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1. Chepuueckas reomeTpus

CJ0BO «reoMeTpHs» B MEPEBOAE € IPEIECKOrO O3HATACT «3EMICMEPHE) WK
«I3MepeHne 3eMamy. 11pu TaKOM TOMKOBAHWK 3TOrO CJIOBA €CTECTBEHHO CYIH-
TaTh, 9TO TEOMETPUA 3aHVMAECTCA U3YIEHNEeM CBOUCTB TIPAMBIX HA TIOBEPX-
HOCTHM HEKOTOPOHU ILIAHETHI. Ilpm 3TOM KpHBasg HA MOBEPXHOCTHU ILIAHETHI
HA3LIBACTCSA 0MPEIKOM NPAMOT, ecau aodas Ipyras KpUBasg ¢ TEMU XKe Ha-
9aJOM M KOHIIOM MMeeT OOJBIIYIO AauHy. Kpupas Ha3BIBACTCA Npamoti, Wim
2eodesuneckoti, ecin a0bad ee JOCTATOIHO KOPOTKAA AYTa ABIAETCA OTPEe3-
KOM TIPSMOU.

3ameuanue 1. CioBa npamas u eeodeauueckas — CyIIECTBUTEAbHBIE, & HE
[IpUIAraTEeNbHELE.

3aMmeuaHue 2. YcCI0BHE «[OCTATOYHO KOPOTKAM CYILIECTBEHHO s C(HEPHI.
B ocranbubix caydasx, koTopble 6yayT HaM UHTEPECHHl (€BKJIMAOBA ILIOC-
KOCTb ¥ ILIOCKOCTH JI06a4eBCKOro), 3T0 yCIOBUE MOXKHO OTOPOCUTE.

B mauGosee u3aBecTHOW MOAEIN DEOMETPUM PACCMATPUBACTCSA HEOMPAHU-
YEHHAS IIAHEeTa, [PeJICTABMLAIONAI cOG0M NOIyIPOCTPAHCTBO. B KadecTBe
IPYTOU MOJAEIN MeOMETPUU MOXKHO B3STH ILUIAHETY, MPEICTABIAIOULYI0 COO0U
map. Taxyio reoMeTpuio HAa3LIBAT cfepurueckot. BHIACHNM, KaK YCTPOEHBI
IpAMEBIE B Chepuieckon reoMeTpun. HazoBeM 6oabwum kpyeom cedeHne ma-
Pa ILUIOCKOCTBIO, MPOXOOAIIEN depe3 ero meHTp. [panuily GOJbIIOro Kpyra
Ha30BeM 60abwot okpyxcnocmuio. lepes mobpre nBe TOUKE ChEpPBl MOKHO
npoBecTr OOJBIIYIO OKPYKHOCTH. Ecau TOYKM He IuaMeTpPanbHO IPOTUBO-
TIOJOXKHEIE, TO Yepe3 HUX MPOXOMUT €IMHCTBEHHAI OOTBINAA OKPYKHOCTD.

Teopema 1.1. ITycmv A u B — ne duamempasbno npomueonosoHcubie mo-
wku cepor. Toeda ma noseprnocmu chepvr kpamuatiwet xpusot, coedums-
wuet mouky A u B, 6ydem Oosee Kopomras dyza 60a4bW0T OKPYHCHOCTIAU,
npoxodauett wepes mouxu A u B.

HokazaTeancTBo. Hazosem ciepuueckotl 40manoti KpUBYIO, COCTABIEHHYIO
u3 AyT OOJBIMUX OKpyX)HOCTen. KpuByio Ha cdhepe MOXKHO ¢ JH0OOU TOTHO-
CTBIO MPUOIUBUTD KOHEUHO3BEHHON CHEPUIECKON JOMAHON, TTIO3TOMY MOCTa~
TOYHO IOKa3aTh, 4TO ayra AB kopode awobon apyron chepuieckon JoMa-
o, coequusapomen Touku A u B. Kak 1 B ciay4ae eBKIMIOBOU ILIOCKOCTH,
DOCTATOYHO PACCMOTPETh ABY3BEHHBIE JOMAHBIE. B camoMm mese, ecaud mapy



3BerbeB PQ) u (QR 3amenuTsb Gosee koporkuM PR, TO mocie HECKOIBKUX Ta-
KUX ONEPALUU JOMAHAA 3aMEHUTCS Ha OTHO 3BEHO, IPUYEM DTO 3BEHO OygeT
KOpPOYe MCXOIHOU JOMAHOM.

[Mnuna nyru AB pasHa @R, rie R — paguyc cdepsi, ¢ — yroa, mom
KOTOPEIM 0Tpe3ok AB Buaed m3 menTpa cdepnl. Taxum o6paszoM, noKasa-
TEIBCTBO TEOPEMBL CBOLUTCA K M3BECTHOMY HEPABEHCTBY [ TPEXI'DAHHBIX
YIVIOB: CYMMA, ABYX IIOCKHX YIVIOB TPEXIPAHHOI'O yIvIa HOIBIIE er0 TPETHErO
TLIOCKOTO yria. [

3HauuT, CHEPAIECKUME TPAMBIME ABAAIOTCSA OOJBINNE OKPYKHOCTH.

Pacemoanuem meancdy deyms mourxamy c@epbt HA3BIBAIOT LINHY HOJIee KO-
POTKOI'O OTPE3Ka CHEePUUECKOU MPIAMOU, IPOXOAslIen depes st Touku. (B
CIy9ae, KOrAa TOYKHM TUAMETPAILHO MPOTUBOMOMOXKHEL, MOXKHO B3ATD JIO-
60 U3 OTPE3KOB JIO0OU U3 CPEPUIECKUX MPAMBIX, IPOXOMANNX I€PE3 DTH
TOYKH.)

Jsumncenuem nim uzomempueti Cheprl HABLIBAIOT €€ B3AMMHO OTHO3HAYHOE
mpeobpa3oBanue, He U3MEHAIIEE PACCTOAHAN MEX Iy TOUKaMu. [Ipuvepamu
OBIKEHUN CEPEL CIyKAT BPAIIEHHNE C(hePLI BOKPYT OCH, TPOXOIAIICH Iepes3
€€ NEHTP, ¥ CAMMETPHUA OTHOCUTENBLHO IVIOCKOCTH, IIPOXOIAMIEH Y€PE3 IEHTP.

Teopema 1.2. a) Jhoboe deumxcenue chepor moxcno npedcmasums 6 ude
KOMTOZUYUY HE O0ACE YeM MPET CUMMEMPUT OMHOCUMEADHO NAOCKOCTED,
NPOTOIAUUT UEPES €€ UYEHMP.

6) Joboe deudscenue ceper, corpansiouee OPUERMAYWIO, ABALEMNCI DA
wWenueMm 60KpY2 0CuU.

MoxkazaTeabcTBo. a) Touky X HA3BIBAIOT #enodeuxcnoti moukot mpeodpa-
soBanua f, ecim f(X) = X. [IBmkenne chepsl, UMEHIIEE TPU HETIOIBUKHEIE
TOYKH, HE JEKAINE HA ONHOUN CHEPUICCKON MPAMOU, TOXK IECTBEHHO.

IIycre f — meuxenue cdepnl, A — To4UKa cPepnl, HEe ABIAIOUIAACA He-
noaBuKHOU. PaccMorpum cummerpuio s orHocuTenbHO wockoctu 11 (npo-
XOIAIIEN Uepe3 UMeHTDP cdephl), MTPU KOTOPOU TOYKA A TMepexomuT B TOUKY
f(A). Ecim X — HenoaBumxHaA TOYKA Mpeodpa3oBanus f, TO (€BKIMIOBO)
paccToaHue OT TOUYKH X 10 TOUKH A paBHO paccTosHuio oT Touku X = f(X)
no rouku f(A). CregoBareasno, Touka X JexuT B mwiockocTu 11, a 3uadur,
npeobpasoBanue sf uMeeT HemoABUKHBIE TOUKH X u A.

OTa KOHCTPYKIXA [TO3BOJAET MOCTPOUTD NBUKEHHUE 51 ... Sk f, roe k < 3,
UMEIOIIEe TPU HEMOABUKHBEIE TOYKHU, HE JeXKAINue Ha OJHOU CheprudecKon
mpaMon. Takum 06pasoM, 1 ... s f = id (ToxmecTBeHHOE TPEOOPA3OBAHKE )

uf=s"...57" =sp...50.



6) CuMMeTpUsa OTHOCUTENBHO INIOCKOCTH, IPOXOAAIIEH Yepe3 UeHTp che-
pBI, m3MeHseT opueHTanuio cdeprl. llo3TOMY KOMIO3WINA HEYETHOIO KO-
JUYECTBA CUMMETPUN U3MEHAST OPUEHTAINIO, & KOMIIOBUIINAA I€THOT'O KOJIM-
YeCTBA CUMMETPUH COXPAHAET OPMEHTALNIO. A Tak Kak J000e TBUKEHUE
cdepbl MOXKHO IIPEJCTAaBUTDL B BUAE S1, $152 WX S1S59S3, TO JT000€ [BUKEHUE
cdeprL, COXPAHAINIEe OPUEHTALNIO, MOXKHO IPEACTABATE B BUAE S1S9.

Jlerko npoBepuTh, 9TO KOMIO3UIIA ABYX CEMMETPUY OTHOCUTEIBHO ILIO-
CKOCTEH, MEepeCeKAIONUXCs 110 IPSAMOU | MO YIVIOM (@, SBISETCI IIOBOPOTOM
Ha yroa 2¢ Bokpyr ocu [. [J

Cepuyeckas reomerpus 061a1aeT OU€Hb BAXKHBIM CBOUCTBOM: JIHO0YIO
TOYKYy A MOXHO ABUXEHUWEM TIepEBeCTH B JIOOYI0 TOUKY B, mepesens mpm
DTOM JIOOYIO IPAMYIO, TPOXOAAIIYIO Yepe3 TOUKY A, B MO0y TPAMYIO, TPO-
XOAAIYIO depe3 TouKy B. U3 3Toro, B 4aCTHOCTH, CIEIYET, UTO B (POPMY-
JUPOBKAX TeOpeM CPepUIecKOU MeOMETPUM HE HYXKHO YKA3BIBATH, O KAKOU
MMEHHO TOYKe WX NPAMOU UaeT pedb. A ecuau ObI MBI MONBITAIUCH CTPOUTH
reOMETPUIO IJIA IMIAHETH HECUMMETPUIHON (POPMEL, TO IS KAXKJIOU TOIKH
TIPUILIOCH OBl POPMYIUPOBATE OTAEILHYIO TEOPEMY.

[MouaTre M3OMETPUM MOXKHO OMPEIEINTbH HE TOJLKO I OTOOPAKEHUN
MHOXECTBA Ha cebs, HO U A OTOOPAKEHUU OTHOIO MHOXKECTBA HA APYTOE.
Acuo, uT0 cdepa 1 WIOCKOCTH HE M3OMETPUYHEL, T. €. HE CYIIECTBYET H30-
MeTpun chephl Ha IWIOCKOCTh. B caMoM fese, paccTOSHUE MEXIY TOYKAMEI
chephl OrPAHUYEHBI, & PACCTOSHUE MEX Y TOYKAMU TLIOCKOCTYU HEOTDAHUIE-
HEI.

Bonee coxepxareneH BOIpOC O TOM, H30METPUYHA J1 001aCTh Ha chepe
HEKOTOPOU O6IACTU HA TOCKOCTH. MHBIMU CJIOBAME, MOXKHO JIU HAPUCOBATH
Ha IJIOCKOCTHU KAPTy HEKOTOPOU ob6aacTu Ha cdepe Tak, ITOOLI PACCTOAHEAE
MEXY JIOOOU Mapou TOYEK C(ephl PABHAIOCH PACCTOSHUIO MEXIY TMapon
COOTBETCTBYIOIIAX TOYEK TLIOCKOCTH.

Teopema 1.3. Ob6aacmb na cfepe ne moxcem 6vimb UF0MEMPUUHG 0040CTNU
HG NAOCKOCTAL.

MokazaTeabcTBo. Hazosem ciepuseckoti oxpysncnocmpio MHOKECTBO TO-
4ex CEeprl, yAAIEHHBIX OT HEKOTOPOU TO4KY cdephl (Y4enmpa OKPYKHOCTH )
Ha maHHOE paccTosume r (paduyc okpyxuocTu). Ecam orpesok OX Bujen
u3 meHTpa cephl TOA YIVIOM @, TO CHEpPUIecKad OKPYKHOCTB C MEHTPOM
O, mpoxoasamas depes3 ToUKy X, uMeeT chepudeckuin paguyc Ra, a eBkin-
OB paIUyc 3TOU OKpYKHOCTHU paBeH R sin a. Takum oGpasom, cepudeckas



OKDPYXKHOCTBL pammyca r = Ra umeer pmumy
2rRsina = 2rRsin(r/R) < 2nR(r/R) = 27r.

Jlrobas obaacTh Ha cdepe COTEPKUT CHEPUIecKyro OKPYKHOCTb JOCTA-
TOYHO MAJOro paamyca 7. [launa 5>TOU chepuieckon OKPYKHOCTH MEHBINEe
[IIUHBI €BKJIUJOBON OKPYKHOCTH pauyca r. Ho mpum m3aoMeTpum OKpYyK-
HOCTBL PAIUYCA T TOMKHA NEPEATH B OKPYKHOCTE TOI0 K€ PATUYCA, IPUIEM
IJIMHA €€ OCTAHETCS IpexHen. [

3ameqanue. UTOOL HE PACCMATPUBATEL [IMHY OKPYXKHOCTH, MOXHO PaC-
CMOTPeTh JAINHY CTOPOHLL IIPABUJILHOI'O TPEYT'ONBHUKA, BIILCAHHOI'O B OKPY-
XKHOCTBH pajuyca T.

g chepuIeckon TeOMETPUN MOXKHO ONPEAETUTE NOAAPHOE COOMEEm-
cmeue, IPU KOTOPOM KaiKJIOU GOJBIION OKPYKHOCTH S COMOCTABIAETCS Ma-
Pa KOHIIOB AmaMeTpa CQEepPEl, NEPIEH AUKYIAPHOro S, a KaxK IO mape amame-
TPaATbHO TMPOTUBOMOIOKHEX TOUeK A u B comocTasaserca 60IbIas OKpy-
JKHOCTB, JEKAIAA B TIOCKOCTH, TIepneHanKyaapaon AB. Bynem rosoputs,
9TO GOJBIION OKPYKHOCTY COMOCTAB/IIIOTCS €€ NOAI0CE, & Tape INaMeTPAIb-
HO IPOTUBOMONOXKHEIX TOIEK COMOCTABIAETCA UX NOAAPG. JIerKO IPOBEPUTD,
4TO ecau ABe HOIbIIMEe OKPYKHOCTH S1 U So NEPEceKaoTcs B TOYKax Ay u
As, Ta moaapa Touexk A; m As coBmagaeT ¢ GOJBINON OKPYKHOCTBIO, TIPO-
XOJAIMIEN Yepe3 TOM0Ca OOMBINX OKpyXHOCTEN S; u Ss. Takum obGpasom,
MOJAPHOE MPEOOPA3OBAHNE TEPEBOJAUT TOYKU B MPAMBIE, & TPAMBIE B TOUKH,
IPUYEM yTBEPK IEHUE (IPAMEIE | U 1M, IEPECEKAIOTCA B TOUKe A» mepexomuT
B yTBepxKIenne «rouku I~ n m* mexar ma mpsavon Ay,

Cepuyeckomy Tpeyronbauky ABC MOXHO CONOCTABATE MOJSIPHBIA €My
rpeyroapank A’ B'C’ crepyrommmM obpazom: A’ — TOT U3 mOMIOCOB chepuae-
ckou mpamon BC, KOTOPHIN JEXKUT BMECTE C TOIKOU A MO OMHY CTOPOHY OT
sron npamon; Touku B’ u C! onpegenatorca aramsornano. Jlerko npoeepuTs
CJEYIOIINE CBOUCTBA MOAAPHOrO TPEYTOILHAKAS

1) ecm Tpeyrompauk A’ B'C’ monapen Tpeyroasauky ABC, TO Tpeyroms-
muk ABC nonapen tpeyroapauky A'B'C’;

2) ecim o, 8 m v — yrusl Tpeyroasiuka ABC, aR, bR u ¢R — nauHbl
ero cropo (R — paguyc chepsr), T0 T —a, T —b U T — ¢ — YIVIBI HOMAPHOTO
rpeyromsuuka A'B'CY, (t —a)R, (m — )R u (r —v) R — mIuHEL €10 CTOPOH.

st gokasarenscrsa csoucrsa 1) pacemorpum nentp O cheper. Tak kax

OA" LOCuOB LOC,To0C 1L OA'B.



CpoltcTBO 2) caefyeT U3 TOI'O, YTO BHYTPEHHUE HOPMAIK K ABYI'DAHHOMY
YIUIy BEIMYMHOU (@ 00pa3yloT Mexkay coOOU yroa m — .

B cihepudeckon reoMeTpun, B OTIVYNRE OT €BKIAWAOBOU, TPEYTOJBLHUKA C
COOTBETCTBEHHO PABHBIMU yIVIAMM O0A3ATEIBHO PaBHHL. B camoMm gerne, us
PaBEHCTBA YIVIOB ABYX TPEYTOJBHUKOB CIEAYET PABEHCTBO CTOPOH WX TOJSAP-
HLIX TPEYTCOJLHUKOB.

Taxum 06paszom, B ChepUIeCKOr reOMETPUA MOKHO BLIMHCINTE ILIONIA b
TPEYrOTLHNUKA, 3HAA €T0 YIVIEL.

Teopema 1.4. [liowads cepuuecrozo mpeyeoavnuka ABC ¢ yeaamu o, 5
U Y pasHa
(a+6+7_ﬂ-)R27

2de R — paduyc chepur.

HokazaTeancTBo. PaccMoTpum cHavana cfepuueckuti d8yy2oabruk, T. €.
OJHY M3 4YeThIpex (puryp, Ha KOTOpble pa3buBarT chepy ABe chepuyueckue
mpaMeie. [Iycts S(q) — mmomans chepuveckoro AByYIOAbHUKA C YIJIOM (.
flcno, uro S(a) mponopmmonansha a u S(r) = 2rR? (nrouaas norycdepsr).
Mostomy S(a) = 2aR2.

Maper cpepudeckux npsambix AB, BC' u C'A obpasyior 12 cdhepuieckux
IBYYTOTBHUKOB. BriGepem us uHux 6 chepmueckux ABYYTOJBLHUKOB, COTEP-
Kammx 00 TpeyroabHuk ABC, aub0 CUMMeTPUYIHBIN €My (OTHOCUTEIBEHO
uentpa cpepor) Tpeyroasuuk Ay By C. Kaxgaa Touka tpeyroasuuka ABC
u TpeyroabHuka Ay By ('] TOKpBITa POBHO TPEMS TAKUMU ABYYI'OJLHUKAMU, &
m06ast Apyras TO4Ka cQeprl IOKPHITA POBHO OQHUM ABYYLOJBHUKOM (TOYKU
cepuaeckux npaMbix AB, BC u C' A mur He paccmarpuBaeM). [osTomy

Y a+ B +7)R* =47R* + 2Sapc + 254, B,
A Tak xak Sac = S4,B,¢Cys TO
Sape = (a+B+y 1R’
O

CaegcrBue 1. Cyuma yeaos chepuueckozo mpeyzoavnuka 60abue 7.



3apgauu

Paguyc cdeper R npeanonaraercs m3BeCTHBIM. @, b, ¢ — IIWHBEL CTOPOH
CcHepPUIECKOro TPEYTOABHUKA, (, 3,77 — YTkl chepUIeCcKOro TPEYrOIbHUKA.

1. Jokazars, 9To a + b > c.

2. [okazaThb, 4T0o a + b+ ¢ < 27R.

3. Haltu aiuHy CTOPOHBI IPABUIABLHOTO CHEPUIECKOrO TPEYTOJLHUKA,
BIIICAHHOI'O B C(PEPUYIECKYIO OKPYKHOCTL PASUYCa, T.

4. Hautu yriint aémonoasapno20 TPEyTOMbHUKA, T. €. CHepUIecKoro Tpe-
YTOJBHUKA, COBIAJAIONIETO C MOJAPHBIM K HEMY TPEYTOJBHUKOM.

5. [lokazaTh, 4TO 00JACTH UMANHIPA N30METPUIHA, OOJIACTY IIOCKOCTH.

6. CymecrByeT Ju oTOOpaxkenre 061acTu chephl HA OOJACTH IOCKOCTH,
repeBogsliee OTpesku chePUUeCKUX IPsAMBIX B OTPE3KN €BK/IWIOBEIX M-
MBIX?

7. JokazaThb, ITO A7 JI060T0 ChePUIeCKOTO TPEYTOTLHUKA CYIIECTBYIOT
BIIUCAHHAA U OMUCAHHASA OKPYXKHOCTH.

8. lokazaTb, 9TO a) MeQUaHbl, 6) BLICOTHL CPEPUIECKOTO TPEYyTrOIbHUKA
[IEPECEKAIOTCA B OLHOU TOYKE.

9. [Mokazarhb, 9TO IWIOMALL CHEPUIECKOIO KPyra PALAYCA I PABHA

47 R? sin® (%) .

B zagagax 10-14 cunraercs, auro R = 1.
10. [TokasaTnb, ITO B chepUIeCcKOM TPEYTOJLHUKE BHITOJHAIOTCA CICTYIO-

[IMe COOTHOIIEHNUA:
) sina  sinf  sin7y
a) — = = = —
sina  sinb  sinc )
6) cosa = cosbcos ¢+ sinbsin ¢ cos « (mepBas TEOpEMa KOCUHYCOB);
B) cosa = — cos fcos+y + sin S siny cosa (BTopas TeopeMa KOCHUHYCOB).

11. JoxasaTb, ITO

(Teopema CUHYCOB);

sin & \/sin(p —b)sin(p —¢) a sinpsin(p — a)

" . COos — = . .
2 sin bsin ¢ ’ 2 sinbsine ’

rge p=(a+b+c)/2.
12. lIycte S = a + § 4 v — 7. JloxkasaTs, 1TO
2) 2sin S _ V/sinpsin(p — a) sin(p — b) sin(p — c) ;

2 cos < cos b cos <
2 2 2




5 S p p—a p—b p-c
6)tg21:tg§tg 5 5 .

13. IlycTb 1 — paguyc BOUCAHHOU OKPYKHOCTU CHEPUIECKOrO TPEyro-
JbHuKA. [[OKa3aTh, YTO

tar = sin(p — a) sin(p —b)sin(p —¢) .
sinp

14. IIycte R — pagmyc ONUCAHHOU OKPYXHOCTU CHEPUIECKOTO TPEYro-
JbHUKA. [[oKa3aTh, ITO

ctg R = \/sin(a — 5)sin(f — s) sin(y — s)

sin s

>

rges=(a+p+v—m)/2.

15. a) Bosbmenm oTpesok cdeprdeckor NpsMon fauHbl R u paccMorpum
TIOMIOCA, BCEX CPEPUIECKUX TPAMBIX, IEPECEKAIONTX TAHHBIA OTpe3oK. [loka-
3aTh, ITO PACCMATPUBAEMEIE TOYKN 3aMETAIOT MHOXKECTBO TLIoma m 4aR?.

6) /laHO HECKOTBKO OTPE3KOB CPEPUIECKUX MPAMBIX, CyMMa [JIAH KO-
Toperx Menbme 7R, [okasaTb, 9TO CymEecTByeT Chepudeckas IpaMasd, He
[IEPECEKAIOMAA HU OJHOrO NAHHOT'O OTPE3KA.

2. [lpoekTueHasi reomeTpus

leomerpusa Jlo6aweBCKOrO HE UMEET CTOMbL MPOCTOU U €CTECTBEHHOU WH-
TepupeTanuu, Kak cepudeckas reometpua. [laga reomerpun JlobadeBckoro
M3BECTHO HECKOMBKO MOAeNern. Y KaXkJOU U3 HUX €CTh CBOU JOCTOUHCTBA,
HO ¥ y KaXIOU €CThb HeNOCTATKHU, T. €. IJIA PA3HLIX IEIEr OLIBAIOT yI00-
HBbI pasHble Mojgeau. Bce mogenu reomerpun JloGadeBCKOro, KOTOPHIE MBI
OyneM PacCMaTPUBATH, TOCTATOYHO TECHO CBA3AHBI C IPOEKTUBHOU reoMe-
Tpuen. [lopToMy cHavaIa HYKHO TIO3HAKOMUTHLCA C OCHOBHBIMU MOHATUAMHA
TIPOEKTUBHON TEOMETPUMN.

IIpu mpoenvpoBanuu npaMou [y Ha npamyio ls w3 Hekoropou Touku O
[IJIUHEL OTPE3KOB MOI'YT HE COXpaHaTcia. Ho ecim MBI IIa 9eTHIpEX TOYEK

. Ci A DA
A1, By,Cy u Dy tipavon [; paccMOTPUM BEJUYIUHY Ll 1, TO TpH
CiBy DBy
MPOEKINAX DTA BEININHA, COXPAHAETCA, T. €.
ClAl D1A1 CQAQ DQAQ
: = : (cM. puc. 1).

ClBl ' DlBl B 02B2 ) D2B2
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Puc. 1

B camom geie,

ClAl _ SOClAl o 001 . OAl sin A1001 _ OAl ) sin AlOcl
ClBl - So(lel - 001 'OBl sin31001 B OBl SinBlocll

MosTomy

C1A1 . D1A1 . OA1 ] sinA1001 . OA1 ) sinA10D1
ClBl ' D1B1 - OBl sinBl()01 ' OBl sinBlODl

Ilocae COKpallleHnsa HTa BeINYNHA OKAXKETCS BLEIPAXKCHHOU TOJBLKO Uepes
yruiel, mpudeMm sin A1 OC; = sin AoOCs u 7. 1.

DA
Benuauny B V] yao6HO 6paTh co 3HAKOM. [laa >TOro HyXHO Ha
TIPAMOU | BBECTU KOOPAUHATHL U BMECTO, HanpnMep, CA OpaThb c—a, Tle C U
—a d- y
a — xoopaunaTel Touek C' u A. BequHHy A  waseaioT deotinbim
c— _
omuoutenuem IeTepex ToYek. B pambuenineM Mbl OygeM OOBIMHO CIATATD,
CA DA
SITO BOTMTHHA = @ BepeTcs co 3HAKOM; ob6o3HauuM ee [A, B, C, D].

[ BOMHOE OTHOIIEHNME YeTHIPEX TOYCK BABUCAT OT TOPAJKA TOYCK. llpm
MEPECTAHOBKAX TOYEK OHO MEHACTCA MO AOCTATOYHO MPOCTHIM IPABUIAM.
Ouerugno, aro [A, B,C,D] = [B,A,C,D]™' = [A,B,D,C]™!. Jlerxo mpo-
Beputrh Takxke, 4ro [A,B,C,D] = 1 — [A,C, B, D] (»10 5KBUBaIEHTHO pa-
BeHCTBY (¢ — a)(d —b) = (¢ —b)(d — a) + (b— a)(d — ¢)).

Hazoeem mpeoGpazoBaHue TpAMON TPOEKMUSHbIM, CCIA OHO COXPAHACT
IBOMHOE OTHOIICHNE JI00BIX YeTHIPEX TOUeK. SICHO, 94T0 M060e npeobpa3osa-
HIE IIPAMOM, KOTOPOE MOXKHO IIPEICTABUTE B BAJE KOMIIO3HUIIUN HECKOMLKAX
[IPOEIUPOBAHNAN, ABIACTCA IPOCKTUBHLIM IPEOOPa30BAHIEM.

ax+b
Oro6paxenue Buga x — ard rae ad # be, HazoBeM po6HO-AUNETHbLM.
cx

11



Teopema 2.1. [Ipeobpazosanue npamoti npoexmueno moz2da u moavko mo-
2da, Koeda ono dpobHo-aunelino.

HNokazaTeabcTBo. C noMouibio GOpMyIbL

ar+b ay+b _ (ad—bc)(z —y)
cx+d cy+d (cx+d)(cy+d)

JIEPKO TPOBEPUTH, YTO APOOHO-TMHETHOE OTOOPAKEHNE COXPAHIET TBOUHOE
OTHOIIIEHYE.

PaccmoTpuMm Tenmeph mpeoGpasoBaHME TPAMOU, COXPAHSIONIEE TBOWHOE
orHomenne. Ilycts g, B; u 7 — 0Opa3wl TpeX PA3IMYHBIX TOYEK «,
u 7. Torga Touka = u ee 06pa3 1 CBA3AHBI COOTHOIIEHNEM

v—alm—a_'yl—al _mlfozl
Y-8 -8 m—-F z-F

ITO COOTHOIICHNE IO3BOJIAET BLIPA3UTL T Uepe3 X H0 (GopMyJe BUIAA L1 =
ax +b

ct+d

ar +
cxr+d
ku x = —d/c. Uro0bl u36exKaTh >TON HENPUATHOCTH, L00ABUM K IIPAMOU [
TOYKY 00. TOrma MOKHO CIUTATL, YTO

JIpoOHO-TNHENHOE TPEOOPA3OBAHNE T — HE OTpEeeaeHo M TOY-

ar +b d ax+b «a
m:oo mpH T=—— @ wid- ¢ opu x = 00

Touky 00 MOXHO HOGABUTL K MPAMOU CJICAYIOMUM 00paszoM. Bribepem
Touky O Bue mpsmou ! um comocTapuM Kaxkaou Touke A € | upamyio OA.
Torga ToYKe 0O COOTBETCTBYET IIPAMAs, IPOXOIsiias depes Touky O mapal-
nenbHO TpsaMon [. HazoseMm npoexmuenoti npamoti MHOKECTBO BCEX TIPAMBIX
Ha TUIOCKOCTH, IPOXOIAIIMX depes pukcuposanuyo Touky O. [Ipu sTom mpsa-
MBIE, TPOXOAAIINe depe3 ToUKy (O, 6yIeM HABBIBATH MOUKAMU NPOEKMUEHOT
nPAMOU.

Ha npoexkTuBHOU NpAMON MOXHO CJAEAYIOIMM 0GpPa3sOM BBECTH KOODIH-
HaTHL. bByaem cuurarhb, 4T0 TOuka () — HAYAIO0 CUCTEMBI KOODAUHAT HA
mrockoCcTu. Torga mpsAMas, IPOXOIAIAa depes TOUKy O, COCTOUT U3 TOUEK
Buga (Ax, \y), °ae A — HEKOTOpOe TUCIO, & U Y — (PUKCHPOBAHHBIE YHCJA,
mpudeM XOTsA Obl OJHO U3 HUX OTIAUYHO OT HyJA. TakuM oOpasoM, TOUIKE

12



[IPOEKTUBHOU [PSIMOK MOXKHO COLNOCTABUTHL HApy uucesa (x,y), HpUYeM [oa-
pet (x,y) u (Az, \y) CUUTAIOTCS SKBUBAJCHTHBIMU. DTy APy YUCE] HA30BEM
00MOPOOHBIMY, KOOPIUHAMAMU TOUKY TTPOSKTUBHON TTPAMON.

B 01HOPOAHBIX KOOpAMHATAX MPOCKTUBHOE TPEOOPA3OBAHUE MPOCKTUR-
HOU TIPAMOU MMEET BUJ

(z,y) — (az + by, cz + dy).

Ilo amamoruu ¢ NPOEKTUBHOM MPAMOU IAMUM ABA SKBUBAJIEHTHBLIX OIPE-
TeJEeHUA NPoeKMmueHots naoCcKocmu:

1) MHOXKECTBO MPAMBIX, MPOXOJAMIAX 9Yepe3 (PUKCUPOBAHHYIO TOUKY B
IPOCTPAHCTBE;

2) MHOXeCTBO Tpoek uuced (z,y,z), rAe YUCId T, Y U Z HE BCE PABHBL
HYJIIO; TIPOIOPIUOHATBHEIE TPONKH CIATAIOTCA SKBABAJIEHTHLIMIL.

Ecmn wmcaa a, b u ¢ He Bce paBHBLI HYJIEO, TO MHOKECTBO TOYEK MPOCKTUR-
HOW TLTOCKOCTH, YAOBACTBOPSIONINX YPABHEHWO aT + by + ¢z = 0, Ha3LIBAIOT
nPAMOT Ha NPOEKMUSHOT TA0CKOCTIU.

Ipoexmuenbim npeobpazosanues MPOEKTUBHON ILIOCKOCTH HA3BBIBAIOT
npeobpa3oBaHue BULA

(x,y,2) — (@112 + a12y + 6132, 021 % + 22y + Q232,431 T + Az2y + azs2.)

[MogepxHeM, ITO DTO JOMKHO OBLITH UMEHHO TIPEOOPA3OBAaHUE, T. €. B3AUM-
HO OJHO3HAYMHOE OTOOPAKEHNE TMPOEKTUBHON TIOCKOCTH Ha cebsa. Ha aswbike
OlIpeeJUTeNeN YCAOBUE B3AMMHOU ONHO3HAYHOCTY DKBUBAJIEHTHO TOMY, ITO

ai1 a1z a3
(21 G2 a3 | £ 0.
31 az2 ass

IIpoekTuBHOE Ipeobpa3oBaHue IPOCKTUBHON ILIOCKOCTH COXPaHsIeT JBOU-
HOE OTHOIICHKE YeThIpex TOYeK, JeKAaIlnX Ha OJHOU IpsaMon. B camom gede,
He foJee YeM OfHA M3 TPEeX OJHOPOTHBIX KOOPAMHAT TOUEK JAHHOHM IMPOEK-
THBHON IPAMOHN TOXICCTBEHHO PaBHA HY. 0. [IBe APyTHUe KOOPAMHATHI MOXK-
HO CYMTATh OJHOPOJHLIMM KOODAUMHATAMM Ha NpoekTuBHOU npamoi. IIpo-
eKTUBHOE Ipeobpa3oBaHue ILIOCKOCTY MHAYLUPYeT MPOeKTHBHOe IIpechpa-
3OBaHME DTUX KOODIUHAT.

IIpOeKTUBHYIO TIOCKOCTb MOXKHO IPEICTABUTE KaK OOBITHYIO TIOCKOCTD,
TIOTIOMHEHHY0 OeCKOHETHO yaatenuon npamon z = 0. B camom meme, Towke
(x,y,2), rae z # 0, MOXKHO CONOCTABATH TOYKY C AEKAPTOBHIMU KOODAUHA-
TamMn (E, g).

z’ z
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IMepengem Teneps K TOCTPOEHUIO OTHOM U3 MOeaer TeomeTpuu JloGaues-
ckoro. IlpegBapuTensHO MOKaXkeM, KAK C IMOMOMILI0 ABOMHOIO OTHOIIEHIA
MOXKHO OTMPECTAThL «PACCTOSHUSY MEXAYy TOUYKAMU a U b mHTepsata (T,y).
(Me1 nMeeM B BUYy He OOBITHOE €BKIANIOBO paccToanue.) Ilomoxmm

B _ r—a y-—a
p(a,b) = |Infa, b, z,y]| = ‘1n<w_b : y—b)"

Jlerko npoBepuTh, 9TO TAKOE OLPELeIeHre UMEET CMBICI, T. €.

rT—a y—a

: 0.

xr—b y—>» >
B camom gmere, x —a < 0, 2 -0 <0,y —a >0,y —0b>0. fAcuo raxxke,
aro p(a,a) = 0 u p(a,b) — oo npu b — x u upu b — y. Kpowme Toro,
p(a,b) = p(b,a), Tax xak

r—a y—a (x—-b y-—> -1
z—b y—-b \z—-a y—a
Ormerum, uro lnfa,b, z,y] = —In[a,b,y, z], nosTomy Her HEOGXOAUMOCTH

Pa3INYIaTh TOYKA X U ¥, T. €. 33JaBaTh OPUEHTALNIO UHTEpBAIA (Z,Y).
W3 ToxmecTBa

r—a y—>b xr—b y—c r—c y—a 1
(fr—b'y—a) (w—c'y—b> (w—a ' y—6> -
caepyer, aro +p(a,b) £ p(b,c) £ p(c,a) = 0. Boaee Twarensuas nposepka
MOKA3EIBACT, ITO CCAU TOUKA € JEKUT Mexay a u b, To pla,c) + p(c,b) =
pla,b).

