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ITocobue saBIIsieTCS pacIIupeHHON BepPCUell CEMECTPOBOTO Kypca, IPOUYNTaH-
moro B CIIGI'TY crtymentam 3 Kypca, B KOTOPOM W3JI0XK€EHBI OCHOBHBIE IIO-
HATUS W TPENIOCHIJIKN BO3BHUKHOBEHUS OYpPHO Pa3BUBAIOIIENCS B TOCIEIHUE
10 set Teopunm 6asmcoB BciieckoB (wavelets). B macrostee Bpems 6asu-
CHI BCTVIECKOB HAITIN ITUPOKOE PACIPOCTPAaHEHNEe OT YUCTO MaTeMaTUIeCKIX
Mpo6JieM onmmcaHnWsad PYHKIMOHAJIHLHBIX MPOCTPAHCTB A0 CYI'y00 HMPUKJIIATHBIX
mpo6JseM HudpoBor 06paboTKM CUTHAJIOB 1 M300paxkeHnii. basuckl BCIIeCKoOB
HaXoOAT Bce OOJIbININE TIpUMeHeHNs B GU3NKe, aCTPOHOMUN, Teodu3nKe, Menn-
IUHEe U OPYyrux objacTsax sHanui. [IlpuurHa Takon MOMYJIAPHOCTH COCTOUT B
TOM, UTO BCIJIECKU SBJISIOTCA UI€AITBHBIM WHCTPYMEHTOM IJIS adeKBAaTHOTO
MIPeNCTAaBIEHNS HECTAIIMOHAPHBLIX CUTHAJIOB KaK C TOUKW 3peHUs TJTyOMHHBIX
CBOWCTB, BaXXHBIX B TE€OPUU, TaK W C TOYKHU 3PEHUA CYIIeCTBOBAHUS MJIT HUX
CBEPXOKOHOMUYHBIX UHMCIIEHHBIX aJrOPUTMOB. B mocobuu mpencTaBiieHO BBe-
meHe B o0a aclieKTa TeOpWU BCIJIECKOB M yKa3aHblI OCHOBHBIE BO3MOXKHBIE
MIPWIOXKEHU Teopuu. B yacTHOCTH, 06CYXKIAIOTCI COBPEMEHHBIE AJITOPUTMBI
cxKaTusa n30bpaxeHnil.

ITocobue mpenHasHaUYeHO MJIA CTYIOEHTOB, CIEIUAIN3UPYIONINXCA B ITGPO-
BOoll 0b6paboTKe CUTHAJIOB U OBICTPBIX AJTOPUTMAaX, HO OymeT MHTEePECHO W
CTIETTAJINC TAM-HCCIIEIOBATEIIAM, JKEJIAIOMINM O3HAKOMUTHCSI C OCHOBAMU T€O-
pUU BCIIECKOB.

Nn. 14. Buba. 57 wass.

[leuaTaercs mo peleHnio pemaKIMOHHO-N3TaTEILCKOTO COBETA
duszuko-mexanumdeckoro dgakynabrera CIIGITY
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BBenenue.

3HauuTeNbHBIN HeoCTabeBAOLINI HHTEPeC B Mupe K BerteckaM ( wavelets)
00y CJIOBJIEH TJIABHBIM 00pa30oM MX MPWIOKEHUIMHU K MpobiieMaM CKaTHUsA WH-
dopmanun (aymuo u rpaduueckoii) u o6paboTKu curHasoB. Bcmiecku natot
TOT PeNKUill IpUMep, KOTJa TEOpUs U ee peajim3allisd Ha MPaKTHUKe pa3BUBa-
IOTCS MapajuvIeJIbHO W, KaK MPaBUjIo, OMHUMU U TeMu ke aBTopamu. HacTo-
Aitee yuebHoe mocobre TakiKe BKJIOUaeT B cebs 06a acmekTa M HAIPaBJIeHO,
KaK Ha U3JI0KHUE T€OPeTUUECKUX IPENMOCHIIOK UCIIOJIb30BAHUS BCIUIECKOB (B
OIpeNeJIEHHOM CMBICIIE aJIbTEPHATUBHI KJlaccuueckoMy Pypbe aHaamsy mpu
pellleHnN HEKOTOPBIX CIelUUUECKUX 3alad), TaK U HA U3yUeHNe YUCIEHHBIX
aJITOPUTMOB, PEATUIYIOMINX 00paboTKy U cxKaTue MHGOPMAIIAN.

OTnpaBHOI TOYKOW B CHCTEMATUIECKOM U3yUeHNN 6a3MCOB BCINIECKOB CUM-
taetcs pabora C. Mammara [Ma], B KoTopoit 6b1710 BBEIEHO TOHATHE KPAMHO-
MACUWMAOHO020 aHAAU3G T HAMeUeH ODOIIUNA MOoIXoM K ITONCKY 6a3mcoB BCILIEC-
koB. Jlo BbIXOma MaHHOW CTAaThU CYIIIECTBOBAJIO MHOTO HPUMEPOB 6a3mcoB
scteckoB ([M4], [L], [B], [D1]), onHako mocTpoenune Kaxmoro HOBoro 6asuca
Tpe6oBaJio MPUHIUINAILHO HOBBIX uAell. B HacTosdlee Xxe BpeMs MOCTPO-
eHle HOBBLIX 0a3mrCOB ¢ HYXHBIMHU CBOWCTBAMM MOXHO CUUTATL TPeOYIOIIIM
OIpeneIEHHBIX HABLIKOB PEMECJIIOM.

Anmapar 6a3ucoB BCINUIECKOB OKA3aJiCs OOWHAKOBO MPOAYKTUBEH, KaK IJId
YUCTO TEOPETHMUYECKUX BOIPOCOB, TaK M MJIA MPUKIamHbIX. (OKa3zalloch, UTO
CYILIECTBYEeT MHOX€ECTBO 06a3MCOB, XOPOIIO JIOKAJM30BAHHBIX MO IMPOCTPAHCT-
By, 4bH MpeobpasoBanus Pypbe TakkKe XOpOIlo JioKadau3oBaHbl. Ilpm sTom
0Ka3aJI0Ch, YTO CTEMEHbBIO JIOKAJIM3AINKA BO BPEMEHHOW U YACTOTHON 06J1acTH
MOXKHO YIIPaBJIATh, YTO JAET BO3MOXHOCTH MOJIyUYUTh CBOEOOPA3HYIO MHTEP-
HOJISLINIO MEXKAY MpencTaBiieHneM (QyHKIUM (CUTHAIA) BO BpeMeHHON (Miiu
INPOCTPAHCTBEHHOI) O6JIACTH U ee TPEICTABIEHUEM B YACTOTHON 06J1acTH,
T.e. ee MpeACTaBJIEHNEM 4depe3 npeobpasoBanue Pypre.

s MmaTemMaTudeckonn Teopuu 3pHeKTUBHOCTD BCIIECKOB IPOSIBMIIACH, HA-
MIPUMeEP, B BOBMOXHOCTH OXapaKTepU30BaTh QYHKIUU MHOTUX HOPMUPOBAaH-
HBIX IIPOCTPAHCTB THUIMAa NPOCTpaHCTB becoBa uepes KodhPUIIMEHTHI UX pas-
JIoXKeHUN 1o 6GasmcaM BcemleckoB. (OcTamHoBUMCA KpPaTKO Ha 5TOH Ipobie-
me. Ilycts LP(T), 1 < p < 00, — HOPMUPOBaHHBIE MPOCTPAHCTBA 27-
nepuoanvuecknx GyHKINAN ¢ HOPMOU
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a {? — npocrtpaHcTBo (0606UIeHHbIX) QyHKIMI (cM. [D]), mpencraBuMBIX B

Buge pana f(x) =) ., cne'™®, ¢ Hopmoit
1/p
£l = | D leal” | - (2)
nez

B nepBom cityuae (dpopmyna (1)) npuHAIIEXRHOCTh K IPOCTPAHCTBY MOITHOC-
THIO ONPENeIIIeTCs. BpeMEHHBIM (IIPOCTPAHCTBEHHBIM) MOBeNeHneM (bYHKIINH,
BO BTOpoM ciydae (dopmyna (2)) — Tomnbko ee cmekTpoMm. Ilpu sTom, 3a
WMCKJITIOUEeHNEM CJIyvas p = 2, oOWH BUJ MPOCTPAHCTBA He MOXET OBITh yIIOB-
JIETBOPUTEITLHO OMUCAH B TEPMUHAX CBONCTBEHHBIX NPYTOMY.

Onucanne muorux m3 mpocTpaHcTB becoBa — JIusopkuma — Tpubens
(cm. [T]) He MoxkeT OBITH CBelNEHHO HU K OINUCAHUIO BO BPEMEHHON, HU K
ONMUCAHWIO B YacTOTHOU obsiactu. B 80-e rombl 6bIJI0 MOMYISPHO OMUCAHUE
TaKOT0 polia MPOCTPAHCTB Uepe3 IpeAcTaBlieHNe B BUlle CYMMBI aTOMAapPHBIX
dbyHKIINN, T.e QYHKIUN 3aIaHHON TJIAOKOCTU C HEKOTOPBIM YMCIIOM HYJIEBBIX
MOMEHTOB, YbH MpeobpazoBanus Pypbe Takke UMEIOT PUKCUPOBAHHYIO TJIAI-
KOCTb. 1eopeMbI 0 MpeacTaBiieHnn QYHKIINN Yepe3 aToMapHble TapaHTUPOBa-
JIN JIATIE CYIIIeCTBOBaHUE Pa3jIoXKeHUs 0e3 ommcaHmsa CIiocoba ero IMoJTydYeHus.
lcHo, uTO TOABIEHKME 6A3KUCOB, MO KOTOPHLIM MOXHO IPOU3BONUTE TaKue pas-
JIOXKEHWs TTPUBEJIO K CYMIeCTBEHHOMY IIPOTpPeccy B Teopuu (PYHKIIMOHAIHLHBIX
MPOCTPAHCTB. 3aMeTuM, UTO HEMAJIOBAXXHBLIM CBONCTBOM 6a3MCOB BCILJIEC-
KOB ABJISE€TCA TOT (PAKT, YTO OHU COCTOST W3 CIABUTOB W PACTIKEHUU OMHOU
dyHKIIN.

Bropoe nanpasiienne B Anajimse, B KOTOPOM GBI MOCTUTHYT 3HAUYUTEIb-
HBI TTPOTPeCcC MPHU ITOMOIIHN almapaTa 6a3mcoB BCIIJIECKOB — MOCTpoeHNe Oe3-
VCJIOBHBIX 6a3mMcoB QYHKIIMOHAJIBHBIX MpocTpaHcTB. Hamomuum, uto 6Gasuc
MMPOCTPAHCTBA Ha3bIBaeTCd 6e3yCJIOBHBIM, €CJIM IJid JIFoOOTO 3JIleMeHTa STOTO
MMPOCTPAHCTBA CyMMa pAAa, €ro MpPelCcTaBIIAIONIEr0, He 3aBUCUT OT IOPIIKA
CyMMUpOBaHUs (T.e. OT MEPECTAHOBKHU CJIaraeMbIX). OTa mpobiileMa uMmeer
KaK TeOpeTUUYeCKUil, TaK U MpUKJIagHon acnekT. C oIHOIW CTOPOHBI, BIIEPBBIE
yIajgoch HalTH 6e3yCJIOBHBIE 6a3MChl HEKOTOPBLIX MPOCTPaHCTB. A ¢ mpyroi
CTOPOHBI, C TOUKW 3peHNUsA MPUKJIIATHBIX 3a]1a9 BaXXHO, UYTO MMes TpPeNCTaBJIe-
HUe o0beKTa B BHUOE Psilla, KOTMa HYXKHO OCTABUTH JIMIIL YAacCTh CIIATaeMbIX
(HampuMep, oTOGPOCHUB cilaraeMble, Majlble 110 HOPME), eciiu 6asuc 6e3yciioB-
HBIN, He HYXXHO NyMaTh, KaKue cjlaraeMble 0TOpachIBAIOTCH.

IIpukanuble acmeKTHI TEOPUHN BCINIECKOB, IPeXKIie BCETO BOIPOCHI CXKATUS
n3obpakeHnit, gajgee GyayT pacCMOTPEHBI MOAPO6HO. 37eCh MBI JIMIIb OT-
MeTHUM, UYTO HECMOTPSA Ha TO, UTO yXKe K HACTOAIMEMY BpPeMEHU SCHO, UTO
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BCILJIECKU SIBJIAIOTCS TMOKMM UM MOIIHBIM HHCTPYMEHTOM CXKaTusi U o6pabor-
KU U300paKeHUl U CUTHAJIOB APYTOHl NPUPONbI, CTAHAAPTHI CXKATUA, OCHO-
BaHHBbIE Ha PA3JIOKEHWUN 110 Ha3ncaM BCIVIECKOB, HAXONATCS JIUIIb HA CTAINUN
paspaboTku. BrmpoueM, CyIIecTBYIOT U IPHUMEPHI HCHOJIB30BAHU 6Ga3UCOB
BCIIJIECKOB KaK CTaHAapTa MpencTasienus uapopmauun. [InoHepom B sTOM
obnactu ssiserci OPBP, xoropoe yxe maBHO MCHONIB3yeT AITOPUTMBI pas-
JOXKeHUs [0 6a3mcaM BCIVIECKOB Ul XPAHEHUS B CXKAaTOM BUIEe KapTOTEKH
OTIIEYATKOB IAJILIEB.

3a mocsenHue 5 €T BBIIUIO JOCTATOUHOE KOJIMYECTBO MOHOrpaduil, oTpa-
KAIOIINX pasHble acleKThHI Teopun Bemteckos (cm. [Ch], [D2], [H], [M1], [M3],
[SN]). JIyumreit n3 HUX, KaK ¢ TOYKU 3pEHUs BBEEHNS B TEOPUIO, TaK U C TOU-
KU 3peHUs OMUCAHUs [PUIIOKEHUN, Ge3ycioBHo, sBisercsa kuura V. o6emmn
[D2]. Kpome Toro MoxkHO i BBENEHUs B TEOPHIO BCINIECKOB PEKOMEHIOBATH
crarsu [CDF], [D1], [Ma], [BDR]. Ipyrue monorpadun o Bcmieckax au6o B
6OJIbIIIEN CTEEHN OTPAKAIOT UHIUBULYAJIbHbIE BKYCBI aBTOPOB, UeM SIBIISIOT-
Cs1 BBEIEHNEM B IIPEAMET, JIUGO0 CIIMIIKOM HMOBEPXHOCTHBI U IIPU GOJIBILION K-
pUHe 0XBaTa NAIOT JIMIIb HAGPOCKM y3JIOBBIX MOMEHTOB. K coxaseHuo, K Ha-
CTOSIIEMY MOMEHTY HET HU ONHON KHUTHU IO BCIUIECKAM Ha PYCCKOM S3BIKE, a
AHIJIOA3BIYHBIE U3[AaHUs KHUT MAJIONOCTYIHBL V3 pyCCKOS3BIUHBIX Ky pHAJIb-
HBIX IIyOJIMKALUT MOXKHO PEKOMEHI0BaTh 0630pHYyIo crarbio V.51.HoBukosa n
C.B.Creukuna [HC], nocrarouno mogpo6HO 0TpakaoIIyo MaTeMaTHIeCKY O
CTOPOHY TEOPUU BCIVIECKOB.

§1. IIpmHNIuUObI BEIGOpa 6Ga3mcoB.

Mpb1 HauHEM C pacCMOTPEHUs BOIMPOCOB MPEICTABIIEHUS QU3NMUIECKUX 00D-
€KTOB U MPOIIECCOB B BUle, TPUTOAHOM IJIA UX MNAJbHENINEN MaTeMaTIIeCKON
obpaborku. Mpr 6ymeM paccMaTpuBaTh OOBEKTHI CAaMOI Pa3HON IPUPOILL.
HekoTopble um3 HUX MOXHO CUMTATh JMHEWHLIMU IPOCTPAHCTBAMM, HAIPU-
Mep, pa3Horo poaa QYHKIIMOHAIbHBIE KJIACCHI MJIN MPOCTPAHCTBA CITYYalHBIX
BEKTOPOB WU TporieccoB. llpyrume o6beKThI TUlla oMu(PPOBAHHLIX CUTHAJIOB
1 m300paXxeHWl caMU I0 cebe He 00Opa3yIOT JIMHEWHOIO ITPOCTPAHCTBA, a
JINIIL SABJIAIOTCSA TOAMHOXECTBOM HEKOTOporo mpocTpancTBa. Ham Gymet
yImo6HO myisd 06o3HaueHnss 06beKTa 06paboTKI MOJIb30BATHLCI TEPMUHAMU 006-
pabamuvléaemad UHGOPMaYUT MITA 6L00HOT CULHAL.

B nro6oM cityuae mpenmosiaraeTcs, YTO IJIA 3JIEMEHTOB 00bEKTa OIpenelie-
HO TIOHATHUE UX OGJM30CTU MPHU MOMOINM HEKOTOpou MeTpuku. Bompoc BeIGOpa
€CTeCTBEHHON MeTPUKH, TTOAXONAIIeNl K KOHKPETHON 3a7aue, COBCEM HETIPOCT.
Ee BLIGOp muKTyeTCcs He MaTeMaTHUKOW, a CKopee (PU3MOJOTHMEN HAIINX Opra-



HOB 3peHUsA, CJIyXa 1 T.[O. Win ~ GU3NoJIoruen”’ TeXHNUYECKOr0 YCTPOUCTBA, SIB-
JIAFOIIIErOCs TOTpebuTesieM IepepaboTanHol mHbopManuu. AmeKBaTHOe Te-
opeTudeckoe obOCHOBaHIE BBIOOpA METPUKN HAWTH ymaeTcs penko. Yarre
BCETO IMOA6OP OCYIIECTBIISIETCS YKCIEPUMEHTAIILHBIM IIyTEM MIPU ITOMOIIN IIe-
pebopa HEKOTOPOI COBOKYIIHOCTH METPUK-KAHINIATOB M SKCIIEPTHBIX OIIEHOK
pPe3yabTaTOB MPUOIMXKEHNss B TOM W WHOM cMbIciie. OOGBIYHBIA BO MHOTHX
CilydasX BHIGOP CPENHEKBAIPATUYECKOTO (€BKIIMIOBA) PACCTOSHUS MPOUCXO-
OUT Yallle BCEro He OT XOPOIIel XKMU3HU, & IPOCTO KaK YCPEIHEHHBI BHIGOP 110
BCEM BO3MOXKHBIM B 5TOM MUpe 3amadaM. Kpome Toro, B GOILIINHCTBE CIIyYa-
€B MOXHO 060CHOBaTh, UTO BBIOOP €BKJIMIOBA PACCTOSHUS He CAMBIN XY I
13 BOo3MOXKHBIX. HakoHell, riiaBHas mpUuYnHa BBIOOpPA €BKJINIOBA PACCTOSHUS
— MPOCTOTA BBIMOJHEHNS PACUETOB, BO3MOXKHOCTD ABHOTO PEIIeHUs MHOTTX
SKCTPEeMAaJIbHBIX 3ajad. MBI Ipu MOCTpoeHNM TeOpUHW BCIUIECKOB TakXke Oy-
IEM B OCHOBHOM MPUIEPKMUBATHCI €BKJINIOBON TEOPUU, OTKJIOHAICH OT HEe
JINIIB B CJIyYasX, KOTZIa MOXKHO MPEIJIOKNATHL UTO-TO 3aBEIOMO JIYUIIIEE.

IlepBruiit sTan o6paboTKM COCTOMT B BEIGOpe JIMHEMHOI'O IIPOCTPAHCTBA,
YbW 3JIEMEHTHI MOTYT BBICTYIIATh B KaueCcTBe YIOBIIETBOPUTEILHON 3aMeHBI
mits BxomHoro curHasia. OCHOBHOW KpUTepHUil — JIMHENHOE MPOCTPAHCTBO He
MOJIXKHO OBITH M3OBLITOUHO GOJIBIINM. 1UNUYHBIA IpUMep BbIOopa IMIpubIM-
JKaIoIero MPOCTPAHCTBA NTaeT MPABWJIO AUCKPETU3AINN CUTHAJIA, COTJIIACHO
KOTOPOMY YacCTOTa MUCKPETU3AINN MOJIKHA OBITH BIABOE BHIIIEe BEPXHEN Yac-
toThl (uactorsl HalikBucra) sToro curnana. B ycioBusax, korma BepxHsis
JacToTa He 0003HAUeHa YETKO, BHIOOD 3aKII0YaeTCs B KOMIIPOMUCCE MeXKIY
KauyeCTBOM IMPUOIMAKEHNA BXOMHON MWHGOPMAINM W TOCIIENYIOMMUMI apudme-
TUYEeCKUME 3aTpaTaMu Ha obpaborky. Komeuwno, m30LITOUYHBIN OOBLEM WH-
dbopMaIum MoXKeT OBITH BIIOCTENCTBUU COKPAINleH IMyTeM NpPUMeHEeHUS TIOII-
XOMAIIeN TpoleAyphl cxkaTusa umabpopMaruu. OmHako B I060M ciIydae IIIO-
X0 BBIOpaHHOE MPUOIMKAIOIee MPOCTPAHCTBO CTAHET MPUYWHON yBEJTNIEeHUS
apudMeTUIECKUX 3aTpPaT.

Pasymeercs, nias Bo3MOXHOCTH TOCJIENYIONIEr 0OpaboOTKU CUTHAJA 3a KO-
HeuHoe BpeMs NPUXoAuTcd TpeboBaTh, UTOOLI BLIOMpaeMoe IIPOCTPAHCTBO
OBbLII0O KOHEUYHOMEePHBIM. Pasnes MaTeMaTukm, B KOTOPOM pPacCMaTpPUBAET-
Csl BOBMOXHOCTH MpUOIImKeHus QyHKIUN PUKCUPOBAHHBIX PYyHKIIMOHATIHLHBIX
KJIaCCOB KOHEUYHOMEPHBIMU TOAMPOCTPAHCTBAMU M M3y4daeTCs 3aBUCUMOCTD
CKOPOCTU WX aNMpOKCUMAINU OT Pa3sMepPHOCTU MPUOINKAIONIET0o MpOoCTpaH-
CTBa, HA3bIBAETCs TEOPHUEN MOIMepeYyHUKoB. HecMoTps Ha TO, UTO pelleHUe
MOJIOOHBIX 3a/1a4 HOCUT HITYYHBIN XapaKTep, U MaJOBEePOSATHO HAWTHU DKCTpe-
MaJibHbIe TPOCTPAaHCTBa, MUHUMU3UPYIOIUe YKJIOHEHUWe, NJIsS KOHKPEeTHBIX
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MPUKJIAIHLIX 3a71ad, pellleHne M3BECTHBLIX 3a/ad MOXKET ObITh HCTOYHUKOM
obIMX cOOGpaKeHu AJIsd XOTS ¥ HEONITUMAJILHOT0, HO XOPOIIlero BuiGopa. 3a-
METHUM, YTO [JI MHOTUX 3a7a4 ONTUMAaJIbHBIMEA OKa3bIBAIOTCS MPOCTPAHCTBA
KYCOUHO IOJIMHOMUAIILHBIX GyHKIui (cmiaiiioB). OoHO U3 TAKUX TPUBUAIIL-
HBIX, HO BeCbMa IIOJIE3HELIX ~OOIIUX coobpaxKeHui’ COCTOUT B TOM, UTO IJIA
XOPOIIEro MPUOIMKeHNA MPUOIMKaoIne 06beKThHI TOJKHBI OBITH ~’ TaKUMUI
ke”, Kak u npubamxkaemble. Hampumep, eciim mHTepecyroline HAaC CUTHa-
JIBI SIBJIAIOTCS HEMPEPBIBHBIME, HO HenuddepeHInpyeMbIMI QYHKIIUAMEI, TO
He CTOMT B KaueCTBe IMPUOJIMKAOIIETO allapaTa UCI0JIb30BaTh ITOJINHOMBIL,
ITOCKOJIBKY TJIAJKOCTH OOGSI3LIBAET IOJIMHOM BECTH cebs olpenesleHHBIM 06-
pazoMm. OH HemocTaToOYHO TUMOOK, UTOOBI OTC/IEXKWBATH M3JIOMBI (QYHKIIHAM.
Bepostho, 6oslee yMeCTHBIMU 37IeCh OKaXYTCsA KyCOUHO JIMHEWHBIe (DYHKIINI
Wi 9To-Hubynbp nomobHoe. HampoTus, mOJIMHOMBI ABJISIOTCS OMTUMAJIbHBIM

MPUOINKAIONINM allapaToM IS aHAJIUTUUYecKnX GYHKIIUHU.

Caenyrormias mpobiiemMa — HalTH B BBHIOPAHHOM IIPOCTPAHCTBE DJIEMEHT,
KOTOPBIN OyoeT CIYyXKUTh 3aMeHOI BXOMHOI'O cUrHaJjia. BuiGop mpubiamxeHns,
HAWJIYYIIIero B KAKOM-TO CMBICIIe, SBIIA€TCS 3aladell TOCTATOYHO TPYH0EMKON
maxke IJIs eBKanaoBa paccrosHus. IlosTomy ualie Bcero monbupaeTcs KakKom-
HUOYIb MPOCTON OIMepaTop HMpoeKTupoBaHusA. MBI ellle BepHEMCsA K BBIOOPY
9TOTO OIlepaTopa.

Caenmyroruii 1ar COCTOUT B BeIGOpe 6a3mca B MPOCTPAHCTBE, MOJIYyYEHHOM
Ha MpeAbIayIleM dTame. PaccMOTpUM MPOCTERIINNA TIPUMED, MOKa3LIBAIOIITAN
BayKHOCTB MaHHOTO BhIGopa. IlycTh MBI mMeeM n-MepHBII BekTOp a. s ero
3alUCU WM XpaHeHUsd HYXKHO 7 YMCeJI WIN fd4eeK namMaTu. Kcim Hampabie-
HIe »TOT0 BEKTOpa COBMA/laeT C HalpaBJeHUeM ONHOUN U3 KOOPAWHATHON OCel,
TO NIJIA ero 3alucu TpebyeTcss BCero OMHO YUCIIO, KOHEUHO, €CJIN MbI 3HAeM O
KaKoll UMEHHO oCH UeT peub. IlycTh Teneph HamM HYXHO paboTaTh C pa3HbI-
MU BeKTopamu. Kcim Bce OHU MMEIOT OMHO M TO XKe HallpaBJieHUe, TO CTOUT
BBIOpaTh 6a3uc, y KOTOPOro OHA M3 OCell MMeeT HTO HallpaBJieHUe.

IIpennonoxum, Teneph HaM HYKHO paboTaThb C BEKTOPaMU, KOTOPLIE MMe-
IOT pa3Hble HallpaBJIeHUs, HO He BCe U3 3TUX HAIIPaBJIeHUN BCTPEUaIOTCS ONIN-
HaKoBO uacTo. Hampumep, B KauecTBe COBOKYIHOCTH BEKTOPOB MBI PacCMaT-
puBaeM CJIydYalHBIN HOPMAaJIbHO pachpenesieHHBIN BEKTOP {, COCTOSIIUN U3 N
koMmmoHeHT. Ham GBI Xo0Tesmoch, 4TOOHI MociIe BEIOOpa H6a3rnca HEKOTOpBIE K0dd-
GUIMEeHTHI pazIoXeHUs Mo HOBOMY 0a3ucy, KOTOpble, pa3yMeeTcs, SIBIAIOTCA
CITy4YallHBIMU BeJIMUYUHAMM, OKA3aJIUCh MaJlbl, T.€. OTHOCUTEIHHO MAaJIbIMU ObI
OKa3aJINCh UX Auciepcun. B sToM ciiydae, eciim oTOPOCUTEH MadIbIe CJIaraeMble
B Pa3yIokKeHWN, TO MOXKHO YMEHBIINTL Pa3sMePHOCTh CJIyuaiHoro BekTopa. U



ecu moTpebyeTcs MepechljiaTh 3HAUEHU 5TOT0 BEKTOpa MM OTIPABIATh UX
Ha XpaHeHUe, TO IJid BEKTOpa ¢ MeHbIIIeN pa3MepHOCThIO OyIeT HabIonaThCcA
ompenesieHHas KOHOMUS PeCcypcCoB.

YlcHo, YTO ONTUMAIBHBIM MJIS DTUX I€JIE 6a3MCOM SIBJISETCS OPTOHOPMMU-
POBaHHBIN 6a3uc U3 BEKTOPOB, UbW HAaIpaBJeHUSA COBMNANAIOT C HapaBJIeHU-
AMHI TJIABHBIX OCEU 3JIJIUICA PacCesHUs CIyYaHOTO BeKTopa { IIpu sTom,
oTbpachiBas 10 ouepenul KOMIIOHEHTHI ¢ MUHUMAJILHON OUCHepCUei, MbI Ha-
HOCUM MUWHHUMAJIBHO BO3MOXKHBIN yIllepd UCXOMHOMY BEKTOPY { Kpome Bcero
IMpoUero, BEKTOp KOOPAMHAT BEKTOpPa { B HOBOM 0a3uce uMeeT HEKOPPeJIupo-
BaHHbI€ KOMIIOHEHTHI, UTO YIOOHO He TOJILKO IJId CXATUsd, HO U IJI NaJib-
Helillenl oOpaboTKN!, a TakKXe g aHAJIUTUUYECKUX METOIIOB €€ ONTUMU3AIINN.

3aMeTuM, 4TO B cilydae, KOTJla MCXOOHBIA BEKTOP { MeeT HEKOPPETIUPO-
BaHHbIE KOMIIOHEHTHI C PABHOW MUCIIEpCUell, HIKAKOE OPTOrOHAJIbHOE IIPeoDd-
pa3oBaHIe He MPUBENET K BO3MOXKHOCTH JOMOJIHUTEIBLHOTO CXKAaTU WHpOpMa-
Y, TOCKOJILKY 3JUINIIC PAacCesTHUs IIPeBpaIlaeTcsa B IIap.

O6iuii TpuHIUI BLIGOpa MOAXOMAINEero 6a3mca, KakK IIPaBMIIO, 3aKJI0Ua-
e€TCsI B TOM, YTO XOPOIINM IJIs CXKaTusd WHGOpMAaIUN IBJIseTCS 6a3uc, KOTO-
PBLIA BeeT K PacKoppesanuum, T.e. Kod>hPuimeHTHI pa3ilokeHUT Mo 6a3ucy
MOXHO CUNTATh HEKOPPEIMPOBAHHBIMI WJIN CJIA00 KOPPEIUPOBAHHBIMUI CJIY-
JaHBIMI BeJIMUMHaAMMI. Dbasuchbl, B KOTOPBIX BEKTOP KO>(POUIIMEHTOB NMEET
HeKOppeJIMpoBaHHbIE KOMIIOHEHTHI Ha3bIBaloT Gasucamu Kapymena — Jloesa.
NuTepecHo 0oTMETUTDH, UYTO TOT K€ CaMBIN IPUHIIUI paboTaeT U OJIA OPYTUX
3aad, HaIIpuMep, OJd 3amad Teopum dumiabTpaiuu. Perrenne GoJbIIMHCTBA
3a71av, CBA3aHHBLIX C ONTUMM3AIINEN 00paboTKM CUTHAJIOB, B KAYEeCTBE OJTHOTO
U3 CBOMX IIArOB BKJIIOYAET B cebs (MOXKeT GbITh, U HEABHO) OMEPAIUIo Pac-
KOPPEeIAlNNA OTCUYETOB BXOOHOTO CUTHAJa. [IJIs rayccoBCKUX BEKTOPOB MpH-
BeJIEHHLIN IPUHINI BCETIAa MPUBOAUT K ONTUMAJILHOMY 0a3uCy, OOMHAKO MJIA
obIIIero ciryyas oH MoXeT Hapyinarbes. CyllecTBYIOT IpUMepHI (CM., HAIp.,
[MF]), korma packoppesisius BeneT K XyAILIEMY PeNCTABIEHUIO NHGOpMAuu
C TOUKHU 3PEHUS 3a7a4 KOMIIPECCUM.

Tpuronomerpuueckuit 6a3nc n 6a3Mchbl KOMIIIEKCHBEIX SKCIOHEHT He3aMe-
HUMBI OJI TEOPUHU W YaCTO SBJIAIOTCS JIYUIINM BBIOOPOM IJIS IPENICTABIEHTS
nHGOPMAIINN B IPAKTUYECKNX 3agadaX. OHM OITHMAJIBHEL II0 MHOT UM KPUTeE-
pusaM mpu paboTe cO CTAIIMOHAPHBIMHU CJIyUYalHBIME Ipolleccamu. B yacTHoc-
TH, KO3PDUIMEeHTHI pa3JIoKeHN CTAIIMOHAPHOTO IIPOoIlecca II0 TPUTOHOMETPU-
YeCKOMY 6a3nCy SBJIAIOTCS HEKOPPEJIMPOBAHBIMUI CJIyYalHBLIMUI BeEJINYMHAMU.
OnHako ero MCIob30BaHUE Il CUTHAIIOB C OCOBGEHHOCTAMU (HECTAIMOHAD-
HOCTSIMU ) BO BPEMEHHOI1 06/I1aCTU HATAIKUBAETCS HA MPO6IIeMy, CBA3AHHYIO C
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TeM, UTO HOcumeau 6a3ucnolr Gynwrkyutd (T.e. 3aMbIKaHUS MHOXKECTB, Ha KO-
TOPBIX (QYHKIUY OTJIMYHBLL OT HYJIs) He JIOKAJIN30BAHBI BO BPEMEHHU, TOYTOMY
IIJIS TIPENICTABJIEHNS JTOKAJIBHON OCOOEHHOCTH B CUTHAJIE AJITOPUTM PasiloxkKe-
Hust (MOXeT GBITh, HESBHO) PEIaeT IBE 3aladul: C OIHON CTOPOHBI CIIENYeT
oTobpa3uTh 0COOEHHOCTh, & C IPYTOMl CTOPOHBLI, TpebyeTcsa, YTOOKI TapMOHU-
K B CTOPOHE OT OCOOEHHOCTM YHWUYTOXWIM APYT Ipyra. Tlak, Hampumep,
crekTp J-pyHKmu (camoil papuHUpoBaHHON ocobenHocTn) mocTosHeH. Cire-
TOBAaTEJILHO, MJIA OTOOPaXKeHUST B CUTHAJIE TAKON 0COOEHHOCTHU HeOOXOMUMBI 1
PaBHOBaXXHBI BCe KOMIIOHEHTHI ciieKTpa. OTCyTcTBUEe YacTU U3 HUX MIPUBENET
K MCKa)XXeHWI0 CUTHAJIa He TOJBKO BOJM3M 0COOEHHOCTH, HO U HAa PACCTOSHUN
oT Hee. Takum obpazoM, NJs MPeACTABIEHUA JIOKAILHOW OCOOEHHOCTU HY-
XKeH 6asuc, ybu QYHKIUU Xopolro Jjokajim3oBanbl. Ho B ciiyuae, korma Jio-
KaJIbHasA HEOTHOPOMHOCTHL MPUCYTCTBYeT Ha (PoHE CTAIMOHAPHOTO CUTHAJIA,
I aIeKBATHOTO TIPeNCTaBIeHNs 00enX KOMIIOHEHT 6a3mc HoJIKeH 006J1agaTh,
Ka3aJioch ObI, HECOBMECTUMBIMI CBOWCTBAMU: OIMHOBPEMEHHON JIOKAJIM3AIIN-
e camux ¢GyHKHuUN u ux npeobpaszoBanuit ®ypre. HecoBmecTumocTh OByX
CBOWCTB OTHOCUTEbHA. B ompenesleHHBIX IIpeesax UX COBMeIIleHEe BO3MOXK-
Ho. HeBo3MoxHa JUINb OTHOBpeMeHHAas Halepel 3alaHHas XOpolas JIOKaJIu-
3aITn .

s BBIXOMa U3 MOMOGHOW CUTYyAInu ObLIJIO MPENJIOKEHO OKOHHOEe Ipeobpa-
soBanue Pypre u ero Bapuaruu. OO6Ias uaes ero MOCTPOEHUA 3aKITIOUAETCS
B CJIeIyIOIIeM. 1 puronomMeTpudeckue 6a3ucHble QYHKIINKA Hape3aloTCs Ha Ky-
COYKM TIPU TIOMOIIN CIIBUTOB HEKOTOPOW MOMXOIAIIMM OOpa3oM BLIOPAHHOIN,
HYKHBIM 06pa3oM JioKasim3oBanHoi dyukuuu p(x). Bmecto omnoit 6asucuoi
byukuum 6epercsa Habop dyukuuii p(z <:>nt0)e_im“’0m, COCTOSIIIAN U3 TPOU3-
BeJIEHIN MCXOMHOW TPUTOHOMeTpHUUeCKoW Oa3mcHoll GYHKIUN Ha HEKOTOpPhIe
cnpuru’ ¢yuxmnuu p(z). Ipu 3ToM oKa3bIBaeTCd, UTO B CiIydae MPABUIILHOTO
moabopa p MOJIyYUM OPTOHOPMHUPOBAHHBIN 6asuc. Xopolas JIOKAJIU3aIus Mo
T 30leCh MOCTUrAETC JIoKaym3anuein hyHkiuu p(x), a mokanmszanus npeobpa-
3oBanus Oypbe mocTuraeTcs BBICOKOUW TJIAAKOCTBIO 5TON (PYHKITUHU.

Pasymeercs, numeeT cMBICII BHIOUPATh P U3 TeX COOOpaXeHUIl, YTO pasMep
HOCUTeNd PYHKIINU MOJTKEH OBITH CPABHUM C WHTEPBAJIOM CTAIOHAPHOCTH
CATHAJIA.

OnHuM 13 HEOCTATKOB TAKOro 6a3rca ABJISeTCSI 60JIBIIIOE KOJIMIECTBO €r0
9JleMeHTOB. V3 omHON HeJIOKAJIM30BaHHON TapMOHUKH MOJIyYaeTCsa MHOTO Tap-
MOHWK JIOKAJIM30BAHHBIX. KCTeCTBEHHO, 5TO BeleT K yBEJIUMUYEHUIO BBHIYUCIINU-

' EquHUYHLIA CABUT CPABHUM ¢ pa3MepoM HocuTess dyHkiuu p(z).



TE€JIBHBIX 3aTpaT IIPpU pa3JIOKECHNN. Taxkum 06pa30M, CJINIIIKOM PaCTOUYUNTEIIb-
HO HCIIOJIB30BAaTh JIOKAJIM30BaHHBIE 0a3MCHI C 6eILHI:>IM HJaCTOTHBIM HaIIOJIHE-
HHUeM.

Bropoit memocTaToK MeHee OUeBHIEH U COCTOUT B cjlemyioitiem. [lnmua
y4acTKa CTAIlMOHAPHOCTU OOBIYHO 3aBUCHUT OT YaCTOTHOrO AuamaszoHa. s
BBICOKIX YaCTOT OH MeHbIlle, OJid Hu3kux — Gojbiie. IlosTomy ObLio OBI
XKejlaTeJIbHO, UTOOBI GYHKINN p ObBLIN Pa3HBIMHU IS Pa3HBIX YacToOT.

Ba3sucer BciieckoB, cTporoe ompenesieHne KOTOPLIX 6yaIeT OaHO B JaJIbHEN-
111eM, He UMeeT YKa3aHHBIX HeMoCcTaTKoB. 1'py6o roBops, pasiioxeHue 1o 6a3u-
caM BCIUIECKOB 3aKJII0YaeTCs B TOM, UTO OT CHUTHAJIA OTINeIuiseTcs (mpubiu-
XKeEHHO) OKTaBHLIM (GUIBLTPOM €ro BLICOKOYACTOTHAs JacTh. HuskouacToTHas
1 BBICOKOYACTOTHBIE YAacCTH CJIabo KOpPpeaupoBaHbBI MeXay coboii. Bnicoko-
YaCTOTHYIO KOMIIOHEHTY PAa3JIoKUM IO JIOKAJIM30BAHHOMY 0a3mCy, COCTOSIIITE-
My 13 CABUTOB omuon ¢yHkuuu. Ha BTOpoM Im1are cHoBa OTIIENNM BEPXHIOIO
TOJIOBUHY CIIEKTPa CUTHAJIA OT IIOJIYUUBIIIENCA Ha IIEPBOM HTalle HU3KOYAC-
TOTHOM KOMIIOHEHTHI U HallleM ee pazjiokeHWe IO 06a3ucy CIBUTOB TOUM XKe
dYHKIINN, HO pacTIHyTol B mBa pasa. llocrymas TakuMm o6Gpa3oM HyKHOe
(moKa HM3KOUACTOTHAs YaCTh He CTAaHeT MAJIO3HAYNMON) YMCJIO pa3, BBULY
TOTr0, UTO KaXaasd 6a3ncHas GYHKIIUI OTBEYAET 3a CBOM YUaCTOK IIPOCTPAHCT-
Ba 1 CHEKTPA MBI MOJYYUM KOMOMHUPOBAHHOE IIPOCTPAHCTBEHHO-YACTOTHOE
pa3iiokeHne MCXOMHOTO CUTHAJIA.

OTMeTHuM ellle HECKOJILKO BaXXHEWINNX YEPT BCILNIECK-PA3JIOKEHUI, KOTO-
pble He HAIIIM OTpPaXeHUs B NpenbiayiineM abzaite. Bo-mepBbIX, mocie oT-
IIeTNJIeHN A CUTHAJIa OKTABHBIM QUIILTPOM TOJIydaeTCsd IBa CUTHAJA, HO KOJIU-
YeCcTBO MHOpMAINU, KOTOPYIO HEOOXOMMMO XPAaHUTh He yBeJmumBaeTcs. B
caMoM [ejie, IJIs HU3KOUACTOTHON YacTU MOXHO B JIBa pa3a IOHUBUTH 4Yac-
TOTY NUCKpeTHU3alluu cUurHasa. [ BHICOKOUACTOTHOW COCTABJIIAIOIIEN TOXKE
MOYXHO TIPOPEIUTh BpeMeHHbIe OTCUeThl, UTO MMPUBENIET BCETO JIUAIIL K CIABUTY
crieKTpa B 00JlacTh HU3KUX YacTOT, HO MHDOpMalus MPU 5TOM He TepsieT-
cst. VIMeHHO 5TO 06CTOATENBCTBO U yUNTHIBAeTCs (MPaBAa B HEABHOM BHIE)
IIPU BCIIECK-PA3JIOKEHUAX. ODKOHOMUs, MOJIYyUAIoMasicsa 3a CUET OObhemumHe-
HUS YacTOT B OKTABHYIO IIOJIOCY HalpaBJseTCsd Ha YJydllleHue MPOCTPaHCT-
BEHHOTO pa3spelileHus. Yem 6oJibllle MUCKPETHBIX YaCTOTHBIX OTCUYETOB OBLIIO
B OKTaBe, TeM 0oJibIlle MOABJSETCA BPEMEHHBIX CIABUTOB 6a3UCHON (PYHKITAN.
Takum obpazom, B IpAMOYTOJIBbHUKE 4acmoma X 8pems 6asucHble GYHKITAN
OTBeYaloT 3a CBOU MPAMOYTOJbHBIN yUYacTOK, IIPU 3TOM MJIOIIAIN BCeX TAKUX
Yy4aCTKOB PaBHBI.
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YacToTa

Bpems

Puc. 1 Puc. 2 Puc. 3

[Tpenmosoxkum, MBI IMeeM AUCKPETHBIN epuogudeckuii curuan f(n) c me-
puonmom 8. Ha Puc. 1 — 3 mpomeMoHCTpUpOBaHO pas3iimyme IMPencTaBIeHUN
CHUTHaJIa BO BpEMEHHON 06J1acTH, B 4acTOTHOI obiactu (mpeobpasopanue Py-
pbe) U B BUJIe PA3JIOKEHUs 110 GA3UCY BCIIIECKOB.

Korma mMbr mpencraBiseM cCUTHaJI BO BpPeMeHHOUW o6JiacTh, KaXJooe 3Ha-
YeHMe BPEMEHHOTO OTCUETAa MOXET PacCMaTpUBATBLCA KaK KodGPUIMEHT B
Pa3IoKeHUN

7

f(n) = Zf(k)5(n &k), n=0,1,...,7, roe § =

k=0

1, n=28k,ke€Z;
0, n # 8k.

CoBuru ¢yHKINN § JIOKAJIN30BaHBLI IO BPEMEHN, HO He JIOKAJM30BAHEI IIO
yacToTe — abcommoTHas BeimumHa ux uckpernoro Ilpeo6pasoBanus Py-
pbe (I[HCD) aBisgeTcs mocTosHuon. IlosToMmy KaXmablil u3 cOBUTOB GYHKIAN
0 1 KaXXOLIA COOTBETCTBYIOIINI COABATY KOS(hOUIMEHT Pa3JIoKEHUSI OTBEYAET
3a CBOHM BBITAHYTHIN 110 BEPTUKAJIN MPIMOYTOJLHIK Ha Puc. 1.

B ciyuae mpencrapiieHne curHajia B 4acTOTHOW o6JIacTH B BHUE

7
f(n) = Zf(n)e”kn/‘l, n=20,1,...,7,

k=0

o | =

6a3ucHble PYHKIINM UMEOT XOPOIIIO JIOKAJN30BaHHOe MpeobpasoBanue Pypobe,
HO BO BPEMEHHOUW 006/acTH UX abCOIOTHAs BeJIMUYMHA IMOCTOSHHA. [akum
obpa3oM, MaHHOMY TIPeNICTaBIIEHUIO CUTHAJIa COOTBETCTBYeT pa30ueHuUe Mmpsi-
MOYTOJIBHUKA 4acmoma X epemd, IpeacTaBiieHHoe Ha Puc. 2.



Haxomnet, pasioxenuto mo 6asucy BcmiieckoB cooTBeTcTByeT Puc. 3. s
9TOrO ciIyvyas 6a3mcHble QYHKIINN OKAa3bIBAIOTCS JIOKAJIN30BAHHBIMU U TI0 Yac-
TOTe, U Mo BpemeHu. llpuuem, c yBelmueHMeM YacCTOTHI YJIy4IIaeTCs JIO-
KaJIm3alus Mo BpeMeHUW W B TOW XKe CTeNeHU YXYAIIaeTCs JIOKAJIMW3aIlus II0
JacTOTe.

IIpu Bcel KecTKOCTU aHOHCUPOBAHHBIX BHIIIIE Tpe6GOBaHUN K 6a3mMcaM BCILIEC-
KOB OHU OKa3bIBAIOTCS JOCTATOUYHO TMOKNM WHXKEHEPHBIM U MAaTeMaTUUYeCKUM
nHCTpyMeHTOoM. WX K HacToAIeMYy BpeMeHHM M3BECTHO MOCTATOYHO MHOTO.
Kpome mpobiieMbl (oueHb CephLe3HOil), KaK WX HMCIOJIb30BAaTh? , MOABUIIACK
mpobJsieMa, KaKoll 6a31c BLIOpaTh MJI KOHKPETHOUM 3aaull.

N naxownetl, ellle OMHUM CYIIECTBEHHBIM OTJIMYHEM OT APYTUX OA3UMCOB sSIB-
JIAeTCSA BO3MOXKHOCTH MOCTPOeHUT 3)PeK TUBHBIX AJITOPUTMOB Pa3IoXKeHUS 1
BOCCTAHOBJIEHUS CUTHAJIOB.

CoOBOKYITHOCTB BCEX DTUX CBOWCTB SIBIIAETCS MPUUNHON WHGOPMAITMOHHOTO
6yMa B MaTeMaTWYeCKOW W WHXKEHEPHOU JINTEPAType, CBA3AHHOTO C TOSBJIe-
HUeM 0a3MCOB BCIIJIECKOB.

§2. YTo Takoe Bciuteck ?

Yepes L2 (R) 6ymem, kak 06bIUHO, 0603HAYATH TUIBOGEPTOBO MPOCTPAHCTBO
OYHKIIN, TMEOIINX KOHEUHYIO HOPMY

17l % / ()2 da,

HH,HYHI/IPOB&HHYIO CKaJIﬂprIM HpOI/IBBeI[eHI/IeM
w —
(f,9) = / £(2)9(@) de,
— 00

a 4gepes f — mpeobpasosanne Dypbe, onpenensemoe naa GyHKIm n3 L! (R)
o dhopMyJie

for= [ O;f(w)e"’w d,

2Kax Il TON MOABJIAIOTCAS COTHU PabOT, IOCBAIIEHHLIX MOBHIIMIEHUIO 5G®deKTUBHOCTH
peanu3aiun aJfOPUTMOB pa3iioXeHus mo Gasucam BciuieckoB. He Menee mecsiTka U3 KOTO-
PBIX BeAyT, OECTBUTEIBHO, K CYILIeCTBEHHOMY IIporpeccy.
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u npomosKaemoe 1o HermpepbiBHocTu ¢ L' (R) U L?(R) Ha Bce mpocTpaHCTBO
L*(R) (cm. [CB]), manpumep no dopmyite

f(w = lim / f(z)e ™ de,

A—+oo

rlle peies HOHUMAETCsA B CMBICIe HOpMBI mpocTpancTia L2 (R).

TepMmun scnaeck aBIgeTCSI BOJIBHBIM IIEPEBOIOM AHTJIMNCKOTO CJIOBA wWave-
let u ucmosib3yeTcs B HacTosAIllee BpeMs dYallle, M0 KpalHel Mepe B Cpelle
MaTeMaTHUKOB, UYeM €r0 CHHOHUM 6el64em.

Caenyetr uMeTh B BUOY, YTO 5TOT TEPMUH MPUMEHIETCI K IBYM OJIM3KUM,
HO, BOOOIIle TOBOPS, HESKBUBAJIEHTHBIM O00BHEKTaM.

IlepBBIM U3 HUX ABJIAETCS MPOU3BOJIbHAI QYHKIIUS 1, YbM CIBUTHU U Pac-

- . )
TAXKEHUA {23/ Y(29x ©n)}jnez 06pasyloOT OPTOHOPMUPOBAHHEIN 6a3lUC IPO-
crpauctsa [L?(R). Mzyuennem cBOWCTB UMeHHO Takux 6a3ucoB u ux o6obiie-
HUN MBI 6yeM 3aHUMATBHCI B HaJIbHEUIIIEM.
Bropoit 06bekT — dyHKIUMA 1), 3aar01as Sapo

wet(e) ol 12 (222)

a

MHTeTrpalIbHOTO omepaTopa 1%, onpemensdeMoro Ha GyHKIuax m3 L2 (R) mo
dopmyie

Tl ) 2 (g0t = o [ ("”‘i’b)dx. 1)

IIpu sTOoM TpebyeTcs, UTOOBI GYHKIIAA 1) YIOBJIETBOPSIA HEPABEHCTBY

Cy &2 /_OOde@o. (2)

|l

Torna (cm. [D2, I'n. 2]) cnpaBensiuBa dhopmysa obpalieHus

R e B i GO O )

N3 dpopmysinl (3) BumHO, OTKya MOSIBUWIIOCH HE COBCEM OUEBHUIHOE TpeGoBaHUe

(2).
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OrMeruMm Takke, uTo U3 (2) MOXKHO MOJYUUTh, UTO CPelHEe 3HAUECHUE
dysKkIMU 7 paBHO HyTIO WA Jo6oit dymkmmm P € L'(R), T.e. maa so-
6ol GYyHKIUM, IJI5 KOTOPOU KOPPEKTHO OIPENeseHO CaMO MOHITHE CPETHETO
3HaveHus. B camoMm neinte, U3 cymMMupyemMocTn QYHKIINHU ) CIIEAYET, UTO €€
npeobpazoBanune Pypne z; menpepbiBHO. CJleMoBaTEIbHO, N3 BBHIMTOJIHEHNS He-
paBercTBa (2) mveem 9(0) = 0. Hostomy [ 3(z)dz = 0.

3uauenus omeparopa T™*[f] kak (pyHKIMU NBYX MEPEMEHHBIX ¢ u b He-
cyT B cebe mubOpPMAINIO, KOTOPYIO MOXHO Ha3BaTh MIHOBEHHBIM UaCTOTHO-
BPEMEHHBIM CIIEKTPOM CHATHAJIA, MIOCKOJIBLKY MapaMeTp @ UTPaeT PoJIb YacTOT-
HOW KOOPIWHATEHI, a MapaMeTp b — poJib KoopanHATHI BpeMeHHoi. OmepaTtop
(1) OPUHATO HA3LIBATH HENPEPLIBHBIM 6CNAECK-NPEOOPA30EAHUEM.

Omnepatop T™*¥ mpeobpasyer GQYHKIINIO OOHOU MepeMeHHOW B (DYHKIIHIO
IBYX MepEMEHHO. Y XKe 5TO MPOoCTelIiee HabITIOIeHe HABOIUT HAa MBICIIb, UTO
BCILJTECK-TIpeobpa3oBaHme CATHAJIA COOEPKUT B cebe m36BITOUHYIO mHpOpMAa-
7o, DTO CTAHOBUTCS OCOGEHHO OUEeBHOHBIM B CilIydae, Korma dyHkmmm %P
npu 3HadYeHusX a = 27, b= 2"Jn, j,n € Z, 06pa3yioT OPTOHOPMHUPOBAHHIIL
6asuc (6asuc Bemteckos) npoctpancTsa L2 (R). SIcHo, uTo mpu sToM dopmy-
na (1) npeBpaTuTcs B GOPMYILy BHIYMCIIEHUS KOS()OUINEHTOB PA3IIOKEHUS O
naHHOMY 6a3uCy, a BMecTO mHTerpayia (3) s BOCCTAHOBJIEHUS CUTHAJA MO
KosddpunmeHTaM pas3iiokKeHUd MOIBUTCAI (popmyiia

flz) =) 22T (277 27 n)y (20 <n). (3)

JEZ nEZ

Takum obpazom, B pacCMOTPEHHOM YaCTHOM cjydae QYHKIUS 1) ABIAETCS
BCIIJIECKOM C TOUKU 3pPeHUs JII060T0 U3 NIBYX OIpelesIeHUN.

K coxasteHuto, n3 HelIpepBIBHOTO BCIVIECK-TIPEOOpAa30BaHUs HE BCET 1A MOXK-
HO MOJIyYUTh PasjiokeHue 10 6asucy BCIIIECKOB. Y cioBue (2), pasyMeeTcs, He
MOXeT TapaHTUPOBATH HU OPTOTOHAJILHOCTHU, HU JlaXKe JUHENHON He3aBUCHU-
MOCTHU COOTBETCTBYIOIIEN CUCTEMBI CIIBUTOB U pacTsaxeHuin Gyukmuu . [los-
TOMY OIlpeJieJieHle BCIJIeCKa KakK AApa MHTEeTPaJIbHOTO olepaTopa HECKOJIbKO
mmpe. OHO MpUMeHsIETCSI B ciIydae, Korjga HeOOXOMMMO BBIABUTH JIOKAJIM30-
BaHHbIe 0COOEHHOCTHU CUTHAJIA, KaK MMPaBUJIO IJId MCCIeNOoBATEIbCKUX 3a1ad,
KOTJa HeT CYIIeCTBEHHBLIX OT'PaHUUYEHUN IO MPOU3BOAUTEILHOCTUA BBIUUCIIU-
TeJbHBIX CPENICTB U HEeOOXOMMMOCTHU IPOU3BOAUTL BBLIUUCIEHUS B pPeajbHOM
BpeMeHu. BeposaTHo, GU3MK Ha BOMPOC, UTO TaKoe BCILIECK, MACT €ro OIpe-
nmeJieHme KaK spa WHTerpajibHOro ornepatopa. M3 Tex ke coobpaXeHUN He-
MMpephIBHOE BCIJIeCK-TTpeobpa3oBaHmne MOXKET MPUTOAUTHCA Meaukam, reodu-
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3WKaM, aCTPOHOMaM, BCeM MHKeHepaM, KpoMe TeX, KTO 3aHuMaeTCsa IudpoBon
06paboTKON CHUTHAJIOB.

