TEOPUA HUCEJT

FO.B. Hecrepenko



OryiaBiieHue

BBenenue 1
1 O geaummocTu 4mcesa 9
1.1 CegoiicTBa JEIUMOCTH HEJBIX YHCE . . . « o v v o o e e e e e 10
1.2 Haumenbiiee obiree KpaTHOe M HAaMOOIBIIII
OOMIMI TETIUTED . .« v v v v e e e e e e e e e e e e e e e 13
1.3 Amropur™ EBKIHZA . . . . . . . . .. 17
1.4 Pemienue B 1e/1bIX 4KC/IaxX JMHEHHbIX YpaBHeHUT . . . . . . . . . . . . 23
2 IlpocTtrhie m cocTaBHBIE YHCJIA 36
2.1 TIpocreie umciaa. Pemero Dparocdena. beckonHedHOCTh MHOMKECTBA
MPOCTBIX TUCEIT . « « o o v e e e i e e e e e e e e e e 36
2.2 OcHOBHas TeOpeMa apUMMETUKH . . . . . « v v v v v o e e o e o e 40
2.3 Teopembl HeOBIIEBA . . . . . . . . v v v et e e 52
2.4 zera-dpynknuust Pumana u cBoiicTBa MPOCTHIX YUCEJ . . . . . . . . . . 63
3 Apudmernyeckue pyHKIUN 72
3.1 Myabrunjiukarupabie (DYHKIUUA U UX CBOMCTBA, . . . . . . . . . . . . . 72
3.2 Oyukuusg Médbuyca u popMmysibl oOpamenuss . . . . . . ... ... . 74
3.3 DYHKIHA DUTEPA . . .« o o v vt e v e e e e e 80
3.4 Cywvmma genmuTesneil U 9YUCJI0 JIeJUTeNell HATYPAIbHOTO YUCIA . . . . . 83
3.5 Omuenku cpeanero 3uavenus apudmMeTndecKux OyHKIAR . . . . . . . . 86
4 YwmcaoBble CpaBHEHUS 92
4.1 CpaBHeHHUSI ¥ UX OCHOBHBIE CBOMCTBA . . . « . + « v v o v v e e ot o 92
4.2 Kanaccwr BbraeToB. Kosbllo K/1accoB BBIYETOB 110 JaHHOMY MOAY/IIO . . 95
4.3 Tlosnast v IPUBEIEHHAS] CUCTEMBI BBIYETOB. . . . . . « « . .« o . . . . 100
4.4 Teopema BumbcoHa . . . . . . . . . ... 101
4.5 Teopembl Ditmepa mw PepMa . . . . . . . ... 102
4.6 IlpeacrapiieHne panuoHAJIbHBIX YnCe] OECKOHEYHBIMH JI€CSITUIHbIMU
JIPOOSIMU .« . v v v v e e e e e e e e e e 104



OI'JIABJIEHUIE 2

4.7 Ilposepka Ha NPOCTOTY U MOCTPOEHHE DOJIBIIMX MPOCTHIX Yucesa . . . . 107
4.8 PasnoxkeHue meJsbIX 9uces Ha MHOXKUTEIN U
KPUNITOTPA(DUIECKUE TTPUMEHEHMSA. . « « . . o o o o e o e e e o e o 120
5 CpaBHeHUd C OJHUM HEU3BECTHBIM 124
5.1 OCHOBHBIE ONPEIETCHHS . .+ « « v v v e e e e e e e e et e e e 124
5.2 CpaBHEHHS MEPBOI CTEIEHM . . . . . v o o v v v e v e e e e e e e 126
5.3  Kwuraiickast TeopeMa 00 OCTATKAX . . « v v v v v v v v v e e e e o 129
5.4 TlonmuHoMuaIbHBIE CPABHEHUS 110 TPOCTOMY MOJYJIO . . . . . . . . . . 133
5.5 TlonmuHoMuaIbHBIE CPABHEHUS 110 COCTABHOMY MOJYJIIO . . . . . . . . . 142
6 CpaBHeHuUda BTOPOIil CTEemeHN 148
6.1 CpaBHeHHS BTOPOii CTEIEHHU 110 IPOCTOMY
MOZYITIO .+ v v v v v e e e e e e e e e e e e 148
6.2 CumBon JlexkaHapa u €ro CBOMCTBA . . . . v .+ v v v v v v e e e 151
6.3 Ksajgparuunbiili 3aKOH B3BAUMHOCTH . . . « . . « o o o o oo o oo o 152
6.4 CumBon JKOOM ¥ €ro CBOMCTBA . . . v .« v v v v e e 159
6.5 CyMMBI IBYX M 9€TBHIPEX KBAAPATOB . . . . « o« o o o oo o o oo 163
6.6 IIpencraBienHne HyJs KBaIPaTUIHBIME (POPMaMHU OT TPEX HEM3BECTHHIX 172
7 IlepBooOpa3Hblie KOPHU U HHIEKCHI 178
7.1 Tlokazaresnpb 4ucaa MO 33JAHHOMY MOMYJIIO. . . « o o o« v o v v o o 178
7.2  CymecrBoBanue 1MepBOOOPA3HBIX KOPHE(t
IO TPOCTOMY MOJYJIEO « « « v v e v e et e e e e e e e e e e e e 181
7.3 TlocTpoenue mepBOOOPA3HBIX KOPHEil o Moxyaam p&f w 2pF . . . . . . 185
7.4 Teopema 00 OTCYTCTBUU MEPBOOOPA3HBIX KOPHEil 0 MOJLYJISIM, OT/IAY-
HeiM oT 2,4, pFm 2pF L 188
7.5 VIHAEKCBI M UX CBOMCTBA . . v v v v v v e o e it e et e e e e e 192
7.6 JluckperHoe JOTapU(PMUPOBAHME . . . . . . . . o o v o oo v o 197
7.7 JIBy4WJIEHHBIE CDABHEHMST . . . . . « « o e o i v et e e e e e e e 205
8 Ilemabie apobm 209
8.1 Teopema /lupuxsie o mpudIMKeHUN JEHCTBUTETbHBIX YUCET PAIUo-
HATBHBIMI . . .+« « v b e e e e e e e e e e e e e 211
8.2 KoHeUHBIE TMEMHBIE JPOOM . . . . .« o v v v o e e e e e e e e e 214
8.3 Hemnast Jpodb AEHCTBUTEIBHOIO TUCTA . + « « « « « o o oo o oo 219
8.4 Hamtydime NpuOMUAKEHUS . . . . . o o o o v v oo e e e e e 226
8.5  DKBUBAMECHTHBIE THCIIA . .« + « o o v o v e e e e e e e e e e e e e e e 230
8.6 Ksaaparudnble HppallMOHAJILHOCTHA U HEMHbIE ApOOU . . . . . . . . . . 234
8.7 Ucnonb3oBaHue HMEMHBIX ApoOeil /it pelreHnss HeKOTOPHIX JTHo(daH-

TOBBIX YPABHEHMI . . . . . . . . . . . . o o oo 241



OI'JIABJIEHUIE 3

8.8 Pazjioxkenue 4ucjia € B HEMHYIO JIPOOb . . « . o v o v v v v v o 252

9 AJareOpamdyecKue M TPAHCIEH/IEHTHbIE YUCJia 256

9.1 Tlose ajrebpamvIecKuX TUCEI . . . « o v v v v v e e e e e e e e 256
9.2 Tlpubnwmkenust ajaredpandeckux 9duces pannoHaabHbiMu. CyecTBo-

BaHHE TPAHCHEHAEHTHBIX YHCE . . .+ v v v v v v e v e e e e e e e a 266

9.3 UppammmoHATBHOCTD TUCET € W T . . o v v v v v e i e e e e e e 271

9.4 TpaHCUEHJEHTHOCTD YUCAA € . . + « « v v v v v e e et e et e e e 276

9.5 TpaHCHEHJAEHTHOCTD TUCTAA T . + « « « v v v e e e e e e e e e e e e 279

9.6 HeBO3MOXKHOCTH KBAJAPATYPBI KPYTA « . « « v v v v v o e o o e e o e 286

JImreparypa 291



BBenenune

Teopus uncesn nMeer CBOMM TPEIMETOM UHUCIa W WX CBOHCTBA, T.€. UUC-
Jla BBICTYTAIOT 37IeCh HE KaK CPEeJCTBO WU MHCTPYMEHT, & KaK OOBHEKT
ucciieioBanus. Harypasbubiit psij

1,2,3,4,....9,10,11,...,99,100, 101, ...

- MHOYKECTBO HATYyPaJIbHBIX YKCEJI, sIBJISETCS BayKHe1el 001acThio nc-
cJieJIOBaHUi, HeOObIUaHO COojlepyKaTE/IbHOM, BaXKHOW U MHTEPECHOM.

HauaJia uccyieloBannii HATYPaJbHBIX YNCET ObLITN 3aJ103KeHbI B JIpes-
neit ['peruu. 3ech ObLIM M3yUeHbI CBOMCTBA JEJTMMOCTH UUCET, JTOKa-
3aHa, OECKOHEYHOCTh MHOYKECTBA, MPOCTHIX YUCEJ U OTKPBITHI CIIOCOODI
ux nocrpoenusi (Ekim, Dparocden). 3agadu,cesi3aHHble ¢ PEIIEHUEM
HeolpeJIeJIeHHBIX YPaBHEHUN B TEJIbIX YUCIaX, OBLIN TPEIMETOM HCCIIe-
nosanuit Jlnodanra, nx nsyuennem 3aHnuMaJnch yduenbie JIpesneii VH-
qun u JIpesnero Kuras, crpan Cpejgneit Aznn.

B XVII Beke II. ®epma n 8 XVIII JI. Ditnep BHECIN OIPOMHBII BKJIAT
B HalllM 3HAHUSA O HATYpaJbHBIX ducaax. U ecou Pepma ocTaBus UL
CBOW OTKPBITHS, HE COMPOBOJNB NX JOKA3aTEJIhCTBAMU, TO Dijaep, OKa-
3aBIIUiIl OOJIbIIOE BJIMSIHUE HA PAa3BUTUE BCEHl MaTeMaTUKU, & TakxXKe U
MEXaHUKHU, CO3/IaJl HOBbIe METOJIbl U TMPUEMbI, PeaJN30BaJl HOBBIE WJIEH,
KOTOpDbIE UT'PAIOT BaXKHYIO POJIb I B COBPEMEHHbBIX UCCIEOBAHUAX U TTPU-
JIOYKEHUSIX Teopun ducest. B qacrrHocTn, Ditjaep ObLI TEPBbIM, KTO TPEJI-
JIOXKUJT UCTIOTB30BAThH CPEJICTBA MAaTeMATUIeCKOTO aHaJn3a MPU UCCTe-
JIOBAHWUW TTPOOJIEM TEOPUU TUCET.

OcCHOBHBIE NCCIEIOBAHUST B TEOPUH THCE] MOXKHO YCIOBHO CTPYIIN-
poBaTh M0 HECKOJIbLKUM HallpaBjeHusM. Brupouem, obimpHOCTh COjep-
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YKaHMSI He [103BOJIsieT OXBATUTD IIPU 9TOM BCE MHOIOOOpa3ue pe3yibTraToB
1 METOJIOB TEOPUHU UKCEJI, 3HAUUTEIHHYIO YaCTh UX IPHUIILIOCH OIIYCTUTD.

Hccnenopanus cpoiictB npoctbix duces. Cpeau HaTypaJbHBIX K-
CeJl BBIJICJISTIOTCS TaK HA3bIBAEMbIe ITPOCTHIE YUC/IA, T.€. YUCIa, KOTOPbIE
HEBO3MOXKHO MPEJICTABUTL B BHJE IIPOU3BEICHUsS] MEHBIIUX HATYypPaJib-
HBIX COMHOXKHUTE e, MHOXKecTBO X 6€CKOHEUHO. ACUMITOTHIECKII 3a-
KOH pacIpeeeHns MPOCThIX YNCeJI YTBEPXKIAET, UTO X KOJIUIECTBO B
npejiesiax or 1 10 3aJlaHHOIO YKMC/la T ACUMIITOTHYECKH PaBHO fi—. JTa
TeopeMa OblTa HesaBucuMo gokaszana B 1896r. 2K. Amamapom n I11.2K.
ne jta Basne-ITyccenom. Borpochl pacnpeieieHnst IpOCTBIX YUCEe B pa3-
JIMYHBIX YUCIOBBIX MOCJIEIOBATE/ILHOCTSIX, HAIIPUMED, CPEeInd 3HAYEHU
dbukcupoBanHoro Muorowiena f(n) cocraBiasior ojaHy u3 1pobdaeM 3ro-
ro paszjesa Teopuu unces. st MHONOYJIeHOB EePBOii CTeIeH! OHa ObLIa
periera B cepeanne XIX Beka I.I1. Jlexxen /Iupuxie, ogHako u B HaCTO-
silee BpeMsi He J0Kas3aHa 0ECKOHEYHOCTbh MHOXKECTBA IIPOCTHIX UKUCEN B
nocienosarennnoct n + 1,n > 1. Uccnenoanue paccTostHui MeXK Ty
COCEJIHIMH MPOCTBIMK YUCTAMH B HATYPaAJbHOM PsIJIy COCTABJIACT JIPY-
roii Kpyr mpobsem sroro Hanpapienus. Cpean HepeleHHbIX 3a/1a9 OT-
METHUM, HAIIPUMED, YTBEPKACHUE 0 OECKOHETHOCTH MHOXKECTBa, [1ap 1IPo-
CTBIX UHCET P, C YCIOBHEM p — @ = 2, TaK HA3LIBAEMYIO 'TIpobJeMy
Osmm3HenoB". DT BOMPOCHI, HECMOTPsT Ha WX KaXKyIIyiocss cyrybo Teo-
PETHYECKYIO HAIPABJIEHHOCTH, NMPEACTAB/ISIIOT OOJIbIION MPAKTUIECKUi
narepec. C n3ydeHneM CBOMCTB MPOCTBIX UKMCEJ TECHO CBI3aHBI HCCIIE-
JloBaHus n3eTa-pyHknun Pumana.

A pmmruBHBIE 3318491, 371€Ch PACCMATPUBAIOTCST BOTIPOCHI TPEJICTABHI-
MOCTH 1LIEJIbIX YKMCEJ B BUJE CYMM CJIara€MbIX OIPEIeJIeHHOIO Bria. Ha-
npumep, B 1770r. 2K. Jlarpamxk ycTaHoBHJI, 9TO KarKJi0€ HATypaJbHOE
YUCJIO IPEJCTABUMO B BHJIE CYMMBbl YETbIPpEX KBAJIPATOB IEJIbIX THCEI.
Brociegcrsun (1909r.) I.Tuiabbepr 0600t 910 yrBepKjeHue, 3ame-
HUB CYMMBbI KBaJPaTOB CyMMaMH MPOU3BOJLHBIX (PUKCHPOBAHHBIX CTE-
IeHeil, peluB TeM caMbIM 3HaMeHUTYio mpobjemy Bapunra. B 1937r.
.M. Bunorpaaos jokazaj, 9TO KaxkJ0e JIOCTATOYHO OOJIBIIOE IeJI0e
YUCI0 IPEJCTABUMO B BHJE CYMMbI TPEX HPOCTBHIX 4YUCEJ, HO TaK Ha-
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3biBaeMasi OumHapHast npobJiema [osibjidaxa 0 MPEJCTaBUMOCTH BCSIKOI'O
YETHOI'O YUCIa N > 2 B BUJE CYMMBI JIBYX HEUETHBIX MPOCTBIX TUCEJ
BCE eIlle OCTACTCA OTKPBLITON.

JInocpanroBel ypaBHeHusi. Borpochl pa3penimMocT ypaBHeHU B 1ie-
JIBIX UMCJIAX OTHOCATCS K JIPEBHEHIINM B Teopuu uuces. B cBs3u ¢ uc-
CJIeJIOBAaHUSIME B 9TOH 00JIacTH y2Ke YIOMHHAJIKUCL uMeHa JlnodaHnta,
Depma n Ditnepa. Teopust cpaBHEHWMI, STBISIIONASICS BaYXHBIM WHCTPY-
MEHTOM HCCJIe0BaHusi JuOo(aHTOBBIX YPaBHEHNI Obljla CHCTEMATHIECKN
paspaborana K.®.['ayccom, oTMeTuM, B YaCTHOCTH, €TI0 KBaIpaTUIHbIH
3aKOH B3aMMHOCTH. Teopus ajredpamdecKux 4ucesi, TOJTIKOM K CO3Ja-
HUIO KOTOPOM TOCIY>KIUJIM B TIEPBYIO OUepe b UCCIEOBaHNsT YPaBHEHUsT
Qepma 2" + y" = 2",n > 3, u B HaCTOsIIEE BPEMs HPUHOCUT ILJIOJIbI
B 9T0i obnactu. Ormernm, nosydentoe B 2000r. I1. Muxaiisecky pere-
nue npobsemnl Karamana o cymecrsopanun y ypasnenns ¥ — 2! = 1
eJIMHCTBEHHOI'O PEIeHMs B LEJbIX Ynucjaax © > 2,y > 2,z > 2,t > 2, a
nMenHo 32 — 23 = 1.

JInocpanToBbl NpHOJIM>KEHHST — pa3jie]l TEOPUH YKHCeJ O PelIeHUun
HEPaBEHCTRB B [EJIBIX YNCIaX, BKIYAET B ceDsi TEOPUIO MEMHBIX JPodeit n
JIpyTHE aJrOPUTMbI TIOCTPOCHUS PUOTMKEHNN JIeHCTBUTENIbHBIX TUCEIT
palMoOHaJbHBIMU, a TaKXKe PsJi BOIPOCOB reoMerpun dnces. Cpeau Hau-
bosee sipkux goctmxkenunii ormernm teopemy K.®. Pora (1954r.) o Towm,
97O ajredpandecKue 9ucaa He MOTYT CJIMIIKOM XOPOIIO TTPHUOJINKATHCS
panuoHaabHbIMU. Cpeau HepelleHHbIX BOIIPOCOB OTMETUM 3HAMEHUTYIO
npobsemy JIUTTABYZA O TOM, UTO JJisd JTIOOBIX JEHCTBUTENbHBIX THCE]T
a, 3 1 J11060T0 MOJIOKUTENLHOTO € HEPABEHCTRO |X|-|[va—yy|-|xf—1ys| < €
paspemnmMo B 1eabix dnciaax r > 0,yq, ys.

TpaHcIieH/[eHTHBIE YHCIa — Pa3Je] TeOPUH UKUCeN, B KOTOPOM KCCJIe-
JIYIOTCSL BOIIPOCHI UPPAIMOHAJBHOCTH U TPAHCIEHJEHTHOCTH JIeiCTBHU-
TeJIbHBIX dncel. Kak nmpaBniio, 910 KJaacCuIecKue TTOCTOsIHHBIE NI 3Ha-
YeHus aHaJuTu4deckux Gpyukinuii. HeanredpaninocTs, T.e. TpaHCIEHIe-
HOCTB 4ucja e Oblia jokazana B 1873r. II. DpmuroMm, a TpaHCIEHIeHT-
Hocth uncia m B 1882r. @.JIungemanom. IIpeanonaraercs, aro jaodoe
aucio suja Ple, ), rae P(x,y) - MHOrOUIeH ¢ nesibiMu Koddduipenra-
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MU, TPAHCIIEH/IEHTHO, OJIHAKO K HACTOSIIIIEMY BPEMEHU HE JIOKa3aHa JIaxKe
UPPaIMOHAJBHOCTD YHUCIa € + 7. HuKH1Me oneHKr JTUHEeHHBIX (pOpM OT
JorapumMoB ajredpandecKnx IUCes, JTOKa3aHHbIE CPeICTBAMU TEOPUU
TpaHcieneHTHbx dnces (A. Beiikep, 1967r.), urpaior BaykKHYIO pOJib
IPU HAXOXKJICHUN PEIIeHnii MHOTUX JUO(MAHTOBLIX YpaBHEHHIA.

Teopust auces — oAuH U3 JPEBHEAMINX MaTEMATHICCKUX pPa3IeJioB.
Apudmernieckue nccieIoBaHMS MOCTY KU 0A301 IS CO3MAHUS Psi-
Jla pa3jesioB MaTeMaTUKW W B TO K€ BPEMsi TEOPHST UHUCE] HUCIOJIb3Y-
eT aHAJINTUICCKHE, aJIredpaniecKue, reOMeTpIuIecKrue 1 MHOTHE JPYTHe
METO/IbI JIJIsi PEIICHHUST TEOPETHKO UNCIOBBIX MPOOJIEM, psijl 13 KOTOPHIX
YKJIAJ W 2KJIET CBOEro perieHusi crojerusimu. st jokaszaresbcTBa Bee
erie OTKPBITOHM runore3bl Pumana o HyJsix j3era-PyHKIUNA HCIOIB30-
BaJICh METOJbI, Pa3BUTLIE B Teopuu audhepeHnaJbHbIX YPaBHEHNI,
Teopur (PYHKINH KOMIIJIEKCHOTO TTePEMEHHOT0, (DYHKIMOHAJIHHOM aHa-
auze. A J10Ka3aTesibCTBO aCMMIITOTHYECKOIO 3aKOHA O PacIpejiesieHun
ITPOCTBIX TIHCET BIIEPBBIE OBLIO TTOIYIEHO METOAaAMU KOMILIEKCHOTO aHa-
nu3a. [lonbiTku pemrenust mpodsembr Pepma, mpobsieM pacipe/ieeHnst
MPOCTHIX TUCEJI CTUMYJIUPOBAJINA PA3BUTHE Psijla PA3/IEIOB aaredphl.

