã ¢ ­¨§è¥¬ ¯®àï¤ª¥ â¥®à¨¨ ¢®§¬ãé¥­¨© ¨ ¯®á«¥¤ãîé¥¥ ¨­â¥£à¨à®¢ ­¨¥ ¤¨ää¥-
à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï à¥­®à¬ - £àã¯¯ë ¤ îâ à¥§ã«ìâ â, ¯®«ãç¥­­ë© ¢ëè¥ áã¬¬¨-
à®¢ ­¨¥¬ £« ¢­ëå «®£ à¨ä¬®¢ ¢ ¤¨ £à ¬¬­®¬ àï¤ã. � íâ®¬ á¬ëá«¥, ­ ¬ ã¤ «®áì
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\®¡®©â¨" ¯à®¡«¥¬ë ¯®«­®£® ®¡®á­®¢ ­¨ï ®¯¨á ­­®© ¢ëè¥ ¯à®æ¥¤ãàë áã¬¬¨à®¢ -
­¨ï. � á¢ï§¨ á íâ¨¬, ¨­®£¤  £®¢®àïâ, çâ® à¥­®à¬ - £àã¯¯  ¤ ¥â ¢®§¬®¦­®áâì ¯®áâà®-
¥­¨ï \ã«ãçè¥­­®©" â¥®à¨¨ ¢®§¬ãé¥­¨©, ¢ ª®â®à®© à®«ì ª®­áâ ­âë á¢ï§¨ ¨£à ¥â
(8.119). �¤­ ª® ¢á¥ ®¡áã¦¤ ¢è¨¥áï ¢ëè¥ ¯à¨­æ¨¯¨ «ì­ë¥ ¢®¯à®áë, ä ªâ¨ç¥áª¨,
®áâ îâáï. �¥§ã«ìâ â (8.143) ¯®«ãç¥­ á ¯®¬®éìî ¯à¨¡«¨¦¥­­®£® ¢ëà ¦¥­¨ï ¤«ï
äã­ªæ¨¨ �¥««-� ­­  { �®ã (8.142), á¯à ¢¥¤«¨¢®£® â®«ìª® ¯à¨ e20 � 1. �¥ïá­®, ª
ç¥¬ã ¯à¨¢¥¤ãâ ¯®¯à ¢ª¨ ¢ëáè¨å ¯®àï¤ª®¢, ­ ¤¥¦­®¥ ¨áá«¥¤®¢ ­¨¥ ª®â®àëå ¤® á¨å
¯®à ­¥ ã¤ «®áì ¯à®¢¥áâ¨. �¥¬ ­¥ ¬¥­¥¥, ª ª ¬ë ã¢¨¤¨¬ ¢ ¤ «ì­¥©è¥¬, ª ç¥áâ¢¥­­ë©
 ­ «¨§ ¢®§¬®¦­®áâ¥©, á«¥¤ãîé¨å ¨§ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï â¨¯  (8.137),
®á­®¢ ­­ë© ­  â¥å ¨«¨ ¨­ëå ¯à¥¤¯®«®¦¥­¨ïå ® ¢¨¤¥ äã­ªæ¨¨ �¥««-� ­­  { �®ã
¯à¨ ¢á¥å §­ ç¥­¨ïå ¥¥  à£ã¬¥­â , ¬®¦¥â ®ª § âìáï ¢¥áì¬  ¯®«¥§­ë¬.

�á¨¬¯â®â¨ç¥áª¨© å à ªâ¥à àï¤®¢ â¥®à¨¨
¢®§¬ãé¥­¨©.