B ob6sacTth uHTepecoB mHXKeHepa-IMGPOBUKa TOMalaeT IpeXIe BCETO IO-
HSATHE BCINIECKA KaK MopoXaarolleil 6asuc ¢yHknuu. MeTonbl pasiiokeHUM
1o 6a3mcaM BCIUIECKOB BeENyT K PKOHOMHOMY PeIeHUI0 MHOTHUX CYMIeCTBYIO-
X 3a1a4d o0paboTKm, TpeOYIOIINX CBOEN peaIn3alliy B paMKaX orpaHIYeH-
HBIX allllapaTHBIX WM BHIYECIUTEIbLHBIX pecypcoB. biaromaps ToMy, 4TO
KpoMe 3TOro 06a3mchl BCIIJIECKOB YaCTO ABJIFIOTCS aNeKBATHBIM WHCTPYMEH-
TOM TIPENCTABJIEHNSA HECTAIMOHAPHBIX O0BEKTOB, IIPU ITOMOIIM PAa3JTOXKEeHUN
10 BCIIJIECKAM OBbLII JOCTUTHYT CYIIIeCTBEHHBI MPOTPeCcC B 3aJadaX CKATUA
nHbopmaruu. HecomHeHHO TakXKe, 4YTO Teopus 6a3MCOB BCIJIECKOB B HACTO-
Alllee BpeMs SBJII€TCSI HeMCUYePIaeMbIM NCTOYHWKOM 3allad IJId YUCTBHIX U
MIPUKJTATHBIX MAaTEMATHUKOB.

§3. KpaTHomMmacmiTaGHLIN aHAJIM3.

[MousaTue kpaTHoMaciiTabroro anammsa® (KMA) ¢yHKIMOHATIBEHOTO TIPO-
CTPaHCTBA ABJIAeTCI QYHIAMEHTAJIbHBIM B TEOPUHU BCIJIeCKOB. Ha HaIl B3I,
CYIIIeCTBYIOT JIB€ OCHOBHBIE MPUUUHBI BaXKHOCTU STOTO MOHATUSA NJId TeOPUU
BciteckoB. IlepBas u3 Hux coctout B ToMm, uro KMA sBaseTcs mHCTpyMeH-
TOM [JIs TIOCTPOEHUsI HOBBLIX 6a3UCOB BCIJIECKOB, U B HACTOsAIllee BpeMs HeT
IPYTUX CKOJIb-HUOYAb YHUBEPCAJIbHBIX CIOCOO0OB MoCTpoeHmsa. B Kakom-To
CMBICJIe ellle OMHUM TaKUM MHCTPYMEHTOM MOYXKHO ObLiI0 ObI CUMTATh, TaK Ha-
1 xoropas mosBmIach B mud-
POBOIl 06paboTKe CUTHAJIOB M0 IOSABJIEHUs BCINIeCKOB. OmOHAKO B HACTOMAIIEE

3BIBAEMYI0, CXeMY CYOIIOJIOCHOTO KOOUPOBAHUSA,

BpeMs CyOIoJiocHOe KOIMPOBAaHUWE MOXKHO CUUTATH YacThIO TeOpUU KpPaTHO-
MacmiTabHoro aHaimsza. (O cBsI3W 9TUX OBYX IOHATHUN peub MOWaeT B §7.
Bropas nmpuunHa He CTOJb OYeBUIHA U CBI3aHA C YKUCJIEHHOW peaJim3aliuen
pasiioxkeHus 1Mo 6asmcaM BemiieckoB. g mosydenust kospduiimeHTOB pasiio-
XKeHUd Cj , GyHKINM f 110 OpTOHPMUPOBAHHOMY 6a3ucy 23/ 2¢(2j T Sn) HYKHO
BBIUUCIIATH CKaJISpHbIe TPOU3BeleHNs, KOTOphle BbIpaXKaloTCsd MHTeTrpajiaMu
suna (2.1). Omneparus UHTErPUPOBAHUS SABJAETCA NOPOTOCTOSMIEN C TOYKU
3peHus BBIYKUCIUTEJBHBIX 3aTpaT. B To XKe BpeMs, Mg BCIJIECKOB, MOPOXK-
meuHbIx KMA, cylecTByeT KacKaIHBIA ajrOPUTM, PeUYb O KOTOPOM IIOWIET
B §6, MaloIUil CYHIECTBEHHYIO SKOHOMUIO BBIUMCIUTEBHBIX 3aTpaT 3a CUeT
YMeHbIIeHN A KOJIMUEeCTBA Ollepalliil UHTEeT PUPOBAHUSA U TOSABIISIONIAXCS BMeC-

3Multiresolution analysis

4Subband codding scheme



TO HUX OIlepalnili JUCKPETHLIX CBEPTOK.

O BO3MOXHBIX crmocobax MOCTpoeHUs 6a3MCOB BCIUIECKOB, MOPOXKIEHHBIX
IUKCUPOBAaHHBIM KPAaTHO-MaCHITAOHBLIM aHAJIM30M PeYb MOUAET B CIIEMYIOIIEM
naparpade. HecMoTps Ha To, 4TO cyIecTBYIOT 6a3MChI BCINIECKOB, KOTOPHIE
me mopoxmpaiorcsa Hukakum KMA, Takume 6asuchl B HacTosdllee BpeMs IIpeq-
CTaBJIAIOT YNCTO aKaJeMUIeCKNA WHTePeC W B MAJbHENIIEM PacCMaTPUBATh-
cs He OyIyT.

Mgur 6ynem 3mech paccMaTpuBaTh QYHKINMOHAJIbHBIE MPOCTPAHCTBA Ha Be-
IecTBeHHON mpsaMoii. Kpowme Toro, mpu mocTpoeHnn obIIell TeOpun IPenmno-
JlaraeTcs, YTO BCe TIPOCTPAHCTBA COCTOAT M3 KOMIUIEKCHO3HAYHBIX (DYHKITI.
B xakoM-To cMBICTe KOMIIJIEKCHBIN CJIy4Yall MPOoIIle BEIIeCTBEHHOTO, MOCKOJIb-
Ky HeT HeOOXOMMMOCTHU WCKATh BeIlleCTBEHHBIE peNIeHNs BO3HUKAIOIINX 3a-
mau. Tewm He MeHee, Ha TPaKTHUKe CJIy4Yall BeHIeCTBEHHO3HAUHBIX (YHKIIUT
BCTpedYaeTCs Yallle M MBI IIPU PacCCMOTPEHNN KOHKPETHBIX 3a1a4d OyieM Bcer-
Ila OTOBApWBaTh, KOTJa BeMleCTBEHHO3ZHAUYHOCTh IPUHIINIINAJILHA.

OnPEOEJNEHNE 1. IlociemnoBaTesIbHOCTh BJIOKEHHBIX APYT B IpPyra 3aMK-
HYTHIX TTOOIPOCTPAHCTB

eVl vVicvicvic... (1)

npoctpanctia L (R) Ha3BIBaeTCA €T0 KPAMHOMACWMABHIM AHAAUSOM, ECITH
YIOBJIETBOPAET CJIELYIONUIAM yCIIOBUAM:

a) Ujez V7 = L*(R);

6) Njez V7 = {0}

B) f(z) € VI & f(2z) € VITY

r) Haiimercs Takas byHkmua ¢ € VO, KoTopylo HasBHIBaOT wmacwmabupy-
toweti®, 9TO MHOXKECTBO ee CABUTOB (T <n) o6pasyeT opTOHOPMUPOBAHHBII
6asuc mpoctpanctea V0.

O6cymmM OCHOBHEIE MOMEHTEI NAHHOTO olpefdesieHnsA. llpemiaraeMas Imo-
CIIeIOBATEIbHOCTD IPOCTPAHCTB JaeT HaM BO3MOXKHOCTH BeIGopa V7, cityxa-
IIIEr0 3aMEHOM MCXOIHOI0 CUTHAJILHOTO IPOCTpPaHCcTBa. IlioTHOCTH mocsemo-
saTesbHocTH V? B L2(R) (cBOiicTBO a)) rapaHTHpyeT MJId TI060H CyMMUpY-
emoll pyHKIMm f 1 Jr060ro Hallepen 3aJaHHOro dmcia € > 0 cylecTBoBaHUTE
Takoro mpoctpancTsa V* u anementa fi, € V¥, uto | f fel| < €. YunrbiBas,
YTO MBI IMEEM JIEJIO C €BKJIMIOBEIM PACCTOSHUEM, HAMIIY YIIIM IPUOIINKEeHN-
eM GyHKInM f U3 mpocTpaHcTBa V ¥ gBiIseTcs opToroHa bHAs IpoeKus f Ha

5Scaling function
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5To mpocTpaHcTBo. llosTOoMy B KauecTBe fi ymob6HO GpaTh OPTOTOHAJILHYIO
MTPOEKIINIO.

Croutr oTMeTUTH TY 0CO6YyIO0 poiib, KoTopyio B KMA BeImommseTr Tpe-
6oBaHme BiloXkeHHOCTH TpocTparcTB {V7}. C Toukm 3peHms 3amad Teopun
alnmpoKcuManuu TpeboBaHMe BJIOKEHHOCTU IMIPOCTPAHCTB SIBJSIETCS HE OYEHD
npuHIUInaIbHEIM. OT Hero MoxXkmHO 6e360JI€3HEHHO OTKA3aThCSI, OCTABUB B
HEMMPUKOCHOBEHHOCTH Bce ocTajbHble ycioBus Ompemestenus 1. Ilpum sTom
MTOJIYUYUTCS TMOCIIENOBATEILHOCTh MPOCTPAHCTB, BIOJIHE MPUTOMHAS I MPH-
6numxkenus ¢ynkiuin. MHoOre BO3HUKAIOIINE B paMKaX TAaKOW TEOPUN 3adaun
1 JaXXe MeTOObI X PeIleHns HUYeM He OTJIMYAIOTCSA OT 3adad W METOIOB
BosHmKamomux B pamkax KMA. 3ameTrum, uTo mpu oTKase OT BJIOXKEHHOCTH
CYIIIECTBEHHO YIIPOIIAETCSI U PACIIHPSIEeTCS BO3MOXKHOCTH BBIOOpa 6GasmcHON
byukuun ¢ u3 nyskra r) onpeneseans KMA. Yro xe MBI Ipu 5TOM TepsieM
? OxasbpIBaeTcs, 9YTO TepseM MBI CAMOE TJIABHOE — BO3MOXKHOCTD OIPENeINTh
MIOHATHE 8CNAecka, paau KoToporo n nosuiicas KMA. MoxHo 3aMeHATSH Mt
B Pa3HBLIX HAIIpPaBJIEHUIX ocIabisaTh TpeboBaHmusa Bcex MyHKToB OTpenesieHus
1 ogHaKo, €CJTn MBI HaMepPEeHHI flajilee BBOAUTH IOHATHE BCIIECKA, TO MBI 0065-
3aTeJILHO MTOJIKHBI MOTPe6OBATH BBIMOJIHEHNE TOCIIENOBATEILHOCTH BJIOKEHNU
(1).

CBoIICTBO B) 0OBCHAET MOSBIIEHNE TEPMUHA KPATHOMACIITAbHbIA. Fcinm
neriouka (1) TOBOPUT JIMIITH O TOM, ITO TOC/IEIOBATEIBHOCTE TIPOCTPAHCTB V7
pacuIupsieTcs IPU YBeJIMUEHNHN j, TO CBOUCTBO T') 0OBIACHAET, KAKIM 06Pa3oM
MIPOMCXOMNUT 5TO PacIIUpeHre. A MMeHHO KaXIoe MOCIenyoliiee IPOCTPAHCT-
BO ’B 2 paza” GoJblile npenbiaymiero. KaBbIUKH 37IeCh MCIIOJIB30BAaHbI MOTO-
MY, 9TO HECKOJIBKO HEKOPPEKTHO CPAaBHUBATH B pa3ax pa3Mepbl 6€CKOHEUHBIX
MHOXK€ECTB. 3aMeTuM, uTo npu noctpoennn KMA mpocTpaHcTB mepuogndec-
kux ysxumit (cm. [[14]), meificTBUTENBHO, OKA3BIBAETCS, YTO MPOCTPAHCTBO
c HoMepoM j + 1 uMeeT pasMepHOCTH B [Ba pasa GOJIBIIYIO, YeM MPOCTPAHCT-
BO C HOMepoM j. B Halllem ke ciiydae o6a MpocTpaHCTBa GeCKOHEUHOMEPHBI,
omnaxo cpoiictBo (1) rapamtupyer, uto f € V? = f € VItl a cpoiicr-
BO B) yTBepkmaeT, uTo BMecTe ¢ f(z) B mpocTparcTBo V’T1 BxomuT emre
n dynkmusa f(2z). Ilpoexmmm mpocrpancrsa L2(R) ma mpoctpanctsa V7
MOXHO CPaBHUTH C U3yUYEeHHEM €ro IPHU IIOMOINHN YBEJIUUYNTEIbHBIX CTEKOJI,
KaXJoe TOCJenyIollee U3 KOTOPBIX OTJWYAeTCA OT IPedbIAYyIlero B ABa pa-
3a. YBeJnmdeHre HOMepa MPOCTPAHCTBa V7 MO3BOJISET M3ydaTh BCe Gosee u
6ostee MeJIKUe OeTail GYHKINN WX CATHAJIA, OJId MPEeICcTaBIeHUs KOTOPBIX
Heo6XoMMMa BBICOKOUACTOTHASA KOMIIOHEHTA.

W3 cBoiicTB a) — I') HEMOCPENCTBEHHO HE CIIENY€ET, HO CTOUT HOHUMATH, 4TO



B KadecTBe abCTPaKTHO-NAEATIBHOTO BBHIGOPA MPOCTPAHCTB V/ HYXKHO CTpe-
MHUTBCA K TOMY, UTOGBI CIIeKTp (GYHKINI IpocTpaHcTBa VO 6B CKOHIIEHT-
pPUPOBaH Ha OTpesKe [&, 7|, a yHKIUA ¢ 6bLIa GBI XOPOILO JIOKAJIN30BAHA
Bo BpeMenn. Koukperubiii ke Beibop KMA saBiseTcs KOMIIPOMUCCOM MEXIY
STUMU NIBYMS CBOMCTBAMHU, COOTBETCTBYIOUINM MOCTAHOBKE 3a1aul.

CsoiicTBO I‘) B COBOKYITHOCTHU C B) IIO3BOJIAET CHO€JIaTh BBIBOHO, YTO MOJIA

aoboro j € 7 dyHKIUU goi(m) def 29202z ok), k = 0,4£1,42,... obpa-

3YIOT OpTOHOpMHUpOBaHHLIN 6Gaszuc. llosgBieHume HOPMUPYIOITEr0o MHOXKUTEIIA
29/2 o6pacHsIeTCS TeM, 4YTO MpHU 3aMeHe TlepeMeHHON ¢ — 2x HopMa GYHKIAN
yMeHbIIIaeTcs B /2 pas, 4To HeO6XOIMMO KOMIIEHCHPOBATH.

Heckonbko ciioB 0 BO3MOXHBIX NyTax o6o61enus moHatus KMA u mepe-
HOCA €ro Ha Apyrue o0beKTHI.

Bo-nepsrix, "kpatHocts” KMA, paBuas nBym B Ompenestenun 1, Boobiite
TOBOps, MOXKeT OBITHL 3aMeHeHa Ha JIoboe 60JIblllee IeJIoe UMCiIo 1 JaXke Ha
J1I060€e paImoHaJIbHOE YnCIo, 60sibiliee equHUIBGI. OmHAKO Takoe oGoblieHme
MOXeT OBITH MCIOJIB30BAHO JIMIITh B BeCbMa CIeNMuPUIecKNX 3amadax, Korma
TpebyeTcs MejleHIEe YacTOTHI B OompenesieHHON mpomopiiuu. Ilpu mpounx pas-
HBIX YCJIOBUSAX UCITOJIb30BAHUE MHOXUTENSA 2 ABIAE€TCSI OMTUMAJIBHBIM II0 T€M
Ke MIPUYNHAM, KOTOPBIE OMPaBILIBAIOT MCIIOJIb30BAaHNE IBOMYHOTO IIPENCTAB-
sleaus yuces1 B OBM.

Bo-Bropeix, B ompenenennu KMA myHKT r) mHOrma saMmeHsioT Ha Gosee
ciaboe TpeGoBaHme CyIleCcTBOBaHNA B mpocTpaHcTBe V0, BoobIme roBops, He-
opToroHaiabHoro 6Gasuca ¢(z < k), ssustomerocs 6asucom Pucca. Oto Tpe-
boBaHUe He BeIeT K HOBBIM ob6bekTaM, mockoiibky C.Mamnar [Ma] mokasasn,
YTO Takol 6a3mc Bcerjla MOXeT OBITH 3aMeHeH OPTOTOHAJIBHBIM.

[Tomstue KMA MoxeT OBITH BBEIEHO JIg IMPOCTPAHCTB OTJIMYHBIX OT
L?(R). Hampumep, is1s 6aHaXOBEIX NPOCTPAHCTB Ha nmpsaMoit. g >Toit mesm
HYKHO B IIyHKTe a) MOTPe6oBaTh MIIOTHOCTH B CMBICJIE COOTBETCTBYIOIIEN
HOPMBI MPOCTpaHCcTBa X, a B MYHKTE I') 3aMEHUTH CYIECTBOBAHUE OPTOrO-
HaJIbHOrO 6asuca (MOHITUE OPTOTOHAJBHOCTHU OIPENeSIeHO JIUIb [ TUIlb-
6epToBa MPOCTPAHCTBA) KAKUM-HUOYAb APYTUM CXONHBIM yCJIOBHEM, COBIIA-
natommuM ¢ r) npu X = L?(R). Hackoabko HaM M3BECTHO, B TIOJTHOM O6b-
eMe 5Ta IporpaMMa [0 CHX IOp He Oblila HUKEM peajim3oBaHa — IpobiiemMa
¢ myHKTOM T). BMecTo 5TOro 60JBIIMHCTBO ABTOPOB IMPENIOJIAraloT, YTO
VI C L?(R) N X. Taxkoit monxom MO3BONIAET COXPAHUTL MYHKT T) B HeW3-
MeHHoM Bume. (OmHAKO MPU 5TOM HEMOHATHO, HACKOJIBKO OPTOTOHAJIBLHOCTH
6a3mca Xopollia IJis HermiIbbepToBa MPOCTPAHCTBA.

Iiisi kBasubaHAXOBBIX MPOCTPAHCTB MEPUONUYECKUX (GYHKUUN (BKIIIOYAL,
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0606H1eHHbIe) noustrne KMA 6bwio BBemeHO u ucciemoBaHo B paboTax [H3],
[I14]. Tam xe 6but0 mano mosHoe omucanue Bcex Takux KMA. B uyTh me-
Hee o61IeM Buie onpeneiienne nepuonudeckoro KMA seomumocs B [H], [PB],
[7K3).

OcobbIil nHTEpeC OIS MPUKIATHBIX 3amad nmpencTasisioT KMA mias mpo-
CTPAaHCTB QYHKIINN, OMpeNeSIEeHHLIX Ha MUCKPETHON CeTKe, MOCKOJILKY BXOII-
HOW CHUTHAJI B MGPOBOM YCTPOMCTBE ONpenesieH JIMIIb B IUCKPETHOM Habope
TouekK. HackosIbKO HaM M3BeCTHO, cucTeMaTudeckux ucciemoBanuin KMA ma
MMPOCTPAHCTBaX QYHKIINN, ONMpeNeSIeHHBIX B IeJJOUNCIIEHHBIX TOYKaX IIPSIMO,
He Bejiock. OnmHako, B KakoM-TO cMbiciie, Taknme KMA BosmmkaioT ecrec-
TBEHHBIM ITyTeM, KOTJIa MBI IIOCJIe BBIOOpa MOAXOMSAIIETO IIPOCTPAHCTBA 1%
oToOpaxkaeM Ha Hero CUTHaJbHOe IpocTpaHcTBo. Ilpolecc mosyueHus ko-
2P PUITMEHTOB pa3IoXkeHUS Mo 6a3mMCcy COABUTOB QYHKIINU (@ MOXKHO pPacCMaT-
puUBaTh, KaK OOOOIIEHHYIO omepanunio oudpoBKN CUTHAIA. JHAUYEHNS STUX
KOG PUIMEHTOB SABISIOTCI MUCKPETHBIM CHUTHAJIOM WM BCS NaJIbHEWINas o006-
paboTka, dakTUdeckn, npoucxoguT B paMkax KMA mpocTrpaHcTB GyHKIUI
IMCKPETHOTO apryMeHTa.

IToctpoenne Teopun KMA meprnommueckoro uCKpeTHOro apryMeHTa C IIe-
puogoMm N = 2™ 6bLJIO HPOBEOEHO B [HQ]. B xakom-TO cmbIcie, momobHas
Teopus BeleT K ajbTepHaTuUBe (uiu momnoiiHenuto) reopun Huckpernoro Ipe-
obpazopanus Pypre.

54. Bbi6op maciiTabupyroriein GyHKITAN.

[IpuBenentoe B mpenbinyiiem mnaparpade Otmpenesienne 3.1 He ABIgE€TCA
KOHCTPYKTUBHBIM, HO W3 HEro BHUIHO, YTO IJId TOro 4ToObI 3amath KMA
IOCTATOYHO 3HATDH TOJIBKO OJHO M3 IPOCTPAHCTB V7, a 0OHO, B CBOIO ouepelb,
ompenesiieTcsa macumabupyrou,eld dyukiuen . TakuMm obGpaszoM, eciam Ham
yIIacTCS HAUTH CIOCob MoJTydeHns TaKuX QYHKITUN C 3alaHHBIMI CBOMCTBAaMMU,
TO MBI cMoxkeM cTpouTh KMA.

HaunewMm c mpocToro 3amMedanusi, BLIBOJIBI 13 KOTOPOTO JIEXAT B OCHOBE BCEN
Teopun BerleckoB. 1lockomeky V0 C V1, To dpyHKIMA 0 aBaseTcs TuHeHHOM
KoMOuHaIen QyHKIIUMN {90,11} CrenoBaTesIbHO, IJIS HEKOTOpOro Habopa Ko-
spunuenToB {h,} MOIyUNM pPaBEHCTBO

o(z) = \/52 hnp(22 ©n), (1)

6

Ha3bIBaeMoe Mmacwmabupyrouwum ypasnenuem®. OQueBUOHO, BBUAY PaABEHCT-

6 Two-scale equation
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Ba IlapceBans umeem > h2 = 1. Brmosnnus mpeo6pasosanume ®ypbe obenx
yacTeil paBeHcTBa (1), mosyunm

Zh e 2 p(w/2) (2)
nEZ
njin, BBEOA obo3HaUYeHUe
mO w h —znw
e

npeobpasyem (2), a sHaunt u (1), K BuIy

P(w) = mo(w/2)P(w/2). (3)

PagencTBo (3) TakxXe IMIPUHATO HA3BIBATh MAacCIITAOUPYIOIINM YpaBHEHHUEM.
BrocnenctBum MbI mosiyumM, UTO QYHKIHUS ¢ TOJHOCTBIO OIpeneseTcs
2m-niepuoanvuecKon GyHKITNEN My (w) A celtuac BbIBemeM OIIHO CBOWICTBO 3TON
GYHKIINM, BEITEKAIOIIEE N3 OPTOTOHAJILHOCTI HAbopa CIBUTOB go(x <:>n) byHK-
A7 ©.
IIpeobpasyem nmaTerpai B BhIpaKeHNN

[ ewiema={ > "0 (4)

K yn06H0My mitst Hac Bumy. C oToll HesbIo MocUYuTaeM ero npeobpasoBaHme
®ypre (Kak GHYHKIMU HENMPEPBIBHOIO apryMeHTa 1 ):

o(z on)dee ™ dn =
V2m / /
oz on)e ™ dndr =
V2 / /

\/2_/ T dm/ o(z on)eEmw dn =
T —0oo

gé(w)/ oz &n)e He—n)w dn =

— o0

o0

gé(w)/oo oz on)e~Hz—nw dn = gé(w)/ o(y)e W@ dy =

— o0

V2rg(w)p(w) = V2r|p(w)|”.
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Ilsist Toro 4TOOBI BEPHYThCS K HHTerpaily (4), BBIIOIHUM obpaTHOe mpeobpa-
soBanme Pypne:

[ eteremae= [ lp@)pen do -

— 00
27r ]—|-1

27T
Z |2 znwdw_Z/ w—|—27r])|2 in(w+2my) dw =

jez 2™ JEZ
27
/ Z|90 (w + 275)[2e™ dw.  (5)
JEZ

BameTmm, uTo 2m-nepronudeckas GyHKma Y ;o |p(w+2mj)|? apasercs cym-
MUPY€eMOIL U olpeeeHa KOPPEKTHO (IIPY HOMOIIH CXONAIIETOCs MOUTH BCIOLY
pana), nockonbKy $(w) € L?(R). Uz (4) m (5) momyumm, uTo Bce Koad-
punuentr Oypbe 5Tol GYHKIMU 3a UCKIIOUEHHEM HYJIEBOIO PaBHBI HYIIIO.

CiemoBaTesIbLHO,

S 16w+ omi) = o (6)

[Tpumenum dopmyny (6) k dyukuun $(2w) U 3aT€M BOCIOIB3YEMCS Mac-
mTabupyommM ypaBaenrneM (3). YuuTbBas 27-MePUOAMYHOCTH (GYHKIUU
mo(w), mosyuum

1 R ) R )
o = Z |p(2w + 275))* = Z Imo(w + 7j)@(w + 7j)|* =
JEZ JEZ
> mo(w + 2m5)@(w + 275))2 + > [mo(w + 7+ 2m5)@(w + 7 + 27)|* =
JEZ JEZ
Z Imo(w)@(w + 2m5) > + Z Imo(w + m)@((w + m) + 2mj)|* =
JEZ JEZ
1
—(|mo(w)|? + |mo(w + m)[?),
2
YTO BJIeUET BLITIOJITHEHUC paBeHCTBa
Imo(w)]? + |mo(w + )| =1 (7)

IIo4uTH!n BCHOOY.
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Hanee 6ymeT mokasaHO, UTO HPHU BeCbMa MIATKUX OTPAaHUYEHUAX (YHK-
ust Mg, yOOBJIETBOPSIONIas ypaBHeHuio (7), onpenesiseT MaclITabUPYIOIIYIO
dyukmo ¢, a sHaunt, 1 KMA. Takum obpasom, mckycctBo Beibopa KMA
alleKBATHOTO PeIIaeMoll 3alaue CBONUTCS K BbIGOPY peleHus ypasHeHus (7)
¢ 3aaHHBIME cBoiicTBamu. CKasaHHOe MOKA3bIBAe€T BaXKHOCTH ypaBHeHus (7)
IIJIA BCeUl TEeOpUM.

§5. IIpocTpaHcTBa BCILJIECKOB M MX Ga3uChI.

ITocnenoBaTeIbHOCTH TPOCTPAHCTB {Vj }, dopmupytomas KMA, naetr nam
BO3MOXKHOCTH BBIOpATh MPOCTPAHCTBO-KAHIWAATA, HMPUOIMKAIOIIET0 BXOII-
HOU curHaJj mudpoBoro ycrpoiictBa. Crenyiolias 3amada — BbIOpATh MOIXO0-
IAIINNA 6a31C, KOTOPBIN ObI MO3BOJNII Pa30UTh CUTHAJ HA KOMIOHEHTHI JIOKa-
JIN30BaHHBLIE KaK II0 YACTOTe, TaK U II0 BPEMEH.

Cuagania o yacTOTHOU JioKaym3amuu. VHTYUTUBHBIE MOAXON K BBEIEHUIO
IIPOCTPAHCTB BCILJIECKOB OCHOBaH Ha TOM, UTO KaK yikKe OBLJIO CKa3aHO B §2,
MMeeT CMBICI CUNTaTh, UYTO IPOCTPAHCTBO V7 comepkuT B ceGe dyHKIHH,
9BU CTIEKTPHI CKOHIIEHTPUPOBAHLI Ha oTpeske [&m2?, 727]. Taxmm obpasom,
JIOTHYHO MPEAIONIOKNATh, UTO OPTOrOHAJIbHOE IOHOJIHEHNe MpocTpaHcTBa V7
mo mpocTpancTBa VI, cocTonT u3 dyHKIMIA, UbM CIIEKTPHI B OCHOBHOM CKOH-
MeHTPUPOBAHEI Ha oTpeskax [&m2/ 1l &n2/] u [727, 7271!]. Pasymeercs, Ta-
KIie ’TIpaBIoIoI0OHbIE PACCYKIEHNA HAC HU K YeMy He 06sI3bIBalOT, 1 OIpe-
meJIeHre TIPOCTPAHCTB BCIUIECKOB HOCUT YHCTO GOPMAJILHBIN XapaKTep.

Nrak, mycTs npocTtpancTsa {V?} obpasyior KMA mpoctpanctsa L2(R).
Torpma opToroHanbHoe momosnenne W7 mpocrpancTsa V7 mo mpocTpaHcTBa
VI+! gaspBaeTca npocmpancmeom 6cnaeckos. Takum o6pa3oM, IPOCTpaH-
ctBo V71! MoxeT 6BITH TIpencTaBlieHO B BUe TIpAMOii (M Majke OpPTOTOHAJE-
HOUl) CYMMBI

Vit =VieW’, jeZ.
IIpoBons mocsemoBaTe/IbHOE pa3iiokKeHNE B MPAMYIO CYMMY, IOABIISIOIIAXCS
Ha TIpeIBIMYIeM INare MpocTpaHcTB V¥ u yumTeBas cpoiicTBo 6) KMA,
TTOJTY YMM

J

vitt= @ w*. (1)
k=—0oc0

A BBumy cpoiicTBa a) KMA wnmeeMm

L*(R)=  w*. (2)
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C kauecTBeHHOIl Touku 3peHus (opmyisl (1) u (2) maroT HaM pasoKeHUs
npoctparcTs V7 u L2(R) B mpaMyio cCyMMYy IPOCTPAHCTB, B KaXkIOM 13 KO-
TOPBIX CONePXKaTCsA (PYHKINN, YbM CHEKTPHLI ’B OCHOBHOM” COIEpKaTCd B OK-
TaBHOI moJsioce 4acToT. C TOUKN 3peHns GOJILIIMHCTBA TEXHUYECKNX ITPUIIO-
XKeHWi1 OYeHb yIO6HO, UYTO OTHOCUTENIbHEIE IOJIOCHI YACTOT COBHANAIOT IJIs
Bcex npoctparcTe W/, TpamunnonHoe npeobpasoBanue Pypre m3-3a paBHo-
MEPHOI CEeTKH YacTOT MMeeT M36LITOUYHO0 MHPOPMATUBHOCTE B 06JIACTH BEHI-
cokux yacToT. Ecin ke paccMaTpuBaTh €ro 3Ha4eHHUd Ha JIOrapudMUIecKon
CeTKe 4aCTOT, TO BO3HHMKaeT IPobileMa TOYHOI0 BOCCTAHOBJICHUS CUTHAJIA IO
ero crnekTpy. B ciiydae Bcmieck-pasiioxenus npoctpancTsa L% (R), BosHuk-
11y ”5KOHOMUIO” 3a C4eT 0O6beMHeHNd YacTOT B OKTaBHLIE IOJIOCKHI, YI0OHO
HaIIpaBUTh Ha IOBLIIICHNE Pa3peIleHnsd BO BpeMEHHOU 06JIacTH.

Tenepp HaiiIeM CHOCOGLI HOCTPOEHUS B IpocTpaHCTBax W/ opToroHasb-
HEIX 6a31COB, COCTOAININX W3 CABUTOB onHol pyukimu. CHadasa HaimeMm Gop-
MYy IpencTaBileHns GYHKIWI IpocTpadcTBa V! B wacToTHOM obmactu. Ilo-
CKOJILKY

f(z) = \/52 cnp(22 ©n)

nez

IUIsE HEKOTOPOTo Habopa KodhduimeHToB {c,}, TO, BHINOIHUB NpeobpasoBa-
Hre Pypbe 3TOT0 BBIpaXKEHUA, TTOJTYINM

~

I Y cae ™ p(w/2) = my(w/2)p(w/2), (3)

) 1
w) = —
ﬁnEZ

rae my¢(w) — 2m-nepuonuyeckas GYHKIUA, onpenesiseMas o HopMyte

1 ,
my(w) = 7 Z cne Y. (4)

nez

B cnemyromem mnaparpade MBI mokaxeM, 4TO (GYHKIMA 7 UMEET CMBICII
criekTpa ¢yHKIun f. 3aMeTuM, 4TO B MOCJIEAHEM BBLICKA3LIBAHUU HPUCYT-
CTBYeT HEKOTODBIl IapajoKC, MOCKOJbKY corsjacuo dopmyie (3) dbyHKums
M — BCEro JINIIL OfWH 13 ONPEeNeIAIONINX CIIeKTP COMHOXKUTeNeH. JTo 3a-
MedaHue B HaJibHENIeM OyeT B IMOJHOU Mepe UCIOJIb30BaHO JIs yITPOIIeHU S
BBIUMUCJIEHUS CBEPTOK M JIJI HATJISATHOCTU MpeAcTaBieHUA QYyHKITAN.

IIycTs Temeph GyHKIMA [ IpUHAIJICKHUT mpocTpaHcTBy WP, Torma oHa
opToroHajbHa BceM (yHKUmAM 6asuca {p(z <n)}, mosToMy, HENCTBYA IO
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aHAJIOTUU C IOKA3aTelbCTBOM (hopMydst (3.5), mis aro6oro n € 7 mosydnm

O—/ f(z)p(z <n) dx—/ f )p(w)e™ dw,
u majiee

27
/ Z w4 2k7)@(w + 2k7) | €™ dw. (5)
0 \kez

Ilockonbky f,¢ € L?(R), To mpomssemenne f@ NPUHANIEXUT IPOCTPAHCT-
By L'(R). Cnemnoatenbho, pam B (5) cxomuTcs abcomoTHo (a 3HAYAT, W
6esycisioBHo) mo HopMme mpoctpancTBa L' (R). Honcrasnas (3.3) u (3) B (5),
IeACTBYS Tak Xe, KaK U IIPH [0Ka3aTelIbCTBe paBeHcTBa (3.7), moyyuM, 4To
IS TIOUTH BCEX W

m¢(w)mo(w) + me(w + m)me(w + 7) = 0. (6)

IIpu ¢pukcupoBaHHOM W PaBeHCTBO (6) MMeeT CMBICII CKAJISIPHOTO IIPOM3BeEIe-
HUs IBYMEPHBIX BeKTOpoB (mf(w), ms(w + m)) 1 (mo(w), mo(w + 7)). Ecim
BTOPOIl BEKTOD He SBJIAETCS HYJIEBBIM, TO BEKTODBI, €My OPTOrOHAJILHEIE, 3a-

nuirytes B obmem Bune (Amg(w + 7), ©@Amo(w)), roe A — npousBosbHAS
koHCTaHTa. llockompky w3 paBeHcTBa (3.7) cilenyer, 4To KOMIIOHEHTHI BeK-
Topa (mg(w), me(w—+7)) MOryT OIHOBpEMEHHO 06PAIIATHCS B HYJIb JIUIIb IJIs
w, IPUHALIEXKAIINX MHOXECTBY HYJIEBON MepEL, TO (GYHKIUS M f yIOBIETBO-
psieT ypaBHeHUo (6) B TOM U TOJIBKO TOM CJIy4ae, KOT[a OHa IOYTH BCIOLY
npencraBuma B Bume my(w) = a(w)mo(w + ), rme a(w) — mpowsBosbHas
27T-nepuopndecKas GyHKIU, YAOBIETBOPSIONIAs OUTH BCIOLY COOTHOIIEHUIO
a(w+7) = ©a(w). Oynkmuio a ymo6Ho TpencTaBuTh B Buse a(w) = e“a(w),
rie o — T-MepuonuyecKas GyHKIus.

PasymeeTcs, He Bce QyHKIUU My TAKOro BUAA ONPENENAOT GYHKIUM U3
W?P. Cornacuo (4) dpynkums m; npuaanmexnt kmaccy L?(T). Ilpuuem ee
HOpPMa B 3TOM NPOCTPAHCTBE COBHAAAeT € HOPMOR f ¢ TOYHOCTBIO O MHO-
KUTess, HesaBucsmero or f. B To Xe BpeMms, cupaBemyuBo u 06paTHOE
yTrBepxknenue. Jlrobas dynkimua npoctpanctsa L2 (T), ynosreTsopstomias (6)
onpenenser dbynkumo nz WPO.
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Takum obpazoM, muid smoboit dyukmun f € WO us (3.7) umeem

oo [imst)P o= [ e ot T o du -
[ ateimote + s+ [ latoymoe)f o -
[T o) + oo+ ) do = [ o)l da

CrnenoBaTenbHo, GYHKINA [ IpUHAIIEKNAT npocTparcTBy WP B ToM 1 Tomb-
KO TOM cjIydae, KOTOa

my(w) = a(w)e™mo(w + ), (7)

rae o(w) — npousBoJibHAs T-TiepuonuuecKas GYHKIUA C CyMMUPYEMBIM KBal-
paroMm. IIpu sTom cormacuo dopmyse (3)

f(w) = a(w/2)e™ *mo(w/2 + m)p(w/2)

nin B OoJiee eCTeCTBEHHOM BUiae

~

f(w) = v(w)e™*mo(w/2 + m)p(w/2), (8)

rae v — 2m-nepuoguyeckad GYHKINA C CyMMIPYeMBIM KBaJpaToM. PyKoBo-
CTBYsACH mpencTapiienueM (7), HalileM onucaHue TexX QyHKUMA fo MpocTpaH-
ctBa WP, 4pu emuHIYHLIE CABUTT 06pa3yIoT OPTOHOPMUPOBAHHEIN 6a31IC 3To-
ro mpocrpancTBa. Ilponmenas Bbikiianku, mposenenusie B (3.1) — (3.7), Ho ¢
3aMeHOI (QYHKIMK ¢ Ha fo, MOJIyYUM, 9TO IeJIOUNC/IEHHLIE CIBUTH fo ob6pa-
3yI0T OPTOHOPMUPOBAHHEIN 6a31C B TOM U TOJIBKO TOM CJIydae, KOTIa

[y ()7 + Img, (w + ) =1
WIN TIOCJTe TONCTAaHOBKY (7)
1 = Ja(w)e“Tmo@ T I +la(w + 1) Mmoo T am)? =
(@) (Imo(w + m)* + [mo(w)[*) = Je(w)]*.

Takum o6paszoM, Bce BO3MOXHBIE (GYHKIINU, MOPOKIAIOIINE OPTOTOHAILHEIE
6asucer cnsuros B W0, npencrasnstorcsa B Bune (7) ¢ dyHKIuell o, paBHON
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o MomyJsio enuHmie. B kauecTBe my, MOXHO B3iTh, Hanpumep, QyHKIINIO

mi(w) = my(w) = e“mo(w + 7). Torna cormacuo (3) momrydanm

P(w) = e Pmo(w/2 + m)p(w/2) = mi(w/2)@(w/2) (9)

njim ToO XK€ caMo€ BO BpeMeHHOfI obJytacTn

P(z) = V2 (1) "hi_np(22 ©n). (9)

nez

®opmyiy (9') Tak ke, kak u dhopmyny (3.1) HasbIBAOT MaCIITAGUPYIOIIUM
ypaBHEHUEM.

Benaeckom obpramo HasbBaloT GYHKINIO, YbM CABUTHU 0OOpasyoT 6aswuc
B mpocTpancTBe W°. Opmmako mHOrIa TepMHH ”BCIIecK” NPHMeHSETCA 1
1711 0603HAUEHN IPOM3BOJILHOTO 3JIeMeHTa JIfo6oro u3 npocTpancTs W7, Bo
BCAKOM cCJIy4Yae, CaMHU 5THU MMPOCTPAHCTBA MBI HAa3BIBAEM NPOCMPAHCINEAMU
8CNAECKOB.

§6. IIpamas dpopma asropmrMa pas3jioKeHHs IO BCIJIeCKaM.

Nrak, MBI mprCcTyaeM K TMOCTPOEHUIO AJITOPUTMA PA3JIOKEHUS IO BCILJIEC-
kam ¢ynkmun f € [L2(R). Ilepsbiii mar — BEIGOp MPOCTPAHCTBA VE B
KoTopoe bymem otobpaxathb dyukmnuioo f. Mur 6yneMm cuutath, uto k = 0.

KakuMm o6pa3omM MBI MOXKeM BbLIOpaTh MPUOIMKAIONIYIO GYHKIIIIO f e Vo?
CaMBIM MIPOCTHIM B UAEHOM OTHOIIIEHUN 1 6€3yIPEUYHBIM C TOUYKU 3PEHU Ma-
TeMaTHUKH ([0 KpailHell Mepe, Ha NePBLI B3[JIAM) SABIISETCS BHIGOP B KauecT-
BE f OpPTOTOHAIBHOM TpoeKmum Ha mpoctpancTso L%(R). BesympeunocTs c
TOYKW 3PEHUST MAaTEeMATUK! OOBICHAETCS T€M, UTO OPTOTOHAJIbHAS ITPOEKITUA
ABJIAETCS C TOUKU 3PEHUs €BKJIMIOBOW HOPMBI HAWJIYYIIIUM TpubiamxeHueMm f
13 MPUOIIMKAIONIETO MpocTpaHcTBa. Ilpoekius mpencraBiaseTcs B BUle

f = chSO?z(fB) - chSO(af <:>n)7 (1)

rme
cn =92 = [ fa)eleom) da.

Hecmotps Ha cBoto uneitnyio mpoctory dhopmyrna (1) npenycMarpuBaeT Bbi-
TOJTHEHNEe BeChMa HeTPUBUAJILHYIO C TOUKU 3peHus MudpoBonl o6paboTKu ore-
palnuioo WHTerpupoBauus ¢yHkimu. laxe mias mpubIMKeHHOTO BBLIUYNCIIEHUS
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KoddduiimeHTOB TpebyeTcs, 1o KpallHEN Mepe, MOCTATOUHBLIN 3alac BpeMeH-
HBIX OTCUETOB. BripoueM, 3amaua MoXeT OBITH pellleHa MPU MOMOIIN aHAJIO-
roporo ¢puiabTpa Ha Bxome AIIIl, ¢ uMmnynbcHOI XapaKTepuCTHUKON, COBIAIa-
folreir ¢ pyukimen . OmHAKO Ha MpaKTUKE B HAIIEM PACIOPSKEHUU UaCTO
UMEIOTCS JINIIb MOCIIENOBATENLHOCTD { f) } 1e/I0UncileHHBIX 0TCUeTOB (QYHK-
UM, 1O KOTOPBIM MBI U JOJKHBI BOCCTAHOBUTDL pasiioxkenue (1).

Haub6osnee ecrecrBernbiM B (1) sBiseTcs BBIGOP KOSPPUUNEHTOB ¢y, UCXO-
1T U3 YCJIIOBUM WHTEPIIOIAIIAN:

f(k) =) cnp(k&n) = fi. (2)

nez

Omnnako mIpu TakKoM MOIXO0Jle HaM IMPUIETCS PEIaTh CACTEMY JIMHENHBIX YPaB-
Henuit (2). IIpsamoil MeTon pelleHus: CUCTEMBI yPABHEHU MOXeT OLITH MPU-
eMJIeEM JIWIIb [JIA CjIydas, KOT/Ia MaTPHUIla CUCTEMBI OKAaXKETCS JIEHTOUHOU
(HampuMep, eciin QYHKIUSA @ uMeeT (GUHUTHBIN HOCUTENH). B obuiem ciry-
Yyae BBUIY CBEPTOYHON IPUPONBI CUCTEMBI JIMHENHBIX ypaBHeHuil (2) MBI Mo-
XKeM pa3buTh CUTHAN fj HA OTPE3KU MOAXOASINIEN MJINHBI, IEPUONN3UPOBATD
€ro Ha 5TUX OTPe3KaX, a 3aTeM BOCIOJIL30BATHCS MIJIS PEIIeHUs aJTOPUTMOM
Brictporo Ilpeo6paszoBanus dypre. Pasymeercs, monydennbie Takum obpa-
30M KOG PUITHEHTHI ¢,, UMEIOT HEKOTOPYIO MOTPEINTHOCTb.

Haxomet1, caMbIM TIpOCTBIM, HO B GOJILIIIMHCTBE CJIYyYaeB IPUEMIIEMBIM CIIO-
co60M TIPOeKTUPOBaHWA Ha IPOCTPaHCTBO V0, BiIgeTcd MpoeKTop 3ajaBae-
MBIl paBEHCTBOM ¢, = f,. B ero mosb3y roBoput xoTs 6bI TOT GaKT, UTO
ecIM B KaueCTBe ¢ B3ATH QOYHKIMIO Sin 7T /7Tx, TO 9Ta MPOEKUUs He TOIBKO
obecIieunBaeT MHTEPIOJIAINIO B IEJOUYKNCIEHHBIX TOYKAaX, HO W TOYHOE BOC-
CTAHOBJIEHUE CUTHAJIOB, YbU CHEKTPHI MPUHAMIIEKAT OTPE3KY [&T, 7.

BosMoxubl 1 npyrue crocobbl BbIGopa oTobpaxkenusa f, — c,, HaIpuMep,
CBEPTKa f, C HEKOTOPON MOCJIENOBATEILHOCTHIO

Cn = Z Smln_m.

meZ

IIpuBenem 6e3 mokaszaresibcTBa GOPMYJIBI BLIUUCIEHUS CIIEKTpa QYHKIIUT
f 1719 pasnUYHBEIX METOIOB IPOEKTHPOBAHUA Ha IMPOCTPaHCTBO V0.

"EcTecTBeHHO, MBI He MOXEM CUNTATb, YTO 5TO OTCYETHI (MYHKLIHN 13 L2(R). Mu
MOJIXKHBI TIPEATIONIONXUTE JINGO HEMPEPBIBHOCTL QyHKIuu f, ubo, 94To mepen onudpoBKON
ona 6blyla TIpomyllleHa uepe3 cBepTKy (GuwinTp) ¢ Hexoropoit dymkimeit uz L2(R), cras
MOCJIe 3TOTO HEMPEPHIBHOM.
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Nraxk,

f(w) = ¢(w) Z f(w+2mn)p(w + 27n);  (oproromambuas mpoexmms) (3)
nez

f(w) = ¢(w) §:§§ QJ;E(: ::: 377:::; ;  (unTepnossumonnas npoekuus)  (4)

f(w) = ¢(w) Z f(w+27mn);  (apoexuus f, — cy). (5)

nez

HerpynHo 3aMeTuTh, YTO BCe MPOEKIIMU XOPOIIo MpubimxkaoT GyHKIuo f,
eCJIN ee CIIEKTP CKOHIIEHTPUPOBAaH HA OTpe3Ke [&m, 7|. A dyHKuus ¢ 6amska
Ha TOM OTpe3Ke K eMHUIle U MpeHeOpeX Mo MaJia BHE €ro.

bBynem Tenephb cuMTaTh, YTO MBI BHIOpaau Ko3DGUIMEHTHI PA3JIOKEHUSI B
(1). Cam mporecc pasioxkeHus mo 6a3uCy BCIUIECKOB OfiHO3HAauUeH. B HeM oT-
CYTCTBYET Ta HeONpeneJIeHHOCTh B KOTOPOW MBI MPeObIBaJIN, BHIOUpas criocob
npoekTupoBanus. HalimeM sBHBIe GOPMYJIBI 3aMeHBI KOOPAWMHAT IIPHU Tepe-
xXojie oT 6a3rca CABUTOB MAacHITabupyroliein GYHKIUN K 0a3muCy BCIJIECKOB.
ITonyuum cuauasa GopMyJIbI, COOTBETCTBYIOIINE PA3IOKEHUIO

View =V (6)

B kauecTBe Bcmitecka, ompenessioniero 6a3uchbl CABUTOB B MIPOCTPAHCTBAX
W7, BosbMeM dyHKuUIO v, onpenensemyio 1o popmyie (5.9’). Bynem ucmomns-
30BaTh obo3HaAUeHNUE 1) = 23/2¢(27x<:m). Ha ypoBHe KOHKpeTHOTO 3JIeMeHTA
dopmyia (6) samuinercs B Buje

Y etent (@) + > dy () =) eheh (@), (7)

nez nez nez

def
riaec C?.L = Cp. Hpe>KI[e YEM IIOJIYUUTHL SABHBIC (I)OpMy.HbI OJIid ITO0CJIedOBATEJIb-

HocTeit ¢, ! md 1, mokaxem, uTo NJ1g JTHO6LIX j, k € 7 cpaBeIJIUBEI hOPMYJTHI

ol (z) = Z hn 2kl (2) (8)

nez

Yi(2) = gnoakel () (9)

nez
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rie g, = (1)1 "hy_,.
Coranacuo dopmyste (3.2) momyunm

pi(z) =220z k) =277 0,2 202z on ©2k) =
nez

S haelthi @) =Y bl (2),

nez ne€Z

yTo U TpeGoBasioch. JlokasarenbcTBo (9) MPOBOAUTCS COBEPIIEHHO AHAJIO-
TUYHBIM 00pa3oM.
~1
Homuoxus ckamspuo (7) Ha ¢~ (x), cornacHo (8) momydnm

it =) Aen(z),0pt (2)) =
> e (@), > hm—akm(2)) = > ok

nc7z meE7Z nez

AmanorwarEM ofpaszom mocsie gomuoxenus (7) Ha 1 ' (z) cormacuo (9) mme-
eM
dlzl = Z c?zgn—Zk-
nez

Barmmiiem pasencTso (7) B obieM cirydae mis pasioxerns VIt = VIig Wy,
Ioayunm

dochen(e)+ ) diyi(z) =) chttelt(a). (10)

nez nez nez

Otkyna npu momoru (8) u (9) mocste momuoxeHust (10) cooTBETCTBEHHO HA
@7, U 1] NOIY4aloTCs obume GopMyIIbl AEKOMIIO3UINN

Ci = Z sz—i_lhn_zk. (11)
nez
n . .
&, =Y M g, (12)
nez

Boipaxenus (11) u (12) moxoxu Ha OBBIUHYIO CBEPTKY ABYX MHOCIIENOBA-
TeJILHOCTEN, XOTA M HECKOJILKO OTJIMYAlOTCA OT CBepPTKU. IjIa Toro uTobbl
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OHU NIPEBPATUIINCH B CBEPTKY (IpaBIa MPOPEXEHHYIO), MOXKHO CIEIaTh 3aMe-
I —_— I
HBL Ryy_ok — hby . U Gn_2k > gop_,,. HECMOTpPs Ha cleaHHBIe 3aMeYaHUs,
B IaJIbHENIIeM MbI GyleM Il IPOCTOTHI Ha3bIBaTh Bhipakenus (11) u (12)
CBEPTKAaMH.
[pouecc pasioxkenns npocTpacTBa V' B OPTOTOHATIBHYIO CyMMY

Vi=Wlow?2e...oW eV > (13)

171 KOHKPETHOTO 3JIeMeHTa TIpocTpancTBa V0, ¢ Koopaunatamu {cb } saxsto-
YaeTCs B MOCJIENOBATENbHOM BbimosHeHun omepauuit (11) u (12) maa j =
sl,E2,...,Ek.

PaccmoTpuM Tenmeps obpaTHyIO 3amady — 3aJady PEKOHCTPYKINK (yHK-
I[N 110 W3BECTHLIM KO3 QUIMeHTaM pa3jiokeHns 1o 6a3ncy BCIuleckoB. MTak,
IIyCTh MBI IMeeM JJ11 HeKoTopoll dyHKmmm u3 VO pasfoxkeHne 1o BCILTecKaM
(13). Tpebyercs BocCTaHOBUTH KODPUIMEHTHI €€ PA3IOKEHUI MO 6a3nUCy
IIEJIOUNCIIEHHELIX COBUTOB MAacCIITaOUpYyIOMen (QYHKIMN ©, T. €. MBI IMeeM
coBoKymHOCTH KodddurmenTos {dl}, {c,*},j = &1, &2, €k;n € Z, mo KoTo-
PLIM BOCCTAHOBUM IOCIIENOBATEIbHOCTE {cl }.

IomuoXuUB cKasapHo paBeHcTBo (10) Ha go?jl 1 BOCIIOJIL30BaBIINCE (Gop-
mysnamu (8) u (9), mosydnm

= el el T+ di (il et =

nez nez
; 1 j+1 Z ] Z +1 g+l \ _
E sz E hm 2n90£n » Pk + dzz Im— 2n§0j s P -
nez meZ nez meZ
E czzhk—2n+§ dzzgk—2n-
nez nez

Takum o6pazoM, MBI TOTYy UM GOPMYITY PEKOHCTPYKITAN

?j—l — Z Cf;hk—zn + Z dngk—Zna (14)

nez ne€Z

obpatarouryio dhopmynsr (11) u (12).

O6cynum HekoTOpbie ocobenHocTn dopmya (11), (12) u (14).

3ameTnM, YTO IPaBYIo YacTh GhopMyJIsl (14) MOXKHO CUNTATH CYMMON IBYX
CBEPTOK, €CITH MeXIy dJleMeHTaMN TMocIeloBaTelbHOCTel ¢/ u dJ BcTaBUTDL



gl MWMSI7AJLS A L L LA ALV AL ARV EL VAL VALYV REL AL L VDAL VAL AV AL UL

~j 73 7
HYJIH, T.€. BBECTHU HOBBIE IOCTIENOBATEIbHOCTH ¢), u d), o popmynam ¢, =

i — 9 g3 J —
¢}y Cony1 = 0,dy, =d},, d5, ., = 0. Iloce Takoro mpeobpasoBanus dpopmya
(14) sanuinercs B Bume

Omnnako cienyeT mMeTh B BUAY, UTO IOJIOBUHA apudMETUIECKAX OMEPAIINI B
sToi popMyJie COCTOUT B HoOABIEHUU HYJIA U YMHOXEHUU Ha HYJIb.
BcnomuuB, 4T0 mocienoBaTeIbHOCTD ¢y MOJIYYAeTCs IMEPECTAHOBKOM 3Jle-
MEHTOB B MOCJIENOBATEILHOCTH Ay, IOJIYYNM, UTO KaK GOPMYJIbI PA3JIOKEHN,
TakK U GopMYJIbl PEKOHCTPYKIIUU TOPOXKTAIOTCSI OMHOW M TOU XKe MOoCJieloBa-
TeJIbHOCTBHIO MPU TTOMOIIU Olepalliil KOMIIIEKCHOT'O COMPSXKEHUI, U3MeHEeHU
MopsAnKa HyMepaluu U U3MeHeHUs 3HaKa Y HEKOTOPBIX 5JIeEMEHTOB.
[IpuBeneHHbBI aJTOPUTM HA3LIBAETCA Kackadwvim. LI mogydeHns Kosd-
dunmenTos pasnokenus {d. '} m {c/71} ma (j ©1)-m ypoBHe Tpebyercs
MMpeaBapuTesIbHO HAUTU KOdPPUIIMEeHTHI {c{z} OT0 06CTOATETHCTBO MOXKHO
O6bLI0 OBl OTHECTU K HedoCcTaTKaM MeTojla, OTHAKO MMeHHO OJjiaromaps Kac-
KaJHOMY aJITOPUTMY 3aTpPaThl HA BhIUucaeHne Ko3QPUIMEeHTOB OKa3bIBAIOTCA
MUHUMaJIbHBIMEU. B caMoM [nesle, eciim B TOCJIENOBATEILHOCTU KO3 duiimeH-
ToB {hp} Toabko N M3 HUX OTIIMYHBI OT HYJIA, TO B CIydae, eCJIU MBI 3HAEM
KOs PuimeHThI {cfl}, IIJI HAXOXKJIeHUA OHOT0 KO3hduiaueHTa dfz_l COIJIaCHO
dopmyite (12) tpebyercs N ymuoxenuii u N <1 cinoxkenne. Takum obpasom,
3aTpaThl HA BLIUKUCIIEHIE OHOTO KOG PUITMEeHTa MPOMOPINOHAJIbHEI uyncay N
1 He 3aBUCAT OT YPOBHS j. B To Xe BpeMs, ecjiu BBIUUCIATH Koddduiimen-
ThI dfz_l HETIOCPEICTBEHHO, UCXOMIS U3 MOCIIeNOBATEILHOCTH Co
yBeJIMUueHe HOCUTes 0a3MCHBIX BCIJIECKOB BIBOE NPU YMEHbIIIEHUU WHIAEKCA
J Ha eMUHUILY, TTOJTYYNM, UYTO 3aTPAaThl HA BLIUNCIIEHNE OTHOTO KodpduiimeHTa
BBIPACTAIOT BABOe MpU Tepexole OT YPOBHS ¢ OOJBIINM HOMEPOM K YPOBHIO
C MeHbIIUM HoMepoM. HeTpymHo mpoBepuTh, UTO HMPU TAKOU peaiM3alluil B
citydae BBIUMCIIEHU BCeX KOdhPUIIMEeHTOB {dfz}, g =%l,2,...,590 cpenune
3aTpaThl Ha BLIUUCIIEHIE OTHOTO KO3DGUIMEHTA MPOMOPINOHAJIBHEI jo V.