Teopust unces 6€3ycJOBHO OTHOCUTCS K (PyHIaMEHTAJIbHBIM pas/ie-
JaM MaTeMaTuKu. Bmecre ¢ TeM psig ee 3a1a7 MMeeT caMoe HeIoCpe]l-
CTBEHHOE OTHOIIEHNEe K MPaKTUIecKoi mesrenbrocTn. Tak, mampumep,
Ostarofapst B MEPBYIO O4Yepe/ib 3ampocaM KPUITOrpadun u MIUPOKOMY
pacripocTpanennio 9BM, uccienoBanns aaropuTMuIecKIX BOITPOCOB Te-
OpUH THCEJT IEPEKUBAIOT B HACTOMAIIEE BpeMsl IIepUo,i OYPHOI'O U BECHMA,
1J10JIOTBOPHOIO pa3suTus. Kpunrorpaduieckue norpedHOCTH CTUMYJTU-
POBAJIN UCCJIEIOBAHNS KJIACCHIECKUX 3a/a1 TEOPUN YUCEesI, B PSIJIe CIIy-
YaeB MPUBEJIH K UX PEIIeHUIO, a TaKXKe CTAJd UCTOTHHKOM MOCTAHOBKN
HOBBIX (DYHIaMEHTAJbHBIX IIPOOJIEM.

Tpaguunn ucciemoBanus npobjem Teopun [ncen B Pocenm wmuyT,
BeposiTHO, oT Diisepa (1707-1783), KoTOpBIl TPOXKUI 3/1eCh B 0OIIEl
cioxkaocTr 30 JIeT U MHOTOe ¢jiesia JiJisd pa3BUTHA Hayku. [loj Bums-
HUEM ero Tpyj1oB ciioxkuaoch TBopuectso I1.JI1. Hebnimena (1821-1894),
BBIJIAIOIIEr0CsT YUEHOTO W TAJIAHTIMBOIO MEearora, U3aBIIero BMeCTe ¢
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B.f1. Bynsikosckum (1804-1889) apudmernueckue counnenus Jitiepa.
IT.JI. Yebbimes cosnpan IlerepOyprckyro KONy TEOPUU UHUCEN, MIPE]I-
crapuresisivu koropoit saeismuch A H. Kopkun (1837-1908), E.U. Boso-
tapeB (1847-1878) u A.A. Mapkor (1856-1922). I.®d. Boponoii (1868-
1908), yuusmmiicss B Ilerepbypre y A.A.Mapkosa u F).B.Coxorkoro
(1842-1927), ocuoBas 1mikosy Teopun uuces B Bapmiase. VI3 Hee BbI-
eI PsAJl 3aMeYaTeIbHBIX CIeNUAJINCTOB 10 TCOPUU YUCE]T W, B 9aCTHO-
cru, B.Cepriunckwuii (1842-1927). [pyroii Bociuranuuk [lerepOyprekoro
Yuusepcurera JI.A.I'pase (1863-1939) muoroe cienas Jjisi pemnojaBa-
HUsI Teopuu 4mces U ajreopol B KmeBckom Yuupepcurere. Ero yue-
rukaMu Oputn O.FO.Mmuar (1891-1956), H.I.Heborapes (1894-1947),
B.H.Jesone (1890-1980). Teoperuko 4uciioBble MCCIEAOBAHUS [TPOBO-
JMICh Takxke B YHuBepcurerax Mocksbl, Kazanu, Opeccol. B co-
BETCKUi1 TIEPUOJL B TEOPHUU 4HUCe]T PabOTAIM TaKUe BBIJAIOIINECS yde-
ubie, kak .M. Bunorpasos (1891-1983) (anasurnteckas Teopust Gucei),
A.O.Tennpdonn (1906-1968) (rpanciengenrubie yuciaa) , FO.B.Jlunank
(1915-1972) (amasurutdeckas reopus ancen), A.f Xunawnn (1896-1959)
(nmodanroser ipubskenus ), V.P.Illadapesny (p. 1923) (anrebpante-
CKasl TEOPUst YUCell).

OTa KHUTA IPEJCTaBJsSeT co0Oi yIeOHHK 0 SJIeMEHTapHON Teopun
gncesi. Kak BuIHO U3 oriaBjeHns, OHA B OCHOBHOM BKJII0YaeT TPaUIIN-
OoHHBIE TeMbl. BMecTe ¢ TeM MBI JOKa3bIBaeM OLICHKH JeObIeBa st KO-
JINYECTBA IPOCTHIX YUCEJI, PA3JIOXKEHHUE YKUCJIa € B HEIPEPbIBHYIO JIPOOb,
TPAHCIEHIEHTHOCTb YUCEeJI €, T U HEBO3MOXKHOCTH KBaJAPATypPhl KPyTa, C
MOMOIIBIO IUPKYJIS U JUHEAKN. Bojbioe BHUMaHUE yIeIsieTcsl TaKKe
AJIPCOPUTMUICCKUM BOIIPOCAM TEOPUM UKCEJL.
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O nesmMocCTH YHuCeJ

Harypasbuble dncia oOpa3yroT MOCIe0BATEIbHOCTD, PSAJL TUCE, AT -
paavhot pad. Tlog 9TuM nompasyMeBaeTcst, 9T0 y KaxKJI0ro HaTypasib-
HOT'O 9HCJIA @ €CTh HEITOCPEICTBEHHO CIeIYIONIee 3a HUM, OTJINIHOE OT 1,
HaTypaJbHOe 9rcao a+ 1. Yucsra, HemocpeIcTBEHHO CIeIyOnne 3a pas3-
JUYHBIMU HATYPAJbHBIMKA YUCIAME, HE MOI'YT COBIaaTh. KpomMe Toro,
BBIIIOJIHSIETCSI TAK HAa3blBaeMast

Akcuoma MHAYKIUU. Fcau nexomopoe modmmoscecmeo Hamypans-
Ho20 pada codepotcum 1 u emecme ¢ KaAcOvM HAMYPAALHOLM YUCAOM
codepacum Henocpedcmeenno CACIYIWEE 3a HUM, MO 0HO codeparcum
6CE HAMYPANDHBLE YUCAA.

13 3TuX NpoCcTedImmx CBOMCTB MOYXKHO BBIBECTH, UTO

1. Kascdoe menycmoe nooMHOMCECME0 HAMYPAALHO20 PAda codep-
ACUM HAUMENDULUT, INEMENIT.

2. Kaotcdoe nenycmoe xoneunoe nodmmoscecmeao namypaivhozo pada
codepotcum Haubosbwuth IAeMEeHM.

3. Ecau ussecmmo, wmo Hexomopoe ymeepaclenue 0 HamypasrvHol
YUCAGT BHINONNACTNCHA ONA YUCAA G, 4 MAKHCE U3 NPEINOAONCENUS, UIMO
ymeepotcoenue 6EPHO NPU HEKOMOPOM N CACOYEM CNPABEJAUBOCTNG IMO-
20 ymeepocdenus daa wucsa n + 1, mo smo ymeepotcdenue sepro 0
6CET HAMYPAADLHHLT YUCEN DONDUUT UAU PAGHBLT Q.

[Ipo moxazaTenneTBa, OCHOBAHHDIE Ha MOCIEIHEM CBOMCTBE, TOBOPAIT,
YTO OHM BBIMOJTHSIIOTCS METOAOM MATEeMATHIECKON MHIYKIIUN.
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HarypaJsibubiii psiyi 6eckoneden. Ero obosnauaror Oyksoii N.

B HaTypaJIbHOM psijly YCTAHOBJIEH MOPSJIOK: U3 JIBYX PA3HBIX HATY-
PaJIbHBIX YKCeJ] MEHbIIUM Oy/IeT TO, KOTOPOE B HaTYypaJbHOM PSIIy CTO-
UT PaHbIle. B MHOXKeCTBe HATYyPAJIbHBIX UHCEJ OIIPeeseHbl Olepallii
CJIOXKeHMST 1 yMHOXKeHus. Onepaliis BEIYUTAHKS OlIpeeseHa He BCera.
BblauTarh MOXKHO JIMIIL MEHbIIIee HATypaJbHOE YUCJIO U3 OOJIbIIEro.

HarypaibHble 9ucia COCTABISIOT MHOXKECTBO MOJOKUTEIBLHBIX I1e-
JIbIX unces. Ecau K HuM 100aBUThH OTPUIATEILHBIE YUCIa U HOJIb, MOJIY-
YUTCsT MHOXKECTBO 1EJIBIX TUCEJT

0,41, 42, 43 44, .. ..

DTO MHOXKECTBO TPHUHATO ObO3HaUaTh OyKBO# Z. C ero smemeHTaMn
MOKHO BBITIOJIHATD apugMeTuIecKre ONepallii: CJIOKEeHWe U BBhIUYUTa-
HUe, YMHOXKEeHWe 1 jejenne. Ecau mepBbie TpH Onepamnuy MPpUMEeHNMbI
K JIIOOBIM JIBYM LEJIbIM 9HC/IaM, TO ONEpallns JeJeHUs] BbIIOJHUMA, HE
BCET/IA.

1.1 CsBoiicTBa AeJIMMOCTH HEJBIX YHCeJI

B paJjibHeiieM mesbie yuc/ia 0yayT 0003HadaThCsl JATUHCKUMKU Oy KBaMu
a,b,c u T.1. OnpenennM BaXKHOe OHATHAE JIEJUMOCTH THCE.

Onpegenenue 1. [osopam, wmo uesoe “4ucso a JeAUMcs Ha Uesoe
wucao b # 0, ecau natidemes uenoe wucso ¢, YoosAEMEOPAIOULEE PAGEH-
cmey

a=>b-c.

Hanpuwmep, aucio 111 penures na 37, a 28 npenurcs Ha —4, Bejb
111 =37-3u 28 = (—4) - (=7). Hucsuo 5 ne pennrcs na 3. Heiicrsu-
TeJbHO, HepaBeHcTBa 3 - 1 < 5 < 3 - 2, o3HavaloT, 4TO IeJioe ¢, JJsd
KOTOPOTro 3 - ¢ = 5, JIOMKHO YJIOBJIETBOPATL HepaBeHCTBaM 1 < ¢ < 2.
fcHo, uTO TAKOro YMCIa B MHOXKECTBE Z HE CyIIECTBYET.
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Ecan nenoe ducio a jgeantcs Ha nejoe 9ucyio b, To b HasbiBaeTcs
deaumenem, a HABLIBACTCS JeAUMBIM, 8 JIJIsI 0003HAYEHUST STOI'0 OTHO-
IIeHKs UCIOJIb3yeTcst cuMBOJI bla. Eciu nesoe uncio a ne penurcs Ha b,
ucnosibayercst obosznadenue b 1 a.

Honb genmutes ma moboe nemoe aucio a # 0. OTMeTuM TakxKe CIemy-
IOIIMe CBOMCTBA JCJIUMOCTH.

Jlemma 1.1. ITycmov a,b, c - yeavie wucaa.
1. Umeem 1la.
2. Ecau a # 0, mo ala.
3. Ecau alb, mo albe.
4. Ecau alb u blc, mo alc.
5. Ecau alb u ale, mo al(b+ ¢) u al(b—c).
6. Ecau alb uw b # 0, mo |a| < |b].

Joxasamenvcmeo. CnpaseyiuBbl pasencrsa a = 1-a = a - 1, jokasbi-
BaloIlye epBoe 1 BTOPOE CBOMCTBA.

Henumocthb a|b o3Hauaer, 9ro ¢ HeKOTOpbIM U € Z umeeM b = au. Ho
torga be = a(uc) u, 3ua4uT, albc. 1o JOKA3BIBAET TPEThE CBOUCTBO.

JJist loKa3aTeheTBa YeTBEPTOro 3aMETUM, UTO, CONIACHO YCJIOBHIO,
C HEKOTOPbIMU [EJIbIMU U, U BBIIOJIHSAIOTCs paBeHcTBa b = au,c = bu.
Orciofia coieflyer, u4To ¢ = auv U, 3HAYUT, Gc.

B msrom ciyuae, nockonbky alb u a|c umeem b = au, ¢ = av ¢ HeKo-
TopbiMu u, v € Z. Ho morga b+ ¢ = a(u +v) u b — ¢ = a(u — v), uro
3aBEpIIAET JIOKA3aTeILCTBO TSITOMO CBOHCTBA.

3 pasencrsa b = au, rne u € Z, u ycaosus b £ 0 ciaemyer, 4To
u # 0 u, suaunt, |u| > 1. Ho rorma |b| = |a| - |u| > |al. O

Kak y»ke ormedasioch, He JIIOObIE JIBa YUCIA CBSI3aHbI OTHOIIEHUEM
jJeauMocTu. B obiieM ciydae uernoib3yercst Tak Ha3bIBAEMOe JIeJIEHUE C
OCTATKOM.

Teopema 1.1. /s 1100vx 4eno020 wucia a u Hamypasvioz2o0 b cyue-
cmMBYm eQUHCMBEHHLLM 00PA30M ONpedeseHHble Ueable YUCAL ¢, T, Ydo-
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6AEMBOPAIOULUE YCAOBUAM
a=bg+r, 0<r<hb. (1.1)

Hokasameavcmeo. JJokaxkeM CyIeCTBOBAHUE UUCET ¢, 7.
Ecin bla, T.e. b = au ¢ HEKOTOPHIM 1eJIbIM U, TIOJOKUM ¢ = u, 1 = (.
[Ipu rakom Bbibope yeiosust (1.1); oueBuHO, Oy/IyT BHITOJHEHDL.
Hanee OyeM mpejmnosararb, YTo 9UCJI0 a He JeauTcs Ha b. Muoxe-
ctBO M HaTypaJbHBIX YNCEN, TTPEJICTABUMBIX B BUe @ — bk ¢ HEKOTOPHIM
nesibiM k, venycro. eiicrurensbro, npu k = —|a| — 1 umeem

a—kb=a+ (la]+1)b >b+|a|(b—1) > 1.

Obosnaunm OYKBOil r — HauMeHbIee u3 uuces mHoxkecrsa M. Torna
r > 1, ¥ ¢ HEKOTOPBHIM IEJbIM ¢ BBITIOJHSIETCS PABEHCTBO ' = a — bq.
[Tockosibky a —b(g+ 1) =r—b<r,r0a—>b(q+1) & M, u, 3nauur,
BbinosiHeHo a —b(g+1) = r—b < 0. YuursiBas, 9To paBeHcTBO @ — b(q+
1) = 0 neBo3amoxkHO, Bejib b 1 a, 3akmodaem 7 — b < 0. Urak, 1 <7 < b.
Cyl1ecTBoBaHye HY>KHbBIX YUCEJT ¢, T JOKA3aHO ¥ B 9TOM CJIyUae.

Jomyctum Tereph, 9TO BMECTe ¢ TMapoil aucen (q,r), yIOBIETBOPSI-
formux yeiopusiM (1.1), cymmectByer ere ofiHa, OTJIMYHAS OT HEE mapa
aucest (u,v), JJis KOTOPOi

a = bu+v, 0<wv<b. (1.2)

13 pasencrs (1.1) u (1.2) crexyer bg + r = bu + v. [lostomy r — v =
b(u—q), rak qaro b|(r —v). U3 nepasencrs (1.1) u (1.2) Haxoaum Takke
|7 — v| < b. Corstacuo nocsiejiHeMy CBOMCTBY JieMMbl 1.1 MOXKHO yTBEp-
XKJarh Tenepb, uto r — v = 0, T.e. v = . Ho rorma b(u — q) = 0 u,
sHaunT, u = q. [loaydaem, uro napot (¢,7) u (u,v) JOJKHBI COBNAAT,
BOIMPEKN HAIEMY TPEANOI0KEHNIO. DTO MPOTUBOPETHNE 3aBEPINALT JI10-
Ka3aTeJabCTBO Teopembl 1.1. [l

Yucna r u g, onpejiesiennbie B TeopeMe 1.1, HA3bIBAIOTCS 0CMaAMKOM
J I
om denenus ducyia @ Ha b U HenoAnbLM YaCmHbLM TP JieJieHnn a Ha b.
B cinygae r = 0 cioBo "Henonnoe''B HazBaHUUM ¢ OMyCKAIOT.
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Hanpumep, cripaBelyinBo paBeHCTBO
—1234 =23 - (—54) + 8.

Mo:kHO cKazaTh, YTO OCTATOK OT JejieHus duciaa —1234 na 23 paseH 8,
a HeIoJIHoe JacTHOe paBHO —H4.

3 nokaszaresibeTia TeopeMbl 1.1 ciiejryer, 4To 1neioe Yucio @ JIeJUTCs
Ha HATypaJbHOE b B TOM ¥ TOJILKO TOM CJIydae, KOrja COOTBETCTBYIOIIN
OCTATOK paBeH HYJIIO.

Yucna, pendmiuecd Ha 2, Ha3BIBAIOTCA YeMHbLMU, TACTa, He JIessd-
myecs Ha 2, T.e. UMeIoIre TIpH JIeJIeHUW Ha 2 OCTaTOK 1, HashIBAIOTCs
HEYETHBLMU.

s peaJbHOrO HAXO0XKJIEHUSA OCTATKa W HEIOJHOIO JaCTHOTO MOK-
HO MCIOJIb30BaTh TaK HA3BIBAEMbIN aJIrOPUTM deaeHus cmosburom. V3-

BeCTHBI 1 JIpyrue bosee 3pheKTUBHBIE aarOPUTMBI. !

1.2 Haumenbniee obimiee KpaTHOe WM HANOOJIBINMIL
obmuii nejanTesib

Ilycts aq,...,a, — #Henyaesbie neabie ducia. emnoe uncino K nHasbiBa-
eTcst 00UUM KPATVHOLM TUCET A1, . . . , Gy, €CIA OHO KPATHO KaXKJIOMY W3
srux uncen, T.e. a1|K, ... a,|K. Hanpuwmep, |a; - - - a,| ectb ogH0 U3 nx
00IINX KpATHBIX.

Onpenenenne 2. Haumenvuiee u3 nosodtcumesvHule 00UUT KPAMHBLT
HA3VBAEMCA HAUMEHDULUM OOULUM KPAMMHIM YUCEN A1, . . ., Oy

MuoxkecTBO 00LIMX KPATHBIX YUCEJ A1, ..., 0, Oyjer 0DO3HAYATHCS
cumBosiom M{ay, ..., a,}, a UX HauMeHblIee 00IIee KPATHOE — CUMBO-
aom HOK (ay, ..., a,) win [ay, ..., a,l.

Teopema 1.2. 1. Jlwboe obuwee Kpammoe HECKONDKUL YUCEA JeAUMCA
Ha UT HAUMENDULEE 00ULEE KPAMHOE.

LCwm., manpumep, xkaury Axo A., Xonxpodt Jdx., Yasman JIx., IlocTpoeHne n aHAINS3 BBITHC-
aurenbHbIX ajroputMmos, Mocksa, Mup, 1979.
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2. ad 11000 OMAUNHDLT O HYAA UCADIT YUCENA A1, . . ., Ay BOINOA-
HAECMCA PABEHCMEO

a1, ... a,] = a1, ..., an1],a,).
Joxasameavcmeo. Tlyers m = [ay, ..., a,] 1 K - Kakoe-nuOy b obiee
KpPaTHOE YUCEJI (1, . . ., A,. Pa3geaus ¢ octaTkoM dncao K na m, moiy-

YUM IeJble ¢, T, YIOBJIETBOPSIOINE YCIOBUSIM
K=mqg+r, 0<r<m.

U3 croiicTB jieInMOCTH HaxXoAuM, 4To 7 = K — mq JeJuTcs Ha KaxK-
JI0€ U3 LEJIbIX YUCeI @ U HOTOMY €CTb 00Ilee KpaTHOe YUCeIl A, - . . , Oy,
Y4UuThiBasi, YTO M €CTh HAUMEHBIIee U3 MOJOXKHUTETbHBIX OOIINX KpaT-
HBIX, TTPUXOJIUM K 3aKJIIOUYEeHNIO, 9TO HepaBeHCcTBO 7 > () HEBO3MOXKHO.
[Tosromy r = 0 u m|K. [lepsoe yTBepx/ieHre T€OPEMbI JJOKAZAHO.

st cokpallieHust 3alMc B OCTaBIIEHCs 4acTu J0Ka3aTe/IbCTBa, Mbl
OyJIeM HCIoIb30BaTh 0O03HAUEHUS

u=lay,...,a,), v=lay,...,a,1].

Kaxkioe obiree KpaTHoe Uncesa v U @, JEJHUTCsI, OYEeBUIHO, Ha UHUCIA
Q1. ..,0Qp, T.€. SIBJISIETCS UX OOIIMM KpaTHbIM. [ToaToMy

M{v,a,} C M{aq, ..., an}.

C Jpyroii cTOpPOHBI, KaxKji0e 00Ilee KpaTHOE YKUCeN G, . .., 0, JEJUTCH
Ha YUCIA @1, ...,0,_1 W, COTJIACHO MEPBOMY YTBEPXKJIEHUIO TEOPEMBbI,
JenTes Ha v. BMmecre ¢ TeM OHO JEJUTCsl HA G, U HOTOMY SIBJISIETCsI
OOIIIMM KPATHBIM YUCEJ U U (y,. DTO JOKA3bIBAET 00PATHOE BKJIIOUCHHE

M{v,a,} D M{ay, ..., a,}.

U3 coBnajieHust MHOXKECTB CJIEJYeT PABEHCTBO UX HAMMEHBIITHX MOJIOXK K-
TeJIBHBIX 3JIEMEHTOB [v, a,| = u. Teopema nokazana. O
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MHOKECTBO BCEX JlesiuTesiell 1eJ10ro OTIMYHOrO OT HyJisl 4MCJIa a KO-
neuno. Jleiicruresnbio, eciu d|a, TO, COMIACHO TIOCTEIHEMY CBOHCTBY 13
semmbl 1.1, Beinosasiercst Hepasenctso |d| < al.

