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IIpegucioBue K mepBOMY M3 JAHUIO

Teopuss MHOTOWIEHOB COCTAB/IAET CYLUIECTBEHHYIO YaCTh YHUBEDCUTET-
CKUX KypPCOB aareOpel u aHatw3a. TeM He MeHee, KHUT, [IEIUKOM [TOCBSIIIEH-
HBEIX TE€OPUU MHOTOWIEHOB, YPE3BLITANHO MAJO.

B 5T0ON KHUTe M3I0KEHE! OCHOBHEIE PE3YJILTATH UCCICIOBAHUN TIO TEO-
PY¥ MHOT'OYWIEHOB, KAK KJIACCUIECKNE, TAK U COBpEeMeHHbIe. Bosbimoe BHUMa-
Hue yaeaeHo 17-u npobaeme I'mibbepTa O IpencTaBIeHIN HEOTPULATEIbHBIX
MHOT'OYJIEHOB CyMMaMU KBaIPATOB PAMOHAILHLIX (DYHKIMK U ee 0600Ime-
HuaMm. Teopus [Narya o6cyxgaeTcs mpexae BCero ¢ TOYKU 3PEHUs TE€OPUU
MHOI'OYJIEHOB, & HE C TOYKY 3PEHUsA OOIMEN TeOPUH MOJEN U UX PACIIUPEHIH.

B kuury He BOILIM ABA BAXHEIX PE3yJIbTATA U3 TEOPUM MHOIOYUIEHOB,
M3JI0XEHUE KOTOPHLIX 3aHMMAeT BECbMA MHOI'O MECTA: PEIICHUE YDPABHEHUU
TIATOU CTEMEHN C MOMOINBIO TATA-QYHKINN U KIACCUPUKAINA KOMMY TUPYO-
X MHOIOWIEHOB. OTHU PE3YJAbTATHL HOAPOOHO M3JI0XKEHHI B IBYX HEIABHO
BBIIEIINX KHUT'AX, B HANUCAHUY KOTOPBIX 5 IPUHUMAJ HEIIOCPEICTBEHHOE
yuactue: [IIpC] u [IIpIII].

Bo BpeMs paboTHL HAT 3TOW KHUTOU A TOIYyYIal (PUHAHCOBYIO IO IEPKKY
ot Poccuiickoro dorga GpyHIaMEHTAILHEIX NCCICLOBAHIE COMVIACHO IPOEK-
Ty Ne98—-00-555.

Mau 1999 r. B. IIpacoaos



I'maBa 1

KOpHI/I MHOI'OJIEHOB

1. HepaBencTBa Jia KOPHEH

1.1. OcHoBHaa Teopema aare6psl

B Te maBume Bpemena, xorga aaredpa ObLTIA CKyIHA TEOPEMaMU, ClIe-
OyIOIIee yTBEPXKICHUE IOJYYWIO HA3BAHWE OCHOBHOU meopembl aa2ebpui:
«MHOrOYI€H CTEneHN N ¢ KOMILIEKCHBIMU KO3(D(DHUIMEHTAMA HMEET DPOBHO
n kKopHeH (¢ y4eToM ux KpaTHOCTEH )». BriepBrie 5T0 yTBepx) AeHue chopmy-
muposan Aanbep me 2Kupap B 1629 r., HO OH Jaxke HE MEITAICA €r0 JOKA3LI-
BaTh. IlepBEIM 0CO3HAT HEOOXOAUMOCTDL JOKA3ATEIbLCTBA OCHOBHOU TeOpe-
Ml anrebpul [Janambep, HO ero gokasareabcTBo (1746) He GBLIO MPU3HAHO
yb6egurensueivM. CBou fokasarenbcTsa npegnoxuin Junep (1749), Poucene
(1759) u Jlarpanx (1771), HO 1 9TU AOKA3ATEILCTBA OLLIU HEGE3YIPEIHEL

IlepBEIM y10BIETBOPUTEILHOE JOKA3ATEAILCTBO OCHOBHOU TEOPEMEI aJIre-
6pbl momyyamn [ayce, KOTOPEIU IPUBEI TPU PA3HBIX N0KA3aTeabCTBA (1799,
1815 u 1816), a B 1845 r. omy6IuKOBa €Ie U yTOYHEHHYIO BEPCUIO CBOETO
IEPBOro N0KA3ATEIHCTBA.

00630p PA3INYHBIX JOKA3ATEILCTE OCHOBHOM TE€OPEMBI AIreOpEl MOXKHO
HauTy B [TY]. Mur orpannanMcs ogauM fokasareabcTBoM. OHO HCIOAB3yeT
caenyomyo Teopemy Pyine, koTopas uMeeT u CaMOCTOATEIbHBIN UHTEPEC.

TeEOPEMA 1.1 (Pyme). IIycTs f u g — MHOTOWIEHEI M Y — 3aMKHYTasA
HeCcaMOIePeCceKaIAAcs KPUBas Ha KOMILIEKCHOU IIockocTy. Torga ecan

|£(2) = 9(2)] < [f(2)] + |9(2)] (1)

IpM BCEX Z € Y, TO BHYTPH KPUBOMU Y PACIIONOKEHO OJNHAKOBOE KOIMIECTBO
KOPHEU MHOTOWIEHOB f U g (C y4eTOM UX KPATHOCTEM).

[OKA3BATEJLCTBO. PaccMoTpuM Ha KOMILIEKCHOU TLIOCKOCTH BEKTOD-
uee nost v(z) = f(2) u w(z) = ¢(z). Us ycmosus (1) caegyer, 4To HE B
KaKOU TOYKe KPMBOM Y BEKTOPHI ¥ ¥ W He ABIAITCA MPOTUBONOIOKHO Ha-
[IPABICHHEIMU.

HamomumM, 9TO uHdexcom KPUBOU Y OTHOCHTEIBHO BEKTOPHOIO MO ¥
HA3BEIBAIOT KOAMIECTBO 000OPOTOB BEKTOPa v(2) mpH MOJIHOM 06X04e TOYKA
z Boab kpuson y. (s 6oee mogpoGHOrO 3HAKOMCTBA, CO CBOACTBAMY UH-
IeKCca MBI coBeTyeM oOpaTuThbes K ruase 6 kuuru [[Ipl].) Pacemorpum Bek-
TopHOE none vy = tv+ (1 —t)w. pu sTOM V9 = W 1 v = v. fcHO Takxke, 9TO
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B 000U TOUKE 2 € Y BEKTOP U¢(2) HEHYJIEBOU. JTO O3HAYAET, ITO LJISI KPH-
BOM Y ompegeser uHgekc ind(f) orHOCHTENIPHO BEKTOPHOIO moaa v. Lenoe
amcao ind(t) menpepriBHO 3aBucuT OT ¢, modTomy ind(t) = const. B wacTrO-
CTH, MHAEKCH KPUBOU Y OTHOCHTEJIBHO BEKTOPHBIX IIOJEH U M W COBIAJAIOT.

HecnoxHO MOKa3aTh, YTO MHAEKC KPUBOU Y OTHOCHTEIBHO BEKTOPHOIO
TOJIA ¥ PABEH CyMMe UHIEKCOB 0C¢00biZ TOYEK, B KOTOphIX v(2) = 0. (Mngexc
0CO00M TOYKM 2Z( ONPEeTeTCs KaK MHAEKC KPUBOM |z — 2| = €, rae € go-
crarouno mano.) [Jns BexropHOro moms v(z) = f(z) magexc 0co60u TOIKN
20 PABEH KPATHOCTH KODHA zg MHOroweHa f. Takum 06pazom, m3 coBma-

JeHNs WHIEKCOB KPMBOM Y OTHOCHTEIBLHO BEKTODHHIX moixen v(z) = f(2)
u w(z) = g(z) cregyer, 9TO BHYTPH KPUBOM Y PACIOIOKEHO OJUHAKOBOE
KOJIUYECTBO KOPHEM MHOI'OWIEHOB [ U g. |

C nomorpio TeopeMul Pyie MOXHO HE TOIBKO NOKA3aTh OCHOBHYIO T€-
opeMy auare6pnl, HO U MOJYYIUTH OUEHKY [JIA MOYJIA JI0OOr0 KOPHA MHOI'O-
wieHa f.

TeEOPEMA 1.2. Mycts f(2) = 2" +a12" ' +...+an, rae a; € C. Torga
BHYTDH Kpyra |z| = 1+max |a;| pacnonokeHo pOBHO 1 KOPHEN MHOTOUIEHa, f
K]

(¢ y1eToMm ux xpaTHOCTEN).

JOKA3ATENBCTBO. Ilycts a = max |a;|. MuOrounen g(z) = 2™ umeer
(2

BHYTDH PACCMATPUBAEMOTO KPyra Kopenb 0 kpaTuocTu n. llosTomy mocTa-
TOYHO IPOBEPUTH, 4TO ecau |z| = 1+ a, To |f(z) — g(z)| < |f(z)| + |g(z)|
Mgur gaxe JOKaxeM, 9TO |f(z) - g(z)| < |g(z)|, T. €.

la 2"t + .t an| < 2]
Acuo, uro ecau |z| =1+ a, TO

|2 —1

laiz" '+ . 4an <a(lz" +.. 4 1) =a T = |2|]" —1 < |2 O

|2| —

1.2. Teopema Komm

3aeck Ml 00CyaquM Teopemy Komm 0 KOPHAX MHOTOWIEHOB, & TAKXKe ee
caeacTBUA U 0000IIIEeHMS.



1. Hepasencmaea 0as Kopuet 11

TrOPEMA 1.3 (Komm). Hycts f(z) = ™ — biz™ ! — ... — by, rae Bce
4quciaa b; HEOTPULATEILHEL, IPUYEM XOTs Obl OJHO K3 HUX OTJINYHO OT HYJIS.
Torga MHOrOWIEH [ MMEET eJWHCTBEHHEIM (HEKPATHEIN) MOJOXKATEILHLIN
KODEHb P, & MOAYJIM BCEX OCTAJbHBIX KOPHEH HE NPEBOCXOAAT P.

HMOKA3ATEJABCTBO. Ilonoxum

Ecau z # 0, To ypasrenue f(z) = 0 sksBuBamenTHO ypasrenmio F(z) = 0.
Ipu Bospacrammm z ot 0 10 +o0o0 dynkmmsa F(z) crporo ybmmaeT oT +00
g0 —1. losromy mpu > 0 dyukiusa F' o6paimaeTcsa B HyJdb POBHO B OJHOU
Touke p. [Ipu sTOoM

R T )

p" p
CaenoBaTenbHO, p— HEKPATHHEIU KOPEHb MHOTOWIEHA, f.

Ocraerca A0Ka3aTh, YTO €CIA Lo — KOPEHb MHOTOWIEHA f, TO ¢ =
= |zo| < p. IpegnonoxuM, 4To ¢ > p. Torga U3 MOHOTOHHOCTU (QYHKIAN
F crenyer, ato F(q) < 0, T.e. f(q) > 0. C apyrou CTOpOHEI, 13 PABEHCTBA
xh = bla:gfl + ...+ by, cremyer, uTo ¢" < b1g" "t + ...+ by, T.e. f(q) <O0.
IIpuxogum K TPOTUBOPEHIUIO. O

3AMEYAHUE. Teopema Komw HEmocpencTBEHHO CBA3aHA C TEOPEMOU
Ieppona—Ppobernyca 0 HEOTPULATEILHEIX MATPUNAX (MO0 3TOMY MOBOLY

cum. [Wi]).

Y muOrourena 2" — 2" — 1 uMeeTca n KOPHEH, MOLYIX KOTOPLIX PABHEL
MOJYJII IMOJOXWUTEJILHOI'O KOPHS DTOro MHOrowiexHa. Ilosromy B Teopeme
Konm yTrepx aeaue 0 TOM, 9TO MOLYJIM KOPHEN HE TPEBOCXOAAT P, BOOOIIE
TOROPS, HEMBE3A 3AMEHUTH HA, YTBEPXK JCHUE O TOM, YTO MOLY.JIU KOPHEU CTPO-
ro menbie p. Ho, kak nokazaa OCTpOBCKUM, B JOCTATOIHO OOIIEN CUTYAIAN
5TO MOXHO CIEIaTh.

TeoPEMA 1.4 (Octposckuit). Ilyers f(z) = 2™ —biz" ' —...—b,, rae
BCe umMCIa b; HEOTPUIATETLHLI, IPIYEM XOTA ObI OHO M3 HUX OTIWIHO OT
myaa. Toraa ecium HanOOTBITIHA OOIIUH IeTUTETs HOMEPOB TIOM0KUTETbHEIX
KoadduuenTos b; paBeH 1, TO MHOTOWIEH f UMeeT eIMHCTBEHHDIN MOIOKH-
TEJBHBIA KOPEHB P, & MOMYJIU BCEX OCTAJBHBIX KOPHEN CTPOrO MEHBIIE p.
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JOKA3ATEJLCTBO. IlycTh momoxurenbHbl TOABKO KOdhdunueHTs by, ,
bkgy v, (k1 < k2 < ... < k). Hanboapmuin 06mmiz gemmrens Gucer
ki,...,kn paBed 1, mo>TOMY HAUIYTCA TAKUE LEJALIE YACIA S1,...,Sm, ITO
s1k1 + ...+ Smkm = 1. CHoBa paccmoTpum QyHKIUIO

br, bk,
F($):$k1++ka_
Ypasuenne F(r) = 0 uMeeT eAMHCTBEHHOE MNOMOKWUTEILHOE DEILEHUE P.

IIycte & — mo6ou apyrou (menyaeBou) kopenb MuorowieHa f. ITomoxum
q = |z|. Torza

b,
k1

+... 4+

_Tl+"'+qk—m’

1.e. F(g) > 0. IIpu aTom pasercTso F'(g) = 0 BO3MOXKHO JUIIb B TOM CIydae,
KOrJa

bi, /z* = |by, /¥ > 0

npu Bcex ¢. Ho B TakoMm cay4ae

bl by (b ben \ 2
e T \em) ) 7Y

T.e. £ > 0. DTO MPOTUBOPEUUT TOMY, UTO L F P, & P— €IUHCTBEHHEIN
MOOXUTENbHEN KOpeHb ypasHenus F(x) = 0. Takum obpasom, F(g) > 0.
IosToMy w3 MoHOTOHHOCTY QyHKIME F(X) Ipy MOTOXKUTEILHEX T CIeLyeT,
9710 ¢ < P- O

"3 reopemer Komu—OcTpoBCKOro MOXKHO BBIBECTH CJAEAYIOLLYIO OLEHKY
[UIA MOIYJIsl KOPHEN MHOT'OWIEH], ¢ HOJOXUATEIbHEIMA KO3(DDUIHEHTAMY.

TEOPEMA 1.5. a) (Qmecrpém—Kakena) Ecau Bce xkoadduunenTs MuO-
rourera g(r) = apz™ ! + ...+ ap_1 NOJOKUTEILHLI, TO IS JOGOI0 KOPHS
€ 5TOr0 MHOT'OWICHA CIPABEIIMBA ONEHKA

min {ai/ai1} =3 <<y =

1<i<n— ax_l{ai/ai—l}-

m
1<ig<n

6) (Ocrpoeckun) Ilycrs ap/ar—1 <y mpu k = ki, ..., ky. Torga ecan
HarOOIBIINY OO JeINTeNb IuCel N, K1, .. ., kym paBer 1, To [§] < vy.
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IMOKABATEJILCTBO. PaccmorpuM MHOrOWIeH

n—1 _

(z —v)9(x) = apz™ — (yao — a1)z oo —(Yan—2 — Gn—1)T — Yan_1.

Ilo ompegenenmio Yy > a;/a;—1, T.e. ya;—1 — a; > 0. IlooTomy mo Teopeme
Kommn y — eHCTBEHHBIN IIONIOKATEIBHEI KOPEHb MHOrOUIeHa (£ —v)g(x),
a MOOyJN BCEX OCTAJIBHBIX KOpHeﬁ 9TOr0 MHOI'OYJI€eHa HE IIPeBOCXO AT 'Y

Ecu £ — xopesb MHOrowreHa g, To 1 = & ! —kopeHs MHOrowena
An_1y™ 1 + ...+ ag. HosToMy

1<i<n— 1<i<n—

=l = {aicsfai) = (i {aifai 1))

€= min {ai/ai1}

<isn
Korga BemoareHo ycaoBue 6), KOpeHb Y MHOrowieHa (£ — y)g(x) crporo
60JIbIIIe MOIYJIEN BCEX OCTAIBHBIX KOPHEU DTOr0 MHOT'OWIEHA. O

3AMEYAHUE. Teopema Duectpéma—Kakena Toxe CBA3aHA ¢ TEOPEMON
Iepporna—Ppobennyca: cm. [AnSV].

CymecTBennoe 0000menue Teopembl JuecTpéma—Kakena moaydeHo B
crarbe [GG]. IIpm sTOM 0TOpOImEHO TPEGOBAHKE BEMECTBEHHOCTH KO(hbhu-
LUEHTOB U OCIabreHo TpeboBaHue UX MOHOTOHHOI'O Bo3pacTanus. Ho ¢pop-
MYJIMPOBKA 3TOM TEOPEMEI BECbMa T'POMO3IKA, TIO3TOMY OHA, 3[eCh He MpHU-
BeJIeHA.

1.3. Teopema Jlareppa

Ilycte 21,...,2, € C— TOYKM, KOTOPHIM MPUMUCAHBI €UHUIHLIE MaC-
y 1, )y An ) it

cul. Torga Touky { = (21 + ... + 2,)/n Ha3BBAIOT YEHMPOM MACC TOUEK
Z1y---y%Zp. OTO MOHATUE MOXKHO 0000umTEL ciaegyiomuMm obpasom. Cupena-

eM IpOOHO-TMHENHOE IPpeoOpa30BaHue W, MEPEBOIAIIEe TOIKY 29 B 00, T. €.
a o

w(z) = P~ + b. Haitmem meHTp Macc 06pas3oB TOUCK 27, ..., Zp, & 3ATEM
— <0

caenaem obpaTHoe nmpeobpazosanue w L. HeCIoxKHEe BLEIMUCICHMS TOKA3EI-
BAIOT, YTO PE3Y/ILTAT HE 3ABUCUT OT 4 U b, & UMEHHO, MBI ITOLy9aeM TOYKY

-1
czO=z0+n(#+...+Lzo) (1)

21 — R0 Zn —

— YEHMP MACC MOYUEK Z1,...,2n OMHOCUMEALHO TMOUKU Z(-
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IlenTp mMacc TOYEK 21, ..., 2, JEXUT BHYTPU WX BEIIYKJIOU OOOJOUKH.
OTO yTBEPXKIEHUE JErKO TIEPEHOCUTCS HA, CILy9all HEHTPA MACC OTHOCUTENb-
HO TOYKH 2. HyXHO mume npsaMere, COeIUHAIOMUE TOYKA 2; U 2j, 3aMEHUTH
OKDPY2KHOCTSAMHU, TPOXOJAIIIMY I€pe3 TOYKH 2;, 2j U 2. TOUKa 2p, COOTBET-
CTBYIOWIAA TOYKE 00, JEKUT MPU ITOM BHE BHITYKJIOU OOOJIOUKH.

TEOPEMA 1.6. Iycts f(2) = (2 — 21) - ... - (2 — 2,). Torga mentp
MaCC KOPHEU MHOI'OYWIEHA [ OTHOCHTEIBHO IPOU3BOILHOU TOUKHY 2 33,36 TCS
dopmymon

Lo=2—nf(2)/f'(2).

MOKA3ATENBLCTBO. flcuo, uto f'(2)/f(2) = (z—21) 71 +.. .+ (2—2,) "L
TpebyeMoe yTBepK A€HUE HEMOCPEICTBEHHO caeayeT u3d ¢popmyJs (1). m|

TEOPEMA 1.7 (Jlarepp). Ilycts f(2) — MHOrOYWIEH CTENEHN N X & — €0
HEKDATHEIM KOPeHb. Torga meHTPOM MAacC BCEX OCTAIBHBEIX KOPHEM MHOIO-
“WICHA OTHOCUTEIBHO TOYKA T CLYyXKUT TOIKA

X =z-2(n-1f'(z)/f"(2).

[JOKABATENBLCTBO. Ilycts f(2) = (2 — 2)F(2). Torga f'(z) = F(2) +
+(z—x)F'(2) u f"(z) = 2F'(2) + (z — ) F"'(2). llooTromy f'(z) = F(x) un
f"(z) = 2F'(z). llpumennM mpeasIAyIIyo TeopeMy K MHOrowieHy F creme-
Hu n — 1 U X Touke 2z = z. B pesyapTare momyuum Tpedyemoe. O

TEOPEMA 1.8 (Jlarepp). Ilycrs f(2) — MHOrOWIeH CT€nEHN N K

X(2) =z =2(n - 1f'(2)/"(2)-

Ipeanoaoxum, 9TO OKPYKHOCTD (wnu npamasn) C' IPOXOMUT Yepe3 HEKPAT-
HBII KOPEHb 21 MHOTOYIEHd, f, 8 BCE OCTAJbHBIE KODHU MHOI'OWIEHd, [ mpwu-
HAJIEXKAT OTHOU U3 OBYX 00JacTen, Ha KOTOophe C' 1eauT miockocTh. Toraa
X (71) npuHa1IEXKUT TOU XK€ CAMOU O6JIACTH.

JOKA3ATEJBLCTBO. B caydae oOwbraHOrO meHTpa Mace Okpyxuoctu C
COOTBETCTBYET TPAMAs, IO OAHY CTOPOHY OT KOTOPOHU JEXAT BCE KOPHU
MHOIOYIEHA, KpoMe 21. VX IEHTP MacCC JEeXUT IO Ty XKe CAMYI CTOPOHY OT
DTOU NPAMON. m|
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CHEACTBUE. IlycTh 21 — OAVH M3 HEKPATHBIX KOPHEU MHOTOWIEHA, f C
MAKCHMAJIBHBIM MOgyaeM. Torga |X(z1)| < |z, T.e.

|21 = 2(n = 1)f'(21) /" (21)| < 2l

JIOKABATEJbCTBO. Bce xopmn f aexat B kpyre {z & (C| |z| < |z1]}s
no>TOMY TOUKa X (21) TOXKE JEXUT B DTOM KPYTe. |

TEOPEMA 1.9. IlycTs f — MHOrOWIEH C BeINECTBEHHBIME KOD(DPUIEH-
ramu, a {, = z—nf(2)/f'(z). Bce xopau MHOrOwWIeHA [ BEIECTBEHHEI TOT-
[a I TOJBKO TOraa, korga npu Beex z € C \ R BumonHseTcs HEpABEHCTBO
Imz-ImZ, <O0.

HJOKA3ATEJBCTBO. IlpemmonoxuM CHaMaMa, YTO BCE KOPHU MHOTOWIE-
Ha f BemectBeHHwl. Ilycte Imz = a > 0. Ilpsamas, cocTosmas m3 TOYeK
¢ MHMMOM 4acThiO €, e 0 < € < @, OTHeaAeT TOYKY Z OT BCEX KOPHEU
mHOrowieHa f (oHm Jexar Ha BemecTsenHon ocu). [looromy Im, < e. Ilpu
¢ — 0 momxywsaem Im, < 0. Jlerko mposeputs, 9T0 pasencTso Imf, = 0
HeBO3MOXkHO. B camom gene, nycrs {, € R. PaccMoTpuM OKpYKHOCTB, IIPO-
XOJAMYI0 I€pe3 TOUKY Z U KACAIOULYICA BEIIeCTBEHHOU OCu B TOYKE (..
Caerka TOLIEBEIUB DTy OKPYXKHOCTH, MOXHO TMOCTPOUTH OKPYKHOCTD, IO
OfHy CTOPOHY OT KOTOPOU J€XAT TOYKHA Z U ., a MO APYTYI0 — BCE KOPHU
vuorouwrena f. B cay4uae Im 2z = a < 0 paccyxgeHus aHATOTWYIHEL.
Ipegnonoxum Teneps, 9To Im z - Im{, < 0 mpu Bcex z € C\ R. IIycts
z1 — TaKou KopeHb MHoroureHa f, uro Im(z;) # 0. Toraa zlilgl , = 21,
—>ZzZ1

nosromy Im z; - Im¥,, > 0. m|

Nsnoxenune Teopuu Jlareppa ocHoBano Ha craTbe [Gr]; cm. Takxke [IIC].

1.4. AmnouspHbIe MHOTOWIEHBI

Iycre f(z) — mEOrOWwIeH crenenu 1, { — GPUKCHPOBAHHOE IHCJIO UIHA OC.
DyukImio

g ={ OO e

Ha3LIBAIOT NPou3600not MHOrowieHa f(z) orHocurenso Touku (. Jlerko

n 1 n—1 _
npoBepuTh, 9To ecam f(z) = > (Z)akzk, TO Ef’(z) = > (n k 1)ak+1zk,
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a 3HAYUT, .
n
SAcf(:) = 30 (" D@k + arn2k, M)
k=0
Iycte f(2) = kio (Z) apz* — MHOrO4IeH ¢ KOPHAMY 21, ..., 2Zn, & g(2) =
= an:O (Z) brz* — MuOrOWwIeH ¢ KOpHAME {1, . . ., {,. U3 dopmy.s (1) crenyer,
aT0

1
JAQACZ . Ag f(2) =ag + 4161 + G202 + ...+ apoy,,

rae

bn—
01=C1+<2+---+Cn=—(71l) b 1;

bn—2
bn

02 =Cla+ .o+ Cniln = (3)

Taxum o6pasoM, paseHcTBO Ar, A, ... Az, f(2) = 0 skBuBaneHTHO pa-
BEHCTBY

agb, — (?) arbp—1 + (g)Gan_g + ...+ (—1)"anb0 =0. (2)

Meuorowrenst f u g, K03pPUIMEHTE KOTOPHIX CBA3AHEL COOTHOIIEHUuEM (2),
HA3LIBAIOT QNOAAPHLIMY.

Byasem nHaswiBaTh %pyeo6ot 064acmMbl0 BHYTPEHHIOK WIM BHEIIHIO
TaCTh KPYra UiIN INOJYIVIOCKOCTH.

TeoPEMA 1.10 (J. H. Grace, 1902). IIycts f u g — amoasapHse MHOO-
wnensr. Torga ecim BCe KOpHM MHOrOWIeH, f 1exkaT B Kpyroson obmactu K,
TO MO KPAMHEN Mepe OJUH KOPEHb MHOTOWIEH), § TOXEe JexuT B K.

JOKABATEJLCTBO. Ham morpebyercs cirenyromee BCIOMOTaTEIbHOE
yTBEpXK JEHUE.

JIEMMA 1.1. IIycts BCe KOpHE 21, ..., 2, MHOTOWIEHa f(Z) J1exaT BHY-
Tpu kpyroeou obmactu K, a Touka { aexut e K. Torma Bce kOpHU MHO-
rounena Ay f(z) nexat suyTpu K.
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IJOKA3ATEJBLCTBO. Ilpexme Bcero sameTum, 9TO €CIU W; — KOPEHDL
muorounena Ay f(z), To { —uentp macc xopreil mHOrounesa f(z) oTHO-
CHTENBHO TOYKK w; (ONpeneseHne LEHTPA MACC OTHOCHTEIBHO TOYKH CM.
Ha ¢. 13). B camom gene, ecam { # 00, 10 pasencTso Ay f(w;) = 0 moxHO
3aIUCATH B BUIE

C—w;)f'(wi) +nf(w;) =0, T.e. L=w;—nf(w)/f (w).

Ecan xe { = o0, T0 f'(w;) = A¢f(w;) = 0, mosTomy

1 f'(wi)

— == =0.

v 2j — Wi flws)

n

J
CuenoBaTenbHO, UEHTP MACC TOYEK 21, - - -, Zp OTHOCUTENbHO TOYKM W; Ha-
1 -1
XOJUTCA B TOUKE W; + (E —) = 00.
Zj — Wi

Tenepn yxke sfCHO, YTO TOYKa w; HEe MOXeT JexaTh BHe K. B camom
nene, eciu OB TOYKa w; Jexana BHe K, To IeHTp MacC TOYEK Z2q,...,Zn
OTHOCUTEIBLHO TOYKM w; JexXaa Oul BHyTpu K, a 9TO NpOoTHBOpEYnT TOMY,
qT0 Touka { Jexut BHe K. O

C momorpio meMMel 1.1 yTBepx)aeHuEe TEOPEMBI JOKA3BIBACTCA CICIYIO-
muMm obpazom. IIpenmonoxum, 9T0 BCe KOpHE L1, .. ., ,; MHOTOWIEH] ¢ Je-
xat BEe K. Paccmorpum muOrownen Ay, . .. Ay, f(z). Ero crenens pasna 1,
T. €. on umeet Buj ¢(z —k). U3 memmur cneayer, uro k € K. Ycnosue anoJsp-
HOCTY MHOIOWIEHOB f u g o3Havaer, 9t0 Az, (2—k) = 0. C gpyrou cTopoHsr,
HEMOCPENCTBEHHOE BEIYUCJIEHNE IPOU3BOJHOM IOKA3bIBaeT, 4T0 Ay, (2 —k) =
= — k. llooromy k = {; ¢ K. llpuxogum K MPOTUBOPEYUIO. |

[l Kaxnoro MEOrOwIeHa, [ MMEeTCs LeI0e CEMEUCTBO ANONAPHBIX MY
MHOrOwIeHOB. [ogo6paB noaxonamum 06PA3OM ANOJAPHBIM MHOT'OWIEH, C
[IOMOILILI0 TeOopeMbl ['polica MOXKHO NOKA3aTb, 9YTO y MHOrOWIEHA f €CTb
KODPEHb B JIaHHOU KPyroBou obmacTu. [las Tex ke Ierer WHOTAa OLIBAeT
YA00HO BOCHOMB30BATHCA U HEMOCPENCTBEHHO Jemmon 1.1.

IIpuMEP 1. Y MHOrOwIeHA
f(z)=1—2z4¢2", rme ceC,

ecThb KOpeHb B kpyre |z — 1| < 1.
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-1
JOKABATEILCTBO. Muorowrens: f(z) = 1+ (?)Wz +c2" ug(z) =

=z"+ (Tll) bp_12""! + ... 4 by amoNAPHEL, ecau
-1
1—n<7) bn14+cbg=0, T.e. 14+b, 1+cby=0.

HOycte {, = 1 — exp(2nik/n), k = 1,...,n. Torma g(2) = [[(z — L) =
1
=2" 4+ (Tll)bn_lzn_l +...4+ by, rme b1 = ~n ECk =—1uby = ﬂ:HCk =

= 0. IosTomy muOroOunensl f(z) u g(z) anmoispHel. A Tak Kak BCE KODHU
MHOIOWIEHa, ¢ JeXaT B kpyre |z — 1| < 1, To mo xpalHen mepe OAuH w3
KOPDHEU MHOIOWIEHA f JEXUT B DTOM KPyTe. |

IIpuMmEP 2. Y MuOrowreHa 1 — 2z +c¢12™ + ...+ 2™, rme 1 < ng <
<ng < ...< Nk, €CTb IO KPAUHEU Mepe OJUH KOPEHb B KPyTe

we(0-8) - (-8)

[JOKA3BATENBLCTBO. Haunem ¢ muorounena f(z) = 1—z+ c;2™. Ilpea-
n1

HOJIOXKUM, 9TO BCE er0 KOPHU JIEXKAT B 061acTu |z| > Toraa cornacHo

ny —1 ’
aemme 1.1 xopuu muorouwnesa Ao f(z) = ni — (n1 — 1)z Toxe sexar B 06aa-
n1

1—17

cru |z| > ni 7- Ho xopens mmorowrena Ao f(z) paser -

n1
K IIPOTUBOPEYNIO.

[ast maorounena f(z) = 1 — z + ¢12™ + ... + cp2™ KOKA3ATEILCTBO
nposeneM uHAyKImen no k. PaccMoTpuM MHOrOwIien

IIpuxogum

Aof(z) =np — (ng — 1)z +cr(ng —n1)2™ + ...+ cpo1 (g — ng—1)2"™ 1.

3aMeHUM B 3TOM MHOI'OWIEHE Z HA w. Ilo mpeanonoXeHnio NH Iy KIn

Nk
r—1
KOPHU ITOJYyI€HHOT'O MHOI'OICHA JeXaT B Kpyre

ni n2 Ng—1

|w|<n1—1‘n2—1‘-"‘nk_1—17

[OSTOMY KOpHU MHOrOwIeHa Ag f(z) sexar B Kpyre

ni n2 Nk

|Z|<n1—1'n2—1-”"nk—1'
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CreoBaTEIBHO, IPEANIONOKEHNE O TOM, YTO BCE KOPHU MHOrOwIeHa, f(2)
JIeXKAT BHE 3TOr0 KPyra, IPUBOJAUT K IPOTUBOPEYIUIO. O

Oycrs f(2) = i (T;)aizi u g(z) = f: (" biz'. Muorounen h(z) =

h 7
i=1 =1

Il
NgE!

n i o
(;)aibiz* masemator Komnozuyued MuOrOweHOB f 1 g.
1

-
I

TeorEMA 1.11 (Ceré). Ilyctb f u g— MHOTOWIEHBI CTENEHU 7, TIPU-
4eM Bce KOpHU MHOrowieHa f aexar B kpyroeou obuaactu K. Torga mobon
KOPeHb KOMIo3uuuu h MHOro4wieHos f u g umeer Bug —{;k, roe {; — HEKO-
TOPHIX KOPEHb MHOTOWIEH], ¢, a k € K.

[NOKABATENBLCTBO. IlycTs Y — Kakol-TO KOPEHb MHOIOWUIEHA h, T.e.
n .
> (T;)aibiyz = 0. Torga muorourens f(z) u G(z) = 2"g(—yz~") anonap-

ueL. [TosTomy coracHo Teopeme ['pauica onun us koprenr MHOrowieHa G(z)
nexut B K. IIycts, nanpumep, g(—yk™') =0, rae k € K. Torga —yk~! =
={;, rame {; — KOpPEHb MHOTOYJIEHA, §. |

151 MHOIOYIEHOB, CTEMEHN KOTOPHIX HE O0S3aTEIbHO PABHBI, MMEETCS
CJIeIYIOIIUY AHAIOT TeopeMul ['pauca.

n . m .
TEOPEMA 1.12 [Az]. IIycts f(2) = Y, (Til)a,-zz ug(z) =Y, (T?)biz’—
i=1 i=1
MHOTOWICHET CTETICHN 7. U M, npuaeM m < n. [Ipeamonoxum, 9To ux Koagh-
(PUIMEHTH CBA3AHBI COOTHOIICHUEM

(?)aobm - (T]r_l) arbyp_1+ ...+ (_1)m (g)ambo =0. (3)

Torga CopaBeIIuBEL CIEAYIOMME YTBEDK TEHU:

a) ec1u BCe KOPHM MHOTOWIEHa ¢(2) Jexatr B Kpyre |z| < 7, TO 0 Kpan-
Hell Mepe OJIMH KOPEHb MHOTO4wIeHa, f(z) TOXe JEXUT B 3TOM KDPYyTe;

6) ecsm BCce kOpHU MHOrowneHa f(z) mexar BHE kpyra |z| < r, TO o
KpamHel Mepe OJUH KOPEHb MHOIOWIEH], ¢(Z) TOXKe JEXKUT BHE ITOr0 KPYTa.

[JOKABATENBLCTBO [Ru]. a) Coornomenne (3) MHBAPMAHTHO OTHOCH-
TeJIbHO 3aMEHBHI 2 HA r'Z B MHOIOWIEHAX f M ¢, IODTOMY MOXKHO CYATATh,
aro r = 1. Ilpeanonoxkum, 9T0 Bce KOpHU MHOrowieHa f(z) aexar B 06Jaa-
ctu |z| > 1. Torpga Bce kopan MEOrOwNeHa 2" f(1/2) nexat B obnactu |z| < 1.
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IosTomy m3 Teopemur aycca—Jlioka (Teopema 2.1 ma c. 22) caegyer, 9TO

BC€ KOPHM MHOI'OYJIEHA

(m m—i
)

E

Il
<

fi(z) = D™ (2" f(1/z)) =n(n—1)-...- (m+1) Jaiz

k2

aexat B obxacty |z| < 1. CiegoBaTenbHO, BCe KOPHA MHOIOYIEHA,

m

faz) = 2™y (Pait/z)™ =Y (7

b =0

Iexar B obmactu |z| > 1.

Coorromenve (3) 03HaYaeT, YTO MHOIOWIEHHL fy U ¢ amnoJspHBL Bce
KODHM MHOT'OWIEHA fy JEXAT B KPyrOBOK 061acTH |2| > 1, moaTOMy CoOracHo
Teopeme ['paurca mo KpanHen Mepe OIUH KOPEHb MHOTOWIEH], § TOXE JEKUT
B dTou obmactu. [IpuxoquM K mpoTUBOpEYMIO.

6) Bce xopum mmOrounena f, aexar B obaactu |z| > 1, mosTomy mo
KpauHel Mepe OJWH KOPEHb MHOIOY/ICHA ¢ TOXKE JEeXKUT B d>TOU obmactu. O

1.5. IIpo6sema Payca—I'ypsuiia

Bo MuOrmx 3agadax 06 yCTOUYMBOCTH BO3HUKAET MOTPEOHOCTL BEHIAC-
HUTb, BCE JU KOPDHU MHOTOWIEHA, JEXAT B JEBOU MOLYIIOCKOCTH (T.€. Be-
[IECTBEHHBLIE YaCTU KOPHEU OTPUIATENbHEL). Takue MHOTOWIEHHEl HA3LIBA-
0T yemotuustimu. IIpobrema Payca—['ypBura 3axmodaeTca B TOM, HUTO-
OBI HEMIOCPECTBEHHO 10 KO3(PPUIMEHTAM MHOIOWIEH, BEIICHUTh, YCTOUYIUB
OH miy HeT. 3BECTHO MHOr0 Pas3HBIX pernenuu npodmemur Payca—I[ypsu-
1a (cM., Hampumep, [[102]). Mel orpannYuMCcs 0JHAM IPOCTHIM KPUATEPUEM,
npuBeneHHbM B [Str].

IIpexpge BCEro 3ameTum, 9TO AOCTATOYHO PACCMOTPETH CIIy9Iall MHOIO-
WIeHa C BEMECTBEHHbIMU Koddduuuentamu. B camom gene, ecim p(z) =
= )" ap2"™ — MHOIOWIEH ¢ KOMILIEKCHBIMU KO3(D(PUIMEHTAME, TO MOXKHO PAC-
CMOTPETH MHOT'OWIEH

p'(2) = p(@p@) = (X ane") (L @z").
fAcHO, YTO BeIECTBEHHLIE YACTU KOPHEU § MHOIOWIECHA, ﬁ Takue Xe, KaK
u y MHOrowieHa p(z). Kpome Toro, Boipaxenus K03ppuuueHTOB MHOrOWIE-
Ha p*(2z) CUMMETPUYHEI OTHOCUTENBHO Gy U Up. OTO O3HAYAET, 9TO KO-
PUIMEHTHI MHOIOWIEHA P* mepexonaT B ce0sa MPH COMPSAXKEHWH, T.€. OHU
BEIIIECTBEHHEI.
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TEOPEMA 1.13. Iycts p(z) = 2" + a12" ! + ... + a, — MHOTOWIEH C
BemecTseHHbEIME Kodbdummentavu, q(z) = 2™ + b1z™ 1 + ... + by, rae
m = n(n — 1)/2, — MHOrOWIEeH, KOPHAMYA KOTOPOT0 CIyKAaT BCE CYMMEI D
KOPHEU MHOrO<IeHa p. MHOrO9/I€H P yCTOMYUB TOT 48 U TOIBKO TOr LA, KO Ia
BCe KOX(MPUIMEHTHE MHOTOYIEHOB P U ¢ TMOJIOXKUTEIbHEL.

[OKA3ATENBLCTBO. IlycTs MHOrOWIEH p ycTowuus. QTpUUATEILHOMY
KOPHIO 0. COOTBETCTBYET MHOXUTENb 2 — O C [TOJOXUTEILHBIMU KOD(DDUIIY-
entamu. [lape compskeHHBEIX KOPHER o £4f3 C OTPUIATEIHHON BEIECTBEHHON
4YacTbI0 COOTBETCTBYET MHOXUTEIb

(z—a—if)(z —a+iB) = 2° — 2az + o® +

C OO U TENbHBIMY KOd(dunmenramu. Takum 06pazom, Bce K03hPUIreH T
MHOI'OWIEHA P MOJIOXKUATENbHHI.

KoMmrexkcHEIE KODHM MHOTOYIEHA ¢ PACIafaiOTCA HA IAPBL CONPAXKEH-
HBIX KOPHEW, HODTOMY KO3(phUIUEHTH MHOIOWIEH] ¢ BemecTBeHuue. Kpo-
Me TOrO, BEIECTBEHHEIE YACTH BCEX KOPHEM MHOT'OWIEH],  OTPULATEIBHEL
Te xe cambie pacCyKJeHUs, YTO U I MHOIOWIEH], P, IOKA3BIBAIOT, ITO BCE
KO2(IUIMEHTH MHOI'OWICHA ¢ MOIOXUTENbHBL.

ITycts Temeps Bce k02(hDUIMEHTH MHOT'OWICHOB P U ¢ IOJOXUTEJILHEI.
B Takom ciaydae BCe BeIeCTBEHHBIE KOPHI MHOIOYWIEHOB P U  OTPULIATEb
Hbl. [[ooTOMYy €Ciu o — BEmEeCTBEHHBIM KOPEHb MHOrOWwIeHa p, TO o < 0,
a ecau o 43 — napa KOMILIEKCHEIX CONPSXKEHHBIX KOPHEN MHOIOY4/IEHA, P, TO
2a = (a0 + if) + (¢ — i) — KOpeHb MHOrO4IEHA ¢, & 3HAIKUT, 20 < 0. O

2. KopHu MHOrowIeHa ¥ €ro mpou3BOJHOM

2.1. Teopema I'aycca—Jlioka

B 1836 r. Taycc mokasan, 9TO BCe KOPHU NMPOU3BOAHOU MHOTOWIEHa P,
OTJIUYHEIE OT KPATHEIX KOPHEN CAMOT'0 MHOT'OWIEHA P, ABIAIOTCA MONI0XKEHNT-
SIMU PABHOBECHS [JISI IIOJIS CAJI, KOTOPOE CO3AeTCA OJUHAKOBLIMU YaCTUIA~
MM, PACHOJOKEHHEIMUA B KOPHAX MHOrO4ieHa P (B KOpHE KPaTHOCTH I Pac-
TIOJIOXKEHO T 9aCTUI); KAXKAaA 9aCTULA CO3[AET CUILY IPUTAKEHUA, 06PATHO
TIPOTMOPIMOHATLHYIO PACCTOAHUIO 10 3TOU JacTulkl. U3 srou Teopemur [ayc-
Ca JIErKO BHIBECTH IPUBOAUMYIO HIke Teopemy 2.1, Ho cam 'aycc 06 oTom He
ynoMuaaeT. [lepBeiM chopMyaupoBal u gokasan Teopemy 2.1 dppanirysckuu
umxkenep Jlioka (F. Lucas) B 1874 r. IlosTomy Teopemy 2.1 9acTo Ha3bIBAIOT
meopemoti I'aycca—Joxa.
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TeOPEMA 2.1 (Taycc—Jlioka). Kopuu npoussoguon muoro4nesa P npu-
HAJIEXKAT BBILYKJION 000J0YKEe KOPHEM CaMOr0 MHOrO4/IeHa, P.

[JOKA3ATENBCTBO. Ilycts P(2) = (2 —21)-...- (2 — zy). Jlerko npose-
pPUTB, ITO
P'(2) 1 1
= st
P(z) z— 21

(1)

IIpenmonoxum, aro P'(w) = 0, P(w) # 0 1 w He IPUHAIIEKUT BHILYKION
000JI09Ke TOYEK 21, . . . , Zn. 1O Ja Yepe3 TOUKY w MOXKHO IPOBECTU NMPAMYIO,
HE TIEPECEKAOIIYI0 BHITYKION O0OIOUYKA TOUEK 21, ..., 2n. 1103TOMY BEKTO-
PHL W—21,...,W— 2, JEXAT B ONHOU TMOJIYILIOCKOCTH, 33JAHHOU 3TOU TIPA-

Z2—2n

mou. CreqoBaTenbHO, B OHOU MOIYILIOCKOCTH JEXKAT U BEKTOPHL Yo
w—=z1
1 1 z P'(w) 1
- , IOCKOJBKY — = . ClenoBaTeabHo, =
w—2zn z 2| P(w) w— 21
1
.+ —— # 0. Ioay4ueno nporusopeune. [losTOMY w TPUHAIIEKUT BHI-
n

IIyKJIOU 000J04YKe KOPHEeN MHOrOwieHa P. |

Coorromenne (1) mo3BOIAET AOKA3ATH CJAEAYIOIEE CBOUCTBO KODHEH
NPOM3BOAHOM MHOTOWIEHA ¢ BEIECTBEHHBIMY KOPHAMIL.

TEOPEMA 2.2 [An]. Iycrs P(2) = (2 — 1) -...- (2 —2,), THe 21 < ...
... < &p. Torga ecim HEKOTOPHIM KOPEHDb &; 3AMEHACTCA HA L) € (X4, Tiy1),
TO BCE KOPHU MPOU3BOJHON MHOTOWIeHa, P yBeaudusaroTcs.

HJOKA3ATEJIBCTBO. Ilycrs 21 < 23 < ... < Zp—1 — KOPHU IIPOM3BOI-
HOU MHOTOYJIEHA, C KOPHAMU T1,...,Tpn, & 2] < 2b < ... < z;lfl — KODHHU
[POU3BOAHOM MHOIOUIEHA C KOPHAMIA X1, . .., &h, . . ., Lp. 1A KODHER 2) U 2),

coorHommenne (1) npuHUMaeT B

n n

1 1
2= g0 (2)

=1 =1
IIpeanonoxum, 9TO TEOpEMa HEBEPHA, T. €. z;c < ZJ A HEKOTOPOro k.

Torga z, — x} < zr — x;. Ilpu 5TOM UMCIA 2}, — &} ¥ 2} — T3 OFHOTO 3HAKA.
B camom gene, z; < ;, 25 < @ mpu j < i— 1w z; > v, 2j > o) npu j > .

7 mpu Bcex ¢ = 1,...,n. Ho B Takom ciydae

CaenoBaTensHo, ;
2k —Ti 2 —

cooTHOWEHN (2) He MOT'YT BHINOJIHATHCA OTHOBPEMEHHO. |
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2.2. KopHu npou3BogHON M (POKYCHI JJLIAIICA

Kopau npou3BogHOU KyOUIeCKOr0 MHOIOWIEHA UMEIOT CJIEIYIOMIYIO MH-
TEPEeCHYI0 'eéOMEeTPUIECKYI0 NHTEPIPETAINIO.

TEOPEMA 2.3 (Bau geH Bepr, [B]). IIycts xopHE KyOM4ecKoro MHOIO-
YIEHA PACIONOXKEHBI B BEPIIMHAX TPEyroabuuka A BC' Ha KOMILIEKCHOU TIIOC-
xocTu. Torga KOpHU TPOU3BOIHON 3TOT0 MHOT'OWIEHA, PACIOIOXKEHE! B (PO-
KYCaX DJUIUIICA, KACAIOIIEr0Csa CTOPOH Tpeyroabuuka ABC B X cepequHax.

IIEPBOE NOKA3ATEJALCTBO. IIpexae Bcero samerum, 9to ecau Q(z) =
= P(z — %), T0 Q'(2) = P'(2 — 20), mod>TOMYy HA4aJOM KOOPAUHAT MOXKHO
CINTATH JIOYI0 TOUKY.

Jlroboe adduuHOE MpPeodpPa3OBAHME ILIOCKOCTH MOXKHO IIPEICTABUTH
B BU€ KOMIIO3UIMK ABWKEHUA, TOMOTETUN U IPEOOPA3OBAHUA, UMEIOIETrO
B HEKOTODOI NPAMOYTOMBHOU CHCTEME KOOpauHAT Bup (z,y) — (z,y cosa).
IlosTOMY MOXKHO CIMTATh, 9TO TpeyroabHuk ABC moayyen mpeo6pa3oBa-
HUEM

2+zZ  2—Z 20  _ . o
Z cosa = zcos” - 4+ zZsin” - 1
2 2 2 2 ( )
U3 NPABUILHOTO TPEYTOJILHUKA C BEPIIMHAME W, ew U e2w, rae |w| = 1 u

e = exp(2ni/3). Torga noayocu a u b paccMaTPUBAEMOrO DILIUICA PABHEL

1 cosa
3 ® —5» & PaCCTOSIHAE MEKTY ero dokycamu F; u Fy paBro Va2 — b? =

1.
= -sina. Touku F; u F> nepexogatr B Touku (+1,0) npm pacrtsaxenuu ¢

2
l in _1— inE 2 -
5 sina = | sin g cos g .

K02 punmeHTOM
B pesyabrare npeobpasosanus (1) u 3TOro pacTaKeHNUs IOLyIaeM Ipeodpa-
30BaHNUE

a _ od
zn—»zctga +ztg§.

a
IMonoxum a = w ctg 5 Torga muorowen ¢ xkopaamu A, B u C umeer Bug

o) = (a1 (s-aem 2 (s- - 1),

Jlerxo mposeputs, uro P'(z) = 32 + 3¢ + 3t = 3z? — 3, mosTOMy KOpHH
muorowaesa P! pasuer 1. m|
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BTOPOE OKABATEJNLCTBO [Sho]. Ilycts € = exp(2ni/3), a 2o, 21, 22 —
KOPHM PacCMaTpPUBAEMOr0 MHOrO4IeHA. Buibepem uucaa Lo, {1,{s Tak, 94To

20="Co+% +%, 21 =0 +lie+lee®, zo=UY0+Le" +Los, (2)

3o =20+ 21+ 22, 3L =z0+216%+ 208, 3Lo = 20+ 216 + 2087

B pampbmEemmem Gygem mpegnotaraTb, 9TO zg + 21 + 22 = 0, T.e. {g = 0.
Jlerko nposeputh, ¥T0 KpuBas {1e'? + {ye~ " rne 0 < ¢ < 2x, npea-
CTaBIACT COOOU DILINIIC, MOLYOCH KOTOPOI'0 HAITPABJICHEL TI0 GHCCEKTPUCAM
BHEIHUX ¥ BHYTPeHHuX yruoB yria (3 O0f; (O — Hadano koOpauHAT), IpU-
4yeM gIuHB noxyocer paBHEL |{1| + (2| u ||C1| — |C2||. B camowm gmese, paccma-
TPUBaEMas KPUBAA ABIACTCA 0OPA3OM €IMHUIHON OKPYKHOCTH IpU OTOODAa-
wennn z — {12 + {oZ. Kpome Toro, ecmu i = |{1]e™ u Lo = [{a]e®, To

L1€™ + Lae™ ™ = (L |efOH) + |Ly]e" P9

a+p
Mogyip 5TOr0 BHIDAXKEHUSA MAKCAMAJEH IPH @ = — kr m MuHBIMA-
a+B =
Jem mpu ¢ = —5— + o + kn. DTy 3HaUeHMA (@ KaK Pa3 M COOTBETCTBYIOT

HAIIPpABJICHUAM YKa3aHHBIX 6I/ICC€KTpI/IC.
Doxycur f; u fo smmunca (1€ + {pe' nexaT HA OPAMOU, COOTBET-

o a+ 1f2
CTBYIOLIEN yIIy ¢ = —B T. €. OTHOIIICHE u ABJASETCS MOJOXUTEIbHBIM
2’ €1€3

qucaoM. Kpome TOro, KBaapaT paccTOAHUS OT (POKYCa OO LEHTPA, DJLIINICY,
PaBeH PAa3HOCTHU KBAIPATOB MOIYOCEN, T. €. OH PABEH

(] + [&2])* = (] — [&2])? = 4G Ls).

Taxum o6pasom, fifo = 4:18s.
Coornomenus (2) mpu {y = 0 MOKA3LIBAIOT, 9TO BEPIIMHEL 2o, 21, 22
paccMaTpPUBAEMOr0O TPeyTOdbHMKA JeKaT Ha aamce {1e'? + {ye *? a cepe-

1 . .,
OUHEL €r0 CTOPOH JIEXKAT Ha, JJLIAIICE §(Cle“" + Cze_“l’). Cepenuna, XOp Il

IEePBOr'0 JJLIUIICA MOXKET JICXKATh Ha BTOPOM JJJIUIICE JUIITbL B TOM CiIyvae,
KOT'Ja 5Ta XOpJa KacaeTcs duImica. Takum o6pasoM, TpeGyeTcs NOKa3aTh,

1. . .
10 POKYCHI DiLHIICA (L1€™ + Lye ™) coBmAgAlOT ¢ KOPHAMY NIPOM3BOA-

HOU MHOrOwIeHa (2 — 29)(2 — 21)(2 — 22). POKYCHI BIUMICA yAOBIETBOPAIOT
ypasrermio 22 —{;{s = 0, a KOpHU TPOUIBOJHON Y JOBIETBOPSIOT YPABHEHWIO

32:2 + 2021 + 2022 + 2129 =0, T.e. 3(22 — C1C2) =0. O
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2.3. Jloxkamm3aumsa KOpPHEH IIPOM3BOJHON
2.3.1. Kpyrm Hencena

Mycts f — muOrowren ¢ BemecTBeHHbIMEU KOddduuumenTamu. [Jis xa-
KJIOU MAPBI CONPSKEHHBIX KOPHEN 2 W Z DTOr0 MHOTOWIEHA PACCMOTPUM
OTPEe30K C KOHIAMU 2z ¥ Z ¥ TMOCTPOUM HA DTOM OTpe3Ke KaK Ha IuaMeTpe
KpPYT; Takye KPYTr'd HA3BIBAIOT KPY2a.MU Hencena MHOTOWIEHA, f-

TEOPEMA 2.4 (Uencen). Jlzo6oi HeBeleCTBEHHLIN KOPEHb IIPON3BOJHON
MHOroO4wIeHa f JeXUT BHYTDHU WK Ha CPAHUIE OLHOrO U3 Kpyroe Mencena.

JOKA3ATEJNLCTBO. IlycTs 21,..., 2, —KopHu MHOrowrena f. Torga

) _x~ 1
o = s M
=

IIpex e BCero mokaxkem, YTO €CIu TOYKA, z JeXUT BHE Kpyra Vencena ¢
JUAMETPOM 2p2q, TO

1 1
sgnIm (z—zp + z—zq) = —sgnlm z. (2)
B camom meue,
1 n 1 _ 2(z—a)((2—a)2+b2)
z—a—bi  z—a+bi |(z—a)2+b2|2

Im((z—a)|z —a|* + (z — a)b?) = (b* — [z —a*) Im 2.

ITokaxem Temeps, uTo ecmt 2 € R u z; =a € R, o

1
sgnIm (—) = —sgnlImz. (3)
z— 2z
B camom meue,
1 1 z—2z2  —2Imz
z—a Z—a J|z—a>  |z—a|*’

N3 dopmya (1), (2) u (3) creayer, aTo ecam ToUka z & R pacmomokena
BHe Bcex Kpyros Mencena, To

f'(2)
f(2)

MosTomy f'(z) # 0, T. e. z— He KOPEHb IPOUIBOHOU. O

sgnIm = —sgnlmz # 0.
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151 KOIMYeCcTBa KOPHEW MPOU3BOMHOU, BEIIECTBEHHAA YaCTh KOTOPBIX
NPUHALIEKAT NAHHOMY OTPE3KY, MOXKHO [NOKA3aThb CIEAYIOLIYI0 OLEHKY,
yrounsomyio Teopemy Uencena.

TEOPEMA 2.5 (Youm). Ilycts I = [a, ], K — o6beaunenue I n xpyros
Mencena, nepecexatomux I. Torga ecmm K conepxut k KOPHEN MHOTOWIE-
Ha f(z), TO KOMMIECcTBO KOpHEN MHOrOwWIeHa f'(2), ntexamux B K, 3axmove-
HO mexay k—1wm k+ 1.

JOKABATEJLCTBO. Ilycte C'— rpannna HaMMEHBIIErO IPAMOYTOJbHI-
K2, CTOPOHEI KOTOPOr'0 MAPAJIEJIbHEL OCAM KOODIWHAT M KOTOPHIU COmep-
wut K. Paccmorpum orpammaenue wa C' oToOpaxenus z — e'?, rae ¢ =
= arg(f'(2)/f(2)). Ua dopmyx (1), (2) u (3) cregyer, uT0 06pas 1acTu
C, nexainen B BEPXHEU MOJYILIOCKOCTH, PACIONOXKEH HA MOJIYOKPYKHOCTU
|z = 1, Imz < 0, a 06pas gactu C, Jgexainen B HIKHEN MOJIYIIOCKOCTH,
pacronoxen Ha noxyokpyxkHoctH |z| = 1, Imz > 0. ITosTomy xonmvecTsBO
060poTOB 06pasa kpusou C' BOKPYT HAYAIA KOOPAUHAT pasuo O wiu +1. 1o
03HAYAET, 9TO MHIEKCH KpuBou C' OTHOCUTEIBHO BEKTOPHLIX mosnenn f(z) u
f'(2) coBmagator mmm orimvarporca Ha +1, T.e. KOIWIECTBa HyJen (yHK-
mun f u f', 3axmovennerx BEyTpu KpuBou C, COBIAJAIOT WA OTINIAFOTCA
Ha *1. O

2.3.2. Teopema Yomua

TEOPEMA 2.6 (Yomm). IIycTs KOpHM MHOrOWIEHOB fi u fp Jexar B
kpyrax K; u Ky, pagnychl KOTOPLIX PABHLL '] U T2, & HEHTPHI HAXOAATCA B
TOYKAX €] U C2. 1Or1a BCE KOPHU MPOU3BOJHON MHOTOWIeH], f = fi fo Jexar

naT1 + NiT2
au6o B Ki, 1ub6o B Ky, mubo B xpyre K panuyca it C LIEHTPOM B
ni no
n2c1 + nic2

OYKe —— en; =de no = de .
TOYK L , TJe N g f1 1 ng g f2

JOKA3ATEJILCTBO. IlycThb 2 — KOpEeHb NPOM3BO JHOU MHOI'OWIEHA, [, Je-
xamui BHe K1 u K. Torga fi(2) f2(2)+ f1(2) f3(2) = 0, npuaem fi1(2), f2(2),
1), £4(2) #0.

Paccmorpum Touku {3 u {3 — HEHTPHEI MACC KOPHEX MHOTOYWIECHOB fi U fo
oTHOCUTEabHO TOuUKH 2. CoruacHo Teopeme 1.6 Ha c. 14

_ fi(2) _ f2(2)
G —Z—nlma L —Z—nzfé(z)-
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ITosTomy

n2lq + n1le = (N1 + n2)z — nino (;}8 + ;28) = (n1 + n2)z,
n2l1 + n1le

T8z = A rmak xak Bce KOpHM MHOrO4WIeHa f; dexar B K;,
n1 n2

To {; € K;. Ocraercs 3aMeTuThb, 9TO ecau TOYKE {1 u Lo C Maccamm 1

u n9 Jdexar B Kpyrax K m Ky, TO ux meHTp Macc z Jexut B kpyre K. O

2.3.3. Teopema I'paiica—XwuByxa

TeEOPEMA 2.7 (J. H. Grace, 1902, P. J. Heawood, 1907). Ecau z; u 25 —
pa3IMYHBIE KOPHU MHOrOWwIeHa f CTemeHu n, TO B Kpyre |z — ¢| < r, rge
c= (21 +2)/2ur = (|21 — 22|/2) ctg(n/n), HaXOAWTCA MO KpalHen Mepe
O[IMH KOPEHb MHOrOWIeHa f'.

n—1
-1
INOKA3ATENBLCTBO. Mycte f'(2) = Y ("k )axz*. Toraa
k=0
2 n—1
n—1
0= 1)~ (o) = [ 1)tz = Y (-0F (" awbar
2 k=0
rae koaddunmeHTs by, . ..,b,_1 BABUCAT TOJILKO OT 21 ¥ 23, & OT KOd(hdhu-
LUEHTOB ag, - - . ,Gp—1 OHU HE 3aBUCAT. TakuMm 06pa3oM, IO JAHHLIM 21 U 23

nlon—1 k .
MOXHO TOCTPOUTE MHOrowreH g(2) = Y. ( k )biz*, anonapmemt MmEOrO-

aneny f'(z).

YT06L TOTYIUTH ABHOE BLIPDAXKEHWE IS MHOTOWICHA ¢, TIONOXKUM Gf =
= (=1)kz"~1=F 1. e. paccmoTpum muOTOUWreH h(2) = (z — 2)" L. B Taxom
crydae

Z2

[uy

n—

9@) =3 ("5 e b = / (z — )" 'dz =
k=0

(x—21)" — (x — 22)"

n

Z1
21+ 2 21— % kn
KOpHI MHOrOW/IEHA ¢ UMEOT BAL (f = — 5 2 42 5 2 ctg o (mosa
k=1,2,...,n —1). Bce oun nexar Ha rpaHUIE PACCMATPUBAEMOrO KPyTra
|z — ¢| < r. Hoaromy coruacuo Teopeme 1.10 Ha c. 16 B xkpyre |z —c¢| < 7

HAXOUTCA MO KPaWHer Mepe OJWH KOPEHb MHOrowieHa, f'. a

[pyrue TeopeMbl 0O JOKAIM3AUWYA KOPHEU NPOM3BONHOU MPUBENEHHI B
cratbe [Ma2)].
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2.4. T'wmore3za Cengosa—Wiauesa

B 1962 r. 6omrapckun marematuk b. CeHI0B BHICKA3AT CJASIYIONIYIO TU-
10Te3y, KOTOPYIO YacTO NPUMUCHIBAIOT APYTOMY 60IrapCKOMY MaTEMATHKY,
JI. Unuesy: «IIycte P(z) — MHOrOwiIeH, BCe KODHE KOTOPOI'O JE€XAT B KPYIre
|z| € 1. Torga ecam zy — ozuH u3 KopHEH MHOrodreHa P(z), To B xpyre
|z — 29| < 1 ecTs no Kpasiaer Mepe oxuH KopeHs MHOorodieHa P'(z)». (Ilpen-
nonaraercs, aro deg P > 2.)

T'umoresa CenpoBa—UiameBa noxkasaHa [qis BCEX MHOI'OWIEHOB CTENEHN
HE BHINE ) ¥ [ HEKOTOPHLIX CIEIUATLHEIX MHOTOWIEHOB (CM., HAIIpU-
Mep, [Scmy).

Mur orpamumunMces gokasareiabcTBoM runoreswl CengoBa—WiaueBa mis
MHOT'OYJIEHOB BUIA

P(z) = (z — 20)™ (2 — 21)" (2 — 22)™.

ITO KoKa3aTeabCTBO mpusegeHo B [CS).

Caydan, korga n = ng + ny + ny > 4, pa3bupaeTcs JOCTATOIHO TPOCTO.
B sToMm ciyuae HyxHO KOKaszaTh, 4To ecau |z;| < 1 mpm i = 0,1,2, To
MHOI'O4JIEH

P'2)=n(z—2)""Hz—21)" "z —2)" " (z—w)(z —ws) (1)

UMeeT KOPEeHb, Jexkamuil B Kpyre |z — zg| < 1. Ecim ng > 1, To Takum
KOpHeM OymeT zo. IllosTomy GyneMm cauTaThb, 9TO ng = 1. 3amumem P(z) B
Buge P(z) = (z — 20)Q(z). AcHo, uTo

P'(20) = Q(20) = (20 — 21)™ (20 — 22)"™. (2)
W3 (1) u (2) caexyer, uTo
n(zg —w1)(20 — w2) = (20 — 21)(20 — 22)- (3)
Yumremas, 9T0 |29 — 21| < |20| + |21] =2 m |20 — 22| < 2, noxywaem
|20 — w1| - |20 — wa| < 4/n < 1,

nosToMy |20 — wi| < 1 mm |29 — wo| < 1.

OcraeTcs paccMOTpeTh Caydau, Korga ng = ny = ng = 1. [as sroro
HaM oTpedyeTcs CAeAYIOIIee BCIOMOIaTENbHOE YTBEPXK JEHNE, KOTOPOE MBI
chopmymupyem B Gosiee O0mEM BUAE, I€M DTO HYKHO [JA HAMMX EIEH.
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JIEMMA. Iycts P(z) — MHOrounen crenenu n, rge n > 2. Torga ecan
|P"(20)| = (n — 1)| P'(20)],

TO TO KpaWHEN Mepe OJUH U3 KOpHeU MHorowieHa P’ jexut B Kpyre
|z — 20| < 1.

[MOKA3ATENLCTBO. Ilycts wi,ws,. .., w, 1 — KOpHU MHOrO4UeHa P’
MoxHO cuuTaTh, YTO cTapmmu KodddguuuentT MHOrowieHa P pasex 1. B
n—1

takoM caydae P'(z) = n [[ (2 — w;). Ecin P'(z) # 0, TO MOXHO B3ATH
j=t1
aorapudM oT 06emx dacten u npoauddepeHnupoBaTs ux. B pesyabTare

HOIyTIM
P'(z) ”f 1
P'(z) z—wj’

Ilo ycnoBuio zp — HeKpaTHBI KOpeHb MHOrowieHa P, 1. e. P'(zg) # 0. lpex-
HOJIOXKUM, 9TO |29 — w;| > 1 mpu j = 1,...,n — 1. Toraa u3 HepaBeHCTBA
|P”(zo)| > (n-— 1)|P'(zo)| clIefyer, 4To

P (ZO

)
n—1< ‘P’(zo)

n—1 1
< I — — 1.
<L fomw <
i=1
IIpuxoguM K IPOTUBOPEYUUIO. O

3auMeMCsa Temepb HEMOCPEACTBEHHO MHOTOWIEHOM
P(2) = (z = 20)(z — 21)(2 — 22) = (2 — 20)Q(2).
Acwuo, aro

P"(Zg) _ Q,(ZO) _ 1 1 . 2(2Z0 — 21— z2)
P’(ZO) _2Q(Z0) =2 (Z + ) - (ZO—Zl)(ZO—ZQ)‘

0— 21 20 — 22

Paccmorpum Tpeyronsauk ABC ¢ Bepumuavu A = zg, B = 21, C = 2s.
fAcuo, 9T0 |20 — 21| = ¢, |20 — 22| = b U |22 — 21 — 23| = 2m,, TAE MG —
mmaa Meauansl. Coracuo gemMme ecau 4m, > 2bc, To runoTtesa Cengosa—
WNuera BepHa. Ilo ycroBuo b < 2 u ¢ < 2, 1ODTOMY HEPABEHCTBO 21, > be
BBITIOJMHACTCA KAaK TIPA My, > b, Tak u ipu m, > c¢. OcTaeTcsa paccMOTpeTh
crydan, korga m, < b u m, < c.
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Coorromenve (3) nokaswBaer, uro runoreda Cengoa—iuesa BepHa,
ecau be < 3. Ilosromy MOXHO cuuTaTh, 9TO be > 3. B Takom ciygae

b +¢® = (b—c)* + 2bc > 6,

a 3HaumT, b2+ —a? > 6—4 >0, T.e. LA < 90°. U3 HepaBencTs b >
> mg u ¢ > m, creayer, uro LC < 90° u /B < 90°, mosTOMy TpPEyroJb-
uuk ABC ocrpoyroasusii. [lycts R — paguyc ero OnucasHou OKPYKHOCTH,
ho — BHICOTA, Omymennas u3 Bepumusl A. Torga ¢/h, = sin B = 2R/b, 1. e.
bec = 2Rh, < 2Rm,. YUt0o6n1 nonyauts TpeGyeMoe HEpaBeHCTBO be < 2my,,
ocTaeTcsa nokKas3arb, 94To0 R < 1. Ocrpoyroapasm Tpeyroasauk ABC pac-
HOJIOXKEH BHYTPH €AVHWIHON OKpyx)HOCTH (2| = 1. Ecam onmcannas okpyx-
HOCTB S Tpeyrombuuka ABC 1eXuT BHYTPHU €IUHUYHOU OKPYKHOCTH, TO
HepaBeHCTBO R < 1 oueBmgno. IlycTh Temeph OKpYXHOCTH S U equHIY-
Has OKPYXHOCTb UMEIOT OOIIyI0 Xopay. V3 0CTpOYTroJbHOCTH TPEYTOJbHUKA
ABC cregyer, 9TO 5Ta XOP/1a BAIHA U3 BEPUINH TPEYTOJBHUKA MO OCTPHIM
yIJIoM . JTa XKe XOPAa BUAHA U3 TOYEK €JMHUIHON OKPYKHOCTH IO YIVIa-
mu § u 180° — ¢, rae ¢ < 90°. IIpu srom ¢ < ¢. U3 mepasercTs § < ¢ <
< 90° < 180° — ¢ creayer, yro R < 1.

2.5. MHOI‘O‘-IJIGHI:I, Y KOTOPBIX COBIIaAAAaI0OT KOPDHHM HUX CaMHX
1 UX IIPOMU3BO THBIX

B craree [Chu] yTBepxaanocs, uTo ecan P u () — MHOTOWIEHEL CO CTap-
muM KopdhdumenToM 1, mpryeM MHOXECTBA KOPHEX MHOrowieHoB P u ()
COBNAJAIOT ¥ MHOXECTBA KOPHeu MHOrowieHoB P’ u Q' Toxe coBmagaror,
T0o P™ = Q™ 1451 HEKOTOPHIX HATYPAIBHEIX 1M U 7. 3aTEM B J0KA3aTeILCTBE
DTOr0 yTBEPKAEHUs OB OGHAPYKEHHI IPo6ensl 1 Bckope B [Roi] 65t mo-
cTpoeH KOHTpIpuMep. KOHCTPYKIsA 5TOr0 KOHTPIPUMEPA BECHEMA CJI0XKHASM.
3anHTEPECOBAHHOMY YATATENIO MEL COBETYEM 00PATUTHCA HEIIOCPEICTBEHHO
k craTee [Roi].

Ilo moBOLy CBOMCTB MHOI'OWIEHOB, y KOTOPHIX COBIAJAIOT KOPHU UX Car
MEX 1 UX IPOM3BOAHEIX, cM. Takxke [DS].

3. PesymbTaHT M JUCKPUMUHAHT
3.1. PesyapTant

3 m

Paccmorpum muOrowrens f(z) = Y, a;z™ ' m g(z) = > bijz™ ™, rae
=0 =0

ag # 0 u bg # 0. Han anreGpanveckn 3aMKHY TBHIM TIOJIEM MHOTOYICHHL f U g
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“MEIOT OOIUU JeMUTeNb TOTAA U TOJIBKO TOrAA, KOUJA OHU MMEKT OOIun
xopenb. Eciu xe mose He anrebpandecky 3aMKHYTO, TO OO NEIUTENb
MOXeT ObITh MHOI'OWIEHOM, HE MMEOIIUM KODHEN.

Hamyn4aue y f u g o6imero geauTess SKBUBAJEHTHO TOMY, YTO CyIIECTBY-
0T TAKWe MHOT'OWIEHEL P U ¢, YTO fq = gp, npudem degp < n — 1 n degq <
<m-=1Tyers ¢ = upz™ ' 4+ ...+ Up_1 B p = Vo™ ' + ...+ vy,
PasencTro fq = gp MOXKHO 3amuCaTh B BUE CUCTEMBI yPABHEHUN

aguo = bovo,
a1 ug + agu] = b1U0 + boUl,
asug + ai1uy + agus = bavg + byivy + bove,
Muorounens f u g UMEIOT OOIIMY KOPEHDb TOr'AA M TOALKO TOTIa, KO DT,

CUCTEMa UMeeT HeHyJIeBoe perenve (ug, Uy, - - -, Vg, V1, - - -). FCau, Hanpumep,
m =3 un =2, TO ONPEIEIUTEIb 3TON CUCTEMEI YPABHEHUU UMEET BUJ

ap 0 0 —-by O ap a1 a2 0 O
a1 ag 0 —b1 —bo 0 ap a1 a2 O
az a1 ag —by —b1 | =£| 0 0 ao a1 a2 | = *+detS(f,g).
0 a2 a; —by —ba bo b1 by b3 O
0 0 az 0 —bs 0 by b1 b2 b3

Marpunuy S(f, g) HaseiBatoT mampuyet Cuabeecmpa MEOTOWICHOB f 1 g.
Onpepenurens marpuubl S(f,g) HA3EIBAIOT PE3YAbMAHMOM MHOTOWICHOB
f m g; pesyabranT mMHOrOweHOB f u g o6osmauaroT R(f,g). flcao, urto
R(f,9) — OAHOPOAHLIM MHOIOWIEH CTEIEHU 17 [0 IEPEMEHHEIM (; U CTe-
IEHN 7 10 mepeMeHHBIM ;. MHoOrowieHel f u g mMeT O0mMHI JeanTelb
TOra U TOIBKO TOIAA, KOIa ONPEJeIUTENb PACCMATPUBAEMON CUCTEMBL
pasen myao, T.e. R(f,g) = 0.

PesyapranT umeer MHOIO pasHbix npuiokenui. Hanpumep, ecau 3a1aHb1
nonuHOMUANbHLIE cooTHomenua Pz, z) = 0 u Q(y,z) = 0, To ¢ moMombBIO
PE3yJbTaHTa MOXKHO IOIYYATH HIOJMHOMUAIbLHOE cooTHOmeHue R(z,y) =
= 0. B camom gnesne, paccmorpum gamube moauHoME Pz, 2) u Q(y, 2) kax
TIOJUHOMEL OT 2, CUATasA T U Y MOCTOAHHEIMU. Torga pesyabTant R(x,y)
DTUX TOJMHOMOB JaeT Tpebyemoe cooTHomernue R(x,y) = 0.

PesynpTaHT mo3BoasAeT Tak:kKe CBOAUTH DeEIleHUe CUCTEMEI aarebpande-
CKUX yPABHEHUN K HAXOXJEHUIO KOPHEN MHOIOWIEHOB. B camoMm nese, mycThb
P(z9,y0) = 0 u Q(z0,y0) = 0. Pacemorpum P(z,y) n Q(z,y) xak MHOrO-
wiensl OT Y. [lpu & = ¢ OHU UMEIOT 00mMY KOpeHsb ¥o. CaenoBaTenbHo, ux
pesyabranT R(x) paBen Hy o npu T = Zg-



32 I'anaea 1. KopHu mMHO204AEHOE

TEOPEMA 3.1. IlycTte %; — kOpHE MHOrO4IeHa f, a Y; — KOPHUI MHOI'O-
wieHa ¢. Torga

R(f.9) = ag'g [ [ (@i —y;) = af [ ] 9(z:) = 0 [ ] £ (-

[JOKABATENBCTBO. Tak xax f(z) =ao(z — 1) ... - (x —x,), TO a =
= tagor(T1,...,T,), DA€ O — DIEMEHTAPHAA CUMMETPUYIECKAsA (DYHKIWA.
Awnanoruuno by = +boog(y1,---,Ym). PE3yIbTAHT ABIACTCA OIHOPOTHEIM

MHOT'OLIEHOM CTEIIeHN 17 TI0 IEPEMEHHBIM @; U CTEeIIeHH 7 10 IePeMeHHbIM b;,
TIO9TOMY

R(fag) = a:]nb(r)lp(mla"'5$nay17"'aym)7

rae P — CuMMeTPpUYIeCKUN MHOTOYIEH OT X1, ..., Ln U Y1, - - -, Ym, OOpaIma-
IOLIMIICA B HYJb IpK ; = Y;. Popmyaa

k—1

= (zi —yj)zf " + oyl

k
T;

TIOKAa3bIBALT, ITO

P(zi,...,ym) = (@i —y;)Q@1, ..., ym) +r(T1, .-, Tis o oo, Ym)-

IToxcTaBUB B 5TO PABEHCTBO X; = Yj, TIOJIYUNM, YTO T — HYJE€BOM MHOTOIEH.
AHaJIOl"I/I‘{HBIe pa,ccyxc,ueHI/Iﬂ HOKaBBIBa,}OT, YYTO MHOI'OYWICH P JEeJINTCA Ha
_ mpn . — .
S = ag'by [[(zi — y;)-
m n
— — n
Tax xax g(a) = bo [1 (z —y;), 70 [T g(a:) = b T(s — ), a swavmu,
=1 i=1 i

n n

S =al Hg(m,) = ay’ H(box;” + bz 4 by)

i=1 i=1
— OJHOPOJHEIM MHOIOWIEH CTEINEHU 7 10 IePeMEeHHBIM by, . . ., by,. dus me-
PEMEHHEIX Qg, . . ., 0, PACCYXKIEHUS AHAJOIMIHLL. SICHO Takxe, 9TO CHMMe-
n

Tpueckuit Muorowien af' [[ (box? + b1z ' + ... + by,) ABAAETCS MHOTO-
i=1

WIEHOM OT Qg, - - - , An, Do, - - - , by, CaegoBarensuo, R(f, g) = R(ag,...,bn) =
= A\S, rge A— mexoropoe uucao. C npyrou CTOpPOHBI, KOI(PPUIUEHT Tpu
[[27 y muorounesos af*by P(z1,...,ym) u S paBeH aj'by, mosromy A=1. O

CaeacTBuE 1. R(g, f) = (—1)de8fde8IR(f g).
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CJHEACTBUE 2. Ecau f = gq + r, TO
R(f,9) = b8 "¢ " R(r,g),

rae bg — crapumi K03h@UIuEeHT MHOTOWIECH] (.

JOKA3ATENBLCTBO. Ilycrs y; — koprn muorouwiexa g. Torga f(y;)
= r(y;). Ocraerca BocmonbzoBaThcsa TeM, 4T0 R(f,9) = bgegf IT f(y;)

R(r,g) = by " T1 f(y;)-

CaeaCTBUE 3. R(f,gh) = R(f,9)R(f,h).

O =

HJOKA3ATEJILCTBO. IlycTs 2; — KOpHE MHOrOWIEH), f, & Gy — €ro crap-
mn kKodddunument. Toraa

R(f,gh) = ag® 9" ] g(@i)h(z:),
R(f,9) = ag*®? [ ] 9(=s),
R(f,h) = ag®" T ] (). D

n . m .
TEOPEMA 3.2. Ilycrs f(z) = > a;2™ " u g(x) = Y. bjz™"*. Torga cy-

i=0 1=0
IIECTBYIOT MHOT'OWIEHEL @ ¥ () C measiMu KOXh(UINEHTaMy OT I€PEMEHHBIX
T,00,---,0n,00,--.,bn, 1M1 KOTOPLIX BEIIOIHIETCS PABEHCTBO

¢(z,a,b)f () + ¢(z,a,b)g9(x) = R(f,9)-

JOKA3ATEJIBLCTBO. IlycTs ¢y, .- ., Crim—1 — CTOAOIEI MAaTPUIE Cuib-
sectpa S(f,g9) myr = 2™ " ~*"1 Torga yoco+- . .+ Yntm—1Cntm—1 = ¢, TA€
c— croaben (2™ f(z),..., f(z),2" 1 g(),...,g(x)). PaccmoTpum aT0 pa-
BEHCTBO KaK CUCTEMY JMHEUHBIX YPABHEHUU OTHOCHATEIBHO Yo, - - -, Yntm—1
¥ BOCIIOJB3yeMCs IpaBmioM Kpamepa, 9TOOH HAUTH Yptm—1. B pe3yabrare
IOy 9UM

Ynt+m—1 det(co, ..., Cntm—1) = det(co, .- ., Cntm—2,C). (1)

Ocraercs 3aMeTUTD, 9TO Ypim—1 = 1, det(co,---,Cnrm-1) = R(f,9), a
OIIpefeJnTelb, CTOAIUA B IPABOM YaCTH PABEHCTBA (1), MOXHO mpexcTa-
BUTH B TpeOyeMOM BHJeE. O
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3.2. [uckpuMmHAHT

Iycre 1, ..., T, — kopuu MuorowieHa f(z) = apx™ + ...+ a,, npuiem
ag # 0. Bemmauny D(f) = a5" 2 [] (zi — 2;)? HasuBator duckpumunanmon
i<j

MHOTOWIEHA f.

TEOPEMA 3.3. R(f, f') = taoD(f).

JOKA3ATENBLCTBO. Ilo Teopeme 3.1 R(f, f') = ag™ Hf (), rme x; —

kopam mMHOrowiena f. Jlerko nposeputs, ato f'(2;) = ag H (xj — z;). Ilo-
J#i

R(f,f") =al™ 1H i —x;) = £ai" 1H = x;)2. |

j#i i<y

ITOMY

3AMEYAHUE. HecaoxHO MoKa3aThb, 9TO

R(f,f") = =R(f', f) = (=)""~D2aD(f).

CJAEACTBUE. [[MCKPUMWHAHT SBJAAETCA MHOTOWIEHOM C LEJIBLIMU KO3(]-
dunmenTaMu 0T KOIPHUIMEHTOB MHOTOWIECHY, f.

TEOPEMA 3.4. Ilycts f, g u h— MHOrOYIEHEI CO cTApIUM KOdhduiu-
earoM 1. Torga

D(fg) = D(f)D(9)R*(f,9),
D(fgh) = D(f)D(9)D(R)R(f, 9)R*(g, ) R* (h, f).

MOKA3BATEJLCTBO. IlycTthb %1, ...,T, — KOPHU MHOTOWIEHA f, & Y1,. ..
.-, Ym — KODHU MHOT'O4IeHa ¢g. Torga

D(fg) = [[ (=i — 2)* [[(wi — v;)* [[ (=i — v5)* = D(f)D(9)R*(f, 9)-
Bropas ¢hopMy.Ia JOKA3EIBAETCA AHAIOTWIHO. O

TEOPEMA 3.5. Ilycte f— BemecTBEHHEIN MHOIOYIEH CTEIEHU 7, HE
MMeroIuin BemecTReHHEX Kopreir. Torga sgn D(f) = (—1)/2.
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IMOKA3ATEJLCTBO. BOCIOB30BaBIMCEH PA3IOKEHAEM
fl@) =ap(xz —21) - ... (& — zp),

JIEr'KO IIPOBEPUTH, YTO

2

D((z —a)f(z)) = D(f(x))(f(a))"-
IlycTs @ u @— napa COMPAXEHHBIX KOPHEeU MHOrowieHa f, T.e. f(x) =
= (z — a)(z —a)g(z). Torma

2

D(f(z)) = D(g9(2))(a—a)*(f(a)f(@)) -

fcuo, uro sgn(a — @)2 = —1 u (f(a)f(a))2 = |f(a)|4 > 0. Iosromy
sgn D(f) = —sgn D(g). TpeGyemoe yTBEPXKAECHNE TENEDPD JETKO TOKAZEIBA-
eTCs UHIYKUUEN IO 7. O

TEOPEMA 3.6. Hycts f(z) = 2" + a12™ ' + ... + a, — MHOrOWIeH C
neasivu kK03pduumentamu. Torga ero guckpumunant D(f) umeer sug 4k
wim 4k + 1, rge k — nemoe 1ucio.

JOKA3ATEJNLCTBO. Ilycts z4,...,x, —kopuu mHOrowreHa f. Torza
D(f) = 8*(f), rme 8(f) = [] (=i — z;). PaccMOTpUM BCHOMOTaTeNbHYIO Be-

i<j

amanny 81 (f) = [] (z; + ;). Acko, uro 8 (f) — cummeTpuueckasn GpyHKIMI
i<j

OT KOpHEeU MHOrowieHa f, mosromy 81 (f) — umeaoe uucao. Kpome Toro,

31(f) = 8°(f) = [1((@i — 2))* + dwizy) — [[ (@i — 2)* = 4U(@n,...,20),

i<j i<j
rae U — cUMMeTPUYeCKUN MHOTOWIEH OT X1, ..., L, C HEJBIMA KO3(duun-
entamu. [lostomy D(f) = 32(f) + 4ky, rae k; — menoe wucao. fcuo Taxxe,
910 82 (f) = 4ko mm 4ko + 1. O

3.3. BrrumcieHue HEKOTOPBIX PE3yJbTAHTOB
¥ IMCKPUMWHAHTOB

B sTom maparpade Mbr mpuBegeM HEKOTODEHIE IPUMEDEL BEIYUCICHU Pe-
3yJbTAHTOB U IUCKPUMUHAHTOB.

puMEP 3.1. D(z" + a) = (—1)"=D/2pngn—1,
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JOKA3ATEJILCTBO. Bocnonbsyemcs Tem, 9To

D(f) = (=) VER(, 1) = (=) DE T £ (a),

rge Ty,...,T, — KOpHU MHOTrOwIeHa f. B mamewm cryuae f'(z) = nz" ! u

[1zi = (=1)"a, a smaumr, [[ 277" = (=1)M~Dgn—t = gL, O
OpuMEP 3.2. D(z™ ' + 2" 2 4...+1) = (=1)n-D(n=2)/2pn=2

JOKABATENLCTBO. PaccmarpupBaemeni MuOrowieH @(z) = ™ 1 + ...
...+ 1 ynoBrersopser coornomenuto (x — 1)¢(z) = 2™ — 1. lloaTomy

D(9)(¢(1)” = D((z — 1)o(x)) = D(a" —1) = (~1)(*~D=/2pn,

Ocraercsa saMeTuTs, 9T0 G(1) = n. m|

2

ITpumEP 3.3. Ilycts fp(z) =1+ 2+ 2—' +...+ % Toraa

D(n!f,) = (=)™ D2 (m)yn,

HJOKA3ATEJIBLCTBO. Koodddunuent mpu crapiieM ieHe MHOTOWIEHA
g(z) = n!f,(x) pasen 1, mosTomy

D(g) = ()" VR(g,¢') = (-1)"* D/ Hg'(ai),

rae di, ..., 0, — KOPHU MHOTOWICH], fj.
a

fAcno, wro ¢'(o;) = nlf) (o) = nlfp_1(a;) = n! (fn(az-) - n—::) = —al.

IToaTomy
D(g) = (-)"" V2 T (=ap).
i=1
Ocraerca sameTnts, 9To [[a; = (—1)"g(0) = (=1)"nl. O
ITpumEP 3.4. Ilycts d = (r,s), 11 =r/d u s; = s/d. Torga

R(z" —a,z® —b) = (-1)°(a” — b”)d.
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JNOKA3ATENLCTBO. CooTromenue R(g, f) = (—1)4°8/48IR(f, g) mo-
Ka3bIBAET, 9TO ecau TpebyeMOoe yTBEpXKIEeHWE BEPHO AIA maper (T,S), TO
OHO BepHO m s maper (s,r). B camom meme, (—1)"+4+" = (—1)%. Taxum
00pa3oM, MOXKHO CIATATDH, YTO T > S.

Ilpu s = 0 yrBepxaenue oueBuauo. Eciu s > 0, To, nogenus " — a Ha
z® — b, noxyuum octaTrok bx" % — a. IloaTomy

R(z" —a,z° —b) = R(bx" " ° —a,z° — b) =
= R(b,z* —b)R(z" * —a/b,z* —b) =
=b'R(z"* —a/b,a® —b).

Jlerko BugeTsh, uTo ectu R(z"~° —a/b,z® —b) = (—1)*((a/b)®* — b—*1),
To R(z"—a,2°—b) = (-1)*(a® — b”)d. OcTaeTca NPUMEHUTH WHIYKIUIO
o r + s. O

ITpuMEP 3.5. Hycte n > k> 0,d = (n,k), n1 =n/du ki = k/d. Torga
D(z™ + az® +b) =

d

— (_1)”(%—1)/21)]6—1 (nn1 bn1—k1 + (_1)n1+1 (n _ k)n1—k1 kklanl) .

MOKABATEILCTBO [Sw]. W3 dopmymsr D(f) = (=1)"(*=D/2R(f, ')
OIy 1aeM

D(z™ + az® + b) = (-1)""V2R(z" + az* + b,nz""" + kaz* ') =
= (=) D2 R(g™ 4 ax® + b, 2" + n " kazk ).

Bocnonp3oBapmucs Tem, 4To
R(f,a™g) = R(f,z™)R(f,9) = (£(0))"R(f,9),
MOy UM
D(z™ + az® + b) = (1) V2p2pk-1R(2"™ + azF + b, 2" % + n~ ka).

Ocratok oT aerenus mHOrowieHa r" + az® + b ma "% + n~lka pasen
a(l —n~'k)x* + b, mosTomy

R(z™ + az® +b,2" % + n™ka) = R(a(1— nlk)zk + b, 2"k + n~"ka).

PesynpTanT napsl ABYyY/I€HOB BBIMUCIEH B IPEABIAYINEM MIPUMEDE. O
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4. Pasjgenenue KopHen

3,I[eCI:» MBI Oﬁ(}y,[[I/IM Pa3anvIHBIC TEOPEMBI, ITIO3BOJIAIOIINE BEITUCIUTH TN
XO0TsA 6I:>I OLICHUTH CBEPXY KOJIUYIECCTBO BEIICCTBCHHBIX KOpHeﬁ MHOI'OJICHA,,
PACIONIOXKEHHBIX HA wHTepBane (a,b). PopMyaupoBku Takumx TeopeMm da-
CTO MCIHOJB3YIOT IIOHATHUE YUCAL NEPEMEH 3HAKA B IIOCJACI0OBATEJIBHOCTH Ag,
Q1,.-.,0n, TO€ GoGyn 7 0. DTO 4UCIO OmpEAeIseTcs CASLYIOMmM 00pa3oM.
Bce myseBbie 4iieHB PACCMATPUBAEMON [TOCAEI0BATENBHOCTH NCKIIOIAIOTCA,
a O OCTABHINXCA HEHYJCBBIX WICHOB BBIYUCIACTCS KOJIUIECTBO IIap COCen-
HUX YJIEHOB PAa3HOI'O 3HaKa.

4.1. Teopema Pypre—Brogana

TEOPEMA 4.1 (Pypoe—Brogan). IIycre N () — 9mcao mepeMeH 3HAKA
B nocaegosareasroctu f(z), f'(x),..., f(x), roe f— MHOrOwWeH creme-
uHu n. Torga Imcao xkopHen MHOroOwieHa f (C y9eToM mx KpPaTHOCTH), 3a-
KIIoUeHHBIX Mexay a u b, rae f(a) # 0, f(b) # 0 u a < b, He npeBOCXOAUT
N(a) — N(b), npuuem 4ucao KopHenn Moxer oramdarbes ot N(a) — N(b)
JIWIIE HA, I€THOE IUCJIO.

[JOKA3BATENBLCTBO. Ilycts TOuka x gBMXKETCS MO OTPE3KY [a,b] oT a
K b. Yucao N(x) uaMeHAETCA JUIIb B TOM CIy4ae, KOIa T IPOXOAUT 9epe3
KOPEHb MHOI'OY/ICHa f(m) IIPU HEKOTOPOM M < N.

PaccmoTpuM cragana ciaydan, KOrga TOYKA L NPOXOAUT Uepe3 r-KPaT-
HEIN KOPeHb Zo MHorowreHa f(z). B okpecTHocTm TOUkM zp MHOrowIe-
uer f(z), f'(x),..., f")(x) BegyT cebs npubmmsuTensno kax (x — o) g(zo),
(x—x0)""trg(z0), - . - ,7!g(x0). Taxum o6pazom, npu & < To B ITOU MOCTE0-
BaTEIBHOCTH IPOUCXOAUT 1 IIEPEMEH 3HAKA, a IPU & > To B DTOU MOCIEHO-
BaTEILHOCTHY IEPEMEH 3HAKA HE MPOUCXOAUT (AMEeTCA B BUAY, YTO TOUKA T
LOCTATOYHO OIN3KA K Tp)-

IIpeamonoxum Tenepnb, YTO TOYKA, & IPOXOAUT I€Pe3 T-KPATHHIA KOPEHb
xo Muorowena f(™) | me spamommiicsa kopaem muorowiena f(™ =1 (mpu sTom
Zo MOXET KaK OBITh KOpHeM f, Tak u He OuTh kopHeM f). Tpebyercs mo-
Ka3aTh, 9TO NPY NPOXOJE Y€Pe3 Ty IUCIO [EPEMEH 3HAKA B MOCIENOBATENb-

wocru f(m D (z), f(m) (), ..., f(")(z) mamenseTca Ha HeoTpHIATEILHOE
YeTHOE YUCJIO. B OKPECTHOCTU TOYKU Xy 3TU MHOI'OYWICHBI BEOAyT cebsa npu-
6mmzurensbro kKax F(xg), (x —20)"G(x0), (x —x0) " 1rG(z0), ..., TIG(x0). Ec-

JIX UCKIIOYUTH F(Zg), TO B OCTABIIENCS MOCIETOBATEIBHOCTH IPKU T < Zg
IIPOMCXOAUT POBHO T MEPEMEH 3HAKA, & IIPU T > To IIePeMeH 3HAKa He IIPO-
ucxoautT. UTo xe KacaeTca mepBhIX ABYyX WieHOB, F'(xg) u (x — x9)"G(x0),
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TO B CJAyYae Y€THOI'O I" IMCJIO IIEPEMEH 3HAKA IIpu T < To U IIPU T > X9 OTHO
U TO XK€, a3 B CIy4ae HEYETHOI'O T YKUCJIO IepeMeH 3HaKa Ipu ¢ < Tg Ha 1
GOJIBIIE WM MEHBIIE, YeM IIPU L > Lo (B 3aBECAMOCTH OT TOTO, AMEIOT JIK
F(z0) n G(z0) oane 1 TOT Xe 3HAK WK Pa3HbIe 3HAKK). VITak, Ipy YeTHOM
T W3MEHEHNE YNCIa [IepeMeH 3HaKa PaBHO T, & IIPU HEYETHOM I U3MEHeHUe
4KCIa HmepeMeH 3Haka paBHo r + 1. B o6oux ciaydasx 9TO m3MEHEHUe YeTHO
¥ HEOTPULATEIBHO. O

CneacTBUE 1 (IIpaswio [Jexapra). KoOamIecTBO MOTOKUTEILHEIX KOD-
Heir MEOrOwreHa f(r) = apz™ + a1z™ ! + ... + a, He MPEBOCXOAUT TUCIA
IEpEMEH 3HAKa B HOCAEI0BATEILHOCTH A, A1, - - + G-

MOKA3BATEILCTBO. Tak kax f((0) = rla,_,, To N(0) coBmagaer c
YUCJIOM IIEPEMEH 3HaKa B IIOCIENOBATECIBHOCTU KOB(i)CpI/IHI/IeHTOB MHOI'OY1JIe-
Ha f. flcno Taxxe, uto N(+00) = 0. m|

3AMEYAHUE. fko6u nmokasan, 970 npaBmio JekapTa MOXHO UCIOIB30-
BaTb U IS OLEHKM KOINYECTBA KOPHEH, 3AKIIOYEHHBIX Mexay o u fB. [las

T —a a+
o= LtPy

T.e. T =
B—a’ 1+y

9TOr0 HYXHO CAETATb 3aMeHY Y = , I PaCCMOTPETDH

MHOTI"OYJIEH

Q+y)"f (%) =boy" +biy" " + ...+ by

ITpaBuao [lexkapTa, IPUMEHEHHOE K DTOMY MHOTOWIEHY, TA€T OLEHKY KOJU-
JecTBa KOPHEH, 3aKII0YeHHBIX Mexay a u 3. B camom gene, xorga  usme-
HAeTCA OT a 10 B, y uaMensercs ot 0 go oo.

CnEICTBEE 2 (de Gua). Ecam B MHOrOWI€HE OTCYyTCTBYIOT 21 HOCTE-
[NOBATEJIbHBIX WIEHOB (T. €. KOA(h(UUUEHTEL IPY 3TUX WIEHAX PABHEL HYJIIO),
TO y 9TOr0 MHOIOYWIEHA He MeHee 21 MHUMEIX KODHEH, & eCIu OTCYyTCTBY-
0T 2m + 1 mocneqoBaTEIbHEIX WIEHOB, TO B CIy4ae, KOI'a UX 3aKII0YAI0T
YIEHBl PA3HOIO 3HAKA, MHOTOWIEH UMEET HE MeHee 2m MHUMLIX KODHEH, a
B CIy4ae, KOT'Ia UX 3aKIIYAI0T WIEHH OJHOIO 3HAKA, MHOT'OWIEH NMeeT He
MeHee 2m + 2 MHUMBIX KOPHEN.

B HekOTOpEBIX Cay4asx CpaBHEHUE IIEPEMEH 3HAKOB B ABYX ITOCIEIO0BA-
TEIBHOCTAX ITO3BOJIACT IIOJNYIUTH 60J1ee TOYHYIO OLCHKY YIUCJId KOpHeﬁ, IeM
Ta OLEHKA, KOTOPYIo naeT Teopema Pypre—brogana. Teopema Takoro poga
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ObLIa BrepBhe ChOpMyanpoBaHa eme HeroToHOM, HO foKa3an ee auinb Cuib-

Bectp B 1871 r. 3amennm mocaegosarensuocts f(z), f'(x),..., f(™ (x) ua
NOCIEAOBATENBHOCTD fo (), f1(Z), ..., fa(z), Tae
fil) = C P 0w, )
4 PACCMOTPUM €lle OAHY NOCIeA0BaTenbHOCTE Fo(x), Fi(x),. .., Fp(z), rae
Fy(z) = F(2), Fp(2) = fa(z) n
Fi(z) = f(@) = fie1 (@) fira (), i=1,...,n—L (2)

Bygem yuntoiBaTh TOABKO Te mapwl f;(x), fiy1(x), mas koropeix sgn F;(z)
= sgn Fy11(z). Ilycte Ny (x) — KommdecTBo map, s KOTOpeIX sgn f;(x)
= sgn fi+1(x), a N_(z) — xorm4ecTBO Tex map, AaA KOTOPHIX sgn fi(x) =
= —sgn fit1(z).

TEOPEMA 4.2 (Hptoron—Cuassectp). Ilycts f— MHOrOWIeH creneHn
n 0e3 KPATHBIX KOpHEN. TOraa Yuca0 KOPHEN MHOTOWICHS, [, 3aKIIOYEHHBIX
mMexay au b, raea < bu f(a)f(b) # 0, ue mpesocxoaut kax N4 (b) — Ny (a),
Ttak u N_(a) — N_(b).

JOKA3ATEJILCTBO. PaccMoTpuM CHadaa CIydal, KOTAa [Js MHOIO-
wieHa f BBHIMOMHAIOTCA CJAEIYIOUIAE YCIOBUI:

1) HuKaxwe ABA NOCIEAOBATEILHEIX MHOIOYICH), f; HE MMEIOT OOMUX KOPHEN;
2) HUKaKue [Ba MOCIE[0BATEILHEX MHOTO4YIeHa F; He uMeroT 061mx KopHen;
3) xopuu MHOrOwIeHOB f; u F; orauans: ot a u b.

B TakoMm caygae u3 opmyast (2) cregyer, 9TO y MHOrOWwIeHOB f; u Fj
HET 00X KOPHe!.
"3 popmya (1) u (2) gerko mosyIuTs, 9TO

fi=—-1)fiu, 3)
fiF{ = (n =i = 1)(Fifit1 + Fi1 fi)- (4)

IIycrs Touka © gBuxercs oT a K b. Yucna Ny (z) usmensoorcs auimns B
TOM CIydae, KOUJa TOYKA T MPOXOAUT JuOO0 depe3 KOpeHb MHOT'OWIEHA f;,
aub0 Yepe3 KopeHb MHorouneHa Fj. PazbepeM oTgenbHO Tpu CIydas.

Cayuati 1: npoxoxcdenue uepes xopewv To muo2ousena fo = f. Ecanm
fo(xg) = 0, TO

Fi(z0) = f1(z0) — fo(xo) f2(mo) = f7(z0) > 0.
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IosToMy mpu mpoxoxkaeHusm d9epe3 Loy B mnociaenoBareasHoctu Fo(x) =
=1, Fi(z) nepemen 3HAKa HE IPOUCXOLUT.

U3 dpopmyawr (3) caemyer, uro sgn f'(x) = sgn fi(x). HMosTomy ecan
fi(zo) > 0, 70 fo(wo —¢) < 0 m fo(wo +¢€) > 0, a ecm fi1(x9) < 0, TO
folxo —€) > 0m fo(xo+¢) < 0. B oboux cryaasx fo(xo —¢€)f1(zxo—¢) <0m
folzo +¢€) fi(me +¢€) > 0. Takum 06pa3OM, TPU NPOXOKICHAN IE€PE3 To Be-
muaunaa Ny yBenmuuBaeTcs Ha 1, a Bemmunna N_ ymenbmaerca Ha, 1. (Peun
UIEeT TOIBLKO O BKaaae B Ny mapw fo, f1.)

Cayuati 2: npozoxcdenue uwepez Kopewv To Mmuo2ouaena f;, 2de i >
> 1. B 5TOM cayvdae m3MeHEHHE 3HAKOB MPOUCXOMAT B MOCIEIOBATENBHOCTH
fi—1, fi, fi+1. Bo3aMOXHEIE BADMAHTEI 3HAKOB PACCMATPUBAEMEIX MHOIOWIE-
HOB IIPA T = L +€ CHILHO OrPAHMIMBAIOTCA CASTYIOMUAMYA COOTHOIEHMAMU:
1) cormacuo dbopmyne (3) sgn fir1 = sgn fl;

2) cormacwo popyyae (2) sgn Fi(zo) = sgn(f2(wo) — fi1(2o) fir (o)) =
= —sgn(fi—1(zo) fi+1(20));
3) sgn Fiut = sgn f2, = L

Ecmn Fj(zg) < 0, To B mapax F; 1,F; u F;, F;;; OpOUCXOOAT CMe-
HBI 3HaKa, a MO yCJAOBUIO MEI TaKue Napel HE paccMmarpuBaem. Ecim xe
Fi(zg) > 0, T0 fi—1(x0)fix1(x0) < 0. 3HAKM MOJIHOCTBIO ONIPENEIAIOTCA
3HakoM fit+1(x). IIpu o6oux 3Hakax cHadana mapu f;_1(xe —¢€), fi(zo — €)
u fi(zo — €), fix1(wo — €) maror, cooTBeTCTBEHHO, BKIaALl B Ny u B N_, a
sarem mapwt f;_1(xo+¢), fi(zxo+e) u fi(xo+e), fir1(xo+e) naror, HAO6OpOT,
Bkaanel B N_ u B Ni. Takum 06pasom, ux oOumi BKIag Kak B Ny, Tak u
B N_ He usmMeHseTCs.

Cayuati 3: npoxoxcdenue uepes Kopens Ty muozouaena F;. B aTom ciygae
JIsI 3HAKOB MHOT'O'JICHOB BBIIIOJHAKTCA CICAYIOIIEe COOTHOIICHUA:

1) fi-1(zo) fi+1(z0) = f7(z0) = Fi(zo) = f}(w0) > 0;
2) sgn f; = sgn fita;
3) u3 dopmynrr (4) cregyer, uro sgn F] = sgn fi_1 fir1Fiy1.
Hecnoxubi nepe60p BO3AMOXHBIX BAPUAHTOB MOKA3LIBAET, YTO Ju60 N

u N_ He uamensiorcs, audo N yBeaunduBaeTcs HA 2, 160 N_ yMeHbIIaeTCs
Ha 2.

Ocraercs 0OBACHATD, KAK MOXHO H30aBUTHCA OT HAJIOXKEHHEIX HA, MHO-
rowren f ycaosuu 1)—3). Ecau kakue-T0 3 9TUX yCIOBUY He BEIIOJIHAITCA,
TO IOCJE MAJOrO IIEBEIEHUs KOI(PPUIMEHTOB MHOIOWIEH f 3TH yCIOBUS
OyAyT BHIIOIHATHLCA. HO KOpPHU MHOTOWIEHa f HEKPATHEHIE, IMOITOMY IIPH
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MAaJIOM IIeBeIeHNN KO3(h(GUINEHTOB KOJIMYIECTBO KOPHEN MHOTOWIEHa f, Je-
KAIMUX CTPOrO BHYTPH OTPE3KA [a, b], HE m3MenaeTcs. |

3AMEYAHUE. [asa MHOrOWwIeHa f ¢ KPATHHIMU KOPHSAMHU MOXHO I[IPU-
MEHUTH 4yTb 00J€€ TOHKHE PACCYXKIEHWs. A MMEHHO, PACCMATPUBATL HE
TPOU3BOJBHEIC MAJLIE MEBEICHUS, 3 JUIIL Te, TTPU KOTOPHIX BEIECTBEHHBIN
KOPEHb KPATHOCTY ' PACTAJACTCA HA, I PA3MIUIHEIX BEIECTBEHHBIX KOPHEN.
YT006BI HOIYyYUTH TAKOE MAJOE INEBeNeHNe, yI00Hee U3MEHATL He KOd(hhu-
IMEHTH MHOTCOWIEHA, & €r0 KOPHMU.

4.2. Teopema IlITypma

Paccmorpum muorowrers f(z) u f1(z) = f'(z). Bysem uckare Han6oan-
muil OOIUA IeIUTeNb MHOTOWIEHOB [ u fi mo anroputMmy EBkanpa:

f=afi—f
h=af—f3
fn72 = CInflfnfl - fn;
Jfn—1=anfn-
IMocaenoBaremsuocts f, f1,-.., fn_1, fn HA3BIBAIOT N0CAEJ068AMEALHOCTNBIO

IIImypma muOrOUIEH] f.

TEOPEMA 4.3 (Iltypm). Ilycts w(z) — 4mcio nepeMeH 3HaKA B HOCTE-
poBaTenbHOCTH f(2), f1(),- .., fn(z). Torga xommdecTBO KOPHEN MHOTOWIE-
Ha f (6e3 ydera uX KPATHOCTH), 3aKIOUYEHHBIX Mexay a u b, roe f(a) #
#0, f(b) #0ma < b, B rounoctu pasuo w(a) — w(b).

[JOKA3BATEJLCTBO. PaccMmoTpum cHavama, cIydau, KOrga MHOTO4UIEH f
HE UMEeT KPATHBLIX KOpHe: (T. €. MHOrowieHs f u f' He umerT 06mux Kop-
uen). B Takom cryuae f, — HEKOTOpas HEHYJIEBAsA KOHCTAHTA.

IIpoBepuM cHaYAMA, ITO €CAM MBI IPOXOAUM Y€pe3 OAUH U3 KOPHEU MHO-
TOYIEHOB fi,..., fn_1, TO YKXCIO IIepeMeH 3HAaKa He uaMeHseTcs. B paccma-
TPUBAEMOM CJIy9Ia€ COCEIHUE MHOTOWICHHI HE UMEIOT OOIIUX KOPHEH, T.e.
eciu fr(a) =0, T0 fr+1(a) # 0. Kpome Toro, us pasencrsa fr—1 = ¢r—1fr —
— fry1 cregyer, 94T0 fr_1(a) = — fry1(a). Ho B TakoM ciiydae 4ucio nepemen
3HAKA B NOCJIEI0BATEILHOCTY fr._1(a), €, fri1(a) paBHO 2 Kak mpu € > 0, Tak
un mpu € < 0.
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Byaem gBurarecs ot a k b. Ecin MBI npoxogum Yyepes KOPEeHb Xy MHOIO-
wiena f, To caagana wucaa f(z) u f'(z) 6yayT pasHOro 3HAKA, & IOTOM TH
qucaa OyayT OmHOrO 3HAKA. Takum OOpPA30OM, KOJMIECTBO NMEPEMEH 3HAKA
B nocaenoBareasrocT HlTypma ymensmaercs ma 1. Bee ocranbabe nepe-
MEHBI 3HAKA, KAK y2Ke OBLIO IOKA3aHO, IIPY MIPOXOXKACHUA 9ePe3 TOUKY T
COXPAHSIOTCA.

PaccMoTpuM Teneps Crydan, KOrJa MHOTOWIEH [ UMEET KOPEHb T KPaT-
HOCTH M. B Takom crydae f m f; umeroT obmmi gemuTens (z — xo)™ 1L,
MO3TOMY MHOTOWICHH f1, . .., fr dexarca Ha (x — xo)™ L. Hogemms f, f1,. ..

.oy [r HA (. — 20)™ !, nomyumm nocaegosareasrocTs Hltypma @, @1, . . ., @r
aas MEOrowiesa @(z) = f(z)/(z — o)™ . MHOrOwIeH @ uMeeT HeKpaTHEIA
KODEHb I, HOPTOMY NP NPOXOXKAEHUU U€Pe3 Loy IUCIO [IEPEMEH 3HAKA B
NOCIEJOBATEABLHOCTH @, @1, . . ., P, yBemmuusaercsa Ha 1. Ho npu duxcupo-
BAHHOM T NOCIENOBATEIBHOCTD f, f1,.. ., fr IOIy49aeTCsa U3 MOCAEI0OBATEND-
HOCTH @, ®1,...,Q, YMHOXEHIEM HA KOHCTAHTY, IODTOMY UHCIO IEPEMEH
3HAKA B OTUX MOCIEAOBATEILHOCTAX OJHO U TO XKe€. m|

4.3. Teopema CminsBecTpa

Buruucnenue nmocregoBarensaoctu llTypma BecbMa Tpymoemko. Cuib-
BECTD MPEJIOKUI CAeIYIOMUN 00Iee DICTAHTHLIN METO/] BEIYUCICHUSI KOJIM-
YeCTBA BEIIECTBEHHBIX KOPHEN MHOTOYJICHA.

IlycTs f — BeImeCcTBEHHBIM MHOTOWIEH CTENEHNU 1 ¢ HEKPATHBIMUA KOPHS-
ME Oy, . .. ,0p,. Hoxoxwum s, = af+. . .4+af. (laa seraucaenus sy, pasymeercs,
HE HYXXHO 3HATh KOPDHU MHOI'OYWICHA, IOTOMY 9TO Sk, KAK CUMMETPUIeCKas
byHKIMsA, BEIpAXKAETCA Yepe3 KOI(DPUIMEHTH MHOCOWIEHA. )

TEOPEMA 4.4 (CumibeecTp). a) Komm4ecTBO BEmECTBEHHBIX KODHEN
MHOrOwIeHa, f PAaBHO CUIHATYDE KBAAPATUYHOU (DOPMBIL, 33 IaHHOM MATDU-
nen

S0 S1 Sn—1
S1 82 Sn
Sn—1 Sn --. S82n

6) Bce KOpHU MHOrOWIEHa, [ MOJOXUTEILHBL TOCAa U TOJBKO TOT' A, KO-
T'Ja MOJOXUTEIbLHO OIlpefieleHa MATPUIA

$1 82 ... Sn

S92 S$3 cee Sp4l

Sn Spn+l --- S$2n+1
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JOKABATENLCTBO (Opmur). IlycTh p— BelmecTBeHHBIM mapameTp.
PaccmoTpum KBagpaTudHyo Gopmy

yi Yn
Flzy,...,zp)=——+...+ —— 1
(@1,revm) = s (1)
rae Yy, =1 + T2 +... + aﬂflmn. Kosddunuenter muorowiena F' sBisoT-
CA CUMMETPUYIECKUMU (PYHKIUAMYU OT KOPHEM MHOI'OYIEHA [, IODTOMY OHU
BEIECTBEHHLI. JTO, B YACTHOCTH, O3HAYAET, 9TO ¢hopmy F' MOXHO mpeacTa-
BUTL B BUJE
2 2 2 2
hi+...4+h,—hy g —-..—hy,
rae hi, ..., h, —JauHeuHbie GOPMBL OT Iy, ...,L; C JEUCTBUTEILHBIMUA KO-
a¢pdpunmenTamu.
[JlenCcTBUTENBLHOMY KOPHIO A COOTBETCTBYET CJAATaeMOe

Y (mit o+ 4o )’
ar +p ar +p ’

ITO craraeMoe MOXKHO TPeJCTaBUThL B Bume +h2, rie 3Hax mmoc GepeTcs
mpu o, +p > 0, a 3HaK MuHyC 6eperca mpu o +p < 0.
ITapa CONpsKEHHLIX KOPHEH O, 1 Oy AeT BKIAJI

Frs=(ar+p)'y2 + (0 +p) 192

IMycts yr = u+iv u (4 + p) "ty = X + i, vae u,v,\, L — BeIIeCTBEHHEIE
aucna. Torga ys = u — v u (a5 + p) "ty = A — iu. IlosTomy

Frs = 20(u? — v?) — dyuw.

Ilpz v = 0 u npu v = 0 dopma F, ; npuHEMaET 3HAYEHNS PA3HOI'O 3HAKA,
MO3TOMY OHA MPUBOJUTCA K BUAY U3 — V2.

B wrore norysaem, 4T0 BCE KOPHM MHOIO4IEHA f BEIECTBEHHLI U yAO0-
BIETBOPAIOT HEPABEHCTBY O, > —P B TOM ¥ TOJLKO B TOM CIy4ae, KOIJa
dopma (1) mOTOKUTENILHO ONpPENeNeHa. DIEMEHTEL MATPUILL 3TOU (POPMEL

UMET BU[

aiti=? oiti =2

aijj=——+ ...+ —.

Y a+p on +p
YTBepxgenusa a) um 6) momyvaroTcsa mpu p = +oo u mpu p = 0 cooTmer-
CTBEHHO. O

Ksagparuusas ¢popma, NoABIAOMaACA B Teopeme CuibBecTpa, uMeeT
BECbMa MHTEPECHYI WHTEPIPETANNI. JTa UHTEPIPETALMS MO3BOIAT HAM
TIOJIYYUTD APYTO€ JOKA3aTEeIbCTBO TeopeMbl CUIbBECTPA, IPUYEM TAXKE I
MHOT'OYJIEHOB C KPATHBIMU KOPHAMU.
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PaccmorpuM smHenHOe mpocTpancTso V = R[z]/(f), cocrosimee na MHO-
COYIEHOB, PACCMATPUBAEMEIX 10 MOAyIto MEorowiena f € R[z]. Byaem cun-
TaThb, 4TO crapmui Kodpduument MuoroureHa f pasex 1 u degf = n.
Muorounensr 1,z,...,2" ! obpasyior 6asuc mpocrpaucrea V. Kaxgomy
2MEeMEeHTy a € V MOXHO COTOCTaBUTL JuHEnHOe oTobpaxkenue V — V| 3a-
naHHOE (POPMYJION ¥ — GV (SJIEMEHTEHI IPOCTPAHCTBA V — MHOTOWIEHBL; UX
MOXHO IepeMHOXaTh). IlycTs tr(a) — cren sToro orobpaxkenusa. Paccmo-
TPUM CHMMETPHUUECKyIo OuiuHennyio dbopmy ¢(v,w) = tr(vw).

TEOPEMA 4.5. a) Ilycts f(z) = (z—o1) - ... (z — ) € Rlz] u s =
= af + ... + af. Torga maTpuma ¢opmer ¢ oTHOCHTEnBHO Gazuca 1,, ...
-1
.., 2™ mMeeT BU[
S0 S1 Sn—1
S1  S2 Sn
Sp—1 Sn ... S2p

6) Curnarypa GOPMEL ¢ PABHA KOAMYIECTBY PA3INYHBIX BEIIECTBEHHEIX
KODHEU MHOIOWIEeHa f.

[JOKABATENBCTBO. a) Pasaoxum muorouren f naj nomem C Ha B3aum-
HO NPOCTHIE UHENHBIE MEOKITeM: f = f{"1-. . .- fr  COrIacHO KHTauCKOM
Teopeme 00 ocTaTkax (Jaemma Ha . 84) oTobpakeHue

h (mod f) — (h (mod f{™),...,h (mod fI""))
3a,]aeT KAHOHMYECKUH M30MOP(hI3M

Clal/(f) = Cla]/(fi"™) x .- x CLa]/(f7*")-

B 5TOM pasioxeHME MHOXWTEIM B3AMMHO OPTOIOHAJIBHBI OTHOCHTEIHHO
dopmer @. [ercTBUTENBHO, IyCTh MHOI'OWIEHH A; U hj OTHOCATCA K MHO-
KUTEIIM C PA3IAIHBIME HOMepaMu i u j, T.e. h; = 0 (mod f/f™) u
h; = 0 (mod f/f;nj). Torga h;h; = 0 (mod f), nosromy orobpaxkenue
v +— h;hjv HyIeBOe, a 3HAYMT, €ro Clel paBeH Hy.o. Takum o6paszoM,

= @1 + ... + @, TAe @; —orpannverue (GpopMel @ Ha MPOCTPAHCTBO

Clz]/(f™) = Clz]/(z — a;)™:. Ocraercs nposeputs, uTo @;(1,zF) = m;ak.

K3

Marpuna GopMEL @; 1erko BEMucIAeTca B 6asuce 1, 17—y, . . . , (z—o;) ™~
JlericTBUTETBHO, B 2TOM Oasuce oTobpaxenue v — (r — o;)¥v mpegcrasms-
€TCs TPEyrOIbHON MATPULEN; CJAeq STOU MATPUUB paBeH m; npu k = 0 u

pasen 0 npu k > 0. Bocnosb3osasmmces Tem, 4T0

0=0i(1,z—a;) = @;(1,x) —a;0;(1,1) = p;(1, ) — m;a;,
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noxyanM @;(1, ) = m;0,;. 3aTeM ¢ MOMOIIBIO PABEHCTBA, §; (1, (x— ai)k) =0
naaykmmen o k moxysaem @;(1, z%) = m;ak.

6) Ilpw BEMWCJICHUN CUTHATYPH HYXKHO OCTABATLCA B mOJIe R, mosToMy
MBI PA3JI0XKKAM MHOTOWIEH [ HAJg moiteM R HA B3aUMHO NPOCTEHIE JUHEHHEIE
ww kBagpaTwaable MHOXuTean: [ = f{"' - ... f™ . CroBa paccMOTpUM

pasaoxenue

Rlz]/(f) = Rla]/(fi"™) x ... x Rla]/(f")

HaMm pgocTaToYHO NpPOBEpUTH, YTO CUTCHATYPA OIPAHUYEHMUA (POPMEL @ HA
Rlz]/(f™*) parna 1, ecn deg f; = 1, u pasHa 0, eciu f; — HeIPUBOANMEIM
Haad R muorownen cremenu 2. Kax MBI yx)e BeIACHATM, B 6Gasuce 1,z —a;,

m; 0...0
1 . | 00...0

(x —a;)™ " dopma @; 3anucuiBaercs marpumen | . .. . |. Ilosromy
00...0

ecmu deg f; = 1, To curnarypa GopMH ¢; paBHa 1.