, TO YUYUTHIBas

§7. CBA3b aJITOPUTMOB PAa3JIOXKEHNS IO BCIJIECKAM C
TPagUIUOHHBIMU MeToaaMu nudpoBonr o6paboTKu.

Baxno orMeTuTh, UTO XOTsA MBI M Toiyumian (opmysasr (6.11), (6.12) u
(6.14) ucxoms u3s kouctpyun KMA npocrpancTBa GyHKUUl ¢ HETpepLIBHBIM
apryMeHTOM, ONMUpPAasiCh Ha pa3jiokKeHUs IO 6a3mcaM CIBUTOB W PaCTXKEHUN



O

byHKIU ¢ 1 P, >Tu GOpMYJIbI UMEIOT AUCKPETHHIN XapakTep. McxXomHbIn
BXOITHON CHUTHAJI B HUX NPUCYTCTBYeT B BUAe ero KodPPPUIIMEHTOB pasitoxKe-
HUA 110 6a3ncy, a oT 6a3UCHBLIX QYHKIINN OCTAJIMCh JINIIH KOA(POUITMEHTHI WX
MacuiTabupymommx ypasaenuit (3.1) u (5.97).

ITockonbKy, KaKk MBI 3aMeTWIIN paHee, MaXe MPOCTENIINNA AJIITOPUTM IIPO-
eKTHPOBAHNUA Ha mpocTpancTBo V0, 3amaBaeMblit GpopMyJIoit (6.5), He Tak yx
TJIOX, €CJIM OTHOCUTEIHLHO CIIEKTPOB MCXOMHOTO CUTHAJIAa W PYHKIIWU ( CIIpa-

BeJINBLI OOBIUHBIE HAIIN Tpe6OBaHI/I}I 0 YacCTOTHON JIOKaJIin3alnum, TO MBI HE

0
n

BXOHBLIM CUTHAJIOM Win Bxomuou mHbpopMaruein. Ilpum sTom BBuUmy opToro-
HaJIHbHOCTH 6a3lca CAOBUTOB MacHITabupyIommell GyHKIUKN IpocTpaHCTBO V'
C €BKJIMIIOBOM METPUKON W MPOCTPAHCTBO TOCIIEIOBATEILHOCTEN KOOPIWHAT
5TuX QYyHKIIUN VO ¢ {2 -HOpMOIt

YfIHeM JAaJIEKO OT MCTHUHBI, €CJ/IN 6y,I[eM Ha3BIBaTh IIOCJIENOBATEJIBHOCTE C

def
el = /> 1.

nez

okaxyTcsa m3omopdbubiMu. IlpoBoms majiee MOIyueHHYIO Hapaslieslb MEXIY
MMpocTpaHCTBaMu QYHKITUN HETIPEPLIBHOTO apryMeHTa 1 KoddPuiimeHTaMmu UxX
pasjiokeHU 1o 6a3zmMcaM CABUTOB MacHITabupyroiieid GYHKIINU, MOXKHO IIO-
CTpouTh NMapasuiebHyo Teopuio KMA mpocTpaHcTB GyHKIUNA OUCKPETHOTO
IEJIOUNCIIEHHOTO apryMeHTa (II0CIIeI0BATEIbHOCTEN ).

3mech MBI OCTAHOBUMCS U He OylIeM pa3BUBATh MaJIbIlle TEOPUIO MUCKPET-
ubix KMA. IlpuBenennnie BbIllle paccyX)AeHUs HaM ObLIM HYXHBI, UTOOBI
chmesiaTh BBIBOI O TOM, 4uTo Ha mpakTuke Teopus KMA curnamoB c¢ Hempe-
PBHIBHBIM apTYMEHTOM paclalaeTcsd Ha /IBe MOYTU He3aBUCUMbIe YacTH, Iep-
Basg M3 KOTOPHLIX COCTOUT B 0TOOpaKeHWN HeMpPepHBIBHOW (QPYHKIINMU B ITOCIIENO-
BaTEeJILHOCTDL YHUCeJI U Jajiee MPOU3BOAUTCS yXKe TO, UTO NMPUHITO HA3BIBATH
nudpoBonl GUILTpPAITUEN.

IaBaliTe cpaBHUM IIPOIIECC TTOJYUYEHNS PA3JIOKEHUN Mo H6a3mcaM BCIIECKOB
¢ OOBIYHBIME aJITopuUTMaMu udpoBon obpaboTku. IlpenBapuTesbHO MOTOBO-
puMcsa 0603HaUaTh TociaenoBaTebHOCTH Buna {c,} u {d)} uepes ¢/ m d7.
Takum o6pazoM, ¢/ 1 d’ MOXKHO TPaKTOBaThb G0 KaK 6eCKOHEUHOMEpHBIE
BEKTOPHI, 00 KaK QYHKIINU AUCKPETHOTO apryMeHTA.

B nudpoBont ¢pusbTpaiuu daiile BCETO UCHOIb3YIOTCS PUIbTPBI, KOTOPHIE
C MAaTEMAaTUYECKON TOUKU 3PEeHUA SABIIAIOTCS JIMHEMHBIMHU OlepaTOpaMu, KOM-
MyTupyiomumMmu co capuromM. OHE 3aal0TCsSd HEKOTOPOW YHCIIOBOW ITOCJIE-
IIOBATEJILHOCTBIO § ¢ KoMImoHeHTaMu {s,}, n € 7, NOpoXKmaoIIeil CBEPTKY
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Y = § * £, YTO B KOOpPJIMHATHON ¢opMe MOXKHO 3aluCcaTh

Y = E Snlk—n-

nez

B wacToTHOIT 06iTacTH 5TOT omepaTop IPEICTABJIAETCA B BUIE IPON3BEICHN
CIIEKTPOB I = SZ.

®opmysbr (6.11) u (6.12) MOXKHO paccMaTPUBATL KaK KOMIIO3HUIUIO IBYX
OIepaTOPOB, MEPBLI N3 KOTOPEIX CBEPTKA

i
L, = ng n—k»

a BTOpONl — MpopeXnBaHUe BpeMeHHOI CeTKU ci = E; .- HalineMm mpeobpaso-
Bauune Pypbe dpopmysnr (6.11). asa nepsoro omepatopa uMeem

&l ((.U) — § : § :c%—i—lhn_ke—zwk — § :C%—i—le—zwn § :hn_ke—zw(k—n) —
kcZ neZ nez kcZ

T W)Y hnogem b = V2 (Wyme(w). (1)

keZ

Bropoit omeparop (mpopekmBaHue) BedeT K MpPeobPa3OBAHUIO CHEKTPA MO
dopmyie

& (w) = E cle Y = E cye Y =

ncZ nez
1 . . . . 1 /. .
5 Z 6316—271(4/2 + Z 6316—171(&1/24-71') — 5 <6J ((.U/Q) + & (w/Q + 7-(-)> —
ncZ nez
1

75 (7 @22 + & (w2 4 mmal[2 ) - (2)

AnasornunbiM 06pasoM u3 dopmyiisl (6.12) momyunm

& (w) = Z Z I Gk = Z Z I () Ry ek —

kcZ neZ keZ ncZ

eiw Z czl—i—le—iwn Z hl_n+ke—i(w+7r)(1—n+k) — ﬁéj+1(W)€iwm0 (w + 7_(_).
nez keZ (3)



v L

Bw) = 3 (P) +d(w+m) =
iw /2

V2

CDOpMy.TIa BOCCTAHOBJIEHIS B YaCTOTHOM 00JIaCTU 3AIIUIIETCSI B BUiae

10) = 3T b+ 3 Y g e =

€

(T (w/2)mo(w/2 + 7) ST (w/2 + T)mo(w/2)) . (4)

kEZ TLEZ kEZnEZ
Z czze—2iwn Z hk_zne—iw(k—2n) T Z dzze—2iwn ng_zne—iw(k—zn) _
nez kcZ neZ =t
V28 (2w)mo (w) + d” (2w) Z(<:>1)1—k+2nh1_k+_2ne—iw(k—2n) _
keZ
V26 (2w)mo (@) + e “d (2w)S hy_pyaneletm(1-ktan)
keZ

V28 (2w)mo(w) + V2e 7 d? (2w)mo(w + 7). (5)

~ .

Pasymeercs, eciu mopcTaBuTh & (w), d?(w) us (2) u (4) B (5), To momyuumm
TOXKIIECTBO.

Bepuemcs k ¢popmymnam (6.11) u (6.12). IlomerTaeMcs Ha KaueCTBEHHOM
YPOBHE O6BSICHUTH UX €CTECTBEHHOCTb U Pa3yMHOCTH ¢ TOUKH 3PEHUS TPAIH-
LIMOHHBIX METONOB (GIILTPALIN CUTHAJIOB.

[lepsoiit sTan o6paborku, onuckiBaeMbliil hopmynaamu (1) u (3) cocTomt
B [IPUMEHEHUN [BYX TPAAUNUOHHBIX HU(POBLIX (GUILTPOB, MEPBBI U3 KOTO-
PBIX BbiflesisieT HuXkHIE yacToThl (|w| < 7/2), a npyroit (OKTaBHBIA) GUILTP
BbLIeJIAeT BepxHHUe 4acToThl /2 < |w| < m. OrMermM, 4TO eciim He yuu-
THIBaTh (ha30Bble XapaKTePUCTUKN GUILTPOB, TO o6paborka B dopmynax (1)
1 (3) OCyIIeCTBIISETCS ABYMs COBUTAMU HA 7 HO YaCTOTe OJHOLO M TOLO XKe
GUIBLTPa, KOTOPHIN OnpemnesseTcs GyHKIuen myg.

[TockonbKy Ha Bbixone GpuibTpa (1) B CUrHAJE OTCYTCTBYET BEPXHSIS [OJIO-
BUHA YaCTOT, TO CJIMIIKOM PACTOYUTENHHO JIA €ro XPaHEeHUs HCIOIb30BaTh
BC€ LIEJIOUNCIIEHHBIE 0TCUeTh. Ecnu GuibTp mg IOCTATOYHO XOPOII, TO WC-
XOJIHBIN CUTHAI MOXKHO BOCCTAHOBUTH U IO HNPOPEXKEHHON B IBa pasa CeTKe
BpPEMEHHBIX oTcueToB. VIMeHHO 5Ty uzero peanusyer popmyia (2). Besycios-
HO, €CJIM Mg HE OIPENesseT UIEAIbHBI MOJ0COBON GUILTP, TO MPUMEHEHIE
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dopMmyiibl (2) mpuUBeNET K HAJIOKEHWIO YaCTOT, YTO HYXKHO YUYUTHLIBATE B CIIy-
yae, KOraa BBIX0I (HOpMyYJIbl (2) MPencTaBiIseT CaMOCTOATENbHBI UHTEPEC U
€ro TPEeNNoJIaraeTcsa MUCIOIb30BAaTh B KaUeCTBe BBIXOMHOTO CUTHAJIA.

BepxHsis yacToTa CUrHAIIA IPU IPOXOXKAeHNN Yepe3 GuabTp (3) He yMeHb-
IIJIaCh, OMHAKO 5TOT GUILTP OCBOOOXKIAeT MECTO B MOJIOCE HUBKUX YAaCTOT
[©m/2,7/2]. TlosToMy npopexuBanue cUrHajia corsacuo hopmyse (4) npuso-
IUT K TPAHCIIOHUPOBAHUIO BEPXHUX YAaCTOT Ha oCBobomuBIieecs mecTo. Ilpu
5TOM, ONATh-TaKW, €CJ QUILTP MOCTATOUYHO XOPOII, TO HAJIOXKEHNE YaCTOT
MOXKeT MPOU3OUTHU JIUITh BOJIM3KM TPAHUIILI YaCTOTHOTO NUAMA30Ha.

Takum obpazomM, MBI pa3deSTMIN BXOTHON CATHAJI HA JIBA BBIXOMHBIX, KaX-
IBIA 13 KOTOPLIX HeceT mH(pOpMAaIio o cBoen ~moJioBuHe” wacToT. Ilpm sTom
3a CUeT IMPOPEXMBAHUS KOJIMUECTBO MHGOPMAIINM HA BBIXONE He yBEJIMYUBA-
eTcH.

W nes ncrmosb30Balnsa TAKOro TUIMA Pa3yIoKeHUs OJI4 HaJbHENIen o6paboT-
KI BO3BHUKJIA 1O TOSIBJIEHUSA YCTOSBIIENCS TEOPUN PA3JIOKEHUN TI0 BCIJIECKAM.
Brnepsrie sTa cxema mepBuYHOI 06pabOTKM C TOYHBIM BOCCTAHOBJIEHUEM, Ha-
3BaHHad CyOIOJIOCHBIM KOMMpoBaHMeM® 6blia TpemsioxkeHa B [V] u B HekoTo-
PBIX IPYyrux paboTax TOro BpeMeHu. boJjlee pamHme Bepcuu He IOIMYCKaJIn
TOYHOT'O BOCCTAHOBJIEHUS CUTHAJIA.

IlepekpbiTiie YacTOT, MOSABIAIONIEECS BBUNLY HEUEATHLHOCT PUIBTPaA My,
He OUeHb NMPUHIIUNNAIBHO, NJIS BCIIECK-PA3JIOXKEHNUN, TTOCKOJILKY He BeleT K
HCKaXeHUIo nH(opMaluu BBULY TOro, 4yro dopmyna (6.14) Touno BoccTana-
BJIMBAET CUTHAJI.

§8. IIakeThlI BCIIJIECKOB.

HecmoTpst Ha onpaBIaHHOCTh KJIACCUYECKON CXeMbI BCINIECK-PAa3JIOKEHU,
onmucaHHol B §§2 — 6 oHa, pasyMeeTcs, He SBJIS€TCA YHUBEPCAJIBHON IJIA BCEX
ciyuaeB. g usnoxeHus unaen makeToB BCIJIECKOB HaM yIoO6HO GyIeT 0oCTaTh-
cd Ha TIO3MINAX CyOIIOJIOCHOTO KOJMPOBAHNA, T.e. MBI 6yIeM CUATaTh, ITO C°
BXOIHON CHTHAJI, Pe3y/IbTAaTOM Pa3jIokKeHNs KOTOPOro CTAHYT CHTHAJIHLI d !,
d7%,...,d, ¢, rme j < 0. B paMkax 9Toil cxeMbl HAKTUIECKH IIPONCXOINAT
pasiiokeHNe CUTHAJAa B CYMMY CHUTHAJIOB, HIMPUHA CIEKTPOB KOTOPBIX paB-
Ha okTaBe. OMHAKO BLIGOD OKTABHOTO paspellleHns B YaCTOTHOW obJiacTu He
BCETr/Ia COOTBETCTBYET peIlaeMoOn 3amade.

Koitpman u Meitep (cm., manp., [CM]) npemioxuiu rubKyio CUCTeMY BbI-

60pa 6&31/ICOB, Ha3BaHHLIX UMU naxemom sécnieckoé. OCHOBHaAA naeda cocromT

8Subband filtering scheme
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B CJIEOYIOIIIEM. ITocae pa361/1eH1/1ﬂ CUT'HaJla CO

Ha IBe paBHbIE 1O aOCOJIIOTHON
BeJIMIMHE TIOJIOCHI YAacTOT MBI IIOJIydaeM [Ba CHUTHaJa ¢ | m d~ !, mepBeri
13 KOTOPBIX, HECYIIUI WHOOPMAITNIO O HUXKHUX YACTOTaX, IMPU TPATUAIIAOH-
HOM BCIIJIECK-PA3JIOKEHUN UET B HAJILHEWIITYIO 0OpaboOTKY IPU TOMOIIM TeX
’Ke QUILTPOB, KOTOPBIE OLLIN yXKe HCIIOJIb30BaHBI Ha MepBoM Iiare. Curuasn
d~! mpm 3ToM ocTaeTcs Ha XpaHeHIE W CINTAETCA FOTOBBIM K IPMMEHEHIIO
OpYTUX MpoIleayp, Hampumep Kommpeccuu. OmHAKO BIIOJIHE MOXET OKa3aTh-
csl, YTO TOSBUBIIMICA Ha 5ToM 5Tame (WM HA JIIOG0M IPYroM U3 STAIoB
BCILIECK-PA3JIoKeHNA) CUTHAI d | W3 MpocTpaHCTBa BCIUIECKOB MMeeT dac-
TOTHOe HAaIIOJIHeHIe TaKOTo JKe BUAA, KaK U CUTHAJI ¢ | U HUYyTh He B MeHb-
el Mepe ”3aciIyKuBaeT MPUMeEHEHUs MPOIenyphl 06paboTKu mo Gopmysiam
(6.11) u (6.12). PasymeeTcsi, OTHOCUTEJIbHO KaXK[IOrO U3 IOJIyYEHHBIX IIOCIIE
TaKoll oOpaboOTKM CUTHAJIOB MOXHO CHOBA IMPUHUMATH PeNIeHme O I1eJIecoob-
Pa3HOCTHU ero HajibHenllell oOpaboTKH WM o6 OTHpaBKe ero Ha XpaHeHUe.
O BO3MOXHOM aJITOPUTMeE MPUHATHUS TAKOTO PEIIeHUs Pedb MOUIeT B KOHIIE
sTOTO Iaparpada.

Nrak, Ha A3bIKe TEOPUU BCINIECKOB M€ BBENEHUS MAKETOB BCIJIECKOB CO-
CTOUT B TOM, 4YTO IpocTpaHcTBa V m W, BosHuKalolIe Ha BBIXOJE JIIO60TO
13 STAIOB BCIUIECK-PA3IoKeHMsA, COBEPIIEHHO paBHOMpaBHBEI. K KaxmaoMmy u3
HUX MOXKeT ObITH MpUMeHeHa MpoIedypa BCINIECK-PAa3JIOKEHUs, T.e. KaXIoe
13 HUX MOXeT MMeTh cBoum cobcTBeHHBIe mpocTpaucTBa V um W. Ha Puc. 1
npuBenieH Tpad, BePIIMHAMEA KOTOPOTO SABJIAIOTCSI BCE BO3MOXKHBIE I GOp-
MUIPOBaHUS MTaKeTa BCIIECKOB MpocTpaHcTBa. CaMblil BEPXHUN HYJIEBOW YPO-
BeHb rpada COCTOUT W3 OHOW BEPINUWHBI, COOTBETCTBYIOIIEN MTPOCTPAHCTBY
V0 = W?, a Boobire, B mpoussosibHOM j-M ypoHe (j < 0) rpada HaxomaTcs
BEpIINHBI, KOTOPhle COOTBETCTBYIOT IPOCTPAHCTBAM, OTBEYAIOIINM 3a 27-10
JacTh CIIEKTpa IpocTpaHcTBa V0.

JIr06oli BCITECK-TIAKeT SBIIAETCSA CBA3HBLIM KOHeUYHBIM monrpadom (G maH-
HOTO Tpada, yIOBIETBOPAIONINM CJIEMYIOIINM CBOWCTBAaM:

a) Bepmmna V0 = W) npunannexur G;

6) B kaxmoit u3 Bepiuun rpad G mu6o pasBeTBIAETCA HA IBE YACTH, NGO
TIpepLIBaeTCs

IIpumep Takoro rpada npusenen Ha Puc. 2

MbI yMBIIIIJIEHHO 3[€Ch OTPAHUYMINCHL PACCMOTPEHNEM KOHEUYHBIX MONTPa-
$OB, TIOCKOJILKY NJI1 OeCKOHeUHBIX TrpadoB Oe3 yriryOiieHUsS B KOHKpPETHBIE
cBolCcTBa 6a3mCcHBIX QYHKIINN Wi GYHKIIUA Mo HEBO3MOXKHO PEIlNTh MpooJie-
MY 0 BO3MOKHOCTH TIpeJICTaBIIeHNs pocTpaHcTBa VO B Bume IpaMOil CyMMEI
IIPOCTPAHCTB, COOTBETCTBYIOIINX KOHEUHBIM BepiiuHaM rpada G.
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Puc. 1 Puc. 2

B kakoii-To MOMEHT W3JI0XK€HWs WO IMaKeTa BCIJIECKOB MBI IMEPEININ C
A3BbIKa PUILTPAINM CUTHAJOB Ha SA3LIK pasyioXkeHus mnpocTtparcTB. Cenuac
MBI HaguM GOpPMYJIBI TOTO MEPEX0Ia 1 MOKaXKeM, UTO JIIO60MY ITaKeTy BCILJIEC-
KOB B CaMOM [Ilejle COOTBETCTBYET HEKOTOpas OPTOTOHAJIbHAsA CyMMa HOBBIX
IIPOCTPAHCTB.

Bynem cunrars, uro mekoropwiint KMA szadukcuposan. IlycTs, kak Bcerga,
mo — QyHKIU, onpeneseMas MaciiTabupyomumM ypasHenueMm (4.1). Hepes
m1 30ech U najiee 6ynet ynobHo o6ozHauaTh GyHKIMO my(w) = e*“my (w+ 7),
OlpeneliseMyo MacIITabupyommuM ypasHenuneM mis Bemtecka (5.9'). Torma
CIIpaBeNJINBa CIIEAYIOIasa

JIEMMA 1. IIycmo npouzeoavnag gynwwyug f € L?(R) maxosa, wmo ee
cdsueu f(x &n) obpazyiom opmMoOHOPMUPOBARHYIO CUCTNEMY, U

fi(e) B3 i f(z ek),

keZ

fa(2) B3 gtz k).

keZ
Toeda nabop cdsueos {fi(x =2n)} u {fo(z=2n)} (n € Z) o6pazyem opmo-

HOPMUPOBaAHHBIT 6a3uc auneldnot obosoury cucmemvt cdeuzos {f(x <n)}.

3ameTnm, uTO, BoOOIIEe ToBOps, GYHKINA [ He MMeeT HUKAKOTO OTHOIIIE-
HUA HA K QYHKIUIM Mg U mq, Hn K Hamemy KMA. W3 jgemMbr 1 MoxHO
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cHesiaTh 3aKJII0UeHne, UTO eciin GYHKIINKA 1 U o, 3amatoinne pasabie KMA,
”IIOMeHSIOTCsA” CcBOoMMU QYHKIUAMU Mg, TO XOTs MOCJE€ TaKOW 3aMeHLI 1 He
TMOABATCA QYHKIIMU C PACTAHYTHIM B JIBa pa3a apryMeHTOM, T. €. He Oy-
meT 3ddekTa MaACHITAOMPOBAHWSA, HO MBI MOJYYNM OPTOTOHAIBLHYIO CYMMY
IIBYX IMPOCTPAHCTB, KaXJaoe M3 KOTOPBIX OTBeYaeT 3a CBOIO MOJIOBUHY CITEKT-
pa. IIpu sToM Ha BBIXOIE MAcHITAOUPYIOIINX YPAaBHEHUN MOIBATCS QYHKINM,
YbW ABOWHBIE CIIBUTHT 0Opa3yIOT OPTOHOPMUPOBAHHBIE 6A3UCHI B MAHHBLIX IIPO-
CTPaAHCTBAaX.

[TonHoe mokasaTeabLCTBO JIeMMBI 1 MOXKHO HaiTu, HampuMmep, B [D2,§10.5].
3mech MBI IPUBOAUTEL €ro He GymeM, MOCKOJIBKY OHO JIETKO IPOBOMUTCS IIPH
TIOMOIIIA TEXHUKMU, yiKe MCIOJIL30BaHHOW HaMu B §§4 u 5.

[lonyunm Tenepb ¢opmysy Bbrducienus Gasumco. CHauasla NOTOBOPUMCH
06 obosHaueHusx. Yepes W,g, rme j < 0,0 <k < 277 MbI 6yIeM 0603HAUATH
IPOCTPAHCTBO COOTBeTCTBYyMoIee Bepuinde rpada (Puc. 1), maxomsauieiics
Ha j-M YPOBHE Ha k-M MeCTe CJleBa, Tlle HyMepalns HaduHaeTcsa ¢ Hyid. Ha-
npumep, Wi = Vi, Wil = WJ. UYepes ] MBI O6yzmeM 0603HaYaTh (yHKIHIO,
uypn 277 caBurK 06pas’yioT OpTOHOPMUPOBAHHBIN 6a31C HPOCTPAHCTBA W,g, n
TaKy1o, 94T0 KO3POUIMEeHTHI TPOeKIN Ha MPOCTPAHCTBO W,g 9JIEMEHTOB TI0-

POXKOAOUIETO ero IMPOCTPAaHCTBA ng+1 6osee BbICOKOTO ypoBHs (cM. Puc. 1)
BBIUUCJIAIOTCS IIPU HoMOIIn Junbo mibTpa mg, dubo GuibTpa mq. 3aMeTumM,
YTO B JAaHHOM CJIydae, YKUCJI0 [ paBHO IeJIOW YaCTU JeJIEHUs ITOHoJIaM YKCIIa
k, a mHaekc GYHKIUU Mm; paBeH BEJIMUMHE OCTATKa OT 3TOTO NejieHus. T akum
06pa3oM, CIpaBelInBoO (PEKYPPEHTHOE) PABEHCTBO

P(w) = mi(277 W) (),

oNMupasch Ha KOTOPOe KaK Ha IMar WHAYKIIUKU IOJIYUUM CJIEMYIONIAN OO
pe3yIILTAaT.

Iycts 7 < 0,0 < k < 277, IlpudeMm oqas ... «|;| — TpeNCTaBJIeHNe YMCIIa
k B nBomuHoM Bume. Torma

(W) = ¢(w) [] ma,(2'w). (1)

Hecmotps Ha 6e3yciioBHYI0 BaXKHOCTH dopMyiisl (1) miis Teopun, Ha Ipak-
THUKe, OCTABasICh HA MO3UNMUIX MUGPOBOA PUIHTPAINNA YaCTO MOXKHO 0OOONTHUCH
1 6e3 3HaHUS 6a3UMCHBIX QYHKIINN, OMHAKO B ciIydae, Korjga oopaboTka HaUl-
HaeT NMaBaTh CcOOM, IOJIE3HO MOCMOTPETHh Ha 6azmcHYo (YHKINWIO, OJIA TOTO
9TOOBI TVIy0Ke MOHATH C YeM MBI MMEEM JIEJIO0.
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Crenyer mMeThb B BUIY, UYTO YBEJWUYEHNE YACTOTHOI'O Pa3peIeHUs BeIeT
K YXYIIIEHUIO pa3pellleHus BpeMeHHoro. llpm »Tom npu oO6BIYHOM BCILIECK-
Pa3IoKeHNN OTHOCUTEIbHA IMMPUHA TTOJOCHI YaCTOT, COOTBETCTBYIOIIAT KaX-
oMy mpocTpaHcTBY WY/ ocTaeTcs MOCTOSHHONM, UTO He TOJBKO IOMYCKAaeT,
HO ¥ OIPaBABIBAET yXYAIIeHNE BPeMEeHHON JIOKAJIN3ANNN 6a3nCHBIX QYHKITAT.
B cayuae ke makeTa BCIUIECKOB TpHU YXYAIIEHUW BPEMEHHON JIOKAJIM3AINN
6a3uCHBIX QYHKIIUN YMEHBINIAETCA OTHOCUTEbHAA IMUPUHA TIOJIOCHI, T.€. OT-
HOIIIEHNE IIUPUHBI MOJIOCKHI K ee BepxHell yacTtoTe. lIpum sTom mpoumsBenenue
pasMepa HOCUTEJNA 6a3suCHBIX QYHKIIUA Ha MIMPUHY UX npeobpaszoBanus Dy-
pbe BCe-TaKM OCTAETCA HEM3MEHHBIM.

Cyi1iiecTByeT MHOTO MPEAIIOCHIIOK, MO3BOJIAIOIINX OMPaBAaTh MCIIOJIL30Ba-
HIUEe TAKeTOB BCIUIECKOB. BcmoMHMM, HampuMep, YIOMSHYTHI B §1 mpuH-
UMl ’ToxXoXecTn NOpubjamKkaeMon u npubiamxaiomnienn dyukiuum. Ecam mo-
CMOTPETHh Ha OCHWIJIOTPAMMY PeYeBOTO CHTHAJIA, TO BUIHO, YTO B HEM IIPHU-
CYTCTBYET 0OJIBIIIOE YUCIIO CUHYCOMOMOOHBIX CUTHAJIOB, ITPOMOTYINPOBAHHBIX
HU3KOYACTOTHBIM JOCTATOYHO OBICTPO 3aTYXAIOIIUMM CHUTHAJIOM. HTO 1mo3BO-
JIAET TMPEAIoJIOKNTh, UYTO AJIA TMPeACTaBIIeHU WJIN CKATUA TAKUX CUTHAJIOB
KaK pa3 MOJIONAYT IaKeThI BCIJIECKOB, & MOXeT OLITh, I OKOHHOEe Ipeobpaso-
Banme Pypbe. YcHO, UTO MaKeTHI BCINIECKOB ITOCTABJISIOT HAM HIMPOKUN BbHI-
60p OPTOrOHAJILHBIX 6a31COB (KaXKIBIN MOy CTUMBI rpad OlpeneisieT HOBHIN
6a3uc), KaXkIblil U3 KOTOPHIX MMEET IIAHC CTATh JIYUYLIMM Jis KOHKDETHOM
3aJaun.

B macTosiiiee BpeMs cylilecTByeT MHOTO 6a3MCOB BCIIECKOB M BHIGOp Oa-
31Ca, KOTOPBLIN TMOAXOAWT K pelleHNI0 KOHKPETHOW 3aJadl COBCEM HETPOCT.
Onnako, majke OCTAHOBUBIINCH Ha HEKOTOPOM M3 6a3WCOB, BHIOPATDH MOIXO-
OAMNA akeT BerleckoB (moarpad rpada, uzobpaxkennoro na Puc. 1) cpenn
MX OTPOMHOTO KOJIMYECTBA TIPENCTABIIETCI COBCEM He TIPOCTON 3ajladei.

B cBs3u ¢ 5TUM oUeHb yIAaUHBIM MPEACTABIIETCA ANAlITUBHBIN aJIrOPUTM
BLIOOpA MOAXOMAIIEr0 MAKeTa BCIVIECKOB, MpelioXkeHHBI B pabore [CM].
Kputepuem kauecTBa BBIOOpa 6asmca B IpenjiaraeMoM aJIlOpUTMe GepeTcs
BEJIMIMHA

2
E=&)l|an|*In|a, (2)
nez
rae a, — KodhQUIMeHTHI pasjioxkeHus mo Gasucy dyakuumu f. Ilpm sTom

CUMTaeTCs, YTO B CiIydae, Koraa a = 0 cooTBeTCTBYyMIOIee cilaraemoe B (2)

paBHo Hyio. Cama Besmuuna F HasbiBaeTcs swmponuet GyHKIuu f OTHO-

CUTeJbHO 3aaHHOTO Gasmca. YeM MeHbIIle SHTPONUS, TEM JIYUIIIE.
Cyi1itecTByeT MHOTO pPa3HBIX OIpeleSIeHU SHTPONNN, HO CYTh ¥ HUX OIXHA
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— 6oJIbIllasg SHTPOINI TOBOPUT O ~pasMazaHHOCTH QGYHKIUN 10 6a3MCHBIM
KOMIIOHEHTaM. ODHTPOINAA MaJjia, KOTaa GoJIbIIas 4acTh HOPMBI (QYHKIIUU CO-
CpemoToUeHa Ha MaJloM 4mcie 6asMCHBIX HampaBiieHuil. VIMeHHO B 5ToM CiIy-
vae uHbpopMaIusa o GYHKINT MOXeT OBITH CyIlleCTBEHHO cxkaTa. U mMeHHO B
5TOM CJIy4dae YIPOIIAloTCs 3a0a9il PACIIO3HABAHNSA CUTHAJIOB U UX Kjaccudu-
KaIllu.

Unes anropuTma upesBbryaiiHo mpocTa. Kaxkmoe 3 modBidomumxcs B HpO—
uecce Pa3yIoKeHNss TPOCTPAHCTB WJ TIPENCTAaBIIEeTCS B BUIE Wi = W

Wi k+1 U IPOU3BONUTCS IPOBEPKA OTHOCUTEIHHO KaKOTO U3 6a3MCOB {{zb (m S217k)} {

I {zbk(x &277k)} 3Havenme >HTpOTMU MeHbINe. B ciydae, ecim >HTpO-
s MeHbIIle IJis IIepBoro 6asmca, TO COXPaHUM K03>((UIMEHTEI Pa3IoKeHNsI
no 6asucy {¢](z ©277k)} u Goapue ux TporaTh He 6ymem. B mporus-

HOM ciIydae KO3(pOdUIMEHTHI Pa3jioXeHud Io 6a3ncaM {¢%,:1(x &217k)} un

{¢2k+1 (z ©2'77k)} momsepruem mamnHeiimel mepepaboTke.

CTouT 0OTMETHUTD, BEIUNCINTEIbHBIE 3aTPATHL TAKOTO aJAlTUBHOTO AJIrO-
pUTMa 3HAUUTEJILHO BBIIIE, YeM y AJTOPUTMa C PUKCHUPOBAHHBIM TrpadoM,
MMOCKOJIBKY YacTh 3THUX 3aTPaT MCIOJIb3YeTCS TOJBKO IJIS CPABHEHUS SHTPO-
.

baaromaps 6orarcTBy BhIGOpa 6a3MCHBIX 3JIEMEHTOB, TOJIYYAIOIINXCS TIPU
MMOCTPOEHUN TTaKeTa BCIIECKOB, IJIsd BbIOOpa Xopolllero mpeacTaBileHuss QyHK-
nun f B BuUe JIMHEWHON KOMOMHAIIIKM MAaJIOTO KOJUYeCTBa GYHKIIIA MOXKET
OBITH UCIIOJIL30BaH AJITOPUTM, UMEIOIINN aHTJINICKOoe Ha3BaHmne matching pursuit.
Ero cyTh mpuMeHUTENbHO K MaKeTaM BIIECKOB 3aKJ/IIOUAETCA B CIIEMYIOIIEM.
Hna ¢yuknum f cTpoumTcs IOJHOE pasjioXkKeHHe B MakeT BcileckoB. Cpenn
MOJIYUYeHHBIX Ha BCeX YPOBHAX Trpada korpduiineHTOB BbIOMpaeTCs MaKCU-
MaJIbHBIN. W3 ¢yHKIMU f BBIUMTAETCSI COOTBETCTBYIONIAs BHLIOPAHHOMY KO-
spdurnenTy GaszumcHas PYHKIIMsS, IIOMHOXeHHasd Ha 5>ToT Koshduiment. K
MOJIYyYeHHOMY OCTAaTKy CHOBa MPUMeHseTCs Mpolefypa pa3jiokeHUs B IMaKeT
BCIJIECKOB U Cpely BBIYUCIIEHHBIX 3aHOBO KO>(PPUIIMEHTOB WINETCA MaKCU-
MaJIBHBIM 1 T. O. mokKa ¢yHKHus f He OymeT mpubOIMXKeHa C 3aJaHHON TOY-
HOCThIO. [locKobKY Ha KaXX oM Iare BLIGUPaeTCs HAMITYYIINT TPUGIMKaro-
AN 3JIEMEHT, MaHHBIN AJITOPUTM I03BOJIAET NOCTUYL XOPOIIero MmpubJmxKe-
oA QYHKIUKM f CyMMOUW MaJioro 4mca ciaraeMbix. OmHAKO SICHO, UTO TAKOM
aJITOPUTM SABJISETCS CBEPX3aTPAaTHBIM, TaK KakK IJid MOJyUeHUs KaxkKIoro ode-
penHoro KoddduiimeHTa TpebyeTcsa BHIUUCIUTH MOJIHOE pa3jioXeHUe B IMaKeT
BCIIJIECKOB.
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§9. Ilepuommueckue BCILJIECKHU

B mpuoxeHusx o6bIYHO IPUXOOUTCI PACCMaTPUBATL CUTHAJILI HA KOHEU-
HOM IIPOMEXKYTKe BpeMeHH I MIPOCTPaHCTBa. B umeasie xoTenoch ObI IMETH
TEOPUIO BCIVIECKOB aNalTHPOBAHHYIO K OoTpe3Ky. llombITKum Takoro mocTpo-
eHIs ObLIM, HO HACKOJBKO HaM M3BECTHO, HE HAILIN IIMPOKOTO IIPUMEHEHUS
113-3a HEOOXOMMMOCTH MHPHU PeaJIM3allny aJITOPUTMa YUNTHIBATH KpaeBbIe d3¢-
dekTrl. IlosTOMy uallle Bcero curtall mepuogu3NpPyIOT KAKUM-JIN00 MOIXOI -
IITUM CII0OCO60M, UTOOBI He OBLJIO MJIOXOT'0 MeCTa CKJIIEWKH.

71 paboTHI ¢ IepUOAUYECKIME CUTHAJIaMI HEOOXOOMMO IMOCTPOEHNE TEO-
pun mepruogNuYecKNX BCIJIECKOB. BoobIlle, CyIlleCTBYeT OBa BO3MOXKHBIX IIO-
Xoda K IMOCTPOEHNIO Takou Teopum. llepBbIl M3 HEX OCHOBaH Ha IIePHUOAM3A-
nun Henepuommdecknx KMA. Jlpyroi momxomn, KOTOPBIA MBI 3[0eCh PaCCMOT-
puM SABJIAETCSA aKcmoMaTudecKnuM. B 5ToM ciiyuae mpoliecc KOHCTPYUPOBAHI
nepuonuuecknx KMA mukax He cBsA3aH ¢ X HEIEPUONMUECKIMU aHAJIOTAMU.
XoTd mjis momasJisioliero umciia peanmsanuin KMA mepuommdecknii MoKeT
OBITH IOJIy4YeH Mepuommsanuein Hemepuomumueckoro KMA u mHaobopor. Ilos-
HOW SICHOCTH O TOM, KOTJa ATO BO3MOXKHO, B ITAHHBLINI MOMEHT HeET.

Mzur paccmaTpuBaeM 3[eCh MaKCHUMAaJILHO OOINNI IIOAXOH K OIpenesIeHIIO
KMA {Vj (J?’;O IITUPOKOTO KpyTa KBa3mbaHaXoOBBHIX IIPOCTPAHCTB IEPUOIU-
YeCKUX pacrpeneienuil (06061eHHbIX GYHKIMIT). 3aMeTuM, 4TO MOsBIIEHUE
KMA 060611eHHBIX GYHKIINNA BOBCE HE ABIIETCI OECIIONIe3HON A1 IPaKTUIeC-
KNX OpuIokKeHuin abcrpakiueii. [laxe, eciiu nIpeanooXnTh, YTO OJIS OIKICA-
HUSI CUTHAJIOB NOCTATOYHO MPOCTPAHCTB HENPEPHIBHLIX (WM MaKe IIIAIKUX )
OYHKIIUN, TO N3 NAJILHENIIEr0 N3JIOKEHN 6y aeT BUAHO, UTO JIJIs BBEIEHUS Pa-
3YMHBIM 00pa30M IOHATHS IIPOCTPAHCTB BCIIECKOB COBEPIIIEHHO HEOOXOIMMO
nousTrne KMA comnpskeHHOTO IPOCTPaHCTBA HENPEPLIBHBIX JIMHEMHBIX (QYHK-
IIMOHAJIOB, KOTOPOE TEM IINPE, YeM YiKe NCXOOHOe nHpocTpancTBo. OrpaHmydn-
BaTb ke ce6s pacCMOTpEeHMeM JIMIIb IpocTpaHcTBa L2 He cTOUT, HOCKOIBKY,
KaK yXKe ObIJIO cKa3aHo BO BBemeHum, eBK/INOOBa MeTPHUKA B IIPUIIOKEHUIX
PEOKO OKa3bIBAETCSI CAMBIM YIAaUHBIM BBIOOPOM.

OToT maparpag B 60JIbIIIEN CTENEHN MaTeMaTU3NPOBaH, YeM IIPeabIAyIIe,
HO BCe pe3yJIbTaThl MPUBOAATCI 0e3 MoKazaTeJIbcTBa U cHabXKeHbI KOMMEHTa-
pusMmu. Kak HaM KaxkeTcs, B TeOpHU IIEPUOOUUYECKUX BCILUIECKOB yOAETCs
IIOUTHU OO Topa3mo OoJiee TIIYyOOKMX BeIlleil, aHAJIOTW KOTOPBLIX IJIA HeIlepuo-
NIMYECKOT0 CJIyvas BLIMUCATH IMOKa He yIaeTcH.

O6o3naunm uepes [) mpocTpaHCTBO 2T-TIEPUOMUUECKUX PaCIpeeseHn.
ITonHoe mocTpoeHne TeOpUU MEPUOTUIECKUX pacIpenesieHni MPUBOIUTCS, Ha-
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npumep, B [O]. HamoMumM HeKoTOpbIe OCHOBHBIE CBOWCTBA PACIpeNeSIeHUI.
Pacnpenenenuns MoryT paccMaTpuBaThbCcs JINO60 KaK OTpaHUYEHHbBIE JIMHETHBIE
dyHKIMOHAIBI, NeMCTBYIOIINE Ha MpPoCcTpaHCTBe beckoHeuHonudbdepeHIIUpPY-
eMbIx ¢yukimin C*, nmu6o Kak dopMaIbHbIe TPUTOHOMETPUUIECKNE PO

+ o0

f($): Z cneinm’

n=—oo

N def
¢ mociienoBaTeabHOCTAME KosdduuuenToB Pypre f(n) = ¢, uMeromumn He
6ostee ueM cTemenHoll pocT. CBepTKa pacupeneseHnil f U ¢ OMpeneaeTCs IIo

dopmyie
“+oo
fxg(z) def Z f(n)g(n)emm,

n=—-—oo
4TO OJId CYMMHUPYEMBIX (IJYHKHI/Ifl COBIIaga€T C HHTETPAJIbHBIM OIIPDENCJICHUEM

CBEPTKH

1

frg(e)= o _ﬂ f(y)g(z ©y) dy.

Uepes f, Mbl o6o3naunM cBepTKy f ¢ sapom Ilyaccona P,.(z),

fr(@) = f*Pr(2) = chr|n|einm’

nez

nez

3amMeTnM, UTO MBI MOXKEM CUMTATH (7, &) MOJAPHBIMU KOOPIUHATAMHE, TIe T,
0 <7 < 1 uMeeT CMBICII INIUHBI PAIIYC-BEKTOPA, 3alaoIIero TouKy (7, ), a @
MMeEET CMBICJI TIOJIIPHOTO yIrJja. TpPUTrOHOMETPUYECKUN PSIl, ONMPemesIsIONTi
dyukuuio f, ipu 0 < 7 < 1 abCoOIIOTHO CXOMUTCA, W TOCJeAHAS GopMyJIa
3a7laeT B OTKPBITOM €IWHUYHOM Kpyre rapMoHmYeckyio dyukmuio. [Ipuuem
pasHble paclpelesieHns OMPeNe/IasioT pa3Hble TapMoHUYeckue GyHKIMu. Ta-
KM 00pa3oM, abCcTpaKTHoe MaTeMaTudeckKoe MOHATHUEe 0000IIeHHON QYHKITUN
obpeTaeT MiI0oTH B Bume rpadmka y = f.(z) B mpocTpancTse R®, KoTopsbiit
MOXHO yXK€é yBUOeTh um ~moTporaTth’. Camo pacmpemnesenne [ IoJydaeTCs
KaK rpannyHoe 3Hauvenwue f, npu r = 1. UHbIMu cjoBaMu, HaXosCch Ha e€Iu-
HUYHOI OKPYXKHOCTH, TPYIHO MOHITh, YTO TakKoe pacrnpenesenue. s myy-
II1eT0 TTOHMMAaHUS HYXKHO COUTU BHYTPH KPYyra, KOTOPBHIM 3Ta OKPYXKHOCTH
OTpAaHUYUBAET.
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HanoMuuM, 94T0 HOpMUPOBAHHOE IPOCTPAHCTBO HAa3bIBAETCI O6aMATOGLIM,
ecau OHO moJiHO. MHorue GpyHKIMOHAJIbHBIE IPOCTPAHCTBA (HAPUMED, MPO-
crpaHcTBa Xapau HP) He SBISIOTCI HOPMUPOBAHHBIMU, OIHAKO B HUX OIpe-
mesieH Opyroil (GyHKIMOHAJ, Ha3LIBAeMBIl K6a3unopmot. KEro orimume ot
HOPMBI COCTOUT B TOM, YTO BMECTO HEPABEHCTBA TPEYTOJLHUKA B HEM CIIpa-
BeIUINBO Ipyroe Godiee ciaboe HepaseHcTBO ||z + y|| < C(||z]| + ||ly||) s
mekoroporo C > 1.

[Iycts X C D — xBasubanaxoBo mpoctpancTBo. Yepes M (X,L>®°) mbr
0603HAYNM POCTPAHCTBO OIPAHNYEHHBIX OMEPATOPOB CBEPTKU (TOUHEe, ANEP
TaKUX OIepaTopoB), melficTBytomux us X B L.

ONPEOEJEHNE 1. Yepesz § MbI 0603HAUNM KJIacC KBa3mbGaHAXOBBIX IIPO-
crpacTB X ¢ KBasuHopMmoii || e | X ||, ymoBieTBopsiromux crenyromunm yciio-
BUSM:

a)C* Cc X cD

b) || £ X :sngHfr | X || most ro6oro f € X

T

¢) X MHBApUAHTHO OTHOCUTEHLHO 3aMeH MEePEMEHHBIX & — +2 + 7 u & —
22, a TaKKe OTHOCUTEIILHO 3aMeHBI & — & /2 IJis T-nepuoandecKux GpyHKIuI;

d) X vHBapHMAHTHO OTHOCUTENILHO MOTOUEYHOTO YMHOXKEHUs Ha (YHKIMU
exp(inz), n € Z;

e) f € X B ToM U ToTbKO TOM ciiydae, Korga f € X.

I'py6o roBops, Kiacc pacupenesieHUN MPUHATIIEKUAT §), €CIIU €T0 HIIEMEHTHI
MOXKHO MOJIBEPTATh HEKOTOPHIM 3JIEMEHTAPHBIM MPeobpa3oBaHUIM, He BHIXOI S
IpU TOM 3a Mpeneibl Kiacca. Kpome Toro cBoilcTBo a) Tpebyer, 4TOGHI
pacmpenesieHus Ha T'paHulle ObLIM ~TPUBA3aHBI’ B CMBICIE HOPMBI K CBOUM
3HAUEeHUSIM BHYTPH KPYTa.

3ameTnM, 9TO GOJIBIIUHCTBO KJIACCUYECKNX IMIPOCTPAHCTB paclpenesieHni
(Takux, Kak npoctpancTsa Jlebera u Xapmu, npocrpancrsa Becopa—Jlusop-
knHa— ['pubesns, mpocTtpancTBa Opinda, TpOCTPAHCTBO KOHEUHBIX GOpesieB-
CKUX M€p U MHOTHWe IPYrue) NpUHAIIeKAT §).

Hac 6ynyT nuHTepecoBaTh JIUIIb MPOGJIEMBI CXOIMMOCTH, & He €€ CKOPOCTH.
ITosTOMy MBI MOXeEM MoOJIATaTh, YTO HOPMBI BCEX MPOCTPAHCTB X € §) UHBa-
PUAHTHBI OTHOCUTEJILHO CIABUTOB apryMeHTa M KOMIIIEKCHOTO COMPSIXKEHUS.
B nporusHOM cityuae, COrIacHO CBOWICTBAM C) U €) MBI MOXEM BBIINOJHUTD
TIONXOAAIIYIO TIeEPEHOPMUPOBKY.

B [II5] 6b11 BBemeH KitacCc IPOCTPAHCTB pachpelneieHuil H, KOTOPHIN BeCh-
Ma 6m30K K Kiaccy §). Ilo xpalinein Mepe 5T KJIacChl MMEIOT MHOTO OOIIUX
CBOICTB.
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O
[Iycte X € ), torma uepes X (wmum X°) 0603HAYNM IIOMOTHEHUE IPO-
crpancTtBa C> 1o KBa3mHOpPMe HMPOCTPAHCTBa X ;

O
x {ren | spls|x] <ools

[X] def

{Y €9 | XCcYCX }

Ounepanus [e] pasbuBaer ) Ha Kiacchl YKBUBajeHTHOCTH. Kak 06b14HO, Uepes

X* 0603HaUNM IPOCTPAHCTBO HEMPEPBIBHLIX JIMHENHLIX QYHKITMOHAJIOB Ha X .
Hanee {f,g) — 3HaueHue jnuHeliHOTO PyHKIMOHATA g € X * Ha pacmpere-

geauu f € X. Jlamee sTa omepalius 6yaeT CIYXUTh €CTECTBEHHON 3aMeHON

CKaJIﬂpHOI‘O HpOI/IBBeI[eHI/Iﬂ, OTCYTCTBYIOHIGI‘O B HpOCTpaHCTBe, OTJINYHOM OT

I2.

Xopotito u3BecTHO, 4TO B ciryuae X = C> MbI MOXeM moJiaraThb

(f,9) = f(o) * g Z f(n)3(n (1)

rlie psan abCoIIOTHO cXoAuTcsa. 1a ke dopMyiia IpuUMeEHUMA NI TIPOU3BOJIb-
O

Horo npocrpanctBa X = X. Ilpu sTom psan B (1) He cxomuTcs abCOMIOTHO,
Ho cymmupyetcs metogoM AGesns — Ilyaccona.

CBonctBO 1. Ilyemv» X € §, Y € [X]. Toeda M(Y,L>) = (5()* € 9.

3AMEYAHUE. MoxHo Takxke IOoKa3aTh, YTO mjsd X € §) MHOXKECTBO KOM-
(@]

MaKTHBIX OIEPATOPOB CBePTKH, HeiicTByromux u3 X B L, coBnanaer ¢ (X)*°.

CBoucTBO 2. Ilycmv X € $ — 6b6anazoso npocmparcmeo. Toeda
U U
M(M(X, 1), L) = M(M(X,1%),1%) = X°** = X,

3AMEYAHUE. s kBasubanaxoBa (HO He GaHaxoBa) MPOCTpaHCTBA X
CBolicTBO 2 yTpaunBaeT CWiIy. JTO CJIeAyeT U3 Toro, 4yro X °*°* — 6amaxoBo.
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ONPEIOEJEHNE 2. Mgl 6ymeM roBopuTh, 4TO {Vj j=¢ — MOCJIenoBaTeb-
O
HOCTH JIMHEMHBIX MOAIIPOCTPAHCTB IpocTparcTBa X € §) — obpasyer Kpam-

nomacwmabmuvit anaauz (KMA) npoctparcTa X € §), eciim oHa yIOBIIETBO-
pAeT yCIJIOBUAM:
) a)VlcVic...cVic...cX;
b) dimV? =27, =0,1,2,...;
2) Ujs0 V7 nmoTHo B 5(;
3) a) V cOCTOUT M3 HOCTOTHHELX;
b) ecom f(z) € VI, To f(22) € VIt i =0,1,2,...;
c) ecmm f(z) € VIt 10 f(2/2) + f(z/2 +7) € VI, j=0,1,2,...;

d) xaxnas GyHKIUA IPOCTPAHCTBA feviti NpefcTaBUMa B BUJe f(z) =
fl(x) + f2(a3 + 27 - 2_J_1) + f3(2$), roe f17f27f3 € VJ) .7 = 1727 LR

3AMEYAHUE 1. Mgz onpenesmmman KMA we Tosbko miis Lz, HO 1 [IJIS IIPO-
u3BoJibHOro X € §). DTo ompenesieHne OTINYAETCA OT APYTUX M3BECTHBIX
onpenenenuit (cm., nanp., [H], [PB]) naxe mas X = L. Mur usHauaidbHO He
TpebyeM HI TOTO, YTOOHI IIPOCTPAHCTBA VJ GBIIN JIMHEHHON 060I0UKON CIBH-
T'OB OIHOI GYHKINH, HY NaXKe MHBAPUAHTHOCTH IPOCTPAHCTB V/ oTHOCHTEND-
HO cIBUTa apryMenTa Ha 272 7. Tem He MeHee, ompemesentble Hamu KMA
obiI1amaoT yKa3aHHBIMI CBOMCTBaMU. |JIaBHON Xe OTJIMYNTEILHON UYepTOn
HaIIIeTO OMpeNesIeHnsT IBJIeTCs TOT HaKT, YTO OHO TapaHTUPYET OMHO3HAU-
HOCTH BoccTaHoBieHns KMA mo mo6omy m3 mpocTpancts V? (j > 0). DTum
CBOWCTBOM He 00JIalaloT HEKOTOPBIE U3 ONMUCAHHBIX B JINTEPATYpPE IMPUMEPOB
KMA. Tak, manpumep, noaumHomuaibable KMA, paccmorpennnre Y. Uymn,
X.Mackapom [ChM] u U.Meitepom [M4], ¢ Halleil TOYKU 3peHUs He SBIIS-
rorcas KMA. Bce npyrue, msBecTHble HaM mpumepsl mepumomumdeckux KMA,
ynosiierBopsitor Omnpenesnenuio 2. B pabore [Sk1] 6b110 BBemeHo uyTh 6Gostee
mmpokoe onpeneieane KMA, mokpeiBaroliiee Bce U3BeCTHLIE YaCTHBIE CIIyYal.

EcrtectBenno, Onpenesienne 2 MoxkeT 6BITH IPUMEHEHO HE TOJBKO K IIPO-
CTpaHCTBaM u3 §), HO U KO MHOTUM TOIOJIOTUYECKUM JIMHEWHBIM MPOCTPaH-
crBam, HanpuMep K C* uman D.

IToka He OroBOpeHO MPOTUBHOE, MbI mostaraeM N = 27, L =2, J =2/ u
TakK maljiee.

IIycts ¢! € X, u BepxHUit nHmeKc [ onpemeiseT nmpuHamIexkHocTh @' K V!,
Torma depes @' MbI 0603HAUNM BeKTOP-(OYHKIIIIO

F(z) = (¢'(z), o (x ©21/L), ... ,¢'(z 2r(L <1)/L))" .
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Ecau ee KoMIIoHEHTHI JIMHENHO HE3aBUCUMEI, TO OHU 06pa3yioT 6a3uc cdsuzos.
B nanbueiiriieM 5Ta MOroBOPEHHOCTH PACIPOCTPAHAETCI TOJIBKO Ha QYyHKINM,
obo3HauaeMble TpeUecCKUMU OGyKBaMMU.

TEOPEMA 1. Ilycme {Vj j=0 — Npou360.abHbLl KMA npocmpancmea
X € 9. Toeda cywecmeyem maxot nabop Gynryul {goj 720, WIMO KOMNO-

newmul 6exmopoe @ obpasyiom 6asucet npocmpancme V. Kpome moeo,
g mobvir jy, j2, 0 < j1 < j2, umeem

Jz/Jl—l
o (Joz/J1) = Z o2 (x + 27k J1 [ J2).

k=0

CIEIOCTBUE. 3agukcupyenm jo > 0. Ecau npu ycaosugr Teopemvt 1 @I
YA064EMBOPAET. MACULMAOUDPYIOULEMY YP AEHEHUIO

2Jp—1

Soj(x): Z an90j+1(x s2mn/2J)

n=0
npu j = jo, mo ¢} ydoeaemeopgiom smomy ypasHenwo npu écer j < jo.

IlocnemoBaTenbHOCTE KOG DUIINEHTOB MACIITAOUPYIOIIETO YPAaBHEHNS Ha-
3BIBAIOT MaCKOU.

HokaszaTeabcTBo TeopeMmbl 1 ommpaeTcs Ha HECKOILKO BCIIOMOTaTeIbHBIX
pPe3yJIbTaToB.

JIEMMA 1. Ilycmbv nocaedosameabnocms npocmpancmse {Vj};?’;o obpa-
ayem KMA npocmpancmea X. Toeda das xanxcdozo j > 0 natidemces 6azuc
vl(z), n=0,1,...,J &1, ydosuemeopmowuii npu m € 7 ycaosugm:
vy =1,37>0;

2) dag mobozo k #n,0< k,n<J, m €Z, uneem ¥, (k + Jm) = 0;
3) cnpasedaussl pexyppenmuble COOMHOULEHUT

a) 93T (n+2Jm) = 92 (n+2Jm) npu nevemnwiz n (3deco u 6 daavretiwen

MbL NOAA2AEM ’Ulj = 'UljJFJ);

b) 9T (n+2Jm) = 1731/2(71/2 + Jm) npu wemmnviz n.

3AMEYAHUE. OueBumuo, popMysibl IyHKTOB 3a) 1 3b) marT onuH u TOT
XKe pe3yJIbTaT IJId BCeX n KpoMe ciiydas n = J.

basucer ’U%, CyIIIeCTBOBaHME KOTOPBIX cilenyeT u3 JleMMbI 1, B cityuae repu-
ONUYECKUX CIUIANHOB U3yYaluCh MHOTUME aBTopamu (cM., Hanpumep, [2K1],
[2K2], [2K3]).