ITycts aq, a9, ..., a, — neavle aucaa u d € Z — ux obujuti desumenn,
T.e. dlai,d|as, ..., d|a,. VI3 ckazaHHOTO BBIIIE CJEIYET, UTO €CIH CPEJIN
qUCeT a1, 0ds, . ..,0, €CTh HE PABHOE HYJIO, TO MHOXKECTBO OOIIUX Je-

auTesieit atux dncen kouneudno. OHO Beerma cogepKuT £1 u nmoromy He
nycro. ['oBopsi B jaJjibHeiieM 06 00IMX JEJUTEIsAX Mbl, J1ayKe €CJIH 9TO
He OroBapuBaeTcs 0cobo, Beerga OyieM Mmoapa3yMeBaTh, YTO B COOTBET-
CTBYyIOIIIEeM Habope ai,as, . .., a,; COJEPXKUTCS XOTsd Obl OJHO HE paBHOE
HYJIIO0 9UCJIO.

Onpegenenne 3. Hauborvuwum obuyum desumenem co8OKYNHOCU Ue-
ABLT YUCEA HA3BLBACTNCA HAUDOADULEE NOAOACUMEALHOE YUCAO, JEAAULEE
Kaostcdoe u3 MU wucen.

Ieavie wucaa Ha3vi6aOMeA 63GUMHO NPOCTNOIMU, €CAU UL HAUDONb-
wut obwut deaumensv paser 1.

Haitnem, nanpumep, Bce obiue jenurenu duces 6, 10, 15. Ouu coymep-
Karcs cpeau genanreneit 6, T.e. cpean uncen +1, 2, 43, 6. YunrbiBasi,
yro 15 = 2 -7+ 1 He genuTca Ha 2, a, 3HAUUT, He JEJUTCsI W Ha 06, U3
CIIMCKa BO3MOYXKHBIX JIeJIUTEEH caeiyeT neKIounTh +£2, £6. PaBercTso
10 = 3 - 3 4+ 1 osnauaer, uro 10 ne jgenurcs na 3. Iloaromy B crncke
obImMX Jlesuresieil ocrarores Juinb yuciaa +1, u noromy (6,10,15) = 1.
Yucna 6,10, 15 B3aMHO TPOCTHI.

MHozkecTBO Bcex oOIIUX Je/uTeseil duces ay, as, . . ., G, 0yner 06o-
sHauaThest cumBosiom D{ay, . .., ay, }. Hanbonbiuii obumit qesuress qu-
cesl ai, s, . .., a, obosnauaercs cumposom HO(ay, ..., a,) win npo-
cro (ag, ..., a,).

BriBesiem n3 TeopeMbl 1.2 cOOTHOIIEHNE MEXK Iy HAUOOIBIITM OOIIHM
JIEJIATEJIEM JIBYX YKUCEJ M UX HAUMEHBIIUM OOIIMM KPATHbBIM.

CaencrBue 1.1. /lasa a00vx 06yxr Hamypasvholr wucea a,b cnpased-

AUBO PABEHCMBO
la,b] - (a,b) = a-b.
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Hoxazameavcmeso. Ilpoussenenue ab ecrsb obiiee KparHoe ducesa a u b.
Corsacno Teopeme 1.2 0HO JeUTCs Ha UX HaUMeHbIIee 0bIee KpaTHoe,

T.€e. ﬁ ecTh 1esioe gucyo. 13 pasencrs
)

ab  [a,b] ab [a,b]

CJIeJIYeT, 9TO [“%] ecTb 001Ul JleinTelib Yucesa a u b.

[Tycts Tenepb d — MpoW3BOJIBHBIN oOmuMil menuresnb a u b. B cuny
PaBEHCTB

b _ b
d —d d
ab

3aKJ/04aeM, 4ro 4 ecrb obuiee Kparnoe uuces a u b. Ilo reopeme 1.2

OHO JIeJIUTCsI Ha [a, b], T.e. oTHOLIEeHNE dfbb] ecTh Tiesoe auco. [losromy

[a B >1mu [ ] > d. CienoBaresibHO, [“%] HanOOJIBIIHNI 13 BCexX ODINX

nesuTesieit auces a u b. 1o 3aBepiaer JoKa3aTeIbCTBO CIeACTBrA. [
Caencrue 1.2. Ecau albc u (a,b) =1, mo ¢ deaumca na a.

Hoxazameavcmeso. IIpoussenenue be ecrb obiee KpaTHoe ducesa b u a.
[To Teopeme 1.2 ono jesnurcst Ha [a, b]. CoriacHO yCIOBUIO U CJIEJICTBHUIO
1.1 zakutouaem, 4o |a,b] = ab, rak uro ablbc u, 3naqur, alc. O

Teopema 1.3. 1. Hauborvwut obwuii desumens HECKOADKULT YUCEN
desumces na 110000 ux 0bwut deaumens.
2. Cnpasedaruso pasercmeso

((a1, ...y an_1),an) = (a1, ..., a,).

Hoxaszameavcmeso. Ilycrs aq, ..., a, HEKOTOPbHIH HADODP LEJIBIX YUCE] U
di,...,d;, Bce UX HOJOXKHUTEIbHBIE 00IMe geuresn. BbykBoit d obosna-
UMM HAUMeEHDIIee 00Iee KpaTHoe STUX JeuTenei, T.e. d = [dy, . .., dy].
Kaxktoe u3 aucen ay, . . ., a, €cThb 00IIee KpaTHOE Beex Aeauteneit dy, . . .,
dy,. Corstacuo Teopeme 1.2 MOXKHO yTBEpKaTh, 4To d|ay, . . ., d|a,. Cie-
JIOBATEJIbHO, d €CThb OJMH U3 ODIIMX JeJuTeseil ducesl ay, ..., a,. Illpn
aoboM k nmeem di|d, moaromy BbioHEHO HepaBeHCTBO d) < d. Uraxk,
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d — HauOOIBIINI OOLINIA JICJIUTE/Ib JAHHBIX YUCEJI, OH JIEJUTCS Ha, JII00O
JIPYToil X OOIIUil JeTUTeNb.
Obo3HaYMM /10 KPATKOCTH

c=(ay,...,an-1), d=(a,...,a,).

Tak Kak KaxKJioe U3 HUCe a1, . .., 0y_1 ASJUTCH Ha ¢, TO 110 CBOHCTBaM
JeTMMOCTH KasKJI0€ U3 9TUX YUCes JleuTcst Ha (¢, a,). Yucno a, rakxe
neurest na (¢, a,). Caegosaresnbno, (¢, a,) ecrb obwuMil geauTenns Beex
JTAHHBIX duces u moromy (¢, a,) < d.

JTToKayKeM, 4TO UMeeT MeCTO MPOTUBOMOJIOKHOE HepaBeHCTRO. Tak Kak
d ecrh 00LIMIT JiesuTeh YUces dy, . . ., Ay_1, TO 110 IEPBOMY YTBEP K 1e-
Huio Teopembl d|c. Bmecre ¢ tem d|a,. Cnemosarennbno, d ecth 00wl
JeJTTeNb YUces ¢ 1 a,. Ho Torna d < (c, a,). Jlokazanmnble HepaBencTBa
osHavawT, 4To (¢, a,) = d. O

[Tpumensist HeCcKOIbKO pa3 paBeHcTBa 13 TeopeM 1.2 u 1.3 MOXKHO cBe-
CTH BBIYUCIECHNE HAMMEHbIIEro OOIIEro KpaTHoro u HaunbosbInero ooie-
ro JIeJIUTENS HEeCKOJBKUX JUCcesT K TaKO! Ke 3ajade JJs AByX ducen. B
CBOIO ouepe/ib ciiejicTBre 1.1 1mo3BojisieT CBECTU BbIUKC/IEeHUE HaUuMeHb-
ero oOIIEero KPaTHOIO JIBYX YMCE/ K BBIYMCICHUIO UX HAUOOJIbIIEro
ob1ero Jiesuresisi. dra 3ajada OyJIeT pacCMOTPEHa B CASAYIOIIEM apa-

rpade.

1.3 Aaropurm EBKanmaa

[Tycrs a > b - narypasbhbie yucia, rpedyercs naiitu (a,b) - ux nau-
OobIINIE OOIIUI JIeIUTelb. 3ajiada 3Ta, KOHEUHO, MOXKET OBbITh pellle-
Ha TIyTeM repedopa Bcex HaTypaJbHBIX ducesa d ot 1 10 b u npoBepku
yeaosuit d|a, d|b. Onnako 1o 11yTh Tpedyer oueHb GOIBIIOTO 00béMa
BeranciaeHuii. [lpmaymannsrii B JIpeBneii I'perun anroputM, Ha3biBae-
MBIl ajiropuTMoM EBKiunia, 10CTaTOYHO OBICTPO HAXOIUT HAUOOJbIINI
obIMit JleIuTeTh W TIPA 9TOM HE pas3jiaraeT 9ucia Ha MHOXKATe n. B
OCHOBE €r0 JIEXKUT CJIC/IYIONIEe yTBEPXK ICHUE.



I'JIABA 1. O JIEJINMOCTH YUCEJI 18

Jlemma 1.2. 1. Ecau a — ueaoe, b - namypasvroe u bla, mo mmo-
otcecmeo obuyux desumeneti wucen a u b cosnadaem ¢ MHoOHCECTNEOM
deaumeneti b. B wacmnocmu, (a,b) = b.
2. Fcau
a=bq+r, 0<r<hb,

mo D{a,b} = D{b,r}, 6 wacmuocmu, (a,b) = (b,r).

Joxazameavemeo. MHOXKeCTBO 00X JeauTeneil ances a u b comep-
xkurcst cpepu gemureseit b, r.e. D{a,b} C D{b}. B 10 ke BpeMmsi, Kax-
Jbli gesmresib aucia b, B cuiy yeiaosusi bla Gyjer jgenuresem quciaa a,
1.e. npunajaexur D{a, b}. CiepoaresbHO, MHOXKECTBO ODIIMX JleJUTe-
JIei gucest a u b coBaiaeT ¢ MHOXKECTBOM JeJiuTeseit b. 9To qoKa3biBaeT
nepBoe yTRepXKaerne jeMmbr 1.2.

st joKasareabeTBa BTOPOrO YTBEPXKJCHUS 3aMETHM, 9TO 110 CBOA-
CTBAM JICTMMOCTH KayKIblil OO JeJUTeNIb Yucea b U 7 JeJUT YUCIIO
bqg + r = a u, 3naunt, npunaexur maoxecrsy D{a,b}. Touno rax
YKe, KaxKIbli o0mmit jpesmrens dnces a U b gennt ducio a — bg = r,
Tak 410 npuHaiekut Muoxkecrsy D{b, r}. Drum jokazano paBeHCTBO
D{a,b} = D{b,r}. Orcroma ciepyer u copnajienue HaUOOIBIIUX OOIINX
nejTesieil map uncen a,b u b, r. H

JHoxkazannoe B jemme 1.2 paserncrso (a,b) = (b,r) no3Boiser npu
HAXOK ICHUH HAMOOJIBIIEro ODIINEro JeJUTe sl 3aMEeHUTh [mapy 9ucest a, b
Jpyroit napoit b, r. 3amerum, ato r < b, T.€. OJHO U3 JIBYX UUCEJ, yIaCT-
BYIOIIUX B aJICOPUTME YMEHBIIUI0CH. [I0BTOPSIsT HeCKOIBLKO pa3 jesienne
C OCTATKOM U 3aMeHsis KaXKIblil pa3 mapy HeJbIX 9hce HOBOW MbI Oy1eM
KaXKJIblil pa3 YMEHbIIATH OJHO M3 JBYX YHCE], YIACTBYIOIINX B pabore
aJropuTMa. fIcHO, B KAKOHW-TO MOMEHT OJHO U3 UNCET CTAHET PaBHLIM
0 u mHanOONBIIUI OOIUI JEJUTEJIb CMOXKET OBITh HalJeH C IIOMOIILIO
MepPBOTO YTREPXKAEeHUs JJeMMbl 1.2.

Paccmorpum ajiropurm Hemuoro nojgpobnee. Iomoxkum rg = a, vy = b
1 0DO3HAYUUM T9, . .., T, - HOCJIEIYIONINE JEJUTEIN B aJropurme EBKIn-
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na. Torga r1 = b. Takum oOpasoM, MONIyIalOTCs CIeAYIONe PABEHCTBA,

a =ry = bqy + 7o, 0<ry<b,

b =r1 = rags + 13, 0 < r3z <,
To = 13q3 + T4, 0<ry<rs, (1.3)
Tn—2 = Tpn—14n—1 +rn7 0 S Tn < Th-1,

Tn—-1 = Tndn-

AJiropuTM ocTaHaBIMBAETCs, KOTJIa JeJeHHe POU30iieT 0e3 OCTaTKa.
B npuBeseHHOM BBIIIE TEKCTE MOCIEIHUI ocTaTOK 7,11 = 0. B cooTBet-
CTBWU C JIeMMO# 1.2 HaxoauM paBeHCTBa,

(a,b) = (b,1a) = (ro,13) = (r3,74) = -+ = (ry_1,70) = (1, 0) = 7y,

Taxkum obpasom, HAMOOBIIII OO Je/IUTe/Ibh PaBEH TOCJIEHEMY Jie-
suTesio (OH 2Ke NOCIeIHIIT HeHYJIeBOi ocTaToK) B ajsropurMe Epkinja.

IIpumep. Haiimu naubosvwut obwutd desumensv wucea 3009 u 894.

[Tonb3ysich anropurmom EBkimmia, Haxoamm

3009 = 894 - 3 + 327, 894 = 327 - 3 + 240,
327 = 240 - 1 + 87, 240 = 87 - 2 + 66,
87 =66 -1+ 21, 66 = 21-21 + 3,
21=3-7.

[Tocneaunit HeHyeBoi octaToK pasen 3, moaromy (3009,894) = 3.

st peanuzanuu ajaropurma EBkinia Ha KoMmibioTepe OOJIbIIE 10/
XOIUT cjejytomias ero popMa, B KOTOPO# OTCYTCTBYIOT MHJIEKCHI Y J1€-
JINTEJIEl 1 OCTATKOB.

Aaropurm. anwr: Hamypasvrve wucaa a v b; b < a.
Haititu: Hauboavwut obuwuti deaumens (a,b).

1. Buyucaumo r - ocmamok om deaenus a wa b, m.e. natimu uenoe 1,
ydosaemeoparowee yeaosuam a =bqg+r, 0 < r < b.
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2. Ecaur =0, mo (a,b) =b, CTOII
3. Ecau r # 0, mo samenumo napy {a,b} napod {b,r} u nepeiimu ¢
nynxm 1 asrzopumma.

[IprMephb! MOKa3BIBAIOT, UTO AJTOPUTM EBK/nIa 10CTATOUHO OBLICTPO
HAXOJIUT HAKOOIbIINI 00Kt gesuTesib. OIeHKY KOJudecTBa JAejeHuil B

HEM JIaeT CJIe/YIONIas TeopeMa’.

Teopema 1.4. Koauuecmeo deseruti, HeobTodumoe 0ai 6bluUCACHUA €
nomowwio anzopumma Eexauda naubosvwezo obwezo deaumens 06yx
NONOHCUMEALHOLT UCABLT YUCEA, HE NPEGHIUAEM NAMUKDAMHO20 KO-
wecmea yudp 6 decamunnot 3anuct MEHbULE20 U3 IMUL 08YT YUCEA.

Hoxazameavemso. Ilycrb a > b - HarypaJbHble Uncia U b 3alIuchiBa-
ercsd m nudpaMu B JICCATHIHON CHUCTEME CUMCJICHHSA. DTO 3HAUUT, ITO
10m~1 < b < 10™. Tpebyercst J0Ka3aTh, 4TO AJIrOPUTM EBKIMIA, MPH-
MEHEHHbBIH K 9uciaM @, b BbIIOJIHAT He Oosiee DM JIeJIeHUH ¢ OCTATKOM.

[Tonoxxum rg = a u obozHauum 1 = b,ry, ..., T, - IOCIEIOBATE/b-
HOCTD jiesuTeseit B aaropurme Epkinga. Torma ,

ric1=qri +riv1, 0<ra<r, 1=12,...,n—1, rn:(a,b).
HokarkeMm cipaBeIINBOCTH HEPABEHCTR
Toei > A i=0,1,...,n—1, (1.4)

e A = . €CTh KOPEHDb KBaJIPATHOIO ypaBHEHHA A2 — \ —

Y5 —1,61.,
1 = 0. st 3T0r0 BOCHoab3yemMcst METOJ0M MaTeMaTHIeCKON WHTYKITUH.
Ipu i = 0 umeem 7, > 1 = A\ Ilpu i = 1 naxouum 71 > 1y + 1 >
2 > A\, tak uro HepaBeHCTBO (1.4) onsarh cupaseuso. [Ipemnonoxmm
tenephb, uto 1 < k < n — 1 v Hepasencrso (1.4) BBITIOIHAETCA TPH BCEX

1 < k. VmeeMm ciie1yomiyio nernouky pPaBeHCTB U HEPABEHCTB

k k—1 k+1
Tn—k-1 = Qn-kTn—k T Tn—k+1 = Tn—k + Tn—k+1 = AV 4+ A = A .

29710 yTBEpKACHNE OOKa3aHO B 1845T. dpanmysckuM MaTemarukoM L. Jlame.
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Takum obpasom, HepasercTBo (1.4) Boinosusiercst u npu ¢ = k + 1. D10
JOKasbiBaeT cripasemuBocTh (1.4) mpu Beex @ = 0,1,...,n — 1.
[Tockombky 10" > bu b =r; > X", Mbl BLAUM, 9TO

m > (n—1)log;pA > (n—1)/5.

B mnocnemneM HepaBeHCTBe ObLIa HCIOIL30BaHa, OIEHKA A > 10Y/° =
1,58.... Takum obpasom, n < 5m + 1, 94T0 3aBepiiaer J0Ka3aTeJLCTBO
TECOPEMBI. [l

PaccmoTpum 1oc/ieioBareibHOCTb LEJIbIX Yucesl Uy, n > 0, onpeje-
JIEHHYIO PEKypPPEHTHO

uyg =0, u; =1, Uy = Up_1 + Up_o, N > 2.

CoracHO 9TOMY ONPEIEJICHUIO Us = U1 + Uy = 1, U3 = U +u; = 2 u Tax
nanee. B pesynbrare monydaercd pan uncen: 0,1,1,2,3,5,8,13,21, .. .,
HOCAIMH Ha3BaHue nociegosaresbuocTn Pubonadun®. V3 3akona 06-
pPa30BaHUsT ITOH MOCIEI0BATEJIHLHOCTH BUJIHO, UTO NPU N > 3 OCTa-
TOK OT JICJICHUSI YUCHA Up i1 HA Uy, BCEJIA PABEH Uy, HEIOJIHOE dacT-
Hoe mpu 3ToM paBHO 1. Taxmm obpazoM, /1J1sT HAXOXKIEHUS HAROOIbIIIE-
ro obmero jgenurens (U, U,+1) norpedyercs n — 1 jejenne ¢ ocrar-
koM. Hamnpumep, jisi BbluncieHusi HauOOJIbIIEro ODIIEro JIeJuTes s Un-
cell ug = 8 u uy = 13 Tpebyercs 5 JeJIeHNi ¢ OCTATKOM, a JIJIsT BBIUUC-
nerns (uir, u12) = (89, 144) neobxomumo 10 gesjenuii ¢ ocTaTKOM. DTH
IPUMEDPHI MOKA3BIBAIOT, UTO IPAHUIA JIJIs UNCIa JEJCHU, YTBEPXK Iae-
Mast TeopeMoit 1.4 MoXKeT JJOCTUIAThCS.

Jlist HaxoxK JIeHust HanbOJTbIIero O0IIEero JeJUTe st HECKOMbKUX THCelT
MOXKHO MCTIOJIb30BATh TaK HA3bIBACMbIH 0606wennvit arzopumm Eerau-
da. Ecin ay, ag, . .., a, — 1nejbie HEOTPUIATEbHBIE YUCIA W Ay = A1q +
r,0 < r < a, vo no semme 1.2 Boinoansiercst pasencrso D{ay, as} =
D{r,a,}. CiegoBaresbHo,

D{ai,az,as,...,a,} = D{r,a1,as,...,a,}

3Uranpaackmit MaTeMaTnk JleoHapmo Ilmsamckmit, 1180-1240, mocmn mpossume PuboHATIN
("coin Bonauuo™).
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u
(a1,az2,as,...,a,) = (r,a1,as,...,a,). (1.5)

Haubosbiuit oO1uit e iuresib COBOKYIITHOCTH YHCEJ He 3aBUCUT OT TO-
ro, B KAKOM TOPSIJIKE 3TU UNCIA 3AIUCAHDBI, [O3ITOMY KaXKJ0€ UNUCIO B
COBOKYIIHOCTH MOXKeT OBITh 3aMEHEHO ero OCTATKOM OT JIeJICHHsI Ha, JIfO-
60e Jpyroe YuUCa0 U3 ITOU K€ COBOKYIHOCTH, IIPUUYEM HAUOOIbIING 00-
Ui e IMTelIh TPU TaKo 3aMene coxpanuTces. SlcHo, uro onepanus (1.5)
YMEHBIIIUT CyMMY YKCEJI B CIIUCKE, €CIU Ay > a1. VI aTa cymma He ¢Mo-
’KeT ObITh YMEHbIIeHa YKa3aHHLIM CIIOCOOOM JIMIIL B CJIydae, eClu BCe
qyucsa CIUCKa, KpoMe OJIHOro, paBHbl Hysto. Ho B TakoMm ciydae Hau-
Oosbinit 00Ut JlesiuTelb Bhiaucasiercst jerko, (aq,0,...,0) = a;. Dru
PACCY2KJIeHUsT MOI'YT ObITh OPOPMJICHBI B BUJIE AJIIOPUTMA CJIELYOIIAM
obpa3zoM.