Paccrosuue p(a,b) HE UBMEHAETCA IPU HPOEKTUBHBLIX MPEOOPA30OBAHUAX
[IPAMOU, COXPAHAIOIIUX UHTEPBAL (I, ).

Tenepp MOxHO oupegeauts Mmodeav Kaetina nnockoctu JloGadeBckoro.
Touxamu mogemn Kienna ABIAIOTCA BHYTPEHHUE TOYKMA HEKOTOPOTO KPyTa.
Paccrosane Mex 1y Toukamu a 1 b onpenensercs kak p(a, b)! ans maTeppana
(z,y), TAe © M y — TOYKU TMEPECEICHUA IPAMON ab C TPAHUTHON OKPYKHO-
CTBIO JAHHOTO Kpyra. ECIM TOYKU PACIIONOXKEHBI B TAKOM MOPAIKE, KaK Ha
puc. 2, o lnfa, b, z,y] > 0, 1. e. p(a,b) = In[a, b, z, y].

1310 me coBcem BepHOo. Kak GymeT o6maAcHeHO B riase 3, B Mogenn KieiHa 06GBIMHO
1 c
nonarator p(a,b) = 5|ln[a,b,w,y}| nan p(a,b) = 5|ln[a,b,m,y}|, rle MapaMeTp ¢ UrpaeT

pouas paxuyca. Paguyc yg00HO cuurarh paBHbIM 1.
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Puc. 2 Puc. 3 Puc. 4

Teopema 2.2. B modeau Kaelina npavbimy A64410mcsa Topdvl Kpye2a.

HMokazateabcTBo. Hyxno nokazats, ato p(a,c)+p(e,b) > pla,b), npuaem
€CaM TOUKA ¢ He JeXUT Ha oTpeske (a,b), 1o p(a,c)+ p(c,b) > p(a,b). Hycrs
ayau ab u ba IEpeCceKarnT OKPYKHOCTh B TOUKAX £ U i COOTBETCTBEHHO, JyIn
ac ¥ ¢a — B TOYKAX X1 U Y1, dy4u c¢b u bc — B Toukax s u ys (puc. 3).
Torga Touka T’ mepeceveHus XOpa L1Ls U Tl JeKUT HA OTpe3Ke b, a TOIKa
Yy mepecedeHmA XOpA YiYs W XY JEXKHT Ha OTpe3ke ay. ILycTb p — TOdIKa
MEepeCcevuenHns TPAMBIX T1Z2 U Y1Y2, ¢ — TOYKA TEPECEUCHUA TIPAMBIX PC U
zy. Touka ¢ mexur Ha oTpeske ab.

[ BOVHOE OTHOIIEHNE COXPAHACTCA TPU TTPOEKIINU OJHOU TIPAMOU HA, PY-
ryio. ITosTomy

[aa G, L1, yl] = [aa Cla xlv y/]

[C, b7 T2, y2] = [0/7 b7 $/7 y/]

(MBI paccMATpUBaeM MPOEKIWA U3 TOYKHA P HA TIPAMYIO TY).

MMokaxewm, aro [a,c,z’,y'] > [a,¢,z,y] u [, b, 2, y'] > [, b, z,y]. Nubr-
MHE CJIOBaMH, Hy>KHO TOKA3aTh, ITO €CIHM TOYUKH d, b, T,y PACTIONOKEHLI B Ta-
KOM IOpsAKe, KaK Ha PUC. 2, TO yBEeIXTCHUE OTPE3Ka TY IPUBOIUT K yMEHb-
MIEHKIO JBOMHOTO OTHOWEHUA [a,b,T,y]. Bymem cauTaTh TOIOKATEIHHBIM
HAIpaBICHNE Jyda yz. 1Oria IIs yBeINYeHHS OTPesKa Ty K KOODIUHATE
TOYKHA & HYXKHO JOOABUTE MOJOKATEILHOE IMCIO €. BTOPON KOHEI OTpeska
0CTaBUM HOKa Ha MecTe. [BOWHOE OTHOIIEHWE IIPW 3TOM yMEHBIINTCSA, TAK
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KaK
r—a z+e—a e(b—a)
— = > 0.
r—b xz+e—-b (z—-b(z+e—-1D)

151 BTOPOro KOHIIA OTPE3KA AOKA3ATENHCTBO AHAJIOIMYIHO.
B pesyabrare noixydaem HepaBeHCTBA

[avcaxlayl] > [a,c’,m,y],

[Ca ba $27y2] > [Clv b,m,y].

CaemoBaTeasHoO,
[a7ca$1ay1][c7 b751727y2] > [a7 C/7w7y][cl7b7xay] = [a/7b7xay]7
T. e. p(a,c) + p(e,b) > p(a,b). O

l'eomerpus Jlobaderckoro, kak u cepraeckas reOMeTPUsI U [eOMETPUA
TLIOCKOCTH, UMEET JOCTATOYHO GOJBIINYIO TPYTINY U30OMETPUHN, & UMEHHO, JH0-
OyI0 TOYKY A MOXKHO TEPEBeCTM B J0YI APYTYH TOYKY B u mpm 3ToM
MEPEBECTH JIOGYIO MPAMYIO, MPOXOMANIYIO Yepe3 TOUYKY A, B J06YI0 IPAMYIO,
npoxoaamntyo depe3 Touky B. UrTo6bl 10Kka3aTh 9T0, J0CTATOYHO IPOBEPUTD,
YTO CYIIECTBYET NPeoOpa3OBaHUE ILIOCKOCTH, KOTOPOE COXPAHAET ABOUMHOE
OTHOIIIEHUE, TIEPEBOAUT AAHHBIA KPYT B C€0s U TIEPEBOAUT BHYTPEHHIOK TOY-
ky A B m00y10 APYTyIO BHYTpeHHIOI TOUYKYy B. B camom geme, Takoe mpe-
00pa30BaHUe ABIAETCA U3OMETPUEH. A s TOrO, YTOOBI MEPEBECTH JIO0YIO
NPAMYIO B JIO0YIO IPYLYIO IPSAMYI0, MOKHO TOUKY A mepeBectu B nenTp O
Kpyra, a 3areMm To4ky O nepesectu B Touky B. Ilpu stom mobyio mps-
MYIO, TIPOXOAAINYIO Yepe3 TOUKY (J, MOXKHO MOBOPOTOM TIEPEBECTHU B JHOOYIO
IPYTYIO IPAMYIO, TPOXOIAIIYI0 Yepe3 Touky O.

Teopema 2.3. Cywecmeyem npeobpa306anue NA0CKOCMU, KOMOPOE COLPa-
naem deotlinoe ommowenue, nepesodum dannvii kpy2 6 ceba u nepesodum
€20 YEHTNP 6 MPOUIBOALHYI0 SHYPEHNION TNOYKY.

MokazaTensbcTBo. PaccMoTpuM mpsaMouM KPyroBOM KOHYC C BEPIIUHOU S.
Cevenune KOHyCa IWIOCKOCTBIO, TIEPIEH IUKYIAPHON €0 OCH, ABIACTCA OKPY K-
HOCTBIO ¢ quamerpom PQ unentpom O. PaccmoTpuM Taxxke cedenne KOHyca,
IIOCKOCTBIO, MPOXOAAIIer Yepe3d TOUKy O ¥ NEePHeHAnKYIAPHOU ILIOCKOCTH
SPQ (xoHyC MBI cauTaeM OECKOHEYHBIM B ONHY CTOPOHY). Ecam Touka @’
OprHAIEKUT UHTEpBaty QR (puc. 4), To paccMaTpuBaeMoe CEICHUE ABIA-
€TCs DIUIUICOM.
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Ha mmocxoctu II', comepxamen »ToT smmnc, u Ha miockoctn II, conep-
XKamen OKPYKHOCTE ¢ auaMeTpom P(), MOXKXHO BBECTH KOOD IUHATHI TAK, ITO
OKPYHOCTDb U BJLIATIC COBIAAYT MPU OTOXKAECTBICHUN TOYEK ¢ OJUHAKOBHI-
Mu KoopauHaTaMu. [Ipu 3TOM B KadecTBe HAYAla KOOPAUHAT MBI BHIGEPEM
COOTBETCTBEHHO TIEHTP DJLIUICA U TIEHTP OKPYKHOCTH, a B KauecTse ocu Ox
BeiGepem npsambie P'Q' u PQ. Torpa Touka O, nexamas BHYTPH SJLINAIICA,
0TOXKIECTBAAETCA ¢ Takou Toukou O kpyra, aro P'O : OQ' = PO : O1Q.

ITpn mepememmennn Touku () 1m0 orpesky QR ormomenue P'O : OQ'
maMensaercsa ot 1 10 co. IlosTomy Towuka () MOXKET OBITH JIOGOU TOUKOMU,
Jexairen BHyTpu oTpeska 0Q).

NckombiM mpeobpa3oBaHueM ABIACTCA KOMIIOBMINA OTOOpaxenuu [ :
I —-1; ug: 10— II; rage f — npoekuus u3 TOYKKM S, & g — OTOXK[Ie-
CTBJEHUE TOYIEK C OJAMHAKOBLIME KOOpAMHATAME. []

3apauu

1. JokaszaThb, 4TO NPOEKTUBHOE TPEOOPA3OBAHUE IIPAMOU OJHOZHAYTHO 34~
paeTcs obpazaMu TPeEX TOYEK.

2. lTokasare, 4TO JI060€ NPOEKTUBHOE NPeoOpa3sOBaHue IPAMOU MOXKHO
TPEJACTABUTE B BUI€ KOMIIO3UIINU MPOCIUPOBAHUN TIPAMBIX.

3. IloxazaTk, 4YTO KBaJAPAT HETOXKJIECTBEHHOT'O MPEOOPA3OBAHUI I
ar +b
cx+d

4. a) IMokaszaTek, 9TO OPU OTOXKACCTBICHUA NUAMETPAJIBHO IIPOTHBOMO-
JOXKHBIX TOIEK Chephl n3 CHEePUIECKON MeOMETPUN TOMYIALTCA TeOMETPUA
MIPOEKTUBHON ILIOCKOCTH.

6) Ilokazars, 9TO NIpU BTOM HOLAPHOE COOTBETCTBUE IPUHUMAET CAEIY-
oy Bug: touke (a,b, ¢) coorsercrByer upsamas ax + by + cz = 0.

5. MokasaTb, 9TO CcedeHme NPAMOrO KPYyrOBOIO KOHyca x2 + y° = az
TLIOCKOCTBIO, HE TPOXOJAIIEH Y€PEe3 er0 BEPIIUHY, ABIACTCA JUOO DILTATICOM,
anu60 mapaboaon, b0 TUIEpOOJOn.

6. CymecTByeT 1 IPOEKTUBHOE IPE0OPA30BAHNE ILIOCKOCTH, COXPAHSIIO-
mee OKPYKHOCTD, HO MEPEBOJSIIEE €€ BHY TPEHHNE TOYKU BO BHeIIHUE?

7. CKOJIBKO PA3IMYHBIX 3HAYCHUH MPUHUMAET NBOMHOE OTHOIIEHUE YeThI-
PEX TOYEK TIPU MEPECTAHOBKAX STUX TOYEK?!

8. Ybenurech, 9TO eIM TOYKA € JEKUT MEXAY G U b, TO PABEHCTBO
+p(a,b) + p(b,¢) + p(a, ¢) = 0 npurumaer Bux p(a,c) + p(c, b) = p(a,b).

TOXKIECTBEH TOTA M TOJIBKO TOrjga, Koraa a + d = 0.

2
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9. Kak ¢ moMOIIbIo MUPKYJIA U JAHEUKHA BHIIOJIHUATE CJAEIYIONME IIOCTPO-
enna B mogenu Koenna:

a) MOCTPOUTH CEPEIVHY IAHHOTO OTPE3KA,

0) COCMUHUTH TAHHYIO TOYKY C NAHHOU TPAMOU KPATIANIIUM OTPE3KOM
(T. €. OYCTUTH NEPIEHAUKYILAD);

B) IOCTPOUTEH GUCCEKTPUCY YIVIA MEXKIY JAHHBIMY ABYMS IPAMBIMU?

10. Jokazars, 4T0 11060€ APOGHO-IMHERHOE IPE06PA3OBAHIE MOKHO P/
CTABUTL B BUE KOMIO3WUIIUU HE 6oJee, 9eM TPeX WHBOJIOTUBHBIX MPeodpa-
soBauunt. (IIpeoGpasoBaHme HABBIBACTCA UHGOANTNUGHbIM, €CIU €r0 KOMIIO-
BUIHUA C COOOM €CTh TOXKAECTBEHHOE MPE0ODPA3OBAHYE. )

3. Mopgenu reomeTpun Jlobavesckoro

Ot mogemu Kreitra MOXKHO IepelTl K APYTOU BAXKHOU MO JEIU IeOMETPUR
Jlobauerckoro. HoBas Momens moaydaeTcs caenyiommM oOpaszom. Paccemo-
TpuM chepy, SKBATOPOM KOTOPOU CIYKUT JaHHAA OKPYXKHOCTH. [lycts A —
Touka moxenu Kraenna, Ay — TOYKa I0XKHOU TNOIYCHEPH, MPOEIUPYIOMIAACT
B Touky A, A/ — TodUka mepeceveHns SKBATOPUAILHON IVIOCKOCTH C IPAMON
AN, rae N — cesepubit nooc (puc. 5). CounocraBus kaxiou rtouke A
Touky A’, momyuuM TpeobpasoBaHMe KBATOPUATBHOTO Kpyra. UTOOBI 3TO
mpeo6pa3oBanme GbLIO M3OMETPUEH, HYKHO OMPENeINTh PACCTOAHNE MEXKIY
roukamu A’ m B’ B HOBOM MOzean Kak pacCcTosHue Mexay Todkamu A n B B
crapou mogean. Ilomyaennyro TakuM 06paszoM Moaens reomerpuu JloGades-
CKOr'O Ha3BIBAIOT Mmodeavio Ilyankape 6 xpyee.

Puc. 5 Puc. 6
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BrisicuuM, Kax ycrpoensl npsaMele B Mogeau Ilyamkape. Xopae AB co-
OTBETCTBYET CEYeHUe I0KHOU MOMyCHEephl IWIOCKOCTHIO, MEPIEeH JUKYJIPHON
DKBATOPY. ODTO CEUEHUE TIPEACTABIACT COOOU TMOMYOKPYKHOCTD, TEPICH M-
KYJAPHYIO DKBATOPUAIBHON OKpyx)HOCTHU (puc. 6). [Ipu npoexiuu u3 moato-
Ca HA YKBATOPUAIBHYI) ILUIOCKOCTh 3Ta MNOIYOKPYKHOCTH MEPEXOAUT B AYLY
OKPYKHOCTH, [EPIEeH IUKYIAPHON SKBATOPUAILHON OKPYXKHOCTH. (DTO cie-
IYET U3 CBOUCTB CTepeorpadudeckor IPOEKInn, KOTOPEIE Gy 1y T pa3oGpaHbl
Ha cemuuape.) Takum ob6pasoMm, mia mogenn Ilyankape B Kpyre IpAMBIMU
ABJAIOTCA IYTU OKPYXKHOCTEH, TIEPIIeH TUKYIAPHBIX TPAHUTHON OKPYKHOCTH
JAHHOT'O KPyra.

[Mna mogemu Ilyankape naHHbBIM KPYT yAOOHO CIUTATH EIUHUYIHBIM KPY-
OM Ha KOMILIEKCHOU IWIOCKOCTH. (Fdunuuneii xpye 3a1aeTCA HEPABEHCTBOM
2| <1,2€C.)

[l1a TOIEeK KOMILIEKCHOU TIOCKOCTY, KaK U JJIA TOUYEK BEIIECTBEHHON TIPs-
MOW, MOXKHO PACCMOTPETH ABOUHOE OTHOIIECHUE

. zZ3 — 21 . Z4 — 21
[Zl,ZQ,Zg,Z4] = H : H
B »ToM ciayuae ABOMHOE OTHOIIEHUE ABASAETCS, BOOOILE MOBOPS, KOMILIEKCHBIM
YUCIOM.

HeTpyano ybeanTsea, aTo ecan Toukn 7 n W nexar va xopae AB, a 7'

u W’ — cooTeeTcTBytomme Touku Mogenu Ilyamkape, To

I[A,B, Z,W]| = |[A, B, Z',W']|*.

B camom mene, crepeorpaduieckas IPOEKNUs ABIACTCA OrPAHIICHAEM IPO-
CTPAHCTBEHHOU WHBEPCUM, NIO3TOMY OHA COXPAHAET ABOMHOE OTHOLLCHHE.
Kpowme Toro,
AC? BC? ‘
AZ 1 ZB="—"—:—— = AC*: BC®
AB = AB
(cM. puc. 6). Taxum o6pasom, |In[A, B, Z,W]| = 2|In|[4, B, Z’,W']||.
Hamomunm, wro p(Z, W) = |In[4, B, Z, W]|. Tlosromy

p(Z',W') = 2|In[[A, B, Z", W']||.

Ilo ananorum ¢ GECKOHEIHBIM CEMENCTBOM PABIUIHBIX CHEPUICCKUX TEeOMe-
rpuil (411 pasHBEIX paguycoB R MBI IOLy4aeM pa3Hble [EOMETDUM) MOXK-
HO TOAYYATH GECKOHEYHOE CeMEMCTBO reoMeTpuul JIo6auIeBCKOTo, MOJOKUB
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p(Z, W) = §| In[A, B, Z,W]|. Poar napamerpa ¢ B reomerpun Jlo6ateBcko-

0 BO MHOT'OM aHAJIOTUYHA POJIH paguyca R B cpepuIeckon reOMeTpum.
Ewme onny mogean reomerpun JI06a9E€BCKOI0 MOXKHO IIOLYIUThL, OTOOpa-

3UB €MHAYHEIA KPYT Ha BepxHion noxymiockocts H = {z +iy € C |y > 0}

C TTOMOINBIO APOOHO-TUHEMHOTO 0TOOpaKenusa. /14 sTon meau roguTes, Ha-

IPUMeD, OTOOpaXKeHne

A4z
Zw =1

1—2z
B camom mene,

I R 1+ 2 1 1+z+1+2 1— |22
mw = e —_— = - =
1—2z 2\1—-2z 1-z2 |1 — z|?

Mosromy Imw > 0 < |z] < 1.

IMoayuennas Takum o6paszom Mogeas reoMerpun JI06a9eBCKOr0 HA3LIBA-
ercs modeavio Iyanxape 6 sepruet noayni0cKOCMU.

Tl'eomerpuio Jlo6aueBCcKOro YaCTO HABBIBAIOT 2UNEPH0AuUUeCKol FeOMeTPU-
en. [lopTOMY mpsAMBIE, OKPYKHOCTH 1 ApYTHUe OOBEKTH reomeTpun Jlobades-
ckoro OyeM HA3BIBATH 2UNePBoAUNECKUMY, ITOOB OTINYATL UX OT €BKJIN-
MOBBIX TIPAMBIX U OKPYXKHOCTEH.

[dpoGuo-muHenHbe MPpeobpa3oBaHUsd MEPEBOAAT MPAMBIE U OKPYXKHOCTHU
B mpsiMble u OokpyxHOcTu. Kpome Toro, onm coxpausior yriasl. I[losTomy
B BEPXHEN MOJYILIOCKOCTH H THUMEpOOIAIECKUME TPAMBIME ABAOTCA Bep-
TUKAJBHBIE JYYU U TTOJYOKPYXHOCTH, TIEHTPBI KOTOPHIX JEKAT HA NEUCTBU-
TEALHOU OCH.

I pobHo-TnHenHLIE 0TOOPaXKEHUA COXPAHAIOT IBOMHOE OTHOIICHUE, IIO-
DTOMY PACCTOSHME MEXK Y TOYKaMmu B Mogenu [lyankape B BEpXHEHN MOy ILIOC-
KOCTH OIpefeseTcs cuepyomnm oopazoM. Ilycrs runepbonudeckas npsamas
AB noaxoinuT K BemecTBeHHON ocu B Toukax X u Y (puc. 7). Torma

p(4,B) = c/n[4, B, X, Y]|.

([l KpaTKOCTH MBI OMYCTHIA BTOPOU 3HAK MOAyasA. [leno B TOM, 9TO He-

CJIOKHAS [IPOBEPKA [I03BOAAET YOEAUTLCA B €r0 HEHyXKHOCTH.) B Tom ciy-

qae, KOrj4a runepbonnIecKas npsaMas sSBISEeTCS €BKIWIOBBIM JIYy9OM, IIO0JO-
Yy—a .

xKuM Y = oo, T. e. = 1. [ng mOJOKUTENBHOTO JyUa MHUMOU OCH
y—

dopmyna 1A BEIMUCACHUS MUIePOOINIeCKOr0 PACCTOSHUS [IPUHUMAET OCO-

6enHo mpocton Bug: p(ia,ib) = ¢|In(a/b)
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BruicauMm Tenepp, KaK yCTPOEHHBI IBHIKEHUS ILIOCKOCTH JloGadeBcKoro.
JIio6oe apoGHO-TMHENHOE NPeOOpPA30OBaHKe, COXPAHAIOIIEE BEPXHIOI IIOIYII-

JockocTh H , sBiasiercsa qeuxkenueM miockoctu Jlobauesckoro. Ilycrs a, b, ¢, d
az+b

+d’

+
z +— —— rzae ad —bc < 0, COXpaHAIOT BEPXHIOK MOJYILIOCKOCTh. B camom

€ R. Jlerko nposepuTs, 910 OTOOpaKEHHA 2 > rae ad —bec > 0,

rene,© +d
az +b (cz+d)(az+b) bcz + adz Im 2
I =m = TR 2T (ad - be)————
M ra - " lez + d|? o lez + d|? (a C)|cz—|—d|2
az+b Im =z
Im —— = (be — ad) ———
Mt d (be a)|cz+d|2
A1
B
A 7
x
Y X T
|
Puc. 7 Puc. 8

Teopema 3.1. Jhob6oe (2unepbosuneckoe) deuscenue seprneti nosynaocKo-
cmu H umeem eud
az+b a(—z) +b

cz+d T co(—z)+d’

zZ —

ede a,b,c,d € R wad—be > 0.

MokazaTenscTBo. ['eomeTpusa Jlo6aueBckoro o6aagaeT TeM CBOUCTBOM,
aro Touka C aexuT Ha oTpeske AB Torga u Toasko Toraa, korga p(A, C) +
p(C,B) = p(A, B). W3 5T0ro CBOUCTBA CAEAYET, 9TO JI06AA U3OMETPUA Te-
PEBOANUT IUIEePOOIMICCKYIO IPAMYI0 B MUIEPOOIMICCKYIO IPAMYIO.
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IIpeanotoRuM, 9TO H3OMETPUA @ IIEPEBOAUT IIOJOKUTEILHEI Ty L MHHI-
MOU OCH B runep6oanaecKyto npamyio (L), IOaXoIfmyo K BemeCcTBeHHOU
z—
zZ-Yy
ABAACTCA TUNEPOOINICCKUM IBWKCHUEM ¢ 1, IPUIeM 3TO IBIKCHEE Iepe-
BoguT runepboaudeckyo upsamyio (L) B L (ecin y = 00, 10 ¢(2) = 2z — x.)
Takum 06pa3soM, ©30METPHA ¢ (p IEPeBOIUT IUIEePOOITIeCKYI0 IPAMYIO0 L
B ceba. IlpuMeHuB, ecam HYKHO, uzomeTpuio z — kz(k > 0), MOXHO ¢Uu-
TaTh, ITO M3OMETPUA § ' OCTABIAET TOUKY i Ha MecTe. (refoBATEILHO,
touxa ia(a € R) mepexogur B Taxyo Touky ib, ato p(i,ia) = p(i,ib), T. e.
|lna| = |Inb|. B Tom crydae, Korga M30METPHUA ¢ ' MEPECTaBIACT T'i-
nepb6onuueckue Jay4u (i,00) u (i,0), IPUMEHUM JOLNOIHUTEILHO U30METDPUIO
2z — —z~'. Jl1a monyvenHon maoMeTpuu ¢ ' BapmaHT b = ¢! oTmaga-
€T, TIODTOMY OHA OCTaBAACT HEMOJBWKHBIMEA BCE TOYKU TUMEPOOTTICCKON
npsavon L.
151 BLIMUCICHUA MUIEP OOMMIECKOTO PACCTOAHAA d MEXK Ty TOIKAME 2, W €
H MOXHO HCIIONIB30BATH (POPMY.TY

ch(i) :1+2hf(z)%,

1
rae cht = §(et + e_t) — 2unepboauneckuti Kocunyc. ITY POPMYILY MOKHO

OCM B TOYKAX ¢ 7 Y. TOraa OAHO M3 ABYX MPEOOPA3OBAHUM z +— =+
1

MOy YU Th, BEMMUCINB KOOPAUHATEl TOYEK B KOTOPBLIX TUNEepOOIMIeCKan Ips-
Maf zW IMOAXOMUT K BEIIECTBEHHOU OCH, & 3aTEM BBEIYMCIUB COOTBETCTBYIO-
mee ABOMHOE oTHOmeHue. Ho Takon crnoco6 TpebyeT rpoMO3IKHX BEIMHCIC-
Hun. IlpoeepuTs 5Ty dopmyry moxkHO mpome. O6¢e e 9acTn MHBAPUAHTHLI
OTHOCHTEIHHO BEMECTBEHHBIX APOGHO-IMHEMHBIX MPeoOpa3OBAHUE C MOJO-
KUTEIBHBIM ONpeneInTeneM (1A TpaBol 9acTu HOPMYJIBL TOCTATOYHO MIPO-
BEPUTH WHBAPMAHTHOCTL OTHOCUTEILHO IPeobpasoBanuil 2 — 2 +a, a € R,
u z — —1/z). IIpeobpazoBanueM TaKOI'0 BUIA NPIMYIO ZW MOXKHO IepeBe-
CTH B NMOJOXUTEJNBHBEIN JAyd L MHUMOU OCH, a &Id TOYEK iL,iy € L jerko
MIPOBEPUThH, UTO 00€ YacTW (POPMYJILI JAIOT OJAWH M TOT KE Pe3yabTaT, a

1)
uUMeHHoO, — | — + = |.
2\y =z

17 BCeX MOJOKUTENBHEIX UHCET ¢ M30METPHA ¢ ¢ OCTABIAET TOUKY it
HEIOBUMXKHOU, TIODTOMY 11 BceX 2z € H BBIMOMHACTCSI PABEHCTBO

plit, z) = p(it, g~ p(2)).

Oycts 2 = o + iy, g '¢(z) = u + iv. Uz GOPMyIEl AMA BLIMUCICHUA
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PacCTOAHUA CJIEAYeT, ITO

it — 2 _ |it — g7 p(2)|?

tIm(z) tIm(g=1p(2))

T. e. [22 4+ (t — y)?]v = [u? + (t — v)?]y. DTO PABEHCTBO BLIIOIHAETCH /1A
BCEX TOJOKHUTEIBHEIX , TOdTOMY ¥ = v u o2 = u’, T. e. ¢ ' p(2) = 2 mm
—Z. A Tak Kak n30MeTpUA ABIACTCA HEMTPEPHIBHEIM OTOOPAKEHUEM, TO OJTHO

X DTUX PABEHCTB BBIIIOJHACTCSA OJ BCEX TOYCK OTHOBPEMEHHO. HOBTOMy

p(2) = g(2) mu o(2) = g(=2). O

3amequanue. B ¢popmyanposke TeopeMbr 3.1 MOXHO CINTATE, 9YTO ad —bc =
1. B camom merne, mycts ad — bec = ¢t > 0. [omeaum «wucaa a, b, ¢ u d #Ha
Vt. B pesyibTaTe mOLydmM TO JKe CaMOe IPeOoOpa30OBAHME, HO I HOBBIX
x03(unuenToB a, b, ¢ u d Tpebyemoe ycaoBue 6y1eT BBIIOIHATHCA.

Cepraeckyro reoMeTpuo u reomeTpuio JIo6aMeBCKOro MOKHO MOCTPO-
UTH equHbBIM 06paszom. Todmee roBops, pedb OyaeT maTu HE O chepude-
CKOU F€OMETPHH, & O TAK HABBIBAEMOU JAAUNMUYECKOT T€OMETPUH, KOTOPAA
MOTY9IaeTCA W3 C(PepUIecKon MeOMETPUM OTOXKICCTBICHUEM IUAMETDPATHHO
MTPOTUBOIONOKHLIX TOUEK.

[1a eIMHOOGPA3HOr0 MOCTPOCHUA DJIUITUYECKON M TUIIEpOOJNIeCKON
reOMETPUEM HAM MOTPEOYETCA KOMNAEKCHOE NPOEKMUBHOE NPOCIPAHCINEO
CP?. Omo onpenenserca aHAIOIMYHO BEIIECTBEHHON IPOEKTUBHOU ILIOC-
koct IRP?, HO BMECTO TPOEK BElIeCTBEHHBIX MHCEN OEPYTCS TPOHKH KOM-
ITEKCHBIX IHMCEN; TPOUKK CIUTAITCA DKBUBAJCHTHBEIME, €CIM OHU TTOAYYa-
IOTCA APYT W3 APYTa YMHOXKCHUEM Ha KOMILICKCHOE TUCIO.

BaxxHoe 3HadeHme OyJeT A1 HAC IMeTh Takxke KpuBad r2 + 32 + 22 = 0
s CP2,

Pacemorpum Touku Py = (x1,y1,21) u Po = (22,ys2,22), Jexamue Ha
cpepe 22 +y2 + 22 = R%. DTu Touxu MoxHO Takxke cautarh Touxamu CP2.
Hpavas Py P, 8 CP? nepecexaer kpusyio 2 + 4> + 22> = 0 B Touxax J; u
Jo. Ilokaxem, 4ToO .

e:|:2’b<,0 = [P17P27 J17 J2]7

rae ¢ — yroa Mexay paguycamu OP; u OP,. B camom nene, npsmasn Py Py
B CP? cocrout m3 Touek BuIa

(1 + Az, y1 + Ay2, 21 + Az2)
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rae A € CU oo (touxe Py coorsercTyeT A = 0, a Touxe Py cOOTBETCTBYeT
A = 00). 3HadYeHus A, COOTBETCTBYOWIUE TOUYKaM Ji, U Jo, yIOBIETBOPAIOT
YPABHEHUIO

(z1 + Az2)® + (y1 + Ay2)® + (21 + A22)? =0,
T. e. 1+ (2cos )X + A2 = 0 (MBI BOCTIOTB30BAMICE TEM, ITO T3 + Y3 + 27 =

R2,22+y2+22 =R? ux129 + 4192 + 2120 = R2cos ). CrenoBaTensro,

A1 cosptafeos?p—1 cospLising +2ip
= = =e .

A cosgoq:\/m ~ cosp Fising

C apyrom CTOpPOHHI,

_/\1—0./\1—00_)\1

P, P | = = —.
[P, Py, Ji, Jo] M0 oo A

Taxum oGpazom, ‘
[P17P27 le JQ] - ei22w~

IMosTomy paccrosuue d mexay Toukamu cdepsl paguyca R MoxHO onpene-
JIUTH II0 POpMYyJIe

d:Rgo::tQE;ln[Pl,Pg,Jl,Jg], (31)
rae In — dyukIuma, o6paTHas SKCIOHEHTE. JTO ONpeIeJeHne TpedyeT HeKo-
TOPBIX MOACHEHUN, TAK KAK PACCMATPUBAIOTCA PYHKIIMKA KOMILIEKCHOTO TIepe-
MEHHOI'O, IPIIeM TOXIeCTBO €™ = 1 mokassIBaeT, 1TO 06paTHAA (PYHKIHS
MHOrO3HAUHAsA. HO MBI HUKAKUX TIOACHEHUN JaBATL HE OyAeM, TOTOMY YTO B
HamboJee MHTEPECHOM 711 HAC CIydae reoMerpun JlobadeBckoro aHATOT M-
Haa GOPMYJIa COAEPIKUT JUML (DYHKIUU TEUCTBUTEIBLHOTO TIEPEMEHHOTO.

Hanomunm, kak 6b11a notysena gopmyaa (3.1). Mer paccmorpenu Touku
P, P, € R? xak touxku C?, sarem conmocrapmma um npamsie OP; u OP;, a
>Tu mpaMmele paceMorpenn Kax siaementsl CP?2. Touku P, u P, 1exaT B
R3 u C? ma nosepxmoctu z2 + y? + 22 = R?. B C? moxmo paccmorpers
HE TOJBKO Chepy AeUCTBUTEIBHOTO PAIUYyCa, HO U chepy MHUMOTO PaIIyca
22+ y? + 22 = —c%, c€ R. Tlo cytu gena, paguyc R MEI 3aMeHsAeM Ha ic.

Kak u B cay4ae o6brauou cdeper, mis chepsl MHUMOI'O pajmyca yiao6-
HO OI'PAHMUYUATHCS BemlecTBeHHbIME Toukamu. llomoxum zy = iz. Torza
MOMYYUM TOBEPXHOCTH 22 + Y2 — 27 = —c?. IIpu BemecTBeHHEIX T,y U 2]
5Ta MOBEPXHOCTD MPEICTABIAET COOOU MBYIONOCTHREIA runepbomons (puc. 8).
OTMeTHM TaK:Ke, UTO IPH YKA3aHHOM IPeoOPa3OBAHUU IIOBEPXHOCTE T2 +
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y? + 22 = 0 npeepamaerca B moBepxHOCTD 12 + y2 — 22 = 0, KOTOpas Ipu Be-
IECTBEHHLIX T, iy U z1 ABAsgeTcsa kKonycoM. Ilycrs P, u P, — TO4Yku BepxHen
MOMOCTH ABYTIOIOCTHOTO Tutiepbotoua z° + y> — 27 = —c?. PaccmoTpum ux
xax Touku CP2. Tlpavas P, P, 8 CP? mepecexaer xpusyto 22 +y? — 22 =0
B Toukax Ji u Jo. Ilo aHajsorum ¢ 3/UTMOTUYIECKON TEOMETPUEN ONPEeneguM
paccrosuue Mexay Todkamu P; u Py o hopmyse

d:igmugngm:igmaJaLJﬂ

OxkasbIBaeTcs, 9TO B peayabTaTe HOTydIuTca reomerpus JloGadesckoro! B
camom geqe, paccmorpum cedenme D? xomyca x? + y? — 27 < 0 mexkoropoi
IIOCKOCTBIO, TEePIeHINKYAapHOn ocu Kouyca. Jly+au OP; u OJ; nepecekaior
D? B rouxax P! u J!, mpuaewm [Py, Pa, Ji, Jo] = [P/, Py, J{, J}]. Takum o6pa-
30M, CITPOENMPOBAB BEPXHIOK TOIOCTh ABYMOJOCTHOTO rumep6otonsa Ha D>
13 HavMaTa KOODAMHAT, TIOMyInM Monedb Kiaerra reomerpnu Jlo6adeBckoro.