Cdopmynupyem HeKoTOpble ciiencTBus Jlemmer 1.
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CHEOCTBUE 1. [Ipocmpancmea {Vj};?’;o UHBAPUAHTMHBL OTNHOCUTNEADHO
cdeuza apeymenma wa 2w/ J.

CHAEOCTBUE 2. Jhobas u3 gpyuxyuid vl, 3 > 0, 0 < n < J npedcmasuma
6 sude pAda

wi@) = Y ey ymexpli(n + Jm)e),
meZ

C HEHYAEBBIMU KOIPPUUUEHMAMU.

=7 J J T

Beenem o6o3nauenne ¢7 miist BekTopa (v),...,v7 ).
JIEMMA 2. Komnonenwmuvt sexmopa @’ o6pasyrom 6a3uc npocmpancmea
VI 6 mom u moavrko mom cayuae, xoeda Gynwrkyud @ A64TemMCA AUHETHOT

KOMOUHAUUET IAEMENMOE BEKMOPA T’ ¢ HEHYAECEBIMU KOIPPuUUUEHMAMU.

HamomuuMm, uTo coryiacHo u3BecTHOU TeopeMe BuHepa nuHeliHas 060/10UKa
casuroB dyukumu f € L(R) mmorna B L(R) Torma u Tosnbko Torma, Korma
f(w) # 0 miisg Bcex w € R. B wmaitiem ciydae mpoCcTpaHCTBO V'’ UHBapMAHTHO
oTHOCUTENIbHO 27 /J-cnBura, a 57eMeHTHI 6asuca ¥ ABIIAIOTCS COBCTBEHHBI-
M GYHKIUAME 5Toro caura. IlosTomy KosdduimeHTsI pasiioxeHns QyHK-
nuu 1o 6asucy 4 MOXKHO paccMaTpHBAaTh KakK ee CIeKTp. TakuM obpasoMm,
Jlemma 2 saBnsercs aHajoroM TeopeMbl Bunepa. IlosTomy MBI 6ymem HasbI-
BaTh BeKTOp-bYHKIMIO 7 6a3ucom Bumepa mpocrpamcrBa V7. OueBummo,
4TO B KaX/IOM U3 MPOCTPAHCTB 1%} CyIlleCTByeT eIUHCTBEHHBIN C TOUYHOCTHIO
IO TIEPEHOPMUPOBKM U IIEPECTAHOBKU 3JIeMeHTOB 6a3uc Bumepa. Mubr 6ynem
MOJIB30BAThCSA €CTECTBEHHOU HyMepalluen ero >JeMeHTOB, Korja HoMep oIpe-
nmeJIieTCs TapMOHUKAMM, BXONAIIMMEU B CIIEKTP HaHHOW GyHKIuU. basuchr
Bunepa u 6a3uchl CABUTOB CBSI3aHBI MEXIY c0o60il (C TOUHOCTBIO IO yMHOXKe-
HUS GYyHKIIAN ’U% Ha HeHyJleBble MHOXUTeNn) npsaMbiM (F;[e]) u obparHbIM

(F;'[e]) P mopanxa J:
7 (z) = Fy '@ (2)], & () = Fs[ (). (2)

Crenmytomee yTBepXkIeHre HaeT MOJIHOE OINNCAHUe BCeX BO3MOMKHBIX OPTO-
roHalbHLIX 6asucos casuros B KMA npoctpancrsa L2(T).

N-1

JIEMMA 3. Iycme {v}(z)};-, Hnopmuposannsiti 6aszuc Bunepa npocmpan-

cmea V™ nexomopozo KMA npocmpancmea 1.2(T). Toeda gynwyusg o™(z)
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nopocdaem opmoHOPMUPO6aHHbLl 6a3uc cdsuzo6 npocmpancmea V"™ 6 mom
U MOALKO MOM cAyuae, Ko2da moxrcem bbimb npedcmasiena 6 8ude

E ak'vk ,

k=0

ede |agl? = |a1]? =-+- = |an_1]* = 1/N.

Hasee B §10 6ymeT npuBedeH 3HAUNTEILHO 60Jlee OOIINI Pe3y/ILTAT MOT00-
HOT'O TUIIA.

Cormacuo Jlemme 1 kaxaemi KMA npocrpamcTBa X MOpoXOaeTCS OIHON
dyukuumeit vi. I onucamus Bcex BozMoxkHBEIX KMA mpocrpanctsa X mo-

CTATOYHO HANTU BCe 00nycmu¢/|4bw (IJYHKHI/II/I ’U%.

O
TEOPEMA 2. Pyuxyug vi € X € § nopoawdaem KMA npocmpancmea

X moeda u moavko moada, Ko2da

+ o0

vi(z) = Z an exp(i(2n + 1)z),

n=—oo

2de sce Ayp OMAUYUHDL 0T HYAA.

TpaAULMOHHEIN MOOXON K BCIIECK-IPOCTpaHCTBaM W/, M3JI0KeHHBIH B
MpenbIAyIuX maparpadax, COCTONT B UX OIpeleSIeHNN KaK OPTOTOHAJIBLHOTO
momosHeHus nmpocrpancTia V7 go VI, DTor MeTon BemlecK-IpencTaBIeHT
dyuknuii f € L? ocHOBaH Ha WX AIIPOKCHMAINN OPTOrOHAJILHLIMI IIPOEKIIH-
amu Ha npocTpancTBa V7 C L2, OnHako KoHIeHnus ” OpTOrOHAILHON IPOeK-
mu”’ TepseT CBOe 3HaUeHHe IJIS MPOM3BOJILHBIX MpocTpaHcTB X € §).

IIycTn {Vj * o — KMA npocrpancTtBa X € §). KoMmIoHEeHTEI BeKTOp-

byHKIIII {’UJ} ° 0 06pa3yIOT 6asucer Burepa mpoctpancts V7. Ecim {P7}° 20
O .
— KMA mpocrparctsa (X)* ¢ 6asucavm Bumepa {p”}32,, u Taxoii, 4To

(wi,ply # 0, n =0,1,...,J &1, 5 = 0,1,2,..., Torma Ml 6yIeM ToBo-
puTh, uTo KMA {P’}%2 ) onpenenseT 6cnaeck-npoexyuro va KMA {V?
IIpoexTupoBanne X — V7 onpenmensercs dbopMyoit

fHZ fapn j.

_ 'Unapn> o



30- 4ALli 4l XIS LA KL AL JNJALA FAL LS AN JAAVY LA /N LA ¥ LS
HpOCTpaHCTBaMI/I 6CNAECCKO6 HASBIBAIOTCA IIPOCTPaHCTBA
- " o B
Wr>={feV’7 |{f,pl)=0, n=0,1,...,J &1}.

Jlerko BumeTh, uTO B mpocTpaHcTBax W7 cymectByer 6asuc Bunepa, KoTo-
PBII MOXeT OBLITh BBIUMCIIEH MO HOpMysIam

AN E S B R A | +1 5\, J+1 —

wl = (v, ph vl el ph vy, n=1,2,...,J &1,
J _ ,J+1

wh =i

Takum ob6paszom, nmpoctpancTBa W/’ mHBaprMaHTHBI OTHOCUTEIBHO CIBUTA ap-
rymenTa Ha 27/J. Kpome Toro, umeer mecTo mpencraiieHue

VJ:VO@WO@°°°@WJ_17 j:1727°°°

rae @ obo3HaAUYaET MPIMYIO CYMMY JIMHEWHBIX ITPOCTPAHCTB.
OueBumno, corstacio CBOWCTBY 2 MPOCTPAHCTB U3 §) Mjsg 6aHaXOBBIX IIPO-

crpaHcTB X UMeeT MecTo ABoicTBeHHas cuTyanms. KMA {V7 J=0 ycTaHa-
O .

%k o0
BJIIMBAaET BCIUIECK-TIpoeKnuio npoctpancTsa (X )* Ha npoctpanctsa {P’ 20
U OIpeiesisieT BCIUIECK-pocTpancTBa { Q7 720- OTO yTBEPKAEHUE OCTAETCH
TakXke B CIJIe W IJIA KBa3mbaHaxoBa mpocTpaHcTBa X. B camom mene, ecin

; def

{V7} obpasyer KMA kBasubanaxoBa mpoctpancTtBa X C Y = X°** 10
BCe HeUeTHBbIE TAPMOHUKM DYHKINYU v; OTJIMYHBI OT HYJIA. 3HAYMT, COTJIACHO
Teopeme 2 {V7} o6pasytor KMA 6anaxosa npoctpanctsa Y. Omnako KMA

KBa3ubaHaX0oBa MPOCTPAHCTBA X He ONPENeNAIOT BCE BO3MOXKHBIE BCILIECK-
. o
npoekuuu Ha KMA {P?} mpocrpancrsa (X)*.

TEOPEMA 3. Ilycmo {Vj j=0 — Npou360.abHbLl KMA npocmpancmea

. O
X € 9, KMA {P’}32, npocmpancmea (X)* onpedeagem 6cnaeck-npoexyuio,
{W7}52y — coomeemcmeyowue scnaeck-npocmpancmea. Tozda natidemes

makot nabop gymryud {7 7207 WIMO KOMNOHERNDL 6EKMOPOE Yt obpasyrom

6asucer npocmpancme W'. Kpome moeo, dag aobvix ji, ja, 0 < j1 < ja

UMEEM
Jo/J1—1

Wi (ha/ )= Y Y (x4 2mkdi/)).

k=0
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CIEOCTBUE. 3agurcupyen jo > 0. Ecau npu ycaosugr Teopemvt 3 )
YA064EMBOPAET. MACULMAOUDPYIOULEMY YP AEHEHUIO

2Jp—1

W)= Y bug' (e s2mn/27),

n=0
npu j = jo, mo ¢’ ydosaemeopmom emy dag scex j < jo.

YkKaxem oauH U3 croco6oB HaxoxaeHus ¢yakuui ¢’. Ilyctes €™ — 6asuc
copuroB npoctpancTBa P" nBoiictBennoro KMA. Beemem obosnaueHus

Ym = (" (0 ©27rm/2N),£"(e)), m=0,1,...,2N &1.

TEOPEMA 4. Ilycmo

Y"(e+ 2w /2N) = z_: (1) Y™ (0 + 2mm/2N). (3)

m=0

Toeda cucmema gynryui {Y™(e2rm/N) fx;é obpa3zyem 6a3uc npocmpan-
cmea Wm.

CooTHomienne (3) HAOMUHAET XOPOIIO M3BECTHYIO (GOPMYILYy NpelNcTaB-
neHns GyHKImH ¢" depe3d KOMIIOHEHTHI BeKTopa @1 ¢ opToroHaJapbHBIME
kommoHeHTamu (cum., [D1],[D2]). ®Pakrtuuecku (3) yrounser cMmbica Koshdu-
unenTos. Ee amanor mia KMA mpoctpancrsa [L2(R) momyuen B [CDF].

Coraacuo ompenenennto KMA mro6oit siement f mpoctpamctBa X = X°
MOXeT OBbITh MPUOJINKEH C MPOU3BOJLHON 3a/IaHHON TOYHOCTBLIO dJIeMeHTa-
MH TpoCTpaHcTB, obpasyroriux ero KMA. B cayuae xe, xkorma misa man-
moro KMA 3amaHa BCIUIeCK-TIpOeKIns, MpoeKnuu [ Ha COOTBETCTBYIOIIHE
MIPOCTPAHCTBA OMPENEIAIOTCA OMHO3HAYHO W MOTYT OKa3aThbCs COBCEM He OIl-
TUMAaJILHBIM BBLIGOPOM C TOYKM 3peHMs 3a7a4 TEOPUU AITPOKCUMAIINH.

[IpuHIMTHAIBLHBIM BOIIPOCOM, CBS3aHHBLIM CO BCIVIECK-TIPOEKIIUSIMMU, SBJIIS-
€TCsI BOIIPOC O BO3MOXKHOCTH AIIPOKCUMAITAY ITPON3BOJILHON QYHKIINK C HaIle-
pell 3alaHHON TOYHOCTBIO ee BCIIeCK-TIpoeKinmamu. K coxalieHuo sTa 3amada
majieKa OT CBOETO MOJIHOTO pelneHus. MbI maeMm 3mech oTBET Ha MOCTABJIEH-
HBI BOIIPOC B camoM mpocTteiiiem ciaydae X = (P, 1 < p < oo, rae

P = I

n=—oo

Kak o6bruno, nomaraem ¢ = p/(p <1) npu p > 1; ¢ = oo mpu p = 1.
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TEOPEMA 5. [lycme {Pj}?’;o ycmanasausaem scnaeck-npoexyuio na KMA
1 00
{VJ}J-ZO npocmparcmea P, 1 < p < oco. Jhoboe pacnpedeaenue uz £ mo-
sHcem 6bIMb NPUBAUNCEHO € NPOUZBOALHOT TNOUHOCTNBIO CEOUMU TP OEKUYUIMU
na V7 moeda u moavro moeada, xKoeda MHONCECBO UUCEA

o0

aet ) )Pk €21 - Nl | 7]

{{an 20}
J 0 <’U¥z,p¥1>

§=0

02PAHUYUEHO.

3AMEYAHUE. Ilockombky (£°°)° SR # (£>°)°, rae

co={f €D|f(n) = 0, korma n — +oo},
To Teopema 5 ocTaeTcs B cuile JIMIIb IS Co, a He muist £°°.

§10. Ilepuoanmuyeckme AUCKpeTHBIE BCIJIECKH.

Mer B §7 yxé roBopmiin, 4TO MOCJIE TOTO KaK MBI IPUHSIIN PeIleHne O BbI-
6ope mpocTpancTBa V7? 1 Hamum mpoeknuio (WM Apyroe oToGpaXeHue) Ha
Hero GyHKInU f B HallleM PacHopsKeHUN OKaXKeTCs Habop Kod>phUImeHTOB.
[Ipuuem B cityuae mepuomnumdeckoro KMA wmx kKonmdecTBO GymeT paBHO CTe-
neun aBouku. IlosTomMy mMeeT cMmbIca ”3a0BIThH” Ha BpeMs O IIPOMCXOXKIEHIN
GYHKIIUM U TeACTBOBATH B paMKaX TE€OPUU MUCKPETHBIX BCINIECKOB, MOJTHOE
ITIOCTPOEHNE KOTOPOW B MEPUOAUUECKOM CJIydae MBI 37eCh U MpuBoguMm. Mbr
OIlyCcKaeM Bce MokaszaTesbcTBa. VX moxHo Haiitu B [[12].

IIycte N = 2", rme n € N. Mgl 6yneM paccMaTpuBaTh MPOCTPAHCTBO
N-TrlepuoanyecKnX KOMILUIEKCHO3ZHAYHBIX QYHKIIAN IEJIOUNCIEHHOTO apTyMeH-
Ta. JlaHHOE IPOCTPAHCTBO MbI 0603HaunM depes CVV. Mer mocTponm Teopuio
KMA {V7 7o ¥ Pa3sllokKeHUs IO BCINVIECKaM Ve Wl ... WL mpo-

CTPaHCTBA CN. B nanbHeitmem (cm. §§12, 15, 16, 20, 21) 6ynyT mOCTPOEHBI
SKOHOMUYHBIE YNCJIEHHBIE AJTOPUTMBI TEKOMITO3UIINA U PEKOHCTPYKIIAM IIe-
puonudecknx GyHKINN TUCKPETHOTO apryMeHTa.

IIpu mocrpoenun KMA npocrpancrsa N-nepuommdeckux GYHKIUA IIC-
KPETHOTO apTyMeHTa MOABJIAIOTCA Clelududeckne MpobiieMbl, KOTOPBLIE He
MOTJI BOBHUKHYTH IIPU paccMoTpeHunn BciieckoB Ha R. Ilepeumcium Heko-
TOpBIE U3 HUX.

N3Haua/ibHO HENOHATHO, KAK MOHUMATHL PacTskeHue (Hampumep, B 2 pa-
3a) aprymMenTa (QyHKIHUM, IIOCKOJIbKY B 5TOM Ciydyae (DYHKIMS OKa3bIBAETCS
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HeOMpeneJeHHON B MPOMEXKYTOUYHBIX Toukax. HamporTuB, mpum cxkaTum ap-
ryMeHnTa mosaBsaTcsa ~aumiame” Touku. IlopoxkmaioTcs jm 6asmcel Bcex obpa-
sytfommux KMA mpocTpaHCTB caBUraMu U PacTKEHUAMN OMHON (DyHKIIWI?
OTBeT Ha BTOT BOIIPOC CTAHOBUTCS elfle 60jlee HEOUEBUIHBIM, €CIIM BCIIOM-
HUTH, YTO MBI pacCMaTpUBaeM Nepuonandeckuii ciryuain. CremoBaTesbHO, MBI
mosryunM 2 N -1iepruoanvdecKyo GyHKIINIO, KOTOpas ellle Hy KIaeTCs B IePUOIn-
sanuu. IIpemcraBiseTcs Takke BaXHBIM, uTo6bI Kaxnbii KMA omHozHauHO
BOCCTAHABJIMBAJICA IO JIIO60OMY M3 HOPOKIAIOUINX €ro MPOCTPAaHCTB V7, Kak
sTo mMeeT MecTo mias KMA mpoctpanctea L2 (R).

Bce sTn HpOGJIGMBI HaxXoOAT YOOBJIETBOPUTEJIBHOEC PEIICHUE B PaMKaX IIPE-
JjaraeMol HUXe TEOpHUM.

B To xke Bpems, Ha HAIIl B3IJISAN, CYIIIECTBYET IO KpallHell Mepe IBa BO3-
MOXHBIX TOJIX0/Ia K OIpelleJIeHUI0 MPOCTPAHCTB BCMJIECKOB, aCCOIMUPOBAH-
HBIX ¢ pukcupoBaHubiM KMA. OTu ompenenenns npuBoasaT, Boobiile TOBOPH,
K pa3HbIM oO0beKTaM.

IlepBBIil MoaxON MpenycMaTPUBAET ONpeAeseHNe TTPOCTPAHCTBA BCIJIECKOB
W7/ Kak OpTOTOHAJIBHOTO IOMOJHEHUS IIPOCTPAHCTBa V7 1o IpocTpaHCTBA
VIi+l, TIpu Bceil eCTeCTBEHHOCTH TAaKOTO OIpeNesIeHUs OKas3bIBaeTCs, YTO
5TOT HAbOp BCIJIECK-TTPOCTPAHCTB He YIIOBJIETBOPSIeT HEKOTOPHIM €CTeCTBEH-
HLIM C TOYKHU 3peHus BCIUlecK-aHasmsa npocTpancTsa L2 (R) colicrBam. Ha-
MIpUMep, B pe3yiIbTaTe ~PacTakKeHUs apryMeHTa (QYHKIIUM ITPOCTPAHCTBA
W7t MoxkeT mostyunTbes GYHKIMA, He IPUHAMLIEKAIAA IPOCTPAHCTBY WY,
CyI1iiecTBYIOT U Apyrue IPUINHBI, KOTOPBIE 3aCTABWJIN HAC PACCMOTPETD €llle
onwH Tonaxon K BciuieckaMm. OmHa M3 5TUX MPUYUH — CYIIECTBOBAHUE KO-
HOMUYHBIX aJITOPUTMOB, B TOM UHCJIE aJITOPUTMOB, MO IAIOIINXCI paciapaJ-
fgenuBaHuio. llpocTpancTtBa WY, moiyuatomumecs mpyU BTOPOM IONXOME, He
ABJIAIOTCS B3aMHO HEOPTOTOHAIbHBIMEU. OIHAKO HEOPTOTOHAJIBHOCTH He SB-
JgeTcs HeMOCTATKOM KOHCTPYKIIUU, MOCKOJIBKY NUCKPETU3alus OpTOTOHAJIb-
HBIX 6a3ucoB (cocrosmux us HenpepbiBHbIX QyHKImit) KMA mpocTpancTBa
.2(R) BemeT, BooGllle roBops, Kak K HapyIIeHWIO OPTOTOHAJILHOCTU MEXKIY
s7IeMeHTaMH, TaK U MeXAy CaMHUMHE IpocTpaHcTBamu W7,

IIpocTpancta V7, mopoxmatormme KMA, u Bcmieck-npocTpancTtBa W/
(mas oboux ompemeseHNi) UHBAPUAHTHBI OTHOCUTEIBHO CIBUIOB apryMeHTAa
rna N/J = 2", IlosToMy He ABIAETCA HEOKMIAHHOCTHIO, UTO, KaK W IJIA
MIPOCTPAHCTB QYHKINA HEMPEPBIBHOTO apryMeHTa, B 3TUX MPOCTPAHCTBAX
BaXXHYIO POJIb UT'PAIOT OPTOTOHAJIBLHBIE 6GAa3MChI, COCTOAIINE U3 COOCTBEHHBIX
BeKTOpOB omneparopa (N/J)-caBura, T. e. B Hallleil TepMuHOJIorun — 6a3u-
col Bunepa. @akTudecku orepaTop Iepexonia K 5TUM 6a3mcaM UT'PaeT Ty XKe
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POJIb, YTO U OIEPATOp AUCKPETHOTO MpeobpasoBanus Pypbe B IpoCTPaHCTBE
CN , & KO3DGUIMEHTHI Pa3jIoKeHNss UTPAIOT PoJib crnekTpa. llokazaTeabcT-
Ba 60JBIIMHCTBA MPUBOIUMBIX HUXKEe YTBEPKISHUN MPOoIlle BCEro MPOBOIUTh,
rocJjie mepexona K JaHHOMY 6a3ucy.

B npocTpancTse CcN O6ynmeM paccMaTpUBaTh €CTeCTBEHHOE CKaJIspHOe IIPo-
n3BeeHue

N-1

(£,9) = (£(o),9(®)) = > f(j)

=0

NaY

(4)-

st marpunst C (wim 1y BekTopa) omepanus * GymeT O3HAYATH TPAHC-
IIOHMPOBaHMe U KOMILIeKcHoe compsxkenne, T.e. C* = C7T. Ilpu sTom, 3a-
muce C = (A(e),B(e)), rne A u B — QyHKUUOHAJIbHbIE MATPUIBI WU
BEKTOPHI, 03HAYAET, YTO CHAYAJIA BBIMOIHIETCS yMHOXeHUe MATpuibl A(e)
na marpuy BT(e), a 3aTeM BRIUmCIgeTCA CKaJapHOe TPOM3BEIEHIE, T.e.
Ckm = »_,{aki(®),bmi(e)). Kpome Toro, Ham B mambHeiimem GydeT ymo6HO
HYMEPOBATH 3JIEMEHTHI MATPUIl U BEKTOPOB, HAYMHAas C HYJIsA, a He C eIUHU-
1bl. Fcium He oroBopeHO NMPOTHUBHOE, Najlee OymeM IO-TpeXHEMY IOJIaraTh
N=2" J=2,L=2urn

Mgu1 6ymeM MoJIb30BaThCA BEKTOPHO-MATPUYHON (GOPMON 3alucH MIJIs OIle-
PaTOpPOB CBEPTKU U UX 0600mIeHni. Bo3Hukaioime mpu 5ToM MaTpPHUIILI OIle-
PaTOPOB ABIAIOTCA JINOO MUPKYISHTHLIMEU pa3zMepa K X K, Korma nx sjeMeH-
THI MOTYT GBbITH BEIpaxkeHBI popMyioit a;; = f(j <), rme f(e) € @K, aubo
MPAMOYToJbHEIME pazMepa K X 2K 0606IeHHO MUPKYIAHTHLIMUA C TBOMHBIM
CIBUTOM, T.e., Korza a;; = f(j ©21i), f(e) € @ZK, a TakK¥Xe TPaHCIOHUPOBAH-
HBIMEI K HUM.

n
=0

OnPENENEHUE 1. IlocienoBaTemsHOCTE IMHEHHEIX IPOCTPAHCTB { V7
HA3HIBAETC KPATHO-MACIITAaGHBIN amammsoM mpocTpancTBa CV, ecim oma
YIOBIIETBOPSIET CIEAYIOIINM YCIOBUSIM:

DVecVic...cVic...cVv"=CN;dimVIi=2/,7=0,1,2,...,n;

2) a) V° cocromt m3 KoHCTaHT;

6) ecm f(®) € V7, 1o g(e) = f(2e) € VItL,
B) ecsim f(o) € VIt 1o maiimerca Takas dymxmus g(eo) € V7, uto g(2e) =
f(o) + f(e+ N/2);

r) [IpocTpancrBa V7 uHBapHmaHTHBI OTHOCUTENLHO CIBUra apryMeHTa Ha
21, 5=0,1,2,...,n, T.e. nas moboit pyukunu f w3 V? mus moboro k € Z
nveem f(e + k277) € V7.



L

n) Hus moboro j, 1 < j < n, kaxnas byukuus f € VIi+l MoxeT GbITH
npencTaniieHa B Bume f(o) = fi(e) + fo(e + k2777 1) 4+ f3(2e), rme k € N,
fla f27 f3 e V.

SAMEYAHUE. 3a UCKIIOUeHNeM yCJIoBUs 21), BCe ocTallbHbIe ycioBus Or-
penesieHus 1 CXOmHBI ¢ yiKe BCTPEUYABIIUMUCS B JIUTepaType 1o mepuoamdec-
KIM BCIIJIECKAM C HEMIPEPBIBHBIM apryMeHToM (cM., Hampumep, [PB]). Ilosasie-
HU€e yCJI0BUs 211) 06y CIIOBIIEHO TeM, uTo MbI XoTesun, 4To6b1 KMA onHo3HAaYHO
BOCCTAHABIIMBAJICA TI0 JIFOGOMY M3 IPOCTPAHCTB V7, a ocTaIbHbIE yCIOBUS He
MOTYT FapaHTHPOBATh TOTO CBONCTBa. B mpenwinyiiiem maparpade Mbl yXKé
yrnomuHau npuMepsl KMA, He obagarolime TaHHBIM CBOWCTBOM.

Iycts ¢! € V!, Torma uepes @ o603HaINM BeKTOP-(yHKITHIO

F(e) = (¢'(0), (e ©N/L),... , o (e (L &V)N/L)) T ,1=0,1,2,... ,n.

TEOPEMA 1. Ilycme {Vj o0 — Mpou3eo.abHbll KMA npocmpancmea

CN. Tozda dag wobozo Purcuposannoeo I, 0 < [ < n, u woboi Pynryuu
@, dag komopoi Komnonenmol sexmopa @ 06pasyrom 6a3uc NPOCMPAHCMEE
VY natidemes nabop dynxyui ¢ € VI, 0 < j < n, dag xomopvix xom-
nonenmsl 6exmopos @ obpadyom 6azucet npocmparcme VI, npusem dag
0661 J1, jo, 0 < j1 < J2 < n, umeem

Jo/J1—1

P (Jam/ )= Y @ (m+kNJ/ ). (1)

Dynxyuu ! npu j <1 < n onpedeasomesd no gywkyuu @' 0onosnauro.

HokazaTebCTBO TeopeMbI 1, omupaeTcs Ha HEKOTOpPbIE BajKHbIE CaMU IIO
cebe BcmoMoraTesbHbIe yTBepXkaeHus. lIpexme yem umx chopMyIumpoBaTh,
BBeZleM HeoOXomuMmble 0603HAUEHNS.

Inst dukcuposannoro J nomaraem wy = exp (27i/J), Fy — marpuna HI1P
(ee JleMEHTHI ONpPENeNAIOTCS COOTHOIeHueM Fjj = w;lk, [=01,...,J &
1,k =0,1,...,J ©1). B cayuae, xorma He MOXeT BO3HUKHYTb COMHEHWI
B pasMEPHOCTH pacCMaTPUBAEMBIX IIPOCTPAHCTB, MHIEKC J GymeM OmycKaTh.
Marpuna o6paraoro nuckperhoro npeobpaszoanus Pypoe (OIIID) moxer
6bITh 3amucana B Bume Fj/J. UYepes ey MbI 6ymeMm o603HaYaTh GyHKINN
esr(m) = wh™ k = 0,1,2,...,J &1. Kak ussectno, >tu dyHKIUH 06-
pasyioT 6asuc mpocTpancTBa C’, a UX CykeHHs Ha HepUOL [0, J) aBastoTcs
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CcTOJIOIIaMM (I/I CTpOKaMI/I) MaTpunel F; . Oyskmun e N,k(o) MBI OymeM Ha-
3pIBaTh rapMoHukamu. [[as npousBosbhoil yukuuu f(e) € CN yepes f(e),
KaK ob6bIuHO, GymeM o6osHauaTh ee cuekTp (I1D)

N-1
= 3" f@wy™, k=0,1,2,... ,N &1,
m=0

JIEMMA 1. IIyems h(e) € CV,

—

h(e) = (h(e),h(e &N/J),... h(ee(J <1)N/JI)T

uij(e) = Lef F*h(e)/J. Tozda pazmeprocmpy aumetinoti 06040uKY KOMNOKENT,
sexmopa h(e) co6nadaem ¢ KOAUUECTIE0M HEHYACEHIT KOMTLOKE, 6EKMOPQ
77(®). Omauunsie om Mo decmeennoeo HYLd KOMNOKEHMbL 6EKMOPa Tj(e)
63AUMHOOPMOZOHAALHBL U MORYM ObIMb BLINUCAEHBL MAKAHCE NO HOPMYAAM

N/J-1
1 ~
ne(e) = ~ E h(k+Jm)exp(2ni(k+Jm)e/N), k=0,1,...,Jsl. (2)

m=0

CHENCTBHUE. Ilycmb evinoanenst ycaosud Jlemmer 1, u g(e) € CN. Toeda
AUHEUHAT 060A40UKG KOMNOHEHM 8EKMODG

G(o) = (g(e),g(e &N/J),... ,g(e =(J =1)N/J))"

S
cosnadaem ¢ aunetinoli 06040uK0lU KoMNOHEHM 6exmopa h 6 mom u Moab-
Ko mom cayuae, Koeda g(e) gsagemced aunelinol KOMOUHAYUET HENYAEBHIT
KOMNOHEHM 6eKMOPa 77(®) ¢ Heny.ieebimu KoIPHUYUEHMamu.

Takum obpazom, eciau mpocTtpamctBo V. C CN gBnsercs nuHeitHON 060-
JIOUKOII KOMIIOHEHT BEKTOpa E(o) u dimV = J, to B V cymecTByer 6a3uc,
COCTOSAIINIA U3 JIEMEHTOB BUIa (2), IMEIOLINX HEllePeCeKAOINeCs HOCUTENN
CIIEKTPOB U TIOTOMY B3aMMHO OPTOTOHAJIBLHBIX. Kpome Toro, oH yIOBJIETBOPSI-
eT CJIENYIOIIEMY OIpeNeSIEHNIO.

OnPEOEJEHNE 2. CoBokynuocTb dyHKIUu fo, f1,..., f7_1 JIXHEAHOTO TIPO-
crpancrsa V C CV masmBaercs 6asucom Bunepa npoctpanctsa V, ecsn muis
Hee CIIPaBeJINB TUCKPETHO-TIEPUOANYECKAN aHaJoT TeopeMbl Bunepa: Pymk-
v {g(e=kN/J) i;(} 0o6pa3yroT 6a3uc mpocTpaHcTBa V' B TOM M TOJIBKO TOM



A

J-1
clIydae, KOTJla ¢ MPeACTaBUMa B BUle g = y ;o Ok fi, Te BCe (v OTIINUHBI
OT HYJI.

YcHo, uTO 3TOT 6a3UC €NUHCTBEHEH C TOYHOCTBHIO IO YMHOXEHUS €r0 3Jle-
MEHTOB Ha HeHYJIEBbIe MHOXWUTEIN W TEPECTAHOBKHU d>JIeMeHTOB. B To Xe
BpeMs, corjlacHo (opmyse (2) B HeM CyILIECTBYeT eCTeCTBEHHAas HyMepa-
1IN B COOTBETCTBUM C TEMU KOMIIOHEHTAMWU CIIEKTPa, KOTOpPbIE BXOOAT B
ero 5JeMEHTHI, T.e. B pasiiokeHuu ¢yukimii ng(e), 0 < k < J, mo 6asucy
{e N,l}lj\; 61 OTJIMYHBI OT HYJIS JIUIIbL KO>(POUIINEHTHI pa3yiokKeHnsT C HOMEPaMU
puna l=k+ Jm, m=0,1,2,... ,N/J &1.

Mur nonyunim 6a3uc BuHepa Kak o6pa3 KOMIIOHEHT BEKTOPa h apu O]I-
[1®. Onuako 6asuc Bunepa B coorBeTcTBUM ¢ hOpMYIIoN (2) MOKHO BBONUTH
Kak nepBudHoe moustue. CyiecTBoBanne 6asuca Butepa HeobGxomumo u Ho-
CTATOYHO IJIA CYIIECTBOBaHUA GYHKIINM ¢, Yell BEKTODP CIBUIOB § SBJIAETCS
6as3mcoM TpocTpaHcTBa V.

Kak u B cityuae GyHKIUIT HEIpPepBLIBHONO apryMeHTa, KOMIIOHEHTHI 6a3uca
Bumnepa siBisirorcs cobeTBeHHbIMEU dyHKumsamu orneparopa (N/J)-caura. Ilo
5TON MpuYnHe Ko>GPUIMeHTHI pasiioxkenns Gyukiuu mo 6asucy BuHepa Mox-
HO B OIIpeNleJIEHHOM CMBICJIE CUNTATh €€ CIIEKTpoM. B wacTHocTH, B MpocTpaH-
ctBe V ¢ 6asucom Bumepa cmpaBemiuBa Teopema o cBepTke: CIeKTp cBepT-
ku (co cnurom N/J) GyHKUMi paBeH MOTOUEYHOMY POU3BENEHUIO CIIEKTPOB
ATuUX GYHKIIUN.

JIEMMA 2. /lag npouzsoavnozo KMA npocmpancmea CN 6 xasrcdom us
npocmpancme VI cywecmeyem makad Gynryusd @’ , wmo muoxrcecmeo Gynx-
yuti {p? (e ©kN/J) Z;(} — 6azuc npocmpancmea V3. Ilo mobomy us npo-
empaneme VI KMA soccmanasausaemcsa 00H03HauHO.

[Iycts dyHkumu ¢ u ¢ TakoBbl, uTo Habopbl pyHukmil {p(e <kN/J) i;(}
u{p(e=kN/J )}i;g ABJIAIOTCSA OMOPTOTOHAJILHBIMI 6a3mcaMu IPOCTPAHCTBA

VI (1.e. ($,¢) — enmAMIHAS MATPHUIA), TOT/a GYHKINN @ W ¢ HA3LIBAIOTCA
nsoiicTBeHHbIMu. Cremyromee yTBepxkaeHne 1i1d ciaydasa ciutana-KMA 6sw1o
nostyuero B.A.2Kenynessim [7K3].

JIEMMA 3. Ilycmw {Vj}?zo npouseoavrviti KMA. B waxcdom uz npo-

empaneme VI 6asuc Bunepa {vi}i;é 8bI6PAH UCTOOA U3 HOPMUPYIOULESO
ycaoeusd
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Toeda das mozo umober pynxyuu @, ¢ € V7 6bviau deoticmeennvimu, Heoo-
rodumo u docmamouno, umobovl K03EPPHUUUEHMBL PA3A0HCEHUT

J—1 J—1
p(o) =D arvi(e),  ¢(0) =) Brvi(e)
k=0 k=0
ydoeaemeopgau pasencmeam agfy = a1B; = ... = oj_185_1 = 1/J. B

yacmmocmu, @ nopocdaem opmozonasbmbil 6asuc moada u Mmoabko mozoa,
koeda |ag| = a1 = ... = |as_1| #0.

3AMEYAHNE. OueBUAHO, €C/IU K yCJOBUIO HOPpMUPOBKHU 6asuca Buwmepa u3
JIemmbr 3 mo6asuts ycmosue 95(k) > 0, k=0,1,...,J <1, To BE6Op 6a3uca
Bunepa cTaHOBUTCS OTHO3HAUHBIM.

JIEMMA 4. ITycmo {V7 o — npouseoavnvii KMA. Tozda dag awbozo j
UHMEPNOATYUORKAL 3a0aua Ha npopexcennot cemre zy = kN/J odnoznauno
pazpewuna 6 npocmparncmee V73, m.e. dag aobozo nabopa uucen {ak}i;al
cywecmeyem eduncmeennad gywkyud A € V7 maxas, wmo A(xp) = ay.

JIEMMA 5. Ilycme nocaedosamenpvrnocms gynruyut {goj}?zl maxosa, ¥mo

cnpasedausvl pasencmea (1.1), u Komnonenmet eexmopos @2 obpasyrom ba-
sucwt npocmparcme V?. Tozada natidymesg maxue, ne 3a6ucauue om j wucaa
{ak}évz_ol, umo dad wobozo j, 0 < j < N, umeenm

(o) = Y arpi(e SkN/T). (3)

k=0

—_

3AMEYAHNE. Buny N-nepuommusocTu GyHKIMIA () mMocieqHee paBeHCT-
BO MOXeT OBbITH 3alllicaHo B BUJE

J—1 [N/J-1

(o) = Z Z apymy | @ (8 ©kN/J).

k=0 m=0

W3 jgeMMBI 5, B 4acTHOCTH, cilenyeT, uTo joboit KMA mpoctpanctsa CN
He TOJIBKO OJTHO3HAUYHO OIpelnesseTcsa QYHKINEN ¢ W MOCIIeNOBATEILHOCTHIO
{ay}, onpenensromeit nepexon ot 6asuca g" k 6asucy @"~1, Ho m MOXeT GHITH

BOCCTAHOBJIEH 110 TPOCTOI U OMHOPOIHON IJis BeexX j dopmyite (3).
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Takum obpaszoM, HOJIs AUCKPETHOTO MEPUOAUUECKOTO CJIydas MMEET MECTO
teopus KMA, cxonnas Bo maorom ¢ KMA mpocrpancTsa L2 (R). B wacTrOC-
i, mobort KMA mopoxmaeTcs cIBUTaMU W PACTAKEHUAMI OTHOW GYHKITUMT.

Coraacuo semme 2 KMA mMoxkeT GBITH BOCCTAHOBJIEH IO JIIO60MY U3 IIPO-
crparcTB V?. B wacTHOCTH, OH MOkKeT GbITH BOCCTAHOBJICH II0 IIPOCTPAH-
ctBy V1, KoTopoe, B cBoIo odepemb, ompemesseTcs cBomM GasmcoM Bumepa.
MoxxHo moKa3aThb, uTo 6asuc Bunepa mpocTpancTsa V1 cocront w3 dyHkmmm
vi(e) = const # 0 u dynkiuu v}(e), B CIeKTpe KOTOPOil MPUCYTCTBYIOT

JINIIIL HeUeTHbIE TAPMOHUKU. Pa3IMuHbBIN, ¢ TOYHOCTHIO N0 06IIero Kosddu-

. def
UEeHTa MPONOPUUOHAILHOCTH, BLIOOP KO3 dUIIMEHTOB ’U% (2k+1) = ar,0 <

k < N/2, npu stux rapmonmkax naer pasiaumunbie KMA. Hawm ocraercs
TOJILKO OIPENeInTh donycmumble HaGOphI KoddduimenToB. CrpaBeminBa

N/2—1
TEOPEMA 2. Ilocaedosameavrnocmsv uwuceq {ak}kzo geagemea donyc-
mumot, ecau

2P —1
Z Am+kN/2r+1 7é 070 <m< N/2p+17p = 071727“' ,7’L<:>1,
k=0

U MoAbKO 6 3MOM CAYUAE.

OnpenenuM Temepsh MPOCTPAHCTBA BCIIECKOB TPAMUIMOHHBIM CIIOCOGOM.
1 o ~N
[ycts {V7 }jzo npousBosibHEIE KMA mpoctpancta CV. IlpocrpancTBom

BciuieckoB W/ 6Gynem Ha3bIBaTh OPTOTOHAJIBHOE MOIMOJIHEHUWE ITPOCTPAHCTBA
V7 mo mpocrpanctsa VI1!, Takum o6pasom, mpoctpanctso CV MoxHO mpen-
CTaBUTH B BUle OPTOTOHAJIBLHOW CYMMBI

@N:VO@WO@W1@°°°@WTL—1,

KOoTopas B HallleM cjiydae SIBJIdeTCs elle U OPTOTOHAJILHOM.

s Toro 4TO6HI MOKAa3aTh, YTO B KAaXJIOM U3 MIPOCTPAHCTB BCIJIECKOB Hall-
netcss GYHKIUS, UbU COOTBETCTBYIOIINE CABUTU obpa3yioT 06a3uc, MoKaxKeM
CyIlleCTBOBaHIE B KasKIIOM 13 IIPOCTpaHCTB 6asucoB W/ 6asucos Bunepa. Ilo-
CKOJIBKY IJIa Kaxgoro k = 1,2,...,27 &1 1 HeKOTOPLIX o ¥ (3 CHpaBeInBoO
Mpe/cTaBlIeHe

Jj _ Jj+1 Jj+1
v, =ovy '+ ,ka+J, (4)
TO B KadecTBe 3JIeMeHToB 6a3nca BuHepa MoxKHO B34Th QYHKINN

A IR AN _ G411
w; =ﬁvi+ ||'Uiij||2 ﬁa’viijllvﬁ ||2
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J

u QyHKIMIO w; = . B nanbHeliniem 6ynem mpenmosaraTh, YTO dJeMeH-

THI 6a3ucoB Buhepa B mpocTpaHcTBax V/ UMeIOT eMMHUYHYIO HOPMY, TOTIa

Jj+1
vy

ITIoCJIEAHAA (I)OpMy.TIa 3allIChIBa€eTCd B BUE

wy = Bv?rl @o‘wiib. (5)
[Ipu sTom coraacHo (4) |a|? +|B|> = 1, T.e. HoTyYMM OPTOHOPMUPOBAHHOCTD
alleMeHTOB Gasmca Bumepa mpocrpancts W7. BsamMHas opToroHaJIbHOCTD
byHKI@Ii w) U WX OPTOTOHAILHOCT MPOCTPaHCTBY V7 oyeBnnHbL 3ameTuM,
YTO HyMepaluio >TuX (YHKIWII MBI HAUYMHAEM He C HyJId, a C eQUHUILL, II0-
CKOJIBKY IIPH €CTECTBEHHON HyMepalliH 3JIEMEHTOB 6as3uca Bumepa okasbiBa-
eTcd, 9YTO rapMOHIKAa C HOMEPOM, PABHBLIM HIKHEMY WHIEKCY, IPUCYTCTBYET
B cuekTpe pyHkmuu. HyseBad ke rapMoHNKa IpPUCYTCTBYeT JIMIIL B IIPO-
crpanctee V. Brpouem, 5T0 HeCyleCTBEHHO, NOCKOJIBKY B HaJlbHeMlIeM
€CTECTBEHHO CUMTATh, UTO W}, j = W},

PaccmoTpuM Temepnh 6a3mchl B MPOCTPAHCTBE BCINIECKOB, COCTOAINME M3
CIBUTOB OHON (DYHKIMU, KOTOPEIE OOBIYHO ABJIAIOTCA MCXONHBIMU IIPH BBe-
IEeHNN TPOCTPAHCTB BCINIECKOB.

MBI yke 3HaeM, 4To JIo6ol Takoil 6a3uc B mpocTpaHcTBe W7 MoxkeT 6BITH
IIOCTPOEH KakK JIMHElHasd KOMOMHAIMA 3JIeMeHToB basmca Bumepa c Hemyute-
BEIME KodddumuerTamu. OmHAKO CyIIECTBYeT APYTOW IOMXOI, IPXU KOTOPOM
HeT HeoOXONMMOCTM 3HAThL Oasmchl Bunepa.

IIycts nBe dynxuun ¢’ u @I+! TakoBbI, UYTO HAGOPLI CIBUTOB
j J—-1 +1 2J -1
{7 (0 ©kN/J) oo m{@" T (e &k N/2J) 132,
ABJIAIOTCS 6asmcaMy COOTBETCTBeHHO mpocTpancTs V7 u VITL;

M E (p7(e), o7 (0 9EN/2J))).

TEOPEMA 3. Ilycmeo

YI(m+ N/2J) = Z ()" Xn@? THm + nN/2J). (6)

n=0

Tozda cucmema Gynryut {17 (m @kN/J)}i;é ob6pa3yem 6a3uc npocmpan-
emea W7,

SAMEYAHUE. Popmyna (6) mo BHelHeMy BUIY COBHAIAET C XOPOIIO W3-
BectHolt myis KMA npoctpancrsa L2 (R) dopmyiolt pasioxenus byHkuum 1)’
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1o 6a3ucy, cocTOANIEeMY U3 KOMIIOHEHT BeKTopa ¢’ 1!, mpu ycsioBum, 9To 5TH
KOMITOHEHTHI 06pa3yioT opTOHOpMUpoBaHHbIi 6asuc. PakTuuecku, popmyia
(6) yrounser cMmbIcs kosddunuenTos. Ee anasor ni1s BCIjlecKoB B IpOCTpaH-
cree [L2(R) nomyuen B [CDF].

Temeps MBI pacCMOTPUM ellle OIHO OIpeleseHne BCIUIECK-IIPOCTPAHCTB,
IJIaBHOE IPEUMYIIECTBO KOTOPOTO COCTOUT B TOM, YTO UMEHHO OHO COOTBET-
CTBYET aJIFOPUTMaM PAa3JIoKeHHs MPOCTPAHCTB EPUONUUECKUX pacIpeesie-
HUIl C HENPEPBHIBHBIM apryMEHTOM.

Iasee sHauok @ 0603HAUAET NPAMYIO (BOOGIIE TOBOPS, HEOPTOTOHAIBHYIO)
CYMMY JIMHEMHBIX [IPOCTPAHCTB.

ONPEINEJNEHUE 3. IlycTh mociemoBaTebHOCTH JIMHEMHBIX IPOCTPAHCTB
{V’}2_, obpasyer KMA mpoctpancTsa CN, I, 0 < j <n, — dOyHKImHa u3
$OPMYJINPOBKU TeopeMbl 1, MocilenoBaTelbHOCTh (hYyHKIIUI {zbj}?:_(} ompene-

JieHa o (opmyJie

N-1
Y (e) = bre! (8 ©kN/J).
k=0
Bynem ropopuTh, 4TO MpocTpaHCTBA {Wj ?:_01 , ofpenesiseMble KakK JIMTHEHbIE

- .
000JI0YKN KOMIIOHEHT ¢J, IIOPOXK AT BCIINIECK-AECKOMIIOZUIINUIO IIPOCTPaHCTBA
CN, €CJIn OHM YIOOBJIETBOPAET YCJIOBHUIO

ViewleWle.. oW l=v*Lr=1,2,..,n.

n—1

OxasbiBaeTcs, 4To Iy TOTo uTobbI mpocTpancTsa {W7 j—o 13 Ompene-

JeHus 3 MOPOXKIAIN BCINIECK-IeKoMmnosuimio npocTpancTBa C, nocraroumno
BBITIONTHEeHN jmtb yeaosus CN = V-l g wn—1,

§11. ChmekTpajJIbHBIA ACIEKT PAa3JIOKEHUN II0 BCIJIECKAM.

B §89 u 10 MBI Bumesiu, KaKyio poJib UTPAIOT MPU NOCTPOEHUUM TEOPUU Iie-
puonudeckux KMA 6asucel Bunepa. Kpome upesBoiuaiinoll mX II0JI€3HOCTH
VIS OKA3aTeNIbCTB (KaK pa3 5TOT ACIEKT HeIb3s IO KOHIIA MPOYyBCTBOBATH
13 KOHCIIEKTUBHOTO M3JI0XKeHUs B §9) oHU HeCyT B cebe oueHb BaXKHYIO CMBIC-
JIOBYIO Harpy3Ky — OHHI 00pa3yloT OPTOTOHAJILHBLIN 0a3uc, COCTAaBJIEHHBINA M3
COBCTBEHHBIX BEKTOPOB OIEPATOpPa €CTECTBEHHOI0 B IPOCTPaHCTBe V'’ mim
W7 cpBura. OTciofa BBHITEKAIOT BCE OCTAIbHbBIE XOPOIIe CBOMCTBA.

B nmammom maparpade MBI MONBITAEMCA CHEJIATh HAOPOCOK BO3MOIKHOTO
MIyTU BBeIeHUsA MOHATHUS 6asmca BuHepa miis mMpocTpaHCTB, COCTABIIAIOIINX
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KMA npoctpancrsa L2(R). Kpome Toro Mel monbiTaeMcs B3[JIAHYTh Ha yiKe
VIIOMSAHYThIE U HEKOTOPBIE HOBBIE PE3YJILTATHI C TOUKU 3PEHUS MIPENCcTaBIIe-
Hus GyHkiui B 6asuce Bunepa.

3amerum, uTo, ecam B §89 m 10 MBI oIlycKaJim MOKa3aTeIbCTBa, TO 3I€ChH
BCe UTO OyIIeT CKa3aHO HOCUT XapaKTep MPaBIoONoMOOHBIX paccyXaeuun. Tem
He MeHee, HaM TMPENCTABIAETCAS BAXHBIM B3IVISHYTH Ha mocTpoennme KMA
MMEHHO C DTON TOYUKM 3pEHMU.

Bepnemcs k mnpencrasienuto (5.3) dymxmuu us V1, mo maa ympornenus
3aIICH HepenmineM ero s mpocTpascTsa V0. Jlo6as dyskmma f € VO
MpeAcTaBuMa Jubo B BUIE

(@) =3 enpla an), (1)

nez

b0 B 4acTOTHOU 00JIaCTU B BUIE

f(w) = mys(w)p(w), (2)

rme

my(w) = Z cne'™.

nez

Bripaxenue (1) siBisieTcs OUCKPeTHON CBEPTKOIl IociemoBaTesibHoCTH {Cp }
¢ dyukuuen f HempepbiBHOrO aprymenTa. [losTomy sicHo, uto dopmyiia (2)
5TO OOBIYHAS TeopeMa O CBEPTKe B KOMOMHWPOBAHHOM BUIle, KOTJa IOCIENO0-
BaTeJIbHOCTh CBEPTHIBaeTCs ¢ dyHkiueil. KcrecTBenno, cuekTp (mpeobpaso-
Batune Pypbe) cBEePTKU paBeH MPOU3BENEHUIO CIIEKTPOB MOCIEI0BATEILHOCTY
{cn} m dyukuum f. Hama zamaua mokasaTh, uTo Ha camMoM nejie GYHKINs
My He IMPOCTo sABJgeTca IpeobpasoBanneM Pypbe MociIenoBaTeILHOCTH KO-
s purmeHTOB {cn}, HO U SBJIAETCSA CIEeKTPoM (yHKIuu [ Kak 3jIeMeHTa
npoctpancTBa V° B TVIy6MHHOM IIOHMMAaHWM 5TOTO TEPMUHA.

[Tossicaum, uTo MbI nmeeM B Buny. OO6GBIYHO MOHATHA CIIEKTpa U Mpeobpa-
soBanusa Pypbe dyHkimum cuntaoT cuHoHrMamu. OmHako, Ha HAIl B3TJIAI,
npeobpazoBanume Oypbe GYHKIIMN 5TO BCETO JIUIB OHA U3 UYeTHIpeX GopMy,
MpUMEHSAEMbIX B 3aBUCUMOCTHU OT TOrO, Tle olpenejiecHa (yHKIUA: Ha IIPs-
MOMU, B HeJIOUUCIIEHHBIX TOYKaX MPAMON, HA OKPYXKHOCTU WU Ha NUCKPETHON
PaBHOMEPHOUW CeTKe TOueK OKpyxXKHocTu. IloHsTue XKe crmekTpa HECKOJIIBKO
mmpe. [lom cnekTpom sjeMenTa f MHBApMAHTHOTO OTHOCHUTEJILHO CIBUTA T
MIPOCTPAHCTBA S MBI MOHUMaeM ~K03GPUITNEHTHI PA3JIOKEHNA HTOTO DIIEMEH-
Ta Mo ’6a3mucy’, COCTOAIIEMY U3 COOCTBEHHBIX PYHKIINNA olepaTopa T-CIABUTA.
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M 31ech IBa pa3a BOCIOJIL30BAJIMCH KaBBIUKAMU, IMOCKOJILKY M K03(hduim-
eHTHI Pa3jIokKeHUs, U 6a3MC HYKHO IIOHUMATh B PAaCIIMPEHHOM cMEIcie. Ha-
npumep, mis dyskmun f uz L2 (R) umeem

1 < W
f@)= 7= | e d, (3)

* w € R, urpator posb Gazuca, 3HaAYEHUS

B 5ToM BbIpaxeHun GyHKIHH ™
npeobpazoBanus Pypbe f MOXKHO CUNTaTh KO3GPUIMeHTAMU Pa3IoKEeHNUA 110
sToMy 0a3mcy, a BMECTO CYMMBI, OOBIUHON TPU Pa3jlokKeHUU IIo 6a3ucy, mc-
TOJTH30BAH MHTETPadl.

HanomuuM, 9To B NpUBBIUHON BceM hopmyiie (3) CKOHIEHTPUPOBAHO MHO-
ro mpobJsieM, CBSI3aHHBLIX C €e TIOHMMaHMeM. |'JlaBHas M3 KOTOPBIX COCTOUT B
TOM, YTO TIOJI MHTETPAJIOM HAXOAUTCA HecymMMmupyemas pyukmus. Kpome To-
ro, XoTs TPakToBKa (GopMysibl (3) Kak pasilokKeHUs 10 Gasmcy W XOpOIla, HO
BO3HUKAET BOIPOC, TOUEMY PJIEMEeHTHI 6a3mca OKa3bIBAIOTCA He TPUHAIIIeXKa-
IIIIMU UCXOMHOMY MpoCcTpaHcTBY. PasymMmeercs, HauboJsiee MOJTHBIE OTBETHI HA
BC€ 5T BOIIPOCHI MOXKHO NaTh JIUITh B paMKaX Teopuu 0600IIeHHBIX QYHKITAT.

Tak ke 06cTOUT MesI0 U CO CHEKTPAJIbHBIM IpeNcTaBlleHneM QYHKIIUN TPO-
crparctBa V?. B camMoM 5ToM mpocTpaHCTBe HeT (GYHKIIWI, MHBAPHMAHTHBIX
OTHOCHUTEIbHO eMHUYIHOTO CIBUTA, ECJIM B3ATH TOT ke G6asuc, uro u B L2 (R),
T.e. MHOXECTBO BCe€X KOMINIEKCHBIX SKCIOHEHT, TO MBI MOJYYUM B KadecT-
Be KO>dPUIMEHTOB pasyioXkeHus obbiuHoe mpeobpasoBanme Pypwe. OmHako,
KOT/Ia MBI OpaJii KOMIIJIEKCHBIE HKCIIOHEHTHI B KauecTBe 06a3mca MpPOCTPaHCT-
Ba [L2(R), To XOTs OHM W He NMPUHAIJIEKAN CAMOMY >TOMY HMPOCTPAHCTBY,
HO TPWHAIJIEXKAIIN €T0 TOMOTHEHNIO B TOMOJIOTAM IMIPOCTPAHCTBa 0000IIeH-
HBIX QYHKIIAN. OTOT GakT yTpaumBaeT CUIIY, €CJIM MBI pacCMaTpPUBaeM IIPO-
crpauctso V. Ilyia Hero HykHO MCKaTh ero cobcTBeHHEIH 6asuc Bunepa (B
repmunosoruu §8§9 u 10).

IIycts dyukmmm ¢ € V0 TakoBa, 9To ee IesloUNCIeHHBIE CIBATT 06pPa3yIoT
OPTOHOPMUPOBAHHLIN Gasuc npoctpancTia V. CorstacHo dopmyie (4.6) mas
MOYTH BCeX w uMeeM 27y |¢(w+27n)|* = 1. Takum obpasom, A mouTH
Bcex w € [0, 27) ompeleseHbl paBHbIE 110 HOpMe 1-Tlepuonuueckue (GyHKIUM

1 .
a(r) = — 5(w + 27n)e?™e,
)= oz L éto e

B kauecTBe Xke 6a3uca BuHepa B moHUMaHUM OBYX MPEeNbIAYIIUX Maparpados
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cilenyeT B3ATh ceMeMCcTBO GYHKIUAN
0 ’ 1

v () =e*“%a, =
(z) o

lcHO, YTO OHU ABNAIOTCSA COGCTBEHHBIME QYHKIIUSIME OIEPATOPA I1EJIOTO CIABU-
ra. B To ke BpeMs, XO0TS OHN U He IBJIAIOTCS 3JIeMeHTaMH IIPOCTpaHCcTBa V0,
HO OHU OPUHAJIEXKAT ero MOMOJIHEHUIO, €CId B TOM IIPOCTPAHCTBE BBECTHU
TOMOJIOTHIO TPOCTPAHCTBa 0600IIeHHBIX GYHKIIMI. B caMoM neiie, 0603HAUYNB
uepes 0o, MEPUOMUUECKYIO J-DYHKIINIO, TOJTY UM

, 1 00 , ,
Z 90(33 <:}n)ezwn — Z _/ @(f)elﬁ(m—n) df etwn —
ncz v 2 -

nez

eiw:c Z QO((.U 4+ 27Tn)ei27rn:c.
nez

=] s (Tt ) eeac=

nez

om | POl w0 de = o S gl + el

g NeICTBUTEIHLHO ITPUHAJIEXKAT (B

00600IIIeHHOM CMBICJIe) JHeHON 0060JI0UKe MeJIOUNCIIEHHBIX CIBUTOB GYHKITAN
. Ilpu stom dopmyna (4) sBisercs HONHBIM aHajoroM dopmya (9.2) u
(10.2).