Ecmn f; — menpusoaumem vag R mEOorounen crenenn 2, ro Rlz]/(f™) =
=~ Rz]/(z* + 1)™; agecs umeercs B Buay msomopduam Hag R. Taxum 06-
Pa3oM, JOCTATOYHO BEIMUCANTH CUTHATYPY dopmer ¢ ma R[z]/(z? + 1)™.
Marpuiy ¢opMer ¢ ya06HO BLraucaats B 6asuce 1,z2 x2 + 1,z(2? + 1),
(22 +1)2,...,2(z2 + 1)™ 1, (22 + 1)™ . B aT0oM 6Gasuce omepaTopsl yMHO-
JKEHUS HA, T U HA T2 NPEICTABIAIOTCA MATPUIIAMA

010 0O0... -1 0 1 0 0.
-10 1 00 ... 0 -1 0 1 0.
10 ... " 0 0 -1 0 1.

0.

0-101... 0 0 0 -1

IMosToMmy caen oneparopa ymMHOXeHUsA Ha & paseH 0, a ciaen onepaTopa yMHO-
xerua Ha 2 pasen —2m. OnepaToper ymuOX)enus Ha £2(22 + 1)*, rpe a =
=0,1,2u k > 1, npenCTaBIsAIOTCSA JUATOHAIHHLIMI MATPULAMY C HYJIEBEIMA
IUATOHAJIAMU; TAKUE ONEPATOPLI UMEIOT HYJEBOU cael. B uTore momrygaem,
9TO MaTpUIa GOPMEI ( UMEET BUJ

2m 0 0 ... 0
0 —2m 0 ... 0
0 0 0...0
N
0 0 0...0

Curnarypa Takou ¢GpOpPMBI PABHEI HYJIIO. m|
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4.4. Pa3jerenme KOMILIEKCHEIX KOPHEH

Teopema Iltypma mo3Bo/steT AIrOPUTMUYECKH YKAa3aTh HAOOD OTpE3-
KOB, KOTOPEIE COMEPKAT BCE€ BEINECTBEHHBIE KOPDHM BEIIECTBEHHOI'O MHOI'O-
YIEHA, IPUYEM KaXK B OTPE30K COAEPKUT POBHO OAUH KOpeHb. KpoHnekep B
cepun paboT (1869—1878) paszpaboTan TEOPUIO, MO3BOIAIOMIYIO AITOPATMHA-
YEeCKU YyKa3aTh HAOOP KPYTOB, KOTOPLIE CONEPXKAT BCE KOMILIEKCHLIE KOPHU
KOMIUIEKCHOI'O MHOT'OWIEHA, TIPUYeM KaX OB KPYT COAEPKUT POBHO OAUH
KopeHb. Tounee rosops, Kponekep mokasal, YTO KOJIUIECTBO KOMILTEKCHEIX
KOPHEN, 3AKII0UYEHHBIX BHYTPU AAHHOTO KPYT'd, MOXHO BEIYUCIUTH C TIOMO-
s reopemsr [lTypMma.

Iycres 2z = z +4y. IIpeacrasum muorowren P(z) B Buge P(z) = ¢(z,y) +
+ i¢(z,y). Mer Gyzem npeamomararb, 9T0 y MHOrOWICHA P HeT KpaTHBIX
KOpHeH, T. e. ecu P(z) =0, o P'(z) # 0.

KopHio MuHOrOwIeHa P COOTBETCTBYET TOUKA HNEPECEICHUS KPUBLIX @ =
= 0u ¢ = 0. ITosTomy KomIIeCcTBO KOPHEN MHOrOwIeHa P, nexarmix BHy Tpu
3aMKHYTOU HECAMOIIEPECEKAIOMeNCa KPUBOU Y, PABHO YMCIy TOYeK Iepece-
4eHus KpuBEX ¢ = 0 u { = 0, Jexamux BHyTpH Y. DTO IUCIO MOXKHO BEIUH-
CIUTH CAeayommuM 06pa3oM. Byaem 06X0AUTE KPUBYIO Y B IMOJOXUTEILHOM
HAIIPABJEHNN, T. €. IDOTUB YaCOBOU CTPEIKU, U KaXKI0U TOYKe IIepeCcedeHns
KpuBHIX Y 1 ¢ = 0 OyfeM COMOCTABIATE 9MUCIO £; = +1 10 crepyomemy npa-
Buy: €; = 1, ecim u3 obactu @ > 0 monagaem B obaacts @ < 0;¢; = —1,
ecin w3 obractu @ < 0 monajgaem B obaacts @ > 0.

B ciaydae 0o0mero nonoxeHums: KOINIECTBO TOYEK [IEPECEYEHNsT KPUBBIX
Yy u ¢ = 0 gerHo (IpM KaxKIOM IPOXOXKIEHUU U€pPe3 TOYKY IePeCedeHus
YHKIMA ( MEHsET 3HAK), OITOMY »  &; = 2k, rge kK — mesoe 4ucio.

TEOPEMA 4.6 (Kponekep). a) Yucao k paBHO KOIWIECTBY TOYEK mepe-
ceuyennsa KpuBbX ¢ = 0 u ¢ = 0, J1examuX BHyTPH KPUBOU Y.

6) Eciu Y — OKpy»XHOCTL JaHHOT'O pajuyca C JAHHBIM IEHTPOM, TO /I
33, JaHHOT'0 MHOrOwieHa P uucmo k BuIYMCIAETCS aJIrOPUTMUYECKHA.

JOKABATENBLCTBO. a) fcuo, uro dP(z) = (@ +iy)dz + (Yy —ipy)i dy,
HOITOMY @p + i, = P'(2) = §y — i@y, a 3HAUUT, Py = @, U §p = —@y
(coorromenus Komm—Pumana). Takum o6pazom,

Pz Py Pz Py 2 2
= = + > 0.
‘ bz by Py —9z Pa T P
ITO 03HAYAET, YTO HOBOPOT OT BekTopa gradgp = (¢g,@y) K BEKTOpY

grad¢ = ({z,,) npoucxoaur nporus UacoBou crpenku. [eomerpuyuecku
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5TO o3Ha4aeT, 4To obmactu @ > 0 m @ < 0 pacmomOKeHBI Tak, Kak
TIOKa3aHOo Ha puc. 1.

b=0
>0 | b <0
¢=0
b <0 | b >0
Puc. 1

Byaem crarusaTe KpuByio Yy B TouKy. Ilpm mepexoje depes TOUKy IIe-
pecedernsa kpuBblX ¢ = 0 u ¢ = 0 umcao k ymenbmaercs Ha 1 (puc. 2), a
TIpU EPECTPOUKe, M300PAKEHHON HA PUC. 3, Yucao k He uaMeHseTcsa. JcHo
TaKXke, ITO KOI'Qa KPUBAsi Y CTAHET JOCTATOIHO MAJOH, TO OHA He Oymer
nepecexkarscs ¢ kpusbiMu ¢ = 0 u ¢ = 0, a B TakoMm cirydae aucio k Oyner
pasHo 0.

Puc. 2 Puc. 3

6) OKpYyXHOCTH paguyca r ¢ UeHTPOM (a, b) MOXKHO CIenyIommM 06pa3oM
IIapaMeTPU30BATh BEIICCTBEHHBIM IIapaMeTPOM t:

1—¢2 2t

$=a+7‘—1+t2> y=b+rl+t2'

IoacraBus »Tu BeIpaxkeHus B ¢(z,Yy), noaydnM MHOrowieH ®(¢) ¢ Berme-
CTBEHHBIME KOd(duimenTamMu. BermecTBeHHbIE KOPHE 9TOr0 MHOT'OYIEH, CO-
OTBETCTBYIOT TOYKaM nepecedenus Kpuebix Y 1 @ = 0. Ilo reopeme MTypma
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IS KQXJIO0TO KOPHSA MOXKHO HAUTU OTPE30K, €ro COAepXKalui. Buraucans
3HAKK (PyHKUUK QY B KOHIAX DTOr'O OTPE3KA, MOXKHO HANTH COOTBETCTBYIO-
1ee €;. |

5. Pap Jlarpanxa u OIEHKH KOPHEM MHOI'OWIEHA

5.1. Psaxg Jlarpamxa—Bropmana

o0
Hamomunwym, uro ecn f(2) = Y. cp(z —a)”, To
n=-—oo

%m/f(z) dz =c_1,
Y

rje Y — KpHUBAs, OXBATHIBAIOMAA TOYKY @. DTHUM CBOMCTBOM MBI BOCIIOMb-
3yeMCA [JA TOr0, YTOOLI MOMYYATH pasioxeHue ¢pyHkumu f(z) B pag mo
crenenam ¢(z) — b, rae b = ¢(a). IIpu 5TOM B OKPECTHOCTH TOUKE @ (YHK-
us @(z) momxHa 6BITH oOpaTuMa, T.e. ¢'(a) # 0. B TakoM ciaygae

'@ _ _ f2)9'(@)  _ f(a)
9(z) —¢(a)  ¢'(a)(z—a)+...  z-a

L[ L
ai | A d = ra).
Y

+...,

IO TOMY

ITIpounTerprpoBaB 3TO PaBEHCTBO, MOLYIUM

[ f e
/ FO& =55 // ww)—o(0) ™%
ay
IIpeoGpasyem momy<deHHOE BHIpakeHUE, BHIAELA WIEHH ¢(2) — b, rae b =
= 9(a):

fwe'®) _ fwe'@) ¢lw)—b
p(w) =@  ow)=b  o(w) =)’

o) =b (o e@=b\"" °°< C)—b)
CP(U))—CP(C)_(l cp(w)—b) Z (w)—b

m=0
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NamvenuB mopsigoK MHTErPUPOBAHUS, [TOLY UM

11 = o [ ( s 5 (s0-t) dc) "

Y

IIpu BLIYUCIEHNN MHTErpaaa 10 { PACCMOTPHM JIUIIL MHOXKUTEIN, 3ABUCA-
mme ot {:

o(z) pmH
/ e "= [ (o) - 0)"ap = FON
9(a)

(Mp1 yunu, uTo @(a) — b= 0).
Takum o6paszom,

B oo (P(c)—bm-i_li
£@) - fla) = mz_ e R /(P(O_bmﬂ

Paccmorpum Takyo dysaxnmo $(w), 111 KOTOPOU BHIIOIHAETCA PABEHCTBO

1 _ $(w)

o) b - w-a’ T.€.
VW) = S M
M raxon dpyukimn §(w) momygaem
1 f m+1 3
2ri ((w)—bm+1_ / (w—a B
Y
- m' dw (f (U)) (¢(w))m+1)w=a

B camom mene,
1
£ (w) (p(w)) ™" zck

rae
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A mnTepecyromui Hac WHTErpan paseH koaddumuenty mpu (w —a) ! paga
o0

3 cp(w — a)*~™~1 1.e. om pasen c,,.
k=0
B nrore momygaem crexymomee pasnoxkerue f(z) mo cremenam ¢(z) — b:

10 - f@=3 WO I (pygw)”) L@

w=a
n=1

rge ¢(w) ompegensercsa popmyaon (1), T.e. Pp(w) = %. Pan (2) na-

3uBalOT padom Bropmana. Bropman nmonyumn ero B 1799 r., o6obmas pan,
noxydennnin Jlarpamxem B 1770 r. Pad Jlaepauscae monydaeTcs u3 paga

Bropmana npu ¢(z) = %, rae h(z) — mexkoropas ¢pyukuua. B srom cry-
qae b=¢(a) =0mu
zZ—a
Ue) = o = h2)

CaenoBaTensHo,

0 n dn—l n

1) = fla)+ > 2 s (@) (k@) "),

n=0
rge s = ¢(z). B gacTHOCTH,

o n dn—l n

z:a+22—!-W(h(a)) . (3)

Taxkum 06pa3oM, B TOM CIydae, KOrga pan (3) CXOAUTCs, OH TIO3BOIAET BhI-
YUCIATH KOPEHb YpaBHeHus z = a + s h(z).

IpuMEP. Ilycte h(z) = 27 1. B aTom cryuae pag (3) umeeT Bua
)n 1 In — 2)
i=a+t Z T e “)

Psan (4) cxogures mpu |s| < |a|?/4. PaccmaTtpuBaemoe ypasrenme z =
= a + s/z umeeT OBA KODHS, & MMEHHO,

(1 VIFEITR), (1= VIFEE)

Psan (4) npeacTaBiseT TOJILKO MEPBHIU U3 3TUX KOPHE.
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5.2. Paj Jlarpanxka ¥ OLIEHKH KOPHEH

Psagx Jlarpamxa no3BoJseT B HEKOTOPEIX CLy9asX IOy IUTh OLEHKY KOp-
Hel MHOrowieHa. PaccMoTpuM, HApUMEp, MHOTOYWIEH
f(z)=ao+ai(z —c) +as(z—c)>+ ... +ar(z — o).
Ypasrenne f(z) = 0 MoxkHO 3anucaTh B Bujge z = ¢+ s h(z), rge s = —1/ay,
hz) = ag + az(z — )2 + az(z — ¢)® + ... + ar(z — ¢)*. Pan Jlarpamxa gus
HTOrO yPABHEHWA UMEET BU]

Sn dn—l
— ° n
z=c+ z n! dz"7! ( (z))z_c
n=1
B namewm cryuae
n!
n _ Vo V2 | VK — \2va+t. kv
h*(z) = Z ag’ay’ - ... ay 7\)0!\)2!..“_%!& c) ,
vo+va+...+ve=n
TIO3TOMY
-t (-1
_ 0 V2 | LA Vk
=t (3.0 = D S (1)
rle CyMMEpPOBaHHE BeleTCsa [0 HabopaMm {Vg,Va,...,Vk}, YAOBIETBOPSIO-

MM COOTHOIIICHUAM
Vo+Ve+...+veg=n, 2vo+...+kvp=n—1.
3TI/I COOTHOIIIEHUA OKBUBAJEHTHBI COOTHOIIIEHUAM
n—1=2vy+ ...+ kv, vo=va+2vz+...4+(k—1)vs + 1.

YuureBas, 4To s = —1/a;, monydaem

e 0 2v2 + ...+ kvi)! [ aqa, Vg. ) ay"la, vk 2)
- al Vo!\lz!-...-vk! (—a1)2 (—al)k ’

rae vo = vo + 2vs + ...+ (k. — 1)vi + 1.
Ecim pag (2) cxoamTes, TO ONpegenseMoe 3TUM PAJOM TUCIO 2 ABJIACTCA
omuuM U3 KopHen ypasuenusa f(z) = 0.
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TEOPEMA 5.1 [Be]. Ilycts |ag| + |az| + ... + |ax| < |a1|- Torga psazg
(2) cxomuTCs W AIA KODHA Z, ONPEAENIEMOrO DTUM PSIOM, BEIIOJIHAETCS
HEPABEHCTBO

1
|z—c/ < —In (1—H(|ao|+|a2|+...+|ak|)).

[JOKABATENBCTBO. U3 dpopmynst (1) caeayer, aTo

1 dn—l n
— T (h"(2)) .,

n

1
< E(|a0| + |GQ| +...+ |ak|)

ITosTomy
ol
1 n
|z — | Sle(|ao|+|a2|+...+|ak|) =
n—=

1
:—ln<1—m(|a0|+|a2|++|ak|)> O

dagaum K riase 1

1.1. Moxaszats, uro muOrowieH f(x) memurcsa ma f'(x) Torga um TOIBKO
rorga, korga f(z) = ag(x — xo)".

1.2. [oxa3aTb, YTO MHOI'OLIEH
ag + a1x™ +ax™ + ...+ az™
nmeeT He 60Jee 1 NONOKUTEIBHEIX KOPHEN.
1.3 (Heroron). [JoxaszaTb, YTO €CaM BCE KOPHN MHOIOYIEHA
P(z) = apz™ + a1z + ...+ a,

C BEMIECTBEHHBIMU KO(D(MUIMEHTAMY BEIIECTBEHHBI U IIOIAPHO PA3IMYHHI,
TO

o m—it+l i+1 .
;> —— - ——Q;_10; 1=1,2,...,n—1.
% n—1 i i—1%i4+1, y 4y )

1.4. [oxa3aTb, YTO MHOI OYLIEH

a1z™ +axx™ + ...+ apz™

HE MMeeT KOPHEU KPATHOCTHU 6omee n — 1, OTIMIHEIX OT HYJIA.
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1.5. HauTu 9muCaI0 BEIeCTBEHHBIX KOPHEU CICAYIOMAX MHOT'OWICHOB:

z2 z"
a)1+$+7+...+—;
n

6) na® —a" 1t — ... —1.

1.6. Oycts 0 =mg < my < ... < my um; =i (mod 2). lokazaTs, 9T0
MHOI'O4JIEH
ag + ar1z™ +ax™ + ...+ az™

nMeeT He 60Jee 7 BEIIeCTBEeHHBIX KOPHEH.

1.7. TlycTs 29 — KOpenb MHOrOWIeHA " + a12" ! + ...+ a,. JokasaTs,
uTo s ao6oro £ > 0 cymecrByer Takoe 8 > 0, uro ecum |a; — af| < 9,
i=1,...,n, T0 y MEHOrO4IeHa T" + a}z" 1 + ... + al, ecTh KopeHs Ty, A1
KOTOPOro |z — zf| < €.

1.8. Ilycre uwmcraa aq, ... ,a, DOMAPHO PABMUYHEI, 3 IUCId, by, ...,b, mo-
JOXHNTEIbHBI. ﬂOKaBaTB, 9TO B TAKOM Ciay'ae BCC KOPDHU YPABHCHUA

by,

E ——=z—-¢, ce R
r — ag

BEIIECTBEHHEL.

1.9. HauTu BCe KOPHU ypABHEHUA

(®—z+1)?°® (a®—a+1)°
2(x—-1)7 = a*(a—1)°

1.10. Hauru amcno kopren maorowiena " + ™ — 1, aGCOMOTHEIE BeJw-
YUHBI KOTOPHIX MeHbIe 1.

1.11. Tycts f(2) = 2" + a1z + ... + an, roe ai,...,a, € C. Moka-
3aTb, 9TO JIOOOM KOPEHBL Z MHOIOWIEHA [ yIOBIETBOPAET HEPABEHCTBAM
—B € Rez < a, rpe o — eQMHCTBEHHBIN MOIOXKUTEILHEN KODEHb MHOIOWIe-
HA

" + (Reay)z" ! — |az|z" 2 — ... — |ag|,

a [} — eJMHCTBEHHBIN MOJIOXUTEILHEIN KOPEHb MHOIOWICHA,

"2 —an)-

" — (Rea;)z™ ! — |as|z

1.12 [Su]. HIycre f(z) — MHOrOWIEH CTENEHU N ¢ KOMILIEKCHBIMEA KO2(h-

dunmentamu. Jokazars, 4To MEOrowien F = f- f'- f" ... . f(=1 uyeer
0 KpavHen mMepe n + 1 pasauvHbIX KOPHEN.
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Pemrenns 3agau

1.3. Tlonoxum Q(y) = y"P(y~'). Kopau muOrowiena Q(y) Toxe serme-
CTBEHHBI 1 TIONAPHO PA3JUYHEL, IO3TOMY KOPHU KB, IPATHOIO TPEXWICHA

QU (y) =
=n-2)-(n—3)-...-4-3(n(n — Da,y® +2(n — Da,_1y + 2a,_2)

BEIIECTBEHHE 1 pa3iudassl. Clef0BaTeNbHO,
2 2
(n—1)%a;,_; > 2n(n — 1)apan—s.

IIpu ¢ = n — 1 Tpebyemoe HEPABEHCTBO IOKA3AHO.
PaCCMOTpI/IM TEeIIePbh MHOI'OWICH

P(n_i_l) (a,‘) = bo.TL‘H_l + blxi + ...+ b,’+1$2 +bjx + b;_1.

HpI/IMeHI/IB K HEMY YX€ NOKA3aHHOC HEPABCHCTBO, IIOJIYYINM

2t +1
b > %bi—lbi—i—l-
A rmak xax
bit=(n—i+1)-...-4-3ai1,
b,-=(n—i)-...-3-2ai,
bii=(m—i—1)-...-2-laj_y,
TO
. 2(z+1 . .
(2(n—z)ai)2 > (Z;_ )Z(n—z+ 1)(n —i)ai_1Giy1-

ITocne coxparmenus nmoxydaeM TpebyeMoe HEPABEHCTBO.

1.11. IIpu Bo3pacranuu z ot 0 70 +oo pyskuua z” + Rea; MOHOTOE-
HO BO3pacTaet, a dynxmma |as|/T + |az|/x® + ... + |a,|/z""! momOTOHHO
youBaeT. [IosTOMy y Kax0ro u3 pacCMaTPUBAEMEBIX MHOI'OWICHOB MTOJO0XK M-
TeJIbHBIfI KOPEHb €QUHCTBECH.

Ipeanonoxum, uro f(z) =0 u Rez > a. Torga

a+Rea; <Re(z+a;) < |z+a1| =|az/z+a3/z> + ...+ a,/2"" <
< lazl/|2] + -+ lanl /12|77t < |ag|/a+ ... + |an| /2™

(mocaenHee HEPABEHCTBO ClreAyeT u3 Toro, 9to |z| > Rez > a). C gpyron
CTOpPOHEHL, 1O yeaoBmio o + Reay = |as|/a+ ... + |an|/a™ !, Ipuxogum k
IPOTUBOPEIUIO.

Ouenka causy aasa Re z monydaercsa Kak OLeHKa CBEPXY [IJIS BELeCTBEH-
HOU JacTy KOpHA MHOroweHa (—1)" f(—z).
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1.12. Iycrs 21,...,2%, — pa3InuHble KOpHE MHOrOWwIeHa F, w;(r) —
KPATHOCTb 2; KAaK KOPHA MHOIOICHA f(r)7 rger =0,1,...,n—1. Paccmo-
TPUM CUMMeTpuYeckue (QyHKIUn

sk(r) = D u;(r)z), (1)

T.e. s,(r) —cymma k-x crememeir kopweir muorowrema f("). DiemenTtap-
HEIE CUMMeTpUYecKie (GyHKIMMA OT KOpHei MuorouwreHa, f(") Gygem 0603Ha-
4gaThb o (r); mpu k > n — r nonaraem oy (r) = 0.

n
Jlerxo mposeputs, uto ectn f(2) = Y. (=1)Far2""k, 1o
k

r (n—k)!'  _p_r
f()(z):kzzo(—l)kakmz k=r

HO3TOMY

op(r) = . ROt a (=B g4,

a nln—k-r) "~ ao n!

Takum 06pa3oM, G () — MHOTOWIEH CTENeHU Kk OT MEePEeMEHHOU T, IPUYeM
Ok (n) =0.
Ha c. 93 gaa k > 1 nokasaHo TOXIECTBO

o1 1 0 ... 0

262 01 1 ... 0
S = . . .

ko 6x—1 Ok—2 -.. O1

W3 sToro ToxaecTsa, B 9aCTHOCTH, CaeayeT, 9To Sk(r), rae k > 0, MoxHO

TPeJCTaBUTL B BUJE JIMHEMHOM KOMOMHAIMM LIEHOB Oy, (r). ..ok, (r), rie

ki + ...+ kp = k; K03 PULINEHTE 3TON THHEUHON KOMOUHALINY HE 3aBUCAT

ot r. CregoBarensHo, ecan k > 1, TO $g () — MHOTOY/IEH CTENEHN He BHILIE
m

k ot nepemennon r. flcao Takxe, 4To So(r) = >, uj(r) =n—rusp(n) =0
=1

npu Bcex k > 0. ’

Paccmorpum coornomenwe (1) mpu k = 0,1,...,m—1 xak cucremy au-
HEMHEIX YPAaBHEHMN OTHOCUTEIBHO Hem3BeCTHHIX U;(r), j = 1,...,m. Ilo
YCJIOBHUIO YUCIA, 21, - - - 5 2y MONAPHO PABIMYHEL, IOTOMY OIPEAEAUTENb PAC-
CMaTpPUBAEMON CUCTEMbI YDABHEHUU HE DPABEH HYJI0 (3TOT ONpeNeuTelb
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ABAsieTCs ompefgenuTeneM BamgepMmonga). Pemwus sTy cmcTemy JuHENHBIX
ypaBHeHM# 1o mpasuiy Kpamepa, nmory4dum mpegcrabieHue U;(r) B Buae
JIMHENHOU KOMOUHAIMY IeHOB S (1), k = 0,...,m—1, npuaem B >TOU JuHEN-
HOU KOMOuHAIMK KO>(duimeHTEr He 3aBucat ot r. CregoBarenso, U;j(r) —
MHOrO4wIeH crenern d; < m — 1 ot nepemennon r. Ilpu sTom w;(n) = 0, Tak
KaK S(n) = 0 mpu Beex k.

IIpeamonsoxuM, 9YTO KOJIUYECTBO PA3MMYHEIX KOpHEN MHOrowieHa F
crporo mesbme 1 + 1, T.e. m < n+ 1. Torga d;j < m —1 < n, T.e.
W;(r) — MHOIOYIEH OT NEepEeMeHHOM r CTemeHu He Bemme n — 1. B Takom
caygae Alu;(r) = u;(r + 1) — u;(r) — MHOrOWIEH CTeneHu He BbILE N — 2,
ANuj(r) = Auj(r + 1) — A'u;(r) — MHOrO4IeH cTeneHn He BHIE N — 3, ...
vy A lus(r) — xomcTanTa mw AU, (r) — TOXIECTBEHHEI Hy1b. B wact-
HOCTH,

A (0) = Y (=17 (7)us(r) = 0.
r=0
“IT00BI IPUATH K IPOTUBOPEUMIO, JOCTATOYHO NIOKA3ATh, 4T0 AUy (0) # 0.

Paccmorpum Beimykiayio 060/109Ky KOpHen MHOroweHa f. Ilo Teopeme
Taycca—Jlioka (Teopema 2.1 Ha ¢. 22) OHa COBIALAET C BBILYKJION 060I0IKON

TOYEK 21, - - - , Zm- MOXKHO CIMTATD, ITO 2] — BEPIINHA BHITYKJION 060I0IKY
xopHen MHOrowieHa f. Torga TOYKa 2 JEKUT BHE BHITYKJIOU O0OMOYKY TO-
Y€K 22, ..., 2Zm- ILycTh U = U3 (0) — KpATHOCTH 2; KaK KOPHA MHOIOUICHA f.

Torga mpu 0 < r < w — 1 uucao z; 6yAeT KOpPHEM KPATHOCTH U — T MHOT'O-
arena f(7), a f(z;) # 0. Bunykras 060104ka kopHein Maorowresa, f) me
cogepxkut 21, mosromy f(7)(z1) # 0 mpu r > u. Takum o6pasom,

(r) = u—r mpu 0<r<u—1;
=0 opu r 2 .

Slcuo Takxke, 9To U < m — 1, mOCKOIBKY ¥ f €CTh O KpallHEH Mepe OfuH
KOPEHb, OTJIMYHLIA OT 2. [loaTomy

Auy(r) = {

0 mpu0<r<n—-1,r#u—-1
1 mpur=u-1

CrrezoBaTenbHO, IpK 7 > 2 MOLYIaeM

Ay (0) = A" (A2,) (0) = g()(—w(”;?)m(r) = (DG 9,

anpu n = 2 noayaem u = 1 u A2y, (0) = 1. B o6oux caygasx A'uy(0) # 0,
9T0 U TPebOBAIOCH.
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HerI/IBO,Z[I/IMLIe MHOI'OYJIEHBI

6. OcHOBHEIE CBOMCTBA HEIIPHUBOJUMBIX
MHOT OWICHOB

6.1. PazmoxeHue MHOTI'OWIEHOB HA HEIIPUBOTUMEIE
MHOXHUTeJH

IycTs f u g — MHOrOWIEHH ¢ KO3 dunmenTamu u3s nous k. LoBoparT, 94To
MHOrOWIeH f desumces Ha MHOTOUIEH ¢, ecan f = gh, vae h — HEKOTOPHIU
MHOrOwIeH (¢ koadduuueHTaMu u3 moas k).

Muorounen d Ha3BIBAIOT 00wWuM deaumenem MHOTOWIEHOB [ U g, ecan
f u g nemsrcs Ha d. O6mun geanrtens d MHOMOWIEHOB f U ¢ HA3BIBAIOT
HOUGOALWUM 00UWUM Jequmenem MHOIOWICHOB [ U ¢, €CIM OH JEeIUTCSA Ha,
0607 o0y JennTens MEOrowieHoB f u g. SIcHo, uTo HanboabImy 00mmu
[EIATENb OMPENeIeH OJHO3HAYHO C TOYHOCTHIO O YMHOXKEHUS Ha, HEHYJIEBOU
aMeMeHT 1o k.

Haubonbmuu obumi gemurens d = (f,g) MHOTOWIEHOB [ U g MOXHO
HAUTHU C MOMOIIBIO CIEAYIOMEro aszopumma Eexauda. [lna onpenenensocTu
OyeMm cumraTh, uTo deg f > degg. IlycTs 1y — ocTaTok oT genenus f Ha g,
T9 — OCTATOK OT [JENEHUs ¢§ Ha 71, ..., Tkl — OCTATOK OT NEJEHUA Tf_]
Ha 7. CTeneHr MHOMOWIEHOB T; CTPOrO yOBIBAIOT, OITOMY A1 HEKOTOPO-
0 N HOJy<9uM Tpy1 = 0, T. €. Ty OEIUTCA HA T'p. lpu d3TOM f M g neaaTcsa
HA Tp, TAK KAK HA T AEMATCI MHOIOWIEHHI Ty_1,Tp—2, - . . KpOMe TOro, ecian
f u g menarcs HA HEKOTOPBIM MHOTOWIEH h, TO Ty geauTcs HA h, Tak Kak
Ha h JEIATCA MHOTOWIEHHL T'1, T2, ... LakuM 06pasoM, r, = (f, g)-

Henocpencreenno u3 aaroputMma EBKIMAA BHITEKAIOT BAXKHBIE CIEH-
CTBUA, KOTOPEIE MEL CHOPMYJIUPYEM B BUE OTAEJIHHON TEOPEMEL.

TEOPEMA 6.1. a) Ecan d — HauGoabmun o6Iui feInTelb MHOIOUIEHOB
f 1 g, TO HAUOYTCA Takue MHOTOWIEHH a U b, uTo d = af + bg.

6) Ilycts f u g muorowiens: nag noteMm k < K. Torga eciu y MHOTOWIE-
HOB f U g €CTb HETPUBUAIBLHEIU OOLMN JEJUTETb HAg nmoieM K, To y Hux
€CThb HeTPUBUAILHLIN OOIMK NeJuTeNb U Hal IoaeM k.

Muorounen f ¢ xkoappuIMeHTaAMEA U3 KOJbIA k HA3LIBAIOT NPUGOJUMbIM
Hag k, ecmu f = gh, rae g u h— MHOTDOYWIEHBI TIOJIOXUTEILHOU CTEIEHN C KO-
a¢pdurnmenTamMu u3 xKoabia k. B mpoTuBHOM Ciiydae MHOrOWIEH f HA3LIBAIOT
Henpueodumbim HaI k.
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IIycre f = f1-... fs —HEKOTOPOE PA3IOKEHNE MHOTOWIEHS, [ HAJ 1O-
aem k Ha MHOXKUTENN f1,..., [s, ABIAIOMMECS MHOIOWICHAMHA HAJ moJeM k.
OT pasnoxeHus Ha MHOXKUTEIN C IPOU3BOJBHBIMY KOD(MDOUIMEHTAMY MOXHO
[IEPENTH K PA3JIOKEHHUIO CO cTapmuM KoddduuuerTom 1. B camom gene, ecian

fi(z) = a;z* + ... — mEOrOwien mag moxeM k, TO g; = a;lfi — TOX€e MHOIO-
4ieH HaJg noaeM k, mpudeM ero crapumi kodddunrent pasex 1. ITosTomy
pasnoxenue f = fi -...- fs MOXHO 3aMeHUTH Ha pasnoxenue f = agy - ...
...*gs,TOe a =ay -...-az. MBI He 6yeM pa3andaTh qBa PA3JI0XKEHUs TaKOr'o

BU 14, OTJINYIAOINNECA JUIIHb ITOPATKOM MHO)KI/ITeJIeﬁ.
Konb1o MHOrOWIEHOB OT NEPEMEHHOU & ¢ KOMPUINEHTAMA B KOMMYTa-
TuBHOM Koublle R Oyxem obosnagats R[z].

TEOPEMA 6.2. Ilycte k— none. Torga y muorowrena f € k[z] ects
PA3JI0XKEHNE HA HEMPUBOAMMEIE MHOXWUTEIN, IPUYEM 3TO PA3IOKEHUE €TH-
CTBEHHO.

[OKA3BATEJLCTBO. CymecTBOBaHUE PA3IOKEHUS JETKO TOKA3HLIBACTCS
vagykuven o n = deg f. Ilpexae Bcero oTrMeTuM, 9TO [AJsA HEMPUBOIU-
MOro MHOrowieHa f TpefGyeMoe pas3ioXeHue COCTOUT U3 CAMOI'0 MHOIOWIE-
Ha f.lpun = 1 maorowren f menpusogum. IlycTs pasnoxenue cymecTByer
[T II000r0 MHODOYWIEHA CTEIEHN MEHbINE 7, U f — MHOIOWIEH CTENEHU 7.
MoxH0O cYnTaTh, 9TO0 MHOrOwIeH [ mpuBoauMm, T.e. f = gh, rae degg < n
u deg h < n. Ho Torga pasmnoxenus mjis g u h CymecTByOT IO IPENIION0XKE-
HUIO VHIYKIWA.

Jlokaxkem Tenepb €IUHCTBEHHOCTH pasdioxenusa. Ilycts agy - ...- gs =
=bhy-...-hy, rme a,b € ku g1,...,95,h1,..., hy —HEIPUBOAUMEIE MHO-
rowieHsl HaA k co crapumM kodddunumentom 1. AcHo, 9T0 B TakoMm ciy-
qae a = b. MHOrO4I€H ¢ ... Qg5 AEIUTCA HA HEIPUBOAUMBIA MHOTOWIEH Aj.
OTO 03HAYAET, YTO OOUH U3 MHOTOUWIEHOB §i,...,Js AeaUTCa HA hi. UTo-
6Bl yOEAUTHCA B DTOM, JOCTATOYHO JOKA3ATH CIEAYIOMIEE BCIOMOIaTEeIbLHOE
YTBEPXK JEHUE.

JIEMMA. Ecau MHOTOWIEH ¢r AeIUTCA Ha HEMPUBOAUMEIN MHOTOWIEH P,
TO OJVH U3 MHOI'OYWIEHOB ¢ M ' NEIUTCA Ha P.

[JOKABATENLCTBO. IlycTs MHOrOUIEH ¢ HE gemuTcs Ha p. Torga (p, q) =
=1, T. e. CYyLUIECTBYIOT TaKWe MHOIOWIEHEI @ U b, 4TO ap+ bg = 1. YMHOXUB
o6e JacTy >TOro PaBeHCTBA Ha T, moayduM apr + bgr = r. MHOrowieHsr pr
¥ gr OeIATCA Ha P, MOITOMY T AEIUTCA Ha P. O

Ilycre gus onpeneneHHOCTH g1 A€AUTCS HA hy. Y4uTwBas, 910 g1 1 hy —
HEIIPYBO JUMEIE MHOIOYIEHE CO CTapIImM KodddunuenToMm 1, noaydaem g, =
= h;. Cokparum 06e 9acTu PABEHCTBA g1 * -..-gs = h1 - ... hy HA g1 = hy.
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IMocne HECKOIBPKUX TAKUX ONEPALMY HOXyIuM § = t 1 g1 = Ry, - .., 9s = hi,,
rae {i1,...,is} ={1,...,s} O

s KONbLA HEMBIX 9uCest 7 HEIPUBOAAMOCTEH MHOI'OWIEHOB OMPENeNAeT-
Cs TOYHO TaK ke, KAK ¥ B CIy9ae IoJd, T.€. MHOroweH [ € Z[z] nenpn-
BOuM HaJ Z, eCliu ero Helb3s MPEACTABATHL B BUIE IPOM3BEIEHUA MHOI'O-
YIEHOB MOJOXUTEIBLHOU CTeNeHn ¢ nensiMu kKodddunuentamu. Ho B caydae
KOJBLIA HE BCEr[a MOXHO HNOAEIUTH KOX(PPUIMEHTH MHOTOYIEH], HA, CTap-
ik KO3(PUIMEHT; MOXKHO JUIIL MO AeIUThL KO(PMUIMEHTH Ha, HANOOMbITIN
00Uy JeINTENb BCEX KO PUIMEHTOB. DTO IPUBOAUT K CAEAYIOMEMY OIpe-
nenenmo. [ycts f(x) = Y a;2%, rae a; € Z. Hanboabmmmit 06mmi qeauTers
Kx02(hPUIMEHTOB ay, . - . , A, HABHIBAIOT codepacanuem MHOroUteHa, f. Conep-
x)aHue MHOrodena f o6osuagarr cont(f). Acuo, uro f(x) = cont(f)g(x),
rge g — MHOrOwWIeH Hajg Z ¢ comepxanueM 1.

JIEMMA (Taycc). cont(fg) = cont(f) cont(g).

[JOKABATENBCTBO. [[OCTATOYHO PACCMOTPETH Carydan, kKorga cont(f) =
= cont(g) = 1. B camom gene, k03pPUIMEHTH MHOTOWIEHOB f U § MOXHO
pasgemutsb Ha cont(f) u cont(g), cooTBeTCTBEHHO.

Oycre f(z) = Y. aizt, g(z) = Y bix?, fg(z) = 3 cixt. Mpeanomoxm,
aro cont(fg) =d > 1 u p—npocroun gemurens yucaa d. Torga Bce K0a(h-
bunreHTH MHOTOWIEHA fg NeasTCsa Ha p, 4 Y MHOTOWIEHOB f U g €CTh KO-
2 PUIMEHTEL, He Ieraumecs Ha p. IlycTs a, — mepBez KO2(PUIMEHT MHO-
rowieHa f, He TeAAMUUCA Ha P, by — NepBHIU KO3(PPUIMEHT MHOTOWICH] g,
He gensmunca Ha p. Torga

Cris = arbs + ar—i—lbs—l + ar+2bs—2 +...+ ar—lbs—i-l + ar—2bs+2 +... =
=ab; 20 (mOd p)7

TaK KakK
bs 1 =bs 2=...=bp =0 (mod p), a, 1=a, 2=...=ag =0 (mod p).
IMony4eno nporuBopeune. O

CJAEACTBUE. MHOrowIeH ¢ UeabiMu KOS(PQPUUUMEHTAMN HEIPUBOIIM
Haq Z TOrAa X TOJALKO TOr'[a, KOraa OH HenpuBoauM HaL Q.

[JOKABATENBLCTBO. Ilycts f € Z[z] u f = gh, rae g,h € Qz]. Mox-
HO cuuTaTh, 9T0 cont(f) = 1. BribepeMm a1 MHOrOWIEHa ¢ HATYDPAILHOE
qmncao m Tak, 4vo mg € Z[z]. lIycrs n = cont(mg). Torga panumonarsHoe
aucaIo r = m/n TakoBo, 4To rg € Z[zx] u cont(rg) = 1. AHanrOrm4HO BEIGE-
peM IIOJOXUNTEJIABbHOE paHI/IOHaJIbHOe YuCIO S N1 MHOI'OYJIEHA h I—IOKa)KeM7
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9TO B TAKOM caydae 78 = 1, T. e. pasaoxenue f = (rg)(sh) asiserca pasiao-
xenueM Hag Z. [lenctBurensro, cornacuo aemme Laycca cont(rg) cont(sh) =
= cont(rsgh), T.e. 1 = cont(rsf). Yaurmsas, aro cont(f) = 1, noxysaem
rs=1. O

[lJLst BEMMUCIeHNs PA3N0KEHNsa MEHOrowieHa f € Z[x] Ha HenpuBOAUMEBIE
muOXuTeAn KpoHekep npemtoxwi caeayromui aaroput™ (asz2opumam Kpo-
nexepa). Ilycte deg f = n u r = [n/2]. Eciu muOrounen f(z) mpusoaum,
TO y HErO €CTh JeInTenb g(Z) CTEmeH! He BHIE 7. UTOOLI HAUTH DTOT je-

murens g(x), paccmorpum uncna ¢; = f(j), j =0,1,...,7. Ecm ¢; =0, o
x — j — nemurens muorodreHa f(r). Ecmu xe ¢; # 0, To g(j) — memmrens
aucia ¢;. Kaxzgomy Habopy dy, ... ,d, geruTenen ducern cg,...,C, COOTBET-

CTByeT POBHO OQWH MHOrOwieH ¢(I) CTEmeH: He BHIIE T, I KOTOPOI'O
9(j) =d;, j=0,1,...,7r. A nmenHo,

o0 =S digs@, o= I (3=7).
Jj=0 0%];?7‘,

15 KaXA0ro TAKOrO MHOIOWIeHA ¢(Z) Hy»KHO IPOBEPUTH, Gy 1yT JIA €0 KO-

2(hOUIAEHTEL HEJIEIMY YUCIaMu U Oy eT U OH JeJUTeJeM MHOrowieHa f(x).
lpyrue, 60nee 3 HEKTUBHEIE AMTOPATMEL PA3IOKEHNA MHOIOYJIEHOB Ha,

HENPUBOAUMEIE MHOXUTENN NpUBeAeHbl Huxke (cM. ¢. 85—87 u 313-323).

6.2. IIpusmak Ju3eHIITENHA

O,C[HI/IM nu3 Ha,I/I6OJIee U3BECTHHBIX IIPU3HAKOB HEIIPUBOAUMOCTUA MHOI'O'LJIE-
HOB ABJAETCS CJASTYIOUIN NPU3HaK IU3enumetina.

TEOPEMA 6.3 (mpusnak Ousenmrensa). Ilycrs f(z) = ag + a1z + . ..
...+ Gpx™ — MHOTOWIEH C HEALIMU KOI(DPUIIUEHTAMY, IPUYIEM 1151 HEKOTO-
POro mpOCTOro Yucaa p KOIpPUIUEHT a,, HE NeJUTCA HA P, KOI(PPuImeHTH
ag,...,0n_1 IEIATCA HA P, HO KOdPUINEHT ag He meauTcs Ha p>. Torma
[ — HEIPUBOAUMBIN MHOTOYJIEH.

HJOKA3ATEJILCTBO. IIpexmomoxum, 4To

f=gh= (Z bkwk) (Z clxl) ,

mpudeM g u h — MHOT'OWIEHEL IOJOXUTEILHOU CTEIEHN ¢ LEeIbIMU Koo du-
uuenTamu. ducio bgpcy = ag AEIWTCs HA P, MOITOMY OLHO m3 umcen by u ¢
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nmenurcs Ha, p. llycTs, qus onpenenennocTu, by geaurces ua p. Torga ¢y He ne-
JIUTCA HA P, TAK KaK ag = byCo HE menTCs HA, pz. Ecan Bce uncaa b; neaarcs
Ha P, TO Gn AeauTcsa Ha p. [losTomy b; HEe meaUTCSA HA P IPU HEKOTOPOM 1,
rage 0 < i < degg < n; MOXHO CIUTATH, YTO § — HAMMEHBIINN HOMED 4U-
caa b;, ue geastmeroca ua, p. C 0 fHOU CTOPOHHI, TIO YCIOBUIO YUCIO 4 JETUTCS
Ha p. C gpyrou cTopoHsl, a; = bijcg + bi—1¢1 + ... + bgc;, mpudem Bce Um-
cna b;_qcy,-..,boc; memsiTesa HaA p, a wucao b;cy He meamrcs Ha p. [lomydeno
IPOTUBOPEIME. O

ITpuMEP 6.1. IlycTte p— mpocroe 4mcio, a 4uCiI0 ¢ HE AEAUTCSI HA P.
Torma muOrOwIeH ™ — pq HEOPUBOAUM HAT Z.

ITPUMEP 6.2. Ecau p—mpocToe umucao, To maorowien f(z) = zP~! +
+ 2P~ 2 + ...+ z + 1 menpusoguM.

B camom gene, k MHOrOwIEeHY

(z+1)P -1

fle+1)= @i 1

=a?t 4 (P ()

MOXHO TTPUMEHUTDH MPU3HAK OU3EHIITENHA.

IIPuMEP 6.3. [Ins 1106010 HATYPAIBLHOT'O 72 MHOI'OWIEH

2 xn

T
f($)=1+$+i+...+m
HENPUBO JUM.

HMOKA3ATEJBLCTBO. Tpebyercs m0ka3aThb, 9TO MHOIOWIEH
nlf(x) =2 +nz™ "t +nn—1)z" 2 4+... +n!

HenmpuBOAuM Hag Z. s 3TOro [oCTaTOYHO HAUTHU TAKOE IIPOCTOE YUCIO P,
4TO n! geIMTCA Ha P, HO He NeIUTCA Ha P2, T.e. p < n < 2p.

Iycte n = 2m wim n = 2m + 1. Cormacuo nocrynary Beprpana cyure-
CTBYET TaKOE MPOCTOE YUCJA0 P, 9T0 M < p < 2m (10Ka3aTeILCTBO MOCTY-
aata Beprpana cm., nanpumep, B [1]). Ilpu n = 2m nepaBercTtBap < n < 2p
oueBugubl. [Ipu n = 2m + 1 noayvaem HepaBencTBa p<n—1lun—1 < 2p.
Ho B sToM caygae umuciao n — 1 4eTHO, modTOMY U3 HepaBeHCTBA N — 1 < 2p
crenyeT HEpaBeHCTBO N < 2p. AcHo Takxe, yto p<n —1 < n. O
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6.3. HempmBogmMocCTH 110 MOAYJIIO P

IIycre [F, —noxe BEINETOB MO MOAYIIO p. MHOroWIeH ¢ HelbIMI KO3(h-
dunreHTaMu MOXHO PACCMATPUBATE U KaK MHOI'OWIEH ¢ KO(hIUIIEeHTAMHA
u3 oy . Ilpu sToM HenpuBOAUMBIA HaJ Z MHOIOYIEH MOXKET OKa3aThCA
mpuBoguMEIM Hajg noxeMm K, mpm Bcex p. IlocTpoenme cooTseTcTByIOMmEro
IPUMEPa OCHOBAHO HA CJAEAYIOIEN TEOpeMe.

TEOPEMA 6.4. Muorouren P(z) = z*+az?+b%, rae a,b € Z, npusoaum
Haj nonxem [, mpu BCEX MPOCTEIX P.

HJOKA3ATEJILCTBO. Ilpu p = 2 umeercs Bcero 4 MHOrOWIEHA, YKA3AHHO-
ro Buga, a mverno, ot xt + 22 = 2%(22 4+ 1), 2 +1 = (z+1)*, 2 + 22 +1 =
= (rc2 +x+ 1)2. Bce 3Ty MHOrOWIEHEI IPUBO JUMHL.

IlycTe p— meweTHOE mpocToe 4uciao. Torma MOXHO BEIOPATH LEIOE Yr-
ca0 8 Tak, 9ro a = 2s (mod p). B Takom crygae

P(z) =z +az® +b* = (2® +5)% — (s = b?) =
(z® +b)* — (2b—25)2” =
= (2% — b)? — (—2b — 2s)z? (mod p).

[MosTOMYy JOCTATOYHO JOKA3ATh, 9TO OJHO U3 ducer s> —b?, 2b—2s, —2b—2s
SBJAAETCA KBAIPATUIHEIM BEIYETOM 110 MOIYJIIO P.

HaHOMHI/IM OCHOBHEIE CBE€JICHUA U3 TeOpI/II/I KBarqpaTI/I‘IHI)IX BBIYETOB. HpI/I
0TOOpaKeHN: T — X2 DIEMEHTEl T ¥ —% NEPEXOAT B OJUH U TOT Ke Dile-
meHT. [loaTOoMy 06pa3s MHOXKECTBA HEHYJIEBHIX dJIeMEHTOB 1oas I, npu 3Tom
oTobpaxennu cocrout u3 (p — 1)/2 saementos. C Opyrou CTOPOHEI, €Cau
z = y?, 1o 2P~V/2 = yp=1 = 1 1.e. Bce (p — 1)/2 sremenToB 0Gpasa
YIOBIETBOPSIOT yPABHEHUIO P 1/2 = 1, koTopoe He MOxeT umMeTh HoJee
(p—1)/2 pemennit. DIeMeHTHI, He JexKamye B 00pa3e 0TOOPAKEHNS T — T2
YIOBIETBOPSIOT yPAaBHEHUIO P12 = 1, IlosToMy ecim nBa LENBIX Y-
cla He ABIAIOTCA KBAJPATAMU II0 MOIYJIO P, TO UX NPOU3BELEHNE ABIACTCA
KBaAPATOM II0 MOIYJIIO P.

IIpegnomoxum, aTo 2b — 25 u —2b — 2S He ABIAIOTCA KBAIPATAMU II0
monymo p. Torga wx mpomssenenme 4(s? — b?) — KBagpaT ™0 MOIYTIO P, &
3HauUT, 52 — b2 ToXe KBAAPAT IO MOLY.IO P. m|

IIPUMEP 1. Muorouren z* + 1 HempuBoamMm HaL Z, HO IPUBOLUM IIO
MOJYJIIO P IPU BCEX MPOCTHIX P.
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JOKA3ATEJNBCTBO. JIOCTATOYHO LOKA3aTh, 9TO MHOrOWwIeH ¥ + 1 He-
npusoguM Hag Z. Kopru 5T0oro muorownena mmeor sug (+1 +4)/2. B mro-
60U MHOT'OIEH C BEMIECTBEHHBIME KO3((PUIMEHTAMY HEBEIIECTBEHHEIE KOP-
HHN MOFyT BXO.I[I/ITI) JINIITH HapaMH (KOMILHeKCHO COHpﬂ)KeHHBIMI/I). HOBTOMy
€JIMHCTBEHHEIMI HeTPUBUAILHLIMY BEIIECTBEHHEIMH JeIUTeNAMI MHOTOUIe-
ua 2?41 apasmores Muorowiens: 12 +v/2x+1 ¢ kopasvu (1+4) /2w (—144) /2.
O6a >Tu MHOrOWIeHA He Jexar B Z[z]. O

IpuMEP 2. Ilycts ¢ € N u /c ¢ Q Torga muorouwren P(z) = 2t +
+2(1—c)z% + (1+c¢)? menpusogum Haj 7, HO TPUBOIUM TIO MOY.TIO JTIO60TO
TIPOCTOTO YUCIA P.

[JOKABATENBCTBO. JIOCTATOYHO AOKA3aTh, 9TO MHOroweH P(x) me-
npuBogrM HajL Z. Jlerko mpoBepuTb, ITO KOPHM MHOrowieHa P paBHBEI
+v/=1+ ¢+ 2iy/ec = +i £+ y/c. O6beauHAT KOMILIEKCHO CONPSAXKEHHEIE KOP-
HU B TIAPHI, TOMYYIAM MHOTOWIEHHE T2 + 24/cx + 1 + ¢. DTH MHONOYWIEHE He
aexat B Z[z]. |

7. IIpu3Hakm HEMPUBOAMUMOCTH
7.1. Ilpmsmak [lroma

n .
Ilycte p — duxcuposannoe npoctoe uucao, f(xz) = Y, A;z' — mHOrO-
i=0

IeH ¢ uenasMu Koaddunuentamu, npudem Ag A, # 0. 3a11'mmeM HEHYJIEBLIE
koo unuenT Muorowiena f B Buge A; = a;p™, rae a; — mejoe 9ucio,
He gensmeecs Ha p. Kaxpomy HeHymreBOMy KOa(dduuueHTy a;p* COmocTa-
BUM TOYKYy HA IUIOCKOCTH ¢ KOOpamHaTamu (i,a;). [lo oTum Toukam MOXHO
nocrponts amarpammy Heoroma muOrounena f (COOTBETCTBYOIIYIO IIPO-
cromy uucay p). dernaerca sro caegyiommm obpasom. Ilycrs Py = (0,00)
u P, = (i1,%;,), Tae i3 — HauboJbIIee [eJ0e HYUCIO, MJIA KOTOPOrO HUXKE
upamonn PP, Her nammwbix Touek. Ilycts, manee, Py = (ia,a;,), rOe 1o —
HaubOJbITEE TIEI0e YUCIO, N KOTOPOro Huxe mpaMon Py P, HeT naHHBIX
To4ek u T. 1. (puc. 4). Camen mocreguuu 0Tpe3ok umeet Bug P, 1 P, rae
P. = (n,a,). Eciu 3Benba gomanon Py ... P, IpoxXomaT 4epes TOYKM C Iie-
JIOYUCJIEHHBIMU KOOPAUHATAMU, TO BCE DTU TOYKM MBI TOXE CIUTAEM BEpP-
mHaMu JoMaHou. [Ipu sTom k Bepmumuam Py, . .., P, nobasaseTcs eme s >
> 0 Bepmmu. Ilonyvennyo B pesyiabrare JOMAHYIO (g ...(Qr4s HA3BIBAIOT
Juaepammoti Horomona (3aece Qo = Po u Qr1s = P,). Orpesku PPy
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7 Q;Q;+1 OymeM HA3HEBATHL, COOTBETCTBEHHO, CMOPOHAMU Y 36EHLAMY TUAA-
—_—

rpamumel Heorona, a BeKTOPEL ();();+1 Oy1eM HA3LIBATL 8EKMOPAMY 36€HbES

nuarpaMmel HeroToHA.

Py = Qs

. Py =Qs

P,=Qs Q3 PFP3=Q4
Puc. 4
PaccmoTpuM cucTeMy BEKTOPOB 3BEHBEB auarpamMMer HbIOTOHA, B3AB Ka-

KB BEKTOP C YIeTOM €r0 KPATHOCTH, T. €. CTOJbKO Pa3, CKOJILKO OH BXO-
IUT B YNCJIO BEKTOPOB 3BEHBEB.

TEOPEMA 7.1 ([Mioma, [Dum]). IIycts f = gh, rge f, g u h— muOrO-
YJ€eHBI C IIeJIBIMU KOBq)CI)I/IHI/IeHTaMI/I. Tor,na CuCcTeMa BEKTOPOB 3BEHBEB M5
MHOTOWIEHa, f IpencTaBaseT co6on OObeIMHEHNE CUCTEM BEKTOPOB 3BEHBEB
nast g u h. (IIpocToe 4ucio p 4as BCex MHOTOWIEHOB 6EPeTCA OQHO U TO XKe€.)

n 3 m X
MOKA3ATENLCTBO [W]. IIycrs f(z) = Y aip*zt, g(z) = Y bjpPizi u
=0

i= 7=0
n—m
h(z) = 3 cxp'zF (wucna a;, by, cx me nenares ma p). Bospmem HekOTOpPYIO
k=0

cropory PP,y muarpamvbr Heorona muorowrena f (cropona P Py; mo-
XKET COCTOATDH U3 HECKOJIBbKIX 3BeHbeB auarpammel Herorona). IlycTs TOukm
P, u P41 ©Me0T COOTBETCTBEHHO KOOPAMHATHI (i_,o;_ ) u (i4,a;, ). Haxmom
croponsl PP paBeH

M — ai+ — Qi_
Ty — i
Oycts a;, — ;. = At miy —i_ = It, rge t > 0—Hanborbmmy OOIMH

JeTuTennb umcen oy, — o;_ u iy —i_. Torgma M = A/I, mpuaem (A,I) = 1.
PaccmarpuBaemas cropora PPy auarpamMer HeloToHa 1€xuT Ha ps-

mout Ja— Ai = F,rae F = To;, — Aiy = Ia;_ — Ai_. Ilo ycroBmio BCe TOIKM

(i,a;), 1 = 0,1,...,n, gexar #e HUke >TOU mpamou, T.e. Ta; — Ai > F,
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mpuyeM 3TO HEPABEHCTBO CTPOroe mpu ¢ < {_ ¥ 0Opu ¢ > 4. bygem Ha-
apBaTh umcao Io; — Ai eecom monoma ap®zt, rae (a,p) = 1. Yucaa i m
14+ OJHO3HAYHO OIPENENSIOTCA KAK HAMMEHBIINY ¥ HAMOOJIBbIINY IIOKA3ATEIN
CTEII€eHU ' MOHOMOB MHOI'OYJIECHA f C MUHUMAJIBHBEIM BE€COM.

[l1s1 MHOTOUIEHA, ¢ PACCMOTPUM BEIUYUHY

G= min {15, - 4j)
=Y. m

¥ OIpefeIuM j_ ¥ j4 KaK HAUMEHBIIUY ¥ HAMOOABUINYT UHAEKCH, [ KOTO-
PHIX

G=1I8;_ —Aj- =18, — Aj4.

AnanoruyHo mis MHOTOWIEHA h PACCMOTPUM BEIUYUHY

H= min {Iy,— Ak}
k=0,...,n—m

u onpegenuM k_ u ki KaK HANMEHBIINY ¥ HANOGOMBIINN MHIEKCHI, [ KOTO-

PBIX

H = IYk_ —Ak_ = I'\{k+ —Ak+.

Acuo, aro

aj_yrpP-te = Y (bpPiad)(crptat).
k= 4k

Bec npomaBenenus qByX “IEHOB PaBEH CyMMe UX BECOB, II03TOMY BEC CJIara-
emoro ¢ j = j_ u k = k_ pasen G + H. Beca Bcex OCTAIBHBIX CIATa@MbIX
crporo 6oabme G + H, Tak kak qia aux j < j_ wim k < k_. B camom gee,
mycTh, HaIpumep, j < j_. Torga Bec wiena bjpﬁi x’ cTporo 6oabmme G, a Bec
anena cpp'™* ¥ me menpme H.

Bec wiena (bjpPiz9)(cyp™z*) npu j + k = const MoHOTOHHO BO3pacTaeT
¢ BospacTtanueM [3; + Yk, mockoasky I > 0. B paccmarpuBaemom ciydae
J+k=j_ 4+ k_, mosTomy cymma B; + Y CTPOrO MUHMMAJIbHA IIPH J = j_
un k = k_. CregoBaTensHo, Bec wieHa a;_y,_p—+*— pasen G + H. flcHo
Takxe, 9TO Tpw i < j_ + k_ Bec wrena a;p*x’ crporo Gomeme G + H,
ampu i > j_ + k_ Bec urena a;p*x’ me meneme G + H. CregoaTersHo,
G+H=Fuj_+k_ =i_. AHaIOru4HO JOKA3LIBALTCA, ITO jt + Kkt = i4.
Taxum o6pasom,

iy =i =y —J-) + (bt — k). (1)

B uacrHOCTH, O1HO M3 uncen ji — j— u ki — k_ OTiMYHO OT HyJIs.
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Ecnu o6a qucna jy —j_ u ky —k_ OTINYHBL OT HyJs, TO OTPE3OK C KOH-
mamu (j—,Bj_) u (j4,Bj,) ABaseTcs croponon auarpammer HeoTona MHO-
ro4ieHa g, a orpe3ok ¢ kounamu (k—,Yr_) u (ky, Yk, ) ABIAETCA CTOPOHOM
marpamuer Hetorona muorowiesa h. Hakios ¢TOpoH B 060uX CIrydasx pa-
Ben M = A/I, Tak kax

Pir =Bio _ A _ Yhe =Tk

- T hi—k-
Coornomenue (1) mokasbBaeT, 9TO CyMMa IJIWH CTOPOH C HAKIOHOM M
muarpaMm HeooToHAa MHOrOWwIeHOB g u h paBHA JIUHE CTOPOHEL (C TEM XKe
caMbIM HakaOHOM M) muarpammer HeioTona MHOrOwICHS f.

Ecau xe oguo u3 yucen jy —j_ u ky —k_ paBHO HyII0, TO y AXATPAMMEL
HeroToHa OIHOrO U3 MHOIOYWIEHOB g 1 h €CTh CTOPOHA C HAKJAOHOM M , mpu-
YeM ee [UIMHA PABHA JJMHE CTOPOHEI auarpaMMiel HeooToHA MHOrOWIeHa f,
a y guarpamMel HeioTOHA, [Pyroro MHOrowIeHa CTOPOH ¢ HakIOHOM M Her.

Urak, BekTop cTOpOoHEI ¢ HakmOHOM M mmarpammer HerooTOHA MHOrO-
wireHa f paBeH CyMMe BEKTOPOB CTOPOH C TeM ke HAakaOHOM M puarpamm
Herorona muorowienos g u h. Coorromenue (1) mokaswelBaeT, 94TO ecau y
OaHOU U3 ArarpaMM HBIOTOHA, MHOTOWIEHOB ¢ U h €CThb CTOPOHA, C HEKOTO-
puIM Haka0HOM M, TO y auarpaMmul HeloTOHA MHOrOWIEHa, [ TOXE MOKHA,
OBITH CTOPOHA C TAKWM HAKJIOHOM. O

CaencTBUE (Ilpusnax Jroma). Eciu nas HEKOTOPOro npoCcToro 4ucia p
muarpaMma HeioToHa MHOrOWIEHA f COCTOMT POBHO U3 OAHOrO 3BeHA (T.e.
COCTOUT U3 OTPE3Ka, BHYTPU KOTOPOr'O HET TOYEK C LEIOYUCIEHHBIMU KO-
OpJVHATAMU), TO MHOMOWIEH [ HEIPUBOIUM.

IlpuBegem Teneps Tpu mpuMepa MpuMeHeHus TeopeMul [oma 1us qoka-
3aTeTbCTBA HEIIPUBOIUMOCTY MHOIOWIEHOB.

ITpuMEP 7.1 (Ilpusnak OusenmrenHa). Ilycts f = ap + a1z + ...
...+ Gpx™ — MHOTOWIEH C HEILIMU KOIGDPUIIUEHTAMU, IPUYIEM 111 HEKOTO-
POT0 IPOCTOro YUCId, P KOIPPUIUEHT A, HE OEIUTCA HA P, KOIPPUIUEHTEL
ag, . ..,0p_1 ACIATCA HA P U KOXDPUIMEHT ag HE geanTcs Ha p°. Torga f —
HEIPUBO JUMBI MHOIOYJIEH.

MOKA3BATEJLCTBO. [Juarpamva Herorona muorowiena f cocrout us
ogaoro orpeska ¢ koauamu (0,1) u (n,0); BHyTpu 3TOr0 OTPE3Ka HET TOYEK
C IEeJIO0OYUCJIACHHBIMUI KOOpAHHaTaMH. O
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ITpumEeP 7.2. Ilycts p—mpocToe uucio, (¢,p) = 1 u (m,n) = 1. Torga
MHOrOwIeH " + cp™ HenpuBOIUM.

JOKA3ATEJBLCTBO. [uarpamma HbioToHa paccMaTpuBaeMOro MHOI'O-
WIeHa IpeacTaBseT co0ou orpe3ok ¢ kouamu (0,m) u (n,0). U3 ycrosus
(m,n) = 1 caegyer, 9TO BHYTPU 3TOrO OTPE3KA HET TOYEK C LEIOIUCICH-
HBIMJ KOOD JUHATAMMU. O

ITpuMEP 7.3. Ilycte p— npocroe umcao. Torga eciu y MHOrOWIEHA
f(z) = 2" + pr + bp?, rae (b,p) = 1, HET HETBIX KOPHEH, TO BTOT MHO-
TOWIEH HEIPUBO JUM.

JOKA3ATEJNBLCTBO. [uarpamma Heroroma muOrowiena f cocrour u3
orpeska ¢ kounamu (0,2) u (1,1) u orpeska ¢ xouuamu (1,1) u (n,0). Buy-
TPU 3TUX OTPE3KOB HET TOYEK C LEMOINCICHHEIMYU KOODAUHATAMHY, T0OITOMY
HETPUBHAIBHOE PA3IONKEHNE MHOTOWIEH], [ HAJ 7Z MOXET COCTOATD JIWIIb 13
JIMHENHOT'O MHOXUTEJ K MHOXUTEA CTerneHu 1 — 1. |

7.2. MHOrowieHsl ¢ JOMUHUPYIOIMM K03 UITMEeHTOM

B HeKOTOpEIX CUTyaIMAX MOXHO YTBEPXKJATh, IYTO MHOT'OWIEH, ¥ KOTO-
POr0 €CTh AOCTATOYHO GOMBIION KO(PDUIMEHT, 0013aTeabHO Oy 1eT Hempu-
BogumbiM. Cpequ mpU3HAKOB TAKOrO poaa HauboJee W3BECTEH CJIETYIOIN
npusnax Heppona.

TEOPEMA 7.2 [Pe]. Iycts f(z) = 2" +a12™' +...+ a, — MHOrOWIEH
¢ UeIBIMU KO GUIUEHTAMY, TpudeM a, 7 0.

a) Ecn |a1| > 1+ |az| + ... + |ap|, TO MEOrOUIeH f HEmpHBOAMM.

6) Ecm |ai| > 1+ |az| + ...+ |an| m f(£1) # 0, To MmEOrOWIeH f HEnpmU-
BOJM.

[JOKABATENBCTBO. a) IIpoBepuMm CHAYANA, ITO BCE KOPDHA MHOTOWIE-
Ha f, 38 UCKIIOYEHUEM POBHO OHOI'O KOPHS, JEXKAT CTPOrO BHY TPH €IUHAY-
HOro kpyra |z| < 1. fIcro, 9T0 TpeGyeMBIM CBOMCTBOM 061486 T MHOTOWIEH
g(z) = 2™ +a;2™ 1, mosTomy cormacuo Teopeme Pyme (cum. ¢. 9) rocTaTowHO
oKa3aTh, 9T0 IpH |z| = 1 BRIMOMHAETCA HepasencTso| f (2) —g(2)| < |f(2)|+
+ |g(z)| Ho upu |2| = 1, ¢ 0gHOU CTOPOHEL,

() = 9(2)] = laoe™2 4 - nl < o] -+ fan] < Jar| =1, (1)
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a ¢ IPYyrou CTOPOHHI,
@+ 92| 2 |9(2)| = 2" +az" Y =z + @] 2 || = 1. (2)

IIpexnonoxum, 9TO0 MEHOrOWIEH [ MOXHO IIPEICTABATL B BUAE IIPOU3BE-
[IeHUsI MHOTOYJICHOB f1 1 fo TOMOXUTEIBHON CTENCHN C HeasIMU KO3(huim-
enramvu. [IpousBeneHre KOpHEN KaXkOr0 M3 MHOTOWICHOB fi u fo — memoe
YUCI0, HE PABHOE HYJIIO, IODTOMY Y KaxKI0T0 U3 DTUX MHOT'OWIEHOB €CTh KO-
penb, Moxyab KoToporo He menbme 1. Ho y MmEOrowiena f ects aumms ogua
TakoU KOpeHb. [[puxomquM K IPOTUBOPEYHUIO.

6) B cayqae |a1| =1+ |az| + ... + |an| epaBercTso (1) cTaBOBHTCS He-
crporum. Ho npu ycnoeun f(+1) # 0 cTAaHOBUTCA CTPOrUM HEPABEHCTEO (2).
B camom gene, mpu |z| = 1 paBencTBo

|£(2)] +]g(2)| = las] — 1

BO3MOXHO JHUIIb B TOM CilyYae, KOr'qa OIHOBPEMEHHO BBIIIOJHAKTCA PAaBEH-

crea |f(2)| = 0 1 |2 + a1]| = |a1| — 1. locaenee PABEHCTBO MOXKET BHIIOI-
HATHCA JUIIb B TOM CIy4ae, Korga z € R A rmak kak |z| = 1, To z = 1.
O

TEOPEMA 7.3 [Br]. Ilycte a1 > az > ... > a, — HATypaJIbHBIE YUCIA,
npuuaem n > 2. Torna mporowien p(r) = 2" — a1z ! —asa™ 2 — ... —a,
HerI/IBOIJII/[M.

[JOKABATENLCTBO. Paccmorpum muorowren f(z) = (z — 1)p(z). Acwo,
9TOo
f(.'E) = .'13"+1 — bl.’L'n + bzmnil + ...+ bn+1,

rae by =a; + 1,0 = a; —as,...,b, = ap_1 — an,bn+1 = ap. Yucaa by,...
...ybpy1 HaTypanpHele u by =14 by + ... + bpy1. Takum o6pasom, MHOTO-
wien f(z) ynoeaeTeopseT ogHOMy m3 ycaosuu Teopems 7.2 (6). Ho om me
yAOBIETBOPseT BTOpoMy ycaosuio f(+1) # 0. llosTomy npmaercs nposecTn
4yTh GoJee TOHKME paccyxkaenus. [lokaxeM CHAYAIA, 9TO MIPU BCEX NOCTA-
TOYHO MAIHIX € > 0 Ha OkpyxHOCTH |2| = 1 + ¢ MHOrOUIeH h(2) = b12™ —
—bo2™ ! — ... — byy1 WO MOmymIO CTpOro GosbIme MHOrOWieHa 2"T! =
= f(z) + h(z). B camom gene, eciu |z| =1+ ¢, TO

|h(Z)| —|Zn+1| >b1(1+€)"—b2(1+€)n71 —...—bn+1 —(1+€)"+1 =
=enb—(n—1)by—...=2bp_y —by—(n+1)) +...=
=e(ba+2b3+...4+ (n— by +nbpy1 — 1) +...
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Koaddunment npu € momoxuTeneH, HoO3TOMY IPX JOCTATOYHO MAJBIX € >
> () BBIIOIHAETCS HEPABEHCTBO |h(z)| — 2" > 0. B Taxom caygae

|£(2) + k()| = [2" 7] < [n(2)] < |£(2)] + |R(2)],

noTOMY COracHO teopeme Pyme mmorowunen f(z) mmeer BHyTpm Kpyra
|z| < 1+ ¢ crompko xe kOpHen, ckoabKO 1 MEOrOwIeH h(z). Ho Bce kopuu
MHOro4IeHa h(z) Jexar CTpOro BHyTPY eUHUYIHOrO Kpyra |z| < 1. B camom
nexe, ecan |z| > 1, To

[h(2)|

b1|Z|n —b2|2|n_1 — ... bn+1 2

2
> |Z|n(b1 —by—...— bn+1) = |Z|n > 0.

YcTpeMuB € K HyJIO, TOJYYUM, YTO BHYTPU U HA TPAHUIE € TMHUIHOI'O KPYTa
PAaCIIoNoXeHo poBHO 7 KopHen MHoroureHa f(z) = (z — 1)p(z). HosTomy
POBHO 7 — 1 KOpHEN MHOrOWIeHa, P(X) JEXKUT BHYTPU €AUHUIHOIO KPyra, U
JIUIIb OJVH U3 €r0 KOPHEU JEXKUT BHE €IUHUYHOrO Kpyra. CreqoBaTenbHo,
MHOT'O'LJIEH P HEIIPUBO VM. O

IIpusnak HEIPUBOAUMOCTH, AHATOTUIHEIN IPU3HAKY [leppoHa, HO C yCJI0-
BUeM He Ha Koabdumment mpu "1, a Ha CBOGOIHLIN wWieH (MJIaIIIIi KO-
5(PUIKEHT), TOXKE CIPABELINB, HO JUIIL B TOM CIy4ae, KOTJa CBOOOIHbIN
WIEH — MPOCTOE YUCJIO.

TEOPEMA 7.4 [Os]. Hycts f(z) = 2" + a12™ ' + ... + a1z £ p—
MHOT'OWIEH C LEIBIME KO(DQPUINEHTAMI, IPUIEM P — IPOCTOE TUCIO.

a) Ectm p > 1+ |aq] + ... + |ap_1|, TO MHOrOWIeH f HempPUBOAUM.

6) Ecm p > 1+ |a1| + ...+ |ay—1| # cpean kopHenn MHOrO4UIeHa f Het
KODHEN U3 IVHUILI, TO MHOIOWIEH [ HENpUBOIMM.

[JOKABATENBLCTBO. IIpeanonoxum, aro f(z) = g(z)h(z), rae g mw h—
MHOI'OYJIEHBI IIOJMOXUATEALHON CTeNeHu ¢ uensiMu kKoddduuuenramu. [Ipous-
BeqeHre MIaAmmX KO3(h(UIMEHTOB MHOIOWIEHOB ¢ 1 h paBHO +p. A Tak
KaK 4uCI0 p IPOCTOe, OAWH W3 DTUX MJIAMINX KodbduineHToB paBeH £1.
IlosToMy npomaBeneHue abCOMIOTHEIX BEIWYNH KOPHEU OLHOI'O U3 MHOI'O-
41eHOB g 1 h paBHO 1. Y 5TOr0 MHOT'OUIEHA, NOTXKEH OLITH TAKOU KOPEHb a,
4o |a| < 1. Ipu 5TOM o JOMXKeH GLITH TaKXKe U KOpHeM MHorowieHa f. U3
pasencTBa f(a) = 0 cregyet, 9To

p=|0"+a "+ .. +ag_1a <1+ ar| + ...+ |an—1|-

B cay4ae a) npuxoaum K mpOTUBOPEIMIO.
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B cayqae 6), T.e. B TOM Ciydae, KOIAa CPeayr KOPHEN MHOIOYIEHa [ HET
KODHE! W3 eJVHNILL, BHIOJHAETCA HEPABEHCTBO |a| < 1, moaTomy

p<1l+lai|+...+|an_1]

CHOBa IPUXOIUM K IPOTHUBOPEUMIO. O

7.3. HenpuBogMMOCTHL MHOT'OWIEHOB, IIPUHUMAIOIIINX
MaJble 3HAYeHUA

TEOPEMA 7.5 (Ilona). IlycTs f— MHOrOWIEH CTENEHU 7 C LEJIBIMA KO-

n+1
>bdunmeHTaMm 1 m = 2 |- TIpenmonoxumM, 9TO IS MOMAPHO PABIAYI-
HBIX IETBIX YUCEJ A1, - ., Gy, BHIIOIHAITCI HEPABEHCTBA | f (ai)| < 27™ml
¥ IIpU DTOM YUCIA 4y, . ..,G, He ABIAIOTCI KopHaMu MHorowieHa f. Torga

MHOI'O'WIEH f HEenpuBOIMM.

JOKA3ATEJLCTBO. Ham morpefyercs clrepyroinee BCIOMOIaTeNTbHOE
YTBEpXKACHUE.

JIEMMA (Tlona). IycTs g — MHOTOWIEH cTeneHu k € meabiMu k03ddu-
mmentayu, do < di < ... < dy —neaste wncaa. Torga |g(d;)| > k'27% pna
HEKOTOPOro %.

IMOKABATEJILCTBO. PaccmorpuM MHOrOWwIeH

9(ds) 1
xr — d’i H d’i — dj ’
J#i

k
G(x)z(:c—do)-...-(:c—dk)z

Jlerxo mposeputs, uto G(d;) = g(d;) mpui =0, ...,k u deg G < k. HosTomy
G(z) = g(z).

Crapumu kosdgdunment maOrowieHa G pasen

k

i=0 j#i

ITo ycaoBuio OH ABIAETCA HEHYJIEBHIM LEILIM YUCJIOM, IODTOMY ero abco-
JIOTHAA BeqmdrHa HE MeHbme 1. ClegoBaTenbHO, OMHO W3 YUCEN |g(d,)|
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HE MEHBbIIIe
-1 -1

k 1 k 1
D= =12 =

i=0 ji i=0 ji

- <i ﬁ) T ! (i (’;))_1 = k2%, O

i=0 ’ i=0

IIpegnonoxum, uto f = gh, rge g u h— MHOTOYWIEHE C LEJIBIMI KO-
dunrenramu. Moxso cuutarh, 4To degh < degg = k. Torza m < k < n.
fAcuo, uro g(a;) # 0 u g(a;) memur f(a;). MosTomy

l9(ai)| < |f(ai)| < 27™ml.

C mpyrou CTOPOHEI, COMVIACHO JemMe [lora A OMHOrO U3 YUCea a; BHI-
TIOJHAETCSI HEPABEHCTBO | g(ai)| > 27Fk! (vp1 mpumensem memmy Iloita x
d; = a;_1). Ocraerca 3ameruTs, uTO ecma k > m, To 27Kkl > 27™m!,
B camom gene, ecoim m = k + r, TO

m! s 2™
ITPUMEP. Muorouren (z — 1) - (xz —2) - ... (z —n) + 1 menpusogUM.

[pyrue npu3HAKM HENPUBOAMMOCTU MHOIOYWIEHOB, IPMHUAMAIOIMAX Ma-
JIBIe 3HAYEHWs, npuBeaeHs B [Tv].

8. HenpuBoauMOCTh TPEXWICHOB
M 9eThIPEXWICHOB

8.1. HempusoaumocTs MEOrOwWIeHoB £ + ™ + P £+ 1

Iycre f(z) = 2™ + e12™ + e22P + €3, raen > m >p > 1l meg = 1.
Briacaum, crenys [Lj], B xakom ciygae muOroweH f menpmsogumm. fcHo,
9TO MHOUOWIEH [ HEMPUBOAUM TOTJA U TOJILKO TOCAA, KOT'JA HEIPUBOLUAM
MHOTOYLJIEH

2" fx7) = 14 e12™™ 4 0™ P + e32”,
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TO3TOMY JOCTATOYHO PACCMOTPETh CIydan, Korga m-+p > n. B camom gere,
ecm m+p < n, o (n —m) + (n —p) > n. U3 garpHENIero pacCMOTPEHUs
MOXKHO TaKke UCKIIOYUTh TPUBUATBHEM caydan f(z) = (2™ +¢2) (2P + 1),
T.€. M =M+ P U €3 = €1€2.

Bynem Ha3HIBATH MHOIOWIEH ((Z) CTENEHN S 6038PAMHKbIM, €CIH (L) =
= +zfo(z71).

JIEMMA 8.1. IIycrs f(z) = o(z)d(z), rae ¢(z) n $(x) — MHOrOWIEHE!
TIOJIOXKUTEIBHOU CTEMEHN C HEeIbLIMY KOD(PDUIMEHTAMA U CO CTAPIIIMU KO-
dumenramu 1. Torga mo kpaiHen Mepe OUH U3 MHOIOWIEHOB @(x) u (z)
BO3BDATEH.

[JOKA3BATENBLCTBO. Ilycte r = degg u s = n —r = deg ¢. PaccmoTpum
MHOI"OY1J€HBL

fi(@) = 2”@ )(a) = Z ez,

fa(x) = 2°(a™g(a) = 2" fi(z7) = Z Cn—ia™ "

Acuo, ¥TO
f(@) fa(z) = 2" f(z7h) = (2" +era™ +epxP +e3) (e30™ +eox™ PHe 2™ ™ +1).

CpaBraenne K0d(pPUINEHTOB IpU " MOKAa3bIBAET, ITO CoCp = €3, IIO3TOMY
¢o = £1 u ¢, = £1. CpaBaenre k0P UIUEHTOB TIpU " MOKA3LIBAET, ITO

C+E+.. . +E =1+ 46 +62 =4,

T.e. ¢+ ... +ci_y =2 Urak, ¢g = £1, ¢p = £1, ¢g = £1 m ¢y = £1 qan
HekoTOPEIX 1 < a < B < n — 1; Bce ocranbHble KOIDOUIMEHTH! ¢; PABHEL
mymo. Hosromy fi(z)f2(z) moxuO 3anucars B AByX BHAax:

CoCnZ>™ + CuCnx>" % + c;;cn:L"Z"_p + cocex™ T +

+ cocgr™ P + cuepr™ P+ 42" + L. (1)
n

631'2" + €2$2n—p + slmzn_m + 8183'%.n-i-m + 82831.7»—1—;0 +
+ 8182.’En+m_p +4z™ + ... (2)
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Uro6w cpaBuuTE (1) 1 (2), yIOPsSI0MMM MOHOMEL B TOPSAKE BO3PACTAHUS
CTeneHel, yIuTHIBAs UMb Tpu cTapmmx MoHOMA. s (1) nomygaem gersipe
BapUAHTA:

BLn/2 : 2n>2n—a > 2n—B,
B>n/2,a<n -0 : 2n>2n—a>2n+p,
B>n/2,n/2Z2a>n—-0 : 2n>n+>2n—a,
B>n/2,a>n/2 : 2n>n+B>n+a.

[ns (2) moaydaem gBa BapuaHTa:
n=>2m : 2n>2n—p>2n—m,
2m>n>2n+p : 2n>2n—p>n+m.

CpasuBas Tpu crapmmx MoHOMa B (1) u (2), mua mapwr (a,[3) momygaem
YETHIPE BO3MOKHEIX BAPUAHTA:

(¢,8) = (p,m), (p,n—m), (m,n — p) wmu (n —m,n — p).
Ecau (a,B) = (p,m), To cpaBuenue (1) u (2) mokasemaer, ITO
CoCn =3, CpCn =E2, CmCp = €1,
[IO3TOMY
fi(@) = cplesz™ + e22™ P+ 2™ ™+ 1) = cpx” fz ).

CregoBarensHo, §(z) = c,z8P(z71).
Ecau (o, ) = (n — m,n — p), TO aHATOTWIHO MOLYIaeM

CoCnp = €3, CoCpn—m = €1, CoCpn—p = €3,

TO3TOMY
fi(z) = co(z" + e12™ + £22” + &£3) = co f ().

CregoBaTensro, ¢(z) = coz"@(z™ ).
Ecan (a,B) = (p,n —m), To B (1) BCTPEIaIOTCS MOHOMEL CTEICHEN

2n, 2n—p, n+m, n+p, 2n—m, 2n—m —p, n,
a B (2) BCTPEYAIOTCSA MOHOMEI CTEIEHEN

2n, 2n—p, 2n—m, n+m, n+p, n+m —p, n.
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MMosToMy wmcmo 2n — m — p paBHO OJHOMY U3 TpPeX 4ucer n + m,n + p,
n+m—p. PaBencTBa 2n—m—p = n+m u 2n—m—p = n+ p IpOTUBOPEIAT
NPEAIOIOXKEHUIO O TOM, ITO 1 < M + p. llosromy 2n —m —p =n +m — p,
T.e. n = 2m. CaegoBarensro, (a,p) = (p,m).

Ecau (a,B) = (m,n —p), TO aHATOrWYHO NOAydaeM n = 2m, T. e. (&, )
= (n -m,n— p)

ol

JIEMMA 8.2. Ilycts A u X! — xopuu muorowiena f(z). Torama Bbmos-
HACTCS OJHA U3 TPEX Iap yCJIOBHIL:

(I) NV=—¢e3 uw NVP= —€1€9,
(I N = —g1e3 m XN'"P = —g,,
(III) NP = —E9€3 U = —€1.

JNOKA3ATENBLCTBO. Yeaoeusa f(A) = 0 u f(X 1) = 0 moxmO 3ammcats B
BUJE

N4+ e X™ + el +e3 =0, X'+ eoe3N" P 4163 ™ +e3 =0.
Burauras 01HO paBEHCTBO U3 APYrOro, MOLYIUM

n—p n—m m P _
€9E3N + 163N — g N — NP = 0,

T.e
(Ez)xm_p + 81)(83)\n_m — 8182)\p) =0.

MosToMy 60 AP = —g165 X", 60 AP = g1e2e3 X'~ ™. [logcTaBuB 51U 3HAYE-

uusa AP B coorHomernue f()\) = 0, moay4uM, COOTBETCTBEHHO, 1160 X' = —¢3,

aubo

O + e162)(07"™ —&1) = 0. O

C momormpio aemm 8.1 u 8.2 Jerko A0Ka3aTh CAEAYIOMUE ABE TEOPEMBI,
KOTOPEIE, B CBOIO O4Yepeab, MIPUBOLAT K IIOJTHOMY OMMCAHUIO HEIIPUBOANMEIX
MHOTOWIEHOB BUAA L™ + €1 2™ + €22 + 3. B 06eux Teopemax (Kak u B JeM-
max 8.1 u 8.2) mpexnonaraerca, ato n < m+p u f(x) # (2™ +e2)(xP +¢1).

TEOPEMA 8.1. a) Ecau y MHOrounena f(z) HeT KOpHeN, SBISIOIINXCS
KODHfAIMY U3 €AMHUILL, TO MHOrOWIeH f () HEIPUBOAUM.

6) Ecau y muorownena f () ecTb pOBHO ¢ KOPHEH, ABJIAKOIIUAXCA KOPHAMY
U3 eUHUIEI, TO MHOTOWIEH f(Z) MOXKHO IPEICTABATL B BUE TPOU3BEICHUA
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IBYX MHOI'OYJIEHOB C HENBIMEA KOd({durmerTaMu, OOMH U3 KOTOPHEIX UMEET
CTENEeHb ¢ U BCE MAHHBLIE § KOPHEW M3 €NUHWILL ABJIAIOTCA €r0 KOPHAMMU, a
OPYrOM MHOTOYIEH HEIIPUBOIAM.

JOKA3ATENLCTBO. Iycrs f(z) = ¢(x)(z), rae ¢, ¢ € Z[z]. Coraac-
HO JeMMe 8.1 MOXHO CYNTATh, YTO €CIN A — KOPEeHb MHOTOWIEHA (, TO X!
TOXe KOpeHb MHOT'OUJIeHa ¢. B TakoMm ciydae, kak cregyeT m3 JeMMH 8.2,
A —kopeHb u3 eauaUNEL. KCau HE BCe KOPHU MHOTOWIEHA [ SABISIOTCA KOP-
HAMJ U3 €JUHUIEI, TO J100 MHOIOWIEH () HEmpWBOAMM HAJL Z, mmubo ) =
= {1¢2, rae $1,P2 € Z[z] 1 Bce KOPHU MHOTOUIEHA (1 ABIAOTCA KOPHAMU
13 eJUHUIEL, 3 Y MHOIOYIEHA (o €CTh KOPEHB, He AB/IOIMICA KOPHEM U3
exuHANEL B TakoMm ciaydae BCe KODHE MHOIOWIEHA () ABIAITCA KOPHAMUA
u3 exuuuiel. [Iponomxas aHAIOrWYHBEIE PACCYXKAEHUA LS MHOIOWICHA (o,
nosyyuM TpedyeMoe Pa3IoXKeHre MHOrOWIeHs, f. |

OcraeTcs BEIACHUTD, B KAKAX CIyJasaX Yy MHOIOWIEHA f eCTh KOPHU, SBIs-
omecs KOpHAMU u3 equHunbl. OTBET HA 3TOT BONPOC TAET CJAELYIOLIAs
TeopeMa.

TEOPEMA 8.2. Ilycrb d — Hanbouabmmit OO 1eIUTeNb YUCE 1, M, P.
IMomnoxum

ny =n/d, my =m/d, p; = p/d,

di = (n1,m1 —p1), d2 = (m1,ny —p1), d3 = (p1,n1 —my).

Torga 110601 KOPEHL U3 €UHUIILI, ABIAIONIANCA OJHOBPEMEHHO KOPHEM MHO-
rowieHa f, yAOBIETBOPAET OJHOMY U3 YPABHEHUU

g =41, 2% =41, 2% =41,
npuveM OH ABJAACTCA HEKPATHBIM KOPDHEM MHOI'OYJICHA f

OKA3BATEJLCTBO. IlycTh A — KOpEHBb U3 eUHUIIEI, ABIAIIIANCI KOP-
HeMm MHorouwrexa f. Torga A ! — Toxe KopeHb MHOTOWIeHa f. Jlemma 8.2
naeT TPU BapUAHTA yCIOBMU Ha A. Paccmorpum, Hanpumep, sapuant (I):
X' = —g3 u NP = —gyg9. fAcuo, a0 (N, M — p) = ddy, modTOMY CyImIECTBY-
0T Takwue mensle 9uciaa u u v, 910 dd; = nu + (m — p)v. CregoBarensHo,
Mdi = ()¥(N"P)U = +1, mak Kak X' = —e3 = £1 u NP = —gje5 = +1.
BapuanTer (II) u (III) paccMaTpuBaloTCs aHAJOTHYHO.

Ocraercs HOKa3aTb, 9TO A— HEKPATHHIN KOPEHb MHOTOWIEHa f, T.e.
AN = X + e1mX™ + eapN? # 0. Iogacraeasas coorsomenus (1), (II)
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u (III) B pasercTBo nX* + £;mX™ + eophP = 0, mOLyIUM, COOTBETCTBEH-
HO, e2\P(p — m) = neg, e20P(p — n) = meg, e X" (m — n) = peaes. PaBencTso
\| =1 B nepBoM Ciryuae BHIIOTHATHCS HE MOXKET, & BO BTOPOM U B TPETHEM
CIy4ae DTO PABEHCTBO O3HAYAET, 9TO N = m + p. llpu ycaoBum n = m + p

coornomenus (II) mpuaumator Bug X® = —e1e3 u X = —ey, a COOTHOLIE-
uus (IIT) npuaumaror Bug ¥ = —eqoe3 u ¥ = —¢1. B 06oux cayuasx e3 = €13,
9TO cOOTBeTCTByeT MHOrOWwIeHy f(z) = (2™ + €3) (2P + €1), UCKIIOYEHHOMY
"3 PaCcCMOTPEHU. O

8.2. HenmpuBogMMOCTH HEKOTOPHIX TPUHOMOB

Bocnonb3oBaBmucs pesyabraraMu, MOy YEHHBIMEI B IPEILIAYINEM Iapa-
rpade, HECIOXKHO BBIACHUTDH, KAKKE U3 TPUHOMOB Buaa " + ™ + 1 Henpu-
BOJAWMEL.

TEOPEMA 8.3 [Lj]. Hycts n > 2m, d = (n,m), ny = n/d u my = m/d.
Torga MHOrO4IEH

glz)=2" +ex™+¢', Tmee=+1ue =41,

HENIPUBOUM, 33 UCKIIOYEHWEM TpPeX CJIydaeB, B KOTOPHIX N1 + my = 0
(mod 3):

a) N1 ¥ My HEIETHH U € = 1;

6) ny vetHo m ¢’ = 1;

B) m; 9eTHO M €' = €.

Bo Bcex sTux cayvasx ¢(r) ABIAETCA NPOU3BENEHUEM HEKOTOPOIO HE-
TIPUBOAMMOTO MHOTOWIeHa Ha, 220 4 ¢Memxd 4+ 1.

JTOKABATEJIbLCTBO. Cayuanm, korgan = 2m u e’ = 1, ouesugen. IlosTo-
My GygeMm caumTaTb, 9T0 aubo n = 2m u ¢ = —1, mbo n > 2m. B Takom
ClIy4uae K MHOIO4IeHY

(™ +ex™ +¢')(z" —¢') = 2® + e2™t™ —ge'2™ — 1

MOXKHO IPUMEHUTEL TeopeMHl 8.1 u 8.2, mOCKOAbKY 2n > n +m > m U ecau
2n = (n+m) +m, T.e. n = 2m, TO €3 # £1€2. B 0603HAYEHUAX TEOPEMBL
8.2 umeewm:

(2n,n+m,m) = (n,m) =d, di = (2n1,n1) =nq, ds = (my,ny —my) =1

nuds = (m +mq,2n, — ml) = (’I’Ll +m1,3n1). Taxkum o6pasom, ds = 1, ecin
n1 +mq Z 0 (mod 3) u d2 = 3, eciu g +my =0 (mod 3).
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Cornacuo Teopeme 8.2 KOPHM M3 €UHUILI, ABIAIOMAECT OJHOBPEMEHHO
KOPHfMK MHOTOWICHA ¢, yIOBJICTBOPAIOT OJHOMY 13 ypaBHeHmi %% = 41,
%2 = 41, x% = 41, Jlepeoe ypaBuenue umeer Bug " = +1, a Tperne
2% = +1. Eam 2" = +1, 10 g(z) = £1 +ex™ £ 1 # 0, a ecm z¢ =
= +1, to g(x) = £1 £ 1+ 1 # 0. Ocraerca paccMOTPETH CIy4al, KOra
ds = 3. B nemme 8.2 cayuait (I) npusogur kx cooTHomenuam M = +1 u
X* = £1, a cayuan (III) mpusBoguT k cooTHOmeHusaM X" = +1 u N*~™ =
= +1. B o6oux caydanx nmoaygaem X' = +1, mosromy g(A) # 0. Caygan (II)
OPUBOAUT K COOTHOmeHmAM X1 =g RV ™ =¢¢/ T.e. ¥ = ¢/, B™ = e¢'.
Taxum o6pazom, (X)) =¢' u (BH)™ =¢e/, rae (ny,m1) =1ung +my =
= 0 (mod 3). U3 ycaosus (ny,m1) = 1 caenyer, 910 niu + myv = 1 gua
HEKOTOPHIX HEJIEIX YUCeT U U v. 1lopToMy

)\3d — )\3dn1u+3dm1v — (El)u(EEI)v = +1.

Ecau aucia ny umy HedeTHel, To K¢ = ¢/ = ge’, moaTomy e = 1 u ¢ = ¢'.
Ecmu aucno ny 9eTro, TO £ = 1.
Ecau wucno my werno, To gg’ = 1. O

Cornacuo mpusnaxy Ileppona (reopema 7.2 Ha c. 68) TpumHOM 2" +
+az" ! +£1, rge @ > 3— memoe umcao, HempusoauM. Ilpu a = 2 3TOT
TPUHOM HEIPUBOLUM, €CJIN ¥ HErO HET KOpHeH, paBHEX 1. Bee sTu yTBep-
JKJIeHUs BEePHHI 1 N1 TpuHoMa z” + ax £ 1.

HenpueogumocTs TpuHOMOB 2™ + 22™ + 1 uccaegosana B [Scl].

B sakmtouenue npusegeM GOPMYJIUPOBKU IBYX TEOPEM O HEIIPUBOIUMO-
CTU TPUHOMOB.

TEOPEMA 8.4 [MS]. IIycts MuHOrOwIeH 2™ £ pr™ £ 1, ren > mu p—
npocToe Imeao, npusoguM. Torna n/(n, m) < 47’

TEOPEMA 8.5 [Ra]. a) Muorounen x5 + x + n packiaILBaeTCs B IpO3-
BENEHUE HerI/IBOr[[I/IMI)IX KBalleaTHOFO n Ky6I/I‘IeCKOFO MHOI'OYJIECHOB TOr'ga
¥ TOJBKO TOr'Aa, Korga n = +1 wmm n = +6.

6) Muorourer z° — T + N pPacKIaJEIBACTCA B MPOU3BEICHUE HETPUBO-
OUMBIX KBaIPATHOI'O M KyOM4eCKOr0 MHOI'OWIEHOB TOr'JA U TOIBKO TOT[a,
xorga n = £15, n = £22440 nwm n = £2 759 640.

9. Teopema HempuBoauMoOcTH ['manbepTa

ycts f(t,z) € Q[t,z] — MHOrOWIEeH OT ABYX mepeMeHHBIX. MuOro-
wieH f HaswBalOT npusodumvim, ecmu f = gh, rae g,h € Q[t, ] — MHO-
TOWICHHI TTIONOXUTETHHON CTEICHN.
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TEOPEMA 9.1 (Tmas6epr, [Hi3]). Ecam f(t,z) — HenmpuBogumem MHO-
roares Hag Q, TO cymecTByeT GECKOHEYHO MHOI'O PAIMOHAMBHEIX IuCel by,
VST KOTOpEIX MHOrO4eH f(to,«) HenpuBogum mag Q.

Mur mpuBeneM [I0Ka3aTEIbCTBO TeOpeMbl ['MibGepTa, NpUHALIEKAIIEe
Hépre [DJ], BOCHOIB30BABIIACH TEMY H3JI0KEHUAME DTOIO JOKA3ATENLCTEA,
kxoTopele npusefersl B [JI2] u B [Sr]. Bonee coBpemenHoe goKa3aTenbCcTBO
MOXHO Hauty B [Fr].

Hauuem ¢ TOro, 94To yCTaHOBUM CBSI3b MEXIY NPUBOAAMOCTBIO MHOIO-
anena f(to, T) U HATUYUEM HA ONPENEICHHON ATrebpanIeCKON KPUBOM TOIKI
C panmoHAJIBHBIME KOOpamHATaMU (T, Yo). IycTs f(t, ) € Q[t, 2] — menpn-
BOJMMBI MHOTOWIEH. 3anuiem ero B Buge f(t, ) = a,(t)z™+...+ao(t), roe
a;(t) € Q[t]. Muorowreny f(t,z) MOXHO comocTaBuTh MHOro4wIeH F'(z) =
= a,(t)z™ + ... + ag(t) ¢ xoapdpunmenTamu u3 mons k = Q(t). Mycrs k—
aarebpamdeckoe 3amuikanve noisa k. Torga

Flz)=a,t) - (x—o1) ... (x —ap),

rge ai,...,d, € k— kopun mempusosmmoro Hanx k = Q(t) mmorowiena
F(z) = f(t,z). B ciy1ae, xorna an(to) # 0, M MOXKHO CONOCTABATEL KOPHM
af,...,o, € Q maorounena f(to, ).

Ipeanonoxum, aro Muorowien f(to,z) npusogum Han Q. Ilocae mepe-
HyMepaluy KOPHE MOXKHO CIUTaTh, 9T0 f(to, ) = an(to)go(z)ho(z), mae

go() = (@ —o1)-... (v —a) € Qlal,
ho(@) = (2 = o) - .. (& — 1) < Qlal.
Monoxum g(z) = (. —a1) - ...-(x —as) B h(z) = (T — As41) - ... - (T — ay).

Torga F(z) = a,(t)g(x)h(z), rae g(x), h(z) € k[z]. Tlo ycrosuio MEOrOwIeH
F(z) senpusogum Han k[z], mosTomy y MHOrOwWwieHa ¢(Z) €CTh HEKOTODBIN
koaddunment y, rexamuit B k \ k. Hanmomunm, aro k = Q(t), mosTomy
snemenT y anreGpawden mag Q(t), T.e.

b ()y™ + b1 (H)y™ L+ ...+ bo(t) =0, rme bi(t) e Q(t).

B pesyabrare nomydaem HEKOTOPYIO anrebpandeckyio kpusyo C (¢ panuo-
HAJTbHBIMU KO3 dunmenTamu) Ha mwiockoctu (¢,y). [lpu sTom koapdunmen-
Ty 4 MHOTOYIEHA § COOTBETCTByeT Koaddumument yg € Q mmorowrena go,
KOTOPHIA YIOBIETBOPAET COOTHOIICHUIO

bm(to)y{)” + bm_l(to)y(’,"’l +...+ bo(to) = 0,

T. e. Ha kKpuBou C' eCTh panuoHaIbHAA TOYKA (to,Yo)-
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Wrak, paccMOTpUM BCe MHOTOWIEHHI BUAA (T — o, ) - ... - (¢ — 5, ), T ge
1<k<n—1,ny Kaxaoro u3 >rux MHOIOWIEHOB BEIOEpEM KOS PUIUEHT,
He gexxamunt B Qt]. DTu xosddunmenTaMm MBI COMOCTABAM ILTOCKUE AJIre-
6paunveckue kpuskie C1, ..., Cy ¢ paunonansueiMu koddduurenramu. [Ipu
5TOM ecau TO4UKa tg € Q Takosa, 9T0 HU Ha ogHOu u3 KpuBex C1,...,Cy
HET PalMOHAIBLHEIX TOYeK Buia (o, Yo), TO MHOrOwieH f(to, ) HEIPUBOAUM.

3allMeMCs Tenepb UCCIEJOBAHNEM DAIMOHAIBHEIX TOYEK ILIOCKOU aJre-
opanveckon kpusou C, 33JaHHON yPABHEHUEM

b (Y™ + b1 (Y™ L+ ...+ bo(t) =0, rme bi(t) € Z(t).

IIpex ne BCcero caenaem 3aMeHy nepeMeHHEX § = b, (t)y. B pesyabrare no-
JIyIUM KPHUBYIO

7™ + bt (OF™ Y+ b2 (b (T2 + ..+ bo() (b (1) = 0.

Ecau (to,Jp) — panmoHaIbHAsA TOYKA 3TOU KpUBOU U tg € Z, 10 Jy € Z.
B manbHenmeMm OrpaHmYuMCa PACCMOTDPEHMEM LEIOYUCAEHHEIX TOYEK KpPU-
BOWU.

Urax, MOXHO cauTaThb, 9TO by, (t) = 1, T. €. KpuBas 3a,1aHa yPABHEHUEM

Y+ by 1 (Y™ 4.+ bo(t) =0, rae bi(t) € Z(t).

Iokaxkem, 9TO B OKPECTHOCTH TOYKHU t = 00 anrebpaudeckas pyuxmma y(t)
nmeer pasioxkenme Buga y(t) = a(t'/*)* + ...+ b+ c(t/*)"' + ... e
t'/% — onma 3 BeTBel KOpHA cremenn k u3 t (11 ONpPeIeIeHHOCTH BHIGEpeM
Ty BeTBb, 41 KoTopoi t/% > 0 mpu ¢t > 0). OTo6paxkenue (y,t) — t 3a1aeT
pasBeTBIeHHOE HakpeiTue M2 — CP!, rge M2 — pumaHOBa MOBEPXHOCTH
anrebpandeckon pyuxnuu y(t). Hac uaTepecyoT BeTBU 3TOr0 pa3BeTBICH-
HOTO HAKPHITUA HAJ TOYKOU 00. BO3bMEM OHY M3 BETBEU M PACCMOTPUM €€
mepeceydenue ¢ mpoobpa3oM OKPECTHOCTU TOUKU 0o. OrpaHuyenue pa3ser-
BJICHHOT'O HAKPHITHA HA DTO MHOXKECTBO UMeeT BU. z — zF. DTo osHauaer,
w10 dyuxmus y(z) ogrosnatHa u z¥ = t. flcro Takxe, UTO TOUKA 2 = 0O He
ABJSETCSA CYLIECTBEHHO 0CO60M TOUKON GyHKImHA y(2).

Hac unTepecyer caydan, Korjga CymeCTBYeT OECKOHEYHAA BO3PACTAO-
AsA TOCIEI0BATEILHOCTD HATYPAIBHBIX YUCe t;, NIA KOTOPHIX y(t;) — Be-
mecTBeHHOe (7 gaxe nenoe) uucio. [lokaxkem, 9T0 B TAKOM CJIy4dae BCe KO-
unyenTrr pasaoxenus y(t) BemecTBeHHBL [IpeanonoxumM, 9T0 He BCe 9TU
k0> uIMeHTH BemecTBeHHLL. Ilycrs £t°/F — umen camont crapirei creme-
Hu s/k ¢ meBemecTBeHHbIM &. Torga nNpy BeIECTBEHHBIX ¢ YIEHEL 60J€e BHI-
COKOU CTEMEeHU HUKAK He BIUAIT HA MHAMYI YaCTb CYMMBI A, a [pu
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t — 00 IEHBI MEHBIIEH CTENeHN MaIbl [0 CpaBHeHmIO ¢ £t%/% u me moryT
YHHYTOXUTD €r0 MHUMYIO JaCThb.

Ocraercsa caenaTs NOCJACIHMY IIATr — AOKA3aTh, ITO ducaa t; € N, mis
KOTOPEIX Y(t;) € Z, 06pa3yoT MHOXKECTBO HYJEBOM IIOTHOCTH. JTO JETKO
BLIBOJUTCS U3 CIEAYIONErO YTBEPK TCHH.

TeOPEMA 9.2. Iycts o(t) = a(t'/*)" +...+b+c(t/F)~1 4. .. — pynk-
I BEIIECTBEHHO'O NEPEMEHHOI0, IIPEACTABICHHAsA BEIIECTBEHHLIM PAIOM,
cxogammmMces npu t > R. Ilpeamonoxum, uro ¢(t) — ne muorowaes. Torga
cymecTByoT Takue kKoHCTaHTel C' > 0 u ¢ € (0,1), 94T0 KOIUIECTBO HATY-
paJabHEIX ducen t < N, gus KOTopex ¢(t) € Z, He npeBocxogut C'NE.

JOKA3ATEJBLCTBO. IIpexmge Bcero 3amMeTuM, 9TO B PABIOKEHUU IIPO-
u3BOAHON TOpsaAKa m byskmun @(t) = a(t'/*)" + ... wer wienos Buga t’,
rge v > (n/k) — m. IlooToMy MOXHO BEIGpPATH LieJoe Iucjao m > 1 Tak, 9To
o™ () ~ ct™* mpu t — oo, mpuaém U > 0 u ¢ # 0 (mocreTHEE CBOKCTEO
00eCIeIMBACTCA TEM, ITO () — HE MHOIOUICH).

JIEMMA. CymeCTByIOT TaKHe ITOJOXUTEJAbHbIC KOHCTAHTEL C1 U A, 9ITO
ecan T mocTaTovHO Betuko, To otpesok [T, T + ¢;T% comepxut He Gosee
M HATYPAJbHEIX 4ucel ¢, M1 KOTOPHX ¢(t) € Z.

HJOKA3ATEJILCTBO. Ilycte ¢ < ... < tp41. Paccmorpum muTEpIOL-
OMOHHEIN MHOTO4IEH Jlarpanxa
m—+1
_ (t—t1) ..o (t—tic)(t—tix1) oo (t —timy1)
10 =3 elt)g

- i—tl) (t, —ti_1)(ti —ti+1) EI (ti —tm+1)-

i=1
Pynkmmsa ¢— f obpaiaeTcs B HyIb B TOYKAX ty, . . ., ty41, HOITOMY COIMIACHO
Teopeme Pomns Ha oTpeske [t1,tm+1] €cTb Takas Touka &, 9TO

m—+1

o™ (&) = £ (E) = m! Z G o(t:)

i—tl) et (ti —ti71)(ti —ti+1)-... . (ti —tm+1)'

Taxum o6pazom, (™ (£) — panuonatsHOe 9UCIO, 3HAMEHATEIb KOTOPOrO He

IIPEBOCXOAUT 11 (tj—t;) < (tmyr —t1)™™HD/2.C gpyroi croponsr,
1<i<j<m+1

ecau t; JOCTATOYHO BEIMKO, TO 0 < |cp('”) (E)| <oty ™

Monoxum AT = tp,41 — t1. Torga |f(m) (§)| > AT—mMm+1/2 nosromy
eyt > AT™™mAN/2 pel AT > ¢T% rae a = 2u/m(m + 1) u ¢; =
— o 2/m(m+1) 0O
=c, .
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1
Buibepem € Tak, uTo 1 — o = ¢, T.e. € = T4 (mpu aToM 0 < € < 1).

Pazo6bem oTpesok [1, N] Ha orpeskn [1, N¢] u [N¢, N]. CoraacHo remme Io-
6011 oTpe3ok gmHL ¢1 (N°)*, npuragnexamuu [N¢, N|, conepxut He 6oee
M HATYPAJIbHEIX “mCel ¢, it KOTOpex ¢(t) € Z. Ilosromy obmee kotmae-
CTBO TAKWX HATYDATBLHBLIX ducen ¢ Ha orpeske [1, N| e npesocxoqut

€

N4 n NN o Ne TNt = e g TN
C1N C1 C1

m
Taxum o6pasom, B kauecTBe C' MOXHO B3ATL 1 + —. O

1

IIycte B(N) — kommdecTBO HaTypadbHbX uncel ¢ < N, IiA KOTOPHIX
¢(t) € Z. Torga A}im (CN¢/N) = J\l{im (C/N'=%) = 0. 9r0, B HacTHOCTH,
—00 —00
03HAYAET, 9TO CyMECTBYeT GECKOHEYHO MHOTO HATYPATBHBEIX GUCET t, 11
KOTODHIX @(t) & Z.

10. AsaropuTMbI pa3’yioXeHUSA HA HEIPUBOINMBIE
MHOXUTETN

10.1. Aaropurm Bepaeksmma

B naubonee 3¢ @deKkTUBHBIX AITOPATMAX PA3JIOKEHUs MHOIOWIEHA C Iie-
JBIMU KO2(DIUIMEHTAMY HA HEIIPUBOJUMbIE MHOXUTENN MCIOJAb3YeTCs Pas-
JIOJKEHUE DTOI'0 MHOIO4IeHa Ha g noneM [, nis mekoToporo nmpocroro p. Ilo-
STOMY MBI CHA4YaJIa 00CY UM OJUH U3 AICOPUTMOB PA3IOXKEHNA MHOIOLICHOB
[0 MOAYJIIO P, TpennoxeHutiit beprexkomnom [Berl].

IIycTs f — mHOTOWIEH ¢ KOoaddunuenTamu u3 nous F,. MoxHo cunTaTs,
410 ero crapumu koadgguiment pased 1. IIpex ne veM npuMeHATL aICOPUTM
Bepaexomna, HyXHO n36aBUTHCA OT KPATHEIX HENPUBOJUMEIX MHOXUTEIEN
muorouresa f. [lenaercsa aro caexyromum obpasom. Ilycrs f = fi - ...
el f,? * rae fi,-.., fr — NOIMAPHO PA3JUYIHBLIE HENPUBOAUMBIE MHOI'OYIEHB
co crapimmu kodbdunuerramu 1. Jlerko nposepurs, 4To

a=(f =L L e L=T] 4
pin; pln; pin;

Muorouren f pasmaraercs B npomsBeseHue MHOrO41eHOB d u f/d, npudem
B PA3JOXeHUn MHOrowieHa f/d HeT KPATHEIX HEIIPUBOAMMEIX MHOXUTEJIEH.
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Ecan degd < deg f, To x MHOrOwIeHy d MOXHO IPUMEHUTDH TAKYIO XK€ OIle-

panuio. Eciu xe 0 < degd = deg f, o d = [] fi" = g?. fcuo, uro deg g <
p|n:

< deg f ¥ 0O PABIOKEHUIO MHOT'OWIEHA, § MOXKHO BOCCTAHOBUTD PABJIOKEHUE

MHOIOWIEHS, d.
Aacopumm Bepaexamna OCHOBAH Ha CIACAYIOUIEUN TEOPEME.

TEOPEMA 10.1. IIycte f € Fp[r] — MHOrOWIEH HOJIOXUTEILHON CTEIe-
HE 1 C cTapmmM Kodddunuenrom 1.

a) Ecin muorowren h € F,[z] ygoBrereopsier coornomenuio h? = h
(mod f), T.e. h? — h nenurca va f, TO

aclF,

6) Oycts f = f1-...- fx, voe fi, ..., fr— TIONAPHO Pa3JAWIHELIE HE-
MIPUBOAUMEIE MHOT'OYWIEHH CO cTapInuM Koaddgduuuentom 1. B Takom crydae
MHOTOWIeH h yaoBaeTBOpaeT cooTHomenuto h? = h (mod f) Torga u ToabKo
Torga, korga h(z) = a; (mod f;), rae a; € F,. Ilpu sToM KaxaoMy HAGO-
py (ai1,...,ax) COOTBETCTBYET POBHO OJUH MHOIOWIEH /i, CTENIEHb KOTOPOr'O
MEHBbIIIE CTEIeHN MHOIOWIeHa f.

JIOKABATEIBCTBO. a) Homoxum F(z) = [ (f(z),h(z) — a). Muo-

ac€lF,
T'OYJICHBIL h(:E) — a IIp; pa3ﬂH‘IHhIX a B3aMUMHO IIp()CT]::I7 HO:—)TOMy MHOI'O-
JIeHEI ( f(z),h(z) — a) ABIAIOTCA B3AMMHO IPOCTBHIMM JEIUTENAMU MHO-
rowrena, f(z). CaegoBarensno, MHOrOWwIeH f() NEIMTCA HA UX OPOU3BE-
genne F(x). C gpyrou croponsl, B moxe F, cnpaBeiinBo moIMHOMIAIBHOE

)
C
ToxgectBo || (y —a) = yP — y, HO3TOMY MHOTOWIEH
ackF,

I (h(=) - a) = (h(=))" - h(=)

aclF,

peantcs Ha f(z), a 3maunt, muoroureHn F(z) nemnrcs ua f(z). Urax, muo-
rouwrensl f w F pensitcs gpyr Ha apyra, a ux crapume Ko3gh@uiyeHTH
paBusul 1, mosromy F = f.

6) Ecm h(z) = a; (mod f;), To (h(z))” = a? = a; = h(z) (mod f;),
a 3HAYAT, (h(w))p = h(z) (mod fy - ... f). Hao6opoT, ecau MHOro4wIeH
(h(z))" = h(z) = TI (h(z) —a) nemwrcs Ha f, TO OH AEIUTCA HA BCE MHO-

aclF,

rowieHsl fi, ..., fr. fIcHO Takxe, 9TO €CAM HEPUBOAUMEIN MHOTOYIEH f;
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IEIAT IPOM3BELEHNE TIONAPHO B3AMMHO MPOCTHIX MHOXUTERen h(z) — a, To
OH [eIUT OJAVH U3 DTWX MHOX®TENeH, T. e. h(z) = a; (mod f;).

CymecTBOBaHUE ¥ €AMHCTBEHHOCTH MHOIOY/IEHA /i ¢ 3a4aHHBIM HA00POM
(a1,...,ar) OI€BUAHBIM OOPA30M BHITEKAET M3 CJAEAYIOIErO yTBEDXK ICHUL
(Kumatickas meopema 06 OCMAMKAT 044 MHOZOULEHOS).

JIEMMA. Iycts fi, ..., fr — B3aUMHO IPOCTHIE HENPUBOIUMBIE MHOTO-
wIeHsl HAO noaeMm F', g1, ..., g — IPOM3BONLHBLIE MHOIOYICHBI HA TEM K€
nonem. Torga cymectsyer Takou muOrownes h, aro h(z) = g; (mod f;),
IPUYEM DTOT MHOIOWIEH ONPENEJeH OTHO3HAYHO MO MOIYJIK MHOIOWICHA

f=h-fr

[IOKABATENBLCTBO. Muorowens f; u F; = f/f; B3aumuo npoctsl, mo-
DTOMY CYLUIECTBYIOT TaKWe MHOT'OWIEHH a; 4 b;, uTo a;f; + b;F; = 1. Ilpn
otoM b;F; = 1 (mod f;) u b;F; = 0 (mod f;) mpm j # i.

Tonoxum h = ) g;b;F;. Torga h = g;b;F; (mod f;) = ¢; (mod f;).
CymecTBoBanne TpeGyeMoro MHOIOWIEHA h JOKA3aHO.

ExurucrBeHHOCTH TpefyeMOro MHOIOUIEHA CJAeLyeT M3 TOr0, UTO eCIu
MHOrO4wIeHsl hy — g; u ho — g; nensrcs Ha f;, 70 MHOrO4IeH hy — hy geauTcs

Ha fi ... fr = f. oo

CoorHomenve (h(:ﬂ))p = h(z) (mod f) 5KBUBATEHTHO CUCTEME JUHEU-
HBIX ypaBHeHn# Hajg noteM F,. B camom gene, mycts h(z) = to + tiz + ...
et ty_12™ ! (mamommmm, uTO deg h < deg f = n). Toraa h(z)? = h(zP) =
=to+t12P+. ..+ tp_12P" V. Tua kaxgoro monoma x4, j = 0,1,...,n—1,
HaeM ero OCTATOK OT IEJECHUsA HA MHOTOYIEH f:

n—1
i — i
P = E gijz' (mod f).
=0
B pesyapTare nomyaum CUCTEMY JMHEUHBIX yPABHEHUN

n—1
th(h'jzti; i=1, ..., n—1.
1=0

Pa3mMepHOCTL IPOCTPAHCTBA PEIIEHUN TOU CUCTEMH paBHA k, rae k— Ko-
JIMYECTBO HEIPUBOAUMBIX MHOXUTeNeU MHOrowieHa f. flcHo, 910 goo = 1 m
qio = 0 mpu ¢ > 0. [losTOoMy cucTrema mmeeT TPHUBUAILHOE pelIeHUe ty = C,
t1 = ... = ty—1 = 0; DTO pelreHNe COOTBETCTBYET MHOI'OYIEHY h HyJIE€BOU
CTEIICHU.
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Mycts hy =1, hg, ..., hy — 6asuc npocTpancTsa pemennu. Ecau k = 1,
10 MHOrowieH [ mempueomuM. Ecam xe k > 1, To HaxoquMm HamOOIbIINE
obmue nemmrenn MHOrowneHoB f(z) m ho(z) — a mia Bcex a € F,. B pe-
3yJbTATE HOLYy9IUM HAOOP HeInTeNnen gi, ..., gs MEorowiena f. Ecau s < k,
TO A KAXKAOTO ¢; BLIYUCIUM (gi,h3 (z) — a), ¥ T. 1. 1O T€X MOp, MOKa He
TOJIyduM BCE K AeIUTETen.

Jlerko mpoBepuThL, YTO B KOHIIE KOHIIOB MBI O0S3aTEILHO MOJYIUM BCE
k nemurenen. B camom mene, mycTh fi u fo — pasHBIE HEIPUBOIUMEIE [€JIH-
Tenu muOrounena f. Paccmorpum ma6op (ai,as,...,ak), rae ap # as. Emy
COOTBETCTByeT MHOrOwieH h, misa koroporo h(z) = ay (mod f1) u h(z) =
= a2 (mod f3). llosToMy a1 HEKOTOPOro GA3UCHOIO MHOTOWIEHA h; MOIK-
HBI BHIIOJHATHCA cpaBHenusa h;(z) = ay; (mod f1) u hi(z) = az; (mod fa),
Tae a1; # a9;- Takou MHOTOUWIEH h; Pa3BeIVHUT MHOXUTEN f; U fo.

3AMEYAHUE. Wcnonb3ys unero aaropurMa pasaoxenus Kanropa—Ilac-
cenxaysa [CZ], MOXHO CYIIIECTBEHHO YBEANIUTH DPPEKTUBHOCTE AITOPUTMA,
Bepaexkomma. A umenno, BMecTo MHOrowieHoB hi(x) — a = h;(z) — ahy ()
MOXHO O6parb MHOro4wIeHsl H (z) = ajhi(z)+. . .+aphi(x), raeaq, ..., ap —
CIy4auHbIi Habop aaemeHToB Iy, , u BErMuCIATE HauboabINe O0Iue JeruTe-
s muorowrienos f u H®~1/2 — 1. Ecin muorodwren f npusogum u p > 3,
TO C BEPOATHOCTBIO HE MeHee 4/9 MBI P DTOM CpPa3y XKe MOTy9uM HETDH-
BUAJBHOE paBJIO)KeHI/Ie.

10.2. PaxTopusamma ¢ MOMONIILI0 JeMMEI ['eH3 e

Ha c. 61 npusegen anroput™ Kponekepa pasioxeHUs MHOIOWIEHA C Iie-
JABIME KOD(DPUIUEHTAMA HA HEIPUBOAUMEIE MHOXUTEIN, HO TOT AJICOPUTM
TpefyeT CIUMIKOM GOJBIINX BEMMUCAeHUN. V3BeCTHHI 1 ropasgo Goaee sd-
dexTuBHbIe anropurMbl. Haubonbmmi T€OpeTUIeCKUN MHTEPEC MPEeACTa-
Basier aaroputym Jlenctpei—Jlencrpri—JloBaca, koTopeit Mu1 06¢yauM B [o-
nonserun (cM. ¢. 313). Ho mHa mpakTuke OH Hepeako OkasnBaeTcs Oosee
MEe[UIEHHEIM, 9€M AIrOPUTM (GAaKTOPU3ALUY, KOTOPHEIU MEL CEMYAC OIUIIEM.