�§«®¦¥­­ë© ¢ëè¥ ¬¥â®¤ ¯¥à¥­®à¬¨à®¢®ª ãáâà ­ï¥â à áå®¤¨¬®áâ¨ ¢ ®â¤¥«ì­ëå
¤¨ £à ¬¬ å, â.¥. ¢ ®â¤¥«ì­ëå ç«¥­ å à §«®¦¥­¨ï ¬ âà¨æë à áá¥ï­¨ï ¢ àï¤ ¯® áâ¥-
¯¥­ï¬ § àï¤  í«¥ªâà®­ ,   ­¥ áà §ã ¢® ¢á¥© ¬ âà¨æ¥ à áá¥ï­¨ï. �®§­¨ª ¥â ¢®¯à®á,
¡ã¤¥â «¨ áå®¤ïé¨¬áï àï¤ â¥®à¨¨ ¢®§¬ãé¥­¨©, á®áâ®ïé¨© ¨§ ¯¥à¥­®à¬¨àã¥¬ëå á« -
£ ¥¬ëå. �ãé¥áâ¢ã¥â  à£ã¬¥­â æ¨ï, ¯à¨­ ¤«¥¦ é ï � ©á®­ã, ¨§ ª®â®à®© á«¥¤ã¥â,
çâ® íâ®â àï¤ ï¢«ï¥âáï à áå®¤ïé¨¬áï ¨ ®â­®á¨âáï ª â¨¯ã â ª ­ §ë¢ ¥¬ëå  á¨¬¯â®-
â¨ç¥áª¨å à §«®¦¥­¨©.

�§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã ¤¢ã¬ï í«¥ªâà®­ ¬¨, ª ª ¬ë ¢¨¤¥«¨, ®¯à¥¤¥«ï¥âáï äã­ª-
æ¨¥© e2RD(k2), £¤¥ eR á­®¢  ®¡®§­ ç ¥â ¯¥à¥­®à¬¨à®¢ ­­ë© (ä¨§¨ç¥áª¨©) § àï¤.
�ëç¨á«¨¢ á ¯®¬®éìî íâ®© äã­ªæ¨¨ ­¥ª®â®àãî ä¨§¨ç¥áªãî ¢¥«¨ç¨­ã F (p; e2R), ¬ë
¯®«ãç¨¬ ¡¥áª®­¥ç­ë© àï¤ ¯® áâ¥¯¥­ï¬ e2R:

F (p; e2R) =
1X
n=0

e2nR fn(p) (8.144)

£¤¥ fn(p) - ­¥ª®â®àë¥ äã­ªæ¨¨ 4-¨¬¯ã«ìá®¢ ç áâ¨æ. �®¯ãáâ¨¬, çâ® íâ®â àï¤, ®â-
¤¥«ì­ë¥ ç«¥­ë ª®â®à®£® ¯¥à¥­®à¬¨à®¢ ­ë á ¯®¬®éìî ®¯¨á ­­®© ¢ëè¥ ¯à®æ¥¤ãàë,
áå®¤¨âáï ¯à¨ ­¥ª®â®à®¬ §­ ç¥­¨¨ eR. �®£¤  F (p; e

2
R) � F (e2R) ï¢«ï¥âáï  ­ «¨â¨-

ç¥áª®© äã­ªæ¨¥© e2R ¯à¨ e2R � 0,   á«¥¤®¢ â¥«ì­®, ¨ F (�e2R) ¡ã¤¥â  ­ «¨â¨ç¥áª®©
äã­ªæ¨¥©, ¯à¥¤áâ ¢¨¬®© ¢ ¢¨¤¥ áâ¥¯¥­­®£® àï¤ . �® F (�e2R) ¯à¥¤áâ ¢«ï¥â á®¡®©
¨§ãç ¥¬ãî ­ ¬¨ ¢¥«¨ç¨­ã F ¤«ï â®£® á«ãç ï, ª®£¤  ¢§ ¨¬®¤¥©áâ¢¨¥ ¤¢ãå ç áâ¨æ
®¯à¥¤¥«ï¥âáï äã­ªæ¨¥© �e2RD(k2), çâ® á®®â¢¥âáâ¢ã¥â á¨âã æ¨¨ ¯à¨âï¦¥­¨ï ®¤­®-
¨¬¥­­ëå § àï¤®¢ ¢¬¥áâ® ®ââ «ª¨¢ ­¨ï.

�¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¢ íâ®¬ á«ãç ¥ ®¡ëç­®¥ ®¯à¥¤¥«¥­¨¥ ¢ ªãã¬  ­¥ ®â¢¥-
ç ¥â á®áâ®ï­¨î á ­ ¨¬¥­ìè¥© í­¥à£¨¥©! � á ¬®¬ ¤¥«¥, ¯à¥¤áâ ¢¨¬ á¥¡¥, çâ® ®¡à §®-
¢ «®áì N í«¥ªâà®­ - ¯®§¨âà®­­ëå ¯ à ¨ çâ® ¢á¥ í«¥ªâà®­ë á®áà¥¤®â®ç¥­ë ¢ ®¤­®©
®¡« áâ¨ ¯à®áâà ­áâ¢ ,   ¯®§¨âà®­ë ¢ ¤àã£®©. �á«¨ íâ¨ ®¡« áâ¨ ¤®áâ â®ç­® ¬ «ë
¨ ¤®áâ â®ç­® ®â¤ «¥­ë ¤àã£ ®â ¤àã£ , â® ¯à¨ ¡®«ìè®¬ N ®âà¨æ â¥«ì­ ï ªã«®­®¢-
áª ï í­¥à£¨ï ¯à¨âï£¨¢ îé¨åáï ®¤­®¨¬¥­­ëå § àï¤®¢ ¡ã¤¥â ¡®«ìè¥ í­¥à£¨¨ ¯®ª®ï
ç áâ¨æ ¨ ¨å ª¨­¥â¨ç¥áª®© í­¥à£¨¨. � §®¢¥¬ â ª¨¥ á®áâ®ï­¨ï \¯ â®«®£¨ç¥áª¨¬¨".
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�à¥¤¯®« £ ï, çâ® ¢§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã § àï¤ ¬¨ ®¯à¥¤¥«ï¥âáï �e2RD(k2), à á-
á¬®âà¨¬ ­¥ª®â®à®¥ ®¡ëç­®¥ á®áâ®ï­¨¥, å à ªâ¥à¨§ãîé¥¥áï ­ «¨ç¨¥¬ ­¥áª®«ìª¨å
ç áâ¨æ. � â®¬ ç¨á«¥ íâ® ¬®¦¥â ¡ëâì ¨ ®¡ëç­ë© ¢ ªãã¬ (á®áâ®ï­¨¥ ¡¥§ ç áâ¨æ).
�â® á®áâ®ï­¨¥ ®â¤¥«¥­® ¯®â¥­æ¨ «ì­ë¬ ¡ àì¥à®¬ ®â \¯ â®«®£¨ç¥áª®£®" á®áâ®ï­¨ï
á â ª®© ¦¥ í­¥à£¨¥©, ¯à¨ç¥¬ ¢ëá®â  ¡ àì¥à  ®¯à¥¤¥«ï¥âáï í­¥à£¨¥©, ­¥®¡å®¤¨¬®©
¤«ï á®§¤ ­¨ï N ¯ à, â.¥. í­¥à£¨¥© ¯®ª®ï N ç áâ¨æ.

� á¨«ã ª¢ ­â®¢®¬¥å ­¨ç¥áª®£® âã­­¥«ì­®£® íää¥ªâ  áãé¥áâ¢ã¥â ª®­¥ç­ ï ¢¥-
à®ïâ­®áâì ¯¥à¥å®¤  ¨§ ®¡ëç­®£® ¢ \¯ â®«®£¨ç¥áª®¥" á®áâ®ï­¨¥. �â® ®§­ ç ¥â, çâ®
ª ¦¤®¥ ä¨§¨ç¥áª®¥ á®áâ®ï­¨¥ ï¢«ï¥âáï ­¥ãáâ®©ç¨¢ë¬ ¯® ®â­®è¥­¨î ª á¯®­â ­-
­®¬ã à®¦¤¥­¨î ¡®«ìè®£® ç¨á«  ç áâ¨æ. \� â®«®£¨ç¥áª®¥" á®áâ®ï­¨¥, ¢ ª®â®à®¥
¯¥à¥©¤¥â á¨áâ¥¬ , ­¥ ¡ã¤¥â áâ æ¨®­ à­ë¬, â ª ª ª ¢ ­¥¬ ¡ã¤¥â ®¡à §®¢ë¢ âìáï ¢á¥
¡®«ìè¥¥ ¨ ¡®«ìè¥¥ ç¨á«® ç áâ¨æ, â.¥. ¢ ç áâ­®áâ¨, ¡ã¤¥â ¯à®¨áå®¤¨âì à §àãè¥­¨¥
¢ ªãã¬ ,   ®á­®¢­®£® á®áâ®ï­¨ï ã â ª®© á¨áâ¥¬ë ¢®®¡é¥ ­¥ ¡ã¤¥â! � á¨«ã â ª®©
\¯ â®«®£¨¨" ­¥«ì§ï ¯à¥¤¯®« £ âì, çâ® ��� á äã­ªæ¨¥© ¢§ ¨¬®¤¥©áâ¢¨ï �e2RD(k2)
¯à¨¢®¤¨â ª ¢¯®«­¥ ®¯à¥¤¥«¥­­ë¬  ­ «¨â¨ç¥áª¨¬ äã­ªæ¨ï¬. �ª®à¥¥ á«¥¤ã¥â ¤ã-
¬ âì, çâ® äã­ªæ¨ï F (�e2R) ­¥ ¬®¦¥â ¡ëâì  ­ «¨â¨ç¥áª®©,   ¯®â®¬ã ¨ àï¤ (8.144)
­¥ ï¢«ï¥âáï áå®¤ïé¨¬áï ¯à¨ e2R 6= 0.