OTMeTuM, YTO MO AHATIOTUH € (POPMYJION

rae u = OP;, v = 0P;, MOXHO 3anucaTb (HpOPMYILY

rae [u,v] = uyvy + ugve + (tuz)(ivs) = u1v1 + usvy — uzvs. Tak xax cost =

it —it —t t id d
ﬁ, To cos(it) = € *e _ cht. Tosromy cos D) =~ ().

2 2 c c
Dopmyra

() -t

IEUCTBATEILHO BEPHA; €€ MOXKHO IPOBEPUTH HENOCPEICTBEHHBIMY BBIUUCIE-
HUAMU.

3agauu

1. MokazaTs, 9TO mpeobpasoBaHue, 0OPATHOE IPOOHO-TMHEMHOMY, TOXKE
IPOOHO-INHENHO.
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2. [lokazaThb, 9T0 Ja1000€e 1pOOHO-IUHENHOE IPe0bpa3oBaHre MOXKHO IPe-
CTABUTDH B BUE KOMIO3UIMKA TPEOOPAZOBAHUYU BUAA Z — — U Z — az + b.
z

3. [MokasaTb, 9TO npu IPOOHO-JIUHENHOM NPeOOpPA30BAHUN KOMILIEKCHOU
TLIOCKOCTH TIPAMAS WM OKPYKHOCTH MEPEXOAUT B MPAMYIO WA OKPYKHOCTE.
4. [loxazaTb, 9TO APOGHO-IUHENHLIE MPEOOPA3OBAHUA COXPAHAIOT YIVIHI.
5. a) JlokazaTk, ITO TOUKY 21, 22, 23 € C mexar Ha ogHON mpAMON TOrIA
21 — 22
U TOJIBKO TOrza, korga ——— € R
21 — %3
6) [JokazaTb, 4TO TOUKY 21, 72, 23, Z4 JEXKAT HA OJHOU IPAMON WIA OKPY-
KHOCTB TOTIa U TOALKO TOTAA, KOTHa [21, 22, 23, 24] € R
6. [okazars, uTo ecmu Imz; > 0 mw Imzs > 0, To cymecTByeT mpe-

cz+d’ d

(SL(2,R) — mmoxecTso MaTpui 2 X 2 ¢ BEIIECTBEHHLIME 3JICMEHTAMEI U
oupegeaurensem 1.)

7. a) JlokazaThb, 9TO cTepeorpadbrtdeckas TPOEKIN TPEICTABIIET COOON
orpaHWYeHne Ha cdepy MHBEPCUA B MIPOCTPAHCTEE.

6) [lokazaTh, YTO cTepeorpaduiecKas IPOEKIUS IEPEBOANT OKPYKHOCTH
Ha cdepe B OKPYKHOCTHU WK IPAMbIE Ha INIOCKOCTH U COXPAHAET YIVIBL.

B) Joka3ars, 9To crepeorpaduyieckas IPOEKIUI COXPAHAET TBOKHOE OT-
HOIIIEHNE.

8. [lokazaTnb, 1TO TOUKe 2z B Mogenu Ilyamkape B e IMHMYHOM KPyTe CO-

b
o0pa3oBaHme z — az+ rae (Z b> € SL(2,R), neperonsmee z; B 2».

OTBETCTBYET TOYKA B Mogenu Kienna.

|2* +1
9. [loxazaTb popmyry

ch(i>:1+2h|j(z)zr|iw)

OPAMBIMU BBEIYUCACHIAMUA.

10. Moxaszars, uTo runepboamdecKkas OKpPyxKHOCTH B Mogenu Ilyankape
SIBJSIETCS €BKIXI0BON OKPY2KHOCTBIO (C ADYIMM LEHTPOM).

11. [lokazaTh HEPABEHCTBO TPEYTOILHUKA B Mogenu [lyankape B BepXHen
TIOMYTIOCKOCTH.

12. Haiitu MuHUMaIbHOE TUNEPOOINIECKOE PACCTOAHME OT TOYKY (&, Yy)
BEPXHEHU MOAYILIOCKOCTH 10 ayda Oy.

13. a) [Jokasarb, 9TO IpU ABMKEHUM TOYKK NPAMOU & = 1 1o Hanpasie-
Huto K ocu O PACCTOSHME OT Hee 10 mpaMon (Jy 6eCKOHEYHO BO3PACTALT.
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6) Joxasarsb, 9TO IPU ABMXEHUU TOYKY BLOLL MUIEPOOIUIECKOU IPIMOK
(z—1)24+y? = 1 no nanpasiaernuio x Touke (0,0) paccTosHue OT Hee 10 IPAMOK
Oy cTpeMuTcs K HYyJTIO.

14. /loxazaTh, 9TO BCE TOYKU E€BKAWAOBOU TIPAMOU Yy = kI, JEXKAIINE B
BEDPXHEHN TOMYIIOCKOCTH, PABHOYIAIEHBI OT Tunepbommdeckon mpamon Oy.

15. lokasaTb, 9TO MHOXKECTBO TOYEK, PABHOY JAJIEHHBIX OT ABYX AAHHBIX
TOYEK, IPEICTABAACT COO0U I'UIePOOMNIECKYIO IPIMYIO.

16. Iycts A; = (21 + Miz2,y1 + Aiy2, 21 + Aizo) € CP?. [lokasaTs, uTo

As—A1 M —X)
Ap, Ay, Az, Ay = : .
[ 1,412, /13, 4] Ag*AQ A47)\2

17. Moxa3aTh HENOCPEACTBEHHO (POPMYILY

d [u, v]?
ch|-) = ——"—,
c)  [uullv,v]
C > >
roe d= :|:§ln[P1,P2,J1,J2], u = O.Pl, v = OP2
18. JoxazaTh, ITO €Ciu BCE YIVIBI THHEPOOINIECKOTO0 MHOTOYTOJLHIKA
MEHBIIE T, TO OH BBIILYKJIBIN.

19. Mokasarb, uro B mozeau Kuenna (runepboauvdeckas) OKpPYyKHOCTH
upencrasisier co60l (€BKIMLOBY) OKPYKHOCTD WUIU DJLIUIC.

4. [unepbonuyeckasi anemeHTapHasl FeoMeTpus

B runep6oimyeckon reoMeTpumM MOHATHUE GeAUNUHbE YeAa MOKHO Ompe-
IeJUTh CAeayommM 06pa3oM. BymeM roBOpUTh, UTO BEIWYUHA YIUIA PaB-
Ha 27 /n, ecau n yraoB ¢ OOLUIEH BEPIIMHOM, KOHIPYSHTHBIX JLaHHOMY YLy,
[MOKPBIBAIOT BCIO IWIOCKOCTH Jlo6adeBckoro 6e3 manoxenuu. Temeppb Jerko
OTIPENEINTE YO BEIWHMWHON 27M /M, a 3aTeM IO HENPEPEIBHOCTH MOXKHO
OMPENEIUTE BEIMUUHY JIO00T0 yIva.

Mg mogemn Kmemna u gis momean Ilyamkape B Kpyre mOBOPOTHI BO-
KPYT' HEHTpa Kpyra sBIIOTCS ABmKeHuaMmu. [losToMy B IleHTpe Kpyra B
0o6enx MOIeNsIX BeJUYUHBL MUIepOOINYeCKUX YIVIOB COBIANAIOT C BEIMYUHA-
MU eBKJIWAOBHIX yrioB. LleHTp kpyra runepOognveckuM TBUNKEHUEM MOXKHO
mepeBecTu B J0OYIO Apyryio Touky. [las momenu Ilyankape npuxenus co-
XPAHAT €BKAUIOBLL YIVIBI, IODTOMY [ HEE MOHATUE BEIWMYWHBI €BKJINI0BA,
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yIVIa COBIIAAET C NOHATHEM BEJUHUHEBL PUIEPOOIMIecKOro yraa. (Yroa Mex-
Iy OBYMsA IEPECEeKAMUMUCA OKPYKHOCTAMU OlpefeadeTcs KaK Yol Mex-
Iy KacaTeIbHBIME B TOUKe mepecedenus.) [lna momenn Kiuenna nsumkenus
He 00A3aTeNbHO COXPAHAIT €BKJANJOBBI VIVIBI, MOITOMY /IS HEE BeJIUTIUHA
runepOOaMIeCcKOro yIia He 00A3aTEIBHO COBIAIAET C BEIUYNHON €BKJINI0BA,
yria.

A

Puc. 9 Puc. 10 Puc. 11

Ha eBKAMAOBON MIOCKOCTH U€pe3 TOUKY A MOXKHO TPOBECTHU JUIIL OJHY
MPAMYIO, TIAPALIeIBHY0 JaHHOU npsMon. Ha mmockoctu JloGadeBckoro we-
pe3 ToUYKy A MOXKHO IPOBECTH LEN0E CEMENCTBO NMPSAMBIX, HE IeDEeCeKAIOIMNX
nauayo npamyio . Takue npsMbie 3aMOMHAIOT Napy BEPTUKAILHBIX YIVIOB
(na puc. 9 uzobpaxenst >ru yrusl B Mogeau Kaenna). Cpeagu o6pazoBaBuimx-
CA YETHIPEX YIVIOB C BEPITUHON A BEIJEIUM TOT, KOTOPHIU COIEPXKUT MPAMYIO
[. CTOpOHBL DTOT0O yIIa HA30BEM AYUAMU, NAPAAtLeabHbiMY Npamot [. Tlps-
Mble, COJepIXKAaIlle >TU JyIW, HA30BEM NPAMBIMU, TOPAALEADHBIMY NPAMOY
l. B reomerpun JlobadeBckoro cieqyer roBOPUTH MMEHHO O HAPAJLIETLHBIX
Jydax, a He HapPAUIEJbHBIX MPAMBIX, DOTOMY YTO ABA Jy4a, HA KOTOPHIE
Touka A pasbuBaeT npAMy0, BeayT cebs MO-PA3HOMY IO OTHOIICHUIO K IIa-
PALTETBEHON €U TIPAMOU: OJWH JyY TPUOIMKACTCA, a APYTOU yaandeTcA. B
YACTHOCTH, OTHOIIEHNE MaPAIEIEHOCTA TPAH3UTUBHO TOIBKO [IJIA JIYUeH.

Yeaom napasseavnocmu mas TOUYKH A u mpAMOU | HABBIBAIOT IIOJOBU-
HYy BEIWYUHBL yIUIa, OOPA30BAHHOIO JIyYaMu ¢ BEPUIMHOU A, mapaitenbHBIMI
npsamon I.

Yroan mapaanenbHOCTH @ OOJATAET CASAVIOMNM CBOUCTBOM. OmycTuM u3
Toukn A neprnenaukyasap AH ua npavyio /. [Iposegem usz Touxku A aya AB,
obpasytouuu yroa S ¢ ayaom AH. Jlya AB mepecekaeT mpsamywo | Torma
U TOJBKO TOra, Korga [ < «. OTO CBOUCTBO MOXKHO B3fATH B KAa4eCTBE
OIIpeIeJIeHUs YIVIA TAPAJLIEIHLHOCTH.

Jlerko mpoBepUTH, ITO YOI MAPALIETLHOCTY (¢ 3ABUCUT JIUITH OT PACCTO-
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SHUA ¢ OT TOYKM IO HPAMOU. BBIACHHM, Kak MMEHHO CBA3AHBEL @ U (. IJTO
HECJOXKHO CaesaTsh B 0G0l w3 mogenenn. Paccmorpum, manpumep, Mozes
Knenna, npuieM GyieM CYMTaTh, 9TO TOYKA A COBmamaeT ¢ MEHTPOM Kpyra
(puc. 10). o ompenenenuio

C
“ XA YH 2 M\ 1T " cosa

T2

CregoBarensao, e~%¢ = tg(a/2). Ipn a/c — 0 morygaem o — /2, T. e.
MIPU YMEHBIIEHUN PACCTOSHUA ¢ WIN TIPU YBEIUUEHUU (MHUMOTO PAAUYCAy €
reomerpus JlobaueBcKOro npubinkaeTcs K eBKINIOBON M€OMETPUH.

B nampaenmem mis ynpomenus Gopmyda OyaeM cauTaTb, 9To ¢ = 1.

B rumepGoamydeckon TeoOMeTpUM CyMMa YIVIOB TPEYTOJILHUKA MEHBIIE 7.
OTO yTBEPXKAEHNE JETKO TOKa3aTh B Mofean [lyamkape B Kpyre, moMecTUB
OJHY U3 BEPIIUH TPEYTOJbHUKA B IeHTD Kpyra (puc. 11). B camom gesne, yroa
A runep6onuieckoro Tpeyroabauka ABC pasen yruy A eBKIAMIOBA TPEYTO-
JBHUKA, a yDibl npu BepmuHax B u €'y runep6oamdecKoro TpeyroibHIKa
MEHBIIIE.

B eBKIMI0BON reOMETpPUN CTOPOHLI M YIVIBI TPEYTOJILHUKA, CBA3AHBI HEKO-
TOPBIMU COOTHOWIEHUsAMHU. B reomerpun JIo6a4eBCKOr0 TOXKe BBHINOIHSIIOT-
CSL ONPEAEICHHBIE COOTHOIICHUA MEXKIY 3JEMEHTAMU TPEeyroabHuKa. IIporme
BCEr0 MTOJYYUTH COOTHOIIEHWS /IS IIPAMOYTOJIBHOIO TPEYTOJILHUKA, TOITOMY
€ HErO MbI ¥ HAYHEM.

Benanuunb: yrioe Tpeyromsuuka ABC Gymem o6osHavaTh «, S u 7y, a
JUIMHBI TPOTUBOJIEKAIINX UM CTOPOH OyaeM 0603HAYaTh a, b u c.

Teopema 4.1. B mpeyzoavhuke ¢ npambly Yyeaom Y SbINOAHAIOMCS CAEDY-
0UUE COOMHOUEHUA.

a) chc=chachb;

6) tha =shbtga.

HokasareascTBo. a) Moxuo cuurars, uro A = ki (k> 1), B =cosy
5 2
ising w C = 4. Torma cha = ;, chb = ﬂ che = ﬁ
sin 2k 2k sin @
IMosTomy chachb = che.

ITpu manwx a, b u ¢ coornomenue ch ach b = ch ¢ npespamaerca B cooT-
Homenue a? + b2 = 2. Takum obpasom, coorHomenue ch ach b = ch ¢ moxHO
HA3BaTh 2unepboauueckot meopemoti [Tugdaeopa.

6) CuoBa Gygem cuutath, a0 A = ki (k > 1), B = cosp +ising u
C = 1i. IlycTb Tg — UEHTP €BKJINJIOBOM OKPYKHOCTHU, COAEPKAIIEN THUIED-
6omreckyio mpamyio AB. Torma x2 + k* = (cosg — x0)? + sin® ¢, ™. e.
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k? =1 — 2z cos . Jlerko nposeputs, uto LAxoO = . IosToMy

¢ a_i_chosgp
YTl T R
Tax xax sh’¢ =ch®’t — 1 u cha = , TO
sin g
1 2 ‘ 14 k2\2 2 _1\?2
sh2a:_2_1:(09ss0> Hshzb:(w) _1:<k> _
sin” ¢ sin ¢ 2k 2k
k-1 tha

—r = sh b, a suaunT, tga = e
IIpu manbix @ u b 310 coornomwenue npespawaercs B tga = a/b. O

CremoBarensHo, cos = tha un

U3 coorromenun ch ¢ = chachb u tha = shbtga ¢ momommko TOXAECTB
[JIA TPUTOHOMETPUIECKUX U TUNEPOOITICCKUX (DYHKITUN MOXKHO MOJYIUTH
IPyrue COOTHOIIEHUs, HanmpuMep, sha = shesina, thd = thecosa, cosa =
chasin g, ctgactg f = che. Ipu Maneix a, b u ¢ 3Tu COOTHOIIEHUS TPUHU-
MaOT BUI a = csinaq, b = ccosa, ctgactg S =1, cosa = sin .

[7151 TPOM3BOIBLHOTO TPEYTOIBHUKA B TUTEPOOINIECKON TeOMETPHUY CIPa-
BE/TUBBI TEOPEMBI, AHAJOTUIHEIE TEOPEMAM CHHYCOB M KOCUHYCOB B €BKJIN-
JOBOU ILIAHMMETPUN.

Teopema 4.2. /[as npouzsoaspno2o mpey2osbHukae 8bINOARAIOMCA CAC0YI0-

WuUe COOMHOWEHUA

sha shb she
a) — = — = — (meopema cunycos);
sina  sinfg  sinvy
6) cha =chbchc—shbshccosa (meopema xocunycos.)

HokazarenscrBo. Onycrum u3 Bepummabl C' nepnenaukyasp C'H Ha nps-
Myio AB. Byaem mis onpeneJeHHOCTM CYUTATL, 9TO TOYKa H mexur Ha
orpeske AB (cayuan, xorga rouxa H gexur Bue orpeska AB, paccMmarpu-
Baercs ananorudno). O6o3uaqum nuunbl orpeskos CH, AH u BH wuepes h,
T M ¢ — T COOTBETCTBEHHO.

a) 3amuimem cooTHOmeHusa Buga sha = shesina 1aa IpAMOYTOIBHBIX
rpeyroavuukos ACH u CBH. B pesyabrare momydum shbsina = shh =
shasin §. CregoBarenbro,

sha  shb

sina sing’
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6) Banwmmem coorHowenus sBuga chachb = che gas npamoyroabHbix
rpeyronabunkos ACH u CBH. B pesyabrare moayuum chbd = chzchh un
cha = ch(c — z) ch h. Cremosarensno, cha = (chechz — sheshz)chh =
chbchec—chbshethz. Kpome Toro, the = thbcosa. O

BeiacauM Teneps, Kak BRIIAIAT B Mogean [lyankape oxpyscnocmn, T. €.
MHOKECTBO TOYEK, PABHOYAATCHHLIX OT naHHOUW Touku. [las mogenm Ilyan-
Kape B BEPXHEN MOTYIVIOCKOCTY MUNEepOOIMIecKas OKPYKHOCTE PAIAYCa T C
uentpoM (a, b) 3agaercs ypaBHeHUEM

(a—2)* +(b—y)?
2by ’

chr=1+

1. e. (x —a)® + (y — bchr)? = b*(ch®r — 1). Takum o6pazom, B MogeTn
[yarkape B BEPXHEN MOMYIVIOCKOCTH TAMEPOOMIMIECKAA OKPYKHOCTD DAY~
ca r ¢ ueHTpoM (a, b) IpencTaBaeT cO60M €BKIMNOBY OKPYKHOCTD DAIIYCa
bv/ch?r — 1 ¢ nentpom (a,bchr).

Mna monemn Ilyamkape B kpyre A runep6oaudecKkas OKPYXKHOCTB TO-
K€ IPeACTABIIET COO0U eBKINIOBY OKPYKHOCTD, TAK KAK APOGHO-IUHENHOe
IpeoOpa3OBaHKe IEPEBOAUT OKPYKHOCTD B OKPYKHOCTD W HpaMylo. Ecam
HEHTD TUMEpOOIMIECKON OKPYRKHOCTH COBIAZACT ¢ HEHTPOM Kpyra A, To
eBKJIWIOB TIEHTD DTOM OKPYXKHOCTH TOXKE COBIIANAECT ¢ MEHTPOM Kpyra A.
[TokaxkeMm, 9TO B TAKOM CUTYAIUM €BKIXIOB panmyc R m rumepSommaeckui
PasmycC r CBA33HLI COOTHOLICHUEM

T_1+R et —1 r
€ =1_ 5 T. €. R_er+1—th(§)

B camom gmene, mycte O — nentp kpyra A, X — TOUKa paccMaTPUBAESMOU
okpyxHOCTH, A 1 B — Touku B KOoTOphIX npaMas OX mepecekaeT TpaHully

xpyra A. Torga
1 AX BO | 1+R
r=|lnl— -=—=]|=Ih|{——|.
AO BX 1-R
O6cyauM Tenepb, KaK U3MEPATD JIVHBI KPUBBIX B TUMEPOOIUIECKON Te0-
merpuu. [las onpenesenua IIAHLI KPUBOK C IIOMOIIBLIO MHTErpaaa Tpebyercs

IAEMENTN OAUNDL, T. €. PACCTOAHUE MEXKIY OECKOHEIHO OIU3KAMHU TOIKAMU.
Eciu As — runep6oanyeckoe paccTOSHAE MEXK Iy TOYKAMU 2z U Z + Az Bepx-
HeN TOMYIIOCKOCTH, TO

Az

~ (As)?
(0m 2)? u ch(As)~1+

ch(As) =1+ —
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A 3 3
HOBTOMy AS ~ M, T. €. dS _ |dZ| _ dx + dy '
Im z Im z y

[1a nepexoga or mogeau Ilyankape B Bepxmen mouaymiockoctu H K mo-

nenu Ilyamkape B kpyre A MOXHO BOCIOIL30BATLCA OTOOpaKEHHEM Z +—
z—1

w = i IT0 oTOOpaKeHNe [IEPEBOAUT BEPXHIOK IIOJAYILIOCKOCTL H B
z+1

enmanIHLi Kpyr A. Hec/ioxnble BLIqucieHus NOKa3EIBAIOT, YTO

|dz| 2|dw|

Imz 1—|w?
Takum o6paszom, B mogemn I[lyankape B kpyre A sreMeHT rumepOoImtde-
CKOU IUIMHBL HOIYIAeTCs U3 DIEMEHTa €BKINAOBOU JIMHBI yMHOXKEHHUEM HA

W. CaenoBarensno, runepboindeckas LINHA €BKINIOBON OKDYXKHO-
— |w

2
ctu paguyca R ¢ menTpoum B mieHTpe Kpyra A pasHa 27 R <1R2> Hamo-
MHHUM, YTO BTA KPUBAs SABJISAETCSA MUIEPOOIMIeCKOU OKPYKHOCTHIO PAARYCa

e
r, rge r u R cBa3ambr coornomenuem R = th 3) IlosTromy mauna rumep-

OOMIUIECKON OKPYKHOCTHU PATUYCA I PABHA

47 th (S)

——~~ =2mwshr.
1—th2(§) wshr

3ameuanue 1. [[nuna rUMEepOOIMIECKON OKPYKHOCTYU OOJBINE IUHBI €B-
KJMJOBOU OKPYKHOCTH TOIO XK€ PATUYCA, a AIUHA CPEPUIECKON OKPYKHO-
CTU MEHBIIIE.

3ameuanue 2. TeopeMmy CHHYCOB BO BCEX TPEX I'€OMETPHAX MOKHO chOp-
MYJIPOBATL ONWHAKOBO, & UMEHHO:

() _ 1) _ Ko

. - . - . P}
sina  sinf  sin~y

rge [(r) — miuHA OKPYXKHOCTHU PAJKYCA T

ILnomanb chepruIecKoro TPeyroJbHRKA MOXHO BLITUCIATE IO (DOPMYJIE
S = R*(a+ B+~ —m). lpu samere R Ha ic moryaum GOpMyLy AIf ILIOMA-
IW TpeyrombHWKa B rumepbommHaeckon reomerpun: S = c2(m —a — B — 7).
ITHU PACCYXKICHA MOKHO MIPEBPATUTEL B MOJHOE JOKA3ATETIHLCTBO, IPUMEHUB
TEOpeMy O TOM, UTO ABE AHATUTUYCCKAE (PYHKINH, COBIATAIOIIAE IPH BCEX
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BEIIIECTBEHHBIX 3HAYEHUAX, TO/KHBI COBIAIATH U IPU BCEX YUCTO MHUMBIX
3HadeHUAX. Hac TakoW myTh IOKA3ATEALCTBA HE YCTPAUBAET, HO BCE XKe U3
DTUX PACCYKIEHUN MOXKHO M3BJIEYbL HEKOTOPYIO MOAB3y. Hampumep, oHn mo-
BBOJAIOT TPEATIONOKNATE, 9TO BeINInHa § = 7 — (a+ 5 +7y) IponopuuoHaIbHa
IJIOIIA AU TUIEpOOIMIECKOrO Tpeyroabanka. Hazosem 5Ty Benmunny degdex-
MoM TUIEp GOMMIECKOr0 TPEYTOJbHUKA. BBIYKIBIN -y OJIBHAK MOXKHO Pa3-
pe3aTh AWArOHAJAMUA HA N — 2 TPEYrOIbHUKA. JIerko yOeauThes, ITo CyMMa
ux nedexTos pasHa (n — 2)7 — Yy, TAE Q1,. .., 0y — YDIBI N-yDOJLHUKA.
Hazosem dediexmom rumepGOMMIECKOTO N-YTOJBHUKA € YIVIAMA (. . . , (i
Bemmuauny § = (n — 2)7 — Yay; TPU BTOM N-YTOJBHUK He 00A3aTEIbHO BHI-
NyKJIbIA. BMeCTO BHYTPEHHUX YIVIOB (v; yAOOHEE PAcCMATPUBATHL BHEIIHUE
youiel o = T — ;. [Jeno B ToM, 9T0 gedeKT MHOIOYIOJBHUKA € BHELIHUMU
yraamu o paser (Yaf) — 2.

Jlerko mpoeepuTh, 9TO nedekT 06IAACT CIEAYIONNMHA CBOUCTBAMMU:

1) dedexT a060r0 MHOrOYTOJIBHUKA, TIONOKATEIEH.

2) Ecan muoroyromsuuku My u My paeubr, To 6(My) = 6(Ms).

3) Ecau muoroyroasuux M paspesan na muoroyrousHuku M u My, To
S(M) =06(My) + 6(M-).

[Lromars MHOMOYTOIBHIKA €CTECTBEHHO ONpEeeIUTh KaK (QPYyHKUINO Ha
MHOXKECTBE MHOTOYTOJBHUKOB, 00Ja1amyo ceoncTBamu 1)—3). Moxso no-
Ka3aTh, YTO CBOUCTBA 1)-3) ONpemensioT GyHKIUIO Ha MHOT'OYTOIBHUKAX C
TOYHOCTBIO 40 IPONOPUUOHAILHOCTH (MBI 3TO IOKa3blBaTh He Gyxem). Ilo-
pTOoMy Ae@eKT MHOIOYLOJBHUKA C TOYHOCTHIO A0 MPOIOPIMOHATBHOCTH Pa-
BeH ero miomagu. s onpenerenus KodpGUiureHTa IporopuuoHaIbHOCTA k
MOKHO BOCIOJB30BATHCA TE€M, UTO NMPU MATHIX @ 1 b IIOMAa b TPAMOYTOIb-
HOT'O TPEYTOJbHUKA C KATeTaMU @ U b TO/MKHA OBITH TPUOIN3UTEIHLHO PABHA
ab/2. [as Takoro TpeyroabHuKa

sind = cos(a + f§) = thathbd B shashb _

th? ¢ sh? e
shashb ab a®>+b  ab

MosTomy k = 1. HamomuuM, 9TO MBI YCGIOBUIKUCH CIATATDH IIAPAMETP C PaB-
HuIM 1. YTOOR HE IyTAaTh 3TOT MAPAMETP C AJUHOU TUIOTEHY3LL, BPEMEHHO

obozua4uuM ero r. Torga sind = Iosromy B obmeM ciyuae k = 72,

a
o 2r2 ’ o
JIpyron moaxon K OMpemeIeHUIo TIOMAIN (PUTYPHEl B THUTIEPOOJUTECKON
TeOMETPUN 3aKI0IAeTCA B pa3dueHnn GUTypHl HA O€CKOHEYHO MaJfble Mps-

moyroapuuky. [loapobuee >TOT mOAXOL MBI OGCY VM HA CEMUHADE.
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3apgauu

1. a) JokaszaTe, 9T0 coorHOmeHme e~ /¢ = tg(a/2) PKBUBAICHTHO COOT-

a a a
HOLIEHUAM ch (7) sina =1, sh (7) tga =1wmth (7) = cos a.
c ¢ ¢
6) lokasars cooTHOmerme e~ /¢ = tg(a/2), MCmoaB3ya OAHY 3 MOgeTeh

ITyanxape.
2. llokazaThb, 9YTO CTOPOHBL U YIVIBL TPEYTOIBHUKA, CBA3AHBL CJIEYIOMINMHA
COOTHOIIECHUSIMU:
a) chasin 8 = chbsina cosy + cos asin v;
cos & + cos 3 cosy
6) cha = - . .
sin 3 sin 7y
3. B mopenu Kuentna cTopoHa runepGoaudeckoro yria mpoxXOauT depes
uenTp kpyra A. okazaTb, 9TO €CIM DTOT yI'OJ OCTPBIA, TO €0 BEINIUHA
MEHBIIE BEJUIMHBL COOTBETCTBYIOMErO €BKINJOBA YIVIA.
4. [loxa3aTb, 9TO TPEYTOMILHUK W KPYT — BHIMTYKJIbIE (PUTYPHI.
5. [lokazaThb, 9TO €N COOTBETCTBEHHBIE YIVILI ABYX TPEYTOJBLHUKOB PaB-
HBI, TO PABHBI U CAMU TPEyTOJbHUKH.
6. /Toka3aTh,4TO OPTOrOHAABHASA MIPOEKIUSI ONHOU U3 CTOPOH OCTPOrO
yIya Ha IPYLYIO CTOPOHY OPEACTABIIET COOOU OrPAHUYICHHOE MHOMXKECTBO.
7. Jloka3aTh,9TO CTOPOHLI W YIVILI TPEYTOJILHUKA C TPAMBIM YTJIOM Y
CBA3aHBbI Caenyommmu cooTHomenusmu: sha = shesina, thd = thecosa,
ctgactg 8 =che, cosa = chasin g.

(n—2)w .
8. a) [lokazaTh, 9TO Tpu < -———— CYIECTBYET NPABUILHBIA 71

n
YTOTBHUK, BCE YIVIBI KOTOPOT'O PABHBI (¥ M BCE CTOPOHBI KOTOPOT'O PABHHI.
6) Jloka3aThb, YTO €CIN @ U I — CTOPOHA U PANUYC BIUCAHHON OKPYKHO-
CTHU IPABUWIBLHOI'O N-YIOJBHUKA C YIVIOM X, TO

o ki

cos £ a cost
chr = — 5, ch-=—2=2.
sin - 2 sin &

. 2
B) IIpm Kakux n CymecTBYeT MPABWIBHLINA N-YTOJABHUK C YIVIOM @ = —
n

(T. e. ¢ cymmon yruos 27)?
9. Tpu yria 4eTHIPEXyroNIbHUKA PABHEL /2, & YeTBEPTHIM yrOJd PABEH 7.
Hanru v, ecin u3BecTHBL ATHHBL ¢ B D CTOPOH, COEAUHAIONINAX IPAMBIE YIVIBL.

10. doxazats, uTO eciam w = ‘- Z,, TO
Z+1
|dz|  2|dw|

Imz 1— |w|?
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11. Jokasarb, uTo B MOogean KielHa »IeMeHT IJIUHLL UMEeT BHU[

2 _ dz? + dy? — (zdy — ydx)?

ds (1—22 —42)?

12. a) loxkasaTh, 910 B MoAeaax Ilyankape B BEPXHEH MOJYIIOCKOCTH U

B EAVHUYHOM KPYTe€ ILIOMAIL O€CKOHETHO MAJIOTO TMPAMOYTOALHUKA CO CTO-
dzdy dxdy

2@ )

pOHAMU, MapaIETbHBIMU OCAM KOODAWHAT, PABHA co-

OTBETCTBEHHO.

6) Paccmorpum B Mogenun Kienna 6eCKOHEUHO MABIM NPAMOYTOJIBHUK,
00pa30BaHHBIN JUHUAME p = const, ( = const, rae p, — OOAAPHBIE KOOP-
nuHATEL. [l0Ka3aTh, 9TO LJIMHLL €00 CTOPOH PABHEL

d d
P, Py

1—p? V1-p2

9 (T
13. JokasaTh, ITO ILIOMIAIL KPYLa PAIUyca r paBHa 47 sh? (5)

14. a) okasarb, 4TO LEPIEHAUKYJ/ISIDP, BOCCTABICHHBIA U3 CEPeAUHEL CTO-
pourr AB Tpeyroabuuka ABC, MepHeHIuKyIApeH MPAMOU, COEIUHAOIICN
cepeaunnl cropor AC u BC.

6) Iycte X — X' — wusomerpudHoe 0TOGPaKEHNE OJHON MPAMOU HA
apyrywo. [Jokasarb, 4To cepeaunbl orpeskos X X' aubo cosnagaioT, aubo
JIEXKAT HA OJHOU IIPAMOMU.

15. lokazaTh, 9TO B OMHON TOYKE MEPECEKAIOTCA a) OUCCEKTPUCHL TPEY-
COJBHUKA; 6) MEIUAHBI TPEYTOMBbHUKA; B) BBHICOTHI OCTPOYTOJBLHOT'O TPEYTO-
JBHUKA.

Beeraa qm Meamaner neaaTca TOYKOM NEPEeCEIeHUs B OJHOM M TOM K€
OTHOIICHUN !

16. (Teopema Menenasn) Ipavan [ mepecekaer cropoust BC, CA u AB
tpeyrombanka ABC B Toukax Ay, By u Cy. lokazars, 94T0

sh ACl sh BAl sh CBl
ShClB shAlC ShBlA

=1.

17. (Teopema Yesnr) Ha croponax BC, CA u AB tpeyroasauka ABC
B3arel Touku A, By u C;. Hokasarw, uyro orpesku AA;, BBy u CC;
IIEPECEKAIOTCA B OQHOU TOYIKE TOTAA M TOJIBKO TOI[A, KOIa BBLIIOJHACTCS
OJHO W3 CICAYIOMNX DKBUBAMCHTHBEIX COOTHONICHUN:

sin ACCy sinBAA, sinCBB;
8) sinC,CB sin A{AC sinB,BA
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sh ACl sh BAl sh CBl

6 - : =1.
) ShClB shAlC ShBlA
b
B sagagax 18-21 p = u’ d=m—(a+8+7).
18. Moxa3ats,4TO
2@ _ - bshlp—¢) - oo shpship—a)
YT T shbshe 0 “® 27 7 shbshe
19. Joka3aTk, ITO
) hpsh(p — a)sh(p — b) sh(p —
o) 25in 0 = Vohpsh(p @ sh(p —b)shlp —c),
62 ch b ch §bCh 5
6) tg” | :thgthp;athp; thp;C.
20. IIycTe r — pajuyc BOUCAHHOW OKPYKHOCTH TpeyroibHuka. [loka-

3aTb, ITO

thr = \/Sh(P —a)sh(p — b)sh(p — c).
shp

21. Mycts R — pagnyc OMUCAHHON OKPYRKHOCTH TPEYTOMBHUKA, (€CaIu OHA
cymecrsyer). Joxkazarb, 9T0

sin &
thit= 5 ) 5y =
sin(a + §) sin(8 + 5) sin(y + 5)

b
QSh%shgshg

" \/shipsh(p—a)sh(p— b)sh(p— o)

22. 3anmucaTh MWIOMAAbL TPEYTOILHUKA, ¢ HYJEBLIMYA YIVIAMU B BUJE TBOU-
HOT'0 MHTErpPaJa, UCTIOAb3YA MOJAeTb [lyaHkape B BEPXHEU MOMYILIOCKOCTH.

5. Tpn Tna co6CTBEHHBIX [BUXXEHUW MNOCKOCTH
Jlo6auesckoro

[ reomerpun JIo6adeBCKOro MOXKHO MOKA3aThL CAEAYIOIIYI) TEOPEMY,
aHajgoru4Hylo reopeme 1.2 (a) mi1a cdepudeckon reoMeTpun.
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Teopema 5.1. Jhoboe deuncenue naockocmu Jobauwesckozo momxcno nped-
cMasumpb 8 6ude KoMNO3uyuy ne Hoaee wem Mmper CuMmemputi Ommocumeds-
HO NPAMBLL.