Anropurm (O606miennsbiit anroputm EBkimaa). Jano: Cosoxyn-

HOCTND UEABLT HEOMPUUAMEALHULT wucen {ay, ... ay}.
Haitru: Haubosvwui obwud desumennv D = (aq, ..., ay).
1. Bamenumo cnucok {ay, ..., a,}, nepecmasus €20 snemenmo, Mark,

YMOObL YUCAO, CTNOAULEE HA NEPBOM MECTE OBLAO HAUMEHLUUM U3 T0-
AOACUMENOHBLT YUCEN CTUCKG.

2. Ecau ece wucaa ag,...,0Q, pPasuv. Hysto, nosodicums D = aq,
CTOIIL

3. Bamenumsv 6 cnucke {ay, ..., a,} Kaxicdoe U3 HENYACELIT “uUCEN
ag,...,G, €20 ocmamxom npu desenuu Ha ai. [lepedmu 6 nymuxm 1
an20PUMMQ.

YT00ObI MOKa3aTh, KakK paboTaeT 3TOT aJlrOPUTM PACCMOTPUM IPUMED.
IIpumep. Buvuciums D = (10,6,15,24).
nmeem

D

(6,10, 15,24) = (6,4,3,0) = (3,6,4,0) =
(3,0,1,0) = (1,3,0,0) = (1,0,0,0) = 1,
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r.e. uncaa 10,6, 15,24 B3auMHO IPOCTHI.

3aMeTuM, UTO YUCIA, PABHBIE HYJIIO, MOIYT OBITh HCKJIOUEHBI W3
CIIMCKa B Ipolecce padborhbl 0000meénHoro ajropurMa Epknupa. [Ipu
9TOM JIJINHA, CIIUCKA YMEHBITATCS, U Ha, 3aKJII0OIUTEIHLHOM IIIare BeCh CIIn-
COK OyJEeT COCTOATH M3 OJHOIO YUCIA - HCKOMOT'O HAMOOJIBIIIEro OOIIEero
JIeJTUTEIS.

1.4 Pemenue B 1eJibIX 4YHCJIaX JUHEHbIX ypPaBHe-
HUII

YpaBHeHUsI, B KOTOPbIX HEM3BECTHBIC BEJMYUHBI BbIPAXKAIOTCH EJIbI-
MU YHCJIaMU, HA3bIBAIOTCA JUOMAHTOBLIMY 110 UMEHHU JIPEBHEIPEIECKOrO
yuyenoro Huodantat. Ilycrs a,b, ¢ — neable uncia. Paccmorpum mpo-
creitiee JinoaHTOBO ypaBHEHUE

ax + by = c. (1.6)

Jlerko mpoBepuTh, uTo ypapHenue 19x + 12y = 1 umeer GeckoHeuHoe
MHOXKECTBO pertenuit © = —5 + 12t,y = 8 — 19t,t € 7Z. YpaBuenne
x)e 2x — 6y = 3 perieHnit B HeJIbIX YNUCIaX HE UMEET, BeJib MPHU JIFOObIX
HEJIbIX T,y JieBas 4acTh 9TOI0 ypPaBHEHUs JICJIUTCH Ha 2, T.€. YeTHa, a
npaBas 9acThb 3 €CTh HeUYeTHOE THCIIO.

Teopema 1.5. 1. Vpasuenue (1.6) paspewumo 6 ueavls “uciar T,y
moezda u moavko mozda, xozda (a,b)|c.
2. B cayuae pazpewumocmu muootcecmaeo peutenuti beckonewno. Bee
oHU uUMem 6ud
b a
T =1z + ——t, =y — ——t, 1.7
Hant VT G o

ede napa wucen Ty, Yo €cmob Kakoe-Aubo purcuposanroe peuwenue, ¢t —
NPOUZBONDHOE UEAOE YUCAO.

4 Muodant xun s Il Bexe Hameii 3ps1. Jlo HAC IOILIH IECTh KHUT €70 PYHIAMEHTAILHOTO TPYIA
"Apudmeruka", roe paccMaTpUBAIOTCA PA3HOOOPA3HbIE YPABHEHUs C HEJbIMU ¥ PAIUOHAILHBIMU
HEU3BECTHBIMH U 0OCYKIAIOTCS CIOCODBI PEIIEHNA TAKUX YDPABHEHUMN.
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B npusejiennbix Boiie npumepax umeem (19,12) = 1u (2,6) =21 3.

Hoxaszamesvcmeo. Tpeanosoum, 4To 1eJible YucIa, Tg, g COCTaBIISIOT
pemenne ypasuenus (1.6). Tak kak (a,b)|la u (a,b)|b To u3 cBoiicrs
nenumoctu ciejyer (a, b)|axg+byy = c. Heobxoaumocts yenosus (a, b)|c
JUist paspermmocTy ypashenust (1.6) nokasana.

BaMeTHM, UTO YTBEPXKJICHUE TEOPEMbI B 00PATHYIO CTOPOHY MOXKHO
JIOKa3bIBATh, CunTas KO3(p(DUINEHTH YpaBHEHUS a, b 1EJbIMA HEOTPU-
naTeabHbIMK dncaamu. OOmmit crydaiil Beerjga MOXKHO CBECTH K 3TOMY,
CMEHMB, €CJIM TTOTPeDYeTes, 3HAK Yy HEN3BECTHOI.

[Ipeamnonaras a > 0,b > 0, JoKaxkeM Hy>KHOE yTBEPKICHIE METOIO0M
MaTeMaTHICCKON WHIYKIMA 110 BEJUYUHE CyMMBI @ + b.

Ecin a+b =1, ro, ckaxem, a = 1,b = 0. Torga (a,b) = 1 u yciosue
(@, b)|c BbinoOsHSIETCsT 11PU J1I0OOM €. Y paBHEHUE TAKXKE Pa3pPelInuMo [pu
m00boM c. Pemennem siByisiercst mapa uncen x = ¢,y = 0.

[IpeanonokuM, 9To 1mesaoe n > 1, u yTBEp:KACHHE TEOPEMbI BBIIOJI-
HsleTCst JIUIs Beex ypasHenuil Buja (1.6) ¢ HeorpunaresbHbIMU Ko3bdU-
IIMEHTAMY, CyMMa KOTOPBIX MOJOKHUTEIbHA U HE IIPEBOCXOAUT N. IIycTh
TaKxKe a,b — HeoTpulaTe/JbHbIe Ynucaa ¢ cymMMoit a + b = n + 1. He
YMEHbBINas OOIHOCTH MOXKHO CUUTATH, 4TO @ > b.

B ciyuae b = 0 umeem (a,b) = a u ycnosue (a,b)|c paBHocuibHO jie-
JIMMOCTH @|C, T.e. PABEHCTBY € = G ¢ HEKOTOPLIM IEJIBIM U. Y paBHEHHE
(1.6) umeer pemienuem mapy duces r = u,y = 0.

B ciyuae b > 1 Bocnosnbzyemest pasencrsom a = b -1+ (a — b). Tlo
BTOPOMY yTBEpxKIeHuio jeMMbl 1.2 u3 nero caeayer (a,b) = (b,a —b) n
(b,a — b)|c. YuurniBas reneps onenky b+ (a —b) =a=n+1—>b < n,
3aKJII09AEM COTJIACHO WHYKTHBHOMY TIPEATIONOKEHHIO, YTO CYIIECTBYIOT
LeJIble YUCIa U, U, YJI0BJIETBOpsitone paseHcTBy (a — b)u+bv = ¢. Dro
PaBEHCTBO MOXKET OBITh TIEPEMUCAHO B BUJIE

au~+b(v —u) = c,

OTKyJla CJIeJyer, 9To ypaBHeHwe (1.6) mMeeT perieHueM Iesible ducia
T =u,y = v — u. [lepBoe yTBepxKieHNe TEOPEMDI TOTHOCTHIO TOKA3AHO.
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Jist TOKa3aTe/IbCTBA BTOPOIO yTBEPKJICHH 3aMETUM PEXKJIE BCEro,
aro aucia (1.7) cocraBnsior perenune ypasuenus (1.6). deficrBuresnbho,

ax+bt+b —Lt—ax-l—b =c
0 (a’ b) yO (a’ b) - 0 yO - .

OcTajioch MpOBEPHUTD, UTO KaxKjioe pererue ypashenus (1.6) mpes-

craBumo B Buje (1.7). Eciu 21, y; — HeKoTOpOE pelenne, TO U3 PABEHCTB
axy + by = ¢, axy + byyg = ¢ caegyer

a(xy — o) = b(yo — y1). (1.8)

Yucna a,b moryr 6biTh npejicTasiens B Buje a = (a,b)r,b = (a,b)s,
e T, § — 1esible B3auMHo npocrbie ducia. Cokparus pasencrso (1.8) na
(a,b) nonyuum r(x; — xg) = s(yo — y1) u s|r(z1 — xp). Bocnonbzyewm-
ca caegcreueM 1.2. C ero nomornpio, yuurbiBasi (1, §) = 1, 3akiodaem
s|(x1 — xp) i 1 — g = St ¢ HEKOTOPbIM 1edbiM t. Tak,

r1 =9+ st =x9+ t.
1 0 0 (.D)
[Togcraisist 910 Bhipakenue B (1.8), HaxoUM %t =blyo—y1) uy =

a
Yo — _(a,b)t‘ DTO 3aBEpIIACT JI0KA3ATEIbCTBO TEOpeMbl 1.5. N

[IpuBenéHHoe BbIIIE JJOKA3ATEIBCTBO BTOPOIO YTBEPXKJIEHUS OCHOBA~
HO Ha ciegcTBuu 1.2 m3 teopembl 1.3. IlokakeMm, Kak 9TO cleJcTBHE
MOXKeT OBbITh BBIBEJICHO M3 IIEPBOI'0O YTBEPKJICHUA TeopeMbl 1.5.

Bmopoe doxasamenrvcmeo caedcmeus 1.2. 1lo ycnosuto uucia a, b B3a-
uMHO TpocThl. CoriacHo TepBOMY YTBEDPXKICHUIO Teopembl 1.5 cyiie-
CTBYIOT LIEJIbIE YNCTIA X, ¥, JIJIsi KOTOPBIX BBIITOJIHEHO PABEHCTBO ar+by =
1. ¥YMHOXKUB ero Ha ¢, nmonyduM acx + bcy = c. Orcioa, Tak Kak ac u
be nensitest Ha b, 3ak/ovaem b|c. O

JlokazareabcTBO TeOpeMbl 1.5 He II03B0JIsSIeT HaXOAUTh PEIIeHs YpaB-
nenus (1.6) B nesibix unciaax. B cuity reopemMbr 1.5 jiiist 9700 J10CTATOUHO
HajiTu xorst 661 01HO ero pewenne. Crocod BbIYMCIEHUS TAKOIO PEILeHUs]
OCHOBaH Ha, ajiropuTme EBKinia.
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Paccmorpum emie pa3 pasercrsa (1.3). Ilepsoe uz nux jpaér ro =
a — bqy. ITogcraBiss 370 BbhIpasKeHue BO BTOPOE PABEHCTBO, HAXOIUM

r3 =b—roga = b(1 4+ q1q2) — aqo.
Hayiee u3 Tperbero —
ry =1y — 133 = a(l + q2q3) — b(q1 + @3 + 1q243).

[IpogosmKast 3T BEIYUCIEHNUS MOXKHO HANTH IpeJicTaBIeHue 1, = au+bv
C HEKOTOPBIMU LIEJIBIMU U, v. HO 9T0 paBeHcTBO 03HAUaeT, 9TO ypaBHEHNE

ax + by = (a,b) umeer pemenne r = u,y = v. A nockoibky (a,b)|c,

perenusivu ypapaernus (1.6) OyayT mesble ducia xry = %, Yo = (c—”>

Bce Bbrumciienns yj100HO opOPpMHUTH B MATpUIHOM BHUjie. PaccMmorpum

(e ] - _
Al—(l O)’ 1=1,2,...,n— 1.

C ux nomoripio pasencrsa (1.3) MOryT ObITh IPEJICTABICHBI B BUJIE

(7“1'—1>:AZ_,<742‘)7 i=1,2,....,n—1,
T Tit1

(a) _ (7"0) = AAy-Auy (“‘1) -

b 1 "n

1 0 1
Marpura, obparnas K (q ) UMeeT BU/L < —q)’ IIO3TOMY

MaTpPUILBI

W, 3HAYMUT,

10 1

(T”‘l) — B, - ByBy - (a) :
T b

1
0 ) O6oznaunB st kparkoctu B = B, 1--- By =

I —gq

w t Tn—1 a o
, I3 PaBEHCTBA =B Haiimem r, = au + bv.
u v r, b

rie B, =



I'JIABA 1. O JIEJINMOCTH YUCEJI 27

Tak juist npumepa Ha crp. 19 nmeem

B_01 0 1 0 1 01><
\1 =3 1 —1 1 =2 1 —1
0 1 0 1Y\ (11 =37
1 —2 1 =3 /) \—41 138

DTO MaTpUIHOE PABEHCTBO o3HaudaeT, uTo ypapHerue 3009x + 894y = 3
uMmeer pemenne r = —41,y = 138.

Obparumcest Terephb K bostee obIteit 3amade. PaccmoTpum crcremy ano-
paHTOBBIX ypaBHEHUIT

.................. (1.9)

Am, 171 + -+ Amndn = bm;

riae KoadgdunuenTsl ypasnenuil a;j,b; — nesle uucia. Heussecruble
x1,...,T, TaKXKe npeanogaraiorcsd mnejgbiMu. C 9Toil cucTeMoit ¢BsA3bI-
BaIOTCs JIBE MATPUIILI

a1 a2 ... Aain a1 a2 ... Aain —by

as1 Q292 ... QA2 as1 Q29 ... Qa2 _b2
A — ) ) 1 : B — ) 3 1

Qm,1 Am2 Qm.n Am,1 Qm,2 Am.n _bm

[TepBasi OymeT Ha3bLIBATHLCS MATPUIIEH CUCTEMbI, 8 BTOPas — PaCIIUPEH-
HOII MaTpuieil. B MaTpuiHOM BHjE 9Ta CUCTEeMa YpaBHEHHI MOKeT ObITh
nepenucana tak A - T = b, rie b — BeKTOp-cTO6EI pasMepa m, COCTO-
sinii 13 npaBbix vacreil cucrembr (1.9). B ciyvae, ecim Bce npasble
qacTu cucreMbl (1.9) paBHBI HYJIIO, CHCTEMa HA3BIBACTCS OJJHOPOJIHOIA.

Huzke MBI onuiieM IIporecc, MO3BOJIAININI HAXOAUTh BCE PEIleHUsd
cucrembl (1.9) B 1esIbIX drcIax.

CocraBum MaTpuiy A, comepxKalyo m + n ¢Tpok u 1+ 1 ¢Toab1nos.
[TepBbie M CTPOK 3TO¥ MATPHUILI COBIIAIAIOT CO CTPOKAMU MaTpulbl B.
[Tpomonarkerust mepBBIX CTOJOIOB MATPHUILI A COBITAJAIOT CO CTOJIOIAMMN
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eJIMHUYHON N X n Marpulpl Ky, a npojo/kenue nocieHero croadma
maTpuibl B cocrout us myneii. Takum obpazom, marpura A uMeer Bug
A -b
A= . (1.10)
E, O
Cronbupl MaTpunbl A B HOpsiAKe cilegoBaHus cjleBa HalpaBo 0003HAa-
anm [Aly, ..., [A]p41. Hacrs marpunsr A, obpasoBanHyio croibiaMu
[A]1, ..., [A],, 6yaem HazbiBaTH NIaBHON YacThio MaTpuibl A.
IIpouece perenust cucremsl (1.9) pacnajaercs na apa srana. Ha nep-
BOM M3 HUX BBIMOJHAIOTCS HEKOTOPbIE MPEoOPA30BaHsi, UMEIOIIHe I1e-
JIBIO ipuBecTr A K crienuaabHOMY BULY
a=(C 7% (1.11)
K 0
3uechy C,K — nesiounciiennble MaTpuIbl pa3mepa m X 1 u n X N CoOoT-
BeTcTBeHHO, u Marpuiia C uMmeeT TpanenueBuanyo Gpopmy

(01’1 0 0 ce 0 0 ... 0\
Co1 €22 0 ce 0 0 ... 0
Cc—| 1192
Cr1 Cr2 Cr3 ... Crp 0 ... 0 ’ ( )
\Cm,l Cm72 Cm,S Cm,r 0 0)
npuueM cp1 > 0,...,¢., > 0.

Hns npusenenust marpunnsl A K sugy A’ paspemaercst BLITOJIHATD
1peobpaszoBaHus TPEX TUIIOB (JIOIYCTUMbIE 1PE0OPA30BaHUs ):

a) MepeCcTaBUTh CTOJIOMBI TJIABHON dacTu A;

0) M3MEHWUTH 3HAKHK Y BCEX JIEMEHTOB KaKOro-nbo cTodna riaBHOl
JACTH;

B) YMHOXWUTB MEPBBIil CTOMOEI] TJIABHONH YaCTH Ha HEKOTOPOE IeJIoe
YHUCJIO U BBIYECTH PE3yJIbTaT U3 JIPYroro CToyOIa IJIABHOM JacTu.

OnuireM MoCIeg0BATEILHOCT BBITOJIHSIEMbIX ITPEOOPa30BaHUil M0-
apobuee. Ilo xony pabornl anropurma marpuna A Oyger Mensarnes, oj-
HAKO JIJIsT KPATKOCTH MBI OyZeM 0D003HAYaTh 3aMeIaonine € MaTpUIIb]
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TOit ke OyKBOit A, a JJIst 9JIeMEHTOB 9TUX MaTPUIL [O-IIPEXKHEMY Oyj1eM
MCIOJIb30BaTh 0003HaUeHU a; ;. Takum obpa3oM, 3HaK a; j UCHOJIL3YeT-
Csl JIJISL 9UCJIA, CTOSIINEro Ha IIepecevyeHnr CTPOKU ¢ HOMEPOM ¢ M CTOJIONA
C HOMEPOM jJ, MEHSIOIIErocst B mpoiecce Bhianciaenuit. Cama mociemnoBa-
TEJTLHOCTDH BBIUMCICHMUH OyJeT MmoxoxKa Ha OOOOIIEHHBIN aJaropuTMm EB-
KJTUJIA:

1. smennTh raaBHYIO 9acTh MaTpuilbl A ¢ TOMOIIBIO JTOMYCTHMBIX
npeobpazoBanuii Bujia a) u 6) Tak, 4robbl B JJ€BOM BepxHeM yriy A cro-
SIJIO TIOJIOXKUTEJILHOE UMCI0, HAMMEHbIIIee cpeau abOCOTIOTHBIX BEJIMIUH
BCEX HEHYJIEBBIX 3JIEMEHTOB II€PBOii CTPOKHU IJIaBHOM JacTH.

2. Pazgemuth kaxkjioe U3 4UCes @pj ¢ OCTATKOM Ha a1, T.€. HAlTH

IPEJICTABJICHUSI
ar; =a1d; +s5, 0<s; <ap, j=2,...,n.
Bamenurs B Marpuiie A croabupt [Als, . .., [A], cronbuamu

(Al — da[ A1, ..., [A], — du[A]

COOTBETCTBEHHO. BepHyThest K yHKTY 1 M CHOBa MOBTOPUTH BCE OIEpa-
AN,

B pesy/ibraTe BbINOJHEHMS IMYHKTOB 1 ¥ 2, KaK U B OOOIIEHHOM aJi-
ropurme EBkimjga, Oyger yMeHbIIAThCsS CyMMa aOCOJIOTHBIX BEJIMIUH
9JIEMEHTOB 1epBOii crpoku ruashoii yacru A. [Ipouece sror 3asepiiures
JIMIIb TOTJA, KOIJIa BCE 3JIEMEHTHI a9, . . ., G, CTAHYT PABHBIMU HYJIIO.
Ha sToMm 3Tane Burancaennii onpeaeanTcs mepBbiil cToa0e1] MaTPHUILhHI A

Hasbheitiast pabora npoucxopur co crojbuamu [Als, ..., [A],. Ba-
METHM, UTO MEPBbIE JIEMEHTHI 3TUX CTOJOIOB PaBHBI HYJIIO, U TOTOMY
BBLITIOJIHEHUE JIOTTYCTUMBIX MPeoOpPa3oBaHMil ¢ STUMU CTOJIOIAMU He Oy-
JIET MeHsITh TepByio cTpoky A. B ganbreitiiemM #e00X0AMMO BBITOIHUTH
orepanyuyu yKazaHHbIX BbIIIE MyHKTOB 1 n 2 ¢ marpuiei, 0dpa3oBaHHON
cronouamu [Als, ..., [A],, paboTast ¢ sjmemenTaMyu BTOPOil CTPOKHM ITO
MAaTPHUIIBI (BCE 3JIEMEHTBI [EepBOii CTPOKU paBHBI HYJI0). B pesysbrare
marpuna A npeobpasyercst K Bujy oo = 29 > 0,a23 = -+ = az,, = 0.
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ZAcho, uro npojoiKenue nojiodHbIx jeiicrsuii co croibuamu [Als, . . .,
[A],, B koneunowm cuere npuseger marpuiy A k sugy A’

Bo BTOpOIil 4acTy aJropuTMa IIPOUCXOJUT padoTa CO BCeMU CTo/OIa-
vu marpuipl A’ Tlo-npexxnemy Oyjem obosnauars ux [Aly, ..., [A]i1.