Ilycte f— muOrOUnen ¢ neasivu koaddunmentamu. Ecau cont(f) # 1,
T0, nogeaus f Ha cont(f), MbI HOIYyYUM MHOrOWIEH ¢ cogepxkanueM 1. IlycTo
f =" ... - fi* — pasnoxenne mMHOrowIeHa f HaJ 7 Ha HEIPUBOJUMEIE
muoxurem. Torga f = fi*=t ... g’“flg, rae g € Z[z]. ostomy Hag Z
HaMGObIIMI OO KeuTes MHOTOwIeHoB f u f' Toxe pasen fi' 1. ...
et ,?’“_1, kak u Hag Q Taxum o6pasom, HaA Z MHOrOWIEH f MOXHO mOje-
e Ha, (f, f') 1 monyanTs MHOrOUIEH 6€3 KPATHLIX KOPHEN. B famrsHenmeM

Oyaem cauTaTh, 9T0 cont(f) = 1 u muorowiens f u f' B3auMHO IPOCTHL.
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CymecTBytoT MHOrOweHH 4, v € Q[z], mas xoropmix uf + vf' = 1,
HOPTOMY CyIIECTBYIOT MHOIOWIEHH U, U € Z[z], nus xotopux uf + vf' =
=n, n € N. Ecan npocroe 4ucio p B3amMHO npoCTO C 7, TO HAL IOJIEM
F, nanGonpmmit 06mmit gemwurens muorowenos f u f' pasen 1. Bygem no-
cregoBarensHo Beraucaats (f, f') vag F, ana p = 2,3,5,... 5o Tex mop,
noka He okaxkerca, 9T0 (f,f') = 1 u npu sToM crapumiu Ko3(pQGUIREHT
MHOTOWICHA, f B3AUMHO MPOCT C p. DTO MPOCTOE YUCIO P MEI PUKCUPYEM 1
B JanbHEUImeM Oy1eM UMEThb NeJ0 UMEHHO C HUM.

Ilo Moaym0 p y MHOrOWIEHa, f HET KPATHEIX HENPUBOAUMBIX MHOXUATE-
JIed, TO3TOMY K HEMY MOXKHO IIPUMEHUTE aIrOpuTM BepieksMna u moryIuThb
pasnoxenve f = afi - ... fr (mod p), rze fi,..., fr € Z[z]— MHOrO4NeHE
co crapmmM KOdhdunmenToM 1, a— crapumi Kod>PQOUUIUEHT MHOrOYIe-
Ha f udegf = degfi + ... + deg fr. IpuBogumas uuxe nemma [emsens
MO3BOJSIET TO HTOMY PABJIOKEHHUIO MOCTPOUTH PABJIOKEHHE MHOIOWICHA, f
o MomyJao p™.

JocraTouno paccmorpers caepyomyo curyanuio: f = fifo (mod p™),
rae f, f1, f2 € Z[z], deg f = deg f1 + deg f2, cTapmmn xosddunmenT MHO-
rowieHna fi paees 1, crapmmy KO>(pQGUUIUEeHT MHOIOWICHA [ B3aUMHO IIPOCT
C p ¥ MHOTOWIEHH! f1 U fy B3aMMHO mpOCTHL 0 MoAy.o p. [locreguee ycao-
BUE O3HAYAET, YTO CYLIECTBYIOT MHOTOWIEHHl 4,V € Z[z], A1 KOTOPHIX
ufi +vfo = 1 (mod p). Eciu v, v' — gpyrue taxue muOrowieHsr, To u' =
=utwfy (mod p) mv' =v—wf; (mod p), rae w € Z[z]. llosromy ycaosue
degu < deg f2, degv < deg fi OQHO3HAYHO 3a43€T MHOIOYWIEHHL U4 U VU IO
MOIYJIIO P.

IIpodoasncenuem I'enzeasn pasnoxenus f = fifo (mod p™) Gymem HaA3HI-
BaTh pasnoxenue [ = f,f, (mod p™*!) rae mns mmorowremos f; u f,
BBIIOJHAIOTCSA TE€ XK€ CAMEIE yCJIOBUA, YTO U [IJIA MHOTOWIEHOB f1 1 fa, 1 Ipm

srom f; = f; (mod p™) u deg f; = deg f;.

JIEMMA (Tensens). Ecau m > 1, T0 aua aroboro pasioxenus f =
= fi1f2 (mod p™), yAOBIETBOPAIOIIErO YKA3AHHEIM BEIILE YCJIOBUAM, CYIIE-
cTByeT ero mpogomkenune Lemsens f = f, f, (mod p™*!) u mpu sTom MHO-
TOWIEHBI f, U f, ONpeeIeHbl OJHO3HAYHO 0 MOAy M0 p™ e,

MOKABATEJILCTBO. MBI mimem Takue MHOTOWIEHH [, fo € Z[x], uTO
fi=Ffi+p"gi, deg f; = deg f;, crapumit xoappurmenT f, pasen 1 u mpu
BTOM BHINOTHAETCA cpaBHenue f = f; f, (mod p™*!) T.e.

fife ™ (921 + 91f2) + P*™g192 = f (mod p™tT).
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fcno, ato p*™g1gs = 0 (mod p™T!), mosTOMY MBI IPUXOAUM K CPABHEHWIO

g2f1 + 91 f2 = d (mod p), (1)

rae d =p "™ (f — f1f2) € Z[z]. Pemenns cpasuenus (1) MOXHO HOLYINATH C
TIOMOIIILI0 MHOT'OYIEHOB U U U, JJ1A KOTOPHIX u f1 +vfa = 1 (mod p). A nmen-
HO, g1 = dv +wfi (mod p) u g2 = du — wfz (mod p), rage w € Z[zx]—
TIPOM3BONbHEIR MHOTOWIeH. W3 Toro, uto f; = fi + p™g1 u crapimme Ko-
>hUIIEHTE MHOTO4ICHOB fi U f, paBHmI 1, crexyer, uro degg; < deg fi.
IosToMy npu 3a8aHHOM U MHOI'OYJIEH g1 [0 MOZYJIIO P OLPEIEIEH OJHO3HAY-
HO. B Takom Ciydae MHOrOWIEH g2 IO MOAYJIO P TOXE OHNPENEIEH OLHO-
auaunO. CJIeJ0BATEIBLHO, MHOTOWICHEL f; U fo ONDEJENEHE! OJHO3HAMHO MO
momymio p™ L. O

3AMEYAHUE. [Ipomecc BLMMUCICHUSA PABIOKEHUS MHOTOWICHA IO MOY-
Mo p™, TAe M BeIUKO, MOXKHO CYIIECTBEHHO YCKOPUTh, €CI PACCMATPUBATE
TIOJHATHUA PA3TOKEHIH IO MOLYTIO ¢ 10 PA3IOKEHWUN TI0 MOAYJIIO qr, TAe T =
= (p, q). llogpo6roctu cm. B [Coh].

YT06B MOMYIUTE PA3NI0KeHNe MHOrOWIeHa [ € Z[r] Ha HenpMBOAMMEBIE
MHOXUTEIN, MOXKHO NOCTYNuTh caeayiommm o6pasom. (Mer npeamonaraem,
uro cont(f) = 1 m y muOrounena f Her kpaTHbBX KOpHen.) C moMombo
HepaBeHcTBa MunborTa (Teopema 17.6 ma c¢. 171) nomyuum ouenky M s
KOD(h(PUIMEHTOB IeIUTENe MHOIOWIEHa [, CTelmeHb KOTOPHIX He IIPEBOCXO-

1 .
AuT o deg f. 3arem BrIGEpeM m Tak, uTo p™ > 2aM, rae a > 0 — crapmuu

ko3 dunment muorowrena f. Iocae sToro ¢ nomoumso aaroputma Bepiek-
sMIa U JeMMbI [eH3ens nocTpouM pasioxenue f = a- fi-...- fi (mod p™),
rae fi,..., fr € Z[x]— MHOrOwWIeHH O cTapmuM KodddunnesToM 1.
Mycts g(z) = a1 + ... € Z[zr]— gemmrens muorowena f. Toraa ay =
= a/a; € N 1 MHOTOYIEH a2¢g IO MOAYJIO P UMEET B G- f;, -. . .- f;,. YcaoBue
p™ > 2aM nOKA3BIBAET, YTO MHOT'OWIEH (2¢ ONHO3HAYHO BOCCTAHABINBALT-
CsL IO MHOTOWIEHy a - f1 - ... fr (mod p™). B camom pene, koapunnenTh

1
MHOT'OYJIEHA, G2 ¢ 3AKIIOYEHBI CTPOr'0 MEX Iy i§ P, IODTOMY OHU OTHO3HAM-

HO BOCCTAaHABJIUBAITCA II0 CBOUM OCTATKaM OT OEJICHUA Ha pm
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3ajgaum K riase 2

2.1. Ilycte f € Z[x]— MHOrOWIEH C KOPHAME 01, . . ., oy, 1 M =max |a;|.
2

JoxazaTe, uTo ecau f(Lg) — IPOCTOE YUCIO AIA HEKOTOPOrO LEIOro Iy,
npuaeM |zo| > M + 1, To MEOrOUWIeH [ HEMPUBOAMIM.

2.2. Ilycte p— npocroe 4duciao. [okazars, 4T0 MHOrOwieH x? — x — a,
rje g — HATYPAJILHOE YUCJIO, HE IESAIIEECs Ha P, HEIPUBOUM.

2.3. Tlycte ans muOrOwneHa f € Z[z] cymecTByeT Takoe meaoe 9mcio n,
9TOo:

1) Bce kOpHM MHOrO4WIeHa f JexkaT B MOLyIIOCcKocTH Rez < n —

2) f(n—1) #0;
3) f(n) —mnpocroe uuco.
Mlokasars, YTO MHOrOWIeH f HEIIPUBOAMM.

24 [Kl. a) Oycre f(x) = fpz™ + ... + fo € L[z], npuaem |fo| > 1.
Ilycrs, gaxee, {c1,...,c,} —Bce pemnrean uucaa |fo|. IIpegnosoxum, aro
B 7l PA3IUYHEIX TEILIX TOYKAX (1, - - - , (p, MHOTOWIEH [ IPUHUMAET IPOCTEHIE
3HAYEHUS P, - . . , Pp ¥ OPH ITOM |a;| > 2 m a; He et ¢j£1, rpei=1,...,n
uj=1,...,r. JokazaTb, YTO MHOIOWIEH f HENPUBOIMM.

6) IlycTh measle 4mena ag,...,Qn,T ¥ § TAKOBHL, 4TO |ag| > 2, ducia
g=(-D"ay-...-ap+sup, =rap+s,vaek =1,...,n, npocTee u npu
aToM aj He geaut ¢ + 1. Joxasars, uro muorounes f(z) = (x —ay) - ...
... (x — ap) + rz + s HEIpUBO AWM.

53

2.5. Ilycre f(x) = 2™ + a1z™ ' + ... + an_17 + pa, — MHOTOWIEH C
LIEIEIMI KO3DPUIMEHTAMH, IIPUYEM P — MPOCTOE IUCIO0. [J0Ka3aTh, 9TO eCIn

n—1 .
p> Y |an|" ' 7 a;|, To MHOrOUNEH f HempuBoxMM.
=0

2.6. IIycts aq,- .., a, — DOMAPHO PA3INIHLIE IIENEIE YUCIA.
a) [loxaszaTs, 970 MHOrOWIeH (z—ay)-(z—az)-. . .-(z—a,) —1 HempuBOAUM.
6) Jokasarb, 4T0 MHOrOwWIeH (£ —ay)-(z—az)-. . .-(x—ay,)+1 HempusoguM

32 MCKTIOYEHNeM CJIeTyIOMIX CIy9aes:
(x—a)(zr—a—2)+1=(z—a—1)7%
(r—a)(z—a—-1)(z—a—-2)(r—a—-3)+1= ((a:—a—l)(a:—a—2)—1)2.
B) [lokazaTe, 410 MHEOrOWeH (z — a1)? - (z —a2)? - ... (z —a,)? + 1
HEIIPpUBO ANM.

2.7. Mokaz3aTh, 9TO JOOOU MHOT'OWIEH C HEILIMA KO3(DPUIIMEHTAMA MOXK-
HO IPEeCTABUTh B BUE CYMMEI ABYX HEIPUBOIUMBIX MHOIOYWICHOB.
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2.8. a) Ilycts f(x) — MHOrOWIEH ¢ HeabMu K0abGUIMEeHTaMU, IPUHAMA-
o 3HaMeHue +1 60onee vem gua Tpex nenbx z. Jokazate, uro f(n) # —1
npu n € Z.

6) Ilycts a,b € Z u muorowren ax? + bz + 1 menpusogum. [JokazaTs, 9T0
ecun > 7Huay,...,d0, —IONAPHO PA3IXIHEIE EJEE YUCIa, TO MHOI'OWIEH

2
a(p(z))” +bo(z)+1,rae p(z) = (x—a1)-(x—az)-...-(z—ayn), HEIPUBO AWM.

2.9. Iycrs F(x1,...,Zpn) € Z[x1,..., 25 u f(z) = F(z,...,z). Joka-
3aTh, 9TO €CJIY MHOIOWIEH [ HENPUBOAUM, TO MHOrOwIeH F' TOXe HermpuBo-
[VIM.

2.10. IIycte p > 3 — npocroe ducio, n < 2p. [JokasaTb, YT0 MHOIOIEH
%P + pz™ — 1 HempuBOIUM.

2.11. IIycts p > 3 — mpocToe ¥ucio ai+. . .+ap, = 2p, n < 2p. JlokazaTs,
ITO MHOTOWIeH T5' - ... - Tp” + 20 + ... + z, — 1 HenpuBoAMM.

2.12. Ilycth f — HENPMBOAVIMEIN MHOIOWIEH C IENBIMU KO(DDUINEHTA-
My, D — ero IUCKpUMUHAHT, p— OPOCTOE IuCIo. IIpeamnonoxum, 110 MHO-
rowieH f o MOZYJIO P PA3JIaraeTcsa Ha k HeNPUBOAMMBIX MHOXHUTeRen. Jo-
kazare, aro DP~1/2 = (~1)"* (mod p).

Pemenus 3agaa

2.1. Tlpegnonoxum, uaro f(z) = g(x)h(z), rae g,h € Z[z] u degg > 1,
degh > 1. Yucino f(zo) = p npocToe, HO3ITOMY MOXKHO CIATATD, 9TO ¢(Zo) =
= %1 u h(zo) = £p. C gpyrou cTOpoHEl, KOpHU P1, ..., ; MHOIOWICHA g
ABJAIOTCA KOPHAMU MHOTOWIeHa f, mosToMy |B;| < M, a 3mauwmr,

|9(z0)| = lao| [] Izo — Bil,

rge |agl 2 1w |zo — Bi| = |zo| — |Bi] > (M + 1) — M = 1. CaegoBareasHo,
| g(:vg)| > 1. [loryveno npoTuBopedne.

2.2. lIpenmoaoxum, 4To MHOrOwIeH £ — x — a nmpusogum uan Z. Torga
OH NIPUBOJVM ¥ KaK MHOTOWIEH Hal Zp, T. €. HaJ Zp IMeeT MeCTO PABEHCTBO
2 —z —a = g(z)h(z), rme 1 < degg < p— 1 ¥ MHOrOWIEH ¢ HEIIPUBO AWM.
Ecm b € Zy, 0 g(x —b)h(z —b) = (z —b)P —(x —b) —a = 2P —z —a.
TaxuM 06pa3oM, MHOTOWIEH TP — T — @ NeTUTCA Ha P MHOTOWICHOB g;(T) =
=gz —1i),1=0,1,...,p—1. Ecm degg < p— 1, TO 5T¥ MHOI'OWIEHLI
MOMAPHO PA3IMYHEI, MOCKOMbKY (z — i)* — (z — j)* = (j — i)kz®~1 + ...
IosTomy p = deg(xP —x—a) > pdegg. Caegosarensro, degg = 1. Ho ecan a
He JEIUTCS Ha P, TO MHODOWIEH P — & — @ He IMeeT KOPHEH! B Zj, IOCKOIbKY
b — b = 0 pus 106010 b & Zy,.
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2.3. Ipegnonoxum, aro f(z) = g(z)h(z), rge g,h € Z[z] n degg >
> 1, degh > 1. Yucno f(n) = p mpocroe, MO3TOMY MOXKHO CIATATH, ITO

g(n) = £1 u h(n) = £p. C gpyrou cropons, ecau g(B;) = 0, To f(B;) =
1 1
= 0, mosTomy Ref3; < n — 30 T-e Re(n -5 ﬁz) > (. IT0 o3HAYAET, YTO

1 1
ecm t > 0, TO ‘n—i—ﬁi—t‘ < ‘n—§—ﬁi+t

1
, HO3TOMY ‘g(n—i—t)‘ <
1
< ‘g(n -3 +t)‘. Us ycrosua f(n — 1) # 0 caegyer, uto |g(n — 1) > 1.

1 1 1 1
Taxum o6paszom, |g(n)| = ‘g(n—§+§)‘ > ‘g(n—i—i)‘ = |g(n—1)| > 1.
IMpuxogum K TpPOTUBOPEHIUIO.

2.4. a) Ipegnonoxum, uto f = f1fo, rae fi, fo € Z[z]. llycts f1(0) = by
u f2(0) = ¢;. [las onpefeseHHOCTH MOXHO CIUTaTh, 9TO |by| < |y

Cayuwaii 1: |by| = 1. B sTom cay4ae |¢1| = |fo| > 1. U3 ycnosus f(ag) =
= pg, THI€ P — OPOCTOE IUCIO, CIAeAyeT, 910 aubo fi1(ay) = £pr u fa(ag) =
= +1, mbo fi(ax) = £1 u fo(ax) = +pg. [pegnosoxum cHavama, ITO
f2(ar) = £1. Torga fa(ag)— f2(0) = —(c1 £1). C gpyrou cropons, fa(ay)—
— f2(0) memwrca ma ay. Mpuxomgum x mpormsopeumio. QcraeTca npeano-
a0%kuTh, 910 fi(ag) = +1 = +by = £f1(0). Ecm fi(ar) = —f1(0), To
filar) — f1(0) = 2fi(ax) = £2. C apyrout croporst, fi(ar) — f1(0) semmr-
cs Ha ap, TOOTOMY |ag| < 2, 9To mpoTuBopeunT ycaosmio. TakuM o6pasow,
filag) = fi(ag) =bympu k = 1,...,n. YauTsBas, 9TO CTENEHb MHOI'OWIEHA,
f1 cTporo mense n, noxydaem f1(x) = by upu Bcex .

Cayuati 2: |bi| > 1. B aTom caygae by u ¢; WrpamT OJMHAKOBLIE DOJH,
nockoabky |ci| = |bi| > 1. Ilycre musn onpegenennoctu fi(ay) = £pg u
f2(ar) = £1. Toraa fa(ar) — f2(0) = —(c1 £ 1) geamres Ha ay, 9TO HpOTH-
BOPEYAT yCIOBUIO.

6) OueBugHBEIM 00PA30OM CIEAyET U3 a).

2.5. Kak v mpu 10Ka3aTensCTBe TEOPEME! 7.4, IOLydaeM, ITO IPON3BEIe-
HIEEe a0COMIOTHLIX BEJIUYUH KOPHEU OJHOTO U3 MHOT'OYWIEHOB ¢ U A HE TTPEBOC-
XOAUT |ay,|. YTO6H NPUATH K MPOTUBOPEYMIO, JOCTATOYHO MOKA3aTh, ITO
LU 1000r0 KOPHS of MHOTOWIEHa f BBIIOJHAETCA HEPABEHCTBO |a| > |ay).
IIpenmonoxum, aro f(a) =0 u |a| < |ap|. Torga

n—1
lpan| = 0" + @10 + ... + ap_1a| < |an] Z lan " " ai| < planl,
=0

Yero He MOXKET OBITh.
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MHorowieHbl
CIIEIINAJILHOTO BU A

11. CummeTpuduecKme MHOT OICHEI

11.1. IIpumepsl cMMMeTPHUIECKUX MHOI'OLICHOB

Muorowres f(z1,...,%,) HAEBAIOT CUMMEMPULECKUM, €CTA LIS JH0O0U
TIOJICTAHOBKY 6 € ), BBITOJHAETCS PABEHCTBO

f(xc(l),...,mc(")) = f(z1,---,2Zn)-

OCHOBHEIM TPUMEPOM CUMMETPUYECKUX MHOTOWIECHOB CIYKAT I4EMEH-
MapHble CUMMETPAYIECKIE MHOIOWICHEL

k(%1 ... Tpn) = Z Tiy * oot Tigs

11<...<1Ip

rae 1 < k < n; yaobuo caurats, 9t0 69 = 1 6g(21,...,2,) = 0nupu k > n.
SJIeMeHTapHBIe CI/IMMeTpI/I‘IeCKI/Ie MHOI'OYJIEHBEI MOXXHO 33a/aBaTh C IIOMO-
B0 NPou3eodawet GynrKyuu

n

oft) = ioktk =[] +tz).
k=0

i=1

Ecma 2y, ..., T, — KOpHE MHOrOwIeHa =" + a1z" ! + ... + an, TO
— k
O'k(.'El, .- ,.’En) = (—1) ag.-
[pyrum npumMepoM CUMMETPUYECKMX MHOTOWIEHOB CIYXKAT NOAHbIE 00-
HOPOOHbIE CAMMETPUIECKIE MHOT OJIEHE

— % in
Pe(T1y... 2n) = E LR
i1+...+in=k
WM cooTBeTCTBYET NPOM3BOAAmAA QyHKIWA

n

p(t) = Zpktk = H(l —tx;) 7t
k=0

=1
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I'aasea 8. Muoecousenbl cneyuasbHo2o 8uda

BaxubiM nprMepoM CUMMETPAYECKAX MHOIOWIEHOB CIyXaT TAKXKe CIme-
NEHHDIE CYMMbL

sp(1y. .o mn) =¥+ 42k

"M cooTBeTCTBYET IPOW3BOAAIIAA (DYHKITUS

oo n
s(t) = E spthl = E zi(1 —tx;) L.
k=0 i=1
I/IHOF,ELa UCIIOJIB3YIOTCA MOHOMUGAbHBIE CAMMETPUYICCKNE MHOT OYJIEHBI

My i (T15 -+, Tp) = Z 5’7?(1) w:r"( )’

ceSn

IIpoussogsamme pyuxuuu o(t) u p(t) cBasansl cooTHOmenueM o(t)p(—t)
= 1. llpupasuuBas ko>dpduiuenTs npu ", n > 1, B 1€BOU U IPABOU YACTH,
IOy 9aeM

n

Z(_l)rchn—r =0.

r=0

(1)
Tpoussogsamas gpyskuus s(t) Beipaxaerca depes p(t) u o(t) caegyromum
obpa3owMm:

IpupapuuBas Ko3ddumenTs mpu 71!, MOy 9aeM

n
Npn = Z SrPn—r, (2)
r=1
n
no, = Z(—l)T_lsTon,T. 3)
r=1
Coorromenus (3) naswBaor gopmyasamy Heoromona.
Sanumem coornomenusa (1) maa n = 1, ..., k. IIpu duxcupoBanHbIX

01, ..., 0 9TU COOTHOIIEHUA MOXHO PAaCCMAaTPUBATH KaK CUCTEMY JVHEMHBIX
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ABHCHMU [JIA D1, . . . , Dk, & IPpU PUKCUPOBAHHEIX P1, .. ., Pp — KaK CUCTEM
y b b b ) ) y
ypaBHeHHf/'I s O1, ..., O. Pelas 3Tu CUCTEMEI, HAXO0 UM
j2a 1 0 ... 0 c1 1 0 ... 0
P2 P1 1 ... 0 G2 o1 1 ... 0
Pk-1 Pk—-2 Pk—-3 -.- 1 Ok—1 Ok—2 Ok—3 --- 1
Pr  Pk-1 Pk-2 --- P1 Og Og—1 Ok—2 --.. O1

AHaJIOrMYHO C IOMOIIBIO COOTHOIIEHUN (2) moIydaem

pp 1 0 ...0
_ 2p2 P1 1 ... 0
sp= (=11 ) N
kpr Pr—1 Pr-2 ... D1
s1 -1 0 0
S2 S1 -2 0
1
Pr = ! : : : :
Sk—1 Sk—2 Sk—3 ... —k+1
Sk Sk—1 Sk—2 ... S1
C nmomompi0 COOTHOMmEHNH (3) HoIyIaeM
81 1 0 0
o1 1 0 0 5 s 9 0
262 o1 1 0 1
Sk = . ) O = H : : :
k‘. ’ : Sk—1 Sk—2 Sk—3 ... k—1
Ok Ok—1 OCk—2 ... O1
Sk Sk—1 Sk—2 ... S1

11.2. OcHoBHas TeopeMa 0 CMMMETPUIECKUX MHOT'OLICHAX

OJEeMEHTAPHEIE CAMMETPUYECKAE MHOTOWIEHE! AIre0panvecKu He3aBU-
CuMHEI 1 00pa3yoT 6a3UC KOJIbLA, CAMMETPUIECKUX MHOrOwWIeHOB. Bosee To4-
HasA (GOPMYJIMPOBKA ITOTO YTBEPKEHUA BLIIVIAAUT CISIYIOMUM 00pa3oM.

TEOPEMA 11.1. Ilycrs f(z1,...,Tn) — CAMMETPUYECKAN MHOTOIEH.
Torga CymecTByeT TAakOU MHOCOICH §(Y1,...,Yn), 9TO f(T1,...,%n) =
=g(o1,...,0,). IIpy 3TOM MHOTOWIEH ¢ €IXHCTBEH.

[JOKABATEJBbCTBO. [[0CTaTOYHO PACCMOTPETH Caydau, KOorga f—

OJHOPOJHBIA MHOrOWIeH. Bynem rosopurs, 94To MOHOM 27" - ... - m)ﬁ" ume-

eT 60nee BLICOKUN MOPAIOK, €M MOHOM zi' - ...-Zh", ecim Ay = i, ...
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cooy Mg = U B Agy1 > Upgr (Bo3moxwO, k = 0). IIycTs aaﬁl Ceae e —
crapumy MOHOM MHOrowiena f. Torma Ay > ... > \,. Paccmorpum cumme-
TPUIECKUN MHOI'OWIEH
fi=f—ac) ™ oo (1)
Crapmmit wien MOHOMA 6)' 2 - ... - o’» paBen
A1 —\ Aa—A An _ 0 A An
2 T (@rxe) T () =) ey

[IO3TOMY MOPSJOK CTAPIIErO MOHOMA MHOIOYIEHA fi CTPOrO HUXKE MOPSIKA
crapmero mouoma Maorowiesa f. [Ipumennm k MuOrowieny fi cHOBa omepa-
o (1) u 7. 1. fcHO, 9TO MOCIE KOHEYHOr 0 YMCIA TAKUX ONEPALUA IIPUIEM
K HYJeBOMY MHOI'OYJIEHY.

okaxeM Temepb € MHCTBEHHOCTH IIpPeICTABICHUS f(xl,...,:c") =
=g(o1,...,0y,). [JOCTATOYHO IPOBEPUTD, UTO €CIU
_ E 1 in
g(yl;---;yn)— Qiy.inY1 "o " Yn
—HeHyneBofx’I MHOL'OYJIEH, TO IIOCIE MOACTAHOBKA Y1 — 01 = L1 +...+Tp, ...
ey Yn = Op = X1 - ... Ty DTOT MHOTOWIEH OCTaHETCA HenyaeBbiM. Orpa-

HUYIUMCA PAaCCMOTPEHUEM CTAapPININX MOHOMOB

in
),

iy i, $;1+...+zn ;L.;2+~~~+ln .

TIOTY YAIOIINXCA B PE3YILTATE O JCTAHOBKU. ICHO, 9TO CAMEIU CTAPIIUY CPe-
I 5TUX MOHOMOB HU C YE€M COKPATUTHLCA HE MOXKET. m|

W3 pokasarenncTsa Teopemer 11.1 Bugno, aTo ecan f(z1,...,2,) — CUM-
METPUYECKUY MHOTOWIEH ¢ HeasMu Kodddummerntamu, TO f(Z1,...,%T,) =
= g¢g(o1,...,0,), TA€ g — TOXE MHOTOWIEH C UEIEIMU KO3(PPUIAEHTAMU.
[leTepMUHAHTHOE BHIDAXKEHUE G 9Y€PEe3 Pi, .., Py MOKAZLIBAET, UTO [/
TIONHBIX OJHOPOHBIX MHOTOWIEHOB CIPABEIIABO AHAJOTMYHOE YTBEDPK Ie-
mue. YTO Xe KacaeTCs CTENEHHBIX CyMM, TO A HUX BEIPAXKEHUE BUIA,
flx1,...,2,) = g(s1,...,8,) TOXE CyLIECTBYET, HO IPU DTOM KO3(hpuULIn-
€HTHI MHOIOWIEHA ¢ He 00sa3aTeabHo ueaste. Hanpumep,

(x1422)° — (2} +23) 8T —s2
2 o 2

12 =

W3 0CHOBHOU TEOPEMBI 0 CUMMETPUYECKAX MHOTOWIEHAX CJAELYeT, ITO
€CIH T1, ..., Ty, — KOPHE MHOIOWIEHA ™ + a1z” ' + ... + ay, TO BeInInHA

D= H(mz - ‘77]')2’

i<j
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IPENCTABIAIMAA COO0U CUMMETPUICCKUN MHOTOWIEH OT L1, ..., Ly, TOIA-
HOMMAJbHO BBHIPAXKAETCSA 9€pe3 aj,...,0n. DTy BEIUUAHY HA3BIBAIOT Juc-
KPUMUHAHOM MHOTOYICHA.

Haszosem MHOTOWIEH f(Z1,...,Tn) KOCOCUMMEMPUUECKUM, ECTA

f(...,a;i,...,xj,...):—f(...,xj,...,a;i,...),

T. €. IPY TPAHCIO3ULINY JIOOBIX IBYX NEPEMEHHHIX ¥; U X; MHOTOWICH Me-
HACT 3HAK. HpI/IMep0M KOCOCMMMETPUICCKOI'O MHOI'OWICHA CIyXHUT A =
= [1 (@ — z;). Scno, uro A? = D.

i<j

TEOPEMA 11.2. JIxo60u KOCOCUMMETPUYECKAN MHOTOWIEH f (X1, - .., Ty)
MOXKHO NIPEJCTABUTH B BILIE

A(z1,y ..., zn)g(z1,. .. Tn),

rjge g — CUMMETPUYIECKUN MHOTOWIEH.

MOKA3BATEJLCTBO. [ocraTroyno mpoBeputhb, uTo [ neaurcs Ha A.
B camom pgene, ecim f/A — MHOrOWIEH, TO 3TOT MHOTOWIEH IO OYEBUI-
HEIM NPUYUHAM cuMMeTpudeckui. [lokaxkem, HATTpUMeED, 9TO f IeIUTCA Ha,
21 — z2. Coenaem 3ameny 1 = u + v, T2 = u — v. B pesysnbrare moayunm

f(z1,22,23,...,2,) = fi(u,v,23,...,2p).

Ecau 1 = x2, 7o u = 0. Hosromy f;(0,v,23,...,2,) = 0. DT0 O3HauaeT,
9TO MHOTOWIEH fi NEAUTCA HA U, T.€. MHODOWIEH [ NeauTCsa HA X1 — L.
AHanOrmYHO JOKA3BIBAETCA, 4TO f ZEAWTCA HA X; — ; Npu Beex 4 < j. O

11.3. HepaBencrBa Mropxena

IIycts X = (A1, ..., \n) — pa3buenue, T. €. yIOPATOIECHHLIN HAOOD HEJIBIX
HEOTPUIATENBHBIX YUCEI A = Ay = ... 2 A, > 0. Homoxkum [N =N + ...
...+ X,. Bymem cumTaTh, 9TO A > U, ecmt Ay + ... +Ap = U1 + ...+ U Opu
k=1,2,...,n.

Kax oMy HA60py A MOXKHO COIOCTABUATEL OJHOPOIHEI CUMMETPUAIECKUN
MHOTOYIEH

M (21,...,2p) = % z oy, (1)

oceS,

Crenens 5TOro MHOMOUIEHA paBHA |\|.
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ITpumMEeP 1. Ecam A = (1,...,1), 70 My (%1,...,%p) =1 - ...  Tp.

B camom gene, cymma (1) B aTom caygae cocrouT u3 n! craraeMbix
L1 ... Tp.

IIpuMEP 2. Ecu A=(n,0,...,0), T0 My(z1,...,2,) = (7+...+2)/n.
B camowm gene, cymma (1) B oTOM ciygae cocrout w3 (n — 1)! craraemeix
z7, (n —1)! cnaraemeix % u . 1.

IIpn momoxuTenbHBIX Z1,. . . , 2, BBLIIOIHAETCS HEPABEHCTBO

P+ ...tz

- Z>T1 ... T

(HepaBeHCTBO MEX Iy CPEIHUM apUPMETUICCKAM U CPEIHAM Te€OMETPUYe-
ckum). Crengyromee yTBepKAeHUE ABIAETCA OOOOLIEHMEM DTOIO HEPABEH-
CTBA.

TEOPEMA 11.3 (Miopxen, [Mu]). Hepasercrso

My (z) > My(z) (2)
BEHINOJHAETCA IPU BCeX & = (Z1,...,%n) C HOJOKUTEILHBIMA L1, ...,L, B
TOM ¥ TOJIBKO TOM CiIydae, Korga |[A| = |u| m A > u. IIpu 5TOM paBeHCTBO
LOCTUTAETCs UMb B TOM CIy4ae, KOTGA A = U U 1 = ... = Tp,.

[OKABATENBLCTBO. Ilpeamonoxum cHadaga, YTO HEPABEHCTBO (2) BhI-
nomasercanpu Bcex ¢ > 0. Ilyctb 2y = ... =z, =au gy = ... =z, = L.
Torga

1< lim My (z)/My(z) = lim (a)‘1+"'+>"“/a“1+"'+”’“).
a—0o0 a—0o0

CarenoBarempHO, M + ...+ Ap 2 U1 + ... + Ug.
Ilpu k = n, nonoxus r; = ... = I, = @, IOIyIAEM PABEHCTBO

M)\(,Z')/MH('Z-) — a)\1+...+)\k /a}l1+...+pk-

IIpu a > 1, kax u panee, noayuum |A| > |u|. A opuz 0 < a < 1 moxy4um
I < -

JokazaTeasCTBO yTBEPK I€HUA B 0OPATHYIO CTOPOHY Gouee caoxuo. OHO
UCIOB3yeT Clefyiomee npeobpasosanue ;. Ilycts u; > u; > 0, raed < j.
Monomum Riju = ', re uf = w; +1, w5 = uj —1uwyy =y mpu k # 4, 5.
Jlerxo mposeputh, uTo W' > uu [u'| = |ul.
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JIEMMA 1. Ecmm X = Ryu, To M)(2) > M,(x), npuiemM paBeHCTBO
NOCTUIAeTCA JAMb B TOM CIy9ae, KOraa T = ... = &p. (IIpegnosaraercs,
9TO UCAA T1,. . . , Ty NOJOKATEILHEL )

JOKA3ATEJILCTBO. [las Kaxa0u Dapel MHAEKCOB p,q, rae 1 < p < ¢ <
< n, B My(z) — My(z) Bxoaur craraemoe Buja

A- (:c;; xzj + “72 x?j —abiahi —altighi), (3)

rae A— HekoTOopoe MONTOKUTENLHOE Ynca0. OOO3HAYUM [ HATVISATHOCTU
Tp =a, Tg = b, u; = a, u; = B. Hamomumm, uto A; =a+ 1, =B —1mn
o > B. Bepaxenue (3), gerennoe Ha A, paBHO

a® PP aP e 0P — aPb* = (ab)P (@ — b)(a®T P — b P) > 0,

IprYeM PABEHCTBO BO3MOXKHO JUIIL B TOM ciayd4ae, korga a = b. Ilosromy
My(z) — M,(x) > 0, mpuem ecau Cpegu TUCeT Ty, . . ., T, €CTh XOTS ObI 1BA
PA3IMYHEIX, TO HEPABEHCTBO CTPOrOE. |

JIEMMA 2. Ecim A > u u |A| = |u|, HO X # U, TO A MOXHO HOIYyIUTH U3
U € TIOMOIIBI0 KOHEYHO'O YMCIa, peobpasoBanuit R;;.

[JOKABATEJLCTBO. IlycTh i— HAMMEHBIMU WHAEKC, I KOTOPOrO
Ai # u;. Torga us ycaoBus X > u caegyer, 4To A; > U;. PaBencrso |A| =
= |u|, o3nauaer, uro Y (Ax — ux) = 0, modromy A; < U; A4/ HEKOTOPOrO
uagexca j. flcro, uro ¢ < j m u; > 0. IlosToMy K U MOXHO NMPUMEHHNTH
mpeobpasosanue ;. B pesyibTaTe momyuuM mociefoBATENBHOCTD V, LA
KOTOPO# V; = U; + 1, vj = uj — 1 u vy = up 0opu k # i,j. YauTsBag, 4TO
i > w; m A < Uy, IOIyIaeM

Do —wil =i —vil + 1, [ —wl =y — v+ 1.

Taxum o6pasowm,
> = vkl =D P — el - 2,

T. €. C IOMOMIBIO TPeoOpa3oBanus R;; HaM yJaloCh YMEHBIIUTE HA 2 BeJIU-
auny Y [N — k|- [TooTOMY € IOMOIIBIO0 HEKOTOPOr'O YKCIA IPEOOPA3OBAHIN
R;j 5Ty BeImMmHEy MOXHO CI€IaTh PABHOM HYJIIO. |

W3 nemm 1 u 2 mepaBencTBo Mopxena cregyeT odeBugHbBIM 00Opazom. O
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11.4. Oysxmm Ilypa

PaccmoTpum 6eCKOHEYHYIO0 MATPUILY

Po P1 P2
0 Po P1 ...
P=1190 0po..|[>
rae p; = pi(¢1,...,Ty) — NOJHBEI OLHOPOAHBLIA MHOI'OWIEH CTEHNEHU 7; dJe-

MeHT a;; MaTpuusl P pasen p;_;. Pynwyued lypa, nin S-dynxyuet, coor-
BETCTBYIOIIEU PA30MEHUIO A, HA3LIBAIOT MUHOP MaTpuisl P, 06pa3oBaHHbIN
crpokamu 0, 1, ..., n—1 u cronbuamu A, ha+1, ..., Ay +n —1. 1y cum-
MeTPHUYIECKYI0 (DYHKIMIO OT MEPEMEHHEIX X1, . . ., Tp, 0003HAYAIOT S). B Buge
onpegenuTens PyHKUM S, 3AMUCEIBACTCS CAEAYIOMIM 00pa3oM:

S = |Pm+i—j Hl-

Kocoii gynxyueti Hlypa sy, COOTBETCTBYOMEN Nape pa3ouenui A u U,
HA3LIBAIOT MUHOD MaTpuIEl P, 00pa3oBaHHEIN CTPOKAMHU Ui, U2 + 1, ...
.y Up +n —1wucrombuamm Ay, Ap + 1, ..., A, + n — 1. fcro, uT0 Npn®
ITOM §), = $§)0. PasbueHue U HA3LIBAIOT Nodpa3duenuem pazbueHus A, ec-
mr N, 2 W opu ¢ = 1,...,n. MoXHO I0Ka3aTk, 9TO €CIM U He SABIACTCA
nonpasbuenmnem A, T0 8, = 0.
Mepeonavamsro pynxnun Mypa (eme no Ilypa) Gemim eBeBegenbr SIko-
61 KaK OTHOIIEHUS KOCOCUMMETPUIECKUX (DYHKIUU OIPEAEJEHHOIO BUIA.

ycrs a = (a1, .. . ,0y) — HEKOTOPOE PA3OUEHUE, Gy — AHTACAMMETDI3AINS
a1 Un
omHOWIEHa L3l - ... %, T.e.
p— (6] (ed
Ay = E (_1) (J.)(.’L' )a
weS,

—1)® ) — %1 . . pon -

rge (1) 3HAK IOACTAHOBKY © U w(z*) = L1y + " L)~ JIETKO TIPOBE
w

PUTH, 9TO MHOTOUIEH ay(Z1, . - -,Z,) PABEH onpenemuremo |z,’ |; B yacTHO-

CTH, 3TOT MHOTOWIEH KOCOCUMMETPUIECKUU. [103TOMY ecinu o; = o1 AJIA
HEKOTOPOro i, TO a4y = 0. Takum 00pa3oM, MOXKHO CIATAThL, 9TO o = A + O,
raed=(n—1,n-2,...,1,0).

TEOPEMA 11.4 (Ttoxaectso flko6u—Tpyau). IIycts d = (n—1,...,1,0).
Ay -
Toraa ), = as/as, T €. |Prtims|f = a7 "7 107 2.
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[JOKABATENLCTBO. Iycts a = (a4,...,d,) — HeKOTOpPOE pasbueHue.
Paccmorpum marpunsr A, = ||:[:;lz T u Hy=||pa; —n+;||7- Paccmorpum Takxe
—1 ~ n ~
maTpuny M = “(—1)" ’on,i(mj)”l, rae T; = (T1,.-.,%5-1,%j41,---,%n)-
IMokaxkem, YTO HTU TPU MATPUIEL CBA3AHEI COOTHOIIEHNEM

H,M = A,. (1)

n—1 00
Oycrs oW (t) = 3 ox(@)th = [[(1+ mt) u p(t) = Y pt* =
k=0 l#j k=0

(1 — z;t)~L. Toraa

n
=1

~

P (—) = (1= ;1) .

CpasuuBas xoddpdunuenTs opu t* B 06€MX 9aCTAX DTOrO PABEHCTBA, MOJIY-
qaeM

n
Zpﬂrnﬂ (-1)" o, i(T)) = 3.
=1

OTo u ecTh Tpebyemoe cooTHomenue (1).
"3 (1), B wacTHOCTH, CIEAYET, YTO

det Hy det M = det A,. (2)

Yro6ur Beraucauts det M, momoxum o = & = (n — 1,...,1,0). B makom
caydae marpuna H, umeer Bug ||pj—;||?. OTa MaTpuma TpeyroipHaa ¢ die-
MenTamu pg = 1 Ha gumaronanu. [losromy det Hy = 1, a 3uauur, det M =
= det A5 = as. A Tax xax det Hy = s4—5, TO mpu o = A + d pasencTso (2)
OPUHAMAET BUJ $)d5 = Gyts, T- €. S} = Urts/qs- O

12. Ilemo3HaYHBIE MHOT OLIEHEI

12.1. Basuc 11€103HaYHLEIX MHOI OLICHOB

Muorounen p(r) HA3HIBAOT YEA03HAUHLIM, €CIA OH IPUHMMAET LEJHIE
3HAYEHUs [IPU BCEX IEJIBIX T.
Nugykumen mo k MOXHO AOKA3aTh, YTO MHOT'OWIEH

(x) =ac-(:z:—l)-...-(:z:—k:+1)
k!
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neno3"avuL. B camom geae, npu k = 1 510 oveBnano. Ilpeanonoxum Te-
z "
neps, 1o Muorowien (i) neaossaumsii. Jlerko nposeputs, 4TO

Gi)-Gi) =06

m n
CuteoBaTeBHO, IPH BCEX IEBIX M, N PASHOCTD (), v D= (& n 1) ABIAETCS

measiM gucaoM. Ocraercs 3aMeTUTh, ITO (k _?_ 1) =0.

B HEKOTOpPOM CMEICTE IIETO3HAYHEIE MHOI'OYIEHHI NCUYEPILIBAIOTCSI MHO-
ro4IeHaMu (2), npuyem TpeGosauue p(n) € 7 mpu BCeX N € 7Z MOXKHO
CYIIECTBEHHO OCAA0UTH. A UMEHHO, CIPABEIINBO CIEAYIONIEe YTBEPK JCHE.

TEOPEMA 12.1. IlycTb pp — MHOIOWIEH CTENeHu K, IPUHUMAIOIIUN 11e-

JIBIE BHAYEHuA Ipu & =N, N+ 1, ..., n+ k 115 HEKOTOPOrO LEJOr0 IUCIA, N.
Torpga
T xr x
pk(x) :co(k.) +Cl(k._1) +02(k._2) + ...+,
e Co,Cq, - - - , Cp — LIEJILIE YUCIA.

JOKABATEJILCTBO. MHOrOwIeHb!

H=t O=s O=%-5 — O=F+-

00pasyioT 6a3uc B IPOCTPAHCTBE MHOT'OWIEHOB CTEIIEHY HE BHIIIE k, T03TOMY

pr(z) zco(;g) +cl(kf1) +...+cp,

The Co,C1, - - - , Ck, — HEKOTOPEIE 4ncia. HyKHO Juuis 10Ka3aTh, 9TO TU YU-
CJIa LeJbIe.

Hokaxem s10o uaaykuuen o k. llpu k& = 0 muorowien py(z) = co npu-
HUMAET LIEJI0E 3HAYEHUE [IPU £ = N, TOITOMY HUUCJIO ¢y Teoe. IIpeanomnoxum
Ternepb, 9TO TpefyeMoe YTBEPK JeHNe JOKA3AHO /A MHOTOWICHOB CTEIIEHU
se Boire k. [Iycts MHOrOWIEH

Pr+1(z) = Co(kﬁl) + ...+ Crt1

NPUHUMAET LeJbe 3HaYeHus upu £ =n, n+ 1, ..., n+ k + 1. Paccmorpum
MHOI'O4JIeH

Appy1(z) = pry1(z + 1) — prg1(z) = co(ﬁ) +a (kf 1) + .ot ke
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Ou npuHEMAET 1enbie 3HadYeHus npu & = N, n+1, ..., n+ k. llosTomy uucaa
€0,Cl,---,Ck LEILIE, & 3HAYUT, TUCIO
n n n
Ckt+1 = pk+1(n) — Co(k + 1) — Cl(k) el — Ck(l)
TOXeE IIeJoe. O

TEOPEMA 12.2. Ilycts R(x) — paumoHanbHas QyHKIMA, IPUHAMAIOIIAL
LeJIBIE 3HAYEHNS IIPU BeeX Hedkix 2. Torga R(r) — uemo3HavHbI MHOTOYIEH.

[JOKABATENBLCTBO. Pammonanbuyro dymkumo R(z) mMoxHO 3amucathb
B Buge R(z) = f(z)/g(z), rae f u g— muorounenwl. Ilogemus f Ha g ¢
OCTATKOM, TIOJTY UM

R(z) = pr(2) + r(2),

rie py — MHOrowieH crenenu k, a r(x) — 0 npu £ — oo. Takum obpasom,
npy GOJBLINX 7 3HAYEHUA Pi (1) MaJ0 OTIMIATCA OT Ueasx ducer. Iloka-
XKEM, 9TO Pg () — LENO3HAYHBI MHOMOWIEH. DTO HEIAETCA IMOYTH TAK KE,
KaK ¥ IIPU JOKa3aTeIbCTBEe TeopeMul 12.1.

3amuimeM MHOTO4IeH py,(z) B BUgE

pe(z) = co(i) + ...+ .

Ilpu k£ = 0 9mciao ¢y AOMXKHO CKOJb YIOJHO MAJO OTIAMYATBHCA OT IIEJOTO
YUCIa, IOITOMY Co € Z. Muorowien

Apy(z) = pr(z +1) — pr(z) = Co(kfl) + .+ Cp-1-

npu OOJBIINX HENBIX T TOXE IPUHAMAET MOYTH IeJble 3HAYEHUs, & ero CTe-
nenb paBHa k — 1. IIpuMennB x HEMY IPEIIOIOXKEHNE UHIYKIIUA, TOLYIUM,
9TO YUCIAA Cg,Cl,- - - ,Ck—1 Heanle. SIcHO Takxke, 9TO 4mMCIO

ck = pp(n) — Co(Z) - ck_l(?)
TOXE Ieoe.
Ocraerca gokasars, uro r(z) = 0. Kak mu1 yxe 3uaem, r(n) € Z npu
n e Zur(n) - 0 upu n - oo. Caegoarensuo, r(n) = 0 npu BCex go-
cTaTo4vHO Ooubiux neasix n. Ho mobas parnuonanbHas GyHKINASL, UMEROIIAT
GECKOHETHO MHOT'O HyJIeH, TOXJECTBEHHO PaBHA, HY.JIO. |

CanegcTBEE. Ilycrs f(z) m g(x) — mEOrowieHsr ¢ neasvu K0>hdunm-
entamu, npudeM f(n) memurca Ha g(n) mpu Beex nenwix n. Torga

m
fo) = (S e(®) ) gla)
k=0
The Cg, - . ., Cyy — HETLIC 9UCIA.



102 I'aasa 3. Muo2ousenbt cneyuaibHo20 8uda

Tona [P4] mokazau, 4ro ecan menas aHaauTudeckas GyHkuus f(z) npu-
HUMaeT LOeJOYNCICHHBIEC 3HAYEHUSI npu IeJabIX WIN HaTypaJIbeIX 3HAQYECHU-
AX MEPEMEHHOU Z U TIPU DTOM BO3PACTAET HE CIUIIKOM OLICTPO, TO f(z) —
LEI03HAYHBIA MHOrOWIeH. TOYHEe rOBOPs, CHPABEIUBEI CJAEIYIOIIE yTBED-
XK TCHUSL:

1) ecmn f(N) c Z u |f(2)| < Ce*l?l, rae k < In2, To f— nenossasmemi
MHOTOWIEH ([IOKA3aTEILCTBO DTOrO yTBEPKACHASA MOXKHO HAUTH TAKXKE HA

cc. 161-162 xuurm [[e2]);
2) ectu f(Z) ¢ Z u |f(2)| < Ce**l, rne k < In <3+T\/5)

HEeJI03HAYHBI MHOTOYJIEH.

v s L [[(3+VE\ [3-VB)~
Ilpumepsr pyukmuu 2° u — —_— ) — | — MIOKAa3BIBAIOT,

7T0f_

VA 2 2

4TO 00€ OIeHKN HEey.Ty4IIaeMBbl.

12.2. Iles03HaIHBIE MHOT'OWIEHHI 0T MHOTHMX I€PEMEHHBIX

Basucurnie LEJO3HAYHBIE MHOTOYJIEHBI OT 7 IEPEMEHHBIX YCTPOEHBI aHa-
JIOTUYHO OAa3UCHBIM IEJIO3HAYHBIM MHOI'OYJIE€HAaM OT OAHOﬁ HepeMeHHOﬁ.

TEOPEMA 12.3 ([Ost]). Muorounen p4,. 4, (21,...,%n), roe d; — cre-
IIeHb I10 IIEPEMEHHON X;, IPUHUMAET IeJIbIe 3HAYEHN PN X1 = a1, a1+1, . ..
ceya1+di, oo, 2y =ap,an+1, ..., a,+d, TOrga 1 TOTBKO TOr'AA, KOT'IA

Pty 1) = 3t () (1),

e Ck, ..k, — UEJbIe 9UCIa. B 9aCTHOCTH, TAKOU MHOI'OIEH IPUHAMAET Lie-
JIBI€ 3HQYEHUA IIPU BCEX LENBIX L1, ...,Ln-

[ OKABATENBLCTBO. IIpoesem paccyxnenus mpu n = 2 (06mmit Ciy-

van anagorumies). [lpu duxcuposannom z; € {ai,...,a; + di } MEHOrOWIEH
Ddyds (Z1, T2) IPUHAMAET LEJIbIE 3HAYEHWA IPY Ty = Gz, . . . , Gz +da. [losTOMy
cormacuo Teopeme 12.1 mpu 1 = aq, - . .,a1 + di BBHIIOJIHAETCA PABEHCTBO
do
_ Z )
Dd,do (9«"1,332) = Cky ($1)(k2); (1)
k2=0

rae cg,(a1),.- .., ¢k, (a1 + di) —ueaste gucaa. Ecan xe paccmarpusars pa-

BeHCTBO (1) KaK COOTHONIEHWE A MHOTOWICHOB OT TIEPEMEHHBIX L1 U Ta,
TO ACHO, YTO Ck, (T1) — OJHO3HAYHO OMPENEIeHHBIN MHOTOWwIeH. Kak MBI yxe
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BBLACHWIN, 9TOT MHOI'OYJIEH (CTeHeHI/I HE BHIIIIE dl) OPUHUMAET IIeJable 3Ha-
YeHUs NIPUA T1 = A1, ...,01 + di. 9TO0 1 TPEGOBAIOCE. O
12.3. g-aHanOr IEI03HAYHHEIX MTOJMHOMOB

Bunomuasonvim xosdduyuenmom Iaycca, nim q-6unomuasbnbim Ko3@-
Puyuenmom, HA3LIBAIOT BEIUIUHY

[n] — (qn - 1)((1n_1 - 1) Tt (qn_k+1 - 1)
a (@ -1 -1-...-(¢g—1)

Ilpr ¢ — 1 6usrOMMANBHEBI kKO3pduumenT [aycca mepexognT B OOBIMHEBIN
OVMHOMUATLHBIN KO(DPUIUEHT (Z') Bunommaneaemr xoapdumuent aycca
ABIAETCA ONHUM U3 MHOI'OYUCIEHHBIX ¢-3HAJIOIOB DJI€MEHTADHBIX U CIEIu-
anbHBIX yHKunn (cM., HanpumMep, [Ku] u [I'P]).

Tox gecTBO (n}: 1) = (Z) + (k ﬁ 1) UMeeT g-aHaJoT BUIA

Y= 0, + 2 e (1)

[as moxasarenscTBa paBeHCTBA (1) IOCTATOYHO 3AMETHTH, YTO MOCIE CO-
KpallleHusa O0IIuX YacTel YNCINTeNeN U 3HAMEHATEAEN 9TO PABEHCTBO IIPU-
HUMAET BHUJ

qn+1 -1 1 qn7k+1

(qk _ 1)(qn—k+1 _ 1) = qk —1 + qn—lc+1 —1

B panprenmem Oy geM CIMTATD, 9TO ¢, N U k — IEJIBe YUCIa, IPAIEM ¢ >
>2ul< k< n B rakom cayyae mHAyKIuA mo 1 HA OCHOBE (ropmyant (1)
MOKA3BIBALT, 9TO [Z]q — meJIoe YUCIIo.

Paccmorpum muoroOuwnens fy, fi, f2,...,vme fo=1mnu

_ k@ —DE—q ... (x—g"")
fe@) =4 @@= @D

npu k > 1. Jlerko nposepurth, 9T0
fr@)=0 mpm n=0,1,...,k—1 u fi(¢d") =1 (2)

Kpowme Toro, fi(¢") = [Z] ,mpun > k. B wacTHOCTH, IPU BCEX HATYPAJBLHBIX
n aucao fi(q") menoe.
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TEOPEMA 12.4. MuorouneH py(z) crenenu k mpuHIMAaeT LeIble 3HaYE-

mus np ¢ = 1,q,¢%,...,¢" Torga m Torko Torga, Koraa
Pe(®) = crfr(x) +cr1fr—1(z) + ... + e fi() + co, (3)
1€ Cg, C1, - - - , Cf — LEJIRIE YUCTa. B 9aCTHOCTY, TAKOW MHOTOYUICH TTPUHUMA-

eT measle 3HadeHus npu Beex £ = ¢" (n € N).

JOKA3BATEJILCTBO. Mmuorowrensr fy, f1,..., fr 0bpasyior 6asuc mau-
HEUHOr'0 NPOCTPAHCTBA MHOTOYWIEHOB CTENEHU He BHIIE K, MOSTOMY DABEH-
cTBO (3) BBINOMHAETCA NMPU HEKOTOPHIX Co,Cl,---,C¢; & C. Hyxno mumsb
IIPOBEPUTH, 9TO Cp, - - ., Cx € Z. Popmyas (2) noKa3EIBAIOT, 9TO

pk(]') = Co,
pr(q) = 1 + co,
2 2
pr(07) = 2 + 1 f1(q7) + co,

pr(a") = cx + ck—1fr-1(d") + ...+ e f(@") + co.
ITosTomy mocrefoBaTEIBHO HIOIYIAEM

weEl=>cE€l=...=>c, € L. O

Ecan nenas ananutudeckas GyHKINA IPUHAMAET LIeJIble 3HAYEHNA B TOY-
Kax 1,q,¢>,... ¥ IpE 9TOM PACTET HE CAMUIIKOM OBICTPO, TO 3Ta (hYHKIMA —
MHOrowIeH. Tounyo hOpPMYIUPOBKY U JOKA3ATEILCTBO HTOI0O Y TBEPK A€HUS
MOXHO HanTu B kHure [[e2], c. 186—188.

13. Kpyrossie MHOTOWIEHEI

13.1. OcHOBHBIE CBOMCTBA KPYT'OBBIX MHOT'OLICHOB

Muorounen &, (z) = [[(x — &), rae 1, . .., €g(n) — MPUMUTUBHEIC KODHH
CTEIEHU N U3 €AUHUIEL, HA3LIBAIOT KPY208blM MHOZOULEHOM, WA MHO2OULE-
nom deaenus xpyea nopanka n. Hanpumep, 1 (z) =2 — 1, ®o(z) =z + 1,
B3(z) =22 +x+1, dy(x) =22 + 1.

IIpu n > 2 B 4uca0 1EPBOOOPA3HEIX KOPHEN (U3 €QUHULEI) CTEIEHN 7L He
Bxogut +1. B Takom cayuae nepBooOpa3Hbe KOPHU Pa3OUBAIOTCA HA MaPHI
KOMILIEKCHO CONPsKEHHBIX Yucen. [ToaTomy npu n > 2 cTemneHb MHOTOUIEHA
®,, yeTHa.



13. Kpyezoebie mHO20UAEHbL 105

HemocpeacTeenno u3 onpegeneHuss KPyroBOrO MHOIOYJIEHA, BUHO, 9TO

H ‘I)d(.’L') =z" - 1.
d|n

TEOPEMA 13.1. Ilycts n > 1 — HedyeTnoe uucao. Torga

Dop(z) = Bp(—1).

[JOKA3BATENBCTBO. Ecau €1, ..., €4(,) — NEPBOOGPA3HEIE KOPHU CTETIe-
HHU 70, TO —€1, . .., —Ey(n) — NEPBOOOpa3HLIE KOpHU cTenenu 2n. Taxum o6pa-
30M,

Cp(—z)=(—2—e1) .. (=2 —gp(n))>
Qo (2) = (@ +e1) oo (T +Eg(n))-

Ocraercs 3aMeTUTh, YTO CTENeHb MHOrowieHa, ¥, derHa. |

13.2. Popmyaa obpamerus MébGuyca

CooTHomeHne

H Dy(z)=2" -1
d|n

NO3BOJIAET MOIYIATH ABHOE BhIpaxkeHue aua D, () gepes z? — 1, rxe d mpo-
6eraer meaureau n. [Js 5TOrO MMEETCs HOCTATOYHO OOMIAS KOHCTPYKIUS,
OoCHOBaHHAA Ha, Pynxyuu Mébuyca

1 npu n = 1;
u(n) = {(—1)’c OpU N = P1 - .. Pk;
0 npu n = p’m.

TEOPEMA 13.2 (Mé6uyc). Ecau F(n) =Y f(d), To
d|n

fn) =>"w(d)F(n/d) = u(n/d)F(d).

d|n d|n

JOKA3ATEJNLCTBO. IIpexpge Bcero nposepum, 4To Ipu Bcex 1 > 1 BEI-

nomuAeTca cooTHomenne y u(d) = 0. Ilycts n = pi* - ... - pi*. Torga
d|n

Z”(d): Z .u(d)=1—(’f)+(’;)+...+(—1)’“:(1_1)k:0_

d|n d‘p1...pk
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Acuo, uTo
D Flau®) = Y fdp®) = |fd) D wb)
ab=n d1d2b=n di|n dob=n/dy

IIycte n/dy = m. Torga
_ |1 mpumn=d;
Z wb) = Z”(b) o {0 npu n # dy.
ITosTomy

Do) Yo ub) | = fo). O

d1‘n dzbzn/dl

CagacTBUE. Ecau F(n) = [] f(d), To
d|n

f(n) = HF(n/d)“(d) = HF(d)P("/d)_
din din

[l KPYTOBEIX MHOTOWIEHOB hopMy.1a obpammenus Mébuyca naeT BHIpa-

2KeHune
B () = [[ (=" = 0.
d|n

TeOPEMA 13.3. Koapduumentsr muorowiena @, (r) — uensie quca.

JOKA3ATEJILCTBO. CrpynnupyeM B OpOU3BEICHUAU Hdln(md — 1)“("/‘1)
OTJETbHO MHOXKUTeMH ¢ U = 1 m MEoxuTemm ¢ W = —1. B peayasrare mory-
M @, (z) = P(z)/Q(z), rae P m (Q— MHOTOUNEHE ¢ LEeIbIMI KO3(hdUIn-
€HTaMU U CO CTAPIUM KodpduimeHToM 1. AIrOpUTM A€IeHNA MHOMOWIEHOB
MIOKA3HIBAET, 4TO P, — MHOMOWIEH € DPANMOHAIBHEIME KO(MPUIINEHTAME.
ITosTomy cymecTByeT Takoe meaoe m, 4To MHOrouwieH m®,, numeeT uessre Ko-
2 PUIMEHTEL, TPUYIEM UX HANOOIbIINYN O6Immy neaurens pased 1. Cornacuo
aemme laycca Hambonbumy o6mun ge1uTens KOdh@UINEHTOB MHOIOWIEHA
mP = (m®,)Q paBen npousseseHNIO0 HAMOOILIINX OOLIUX AEIUTENEN KO-
unmenToB MaOrOwIeHoB m®, u @, T.e. ou pasen 1. C apyrou CTOPOHEL,
HauOOIBIIMY 00K JeauTenb Koo PUImeHTOB MHOrOWIeHa mP paBeH m.
MosTomy m = +£1, T. e. K0dbdunMeHTH MHOrOwIeHa ®,, — nenwie yncra. O
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13.3. HenmpuBogmMOCTh KPYT'OBBIX MHOI'OLIEHOB

B npeawpigymem maparpade MbI IOKA3aId, 9TO KOX(PPUIMEHTE MHOIO-
anena D, (x) — menwe qucta.

TEOPEMA 13.4. Muorouren ®,, menpusogum Han 7.

[JOKABATEJILCTBO. Ilpeamonoxwum, uro @, = fg, roe f u g— mHO-
rowieHsl ¢ neasiMu kKoddduurenramu. Ilycts € — kopens mMHOrowiIeHa ®,.
Moxwuo caurars, 90 f(€) = 0 u MuOrOweH f menpusoaum. Ilycts p— mpo-
CTO€ YUCI0, B3aUMHO TIpOCToe ¢ n. Torga e? — kopenb MHOrOwreHa ®,,. Mur
XOTUM JOKa3aTh, 9TO ¢P — kopeus muOrowiena, f. [Ipegmonoxum, ato e ue
ABAAETCA KOpHeM MHorowieHa f. Torga moxHO cumtaTth, uto Y, = fgh,
rae f M g— HENPUBOAWMMEIE MHOI'OWIEHHI CO CTApIuM KoadduimenToMm 1
u f(e) =0, g(e) = 0.

Muorowren 2™ — 1 u HenpuBO AUMEIL MHOTOUeH f () uMeroT 06munt Ko-
peHs ¢, nodromy 2™ — 1 nemmrca va f(z). Amasormano ™ — 1 penmTcs Ha
g(x). A Tak Kax MHOrOWIeHEH f ¥ g B3AUMHO IPOCTHL, TO £ — 1 nemuTcs HA
ux npoussegenre. CreqoBaTenbHO, MUCKpUMuUHAHT D MHOrO4neHa ™ — 1 ne-
aurcs Ha peyabTanT R(f, g) (cm. Teopemy 3.4 na c. 34). Jlerko nposeputs,
uro D = +n™ (cMm. mpumep 3.1 Ha c. 35). UTO6H NPUATH K TPOTUBOPEYNIO,
NOCTATOYHO MOKa3aTh, YTo R(f, g) meaurcs ua p.

JIEMMA. Ecau p— npocroe 4ucno u f(r) — MHODOWIEH € LEJIBIMU KO-
a¢punmeHTaMu, TO (f(w))p = f(2?) (mod p).

[JOKABATENLCTBO. Ilycte f(z) = anz™ + ...+ a1z + ag. Torga

(f(.fl?))p = Z ko,pi'kn,(anx")k" EE (ao)ko.

ko+...+kn=p
Yucao pl/(ko!- ...  kyp!) He gennTCs Ha p JUIIB B TOM CIyYae, KOIAa OLHO U3
qucen ko, ..., k, paBao p. ClenoBaTebHO,

(f@)" = (ane)? + ...+ (ao)? (mod p).

Bocnonbaosasmmce Tem, 9To a? = a (mod p) npu BCex a, nomryaum Tpedye-
MOe€. O

Iycre y1 = €P, ya, ..., Yr — KOpHU MHOrowieHa g. CormacHo nemme
f(e?) = (f(6))” = 0 (mod p), T-e. f(y1) = pb(y1), rae § — mmororen c
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mensMu Kodgduuuentamu. Muorowrer f —p u HEIPUBOLUMEIN MHOTO/IEH
g MMeoT O0mmi KOPEHb Y1, nodromy f — pd geanrcs Ha g, a 3Ha9uT, f(y;) —
— pd(y;) = 0 npm Beex i. CregoBaTensHO,

R(f,9) = £f(y1) ...~ flyr) = £0"P(y1) - ... - Dlyr).

Bripaxenue ¢(y1) - . .. - P(yx) npescraBiseT cOOON CUMMETPAIECKUI MHOIO-
JIEH ¢ TEIBIMU KO(PDUIUEHTAME OT KOPHEN MHOTOWIEH], . Takum 06paszoM,
5TO BEIPAKEHME — IeJI0e IuCIo, T.e. R(f,g) nemurcs ma p*.

Urak, eciu @, 1eauTcs HA HEIPUBOQUMBIA MHOIOWIEH f U € — KOPeHb f,
TO A JI000r0 IPOCTOrO YHUCIA P, B3AUMHO IIPOCTOrO € 1, 4uciIo P Toxke
Oymet kopaeMm MHOroweHa f. Temeps yxke JEerko mokas’aTb, 9TO BCe KOPHU
MuOrowieHa ®,, ABAAIOTCSA KOpHAMEU MHOrOwIeH), f, T.e. f = £8,,. B camom
nese, JI001 KOpeHb » MHorowiena 9, umeer sug €™, rae (m,n) = 1. 3a-

TATTIEM M B BUAC 11 = Py * - .. * Ps, TA€ P1, - - -, Ps — MPOCTHIC TUCTA, CPEIU
KOTOPHIX MOT'YyT 6HITH coBmajgatomme. U3 ycrosusa (m,n) = 1 cregyer, 9To
(pi,n) = 1 npm Beex . lloaTomy ¢Pt, gP1P2 . gPlPs = () — KOpHU MHOLO-
anena f. m|

13.4. Bripaxenue ®,,,, gepes P,

Kpyrosou maorounes ®,,, () BO MHOrUX CIyd4asx MOXKHO BHIPDA3UTH €-
pes @,,(z). Mur orpanuduMcs ciaydaem, KOraa m = p— OPOCTOE YUCIO.

TEOPEMA 13.5. Ilycts p— npocroe uucio. Toraa
3,,(z) = &, (2P) npu (n,p) = p;
o &, (aP)/®n(2) mpm (n,p) =1,

[OKA3BATEJLCTBO. PaccmoTpum cHadama caydau, KOUAa N JEIATCS
Ha p. Ecim € — NPpUMUTUBHBIN KOPEHBb CTENEHU PN, TO (O = &P — IPUMUTUB-

HEIII KOPEHB cTerneHu n. IIpyu 3ToM KOPHIO () COOTBETCTBYIOT KOPHH £, . . . , Ep
TaK, 910 (£ —€1) - ... (¢ — &) = 2P — w. CnegoBaTenbHO,
D, (z) = H(w —¢) = H (2P — ©) = D, (2?).
€ w=¢P

PaccmoTpum Temeps ciydan, KOra T He eIUTCa Ha p. B aTom ciyuae
IENUTENN P COCTOAT U3 IeJUTeJNeN n U uX npousBegeHuu HA p. [looromy

() =TT (a# — 140/ = [[(a* = 10009 (a0 — 1o/
d|n

d|pn d|n
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A rak xak u(pn/d) = —u(n/d), To
Bpn() = [[(@? = 1)/ D [[ (@ — /) = (@ () ' @n(a?). O
d

d|n

Bocnoassosaemucs Teopemont 13.5, MoxuO Beraucantsb P, (+1). Haunem
¢ Boraucaenusa P,(1). Ecim n geaurca ma p, To cormacHo Teopeme 13.5

®,(1) = ®,,/,(1). Takum o6pasom, ecmm n = pi* -...-pF wm =pi-...-py,
t0 9,(1) = @,,(1). Ocraercsa Borancauts P,,(1). Ecim m = p— mpocroe
aucao, o ®,(1) = p. Ecin e m = p; - ... - pg, rge k > 1, TO momoxum

p =p1 un =m/p. Cornacuo teopeme 13.5 &,,,(1) = $,(1)/®,(1) = 1.
Urak, ectm n > 1, To

_[p mpun=ph
CI)"(l)_{l npu n # p.

Brrauciaum Teneps @, (—1). BoaMOxXHBL creqyonme BApUaHTHL.

1) n > 1 —mnevernoe uucao. Torga @,(—1) = $4,(1) = 1.

2) n = 2*. Torga ®,(z) = (" —1)/(z™/? — 1) = (z™/? 4 1). TosTomy
®,(-1)=0mpun=2u®,(-1)=2mpun =2 rge k > 1.

3) n = 2m, rge m > 1—HeverHoe uucio. B sTom caygae &,(—1) =
= ®,,(1). Takum obpaszom, ®,(—1) = p, eciu m = p*, u ®,(—1) = p, ecan
B M BXOAUT 60Jiee OQHOTO MIPOCTOrO JEIATENA.

4)n = 2*m, rre k > 1 uwm > 1—mnevernoe wmcno. Ilycts m =
= pi' - ... pit. Torga ®,(z) = Por(z®), TRE T = D1+ ... Pt B § =
=2k—tplil. L p% Tl Tooromy @, (—1) = &5,(1) = 1.

13.5. /[ImckpMMMHAHT KPYrOBOI'0 MHOT'OLIEHA

Tpeacrasum kpyrosou muorowieH O, (x) B Buge

O,(z) = [[(@? - DD =@ —1) [] (@ -/,

d|n d|n,d#n

Ecnu € —xopens Muorounresa ®,,, To

®' (e) = ne™ ™t H (% — 1)/ d),
d|n, d#n
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MosToMy Mogyap auckprMunanTa MHOrOweHa P, pasen
H|q>;l(8)| = pon) H H [1 — gd(n/d)
€ d|n,d#n ¢

4 NPUMUTUBHEIA KODEHb CTEIEHW 7 /d, T.e.

H(l _ Ed) — (@n/d(l))q’(”)/q?("/d),

€

Acwuo, uTo €

nockonbKy oTHomenue deg ®, x deg ®,,,4 pasuo ¢(n)/¢(n/d).

Suavenne Muorowena ®,/4(z) npu r = 1 moxer GeITb OTIMIHO OT 1
JUImE B TOM cry4ae, Korga n/d = p*. C apyro# ctoponst, u(n/d) # 0 aumb
B TOM ClIy4ae, Korga n/d He gemuTcs Ha KBaApaT OpocToro ducia. IlosTomy
OCTAaOTCA UMb Te 3HadeHus d, 1 KOTOphIX n/d — npocroe ducio. Urak,

—1

[[|@n ()] = n#™ o5

pln

Ocraercsa onpenenuTs 3HAK AUCKPUMUHAHTA MHOrOweHa ®,,. Bocmoas-
3yeMCs UL 9TOTO TeM, U9TO y MHOrowieHa ¥, HeT BEIIECTBEHHBIX KODHEH,
a ero creneHb paBHa @(n). B TakoMm ciydae 3HaK OUCKPUMMHAHTA JOKEH
6bTh pasen (—1)%(M/2 (cm. Teopemy 3.5 Ha c. 34).

13.6. PeayasTaHT mapel KPYyroBbIX MHOI'OIEHOB

Haunem ¢ Toro, ¥ro BerducauMm pesyabranT R(®,,z™ — 1). MHOrouen
2™ — 1 memurcs na ®; = z — 1, mosromy R(®1,z2™ — 1) = 0. Hpexnonoxum,
aro n > 2. llyets d = (n,m), ny =n/d, &1,&s, ... — nepBOOGPa3HEE KOPHU
CTEIeHN 7, N, Y2, - - . — HEPBOOOPA3HEIE KOPHU CTemeHu ny. Torga

R(@y,am -1 =T[Er -1 =0 -2 =
= (H(l _ m))@(n)ﬂl’(nﬂ _ (‘I’n (1))<p(n)/q;(n1)‘

Ecmm ny = 1, T.e. ecim m gemwrcs Ha n, To ®,, (1) = 0, mosTomy
R(®,,2™—1) =0. Ecm xen; # 1,10 ®,,(1) =pupun; =p* ud,, (1) =1
npu ny # ph.
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Ilepexoas x Beraucaenuo R(®P,,®,,), samerum, 9T0 5TO — HEIOE 4U-
CI10, sBAAIOMEECs nerureneM kak uucaa R(®,,z™ — 1), Tak m umcaa
R(®p,, 2™ —1). B camom gene, 2™ — 1 = &, (z) f(2), rae f(z) — MBOrOwIeH
C merbIMu KOX(DPUIIIEHTAMA, TTOITOMY

R((I)mg;m - 1) = R((I’ny (I'mf) = R((I)na q)m)R(q)n; f)
Kpome Toro, ecim n > m > 1, To
R(®,,,®,) = (—1)*meMR(®, &,) = R($,,d,,)

u R(®,,,®,) > 0. [locnesnee CBOMCTBO MOXKHO JOKA3aTh, HAIIPUMED, TaK.
Acwo, uTo
0# R(®p,2™ — 1) = [ R(®n, ®a),
dlm
TIO3TOMY
R(®p, &) = [[ R(®p,z* — 1)H™/D > 0.
dlm

Eciu m He nenuTcs Ha n U N HE JEJIUTCA HAa m, To yucia m/d u n/d, rae
d = (m,n), e paBuwl 1 u B3aumuo npoctsl. [losTomy uucna R(®,,,z™ — 1)
u R(®,,,z" — 1) B3aumuo npoctel, a suauut, R(®,, d,,) = 1.

Ilycte Temepb mIA OMPEIENCHHOCTH M AemATCa Ha n. Ecm m = n,
to R(®,,®,,) = 0. Ectm m/n # p*, 10 R(®,,,z" — 1) = 1, mosTomy
R(®,,®,,) = 1. OcraeTca paccmoTpets cayuait m/n = p. flcro, aTo

R(®pn, &) = [ R(®rm, 2 — 14/
ED)

B mpaBou yacTu Bce MHOXUTENN PABHBL 1, 33 UCKIIOYEHUEM TEX, 1A KOTO-
pex m /8 = p°.

Ecmm (n,p) = 1, TO HEeIMHAIHEIN MHOXWTEIb BO3HAKAET JWIIb IPA & =
=n. B sTom cayuae

R(@n, ) = R(p, " — 1) = p?m/elm/m) — poln)

ECJII/I n OEeJIUTCA Ha P, TO HCEAMHUYIHBIC MHOXWTEIN BO3HUKAIOT JHUIIb
npu 8 = n u npu 8 = n/p. B sToM cyuae

R(®m,z™ — 1) a
R(®n, @) = R@n 1) P>
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rie

¢(m) o(m) (m) ( _! 1 ) _o(m) _
PN

= o(m/n) ~ o(mp/n) A" p—1) pPr-1)

Urak, ecim m > n, To

0 opu m = n;
R(®,,8,) = {p"’(“) npu m = np;
1 B OCTAJBHEIX CIy4YasdX.

13.7. Ko3¢pPpmmeHTHI KPYTOBBIX MHOT'OWIEHOB

IIpumeprr MuOrowieHoB P, () mIpu MAIBIX N MOKA3BIBAIOT, YTO UX KO-
¢dunmente pasuet 0 u £1. Ho B pabore [Suz] gokasano, 9To mo6oe menoe
YUCIO CIYXUT KO3(DPUIMEHTOM HEKOTOPOrO KPYTOBOIO MHOIOWICHA. JDTO
NMOKa3aTeIbLCTBO OCHOBAHO HA CIEAYIOMEM BCIOMOIaTEILHOM yTBEDK ICHWUN.

JIEMMA. [las m:060ro HATYPaIbHOrO ¢ 2> 3 CyIIEeCTBYIOT TAKUE IPOCTHIE
qucaa p1 < p2 < ... < pPg, 9TO P1 + P2 > Pi.

HJOKA3ATEJIBLCTBO. Puxcupyem t > 3. IIpeanonoxum, 4To aas a060-
ro HabOpa MPOCTHIX 4Yucel P; < P2 < ... < P; BHIIOJHAECTCA HEPABEHCTBO
p1 +p2 < p. B TakoM cayaae 2p; < pg, nosTomy mexay 281 u 2F saxmowe-
HO MeHee t mpOCTEIX mcer. D10 o3uataer, 110 n(2F) < kt (3mecw m(s) —
KOJIM9IECTBO MPOCTHIX IUCeI Mexay 1 u s).

Coruacuo Teopeme Tebrmmena (cm. [[HIM], [As] wmm [1]) n(z) > cz/Inz,
rje ¢ — monoXuTerbHas KoHcTanTa. llostomy c2F/In2F < kt, T.e. 28 <
< k%tIn 2. Ilpu gocTaTo4uHO 6OILIMX Kk DTO HEPABEHCTBO BHIIOIHATHLCA HE
Oyaer. O

Ilycte t > 3 —HedeTHOE 1EI0e YuCca0. Beibepem mpocTwie dmcaa p; <
< ps < ... < pg TAK, 9TO pP1 + po > pi. lomoxum p = py. Paccmorpum
muorounen @, (z) mo mogymo zPt!. Tlpu mewernowm ¢

> B (zPr —1)-...- (2P —1) ) H(xp”’jp’“—l) )
pP1---Pt — r—1 H(xllipj _ 1)

Ho zPiPi = 0 (mod zP*!), zPiPi?k = 0 (mod zP*!) u 1. 1. MloaToMy

1—-zP)-...-(1—2P)
1—z

Oy p =+ (mod zP*1).



13. Kpyezoebie mHO20UAEHbL 113

PasenctBo @), .. 5, (0) = 1 mosBoasier BHIOpAThL 3HAK IIOC. 13 HepaBeHCTBA
DPi +pj =2 p1 +p2 > py = p cIepyeT, 9TO

(1—2aPt)-...-(1—2P)=(1—2P —...—2P*) (mod zP*1).
fcno Taxxe, uro (1 — )~ = (1+x +...+ 2P) (mod zPT1). MosTomy
®pp =1 +z+.. +2P)(1— 2P —... —2P) (mod zPT).

Cpean MouoMOB zPi, zPitl, .. zPitP yqomoMm P BcTpedaeTcs IpH BCEX 4, a
mouomEr P~ u £P~2 BeTpedatoTes mpu Beex § # t. [loaTomy koaddurmenT
npu zP y mHorounena @, ,, paser —t+ 1, a koobdunuent npu zP~2 pasen
—t—-1)+1=—-t+2.

Korga t npoberaer Bce HEYETHBIE YUCIA HAYUHAA C 3, uucaa —t + 1 u
—t + 2 mpoberaimT BCe OTPUILATENLHEIE IUCTA.

Y1065 DOIyINTH B KadecTBe KOX(DODUIMEHTOB KPYIOBEIX MHOI'OUWICHOB
BCE MOJOXKUTEIbHEIE YUCIA, PACCMOTPUM MHOro4wiaeH $op 4, TAE P1 2 3 1
p1+p2 > pi. Qucao n = py -. . .- py HE9ETHO, TOITOMY Do (2) = By (—1). ITO
03HAYAET, YTO ¥ MHOrOowIeHOB Py, u &, xoodpdpunmentr kak mpu =P, Tak u
npu 2P~2 ormyaroTcs 3HAKOM, T. €. Y MHOI'OWICHA @gpl,,,pt KO3 PUIVEHTHI
npu zP u P2 paBHEI t — 1 ¥ t — 2, COOTBETCTBEHHO.

13.8. Teopema Beagepb6epHa

Oguum u3 Hambosee UHTEPECHBIX MPWIOKEHUN KPYT'OBEIX MHOTOYWIEHOB
ABIAETCA NOKA3aTEILCTBO TeopeMbl BeqmepOepHa 0 KOMMYTATUBHOCTHU KO-
HevyHOrO Tena. Taxoe gokasaTenbcTBO mpegnoxut Burt [Wt).

Teaom HA3BEIBAIOT KOJABLIO, B KOTOPOM ypaBHeHus ar = b u xa = b oaHo-
3HAYHO pa3pemmnMsl npu Beex a # 0.

TEOPEMA 13.6 (Benzep6epn). Komeunoe acconmaruBHOe Teno R xoM-
MYTATUBHO, T. €. ABJAACTCA IIOJCM.

[JOKABATEJIBLCTBO. IlycTh €1 u e; — pelneHus ypaBHEHUU aX = a4 U
ra = a, cooTBeTcTBeHHO. Torga aeja = a?> = aesa, OBTOMY ae; = aey W
e1 = ez = e. IlokaxewMm, uTo be = b gus qro6oro b. B camom nerne, nmyctb
za = b. Torga be = xae = xa = b. Ananoruano eb = b.

Taxum o6pasom, Tero I cogepxut emuuuny 1. Pacemorpum moae Fj,,
nopox feHHoe sneMeHToM 1 € R. Teao R ABAAETCA JMHEUHBIM MPOCTPAH-
crBoM Haj noxeM Fy,. IlycTs r — pasmepHOCTB 2TOr0 mpocrpancTaa. Torga
R cocrour u3 p” anemenTos. Ilycre Z — nentp tena R, T. €. MHOXECTBO Tex
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saemeHTOB R, x0TOpBHIE KOMMYTHPYIOT CO BCcemu dnementamu R. flcuo, uro
Z — noie, cogepxainee Fy,. [losromy Z cocroutr u3 ¢ = p® saemenTos. Teno
R sBaseTcsa TakxXke W JUHEUHBIM IPOCTPAHCTBOM HaJn moaeMm Z. Ecam pas-
meprocTh R Han Z papua t, 10 R cocront u3 ¢' snemenTos. Takum o6pasom,
p" = ¢t = p®*. M1 xoTuM goKazaTh, ¥T0o R = 7, T.e. t = 1.

[uas m06oro saemenTa ¥ € R paccmorpum ero Hopmaiamdarop N, =
={y € R|zy = yz}. fcno, uro N, —mnoxareno B R, cogepxkamee Z. C oz-
HOU CTOPOHHI, TeI0 N, ABAAETCA JUHEUHBIM IPOCTPAHCTBOM HAJ HOJIEM Z,
nostomy N, coctout u3 g¢ smementor. C apyrou cTOpoHEI, Teao R aBma-
eTCs IMHeHHBIM TIPOCTPAHCTBOM Haj TeaoM N, mostomy ¢ = (¢?)F = ¢,
T.e. d|t.

B myspTunnuxkaTuBHOM rpynme R* qas Kaxgoro daeMeHTa T PacCMO-
Tpuwm ero opbury O, = {yzy~!|y € R*}. flcno, uro O, cocrour u3

02| = |R*|/IN;| = (¢ = 1)/(¢* = 1)

pnemeHTOB. OpOUTHI PA3HBIX IEMEHTOB 1100 COBIALAIOT, 10O HE Iepe-
cexaTcs, modromy R* pasbuBaercs Ha opOWTEHI, mpudeM opOuTa IH060r0
ameMenTa, Z* cocTouT u3 0aHOro saemenTa. CreqoBaTenbHo,

¢ —1=qg-1+ (¢ -1)/(¢" - 1), (1)

re CyMMHUPOBAHUE BEAETCA 0 HEKOTOPHIM geanTenaM d «wmciaa t. Ilpu arom
d < t (paBeHCTBO d = t COOTBETCTBYET TOMY, 9TO T € Z*; TAKUE DJIEMEHTEL
BBHLICJICHBL B KAY€CTBE IEPBOr0 CJIaraeMoro).

C nomompio kpyrosoro MuorowieHa P(r) Mbl moxaxem, 9TO DaBeH-
ctBo (1) BoamoxHO umib npu ¢ = 1. Muorowren zf — 1 gerntcsa naneno Ha
®,;(x). Bonee Toro, ecn d |t u d < t, To muorowien (zt — 1)/(z? — 1) To-
xe gemuTcs Hameno Ha Py (z), Tak Kak B 3TOM caydae MHOTOWIeHH ¢ — 1
®, () e mmeroT o6mmx Koprew. B wacTrocTH, wncaa ¢t —1u (¢ —1)/(g?—1)
peastcs Ha Py(q). CoorHomenwve (1) mokaswiBaer, ¥To Torga ¢ — 1 geaurces
Ha ®.(q). C opyrou cropousr, |®:(q)| =[] |g — & > ¢ — 1, Tax kax |g;| =1
u g; ;é 1. O

13.9. MHOrowieHsl, HEIIPUBO AUMBIE€ TI0 MOJYJIIO P

C momombio ¢popmyasl obpamenns MEOUyca MOXKHO TTOLYyYUTh BEIPAXKE-
HU€ [JIs 9UCJIA HEIPUBOIUMEIX MHOI'OWIEHOB CTENEHU 7, CO CTAPIIMM KO3h-
dumentom 1 Hag monem F, = Z/pZ. Jokaxem cHadalIa CIeAyomee yTBEp-
XK ICHUE.
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TeoPEMA 13.7. Ilycte Fy(r) —mnpousBeneHue BCEX HEIPUBOLUMEIX
MHOTOYJIEHOB cTenenu d co crapmmm kodbdunmenTom 1 mHax moaem IF,.
Torpga

" - = HFd(a:).
d|n

TOKABATENBLCTBO. Muorowren 2P — z B3amMHO IPOCT €O CBOEM IPO-
maBogHOM p"zP" ~1 —1 = —1, HOPTOMY y HEro HeT KPATHHIX KOpHeH. Takim
06pa3oM, JOCTATOYHO AOKA3aTb, 9TO ecau f (&) — HeNpUBOAUMBI MHOIO-
wien cremenu d co crapmmM kodddummenTom 1, To f(x) memr P — &
TOrJIa U TOJBKO TOT[AA, KOraa d AeIuT N.

Iycre a — xopens muorowreHa f u K = [, (a) — pacmmpenne crenenu d
nonsa F,. Oro cocTouT m3 p? 21eMeHTOB 1 BCe ero DIeMeHTH ¥ 10BIeTBOPSIOT
YDaBHEHUIO 27" — 2 = 0. B camon neje, MyJbTAILTNKATABHAA [PYNNa IO
F, umeer mopsagox p? — 1, mosromy mo6oit memynesoi smement r € B,

d
YIOBIETBOpSET ypaBHEHUIO TP -1 =1,

JIEMMA. a) Hax npousBoabaeiM mosem Muorowien £ — 1 geaut 2™ — 1
TOC'a U TOJBKO TOI'IA, KOTAA 7 AT M.

6) Ecau a > 2— marypansHoe duciao, To a” — 1 gemur a™ — 1 Torga u
TOJIBKO TOC[a, KOUAa, 1 JEJIUT M.

[JOKABATENLCTBO. a) Ilycte m = gn + 7, rge 0 < 7 < n. Toraa

™ -1 e I A |
=z

z"—1 "7 z" -1  z"—-1"

Msuorowren 29" — 1 geanrcs na " — 1. Ilostomy ™ — 1 nenurcs Ha ™ — 1
TOrJa U TOJBKO TOrja, korga x” — 1 nenwrces Ha " — 1. Ho r < n, mosTomy
2" — 1 mgemurca Ha " — 1 mums npu r = 0.

0) JI0Ka3BEIBAETCA AHAJIOTUIHO. O

Mpeanonoxum cuasana, aro d gemar n. Torga p¢ — 1 gemnr p” — 1, a
3HAYUUT, 2?’ —z gemur zP" —z. Kopens a menpusoaumoro muaorowiesa f ()
ABIACTCS TAKKE M KOPHeM ypasHerns zP° = z, osToMy f (z) penur o — 1.

Mpeanonoxum Tenephb, 410 f(x) gemut zP° — . Torga o?” —a = 0. Ecim
bia?~! + bya?"2 4 ... + by — IPOU3BOMBHEIA dIeMeHT moas K, To

(blad_l +... +bd)p = bl(dpn)d_l + ...+ bg= blad_l + ...+ bg.
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IMosTomy mr06ou snemenT nomsa K ymgoBreTBopseT ypaBHenuio tf = x, T.e.
n d
2P — x pemurca Ha xP — . CaenoBaTenbHO, N AeIUTCA Ha d. O

IIycre Ny — 4ucsi0 HENPUBOAUMEIX MHOI'QYWIEHOB CTENeH” d CO CTapIInM
xodddurnmenTom 1 mag noxem F,. Torga crenens mEorownena Fy; pasua dNVyg,

TIO3TOMY
d|n
IMpumenur dopmyny obpamenus Mébuyca, norydnm

No= 2 Y u(n/dypt

d|n

B uacrroctn, N, # 0, tak kax cymma y u(n/d)p? umeer smg p¥'=+
d|n
+ p® 4+ ...+ p%, rae uncna d; mODAPHO PABIMYHEL.

14. Mmuorowiensr YeOnummena

14.1. Onpepenenue m OCHOBHBIE CBOMCTBA

Muorowiens: Yebrmmuesa T, (z) ABIAIOTCA OJHEM U3 HauboJee 3aMeda-
TeNbHEIX CEMENCTB MHOrowieHOB. OHU 9aCcTO BCTPEYAIOTCS BO MHOTMX 0618~
CTAX MaTE€MaTUKN, OT TEOPUU AIINIPOKCHUMALNN OO TEOPUUN YUCET U TOIIOJO-
TUM TPEXMEPHEIX MHOr006pasuu. M1 06CcyauM HEKOTOpPEIE HAMOOJIEE TPO-
CTLIE, HO BECbMa, BaJKHLIE CBOMCTBA MHOIOWICHOB 1eOLIIeBa.

Ounpepnenenne MHOrowieHOB 1eObIIeBa OCHOBAHO HA TOM, ITO COS N IIO-
JMHOMHAJIBHO BHIPAXKAETCA I€Pe3 COS ¢, T. €. CYIIECTBYeT TAKOM MHOI'OIEH
Tn(z), aro T, (z) = cosng npu x = cos¢. B camom gene, popmyna

cos(n + 1) + cos(n — 1)¢ = 2 cos ¢ cos ng

HOKA3BIBAET, ITO MHOrOwaeHs! 1, (1), OnpeseneHabe PEKyPPEHTHBIM COOT-
HOIIEHWEM
Tnt1(z) = 22Ty (x) — Tr-1(x)

n HavambHbEIMEU ycaoBuaMu To(z) = 1 u Ti(z) = z, 061aa0T HyKHBEIM
CBOMCTBOM. DTU MHOrOWIeHH 1), () HA3BIBAIOT MHO20UuseHamy debbiuesa.
Henocpencrsenno us toro, 94to T, (z) = cosng mpu T = cos @, CIefyer,
uro |Th(z)] € 1 mpn z < 1. A U3 peKypPEeHTHOrO COOTHOLIEHUs CJAELYeT,
910 Tr(z) = 2" 12" + a12™ ' + ... + an, e ay, . . . , @, — TEJIbIE YUCTA.
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HawuGonee BaxHOE CBOMCTBO MHOT'OWIEHOB e0ninieBa GbLI0 06HAPY KEHO
cavum Yebruimesbiv. OHO 3aKII09AETCA B CJIEIYIOLIEM.

TEOPEMA 14.1. Ilycre P,(z) = z™ + ...— MHOIOYJIEH CTENEHU 7. CO

1
crapumm kodddummentom 1, npuaem |P,(z)| < 27=T 1Py |z| < 1. Torga

1 1
P,(z) = 2n——1Tn($) (AupiMu croBaMu, MHOOYIEH 2n—_1Tn(x) — HauMeHee

YKJIOHSIOMUICS OT HyJIs HAa uHTepBaje [—1, 1] MHOrOWIEeH CTeneHn 7 co cTap-
muM Kodhdunmentom 1.)

JOKABATEJIBCTBO. MEI BOCIONIB3yEMCs UL OJHAM CBONCTBOM MHO-
roarena T, (z) = 2" '2"+. .., a mmenno Tewm, aT0 T}, (cos(kn/n)) = coskn =

1
= (=1)* mpu k = 0,1,...,n. Paccmorpum MuOrOwIeH Q(1) = 2n—_1Tn(a:) -
— P, (z). Ero cremens e npeBocxoauT 7 — 1, MOCKOIBKY CTAPIIME “IEHED

1
MHOI'OYIEHOB Tyn(z) n P,(z) pasusr. Us Toro, uro |P,(z)| < Ja=T TpH

1
o T
|z] € 1, ciemyer, aTo B TOUke x) = cos(kn/n) sHax umcaa Q(z) coBmana-

Trk+1 Tr Tr—1 Th+4+1 Ty Tr—1

Puc. 5

er co 3HakoM uucad Ty, (zy). Takum 06pasoM, B KOHIAX KaXKIOCO OTPE3KA
[Zk+1,2k] MEOTOWIEH () IPMHIMAET 3HAYEHNA PABHOrO 3HAKA, TIOITOMY
muOrOwIeHa () Ha DTOM OTpe3ke eCTh KOPEHb. yTh 607ee aKKypaTHEIE
PACCyXAEHUA HYXKHBL B TOM Caydae, korjga Q(zy) = 0. B srom cayuae aubo
Zp, — ABYKPATHEIN KOPEHb, JU00 BHYTPU OLHOT'O U3 OTPE3KOB [Tji1,Zk] U
[Zk,ZE_1] €CTH ele OAMH KOPEHb. DTO CleAyeT U3 TOrO, YTO B TOUKAX L i1
U ZTp_1 MHOrOWIEH ()(r) mpuHUMAET 3HAYEHUA OJHOrO 3Haka (puc. 5).
KonumaecTBO OTPE3KOB [Tg41, k| PABHO M, MOITOMY MHOTOWICH ()

MMeeT 1o KpauHen mepe 1 kopHen. [l MEHOrowiena crenenu e 6onee n — 1

1
5TO 03HAYAET, YTO OH TOXKIECTBEHHO PaBeH HyIo, T. €. Pp(x) = T—_lTn(x)

O

Ecm z = cos@ + ising, To z + 271 = 2cos@ u 2" + 27" = 2cosng.
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. Bocnonb3oBaBmucs, 3TuM CBOUCTBOM,

-1 n -n
MosTomy T, <Z+Z > S

2 2
MOXKHO JOKa3aTh CAEYIOIee YTBEPXK ICHUE.

TEOPEMA 14.2. Ilycts m = [n/2]. Torza

m
Z ”2737—1)'.

Jj=0

MOKA3BATENLCTBO. Mycts = (z + 27 1)/2m y = (2 — 271)/2. Toraa

y? =22 —1mu

n
M2 " =(r+y)" + Z -1z iyt =
=0
m m
_ n P 27 2] _ " 2] 1\
=2 Z (95)= =2 Z (z — 1)7.
7=0 7=0
n —-n
Ocraercs sameruTs, aro Ty, (x) = % |

CHEACTBUE. IlycTts p — HedeTHOE mpocToe uucao. Toraa

Tp(z) = Ti(x) (mod p).

JOKA3ATEJILCTBO. 3anumem p B Buge p = 2m + 1. Torga

m

Z a:p Z(g% —1)7.

Jj=

Ecm j > 0, To (ZI;) nemurcs Ha p. [loaTomy
Tp(z) = 2P (mod p) = z (mod p) = T1(z). O

[ns mapwi MHOrOWIEHOB P u () MOXHO ONPENeNIuTb UX KOMNOZUUUIO
PoQ(z) = P(Q(z)). Muorowiensr P u () HA3BIBAIOT KOMMYMUPYIOUUMY,

ecm Po@Q =Qo P, .e. P(Q(z)) = Q(P(z)).
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TEOPEMA 14.3. Muorowiens Ty, (z) u T, () xommyTupyomue.

[JOKA3ATENBCTBO. IIycrs z = cosg. Torma T,(z) = cos(ng) =
=y u Tn(y) = cosm(ng), nosromy T, (Tn(z)) = cosmne. Amamormy-
Ho T,(Tn(z)) = cosmng. Takum o6pasom, pasenctso T, (T, (z)) =
= T (Tn(z)) Bemommsercs npu |z| < 1, a 3HAYWT, 5TO PABEHCTBO BHI-
TIOJTHAETCS IIPU BCEX X. 0O

MHOFO‘{JIQHBI qe6BII_HeBa, ABJATCA € IJUHCTBEHHBIM HETPUBUAJBHBIM IIPN-
MepOM KOMMYTHUPYIOIIIX MHOIOYIEHOB. /[€10 B TOM, YTO CIPABEIINBA, CJIE-
OyIOmasa TeopeMa KIacCr(puKAIWy Iap KOMMYTHUDPYIOIIAX MHOI'OYJIEHOB.
Mycre I(z) = ax + b, rae a, b € C u a # 0. Bygem rosoputs, 9T0 mapa
muOroweHoB [ o fol ™t ulogol™! sxeusasenmna mape MHOrOUIEHOB f 1 g.

TEOPEMA 14.4 (Purt). IlycTh f ¥ g — KOMMYTUPYIOIIAE MHOTOUICHBL.
Torga mapa MHOIOWIEHOB [ U ¢ DKBUBAJEHTHA OJHOU U3 CIEIYIOIINX Hap:

(1) 2™ mwex™, roae €™~ = 1;

(2) £T(z) u £T,(z), rae Ty, u T), — muorowiens Yebrimesa;

(3) e1Q™(2) m e2QW(2), e ef =€ = 1, Q(2) = 2P(2%), QW = Q,
QP =Q0Q,Q® =QoQoQ, ...

JTa TeopeMma ObLIa 10KazaHa B 1922 r. aMepUKaHCKAM MaTEMaTHKOM
PuTtTOM; BCe U3BECTHEIE €€ [OKA3aTeaLCTBA BeCbMa caoxHEEe. CoBpeMeHHOe
M3T0XKEHVe JOKa3aTelbcTBa TeopeMul Purra npusegeno B [IIpII].

B HEKOTOpHIX Cayvaax BMeCTO MHOrowieHa T, (z) ynoGHO paccMaTpu-
BaTh MHOrowieH P, (z) = 2T,(z/2) co crapmmm koaddunmenTom 1. MHO-
rowtensl P, (Z) yIOBIETBOPAIOT PEKYPPEHTHOMY COOTHOIIEHUIO Py, y1(x) =
=z P,(z) — P,_1(z), mostomy P, (z) — MHOrOUIeH ¢ neasMu KoadhpuieH-
TaMH.

Ecm z = cos@+ising = e, 1o 24 2~
Mosromy P(z + 27 1) = 2T, (cos@) = 2cosng = 2" + 2~
P, (z) cOOTBETCTBYET MOJMHOMUAILHOMY BHIDAXKEHUIO BEJIWIWHEL 2" + 2~
gepes z + 2z~ L.

C momoIpo MHOrOWIEHOB P, MOXHO NOKa3aTh CIEIyIOLIee yTBEPKIe-
HHue.

'=2cos@uz"+27" = 2cosng.

", T.e. MHOTOWIEH
n

TEOPEMA 14.5. Ecam 06a 4ducaa o u cos(0n) PAMOHAIBHEL, TO YUCJIO
2 cos(an) menoe, T. €. cos(ax) = 0,+1/2 wm +1.
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[JOKABATENBLCTBO. Ilycts o = m/n—Hecoxkparumas apo6sb. Ilomo-
xuM Tg = 2cost, rae t = ax. Torga P,(z9) = 2cos(nt) = 2cos(nan) =
= 2cos(mn) = +2. TlosToMy ¢ — KOpenb mMHOrO4UIeHa, Pp,(z) F2 = 2™ +
+ bz + ...+ b, c nereivu kodddurmentamu. Mycrs zo = 2 cos(an) =
= p/q— uecokparumas npobb. Torga p™ + bip"1q + ... + byg™ = 0,
a sHauuT, p" meaurcs Ha ¢. HO 4Yucaa p u ¢ B3aUMHO NPOCTHIE, TODTOMY
g = %1, T.e. 2cos(an) — nenoe IUCIO. m|

IIpomsrogubie MHOrO4IEHOB JeOHImeBa yAOOHO BEIYUCIATL, ONUPASACH
HENOCPEACTBEHHO Ha cooTHomenue T, (z) = cosng, rae ¢ = cos¢. Hampu-
Mep,

dcosng (dcosg ' nsin 0]
! — pa—
(=) = do ( do ) T sing ’

T"(x):i nsinng ) —1 ncoscpsinncp—nZCosncpsincp‘
n do sin ¢

sin @ - sin® 0]
W3 sTux dpopmya cregyer, 9To

(1 —2*)T}(z) = n(Tn_1(z) — 2TH(z)),
(1-2%)(Th(2)" = (1 - Tu(@))”,
(1 — 2T (x) — 2T} (x) + n*T,(z) = 0.

Toxaectso (1 — :172)(TT’L($))2 =n?(1— Tn(x))Q, MOXHO IEPEnuCaTh B

BHIE
1=T3(z) — (1 —2*)Up(x), (1)
__ sinng
rae Unp(z) = o
¢ mermiMu KoapdunrenTaMu. JJencTBUTENbHO, UHIYKIUA 10 7 TIOKA3LIBAET,
YTO

u z = cos@. Jlerko nposeputs, YTO U — MHOIOWIEH

sinnz = py(cosz) sinz, cosnz = ¢,(cosz),

TIe Py U ¢n — MHOTOWIEHHI C IIeJBIMU KO3 PUINEHTAMN.
ToxgecTBo (1) MOXHO HUCIONABL3OBATH [JIA TOLYYEHUA DEIICHUN YpasHe-
wusa Ieaasn
z? —dy? = 1.

B camom gene, ecau (271,y1) — HATypaJIbHOE PEIIEHUE DTOrO yPABHEHUS, TO

1=T2(z1) — (1;7;1) (W1ln(21))” =

= Tn2($1) —d (:1/11/{77,(:51))2 )
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nostomy (T (21),y1ln(21)) — ToXe HATYDATLHOE pEIIeHHe DTOrO ypaBHe-
HNA.

3AMEYAHUE. MoxHO n0Ka3aTh, 9TO eciu (Z1,Yy1) — HAUMEHBIIEE Ha-
TyPAIbHOE DEIeHne ypaBHeHUsA Ileuis, TO BCe €r0 HATYPAILHLIE DEIICHUs
nmeror Bud (T (21), y1lhn(21)).

14.2. OpToroHaIbLHBIE MHOI'OWIEHBI

Muorowrenst fi(x), k = 0,1,..., HA3LIBAIOT 0PMO2OHAILHBIMY MHOTO-
wieHaMU HA OTpe3ke [a, b] ¢ Becoron pyukumen w(z) > 0, eciu deg f, = k u

[ i@ a@ute)dz =0

upu m # n.
B npocrpancree V™! muOrOUwrenos cTenenu He 60ee N MOXKHO 3aaTh
CKAJSIPHOE IpOou3BejeHne GopMyIon

b
(f.9) =/f(x)g(m)w(w) dz.

OpToroHasbHbIe MHOTOWIEHH [y, f1,. .., f 00pa3yi0T OPTOrOHAMLHEIN Oa-
auc B mpocTparcTee V™! ¢ TakuM CKATAPHEIM IPOM3BEJEHMEM.

Ecau 3agas oTpesox [a, b] u BecoBas dyuxuma w(z), TO OPTOrOHATLHEIE
MHOT'OYWIEHEI OIPEIENEHEl OMHO3HAYHO C TOYHOCTHIO A0 HNPONOPIUOHAILHO-
ctu. B camom fesie, OHU IOy 9ar0TCA B PE3yAbTATE OPTOrOHANA3AIUY 6A3UCa,
1,z,22,...

Haubosee u3BeCcTHEL CaeAyOMUe OPTOrOHAJIBHEIE MHOT'OUICHBL:

a b w(z) Haszsanue

-1 1 1 MHOTO4IeHH Jlexanapa
-1 |1 (1 —22)»1/? | mmorounrensr Terenbayspa
—1 | 1 | (1—-2)*(1+2z)? | vmorourens: fxo6u
—o0 | oo exp(—x?) MHOTOYWIEHEl DPMUTA

0 o0 e * MHOrOwIeHs Jlareppa

TEOPEMA 14.6. Muorowrensr YebnimeBa 06pasyoT OPTOrOHAIBLHYIO

CHCTEMy MHOrOWIeHOB Ha orpeske [—1,1] ¢ Becosou dymkumen w(z) =
1

V1—z2’
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JOKABATENBLCTBO. Cheras 3aMeHy & = COS @, HOIy UM

1 T
/Tn(;z:)Tm(a:)\/1d7f—gc2 :/cosncpcosmcpdcp =
21 0

cos(m +n)o 4+ cos(m —n
:/ ( )@2 ( )tpdq)‘

0

Ocraercs 3ameTnTh, 9TO

hg

/cosk(pd(pzo upu k # 0. O
0

CneacTBUE. Ecin P, (r) — MHOTO4YNEH CTeneHu n u

zhde

-1

mpu k =0,1,...,n— 1, 70 P,(xz) = \Ty,(x), Tae A\ — HEKOTOpPOE UUCIO.

JOKA3ATEJLCTBO. B mpocrpanctee V1! co ckamapubM mpoussege-

HUEM
1

(.9) = [ f@go) 72

21
OPTOrOHAJIBLHOE JOMOJHEHNE K IOAIPOCTPAHCTBY, HOPOXKJEHHOMY MHOLO-
wrenamu 1,z,22,...,2" 1, nopoxaeno maorourenom Yebnmmena T, (z). O

Crencreue Teopembl 14.6 OBIBAET MONE3HO MPU IOKA3ATEILCTBE TOrO,
9TO HEKOTOPHLI MHOTOYJIEH ABJAAETCA MHOrOWwIeHOM Uebwimmera. Hanmpumep,
C €ro NOMOIIBI0 MOXHO NOKAa3aTh CACAYIOIIEE YTBEDXK JCHUE.

TEOPEMA 14.7. Muorowiens: Ye0OnimeBa MOXHO BBIYUCIATH 1O (POP-

My.Jae
I -
@) =135 @n-Dd”

(1 _ $2)n71/2‘
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JOKA3BATEJLCTBO. MHayKumen mo m Jerko J0Ka3aTh, 9TO IPHU M < 1

d‘i—m(l _ $2)n—1/2 — Pm(x)(l _ $2)n—m—1/27
rae P, (z) — MHOrowien crenenn m, npudeMm Py(z) =1, Pi(z) = —(2n—1)z

n Ppi1=1—22—(2n—2m — 1)z Py, (z) mpu m > 1. CrenosaTenso,

Vi —x2f7(1 —2?)" 1% = Py(2)

— MHOT'OYJIEH CTENEeHU N.

TIposepum, uaro P, (z) = AT, (z), T.e.
1
d’n
/:ckT(l — 224 =0
=1
mpu k=0,1,...,n — 1. IuTerpupys no 4acTsaM, NOIyIaeM
1
mk£(1 - mQ)"_l/de =
dz"
-1

m—1
= 2P, 1 (x)(1 —2?) 1/2 /k k= lddn 1 ( w2)"_1/2dx.

[lepBoe craraemoe paBHO Hy/IO, Tak Kak 1 — 2°> = 0 mpu ¢ = +1. 3arem
WHTErPUPYEM II0 IaCTAM BTOPOE CJIAraeMoe U T. J. ITOOBI B KOHIIE KOHI[OB

IOIYYUTH HYJAb, HYyKHO IIPDOUHTECI'PUPOBATH II0 IaCTAM k+1 paa3. HpI/I 9TOM
n—k—1

Ha IIOCJIETHEM ITIare BO3HUKHET nuddepennnan . 9TO 03HAYAET, ITO

W
aucao n — k — 1 10MKHO OBITH HEOTPULATENILHO, T.€. k < n — 1.
Ocraercs nposeputb, 910 A = (—1)"1-3-5-...- (2n — 1). daa sToro

MOXHO Beraucants P, (1). eno B Tom, 9T0 mpu 2 = 1 pekyppeHTHOe COOT-
HOIIIEHUE

Prii(z) =1—2%2 - (2n —2m — 1)zPy, (2)
NPVHVMAET BUL
Pri1(1) = —(2n — 2m — 1) Py (1).
Taxum obpasom, P,(1) = (=1)"1-3-5-...-(2n — 1). fAcuo Takxke, 9TO
To(1) = 1. O
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14.3. HepaBencTBa i MHOTO<wIeHOB le0bmieBa

Muorowrens: Hebbimesa MaI0 YKJIOHAIOTCA OT HYyJs Ha orpeske [—1,1].
OTO KOMIIEHCUPYETCSI TEM, YTO OHU U UX [IPOM3BOAHEIE OBICTPO BO3PACTAIOT
BHE DTOr0 0Tpe3ka. TouHee rOBOPs, CIPABEINBO CIeLYIOIIee Yy TBEPK IeHVe.

TEOPEMA 14.8. [Ro] Ilycts MHOrOWIeH p(z) = ag+a12+. . .+anz™, rae
a; € C, Takos, 9TO |p(£U | 1mpu —1 < z < 1. Torga |p(’“ | < |T,(Lk)(:c)|
opu |z| > 1,z € R.

[MOKABATEJBbCTBO. MBI BOCIOIB3YEMCSA JUIIBb TEM, YTO |p(a:z)| < 1 opnm
z; = cos(n —i)n/n, i = 0,1,...,n. MHOrowIeH p(T) MOJHOCTBHIO OIPEIEILs-
ercsa aruMu 3HadeHusMu p(z;). B camom gere,

pa) =5 22 (1)

91(531)

rae g;(z) = [[ (z — ;). Juddepennupys k pas coornomenue (1), moxyumm
J#i

o i (xz) o0 ().
=0

A Tak xak |p(mz)| <1, o

PP (@) <Y
0

1=

9" (@)
gi(zi)

Mmuorouren T, (x) B Touke z; npurMMaeT 3Ha9enme cos(n—i)n = (—1)"%.
ITosTomy

) =[S S )|
=0

flcro makxxe, aTo sgng;(z;) = (—1)""%. Kpome Toro, mpu |r| > 1 smax
quCIa g( )( ) He 3aBUCAT OT 4. B camoM jgene, Bce KOPHU MHOrOWwIeHa, g; ()

(k)

IpUHALIEKAT OTPe3Ky [—1, 1], modTOMy BCe KOPHM MHOTOYIEHA, g;

MIPUHAAIEXKAT 3TOMY O0Tpe3Ky. CegoBaTeabHO, sgn gz(k)( )=1lnpuzx>1mu

sgng(k)( Y= (=1)""* nmpu z < 1.

(z) Toxe
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B nrore npu |z| > 1 noxygaem

n. (k)
(k) _ g9; (z)
|Tn ($)| - ‘ — gi(zi) |

B raxowm caydae u3 HepasencTsa (2) cregyer, uro [p*) (z)] < |Tn(k)(g:)|. ]

"3 Teopemsul 14.8 MOXHO M3BIEYL MHOTO MOJE3HEIX cieacTuin. Copmy-
JUPYeM UX B BUIE OTIEJIbHEIX TEOPEM.

TEOPEMA 14.9. Ilycts muOrowreH p(x) = ag + a1 + ... + anz™, rae
a; & C, raxos, uro |p(z)| < 1 mpu —1 < z < 1. Toraa an| < 271

[JOKABATENBCTBO. Hamomuum, uro T(x) = by + biz + ... + byz”,
rae b, = 2" 1. IlosTomy, npumenns Teopemy 14.8 mpu k = n, moay<amm
lan| < |bn| =277 L. O

TEOPEMA 14.10. TIpu x € —1 u upu = > 1 BEIIOIHAETCS HEPABEHCTBO

7™ (@)| < |7 ().

[JOKABATENBCTBO. [usa muorownesa p(x) = T,_1(z) BrmoaHseTCs
ycaoBue Teopemur 14.8, mosTomy |T7(Lk_)1 (@) = |p(x)| < |TT(Lk) (x)]- |

TEOPEMA 14.11 [As]. IIpu 2,y > 1 BEINONHAETCS HEPABEHCTBO

To(zy) < To(z)Th(y).

HJOKA3ATEJBCTBO. Pukcupyem y > 1 u paccMOTPUM MHOIOYIEH
p(z) = Th(zy)/Th(y). IlpoBepuM, 9TO DTOT MHOTOWIEH YIOBIETBOPSET
ycaoBuio Teopemul 14.8, 1. e. |p(x)| = |Tn(my)|/Tn(y) <lopum —1<z<1.
IIpn pemectsennoM s dymxmua |T,(s)| 3aBucut Toapko OT |s|, mpmaem
ecmu |s| > 1, To |T,(s)| MonoTOHHO BO3pacTaeT ¢ BospacTamueM |s|. flcHo
TaKXke, ITO |T s)| £ 1< Ta(y) npu |s| < 1. CregoBatensho, ecm y > 1 u
-1<z<1, 10 |Tn a:y)| < Th(y)-

Cormtacuo Teopeme 14.8 mpu > 1 BHINOJHAETCA HEPABEHCTBO |p(x)| <
< Th(z), T.e. Tnzy) < Tn(x)Tn(y) m|
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14.4. IlpomsBogmmas ¢pyHKIMA

[ust mocnenoBaTenbHOCTH (MYHKIWMH Gp(Z) MOXHO DACCMOTDPETH DAL
io: an(x)2" = F(z,z). Eciu paguyc cX0quMOCTH 3TOr0 PALA, TOIOKUATEIEH,
To dpyuxkuuio F(z,z) HaswBaroT npoussodswet Gynrxyueld moCIenOBaTE b

HOCTHU an(T).

TEOPEMA 14.12. IIpu —1 < 2 < 1 n |2| < 1 BHIIOIHAIOTCA CIEAYIOMINE
paBeHCTBA:

To(z) o —

(a) 2 —In(1 — 2z2 + 2°);

M8

=

n—=

o0
1—22
n __
(6) 1+2z:1Tn(m)z = T 7 5
n=

[MOKA3ATENBCTBO. a) Ilycts 2 = cos . Torga
1—2zz+ 22 = (1 —e®2)(1 — e™%2),
noatomy In(1 — 2xz + 22) = In(1 — €*?2) + In(1 — e~¥2). flcuo Takxe, YTO

+ing
n

o0
—1In(1 — e*z) = Z ¢

n=1

z
n

npu |z| < 1. CregoBarensHo,

oo
2
—1n(1—2xz+z2)zz Coan) 2" =2

n=1 n=1

6) MpoauddepeHuupoBas mo z 06e YaCTU PABEHCTBA (a), MOTyIuM

2x — 2z
n—1 __
QZTn(w)z T 1-—2zz+ 22
n=1

CrenoBarenbHo,

& 2

" z(2x — 22) 1—2
= = . O
1+2ZTn(m)Z 1+1—2wz+z2 1— 222+ 22
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C momorpio Teopemul 14.12 MOXHO MOMYyYUTH CAEAYIONIEE ABHOE BEIPA-
2KEeHWe [JIsI MHOIO4/IeHA JeOnimesa.

TEOPEMA 14.13. IIycts n > 1 1 m = [n/2]. Torga

1um=§Z;4ﬁﬁ§W;ﬂ@m“%

[MOKA3ATENLCTBO. Coruacuo Teopeme 14.12 (a)

n

o oo _ 2\p
22 Tn(m)z" =—In(1 — 22z + 2%) = Z Grz—z ) _
n=1
MosTomy

M
=5 LD e,

CymMupoOBaHue BefeTcs 10 TeX Iop, noka n—2k > 0, mostomy M = [n/2] =

Bosee ypobuas sBHAsA GopMyIa IOIYydaeTCsa LI MHOrOWIEHd Pp(x) =
= 2T, (z/2), a umenHo:

Pa(w) = Y (-1

k=0

(e 0

roe m = [n/2].

Ha,HOMHI/IM7 9TO0 MHOI'OYJIEH Pn (.Z') COOTBeTCTByeT HOJII/IHOMI/IaJII)HOMy
BEIDAXKEHUIO BeTMIMHEI 2" + 2~ ™ wepes z + 2z~ (310 cremxyeT ms Toro, 4To
2"+ 27" =2cosn@ u z+ 2" =2cosqg npu z = e*?).