NokazaTenbcTBo. HamoMHUM OCHOBHYIO M€K0 MOKA3ATEILCTBA DTOU TEO-
PEMEL B CIy4ae cpepuIeckon reoMeTpun. 1lycTh ¢ — HEKOTOpas M30MeTPH,
upudem g(A) = B # A. PaccMoTpuM CUMMETDUIO § OTHOCUTEIBLHO IPAMOU
Il = {X|AX = BX}. Torga sg(A) = A. Kpome Toro, ecm g(Y) =Y, To
Y €1, asnaunr, sg(Y) =Y. losTOMy M30oMeTpHUA Sg UMEET TIO KPAUHEN Me-
pe OJHY IOTIOMHATEIBHYH HEIOJBUKHYK TOUKY IO CPABHEHUIO ¢ g. [Ipnme-
HUB TaKyl KOHCTPYKIHIO He 60JIee TPeX Pas, MOXKHO HOCTPOUTH U30METPHUIO,
MMEONTYIO TP HEMONBUKHEIE TOYKH, HE JEKANTAE HA ONHOU MPAMON.

DTy CXeMy [NOKA3aTeNbCTBA MOXKHO MPUMEHUTH W B CIyIa€ eOMETPHUH
Jlobauerckoro. Ho mias 5TOro HYyHO OTBETUTH Ha CAETVIONINE BOTPOCHI:

1) MoueMy MHOXKECTBO TOYEK, PABHOYIAJICHHBIX OT ABYX NAHHBIX TOYEK,
[IPEACTABIACT COOOU rUIePOOMNIECKYIO IPAMYIO?

2) Yro Takoe «CUMMETDPUs OTHOCUTENLHO [IPIAMOLy B CAydae runepoosu-
9eCKOU reoMeTpun’

3) Tloyemy mBUKeHUE MUNEPOOIUICCKON TIOCKOCTH, UMEIOIIEE TPU HEMo-
IBUXKHBIE TOYKHU, HE JEXKAINAE HA OJHOU TPAMOU, TOXK JECTBEHHO?

OTBeTUM Ha 3T BOMPOCH MOCAEI0BATEILHO.

1) MoXHO CYMTaTh, 9TO JAHHBIE TOYKH uUMmeloT Bui ia,ib (a,b € R).
Torga muoxecrso touek (z,y) € H, paBHOyAaIeHHBIX OT HUX, 331a€TCA
ypaBHEHUEM

2’ +(a—y)?® _a®+(b-y)?

ay by

2

T. e. 22 + 4> = ab.

2) Hazosem Touku A u A* cummempuunblmy (WK UH6EPCHBIMU) OTHOCH-
TEABHO OKPYKHOCTHU S, ecau J06as OKPYKHOCTh, MPOXOIAIIAL Y€Pe3 TOUKA
A u A*, oproronanpaa okpyxuoctu S. B Tom ciayuae, korga S — npsamas,
BTO OMPENETCHNE TOXE UMEET CMBICT; OHO SKBUBAJICHTHO OOLITHOMY OTIpEIe-
JIGHUIO CUMMETPUYU OTHOCUTEIHHO TPAMOMN.

[louATrE CUMMETPUIHOCTH JABYX TOUYEK OTHOCUTETBHO OKPYXHOCTHU CO-
XPaHAETCA IPHU APOOHO-INHENHLIX IPEeoOpa3OBaHngX.

Moxuo npoBepurhb, 94TO0 TOYkU A u A* cUMMETPUYHBI OTHOCUTEILHO
OKPYXKHOCTH S TOrJa ¥ TOJBKO Toraa, korga ayaun OA u OA* coBnagaior u
OA-0OA* = R?, rae R — pauyc oKpy:xkHOCTH S.

Hazosem Toukm A u A* cuMMmempuuHbimy OTHOCUTEIHHO TUTEDOoInIe-
ckou mpsamMou B Mogeau [lyaHkape, ecau OHU CUMMETPUIHBI OTHOCUTEIBLHO
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€BKJIMIOBOM OKPY2KHOCTHU, COIEPXKAIIEN 3Ty HpAMYI. B ToMm caydae, koraa
runepOoIMIecKas IPAMas ABIAETCA IaCTHIO EBKINIOBOU IPAMOH, JEIKO IIPO-
BEPUTH, UTO TOYKU, CUMMETPUIHBEIE OTHOCUTEILHO TMPAMON, PABHOYTATCHE
oT Hee. Kpome TOTO, CMMMETPUA OTHOCUTEIBHO TUMEPOOANICCKON TPAMON
ABIAETCA U3OMETPUEH.

3) Ha rperus BOIpoc Mbl ZafuM IOAPOGHBIA OTBET, & UMEHHO, OIUAIIEM
BCE€ BO3MOXHBIC MHOXKCCTBa HCIIOABUXKHBIX TOYECK ,Z[BI/I}KQHHIZ IIJIOCKOCTH J-.[O—
6adenckoro. Cormacuo Teopeme 3.1 Hy»X)HO PaCCMOTPETDH ABA TUIA IBUKE-

HUM.
a(—Z) +b
e(—2z)+d
—czZ+dz+azZ—b=0,

a) YpaBHenue z = IIPUBOJIUTCA K BUIY

—c(x®+y)+dr+ar—b=0, dy—ay=0.

IIpu a # d nocieanee ypaBuenue umeer eauHcTBeHHOE pernenue y = (. B
rakoMm ciayuae z € H. Ecau xe a = d, TO MHOXKE€CTBOM HEIIOIBUXKHBIX TOYEK

ad — be

2

a

SABJIAETCSA IUNePOONITIecKas IPAMAas (m - 7> +y? = 5
c c

ABJAETCA KBaIPATHBIM. Omno nmeeT KOpHHI

a—d++/(d—a)?+4bc
2¢ ’

+
0) Y =
) YpapHenue z d

21,2 =
MoxHuo cunTaTrh, uT0 ad — bc = 1. B Takom cayuae
D = (d—a)? +4bc = (a + d)* — 4.

MosTomy
D =0<«= |a+d| = 2 (napabosuueckoe IBIKeHNME),
D > 0<= |a+d| > 2 (eunepboanueckoe TBUKeHNE),
D < 0 <= |a+d| < 2 (saaunmuuneckoe TBUKEHUE).

az+b
HenogpuXHBIE TOYKKM MPEOOPA3OBAHUA 2 — e B 3aBUCHUMOCTU OT
cz

3HaKa D BLINIAZAT Tak, KaK MOKa3aHo Ha puc. 12. OTMmerum, 4TO JUIIL B
ciydae D < 0 onHa u3 HENOIBUAKHLIX TOYEK ABIACTCH HEIOABUAKHON TOIKOU
OBHKEHUA ILIoCKocTu JlobadeBckoro. Bcee ocranbHble HEMOABUXKHBEIX TOUYKH
JexaT BHE BEpXHeN moayriockocTu H.

Mer oTBeTHIIM HA BCe TPU BOMpoca. TeM caMbiM, T0Ka3aTeabCTBO Teope-
MEL 5.1 3aBepineno. [
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D=0 D>0 D <0

Puc. 12

O6c¢cynum Gogee moapoOHO COOCTBEHHBIE ABIKEHUA ILIOCKOCTH Jlobaues-
ckoro. CoOGCTBEHHOE IBUXKEHWE MOXHO TPEACTABUTL B BUE KOMIIO3UIINN
IBYX CUMMETDPUU OTHOCUTEJBHO MPAMBIX. B mrockoctu JlobatdeBckoro ma-
PHBL IPAMBIX OBIBAIOT TPEX TUIOB: NapaUIEIbHBIE, HE epeceKaomumecs (1 He
napaJulesbHble) U nepecexaomuecs. [lokaxeM, 9T0 KOMIO3UIMY CUMMETPUYL
OTHOCUTEJIBHO TAKUX HapP IPAMBIX IPEACTABIAIOT COG0U COOTBETCTBEHHO A~
paboauteckue, TUEPOOINICCKUE U DIIUNTAICCKAE TBUKCHUA.

IIpex e BCETO BBIACHUM, K KAKOMY TPOCTENINEMY BUIY MOXHO MPUBECTH
Mapy MPAMBIX C TOMOIIBI) [BUKEHUA.

1. s mapel mepeceKalomuxcs IPAMBIX Y I00HO BOCIOAb30OBATHCA MOIe-
apio [lyankape B kpyre. MoXHO CHUTATD, YTO IEHTP KPYT'a ABASETCI TOIKOU
TEPECEUeHnA TPAMBIX. TOTIa pacCMaTPUBAEMBIE TIPAMEBIE OYIYT AUAMETPA-
Mu Kpyra. KoMmosunusa cuMMeTpuit OTHOCUTEIBHO HUX — TOBOPOT BOKPYT
HEeHTPa. DTO IpeobPA3OBAHNE UMEET BUJ 7 — €' 2.

2. [l mapbl MapaLIeIbHBIX IPAMBIX YI0OHO BOCIOIB30BATHCI MOIEABIO
[Iyankape B BepxHen OOIyIIOCKOCTU. [Ipu 3TOM MOXKHO CHATATL, 9TO IMPs-
MBIE CXOIATCS K TOYKE 00, T. €. OHU SBSAIOTCA JIydaMU, TapaLIeIbHBIMA
ocu Oy. KoMmozunus cUMMETPUN OTHOCUTEIHHO DTUX TPAMBEIX UMEET BUI
z+— 2+ h.

3. He mepecexawinuecs u He TapaUleJbHbIE TPAMEBIE OyIeM HA3BIBATH
PACTOOAUUMUCSA WIN CEEPINAPAALEAb LMY, TlOKAXKEM CHAYATA, ITO PACXO-
osmpecs npsamele | u ly umetor obmmit nepreH qukyssap m. O6paruMmces ajs
»Toro K Mogenu [lyankape B BepXHEN MOAYTLIOCKOCTUA. MOXKHO CIMTATH, ITO
npaMad [ asagerca ayaom Oy (puc. 13). Iposenem ns Toukm O KacaTelb-
Hyio OA K eBKINJOBOUN OKPYKHOCTH, COMAEPIKAIMIEU TUMEPOOINICCKYIO TIPs-
My1o ly. Jlerko npoBepuTh, 9TO runepGoanIecKas IpaMast m, COOTBETCTBYIO-
s eBKIUIOBOU OKpYxkHOCTH paguyca OA ¢ nearpom O, nepreH [uKyJIIpHA
npAMBIM [ 7 [5.
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Mpsamyio m moxuo nepeBectu By Oy. Torga npsameie Iy u ly nepenyT
B nosyokpyxuocru ¢ nearpom O (puc. 14). Komnosunus uasepcuir oTHOCH-
TETLHO OKPYXHOCTEN, COAEPKAIIAX UX, UMeeT Bum 2z — kz, k> 0.

Puc. 13 Puc. 14

Co6CTBeHHOE IBUXKEHUE MOXHO MPENCTABUTH B BUAE KOMIIO3UIIAU CUM-
METPUU OTHOCHTEILHO MPAMBIX {1 1 [o MHOMME pasHbiMu criocobamu. s
(PUKCUPOBAHHOTO COOCTBEHHOIO IBUKEHUA PACCMOTPUM MHOXKECTBO BCEX CO-
OTBETCTBYIOIINX €My IpAMBIX [;. HazoBeM 5TO MHOXECTBO NyukoMm npAMbIL.
B cooTBeTCTBMM € TUIOM ABWKEHUA MYyYOK IMPAMBIX HA30BEM IAAUNIMUYE-
CKUM, NAPAOOAUMECKUM WA 2UNEPOOAUNECKUM. DIIUNTAICCKAN MYIOK CO-
CTOWUT W3 IIPAMBIX, IPOXOAAIINX dYepe3 (PUKCUPOBAHHYIO TOUKY; Hapaboane-
CKUM IIy9OK COCTOUT U3 HOIAPHO HAPALIEJIBHBIX NPAMBIX (T. €. U3 IPsMBIX,
MPOXOAAIINX Iepe3 PUKCAPOBAHHYH OECKOHEYHO YIAICHHYH TOYKY ); TANED-
OONMYIECKUN TYYIOK COCTOUT W3 TPAMEBIX, OPTOTOHAMBHBIX (GDUKCUPOBAHHON
IIPAMOU.

Puc. 15

C KX IBIM TTYIKOM TPAMBIX MOXHO CBA3ATEH CEMEUCTBO KPUBHIX, OPTOTO-
HAJTBHBIX BCEM TPAMBIM MYYKa. JTO CEMEUCTBO KPUBBLIX TIOIYIAETCA CJACTY-
oumM obpaszoM. PaccmoTpum Bce IBUKEHUA ¢, KOTOPBIE SABISIOTCA KOMIIO-
BUILUAMI CUMMETPUU OTHOCUTEILHO AP NPAMBIX JAHHOTO IMy4ka. BosbMem
IpOM3BOMBHYIO TOUKY A mimockocTu JIo6a4eBCKOrO U pacCMOTPUM MHOXKE-
cTBO Beex Touek Buga g(A). Ha puc. 15 m300pakenbl NOMyIeHHEE KPUBHIE
[ BCEX TPEX TUIOB IMYYKOB TPAMBIX (DU 3TOM HA CAMUX TMPAMBIX My9IKa
HAPUCOBAHBI CTpeaku). [/ SIMOTUYeCKOrO MyvKa UCIOJIB30BAHA MOIEIb
[Iyankape B kpyre, s AByX APYrHUX Iy4YKOB — MOeab Ilyankape B Bepxuen
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MOy IIOCKOCTH.

B cay4ae »ammnTu4eckoro mydKa KPUBBLIME, OPTOTOHAIBHBEIMYU ITPAMBIM
My9Ka, ABIAIOTCA OKPYXKHOCTH. (OpPTOrOHAMLHBIC KPUBBIE IJA TApabomm-
YECKOT'O TIYYKA HASBIBAIOT OPUUUKAAGMY AT NPEICALHBIMY OKPYHCHO CTNAMY.
BTopoe m3 5TMX Ha3BAaHWK CBA3AHO C TEM, YTO >TH KPUBLIE ITOLYYIAITCA
mpu 6ECKOHETHOM YBEIMYIEHUU PANUYCA OKPYXHOCTH, KACAIOMEHCA NAHHON
OpsAMOU B HaHHOW TO4Ke. OpPTOrOHAILHBIE KPUBEHIE s TUIEPOOJUIECKOrO
MY9YKa HABBIBAIOT 2UNEPUUKAGMY WIN 3K6UIUCTMARMamy. BTOpoe HasBaHUE
CBSI3AHO C TEM, 9TO BCE TOYKY DKBUANCTAHTH HAXOAATCA HA OTHOM W TOM Ke
PACCTOAHWA OT TIPAMON, KOTOPasA OPTOTOHANBLHA MPAMBIM JaHHOIO TUIep60-
JIMYECKOTO MYYKa OPAMBIX. OGBIMHO SKBUAUCTAHTOU (CUIIEPUUKIOM) HA3LI-
BAIOT MHOXKECTBO TOYEK, PABHOYIATEHHLIX OT AAHHOHU IIPAMOW; 3Ta KPUBAA
COCTOUT U3 ABYX BETBEU CUMMETPUYHEIX OTHOCUTENHLHO TAHHOU IIPAMOMN.

BeiacauM Teneph, Kak yCTPOEHBI COOCTBEHHBIC ABVKEHUA AIA MOJCTN
reomeTpun JI06aMEBCKOrO HA BEPXHEH TOMOCTH ABYTOJOCTHOTO TUIEP60.0-
una [z,x] = —c2, rae [z,2] = 22 + 23 — 22. Tpexae BCEro OTMETHUM, UTO
M000€ IMHENHOE TPEOGPA30BAHNE, COXPAHAIOIIEE MICEB I0CKANIPHOE IIPOU3BE-
OeHue [z,y] 1 He MeHsIolee MeCTaMU BEPXHIOK U HUXKHIOIO [OJOCTU UIep-
6oM0n I8, MHAYIUPYIOT ABUKECHUE TLIOCKOCTH JIOGaIeBCKOTrO.

JIro6yi0 TIOCKOCTE MOKHO 3a1aTh YPABHEHUEM [,a] = p, Tae a — Quk-
CUPOBAHHEIN BEKTOP, P — (PUKCUPOBAHHOE ¥mcao. OUperetuM cummempuio
OTHOCUTEIBHO IIOCKOCTH [z,a] = 0 caegyiomum obpasom. Ilomoxum x +—
7’ = x + Aa, rge 4ucio A TakoBO, YTO BEKTOP T + T’ JEXUT B ILIOCKOCTH
cuMmMeTpun, T. €. [z + ', a] = 0. B pesyabTare momydum oToGpaKeHue

[z, d]
[a; d]

T—x—2

DTO ompelesNeHne IMeeT CMBICT IpH [a,a] # 0.

IlnockocTn, KacarenbHble K KOHYCY [¢,z] = 0, 3ajal0Tca ypaBHEHUAME
Buza [z,a] = 0, rae [a,a] = 0. IMEHHO OTHOCUTENBHO TUX MIOCKOCTEHR CUM-
MeTpHUs He OIpefencHa. Bce 0CTalbHbIe INIOCKOCTH, IPOXOIAIINE IePe3 Harla-
70 KOODMHAT, JMO0 MepeceKarnT ABYNOMOCTHHIN rumepbosons [z, z] = —c?,
an0O He MepeceKaroT ero U HpPHU DTOM He KacarTcd Kouyca [z, z] = 0. Ips-
MBIM IIOCKOCTH JIOGAa4eBCKOrO COOTBETCTBYIOT JIMIIL ILIOCKOCTH IEPBOTO
runa. CHMMETPUE OTHOCHTEIBHO STUX IUIOCKOCTEN He [IePECTABLAIT I0J0-
cTr runep6oIonaa, TAK KAK TOUKKM NEPECETIeHN INIOCKOCTH 1 ruiepboaonia
OCTAIOTCS HEIOABUKHEIMY.

HecnoxHbIe BLIMUCICHUA NOKA3EBIBAIOT, ITO NpH [a,a] # 0 cuMMeTpus

OTHOCUTEIBHO INIOCKOCTH |2, a] = 0 cOXpaHseT MCeBIOCKaIIPHOE IPOU3BEIe-
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Hue, T. €. ecn & — ' u y — y', ro [z,y] = [2',y']. Takum obpazom, cum-
METPHUS OTHOCUTENLHO ILIOCKOCTH, IEPECEKAIoed runepooaon], COOTBET-
CTBYET CUMMETPUU OTHOCUTEILHO MPAMON B IockocTu JloGauenckoro. Cob-
CTBEHHOE IBINKCHME TIOCKOCTH JIOGAMEBCKOT0, COOTBETCTRYOMIEE KOMIO3U-
U CUMMETPUM OTHOCHUTENBHO MAphI IIOCKOCTEN, OyAeT BJUTANTUYECKUAM,
Hapa6OJH/I‘IeCKI/IM nJjmn FHHepGOJH/I‘{ECKI/IM B 3aBAUCHMOCTH OT PaACIIOJIOXKCHUS
OPAMOU MEPECEICHUSA IIOCKOCTEN (COOTBETCTBEHHO: IIPAMAA MEPECEKALT T'h-
nepOomon ], TpAMas IPUHALICKAT KOHYCY, IPAMAA JEXKUT BHE KOHYCA,).

Iycts mrockoctn [x,a1] = 0 u [z, a2] = 0 mepecekanTCs MO TIPAMOU, CO-
Jepxkaren BekTop b, T. e. [b,a1] = [b, as] = 0. Torga mwiockocts [x,b] = p me-
pexoauT B ceOsa Npu CUMMETPHUAX OTHOCUTEJNLHO DTUX ILIOCKOCTEN. B camoMm
neje, IpyU TaKUX CUMMEeTPUAX BEKTOp I IIePexXoiuT B BeKTop T’ = x + Aa;,
a sHauwt, [2,b] = [z,b]. CaegoBaTerBbHO, KOMIO3WMIINA CUMMETDPHUI OTHOCH-
TeNTLHO TWIOCKOCTeN [2,a1] = 0 u [z, a3] = 0 mepeBoguT MIOCKOCTS [x,b] = p
B cebsa. ITO 03HAYAET, YTO OKPYNKHOCTDH, OPUIMKJI U TUMEPIUKI TPEICTa-
BIAIOT COOOM CedeHue IurnepOoIona IIOCKOCTHIO [,b] = p, rge BekTop b
COOTBETCTBEHHO JICKWUT BHYTPHU KOHYCA, IPUHAMLJICKUAT KOHYCY, JEXKUT BHE
KOHYCa.

3agauu

1. JokazaTk, 4To TOYk A 1 A* CUMMETPUYHEL OTHOCUTENLHO OKPYKHO-
cru paguyca R ¢ nenrpom O Torga u Toabko Torga, korga aysu OA u O A*
copnagaior u OA x OA* = R?

2. OmmcaTh, Kak BEINVIAAUT JJIUNTUYECKOE MBUKEHUE B Mogenn [lyanka-
P€ B BEpXHEN MOMYTLUIOCKOCTH.

3. lokazars, 9TO MO0y Mapy NapaLIeIbHBIX TPAMBIX MOXKHO IBUKECHU-
eM IepeBecTU B 00y ApyryIo Iapy MapauleJbHBIX IPAMBIX.

4. a) Joxazarsb, 94T0 ABE IPIAMbIE, UMEIOIIUe OOINY I€PIeH UK YLD, ABJLi-
IOTCS PACXOMAMIMMUCS.

6) lokaszaThb, 9T0 OOIINN MEPIEH TUKYJIAD K ABYM MPAMBIM €IMHCTBEH.

5. llokazars, uTo B Monenu [lyankape B BepXHEHN MOIYILIOCKOCTH KOMITO-
BULUA CUMMETPUANA OTHOCUTENLHO ABYX HAPaLICIbHLIX IPAMEBIX, CXOMALINXCA
K Touke p € R, umeer Bug z — w, rae

1 1

— = +h.
w—p zZ—p
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6. JokaszaTh, ¥T0 B MO geau Kienna o601 nyvoK IPAMBIX COOTBETCTBYET
CEMEUCTBY €BKJIUIOBBEIX NPAMBIX, UMEIOWUX OOLIYI0 TOYKY (JI€XKALLYIO BHY-
TpH, Ha TPAHUIE WIM BHE KPYTa).

7. [lokasaTh, UTO BCE OPUIIUKJILI TOMAPHO KOHTPYIHTHHI.

8. IIycte C7 u Cy — aBe KpUBBIE, OPTOTrOHANBHEBIE IIPAMBIM OHOI'O IIYYIKA.

a) JlokazaTh, 9TO BCE IPAMBIE IIYYKa ABIOTCI OCAMU CUMMETDUM KDPU-
BOHI Cl.

6) JlokazaThb, 9TO CYLIECTBYET ABUXKeHue, nepesonamee C B cebA U mpu
»TOM Teperofsamee aobywo Touky A € () B mobywo apyryo Touky B € C.

B) JoxazaTh, 9TO BCe TOUKU KpuBon ] HAXOATCA HA OJHOM M TOM XK€
paccrosauu oT Kpuson Cs.

9. a) Jokazarb, 4T0 J006bBE TPU TOUKU ILAOCKOCTU JlOGaueBCKOro npu-
Ha1/1eKaT Jub0 OTHOU OKPYKHOCTH, JUOO OMHOMY OPHUIUKIY, JUOO OXHOMY
TUTEPIUKITY .

6) [TokasaTh, 9TO CEPEIUHHBIE TIEPIEHAUKYIAPH K CTOPOHAM TDPEYTOMlb-
HUKa TMPUHALIEKAT OJHOMY NydKy TpaMbIX. O6A3aTENbHO JU DTOT MyYOK
DJUIUIITUIECKII T

10. a) Joxasars, 4T0 GUCCEKTDPUCHL BHELUIHUX YIVIOB TPEYI'OJbHUKA LIPU-
HAIIEXKAT OJHOMY IMYYKY MPAMBIX.

6) lokas3aThb, 9TO BEICOTH TPEYTOIBHUKA MPUHAIIEKAT OMHOMY MYyIKY.

11. Touka C nepememaercsa mo ayre AB OKpy»XHOCTHU, OPUIIAKIY, WIHA
runeprukiaa. Joka3aTh, YTO OPU 3TOM BEJUYUHA & + [§ — Y HE U3MEHAETCS
(a, B u v — yrabt Tpeyroasuuka ABC).

12. Moka3aThb, ITO CUMMETPUSI OTHOCUTENBHO IJIOCKOCTH COXPAHAET TICEB-
TOCKASIPHOE TIPOU3BEJEHIIE.

13. [Toka3aTh, ITO CUMMETPHUA OTHOCUTEIHHO TJIOCKOCTH, HE TTEPECEKAIO-
mer runep6boIons [z, r] = —¢?, mepecTaBageT MOI0CTH THIePOOIonIa.

14. Kak ycTpoeHa KOMIIO3UIUS CUMMETPUN OTHOCUTEILHO ILIOCKOCTEN,
nepecekaromuxcs a) 1o ocu Oy; 6) mo ocu 07

15. Kak BRIMIAMAT OPUNMKJILI U DKBUAMCTAHTHI B Mogenu Ilyankape B
Kpyre?

16. IlpuBecTr mpuMep ABMXKEHUS IIOCKOCTH JI06ad4eBCKOro, KOTOPOE HE-
JIB3S IPEJCTABUTE B BUJE KOMIO3UIUM MEHEE YeM TPEX CUMMETPUU OTHOCH-
TEJIBHO IPAMBIX.
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6. 3amolleHne TpeyronbHMKamMm cdepbl, NIOCKO-
ctv n nnockocTun Jlobauesckoro

3amata, KOTOPOU MBI OyAe€M 3aHUMATHCA HA DTOU JEKIINU, BO3HUKIA Y
[Iyarkape B CBA3u € NOCTPOEHWEM (DYHKIMU, C MOMOIMIBE KOTOPHIX MOXKHO
pemaTs muHenHbe AudgQpepeHInaIbHbEE YPABHEHUA C AAre0panIecKuMu KO-
a¢ppunmenTaAMA.

PaccMoTpuM Ha €BKANIOBOU TIOCKOCTU KPUBOJIUHEUHBEIA TPEYTOJLHUK,
00pPA3OBAHHBIN TPEMA AYTaMU OKPYXKHOCTEN WIW OTPEe3KAMM MpAMEIX. [las
TAKOrO TPEYTOMbHUKA MOXKHO PACCMOTPETH MPYIILY, MOPOXK JEHHYIO OTPAYKE-
HUAMY (CUMMETPUAME) OTHOCHTEILHO ero cropod. Hac GyayT unrepecosars
TPEYTONBHAKY, IIPY OTPAKEHIAX KOTOPEIX OTHOCHTEILHO CTOPOH MOTy9aeT-
CA 3aMOIIIeHme, T. €. nX 00pa3bl IPU OTPAKEHUAX JMOO0 COBIAIAIOT, MUOO He
UMEIOT OOIUX BHYTPEHHUX TOUEK. [Py 3TOM COBMAJIEHNE TIOIPA3YMEBACTCA
MOTOYETHOE, T. €. COBMAIAIT HE TOJBKO CAMM TPEYTOJbHUKU, HO U BCE WX
COOTBETCTBEHHEIE TOYKHU.

He Tepsas o6mHOCTH MOXKHO CIMTATH, 9TO ABE CTOPOHBI KPUBOJIMHENHO-
0 TPEYrOABHUKA ABISIOTCA OTPE3KAME IIPAMBIX (DTOrO0 MOXKHO JOOUTHCA,
CIeIaB MHBEPCUIO C TIEHTPOM B OJHOU U3 TOYEK TEPECEUCHUA OKPYKHOCTEN,
COJIEPIKAIIUX CTOPOHBI TPEYToabHIKa). O6pasbl TPEYTOABHUKA TPYU OTPAIKE-
HUAX OTHOCHTENLHO IBYX IPAMOJUHENHBEIX CTOPOH COCTABIAIOT 3aMOIIEHUE
TOrAa U TOALKO TOIAA, KOU4a yI'Od MEeXAy STUMMU CTOPOHAMU DaBeH 7/n,
rge n — HarypaiabHoe 4ucio. (Ecau e TpeboBars NOTOYEYHOrO COBIIALEHNS
00pa30B, TO YTOI MOXKET ObITE paseH 1 27 /n.) Tlo3TOMY MCKOMBIN TPEyroab-
HUK JOMKEH UMeTb YIVIel (7/p, 7 /q,7/r); nas KpaTKocTu 6yeM MOBODHUTS,
YTO TAKOU TPEYTOILHUK UMEET TUIL (P, (,T).

3agada 06 OTPAKEHUAX KPUBOJIMHEUHOI'O TPEYTOJBHUKA C yIIaMu &, 3,
~ B 3aBECUMOCTH OT 3HAKA 9ucaa & + 3+ — T PaKTUIECKU ABAAETCA 32103~
gen chepuIeCcKOr, €BKJINOBOM WIX T'UIepOOIMYecKon reoMerpun. Todnee
rOBOPA, B ciayiuae a + 8+ — 7 > 0 TOMKHBI JOTOJIHATEILHO BHITOIHATHCA
TPU HEPABEHCTBA BUAA « + f < v + 7, HO LA TPEYTOIbHUKA TUMA (P, q, 1)
TAKME HEPABEHCTBA BBITOJIHAIOTCA ABTOMATHIECKH.

IMosacaum Goaee mogpoGHO, YTO MBI MMEEM B BuUAy. HamomumM, 9TO
cropousl AB u AC kpuBomuaennoro tpeyroabauka ABC MOXHO c4uTaTh
oTpeskaMu TpAMBIX. IlycTs O — TEHTp OKPYXKHOCTH, COACPNKAIIEH Y-
ry BC. Ecam Touxku O u A mexkar mo OfHy CTOpOHY oT mpamoun BC, To
a+f+v>m, aeca rouku O u A gexar Mo pasHble CTOPOHBL OT IPIAMOU
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BC, o a+p+v < w. llostomy o+ f+y = 7 b B TOM ciay4ae, korga BC
— orpe3ok npsamon. Takum o6pasom, ecan & + f + y = 7, TO MbI IOLYIaEM
3a/a9y 00 OTPAKEHUAX OTHOCUTEIBHO TPEX eBKJIUIOBLIX MPAMBIX.

Pacemorpum Temeps cayyan, xorga o+ 3+ < T, T. €. IEHTP OKPYKHO-
ctu S, ogepxkamen ayry BC, u BepmmHa A JeXaT MO pa3Hbe CTOPOHBI OT
npsavon BC'. Tlposegem u3 touku A kacareabubie AP u AQ k oxpyx)HOCTH
S (puc. 16). Iycrs S; — okpyxuocrs paguyca AP ¢ nenrpom A. Toraza
CTOPOHEI Tpeyroibunka ABC ABIAIOTCA TUMEPOOINICCKUMEA TPAMBIMA 71
mogenu Ilyankape B kpyre S;. flcHO Takxke, 9T0 CHUMMETPUN OTHOCATEILHO
CTOPOH KPUBOJIUHEHUHOTO Tpeyroabunka ABC ABIAITCA CUMMETPUU OTHO-
CUTEILHO TUIEPOOINIECKAX MTPAMBIX.

P

Puc. 16

DTO MPOCTOE PACCYXKIEHNE NMEeT BAXKHOE CIeACTBUe: B caydae a + [ +
v < T BCE 0Opa3bl KPUBOJIMHENHOTO Tpeyroabiuka ABC mpu OTpakeHuax
OTHOCUTEIBHO CTOPOH JEXAT JUO0 BHYTPU HEKOTOPOrO KPyra, b0 B HEKO-
TOPOU IIOIYILIOCKOCTH.

Ham ocraercs paszobpars caydan o + 3 + v > w. Takoe HepaBeHCTBO
eIre He 00eCTednBaeT CYIECTROBAHNE CHEPUIECKOTO TPEYTOMBHUKS C YTIa-
Ma @, 3,7. [OTOTHUTENRHO TOMKHBI BHIMOJHATHCA TPU HEPABEHCTBA BUIA
a4+ < 7+ vy, IBOUCTBEHHBIX HepaBeHCTBaM Buaa a + b > ¢. Ho ecan
a, 3,7 < w/2, TO HEPABEHCTBO ¢ + § < T + 7y BBIIOJHAETCSA ABTOMATUIECKI.
IMosromy Gygem cauraTh, 4TO cyuiecTByetT cdepudeckuir Tpeyroasauk ABC
¢ yruamu «, § u 7y. Crepeorpaduaeckas IpOEKIUa STOr0 TPEyTrOJIbHAKA HA
TLIOCKOCTD, KACAIOIIYIOCA chephl B BepIuHe A, mpeacTaBiseT co60u KPUBO-
JuHENHB Tpeyroabauk AB'C’ ¢ yrmamu o, 8 u 7y, mpwdaeM yroa A npaMoan-
HEWHLINA. JIerKO MpOBEPUTE, ITO €CIM KPUBOAMHERHLIE Tpeyroasauku A B'C'
u AB;C}] ¢ COOTBETCTBEHHO PABHBIMU YIVIAME MMEIOT OOIIAN TIPAMOJUHEN-
HbII yroa A, TO 5TW TPEyrOIbHAKM FOMOTETHYHEL C HEHTPOM I'OMOTETHUH
A. B camom geme, ecmu O' mw O; — OEHTPHI OKPYKHOCTEH, COICPKAIINX
nyru B'C’' m B1Cy, To tpeyroasauku O'B'C' nu O1B1(C ABAAIOTCS paBHO-
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GeqpEHHBIMY TPEYLONbHUKAME C MAPALIEILHBIMU OOKOBLIMU CTOPOHAMU, &
sHauT, ux ocHoBanua B'C’ u B;(C) Toxe mapamienbHBL IlosTOoMy, m3Me-
HUB IPU HEOOXOUMOCTH PaAmyc chepbl, MOXKHO JOOMTHCA TOTO, 9TO 00pa3
chepUIecKOT0 TPEYTOIBHUKA MPU CTEPeorpahuaecKon TPOEKITUN COBIAIET
C PACCMATPUBAEMBIM KPUBOJIWHEUHBIM TPEYTOILHUKOM HA MIOCKOCTH. Slc-
HO TAKXe, 9TO CUMMETPUN OTHOCATENIBHO CTOPOH KPUBOJMHEUHOIO TPEYTO-
JBHUKA COOTBETCTBYIOT CUMMETPHUSIM OTHOCUTEILHO CTOPOH CHEpUIecKOro
Tpeyroibuuka. B camom gene, Touku A u B CUMMETPUYIHBI OTHOCATEILHO
cdeprUIecKON MPAMOR | TOTJA M TOJBKO TOTAA, KOTAa J0dasd cheprieckas
OKPYKHOCTb TIEPECEKAET CHEePUIecKyro MpAMYo | mox mpaMbiM yriaoM. [lo-
DTOMY TpHU cTepeorpaduIecKon MPOEKINU TOYKN, CAMMETPUIHLIE OTHOCH-
TeABHO CPEPUIECKOUN NPAMOU [, MEPEXOAAT B TOUKU, CUMMETPUYHLIE OTHO-
cuTeabHO obpasa l.