3. Obo3nauuM ki u {1 HENoOJIHOE YACTHOE U OCTATOK OT JIeJICHUs TIep-
BOro snementa cronbua [A],41 Ha ¢11 u 3amennm crosber [A],11 Ha
[A]i1 — k1[A]1. Obosnaunm nanee ks u fo Henoanoe 4acTHOE W OCTa-
TOK OT JIeJIeHUs] BTOPOIO 3jieMeHTa HoBoro crosbua [Al,+1 Ha coo u
samernM crosioer; [Al, 1 va [A],11 — ko[ A]2. Tpomomxkum neiicTso-
BaTh TAKUM ke obpasom, noka crosber [Al],y1 He Oyjer 3amenen Ha
[A]+1 — k- [A],. Ha 3170M BbIvmCcenus 3akanunBatoTcs. [lepsbie 1 siie-
mertoB ¢rosibua [Al,41 pasubl f1, ..., L., a ocrajbhble 0003HAUUM 110~
c1egoBaTeNbHO b1, . . ., . Samernm, uTo 0 < € < ¢jj, j=1,...,7.

Teopema 1.6. 1. Cucmema ypasuenui (1.9) paspewuma 6 ueavir wuc-
AGT Mozda u moavko moezda, xozda b1 = --- =L, =0.

2. B cayuae paspewumocmu 0603navum S = n — 1 u Ty € 4" —
6eKmMop ¢ KoopAuHamams by, i1, ..., Lymin 6 nopadke caedosanus. Tozda
obugee pewenue cucmemol, ypasnenut (1.9) umeem eud

To—l—tl[K]rJrl—l—'"—l—ts[K]n, (1.13)

ede t1, ..., ts npobezatom 6ceso3mootcrvie Habopu, yeavr wucen, a [KJ;
— coomsemcemeyrousue cmoabuyve mampuyo, K, em. (1.11).

Joxazameavcmeo. 3aMeTHM, 9TO KaxK bl CTOIOEI] TVIaBHOW YacTH MaT-
punpl A’ ecTb nuHelinas KoMOUHAIMA CTOJOIOB IJIABHONH YaCTH UCXOJI-
noit marpuupl A, orBevatomieit cucreme ypasuenuii (1.9). [Tosromy pa-
sBencrsa {1 = --- = £, = 0 o3"avaior, 4ro crojbderl b ecrb JMHeiiHast
KOMOMHAIMS ¢TOIOIOB MAaTpuIlbl A ¢ nejabiMu KodddunuentaMu. JTo,
KOHEYHO, O3HaYaeT pas3permMocth crucrembl (1.9).

SameruM, 9T0o npeobpaszoBaHue, 0OpATHOE K JIOIMYCTUMOMY Ipeodpa-
30BAHUIO TAKXKe JIOMYCTHMO. DTO 3HAUNUT, YTO KaXKJLI CTOJIOeI IiIaB-
HOM YacTh UCXOJIHOIM MaTpullbl A ecTh JuHeiiHas KoOMOMHAINS CTOIOI0B
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rtaBHo# acru Marpunpbl A'. Ecin cucrema ypasuenuii (1.9) pasperiu-
Ma B IEJIBIX THUCIAX, TO BEKTOP b €CTD JnmHeiinas KOMOHHIAINS ¢ IeIbIMHT
ko3 duimenTamu ¢roa61m0s MaTpuilbl A. Ho Torma, B cuiy ckasanHOro
BBIIIIE, OH €CTh JIMHeiiHas KoMOuHamus cTosonoB Mmarpuinl C. Bynem
ncnob3osarh obosnavenue [Cly, ..., [C], maa cronbmos marpunst C.
Bamernm, uro Bee crosbupt [C];, j > r, nynessie. [losTomy st HekoTo-
PBIX HEJTbIX TUCET U, . . . , Uy BHITOJIHIECTCST PABEHCTBO

w[C + -+ + 4, [C], = .

CpaBHuUBasi B 9TOM PaBEHCTBE MEPBbIE KOOPAMHATHI, 3aKII0UAEM, UTO
uicr1 = by. Orciona cnenyer, uto ki = uy, n £1 = 0. CpaBHeHne BTOPbHIX
KOODJIMHAT JIAET UpCa 2 = ba — kico 1 U, crteioBaTesibio, ko = ug 1 o = 0.

[Ipogomkast stu PaCCyKACHUST, HAXOAUM b6 = =4{. =0nu =
kj,j=1,...,r. Ho rorma b—Fki[C]y —- - - — k;[C], ecTb HyseBoit BekTOD
v, 3Ha9uT, b1 = - - - = £, = 0. D10 3aBepIIaeT JOKA3ATEIbCTBO IEPBOIO

YTBEPKICHUS TEOPEMBI.

JIrobast jonmycTuMasi oneparys co CTOJOIaMU MaTpPHUIlbl PABHOCUJIb-
Ha YMHOYXKEHUIO CIPaBa ITON MATPUILI HA HEKOTOPYIO MEJOUYUCTEHHYIO
MaTpuIly ¢ onpeneauTeseM 1. Tak m3aMeHeHme 3HaKa y BceX dJIEMEH-
TOB €TOJIOIA ¢ HOMEPOM Kk paBHOCUJIBHO YMHOXKEHHUIO Ha JIMaroHAJIbHYTO
MaTPHUILy, Y KOTOPOW BCe 3IeMEHTHI TJIABHOW JIMaroHaJi paBHbI 1, 3a Wc-
KJIIOYEHUEM, CTOsIIero B k-it crpoke, koTopbiii paBen —1. IlepecranoBka
cToNO1OB ¢ HOMepaMmu ¢, k paBHOCHIbHA YMHOMKEHHIO Ha MATPHILY, Y
KOTOPOIl BCe CTOJIOIBI, KpOMe HUMeoux Homepa ¢ U k COBIIAJIAI0T CO
CTOJIONAMU €JJMHUYHONR MaTpPUIILI, Ha nepecedeHun k-ro crogdbua ¢ £ - i
CTPOKOi 1 £-10 crobua ¢ k-it CTPOKOi CTOSIT eMHUIIBI, & BCE OCTAJIbHbIE
9JIEMEHTBI 3TUX cTOJIONOB paBHbI 0. Bhrunranue nepBoro cTosdIa, yMHO-
YKEHHOT'O Ha TeJIoe ¢ U3 CTOJIONA ¢ HOMepOM k PaBHOCHIHLHO YMHOXKEHUIO
Ha MaTPUILY, COBHAJIAIONLYIO C €JJMHUIHON MaTpuiieil, 3a UCKIIOUYeHneM
9JIeMEeHTa, CTOSIIEro Ha IepeceueHnny MepBoil CTpoKu u k-ro crosbdia,
rie smecto 0 crout —q.
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13 ckazaHHOTO BBIIIE CJIe/lyeT PaBEHCTBO

(< )-(2 )

rae S — HeKOTopas HEJIOYMCICHHAs MATPUIIA pasMepa n X n ¢ onpeje-
auresieM 1. Ho torna C=A-Su K =E,; - S, tak vro C = A - K.

[Ipennonoxum teneps, aro cucrema (1.9) paspemmma. Torma us cka-
3aHHOI'O BBIIIE CJIEJIyeT PABEHCTBO

@@ @)

¢ HEKOTOPBIM BeKTOpoM U € Z". Orcioga Haxognm Tog = v u 0 = —b +
A 5. Ho rorma 0 = —b+ A - T u Ty ecrb permenne cucrembr (1.9).

Pazooném marpuny K wa ase wactn Ky = ([Klq,. .., [K],) 1 Ko =
([Kls1, - -+, [K]p). Hocneanue s = n — r cronbuos marpuinsl C HyJe-
BbIE, TO3TOMY U3 ycTaHoBjeHHOro Bbiiie paBernctsa C = A - K cienyer
AKs = 0. Ho 1o 3naunt, uro Bce crosbubl marpuipbl Ko, T.€. Bek-
topbl [K|,41, ..., [K], ecrb pemenust oqHOPOIHON cUCTEMBI ypaBHEHHI,
coorsercrrytorieii (1.9). Torma ¢ JOOBIMI TEABIME TUCTAMA L1, ..., Tg
Boinosisiercs pasencrso A - (To + 11K, 1 + - - - +t,[K],) = b u Bexrop
(1.13) ecrnb pemrerne cuctembr (1.9).

Hast moboro pemternst T € Z" cuctembl (1.9) TOMKHO BBIMTOTHATHCS
pasercTeo A (T —T)) = 0. ITo nokazannomy panee K ecrsb nesounciien-
Has Marpuiia ¢ onpejesuresem 1. [losromy obparnasi K Heit MmaTpuiia
nMeeT 1esble daeMenTol. O003HATNB [ = K_l(f—fo) € Z" 6ynem uMerhb

Ci=A -Ky=A-(T—T) = 0.

YuaursiBast renepb Bujl (1.12) marpunpt C, HAXOMUM, 9TO TE€PBbIE 7" KO-
opauHar BekTopa ¥ pasubl 0. Snaunt T — 79 = K -7 = Ky - ¢, e
t € Z° ecTb BEKTOP COCTOAIMI U3 IOCJAEHAX S KOOPJMHAT BEKTOpa 7).
Eciiit 91u kooppmuars ecth ti, . . ., ts, nosydaem npejcrasiaenue (1.13)
JIJIsl BeKTopa .

Teopema TOMHOCTHIO TOKa3aHA. []
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[Tokaxkem, Kak pabOTAaeT M3JI0KEHHBIH BBIIIE aJIIOPUTM.
ITpumep. Pewums ypasrenue 87x1 + 1319 + 623 = 1.

BblnosiHsist JIOIyCTHMbIE IIpeobpa30BaHms, HaXOMUM

87 13 6 —1 6 13 87 —1 6 1 3 —1
g1 000 00 1 0 00 1 0
“lo 10 0] 7 {o1 o of o1 o o~
0 010 10 0 0 1 -2 —14 0
1 6 3 -1 1 0 0 0
00 1 0 0 0 1 0
10 0 of7 |1 -6 -3 1
21 —14 0 2 13 -8 -2

JlanHnoe ypaBHEHIE pa3pelirnMo U ero odIee pelieHne nMeeT BT

I 0 0 1
To | = 1 +t1 | -6+t | -3, t1,ty € 7.
X3 —2 13 -8

B 3ak/iouenune yctaHOBUM HEOOXOMMOE U JIOCTATOYHOE YCJIOBHE Pa3-
PEIIMMOCTH CUCTEeMbl JIMHEHHBIX JMO(DAHTOBBIX yPaBHEHUH, aHAJIOIHY-
HOE IIePBOMY yTBep2KJeHuo TeopeMmbl 1.5. Ilpu aTom Oyaem mpejmosa-
raTh, 9YTO ypaBHeHust cucteMbl (1.9) He3aBUCHMBI, T.€. paHT MaTpuIBHl A
paBeH m. B nporuBHOM cilydae HEKOTODPbIE yPaBHEHUSI MOXKHO MCKJIIO-
YUThL U3 CHUCTEMDI, He M3MEHUB MHOXKecTBa periennii. YTobbl crenarn
(OpMYyJIUPOBKY U JIOKA3aTEIbCTBO 110 BO3MOXKHOCTH O0Jiee KOPOTKUMH,
JUIST KayKJIoi 1esoaucaennoit marpuiibl M panra m Oyzem ob0o3Ha4ATDH
cumBosiom D{M} naubosibiuuii 061umit jiesiuresib MUHOPOB 3TOH MaTpu-
I[bI TIOPSIIKA M.

Teopema 1.7. Ecau ypasnenus cucmemor (1.9) nesasucumol, mo pa-
sencmeo D{A} = D{B} neobxodumo u docmamouno das eé paspeusu-
MOCMU 6 ULALT YUCAAL.
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Hoxasamesvcmeo. Mbl OyjieM UCIIOIB30BATH B JIOKA3ATE/IHLCTBE 0003HA-
JeHUsI, BBEJCHHBIE B AJITOPUTME PeIleHusI CHCTeM U B JIOKa3aTe/bCTBe
TeopeMbl 1.6.

[Ipu BBITOIHEHUN JOMYCTUMBIX MPeoOpPa30BaHUl PAHI'M MATPHIL HE
MeHA0TCsI. TOTHO TakK »Ke M0 BTOPOMY YTBEPXKIEHUIO JeMMbl 1.2 mpu
BBITIOJTHEHUN JIOMYCTUMBIX IIpeodpa3oBaHuii He Oy1yT MEHSTHCS Hau-
OoJThITTE ODIIIME JIeNTENI MUHOPOB MaKCHMAaJIbHOrO paHra. [loaromy
rg A =1gC, re.r =m, u D{A} = D{C}, D{B} = D{(C,?)}, tue ¢
— BEKTOp-CTOJI0CIL ¢ KoopauHaTaMu L1, ..., Ly,

Ecnu cucrema ypasuenwit (1.9) paspenmnma B TeJIbIX 9HCIAX, TO 110
reopeme 1.6 umeem 1 = ... = {,, = 0. Ho rorga marpuna (C, f) umeer
eJIMHCTBEHHbBIN OTJIMIHBIA OT HYJIsi MUHODP [OPsiJIKa 1M U OH PaBeH OIpe-
nemnresmio marpuisl C. [Tostomy D{C} = D{(C, )}, u a10 0Ka3biBaer
HEODOXOIMMOCTh YCJIOBUST TEOPEMBI.

[Tpeanonoxum renepb, uro seinosnero pasencrso D{A} = D{B}.
Tax xak 1g C = m, to cucrema ypasuennii CT = ¢ paspemmnMa B pa-
[MMOHAJbHBIX dncIax. [loaToMy cyIecTByrOT Iesible B3AaUMHO MPOCTHIE
qUCIA Ug, - - -, Uy, Ug > 0, TaKWe, 9TO

upl = u1[Cly + -+ + up[Cln- (1.14)
O6o3HaTIM Aj OTpEJICJIUTE/Ib MATPUILbI, TTOCTPOCHHbBIN Ha CTOJIOIAX
0,[Ch, ..., [Cli-1,[Clis1s - - - [Clm

Ay =cri-Cry — €IUHCTBEHHDINH OTJIMYHbIA OT HYJIST MUHOD MODSIJIKA
m marpunpsl C. Boipasum BekTop £ ¢ HOMOIBIO PABEHCTBA (1.14) uepes
BekTopbl [Cl, n mozjcTaBuM 9TO BhIpakenue B onpegesntens Aj. Ilo-
CKOJIbKY OIIPEJICTUTE/b JTUHEHHO 3aBUCUT OT 3JIEMEHTOB IIEPBOTO CTOJIO-
a, &, KpOMe TOr0, ONPEJICTUTEh ¢ JBYMS COBIAJIAIONINMU CTOJOIAMU
pasen HyJI0, HaxoauM UpA; = Fu;Ag. Cupaseiusbl paBeHCTBA

D{B} = D{(C,7)} = (Ap, Ar,..., Ap).
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YMHOXKas UX Ha Uy U, HOJIb3YsCh ciejicrBueM 2.4, OyjaemMm umerh

U()D{B} = (UOA(), ce ,UOAm) = (U()Ao, Ule Ce ,Uon) =
Ao(uQ, ULy .- ,Um) = A() = D{A}

Coracuo ycnosuio Beinonnsercsa paseacrso D{A} = D{B}, nosromy
Uy = 1.

Tenepn cpaBHuM nepsbie KoopauHaThl BeKTopoB B (1.14). TTosyuuns-
1meecst IpU 9TOM paBeHCTBO {1 = ujc;; n Hepasencta 0 < 01 < ¢1
osnadator, uro {1 = 0,u; = 0. CpaBuenue Bropbix koopjauuar B (1.14)
HaeT o = ugcy o, OTKy1A B crity 0 < fy < ¢g9, osrydaem fo = 0, ug = 0.
[Tpojonrkast peiicTBOBaTH TOUYHO Tak ke, Haiijgém 1 = --- = £, = 0. Ilo
TeopeMme 1.6 Temeph MOXKHO YTBEPXKIATL, YTO CACTEMa JMO(DAHTOBBIX
ypasrenuii (1.9) paspemunma B HeIbIX GUCTAX. O



I'maBa 2

IIpocThie n cocTaBHBIE YUCTIA

HarypajbHoe 4ucio Ha3bIBACTCS COCMAEHGLM, €CIA €r0 MOXKHO IIPEJI-
CTABUTDH B BUJE NPOU3BEJICHNS JBYX MEHBIINX HATYPAJbHBIX UMCEI. 3a-
METHM, UTO 00a MHOXKHTEJsI NPH 3TOM OTJWYHBI oT 1. IIpumeps! co-
CTABHBIX YHUCEJ CTPOUTH OYEHb JIeTKO. [Ijis 3TOro Hy:»KHO B3STh KaKue-
HUOYIb JIBa HATYPAJbHBIX UNCIA, HE PABHBIX 1, W MEPEMHOKUTDL HX.
Tak 2-3 =06, 23-47 = 1081, 127 - 9721 = 1234567 — cocraBHbIe 4KCIIA.
['opasio TpyHee pa3aoKUTh KaKOe-HUOYIb 3aJaHHOE TYKCJI0 HA MHOXKH-
TeJIM, MHOIJIA, KaK B CJACYIONUX JBYX IIPUMEpax, JIJid 9TOro Tpedyercs
IPUMEHEHNE BbIYUCIUTEIbHBIX CPEJICTB:

1111111 = 239 - 4649, 11111111111 = 21649 - 513239.

HekoTopbie HaTypaJibHbIE YKC/Ia, OTJUYHbIE OT 1, BOODIIE HeJIb3sl 1peji-
CTaBUTb B BUJIE IPOU3BEICHUS MEHbIIUX MHOXKUTe e, Takue yuciia Ha-
3BIBAIOTCS NPOCMbLMU. Bece COMHOXKUTETN B TPUBEIEHHBIX BBIIIE TTPUMe-
pax — MpOCTbIe YUCIa. DTa IVIaBa MOCBAIIEHA, B OCHOBHOM, 0OCY K IEHUIO
CBOMCTB IIPOCTBIX YUCEJI.

2.1 IIpoctnie uncaa. Pemero dparocdena. becko-
HETHOCTHh MHOXKECTBA ITPOCTHIX dHCeJI

Kaxk 0bL10 cKazaHO BBIIIE, OTJAUYHOE OT 1 HaTypaJbHOE UHCJIO Ha3bl-
BaeTCA NPOCMbLM, €CJIU €TI0 HeJIb3s MPEJICTAaBUTh B BUJIE MPOU3BEICHUSA

36
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MEHBIINX HATYPaJbHbIX COMHOXKUTEJIEH. Besikoe npocroe 4uciio p numeer
JIAIIB JBA MOJIOXKUATEIbHBIX JAeauTeNs: 1 u p.

MuokuTesu, B Ipou3BeJileHne KOTOPbIX PaCKJIa/IbIBACTCS COCTaBHOE
YUCII0, SABJILAIOTCs ero jejutessiMu. [loaromy MOXKHO cka3aTh, 9TO Ha-
TYypaJbHOE YHCIO — COCTABHOE, €CJIN OHO JEJIUTCA Ha HEKOTOPOE MEHb-
mee 4ucyio, orandnoe ot 1. Tak Bce deTHBbIE Yucia, IPEBOCXOJSIIUE 2,
JIeJIATCS Ha 2 W MIOTOMY BCe OHM cocTaBHbIe. A 7 He JeInuTcss HU Ha,
o/iHO u3 uwnces 2,3,4,5,6 u I0TOMY COCTaBHBIM HE sIBJISIETCs, T.€. IPO-
cto. YT0oOBI TIPOBEPUTD, MOJIL3Y$ICh YKA3AHHBIM IIPABUIOM, OyIET COCTAB-
apiM gucio 1009 unm HeT, Hy»KHO pa3Jie/IuTh ero Ha Bce YUCIa U3 Psajla
2,3,4,---,1007,1008. D10 yTOMUTEJIHLHOE 3aHITHE MOXKHO 3HATUTE b~
HO COKPATHUTh, €CJIM BOCIIOJIL30BATHCS CJELYIOUUM YTBEPAKICHUEM.,

Jlemma 2.1. IIycmo N — cocmashoe wucio u p — HOUMERDUWUT U3 €20
deaumeneti, ydosaemesoparwur ycrosuto p > 1. Toeda p - npocmoe
wucao u p? < N.

okasameavemeo. Tak kak N — cocTaBHOE UHCIIO, TO IO OMPEIETEHIIO
OHO MOXKeT ObITh TmpejcTapieHo B Buje N = u - v, npudem 1 < u <
N,1 < v < N. Cornacto ycioBuio jeMmbl umeeM p? < u-v = N,
[Tycts d — Kakoii-inb0 OTJIMYHBIA OT eauHuIbl jgenutenb p. CBoii-
crBa d|p, p|N osnauaior, 4to d ectb jgesuresb N, U 10 ONPEIeSeHIo P
umeeM d > p. tax, 9uciao p He UMeEeT JeUTelei, VI0BIeTBOPSIONIIX
HepapeHcTBaM 1 < d < p. 3HAYUT, p — TPOCTOE UUCJTIO. ]

CaencrBue 2.1. Kaowcdoe uenoe wucno N > 1 umeem npocmoti desu-
menb.

Hoxasamesvemeo. Ecin N — mpocToe 9mcyio, TO YTBEPXKIEHUE BBITIOJ-
nerno, nockonbky N|N. Eciu ke N — cocraBHOE UHCIIO, YTBEPXKICHUE
nMeeT MecTO coryiacHo jemme 2.1. ]

Jlemma 2.1 mosBosigeT yTBepk)1aTh, UTo ecau 1009 coctaBHoe umciio,
TO OHO MMEET IPOCTON JIeJUTEb P, YAOBIETBOPSIONINI HEepaBEHCTBAM
2 < p < 31. TlockojibKy BCe 4YeTHble 4uCjia, OTJUYHbIE OT 2, HE IPO-
CTBI, I COCTAaBHBIMHU SIBJISIIOTCs Aendiiuecs Ha 3 uucia 9,15,21,27, a
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TaKKe YUCI0 25 = O - 5, 3aKJI04aeM 4TO BO3MOXKHbIe Jesutesn 1009
COZIEPKATCS CPEJIA TNCesT

2,3,5,7,11,13,17,19, 23, 29, 31. (2.1)

Tenepnb y:ke cpaBHUTENBLHO JIETKO OOHAPYKUTH, UYTO HA OJHO U3 HUX HE
sapisgercd geautenaeM 1009, Tak 9TO 9TO YUCIO TPOCTOE.