Jlerko npoBepuTh, 9TO mpu N = 2m + 1 BHINOJIHAETCA PABEHCTBO

m

(z 4 z—l)n — Z ("]:) (zn—Zk + Z2I<:—n)7

k=0
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a Ipu N = 2mM BHIIOIHAETCSI PABEHCTBO
m—1
(z +z—1)n — Z (Z)(zn—% +z2k—n) + (:z)
k=0

Takum o6pasom, eciu Py(z) =1, a npu n > 1 muorowrenn P, (z) 3agaorca
dopmyaon (1), TO BHIIOIHAETCA COOTHOIIEHUE

" = Z (Z:)Pn—2k(x)a (2)

k=0

rge m = [n/2].
Coorromenus (1) u (2) MoxHO 3anucars cregyommmM obpasoM. IlycTs
an = 2" u b, = P,(z), rae x — HeKOTOPOE PUKCHPOBAHHOE Ymcao. Torga

an =Y (bnzes bo= D (D an )

k=0 k=0

(mpu n = 0 BTOpOE COOTHOIIEHUE BHIMIAAUT KakK by = ap). Ilokaxkewm, uTo
cooTHOWEHN (3) SKBUBAJEHTHBL HE TOJBKO 1/ YKA3AHHEIX [I0CIEN0BATE b
HOCTEH, HO U [JIA IIPOM3BOJILHEIX [TOCAef0BaTeIbHOCTen. [Ipex ne Bcero 3ame-
THM, 9TO [EPBOE COOTHOIIEHUE UMEET BUL Ay = by + Y Bp_ibn_;, a BTOpOE
COOTHOIIEHNE UMeeT Bug by, = dan + Y dp—iGn_i, HOITOMY KaxA0€ COOT-
HOIICHUE OJHO3HAYHO ONPEJeNseT KaK NOCAeJOBATEIHbHOCTD Uy TIO TTOCTEHO0-
BATEIBLHOCTH by, TAK U MOCJIEA0BATEIBLHOCTS by, 110 TTOCAEI0BATENBHOCTH Gy -
fcuo Takxke, YTO LA MOCIEHOBATEIBHOCTEN Gy, = » MY, by = D NP (2),
rae \; u T; — PUKCUPOBAHHBIE HAGOPHL YUCET, COOTHOIIEHUA (3) SKBUBAIEHT-
HEI, IOTOMY YTO OHU DKBUBAJEHTHHI IS HOCJIEJOBATEILHOCTEN Gp = I,
by, = Py(z;). Ocraerca nposepuThb, 9TO MIA JOO0N MOCIENOBATEIHLHOCTH

ag, a1, .. .,0n MOXKHO IOAOOPATH TAKWE YUCIA Ag,...,Ap U ZQ,...,Ln, ITO
n

ap = Y. Nzt mpu I = 0,1,...,n. BeifepeM npow3BOIBHbIE TOMAPHO Pa3-
=0

JUYHBIE YUCAY, X, .- ., Ln. LOTHA MIA GUCET Ag,...,A, MOIYIAM CUCTEMY

JIMHENHEIX YPABHEHUN C OMpPeNeanTeNeM

1 ... 1
o Tn

£0.
zg T

OTa CUCTeMa yPABHEHUN UMEET DEIIeHNEe NP JIOOBIX dg, - - - , G-
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CoorHomenus (3) HO3BOJAAIOT IMONYyYaTh HETPUBUAJILHEIE TOXAECTBA
¢ 6unOMmanbHBEIMEU KOd>(hduunentamu. [lomoxwum, manpumep, b, = 1 npm
Bcex n. Torga

m
i1 =Y () = 2°m,
k=0
N 2mA41y, 1 2
k=0

5TH TOXKIECTBA JErko MOIy9arTcs u3 pasmoxenni (1 + 1)2m+ » (1+1)2™
o 6unomy Heroorona. B Takom cayvae coorHommenue

by, = Z(_l)knik (n;k)an—Zk

IIPDUHVNMAECT BUL

 2m+1  2m41—Fky,o
(D =i & )T

=~
Il
o

2m 2m—ky 1 _ 2m — 2k
(_1)k2m_k,(mk- )5(22m 2k+(z_k))_

=~
Il
o

15. Mmuorowiennt Bepuysum

15.1. Onpegenennsa muorowieHos bepHy/wLn

tetz

et —1°

o6palaeTcsa B HyJIb, IO3TOMY TIpu Takux t ¢pyHkuua g(z,t) MOXET UMeTh
ocobennoctu. Ho npu ¢ = 0, kak Jgerko ybenutbcest, GyHKIUS ¢ PEryasapHa.
IosTomy dyukuuio g(z,t) MOXKHO PA3NOKUTE B DAL

Paccmorpum dysknmio g(z,t) = Ilpu t = 2kni 3namenarenn

o0

t'n
g(z,t) = E ﬁBn(z)a
n=0
cxomsmuncs mpu |t| < 2m.
Kak mer certuac yBugum, By, (z) — MHOrOowieH crenesu n. MHOro4ieHs!
B, (z) naseBaoT mro2ousenamy Bepnyaau, a aucaa B, = B,(0) HaseBaoT

wucaomy Bepnyiau.



130 I'aasa 3. Muo2ousenbt cneyuaibHo20 8uda

Pang nna dyuxuuu g(z,t) npegcrasiaser cOO0M NPOU3BENEHNE PALOB

o0 oo
¢ . tnzm
9(0,t) = EOHB" n e” = E R
n=

n=0
ITosTomy
Bu(2) _ i By _x2*
nl k' (n—k)V’
k=0
T. e -
Bu(2) =Y (3)Bn k2",
k=0

DopMaIbHO 3TO PABEHCTBO MOXHO 3amucaTh B Buae B,(z) = (B + 2)", rae
nox B"* 6yger nogpasymesaThes B, _j.

OfHO ¥3 BaXXHEUIINX CBOUCTB MHOIOWIEHOB BepHyIIN 3aKI09aeTCs B
TOM, 4TO

B,(z+1) = B,(2) =nz""" (1)
s nokasareancTBa GopMyast (1) I0CTATOYHO 3aMETUTE, YTO

o0

tn

Z(Bn(z + 1) — Bn(2)) o= g(t,z+1)—g(t,z) =
n=0 ’
tet(z+1) tetz ‘s o0 tn+1zn
T el—1 -1 = te _Z n!
n=0
Caoxum pasercrsa (1) gas z = 0,1,...,m — 1. B pesyabrare noryaunm

m—1

Skt = 2 (By(m) — Ba(0)). @)

k=

IT0, B 9aCTHOCTH, O3HAYAET, 9T0 cymma 1 + 2"~ 1 + ...+ (m —1)""! mpex-
cTaBaAeT cOOOM MHOTOYICH CTENeHW 1. OT M. VIMEHHO 3TO CBOMCTBO ObI-

tz

a0 o6uapyxeno f. Bepuymmm [Bern]. A mpomseogsamas dpyHKIms 1 =

o0 tn
=3 mBn(z) ObLIa, IpenuokeHa JumepoM B 1738 r.
n=0 "

IIpu BEIYMCAeHNU MHOrOUIEHOB BepHyamu yao6HO TOIBL30BATHCA PEKYP-
PEHTHBIMU COOTHOIIIEHUAMU

|
-

n

(" Br(z) =nz""", n>2. 3)

r

1
Il
o
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OTHU COOTHOIIEHU MOXHO [OKA3aTh CAELYIOMUM 00Pa30OM:

o t" te' o t" o= 2°
= e = (S hn0) (£3).
n=0 r=0 s=0
LIS, n—1 n
nosromy B(2 +1) = 3 (,)Br(2) = Bu(2) + X (,.) Br(2). Ocraercs Boc-
r=0 =0

TIOIB30BATHCS cooTHOmeHueM (1).
Ilpu z = 0 coornomEeHus (3) MPEBPAIIAIOTCA B PEKYPPEHTHEIE COOTHO-
MIeHUA IJIA 9uceT BepHymLin
n—1
> (1B, =0, n>2 (4)
r=0
Jlerko nposeputs, uTo By = 1, HosTomy u3 coornomenuu (4) nocrenosa-
TEJIBbHO TOLyIaeM

1 1

312—57 B2=g, B3 =0, By= Bs =0,

~35

Hecmoxuo nokasatsb, 410 Bagy; = 0 npu k > 1. B camom gene,
o«
t t "
o1 =153+ B
n=2

HO3TOMY AOCTATOYHO IPOBEPUTH, UTO (PYHKITUAS

t t et +1
et—1+5_tet—1

4JeTHa. B 4eTHOCTU 3TOU (PYHKIIUU JErKO YOeTUTh .
B 1832 r. Anmens nmokasana, YTO MHOCOWIEHK BepHYJLIN CBA3AHLI COOT-
HOIIIEHUEM
By11(2) = (n+1)Bn(2).
YT06BI HOKA3aTH DTO COOTHOIIEHUE, poauddepeHupyeM 1o z 00e JacTu
paBeHCTBa

" tetz
Z mBn(z) = et —1
n=0
B pesyabraTre nmomyduum
oo o0
tn t2etz tn+1
Z EB':'L(’Z) =d_1- Z TBn(z).
n=0 n=0

[pupasruBas xkoaddummenter npu " moryuaem Tpebyemoe.
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15.2. TeopeMbl JOMOJHEHUA, CIOXEHAS aPTyMEHTOB
¥ YMHOXEHWUA

Msuorounensr Bepuymmm 061a1a10T Creay0muMy CBORCTBAMU:

B,(1—2)=(=1)"B,(z) (meopema donoanerus);

n
B,(z+y) = Z (Z)Bs(a:)y"_s (meopema caomncernus apeymenmos);
s=0
1= k
— Z B, (z + E) =m~"Bp(mz) (meopema ymuoxrcenus).
k=0

Bce ot TEOPEMEI JIEI'KO BBIBOAATCA U3 COOTHOIICHUS

" tet?
> iBa(2) =

et —1°
n=0

[ moxaszaTenbCTBA TEOPEMBI AOMOIHEHUs [OCTATOYHO 3aMETUTh, ITO

" tet(l—z) _teftz & (_t)n
ZEB"(I_Z): -1 e i-1 :Z n! Bn(2).
n=0 n=0

Teopema croxeHuUs: APryMEeHTOB JOKA3EIBAETCS CAELYIOMMIM 00pa3oMm:

oo

tn tetm ty e ts el t'ry'r
S = - (S o) (S 9) -
n=0 s=0 r=0
0 tr+s 0 n tn n
— T _ n—s
= 2 i B@y =33 () By
T, s=0 n=0 s=0

[lns moxasaTenbCTBA TEOPEMBI YMHOXKEHUS MBI BOCIIOJAL3YEMCs TOXKJe-
CTBOM

I o T
et —1" e™ —1 '

W3 sToro ToxaecTBa CiIegyeT, 9To

Z t_B ( ) _ temtz _ iemnmt(l—FQt+.“+e(m—1)t) B

On! n\Mm2) =371 S _

n=
_ 1 mz elztk/m)mt, 1 m— 1i mntn . \
o k=0 T m n! z -

k=0 n=0
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Teopema yMHOXEHWs [OKA3BIBAET, 4YTO MHOrowieH Bepuywm B, (z)
SIBIsIETCA penreHneM (hyHKIIMOHAIBHOTO YPABHEHNUS

m—1

221 (o &) =m s ¢

k=

~

TEOPEMA 15.1 [Le]. Ilpu ¢pukcupoBasHEIX m, n > 1 cymecTByeT eaus-
CTBEHHBLIM MHOT'OYWIEH CTENEHU 7, CO CTApIImMM KoddduimenToMm 1, ynosie-
TBOPAIOIIMYN (PYHKIMOHATLHOMY ypaBHeHuto (1).

[JOKABATENBLCTBO. CymecTBoBaHue TPeOyeMOro MHOIOYIEHA MOXKHO
LOKa3aThb U HEIOCPEeNCTBEHHO, HO MEI He OyZeM 5TOro AenaTh, a HPOCTO
BOCIIOIB3YEMCA YK€ M3BECTHEIM HaM (PaKTOM, YTO MHOIOWIEHH BepHy/uin
VAOBJIETBOPSIOT (PyHKIMOHAILHOMY ypaBHeHuo (1).

Mycrs p(z) = 2™ + ... u ¢(z) = 2™ + ... — ABa PA3HEIX MHOT'OWIEHA,
YAOBIETBOPSIONMX PyHKINOHAIBHOMY ypasHenuto (1). Ux pasnocts A(z) =
= apx?+ ..., rme ap # 0 u d < n, Toxe ynoBIeTBOPAET ypapHeHmO (1).
Cpasrenue koaddumenToB mpu ¢ B I€BON ¥ NPABON YACTH PABEHCTBA,

1= k
— A (m + —) =m~"A(mz)
m m
k=0
IIOKa3bIBAET, ITO Qg = md_"ao. OTO MPOTUBOPEYUUT YCJIOBUIO M > 1 m
MIPEATIONONKEHUIO O TOM, 9TO ag # 0 u d < n. m|

Crenas 3aMeHy MEpEMEHHEX, (DYHKIMOHAJIbHOE ypasHenue (1) MOXHO

TIPUBECTHU K BUIY _1
fa)=me Y g (5, @

k=0

rae s = n. B cay4ae marypaassoro s Henpepuisasie pyaknuu f : (0,1) — C,
yaoBaeTBopsomue ypasaenuio (1), uccaenosan Ky6ep [Ku]. B obmem ciy-
4ae, T.e. npu s € C, mpoCTPAHCTBO TAKUX (PYHKUIUU IBYMEPHO, IPUYEM B
HEM MOXHO BHIOPATH 6A3UC feven, fodd TAK, 9TO

feven(x) = feven(1 - -Z') n fodd(l') = _fodd(1 - -Z')

O pasnbix cBoucTBax pemenur ypasaenus (2) Jxou Munnop nanucau 601b-
IIYI0 UHTEPECHYI0 CTaThio [Mi].
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15.3. ®opmynaa durepa

X1
Ilycte s € C, Res > 1. Torga pag Y. 5 CXOIUTCS. Dyukuua {(s) =

n=1
00
= Z F AOIIYCKAET AHAJUTUYICCKOE IMIPONOJXKEHVE Ha BCIO KOMILICKCHYIO
n=1

TIOCKOCTE. IIpu 5TOM B TOUYKe § = 1 OHA MMeeT MPOCTOU TOMIOC, & B OCTAIb-
HBIX TOYKAaX PeryJsApHa.
o ]

Ilpn mensix s pag . 5 baccMaTpusaz erme Ouzep. Ho paccmarpusars
n=1

{(s) xax PyHKIMIO KOMILIEKCHOI'O MEPEMEHHOrO MEepPBEIM HAadanl PumaH, u

VMEHHO OH 00HapyXui1 HauboJee NIy0OKue ee CBOUCTBA, U HAb0JIee BaXKHbIE

ee mpuoxkenus. B ¢Basu ¢ stum dynkumo {(s) masmBaT dzema-dynryuet

Pumana.

TEOPEMA 15.2 (Dunep). Ecau k — maTypanbHoe 4ucio, To

_1)k+132k22k—1n2k
(2k)!

Z(2k) = ¢

JOKA3ATEJILCTBO. Bocnonbayemcs pasmoxenueM ¢pyHkumu sin 2 B 6ec-

o0 2

. z

KOHEYHOE IIPOMU3BEACHUE: SIN 2 = 2 I I (1 7 2). IIpoguddpepennmporas

T
n=1

JorapudMel 00enX JacTEN ITOI'O PABEHCTBA, IOJYINM

cos z 1 i Z 2z
sin z z 22 —n’n?’

C apyrou CTOPOHEI, IOACTABUB t = 2iZ B PABEHCTBO

t b e tm
Fg=1l-3+ 2 Bupp
m=2

TIOTY IUM

sin z e —e ¥

cosz . eFte - (2i2)™
z =iz —1+z:23m7. (2)

Cpasrenmne koaddunuentos npu z2* B (1) u (2) gaeT TpebyeMoe paBeHCTBO.
O
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U3 ¢opmyasr Dunepa guaa {(2k) Bugno, uro umcao {(2k) Tpancuen-
[NEHTHOE, IOTOMY YTO YHCJIO T TPAHCHEHAEHTHOE. ITO Xe KAaCAeTCs dnCen
{(2k + 1), To gna HUX HET CTOIL yA0OHOU (hOpMyabl. B yacTHOCTH, AUIIL B
1978 r. Anmepu (R. Apéry) noxasan uppammonanbroCTh yncta {(3). Haubo-
Jiee IPOCTOE M3 M3BECTHBIX MHE I0KA3aTENIbCTB UPPAIMOHAIBLHOCTY HUCIA
{(3) mpueezero B [Beu].

15.4. Teopema Payabrabepa—Adxkoou

CymMupoBanuem creneHHoro psaga 1™ +2m+3" 4. .. MaTeMaTuKy uHTe-
pecoBanuchk 3a00ar0 10 Bepuynau. B 1617 r. memenkun maremaTuk Morann
®Payasradep (1580—-1635) omybiukoBas KHATY, B KOTOPOU NPUBET CyMMBL
rakux pagos g1 m < 11. 3arem B 1631 r. B xuure [Fa] or nponomxmt ceon
BuIMUCIeHUs 10 m = 17.

CyMMupOBaHUEM CTENEHHBIX PsA0B 3anuMaics u [lbep Pepma. B 1636 r.
on nucaix Mepcerny: «...Mbl He xoTenu 31eChb HAa DTOM OCTAHABINBATHCS,
OJIHAKO MOCTPOWIN PEIICHUE, BO3MOXKHO, IPOCTENIIEN BO BCEU apudmMeTn-
Ke 33134, OIarofaps KOTOPOU HE TOIBKO MOMNCEM HAUMU CYMMY K6a0pa-
mos uau KYybos 060t npoepeccuu, HO U 8006we cymmy écer cmeneweti do
beckoneunocmu 64a200aps camomy oowemy memody; KBAIPATO-KBAIPATOB,
KBaApaTO-KyOOB U T. 1.» MHOrME MCTOPUKYN MATEMATUKY CKIOHHBI BEPUTH,
aro PepmMa NEUCTBATENLHO TOSYYWI PEIICHUE DTOU 339U TMOYTH 33 CTO
aet no Beprysim.

dayaprabep B coeit kuure [Fa] ormermt, aro Bce cymmer Y n¥ momm-
HOMHIAJBLHO BHIPAXKAIOTCA Yepe3 IepBhle aBe CyMMEl y.n u y,n?. Jlsectn
aer coycrs, B 1834 r., flkobu nepeorkprur Teopemy Paynprabepa. Ussect-
HO, 4T0 y fko6u 6bina ymoMsuyTas kaura daynbrabepa, HO He U3BECTHO,
YUTAJ OH €€ WU HET.

Beenem musa ymo6CTBa MHOTOYIEHET

Sn_1(m) = E(B”(m) — B,(0)).

®opwuyna (2) ma c. 130 mokaseBaer, ITO

Sp(m) =1"+2"+ ...+ (m—=1)".

TEOPEMA 15.3 (Payasradbep—fAxobu). Ilycre U = Si(z) u V = Sa(x).
Torga mpu k > 1 cymecTBylOT Takue MHONOWIEHBL Pj, u Q) ¢ panuoHAIb-
ueMu KoaddunuenTamu, 910 Sopt1(z) = U2Py(U) u Sox(z) = VQi(U).
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JOKABATEJIBCTBO. ITOOH HOIyIUTEH BEIDAXKEHUE LIS S2ft1, BOCIOIb-
3yeMCsl PABEHCTBOM

n—1

(n(n-1))" = Z(xr(x +1)" =z (x-1)") =

z=1

=2(QX X+ (L) @

(n(n— 1))i+1 _ Z (2(i i_-l;_)1+ 1)S2j41(n).

ISV PaBeHCTBA M MOXHO 3all1CAaTb B MATPUYIHOM BUIE:

n%(n —1)2 200 ... S3(n)
n3(n —1)3 _ 130... Ss(n)
nin—-1)% | — 044 ... S7(n)

B mony4ensOu GeCKOHEYHOU MATPHUIE BCE [VIABHBIE MUHOPHI KOHEYHOO IIO-
PAIKa HEBBEIPOXK JEHHBIE, II03TOMY

S3(n) n?(n —1)2
Ss(n) B n3(n —1)3 i1
s | = glloal ™ | w1 |0 mre = (6 4 0)-

Ata dopmyna nokaswmsaer, 9T0 Sagt1(n) BEpaxaercs wepes n(n — 1) =
2
=2U(n) n gemnrcs ma (n(n — 1))
YT06bI TOIYyYNTh BEIpAXKEHUE Mist So, BOCIOAb3YEMCsA PABEHCTBOM

r+1 Z {E + 1 r+1 (:L' _ l)rmr—i-l) —

r=

—Z”(T D)+ ((3H- () +
+Z$2r_2<T—H)"'(g))+Zx2r_3<(rjl)—(2))+---:

(YOS ((EH + () e +
+ ( 1 Zm2T-1+ 3 Zm2r—3+
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CyMMBL HEYETHBIX CTENEeHeN MOXKHO YHUITOXUTE ¢ moMoisio (1). B pesyan-
TaTe IOLyIUM

n™(n — 1) = "T("; 1’ 4 ((T-{-l) + (71“)) me +
+H((5)+6) a2

w1y (%2_ 1) = (G Ty 1) + Gy 1)) S

Teneps aHAJIOrNYIHO IPEABIAYINEMY CIYYA0 MOLYIAEM

Sa(n) n(n — 1)
Se(m) | _2m—1, n?(n —1)
sen) | = —5—Ilbisll nd(n—1)% |

rge b;; = (2(1 i_—;)1+ 1) + (2(1 _3) i 1).

m—1 n(n-1)
23

Mosromy muOrounenmr Si(n), Sg(n), ... memarcs ma S2(n), npuwiem

Sar(n)/S2(n) aeaserca muorownenom ot n(n — 1) = 2U(n). O

IIpocTee BEMMUCIEHWA NOKA3BIBAOT, 9TO Sp(n) =

15.5. ApudmeTHaeckme CBOMCTBA UMCET
¥ MHOrOwIeHOB Bepnysim

B sToM maparpade MBI JOKaXXeM HEKOTOPHIE TEOPEMEL 0 3HAMEHATENIX
3HAYEHUN MHOTOWIEHOB BepHy iy B panuoOHAIBHBIX TOYKaX. Hambombimun
WHTEpPEC IPH JTOM IPEACTABIAIOT 3Ha4YeHws B Touke (), T.e. umcaa Bep-
HYJLIA.

Ilpu popmMymupoBKe yTBEPKICHUN O 3HAMEHATEIAX PANUOHATLHBIX M-
cest 6EIBAET yA00HO MOTBb30BATHCA TOHATUEM P-TIEJIOr0 IucIa. K p— mpo-
CTOE IUCI0, TO PAUOHATLHOE YUCIO T HABBLIBAIOT P-U4eAblM, €CJIU P HE BXOIUT
B 3HAMEHATEJb YUCIA T, T.e. 3HAMEHATeNb ¢ HeCOKPATUMOR Apobu s/t = r
HE IEJUTCA Ha P-

[as paumonansHOro ucaa r 3anuck 7 = 0 (mod p) GyneT o3HaYaTH, 9TO
YMCAUTENb § HECOKPATUMOM Apodu s/t = r geanTcs Ha p. Jlerko nposepuTs,
uro eciu 71 = r2 = 0 (mod p), To 1173 = 0 (mod p) u 1 £ r2 = 0 (mod p).
Kpowme Toro, ecin gucno r asasercsa p-ueasiM u 1 = 0 (mod p), o rire =
=0 (mod p).
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TEOPEMA 15.4 (Kymwmep). IIycts p—npocroe uucao. Ecaiu narypans-
HOE ¥nCJI0 1 He AeMUTCa HA p — 1, To uucno B, /n asasercsa p-ueasv u

Brip-1 B, _
ntp_1 n =0 (mod p).

[JOKABATENBCTBO. MyapTummkaTusHas rpymna nois Z/pZ mukim-
49ecKas, MOITOMY y Hee eCThb 00pasyomias. DTO 03HAYAeT, YTO CyIIECTBY-
eT HATYDAJIbLHOE HHCIO @, 3AKIOYeHHOe MexIy 1 u p, mis xoroporo af #
# 1 (mod p) mpu k=1,...,p — 2. Paccmorpum GpyHKImIO

at t o ¢k
A(t)=eat—_1—et_1=2(ak—1)3kﬁ=
k=1
UL S VY - S AL o R
_t;(“ Dk(k—l)!_t;Ak(k—l)!’

B
rae A1 = (a* — 1)7’c

JlocTaToYHO MOKA3aTh, YTO BCE YUCIA Aj ABIAIOTCA P-LETEIMA U
Ak+p—1 — Ak =0 (mod p).

B camom gene, ecau n He geaurca Ha p — 1, T0 a™ Z 1 (mod p), nosTomy
Ana
a” —1
A Tax xak a?P~! = 1 (mod p), To

B
DPaBEHCTBO 7” = MIOKA3BEIBAET, YTO 9UCIO By, /n Toxe OygeT p-1ieabiM.

—1 Bn+ -1
Apypr — Ap = (a™P7F - UWL —(a"-1)

_ Bn+p*1 B n__

B
n

Bocnonp3yemcs paBeHCTBOM
i Lt a1
P Fe—1)0 -1 -1

Momoxmm u = et — 1. Torga

a 1 a

eF—1 ef—1 (1+u)*—1

1_ a 1_
u_au+23b3uS u

1 1 =
T u <1+E(bs/a)us_1 B 1) = ;CTU ’
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Bce uncna ¢, SABIAIOTCA p-IeABIME, IOTOMY YTO TAaKOBEL BCe 4HCIa bs/a.

Taxum 06pasowm,
> gt = et -

rae Bce KO(PUIMEHTHI ¢, ABIAITCA P-IEILIMU.
®yuxmuio (ef —1)" MoxHO I'IpellICTaBI/ITB B BUJIE JUHENHOU KOMOUHAINHA C
neasiMu KoddgduimenTamu QpyHkunu e =0,1,...,r. B cBoo ouepens,

zml”

IMosTomy Aj MOXKHO IPEACTABUTH B BUAE JUHENHON KOMOUHAIIUY C P-TIEILIMUA
koddbdurmentamu wucea m* 1. Pasenctso ¢, (! —1)" = ¢,t" +. .. nokaswmsa-
€T, 9TO HTA JUHENHAA KOMOMHALNA COCTOUT 13 KOHETHOrO IUCIa, CAAraeMbIX.

CyMMa ¥ IPOUM3BEAEHNE P-IEJEIX YUCET ABIAETCS P-LIEABIM YUCIOM, IIO-
sromy Ay — p-uenoe uucio. flcuo Takxke, 94T0O

mE=DHE=1 _ k=1 — k=P~ _ 1) = 0 (mod p).

IMoaromy uuciao Apyp—1 — Ap mpencraBiasgeT cOOOU IMHENHYI0 KOMOMHAIIIIO
¢ p-TeasIMy KO3(DPUIMEHTAMA PAIMOHAIBHEIX YACEN, Y KOTOPLIX YUCIUTENN
IENATCSA HA P. DTO O3HAYAET, UTO

Apyp—1 — A, = 0 (mod p). m|

TEOPEMA 15.5 (¢pou ltayar). IlycTs n— YeTHOE Y9UCIO, p— OPOCTOE
qucao. Torga ecam n ve genurcs Ha p— 1, T0 By — p-uenoe 4ucno, a ecam n
nenurca Ha p — 1, To pB, = —1 (mod p).

JOKA3BATEJLCTBO. COriacHO MpeABIgyLIen TeOopeMe, €Cau p— IPOo-
CTOE YUCJI0 W N He JeIUTCS HA P — 1, TO p HE BXOAUT B 3HAMEHATEJIb B,.
IMosToMy ocTaeTcs pacCMOTPETh CIydawu, Kor,qa n ,Z[eJII/ITCf{ Ha p— 1.

[e] tk ntn 1 ept -1
Tlepemuoxum pasesncTBa ., Bj— i et u Z = ;
k=0

B pesyabraTre nomyduum

np,¢ntk=1 — o> rot
Z E zlkl Z =§_:Z_%

n,k=0

S
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Cpasuenue xoappuIUeHTOB mpu " B JEBOU U IPABOU YaCTU MOKASLIBAET,
9To

1 —1
n+ pn+1,kBk B p ﬂ
Z (n+1—-k) k! _Z n!’
k=0 r=1

YuaursiBas, 4T0 Bpy1 = Bp_1 = 0, nonyyaem

p—1

n—2 n—k
- _ p n
pB, = ;kan+1_k+Zr .

r=1

fcuo, wro mpu n—k > 2 wmcno p"~F /(n—k+1) arseTca p-esM, mosTOMY
MHIYKOWA [0 7 NOKA3BIBAET, 9TO 9uCHd pBa, ..., pB, ABIAIOTCA P-LeIbIMA.
(Pasa ungykunu: pBy = p, pB1 = —p/2.)

Hpu n — k > 2 aucao p"~*/(n — k + 1) He TOMBKO ABAAETCS P-TIETBIM, HO
U ero 9ucanTensb (HOCIe BO3MOXKHBIX COKPAIEHUN) JEJIUTCA Ha P, T. €.

p"*/(n —k+1) =0 (mod p).

CaenoBarensHo,
p—1

pB, = Z r"™ (mod p).

r=1

B paccmarpusaemoMm caydae n geaurcs Ha p — 1, mosromy r = 1 (mod p)
npu r = 1,2,...,p— 1. B ntore norygsaem

pB, = —1 (mod p). m|

oxoxum By, (t) = By(t) — By (0). Hamomzmm, 410 B Takom ciydae
By(m) =n(1" '+ 2" 4+ (m = 1)"7Y)
IPY BCEX HATYPAILHBIX M.

TEOPEMA 15.6 (Anvksuct—Moupman). Ilpu Bcex marypaububx h, k
u n aucao k"B (h/k) nenoe.

[TOKABATEJNBLCTBO [Sur]. Teopemy croxeHus apryMeHTOB

n

Bua+y) = By(a)y"
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MOXHO 3aIIMCaTh B BUIE

n

gn(x +y) = ZES(iE)yn_S + En(y)
s=0
[osTomy TpebGyemoe yTBEpXKIeHHE JOCTATOYHO N0Ka3aTh aiasa h = 1.
O6osnaunm gusa kparkoctu k"Bp(h/k) = ay. fcno, uTto By(z) = By.
IToaromy

oo o> o

"= L o " t" e’ t e —1)
ZHB"(Z)_ZHB"(Z)_ZEB"(O)_ -1 -1 -1 -
n=1 n=0 n=0

Tonoxum z = 1/k u crenaem 3ameny z = kt. B pesyabraTe monydnm

o= anz” _ kx(e” —1)
Z nl — efr_1
n=1

3anumeM 3TO COOTHOIIEHNE B ABYX BHOaX:

o0

Z a":f (eF® — 1) = kx(e® — 1),
=1 n:
X anz”
Z 7;' (14€ +...+ ek D7) = kg,
n=1 ’

o) krmr oo xs

Bocnonsayemcs paznoxenuavm e¥ —1 =Y ——ne*—1= ) —. Cpas-
r=1 T s=1

HUBas KOhOUIMEHTH Ipy " B JEBOU ¥ NPABOM YaCcTH, B IEPBOM CIydae

npu Bcex n > 1 momydaeMm

(" TNak ™ = (n+ 1)(1 - an). (2)

n

l

Bo Bropom ciydae moaydaem a; = 1, a mpu n > 2 noaydaem

n—1

Z (7)(1Tsn_l = —kay, (3)

=1

rae so =ku 8y =1 +2m 4+ ... 4+ (k—-1)™.

HeJIO"II/ICJIeHHOCTB Qp MBI JOKAXEM II0 MHAYKIWY C IIOMOIIBI COOTHOIIEC-
Hui (2) u (3). Jas 5TOro HaM MOHAZOOUTCA CIEAYIOMEe BCIOMOIATENIbHOE
YTBEDXK JeHUe.
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JIEMMA. Iycts p— npocroe uucio, 2 <! < r u (p,s) = 1. Toraa (szl) )

neauTcsa Ha pr it

[JOKABATENLCTBO. 3anuwmewm [ B Buge | = tp®, rae (t,p) = 1. Acwo,
aro a < | — 1 (paBeHCTBO BO3MOXHO Juilb B ciydae | = p = 2). Jlerko
m

IPOBEPUTH, YTO (7:) = Z(

m —

n— il) IosTomy

4 S . T —1 S L
(sp):(jﬁa)zsz a(iﬁa_l):?pr N,

rae N — memoe 9ucio, a vucaa § u t B3auMHO mpocTh ¢ p. CaenoBaTensHo,

T

S — — —
auero ( Il) ) memmTcst Ha p"~°. B cBOW0 0Mepean, pT~® gemmrca Ha p’ t! ) mak
kak a < [ — 1. O

W3 nammx 0603HaMEHnI yiKe JABHO MCIe30 k, TODTOMY HAIIOMHUM, ITO
an = k"B (h/k). PaccmorpuM cHavana caydai, korga k — IpocToe 9ucio.
Ipeamonoxum, 9TO Ay, . . . , Gp—1 — LeJsIe 9ucaa. Torga us cooTHomenun (2)
u (3) cregyer, uro (n+ 1)a, u ka,, — ueaste yucaa. Ecau n + 1 we gemurca
Ha k, TO a, — uenoe uucio. Ilycrs reneps n+1 = sk™, rmer > 1u (k,s) = 1.
YT068I yOEAUTHCA B HEIOIUCIAEHHOCTH Uy, JOCTATOYIHO JOKA3ATDH, YTO YUCIO
(n+1)a, = sk"a, geaurcsa ua k". Popmyaa (2) nOKa3EIBAET, ITO 4JA ITOTO,
B CBOIO O¥Y€peb, TOCTATOYHO MOKA3aTh, uyTo pu | = 1,2,...,sk™ — 2 4ucaa
(n ? 1)19"_1 nemsites Ha k™. Ipu 1 < n—r = sk™ — 1 —r 510 oueBnguo. Ecan
xe sk” —r <1 < sk™ — 2, To pacemorpum qucao I =Tskr —1 U IPUMEHUM K
HeMy JeMMy. B pesyabrare moayduMm, 9TO YHUCIO (SI; ) = (Sllf ) JEIATCA Ha
kr—U'+! 4 amauumT, ancao (n'; l)k"_l nemnres ma kP U = kT qro
TpebOBaAIOCh.

Cuysanm k = pi* -...-pm, rme pi,..., D m — DPA3IXIHEE OIPOCTHIE TUCIA,
He TpelyeT CYIIECTBEHHO HOBHIX paccyxkieHuu. [Ipenmomoxmm, 9To 4ucia
ai,...,0n—1 measte. Torga ua coornomenunit (2) u (3) caegyer, 9T0 wmcaa
(n + l)an, u ka, wenwe. 3anvmrem n + 1 B Buge n + 1 = p* - ... - pbms,
rae (s,p;) = 1. Ecam b; > 1, T0 Te xe caMbie PACCYXKIEHWUA, 9TO U B IPE-
ABIIYIIEM CIydae, MOKa3eBaioT, uTo (n + 1)a, memtca ma pb. Ionoxum
;i =(n+ l)pi_b". Toraa (s;,p;) = 1 u BCe UmCaA $;Q;, TEIBIE. ITO O3HATALT,
YTO B 3HAMEHATENAb DAITMOHAJBHOI'O YUCIa G, HE BXOAAT MIPOCTHIE MHOXNUTE-
JA D1, ..., Pm. C IPYTOR CTOPOHEL, YUCIO Ka,, TIEN0E, TOITOMY B 3HAMEHATEIb
YUCIa Gp MOTYT BXOOUTH TOJBKO MPOCTHIC MHOXUTEAN YUCIA k O



3adauu % 2aase 3 143

3ajgaum K riase 3

Cnmme*rpmecxne MHOI'O“LI€HBI

3.1. Iycts o4,...,0, —DIEMEHTAPHEIE CUMMETpUYIECKUE (PYHKIUU, 3
9UCaa ay,. .. ,a, € C yIOBIETBOPAIOT CUCTEME yPABHEHUN

ck(al,...,an) :ck(ak,...,ak).
llokasaTb, 9TO @1 = ... = Qp.

B sagagax 3.2-3.4 Mb1 OygeMm CIUTaTh, 9TO & = (L1,...,%p) U Y =
= (Y1,---,Yn), TO€ BCE TUCHAA L1, -- -, Ly, Y1,-- -, Yn HOAOKUATEILHEL. CyMMa
T + y onpenenseTca IOKOMIOHEHTHO.

3.2 [ML]. [okasarb, 94TO mpu r = 2,...,7n 0Js SIeMEHTAPHEIX CHMMe-
TPUIECKNX (PYHKIWUA G; BBLITOJIHATCA HEPABEHCTBA,

Gr(x‘l‘y) S Gr(x) Gr(y)
or—1(z+y) 7 or—1(x)  or-1(y)’

3.3 [ML]. Hokasate, aTo mpm r = 1,2,... N BHIIOIHAETCA HEPABEHCTBO

Vor(@+y) > Vor(@) + /or(y).

3.4 [Wh]. ®uxcupyem k u onpegennm dyuxnun T,.(x) cooTHOMmEHNEM

n

o I+ z;t)* mpm k>0,

Y @)t =4 "°

r=0 [T =zt)* mpmk <O.
i=0

(B wactrocTu, ecmu k = 1, 10 Ty (x) = o, (%) — da€MEHTAPHEIN CUMMETPUYE-
CKMiI MHOrO4IeH, a ecim k = —1, 1o T,(z) = py(2) — DOIHBI OAHOPOAHBIN
MHOT'OLJIEH. )

a) Joxasats, ato ectn k > 0, To {/T.(z +y) = /T.(z) + /Tr(y).

6) Joxasats, ato ecin k < 0, To {/T.(z +y) < /Tr(z) + /Tr(y).

Heﬂoanaq}[ble MHOTI' O“WIEHBI

3.5. JlokasaTb, 9TO €CJAu MHOIOUIEH f(Z) CTENeHN 1 IPUHUMAET Leble

sHawerma npu £ =0, 1, 4, 9, ...,n?, TO OH IPUHEMAET Le/Ible 3HAYCHUS [IPH

Beex = m2, m e N.
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3.6. Ilycte m u n— HarypauabHble ducaa. [lokasaTb, 9TO CleayoIye
YCJIOBUS DKBUBAJICHTHEL
(a) cymecTByOT Takue LEIbIe YUCAA g, - - - , Oy, ITO

HO(ag,---,an,m) =1

U 3HAMEHUA MHOTOWICHA An X" + Ap_12" 1 +. ..+ ag Ipu Bcex ¢ € Z genarcs
HA M}

6) nl/m e Z.
Muorowiensr Yeonsnmesa

3.7. MokaszaTb, 9TO OpU N > 2 AUCKPUMUHAHT MHOIOYICHA, 1eOhIeBa
2
T, pasen 2("~1"p2,

3.8. a) [lokazaTb, 9TO €CaAM YUCIO 7 > 3 HEYETHO, TO MHOrOwIeH 1e6hr-
meBa 1), TpuBOIUM.

6) Jokasars, aro ecim n # 2%, mo muOrowien T, mpuBoIUM.

B) [loxazaTb, 9YTO €CIM UUCIO 1 > 3 HEYeTHO, TO MHorowieH 1, (z)/x
HEIPUBOJUM TOIJA U TOJBKO TOL[a, KOT'a IUCJIO 7l IPOCTOE.

3.9. Ilycre u(z) n v(z) — MHOrOWIEHE! ¢ AEUCTBATEIBHEIMA KOS(DduIy-
emramu, opraeM V1 — u2 = vy/1 — 22. [Jokasars, 9T0 TOra:

a) u'(z) = £no(x), roe n = degu;

6) u(z) = £T,(x).

3.10. a) Mokasars, uro dpyakuus y = T, (z) yaosrersopser guddepen-
MATLHOMY YPABHCHUIO

1—zHy" —zy +ny* =0

7 1:060€ TOIVHOMUAJIBHOE PELIeHNe 3TOr0 AudppepeHIraIbHONO YPABHEHUA
umeer Bup cT),, Te ¢— HEKOTOPAsA KOHCTAHTA.
6) MokazaTs, uTo dpyuknua y = T,(z) ynosreTsopsaeT quddepeHnmaib-
HOMY yPaBHEHUIO
2 N2 _ 2 2
(1=29)() =n"(1-y),
IPUYEM TO yPABHEHWE UMEET TOMBKO JBa Permenus, a uMerHo, y = +7,(z).

3.11. IIycte A, (z) — onpegeauTens MATPUALEL IOPAIKA 7 C JUATOHAIb-
HBIMU DeMEeHTaMH (T, . . . , T), HaJ AuaroHatbHbIME onementamu (1, 3,..., 5)
¥ 1101 [UAr OHAIBHEIMY DIeMeHTaMu (5, . . ., 1); ocTalbHEle D1eMeHTH MaTpU-
LI HyJeBHIE, T. €. a;; = 0 pu [i—j| > 1. Joxasats, uto Ty (z) = 271 A, ().
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3.12 [Da]. HamomumnM, uTo MaTpuny (@;j) HA3HBAIOT NUPKYIIHTHOM, €C-
mm a;; = b; — by, rge by = by npu k = | (mod n). Iycre Ay, (z) — onpege-
JUTETh OUPKYJIAHTHOU MaTpuner ¢ bg = 1, by = —2z, by = 1. /foxasaTs,
9T0

Ap(z) = 2(1 = Th(z)).

Pemenus zagaa

3.2. Ilpu r = 2 Tpebyemoe HEPABEHCTRBO CIEAyeT U3 TOXKIECTBA

oz ty) ouls) oaly) _ & (”gy _yﬁgfj)

oi(x+y) oi(x) oi(y)  20i(x)oi(y)oi(r+y)

IIpexmonoxum Teneps, 4To r > 2 u TpedyeMoe HEPABEHCTBO yKe T0KA3a-
HO naa 7 — 1. PaccmoTpum cucremy qucen T = (1, ..., Ti1,Titly- -, %n)-
Jlerko npoBepuThb, 4TO

Z zi0,-1(Z;i) = ro.(z), (1)
xior—l(ﬁi) + 0'7'(57\1') = 0'7'('77)- (2)

Sanmmem pasencTsa (2) gasi = 1,...,n unpocymmupyem ux. B pesyabrare
IOy 9UM

n n
S wi0r1(3) + 3 00(5) = noy(a).
i=1 =1

Beratsa u3 sToro pasencrsa ToxaecTBO (1), momyanm

Z or(Zi) = (n =)o, (2). 3)

Acuo Takxe, 94TO
0,(2) — 0,(T;) = 20,_1(T;) = 30,1 (x) — 20, _2(T;)-

CyMMupys 5Ty paBeHCTBA TpH ¢ = 1,...,n ¥ y9uTHIBaA cOOTHOMmeHME (3),
nosydaeMm

n n
ro(z) = Z z;or_1(x) — wacr_g(fi),
=1 i=1
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Gr(w) . 1 n x?G’V‘—Q(%\i) B
Or— 1(:12) ; (Zwl_;m> =
1~ % 22
G (lz_; i Z .'I}i"‘Gr—l(i/U\i)/Gr_Q(:/c\i)) :

i=1

3anuineM aHAJOTMYHLIE TOXAECTBA NI Y U T + y. TpeGyemoe HEpaBEHCTBO
CIELYET U3 TOTO, 9TO €CIHA Lj, Ui, Gj, biy C; — TONOKATEILHBIE IUCAA, TPUIEM
¢i = a; + b;, T0
a vi  (witw)® @ N G ) M
rita;i  yitai  Tityite T ®itai  yitai rityitaitb
_ (aizi—biyi)’ 0
(zitai)(yi+bi)(Ti+yi+ai+b) =

3.3. M1 BoCnosmb3yemcsa 3a1a4en 3.2 n CAeAyIOmuUM BCIOMOTATEIbHBIM
YTBEPXK JCHUECM.

JIEMMA. Ecmn ay,...,a.,b1,...,b, —HeoTpunarensuse yncia, To

{/(a1+b1)- - (ar + by) \/al .-aT+{/b1-...-br.

IMOKABATEJLCTBO. IlycTe
R(z)={(z1,...,2zr) €R |21-... 2, =1, z; > 0}.

CoryacHO HEPABEHCTBY MEXAY CPEAHUM APU(PMETUIECKUM U CPEIHUM [eO-
METPUIECKUM

r

. a1z1+ ...t arzy
ai ... ap =min ———.
R(z) r

ITosTomy

. (a1 +bi)zr+...+ (ar + by)2r
(a1 +br) (ar + br) min - >
a1z1+ ...+ arzr . obizi+ ... brze

>min—mmm———— +min — >
“R(2) T R(%) r ~

2{/a1-...-ar—|—{/b1-...-br_ O
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Ilpencrasum o, (z + y) B Bule NPOU3BEICHUA

or(ety) orilety  oilzty)
or-1(z+y) or—2(z+y) L

Coruacuo 3aga4ue 3.2

or(z+y) o or(2) ok(y)
or—1(x+y) = op—1(x)  or_1(y)’

Bocnonp3oBaBumces Teneps JEMMOU, OLYIUM

or—1(x) or—2(x) 1

mz\/ S Mo R

+ i/ or(y) or-1(y) A Gliy) = W‘F m

oro1(y)  or—2(y)

3.4. Mu paccmoTpuM Juib caydan k < 0, BKIIOYAIOUMN HIOJHBIE Of-
HOponuble MHOrOwWIeHH. IIycts | = —k > 0. B Takom caydae mus ramma-
QYHKIVY MMEeeTCA NHTErPAILHOE IPENCTABICHUE

I(l) = /e*ttHdt.
0

IIpu @ > 0 moxHO cuesaTs 3aMeHy t = aS U [IOLYYIUTH

r() =d /e““‘sl_1 ds,
0

oo
1
k_ —l _ _* —as -1
a®"=a _F(l)/e s ds.
0

Tonoxum a; = 1 — z;t. Ilpn ManbIx |¢| 9UCI0 @; TOSOKUTEIBHO, TOITOMY

n o0

H(l—w,-t)k:<ﬁ> / f(s1,...,8,)dsy .. .dsy,
0

i=1 0
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rae
f(sl, ceey Sn) = 6751*---*51;et($151+-..+znsn)(Sl e Sn)l—l.

YYuTHIBas, ITO

?

- t"(z1s1+ ...+ Tnsn)"
et(w131+~~.+wnsn) — Z nSn

!
r=0

IOy 13eM

T-(z) = l' (ﬁ) / ./(:Ulsl + .o+ Zpsp) O(S1,. .., 80) dS1 .. . dsy,

7! h
0o 0
rae O(S1,...,8,) = e S (sy ... - 5,)! L. Tpebyemoe nepasencTso cie-
IyeT Temepb U3 HEPABEHCTBA MUHKOBCKOrO
b 1/r b 1/r b 1/r
/(g(a:) + h(z))" dz < /gT(x) dx + /h’”(:c) dx ,
a a a

rge GyHKuuM g 1 h HEOTPUIATEILHE HA [a, b].

3.11. HecaoxHEe BEMUCIEHUA MOKA3EBAlOT, 4T0 1y, (z) = 2" 1A, (z)
npun = 1 un = 2. lIpu n > 2, packmageBas onpegemnrens A,(z) mo
HOCJAEAHEN CTPOKE, IOXYIaeM COOTHOLIEHNE

Anr(2) = 28(2) — 7Ana ().

OTO COOTHOIIEHNE COOTBETCTBYET PEKYPPEHTHOMY COOTHOIIEHUIO

Tnt1(z) = 22T, (z) — Th—1(2).

3.12. IycTh €1, . . ., &, — pasamyaHbe KOpHEU cTenenu o u3 1, f(t) = co +
+ it + ...+ cpt™. Torga onpegenurens UPKYJIAHTHON MATPULEL C DIEMEH-
ramu a;; = ¢;—; pasen f(e1) - f(e2) - ... - f(en). B camom gene, manpumep,

npu n = 3 HOJIyvIaeM

1 1 1 co C2 C1 f(l) f(l) f(l)
(1 €1 E%) (cl co cz> = (f(l) Elf(i'll) €%f(€1)> =
1 ey ¢ 2 e1 co FQ@) e2f(e2) €3f(e2)

111
=f(€1)'f(€2)'---'f(€n)<1 2 5%)-

2
1 e €5
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111

A Tak kxak ompememnTens MATPUILL | 1 &1 €2 | He paBeH HYJIIO, HA HETO
i 1 3

2
1 g2 €5

MOXHO COKPATUTh. B pesyabrare noayauMm Tpedyemoe paBescTso. [lpu n >
> 3 pacCyXIeHus aHAJOTUYIHEL.

B namewm cayuae f(t) = 1 — 2zt + t2, mosTomy
n
An(z) = J] (1 - 2zer +¢3).
k=1

Taxum o6pasom, Tpebyercs I0Ka3aTh, ITO
n
2(1 — cosng) = H(l — 28, cOS P + 7).
k=1
Jlokaxem cHavama, ITO

n

2(1 — cosngp) = 2" H (1 — cos (cp+ 2fl—n)> .

k=1

OTO PABEHCTBO CJAEAYET U3 TOrO, YTO

z®" — 23" cosng + 1 = (2" — exp(ing)) (z" — exp(—ing)) =

- . 2kx . . 2kr
:H(m—expz(qH—T)) (m—expz (—cp—T>>=
k=1 k=1
=11 (m2—2mcos (cp+2nﬂ) +1) :
k=1

B camowm gene, npu x = 1 noaydaem Tpedyemoe paBeHCTBO.
Jokaxem Tenepnb, ITO

Z"H (1—cos (cp+?)> =
k=1 k

rae ¢ = exp(2kni/n). fAcHo, uTo

(1 —2cosqey +€3),

n
=1

(x —ep)(x —e_g) = 2% — 2z cos(2kn/n) + 1.
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IoaTomy €2 + 1 = 2gy, cos(2kn/n), a 3sHauuT,

n

H(l —2cosQe +€5) = H 2ey (cos(2km/n) — cos @) =
k=1 k=1

= > ¢  kn ¢ kn

— 92n 3 hd g 3 xr _

=2 (Hek>Hsm(2+n)sm(2 n)
k=1 k=1

Ocraercs 3aMeTUTh, YTO NOCJAEJHEE BEIPDAXKEHUE PABHO

n n
2n 22 ¢ kr — on 2kn
2 kl:Ilsm (54—;)_2 klI(l—cos(qH—T .

B camom gene, [[ex = (=1)"T!, Tax xak 2" — 1 = [[(z — &). Sfcno Taxxe,
uronpu k=1,...,n—1

Sin(9+ﬁ>:_5m($_w>7
2 n 2 n
N I Y
sm<2+n)—sm(2 n)

ampu k=n



I'naBa 4
HekoTopble cBOUCTBA
MHOT'OYICHOB

16. MHorowieHsl ¢ IpeINUCAHHLIMU 3HAYECHUAMU

16.1. MaTepnoasuuoHHsm MHorowieH Jlarpamxka

IIycre 21, ..., Tpt1 — HONAPHO PA3NMYHEIE TOYKM KOMILVIEKCHOU ILIOCKO-
ctu C. Torga cymecTByeT POBHO OauH MHOrOWIeH P(Z) cTeneHu HE BhI-
e 7, IPUHAMAKIMA B TOYKE X; 33JaHHOE 3HAYEHUE a;. [[eNCTBUTENHHO,
€IMHCTBEHHOCTh MHOTOWIEeHa P cregyer w3 TOro, 9TO pasHOCTH OBYX Ta-
KUX MHOT'OWIEHOB OOpAIAaeTCA B HYJIb B TOYKAX L1, ...,Lnt1 U UMEET IIPH
DTOM CTEIEHb He BHINE 7. SICHO Takxke, 9TO CAEAYIOIMUU MHOIOWIEH 00Ja-
[AeT BCeMU TPEeOyEeMEIMU CBOXCTBAMU:

n+1

r—x e\ — D— = I ¥ At
P@) =Y a (z —21) (= 2p-1) - (2 = Trt1) (# —@at1) _
Pt (xr —x1) - ... (Th — Th—1) - (Tk — Tht1) -« - (Th — Trt1)
1
= R N T
= (2 — o (2n)
roe o(z) =(x—21) ... (T — Tpy1)-
Muorowier P(r) HA3LIBAIOT TIPU 3TOM UHIMEPTOAAYUOHHDLM MHOL0UAE-
nom Jlaepansica, a TOIKA T1,...,Tpt1 HABBIBAOT Y3A4GMU UNHMEPTLOAAYUY.

Ecmu ay, = f(xp), rae f — mexoTopas GpyHKIuUsA, TO MHOTOWIeH P HA3EIBAIOT
MHTEPHOAUMOHHEIM MHOrOwIeHoM Jlarpamxka mus dyuxmuum f.

TeEOPEMA 16.1. Ilycte f € C"*!([a,b]) n P — uHTepnOIAIMOHHBI
mHOrowneH Jlarpamxka mis GyHKiMM f C y3JdaMd MHTEPHOIAIMA L1, ...
ey Zny1 € [a,b]. Torga

M
agggJP(w) - f@)] < ] algggb|w($)|,
rae M = max |f")(z)| n o(z) = (z —21) - ... - (T — Tng)-

aLzLh
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JOKA3BATEJBLCTBO. [0OCTATOYHO TPOBEPUTH, YTO A JHOOOU TOYUKA
Zo € [a,b] mangercsa Takas Touka & € [a,b], aTo0

_ Y

f(@o) — P(x0) = Tt

(zo)-
Ilpu 29 = x;, 1 <4 < N, 3TO PABEHCTBO OYEBUIHO, IOITOMY OyIeM CINTATDH,
410 X9 # x;. PaccMoTpuM yHKImIO

u(z) = f(z) - P(z) — ho(z),

rae A — HEKOTOpasa KOHCTaHTa. [1ockoabKy w(Zg) 7# 0, 3Ty KOHCTAHTY MOX-
HO BREIOpaThH Tak, 4to u(zg) = 0. flcHo Taxxke, aro u(r1) = ...... =
= u(Tpt1) = 0. Pynxuma u(x) umeer mo KpauHenm mepe n + 2 HyJeud HA
oTpeske [a, b], mosTomy dyHKIua u'(x) uMeeT O KpanHen Mepe 7 + 1 Hyab
Ha 5TOM oTpeske, a dyukmua uF)(z) mmeer mo xpaimeir Mepe n 4+ 2 — k
uyneir. Ilpy k = n + 1 monygaem, uro byukmus w0 (z) = f+D(z) —
— (n 4 1)!'\ o6pamaeTcsa B Hyab B HEKOTOPOK TOUke & & [a, b]. 1O 03HaATa-
er, ato A = f("t(E)/(n + 1)}, 1. e.

. f("H)(E)

f(.Z’()) - P(mO) - mﬁ)(.’ﬂo). O

st GUKCUPOBAHHOTO OTpe3Ka [a,b] U 0 GUKCUPOBAHHON CTENEHU 7
OLIEHKA, JaBaeMas Teopemon 16.1, onTuMaibHa B TOM Ciydae, Koraa o(z) —
MHOI'OWIEH CTEIEeHUW 7, CO CTapmuM KodhdUIneHTOM 1, HamMeHee OTKJIO-
HAIOIANCS OT HYyJs HA OTpe3ke [a,b]. Hanpumep, ecan [a,b] = [-1,1], To

1
o(zr) = 2—nTn+1 (z), rae Tpt1(z) —vuorowren Yebrmesa. Hamomuunm, aT0
Tpt1(z) = cos((n+ 1) arccosz) npu z < 1. Kopan Muorowiena T, 41 nMeoT
BIU

o 2k =) _
T = COS Sntl)’ k=1...,n+1.
1A TAKUX y3/0B MHTEPHOJIANMOHHLI MHOTOWIEH UMEET BUJ
n+1
1 _ T, 1(112)
Pz)=—— —1)k1, [1 - g2 2T
() n+1k_1f(xk)( ) o
. 1
HencTBurensHo, ecim o(x) = 2—nTn+1 (z), To
o) _ Tl

(z —zp)o'(2) (&= 2k)Thqa(w)’
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O3TOMY TPeOyeTcsa HOKa3aTh, ITO

- (n+ DD

n+1(wk) = m

Yauresas, 910 Tphi1(z) = cos(n + 1)@, rae £ = cos @, momysaem

_ (n+1)sin(n+1)¢
- sin ¢

Ecmu cos ¢ = zy, To sing = /1 — 22 u sin(n + 1)@ = (—1)¥~1.
TToMuMO 4€OHIIIEBCKUX y3/I0B MHTEPHOMALMA IaCTO UCIOAL3YIOTCA Y3JILL,
PABHOMEDHO DACTIPEIeTeHHbIE Ha OTPE3Ke WM Ha OKPYXKHOCTH. [[1s y37108

TTIL-‘rl (z)

2mik
n+1

$k=exp( ), k=1,...,n+1

I/IHTepHOJIﬁIHI/IOHHBIﬁ MHOI'OYJIECH NUMEET BU]J

1
1« a —1
— X

P(z) = =7 Zﬂfkf(ﬂfk)x
k=1

[lna noxasaTeabCTBA >TOU (POPMYJIHI JOCTATOYHO 3aMETUTh, ITO

k

d, . n _
%(w 1) . = (n+ 1z} = (n+ 1)z, "
NHTepnonanuonHEl MHOTOWIEH aas y3i0B o = a + (k — 1)h, k =
=1,...,n+ 1, MOXHO 3anuCcaTh B BAIE
A N2 — —a-—
P@) = fa) + MO (g - o) ¢ SIW 0l
Af(a) (x—a)(x —a—h)-...: (x—a—(n—l)h)
h" n! ’
k
_ik .
rae Af(z)=f(z+h)—f(z), A f(2)=A (A f(2)) = Z:O(—l)k 7(5)f (@+3h).
]:
Muorowrer P(2) HA3HBAIOT DU DTOM UHMEPNOAAUUOKHBIM MHOLOUAE-
nom Hvtomowna. Jlerko mposeputsb, uro P(zr) = f(xi). [JeucreurensHo,
P(a) = f(a), P(a+h) = f(a) + Af(a), P(a + 2h) = f(a) + 2Af(a) +
+ A%f(a), ..., Pla+mh) = (?)Ajf(a) = f(a + mh). Tocrennee
j=0

pasencTBO ciegyer u3 Toro, uro A f(x 4+ h) = A f(z) + AF f(x).
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16.2. UHTEpHOIAIMOHHEIA MHOTOWIEH JPMHTA

Ilycte z1,...,Z, — NOMAPHO PA3TAYHBIE TOYKA KOMILIEKCHOU TLIOCKO-
ctu C, ay,...,0, —HaTypaIbHBIE YUCIA, CyMMAa KOTOPHLIX paBHA m + 1.
o (0 1) (a:—1)

IIpeamonoxmM, 9TO B KaXKJOU TOUKE T; 3ATAHEL TUCTKA Y, Y, »---1Y; .
Torga cymecTByeT equHCTBEHHbIT MHOrOo4wieH H,, (z) crenenu He BhIIE M,

[JIsI KOTOPOI'O BBEINOJHSIOTCS PABEHCTBA
() = 9", Hon (i) = ), HG D (o) = ™7,

1 =1,...,n. UuniMu croBamu, B TOUKe &; MHOrOwieH H,, nveer 3a1aHHEBIE
BHAYCHUA TPOU3BOIHEIX IO TOPALKA o; — 1 BKIoIuTensH0. Tako MEHOTOWIeH
H,,, Ha3LIBAIOT UHIMEPTLOAAYUOHHOIM MHOZOUAEHOM IPMUTNG.

EquacTBEeHHOCTH MHTEPIOMANUOHHOTO MHOMOYIEHA JPMUTA 1OCTA-
TOYHO O4eBugHA. [lercTBuTensHo, eciu G(x) — pa3sHOCTL OBYX MHTEPIO-
JANUOHHBIX MHOTO4WIEHOB Jpmuta, T0 deg G < m u G(z) memurcs Ha
(x—21) - (= )™

Mycrs Q(z) = (£ —21)™ - ... - (£ — 2,)* . YTOGH TOCTPOUTH UHTEPIIO-
JSIIMOHHEI MHOIOYJIEH DPMUTA, JOCTATOYHO yKA3aTh MHOTOWIEHH Qg (T)
(i=1,...,nuk=0,1,...,0; — 1), obragaomme CJIeIyOMAMYA CBONCTBAMU:

1) deg gix < m;
2) @ (z) memmrcs va muorowren (z)/(z — x;)™, T. e. @i () meamTcs HA
(z — ;)% npm j # i;

1
3) pasmoxenue @;x(x) MO cTeneHaM (& — ;) HAUNHACTCA C y(x —zi)k+

+ (z — ;)%
[leicTBUTETBHO, cpgg) (z;)=...= (pEZ'_l)(wj) =0 npu j # 1, (pg,lz) (i) =1
u (pgc) (£;)=0mpu 0 <l < a; — 1, I # k. IlosTOMY MOXHO TOJOXUTH

n a;—1

Hn(2) =Y 3 5 il

i=1 k=0

1 Q
TOYKM T; €€ MOXKHO Pa3JOXUTL B pag Lamimopa:

Dyuxuus peryaspHa B TOYKE Ij, IOITOMY B OKPECTHOCTH

1 (z— x;)% =
E( ) Zazks SL’—IL',) —lzk + Z Qiks .’L'—.’L'Z).
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3aech i (r) — MHOrOWIeH cTeneHu HE BhILE o; — k — 1, ABAAIOINUUCA Ha-
YaIbHOU 9aCThI0 pana Taunopa. Hecroxuo npoBepurs, 9T0 MHOIOWIEH

Qir(z) = ﬁ (lik () (z — 3)*)

obaamaer Bcemu Tpebyembimu cBoucTBaMu. CBoucTBa 1 u 2 OYeBUIHEL, a
CBOUCTBO 3 NOKA3LIBAETCA CACAYIOMUM OOPa3OM:

lin(z)(z — z:)" (& — @)

— a;—k
Bl(z) +a(x —z)% % +... K (1+b(z — i) +...).

oir(z) =

3anucniBasg B ABHOM BUJ€ HAYAJIBHLIN yIaCTOK pana Taumopa Ly (z), no-
JTydaem

L U 11 T —x;)™ (=) Qx
e ()

i=1 k=0 s=0

16.3. MHorowieH ¢ NpeANUCAHHBIMUA 3HAYCHUAMMA B HYJLAX
TP OM3BOJTHOM

B 1956 r. B 3ameTke [Anr| OBLIO AHOHCHPOBAHO YTBEPXKIAEHUE, YTO LIS
JIOOBIX 1) KOMILUIEKCHBIX YUCEI (1, . - ., Gy CYIIECTBYET MHOTOWIECH CTENEHN
n+1 co crapumM koapdunrenTom 1, IPUHUMAKOIIUY 3HAYECHUS Ay, - - - , Ay B
HyJX cBOel mpomsBogHou. Ho 10kasaHo 3T0 yTBepkAeHue GbLIO JIUIIL He-
pe3 9 zet Pene Tomowm [Th]. Mer npuBegem f0Ka3aTenbCTBO, IPEIJIOXKEHHOE
fluom Meicunbckum [My].

TEOPEMA 16.2. [Ina m00BIX 33JaHHBIX YUCEN ag,--.,0, € C cyme-
cTByOT Taxue wmcna by,...,b, € C u Taxonr mmorowren P(z) = z"! +
+p12”+. ..+ ppx,aro P(b;) = a; u P'(b;) =0 quai = 1,...,n, npudem ecau
B IIOCIEJOBATEILHOCTH] b1, . . . , by, mcao B BeTpeuaerces k pas, To P(x)—P(B)
nemmrea Ha (x — B)FFL.

[JOKABATENBCTBO. [asa b= (b1,...,b,) € C* nonoxum

)dt.

,:1:

i=1

Pb(.iL' = n—l—l /
0
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fAcuo, uro Py(0) = 0 u Py(x) —wmuOrowiexn cremenu n + 1 co crapumm
k03 dunmentom 1. Kpome Toro,

P(z)=Mn+1)(z—b1) ... (x—by),

nostomy Pj(b;) = 0. Ecim uncio B BcTpedaercs k pas B OCIeJOBATEILHOCTI
bi,...,bn, 0 PJ(B) = ... = Pb(k) (B) = 0. Ormernm, 9T0 M060€ “WCTO P
ABIAeTCA KOpHeM MHorounena Py(z) — Py(B) u (Py(z) — Pb(p))l = Pj(x).
Mosromy Py(z) — Py(B) semnrca ma (z — PB)F+L.

Ocraercsa gokasarb, uTo orobpaxenue ¢ : C* — C", sagannoe dop-
myaoir ¢(b) = (Py(b1), ..., Ps(by)), ciophexTueno. IIpexae BCEro mokaxe,
YTO () — JOKAIBHBIN [OMeOMOpduaM B mofon Touke b = (b,...,by), mis
KoTopou b; # b; mpu ¢ # ju by - ... by # 0. [laa 5TOro JOCTATOUHO IPO-
alg’b(fl)) # 0. Ilpeamonoxum, aTo det (62’;]'1)1)) = 0.
Torga CymieCTBYIOT TaKue GUCIA, C1, . - - , Cp, HE BCE PABHEIE HYJIO, 9TO

Jlerko npoeepuTsb, 4TO

BepuTh, 4TO det (

—0 mpu i=1,...,n. (1)

bz
APy (b;)
A / T -b2)

0 5#J

n
(mpum i = j mosBasercs eme gonomauTensHOE caaraemoe (n+ 1) [] (b; — bs),
s=1
HO OHO paBHO Hyw0). [losToMy pasencTBo (1) MOXHO 3amucaTh B BUAE

/chnt—b Ydt =0 mpu x=0b,...,bp.

J=1  s#j

IMoabiHTErpaIbHOE BEIPAXKEHUE IPENCTABIAET COOOU MHOIOWIEH OT ¢ CTeme-

HU He BHIITE N, IPUHUMAONME 3HadeHue ¢; | [ (t—bs) mpu ¢ = b;. Ilo ycaosuio
s#j

I1 (¢t —bs) # 0mcj # 0 gna mexoroporo j. CnegoBarensno, F(z) — nenyue-

s

BOU MHOro4wIeH crenenu He Beime 7 + 1. C gpyrou cropons, F'(z) = 0 npn

z =0,b1,...,by,. [loryuyeno npoTuBopeure.
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Oro6paxenne ¢ : C* — C" ungynupyer orobpaxenne ¢ : CP* — CP",
3agaHHO0e POPMYIOU

B((bo:--.:bp)) = (b 1 Py(by) i ... Py(by)).-

Teno B Tom, aT0 @(Ab) = X*T1o(b) u ¢~1(0) = 0. [leproe CBOUCTBO IOKA3HI-
BAETCA C TIOMOTIBLIO 3AMEHEI IEPEMEHHEIX T = At:

bTL n
/Ht— = Hx—T—b ! dT—)\"l/H't—)\b
; i1

i=1

o\y

Bropoe cBoucTBO 10Ka3BIBAETCA Creayommum 00pasom. Iycts @(b, ..., b,) =
= (0,...,0). Ipeanonoxum, 9TO HOCIEAOBATENBHOCTS by, . . . , b, cOCTONT U3
ky aucen By, ..., kn aucen By, (B; # Bj upu i # j). Torga muorouen Py(z) =
= Py(x) — Py(Bi) umeer crenens n = ki + ... + kp, ¥ geawTcsa HA T W HA
(x—Br)*L- - (= Bp)Fm L D10 BO3MOXKHO ML B TOM CITyae, Koraa
bh=...=b,=0.

IIycte A — muOX)ecTBO TO4eK (bg : by : ... : b,) & CP™, ko0pauHaTHL
KOTOPHIX yIOBJIETBOPSIOT OHOMY U3 CJACIYIONIAX yPABHEHUIM:

Orpanndenve oroGpaxenus ¢ Ha CP™ \ A ABIsAeTCA JOKAILHEIM [OMEOMOD-
dusmom. Kpome roro, §(A) ¢ A. [deucrBurensno, ecan by = 0, T0

(Do by ... :b,)) =(0:Pp(br):...);

ecim by =0mpu i > 1, To Py(b;) =0,aecam b; =bjmpu 1 < i < j < n, 10
Py(b;) = Py(b;).

O6pas CP™ npu oTo0paxeHun § — KOMIAKTHOE MHOXECTBO; B 4aCT-
HocTH, OHO 3aMkHYTO. O6pas CP™ \ A mpu 0TOOpakeHUn § — OTKPHITOE
MHOXKECTBO, I'paHna koToporo npusagmexut ¢(A) c A. Muoxecrso A ne
pasbuBaer CP™, mOCKOJIBKY OHO MMEET BEIeCTBEHHYI KOPa3MEPHOCTH 2.
CnegoBarensno, 9(CP"*\A) o CP™\A u samuikanne maoxkecrsa (CP™\ A)
cosmagaeTr ¢ CP™. O

3AMEYAHUE. Hesepno, uro 9(CP™ \ A) < CP™ \ A. Hanpuwmep,
@(172)3) = (_97 _87 _9)
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17. BricoTa MHOTOWIEHA M APYTrH€ HOPMBI

17.1. Jlemma T'aycca

Ilycre K —mone, z — |z|, € R—mHexkoropas dyuxkmmsa Ha K. O1y
(OYHKOMIO HA3LIBAIOT a6COMOMHLIM 3HAUEHUEM, SCIA BLIIOMHAIOTCA CIETy-
IOIIUE yCJIOBUSL:

(1) ||y = 0, mpuuem |z|, =0 & z = 0;

() |zylo = |2lolylo;

(3) | + o < [2lo + [vle-

Ecium xe BmecTo ycaoBusa (3) Bomoansercs GOmee CHIBHOE yCaOBHE
|z + yly < max{|z|s,|ylv}, TO abcomoTHOE 3HAMEHME HABLIBAIOT HeAPTU-
MeD0BbLM.

[ns nona panmonansHbIX wmcen  mmeeTca ecTeCTBEHHOE aGCOMIOTHOE
3HaveHue |z|, = |z|—Moayap (abcomoTHas BemmumHa) uucaa z. Ho ects
€Il ¥ TAK HA3BIBAEMEIE P-G0UUECKUE GOCOMOTIHBIE 3HAUEHUS, KOTOPHIE OIpe-
ENAIOTCA A4 KAXKAOTO IPOCTOrO YUCIA P CIEAYIOMIAM 06Pa30M. SANUmeM
PALMOHANBHOE IUCIO T B BUAE T = p'm/n, Tae m u n— Heasle 9ucia, He Je-
asmuecs Ha p. [loxoxum ||, = p~". Jlerko npoBepuTh, 4TO 3TO AGCOIIOTHOE
3HaYeHMe HeapxuMeoBo. B camom gene, mycTs £ = p"my /g ny = p*ma/na,
npuaenm r < s. Toraa max{|z|p, lyl,} =p~" u

rminz +p* "many
ninz :

T+y=p

Iosromy |z +ylp < p~" (CTPOroe HEPABEHCTBO BO3MOXKHO JIMIIL B TOM CIy-
4ae, Korga § = r).
Bricomoti muorounena f(r) = Y a;x? oTHOCHTENBHO TAHHOTO AGCOMOT-
HOrO 3HaueHus | - |, HaswmBaloT Benmamny H(f) = max|a;|,. Hac GyayT
K2

MHTEPECOBATH OIEHKU BLICOTHI IPOU3BEIEHUA MHOT'OYICHOB Y€pe3 BHEICOTEI
muoxuTenren. Hanbomee mpocTas OIEHKa MOIYyIaeTCsA B TOM CIydae, KOraa
a0COMOTHOE 3HAYEHVE HEAPXUMEJOBO.

JIEMMA (Taycc). Ilycrs H(f) —BricoTa MHOrOWwIeHa f OTHOCHTEIBHO
HeapxuMen0Ba abcomoraoro 3uadenus | - |. Torga H(fg) = H(f)H(g).

[MOKABATENLCTBO. Ilycts f(x) = anz™ +...+ao u g(x) = bpx™ +. ..
...+ bg. PaccmoTpum Te u3 K0apPUIUEHTOB Ay, . - . 5 A, I KOTOPHIX a0CO-
JIOTHOE 3HAYEHNE MAKCAMAILHO (AX MOXKET OLITH HECKOJBKO), & 3aTEM BEI-
GepeM cpean HUX KOX(POUIMEHT d, ¢ HAnOOJLIINM HOMEPOM 7. AHAIOrMIHO
BHIOEPEM MAKCUMAILHBIN KO3(PPUIUEHT by ¢ HAUOOMBITIM HOMEPOM .
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fcno, ato fg(z) = Cpyma@™ ™ +...+co, vae Ck = . a;bj. YauTeBas,
i+i=k
9TO | - | — HEapxuMegOBO AGCOMIOTHOE 3HAYEHNE, TTOIYIaeM

lex] < igajﬁﬂad [b;1}-
IToaTomy

lek| < |ar| - |bs| mpm k>r+s,
¢rts = arbs(1+a), rae [af <1,
lek| < lag| - |bs| mpm k<r+s
[ns meapxuMen0Ba abCOTIOTHOTO 3HAYEeHUA U3 yciosud |a| < 1 cremyer,

aro |1 +a| = 1. B camom gere, [1+af < max{l,|a|} =1ul=|l4+a—qf <
< max{|1 + af, |a|}, moaTomy 1 < |1 + a.

Taxum 00pasoM, |cris| = l|ar| - |bs|, @ abCOMOTHEIE BEIMYMHEL BCEX
OCTAIBHEIX KO(P@UIIEHTOB ¢y, He IPEBOCXOAAT |ar|- |bs|. losTomy H(fg) =
= lerss| = lar| - |bs| = H(f)H(g). o

Taycc, pasymeercs, ¢pOpMyaInpoOBag U MOKA3BIBAJ CBOIO JEMMYy Ha 00-
Jee IpOCTOM sA3BIKE. A MMEHHO, OH NOKA3BIBAJ, YTO HAMOOJIBIMH OOIUA
AeIuTeNs KO3(DPUINEHTOB IPOU3BEAEHUA MHOI'OYJIEHOB [ U § PABEH MPOU3-
BEIEHUIO HAUOOJIBIIETO OOIEro JeJUTeNA KO3(PGUIINeHTOB MHOTOLICHS, [ u
HAuOOJBIIEro OOIIEero AeIUTeNd KodpguimenToB MHOrowieHa g. K Takon
GOpMyIUPOBKE MOXKHO HEpenTH CaegyiomuM obpasoM. s p-aguaeckoro
abcomoTaoro 3Hadenusa H(f) = p~", rae r — nauboabiias CTENEHb YUCia p,
HA KOTOPYIO AeaaTcA KoddpduuumenTs muorowiena f. Pasenctso H(fg) =
= H(f)H(g) o3nadaeT, 9TO eC1u B HAUOOJbIIVE OOLME JeauTean Ko3hdu-
LUEHTOB MHOI'OWIEHOB f M ¢ IPOCTOE 9YUCIO P BXOAUT B CTEHNEHAX T U §
COOTBETCTBEHHO, TO B HAUOOJIBIINAN OOIMN NeIATeNb KOIDPUIAEHTOB MHO-
rowieHa fg OHO BXOQUT B CTENEHU T + S.

Mg wmmorourena f(ry,...,Tn,) = Y. @i, i, T - ...z oT n mepe-
MEHHBIX BEICOTa OIpefensercsa aHamormuso: H(f) = max|a;, . 4, | das
[NOKa3aTeAbCTBA JeMMBI [aycca B Caydae MHOTOWIEHOB OT 7, [EPEMEH-
HEIX MOXHO BOCIIOJIB30BATHLCA TaK HA3LIBAEMOU nodcmanoskxoli Kponexepa.
IIycte d = deg f + degg + 1. Comocrasum muOrOwIeHy h(Zi,...,T,) =

= Eckl___knxkl -...-zF yEOrowren

(Sdh) (y) = h(yjyd’ o ,yd”_l) — ZCklmknZ.k1+dkz+d2k3+...+d”‘lk"‘
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Ecan degh < d, To HabOpHI HEHyJIEBHIX KO3(DPUIMEHTOB ¥ MHOIOWIEHOB h
u Sgh ogam u Te xe, mosromy H(h) = H(S4h). Kpome Toro, Sq(fg) =
= S4(f)Sa(g)- Taxum o6pasom, nemma Taycca nua MHOTOYIEHOB OT N, TIEpe-
MEHHEBIX CIEIYET U3 JeMME [ ayCca mias OTHOU TePEMEHHOMN.

17.2. MHOrowIeHbLI OT OJHOM IEPEeMeHHOM

B cay4ae apxumegoBIX HOpMEUpOBaHuy BEIcoTa H (f) = max |a;| yxe He
6y met obaaaats ceoucteoM H(fg) = H(f)H(g). Ho xax pa3 B cay4ae OObI4-
HOrO MOMyJa (a0COMIOTHON BEIUYUHEI) OLEHKA, BHICOTHLI MHOTOWIEHA HAUGO-
Jee uaTepecHa. Takue OLEHKY HyKHEI /I T€OPUY TPAHCLUEH JeHTHBIX YUCEL.
Ouenku BoIcOTH MHOro4wiIeHa 6bumn noxydessl A. O. Tensgongom [Tel] npn
pewtenuu cedomoti npobaemvr 'uavbepma: «Ecau aucao a # 0,1 aarebpan-
9ecKoe, a IucI0 b mppanmoHaIbHOE AMre6pamIeckoe, TO IUCI0 A’ TPAHCIEH-
AeHTHOe.» BrociexcTBuu ynpomeHHOe n0Ka3aTeabCTBO OueHOK [eandonaa
noxyunn K. Maxep [M1], [M2].

[ onenkw BeICOTEL MHOrO4neHa f(x) = aq(z — o) - ... (x —ag) Manep
KCIIONB30BAJ BEIMIUHY

d
M(f) = laal [ [max{1, o},

KOTOPYI0 TE€Neph HA3HBAalT Mmepoli Masepa muOrOunena f. flcmo, [ro
M(fg) = M(f)M(g). llosTomy ouenka cBepxy u cHusy mui M(f) de-
pes H(f) maeT BO3MOXHOCTBL MONyduTh OueHKy mnsi H(fg) depes H(f)
u H(g).

TeoOPEMA 17.1. IIycts deg f = d. Torga

MU) < 1) < 24 M(S).

S
+
[

[JOKA3ATENLCTBO. Haunmem ¢ 6onee mpocroro mepasencrsa H(f) <
< 2971 M (f). Scno, aTO

d
laal - |og @iy <o oo 2, | < Hmax{la loi| } = M(f).
i=1

MosTomy i
lax| < () M(f).- (1)
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d

d+ 1) = (k & 1) + (Z), MHAYKIUEHR 110 d JIerko I0Ka-

Omnupasce HA popMyry ( k
3aTb, 9TO (Z) < 297! mpu d > 1. Buecre ¢ dopmyaon (1) 270 mokasbiBaeT
TpebyeMOe HEPABEHCTBO.

Noxazaremscteo Hepasenctsa M (f) < vd + 1 H(f) onupaercsa Ha dop-
myany Uencena.

JEMMA (Popmyaa Hencena). Ecan dyuxmua f(z) roroMopdsa B Kpyre
|2| € 1 m mMeeT BHyTpH 3TOr0 Kpyra HYIA 2i,...,2%n (C yIeTOM KPaTHO-
creir), TO

2n n
o /1n|f(ei“’)| do =|£(0)] — 3 Iz,
0 k=1

MOKABATEJBCTBO. PaccMoTpuM BCIOMOraTenbHYIO (QYHKIIIIO

f(2)

cwn(2)’

Z — Zk
rae wi(z) = T Jlerko mpoBepuTh, YTO Wi KOHMPOPMHO OTOOPAKAET

eVHWYHEIN KPyT B caMoro cebs. B camom gene, ecau 2| = 1, To |wk(z)|2 =
= 1; kpome Toro, wi(zx) = 0. Y dynknmu fi HET HyJel BHYTPH € IUHUIHOIO
KpPyTa, IOTOMY 9TO HYJH 21, . - . , 2, €€ aucanTens f(z) COKpamaTes ¢ Hy -
Mu ee 3HaAMeHATens W (z)-. . .-wy(2). llooToMy cormacuo Teopeme 0 CpegHem
[NUISL TAPMOHUYECKON (DYHKIINK 1n| fi (z)| =Re(In f1(2)) noxyaaem

2n
;—K /1n|f1(eiq’)| do = In|f1(0)].
0

Ho | fi(ei®)| = | £(%®)], a In| £1(0)| = In|£(0)| — ki:lln|zk|. o

CJEACTBUE. Ilycts f— muorowren. Torga

1

M(f) = exp/ln|f(e2“it)| dt. (2)

0
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JOKABATEJIBLCTBO. O6e wacTu TpeOyeMOro paBeHCTBA MYJIbTUILINKA-
TUBHEI OTHOCHTENBHO f. IlooTOMy moCTaTOYHO paccMoTpers caydan f(z) =
=z —o Hpu |a| > 1 y dysxnmu f HET HyJIeUl BHYTPH €IUHUTHOTO KPYra,
a mpm |o| < 1 BHyTpHU €IMHUYHOrO KPyra y HEe eCTh HyJab o. llosTomy co-
TIacHO hopMmy.Ie Mencena

1 2n
/1n|f(e2“it)| dt = %/1n|f(ei@)|d@ -
0 0
=In|f(0)| —elnfa| = (1 —¢)In|al,

rgee=0mnpu |a| > 1ue=1mnpu|af <1
C apyrou croporss, M (f) = max{1, |a|} = |o|'~=. O

Boopyxusumics ¢popmyaon (2), MOXKHO NPUCTYOUTH K JOKA3ATEILCTBY
nepasercTBa M (f) < vVd+ 1 H(f). fcno, uro

1
/ ‘Z apeFmit
0

Kpome Toro, u3 BHIIyKIOCTU (QYHKIUY €Xp CAEAyeT, 9TO s JI00u QpyHK-
1wy 4(t) BEIIOIHETCS HEPABEHCTBO

1

2 .
dt= [ S ot = Y .

0

1

1
exp/u(t) dt £ /expu(t) dt.
0

0

Ipu u(t) = 21n| f(e*™*)| noxysaem

1 1 1/2
M(f) :exp/ u(tQ)dt = exp/u(t) dt <
0 0
1/2 1/2

1 1
< exp u(t) dt = | f ((22""'5)|2 dt
/ /
- (Z |ak|2)1/2 < Vd+1max|ag| =Vd+1H(f). O

C momorpio TeopeMul 17.1 MOXHO HOLYYUTH CAEAYIOUIAE OLEHKU IS
H(fg) wepes H(f) u H(g).
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TEOPEMA 17.2. Ilycts d; = deg f u dy = deg g, mpuyuem d; < ds. Torga

(20+=2/dy +dy + 1) H(f)H(g) < H(fg) < (1+ d)H(f)H(g).

JIOKA3ATEILCTBO. Hepapencrso H(fg) < (1 + di)H(f)H(g) moxa-
3BIBAETCS HEIOCPEACTBEHHO, 6e3 ncrnoap30Banus popmy.anl Mencena. Iycts

f(z) =Y aiz’, g(z) = 3 bjz?, fg(z) =Y cpa®. Torga

lek| = |aobk + arbg—1 + ...+ ag,bp—a, | <
< (1 + di) max |a;| max |b;| = (1 + d1)H(f)H(g)-

Mlas moxa3aTeabCTBA HEPABEHCTBA,
H(f)H(g) < 24t272\/dy +dy — 1 H(fg)
BOcmoabayeMmcsa Teopemon 17.1. Cormacuo 3Tou Teopeme
H(f) <2"7'M(f), H(g) <2"7'M(g) m Vdi+d2+1M(fg) < H(fg).
Ocraercs samerurs, uro M (f)M(g9) = M(f9g). |

C nmomompio Mepur Manepa M (f) MOXHO NOIYyYUTH OLEHKYU U IS 0AlU-

d
nwot L(f) = > |ag| muOrounena f. B camoMm geme, ¢ OZHOU CTOPOHEI, U3
k=0

uepasercTBa (1) Ha ¢. 160 caegyer, 910

d d
L) =Sl < M(HS (B = 29M (). (3)
k=0 k=0

C mpyrou CTOpPOHHI,

1) =[S are?™| < 3 laul = ().
MMosTomy

1
M) <exp [InL(7)dt = L(P). (4)
0

Kom6unupys nepasencrsa (3) u (4), morygaem

L(f)L(g) < 2" M(f)2™2M(g) < 2"+ L(fg).
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Ouenka cBepxy mas L(fg) umeer Bug

L(fg) < L(f)L(g)-

OTO HEPABEHCTBO CJIAyeT HENOCPEACTBEHHO U3 ONPEAEIEHNS IJINHBI MHOTO-
qIeHa:

L(fg) < X lail-bj] = (X lail ) (3 Ibsl) = L()L(a)

17.3. MakcumyM MOAyJsA M HepaBeHCTBO BepumTenna

IlepBOHAYANHEHO OIS OLIEHKM BBICOTHI MHOTOUWIEHa | enb(oH MCHOIB30-
BaJI BEJINYIUHY lm|ax|f(z) | . Omn OOKa3aJ CAeAYIOIIee yTBEPXK NeHUe.
z|=1

TEOPEMA 17.3. Ilycts di = deg f, do =degg u d = dy + da. Torga

. 2d
max|f(2)| - max|g(z)| < 2** max|fg(2)|-

MOKA3ATEJBCTBO. MOXHO CIUTaTDL, 9TO

mgf@ﬂ=mgw@H=L

IIpenmnonoxum, 4To |rnag§|]‘g(z)| <2724, B rakom caygae mpu k =0,1,...,d
zl=
2nik
OJHO U3 YHUCeN |f(sk)| u |g(ek)|, rae g, = exp (m), He MPEBOCXOAUT

2~?, TlosToMy OO HEPABEHCTBO | f(ek)| < 27% prmonnsercs opu d; + 1
3HAYEHUAX WHIEKCA k, 1100 HEPABEHCTBO | g(sk)| < 277 BrmomHAETCA TpH
ds + 1 3uavenusx nngexca k. [lycts nas onpenenennocTu

{Eo,...,Ed}:{ao,...,adl}U{Bl...,ﬁdz}

u |f(al)| <2 %npul=0,1,...,d;.
Cornacuo uaTepnosaimonson dpopmyae Jarpanxa

di

1) =3 g

=0

(z—ag) .. (z—ay_1)(z—g1) ... - (2 — aqy)
al—ao)-...-(al—al_l)(al—otl_;,_l)-...-(al—adl)'
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YMHOXUM 4MCIATENb M 3HAMEHaTelb [-ro caaraemoro Ha (a4 — Bi) -

- (4 — Bd,)- B pesynbraTe 3HAMEHATEID CTAHET PABHBIM
lim (z—co)(@—e) ...  (@—ea) _ lim zdtt —1
T xr— Ty T — ’

Tak xak o — kOpeHb MHOroureHa x4t — 1, mocienHee BLIpakeHHE PABHO

npouseoanon ¢yrknuu 4! — 1 B TouKe @y, T. €. oHO pasHO (d + 1)af.

B cayuae, korga |z| = 1, mOIy4eHHBIN YUCIUTENL COCTOUT U3 d COMHO-
KUTENeN, MOIyIb KaXk 00 U3 KOTOPHX He npesocxomuT 2. Iosromy ecin
|z| =1, To
¢ 20 di+1

d+1 "~ d+1

|f(2)| < (dr +1)27 <1,

9TO MPOTUBOPEYIUT MPEANOMOKEHUIO O TOM, ITO |mla,x| f (z)| =1. a
z|=1

3AMEYAHUE. [as MHOrOwIeHOB ¢ Kodddunmentamu u3 nouas F' = C win
R 60see TOIHBIE OUEHKU BHUIA

‘ril‘g>1<|f1(Z)| e lrgla:>§|fm(z)| < Cr(m,n) lr;1|1>§|f(2f)|,

roe f = fi-... fm, n =deg f, Cr(m,n) — KOHCTAHTA, IOIYIEHEL B CTATHE

0
[Bo]. A umenno, nycts I(6) = [In(2cos(t/2)) dt. Toraa
0

Ce(m,n) = (exp(%](%)))n

u Cr(m,n) = Cc(2,n). Obe oueHku TOUHBIE.

s vopmu || f|| = ‘m‘ax| f (z)| BEINIOJIHAETCSA TAKXKE CJAEIYIOIMEe HEPABEH-
z|=1

CTBO.
TEOPEMA 17.4 (Bepumrensn). Ilycrs deg f = n. Torga || f']| < nl|f]|-

[JOKABATENBLCTBO [O]. Hawm morpeGyercs crenymomee BCOOMOIaTeNb-
HOE yTBEPX ICHUE.

JIEMMA. Ilycts degf < n m 21,...,2, — KOpHU MHOrO4wieHa 2" + 1.
Torpga

n

2z
Zf(tzk)ﬁ-

k=1

S|
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tz) — f(t
[JOKABATENLCTBO. Iosoxum ¢:(z) = % Jlerko mpoBsepuTh,
uaro g¢(1) = tf'(t) u g — MHOrOuNeH oT z crenenu He Boime n — 1. UaTEp-
HOIANKOHHAA (GOpMYJIa Jlarpamka ¢ y3IaMu 21, . . . , Zp IOKA3EIBAET, 9TO
th Zk) (Z_Zk th Zk
(MBI BOCIIOIB30BAMACEH TEM, YTO z,’;_l = —1/z).
IIpu z = 1 nonygaem
n n
_ L flze) — f()
nzgt )2_52 o —12
k=1 k=1
n n
1 f@) 22k
antzk 1)2 n (z, — 1)
k=1 k=1

22k
Y T0GEL BEIYACIATD CYyMMY E (o — 1) OO f(t) =t™ Torma f(tzy) =
k=

= —tp, IOITOMY
n

2t" 2z
- ﬁ7
" k=1 (2k )

1; Zh — 1)2 -
Iycrs |¢| = 1. Torga
FOIE (gf(t) ol ) 151
k

[okazxewm, 1aTo 22 /(2 — 1)? — BemecTsenHOE OTpUIATEILHOE YUCIO. B ca-
MoOM pgene, zp, = €'? # 1, nosromy

S
—~
—_
~—

22 2% 2 __ 1
(zr—1)7 ("9 =1)2  €®—24e%  cosp—1 )

B Takom cayvae u3 pasencrsa (1) cregyer, 9To

—Z

n

1 n
— —. O
nZ zk—l 2

k=1

zk—l
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17.4. MHOroOwIeHbI OT MHOTHX II€PEMEHHBIX

Jlns mporowrena F(z1,...,2,) = 3 agy. b, 2 - ... - zF» o1 n nepemen-
HEIX OmeHKy BeiCOTEI H(F) = max|ak,. ,| TOxe ygo6HO mPOM3BOAUTL C
noMompo Mepsl Masepa, kak 370 caenano B [M2].

Mepy Magnepa MHOrOWIEHA OT OJHOM IEPEMEHHOU MOXKHO ONPEIeJUTh
JBYMS DKBUBAJICHTHEIME CTIOCOOAMM:

d

M (f) = laa| [ max{1,]ail},
i=1
1

M(f)= exp/ln|f(e2”t)| dt.

0

r[[JI}I MHOT'OYJI€EHOB OT 7 HepeMeHHHX npnr*o,z[eH JINIITH BTOpOI‘;I n3 3TUx
CIoCo0O0B:
1 1
M(F) = exp/ .../ln |F(62“’t1,...,62“’t")| dty ... | dty,.
0 0

HanoMuuM, 9TO 4/ MHOTOWIEHOB OT OJHOU IEPEMEHHOU Ha ¢. 160 OnL1o

AOKa3aHO HEPABEHCTBO

x| < (D) M)

C IIOMOIIBIO 3TOI'O HEPABCHCTBA MOXHO NOKA34Th CICAYIOIIIECEe HEPABCHCTBO
1T MHOT'O'WICHOB OT 7 IIEPEMEHHBIX!

aky k| < (1) - () M), (1)

rae dy,...,d, — cTeneHu MHOrowieHa F' o mepeMeHHBIM Z1,...,%L,. B ca-
MOM [eJje, 3aIuiieM MHOrowieH F' B Bume

d1
§ : k
F(.fEl,...,.fEn)Z Fkl(.'EQ,...,.'En).CEll.
k1=1
151 PpUKCUPOBAHHBIX Lo = g, ..., Ly = Oy HOIYUUM

d
|Fk1(a2a"'aan)| < (ki)M(g)’

rae g(x) = F(z,as,...,05)-
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2nito 2nity,
yeen

Monoxum ¢ = ¥t gy, = e ,0p =€
pudMEL 06eMX JACTEN MOSYICHHOIO PABEHCTBA:

, & 3aT€M BO3bMEM JOI'a-

1
ln|Fk1 (eZmitz .,ezmt")| <In (Zi) + / ln|F(eZ"it1,.. .,e2nit")| dty.
0

IIpounTerpupyem 06e 9acTu 5TOr0 PABEHCTBA IO to, - - . , £, 0T 0 10 1, 8 mocae

5TOr0 BO3bMEM DKCIOHEHTY. B pesyaprare momyanm M (Fy, ) < (Zi)M(F)

Sanmmem Teneps muOrounex Fy, (za,...,2,) B Buge

da
Fy, (x2y...,2pn) = Z Fklkz,(xg,...,xn)x?.
ko=1

AHaIOrnIHO NOKA3BIBACTCA, ITO
do diy (d2
M(Fiuk,) < () M(Fry) < (3)) (32) M(F)
u 1. 1. Acuo Takxe, ato M (ak,..k,) = Gk;...k, -

v d _
Kaxk mb1 yxxe ropopuwin, nHIYKuyen 1o d Jerko J0Ka3aTh, ITO ( k) <241

mpu d > 1. losromy u3 mepasenctsa (1) crenyer, aro ecm dy > 0,...,d, >
> 0, To

H(F) g 2dtdetetdanpr(py, (2)
Ecnn xe muorownen F(z1,...,%,) 3aBUCUT B eMCTBATEILHOCTH JUIIbL OT

v(F') nmepemennrrx, a ocraabueie 1 — V(F') mepeMEHHBIX BXOAAT B HErO B
HYJEBOU CTENEHH, TO BMECTO (2) moiyvaem Goee rpyOyio OLEHKY

H(F) 2ttt (F), 3)

IIporusononoxuas ouenka nias H(F) nokasbiBaeTCsa TOYHO TaK XKe, KAK
9TO AeJIAJI0CH Ha C. 162 1A MHOTO9IEHOB OT OJHOU IIEPEMEHHON. DTa OLICHKA,

uMeeT BUJ
M(F)<\di+1-...-\/d, + LH(F). (4)

Iycre Fi, ..., Fs— MHOUOWIEHBI OT MEPEMEHHBIX T1, ..., Lpnj i1, - - -
..., dip —crenenu muorouresa F(l) no atum nmepemensniv; v(Fj) — xoaw-
YECTBO MEPEMEHHLIX, OT KOTOPhIX Fj nencTBUTEILHO 3aBUCUT (T. €. KOImde-
CTBO MHJIEKCOB j, a1 koToprix dij > 0). Torga cornacuo dopmyxe (3)

s s
HH(FI) < H 2dll+dl2+~~~+dln_V(FI)M(F‘I) < 2d1+d2+---+dn—V(F)M(F)_
=1 =1
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Bocnonbaosapumice Teneps Gopmyaon (4), mosyaum
H(F)-...-H(F,) < 24tdetetda—n /g 1 1. .. \/d, + 1H(F);

IPU 3TOM MMEETCA B BULY, YTO v(F) =mn, T. €. MHOrOwIeH F' [encTBUTeIbHO
33BUCUAT OT BCEX INEPEMEHHBIX L1, ...,Tn.
IIpoTmBOMIONOXHASA OIIEHKA,

H(F) g 2@ tdetetdngr(py. . H(F,)

IOKa3bIBaeTCs 6e3 mcrnoab3oBanus Mepul Manepa. [emo B ToM, 9TO y MHO-
rowieHa F] KOJU9IECTBO HEHYJIEBHIX KOI(DDUINEHTOB HE IPEBOCXOAUT

(L4dp) ... - (1+dpy,) < 2dntdattdn

TMosTomy mo6ou koapduuuenT muOrOwieHa F' mpeacramsiser co6ou Cywm-
My He OoJee 4em 2ditdat.. +dn npousBeeHnY KO3(PPUINEHTOB MHOTOIEHOB
F, ... F.

C momorpio Mepsl Maszepa MOXHO MONYYUTD U OLIEHKY Ui TAaK HA3LIBA-
eMON 0AuHbl MHOIOYICHA

L(F) =) |ak,..a|-

IIpocymmupoBas HepaBeHCTBa, (1), mOTyInM
L(F) < 2d1+d2+...+an(F)_ (5)

Nas muorourena F(zy,...,xn) = (L +21)% - ... - (1 + z,)% nepasencTBO
(5) mpespammaeTca B PABEHCTRO.
IIpoTueononoxHas oneHka 11 L(F') mory4daeTcs IpoCTO: U3 OY€BUIHOTO
HepaBeHCTBA,
|F(e2m't1 e, eZm’tn)| < L(F)

ciIegyer, uITo
M(F) < L(F). (6)

Ilns muorounena F(z1,...,z,) = % - ... -z ueparenctro (6) mpesparma-

€TCA B PABEHCTEO.
U3 mepasenctsa (5) caegyer, 94TO

s s
HL(Fl) < H (2d11+d12+---+dan(Fl)) — 2d1+d2+~~~+an(F)_
=1 =1
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YaurBas HepaseHcTBO (6), moxydaem
L(Fy)-...- L(Fy) < 2ditdetetda (. L F).
IIpoTuBoOmONOXKHASA OIIEHKA,
L(Fy-...-F5) < L(F) - ...  L(Fy)

O4YeBUTHA.

17.5. HepaBeHCTBO Ajis maphl B3aMMHO MPOCTHIX MHOT'QOWIEHOB

Iycres f(z) u g(x) B3ammuo npocteie muorowrens Hag C. Torga

m(z) = max{|f(z)],|g(=)|} > 0

u m(z) — oo npu & — oo. IlosTomy Beaumduza
B(f,g) = minm(z)

noJIOXUTENbHA. B TeOpuu TpaHCUEH IeHTHBIX YUCe OBIBAIOT HYXKHBI OLIEHKA
cansy naa E(f,g). Cnoco6, no3BoIaomumil NOLy IMTh TOIHYIO OLEHKY, IPe/I-
aoxwmi H. Y. Penpaman. Mul u310xuM 5TOT Criocol, ciaenys crarbe Masepa
[M3].

TEOPEMA 17.5. Ilycts a4, .. ., 0y, — kKOpHE MHOrOWIEHA f, B1,...,Bn —
KOpHU MHOTOwWIeHa ¢. Toraa

B(f,9) > min (2" 1@)], 2 "lg()) - 1)

JOKA3ATEJIBCTBO. Puxcupyem mpousBosnbHoe yuncio ¢ € C u paccmo-
TpuM o = min |z —a;| 1 B = min |z —B;|. Ipustom a = [z —a| 1 = |z —[]
K3
ILJIST HeKOTOIJ)I:.IX k u l. 3 B3amMHON POCTOTHI MHOTOYICHOR [ U ¢ ClIemyeT,
9TO OOHO U3 YuCenl d u p IIOJIOXXUTEJIBHO.
MozxHo canTaTs, 9yTo o < . Paccmorpnm crHagana crygan, korga a > 0.
IMokaxxem, 4T0 B 3TOM Caydae A J1000r0 ¢ BEIIOJIHAECTCS HEPABEHCTBO

o — ] > 2Bl (2)
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B camom gene, ecan |ay — 4] < 2a, TO

|x_pi|>p>a>w_

A ecam |oy, — Bi| = 2a = 2|z — g, TO

o= Bl = | (& = o) + (= Bo)| > [z — el + o — Bl > 2B
ycre g(z) = bo(z —P1) ...+ (£ —Prn). U3 mepasencrsa (2) cregyer, 910
|g(a:)| = |b0(.’L’ —ﬁl) et (SL’ —Bn)| 2 2" bo H(ak _Bz) = 2_”|g(ak)|.

B caygae, xorga o = 0, T.e. T = aj, HEPABEHCTBO |g(x)| > 2’"|g(ak)|
BBITIOJTHACTCA OY1€BUJHBIM 06paBOM.

Urak, ecim o < B, TO |g($)| > 2*"|g(ak)|. AHamIOrmIHO TOKA3LIBAETCA,
4TO ecau o > B, TO |f(:z:)| > 2_m|f({31)|. Toaromy B mr060M CIydae

m(z) > r?ikn{Z_m|f(Bl)|, 2_"|g(ak)|}. |

3AMEYAHUE. Ecmn f(z) = (x —1)™ u g(z) = (z + 1)", To HepaBeHCTBO
(1) npespamaercsa B paBeHcTBO. Takum 06pazom, ouenka (1) Tounas.

17.6. HepaBencTBo MunnorTa

B sTou rnmaBe MEI yke MHOTO 33aHUMAJINCH HEPABEHCTBAMU, MMO3BOJIAIO-
UMY OIEHUTH KO3(DPUIUEHTH MHOKUTEICU TAHHOTO MHOTOWwIeHa. OueHKy
TAKOI'0 POJA MAET TAKKE CICAYIOMAS TEOPEMa, NOKa3aHHAs MUHBOTTOM

[Mi].
TEOPEMA 17.6. Ilycts f(z) = ap + a1x + ... + an2™ u g(x) = by +

+ b1z + ...+ bpx"™ — MHOTOWIEHHI C IEIOYUCACHHLIME KOI(MPPUIIMEHTAMM.
Torga ecmu f meauTcs HAIEIO HA ¢, TO

b3 < ("7 A+ G2 ) laml,

J
rae Il = Va3 - + a2,
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[JOKABATENBCTBO. Paccmorpum mapsagy ¢ mMHOrowienom f(x) =
= am [[(z — o;) m MBOrOWIEH

f@) =an [ @-w) [] @z 1.

las[>1 LHES!

Toxaxem caauara, uto ||f|| = ||£||, rae ||f]| — xopensb us cymumer xBa-
OPATOB MOAyJIen KO>(hduuuenToB MEOrOowIeHa f(z).
[lJIst 5TOT0 JOCTATOYHO NOKA3AThL CICIYIOMEe yTBEPK ICHHE.

JIEMMA 17.1. Hycts h(z) = co + 12 + ... + cxz®, hi(z) = (z — a)h(z)
o ha(x) = (a2 — 1)h(z). Tovga [[h]| = [[hall

JOKA3ATEJILCTBO. fcHo, uTO

l1all* = Z leim1 —aci|® =
= Z (Jeim1|® + |ac;|* — 2 Re(aci@ioy)) =
= Z (Jaci—1]* + |e;]* — 2Re(aciiy)) =
= facion —eil” = [|ho*. O
Y MHOrOWIEHA fxoa(pcpnuneHT [pu cTapuieM wieHe 2™ paBeH a,, || &,
a KO3((UUUEHT [PU MIALIIEM WIEHE PaBeH *a, [[ o (HpOI/IBBe,ql:}‘I;é, B

Jas|>1
KOTOPOE He BXOAUT HU O0JHOTI'0 MHOXKUTEJs, CINTAeTCA paBHEM 1). [lomoxum

M(f): H as, m(f)= H Q.

Jai[>1 Jai| <1
Torza [|F(@)|I = 1/ @I > lam[? (M(f)? +m(f)?). Caesoparesso,
M) < @) /1an- (1)
Kpome Toro,
a1 = lam| - |3 iy - | < laml B B )

rae B; = max{1, |a;| }. fcro, aro []B; = M(f).
Teneps HAM TOTPEGYETCA eIe OJHO BCIOMOTATETHHOE YTBEDIK JCHIE.
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JEMMA 17.2. llycte 21 2 1,...,2, 21wy -... 2, = M. Torga
m—1 m-—1
Z Ty weee T K (k'—l)M+( k )
11<...<ip
JOKA3ATEJIbCTBO. MOXHO CUMTaTBh, 9TO T1 < L2 K --- < Lpy- 34

MeHUM Tapy {Zm_1,Tm} Ha {1, Tpm_ 1%, }. IIpum sTOM paccmaTpuBaemas
CyMMa, yBeawduTcsa Ha o(Tp;_1 — 1)(¢m — 1), Toe 6— cymma mpoussene-
HOR T * ... Tjp_,, 1 <91 < ... < ig—1 < m — 2. Takum obpasom, ecan
Tm—1 > 1, TO paccMaTpuBaeMas CyMMa CTPOro ysenwdmBaeTcsa. IllosTomy
OHA OyJeT MUHHMAJIBHA B TOM CIy4ae, KOTJA T1 = ... = Ty;—1 = 1, Tp, =

m—1
= M. B sToM ciayduae cymMMa COCTOUT U3 (k— 1) IEHOB, PaBHEIX M, u

(m k_ 1) 9IEHOB, PABHEIX 1. |

IIpumenus temmy 17.2 x Ha6OpPy Pi, - . -, Bm, HOIyIEM

> Bi e Binss < (G2 )M+ (2.

Eciu Tenmeps yuecTs, 9TO (mnz;i 1) = (m]_ 1) (Z:;) = (7;.1__11), TO
HEPABEHCTBO (2) MOXHO OyAEeT 3alICaTh B BUIE
ja3] < Jaml ("7 M)+ (721) -
AnBanoruaHO MOKA3EIBAETCA, ITO
b1 < Pl (" M)+ (527)) - (3)

Bce xOpHUM MHOrOWIEHA ¢ ABISIOTCA KOPHAMU MHOIOWIEHA [, mODTOMY
M(g) < M(f). Kpome Toro, |b,| < |am|, Tax xak mo yCIoBMo MHOTOYWIEH g
[IeIuT MHOTOWIEH f. YIuTHIBas 3TU HEPABEHCTBA U HepaBeHCTBO (1), Hepa-
BEHCTBO (3) MOXHO IPUBECTU K TPeOyeMOMy BULY

-1 -1
bl < (" HIAI+ (22 Dlanl. 0

CneacTBUE. Ecan f, g u f/g— MHOrO4IeHH ¢ HeasMu Koddduimen-
TaMu, TO

1/2|

2
lgll < (5)) " 7], rae n=degg.
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[OKABATENBLCTBO. fIcHo, 4T0 |a,| < ||f||, mosTomy
n—1 n—1 n
bl < ("5 + GZD) A= (AL

non2
CremosaTemsHo, [|g]|> < Y (?) | £]|2. OcTaercsa mposepuTs KOMOUHATOPHOE
Jj=0

n 2
TOXIECTBO Y (?) = (2:) 151 5TOr0 JOCTATOYHO CPABHUTEL KOI(DPUIim-
J=0

enTw! mpu 1" B 06ewx wacTax pasenctsa (1 +¢)"(1 + )" = (1 +t)?". O

18. YpaBHeHus A1 MHOT'OLIECHOB

18.1. /InodaHTOBEI ypABHEHUS AJIA MHOT'OLICHOB
18.1.1. Teopema MbucoHa 1 ee CJIe[CTBUA

Ilpu mokaz3aTenbCTBE HEPA3PEIIMMOCTA MHOIMX AUO(DAHTOBBEIX yPaB-
HEHUU 1A MHOCOWIEHOB BECbMa, 9(P(MEKTUBHLIM OKA3LIBAETCA CJICIYIOLIEE
YTBEpXK JeHUE.

TEOPEMA 18.1 (Mason). ITycts a(z), b(z) n ¢(x) —nonapro B3amMHO
NIPOCTHIE MHOI'OYWIEHHI, CBsA3aHHbIe cooTHOmeHueM a + b + ¢ = 0. Torga cre-
[IEHb KaX 00 U3 DTUX MHOT'OWIEHOB He mpeBocxoaut ng(abe) — 1, roe ng —
KOJINYIEeCTBO PA3IUIHBIX KOpHeIl/i MHOI'OYJIE€HA.

JOKA3ATENBLCTBO [La]. Ilonoxum f = a/cu g = b/c. Torga f u

g — palMOHATbHBIE (DYHKIMY, CBa3aHHbEe cooTHomeHueM f + g + 1 = 0.
IIpoaudpdepenuumposas 310 paBeHCTBO, noayuuM f' = —g'. TlosTomy
b_g_ _[f/f
a f g9'lg

Pammonaneueie Gyskuvn f u g umeoT cnemmansHem Bug [ [(z — pi)"™,
r; € Z. lna dyukmuu R(z) = [[(x — p;)"* BEIIOIHAETCA PABEHCTBO

R Z T ilpl
Hycrs a(z) = [[(z — o)™, b(z) = [[(z — B;)%, c(z) = [T(x — yr)*.
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Torpga

FI=3 =
7 SECEE et

ITosToMy mocae yMHOXEHUsA Ha MHOT'OWIEH

No = [[(@ - @)@ = B))(= - ya)

crenenu ng(abc) panmonansusie byuxuuw f'/ f u g’ /g cranoBsaTCa MEOTOWIE-
HaMu cTeneHu He Beime ng(abe) — 1. Takum 06pa3zoM, n3 B3AMMHOU TPOCTOTEL
MHOrO4IeHOB a(z) u b(z) u u3 paBeHcTBa

b Nof/f

a Nog/g'

CIIeAyeT, 9TO CTENeHb KaX OO U3 MHOrowIeHOB a(z) u b(x) He mpeBocxoauT
ng(abc) — 1. lnsa MHOrO4UNeHa ¢(Z) HOKA3aTEILCTBO AHATOTUYHO. O

U3 reopemsbr 18.1 MOXHO M3B/IE€Yb HHTEPECHBIE CIEACTBUSI, KOTOPHIE MEL
copmyaupyem kak Teopemer 18.2—18.4.

TEOPEMA 18.2 (/Issernopt). IlycTs f u g — B3aMMHO IPOCTHIE MHOTO-
WIeHBbI HEHYJIeBOU cTeneHu. Toraa

1
deg(f® —g%) > 5 deg f + 1.

MOKA3BATENLCTBO. Ecmu deg f2 # deg g2, To
deg(f* —g?) > deg f* = 3deg f > 3 deg f + 1.

HosTomy MoxkHO cauTaTh, uTo deg f3 = degg? = 6k.
Paccmorpum muorowtenst F' = f3, G = g? u H = F -G = f3 — g%
fAcno, uro deg H < 6k. Cormacuo Teopeme 18.1

max{deg F,deg G,deg H} < no(FGH) —1 < deg f +degg+degH — 1,

T. €.

6k < 2k + 3k +degH — 1.

Takum obpasom, deg H > k+ 1= %degf + 1. |
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3AMEYAHUE. [ MHOIOWIEHOB

fit)=t>+2,
g(t) =13+ 3t

HEPaBEHCTBO [[PBEHNOpPTA 0OPAIAETCA B PABEHCTBO.

TeEOPEMA 18.3. Ilycts f, g u h— B3auMHO IPOCTHIE MHOT'OWIEHHI, IPU-
9eM XOTs OBl OfUH U3 HUX — HE KOHCTAHTA. 10raa paBeHCTBO

He MOXeT BHIIOTHATBHCA IPHU 1 > 3.

JOKA3ATEJLCTBO. Cornacuo Teopeme 18.1 cTeneHb Kaxgoro u3 MHO-
rowrenoB f™, g" u h™ He NPEBOCXOAUT

deg f + degg + degh — 1.
CJa0XUB 5TU TPU HEPABEHCTBA, MOLYIUM
n(deg f + degg + degh) < 3(deg f + deg g + degh — 1).

CaenoBarensuo, n < 3. ]

Muodantoro yparuenne f* 4 g = hY g1a mEOrOwIeHORB f,g, h uMeeT
OYeBUHOE DeIleHre, eciu OJHO u3 «uucen o, 3,y pasuo 1. IloaTomy Oyzem
CUNTaTh, 9TO a, 3,7 = 2.

TEOPEMA 18.4. Ilycts a,(,y — HaTypaltbHEE 4YmCIa, npudeMm 2 < o <
< B < v. Torga ypasuenue
f*+ " = hY
MMeeT B3aMMHO IMPOCTHIE DEIeHNs UL I CIeAYIomuX Habopos (a, 3, v):
(2,2,7v), (2,3,3), (2,3,4) n (2,3,5).

HOKA3ATEJILCTBO. Ilycts a, b u ¢— crenesu MuOrowieHos f, g u h.
Torpga cornacuo Teopeme 18.1

aaLa+b+c—1, (1)
pb<a+b+c—1, (2)
ye<a+b+ce—1 (3)
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CaenoBaTensHo,
aa+b+c)<aa+Bb+ye<3a+b+c)—3,

a 3rauuT, o < 3. Ilo ycmoBuro o > 2, mosromy o = 2. Ilpu a = 2 mepasen-
ctBo (1) mpunMMaeT BuA
a<b+c—1. (4)

Cnoxus uepaeercTsa (4), (2) u (3), noxydum
Bb+yc<3(b+c¢)+a—3.
YaursBas, 94To B < Y, U €l pa3 NPUMEHAA HePABEeHCTBO (4), moaydaem
Bb+c) <4(b+c)—4,

a 3HaunT, B < 4, T.e. f =2 mm 3.
Ocraerca gokazaTs, uro ecmu B = 3, To vy < 5. [Ipu B = 3 meparen-
cTBO (2) mpUHUMaeT BUJ
2b<a+c—-1L (5)

Cnoxus uepasercTsa (4) u (5), moxyuum
b<2c—2.

B Takom cayvae u3 HepaseHcTBa (4) caegyer, 4TO
a < 3c—3.

W3 gByx mocaeqHux HEPABEHCTB U HEPABEHCTBA (3) Cregyer, 9To
ye < 6c — 6,

IO3TOMY Y < .

MEHOrO4/IeHb, YI0BIeTBOpsAIomHe cooTHOmenmio f* +gf = hY, Tecuo cBa-
33HEBI C MPABIIBHBEIMYM MHOI'OIPaHHuHKaMU. IIoApO6GHO 5Ta CBA3L ONMCAHA B
kunre Pemmkca Kaenna [Ki); Tam xe ykasaH cnoco6 IOCTPOEHUs STAX MHO-
ro4IeHOB. MBI IpuBeeM JIHIIb KOHEUHEIN PE3yIbTaT.

Crygait o =3 = 2, Y = n CBA3aH C BEIPOXKJEHHLIM TPABMILHEIM MHOTO-
TPAaHHUKOM — ILTOCKMM N-yTOIBHUKOM. TpebGyeMoe COOTHOIIEHYE UMeET BU ]

(w”+1)2_ (w”—1>2 -
2 2 ’
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Cayuait o = 2, B = 3, y = 3 cBasan ¢ npaBuiIbHEIM TeTpadapom. Coor-
HOIIIEHUE nMeeT BU I

12iv3 (2% — 2)? + (2" — 2iV32® +1)° = (2* + 2ivV32% + 1)°.

Crygann a = 2, B =3, vy = 4 cBA3aH ¢ KyOOM ¥ IPABIILHEIM OKTA3JPOM.
CooTHOIIEHNE UMeeT BU

(z'? — 332% — 332" + 1)% +108(2® — z)* = (2® + 142* +1)%.

Cryganr a = 2, B = 3, Y = 5 cBA3aH ¢ JOJEKadApPOM U HKOCA3LPOM.
Coorromenne umeer Bug 12 + h% = 17287, rae

T = 2% 4+ 1 + 522(2% — 2°) — 10005(2%° + 2'9),
H=—(2% +1) + 228(2'® — 2°) — 49420,
f =2 + 1125 - 1). |

Teopemy 18.4 noxasan I'. leapn [Shw]. Pemenwe auocdanTosa ypasae-
uus Goaee obmiero suga f* + g° = I*hY npuseneno B pabore [Ev].

TEOPEMA 18.5 [N]. Ilycte z(t), y(t) — panmonarsabie GyHKIMU 1 M,
n > 2. Torga ypaBuenue
" —ym =1

UMeeT pelIeHre JUIb IPU M =N = 2.

[OKABATENBLCTBO. Ilpexcrasum z m y B Buge = f/guy = h/k, rge
f m g— B3auMHO npocThIe MHOrO4WIEHH U h u k TOXe B3aMMHO MPOCTHIE
MHOrowIeHsl. Torga paccMaTpuBaeMOe YPaBHEHUE 3AMUIIETCSA B BIIE

fmkn _ hngm — gmkn‘ (6)

W3 B3aumHOU mPOCTOTHI MHOrOWIEHOB f u g caemyer, uto ecau g(a) = 0,
to f(a) = 0. B Takom cirydae u3 coorHomenus (6) caeayer, aro k(a) = 0.
Ananormuno, ecan k(a) = 0, To g(a) = 0. IlooTomy g(t) = [[(t — o;)* n
k() = [](t — )%, rae a;, b; > 1.

Kparaocts a; kak kopHsa MHOrowieHoB f™k™ h"g™ u g paBHA
nb;, ma; u nb; + ma;, coorsercTBenno. Eciu nb; # ma;, TO KpaTHOCTH
KOpHA ; MHOrowteHa f™k™ — h"g™ ctporo mewbiie nb; + ma;. [loaromy
nb; = ma;, T.e. k" = g™.

mkn
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Ypasuenue (6) mocie cokpamenus Ha k™ = g™ IPUHUMAET BUJ

m n __ m

fm=h"=g".
Cormacuo Teopeme 18.4 BO3MOXKHEBI JUINL B3 BAPUAHTA: M = N = 2 U
{m, n} = {2, 3}. Ho Bo BTOpPOM Cayuae k™ = g™ = I®, rae | — HexoTOpHIIA
MHOTOIeH, a ypaprerue f° — h? = [% pemrenuit e umeer. O

18.1.2. IIpoGrema Bapunra gia MHOT O'LIEHOB

Kaaccudaeckas mpobaema Bapuura 3akiaodaeTcsa B TOM, YTOOBI IS TaH-
HOI'0 HATYDPAJILHOTO YUCIA 7 HAUTH MUHUMAJIBbHOE 9uciao k = k(n), mia ko-
TOPOTO MOG0E HATYPATBLHOE THUCJIO 1) MOXKHO TPEACTABATHL B BUAC M =
=mf + ...+ m§, rae my,..., My — IOedble HEOTPUIATEIbHEIE Yncaa. Ma-
BECTHO MHOI'O Pa3HBIX O0OOIIEHUH 3TOU MPOOIEMEL IS MHOMOYICHOB. Mul
OyeM HOJpa3yMeBaTb 1on npobaemoli Bapuwea das mno20usenos creny-
IOIIYIO 3a4a9y: A1 TaHHOTO HATYPATBHOTO YUCIA 1 HAUTH MUHUMATLHOE
uucao k = k(n), aas xoroporo ao6on muorounes g € Clz] moxHO npencra-
BUTH B Buge g = f{' + ...+ fi, rge f; € Clz].

Tpu pemennu npobaemsr Bapuura JOCTATOYHO OrPAHUYIUTECA CIy9aeM
g(z) = z. [lencTBUTENBHO, €CaM ;E = f1 ( ) + ...+ fi(z) u h(z) — opous-
BOJIBHBI MHOTOYIEH, TO h( ) = (h oot f2(h(z)).

Tox necTBo (a: + Z) — (m — i) = I moKa3wBaeT, uTo k(2) = 2.

2

TeoPEMA 18.6 [NM]. Ecmu n
< k*(n) — k(n).

3, To: a) k(n) = 3;6) k(n) < n <

[OKA3ATENLCTBO. a) Ipegnonoxum, uro z = fi*(z) + fi(z) =

n
11 (f1 + €"f2), rae € —OPUMUTMBHEIN KODEHb CTENEHW 7 W3 €IWHULEL.
r=1

Bce muoxurenu fi; + " fo, KpoMe OFHOTO, ABIAIOTCA KOHCTaHTaMu. Ilpm

n > 3 TakUX MHOXUTEJEU [0 KpauHeu Mepe aBa. llostomy fi +afs = au
fi+bfa=B,rnea#bua,b, a, B e C. CregoBarensro, fi, fo € C, gero
He MOXeT OBITh.