YT0OLI HAUTHU BCE BO3MOXKHEIE CHEPUIECKNE U eBKINOBE TPEYTOILHUKA

¢ yriamu (7/p,7/q, 7 /r), HYXKHO PEIINTL B HATYPAIBHEIX YUCAAX COOTBET-
1

1 1 1
CTBEHHO HEPABEHCTBO — + — + — > 1 u ypaBuenne — + — + — = 1. Moxwuo
p oq T p oq_ T )
cIuTaTh, YT0 p < ¢ < 7. Torga B oboux caydanx p < 3. Hecnoxubiz mepe-

60p TPUBOAUT K CHEPUIECKUM TpeyroabHukam tuna (2,2,n), (2,3,3), (2,3,4),
(2,3,5) u eBkanAOBEIM TpeyroabHukam tuna (3,3,3), (2,4,4), (2,3,6).

NALVA ¢
VA 0
LV 2 ¢
AV AV AL

Puc. 17

HenocpenctBenHO MOXHO yOeIUTHC, 9TO 0OPA3KI BCEX YKABAHHBIX Tpe-
YTOJBHUKOB TIPU OTPAKEHUAX OTHOCUTEIBLHO WX CTOPOH COCTABAAIOT 3aMO-
mienue cepbl WK eBKANIOBOU ILIOCKOCTH. [IJIs1 eBKIN TOBBIX TPEYTOJbHUKOB
cM. puc. 17. [Tns o6pa3or cdepudecKkux TPEYyrOJBHUKOB IpU cTepeorpadu-
YECKOU TIPOEKIINU MOXKHO HAPUCOBATH AHAJIOTMYHLIE KAPDTUHKU. B mepBBIX
IBYX HamboJee MPOCTHIX Cayvasx cM. puc. 18. OrmeTum, 4TO Tpedyembie
saMorenus cgepnl (KpoMe TIePBOM CEPUU TPEYTOMBHUKOB) MOXKHO MOLYyIUTh
caepyoumM o6paszoM. CoeIuHMM IEHTP KaXKAOU I'PAHU MPABWIBHOIO MHO-
POIPAHHUKA € BEPIIMHAMY U CEPEIMHAME CTOPOH 3TOU IDAHU. 3aTeM MOJIY-
YEHHYIO CUCTEMY OTPE3KOB (BMeCTe ¢ pebpaMn) CIpoennpyeM Ha OMACAHHY IO
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chepy u3 ee uenrpa. Torga misa TeTpas’ipa HOLYYAM CUCTEMY TPEyrOJIbHU-
koB Tuna (2,3,3), mis kyba U OKTas3Apa IOLYYUM CUCTEMY TDEYIOJLHUKOB
tumna (2,3,4), a 114 noAeKaszapa U MKOCA3Pa MOJIYIAM CHCTEMY TDPEYTOMb-
HUKOB Tnma (2,3,5).

YTo06bI HAUTHU BCE BO3MOXHBLIE TUNEDOOJUICCKUAE TPEYTOMBHUKA C yIIa-

mu (7 /p, ™ /q, 7/r), HY)KHO PEUINTH B HATYPAILHBIX UACIAX HEPABEHCTBO — +
p
1 1

~ 4+ - < 1. OTO HEpaBEHCTBO BLINOJIHACTCA MJIA BCEX NOCTATOYHO OOJIb-
r

WX 9UCET P, ¢, 7, TTOSTOMY OHO UMEET OECKOHETHO MHOTO peneHun. MOoxHO
1 1

IOKa3aTh, 4YTO ecau — + — + - < 1, TO 06pa3bl rUNEPOHOIUIECKOTO TPEY-
COJABHUKA TUIA (P, ¢,T) TPUA OTPAKEHUAX OTHOCUTEIBHO CTOPOH 3ATOJHAIT
0e3 TMEePEeKPBITUN BCIO TUTEPOOMNIECKYIO TUIOCKOCTD. [[0Ka3aTensCcTBO DT0-
O yTBEPXKIEHUA HE CTOJb OYEBUAHO, KAK A €BKIUIOBOU U CHEPUIeCcKOn
reomerpun. MBI OTUIOKEAM €r0 0O JeKIuu 8, KOTOPas MOCBALIEHA NOKa3a-
TeabcTBy 6osee obinen TeopeMul Ilyankape 0 3aMOIIEHUAX MUIIEPOOIMIECKON
TLIOCKOCTY MHOT'OYTOJBHUKAMU.

Puc. 18

3agauu

1. HaliTu BCE TUTHI €BKIMAOBEIX TPEYTOJBHUKOB, TIEPEKATHIBAA KOTOPHIE
9epe3 WX CTOPOHBI, MOXKHO 3aMOCTUTD MIIOCKOCTE. (JIONOMHATENBHO NOABLA-
eTcs TpeyroabHuk ¢ yriuamu (27/3,7/6,7/6) )

2. [oxa3aTh, 9TO B TPyNIE, TIOPOXKACHHON OTPAKEHUAME OTHOCHTETHHO
CTOPOH TPEYTOMLHUKA TUTIA (P, ¢, T), MOXKHO BHIODATE TAKWE OOPA3yIONINE T,
yumz,aroz? =y? =22 =1u (xy)? = (y2)? = (z2)" = 1.

3. JokazaTh, 9TO TPYNIINLL, TOPOXKICHHLIE OTPAKEHUAMYA OTHOCUTEIHLHO
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cropou runepbonudeckux rpeyroasuukos (0,7/2,7/3) u (0,0,2x/3), uso-
MOPQHEL.

4. YTl MHOTOYTOMBHNUKA, 0OPA30BAHHOTO AYTAMU OKPYKHOCTEH, MMe-
foT Bug 7/k. O6A3aTeIBHO M €r0 00pashl IPU CUMMETPUAX OTHOCUTETBLHO
CTOPOH HEe TIePEKPBIBAIOTCA?

5. CKOJBKUMY TPEyroAbHUKAMU € yraaMu 7/2, /3 u w/5 MOXKHO 3aMO-
cTuTh cepy?

7. PyHpameHTanbHasi 06nacTb MOAYASAPHOW rpyn-
Mbl

IIycts G — rpymnma, mOpoXKAeHHAS OTPAKEHUAMA OTHOCUTENHLHO CTOPOH
tpeyromsanka T ¢ yrmamn (w/p,7/q,7/r). Torga chepy, mMIOCKOCTL Wan
IIOCKOCTE JI06a4eBCKOr0 MOXKHO TPEICTABUTL B BUjJE OOLEIVHEHWUA Tpe-
yroavuukoB g1 (g € G), npudem Tpeyroavuuku g1 1 u g1 upu g1 # g2
HEe UMeT O0MUX BHYTPEHHUX TOYEK. IlocaenHee CBOMCTBO 0OECIETnBAECTCA
TPeGOBAHMEM IIOTOYEYHOrO COBIIAAEHUA 0OPAa30B TPEYTrOJIbHUKOB. B caMom
JeJte, eCau TpeyroabHuky g1 1 u goT mMeroT OBy BHY TPEHHIOWN TOYKY, TO
g1(x) = go(x) nna Becex x € T, a 3HAYUT, g1 = go.

Hazosem Tpeyrompuuk T @gyndamenmanbnoti o6aacmpio rpynnst G. 10
OIpemeNeHne IOMyCKaeT caepyiomee o6obmenme. Ilyctn G — moarpymnma
CPYINbL IBKEHUE CPEPHL, IIOCKOCTH WU II0CKocTHu Jlobagesckoro. Hazo-
BeM D gyndamenmanvnoti 06aacmpio Tpynnsl (G, €CIU BBIMOTHAIOTCA CAEY-
OIlINe YCIOBHU:

1) D — BHIIYKJABIM MHOTOYTOJBHUK (B Caydae TIOCKocTu JIo6aueBckoro
y HEro MOI'yT ObITH GECKOHEYHO yIaJEeHHbIE BEPLUIMHLL U CTOPOHBL);

2) muoroyroasuuxu gD (g € G) nokpeiBaioT BCio cdhepy, MIOCKOCTL WK
TLTIOCKOCTE Jlob6atieBckoro;

3) muoroyroneuuku g1 D u g2 D npu g1 # go HE UMEOT OOMUX BHYTDPEH-
HUX TOYEK.

OrMmeTuM, 9TO HE y 000U MOATPYNIEI TPYINEL ABUXKEHUN €CTh (yHIa-
MEHTATBbHAA 001acTh. Hanmpumep, y BCEH IPyNILI ABMXKEHUN HET (DYHIAMEH-
TATBHOU 00JACTH.

B kagecTBe mpocToro npuMmepa HangeM GpyHIAMEHTAILHYIO 00JACTb JIs
TOATPYIIH COOCTBEHHBIX ABUKEHUN B TPYIIIE, TOPOXK JEHHON OTPAKEHUAMHA
OTHOCUTEJIBHO CTOPOH Tpeyroabuuka 1 tuna (p,q,r). Herpyauo mouars,
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YTO eCId § — CUMMETPUsl OTHOCUTEIBHO OLHOU U3 CTOPOH Tpeyroibuuka 1,
10 obbesunenue T ¢ sT npencrapiser cobON UCKOMYIO (DYHIAMEHTAIBHYIO
obmactb. B camom gene, TpeyroabHuku Buga g1 MOXHO PasbUTh HA TAPHI
{gT,gsT}. Heno B TOM, 9TO TPEYTOJLHWUK gsI ONpERENsSeT Ty XKe CAMYIO
napy, Tak kak (gs)sT = gT

Ilepengem Teneps K 60/1€€ UHTEPECHOMY IPUMEPY (PYHIAMEHTAILHON 00-
aacru. Hanomuum, uro B Mogeau Ilyankape B BepxHel IOLYILIOCKOCTH COG-

az +
CTBEHHLIE NBUXKEHWUSI UMEIOT BUAI 2 — ard rae a,b,¢c,d € Ruad—be = 1.
cz

[pynmy maTpum pasmepoMm 2 X 2 ¢ BEIIECTBEHHBIME JIEMEHTAMYA W OIIpeIe-
murenem 1 o6osmadator SL(2,R). Jliobeim gByM mponopnuoHaTbHBIM Ma-
rpunaM (M TOIBKO UM) COOTBETCTBYET OAHO U TO XKe APOOHO-IMHENHOe IIpe-
obpasosanue. IlopToMy Tpymnma cOGCTBEHHBIX IBUKEHUN MIockocTu Jloba-
weBckoro msomopdua daxroprpynme SL(2,R)/+1 = PSL(2,R); anecs I —
enuamaHas matpuna. B SL(2,R) ects Baxmas moarpymma SL(2,Z), cocto-
ANASA U3 MATPUIL C HEJOUACIEHHBIMA DJIEMEHTAMA. EU COOTBETCTBYET IOA-
rpynna PSL(2,7) 8 PSL(2,R). T'pynny PSL(2,Z) nasesaior modyaapnot
2pynnoi.

T
Teopema. Tpeyzoavnux D c yeaamu (0, 3 §> , u3obparcennvili na puc. 19,

ABAAEMCSH PYHOAGMEHMAALHOT 064GCTBIO MOJYAAPHOT, 2PYNNBL.

1 1
—1-L0 1 1
Puc. 19 Puc. 20

MokaszaTeabcTBo. Paccmorpum Brpymme G = PSL(2, Z) srements S(z) =
—1/2u T(z) = z + 1. Oun nopoxgaor HekoTopyio noarpymay G'. Mur go-
KaxeM CHadala, 970 D — dyrgamerTanbHag obaacTs rpymnsl GY,) a 3aTeM
nokaxeM, 910 G' = G, 1. e. saemenTo S u T nopoxgaror Beo rpymmy G.

Ipex e Bcero mposepuM, aTo Tpeyroabuuku g'D (¢ € G') mokprisa-
10T BCIO mIocKocTh Jlobadesckoro, T. e. ecim Im(z) > 0, To ¢’z € D s
mexoToporo g’ € G'.
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Jlemma 1. Ecau Im(z) > 0, mo npu g € G seavuwuna Im(gz) npunumaem
AUWD KOHEUHOE YUCA0 3Hauenutl, npesoczodsuus Im(z).

Hoka3zaTenbcTBo. flcHo, ¥To

Im(g2) = Im <az + b) adz + bez Im(2)

cz+d) lcz+d?  Jez+d?

Mostomy Im(gz) > Im(z) aums B ToM caygae, korga |cz + d| < 1. Hocaen-
Hee HEPABEHCTBO BEIIOJIHACTCA UL 18 KOHETHOI'O MHOKECTBA IIap IIEIbIX
qucesa (¢, d), npudeM ais Kax I0W Takou napsl Beanduna Im(gz) onpenenena
ogHo3HauHO. [

Ipynna G’ comepxurca B G, nosToMy mis Jx000K TOYKU 2z B BEpXHEH
HNOAYIVIOCKOCTH MOXKHO BHIODATH daeMeHT ¢’ € G, mias KOTOPOro BeSWIWHA
Im(¢’2) maxcumansra. IIpeobpazosanne T(z) = z + 1 He U3MEHACT MHAMYIO
JacTh uMCIa 2, MODTOMY 1A HEKOTOpOro smementa w = 1%g'z, k € 7,
BhIOIHAETCA HepaBeHeTBO | Re(w)| < 1/2, a Bemmuuna Im(w) no-npexuemy
MakcuMaabHa. B wacTHOCTH,

Im(w) > Im (—1> = M

w |wl?
Mostomy |w| > 1, a 3uaqur, w € D.

Jlemma 2. Fcau z — enympennas mouxa obaacmu D v gz € D das g € G,
mo g — moscdecmeennoe npeobpazosanie.

az+b .
HokazareascrBo. Ilycrs g(z) = erd Paccmorpum cHagana ciay<van
cz
¢ = 0. Borom ciyuae ad = 1, 1. e. g(z) = z £ b. Ecau b # 0, To saump
s npeobpasoanunl g(z) = z £ 1 o6pas muoxecrBa D nepecekaercs ¢

mHOkecTBoM D. Ho ux mepecedenue npunagiexuT mMHOXecTBY |Re(z)| =
1/2, KOTOpOE He COMEPIKNT BHYTPEHHNX TOYEK MHOXKeCTBa D.
[Ipeamonoxum Teneps, uto ¢ # 0. Torga

2) a 1
2)=—— ———
g ¢ clez+d)’
OATOMY

= . (7.1)




Yucaa a/c u d/c BewecTBeHHbL, 1I05TOMY MHUMEBLE YacTu ducea ¢(z) —a/c u
z + d/c paBubl MEEMBIM HacTaM 4ducea ¢(z) u z. A Tak KaK MHUMAs 4acTb
TG0k Touku obmacTi D He Membite v/3/2, To Mogym wucen g(z) — a/c u
z 4+ d/c Toxe me mempme \/3/2. Cremoarerso, |c| < 2/v/3, npuaem ¢ —
HEHYJEeBOe Ieqoe uucao. Takum obpaszoMm, ¢ = +1, mO3TOMY COOTHOIIEHUE
(7.1) MOXKHO 3anucaThb B BUIE

lg(z) Fa| - |zxd =1.

Ho ecau g(z) € D u z — BHyTpenusas Touka obiactu D, 10 xia mo6bIX
HEJMBIX YUCET a U d BLITTOJHAIOTCS HEPABCHCTBA,

lg(z) Fa| > 1, |z £d| > 1.
t

N3 meMMBL 2, B 9aCTHOCTH, CAEAYET, 9TO [ HECOBIAJAIOIIAX DIEMEHTOB
g1 w g rpynner G’ muoxectBa g1 D u gy D He mMmeroT 06IUX BHYTPEHHUX
rodek. Taxkum ob6paszom, D — pyHIaMeHTaMbHAA 001acTh rpynner G

Teneps MOXHO 6€3 Tpyga gokazaTk, uro G = G'. B camom gene, mycts
g — TIPOM3BOJBHEIN dJeMeHT Tpymnnsl G. BozbMeM mpouM3BOIBHYI BHYTPEH-
HIOIO TOYKY z obmactu D. Touka gz JEKUT B BEPXHEU MOJYIIOCKOCTH, MO-
sroMy cywecrsyer siaemenT g € G’ s koroporo ¢'(gz) € D. [Isuxkenue
¢'g € G mepepoauT BHYTPEHHIOKW TOYKY 2z 001acTu D B HEKOTOPYI TOYIKY
ob6ractu D. TlosTomy cormacHo JeMme 2 mpeobpas3oBaHue ¢’ g TOX IECTBEHHO,
T.e.g=(g)ted.

[llokazaTensCTBO TEOpEMHI 3aBepiieHo. [

dyngamerTarbHas 06macTs rpynnst PSL(2, Z) npeactasaseT co6oi Tpe-

T T

yrombuuk ¢ yraamu (0, 3 5) Ho ee yno6Hee paccMaTpuBaTh KaK TeTHIPEX-
7r ™

yroavuuk ABCD ¢ yraoamu 0, 5,71', 3 (puc. 20). eno B TOM, 9YTO CTOPOHBL

DTOrO YEeTHIPEXYTOJbHUKA Pa3OUBAIOTCA HA IMAPBI; CTOPOHBLI KAXKIOU ITAPLI
IepeBOAATCA APYT B APYra HEKOTOPBIME daeMeRTamu rpynnsr PSL(2, 7).

3apaum

1. a) loxazaTs, 9T0 hyHIaMEHTATLHYIO 001acTh rpynne PSL(2, 7)) mox-
T
HO pa3pes3aTh Ha ABa TPeyroabHuKa ¢ yraamu (0, 5 5)
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6) Jokasarb, 9TO mOAIPyHNA COOCTBEHHLIX ABUXKEHUU B I'DYIIE, IO
POXKAEHHOU OTPAKEHUAMU OTHOCUTEABHO CTOPOH TPEYLOJbHUKA C YIVIAMEI

(0, g, %), msomopdbua PSL(2,7).

2. Mokazars, uro Tpeyroapuux ¢ yraamu (0,0,0) MoxHO paspesars Ha 6
T

TpeyroabHuKoB ¢ yriamu (0, 5 -).

3.Oycte D ={2€C||2z| > 1, |Re(z)| < 1}.

a) JokasarTh, 4To ABuKeHus z — z + 2 u z — —1/z nepesogar ogny u3
cTopoH obnactu D B APyryio.

6) MoxazaTb, a0 D — pyHIaMeHTATbHAA 06JACTH TPYIIILL, TOPOXK IeH-
HOU MBUKEHUAME 2 — 2 +2 1 z — —1/2.

1 1 1 1
4.HyCTbD:{Z€C|Z+2‘22; ‘ 5 257 [Re z| < 1}.
a) Jokasars, yro D — ¢yugamenraisias obaacts rpyunsl G, 0opo-

JKJICHHOU ABVDKCHUAMHA 2 — 2 +2 U 2 — ———.
2z+1

6) ToxasaTb, 9TO DIEMEHTAM YKA3aHHOU Tpymmbl (G COOTBETCTBYIOT B
SL(2,7) B TOTHOCTH Te MATPHUITHL, IIS KOTOPHIX

(£4)=(4 8 mon

8. Teopema [lyaHkape o dpyHAaMEHTANBHOM MHO-
FOYrofbHUKe

PaccMoTpeHHBIe HAMEY NIPUMEPHI 3AMOIIEHHON ChEPhI, TOCKOCTH U TLIO-
ckocTu JI06aYeBCKOrO TPEYrOIbHUKAMY MOKABLIBAIOT, 9TO HAUOOIEE CJIOXK-
HYIO CTPYKTYPY UMEIOT 3aMomienus mwiockocTu Jlobauesckoro. Teum He menee,
MOXHO OIUCATH BCE BHIIYK/IBIE MHOMOYT'OJBHUKY HA IIOCKOCTHU JloGadeBCKo-
0, KOTOPBIE CIyXKaT PyHIAMEHTAIBHBIME 06IaCTAMY TPYII, COCTOAIINX U3
COOCTBEHHBIX ABMXKeHUN. [logdepkHeM, ¥TO B OTAMYMAE OT 3AMOIIEHUN Tpe-
YTOJBLHUKAMU PEdb Temepb OYIeT UATU TOJBKO O COOCTBEHHBIX IBUKEHUAX.
Ho 510 He MemaeT 0 fHOBPEMEHHO MOJAYYATh PE3YJIbTATHL O 3AMOIIEHUAX TPE-
yroapuukamu. eso B TOM, 9TO eCin CKIEUTh Tpeyroabuuku 1 u sT, roe s —
CUMMETPUs OTHOCUTEIBHO ONHOU M3 CTOPOH TPEYroibHuKa 1) TO B pe3yib-
TaTe ToAyIuTca GyHAaMeHTaIbHAL 00JaCTh [) TPYNEBL, COCTOAIIEH JUIIb U3
COOCTBEHHBIX ABUXKeHUN. A m3 samomienusa miockoctu JloGaduenckoro obpa-
samu Gurypsl D Jerko nonyduTs 3aMoieHne o6pasaMu TPeyroabHuKa 1.
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IIycts M — BHIIYKJABIA MHODOYTOJIBHUK HA IWIOCKOCTH JIoGadeBCKOro.
Mpeanonoxum, aro M — dynmzamenTasbHas 001aCTh HEKOTOPOU 'PYIIIEI
G, COCTOAIIEN JUIL U3 COOCTBEHHBIX ABWXKeHUN. [lia pyHIaMeHTATBHON
obmactu M MOXHO PacCMOTPETh MHOrOyroabHuky Buaa gM (g € G), mepe-
CEeYeHUsA KOTOPHIX ¢ M HemycThIe; TAKAX MHOTOYTOJIBHUKOB KOHETHOE TUCIIO.
ITepeceuenne Boimykasix MuoxecTB M u gM He mMeeT BHyTPEHHUX TOUEK,
[IO3TOMY OHO SABIAETCA JAuO0 TOYKOU, ub0 OTpe3KoM. Bce oTpesku Buga
M N gM nazoseM cmoponamu pyHIaMeHTATLHON o6ractu M, a Bce TOU-
Ku TpouHbix mepecedennu M N gM N hM uazosem gepuiunamy GyHIAMEH-
TanbHOU oOmacTu. KOHIAMU KaxkJI0U CTOPOHBI (DYHIAMEHTAILHOU OOJACTH
SABJIAIOTCA BEPIIUHBL (DYHIAMEHTATLHOU obaacTu. OTMETUM, UTO BEPIIAHA
dyngamenTanbaon obractu M ne 06s3ana OLITL BEPIIMHON MHOIOYIOJILHU-
ka M (puc. 21).

o a
Bl |61 !
-
A4
Puc. 21 Puc. 22

K xaxmon cTopoHe a pyHIAMEHTATLHON 001acTu M TpUKICHBACTCA He-
KOTOpHI MHOTOyroasaukK g( M), nostomy a = g(b), rne b — HekoTopas cTo-
pona dysgamerTanrbuon obractu M. flcao, uTo k cTopone b mpukaenBaeT-
csi cropona ¢ ' (a) dyriamentanbuoi obaactu g ! (M). TlosTomy cTOPOHEI
dyngaMmenTaabHon obaactu M paszsbuBarOTCA Ha Iapbl CTOPOH, IEPEBOIA-
MUXCA APYT B Apyra apuxkenuavmu g € G. COOTBETCTBYWOIINE NBUKCHUA
HA3BIBAIOT JBUKECHUAMU, CNAPUEAOUUMY CTRODOHbL.

Cayuan a = g(a) me uckmoded. Jlerko mpoBepuTb, YTO COOCTBEHHOE
OBIKEHUE § # id mepeBomuT OTPE3OK B ce6d UL B TOM CIy9ae, KOUaa ¢
— CUMMETPHUS OTHOCHTENLHO CEPEmuHBI OTPe3ka. llosToMy OT cuTyanum,
korga a = g(a), MOXKHO U30ABUTLCA, TOOABUB K UWCIY BEDIIUH CEPEIUHY
oTpeska a. lloggepkHeM, 9TO BEPIIMHBEI TAKOTO TUMA AOGABIAIOTCS JWIIH
[JIA TOTO, 9TOOLI CTOPOHEI B Tapax OBLIM PA3IUYIHBEL ECIM 5TH BEPIWHLI He
nO6ABIATH, TO HUKAKAX OPYTUX OCIOXKHEHUU HE BO3HUKAET.

Kaxgoe nemxkenue ¢, CnapuBaiomee CTOPOHLL, MEPEBOANT IIAPY BEPIIAH
Ay, Ay B apyryio napy sepumt g(A;), g(Az2). Coegunum Bepumuer A; u g(A;)
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OPHEHTHPOBAHHEIM PEOPOM; IBIKEHHIIO ¢ | COOTBETCTBYET TO XK€ CaMOe Pe-

6po, HO ¢ apyrou opmeHTanmen. IIposemem Takme pebpa mIa BCeX capwu-
BAIOINX JBUXKeHUNM. B pesyabprare momyuwmM HekoTophin rpad. Kaxmgon
BEPIIIMHE COOTBETCTBYIOT POBHO [BA CIAPUBAIONIAX [BUKEHUSA, TTOITOMY U3
KaXKIOU BepIIMHE! rpada BEIXOAAT POBHO nBa pebpa. Takum o6paszoM, mory-
YEHHBLIA rPpad) COCTOUT U3 HECKOJIBKUX IWKJIOB. BEPIWHLI, BXOAANINE B OJUH
UK/, HA30BEM IK6U6 GAEHTHbLM.

Pacemorpum muka 4 ... A,. Ero pebpa MOXHO OpUEHTUPOBATL TaK, ITO
9i(A4;) = A;y 1. Hokaxem, uro ecam Touku Aj, ..., A, He JexkaT Ha aOCOIHO-
Te, TO TPEOOPA3OBAHNE § = Gnfn_1 - - - §1 ABIACTCA TIOBOPOTOM C TEHTPOM
Aj ma yroa o + - -+ + ay, vae oy — yroa npu Bepumue A;. fcuo, ¥T0

(A1) = gngn_1--.g2(4s) = --- = A}

IIycts @ — Ta cropoHa pyHIAMEHTATBHOU 06JACTH, KOTOPYIO IBUXKEHUE g1
mepeBoauT B APyryio cropony. CoOGCTBEHHOE NBUXKEHUE

f=R3gn.. . RPpRY a0

TEPEBOAUT B Ce0SA TOUKY A U mpAMYIO a, mosTromy f = id. Jlerko mpoeepuTs,
9TO MJIA JTI000r0 ABUKEHUA h CIPABEINBO PABEHCTBO

hR} = 2((1A)h7 (8.1)

rae € = 1 mas cobeTBeHHOrO ABMXKeHUA h U € = —1 114 HecOOCTBEHHO-
ro gemkenusa h. BoCHOIB30BABMIUCL >THM PABEHCTBOM (111 COGCTBEHHBIX
OBUKEHUN ), [IOLY UM

CremoBaTensno, g = R25a1+”'+a")

Muoroyroasuuku g,(M), gngn—1(M), ..., gngn-1...91(M) umeror 06-

IIyI0 BEPUIMHY Ap, IpUYeM MX YIVILL IPU 3TOU BEPIIMHE PABHBL Oly, Op_1,

., Q1 COOTBETCTBEHHO. I[IpUMEHMM K STUM MHOTI'OYTOJBHUKAM CTElNeHN
IpeoOpa30BAHUA § = GnGn—1 - -- §1- HHEOOXOAUMEIM U JOCTATOYHHIM YCIOBU-
€M TOr0, 9TO B PE3yJbTATE MOLYIATCA 3AMOIIEHNE OKPECTHOCTH TOUYKEH A,
ABISAETCA PABEHCTBO o + « -+ + o, = 27 /k, k € N.

Mpr mosyYmiu HEKOTOPBIE HEOOXOMUMEIE YCJAOBUA TOT'O, ITO BBITYKJBIN
MHOTOYTOJBHUK HA IIOCKOCTH JIOGAMEBCKOrO ABIACTCA (DYHIAMEHTATLHON
06macThio. OKa3bLIBAETCA, ITO DTH YCIOBAA HE TOMBKO HEOOXOIWMBI, HO U
[IOCTATOYIHEL.
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Teopema (Ilyaukape). Ilycmo suinykabiii 2unepboivueckui Muoeoyeosb-
nuk M obaadaem caedyrowumu c60UCMBaMY:

1) emoponbr mnozoyeoavnuka pazbumuvr na napvt {a,b}, npuuem das xa-
acdoth maxoti napvl CMOPOH CYWECMBYEM CRAPUSAOULCE UL COOCTMEEH-
noe deuscenue g, m. e. b= gla) = M N g(M);

2) cymma yeaos npu sxeusasenmubis sepuunazr pasna 27k, k € N,

To2da M — ¢yndamenmanvnas o6aacms epynnvt G, noposcdennoti deu-
HCEHUAMU, CTAPUSAIOUUMU CTLOP OHDL.

MokazaTenbcTBo. [Ipexae Bcero MOKaxKeM, 9TO €CAU MHOTOYTOJbHUKA
M u hoM (hy,hy € G) umenoT 00LUIYI0 BHYTPEHHIOW TOYKY, TO hy =
ho. IIpuMenuM k 060MM MHOI'OYI'OJBHUKAM IpeobpasoBanHue hy L Tlocue
DTOT'O MOXHO OymeT cumTaTh, 4To hy = id. IlpeoGpasoBamume g = hy
TMPEJCTABUM B BUA€ KOMIIO3WIINU TMPEOOPA3OBAHUN, CIAPUBAIONIAX CTOPO-
HB: § = Qipgk—1---91- llpeamomoxum, 410 ¢ # id. mpw >TOM MOKHO
BEIOpATH NMPEOOPA3OBaHUE ¢ ¢ HAMMEHBINEN NJIUHOU pasioxenusa k. Ilycrs
A — ob6uas BHyTpeHHss To4uka MHOrOyroabHukoB M u g(M). Pasnoxe-
HUIO § = §f ...¢J1 MOXHO COIOCTABUTH 3aMKHYTYIO JoManyio A; ... Ay, rae
A = A, Asq = gs(As) pu s > 1. Toukm Az m A,y 1 HE MOTYT COBIA-
IaTh, TOTOMY YTO OHUW ABJAIOTCA BHYTPEHHUMU TOUYKAMU MBYX BBITYKIBIX
MHOTOYTOJBHUKOB, UMEIONINX OOIIYI0 CTOPOHY. W3 MUHUMAIBLHOCTU NIUHBI
pasJoXKeHua clenyetT, 9To jJoManas A ... A, HecaMomepeceKarmomasics.

B Tom cayuae, korga gomanas A, ... A, npencrasisior cobon 00xonq Bo-
KPYT OMHOU M3 BEPINUH MHOTOYTOIbHUKA M, TpeoOpa3oBaHue ¢ TIo YCJAOBUIO
ABIAETCA TOBOPOTOM HA YOI 27 BOKPYT DTOU BEPIIMHEL, MO3TOMY ¢ = id.
[TpeamosoKuM Tenepsb, ITO JOMAHAMA TOTYIACTCA B PE3yIAbTaTe 00LeTUHEHNA
IBYX JOMAHBIX, IPUYEM UX OOIIUe CTOPOHBI IPOXOAATCSA B PA3HBIX HATIPABJIE-
musx (puc. 22). Us pasencts afy =1, 1oy = 1 u ) = B! caenyer, ato
aa;y = 1. TlosToMy mIA 3aMKHYTOM JOMAHOH, MOJIYIEHHON B Pe3yJabTaTe
OOBEIUHEHNA HECKOIBKUX 00X0/I0B BOKPYT BEPIIHH MHOTOYTOJBHUKOB, TOXKE
BBINOJIHAETCS paBeHCTBO ¢ = id. fcHO Takxe, 9TO JI06YI0 BAMKHYTYIO HECa-
MOTIEPECEKAIONIYIOC JOMAHYIO, COOTBETCTBYIOIIYIO PA3IOKEHUIO ITPeoGpaso-
BaHUA ¢, MOXHO IIPEICTABUTEL TpebyeMbiM o6pasom, mostomy ¢ = id.

Ocraercs mokazarb, 9TO 06pasbl MHOTOYIOAbHUKA M 3arOJHAIOT BCIO
mwrockocTh Jlo6adesckoro. Bepumuer Muoroyroasauxos gM (g € G) obpasy-
0T CIETHOE MHOXKECTBO, MO3TOMY BHYTDPU MHOTOYTOJBHUKA M MOXKHO BBI-
O6paTh TOUuKy A Tak, 9T0 0Tpe3ok X A He COAEPXKUT HU OTHOU U3 BEPIIUH
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MHOrOyroabHuKkoB gM. JocTaTodHo noKasaTh, 4TO 0oTpe3ok X A mepeceka-
€T JIMIIb KOHEYHOE YUCJIO MHOIOYTOJBHUKOB gM .

Paccrosuue Mex Iy ABYMA CTOPOHAMHU BHEIMTYKJIOTO MHOTOYTOJILHUKA, PaB-
HO HYJIO JUIIL B TOM CIyYae, KOTAa DTU CTOPOHHL cocennme. [lopToMy pac-
CTOSHUE MEXKAY JIOOBIMU ABYMA TOYKAMEU HECOCETHUX CTOPOH MHOIOYIOJb-
uuka M Gosblie HEKOTOPOro GUKCUPOBAHHOIO MIOMOXKUTEALHOrO Yncia. Ciuae-
IOBaTeabHO, HA oTpe3ke X A PACION0XKEHO JUIIHL KOHEIHOE YHUCI0 OTPE3KOB,
COeIVHAIOMNX HECOCeIHNe CTOPOHEI MHOrOyroabHUkoB gA. Bymem roro-
DPHUTB, YTO OTPE3OK CMAZUGAENM BEPIINHY MHOTOYTOMBHUKA, €CIN €0 KOHITBI
PACIIONOXKEHBI Ha, CTOPOHAX, BRIXOMANINX W3 DTOU BEPUIMHEL. [IpeamonoxuM,
YTO TMAPa COCENHUX OTPE3KOB CTAMMBACT HESKBUBAJICHTHBIE BEPIIMHBI MHO-
royroasuukoB g1 M u go M (puc. 23). Torga B muoroyroasuuke g1 M | goM
OTPE30K, COCTABIEHHBIU U3 [IBYX PACCMATPUBAEMBIX OTPE3KOB, HE MOXKET
CTATUBATE BEPUIVHY (B OMHY U Ty K€ TOUKY TIONALAIOT JUIIb DKBUBAJICHTHHIE
BEPIIUHEL), IOTOMY OH COENMHAET TOUKHU IBYX Hecocenuux ctopod. Ciaexo-
BaTEIBLHO, JIMHA IOLYIEHHOI'O OTPE3Ka OOMIbIIe HEKOTOPOrO (PUKCAPOBAHHO-
O MOJOXUTENBLHOrO 4uCIa. Takum 06pasoM, WCKIIOYUB U3 PACCMOTPEHUS
KOHEYHOE YUCJIO OTPE3KOB, MOXKHO CUUTATh, YTO BCE OTPE3KH CTATUBAIOT
BEPIIIMHLI OJHOTO U TOTO K€ KIACCA DKBUBAJEHTHOCTH.

[Ipeamonoxum, aTo HA oTpeske X A pacmonokeHo GECKOHETHO MHOTO Ta-
KX OTPE3KOB. B TOM Cilyvae, KOT[a CTATUBAEMAs UMY BEPIIUHA HE JEKUT
na abcomore, npamas X A 1omkHa cnupaneodpasso 06BUBATLCA BOKPYL DTOK
BepuHel (puc. 24), 4ero e MOKer OLITh.

%

Puc. 23 Puc. 24

U3 noxasarenscTBa TeopeMmsbl Ilyankape BHAHO, 9TO BCE COOTHOIIEHUS
MEX Y CIAPUBAIOIIMMY ABUKEHUAMU CJACIYIOT U3 COOTHOIIEHUN, BOZHUKAIO-
nwx npu 06x0ne BOKPYT BepuuH MHOrOyroasHuka. [Ipu sTroMm cooTHOEeHNS,
BO3HUKAMOIIME TP 00X01e BOKPYT BEPUINH OJHOTO INKJIA, DKBUBAJEHTHEL.