Yucna (2.1) coCTaBISAIOT CIIMCOK BCEX MPOCTHIX TUCET P U3 TPOMEKYT-
ka 2 < p < 31. HeiicrBuresbro, ecin cpeu ducen (2.1) ectb cocraBHoe
IUCJIO, OHO JOJ?KHO HUMETH IMPOCTON JIeJUTENb, He MPEBOCXOISIIA b.
Ho Bce uncna, gensinmecs Ha 2,3,5 y»Ke HCKIOUYEHBI HAMU W3 OTPE3Ka,
2 <z <3l

[IpuBemeHHbIM BBIIIE PACCYXKICHUSAM MOXKHO MPUIATL OOIIYIO (hop-
My, ¥ B Pe3yJbTaTe MbI IIOJyIaeM METO/I, HO3BOJISIONINN CPABHUTEILHO
JIETKO OTNPEJEJIATh CIIMCOK BCEX MPOCTHIX YHUCEN, JI0 33IaHHON IpaHuIIbI
N. Dror Meroj HOCUT HazBaHue pewemo Ipamocdhena’.

Perrero dparocdena [Iror ajiroputm HaAXOJUT CIECOK BCEX MPO-
CTBIX THCe] P1 < Py < ... JIO 33JaHHOI rpaHuisl V.

1. Bunuwem ece ueavie wucaa 2,3,4,5,...,N — 1, N. Ilonroorcum
p1 = 2 u navunas ¢ 4 = pr bydem GHUEPKUGATIL UCAG, J6ULAACD C
wazom 2. (Bamemum, wmo 6ce wUCAQ, GUMEPKHYMOBLE HA IMOM ULG2E
AN2OPUMMA — YEMHYL, M.C. DeAAMCHA Ha 2. )

2. Ilycmov k > 2 u yorce onpedenenvt vucaa pi, .. ., pr—1. Obosnavum
Dk NEPGOE HEGBMEPKNYMOE YucAo, caedyiouee 3a py—1. Ecau pi > N,
0003HAMAEM Pty Pki2, - - - BCE OCMABULUCCA HESHIUEPKHYTOLMU YUCAL,
caedyrougue 3a pr 6 nopadke sodpacmanus. Ha smom areopumm 3aeep-
waem c60t0 pabomy.

8. Ecau pi < N, 6vueprusaem wucaa, navunas ¢ pry u 06u2aact 0o
N ¢ wazom pi. Boiwepxnymuie panee wucaa, maxsgce npuHuMaomes 6
yuem, Ho He suueprusatomces euwe pas. Ilo zasepwenuu 2moti npouedy-
Pl AN20PUMM YBeAuNUsaem undexc k wa edunuyy u nepexodum 6 wae

2.

19parocden (276-196t. 10 Hameit 3pbI) - IpeBHErpeYeCKHi MaTeMaTHK, reorpad u acTPOHOM.
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st 0bocHOBaHMSI KOPPEKTHOCTU aJIOPUTMa, 3aMETUM, 4TO B IPO-
mecce ero padoThl BBIUEPKUBAIOTCS TOJHKO COCTaBHBIE, a BCE TTPOCTHIE
qUcIa OCTAIOTCA HeBbIYEPKHYTBHIMU. lIpenmnonoxkum Temnepnb, 9TO cpenn
HEBBIYEPKHYTHIX YUCE OCTAJOCH XOTsi ObI OJIHO cOCTaBHOE, 0D03HATUM
ero Oykpoit a,2 < a < N. Ilo gemme 2.1 3170 9YnCIO MMeeT MPOCTOM
JIeTATEITh P, YAOBIETBOpAIOMuil HepasencrtsaM p° < a < N. Kak u Beg-
KOE MPOCTOE, YUCJIO0 P OCTAJIOCH HEBBIUYEPKHYTHIM 110 OKOHUYaHUN PAOOTHI
ajropuTma. Bumecre ¢ rem Hepasenctso p? < N o3Hadaer, uTo B pe-
3YJILTATE OJTHOTO U3 TTPOXOJIOB aJTOPUTMa IO CITUCKY unces oT 2 1o N
OB BBIUEPKHYTHI, HAUWHAL ¢ P> BCe UUCIa, Jeqdnmecd na p. Ho Torma
U @ JIOJPKHO COJIEPYXKATHCS CPeJiM BhIYEPKHYThIX duces. [loydusiieecs
POTUBOPEUUE JIOKABBIBAELT, YTO aJI'OPUTM OCTABJISIET HEBLIYEPKHYTHIMU
TOJILKO TIPOCTBIE TUCJIa. DTO 3aBepIIaeT 00OCHOBAHUE aJITOPUTMA.

[TpocThie unciia cocTaBISAIOT JJOBOJIBHO OOJIBITYIO YaCTh HATYPaJbHO-
ro psija. Tak cpejiu nepBbix 100 HaTypaJIbHBIX YUCE] UMeeTcst 25 1po-
cThIX, a cpean nepsbix 1010 marypanpabix — 279238341033925 mpoCTHIX.
[Tomanmatorces BecbMa HEOXKUTAHHBIE IPUMEPDI TPOCTHIX dnces. Tak mpo-
CTBIMU OY1yT

1...120077...1 u 20071 ...12007.

44 44 275

HauboJibiine u3 n3BeCTHBIX B HACTOSIIEE BPEMSI IIPOCTHIX YUCET UME-
10T BUJ],

224036583 —1 225964951 -1 230402457 —1.

Y 9

Onn 3anmuceIBaOTCsI cooTBeTCTBeHHO 7235733, 7816230 1 9152052 1e-
caTudHbIME I pamu. Hambosbiiee n3 Hux ObLIO HalijIeHO B JileKabpe
2005r. Bipouewm, 1oka, 3Ta, KHUTA NOTOBUTCsI K M3JaHUIO, BO3MOXKHO, pe-
Kopj, Oyjer nmoout. CeanTsb 3a JOCTHKEHUSIMU B 9TOR 00JIaCTH MOXKHO
B Uurepuer no agpecy http://primes.utm.edu/largest.html .
YTBepK/JIeHre O CyIIECTBOBAHUN CKOJIb YI'OJIHO OOJIbIIMX IPOCTHIX YK~
ceJl, MJIN, 9TO TO XK€ caMoe, O DECKOHEUTHOCTH MHOYKECTBA, TIPOCTHIX THCEJT
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HazbIBaeTca TeopeMoit Epkina’,
Teopema 2.1. Mnoowcecmso npocmolx wuces 6ECKOHEUWHO.

Hoxazamesvemeo. JlomycTum, UTO MPOCTHIE UKUCIa COCTABIAIOT KOHEU-
HOE MHOXKECTBO {p1, P2, - - ., Pm - PaccMoTpum Harypasbaoe dnucio N =
p1- - pm + 1. Cornacuo ciaegcrsuio 2.1 OHO UMeeT IPOCTOH JEIUTENH P.
Tak kax N He J1eJIUTCsi HA HA OJHO U3 YUCEIL P1, - - . , Py, HO JEJIUTCS HA,
P, TO IPOCTOE YUCIO P OTJIUUHO OT KaXKJOIO U3 Pi, ..., Pm. LIOTyInB-
1eecsi MPOTUBOPEYNE 3aBeplIaeT JIOKa3aTeJbCTBO TeopeMbl EBK/na o
ITPOCTHIX YUCIAX. []

2.2 OcuHoBHasg TeopeMa apudMeTUKn

Lenoe unciao 6025729 MoxkeT ObITH Pa3JI0KEHO Ha MHOXKHTEJIN CJIEIYIO-
M 0bpazom

6025729 = 2419 - 2491 = 2173 - 2773. (2.2)

[TonbiTKy pasioKUThL JaJee KaXK/blii U3 4eTbipex COMHOXKUTE/IEH Tpe-
OyIOT HEKOTOPBLIX ycuimii. TeM He MeHee, COIIaCHO TeopeMe, HOCSIIei
Ha3BaHue "OCHOBHAasI TeopeMa apudMernku', pa3ioyKeHns Ha MEHbIINe
COMHOXKUTEJIM JIOJIXKHBI CYIIECTBOBATD.

Teopema 2.2. Kaowcdoe uenoe wucno, boavuiee edunuyvl, packiadviea-
emca 6 NpPoudsedenue NPOCMuLL YUCEA U NPUMOM eJUHCMEEHHBIM CTNO-
COOOM, €CAU HE YUUMDBLEAMD NOPAJOK COMMHONCUMENET.

Teopema yTBep:KIa€T, UYTO JBa IPOU3BEIEHUS MPOCTHIX UNCE MOTYT
ObITH paBHBI JAPYD APYry JIKIIL B Clydae, €CId OHU HUMEIOT OJIMHAKO-
BbI€ COMHOXKUTEJIM M, BO3MOXKHO, OTJIMYAIOTCs I[OPsJIKOM MX CJIeJ0Ba-
Hust. MHOXKUTEN B pasiokenusx (2.2) He MoryT 6bITh pocTbiMu. Bosee
TOTO, KaykJI0e TPOCTOe YNCJIO, BXOAdIIee B pasiaoxenne 2173, moKHO,
COIJIACHO TeopeMe 2.2, IPUCYyTCTBOBATh B pazjoxKenusix 2419 mym 2491.

2TeopeMma o pocThIX unciaax cogep:kured B IX kuure "Hauan"Eskanga. ITo HeKoTOpbIM KOC-
BEHHBIM JAHHBIM IIPEATIONAraeTcsa, 9T0 OH kun B Anexkcannpun B 11 Bexe 10 HamER 3pbI.
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Ho 3710 Jierko nmpoBepuTh, BbIUYNCIUB Haubosbiue obipe gesurean. C
TOMOIILIO aaropuT™Ma EBKINIa HAXOIUM

(2173,2419) = 41, (2173,2491) = 53.
Teriepb, BBITIOHSS JIeJIeHUs, TIOTyYaeM
2173 =41-53, 2419 =41-59, 2491 =47-53, 2773 =47-59,

Tak 4To 6025729 = 41 - 47 - 53 - 59, u Bce COMHOXKHUTEJM B MOCTETHEM
PA3JIOXKEHNH, KAK JIEIKO MTPOBEPUTH, MPOCTHI.

Hokasamesvcmeo meopemo, 2.2. Bocronb3yeMcss MeTOJIOM MaTeMaTH-
yeckoil nHAyKimu. ducna 2,3, KaK Mbl B 9TOM yKe yOeIMIUCh, TTPOCThI,
U, 3HAUYUT, YTBEPXKIEHUE TEOPEMbI JIJIsi HUX CIIPABEJIIUBO.

[Tycts HaTYpaabHOE N > 3 U KaXKJ0€ EeJI0e YUCI0, MEeHbIIee 7, eJINH-
CTBEHHBIM CITOCOOOM TIPEJICTABUMO B BHUJIE TTPOU3BEJICHUST TTPOCTHIX.

HokazkeM cHadaJia, 4TO N MOXKET ObITh Pa3JI0XKEHO B IPOU3BEICHUE
npocThix unces. [lo caegacTuio 2.1 cymecTByeT mpocToe py, Jessiiee n.
B ciiyuae n = p; ©CKOMOe IPOU3BeIeHNEe COCTOUT W3 OJTHOTO MHOYKHUTEJIS.
Ecim xxe p1 < n, Tton = pym, rae 1 < m < n. CorjacHo WHIyKTHBHO-
My TPEJIOJOXKEHUIO HANJLyTCs ITPOCThIE YUCIA P2, . . . , Py, JJIS KOTOPbIX
m = pg---p,. Torna n = p1py - - - py. CyliecTBOBaHNE PA3IOXKEHUS J10-
Ka3aHo.

[Tpejironokum Tenepb, 9TO BO3MOXKHbI JIBa PA3JIOXKEHUSI

n:pl...pT:ql...qs7 (23)

e Pi, q; — IPOCTblE YHUCIIA.

Ecmm py coBnajaer ¢ Kakum-anbo U3 4ucesl gj, To, COKPATUB PaBEH-
cTBO (2.3) Ha ITOT OOLIMHA MHOXKUTEb, IOy YUM JIBA PA3JIUIHBIX T1DE/I-
CTaBJIEHUST YUCTA M = Po---P, < N B BUJE ITPOU3BEJECHUS MPOCTHIX
qucesi. Ho 310 coracHo MHYKTUBHOMY TIPEJITOIOXKEHNI0 HEBO3MOMXKHO.

3HAUUT, P1 OTJIMYHO OT BCeX 4ucell ¢;j. Bee mosoKuTesIbHbIe JIe/InTeIn
P1 MCUEPIBIBAIOTCH dnucaaMu 1, p1, a BCE MOJOKUTEIbHBIC JICJUTENN (]
HCYEPIBbIBAIOTCA ducaamu 1, qp. JIumb e1uHuna npucyTcTByer B 000ux
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MHOXKeCTBax. 3HauuT, (p1,q1) = 1. Cormacuo ciaeacrauio 1.2 n3 reopembl
1.2 ancyio u = @ - - - s < M JEJTUTCS Ha Py, T.e. U = p1 -V ¢ v € Z. Yucio
¥ COIVIACHO MHJIYKTUBHOMY [IPEJIIOJOKEHUIO MOXKHO IIPEJCTABUTD B BIJIE
IPOM3BEJICHNA TPOCTBLIX YUCEI. DTO NIPUBOJUT K HOBOMY Pa3JIOXKCHUIO U
Ha MPOCTbIE COMHOXKUTENH, Beb BCE UUCIA ¢ OTIHIHLL oT pi. UTak, u
JIOIIYCKAET JIBA, PA3/IMUYHbLIX [PEICTABJICHUS B BUJE IIPOU3BEICHUS IIPO-
CTBIX YMCEJI, BONPEKNU WHYKTUBHOMY MPEATIONOXKeHno. [losyausireecs
IPOTUBOPEYHE 3aBepIIaeT JI0KA3aTEILCTBO TEOPEMbI. O

YTBepKaeHne O € TUHCTBEHHOCTH PA3JI0XKEeHNA MOYKHO JIOKA3aTh 1 IO~
JIPYTOMY, HE CCblIasiCh Ha pe3yJbTaThl naparpada 1.2.

Bmopoe dokazamenvcmeo eduncmeennocmu. Kak u B mepBoM JoKa3a-
TeJILCTBE Oy/IeM UCTIOIb30BATH UHYKITHIO 110 BeJIMINHE PACKJ/Ia/IbIBAEMO-
ro yucia n. Jomycrum cymecrBoBanue JaByx passoxenuit (2.3). [Tosro-
PUB PACCYy>K/IEHUs U3 HAYaJ1a [1epPBOI'0 JI0KA3aTe/IbCTBA €JIMHCTBEHHOCTH,
MOXKHO IPUJTH K CJIy4alo, KOIJla IPOCTOe YUCJIO P OTJIIMIHO OT BCEX ¢
npu JI0ObIX WHJEKcax j. He ymenbias oOIHOCTY MOXKHO CUUTATH MPU
9TOM, 4TO P < qq. PaccMmorpum nesioe 9ucio a = n — piqs - - - ¢s. Ero
MOYKHO JIByMsI PA3HBIMU CIOCODAMU MPEJICTABUTDL B BUJIE TTPOU3BEICHUS
MEHBIIUX YNCE

a= (g1 —p1)g2---qs = p1b < n,

e b=mpy---pr—qa---qs. Oba umcna q — p; 1 b MOryT OBITH Pas3Jio-
YKEHBI B TIPOU3BEJICHUsT TTPOCTHIX MHOXKUTEJEH, 1 TaKuM 00pa3oM Oy1yT
[OJIYUEHDbI JIBA PA3JIOXKEHMS UYUCIa G < 7 B HPOU3BEJIEHUS HPOCTBIX.
JokaxkeM, UTO OHM pasandHbl. B pasioxkenune a = p1b BXOIUT IIPOCTOE
qucyio p1. OHO OTJIUYHO OT BCEX MPOCTBIX UHUCEN (o, ..., (s B PA3IOKe-
Hun @ = (q1 — P1)G2 - - - ¢s- Ho OHO He BXOJAUT UM B Pa3/IOKEHUE UUCIA
¢1 — P1, B IPOTUBHOM CJjlydae Mbl UMesin Obl P1|q1, BOIPEKU POCTOTE ¢
W MPEIIOJIOKEHUIO P1 # ¢1. IlomyduBiieecss mpoTuBopedne 3aBepiraeT
JTOKa3aTeJabCTRO. ]

Tpemve dokaszamenvcmeo eQUHCMEEHHOCNU. 3AMETUM, YTO €CJIM HATY-
paJbHOE YUCJIO €IUHCTBEHHBIM 00pPa30M pPACKJ/IAJIbIBACTCS B ITPOU3BEIC-
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HUE IIPOCTBIX YUCEJI, TO KaXKJIbIil €10 IPOCTOM JIeJIUTEIb JI0J2KEH BXOJIUTD
B 9TO pazjoxkeHne. Kak u paHee MOXKHO BECTH JOKA3aTEJILCTBO C IIOMO-
IHI0 MHJIYKIIMK 110 BeJIMYUHE PAcKJiajibiBaeMoro uucia. IIpemnonoxus,
4TO CYHIECTBYIOT JiBa pasjoxkenus (2.3), He cojepxKalliie OJMHAKOBbIX
IIPOCTBIX B JIEBOI M MPABOil YACTAX, MOXKHO CUUTATDH, UYTO Pi — CAMOE Ma-
JIeHbKOE IIPOCTOE CPeJId P;j U TOUHO TaK 2Ke g — caMoe MaJIeHbKoe Cpejii
¢;- Kpome Toro, MoxxHO mipejinosarath, 9to p; < ¢1. IIockoabky n — co-
CTaBHOE 4YMCJIO, MMEEM p% < q% < n u, 3Ha4ut, p1q; < n. Harypasabhoe
qucao b = n — p1q; MeHblle, ueM n. Kpome Toro, oHo JeauTcs Ha 00a
IPOCTBIX YHCIa P1,q. CorlacHO MHIYKTUBHOMY IIPEIIIOJOXKEHUIO OHO
eJIMHCTBEHHBIM 00PA30M PACKJIaIbIBACTCS B IPOU3BEIEHIE TTPOCTHIX TN~
CeJI ¥ ITIOTOMY 004 9TH IIPOCTHIE YNCIA JIOJXKHDBI BXOJUTD B pa3JjioxKeHue b.
Ho Torma p1g1|b u prqi|n = qiqo - - - qs. Cnegosarensuo, prlu = qa - - - gs.
Ho 510 HEBOBMOXKHO, TaK Kak © < M W 0 WHIYKTUBHOMY TTPEJITOI0MXKE-
HUIO KaXK/IbIIl €10 NPOCTON JEeJTUTEb JOJIKEeH BXO/IUTH B €r0 Pa3JioXKeHue
Ha MPOCTHIE MHOXKHUTEJIN. ]

Cpe IPOCTBIX COMHOXKHUTEJIEH, MPUCYTCTBYIONUX B Pa3JI0XKEHUN
T = pi - - - Py MOTYT OBITH U OAMHAKOBBIC. Hanmpumep, 25 = 5-5 = 52. Ux
MOXKHO OObEJIMHITH BMECTE, BOCIIOJIb30BaBIINCH OIEepallieil BO3BEICHUS
B creneHb. Kpome Toro, mpoctbie COMHOXKUTEIN MOXKHO YIIOPSI0YNTH
110 BesinuuHe. B pesysibrare 1oydaercs pasJjioxkKeHue

n=pi"--pt p1<p2<...<pg

Takoe nmpecTaBIeHe TUCIa HA3BIBACTCS KAHOHUYECKUM PA3AOIHCEHUEM
Ha TPOCThie coMHOX)UTen. Hanpumep, KaHOHWUIECKOE MPEJICTaBICHNE
anca 2520 mmeer Bug 2520 =23 .3%2.5. 7.

Habop pa3imaHbIX MPOCTHIX YUCEI, a TaKzKe HabOp ImoKa3areJeil cre-
MEeHN (vj OTIPEEJIAIOTCA 110 YNCILy T eJUHCTBEHHBIM criocoboM. s xpa-
MHOCTU 8TONHCIEHUA TIPOCTOTO YUCIa P B KAHOHUYECKOE Pa3JIOKEHHUE
qucia n OymeT uenonrb30BaThesa obosznadenue vy(n). Ecim n ne memures
Ha mpocroe p, Oyjaem cautars vy(n) = 0. Hanpuwmep,

V2<2520) = 3, V3(2520) = 2, 1/11(2520) = 0.
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HpI/I TaKOM OIIpeleJICHNN CIIpaBEAJINBO IIPEJCTaBJJICHUE

n = Hp”l’(”). (2.4)

pln

B nanbreiiem Oy IyT UCIONB30BATHCA MOIOOHBIE BhIPasKeHMs ¢ yKa3a-
HUEM T0J1 3HAKOM MPOW3BEICHNS TeX WJIM WHBIX YCIOBU Ha, BXOJSIINE B
Hero npoctbie uncia. Kpome Toro, nnorja yja00Ho ObiBaeT (hopMaJibHO
3aMUCHIBATD U OECKOHEUHBIE TIPOU3BEICHNUsI, €CJIN JIUIITbL KOHETHOE KOJIH-
JeCTBO, BXOJAINIMX B HUX COMHOXKUTENICH OTJTUIHO OT eauHuIpl. Hampu-
Mep, paBeHCTBO (2.4) MoXkKeT ObITh 3alMCAHO B BUJIE

n = Hp”p(n)7
p

IJie IpousBejieHre Oepercs 10 OECKOHEeYHOMY, corjiacHO Teopeme 2.1,
MHOXKECTBY BCEX MPOCTBIX YUces. B 3TOM ponsBeieHnn JINIh KOHEUHOe
KOJIMYECTBO COMHOXKUTEJIE(l OTIIMYHO OT €JNHUILBL, Bejb Vp(n) 7 0 s
JUUIsl IPOCTBIX JIeJIUTEJIel p 9rciia 1, & 9TO MHOXKECTBO KOHETHO.