[aBaliTe moCMOTPUM, KaK TPAKTYIOTCS C MO3UIINI Pa3JjIoXKeHUs o 6a3ucy
Bumepa yxe mosyueHHble paHee pe3yJbTAaThl I HEKOTOPhIE HOBLIE.

Takum o6pazom, GYHKIIMEI ceMelCTBa v

TEOPEMA 1. a) Qynxyusg f npunadaercum npocmpancmey V° 6 mom u
MOALKO MOM CAYUGE, K020a OHa MONIEM 6biMb NPedcmasaena 6 eude

fa)= [ g ()l () dos,

ede my — pywwyug uz L2(T).

6) Leaouwucaennvie cdsueu dynwkyuu f 06pasyom opmoHOPMUPOEaHHbLY
6a3uc npocmpancmea V° moada u moavko moeda, xo2da nouwmu ecrody
[mg(w)] = 1.

B mpocTparcTBe W' Taxxke cyecTByeT cBoit co6cTBeHHEIN 6a3uc Bunepa

0

W, 1 OJjid HETO CIIPAaBEIJINBO YTBCPXKICHUC TCOPEMbL 1. SaMeTI/IM, 4UTO IIpH’
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nokasaTelibcTBe GopMyiibl (5.9) myHKT 6) Teopembl 1 hakTuuecKu yike GbII
TTOKa3aH.

§12. AaropmTM, OCHOBAaHHBIN Ha
Huckpernom Ilpeo6pasoBanunm Pypbe

PaccvmoTpuMm cHavasia aliropuTM pasiiokKeHUs MPou3BoIbHON GYyHKIUN f 13
CN mo 6asucy, cocTosiiieMy u3 o6bequHeHNs 6a31ucoB BuHepa OpTOroHAIb-

HBIX npocTpancTB W/, WuabiMu cioBamMm, HalgeM aJiTOPUTM BBIUNCIIEHUS
KosddunmeHTOB B (popmyiie

n—1

Fo)=>> plwi(e)+q.

=0 k=1

LY

Kak 06140, MBI MOC/IE0BATEILHO HalileM IpeacTaBilenns GyHKIun [ B BUIe

2™ 1 n—-1 J
o)=Y aro(e)+ > > phwi(e)
k=0 j=m k=1
npu m =n,n<1,...,1,0.

Scno, uro kosddurmentTr g} (ciydait m = n) ¢ TOYHOCTHIO TO MHOKUTEIS
1/4/ N Boruucasiorcs npu nomornu 1P ¢pyukuum f.

HOCJIe TOI'O KaK BBIYMCJICHBI BCSJINYNMHBI I+l KOB(I)(I)I/IHI/IGHTBI J n J CO-
q, > gy 1 Py
JIaCHO (104) n (105) BBIUNCJIAKOTCA 11O (I)OPMYJIELM

o - -
=", d=0d +8a, k=1,...,J &1,
o
vy =4, pl=0q" @aqiij, k=1,...,J &1, (1)

rae o u 3 B3aTel u3 (10.4) U, ecTeCTBEHHO, PA3IMYHLL I PA3HBIX k U j.

Ouesunno, u3 (10.4) u (10.5) momyuatoTcs Takke GHOPMYIIBI PEKOHCTPYK-
1 QyHKIMK f, KOTOPEIE MOTYT OLITH 3alUCAHLI B BHUJE:

L .

a ™t =¢, ot =aq +8p), k=1,...,J &1,

L N .

ot =9, qiijzﬁqiﬁapi, k=1,...,J 1. (2)

ITocse peanuzaium KOTOPHIX, /IS BOCCTAHOBIIeHUS GYHKINY [ HYKHO BBIUNC-

muth OHIIP BekTOpa ¢" M pesyiabrar ymuHOoXuUThL Ha v/ N. Takum obpasowm,
aITOPUTMBI pasyiokeHus GyHKIUM 1o Gasucam BuHepa u ee BoccTaHOBIIEHUS
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uMeroT ciioxHocTh nopsanka O(N log N). PaCCMOTpI/IM AJITOPUTMBI Pa3JIokKe-

HUs TPOU3BOJIbHON GyHKIMHU [ € CN 1o 6asmcam ¢J 1 ee PEKOHCTPYKIINH.

Ilepexon oT xkoopaumHaT B 6a3Mce BCINIECKOB K KoopaumHaTaMm B Gasuce Bu-
Hepa W 00OpaTHO OCYINECTBIIAETCA COOTBETCTBEHHO NPHW TOMOIIHA MPSIMOTO ¢
obpatHoro HII® u, 6BITH MOKET, MOKOOPAUHATHOTO YMHOXKEHUS B YaCTOTHOM
obstacTu. DTOT OYEBUIOHBIN GaKT CIeAyeT W3 TOTO, YTO IJIA 0601 QYyHKINN
f € WI umeem

O L -
f=yTa= 3¢JTFJFJCL = w'Th = wJTFJFJb/J,

rme §u b — BEKTOPBI KOOPAWHAT PyHKIUU f COOTBETCTBEHHO B basmcax &j
n w’. IlocKolbKy KOMIIOHEHTHI 6a3nca BuHepa OmpemessioTCs OTHO3HAYHO
C TOYHOCTBHIO /10 HEHYJIEBHLIX MHOXWTEJEN, TO IMOKOOPAWHATHOE YMHOXKEHIE
B YaCTOTHOW 06JIaCTH MOXKeT MOSBUTHCI, €CJiM MbI BbIOpasin 6asuc Bunepa,
oTamuHbiii oT wW’. EcTecTBeHHO, aHAIOTMYHBIE GOPMYIIbI CIPABENINBbI I
npocTpancTB V7 u 6asucoB @7 u 7.

Takum o6paszom, AJICOPUTMEL Pa3yIoKEHMs ¢yHKnmit npoctparcrea CN mmo
6as3mcaM BCIIECKOB ¢J 1 UX PEKOHCTPYKIINH, MCHOJIL3YIOIINE MMepexon K Ga-
sucam Bunepa, umeror cioxkuocts nopsaka O(N log N) HezaBucuMo ot TOro
KaKnM ObIJI0 UCXOMHOE MpencTaBieHne GYHKIINM — B €€ eCTECTBEHHOM BUIE
f(®), B Bume crekTpa mWiu B BUIE €€ PA3JIOKEHUs [0 HEKOTOpoMy Gasucy @™

Kak yxke ormeuasnioch B §10, opTOroHa/IbHbIE IPOCTPAHCTBA MUCKPETHBIX
BCILJIECKOB XOTs UM WMEIOT IMPaBO Ha CYIIeCTBOBAHWE, HO HE OHU SBIIAIOTCS
€CTEeCTBEHHBIM UHCTPYMEHTOM [JIs Pa3JIoKEHU MPOCTPAHCTB QYHKIINNA C He-
MIPEPLIBHBIM apryMEHTOM. OJTO OOBACHAETCA TEM, UTO MJIs OPTOTOHAJIBbHBIX
npocTpaHCTB Kaxkmoit maper VIl u W/ macurrabupyioliiee ypaBHEHIe HMe-
eT cBou KOO>(PpPUIMEHTHI. JTO He OUYeHb YHOOHO MJIs YNCJIEHHON peain3allim.
[Ipu ucnosb3oBaHUN MPENITOKEHHOTO BBIIIE AJITOPUTMa, oCHOBaHHOTO Ha 111D
n3HAYaJIbHO TpebyeTcs NI BCeX j BBIUMCIUTDL KOd>DIUIMEHTHI o 1 .

Ilepeiinem Temeph K HEOPTOTOHAJIBHBIM BCILIECK-PA3JIOXKEHUAM IIPOCTPAH-
crea CV. Mer me OynmeM ceyac OBITATHCSA MOJYUUTH MaKCHUMAJILHO OOIIUI
anroputM. Hara mesib — nuckpeThbie (Booblille rOBOps, HEOPTOTOHAIILHBIE )
BCILJIECK-PAa3JI0KeHN s, TTOPOKIEHHBIE TPAIUIINOHHBIMI OPTOTOHAJIbHBIMA Pas3-
noxenusMu mpoctpanctsa L2 (R).

Nrak, mycTs MBI mMeeM HekoTophlit KMA {V7} mpoctpamcTtsa .2 (R) ¢ op-
TOHOPMUPOBAHHBIME GasrcaMu, 06pa30BaHHBIMU CIABUTAME U PACT AKEHUAMI
dyukiuu . Bosee Toro, Mbl B maJIbHEUINIEM IIpennoJiaraeM, 4To (GyHKIUS
(¢ TaKoBa, UTO Bce Mpeobpa3oBaHus UMeEOT CMBICI. MBI maxe He Bcerma 6y-
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IIEM OT'OBAapUBATH IPU KAKNX OTPAHUYEHUAX STU MPeobpa3oBaHms KOPPEKTHEI.
Hemno B ToM, YTO HaM HEM3BECTEH TOUHBIN OTBET Ha GOJIBLIIIMHCTBO TAKUX BO-
IIPOCOB, & CTPOTHUI HMOA00P KaKUX-HUOYIb OrpaHNYEHNA U JOKAa3aTeIbCTBO UX
MOCTATOYHOCTH YBEOYT HAC OT CYyTH Iejia. B Jiro6oM cilyuae HEKOTOpPBIE U3
5TUX BOIPOCOB HETPUBUAILHBLI M HYXKIAIOTCI B HAJIbHENIIIEM NCCIIETOBAHNUT.
Ina navasa mpenmosioxkuM, uto ¢ € L' (R). IIpu TakoM NpennosioxkeHny M,
OYE€BUIHO, TOIyUNM, 4TO GYHKIIUS

P™(x) = oz +kN)

keZ

olpenesieHa KOPPEKTHO M sABJIsAeTCI cymMmupyemont N-mepuonumyueckoir QyHK-
nuent, a ee KodpourmenTel Pypbe MOryT GLITH BBIUUCIEHBI TI0 GOPMYJIe

1 N ,
San(?n) — N/O 290(33 + kN) e—27rzm:c/N de =

kEZ
1 [ : V2 2mm
N/_ SO(x)e_zmmm/N de = — - ¢ <—_” ) . (3)

Jluneiinas obosouxa dpyrkmmit {¢"(z + k)} N obpasyeT nmmeitHoe KoHeuHo-
MepHO€e MPOCTPAHCTBO V™, KOTOpOe COBIANAET ¢ HPOCTPAHCTBOM, IIOJIyda-
foluMcs nocie N-NepuoAn3anuu CyMMUIPYeMbIX GYHKIUI U3 HPOCTPAHCTBA
V0. Droit ke nuneiiHon o6osouke nmpuHamiexat (cM. (8.2)) m dyHKINM

,UZ — Z San(k_|_,,n]v)e27rz(k—i—mN):B/N —
meZ

/2 2k :
WW Z Gn (% n 27Tm> e2milktmN)e/N =} —0.1,...,Nel. (4)
meZ

3aMeTuM, 4TO MpHU CHEJTAHHOM TPEANOJIOKEHAN O CYMMUPYEMOCTH © MBI He
MOXkKeM FapaHTUpoBaTh MpuHaiexHocTh ¢™ kK L2(T). OTo kocBeHHO cilemyeT
U3 TOro, 4YTo paBeHCTBO (4.6) uMeeT MecTo juinb moutu Beioay. [Ipenmosto-
KUM, 4TO (PYHKIUSA TakoBa, 4To (4.6) BHINONHAETCS BO BCeX TOUKax. lorma
BBuny (3) u (4.6) byHkIUs ", a 3HAUUT U QYHKIUK U], UMEET CyMMUpYe-
MBI KBazpaT. Bosee Toro, corsacuo (3), (4) u (4.6) mis HopM dyHKUMI v}
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nmMeeM

2
2m 2rk
RN =N D (@"(k+mN) =N Y (/5@ | +2mm) | =
meZ, meZ,

2k
2 E L + 2m™m = 1.
mcZ

Takum obpazoM, GyHKINK v}, IOCKOJIbKY CPelll HUX HeT TOXIEeCTBEeHHO paB-
HBIX HYJTII0, oOpa3yioT 6a3uc Bunepa mpocTpancTBa V™. A cormacuo Jlemme
9.3 KOMIIOHEHTHI BEKTOpa 8" 06pa3yioT OPpTOHOPMUPOBAHHLIA 6a3lC CIBUIOB
TOTO MPOCTPAHCTBA.

Takum obpazom, MBI TTOJIYUMIIN COBCEM HEOUEBUIHBIN Pe3yJILTAT, 3aKJIIO-
YaoIUIACAd B TOM, 4TO Iociie [N-Tepuoan3aluy OPpTOHOPMUPOBAHHO Ga3mca
cIBUTOB IpocTpaHcTBa V' MEI CHOBa IIOJy9NM OpTOHOPMWPOBAHHBIH Gas3Iic.

HaBaliTe Teneph TpUMeHUM K QYHKIIUSAM IIPOCTPAHCTBA 17 (B wacTHOCTH,
K ¢dyukmuu ™) omepatop T : f(z) — f(z/2) + f(z/2 + 7). Torma pesyins-
TaTOM €ro IpUMeHeHUs K MPOCTPAHCTBY v OyneT HeKOTOpoe MPOCTPAHCTBO

TIV™ = V™Y n Tlp"] = ¢"!. Ilockombky Toro ke sddexTa MOKHO
mocTwub, pocTo N-Tlepnomau3mpys MpocTpaHcTBo V 1, To sicHo, uTo dyHK-
mus "' mopokmaeT OpTOHOPMHUPOBAHHEBIN 6a3uC 2-CIBUTOB MPOCTPAHCTBA

V1. Takum ob6pa3oM, MBI MOXKeM I0CJIeqoBaTeJIbHO 110 dopMyIam
vk-1 _ T[Vk]’ gok_l — T[gok], k=n,nel,. .., 1,

MIOCTPOUTH IOCJIENOBATELHOCTD BIIOXKEHHBIX MPOCTPAHCTB, COCTABIIAIOIINX
(IpM HEKOTOPBIX MIOMOJIHUTEIBHBIX yciaoBusax) dacth KMA mpocrpancTsa
[L2(T). IIpu 5ToM HeTpyIHO 3aMeTHTh, 4To 6a3uckl BuHepa mpocTpaHcTBa
V* -1 nepecunrniBatorcs uepes 6asucsl Bunepa mpocrpancTsa V¥ mo mpoc-
Toul hopMmyiie

5L (m + N1/2) = 9% (2m + NI), (5)

m

KOTOopas MOKa3bIBaeT, UYTO MepPexoll OT IMPOCTPAHCTBA € OOJILIIIUM HOMEPOM K
IPOCTPAHCTBY ¢ MEHBIINM HOMEPOM IIpu oMol oneparopa 17[-] sakmoua-
eTCd B YHUUTOXEHUN HeUeTHBIX TapMOHUK U CXKAaTHUU CHEKTpa.

Ilocie mpuBemeHHOTO BRBINIE MOCTPOEHUS YXKe He MOKAXKETCSI yIUBUTEIb-
HBIM, UTO IoJIydaltolrnecs mocie N-mepuommsaimu mpocTpancTs WF mpo-
CTpPaHCTBA W"‘k, k = &1,E2, &n 0oKka3bIBalOTCSI B3aMMHO OPTOTOHAJIbHBI-
Mu. MBI He 6ylIeM 37Mech OCTAaHABIMBATLCA Ha JOKA3aTeILCTBE 5TOro PakTa,



A

OTHAKO OTMETHUM, UTO IIPOILlEe BCETO HTO CHEIATH MOKA3aB OPTOTOHAJBHOCTD
5JIeMeHTOB 6a31coB BuHepa mponsBostbHOl mapbl npoctpatcTs VF u W, aro
MOXKHO CIIeJIaTh, MEUCTBYS II0 aHAJOTUHU C TOJILKO UTO HPOBENEHHBIMHU Pac-
cyxkneansMu. OTMeTuM TakKXke, UTO B CiIyuae, Korjga Bce Ko3hPUIMEHTHI
®ypre 07 (m+ Nl),m=1,2,... ,N&1,l € Z ornuuHbl OT HyIsA, COTIIACHO
TeopeMe 9.2 10 IPoCcTPaHCTBY V" MOKHO OZHO3HAYHO BOCCTAHOBATD BCE IIPO-
CTPaHCTBA ym npu m > n, nonyuus npu >toM KMA npoctpanctsa L2(T) B
cmruiciie Onpenenenus 9.2.

Ilycts f — dysknus mpocTpanctsa V™. Torga cipaBeiimBo MpencTas-
JeHue
N-1
f(z) = Z are” (z ©2kT/N). (6)
k=0

KospduumenTEl TOCIEqHETO PA3JIOKEHNA MOTYT OLITH MOJIyYeHELI U3 Pa3HBIX
coobpaxennit. Ecim, nanpuMep, GyHKIUA [ modydeHa IMeprogn3anmell Helle-
puonuueckoit pyukuuu f, To KodhduumeHTH {a)} MOIyUAOTCS MEPUONU3A-
el MCXOMHON IOC/IeNoBaTeILHOCT KosgduumenToB. Ecim MBI mmeem mesto
C HeNpepLIBHBIMEI (QYHKINAME, TO KO3h(UINEHTHI pa3JloKeHNs MOy T Halifle-
HEI 13 COOOpakeHWII MHTEPIIONIANUN B PABHOMEDPHOU CETKE Y3JI0B, MOJIb3YACh
dopmyioir (6). Ilpu sTom dopmysa (6) npespalaeTcs B CUCTEMY JINHENHBIX
yPaBHEHMII ¢ MUPKyJIaHTHo MaTpumei. CllemoBaTebLHO, IS HAXOXKICHWUSA
K03 QUIMEHTOB MOXKHO BOCIIOJIB30BAThCA (POPMYJION IPENCTABJICHNS CBEPT-
ku uepes IIID.

[lepenucas gopmyity (6) B BEKTOPHOM BUIE, TOJLYYUM

f(z)=d"¢"(2) =d"FI F;'@"(2) = (Fya@) Fy'¢™(a) = 675" (). ()

Kak n B ciiyuae HemepmommyeckKnx (pyHKINIA, MBI MOXKEM PacCMaTPHUBATh
BeKTOp @ Kak »ileMeHT mpocTpaHcTBa CV, a Bece MasibHEIINe BEIMICIICHNS
MOXKHO paccMaTpuBaTh ¢ Touku 3peHnda KMA nepmommyecknx GpyHKIW muc-
kpeTHOro apryMenTa. OmHAKO, XOT4 B JAHHOM CJIy4Yae M CTOAT MMETh 3TOT
acIekT B BUIY, HO IJIS IOCTPOEHNA aJrOpUTMa MOXKHO 6€360JIe3HEHHO 0601-
Tuch 6e3 Hero.

B §84 u 5, pakTuuecku 6b110 mosyueno (cMm. (4.7), (5.6)), uro MaTpuna

mo(w) mo(w + )

M, = : :
0 e“mo(w+m) <e“mo(w)

(8)

ABJIAECTCA OpTOI‘OH&JIBHOfI OJId ITOUTH BCEX (a IIpn HalInX IIPEOIIOJIOZKECHN-
AX OJId BCGX) W. BBeI[eM B paCCMOTPEHHE IIOCJI€A0BATE/IbBHOCTE BEKTOPOB
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{_’J} s IV i ~), cocrosmmx m3 KO>(pQUIMEHTOB PA3IOKEHHs MPOCKIMIl f

S -y, def a
na npocrpanctsa V7, W no 6asucam casuros, @" = d. Ilo amamormu c (7)

TIOJTy4aeTCsl, YTO MEPEXO/l K COOTBETCTBYOMMM Gasucam Bunepa m o6patao
MMPOCTPAHCTB Vi u W7 sanaercs dbopMynamMu

o = F;d,d = F; b,

—.

& =F;&@,& =F;'d,

rae d’ — BekTOpEI Ko>((UIMEHTOB pasioXeHHs mo Gasucam Bummepa mpo-
CTPaHCTB BCIIecKoB. Y unmthiBas (4.3), (5.9), (5) u opToroHaJIbHOCTH MaTpPHU-
bl (8), HETPYIHO BUIETH, YTO CIPABEJINBEI ClleAyoIIue GOopMyIIbI IePeXoia
ot 6asuco Bunepa mpocTpancTsa V7 k 6asucam mpoctpasncts V71w Wi

by = b5, bl =mo(nk/2K)b)" + mo(nk/2K + m)b) Y,
k=1,...,J &1,

&) =, d] = ™ Ko (k2K + m)b T @e™/ K mg (rk /2K )b,
k=1,...,J 1. (9)

OueBunHo, GOPMYIILI PEKOHCTPYKIUN QYHKIINU MOTYT OBITH 3allCAHBI B
BUIE:

BT =0, b = mo(nk/2K)b) + e ™/ K g (nk /2K 4 7)d2,
k=1,...,J &1,

L = @, b = mo(nk 2K + )b eve ™K (nk /2K d,
k=1,...,J 1. (10)

TakuMm o6pa3oM, UCIOIL3Yyd IMPOMEXYTOUHBI Mepexoll oT 6Ga3lCcOB CIBUTOB
K 6asucam BuHepa, ajJropuTMBI BCINIECK-Pa3JIoKeHUd U MOCIeNYIOIIero BOC-
CTaHOBJIeHUA I J060ro ncxomroro KMA MoXHO peain3oBaTh IIPH IIOMOIIT
BII® 3a O(N In N) apudMeTndecKux Oneparuii.



§13. MHoTOMepHBIE AJITOPUTMEI.

M1 06cynuM 371ech BO3MOXKHEIE HoAXonkI K onpenesennio KMA npocTpancTs
GYHKIIUI MHOTUX IepeMeHHBIX. [[jIg yIpolleHus BHIKJIAMOK OylleM paccMarT-
puBaThb nipocTpancTio L2 (R?). O6mmii ciyyaii npocTpanctsa L2 (R™) moxeT
6LITH PACCMOTPEH BIIOJIHE aHAJOIMUYHLIM obpazoM. amuM Hambosee ecTecT-
BeHHOE M MaKCHUMAaJIbHO obIllee ompefesieHre MHoroMepHoro KMA.

OnPEOEJNEHNE 1. IlociemnoBaTesIbHOCTh BJIOKEHHBIX APYT B IpPyra 3aMK-
HYTHIX TTOOIPOCTPAHCTB

e CVicVocVicVic... (1)

npoctpancTBa [L.?(R?) HasbIBaeTCa KpammomacumabHbim AGHAAUOM TOTO
MMPOCTPAHCTBA, €CJIU YIIOBIIETBOPSAET CIEAYIONIUM YCJIOBUSIM:

a) Ujez V7 = L*(R?);

6) njez VI =0;

B) f(z,y) € VI & f(22,2y) € VIT,

r) Halinerca Takas gynkuusa ¢ € VO, koropyio HasBBaIOT wmacwmabupy-
rowetl, IT0 MHOXKECTBO €€ COBUIOB (& <N,y <>m) obpasyeT opTOHOPMUPO-
BaHHEBIN 6asuc mpocTpancTia L2 (R?).

B takom obittem Buge muoroMepubie KMA o6b1uHO He paccMaTpuBaioTCH.
XoTs 3a mocsieqHee BpeMs MOSBUIIOCH MHOT'O UCCJIEIOBAHUN B 06JIaCTH ITOCTPO-
eranst momob6HBIX KMA u cooTBeTCcTByIomnX M 6a3mMCOB BCINIECKOB, OIHAKO
mo06HbIe 6a3UChl TTOKa MaJio MCIIOJIbL3YIOTCS B MpmiiokeHusax. Ha mpakTuke
MMOCTYMAaoT ropasno mnpoiie. Muoromepubie KMA 06bIYHO CTpPOATCS KaK TeH-
sopHoe npomsBenernne KMA ognomepnnix. Takme KMA maswiBaroTcs cenapa-
beavnvimu, a obmme KMA, He pacmamaroiimecs B TE€H30pHOe MPOU3BENEHNE,
Ha3BIBAIOT HECENAPQbeqbHbIMU.

Urak, mycts Mer mmeem {V7} — KMA mpoctpanctsa L%(R). B xauect-
Be VJ 6GymeM paccMaTpHUBAaTh TeH30pHOe MpPOM3BeNeHMe MpocTpaHcTB V7 Ha
cebs:

VI =V’ @V’ =Span{f(z)g(y) | f,g € V’},

riae Span .S — JmEelHas 060J04Ka MHOXecTBa S. YlcHO, uTo B KauecTBe ba-
suca u3 myHkTa r) Onpenenenus 1 J0CTATOUHO B3ATh COBOKYIHOCTH (yHKIUI
{o(z ©n)p(y ©m)}n mez, e ¢ — MacmTabupymomas GyHKINA IPOCTPaH-
ctea V0.

IIpocTpaBcTBa BCINIECKOB IIPHM 3TOM OIPENEIAIOTCI TaK XKe, KaK U B OJIHO-
MEPHOM CJIy4ae, KaK OPTOrOHAJIbHEIE IONOJIHEHNSA IPOCTPAHCTB C MEHBIIIIM
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HOMEPOM JI0 TIPOCTPAHCTB ¢ GosbimuM HoMepoM (Hampumep, V0 mo V). On-
HaKO B TAaKMX MMPOCTPAHCTBAX HET BO3MOXKHOCTHU BBeCTHU 6a3mc, COCTOAIIMT 13
(IByMepHBIX) CHBUrOB OTHON GYHKIMU (M3HAYAIBLHO XOTEJIOCH OBl HANEAThH-
cst, uTo 510 OynyT casuru yukuum P (z)yY(y)). Tem He Menee, B KauecTBe
GYHKIII, TOpoXKJaoNmX 6a3mc B mpocTpaHcTBe W, MoXHO B34TH QYyHKIUN
Pi(z,y) = Y(x)Y(y), Ya(z,y) = Y(2)e(y) 1 ¥3(z,y) = ¢(z)¥(y), KoTopsre
MBI OyZleM Ha3bIBaTh COOTBETCTBEHHO QYHKIIMAMU THUMA Y, @, . B sTom
HEeT HUYEro yANBUTEILHOTO, MIOCKOJIBKY JIOTUYHO CUNTATD, YTO MIPOCTPAHCTBO
VO "B 4 pasza menpme” mpoctpancTa V'!. CremoBaTenpHO, IPOCTPaHCTBO
WP cocrasaser 3/4 ot mpocTpancTsa V. TlosToMy 1iid ero mpeicTaBiIeHA
HYKHO ’B TpHu pasa 6oblie”’ 6a3mCHBIX QYHKITUI.

Cxema mpollenypbl HaXoXIeHns Ko>hOUINEHTOB pasiokeHnss QyHKINT 13
V! nmo 6asmcam mpocrpancts VO u WP npusemena ma Puc. 1 u mossoc-
ThIO CBONUTCSA K OMHOMEPHBIM ajiropuTMam. g HaxXoXIeHUs >TUX Kodd-
GUIINEHTOB HYXKHO PAaCIOJIOXUTh KO3DGUIMEHTHI Pa3jIokKeHUs MO CIBUTAM
MacIITabupymoleil GyHKIHMU mpocTpaHcTBa V! B Bume (6eckoHeuHOlT) MaT-
puribl. K KaXmoit cTpoKe 5TON MaTpPHUILI HYXHO TPUMEHUTH OTHOMEPHBIN
aJITOPUTM pasiiokeHus Ha nmpocTpancTBa V u W. Ha BeIXome sTou mponeny-
PBI TTOABATCS nBe MaTpuiibl Ay 1 Ay, COOTBETCTBYIOIINE TPOCTPaHCTBAM V|
u W. Ha BTOpoM 3Talle Hy>KHO TOT K€ aJITOPUTM MPUMEHUTH K CTOJIOIaM
stux MaTpuil. Kaxkmas m3 HUX cCHOBA pacrnajieTcs Ha aBe. V3 marpumsr Ay
nostydarca marpunbl Ayvy m Ayw, a us Aw — marpunsl Awy u Aww.
IIpu stom B MaTpume Ayy okaxyrTcsa KodbdUIIMEHTHI pasjioXkeHHs Mo 6a-
3UCY CIOBUTOB (QYHKIINU (P MPOEKIINU MCXOAHON GYHKIIMU HA MPOCTPAHCTBO
V', a B ocTaBImXCcad Tpex MaTpuilax OyAyT Ko>(POUIIMEHTHI Pa3IoKeHUs IO
6a3MCcHBIM QYHKIUIM MPOCTPAHCTBA BCIJIECKOB. [laibHeNIUi mpoliecc pas-
JIOXKEHUS 3aKJII0UaeTCsA B Iolave Ha BXOJ TOJIBKO UTO OMMMCAHHOTO aJTOpUTMAa
MaTpuibl Ayy 1 T.0.

v 144

V /4 A A

44 ww

Puc. 1

Cxema ciy4as, Korjia OIrcaHHas BBIIIE MPOIENypa NTePUPYeETCa TPHU pasa,



npuBenera Ha Puc. 2. MgbI B sToM ciydae 6ymeM TOBOPUThb, UTO 24Y6UHG
npepabomxu MacCUBa paBHA TPEM.

+

Puc, 2

SaMeTI/IM, 4TO, OIIMCaHHad BBIIIEC KOHOCIIIUA ITPOCTPAaHCTB BCIINIECKOB MME-
€T ONH O‘IGBHI[HBIﬂ n3bal. OH COCTOUT B TOM, UTO IIPOCTPaHCTBO BCIIJICCKOB
W 0 Ha CaMOM Je€JI€ ABJIA€CTCA OpTOI‘OH&JIBHOfI CYMMOfI TpeEX IMMPOCTPaHCTB:

Wo=W'oW%hae (W' V) e (V°eWw?),

TOJILKO TIEPBOE U3 KOTOPBIX MOXKHO II0 IIPABy CUNTATh MIPOCTPAHCTBOM BCILJIEC-
koB. IIBa mpyrux cocrosT u3z GpyHKUUI, KOTOpbLIe JIUUIb ~HanosoBuHy” (iu-
60 o BepTUKAJN, JInGO M0 TOPUBOHTAIIN) SABJIAIOTCA Beiwleckamu. [losTomy,
BUINMO, BO MHOTHUX CJIyYasdX IIOJIE3HO MO BEPTHUKAJIN W MO TOPU3OHTAIN
MIPOBECTU AAJIbHENIIIee Pa3jIoKeHNe MPOCTPAHCTB V, T.e. UCIMOJIB30BATh IJIA
06paboTK! He pacCMOTPEHHOEe HaMU IPeNCcTaBIIeHIE

L*(R%) = (W7,

JEZ

a pa3JjIoKeHUne

L*(R%) = L*(R) @ L*(R) = (eW7) R)(eW’) = EH W’ @ W7,

C Touku 3peHHUs BBLIUUCIUTEIHLHBIX 3aTPaT 3TO BEAeT COBCEM K MX yBeJmde-
HUIO npuMepHo B 1.6 pa3, a UOenHO aJTOPUTM Pa3JIoKeHUs He CTAHOBUTCS
ciaoxuee. VzmeHeHme 3aKiTioyaeTCcs B TOM, U4TO IO CTpoKaM maTpuilbl A Kak
TI0 OTHOMEPHBLIM CUTHAJIaM BBIYUCIIIOTCA UX KOYPPUITMEHTHI Pa3IoKeHN 110
6asmcaM mpocTpaHcTB WY, a 3aTeM K TOMY UTO HOJIYYIIOCH Ha IEPBOM 5Ta-
e IpUMeHsAeTCs Ta XKe mporenypa mo crojbimam. Cxema Takol o6paboTKm;
npuBeneHa Ha Puc. 3.

Puc. 3
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dcHo, uTO OomHOMEpPHBIE TIPOIEAYPHI MOTYT OBITH PEATM30BAHbBI JIFOOLIM 13
OMMHICAHHBLIX paHee WK MpenjaraeMbIX HaMU B HajibHelIeM cnocoboB. Takum
obpa3oM, C aJITOPUTMUYECKON TOUKW 3PEHUS MPU Iepexojie K MHOTOMEPHOMY
cenapabeJJbHOMY CITy4Yalo He TOSBIIAETCS HOBBIX IPOO6JIEM.

BameTum, uto B KauectBe KMA npocTpanctsa L2 (R?) Mbr 6pasu TeH3op-
HO€e IIPOM3BeNeHNEe ABYX OMMHAKOBBIX omHoMepHBIX KMA, Ho B ciiyuae Heo6-
XOOUMOCTH, KOT/Ia JTaHHLIE He OMHOPONHBLI IO BCEM M3MePEHUSIM, MBI BIIOJTHE
MOKeM OpaTh I KaxXmgoro mamMepeHnus cBoil cooctBenubmmi KMA. Hawnbostee
TUNWYHLIM ITPUMEPOM TaKOW HEOTHOPOTHOCTM SABJISeTCSA BUIeoM300paxKeHNe,
s KoToporo nBa MPOCTPAHCTBEHHBIX M3MEPEHUs MOXHO CUNTATL PaBHO-
NPaBHBIMU, & TPEThe U3MepeHne (BpeMsi) HyKAAeTCs B CBOEN CIeuduIecKoin
obpaboTke. CurHasl BIoJIb BPEMEHHON KOOPAMHATHI UMEET CYIIIeCTBEHHO 60-
Jiee BBICOKYIO TJIAKOCTh, YeM OTHOCHUTEIHHO ITPOCTPAHCTBEHHBIX KOOPIMHAT.
CienoBaTesIbHO, COTJIACHO OOINeMY MPUHIAIY O COOTBETCTBUM CBOWCTB 6a3m-
ca 1 MpuodImKaeMonl QYHKIINM HYXKHO BHIOMpATh IO BpeMeHHOU IlepeMeHHOUN
KMA c¢ noBBIIIIeHHON TJIaTKOCTBIO.

Eite onun memoctatok KMA, aBIffommxcss TEH30PHBIM IIPOM3BEIEHUEM,
HarJIAIHee Bcero mpospisercsa Ha npuMepe KMA ¢ 6asucamu coBuroB, mme-
IOIINX KOMITAKTHBIN HocuTedb. HocuTessiMu 6a31MCOB B TEH30PHOM ITPOM3Be-
meHUW OyIyT MPAMOYTOIILHUKU, UYTO He o4eHb yINoOHO, HAIIpUMep, NJIS Mpel-
CTaBlieHUs N300paXxkeHUN, popMa 06bEKTOB Ha KOTOPBLIX MMeeT TJIallK1e odep-
Tauus. KpoMe Toro oT6GpollleHHBIE IPU CXKaTUU M3006paxeHUs KoddpduiimeH-
THI PA3JIOKEHUs BENYT K MOSBIIEHUIO UCKAXKEHUN MPaBUIIbHON (HOpMBI (mps-
MOYTOJIbHUKOB WJIM TI0JIOC), KOTOPBIE BHUIHBLI 60jlee OTYETINBO, UeM MCKa-
XKeHus HempaBwibHon (opmbl. Crmocob 6opbOLI ¢ 5>TUM SBJIEHUEM OIUH —
mocTpoenne MHoromepHbIx KMA 6ostee o61iero Buma, 4ueM TEH30pHOE ITPOM3-
Benenne omaoMepHBIXx KMA. HekoTopble mogxonbl K MOCTPOEHUIO HECETapa-
6esbHBIX 6asucoB npusenensl B [SZ1], [SZ2], [KS]. Crout ormeTnTs paboTy
[KS], rme crpoutcs npumep nBymepuoro KMA, KoTOpBIil He yIOBIEeTBOPSET
Onpenenennio 1, MOCKOJIILKY B HEM pacCMaTpPUBAETCSA He MPAMOYTOJbHAS, &
rekcaroHajbHas peretka capuroB. Ilpm stom KMA, mocTpoeHublir B 5TOI



paboTe uMeeT HaGOp 6A3UCHBIX (HEOPTOTOHAJBHBIX) (PYHKIUIL C HOCHTEJEM
Ha MMPABUWILHOM MIECTUYTOJhHUKE, UTO 3HAUNTEIHHO MPUATHEE, YeM MPIMO-
yroiibHuK. K coxajieHuto, He BUIHO, KaK 3TOT IpUMeEP MOXHO aqalTUPOBATh
o/l KOHKpeTHBIe 3amaun. HecMoTps Ha ero »jeraHTHOCTh TPYIOHO IIPENIo-
JIOKNUTH, UTO OH OKaxeTcs 6ostee sdpdexkTuBubiM, yeM KMA, mopoxkmeHHbie
TeH30PHBIM ITPOM3BENEHUEM.

Cnenaem elre ommo 3aMedaHme, Kacaloleecs Hecemapabembubix KMA. B
obIIeM ciIyuae pasjoxkeHIe Mo TakuM Gasucam TpebyeT GOILININX BLIUMCIIN-
TeJILHBIX 3aTpaT. B camMom mdesie, Ipu MOC/IENOBATEIbHON PeaJIN3allil OIHO-
MEPHBIX CBEPTOK CHAUYAJIa MO CTPOKaM, MOTOM MO CTOJI6IaM MaccuBa (Miim
Hao6opoT). 3aTpaThl HAa OOWH 3JIEMEHT MaccuBa paBHBL 2 - (2N < 1) ome-
paluii CJIOXKeHUs W YMHOXeHUs, raie N — IJIMHa CBEPTHIBAIOIEro okHa. B
ciiyyae Xe MPIMO peajin3alliil IBYMEPHOU CBEPTKU ¢ OKHOM paszmepa N X N
TpebyeTca 2N? &1 apudmeTndeckas omepanya. TakmMm o6pa3oM, B 3aJadax,
TpeOyIomuX OLICTPON peajin3alini, IpuMeHeHe HecelmapadeTbHBIX BCIVIECKOB
MOXKeT OBITH OIMPAaBIaHO JIUIITL B CJIyYae, €CITN OHU CYIITeCTBEHHO IMTPEBOCXOIAT
TI0 CBOMM KadeCcTBaM cerapabeibHbIe Ga3MCHI.

§14. Bcmiecku Memnepa u barTina — Jlemapsbe.

OnHuM 13 caMBbIX MEPBBIX MPUMEPOM BCILIECKOB SBJISAIOTCSA BCIlecKu Meii-
epa. HecmoTps Ha To, 4To 3T 6a3uchl He MOMMYCKAIOT CBepX3d(HeKTUBHBIX
UNCJIEeHHBIX AJITOPAUTMOB pa3jioXeHUs W BOCCTAHOBJIeHUS (PYHKIUN, OHU WH-
TepeCcHBbI BBUNIY MPOCTOTHI X KOHCTPYKIIUU M UX BAaXKHOCTU NJiA OOIllell Teo-
pUU BCIUIECKOB UM UX MPWIOXKeHU. B wacTHOCTHU, TIpU MOMOIIM KOHCTPYKITAN
Meiiepa miis MHOTUX (PYHKIIMOHAJBHBIX MPOCTPAHCTB YAAJIOCH PEIIUTH TaB-
HO CTOSIBHIYIO 3a/ladyy O CYIIIeCTBOBAHUU 06€3yCJIOBHBIX 06a3MCOB, COCTOSAIINX
13 TTOJTMHOMOB.

IlocTpoenue Ga3mcoB Mpom3BOOUTCS B YacTOTHOUM objiactu. B kaudecTBe
MacIITabupymolienl GyHKINT Bo3bMeM GYHKIINIO ¢, Ube IpeobpasoBanue Dy-
pbe ABJigeTcd YeTHOU QYHKIIMEN, YIOBIETBOPSAIOIIEN COOTHOIIIEHUIO

(2m)~1/2, 0<w < 2n/3,
P(w) =< 0, w > 47/3,
a(w), 21/3 < w < 4m/3,

rlle HaM IPEICTOUT OIPENeSINTh, KAKUM CBOWCTBAM MOJIKHA YIOBIETBOPATH
GYHKIUA o, I TOro 4Tobbl ¢ mopoxmaiia HekoTopbii KMA. Ilpexmne uem
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NPUCTYNOUTHh K HAXOXKIEHWIO STUX CBOICTB, CIejaeM /Ba 3aMedaHus. Bo-
IEPBBIX, GYHKIUS ¢ SBIISETCI AHAJINTUIECKON BBULY QUHUTHOCTU HOCUTEJLS
ee npeobpasoBanus Pypre, uro camo mo cebe MHTEPECHO U BaXKHO, ONHAKO
5TOT (PaKT TOBOPUT O HEPA3yMHOCTM NPUMEHEHUs S>TUX 6a3MCOB I KOIW-
pOBaHUs U CKATHs HENVIAIKUX CUTHAJIOB THUNA 3BYyKa U m3o0b6paxeHuil. Bo-
BTOPBIX, KaK M3BECTHO, CKOPOCTH YObIBaHUs (OYHKIMU HAa GECKOHEYHOCTH 3a-
BUCHUT OT I[JIAZKOCTH ee mpeobpasoBanus Pypre. Takum obpasom, cKopocTsh
yOBbIBAHUA MOXHO PeryIupoBaTh [VIAAKOCTHIO (QYHKIUM ¢ U TVIANKOCTBHIO €€
cKJeliku ¢ moctosuHon (27)~ /2 u mysem B Toukax 27/3 u 47/3.

IIepBoe (u eqUHCTBEHHOE) YCIIOBUE, KOTOPOMY HOJIKHA YAOBIETBOPATH (GyHK-
Vst o, BBITEKAeT U3 paBeHCTBa (4.6), SBISIONIErocs HeOGXOOUMBIM U OCTa-
TOYHBIM Y CJIOBHEM OPTOHOPMUPOBAHHOCTH CUCTEMBI LEJIOUNCIIEHHBIX CIBUTOB
dyuxiuu . U3 (4.6) na unrepsase (27/3,47/3) nomyuum

% — a(@)[? + a(dn/3 o).

OueBunHO, CylIecTByeT 6ECKOHEYHO MHOTO PEIIEHNUN, YIOBIETBOPAIOIINX II0-
cJIeMHeMY ypaBHeHMIO. Hciaum paccMaTpUBaTh JIMIIL MOJIOXKUTEIbHBIE pellle-
HUs, TO YA0O6HO TIPeCTaBUTh UX B BUIE

IZle ¥ — MIPOM3BOJIbHAS oNpeleieHnas Ha unTepsase (0, 1) byHkuus, ynosie-
TBopstottias coorHomenmo v(z) + v(1 <) = 1. To, uro HUKakux OPyrux
OTpaHWYeHUl Ha  He TPebyeTcs, CJeAyeT W3 TOro GakTa, YTO OIpPENeiIUB
Ha nepuofne byHkumio mo(w) = ¢(2w). Homyunm, uro $(2w) = me(w)@(w).
OToro mocraTouHo, uTobBI PyHKIUS ¢ Hopoxknama KMA.

I'paduku Gasucubix dyukuuit Meliepa u ux npeobpaszoBanuit Pypbe mpu-
BeneHbl Ha Puc. 1.
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OnyH n3 caMbIx mpocThix npuMepoB KMA natoT npoctpancTsa V7, cocto-
SIIIe W3 CIUTAHOB MUHUMAJBHOTO medeKTa ¢ y3iaMu B Toukax k277, k € Z.
HamomuuMm, uTto cnaatinom nopaoxa | munumanvbrozo dedexma ¢ y3iaMu B
IIeJIOUNCIIEHHBIX TOUKAX Ha3bIBaeTCA (PYHKIWS, SABIISIONIAICT MeXIY JIFOOBI-
MU IBYMs COCEMHUMHU y3JIaMU TIOJTMHOMOM TIOPSZIKA He BHIIIE [ 1 HETPEPLIBHO
nuddepentupyemas [ <1 pas Bo Bcex Toukax (Bkitouas y3ibl). Ciyuvaii [ = 0
COOTBETCTBYET KYCOUHO-TIOCTOSHHBLIM (QYHKIUIM, a [ = 1 — HelpepbIBHBIM
KyCOUHO-JIMHEHHBIM. 3aduKcupyeM | U B KadecTBe mpocTpaHcTBa V', To-
poxnatoriiero KMA, Bo3sbMeM COBOKYIHOCTD CINIAHOB MOPAAKA [ ¢ y3jaMu B
IIeJIOUNCIIEHHBIX TOYKaX, NpuHaulexkamnmx npocrpanctsy L2 (R). dcwno, uTo
9TO MPOCTPAHCTBO MHBAPUAHTHO OTHOCUTELHO II€JIOUNCIIEHHBIX CIIBUTOB ap-
r'yMeHTa, KpoMe Toro, oueBunHo, uro V° C V1. BosmoxHOCTL mpubamKkeHns
dyukumit n3 L2 (R) ¢ mpousBosIbHON HAalepel 3aTaHHON TOYHOCTHIO CIUIAMHA-
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M 13 V"™ TakxKe IBJISeTCSI U3BECTHBIM U3 Teopun CIianuoB ¢akToMm. IlosTo-
My IpocTpaHcTBo V' gBiIgeTcs XOpOIINM KaHAMIATOM Is reHeparmu KMA.
Ilnst mokasarenabcTBa cBoiicTBa T) KMA HyXHO uMeTh momxomsmuii 6a3uc
npocTpaHcTBa V', cocToAmmil U3 IeI0UNCIeHHBIX COBUTOB ONHON (GYHKIINM,
MPUCOHBIN IJIA MOCJIenyIomeid oproroHadmsanun. CaMbIM IPOCTHIM TaKHAM
6asucoM sABJIgeTCA 6a3uc MOPOXKIEHHLIN B-CIIaiiHOM.

HamomuuMm onpenenenne B-crnanna mopsngka [. CHauajia maguM HHOYK-
THUBHOE ompemnesieHne. B-cmianmoM mopsaaka 0 Ha3bpIBaloT QYHKIIHIO

1, z€[0,1),

Bo(@) =1 z & [0,1).

Ecau mamu ompenenen B-criaiig mopsaka [, To cmuianH [ 4+ 1-ro mopsaka
OTIpeNesIAeTCs YepPe3 CBEPTKY

Bl+1 = Bl * BO.

Conaitn B; umeer HocuTesb, npuHamyexamuil otpesky [0,! + 1], npuuem
rpadpuk B-cnsaiina cummerpudeH oTtHocuTeabHo Touku (I + 1)/2. Bsumy

TOTO YTO .
A w2 Sinw/2

Boy(w) =e o2

II0 TeopeMe O CBEPTKE HOJId ITPOM3BOJIEHOI'O ) IIOJIYUYNM

Bl(w) — e—ilw/z Sinw/2
w/2

Basucer cnBuroB B-ciiiaiilHoB MMeIOT MacCy MOCTOMHCTB. B wacTHOCTHM, B-
CIUTAIHEI IMEIOT MUHUMAJIBHEII pasMep HOCHTENIA U3 BCEX CIIAHOB JaHHOTO
nopsagka. OmHaKO IejlouncieHHBIe cOBuru B-cmtaiaos npu [ > 0 mHeopToro-
HAJIbHEL

OnuH 13 BO3MOXHEIX CIIOCOG0B OPTOTOHAJIM3aIliU CUCTEMBI COBHTOB B-
crtaitHoB 6611 npenioxer Bartiom [B] u Jlemapse [L].

PaccmoTpuM o61mmii MeToJ OpTOTOHAIN3AINI IIPON3BOJILHOTO Oa3Kca CIBH-
roB {p(z<n)} B mpoctpanctse VO, apisiomerocs 6azucom Pucca, T.e., Korjia
HalimyTca Takme aBe KoHcTaHTHI C; m Cy, 4To Oy 1060l MOCIeIoBaTENh-
HocTu {c,}, A KoTopolt . |c,|? < 0o, cpaBensMBLI HepaBeHCTBa

2

C1 Y leal’ <D enp(e @n)|| < C2> el (1)

n n n



JokazaTesbCTBO BOZMOKHOCTH OPTOTOHAIM3ALIN IPOU3BOJIbHOTO 6asuca Puc-
ca, COCTOSIIErO UX COBUIOB OTHON GQYHKIMU TAKUM 06pa30M, UTO HOBBI (yKé
OPTOrOHAJIBHBI) Ha3UC TaKKe COCTOUT U3 COBUIOB OIHON (GyHKUUM, SABIIAET-
st BropbiM (mociie ompeneieHus KMA ) BakHeRIIIM MOMEHTOM KITACCUIECKON
crareu C.Mamma [Ma].

Beuny oproronanbuocTu npeobpaszopanus Pypbe HopMa QyHKUUM paBHA
HopMe ee npeobpasoBarus Dypbe, HOITOMY CPEIHUI UWIEH IOCIIENHETO HEPa-
BEHCTBA MOXKET OBITH HPENCTABIIEH B BUJIE

2 2

chgo(0<:>n) :/OO che_mw@(w) dw =

n 0| n

27 2 27
[T cne| Slptert2mP do = [ a)Pe? )
0 1 0

, 1/2
rae a(w) =, cpe " u &(w) = <El |p(w + 27rl)|2> . Ilockompky kBam-

paT HopMmBI QyHKINM o paBeH 27 Y. |c,|?, To mombop ¢, mopoxnaromux
6asuc Pucca cBoguTCa K BBIACHEHHMIO, KAKUM 06Pa3oM MOXKET WM3MEHAThLCS
(yBenmuuBaThCA MM yMeHbIIaThCsA) HopMa dynkiun u3 L2 (T) nocse ee ym-
HOXKEHUS Ha HEKOTOPYIO MEPUOANYECKyIo (B HAIIEM CIIydae MOJI0KUTENbHYO)
dyukmuo ®. Xopolo u3BeCTHO (U MOYTU OYEBUIHO), UTO

¢
sup lla]}2 = esssup |P(w)| = M,
a€l2(T) [lexl|2

inf llo]}2 = essinf|P(w)| = m.
a€ll2(T) ||Oé||2
Takum obpasoM, Ojig Toro uToObI 6a3mUC COABUTOB, MOPOXKIEHHLIN (DYHKIIHEN
¢, 6b11 6asucom Pucca, Heo6XoAMMO M AOCTATOYHO BHIMOJIHEHIE HEPABEHCTB
0<m< M < oo. llpu atom C; = 2mm?, Cy = 2w M?2.

Caenmyroras mpobseMa — OpTOTOHAJIM3AINA Tpou3BoIbHOTO 6asuca Pucca,
COCTOSIIETO U3 CABUTOB GYHKIUU . JICHO, UYTO HAM IOCTATOUYHO B KaueCTBE
GYHKIUU ¢, TOPOKITAIOIIEN OPTOHOPMUPOBAHHBIN 6a31C CIBUTOB JOCTATOYHO
B34ATh QYHKIINIO, Ube MpeobpasoBanme Pypbe onpenensercs GopMyJIon

: B(w)
)= ey
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BBuny mepaBeHcTBa m > 0 mocilemqHee pPaBEHCTBO OIMPENESIEHO KOPPEKTHO.
Kpome Toro, kaxmnas m3 GyHKIUN Hapbl ¢ U @ SABJISETCS JIUHEWHON KOMOU-
Halllell IeJIOUNC/IEHHBIX COBUTOB APYToll QyHKIWH. OTO CJledyeT U3 TOro,
uyTo ux npeobpaszoBanus Pypbe orimuarorcs MuoxuTesneM 27 P(w), aBs-
IOMINMCA 27T-TIepUOInYecKOll orpaHUYeHHON (QYyHKIIMEl, oO6paTHas K KOTOpPON
1/4/271®(w) Takxke orpanmuena. CiemoBaTesibHO, KO>(hDOUIMEHTAMEU DPA3JIo-
XKeHUs omHoU 13 GYHKINN I10 6a31Cy COABUTOB OPYTON ABJIAIOTCI KoddduiineH-
ol Pypbe pyukun v/ 27P(w) uu o6paTHON K Heil OrpaHUYEHHON (BYHKIU.
Jlerko BumeTh, UTO ompenesieHHAas TaKuM oOpa3omM GYHKIUS ¢ YIOBIETBOPSET
paBeHCTBY (4.6) — HeO6XOMUMOMY U TOCTATOYHOMY YCIIOBUIO OPTOTOHAJIBHOC-
THU CIIBUTOB.
B cayuae B-cunaiinoB mpu [ = 1 cupaBenjmBa dopMyiia

P?(w) = % <1 + 2 cos® %) ) (2)

a crtand bartia — Jlemapbe 1-ro mopsnka onpenesigeTcs GopmyJion

~ 2 4sin” w/2
¢(w) =4/ 5 2 2/ 1/2°
3m w?(14 2cos?w/2)

KomMmrmstekcHy0 9KCIIOHEHTY 3/1eCh MOXKHO OITYCTHUTh, ITOCKOJIBKY 5TO MPUBENET
BCETO JINIIh K CABUTY T'paduka GyHKINN BIPABO HA €IUHUILY.
Ipul =2

8 13 1
P?(w) = 15 T 3p 08w+ 35 cos? w, (3)
a crtand bartia — Jlemapbe 2-ro mopsanka onpenesiieTcs GopmyJion
. » 8 sin® w /2 8 13 1 1/
— o—8w/2 © - L 2
blw) =e (1 +2cos?w/2)1/2 \15 T 30 ¥ T 358 ¢

Popmyasl mid dyaknun P npu npousBosibHOM [ MOXKHO HanTu B KHure 4.YUyn

[Ch.

§15. OpToroHanbHbie Bciutiecku IloGeirnm.

[osBenue B 1988 romy (cm. [D1]) opToroHambHBIX Ga3sMCOB BCINIECKOB C
KOMIIAKTHBIM HOCHTEJIEM CTAJI0 TeM UMITYIbCOM, bs1arofaps KOTOpoOMy Hada-
JI0Ch JIABUHOOOpa3HOe pa3BUTHeE BCell Teopun BeiuteckoB. Cama mzest ocTpo-
eHUs TaKUX 6a3UCOB MOCIe IPUBEIEHHO BHIIIE OOIIell TEOPUN BCINIECKOB Ka-
XKETCs JlexkKalllell Ha moBepxHocTH. Ho HyXKHO yUMTBHIBATH, YTO (BaKTUUECKH



A

BCIVIECKW C KOMMAKTHBIM HOCHUTeJEM OBIJIM TOCTPOEHBI eIlle N0 YCTaHOBUB-
ITIXCS OOIMX B3TJISAIOB.

Baxno TakxXke oTMeTuTh, uTo nocrpoeune 6asucos U.Hobemn mpoBoguTcs
WCXOJA JINITH M3 TpeOoBaHUA KOHEUYHOCTU HOCUTEJIA O0a3MCHBIX QYHKIIUN, T.€.
10 OOJIBLIITIOMY CUETY, U3 TPeOOBaHUS MUHUMU3AINN BEIUYUCINTEIbHBIX 3aTPAT
I aJITOPUTMOB TEKOMITO3UIINN U PeKoHCTpykKumu. llpu sTom okasbiBaeTcH,
YTO TOoJIydarolmecs 6a3mchkl obJIaaloT W IPYTUMU XOPOIITUMU CBOWCTBaMMU,
HeOOXOOUMBIMU IJIA TOTO, YTOOLI OHW MOTJIN OBITH MCHOJIB30BAaHBLI KaK alma-
paT Ojis o6paboTKM CUTHAJIOB WK HOpubimxeHus GyHkiui. B mepByio oue-
penb, BaXXHO, YTO MoJTydatolmecs GQYHKIINN 00eCIIeYnBaIOT XOpolllee pasielie-
HIE YacTOT MEXAY Pa3sHLIMU YACTOTHBLIMU YPOBHAMHU pasjoxkeHus. Bopouew,
TOT TTapaMeTp ABJISIETCA B OIPEeNeIEHHON CTENeHU PeTyIINpPyeMbIM.