6) das muorouneHa f(z) momoxum Af(z) = f(z +1) — f(z) u & f =
= A(AP7Lf) mpu p > 2. Jlerko mposeputsb, uTo deg(Af) = degf — 1.
Hootomy deg A"~ 1(z™) = 1, T.e. A" 1(2") = ax + b. C gpyrout CTOPOHELL,
HENOCPEACTBEHHO U3 ONPEAEJICHUS BIUIHO, 9TO

A @) =(x+n—D"+ec(z+n—2)"+ ... +cp12™
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B camom mene, manpumep,
A@®) = ((z+2)° - (z+1)°) — ((z+1)® —2%).

Cpenas 3ameny z; = ax + b, moryuum npeacrasienue £; = fi'(xy) + ...
...+ f2(z1); 57O mpeacTaBreHne NOKa3bBaeT, 910 k(n) < n.

3aiiMeMcs Teneps 0Ka3aTeILCTBOM HepaBencTsa n < k2(n) —k(n). Pac-
cmoTpuM npeicrasierue z = f{'(z) +...+ fi*(z), fi € Clz], a1z xkoroporo
9KuCa0 k MAHAMAIBHO.

Hanomuuwm, uro spouckuar W (g, ..., gr) dyukuun g1(x),. .., gr(x) pa-
g1(z) ... gr(z)
g1(x) ... gilx)
BEH ONpPEACINTENI0 MATPUILL . . : . Paccmorpum nBa
9 V@ .. g V@)

Bpouckuana Wy = W(f, f&,..., },?) uWy =Wi(a, f3,..., fit). o ycaosuro
x = f{'+ ...+ fi, moaTOMy mepBeI cTOJ6EI BpOHCKKMAHA W) momydaercs
73 mepPBOrO CTOAONA BPOHCKUAaHA Wi noOaBIeHMEM JUHEUHOU KOMOWHALMA
apyrux cronbuos Wi. Crenosarensro, Wi = Wy,

Ecmm Qysxkumm g1,92,...,9r JUHENHO 3aBUCAMBL, TO WX BPOHCKUAH
Wi(g1,...,95) TOoXaecTBeHHO paBeH Hyxaw. OOpaTHOe yTBEPXKAEHUE HE-
Bepuo. Hampuwmep, eciu g1 (z) = 22, a g2(x) = z|z|, To

2
W(g1,gg) | op 2|z| - 07

HO GYHKIWMHU ¢1 U ¢ JUHEMHO HE3aBUCUMEL. MOXKHO MOKA3aTb, YTO €CIu
Bpouckwad W(gi,...,gr) TOXAECTBEHHO paBeH Hymo mpu = € (a, b), To
cymecrByer narepsax (a, B) C (a, b), Ha xkoTOpPOM DyHKIMK g1, ...,k AW-
HEVHO 3aBUCUMEI (IIPOCTOE JOKA3ATEILCTBO DTOI'0 YTBEPKACHUS IIPUBEIEHO
B [Kru]). B wacTHOCTH, 0 HOJMHOMUAIBHEIX GYHKIWT g1, . . . , §k U3 TOCO,
910 BpOHCKUaH W (g1, ..., gr) TOXIECTBEHHO PABEH HYIIO, CIEIYET, 9TO DTU
PYHKIMY JUHENHO 3aBUCAMEL.

W3 vunruMansHOCTY IIpegcTaBtenus ¢ = f'(z)+. ..+ fi(z) crenyer, 4To
dysxuun ..., f mueenHo HesaBucumbl, moatomy W(fT, f3, ..., fit) —
HEHYJIEBOU MHOTOYJIEH.

IIpomsBoguas mopagka r ¢yukmum f' germrcsa ma f ", moaTO-
My U CTOAOEH BPOHCKUAHA, AEIATCA HA f{‘_k+1, a 3HQYUT, MHOTOYJIEH

k
W(fP,..., fP) nemrea ma [ £/ *+!. B wacrroctn,

i=1

k
deg W(f,...,fi) > (n—k+ 1)Zdegfz~. (1)

i=1
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C apyrou CTOpOHHI,

k k(k —1)
degW(fF:afl?)gnZdegfz_ 2 +1. (2)
=2
Y00l f0Ka3aTh 910, HamOMHUM, 410 W(f*,..., fi*) = W(zx, f2,.. ,f,?)
Ecan MBI JOMHOXUM j-10 ¢TPOKYy ompegeawntens W(z, f&,..., f*) ma 2971,

TO B PE3yJIbLTATE MOIYIAM ONPENeJuTeNb MATPUILI, Y KOTOPO! BCE HEHY.JIe-
BEIE DIEMEHTHI §-10 ¢Toabna (npu ¢ > 2) umeer crenens 1 deg f;. [losTomy

k
degW(ff,...,ff) <1+n) degfi—1-2—...—(k—1)=

=2

k
k(k—1
:nZdegfi— ( 3 )-I-l.
i=2

Cpasnusas (1) u (2), noxygaem

k k k(k—1)
(n—k+1)2degfi<n;degfi— 57— +1L

i=1

k
-1

ndeg f1 < (k—l)Zdegfi— k(k2 ) +1.

i=1

MoxHO cunTaTh, 9TO fi — MHOrOWIEH HauboJbIIen cTenenu. Toraa

k(k —1)

ndeg fi < k(k—1)deg fr — =

+ 1< k(k—1)deg f1;

HOCJIefHee HEPABEHCTBO crenyeT u3 Toro, urto 1 —k(k—1)/2 < 0 mpm k > 3.
Iocae cokpamenus Ha deg fi; moaygaem n < k(k — 1). O
18.2. PyHKIMOHAIbHBIE YPABHEHMA JJISI MHOI'OLIEHOB

18.2.1. ®yHKnMOHATBHEIE YPaBHEHNA, 3a/Jal0lieé MHOT OLI€HEI

[ns muOrOUwieHa f crenenu n + 1 BLINOJHAETCA PABEHCTBO

n+1 f(n+1) (y)

@ =@+ E-9f G+ + @ =" g
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Ipu sTom f(?*+1Y) — koncranTa, a 3Ha4wnT,

(n+1)

o fntD) 2 FHD (g
=(@-y" ( y({z+1)!(y) _c) +@-y)" ( )(an;!) +C) :

Takum 06pa3oM, y GyHKIUOHAILHOI'O yPABHEHWS
f@) = (z = 9)*giy) + (& —y)"h(2) (1)
k=0
€CTH DENICHUE CJEAYIOMEro BULA:
(a) f — mHOrOUIeH cTeneHu He BhOme N + 1;
(8) gn(y) = f (y) /0! =y f V() /(n + 1! — ¢
(r) h(z) =z f+HV(2)/(n + 1) +c.

TeoPEMA 18.7 [CK]. IIycts f,90,---,9n, b : R > R—npousBoabusie
¢yHKUMM, KOTOpHIE IPU BCeX ,y € R, = # y, yAOBIETBOPSIOT YPABHEHUIO
(1). Torza otu QyHKIUKM UMEIOT yKa3aHHBIN Beime Buj (a)—(r).

MOKA3ATENLCTBO. Ilpu y =0 u y = 1 ypasuenue (1) npunumaeT Buj

f(z) = chxk +2"h(z), x#0, (2)
k=0
fl@) =) dpa® + (= 1)"h(x), = #1 3)
k=0
CaenoraTenbHo,
kX:_O(dk — ck):vk
"=

OTO paBeHCTBO BhImoaHseTcs npu ¢ # 0,1, a mpu N 9eTHOM HYXKHO erme
UCKIIOYUTb 1 & = 1/2.
Pukcuporar y = 2 u y = 4, aHATOrTIHLEIM 06PA3OM TOJIYYIUM DPABEHCTBO

n

> (fi —ex)a”

h(.CL') = (xk_z(;)n _ (:I,' _ 4)n7

KOTOpO€ BHINOJIHAETCA npu = # 2,3, 4.
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B wrore nmoxygaem h € C*(R), mo Torga m3 (2) u (3) cregyer, 4To
f e Ce[R).

IIpoauddepentmposas n pa3 no x paseHcTso (1), morydum

n

£ (@) = nlgn(y) + 1o (@ — 9)"h()).

IIpu GuKCEPOBAHHOM & U3 3TOr0 PABEHCTBA CJAEAYET, 9TO gyn (YY) — IMOAMHOM.
Teneps MoxHO mpoguddepeHmmpoBaTh paseHcTBo (1) Mo z me N, an — 1
pa3, ¥ aHAJOTWYIHLIM 00PA30M MOMYYUTh, ITO Jp—1(Y) — moaumuoMm u T. 1. B
YaCTHOCTH, o, - - -,9n € CP(R).

IIpoaudpdepenmmpyem paserctso (1) no y u nomoxum y = 0. B peayuas-
TaTe MOLyIuM

0=-— Z kx*~1g.(0) + Z kz* g (0) — nz" " h(z).
k=0

W3 aroro paBencTra creayer, 9To "L h(T) — MOIMHOM CTemeHn He BEIIITE N.
A ecau pasenctso (1) npoaudgpepeHupoBaTh N a3 Mo Y U HOJOKUTH Y =
= 0, TO MOXHO [IOKa3aTh, YTO h(Z) — IOIMHOM (TOXKe CTENeHN He BEHILIE 7).
Ho ecmu h(z) — nmomuuom, a £~ 1h(z) — momuuOM cTemeHu He BEIIE M, TO
h(z) = ax + .

Tak xak h(z) = ax+bu f € C°(R), To us (2) caeayer, aro f(x) —
nonmHOM creneHu He Boiue 1 + 1. IlosTomy

n+1 (k)

k=0

C Opyrou CTOpPOHEL, 3aMEHUB & Ha X + Y, cooTHOmeHue (1) MOXHO 3anucaThb
B BHUE

n
fle+y) =) a*gi(y) + 2" (az + ay + b).
k=0
OTO 03HAYAELT, YTO

(k)
gk(y):fk!(y) mpu k=0,1,...,n—1,

(n+1)
gn(y) = —~ —ay—b u f(nfl()y!)za. O




184 I'anaea 4. Hexomopvie c801cmea mHO204AEH0E

CaeacTBUE 1. Iycts f € C™(R) u npm Beex z,y € R, z # y, Bu-
HOJHAETCS PABEHCTBO

fa) -5 E0 o
& w 1@+

(z —y)" B (n+1)!

Torga f — MOAMHOM CTENEHU HE BHIIIE N.

CneacTBuE 2 [H]. Ecmu npu Beex z,y € R, 2 # y, BEIOOIHAETCS
DaBEHCTBO

flx) —g9(y) _ o(@) +o(y) @)

T—y 2 ’

TO f— noimHOM cTeneHu He Bouue 2, g = fu ¢ = f'.

K ¢yuxnuonansaoMy ypasaeHuio (4) cBOAUTCA TakXke (PyHKINOHAILHOE

ypaBHeHUE

T —y 2

[eno B TOM, 9TO eciu paBeHCTBO (5) BEINOIHAETCA IpU BCeX T,y € R, x # y,
TO

z+y\ _ o=)+oy)
o(552) =

Yro6rr 10Ka3aTh 5TO, 3amMeHuM B (5)  HA £+ Yy, a y HA = — y. B pesyabTare
Oy 9UM
flet+y)—gl@—y) _
2y

()
npu Bcex &,y € R, y # 0. 3amenus Teneps y HA —Y, TOLYIUM

fle—y)—gzt+y) _
_2y

().
CaenoBaTenbHo,

flu+tv+y)—glu+v—y)=2y0(u+v),
flu—v+y)—glu—v-y)=2yp(u—v)
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flutv+y)—gu—v—y)=2v+you),
flu—v+y)—glut+v—y)=-2v-y)p(u).
IToaTomy
o(u+v) + o(u —v) = 20(u).

IMoaoxus u + v = x, u — v = y, HoAyInM TpefyeMoe PABEHCTBO

o) +900) = 20 (252).

18.2.2. IloymuoMuanbHEIe penreruns ypasHenus f(ax + ) = f(x)

IIpu a = +1 nommeoMuanbHbIe pemrenus ypasuenus f(az + p) = f(z)
HaxoaTcs Jerko. Bem a = 1 u f(x) = apz™ +a12™ 1 +...+ayn, Tae ap # 0,
TO MOIy<YaeM TOXIECTBO

f@)=az" +az" ' +...+a,=ao(z +P)" +ar(x+B)"  +... + an.

Takoe TOXIECTBO BO3MOXKHO JIMIIb B TOM CIydae, KOLAa a1 = a1 + aonf3,
T.e. B=0.

Ecmn a = —1, To ypasuenue f(—z + ) = f(z) nocre samenn g(z) =
= f(x + B/2) crogurcs k ypaprenuto ¢(z) = g(—2), pelIEHUAMI KOTOPOT'O
CIyXaT TOJIMHOMEI BUIA,

2 2n—2
aox”™ + a2z + ... + asyp.

IIpu IPOM3BOILHOM O CpaBHEHME KO3(D(PUIMEHTOB IpU CTAPIIEM ICHE
muOrouwnesa f(x) = apx™ + ... nokasmmaer, uro o = 1. Takum 06pazom,
npu o # +1 moaygaem n > 3.

TEOPEMA 18.8 [Oz]. IlycTe MHOrOWIeH f cTeneHn n > 3 yAOBICTBOPSAET
coornomenmio f(azr + p) = f(z), rae a # £1 mw a™ = 1. Torga

a—1

f(x) =ao <w+i>n+c.

JOKA3ATEJBCTBO. [l0OCTAaTOYHO PACCMOTPETH MHOIOYIEHHI BULA
J

z) =2" +a;z" ! + ... + a,. Tpebyerca goKaz3aThb, 94TO a; = " p -

Y SKCERY

mpu j = 1,...,n — 1. [[oKa3aTeILCTBO IPOBEIEM MHIYKIMEHU TI0 j.
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Cpasnenue xoaddunmenTos npu £ 7 p1a muorowrenos f(z) u f(az+p)
HOKA3EIBAET, ITO

o Tay= Y a, (32 am I M

[pu j = 1 moayaaem (1—a™ 1)a; = (711) a™~1B. Ilo ycaopuio o = 1, mosToMy

1—a!

~1
a

=i =00
Baza mugykmum goxasasa.

[lns moxasaTenbCTBa mara neayKoun (T. e. nepexogaor j = kk j = k+
+ 1) M1 cHOBa BOCTOAB3yeMca cooTHomernuem (1) u ycaosuem o = 1. Tlo

68

n
TIPEATIONOXKEHNIO UHAYKIIAYA Qg = (s) @-1° mpu s = 1,..., k. IllosTomy
k—1 n o\ n—k—1pk S ny o n—s A
n—k— . —k—
(1-a )ak+1_(k+1)a p +Zl(s)(k+1—s) (a—1)° ~
s=

Jlerko mpoBepuUTh, ITO (Z) (k sz S) = (k :L_ 1) (k :: 1). IoaTomy

(1—o"* Nagyy =

—k— E+1, 1 k+1 1

SAcHO Takxe, YTO BEIPAXKEHNE B KBAIPATHEIX CKOOKAX PABHO

1+ 1 k-‘rl_ 1 k+1_ ak+1—1
a—1 a—1 T (o= 1R

CaenoraTensHo,

B 1 n kel a® — anfkfl
ap4+1 = W(k+1)ﬁ T(a— D)FFT

YuureBasg, uro a” = 1, mory4uaem

k+1
ny_B
art1 = (5 4 1)m-
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19. IIpeo6Gpa3oBaHus MHOTOLIEHOB

19.1. IIpeo6pa3oBanme Hupnraysa

B 1683 r. B neunmurckom xypHate «Acta eruditorum» 9. B. ¢on Yupn-
rays (1651-1708) omy6aukoBan croco6 mpeoOpasoBaHus aareGpamdecKux
YPABHEHUU, KOTOPLIM, KAK €My Ka3aJOCb, IO3BOJLI PEIIUTh B PAJUKAIAX
ypaBuenue Jo6ou crenenu. Jlenbuur cpasy xe onposepr 3assieHue Iupn-
raysa 0 BCEMOI'YIIIECTBE ero IpeoOpa3oBanus. [les0 B TOM, YTO PN PEIIeHnN
YPABHEHUU 5-U CTEMEHU ¢ TIOMOIIBIO MPeoOpa3oBanus YupHraysa npuxo JuT-
ca pemaTh ypaBHenue 24-u cremenu. HecMoTps Ha 5TO, mpeobpasoBaHue
YupHraysa uMeeT BaxKHEIe MpUIOKeHNA. Hampumep, ¢ ero noMomsbio 1060e
YPaBHEHUE IATON CTENeHU 0e3 KPATHHIX KOPHEM MOXHO IIPUBECTH K BUIY
y® + by = a, pemas Ipy STOM IWIIhL YPABHEHUS BTOPOH 1 TPEThEH CTEHeHN.

IIpeobpazosanue Jupneaysa ypaszenusa z" + ci2” '+ ...4+¢, =0
BAKI0YAeTCA B crepyiomeM. IlycTs x1,..., T, — KOPHU DTOr0 yPaBHEHUS.
Paccmorpum panuoHaneHy0 (GyHKIMIO (, KOTOpas He oOpamaercsa B 6ecko-
HEYHOCTH B TOYKAX &1, .. .,Tn. llOn0xuM y; = ¢(z;) 1 HAMAEM yDABHEHUE

y"+q1y”_1+...+qn:0

KODHAMU KOTOPOT'O SABISIOTCI Y1, - - - , Ypn. Jaree MBI IOKAXKeM, 9TO €CJIH DTO
ypaBHEHUE He MMeeT KPATHBIX KOPHEU, TO I; MOXHO BBHIPDA3UTHL 4Yepe3 y;.
Bri6upas mogxoaamumM o6pa3oM GyHKIIIO ¢, MOXHO JOOUTHCA TOrO, YTOOKI
K03(hPUIMEHTHL ¢, . . . , §,—1 CTAIX paBHH Hy.m0. Ho n1g aToro norpebyercsa
peumwTs ypasHeHue crenenu (n—1)!; uMeHHO Ha 3TO 06CTOATEILCTBO YKA3AI
Jlenbun,.

He Tepsas o6muOCTY, B KAYECTBE PAIIMOHATLHON (byHKIMA () MOXKHO B3SITh
MHOrOwieH crenenu e 6omee n—1. [lego B TOM, 9TO CrIpaBeIInBO CJIEIYIOIEe
YTBEPXK JEHUE.

TeopPEMA 19.1. Ilycts zy,...,%, — KOPHU MHOI'OWIEHA f CTENEHU 7 U
¢ = P/Q, rae P u () — Muorounensr, mpudeM Q(x;) # 0,4 =1,...,n. Torga
CyWIIECTBYeT MHOT'OWIEH ¢ CTemeHu He Ooiee n — 1, 3HaAYEHUA KOTOPOr'O B
TOYKAX Z1,...,%n COBIAJAT CO 3HAYEHUAMU DYHKIINM @ B ITUX TOYKAX.

HJOKA3ATEJNBCTBO. Ilo ycaoBuro MHOrOwieHs f u () HE MMEOT OOIIUX
KODHEeH, IODTOMY OHU B3auMHO npocThL. ClrefoBaTelbHO, CYyIECTBYIOT MHO-
rowieHH ¢ u b, mus koropuix af + bQ) = 1. Tak kax f(z;) = 0, To b(x;) =
= 1/Q(z;). Hosromy ¢(z;) = P(x;)/Q(x;) = P(z;) b(z;) Taxum o6pasom,
B Ka4ecTBe TPeOyeMOro MHOIOWIEHA § MOXHO B3ATb OCTATOK OT [JEJNEHUs
MHOrowreHa Pb na muorowres f. m|
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B pasprenmem GyieM CIUTATDH, 9TO K yPABHEHUIO
-1
fl@)=z"+cz" 4+ ... +en

IPUMEHAETCSI IpeoOpa3oBaHue

y=9() =po+pi(®) +...+po_r12™ .

IMokaxem, kKak B 3TOM CIy4ae MOXKHO BHIYUCIATH KOI(DPUIMEHTHE MHOIO-
arena y" + qy" "t + ... + ¢, ¢ xopravm y; = g(x;), i =1,...,n.

Y10661 n36€XKaATH PPOMO3IKUX 0003HAYEHUN, OTPAHUIUMCS CIyIAeM 1 =
=3. Ecm 22 = —¢122 — ey — ¢3, TO

YT = poz + p12° + pa(—c13” — c2w — ¢3) = Py + Pz + pha’.

Ananormuno yz? = pjj +pz+pyz?, npudem p; — mmuernse byHKINYN Napa-
MeTpOB p;. Takum 06pa3om, eciu x; — KOpeHb MHOrOwWIeHA [ 1 y; = g(%;),
TO CHCTEMA yPABHEHUN

(Po —y) 20 + p121 + p2z= 0,
PoZo + (P1 —y) 21 + Phz = 0, (1)
Pozo +piz+ (py —y)2=0

MMeeT HeHyJeBOe permrenue (29, 21, 22) = (1, z;, z7). lonoxum

Po P1 P2
A=\ r i P
o P Py

Torga det (A —yI) =0 gna y; = g(x;). B Tom cayvae, korga MHOrOWIEH
det (A—yI) He mMeeT KPATHEIX KOPHEN, OH COBHAIAET C UCKOMBIM MHOT'OYIe-
HOM Y +q1y™ ! +...+¢,. Tak Kak oIeMeHTHI MATPUIELL A TMHEHHO 3aBUCAT
OT IapPaMeTPOB P;, TO KOI(DOUIMEHT @j, ABIIETCA MHOIOUIEHOM CTEIeHU K
OT [IApaMeTpPOB P;.

B Towm cy4ae, Koraa MEOTOWIEH Y +q Y"1 +. . .+¢, He MMeeT KpaTHEIX
KOpHeH, MaTpuna A He uMeeT KPATHBIX COOCTBEHHBLIX 3HadveHun. [losTomy
KaXJOMY COOCTBEHHOMY 3HAYEHUIO MATPUIEL A COOTBETCTBYET €TUHCTBEH-
HOE C TOYHOCTBIO 10 IPONOPLHUOHATBHOCTY perenue cucteMsl (1). DTo o3na-
9aeT, 4TO IO KOPHIO Y; IPe00Pa30BAHHOI0 MHOIOWIEHA, O JHO3HAYHO BOCCTA-
HABJINBAETCA KOPEHb I; UCXONHOI'O MHOI'OWIEHA, NIPUYEM T; PAIMOHAILHO
BEIPAXKAETCA 9€pPe3 Y.
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IIpeo6pasoBanue YupHraysa mO3BOISET PELUINTL B PAJUKAIAX YPABHE-
HUs TPEThEU U 4eTBepTou cremeHn. Kybudeckoe ypaBHeHNE MOXKHO IIPUBE-
CTH K BUOY

y3+q3:07

PEIINB CUCTEMY U3 JUHEUHOTO ypaBHeHus ¢; = 0 ¥ ypaBHEHUS BTOPOU CTEIe-
HE ¢y = 0, 3aBUCAIIUX OT TAPAMETPOB Pg, P1, P2- [ DTOr0 HYKHO PEIUThH
KBaIPATHOE YPABHEHUE.

YpaBHEeHVE Y€TBEPTOU CTENEHN MOXKHO MPUBECTHU K BUIY

v+ gy’ +qu=0.

[l71s1 5TOT0 HYXKHO PENnThL CUCTEMY U3 JUHENHOTO ypaBHeHus ¢; = 0 u ypas-
HEHUS TPeThen cTemeHu ¢3 = 0, YTO CBOAUTCA K PEIIECHUI) KyOUIECKOTO
ypaBHEHUA.

19.2. YpaBuenue marou cremenu B popme Bpunra

YpaBHeHVE TIATOU CTENEHN MOXHO IPUBECTUA K BULY
b =0
Yy +tqytg =0,

pEIIMB CcUCTEMy ypaBHeHUN q; = ¢z = ¢q3 = 0. [asa 3TOro HyXHO pemuTb
ypaBHEHUE mecTou creneHu. bojee TOHKUU aHanu3, IpOBeaeHHbN B 1789 r.
IIBEICKUM MaTeMaTUKOM BpUHIOM, NOKA3LIBAET, UYTO B JAHHOM CIydae BMe-
CTO ypaBHEHUs IECTOU CTENMEHU JOCTATOYHO PEIUTh YPABHEHUS BTOPOU U
TPEThEN CTENEHN, IOCTYNNUB CAeAyomuM 00pa3oM. YTobbl yI0BIeTBOPUTD
ycaoBuio ¢ = 0, BBIpa3uM OOWH U3 MAPAMETPOB P, . . -, P4 KAK JUHEUHYIO
GYHKIMIO OCTaJbHBIX IapamMeTpoB. Torpa koadduuuent g Oyner mnpen-
CTABIATL COO0U KBAAPATUYHYIO (POPMY OTHOCUTEJIHHO YETHIPEX U3 Iapa-
METPOB p;. DTy KBAAPATUIHYIO (GOPMY MOXKHO IPUBECTU K BUIY

ui +uz —vf — 3,

rje u; u v; — JUHenHbe GYHKIMY OT p; (1711 DTOr0 IOHAJO0UTCS U3BIEKATh
KBapaTHLIE KOPHHA). YTOOH yIOBIETBOPUTEL PABEHCTBY g2 = 0, mocTaTod-
HO DEIIUTH CACTEMY JUHENHEIX YPABHEHUU U3 = V1, Us = Uz. Ilocae 3Toro
OCTAeTCs IBA IApPaMeTpa, IPUYEeM OTHOCUTEILHO HUX YPABHEHUE (3 [IPEI-
CTaBAgeT yPaBHEHNE TPEThEU CTEIeHu. B urore nomydaem ypaBHeHUE BIIA,
Y5 +qsy+gqs = 0. B Tom crygae, koraa gq # 0, ¢ IOMOMIBIO THHEHHON 3aMeHbI
5TO ypaBHEHME MOXKHO MPUBECTH K BUIY 4° + by = a.
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AnanoruyssiM 06pa3oM ypaBHEHUE
"+ 4 4y =0, n>5, (1)

C TIOMOIIBIO TIPEOOPAZOBAHUA § = Po + p1& + pax? + psx® + pax? MoxHO
[IPUBECTHU K BULY

Y @y sy 4+ 4 g = 0.

IIpu 3TOM MOHAZOOUTCSA PEINATH JIVIIL YPABHEHWUS BTOPOU U TPETLEU CTe-
TIeHU.

Kpowme TOro, BMECTO CUCTEMBI ypaBHEHUN ¢ = @2 = q3 = 0 MOXHO
pemmTh cucTeMy g1 = @2 = g4 = 0, T.e. HA NOCJeIHEM IIare BMeCTO KyOu-
49eCKOro ypaBHeHus gz = () pemmTh ypaBHEHWE 4eTBepTou crenenu gq = 0.
Torga ypasaenue (1) Oyaer npuBeseHO K BULY

Y a3y P gy e+ g = 0.

Hcnone3ays Takue peo6pa3OBaHMs U 3AMEHY T — T 1, ypaBHEHHUe IATOM
CTeNeHN MOXKHO IPUBECTH K JIOOOMY U3 CIeIYIOIuMX BUAOB: T° + pr+q = 0,
2 +pr?+q=0,2°+pr* +q=0, 25+ pzt +¢=0.

19.3. IIpeacTaBieHMe MHOTOWIEHOB B BHJ€ CyMM CTEIeHEH
JIMHENHBIX (yHKIMMA

3aada 0 IPeACTABICHUN MHOI OWIEHa B BUI€ CyMMEI CTEIIeHEN JUHENHBIX
(byHKIMI HanboTee TPOCTa, B CIy¥ae KBAaPATHOTO TpexdieHa r2 + 2ax + b.
OrTa 3313493 TAKOBA: KBAIPATHEIU TPEXWIEH TPEOYETCA IPEICTABUTL B BIIE
M@ +a1)?+ ...+ (2 + o )%; IPE BTOM HYXHO TaKKe BLIACHATD KAKAM
MUHUMAJIBHEIM KOJIAIECTBOM OA3MCHBIX JIUHEUHBIX QYHKIMA & + d1,...,T +
+ oy, MOXKHO 060UTHCHL. ECTE 1Ba BApUAHTA DTOU 3a1a491:

1) 6asucHBIe QDYHKIVK OJHE M T€ K€ 1A BCEX KBANDATHLIX TPEXIICHOB;

2) 6asucHEE QYHKOHM A1A KAXKAOrO KBAIPATHOI'O TPEXWIEHA BHIOHpPA-
I0TCs CBOU.

B nepeoM ciyvae MurEMAIBHOE M PaBHO 3. B kadecTBe 6a3uCHBEIX DYHK-
U MOXHO B3ATH JIOObIe TPU pasaudHbe GYHKIUA & + di, L + da, L + d3.
[encTBUTENBHO, CHCTEMA YPABHEHUU IS A1, A2, A3 IMeeT BU

M+A+r3=1,
aiA + aghe + aghs = a,
a%)q + a§>\2 + a%)\3 =b.
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Omna Bcerjia UMeeT peIleHne, TAK KaK €€ ONPENeNUuTeNeM CIyXKUT HeHYJIeBOU
onpeneureas Bangepmonga. flcHO Takxke, 9TO aByMsa QyHKImAME T + O
¥ x + dg HeIb3st 060uTUCh: A3 = () Jauib B TOM Ciay4ae, KOrga a, b, oy u o
CBSA3aHBI COOTHOImEHUEM a(oy + a2) = b + ajds.

Bo Bropom ciaydae munumaasaoe m pasHo 2. TpeGyemoe npeacTaBieHue
“MeeT, HanpuMmep, BU/

2 2
x2+2a$+b=%(x+a+ b—a2) —I—%(m—i—a—\/b—cﬂ)

[ly1s1 MHOrOYJIEHOB CTEIIEHU 1) 33,1344 O BEIOOPE YHUBEPCAIBHBIX OA3UCHBIX
dyHKUMA T + 01,...,T + Oy PEMIAETCA TOYHO TAK XK€, KAK ¥ Opu n = 2.
Cdopmyaupyem OTBET B BUAE TEOPEMEL (€€ JOKA3aTEIbLCTBO Ipu 1 > 2
TaKoe XKe, KaK U Ipu n = 2).

TEOPEMA 19.2. a) Ecam ay, .. .,0,41 — NONAPHO PA3IUYHBIE YUCAA, TO
JMI000M MHOT'OWIEH CTEIEHU! 7 MOXKHO MPEICTABUTEL B BUE

)\1(.%' + Cll)n +...+ )\n+1(.’L' + an+1)".

6) Ecau uucna ap,...,0; TAKOBHI, YTO JHOO0OM MHOTOWIEH CTEIEHU 1
MOXKHO IIPEICTABUATHL B BHUE

ME+a)+ .o+ Az + o),

Tom 2n+ 1.

Habop yHuBepCaabHBIX GA3UCHBIX JUHEUHBIX (POPM HECJIOKHO YKA3aTh
¥ [JIsI MHOIOYWIEHOB CTEIEHHU 7 OT M nepemeHHbix. [las ynobcTBa BMECTO
muOrowiesa, f(zy,...,T;,) cremenu n OygeM PacCMaTPUBATH OLHOPOLHEIN

MHOI'OY1JI€H
Tm

x1
F(zg,21,...,2m) =23 f (x—o,...,—).

Zo

TEOPEMA 19.3 [Ss]. Ilycte ag,...,0, —IOHAPHO DA3IWYHEE YUCIA,
Zj =2+ %s®1 + BZa + ... + 0Ty, TOE A, Oy . oo, Ay € {Ag, ..., 00} To-
raa ¢opMe (Z;)" NOPOXK AT JMHEMHOE IPOCTPAHCTBO BCEX OFHOPOLHBIX
MHOTO'JIEHOB CTEIIEeHM 7 OT M + 1 mepeMeHHbIX.

3AMEYAHUE. Kommuecrso dpopm (Z;)™ paBro (n+ 1)™, a pasMepHOCTb

MPOCTPAHCTBA OJHOPOMHLIX MHOIOYJIEHOB CTEIEHU 1 OT M + 1 mepeMeHHbBIX
m + n)

pasna (-
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MOKA3BATEJLCTBO. Paccmorpum mias npocToTsl caydan m = 2. B aTom
CILy9ae MHOI'O'IEH

p(z,y,2) = Z aga" " Iyt

0<i+ji<n
TpebyeTcs IpejCTaBUTh B BUIEC
n+1 n+1
_ n _ i oJ o n—i—3, 0,7
p(@,y,2) = E Ast (T + a5y + az2)" = E Ast E Crijagay " T yt2d,
s,t=1 s,t=1 0<i+ji<n

n!

m Hony‘{aeM CuCTeMy yPaBHEHUN

Tae Cpij =
n+1
— i J ; .
Qij = Cnij Z Agaiay, 0<i4+j<n.
s,t=1

,HOHOJIHI/IM 9Ty CUCTEeMY YPaBHCHUAMU

n+1
> hoial =0 mpm i+j>n, 1<i,j<n
s,t=1

B pesyampraTe momyumm cucTeMmy JMHEWHBIX ypaBHeHWA ¢ MaTpuien V @V,
rae V = ||o || — marpuna Bangepmonga. Jas npowsBoabHEIX MaTpun A n
B ¢ mOMOmBIO TPUBEICHUS WX K XKXOPAAHOBOM HOPMAILHOU (POPME JErKO 10-
kaspBaercs, ato det(A ® B) = (det A)®(det B)?, rge a — pasmep maTpups:
A, b— pasmep marpumer B. Hostomy det(V ® V) = (det V) +D)” £ 0,
[lJIs1 TPOM3BOILHOTO 1M, AHAJIOTUYHO TIOIYIaeM CUCTEMY JMHENHBIX YPaB-
uenuit ¢ onpexemmrerem det(V ® ... ® V) = (det V)(»+D™. |

B Tom ciayuae, xorga s KaxKOro MHOT'OWIEH3 BHIOMPAIOTCS CBOM Oa-
3UCHEIC JUHEUHBIE (DYHKIUY, 330a49a CYIIECTBEHHO yCIoxkusaeTcs. /[Jobasme-
HEe craraemMoro by (z + ;)" yBeInunBaeT YuCIO BAPBUPYEMEIX HaPAMETPOB
Ha 2. TovHOE COBHNAMEHWM YMCIA NAPAMETPOB, KOTOPHIME 33aeTCA MHO-
COWIEH CTeNEeHU 7, U YUCIa AapaMeTPOB B BhIpaxkeHuu by(z + B1)" + ...
...+ bi(z + Bg)™ BO3MOXKHO JMIIBL B TOM CIydae, KOrga 7 HedeTHO. Ilpm
aroM k = (n+1)/2. OkaseiBaeTcs, 9TO B CIy4dae OOIIEro MONOKEHNA MHOTIO-
WIEH HEYETHOU CTENEHU 7 JeUCTBATEIHLHO MOXKHO NPEICTABATEL B BIAE CyM-
MHL (n + 1)/2 craraemsrx Buga b(z + B)”. Ho B HEKOTOPHIX BHIPOXK JEHHBIX
CJIy“IaJIX MOFyT OKa3aThCs H806XOAHMHMH 1 JONOJHUTE/NbHBIC ClaraeMbIe.
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IIPUMEP. Muorouren 22 + 2? meabas npescrasuts B Buge by (z+P1)° +
+ ba(z + P2)*.

JOKA3BATENBLCTBO. flcuo, uro Bi # B2 u B1f2 # 0. B Takom cayuae
n3 ycaosuit b1 + o3 = 0 m b1f3F + boP3 = 0 caenyer, uto by = by = 0.
IMpuxogum x mpoTUBOpPEUMIO. O

YTO4YHUM Temephb, YTO B PACCMATPUBAEMOU CUTYAIUM O3HATAET (MHO-
rowieH o0uero nooxenus. OrpaHrIUMCs IPU 3TOM CaydaeM 1 = § (s
OCTANBHBIX HEYETHBIX 7 PACCYXICHUSA AHAJOTWYHEL). SAIUIIEM MHOIOYICH
f(x) crenenu 5 B BUIE

a5x5 + 5a4a:4 + 10(13333 + 10a222 + barx + ag-

IIycts

1 z 23 28

ap a1 a2 ag 3 9
o1 4y ay ag | = P37 T P22+ Pz +po =p(2)-

a2 a3z a4 as
Byzem rosoputs, uro f() — MHOrOWIEH OOIIEr0 MOJIOXKEHUA, ecan p(z) —
MHOT'O'WIEH, UMEIOIIAA POBHO 3 PA3IUYHEIX KOPHA (B 4acTHOCTH, p3 # 0).

TEOPEMA 19.4 (CuabBectp). MHOrOwWIeH 00IIEr0 MOMOXKEHUS HEIE THON
CTENEeHN 7 MOXKHO NPEICTABATH B BUAE CyMMEI

bi(z+P1)" + ...+ be(z +Br)",
roe k= (n+1)/2.

JOKA3ATEJBLCTBO. B caygyae n = 5 Tpebyercs pemuTh CUCTEMY yDPaB-

HEHUN
biBT + b1 + b1z = ar, (1)

r=0,1,...,5. Bubepem B kauecrse B1,P2 u B3 xopuu ypasrenus p(z) = 0.
Ilo ycaoBwio 5Ty Tpu GMCIA PABAMYHBI, MIOSTOMY U3 CACTEMBI yPABHEHUN
(1) gnsa r = 0,1,2 oagrosnaano maxonarca by, bs m bs. Ocraercsa mokasars,
YTO A5 NOJYYeHHBIX 3HadYeHuy b; u [3; BLIMONHAIOTCA ypasHeHus (1) mpu
r=3,4,5.

W3 onpegenenust MHOrowneHa p(z) ciegyer, 4TO AisA JIOOBIX €HCEN
Tg,T1, T2, T3 BLITOMHACTCA PABEHCTBO

o T1 T2 I3
ag a1 a2 as
= P3x3 + p2X2 + P121 + PoZo-

a1 a2 a3z a4
a2 az a4 as
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Kpowme Toro, eciu ctpoky (Zo, 1,2, T3) 3aMEHUTD HA (Qj, Ait1, Git2, Ait3),
rge ¢ = 0,1, 2, To onpegennrens obparurcs B Hy1b. s ¢ = ) moxygaem

p3as + p2az + prai + poag =0,

—psaz=po Y _bi+p1 ¥ bfi+p2 > bl =
= bip+0+piPi +p2f7) = — ) bimsfi.

YuutwBas, uTo p3 # 0, moaygaem cootuomenve (1) naa r = 3. Bepa i =1
7 2, aHAJOTWYHO moxy4aeM cooTHomenus (1) guar =4 u 5. i

20. AsnreGpaumdveckme Umcia

20.1. OmnpejeseHue ¥ 0CHOBHEIE CBOMCTBA

Yucno a € C HA3BIBAIOT a42e0PaUdECKUM, ECIU OHO IBIIETCSI KOPHEM He-
TIPUBOIVMOI'0 MHOT'OWIEHA C PAIMOHANBHEIMU KodgdurimenTamu. Ecau crap-
iy KoddpuimeHT paBeH 1, a Bce OCTAIbHBIE KO3(D UINEHTH — IeJIbIe Tu-
Cl1a, TO YUCJIO O HABBLIBAIOT Yyeabim aazebpavueckum. Kaxnomy anrebpande-
CKOMY 9HCJIY O COOTBETCTBYET €AVHCTBEHHBIN HEIPUBOIAMBIA MHOTOWIEH f
co crapummM kodddunrerTom 1. KopHu 5T0r0 MHOrO4IeHa HA3BIBAIOT YU-
CJIaMU, CONPAHCEHHBIMU C O.

HaszoBeM MHOIOWIEH YHUMAPHbIM, ECIU €0 CTAPIINY KOIDPUINEHT pa-
Be 1. HecnoxHO nokasaTs, 9TO €CaAu o — KOPEHb IPOU3BOJIBLHOIO (T. €. HE
063aTEIbHO HEMPUBOJUMOI'0) YHUTAPHOTO MHOTOWICH], ¢ HEJIEIMU KO3 du-
IMEHTaMU, TO o — LeJoe aaredpamdeckoe Yucao. UHEIMU cIoBaMu, eCIu yHU-
TAPHLIN MHOTOWIEH C HEIOYUCIEHHEIMU KO3 PUIIMEHTAMU TPEICTABICH B
BU€ NPOU3BENEHUs ABYX YHUTAPHBIX MHOTI'OWIEHOB C PAIMOHAIBHBIMU KO-
addunmeHTaMu, TO BCE 9TU PAIIMOHAIBHBIE KOI(M(MUIMEHTH — IeIble IUCIa.
OTO yTBEpXKAEHNE — OJHA M3 BO3MOXHEIX (POPMYJIMPOBOK JeMMEI [aycca
(mremma 6.1 HA ¢. 60).

TEOPEMA 20.1. IIycte o m [— amrebpamdeckue umcaa, @(z,y) —
TNPOU3BOJBHEIA MHOTCOWIEH € PAlUOHAJBHEIMU KOddduimentamu. Torga
¢(a, B) — anreGpandeckoe Iucio.
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JOKABATENBLCTBO. IlIycts {oi,...,0,} u {B1,...,Bm} — HaOOpEL uu-
CeJI, CONPSXKEHHBIX C O U ﬁ COOTBETCTBEHHO. PaccMOTpUM MHOTOWIEH

P(t) = [T TI (- o 8)))-

i=1j=1

KosdduimenTar 3T0r0 MHOIOWIEHA ABIAIOTCSA CUMMETPUYIECKIMI (DYHKIIV-
AMHI OT O,...,0n U PB1,...,Bm. Il03TOMYy OHM ABIAIOTCA PALMOHAIBHBIMA
IUCJIAMM. O

3AMEYAHUE. AHAJOrMYHO MOXKHO [JOKA3aTb, YTO €CIM o U [3— Iesble
anrebpamaeckue Iucaa, a ¢(,y) — MHOOWIEH ¢ HeasivMu kosddunrenram,
TO @(at, B) — mesoe anrebpanmIeckoe IucIo.

B uacTHOCTH, ecim o u J — anreGpandeckue ducia (Leasle aareGpande-
ckme umcia), To of u a £ B Toxke anrebpawdeckue yucia (Lense arreGpau-
veckue umncraa). Kpome Toro, ecmm o # (0 — arrebpamdeckoe UucIo, TO o -
TOXe anrebpamdeckoe Yucao. B camoM nene, ecin o — KOpEHb MHOT'OUIEHA
> arz® cremenu n, To a~! — kopens MEOrOUwreHa Y. arz™ *. Ho ecom a —
1e10€ aIre6pandecKoe IrucIo, TO YUCIO a~ ! He 0043aTeIbHO Ieloe aIrebpa-
nieckoe. Takum 06paszoM, aaredpamdeckKue Iucaa OOpasynT MO, & IeILIe
anrebpamyeckue Juciaa 006pa3yT KOJbIIO.

TeoPEMA 20.2. IIycTts a u B — anre6pandeckue UUCIa, CBA3AHHEIE CO-
orHomerueM (o, 3) = 0, rge ¢ — MHOTOWIEH ¢ PAIMOHATEHEIME KOS(QUIIY-
enramu. Torga g1a 106000 9UCIa A;, CONPSIKEHHOIO C A, HANAETCA IUCI0 PBj,
compsikeHHOe ¢ 3, nas koroporo ¢(a;, ;) = 0.

JOKA3ATENBLCTBO. IlIycts {oi,...,0,} u {B1,...,Bm} —HaOOpEL uu-
CeJI, CONPSXKEHHBIX C O U ﬁ COOTBETCTBEHHO. PaccMOTpUM MHOTOWIEH

f@) =] o(.B))-
j=1

Kosddpuuuents: 3Toro Muorowiena pauuonaiasas 1 f(a) = 0. [lostomy f(x)
pemntcs Ha [ [(z — o), a sHaunt, f(a;) =0, T.e. ¢(a;,B;) = 0 mas zHexoro-
poro j. O
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TEOPEMA 20.3. IlycTh o — KOpeHb MHOI'OJIEHA
f@) =2 +Bn_12™ ' +... 4+ Bo,

rae Po,...,Bn—1 —Hmemsle amrebpamdeckue umncaa. Torga o —memoe arre-
Opandeckoe JIuCJIO.

HJOKA3ATEJILCTBO. Paccmorpum MHOrOwWwIeH

F(z) = H (z™ + p’n—l,imn_l + ...+ Boy),

iyl

rae {Br-1,i},---,{Po,1} — BCe UMCIa, COMPAXKEHHEIE C Bp_1, .. .,B0 COOTBET-
CTBEHHO. JIerko MpPOBEPUTHL, YTO KOI(PPUIMEHTH MHOTOWIeHa F — menne
qucaa. CHO Takxke, YTO A — KOPEeHb MHOrowieHa F'. O

Aﬂre6panqecxoe INCJIO A HA3BIBAKOT 6N0J4HE B8EULECTNBEHHLIM, €CIU BCE
CONIPAXEHHBIC C HUM YNCJIa BEIICCTBEHHEI. Muwivm CJI0BaM¥, BC€ KOPDHU HE-
IPUBOAUMOI'O MHOTOYJIEHA C KOPDHEM O BEIIIeCTBCHHBI.

ITPUMEP. Yucno o = 2 cos(kn/n) BHOJHE BEIECTBEHHO.

B camom geme, o = ¢ +¢ 1, rae ¢ = exp(kn/n). Ilycts uumcno oy co-
) 7 p y

npsikeHo ¢ o. U3 reopemur 20.2 caegyer, 4To o = €1 + 51_1, rjge 9ucio €
COIPSIKEHO € €. Jucio € yaoBaeTBopseT ypasuenuio £ — 1 = 0, mosToMy €
TOXe OyneT KOPHEM DTOr0 ypaBHEHHUs, a 3HAIUT, €1 = exp(ln/n). B Takom
cayuae oy = 2cos(ln/n) € R.

20.2. Teopema Kponekepa

B 1857 r. Kpouexep [Kr| gokasan cregyolree yTBepK jeHue.

TEOPEMA 20.4 (Kpomekep). a) Ilycts o # 0 — menoe anreGpamaeckoe
YUCJIO0. Tor‘,qa ecjn o — He KOpeHb n3 eII[I/IHI/IIH::I7 TO aﬁCOJIIOTHaﬂ BEJIUYUNHA
OHOT'O M3 YUCEN, CONPIXEHHEIX C o, CTPOro 6oube 1.

0) IIycTe J — BOOJHE BEIIECTBEHHOE LEJOE adarebpamdeckoe dmcao. To-
rga ecan B # 2cosrn, 1 € Q, ToO a6COMOTHAA BEIMIMHA OJHOIO U3 “HCel,
CONPSXKEHHEIX C 3, cTporo Goabie 2.

[JOKABATENBLCTBO. a) Iycts {ay,...,o,} —HA60p umcen, conpsxen-
HEIX ¢ o. [Ipegnonoxum, 9o |o;| < 1,4 =1,...,n. Paccmorpum MHOrOWwIeH

fr@=@—a)-...-(z—af) =" +apn12™ " + ... +ago-
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U3 Toro, 4o o —menoe aare6pamdeckoe UncIO, CIEAYeT, 9TO Gk p—1,-. .-
vy U0 € Z. A m3 yenoBus |o;| < 1,4 =1,...,n caegyer, 910 |ag,s| < (Z)
Takum 06pazom, k03P GUIUEHTHI MHOTOWIEHOB f1, f2 . . . IPUHAMAIOT KOHEY-
HOE YUCJIO 3HAYEHUN, IO3TOMY CPEIX MHOTOWIEHOB [1, fo ... OyAeT Julb KO-
HEYHOE YUCJI0 PA3IUYHBIX MHOrowieHoB. Ho Torga MHOXECTBO KOpHEN 3Tux
MHOT'OHWJIHOB KOHEYHO, a BCe HMCIa, o, a%,a°, ... BXOJAAT B 3TO MHOXKECTBO.
CrenoBatensro, of = al, roe p,g € Nu p # q. A Tak xak a # 0, TO
aP~4 =1.

6) Iycte {B1,...,Pn} —Habop uncen, conpsxenuux ¢ f. [lo ycaosuro
Bce oHM BemecTBeHHEle. [Ipenmonoxuym, uro |B;] < 2, i =1,...,n. B Takom
CIy9ae MOAYJM BCEX UUCEIN, CONPSKEHHBIX C

6ynyT paBHb 1. B camom gene, umcaa o u 3 CBA3AHBI COOTHOIIEHWEM o —

—Ba+1 = 0, noaromy coraacuo Teopeme 20.2 1:060€ IUCIO 0, COLPAKEHHOE
C 0, ABJIACTCA KOPHEM MHOT'OWIEHA BUA oz? —Bio; +1 = 0. Tak kax |B;] < 2,
To B2/4 < 1, a 3mauwnrT,

|oc]-|2 = <%) +1-— (%) =1.

Coruacuo Teopeme 20.3 quciao a nenoe anrebpaudeckoe. [losromy x nemy
MOXHO IPUMEHUTH yTBEpKAeHue a). B pesyaprare momyamm, 9To o = ™™,

rae r € Q. HosTomy
B=a+a ' =a+a=2cosrn,
4T0 U TpebOBaAIOCh. O

IIpuBeneM OfUH MHTEPECHLIA MIPUMEP UCIOIL30BAHUA TeopeMul Kpowe-
Kepa.

TEOPEMA 20.5 (Munkosckun). Ilyctes A — kBaapaTHas MaTpuua C ue-
JIOYUCJIEHHBIMU DJAeMEHTAMU. [[PeAmnosoXuM, ITO BCE DIEMEHTHl MATPUIIBL
A — I, roe I — enquEMIHAS MATPULA, AEIATCA HA HEKOTOPOE HATYDPAIBHOE
qucao n > 2, Ho upu 3tom A # I. Torga:

a) ectu n > 2, o A™ # I npu BCex HATYPAIBLHBIX 1M

6) ecmr n = 2 u ipu aToM A2 # I, 10 A™ # I nipu BCex HATYPATLHLIX M.
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HOKA3ATEJLCTBO. Ilo ycaosuio A = I+nB, rage B — mMaTpuia ¢ mero-
YUCIEHHBIMY DJIEMEHTAMU. B 9acTHOCTH, BCe COOCTBEHHbIE 3HAYEHUS MATPU-
el B sBastorces neasivu anredbpandeckumu auciaamu. Co6CTBEHHBIE 3HAYE-
HusA o MATpULE! A ¥ COOCTBEHHBIE 3HAYEHUA 3 MaTpuubl B CBI3aHbI COOT-
HomeHueM a = 1 + nf.

Ipegnonoxum, uro A™ = I. Torga a™ = 1, a snauur, |a| = 1. IlosTomy

| — 1]
n

Bl =

2
<, sL (1)

Hepasenctro (1) cTporoe, 3a UCKIOYEHNEM JXAMIb TOIO CLydas, KOT4a 1 = 2
nja—1/=2,r.e. a = -1

IIpu n > 2 mepasenctro (1) crporoe. B Taxom caygae uemoe anrebpamde-
CKOE IKCJIO 3 1 BCE CONPSXKEHHBIE C HUM UG IO MOALYJII0 CTPOro MeHbIe 1.
CaenoBarensno, B = 0, a 3xa4nT, o = 1.

PasenctBo A™ = I MOXeT BHITOJHATHLCA JUIIL B TOM CJIy4Yae, KOT1a BCe
JKOPLAHOBEL KieTku MaTpunsl A umeroT pasmep 1 X 1. Ecau npu sTom BCe
cobcTBeHHBIE 3HAYMeHUA MaTpunbl A pasuul 1, To A = 1.

Paccmorpum Temeps caygan n = 2. B srom caygae a = £1. Caenosa-
TENBHO, XOPAaHOBA, (POPMaA MATPUILL A pencTasiseT cOO0U IMArOHATLHYO
MaTpuny ¢ saemenTamu +1 ma guaromamu. IlosTomy A% = I, uTo mpoTuso-
pevuuT yCIOBUIO. O

OJIeMEHTAPHEIE, HO BECbMa 'DOMO3JKUE OLEHKM MO3BO/SIIOT [OKA3aTh
crenyiomee yrousHenue Teopembl Kponekepa.

TEOPEMA 20.6 [ScZ]. a) Ilycts o # 0 — menoe aareGpandeckoe 9ucio,
IpuYeM o — He KOpeHb u3 enumHunsl. IlycTts, gamee, {ay,...,o,} — HabOD
CONPAXKEHHLIX C HUM 9ucea. Torga ecim Cpeau Iucen dy, . . . , oy, CONEPKUTCA
2s HEBEIECTBEHHBIX, TO

max | > 1+47572

1<ikn

6) IlycTs B — BHOIHE BEIIECTBEHHOE L0 AIrefpandecKoe 9ucio, Ipu-
ueM B # 2cosrr, 1 € Q. Ilycrs, ganee, {B1, ... ,Bn} —HAOOP CONPSIKEHHBIX
¢ uuM yucena. Torga

max [Bi| >2+472"73,

1<ikn
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20.3. Teopema JlmyBmwria

OWep BBICKA3LIBAJI MPEIONI0KEHNE, ITO HE BCE UKUCIA ABJIAIOTCS AJIre-
OpamvyeCcKuMu, HO MOKA3aTh DTO €My He yIaJoCh. BrmepBrie cymecTBOBaHuE
mpancyendenmubiz (T.e. He anrebpar<deckux) ducen nokasan Jluysuwiib B
1844 r. A B 1874 r. KanTop mokasani, 9TO TPAHCUEHIEHTHLIX YUCET B HE-
KOTOPOM CMEICJE Jaxe OOoMbIne, ueM anarebpandeckux. A uMmenHo, aaredpa-
MYeCKUe YUCIa O0pa3yoT CIeTHOE MHOXKECTBO, TOT 18 KAK MHOXECTBO BCEX
NEMCTBUTENbHEIX (MM KOMILIEKCHEIX) YHACET HECIEeTHO.

JokasareascTBo JluyBriiss OCHOBaHO HA, JOCTATOYHO IPOCTOM, HO BaXK-
HOM 3aMEYaHWU: HPPANMOHAILHOE ANrebpamdeckoe 4UuCIO He JOIIyCKAeT
CJIMIIIKOM XOPOIIEro NpubINKeHNs PAMOHAIBHEIMY YuciamMu. 'ToIHee roBo-
P, CIpaBeqINBO CJAEAYIOIIEE YTBEPK ICHUE.

TEOPEMA 20.7 (JImyBmwib). IlycTh o0 — KOpeHb HENPUBOAMMOIO MHO-
rowiena f(r) = a,z" + apn_12" 1 + ...+ ag, Tae n > 2. Toraa cymecTByeT
Takoe 1uciao ¢ > 0 (3aBucamee TOIBKO OT a), ITO

C
"

(1)

IS JII0OOrO IEOro P M HATYPATBHOLO .

IMOKABATEJBLCTBO. Ecim

a— E‘ > 1, To nepasenctro (1) BhIIONHAET-
q

cs npu ¢ = 1. IloaTomy Oyaem canTaTh, ITO

a— g‘ < 1. 3anmumeM MHOLO-

n
wanen f(z) B Buge f(z) = a, [[ (z — a;), rae au = a. Torzga
i=1

n
p _ p p_
()]t B T2 - <
=2
p . p
<|an|-a—a‘-H(|a|+1+|a,~|)=c1 a=l

=2

rje ¢; — HOJOXUTEILHOE TUCIO, 3ABUCAIIEE TOIBKO OT |ay,| U .

Bymem camTaTs, 9TO dg, - - - , A7, — UEJILIE YACIA, B3AUMHO IPOCTHIE B CO-
BokymnHOCTH. Torga 4ucio |a,| moaHOCTHIO OnpegenseTcs duciaoM o. Kpome
TOTO, IHUCIO

¢"f(p/q) = anp™ + an_1p" "' + ... + aog"
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nenoe, moatomy |¢"f(p/q)| = 1. CregoBarensHo,

p 1 c
2 > = =

F,qecchl. O

w P
q

1
>

= —

C1

o0
TEOPEMA 20.8 (JIuysmmuie). Jucno a = 3. 2% rpancuengenTHoe.
k=0

JOKA3ATEJIBCTBO. [l1s KaxX 100 HATYPAILHOO 71 PACCMOTPUM YHCJIO

n
a= Y 27% =p/q, rae p— nenoe wucao u q¢ = 2™. Tpu sTOM
k=0

a_?

q

1 1 1 9 92
= 9nFD)! I+ oo + ST T | < gy = 7T

IIpegmomoxum, uTo o — anrebpandeckoe uucao crenenu N. Torga co-
riracuo Teopeme 20.7

P c

a=7 2 pag
a sHaumt, 2¢ "L > cg N, T.e. ¢ < 2¢Nnl = 2. nt(N-n-1) H,
lim 27(N=7=1) — (. [Ipuxo UM K MPOTHBOPEHHIO. m|

n—-oo

HepasencTeo (1) MOXHO 3amucaTh B BUIE

n—1

lga —pl > ¢/q
Monoxwum P(z) = qr — p. Torga
|P(a)| >c/H™, ()

rae H = max{|p|, |¢|} —BrIcOTa MHOrOUIeHA P. HepapencTro, anamormd-
HOE HEPABEHCTBY (2), BEIOAHACTCSA 1 411 MHOIOWICH P IpOM3BOIBHOU CTe-
HeHN.

TeEOPEMA 20.9. Ilycts a— anrebpandeckoe uuciao cremeHu n. Torzpa
cymecTByeT Takoe 4ucao ¢ > 0 (3aBucsAmee aumb OT o), 9TO AAA JOOOC0
MHOrowieHa P cremenu k ¢ HeasiMu KO3(p@UIIEHTAMY JI100 BBINOJHAETCS
pasencTBo P(a) = 0, 1160 BLINOTHAETCA HEPABEHCTBO

|P(a)| > c*/H™ 1,

rae H — BricoTa MuOrowiena P (T. e. HauGombmmit u3 MOILynen Koahduim-
€HTOB MHOTOWIeHa P).
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MOKABATEILCTBO. Ilycts P(z) = arz® + ...+ a1z +ag, rne a; € Z, u
P(a) # 0. Jnsa HEKOTOPOrO HATYPAIBHOIO T IMCIO 3 = ro meaoe arrebpan-
weckoe. 3agaaum MaorouneH @ cooruomenuem (Q(rx) = r* P(x). flcwo, uro
Qy) =k P(y/r) = ary*+rag_1y* 1 +.. .4+r¥ag — mEOrounren c nemsvu xo-
sddunnentamu. llosromy nmpomssegerne QB1)-...-Q(Br), rae Pr,...,Pn—
BCE YMCIA, CONPSKEHHEIE ¢ 3, ABIAETCS LEIBIM YUCIOM, OTINYHBIM OT HyJI.

Cregorarensro, |Q(B)] - [Q(B2) - ---- Q(Bn)| 2 1, T.e.
rk”|P(a)| . |P(a2) S P(cxn)| > 1. (3)

C apyrou CTOpPOHHL,

k
|P(o)| < H(L+ o] + - + [0l *) < H(1+ Jou])". (4)
Mycts h(a) = max{|o], ..., |as|}. Toraa us nepasencrs (3) u (4) creayer,
9TOo
-1 n—1 k
Pl B (" (14 ()" ") > 1.
Monoxus ¢ = r~"(1 + h(a))l_n, nonydaem TpefyeMoe HEPaBEeHCTEO. |

IIpu n = 2 Teopema JluyBuins HeyIydinaemMa B TOM CMBICIE, YTO Hepa-
BEHCTBO
p

a—=

1
q 2

q

<

umeeT GeCKOHeYHO MHOrO pemenuit. Ho mpu n > 3 ouenky (1) nmocaegosa-
TeapHO yayumnaau Tys, 3urens, [Jauncon, lenvdong, Muennep, Por u ap.
Hampuwmep, Pot [Rth] nokasan crenyromee yTBepx 1eHUe.

TeoPEMA 20.10 (Por). Ilycte o — uppauuoHaibHOE aarebpamdeckoe
9KCIO, 8 MOJOXKUTENILHOE YUCIO0 O CKOJIb YI'OAHO MaJjo. Toraa HepaBeHCTBO

lo — p/q| < q7%7°

BBITIOJHAETCSA UMb 17151 KOHEYHOI'O YUCIa I1aP ¢, P, Te YUCJIO ¢ HATYPaJIbHOE,
a 9IuCIO P HEToe.

JoxazarenscTBO Teopembr Pora MmoxHO HalTH, Hanpumep, B kaure [K1].
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ajgaum K riase 4

4.1. IIycre #1, ..., %y — BEPILIUHLI IPABIIBHOIO N-yIOJIBHUKA, 29 — €0
neHTp. [lokazaTb, 4TO eciu P — MHOTOYIEH CTeNeHU He BHOIE 1 — 1, TO

%kzijl P(2) = Plz).

4.2. Mycts muorounes P(z, y) takos, uro P(x,y) = P(x + 1,y + 1).
JokazaTs, 9T0 >TOT MHOrOUIeH nmeeT Bug P(z, y) = > ax(z — y)*.

4.3. Tycte f(x) — mMHOrOWIeH CTemeHu n 6€3 KPATHBIX KODHEW, I1,. ..

..,Zn — ero kopuu. /JJokasars, 94TO:
n k

€ZT: n "
Y Oupuk=0,1,....n—2; 6 T
8) 2 gy — O mPH n ) L @y

4.4. Mycte P(z) — MHOTOYIEH CTENEHU 7, IpUIeM |max|P(z)| < 1. Io-
z|=1

n—1

P(z)
z—a

P(2)

1
< ntl u max <
2 |2I<1

Ka3aTh, 4To ecau P(a) = 0, To max STrpr

lzl=1

4.5. Mycts d = 22 + ax + b € Z[x].

a) JlokasaTs, 9T0 ypaBHenue p — dg?> = 1 uMeeT HeTPUBUATLHEIE DeIIre-
HUA P, ¢ € Z[x] B TOYHOCTH B CIEAYIOMAX CIy9asiX:

(1) a meseTno u 4b = a® — 1;

(2) avernou b= (a/2)* £ 1 wm b= (a/2)? £ 2.

6) JlokazaTs, 9TO ypaBHerue p° — dg?> = —1 uMeeT HeTpUBMATLHLIE pe-
menua p, ¢ € Z[x] Toraa u Toabko Toraa, koraa a 1etao u b = (a/2)? + 1.

4.6. [lokazaTh, 9TO CymIECTBYET EIMHCTBEHHBIA C TOYHOCTBIO OO yM-
HOXeHUs Ha —1 MHOrowreH f(x) crTemeHw 7, AIA KOTOPOrO (DYHKIWA

2
(z+1)(f(z))” — 1 meverna.

4.7. Ilycte Pp(z) muorounen crenenw n mag noiem C. [Joxasars, 910
npu n = 4, 6 u 8 nourw Bce MHOrOwWeHH P, () MOXHO mpeacTaBUTEL B
CIeAYIOLIEM BUE:

Pi=u*+0t+ )\u2v2;
P =ub 4+ 08 + w® + huvw(u — v)(v — w)(w — u);
Py =u® + 08 + wd + 28n2vw? 22
(3mecwb u, v, w, z — AuHEUHBIE QYHKIUM, A — TUCIO0).
4.8. Ilyctb umcna aq,...,0, € C TakOBEI, YTO AId BCEX HATYDAIb-

HBIX M 4HCIO y_ o) neaoe. JOkasaTh, 9TO BCe KOIDOUINEHTE MHOMOWICHA
[1(z — ;) uenste.
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Teopusa I'arya

21. Teopema Jlarpanxa m pe3ouabBenTa l'arya

21.1. Teopema Jlarpanxa

IIycTe K — none xapakTepuctuku 0 1 ¢ — panuoHaIbHAsA GYyHKIMA OT
IepEeMEeHHBIX Z1,...,T, Hag nomeM K. OyHKIUM @ MOXHO COINOCTABUTH
TPYLILy Gq,, COCTOSIIIYIO M3 TEX 3JIEMEHTOB O I'Pynnsl S,, KOTOPLIE OCTa-
BIAIOT (¢ 0€3 M3MEHEeHU, T. €.

(P(xo(l)a B 7370(71)) = (P(xla B ;xn)-

Hanpuwmep, ecm dynxmmusa ¢ cummerpuaeckas, o G, = Sy, a ecm @ =
=) a;T;, TJIe 9UCIA a1, . . . , Gy, TIOMAPHO PA3MMIHEL, TO Gy COIEPKUT TOMBKO
TOX JeCTBECHHYIO TTOJCTAHOBKY.

TeEOPEMA 21.1 (Jlarpamx). Ilycts ¢,¢ € K(zy,...,%,), npudem
G, < Gy. Torga ¢ = R(9), rge R— pannonambHas byHKIud, Kodhdu-
[UEHTAME KOTOPOU CIyKAT CUMMETPUIECKUE DYHKIANA OT L1, . . ., Lp-

ITEPBOE JTOKABATEJNbCTBO. Paszobrem rpymmy (G4 Ha CMeXHbIC KIac-
cet h1Gy = Gy, haGly, . .., hyG,. Kaxnomy cuexxaomy knaccy h;G, cooTseT-
cTByeT GYHKIWs @; — 00pa3 @ Mox NeNCTBHEM JAHHOI'O CMEXKHOIO KIACCA.
IIpu aTom @; # @; mpu i # j.

DyHKIMA () UHBAPMAHTHA OTHOCUTEILHO AeHCTBUA (7, TOITOMY CMEX-
HOoMy Ki1accy h;Gy OHO3HAMHO COOTBETCTBYeT HEKOTOPas hyHKusA ; (mpu
G, # Gy cpeau drux dyHKIME GyAyT COBIAJAIOMME).

k .
Dynkuma y 7 b VMHBAPUAHTHA OTHOCUTENLHO NEUCTBUSA BCEX MOACTA-
=1t P
HOBOK rpynmnsl Sy,. [TosTomy

b _ F()
~t—gi Q)
i=1
rge Qt) = (t—¢1) - ... (t — @) 1 F(t) — MHOrOWIeHH OT ¢, KOd(PpuIY-
€HTHI KOTOPHIX SABIAITCA CUMMETPAIECKUMI QYHKIUAMEA OT 1, . .., Tn. U3

ycnoBus ¢; # ¢; upum i # j cnegyer, aro Q' () # 0.
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Acuo, uTo

Taxum 06pasowm,

lim Q(t) _ 0 npu @; # @;
i ()t — 0:) 1 mpm@; = .
MosTomy
9(@
. O
Zq) Do) ¢
BTOPOE JOKABATEJLCTBO. IlocTtpoum dysxmmm ¢ = @,...,¢Q #
$1 =19,...,k, kax u B mepBoM gOKazaTeabcTBe. cHo, 4TO
D o =T, (1)
— CUMMeTpUIeCKas (PyHKIMA OT Z1,-..,T,. PaccmorpuM paseHcTsa (1)
mpu § = 0,...,k — 1 Kak cuUCTEMy JMHEUHLIX YPABHEHUU OTHOCUTEIHHO
$1,..., k. Pemas sty cucremy, moxyunm 1 = D1 /A, rae
1 ... 1 To 1 e 1
cel T3 e
A= (P:l § (P:k a Dy = .1 (9.2 . (P.k
(p’f_l cp’lz_l Tk 1 cpk L cpﬁ_l

Sanmmenm mosyenHoe paseHcTso B Buge (1 = D1 A/A. flcro, wro A2 —
cummeTrpraeckas (GyHkuusa. [lpm mepecTaHoBke a000M maphl (HyHKIUN
®2,...,¢Qr 00a ompenerurers D; m A mensaoT 3Hak, modTomy DiA—
cuMMeTpudeckas GYHKIUA OT @2, ...,¢k. CregoBarensno, DiA = Sy +
+0151+... +(p'1°715k,1, rae So, - - ., Sk_1 — CAMMETPUYECKAE MHOTOICHEI
OT @2, ...,@. IlloaTomy Sg, ..., Sk_1 BEIPAXKAIOTCA Yepe3

ol =@a+ ...+ @k,
0"2=CP2(p3—|—...,
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Ho, xak Jjerko npoeeputs,

o =01 _(Pla

2
0y =02 — Q101 + @3,

I + o020y — 03

03 =03 — @102 T §101 — P,
rie G1,02,... — JJIEMEHTAPHBEIC CUMMETPUICCKNC (GYHKINUUA OT @1, ..., k.
IosTomy o1, ...,0),_; BHIPAKAIOTCS 9€PE3 O1,...,0k—1 U Q1. TakuM o6pa-
3oM, D; A — MmHOrO4UIeH OT @1 = @, KODPODUINEHTAMA KOTOPOI'O CIYKAT
cuMMeTprudeckue PyHKIUN OT X1, ..., Ty.- O

N3 teopembr JlarpaHxka MOXHO M3BJICYb MHOTQYUCTICHHEIE CJICACTBUA.
[ycts ¢ u () — paunoHaIbHbIE (QYHKUUA OT MEPEMEHHBIX I1,...,ZTn. KC-
az ¢ = R(¢), rge R— pammonanbHas GyHKINs, KO3(OOUIMEHTAMEI KOTOPOR
CIAYXAT CAMMETPUYIECKUE (GYHKIUA OT Ty, - - - , Ty, TO OyAeM 1 KPATKOCTU
TCOBOPHUTb, 9TO ) PAYUOHAALHO BLIPAHCAEMCA EPES §.

CHEACTBUE 1. Jliobasa paumonanbHas GYyHKIUSA OT MEPEMEHHBIX I, . ..
.., Tp PAIMOHAJBHO BEIPAXKAECTCA Y€PE3 A1L1 +...+AnTyp, TAC A1, ... ,0n —
MIOIAPHO PABJIUYHEIE YUCJIA.

CHIEACTBUE 2. Ecm G, = Gy, TO dyHKIMM @ ¥ () panMoHATEHO BEIPA-
JKAIOTCA APYT Yepes3 Apyra.

CHEACTBUE 3. Ecau panuonanbHas QyHKIUA 7 WHBAPUAHTHA OTHOCHU-
TENBHO BCEX MOJCTAHOBOK, COXPAHAMNX (QYHKIUHA T1,. .., Ty, TO T' PAIAO-
HAJBbHO BEIPAXKAETCA 9EPE3 T, ..., Tn.

JOKA3ATEJIILCTBO. MOXHO CIMTaTh, YTO PYHKIUHA T, . . . , T'y JUHEHTHO
He3aBuCuMEHL IlycTb ¢ = a1m+...+anry, rae ay, . .. , G, — IONAPHO PA3INY-
Hble aucia. Torga aro6as moACTaHOBKA, COXPAHSAIOMAA ¢, JOKHA COXPAHATD
u BCe PYHKUUUA T, . .., y. [I03TOMY 7 cOXpaHseTCs npy BCEX MOACTAHOBKAX,
coxpansomux ¢. CleI0BaTeIbHO, I PALNOHAILHO BEIPAXKAETCS Iepe3 @ =
=a1ry +..-+apry- O

CaEACTBUE 4. Iycts muorowied f(z1,...,~T,) IPA BCEBO3MOXKHBIX MO/
CTAHOBKAX MIEPEMEHHLIX MPUHUMACT JUIIL BA PA3TAIHEIX 3HaYeHusA. Toraa

f=81+A8,,

rge S1 u Sy — cummerpudeckue gyukuun, a A = [] (z; — z;).
i<j
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[JOKA3BATEJLCTBO. Ecau f—wue cummerpuyeckas GyHKUMs, TO MOI-
CTaHOBKM, coxpausiomue f, o6pasyor B S, nogrpynny ungexca 2. Ilosro-
My OOCTATOYHO NOKA3aTh, YTO B S, €CTb JUIIb OJHA IOAUDYIIA WHIEKCA
2, a uMmeHHO, 3HakonepeMennas rpynna A,. [Iycte G c S, —noarpynna
nagexca 2 u h € S, \ G. Torga S, pasbuBaeTcsa Ha HeMEPECEKAIOLIAECs
muo)ectsa G u hG = Gh. loatomy hGh™! = G u ecu hy,hy € S, \ G,
10 hihs € G. Ecin 6u1 rpynna G cosepkaina HEKOTOPYIO TPAHCIO3UIIAIO
(1j), To ona comepxkana Owl U Jr0yo APYryr TpaHcnosuuuio (pg). B ca-
MoM gene, (pq) momydaerca us (4j) Ipu CONpsAXKEHuN J60U M0 ICTAHOBKON,
TEePEBOAAIIEN ¢ B P U j B . TakuMm 06paszoM, BCE TPAHCIO3ULUM JEKAT B
Sn \ G, a 3HauwT, UX nonapHble npousBefenus aexar B G. Urak, B G nexar
BCE MPOM3BEACHUsA UeTHOrO YMCJIa TpaHcmo3uumu, a 3Hauut, G O A,. Ho
|G| = |An|, mosTomy G = A,. O

B rteopeme Jlarpanxa peds mAeT O PAUMOHAJBHBIX (PYHKIMAX OT IIE-
DEMEHHBIX I1,...,%Ly. ll€pexox 0T anre6pamdecKu HE3ABUCUMEIX L1, . .., Ly
K KOHKPETHBIM 3HAYEHUAM DTUX [IEPEMEHHEIX TPeOyeT ONPEeIeIeHHON JeJu-
KaTHOCTH. /€10 B TOM, 9TO MOACTAHOBKY, COXPAHAIOIIME 3HAYCHNE (DY HKIN
¢(z1,...,%,) OPH 3ATAHHBIX Z1,...,%,, MOIYT HE 0OPA3OBBIBATH IPYIILY.
Iycrs, manpumep, zp = exp(2mik/7), k = 1,...,6. Paccmorpum dyrxmmio
f(z1,...,26) = z126. HycTs 6 = (12)(56) u T = (16)(23). HogcranoBku ¢ u
T nepeBogaT f B of = xoxs = 1 u 1f = z¢x1 = 1, COOTBETCTBEHHO, T. €. ©
u T coxpausioT f. Ho T mepesomur of = x2x5 B t0f = z3x5 # 1.

Y10661 n36€XATH TOAOOHEIX HEMPUATHOCTEN, [ anya mpeqIoKIwI paccMar-
TPUBATH HE BCE MOACTAHOBKYA KOPHEU YDABHEHU:, & JUIIL T€, KOTOPHIE CO-
XPaHAIT BCE PAIVIOHAJBLHBIE COOTHOIIEHWS MEX1y HuMu. TodHee rOBOp,
nycts f = 2" + ap 12" + ... + ap — MHOrOWIeH ¢ KoddbUIHeHTAME W3
monss K w ay,...,a, —ero kopuu. Bygem paccmarpuBaTh Takume mOICTa-
HOBKU O, YTO Mid J060U panuoHaabHOu dyukuumu r € K(r1,...,T,) us
pasencTBa (a1, ...,,) = 0 cregyer paBeHCTBO T(dg(1), - - -, %o(n)) = 0. Ha
COBPEMEHHOM SI3BEIKE DTO O3HAYAET, YTO HMOACTAHOBKA G COOTBETCTBYET aB-
romopduamy mosna K (o, . . ., d,), coxparsaomemy ocaopaoe noJie K. I'pynmy
BCEX TAKWUX MOACTAHOBOK HA3HIBAIOT 2pynnoli 'aaya muorowrena f. (Dra
rpymnna, pasymeercs, 3asucutT ot noaa K.)

B paccMOTpeHHOM BHIlle IpUMepe MOACTAHOBKY G 1 T HE BXOAAT B DPYI-
ny Tarya mmorowrena 28 4+ 2% + ... 4+ 2 4+ 1, KOpHAME KOTOPOT'O ABIAIOTCA

Z1,...,%6. B camMoM [neise, MOACTAHOBKA G U T He COXPAHAIOT, HAPUMED,
COOTHOIICHUA Tg = T2 U Tg = T'.
st 10601 panuoHAILHOU GYHKIUA OT KOPHEH Ay, . . . , Oy MHODOWIEHA, f

MOXXHO PAaCCMOTPETH Te MOACTAHOBKY u3 rpynnsl ['amya, KOTOpsIE COXpaHs-
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10T ee 3Ha4UeHue. SICHO, YTO 5TU O CTAHOBKY TeIeph yxe 00pa3yioT IPYIILy.
B camom gese, nycTh 6 U T — NOACTAHOBKY 13 rpynnsl Lanya Maorowiena f,

ar(z,...,Ty) — TAKas PAIMOHAIBHAA (DYHKIWA, ITO
T(ao(l)a ) 0to(n)) = T(ala SR an): (2)
T(at(l)a"'aat(n)) = r(ala"'aan)' (3)

IloACTaHOBKYU G U T MOXKHO TPUMEHATE K JIOOLIM PAITMOHATLHLIM COOTHOIIE-
HUAM MEX Iy KOPHAMUA 1, . . . , Oy, HIO3TOMY, IPUMEHUB T K COOTHOMEHUIO (2),
Oy UM

T(ato(l)a ) a‘EG(’n)) = T(at(l)a L) a‘t(n))'
Teneps u3 cooTHOmEHUA (3) CAEAyeT, 9TO HOACTAHOBKA TC TOXKE COXPAHACT
3Ha4ICeHNE (PyHKINUNT T.

21.2. PesoabpBenTa l'axya

Oycts f(z) = 2™ + ap_ 12" ' + ... + a9 — MEOrOWIen Han motem K
HyJEBOU XaPAKTEPUCTUKA U Ay, .. ., 0, — €r0 KOpHH. [I[peanosoxum, 9To y
MHOTOWIEHd, f HET KPATHLIX KOPHEU, T.€. UUCAA O, ..., 0,. TOMAPHO pPa3-

Ju9HBL. PaccMOTpUM panuoHANBHYIO (OyHKIIIO

P21, .0, %) =M121 + ... + My 2y,
rme my, ..., M, — HEKOTOPEIE Heabie ducia. [lokaxem, 9TO dmcaa my,. ..
.+ »My MOXHO BBIOPATH TakK, 4TO BCe n! 3HaveHUE (Yo = ((dg(1), - - UAg(n))

OynyT pasau4Hbl. B camom gpene, paccMOTpuM (yHKIIUIO

n
D(ty,...,tn) = Hztz’(%(i) — (),

o,T =1

rae Opou3BeneHne GepeTcs MmO BCeM HEeyIOPAMOYCHHBIM IapaM HEeCOBIAIA-
IOIUX TOJACTAHOBOK ¢ U T. @yukuua D mpencrasiseT co60U TPOU3BEIEHNE
HEHYJIEBBIX MHOTOWIEHOB OT 11, . . . , iy, T02TOMY [ — HEHYJI€BOU MHOT'OWIEH
Hag moreM K OT mepeMeHHBIX ti,...,t,. HO 10000U HEHYJIeBOM MHOTOWIEH
TNPUHUMAET HEHYJIEBOE 3HAYEHUWE TPU HEKOTOPHIX IEJLIX 3HAYEHUAX t) =
=M, t, = My. DTU TEIBIE YUCTY, My, - - ., My U €CTh UCKOMBIE.

Ilpex ge YeM ABUTATHLCA OAJBINE, JOKAXKEM OJHO BCIOMOTATEILHOE YT-
BEPXK ICHUE.

JIEMMA. JI10601 CHMMETPUIECKUA MHOT'OYIEH OT KOPHEH! ds, . . . , Ay IIO-
JMHOMUAJIBHO BEIPAKACTCA 9€PE3 KOPEHb 01 ¥ KOIPPUIMEHTHI Ay, . - . , Ap—1-
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JOKA3ATEJLCTBO. Jlio0on CHMMMETPUYECKMA MHOTOWIEH OT KOPHEH

asg, ..., 0 BEIPAXKAETCA Yepe3 KOI(PPUIUEHTH MHOTOYICH,
(x—a2) ... (x—an) = f@)/(x—a1) =" " + bp_ox™ % +... + bo.
ITpu sToM

Gp-1 =bp_2 —ay,
Op—2 = bp_3 — bp_201,
anp—3 = bn—4 - bn_3d1,

T.e
bp—2 = ap—1 +au,
2
bp—3 = apn_2+tan_1 + ay,
2 3
bp—4 =an_3+ d1ap—2 + yan_1 + Ay,
Taxum o6pazom, koadpduurenTs by, . . . , by —2 TOTMHOMUAAILHO BEIPAXKAIOTCS
gepe3 KOPEHb o) U KOdMOUIMEHTHL dg, . . . , Ap—1- O
Buibepem uucaa my, . . . , m, Tax, 9T0 Bce n! 3HaveHUN

q;c = M1dg(1) + ... + Mpls(n)

ObLmu OBI PA3INYHEL, ¥ PACCMOTPUM MHOI'OWIEH

F(z) = H (T — M1dg(1) — -+ - — MipQg(n))-

cESn

Koo duimen T 5TOr0 MHOrOWIEHa — CUMMETPUYIECKUE MHOI'OWIEHH C IIe-
JBIMU KO3(MPUIMEHTAMEI OT KOPHEU MHOT'OWIECHA f, IOTOMY OHU PAIUOHATD-
HO BHIPAXAIOTCs Yepes kodpduumrenTsl MHOrowiena f. Takum o6pasom, ec-
s f— mHOrownen Haj noneM K, To F' Toxe OyaeT MHODOYWIEHOM HAT I10JIEM
K.

Paznoxum F' B mpousBeleHre HENPUBOAUMEIX HaJ K MHOXUTETEH CO
crpammum kKodpdunmerTom 1. JI1060M TAKOW HENMPUBOAUMEIA MHOXUATETE G
HA3BIBAIOT pe304abéenmoti I'aaya MHOrOwIeHa, f; 1is onpeneneHsocTu Oy qem
CYNTATh, YTO MHOI'OYICH G umeer KOPEHb M1 + ...+ Myly.

TEOPEMA 21.2 (Tanya). JlioGoi xopeHb MHOrO4UIeHa f PALMOHAIBLHO
BhIpaxkaeTcs (Han moneM K) depes OuH U3 KOpHEN MHOrowieHa G.
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IMOKABATEJILCTBO. PaccmorpuM MHOrOWIeH
Fi(z) = H(a: —M1d1 — M20G(2) = - -+ — Mplg(n)),

re Ipou3BeieHre GEpPeTCs Mo NOACTAHOBKAM 6 € Sy, 1 KOTOphix (1) =
= 1. KoaddurmerTsr MHOrowreHa F| ABIAIOTCS CUMMETPUYECKIMI MHOT'O-
YIEHAMU OT g, . . .,0,, IO3TOMY COIVIACHO JEMMEe OHU PAIMOHAJILHO BBHIPA-
xatorca (Hag moreMm K) gepes ay, T.e. Fi(z) = g(x,q1), roe g — MHOrOowIexH
oT AByx mepemeHHbIX Hag moaeM K. IIpu aTom ecm ¢ = myioy +. .. +mpdy,
10 g(,00) = Fi(}) = 0.

PaccmoTpum Temeps MHOrOWIEH
Fy(z) = H(w — M1dy — Malo(1) — - - - — Mplg(n)),

rie npou3BeeHre 6EPEeTCsa N0 NOACTAHOBKAM G € Sy, M KOTOPHIX o(2) =
= 2. U3 nokasaTeanCTBaA JEMMEL BIIHO, YTO BHIDAXKEHUA M €r0 K0dhdu-
IUEHTOB OyAyT TeMU K€ CAMBIMHU, 9TO U Aia F), ¢ TOYHOCTBIO 10 3aMeHED
oy Ha dg, T.e. Fy(x) = g(x,a2).

Mo ycaosmio ¢ = myay + ... + Mpdy # M1da + Madg1) + - - - + Mpg(n),
T.e. F5() # 0. Takum 06pasom, ay ABIAETCA €JUHCTBEHHBIM OOIIAM KOPHEM
MHOrOWIeHOB f(2) u g(¢, ). dTo osnauaer, vro HOJ muorowrenos f(z) u
9(¢, z) paen  —a;. Ho HOJ 1ByX MHOIO4YIEHOB HAXOLUTCS IO AITOPUTMY
EBkinga, m03TOMY 0 PAlMOHAIBHO BEIPAXKAETCA depe3 ) u KodppuumeHTH
MHOIOUIEHOB f U g, T. €. 01 PALMOHATLHO BEIpakaeTcsa Ha g moxeM K depes ¢.

O

CJENCTBUE. Bce xopuu pesoabBenThl [aiya panuoHAIBLHO BHIPAKAIOT-
Cs 9epe3 OJUH U3 €€ KOPHENU.

[OKABATENBCTBO. Kaxnem kopeHb pe3oabBeHTH [amya ummeer Bug
M10g(1) + - -+ + Mpg(n). FICHO, 9TO OHU PAIIMOHATHLHO BHIDAKAIOTCA epe3
ai,...,%,. B cBOIO OdYepenn, Aj,...,0d, PAIMOHATLHO BHEIPAXKAIOTCI Uepe3
({)=m1a1+...—|—mnan. O

C nomorpio pe3onbBeHTH [anya ygoO6HO CTPOUTH TOJNE DPABIOKEHUS
K(ai,...,0,). B camom gmene, K(ay,...,a,) = K(J), T.e. BMecTO mpuco-
eauHeHus K noaio K BCex KOPHEU MHOTOWIEHA MOXHO NPUCOEIUHUTL OJUH
KOpPEeHb ero pe3oabBeHTH [anya.

[pyroe npumMmeHeHNe PE30JLBEHTHI CBA3AHO C TE€M, UTO C €€ IOMOIIBI0
MOxkHO mocrpouts rpymny lanya. (Ilepsonagansuo amya crpown rpynmy
Tanya MHOMOWIEHA MMEHHO C TOMOIIBIO PE30JIbBEHTH. )
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IIycts ¢1 = ¢, ¢2,. .., —xopuu pesomsBenTs l'anya G. Kak 6b110 m0-
KA3aHO, BCE OHU PAIMOHAJIBHO BEIPaKaoTca 1epes ¢, T.e. §; = R;(}), rge
R; € K(z). Coorrnomenne §; = R;({) MOXKHO pacCMATPUBATH KAK COOTHO-
menve mexAgy daemenramu noas K (¢). [Tosromy moxHO canrars, aTo R; —
MHOrowieH crenenu He Boume degG — 1 = r — 1. DTOT MHOTOWIEH Ompe-
genen oxuosnauHo. Popmyna §; = R;()) ocraercsa cupasegmuson, ecin R;
3aMeHuTh Ha R; + aG, Tie a — IPOU3BOJBLHBIN MHOTOYIEH.

PaccmoTpum muorowrens G(z) u Gi(z) = G(R;i(z)). KoaddunmenTs
STUX MHOIOYIEHOB J1eXaT B K U y HuX ecThb oOLmMi KOpeHb §. A Tak Kak
[0 yCIOBUIO MHOrOWwIeH (G HEIPUBOAMM, TO JIO0O0H KOPEHb () MHOIOWIECHA
G sBaseTcsa Takxke KOpHeM MHOrowieHa G;, T.e. R;({;) = §, a1s zexoro-
poro p. dro osuauaet, uto R;(R;(})) = R,(}), T.e. R;R; = R, (mod G).
Taxum 06pasom, A1s 1060ro KOpHA ), MHOrOwWIeHA G BHIIOMHAETCA PABEH-
ctBo R; (R;({s)) = Rp({s). B wacTHOCTH, HAGOp MHOTOWIEHOB Ry, ..., R, n
COOTBETCTBYIOIINX UM IPEOOPA3OBAHUM KOPHER () ..., ), OmpejeneH uHBa-
PHMAHTHO, T.€. OH HE 3aBUCUT OT BHIOOPA KOPHA (1.

Yucy Ql), = M1dg,(1) + ...+ My, (n) OFHO3HATHO COOTBETCTBYET IOJA-
CTAHOBKA O;, & €W, B CBOIO OY€Penb, COOTBETCTBYET ABTOMOP(W3M IOJIA
K(ai,...,0n) = K(¢), xoTopemt mMb1 TOXE 0603HaIMM 0;. UTax, KOPHAM
$1,. .., pe3oabBeHTE ['aya COOTBETCTBYIOT OACTAHOBKHE O1, . . . , 0. CO-
[OCTABHM HNOACTAHOBKE 0; MHOrOweH R;. YuwnreBas, 9To o;({) = ¢;, noxy-
qaeM

6i0j(}) = 0i(;) = 0iR;() = Rj (i) = R; (Ri(9)),
T.e. 0;0; < R;R; mod G. Takum o6pasom, rpynna npeobpasoBanui Ry, . ..

..., R, anTUm3oMOpdHA Trpynmne MIOACTAHOBOK Of,...,0,. UTOOBI yCTaHO-
BUTE CBA3b ¢ rpymnnon ['anya, ocTaercs J0Ka3aTh Clesyolee yTBEPK ICHYeE.

TEOPEMA 21.3. I'pynma lanya MHOrOwWwIeHa f COCTOUT M3 MOACTAHOBOK
O01y...50p.

[OKA3ATEJILCTBO. TpebyeTcsa NOKa3aTh, ITO €CAM Ay, . . . , Oy — KOPHU
mHOrowIeHa f u v € Sy, T0 ycaosue 1 € {o1,...,0,} DKBUBAICHTHO TOMY,
9TO A 000U PANMOHAILHON (yHKUME @ PaBEeHCTBO Q(d1,...,0on) = 0
SKBUBAICHTHO PABEHCTBY ((0y(1)s - -+ ;%(n)) = 0.

Kopuu a4, . .., o, PAMOHAIBLHO BEIPAKAIOTCA depe3 (g, I0ITOMY

QA1 ,0n) = B(P1) = B(Mmaos + ... + Mmpay),

rae ® € K(z). Taxum 06pasoMm, @(dy1),---,0%k(n)) = ‘I’@r)’ rae $T =
= Mydy1) + ... + Mply(y). OKBUBATEHTHOCTH paBeHCTB P(P1) = 0 u
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®(J:) = 0 (a1 BCEBO3MOXKHHIX palUMOHAJIBHEIX pyHkumun ®) osmagaer,
49T0 () U )y — KOPHE OFHOIO M TOTO XK€ HEIPUBOAUMOIO MHOIOUJIEHA, T. €.
T e {o01,...,0:}. O

CaeacTBUE. Iycrs f — MHOrOwIEH HAA nOIEM K C IOMAPHO PA3IUIHEI-
MU KOPHAMHU A1, - - . ,0p. LOrIA NOPAJLOK IPYNNEL [a1ya STOr0 MHOTOWIEHA,

pasen crenenu pacumpenus [K : k], roe K = k(ay,...,ap).

HJOKA3ATEJLCTBO. O6a 5TH 4uCIa PABHLI CTEIIEHN PE30JIbBEHTHL | anya,
MHOrowieHa f. |

Jlnsa Teopun Iamya 60mbIIOE 3HAUYEHME UMeEET CIeAYIOIIee YTBEPXK JeHNe.

TEOPEMA 21.4. Ilyctb 04,...,0, — KOPHZ HEIPUBOLAMOIQ MHOT'OWIE-
Ha f Hag moneM k u @ € k(21,...,%,).

a) Ilpeamomoxum, 910 G(a1, ..., %n) = Q(Og; (1), - - + » %o;(n)) AL BCEX MO~
cTaHoBOK o; w3 rpynnet Laxya. Torga ¢(ar,...,0,) € k

6) Oycts H = {o4,...,0;,} —Takas noarpynna rpynns I axya
{o1,...,00}, 910 ecmm @(a1, ..., ) = Q(Ag(1),- - -, Oo(n)) AIA JTOOOH TOA-
cranosku 6 € H, To ¢(ai,...,a,) € k. Torga H coBmagaer co BCen

rpymmou [amnya.

JOKA3ATENBCTBO. a) Kopruay, ..., o, PAIVOHAILHO BEIPAXKAIOTCA €~
pe3 1, mooTomy @(d1,...,%,) = ®($1), rae & € k(x). CaexoBarersHo,
O(Ag; (1) - - -y A5 (n)) = P(P;). Taxum o6pazom, (1) = ... = &(¢,), a 3na-

() =~ (B() + .. + B(4,)

— palVOHAJIbHAA CUMMETPUIECKAA (PYHKIUA OT KOpHEH {1, ..., {, pe3oan-
BerTH Lanya. llosTomy @(ay,...,0,) = ®(d1) € k.
6) PaccMOTpUM MHOTOWIEH

g@) = [[@-0d) =@=di)-...- (@ —ds.).

ceH

Ero xoa¢gguimenTH MHBAPUAHTHEL OTHOCUTEIBHO AeUCTBUA rpynnsl H, mo-
aTOMy Bce OHM JexaT B k. Takum 06pazom, Koo dpruunenTs MEOrOwieHa, g(x)
J€XAT B kK ¥ DTOT MHOT'OWIEH UMEET OOINre KOPHU ¢ HEIPUBOAUMEIM HAI K
muorouwreHoM G(z) = (x — ¢1) - ... - (z — §,). CregoBarensno, g(z) = G(x)
n H={o1,...,0-}. m|



212 I'aasa 5. Teopus Iaaya

21.3. Teopema 0 IPUMUTHUBHOM 3JJIEMEHTE

Ha c. 209 mMb1 ynomsaryam, 9T0 moae k(o,...,0y), TAe dg, .. ., oy — KOp-
HU MHOTOWICHA f, MOPOXKAEHO HAM k OMHUM DJEMEHTOM, & MMEHHO, KOPHEM
¢ pesoabserTsl lamya Mmaorowena f. OOBIMHO B T€OPHUM IOJEH JIs1 IIOCTPO-
€HUS DJIEMEHTA, TOPOXK TAIOIEr0 I0Ie, UCIOAB3YETCS CAeIYOmas CTaHIapT-
Has KOHCTPYKIUA.

TEOPEMA 21.5 (o npuMuTusHOM daeMente). IlycTs k— mosne HymeBon
XapaKTEePUCTUKH, Ay, . . . , &, — aarebpandeckre Ha k snementsl. Torzga mo-
ae k(a,...,0,) TOPOXKIEHO HAL k OOHUM daeMeHTOM O.

JOKA3ATEJIILCTBO. PaccMoTpuMm CHadama CIydall ABYX DJEMEHTOB a
u fB. lycrs f(z) n g(z) —menpuBoguvere HAL K MHOTOWIEHB! C KODHAMU
o u . IIycrs, ganee, a; = a,d,...,d, — kOpHE MHOrOwIeHA f, B1 = 3,
Ba,...,PBs — xopHE MHOroOuIeHa g. Bribepem ¢ € k Tak, uTo a; +cfB; # o +
+ By mpu j # 1. Ilonoxum 6 = oy + Py = o + ¢f. Acuo, aro k(B) c k(a,B).
Ocraercsa gokasats, 9To k(a,) < k(). i1 5TOro JOCTATOYHO NOKA3ATH,
aro B € k(0). dencrBurensHo, B TakoM caydae o =0 — cff € k(6).

daement [ ygosaerBopser ypaereruaMm g(x) = 0 u f(0 — cx) = 0, xo-
s dunmeHTE KOTOPHIX JexkaT B k(). EquncTBeHHbIM 00IUM KOpHEM MHO-
rouneHoB g(x) u f(0 — cx) aBmserca B, mockoasky 6 — ¢ff; # a; mpu j # 1.
Y mMHOrOWIEHA ¢(2) KPATHBIX KOPHEM HET, HO3TOMY HAUOOIBINMY OOMUY 1e-
Jurens MHOro4neHoB g(z) u f(0 — cz) pasen z — . Hauboapmmir o6mui
[eIATeNb IBYX MHOCOYIEHOB HAJ moteM k(0) ABIAeTCA MHOTOWIEHOM Ha[
k(8), mosromy B € k(H).

Ilepexon oT N = 2 K IPOUBBOJILHOMY 71 JEIAETCA OUEBUIHON WHIYKINEN:
ecau k(a,...,0,_1) = k(B), To k(aq,...,a,) = k(6,a,) = k(6'). O

C noMompio TEOPEMBI O IPUMUTUBHOM DJIEMEHTE MOXHO JOKA3aThb, Ha-
npuMep, CJAeAYIOIee yTBEPXK JEHNE O IPOCTHIX AEIUTENIIX Ha00pa MHOTOYIe-
HOB.

TEOPEMA 21.6 [Ho]. Mycre fi(z),..., fn(z) —HeEnocroaxnase neno-
3HAYHBEIE MHOTOWIEHHI, T.e. f;(m) € Z upu m  Z. Illycts, ganee, M; —
MHOXECTBO BCEX IIPOCTHIX AEIUTENeN BCex ducea Buga fi(m) € Z, m € Z
(fi(m) # 0). Torga muox)ectBo M = M; N ... N M, 6eckoHeqHO.

JOKABATEIBCTBO. Paccmorpum cnagana caygann = 1 (B aTOM caydae
TeopeMa Obuta gokaszana lllypowm [Shul). Ecan fi (z) — penosnaqsei Maoro-
wieH cremeHu k, TO Bce kKodhduuumeHTH MHOrowneHa k!fi (r) umease (cm.
Teopemy 12.1 ma c. 100). Ilpu mepexone OT MHOIOWIEHA fi K MHOLOWIEHY



21. Teopema Jlaepandica u pezoaveenma ['aaya 213

k!'fi X IPOCTHIM OEqUTeNAM 3HAYEHUN MHOTOWIEH3 fi HOGABIAIOTCA JUIIHb
MPOCTEIE geuTenn Iucaa k!, T.e. HeKOTOpPOe KOHEIHOE MHOXKECTBO. Takum
06pa3oM, NOKA3ATEIBCTEO JOCTATOYHO MPOBECTH B CAyIa€ MHOTOWIEHA f1 €
nensiMu KOddgunnerTaMu.

Meuorounen fi(z) npunumaer 3uHadenua 0 u +1 AMUL B KOHEYHOM 4U-
cie ToueK. I103TOMy y €ro 3Ha4eHUN B IENBEIX TOYKAX €CThb XOTsA ObI OJUH
IPOCTON JemuTens, T.e. My # &. lpeqnonoxum, uto My = {p1,...,pr} —
KOHEYHOE MHOXECTBO.

Ilycte a € Z u f1(a) = b # 0. Hoxaxem, 9T0

g(m) = bilfl(a'i‘bpl . -pT:L')

— MHOTOWIEH C nensivu kKoagdunnentamu, npraem g(z) = 1 (mod p;-.. .-p,)
npu z € Z. Jlerko npoBeputs, 4To ecmu ¢ € Z, 10 (a + cx)! — a' = chy(z),
rae hy(z) — MHOrOuWIeH ¢ neasiMu koagduuuentamu. [losTomy

fila+bpr-...-prz) — fi(a) =bp1 - ... prh(z),

rae h(z) —MHOrowieH ¢ ueabiMu Kodddunmentamu. OcTaeTca 3aMeTUTD,
910
g(z) = b_l(fl(a) +bp1 - ... 'prh(x)) =1+pi-...-ph(z)

[ast HexoToporo ¢ € Z y ueaoro 4ucaa g(r) ecTs IPOCTOU AEIUTENb P.
Cpasuenue g(z) = 1 (mod py - ... - p,) moOKaswBaeT, 4T0 p ¢ M; =
= {p1,...,pr}. C opyrom croponwr, uucio fi(a + bpy - ... prx) = bg(x)
nenuTea Ha p, noaToMy p € M. llonydenHoe IpOTUBOPEYME O3HAIAET, ITO
MHOXeCTBO M7 6eCKOHEedYHO.

Ilepexon ot caydas n = 1 K IPOU3BOJIBLHOMY N AEJIAETCA C TOMOIIBIO
TEOPEMEI 0 NPUMUTHUBHOM diaeMeHTe. Kak m mpu MOKa3aTenbCTBE B Cay-
gae n = 1, Mb Gygem cawraTthb, 9TO fi,..., [, € Z[z]. lIycrs o; — ogun
3 KOpHen MHOrowieHa f;. CoruacHO TeopeMme O MPUMUTUBHOM DJIEMEHTE
Qs ron) = Q@)y 1€ @ = 04(a), e Gi(t) € Qlt)- Mycrs g— e-
npuBoguMEL MEOrOwWeH Hag Q, mveomun xopens o. Ecam ¢;(0) # 0, To
3aMeHIM @; Ha §;, T 1€

PN i(0)
Pi (t) = Qi (t) 4(0) g(t).
Nrax, moxHO cumrars, 4To ¢;(0) = 0. B Takom caygae, ecin N genutcs Ha
3HAMEHATEIN BCeX KO2(hMUIMEHTOB MHOTOWIEHOB §;, TO 9;(Nt) € Z[t].
Muoroanrenst fi(@1(t)),..., fa(¢n(t)) € Qlt] umeroT 06mmit KOpeHs a,
nosToMy BCe OHE gexarcsa Ha ¢(t). Paccmorpum muorownenmt Fi(t) =
= f; (q;z-(Nt)). fAcuo, uto Fi(t) € Z[z] n F;(t) nemnrcs nvaxg Q va g(Nt),
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T.e. Fi(t) = g(Nt)g;(t), roe g;(t) € Q[t]. 3ammmeM MHOrO4UNEHEL g U g; B
Buge g(Nt) = rh(t) u g;(t) = s;hi(t), roe r,5; € Q, h(t),hi(t) € Z[t] n
cont(h) = cont(h;) = 1. Torga F;(t) = rs;h(t)h;(t), npuaem cormacuo semme
Taycca rs; = cont(F;) — neaoe qucao. ITo o3nauaer, ato F;(t) nemrca nan
Z wma h(t). B gacTHOCTH, BCe AEIATEIN 3HAYEHUN MHOCOWIEHA h B LEIBIX
TOYKAX ABJSIOTCA AEIATENAMY 3HAUYEHUN MHOIO4UIeHa, F;, KOTOpEIE, B CBOIO
odepenb, ABIAIOTCA NEIUTEIAMUA 3HAYeHUUd MHOrowreHa f;. Taxkum o6pa-
30M, MHOXeCTBO M comepkuT GECKOHETHOE MOAMHOXKECTBO, COCTOAIIEE 13
MIPOCTHIX AEAUTENEN 3HAUYEHUNA MHOTOWIEHA h. |

22. OcuoBn Teopun l'amya

22.1. CootBercrBue l'axya

Ilycts f— muOrOWwIeH Hafg mojeM k 6e3 KPATHHEIX KOpHen (HO He 00
3aTENbHO HENPUBOAUMBIN), di, ..., 0, — KOpHU MHOrowiesHa f. Iloae K =
= k(o .. .,0,) HALIBAIOT NOAEM DA3AOHCEHUA MHOTOUICHS f.

TEOPEMA 22.1. JIw6ou saement o € K = k(ay,...,0,) ABIAETCS KOP-
HEM HEeIPUBOAMMOIO Ha L kK MHOrOWIEeHA h, BCe KOPHU KOTOPOro jexar B K.

JOKA3ATEJIbCTBO. OJEMEHT (> MOXHO HPEICTABUTH B BUAE =

= g(o1,...,0,), rae g € k[z1,...,T,]. Tlonoxum s = g(dg(1),- -+ ;Ag(n))

paccmoTpum MHOrounes h(z) = [[ (2 — we). fAcHo, 9TO BCe KOpHE MHOrO-
oESn

wiaena h sexat B K u h — MHOrOwWwIeH Ha [ moieM k, ODTOMY () — KOPEHb

HENPUBOAUMOr0 MHOXUTEISA MHOTOUICH], h. a

ChEACTBUE. Ecau muOrowren p(r) menpusoaum HAL k U OZUH U3 €ro
kopuen jexut B K = k(ay, ..., o), TO 1 BCE OCTANBHBIE KOPDHU MHOTOYWICHA
p(z) nexar B K.

JOKA3ATEJILCTBO. Ilycth © € K — KopeHb MHOroOWwIeHa p, h— He-
TIPUBOMUMEIN Hal kK MHOT'OWIEH, BCE KOPHU KOTOpOro gexat B K u h(w) =
= 0. MuOrowiensl h U p HENPUBOAUMELI HAL k U UMEIOT OOIIUUA KOPEHb ),
IIO3TOMY BCe KODHUM MHOT'OWIEHA P SBJAIOTCS KOPHAME MHOIOWIEHA h, T.e.
aexar B K. |

Kouneunoe pacmmpenve K mous k Ha3bLIBAIOT HOPMAALHbIM POCULUDEHUEM,
wim pacwupenuem I'aaya, ecan m000M HENPUBOAUMBIA HAJA K MHOTOWIEH,
OJUH U3 KOPHEH KOTOporo JexuT B K, pasiaraerca Hag K Ha JIMHENHLIE
MHO)KI/ITeJII/I7 T. €. BCe ero KOpHI/I JeXaT B K
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IIprMepoM He HOPMATLHOrO pacimpenus cryxuT moxe Q(+v/2): aro moxe
COZIePKUT JAIIb OLWH W3 KOPHeH MHOrowieHa x° — 2.

Corntacuo Teopeme 22.1 mose pasiOXeHWsi MHOIOWIEHA SBJASETCSA HOP-
ManbHBIM pacmuperuem. Crpaseqiueo u 0OGPATHOE yTBEPXK JEHUE.

TEOPEMA 22.2. Ilycrs K D k— nHopmansHoe pacmupenue. Torga K —
[OJIE PAB3IOKEHUsT HEKOTOPOr0 MHOI'OWIEHA Ha L K.

JOKABATENLCTBO. Ilycte K = k(ou,...,d,), fi — HENPUBOAMMEIL
MHOro4wIeH Haa k ¢ xopueM a;, f = f1... fn, K' — noae paznoxenus MHOIO-
anena f wag k. C OQHOU CTOPOHBI, DIEMEHTHI A, . . . , Oty ABJIAIOTCSI KOPHAMHA

muorowaesa f, nosromy K < K'. C gpyrou cTopossr, note K HOpMAIbHO
Hag k ¥ CONEPXUT KOPEHb HENPUBOAMMOrO Han k MHOrowresa f; (i =
= 1,...,n), nosromy K comepXuT BCE€ KOPHM MHOTOWIEH3 [, a 3HAUUT,
K> K. m|

CaeacTBUE. Ilycte K D L D k, rge K — HOpManbpHOE pacuupeHue
nons k, L — npousBoabHOE TpoMexyTouHOoe mose. Torga K — HOpMaabHOE
pacimpenue moss L.

HJOKABATEJLCTBO. [lone K sBaseTCs moseM pPasiIOkKeHUs HEKOTOPOr'O
MHOrOwreHa f Hang k. OTOT MHOIOYWIEH MOXHO PACCMOTPETh M KAK MHO-
rowreHn Hajg L, mostomy K — mose pasioXeHUs HEKOTOPOrO MHOI'OWIEH3,
Han L, T.e. K — HOpMaIbHOe pacmupenue nous L. O

Ecan K — vopmansHOe pacmmpenue nois k, To epynnot [eaya mous
K wan k maswBaoT rpynmy aBTOMOpGuU3MOB noas K, OCTABIAIOMUX He-
TIOABIKHEIMK Bce dieMeHTH noas k. I'pynmy lanya moas K mang k Oyzem
o6osnadars G(K, k). B Tom caydae, korga K — moJje pasiokeHus MHOIO-
wnena f, pas rpynnet Nanya G(K, k) Oynem Takxe UCIOIB30BATH 0603HAYTE-
uue G (f).

ODJIEeMEHTHL &, ' 1oas K O k Ha3eBaIOT conpaxcenmubimu nad nosem k,
eCiin W n (1)’ — KOpHI/I OOHOI'O M TOr'O XK€ HerI/IBOrZ[I/IMOFO Ha I k MHOI'O41JI€HA.

TEOPEMA 22.3. Ilycts K — HOpMAaIbHOE PACIIXPEHUS MO k. DIeMeH-
THL W, ' € K conpsxens Hag k TOTAa 1 TOTBKO TOT[A, KOT 4, CYIIECTBYEeT
asToMopdusm ¢ € G(K, k), nepeBogamun B w'.

HJOKA3ATEJILCTBO. IlycTh (0 — KOpeHb HEMPUBOAUMOIO HAJ k MHOIO-
arena p. Ecn o' = o(w), To p(e') = p(o(w)) = o(p(w)) = 0, mosromy
DIEMEHTHI U &' COmpsXeHsr HAT k.
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[IpeAnonoXuM Teneps, YTO W U &' — KOPHU HEIPUBOAUMOrO HaJ k MHO-
rowiena p. [loctpoenne aBromopdusMa ¢ HAYHEM C TOrO, YTO HOCTPOUM
momopdmam ¢: k(w) — k(w'). Jlobou snement moas k(w) 04HO3HAMHO npe-
CTaBUM B BHUIE Qg + a10 + ...+ ap_10" !, rae a; € k un = degp. Tpe-

n—1 n—1
GyeMbIll aBTOMOpDU3M MMeeT BUI Y, a;0" — Y a;(w')’. Bubepem Temepn
=0 =0

6 € K\ k(v). Ilycts p; — HenmpuBoaMMEIL HAJ k MHOTOWIEH C KOpHeM O,
a ¢ — HenpuBOAMMEI HAJ k(w) AEaWTenb MHOTOWIEHA Pi, OJSA KOTOPOTO
¢1(8) = 0. Ilpu usomopduame ¢: k(w) — k(w') menpusogumemt Hag k(w)
MHOTOWIEH ¢ IE€PEXOAUT B HenpuBOAuMEI Hag k(w') mOrowren q;. Ilycts
6' — xopens muOrowIenHa g . Usomopdusm ¢ : k(w) — k(w') moxHO npogor-
KUTh 10 usomopdusma k(w,H) — k(w',0'). dToT msomopdusm umeeT Bug
S biB = > o(b;)(0'), rae b; € k(w). Takue nposOTKEeHUs U3OMOPGBUIMOB
MO3BOJIAIOT TOCTPOUTE n30Mopduam noas K B HekoTopoe noamone K' « K,
MIEPEBO AR & B ' . DTOT M30MOPGU3M TONEN ABJIACTCS, B YACTHOCTH, U30-
MOpPU3MOM JUHEUHBIX NMPOCTPAHCTB Hag momeM k. B Takom ciaydae u3 xo-
meanomeproctu K crepyer, uro K' = K, T.e. MBI IOAy4YaeM aBTOMOP(UIM
noss K. O

CHEACTBUE. Eciu K — HOpMaIbHOE PACIIMPEHUE HOAA K, TO DIEMEHT
» € K vHBapuaHTeH OTHOCUTEILHO ferctBusa rpynnst Lanya G(K, k) Torga
¥ TOJBKO TOr'Ja, KOrga o € k.

HJOKA3ATEJILCTBO. Ecuau anemenT (0 € K nHBapUAHTEH OTHOCUTEIHHO
neuctBus rpyunsl Laxya G(K, k), TO BCe CONPSAXKEHHBEIE C HUM DJIEMEHTHL
COBMAJAIOT C HUM CAMUM. JTO O3HAYAET, YTO ) — KOPEHb MHOIOWIEHA T —
— 0 ¢ kodpdurmentamu u3 nois k, T.e. o € k. O

YcnoBue HOPMATHLHOCTY PACIIEPEHUs BecbMa CylrecTBeHHO. Hampumep,
no6oi apTomopduam moas Q(/2) ToxgecTsen, T. e. sremenT /2 & Q un-
BapUAHTEH OTHOCUTEIHHO NEUCTBUSA BCEX aBTOMOP(pU3MOB.

HopmanbHbIe pACIIMPEHUsA OTIXYAIOTCA TEM CBONCTBOM, YTO y HUX JIO-
CTATOYHO BEJIUKA I'PYIIIA ABTOMOP(PU3MOB. DTO IHO3BOIAET YCTAHOBUTD B3a-
YMHO OJHO3HAYHOE COOTBETCTBUE MEX Y IPOMEXYTOUYHLIMY MTOIAMU U TT0J-
rpynnaMu rpymnnsl Lamya.

IIycre K — HOpMmaubHOE pacmmpenue nois k. PaccmorpuM nmponsBoib-
HOe npoMmexyTounoe nore L: k ¢ L c K. CormacHo CIeqCTBHIO K3 TEO-
pemer 22.2 none K sBIseTCA HOPMAJLHEIM pacmiupenueM mouas L, mosTomy
MOXHO paceMoTpers Tpynmy Larya G(K, L).
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TEOPEMA 22.4 (coorBercrsue [axya). a) Mexny npomexyTodHEIMU
nomsmu k € L < K u nmoarpynmavm rpynner Damya G(K, k) mmeercs
B3aUMHO OJHO3HAYHOE COOTBETCTBHUE: IOJI0 L COOTBETCTByeT MOACPYIa,
G(K,L) c G(K,k), a nogrpynne H c G(K,k) coorBercTByeT mone, co-
CTOAIIEE U3 DJEMEHTOB 10 K, MHBADUAHTHEIX OTHOCUTEILHO MEUCTBUAL
rpynnsr H.

6) IlpomexyToanoe oNe L ABIAETCA HOPMATBLHEIM PACIIMPEHUEM TOJA
TOTa U TOILKO TOrAa, koraa noarpymma G(K, L) ¢ G(K, k) mopMaibHa.
B sToM ciyuae mMeeTcs TOYHAA TOCIEIOBATEILHOCTD

0 — G(K,L) - G(K, k) — G(L, k) — 0.

[JOKABATENBCTBO. a) JlwoGon asroMopdusm mois K, ocTaBiaomun
HEMOABUKHLIMU BIEMEHTHL 101 L, 0CTABIACT HENOABUXKXHBIMUA U 3JEMEHTHL
noas k c L, r.e. G(K,L) c G(K, k).

Toxto L coorsercreyer rpymnna G(K, L), a rpyune G(K,L) coorser-
cTByeT noJe L', cocTosmee u3 Tex saeMenToB 1o K, KOTOphle MHBAPUAHT-
HBI OTHOCUTEIBHO BCEX aBTOMOPGU3MOB 10Js K, 0CTABIMIOIINX HETIO [BIXK-
ueiMu daeMenTsl nioas L. flcwo, wro L' > L. Ho B ciydae HOpMaabHOrO
pacmupenns Jo00n daeMeHT mojsa K, MHBapUAHTHEIM OTHOCUTEILHO [eH-
creusa rpynnst G (K, L), nexut B L (cnencteue Teopemer 22.3; xpyroe A0Ka-
3aTensCcTBO — TeopeMa 21.4 (a) ma c. 211). Ilootomy L = L', T. e. kaxgomy
MOJTIONI0 COOTBETCTBYET MOATPYIIA, IPUIEM 3T MOATPYINa OJHO3HATHO
OTIpefieJiAeT MOATIOIE.

I'pynne H < G(K, k) coorBercrByeT none L, a moao L coorsercTBy-
er rpynna G(K,L) = H', KoTopas COCTOAT 3 TeX aBTOMOPQU3MOB IIO-
a1 K, KOTOpEIE OCTABJIAIT HENOJBUKHEIMU DJIEMEHTH, HHBAPUAHTHLIE OT-
nmocurensso H. flcuo, wro H' > H. Ho ecan mogrpynna H rpynmnu Fanya
G(K, L) TaxoBa, 9TO BCe 3JeMeHTH noia K | MHBApUAHTHBLIE OTHOCUTEILHO
neuctsus H, nexar B L, o H coBnagaet co Bcen rpymmou [aaya G(K, L)
(Teopema 21.4 (6) ma c. 211). Takum 06pa3oM, KAXKAOU MOATPYIIIE COOTBET-
CTBYET IOATOJE, IIPUIEM DTO HOANOJE OIHO3HAIHO ONPEAEIAET MOATDYIIILY.

6) IIpegnonoxkum, aTo mone L ABIAETCSA HOPMAIBLHEIM PACIIAPEHUEM II0-
as k. Torga mo6ou aBromopdusm nouas K wan k nepesosut none L B cebs
(smemenT moast L mepexoauT B CONPSIKEHHEBIN DJIEMEHT, KOTOPEI CHOBA, JI€-
xut B L). Takum o6pazom, nmeerca romomopdusm G(K, k) — G(L, k). fc-
HO, ut0 rpynna G(K, L) ABIAETCA AZPOM DTOrO TrOMOMOP(U3MA, MODTOMY
oHa — HOopMaabHas noarpymnmna B G(K, k).



218 I'aasa 5. Teopus Iaaya

Ilpegnonoxum teneps, uro G(K,L) —HopMmMaabHas HOATDPYNNa B
G(K,k), T.e. ecmm ¢ € G(K,L) n § € G(K,k), o 4 o € G(K,L).
IIycte a € L; TpebyeTcs m0Ka3aTh, YTO BCE COMPSKEHHBLIE C 0 DIEMEHTHI
ai,...,a aexar B L. Ilo ycaoBuio a1,...,aq; € K, npuaem a; = §;(a) pus
nexoroporo §; € G(K,k). Eem ¢ e G(K,L), To §; op; e G(K,L).
Moatomy ¢; *o;(a) = a, T.e. ¢(a;) = a;. Cregosarenso, a; € L.

Tounas mocae10BATEILHOCTD

0 — G(K,L) — G(K,k) — G(L,k) — 0

ycrpoena caenyromuM obpasom. Ilore L sBiaseTcs HOPMAaIbHBIM PaCIIApe-
HueM moas k, mopToMy Jobon aBromopdusm ¢ € G(K, k) coxpauser mo-
ae L, a 3HaumT, ¢ MOxXHO orpannmanTs Ha L. Tax Bo3HMKaeT romMoMopduam
G(K,k) - G(L,k). Ero agpom cayxar aBToMopduaMmel mons K, Toxne-
cTBeHHBIE HA L; oru o6pasywot rpynny G (K, L). DuumMopdHOCTE rOMOMOp-
dusma cregyeT w3 TOro, 9To a060u arTomopdusm nons L mam k MOXKHO
NPOJOIXKUTE [0 HEKOTOPOro aBroMopduama moas K warn k. O

Ecau L — noae paznoxenus Hag k MEHOrowieHa g, a K — moue pasnoxe-
HusA HA k MHOrOwIeHa f, TO TOYHAA NOCJIEI0BATEILHOCTD

0 — G(K,L) - G(K,k) - G(L,k) = 0

uMeeT BU[

0 — Gr(f) = Ge(f) — Gi(g) — 0.

TeEOPEMA 22.5. Ilycts L — npomsBoibHOe paciupenue nous k u f —
muorowied Hag k. Torga rpynna Fanya Gy, (f) usomopdua HEKOoTOPOU MOA-
rpynne B Gi(f).

[TOKA3ATENLCTBO. Ilycte ay,...,d, —kOpHEU MHOrO4meHa f. ABTO-
Mopduam ¢ € Gr(f) mepecTaBiseT KOPHH O, ...,0, ¥ OCTABIACT HEIIO-
IBUXHBIMU BCe daeMeHTsl o L O k. [looromy aBTOMOpdU3M ¢ COXpaHs-
er nose k(ay,...,0,), T. €. aBTOMOP(MU3MY G MOXKHO COINOCTABUTHL aBTOMOD-
dusm G € Gi(f), ABIAIOIMUCA OrpaHUYIEeHNEM G Ha, Toaxe k(o .. ., 0p).