[Tpr yMHOXKEHWH CTeneHeil ¢ OJMHAKOBBIM OCHOBAHWEM TOKA3aTe N
CTENEHN CKJIAJBIBAIOTCS, TIOITOMY JIJIs JIIOOBIX JIBYX IEJbIX 9HCEN a, b u
IIPOCTOrO UHCJIA P BBINOJTHSIETCS PABEHCTBO

vp(ab) = vy(a) + (D). (2.5)

Orcrojia, B 9aCTHOCTH CJIELYET, 9TO UEA0€ YUCAO N OCAUMCA HA YUCAO
d 6 mom U MOALKO MOM CAYUae, k020G 0AA N100020 NPOCNO20 YUCAE D
BHINOAHAIOMCA HEPABEHCMEA

vo(d) < vy(n). (2.6)

HeiicrBuresnbho, paBeHcTBO N = d-u B cuity (2.5) u Hepasencrsa vp(u) >
0 mpusoauT K (2.6). Eciu xe Hao60pot, 151 JIEOOOT0 MPOCTOrO TUCIa, P
BBITIOJTHSIETCST HepaBeHcTBO (2.6), TO 1estoe 1ncsio

u = [ p@
p
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YJOBJIETBOPSAET paBeHcTBy N = du 1, 3Ha4uT, d|n.

Ermie ojHO mpocToe, HO MOJIE3HOE CBONCTBO OyJIeT MCIOTB30BATHCS B
JagbpueiimeM. Ecau a u b — namypansvrvie 4ucia, npuvem oad xaxcdozo
NPOCMO20 YUCAG P 6bN0ANENO pasencmso Vy(a) = vy(b), mo a = b.

OnpegenuM KaHOHWMIECKNE PAa3JIOKEeHNsT HAaUMEHBIIero obIero Kpar-
HOT'O ¥ HaWOOJIbIIIEr0 OOIIEro JeJUTEeNs HECKOTbKUX HATYPaJbHBIX TH-
ceJI.

CaencrBue 2.2. /14 1100600 HAMYPAALHYLT YUCENA A1, . . . , Ay U 100020
NPOCMO20 YUCAL P CNPABEIAUBDL PAEEHCTNEA

vp(lar, ... an]) = max{vy(a), ..., vp(am)} (2.7)
vp((a1, ... ay)) = min{yy(ar),. .., vp(an)} (2.8)
Hoxazameavemeso. Oupegennm nesioe ancyio M paBeHCTBOM
M — Hpmax{up(al),...,yp(am)}'
P

13 nepasencrs v,(M) > v,(a;) crenyer a;|M, r.e. M — obiee KpaTHoe
JUCET 1, . . ., Q. BEein K - Kakoe-HHOYIb 00Iee KpaTHOE 9THX THCEeI,
TO TIPH JIFOOOM TIPOCTOM P JIOJYKHBI BBHITIOJHSITHCST HEPABEHCTBA,

vp(K) > vp(ay), j=1,...,m,
W, 3HAYMWT,
vp(K) > max{vy(a1), ..., vp(am)} = vp(M).

Caepnosarennbio, M|K u M < K. Dro jnokasbiBaer, uro M ecth Hau-
MeHblIIee oblee KparHoe JaHHbIX duces, u (2.7).
Pagencrso (2.7) nokassiaercs anagornano. Ompegennm

D — Hpmin{up(al),...,up(am)}'
p

U3 uepasencrs v,(D) < v,(a;) ciegyer Dlaj, .e. D — obumii genuresns
qUCeJI A1, . - ., Q. Bcsin L - KaKOH-HUOY 1b OO JIeIuTe/ b STUX TUCEI,
TO TIPK JIIOOOM TIPOCTOM P JIOJKHBI BBITTOJTHSITLCS HEPABEHCTBA,

vp(L) < vp(aj), j=1,...,m,
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vp(L) < min{vy(ar),. .., vp(am)} = v,(D).

Caenosarenbro, L|D w D > L. 910 nokasbiBaet, uro D ecTh Hanbob-
it o0IuMil JesmTenb JanubIxX duced, u (2.8). O

[IpuBeéHHEbIe PACCYKJICHUS JIAIOT TAK¥Ke UHBIC JOKA3aTeJbCTBA, Te-
opem 1.2 m 1.3.

Pagencrsa (2.7) u (2.8) MOryT MCIONB30BATHCA TAKXKe U [T BbI-
YUCAECHUS HAUMEHbIIEro KPATHOTO M HaumOOJIbIIEro ODINero Je/nTeist
HECKOMBKUX dnces. Tak nmeem

2737 =7-17-23, 9163 ="7?-11-17, 9639 =3%*.7.17
U, 3HAYUT,

2737,9163,9639] = 3*- 72 - 11 - 17 - 23 = 17070669,
(2737,9163,9639) = 7- 17 = 119.

DTOT c11ocod, 0JIHAKO, TPUMEHUM JIUIIIh, €CJIU UC/Ia CPABHUTEIHHO HeBe-
Juku. Pazjoxenue Ha 1poOCThie COMHOXKUTEN OOJIBIIINX YKUCEJl — OUYEHb
TPpyJ0EMKas 3ajiada, U B TAKOM CJIydae yJ100Hee UCTOIb30BATh aJrOpUT-
MbI, TPUBEICHHBIE B TJiaBe 1.

[TpuBejiem ellle HECKOJIBKO CIEJICTBUIT OCHOBHOM TeopeMbl apudmMeTn-
ku. Vx MoxkHO ObL10 ObI BhiBecTH U u3 TeopeMm 1.2 u 1.3 B naparpade
1.2. Ho nmpuBomumMmble 3/1eCh JIOKA3aTEIbCTBA KOpPOUe U eJuHOODpasHee.
B jpajsbHeiiiem npejnosaraercs, 4ro b, aq, . .., a, — IPOU3BOJbHbIEC Ha-
TypaJbHbIE YNUCIA.

CaenctBue 2.3. Ecau wucao b 63aummno npocmo ¢ kasicovim u3 wucen
A1, ... 0y, MO OHO G3AUMHO NPOCMO € NPOU3EEICHUEM IMUL YUCEN.

Joxazameavcmeso. Obosuaunm d = (b, ay - - - ay,). [lycrsb p — kaxoe-nubo
npocroe ancsio. Tak kak v,(d) < 1,(b), 10 B ciayaae v,(b) = 0 nmeem
rakke Vp(d) = 0. Ecim xke 1,(b) > 1, 10 B custy B3auMHoit npocrors b
n a; nvmeeM vp(aj) = 0,1 < j < n. Ho rorga v,(d) < vp(ar---a,) =



I'JIABA 2. IIPOCTBIE 1 COCTABHBIE YNCJIA 47

vp(a1)+. . .+vp(a,) = 0. Urak, B obom ciiydae Beinosnsiercs vy(d) = 0.
[TockobKy 9TO BEPHO 1151 JTF0OOI0 MPOCTOr0 YKCIa P, 3aKaodaeMm d = 1.
CuresicTBHE JI0KA3aHO. H

CnencrBue 2.4. Ilpu mobom Hamypasvhom b evinosnsemca pacem-
cMeo

(bay,...,ba,) =blay,...,a,).

Hoxazameavemeo. [1as KarXJj0ro mpocToro Yucsia p, MoJib3ysiCh PaBEH-
crBoM (2.5) U ciejicTBUeM 2.2, HAXOJUM

vp((bay, ..., bay)) = min v,(ba;) = min (1,(b) + v,(a;)) =

1<j<n 1<j<n
vp(b) + 1127'1?” vp(aj) = vp(b) + vp((as, ..., an)) = vp(blay, ..., a,)).
DTO JIOKA3BIBACT HYKHOE PABEHCTBO. O
Ompenesierne 4. [[eavie wucaa ay, . . ., a, HA3UBAOMCA NONAPHO 630

UMMHO NPOCTNOIMU, ECAU ONA N00BLT YL UHIEKCO8 T < ] GUINONHAECIICS
(CLZ', CLj) = 1.

Yucna 6,10, 15 B3auMHO TPOCTBI, HO HE SBIMIOTCA MOIMAPHO B3aWM-
HO mpocThiMu, Tak Kak (6,10) = 2. Bosee Toro mmeem (6,15) = 3,
(10, 15) = 5.

[Tonapuasi B3auMHasi IPOCTOTA O3HATAET, UTO JIJIs KAXKJIOIO MPOCTOrO
P CPEeJIM UYUCEN A1, ...,G, He Dojiee, YeM OJJHO MOXKET JIJUThCs Ha P.
Mnaue 910 yejaoBue MOXKHO 3allUCATH B BUJIE

max vp(a;) = vp(ar) + ...+ vp(ay), daa awbozo npocmozo  p.
CaencrBue 2.5. Haumenvuwee obusee kpammoe nonapro 63aumno npo-
CIBIT HANMYPALALHOLT YUCEA A1, . . ., Ay PAEHO UT NPOUSEEICHUIO, M.€.

a1, ..., a,] = a1+ ay.
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Hoxasameavcmeo. Ilycrsb p — npousBojibHOE 1pocToe dnciio. Torua
vy(lar,...,a,]) = max v,(a;) =
(o, aa]) = mas w0

vp(ar) + ...+ vp(an) = vp(ar - - - ay).

[TockoJibKy 9TO BEpPHO Jijist JIOOOI'O [IPOCTOIO YUC/Ia P, HOJydaeM Tpedy-
eMoe PaBEeHCTBO. ]

CaencrBue 2.6. Ecau wucao b deaumces na xaoicdoe us nonapmo 63a-
UMHO NPOCMBLT YUCEN A1, - - . , Gp, MO b desumces u na ux npoudsedenue
aj - Q.

Jloxazameavemeo. Ilo Teopeme 1.2 umesno b genuTcesa Ha HauMeHbIIee
obIee KpaTHoe [ay, .. ., a,|, PaBHOE COIJIACHO CJEJCTBUIO 2.5 NpOoHU3Be-
JICHUIO (1 - * * (.

MO2KHO J1aTh 3TOMY YTBEPXKACHUIO U JAPYroe JIOKa3aTebCTBO, OCHO-
BaHHOE Ha CBOJCTBaX mokazareseil v,. [1ockoIbKy npu J1000M j BBITIOJ-
HeHo a;|b, To st siroboro mpocroro uwncia p nveeM vy(b) > vy(a;) n

Vp(b) > 1@3@% Vp(aj) = Vp(al) Tt Vp(an) = Vp(al ).

[TockombKy 9TO BEpHO JJIs1 JIIOOOT0 MPOCTOr0 YHUCIA P, 3aKII0UYaeM, UITO

aj - - aplb. O
CaencrBue 2.7. /[aa 11000 Hamypasvuols wuces by ay, . .., a, umeem
(CL1 T A, b) ‘ (ala b) T (am b)

Ecau x momy orce vucaa aq, . . ., G, NONAGPHO 83AUMHO NPOCTILL, MO Gbi-

NOAHACTNCA PAGEHCMEO
(a1 -+~ an,b) = (ar,b) -+ (an,b). (2.9)

oxazamesvcmeo. s r060ro mpocToro 4ucia p uMeeM

vp((ar- - an, b)) = min{w, (0), vp(ar - -an)} =
= min{v,(b), vy(a1) + ... +vp(a,)} (2.10)
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vp((a1,0) -+ (an, b)) = Z min{v,(b), vp(a;)}- (2.11)

[TepBoe yTBep:kieHue ciejlyer Ternepb U3 HepaBeHCTBA

n
min{y,z; + ...+ x,} < Zmin{y, T} (2.12)
i=1

CIIPABEJJIMBOIO NIPU BCEX HEOTPUIATENLHLIX JICHCTBUTEILHBIX UYUCIAX
Y, X1, ..., T, dis goxkazaresnsersa (2.12) paceMoTpuM [1Ba CIrydasd.
Eciiu npu Beex MHIEKCaX 4 BBITTOJIHEHBI HEPABEHCTBA L; < Y, TO UMEeM

n
min{y, 1+ ... +z,} <o+ ...+ 2, = Zmin{y,xi}.
i=1
Ecnn ke naiiercs uigekc j, s KOTOporo y < &j, TO

n
min{y, z1 + ...+ 2,} <y =min{y, z;} < Zmin{y, x;}.
i=1
DTO OKA3LIBACT NIEPBOE YTBEPKICHUE CJICICTBYS.
[IpeanosoKuM Tenepb, 4To 9UcIa, dy, . . . , 4, HOIAPHO B3aUMHO IIPO-
crol. [Iycrs p — npoussosbroe ipoctoe ducio. Torga cpean aucen vy(a;)
e 6oJIee OTHOrO OTMYHO OT HysId. He yMeHbInast 00IHOCTH MOXKHO CUH-

TaTh, 4T0 Vp(az) = ... = vy(a,) = 0. Torma, monbsysich paBeHcTBAME
(2.11) w (2.10), Haxoaum

vp((ar,b) - (an, b)) = min{v, (), vp(a1)} =
= min{v,(b), vy(a1) + ... + vp(a,)} = vp((ar - - - an, b)),

1 9TO 3aBepIaeT J0Ka3aTeJIhCTBO CIEICTBUA. N

B janbHeiilieM HaM MOHAJI00ATCA JiBe (DYHKIMM: Iejas ¥ JPoOHasd
JaCcTU 9ucia. HanmoMHUM MX Onpejiesiennst U CBOMCTBA.

ILenoti wacmvro JefCTBUTEHLHOIO YKUCIa T HA3bIBACTCsl HAUOOJIbIIEe
nesjoe ucio k, ymosjerBopsitoiiee HepaBeHCTBY k < x. Obo3HauaeTcs
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sra Gynkuus [x]. Tak, nanpumep, [2,5] = 2,[r] = 3,[-1,3] = —2.
U3 onpeiesienust cejyer, 4o mpu JiobOM & ClpaBeI/IuBbl HEPABEHCTBA
[z] < x < [z]+1. CknagpiBas mepasencrsa [z] < x u [y] < y, nonydaem
(2] + [y] < @+ y, u, coracHo ONpPeJEIeHIIO, HaXOJAMM

2] + [y] < [z +y].

OTO HEPABEHCTBO CIIPABEJINBO U MPH JII0OOM KOJIMYECTBE CJIAracMbIX,
4TO JIEIKO JIOKa3aTh € IOMOULIbIO METO/la MATEeMaTUIeCKOM MH/YyKIIUK.
I3 onpenenienus cpasy e CJeLyeT, UYTO JJIs JII0O0T0 IeJIOro Yuca n
BBITIOJIHSIETCS [ + n] = [x] + n.
[Ipu yob0oM JIeHCTBUTEIBHOM T 1 JIIOOOM HATYPAJbHOM ¢ BBIIIOJIHS-

-2, o

Y100bl NOSACHUTL €ro, 0003HAYUM § = [ﬂ Torpa ag < x < a(lqg+1) u
aqg < [z] <x <alqg+1).

PazjiesiuB 91u HEpaBeHCTBa Ha @, M0JIy4YaeM

]

a

qTO U JoKa3biBaer (2.13).

Oyukius {x} = x — [x] HazsBaercst dpobHot wacmovio ducna x. Ona
yaossersopsier HepasencrBam 0 < {z} < 1 u umeer nepuoy, 1. eii-
creuresibho, {r + 1} = x+ 1 — [z + 1] = = — [z] = {x}. Hanpuwmep,
{~1,3} = {0,3} = 0,3.

PaccmMoTpuM J1Ba, MMEIOIINX TEOPETUIECKUI MHTEPEC, TPUMEPa, B KO-
TOPBIX BBIYUCASIOTCA KPATHOCTH BXOXKJICHUsI POCTHIX B KAHOHUUECKUE
pazJIoXKeHus HeKOTOPbIX uncesi. OGO3HAUNM JIJIsT KAXKI0TO JIeHCTBUTE b-
Horo uncya x > 1 cumBosiom K (x) HauMmenbliee obilee KpaTHOE BCEX
HATYPAJIBLHBIX YUCEJ, Ha MPEBOCXOJSIINX T
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Jlemma 2.2. /las ao0bozo deticmsumenvrozo x > 1 umeem

K(x)znp[ﬁ_ﬂ'

p<x

Joxasameavcmeo. st KaxKI0ro mMpocToro IUCIa P ¢ TOMOIIbI (2.7)
nmeem v, (K (x)) = maxi<y<g vp(u). Ecn k = vy(u) aus nexoroporo
u <, 10 pFlun p* < u < 2. Bnauur, k < E—;. Ho rorpa vy(u) = k <

[}E—z] I3 9T0i1 O1eHKN U HEPABEHCTBA

[ln—””] Inz

caejyer, 4To

B Inz
max vplu) = 721

Kpome Toro, u3 npuBejiEHHbIX PACCy KJEHUi ciejyer, 4To npu p > &
soinonsiercs v, (K () = 0, u 970 3aBepiuaer J0Ka3aTesbCTBO JEMMBL.

[]

Hastee cumBoiom n! obo3HAYaETCsT TPOU3BEICHUE BCEX NEJBIX THCEIT
orlpon,re.n!l=1-2-3-...-n.

Jlemma 2.3. Jlaa kaotcdozo wamypasvro2o YUCAG N UMEEM

vy(nl) = H + [%] fo= [ﬁk} . (2.14)

p p 1 P

CymMa B JefCTBATENILHOCTH KOHEUHa, TaK Kak npu p¥ > n, T.e. npn

k> ﬁ—g cyraraeMbie PaBHBI HYJTIO.

Hoxazameavemeo. Cpean aucen 1,2, ... n Ha IPOCTOE P JAEJSATCS JUIIH
D, 2p, 3p, ... mp, rjie M ecTb HauboJIbIIee TeJI0e YUCI0, YI0BIETBOPIO-

iee HepaBeHcTBy mp < n, T.e. m = [%} [Tosromy

vp(n!) =vp(p-2p---mp) = v,(p" - m!) = m + v,(m!). (2.15)
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[TosyunBIeecst paBEHCTBO O3BOJISIET JJOKA3aTh HY KHYI0 (DOPMYJLy € 1O-
MOIIBIO METOJIA MATEMATHICCKON WHIYKIINH.

[Ipu n < p obe wactu paBeHcTBa (2.14) paBHBI HYJIO, U OHO, KOHEU-
HO, BBINOJIHACTCS. [IPEAIIONoKuM Tenepb, 4To 7 > P U 3TO PABEHCTBO
CIIPABEJIINBO JJId JII0O0r0 HATYPAJLHOrO YKCIa, MEeHbIIero n. Tormna n3
(2.15) u (2.13), moCKONBKY M < M, HAXOJUM

o= (-5 - -5 [ 2] [-sh

>1 >1 >1
4TO U 3aBepllaeT JI0Ka3aTeJIbCTBO. [
Kax emé oun npumep paccCMOTPUM JIPOOD
n!
N=——
a!-...-a,!
rie n,ap,...,a, HaTypaJbHble YUCIa C YCJAOBUEM ai + ... + a, = N.

JlokazkeM, 4TO 3Ta, APoOb €CTh IeJI0€e YUCIIO.
[Toab3ysich jieMMOit 2.3 MOXKHO HAIKCATH

-5 (3] ) [3]) o

[TocsieiHee HEpPaBEHCTBO BBIMOJIHACTCSA B CHJIY TOIO, YTO MpH JioboMm K
CIIpaBeJIJIMBO

il = = )

I/ITaKJ qnciao N pPacCKJ1aJblBa€TCA B NPOU3BEJCHUEC HEOTPHUIATC/IbHDbIX

creleHei IIPOCTBIX YUCEJI, 1 ITIOTOMY €CTb IEJIO€ IHCJIO.

2.3 Teopemnl HebbIimeBa

[TpocThie yucia pacnpejiesieHbl B HATYPaJIbHOM Psijly BEChbMa HEPEryJIisip-
Ho. Hanpumep, MOXKHO yKazaTh CKOJIb YI'OJIHO JIJIMHHbBIE OTPE3KU HATY-
PaJILHOT'O psijia, HE CoJleprKalllie HU OJHOTO IPOCTOro uucia. Beibepem c
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9TOM 11€JIbI0 HEKOTOPOE HATYPAJbHOE 1 U PACCMOTPUM CJIe/IYIOIIHE JIPYT
3a JIPyTOM 9HUCJIa

n'+2n+3,n+4,... . n+n.

[TepBoe u3 Hux jenurcs Ha 2, Bropoe Ha 3, Tperbe Ha 4 u Tak jaJee. [To-
cJIeJIHEE YHCI0 JICJUTCS Ha M. Y Ka3aHHbBI OTPE30K HATYPaJbHOIO Psijia
He COJIEPKUT HU OJIHOI'O IIPOCTOr0 Yncia. Takue oTpe3Ku PacloioKeHbI
JIOCTATOTHO JIAJIEKO B HATypaJbHOM psiny. CKaykeMm, MaKCHMaJIbHOE Pac-
CTOSTHUE MEXK/Iy JIFOOBIMU COCEJIHUME TTPOCTHIMUA YHCIAMH, MEHBITUMN
10" pasHo 276.