Nrak, nepeiineM HemocpeACcTBEHHO K MocTpoeHuio 6asucoB [loberm. [Ipen-
TOJIOKUM, UTO (PYHKIUS (¢ ¢ KOMITAKTHBIM HOCHUTEJIEM TOPOXKIAaeT OpPTOTO-
HAJILHBIN 6a3MC BCIJIECKOB TOTIa KOA(POUITMEHTHI B MACIITaOUPYOIIEM yPaB-
Henuu (4.1) MOTyT 6BITH BBIUUCIIEHBI IO GopMyJle

hy, = 2/00 o(z)p(2z ©n)de.

— o0

BBuny xoMmmakTHOCTH HOCUTES PYHKIIUM (p JIUIIL KOHEYHOE YHCIIO KOo3ddu-
IIUEHTOB A, OTJIMYHO OT HyJd. Takum obpaszoM, GyHKIUSI

1 —nw
mo(w) = 7 Z hpe

ABJIAETCSA TPUTOHOMETPUYECKNM IoJjmHoMoM. M 3amada mocTpoeHHMS opTOro-
HAJIbHLIX 0a3MCOB C KOMITAKTHBEIM HOCHTEJIEM CBOAUTCA K HAXOXKIEHWIO ITOJIN-
HOMUAJILHBIX pellleHuit ypapuerus (4.7).

[Tpexme ueM 3aHATHCA pellleHueM ypaBHeHus (4.7), HalileM MeTOI BOCCTa-
HOBJIEHNSA (QYHKINN © II0 €€ IOJIMHOMY M. Bo-IepBhIX, IJId ¢ ¢ KOMIAKTHEIM
HOCUTeJeM ee npeobpasoBanmne Pyprhe ABIIgeTCA aHAJINTHYIECKON (DYHKIHEN.
IIpy 5ToM MOXHO IOKa3aTh, 9TO y¥Ke U3 HEIPEPLIBHOCTH (PYHKIUU ¢ B HyJIE
crenyer (cm. [D2]), uto $(0) # 0.° HepwImonmeHme 5Toro yciioBus BiledeT
HapyllleHne ycioBusa mioTHocTu mpoctpancts V™ B L?(R). Torma ms mac-
mTabupyoiero ypapueuus (4.3) mosyuum, ato mo(0) = 1.

%Bousnee Toro, |¢(0)| = 1/4/2x.
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Bocnosb3oBaBuincs HyKHOe UYHCIO pa3 MacITAGUPYIOUMM ypaBHEHHEM
(4.3), momyunm

p(w) = ¢(w/2)mo(w/2) =

(o A)mafeo/maleo/2) = -+ = <= [T ma2*0). (1)

IIycthb Temeps my — TPUTOHOMETPUUECKUN MOJIMHOM, YIOBJIETBOPAIOIINI YpaB-
Henuio (4.7). KakuMm HomosHUTENbHBIM CBOMCTBAM OH IOJIKEH yIOBJIETBO-
pATh, uTobBI Mo dopmyse (1) momyuanmack (GYHKIUs, KOTOpas MMEET KOM-
MaKTHBIA HocuTens u mopoxknaer KMA npocTpanctsa L2 (R)?

CHpaBeI[JII/IBBI cieaymrimme nBe JIeMMbIlO

JIEMMA 1. [MA]. Ecau mo — 2m-nepuoduueckas gynkyug, yoosiemeo-
pmowad ypasneruto (4.7), u npouseedenue (1) cxodumes noumu eciody, mo
e2o npedea geagemes Pynryuet uz L?(R) ¢ nopmot ||¢lls < 1.

JIEMMA 2. [DD]. Ecau dag mpueonomempuuecrozo noaunoma T(w) =
ZgiNl e *¢ cnpasedaueo pasencmeo T(0) = 1, mo [[o-, T(27"w) g6.1-
emesd yeaot Gynryuel IKCNOKEHYUALLHO20 MUna, Ybe npeobpazosanue Dy-
pve npunadaexcum ompesky [Ny, Na].

K coxanenuto, Bernosaenue yciosus (4.7) ellle He TapaHTUPYET TOTO, YTO
GYHKIUA @, CyIlleCTBOBaHWE KOTOpou cirenyeT u3 Jlemmer 1, mopoxmaer KMA
npoctpancta L2 (R). Ins Toro urobel dynkuus ¢ nopoxnanta KMA myx-
HO, 4TOOBI OHa ymoBieTBopsuia yciaoBuio (4.6). Kuaccuueckuit mpumepowm,
KOrIa I Mg CIpPaBelyiuBo paBeHCTBO (4.7), a mopoxmaeMas 1o dopmyiie
(1) dyukums ¢ He ynoBierBopser (4.6), sBiseTcs GyHKIM

_ 1+e ™
B 2

) ) 1 —3iw ) 3
(1 e W 4 6_2“") = +GT — e 3W/2 (g 7&}

mo(w)
[Toncranoska ee B dpopmyity (1) mact Ham GyHKIUIO

e~31/2 sin 3w /2

10Mx mokaszaTenncTBO Takke MoxHo HafiTu B [D2]
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JJIA KOTOpOfI CIIpaBE€OJINBO PAaBEHCTBO

1 1 4 2
Mw+ 2|2 = — [ = + = cosw + = cos 2w
%

2m \ 3 9 9

[Tocnenuee BBIpakeHme obpainaeTcs B HYJIb OpU w = 27/3, MOYTOMY CIBUTH
GYHKIIIM ¢ He TOJBKO He 00pasyioT OpTOrOHAJBLHOrO 6a3mca, HO maxe He
asistoTcs 6asucom Pucca.

Onnako cymecTByeT ycnosue copmymupobantoe A.Kosuom [C] B Tepmu-
HaX HyJell QYHKIIUKA Mg, KOTOPOEe MOJIHOCTHIO OMMMCHIBAET MOJIMHOMEI Mg, TO-
poxnatornime KMA. Bynem roBopuThb, YTO KOMIAKTHOE ITOAMHOXECTBO MIpS-
moit K xonepysnmmo oTpesKy [&m, 7| mo Momyiio 27, eciin ero Mepa paBHA
27, m s kaxmporo & € [&m, 7| HalimeTcs Takoe mesnoe [, uro £ + 27l € K.
NupiMu cimoBaMu, eciin OpsAMYIO, Ha KOTOPO HaxomumTcs MHOXKecTBo K, "Ha-
MOTaTh’ Ha €MUHUYHYIO OKPYXKHOCTh, TO KaXKmaasd TOUKa OKPYXKHOCTHU OymeT
MMOKPBLITA KaKoW-HUOyIbh W3 TOYeK MHOXKecTBa K.

CopasenmuBa ciemyomias Teopema, npunamiexkaimas Kosuy (cm. [C]).

TEOPEMA 1. Ilycmb mg — mpuzonomempuueckuti noaunom, yooe.iemeo-
pmowut yeaosuo (4.7), a dynryug ¢ onpedesena no gopmyae (1). Tozda
dynryuu {p(z ©n)} obpasyom opmoHOPMUPOEAHHYIO CUCTNEMY 6 TOM U
MoAbKO MoM cayuae, Koz2da natdemced Komnaxmuoe muoxcecmeo K, wom-
epyonmmuoe ompesxy [Sm, 7| u codepacawee oKpeCMHOCTG HYAA, 04T KOMO-
pozo

inf inf |mo(27%w)| > 0.
k>0 weK

Y ciioBIE OPTOTOHAJILHOCTH, IPUBENeHHOE B T'eopeMe 1 IpoBepnThH He OYEHD
npocto. OmHAKO B GOJLIIMHCTBE CJIy9aeB MOXKHO OTPAHNYNTHLCA OYEBUIHEL-
Mu ciencTBuaMu Teopembr 1. Hampumep, mis opTOroHaJLHOCTH CIBHUIOB

I[OCTE':LTOUIHO11 BLEIIIOJTHEHNE HEpPpABECHCTBaA

inf 0.
] < /2 o)} >

Ha camom nene, uz Teopemsr 1 moxHo BbiBecTu (Kosu (cm. [C]), uro nus
OPTOrOHAJIBHOCTHU ITOCTATOUHO OTCYTCTBUE HYJIEN MOJMHOMA Mg HAa OTPE3KE
[&m/3,7/3]. OmHako sTOT hakT yxKé He ABIAETCA TPUBUAILHBIM CIIENCTBIEM
Teopemsr 1. 3ameTnMm, 4To Wi CTAHAAPTHLIX MPAKTUYECKN BaXHBIX IIPIIIO-
KEHUI IJ1s IPOBEPKU OPTOTOHAIBLHOCTH TOCTATOUHO BOCIIOJIB30BATHCA CAMBIM

11Cm. Masnna [Ma)
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CJ1a0bIM U3 CJIEACTBUI, TaK KaK B OOJILIIIMHCTBE CIIyUaeB Mg oOpalllaeTcs B
HYJIb JIAIIbL B TOYKAaX w = *T.
IlepetineM Temeph HEMOCPEACTBEHHO K MONCKY IOJMHOMUAILHBIX PeIIeHIN

1 —nw
mo(w) = 7 Z hpe

ypasuenus (.7). Kak 6buto oTMeueHo B Hauasle 5Toro maparpada, QyHKIus
mo obA3aHa MMeTh HY/Ib B Touke 7. llycTb 5TOT HY/Ib MMeeT KPAaTHOCTH'>
N. Torpma nsis moJimHOMa Mg CIPaBEIJINBO MPENCTaBIIEHIE
— N
1+e*
mo(w) = | —5— ] £L(w),
2

rae L(w) — TpuroHoMeTpudeckuii mosuHoM. Mel 6yneM paccMaTpuBaTh CITy-
vaii BemecTBeHHoro KMA, mosToMmy Bce kKoddduiueHTH h,, BellleCTBEHHEL.
CienoBaTesIbHO, BeIeCTBEHHBI U KodddumumeHTH mojnHoMa L. Bsemem B
pPacCMOTpeHNE HOBBIN HEOTPUIATETLHBIN TPUTOHOMETPUUECKUN TOJTMHOM

My (w) € |mo(w)?

Cornacao (4.7) monmuaom My ymoBiIeTBOpSET ypaBHEHUIO
My(w) + My(w+7) =1 (2)

1 MOXeT ObITH NPEACTABIIEH B BUIE
WA 2N
My(w) = <cos 5) L(w),

rne L(w) = |£(w)|?. Beumy Toro, uro mosmuoM L MMeeT BelleCTBEHHbIE KO-
5 GUIMEHTHI, TTIOJIMHOM L ABIIAeTCS YeTHBIM, CJIEIOBATEIbHO, OH IBJISETCS aJl-
rebpamd4ecKnuM ITOJIMHOMOM OTHOCHUTEIBHO COSW, a 3HAUUT, ajreOpamdecKuM
OJIMHOMOM P OTHOCHTENBHO sin? w/2 = (1 ©cosw)/2. Beens oboznauenue
& = sin’ w/2, momyunm, uTo 3amada (2) CBOAMTCI K HAXOXKIEHUIO PeEIleHUs
ypaBHEHUS
(1ez)VP(z) + 2V P(1 ©2) = 1. (3)

Pasymeercs, mockombky 0 < sin? w/2 < 1, HaM Heo6GXOMUMO BBIMOJIHEHUE
MOCIIETHETO PaBEHCTBa JUIb Ha oTpeske [0, 1], omHako sCHO, YTO MpPU >TOM
oHO OymeT cIIpaBedJINBO Ha BCEW BeIleCTBEHHON OCH.

Jliist moKasaTeNbCTBA PA3pelINMOCT ypaBHeHus (3) chopMyaupyeM u mo-
KaJkeM CIIeNYIOIIyIo JIEMMY.

12y penuuenne KPaTHOCTHU 3TOTO HYJIA BEAET K MOBLIMIIEHUIO IJIaAKOCTU 6a3MCHBIX QYHK-
LI,
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JIEMMA 3. Ilyecme Py, P, R — aacebpauueckue noAuHoOMbl CINENEHY CO-
omeemcmeenno m, n u < m + n, npuuwem noauromvt Py u Py we umeom
obwuxr xopret. Toeda natidymea makxue noaunomvt Q1 u Q2 cmenenu He
evrwe n <1 um &1, umo

Pi(2)Q1(z) + P (2)Q2(z) = R(z). (4)
Hoaunomer Q1 u Q2 onpedeasiomcesa 00HO3HAUNHO.

3AMEUYAHUE. [laHHas jleMMa B 4yTh MeHee o6liell ¢opMe MPUBOIUTCS B
[D2, c. 169] u [D1]. IIpuBenenHoe HUKe TOKA3aTEILCTBO OCHOBAHO HA IPYLOM
nIee U HECKOJILKO KODOUe.

JIOKA3ATEIILCTBO JEMMBI 3. Ilycrs {z;}?; — Hymu monuuoma P;.
Torza, MOCKOJIBKY CTeIeHb MonHOMa (2 MOXKET HOCTUrATh m <1, OH MOXKeT
6BITH OCTPOEH MCXO/s U3 MHTEPIIONISINOHHEIX yeioBuil Q2 (x;) = R(z;)/ Pa(z;),
Ille PAaBECTBO BBHINOJIHIETCS ¢ KDATHOCTBIO KOpHS ;. lleseHue 3mech ompene-
JIAeTCSI KOPPEKTHO, HOCKOIBKY Ps(x;) # 0. Ilonuuom Q7 Haxomurcs aHaJo-
TMYHBIM 06Pa30M 110 3HAYEHWM B TOUKaxX {y;}7 ; — HyIax mojuHoMa Pj.

Beimontenne paBeHcTBa (4) cilenyeT U3 €ro BBIOJIHEHHUs C yYeTOM KparT-
HOCTH B 1 + ™M TOUKAaX, HOCKOJBKY €ro JieBas U MpaBas YacTU — IIOJIMHOMBI
HopsiIKa He BHIMIE 1 + m < 1.

BBuny enuHCTBEHHOCTH peIlIeHUs PACCMOTPEHHON BBIIE WHTEPIOJISAIIOH-
HOUl 3amaum (Booblle roBops, ¢ KPATHBIMU TOYKAMU) MOJMHOMBEL ()7 1 (Qy
OIIPENEIIAIOTCS OIHO3HAUHO.

Takum obpaszom, corsnacuo Jlemme 3 HalimeTcs emUMHCTBEHHAas Mapa MOJIU-
HoMoB Py m P, mopsnka He Bbilie N <1, yIOBIeTBOPSIONINX YPABHEHUIO

(1 ©z)V Pi(z) + 2V Py (z) = 1. (5)

CrentaB B HOCJIEIHEM PaBEHCTBE 3aMeHy & — 1 <&, BBUAY €IUHCTBEHHOCTH
peltenus ypasHenus (5) moayunm, uro P (z) = Py(1<z). 3HaunT, mosuHoM
Py(z) = Pi(x) ABAsAeTCS eOVHCTBEHHBIM pellleHneM ypaBHeHUs (3) mopsaka
He Bbllle [NV & 1.

Ecnu He Tpe6oBaTh YTOGHI pellleHne ypaBHeHUs (3) UMeI0 MUHAMAJBHYO
CTelleHb, TO €ro BBIGOP CTAHOBUTCS HeofHO3HAUHBIM. OIHAKO MUHUMUI3AIW
CTeIleHN [OJINHOMA PABHO3HAYHA MUHUMU3AIMN pa3Mepa HOCUTENs GYHKII
6asuca, 4To O6BACHIET 0COGYIO BaXKHOCTH Takoro peimrenus. CyurecTByer
ellle OIVH apryMeHT B IOJIb3Y Takoro BeiGopa. C TOYKU 3peHUs HPUKIIATHBIX
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3a7ad BaXXHO, YTOOBI YACTOTHAs XapaKTePUCTUKA (GUIBLTPaA Mg IO BO3MOXK-
HOCTHU XOPOIIO HNpUb/IMKaia CTYNeHbKY — (GYHKINIO, DABHYIO €IUHUIE IIPU
|w| < 7/2 u paBryO HyTIO PR T/2 < |w| < ™. B wacTHOCTH, 5TO TpeGoBaHME
o3Ha4YaeT, 4YTo GYHKIMI Mo(w) HOJKHA UMETh MAKCUMAJbHO INIOCKHUI Ipa-
¢ux B6mm3u Touek 0 u m, rae mo(0) = 1, mo(w) = 0. CreneHp ke MWIOCKOCTH
rpaduKa B HEMOCPENCTBEHHON 6JIM30CTU OT TUX TOUEK OMPENeIIAETCS JIUIID
KPATHOCTBIO B HUX HYJIAd HPOU3BONHON (yHKIUM mo. Takum obpazom, Mu-
HUMAaJIbHOCTh HOCUTEJS Hpu GukcupoBanHoM N U MaKCHMAaJIbHas IIIOCKOCTh
peltenus ypasHeHus (4.7) B IBYX TOUKaX HPU AAHHBIX Pa3Mepax HOCHUTEJ
(Unu cremeHU mONMHOMA Mg ) NPUBOAAT K OJHOMY U TOMY K€ Pe3ylIbTary.

Il pelneHUss MUHIMAIIBHOI CTEIEHNU JIETKO BHINUCATH €ro ABHBIN Bun. B
caMoM Jielle, ypaBHeHue (3), BOCIOIb30BaBIIUCH dopmysioi Teitnopa, MoXKHO
IEPENNCcaTh B BUJE

Pyz)=(1ez) N (1ezVP (1)) = z_:

N+ k&l ok —I—O(xN).
k
ITockonbky Py — mosimaom nopsaaka N <1, To ciaraemoe O(mN ) B mocJienHeM
paBeHCTBE MOXKHO OTOPOCHUTD.

Haiimem Temeph o6Iimil BUI HOJMHOMMAJIBLHOIO pellleHus ypaBHeHus (3)
mist pukcuposarnoro N. Ilycrs P(z) = Py(z) + Pi(x). Torma

(1ez)VP(z) + 2V P (1 &) =0. (6)

CremoBaTenbHo, momuaoM P (z) mesmres ma v, 1.e. Pi(z) = 2V Q(z). Bu-
TIOTHUB TIoficTaHOBKy P B (6) M coKpaTWB TIosTydeHHOe BEIpaxkeHme Ha z'°,
nostyuuMm, uto Q(z) + Q(1 &) = 0. Takum obpasom, B KauecTBe () MOKHO
B34Th [IPOU3BOJIbHBII MOJIMHOM, Yell rpaduK LMeHTPATLHO CUMMETPUYEH OTHO-
curenpHo Touku (0,1/2). 3Haunr, MoxkHO cumTaTh, uro Q(z) = R(1/2 &),
rae R — mpousBonbHEI HedeTHBIH nosmHOM. OKOHYATENBHO IOIYYnM, UTO
IIPOM3BOJILHOE IIOJIMHOMUAJILHOE PeIlleHne ypaBHEHNU (3) IPEACTaBUMO B BUIE

P(z) = Py(z) + xNR(% 1),

a 3HAYUT, IPOU3BOJIbHOE pelienne M, ypaBHeHus (2) BBIPA3UTCS B BUJE

W

My (w) = <cos §>2N L(w) =

<cos£>2N P, 1 &cosw <sin£>2NR 1+ cosw
2 2 2 2
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Hawm ocTaercs pazo6parbes ¢ paspemmmMocThio ypasrerns |L(w)|? = L(w).
SlcHo, 4TO I paspelMoCcT 5TOT0 ypaBHEHUs HeO6X0NMMa HEOTPULATEb-
HocTh mosimHoMa L. OKa3sblBaeTcCs, YTO BBIIOJHEHUS STOTO YCIOBUS IOCTa-
TOYHO IJIs paspemmMocTu. TouHee, cOpaBelINBa CJeNyOIas JeMMa, IIPH-
HamIexamas Puccy.

JIEMMA 4. Ilycmo

K
Aw) = Zak coskw, am €R,

k=0

HEOMPUY AN EALHBIT MPU2oHoMeEMPuUUeckut noaurnom. Toeda natidemes ma-
KOU MPULOHOMEMPUUECKUT NOAUHOM

K
B(w) =Y bre™*, by cR,
k=0

ymo |B(w)]? = A(w).

Takum o6pazom, MBI TTOJIYUNIN WCUYEPIIBIBAOIIEE OMUCAHNE BCEX IOJIMHO-
MOB, yrmoileTBopsitorux (4.7). Ilis Toro uTobbl MPOBEPUTH, MOPOXKAAET JIU
KOHKPETHOE PEIEHNE My OPTOTOHAJIBHBIN 6a31C ¢ KOMIAKTHBIM HOCHTEJIEM,
HYKHO BOCIOJIB30BAThbCA Teopemont 1. B wacTHOCTH, M GymeT mOpoXmaThb
OPTOHOPMUPOBAHHBIN 6a3UC CABUrOB, eciiu P(x) — mosoxkuTeseH Ha 0OTpesKe
[0,1]. Bamerum, uro nosnmHoM P, mosnoxuTenen mis jo6oro N.

I[Ipu N = 1, R(z) = 0 momyuaercs 6asuc Xaapa. ['paduku 6azucHbIX
byukuuit p(z), ¥(x) n abCONMOTHBIX BEJIMYNH COOTBETCTBYIOMIMX UM (DYHK-

tuit mo(w), mi(w) npu N = 2,3 npuseneHsl cooTBeTcTBeHHO Ha Puc. 1 u
2.
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§16. Bba3mchbl BCcIjIeCKOB ¢ HEOT'PAaHUYEHHBLIMN HOCHUTEJISAMU,
gonyckarine 3¢deKTNBHbIE YNCI€HHbIE aJITOPUTMBI

Bonee raybokuii aHaians u peaan3alnio UOel, M3JI0)KeHHBIX B 5TOM Iapa-
rpade MoxHo HaiiTu B paborax [HV] [II4].

HauneMm ¢ HEKOTOPBIX YaCTHBIX IPUMEPOB, CTABIINX MCTOUYHUKOM OOIIel
umen. B KakoM-TO cMBICIe MBI OOBEIWHUM 37€Ch MOAXOOBI K MOCTPOEHUO
6as3ucoB, pa3BuThie B §§14 u 15.

Korma mb1 pemanu B npenbiayinem naparpade ypasHenue (4.7), To cBesu
ero K 6osiee mpoctomy ypastenuto (15.2). Ilocse ero perenus, Ham ocTaeTcs
nofo6paTh GYHKIMIO Mg, Miid KoTopoli |mo(w)|> = My(w). Taxum o6pa-
30M, BBIGOp (yHKIUU |mg| omHO3HAUEH, a BBIGOp Mo — HeomuosHaueH. .
Hob6emm BuIOpasia pellleHne, TapanTupoBaHuoe jgemmon Pucca. B pesyibra-
Te QYHKIUSA M OKAa3hIBAETCS MOJUMHOMOM, UTO BeHET K aJITOPUTMAaM Pa3Jyio-
JKeHUs ¥ BOCCTAHOBJIEHWS, PEaIM3yeMbIM B BHUIE€ CBEPTOK C OKHOM MAaJIoro
pasmepa. Takme cCBepTKU B PaAMOTEXHUKE HA3BLIBAIOT QUIBTPAMUI C KOHEU-
HOU uMnyabcrol rapaxmepucmurod niu KUX-ounsrpamu. batta u Jlema-
pPbe IIPHU OPTOTOHAJIN3ANNN CUCTEMBI BCIIECKOB, MMOPOXKIEHHBIX B-ciutaiitHamu,
IpU HeOOXOAMMOCTH ’M3BJeUb KOopeHb” momnum apyrum nyteMm. Omuu BbIGpa-
au npu pemnenun ypasHenuit (14.2) u (14.3) apudbmeruueckuit kopeub. Ilpu
5TOM ToJIydatorinecs GyHKINN My He SABISIOTCS MOJIUHOMAMME, IO3TOMY COOT-
BETCTBYIOIINE QUILTPBI UMEIOT 6ECKOHEUHYIO UMNYALCHYIO TAP AKMEPUCTIUKY
(BUX-dpunbrpsr).

Ha mepBuiii B3ryIsd, KaXXeTcsA, YTO MBI CpaBHUBaeM pasHble 3amgaun. Ho Ha
camoM mejie ypasuerus (14.2) u (14.3) MoxkHO Jierko mepedopMyIMpoOBaTh B
TepMuHaX QyHKIUU mg. s KycouHO-IMHENHBIX CIVIATHOB

< w>41—|—20032w/2
cos —
1+ 2cos?w

(1)

mo(@)? = (cos 2

a IJId KYCOUHO-KBaJpPaTUYHBIX CIIAITHOB

(2)

w>6 16 + 13 cosw + cos? w

2 __ _
|m0 (w)| = <COS 9 16 + 13 cos 2w + cos? 2w

[TpaBeie wacTu ypasHenuit (1) u (2) sABAAIOTCA palMOHAIBLHBIMU (GYHKIINS-
MU OT IlepeMeHHOI w. lIpuyeM U YMCIUTENb, U 3HaMEHATEIb TOl (QYHKINN
— HeoTpHUIaTeJbHLIE YeTHLIE MOJUHOMEL K HUM IpuMeHuMa JilemMa Puc-
ca. IlosToMy cyllecTByeT pallMOHaJIbHas KOMILIEKCHAs TPUTOHOMETPHYECKas
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GYHKIMA M C BellleCTBEHHBIME KO>()QUIMEHTaMy YUCIUTENS U 3HAMEHATe-
ag. Ha nepBuri B3ri1am, MoXKeT IOKa3aThCA, 9TO TAKOE PEIleHNe He IPUBENeT
K CKOJIb-HHOYIb IIOJIE3HBEIM CBOMCTBaM 6a3mcoB. llojlydeHHas pannoHaJIbLHAL
TPUTOHOMeTPpHYECKad QyHKINA NMeeT 6eCKOHEUHO MHOI'0 HEHYJIEBEIX Ko3(hdu-
nneHToB Pyphe. Ilo-mpexHemy, Kak m njs ciiaiiioB bartiia — Jlemapsbe,
npunerca uMeThb gesio ¢ BUX-gpmieTpamu, T.e. mpu mpaMoil Gopme peasim-
3alK aJrOPUTMa pasjiokeHus (cM. §6) HeOOGXONUMO BBLIYUCIIATH CBEPTKHU C
BecbMa GBICTPO (9KCIOHEHINAIILHO) yOBIBAOIIEN, HO BCe-TaK/ GeCKOHEUHON,
II0CJIEIOBATENILHOCTLIO. 1Ilpm 5TOM B OoT/IMYMe OT HMX IIOCIIENOBATEHLHOCTD
Koo dpuiinenToB Pyphbe HOBBIX GYHKIUN He OyaeT CUMMETPUYUHON, a rpadukn
HOPOXTaIouX 6a31c QYHKINI ¢ 1 1 He 6yIyT HU YEeTHBIME, HU HeYe THLIMUI
YHKIMAMN, YTO NPHU IPOYMX PABHBEIX YCJIOBHAX SABJIAETCHA CyIIECTBEHHBLIM
IpenMyIecTBOM CIIaitHoB BarTaa-Jlemapne.

[TpeumyiiecTBO palnMoOHAJIBHBIX pelilenuit ypasuenuii (1) u (2) sakmoua-
eTcd B TOM, YTO Y9acCTh aJrOPUTMAa Pa3JjIokKeHNd, COOTBETCTBYIOIIAs YMCIIATE-
JII0, peajim3yeTcda KaK CBEPTKa ¢ (MHUTHLIM OKHOM, & YaCTh, COOTBETCTBYIO-
ad 3HAMEHATEIII0, PEaJIN3yeTCs C IIOMOIILIO TaK Ha3BIBAEMOTO PEKYPCUEHO20
duabmpa.

ITosicanm, xak 5To mesmaercda. Ho cHadana HalmoMHMM, 9TO 2z-TIpeobpa3oBa-
HHeM TI0CTIeIOBATEIBHOCTH {ay } HasbiBaeTca GyHKmuA A(z) = Y, cp arz ™",
eciM TOCJIENHUI PAL PABHOMEPHO CXOOUTCHA B HEKOTOPOM KOJIBIlE, COIEpPKa-
IeM eUHNYHYIO0 OKPYXKHOCTb, WJIM B IPYToM, IONXOMAIIEM IJI KOHKPETHOI
samaun cMbiciie. VHorma umeer cMbici cuntarh, yTo A(z) — GopManbHBbIi
pan Jlopanma. Ylcro, uTo z-mpeobpasoBaHme cBA3aHO C npeobpasoBanmem Dy-
pbe cooTHomenneM a(w) = A(e*”. CBepTka UMCIIOBOH MOCIENOBATETHHOCTH
{zr} ¢ ¢punbTpom {hj} MokeT 6BITH HpencTaBieHa JU60 BO BPEMEHHOM 06-
JMacTu mo dopmyse Y = )., Tphp_n (Wm y = z x h), 6o B wacToT-
HOU o6macTn B Buge §(w) = #(w) - h(w), Mm6o B 06IACTH z-Ipe0bpasoBaHMs
Y(z) = X(2)H(z). IockonbKy palumoHaibHas TPUTOHOMeTpUYECKas (DyHK-
s H(e', He mMeroIas TIOJTFOCOB Ha BeIleCTBEHHOW OCH, MPEICTABAMA B
BHJIE

Hszl(l Sage™)
221(1 et Hé\/fzzl(l <:)>Clee_m)’

H(eiw) — Cein

rae Bce uncna {&g}, {(x} MO MOmyIIO He NPEBBIMIAIOT €NUHUILY, TO CBEPTKA

C MOC/IeNOBATEIBHOCTRIO, MMeoIell mpeobpasoBanme Pypne H (), moxmo

pean3oBaTh B BHe KOMIIO3UIIUN IPOCTENIINX OepaTOPOB YeThIPeX THIIOB:
1) YMHOXeHue curnaia Ha Konctanty C



2) CuBur curnana Ha N orcueroB; 3) CBepTKa ¢ IBYXTOUEUHBIM OKHOM
Buna {1, <oy} (MHOXUTENM yucnurens npobu); 4) CBepTka ¢ mocienoBa-
TeJIbHOCTHIO BUIA

§n7 n 2 07 f_n7 n S 07
hy = i h, =
0, n<0; 0, n > 0.
Peanusamus onepatopoB 1) — 3) sBiseTcs YacTHBIM CIIyd4aeM peajid-

3al[Uy olepaTopa cBepTKu B mpsmoil gopme. OcraHoBuMCcs moxpoGHee Ha
peajM3alill YeTBEPTOrO OIEPATOpa, KOrna TpebyeTcs BBIYUCINTH CBEPTKY
¢ mocilefioBaTeIbHOCTRIO {hy, }, UMeloIIyio z-ipeobpasoBanue Bumga H(z) =
(1 €271)"1. Hecmorpsa Ha To, 4To TOCIENOBATENLHOCTE {hy, } UMeeT He-
OTPAHWYEHHBINl HOCUTENb, AJITOPUTM CBEPTKM MOXKET OBITh PEajli30BaH B
KOMIIaKTHOI (hopMe. B aHaoroBoil pajimoTexXHUWKe STOT NPUEM HA3LIBAIOT
obpamnotl ceg3v10, a B IUBPOBOIl 06paGOTKe — PEKYPCUBHBIM HUALMPOM.
[Mockompky miast €| < 1 umeem

_ _ 1
%ynz " d:ef %xnz n1<:)>§z—1 =
+ +
anz_nffnz_nzz fxn—kfk z ",
n=0

nez neZ \k=0

TO

+oo + o0 + o0
In = an_kfk - an—l—k£k+1+xn = (Z Tn-1-kE")eHTn = Yn_1&4T0.
k=0 k=0 k—0

[losmyuennas pekyppeHTHas GpopMysia HA3LIBAETCS IAEMEHMAPHBIM PEKYP CUB-
HbIM PUALMPOM.

Ecaun naiinerca takoe N, uto x, = 0 npu n < N, 0Opu Tex XKe N UMe-
eM Y, = 0, U peKypCUBHBIN GWILTP MaeT TOUYHYIO peau3aliuio GopMyJIbI
CBEPTKU ¢ mocyenoBaTelbHoCThio {Ay }. Pasymeercs, B oToM cityuae npsiMast
peasm3anusa GOPMYJTbI TaKKe MOIyCKAeT TOUHYIO peasIn3allnio, OMHAKO apud-
MeTHUUYeCKIe 3aTPaThl HA MPIMYIO pean3aliio 3HAUNTEIbHO BHIIIE 3aTpPaT,
KOTOpHEIe TpebyeT peKypCUBHBIN PUILTP.

Ecan xe mocuTesb cuUrHajia IBYCTOPOHHE HeOTpPaHWYeH, TO BBUIY TOTO,
UTO pealIbHBIN aJITOPUTM CBEPTKU HAUMHAET CBOIO paboTy ¢ HEKOTOPOTo GUK-
CUPOBAHHOTO 0TCUeTa kg, Ha BBIXOE MTOJTY YUM JINIIh TPUOINKEHHOE 3HAUYEHE
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cBeptku. OMHAKO TOYHOCTH €0 BO3PACTAET CO BpeMEHEM €ro (PyHKIIMOHUPO-
BaHUs B TeOMETPUYECKON IIPOTPECCUH, T'1le 3HAMEHATEb IPOTPECCUN paBeH &.
dlcHo, UTO pekypcuBHasA peajm3alusi PUIbTPOB HeN36eXKHO BeAeT K HEKOTO-
PBHIM UCKaXKeHUAM Ha Kpadx obpabdaTbIiBaeMOT0 CUTHAJIA U 9TO HYXKHO YUUTHI-
BaTh, OMHAKO OOBIUHO UTO STU UCKAXKEHWs HEBEJIMKH (eCM MaJjia BeJIndnHa
|€]) u okasbIBatOT UL HeCYIECTBEHHOE BIUSHUE HA KaueCTBO 06paGOTKIU.

B ciyuae, korma cyiecTBYIOT HeHYyJIEBBIE b, C KaK YTOIHO GOJIBIINME OT-
pulaTeILHBIMI HOMEPaAMU, PEKYPCUBHBIN GUILTP MOXKeT OBIThH peajM30BaH,
HaUMHAs C HEKOTOPOro HoMepa [V, TTO3TOMY B €ro peajim3aliuy Hen36exKHO Mpu-
CYTCTBYET MOTPENTHOCTh, KOTOpas YObIBaeT C KaXKIbIM IIIaroM CO CKOPOCThIO
TeOMeTPUYECKON MPOTPECCHN CO 3HAMeHaTeseM &.

AHalormyHBIM 06pa3oM ommepaTop, 3adaBaeMbIll POpPMYJIONn

MOXKeT O6BITh peajli30BaH B BUE 3JIEMEHTapPHOT0 PEKyPCUBHOTO QUILTPA Yy, =
Yni1& + Tp,. Peanmusanus cBepTKE ¢ TaKoil IOCIIENOBATEIBHOCTIO OTIIMIAET-
c TeM, UTO CHTHAJI Ha PeKyPCUBHBLIN QIILTP HYXKHO MOJAaBaTh B MOPAIKE
yOLIBAHUA UHIEKCOB.

3ameTnM, 4TO B JaJbHENIIEM HAM WHOTHA OyIeT YIOOHO OTKJIOHATHLCA OT
peajm3alill CBEPTOK IO TOJLKO UTO M3JI0XKEHHOU obmiell cxeme. Hampumep,
HaM 6yIeT ymIoGHO OCTaB/IATH B 3HaMeHaTelle MHOXKITEIN Buma 1 <fe 2%,
IIOCKOJIBKY COOTBETCTBYIOIIUN UM PeKYyPCUBHLIM (UILTD peajiu3yeTcs B BH-
e Yn = Yn_2& + T,, 9TO Impollle, YeM MOCIeoBATeIbLHAd peall3alusi ABYX
GUILTPOB C €IMHUYHLIM CIBUTOM.

[TocMoTpuM, Kak U3BIIEKaeTCs KopeHb u3 paBeHcTB (1) u (2). Y ypaBHeHus

1+2cos’w/2=2+cosw = |a+ be™|?

CYIIIECTBYeT UeThIpe BelleCTBEHHBIX pemrenns a; = (V2 ©1)/2, by = (V2 +
1)/2; as = (&V2 ©1)/2, by = (V2 +1)/2; a3 = (V2 1)/2, by =
S(V2+1)/2; as = (/2 1)/2, by = <(/2+1)/2. Bropoe u ueTsepToe
pellleHns] BEAYT K HEYCTONUUBBIM DPEKYPCUBHBIM (QUIBTPAM, U MOTOMY MBI
ux orbpaceiBaeM. llepBoe W TpeTbe pellleHUs HPUBONAT K ONHOMY U TOMY
ke 6a3UCy ¢ TOYHOCTBIO [0 MEPeMEHBI 3HaKa. B mTore mosydaem 4 pasHbIX
petienus ypapuenus (1):

£>2 1+ (2 <+/3)e

1 _
m}(w) = (cos 3) Traavies



2/ N w\2 1+ (2&3)e ™
mg(w) = <Cos 5) T ovB)

3, N wy? 14 (2 &1/3)et
mo(w) - <COS 2) 1+ (2 <:)>\/§)e_2iw’
4 N wy? 1+ (2 &4/3)e ™
my(w) = <cos 2) TPy

I'padukn 6a3ucHBIX GYHKINIA, COOTBETCTBYIOMIUX My W Mg OTIMIAIOTCA OT

Mm@ m m3 UL cuMMeTpUei.
Iist ypaBHenust (2) ymo6HO cHaUasa pasioXkuTh Beipaxkenue 16413 cosw+
2 _
cos® w Ha MHOXKUTeMN (cosw + c1)(cosw + cz), rae c12 = <(13 £ /105)/2
(c; ~ 1.37625, ¢y ~ 11.6235). Ypasuenme Buna cosw + o = |a + be'|%, rne

a > 1, uMeeT nBe Maphl BellleCTBEHHBIX pelIeHUN

. _Va+l+vasl b _Vat+levasl
1 — 9 ’ 1 — 9 ’
. Va—+1eyael b Va+1+vVasl
2 = ) 2 = )

’ ’
2 2
n €Ile ABa pPEIIcHNdA, OTJINYAIOIINXCA OT IMPUBEICHHBIX 3HAKOM. Kak n ipn

peltienun ypasHeHus (1), MOJe3HBIM I71 HAC OKA3bIBAETCs JIUIID MEPBOE pe-
mrenne. HecmoTps Ha 5To ypaBHeHHEe nMeeT MHOTO pertennii. OQHO U3 HUX

) w\3 (14 0.43070e*)(1 + 0.0431e**)
my(w) = <cos —> i Sy
2/ (14 0.43070e2%)(1 + 0.0431e2iv)

OctanbHble 15 pellleHn MOIyYalOTCsAd KaK BCe BO3MOXKHBIE KOMOMHAIIUU TP
M3MeHeHN 3HaKa apryMeHTOB sKcioHeHT. (CjemyeT 3aMeTHTh, UTO Pa3HbBIE
pellleHns UMeIOT He3HAUYuTeNbHble oTiimunsa. OHM MMEIOT OOWHAKOBLIA aM-
IVIATYOHBINA CcreKTp (Momynb mnpeobpasoBanus ®Pypwe), copnamarommuii ¢ am-
ININTYIHBIM crieKTpoM civtaiiioB bartna — Jlemapne. Omnako, yunThiBasi,
UTO HOCUTENN 6a3UCHBIX GYHKINNE OTPAaHUYEHBI C OMHOW CTOPOHBI, BEPOSITHO,
IUIsE HEKOTOPBIX 3a/adu (HANpuMep, s NMPENCTABIIEHNs PEUYEBBIX CUTHAJIIOB)
CYIlleCTBEHHA CTOPOHA C KOTOPOW OTPaHWYeH HOCUTEb 0a3sMCHBIX QYHKITHM.

Mz paccMoTpenn 3amauy ’palnuoHaausanun’ 6a31CcoB KYyCOUHO-JIMHENHBIX
1 KyCOUHO-TIapaboJIMuecKnX CINIaiHOB. Pasymeercs, Te XKe paccyXkIeHUs
MOXHO IIPOBECTHU U MJIs CIUIANHOB 60Jlee BBICOKOTO mopsnka. Ho MbI celfidac
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MIOMBITAEMCS MCCIIENOBaTh GoJiee obIyo 3amauy Haxoxmenums KMA, momyc-
KalIX KOHEUHOMEPHYIO Peaim3alliio aJITOPUTMOB Pa3jloXKeHUs W BOCCTa-
HOBJIEHUSI CUTHAJIOB, T.€. aJITOPUTMOB, KOTOpble MOXKHO OPTaHM30BaTh KakK
KOMTIO3UIINIO CBEPTKM C KOHEYHON IOCIIENOBATETbHOCTBIO W DJIeEMEHTAaPHBIX
PEKYPCUBHBIX QUIbTPOB.

HenicTBys mo aHajsorum ¢ §15, MbI OyZleM MCKATh pelleHUs ypaBHEHUS
(15.2), HO He cpeloU TPUTOHOMETPUUYECKUX MOJIMHOMOB, & CPeIdl YeTHHIX II0-
JIOKUTELHBIX PallMOHAILHBIX TPUTOHOMeTpuueckuX dyukmui. Ilpum sTom
BMecTO ypaBHeHus (15.3) MBI moJlyunM ypaBHEHUE

x Pl &z

(1 <:)>x)N—( ) + xN—( ) =1, (3)
Q(x) (1 &x)

rae P, Q — anre6pandeckue NOJIMHOMbBI, HEOTPULIATEbHEIE Ha oTpeske [0, 1].

Bxi110unB cTeneHHON MHOXKNITENb B MOJMHOM P 11 BBLIIIOJIHIB 3aMeHY IepeMeH-

Hoit © = (y + 1)/2, mosiyunM 5KBUBAJIEHTHOE ypaBHEHMUE

+ =1, (4)

rae P(y) = P((y+1)/2), Q(y) = Q((y + 1)/2). Hac ycrposar mobbie noso-
KUTelIbHBIe Ha uHTepBase (<1, 1) paruonansubie pyukuu P/Q. Hecmorps
Ha OTCYTCTBUE B (4) CTENEHHBIX MHOXUTeEJIEN, HAM HYKHO [IOMHUTH, 4TO, I10-
ckoilbKy mo(0) = 1, mo(7) = 0, panmonanbras ¢pyukuus P(x)/Q(x) obs3ana
B Toukax 1 u —1 ofpamarbcss COOTBETCTBEHHO B HyJIb U B enuHuny. Taxum
06pa3oM, 5TOT MHOXKUTEb HESIBHO HPUCYTCTBYeT B P, mo KpaiiHell Mepe, B
crenern N = 1.

[Tokaxkem, uto Q() — YeTHBIN MOIOKUTENbHBIN HA [<1, 1] momuaoM. Ilo-
JIOXUTEIBHOCTD €ro ClledyeT W3 TOro, 4To Ha mHTepBase (<1,1) HeoTpuua-
TesibHa Opobb P/(), KOTOPYI NPU 5TOM €CTECTBEHHO CUNTATH HECOKPATH-
Moit. YeTHOoCTb, OUEBUAHO, CleAyeT W3 TOro (GakTa, YTO IUIs BHINOIHEHUS
(4) Heo6xomuMMo, uTO6BI HosmHOMBL (Q)(2) u (&) UMenu HYIM ONUHAKOBOIL
KPATHOCTH, YTO INOCTATOYHO IJIs deTHocTu mosimHoMa (). Takum oGpasowm,
ypaBHeHUe (4) IepenuIneTcs B 0O4eHb IPOCTOM BHUIIE

P(y) + P(<y) = Q(v). (6)

CoBceM HeTPYHOHO OIMMCATh BCE BO3MOXKHBIE €ro pellenns. Bce meoTpuiia-
TesbHBIE Ha [<1, 1] moauHOMEL P, yIOBIeTBOPAIOIINE ABYM YCJIOBUAM:



a) P(e1) =1, P(1) = 0;

6) mosiuHoM P He mMmeeT map KopHell Buma ta (yciioBHe HECOKPATUMOCTHU
npobu P/Q);

IaloT BCe BO3MOXKHBIe pelienus ypasHenus (6). Takum o6pasom, npobs P/Q
OHO3HAYHO BOCCTAHABJIMBAETCA II0 CBOEMY UMCJIATEIIIO.

3HameHaTeNn XKe npobu () He IM03BOJIAeT OMHO3HAYHO BOCCTAHOBUTE IPOOL.
HeiicteuTensao, Q(y) = > bory?*. Ilpu 5Tom ymo6ro cuntaTh, aTo Q(&1) =
Q(l) = 1. IlooTomy B KauecTBe P 3HaMeHATEeII0 HOAXOOUT JIIO6OM ITOIMHOM
P(y) = " apy®, ymosreTBopstonmit ycioBuam a) u 6), mia KoddpUImeHTOB
KOTOPOro mMeeM 2as;, = bop. Takum obpasom, B BEIGOpe Ko3()PUIINEHTOB
noJimHOMa, P IIpyM HEYETHEIX CTEleHIX NMEETC OlpelelIeHHEIN ITpon3Boil. Ilpn
ecan ydecTb, uro Q(y) > 0 mpu y € [&1, 1], To cTaHOBUTCA ACHO, YTO TAKUX
pelleHul 6eCKOHeYHO MHOTO.

SIcHO, 94TO OYEHB HENMPOCTO OPMEHTUPOBATLCA B TAKOM MHOTOOOpasnm pe-
mennii. g Toro 4To6bI MMETHL HMpENCTaBJIEHNE O CBOMCTBAX KOHKPETHBIX
peIlleHnii HyKHO HAallTH PeIleHns >KCTPEMaJIbHEIE B TOM WJIM MHOM CMEICJIE.

MgI 3mech pelmM O4eHb MPOCTYIO 3alady MaKCUMU3AIUU IIPOM3BOXHOIN
npobu P/Q B uyne. Ilpu 5ToM MBI OrpaHUUEMCS CIIy4YaeM, KOT/a MOJIMHOM
P umeer ymmmb BemecTBEHHLIE KOPHHU, KOTOPBIE K TOMY K€ He IPUHAIJIEXKAT
untepBaiy (<1, 1).

TpeboBaHne MOCTUKEHNA IPOM3BOMHON MakKCUMyMa B Touke () ABJIgeTCd ec-
TeCTBEHHEBIM, IIOCKOJILKY OHO ()aKTHYECKH COOTBETCTBYET TPeOOBAHMIO MaK-
CHUMU3aIy KPyTU3HBEL OKTABHOTO QIJILTPa Mg. l1Ipm 5TOM, KOHEYHO, HIYTO
He 00A3BIBAEeT IOy YEHHYIO SKCTPEMAJIbHYI0 (PYHKINIO OBITH MOHOTOHHON WJIN
OPOXIaTh 6a31C BCIIECKOB C XOPOIIO JIOKaJIM30BaHHEIM HocuTeseM. OnHa-
KO OKa3LIBAETCH, 9YTO IPH BEChbMa HEJIOTMYHOM TPeGOBAHNN BEIeCTBEHHOCTH
KOPHEIl 3KCTPEMAJIbHOE PEIleHNe OKAaXKeTCSA BIIOJIHE IIPUTOMHBEIM, KAK C TOUKI
3peHnd pa3leseHnd 9acTOT, TaK U C TOYKHU 3PEHNA JIOKAJIM3AINNA BO BpEMEH-
Holl obstactu. Ilpm sToM, pasymeercs, 3ajada IMONCKa MONXOMAIINX pPeIICHUI
¢ moJIMHOMOM P, MMeoImyM KOMINIEKCHBEIE KOPDHI WJIM KOPHM Ha WHTEpBAaJe
(1,1) octaercs akTyasbhoil. OnHako B TOM ciIydyae HeOOXOMUMBI IDY-
rue orpaHNMYeHnd, YTOOLI MCKJIIOUNTh PEIIeHNd THIIa IOJIMHOMOB YeObnImeBa
P,(z) = (cosmarccosz + 1)/2 HeueTHOIl cTemeHM, KOTOPbIE, XOTSA U UMEIOT
6osbIyto npousBoanHyio B Hyse (npu stom P, (z) + P,(<z) = 1), Ho TpymHO
MpeacTaBuUTL cebe 3amady, B KOTOpoW IOJIMHOM P, ObliI ObI MHTepeceH Kak
¢mwibTp. YcHO, YTO GOJNBIION MHTEpeC AJiA HAaIlell 3a0add MPeNCTaBIIAIOT
npobu 3oJioTapeBa, MPUOIMXKAIONINE HAWIYydYIIuM obpa3oM (YHKINIO Sign
Ha IBYX oTpe3kax [&l,¢]| u [g, 1].
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Uraxk, ouenum npoussonuyto npobu P(y)/Q(y) B Touke y = 0. YuursiBas
(6), B 4acTHOCTH, YTO () — UETHBIN MOJIUHOM, UMEEM

P\" = P(0)Q(0)+Q'(0)P(0) P'(0) P'(0)
(Q) 0= Q%(0) =00 ~20) 7

3uauenue sorapudpmuueckoin mpoussontoit P'(y)/P(y) anrebpaudeckoro mo-
auHOMa P mopsamka m BhIpaxKaeTcd mo dhopMyJie

Ply) ~~ 1
P(y) _;yﬁ%’

Tlle c; — KOpHU MoJimHoMa P, BcTpeuaroliumecs B 9TOU TMOCIETIOBATEILHOCTH
CTOJIbKO pa3, KakKoBa UX KpaTHOCThb. (CjemoBaTesbHO, abCOTIOTHAS BEJINUNHA
npaBoit yacTu HopMysl (7) JOCTUTaeT MAKCUMyMa, €CIIU BCe ¢ PABHBI 1 witn
—1. IIpu sTOoM cama BenMUUMHA MaKCUMyMa paBHa n /2.

Takum obpazoM, 5KCTpeMAILHBIN TOJIMHOM TOpsAaKa [N 3amuIleTcs B BUIE

d:ef P(y) — (1 <:>y)N (8)

Qly) (AeyN+(1+y)N

Ry (y)

Ilonyuennas GyHKIUS ompenesiseT YaCTOTHYIO XapaKTEPUCTHUKY XOPOIIIO W3-
BECTHOTO B panmoTexHuke ¢uiabTpa byrrepBopra. Ilpoanamusupyem, uTo
HaM faeT dopMyna (8) mpu HEKOTOPBLIX MaJibIX 3HaYeHUAX V.

IIpu N = 1 mbI, pazyMeeTcs, IOJYUYUM CHUCTEMY Xaapa.

Hpu N = 2 umeem Ry = (1 <y)?/2(1 + y?). Ilpu N = 3 nmeem R; =
(1ey)3/2(1+3y?). CpaBEnM onTUMasbHEE 6a3UCHI, TOCTPOEHHEIE HA OCHOBE
dunbTpoB byTTepBOpTa, C MONyUYeHHBIME BBIIIe 6a3MCaMU U3 CIVIAWHOB U C
6asucamu Hoberm. s ogHooGpasus mpu IIOMOIIA 3aMeHbI IIepeMeHHOR & —
(z 4+ 1)/2 npencraBum mosuuaoMbl Py, cooTBeTcTBytomue 6asucam Iobermu,
1 paloHaJIbHbIe GQYHKIINU, COOTBETCTBYIOIINE CIIaliHaM, B GopMe ymoOHOI
VI CpaBHEHUS.

s momHOMOB, cOOTBeTCTBYOIUX Gazucam [Hoberu nmmeem

N =2, Po(x):<1<;>x>2(2+$)a Py(0) = <%

3
1 9 3
N =3, Po(x):< ‘”) <4+§x+§x2>, Pi(0) = &8
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2
=% 2 & 5%
Si(z) = , 51(0) =&,
() 2 o2 0=y
a, OJId KYCO‘IHO-Hapa6OJII/I‘IeCKI/IX CHJIafIHOB
3
1 &z 16 <13z + =2 61
So(z) = 55(0) = &—.

2 4 4 2222 + 424’

lcHo, uTO 3aTpaThI Ha Pa3IoKEHNE U BOCCTAHOBIIEHNE QPYHKINNA Ipy60 MOXKHO
CUNTATH MMPONOPIMOHATILHBIMU CYMMAapPHOU CTENeHU YNCIINTENS W 3HaMeHa-
Tensa byHkmau [mo|?. OmeHka >Ta He COBCeM TOYHA, MOCKOILKY MHOKUTEIN
Buga 1 &x obxomdaTcsa B IBa pasa ~OellleBje’ ¢ TOUKHU 3peHus apudmeTmdec-
KX 3aTpaT. To Xe KacaeTcs 3HamMeHaTesiss npobu. Tak kak B Hero BXOmsaT
JINIITb YeTHBbIE CTEMEeHW, TO COOTBETCTBYIOIINE WM PeKYpPCUBHBIE (PUIHTPHI
MeNCTBYIOT Ha MMPOPEXKEHHON B IBa pa3a MOCJIENOBATEILHOCTH OTCUYETOB, UTO,
€CTeCTBEHHO, BeleT K NBYXKPATHON KOHOMUM apuPMeTHUIeCKUX 3aTpaT.

N3 npuBeneHHBIX IpadUKOB MACHITAOUPYIOMINX GYHKIUA U COOTBETCTBY-
IOIMUX UM YHKIME Mo BUIHO, YTO BHIGOp B KadecTBe |mo|® dymkmum Ry
MIPUBOINUT C TOYKU 3pEHUS MPOCTPAHCTBEHHBIX W CIIEKTPAJBHLIX CBOUCTB Oa-
3UCOB MPAKTUYECKN K TOMY ke >pdekTy, uTo n misa yHkmum Fy, cooTBeT-
cTByfoller citydaro N = 3, T.e. misd 6asucHonn pyuknumu D3. OmHako mpu
PEKYPCUBHOU peanm3anuu GuiIbTpa IJId OMHOMEPHBIX CUTHAJIOB 3aTpaThl Ha
TIOJTHYTO JIEKOMITOBUIINIO COCTABJIIAIOT 6 omeparuii Ha TOUKY, a B ciaydae QUiIbT-
pa IHobGemm 14 omepanmii Ha Touky. Ciyuait K3 mpuMepHO COOTBETCTBYET
cayuaio D7. Ilpm sTom apudmeTmyeckume 3aTpaThl COOTBETCTBEHHO PaBHBI
8 u 38 omepamnuii Ha Touky. Ilpm manbHelilleM pocTe TOpsANKa PEKYpPCUB-
HOTO QUIbTPAa BBIUTPHIII MO OTHOIIEHWIO K CXOOHOMY IT0 XapaKTepPUCTUKAM
¢dunbTpy Hobemu cTanoBUTCA elfle 60Jiee 3aMeTHBIM.

CpaBHUM Temepb 3aTpaThl Ha PeaIM3alliio OMNTUMAJILHOTO PEKYPCUBHOTO
¢GUIbTpa U HEONTUMAJbHBIX CINIAWH-GUIBTPoB. PWiIbTp S ¢ TOUKU 3peHU
pasmesieHus YacTOT MPUMEPHO COOTBETCTBYeT duiibTpam Rz u Ds. Ilpu sTom
apudMeTUUECKEe 3aTPAThl paBHBI cooTBeTcTBeHHO 10, 8 m 26. Takum xe
06pa3oM ¢ BBICOKOW TOYHOCTBIO 6sm3km; So, Ry m Dyg. A nisa ux peajimsamun
TpebyeTcs cooTBeTcTBeHHO 18, 12 u 56 omepaluii Ha TOUKY.

Pasymeercs, misa cxkaTusd 3ByKOBBIX CUTHAJIOB U M300paXeHUN MOCIIETHUIN
TIpUMep, BEPOITHO, TMPEACTABIIAET MaJIbIi MHTEpeC, TaK KaK B DTOM CJIydae
6asucHble GyHKIUU cauirkoMm riankue. OnHako miis GUIbTPAlUU CUTHAJIOB
TJIAJIKOCTh He SIBJISE€TCS TTOMEXOU, a JIUIMIh BeleT K 6ojlee KaueCTBEHHOMY pa3s-
ITeJIEHUIO YaCTOT.
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§17. Mud o nmmuemHon case.

BoawmmacTBo cTaTell, B KOTOPLIX CTPOATCA HOBLIE 6a3MCHI BCINIECKOB WJIN
X aHaJIOTH, HAUMHAIOTCA C yTBePXKAeHUs, YTo 6a3MChl BeIleckoB Jlobemu ¢
KOMITaKTHLIM HOCUTEJIEM, HECMOTPSI Ha MHOTHE UX IOJIOKUTEIbHELIE CBONCT-
Ba, 06/1aJJal0T TeM CyIeCTBEHHLIM HETOCTATKOM, 4YTO rpadukn GyHKINA 5>TUX
6a31COB IPUHININAILHO HE MOTYT OBITh CUMMETPUUYHBLIME WA HeHTPaIbHO
cummerpuunbivu. [lo stoit npuumnne dunbTper {hg}, {gr} Takxke He obia-
IalOT CBOMCTBOM CUMMETPHH, YTO O3HAYaeT OTCYTCTBHE y TaKuX (QUILTPOB
CBOICTBa JIMHEMHOCTU (a3bl. BTOPLIM HeTOCTATKOM OTCYTCTBUSA CUMMETPHM,
TOUYHEe, JOCTOMHCTBOM €€ IPUCYTCTBUA, ABJIAETCA BO3MOXKHOCTEL YIPOCTUTH
3a CYeT CHMMETPHUM HEKOTOphIe BLIYMCIICHU.