96



3apgauu

1. JokazaThb, 9ITO 0OPA3LI rUIEPOOIUICCKOTO TPEYIOJBHUKA C YIVIAMH
/P, T /q, T /T TIPU CUMMETPUAX OTHOCUTEIBHO CTOPOH TOKPHIBAIOT BCIO TLIOC-
xocThb JlobaueBckoro.

2. Bepuo au, 4T0 B rUNepO0INIeCKON MeOMETPUN KOMITO3UIUA TIOBOPOTOB
Ha yninl & ¥ J (¢ pasHBIME LEHTDAaMHU) sABIAETCA NOBOPOTOM Ha yroa o + 37

3. HokaszaTs, aro rpymma PSL(2,7) sagaerca obpasyomuvu S u T u
cootnomenuavu S° = 1, (ST)3 = 1.

4. PaccMOTPUM TTPABUILHBIN TUNEPOOMTIECKUN BOCBMUYTOJBHUK C YTVIOM
7 /4. IlycTh cmapmBarolye JBIDKEHUST OTOXIECTBIAT €0 MPOTUBONOIOK-
Hble CTOPOHBI. [[0KA3aTh, YTO MOAYyYAEMAs B PE3YJAbTATE TCPYIIIA 330aETCA
o6paayroomumMu a, b, ¢, d u coorsomenuem abeda b~ leld=! = 1.

5. a) Ykazarb QyHIAMEHTANBHYIO 001aCTh 1Jis UYL, 3a4aHHOR o6pa-
ayronmMu a, b, ¢, d u cooraomenuem aba b lede'd™! = 1.

6) lokaszaThb, 9TO Ta CPYINA U30MOPQHA TPYIIe U3 3a1a9d 4.

9. lNpocTpancTeo Jlobauesckoro

Bce paccmoTrpenssie HaMu MOgenu IIOCKOCTH JlobateBckoro jierko 0606-
IAIOTCA HA CIyYad 7-MEPHOTO TPOCTPAHCTRA, IPUIEM NOKA3ZATEILCTRA, W30~
METPUIHOCTY DTUX MOJEJIEH MPOBOJATCA 0€3 CYIIECTBeHHBIX M3MEHEHUN.

T vmogemn Kaeiraa u mogem [yamkape B n-MepHOM mape a2 +- - -+12 <
1 paccrosuue mexay Toukamu A u B MOXHO OIpeneanTh KaK PacCTOSHUE
Mexay ToukamMu A u B B cOOTBeTCTBYIOmEN Mojgenu reomerpun Jlobades-
CKOT'O MJISl CEYEHUs IIapa IIOCKOCTBIO, HMPOXOMSAIEN Yepe3 HEeHTp Iiapa u
Touku A u B.

s mogemm [lyankape B MOAyTIPOCTPAHCTBE

H" = {(x1,...,%,) € R*|z, >0}

paccrosaue Mexay Todkamu A u B onpeenseTcs Kak pPacCTOSHUE MEXKIy
Humu B Mogesu [lyankape B mOLYIIOCKOCTH, IPOXOASIIEN Yepe3 Touku A u
B u nepnenIuKyIApHON TPAHUIE TOAympocTpancTsa H™.

Nlns Mofenu Ha ToA0CTH mceBrocheps [z, 7] = —c?, rae [z,y] = z1y1 +
co A TpYn — Tpt1Ynt1 PAcCTOsSHUE d MEXAY TOUKAMHU & U Y 3anaercs ¢pop-
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MY.JIOH

B mampmeimmieM MBI OyIeM paboTaThb TOILKO ¢ Mojeldamu llyamkape.
B >Tux MOJenax rumepOOIMuecKUME TOATPOCTPAHCTBAME ABIAIOTCA aCTH
chep, OPTOTOHATBLHBEIX a0COMOTY (EBKIMAOBHI TMOAMPOCTPAHCTBA MBI TIPH
DTOM PaccMaTpuUBaeM Kak chepsl 6eCKOHETHOTO pajwmyca). lloampocTpan-
CTBa Pa3MEPHOCTH 1 — 1 B HPOCTPAHCTBE PAa3MEepPHOCTH 1 OyaeM HA3EIBATH
eunepnaockocmami. ITOGE ONpeneInTh CIMMETPHIO OTHOCATEILHO THIED-
IIOCKOCTY B IPOCTPAHCTRE JI06AMeBCKOr0, JOCTATOUHO ONPEeJeTHTE CUMMe-
Tputo oTHOCUTEMbHO cepr S B R?. Hazosem Touku A u B cummempuu-
notmu oTHOCUTETbHO ceprr S™ 1 B R™, ecm mobas cdepa pasmeprOCTH
n — 1, mpoxonamas depe3s Touku A u B, oproronaissa chepe SPL. Cmu-
MeTPHA OTHOCHTEIBHO C(ephl COBIATACT ¢ MHBEPCHEH OTHOCHTENBHO 3TOH
chepsl. MHBepCUS COXPAHAET IBONHOE OTHOIICHME, TIOSTOMY CUMMETPHI OT-
HOCHTEILHO TUIEPILIOCKOCTEN ABIMIOTCA ABILKSHIAME IPOCTPaHCTBa Jloda-
IEeBCKOTO.

Teopema 9.1. Jhoboe dsusxcenue n-meprozo npocmpancmea Jlobauescro-
20 MOMCHO Mpedcmasums 6 sude Komnosuyuy we 6oaee n + 1 cummempuu
OMHUOCUMEALHO 2UNEPTAOCKOCTET.

lokazaTenbcTBO. AHAJIOTHYHYIO TEOPEMY MBI YK€ NOKA3BLIBAIN JJIA TLIO-
ckoctu JloGadesckoro. IlosToMy OCTAHOBUMCS JIMIIL HA TOU YACTU MOKA3A-
TEAbCTBA, KOTOPAsA HE MEPEHOCUTCA ABTOMATUYIECKUA. A MMEHHO, MOKAXKEM,
YTO eCU JBUKEHUE UMeeT 1 + 1 HEeNOABMXKHYIO TOYKY, OIPUYEM OTH TO4-
KU HE JeXaT B OJHOU MMIEPILIOCKOCTH, TO ABMXKEHWE TOXKAeCTBeHHO. IlycTh
Ai,..., Apy1 — NAHHBE HETOABIKHBIE TOUKY. fCHO, 9TO ToukmU A1, ..., Ay
HE MOT'YT JEXATh B OAHOM (M — 2)-MEepHOM MOANPOCTPAHCTBE. [l Jr06hIX
IBYX HECOBIAIAOINNX HEMOABMKHEIX ToueK X u Y CTpOoroe HepaBeHCTBO
TPeyroAbHUKA BJIEYET, YTO BCe TOYKM npsamon XY HemogemxkHLI. B gact-
HocTu, Bce ToukM npsmoun A; A, menoasuxkuer. Yepes mobyio Touky X 1mwio-
ckoctu Ay Az Az MOXHO TIPOBECTU TPAMYIO, MEPECEKAIOIIYIO TpaAMbie A As,
Ay A3 m Ay A3 IO KpawHen Mepe B ABYX PABMUTHBEIX TOYKAX. JTO O3HAYAET,
YTO BCE TOYKU TIOCKOCTU Ay Az A3 HEMOABMKHEL AHATOTMYHO MOSYYIAEM,
9TO BCe TOYKHU mognpocrpancTea Ay As Az Ay menoaBukuer u T. 1. [

Teopema 9.2. /suxcenue npocmpancmea Jo6auescro20 00H03HAUHO ONPE-
deAREMCA COOUM 02PAHUYEHUEM Ha AOCOA0M
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HokazaTeabcTBo. Bocmoabsyemcs momensio Ilyankape B momympocTpan-
crBe. PaccMOTpuM MHOXKECTBO BCEX THITEPIIOCKOCTEN, MPOXOAAIIMX Iepe3
Touky X. Cpeau mx OrpaHHYeHUN Ha aGCOMIOT MOXKHO BHIIGIUTL Chepy
MUHIMAJBHOTO panuyca (IEHTD 5TOU CPEPHl COBMALAET C OPTOrOHATBHON
mpoekiuen Touku X Ha abcomor). flcHO Takke, UTO MO BBIIEIEHHOU Che-
pe Touka X OXHO3HAYHO BOCCTAHABIMBACTCA. /BMKEHHWE ¢ MEPEBOIUT Pac-
CMaTPUBAEMOE CEMENCTBO I'UIEPILIOCKOCTEN B CEMEUCTBO IUIIEPILIOCKOCTEN,
mpoxoaAmmx depes Touky g(x). B coorTBeTcTByMOMEM cemencTse chep Ha
abCOMI0TE CHOBA MOXKHO BBLIEINTE C(pepy MUHUMAILHOTO PAJANYCa, a O HeN
MOXKHO BOCCTAHOBUTBL TOYKY ¢(x). ITO 03HAYAET, 9TO TOUKY ¢{x) MOKHO
ONIPEIENUTE, 3HA JUIIEL MPEOGPA3OBAHNE CEMEUCTBA cdep Ha abcomore. i
BTOro0, Pa3yMeeTcs, NOCTATOYHO 3HATD JUIIL OrPAHUYIEHNE IPEOOPa30BAHAA
g Ha abcosror. [

Teopema 9.3. I'pynna cobcmeenwnix dsurcenuli MpPermeprozo npocmpan-
cmsa Jo6auescrozo uzomopgna PSL(2,C).

MokazaTenscTro. Cornacuo Teopemam 9.1 u 9.2 rpynma IBUXKEHUU TPEX-
MEpHOT0 TPOCTPaHCTBA JI06a1eBCKOT0 M30MOP(pHA I'PYIINe TPeoSpaA3OBAHNN
IIOCKOCTH, TIOPOXKAEHHOU CUMMETPUSMU OTHOCUTEIBHO MPAMBIX U OKPY K-
HOCTel. ByjgeM paccMaTpuBaTh IVIOCKOCTh Kak KOMILIEKCHYHO miockocts C.
CuMMeTpun OTHOCUTEABHO BEIIECTBEHHON OCH U € JUHUYHON OKPYKHOCTH IIe-
peromsAT zBZ U 1 / Z COOTBETCTBEHHO. KOMIO3NINY CUMMETPUN OTHOCUTCIEL-
HO JBYX MAPALIEIBHBIX MPAMBIX, ABYX MPAMBIX, TPOXOMAIINX YePe3 HAYAIO
KOODJAWHAT, U JABYX OKPYXHOCTEU C MEHTPOM B HAYATE KOODAUHAT TIEPEBO-
19T 2z B 2 +a, €z u kz (k> 0) coorsercreenno. CregoBaTensHo, JT060e
oTOOpaKeHNUe BUAA

az+b az+b (a b
z— rie

z+d g+ d d>EGL(2’C)’

MOKHO IIPEACTABAUTEL B BUAC KOMIO3UIIANA CUMMeTpun. fCHO Taxkxke, 9TO JII0-
0as KOMIO3UIINA CUMMETPUN OTHOCUTEIBHO TIPAMBIX U OKPYKHOCTEU UMEET
TaKOU BU.

CobceTBennble JBMKEHNUS COOTBETCTBYIOT Ipeobpa3oBaHuaM
az+b
cz+d

Z =

A Tak Kax IPOMOPIMOHATLHBIM MATPHUIIAM COOTBETCTBYET OMHO U TO K€ Tpe-
00pa3oBaHMe, TO TPYIIA COOCTBEHHBIX IBUKEHUN 3-MEDHOTO MPOCTPAHCTBA,
Jo6a1esckoro maomopdua SL(2,C)/ +1. O
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s TpexmMepHOro nmpocTpaHcTBa JI06AMEBCKOT0 MO AHAIOTUE € ILIOCKO-
cTbio JJ06AMEBCKOr0 MOXKHO ONPENEIATD S/UINIITUIECKIE, TaPAOOINIECKUE 1
runep6OIMIeCKNe TYIKA MIOCKOCTEN. DTO MO3BOIAT JOKA3ZATH CIETYIOMIe
YTBEPK ICHUST:

1) rpynma PSL(2, C) conepxuT B KauecTBe MOATPYIIT TPYIIIE COOCTBEH-
HLIX JBHKEHWN CPEPEI, IMIOCKOCTH U IIOCKOCTHU JI06a4eBCKOTO;

2) B TpexMepHOe LPOCTPAHCTBO JI0OGAMEBCKOrO MOXKHO HU30METDUIECKH
BJIOXUTE Chepy, MIOCKOCTb U MIOCKOCTL JI0GaveBCKOro.

HazoBeMm suaaunmuueckusm mydkoM (B TpeXMEpHOM mpocTpaHcTse Jloba-
YEBCKOI'0) CEMENCTBO IIOCKOCTEN, TPOXONANIAX I€pe3 (PUKCUPOBAHHYIO TOY-
KY; HA30BEM NaPaHOAUNECKUM TTYIKOM CEMEUCTBO IIOCKOCTEN, MTPOXOIAIIIAX
1epes PUKCUPOBAHHYIO TOUKY HA a0COMIOTE; HAB0BEM 2Unep00auuecku.m myd-
KOM CEMEUCTBO ILIOCKOCTEN, OPTOrOHANBHEIX (PUKCUPOBAHHON ILIOCKOCTH.

Teopema 9.4. Muosxcecmeo 6cexr KOMNOUYUL CUMMEMPUTE OMHOCUMEALHO
nap naocxocmeti odnoeo nyuxa asasemca nodepynnoti 6 PSL(2,C). A
IAAUNMUYECKO20, NAPAOOAUNECKO20 U 2UNEPOOAUUECKO20 NYUKG 3Ma NOO-
2PYNNG U30MOPPHG 2pynne coOCMEEHHLIT deuxcenutl cepvl, niockocmu u
naockocmu Jo6auesckoz20 coomsememsenuo.

MokazaTenbecTBo. [14 SIIUNITUYECKOTO TIYyIKa PACCMOTPUM MO e s [lyan-
Kape B Iape, npuyueM OyaeM CINTATh, YTO BCE TIOCKOCTU TMYYIKA TPOXOIAT
gepes MeHTp mapa. CUMMeTPUN OTHOCUTEIBHO TAKUX MI0CKOCTEN TTOPOXK 1A~
IOT TPYIIY ABMXKEHUN CPEePLI, KOHIEHTPUIHOU C a0COMIOTOM.

s mapaboamveckoro mydka paccCMOTPUM MOAeIb Ilyankape B mOmympo-
CTPAHCTBe, mpuieM OyIeM CIATATh, 9TO BCE INIOCKOCTHU IIY9IKa ABAAIOTCA €B-
KJIUIOBBIMY TIOMYTLIOCKOCTAME, OPTOTOHATBHEIME a0COMIOTY (BCe TAKWe ILIO-
CKOCTH TPOXOJAT Y€pe3 TOUKY 00 Ha abcomore). CuMMeTpur OTHOCUTEIBHO
TAKHUX IIOCKOCTEH IEPEBOIAT B CEOA KAXKAY €BKINIOBY ILIOCKOCTD, HapaJ-
JeIbHy0 abcomoTy. OrpanryeHus 3TUX CUMMETPUHA HA YKA3AHHBIE ILIOCKO-
CTH MOPOXKAAIOT IPYIILY EBKJIUIOBLIX ABMXEHWUN 3>TUX ILVIOCKOCTEM.

[na rumep6oOAMIECKOr0 TTy9IKa PACCMOTPUM MOfenasb IlyaHkape B moay-
MPOCTPAHCTBE, MpUUeM OYIeM CIMTATH, ITO BCE TIOCKOCTHA OPTOTOHATBLHE
HekoTOpou mnockocTu I, mpoxoasmen depes Touky co. Ilycts | — mpamas,
o KoTopou miockocTh I mepecekaer abcomor. CUMMETPUEM OTHOCUTENb-
HO IVIOCKOCTEH NAHHOTO IIy9YKa ABIAIOTCA WHBEPCHAME OTHOCHTEIBLHO Chep,
IIEHTPHI KOTOPBIX JIEKAT Ha TPAMOU [; DTU IBUKEHUA TIEPEBOJAT B CEOA JTI0-
Oy eBKIMAOBY MOIYILIOCKOCTE 11’ orparmaennyto npamon [. OrpasmaeHmns
»TUX peobpasoBanuy Ha [1' ABIAIOTCS CHMMETPUAMEA OTHOCUTEILHO OKPY K-
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HOCTEHU, OPTOrOHAIBHBLIX IPAMOU [. DT npeobpasoBaHus MOPOXKIAIOT I'PY-
Iy ABMKEHWE Monean IlyaHkape B BEpXHEHW HOMYILIOCKOCTH. [

Ha nosepxuoctu F' B npocrpancTse JIoGa4eBCKOrO MOXKHO BBECTH UHIY-
yuposannyro mempuky. [ag 3TOr0 HyXKHO ONPENEIUThL DIEMEHT IAHLI Ha,
nosepxsocru F' (paccrosnue Mexay GECKOHEYHO OAM3KMMU TOYKAMU) KAK
PACCTOAHME MEXKIY COOTBETCTBYIOUIMMU TOYKAMU TPOCTPAHCTBA Jlobaden-
CKOTO.

PaccmoTpuM mOBEpXHOCTH, COCTOAIILYIO U3 0OPa30oB (PUKCUPOBAHHOU TO-
YKU 04 AEHCTBUEM CEMEUCTBA COOCTBEHHLIX ABUXKEHUN, COOTBETCTBYIOMINX
[IyYKY ILIOCKOCTEHN. TaKylo MOBEPXHOCTh B CAY4ae DILIMITHIECKOro, Hapadbo-
JUYECKOT0 U TUNEPOOIMIeCcKOr0 MyYKa HA3KIBAIOT ciepoti, opucepot n 2u-
nepcdepoti COOTBETCTBEHHO. B PACCMOTPEHHBIX HAMU CATyaImax chepamu
OyAyT eBKJIUOBHI ChEpHI C MEHTPOM B MEHTPE Mofeau, opucdepaMu OyIyT
€BKJIMIOBLL ILIOCKOCTH, MHapalelbHble adCcoIIoTy, a rurnepcdepamu OyayT
€BKJIUJOBLI [OAYILIOCKOCTH, COLEPKAIINe IPIAMYIO .

M mogemn Ilyankape B noaynpocrpancrse H® = {(z,y,z)|z > 0} aae-
MEHT MIMHBI uMeeT Buj ds/z, rae ds® = da® + dy? + dz?. llooromy Ha
opucdepe z = a KBaJpaT dIeMEHTa AMUHLI uMeeT Buf a2 (dz? + dy?). Ta-
KM 06pa3oM, B KOOPAUHATAX (X,y) PACCTOAHME MEXK 1Y TOUKAMU OPUCHEPHI
[IPOMOPLUUOHAILHO EBK/NIOBY PACCTOAHUIO.

Ha runepcoepe y = kz KxBaapaT 2IeMEHTa [INHBI HMEET BH I

dz? + (1 + k*)dz?
22

du? + dv?
v2 ’

=(1+k°)

rae v = x/V1+4+ k% v = z. Taknm o6pasoM, B KoOpamHATax (u,v) pac-
CTOAHUE MEXKIY TOIKAMHU THIEPChepbl TPOMNOPHUOHATLHO PACCTOSHUIO HA
mwiockocTu Jlo6axieBCKoro.

Has mogenu Ilyankape B eIMHMYHOM IIApe dJEMEHT IIMHBEL MMEeT BU.I

2ds
1— R%’
Tpa mapa. [lopToMy paccTOSHUE MEX Y TOYKAMU TUNepOOInIecKon cdephl

22+’ +22 =R’

rae ds — eBKIUIOB JEMEHT IINHBI, K — paccTosHue oo IeH-

pa3 0OoJbllle PACCTOAHUA MEXKIY TOUYKAMU €B-

1-R?
kmugoBon ceper 22 + 32 + 22 = R%. TakuMm 06pa3oM, pacCMaTpPHBACMASL
" 2R
runep6onndeckas cdepa u30MeTPUHHA eBKINIOBON chepe paimyca, T
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KBaTepHWOHHasi Mogens

[ BuKeHre TPEXMEpHOrO IPOCTPAHCTBA JI06a9eBCKOI0 MOXKHO IpeIcTa-
BUTB C MTOMOIIBI0 KBATEPHUOHOB. HAOMHNM, ITO K6aAMEPHUOHAMY HASHIBA-
10T aaredpy Hag R ¢ obpasyiommmu 1,4, 7,k ¥ COOTHOmeHMAME 2 = j2 =
k2 = -1, ij = —ji = k, jk = —kj = i, ki = —ik = j; >Ta amrebpa
acconmaTuBHa. llomoxum

H? ={2+tj| e C, t>0}.

[encTBme MaTpunbL 7y = < CCL Z ) € SL(2,C) ua Touxu a6comora C 3a-

az+b

cz+d
KBATEPHUOHEL BUa ¢ = 2 + t7, t > 0. ITO MOXKHO CAEIATH MTBYMSA DKBUBA-

JIEHTHBLIMY CIIOCOOaMU:

naeTcs POpMyIon Yz = . TpebyeTcs mMpOJOMKUATL HTO ACUCTBUE HA,

vq = (ag + b)(cq +d)~" = (gc+ d) " (qa + b).

IIpex e Bcero mposepuM, IT0 06e GOPMYIEI IeHCTBATEILHO SKBUBATCHTHEI,
T. €.
(gc + d)(aq + b) = (ga + b)(eq + d).

Yucaa a,b,c u d nomapHO IEPECTAHOBOYHEI, ITO3TOMY TpelfyeMoe PAaBEHCTBO
skBuBateHTHO pasencrBy (ad — be)g = g(ad — be). Iocaenuee pasencrso
0YeBUIHO, TaK Kak ad — bc = 1.

IMposepum Temeps, aTo vq = 2’ + t'j, vme ¢/ > 0. Yumrwsasg, 9To
jlez+d) = (cz +d)j m ad — be = 1, nomyaaem (aq + b)(cqg + d) = (az +
b)(cz + d) + act® + tj, nooTomy

(ag+b)(cqg+d) (az+b)(cz +d) + act® +tj

eg+d> leq + d|?

Ocraercs TpoBepUTb, YTO MPEOOPA3OBAHUE Y SBIAETCA JABUKEHUEM IIPO-
crpaucTtBa Jlobagerckoro. [is 3TOr0 4OCTATOYHO IPOBEPUTH, ITO 7Y CO-
XpaHAeT TBOUHOE OTHOIeHue. flcuo, uTo

vq—q = (ag+b)(cqg+d)™t — (dc+d) " (¢ga+b) =
(dc+d) ' [(d'c+d)(ag +b) — (¢'a+b)(cg + d)](cg +d)~" =
(e+d) g —q)eqg+d)L.
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Kpowme toro, ¢c+d = (z'c+d)+t¢j u c¢' +d = (cz' + d) + tcj. losromy
lg’c + d| = |eq’ + d|, a 3mauwT,

lg—¢'|

/| —

C moMOIIIBI0 3TON (POPMYJIHI JIETKO YOSTUTHCA, ITO TPEOOPA3OBAHTE Y COXPa-
CA

. DA
HJCT OBOMHOEC OTHOIICHUC —— | ——

CB DB’
3apnayu

1. JokasaTb, 9TO €Cau ABMKEHHE IPOCTPAHCTBA JI06aIEBCKOr0O OCTABILA-
€T HEIIOIBMXKHBIME BCE TOYKM HEKOTOPOU TUIIEPIVIOCKOCTH, TO 3TO TBUKEHUE
JIu60 TOXKJECTBEHHO, U00 ABIACTCA CUMMETPUEN OTHOCUTEILHO NAHHOU -
TIEPILIOCKOCTH.

2. JlokaszaThb, 9TO OrPAHUYEHUE ABUKEHUA TPEXMEPHOTO MPOCTPAHCTBA
Jlo6adeBckoro Ha abCcoMOT UMEeT OJHY WUIU ABE HEIOJBUKHELIE TOYKH.

3. llyctes A, B,C, D — nonapHo pasjudHble TOYKM abCOMIOTA IS TPEX-
MepHOTro mpocTpancTsa Jobatdesckoro. /okazaTh, ITO CYIIECTBYET ABUKE-
HIe, IepecTasiaomee Kak Toukn A u B, Tak u Trouku C u D.

4. PaccMoTpuM TeTpasap ¢ BEPIIMHAME Ha a0COJIOTE.

a) lokaszaTb, 9TO CyMMa €ro ABYI'DAHHBLIX YIVIOB IpPHU JIOOOHU BepIIUHE
paBHA .

6) JokasaThb, 4TO €ro IPOTUBOLOJIOKHBIE IBYIDAHHLIE YIVIbL PABHBL.

5. [IpaBWIBHEIN MHOTOTDAHHUK C BEPIIMHAMY HA aGCOTIOTE COOTBETCTRY-
et B Mogenu Kienna HEKOTOPOMY TUIEPOOIMIeCKOMY MHOTOTpaHHuKy. Ham-
TH BeIMYUHY IBYTPAHHOIO YLV ATOr0 MHOTOIDAHHWKA IIA KaXKIOTO THIIA,
[IPABWILHOIO MHOIOI'DAHHUKA: a) TeTpasapa; 6) Kyba; B) OKTazapa; I') UKO-
casapa; 1) L0AEKadapa.

6. BozpMeM B n-MEpHOM TUIEPOOIMIECKOM MPOCTPAHCTRBE TOYKHA 21, - - -,
Zn42 U pacemorpuM Matpuny A = (a;;), a;; = ch(d;;), rae d;; — paccTosnue
Mex Ay TOIKaMu z; 1 z;. Joxasars, uTo det A = 0.

7. Mycte R u r — paaumycer asyx (n — 1)-mepreix chep B R™, d —
paccTosHME MEX My UX meHTpaMu. /J[0Ka3aTh, 9TO BEIMYHNHA,

R+ -
2Rr

COXPAHAECTCA IPU UHBEPCUAX.
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10. [ononHenue'. Yo Takoe opuenTaums?

B sTom miamse moA MIOCKOCTBIO, €CAU HE OTOBOPEHO MPOTUBHOE, MBI Gy-
€M TIOHMMATh ONHO U3 Tpex: cdepy, eBKINIOBY MIOCKOCTH WM MJIOCKOCTH
Jlo6aueBckoro.

B rmaBax 1 u 5 MBI y3HAIM, 9TO, KAK U B €BKJIKJIOBOU TreoMeTpun, B che-
PUYIECKON U TUTEP GOIUTECKON TeOMETPUAX CYIIECTBYIOT ABA TUIA, [BUKEHUN
TLIOCKOCTH — COOCTBEHHBIE U HECOOCTBeHHbIe. OmpeneneHne dTUX MOHATAN
OCHOBBLIBAETCSA HA WHTYUTUBHO OYEBUIHOM MOHATHEN opueHTanuu. O nHAKO
NPUATH €My CTPOTHH CMBICI OKA3BIBAETCA HE TAK IMPOCTO, KAK KAXKETCA Ha
[IEPBLIN B3LJIAL.

WsBecTHO, 9TO CyIIECTBYET POBHO JBE OPUEHTALNU IIOCKOCTH, CPEPHl U
mIoCcKOCTH JI06aTIeBCKOT0, a TaKXkKe TMPOCTPAHCTB JIOO0N PA3MEPHOCTH Ka-
KAOTO U3 YKA3aHHBIX TUHOB. OJIHAKO K€ TMPOEKTUBHAA TLIOCKOCTH UMEET
BCErO ONHY OPUEHTAINIO, T. €. BCE €€ IBUIKEHUS ABIAIOTCA COOCTBEHHBIMU.
A kak o6cTOUT €0 C NPOEKTUBHOU MPAMOU WM TPEXMEPHLIM IPOEKTUB-
HBIM IIPOCTPAHCTBOM? A MOXKHO JU IPENCTABATHL cebe DeOMEeTPUIo, MME-
myo 6omee AByX opueHTanuu? B KakoM-TO cMBICTE TepedOpMyInpOBKON
TOCJAEHETO BOTIPOCA ABIACTCA 3HAMEHUTHIN KIACCHUIECKUN BOMPOC, MOYEMY
3EPKATO0 MEHAET MECTAMU MPABO W JEeBO U HE MEHAET BepX W Hu3. UToO6bI
Pas’obpaThCa ¢ 3TUMHU BOIPOCAMEU HEOOXOAUMO CTPOrO OMPEJEIUTL HOHATHAE
opueHTauuu (Wir COGCTBEHHOIO ¥ HECOGCTBEHHOI'O IBUXKEHU).

M=u1 mocTapaeMca 31eCh U3J0KUTH HECKOMBKO MOAX0J0B K ONPEIeJeHUIO
TIOHATUN COOCTBEHHOT'O W HECOOCTBEHHOTO ABMKEHUWs. MbI kak Obl TOCMO-
TPUM Ha HUX C PA3HBEIX CTOPOH. B pesymbTare MOABATCA TPU PABHOCUILHBIX
OTIpEIEJIEHUs — T'eOMeTPUIECKOe, AHATUTUIECKOE u anrebpandeckoe. Tpya-
HOCTH B CBA3U C HEOOXOMUMOCTBIO JOKA3ATEAbCTBA PABHOCHILHOCTHU OIIPEe-
meaeHud OyayT CIOMHA KOMIIEHCHPOBAHBL TEM, 9TO B PABINIHBIX CATYALUIX
MBI CMOXKEM TIOIB30BATHCA TEM U3 OMPEJeJeHUN, KOTOpoe fomee yIOOHO B
PACCMATPUBAEMOM CIYIAE.

[eomeTpnyecknin noaxon

Mur 3HaeM, 9TO aoboe ABH2KEHNE IIVIOCKOCTHU MO2KHO IIPDE€ACTAaBATHL B BUAE
KOMIIO3UIIUN HE 60.7'[66, YeM TpeX OCEeBBIX CI/IMMeTpI/IIU/I. ITO JOKa3bIBAETCA B

1Hanmucano B.O. Byraemko
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reopemax 1.2a) u 5.1 pas cdeprl u wiockocTu JIo6aueBCKOro COOTBETCTBEH-
HO, OJHAKO JOKa3aTENIbCTBA DTUX TeopeM (PaKTUIeCKU HE HCIOAB3YIOT TO,
KAaKOHU U3 TPeX THUIOB ILIOCKOCTEHN PACCMATPUBACTCA.

Ounpepenenne 1. Jsusxcenue naockocmu nasvisaemces (eeomempuuecku,)
COOCBEHHBIM, €CAU €20 MONCHO MPEICMABUMb 6 BUJE KOMNOZUUUU O8YT
cumMmempuil 1 HeCOOCMBEHHBIM 6 NPOMUBHOM CAYUGE.

W3 ompegenenus caeayeT, 9TO TOXIECTBEHHOE MPEOOPA3OBAHNE TLIOCKO-
CTU SBIACTCA COOCTBEHHBIM ABMKEHUEM, TAK KAK TPEICTABIACTCA B BUIE
KOMITO3UIUHA ABYX CUMMETPUM OTHOCHTEILHO OAHOU mpaMou. Mer xoTum
NOKA3aTh CAETYIOIIYIO TEOPEeMY.

Teopema 10.1. Jwboe deuscenue, npedcmasumoe 6 6Ude KOMNOIUYUY YeM-
HO20 YUCAG 0CEEbIT CUMMEMPUT ABALCMCA COOCMEEHHIM, G 6 6ule Heuem-
HO20 UUCAG OCEBHIT CUMMEMPUT, — HECOOCTNE EHNLLM.

HokaszaTenbcTBo. BriTekaer HemocpeacTBeHuo us Tpex semm 3, 6 u 7, npu-
BeIEHHLIX Hike. [

Jlemma 3. Ocegas cummempus A8ALEMCA HECOOCTMEEHHBIM DBUNCEHUEM.

MoxkazareabcTBo. HeTpyaHO BUIETH, YTO MHOXKECTBO HEMOIBIKHBIX TO-
Y€K KOMIIO3UILIUY IBYX OCEBBIX CUMMETDUR €CTh IePeCedeHue OCen, T. €. ABIA-
ercs aubo BCEl IIOCKOCTLIO (eCaM OCH COBHAJAIOT), OO TOUKON (eciu OHu
HepecexaroTcs), aubo nycreiM (ecau ocu He nepecekaiorcs). Bo Beex cayua-
AX OHO HE MOXET COBIAIATDH C TPAMOU — MHOXKECTBOM HETOJBUKHBIX TOYEK
oceBou cumMeTpun. [

Jlemma 4. fAas awobviz mpex npamuix Iy, lo u 1], npunadaexcawur odwo-
MYy nyuky, cyuwecmeyem (eduncmeennas) npamas ly (u3 moeo sce nyuxa)
maxas, wmo s182 = $1sh. Ananoeuuno, das a06vix mper npamuir ly, lo u
I, npunadaencawuxr odwomy nyuwky, cywecmsyem npamas i maxas, wmo
s189 = 8185, (3decv u danee uepes s; u ; 0603HANENA CUMMETNPUA OTHOCU-
meavho l; ul} coomeememeenno.)

NokaszaTeabcTBo. PaccMOTprM OPTOrOHANBHYIO KPUBYIO IIYIKA — OKPY-
KHOCTb, OpULMKI Wi skBugucranTy (cuM. raasy 5). CobcrBeHHoe pBuxke-
HUe, ABIAKIICECA KOMTIOZUINEN CAMMETPUN OTHOCUTEILHO TIPAMBIX MYYKA,
COXPAHAET DTY KPUBYIO U OJHO3HAMHO ONPEIEIIeTCsI 00pa3oM JH0OOU ee TOY-
xu. Ero orpanudenue Ha 9Ty KPUBYIO CABUTAET €€ BIOIEL CE0s HA YIBOEHHOE
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paccrosnue (B METPUKE, UHIYUUPOBAHHOU METPUKOU ILIOCKOCTH), MEXKIY
TOYKAMHU €€ IIEPEeCeYeHusn C OCAMU CUMMETpHUM. PaccMoTpuMm Teneps TOUYKH
Ly, Ly m L) mepecevenns npambIx Iy, Iy 1] COOTBETCTBEHHO C PACCMATDU-
Baemon kpupon. Ctpoum Touky L, OTKIanBIBas OT TOUKE L] paccTosHue,
pPaBHOE PACCTOAHUMIO MeX 1y Toukamu Li u ls (BCe PaCcCTOAHUA MEPAIOTCA
BJAOJb KDUBOU) B TY K€ CTOPOHY, B KOTOPYIO HaXOAUTCA TOUKka Lo oTHO-
curenpuo Lq. Ilpamas mydka, opTOroHalIbLHAA PAaCCMATPUBAEMON KPUBOU B
Touke L) n 6yget uckomon npsamon l5. Tlepsoe yTBepkK IeHNe TOKA3aHO, BTO-
poe T0KAa3BIBAETCSA AHAJTOTUYHO. [

Jlemma 5. IIycmb mvl umeem 06a NYwka NPAmMbIL, no Kpained mepe 0dun us
Komopuix daaunmuneckuti. Toeda cywecmeyem nPamas, NPUHAOLEHCAULARA
um 060uM.