Ecm 6 = id, To aBTOMOpPU3M G OCTABIAET HA MECTE BCE KODHU
A1y ... ,0n KpOME TOro, IO ONPEIENEHUI0 G OCTABIAET HA MECTE BCE Dile-
MeHTH 1045 L, a 3uauuT, 6 = id. Takum o6paszom, orobpaxkenue ¢ — G —
MoHOMOpPdU3M, T.e. rpynna Gr(f) m3omMopdHA HEKOTOPOU IOATPYIIIE

B Gi(f). O
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22.2. Muorowresn ¢ rpymmon I'axya Sj

Yro6el mpUBECTN NPUMED yPABHEHWs, HE PA3PEIIAMOr0O B DAIUKAIAX,
HaM noTpedyeTcsa MHOrowIeH ¢ rpymmon [axya Sy, n > 5. Mb1 yxxe roToBsr
0Ka3aTh, ITO MHOTOWIeH T° — 47 + 2 Hag Q umeer rpymmy Tatya Ss.

T'pynna G < S,, HA3LIBAETCA MPAH3UMUEHONU, €CIN [ JOOBIX ABYX
uHAekcoB i, € {1,...,n} cymecTByer nogcraHoBka 6 € G, FIi KOTOPOU

o(i) =j.

TEOPEMA 22.6. Muorowren f (6€3 KpATHBIX KOPHEH) HEIPUBOLUM TO-
ra ¥ TOJIBKO TOr[a, KOraa ero rpymmna l'arya TpaH3UTUBHA.

JOKA3BATEJLCTBO. Ilycts ay,...,0, —kopHu MHOrOwieHa f. Eciu
MHOIOWIEH f HEenpuBOAMM HAJ MOJEM k, TO IO ONPEAETEHUIO BCE €r0 KOPHU
COIIPSIXKEHBI APYT C APYTOM, IIO3TOMY COIVIACHO TeopeMme 22.3 CyIIecTByeT
aBTOMOpu3M moas k(aq, ... ,0y), IEPEBOAIINNA O; B d;.

IIpegnonoxum teneps, uro rpynna [anya G Muorowiena f Tpamsmrus-
Ha. [IycTh fi — IpOM3BONBHBEIN AEAUTEIbL MHOIOWICHA f HAXL moaeM k, d; —
KOpeHb MHOrowreHa fi. Bosbmem aBToMopduam o; € @, mias KOTOPOro
o;(1) = a;. Hpu aBTomopduame o; cooTHomenue f1(o;) = 0 mepexomuT
B cooTHomenue fi(a;) = 0, T.e. BCe KOPHM MHOTOWICHA [ ABIAIOTCA TAK-
JKe KOPHAMY MHOTOWIEHA fi. YIUTHIBAsA, YTO ¥ MHOI'OWIEHA f HET KPATHBLIX
KOpHEN, TIOAYYaeM, ITO fi AeauTcs Ha f, T.e. MHOrOWIeH f HempuBoguM. [

TEOPEMA 22.7. Ecau 9ucio n npocToe u TpausutusHasa rpynna G Sy,
COmEPXKUT XOTA Obl OfHY TpaHncnozunuio (i, ), To G = Sp.

[IOKABATENBLCTBO. Beemem Ha MHOXecTBe {1,...,n} cregyromee or-
HOLIeHUE: § ~ j, ecau aubo ¢ = j, 160 B rpymnne G ecTh TPAHCIO3NUIU
(i,7). Toxmecrso (i,5)(j, k)(i,5) = (i, k) nokasemBaeT, 9T0 3TO OTHOIIEHUE
ABIAETCA OTHOIIEHAEM >KBUBAJICHTHOCTH.

Ilycte E(i) — K1acc SKBUBAIEHTHOCTY, COAEPXKAIUA raeMeHT §. Iloka-
xem, ut0 | E(i)| = |E(j)|, T. €. BCE KIACCH SKBUBATEHTHOCTH COCTOAT M3 Of-
HOT'O M TOT'0 Xe Yucaa 3aeMeHToB. [pynna G TpaHsuTuBHA, TO3TOMY B HEU
€CTb TakKas MOACTAHOBKA G, uT0 o(i) = j. llycts a € E(i), T.e. (i,a) € G.
Hoacranoeka o - (i,a) - 6~ ! mMenser mecramu anementsr o(a) u o(i), a Bce
OCTAaJBbHBIC JIEMEHTHI OCTAaBAAET HEMOABUXKHBIMU, T. €.

o-(i,a)- o' = (o(i),0(a)) = (j,0(a)) € G.
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Takum o6pasom, o(E(i)) < E(j), mosTomy |E(z)| < |E(j)| Hepagsenctso
|E(j)| < |E(i)| noxassiBaercsa anaroruso.

ITo ycaoBuio 4mCa0 N OPOCTOE, HOITOMY KJIACC DKBUBAJEHTHOCTH POBHO
oauH. JTO O3Ha4aer, 410 G = S),. |

TeEOPEMA 22.8. Ilycts f — menpuBogumen MEOrOwieH HaL Q mpocTon
cTeneHu p, npudeM y f eCTb DPOBHO [IBA HEBEIECTBEHHLIX KOpHsA. Torga
rpymna ['anya muorourena f mag QQ pasna Sp.

[JOKA3BATEJbCTBO. Muorowied f HEmPUBOAUM, MODTOMY €ro TPYIIa,
larya G < Sp rpamswruera. COruIacHO mpebIgyIied TeopeMe LOCTATOY-
HO [0Ka3aThb, YTO rpynna G COAEPKUT HEKOTOPYI TPAHCIO3umio. [Ipumep
TAKON TPAHCHO3ULIUYA JAET OTPAHWYEHNE KOMILIEKCHOIO CONPSIKEHUS 2 —> Z
Ha TOJE PA3JIOXKEHUss MHOTOwIeHa, f. [[enCTBUTENbHO, TIPU KOMILIEKCHOM CO-
TIPSIXXEHWUN BCE BEIECTBEHHLIE KOPHU MHOT'OYWIEHA, OCTAIOTCS HA MECTE, 8 003
KOMILIEKCHBIX KOPHA MEHSIOTCA MeCTaMi (U3 3TOr0, B YaCTHOCTH, CJAEAYET,
YTO MOJE PA3TOKEHNs IEPEXOIUT B Cebs). a

IIpumepoM HEmpUBOAUMOI'O MHOIOWIEHA CTENEHU 5, y KOTOPOrO €CThb
POBHO [1Ba, KOMILIEKCHEIX KODHA, CIyXuT MHorowreH f(z) = z° — 4z + 2.
HenpurogumoCTh 3TOrN0 MHOTOWIEHA, CIEAYEeT W3 MPU3HAKA JU3EHIITENHA.
KonndecTBO BelmecTBEHHBIX KODHEH MHOIOWIEHA [ He MeHbIIe TpPex, IO-
CKOJIBKY

C Opyrou CTOPOHBI, KOAMYECTBO BEIIECTBEHHEIX KOPHEHM HE MOXKeT OLIThb
60JBIIe TPeX, MOTOMY ITO WHade y mpomspogson f'(z) = 52* — 4 6bL10 ObI
60IBINe IBYX BEMICCTBEHHLIX KOPHEH.

22.3. IlpocTeie paguKaIbHBIE PACIIMDEHUS

Tone paznoxenuss K muOro4uiena " — ¢, rae ¢ € k, Ha3LIBAIOT NPOCNbIM
PaOUKAAbHBILM PACIITPEHTEM TIOJA K.

TEOPEMA 22.9. a) I'pynma laaya G(K, k) npocToro paaukaisHOro pac-
MIXPEHUA PA3PEIIMA.

6) Ecau none k conepXuT NPUMATABHEIN KOPEHb CTENEHY 7, U3 €IUHUIILL,
to G(K, k) — noarpynna mukmmaeckon rpynnst Z /nZ.

B) Ecm ¢ = 1, ro G(K, k) — noarpynna MyJIbTUILIAKATABHOM T'DYTIIEL
(Z [InZ)*.
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[JOKA3ATEIBCTBO. a) Ilycte o — xopenb MHOroOwieHa z" — ¢, a € —
IPUMUTUBHEIN KOPEHb CTEHNEHU N W3 €IMHUIEL 10rna KOPHE MHOTOWIEHA
2™ —C UMeIoT BUA d, JE, . . . ,de™ , moaTromy K  k(a,¢€). C gpyrour cTOpoHSL,
e = (ae)a"! € K, noaromy k(a,e) c K, T.e. K = k(a,¢).

Ilycts 6 € G(K, k). Torga o(e) — xopens MHOrOwIeHa " —1, 1. e. 6(e) =
= ¢®. Ilpm 5ToM €2 He MOXeT OBITH KOpHEM MHOrOwIeHa £ — 1, roge m < n,
TaK KakK MHavue dIeMEeHT € = ¢ 1 (%) Toxke GBLT 6B KOPHEM 3TOT'0 MHOTO'Ie-
HA, & 3TO NPOTUBOPEYUT NPUMUTUBHOCTHY €. Takum o6pasom, (a,n) = 1.

ABTOMOPPU3M G IOJHOCTHIO OIPEACIACTCA CBOMMU 3HAYEHUAME HA 00pa-
aytommux: o(e) = €%, o(a) = eba. IloaTOMy Tako# aBTOMOPMUIM G MONKHO
06038a4nTH [a,b], rae a € (Z/nZ)*, b € Z /nZ. llpn srom ecm o; = [a;, b;],
1=1,2, T0

n—1

o1 (0’2(6)) = Ea1a27 o1 (02 (a)) — 8a1b2+b1q7

T.€. 0109 = [al(lz,albz + bl]

Paccmorpum romomopdusm ¢: G(K, k) — (Z /nZ)*, npu k0TOpOM aBTO-
MopdusMy o = [a,b] comocraBasercs sremeHT a € (Z/nZ)*. fAgpo storo
rOMOMOp(dU3Ma COCTOUT U3 DJIEMEHTOB Buia [1,b]; mjs Takux 5JIeMEHTOB
3aKOH KoMmozunuy caenyromuit: [1,b1][1, ba] = [1, b1 + be]. Aapo u 06pas ro-
MOMOpPhU3Ma ¢ — abeneBl rpynnsl, nopToMy rpymma G (K, k) paspemmma.

6) Ecn ¢ € k, 10 o(e) = ¢. HHosTomy o = [1,b] € Z/nZ.

B) Eciu ¢ = 1, 70 MoxHO cuuTaTh, 9T0 @ = 1. B Takom ciydae o =
= [a,0] € (Z /nZ)*. O

22.4. Iuxkimmraeckue pacimpeHus

Hopmausnoe pacmmpenne K noss k Ha3BIBAOT YUKAUECKUM DACIIIPE-
umeM, ecam rpymmna Lanya G(K, k) ABiseTcs quKIMIeckon.

TEOPEMA 22.10. Ecau nose k cOgepXuT IpUMUTUBHEIL KOPEHb CTEIe-
HU N U3 €IUHUILI, TO JI000e IuKIndeckoe pacmmpenue K O k cremenu n
nveer Bug K = k(B), rae B— xopenp HenpmBOamMOro Hajg k MHOIOWIEHA
" —c.

JOKABATEJIBLCTBO. Ham moTpefyeTrcsi CBOMCTBO JIMHENHOU HE3ABUCH-
MocTu xapakTepos rpynnsl. HamoMunM ero ¢bopMyaImpoBKy u JOKA3ATENb-
creo. Ilycte G —rpynna, K — nome, K* — MyJbTUILIMKATABHAA DY,
DTOr0 IOJs, T.€. MHOXKECTBO HEHYJEBEIX DJEMEHTOB C ONEpanuel yMHO-

xeuusn. Xapaxmepom rpynnsl G HA3LIBAIOT IPOU3BOJILHBLIM TOMOMOP(GU3IM
G — K*.
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JIEMMA. Pasmuunsie xapaxTepsl rpynnsl G IUHENHO HE3ABUCAMBI HAJ
noaem K.

JOKABATENLCTBO. IIycts {yi1,...,Yn} —MUHAMAJIBHOE HEIYCTOE
MHO2K€CTBO JNHENHO 3aBUCAMBIX XaPAKTEPOB, T. €.

MyY1(9) + ...+ hnyn(g) =0 (1)

nst Bcex ¢ € (G npu HEKOTOPHIX (PMKCUPOBAHHBIX Ag,...,A, € K™*. flcuo,
aro n > 2. XapakTepH Y1 ¥ Y, pasamdssl, modromy Yi(h) # yn(h) mis
Hekoroporo h € G. Ymuoxum pasexctso (1) Ha y,(h) u BeraTEM K3 1IO-
JIy9eHHOrO IIpOou3BeneHns paBeHcTBO A1Y1(hg) + ... + hyyn(hg) = 0. ITocae
HECJIOKHBIX [IPeOOPA3OBAHUY MOy UM

M (Yn(R) = v1(R))Y1(9) + - + M1 (Yn(B) = Yn-1(h))Yn—1(g) = O.

STO NPOTUBOPEYNT MUHUMAJILHOCTE MHOXECTBA {Y1,...,Yn} |

Ecan 0 — asromopdumam noas K, To orpanuyenue ¢ Ha K* sBiasercs
xapakTepoMm rpymnsl K*. [losTomy ecau o1, .. .,0, — pa3IndHbIe aBTOMOP-
¢mamer nona K u aq,...,0, € K* 710 ajo1(a) + ... + ayo,(a) # 0 paa
HekoToporo a € K* ¢ K.

Ilepernem HEMOCPENCTBEHHO K NOKA3aTENLCTBY TeopeMul. Ilycte o —
o6pasytomasn nukamaeckon rpynnstl G (K, k), ¢ — NPpUMATHBHEIL KOPEHB CTe-
TIeHU N U3 eqUHUIEL, Jexamuu B k. Paccmorpum pesoavsenmy Jlazpamnica

(5,0) = a+eo(a) + ...+ L™ 1(a).

7=l Ha3IUYHBL, HOITOMY HANJETCS DIEMEHT

Asromopduamer id, 0,02, ...,0
a € K, gra xoroporo (g,a)s = 3 # 0. Jlerko nposeputs, aro o(B) = ¢~ n
o(™) = (a(B))" = . Taxum o6pasom, o(B) # B, T.e. B & k, u o’ (B") = p"
mpui=1,...,n—1,1.e. f" =c k.

PaccmoTpum MHOrOWIEH

" —c=(x—B)(x—¢eB)-... - (x — " IP).

Ione k(B) sBasercs ero mosiem pasnoxkenus, npudeMm k(B) < K. Aromop-
dbumamnr id,0,02%,...,6" ! apiAIOTCA PAdIMYHBEIME ABTOMOPGU3MAMME MOJS
k(B), nosromy mopspok rpymnsl lanya moas k(B) Han k He MeHbIme n, T. e.
crenens pacmmpenus k(B) man k me menpme n. C gpyroi CTOPOHEL, CTe-
nesb pacmupenus K wag k pasma n, nostomy k(B) = K. I'pymnna laxya
MHOIOYIEHA ™ — ¢ TPAH3UTUBHA, [I09TOMY OH HEIPUBOIUM. |
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23. Pemenue ypaBHEHMM B pajuKaIax

Pacumpenue L mons k Ha3HIBAIOT padukaabHbim, €CIU CYIIECTBYET TaKasa
IIOCIe10BATEIBbHOCTD IIPOMEXKYTOIHBIX HOJIeI‘;I

k=LycLic...cL.=1L,

aro L; = L;—1(B:), rae B} € L;—y. MapivMu caoBamu, k nomo k mocre-
AOBATENBHO IIPUCOCOAUHAKTCA KOPHUA M3 3JEMEHTOB HOJ'IefI, IIOJYYI€HHBIX Ha
TIpeJLIYINEM Iare.

IlycTs f— HenpuBOAMMBIM MHOTOWIEH HAA modeMm kK, di,...,0, — €ro
xopHU. YpasHenue f(z) = 0 HA3HIBAIOT PA3PEWUMBIM 6 PAOUKAAAT , €CIU TIO-
ae k(ag,...,0,) COOEPEKUTCA B HEKOTOPOM DA, AAKAILHOM PACIINPEHUA TOLA
k.

Yr06b1 cHOPMYIMPOBATE U JOKAZATH KPUTEPUN DPABPELUIMMOCTH YPAB-
HEHVs B PAJUKANAX, HAM NOTPefyeTcs MOHATHE paspenmmMon rpynnsl. [lo-
9TOMY HaYHEM C TOrO, YTO HAIIOMHUM OCHOBHBIC CBEACHUA O PaA3PEIINMBIX
T'PYIIIaX.

23.1. Paspenmmbie rpymibl

Kouneunyio rpynny G Ha3HIBAIOT Pa3pewumoti, €CIA CYMLECTBYET TAKasd
TIOCJIEeTOBATENBHOCTD BIOXKEHHBIX TOATPYIII

{e} =G, cGro1 ... € Go =G,

uro G; — HOpMaJbHAA nogrpynna B G;_; u akroprpynna G;_1 /G; abereBa
(mpui=1,...,r).

s mo6ou abenaeBou rpymnbl G MOXHO MTOCTPOUTH MOCIEI0BATEILHOCTD
BJIOXKEHHEIX NOATPYI, A1 KOTOPou BCe dakroprpynns G;—; /G; nukinde-
ckue (M naxke NUKIXIECKUE MPOCTHIX MOPAAKOB). [I03TOMY B OmpeneseHuu
Pa3peInuMon IPYINEI MOXKXHO CIUTATh, 9TO0 Bee dhakroprpynnsl G;_1 /G; un-
KIM9IECKUe.

IIpu BEIACHEHWY CBA3M PA3PEMIMMOCTH B paaukanax ypasaenus f(z) =0
7 Pa3pemmMOCTH IPyHnEl [amrya MEOrOwIeHa f uCIoab3yeTcsa COOTBETCTBHE
Taxya, koTopoe gaeT To4HyIO nocaegoBarensHocts 0~ H -~ G —G/H — 0.
IIpz 5>ToM mpo Kakme-TO W3 DTUX TPeX rpyn OBIBAET WU3BECTHO, YTO OHU
PA3pEIIUMEL, U HYyXKHO CAEIATH BHIBOA O PA3PEMINMOCTU OCTAIBHBIX I'PYIIIL.
s 5Tux nesen Mu Oy JeM MOAL30BATHLCA CACAYIOMMMU YTBEPXK ICHUAMU.
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TEOPEMA 23.1. a) Jlw6aa noarpynna H paspemummon rpynnsl G pas-
permmMa.

6) Ilycte H —nopManbHas noarpynna rpynusl G, npudem rpynnst H u
G/ H paspemnmvur. Torga rpynna G paspemmuma.

B) Ilycts H — HOpManbHas moarpymnna paspemmmon rpynnsl G. Torga
rpymna G/H paspemmuma.

[OKA3ATENBCTBO. a) IlokaxeM, 9TO MOCJIEI0BATEILHOCTD MOATPYIII
H; = G; N H obaagaer tpeGyembiMu CBOUCTBaMHU, T. €. H; — HOpMAaIbHAsA
noarpynna B H;_; u daxroprpynna H; ,/H; abeneBa. Tak xax G; ¢ G;_1,
To H; = H;_1 N G;. Hosromy H; —uopMaabuas nogrpynna B8 H; 1 u

H; «/H;=H; 1/(Hi 1 nG;) =2GH; 1/Gi c Gi1/Gi.

6) Hns paspemmmbix rpynn H u G/H BO3bMEM IOCIELOBATEILHOCTH

NOATPYyII
{e}=H,cH,1c...cHy=H,
{H}=AncAp_1c...c 4=G/H.

Honoxum G; = p~'(4;), rae p: G — G/ H — ectecTsennas npoexmms. flcuo,
aro G, = H n Gy = G. Tlokaxem, 9T0 10CI€10BATEILHOCTD 10 ATPYIII
{e}=H,cH, 1c...cH=H=Gp cGp1c...cG =G

obaagaer TpeOyeMBIMU CBOUCTBaMu, T.e. (G; — HOpMaJbHAsA MOATPYINY B
G;—1 n Gi_1/G; — abenesa rpynma. Bropoe cBoicTBO CriegyeT u3 TOro, 9T0
Gi—l/Gi = Az_l/A, HyCTB g9; € G, ug,—1 € Gi—l- Tor,qa
—1 _
p(gi—lgz’gi—l) = p(9;—1) lp(gz') p(g;—1) € Ai,

Tak kKak A; —HopMasbHas moarpynma B A; ;. IosTomy gi__llgigi_1 e Gy,
T.e. G; —HopMasbHas noarpynna B G;_ 1.
B) [us paspemumon rpynnsl G BO3bMEM MOCIEL0BATENLHOCTD IOATDYILI

{G}ZGT CGr—l c...C GOZG,
n nonoxuM A; = G;H/H. Torga nociefoBaTelbHOCTD TOATPYII
{H}=A,cA_1c...cly=G/H

obaagaeT TpeOyeMBIMU CBOMCTBAMU, T.e. A; — HOPMAIbHAA TOATPYINS B
Aiy m A; 1/A; —abeneBa rpynma. B camom pgene, mycts g;H € A; n
gi—1H € A;_,. Torga

(9i-1H)giH(9;1H) " = g;i1Hg;Hg;', = gi—19i9; 1 H € A;.
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Kpowme Toro,
Ais1/A; 2 Gy [(GiH 0 Gi—y) = (Gi—1/Gi)/ ((GiH n Gi—1)/G),

T.e. rpynna A;_1 /A; m3omopdHa dakTOprpynne aGereBou rPyNIEL, T0ITO-
My A;_1/A; — abeneBa rpymmna. O

23.2. YpasHeHusa ¢ paspenmmon rpymmoun arya

Bocnoassosasumucs coorsercrBueM Lanya u Teopemon 22.10 0 cTpykTy-
P€ UMKINYIECKOrO PACIIMPEHVS, HETPYIHO A0KA3aTh, YTO YPABHEHUE C Pa3-
pemmmon rpynmnou [anya paspemuMo B pajuKaiax.

TEOPEMA 23.2. Ilycre f— MHOrowIen 6e3 KpaTHEIX KOPHEW HA[ IO-
aem k, mpwaem rpymmna lanya G (f) paspemmma. Torga ypasuenue f = 0
pa3pemmMo B PAJAKATAX.

[JOKA3ATENBLCTBO. Ecam nome k He COmEPRUT NPUMUTUBHBIA KOPEHb
crenenu d = |Gk ( f)| U3 eUHUIBI, TO N00ABUM K Kk TPUMUTUBHBIM KOPEHD
¢ crenernu d w3 efumHUNEL, T.e. paccmorpum noxe L = k(e). Ipynna Tanya
G (f) usomopdHa HEKOTOPOK HOArpyme paspemumon rpynust Gy (f), no-
sromy rpynna Gr(f) paspemmma, npuaem |GL (f)| neaut d. B wacTrOCTH,
mose L comepXuT MPUMUTUBHEIE KOPHU U3 €IUHUILL JIOOOW CTENEHU, M-

[as paspemmmvon rpynnel G (f) mocTpouM HOCI€I0BATEIBHOCTD MO~
rpynn

{e} =G, c ... c Go =GL(f),

1Jisi KoTopon dakroprpynnsl G;_1/G; uuknngeckue. Cooreercreue anya
MO3BOJISIET MOCTPOUTD IOCJAENOBATENLHOCTD MOJIEH

K=L,>...oLy=1L,

rge K —mone pasnoxenuss muorowrena f Han L. Ilpm sTom pacumpenue
L; o L;_; HOpMaIbHO, TO3TOMY MOCIENOBATEALHOCTL Toen K O L; D L;_y
[aeT TOYHYIO IOCIEIOBATENbHOCTD

00— G(K, L,) g G(K, Lz’—l) - G(Li,Li_l) - 0.

CJIerI[OBaTeJIbHO, G(L“ Li—l) = G(K, L,_l)/G(K, Lz) = Gi—l/Gi — IIUKJIN-
yeckas TPyMNNa, MOPALOK KOTOPOU JEIUT |G L(f) | YuaureBas, 9TO MOJIE
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L; 1 D L cOmepXuT NPUMUTUBHLIA KOPEHb U3 E[UHUILI CTeneHu d; =
= |G(L,~,Li,1)|, noxydaem, 9t0 L; = L;_1(B;), roe B; — KOpeH» MHOrO-
uarena % — ¢;, ¢; € Li_1. Takum 06pasoM, L; — paguKaIbHOE PACIIAPEHHE
monst L;_1, a 3Haunr, K — pagukansHoe pacmupernue L. fIcHo Takxke, 4To
L — panukanbHoe pacumupenue k. [losToMmy moue pasaoxeHus MHOTOWIEH, f
ABIAETCA PAUKAILHEIM pacliupeHueM mousa k, T.e. ypasuenue f = 0 pas-
peummMo B paJuKaJIax. O

23.3. YpaBHeHus, pa3penmMbie B PQIUKAIaX

Mst TOIBKO 9TO nOKa3aIu, 9To ecan rpynna ['amrya ypaBHeHus paspern-
Ma, TO 3TO ypaBHEHNE Pa3pemuMo B pagrkaiax. JJokaxem Tenepb 06paTHOe
yTBepX IeHUeE.

TeEOPEMA 23.3. Ilycts f— MHOrOwWIEH 6€3 KPATHHEIX KOPHEW HAJ TO-
nem k, npudem ypaBuenue f = ( paspemmmo B pagukaiax. Torga rpymmna
Tanya G (f) paspemmma.

HJOKA3ATEJILCTBO. Ilo ycaoBuro gist HekoToporo moss L, coxepxarero
BCE KOPHM MHOTOYJIEH), [, UMEETCA TAaKasa MOCJAeNOBATEILHOCTE TIOJIEN

L=L,>...> L=k, (1)

aro L; = Li_1(B;), rae B;* € L;—;. Pacmmpenne L O k mpu sToM He
0053aTEIBHO HOPMAJIBHO, [MO3TOMY HENOCPEICTBEHHO BOCIOJIBL30BATHCS CO-
orBercTBueM lanya menb3sa. Hadmem ¢ TOro, 4To moCTpOMM pPaJuKAILHOE
pacumperne K O L, mis koToporo pacumpenne K O k HOpMAILHO.
IIpumennm muaykuuio mo r. lIpu r = 0 yTBEp) I€HUE 049E€BUIHO, TO3TO-
My IO IPEIIOIOXKEHUI MHIYKIUM MOXKHO CIATATh, YTO MEL YK€ IIOCTPO-
Wiz pajgukanbHoe pacumpenne K. 1 D L,_1, 1isg KOTOPOrO PacCIIXpEeHne
K,_1 o k sopmansno. Honoxum K' = K,y u L' = K'(§,) o L. Ilar

WHIYKITUY 3aKII0Y93eTCA B JOKA33aTEIHLCTBE CIEIYIONIErO YTBEPXK JEHUS.

JIEMMA. IIycts K' S k—nopmansnoe pacmmperne u L' = K'(B), rae
B™ € K'. Torga cymecTByeT Takoe paiukaipaoe pacmupenne K O L', aro
pacumpenne K O k HOpMAaJIBbHO.

JOKA3ATEJIILCTBO. PaccMoTpuM HENpuBOAMMBIM HAg kK MHOIOYWIEH
g(z) ¢ xoprem B" € K'. Pacumpenne K' O k HOpMAaIbHO, HOITOMY BCe
kxopHu MHOrowieHa g(x) aexar B K'. Ilonoxum h(z) = g(2™) n paccmoTpum
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noae K — none pasnoxenus mEorounesa h mag K'. Iokaxem, aTo nome K
o6magaeT BceMu TPeOyeMEIMU CBOUCTBAMMU.

1. Pacumpenune K o k mopMmaasso. [JeiicTBuTensno, pacumpenne K' ok
HOPMATBHO, TodTOMY K' — moste pasnoxenus Haj k HEKOTOPOTO MHOTMOWICHA
¢(z). B TakoM cayuae K — noxe pasnoxkenus Hag k mMuorowreHa h(z)o(z).

2. K o L' = K'(B). dencreurensro, K' c K no onpegenernmo u B € K,
Tak kak h(B) = g(B") = 0.

3. Pacmnlpeﬂne K o L' pammxamsro. IlycTs B\—A KOPEHb MHOT'OYIEHA,
h(z). Torga B™ — kopens muOrounena g(z), mosromy p* € K' < L'. Ocra-
eTCs 3aMeTUThb, 4TO mote K morydaercs B Pe3yabTaTe MPUCOETUHEHUS K
nomo L' Beex xopren E MHOrOwIeHa h(z). O

Urax, MoxHO cauTaTrh, uT0 B (1) mose L — HOpMAaIbHOE DACUIMPEHUE
nouis k. Bosee TOro, MOXHO CINTATE, YTO YUCAA N; TPOCTHIE U CTENEHL Pac-
mupenus L; > L;_, pasHa n; (IpucOenVHEHUE KOPHA CTENEHU P MOXKHO
3aMEHUTH HA MIPUCOEIVUHEHUE KOPHS CTEIEHN P U IOCAEAYIOMEe IIPUCOETUHE-
HUE KOPHsI CTENEHU Q).

U3 wopmansrOCTHM pacumpenus L D k cregyeT HOPMAIbHOCTH PACIIU-
peraus L 5 L;_,. Koadpdummentsr Muorounena '™ — B aexar B L;_q, a
ero kopesb P; nexur B L, Ho ve mexur B L;_;. llosTomy y mHOrO4U1eHa
z™ — B ecTs HempuBOgMMBIM Hajg L; | JemuTens ¢ KOpHeM [3;, mpmdem
9TOT menuTenb oraumdeH oT ¥ — P;. CregoBarensHo, more L conepxuT Ko-
peHb MHOrowieHa ™ — 7, orumdHbm OT B;, & 3Ha4uT, noxe L cogepxur
[IPYMUTUBHEIN KOPEHb U3 €JVHULEL CTEHEHU 7; (MBI MOJB3YEMCA TEM, 9TO
7; — MPOCTOE IUCIO).

TTose L comepXuT NPUMATUBHEIE KOPHU U3 €IUHUILI BCEX CTEMEHEN N,
MO3TOMY OHO COAEPKWUT NPUMUTHBHBIL KOPEHb € W3 €UHULLI, CTENEHb KO-
TOPOro AeIuTCs Ha Bee n;. Honoxum L = L;(e) u paccMOTPUM IOCTIEI0BA-
TEILHOCTD I10JTI0JCH

L=L oL |>...5L5=Lo(e) D Lo =k.
CootrBercreue lNanya gaer mocaenoBaTeIbHOCTD HOATPYIIIL
{e}=G(L,L,) « G(L,L,_,) = ... € G(L, Ly) = G(L, k(e)) = G(L,k).

Pacumpenne L) S L) | HOpMaJIbHO, MOCKOIBKY L — moze pasmoxeHus
wag Lj , wmmorourena z'™ — BT, IlooTOMy mNOCIELOBATEILHOCTH IIOJEH
L , c L;c L naer TOYHyO IOCIELOBATEILHOCTD DPYIII

0— G(L7L;) - G(LJL;—I) g G(L;L;—l) - 0.
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Taxum o6pasom, G(L,L;_,)/G(L, L) = G(L}, L;_,) — uukandeckas rpyn-
na nopsazxa n;. Caegosarensno, G(L, k(e)) — paspemmmas rpymnma.

Cregyromuil mar — JOKa3aTeabCTBO paspemmMocTu rpynnst G(L, k).
Pacmmpenue k(¢) D k HOpMATBHO, MOSTOMY ISl IOCIENOBATEILHOCTH TIO-
aen k < k(e) ¢ L nonygaeM TOYHYIO MOCJEI0BATEILHOCTD IPYIIIT

0 — G(L, k(e)) — G(L, k) — G(k(e), k) — 0.

I'pynna G(k(e), k) abenesa (Teopema 22.9 (B) ma c. 220), mosTomy rpymmna
G(L, k) paspemmma.

Tocaeanun mar — goOKa3aTeIbLCTBO paspenmmoctu rpynnel Gy (f) =
= G(N,k), rae N —none pasnoxenus muorowiesa f man k. Ilocaenosa-
TeIBHOCTD mosten kK C N C L naeT TOYHYIO HOCIELOBATEILHOCTD IPYIII

0 — G(L,N) — G(L, k) — G(N, k) — 0.

Taxum o6pasom, G(N, k) — daxToprpynna paspemumon rpynnst G(L, k),
a 3HAYNUT, OHQ CAMJ Pa3peIImMa. O

IIPUMEP. YpaBHeHUe
2 —4x4+2=0

HEPA3peluMo B PAIUKAIAX.

MOKA3BATEILCTBO. I'pynma Damya mEorowrena x° — 4z + 2 = 0 mag Q
pasra S5 (cm. c. 220). Ocraercs HOKA3aTh, ITO rPymna S HEPA3PEMUMA.
IIpex e Bcero samerum, 9to eciu H ¢ G — Takas HOPpMAJIbHASA TOATPYIINA,
uro rpynna G/H aberera, To ansa mobbx T,y G saement zyr 'yl
aexut B H. B rpynne S5 ects HOpManbHas noarpynna Ay, cocTosmas us
YeTHHIX TOACTAHOBOK. JIErKO MPOBEPUTD, ITO JIOO0M BIeMeHT rpynmbl As
MOXKHO TIPeJCTaBUTh B Bue Yz 'y~ ', rae z,y € As. B camom gene, mo6oit
2MeMeHT TPynnsl Ay ABAAETCA MUO0 UUKIOM IIUHBL 5, IMOO IUKJIOM JJIUHEL 3,
6o npomssenerueM aByx rpancnosunun (if)(kl) ¢ nomapHO pasawaHEIMM
i,J,k, 1. Mus nukia (12345) monoxum x = (12534) u y = (12)(35); nas nuxia
(123) monoxum z = (123) w y = (23)(45); mus saemenTa (12)(34) monoxnm
z = (14)(23) m y = (123). Takum ob6pasom, ecin H < S5 — mOopManbHAL
noarpynna u rpymna Ss/H abenesa, to H = Ay (wim S5). Ho B A yxe net
HOpManbHOM moarpymnsl K, s xoropon daxroprpynna As/K abenepa.

O
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23.4. AGeneBbl ypaBHEHMs

B memyape «O crermuanbHOM KIacce aaredpanvecku pa3penmMeX YPaB-
HeHUI AGesb JOKA3AT TPU BAXKHBLIX YTBEPKACHUSA, OTHOCAIUXCS K pas3pe-
IIYMOCTY YPABHEHUN B PAIAKATIAX.

1. Ecin oquH 13 KOpHEW HENPUBOAMMOIO MHOTOWIEHd [ PaIlMOHAJILHO
BHIPAXKAETCsA Yepe3 APYyroul KOpeHb, To pemenue ypasuenus f(z) = 0 co-
OUTCA K PEIIeHNI0 HECKOJIbKUX YPABHEHUN MEHBIIEN CTEMeHN.

2. Ecav KOpHU HENPUBOAMMOrO MHOrOWIEHa [ uMenT BUX L1, 0(z1),
62(z1) = 6(6(z1)),-..,0" " (z1), rae 6 Taxas parmmoHatbHAA BYHKIMSA,
aro 6™(x1) = 1, To ypasuenue f(x) = 0 pemaercsa B paIAKaIax.

3. Ecin KOpHU HENPUBOAMMOIO MHOTOWIEHA, f UMEIT BUA T1, O2(x1),
B3(21),...,0,(21), rge 6; — Takme panmonanbHble pyHKIMY, 9T0 0;0;(21) =
= 0;0;(z1), To ypaBuenne f(x) = 0 pemaercsa B pauxarax. Boree Toro,
ecin deg f = pi" ... pp*, T0 pemenue ypaBuerus f(z) = 0 cBogurcsa K pe-
IIEHWIO 7] YPABHEHUN CTENEHN Pi, ..., N YPABHEHUN CTEIEHU D,

Msuorounen f, y4acTByOmUN B (POPMYJUPOBKE YTBEPKICHUS 3, HABBI-
BawT abeqesbim, a ypaBHeHue f(x) = (0 Ha3LBAIOT abe.e6blM yPABHEHUEM.
I'pynna Tanya MuOrOwIeHa g abeaeBa TOrAa U TOILKO TOCAA, KOTLa PE30Ib-
BeHTa ['anya MHOro4neHa g ABIAETCA ab€TeBEIM MHOIOMIeHOM. TakuM 06pa-
30M, TeopeMa AGess ABIAETCA YaCTHHEIM ClydaeM TeopeMul [amya: ypasHe-
Hue ¢ abemeBou rpymnmou lanya paspemmmo B pagukanax. leM He MeHee,
MeToabl AGess COXPAHAIT ONPENEJIEHHOE 3HAUEHUE, NOTOMY 9UTO MPELIO-
JKEHHOE UM pelreHue abejeBhIX YPABHEHUN JOCTATOYHO KOHCTPYKTUBHO.

Muorounen f, ygsacTByomui B (GOPMYIMPOBKE yTBEpXKaeHusa 2, Oynem
HA3LIBATDL YUKAUYECKUM aOEAE8bIM. Y TAKOI'O MHOTOWIEHd rpymma laaya
IMNKJINYIECKaAsA.

s pelieHns TUKANIECKUX a0EIEBLIX ypaBHEHUN AGenb TPUMEHMI Me-
TOBL, paspadoranusie Jlarpamxkem u ['ayccom. Ero sacayra cocrour B TOM,
9TO OH BHIJEIUI Hanbosee 00U KIaCC yPABHEHUN, K KOTOPBIM IPUMEHUMEI
ot MeToasl. Kpome TOro, 3aHUMAsACh TEOPUEN DLIMITHICCKUX (PyHKINU,
AGenn Hales HOBBIM MHTEPECHBIU NMPUMED IUKINIECKOTO abereBa ypaBHe-
HUS, 3 UMEHHO, yPABHEHUE [eIEeHUsA JeMHUCKATEHL. COBpEMEHHOE [OKA3ATE b~
CTBO TOr'0, YTO YPAaBHCHUE NEJICHUA JEMHUCKATHI ABJAACTCA IMUKINICCKUM
abeneBLIM ypaBHeHueM, npuseaeHo B [IIpC].

Ha,‘-IHeM C YTBEPXK ICHUSA 1. OHO OTHOCHUTCA K MHOI'OYJICHAM CIICIINAJIBHO-
r0 BUa, HO C IPOM3BOALHOU rpynnou [anya. [encTBuTensro, y pe3oasBeH-
ter [anya a:060r0 MHOrOWIeHa BCe KOPHU PALMOHAIBHO BEIPAKAIOTCS I€Pe3
OJIVH U3 KOPHEN.
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TEOPEMA 23.4. a) IlycTs f — HEIPUBOAUMEIN MHOMOWIEH HAJ IOJIEM K
(HyI€BOU XapPAKTEPUCTUKH), OAUH 13 KOPHEN KOTOPOr'O PAIMOHAIBLHO BEIPA-
JKAETCs 9epe3 APYrou KopeHb. Torna KOpH MHOTOWIEHa f MOXHO 3aluCaTh
B BUe TAOJUIIHI:

IL'%, .73% = e(x%)a » xl = ep—l(xl),
o, 2 =6(af"), ..., @yt =06r""(a7"),
rae O — rakas parmuonaabHas Gyskmma, uTo OP(2i) =2, i=1,...,m.

6) Pemenue ypasuenus f = (0 cBoguTca x pemenuio ypasHeHusa g = (
creneHu M ¢ KOIPPUINEHTAMY U3 TOJAA Kk U UUKINIECKUX a0eIeBLIX ypaB-
wenunt hy =0, ..., h, = 0, rae h; — MHOrOWIEH CcTeneHn P, KO3PPUITMEHTH
KOTOPOT'0 PAlUOHAILHO BHIPAKAOTCA (HAJ 1OJeM k) 9epe3 KOPEHb Y; MHO-
TOYIEHA (.

[JOKABATENBCTBO. a) llycts 21, . .., L, — KOPHU MHOTOWIEH], f U Lo =
= 0(21), rge O — paunonanbHas GyHkuua. PaccMoTpuM MHOrOUIeH () =

n
= II (z — 6(x;)) . KooppuumeHTEL 5TOr0 MHONOWIEHA ABIAIOTCA CUIMMETPH-
i=1

9eCKUMU (DYHKUUAMEA OT L1, ...,TLrn, HOITOMY OHM IPUHALIEKAT HOIIO K.
M=uorourensr f u ¢ mmeor 06mmit kopers T2 = 6(z1). Ho muorowren f
senpueoauM u deg f = deg @, mosTomy 0(z1),...,0(x,) — HexoTOpAs mepe-
CTAHOBKA, 9UCENT T1,...,%Tn, T.€. KAXKJIOMY KOPHIO T; OJHO3HAMHO COOTBET-
CTBYeT TaKOU KOPEHb T, IT0 &; = 0(x;).

PaccMOTpUM BCEBO3MOXKHbLIE TUKIHI T, 0(z;), 0%(x;),...,00 1 (x;), rae
6?(x;) = ;. flcro, uTo MOOEE ABA NMKIA (KAK MHOXECTBA) J100 HE Tepe-
CeKaIoTCs, b0 CoBmaganT. OCTAaeTCA JUIb JOKA3aTh, YTO Y BCEX LUKJIOB
mmHA ofHAa 1 Ta xke. [Iycts p— nanvenbmas pmmHA mukia. Ecm 67 (x) =
[UISL BCEX L, TO BCE LUKJEI UMeIT anuny p. Ecam xe 6P(x) # x, To ypas-
werus OP(z) = z u f(z) = 0 nmeror 06mmu kopens. W3 HenmpuBO fMMOCTH
mHOrowiena f caeayer, uro 0P(x;) = x; s Bcex § = 1,...,n, m0aTOMY BCE
IUKJIBI UMEKT [AJIUHY D.

6) UT06bI n36€XaTh TPOMO3 AKX 0003HAYEHNH, Oy 1eM CIUTATh, 9TO P =
= 3 um = 4. B ofmem crydae nOKa3aTelbCTBO TO ke camoe. Tabmumy
KODHEU MOXHO 3alUCATh B BUIE

T, Z

2 = 6(z1)

4, Iy = 6(1'4), Te = 6
8 = 0(z7)
1= 6(
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ITycTs ¢ — NPOM3BOIBHBIN CUMMETPUIECKAN MHOTCOWIEH OT TPEX MepeMeH-
HBIX Hag noaem k. Torga

o(z1) = q(21,6(21),6°(21)) = q(6(z1),6%(21),21) = ¢(2).

Ananormuano ¢(z1) = ¢(x3). Takum o6pasom, ecin

TO
o(@3)=q, 9(@4)= o(zs) = ¢(z6) = o,
o(®9) = g3, ¢(z10) = ¢(T11) = @(T12) = G-
12
IMostomy ¢1 +q2+q3+qs = % > o(x;) € k. PaccmarpuBas BMeCcTO QyHKINT
i=1

S S
—~
8 8
=N
SN N
1
S S
—~
8 8
w N
N SN
I

q dysxuma ¢, ¢°, q*, momyuaem, aro Y ¢, > ¢%, > ¢* € k. Iro osmauaer,
uT0 KO3pduumenTn muorouwnesa | [(y — ¢;) aexar B mose k.

Ecan r — erme oquH CUMMETPUYECKUN MHOTOWIEH OT TPEX NEPEMEHHEIX,
TO MOXHO PaCCMOTPeTh CUMMeTpudIeckue MHOrowrenn rq', [ = 0,1,2,3.
Onpegeruv r; TOYHO Tak xke, Kak ¢;. Cuctema ypasHenun r1q; + ragh +
+73¢5 +rs¢h = Ry, rne 1l =0,1,2,3 u R; € k, nokasesaeT, aro ; = ®(g;),
rae & — mexoTopas panuoHanbHAA GyHKIUA (OIHA U TA XK€ A BCEX §).

Ilycte ¢ = t1 + to + t3, 1 = tits + totz + t3t; m ¥ = t1tat3. Torga
@1 = 11 + T2 + 3 = Y1 (xopenn MHOT'OLIeHA [y — @), 1 = 122 +
+xows + 2321 = P(y1) u 71 = z1x223 = P(y1). HosTOMYy 21, T2, T3 — KOPHU
yPaBHEHUA N

2° —y12® + (y1)x — ®(y1) =0,

rae ¢ u ® — pammonanbHbe QyHKIMEA. DTO YPABHEHUE ABJIACTCA LAKIAIE-
cKmM abeseBbIM, TOCKOMBKY T2 = 0(11), 23 = 0%(21) u 1 = 63 (x1) |

TEOPEMA 23.5. a) AGeseBO NUKIMIECKOE yPABHEHWE PA3PEmnMO B Pa-
IWKAJIAX.

6) Pemennsa abeneBa TUKIXIECKOrO YPABHEHNUS CTENEHA T = PIM, CBOAWT-
Cfl K PEIICHUIO ABYX a0ENeBLIX IUKIMIECKUX YPABHEHUN CTEIEHEH P U M.

[JOKABATENBCTBO. a) Ilycts f— abesneB UUMKIMYECKUN MHOCOWIEH
CTEMeHN N C KOPHAMU Zy,...,%T,; € — IPUMUTUBHLIM KOPEHbL CTCHEHU T
u3 eguHUIEL; O — Takas panuoHATLHAS (BYHKIHUA, 9TO ZTrpyy = 0F(z1) m
z1 = 0"(z1). Pacemorpum pesoaveenmy Jaepansica

(€, 21) = 21 +"0(x1) + 2702 (1) + ... + VOV (1)),
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Tax xak g1 = 0%(21), TO
(", xpy1) = OF(21) + 708 () + 2 0F 2 () + ... = Zesrek“(xl).

Acuo, aro 6515 (x1) = x; npu s = n—k, mosromy (e, 2py1) = R (e, xy).
B wacrrocTH, (7, ZK41)" = (€7, 21)". CaegoBaTensHo,

(M) = (" 2)" =...=(",2,)" = %Z(ET,a:i)" = u,(e),

rae U, — PAUMOHAJbHAA (DYyHKINA.
Taxum o6pazowm,

T +€"0(x1) +e270%(z1) + ... + VOV (2)) = Vu,(e)

mpu r = 1, ..., n — 1. Kpome Toro, gus r = 0 noaygaem x; + 22 + ...
...+ Ty = —ay, rae a; — xodbdunuent MEorowena f mpu x" 1. Ciroxum
Bce paBencTBa gua r = 0,1,...,n—1. Cymma xoapdurmenTos npu £ Oyaer

paBHa 1, a cymma, koagguuuentos npu 07 (z1), 1 < m < n—1, 6yger pasHa
L+e™+em 4. 4erUm =g

Urax,
nxy =a; + Yui(e) + ...+ Yunp—1(c).

Eciu e paBeHCTBO C HOMEPOM T JOMHOXUTE Ha € F7

NTpyr = ar +€ Y ur(e) + ...+ D 2w, (6).

HecnoxHo moayduTs u 9yTh 601€€e TOYHOE BHIpAXKEHUE:

, TO QHAJIOT'MYIHO IIO-
JIyIAM

NThyr = a1 +y+ Asy® + ...+ Apy™

roe y = ¢ * t/ui(e), As,...,Ay_1 — NOCTOAHHLIC BEIUYWHBI, PAIMOHATBHO
BBIPAXKAKOIMUECA depes €. [JencTBuTenbHO,

(& zu) _ ") | Ee) | Yl
(¢, Zrt1)" (anfk(gr’ml))’“ (g, 21)" (’{/ul(g))r re

OT0 03HAYAET, 9TO A, PANUOHAIBLHO BEIDAXKAETCA Y€PE3 € U CUMMETPUIe-
cKne MPYHKOUA OT T1,...,Tn-
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6) YTo0bl n36€XaTh FPOMO3IKUX 0003HAYEHNH, Oy 4eM CIUTATh, 9TO P =
=3 um =4. B obmewm caygae gokasareabcTBo TO ke camoe. Ilycrs

Y1 = 1 + 25 + T9 =121 + 6% (21) + 6%(21),

Y2 = T2 + 6 + T10 = O(x1) + 6°(21) + 6°(z1),
ys =23 + 27 + 211 = 0% (1) + 65(21) + 6'%(x1),
Ys =4+ T8 + 12 = 03(21) + 07 (21) + 61 (21).

B paccmaTpuBaeMoOn CATyanuy BEIIOJIHAIOTCA yCaI0BUs Teopemsr 23.4 (¢ 3a-
menon 0 Ha 6%), moaromy 21, 04(21) u 68(21) — kKopHE MUKIMIECcKOrO abereBa
YPABHEHUA CTEICHN P = 3, KOO(PPUIUEHTEI KOTOPOr'O ABIAIOTCA PAMOHAIb-
HBIMU (QYHKIUAMEA OT Y;. KpoMe TOro, ¥1,¥y2,y3 U Y4 — KOPHU yPABHEHUA
crenean m = 4 ¢ panmoHAAbHBEIME KO3 dummenTamu. HyxHO numb goxa-
3aTh, ITO 3TO YPABHCHUE ABIACTCA NUKIMICCKIM a0EICBLIM.

IIycTs

a(z) = (8(z1) + 6° (1) + 6°(21)) (21 + 6%z1) + 68(z1))".
Torga q;(x1) = y23}. Kpome Toro,
q(zs) = (w6 + 210 + T2) (w5 + 9 + 5U1)l = qi(z1).

Awnanoruuno q;(ze) = ¢(x5). AHAIOrMYHEIE PACCY XK JEHUSA TOKABEIBAIOT, YTO

ysyh = q(z2) = qi(z6) = @ (z10),
yayh = q(23) = q(z7) = qu(z11),
y1yh = q(@4) = q(zs) = qu(z12).

1 12
CaenoBarensso, Yoyl + ysyb + yayh + 11yl = 1 > qi(xz;) € k. Cucrema
i=1

ypasrernit yoy!t + ... + 1194 = Ty, rme | = 0,1,2,3 u T; € k, nokasersaer,
910 Y2 = @(y1), Y3 = @(y2), ya = @(y3) m y1 = (ya). O

CaEACTBUE. [ukiamyeckoe abeneBO ypaBHEHME CTENeHH 2" PelaeTcs B
KBAIPATHLIX PAIUKAIAX.

23.5. Kpurepm Abers—Tarya paspemmmocTé ypaBHEHH
MPOCTOM CTeNeHn

Osapuct anya norub HA aysiu, HE yCHeB OMyOIMKOBATH CBOUX OCHOB-
HBEIX UCCJIEJOBAHUN M0 TEOPUU PA3PEIIMMOCTY YPABHEHUN B pagukaiax. Ho
HEKOTOPHIE CBOU PE3YJILTATHI OH BCE XKe YCIea OMyOJuKOBATE. B HeGOMBITION
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samerke B «Bulletin des Sciences mathématiques» (1830) T'aaya coobmar,
YTO OH IPUIIE] K CJAEAYIOMEMY Pe3yJbTaTy:

[aa Toro 9T06B ypaBHEHHE MPOCTOU CTEIEHU PEIIAIOCh B PaJUKAIAX,
HeO0OX04uMO U JOCTATOIHO, YTOOKI IIPU 3HAHUH JBYX KAKHX-HUOY I €10 KOP-
HEH OCTAJILHBIE BBIBOJUINCH U3 HAX PAIAOHAILHO.

Nurepecuo ormerutsh, uto B 1828 r. AGens mucan Kpemwro, 9To oH Ha-
IeJ KPUTEPUU PA3PEMIAMOCTA B PAJUKAIAX YPABHEHUA MPOCTOU CTEIEHHU.
Abennb chopmyaupoBas CBOM KPUTEPUU MOYTH TAK XKe, Kak u Lamya: «B
JMI000U TPOUKE KOPHEHN OJVH KOPEHb MO/LKEH PALMOHAILHO BEIPAKATHCA Ie-
pe3 aBa apyrux». Ho HUKAakuX CBUAETEILCTB O A0KA3aTeaAbCTBe AlGeas He
COXPAHWIOCH.

TEOPEMA 23.6. a) Hempusogumoe max Q ypasuenue f = 0 mpocron
CTEIEHN P PA3PEMuMO B PAAMKAIAX TOCAA U TOJILKO TOrIa, KOTIIa €r0 KOPHH
MOXKHO 33HyMEpPOBATb TaK, YTO J00asg MONCTAHOBKA G W3 rpynmbl amya
6yaer umetsb Bug o(i) = ai + b (mod p), rae a Z 0 (mod p).

6) Henpusogumoe van Q ypasuenue f = 0 mpocTou cTenenu p paspemu-
MO B PaJuKagax TOTa U TOJBKO TOTA, KOT/AA BCE €ro KOPHM PAIMOHATLHO

BBIPAZKAIOTCA depe3 Mo0be ABa KopHs. (VHBIME croBaMu, eCim a1, . . ., 0p —
kopHu ypasrerus, T0 Q(ay,...,a,) = Q(a;, ;) 41g MOOLIX PABTHIHEIX § U
7)-

[OKABATENBCTBO. a) [l yKa3aHHOU I'PYIIILL 3aKOH yMHOXKEHUA Me-
er Buj [a1, b1][az, ba] = [@1a2,a1b2 + b1]. PaspenmmocTs Takon rpynnst go-
Ka3aHa B TEOPEME O IIPOCTHIX PANVKAIBHBIX pacmupenusx (Teopema 22.9 Ha
c. 220). ITosToMy OCTaeTCA NOKA3aTh, 9TO €CJAM HEIPUBOAUMOE yDABHEHUE
NIPOCTOM CTENEHN P PA3PEIMMO B PAIUKAIAX, TO ero rpymnmna [axya cocront
73 npeoOpa30BAHNN YKA3AHHOIO BUA.

IIpu moxasarenbcTBE TEOPEMEBI 00 YPABHEHUAX, PA3PEIMINMEIX B PAINKA-
Jax, OBLIO MOKA3AHO, YTO A PA3PEMIuMOro B paaukaiax ypasuenus f = 0
CYIIIECTBYET TOCIEA0BATEIHLHOCTD PAJUKAILHEIX PACIIUPEHUN TPOCTHIX CTe-
TeHen

L=L. oL _,>...oLi=Le(e) DLy =0Q

rie € — OPUMATUBHEIM KOPeHb u3 enuHunsl crenenu [L : Q], pacmmpenne
L o> Q mopmauabHO 1 noae L comepxuT mose pasaoxenus N MHOrO4UICHa, f.
IIpu sTom G(N, Q) — dpaxroprpynna G(L,Q) mo G(L, N). Hosromy gocta-
TOYHO AOKA3aTh, 9TO M000U aBToMOpduam mons L man Q mepecrasaser
KOPDHM MHOTOWIEHA, [ yKA3aHHEIM BEIIE 006PA30M, T. €. KOPEHb C HOMEPOM i
3aMEHAETCA HA KOPEHb ¢ HOMEpOM ai + b.
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Mox#o cauTaTs, 910 moxe L), _; cOmepXKuT He BCEe KOPHE MHOTO4YIeHa | .
[NoKa3aTeqbCTBO TEOPEMEI OCHOBAHO HA TOM, ITO MHOT'OWICH f HEIPUBOIAM
vag L] | m cremens pacmmpenws L > L!_; paBra p. ITO 03HAYAET, 9TO
O CAMOT0 MOCJACTHErO PAJUKATLHOIO PACIIMPEHUA MHOMOWICH f OCTAeTCA
HermpUBOAUMEIM, & Ha TOCICIHEM Iare OH CPa3y paslaraeTCA HA JMHEHHLIC
MHOXUTEIH. TpebyeMoe yTBepXKIeHHe OYeBUIHLIM O0Pa3OM BEITEKACT U3
CJIETYIOIIEN JTEMMBL.

JIEMMA. IlycTe MHOrOwIeH f HempuBOAUM HAJ MOJEM K, COAEPIKAIIEM
NPUMUTUBHLIA KOPEHb W3 EIUHUILI CTENEeHW (, TAE ¢ — MPOCTOE HUCIO.
ycrs, gamee, K = k(B), rae B¢ € k. Torga muorouren f Hajg momem K
qu60 HEMPUBOAUM, JUGO PA3NATAETCA HA ¢ HEMPUBOIUMEIX MHOXUTEIEN
OJJMHAKOBOU CTEIICHMU.

JOKA3ATEJBLCTBO. Ilycts L — noue pasnoxenus MHOrowieHa f Han k.
ITose k copepXUT MIPUMUTUBHEIN KOPEHb CTENEHU ¢ M3 €IUHULEI, TODTOMY
L(B) — nose pasnoxenus muorowiera f zag k(B).

Iocnenosarersuoctu pacmmpernit L) o k(B) o ku LB) o L o k
[AI0T TOYHBIE NIOCIEI0BATEIBHOCTH

0 — G(L(B), k(B)) =~ G(L(B), k) ~ G(k(B), k) ~ 0,
I
0—~ G(LE),L) —G(LE),k)—~ G(L,k) —0.

ITosTomy

G(L@), k@) |G (k@) k)| = |G(L, k)| - |G(LB), L)],

Coraacuo Teopeme 22.5 (cm. c. 218) rpymmst G(L(B),k(B)) u G(L(B), L)
ABIAIOTCSA, COOTBETCTBeHHO, nogrpymmamu B G(L, k) n G(k(B), k). Kpome
TOrO, COrIacHo Teopeme 22.9 (6) na c. 220 rpynmet G(L(B), L) u G(k(B), k)
ABAAIOTCA noarpynnamu rpynnsl Z/qZ. Ilo ycaoBumio ¢ —mpocToe <mcio.
Ioaromy B Z/qZ HeT HEeTPUBHAJIBLHBIX HOATPYINIL, & 3HAYAT,

[G(L. 1) : G(LE), k)] =1 wm g,

IpUYeM MHAEKC PABEH ¢ JIUIb B TOM CIy4iae, koraa rpynna G(L(B), L) rpu-
BuanbHa, T.e. G(L(B), k) = G(L,k). B arom cayaae G(L(B), k(3)) — nop-
manbHas noarpynna B G(L, k) ungexca q.
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Hanomuum, 94T0 MHOrOWwIeH (663 KPATHLIX KOPHEN) HEIPUBOAUM TOLAA
¥ TOJBKO TOr[a, KOraa ero rpynmna ['anya TpaH3WTUBHO NEUCTBYET HA KOP-
uax (reopema 22.6 Ha c. 219). IlosToMy HYXHO PACCMOTPETD JWIIb CIy9dal,
xorga H = G(L(B), k(B)) — mopmansras noarpynna B G = G(L, k) ungex-
ca q. B arom caywae G/H = 7. /qZ, noatomy G = {H,gH,g*H,...,g" ' H}
st Hekoroporo g € G. Ilycts a4, . . . , 0 — KOpHU MHOTOWIEH], f. [Tomoxum
Ha; = {h(«;) | h € H}. Muoxectsa Ha; u Haj m60 cOBNajaior, moo He
nepecekatorcsa. [lostomy muoxecrsa Hay u gHay = Hg(oy) aubo coema-
namoT, aubo He mnepecekaiorcsa. B mepsoMm cayvae rpynmna H nencrsyer HA
MHOXECTBE KOPHE! TPAH3UTUBHO, & BO BTOPOM CJIy4ae MHOXKECTBO KOPHEH
pPa3bmMBaeTCA HA ¢ MOAMHOKECTB OJMHAKOBOU MOIIHOCTH, HA KAXKIOM U3 KO-
Topuix rpynna H peucrsyer TpausutusHo. [Iycts n = rq u H TpaH3uTUBHO
NEeUCTBYET HA MHOXKECTBE O, , - - ., d;, . Lorga H coxpanser Bce koappuumen-
THI MHOT'OWIEHA (£ — i, )+ ... (£ — ;. ), 8 3HAYUT, 5TOT MHOIOUJIEH SBJAETC
HEIPHUBOJUMBIM MHOTIOWIEHOM Hax moxeM k(). m|

Urak, muorounen f menpusogum Haj noxem L!. | m pasnaraercs man no-
aem L) = L. _,(B), rae f? € L;._,, Ha IMHEVHEIE MHOXUTEIN. DTO O3HAYAET,
B 9aCTHOCTH, 9TO ¢ = p. Takum o6pasom, L = L! — nukimaeckoe pacmm-
peHue crenenu p moas L!._;, mpudem mone L. _; COAEPXKUT NPUMUTUBHBIN
KOpeHb crenenn p us egununsl. Cregosarensuo, G(L, L)._,) = Z /pZ. IycTts
0 — obpaayomas 3Tou rpynnsl. Kopau oy, . .., o, MHOrowIeHa f MOXHO 3a-
HYMEpPOBATh TaK, 9TO 6(i) =i + 1, T. €. 0 IEPEBOAUT Q; B Oljy]-

I'pynna G(L,L._,) sBasercs mopmansuon moarpymnou B G(L, L. _,).
IIycts t—mpomsBoapHas mogcTaHoBka u3 rpymnnsl G(L, L. ). Torga
wot ! e G(L,L._;), T.e. Tot ! = 0% g1 HEKOTOPOrO a. JTO O3HATAET,

uro 1t6(i) = 6*1(i), T.e. 1(i + 1) = 1(i) + a. Takum obpazom,
1(2) = (1) + q,
1(3) =1(2) + a =1(1) + 2a,

1)+ (@ —1a=ai+ (x(1) —a) =ai + b,

A
—~

.
~

I

rae b =1(1) — a. llogcranoska T umeeT TpeGyeMEIN BUL.

Jokaxem Teneps, 90 ecau B rpynne G(L, L] ) BCe 0 ACTAHOBKA HMEIOT
Bug (i) = ai + b, To B rpynne G(L,L!, ;) Bce NOACTAHOBKU TOXE UMEIOT
Takou xe Bug. [ [0Ka3aTensCTBa MBI BOCHOAB3yemMcs teM, 110 G(L, L))
COAEpKUT NOACTaHOBKY o(i) =i+ 1 u G(L, L)) aBaseTcs HOpMAJIBHON MO -

rpymnou B G(L, L], _;). IlycTe U — npOM3BOIBHAS II0CTAHOBKA U3 IPYIIIbL
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G(L,L,_,). Torga uou=! e G(L,L.,), nosromy uou='(i) = ai + b. [das
J = 1(i) monysaem uo(j) = au(j) + b, v.e. u(j + 1) = au(j) + b. lpex e
BCEro gokaxewm, 910 a = 1. [lencrBurensHo,

au(l) +b,
u(3) = au(2) + b = a?u(1) + ab + b,
u(4) = au(3) +b = a®u(l) + a®b +ab + b,

(1—aP)u(l) = (@ +a” 2+ ... +a+1)b (mod p).

YuuOX)uM 06€ yacTu Ha 1 — @ U BocHoabayeMcs TeM, 9To a? = a (mod p).
B pesyabraTe nomydum

(1—a)?u(l) = (1 — a)b (mod p).

(mod p). Ho Torga Te xe cameie

Ecm a 21 (mod p), To u(l) = (1 —a) b
= (1 —a)7'b (mod p), 1ero e Moxer

PACCyXK IeHNs IOKA3EIBAIOT, ITO U (2)
OBITB.

6) Eciu HenpuBoauMoe ypaBHEHUE IPOCTON CTENEHN PA3PEIIIMO B Pa,IU-
KaJax, TO ero rpymmna lamya cocrouT m3 mpeobpasoBanui BIAA ¢ — ai + b.
JIro60e nmpeobpa3oBaHure TAKOr'O BUIA, UMEIOIIEE [BE HEIOIBIXKHBIE TOYK,
TOX J€CTBEHHO. DTO 03HAYAET, YTO MOCJE NPUCOSIUHEHNS ABYX KODHEN O; 1
a; rpynna [arya cBOAMTCA K TOXAECTBEHHOMY HPeOOpa3OBAHMIO, T. €. BCE
xopuu aexat B Qa;, o).

IIpeanonoxumM Teneps, 9TO 414 JIOOBIX ABYX PA3IMIHBIX KOPHEH O; U O
none Q(a;,a;) COAEPKUT BCe OCTAIBbHBEIE KOPDHH. DTO O3HAYAET, 9TO €C/IH
npeo6pa3oBanue U3 rPynnel L'axya OCTaBIsAET HENOIBIXKHBIMU IB3 KODHI,
TO OHO OCTAaBJIAECT HEIIOABU2KHBIMHA 1 BCE OCTAJIbHbIC KOPDHMU, T. €. J1:000€e HeTO-
XK ECTBEHHOE IPeoOpa3oBanmne nMeeT He 60jee OQHOU HEOIBUXKHOU TOIKY.

I'pynna lanya G TpaH3UTHBHO ZEUCTBYET HA P-DIEMEHTHOM MHOXECTBE
{a1,...,0,}, nosromy |G| memmrcs HA P.

JIEMMA. Ecau quciao sneMenToB rpynnst G 1eIUTCA Ha, TPOCTOE 9UCIO P,
TO rpynna G COAEPKUT DIEMEHT HOPSLKA P.
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JOKA3ATENBLCTBO. IIycts |G| = n = mp. llpumennm nagykumo oo m.
Ilpu m = 1 yrBepxaenue ovdeBuauo. Eciu B G ecTb COGCTBEHHAS MOJ-
rpymna H, gna xoropon wmuzekc [G : H]| He memwrcs Ha p, To |H| me-
JUTCsI Ha pn MO2XHO BOCIIOJIB30BATHCS HpeII[HOJIO)KeHI/IeM MHOAYKIINN. HOQTO—
MY MOXHO CIMTATh, YTO MHIEKC JIOO0U COOCTBEHHOU MOATPYIINbL JEJUTCA
HA P.

[dus ¢ € G pacemorpum moarpymny N, = {g € G | gzg™' = 2z} n
KJIaCC COMpAXeHHEX anemMenToB G, = {grg~! | ¢ € G}. fcuo, uro |G| =
=[G : N,]. Knaccer COnpsakeHHbIX SIeMEHTOB Ju00 He MePECeKAITCs, Iu00
COBIIAIAIOT, IOITOMY N = Ny + ... + Ny, T N; — UYUCIO DIEMEHTOB B {-M
KJIacce conpspkeHuocTu. 1o ycaoBuio duciao n; aubo paBHo 1, mmbo geanTcs
Ha p. Ecim n; = 1, TO COOTBETCTBYIOIMI 2IEMEHT & KOMMYTUDPYET CO BCe-
MU daeMeHTaMu rpynnsl G, T.e. dexut B ee nearpe Z(G). Koauvecrso ny;,
PaBHBIX 1, I€IUTCA HA P U OTJIXIHO OT HYJIA (€AUHUIHOMY IEMEHTY TDYIIIEL
cooTBercTByeT n; = 1), mosromy Z(G) — abesesa rpynna, HOpAIOK KOTO-
pou gesurcs Ha p. CaegoBarensro, B Z((G) eCTb 3I€MEHT NOPAIKA P. a

1

DJIeMeHT ¢ TopagKa p B rpymne G C S, ABIAETCA IMUKIOM [JINHBI P.
Iocue nepenymMepanuy KOpHEH MOXHO CIMTATh, 9T0 o(i) = i + 1. [Tokaxewm,
4TO DIEMEHT ¢ mopoxaaer B G HopmanbHyo moarpynny. Ilyers 1 € G.
Torga tot ! # id u (tot™!)? = id, T.e. To1"! — muka gmwELr p. Iycts
w01 1(i) = i+a(i) = 69 (i). ¥ uukna mmuer p B rpymme S, He MOXKeT GHITEH
HEMMOABUXKHEIX TO4eK, moaroMmy a(i) # 0 mas Beex 4. Takum o6pasom, pyHK-
1ua a (%) Ha P-DIEMEHTHOM MHOXECTBE IPUHUMAET He (6oaee p— 1 pasamaHbx
3HAYEHUN, IO2TOMY HEKOTOPOE 3HAYEHNUE ¢ OHA IPUHUMAET B ABYX Da3/IAI-
HBIX TOYKAX 4 W j. DTO O3HAUaeT, uTO mpeobpasoBanme ¢~ %tot~ ! mmeer
nBe HemoABUXKHEIE ToUYku. Ho J1060€e npeobpasoBanue u3 rpynnsl G, ume-
Iolee [Be HEMOJBUKHLIE TOYKM, TOXecTBeHHO. [loaTomy tot~1(i) = o%.

U5 pasencrsa 1ot ! (i) = 6® cregyer, uro 1(i) = ai+b, rge b = t(1) —a.
I'pynna, cocrosAmas w3 mOACTAHOBOK TAKOI'O BUAA, PA3PELINMA. O

CneacTBUE (Kpomekep). Eciu menpusogumoe man Q ypasrernme mpo-
CTOU CTEMEHU P > 3 Pas3pemmMo B PAJAKATAX, TO KOJIAIECTBO €r0 BEIe-
CTBEHHBLIX KOPHEH paBHO 1 mwim p.

JOKA3ATEJILCTBO. Yuciao p HEYETHO, IODTOMY yPABHEHUE CTEIEHU P
“MeeT XOTA ObI OJVWH BEIMIECTBEHHBIA KOPEHb. KCam paspemmMoe B pagnKa-
JIaX yPABHEHME [IPOCTON CTEIIEHN P UMEET IBA BELIECTBEHHBIX KOPHA d; 1 Oj,
TO BCe ero kopuu aexat B Qa;, o) R |
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24. Brruuciaenue rpymn larya

24.1. [MuckpuvuuauT u rpymma arya

TEOPEMA 24.1. Tycts A, c S, —3HaxonepemenHas rpymna (T.e.
CPYINa YeTHHIX NOACTAHOBOK), [ € Z[%]— HenpuBOAUMEIN MHOT'OYWIEH CTe-
nenu 1 co crpamuM ko3dgduuuentom 1. Torga rpynma [anya muorowrena f
uan Q cogepxurca B A, B TOM U TOIBKO TOM CJILy4ae, KOr4a, JACKPUMUHAHT
D(f) sBaseTcs MOMHBIM KBAIPATOM.

JOKA3ATEJNLCTBO. Ilycts ay,...,a, —kopuu muorourena f. Torza
D(f) = TI (o — a;)?. Pacemorpum uueno 8 = 8(f) = [[( — a;). Ecan
i<j i<j
o € Go(f), o
6(d) = H(o(ai) —o(a;)) = (-1)%.
i<j

Ilo ycroButo muorounen f mempusogum. [losTomy, B wactHOCTH, & # 0. Cie-
LOBATEILHO, BCe aBTOMOpGU3MEL 6 € Go(f) coxpaHsaioT § Torga m TOJb-
k0 Torga, korga Go(f) < An. C mpyrou CTOpOHEI, BCE aBTOMOP(U3MEL
o € Gg(f) coxpausoT § Torga u TOALKO TOrAa, korga 8 € Q. |

IIPuMEP. Ilycts f(z) = 2® + az? + bz + ¢ — HENPUBOAUMEIN MHOTOWIECH
Han Z, D —ero muckpmvuuant. Torpa Go(f) = As, ecm vD € Q n
Go(f) = Ss3, ecam VD ¢ Q.

JOKA3ATEJILCTBO. Muorowien f HenpuBoauM, MOSTOMYy rpymma a-
aya Go(f) TpamsutuBHa. B S5 ecTh TOIBKO OfHA TpaH3WTWBHAA T'DYNIA,
OTJIUYHAA OT S3, & UMEHHO, Aj. a

24.2. Pe3oabBeHTHBIE MHOIOWICHEI

Oycrts ¢ € Q1,...,2,] u G, — rpynmna, COCTOAMAA U3 MOACTAHOBOK
6 € Sy, A1 KOTOPHIX G@ = @, T.e€.
cp(mo(l), ... ,.Z'O.(n)) = (p(.il;'l, ... ,.CL'n).
Ilox geiicTBUEM DIEMEHTOB S;, 13 QYHKIK (¢ MOIYIAIOTCS PABIHIHEE (DYHK-

o Q1 = @, Qo = 129, ..., Pm = Tu@. lpu droM m = |S,|/|Gyl.

MpumEP 24.1. Eciu @ = £172+2374, T0 G, COCTOUT U3 TOX JECTBEHHOM
nogcranosku u nogcranosok (12), (34), (12)(34), (13)(24), (14)(23), (1324)
u (1423). Ilpu 5TOM @2 = Z1Z3 + TaZs U P3 = T1T4 + T2T3.
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Jlerxo nposeputs, uTo Gy, = 'ciG(P'rz-_l. B camoM gerte, paBEeHCTBO 0@; =
= ¢; E-)KBI/IBaifleHTHO paBeHCTBY oT;¢ = T;¢. IloaTomy 'ci_lo'ci € Gy, T.e.
o€ 1GyT; -

Oycrs f(z) = 2" + ap—12"" 1 + ... + ap — MHOrOWIEH C HeabIME KO-

dburuentamu u @ € Z[ry, ..., o,]. Onpegemum rpynmy G, ¥ MHOTOYIEHEI
®1,...,Pm, KAK U BHIIIE. Pe30.4b68ERMHbIM MHO20UACHOM HASBIBAIOT MHOLO-
wIeH

m

R‘es((PJ f)((E) = H(Z’ - (Pi(ala sy an));
i=1
rae di, ..., 0, — KOPHU MHOT'OWIEH], f.
Koopdpuimen T pe3oasBEHTHONO MHOT'OWIEHA IENLIE, TIODTOMY €0 MOXK-
HO BBEIYUCJIUTD, NPUOMMKEHHO BeraucaiuB KOpHu MHOrowneHa f. (Kosddu-
LUEHTHI PE30JIbBEHTHOI'0 MHOI'OWIEHA BEIYUCISIOTCS C JOCTATOYHOU TOYHO-
CTBIO U OKPYIVIAITCA A0 OIMKANIIErO [eaoro Iucia. )

TEOPEMA 24.2. Ilycts pesoabBeHTHBm MHOro4uIeH Res(o, f) me mme-
eT KpaTHHIX KOpHen. B Takom ciay4ae rpynma anya muorowrena f man Q
COJIePKUTCA B TPYIIIe, COMPsKeHHOU rpymme (7, TOr4a U TOILKO TOTAA,
korga Muorounes Res(@, f) nuMeeT meI0UnCICHHBIN KOPEHb.

HJOKA3ATEJNBCTBO. IIpeamomoxum cHadama, 4TO
—1
GQ(f) < TG(PT = G(Pi’

rge ¢; = t¢. Torga ncao @; (a1, . ..,0,), ABIMOLIIEECT KOPHEM MHOIOWICHA
Res(g, f), coxpansercs nos elcTBIEM BCEX IPeOOpasoBaHui u3 rpymnsl ['a-
Jya, HO3TOMY OHO panuoHaabHO. Ho ducna ay,. .., o, — Heasle arrebpamde-
CKY€, a KODPPUIMEHTH MHOIOUIEHA (; LEIBIE, II0ITOMY 9UCIO0 @i (A, . . ., Ap)
eJoe.

Ipeamonoxum Temepsb, 910 M0 P;(dy, ... ,0,) meaoe. Ilo ycaosmo y
PE30IBBEHTHOTO MHOT'OYICHS, HET KPATHLIX KOPHEH. DTO 03HAMACT, ITO €CIN

oA, ..., ;) = @j(a1,..., %),

TO TJTlGTz' € G, Jlbas noacTanoBKa ¢ u3 rpynmel ['arya coxpanseT neroe
“ucao 9; (0, . . ., op), TODTOMY JIA Hee § = j, T.€. 0 € Tqu,Ti_l. O

Bocnonbsosasmuce Teopemamu 24.1 u 24.2, MOXHO BBEIYUCIATH TPYIILY
Tanya mo60r0 HempuBo guMoro MuEorowiena f(r) = zt4a;2®+asz® +azr+ay



24. Buwiuucaenue 2pynn I'aaya 241

¢ neabivu Kodddurmentamu. I[Ipex ne Bcero samerum, 9T0 B Sy C TOIHOCTHIO
[0 COTIPSIKEHHOCTY €CTh JUIMb CJAEIYONE TPAH3NTUBHLIE IOATPYIIIEL:

1) Bcs rpymma, Sy;

2) sHakomepeMenHas rpynmna Ag;

3) rpynna amsapa mopsagka 8, onucaHHas B mpumepe 24.1; Ty rpynmy
o603uHauuM Dy;

4) rpynna Kneina mopsgxa 4, cocrosmas m3 moxcraHoBok (12)(34),
(13)(24) u (14)(23); oy rpynmny obosuauum Vy;

5) nukawdeckas rpynna Zj, TopoxaeHHas uukaom (1234).

Nwmetor mecTo crepytomue Bratodenusn: Vy € DyN Ay u Zy < Dy, npudaem
Zy & Ay

Brraucaenve rpynmer lanya HagHEM ¢ TOTO, 9TO BHIMUCAUM JUCKPUMU-
HaHT D MHOrOwieHa f u pesoabBeHTHHIM MHOrO4UIeH Res(o, f)(x) gus ¢ =
= T2 + T374. HeCIOXHBIE BHIYUCICHAA TOKA3HEIBAIOT, ITO

Res(, f)(z) = 2° — asa” — (a1a3 — 4a4)z — asal — 4asay — aj.

Jlerko mpoBeputs, 4TO y MHOrowIeHa Res(, f)(z) HeT KpaTHBHIX KOpHEH.
Iycrs, nanpumep, o1ds + agoy = ooz + azoty. Torma (o — o) (a2 —ag) = 0.
Ho y mMuOrowiena f HeT KpaTHBIX KOPHEH, IO3TOMY 01 # 4 U Og 7 O3.

Eciu y pesyJbTaHTHOrO MHOIOYIEHA HET LEJOYUCIEHHBIX KODHEH, TO
rpymnna [axya pasua Sy uin A4. Pazauauts 5Ty DpyIOBL MOXKHO C TOMOIIBIO
muckpuMuHaHTa, D: ecim D — nonubt kBaapar, o rpynmna [anya pasaa Ag;
B IPOTHBHOM CJIy4ae OHA PaBHA Sy.

Ecau xe y pe3yanTaHTHONO MHOTOWIEHA €CTh eTOYUCICHHBIN KOPEHb, TO
rpyuna lanya pasua Zg4, V4 mwnn Dy. W3 3Tux rpynn Toasko Vi COxepxuTcs
B A4. Tlooromy ecam v/D — meroe umeno, To rpymma Larya pasua Vi; B
NPOTUBHOM CIy4ae OHA PaBHA Z4 miau Dy.

Pazauunte rpynnet Zy u Dy MOXHO C IOMOIIBIO PE3OJLBEHTHOIO MHO-
TOYWIEHA, TOCTPOEHHOrO MO (PYHKIUN

2 2 2 2
(.P = .’L']_.Z'2 + .CL'2£B3 + .’L'3£IJ4 + $4$17

A xoropour G, = Z4. Ho B 5TOM ciTydae y pe30OJbBEHTHOI'O MHOT'OYLICHA
(cTenenu 6) yxe MOryT OLITH KpaTHEIE KOpHU. Hanpumep, paBeHCTBO

2 2 2 2 2 2 2 2
A5 + A0z + A3y + A4A] = A A5 + A20y + A403 + AzA]
OKBUBAJCHTHO PABEHCTBY

(a1 — an) (a3 + aq) + agos = 0. (1)
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Ho eciu xaxguil KOPeHb o; 3aMEHUTH HA O; + @, TO IPU HEKOTOPOM @ Pa-
BeHCTBO (1) yxe He OyJeT BHIIOIHATHCA.

B ofmem ciry4ae OT KPATHEIX KOPHEN DE30ILBEHTHOI'O MHOIOWIEHA
MOKHO M30aBUTHCS, IPUMEHUB OoJee CI0XKHOE TpeodpasoBanne IupHrayasa.
OTO — NPAKTUIECKAsA PEKOMEeHAAIusA. TeOpeTHIecKn xKe MOXKHO BOCIOIb30-
BATHCS CJAEAYIOMKM yTBEPK IEHUAEM.

TEOPEMA 24.3. Ilycte f € Z[z]— mHOrOwIeH cTeneHn n 6e3 KPaTHBIX
xopuer u G C S, — npom3BOABHAA NOArPynna. Torga mis HUX CyImmecTBYeT
Takas GyHKuuA ¢ € Z[r1,...,T,], 910 Gy = G ¥ PE30IbBEHTHBIN MHOIO-
aner Res(¢, f) He uMeeT KPATHBIX KOPHEH.

JOKA3BATEJILCTBO. IlycTs a4, ...,0, — KopHU MHOrOwieHa f. [Ipu no-
CTPOEHNN PE30JbBeHTHI ['arya MBI MOKA3aJa7, ITO CYyIIECTBYIOT TAKIE LIEJIbIe
IUCAA M, - . ., My, ITO IS BCEX TOJCTAHOBOK O € Sp IUCIA M1Ug(1) + - - -
«++ + My Og(n) HOMAPHO paszau4HbLl. [lonoxum

b(t,z1,...,20) = H (t = mi0ga) — ... — Mplg(n))-
oeG

s 1:060U TOACTAHOBKU T € S;, MOXHO PACCMOTPETh MHOT'OWIEH

TLI)(t,.’L'l, Ce ,.’L‘n) = ({)(t,mt(l), .- .,.’L'.E(n)).

Muorowrenst 11§ u To) Pa3IMYHBL TOIAA ¥ TOIBKO TOI'AA, KOIJA OHU Pa3-
JUYIHBI KAK MHOT'OWIEHBI OT { Ipu (PUKCUPOBAHHBIX L1 = A1, ...,Tn = dp.
Ilog mencrBmeM saeMeHTOB rpyniet S, ud Gyakunn Y(t, z1,...,2,) = §
noxy4arrcs pasmuaabie yskumu P = §, Yo, ..., {p,. [Ipu 370M MHOrOWIE-
HEL OT ¢ Buga $1(¢,01,..., ), ---; Py (f, 01, ..., Ap) TOXKE MOMAPHO PABIAI-
Hel. IlosToMy cymectByer to € Z, nas kKoToporo uucia (g (to,as,- .., dy,),
ooy Om(to, a1, .. ,0p) mOMAPHO pasmuyHEL B TakoM clIydae MHOrOWIEH

Q(Z1,---,2n) =Y(t0, 21, .., Zpn) =

= H (to — M10g(1) — -+ — mnac(n))
ceG
uckomel. B camom pmexe, ecim T ¢ G, TO MHOrOwIeHBl §(Z1,...,%Tn) U
(21, ..., Tp) PABMAIHEL, TOCKOIBKY DA3INIHEL NX 3HAYECHUA B TOUKE Tq =

=01y...,Tpn = Ap. O
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24.3. I'pymma l'arya mo moxy.aio p

Oycrs f(z) = 2™ + a12™ ! + ... + a, — HEIPUBOAMMEIA MHOTOWIEH C
measiMu KOG dunmentamu. /s 106010 IpoCTOro Yucaa, P MOXKHO PACCMO-
rpers MuOorowieH f (mod p) mag nonem F, (kosdduunentsr MEOrOwIeHa f
3aMEHAIOTCA Ha COOTBETCTBYIOMINE KIACCH BLIYETOB IO MOAYJIIO p). MHOro-
wied f (mod p) MOXeT 0Ka3aThCA IPUBOAUMBIM; CTPYKTYPa €0 PA3JI0KEHUA
HA HENPUBOAUMEIE MHOXUTEIN TECHO CBA3AHA CO CTPYKTypou rpynmb [a-
aya maorowiena f mag Q. DTy CBA3b MBI CeMYaC M3YyUUM U BOCIOAB3YEMCS
el [/ BLIMUCJICHUSA HEKOTOPEIX rpynn Larya.

Mu GygeM paccMaTpUBATBL JUINL TAKWE NMPOCTHE YUCIA P, LI KOTO-
perx MEOroweH f (mod p) HE mMeeT KPATHBIX KODHEW, T.€. MHOUOYIEHED
f (mod p) u f' (mod p) Baaumuo npoctsr. Ilocaegnee ycaoBue SKBUBATEHTHO
Tomy, ato p He nemut R(f, f') = £D(f). B manpbmeimmem Gynem npeamona-
rathb, 9T0 guckpumuHaaT D(f) e memurcs Ha p.

Kopuu maorowrena f (mod p) me o6asareasbro aexatr B noae Fy , Ho cyme-
CTByeT KOHEe4IHOe pacumpenue nons Fy, , cogepxalnee Bce KOPHI MHOTOWICHA
f (mod p). YTo6BI TOCTPOUTE TAKOE PACLIMPEHNE, JOCTATOIHO HAY IATHCA K
IIPOM3BOJIBHOMY KOHEYHOMY nouo F, nmpucoesuHATh KOPEHb HEIPUBOJUMOI0
Haj F, mEOrowunena h. Jlerko nposepuTsb, 9T0 GAaKTOPKOIBIIO

K =T, [2]/h(2)F,[]

ABIAeTCA HOJeM. JleficTBUTENBHO, ecin MuEOorodnet g(x) € Fy [z] ne gemurces
Ha h(x), To or B3ammuO npocT ¢ h(x), mosTomy u(x)g(z) +v(z)h(z) = 1 gun
nexkotopex u(z),v(z) € F,[z]. CaenoBareasno, u = g~! (mod h(z)). fcuo,
aro K = F,(a), roge a —o006pa3 sIeMeHTa & NpU KAHOHUIECKOU MIPOEKIINH.
IIpu sTom h(a) = 0, T. €. & — KOPEHb MHOIO4IEHA h.

Ipucoenunus kx F, Bce KOpHU a3, . . .,d, MHOroureHa f (mod p), moxy-
aum noxe Fp (o, ..., a,) = Fpr. Iycrs Gal — rpynma Tanya muorowrena f
rvag Q Gal, —rpymma asromopdusmos noas Fy(aq, ..., a,) Hag nomem F,.
JIr0601 Takol aBTOMOPGU3M IEPEBOSUT KOPEHD O; B HEKOTOPEIN KOPEHb O
¥ TIOACTAHOBKA KOPHEU OMHO3HAYHO 3313eT aBToMOpduaM. [losTomy mocae
HyMepauuy KOpHe MOXHO cuuTarh, 4To Gal, —moarpynma B S,. OTme-
TUM, 9TO KOPHU MHOrOWIeHOB f u f (mod p) JexaT B pA3HBIX MHOXECTBAX,
IpUYeM MeXIy KOPHAMU DTUX MHOT'OWIEHOB HET €CTECTBEHHOrO B3AMMHO
OJHO3HAYHOI'O COOTBETCTBHUA.

TEOPEMA 24.4. a) Ilpu moaxonsmen HyMepanun KOPHEX MHOIOWIECHOB
f u f (mod p) rpynna Gal, aBasercs noarpynnon rpynnsr Gal.
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6) I'pynna Gal, ABIfeTCA UUKIMYECKOM TPYNION NMOPAAKA 7, TAe ©—

crenens pacmupenus Fy, (a1, ..., a,) moas F,.
B) Eciu muorounen f (mod p) mpeacraeiser coGo¥ NpomsBeeHUE He-
IPUBOAMMBIX MHOXUTENEU CTENeHeW 7y, ...,7Ny, TO rpymma Gal, comep-

XKUT TpousBejeHne (HemepeceKalomuXCsa) IAKIOB, IIMHBL KOTOPHIX DABHEL
Niy...,Ng.

[JOKABATENBCTBO. a) MHOroweH, aHAJOTMYHBIL De30abBeHTe la-
Jya, MOXHO IIOCTPOUTD, 3AMEHUB IieJble IUCIa My, .. ., M, HA IepPeMeHHbIe
Ui,...,Un. A uMeHHO, nyCTb [1,...,Bn — KopHu MuOrourena f. Paccmo-
TPUM MHOT'OWIEH

F(.T,ul,.. .,un) = H (.’1: _Ulﬁo(l) — ... —unﬁc(n))

=
U BBLAEJIVM y HEr0 HENPUBOAWMEIN Han Z muoxutens G(x,ui,...,u,), ge-
JSAIMAC Ha & — w11 — ... — UpPp. TOUHO Tak ke, KAK U 1JIs PE30IbBEHTHL

lanya, nokaswiBaeTcs, uro rpynna [anxya Gal cocrout 3 moacTaHoOBOK, CO-
OTBETCTBYIOIIUX JUHEUHLIM [EIUTENAM MHOrOWIeHa, G.

Hag nmonem F, muorouren G (mod p) pasnaraercs Ha HEIPUBOIUMEIE
muoxureau G; (mod p),...,G; (mod p). Jlo6as mOACTAHOBKA KOpHEN
o1,...,d, MHOrOwWEHa f (mod p), mpunaarexamas rpynne Gal,, mepe-
BoguT MHOrowieH G; (mod p) B ToT x)e camem muOrounen (; (mod p).
IToaromy Ta xe camas MOLCTAHOBKA KOPHEH [1,...,HBn HE MOXET IepeBo-
mutbe G(z,u1,...,U,) B IPYrOM HEIPUBOAUMBIM MHOXUTEIb MHOTOYIEHA,
F(z,u,...,up), TOCKOAbKY y MHOrouteHa F' (mod p) mer kpaTHbX neau-
TeNen.

6) B mone xapakTepUCTHKU p BBHIIOIHAETCA coOTHOmeHue (z + y)P =
= zP 4 yP. Takum obpasom, eciu £ # y, 10 2P — y? = (xz — y)? # 0.
IlosToMmy oTo6paxkenue x — zP aBngerca apTromopduamom mous -, ocTa-
BIIAIOIIMM HEMOABILKHEIMU dJeMeHTH nois F,. Cremenn 3Toro aBromop-
Jdu3Ma, epeBoIAT T B x”,mpz, ..., z?" = z. Tlone F,» momyuaercs u3 mo-
aa F, npucoenunenwem xopusa { muorourena z9~' — 1, rge ¢ = p”. Ilpn
sroM {* # (P ecmn 0 < a < b < q — 1. CreoBaTensHO, ABTOMOP(hU3MEL
T — 2P x — m”Z,...,x — 2P’ = r nomapuo pasmmunsl. C APyroi cro-
POHBL, cTeneHsb pactuperus F,r O F, paBma r, mosromy { yzoBreTBopseT
ypaBuenuio crenenu r Hag noxeMm Fy,. Jlio6on aBromopduam moxs F,- mHag
noxeM F, ogHO3HAMHO 3agaeTca 00pa3oM d/1eMeHTa {, MODTOMY KOAMIECTBO
PA3JMYHBIX aBTOMOD(U3MOB HE IIPEBOCXOJUT T.



24. Buwiuucaenue 2pynn 'aaya 245

B) I'pynmna Gal, nukindeckas, mo3TOMy OHA IOPOXK AEHA HEKOTOPOU MO -
CTAHOBKOU o. IIpeacraBuM 5Ty IIOACTAHOBKY B BUIE IPOU3BENCHUsA HEIIEPe-
CEKAIIMNXCA MUKJIOB:

o=(12...5)@F+1...)...(...n).

I'pynna Gal, TpaH3UTUBHO IEHCTBYeT HA DIEMEHTAX KAaxXJOrO IIMKIA, IIO-
y P Il b}
5TOMY LMKJLI COOTBETCTBYIOT HEIPUBOAUMEIM MHOXUTEIAM MHOOWIEH],

f (mod p). O

5 —z —1umax Q pasua Ss.

IIPUMEP. I'pynna I'anya mHOrOuneHa x

JOKA3ATEJLCTBO. Ilo MOmyaro 2 pacCMaTPUBAEMEIA MHOIOYWIEH PacC-
KJIaIBIBACTCA Ha HEIPUBO JUMEIe MEHOKUTen 22 +r+1 1 2° + 22 + 1, mosromy
ero rpymna l'anya cogepxut nogcranoexy suga (ij)(klm).

Io mogymio 3 MHOrOuIeH 1° — ¢ — 1 HempuBoguM. B camom gere, ecau
OBI 5TOT MHOT'OUJIEH OBLI IPUBOIUM, TO Y HErO OBLI OB MHOXUTENb CTEIIEHN
1 wm 2. IIpousBenenre BCEX HEIPUBOIUMBIX MHOI'OYWIEHOB cTeneHn 1 mim 2
ma osem 3 pasro 2 —x (cM. Teopemy 13.7 ma c. 115). IloaToMy MHOTOWwICH
2% — 2 —1 gomKeH UMeTh OBIMH JeanTenb 00 C MHOTOUIEHOM Z° — x, b0
C MHOTOWIEHOM T° + T, a 3TOro He MoxeT OTh. Cle1oBaTe bHO, TPy
Tanya conepxnt muxn (12345).

I'pymma Taxya cogepxmr mogcramosky ((ij )(klm))3 = (ij). Conps-
ras Tpaucnosummioo (i1j) smemenTom (12345)%, moaydaeM TPAHCHO3UIUIO
(i+a,j+a). lIpu a = j — i mOCIAE[OBATENBHO MIOIYyIaEM TPAHCIO3UIMHA (1)),
(jp), (pq), (gr), (ri), KOTOPLIE MOPOXK AAIOT BCIO Ipymniy Ss. O

Ppobenuyc mOKa3aua, ITO eciu rpymma [axya HEempuBOIUMOrO MHOIO-
wieHa f CTEMeH: 7. COIEPKUT IONCTAHOBKY, IPENCTABIAIIIYI0 COO0N MPo-
W3BeleHNe IINKJIOB, AJIUHBI KOTOPBIX PABHEL N, .. .,NE, TO CylleCTByeT Oec-
KOHEYHO MHOT'O TTPOCTHIX YUCE P, Mg KOTOPLIX MHOrowieH f (mod p) pas-
JIATaeTCA HA HEMPUBOAUMBIC MHOKUTEIN CTEICHEH Ny, . . . , Ng. OH BEMUMCIAT
TaKke IMIOTHOCTB TAKUX MPOCTHIX yucent p. [lo moBoxy Teopembr mMIOTHOCTH
®pobennyca u 0606IIAOIIEN ee TeOpeMHEl MIoTHOCTH Je6oTapesa cum. [J],
[He], [ATY] u [C].
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25. Teopemnl I'mib6epTa 0 6a3uce m 0 HyJIIX

25.1. Teopema I'min6epTa 0 Gasuce

Teopema I'mibbepTa 0 6aszuce mosBmIaCH B 3HamennTon padore [Hi2]. B
2TOU PaboTe OLLIN MPEIIOXKEHBI COBEPIIEHHO HOBEIE METOJEI, C MOMOIILIO
KOTOPHIX YJAJOCH TOKA3aTh CyIIEeCTBOBAHUE KOHEIHOr0 0a3uca 1 UHBAPH-
anToB ¢opm. o sToro, B 1868 r., ['opman gokasan CyIiecTBOBaHUE KOHEY-
HOro 6a3uca Juib 1 OMHAPHEIX (GOPM, IPUYEM CIEIAHO 3TO OBLIO BECHMA,
TpymoeMkuM nepebopom. ['mapbepTy ke ymaaoch Cpasy pemnuTb Psj LEH-
TPAJBHBEIX NPOOIEM TEOprUy MHBAPUAHTOB. lIpaBaa, ero mMeToanl ObLIM He-
KOHCTPYKTHUBHBL, 4TO OOy amn0 ['opnana 3asaBUTBH: «ITO HE MATEMATHUKA,
2T0 Teosorusl

IIycte K — mexoTopoe none (Hanpumep, Q, R wiu C) wiu xonbuo Z,
K[z1,...,%] — KOJIBLO MHOTOWIEHOB OT 7 TIEPEMEHHEIX ¢ KO duuneHTa-
vu u3 K.

TEOPEMA 25.1 (Twns6ept). Hycts M < Klzy,...,T,] — IPOU3BOIL-
HOe IOAMHOXeCTBO. Torga cymecTByeT TakOM KOHEYHBIN HAGOp MHOIOIe-
HOB My, ...,M, € M, 9T0 10601 MHOTOWIEH m & M MOXHO IpejCTaBUTH
B BUIE M = MMy + ...+ Aoy, THE N € K[21,...,2p]

Teopemy 'mianbepra yagobuee chopMyaInpoBaTh HA, A3BIKE UIEATIOB. 10-
rga ee OyeT MpOIe JOKA3LIBATE.

TMogmuoxecreo I ¢ Klzy,...,%,] Ha3bBalOT 4dea10Mm, €CIM BHINOIHSI-
I0TCA ClIeAYIOIINe IBa yCJIOBUA:

Dabel=a+bel;

Nael, fe Klzy,...,zy) = fae I

[ust mo6oro MuHOXecTBa M < K[z1,...,T,] MOXHO PACCMOTPETD MOPO-
xaeansm uM ugean (M), cocToAmun u3 BCEBO3MOXKHLIX KOHEYHEIX CYyMM
Buga Aymy + ...+ homy, vae \; € K[z, ..., z,], m; € M.

CemencrBo {aq}, aqy € I, HaswBaloT 6asucom upeata I, ecanm mobon
pneMeHT a € I MOXHO IPEeACTABUTH B BUAE 4 = AGq, + ... + A0y, TA€
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\i € K[z1,...,%,]. Ugean I Ha3HIBAIOT KOHEUHO NOPOHCOEHHBIM, €CIA OH
06s1a1aeT KOHEYHBIM 0a31COM.

Maa moxaszareabcTBa TeopeMbl 25.1 MOCTATOYHO MOKA3aTh, YTO WMIEAJT
I(M) xome4no nopoxaenuemi. B camom mene, B TakoM ciaydae aoo60U die-
MeHT MHOXecTBa M < I(M) MOXHO BEIPa3UTb Y€pe3 KOHEYHHIN HAGOD Dile-
MEHTOB Q1,-...,0s € I, a KAXIBIN U3 DTUX DJIEMEHTOB BHIPAXKAETCA I€PE3
KOHEYHBIN HAOOP DIEMEHTOB MHOXKeCTBa M.

TEOPEMA 25.2 (Teopema I'mis6epra 0 6azuce). B xompue K[z1,. .., Ty]
MI000M UaeaT KOHEYHO TIOPOXK IEH.

[JOKA3BATEJBbCTBO. 3aMeTUM CHAYAJIa, 9YTO B PACCMATPUBAEMOM KOJIb-
e K 0601 naean KOHEYHO IOpOxK aeH. B camom mene, ecan K — moae, TO B
HeM JI000U HEeHyJIeBOU uaeat coBnanaet ¢ K u nopox e saementoM 1. Ecin
xe K = 7, 1o mobon naean umeeT BuL M7 u NMOPOXKIACTCA DIEMEHTOM 711
(YT0o6m1 10Ka3aTH 9TO, MOKHO PACCMOTPETH HAUMEHBIIUN 3JEMEHT UIeama. )

Mycrs L, = K[z1,...,2,)npun > 1, Ly = K. Torga K[zy,...,Tnt1] =
= Ly[z], rae © = zp41. Kax Mur yxe ormerwin, npu n = 0 B Koasue Ly,
MI060M UIeAT KOHETHO MOPOoXK feH. [[03TOMy JOCTATOYHO NOKA3ATh, 9YTO €CIN
B Koable L = L, moGoy unean KOHEIHO NOPOXKA€H, TO B Koablie L[z] mo6on
naean I Toxe KOHEYHO IIOPOXK IEH.

ITAr 1. Crapmme Ko3(p@UIMEHTHE MHOTOWIEHOB u3 upeana I c Llz]
BMeECTE C HyJeM 00pa3yioT HEKOTOPHU ugean J B koabie L.

B camom gene, nycts f(z) = az™ +... u g(x) = bx™ + ... — HEKOTODHIE
MHOrowieHsl u3 maeana I. Moxuo cumrars, uro m < n. B Takom ciayuae
muoroureH f(z)+x" ™ g(z) aexut B ugeane I, a ero crapumit KOs UIEEHT
paBeH a+b. fAcHo Takxe, yroecmu A € Lu X # 0, To crapiumu ko3¢ UuImesT
MHOrOwIeHa A f paBeH Aa.

Iocrpoenne xoreunoro 6asuca ngeana I B L[x] HaduHeM ¢ TOrO, 9TO BHI-
0epeM KOHEYHBIU 0a3uC dq,. . ., a, uneasa J B L. D1eMeHTH ay, . . . , Gy ABJSA-
IOTCA CTAPIIUMU KOI(PPUIMEHTAMEA HEKOTOPBIX MHOTOWIEHOB f1, ..., f, € I.

IITAT 2. CymecTByeT Takoe HATYPAIBLHOE YUCIO N, ITO JOGOU MHOIO-
e u3 ugeana I SBISeTCS CyMMOU MHOTOWIEHA CTEIEHU HUXKE 7, 1 MHOI'O-
wnena Buga M fi1 + ... + A fr, e A; € L[z].

Iloxaxem, 9TO B Ka4eCTBE 7 MOXKHO B3SATh HAMOOJIBLIYIO U3 CTEIEHEH
MHOTOYIEHOB [1, ..., fr- BosbMem B I mpouwsBoibHBI MHOrOWIEH f(z) =
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=az™N +... creneru N > n. Ilo onpegerenmio a € J, mosTomy a = Y Aja;
UL HEKOTOPEIX A; € L[z]. PaccmoTpum MuOrOownen

g(x) = fz) = Y Nz I8,

Y mmorourena g xoadbumment npu ¥ pasenm a — Y. ha; = 0, mosTOMY
degg < N —1. Eciu N — 1 2 n, T0 5Ty KOHCTPYKIMIO MOXHO IOBTOPUTH
u T. 1.

ITAr 3. CymecTByeT TakOUM KOHEYHBIM HAOOD MHOIOWIEHOB (i, . ..
..»gs € I, 970 1060M MHOTOYNEH CTEmeHW HuUXKe 7 w3 ugeana I Mox-
HO IPEJCTABUTH B BUAE A1g1 + - .. + Asgs, T N; € L[z].

KoaddumenTs: mpr 27~ MHONOIEHOB cTeneHn He Bohime 1 — | u3 uea-

aa I o6pasyroTt mekoTopriu ngean koabia L. [lycTs by, . . ., by — 6asuc sToro
uaeana, gi,- - -, gk — MHOTOWIEHHI cTeneHu 1 — 1 3 ugeana I co cTapmuMmn
xoa(purmenTamu by, . .., bg. BosbMeM B ugeasne I npOonsBOIbHBIN MHOTOWIEH
h crenenn n— 1. [Iycts b— crapomi k03pPUIMEHT STOr0 MHOrOwIeHa. To-
rga b = Mby + ... + Mbg, roe h; € L[z]. IlosTomy crenens MHOrOWIEHA
h—Xig1 —...— Axgx He npeBocxoauT 1 — 2. Takum 06pa3oM, ¢ TOIHOCTHIO
O DIEMEHTOB MJ€aJa, MOPOXKIEHHOrO MHOIOWIEHAMH (1, ..., Jk, HAM yAa-
JIOCh 3aMEHATH MHOT'OWIEH CTENEeHU 7 — 1 MHOT'OWIEHOM CTEIIEHU HE BBIIIE
n — 2. AHAJTOIMYHO MOXHO BHIGPATH MHOTOWIEHHI §ki1,-..,J; TaK, 9TO C
TOYHOCTBIO O DJEMEHTJ, U/Eaja, MOPOXKIEHHOI'0 UMY, MHOTOYWIEH CTEIEeH!
7, — 2 paBeH MHOI'OYJIEHY CTEeIleHU He BBIE 1 — 3 U T. A. O

25.2. Teopema I'min6eprTa 0 HyJIaX

Teopema Iuavbepma 0 HYAAT TOABMIACH BO BTOPOU 3HAMEHUTON PabO-
Te I'mis6Gepra mo Teopum muBapmantos [Hid]. DTy Teopemy mHOrga Ha-
3LIBAIOT TakKxke meopemoti [uabbepma 0 KOPHAT; €e HEMEeIKOe HA3BAHWE
Nullstellensatz 06meynoTpeOuTEIbHO U B AHIVIOA3BIMHOM MAaTEMATHIECKOU
JauTEPATYypE.

TEOPEMA 25.3 (Teopema I'minbepra o myaax). Ilycrs

f:fl:"':fT = C[wlr":wn]a

IpUYeM MHOTOWIEH f OOpalaeTcs B HYJAb BO BCEX OOIMX HYJAX MHOI'O-
9I€HOB fi,..., fr. Torga mpu HEKOTOPOM HATYPATBLHOM ¢ MHOrOwwieH f7
NIPUHA JIEXUT UACALY, IOPOXKIEHHOMY MHOIOWIEHAMH f1,..., fr, T.e. f9 =
=g fi +...+ grfr A1 HEKOTOPEIX §1,...,9r € Clz1,...,2,].
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[JOKA3BATEJLCTBO. CHadana MBI JOKAXKEM OIUH YACTHBLIN CIydau Teo-
pemul ['mip6epTa 0 HyIaX, 13 KOTOPOr'0 MOXKHO BEIBECTH M OOLIYI0 TEOPEMY.
A umenno, MBI paccMoTpuM ciaydan, korga f = 1.

TEOPEMA 25.4. Ilycts MHOrOWIeHH f1,...,fr € Clz1,...,2,] Tako-
BHI, UTO y HUX HET OOmwmX HyJen. Torga CymecTBYIOT TAKMe€ MHOTOWICHED
91,---59r € Clz1,..., 2], 91O

afi+...+9fr=1

[JOKABATENBLCTBO. Ilycts I(fy,..., f.) —ugean xomsua Clzy, ..., z,],
TMOPOX JEHHEIM MHOTOWIEHAMA f1, ..., fr. IIpemmonoxum, 9TO0 He Cyime-
CTBy€T TAKUX MHOL'OYWIEHOB J1,...,Gr, 9T0 g1f1 + ... + g-fr = 1. Torma

I(fla'-'afr) #K

IIMAr 1. Hycts I — HeTPUBHAILHBIN MAKCUMAJLHEIN Uean Koabia K,
comepxamqui I(fy,..., fr). Torga koo A = K/I ssaserca monem.

B camoMm gerne, [OCTATOYHO NPOBEPUTH, 4TO B Koable K /I mobon HeHy-
aeBou daeMeHT uMmeer obparuem. Ecim f & I, o I + fK —ugean, ctporo
comepxamquu I, mostomy I + fK = K. OT0, B 9aCTHOCTH, 03HAYAET, ITO
cymecTByoT Takue MHOrowensl a € I ub € K, 9ro a + bf = 1. B Takom
cay4aae krace b € K /I sBasieTcs 0OpaTHBIM 1S KIacca fek /1.

IIycre a; — 00pa3 >1eMeHTa Z; Ipu KAHOHMYECKOU MPOEKIN
p:Clzy,...,zn] = Clz1,...,2,]/I] = A.

Torga A = Clay,...,a,]. Takum 06pazom, A — KOHEYHO NOPOXKIEHHAA Al-
re6pa Hag C, ABAAIOIIASACA B TO Xe BPEMs MOJEM.

IITAr 2. Ecan xonewHo mopoxkjenHas anrebpa A = Cloy,...,a,] HAL
norem C cama sasaserca nmoaem, To A cosnagaer ¢ C.

Hawm nonazoburcs caepyroiiee BCIIOMOIaTEIbHOE YTBEDXK ICHUE.

JIEMMA (nemma Hérep o Hopmanusanuu). B amrebpe A = Clay, ..., a,)
MOXHO BHIOpaTh airebpawydecku HedaBucuMble HAM C daeMeHTHL Y1, ..., Yk
TaK, 9TO J000U dreMeHT g € A OyaeT yIOBIETBOPATH HOPMUPOBAHHOMY
anreGpaundeckomy ypasaenuio Hag Clyr, ..., Yk, T. €.

ad+bad  +...+b =0, rge bi,....b € Clyr,- .., Ykl
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HJOKA3ATEJILCTBO. IIpumenum muaykumio mo n. Kcau snementsr o, . . .
e, 0, anrebpamvecKu HE3aBUCHMBI, TO yTBEpPXKAeHHe O4ueBuaHO. IlycTh
flag,...,a,) = 0— aarebpaudeckoe cOOTHOIIEHVE Mex a1y HuMu. Ecam f—
MHOI'OWIEH CTENEHU 1M, ¥ KOTOPOro kK03(pUureHT OIpu &, He PABEH HYIIIO,
TO

a?+b1a;”_1 ++bm = 0, bl,...,bm (S (C[otl,...,ozn_l].

OcraeTcs BOCHOIB30BATHCS IPEATION0XKEHNEM UHIYKIUN.

Eciu e Ko>(hduuuenT npu z' paBeH HyIIo, CHETAEM 3aMEHY Tp = &y,
z; =& +ai&,,i=1,...,n— 1. Ilonpobyem nogobpars uucia a; = C rak,
9TOOBI y MHOI'OIEHA,

!](51, .- -;En—l:gn) = f(wla v 7$n) = f(il + alin; .- -;En—l + an—lznagn)

ObLI HEHYJIEBOM KO>(puuueHT npu &', TOT KOPPUIMEHT PaBEH

9m(0,...,0,1) = fn(ar,...,an-1,1),

rae fm @ gm — ONHOPOAHEIE COCTABJIAIIINE CTAPIIEN CTEMEHN MHOTOWIE-
HOB f m g. fICHO, 9TO HEHYJIEBOM ONHOPONHBIA MHOTOWIEH [ (T1,...,%,) He
MOXKeT OLITH TOXIECTBEHHO DaBeH HYJIIO IIPU T, = 1. O

Teneps MOXHO IPUCTYNUTH HENOCPEACTBEHHO K NOKA3aTEILCTBY TOrO,
aro A coemagaer ¢ C. Beibepem saementTsr ¥y, ..., Yr € A, 0 KOTOPBIX nAET
peus B demme Hétep o mopmasmsaruu. [lokaxeMm, 9TO B TakoM CIydae B
anrebpe B = Clyy, . .., yr] 1106011 HEHYJIEBOU DIEMEHT x 06paTuMm, T.e. B —
nosie. ITo ycaoButo A — mose, mosromy z o6patum B A. Kpome Toro, coraac-
Ho Jemme Hétep snemenT z~! yqoBIeTBOpAET ypaBHEHUIO

(@Y b () + ...+, =0, by,...,b = B.

1_1, OOMIYyYIUM

YMHOXMB 06€ 9aCT! 5TOr0 YPABHEHNUA HA T
z7l= by —box—...— bl.'L'l_l e B.

Tlone B = Cly1, . - -, Yr] OpeacTaBiseT co60M KOIBIO MHOIOYIEHOB OT K
nepemensbix Hag moaeM C. Ho npu k # 0 KOO MHOIOYWIEHOB HE MOXET
ovrrs mosem. Iosromy B = C. A mo6on saemenT nons A sBaseTcs KOpHEM
MHOI'O41JIEHA

() + b () ...+ b, by,...,pe B=C.

Caenosarensno, A = C.
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IIMAr 3. MuoOroueHs fi,..., f, 0OpPaIIalOTCA B Hy/Ib B TOUYKE

(t1,...,0a,) € C".

B camom gene, npu KAaHOHUYECKOU TTPOEKIIAN
p:Clzy,...,zn] > Clzy,...,2,]/[I=A=C

saemeHT z; mepexogur B o; € C, mosrtomy muOrOwnen ¢(zi,...,T,) me-
pexoguT B ¢(d1,...,0,). A Tak KaK MHOTOWIEHH fi,..., f; IPUHAIICKAT
uneany I, mpu KAaHOHUYECKOU TPOEKIVU OHU MEPEXOJAT B HYJIb.

Wrak, npegnonoxus, uto I(f1,..., fr) # Clz1,...,2,], MBI Doxy4nIn,
9TO y MHOTOWICHOB f1,. .., f; €CTh OOmMUI HyJIb. A 5TO MPOTUBOPEYIAT yCJIO-
BUIO T€OPEMBI. O

Toxkaxem Teneps, cregys [R], kak u3 TeopeMer 25.4 MOXHO MOTYyYUTH
oburyo Teopemy l'minbepra o mymwax. Jas f = 0 yTBepxkaeHue 04eBUIHO,
moatomy Oygem cumrarh, 4T0 f # 0. J0oOaBEM K IEPEMEHHEIM I1,...,Tn
HOBYIO IEPEMEHHYIO Tp41 = 2 U PACCMOTPUM MHOIOWIEHH f1,..., fr,1—2f.
Y HEX HeT 00X HyJIeU, I0dTOMY

L=hifi+...+ hfr+h(l—2f),

rae hi,...,hy, h— HEKOTOpBEIE MHOIOYWIEHHI OT NEPEMEHHEIX Z1,...,Ln, 2
Tonoxum z = 1/ f. Ilocae npuseseHns K 00IEMy 3HAMEHATEO MOLY UM

fl=agfi+...+9-fr,

rae gi,-..,gr — MHODOWIEHEL OT Z1,...,%Ln. DTO COOTHOIICHNE NMEeT Tpe-
OyeMEIN BUL. m|

3AMEYAHUE. Ecmm kosdduimentsr muorowienos f, fi,..., fr Beme-
CTBEHHBIE U npu 3ToM [ 06pamaeTrcs B HyJb BO BCEX OOIMUX KOMILIEKC-
HBEIX KOPHAX MHOTOWIEHOB f1,..., fr, TO CYIIECTBYIOT TaKWe MHOIOWICHEI
g1, - - -, gr C BeIleCTBEHHBIMU KOdddurmentamu, 4to f9 = g1 f1 + ...+ g, fr.
B camom gene, cormacuo Teopeme ['minbepTa O Hyasx paBeHCTBO f7 =
=hifi + ...+ h.f, BHIDOIHSETCA OIS HEKOTOPHIX MHOTOYIEHOB A1, - . ., A,
¢ KOMILIEKCHEIME Koaddunmentamu. Ilycts h; = g; + ip;, Tae g; u pj —
MHOI'OYJIEHBL C BeIeCTBeHHEIMU Kodpdunumentamu. Torga f? = g1 fi + ...
-t grfr

J1060u HAOOP OAHOPOIHLIX MHOIOYJIEHOB MMEET OOLIUU TPUBUAILHLIA
HyJIb — HA4aJI0 KOOpAuHAT. II03TOMY B OQHOPOLHOM CiIydae aHAJIOIOM Ha-
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60pa MHOTOYJIEHOB, HE UMEIOIIUX OOIIUX HyJIeU, CIyKUT HaOOP MHOTOWIEHOB,
HE MEIOIX 00X HeTPUBUAILHEIX HyJaeH. /s 0 fHOPOJHEIX MHOIOYICHOB
AMeeTCsl CAeAYIOMY aHaI0r TeopeMsl 25.4.

TEOPEMA 25.5. Ilycts Fi,...,F. € Clzy,...,2,] — Takue ogHOpOA-
HEIE MHOT'OYWIEHBI, 9YTO Y HAX HET OOIMX HEeTPUBUAILHEIX HyJeu. Torga mo-
poxgenus uvu unean I (Fy, ..., F,.) conepxuT BCe OTHOPOHEIE MHOIOLIE-

HBI cTenenu d > dy, rae dg — HEKOTOpOe (PUKCHPOBAHHOE TUCIIO.

HJOKA3ATEJNBLCTBO. Ilo yCcaoBuiO equHCTBEHHEIM OOIIAM HYJEM MHOI'O-
<ieHoB F1, ..., F,. aBiserca HA9aI0 KOOPpAUHAT. [I05TOMY JMHENHBIE MHOIO-
YIEHHI L1, . ..,%; OOPAIAIOTCA B HYJb BO BCEX OOMMX HYAAX MHOIOYWIEHOB
Fi,...,F,. Coraacro teopeme ImisGepra o mymwx =i’ € I(F,..., F,) gus
HekoToporo p;. llomoxum dg = (p1 — 1) + ... + (prn — 1) + 1. Torza moobou

a1

moHOM Xg = z{* -... 2% crenenu d = a1 + ...+ ap > do geanrca Ha XL

npu mekoTopoM i. llosromy Xy € I(Fy, ..., F,). |

IIpocToe npsimoe HOKA3aTEILCTBO TEOPEMEI 25.5 IPUBEIEHO B CTATHE
Kaptee u Tenra [CT].

25.3. Muorowien I'min6epTa

HamoMHMM CHa¥aIa HEKOTOpLIE ONPENENEHUs U3 O0OJACTA KOMMYTATUB-
Hou anrebprl. Modysem Han xonbuoMm A HaswBaioT abeneBy rpyunmy M, Ha
KOTOPOU JIMHEMHO NEACTBYIOT DJIEMEHTHI KOAbIa A, T.e. misa aobux a € A
um € M onpegenen snemesnt am € M u npu 3TOM

a(m +n) = am + an, (ab)ym = a(bm),

(a +b)m = am + bm, 1m =m.

Hampuwmep, eciu A —mose, T0 MOAyab HagQ A —5TO BEKTOpHOE MPOCTPAH-
ctBO Hag A.

Moayas M Han KOAbLOM A HABLIBAIOT KOHEUHO NOPOHCOEHHbIM, €CIIN
M000N dIeMeHT m & M MOXHO NPEICTABATHL B BUAE T = Y a;M;, TAe
my, ..., My — UKCHPOBAHHLIN KOHEIHEIA HAOOD dmeMeHTOB M .

o0
I'padyuposarnbim xoavyom HasmBaooT xomsno A = @ A;, roe A; —an-

=0
OUTUBHBIE HOArpynnsl A, ygoBrerBopsomue ycaosuio A;A; < Ay, I'pa-
Jyuposanmvim Modysem HAL TPATYUPOBAHHEIM KOJBLOM A HA3LIBAIOT MO-
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o
nynme M = @ M;, rae M; — agaurusaee noarpynnsl M, yaOBIeTBODSIO-

mue YCJIOBI/I;O (14,~Mj c My ;.

B »ToMm maparpade OCHOBHBIM NPUMEPOM IPA,TYUPOBAHHOIO KOJABLA Oy-
et xoabo A = Klxg,...,T,], rae K —mone; mpu sTom A; cocrout us
OJHOPOMHLIX MHOT'OWIEHOB CTEIEHH 4.

Npean I ¢ K|zo,...,%,], HA3LIBAIOT 00KOPOOHbIM, €CIIA BCE ONHOPONHBIE
COoCTaBJsIOIue JI000r0 daeMenTa ugeana I Toxe gexar B I (ogHOpOgHON
cocrapasaomen crenenu ¢ muorowiena f € Klzo,...,ZT,] HA3EBAIOT CyM-
MYy BCEX €0 WIEHOB CTeIeHu {). Jlerko nposeputs, 410 ugeat I oqHOPOLeH
TOrJa ¥ TOJBKO TOrA, KOI'JA OH IMOPOXKAEH OTHOPOIHEIMU MHOI'OYIEHAMU
fi,---, fx- B camom gexne, ecam ugean I ogHOPOAEH, TO OJAHOPOIHLIE COCTA-
BJISIFOLIIIE€ MHOT'OYIEHOB, NOpoX naiomumx I, nexar B I u mopoxgator I. Ecan
xe uaeat I mopoxgeH 0HOPOIHBEIMU MHOIOYIEHAMH fi, . .., fi, TO dmeMeHT
g € I MOXHO CHaYAla 3aMUCATHL B BUIE § = » . Ny fy, & 3aTEM Pa3IOXKUTH
KX Bl MHOTOWIEH h, Ha OTHOPOJHEIE COCTABIANIME. B pesyibrare Ka-
KIS OJHOPOIHAA COCTABIAIONIAA ¢; MHOTOWIEHa ¢ OyAeT MPEeACTABICH, B
Buge g; = y_ xpfg, mosTomy g; € I.