Ioscuum IIocJIienHee Ha IIpHUMEpPE. Ecian uucmia IIocJjienoBaTEeJIbHOCTN {hk}

OTJWYHBI OT HYJd JUIIb Tpu k = &n,en + 1,...,n &1, n u cumMeTpuy-
HbI OTHOCUTEJILHO HYJIEBOTO OTCYETa, TO MPU MPIMOU peajin3alluil CBepPTKU
m+n

b—m—n CkhE—m TpebyeTca 4n + 1 apudpmMeTrndeckas olepanus Ha TOUKY,
a eciii y4eCTh CUMMETPUIO PUIIbTPa, TO TOT XKe BBLIXOAHON CUTHAJI MOXKHO
MpeacTaBUTh B BUIe Cpho + EZ:1(cm—k + ¢tk )hi. IlosTomy mus Takoi
peanuzaiuu Tpebyercs Bcero 3n + 1 omepamnus. Pasymeercs, sTo paccyx-
IeHre SABJIIeTCA MNOCTATOUYHO CePbe3HBIM apryMeHTOM [JIs TOWCKa 06a3mcoB
BCIIECKOB C 3 PeKTUBHBIMU aJITOPUTMAMM Pa3JyIoKeHUsS W BOCCTAHOBJIEHUS,
ubn rpaduku obsiamaorT cuMMeTpueirn. (OmHAKO OTHOCHTEIBHO STOW IPO6-
JIeMbI MOXKHO 3aMeTHUTh, UTO PeaibHO NoCTuYhL J0-TIPOIeHTHOTO BBHIUTPHIIIA
B BLIUNCIUTEILHBIX 3aTpaTaX Ha MPAaKTHUKe yIaeTcsd He BCerna, IMOCKOIIbKY
WCIIOJIb3yeMbIe B HACTOSIIee BpeMs OBICTPhIE AJITOPUTMBI PeaJIM3yIOTCA MIPH

IoMoImn CIiIeouaJIbHBIX IIpoHEaAypP, a HE Ha IIPAMOM BBIYUCJICHNIN CBEPTOK.

Bosee raybokoro paccMoTpeHuMs 3aciIyKuBaeT IIpobiieMa OTCYTCTBUS Y
dubTpa JIuHeWHON da3bl. DTa npobileMa BaXHa, KOTIa IJIsd 06paboTKM CHT-
HAJIOB MCIIOJTb3YIOTCS aJITOPUTMBI, IIJIS KOTOPHIX BaXKHBLI HE TOJLKO aMIIJIN-
TyIOHBIE, HO U (Ha30Bble XapaKTePUCTUKN 06pabaThIBAEMBIX CUTHAJIOB. OJTO
TpeXkKJle BCETO OTHOCUTCA K aJIropuTMaM oOHAPYXKeHUS CUTHAJIOB, KOTIa aJiro-
PUTM HacCTpamBaeTCd Ha oNpelneleHHBIN (a30BBII XapaKTep ITOJIE3HOTO CUT-
HaJla, MO3BOJIAIONINT OCYIIECTBIIATL e€ro HakoiieHue. llpum sTomM BHeceHuUe
MCKaXkeHNW B ¢a3y BedeT K CAMOYHMUTOXKEHWIO CUTHAJIa MPU HaKOIJIEHUM.
[TosTOoMy K QUNLTPY NpenbsaBIIsieTcs TpeboBaHMe, YTOOBLI OH BIIUSJI JIMIIH HA
aMIUTATYY YacTOTHBIX KOMIIOHEHT, HO He Ha mX (asy. B kpaliHem ciyuae,
paspelnaeTcsa BpeMeHHON CIBUT CUTHAJIA, YTO B YaCTOTHOM 00JIaCTU BedeT K
YMHOXKeHHIO clleKTpa Ha €', TakuMm obpas3oM, 5Ta mpobireMa MOXKET BO3-



HUKHYTb, €CJI Pa3JIoKEHNE II0 BCIUIECKAM HCIOJIb3YeTCA KaK IPOMEXKYTOd-
Has olepalns IpeqBapuTe/IbHON obpaboTkmu. B ciydae ke, Korma mjs zamad
GWIbTpalNN WJIN CXKATUsA Pa3JIOKEHNEe II0 BCINIECKAM KCIIOJIb3YyeTCA KaK KO-
HedHad [elb 06paboTKM, OTCY TCTBHUE JIMHENHON a3kl He ABJIAeTCI HEJOCTAT-
KOM 00OpaboTKM.

ITocMmoTpuM Tenepsb, HeCTBUTENLHO JIM HECUMMETPUYHEIE TI0CIIEI0BATEb-
HOCTU hj BeOyT K UILTpaM C HeJMHEWHON (a3oil, a CUMMETPUYHEIE — C
JIMHEMHON.

ITycTh, Kak 3To0 HaMM 06CYXKIAJIOCH PaHee, NCXOJHOMY AUCKPETHOMY CHI-
Haiy {f,} mocraBuM B COOTBETCTBUE MOCIENOBATEIHHOCTL KODPUIMEHTOB
¢It1 pasmokeHUs Mo CIBUraM MacHITAbupyiomiell GYHKIUN IpOCTPAHCTBA
VIit! npm ¢ukcuposammoMm j. Haiimem mo dopmymam (6.11) m (6.12) Ko3d-
¢unnenTH mpoekunit ¢/ u d’ curnana ¢t! ma mpocrpancTsa VI m WItL,
PasyMeeTcs, eclii CUMTATh YTO HOCIENOBATENbHOCTH ¢! min d ABIAIOTCA
BEIXONHLIMU CHTHAJIaMK, TO OHM, IECTBHUTEILHO, ABJIAIOTCA PE3yJIbTaTOM
BO3IENCTBUA Ha BXomHOW curHaia ¢! ¢umbrpa h, Wix §,, HO HE TOJBKO
5THUX (UILTPOB, HO I OIEPATOPa MPOPEXKMBAHNA, IT0O3TOMY KOMIIO3UINA TAKIX
IBYX QUILTPOB He ABJIAETCH OIIEPATOPOM CBEPTKN M TOBOPUTEL O €T0 (ha30BOIl
XapaKTEePUCTUKN MOXKHO JIMIIL B HEKOTOPOM IIPHUOJIMXKEHHOM CMEICIE. 1eM
He MeHee, corsiacHo (7.2) nMeem

O (w) = —

V2

[losToMy, cumTas, 4To BTOpOE cllaraeMoe B CKOOKax Maiio (4TO BIIOJIHE pe-
30HHO ), TOJIYYUM

<éj+1(w/2)m0(w/2) (W /2 + m)mo(w/2 + 7r)> .

& =& (w/2)mo(w/2).
V2
B nocnenneit hopmyiie yxke MOXKHO FOBOPUTH O JINHENHON dase puiabTpa. AHa-
JIOTUYHBIM 06pa30M MOXKHO HOCTYHWUTH U C KOd)DUIMEHTAMHU HPOEKIUN Ha
IPOCTPAHCTBO BCIVIECKOB. [[71 HUX CIpaBemINBO COOTHOIIEHME

N iw/2
& (w) = &=+ (w/2 + m)mo(w/2).

V2

Ecau ke BCIOMHUTH 0 TOM, UTO TOCIIeNOBaTeIbHOCTH ¢/ U d’ 5To BCero JIMIIb
KoadPUIMEeHTHI pa3iiokKeHUs CUTHaJla 1Mo HeKOTOPHIM 0Oa3ucaM, a 4ToObI Bep-
HYTBHCS K CaMUM HPOEKIUsIM CUTHAJa Ha mpocTpaHcTBa VI u W7 (Tounee k
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UX CIeKTpaM) HaM HyXKHO HONCTaBUThH B (7.5) moouepento 3naveHus ¢ (w) u
d? (w) u3 popmya (7.2) u (7.4), cuuras npyroe 3sHaUeHNEe HYJIEBBIM, TO MOJY-
9mM, uTo curHai ¢/ 1 aBjigeTcsa cymMoil cBoell HU3KOYACTOTHON KOMIIOHEHTHI
I+ (mpoextmu ma V)

F (w) = & (W) fmo ()P + & (w + m)mo(w)me(w + 1) (1)
" BBICOKOUYACTOTHON KOMIIOHEHTBI ,Bj +1 (HPOGKHHH Ha Wj)
B (w) = & (w)mo(w + m)[* @& (w + m)mo(w)mo(w + 7). (2)

HeTpynHo BumeTsh, uto mpoussenenue mo(w)mo(w + 7) Maso, MOCKOIIBbKY, ec-
JIM My — YacTOTHAsA XapaKTepUCTUKa QUIbTpa HU3KOM YaCTOTHI, KOTOPBIN
IPOITyCKaeT YACTOTHI HUXKe 7 /2 U IMONaBiseT 4acTOTHI B MUANA30HEe OT 7 /2
1o T, TO B KaXKOON TOUKe MaJl JInbO ONuH, MO0 OPYToll COMHOXUTEIb.
Takum o6pasom, BUAHO UTO MepBoe ciiaraeMoe B (1) eCTh CIEKTp CUTHAIA,
TIOJIyYaloLIerocs B pe3yJbTaTe BO3MelcTBUS Ha curHai ¢/ T ¢unbTpa ¢ uac-
|2. OToT GUILTP HE3aBUCUMO OT GYHKIIIN
mo(w) He OKa3bIBaeT HUKAKOrO BIMSAHUS Ha a3y BLIXOAHOro curHasia. llpum

TOTHOI XapaKTePUCTUKON |mq(w)

5TOM BTOpoe cjiaraemMoe B (1) BHOCHT B BBIXOIHOI CUTHAJI He WHBAPUAHTHOE
OTHOCUTEJBHO CIOBUTA BXOIHOTO CUTHAja Bo3MyllleHue. Ilpuuem Besumumua
5TOT'O BO3MYIIEHNUS 3aBUCUT TOJBKO OT KaueCcTBa pa3lielieHus 4acToT PUiIbT-
poM mgo(w) U HUKAK He CBs3aHa ¢ ero (HasoBoil XapaKTePUCTUKOL.

AHasiornunble paccykIeHUs MOXKHO MPUBECTU U s GopMydinl (2).

IIpuBenenHble MPOCTHIE pacyeThl MOKA3LIBAIOT, YTO IMPU HEKOTOPBLIX BUIAX
o6paboTKu curHaja, HalpuMep, Korjla OUHAKOBO M3MeHSIOTCSI Bce Korddu-
meHTs ¢/ wm d? (Kak 5TO MOXeT OBITH CHEJIaHO JJIsi OKTABHOTO HKBaJlaiize-
pa) MOJIyYeHHBI UTOTOBBI QUILTP MOXKHO CUMTATH QUILTPOM C JIMHEHHON
daszoll He3aBUCUMO OT CUMMeTPUN BhI6GpaHoll nocienoBaresnbroctu {hy, }. Ta-
KUM oOpazoM, cllefyeT UMeTh B BUNIY, UTO JaXe B 3ajadvax, I'lle TpeboBaHUe
JuHeHOCTU a3kl PUIILTPOB SIBJIAETCI €CTeCTBEHHBLIM, MHOTIA MOYXKHO BOC-
MOJIB30BAThHCA HECUMMETPUUHBLIMHU 6a3nMCcaMU.

§18. III® xak MHCTPYMEHT OJis
BCIJIECK-Pa3JIoXKeHn minm HaoGopor 7

HamomuuMm, uTo B §12 6BLT pacCMOTpPEH aJITOPUTM BBLIUUCIIEHUS Ko>(ddu-
IIEeHTOB pa3jIoXeHUl Mo BCIJIECKaM, OCHOBAHHBIN Ha PAa3JIoKEeHUU CUTHAJIOB
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Mo GYHKIIIM MIPOMeXKYTOUHBIX 6a3mcoB, Ha3BaHHBLIX HamMu Gasucamu Bume-
pa. I's1aBHOe MOCTOMHCTBO 3TOTO aJITOPUTMA COCTOUT B €TI0 YHUBEPCAJIHHOC-
Tn. ApudMeTudeckume 3aTpaThl Ha €ro PeajiM3alllio He 3aBUCAT HU OT IIPO-
CTPAHCTB BCIIECKOB, HI OT 6a3MCOB COABHUIOB B STHUX IPOCTpPaHCTBaX. Kcim
curHayl pasbuBaeTcsa Ha yuacTku mo N = 2™ orTcueToB, TO Giaromaps ucC-
mosb3oBanmuio ajiroputMa BII® umcio apudmerndeckux omepanuii Ha OIHY
TOUKy nponopimonaiabHel [V log, N. UTo coBceM Hemmoxo, eciiu CpaBHUBATH
C 3aTpaTaMH Ha MPAMYIO CBEPTOUHYIO peajm3aruio ajropuTmoB mis KMA,
IMEIONINX MAaCIITabupyiolllee ypaBHEHNE € GOJBIINM YHCIOM KO3h(UIlmeH-
ToB. llpm sToM anropuTMbI ¢ MaJILIMA OKHAMU CBEPTOK WJIN PEKYPCUBHBIE
aJITOPUTMBI UMEIOT MeHbINNE apudMeTHUecKne 3aTpaThl. Kpome Toro, Ta-
KIe aJITOPUTMBI TO3BOJIAIOT 06pabaThIBATh CUTHAJI IIEJIMKOM, He pa3buBas Ha
yJacTKHU 1 u3beras TeM caMbIM Mpo6JieMbI KpaeBbIX 5hdeKTOB, CBI3aHHBIX C
MIEPUOAN3AINEN KYCKOB 1 MX CTBHIKOBKOI.

B 10 xe Bpems, UMeIOTCS MPUYMHEI, [TO3BOJIAIONINE HANEATHCI HA BO3MOXK-
HOCTbH IPUMEHEHNS aJITOPUTMOB TUIMNYHBIX I BCIIECK-PA3JIOKEHUHN I BhI-
ynciennsa npeobpaszoBanuin Tuma HIIP.

Cuauasia MBI IpuBenieM HanboJslee APKUN IpUMep, WITIOCTPUPYIOIINN CKa-
3aHHOE BBIlIIe. PaccMoTpuM B BeIIeCTBEHHOM MIPOCTPAHCTBE 1-TIepUOANIECKUX
dyukuuin, KMA, nopoxnennniii 6asucom Xaapa. HamoMmumMm, uTo B KauecTBe
dbyukuuu " 6azumca Xaapa OJis mpocTpaHcTBa V"™ 6epercsd GyHKIIMA

gy e [ VA €D
T T Vo, e glo,1/n),

a B KauecTBe 6Gas3sUCHOTO BCIIeCKa B mpocTpaHcTBe W™ paccMaTpuBaercs
dyuxus Y™ (z) = ¢(22) (22 ©1). Acno, uro npu sTOM

IIycTb usBecTHBI KO3 dUIEHTHI pasiioxkenus {cy } npoekuun f, dyHkimu f
Ha mpocTpaHcTBo V" mo 6asucy cusuros ¢”. Torma ecim moJHOCTEHIO pea-
JIN30BaTh IPOLENYPY Pa3JIOKEHNI B IMaKeT BCIIECKOB, KAK 5TO OIMCAHO B §8,
TO, OKasbiBaeTcs (cM., Hanp., [CM]) , uTo Ko>pPUUMEHTHI pa3IoKeHUs PO-
eKIIUI Ha OTHOMepPHbIE TIPOCTPAHCTBA W,S, k=0,1,...,2" &1, Ha BBIXOME aJl-
rOPUTMa B TOYHOCTH COBIANAIOT C KO3(QPUIMEHTAMI pPa3JIoXKEHN [0 6a3ucy
Yomma, a camu npoctpanctsa W), ecTecTBeHHO, cocToAT n3 QyHKIMiA Y 0J1-
ma. TakuMm o6pa3zoM, ajropuTM pasjiokeHNd (YHKIWHM B IAaKeT BCILIECKOB,
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nanyuposanueii KMA c 6asucom Xaapa, 5To anropuMm Brictporo IIpeo6-
pazoBanug Youmama. Ero moxso peammzoBath 3a NV log, N = 2"n cnoxeHnn
u N yvmuoxenuit. Takum ke obpazom peanmsyercs u O6parmoe BricTpoe
IIpeobpaszoBanme Yosiiia Kak ajifOPUTM PEKOHCTPYKIHMN QYHKIIAU MO KOdd-
dunmeHTaM €ee BCINIECK-TIAKETA.

K coxanenuto, mis HuckpetHoro IIpeobpaszoBanus ®@ypbe HeT TakKou mpsi-
MOI CBSI3U C MakeTaMu BCIuleckoB. OMHAKO pasiimydme MeXAy aJrOpuTMaMm
He oueHb Besnko. PakTtudueckmu anroputMm BII® mpemcrasiaser coboit mouTn
ITOJTHBIN AHAJIOT AJITOPUTMA Pa3jIokKeHUs B MakeT BCIUIecKoB. OTimume co-
cTouT B ToM, uTo mpu peasmmsanuu BII® mer dpukcupoBanHonnr GyHKIHE Mg,
a B KauecTBe 1M HCHONIB3yOTCS dymkmum Buma m(w) = (1 4 ye!Nw/2)/2,
rlle Y — OOWH W3 KopHel [N-ii cTelleHU n3 enuHuibl. VIHTepecHO OTMETHUTD,
UTO IJI TOW YacCTU aJIFOPUTMa TAKOTO ’IICEBMHO MaKeTa BCIJIECKOB” , KOTOpas
COOTBETCTBYET DPAa3JIOKEHUIO IO BCIUIECKaM, T.e. MPOEKIUAM Ha IPOCTPaH-
ctBa W7 = W/, koobdurueHnT y GyHKINM ™M) HeW3MEeHeH W PaBeH eIMHMUIIE,
Tak 49TO caMa (yHKImEs paBHa mo(w) = (1 4 eV¥/2)/2. Fcuo, uro Taxas
GYHKIUSA Mo Oajieka OT TOrOo, YTO MBI ITOHHMaeM Mol GUILTPOM HUXKHUX
4acTOT, a QYHKINM 6a3ICOB CABATOB MPOCTPAHCTB W/, dopMasbHO SBIACH
BCILJIECKAMU, BPSM JI MPUTOMHBI IJI PACCMOTPEHHBIX BBIIIE 3a/1aY CKATUI
curHajioB. Bo BcsSkoM cilydae, TPOMEXYTOUYHBIE OPTOTOHAJbHBIE 6a3UCHI I
MTOPOXKIEHHBIE MU IIPOCTPAHCTBA, MOJIYYAIOIINECS B MPOIECCE PA3JIOKEHU,
ellle HyXKOIaloTCsId B HajbHelieM ocMbiciieHunn. OnHO GeCCIoOpHO — B 5THUX
IIPOCTPAHCTBAX YaCTOTHI MepeMEIaHbl, 1 AJIs TOTO YTOOLI OPraHU30BaTh I0-
JIOCOBOM GUIILTP HYXKHO ITOJIHOCTHIO BBIMOJHUTE NUCKPETHOE IIPpeobpa3oBaHme
®ypbe 1 ocTaBUTH B CHEKTPe TAPMOHUKM, COOTBETCTBYIOIINE YaCTOTAM IIO-
JIOCHI TIPOITyCKaHus GUiIbTpa.

CoBceM mHeTpymHO Momo6paTh Takyilo GYHKIIIO Mg C XOPOIIMMH CIIEK-

TPaJIbHBIMKA CBOWCTBAMM, UYTO HA BBLIXOIE aJTOPUTMa PAa3jIoKeHUs B MaKeT
BCILJIECKOB TIOJIYUYUTCS CIEKTP CUTHAJIA, a BCE IMPOMEXKYTOUHBIE IIPOCTPAHCT-
Ba COMEPXKAT OMPENeSIEHHYIO MOJIOCY cleKTpa. s 5Toro mocTaTodHo B3SITh
dyHK1IIIIO
1, |z| <7/2,
mo(w) =
0, 7/2<|w| <.
JIro6yro mostocy acToT MOXHO Habparh U3 Hostoc npocrpancTs W], Onnako
ITOCTPOEHNE TAKOTO PA3JIOKEHUs SBJIAETCA HOCTATOUYHO MOPOTUM YIOBOJILCT-
BUeM. AJITopuTM pa3iiokKeHUs B MaKeT BCIUIECKOB OyHIeT MMETDH CIIOXKHOCTD
nopanka N2log, N, a 6a31chl BCIJIECKOB GyIyT IJIOXO JIOKAIM30BAHEL
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Takum o6paszoM, IMpPM TOYHOM IIOCTPOEHUN (PUILTPaA C IMPOM3BOJILHON 3a-
mapaorn AYX mpupercs BeimosHuTh mporenypy BII® mo komma. B To xke
BpeMsi, PA3JIOKEHNUs MO BCIIJIECKAaM ([TaKeTaM BCINIECKOB) MOLYT HPUTOAUTHCH,
ecyim TpebyeTcs IpubIMmKeHHOEe ocTpoeHne GuiabTpa. g 5Tol e rogsat-
ca mobere KMA ¢ xopoluM pasmejieHneM 4acTOT MEXAY HPOCTPAHCTBAMI,
omHAKO HamboJjiee MEePCIEKTUBHLIMA MJIsS STOHN Iejim npencrasisiorcas KMA,
nMeloIne 6a3nChl, COCTOAIINE U3 PEKYPCUBHBLIX BCINIECKOB. OJTO BBI3BAHO
TeM, UTO pallioHaJbHag QYHKIUS JajKe MaJoro IOPAOKa MOXKET 00eCHeUnTh
XOPOIIYIO KPYTU3HY QUILTPa M.

IlokaxeM, KakuM 06pa3oM MOXKHO CKOHCTPYHPOBATH IIOJIOCOBON GUILTP C
3aIJaHHON MOJIOCON TPOMyCKaHus [wy,w,) C [0,7). Ilpm sTom ecTecTBeHHO
CUNTaTh, YTO W) = Ay, Wy = dum, vOe dj,dy,, 0 < d;,d, < 1, — IBOMYHO-
palMoHAJbHBIE YICJIA, KOTOPBIE MOXKHO 3allCaTh IIPU IIOMOIIN He GoJjiee, YeM
n = log, N nupp nocse 3anaron. Yepez A 0603HAUNM COBOKYITHOCTH TaKUX
IBOMYHBLIX YMCeJl U3 UHTepBaia [dy,d,).

Hanee 6ymeMm mosb3oBaThCca obo3HaueHHmIMHI §8. AJIropuTM cocToUT u3
IBYX 5TAIOB 1 CTPOUTCH cllemyromum obpaszoM. Ha mepBom sTame 1mo mHOyK-
I KOHCTPYUPYEM BJIOKEHHYIO ITOCJIENOBATEILHOCTE IPOCTPAHCTB

VrP=Wge OWp Tt > D W

TaK, YTO CIIEKTP KakKIOTO W3 HTUX MPOCTPAHCTB MOKPHIBAET MHOKECTBO TA.
[lo mpyromy >ToT dakT 3amaerca Bkmodernmavm (k2! /27, (k;+1)21/2™) C A,

Il =n,n&1,...,m. 3aMeTumMm, 9TO MOXKET CIYUYUTHCA, 4T0 M = n. llycTh
~1 ~1

MBI HOJIyumin npoctparctso WP = W2 "Wl 1. lorma B ciyuae, Korna
p p p

(2kp, + 1)2PT1 /2" ¢ A, B KauecTBe W,fp__ll BLIOMpAaeTCd TO M3 MPOCTPAHCTB
MPSAMOI CyMMBI, Uell CIIEKTP MOKphbIBaeT MHOXKecTBO An. B ciyuae ke, Korma
(2kp + 1)2p+1/2” € A, mepexoanM KO BTOPOMY 5TaIly ajJrOpUTMA.

Hauanom BTOpOro sTama ciyX)aT IpOCTPAHCTBA Wznlz;l, Wgz;il Kax-
moe M3 HTUX IBYX IMPOCTPAHCTB MOPOXKIAET CBOIO BJIOKEHHYIO IIOCIJIEIOBA-
TeJILHOCTH IPOCTPAHCTB, B KOTOPOW KaXIoe MOoCJeAyiolllee MPOCTPAHCTBO
”B OBa pa3a MeHbIle” mpedblAyIiero. PaccMoTpuM IIOCTpOeHUE IIOCIIENO-
BaTEJILHOCTU, COOTBETCTBYIOIIEN “JIeBON’ YAaCTH CHEKTpa, T.e. IPUHAJIJIE-
Kalen Wznlz;l IlocTpoenune BemeTcst mo chaenytoiiienn cxeme. Ilomydentoe
Ha TPEeAbIAYINeM IIare MPOCTPAHCTBO IPENCTABISIETCS B BUIE CYMMBI IBYX
MIPOCTPAHCTB, YTO COOTBETCTBYET IMeJIEHWIO MOJIOCHI YAaCTOT, MOKPLIBAEMOI
TEKYIIUM IIPOCTPAHCTBOM, ITOMOJIAM.

CyI1iiecTBYIOT TpHU BapUaHTa IMOJIOKEHNS TOUKN [eJIEHUS YaCTOTHI.
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Eciu Touka nenenns sBiseTcs JIEBBIM KOHIIOM ITOJIyUHTepBajiia A, To mpo-
€K1 Ha HU3KOYACTOTHOE IPOCTPAHCTBO 3aHYJISETCHI, a BBICOKOUACTOTHASI
JacTh BKJITIOUAETCSA B BBEIXOIHON CUTHAJI, IIPU STOM IIPOIIECC 3aKAaHUMBAETCH.

Eciu Touka mejeHms 4acTOTHI momagaeT BHYTPh MHOXKeCTBa mA, To mpo-
eKIINs CUTHAJIa Ha BBICOKOYACTOTHOE IMPOCTPAHCTBO BKJITIOUAETCS B BBEIXOIHON
CHTHAJI, & HU3KOUACTOTHAA YacTh (TOUYHee, IPOCTPAHCTBO, €€ COIEPIKAIIIEE)
BKJIIOUAETCI B YIOMSAHYTYIO BJIOXKEHHYIO IIOCJIEIOBATEILHOCTE. lasee moso-
ca 4aCcTOT, KOTOPYIO MOKPBIBAET BBIOPAHHOE IPOCTPAHCTBO, CHOBA MEJIUTCS
TIOIIOJIaM.

Haxkonerr, B ciiyuae, Korjga Touka JeJeHISI YaCTOTHI OKAa3LIBAETCI BHE MHO-
XKecTBa A, IPOEKIUI Ha HU3KOYaCTOTHOE IIPOCTPAHCTBO BHEIBOIUTCI U3 Pac-
CMOTPEHUs, & BEICOKOUACTOTHOE IIPOCTPAHCTBO BKJIIOUAETCSI B KOHCTPYHpPYe-
MYIO BJIOXKEHHYIO MOCJIENOBATEILHOCTD.

C npocTpancTBOM Wzn,z;il MMOCTYMIUM COBePITIeHHO aHAJIOTUIHBIM 06pa3oM.
B utore, Ha BbIX0/le ajiropuTMa IOy UM KO3DGUIIIEHTEHI IPOEKINH BXOIHOTO
CUTHAJIa Ha IMPOCTPAHCTBA U3 MMAaKeTa BCIJIECKOB, IO KOTOPBIM MOXKHO BOCCTa-
HOBUTH BBIXOOHOM CUT'HAJI.

9lcHo, YTO 5TOT AJTOPUTM OaeT JIUIIb MPUOIMKEHHYIO pPeajii3alliio IIo-
socoBoro pmiabTpa. OOHAKO TOYHOCTH MOXKET PErYINPOBATHLCA KOJIMIECTBOM
OTBOJIOB PEKYPCUBHOTO HMIIbTPa (CTENEeHbIO 3HAMEHATeNs DYHKINU My ).

IlocTpoennas cxema o6pabGOTKHU He SIBJIAETCI YEM-TO aOCOJIOTHO HOBLIM.
PaxTUIeCKN, C TOYHOCTHIO 10 MaJioll MOoGaBKM IIOJIyYaeTCsa OOBIYHBIN PEKYpP-
cuBHBI GuiabTp. OmHako mpemjiaraeMas cxeMa obiiagaeT GOJIBIION TMOKOC-
ThIO U MIPOCTOTON peain3alluil JF0O60T0 IMOJI0OCOBOTO MUILTPA.

3amMeTuM, uTO, KaK OBLLIO IOKA3aHO B MpeIBIOYIeM maparpade, MOXKHO
CUNTATh, UYTO MojIyvatorimecs GUIbTPhI UMEIOT CUMMETPUYHYIO YACTOTHYIO
xapakTepucTuky. llosToMy ¢ Toukm 3peHHs KJIaCCHUYECKOW AaHaJIOTOBOM 00-
PaboOTKM CUTHAJIOB OHU HE MOTYT OBITH Gu3nmueckmu peajamsyeMbiMu. OmHaKo
IIJIS HAC DTO O03HAYAET BCETO JIUIIL TO, YTO MBI HE MOXKeM 00pabaTLIBATh CHUT-
HaJI IO Mepe eTo MOCTYIUIEHUS, a JOJIKHLI MMeThL 06pabaThIBAEMBIN yYAaCTOK
IeJINKOM 10 HavajoM oOpaboTKM.

§19. MyJIbTHUBCIJIECKH.

Yxe B crarbe WU.Ho6emm [D1], roe 6buin BrepBble MOCTPOEHBI OPTOrO-
HaJIbHBbIE 6a31CHI BCIIECKOB C KOMITAKTHBIM HOCHTEEM, O6BIIO ITOKA3aHO, UTO
3a uckiouenneM KMA c¢ 6asucom Xaapa, He cymecTtByer mpyrux KMA ¢
OPTOTOHAJILHBIME 0asucaMu, YbM J€MEHTHI MMEIOT KOMIIAKTHBIN HOCHUTENh
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n Jiubo oChb cuMMeTpuu, Jubo meHTp cuMmMerpuu. (CiemoBaTe/IbHO, OIeEpa-
TOPHI TPOEKTUPOBAHNS HAa MPOCTPAHCTBA BCINIECKOB HEJIB3S TPAKTOBATh KakK
GuNbLTPHI ¢ JuHelHON Ga30i.

XoTs, KaK 5TO ObLJIO MoKa3zaHo B §17, Ha Halll B3rim, 06 OTCYTCTBUU JIU-
HeWTHOCTUU ¢$a3bl MOXKHO TOBOPUTH JIAIIE B CJIyYae, KOT/Ia PacCMaTpPUBAETCA
MIPOEKINA, Ha MPOCTPAHCTBO KOYQPUIIMEHTORB Pa3jIoXKeHUs CUTHAJIOB IO Oa-
3UCYy, a He Ha CaMO IPOCTPAHCTBO CHUTHAJIOB, TeM He MeHee, 5TOT apTyMeHT
TOCITYKUJT OCHOBHBIM WMITYJILCOM K TTOMCKY HOBBIX BCIIJIECKOIOMOOHBIX 6a3m-
COB YbH 3JIEMEHTHI TTOCJIe TOAXOMAIIET0 CABATA apTyMeHTa CTAHOBATCA MO0
YeTHBIMHU, JIN00 HeYeTHBIMU (PYHKIIMIMU.

Hau6Gonee nepcnek TUBHBIM HallpaBJieHMEM TONCKa MOAOOHBIX 6a3MCOB CUU-
TaeTCs TMOCTpoeHne 6a3MCOB MYJIhTUBCIIIIECKOB.

3a mociiemHne TOOBI Teopus 6a3sMCcOB MYJIbLTUBCINIECKOB CTAaJIa MPEIMETOM
merajibHOTO paccMmorpenus (cm., Hamp. [LLS1], [LLS2], [LLS3], [Sh]). Or-
MIPaABHON TOYKOW NJI TTONMCKa 6a3MCOB MYJIbTUBCIIIECKOB CIIYXKUT WHTYUTUBHO
onpaBnanHas unes nocrpoerns KMA B koTopom cBoiictBo 1) Omnpenenenns
2.1 moxHO chopMyImpoBaTh B BUIE:

r) HailmeTcs HAGop TakuxX GYHKIMA 1, Qa, ..., Pk € V0, uTo MHOXeCTBO WX
cosuroB {{p1(z ©n)}, {p2(x ©n)}, ..., {vr(z ©n)}} obpasyer oproHopmu-
poBaHHEI Ga3mc mpocTpaHcTBa V0.

XoTs B MpuUBeIeHHON BhIllle GOPMYIUPOBKE HET HU CJIOBA O JIMHEWHOU da-
3¢ WM CUMMETPUU rpaduKoB GYHKUUI, GONBIINHCTBO UCCIeAoBaTeNel (CM.,
wanp., [PS], [SS], [S], [SH]) ctpost KMA ¢ 6asucamu, ymoBIIeTBOPIOMINMY
MMEHHO TaKuM cBouicTBaM. Ilpm sToM Bcerma moMoOSTHUTESBHO TpebyeTcs,
YTOOBI 6asuchl mMesin GUHUTHBIE HOCUTEIN. OTH TpeboBaHUS ONpaBIaHBI
TeM, UTO MaciITabupyioiiee ypapuenne g Takux KMA mpuobperaer Bun

o(t) = Y Crd(2t ©m), (1)

meZ

rie ®(t) = (1(t), p2(t), ... o(t))T, Cr — maTpummt pasmepa k x k. [TosTo-
My apudMeTHYecKas CJIOKHOCTH AJITOPUTMOB PE3KO YBEINYMBAETCA 33 CUET
UX MaTPUYHOW NMPUPOABI. 3HAYWUT, MJIS TOTO, YTOOLI HALESITHCA HA BO3MOK-
HOCTH WX [IPUMEHEHUs Ha IPaKTUKe, OHU TOJIKHEBL 06j1anaTh KaKUME-TO CBOM-
CTBaMU, KOTOPHIME He 06JIaajil WX [PeAlleCTBEHHUNKNA — OPTOrOHAJIbHbIE
Bcrwtiecku Jlobernm.

XoTst B yIOMSHY THIX BbIIlle paboTax PacCMOTPEH OGLINIT HOIXOM K TOCTPO-
eHIO (6a3MCOB MyJIbTUBCIIECKOB MBI PACCMOTPHM 31ech juib npumep KMA,
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uccienyemsrii B pabore [SH]|. OToT mpumep coorBercTByeT ciayuato k = 2.
Kosdpdunmentsr macmrabupyoiero ypasuenus (1) paBHbI
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Co = ( 9 3 >, Cs = ( 1 >;
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a K03dhPUImeHTHI B MacIITabUPYIOIIeM YpaBHEHUN
U(t) = )  Dp®(2t &m), (2)
meZ

ompemnegiolieM 6a3ucHble GYHKIIUN B MIPOCTPAHCTBE BCIJIECKOB OITPeNIesIsSioT-
ca popmystaMu

:31 9
Do=— (T2 TN p =Lty €0
100\ 1 32 10\s9 0
9 1
Dzzi vz , Dgzi -z %)
10\ 9 «3v2 100\ « 0

O6e 6asucHble GYHKINU, OMpeesseMble MACIITAGUPYOIUM ypaBaeHureM (1)
ABJIAIOTCS YeTHBLIMU U UMeloT HocuTesm aiauabl 1 u 2. O6e dyHkInm, 3ama-
follme 6a3mc B IMPOCTPAHCTBE BCIIECKOB, OINpenesiseMble MacHITaOupyIONIIM
ypaBHeHneM (2), UMEIOT HOCUTENL IJIMHLI 2, IpUYeM ONHA U3 HUX YeTHA,
a mpyrad — He4YeTHa. 3aMeTUM IOMOJHUTEIbHO, uTo mosryueHHbin KMA
obJlaylaeT TeM CBOMCTBOM, UTO ITPOEKIIMS JIMHelHON (GYHKIUHN Ha Jioboe U3
nmpocTpaHcTB V"™ coBmagaeT ¢ 5Toil QYHKIIHEN.
[ycts dyuxuus f(t) npunaaiexuT npoctpancTsy VO Torma

1) =Y (P hei(t n) + ) oa(t ©n)).
ncz

[poekuns dyukuun f(t) Ha mpocTpancTBo V ~! 3amaerca dopmysioit
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AHaormaeBIM 06pa3oM 3amaeTcs MpoeKIusa Ha mpocTpaHcTBo WL,

Takum o6pasom, eciu MbI UMeeM KoddduumeHTs npoekuuu f(t) npocrpas-
ctBo V0, He cocTaBIgeT TPyHa pealn30BaTh aJlTOPUTM pasioxkernus. OmHako
MIOCTPOEHNE MPOEKINN MPOIleAypa JOCTATOYHO HenmpusaTHad. B ciayudae k = 1
MBI IPUIIIA K BBEIBOAY, YTO MOXHO MPArMaTUYHO IMoJIaraTh, 4To Koddduiim-
eHTHI PasJIoKeHNd IPOeKINI Ha IPOCTPaHCTBO V'° coBmAmaioT ¢ OTCUeTaMu
f(n) dysxkuun. s MysIbTUBCINIECKOB TAKOW METOI He IPOXOAUT, HAITPUMED,
MIOTOMY YTO KO03hPUIIMEHTOB pasjioXkeHus B k pa3 OoJibllle, YeM OTCUETOB.

B [SH] mpoBonutcs cpaBHUTENbHBIN aHAIN3 HECKOJILKUX BAPUAHTOB IS
ciaydag k = 2

Camblil IPOCTON W3 TUX BAPUAHTOB B3ATh JIBE KOMHUU BBIOOPKW CHUTHAJIA
f(n) B kauecTBe KO>(DOUINEHTOB PA3IIOKEHHUS MO CABUTaM Ga3sUCHBIX (DYHK-
i ¢,. HemocTtaTkm Takoro meroma odeBumHBI. Ilpexme Bcero sTo BemeT
K UCKa)XXeHUdI CUTHaja, 4ero HeT B ciaydae k = 1. B camom mesne, niis
KJIACCUYEeCKNX BCIIJIECKOB, BOCCTAHOBUB CHUTHAJI ITOCJIE CXKATUSA, MBI TTOJIY UM
KOA(pPUITMEHTHI Pa3IoXKeHNA o 6a3UCy IeJIOUNCIIEHHBIX CABATOB QYHKITAN (.
N ecaiu MBI M3HAYAIBHO TTOJIATAIIN, YTO OHU COBHANAIOT CO 3HAYEHUSIMU CUTHA-
JIa, TO U BOCCTAHOBJIEHbIE KODPUIIMEHTHI HYKHO CUNTATH BOCCTAHOBJIEHBIMUI
3HAYEHUAMU CUTHaJjIA. [IJIsg MyJIbTHUBCINIECKOB TAaKON MpUEM He IMPOXOMUT, TIO-
CKOJIbKY B KadeCTBe BXOIIHOTO CUTHAJIA MJIA aJiITOPUTMAa CXKATUsA OepeTcs NBe
KOMIUW OHOTO W TOTO XK€ CUTHAJIA, HAa BBIXONle e aJIrOPpUTMa BOCCTAHOBJIE-
HUS TOJIyYaTcs OBa, BooOIle TOBOPS, Pa3HBIX BEKTOPA, U3 KOTOPHIX HMPUIET-
csg cobupaThb MCXOMHBIN curHajd. lpyras HempUATHOCTH MOAOOHOTO TOMXOIA
CBA3aHa € M30BITOYHOCTBHIO TONABAEMOW Ha BXOJ aJITOPUTMa WHGOPMAITUMN.
HecmoTps Ha To, 4To IIpu IpaBUIbHO BLIOPAHHOM METONE CXKATUS M30LITOY-
HOCTBH OyneT JIMKBUAUPOBaHAa, OMHAKO obpaboTKa M30LITOUHON WHOOpMAIIIN
Hem30€eXKHO BelleT K YBeJMUEHWIO apudMeTUIECKIX 3aTPaT.

Bropoit paccmorpennsbiii 8 [SH| meton ocHoBan Ha Bbibope Kosddunuen-
TOB, MCXOMs W3 YCJIOBUS WHTEPIOJIANNN CUTHAJIa B IMOJIYHEJbIX Toukax. OH
MOXKeT OBITh WMCIIOJIB30BaH JIA TPOU3BOJILHON CUCTEMBI MYJIbTHUBCIIECKOB.
JlJist ero MCmosIb30BaHMs HYXKHO PACCMOTPETh CUTHAI Ha ceTKe ¢ marom 1/k
U PELINTh WHTEPHOJSUNOHHYIO 3amady (CHUCTeMy JIMHEWHBIX ypaBHeHHil). B
cilydae cucTeMbl MyiabTuBCIIIecKoB u3 [SH| 3amaua perenus cucteMsr pesko
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yIIpoIllaeTcsa 3a CUYeT TOro, UTO BO BCeX IeJIBIX TouKaxX (QYHKIMA ¢ obpallla-
eTca B HyJlb.

ITocTponM aJITOPUTM HPOeKTHPOBaHUsA GYHKIMH f Ha mpocTpaHcTBO VO,
BeenmeMm B paccMOTpeHUeE II0OCIIENOBATENLHOCTD [, ONPeNeleHHYI0 0 GhopMy-
aaMm fon, = f(n), fonr1 = f(n + 1/2). Torma koshduiueHTH TpoeKIMU
onpenesIaIoTca U3 GOopMyJI

Jon = 902(1)U§?1)z—17

Jan+1 = 902(3/2)’05?7)1_1 + 901(1/2)”:5?1)1—1 + 902(1/2)7)5?7)1'

Hepr,I[HO BUOETHb, 4YTO OTCIOa MMEEM

(0 ©2(1) fant1 ©92(1/2) fania ©92(3/2) fon
1

v = y
" 02(1)¢1(1/2)
(0 _ f2n+2
v =
2,n 902(1)

a C yueToM cUMMeTpuu GyHKIUU Qg

" p2(1)p1(1/2)

§20. HeopToronajabHble Ga3mcChbl
BCIIJIECKOB C KOMIAKTHBIM HOCHTEJIEM.

(0 ©2(1) font1 ©02(1/2)(font2 + fon)
. .

CoBokynHocTh KMA, nMerornux 6a3uchbl CIBUTOB OMHOW (PYHKIUU C KOM-
MMaKTHBIM HOCHUTEJIEM, 3HaunTebHO miupe, yeM KMA, omucannsre . [lo6ermmn,
ITOCKOJIBKY 6a3uchl B TAKUX IMPOCTPAHCTBAX MOT'YT 1 He 6BITH OPTOTOHAJIbHBI-
mu. Pasymeercs, cambiM BaxXHbIM ncTounukoM KMA Takoro poma sSBIAIOTCS
coaitai-KMA. Basuckl B Hux mopoxnatorcs B-craiinamu (cm. §14), cnbu-
'l KOTOPBIX HEOPTOTOHAJBHBI. V3ydueHWIO BHYTPEHHUX CBOMCTB MOCBSIIIEHBI
MHOTOUNCIIeHHBIe ucciaenoBanus (cm., Hamnp., [Ch], [ChL], [ChW]). Onnaxo,
6y1arogaps He COBCEM TOYHBLIM BBICKA3LIBAHUSAM aBTOPOB DTUX HCCIIEIOBAHMUI,
MOXKET CJIOKUTCSA BIleYaTjeHrne, UYTO HEOPTONOHAIbHBIE 6a3MChI C KOMIIAKT-
HBIM HOCUTEJIEM He MOITYCKA0T YKOHOMUYHBIX aJITOPUTMOB PA3JIOKEHU U BOC-
cramoBsieHusa GyHKImiA. Mbl uMeeM BBUIY TaKue ajrOPUTMEI, KOT1a 3aTPAThI
Ha pa3jlokKeHrne W BOCCTAHOBJIEHNE QYHKIINU MIPOMOPIINOHAIbHBI KOJIMYECTBY
OUCKPETHBIX OTCUYeTOB QYHKIMKU. ApPryMeHTAIInsA 3TOTo 3abiIy X IeHns BKPaT-
11e TaKoBa.
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[Iycts cosuru {p(x<n)} GyHKIUN © ¢ KOMIAK THBIM HOCUTEIEM 06pa3yIoT
(Boo6I1Ie TOBOPS, HEOPTOTOHAJILHEII) 6a3uc cABUTOB B mpocTpancTse VO u

@) =3 (e oh).

keZ

s Toro, 4To6bI MOCTPOUTH OPTOTOHAJIBHYIO IMMPOEKINIO f Ha MPOCTPAHCTBO
V1 B ciayuae oproropMupoBanHOCTH Gasuca @(24n) MBI JOJIKHBI IOCUNTATH
CKaJIsIpHbIe TIPOU3BeNIeHUS:

= 5 (fehe (G em)) =
AL et o (G om)) = St

keZ keZ

YTO NMPUBOIUT K CBepTKe ¢ KOHeUHBIM OKHoM. KEcim xke casuru dbyHKIMM ¢
He 00pa3yloT OPTOHOPMUPOBAHHOW CUCTEMBI, TO IIJI BBIUNCJIEHNS IIPOEKIINN
Ha V! mam momamoburcsa 6mopToroHanbHBIl 6Gasuc P(e &n), T.e. 6Gasuc
npoctpancTBa V', ynoBieTBopsrommii ycaoBuam

1, m=mn,
0, m#n.

(s ), G(s m)) = {

Torna dhopmyna BbrumciaeHus KodddunuenToB npoekiuu (1) npeobpasyercs
K BUIY

AL {5 (G om) = S eluan, 0

keZ keZ

r'lle OKHO CBEPTKHU yK¢é He 6ymeT KOHEUHBIM. AHAJIOrMYIHBIM 06pa30M CTPOUTCS
opToToHaJbHas IPOeKIWd Ha IpocTpaHcTBo W L.

ScHo, uTto B ciiyuae, Korma MmacumiTabupyiomiee ypaBHenue (4.1) umeer
JIMIITH KOHEYHOe UMCJIO CIaraeMbIX, ® TOo aJropuTM peKOHCTPYKIUHM pPeain3y-
eTCcsd KaK CBepTKa ¢ KOHEUHBIM OKHOM, UYTO He OUYeHb CYIIeCTBEHHO yJIyulIiaeT

IIOJIOZKEHNME MIEJI B IIEJIOM.

13,[[.]'[5[ 6asucos B-crnaiiaos sto ycJioBU€ BBIIIOJIHEHO
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B mamHoll cxeMe MOXKHO MMOMEHATH poJIaMu QyHKIUT ¢ u ¢. B sToM ciaydae
SKOHOMUYHBIM SBJISETCS AJITOPUTM Pa3jIokKeHUs, HO He SBIIAETCA TaKOBBLIM
aJITOPUTM PEKOHCTPYKIIUM.

B xauecTBe BO3MOXHBIX BapUAHTOB BBIXOHA M3 MOMOOHON CUTYAIlMU B YIIO-
MSAHYTHIX CTAThAX PEKOMEHIYeTCs JIMOO BOCIIOJIB30BATHLCSA AJTOPUTMOM IIe-
pexoma B 4acTOTHYIO obiiacTh, onupatorumcs Ha BII®, nu6o ma ToT dakr,
4TO B (2) HOCIIENOBATEILHOCTE h,, IMeeT DKCIOHeHINANBHEIA OPSIOK yObIBa-
HUSL, TI09TOMY, GopMyity (2) MOXKHO MPUOIMKEHHO PeaIn30BaTh KaK CBEPTKY
C KOHEUYHBIM OKHOM.

3abiryKmeHne, 4TO 6MOPTOTOHAJIBHBIN 6a3MC ¢ HEOTPAHMYEHHBLIM HOCHUTE-
JIeM He 1M03BoJIsseT 5)(GEeKTUBHO Pean30BaTh aJTOPUTM Pa3jIoKeHUs CPOIHI
3a0JTy KIE€HUIO, K KOTOPOMY CKJIOHHBI CTYIEHTHI, IIPOCIIYIIaBIIIe TEOPETUIeC-
KN KypC JIMHEWHON ajre6phl U MOJIArafoIie Iocje 3TOr0, YTO IS PeIleHns
CHCTeMBI JIMHENHBIX YPABHEHN HYKHO JTOMHOXNUTH BEKTOP U3 MPABOM YaCTH
CHCTeMBI Ha MaTPUILy, 0O6paTHYIO K MaTpuIle cUcTeMbl. B To ke Bpewms, maxe
IJIT MATPUILI CUCTEMBI O6Illero BUOa B TPU pa3a YKOHOMUYHEE OKa3bIBA€TCS
MeTOIl OCHOBAHHBI Ha TPEYTOJbHOM PAa3JIoKEHNM MCXOMHON MATPHUIBI, a YK
MU JIEHTOUHBIX MAaTPUIl BRIUTPHIIT B apudMeTHUECKNX 3aTpaTax IMpHU IIpa-
BIJILHO BBIOPAHHOM aJITOPUTME MOXKET COCTABJIATH HECKOJIBLKO ITOPAIKOB.

MEI celiuac moKaxXeM, 4TO Hallle CpaBHEHWE C 3a7adell pelleHnss CUCTEMBI
JINHENHBIX yPaBHEHUN CIPAaBENJINBO IJIS JAHHOW 3aladuld He TOJIBKO B IIEpe-
HOCHOM, HO 1 IIPSAMOM CMBICJIE.

Mgu1 6yneM masiee paccMaTpuBaTh nepuonndeckue guckperubie KMA. Kak
1 paHee, MoJlaraeM, YTO TEPMUH ~JIOKAJILHBIA HOCUTEIL’ pasMepa p COOTBET-
CTByeT CJIydalo, Korma HalmeTcs Takasd GYHKIHUS @™, mopokmgaromnias 6asuc
mpocTparcTBa V", uTo QYHKINN, ONpelesIeHHbIE PEKYPPEHTHO Mo GopMyJIaMm
(9.3), uMmeroT HocuTesnb, NpuHamtexkamuii orpesky [0,pN/J], rme p << N.
N3 ¢popmynsr (9.6), B uacTHOCTH, CilenyeT, 4To 6a3UC BCILIECKOB &j B IIPO-
crpancTBax W/ MOKHO BBIOpaTh TakuM o6pa3oM, UTo DYHKIHME 1)’ Takxke
MMEIOT JIOKAJILHBIA HOCUTEID.

OcTaHoBUMCS Temepb HAa BBIUNC/IUTEIHLHBIX ACIEKTaX MPOLENYP pa3iIoke-
HIS ¥ BOCCTAHOBJIeHUs (GYHKINI MO BCIUIECK-6a3mcaM C JIOKAJIbHBIM HOCHUTE-
JIEM.

ITokaxem, 4TO MpoLENYPHI Pa3JIOKEHN TPOU3BOJbHON QYHKINHI M0 6a3u-
caM BCIUIECKOB C JIOKQJIbHBIM HOCUTEJIEM W MPOIENYPHI €€ BOCCTAHOBJIEHUS
MOryT 6bITh peasmzoBanbl 3a O(pN) apubMeTudecKux onepanuii, rae p —
BBeIIEHHBIN BHIIIE TTapaMeTpP, XapaKTePU3YIOIUI pasMep HOCUTeNs 6a3MCHBIX
dyukiuit. Bynet BumHO, 4TO 5TH aJITOPUTMBI COCTOSAT U3 OMEPALUI PeIIeHUs
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CHCTeM JIMHEMHBEIX yPaBHEHMII C NUPKYJISHTHBIMU MaTPUIAMUI, WMEFOIIMUI
O(p) HeHyneBLIX HUAroHajell, u omepamnuii 0606IIEHHBIX CBEPTOK C OKHAMU
pasmepa O(p).

Urax, mycTs {¢’ }_ ) — Habop dyHKIHIT C TOKATbHEIM HOCHTENeM pa3Mepa
n—1
j=0
dopmyste (9.6) dyukumu, onpenesnsionie 6a3uCkl BCILIECKOB.

Ham HyXKHO IOy YnTEL aJIrOPUTM Pa3JIoKeHN IIPON3BOJILHON QyHKIMK [ €
~N _ n—1 k m
CY B cymmy Bunma f(e) = fr(®) + >, gm(e), rme fr, € V¥, g, € W™,
k=0,1,...,n; Tounee, MBI JOJKHEL HANTU KO3(QPUIMEHTEI PA3JIOKEHNS [}, 1
gk TI0 COOTBETCTBYIOIINM ba3mcaM CABUroB. llocTpoeHme mposemeM ob6paTHOR

MHOYKIuen mo k, HaunHasi ¢ k = n.

p, ynoBieTBopsomux yciaopusm Teopembr 9.1, {17 — TOJIyUeHHbIe TI0

ITockoabky
def —snT —n
fn(e) = [f(o) =a"" 3%(e),

rie @ — MCKOMBIA BEKTOp Ko>hdUIMEeHTOB, TO, OUEBUIHO, 4" SABJIAETCI pe-
IIIeHEM CHUCTEMBI JIMHEWHBIX YPABHEHUN C p-NUATOHAIBLHOW ITMPKYJISHTHOU
MaTpuleil (HAIOMHUM, 4TO @"(®) MOXKHO CUMTaTh JU60 BEKTOP-(DYHKIMEN,
au6o marpureint pasmepa N X N).

[Tpenmosmoxkum, MBI yKe Haum pasiioxkenune Gyuxkuuu fry1(0 < k < n) mo
6asucy @¢*T1(e), Torma cupaBemTUBELI Pa3IIOKEHI

ferr(8) = (@) GH1(0) = fi(o) + gu(e) = @ TG (o) + BTG4 (e).  (3)

Iommuoxus (3) ckaldpHo clpaBa CHaYaja Ha KOMIIOHEHTHI BeKTopa @ (e), a

S
3aTeM Ha KOMIIOHEHTEI 1)* (o), momyumm

(C—ik—i—l)T <¢»k+1(.)’ SBk(.)>
(C—L»k+1)T <¢»k+1(.)’,(;k(.)> kT <,(Zk(.)’1;k(.)> (5)

Jlerko BumeTh, uTo seBble yacTu (4) u (5) MOKHO paccMaTpUBAaTh KaK CBEPT-

I
ey

SECHONAON (4)

ku @* 1! ¢ okmamu pasmepa O(p), a BeKTOpEI KodhdurmeHToB G* I b* apssIOT-
sl pellIeHUMU CUCTeM JIMHEMHBIX YpaBHEeHUN ¢ IUPKYJISHTHLIMI MaTPUIIaMH,
nmetortumvu O(p) AuaroHaseit.

AJropuTMBI BocCTaHOBJIeHUA GYHKIUU [ TaKXke MOTYT OBLITH IOJIyUeHBI
w3 dhopmya (3). IlelicTBUTETBHO, 3HAT BEKTOPHI KO3bDUINEHTOB dF I bk opu
0 < k < n, MBI MOXeM HaliTy @*T!, TOMHOXUB paBEHCTBO

(@51) " @2 (0) = MG (o) + BT (o)
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k41 k41
Ha @ 1!(e) U MOSyUNMB MPU 5>TOM OTHOCUTEIHHO BEKTOPA @ CUCTEMY JIU-
HEWHBIX YpaBHEHUN

(@) (8 (), (o) =

= G (§(0), @1 1()) + BT ($5(0), 8 1(0))

3amMeTnM, UTO JIA PelIeHns CUCTeMBI L JUHENHBIX YpaBHEHUU C M-IUaro-
HaJbHOU MAaTpHUIlen HeoObXOMMMO BBLIMOJHUTH TPeyTroJjibHOe pa3jiokeHUe MaT-
PUIbI, 3aTPaThl HA BBIMOJIHEHAE KOTOPOTO MMEIOT MOPAIOK O(mzL). Onnako
B ATHUX BBIUUCIEHUAX He ydacTBYyeT QYHKIIUS, Ube pas3iiokeHUe IMo Oa3ucy
BCIIECKOB MBI uilieM. IlosToMy mX MOXKHO BBITTOJHUTH HPEIBAPUTETHLHO 0
Mpouenyphl pa3loKeHU .

Takum obpasom, obitime apudMeTHUECKE 3aTPATHI HA PA3JIOKEHNE U BOC-
CTaHOBJIEHUE TPoU3BoJibHON GyHKuuu f He npesbimnaoT O(pN).

§21. HeooToroHajabHble MPOCTPAaHCTBA BCILJIECKOB.