JokazaTeascTBo. Eciu 06a mydka summnTuIeckne, TO UCKOMOR MPAMON
OymeT mpsaMas, IpoXoAmas depe3 OOIIyI0 TOYKY MPSAMBIX MEPBOrO MIyYKa U
OO0IIyI0 TOYKY MPSAMBIX BTOPOro Iy4ka. Ecam BTOpon my<ok mapaboamde-
CKUU, TO MBI TAKXKE MPOBOLUM MPAMYIO 9€pe3 ABEe TOYKHU, OJHA U3 KOTOPBIX
JaexuT Ha abcomioTe (B CAy<ae eBK/IUI0BOK IIOCKOCTHU DT0 CBOAUTCS K [IPOBE-
JEHUIO Uepe3 JaHHYI TOYKY MPAMON, MaparienbHon gaHHou). Hakowern, ec-
JIT BTOPOU TMYYOK TUMEPOOINICCKUN, TO UCKOMASA MPAMAA TPOBOAUTCA Tepes
IBEe TOYKHU, OMHA U3 KOTOPLIX COOCTBEHHAA TOYKA TUIOCKOCTH Jlo6aueBcKoro,
a BTOpas — ugearsuas (1examas B CP?, no Bue MEOXKecTBa Dy, 3313100
IUIOCKOCTH JI06a4eBCKOro B cooTBeTCTBYIOMEN Mogean (cM. raasy 3)). O

Jemma 6. Komnoszuyus n > 3 ocesbix cummemputi moxcem 6uimp npedcma-
BACHA KAK KOMNOZUYUA N — 2 CUMMEMPUT.

NokazaTenbcTBo. [IpoBOAUTCA UHIYKIIUEN TIO 7.

Basza ungykium — n = 4. [IycTsb MBI nMeeM KOMIIO3UITUIO IETHIPEX CHM-
METPHUHU $1828354. PaccMOTpUM ABa, IIy4Ka, IPAMBIX — IEPBLIU, COIEPKAIIMN
upsaMete [y u ly, 1 BTOPOR, COAEpKALIMA TpsaMbIe I3 u Iy (MBI coxpamseM 060-
sHadeHus JeMMer 4). Eciu 1o kpanHen Mepe OMH U3 DTUX MTYyYKOB DJLIATITH-
YeCKUU, TO COTVIACHO JeMMe 5, CYIIECTBYeT NpsMas [, MpuHAIIeKAINAS UM
oboum. Ilyctn s — cummerpus oTHocuTeabHo [. Ho Torga, cormacuo sem-
Me 4, CYIeCTBYIOT CUMMETDUM $] W §) TAKWe, UTO $182 = 818 W $354 = $8).
Torna $1528384 = $1888) = 818}, W MBI IOLYIAEM MCKOMOE MPEACTABICHUE
KOMITO3UINYA IETHIPEX CUMMETPUM B BUJE OBYX cuMMeTpuiu. Kcam ke 06a
PACCMATPUBAEMBIX MYYKA, HE ABIAIOTCA DJUIUITHYECKUMHI, TO PACCMOTDUM
BHAYAJE B IMy9Ke, COAEPIKALIEM MPAMEIE [o U l3, IPAMYIO [}, IepeCeKarouLyo

66



I1. Haxomum npawmyto l5, arober lals = 1515, otkyna lhlzlsly = 1115151, Ily-
90K, CONEPIKAMUN TIPAMBIE [] u [} ABIAETCA DIMITHYECKUM, TO3TOMY MBI
MOYXKEM TOBTOPUTEH TMPUBEICHHKIE BBIIIE PACCY K TCHUA.

Iar waaykimn Tpupnages. [

Jlemma 7. KoMmno3uyus mpexr 0Cesvit CUMMEMPUTll A6ASEMCA HECOOCINEEH-
HbLM 0BUNCEHUCM.

HokazaTesabcTBO. [IpeanonoxuM TPpOTUBHOE, YTO AJS HEKOTOPBIX CUMME-
TPUU S1, S2, 83,71, "2 BHIIOJIHACTCA PABEHCTBO $18283 = r'171. JOMHOXUB €ro
HA Sy CJEBA U HA S3 CIPABA, YIUTHLIBAS, ITO CUMMETPUI — HHBOJIIOTUBHOE
npeobpa3oBanue, uMeeM Sp = $171T283. Coryacho jgemme 6, IpaByo 4acThb
MOYXKHO TIPEICTABUATEL B BUE KOMIO3ZUIINU ABYX CUMMETPUU t1 ¥ to, OTKYyIa
§o = t1ty, ¥TO IpOoTUBOpEYUNT Jemme 3. [

W3 Teopemsr 10.1 memocpeICTBEHHO BHITEKAIOT IBA CJAEICTBUA.

Caegcrsue 1. Jhwboe necobemeennoe deunxcenue npedcmasaiemes 6 sude
KOMNO3UYUYU COOCTNEEHHO20 JBUNHCEHUA U 0CCBOT CUMMEMPUL.

CaegcrBue 2. Koumnosuyus deyr deuxcenudi oonoeo muna (co6cmeenmnbis
UAU HECOOCTNBEHHBIT) ABAACTNCA COOCTNGEHHBIM JBUNCEHUEM, 0 KOMNOZUYUSL
deyz deuncenutdi paznozo muna (co6CMEENH020 U HECOOCMBENNHO20 UAL He-
cobemeento20 u co6CMEentn020) ABAIEMEA HECOOCTNEENHLIM JEUNCENUEM.

Nupivu caoBaMu, Oepanms KOMIO3UIIAN JEUCTBYET HA KAACCAaX COOCTBEH-
HBIX ¥ HECOOCTBEHHBIX ABMIKEHWU KAK YMHOMXKEHHE HA KJIACCaX BBIYETOB IO
MOAYIIO 2 (K1aCccaxX YeTHBIX U HeYeTHBIX TUCEe).

Teopemy 10.1 MOXHO B3ATH 3a OmpeneaeHne COOCTBEHHOTO N HECOOCTBEH-
HOT'O ABUXKEHUU. B Takon (popMyJupoOBKe OHO (€3 W3MEHEHUU MEePEHOCUTCA
HA CJIy9ad IPOCTPAHCTBa dobou pasmepuoctu. OnHako, 0GOCHOBAHUE KOP-
PEKTHOCTH TAKOr'O ONpefeeHus B OOMIeM CIy4ae 3aTPYAHUTEILHO 6e3 uc-
[IOJB30BaHUA AIrebpaniecKux coOOpaKeHnn.

AHanuTuyeckun noaxon

ﬂBI/I)KeHI/IQ IIJIOCKOCTH 6y,qu Ha3bIBATh aHAJUTUYICCKU COGC’I‘BQHHI)IM7 eC-
JIX €0 MOXKHO OCYIIECTBUTH HCIPEPBIBHBIM ABUXKCHUCM, HC BBIBOIAIINM 3a
ee mpegenst. Crepyiomiee onpeneserne GOPMYIUPYET TO kKe Gonee CTPoro.
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Onpepenenne 2. [Jeujcenue @ naockocmu nazvieaemces (anasumuueckn)
cobemeennbim, €Cat cywecmeyem muoxcecmeo deuxcenul {p, | x € [0,1]}
maxoe, umo pg = id (moscdecmeennoe deumncenue), p1 = @ u das 410601
mouxu A omobpaxcenue f(x) : x — p,(A) ecmv nenpepvienas no x @ynk-
YUA.

Teopema 10.2. I'eomempuuecku cobcmeennoe JeUNCEHUE ABALCNCA AHA-
AUTNULECKY, COOCTNG EHHbIM.

HdokazaTeabcTBo. [lycTh MBI HMEEM KOMIIO3WUIHIO SgS1 ABYX OCEBBIX CHM-
METPUN OTHOCUTEILHO NpAMEIX g 1 [;. Ha KpuBOH, OpTOrOHAILHOHN IIPS-
MBIM [g U [; BBEIEM KOODAWHATY TaK, 9TOOLI MpAMbIe [y u /i mepecekaan ee
B Toukax ¢ koopauuatamu 0 u 1 coorsercrBenno. IlycTs s, — cummerpus
OTHOCUTEJIBHO IPIMOU IMYYKa, MEePECEKAIONEr PACCMATPUBAEMYIO KPUBYIO B
Touke ¢ koopguraron . Toraa {¢, = s0s, | z € [0, 1]} n Gyzer MuoxecTBOM
IBUXEHUN, TPEOYIOMINXCA B ONPEIEJCHNN AHATATUICCKA COOCTBEHHOTO IBU-
xennsa. [

IIpuBenennoe aHasuTHYECKOE OIpEIENeHUE JErKO 00600IIaeTcss Ha IPO-
CTPAHCTRO JIOOOU PA3MEPHOCTH, OMHAKO, MHOTHE CBOUCTBA COGCTBEHHBIX U
HeCOGCTBEHHBIX MBUKEHUU MOKA3LIBATH, OCHOBHIBAACH HA HEM, JOCTATOTHO
Tpyauo. B wacTHOCTH, 9TOOHI [OKA3ATH, YTO OCEBAs CUMMETPUS SIBIAETCS
HEeCOOCTBEHHBIM IBUKEHWEM, HEOOXOAUMO IPUB/IEYb NOIOIHUTENLHBE aJre-
Opaudeckue cOOOPAKEHUS.

Anrebpaunyeckun noaxoq,

Mu1 nauneM ¢ pacCMOTPEHUA €BKINIOBOU IIOCKOCTH.

Buadase HADOMHEUM HEKOTODBIE CBEIeHUsA U3 JuHenHOU aare6pwr. Omy-
LICHHBbIEC TOKA3aTE/JbCTBa IIPMBEACHHBIX HIKE yTBep}K,E[eHI/Iﬁ MOZKHO HaﬁTH B
JI000M CTAHJAPTHOM KypCe JUHEWHOU airebphl. PaccMOTpUM MHOXKECTBO
BCEBO3MOXKHBIX OPMOKOPMUPOSGHHBIE 63106, T. €. TIap BEKTOPOB {z,y} ¢
yeaosuamu (z,x) = (y,y) = 1, (z,y) = 0. (3zeck (-, ) 03HATAET CKAIAPHOE
upousBegenue.) Bce rakue 6a3uChl geIsATCI HA OBA KIACCA: T€, Y KOTOPBIX
BEKTOD & IEPEXOAUT B BEKTOD Y IIPU [OBOPOTE HA yroua /2 npoTus 4a-
COBOU CTPENKU WM TI0 YACOBOW CTPEIKE COOTBETCTBEHHO. BEIGOP OTHOTO
U3 DTUX KJIACCOB UM O3HAYAET 3aJaHWE OPUEHTAIUU NMPOCTPAHCTBA. ITOOBI
IaThb CTPOrOE OMpeneieHre 3adUKCUPYEM OJUH OPTOHOPMUPOBAHHBIN 6A3UC
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{z*,y*}. Jlobou apyrou Gazuc MoxKeT OLITL BLIDAXKEH B BUAE JIUHEUHOU
KOMOUHAIINN
m:alx*+b1y* (10 1)
Y = axx” + bay”*
ay  as o * ok
Marpuna, b b, | HA3BIBACTCA Mampuyed nepexoda ot Gasuca (z*,y*) x
1 b2
6asucy (z,y). YCaoBus, 9T0 MATPULA IePEX04a [ePEeBOAUT 10601 OPTOHOD-
MUPOBAHHBEIA 6Aa3UC B OPTOHOPMUPOBAHHLIN (GA3UC 33JAI0TCA COOTHONIEHUA-
MU

a%—l—b% :ag—l—b% =1, ajas + b1by =0 (102)

MHOxeCTBO MATPUII, VAOBJICTBOPSIIONINX TAKOMY COOTHOIIIEHUIO 0003HAMALT-
ca Oy. Ompenenurens arobon marpunsl u3 Oy pasen +1. Bee opTonopMupo-
BAHHBIE 0A3UCHI JEIATCA HA IBA KJIACCA TAK, ITO MATPHUIA IEPEXOTa MEXKIY
6a3ucamMy ONHOI'O KJIACCA MMEET OMNpPeleJUuTeNh 1, a Mexnay Oa3ucaMu pas-
HEIX KJIACCOB — omnpegennTtenas —1. Beibop ogHOro u3 yrmoMsaHYTHIX KJIACCOB
7 O3HAYAET 33JaHUE 0PUEHMAYUY HA TIOCKOCTH.

3ameqanwme. ['pymma O(E?) 1BuxKeRnil eBKIMI0BON TIIOCKOCTH HE COBMAIA-
et ¢ rpymmoi Os. Mur mumms moctpomtn otobpaxenne O(E?) — Oy. fapo
BTOT0 OTOGpaKeHusa HeHyaeBoe. JIIOGOMY MApALIETLHOMY MEPEHOCY COOT-
BETCTBYET €IMHUYHAA MATPULA, TAK KAK NAPALICIbHEIA IEPEHOC, XOTh U HE
OCTABIAET HENOJBMKHOU HU ONHOU TOUKH IUIOCKOCTH, HA MHOXECTBE BEKTO-
POB IIOCKOCTH AEUCTBYET TOXKICCTBEHHO.

Ounpepgenenne 3. Jeuxcenue nsockocmu nasvisaemces (asz2edpauuecku)
COOCBEHHVIM, ECAU COOMBEMCMBYNULAAL EMY MOGMPUYG NEPexoda umeem
onpedeaumenv 1, u neco6Cmeennbim, eCal COOMEEMCMBYOUAIL EMY MATPU-
ya neperoda umeem onpedeaumenv —1.

dpyruMu cioBamu, COOCTBEHHOE IBMKEHNE IIEPEBOAUT JIOOOU OPTOHOP-
MUPOBAHHBIN 6A3UC B GA3UC TOTO ¥KE KIACCA, HECOOCTBEHHOE TIEPEBOIUT JHO-
60U OPTOHOPMUPOBAHHBIN 0A3UC B 6A3UC APYTOr0 KIacca.

OpurenTanuio B MpOCTPAHCTBE MOXKHO 33aTh aHAIOIUYIHO. Kiaaccel op-
TOHOPMUPOBAHHBLIX 6a3ucoB (M3 TPeX BEeKTOPOB!) B IPOCTPAHCTBE TaKXKe
[eJIATCS Ha ABA KIacca (BCIOMHUTE U3BECTHHIE U3 (QU3UKU [IPABU/IA IPABOK
u aeBon pyku). Takxe 6e3 CylmIeCTBEHHBIX U3MEHEHUN OLPEeIeHUe IIePEeHO-
CUTCA Ha CAyYal TPOCTPAHCTB GOMBINNX PA3MEPHOCTeNn. MaTpuIls, mepeso-
IATINE JHO0U OPTOHOPMUAPOBAHHBIN GA3UC 7-MEPHOT'O JUHEUHOTO TPOCTPAH-
CTBa B OPTOHOPMUPOBAHHBLIN 0a3uc o6pasyoT rpymmny O,.
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Jio6oe gBukenue (n-MepHou) cephl MOXKHO HHTEPIPETUPOBATH KAK [BU-
xkenue ((n+ 1)-MepHOro eBKINIOBA) IPOCTPAHCTBA, COXPAHAIOLIEE (PUKCUPO-
BAHHYIO HETMOJBUKHYIO TOUKY (1eHTp cdepri). COOCTBEHHBIE U HECOOCTBEH-
HbIE ABWXKEHUA CPEpHI ONPENeNATCA TeM, ABIAITCA JIU TAKOBBIMU COOTBET-
CTBYIOIIME IBUKEHUA MPOCTPAHCTBA. TakuMm oOpa3zoM, opueHTANnsa cpepnl
ONIPENENACTCA OPUEHTANMEN OOBEMIIOIIETO €€ eBKINA0BA, TPOCTPAHCTBA.

Wapmvu cioBaMu, TBUKEHUAMEA 11-MEPHOU C(PePhl MOKHO CIATATD JMHEH-
HEIE TpeoOpasoBanua (n + 1)-MepHOro JIUHEMHOTO MPOCTPAHCTBA, COXPAHA-
IOME CKAIAPHOE MPOU3BEICHNE, 3aJABAEMOE TMOMOKUTEILHO OMPEIeIeHHON
KBaIpaTUIHON dopMon x3 + x7 + ... + 22. I'pynma JBUKEHUH n-MepHOR
cdeper mzomopdHa Op 1.

st onpenesenns OpueHTANMK IIOCKOCTY ([IPUBEACHHAN HUXKE KOHCTPYK-
uus Jerko o6obuwaercs Ha 6ojee 06U CLy4Yall N-MEPHOI'O IPOCTPAHCTBEA,)
JIo6GaeBCKOT0 BOCTIOMBE3YEMCA MOIETbIO Ha Tunepboaon e (cm. raasy 3). [py-
Ty JUHEUHBIX TPe0o6pPa30BAHNN TPEXMEPHOTO0, COXPAHAIONMX TUTIEPHOJON I
22 +y? — 22 = —c? ob6ozmamm wepes O 1. OmpegeruTens MATPHIET JIOGOTO
npeobpasosanusa u3 Oy 1 pasen 1. I'pynna gemxenun miockoctu Jlobades-
ckoro saserca noarpymmon O, mugexca 2 B rpynme O 1, COCTOAIICH U3
TEX TPeoOPaA3OBAHNN, KOTOPHIE COXPAHAIOT KAX IYIO MOJOCTH ABYTIOJOCTHOTO
runep6oaona. AHATOTUYIHO CIYyYa0 €BKINIOBON MIOCKOCTH UM OTPEe/e-
JeHusa 1A ceputueckoro U TUnep0oaniIecKoro CIyIacs.

Ounpepenenune 4. Jeumncenue cepvr (naockocmu Jobauescroeo) nazvsa-
emca (aazebpauvecku) cobemsennvim, ecaw s3adatowas ur mampuye vz Os
(02,1) umeem onpedeaumens 1, u necobemeennvim, ecau —1.

Teopema 10.3. Jlwboe anasumuyecky cOOCMBENHOE JBUNCEHUE ABALETNCA
a42e6pauyecKy cobcmeeHHbiM.

HokaszaTenbcTBo. [lycTs MBI MMeeM aHAINTHYECKH COOCTBEHHOE [BIXKE-
ure. KoopamaaTter 06pazoB 6a3UCHBEIX BEKTOPOB I[IPW IPHUMEHEHUN MHOXE-
CTBA [BUXKEHUU, BBEJACHHOIO B OIPENENCHAN AHAIUTUIECKH COOCTBEHHOIO
MBUKEHUSA, ABISIOTCA HEMPEPBIBHBIMU (DYHKIUAME OT t. SHAYUT, HEMPEPHIB-
HBIME SABJIAIOTCA BBIPAXKAEMbIE Yepe3 HUX MAaTPUYHBIE DIEeMEHTHl MaTDPUIILI
COOTBETCTBYIOIIEr0 JUHENHOTO TPEOOPA3OBAHUS, 8 TAKKE €€ ONMPEIeTUTEb.
ITockonbky HempeproiBHAS (DYHKIWSA, NPUHUMAIIAS AUCKPETHBIE 3HAYEHU
(B paccmarpuBaeMoM cay4ae £1); sBiasgeTcs KOHCTaHTOM, PACCMATPUBAEMOE
MBUXKEHNE ABIACTCI aaredpaniecKm cOOCTBEHHBIM. []

Teopema 10.4. Jhoboe areebpausecku cobcmeennoe Jeuncerue A6ALCMEA
2EOMEMPUUECKYU COOCMNEEHHBIM.
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HokaszaTeabcTBo. Ocrapisem aurareno. [

3agauu

1. Joxkaxure, 9TO AaA JHOGOU TPAMOU HA TUIOCKOCTH U JIOOBIX MIBYX
€e TOYEK CYIIECTBYET EIMHCTBEHHOE COOCTBEHHOE MBUXKEHUE, TIEPEBO/IAIIEE
IpaMyIo B cebsl, a NepByIO U3 AAaHHBIX TO4YeK BO Bropylo. (Takue gsuxenus
OyeM Ha3BIBATL CO8U2AMU 6004b NPAMOT, — B CIYIae EBKJIUIOBOU IIOCKOCTH
CABUTH €CTh OOLIYHBIE TAPALICILHEIE TIEPEHOCHI).

2. [lokaxwure, 9TO MH060€ HECOOCTBEHHOE NBUKEHUE TLIOCKOCTH (OXHO-
BHAYHO) NMPEACTABIACTCA B BUJE KOMIO3UIUA OCEBOU CHAMMETDUU U CIBUCA
(cm. 3agady 1) BOOAB OCK DTOM CUMMETDUU.

3. HMokaxwure, 9T0 11000€ COOCTBEHHOE ABMKEHUE €BKJINI0BA IPOCTPAH-
CTBA ABIACTCA BUHTOBLIM ABUKEHUEM, T. €. KOMIO3UIINEN MOBOPOTA, OTHOCH-
TEIBHO HEKOTOPOU OCH W CABUTA BIOJb DTOU OCH.

6) ChopMymupyuTe M NOKAXKATE AHATIOIMYHOE YTBEDXKACHUE [JIA MPO-
crpaucTia Jlo6aueBckoro.

4. [Mokaxkure, 9TO N-MEPHOE IPOEKTUBHOE IIPOCTPAHCTBO OPUEHTUPYEMO
TOrJAa U TOIBKO TODA, KOTJIA 7 HEIETHO.

5. HNoxaxute Teopemy 10.4 m1ad KaxkA0ro m3 TpexX TUMOB MIOCKOCTH.
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3a,u,auwl NMNCbMEHHBLIX 3K3aMEHOB

BapuaHT 1 (4 nekabps 1994 r. Jlektop — B. B.[paconos)

1)

f — apo6ro-1nHenHoe IpPeoOpa3oBaHMe IIPOEKTUBHONU IPAMOU TAKOe,
gro f(a) # a u f(f(a)) = a gua vexoropou rouku a. Jokasars, 4o

F(f(z)) = z nas Beex .

YkazaTe npobHO-IUHEHHOE TPe0OPA3OBAHNE BEPXHEU MOMYILUIOCKOCTH,
cooTBeTCTByIOIIEe B Monean [lyankape mrockoctn JloGagesckoro cum-
MeTPUU OTHOCUTETHHO f.

[ycte @ 1 b — CTOPOHBI rUTIEPOOTUIECKOTO TPEYTOJBLHUAKA, JEKAIITIE
MPOTUB YIVIOB (¢ M 3 COOTBETCTBEHHO. JloKazaTh, 9To ecau o > 3, TO
a > b.

Hayru amuny nyru AB opumnukia, ecau U3BECTHO paccToARne d MEXK Iy

Aun B.

[oxazaTh, 9TO AIMHA CPEIHEN JUHUN TUIePOOINIeCKOr0 TPEyrOJbHNE-
K& MEHBINE TTOJOBUHBI [INHELI TPOTUBOJICKAIIEN CTOPOHHI.

Hanru pyngamenTaibayo o6aacTh IPYIIbL, HOPOXK IeHHOU ABYMS IBU-
JKEHWAMH, 3aTaBaeMBIe B Mogean Ilyankape B TOMYIIOCKOCTH (DOPMY-
gaMu z— 1 —zZuz— 1/Z.

OnpenennTs TUI CAEIYIOMEro COOCTBEHHOTO ABUXKEHUS IIOCKOCTH J1o-
6aMeBCKOr0: KOMIIO3UIINA Y€THIPEX CUMMETPUN OTHOCUTEIBHO TTOCAE 10~
BaTeAbHEIX CTOPOH KBajgpara (B Mogenu Kaenna), Buucantoro 8 aGeo-
JIOT.

Paccmorpum B npocrpancrse JIoGateBCKOro BBUIYK/BI 7i-IDAHHBII
YTOJT ¢ BEPIIMHON Ha abcomoTe. [[0Ka3aTh, 9T0 CyMMa €T0 TBYTDAHHBIX
yIiioB paBHa (n — 2)7.

72



BapuaHT 2 (12 despans 1995r. Jlektop — B. B.Mpaconos)

)

JokazaTh, 94T0 11060€ HETOXKAECTBEHHOE APOOHO-IMHENHOE Ipeodpa-
30BaHUE C HEMOABIMKHLIMU TOYKAMU ¢ U b MMeeT BUJ

Az —ab
i —
z+A—a-b>
3amnucaTrh B BUE POCHO-THHENHOTO TTPEOOPa30OBAHUA CUMMETPUI OT-
HOCUTETbHO rumepbommaeckonn mpsavon (z — a)? + y? = R? B Mogemm
IMyankape B BEpXHEU MOJYILIOCKOCTH.

CKONBbKO MHBAPUAHTHLIX IPAMBIX MOXET UMETH COOTBETCTBEHHO DJLIM-
OTUYECKOe, MapabogndecKoe U runepGoanieckoe IBIXKEHUE IIOCKOCTH
Jlo6auesckoro? (IIpsmvas | uHBapUAHTHA OTHOCUTENLHO HPeoGpa3oBa-
mua @, ecan p(l) = 1.)

[lau mpaBuabHBI TunepOoaMIeckun YeThipexyroabauk ABC D. Tlps-
Mas [ cummerpuana npaMmon AC otHOcuTensHo mpamoun AB. loka-
3aTh, 9YTO npsaMeie [ u BD pacxomsimecs.

Ha mrnocxocTu Jlo6adeBCcKOro MOXHO €CTECTBEHHBIM 00pa3oM Ompee-
auth romoreTuio ¢ nentpom O u koadduiumentom k # 0. Bepuo um,
9TO 3TO NPeobpPa3’OBAHNE YBEAMYMBAET DPACCTOSHUE MEXKIY JIOOLIME
aByMst ToukaMmu B |k| pas?

Bepumnanr A, B u C' Tpeyroapuuka A sexar Ha abcomore. Tpeyrouab-
auK A’ moayuen n3 A MOCACIOBATENBEHEIMA OTPAKCHUAMA OTHOCHTETh-
HO npaMbix AB, BC u AC. Ectb au o6mue TOYKu (BHYTPU WM HA
rpanuiie) y Tpeyroabuukos A u A’?

a) Paccmorpum B mpocrpancTse JIo6aeBCKOro TpexrpanHsi yroa 1T
€ BEPIIMHOU B TOo4ke o0 B Mogeau [lyankape B norynpocrpancree. Eb-
KJIUJOBA ILIOMA AL cedenus 1 opucdepon z = a paBHa S. Boramcanrs
o6beM vacTu 1, Jexaimen B OOJACTH 2z > G, €CAU W3BECTHHI S U a.
(DaemenT o6beMa B Mogenu IlyaHkape B IOMYTPOCTPAHCTBE 33,1a6TCA
dxdydz )

23
6) JlokazaThb, 9TO 06BEM TETPAdAPa C BEPIIMHAMA HA abCOMIOTE KOHE-
9EH.

dopmymaon dV =
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BapuanT 3 (3 nekabps 1995r. Jlektop — B. B. lMpaconos)

)

az+b

cz+d’
pz+q

JlokazaTh, 9TO J1060€ IPOOHO-IMHENHOE IPeOOPA3OBAHNES 2 —

coxpaHsoliee eIuHUIHEN Kpyr |z| < 1, umeer Bupg z — rae

p|? = Jg|* = 1.

JloxazaTh, 9TO KOMITO3UIINIO CUMMETPUN OTHOCUTEIBLHO TPEX TMPAMBIX
OJTHOT'O TIyYKa MOXKHO MPENCTABATH B BUAE CUMMETPUU OTHOCUTEIBHO
OIHOU IIPSMOM.

JokasaTh, 9T0 OKPYKHOCTHU PA3IMYHEIX PALAyCcOB r u R MoxHO pasme-
CTUATH TAK, ITOOBI UX OOIINE BHEIIHNE KacaTeIbHbIEe HE NePEeCeKATNCh.

CyuwecrByer Ju HeTOXK ecTBeHHOe aBrkeHue z — f(z) maockocru Jlo-
OAIEBCKOT0, 1A KOTOPOTO PACCTOAHME MEXKy TOuKamu z u f(z) mo-
CTOAHHO?

PaceMoTpuM BEIMYKIBIN 9eTHpexyToabuuk A BC'D ¢ npAMBIMU yuIaMu
A, B, C u BeibepeMm Ha orpeske CD Touxy P rtak, uro BP = AD.
MoxkazaTh, uro ayuu BP u AD napaiienbHsl.

lokazare, 9T0 qI000€ ABMKEeHWE MoAeau llyamkape B Kpyre MOKHO
IPEACTABATD KAK KOMITO3UIINKD CUMMETPHH OTHOCUTENLHO Tunep6om-
YECKOU IPAMOU M E€BKJIUIOBA ABUKEHUA KPyra.

JokasaThb, 9T0 K ABYyM ILIOCKOCTSIM B pocTpancTse Jlo6aueBckoro He-
JB3A4 TPOBECTU OOJee OTHOTO OOIIET0 TEPIIEH TUKYIAPA.

BapuaHT 4 (18 despansa 1996 r. Jlektop — B. B.Mpaconos)

)

2)

JlokazaThb, 9TO ABMXKEHHE ILIOCKOCTH Jlobadesckoro B Mogean Kien-
Ha OyIeT eBKANIOBLIM ABMXKEHUEM TOIAa, U TOJLKO TOTAa, KOAa OHO
OCTABJ/AET IIEHTP OKPYXKHOCTH MOJENN HA MECTE.

[oxazaTh, 9TO AJUHA TPETHEU CTOPOHLI TPEYTOALHUKA CO CTOPOHAMMU
a, b 1 yriioM Mex[ny HAMY Y MOHOTOHHO 33BHUCHAT OT 7.
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3)

Ykaxure GyHIAMEHTAILHYI0 061aCTh IPYINLL IBMXKEHUU ILIOCKOCTH
Jlo6aueBcKOro, MOPOXK JEHHOU ABUXKEHHEM, KOTOpoe B Mogenu [lyanka-
pe B BEPXHEN TOIYTUIOCKOCTH 3AMAETCA 2 — 22,

OxpyxuocTb (J7 PACIONOXKEHa BHYTPU OKPYXKHOCTH (s, PACTIOIOKEH-
HOM BHYTpU OkpyxkHOCTU (3. OnucaTh BCE BO3MOKHBIE KOH(DUTYPAIUH
0o0pa30B DTUX OKPYKHOCTEU MOCTe APOOHO-JIMHENHOTO MpeotpasoBa-
HUA.

Y 4eTHIpexyroJbHUKA HA IIOCKOCTH JI06aeBCKOro PaBHEL IPOTHBOIIO-
JIOXKHEIE CTOPOHEL [l0Ka3aTh, 9TO NPAMBIE, HA KOTOPHIX JIEXKAT IIPOTH-
BOIIOJIOZKHEIE CTOPOHBI, PACXOAAIINAECAH.

R — pagmyc xpyra, miomais KOTOPOro PaBHA IVIOMIA U IPABUIBHOIO
8-yrompHuKa ¢ yraoM /4. O603HaMMM Yepes a yroa NapaeTbHOCTH,
COOTBeTCTBYIOMUN oTpesky R/2. /lokasaThb, 4TO tga = 2.

[lByrpanubin yroa kyda B mpocTpascTie JI0GaIeBCKOro paBeH «, yrom

e g 1
MEXIy CTOPOHAMM I'paHU paBeH 3. [MOKa3aTh, 9TO Sin — Cos — = —.

2 2 2

BapuanT 5 (22 nekabps 1996 r. Jlektop — B. B. Mpaconos)

1)

2)

3)

KakxoBo B3auMHOE pacmoOIOXKeHNE Maphl MPAMBIX, CUMMETPUUHLIX OT-
HOCUTEIBHO TOYKH (MapaIelbHBE, TEPECeKAINECA WA PACXO,IAIIN-
ecs)?

Kaxoe mambosbliee KOIMUECTBO HEMEPECEKAIOUINXCA TOLYILIOCKOCTEN
MOXKHO PACIOJIOXKUTh HA MIOCKoCTH JlobaueBckoro?

JIy4 nagaeT Ha IPAMYIO M OTPAKAETCA MO 3aKOHY «yTOJI NACHUS PABEH
yriy orpaxkenusy. HanucaTh ypaBHEHME OTPaXKEHHOI'O JIyda B MOIEAN
Kunellna B € MHUYHON OKPYKHOCTH, ECIHM JIyd UAET 110 OCU abCIUCC, a
3EpKATOMy ABJAAeTCA TpaMas az + by = 1 (Va? + b < 1).

Opuruka kacaerca cTopousl AB u mpoxomxenun cropon CB u CA
Tpeyroasauka ABC. lokazaTs, 94T0

sin%—l—sing:cos%.
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5)

HMokazarh, aTo M060e HECOOCTBEHHOE IBUKEHUE ILIOCKOCTH JloOaxeB-
CKOI'O IPEeICTABIACTCA B BUIEe KOMIO3ULIUY CUMMETPUM OTHOCUTEILHO
TIPAMOU U TUTEPOOJUIECKOTO BUKEHUS, TIEPEBOJAIIECTO DTY MPAMYIO B
cebs.

B tpexmepuom mpocTtpancTse JIoGadMeBCKOro cOGCTBEHHBIE [BUXKEHUA
f u g uveor (pasiudnbie) o0UMe HEIOABUKHEIE TOYKK HA abCOIIOTe
A u B. [lokasarb, uro fg=gf.

Yucaa o, Qz, - - ., @y, IpuHaLIeKanme narepsary (0, 1), TAKOBHI, 9TO
ux cymma Menbine (n — 2)w. JlokaxknTe, 4T0o Ha miockocTu JloGades-
CKOI'O CYILIECTBYET ONUCAHHLIN N-YIOJbLHUK C TAKAMUA YIVIAMI.

BapuaHT 6 (16 mapTa 1997r. Jlektop — B. B. Npaconos)

1)

Hawtu nemkenusa miaockocTu J1o6aaeBCcKoro, KoTopsie B Mojgenn [lyau-

. 7 .
Kape B TOJYILIOCKOCTH MEPEBOAAT TOUKY 1+ B -5 a TOUKy —1+14
141
5

B

CyImecTByeT A mpaMad, TepPeceKarolasa BCe TPAMbIE U3 TAHHOTO My 9IKa,
IaPaAJIIEILHBIX !

Cropona AB B o ABC siBasieTcs quaMeTpoM Onucanton BOKpyr o ABC
oxpyxuocru. Jokazars, 4ro ch? Rtgatgf =1 (R — pasuyc onucas-
HOW OKPYKHOCTH, (v, 3 — yTUIBI TIpu BepumHax A, B COOTBETCTBEHHO).

Nmerorca ape pacxonmmumecs npaMble I/, I”) paccToarme Mexny HUME
d. W3 Toukm O, nexamen na I’ m o6mem nepnengukyaspe k I’ u I”, mo
npsamon ! HauuHaeT paBHOMEPHO CO CKOPOCTBIO U ABUIATHLCS YaCTUIA.

Hantu 3aBHCUMOCTL OT BpeMEHU PACCTOAHUA OT YACTHILI 4O TPAMOU
.

B mozenn Kueina cTopoHa 0cTporo (rumnepoamaeckoro) yria mpoxo-
OUT 9epe3 meHTp Kpyra. Jokasars, 9TO BEIMYUHA DTOr0 YIVIA MEHbIIE
BEJUYUHLI COOTBETCTBYIOIIEO €BK/INIOBA, yIVIA.

a) IIpamas mepecekaer rumepiuka B Toukax A u B. IlokasaTb, 9T0
YTVIBI, 00Pa3yEeMBIe KACATEIbHBIMY K TUNEPIIAKIY B TUX TOUKAX U DTOU
MPAMOU, PABHEIL.
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6) Paccmorpum npoussoasuyio touky C ua gyre AB runepuuxaa. [Jo-
Ka3aTh, 9T0 BeJU4IuHA & + § — 7y He 3aBucur or Beibopa rouxku C (a,
8, v — yrust Tpeyroabuuka ABC).

Orpannvenne IBUXKEHUA TPEXMEPHOTO MPOCTPAHTCBA JloGaveBCKOrO
az+b

cz+d
JoKa3aThb, 9TO 3TO JBIKEHUE ABIACTCA IOBOPOTOM BOKPYT HEKOTOPOH

npsamon Ha 180° Torga u TOALKO Torga, koraa a +d = 0.