Wnean I ogHOpOAEH TOrAa U TOJBKO TOr' A, KOI'JA €0 MOXHO MPEICTA-

oo
Buth B Buge [ = @ I;, roe I; = I n A;. HosTromy daxropkomsno M =
i=0
= A/I sBasercs rpagyupoBaHHBIM MonyaeM Han A ¢ rpagymposkon M; =
= A;/(In A4;). Hoscuum sTo nogpobree. Ilycts g, h € A = Klzg,...,zn] —
HEKOTOPLIE MHOTOWIEHEI, g; U h; — UX ONHOPOJHEIE COCTABISAIOIIAE CTEIe-
uu . Knaccer g + I m h + I coBnagaoT TOrga u TOIHKO TOra, KOIAA, IPU
BCeX i COBHAmaIOT KaacCh g; + I N A; u h; + I N A;. IlosTomy

M=A/T=@ A/InA)= @ M,
1=0 =0

Jenctue A Ha M ycrpoeno crepyiomum obpaszom: mnge Au f+1 e M
snement g(f 4+ I) € M onpenensiercs xaxk gf +1 € M. flcuo, 94ro npu 3T0M

Ai(4;/(I 0 4j)) < Aip /(T 0 Aig).

TEOPEMA 25.6 (T'masbept). Iycte K —mome, A = Klzg,...,2,] u
oo
M = @ M;—xOHEYHO NOPOXAEHHEIN TPaIyUPOBAHHBIN MOAYIb HAL A.
=0
Torga CymecTByeT TaKOM MHOTOWIEH pjs(t) CTemeHw He BBIIE 71, ITO HPH
BCEX JOCTATOYHO OOJBIINX { Pa3MepHOCTb M; KaK BEKTOPHOI'O IIPOCTPAH-
crBa Haj nosem K pasua pas(4).
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HJOKA3ATEJILCTBO. Ilpumennm muayknuio mo n. basa unaykuuu: n =
= —1, T.e. A= K. B srom ciaydae M — KOHEIHOMEPHOE BEKTOPHOE IIPO-
crpancTBo Hag noteMm K, mosromy M; = 0 mpum gocTaTodHO OONBIIMX %.
Taxum o6paszom, pyr = 0.

IIpeanonoxum Tenepb, 910 1 > 0 U yTBEPXKIEHWE BEPHO MJIA MOIYJICU
nHan kombuoMm A' = K[zg,...,2n-1] (A" = K npu n = 0). Honoxum z =
u pacemorpuMm A-monymt M' = {m € M |zm =0} u M" = M/xM. Otn
MOy KOHEYHO TIOPOXKAEHLI HAm A, TpUYeM OHU aHHYJIUDPYIOTCA YMHOXKE-
HueMm HA Z, T.e. tM' = 0u xM" = 0. Cregosarensno, M' u M" — koneuno
nopoxaernsie A'-monyan. IlosToMy MO TPEATIONOKEHNIO WH IYKITIY TIPU O-
CTATOYHO OOJBIINX { BEIIOMHAIOTCI paBeHcTBa dim M) = py(4) u dim M|’ =
= p2(i), ra€ p1 U Pr — MHOTOWIEHEI CTENEHU HE Bbome 1 — 1.

st 10600 HATYPAIBLHOIO § MMEETCS TOYHAS IIOCIeJ0BATEILHOCTD

Xx
0—>M{—>Mi—>Mi+1—>Mi"—>0,
Xz
rae orobpaxenune M; = M;,; — ymHOXeHue Ha z. IloaToMmy

dim M; — dim M; + dim M;4, — dim M} ; =0,

dim M;,q — dim M; = dim z’g_l — dim M.

IIpu mocTaToYHO GOMBIINX ¢ BHEIIOIHIETCSI PABEHCTBO
dim M}, — dim M; = pa(i + 1) — p1 (i) = q(4),

rae ¢(7) — MHOroOwieH CTeneHu He Bhime 1 — 1.

Iycre f(i) = dim M;. IIpu gocTaTo4HO GONBIINX 4 BHITONHAETCS PABEH-
crBo f(i +1) — f(i) = ¢(¢), rge ¢ — MHOTOWIEH cTeneHu He Bbume 1 — 1. B
TAKOM Cay4ae f — MHOrOWICH CTeneHu He Bomue 1 (Ipu AOCTATOIHO 6OJb-
mux %).

Monoxkum (™ = z(x — 1) -...- (x — m + 1). Jlerko mpoBepurs, 4TO
(z + 1)) — g(m) = ma(m=1  Muoroarens (@ =1,z ... z(»~1) o6pa-
3y0T 6a3UC IPOCTPAHCTBA MHOTOWIEHOB CTEIEHU HE BBHILE 7, — 1, mOpTOMY

n—1
MHOTOIEH ¢ MOXHO TIpeicTaBuTh B Buge ¢(z) = 5. a,z(®). B makom cryuae
s=0
n—1 as
MHOrOwWIeH fo(z) = Y, ——
s=0 8t 1

—fo(2) = q(%). fAcuo Taxxe, uro pyuxuus c(i) = f(i)— fo(i) npu gocrarouno

z(511) yroBreTBoOpseT coorHomenmio fo(i+1)—
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6ombIuuX i yAoBaeTBOpsieT cooTHomenuto ¢(i+ 1) —¢(i) = 0, mosromy c(i) =

n—1
a
= ¢—xoHcTanTa. Takum o6pasowm, f(z) = Y, ﬁx(yfl) + ¢ — MHOTOWIEH
s=0 §

CTENEeHU HE BBIIIE 7. O

Meuorounen pys (i) HaseBaOT MHo20usenom uabbepma monyas M. flc-
HO, 9TO 3TOT MHOT'OWIEH LeJa03HauHb (CcM. . 100), mosTOMy €ro MOXHO
NPEeICTABUTEH B BUJE

par(@) = o) +er(,t ) 4o+ Cms

TH€ Cg, - - - , Cy — Leable uucaa u m < n. Mul npegnonaraemM, 9to ¢y # 0. B
cay4aae, korga M = Clzo,. .., z,]/I, rae I — ogHOpONHBIN UAEAT, IPY HEKO-
TOPBIX €CTECTBEHHLIX OIPAHUYEHUSAX IUCAA Cg U M JOILYCKAXT CAEIYIOLIYIO
reOMeTPUYECKYI0 UHTEPIPETALNIO.

Opguopogaomy maeary I coorBercTByeT aare6pamdeckoe MHOXKECTBO
V(I) B mpoextuerOM npoctpanctee CP™, a uMeHHO,

V(I) = {(ao,.--,an) € CP" | f(ao,...,a,) =0 Vf e I}.

Unean I uwaswiBator npocmuim, ecim fge I = f € I wm g € I. [lna mpo-
croro ugeana I anrebpamydeckoe MHOXKecTBO V (I) HEmPUBOAMMO, T. €. €ro
HeJb3s1 HeTPUBUAJIBHBIM 00Pa30M MpPeACTaBUTh B Bujge 00neauuenus V (Iq)
u V(I,), roe I u I — oguopoaubie ngeanst. Orpanudenue, 0 KOTOPOM LI,
BBIIIE PEYb, 3AKII0YAETCSI B TOM, 9TO uaeasa I noaxeH ObITb NPOCTHIM. 1O-
IAa 9UCIO T COBIAJAET C PA3MEPHOCTHIO IPOEKTUBHOIO AIre0pandecKoro
muOroo6pasus V (I), a 9ucao ¢y COBIagaeT co CTENEHBIO 3TOr0 MHOr006pa-
3us (cTenens MHOroo6pasus pazmeprnoctu m B CP™ onpegensercs Kak Ko-
JWYECTBO TOYEK NEePECEYeHMsA DTOr0 MHOr000pasusa C MOAIPOCTPAHCTBOM
pa3MepHOCTH 1 — M B OﬁmeM IIOJIOXKEHNHU, T. €. C II0OYTU BCEMU TAaKMMMU IIOMI-
mpocTpascTBamu). [J0Ka3aTeabCTBO 3TOr0 yTBEPXKACHUA MOXKHO HAUTU B

ITpuMEP 1. Ecim M = Clzg,...,z,], TOMm =nu ¢g = 1.

B camom gene, M; cocTOMT M3 OTHOPOJHEIX MHOIOWIEHOB CTEIEHU ¢ OT
n + 1 nepemennbx. Moromy zg ...Zi COmOCTABMM HOCIELOBATENLHOCTD,
B KOTOPOU CHAYANA, UAYT ig HyJeU U OOHA €IVHULA, 3aTeM UAYT 4] HyJen

¥ OHA €IVHULA, ..., & B KOHLIE CTOAT i, HyJeU. DTa MOCAENOBATEILHOCTD
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COCTOUT U3 i + 7 IUCeJ], CPEeIU KOTOPBIX § HyJen u n eauauil. KomudecTso
TAKUX HOCJIe,ELOBaTeJIbHOCTeI‘/)I paBHO

i+n t+mn)-...-(1+1 " i
(4= R D = D=

MooTomy par(i) =dimM; = () +...

ITpuMEP 2. Ecin M = A/ f4A, rne A = Clzog, ..., Zy,], & fg— ogHOpOA-
HBII MHOrO4IeH crenenu d, To m =n — 1 u ¢y = d.

B camom gene, yMHOXeHVE HA fy JAET TOYHYIO MOCIELOBATEILHOCTD
X fa
0> H,_4 Hi_’Mi_’Oy

rae H; —npocTpascTBO OJHOPOAHEIX MHOI'OYWIEHOB CTEIEeHu i OT N + 1 me-

pemennnix. B mpumepe 1 mokazawo, uro dim H; = (z j‘l"), 03TOMY
dim M; =dim H; —dim H;_4 = ('L-:;n) _ (’i—(iL+n) _
n—1 .
_qg _ i
_d(n—l)! + ... _co(m) +...,

raeco=dum=n—1.

IIycte M —rpanyupOBaHHBIM KOHEYIHO NOPOXK/EHHBIN A-monyan,

pm (i) = ¢o (;1) + ...—wmuorowies ['mis6epra mogyas M. B Takom caydae
quciao m = dim M 6yaeMm Ha3EIBATL pasmeprocmvlo Monyas M, a qucio
co = deg M —ero cmenenvio. Kak mel yxe ynomusanu (u npumepsr 1 u 2
5TO MOATBEPKAAIOT), B caydae, koraa I  Clzg, . . ., ] — O4HOPOAHELA IPO-
cron ugean u M = Clzg, ..., zy,]/I, aucro dim M — 5T0 pasMepHOCTH MHO-
roo6pasus V(I) ¢ CP™, a aucao deg M — creneHb 5TOr0 MHOr0OGpasus.

O6cyauM Tenepb HEKOTOPHIE CBOUCTBA CTEIEHN U PA3MEPHOCTH DALy~
posarrOro A-Momyns M, koTopee Ham noTpebyroTca B pasaene 25.4. Oco-
OBIII MHTEpeC MpeACTaBIAeT caydan, korga M = A/I, rge I — ofHOPOAHEI
npocTou ugean. B sTom caygae M aBaseTcs KOJAbIOM 0€3 melIuTenen HyJsd,
T.e. M —obuaacts nerocraoctu. C Apyrow CTOPOHHI, OHOPOAHLIN ugean [
IIPOCT TOTAA M TONBKO TOrga, korga A-mogyas M = A/I obnagaer cie-
nytomum ceorcTeom: eciu f & I, To fm # Qnpum # 0 (3gecs f € Am
m & M). B o6mem cayuae A-monyas M Gynem HA3BIBATD 4E€40CTIHbIM, €CIT
s moboro f € A mbo fM =0, mbo fm # 0 npu m # 0.



25. Teopemvr I'uavbepma o 6a3uce U 0 HYAAT 257

o xonma sroro naparpada 6ynem cantars, 9to A = Klzg,. .., Ty], Tge
K — mexkoropoe noJe, npuieM KOJblo A CHaOXKEHO €CTeCTBEHHOU IPALyu-
poBkoun A = é A;, rae A; — MHOXKECTBO OJHOPOJHBLIX MHOI'OYIEHOB CTe-
menn i; M —;?)%,gynpOBaHHmﬂ KOHEYHO MOPOXKJEHHBI A-MOaysb, npudeM
dimM >0, T.e. ppsr # 0.

TEOPEMA 25.7. Ilycts mogyas M nenoctuwy u f € Ag— Takou on-
HOPOAHBIN MHOro4ieH crenenu d, uro fM # 0. Torga

dim(M/fM)=dimM -1 u deg(M/fM)=ddegM.
Ha A3BIKE I'€OMETPUU 3TO YyTBEPXKICHUE BBIIVIAIUT TAK: MUMIIEPIIOBEPX-
HOCTb CTermeHM d BBICEKAET HA MPOEKTUBHOM AIreOpamdecKOM MHOI000pa-

3uM Pa3MEPHOCTH M U CTENEHU ' NOAMHOroo0pasue pa3mepHocT m — 1 u
crenexu dr.

JOKA3ATENBCTBO. Ilycte M' = {m € M | fm = 0}. YMHOX)eHHNEe Ha
f AaeT TOYHYIO HOCIEAOBATEIHLHOCTD

0— M!_g— M; 4 < M; — (M fM); - 0.

N3 ycaosusa Teopemur crepyet, aro M' = 0. [losToMy npu 10CTATOIHO GOML-
VX % BBLITOJHAETCS PABEHCTBO

pmypm(i) = pu(i) — pu (i — d).
IIycts dim M = m u deg M = r. Torza

. . ) i — d T, .
pM(z)—pM(z—d):r(;l)—r(lm )+...:%(zm—(z—d)m)+...:
T _oord

——m!z +...—7(m_1)!z +...,
T.e. parypm(i) = dr(mi_ 1) + ..., 9TO U TPeBGOBAIOCH. |

Moamoayas S — M HasbLBalOT 00HOPOOHLIM, €CIU OH TIOPOXKIEH O-
HOPOJHEIME JJI€MEHTaMu (T. €. DIEMEHTAMU ONHOPOIHBIX caaraemerx M;).

o0
OxBuBanenTHOe ycaosue: S = @ S;, rme S; = S N M;. Ilpu sTOM PakTOp-
=0

o0
mMoxyab M /S mmeer ecTecTBennyio rpanyuposky: M /S = @ (M;/S;).
=0
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TEOPEMA 25.8. Ilycts p—npocrtoe uucio, ve aemsmee deg M. Toraa
B M ecTb TAKOU OQHOPOHEI TOAMOYIL S, 9T0 dakTopmoayas N = M/S
VAOBIETBOPSET CACAYIOUMM YCAOBAAM:

(a) dim N = dim M;

(6) deg N me menurcs Ha p;

(B) Mmoayas N nmeqoCTHBIN.

Ha reomeTpuieckoM sS3BIKE 3TO COOTBETCTBYET BHITEICHUIO HETIPUBO Y-
MOU KOMITOHEHTHI MAKCUMAIHLHON PA3MEPHOCTH B CIy9ae TIPOU3BOJBHOTO AT
rebpanvecKoro MHOXECTBA, COCTOSAIIEr0 U3 HECKOIBKIX KOMIIOHEHT.

[JOKABATENLCTBO. Ceouctsa (a) n (6) sBemonnsatorcs gua S = 0. Kpo-
Me Toro, mogyab M xomeuno mopoxnen Hag A = Kxo,...,2,], mosTomy
06251 BO3PACTAOIIAA TOCIEI0BATENILHOCTD TOAMO Ay Ien M cTabuimsupyer-
ca. CrenoBaTeabHO, CyIIECTBYET MAKCUMATBHLIN OJHOPOJHBIN 10 MO IYJIb S,
IJISI KOTOPOT'O BHIMOMHAIOTCA cBOMCTBA (a) u (6). IlokaxeMm, 4TO A1 Mak-
CUMAJBHOrO HOAMOAY/sA S BEIIOIHAETCA U CBOUCTBO (B), T.e. Moayab N =
= M/S nenocTHIN.

TpebyeTcsa goka3aTsb, 4T0 ecint f € A, To mubo fn = 0 mpu Bcexn € N,
mubo fn # 0 npu Bcex n # 0. DTO yTBEepXKAEHNE NOCTATOYHO AOKA3ATH B
caydae, korjga f — OJIHOPOMHBLIM MHOIOWIEH. B camom nene, mis mpOon3BOIIb-
HOI'O MHOT'OYJIEH3 TpebyeMoe yTBepKIeHue TOr'IA MOXHO OyAeT HOJyYIUTh
creayomuM 06paszom. Pasnoxum f u n HA OMHOPOAHEE COCTABAAOIME: [ =
=fs+ fsr1+...mn=ng+ 0441+ ..., 08¢ fs #0 u ny # 0. [Ipegnomno-
xum,u10 fn =0, T.e. feng =0, f5+1’rLt + fsnt+1 =0, f5+2nt + fs+1nt+1 +
+ fsniro = 0,... U3 ycroBua ng # 0 mocaenoBarensuo noaydaeMm f,N =0,
fs+1N =0, fs42N =0,... CaegoBarensuo, fN = 0.

Urak, nycts f — oguoponusm MHOrOwieH crenenu d u fN # 0. Ioao-
xum N' = {n € N | fn = 0}. YmuoxeHne Ha f HaeT TOUHYI MOCIELOBA-
TEIBHOCTD

0—N,_4g—Nia X N; — (N/fN); — 0,

0~ N; 4/N;_4— N; — (N/fN); — 0.

ITosToMy mpm 6OBIINX ¢ BHIIOJHAETCS PABEHCTBO

pN (i) = pnygen(8) + payne (i — d). (1)
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Ycnoeue fN # 0 osmagaer, uro fM + S # S. Us maxcumansaOCTH S
ciaegyeT, 9TO MOAYJIb

N/fN = (M/S)/f(M]S) = M/(S + fM)

HEe MOXEeT OJHOBpEeMeHHO obmanarh ceoucTBamu (a) u (6). [losTomy mubo
dim(N/fN) < dim N = dim M, mu60 dim(N/fN) = dim M, no deg(N/fN)
NeTATCA HA .

Corunacuo ¢popmyae (1) B mepsoM caydae

ri®

pan(i—d) = —++ ..,

rage n = dim N, r = deg N. Bo Bropom cayuae

(r—mr1)™

pN/N/(z—d) = T +...,
rge 1 = deg(N/fN). Tak kak r He KeIUTCA HA P, & T'] AEIATCA HA P, TO B
o6oux caydaax dim(N/N') = n = dim M u uucao deg(N/N'), pasHoe r wim
r — 71, HE geanTcsa Ha p. Takum 06pazom, aias monyias N/N' pumossaiorcs
ceorctBa (a) u (6). IIpu sTom Mogyns N/N' umeer sug M /S, rge S' —og-
HOpOHBI noaMOonyab M, cogepxamun S. U3 makcumansuocTu S caenyer,
aro S’ =S, 1.e. N' =0, 9T0 m Tpe6GOBaAIOCE. a

TEOPEMA 25.9. Ilycte I ¢ A = K|zo,..., %] — OOHOPOAHBIN IPOCTON
nxear, npudeM PasMepHOCTDb neaocTaoro A-monyas M = A/I pasra mymo,
a ero cremnensb pasHa T # 0, T.e. pp (1) = r # 0. Torga

a) zM # 0 pas HEKOTOPOro T = Z;;

6) L = M/(z — 1)M — none, sABasioImeecs pacIIMpeHneM CTENeHN T H0-
an K.

JOKA3ATENLCTBO. a) Ecmm ;M =0npu j =0,...,n, 0 z; € I npn
Bcex j, a sHauur, M = K. Taxum o6pasom, pys(i) = 0, 970 mpoTuBOpeInT
yeaosmio par(i) = r # 0.

6) Pukcupyem z = x; Tak, 94T0 M # 0. Torga zm # 0 mpu m # 0, Tax
KaK MOAyab M merocTHEIA. DTO 03HAYAET, 4TO oToOpakenne M =5 M mo-
HoMOpdHO. IIpu 10CTAaTOYHO OOJIBIINX ¢ BHIIOJIHAECTCI paBeHcTBO dim M; =
= pum (i) = r, mosTomy dim M; 11 = dim M;. CaegoBaTenbHo, Ipu 4OCTATOY-

. Xz
HO Ooabmmx ¢ oToOpaxkenue M; = M;;1 B3auMHO OJTHO3HAYHO.
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Paccmorpum B M meognopogusm noamonyas (x — 1) M. Ilycts w: M —
— M/(z—1)M = L — ecrecrBennas npoekuus. Torga n(zm) = n(m). fcro
rakxe, uro zn(m) = n(zm). Mosromy L =¥ L — tomaecrsennoe 0To6pa-
JKEHume.

Iycre mas onpenerennocTu orobpaxkenue M; i M; {1 B3auMHO OZHO-
3Ha4HO npm i > a. Ilokaxewm, aro Torga L = n(M,) = n(My41) =
3anuireMm >aeMeHT m € M B BULE M = Mg + ...+ Mg + Mey1 + ... + My,
rae ms; € M. fAcuno, aTo

n(mo + ... +mg) = n(x%mo + 2% 1 my + ... +mgy) = n(m'),

rae m' = z%mg + % 'my + ... + m, € M,. Kpome TOTO, Mg = TMg,1,
_ .2 _ k-
May2 = T Mg,2, ..., Mg = T Mg g—q, TAE Mg,s = M,. IloaTOMy

T(Mag1 + -+ mE) =1(Ma1 + ...+ Mg —q) = T(M"),

rae m" =mg1 + ...+ Mg k—q € M,.

Nrax, ecrecteennas npoekuusa M, — L smumopdua. C gpyrou cropo-
HBI, 5Ta MPOEKIUA 110 OUYEBUIHEIM IIPUYXHAM MOHOMOpdHA: ecan 1t(m,) = 0,
TO Mg = (£ — 1)M, HO O JHOPOLHEIN DIEMEHT M, # 0 HEeIb3sA NPEICTABUTD B
Buge (x—1)m. llosromy npoexuus M, — L Bzaumuo ogHo3Havsa u dim L =
=dim M, =r.

B paccmarpuaemon curyauuu L ABIAETCA r-MEPHOU AAreOpou HA [ IIO-
aem K (T.e. KOMMyTATUBHBIM KOJBLOM U OJHOBPEMEHHO JUHEUHBIM IIPO-
crpancteom Han K). llokaxem, 9To B anrebpe L mer gerurenen vya. IlycTs
'Jl" e Lul'l" =0. Bomme 6sm0 mokaszano, ato ' = n(m’) u I"” = =n(m")
rae m',m" € M,. losromy 0 = I'l" = n(m'm'"), roe m'm'" & My,. lpn
b > a mpoexktma M, — L —wusomopdusm, a smaqut, m'm” = 0. Ilo ycro-
Buio ugean I mpocron, mosTomy B Koablie M = A/I Her penuwrenenn HyJs.
Caegosarensro, m' =0umm m” =0, t.e. I' =0 mwm " = 0.

Teneps yxe Ierko MOKa3aTh, 9T0 L — mose, T. €. 100601 HEHYJIEBOU de-
venT [ € L obparum. B camom gene, otobpaxenne ¢ — lx, © € L, npex-
cTaBIsgeT coO0U JuHenHoe oTobpaxenue L — L ¢ HyaeBeIM sapoM. B koned-
HOMEDHOM CJIy49ae TaKoe 0TOOpaXeHue — u30MOpPU3M, I0ITOMY, B aCTHO-
cru, lz = 1 gius mekoroporo = € L. m|

25.4. OxHopojaHaa TeopeMa I'min6epTa 0 HyAAX A1 p-TIOJeH

Cuaenyromee yTBepx feHue ObLIO BIEPBHIE TOKA3AHO B cTaThe ['minbepra
[Hi4], xoTs u ero ucnoap3oBaay MHOrme MaTemaruku XIX B. 6€3 cTpororo
000OCHOBAHUA.
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TeEOPEMA 25.10. IIycte K — anreOpautecku 3aMKHyTOe moae, A =
= Klzo,...,%,], rae n > 1. Torga mo6be 0MHOPOIHEIE MHOTOYIEHEL f1, . . .
.o, Jn € A uMeroT 00N HYJIb, OTINYHLIL OT HAYAIA KOOD JUHAT.

Amanoruysoe yTBEpK IeHUE MOXKHO JOKA3ATh U A TaK HA3BIBAEMBIX P-
ToJIel, K KOTOPEIM OTHOCUTCA, B YACTHOCTH, TTOJE JeUCTBATENBHEIX uces R.

IIycre p— npocroe umcio. [lore K HA3BIBAIOT p-nogdem, €CIu CTEIEHD
a000r0 ero KOHEeYHOro pacmmpenus uMeer Buj p®. B wacTHOCTH, JMH060E
anrebpamveck 3aMKHYTOE I0J€e SBIAETCA P-IIOJEM IS BCEX MPOCTHIX P, &
none R sBasiercs 2-nosnem.

TEOPEMA 25.11. IIycte K — Hekoropoe p-mone, A = Klzo,...,Z,],
rae n > 1. Torga m0661€ O THOPOMHEIE MHOTOYIEHH f1, ..., fn € A, cTenenn
KOTOPBIX HE AEIATCA HA P, UMEIOT OOIIUN HETPUBUAILHBIA HYJIb.

[NOKABATENLCTBO (I'. ®engpux; cm. [Pf2], ch. 4). M= 6ygem mous-
30BATHCA PE3YJbTATAME NMPEILLIYIIEro maparpada, & IMEHHO, TeOPEMAMU
25.7-25.9.

Ha,“IHeM C TOI_‘O7 9T0 HOCTpOI/IM IO0CaeJOBATEIBbHOCTh IEJNOCTHBIX KOHEY-
HO IOPOXJEHHEIX rpagyupoBanHeix A-mogmymen Moy = A, My = A/L,...
ooy My = A/I,, nns xoropuix dim M; = n — i, deg M; ne meaurcsa Ha p u
OJHOPOMHLIN MPOCTON UAead I; COmepUT MHOTOWIEHH fy, ..., f;. Mogyan
My = A ynoBreTBOpseT 5TUM yCI0BUAM, TakK Kak dim My = n u deg My =1
(cm. mpumep 1 Ha c. 255).

Tpeamonoxum, aro mogyaun Mo, ..., M; (i > 0) yxe nocrpoens. Ilo-
KaxeM, Kak 1o mogymo M; = A/I; u MHOTOWIEHY f;11 MOXHO OCTPOUTH
monyab M. Ilpu 5TOM BO3MOXHEI ABA CIydas.

Cayuati 1: fiyq & I, T.e. fir1M; # 0. lomoxum

Niy1 = M/ fixi M; = A/(I; + fiy1A).

Coruacuo teopeme 25.7 dim N;q =dimM; —1=n— (i +1) uw deg Njp1 =
= deg fi+1deg M;. Yucno deg N;y1 He gemurcs HA p, Tak Kak 00a 4mcia
deg fi+1 u deg M; ua p He mensTCs.

Cayuat 2: fiy1 € I;. Ua ycaosua dim M; > 0 cregyer, ato © & I; (T.e.
zM; # 0) pns HekoToporo x = x;. B camom gene, ecan o, ...,Z, € I;, TO
M; = K nmu 0, nosTomy pp; = 0.

Monoxum N;y1=M;/xM;. Cornacuo Teopeme 25.7 dim N; 1 =dim M; —
—1=n-(i+1) udegN;y; = deg M;, Tax Kax CTeNeHb MHOI'OWIEHA T
paBHa 1.
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B o6ounx ciydasx MBI HOLYYAIA HEKOTOPEIL MOAYIb N;y1, HO OH He 005-
3aTEIbHO [EJOCTHRIU. ITOOB MOLYYATh HEJOCTHLIM MOAYJIb, BOCIIOAB3YEeMCs
Teopemon 25.8. Coruacuo sTou Teopeme B N;i1 €CTb TaKOU OZHOPOIHEBIN
nOAMOAYJIb S;t1, 9T0 (PAKTOPMOAY.IH

Miy1 = Niy1/Siy1 = A/Tipa

obnagaer Bcemu TpeOyemuimu cBoucTBammu: dim M;y; = dim N;y; = n —
— (i +1), deg M;+1 Be geamrcsa HA p v MOAYab M; 1 UEIOCTHBIN; IPH 3TOM
I; 11 — OXHOPOSHEIV WA, COAEPKAINI MHOTOUIEHE! f1, ..., fit1.

PasmepHOCTL mOCAEIHEr0 U3 MOCTPOEHHKIX MOgyJaen M, paBHa HYIIO,
MOPTOMY K HEMY MOXKHO IPUMEHUTH TeopeMy 25.9. B pesyabrare moaydum
none L = M, [(x;—1)M,, = A/I. 3xecs I — HeOHOPO AHBLIN IIPOCTON UAEAT,
00Iafaromui ABYMS BaXKHBIMY I HAIIMX Iesnedl csoucrBamu: (1) z; = 1
(mod I); ) I I, > f1,-.-, fn-

Ilose L siBasercs pacmupenuem crenenu deg M, nors K. Ho, ¢ oguon
cropounsr, deg M, He AeaUTCA HA P, & C APYTOU CTOPOHBI, CTEMEHb JI00r0
pactmpenus noas K umeer Bun p®. losromy L = K.

Iycts a; € K — 06pa3 saeMeHTa, £; IPU eCTECTBEHHOU MPOEKIN

A =k[zg,...,z,] > A/I=L=K.

U3 ceoucrsa (1) cregyer, uro a; = 1, moatomy a = (ag,...,an) # 0. A u3
ceomcTBa (2) caeayer, 4ro fi(a) = ... = fy(a) = 0. O

Teopema 25.11 mo3BoasieT YUCTO ANredpanIecKy JOKA3ATH B [TOINHOMU-
aJIBHOM Caydvae um3BeCcTHyi0 Teopemy Bopcyka—Ymama 06 obmem Hyse He-
geTHBIX (PyHKIUEI HA Chepe.

TEOPEMA 25.12. Ilycts q1,-..,qn € Rlz1,...,Zp41] HedeTHBIE MHOTO-
wieHsl, T. €. ¢;(—z) = —¢;(z). Torga >Tu MHOrOWIEHHI MMEIOT OOIMI HyJIb
Ha equHWIHON cdepe 27 + ...+ x5, = 1.

[MOKA3BATEJLCTBO. Ilepengem OT ¢; K OAHOPOSHOMY MHOTOWIEHY (j,
BBesI NONOJHUTEJIBHYIO IIEPEMEHHYIO Zo. IIpy 5TOM B MHOIOYWIEHE ¢; MOHOM
z{' - ... - z% 3amensercd Ha Tj °xy" -... -2, rae mo = deggq; —my — ...
...—My. Y HEIETHOrO MHOIOWIEHA CTENEHN BCEX WIEHOB HEIETHBL, IODTOMY
qucaa degq; u my + ...+ m,, HEIETHBL, 8 3HAYUT, IUCJIO 1M IETHO. 3AMEHUB
xg HA T3+ .. .—|—xi+1, 73 MHOTOYIEHA (; IOLY<9UM OJHOPOJHBI MHOIOWIEH f;
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medernou crenenu. Cormacuo Teopeme 25.11 MHOTOWIeHH fi, .. ., [, UMeOT
obumit Hyab a = (a1,...,0n4+1) 7 0. Ipu Beex t € R Touxa ta Toxe Gyger
HyJeM OJHOPOIHBIX MHOTOWIEHOB f1, ..., f,, IO3TOMY MOXHO CIATATh, YTO
al +...+a2,, = 1. B rakom ciyuae g;i(a) = g;(1,a) = fi(a) = 0, uro un
TpeboBaIOCh. O

U3 Teopemebr 25.12 MOxHO moayunTh u OObIvHYI0 Teopemy Bopcyka—
Yaama m1s HEYEeTHBEIX HENPEPHIBHLIX (DYHKUUU (1, ..., Jn, NPUOIAKAL DTU
QYHKIIN MHOTOYJICHAM.

26. Basucw I'pé6uepa

151 perenns pasInvHbBIX BEMYACIUTENBHBIX 33,1349, CBA3AHHBIX C U133~
MU B KOJIBIAX MHOMOYWIEHOB, BECbMa y100HEL 6asuckr ['pébuepa. JTo nouaTue
66110 BBeneHo Bpyno Byx6eprepom B ero auccepraunu [Bul], Hanucanzoi
nox pykoeogcTBoM Boabdranra I'pébuepa; cm. Takxke [Bu2]. ByxGeprep
TIPEIOXKUT TAKXKE YIOOHBIN AMTOPUTM BEIYUCAeHUsA 6asuca [ pébuepa, uTo u
npespaTwio 6asuckl ['péOuepa B 2K TUBHBIN BEYUCAUTEIbHBIN ATITAPAT.

Hame wsnoxenue Teopum 6asucoB ['péOGHepa BO MHOIOM ONUPAETCA HA
nepsyto raaBy kauru [AdL]. Boree moapo6HO MO3HAKOMUTECA € PA3IXIHEIMY
acnextamu Teopun 6a3ucosB I'pé6repa moxHO no kxuure [Bu3].

26.1. MHOrOwWICHEI OT OJHOM IEPEMEHHON

B cayyae MHOrO4IEHOB OT OMHOM IepeMeHHOu Han noaeM K aaropurm
HAXO0X JeHus 0a31Ca Aeala OCHOBAH Ha, JEJIEHUA C OCTATKOM OJHOI'O MHOI'O-
aneHa HAa apyrou. IlepBeill mar gemeHus ¢ OCTATKOM AEMAETCS CJeryOmuM
obpazom. Iycte f(z) = apz™ + ... + ag, g(x) = bypx™ + ... + by, npm-

n

gem n > m. Homoxum fi(x) = f(x) — ;n:m g9(x). Ecau deg f; > degg, To

IPUMEHUM K f] aHAJOTMYHYIO IPOLEAYPY U T. A. B KOHIIEe KOHIIOB MOIYyIUM
f=qg+r, roe degr < degg (wm r = 0). Ilpu 5TOM MHOrOWIEHEI ¢ U T
OTIpeieeHEl OJHO3HAMHO.

TEOPEMA 26.1. Jlio6on ugean I B koabue K [z] MHOIOY/IEHOB OT OJHOU
TIEPEMEHHON TVIABHEI, T. €. TOPOXKIEH ONHUM BIEMEHTOM.

[TOKA3ATEJIBCTBO. Bribepem B I MHOTOWIEH ¢ MUHIMAIBLHOU CTENEHN.
Ilycts f € I. Torga f = qg + 7, rae degr < degg. Hor = f —qg = I,
nosTomy T = 0. DT0 03HAa4UaeT, 4TO ugean I mOpOXaeH MHOrOWIeHOM g. O
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ycte I(f1,...,fn) —@aean, NOPOXAEHHBIN MHOrOWIEHaMA f1(x),...

.y Jn(z). Muorounen g(x), mOpOXAAIOMAL 3TOT WIEAN, HA3EIBAIOT HAU-
boavwum obwum deaumenem (HOD) muaOrownenos fi, ..., f, 1 0603Ha9a0T
(f1,---, fn). Hanbompmmyun o6mmil neaurens O6IANaeT CIeIyOmuMu CBOM-
cTBaMU:

(1) Bce MHOTOUWNEHH f1, ..., [, ACIATCA HA g;

(2) ecsm BCE MHOTOWIEHEL f1, . . . , fr, AEAATCS HA HEKOTOPHIA MHOT'OUIEH A,
TO h meauTcs Ha g.

Ceouctro (1) cregyer uz toro, 9t0 fi,...,fn € I(f1,---, fn) = I(g).
Ceouctro (2) caegyer us Toro, 9to g € I(f1,...,fn), T-€. g =urf1 + ...
oot unfn, TEE UL, . .. u, € Kz

Croucrsa (1) n (2) onpeaenstor MHONOWIEH § O JHO3HAYHO C TOIHOCTHIO
[0 TIPONOPIMOHAILHOCTY. B caMOM Jesie, eCiu MHOTOYWIEHEL g1 U g OEIATCA
IpyT Ha IPYra, TO OHU MPONOPIUOHAILHEL.

Haubonbmmu o6umn gerurens (fi, fa) MHOrOWIEHOB fi U fo MOXHO Hal-
TU ¢ TOMOLIBIO CAEAYIOMIEr0 AIrOPUTMA, HA3EIBAEMOTO a42opumm Eexauda.
[na onpegenennoctu OygeMm cawTaTthb, 9To deg fi > deg fo. Ilycts 1 —
OCTATOK OT naejeHus fi Ha fa, Ts — OCTATOK OT [AeIeHus f Ha T1,

.+ Tk+1 — OCTATOK OT IEJEHUSA I'y,—1 HA T). CTEneHr MHOrO<WIEHOB I; CTPO-
ro yOBIBAIOT, MIOITOMY [IA HEKOTOPOI'O 7 HOAYyYIUM Tpi1 = 0, T.e. rp_1
IeMuTCs Ha Tp. llpu oToM fi u fo memarcsa Ha r,, TAK KakK HA T, IEIATCI
MHOI'OYWIEHBI Ty —1,Tpn—2,... KpoMe Toro, eciu f; u fo gensarcs HA HEKOTO-
PBIM MHOT'OWIEH K, TO 7, HEIUTCA HA h, TaK KaK HA h eIATCA MHOTNOWIEHE
T1,T2,... Takum obpasom, r, = (f1, f2)-

Omnnpasice Ha cBoucTea (1) u (2), 1erko nIpoBepuTh, YTO

(fhf?:"'afn) = (fla(f%"')fn))'

IT10 3amevdanune cBoauT BeramcacEue HOJ n MHOrOWIEHOB K BBIYHC/ICHUIO
HO/I aByx MHOTO<WIEHOB.

26.2. [lesieHME MHOT'OWIEHOB OT MHOTHMX IT€PE€MEHHBIX

YT006bI OnpeseanTs AeJeHre C OCTATKOM [ MHOIOYIEHOB OT MHOIMX
TIEPEMEHHEIX, HyXHO (PUKCUPOBATH HEKOTOPHIU MOPALOK HA MHOXKECTBE MO-
HOMOB. B panbueniemM Mbl 6yJeM CIUTATh, 9TO MOHOMBI YIIOPAJOYEHE JAek-
cukoepaguueckuy, T.e. MOHOM z* = zJ' - ... - % cTapime MOHOMA P =

= w‘il T ecmm oy = Bi,---, ok =Bk, tt1 > Prt1 (Bo3moxmO £k = 0).



26. Fa3sucetr I'pébrepa 265

3amuck f = agz® + ... OyAeT 03HA4YaTh, YTO Aex* — CTAPIIAU UI€H MHO-
rowena f, T.e.r* — CTapmuyu MOHOM, BXOAAIUA B f.

Iycts f = aq3® +... 1 g = bgz® + ...— IBa MHOTOWIEHA OT N Tepe-
mennbx. Ecim nexkoTopem wnen ¢,z MHOrowiena f neimTcs Ha 2P, mono-
xuMm fy = f — %g. Ecau HEKOTOPHIU WIEH MHOTOWIEHA f; JEIATCS HA

p

2P, mpumennm x f; amanmormusoe mpeoGpaszoBanue u T. 1. UTOOL BTOT Tpo-
IIECC CXOAWICA 38 KOHEYHOE HUCJO LIArOB, MOXHO MOCTYINTH, HAPUMED,
creytommm o6pazom. B xauectse ¢,z Gygem GpaTh CTapIMi U3 BCEX e
HOB MHOTOWIEHOB f, nemsmuxcsa Ha xP. Torga mopsagok cTapimero <wieHa f,
gensmerocsa Ha zP, 6yzeT cTporo yommBaTh. A m06ad CTPOro yOHIBAOMIAL
[IOCIEZOBATENLHOCTH MOHOMOB OT 7 IIEDEMEHHBLIX KOHedHa. B camom gere,
CHAYAJIA 33 KOHEYHOE YKCJIO IIATOB IPOMNAJeT L1, 3aTeM 33 KOHEUHOE IUCJIO
IIarOB IIPOIAJET Lo U T. A.

ABAnOrnIHO MOXHO OMPENEIUTE JETEHNE C OCTATKOM MHOTOWICHA, [ Ha
HECKOJIBKO MHOT'OYJIEHOB f1, ..., fs. B pesyabprare nmomydum npeacraBieHue
f=uifi+ ... +usfs +r, 01e y MHOrOUIEHA T HET UIEHOB, NEMAINXCS HA
CTapIIe MOHOMEI MHOIOWIEHOB f1, . .., fs. B TakoM ciaydae GyzeMm rOBOPUTE,
9TO T — 0CMAmMoK 0m JeaeHus MHOTOWIEHd f HA MHOTOWIEHHL fi,..., fs.
Crexyer OTMETUTD, YTO MHOIOWIEH I ONpeaeneH He oaHo3Ha4uHo. OxHOo u3
BO3MOXHBIX Onpeaenenun 6aszuca [ pédHepa Kak pas u 3aKII0YaeTCA B TOM,
4910 f1,..., fs — 6asuc I'pé6uepa, eciu OCTATOK OT HejaeHus JI0O0r0 MHOIO-
anena f Ha f1,..., fs onpeneseH 0IHO3HAMHO.

26.3. Onpegenenusa 6azucos I'péGuepa

Bygmem rosoputsb, 9TO (HEHyJI€BLIE) MHOTOYIEHEHL §1,...,0; € I o6pa-
3ytor 6azuc ['pébruepa npeana I, ecau y m060ro (HEHYJIEBOrO) MHOIOYWIEHA,
f € I crapumu uneH gequTCA HA CTAPIIUU IEH OJHOrO U3 MHOTOWICHOB

g1,---,9¢t-

TEOPEMA 26.2. MHOro4eHtH g1, . . . , g: 06pasyior 6asuc ['pébuepa uge-
ana I Tora u TOTLKO TOTA, KOT[a BLIMOIHACTCA OHO U3 CJEIYIONX SKBH-
BAJIEHTHBIX YCJIOBUUL:

(a) f € I & ocrarok ot genenus f Ha g1, .. .,9: paseH 0;

) f eI & f = > h;jg; u crapmumyi MOHOM MHOrOWIEHa [ DaBeH
cTapmeMy U3 IPOM3BEICHUN CTAPIIMX MOHOMOB h; 1 g;;

(B) mpean L(I), nOpOX JEHHBIV CTAPIIAMY LIEHAME DIEMEHTOB naeana I,
TOPOXCH CTAPIIAMHU WICHAMY MHOTOYICHOB g1, - - - , §-
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HJOKA3ATEJLCTBO. Ilokaxem cHagana, 4TO €cau (i, ..., G — 0asuc
I'pé6uepa npeana I, To Bumonasercsa ycaosue (a). JOCTATOIHO TOKA3ATH,
9TO eCa:m T — OCTATOK OT AejeHus MHorowreHa f < [ Ha g1,...,0, TO
r = 0. fAcwo, ato r = f — > h;g; € I. Hosromy ecau 7 # 0, TO cTapumn
YIeH r AeIUTCA Ha CTAPIIUK WIeH OJHOIO U3 MHOTOYIEHOB (i, - .., Js, ITO
TIPOTUBOPEYUT ONPEIEJCHUI0 MHOIOWIEHA 7.

(a) = (6) CormacHo ompeneneHno geleHus ¢ ocTaTkoM f = Y h;g; + 7,
T'/le CTAPIINA MOHOM f PaBEH CTApIIEMy U3 IIPOU3BEICHUN CTAPIIAX MOHOMOB
h; m g;. U3 (a) crenyer, uro ecsm f € I, To r = 0.

(6)=(8) Ectu f = az* +... € I, 7o f = 3 higi, vme h; = bizfi + ...
g = ¢z¥i + ..., mpuuem Bce MOHOMBI zPiz¥i me crapmre z*. ITosrTomy
az® = Zbixp" c;x'', roe CyMMUpPOBAHHE BEOETCA IO TeM ¢, I KOTOPHIX

2
Pigli = 2% A rak xax ¢;2¥¢ e L(I), To az* e L(I).

Ocraercsa 0Ka3aTh, ITO €CIU BEIIOIHAETCS YCIOBUE (B), TO g1, ..., gt —

6azuc I'péouepa. Illycts f = az®* + ... € I. Torga

azr®* = E b;aPic;xYi,
i

rae c;z¥i — cTapiime WIeHH HEKOTODPHIX M3 MHOIOYIEHOB g1,...,J:. SICHO,
9TO MOHOM Z* JEJUTCA HA MOHOM Z'¢! DU HEKOTODOM f. O

CHeEACTBUE. Ecau g1, ..., 9 — 6asuc I'pébuepa naeana I, To MHOTOUIE-
HEL g1, - . ., §¢ IOPOXAAIOT uaeas I.

ITO caenyer us ycaoeus (a).

TEOPEMA 26.3. ¥ mo6oro Henyaesoro uneana I ¢ K[zi,...,z,] ectb
6asuc I'pébuepa.

[TOKA3ATENLCTBO. Pacemorpum ugean L(I), mOpOXI€HHBIM CTapmun-
My MOHOMaMu X, BCE€X MHOTOWIEHOB gy = QyXq + ... € I. fcmo, 4To
f € L(I) Torga u TOJBLKO TOrja, KOTJAa JIoOOM MOHOM MHOIOWIEHA, [ ae-
JUTCA HA HEKOTOPEIM MOHOM X,. Ilo Teopeme I'minGepra o Gasuce mmeas
L(I) nopox 1eH KOHEYHEIM YUCJIOM MHOTOWIEHOB f1, - . . , f. Kax axm MmoHOM
JM000r0 M3 3TUX MHOIOWIEHOB NEINTCA HAa HEKOTOPHIM MOHOM X,. B pe-
3yJbTaTE MOJYyYaeM KOHEYHHEIN HAOOP MOHOMOB X1, ..., X;, TIOPOXK JAIOIIAX
unean L(I). DTy MOHOMEI ABIAIOTCA CTAPIIAMKM MOHOMAMY MHOI'OYLIEHOB
g1,---,9¢. Cormacao Teopeme 26.2 (B) MHOIOWIEHEL ¢i,...,J; OOpa3yoT
6as3uc I'pébuepa naeana I. O
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Byaem roopuTh, 9TO MHOIOYWIEHE g1, - . . , §; 0Opa3yoT 6a3uc I'pébnepa,
ecau oHu 06pasyior 6asuc ['pé6Hepa mOpPOXKIEHHOIO UMU MIEAJA.

TEOPEMA 26.4. HenyuaeBbie MHOrOWIEHEL (i,...,J; 00pasymoT 6asuc
I'pé6repa TOrga u TOIBLKO TOr'AA, KOI4a OCTATOK OT JeJeHus JI00ro MHO-
rouwreHa f Ha ¢i,...,J; ONPENEIEH OJHO3HAYHO.

HJOKA3ATEJBLCTBO. IIpexnmomoxum cHAYMANA, ITO MHOTOYWIEHE g1, - - - , J¢
o6pasyior 6asuc I'pébmepa. Ilycte 1 um 19 —oOCTATKM OT mejeHus [ Ha
91,---,9:- Torga muorounener f —ry u f — ry gexar B umgeane I, mopo-
XKIEHHOM ¢1, . ..,0g¢. LlooTomy 71 — 19 = (f —72) — (f —r1) € I. Coruacuo
onpeaenrennio 6azuca I'pé6Hepa cTapIIUi MOHOM MHOT'OYWIEHA, T —T' [EJIUTCSA
Ha CTAPIIIU MOHOM OJHOT'O U3 MHOT'OWIEHOB (i, . . ., g;. C APYTON CTOPOHEL,
HU y MHOTOWIEHA |, HI Y MHOT'OWIEHA, 'y HET WIEHOB, JEIALIMXCA HA CTap-
IIIle MOHOMEI MHOT'OWIEHOB (1, . . . , §¢. 1loaToMy r1 — 79 = 0.

IIpeanonoxum Tenepsb, YTO OCTATOK OT AEIEHUS JIOOOr0 MHOrOWIEHa f
Ha ¢1,...,0; eQUHCTBEH. TpebyeTcsa moka3aTh, 9To ecau f € I, To ocTaTok
T OT meneHus [ Ha gi,...,J: PABEH HYJIO.

TMoxaxem cHagama, 9TO €CAM @ — HEKOTOPOE YUCJIO, TO MHOTOWIEHBL f
u f — az®g;, roe % — MOHOM, JAIOT OAWHAKOBBLIE OCTATKU IIPU JEJCHUM HA
91, - - -, g¢- HAOMHMM, 9TO IPU JETEHUU C OCTATKOM DIEMEHTAPHOE IPeodpa-
30BAHUE BAKTIOYACTCA B YHHYTOXKEHUI HEKOTOPOT'O MOHOMA ¢ Y MHOTOUIe-
Ha f mocpegcTeoM 3aMennl f Ha f — dxbg;. Iycts g; = baP + ... Ecmm y
OJHOTO U3 MHOTO4WIeHOB f U f — ax®g; KoaddunuenTt npu moome z°H pa-
BEH HyJIIO, TO MHOIOWIEH C HEHYJIEBEIM KOD(M@UIIMEHTOM IPUA DTOM MOHOME
DIEMEHTAPHEIM IPE0OPA30BAHUEM IPUBOAUTCA K MHOIOWIEHY C HYJEBEIM KO-
addurmenTom. Ecan xe y 060nx muorownenos f u f —az®g; koapdunuenT
npu MorOMe %P OmIMaHEL OT HyIT, TO 068 MHOIOWICHA DJIEMEHTAPHEIM Ipe-
06pas3oBaHMeM MIPUBOISTCA K MHOrOwIeHy f — cx®g; ¢ HeHyaeBEIM Koa(hdu-
muenTom mpu MoHoMe 2%, Bo Beex cryuasx MEorowiens: f u f —ax®g; npu-
BOISATCA DIEMEHTAPHEIM IPE0OPA30BAHNEM K OJHOMY U TOMY K€ MHOI'OWIE-
Hy, II09TOMY IPW JEJEHUN Ha MHOI'OWIEHEL 1, . . . , § OHU JAIOT OAUHAKOBLIE
ocratku. (MBI IOIB3yEMCS IPEANIONOKEHUEM O €IUHCTBEHHOCTH OCTATKA.)

Teneps yxe Jerko gokasarb TpeGyemoe. Ecmu f € I, To f = > h;g;.
3anmcaB Kax bl MHOTOWIEH h; B BHJE CyMMBI MOHOMOB, moiayduMm f =
=Y a,z*g;,. MuOrOUnensl f u f — ) aqx%g;, = 0 JAOT OQUHAKOBLIE OCTAT-
KV NP [JEI€HUU HA (1,...,J;. HO IIsg HyJIeBOrO MHOI'OWIEHA OCTATOK OT
[eJIEHVS PABEH HYJIIO0, IOTOMY U MHOT'OWIEHA f OCTATOK OT [eJEeHUs TO-
K€ PaBE€H HY.JIO. O
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26.4. Aaropurm ByxGeprepa

Bce mpegmecTByomue onpenenenus 6a3uca ['péduepa He n03BOJIIN BEI-
SICHATBH 33 KOHEYHOE YUCJIO0 MIaros, OyaeT au Habop g1, . . . , g¢ 6asucom ['péo-
uepa. [IpuBerem HakoHen onpexnereHre, KOTOPOE MO3BOJSAET DTO BBLICHUTD.

Oycte f = axq + ..., g = brg + ... u T, — HaUMeHBbIee O0IEE KPATHOE

MOHOMOB Ty 1 Zg. [lonoxum S(f, g) = ;TYf — %g; muorounet S(f, g) cTpo-
@ p

UTCA TaK, YTOOBI CTapuIive 9JI€HBI ABYX €r0 COCTABAAKMNNX COKPATUINCH.

TEOPEMA 26.5 (Byx6eprep). MHOrowIeHs ¢y, ..., g; 00pa3yoT 6asuc
I'pé6repa TOrga U TOILKO TOT'A, KOT/A TIPU BCEX § 7 j OCTATOK OT AEICHUS
MHoro4reHa S(gi, g;) Ha g1, ..., g PABEH HyIlo.

JOKA3ATEJILCTBO. Ecau MHOrO4IEHH g1, .. ., g 00pasyoT 6asuc ['pé6-
Hepa, TO coraacHo Teopeme 26.2 (a) MuorowreH S(g;,g;), MPUHA,LIEK AT
[OPOXK JeHHOMY UMy ugeany I, mpu nenenuu Ha Hux gaet octarok 0. [losTo-
My HYXHO JIUIIb JOKA34Tb, ITO €CJIU IIPU BCEX § # j OCTATOK OT JENCHUS
MHOrowieHa S(g;,g;) Ha g1,..., 9 PABEH HYIIO, TO MHOTOWIEHHL §1,. .., ¢
obpasyior 6asuc ['pébrepa, T.e. mob6ou muorouneH f € I MoxHO mpeacTa-
BuThH B Buge f = Y h;g;, Toe cTapmmi MOHOM MHOrOWIeHa f paBeH cTap-
[IEMy U3 TPOU3BENEHNI CTapIINX MOHOMOB h; u g; (cM. Teopemy 26.2 (6)).

TIpeaBapuTesbHO JOKAXKEM OJHO BCIOMOI'ATENBHOE yTBEDKACHUE.

JIEMMA. Ilycrs fi,...,fs — MHOIOWIEHHI C OJHUM K T€M XK€ CTAPIIAM
monomoM z*. Torga ecau crapmuy MOHOM MHOrO4UIeHa f = Y A fi, roe h; —
4ucia, crporo mesbie %, o f = Y wi; S(fi, f;)-

i<j
JOKA3BATENLCTBO. Ilo ycrmoBuio f; = a;2* + ... u f; = a;2* + ...,

nosromy S(fi, f;) = 5—1 — [J:—j fAcuo Takxe, 9TO

f=Z7\z'fz'=)\1a1 (Z:—i - i—i) + (Ma1 + haa2) (5—2—5—";) +...

fs—l _ fs
Qs

oot ()\10,1 + ...+ )\3_1&3_1) (— —) + ()\1(11 + ...+ )\SCLS) f

I8
-1 Qs as
Ocraercs 3aMeTuThb, 9TO A1 a1 +. ..+ Asas = 0. B camom gene, y MHOrOwiena
f = \ifi xoadpduuyenT Ipr MOHOME T KaK Pa3 U PABEH A1Q1 + . . . +A,as,
a 1O YCJIOBUIO CTAPITUA MOHOM MHOTOWIEHA f CTPOrO MEHbImE I*. |
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Msuorounen f = az®+... € I pasHbIMU CIOCOOAMU MOXKHO TIPEICTABATH
B Buge f = Y h;g;. lycrs h; = biaPi + ... u g; = ;2% + ... Crapmmi
3 MOHOMOB zPig¥i, 4 = 1,...,t, obosmaunm z°. BeiGepeM npejicTaBieHue
f = Y hig; Tax, uro6e MoHOM z° 6BLT MuHEMAIeH. Tpebyercs mqoKasaTs,
9TO B TakoMm crydae 0 = z%. SIcHO, 9TO MOHOM T* He MOXKET ObITh CTapIIe
mouoMma z°. IIpegmonoxum, 40 MOHOM 2° cTaprme MoHOMA 2% MOXHO Cun-
maTe, uro zPizYi = 2® mpmi=1,...,M,anpui =M +1,...,t MoHOM 2
crape MoHoMa 2P xYi,

M
PaccMoTpuM MHOTOWIEH g = b; P g;. KooddpummenTs npu MosOMeE 20

Yy 5TOr0 MHOT'OYJICHA U Y MHOFO‘Iz,EelHa f coBmamamoT, MO3TOMY MHOTOWIEH ¢
ABIAETCS TMHEONHOM KOMOUHAIMEH MHOIOWIEHOB CO CTAPIIMM MOHOMOM ¥,
mpuYeM BCE CTapIIre MOHOMEI B3AUMHO COKPAINAITCA. B TakoM ciaydae co-
TVIACHO JIEMMe

9= wiS (¢%gi, P g;), (1)
e CyMMUPOBAaHME BeNeTCA MO TakuM i, 7, 910 1 < i € j < M. Crapume
MOHOMBI MHOTOWIeHOB 7% g; u 2Pi g; coBmanator, nmosTomy

5 5 5
S (mﬁigia ijg,]) = C:’;}Yi gi — c]z_«{j g; = cji*{ij S(glagj)a

rae x4 — HauMeHbIiee 00IIee KpaTHOE MOHOMOB ZY¢ u x4 .

ITo npeanonoxenuto muorodies S(g;, g;) gaer ocrarok 0 npu geseHun Ha
g1, -- -, 9. Muorounen S (2Pi g;, 2P g;) nemurca ma S(g;, g;), mO2TOMY OH TO-
Xe maeT ocTaTok () IpU JeNeHuu HA g1, . . ., §¢. AJITOPUTM J€TEHUs C OCTAT-
koM gaer npexcrasienue S (zPig;,aPig;) = Y hijygy, Tae HamGombmee u3
TpPOU3Be€HUH CTAPIINX MOHOMOB MHOTOWIEHOB A;jy 1 gy COBIAIAET CO CTAP-
XM MOHOMOM MHOIOWIEHa, S (xﬁi gi, zPi gj); [IOCJIEAHUM MOHOM CTPOr'O MEHb-
me z°. IMoacraBuM mosy4eHHOE IPEACTABICHNE MHOIOWICHA, S (mﬁi i, P gj)
B (1), a 3aTeM mMOACTABAM IOLYYEHHOE IPEACTABICHNE MHOIOWIEH, ¢ B f =
=g+ ... B pesyaprare nosyunM mpeacTaBieHue MHOIOWIEHA f, KOTOPOE
IPOTUBOPEYUT IPEAIIONOXKECHUI0 O MUHNMAJBbHOCTHA 1'6. STO opoTUBOpEIUe
MOKA3KIBAET, UTO 0 = 2. O

C momormpio TeopeMsl 26.5 JIerko MOKa3aTh, YTO CIACAYIOMUAN AITOPUTM
no3Boaser HauTu Oasuc ['pé6Hepa wmmeana, MOPOXKIAEHHOI'O MHOIOYJICHA-
Mz fi,..., fs. Beraucanm ocrarku or genenms MuOorodaeHos S(f;, f;) Ha
fi,..., fs u Bce HenyseBnle ocTaTku g06aBuM K HAGOpY fi,..., fs. [loBTO-
PUM DTy OPOLEAYDPY AL HOLYy9IEHHOI'0 HabOpa MHOIOWIEHOB ¥ T. I. SICHO,
9TO HTa MOCJAEIOBATEILHOCTL ONEPALUN 3ABEPIIACTCA 33 KOHEIHOE HUUCIO
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IAroB, 8 COrVIACHO TeopeMme 26.5 B mrore noayvaem 6azuc I'pébuepa muea-
JIa, TIOPOXKJEHHOI'O MHOTOWIEHAMHU f1, ..., fs. DTOT AIrOpUTM BLIYUCJIEHU
6asuca ['pébuepa HaswBaOT aa2opumm Byrbepeepa.

26.5. Ilpusesennnm Gasuc I'péGuepa

[ns onsoro u Toro xe maeana I amropurm Byx6eprepa mpusoanT K
PAa3HBEIM KOHEYHLIM De3YJIbTaTaM B 3aBUCHMOCTH OT BEIOOPA 0ODPa3YIOIINX
UIeana U MOCIEA0BATEILHOCTH onepanui. Ho DToT aaropuTm MOXKHO MO-
MUUIIPOBATH TAK, YTOOLI KOHEIHBIA PE3YAbTAT 3ABUCEN JUIIb OT CAMOrO
npeana I; sra mogudukanus Takxe nIpuHaexnT Byx6eprepy.

TlepBeM gemoM m1OOBEMCs, ITOOBI OLHO3HAYHO OIPEIENEHO OBLIO YHCIO
aaeMeHTOB 6asuca I'pébuepa. HazoseMm 6asuc ['pébuepa gy, - - . , g MUHUMGAL-
HoIM, ectn g; = % + ... ¥ MOHOMHI ™ u x% He mexATCAa APYT HA APYyra
mpu ¢ # j. Y moboro ugeana I ects MuHuMaabHbIn 6asuc ['pébuepa. B ca-

MOM feJie, myCTb (i, - - . , §t — HeKOTOphn 6asuc ['pébuepa ngeana I. MoxHO
CYATaTD, 9TO g; = 2™ +.... Ecam z*' meaurcs ma x*2, TO go, .. ., g — Oasuc
I'pébuepa umeana I. euctBurenvuo, eciu f = x* + ... € I, To cornac-

HO omnpepgenenuto 6asuca I'pébuepa z* meaurcs Ha x* npum HekoTopowm i. Ho
™ neaurTcs Ha %2, moaTOMy £t geauTcs Ha ™ mpu ¢ > 2. DTO O3HAYAET,
49TO0 g3, ..., g — O0asuc I'pébuepa mpeana I. IlociegoBarensuo ybupas MHO-
TOYJIEHBI, CTapIire MOHOMEI KOTOPHIX ACJAATCA Ha CTapHIie MOHOMEI NDYTI'UX
MHOT'OYJIEHOB, OT 6asuca ['pébuepa g, - . ., gy MOXKHO MEPEUTH K MUHUMAJID-
HoMy Oasucy I'pébuepa.

TEOPEMA 26.6. Eciu ¢1,...,9t u fi1,..., fs — OBa MUHEMAIBLHEIX Oa-
3uca ['pé6uepa ogHOro m TOro xe maeana I, To s = t m cTapime MOHOMBI
MHOTOYICHOB g; U fo(;), T/ll€ C — HEKOTOPas MOJCTAHOBKA, COBMA,IAI0T.

JTOKABATENBLCTBO. Ilycte g; = 2% 4+ ... u f; = 2P + ... C ogmomn
cropousl, fi € I u gy,...,9: — 6asuc I'pé6uepa maeana I. IlosTomy zP
meanrcesa Ha ¢ npu HekoTopoM 4. Ilocie mepenymepanuy MOXHO CINTATD,
aro ¢ = 1. C gpyrou ctopousl, g1 € [ u fi,..., fs —6asuc I'pébuepa ugeana
I. Tloaromy z*' genurcs Ha TP mpm HEKOTOPOM j, a 3HaMmT, TP! gerwTCs
ua 2P . U3 munnvansrocTu 6asuca ['pé6uepa, fi, ..., fs cregyer, aro j = 1.
MonomMer % u zP! gemsTca Apyr Ha Apyra, mosToMy TPl = ™.

AHaJlOru4YHbIe PACCYXKIEHUA IOKA3BIBAIOT, ITO zP? nemmrcs ma x%. U3
MEHEMAJIbHOCTY Gasuca I'pébuepa fi,..., fs crenyer, uro z% # zP1, T.e.
i # 1. Tloaromy mocie mepenymepamuan monydaem %2 = x2 u 1. 1. flcuo,
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9TO TIPU DTOM MHOTOYIEHH §1,...,0¢ X f1,. .., s JOMKHBEL UCIEPIATHCA O~
HOBPEMEHHO, T.e. § = t. O

Temneps yxe MOXHO [OOUTBECH, YTOOBI OJHO3HAYHO OBLIO OIPELEICHO HE
TOJIBKO IUCJIO 21eMeHTOB Oasuca ['pébuepa, HO u camu oTu dremenTrl. Hazo-
BeM Gasuc ['pébuepa g1, - - -, g; npusedennvim, eciu g; = % + ... 1 OCTATOK
OT [eNeHus g; Ha §1,...0i—1;Ji+1;- .-, J¢ COBIATAET C g;, T.€. HU OIUH U3
BXOIAIIAX B ¢g; MOHOMOB He NenuTcsa Ha % mpu j # 4. fAcHo, 9To mobon
TIPUBEIEHHLIN 0A3UC ABIAETCA TAKXKE VU MUHUMAILHEIM.

C nomormpio MuHuMaabHOrO Gasuca I'pébuepa ¢i, ..., ¢ NPUBENEHHBIN
6asuc npeana I, MOPOXIEHHOrO MHOIOWIEHAMU 1, . . ., Jt, MOXKHO IOCTPO-
uTh creayomuM 06pasom. Ilycrs hy — ocraTok oT geneHus g Ha g2, - - -, Ji;
ho —ocTaTok OT meaeHus g Ha hi,gs3,...,0:; h3 —OCTATOK OT mEJEHUA g3
Ha hi,h2,94,...,9t; -..; hy—ocrTarok or memenus g; Ha hq,ha,..., 1.
Torga hy, ..., hy —upusenennnm 6asuc ['pébuepa ugeana I. B camom geue,
u3 MUHUMAaJIbHOCTU Oasuca ['pébuepa gi,...,g; cregyeT, 9TO CTAPIIIE MO-
HOMBI MHOI'OYIEHOB h; U ¢; COBHA AT mpu Bcex ¢. [lovTomy hi,...,hy —
MuHUMaILHEM Oasuc ['péduepa ugeana I. Kpome Toro, mpu gerenuu g; Ha
hiy-- P 1,Qit1,- - -Gt TOMLYIALTCA OCTATOK h;, KOTOPHIU HE COMEPKUT HLiIe-
HOB, IEJAIIUXCS HA CTAPIINE MOHOMBI MHOIOWIEHOB hi,...h; 1 4 Giy1,...

- -, §¢; TIOCJIE THUE MOHOMBI COBIIA,IAI0T CO CTAPIINMYA MOHOMAMY MHOT'OYIEHOB
Rit1,- .., ht. Takum o6pazom, hy,. .. hy — npusenenusn 6asuc I'pé6uepa.

TEOPEMA 26.7 (Byx6eprep). [us aro6oro ugeana I cymecTByeT pOBHO
oaun mpuseneHHsn 6asuc ['pébuepa.

JOKA3ATEJILCTBO. CylecTBOBaHNe NpuBEIeHHOr0 Oasuca [pébue-
pa TOIBKO 4YTO OBLTO HokazaHo. OCTaeTcs NOKAa3aTh €ro €IUHCTBEHHOCTD.
ycrs f1,...,ft # ¢1,...,9s — OBa mpuBeneHHLIX Oasuca ['pébuepa mmea-
aa I. IlpuBenennsie 6a3UCHl MUHAMAJIBHEL, I09TOMY COIVIACHO Teopeme 26.6
BBITIOJMHAETCS paBeHCTBO S = t 1 MOXHO C‘II/IT&TI), 9T0 CTapIHI/Ie MOHOMBI
MHOIOYJIEHOB f; U g; coBmagawoT. lIpennomoxum, uro f; — ¢g; # 0. Torga
CTAPIIAU MOHOM MHOTOWIEHa f; — g; € [ menuTca Ha CTAPUIUA MOHOM
HEKOTOPOro MHorowuleHa g;. IIpm oToM j # i, Tak Kak CTapIIMH MOHOM
MHOTOWIEHa, f; — ¢; CTPOrO MEHBINE CTAPLIIEr0 MOHOMA MHOTOWIEHA (;.
C Apyrou CTODOHEL, €CiIKM CTAPIINA MOHOM MHOI'OWIEHA §; AEIAT CTAPIINM
MOHOM MHOT'OWIEHA, f; — g;, TO OH NOJIKEH JIEJUTh KAKOU-IUO0 MOHOM OJHO-
0 ¥3 MHOI'OYWIEHOB f; U @;, & DTO IPOTUBOPEYNUT NIPUBEIEHHOCTH 0A3UCOB
fi,-., ftmg1,...,9; (HAIOMHMM, 9TO CTAapIIE MOHOMBI MHOIOYICHOB g U
fj coBmagnator). O



I'maBa 7
CemuaguaTasa mpoobJjeMma
I'mas6epTa

27. CymMBI KBaJpaTOB: BBEJCHUE

27.1. HekoTopsie mpuMepHI

HerpyaHo mokasaTh, 910 JMH000M MHOMOWIEH P(I) C AEUCTBUTEILHBIMU
KO2(pPUIUEHTAMY, IPUHUMAIOIA HEOTPULIATEILHLIC 3HAYEHUA IIPU BCEX
z € R, MOXHO IPEICTABATEL B BUAE CYMMBI KBAJPATOB ABYX MHOTOYICHOB
C JAEUCTBUTENLHLIME KO3pdunuertamu. B camMoM gene, KODHM MHOTOWICHA,
¢ JCUCTBUTEILHEIMU KO3(hpUINEeHTaMI Pa30UBAIOTCA HA JEMCTBUTEILHEIC
KOPHM ¥ TapBl KOMILIEKCHEIX KOPDHEH. HoaTOMy

_GH.Z'—Z] ZL‘—ZJ H.Z'—Clk s

rae o € R Ecanm p(x) > 0 opu Bcex £ € R, To a > 0 u BCce uucia
M) YeTHHI, IO3TOMY AEHCTBUTEILHEIC KOPHU TOXE PA3bMBAIOTCA HA IAPHL
CaenoBaTenbHo,

ple) = («aljl(m - ) (ﬁli(x -3)).

IJie HEKOTOPHIE U3 4IKCeN Z; MOUYT ObITh geucTBUTEIbHBIME. [lycTs

l
Val](@ - z) = q(@) +ir(a),
Jj=1
rae ¢ U v — MHOI'O'WICHHI C ,qeﬁCTBMTeJH)HHMH kodpdunmentamu. Torga

\/—H z —7j) = q(z) —ir(z).

Jj=1

B utore noryuaem p(z) = (q(m))2 + (T’(.’L’))2

HO AJIA MHOI'OYIJICHOB OT HECKOJBKUX IIEPEMEHHBIX aHAJOI'MIHOE yTBEpD-
KEHUE yXKE HE BCEr[a BEPHO, T.e. CYMECTBYIOT HEOMPUUAMEbHLE MHO-
rowieHs (Tak MBI OyJeM HA3EIBATH MHOTOWIEHHI C IeUCTBUTEILHEIMUA
K02 PUIIMEHTAMH, KOTOPLIE TPY BCEX JeHCTBUTENLHBIX 3HAUCHUAX TTePEMeH-
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HBIX IPUHAMAIOT HEOTPULATEIbHBIE 3HAYEHNs), KOTOPHE HEIb3s MPEACTa-
BUTB B BU€ CyMMHI KBAIPATOB MHOT'OYWICHOB C JE€MCTBUTEILHEIMU KO3 hu-
merTamu. IlepBeiM 510 gokasan B 1888 r. I'minbepr [Hil], Ho oH He npn-

BEJI ABHBIY IIPUMEP TAKOrO MHOIOWIEHA. I[epBEIM IIPOCTON IPUMEDP IIPUBEJ
T. Mouxkun B 1967 r.

ITpuMEP 27.1 [Mo]. Muorowien
F(z,y) = 2*y*(2® +y* - 3) + 1

HEOTPUIIATEJNEH, HO €I'0 HENb3s NIPEACTABUTH B B € CYMMEI KBa JPATOB MHO-
TOYWIEHOB C [EUCTBUTEILHEIMU KO3(PMUIMEHTAMHU.

[JOKABATENBLCTBO. Ilposepum cragana, aro F(z,y) > 0. Ecm z = 0
wia y = 0, ro F(z,y) = 1. losTomy Oygem camraTs, uro 2y 7# 0. B Takom
cry4ae qucaa 2, y? u £ 2y 2 IDONIOKUTENBHEL I UX IPOU3BEJEHre PABHO 1.
CaenoBarensHo,

?+y’ +a%y T >3,
a smaxut, r2y%(z2 +y?> —3) + 1 > 0, uro u Tpe6oBaIOCH.

Mpeanonoxum Teneps, uro F(z,y) = 3 fi(z,y)?, rae f; — MHOro<wieHE
¢ gercrBuTenbHEIME Koaddunmentamu. Toraa Y- fi(z,0)? = F(z,0) = 1.
CnegoBarensHto, fj(z,0) = ¢; — HeKOTOpas KOHCTAHTA, a 3HAYNUT, f;(,Yy)
= ¢j + yg;(x,y). AHamOrwYHBIEe pacCyXJeHUsA MOKA3BIBAOT, 4TO f;(z,y)
= ¢} + xg;(z,y). flcno, ar0 mpm aToM ¢; = ¢; u fi(z,y) = ¢; + zYh;(T,Y).
Takum o6pasowm,

Y@+ =3)+1=2"y ) B +2ay > cihi+ > ),

2 =9 = = 2y Dy L

Bce oqHOYIEHEL, BCTPEYAIOIMMECA B IPABOU YaCTHA 3TOTO PABEHCTBA, UMEIOT
CTeneHb He GOJbIE 3, 8 BCE OMHOWICHBLI, BCTPEUYANOIIAECS B JEBOU YACTHU
5TOr'0 PABEHCTBA, UMEIOT CTeneHb He MeHbie 4. B camom xese,

1
degh; =deg f; —2 < idegF—Zzl.
Crenosarensro, x2y?(z%y? — 3) — 2%y Zh? =0, a amaawr, 72 + 92 — 3 =

= > hj. Tlomy4eno mporusopetme, Tak KaK ¢+ y* —3 <0 mpu z =y = 0.
O
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ITpuMEP 27.2 (R. M. Robinson, 1973). Muorowien
S(z,y) = 2°(@” = 1)? +9°(y* = 1)* = (=* - (" - D" +y” - 1)

HEOTpUIATENEH, HO €r0 HeNNb3s IPEICTABUTE B BIAE€ CYMMBI KBAIPATOB MHO-
TOWIEHOB C NEUCTBUTEILHEIMU KOD(PDPUIUEHTAMMA.

[OKA3ATENLCTBO. Ilposepum cuavana, uro S(z,y) > 0. IT0 oveBua-
HO MU TOYEK, JeXaIlMX B He3aIITPUXOBAHHON Ha puC. 6 061acTH, Tak Kak
s 060l Takon Touky 6o 22 +y2 —1 < 0um (22 —1)(y? — 1) > 0, mm-
6ox?+y*—1>0m (22 —1)(y?2 —1) < 0. Ho S(z,y) MmoxuO 3amucaTs u
HO-IPYT'OMY, & UMEHHO,

S(z,y) = (@* +y* = 1)(@* —y*)* + (@* = D(y* - 1).

Ilpu Takou 3amucu oueBugHo, 4T0 S(r,y) > 0 A1a TOYEK, JexKAMUX B 3a-
IITPUXOBAHHON 06JACTH, TaK KAK s Mo00u Taxon Touku 2 +y2 — 1> 0
u (x> -1)(y?*-1)>0.

Y
\ 4. [T

rz=—1 x=1 -1

Puc. 6 Puc. 7

Ipegnonoxum Teneps, uto S(z,y) = Y. fi(z,y)?. Pyuxmua S obpama-
eTcsa B HyJb B 8 TOYKAX, OTMEYeHHEIX Ha puc. 7. ClenoBaTeapHO, B 5THX

. 1
TOo4Kax oOpamaeTcs B Hy/Ib Kaxjaaa u3 pyuknun f;. Ho deg f; < 3 deg S =

= 3, a ecuiu KpUBasA CTENEHU He OoJee 3 IPOXOAUT depe3 YKA3aHHbIE 8 TOYeK,
TO OHa 00s3aTeabHO IpoxoauT u depe3d TouKy (0,0); 3TO MBI HOKaXKEM 9y Thb
noaxe. Urak, f;(0,0) = 0 upu Bcex j, nosromy S(0,0) = 0. Ho, kak xerxo
ybenursca, S(0,0) = 1. Ilorygennoe npoTUBOPEYINE MOKA3EIBAET, ITO MHO-
rowien S (z,y) HEMB3A NPEACTABATD B BUIE CYyMMEI KBA,IPATOB MHOT'OYICHOB.
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JlokasaTeabCTBO TOro, 4TO KyOW4YecKas KPUBaAs, MPOXOIAIIAA depe3 8§
TOYEK IepecedeHus NPAMbLIX p; u ¢; (i, = 1,2,3), 06a3aTeIbHO IPOXOAUT
7 depe3 AeBATYIO0 TOUKY, MOxkHO HauTu B kKHure [[IpC]. Ho gus pacemarpn-
BaeMOU KOHpUI'ypauuyu TOYEK MOXKHO HIpUBECTH U 6ojee mpOoCTOe NoKa3a-
TeabcTBO. punumem Toukam (+£1,+1) Bec 1, Toukam (£1,0) u (0, £1) Bec
—2, a rouke (0,0) Bec 4. PaccMoTpuM cyMMy mO 5TUM TOYKAM 3HAYEHUN
dysknun xPy?, yMHOXKEHHEIX Ha COOTBeTCTBYlomue Beca. Eciu pg = 0, To
cymma HyaeBas. Ecau p > 0 u ¢ > 0, TO HEeHyIeBON BKIAJ B CYyMMY OAIOT
Tompko Touku (+£1,+1). Ilpu 5TOM CyMMa OKAXKETCSA HEHYIEBOU JIMIIb B TOM
cIydae, korga o6a umcia p u ¢ deruel. Ho y mHOrowrena f; cremenu He
60JibIe 3 TAKUX OAHOWIEHOB HET. I10DTOMY B3BELIEHHAs CyMMa 3HAYEHUU
MHOrOIeHa f; mo paccMarpuBaeMbiM 9 ToukaM paBHA Hymo. B gacrHOCTH,
ecau fj oOpamaeTcs B Hylb B BOCBMU TOYKAX, TO f; OOpAIIAeTCs B HY./Ib U
B JEBATOU TOYKE. O

ITpuMEP 27.3 (R.M. Robinson, 1973). Muorouien
Qz,y,2) =2*(x - 1)+ 3y2(y - 1)? +22(z = 1)? + 2zy2(zr +y + 2 — 2)
HEOTPUIATENEH, HO €r0 HEJIb3s IPEICTABATH B BIE CyMMbI KB3,IPATOB MHO-
T'OYJICHOB.

JTOKA3ATEJNLCTBO. Ilpeanonoxum, uto Q(z,y,2) = Y. fi(z,y,2)?. To-
rJa CTEIeHb KaX OO MHOI'OWICHA f; HEe IPEBOCXOAUT 2. A Tak KaK (PyHK-
ma Q(x,y,z) obpamaeTcsa B HyJdb BO BCEX 2z
TO4Kax (Z,Y,%2) C KOOPAUHATAME L, Y,z = 0
wma 1, 3a uckmoyvenuem Touku (1,1,1), To
BO BCEX DTUX TOYKAX OOPAIAIOTCA B HyJIb
dyuxmun f;. Kak MBI ceiruac ybegumcs, u3
sToro cregyer, uro f;(1,1,1) = 0. Ho Torga
Q(1,1,1) = 0, a HENOCPEACTBEHHLIE BLIYH-
CJIeHUA MOKAa3BIBAOT, 9To (Q(1,1,1) = 2.

Ilprunumem BOCBMEH pPACCMATPUBAEMBIM
TOuKaM Beca *1 Tak, KaKk 3TO IOKA33aHO
HAa puC. 8, W PACCMOTPUM CYMMY IO DTUM
ToukaM Gyukiun f;(z,y,2) ¢ COOTBETCTRY- Puc. 8
IOIMU BECAMHU. JIerkKo IpOBEPUTD, 9TO pac-
cMaTpMBaeMas CyMMa DaBHA HYJIO MIs Clefyomux dymkmmi: 1,z,zy, 2.
IosTomy oma paBHa Hy:io u 1is dysxkunn f;(z,y, 2), TAK KaK ee CTENEHDb He
npesocxoauT 2. Cieq0oBaTENbHO, €CAN B CEMU U3 BOCBMU PACCMATPUBAEMBIX
ToueKk GbyHKImA f; 00palaeTcs B HyJb, TO OHA3 OOPAIIAETCA B HyIb U B
BOCBMOU TOYKE.
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Jokaxewm Teneps, 9to Q(z,y, 2) > 0. 3anumem 411 3TOrO MHOMOWIEH ()
O- IPyTOMY:

Q=2 1>+ (yly—1) - 2(2=1))" + Q. =
=2 (y— 1)+ (2(z — 1) —2(z — 1))* + Q =
=22z -1+ (2(z — 1) —yy - 1))* + Qs,

rae

Qz=2yz(x+y—-1)(z+2-1),
Qy=2zz(x+y—1(y+2-1),
Q-=2zy(z+2—-1)(y+2z-1).

JocTaTovHO N0Ka3aTh, 9TO B JIOGOU TOUKe (I,Y,Zz) ONHA W3 (QYHKIMU
Q2 Qy, Q. meorpunarensua. Ho atu dyskimu He MOryT OBITH OZHOBpE-
MEHHO OTPULIATEIBHBEIMM, TAK KAK WX NMPOU3BEJEHME NPEACTABIAET COOOU
KBaIPaT MHOTOWICHA

2V2ryz(x+y— V(e +2—-1)(y+2—1). O

ITPuMEP 27.4 (Anneli Lax, Peter D. Lax, 1978). ®opma A(z) = Ai(z)+
+ Ay(z) + As(z) + Ag(x) + As(x), roe ¢ = (z1, T2, 23,%4,25) 1 Aj(x) =
= [[ (z; — z;), HeOTpPUULATEIbHA, HO €€ HEIb3A IPEJCTABATEL B BUIE CyMMBI

J#i

KBApATOB (POPM.

3AMEYAHUE. PaccmaTpuBaemas GpopMa 3aBUCAT TOIBKO OT Pa3HOCTEN
MePEMEeHHEIX, TODTOMY €€ MOXKHO OPEICTABATL B BUAE (POPMEI OT IE€THIPEX
nepeMerHubx. [[ogeauB 5Ty HOBYIO (DOPMY Ha I€TBEPTYIO CTEMEHb OJHOU U3
MEePEeMEeHHEIX, MOXKHO HOMYIMTh MHOTOWICH CTeneHn 4 oT 3 mepeMeHHbIX.

IIposepum cuauana, uro A(x) > 0. 3uavenue popmur A(r) He uameHs-
€TCs IpH JI060H IEePECTAHOBKE MEPEMEHHEBIX, IO3TOMY MOXKHO CYUTATD, YTO
T1 2> Xy = T3 = T4 = T5. B TakoM caydae

Ai(z) + As(2) =
= (21 —22) (21— 23) (€1 —24) (€1 —5) — (22— 23) (T2 —24) (T2 —25)) >0,

TaK KakK T1 — 2 = 0,21 — 23 = 0,20 — 3 > 0 u 7. 1. Amanorudno noka-
smBaercs, 910 As(z) + As(z) > 0. fAcuo Taxxe, uro As(zr) npeacrasiser
cO6OO0U IPOM3BEEHNE [BYX HEMOJOKUTENbHLIX U IBYX HEOTPULATEIbHEIX CO-
MHOXUTeNeR, nosromy As(z) > 0.
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Mpeanonoxum Teneps, uto A(z) = Y. Q;(z)?, rae Q; — KBaspaTuIHEE
dopmur. Ecin kaxnas nepeMeHHas r; paBHA KAKOU-TO APYTOU II€PEMEHHOU
xg, T0 A(z) = 0, a smauut, Q;(x) = 0. Tosromy xBagpuka Q;(x) = 0 B
RP* copepuT MPOEKTUBHYIO TPAMYIO T = Tp,T3 = T4 = Ts. llpwm me-
PECTaHOBKAX KOOPAUHAT moaydaeM 10 mpamerx Takoro suga (I1d 3anaHus
IPAMOU HyXHO BHIOPATb 2 KOOPAWHATHL U3 5). DTU HPAMBIE IIEPECEKAIOT
THINEPILIOCKOCTD OOIIEro noJaoxkeHusa B 10 Toukax, IpudeM depe3 3TH TOIKHI
JOJKHA IPOXOAUTH KBaapuka Q;(x) = 0. Ho B TpexmeprOM mpocrpancTse
He 4depe3 a00ble 10 TOYeK mPOXOaUT KBAAPUKA, IOITOMY MOXKHO OXKUIATH,
4T0 dopMa (); TOXAECTBEHHO paBHA HyM0. MbI cerryac yOeguMcs, 9TO 3TO
NEeUCTBUTEIBHO TAK, M TEM CAMBIM IPUIEM K IPOTUBOPEIMIO.

Iycrs Q(z) = Y cijxixj, ¢ij = ¢j;. 1lo npenmomoxenuo

0=Q(s,s,t,t) = (c11 + 2c12 + 022)82 +
+ 2(c13 + ¢14 + €15 + Co3 + Cog + co5)st +
+ (c33 4 Caa + 55 + 2¢34 + 2¢35 + 2¢45) 2.

CaenoBaTensHo,
c11 + 2¢12 + o2 =0, (1)
€13 + c14 + c15 + €23 + c24 + €25 = 0, (2)
33 + €44 + C55 + 2¢34 + 2c35 + 2¢45 = 0. (3)

Kpome TOro, BHIIOIHAIOTCA AHATOTUYHbLIE PABEHCTBA, IOy IAIOMINECT B Pe-
3yJabTaTe 000U MepecTaHOBKYU UHAEKCOB. B wactmoctu, ua (1) caeayer,
9To

c33 +2c34 +c44 = 0. (4)

Beranras (4) us (3), noxygaem
Cs5 + 2¢35 + 2¢45 = 0.

Iycte ¢55 = A. Torga nmpy momapHO PA3AUYHBIX ¢ M J, OTIWYHEIX OT D,
BBIIOJHACTCA PABEHCTBO Cj5 + ¢js = —A/2. CunegoBarennHo, €15 = C25 =
= C35 = C45 = —)\/4 Ananormaso Cg1 = C31 = €41 = C51 = C15 = —)\/4
u T. 4. B pesyabrare nmoxydaem c; = h u ¢;; = —h/4 npu i # j. Ho B Takom
caygae us (2) cregyer, uro A =0, T.e. Q(z) = 0 upm Bcex .

27.2. Teopema Apruna—Kacceiaca—Ilpucrepa

B maparpade 27.1 MBI npuBeIN NPUMEPEL HEOTPUIATEIHHBEIX MHOIOYIE-
HOB, KOTOpPBLIE HEAb3d IPEJACTABUTH B BUAE CyMMBI KB3APATOB MHOI'OYJIE-



278 I'aaea 7. Cemnadyamasn npobaema I'iavbepma

HOB. B mambHenmemM MBI IOKaXeM, 9TO JIO0U HEOTPULATEILHBIN MHOTOWIEH
MOXKHO IPEAICTABUTE B BUAE CyMMEI KBA,IPATOB PAIMOHATLHLIX (pyHKIun. Ho
[JISI MHOT'OJIEHOB OT OJHOU MIEPEMEHHOU HEeT CYIIEeCTBEHHOU PA3HUIIEI MEXK Iy
NPEACTABICHNEM B BUAE CyMMBI KBAIPATOB MHOIOWICHOB U NPEICTABICHN-
€M B BHIE CyMMBI KBaIPAaTOB PAIMOHAMBLHEIX (yHKIUE. [Jero B ToM, 9TO
CTIIPABEIUBO CJAEIYIONIEe YTBEPK IeHUE.

TeoPEMA 27.1. Ilycte K — moue, XapaKTepUCTUKA KOTOPOT'O HE DaB-
Ha 2, f(x) —muorouren nag K. [Ipeamonoxum, 110

flx) =airi(z)? + ...+ apra(z)?,
rae o; € K, r;(z) —paumonansunie dynkuuu nag K. Torga

f(iL') =ap1 ($)2 +...+ anpn($)2;

rae p;(x) — muOrownensr Hagy K.

dTa Teopema mmeeT noaryio ucropuwo. B 1927 r. Aprun [Ar] mokaszar,
9TO0

f@) =Pip1(2)” + ... + Pmpm(2)?,

r'jie M — HEKOTOPOe YuCJI0, He 00A3aTeIsHO paBHoe n. 3aTteMm B 1964 r. Kac-
cenc [Ca] moxazan, 9TO MOXHO CIuTaTh, 9T0 M = n. A B 1965 r. Ilducrep
[Pfl] moxasan, 9TO MOXKHO CIMTATH, 9TO P; = O;.

Teopemy 27.1 MOXHO NPUMEHUTH U K MHOrowieHy f(zi,...,Z,;) OT n
nepeMeHHbIX Hag moaem L. [[as 5TOro HyXHO HOJOXUTHL, HAOPUMED, L =
=z u K = L(za,...,%T,) —I0Je PDAIUMOHAILHLEIX (QYHKIUN OT [IEPEMEH-
HBIX T3, ..., Ty Hag nogeM L. B peayabTaTe motyquM, 9TO B IPEACTABICHAN
MHOrOwIeHa f B BUAE CyMMEI KBaIPATOB PAIMOHANLHLIX (DYyHKIWA B 3HAa-
MEHATEIAX ITUX PANMOHATHHEIX (DYHKIUI MOXHO m30aBUTHCA OT 000U 13
NEePEMEHHEX (HO HelTb3f M30ABATHCA OT BCEX MEPEMEHHBIX OJHOBPEMEHHO).

JOKA3ATEJBCTBO. Ilpu n = 1 yTBepxgeHme O4Ye€BHIHO, IMOITOMY B
JagbHeueM OyaeM cauTaTh, uTo n > 1 u Bce o; # 0. [JoxasaTeancTso
yAOOHO IPOBECTH HA A3LIKE KBAAPATUIHBIX Gopm Hag moxem K (z). Ilycrs
v = (v1,...,0,) —BexTOp ¢ KoOpamuaTamu u3 K (z). Ionoxum ¢(u,v) =
= Y a;uv;. Tpebyercsa noxasars, uro eciu f € Klz] u f = ¢(u,u), rae
u; € K(z), ro f = ¢(w,w), rae w; € K[z]. Kpagparmanas popma ¢(u,u)
MoxeT ObiTh w60 m3orponHOn (T.e. @(u,u) = 0 gus mexkoroporo u # 0),
au6o ammsoTponson (T.e. ¢(u,u) # 0 npu u # 0).
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Cayuat 1: ¢popma ¢(u,u) m3oTponHa. B 5TOM Ciiyuae HaM Gaxe He IO-
Tpebyercs ycaosre f = @(u,u) gus u; € K(z). Wapivum croBamu, gus ax060-
0 MHOTOWIeHA f HaleTCs TAKOU BEKTOD u ¢ KoopauHaramu u3 Kz], 4To
f=9(u,u).

B pasencTse ¢(u,u) = 0 MOXHO CINTATH, ITO U — MHOT'OWIEH; [JIs ITO-
r0 NOCTATOYHO PAIMOHAILHEE (DYHKIMM U; IPUBECTH K OOIMEMY 3HAMEHA-
Temo. MOXHO TaKXe CIMTATH, 9TO MHOTOWIEHHL U1, ..., U, B3aWMHO IIPO-
CTHL B COBOKYTTHOCTH. TOr1a CyImeCTBYIOT TAKIE MHOTOWIEHBI V1 , . - . , Uy, ITO
ULv1 + - .. + upvy, = 1. B camom gene, B Buge uy f1 + us fo MOxHO npeacra-
Butb HO/(f1, f2); 3aTem B Buge (u1 fi +us f2)g1 +us f3 MOXHO IpeaCcTaBUTHL
HO(f1, f2, f3) u 7. a. Tlogeaus Kax b1 MHOTOWIEH v; HA, YUCIO 20t;, TIOLY-
9MM TaKOM BEKTOD v, 4TO @(u,v) = 1/2. A Tak kak @(u,v + Au) = ¢(u,v) n
¢(v + Au,v + Au) = ¢(v,v) + X, TO mocae 3aMeHEl v Ha ¥ — @(V, V)U MOXKHO
Oyger caurarb, 9To ¢(v,v) = 0.

PaBencTBO

o(fu+v, fu+v) = fPo(u,u) +2fo(u,v) + ¢(v,v) = f

MOKA3BIBAET, UYTO JIO00W MHOrOWIEH f MOXHO MPEICTABUTH B BUge f =
= ¢(w,w), rge w = fu+v.

Cayuai 2: popma @(u, u) agmsorponHa. B srom caysae 6e3 yciosus f =
= ¢(u,u) g11 u; € K(x) 060nTHCH yXKe HEMb3A. DTO BUAHO U3 CIELYIOMIErO
npumepa: K =R, f(z) = —1u @(u,u) =ul + ... +ul.

YmuOXKMIM 066 9acTu paBeHCTBA f = ¢(u,u) HA OOIMUI 3HAMEHATEb Pa-
MOHATBHLIX (GYHKIUHA Uy, . .., Uy. B pe3yabTaTe MOIYyYUM PABEHCTBO BUIA,
aru? + ... + apu? = fud, roe uo,...,u, — muorowrensr. Cpean Beex pa-
BEHCTB TAKOTO BUIA MOXHO BEIOPATh PABEHCTBO, B KOTOPOM MHOTOWIEH Ug
uMeeT MUHUMAIBHYIO CTeneHb r. Tpebyerca mokasaThk, uto r = (. IIpeamo-
aoxuM, 910 T = degug > 0. [logenum MHOrOWIEH U; HA Uy C OCTATKOM U
TeM CaMBIM HAUJIeM TAKOU MHOTOWIEH v;, 9To deg(u; — ugu;) <1 — 1.

TTomumo BEKTOPOB U = (U1,...,Up) BV = (V1,...,V,) PACCMOTPUM BEK-
Topet 4 = (ug,-..,uUn) 1 0 = (vg,...,Vp), voe vg = 1. PaccmoTpum Taxxe
popmy F(,5) = 0(z,4) — Froyo. Tlo yerommo B(7, @) = ¢(u,u) — ful = 0.
Kpowme toro, 9(v,v) = ¢(v,v) — f, Tak kak vo = 1. IlosToMy paBeHCTBO
©(v,7) = 0 mporusopeunt ycaosmio r > 0. B garprenmem Gygem camrars,
4aT0 §(V,V) # 0. DTO, B 4aCTHOCTHU, O3HAYAET, ITO BEKTOPHL U U U HE IPO-
nOpLMOHANLHEL B TakoM ciy4ae BekTop W = §(U,0)u — 26(U, V)0 HeHyIeBON
n Q(w,w) = 0, Tak Kak §(MU — uv, \u — uv) = u(—27¢(a,?) + ug(@,7v)) =0
opu A = ¢(0,v) u u = §(u, ).
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Urax, MBI OCTPOWIN HEHYJIEBOU BEKTOP W = (W, W) C HOJIXHOMUAIb-
HEIME KOODIMHATAMH, yIOBIETBOpAoOmmH pasencTsy ©(w,w) — fwg = 0.
YT0o06B NPUUATH K TPOTUBOPEINIO, JOCTATOIHO yOequThCA, 9T0 degwy < 7.
YuureBas, 9To v9 = 1, momygaem

n n

wo = 5(57 a)UO - 25(77,5)7)0 = (Z aivf - f)uo - 2(2 AjU;V; — fuo) =
i=1 i=1

n 2 n 2 1

=2 (U?uo — 2uvi + u—l) — % 5 fug = — 3 aius — uovi)?,

=1 Uo =1 0 0 i=1

n
Tak Kaxk y, o;ul = fud.
i=1
Hanomuum, o deg(u; — ugv;) < — 1. TlosTomy

degwy = deg (Z o (u; — uov,-)2> —degug <2(r—1)—r=r—2. O

i=1

C momompio Teopembl 27.1 MOXHO yKa3aTh HEOTPULATEIbHBIN MHOTO-
9IEeH OT 7, TEPEMEHHBIX, KOTODPHIM HeJb3s MPEeJCTABUTHL B BUIAE CYMMBI 71
KBaIPATOB PAMOHAMBLHEIX (DYHKIIUN.

TEOPEMA 27.2. Muorounen z? +...+z2 + 1 Heb3sa NpPeICTaBUTD B BUIE
CYMMBI 7i KBAJPATOB PANMOHANBHLIX (PYHKIWU OT MEPEMEHHBIX L1, .. .,%Tn
mag noaeM R.

[MTOKA3ATENLCTBO. IMomoxkum K = R(z1,...%, 1) U & = T, B yCIOBUM
Teopemet 27.1. TlpeanonoxumM, IT0 MHOTOUIEH T3 +. . .+ T2 + 1 mpeacTapeH
B BHUJE CyMMEI 7l KBaJPaTOB PAIMOHAIBHLIX (DYHKIUHA OT I1,...,Tyn. JTO
ozHauaeT, uTo MHOrowieH 2 +d, rae d =23 +... +22_; + 1 € K, MmoxHO
NpPEeJCTABUTL B BUJE CyMMbI N KBAAPATOB daemMenToB noia K (z). B Takom
cIy4ae coraacHo Teopeme 27.1 MEOrowreH 22 +d MOXKHO IIpeICTABUTE B BUE
CyMMEI 71 KBaAPATOB D1eMEHTOB Koabna K [z], T.e.

n
2 2 2
z°+d= E (ai0+ai1w+a,~2m —|—) .
i=1
SACHO, 9TO pU 5>TOM OMKHO BHIIOJHATHLCA PABEHCTBO Gy = A3 = ... = 0.
Taxum 06paszom,

w2+d:2(aia:+bi)2, a;,b; € K.

i=1
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IMogcTaBuM B TOIYyYEHHOE PABEHCTBO TAaKOe 3HAYEHME T = ¢, UTO ¢ =

= (anc + by)?, T.e. (1t ay)ctb, =0 (upm a, # 1 MOXKHO B3ATH JIO-

00l 3HAK, a IpU G, = *1 KomycTMM TOIBLKO OAWH 3HAK). B pesyuabrare
n—1

noryanm d = Y. (a;c + b;)?, rae ¢, a;,b; € K. NHBIME CI0BAMY, MHOTOICH
i=1

:c% +.. .—}—:1:%_1 +1 pomyckaeT mpeacTaBIeHUE B BUIE CYMMEL 12 — 1 KBa,IPATOB

PAIMOHAIBLHEIX (DYHKITAA OT IEPEMEHHBIX L1, . . . , L1 Hag nomeM R. [TosTo-

DA AHAJOTWYHBIE PACCYKIEHUA, B KOHIE KOHIOB IOJYYUM, ITO MHOIOYWIEH

:Ef + 1 aBasieTCsa KBAAPATOM PALMOHAJLHOU (PYHKIUU OT X1 HAJ moaeM R.

IMonyueno nporuBopeune. O

27.3. HepaBeHCTBO MeX/y CPEIHUM apUPMETUICCKUM U
CPEeHUM I'€0OMETPUIeCKUM

HepasencTBo Mexay cpeiHuM apudMETUIECKUM U CPEJHUM [e€OMEeTPH-
YEeCKNM 3aKII0YaeTCsa B caeayomeMm. Ecau 1, ..., T, — HEOTPUIATEIbHLIE
YUCaa, TO

1+ T2+ ...+ Tn
n

2 (1’1(11'2 .. .’L‘n)l/n

3amenuM z; Ha t2". Tora 5TO HEPABEHCTBO IPUMET BUJ

LA o AL S i
P(ty,... tn) = = Zn

— 2. t2 >0.

n

TeEOPEMA 27.3 (I'ypeur [Hu]). Muorouren P(t1,...,t,) MOXHO mpes-
CTABUTH B BUAE CyMMEI KBAADATOB MHOIOWICHOB.

MOKA3ATENLCTBO. Honoxum y; = t7. [aa dyrkumn f(yi,...,Yn) pac-
CMOTPUM

Sf(yl;;yn) = Z f(yo(l)a"'7y0'(n))'

IS

Hanpuwmep,
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Paccvorpum dyukimn

o1 =S((W " —y5 )y —v2)),
92 = S((W =y ) (w1 — y2)ys),
=S ® —us ) (1 — y2)ysya),

Oon—1=5((y1 — y2) (Y1 — Y2)y3ys - - .- - Yn),

Jlerko npoBepuTh,4TO

o1 = Syl + Syy — Syp ' — Syityy = 25y} — 2Sy? .

Anamormaao
(P2 = 25’y{“1y2 - 25’y{“2y2y3,
g3 = QSy{L*Zygyg - 25:!1{1733122131/4;

Qn—1 = 2Syfy2y3 e Yn—1 — 251192 - -t Y-

CaenoraTenbHo,

Q1+ @2+ ... +Pp =2Sy1”—2Sy1y2...yn.

YaurwiBas coorromenus (1), moaysaem

YTty +.. tyn 1

1 zn _y1y2""'y"=Q_R!((Pl_}'(PQ‘*'---‘}'(Pnfl);
T.e

A L R N . 1

1 2 - _t%té"”'ti:2_71!((?1+(Pz+"‘+(9"—1)’
ruge
Qr = S((y?_k - ?/g_k)(yl — Y2)Y3ya - - - 'yk+1) =

Py Pyl Yy k) =

=5((y1 — y2)?(y7
=S((82 —2)2 (2R 2R Ry 2 ),

Taxum 06pa3oM, @ — CyMMa KBaPaTOB MHOI'OWIEHOB OT i1, ..., {y. O
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27.4. Teopema I'misGepra
0 HEOTPHIIATEJILHEIX MHOTOWIEHAX Py(T, y)

ITycTs py, 0603HauaeT MHOrOwWIeH crenenu k. B maparpadge 27.1 Mbr npu-
BEJI TIPUMEPHI HEOTPUIATEIBHLIX MHOTOUICHOB TS, P6(Z,Yy) U pa(T,y, 2),
KOTODEIE HEJb3s IPEICTABUTE B BUAC CyMMBI KBA,IPATOB MHOTOWICHOB. [lis
MHOTOWICHOB TUNA P2 (X1, - - . , Lp) TAKAX IPUMEPOB HE CYyIECTByeT. B camom
nene, MHOCOIIEeHY Pa(Z1,...,Tn) COOTBETCTBYET KBAADATHIHAA (POPMA,

Fy(1,- -2 Ynt1) = Yoy 1D2(Y1 /Ynt1s- - > Yn/Yns1)-

JIi06y10 KBapaTHIHyI0 (DOPMY MOXKHO TIPEJCTaBUTh B BUAE fi + ...+ f,f —

— fRa—---—fiy,rae fi, ..., fop1 — numennbe dopmet. flcHO, UTO MHO-
TOwWIeH Py GyJeT HEOTPUIATEILHEIM JUIIb B TOM CIYYae, KOTAA frip = ...
e = fn+1 = O

Topasmo cmoxHee NOKa3aTh, 9TO JHOOOU HEOTPUIATEIHHEIN MHOTOWICH
Tuna py (T, y) MOXKHO IPEICTABATEL B BUAE CyMMBbI KBaAPATOB MHOTOWIECHOB.

TEOPEMA 27.4 (Tmis6ept). Jlr0601 HEOTPALATENBHEIN MHOIOIECH THILA
p4(Z,y) MOKHO IPENCTABATE B BUAE CyMMEL TPEX KBA,IPATOB MHOI'OWIEHOB.

Mz mpuBeneM [Ba JOKA3aTEILCTBA DTOM TeOpeMHL. IlepBoe nokasarein-
cTBO 00JIee MPOCTOE, HO OHO ITO3BOJAET AOKA3aTh JUIIL OoJee c1aboe yTBep-
XKEHUe, a4 MMEHHO, OyleT MOKA3aHO, YTO P4(T,Yy) MOXKHO NPEACTABUTHL B
BUe CyMMBI HECKOIBKIX (He 00A3aTEIbHO TPEX) KBAAPATOB MHOIOYIEHOB.
Bropoe — opurunanpuoe mokaszareabcTBO L'minbepra.

O6a goxkasarenncTBa HaM OyneT ynoOHee NPOBOAUTEL HE [IJISI MHOTOWIE-
HOB, a I OMHOPOAHEIX dopM Fy(x,y, 2).

ITEPBOE JOKA3ATEJLCTBO (Choi—Lam). Mu 6ygem gokaswiBaTh, 910
Jm00YI0 HEOTPULATEIbHYO OqHOPOaHy0 dhopmy Fy(z,y, z) moxHO npeacra-
BUTH B BYj€ CyMMEI KBaIpaToB ogquopoaHbrx ¢opwm. IlepBas wacTes gokasa-
TEIBCTBA OTHOCUTCA K (pOpMaM JHOOOU CTEneHn OT JI000ro IuC/Ia, IePEeMeH-
HBIX.

leym ¢popmam P u () cTenedu n OT 1 MEPEMEHHEIX MOXKHO COIIOCTABUTD
dopmy AP +u@, T. e. Ha MHOXKECTBE BCEX TAKUX (POPM MMEETCs €CTECTBEH-
Has CTPYKTYPa JMHEXHOI'O IIPOCTPAHCTBA. IloaTOMY POPMBEI MOXKHO CINTATH
TOYKaMU a(PUHHOrO IPOCTPAHCTBA; HAYAJIO KOOPANHAT COOTBETCTBYET HYy-
1eBOu hopme.
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Heorpunarensusie GopMEL 06Pa3y0T 3aMKHYTHIM BHIIYKIEU KOoHYC C' ¢
BepimHOU B Havase koopaunat 0. flcuo, ¥ro ecau () — wenyaesas ¢hopma u
Q = C, 1o —Q ¢ C. losromy mr06as mI0CKOCTD, mpoxoaammasn yepe3 O u @,
nepecexaer C mo (3amxryTOMy) yray Q10Q2, Beruauna KOTOPOTO CTPOTO
mensbie . [Ipu sToM dpopma () ABASETCA BHITYKION JUHENHON KOMOUHAIIEN
dopm Q1 1 Q2.

IIpoBenem omopHBIe rUnepmIocKOCTH K KOHycy C, mpoxonsamue depes
ayau O@Q; u OQ2. Ouu nepecekaior kouyc C' M0 HEKOTOPHIM BHIMYKJIBIM
KOHYCaM CTPOr0 MEHBIIEHN pa3MepHOCTH. PaccMoTpuM cedenune Kaxaoro us
9TUX KOHYCOB ILIOCKOCTBIO, poxo aamen depe3 Touxu O u (. [locae neckoan-
KUX TAKUX OMEPAIUA MBI O0A3ATENBHO NPUAEM K KOHYCaM pasmepHOCTH 1
(yam).

Touky A 3aMKHYTOT'0 BHEIIYKJIOrO KOHYCa C' HA3HIBAIOT IKCMPeEMAAbHOT,
€CIu 1JIs1 Hee CYIIECTBYET ONOPHAs TUIEPILIOCKOCTD, IePECEKAOIAI KOHYC
C muus mo aygy OA. UueiMu croBamu, TOYKa A SKCTpPEMAaIbHAA, €CIU OHA,
He SBJISETCS BHYTPEHHEN TOYKOU OTPE3KA, KOHIEI KOTOPOI'O IPUHALIEKAT
xouycy C, Ho He aexat Ha ayde OA. OnucanHas BoIlle KOHCTPYKIUA TTOKa-
3BLIBAET, YTO JH00ad HeOTPULATEAbHAA OFHOPOLHAA popMa () ABIAETCA BEI-
ILyKJIOH JHHEHHON KOMOUHAIIMEH SKCTPEeMAJbHBIX HEOTPHLIATEALHEIX (hOPM.

o cux mop MBI paccMaTpuBaIn (POPMEL JIOO0U CTEIEHN OT JIO0r0 IUCIa
nepevenubrx. Ho ciegylomee yTBepxkIeHUE CIPABEINBO JHAIMIL LI (POPM
crenenu 4 OT 3 mEpEMEHHEIX.

JIEMMA 27.1. Jo0y:o0 HEOTPUUATEJLHYIO OZHOPOLHYIO (hOPMYy CTere-
vu 4 T(z,y,2) # 0 MOXHO IPENCTABUTEL B BUIE

T = q2 + Tl;
rae ¢ # 0—xBagpaTuydnas popma, 1) — HeOTpUIATEabHASA POPMA.

CHAEACTBUE. Jlobas sKCTpeMalbHAsA HEOTPULATEIbHaA GopMa CTere-
wu 4 T(z,y,z) ABIAETCA TOJHBIM KBA,IPATOM.

CuecTBUE BEITEKAET U3 JEMMEI OUYEBUIHBIM 06PA30OM: I SKCTPEMATb-
HOH HeoTpunarerbHon ¢opmer T pasnoxenne T = g2 + T NOIXKHO OLITH
TPUBHAJBHEIM, T.€. ¢hOpMEL g2 u 1) LONKHEI OBITH IPOIOPIMOHAILHEL B
CBOIO O4epenb, M3 CIEICTBUS OYEBUIHLIM O0OPa30M BHITEKAET Teopema. B
CaMOM [eJie, BEIMYKIAsA JUHENHAS KOMOWHAIUSA DKCTPEMATbHEX HEOTPUIA-
TeAbHEIX (opM cTemeHu 4 OT 3 MepEeMEHHBIX MPEACTABIACT COOOU CyMMy
KBaIPATOB KBAIPATUIHEIX (POPM.
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JOKABATENBCTBO. Ilycts Z(T)— muoxectso Hynen ¢opmur T', pac-
CMATPUBAEMEIX C TOYHOCTBIO 10 HPOIOPIMOHATILHOCTH (T. €. MHOXKECTBO Hy-
Jnett aToir popmer B RP?).

Cayuaii 1: Z(T) = @. Ha eguanmanon chepe z2 + y2 + 22 = 1 dpyn-
kuus 1 OpuHEMaeT MUHUMAIBHOE 3HadeHwe U > 0, mostomy T'(z,y,z) >
> u(z? + y? + 22)? npu Beex (z,y, 2).

Cayuati 2: Z(T) cocrout u3 ofHOH TOYKH; 6€3 OrpAaHUYIEHNA OOIHOCTY
MOXHO camTaTh, uto T(1,0,0) = 0. B Takom cryuae xoadbdunuent mpu z*
paBeH 0, mosToMy

T(z,y,2) = 2*(ary + @22) +2° f(y, 2) + 229(y, 2) + h(y, 2).

Ecmu o1 # 0 wm oz # 0, TO npy & — 00 MOXKHO MOLYIUTH OTPULATEIHHEIE
suagenus T'. [loasTomy

T(z,y,2) =22 f + 229 + h.

Acuo Takxe, uro f > 0u h > 0.

B pasnoxenun

T =(af +9) + (fh - g°)

dopma fh — g% meorpunarensua. B camom gere, ecmu fh — g2 < 0 B Touke
(a,b), To f(a,b) # 0. Honoxue z = —g(a,b)/f(a,b), moxyaum fT < 0 B
Touke (z,a,b).

Heorpunarensuyio xBagparudnyio dpopmy f(,y) MOKHO NPEICTABATD
B BUJE KBAIPATA JUHEUHOW (POPMEI WM B BUAE CyMMBI ABYX KBAIPATOB
JuHeRHLX dopM. B cooTBeTcTBUM C 5TMM pasbepeM [Ba BAPUAHTA.

(a) f = f}, rae fi = ay+Pz. B Touke (—B,a) moxyqaem fh—g*> = —g% <
< 0, moatomy g(—PB,a) = 0, Tak kak dopma fh—g? reorpunaTemsaa. Takum
o6pasom, g = f1g;. CregoBaTensHo,

T2 @f+9)?=@f+hHa) =f@h+a)=flh+a),

a smaant, T > (zvf1 + g1)%.

6) f=f2+ f2, rme fi u fo — uHEHHEIE GOPMBI, HE UMEIONINE HETDH-
BUAJIBHBIX (T.€. OTIIUYHBIX OT HAYAAA KOOPAUHAT) O0mux HyJaen. B maxom
crygae f(y,z) > 0 mpu (y, z) # (0,0). Ipeamonoxum, ato fh — g2 = 0 mpu
(y,2) = (a,b) # (0,0). Torga T = 0 npu (z,y,2) = (—g(a,b)/f(a,b),a,b).
[puxoauM K TPOTUBOPEYMIO, TAK KAK TIO NPEATIONOKEHNIO ¥ T €CTh TOJIBKO
onus Hy b B RP?, a mvenno (1,0, 0).

Urax, fh—g*> > 0 npu (y,2) # (0,0), a smauur, (fh—¢?)/f> >u>0
Ha eAuHWIHOK OkpyxHOcTH. CrenoBarensro, fh—g* > uf? mpu Beex (y, 2).
Hooromy T > (fh—¢*)/f > uf* = (VIf).



286 I'aasa 7. Cemnaduyamas npobaema INuavbepma

Cayuatt 3: Z(T) cogepxuT He MeHee ABYyX TOYEK; 6€3 OrpaHUIeHus 00T
HOCTH MOXHO cumTarh, uTo 1(1,0,0) = T7(0,1,0) = 0. Kak u B ciyqae 2,
dopma T He MOXKET COAEPKATEL WIEHOB ¢ £+ 1 &3, a Taxxke wrenos ¢ y* u y3.
ITosromy

T(z,y,2) = =*f(y,2) + 2229(y, 2) + 2*h(y, 2).
B pasaoxenun
IT = (af + 29)* + 2*(fh - g%)
dopma fh — g% HeoTpuULATETBHA.

IIpu pas6ope BapuanTa (a) Caydas 2 MBI HE HOAB30BAIUACH TEM, UTO Y
dopmer T' ecTb poBHO onumH Hyab. llosTomy ecmm f = f2 (wm h = h?),
TO MOXHO IIPUMEHUTDL Te XKe caMile paccyxaenus. OcTaeTca pacCMOTPEThb
cay4au, korga f > 0 u g > 0. Mer cuoBa pazbepeM aBa BapuaHTa.

(a) fh—g? umeeT HeTpUBMATLHEIA HYIb (a, b). Ilycts a=—g(a,b)/ f(a,b),

Ti(z,y,2z) = T(z +az,y,2) = 2° f + 2z2(g + af ) + 2°(h + 2ag + o’ f).
B Touxe (a,b) moxygaem

_ 2 2
h+2ag+a2f:h+27gg+%f:h_ff:hff2g —0.

Hoaromy h+2ag+a?f = h?. Takum o6pazom, T1(z,y, 2) > (zh1)?, a snaunr,

T('Z.inz) = Tl(m - azayaz) 2 (Zhl(m - azayaz))2'

(6) fh — g% > 0. B Taxom cryTae

fh—g’
-9 9~ a >
TR
a 3HAYWT,
IT = (zf +29)* + 2°(fh — ¢*) 2 2*(fh — ¢°) 2 u2*(y* + 2°) f.
B wrore noxyuaem T > (,/Tzy)? + (,/02?)? = ({/22?)?. 00

BTOPOE MOKA3ATEJBLCTBO. (T'manGepr) OcHOBHAsA uaes 3TOro NOKa-
3aTENBCTBA 3aKII0YAETCA B TOM, ITOOBI pACCMOTPETh MHOXKECTBO A, COCTO-
slllee M3 TEX BEIIECTBEHHBIX (POPM OT TPEX MEPEMEHHEIX, KOTOPHIE MOXKHO
npecraBuTh B Buge f2 + g2+ h?, rae f, g, h— sewecmeennvie KBagpaTd-
HEBIE (POPMBI, HE MMEIOINIAE HETPUBUAILHLIX OOIUX HYJIEU HAJA HOJEM KOM-
NACKCHBIL TUCEI.
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JIEMMA 27.2. MuoxecTBO A OTKPHITO.

JOKABATENBLCTBO. KoaddummenTer a;ji, dopmur Y. a;jrziy’ 2F moxmo
cunTaTh KoopauHaramu B R”. IloaTomy oTobpaxkenue

®:(f,g,h) ~ F = f* + ¢* + h?

npencTaBaseT cobon arrebpamdeckoe oTobpaxenme RE — R (xsagpa-
TUYHAA (POpPMa OT 3 MEpEMEHHHIX 3adaeTca 6 KodpduimeHTaMu, a GopMa
crenenu 4 3agaercsa 15 koodduimentavu).

HJocrarouno mokasats, uro ecau (f,g,h) € A, To guddepennman dP
orobpaxenus ¢ B rouke (f, g, h) umeer paur 15, 1. e. dimker & = 3. fcuo,
9To

d®(u,v,w) = 2(uf + vg + wh),
rae (u,v,w) € R¥® — Tpoitka xBagpaTwaHbIx dhopwm, uf +vg+wh — dopma
crenenu 4.

Keanparwanse gopmer f, g, h HEe IMEIOT HETPUBUAIBLHBIX OOLIX HyJIeH

unag C. Ilokaxem, 94TO B TaKOM Caydae U3 PABEHCTBA

uf +vg+wh=0 (1)
(u, v, w — xkBagpaTUIHEE (POPMEIL) CIEAYET, ITO
u=vg—uh, v=AN—-vf, w=uf-Xig

UL HEKOTOPHIX A, U, v € C.
locTaroyHo m0Ka3aTh, 9TO

u=vig—uih, v=Mh—vof, w=u2f—lag.
B camom mexne, Toraa
(M = M2)hg + (w2 —u1) fh+ (vi —v2) fg = 0.

Kpusre f = 0,9 = 0 u h = 0 momapHO pa3iauyHbl, mo3TOMYy Ha Kpusou f = 0
ecTb TO4YKa, He npuHamIexaras KpusiM ¢ = 0 u h = 0. PaccmoTpes 3Ha-
venus f, g u h B 9TOU TOYKE, HOIYIUM A\ = Ag. AHATOTMYHO JOKA3BIBAETCA,
9TOo !J,l = .U‘2 n Vi = Va.

Joxaxewm, Hampumep, 4T0 w = Uz f — hog. Ilo Teopeme I'misbepra o
HYJIAX UAeAJ, IOPOXK 1eHHLM dopmavu f,g u h, CONEPXKUT HEKOTOPYIO CTe-
IIeHb JI000r0 MHOI'OYJIEHA, TAaK KAK 5TH (HOPMEL He UMEIOT O0mmx Hyaen. B
9aCTHOCTH, L™ MPU HEKOTOPOM 7, MOXKHO IPEACTABUTH B BUIE

" =rf 4+ sg +th, (2)
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rae r, s,t — dopmul crenenu n— 2. PaccMorpum paBeHcTBO (2) ¢ MUHUMAIDL-
veM 1. W3 (1) u (2) caegyror paBencTBa

uft+vgt +wht =0, z"w=rfw+ sgw + thw,

IO>TOMY
z"w = (rw — ut) f + (sw — vt)g = af + by, (3)

rae a u b— ¢popmer crenenu n. Eciu n = 0, To MbI nonyuaem Tpebyemoe
paBercTBO. Eciu xe n > 0, TO MBI HOIy4aeM IPOTUBOPEYINE C MUHAMAILHO-
cTeio n. B camom gene, npu £ = 0 paBeHCcTBO (3) mpeBpamaeTcsa B

ao fo + bogo = 0,

rae a9 = a(0,y,2) u . 1. pu sTOM fo U go HE MMEIOT OOmMX Hyxeu, a
3HauuT, a9 = dogo u by = —dpfo Ana HEKOTOpOrO MHOrOwWIeHa do(y, z)-
Monoxuwm d(x,y,2) = do(y,2) 1 pacCMOTPUM MHOTOWIEHHL a1 = a — dg u
by = b+ dg. fAcuo, uTo

a1f +big=af +bg=z"w

u a1(0,y,2) = b1(0,y,2) = 0, T.e. ay u by gerarca va z. CokpaTus Ha x,
TOTyYMM PAaBEHCTBO BUAA Ao f + bog = " lw, 9TO MPOTMBOpEYUT MUHU-
MaJIBHOCTHU N.