Me1 6ynem 3mech IeficTBOBATh B paMKax BToporo ompeneienus (Ompemeste-
uue 10.3) BCIIeCK-pasiiokeHns MPOCTPAHCTBA CN. AprymenTaniusa BBeIeHU
HEOPTOTOHAJIBHBIX Pa3IokKeHUN IIPOCTPAaHCTBA CN 6buta npuBenena B §10.
OmHuM 13 apryMeHTOB B IIOJIb3Y BBENEHNS TAKUX BCINIECK-PA3JIOKEHUNA OBLT
dbaKT CyIlIeCTBOBAHUsA SKOHOMWUYHBIX aJTOPUTMOB. OJTO KacaeTCs He TOJIbKO
MUCKPETHBIX BCINIECKOB, HO M BCIUIECKOB HENPEPBHIBHOTO apryMeHTa, B TOM
YKCIle U BCIUIECKOB, onpeneseHHbIX Ha npsmoit (cm. [CDF], [D2]).

IIycrs Mbr mveem KMA mpocrpamcrsa CV, B koTopoM cymrecTsyioT Ga-
3WICBI CIBULOB, yIOBIIeTBOpsole cooTHomreHn o (10.3), ¢ MaJIbIM 10 cpaBHe-
HUIO ¢ N 4mCIIOM OTIIMYHBIX OT HyJs KO3GUIMeHTOB (WK B CHEKTPAILHON
TEPMUHOJIOTMN — MAJION CTENEHbIO0 TPUTOHOMETPUUECKOTO OJIIMHOMA Mo (w)).
Hamra 3amaya nokasarh, 4TO CyLIECTBYeT TaKoe Pa3iloKeHUe B MPIMyio (Bo-
0b1ile TOBOPs, HEOPTOTOHAIBHYIO) CYMMY BCINIECK-IIPOCTPAHCTB, UTO AJIrO-
PUTMBI Pa3jioXKeHNs U BOCCTAHOBJICHU (GYHKUUI Peau3yIOTCs IPU TOMOILN
CBEPTOK C MaJIbIM OKHOM aHajoruuto ¢dopmyrtam (6.11), (6.12) u (6.14), ko-
TOpbIe NPeobpasyioTcs K BULY

N—1

j _ i+1

¢, = E cfzJr Pr—2k, (1)
n=0
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N-1

di = Z cfflsn_zk (2)

n=0
n
N/2—1 N/2—1
?j—l = Z C%ak_2n+ Z d%bk_zn. (3)
n=0 n=0

B nanpHenimeM HaM mmoHamoOUTCH

JIEMMA L. IIyemp dasg nexomopozo KMA 6 npocmpancmeaz VI evibpa-
bt 6azucel @, ydosaemeopoujue (10.1) v (10.3). To2da dasg dannoeo KMA

cywecmeyom maxue 6a3uchl QSJ maxace ydosaemeopsowue (10.1) u (10.3),
m. e. dad 40061x j1, j2, 0 < j1 < j2 < m,

2727711

¢j1 (2j2—j1m) — Z quz (m + an_j2+j1),

k=0
u dag arwbozo j, 0 < 7 < N,
N-1

¢? 1 ( Zblqsﬂ (e &IN/J),

Ymo dadg xapammepucmuuecm&ii NOAUHOMA

N-1
def
z) = E by 2t
=0

6asucos ¢F umeen |Pp(2)]2 +|Pp(<2)|* > 0 dusg ecezx z. IIpu smom cmenens
noauroma Py ne npesviwaem cmenenu P,.

Amnasior nemmbr 1 g KMA mpocrpanctsa L2 (R) MoxHO HaliTu, Hanpu-

mep, B pabote U.Uyn u 2K.Banra [ChW].

HOKA3ATEIBCTBO JIEMMBI 1. HeobxomumocTh. Eciau xapakTepuctudec-
KU TOJIMHOM
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roe K < N, He umeer map xopHell Buma tc u P,(0) # 0, To yrBepxkeHue
sleMMbI 1 BoImostneno. IlycThb uncia z = £¢g ABAAIOTCS KOPHAME TOJTMHOMA,
P,,C = ci. Torma cnpaBensiuBo mpencTaBIeHNe

K-2

P,(z) = (C &2?) Z dy 2. (4)

=0

-
PaccMoTpuM mponenypy mepexofia K HOBBIM 6a3MCHBIM (QYHKIMAM ¢, KOTO-
pas To3BOJISeT YMEHbUIUTh HAa eQUHUILY TOPAHOK XapaKTepUCTUUeCKOTO I0-
auHoMma P,. BBenem B paccmoTpenne ¢QyHKINIO

¢17 1 (o) Zdlsof SIN/J). (5)

[Tockoabky COrTACHO (4) @77 1(e) = C¢p? (o) ©¢) (0 ©2N/J), 1o HabOp
byHKIIII QSJ ( &I2N/J), 1 =0,1,...,J/2 &1, obpasyeT 6a3uc npocTpas-
crBa VI~ maa j > 0, upu sToM mng § < n GyHKIUH QS{ OIpPENeNIIOTCA TI0
dopmyste (5), a miIs j = n cyluecTBOBaHME UCKOMO GYHKINU ¢} cllenyeT U3
TeopeMbl 10.1 u semmbr 10.5.

AcHo, uTO CBA3L MeXAy 6a3sMCHLIMU QYHKIIUAME IIPU PA3INYHBLIX j BhIpa-
KaeTcs paBeHCTBaMU

K-1

$17(0) = aj¢l(e <IN/J),

=0
rie Ko>ppuumeHThHI a; OIpeNleIAoTCA o popmydie

K-1

Z ajzt = (C &2 Z dy 2t

=0

ByneMm noBropsTh yKasaHHYIO HpPOLEAYPY IO TeX IOp, MOKa IOJYYeHHBIN B
UTOre XapaKTePUCTUUYECKUl MOJIMHOM uMeeT KopHu Buma +c. Ilockonbky
KaK[IbI Pa3 MbI IOHIKAEM CTelleHb XapaKTePICTHIECKOro TIOIMHOMA, Ha eIH-
HUIY, TO 32 KOHEYHOE YWCJIO IIAroB HpI/II[eM K Hckomomy basucy &i. Ee-
m P, (0) # 0, To mosaraem ¢! = @.. B mporusHOM ciayuae ¢'(e) =

951(0+N/J).
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Ilepeiimem HemmOCpeICTBEHHO K TOCTPOEHMIO AJITOPUTMA TEKOMIIO3UITNN QY HK-
1. [IycTh COBOKYMHOCTH MPOCTPAHCTB {Vj} onpenenser KMA mpocTtpan-
crea CV, {37} — mabop 6a3MCOB >TUX TPOCTPAHCTB, MPUYEM 3TU 6a3MCLI
yIoBieTBopstoT cooTHotnenuio (10.1) u cooTBETCTBYIONIMI XapaKTePUCTH-
YeCKWIl MOJIMHOM, bl KodddurmenTsl onpenestorces us (10.3), umeer nops-
mok K < N, n |Py(2)]? + |Ps(e2)|* > 0 nua Beex z.

MBI TOKaXkeM, YTO CyIIeCTBYeT pasilokeHWe mpocTpaHctBa CN B mps-
MYI0, HO, BOOOIIle TOBOPs, HEOPTOTOHAJIBHYIO CYMMY BCINIECK-TIPOCTPAHCTB
{w? ;7:_(}, IUIsE KOTOPBIX (B HEKOTOPOM 6asmce) ajrOpUTMbI IEKOMIO3UIINN
MIPOU3BOJILHON QYHKIINU U €€ PEKOHCTPYKIIMHU OCYIIECTBIISIOTCI KaK MTUCKPET-
Has CBEPTKa C OKHOM pasMepa He 6osiee K + 1. Bostee Toro, cBepTHIBatoIime
OKHa, 3alalollie IpPOoeKInn Ha mpocTparcTBa W’ u V? u BoccTaHaBIuBa-
forrtte byHKIMIO ¢ € VIT! o ee mpoeknmsaM Ha 5TH IPOCTPAHCTBA, MOLYT
6BITH BBIOpAHBI HE3ABUCAIINME OT j. JTO O3HAUAET, UTO IJIS IMPOU3BOJILHON

dyHK1IIIN
—1

fo) =Y chem(eem) e N

MOXKHO BBIIIOJTHUTE Pa3JIOKEHUA

J—1 n—1 L—1
g Ul
fo) =Y choi(eamN/J)+ ) Y d (e &mN/L),
m=0 l=7 m=0
U ! j 1 J-1 "1
rae 6asucel mpocTpaucTB W', u kKosdduiimeHTHI {{cm m=0J j—o @
: ~1
{{dgn };Tn —:10 ;1: o MOTYT 6bITH BEIYHCJIEHBI 110 PEKYPPEHTHBIM (GopMyiam
§+K C+K
- : - .
an - Z c?—i—2mrl7 dzn - Z c?—i—2m8l7 (6)
l=¢ 1=C

rae &, ( € Z. llamee GymeT moKa3aHO, YTO BEPXHUN IpeNesl CYMMUPOBAHUA B
mepBoll GopMyJle MOXKeT OBITH yMeHbIIIeH Ha enuuuily. IlocienoBarenbHOCTH
c) m dl aeasoTca J-epHOANYecKUMHE TI0 HIKHEMY WHIEKCY, a TIOCIIeIoBa-
TeJILHOCTU 7] M §; MOXKHO CUNTATh OIMpEIeSIEHHBIME MIJIs BCEX IEJIBIX MHIEK-
COB, HO OTJIMUHBIMEU OT HyJsd Tojbko mpu [ = £,6 +1,... ., + K &1 mgas
nepBoi mocienoBarenabuocT u npu [l = (,( +1,...,{( + K — mas BTOpOIi.
B nanpueiiniem mbl mostaraeM ( = &, eciu £ + K — HeuvetHo, n { = £ &1 —



gL 1LV LWL VAL 14 Vi 4l 444 VIV LA IAAS T . 4 L

B mMpoTuBHOM ciiydae. CoxpaHss pa3Mep OKOH, MBI MOXEM IepeMellaTh nX
IIyTeM U3MeHeHHUs MapaMeTpa £, Tmojiydas IpU 5TOM HOBBLIE PellleHUs Hallel
3amaun. EauHCTBeHHOEe TpeGoBaHmE Ha PACIOJIOKEHNE OKHA 7] 3aKJIIOUAETCS
B TOM, YTO OHO IOJIXKHO MMETh HemycToe mepecedenue ¢ orpeskoM [0, K| wn
c ero cnBuroMm Ha [N, roe | € 7. B npoTuBHOM ciTydyae MePBLIA U3 OIEPATOPOB
(6) mpu j = n oTobpasuT dynkmmio " ! Ha dymKIMIO BUA

rae oy = 0, 4TO HEBO3MOXKHO, MOCKOJILKY 5TO OMEPATOP MPOEKTUPOBAHUS
npoctpaHcTBa V™ Ha V™!, Mu nomaraeM, uto £ — mo6oe Ielloe UICIIO,
npuHaiexaiiee orpesky [1 <K, K].

ByZeM KOHCTpPyHpOBaTh MpocTpaHcTBa W/, MCXOms W3 YCIIOBHII, YTO MX
6a3uChI Jj OTIPENENIAIOTCSA COOTHOIIEHUSIMMU

¢j—1(.) = Z bmgoj(' &mN/J),

rlle TMIOCTOSHHBIE by, HaM TMPEeACTOUT ompeneuTh. IlockoibKy cooTHoIIeHUs
(6) 3amaroT omepaTopbl NPOEKTUPOBaHUsA Ha mpocTpancTsa V? 1 u Wi~ 1o

mist m =0,1,... ,N/2 &1 cupaBeniuBel paBeHCTBA
E+K—-1
dom = Z ar—2mTl, (7)
I=¢
¢+K
50m = Z bl—2m3la (8)
I=¢
¢+K
- Z Al —2mS], (9)
I=¢
E+K—-1
0= Y biamr (10)
I=¢

(3mech MBI, eCTECTBEHHO, MOJIaraeM, uTo nocienoparenbuoctu {a;}, {b;} aBis-
1oTcsi N-IIepUoANYeCKIMU U BHE CBOMX €CTECTBEHHBIX 00JIacTell OlpeesIeH s
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IoompenestoTcs HysisMu). Xoporno msectHo (cm. Hamnp. [Ch] m [D2]) n
HETPYIHO IPOBEPUTH, UTO IJIs PEIIEHNUs HOJIyUYeHHON CUCTEMBI YPABHEHUI B
CBEPTKaX JOCTATOYHO HAWTU PEIlleHNe CUCTEMBI yPaBHEHUI

A(z)R(z) + A(e2)R(e2) = 2, (11)
B(2)S(z) + B(«2)S(e2) = 2, (12)
A(z)S(z)+ A(e2)S(e2) =0, (13)
B(2)R(z) + B(<z)R(e2) =0, (14)
e K K
A(z) = Zalz ) B(z) = Z b2,
E+K—1 K-1 e y
R(z) = Z rz Tl = g8 KL Z 7‘£+K_1_lzl = z_g_KJrlR(z),
1=¢ 1=0
C+K K o Y
S(z) = Z szt =K ZSK+<_Zzl = z_C_KS(z).
1=¢ 1=0
Ypasuenns (11) — (13) MoxHO mepenucaTh B Bule
A(2)R(2) + ()51 A(e2) R(e2) = 226K -1 (15)
B(2)S(2) + (1)5HE B(e2) S () = 256K, (16)
A(2)8(2) + (21)5TE A(e2)S(e2) = 0, (17)
B(2)R(2) + (o1 K1 B(ee) R(e2) = 0, (18)

Coraacuo slemMme 15.3 1 BuIGopy £ CYIIECTBYET €IUHCTBEHHAs Mapa MOJIMHO-
MOB ()1 u (o mopsanka He Bhillie K <1, ymoBaeTBOpAOIas ypaBHEHUIO

A(2)Q1(2) + (1) TE L A(2)Qq(2) = 2257571,

v
[Tpu sTom, oueBumno, Q1(z) = Q2(<z). Takum obpasom, momusom R(z) =

(Q)1(z) ynosnerBopsier ypasHenuio (15).
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Ecnu £ + K — HedyeTHO, TO HETPYIHO HMPOBEPUTH, uTo byHKumMu B(z) =

v v
zR(e2) u S(z) = A(&x2) ynosnerBopsitoT ypaBrenusM (15) — (17). B cayuae
xe yeTHOro § + K pelleHusAMu 5THX ypaBHEHWN ABIAOTC dyHKmu B(z) =
v v

R(e2) m S(z) = ©A(e2).

vV

HecmoTps Ha KaxXyIuiics Tpou3BoJI MpU BeIGope mosimaoMoB B u S, mpo-
v

cTparcTBa W7 MOITHOCTBIO ONpPeNeNIIioTCs BLIGOPOM TOMHOMA R, MOCKOIBKY
KOS(pQUIMEHTHI 5TOTO IMOJMHOMA IIOJIHOCTBIO OIMPEHESIIIOT OIepaTop IIPOEK-
THPOBaHMUI Ha HpocTpaHcTBo V/ BHodb mpocTpancTBa WY,

Ils1st TOro, YTO6HI IIOKA3aTh, UTO HOJIyUeHHBIE IpocTpancTBa WY neficTBu-
TeJIbHO UMEIOT Pa3MePHOCTH J, MOKaXKeM CIPaBENJINBOCTh GOPMYJIIBI PEKOH-
cTpykiun (3) KoTopas MO OTHOIIEHWIO K ONEPATOPY NMPOEKTUPOBAHUS IIPO-
crparcTBa V71! Ha mpocrpanctea W7 u V/ aBngercs o6paTHBIM OHepaTo-
pom. 3HAUYHT,

dim W7 =dim V't &dim VI =2J &J = J.

B cnpasenmuBoctu ke dopmyist (19) mocrarouno ybenurhes mpu j = n + 1.
O6o3HaunM depe3 A MaTpuiy pasMepa 27! x 27, mepBas CTpOKa COCTOMT W3

5JIEMEHTOB ag, A1, . - . , & HOCJCAYIOMINE MOJIyYaloTCA W3 IpeIbIIyIIell UKIII-
YeCKUM CIBHMIOM BIIPaBO Ha JBE HO3MINU. AHaJOTMYHLIM 06pa3oM IIOCTPOUM
matpuusl B, R, S. Torma cucrema ypasuenuii (7) — (10) MoxeT 6bITH

3alimcaHa B MaTpWU4YHOM BHIOE

A T T
=F.
) (RTST)
T QT A
CnenoBatenbho, matpuna (R*S*) umeer obparuyio p |» SHAUUT, OHa He-

BBIPOXKIIEHA U ONEPATOD PEKOHCTPYKUUHU DYHKIMN 3anaeTcs dopmysion (3).

Pasymeercs, kornma K Besuko, 60Jiee TpUBIEKATETLHBIM OKAa3bIBAETCS OMN-
caHHBIN B §12 momxo, OCHOBAHHLIN Ha Hepexome K 6azucam Bunepa. Ilockonn-

Ky mis jroboro j = 1,...,n u do6oro [, Kak 1 B OPTOTOHAJILHOM CJIydae,
o SRR B J—1 J—1

JHeliHble 060NOYKM Map QYHKUWI vj, v}, ;» W V], W] = COBHNANAIT, TO

dopmysbr (12.1) — (12.2) mepenocsaTcs (KoHeuHO, ¢ OpyrumMu KodbduimeH-

TaMI/I) Ha cnyqaﬂ HEOPTOI'OHAJIBHBIX ITPOCTPAHCTB BCIIJIECKOB.
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§22, Bcmieckm m cxkaTme m3006paKeHU.

Bomnpoc o6paGoTku (riaBHBIM 06pa3oM CKATHUsA) W300PaKEHUIl SBIIAETCS
HamboJlee TOMYJIAPHBIM CpenMW WCCleioBaTeNiell u HamboJiee MTPOIBUHY THIM.
Metonbr pasnoxkenus u3obpakeHUN 1Mo 6a3mcaM BCIJIECKOB IJIS ITOCJIENYIO-
IIeT0 CXKAaTUg Pa3BUTHI JOCTATOUHO IJIS WX MPUMEHEHUS MJIS XpaHeHUsS W3-
obpaxeHUl M Tepenavyl UX Ha paccTosHue. B omnpeneseHHONW CTENEHU 3TY
TeMaTUKy MOXHO CUMTATL 3aBepIIeHHOW, W B OJIMXKalilllee BpeMs eBa JIN
MOXKHO OXWIATh PEBOJTIOIMOHHBIX W3MEeHEHUI B PAMKaX KJIACCUYIECKOW Teo-
puu BCILlecKoB. PasyMeeTcs, IOMCK HOBBLIX 6a3mCOB BCIIECKOB MOXET IPH-
BeCTHU KaK K OoJIbIIIM KoddPuiimeHTaM CKATHUA, TaK U K HEKOTOPOMY YMeHb-
IIeHNI0 apuPMeTHUIeCKNX 3aTpaT Ha Peajin3alliio aJITOPUTMOB, OIHAKO, Ha
HAIll B3IJI4]l, MAJIOBEPOATHO, YTO 5TH yirydmenus npesercat 20%.

I'nmaBHBIM KOHKYPEHTOM BCINIECK-PA3JIOKEHUN U TEKYIIINM CTAHIaPTOM CXKa-
Tus n3obpaxenuin spiasercai JPEG dopmar npemcraBienns naHubix. B aByx
caoBax JPEG-pasnoxenue coctout B ciemyioiieM. M3o6paxkenue paszbuBa-
eTcs Ha KBaJpaThl pazMepa 8 X 8 mukcesien. K Kaxmomy m3 5TUX KBaIpaToB
MIpUMeHseTCA KOCUHY C-TipeobpasoBanne Pyprbe, uto coorBeTcTByeT HIID mo-
TTOJTHEHHON YeTHBIM 06pa3oM TeKyIllell MaTpulleid pazMepa 8 X 8 1o MaTpuIlbl
pasMepa 16 X 16. HamoMHUM, 4TO 5KCHOHEHITMAIILHBIN 6a3UC SABIISETCS ONTH-
MAaJIbHBIM (B TOM CMBICJIE, YTO KOY(DOUIMEHTHI PA3JIOKEHUA 0 HEMY MOXKHO
CUNTATHh HEKOPPEIUPOBAHHBIMU CJIYYANHBIMU BEJIUUMHAME) IS CTAIMOHAD-
HBIX cuUTHajoB. B To Xe Bpewms, paccmarpuBag HIID ma mamom kBampa-
Te, MOXKHO CHTHAJI CUATATH CTAIIMOHAPHBIM. TaKOW MOMXOM IO3BOJIAET IIPHU
TIOMOIITH JIOKAJIU3AIIN 06paboTKM BOCHOIb30BAThC onTUMalibHOCTBIO [II1D.
HanbHelmias o6paboTKa 3aKIII0YaeTcsd B KBAHTOBHUM IOJYYEHHBIX KO3(ddu-
IIMEHTOB PAa3JIOKEHUSI B COOTBETCTBUU C TpebyeMbIM K03GPUITMEHTOM KOM-
Mpeccun 1 ImocjienyoileM ~cxkaTun 6e3 moTeps”’ mpu momoInu Komga Xaddma-
Ha TMepeMEHHON MJINHBI, apudMeTUUECKOTO KOOUPOBAHUSA WM UM MOTOOHBIX
MeTonoB. llpum sTOM, HecMOTpsA Ha TO, UTO apudMeTUUYECKOe KOIUPOBAHUE
HECKOJILKO »ddeKkTuBHee MeTona XaddmaHa, B GOIBINHCTBE KOMMEPUECKUX
pa3paboToK UCIMOJIb3yeTcs Kom Xadbdmana. ITo 06yCIOBIEHO TEM, YTO METOTI
apudMeTUIECKOTO KONUPOBAHUS U BCE €T0 BapUAIlNK 3alIaTeHTOBAHBI (PUPMON

IBM.

Crammaptr JPEG xpanenus m3o06paxeHnil OOCTATOYHO TMOOK M ITO3BO-
JigeT UCMOJIbh30BAaTh BHYTpPU cebsd MHOTOUMCIIEHHbIEe BapUaHThI KOIUPOBAHUS.
IIBa OCHOBHBIX BapHMaHTa OTJIMYAIOTCS IMOCIIEIOBATEIbHOCTHIO KOTUPOBAHUS:
10 TMPOCTPAHCTBY WM 10 YyacToTe. llepBBIN U3 5TUX METOIOB IIO3BOJIIET
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BOCCTAHABIIMBATh CHUCHAJ HOCIENOBATEBHO IO CTPOKaM (TOYHee MO TOpU-
30HTaJILHBIM II0JIOCAM INMUpHHON 8 mukcesein. BTopoil ke MeTon Mo3BOJISET
CHavaJia Tpybo BOCCTAHOBUTH M300paKeHNe, PACKOIUPOBAB HU3KOUACTOTHBIE
KOMITOHEHTEI, TIOCTEIIEHHO YTOYHSAS €r0o, HaChINIasg BHICOKUMI YaCTOTAaMIM.

BoccranosienHoe mocsie cuiibHOTO (> 25 pas) cxkaTus nuzobpakeHne UMeeT
TUNWYHLIE YYACTKMU TOCTOAHCTBA WHTEHCUBHOCTHU, COBIIAJAIOIINE C KBaIgpa-
TaMu pa3bueHms.

AnropuT™m cKaTuUs, OMUPAIONINNACT Ha pa3jiokeHne Mo 6a3mcamM BCIIECKOB,
Bo MHOroM 1oxox Ha anroputm JPEG. ®opmanbHoe oTanume cocTOUT JINIIE
B TOM, YTO BMECTO JIOKAJIN30BAHHBIX 6a3MCOB KOCUMHYCOB OH MCHOJIB3YeT Gasuc
BciteckoB. OmHAKO Ha caMoOM [iejle pa3BUTHE aJITOPUTMOB KOTUPOBAHUS KOdd-
GUIINEHTOB BCIIECK-PA3JIOKEeHNN IIPUBEJIO K pa3paboTKe oueHb 3G (HEeKTUBHBIX
METOJIOB, OPUEHTUPOBAHHBIX UCKJITIOUNTEILHO Ha BCIVIECK-pa3iioxkenus. M3Ha-
YaJIbHO TAKON ajiroputM 6bu mpemtoxken B pa6ore [Tx. Ilanupo [Sh]. Ocra-
HOBUMCS KPaTKO Ha CyTH 3THUX MeTonoB. llpm KommpoBaHUM OTHOMEPHBIX U
YMCJIOBBIX WJIM CUMBOJIBHBIX ITOCJIENOBATETLHOCTEN TIPENBAPUTEIHHO KOTUPY-
IOTCA TOCIIENOBATEILHOCTY HyJIel. 3aTeM KaXIOMy CUMBOJIY B 3aBUCHMOCTH
OT YaCTOTHI €ro MOSBJIEHUs B MOCJIEN0BATEILHOCTI CTABUTCI B COOTBETCTBUE
KOJ, IJINHA KOTOPOTO T€M MeHbIIle, YeM BBIIIIE YaCTOTa MOABJIEHUSI CUMBO-
sa. Nmenno Tak moctynatoT B TpagumuonHoM ajroputme JPEG. B cayuae,
KOTZIa OTCYTCTBYET KOPPEJIAINS MEXKIY COCETHUMU HEHYJIEBBIME JIeMeHTaMu’
TIOCJIEMOBATEILHOCTH TAKOW MOAXO SABJISETCSI B OMPENeSIEHHOM CMBICJIE ONTH-
MaJIbHBIM. OmHAKO MpU CBEIEHUN MHOTOMEPHON ITOCJIENOBATEIHLHOCTH K Ofl-
HOMEPHOU OOGLIYHO TepseTCs CYIlleCTBEHHas 4YacTh uHbopmanuu. [Ipumepom
TaKoUl IOTepHU SABJISeTCA 3aMeHa MHOTOMEPHOU 00JIaCTH COCTOSAIIEeN U3 HyJIen
B MHOXKECTBO HYJIEBBLIX MOCJIENOBATETbHOCTEN, HY KIAIOIINXCS B HE3ABUCUMOM
konupoBanuu. OcHoBHas unes Ix.Ilanupo ocHoBama Ha HabIOOEHNMN, UTO
eciIi HeKOTOPbIil Ko>(hGUIMEHT pasiiokKeHus mo 6asmcy mpocTpaHcTBa W
paBeH HYJIO, TO U BCe KO>(DOUIMEHTHI PA3IOKeHNs Njsd mpocTpaHcTB W,
k > 7, COOTBETCTBYIOIIE TEM XK€ MPOCTPAHCTBEHHBLIM KOOPAWHATAM, C 60JIb-
IO BEPOSITHOCTBHIO TaKiKe paBHBI HYJIIO. TakuM o6pa3zoM, yKa3aB B KoOJle
JINIIIL KOOPAWHATY KOPHs, IMOJIyUMBIIETOCS AepeBa HYJEW, MBI 3aKOMUPYeEM
TeM caMbIM Bce ~mepeBo HyJlen”. Ilo sToli mpuunHe Bce coOBpeMeHHEIE aJIro-
pPUTMBL KoMIpeccunu nzobpaxenuii (cMm. Hanp, [SP], [MC], [XRO]) B Toit uan
MHOW Mepe OCHOBAaHBI Ha KOMMPOBAHUU IepeBa HYJIEN.

Takum o6pasom, Giraromaps BO3MOKHOCTH 3HAUNTENbHO Gosbiux (B 1.5 —
2 pa3a) KOO DUIMEHTOB CXKATUA W OBLICTPHIM ajropuTmMaM, 3dpheKTUBHOCTD
TaKWX AJTOPUTMOB He BBLI3LIBBAET COMHEHUU CIeNUaJINCTOB. lIpumHuUMaeMbIi
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B HacTosdmee BpeMsa crapgapT cxkatusa JPEG2000 srimroyaeT B ce6s BCILIECK-
mpeobpazoBaHne KaK OCHOBHOI PeXMM cXKaTusg ¢doTorpadmueckux n3odbpaxe-
HUM.

PaccmoTpuMm mosTamHo mpolenypy KOOUPOBAHUSA M300paKeHUs CO CKATHU-
eM. CHauajia ob6CcynumM, KaKMM O0Opa3oM CJledyeT OIEHUBATL ~ PACCTOSHIE
MeXOYy u300pakeHHIMn”, T.e. KadeCTBO MPeNCTaBJIEHUSA MCXOTHOTO M300-
paXxeHUs IPHU HOMOIIKN M300paxKeHns, BOCCTAHOBJIEHHOro mocie cxkatusg. K
HACTOSAIIEMY MOMEHTY HET ITOJIHOM SICHOCTHM, KaK MaTeMAaTUYEeCKH OMUCATH
MOHATHE OJIM30CTH OOBEKTOB C TOYKHM 3pPEeHHsS 4dejioBedyeckoro rirasa. C of-
HOW CTOPOHBI, BOIIPOC OIIPeiejIeHNs KadeCTBa BOCCTAHOBJIEHHOTO IIOCJIE CXKa-
THUA n300paXkeHnss MOXKHO CBECTHU K dKcHepTHoU oneHke. HecmoTps Ha cy6nb-
€KTUBHOCTh TaKOTO IIOAXOIa OH, BEPOATHO, 06ojiee OOBLEKTHUBEH, YEM IIOMCK
KaKol-HIOYyOb METPUKU, aleKBaTHON UejioBeuecKoMy Bocupustuio. C mpyroi
K€ CTOPOHBI, MBI BCe-TaK! 00A3aHbI MPUUTH K HEKOTOPOI JIOTOBOPEHHOCTH O
MOAXOMAIIEM MAaTEMATUYECKOM ONUCAHINN GJIM30CTU M300pakeHun. DTo 00y-
CJIOBJIEHO CJIEMYIOIIUM OOGCTOATEIHLCTBOM, CBA3AHHBIM C KBAaHTOBAaHIEM KO3d-
GUITMEHTOB Pa3JIoXKEHUA.

[Tycts ucxonuas gyHkuus (u306pakeHne) MpencTaBlieHa B BUIE PasiIoke-
HIS 0 HEKOTOPOMY 0Gazucy

f(z) =) aipi(e), (1)

U HeoGXOMUMO Tepel OTIPAaBKON KodhduimeHToB {a;} Ha XpaHeHUE BHIIOJI-
HUTh UX KBAHTOBaHWE — 3aMEHUTh UX MPUOIMKEHHBIMI 3HAUEHUIME a;. Pa-
3yMeeTcs, yIepO HAHOCUMBIA M300pakKeHUIO 3aMeHON a; Ha G; ONPEeleIsieTCs
He TOJILKO Pa3HOCTBHIO 3TUX BEJWYWH, a BKJIAJIOM B M300pakeHUe 0a3mCHOU
GYHKIMKA ;. DTOMY BKJIAAy CTABUTCA B COOTBETCTBUE HEKOTOPBLI BECOBOM
K03dpuiineHT k;, IMOCIIe YETO OCYIIECTBIIAETCSI PABHOMEPHOE KBAHTOBAHUE Be-
suunH a;k;. HecMoTps Ha To, 4TO Takoll moAXol K KBAHTOBAHUIO HMEET
OYeBUIHBIE CYIIeCTBEHHBIE HEMOCTATKMN, HA KOTOPBIX MBI OCTAHOBUMCSH Ia-
stee, oH saBisgeTcs obmenpuuaaTeiM. g JPEG-cxkatus cymectByer mabop
TabJIUIl BECOB NI KO>(PIUIIMEHTOB KOCUHYC-TIpeobpasoBanus Pypbe, B Ko-
TOPBIX KOod(pduimeHTaM TPU HU3KOYACTOTHBIX TapMOHUWKAX COOTBETCTBYIOT
6oJIbIIIe Beca, a MPU BBICOKOYACTOTHBIX — MeHbIe. B pasHBIX ciaydasx
TP Pa3HBIX Ko>hPUImeHTaX CXKATUSI UCHOJB3YIOTCI pas3Hble TabJIMIILI Be-
cOoB. YIIep6GHOCTh TAaKOTO IIOAXO0Na CJIEAYyeT XOTsA Obl m3 Toro ¢akxkTa, 4TO
TIOTPENTHOCTh BOCCTAHOBJIEHHOTO TIOCJIE CXATUA M300paKeHUs He OIpenesis-
eTCs NJIA TJIa3a CyMMOU TOTPEITHOCTEN MO KaX A0 KOMIIOHEHTE Pa3yIoKeHU .
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B uwacTHOCTH, BocmpusTue MOGABKU K M300paKeHUIO KaKOW-JIN60 TapMOHUKHI
3aBUCUT OT GoHA K KOoTopoMy oHa mobapisercsd. OmHAKO C OMHON CTOPOHHI,
O CYIIECTBOBAHMU KaKOTO JKUOO JIYUIIIEro ajJropuTMa HaM He M3BECTHO, a C
IPYTOl CTOPOHBI, JaXKe B CJIydae €ro CYIIeCTBOBAHUS, BEPOITHO, MPUIILIIOCH
ObI TIOUTU Ha 3HAUMTEIbHBbIE apudMeTUUeCKHe 3aTPAThI, UYTO OKA3aJIoCh OBbI
HeMMpUEMJIEMBIM JI MPAaKTUUECKOU PeaJim3allui.

Mpur nipu BEIOOpe BeCOBBIX K03GPUITMEHTOB OyIeM I0OJIB30BAThCSI Hdaxe 6o-
Jiee MPOCTHLIMU COOOPaXeHUIMU, YeM T€, KOTPbIE€ UCHOIb3YIOTCS IPU COCTaB-
seanu tabmui B JPEG. Mbr 6ymem onuparbes Ha LP-Beca KOMIIOHEHT pas-
JIOXKEeHUs, Tlle cjeayeT BuIOpaTh uucyo p > 0, Hanbojiee ameKBaTHO OTpaXkKa-
I0lllee BOCIPUATHUe YejloBeKa. B TepMuHax npencrasienus (1) sTo osHauaer,
YTO MpU PUKCUPOBAHHOM P BECOBBIE KOX(PIUIMEHTHI k; BHIOUPAUTCS U3 yCIIO-
BUA, YTO NJIA JIIOOBIX ¢ U j MMeeM

ledl _ llesl
ki k;
rie
oo 1/p
el = ([ lo@paz)
—0o0

Urto KacaeTcs BbIOOpA MOAXOMNAIIETO P, TO XOTS B JINTEPATYPE U HET TTOJTHO-
T'0 COTJIacHUsA Ha STOT CUET, HO PACXOXJEHWS He MPUHIINITHAAIBHBI, TTOCKOITbKY
pasiimume B KaueCTBe MpeNCTaBIIeHNs M300paXeHWN TIpu BLIOOpe p B AMarna-
3oHe 1 < p < 2 majo. Takum obpaszoM, XOTs OOLIYHO HOpPMa MPOCTPAHCTBA
L! cumTaeTcsa Hambosee MomXomAllell NMpm o6paGoTKe M306paxKeHUIl, HO eB-
KJIMJIOBA HOpMAa TaKXe BIIOJTHE MpUeMJIEMa W €CJIN ee WCIIOJTb30BaHue BelleT K
HEKOTOPOMY VIIPOIIIEHWIO B TEOPeTUUYECKUX BOIPOCAX, TO MMEET CMBICJI OIU-
paThCsd MMEHHO Ha €BKJIMOOBY HOPMY. 3aMeTHM, UTO Mpu o6paboTKe 3BYKO-
BBLIX CUTHAJIOB CaMOW ITOAXOAIIEN OKa3bIBAeTCI METPUKA MpocTpaHcTBa L™°.

IIpu BLIUBCIIEHUN KO5DGUIMEHTOB Pa3jloXKeHUs M300paXeHUs 1o Gasucy
BCIIJIECKOB HamboJiee TOHKMM MOMEHTOM SBJIAeTCS O0phba ¢ KpaeBbIMU > dek-
Ttamu. HecMoTps Ha XOpOIIyIo JIOKaIUW3aInilo 6a3mMCcoB BCIIECKOB, IpobiiemMa
KpaeB BCe-TaKM BO3HUKAET.

CambIil TIpOCTOI BapMaHT ydeTa KpPaeB — WX JINKBUOAINS TMPU IIOMO-
TN TIEPUOAN3AINN M300pakeHns, OCHOBAHHON Ha CKJIEWKe MPOTUBOIOJIOKHBIX
KpaeB. Takum oGpasoM, MepuoOAU3UPOBaHHOEe M300paXxeHme MOXKHO CUMTATh
dbyHKIMEN, OolpeieJIeHHOI Ha Tope.

HenocTtaTkom Takoro BapuaHTa SBISIOTCI CKAUKW B MECTaX CKJIEWKU, IJIId
MIPeNCTAaBIEeHNS KOTOPHIX TpebyeTcs MPUCYTCTBUE B PAa3IoXKeHUMW IO Oas3mcy
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BBICOKOYACTOTHON KOMITOHEHTHI. JTO BeIEeT K MCIIOJIb30BAHUIO 3HAUNTEILHON
JacTU pecypcoB Ha OecrmoJie3Hyl0 60ph0y CO CKAdKoOM U, CJeloBaTeJIbHO, K
YMEHBIIIEHWIO JOMYyCTUMOT0 ypoBHsS cxkaTusi. Ilotepu B kKosdduiimenTe cxka-
THUA MOTYT MOCTUTATh IMPUMEPHO MOJIyTOopa pa3. l'eM He MeHee, TaAaKOW METOJ
mpuroneH IJisd BceX 6a3MCOB BCIJIECKOB, U €eMy MOXHO OTAAaTh MpeArnodTeHne,
Kor[a mMeeTca m3obpaxeHne Ha OOMHOPOAHOM (oHe MU KoTna m3obpaxkeHUe
MOCTATOYHO CJIOXKHOE W UMeeT IIyMornono6ubi Bun. IIlpu sTom B mepBom city-
Jae CKJIelKa IoJIydaeTcs TJIalIKOU, a BO BTOPOM cJIydae pecypchl, 3aTpadeH-
Hble Ha 60pbOy CO CKJIEMKOW, MaJibl 10 CpaBHEHWUIO C pecypcaMu 3aTpadeH-
HBIMH Ha TOYHOE OTOOpaxKeHUe CJIOXKHOTO pejibeda m3obpaxkenusa. lIpaBma
CTOUT OTMETHUTh, UTO BO BTOPOM cJjiydae KoddduimeT cxkaTusg OymeT MaJl
1 Ha caMoM JeJie, MOXHO cHOopMyIUpoBaTh OUEBUIHOE MPABUJIO: YeM MeHb-
e Ko3hQUIMeHT CXKATUS U3006pakeHUsd, TeM MeHee CyIllleCTBeHHa Mpobiema
KpaeB BooOIlle U CKayKa B MeCTe CKJIEMKU B YaCTHOCTH.

Bropoit crtoco6 60pbOLI ¢ KpasgsMu COCTONT YETHOM IPOTOJIKEHNN (YHKIIIN
OTHOCUTEJILHO IBYX IMEPHEHIUKYIIAPHBIX KPAeB M IMOCIEOYIOIIEN IIePIOan3a-
U B TOYHOCTHU Tak, Kak 5To meinaercda B JPEG mia xkBamparos 8 x 8. Ta-
KOoe IPOHoJDKeHIe N300pakeHnsa 3a Kpas BEIOMHO OTJINYAETCI TEM, UTO €CJIN
ICXOOHOE M300paKeHne ObLIO HEMPEPLIBHON (QYHKIMENR, TO W IIPOMOJIKEHHOE
TOXKE OCTaHEeTCS HellpepbiBHOW dyHKmumen. K coxkageHmio, eciam MCXomHas
dyHKIug 6bLIa TJIAIKOH, TO rapaHTHPOBATL TJIAHKOCTh B CKJIEHKE MOXKHO
JINIIIL B TOYKAX T'PAHUIBI, e COOTBETCTBYIOINAs OOHOCTOPOHHSAS YacCTHAsd
Ipon3BoAHasA ObLiIa paBHa HYJI0. BoobIie npofoikenne GyHKIINN MHOTUX IIe-
PEMEHHBIX Yepes IPAHUIly C COXpaHeHMeM TNIAIKOCTH B TOM WJIM MHOM CMBIC-
Jjle SBJISE€TCS TOHKHM BOIIPOCOM U B KaXKIOM KOHKPETHOM CJIyuyae PelIaeTcs
nHAUBUAYyaJbHO. liia m3o6paxkeHuil, HeCMOTPS Ha IOSABJIEHHE yIJla B MeECTe
CKJIEWKII, Y€ THOE HEIPEPHLIBHOE MIPONOJIKEHIE ABJIAETCS BIOJIHE IIPUEMIIEMBIM.
N3o06paxenne craHoBuTcsa B 4 pasa 60Jibllle U OJIA MPENCTaBJIECHUS €ro pas-
JIOXKEHUS II0 IIPOM3BOJILHOMY 0asmncy BCILIECKOB TpebyeTca B 4 pasa GoJibIile
ciaaraemerx. OmHako B ciiyuae 6a3MCOB BCINIECKOB, COCTOSINNX M3 (QYHKINM,
KOTOpPBIE C TOYHOCTBIO O CABUra X IpadrKOB II0 TOPU30HTAILHON OCH, SABJI-
IOTCS YeTHBIMHU WM HeYeTHBIMI, HU 3aTPAThl Ha BBEIUNCICHNE KOdhduimeH-
TOB Pa3JIoKEHNs, HU KOJINYECTBO CaMMUX Ko>GPUINEHTOB He YBEJINYNBAETCA.
K coxasenuro, mpu pasiiokKeHNN IO IPOU3BOJLHOMY 6a31Cy BCILNIECKOB TaKas
Iepuoau3alns He pelraeT Bcex mpobieM. B camowm meste, eciim MBI HE XOTHUM
YBEJINMYNBATEL KOJINYECTBO KOdGUIMEHTOB, NCIOIL3YEMBIX IS IIPeacTaBIIe-
HUS N300pakKeHns, TO JOJIXKHEI XPAHUTE JIAIIL KO3)PUINEHTEI, COOTBETCTBY-
IOIIIE OCHOBHON 4YacThU m3obpaxkeHus. [IjIgd MX BBIUMCIEHNS MBI MOXKEM IC-
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ITOJIb30BaTh CUMMETPUYHYIO OTHOCUTEILHO Kpas 4acTh oTobpaxkenus. A BOT
TOYHO BOCCTAHOBUTDH MCXOMHOE M300pakeHne Mo “deTBepTH’ KO>HPUIINEHTOB
MBI He MoxeM. IlosToMmy HyX)HO BhIpabaThIBaTh HPUHIIAMLI SKCTPAITOISIIAN
ITOCJIEMOBATEILHOCTH KODPUIIMEHTOB 3a Kpal IJIs MUHUMU3AIINN UCKaXeHUI
B IPAHUYHBLIX TouKaX. llpum 5ToM cuMMeTpuuYHOE MPOMOJIKEHUE, XOTSA U SB-
JIT€TCS BO3MOXKHBIM, HO He SBIIAETCS HAWIYYIIIM.

Bce nambHeditiine oreHKU Ko3GPUIIMEHTOB CXaTHUs OCHOBAHLI Ha IIpUMe-
HEHUN II0CJIE Pa3JIoKeHUsA Mo 6a3mcaM BCIIECKOB KOMOUWHAIINYN KOOWPOBAHUS
IUINH TIOCJIENOBATEILHOCTEN HYJEN C IMOCIENYIOIMUM IIpUMeHEeHneM MeETOIa
XaddpmaHa.

Eite ogna mpobiiema, KOTOpYyio HYXHO OOGCYOUTH MO IPEICTABJIEHUSI OC-
HOBHBIX Pe3yJIbTaTOB, 5TO BLIOOD IJIyOWMHBI MepepaboTKM, T.e. BBIOOp UMCIIA
OTIIEIJIEHHBIX OT MCXOMHOTO MPOCTPaHCTBa V" BCILIECK-TIPOCTPAHCTB. Ta-
KM obpasoM, TiIybrnHa mepepaboTKu 5To Yucio d B ¢dopMyiie

V" = Wn—l DD Wn—d D Vn—d.

C ommoii CTOPOHBI, KaXXIBII HOBBIW ITar B MOCJENHeR GopMyde mo apudmeTH-
YeCKUM 3aTpaTaM obXoauTcs B 4 pasa mellieBiie, yeM npenbinyinuii. [losTomy
TIOCTPOEeHNE TOJTHOTO PAa3JIoKeHUs ¢ MaKCUMAJIbHO BO3MOXKHOWN TIJTyOMHOU He-
HaMHOTO MTOpoXkKe, YeM pasiioxkenne ¢ riayoumon 1. CiemoBaTesIbHO, MOXKET
TOKa3aThCA, UTO BCETJA CTOUT CTPOUTH TOJTHOE Pa3JIokKeHNUe.

C mpyroii CTOPOHBI, IPU IIy6uHe mepepaboTKu d mpocTpaHcTBy V™ ¢ co-
OTBETCTBYET BCETO JINIIb 1/4d JacTh OT IOJIHOTO Habopa Ko3dPuImeHTOB
passtoxenus. I[losTomy mis cxkaTus HeT HeoOXOMMMOCTHU OpaTh d CIIUIITKOM
6OJIBIIINM IIOCKOJIBKY maxke mpu d = 4 Tosnbko 0.4% obmero xonmdecTsa Ko-
3)PUINEHTOB COOTBETCTBYeT IpocTpaHcTBY V™ °. IlosToMmy, BBUAY TOrO,
4TO pealibHble KodpduiimeHTHI cxkaTusg He mpeBocxomsaT 100, mocaemytorias
nepepaboTka Ko>)OUIMEHTOB MpOoeKIuu Ha HpocTpaHcTBo V™~ ? He mMeer
cMbiciia. bostee Toro, HeT 0co60T0 CMBICIIa 3a00TUTHCS O KBAHTOBAHUU TUX
KOA(pOUITMEHTOB U MOCIIENYIOIIEM UX KOIWPOBAHUM.

Takum obpazom, U3 OAByX mocjedHUX ab3alleB MOXET CJIOXKUTLCS BII€YAT-
JeHue, 4To mpu d > 4 Ge3pasmyuHoO OejiaTh WM HeT Gojiee riIyboKyio Imepe-
paboTKy. IJig BCIITECKOB ¢ CUMMETPUYHBIMEU I'PaduKaMu 3TO JEWCTBUTEIHHO
6espasmuuno. OmHAKO MPU OTCYTCTBUU CUMMETPUM, KOT/Ia CTAHOBUTCS aKTy-
aJIbHOII 60phba ¢ KpaeBbLIMH HMCKaKeHUIMI, TJIyOnHa nepepaboTku d = 4 8-
JIAeTCSA ONTUMAJILHON, TTOCKOJIBLKY, YeM TITyGxkKe mTepepaboTKa, TeM IUpe HOCH-
Teu 0a3MCHBIX QYHKITAN, U TeM TJTyOXKe MCKaKeHUs C KpaeB MepeMelIalTCs
BHYTPb n306paxenus. KpomMe Toro, n3obpaxeHus He BCera UMEIOT pa3Mephl
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B MHUKCeEJIaX, SBIIAIONINECS CTEMEHBIO MBONKM. A MIJIs TOro UTOGBI MPOBECTH
pasiioxkenne 1o 6a3ucy ¢ riaybuHon d, Heo6XoammMmo, YTOOLI pasMephl n3obpa-
wenus 6ewtn kpataol 2¢. TakuMm o6pa3oM, HEOBXOLUMO SKCTPAIOINPOBATH
n3obpaxenue 3a kpan. U ecim d mocTaTouyHO BEJIMKO, TO 5Ta KCTPAIOJIs-
U CTAHOBUTCSA HEMPUATHON C TOUKM 3PEHUS PA3HOTO POJia MOMOJTHUTETbHBIX
3aTpatT 3amadein. BEciaum d = 4, HaM HYXHO 5KCTPAaIoJIMPOBaTh M300paKeHUe
camoe 6osbittee Ha 15 cTosbmoB u 15 ctpok. C mpyroir CTOPOHBI, yBeJIAde-
HUE TITyOMHBI PAa3JIokKeHNs BelleT K epeBbIM HYJIEN, COCTOAIINX U3 6OJIBIIIETO
YKCIIA BJIEMEHTOB, YTO BEHNET K yBeJWUeHNIO Kovddurmenta kommapeccun. Of-
HaKO YBeJIMUeHUE pa3Mepa NepeBa MOXHO NOCTUYDL O0bequHEeHNEM ~KOpHeE”
9TUX JIePeBbEB, TOSTOMY, YIOMSIHYTBIE BBIIIE AJTOPUTMBI KOJIMPOBAHUS WC-
TOJTL3YIOT pa3jioKeHWe Ha TJIyOWHY, He MPEBBIIIAOITION 4.

Mgur 6ymeM 37ech MOJB30BATHCS cilenyromuMu obosHaueHusMu. Ilockoin-
Ky Hac OymyT MHTepecoBaTh OMOPTOTOHAJILHBIE TMapbl 6A3MCOB BINIECKOB, TO
hOpPMYIBI TEKOMTIO3UIINK OYyAYyT 3alMChIBATHCSI B BUIIE

1 _ 1 0 1 _ - 0
¢, = E hk—2nck7 dn - E 9k—2nCy,
k k

a dopMyiia peKOHCTPYKITUN

C? - Z <iLl—2ncylz + gl—2nd711> ?

n

rae hn MOXKET HE€ COBIIadaTh C hn, IIpX 5TOM CIIpaBE€OJINBEI COOTHOIIIEHM A
17 ~ 1
9n = (<:>1)n+ h—n—i—lagn = (<:>1)n+ h—n—i—l-

B Hacrosiee BpeMs OOIIENPU3HAHHBIM JIUAEPOM, 06€CIEeUNBAIOLIUM IO-
CTATOYHO BBICOKUIT KOY()OUIMEHT CXKATUSA IPU OTHOCUTENILHO HU3KUX BHIUUC-
JIUTEIBHBIX 3aTPaTax, SBIAETCS GHOPTOrOHANIBHBIN 6asuc (MbI GyneM Ha3bI-
BaTh ero CDF9/7, npuMeHeHue KoTOPOTro Aiis CKaTUsA N306paKeHuil BIIePBHIE
6b10 paccmorpero B [ABMD] (em. takxke [CDF], [D2, ctp 279]). Kosddu-

OMNEHTHBI CBEPTOK 3adaKTCA cJegyrmmumM 06pa30M:
ho = 0.852699, hy; = 0.377402, hy, = <0.110624,

his = <0.023849, hys = 0.037828,
ho = 0.788486, hyq = 0.418092, hi, = <0.040689, h.i; = <0.064539.



Piete LA/ AIVILA/IAEL L VLAV LALLMV AL LA LA /AL A d

D- T T /\
43 2

o1

<t

¢ i

Puc. 1

I'paduku pyukmuin ¢ u 1@, olrpenestoIme 6a3mnchl, 0 KOTOPHIM ITPOM3BO-
IUTCS Pa3jiokKeHUs, a TaKXKe NBOUCTBEeHHbIe UM GYHKIIMU ¢ U 1) MPUBEIEHBI
ma Puc. 1. AaropuTMmbl cKaTusd, WCIOJIB3YIOIINE Pa3IoXKeHNEe MO TaHHOMY
6azucy, o6ecrneunBalOT BLIMIPHIII B KodddunuenTe cxKaTus (KOTOPHIN MOXKET
6BITH PasHBIM U PA3HBIX N306pakeHuil) mo oTHoulenuio K craunapry JPEG
B mipenenax 1.5 — 2 pas.

B menasmeit pa6ore [WPB| 6bu1 mocTpoena Guoproronanbhas mapa 6a-
31COB, HMaloliad JONOJHUTEILHEI BBINTPHII B cxKaTum B npemenax 3-10 %.
Huxe MBI IpuBOOMM COOTBETCTBYIOIINE UM IMOCIIENOBATENLHOCTH hy 1 hy,.

hy = 0.730018808, hy = 0.078814418, hs = <0.142800426,
hy = 0.018097252, hs = 0.036833941, hg = <0.0093268515,
h7 = <0.0065812408, hs = 0.001207186, hg = 0.000975453,
hip = «<0.000071375, h11 = <0.00006039;
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hy = 0.648022975,  hy = 0.162005743,  hy = <:097203451,
hy = <:02777241, hs = 0.021600768,  hg = 0.0029456,
hy = <:002492395;

hi_x=hg, k=1,...,11; h1_p, = hiy, m = 1,..., 7. I'paduku cooTBeTCTBYIO-
X UM 6a3suCHBIX QYHKIINI OpuBedeHbl HA Puc. 2.

Sl
<1

Puc. 2

K COXAJIEHUIO, BBEIUYMCJINTEJIBHEIE 3aTpPaThl Ha Pa3JIOKE€HNE II0 TaKNM ba-
sucaM OoJiee yeM B 3 Pa3a MPEBBIMIAIOT 3aTpaThl Ha Pa3J/IOXKEHUE IIO b6a3ucamMm

CDF9/7.
3akirouenune

Mu1 paccMoTpesIu JINITbL OCHOBHBIE HAIIPABJIEHUS TEOPUU BCIJIECKOB 1 TOJIb-
KO OIHY IPUKJIAIHYIO 3amady — cikarue mzobpaxenuit. Cpemm HepaccMoT-
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PEHHBIX, HO BaXXHBLIX NPUKJIIATHBIX 33a7ad OCTAJIMCh 00paboTKa U CXKaTue Of-
HOMEPHBIX (B YACTHOCTH, 3BYKOBBIX) CUTHAJIOB, OYMCTKA WM306DAaKEHU OT
IIryMa, YnciieHHbIe MeTOAbI PeIlleHnsT YPaBHEHNIN B YaCTHBIX MPOW3BONHBIX.

Cpenu BOIIpoCOB, MMEIOIINX OAWHAKOBOE 3HAUEHHE, KaK MJIsS TEOPUH, TaK
W [JI1 TPAaKTUKU, MBI COBCEM He KAacaJMCh TAaKWX /IBYX HOBBIX HaIlpaBJIe-
HUW, KOTopble Ipuobpesin CTpolHBbIe odepTaHus K koHiy 1996 roma, kak
BCIJIECK-TIpeoOpa3oBaHmMs, TepPeBONAIINe IleIble UYNC/Ia B Iejble, W peajim3a-
1usi BCIUIECK-TIpeobpasoBanmil mpu momotnu lifting scheme (cm., Hanp., [DS]).
IlepBoe mampaBiieHMe BaXXHO M3-3a BO3MOXKHOCTHU €0 TOUYHOW peajim3alluil B
YCTPOUCTBAX C IeJIol apudMeTUKON, KpOMe TOT'O OHO TTO3BOJIAET CO3JaHue aJl-
TOPUTMOB CXKaTHUs CUTHAJIOB M M300paxeHUN 6e3 moTepu mHPOpMAIUU, APY-
roe — MO3BOJIAET HOCTUYH CepPbe3HON YKOHOMUN B BEIUNCIINTEIBHBIX 3aTpaTax
MIPU PeaJIn3aliid aJTOPUTMOB Pa3JIoKEHUS W BOCCTAHOBJIEHUA.

Pasymeercs mpuiaraeMblii CIMCOK JINTEPATYPhl MaJieK OT IOJHOTHI. B
HacTodAIllee BpeMs CYHIECTBYeT ABa XYypHasa, NTPAKTUUEeCKN MOJTHOCTHIO ITIO0-
CBAIIIEHHbIE TEOPUM BCINIECKOB, a TaKxKe HECKOJIBKO XYPHAJOB, ITOCTOSHHO
MyOJUKYIOIINX CTATbU IO 3Toil TeMaTuke. llpum sToM muHamMuKa MoOsBIIE-
HUS HOBBIX CTATell TAaKOBa, UYTO XKYPHAJIbHBIE TYyOIUKAIIAN JTAIH PUKCUPYIOT
TO 3HaHUEe, KOTOPOe Hay4dHoe cooOIllecTBO mojiyumiio uyepe3 MHTepHeT wmim
obllenre Ha KoH(epeHIUIX 3a 2 — 3 roma Mo BbIXoma XypHada. IlosTomy
KYpPHAJIbHBIE TTYOJIUKAIINN CeMYac MAf0OT JIAIH BO3MOXKHOCTD NIeJIaTh TOUHBIE
o0IIeNOCTYIIHBIE CCHIIKM, HO, KaK MPaBUJIO, He SBIIAIOTCI MCTOYHWKOM WH-
dopmanuu. g mosiyueHus wHOOPMAIMU O TEKYIIIEM COCTOSHUM BCEX Ha-
TIpaBJIEHNI MCCIIEIOBAHUN 110 6a3McaM BCINIECKOB M UX NMPWIOKEHUSAM MOXKHO
BOCIIOJIB30BATKLCA cailToM hitp://www.wavelet.ory.
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