Ha abCoOMIIOT 3a43eTCA APOOHO-IMHEMHEIM NpeoOpa3oBaHueM

BapuanT 7 (13 gekabps 1998 r. flektop — O. B. LLlsapuman)

1)

2)

Haittu o6nacte Qupuxae D(zq) rpynmsr SLs(Z) ¢ nenTpom B TOUKe
— 64i
ZO — T.

W3 Touku B, nexalen Ha CTOPOHE UAEATHHOTO TPEYTOMLHUKA, OMyIIe-
HBI epueHukyaapsl BA u BC mHa nBe apyrue cTopoubl. Hantu yron
ABC.

[lokazaTh, 9TO AMaAMETDP OKPYKHOCTH, BIMCAHHON B TPEYTOJbHUK, HE
npeeocxoaut In 3.

3amagum Tpu opucdepsl ypasmenuwsMu (l;,z) = v—z2 (i = 1,2,3).
Halitu ycnoBua Ha BEKTOPHI l;, IPM KOTOPBLIX OPUC(EPEHI MOMAPHO Ka-
CAIOTCA.

MoxXHO 1 3aMOCTUTH NPABUWIBLHBIN TPEYTroIbHUK cO cToporou 100 mpa-
BUWILHBIMY TPEYTOILHUKAMY CO CTOpoHou 1 7

Hantu TouKy, cyMMa pacCTOSHUN OT KOTOPOU IO CTOPOH UIEATLHOTO
TPEYTOIBHUKA, MUHUMAILHA.

CKOMB3AIAS CUMMETPHA MOTYICHA B PE3YILTATE KOMIOBUIIUN OTPAKE-
HUV OTHOCUTETBHO TPEX CTOPOH MICAILHOTO TPeyTroIbHuKA. Hamtu
4) MHBAPUATHYIO MPAMYIO,

6) BEIMIWHY CABUTA BAOIL MPAMOM.

Janbl eBkanaoB n runepbommdeckui Tpeyroasanku ABC u A'B'C’ ¢

OIUHAKOBEIMI COOTBETCTBYIONMME CTOPOHAMH. [I0Ka3aTh, 9TO MeIu-
ana AM pnunnee, yem meguana A’ M.
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BapuanT 8 (10 gekabps 2000r. Jlektop — O. B. LLisapuman)

)

6)

DKBUIUCTAHTA, Tpoxoaamas depes Touku C1 u Cs, nepecexaer abco-
JIOT B TOUKax A, u As; mpamere A;C1 n AsCs mepecekarTes B TOUKE
0. lokaxure, aro OC| = OCs.

Hawntu pagnyc HAUOGOIBINEN OKPYKHOCTHU, KOTOPYIO MOXKHO BIHUCATDH B
MIeCTUYTONbHUK.

Ha nnockoctu Jlo6adeBCKOTO MOXKHO ONPEIEINTH TOMOTETHUIO aHAJIO-
PUYHO eBKIAUAOBY caydairo. [okawxure, uro B Momeaun Kiaenna romo-
TeTUs C UEHTPOM B LeHTpe Mogeau 1 koddduuuenrom 1/2 nepesogur
npsMble B GUrypsl, ABiaiomuecs npameivu B Mogenu [lyankape.

PacemoTpuM KOMIO3unuio Tpex MOBOPOTOB BOKPYT BEPIINH HEKOTOPO-
O TPEyrOJbHUKA. Bennmyunua moBOpoTa B KAXKJAOM CIy4Yae PABHA YIBO-
E€HHOMY YTVIy TIPU COOTBETCTBYIOIIEH BEPIIMHE, HATTPABJICHUE TIOBOPOTA
BCEr[a BLIGUPAETCA IMPOTUB YACOBOU CTpesaku. IlociaeqoBaTeabHOCTD
[IOBOPOTOB COOTBETCTBYET OOXOLY BOOIL KOHTYPa TPEYLOJLHUKA IO
YACOBOU CTpENKe. BepHO Jii, 9T0 PACCMATPUBAEMOE [BUKEHUE BCErLA
ABISETCA TOXKTECTBEHHBIM?

Tpu mpaAMbIe TIEpECeKarT A B OMHON TOYKe Ha adcomore. [lokaxure,
YTO CYHICCTBYCT TPEYTOJBbHUK, MJIA KOTOPOT'O 3TU NPAMBIC ABIAOTCA
CEePEAUHHBIMY NEPICHANKYIAPAMUA K CTOPOHAM.

B wetwipexyrompuuke ABC D BHIIOIHIOTCA COOTHONIEHUA
LA+ /B =20+ 4D, AD=BC.

Hoxaxure, wro AB = CD.

BapuaHT 9 (9 mapta 2001r. Jlektop — O.B. lllsapuman)

1)

Paccroanusa Mex 1y mapaMu TPOTUBOMIOIOKHBIX CTOPOH e THPEXYTOMb-
HUK3, C BEPIIMHAMU HA a0COoII0Te paBHbl a u b. [loxaxwuTe, 9T0

a b
Sh§sh§—1
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2) Bce yrumel rpeyroapHuka paBHBL . PaccMarpuBaercs KOMIIO3ULUs
TPEX IOBOPOTOB HA yrod « (IPOTUB YACOBOU CTPENKU) OTHOCUTENb-
HO €ro BepuH (BEPIIHHBI 00XOAATCA TIO 9acoBou cTpenke). Hangure
HEOIBMXKHBIE TOYKHU 3TOM0 MPeotpasoBanua (BKIYAA TOIKA Ha ab-
comore).

3) OKBUAMCTAHTA U MpAMasd MEPECEKAIOTCA B ABYX TOUYKAX HA abCOIIOTE.
Koueuna au mwmomais 001acTy, 3aKI0YEHHON MEXK Y HAMUA?

4) B BoimykioMm runepGoaudeckoM derwipexyronsauke ABCD yruot A u
B npsawmete, a ayuu AB v DC napamiensnst. [Jokaxure, 94T0

iop| _ sh |AD|
sh|BC|

5) [dast kaxgoro M30TPONHOIO BEKTOPA € (B TPEXMEPHOM IPOCTPAHCTBE
€ TICEBIOCKATAPHLIM TIPOU3BEIEHNEM CUTHATYDH (2, 1)) o6o3natum de-
pes O, OpWIWKI, 3aJaBaeMbIN ypasHeHneM (e,x) = \/—(Z, ) B Bek-
TopHOU Mogenu miockocTu Jlobadenckoro. Hamaure meoOXoquMbie U
OOCTATOYHBIE VCAOBUA HA [IBA M3OTPOMHBIX BEKTOPA €1 W €, UTOOBI
opuukIsl Op, 1 Op, KACATIUCH APYL OPYTA.

6) Broyxkanii runepboaundeckurn dersipexyroiasiuk ABCD takos, uro
ayau AB u DC mapamwienssst u ayau AD u BC TOx)e mapajleibHbL.
MokaxuTe, 9TO

|AB| + |BC| = |AD|+ |DC]|.

BapuanT 10 (16 nexabps 2001r. Jlektop — B.O. Byraenko)

1) Ha cdepe nposeaensr nse paBHbIe nyru 6oabioro kpyra AB u CD.
JlokaxxuTe, 9TO HAUAETCA Takasd TOYka M, 4To cdhepudeckue Tpe-
yroavuuku M AB u M CD paBHbl.

2) Ha npoexrusnou nuockocru npsamoie AM u BC nepecekaioTcs B TOY-
ke Ay, npsmsie BM u AC' — B Touke B, npaveie CM u AB —
B Touke (7, a upsambie A1 B; u AB — B Touke X. [lokaxkure, 4T0

[4,B,Cy, X] = —1.

3) Ilycts f u g — TPOEKTUBHBIE MPEOOPA3OBAHNUA, OCTABIAIIINE HEIO-
IBUXHBIMU TOYKY A U KaXAyI0 TOYKY TPAMOU £, HE MPOXOIAIIEN He-
pes A. Hokaxure, uto fg = gf.
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4)

Hazoeewm opurpeyrossauxom durypy Ha miockoctu JlobadeBckoro, or-
DPAHWYEHHYIO TPEMs JyI'aMy IIOIIapHO KaCAIOIIMXCA OPULMKJIOB.

a) Jlokaxure, 4TO BCe OPUTPEYIOJLHUKY DABHBL.

6) Hagure paguyc OKpyKHOCTH, BIMCAHHOU B OPUTPEYIOIbHUK.

Bce yribl mecTuyroibHrKa Ha IIOCKOCTH JI00a4eBCKOrO PaBHLL, [IJIU-
HBl IPOTUBOMNOJOKHLIX CTOPOH TakKkKe paBHBLL. JOKaxuTe, 94TO IMa-
COHAJIU, COSIUHSIONINES IIPOTUROIOIOKHELIC BEPIIUHEL, IEPECEKAIOTCA B
OJHOU TOYKE.

[Buxenue miockocTu JI06aIEBCKOT0 ABIACTCA KOMIIO3UIINEN TPEX CUM-
METPHUN OTHOCUTEIHHO MOCJAEOBATEIBHBIX CTOPOH TPEYTOJBHUKA ¢ BEP-
muHaMu Ha abcomore. CKOMBKO HENOABMXKHBIX TOYEK UMEIOT 3TO [BU-
JKEHHUE U ero OrpaHmYIeHue Ha abCOpoT?!

Jokaxkure, 9TO K ABYM CKPEIIWBAIOUUMCSA IPAMBIM B IPOCTPAHCTEE
Jlo6aueBCKOro CymecTByeT POBHO ONUH OOLUIMH HEPIIEeH TUKYJLAP.

BapuanT 11 (24 despans 2002r. flektop — B. O. Byraenko)

1)

[Nmaronanm cdepuaeckoro detwspexyroasunka ABC D pasub di u d,
nepecekaroTcsa B Touke O mo yIVIOM o U AeAITCs ToUYkou O mMomosaMm.
Havgure paccrosuus Mexay Toukon O u TOYKaMu nepecedeHus che-
pudeckux npsameix AB u CD.

IIycte adppuanoe mpeobpasoBaHue NEPEBOAUT KOHETHOE MHOXKECTBO
TOYEK B ce0A (PTO BHAYUT, U9TO KAKIAA TOIKA MHOKECTBA TIEPEXOIUT
B KaKyI0-TO TOYKY DTOT0O XK€ MHOXKECTBa). [lokaxuTe, 9T0 OHO UMEET
HEMOABUKHYIO TOYKY.

Touxku A, B u C' eBKIMAOBOU TLIOCKOCTH JexkaT Ha mpamon £. Ha oT-
peskax AB, AC u BC xax Ha gumaMeTpax MOCTPOEHBI OKPYKHOCTHU.
OKpYRHOCTBH W KACAETCA BCEX TPEX MOCTPOEHHBIX OKpyxkHOCTEH. [Oo-
KaXKUTE, 9TO AMAMETP OKPYXKHOCTHU W PABEH PACCTOSHUIO OT €€ IEHTPa
10 mpamon £.

IIpoexTuBHOE mpeobpa3oBaHWe ILIOCKOCTH IEPEBOAUT BEPIIUHBI KBa-
apata ABCD B cebsa caenyromum obpaszom: A +— A B— C,C — D,
D — B. CymecTByeT iu mpsAMas, Iepexonsias B ce0sa Ipu DTOM Ipe-
o6pazopanun’
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5)

6)

JokaxkuTe, 4TO BCE OINUCAHHBIE YE€THIPEXYI'OJIBHUKU C BEPIUXHAMU HA
abcontore mwnockocTu JI06adeBCKOrO PaBHEL

Joxaxure, 9T0 IPAMOYTOJIBHBI [IECTHYIOIBHAK HA IJIOCKOCTH Jlo6a-
EBCKOTO OJHO3HATHO 3a4aeTCA IANHAMYU TPOWKM MOMAPHO HECMEKHBIX
CTOPOH (T. €., 9TO A7 JIOOON TPOUKY TOJOKUTEILHEIX IMCET MIeCTU-
YTOJBHUK C COOTBETCTBYIOMINMA JINHAME CTOPOH CYIIECTBYET U €IUH-
CTBEH).

MoXHO i1 BOCCTaHOBATEL COOCTBEHHOE IBUKEHUE ILTOCKOCTH JIoOatIeB-
CKOI'O, €CJU U3BECTHA KOMIIO3ULIKA 3TOr0 IBUKEHUS U OPTOrOHAILHON
IPOEKIUU HA HEKOTOPYIO IPAMYIO?

IIycth orpamumtenue Ha aOCOJIOT COOCTBEHHOIO ABUXKEHUS TPEXMEP-
HOT'0 IPOCTPAHCTBA JI06ad4eBCKOro MMeeT OJHY HENOJBUKHYIO TOUKY.
ﬂOKa)KI/ITe, YTO OHO HE€ MMeeT HEIOABMXKHBIX TOYCK B IIPDOCTPAaHCTBE
Jlo6aueBckoro.

BapuanT 12 (1 pekabps 2002r. Jlektop — B. B.Mpaconos)

)

B R3 ganer npameie l1, ls, Is. IIpsamsle a, b, ¢, d mepecekaroT Kaskiyio 13
STUX TPEX IPAMBIX. J0Ka3aTh, YTO JBOUHLIE OTHOIIEHUA A Y€ TBEPOK
TOYEK, JEeKAIINX Ha TPAMBIX [1, [, [3, OTMHAKOBHIE.

PaccmoTpum mHa mmockocTu Jlo6atieBCKOTO0 MHOXKECTBO TOUEK, YIATCH-
HBIX HA PACCTOAHUE He DOoJee r OT JAHHOTO OTPEe3Ka IINHHL d. Boraum-
CIUTH [UIUHY KPUBOU, OFPAHUYUBAIIIEN 3TO MHOXKECTRO.

N3 cepeamHbl rUmOTEHY3Hl IPAMOYTOJBHOI'O TUIEPOOJNIECKOTO TPEy-
IOJIBHUKA OIYIIEH IIEePIeHAnKYyIIp Ha kareT a. [loxasars, 94TO aauHa
3TOr'0 NEPIIeH JUKYIAPa MEHBIIIE IOJOBAHEL KaTeTa b.

CKOJIBKO CyLlecTByeT ABXKEeHUU ILockocTu JIo6adeBckoro, nepesois-
muX B ce6s1: a) TaHHBIM OTPE30K; 6) TAHHBIN Ayd; B) JAHHYIO IPAMYIO?

Man yron ZAOB na miockoctu Jlo6agesckoro. Touka X amxkercs o
ayay OA. Us touxu X omyuien nepnenaukymip X H wa mpamyo OB.
Borancants limy oo ZOXH.
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6)

7)

OKBUIUCTAHTA, YIAJIEHHAA HA PACCTOAHUE d OT TAHHOU IPSAMOU, Iepe-
cekaeT abCcoaoT mox yraoMm . [lokasars, 9TO ¢ — Yol HapasLIelb-
HOCTY [ PACCTOAHUA d.

Boraucants mnoma s cdephl paguyca r B mpocTpaHcTBe JlobaueBcko-
TO.

BapuaHT 13 (16 despans 2003 r. Jlektop — B. B. Mpaconos)

)

[IBoHOE OTHOIIEHUE YEeTHIpEX TOYeK paBHO A. Kakue 3uadeHus mo-
JKeT NMPUHUMATH ABOUHOE OTHOIIECHUE TEX JKE CAMBIX YeTBIPEX TOUYEK,
B3ATHIX B IPYIOM HOpsagke?

Jokaxkure, 9TO MHOXKECTBO TOYEK, PABHOYLAJEHHBIX OT ABYX JAHHBIX
PACXOAAMNKCA TPAMBIX, ABIACTCA TPAMOMN.

B mogemn Ilyankape B BepXHEU TMOJYTLUIOCKOCTH MAaHBI TOYKA Z W W.

z—w
Honoxwum t = I_ JokaxuTe, ITO PACCTOAHNE MEK Y TOTKAMHA 2
z— W
1+1¢
7 w paBHO In 17

IlycTb g1 1 go — HETOXASCTBEHHBIE COOCTBEHHBIE TBUXKEHUS TLIOCKOC-
T Jlo6aterckoro. U3BecTHO, UTO g1 9o = gog1 W ABMKEHME g1 mMapado-
anieckoe. /[JokaxXuTe, YTO ABUKEHHUE go TOXKE MapaboamtIecKoe.

[laH BBIMYKJIBIA YeTHIPEXYTOJBHUK, BCE YIVIBI KOTOPOro octphie. J[lo-
KAaXUTe, ITO NPAMBIe, Ha KOTOPBIX JIEXKAT €0 IPOTUBOIOJIOXKHEIE CTO-
DOHBI, PACXOLAIINECH.

Ilycte g1 u g2 — cOOCTBEHHBIE NBMXKEHUS ILIOCKOCTH JloHadeBCKOro,
uMerone O0IIy0 HEMOABMAKHYIO TOYKY Ha abcomore. [Jokaxure, ITO
TBIDKEHUE g1G2g; L gy - Mapadoamdeckoe.

[IBe mmockocTu B mpocTpancTBe JI06atIeBCKOTO He TepeceKaioTCs.

a) O6s3aTeJbHO I CYLIECTBYET IWIOCKOCTh, UM [ePIIeHIUKYAApHasn?

6) O6a3aTEIBHO MU CYUIECTBYET NPAMAA, UM TEPIEHIUKYIAPHAA?
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Pelwenns n3bpaHHbix 3aa4

B mymepamuu 3a5a4 cHadana ngeT HOMep IVIABBL, & 3aTeM — HOMED 3a74a-
4y B DiaBe. Hymepanus 3agad U3 VIABHL «330a9U NUCbMEHHBIX DK3aMEHOB»
HAYMHAETCA ¢ OYKBBI «J», 3aT€M UIET HOMED BAPDUAHTA W HOMED 33JAa4U B
BapUAaHTE.

1.15. a) Homoca chepudecKnx MPAMEIX, IEPECEKAININX TAHHYIO TOY-
Ky A, 3aMeTal0T OKPYKHOCTB GOMBINONO KPYTa, & WUMEHHO, MOJAPY TOYUKA
A. TlopToMy paccMaTpUBaEMBIE TIOIAPHL 3AMETAIOT TTapy ChEPUIECKUX IBY-
YTOMBHUKOB, 00OPA30BAHHBIX HOJAPAMU KOHIIOB JAHHOT'O OTPE3KA.

6) Ioasper cheputieckux NPsMBIX, [EPECEKAIONIUX LAHHBIe OTPE3KU, 3a-
METAaT MHOXECTBO, ILUIOUIAAL KOTOPOro Mmensbire 47 R, mostomy Ha cdepe
HAMJETCA TOYKA, HE JekKallnad B 3TOM MHOXKECTBe. llomsgpa >TOU TOYKH He
IIepeceKaeT HU OJHOTO JAHHOI'O OTPe3Ka.

4.14. a) llycte A; u B; — cepeaunst ctopod AC u BC' cOOTBETCTBEHHO.
Omnyctum u3 peprmust C' nepnenaukyasp CH wa mpavyio Ay By m paccmo-
TPUM TOUKU As u Bs, cuMMeTpudHbIe TOUKe H oTHOCHTEILHO TOYeK A1 u By
cOOTBeTCTBEHHO. Jlerko mpoBeputh, 9T0 As # Bs. B Tom ciayuae, korga H
JexuT Ha orpeske Aj By, 310 oueBuaHO, a ecau H nomagaer Ha IpoLoLKeHTe
orpeska A By, To paBencrBo A1 H = By H BBIIOAHATBLCS HE MOXKET, [IO3TO-
My HE MOXKET BHITIONIHATHCA W paBeHCTBO AsH = BsH. Takum o6pasowm,
Touku As u By OJHO3HAYHO OMpemessioT mpAMyo A; By, mosToMy gocTa-
TOYHO NOKA3aTh, 9TO PACCMATPUBAEMBIN MEPIEH IUKYJAP [, BOCCTABICHHBIN
U3 cepenuHbl oTpe3ka AB, nepunenauky/aped upaMon AsBs.

Tpeyroasuuku A1CH u A; AAs (a rakxke rpeyroasuuxku B1CH u By BB>)
ABJAIOTCA PABHLIMU TIPAMOYTOJILHBEIMUA TPEYTOJLHAKAMU, TTO3TOMY B U€THI-
pexyrombuuke AAs; By B yrawt mpu BepumHax As u By mpAMbie, a CTOPOHEI
AAs u BB pasusl (06e ouu paBuabl C'H ). Takon 9eTHIPEXYTOIbHUK JOTKEH
UMETH OChb CUMMETPUH, IPUYIEM OHA JOMKHA COBHACTH ¢ mpsamoun [. CregoBa-
reapuo, | | AsBs.

6) Caydann cOBNATAIOMNX TPAMBIX OYEBHIEH, ITOSTOMY OyIeM CIUTATh,
YUTO MPSAMEBIE, H3OMETPUIHO OTOOPAKAIOIINECS APYT HA APyra, HE COBMATA-
0T. Bo3aMOXHEI 1Ba CIydas.

1) dsa pasauuusix orpeska X X' u YY’ umeror obmywo rouxy M. B
TAKOM CIy4Yae PACCMATPUBAEMAs U30OMETPUS ABIACTCA CUMMETPUEN OTHOCH-
TeabHO Touku M.

2) Cepenunbl Bcex 0Tpe3koB Buaa X X' momapuo pasamusbl. Ilycte P,
Q, R — cepenuunr orpesko X X', YY' Z7Z'. JlocTaTovHO A0KA3aTh, 9TO
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rouku P, (), R sexar una oguou npsmou. I[lpu cummerpun OTHOCATEIHHO
rouku P rouku X, Y, Z nepexonsar B rouku X" = X', Y" u Z", nexamme
Ha ogHOu mpamon. Ilpw srom mpavas PX' aprserca cepefuHHBIM TEpHeH-
mukyaapoM K orpeskam Y'Y u Z'Z". TlosToMy coracHo sagade a) mpaMast
PX'’ 6yaer nepnenauky/sapHa npavmbiM PQ n PR. CaenoBaTeabHO, TOIKH
P, ), R nexar HA OTHOU NPAMOU.

4.15. a) Touka mepeceveHusa AByX GUCCEKTPUC TPEYTOJILHUKA PABHOY A~
JIEHA OT BCEX €0 CTOPOH, TTO3TOMY OHA JIEXKUT HA TPETheN OUCCEKTPUCE.

6) IIycte M — cepeguna cropoust AB, P u () — cepegussl CTOPOH
AC u BC. Paccmorpum mogens Krerna u momectum Touky M B menTp
kpyra. Cornacuo 3agade 4.14 cepeIVHHBIN TEPNEHIUKYIAP K OTpe3ky AB
OyIeT MePHeHAUKYIApeH npamon P@Q). DTo 03HAYAET, 9TO B EBKJINIOBOM
rpeyroavuuke ABC orpesok P Gyger mapamtenen cropoue AB. B makom
ciy4ae orpesku AQ u BP nepecekalorca B Touke K, Jexalen Ha OTPE3Ke
CM. B camoMm pgene, upu (eBkaugosoir) romoreruu ¢ ueHrpoMm K orpesok
P(Q mepexoauT B 0Tpe3ok BA, mopTOMY TIpAMas, COSUHAIOIIAA CEPEeINHbI
DTUX OTPE3KOB, MPOXOAUT Uepe3 ToUKy K.

B) Paccmorpum mogens Kaenna u moMecTuM TOUKY A B UEHTD KpyTa.
B rakom cayuae runepbonudeckue Beicorsl BB) u CCy 6yayT u eBkango-
BeiMu BeicoTamu. Oum nepecekarorcs B Hekoropou touke H. Ilpsamas AH
OyzeT eBKAMOOBBIM HepreHauky/aipoM kK npsamoun BC. Ho AH — mgmametp,
mostomy AH Gyaer u TUnepOOITIECKUM TePIIeH TUKyAapoM K mpamon BC.

5.9. B Tom cayuae, xorga nBa CEpeIMHHBIX MEPIEHANKY/IAPA MEPECEKA-
IOTCA B OJJHOU TOYKE, YTBEPXK ICHUE OUEBUIHO, TOTA BEPIIUHEI TPEYTOILHY-
Ka JeXAT Ha OJHOU OKPYKHOCTH.

B Tom cayuae, KOraa ABa CEpEIUHHBIX MEPIEHINKYIADA MAPALIETbHbI, UX
MOXHO CIUTATH JY9IaMU B BEPXHEU IIOMYILUIOCKOCTH, MapaisteabusivMu ocu Oy.
Torma BCE BEPUIMHLI TPEYTOILHUKA JEKAT HA OXHON BEICOTE HAI BEIIECTBEH-
HOU OChIO, TTOATOMY BEPIINHLI TPEYTOJBLHUKS JEeKAT HA OJHOM ODUIIUKIE, 4
TPETUN CEPEIUHHBIN TIEPICH TUKYAAD OyAeT JYIOM, MapamieabusiM ocu Oy.

B Tom caytdae, Koraa nBa CepeIUHHBIX TIEPIIEH JUKYIAPA TEPIeH TUKYIAD-
HEI HEKOTOPOU IPSAMOU [, BCe BEPIIMHLL TPEYTOJLHUKA, VIAJIEHLL OT IPAMOU [
Ha OZHO ¥ TOXE PACCTOAHUE, TO €CTH JEXKAT HA OMHOM T'UIIEPIUKIE, TIO3TOMY
TPETUN CEPEIUHHBIN IMEPIEH TUKY/AD TOXKE IEPIeHINKY/IAPEH IPAMON [.

3a00HO MBI [OKA3AIW, UTO JHOOLIE TPU TOYKH JEXKAT JUOO Ha OTHOU
OKPY¥HOCTH, JUOO HA OJHOM OPHUIUKJE, JUOO HA, OJHOM TUIEPITUKJIE.

5.11. [lyra P() OKpyXHOCTW, OPUIINKJIA WIN TUIEPIUKIA 00pasyeT B
roukax P u () paBHbIe yruibl ¢ (runepboamdeckon) npamon PQ. Mycts ay,
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f1 u yp — yrusl, coorsercrByiomue ayram BC, CA u AB. Torga B ciygae
OKpYyXHOCTH @ =T — 31 — 7y, =" —ay; —Y1, ¥ =7 —a1 — b1, aB cIydae
OPUIMKIA WA TUMEPIUKIA @ = v, — 1, B =7 —ap, v =7 —a1 — F1.
Taxum o6pasom, a+ § —v = (7 — 2 ). IIpu 5TOM yroxa v MOCTOAHEH, TaK
KaK OH COOTBETCTBYET MOCTOAHHOU ayre AB.

9.3. JlocTaTouHO AOKa3aTh, 4T0 ecan a,b,c,d € C — momapuo pazmmy-
HBbIE 9MCIa, TO CYIIECTBYET TaKoe APOOHO-IMHENHOE MpeobpasoBanue f, ITo
fla) =b, f(b) =a, f(c) =d, f(d) = c. IlepBbie Tpu paBeHCTBa MO3BOIAIOT
oauo3Havuo onpeneaurs f. Ilpu 3ToM apoOHO-IuHENHOE HpeoOpa3oBaHue
f o f uMmeer HEmOABUKHBEIE TOYKH G, D U €Ile KAKYIO-TO HENOIBUKHYIO TOY-
Ky, (a UMEHHO, HETIOJABUKHYIO TOUKY OTOOpaxkeHUA f; OHA, BOOOINE rOBOPA,
MOXKET OBITH GECKOHEYHO YAAJEHHON), KOTOPaA HE MOXKET COBIAJATEH HU C d,
uu ¢ b. Takum obpasom, fo f — ToxkpecTBEeHHOE IPEOOPA30OBAHYE, 3 3HAYNUT,

fa@) =
IIpusenem Taxxke apyroe goxasarenscrso toro, 4ro f(d) = c. Ilycrs
f(d) = z. Torga [a,b,c,d] = [b,a,d,z]. OdueBnano, 9TO 3HAUEHME T = C

VAOBJIETBOPAET >TOMY yCiI0BUD. C APYTOU CTOPOHBL, DTO YCIOBUE ABIAECTCA
JUHEUHBIM YPABHEHUEM OTHOCUTENBHO &, O3TOMY OHO OMPEIEIaeT &L OJTHO-
BHAYHO. JHAYUT, T = C.

9.4. a) B mogenn [lyankape B BepXHEM MOMYIPOCTPAHCTBE MOXKHO CUU-
TaTh, YTO PACCMATPUBAEMAS BEPIIMHA TETPAIAPA HAXOMUTCA B GECKOHETHO
yaasennon Touke. Torga rpanu TPEXTPAHHOIO YIVIA PK 3TOU BepiuuHe Gy-
OYT PACHOJOXKEHBI Ha GOKOBBIX I'DAHSMIX €BKIMAOBOU TPEYTOJBHOU IMPU3MBL C
ocHOBaHUEM Ha abcomoTe. CyMMa IBYTPAHHBIX YIVIOB TIPU GOKOBLIX TPAHAX
TPEYTOILHON TIPU3MET PABHA 7.

6) O6osnauum paccmarpuBaemb Tetpasap ABCD.

Heppoe pemenme. CoruacHo 3agade 9.3 CyumiecTByeT ABUXKEHHUE, Iepe-
BO/sIIEE NBYTPAHHBIN yroa npu pebpe AC B AByrpaHHBId yroa mpu pebpe
BD.

Bropoe perierue. O603HAMUM €U€PE3 U, BEIUUWHY ABYTPAHHOTO YIUIa TTPA
pebpe r. U3 mynxTa a) creayer, 9To

uAp+usc+uap = ucptucatucp, Uap+tupctupp = ucptupa+ups.

CaoKUB 5TU IBa PABEHCTBA U YHUYTOXUB PABHBIE WIEHBI B 00X YaCTIX,
DOJay4daeM UAB — UCD-

9.6. Bribepeum B kadecTBe MOLEIM IPOCTPAHCTBA JI0OAIEBCKOIO MOIEIE
Ha IBYNOJOCTHOM runepbojounge, T. €. 6yaeM CIUTaTh, ITO TOUKH 21, ...,
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Zn+2 J€XKaT B Rn+1 1 X KOOPAWHATHI YIOBJAETBOPAIOT COOTHOIICHUIO

x%—l—...—kxi—wi_i_l = -1,
opudeM Tpyq > 0. IyeTs [u,v] = wgv) + ... + Uy — Up1Up 1 — TICEBOO-
ckaaapHoe npomseeerne B R Torga ch(d;;) = [z, 2]

Mycts S = (21, - - -, 2n+2) — MaTpuna pasmepom (n + 2) X (n + 2), o6pa-
BOBAHHAA CTOJOIAMYU KOOPAUHAT TOIEK 21, . . ., Zpt2, K KOTOPBIM B KAYECTBE
[EpBOU KOOPAUHATEHL N00aBICH HyJb; J — NUarOHaJIbHAA MATPULA IIOPAIKA,
n + 2 ¢ guaronaasio (1,1,...,1,—1). Jlerko uposepurs, 4T0

A= ([zi,7)) = STIS.

Ho y marpuner S mepBas cTtpoka HygaeBas, mostomy det S = 0, a 3Hauwt,
det A = 0.

31.4. MoxHO cunTaTh, 9TO B MOgeau IlyaHKape B BEPXHEHW MOJYILIOC-
KOCTU TOUYKU A u B uMeoT koopauHaTs (r1,y) u (x2,y). Toraa

(21 — 29)?

hd=1
C + 2y2 R

a uMHa | Iyrm OpUMIMKIA paBHA |X] — Zs|/y. Taxum obpasom,

2
Chdzl—i—%, T.e. 1 =2sh(d/2).

I1.7. Obosmauum paccmarpusaembin kBaapar ABCD. Koumnosunus
CUMMETPUNA OTHOCUTENLHO NpaMbiXx AB u BC' Moxer GbIThH NpeIcTaBIeHa
KaK KOMIIO3MIMA CUMMETPHUM OTHOCUTENLHO npambix BK u BD, rone K —
HEKOTOpaA TOYKA, JeKAIad Ha abcomoTe Mexay A u B. AHanornaHo, KoM-
TIO3UINA CUMMETPUN OTHOCUTEIBHO TpAMEIX C'D u DA moxer 6bITH TIpe-
CTaBIEHA, KAK KOMIIO3UIMA CUMMETPHAHA OTHOCHTEILHO Hpambix DB u DL,
rae L — Touka, Jexamas Ha abcomore mexay D u A. IosTomy xoMmmosu-
LU CUMMETPUU OTHOCUTEJIHHO BCEX YETBHIPEX CTOPOH KBAAPATA €CTh KOM-
MOBUIAA CAMMETPUA OTHOCUTEJIBHO NpAMEIX BK u DL (Tax Kak IBaXKIbI
B3ATasA CUMMETPHUA OTHOCUTEIbHO BD — TOXIeCTBEHHOE MPeoOpasOBAHNE).
Mockoabky npsambie BK u DL pacxogammecs, paccMaTpUBaeMoe Ipeodpa-
30BaHUe runepboInIecKoe.

3aMeTuM, 9TO MPUBEIEHHOE PEIIEHUE OCTACTCA B CWIE, €CJAU 3aMEHUTH
KBaApAT HA IPOU3BONLHEIN Y€ THIPEXYTOIbHIK, BINCAHHLIA B aBCOMIIOT.
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I9.4. Moxno caurars, 9T0 B Mogeau Ilyankape B BepxHen IOJIyILIOC-
kocru touku A, B, C, D uwmeror koopaunars (0,a), (0,b), (k, V0> — k?),
(k,va?> —k?), rme a > b > 0. Torzna

o VIR Ria-V@B) _ a
‘ eyl I WY/ N
ch|BC’\:L.

E-R
ITosTomy
sh|AD| = n sh|BC| = !

1
JaZ —I? VE 2

I9.6. JokaxkeMm CHadana BCIOMOIaTeabHOE yTBepK geHue. IlycTh Toukn
M u N nexar va aygax OK u OL coorsercrenro (K u L — Touku Ha
abcomore). Torga ycioeue |[OM| = |ON| paBHOCHIBHO TOMY, 9TO TOUKH
M un N pasroyaaneHsr or mpamon K L. DTo yTBepXK IeHUE JETKO CACTYET U3
COOOPAXKEHNN CUMMETPUN, KOTOPEIE CTAHOBATCA COBCEM HATVIAIHBIMU TIPH
paccMmoTpennu Mogean Kienna ¢ toukon O B LeHTpE.

Ilepengem Temepn K pelreHuio 3anadud. PaccMoTpuM npamyio [, mapai-
JaenpHyo Kak aydam AB u DC', tak v nydam AD u BC. OrioxuMm Ha ayde
AB Ttouxy C), Takyo, ato |BCy| = |BC| (Tak, 94T06k TOMKa B 1exKana Mex-
oy A u Cy). U3 BCmoMOraTeabHOro yTBEpK AeHuA cienyer, 9ro Touku C u Cy
PABHOYJAJIEHBI OT TpAMON [. AHaTOrmvIHEIM 0GpasoM Ha ayde AD ormoxum
rouky Cy takyio, uro |[DCy| = |DC|. Touku C u Cy Takxke 6y 1yT paBHOY 12~
JIEHBI OT IPAMOU [. 3HAYUT, PABHOYJATEHHBIME OT npsaMou [ 6yxyT Touku C
u Cy, IO3TOMY M3 TOrO XK€ BCIOMOT'ATENILHOrO YTBEPKICHUA CACTYET, ITO

|ACy| = |ACy|. A 510 m o3mawaeT, uto |[AB| + |BC| = |AD| + |DC|.
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