Urak, sgpo orobpaxeHus

d®: (u,v,w) — 2(uf + vg + wh)
COCTOUT U3 BEKTOPOB BHUIA
(Vg - }"*h7 Ah — Vfa .U'f - )\g) = )\(07 h: _g) + .u(_h) 07 f) + V(g7 _fa 0))

[I0STOMY Pa3MEPHOCTD AAPA PABHA 3. |

JIEMMA 27.3. Tlycts F € A\ A, rne A— sambikanue A. Torga 6o
F mveeT HeTPUBUAILHLIN BEIIECTBEHHBIN HYyJb, 1100 HaT motem C kpuBas
F = 0 umeeT mo KpavHen Mepe ABe IBOWHELIE TOYKH.

JOKABATENLCTBO. fcuo, uro F = f2 4 ¢g? + h?, rae f,g u h umeror
00LIMI HETPUBUAJILHEIL HYJIb (a,b,c). Ecau 5ToT HyJ b He BelmeCTBEHHBIN,
10 TouKH (a,b,c) u (a@,b,¢) GyLyT ABYMS PABTUYHEIMU JBOMHBIME TOTKAME
xpusonu F' = (. B camoM geJe, 5T TOYKU ABAAIOTCA HyasaMu pyukimn f, g, h,
TO2TOMY OHHU ABJIAIOTCA NBYKpaTHLIME Hydamu dymxmmi f2, g2 h?, a 3Ha-
YUT, OHU SABJAIOTCA ABYKpaTHEIME Hyaamu ysaxmm F = f2 + g2 + h2. O
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3auMeMCsa Temepb HEemOCPEeACTBEHHO NOKA3aTEeIbCTBOM TeopeMmbl. Hyx-
HO [0Ka3aTb, 4TO J0b6as HeoTpunarenbuas ¢popma jdexuTt B A. OTkprrroe
MHEOXECTBO A orpammdeno nosepxsocteio A = A\ A. Tycrs F; — mipo-
M3BOIBHAS HeoTpunarensHas (opma cremenn 4 or 3 mepemensbix. Ecanm
F} € A, ro noxasmiBaTh yxe Hedero. [lopTomy OygeM cunrats, aTo F & A.
B Takom caydae orpesok FgFi, raoe Fy € A— npousBoabHas TOYKa, H0J-
XeH mepecekaTh OA B HekoTopou Touke Fy. JlocTaTouHO MOKa3aTh, YTO
Touxky Fy MOxHO BHIOpaTh Tak, 4To TOuka Fy comager ¢ Fy (torma F) =
= F, € 0A c A). Bygem camrars, a0 F; — BHYTpPeHHss TOUKA OTPE3Ka
FyFy. Touky Fy MoxHO BHIOpAaTh Tak, 4TO F; MMeeT HETPUBUAJILHLIN Be-
IECTBEHHLIN HyJb. [leno B ToM, 9T0 cormacHo jgemme 27.3 dpopmer u3 0A,
HE MMEIOIIUE HETPUBUAILHBIX BEIIECTBEHHBIX HYJEU, COOTBETCTBYIOT KPU-
BBIM C IBYMsA ABOVHBIMEM TOYKAMU, & Takue (POPMEI 00Pa3yIOT MHOXKECTBO
Kopa3MepHocTH He MeHee 2. [lencTBurensuo, kpusas F' = 0 umeeT 1BOMHYHO
TOUKy, ecnu cuctema ypasHemmn F' = 0, F, = 0, F, = 0, F, = 0 umeer
pemenne. IlepBoe ypaBHeHIEe MOXHO He yIUTHIBATH, TaK Kak *Fy + yF, +
+ 2F, =nF, rae n— crenens ¢popmer F' (B Hamem ciayvae n = 4). Kpusnie
F, =0 u F, = 0 nepecexkatorca B (n — 1)? Toukax. Kpusas F = 0 umeer
k meoumbx Touek, ecau kpusas F, = 0 mpoxomur 4epes k Toduexk mepece-
geHus kpuBbix Fp = 0 u F, = 0. 970 HaknajgeBaer k arrebpamdeckux
COOTHOIICHUY HA KOdPpurmeHTrl Gpopmel F.

Urax, popma Fy = (1—t)Fy+tF) umeer HeTpUBUAILHEIA BELECTBEHHEIN
Hyab. Ho 5T0 mpormsBopeunt TOmy, uro F; # Fi. B camom pnene, Fy >
> 0u F; > 0, nosromy npu ¢t # 1 ¢popma (1 — t)Fy + tF; npunumaer
CTPOr0 HOJOXUTENHHEIE 3HAYEHUS BO BCEX TOYKAX, OTJIWYHBIX OT HAYAIA
KOOPAWHAT. O

28. Teopus AptTuHa

Taparpad 28 B OCHOBHOM MOCBAIIEH pemeHW0 ApPTHHA CEMHAAUATOU
npobremul ['mipbepTa 0 NpescTaBIMOCTH JOO0r0 HEOTPHUIATEIEHOI0 MHO-
TOWIEHA B BUJAE CYMMELI KBaJPATOB PALMOHATNBHEIX pyHKumu. [Jokasarenb-
CcTBO ApTHHA He JaeT HUKAKWX OLEHOK NOCTATOYHOI'O KOIMYIECTBA ITUX Pa-
IMOHATBHEIX (QYHKIWN B IPEACTABICHAN MHOIOWIEH] OT 1 IePEeMeHHbIX. Ta-
Ky oueHky noxyumnt Ilducrep: HEOTPUIATENBLHEIL MHOMOWIEH OT 7 II€pe-
MEHHBIX MOXHO IPEJICTABUTH B BUAE CYMMEI 2" KBaJAPATOB PAIMOHAIBLHBIX
dyuxumu. Teopuio [Ipucrepa mbr 06cyqum B maparpade 29.
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B naparpadax 28.1 u 28.2 npusegeHsl HEOOXOAUMEBIE CBEIEHUS U3 Te-
OpUU BEMIECTBEHHBLIX MOJEH; PE3YJIbTATH STUX MAParpacOB IPUHAMLICKAT
Aptuny un [lpanepy [ArS]. Co6CcTBEHHO pelleHne CeMHAAUATOR NPOOIEMEL
lNuns6epra cogepxurcs B 28.3. DTO A0KA3ATEILCTBO OCHOBAHO HA TEOPEME
CunbBecTpa, MO3BOJAKIIEN BEHUUCIUTL KOMXIECTBO BEIIECTBEHHLIX KOPHEN
MHOTO'WIEHa, KAK MHIEKC HEKOTOPOU KBaApaTudHoun Gopme (cuM. ¢. 45). Ha-
IIIe M3JI0XKEHNe ONUpaeTcs Ha [Sal.

28.1. BemecTBeHHbIe m0IA

Ilone K Ha3HIBAIOT Yynopadouenkbim, €CIA OHO Pa30UTO HA TPU Hemepe-
CEKAIOIINXCA MOAMHOXKECTBA

K=NU{0}uP

tak, 9t0 N = —P (N — ompuyameabnbie qucaa, P — nosoxcumesvubie au-
Cﬂa), npuvieM CyMMa U IIPOU3BEACHUE NBYX ITOJOXUTEIBHBIX TUCEI ITOJIOXKN-
TEJbHBI.

/151 ynopsg09eHHOro nojsi MOXHO BBeCTH 0O03Hadvenue x — y > 0, ecan
r—yeP(zx>y,ecmzr—ye Pwmz=y).

Tloaoxum
a npu a > 0,
laj=4¢0 mpuma=0,
—a mpu a < 0.

Jlerko nposeputs, aTo |ab| = |a| - |b] u |a + b| < |a| + |b].

B mo6om ynopsgodennom noae 1 > 0, Tak xkak 00paTHOE HEPABEHCTBO
—1 > 0 mpumsoanT k mpormeopeumio: 1 = (—1)(—1) > 0. B wactrOCTN,
XapaKTePUCTUKA JI000r0 YIOPSAIOYEHHOI'O TOJs PABHA HYJIO, TOCKOJIBKY
1+...+1>0.

B mo6oM ymopagoderroM moae x2 > 0. B camoM gene, 06a HepaBeHCTBA
z>0u —z > 0 IPUBOAAT K OMHOMY U TOMY K€ HepaBeHCTBY x> > (.

Ynopsgodenne nous Q eguHCTBEHHO, & UMEHHO, p/q > 0 TOrga U TOIBKO
Toraa, korga pq > 0. JencTBUTENBHO, 9uCIa P/q U Pg NOXYIAIOTCA APYT W3
Apyra yMHOXeHueM Ha g2 > 0.

IIprmepom moust, KOTOPOE HENB3sT YIOPSALOINTh, CIyXKuT J0oe moae L,
B KOTOPOM BJEMEHT —1 ABIAETCA CyMMOU KBAIPATOB (M XapaKTEPUCTUKA,
L ue pasna 2). B camom jgene, 10601 3IeMEHT a TOAsA L ABAAETCA CyMMOU

KBaIPATOB:
1+a\? 1-a\’
o= (59) +en ()
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TMose K uHaswBalOT Hopmasvbro Bew,ecmseernbim, ecan daeMeHT —1 He-
JIb351 IPECTABUTD B BUJE CyMMEL KBAIPATOB 3aeMeHTOB K. DKBUBAJIEHTHOE
ycaosme: ecma b? + ...+ b2 =0, rae by,...,by € K, T0 by = ... = b, = 0.
[l xparkocTu OygeM HA3LIBATH (POPMAILHO BELIECTBEHHEIE IIOJS IPOCTO
8EUECTNBEHHBLMU.

JIro6oe BemmecTBenHoe nose mmeer xapakrtepuctuky 0. B camom pnerne,
ecIn XapaKTepucTuKa pasHa p, To —1 = 12 4 ... 412,

p—1

TeEoPEMA 28.1. IIycts K — BemecTBeHHOe TONE, a € K.

a) Ecin snemeHT @ ABAsg€TCA CyMMOU KBaAPaTOB 2jaeMeHTOB K, TO mose
K (y/a) BemecTBeHHO.

6) Ecan nose K (1/a) He BEIIECTBEHHO, TO 2IEMEHT —@ ABJIAETCA CyMMOU
KBaIpaToB daeMeHTOB K.

[JOKA3ATENLCTBO. Ilycts nose K(y/a) me semecteenno. Torma, B
gactHocty, K (v/a) # K, 1. e. \/a & K. Kpome Toro, snement —1 spiasercs
cymmoun kBanparos saemenTos noaa K (y/a), T.e. B K cymecTByoT Takme
BJIEMEHTHL b;, ¢;, 9TO

—1=3(bi +civ/a)® = b7 + 2v/a P bici +a . (1)

®opwmyaa (1) nokasmsaer, 9To ecau Y bic; Z 0, To v/a € K. HosTomy

—1=3b+ad ci. (2)

IIycTe a — cymma xBagparos aaemenToB K. dopmyraa (2) nokaswsaer,
9TO B TAKOM Cﬂy‘lae HperqHOJIO)KeHI/Ie (C KOTOpOFO MBI HAYMHAJIN r[LOKaBaTeJII)—
€TBO) 0 TOM, uT0 mose K (1/a) He BEImeCTBeHHO, TPUBOIAT K TIPOTUBOPEYIHIO.
OTO I0KA3LIBAET YTBEPKICHUE ).

Yro6ul g0Ka3aTh yTBEpXKAeHUE 0), 3anumeM Gopmyry (2) B Buge

_ 1430

=~

OcraeTcs 3aMeTUTh, 9TO eCI P U ¢ — CyMMbI KBaAPATOB, TO p/q = pq(q~!)?
TOXE€ CYMMa KBaaApPaTOB. O

CHEACTBUE. [Ina Bemecrsennoro noas K oguo w3 moneun K(y/a) m
K (v/—a) 06s3aTeapHO BEIECTBEHHO.

JOKA3ATENBCTBO. Ecau none K (1/a) HE BEIIECTBEHHO, TO DIEMEHT —a
ABIAETCA CyMMOM KBagpaTos, nodromy noue K (y/—a) Bemecrsenso. O
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TEOPEMA 28.2. Ilycte K —BemectBenHoe none u f € K[z]— He-
NPYBOAMMEL MHOIO'WIEH HeIeTHOU crenenu. Toraa noxe K (o), rae a — xo-
peHb f, BEIIECTBEHHO.

[JOKABATENBLCTBO. Ilycre n = deg f. Ipeanonoxkum, aro mone K (a)
He BeIIeCTBEeHHO. Tormga

-1= Egi(a)27

rJe g; — MHOTOWIeHH CTemeHu He Bhime n — 1. Muorowren 1 + Y g;(x)?
HMEET KOPEHb o, HODTOMY OH [eIUTCA HA f, T. €.

—1=35gi(z)? + h(z) f(z),

rge h—muekoropem MuorowieH. IIpegmoaoxum, uro h = 0. Torga —1 =
= Y gi(z)?. Ecmm max(degg;) = m > 0, To cymma KBaApaToB Koahbu-
[IMEHTOB MHOFO‘IJIeHOzB g; mpu ™ paena Hyaw0. A ecm g; = ¢; € K, TO
—1 =Y c?. O6a BapmanTa NPOTUBOPEYAT BEMECTBEHHOCTH oA K, mO3TO-
My h # 0.

Crenens muorowiena Y. g;(z)? gerna u ne npesocxoaut 2n—2. IlosTomy
CTENEeHb MHOI'OYWIEHA h HEYeTHA U He NMPEBOCXOAUT N — 2. Y MHOro4IeHa h
€CTh HENPUBOAAMBIA MHOXKWUTEIb A1, CTENEHb KOTOPOrO HEYETHA U HE IIpe-
Bocxoaut n — 2. Ilycts f— xopens muorowiena hy. Torga —1 = Y g:(B)?,
T. €. DIeMEeHT — 1 ABIAeTCA CyMMOU KBaAPATOB dnemenTos 1o K (). Ilosro-
PUB IJIa MHOTOWIEHA A T€ Xe CaMBle PACCYXIEHUA, ITO U 1A MHOMOWICHA
f, monyamM, 9TO 2MeMeHT —1 ABIACTCA CyMMOU KBAIPATOB BJIEMEHTOB MOJA
K(Y), rage Y — KOpeHb HEKOTOPOI'O HEIPHUBOAMMOIO MHOIOYWIEHA HEYETHOH
CTemneHu, He mpeBocxoqamen n — 4 u . 1. [Ipuxogum k nporusopeunio. O

Ilone K Ha3BIBAIOT 8ewecmeerHo 3aMKHYMbBIM, €CIU OHO BEIIECTBEHHO
u 1:000e ero BemecTBeHHOe alredpandeckoe pacuimpenre copnajgaer ¢ K.

"3 Teopemsr 28.2 cienyer, 9TO B BEIIECTBEHHO 3aMKHYTOM IIOJE JOO0U
MHOT'OYJIEH HEYETHOU CTEMEHU UMEET KOPEHb.

Bewecmaennbim 30MblKaHUEM BEIIECTBEHHOIO os K HA3BLIBAIOT Belle-
CTBEHHO 3aMKHyTOe noste R, arre6pandeckoe nag K.

Y arob6oro BemecTBeHHOO moas K eCTh BemeCTBEHHOE 3aMblKaHue. B
CaMOM JeJie, PACCMOTPUM YaCTUYIHO YIIOPSLOYEHHOE MHOXECTBO BCEX Bellle-
CTBEHHEIX TOnen, anrebpanyvecknx Hang K. Cornacuo aemme I[opua B 3TOM
MHOXECTBE €CTh [0 KPAaWHE! Mepe OJUH MAKCUMAaJabHEIN daemeHT R. flcuo,
4TO moste R BelecTBEHHO 3aMKHYTO.
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TEOPEMA 28.3. BemecrBenno 3amkuyTOe noe R nomyckaeT POBHO O-
HO yIOPsJ0YEHUE, & UMEHHO, HEHYJIEBOU BJIEMEHT a € R MOJ0XUTeIeH TOr1a
¥ TOJBKO TOr'a, KOI'Jd OH ABJIAETCA KBAJAPATOM.

MOKA3BATEILCTBO. flcHo, 4TO paBencTBa a = t3 m —a = t3, rae
t1,to € R, He MOT'YT BBINOJHATHLCA OTHOBPEMEHHO, TAK Kak mHade —1 =
= (t1/t2)?%. MloaTOoMy HOCTATOYHO MOKa3aTh, 9T0 +a = t2, rae t € R.

Ecmu a # t2, To mone R(y/a) aBaseTcs COOCTBEHHEIM PACIIMPEHIEM MO
R, nos>romy oHO He BemecTBeHHO. B TakoMm ciydae cormmacHo Teopeme 28.1
(6) amemenT —a ABASETCA CyMMOM KBaapaTos aaemenTos R. Torga corsacuo
Teopeme 28.1 (a) mone R(y/—a) BemecTBeHHO, MO3TOMY OHO COBMajaeT ¢ R.
D10 o3Hauaer, uTo \/—a € R, T.e. —a =t>, rae t = R. 0

TEOPEMA 28.4. Ilycte K — BemecTBEHHOE TOJe, TPUYEeM DIEMEHT
a € K Henb3s mpeicTaBUTH B BHE CyMMEI KBAaIpaToB. Torga cyiecTByeT
ynopsigodenue moas K, npu koropom a < 0.

[MOKA3ATENLCTBO. Cornacuo Teopeme 28.1 (6) monre K (y/—a) Berme-
creenno. [lycts R — BemecTrennoe sambikanue noas K (y/—a). Cornacuo
Teopeme 28.3 mone R mmeer ynopsjgodeHue, Npu KOTOPOM DJIEMEHT —a =
= (v/—a)? nonoxurenen, 1. e. paemenT a orpunareses. OrpaHTYeHEE STOTO
ymnopsigouenus Ha K C R u ecTtb Tpedyemoe ynopsgodeHue. a

Beenem mas anrebpamdeckoro samuikauus nojs R o6o3nadenne R.

TEOPEMA 28.5. Ilose R BeleCcTBEHHO 3aMKHYTO TOTIa ¥ TOJBKO TOTIA,
xorga R # Ru R = R(v/-1).

JOKA3ATEJBCTBO. IIpennonoxum cHadama, 9To mouae R BeIecTBEHHO
samkuyTO. Torga ypasuenue z2 + 1 = 0 me uMeer pemenuii B R, mosToMy
R # R. okaxem, ato R = R(v/—1).

Beenem a1 xparkocTu o0o3Hadenne i = /—1. IIpexne Bcero moka-
xeM, 910 B mone R(i) moboe KBanpaTHOE ypaBHEHHE MMEeT KOpeHb. Kop-
HU KBaJPATHOTO TPeXwIeHa T’ + 2pxr + ¢ HaxomaTcsa mo (opmymte Tpo =
= —p =+ /p? — ¢, MOPTOMY AOCTATOYHO MOKA3ATh, 9TO ecim a,b € K, To
va+ib € K(i). Uasvu croBaMu, HyxHO nogobpats ¢,d € K rtak, 1ro
(c+di)? =a+bi,t.e. > —d? = au 2cd = b. fIcno, 110 a? +b? = (¢ + d?)%.
IMosTOMy MOAXOIAIMY KAHIAIATAMYA ABIAOTCA

62_\/a2+b2+a Vaz+b2 —a
- 2 2

2 _
& = 2
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IIpex ge BCEro mpoBepuM, 9TO TAK ONPEAEJICHHBIE YUCIAA, ¢ U d IeNCTBATEIb-
Ho sexat B R. Tak xak a®> > 0 u b? > 0, 7o a® + b? > 0, H0>TOMy COIIACHO
teopeme 28.3 Va2 + b2 = R. Nanee, Va2 + b2 > Va2 > +a (3mecy Va? + b2
n Va2 — meorpunaremsuse uncaa). Mostomy Va2 +b2+a > 0, r.e. cu d
nexar B R. PapeHcTRO ¢ — d? = a BHITIOTHAETCA aBTOMATUYECKH, & PaBEH-
cTBO 2¢d = b GyeT BHIIOIHATHCSA, €CIU IPABIWILHO BEIOPATH 3HAKA YUCEI C
u d.

PaccmoTpum Teneps Ipou3BOIBHEIN MHOTOWIEH f, HEMPUBOAUMEIN Ha R.
3anuiem ero creneHs 1 B Buge n = 2"'q, rae ¢ — HeveTHoe uucao. JJokaxem
uHAyKOuen no m, 9to f uMeer kopens B R(i). IIpu m = 0 sTo caeayer us
Teopemtl 28.2. [Ipeanonoxum Temnepsb, ¥To m > 0 1 TpebyeMoe yTBepK IeHue
yKe TOKa3aHo aias umcen 1,...,m — 1.

Iycre a4, . .., 0, — KOPHA MHOTOWIEH], f B HEKOTOPOM PACIINPEHUN I10-
aa R. Buibepem umcao ¢ € R Tax, 4Tobwl BCe umcaa oxa; + oy + o),
rae k # [, ObLIM TOMAPHO PA3IWYHBI. JTU YUCIY, ABIAITCA KOPHAMU MHO-
rounena g crenenu n(n — 1)/2 ¢ xosdduimentamn u3 R (koadduimenTs
aexat B R, Tak Kak OHM ABJIAIOTCA CAMMETPUICCKUMHA (DYHKITUAMEA OT AU, - . -

,dy,). Jucao deg g = n(n —1)/2 umeer Bug 2™ 1q(n—1), rae g(n — 1) —
HeYeTHOE ImCa0. I[05TOMy K MHOIOWIEHY ¢ MOXKHO IIPUMEHUTE TIPEITION0KE-
HUe MHAYKIuA. be3 orpasmaeHmns OOMHOCTH MOXKHO CIMTATH, 9TO KOPEHb
a0z + (o + a2) MHOrOwIeHA ¢ AexuT B R(i).

Hokaxem, uto R(agas,a; + ag) = R(alag + (g + az)). PaccmoTpum
[UISL DTOr0 MHOrOwIeH F' ¢ kopHaMu ooy 1 MHOrOwIeH G ¢ KOPHAME O, + oy;
k03 PunmenTsr MEOrowieHoB F' u G aexar B R. Ilycts 6 = ayaa+c(og +a2).
fcno, uro G(or +a2) = 0 u F(6 — c(ag + o)) = F(oyaz) =0, T.e. ag +
+ 0y — obmmi xKopens MHOrouwneHoB G(z) u F(0 — cz) ¢ xosdpdunuentamu
n3 R(0). U3 ycnosus 6 — c(oy + o) # ooy mpu k,I # 1,2 caegyer, 9To
a1 + O — €IUHCTBEHHBLIN OOIUU KOPEHb 3TUX MHOrowieHoB. Kpome Toro,
DTOT OOMMU KOPEHb HEKPATHEIN, TAK KAK OH ABIACTCA HEKPATHLIM KOPHEM
Muorowiena G. CieqoBaTeabHO, HanGOMLIINT OOIINN AeIUTENL MEOTOLICHOB
G(z) u F(6—cx) mmeet Bug x— (a1 +02). KoaddunmenTs 3TuX MHOTOWIEHOB
aexar B R(B), mosTomy a3 + a2 € R(6) n

g =0 —c(ag +a2) € R(B) = R(alag + c(ar + ag)).

O6paruoe Bxkmovenue R(ajas + clag + a2)) © R(oag, a1 + a2) 09eBuIHO.
Urak, ajas, a; + oy € R(a1a2 +c(oy + Clg)) c R(i). osTomy oy u oz —

KOpHM MHOrOwIeHa (cTemenu 2) ¢ koaddummentamu w3 R(i). Ho mMb yxe

ITOKA3aJM, YTO KOPHY JI000T0 KBa,IPATHOI'O MHOTOUJIEHA, C KO3 duiimeHTamu
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3 R(i) nexar B R(i). Taxum o6pasom, y MHOrowiexa f ecTb KOPeHb dp,
aexarmuit B R(7). DTo osmasaer, aro R = R(4).

O6patHoe yTeepx genne (eciu R # Ru R = R(i), To more R BemecTBen-
HO BAMKHYTO) [OKa3bIBAETCA CymecTsenno mpome. Mexay R u R = R(i)
HET TPOMEKYTOYHLIX TIOJIEH, TO3TOMY JOCTATOYHO A0KA3aTh, ITO mone R Be-
IIECTBEHHO, T. €. —1 He ABIIETCA CyMMOU KBaIpaToB dreMenToB R. Ilo ycro-
Buio ¢ & R, T.e. —1 He siBaseTcs kBaaparoM. Takum 06pa3oM, 1OCTATOYHO
[OKa3aThb, 9T0 B R cymMma kBanpaTos cama sasasercsa ksaaparoM. [lone R()
anre6pamdecKu 3aMKHYTO, IO3TOMY ecau a,b € R, To va + bi € R(i), T.e.
B R cymecTByoT Takue siremenTH ¢ u d, 910 a + bi = (c + di)?. B Taxom
cryaae a — bi = (¢ — di)?. Tlooromy

a® + b% = (a + bi)(a — bi) = (c + di)*(c — di)* = (S + d*)°.

OcTaeTcsa 3aMeTUTD, 9TO €CIU CYyMMa, ABYX KBA,IPATOB ABIAETCA KBAIPATOM,
TO X CyMMa JI000r0 YUCIa KBAIPATOB TOXe OyaeT KBaIpaTOM. O

28.2. Teopema CuibBecTpa AJs BEIECTBEHHO
3aMKHYTHIX I0JI€N

Iycts K— ymopsago4uennoe moie, f — HeMpUBOAUMEIN MHOTOWIeH Ha 1 K.
Byzaem naswiBaTs BemecTBeHHO 3aMKHYTOE ose R D K gewecmeennbim 3a-
murkarnuenm nouast K, eciu R anrebpawano Han K un ynopsigouenne K, uuny-
IUPOBAaHHOE yIOpsagoYeHueM R, COBIagaeT ¢ MCXOAHBIM yHopsanodenueMm K.

KonryecTBO pa3iuvHBIX BEIIECTBEHHBEIX KOPHEUN BEIECTBEHHOI'O MHOIO-
YIEeHA MOXKHO BLIYUCIUTEL, HE BEIXOMA 33 Mpeaetsl nois R, DTo MOXHO cle-
JaTh ABYMs criocobaMu: ¢ moMomsio Teopemut [IlTypma u ¢ moMoIpio Teope-
b1 CuiabBecTpa. O6e 5Tu TeOpEeMbI MOXHO [OKA3aTh U [JIA YIOPSAJOI€HHBIX
nosien. Baxxuenmuu BHIBOJ U3 3TOTO TAKOB: €CIM f — MHOTOWIEH HAJ YIIO-
psgogenHbiM noreM K, T0 B m1060M BemecTBeHHOM 3aMbikanun R noms K
YUCI0 KOPHEU MHOrOwieHa, f oguo u To xke. [leponadansuo Teopus ApTu-
Ha onmpasack Ha Teopemy lllTypma; 6omee COBpeMEHHOE TOCTPOEHNE TEOPUI
Apruna ma ocrose Teopemer [ITypma npuseseno B kaure [JI1]. Ho Teopema
CuibBecTpa BO MHOTHX OTHOIIEHUs Gonee yao6Ha. Mer, crenys [Sal, mpuse-
neMm pererue 17-u npobmemer ['mis6epTa Ha ocHOBE TeopeMul CuabBecTpa.

Curnarypa KBaJpaTUdHOM (GOPMBI ( HAJ YIOPAZOYEHHBIM mojeM K
onpegeasercs caepyommM obpaszom. Hax norem K xBagpatwdnyo Gopmy
(¢ MOXKHO IPUBECTH K BULY

o() =Mt + ..+ Mz, (1)
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Kak u B ciaygae mons R, KOAMYIECTBO MOJMOXKUTEIBHBIX A; UM OTPULATEIb
HEIX HE 3aBHCHUT OT TOI'0, KAK MMEHHO MBI npusogum ¢opmy ¢ k Bugy (1).
JencTBUTENBHO, IPEAIOIOKUM, 9TO eCTh ABa pasnoxenus Vi @ V_ &V =
=WieW_eW,. Torga Vi n (W_ & W) = 0, nosromy dim V; +dim W_+
+ dimW, < 0, a smaunr, dimVy < dim W, . Amanoruuso, dim W, <

IIycte R — BemecTBenHOe 3ambikanue nois K. 13 reopemer 28.5 caeny-
€T, 9TO CTENEeHb HEMPUBOAUMOrO HAJA HoteM R MHOrowieHa paBHa 1 win 2.
IosTomy oueBraHAA MO MPUKALUA PACCY K JEHUN, UCIIOIB30BAHHBIX [IPH IO~
kaszarenbcTBe TeopeMul 4.5 (cM. ¢. 45), mo3BOAAET AOKA3aTH CIEAYIOLIee
YTBEPXK JeHUE.

TEOPEMA 28.6. Ilycte f — muOrowien Han noxeMm K u ¢(x, y) — Ounnn-
HeuHas cuMMmeTpuieckas opma Ha npocrpanctee K|x]/(f), pasras creny
OIEPATOpPa YMHOXKEHUA Ha Y. Torga curaarypa GOPMEL (¢ PABHA KOJIIIe-
CTBY PA3IUYHBEIX KOPHEH MHOTOWICHA f, JEXKAIUX B BEIIECTBEHHOM 3aMbI-
xanun R mons K.

B wacTHOCTH, KAK MBI yKe TOBOPWIM, KOIMYECTBO PABIMIHLIX KOPHEU
MHOI'OY1JICHA f U1 BCEX BEIIECTBEHHBIX BaMHKaHHﬁ II0JIA K OOTHO 1 TO Xe.
®Popmy ¢ MbI Oy geM HA3HIBATE fopmoti caeda Ha mpocTparcTee K[x]/(f).

TEOPEMA 28.7 (Aptun—Ilpaunep). IIycte K — ynopsagodeHHoe noue u
R, R' — ero BemecTBeHHbIE 3aMbIKaHUA. TOra CYIIECTBYEeT POBHO OJUH U30-
mopdusMm o: R — R mag K, mpuwaem 3TOT m30MOPGU3M COXPAHAET MOPSAJOK.

JOKABATEJBLCTBO. B BemecTBeHHO 3aMKHYyTOM IOJE yCIOBHE T > Y
SKBUBAJEHTHO TOMY, UYTO & — Y ABIAETCA KBaApaToM. [losToMy m060u u30-
mopduam o: R — R' coxpanaeT mopamok.

ITose R anrebpawyno uHag K, nosroMy J060u dreMeHT o € R saBaseTcs
KOpHeM HenpuBoauMmoro muorowiena f mang K. U3 teopemur 28.6 caenyer,
4r0 B R u R' MHOrOwIeH f mMeeT 0aMHAKOBOE YUCIO KOPHen. IlyCcTh aTuMu
KOpHAME OyayT a1 < ... < dp maj <...< A, COOTBETCTBEHHO. Bribepem B
R snemenT t; Tax, 970 2 = 041 — a;. COIACHO TEOpeMe 0 IPUMUTHBHOM
DJIEMEHTE

K(ocl,.. .,an,tl,.. -7tn—1) = K(@),

rae 6 € R— kopeHb HEKOTOPOro HempuBoguMoro uHang K mMuOrowieHa g. B
nose R' MHOrO4IeH g MMeeT CTONBLKO Xe KOpHel, CKOILKO B moae R. B gact-
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HOCTH, Yy HEro ecTh HeKOTOpE kopensb 0’ € R'. Hax K cymecTsyer m3o-
mopdumam K (0) — K(6'). On npexcrasaser co60i BroxeHue

c:K(al,...,an,tl,...,tn_l) — R.

Jlerko npoBeputs, 4T0 0(®;) =a;. B caMoM geine, ¢ IePEBOANT KOPEHb MHO-
roweHa f B KOpeHb MHOTOWIeHa f, mpudem o(a;41) — o(a;) = o(t?) > 0. Ha
K(ay,...,0,) oToOpaxeHue G OIpeneeHo 0qHO3Ha4HO. B yacTHOCTH, 0 AHO-
3HAYHO OIpe IeJIeH 00pa3 dieMenTa a. T enepb ¢ moMorpio seMMer [lopaa Moxk-
HO HOCTPOUTH OJHO3HAYHO OHmpeaeIeHHb n3omopdusm R va R mag K. O

Joxaxem Tenepsb, 4TO y 110600 YIOPSJOUIEHHOI O IO/ €CTh BEIIeCTBEH-
HO€ 3aMBLIKaHUE.

TEOPEMA 28.8. Ilycte K — ymopsagodennoe mone, K’ —ero pacmmpe-
HUE, B KOTOPOM HET COOTHOMmeHWH Buaa —1 = Y \a?, rae A; — MOnoxu-
TeabHble aaemeHTH K u a; € K'. Torga moae L, moayyennoe us K' npu-
COeIVHEHNEM KBAJPATHHEIX KOPHEU M3 BCEX MOJOXUTENLHBEIX 21eMEeHTOB K,
BEIMIECTBEHHO.

JOKA3ATEJILCTBO. Ilpeanomoxum, 4ro mose L me BemecTBeHHO. To-
raa —1 = Y b?, rae b; € L. llosromy B L ects cooTHOmeHne Buga —1 =
=) )\ib%, rae \; — noaoxunrenbueie oaeMeHTsl K u b; € L. Tlo ycaoBuio Bce
b; HE MOTyT OTHOBPEMEHHO JexkaTh B K'. TloaTOMy onpeneseHo HauMeHbIIee
HATYPAIbHOE YUCIO T, 1JIsI KOTOPOI'O BHIMOIHSIETCSI HEKOTOPOE COOTHOIIEHUE
yxasannoro Buga ¢ b; € K'(\/U1,-- -, /l4r), TAC U1, - -+, Uy — TIOIOKUTETb-
HEIE dJaeMeHTH K.

Sanumem b; B Buge b; = ; + yi\/ Uy, 0I€ i, Y € K'(\/U1, ...,/ Mr_1).

Torpga

—1 =Y @i+ yivr)? = Y Nilaf +ui V) + 2V Y s
Ecau Y z;y; # 0, To \/u._r IS K’(\/.u_l,...,\/lu.r_l), 9TO MPOTUBOPEYUUT

MuHUMaAbHOCTH 7. [losTOMYy

-1= Z)\,xf + Z)\iwyf,

rge A; 1 \jU, — HOMOXKUTEIbHEIE 21eMeHTH K u 24, y; € K'(\/u1, ... ;3 /Ur—1).

OTO TOXE NPOTUBOPEYUT MUHUMAILHOCTH T O

CJEJCTBUE 1. Y mo60ro ynopsgodeHHoro nous K ecTh BeleCcTBEHHOE
3aMEBIKaQHUE.



298 I'aaea 7. Cemnadyamasn npobaema INiavbepma

JOKA3ATEJILCTBO. Iloaoxum K' = K. B K HeT COOTHOIMCHUU BUAA,
—1 = Y Na? ¢ nonoxuTensrbvu \;. [losTomy mome L, momyennoe us K
TIPUCOEIUHEHNEM KBAAPATHEIX KOPHEU U3 BCEX MMOJOXUTEILHEIX DIEMEHTOB
K, BemecTBenno. BemecTBennoe 3ambikanme noas L u ects Tpebyemoe Be-
IIECTBEHHOE 3aMBIKaHUe moas K. O

CJAEACTBUE 2. Iycrs K — ynopagodenHoe noae u K' — ero pacmmpe-
HEe. Ynopagodesue noas K MOXHO mpogomkuTh Ha K' Torma m TOIBKO
Toraa, xorga 8 K' mer coornomenwit Buga —1 = 3 N\;a?, rae \; — nonoxu-
TenbHEBIE daeMeHTH K n a; € K.

JOKA3ATEJILCTBO. fICHO, 4TO ecau COOTHOLIEHWS YKA3AHHOI'O BUIA
€CTb, TO YHOPAJOYEHUE Heab3s npoaonxuTh Ha K'. Ilpeamonoxum, 9TO
TAKAX COOTHOIIEHWN HeT. TOrjga MOXKHO IOCTPOUTH BEIECTBEHHOE IOJE
L o K'. PaccMoTpuM ero BeIIeCTBEHHOE 3aMblkanue R. Ynopsagodexue R
uHIynupyeT Tpedyemoe ymnopagodenue K'. O

28.3. CemuagmaTas npo6aema I'minGepTa

3,[[6(}1: MBI HAaKOHEIL] NOKAaXeM, YTO €CaAU BEHIECTBCHHAs PANUOHAJIbHAA
dbyuxums r(z1, . . ., £,) HEOTPULATEIBHA, 1/ BCEX BEIIECTBEHHEIX L1, - - - , L,
TO €€ MOXHO IpeaCTaBUTh B BUAEC CYMMBI KBAaIPAaTOB BCIICCTBEHHBIX Da-
IMOHAMBHEIX (PYHKIUU. DTO NOKA3ATEIHCTBO MOJUTCA HE TOJBKO [JIA TOJA
R, HO M AJId TIPOM3BOJBLHOI'O BEIIECTBEHHO 3aMKHyTOro mnois R. Tpebye-
MO€ OOKa3aTeIbCTBO JEI'KO IIOIYYIUTHh U3 c.ne,uyromeﬁ LOCTATOYIHO pr,[[HOfI
TEOPEMHI.

TEOPEMA 28.9 (Aprtun—Jlenr). Ilycre R— BelmecTBEHHO 3aMKHYTOE
none u K = R(z1,...,%,) — ynOpALOIEHHOE KOHEIHO MOPOXKJCHHOE DAC-
mupenve nois R, npuydem ynopspoderue noas K COrzacoBaHO € yIOPsAmo-
genueMm noas R. Torga cymecrByeT romomoppuam R-anre6p

¢: R[z1,...,2,] > R,
TOX JeCTBCHHLIN Ha, R.

JOKABATEJBLCTBO. PaccmoTpum cHadama Crydan, KOr 1a, CTENEeHb TPAHC-
meugenraoctTy K man R paBua 1. MOXHO CYMTATBH, 9TO DIEMEHT T = I
TpaucuengenTed Han K. Torma moae K sBaseTcsa KOHEYHBIM ajarebpamde-
CKUM pACIIUpEHneM mojis R, moToMy COrIIACHO TeOpeMe O MPUMUTUBHOM
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anemente K = R(x)[y]. Touno Takwe xe paccyXeHus, KaK IPU NOKA3a-
TenscTBe JemMmel Hétep 0 HOpMammsammu (cm. ¢. 250), mOKa3BIBAOT, 9ITO
DIEMEHT § MOMKHO BEIOPATh TAaK, YTOOLI OH yIOBIETBOPAI ypaBHeHmO 4! +
+ea@)y "t +...+alr) =0, rae ¢1(x),...,c(r) e Rlz]. IIpu arom Gyaem
CINTaTh, YTO CTENICHb l MUHHUMAJBHA.

Pacemorpum muorouren f(X,Y) = Y+ ¢ (X)V1 + ...+ ¢(X) ot
HE3aBUCUMBIX TiepeMeHHbix X u Y. Jlro6ou mape snemeHToB a, b € R, ymo-
BJETBOpsOmMuUX cooTHomenuo f(a, b) = 0, cooTBeTCTBYeT rOMOMOPHU3M
R-anre6p o: R[z,y] — R, saganusm ¢popmyasamu o(z) = a u o(y) = b. Ho-
KaXkeM, 9YTO TAKUX map a, b € R 6€CKOHEYHO MHOIO. _

Ilycte Rx — Bemecreennoe 3ambikanme nonsa K. Muorounen f(Y) =
= f(z,Y) € R(z)[Y] umeer B mone Ri KOpeHb Yy, HOITOMY COIVIACHO TEO-
peme 28.6 cursaTypa GpOpMEI CI€La ¢ HA IPOCTPAHCTBE

R(@)[Y]/(f) = R(x)lyl/R(x) = K/R(x)
[OJIOKUTENbHA. DTy (POPMY MOXKHO IPUBECTH K AUATOHAILHOMY BUAY C dJie-
MeHTamu hy (z),...,hs(x) € R[z] Ha guaronamn.

Hang BemecTBeHHO 3aMKHY THIM TOIEM R 110601 MHOTOYIEH PACKIA,IEIBA-
€TCA Ha JVHEUHEIE ¥ HEPUBOAUMEIE KBA,IPATUIHEIE MHOXUTEMU. [Ipu 3T0M
KBapaTWYHEIE MHOXUTeM uMetoT B (z + a)? + B2, rae o, € R. [oato-
MYy OHU IOJOXUTEIbHBL KaK diaeMeHTH R(z), u npu Bcex a € R snemeHTH
(a+a)? + B? € R Toxe NONOKATEIHEL

Mycts £ — A\q,...,T — A\ — BCE PA3IUIHBIC JUHEUHEIE MHOXUTENN, BXO-
OAMAE B PA3IOXKEHN MHOMOYWICHOB My (2), . . . , hs(2). Ynopanoanm saemenTor
Z,M, ..., ¢ € R(x); Ipu 3TOM BO3MOXKHBL CIEAYIOIIE BAPUAHTHL:

<<z <N <. <N < T<h<...

ITycte a —mobou smemenT mods R, ymnoBreTBOpsAmOmUN, COOTBETCTBEHHO,
HepaBeHCTBAM A; < a < Aj; A < a; a < Aj (Takux d1eMeHTOB a 6ec-
KOHeuHO MHOro). Torpga s3Haku smemenToB hy(a) u hi(z) coBmagaior mpu
Bcex k = 1,...,s. lloaromy curaarypa ¢hOpMEL ¢ paBHA CUrHATYPEe GOPMBL
¢ AMArOHAJBHBIME d1eMeHTaMu hy(a),. .., hs(a).

Iloxaxem, uTo ama mourm Bcex a dopMa clrega @, HA IPOCTPaH-
cree R[Y]/(f(a,Y)) npuBOogWTCA K AMATOHATLHOMY BUIY C DJEMEHTAMH
hi(a),...,hs(a) na gmaronam. [eiicTuTensno, mycts A(z) = (ai;(z)) —
maTpuna dopmu ¢ B 6asuce 1,Y,..., Y"1 a B(z) = (bij (:1:)) — MaTpuIa,
LT KOTOPOU

(B(x)) " A(z)B(z) = diag(h1(2), .-, hs()).
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Torga ecau det B(a) # 0 u Hr 0guH U3 3HAMEHATENEN PALUOHAILHEIX (PYHK-
nuit b;;(z) He obparmaeTcs B Hylb IIpU T = @, TO

(B(a))" A(a) B(a) = diag(hy(a), .., hs(a)).

Ocraerca sameruts, uTo A(a) —Mmarpuna ¢opmul ¢, B Gasuce 1,Y)...
LY

UTak, cymecTByeT 6€CKOHEYHO MHOI'O DJEMEHTOB a4 € R, maa1 KOTOpHIX
CUrHATYPa POPMHI @, MONOKUTEIbHA. [ Bcex Takux ¢ MHOrowieH f(a,Y)
nveer kopeHb b € R, T.e. f(a,b) = 0. Kak MbI yxe rosopmrm, Jr060
Takon nape (a,b) coorBercTByeT romomopdusMm R-anrep o: R[z, y] - R.
IToxaxem, 9TO mOYTH BCE TaKWe IOMOMOP(PU3MBI MOXKHO IPOJIONXKATH HA

Rlz,y,x2,...,2,] D R[z,y]. HanoMmuuM, 4TO Z2,...,2, € R[x1,...,2,] =
= K = R(z)[y], nosromy z; = pi(z,y)/qi(z), roe p; m ¢; — MHOTOWIEHEL.
IMycts ¢ = q1 - --- - ¢y Ilo mocTpoenuto o(q(a:)) = ¢(a) # 0 gaa nouru

BCex a. B Takux crygasx roMOMOpP(U3M G MOXKHO IIPOJOKNATH HA,
1
R[z,y] 2@ > R[z,y,xa,...,Tn] D R[z1,...,2,] = K.

Ilepexon oT cay4as, korga crenens TpancueHgenTHoctu K Han R pas-
Ha 1, K CIy9ai0 CTENEeHN TPAHCUEHIEHTHOCTH M > 1 neaeTcs npoCcTOU MH-
gykumen mo m. [Ipeamoaoxum, 9T0 CyImeCTBOBAHUE TPEGyeMOoro TOMOMOp-
dusma nokazaHo musa Beex moaen K, CTeneHb TPAHCUEHJEHTHOCTHA KOTOPBIX
mang R crporo mennme m. Paccmorpum nose K = R(z1,-..,%,), CTENEHDL
TPAHCIEHJEHTHOCTH KOTOporo Hag R pasua m. Bribepem npomexyTodnoe
none F: R ¢ F c K, n1s KOTOPOro CTeneHb TpaHcueHgenTHoctu K Hag F
pasua 1. llycte Rp — Rk — BemecTsennnie 3ambikauus F' u K. Cremnenn
TpaHcueHaeHTHOCTH Ri Hang Ry paBHa 1, mo3TOMy CyIIECTBYyeT rOMOMOP-
¢usm Rp-anre6p §: Rp[z1,...,2,] > RrF.

Crenens TpancuengentaocTy Ry man R paBHa m — 1, mosTOMYy CTEneHb
rpancuengentaoctu noxt R({(z1),...,4(z,)) © Rp #axz R He mpeBocxo-
mut m — 1. fAcHo Takxke, 9TO Ha MOJE R(q)(xl), . ,c[)(a:n)) MOXHO 33]aTh
yHOpsifoYeHne, MHAYIMPOBaHHOe ynopsgodenueM nois Ry. [lostomy cyime-
cTByeT roMomoppusm R-aare6p o: R[q;(xl), ceey cp(a:n)] — R. Orpanuuenue
KOMIIO3ULUY OTOOpaXKeHn! ) 1 ¢ HA aIredpy

R[z1,...,2,) € Rplz1,...,%4)

7 eCTh TPEOYEeMEBIN TOMOMOPQI3M. m|
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Teneps yxe J€rkO JOKA3aTh TeopeMy APTHHA O HEOTPULIATEALHBLIX Pa-
nmoHANBHEIX GyHKuuaX. Ilycrs k — ynopszodennoe mose. Pammonanbmyio
GYHKIIAIO

p(Z1,...,Zn)
r(T1,..-,ZTn) = m, rae p,q € k[z1,...,%4),
HA3EIBAIOT Heompuyamesvhot, ecim r(ai,...,a,) > 0 npm BCEX ay,...
...yan € k, nusa xoropex ¢(ay, .. .,an) # 0.

TEOPEMA 28.10 (Aptun). ITycts R— BEIIECTBEHHO 3aMKHYTOE IOIE,
r € R(xi,...,%,) —HeOTpUUATEIbHAA DaUUOHAAbHAA QyHKumA. Torga r
MOXKHO NPEJCTABATH B BUAE CyMMEI KBAAPATOB 21eMeHTOB R (1, ..., Ty).

JOKA3ATEJILCTBO. IIpenmnomoxum, 94T0 T HE ABIAAETCSA CyMMOU KBA AP~

TOB dr1eMeHTOB 1104 R(x1, . . ., x,). Torga cormacuo Teopeme 28.4 cymecTsy-
er ynopagodenue noas R(xi,...,%,), naa koroporo r < 0. IIpeacrasum
B BUJe HECOKPATHMOU gpobu p/q, rae p,q € R[z1,...,x,]. Paccmorpum

comepxamyo r R-anre6py

1

Rlxy,...,0,, ————
Lreeeo M q(x1,. .., Tn)

B BelecTBEHHOM 3aMBIKAHUM yIOpPAAOYeHHOro noas R(x, ..., z,) ecTb Ta-
KO p1eMeHT Y, 4T0 Y2 = —r > 0. Ilone R(z1, ..., Ty, Y) COAEPKUTCA B Belle-
cTBeHHOM 3aMbKaumu R(z1,...,2y), & 3HAYAT, B DTOM IOJE MOXKHO BBECTH
YIOPAAOYIECHNE, THAYIVPOBAHHOE YyIIOPAIOYICHUEM BEIICCTBCHHOI'O 3aMBIKA-
wua. [lo Teopeme Apruna—Jlenra cymecTeyeT roMoMOpdu3am

1 1
y | ™ Ra
mn)Y Y:|

(‘P |:17 Y naq(z_l’...’

TOX JeCTBCHHLIN Ha R.
1 1
fcno, aro ¢(y) cp<§) =1u¢(q) cp(a) =1, mooromy ¢(y) # 0 u ¢(q) #
# 0. CregoBarensHo, ¢(r) = —(y?) = —(([)(Y))2 < 0. Ho

pla,...,an)

q(al . an)J rre a; = ('P(ml)

o(r) =

IIpw sTom g(ay,...,a,) = ¢(g) # 0. Hepasenctso r(ay,...,a,) < 0 nporu-
BOPEYUUT YCJIOBUIO TEOPEMEI. O
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[ns mpom3BOABHOrO (T.e. He 06A33TENbHO BEMIECTBEHHO 3AMKHYTOIO)
YHOPAAOYEHHOTO HOAA TeopeMa ApTWHA HeBepHA (IEpPBEIA IPUMED Ta-
kxoro nois npusefeH B [Dub]; Gomee mpocTon mpuMmep MOXHO HAUTH Ha
c. 86 xuuru [P{2]). Ho, crerka gonossus gokasarenbcTBo Teopembr 28.10,
[JIA TPOU3BOIBHOTO YIOPAJOYECHHOrO MO K MOXHO JOKA3aTh CIEIYIOIIee
yTBEDXK IEHUE.

TeEOPEMA 28.11. Ilycte k— ynopspgodenHoe more u R—ero Berre-
CTBEHHOE 3aMbiKaHue. Ecau panuonanbuas Gyakuusa r € k(zy,...,%T,) Ta-
KOBa, 4T0 7(ay, ..., a,) = 0 npu BCEX a1, ..., a, € R (ecau, koneuno, anade-
uue r(ay,...,0,) IPA DTOM ONPEIETEHO), TO T MOXHO [PEICTABATHL B BAAE
CYMMEI KBAJIPATOB DJIEMEHTOB k(L1 ..., Ty)-

[OKA3BATEJLCTBO. Ecau r He ABAsSETCA CYMMOU KBAIPATOB DIEMEHTOB
k(z1,...,2y), TO cymecTByeT ynopsgoderue nois k(L. ..,~Ty), 414 KOTO-
poro r < 0. IIycte R’ — Bemecreennoe 3aMbikanwe noast k(ri,...,T,) C
TakuM ynopsagodesueM. Moxuo cautaTs, vro R — R’ (BemecTBeHHOE 3aMEI-
xauue noasa k(z1,...,Ty) CONEPKUT HEKOTOPOE BEIIECTBEHHOE 3AMBIKAHWE
Ry monsa k, a Ry u R n30MOpQHEI KaK BEIECTBEHHBIE 3AMBIKAHUA OTHOT'O U
Toro xe noxs). B mone R’ ects Taxoi axement vy, uro y2 = —r > 0. Beegem
Ha R-amrebpe

1
Rl|zi,...,%n, ———Y,—| c R
) ) n’q(l'l,---,-’tn)Y,Y
yHOpAO9IeHne, MHIyIUpoBaHHOe ynopanodenuem R'. Nambmenmwme paccy-

KOEHNUA B TOYHOCTU Te€ XK€ CaMble, YTO U IPpU OOKa3aTeIbCTBE Teope-

Mmer 28.10. O

CHEACTBUE. Ecin ynopspgouenHoe mosne k TAkOBO, YTO M3 YCJAOBUS
r(x1,...,2,) < 0 mpu BCEX Z1,...,T, € k caegyer, 910 r(Z1,...,%,) < 0
npu BCEX Ii,...,T, € R, rge R— BemecTBenHoe 3ambikanue k, TO 1Js

nosia k BepHa TeopeMa ApTuHa.

B uactHOCTH, TeOpeMa ApTUHA BEpHA M O PALMOHAILHEIX duces (,
T. e. mo0as HeOTPUIATeIbHAA DPAalMOHANbHAA (QYHKIUA C PAUMOHAIBHBIMU
KO2(PUIMEHTAMA ABIACTCA CYMMOU KBaIPATOB PAIMOHAIBLHEIX (DYHKIN C
panuoHATBEHEIMY KOI(PPUITUEHTAMUA.

B saxirouenue npusegem GpOPMyIUPOBKYN JBYX UHTEPECHHIX TEOPEM, IO0-
Ka3aTeNbCTBA KOTOPHIX OMMPAOTCs HA Teopemy Aprmua. Toumee rosops,
IepBas M3 3TUX TEOPEM BEIBOAUTCA M3 TeOpPeMBl ApTHHA, a BTOpAs — U3
TIEePBON.
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TEOPEMA 28.12 [Ri]. ITycte I —ngean B koasue R[zq,...,z,]. Torga
CIIeIYIOIMue yCIOBUSA SKBUBAJCHTHEL

(1) 0601 MHOTOWIEH, OOPAIIAIOIIICA B HYJb BO BCEX OOIIUX BeIle-
CTBEHHBLIX HyJAX MHOTOWIECHOB U3 uaeata I, cam aexut B [;

(2) ecm cymma KBaAPATOB MHOIMOWIEHOB 13 KOabua R[x1, . .., T, ] 1exknT
B I, TO 1 caMu 5TU MHOT'OYIEHH J1eXKaT B [.

TEOPEMA 28.13 [St]. Ognopognas dpopma F' HeoTpuiarenssHa TOrga u
TOJBKO TOT'JA, KOTa CYMIECTBYeT OJHOPOLHOE HOIMHOMUAILHOE COOTHOIIC-
Hue Buga ¢(—F) =0, rae

o(u) = w2 L g 4+ aon

u KO3(pPUIMEHTH ay, ..., a2, ABIAIOTCA CyMMaM# KBAaIPATOB OTJHODOIHBIX
dopm.

29. Teopusa Ildpucrepa

29.1. MyasTHUILIMKATUBHEIE KBaPATUIHEIE (HOPMEI

B srom maparpade Mbr 6ygeM paccMaTpuBaThL KBaApaTUYHEBIE (GOPMEIL
HaJ IPOM3BOILHBIM IOJEM K, XapaKTEPUCTUKA KOTOPOro He paBHa 2. Ksa-
gparudHas (HopMa @ HA IPOCTPAHCTBE k™ 3a5aeTCs CHMMETPUYECKOU Ma-
tpunen A nopsaaxa n. Ipu srom eciu x = (z1,...¢,) € k", TO

o(z) = zAzT = zgriwjaij.

KsanpaTtuanbie GOpMEL @ 1 ) HABBIBAIOT 9KBUEAAEHIMHIMY, €CIU CYIIe-
CTByeT Takas HEeBBIPOXeHHAs marpuua P nopsagxa n, aro ¢(z) = $(Pzx).
B Takom caywae ¢ sagaerca matpunein PAPT. [lna sxpusanenTHBEX hopMm
Oy eM UCIOIb30BATHL OOO3HAUEHNE ¢ = ().

Byaem roeoputrs, 94To dopma ¢ npedcmasasem dieMeHT a € k, ecin
a = @(z) nas mexoroporo x € k™. Hanpumep, dopma @(z) = z% + ... + 22
OPEeACTABASAET JIEMEHT @ TOrJA U TOJBKO TOrAd, KOU'Ad a MOXKHO IPenCTa-
BUTHb B B A€ CYMMBI 11 KBAIPATOB.

OcHOoBHEIM MHCTpPYyMeHTOM Teopum Ilpucrepa CIyXKaT BBEIEHHBIE UM
MyJIbTUILIMKATUBHEE (POPMEI CrIenaIbHOrO Buga. Keagparudnyio dopmy
(¢ HA3BIBAIOT MYAbMUNAUKAGMUEHOT, €CIu POPMEI ¢ U A SKBUBAJCHTHBI 1151
JM060r0 HEHYJIEBOT'O DIEMEHTA 4, IPELCTABIMOrO GOPMOH (.
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Jlrobas MyrbTHILIIKATUBHASA GopMa @ 00MagaeT CIeLYOIIIM 3aMeda-
TeJIbHBIM CBOMCTBOM: €CIHM DJIEMEHTHL a U b mpexcraBuMbl (GOpMOR ¢, TO
aaeMeHT ab TOxe npegcrasuM Gopmon ¢. [eno B TOM, UTO SKBUBAJIEHTHEIE
(pOPMBI IPEACTABIAIOT OJHO U TO K€ MHOKECTBO DJIEMEHTOB 1oJsa k. A eciu
MyJIbTUILIMKATUBHAA HOPMA ¢ IPEJCTABIIET DIEMEHTH a 1 b, TO Ppopma ag
SKBUBAJEHTHA €l U MPENCTABIAET DIEeMEHT ab.

Beenewm cieyromue o6oznadenus. Popmy ¢(z) = ayzi+...+a,z2 Gynem
0003Ha49aTE (A1,...,0n). Jat dopm ¢ = (a1,...,am) 1 ¢ = (b1,...,by)
TIOJIOKHM

(P@(l):<a1,...7am,b1,...,bn>,
q)®(l)=(albl,...,ambl,albz,...,ame,...,albn,...,ambn).

®opmer Brga (1,a1) ® (1,a2) ® ... ®(1,a,), rae a1 ...a, # 0, BBegeHHEIE
IIpucrepom, urparmT riaBuyo0 poib B ero Teopuu. Bygem maas xkpaTkocTu

o6osnavare Takme Gopmer {(ai,...,a,)). Hambompmmi maTepec mus HaC
npencrasaser dopma ((1,...,1)), T.e. cymma 2" xBagparos. Ho npu goka-
——r

n
3aTeIbCTBAX MHAYKIMEN 10 1 He yAAaeTCsa n36eXaTh PaCCMOTPEHus 001ero

CIy+as <<a15 v 50%))‘
TEOPEMA 29.1 (Ilpucrep). Popma ({ay,...,an)) MyIbTUILINKATABHA.

[OKA3ATEJBCTBO. Paccmorpum cuadana ciygau n = 1. Ilycts dopma
({a1)) = 2 +a17% npeacrasaser saement b # 0, T. €. b = ¢3 +a;c3. Monoxum
A= ( ) uP =

). Jlerxo npoeeputsb, uro PAPT = bA u
0 a1 —aic2 €1

det P # 0. 9o osmaugaer, aro {{a1)) = b{(a1}).

®Popma {(a1, ..., an)) uUMeeT BUL @ D an@, rae ¢ = ({(a1,...,an_1)). Ilo-
9TOMY HOCTATOYHO NOKA3ATb, 9TO €CAM GOPMA (¢ My IbTUILINKATABHA U 0 7#
# 0, To popMa ¢ P ag Toxe MyapTUmIUKaTHBHA. IIycTh b = @(z) + ag(y) =
=& +an # 0, rae snements § u v npegcraBuMsl dopmont ¢. Ecau & = 0, To
n # 0, mosToMy Mg = ¢, a 3HAYMT,

b(p @ ag) = an(e © ag) = ap ® a’p = ¢ & ag,
Tax kak a’@ = ¢. Cnywai = 0 paccmarpusaercsa anasornaro. OcraeTcs
paccMoTpets craydain & # 0. B aTom cayqae ¢ = Eom ¢ =&t =2 (nE71)g.
CaenoBaTenbHo,
b(o & ag) = (€ +an)(p @ ap) = (1+ani ") (p & (ani™')g) =
= (L+ang " ){(ang™")) @ 4.

10 c1 c2
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IIpu pasbope ciydas n = 1 6bu10 moKasaHo, 4T dopma ((and™!)) myms-
TUITIKATUBHA. JTa hopMa mpeacTasaser daement 1+ ant 1 = b1 # 0.
Creonaremso, (1 +ar~){(ang ) 2 ((ang ), a smaur,

blo @ ap) = (ang ) @0 =0 (ang ")p =2 ¢ & ay,

9TO U TPeOOBAJIOCH TOKA3ATH. O

IIpu noxasarenscrse Teopemur Ilpucrepa MbL HE IOAB30OBAIUCH TEM, ITO
char k # 2, nosromy oHa BepHa 1 106010 noss1. OCOGEHHO UHTEPECEeH CIy-
qam a; = ... = a, = 1. B aTom caygae n3 Teopemur [Ipucrepa cregyer, 9To
B JI000M II0JIE€ IPOU3BEACHUE DJIEMEHTOB, IPEICTABUMLIX B BAAE CyMMEI 2"
KBaIPATOB, TOXE MIPEICTABIMO B BuIe CyMMEI 2™ kBaapaTos. [Ipun =1,2,3
[UI TAKOT'O [IPEACTABIEHUS €CTh ABHEIE (hopMyasl 00mero suga. Hampumep,
mpu n = 1, T.e. [Ig CYMMHEI IBYX KBaIPaTOB, TpeOyeMOe TOXIECTBO HUMe-
et sun (27 + 22)(v? + v2) = (z1y1 + T292)% (2192 — 22y1)%. Ho mpm n > 3
TOXAECTB TAKOI'0 BUJA yXKe OBITH HE MOXET.

Ham moTpelfyeTcs Creayromee BCIOMOIATENLHOE YTBEPXK JEHNE.

JIEMMA 29.1. 3anmmuem dpopmy ¢ = {{(a1,...,an)), TR Q1 ...an # 0, B
Buge ¢ = (1) ® ¢'. IIycts dbopma ¢’ mpencrasaser saement by # 0. Torga
¢ = ((b1,...,by)) 4IA HEKOTOPHIX HEHYJEBHIX b2, . .., by.

HJOKA3ATEJNBCTBO. Ilpumenum mugykmumio mo n. lIpu n = 1 dopma
@' umeet Bug ayzi. Ecmm by = a;1c?, To bia? = ay(czy)? = ay2?. Takum
o6pasom, (a1) = (b1), a srasmr, ((a1)) = ((b1))-

IIpegnonoxum Tenepb, 9TO TpedyeMoe yTBepXK JeHne JOKA3AHO I BCEX
dopm Buga ((¢1,...,Cn—1)), THE C1...Cpr—1 # 0. UT0OBI OKA3ATHL TPEOYE-
MoOe yTBepxkaenue s popmet ¢ = ({ai,...,a,)), paccmorpum hopmy § =
= ({(a1,...,an-1)) = (1) ® ¢'. Acuo, uT0 ¢ = ¢ B a u ¢’ = ¢ B ayy.
Ilosromy saement by, npescraBumbil GOpMON ¢', MOKHO 3aIUCATH B BH-
me by = b] + apb, rae saemenTer b u b npescrasasorca dopmavu ¢’ u P,
COOTBETCTBEHHO.

Ilycts cragana b = 0. B Takom cayuae b, = b;. Cormacuo mpenmosoxe-
muto mugykmn ¢ =2 ((by, ..., bp—1)), a 3HamT, @ = ((b1,...,bp_1,an)).

Paccmorpum teneps cayuau b # 0. B srom ciysae dopma ¢ mpencra-
BaIseT HeHyJaeBon saeMeHT b. Coramacro Teopeme Ilpucrepa dopma § Myas-
TumkaTueHa, nostomy ¢ = b, CregosaTeasno, ¢' = ¢! & (a,b)(b 1)
=~ ' @ cpd, rae ¢, = apd. Opu sToM by = b + ¢,,. Hycts b) = 0. Toraza
b= o1 0 2 ((ca)) @0 = ({my a1, an1)) = (b1, 01, - an1)).
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Ocraercsa paccMOTpeTh Crydan, korga by = b) + ¢,, npudem bjc, # 0.
®opma ' npencrasaser daeMeHT b}, MOSTOMY COVIACHO IPENIIONOXKEHUIO
uagykin § = ((b],ba, ..., by_1)). CregoBarensHo,

(0,2 by ) = (s by oy b))
= (b, cn)) ® ({2, -+ -y bp1)).

IIycts A = by n u = ¢,. Torga A+ u = by # 0. Pasenctro

11 A0 1w [ r+u 0
TR N 0 u 1 -2/ 0 (A+uwiu

nokaseBaeT, 910 (b], ¢n) = (b, bibicy). HosTomy

<< Ilacn)) = <17 blla Cn, Ilcn> = (15 b1, bllcna blbllcn) = <<b17bllcn>>'

Monoxwum by, = by c,. Torpa

(PE <<b17bn>>®<<b2a'--:bn>> = <<b1:---;bn>>' o

1%

P

29.2. C;-noas

B mpeamigymem maparpade MbI MO3HAKOMWIUCH C OJHUAM W3 WHCTPY-
MeHTOB Teopuu Ildpucrepa — MyapTUNIMKATUBHEIME (popMamMu. [pyrou uH-
cTpyMeHT 3Tou Teopun, C;-moms, 6b1 co3gan B 1933—-1936 rr. xkutanckum
maremarukoM Uymxkipe [[3exom n B 1952 r. mepeorkpurr Jlenrom.

TTone K masmBatoT C;-nosem, ecan a06as CUCTEMA OJHOPOIHEIX MHOIO-
YIEHOB

fl;"')fT‘ = K[xla"'amn]a

1715 KOTOPHIX di + ...+ di < n, rae d; = deg f,, uMeeT OOz HETPUBUATE-
HEIU HYJb.

TEOPEMA 29.2 ([Izen—Jlenr). Ecaun nose L anre6pamveckn 3aMKHYTO,
to mone K = L(ty,...,t;) (T.e. more panuoHaIbHEIX QYHKOUE OT § mepe-
MeHHEIX Ha g nojeM L) asaserca C;-nosem.

HJOKA3ATEJILCTBO. Ilpmmennm wmugykiumio mo ¢. IIpm ¢ = 0 mome K
coBnagaer ¢ L, T.e. mome K anre6pamtecKu 3aMKHYTO, a yciosue di + ...
.. .—l—di < n 03Ha4aeT, YTO T < n. B TakoMm ciaygae TpebyeMoe yTBEPK I€HIE
CoBHajgaeT ¢ ogHopoaHou Teopemou [mianbepra o Hyasx (Teopema 25.10
Ha C. 261).
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IMar vEIYKIUY 33aKIOYAETCA B TOM, YTOOHI NOKA3aTh, YTO €CAM IIO-
ae L ssaserca Cj-nonem, t0o none K = L(t) sasaserca Ciyq-nonem. Iycrs
fryeeennt ,freK[zi1,...,Tn] — OZHOPOSHBIE MHOT'OYIEHBL, IPUIEM di‘H +...
..+ dift < n, rae ds = deg fs. TpebyeTcs 10Ka3aTh, YTO MHOIOWICHEI
fi,-- -, fr umeroT obmuu merpupnaabue Hyab B K. Koapduimentrr MuO-
TOWIEHOB f1,.. ., fr dexar B K = L(t), T. €. OHU ABJAIOTCA PANVNOHAILHEIMA
dyukumaMu Hag noreM L oT nepeMeHHOU t. YMHOXUB BCE 3TU KO PUIMeH-
THL Ha IOAXOISIMAY MHOTOWIEH U3 Koabla L[t], MoxHO OyneT CIuTaTh, 9TO
K02((PULIUEHTE MHOTOYIEHOB [1, . . ., f 1exar B L[t], T. e. Tu k03¢ unmen-
THL ABJIATCA MEHOTOWIEHaMY OT ¢ Hajg noreM L. CTenenu 5TuX MHOIOYIEHOB
Or'PAHUYEHEI HEKOTOPBIM YUCIOM 171, IOITOMY JI0O0U KOX(DMUUIMEHT O MOXKHO
[IPEACTABUTH B BUIE

a=ag+at+...+a,t", rme ag,...,a,; € L. (1)

Ilpu p = 1,...,n nomnoxum
Tp = Tpo + Tp1t + ... + Tpst’, (2)
TJ€ Tp0, - - - , Tps — HE3ABUCUMEIE IIepeMeHHEIe HAJ moaeM L, a 1ucio s gocTa-
TOYHO BEAUKO (DTO IUCIO MEI ONPEJEIAM IyTh MO3KE). SAMEHUM B KAXK 0L
OHOPOAHOU (pOpME f1, . .., fr KOIPOUIMEHTH U IEPEMEHHbIE BEIPAXKEHUAMU

(1) u (2), coorBercTBenno. B pesyabrare dopma f; samumercs B Bujge

go+glt+...+gNtN,

rge N = sdj+mu go, ..., 9N — dopMEL cTenenn d; ot (s+1)n mepeMeHHEIX
Zpq Hag moaeM L. CoriacHO MpennosoXKeHn0 NMHIYKIUYA BCe GOPMBL ¢ A1
MHOT'OYJIEHOB f1, ..., fr UMEIOT OOUMN HETPUBUAILHLIN HYJb, €CJAU BIIOJI-

HAETCA HEPABEHCTBO

> (sdj +m+1)dj < (s + 1),

=1

(m+1)2d§—n<s(n—2d§+l).

Ilo ycaoBuo n— Y, d;-'H > 0, no5>TOMy TpebyeMOe HEPABEHCTBO BEIIOJIHACTCSA
Ipu AOCTATOYHO GOIBIUX §, HATIpUMEp, mpu § > (m + 1) > d;-. O
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29.3. Teopema IldpucTepa o cymmax KBajgpaToB
PAMOHANBHEIX ()yHKITAN

B aByx nmpegbigymux maparpadax MBI IPUTOTOBUIN OCHOBHBIE MHCTPY-
MEHTHI I AOKa3aTeabcTBa TeopeMbl Ilpucrepa. Ham momagoburcsa erme
CJIeqyIOIIee CBOUCTBO KBAAPATUIHEIX (POPM: €CJIN HEBLIPOXK IEHHASI KBAIDA-
Tuanas dopma ¢ Hag noxem K msorponna (T.e. ¢(u) = 0 111 HEKOTOPOro
u # 0), TO OHA yHUBEpCANbHA (T. €. IPEACTABIAET BCE daeMeHTh noas K).
B camom fesie, HEBEIPOXK JEHHOU KBAIPATUIHON GOPME ( COOTBETCTBYET He-
BBIPOXK IeHHAS OMIMHENHAS CUMMETPUIECKas (popMa,

1
fa,y) = 5 (e(@ +y) —9(@) — ¢y))-
TosTomy mamnercs Takou BeKTOp v, 9T0 f(u,v) = 1. B Takom caygae
0(v + ) = 0(0) + 90w) + 2/ (v,3) = ¢(v) + 2.

M mo6oro b € K moxuO BEOpaTh Takoe A, 9To ¢(v) + 2h = b.

U3 Teopemur 29.2 crenyer, uro ecau more L amrebpamvyeckm 3aMKHYTO,
TO m00as HEBRIPOXK JEHHASA KBaApaTuIHAs (Gopma ¢ o1 2" nepeMeHHEIX HaJ
nonem K = L(t1,...,t,) yauBepcaabna. B camom gene, nycts r € K. Pac-
CMOTpPUM BCIOMOTATeJIbHYIO KBAAPATUIHYI0 bopmy &(u,t) = @(u) — rt? o
2" +1 nepemennnix. Cornacuo Teopeme 29.2 popma § uMeeT HeTPUBUAILHEIN
Hyab (ug,to). Ecim ty = 0, 1o ¢@(ug) = 0, mpuaem uy # 0. 10 03HAUaeT,
aro ¢opMa ¢ M3OTPONHA, a HOTOMYy yHuBepcauabHa. Ecau xe tg # 0, To
o(ty'up) =, T. e. popma @ npexcTasaser 7.

TEOPEMA 29.3 (IIpucrep). Ilycrs R — BemecTBEHHO 3aMKHY TOE IIOJIE U

¢ = {{a1,-..,an)) — HEBBIPOXK NEHHAA KBAAPATHUIHAL (POPMA OT 2" IEePEeMeH-
HBIX HaJ moaeM R(zq,...,x,). Torga eciu b— cymMMa KBagpaToOB 3JIEMEHTOB
R(z1,...,z,), To popMa ¢ mpeacrasiser b.

JJOKABATEJILCTBO. Ecmu ¢opma ¢ M30TpPONHA, TO OHA3 yHUBEPCAILHA.
ITosTOMy MOXKHO CUMTATB, YTO (HOPMA (¢ AHU3OTPONHA, T.e€. ¢(u) # 0 mpu
u # 0. ITo ycaosuro b = b3 +. ..+ b2,. [Ipumennm unaykimro mo m. lpu m =
= 1 yTBepXKJeHNE OYEBUAHO, TAK KAK J00asg MyJIbTUILIMKATABHAA (opMa
IPEenCTABIAET dJeMEHT 1, a 3HAYUT, OHA IPEACTABRAAET U DIEMEHT b% -1,

HOycts Teneps m = 2, T.e. b = b + b3, npuaem b1by # 0. Ilycts L =
= R(i) — anre6panmdeckoe 3aMbIkanue moas R. Jaement B = by + iby mopo-
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xpaet moxe L(xq,...,x,) Hag monem R(xy,...,%,), T.€.
L(z1,...,2n) = R(®1,...,25)(B).

Ione R BemecTBenHOe, nodTOMY i & R(Z1,...,2,) 1B & R(21,...,2y).
DopMy @ MOKHO PACCMATPUBATE U Kak dhopMy Hag noxeM L(zq, ..., zn)D
> R(z1,-..,%,). Hag 3TuM noseMm oHa yHUBEpCATbHA, TAK Kak nomae L aire-
Opamaecku 3aMKHYTO. I109TOMY HAMAYTCA Takue 2"-MepHEIE BEKTOPHI U, U C
koadduunentamu u3 R(zy,...,2,), 411 koTopex ¢(u + Pv) =B, T. €.

o(u) +2Bf (u,v) + Bo(v) = B, (1)

rge f— OuinHeWHas cuMMeTpHdeckas ¢GopMa, cooTBeTcTBylomasa ¢. Ilpu
arom v # 0, Tak kak nnaqe B = ¢(u) € R(z1,...,2,). U3 armsorponnocTn
dopmer @ crenyet, aTo ©(v) # 0.
Henpusogmvoe van R(x1, . . ., Ty) ypasaerne ais B uveer sug (B—b1)>+
+b2=0, e
B2 —26B+b=0. (2)

Cpasrusas (1) u (2), momywaem, B wactoctu, b = ¢(u)/@(v). U3 myns-
TUILIMKATUBHOCTY (OPMEL (¢ CIELYET, 9TO OHA MPEACTABIAET KAK DIEMEHT
1/¢(v), Tak u mpousBenenue saeMeHTOB Q(u) 1 1/¢(v), T.e. smemenT b.

IpeanonoxuM Temeps, 9To TpebyeMoe yTBEpK ICHAE JOKAZAHO /11 HEKO-
TOpOro m > 2, T. e. mobas dopma ¢ Buga ¢ = ({a1,...,0y)) IPEACTABIIET
ar060# snement Buaa b + ... + b2,. HyxHo nokasats, 9To dopma ¢ npe-
cTaBgeT mo6ou saeMenT Buga b + ...+ b2, +b2 1, rae byyqy # 0. Bammmen
sToT snementT B Buge b2, (b+1), rae b— cymma m kBaapaTos. JJocTaTodHO
JOKa3aTh, 4TO (OpMa ¢ IPEeACTABIACT daeMeHT ¢ = b+ 1. MoxHO cunTars,
aro ¢ # 0.

Y0681 BOCIIONIB30BATECA eMmont 29.1 (cm. ¢. 305), sammmem dbopmy ¢ B
Buge ¢ = (1) @ ¢'. CoraacHo NpeamonoKe N0 NHAYKIIY (POPMA @ IPesCTa-
BIAET d7eMeHT b, T. e. b = b2+, rne snement b’ mpencrasaseTcs hbopmoit @'
Pacemorpum MyasTumImMKaTHBHYIO dopmy ¢ = ¢ ® (1, —c) ot 2" nepe-
MeHHEIX. fIcHO, 9TO

=M a¢ (= (1)ad,
rge dopma ¢’ = ¢’ & (—cy) npeacraBaseT dIeMEHT
V—c=(b—0)—(1+b)=—-1-03.

[pu sTom —1 — b3 # 0, Tak xax i & R(z1,...,T,). B TakoM c1ydae MOKHO
npumeruTh Jemmy 29.1 x dopme ¢ u saementy —1 — b2. B pesympTare mo-
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Jay4auM, 910 B none R(x1,...,%,) CYLIECTBYIOT TAaKWEe HEHYJEBBIE DJIEMEHTEHL
Cly...,Cp, ITO

‘P = <<_1 - bgacla .. ;Cn)),
T.e. (‘I) = <_]' _b(2)> QY=x® (_]‘ - b%)X; rae X = ((cla"'7cn>>'

IIprmeHuM CHOBa IpPEANOIOXKEHUE MHIYKIWN, HA DTOT Pa3 K dopme Y.
dmement 1 + b2 sBaseTca cymmon me Gosee weM m KBAAPATOB, OITOMY
dopma y ero mpeacraBiser. B TakoMm ciydae u3 My/bTUILIAKATHBHOCTH
dopum ¥ creayet, aro ¥ = (1 + b2)y, a 3maunT,

¢ @ (—cp) ==y ® (=1 —bg)y = (1+b)x ® (=1 — b3y
HOycte & = (1 + b)y. Toraa
o(Pz + Qy) — cop(Rz + Sy) =&(z) — &(y),

P Q
e | oo )= U — HeBHIpOX feHHasa MaTpula nopaaka 2". Ilosoxus x =

=y, noayuum @(Ax) = cp(Bz), rne A= P +Q u B =R+ S. U3 HeBHpo-
XK neHHOCTH MaTpuisl U crenyet, ato ecau - # 0, To (Az, Bz) # (0,0). Ecan
Obl oxHa u3 MaTpul A u B 0ka3alach BEIPOXKJEHHOU, TO ¢opMa ¢ Obl1a OB
M30TPOIHON, 8 MBI PACCMATPUBAEM CIy4dau aHU30TponHoun dopmul. Eciu xe
00e MaTPUIBI HEBEIPOXK I€HHLIE, TO @ = ¢, & 3HAYUT, MyIbTUIMKATUBHAS
dopma @ npesCTaBIACT JIEMEHT C. O

Corutacuo Teopeme Apruna J060M HEOTPULATENLHBIN DJIEMEHT IOJIS
R(z1,...,T,), roe R— BeECTBEHHO 3aMKHYTOE [OJE, ABIAETCA CyMMOU
xBaapaToB. Ilosromy wmyabrumiukatusHas ¢opma ((1,...,1)) npexpcra-

~——

n
BJSET JIOOOM HEOTPULATEJbHE daeMeHT noast R(zy,...,x,), T.e. aobon
HEOTPUIATEIBHEIN 3JEMEHT 3TOrO0 HOJIA MOXKHO MPEACTABATL B BUAE CyMMEI
2™ KBaIPATOB.

Ha c. 280 npusenen npumep saemenTa noaf R(xq, ..., Ty ), KOTOPEI He-
JB3S IPENCTABUTL B BUE CyMMEI 1l KBanpaTos. Takum o6pasom, ecim N —
HAUMEHbIIEE YUCJIO, 11 KOTOPOro Jo60u saeMeHT moid R(zq, .. ., Ty) MOX-
HO TpeCcTaBuTh B Bujge cyMMbul N kBaapaTos, To n+1 < N < 2". B ob6mem
crydae naa N HUKakuX APYTUX ONEHOK HE M3BECTHO. Jlmmb mpu n = 2
m3BECTHO, 4TO N = 4. DTO yTBEpXKIEHME NOKA3AHO MBYMsS PASHBEIME CIIO-
cobamu, HO 003 NOKA3aTEILCTBA BecbMa CIOXkHLIE. OIHO NOKA3aTEILCTBO
ncnomp3yeT Teopmio dumnrudecknx kpuskix Hag noaem C(z) (em. [CEP] n
[Chr]). Opyroe gokasaTeascTBo onupaeTcs Ha Teopemy Hérepa—Jledmena o
TOM, 9TO HA TOBEPXHOCTH OOIIEr0 MOJOXKEeHUA CTernenn d > 4 B TpexMepHOM
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[IPOEKTUBHOM IPOCTPAHCTBE J00as KPUBAS BEICEKAETCSI HEKOTOPOU APYTOU
nosepxuocTeio (cm. [Co)).

IIpu moxasarenncTBe Teopemul IldpucTepa CyIECTBEHHO UCHOJIL3YETCS
TO, 4TO Toae R BemecTBenHO 3aMkHYTO. s moas Q Teopema Ilpucrepa
HeBepHA. D10 BuAHO yxke npu n = 0. [JeucTBurensHo, He a060€ MOJ0KU-
TEIBHOE PALMOHAILHOE YUCIO ABIACTCSI KBAAPATOM PAIMOHAIBLHOIO YUCIA.
Ho npu n = 0 Tpebyemas oueHka u3BecTHA: 11000€ IOJOKUATEIHLHOE PALKO-
HAJIBHOE YHCIO ABISAETCA CYyMMOU KBAJPATOB Y€THIPEX PALMOHAILHEIX IHCEL.
B camom gene, cormacuo Teopeme Mernepa (cm. [BII], [K2] wm [C]) mobas
HEBLIPOXAEeHHAs KBajApaTudHas ¢opma Hag moaeM Q or n > 5 mepemen-
HBIX (HETPUBUAJILHO) [IPENCTABIAET HyJb, €CIU OHA IPEICTABIACT HYIb HAL
norem R. B wactrocTn, ectm r > 0, To dopma z7 + 22 + 22 + 23 — ra
npeacTasisgeT Hyab Hag Q.

Mpu n = 1, T.e. gasa MuorowreHoB Hag Q OT OJHOU MEPEMEHHOU, Mmep-
BBIM NOJy4mI OleHKy J. Jlanzay B 1906 r. B pa6ote [L]. On nokasax, 4To
000U HEOTPULATENILHEIN MHOMOUIEH (0T OHOM EPEMEHHON) C PAIIOHAID-
HBEIMY KOD(MPUIXEHTAMU MOXKHO IPEJCTABUTHL B BUAE CYMMEL 8 KBAAPATOB
MHOTOYWIEHOB € PALMOHAJIbHEIME KOd(duuueHTamMu (IPOCTOE JOKA3ATEIb-
cTBO Teopemul Jlarnay npusegeno B ruase 7 xkuuru [Pf2]). Ho sTa onenxa
He TouHas. Tounyo onenky noxyuni Ilyprme [Pu]: moGon HeoTpunaTeIEHEIN
MHOrowieH Ha (Q MOXHO IPEICTABATE B BUE CYMMEL KB3,IPATOB H§ MHOT'O-
wrenoB Hag Q (mogpoGHOMY m3n0xkenHuio TeopeMul Ilypine nocesmena riaasa
17 xuwuru [Raj]).

s MHOrOWIEHOB, 0013, IAI0MINX HEKOTOPEIMU CIIEHUAILHLIMYA CBOUCTBA-
MM, MOXHO NOIYYUTH U Oosee TO4HBIE pe3yabTaThl. Hampummep, B [DLS]
MIOKA3aHO, YTO €CIN 3HAYEHUSA MHOTOWICeH], f () IpU BCEX LEMBIX I ABJIAIT-
€ CyMMaMU KBaJAPAaTOB ABYX LEILIX YUCEM, TO MHOrOWIeH f(X) ABIAETCS
CyMMOU KBaIPATOB ABYX MHOIOYWIEHOB C HEJLIMU KOD(PUIIEHTAMIY.

IIpumMep HEOTPUIATEILHOIO MHOIOWIEHA, KOTOPEI Hat (Q Henb3sa mpe-
CTaBUTH B BUJE CyMMEI KBaIPATOB Y€THIPEX MHOI'OIEHOB, CTPOXTCS JOCTA-
TOYHO IPOCTO. /[eq0 B TOM, 9TO €Cam

4
az® +br +c= Z(aim + b;)?,

i=1

T0 4ac — b2 —cyMMa KBaJpaTOB TPeX PAIMOHATLHLIX wuucend. [lecTBu-

| 4ac —b* :4(Zaf) (be) —4(Zaibi)2;
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a ecaIM pacCMOTPETh MPOM3BEIEHNE KBATEPHUOHOB a1 + Aot + a3) + a4k u
b1 — bai — byj — bok, TO MOXKHO yOemIUTHCS, 9TO

(Z af) (Z bf) = (Z aibi)z + cyMMa Tpex KBaIpaToB.

Teneps J€rko NOKA3aTH, 9TO KBAAPATHBIA TPEXTICH 22 + x + 4 uenbas
NPEACTABUTEL B BUE CYMMEI KB3APATOB YeTHIPEX MHOIOWIEHOB. [l1s 3T0ro
HY>XHO [OKa3aTb, YTO 15 Hemb3d NMpPeACTABUTL B BUAE CYMMEI KB3JADPATOB
TpeX palMOHAJIBHEIX uucel. FEcm 661 15 paBHamock p? + ¢2 + r?, To mocre
TpUBENEHUS K O0IIEMy 3HAMEHATEII0 MBI TOMYyYMIu ObI CPaBHEHUE

a? + b + ¢ = 15d? (mod 8) = —d? (mod 8),

rjae XoTs Obl OHO U3 4ucen a, b, ¢, d nederno. Takoe cpaBHEHNE HEBO3MOXKHO.
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30. Asaropurwm Jlencrprui—Jlencrpri—JloBaca

B 1982 r. B pabore [LLL] 651 npegaoxken axroput™ (LLL-as2opumam,
wm agzopumm Jlewempei—JIencmpoi—Josaca), MO3BOIAIOMAN PA3IOKATD
MHOTOYJIEH Ha [l 7 Ha HEMPUBOAUMEIE MHOXUTEIN 38, MOMAHOMUATHLHOE Bpe-

n . n 1/2
ma. Tounee roeops, ectn f(z) = . a;x' € Zz] un |f| = (Z a?) , TO
i=0

[ PA3JIOKEHUs MHOTOUIEHa, [ HA HEIPUBOAUMEIE MHO}KI/ITzeJI(I)/I 0 BTOMY
anroputmy norpebyercs ue Goree O(n'? + n®(In|f|)?) oneparmii.

LLL-anroput™ nMeeT GOJIBIION TEOPETUIECKUN UHTEPEC, HO € MPAKTH-
YECKOU TOYKY 3PEHUs OH He Gosee dpPEKTUBEH, YeM CPABHUTEIHHO IPOCTON
aaropurM, onucaHuuil B pasgene 10.2. Buagane oba amropmrma paboTa-
0T OZWHAKOBO: MHOTOWIEH [ DA3JaraeTcs Ha HEIPUBOIUMBIE MHOXUTEIN
110 MOAYJIO IPOCTOrO YKCIA P € MOMOIIbI0 anropurma beprekswmma, a 3a-
TeM ¢ HIOMOIIBIO0 JeMMEL ['eH3€e1s ¢ HEKOTOPOU TOYHOCTBIO BEIYUC/ISIETCS P-
a[UYeCKU HENMPUBOAUMEIN MHOXUTeIs h muorowreHa f. Ho mocme storo
LLL-anropuT™ geucTByeT NO-APYrOMY: MJIsA A WINETCSA HENPUBOIUMBIA [e-
JuTens hy MHOrowieHa f B Koable Z|[z], nensumicsa Ha h mo Moayuo p. Ilpu
DTOM ycaoBue geaumocTu hg Ha h 03Ha4aeT, YTO KOIPPUINEHTH MHOIOYIe-
Ha hg SABIAIOTCSI KOOPAUHATAMU TOYEK HEKOTOPOU PELIETKH, a YCJAOBUE 1e-
mumocTu f Ha hg o3HavYaeT, 4TO KOMGUIMEHTH MHOTOWIEHA hy HE CIUIIIKOM
BeMKY. [IJis1 BEIMUCIECHUS MHOTOWICH, hg MCIOAB3YEeTCs AJrOPUTM IOCTPO-
€HUs TpUBENEeHHOro Gasuca pemetku. CaegyeT OTMETUTD, U9TO MOCIETHUN
QIrOPUTM MMEeT TAKKe MHOIOYUCIEHHBIE IPUMEHEHUs, He OTHOCSIINECT K
(paKTOPU3AIY MHOT'OIECHOB.

30.1. O6mee ormcanme aaropuUTMa

TlepeigeM HEMOCPEACTBEHHO K OMUCAHWIO ANTOPUTMA (haKTOPU3AIIAM.
Bygem caurars, uro muorowiens f u f' B3aumHO mpoctsr u cont(f) = 1.
Haunem ¢ Toro, uro Buraucaum pesyastant R(f, f') € Z. llycts p— nan-
MeHbIIee IpocToe ducio, e geasamee R(f, f'). Torga crenens mMuOrOwiIeHa
f (mod p) pasma n u muorowenn f (mod p) u f' (mod p) B3ammuO HpO-
cThl. ITO0H ZOKA3aTh 9TO, JOCTATOYHO 3aMeTUTh, 4T0 R(f, f') = +a, D(f)
(a moromy ap, ve gemrca Ha p) u R(f, f') = of + {f', rme ¢, € Z[z].

Y muorowiena f (mod p) HET KPATHBIX JEIUTEEN, IOITOMY €r0 MOXKHO
Pa3OXKUTEL HA HEMPUBOAUMEIE MHOXKUTEIN TIO aITOPUTMYy Bepaekamma.
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IIycte h (mod p) — oauH M3 HEIPUBOAMMEIX MHOXHUTEJIEH MHOIOWIECHA
f (mod p). B panpmenmem mer Gygem camraTthb, 910 h € Z[z], cTapmmn
k03 dunurenT MHOrowieHa h paser 1 u KO3 GUIMEHTH MHOrOWIEHA h mpu-
BEJEHHI [10 MOIYJIO P, T.e. 3akaodeHel Mexay O u p — 1.

PaccmoTpuM pasnoxkeHue MHOTOWIEHa f HA HENPUBOJUMEIE MHOXKUATE-
Ju Hag 7Z 7 mepergeM OT DTO'O PABJIOKEHUA K PABIONKEHUIO II0 MOIYJIIO P.
Y muorounena f (mod p) HET KPATHBIX HENPUBOAUMEIX MHOXKUTEJIEH, I0-
»TOMy MHOrowIeH h (mod p) COOTBETCTBYET POBHO OJHOMY HENPUBOLUMO-
My meauTenato hg muorowiena f man Z. Takum o6pasoM, CymiecTBYyeT POB-
HO OJVH HEIPUBOIMMBIN JeauTeNb hg MHOrodureHa f Hajg Z, nas KOTOPOL'O
ho (mod p) memmres ma h (mod p).

Ecau m3pecTen aaropuTy™, MO3BOIAIOIIMAN 10 MHOTOYIEHY A BHIYUCIATD
MHOrOwIeH hg, TO ¢dakTopmdanus MHOrOWIeHa [ NPOM3BOAUTCS MIPOCTO.
[lencTBUTENBHO, IyCTh HAL 7 3a0aH0 pasaoxenue f = fi fo, 0ae mas MHOTO-
4eHa, fi M3BECTHO MOMHOE PA3JIOXKEHNe Hal Z, & [ MHOCOWIEH], fo U3BECT-
HO HOJHOE PA3IOXKeHue 1o Moy o p (Ha mepBoMm mare fi = 1 u fo = f).
BosbpmeM menpusoguMe geantens b (mod p) MHOrOwIeHa fo (mod p) u Bh-
YUCJAMM HENPUBOJUMEBIN IeIUTEeNb hg MHOTOWIEHA fy Han Z, nas KOTOPOro
ho (mod p) meimres va h (mod p). 3amenum fi ma firho, a fa HA fao/ho.
ITocre 5TOro mOBTOpsiEM OMEPAMIO O TEX MOP, MOKA HE MOIYIMM [IOJHOE
PpasIoXeHne MHOrowieHa f.

AnropurMm, KOTOPEIU A GaHHOrO MHOroOwieHa h (mod p) Beramcaser
MHOIO4wIEH hg, MBI ONMIIEM YyTh HUXe, B pazgeie 30.3. DTOT airopurM uc-
MONB3yeT AJICOPUTM BEIYUCIECHNS IIPUBEIEHHOrO 6asuca perrerku. IlosTomy
MBI CHA4YaJIa O0CYJUM IIOHATHE MPUBEIEHHOrO OA3UCA PELIETKN U aJrOPUTM
BHIMUCJIEHUS IPUBENEHHOr0 6a3uca (3TOT ATCOPUTM TAKkKe OBLI IPEII0KEH
B pabore [LLL]; ero Toxe wacro HaseBatoT LLL-anropurmonm).

30.2. IpuBeaenus Gazuc pemIeTKA

IlogmuoxecTBo L — R™ nHasmiBaoT pewemkot panza n, ecau B R” cy-
IEeCTByeT Takou 6asuc by, ..., by, 9TO

1=

n n
L= EZ'bi: {Erzb,h“z EZ}
i=1 i=1
Onpedeaumenem pemeTku L HA3LIBAIOT YUCIO
d(L) = |det(b1,...,bn)|,

rae nof b; moapasymMeBaeTcs cToaben KOopanHaT BeKTopa b;. Oupegenurens
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peleTKy paBeH 00beMy MapaJlIeleluiea, HATIHYTOrO Ha BEKTOPHI by, ...
., b,,. Basuc pemmeTku He € IMHCTBEH, HO ONPEAEIUTENb MATPULIEL IEPEX0O 1A
0T 0gHOrO 6a3uca pemeTku K Apyromy pased 1, mostomy uucao d(L) nme
3aBuCUAT OT BbIOOpA 6asuca.
Ilycrs by,...,b, —6asuc pemerku L. [Ipu oproronammsauun I'pama—
MIvuara morydaeM OpPTOrOHAJBLHEIM (He 06A3aTEILHO OPTOHOPMUPOBAH-
HEIN) Gasuc

i—1

bi, b o
b; = b; —Z.uijb;, e Wij = ((b’t b*))’ 1<j<ign
= VRN
OHPE,Z[E.HEHI/IE Bazuc by,...,b, pemerkn L HA3BIBAIOT Npusedenmbim,
3
ec | < smprl < j < i< nu|bf+ wi—ibi,]? > Z|b’{_1|2 npu

1<ign

n
TEOPEMA 30.1 (mepasenctBo Apamapa). d(L) < [] |bi|, T.e. 06Bem
i=1
NAPALIENENINIE A HE IPEBOCXOAUT IPOU3BEACHNS IIMH €r0 pebep.

. €KTOPHI 0; IIOIIAPHO OPTOr'OHAJIBHEI, IIO3TOM,
OKA3ATEJLCTBO. B peL b} p P , y

i—1
bl = b7 1 + D s b5 < b1

=1

Kpowme roro, d(L) = [T [bF]. O

i=1

B crenyromen Teopeme cOOpaHBI OCHOBHEIE HEPABEHCTBA I BEKTOPOB
TIpUBEEHHOrO 6a3uca.

TeoPEMA 30.2. Iycts by,...,b, —npusenennbm 6asuc pemerku L.
Torga:

a) d(L) < H|b|<2”(" 1)/461( )-

6) |bj| < oli- 1)/2|b*| mpu 1 < j <i < n.

) |b1| < 9(n— 1)/4d( )l/n‘
r) Bemz € L, z #0, 10 |by| < 202=D/2|z|.
1) Ecam BekTOpHl %1,...,2¢ € L 1uHENHO He3aBUCUMEL, TO |bj|
<2V 2 max{|z1|, ..., |2} mpu 1 < j < t.
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[JOKABATENBCTBO. a) U3 onpeaenenus npusBeneHHOro 6a3uca CIeayer,
9T0

3 1
b1 > (3= v ) P > ShaP,

HOCKOMBKY |U;;—1| < 1/2.
TMpocras uHgyKIma noKasbBaet, 4o [b%|* < 277 |bf|* mpu i > j. Toaro-
My

i—1 . .
1424...42072 142071
|bi|2=|b;f|2+zlu%j|b;f|2<|b:f|2(1+f)=|b7|2( )
2

CaenoBarensHo,

- 141 142 14277 &5

II il < 55— [T 117 <12 2= td(n)? =2n("=Nd(L)>.

i=1 i=1

14271
2

< 27'_1|b’]'-‘|2 nony4aewm |b;[? < 2477 -23‘_1|b;f|2 =212 npu i > j.
B) Cornacuo 6) umeem mepasenctsa |b1]? < [bf|%, |12 < 2|B3)%, ...

oy |1 < 277Dz 2. TlepeMBOXUB UX, HOTY<HM

6) W3 mepasencts |b5|? < 2077(b5|? mpu i > j u [b;|* < b3 <
<

n
|b1|2n < 2n(n—1)/2 H |b;k|2 — 2(n_1)/2d(L)2.
i=1

n n
r) Jammuem z B Buge £ = y_ r;b; = > s;bf, rae r; € Z, 5; € R Ilycrs
i=1 i=1
1 — HaMOOIBIUY UHAEKC, 411 Koroporo r; # 0. Torga r; = s;. llosTomy

|z > 7167 1" = 7} 1B > (b7 |* > 2! 7 [baf* > 2" ba].

1) BexToper 1, ...,T; HE MOTYT BCE JIEXaTb B HOANPOCTPAHCTBE, TO-
POXAeHHOM BeKTOpamu by, ...,b;—1, HO3TOMY /s HEKOTOPOI'O BEKTOPA X4
BHINIOMHAETCA HEPABEHCTBO |Ts| > [bY|?, rae 4 > ¢ (cM. 10Ka3aTeabCTBO T).
CaenoBaTenbHo, Ipu j < ¢ MOIydaeM

|zs|* 2 (b7 " 2 2770 b7 2 2770 21 P = 20, P > 21 O

OmnuimeM Temepb AJrOPUTM BHIYUCIEHUs IPUBEIEHHOI'O 0A3MCa pereT-
ku L. IIpeanonoxum, 9T0 BEKTOPHL bi,...,bx—1 0Opa3yioT IpUBENEeHHLIN
0a3UC NOPOXKAAEMON UMK PemeTKy (MBI HAYMHAEM € OJHOIO BEKTODA, T. €.
c k = 2). lo6aBum k HUM BEKTOp by, NpuHAIIEKAIME pemerke L, HO He
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JIEXKAIIXN B IPOCTPAHCTBE, IOPOXK JEHHOM BeKTOPaMu by, . . ., by 1. [TocTpoe-
Hue 0a3UCa PEIIeTKN, IOPOXK I€HHOU BEKTOPAMH b1, . . . , by, BEIIIOIHAECTCS CJIe-
AYIOIUM 00pa3oM.

OIAr 1 (emmomnenme ycaoBus |ugj| < 1/2). HamomumM, uro u;; =
bi, b} .
= (bi—bj*)) Opegnonoxum, 410 |ugj| < 1/2 mpu | < j < k (MBI HaunHAEM
717
c |l = k). 3amenum by, Ha b — gb;, rge ¢ — Gmmxaniee K Up; LI€JI0€ GUCIO.
910 npeobpa3oBaHUe COXPAHAET Uy; mpu j > | (Tak Kak b} Lbymprl <
< j) m 3amenseT Uy Ha Uy — ¢ (Tax kax (b;,by) = (bf,b})). fAcuo, uro
lukr — ¢ < 1/2, mosToMy mocie TakoM MOAMpUKALMN YCI0BHE |Uk;| < 1/2

OyzeT BHINOMHATHCA Impu [ — 1 < j < k. 3aTeM IOBTOpAEM 3TY OIEPAIIIO.

* |2 2 * 2
IIAr 2 (BI:.IHOJI;IeHI/Ie yCJIOBI/I}I2 |bp|? > (32/4 - .uk,k—l)|bk—1| ). Tpen-
* *
nonoxum, wto |bi|* < (3/4 —wup . 4)[bf_4|®. B Takom cryiae zamenum
ynopsagodesasin HaO0p (b1, ...,bg—2,bk—1,b;) Ha ymopsamodeHHbIT HaGOD
(b1,...,bk—2,bg,br_1). IIpu sTom bj_, 3amenurcs Ha by + Ugk—1bj_,, HO-
sromy |bf_,|? 3amennTcs HA

3 3
058 st alia P < (§ = s ) 5P wdicalbia = S0P

PaccmarpuBaem npuseneHHBI 6a3uc bi,...,bp—_o M IpUMEHSEM 1A HErO
nepBeIi mar aaropurma. U3 Toro, urto |bf |? yMeHBIIAeTCs, MOXHO BHI-
BECTU CXOAUMOCTH aJropurMa (CTpOFOe A0Ka3aTEeIbCTBO CXOAUMOCTHU aJar0-
purMa MoxHO Hauty B [LLL] u B [Coh]).

30.3. Pemerku u dakTopu3aIma MHOI OLICHOB

HanomuuM, 9T0 HaM OCTAIOCH HOCTPOUTH AICOPUTM, KOTOPHIA IIO3BO-
aser gna HempuBoguMoro aemurens h (mod p) mmorounena f (mod p) 6e3
KPATHLIX [eJUTeJeN BEUYUCINTD HEIPUBOIUMEIU A€IUTENb g MHOTOWIEHA f,
st KoToporo hg (mod p) nerurca wa h (mod p). Ilpu 3T0M MOXHO CIMTATE,
4T0 h — MHOI'OYWIEH €O cTapumM KoddduurenToM 1.

[asi mpOMEXyTOYHEIX BBIMUCICHUN HAM NOTPECYeTCA PAacCMaTPUBATH
nemrmocTh 1m0 Moxyio p*. Ilosromy paccmorpum 6omee obmmil Crydai:
6yaeM cumrarh, uTo h (mod p¥) — HenmpuBOAMMEIA NEIUTETH MHOIOWICHA
f (mod p*) 6e3 xparueX geruTeneH, cTapImE KOdDGbUITEHT MEOrOwIeHa, b
paBeH 1 u ho — HENPUBOAWMEIN JEIUTEIb MHOIOWIEHA f, LS KOTOPOI'O
ho (mod p) pemurca va h (mod p). Jlerko npoBEpUTH, YTO B TAKOM CIy4Yae
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ho (mod p*) memurcsa ma h (mod p*). [MeitcTBUTEIbHO, MHOTOWIEH
f/ho (mod p) me nemurcsa ma mempmeoguMbir MHOrOwieH h (mod p), T.e.
9TH MHOIOWIEHHI B3auMHO mpocthl. CregoBarensro, A + uf/hg =1 — py
A1 HEKOTOPHIX A\, U,V € Z[z]. YMHOXUM 00e 4acTH HTOrO PABEHCTBA HA
(1+pv+...+p*~1v¥=1)hg. B pesyanrare momyaum A h+uy f = ho (mod p*).
Ho f (mod p*) memmrcs ma h (mod p*), moaTomy ho (mod p*) nemmrca ma
h (mod p*).

Iycts n = deg f u Il = deg h. Puxcupyem nenoe ducao m > [ u paccmo-
TPUM MHOXECTBO BCEX MHOTOWIEHOB C HETBIMEA KOI(D(PUIMEHTAMY CTEICHA
He BEIIIE 1M, KOTOpHIe o Moaymo p* nemarca ma h. Kak MBI TOIBKO 4TO
[I0KAa3aJju, MHOTOWIEH hy BXOQUT B 3TO MHOXECTBO, ecau deg hy < m.

ConocrasuM MHOrO4UIeHy ¢(Z) = ag + ... + @R x™ TOUKY (ag, ... ,0m) €
e R™+1 TIpu TakoM cONOCTaBICHNN PACCMATPUBAEMBIE MHOT'OIEHBI 06pa-

1/2
aylor HekoTopywo pemerky L. flcro Taxxe, wTo HOpMa |g| = (3 a?) /
ABJIAETCA IPOCTO €BKINIOBON AaumHOM B R™H,

Bazuc pemerxu L cocront m3 muorowrenos pPzf, 0 < i < [, u MHOrO-

wrenoB h(z)z?, 0 < j < m — l. KoopauHaTh 5TUX BEKTOPOB OTHOCATEIBLHO
k

I;
6asuca 1,z,...,2™ 00pa3yiOT MaTpPUILy BUIA 0 ! 7 ), rae I} — eamHuY-

HasA MATPUIA TOPAIKA [, a I' — BepxHAA TpeyroapbHAsS MATPUIIA C € [UHUIIAMEA
ma quaromam. lostomy d(L) = pFt.

Hpem,qe geM HepeﬂTn K OIMUACAHUIO aJII"OpI/ITMa, BBIYUCJICHUSA MHOI'OYIEHA
ho, TOKaXeM [Be TeOPEMBbI, NAIOIINE HYXKHEIE [ DTUX IeJeU OIEeHKH.

TEOPEMA 30.3. Ecam muorowien b € L Takos, ato |b|" - |f|™ < p*, To
b nenurcs ma hg. (B gactroctw, (f,b) # 1, rae (f,b) — maunbonbmmu o6
[NEITEeNb MHOTOUIeHOB f 1 b.)

[JOKA3ATENBCTBO. Moxuo caurars, uro b # 0. [onoxum g = (f, b).
MbI XOTUM [I0Ka3aTh, YTO g AEIATCA HA hg. [as 3TOro nOCTATOYHO MOKAa-
3aTb, 4T0 ¢ (mod p) memurcsa Ha h (mod p). B camom gexne, ecau g (mod p)
nemurcs Ha h (mod p) m f/g € Z[z], To f/g ve nemmrcs Ha hg, TOCKOIBKY
h (mod p) — ogHoKkpaTHEM neruTens MHOroweHa f (mod p). CrenoBarens-
HO, g geautcs Ha hyg.

Ipegnonoxum, aro mEorowren g (mod p) me nemmrcs HA h (mod p).
Muorourer h (mod p) HempuBoguM, HOPTOMY MHOrOWIEHH ¢ (mod p)
n h (mod p) B3AMMHO HPOCTEI, T.€. CYMECTBYIOT TAKWE MHOIOYIEHEL
)\1,}&1,\11 S Z[.’I?], 9TO0

)\1h+fllg:1—p\)1. (1)
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IIycte e = deg g u m' = degb. Acuo, aro 0 < e < m' < m. Honoxum

M ={\f+ub|\ueZlz],degh<m' —e,degu<n—e} c
CZ+Z-z+...+Z gt et

O603uauuM depea M' 06pa3 M mnpu ecTecTBeHHOU mpoekuy Ha Z - € + . ..
oA Zgrtm el IIpexge Bcero moxaxem, 4To eciu daeMeHT A f +ub € M
npoemnupyerca B 0 € M', o A = u = 0. [JeNCTBUTEIBHO, B TAKOM CIydae
deg(hf+ub) < e, Ho \f +ub gernrcs Ha g, a deg g = e. Iloaromy Af+ub =0,
T.e. M(f/g9) = —u(b/g). Muorounens f/g u b/g B3aNMHO IPOCTHL, IOPTOMY
u gemurcsa Ha f/g. Ho degu < n — e = deg(f/g). CregoBarensno, u = 0, a
sHauuT, A = 0.

Taxum o6pasom, mpoekmmu muOXKecTB {2if | 0 < i < m' — e} m
{27b | 0 € j < n—e} ma M', ¢ OIHOW CTOPOHLI, JIMHEHHO HE3ABUCUMEL,
a C IPYyrou CTOPOHBI, OHKM MOPOX AT M’'. DTO 03HAYAET, ITO MPOEKIUN
DTUX OBYX MHOXKECTB ob6pasyioT 6asuc pemerku M'. B gactrOCTH, panr
pemerku M’ pasen n + m' — 2e. Kpome Toro, cormacHo HepapeHcTBy A na-
mapa d(M') < |f|™ ~¢|b|"~¢. Mo ycaosmo |f|™|b|" < p*. Yawmremas aro
m' < m, morygaem

a(M') < bl < . (2)

Moxaxem, ato eciu v € M u degv < e + 1, To p~*v € Z[z]. B camom
gexe, MHOrouneH v = Af + ub gemnrca Ha g = (f,b), mosToMy, yMHOXUB
pasencteo (1) ma (1 + pvi + ... + pF V¥ 1)v/g, nomyaum

Aah + ush = v/g (mod p*). 3)

M=l paccMaTpUBaeM CATYyaIumio, Koraa Muorowres f (mod pF) memurcs ma
h (mod p*). Kpome Toro, b L, nosromy b (mod p*) nemurcs ma h (mod pF).
U3 Toro, uto v & M, caexyer, uto v = Af + ub, mosromy v (mod pF) ge-
aures ma b (mod p¥). B rakom caywae wa (3) caemyer, uro v/g (mod pF)
Toxe gemurca Ha h (mod pF). Ho deg(v/g (mod p*)) < e+l—e =1, a
h (mod p*) — muOrOUNeH cTemenu | co crapmmm KoaddunumenTom 1. Mo-
aromy v/g = 0 (mod p*), a smasmT, v = 0 (mod p*).

B M' M0xHO BEIOPATH TakO! 6a3UC be, Det1, . - -, Opgm/—e—1, ITO deg bj =
= j. Jlerko mpoBepuThb, 9T0 e+l—1 < n+m'—e—1. B camom nene, MEOrOwIeH
b meqmres Ha g, moaTomy e = deg g < degb = m', a muorouanex f/g (mod p)
nenurca va h (mod p), mosromy | = deg h < deg f —deg g = n—e. daemeHTH
bey---yberi—1 € M' momydaroTCs U3 MHOTOYWIEHOB, KOTOPEIE dexaT B M u
JenaTca Ha p*, MOCPeICTBOM MPOEKIMM, YHUYTOXAIOMEH WIEHH CTETeHU
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mmxke e. [loaToMy BCe KO3(PUUMEHTHI MHOMOWIEHOB be, . .., beyi—1 (B TOM
quCae U uX CTapume KO3(pPUIueHThH) IemIaTCsa Ha .

Acwuo, uro guckpumunanT d(M') paBeH MOLYIIO IPOM3BEAEHUA CTAPIINX
KOD(DPUIMMEHTOB MHOTOYIEHOB be,...,butmi—e—1, MOITOMYy OH HE MEHb-
IIle TPOU3BEIEHUA MOLYJEN CTAPMIIX KO3(PUINEHTOB MHOMOYWIECHOB b, . . .
vevybeyi—1. Caenosaremsro, d(M') > p*. Oro mpormsopeunT Hepasen-
cTBy (2). O

B caeayroment Teopeme MBI, KaK U paHee, IpeAmoaaraeM, 9To h— MHO-
TowIeH co crapimmM KoaddunuenTom 1, mpuaem muorounen f (mod p*) me-
mutcs Ha h (mod pF); L — pemerka, COCTOAIIAA 3 MHOT'OWICHOB CTEICHN He
BEIIIIE 1M, KOTOPHIE 110 MoAymio p* nenarca ma h; l = degh un = deg f; hg —
HENPUBOAUMEIN JEIUTENb MHOCOWIEHa, f, 1 KoToporo hy (mod p) gemurcsa
ma h (mod p), T.e. hy (mod p*) memurca ma h (mod p*).

TeEOPEMA 30.4. IIycts b1,bo,. .., byt1 — DpUBEIEHHEIN GA3NUC PELIETKY
L. IlpeanonoxuMm, ITO

9 /2m TL/2
pkl > 2mn/2(m) |f|m+n‘
a) B rakom ciyuae deg hg < m TOrga u TOJIBKO TOrAa, KOUAA

Iba] < (" /1F1™) ™

6) IIpeanonoxumM, 4TO 41 HEKOTOPOro Ga3MCHOIO BEKTOPA bj BBIIOIHA-
€TCsl HEPaBEHCTBO

il < (0" /171™) " (+)

ITycTs t — Hamboabimu 13 BCEX TaKUX MHAEKCOB j. Toraa:
degho =m+1—t; ho = HOL(by, ..., b);

HEpPABEHCTBO (*) BRINOMHAETCA ipu § = 1,...,t.

JIOKABATEJBCTBO. a) Ipegmonoxum cragana, 1o |bi| < (p*/| f |m)1/ ",
T.e. |b1|" - |f|™ < p*'. Torma cormacuo Teopeme 30.3 mmorowuren by e L
nmenutcs Ha hg. C gpyrou cTopoHsl, u3 ycaosus by € L crepyer, uro deg by <
< m. Hosromy deghg < m.
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Ipeanonoxum Teneps, uro deghy < m, T.e. hg € L. Cormacuo crea-

1/2
cTBUIO M3 TeopeMbl MuuboTTa (cM. ¢. 173) |ho| < (27:?) |f]- Ipumenus
teopemy 30.2 (r) muas z = hg, noryaum
1/2
b <22 [ho| < 272 (™) T 1. (4)

n/2
Tlo ycropmio 2™™/2 (2::) If|™ < p*/|fI™, T e

1/2
2m/2(2m) 2 1 < (1517 Q
13 (4) u (5) noxyaem TpeGyemoe nepasercTso |bi| < (p*/|f|™) /n,

6) Iycts J — MHOXECTBO BCEX UHAEKCOB J, A1 KOTOPHIX BHIIOIHAETCS
HepaseHcTBo (x). Cornacuo Teopeme 30.3, ecm j € J, To b; gemurca Ha ho.
Takum o6pazom, muorowier hy = HOM(b; | j € J) gemurcs Ha ho. Ilpu
aToM, ecmn § € J, 10 b; gemures Ha hy u degb; < m, T.e. bj npuHALTEXKUT
perreTke

Z-hi+Z hiz+...+Z higm™ desh,

BekToper by, . . ., by, JUHENHO HE3ABUCUMEL, TODTOMY
) <m+ 1 degh, (6)

rge |J| — Koaud4ecTBO 21eMEHTOB MHOXKECTBA J.
Corzacuo cregeTBuio u3 Teopemul MunsorTa (cM. ¢. 173)

i 2y 1/2 .
lhoa'| = kol < (1) IfI Vi>0.

Mpu i = 0,1,...,m — deg hg mo onpenenrenuio hoz' & L u 5>Tu BeKTOpPHI
JMHENHO He3aBUCUMEL [102TOMy K HUM MOXHO npumeHnTh Teopemy 30.2 (n):

) 1/2
Ib;] < 272 [hoz?| < 27/ (P™) If| mpm 1< j < m+1— degho.

1/2
To npeamonoxernuio 2™/2 (2;?) Ifl < (pkl/|f|m)1/n, N0’TOMY
{1,2,...,m+1—degho} c J.
Msuorounen h; gemurcs Ha hg, nosromy deghy < deg hy, a 3Ha4ur,

|[J| >m+1—degho >m+1—degh;. (7
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CpasuuBas uepaserctsa (6) u (7), moxygaem, urto deghy = deghy = t u
J=1{1,2,...,t}.

Ocraercsa npoBepuThb, 9T0 hg = +hi. MHOrouwien hy ABIACTCA NEIUTE-
JgeM MHOroweHa f ¢ conepxkanuem 1, noaromy cont(hg) = 1. lycte j € J u
d; = cont(b;). Coracuo Teopeme 30.3 mHorounen b; gemurcsa ua hg. Crego-
BaTEILHO, MHOIOUWIEH bj;/d; Toxe menmrcs Ha hg. YdumrTwBasd, 9To hg € L,
nory4aeM b;/d; € L. Ho b; — snement 6a3uca pemerku L, mosromy d; =
= 1. 310 o3Hagaer, uro cont(h;) = 1, Tak kak b; nemurcsa Ha hi. Urak,
muOrowIeH hy geamrces Ha hg u cont(hy) = 1, mostomy ho = £h;. O

Tenepsb yxe MOXHO ONKUCATH AITOPUTM BLIMUCJICHUA MHOTOWICHA hg.

Bcnomorarensusit amropur. (IIpu GuUKCUPOBAHHOM 771 AITOPUTM BEI-
SICHSIET, BEPHO a1, 4TO deghg < M; ecim 5TO BEPHO, TO OH BEIYUCISIET MHO-
rouneH hg.)

M CXOOHLIE JAHHLIE:

e MHOrOWIeH f CTemeHu n;

® TPOCTOE YUCIO P;

® HATypaJbHOE IUCIO k;

e wMHOrOWIeH h €O crapmmM kodddummentom 1, mas koroporo f

(mod p*) pemmrcs wa h (mod p*); mpm srom wmmOrowrem h (mod p)

merrpuBomuM 1 f (mod p) He memmrcsa Ha h? (mod p); MEI camTaeM, ITO

KO(P(PUIMEHTH MHOTOWIEHa, i IPUBEeHLI TI0 MOY.I0 pF, T. e. 3aKxmode-

uer Mexay 0 u p¥ — 1 (mpm arom |h|? < 1+ Ip?);

e HaTypasabHOe uucao m > | = degh, 1aa KOTOPOrO BHIIOIHIETCS He-

PABEHCTBO

. n/2
pkl > 2mn/2 (27;75) |f|m+n_ (8)
PABOTA AITOPUTMA. [Ins pemetku L ¢ 6a3ucom

(PPt |0<i<}U{h*z? |0<j<m—1}

HAXOIUM NPUBEAEHHEIN 6a3uUC b1, ..., bmi1.

Ecmm |by| > (p*/]f™) 1/", 10 deg hg > M u AIropUTM OCTAHABIMBALTCA.

Ecm xe |by| < (p“/|f|m)1/n, To degho < m u hg = HOM(by,...,b;),
rae aucao ¢ onpeneneHo B Gpopmyauposke teopemsr 30.4 (6).

OcuoBHou amroputM. (Brraucaenne HenpusoguMoro MEOXUTEN hg MHO-
rowrena f, aas koToporo hg (mod p) nerurca ma h (mod p).)

Moxuo cunrars, uT0 | = degh < deg f = n u KOadPUILEHTE MHOTO-
wieHa h NpUBENEHEl IO MOIYJIO P, T. €. 3aKIoueHsl Mexry 0 u p — 1.
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PABOTA AJTOPUTMA. CHavana BEIYMCIAEM HAUMEHBIIEE HATYPaJb-
HOe k, 1A KOTOPOro HEPABEHCTBO (8) BHIIOMHAETCA mpu m = 1 — 1:

kl n(n—1 22(n_1)
pH > g1/ (2n =

)n/2 |f|2n—1 .

3arem us pasaoxkenusa f = hg (mod p) Beraucasem ero noguaTue ense-
a1 f = hg (mod p*), rae k— TOIBKO 9TO BEIMUCICHHOE HATYPAILHOE TUCIO.
IIpu srom h = h (mod p); KOI(PUIMEHTH MHOrOWICHS, fi CYMTaeM IIpUBe-
JEHHBIME TI0 MOZY.IIO pF.

Ilyctes 4 — Haubomblnee menoe 4ucio, ais koroporo ! < (n —1)/2%. Tlo-

o n—1
CJIeIOBATENBLHO BEIIOJIHAEM BCIOMOTATENIbHBIN AJATOPUTM [MIA M = [ o ] R

n—1 n—1
QT [ [Ty s 1 10 Tex mop, MOKa HE BEIMUCINM MHOTOWIEH hyg.
Ecan xe 5To He mpousouner, To deghg > n — 1 u hg = f, T. e. MHOrOWIEH

f HenmpuBOAMM.
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