� á¢ï§¨ á íâ¨¬ á­®¢  ¢®§­¨ª ¥â ¥áâ¥áâ¢¥­­ë© ¢®¯à®á { ª ª®© ¦¥ á¬ëá« ¨¬¥¥â
àï¤ (8.144) ¨ ¯®ç¥¬ã ���, ®¯¥à¨àãîé ï á â ª¨¬¨ àï¤ ¬¨, ­ å®¤¨âáï ¢ ¡«¥áâïé¥¬
á®®â¢¥âáâ¢¨¨ á íªá¯¥à¨¬¥­â «ì­ë¬¨ ¤ ­­ë¬¨. �â¢¥â ­  íâ®â ¢®¯à®á á®áâ®¨â ¢ â®¬,
çâ® àï¤ (8.144) ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨¬ àï¤®¬. � ª¨¥ àï¤ë, ¯à¨ á®¡«î¤¥­¨¨ ­¥-
ª®â®àëå ãá«®¢¨©, ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¤«ï ®¯¨á ­¨ï äã­ªæ¨©, ª®â®àë¥ ®­¨
¯à¥¤áâ ¢«ïîâ á ®ç¥­ì ¡®«ìè®©, ­® ¢á¥£¤  ª®­¥ç­®© â®ç­®áâìî [36]. � ®â«¨ç¨¥ ®â
áå®¤ïé¨åáï àï¤®¢, ç«¥­ë  á¨¬¯â®â¨ç¥áª®£® àï¤  e2nR fn(p) á à®áâ®¬ n á­ ç «  ¯ -
¤ îâ, ­® § â¥¬, ­ ç¨­ ï á ­¥ª®â®à®£® ­®¬¥à  n0 ­ ç¨­ îâ à áâ¨, ¯à¨ç¥¬, ¢®®¡é¥
£®¢®àï, à áâ¨ ­¥®£à ­¨ç¥­­®. �à¨ íâ®¬ ¬ ªá¨¬ «ì­ ï â®ç­®áâì, á ª®â®à®©  á¨¬-
¯â®â¨ç¥áª¨© àï¤ ¬®¦¥â  ¯¯à®ªá¨¬¨à®¢ âì äã­ªæ¨î F , ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨­®©
fn0 . �¥¬ íâ  ¢¥«¨ç¨­  ¬¥­ìè¥, â¥¬ â®ç­®áâì ¡®«ìè¥. � á«ãç ¥ ��� ¥áâì ®á­®¢ -
­¨ï ¯®« £ âì, çâ® ¢ àï¤e (8.144) ¢¥«¨ç¨­ë fn ¡ã¤ãâ ¯ ¤ âì ¢¯«®âì ¤® n ¯®àï¤ª 
n0 � ~c=e2R = 137. � ª ª ª íâ® §­ ç¥­¨¥ n0 ¢¥áì¬  ¢¥«¨ª®, â® â®ç­®áâì, á ª®â®à®© ¢
��� àï¤ (8.144) á®®â¢¥âáâ¢ã¥â à¥ «ì­®áâ¨ ®ç¥­ì ¢¥«¨ª . �®-¢¨¤¨¬®¬ã, ­¥â®ç­®áâì
àï¤  (8.144) ¯®àï¤ª  exp(�~c=e2R), çâ® ï¢«ï¥âáï ­¨çâ®¦­® ¬ «®© ¢¥«¨ç¨­®©. �«ï
¯à ªâ¨ç¥áª¨å æ¥«¥© ��� â ª®© â®ç­®áâ¨ ¡®«¥¥ ç¥¬ ¤®áâ â®ç­®!
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