BwmecTe ¢ TeM CyIIecTBYIOT CI'YIIEHUs MPOCTHIX uyuces. Tak Kak 4dér-
Hble 9ucsIa, OObINNe 2, JeJITCs Ha 2, TO MUHUMAaJIhHOE PACCTOsSHNE
MEXK/IY COCEJHUMU MPOCTHIMU YKUCIAMKU HE MeHbIIe JiByX. [IpocTbie quc-
J1a, PACIIOJIOXKEHHbBIE Ha, PACCTOSHUU 2 IPYT OT JIpyra, Ha3bIBAIOTCA 0.AU3-
nevyamu. Takum obpaszom, j1r0bast mapa OJU3HEI0B COCTONT U3 HEIETHBIX
HPOCTHIX Yucesa p u p + 2. V3BecTHb! 10CTATOYHO OOJIbIIUE HPUMEPDI
OJIM3HEIOB, CKayKeM TIPOCTBIMU OYIYT YHUCIa

156 - 5292 + 1, 291 - 21993 4+ 1.

[Tpeanonaraercst, 970 MHOYKECTBO TaKWUX Map OECKOHETHO, OJIHAKO STOT
dbakT He jgokazan. C MOMOIIHIO KOMITBIOTEPA MOXKHO MOCTPOUTH JIOCTa-
TOYHO OOJIbIIIKE TTaphl MPOCTBIX YHUCEN P, (, CBA3AHHBIX, HAIPUMED, CO-
oTHOIIeHHEeM p = 2q + 1 u mnpejnosaraercs, 4To J0O0e ypaBHEHHE
axr — by = ¢ ¢ HATYpPAJBHBIMU U MMOMAPHO B3AUMHO MPOCTHIMU KOIDDU-
HUEHTAMU UMeET OECKOHETHOE KOJTMIECTBO PEIICHUI B IIPOCTHIX YHCIaX
p,q. Ho ata nmpobyiema He perieHa U OTHOCUTCS K OUY€Hb TPYIHBIM.
HecmoTpsi Ha, OOJIbININE CIIOKHOCTU WCCIEOBAHUS CBONCTB MPOCTHIX
qucesi, yJAaéTcs ONPEJIC/INTh HEKOTOPhIE YCPEJHEHHBIE X XapaKTepu-
cruku. OJHOM u3 HUX sABasgeTcst GyHKuusa 7(x), paBHas KOJXIECTBY
MPOCTBIX 4HCeJl P, ¢ ycaoBueM p < x. VMeeTcsa JuIIb YeThIpe IMPO-
CTBIX YHCJIA, YIO0BJIETBOPAONMX HepaBencrBy p < 10. Dro 2,3,5,7.

[Tosromy 7m(10) = 4. Pemero Dparocdena no3Bojasier OnpeieuTh, 4To
7(100) = 25. Ussecrno, uro 7 (10') = 37607912018.
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dAcno, uro ¢ pocrom x dyukuus 7(x) Bospacraer. A uz reopembi 2.1
cJIeJlyer, 9TO OHa BO3pacTaeT J0 GECKOHEYHOCTH, T.e. T(x) — 00.

C nomotnpio perrera dparocdeHa MOXKHO IOJIYUYUTb U HEKOTOPYIO
oneHky cepxy Jyisi pyukuuu 7(x). s npocreiitieii OneHKr HCKII0UUM
13 MHOXKecTBa uuces 2,3, ..., N, N > 3, Bce yerHble uncia. KomraecTBo
X B 9TOM MHOXKECTBE PaBHO [%] Cpein 9ETHBIX UMEETCSI TOJIHKO OHO
npocroe uucio 2. [Toaromy

W(N)gzv—1—[g]+1:zv—[g] <

N+1<2N.
2 7 3

(2.16)

[TIpu N = 1,2 onenka w(N) < % TaKk>Ke crpaBemBa, Beab (1) = 0,
am(2)=1.

Eciu ucnonn3osaTh IS TIPOCEMBAHUS JBa MPOCTLIX 4uciaa 2,3, T.e.
MCKJIIOUUTD BCE YUCIA, ACJISIUecsd Ha 2 WM 3, KPOME CAMUX 9TUX YUCE,
MOYKHO TAKUM K€ CIOCOOOM MOJIYIUTL HEPABEHCTBO

N N N N+5
TIN)SN—|—|—|=|+|=|+1 < —.
2 3 6 3
J11s1 NIPOU3BOILHOIO JICHCTBUTENIHLHOrO T > 1 umeem

r(z) = 7 ([]) < m;‘:’ < x?.

OTcenpast Tak»Ke UnCIa, ACIAIMEcd Ha 5,7 ¥ Tak Jajee, MOKHO JOKa-
3aTh, 4TO JIOJsl IPOCTHIX CPEJM HATyPaJIbHBIX 4UCe] N < I ¢ POCTOM
PPAHUIBI & CTPEMUTCS K Hydio, T.e. w(x)/z — 0. DToT dhakT ObLT JT0Ka-
3an B 1798r. A. Jlexkangpom®.

BuepBbie 10CTaTOUHO TOUYHbBIE TPAHUIBI U3MEHeHUs QyHKIuu 7(T)

6buin yeranossienst B 18501, I1.J1. Yebbrmenbim?.

Teopema 2.3. IIpu scex x > 6 cnpasedausn, nepasencmea

T x
— < < O— .
ar— < m(x) < blnx’ (2.17)

ede a = %an, b=>5In2.

3®panmysckuit maTeMaTuk AnTyan Jlexxanap, 1752-1833
4Pycckuit maremarux Iaduyruit JIbsopuu Yebprmres, 1821-1894
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Hepagencrsa (2.17) 6bin jgokasanbl [1J1. HebbiieBbiM ¢ Jrydmmmu
koncrantamu @ = 0,921 ...,b=1,105..., HO IpPHU JOCTATOTHO DOJIBLIITAX
2. MBI HECKOTLKO OCJIaOMJIH €r0 pe3yJbTaT, YIIPOCTUB IPU STOM BbIUKC-
JIEHUSI. 3aMETHM TaK>Ke, ITO B HACTOSINEE BPEMS M3BECTHBI HAMHOTO
OoJee TOUHBIE HEPpABEHCTBA

T i

— < 7(r) < —— T > 5.
Inz + 2 (%) Inz —4’ -
st jokazaTebcTBa TeopeMbl 2.3 MOHAI00sTCs JIBE JIEMMbI.

JIlemma 2.4. [Ipu ar060m Hamyparsvhom n HauMerbUuLee 00ULee Kpammoe
yucen 1,2,...,2n + 1 boavwe, vem 4", m.e.

1,2,3,....2n+ 1] > 4"

oxazamesvcmeo. Paccmorpum panuoHabHYIO (DYyHKIIKIO

n!
r(x+1)---(x+n)

R, (z) =

Ona MoxkeT ObITh ITPEJICTABICHA B BUJIE CYMMbI IPOCTEHIIINX JAPoOeit

" —oy By 2oy B 2y
v(x+1)--(r+n) =z x+1 z+2 T +n '

¢ nesibimu Koadgpdunuenramu ap. Hanpumep,

1 1 1
Rilg)— — — =~
(@) rlx+1) = z+471

Ra(x) 1 1 1 2 . 1
T) = — = — — .
2 r(z+1) (x+1)(x4+2) =z =x4+1 x+2

B obiem ciiydae uMeeM TOXK1€CTBO
—1)! —1)!
P )| B (T
ze+1)-(e+n—-1) (@+LE+2)-(z+n)

= Ry1(z) = Roa(z + 1),
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JoKazbiBaoliee 1eaocth Koadduiuentos B (2.18) ¢ momouipo Meroja
MATeMATUICCKON NHIAYKIAN.
[TogcraBum x = n + 1 B Toxkmectso (3.14). B pesysbrare momyanTes

ap ai an
] =
n+1+n—|—2+ +2n—|—1

T (n+ 1)---.(2n—i— ) (2n.—|—.1)!' (2.19)

O6o03uatum Jist kparkocrn K = [1,2,3,...,2n + 1]. Tockosbky K03~
unmenTsr ay — nesbie yncia, o K - I € Z. YaursiBas, uro K - I > 0,
zakjgodaeM K - 1 > 1, tak 49To

PR (2n + 1)!
-  nln!

JlokarkeM ¢ IOMOIIbIO MeTO/Ia MaTeMaTUIeCKON WHJIYKIIMU HEPABEHCTBO

2 !
—( n+1) > 4",
nln!

[Tpu n = 1 ono, oueBuHO, BhINONHSETCS. [IpeinonokuB ero crpape;i-
JIMBOCTD JiJisi 1 — 1, ipu n > 2 numeem

2n+1)! (2n+1)2n (2n — 1)!
nln! n? “(n—1)!(n—1)!

> 447 = 4n,

DTO 3aBEPIIACT JOKA3ZATEIbCTBO JIEMMBI. ]

JIlemma 2.5. Ilpu kaotcdom deticmsumenvnom T > 2 cnpasediuso Hepa-

GEHCMBO
Hp < 4°,

p<x

Hoxazamesvcmeso. JlokaxkeM cHavasa yTBEpXKIeHUE JJIsI TEJTbIX 3HaTe-
HUl 2, BOCIOJIHB30BABIINCH METOJOM MaTeMaTndeckoil namaykiuu. [Ipn
T = 2 HEpPaBEHCTBO, OYEBUIHO, BbINOJHsAETCA. [Iycrh n > 3 u jij1d Beex
HeJblXx & < N HepaBeHCTBO JIEMMbl clipaBeinBo. PaccMorpum jlaJjee
JIBa CIIydJas.
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1. Ilpepnonoxum, 4ro n = 2m 4€rTHO. YUUThIBasL, YTO N = 2M CO-
CTABHOE YUCJIO W TONB3YSACh WHAYKTUBHBIM MPENNOTOXKEHUE JJid T =

Hp: H p < 42l < qn

p<n p<2m—1

2m — 1, HaxomuMm

B sTom ciaydae Hy»KHOE HEPABEHCTBO JIOKA3aHO.
2. Eciiu n = 2m — 1 "edernoe uucyio, To m > 2. Ilpumensis nHiyk-
TUBHOE TIPEJITONIOXKEHNE JJIsT & = 1N, UMeeM

He=1Ir- I] p<4 1] » (2.20)

p<n p<m m<p<2m—1 m<p<2m—1

100Dl ONEHUTH TOCTIEHEE TTPOU3BEIEHUE PACCMOTPUM OMHOMHUATHHBII
KoapuireHt
2m —1\  (2m —1)!
m  m!(m—1)

SIBJSTIOIINTICS 1esibiM unciioM. CripaBejinBo paBeHCTBO

2m — 1
m

(2m — 1) = ( ) -m!-(m—1)! (2.21)
[Iycrh p — Kakoe-HUOY/ib HPOCTOE HYKUCJIO, YI0BJIETBOPSIONEe HePaBEH-
crBam m < p < 2m — 1. JleBas ugacrsb (2.21) gemures wa p. U3 Hepa-
BEHCTBA P > M, TPOCTOTHI P U OCHOBHOW TEOPEMbl apUPMETUKN CJIELy-
eT, 9TO P HE MOXKET BXOJHMTH B Pa3JI0XKEHUsI Ha IPOCTHIE COMHOXKUTEJIH
auciaa m! - (m — 1)! u, 3HaYNUT, P BXOJAUT B PA3JIOKEHUE (2”;;1). Takum
00pa3oM, BCe IIPOCThIE YUCIa P U3 IPOMEXKYTKa m < p < 2m — 1 BXojudr
B pasJIoXKeHne IToro bmHoMuabLHoro kosdgdunnenra. CraegoBareabHO

2m — 1
I »< . (2.22)
m<p<2m-—1 m

JloKazkeM ¢ MOMOIIIBIO METO/1a MATEMATUIECKON MHYKIAK, 9TO IIPH JIIO-
oM 1esoM k > 1 cupaBeInBO HEPABEHCTBO (%k_ 1) <41 TIpn k=1



I'JIABA 2. IIPOCTBIE 1 COCTABHBIE YNCJIA 58

9TO HEPABEHCTBO, OYEBHU/HO, BbloHsIeTCst. Ecan ono Bepuo jjst k — 1
npu k > 2, To nuMeeM

2k —1\  (2k—1)! 202k—1)  (2k—3)! A
(k >_k!(k—1)!_ ko (k=D(k—=2) — <44 =

13 (2.20) u (2.22), mpuMmenss JOKa3aHHOE HEPABEHCTBO ¢ k = m, Haxo-

2m — 1
ITr <4 <m )§4m.4m—1:4".

p<n

UM

Mrax, HepaBEeHCTBO JeMMbI 2.5 TIPHU JIOOOM IIEJIOM X JOKA3aHO.
Ecnn ke x He nesioe 9ucao, TO HAXOIUM

Biech [x] — neas qacTh ducia . To 3aBEpIIAeT JJIOKA3ATETHCTBO JIEM-
MBI. [l

Hoxasamesvcmeo meopemor 2.3. Ilycts * > 6 — mpousBosbHOE Jeii-
CTBUTEJLHOE YHCJIO.

Hokaxkem cHavasia Jgesoe HepaBeHcTBo (2.17). Onpejennm Jijisi 310ro
es10e IUCI0 1 HepaBeHCTBAMU

2n+1<z<2n+3. (2.23)

13 semm 2.4 n 2.2 Haxogum

4" < K 2n—|—1 H P Inp < p p = (2n+1)7r(2n+1)_
p<2n+1 p<2n+1

Ecau nposiorapudMupoBaTh 3TO HEpaBEHCTBO IO OCHOBAHUIO 2, IOJY-

wmrea w(2n + 1) > 2

MOHOTOHHOCTH (DyHKIMHU 7 (), IOy daeM

r—3 _ 1 x
> Z
logoz = 2 log2 T

. Orciona, yauTniBast HepaBencrsa (2.23) u

m(x) >7m(2n+1) >
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1o JloKasbIBAET Jlesoe HepaseHcTBo (2.17) ¢ a = 3In2.
[Tepeiiém remepb K JIOKA3aTeJLCTBY MPaBoro HepaseHcTBa (2.17).
CrpaseinBa oleHKa,

() 221 :W($2/3) X Z 1§7r([m2/3]) n Z log, p

log, 2:2/3
p<zw 22/3<p<x x2/3<p<z

[Tonbaysich (2.16) u wepaBercTBOM Y _ logyp < 2z, CJEAYIONUM U3

p=w
JIEMMbI 2.5, HAXOJIUM

3 log, 22/3 3 log,

Kax uzBectHo, mpu JitoboMm JeicrBuresbioMm ¢t > (0 crpaBeiiBO HEpa-

BerctBo t > log,t. Bass sgech t = x'/3, maxomnm 223 < 32— U

logy -~
TOr/1a
x x x
m(x) <2 +3 =5 ,
log, x log, x log, =
YTO 3aBeplIaeT J0Ka3aTebCTBO TeOpeMbBI 2.3. [
CaencrBue 2.8. Fcau 2 = p; < ps < p3 < ... nocaedosamesbHocms

GCEXL NPOCMHBIT “YUCEA, MO C HEKOMOPHIMU TLOAOHCUIMEADHDIMU TLOCTNO-
AHHYMU O, B GUNONHAIOMCA HEPABGEHCTNGA

anlnn < p, < pBnlnn.

Jokazameavemeo. [lpu KaxkJoM HaATypaJabHOM n uMmeeM m(p,) = n.
[ToncTaBuB * = p,, B HEpaBEeHCTBa TeOpeMbl 2.3, TOJyIuM Ipu n > 4

OTH HEPaBEHCTBa MO>KHO IEPEIncaTh B BUJIE

 Dn
Inp,’

n=c, a<c¢, <b.

3 nocieinero paBeHcTBa Ciejryer

Inn=Inp, —Inlnp, +Inc,
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1, 3HAYMUT,

nlnn Inlnp, Inc,
=c,|1-— + .
P Inp, = Inp,

YUauThiBast, 9TO BbhIparkeHNe B CKOOKAX ¢ POCTOM N CTPEMUTCS K €JINHU-
e, B CUJIy HepaBeHCTB a < ¢, < b, 3aKj09aeM, 4TO MOCJIEI0BATEb-
HOCTH % OrpaHUYeHa CHU3Y U CBEPXY HEKOTOPBIMU MOJOXKUTEJTbHBIMA
IOCTOSIHHBIMM. DTO 3HAUYUT, YTO C HEKOTOPLIMH IOJIOKUTEJIbHBIME 110~

CTOSTHHBIMU (v, (3 BBIITOJIHSIIOTCSI HEPABEHCTBA,

nlnn

DPn

1 1
5 S S Ty
IV o
a, sHaunT, 1 anlnn < p, < Bnlnn. ]
Curenyrolree yTBep2KeHue BIepBble ObLIO JoKaszaHo JI. DitjgepoM.

CnencrBue 2.9. Psad Zp%, 2de CYMMUPoOsarUe NPOUCTOOUM NO BCEM
NPOCMBLM YUCAAM, PACTOOUMCA.

oo 1

Hoxasamenvemeo. B cuny nepasencrs ciefcrsus 2.8 psajbl "5 ——

> L =5 L cxonarca wian pacxoasres oHOBPEMEHHO
pp n=1 p, '
[Tpu Becex t > 0 copaseymBo Hepaserctso In(1 4+ ¢) < t. [Tosromy
17151 JIIOOOTO TEJIOTO N > 2 UMeeM

In(n + 1)) < In(n +1)

1=
Inn

Inln(n+1) —Inlnn =In (

Inn

1 1 1
=— In({l4+—-]< )
Inn n nlnn

CxiajpIBas 9TH HepaBeHCTBa Ipu Bcex n = 2,3, ..., N, Haxonum

N
1
> >Inln(N +1) —Inln2 > Inln(N + 1).

nlnn
n=2

[Tonyuennasi oneHKa JI0Ka3bIBAET HEOIPAHMYEHHOCTh JACTUUHBIX CyMM
(0]

psaga Y oo ﬁ, 1 TeM CaMbIM PACXOJMMOCTD Psijla U3 4KrCes, 00paTHbIX

IIPOCTBIM. ]
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B ciepytomem yTBepKIeHIH, HOCsIEM HasBaHue ""mocrysiat Beprpa-
Ha'', O-CYIIECTBY COMEPYKUTCS ONEHKA CBEPXY PACCTOSIHUST MEXKy JIBY-
Msl COCEJTHUMU MPOCTBIMU YUCTAMU Pk U Pi+1. OHO, B 9JACTHOCTHU, YTBEP-
KJAET, 9TO P < 2pp. ITa, U jlaxke Oojee CUIbHAS, TEOPEMa BIIEPBHIE
obL1a jtokaszana B 1852r. I1.JI. HeObImeBniM.

Teopema 2.4. /i 4100020 Hamypasvhozo N > 2 cyu,ecmeyem npo-
cmoe “ucA0 p, Ydosiemeopaoulee Hepasencmeam n < p < 2n.

Hoxaszameavcmeo. JJokaxkem cHadasia, 9TO yTBEPKIEHUE TEOPEMbI BEP-
1o jjis1 oboro n < 600. PacecMoTpuM 7151 3TOTO MOCTIEI0BATEILHOCTD
IPOCTBIX UHCE

2,3,5,7,13,23, 43,83, 163, 317, 631.

Kaxki0e n3 HuX MeHblIe yaBOeHHOro mnpejbiayiero. [Iycrs n — npous-
BOJIbHOE TIes10€ 9ucao u3 npoMmexyTtka 2 < n < 600. Torma n comepKut-
cs MEXKJIy JBYMS IIOCJI€TOBATENbHBIMEA IMPOCTBIMU ¢, P U3 BBIIACAHHOIO
psijia, T.e. ¢ < n < p. YaurbiBas, uTo p < 2q, 3aKjJa04aem p < 2q < 2n.
Mckomoe nmpocToe 4ucjio p HaijgeHo.

[TockombKy TeopeMa jokazaHa s Beex uucena n < 600, naaee Oyaem
IpeJIInoaraTh BRIIOJIHEHHBIM HepaBeHcTBO 1o > 600. Paccmorpum mesoe

N:(2n+ H p

nln!
p<2n+1

YUCJIO

B jokazaresiberie jieMMbl 2.4 ObLJIO YCTAHOBJIEHO, YTO

NIK=11,2,....2n+1 u N >4" (2.24)
JloKaxkeM cIpaBeIIMBOCTh HEPABEHCTBA
N<(@n+1) [] ™ (2.25)
p<2n—1

Ecin 2n + 1 npocroe uucio, 10 vo,+1(N) = 1 u B (2.25) umeer Mecto

— vy(N
pasencTo. Ecin xxe 2n+1 - cocrasnoe, o N =[] oo, 1 P (V) (2.25)
TaKKe BBINOTHACTCS.
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[IpeioaoKuM, 94To yTBEPHKICHUE TeOPEMbl HEBEPHO U UHTEPBAJ N <
x < 2n He COAEPKUT HU OTHOTO TpocToro uncia. Torma usz (2.25) cie-

jyer
N<(@n+1)]]p™. (2.26)
p<n

Ecan npocroe 9mcyio p yaoBAETBOPSET HEpaBEeHCTBAM M <p<mn,

Top < n < % 2p u 2p < 2n + 1 < 3p. 3naunr, Vp(n') 1n
vp((2n+1)!) = 2. Takum obpasom, v,(N) = v,((2n+1)!) —21,(n!) =0

u u3 (2.26) cuempyer

N<@n+1) [] p»™. (2.27)

2n+1
p< 2l

[Ipeanonoxkum Tenepnb, uto v/2n+ 1 < p < 2”;1. Torna, B wacTHO-
cru, In(2n + 1) < 2Inp. Hockonbky N|K, 10 u3 jemmbl 2.2 ciepyer

Vp(N) < 1p(K) = [%} < 1. Ho rorga u3 (2.27) naxojum

N§(2TL—|—1) H P - H pr(N)_

\/21”A—|—1<p§M p<yv2n+1
2n + L
II r I] »™ (2.28)
p<2n+1 p<\/ﬁ
Tak kak N|K, 10 1o jemme 2.2 umeem

In(2n +1) < In(2n + 1)
—  lnp

wl(¥) < w8) = |

Ho Torpma mpaBoe HepaBeHCTBO TeopeMbl 2.3 JaéT

5v2n+1
[T 2™ < (@n+ 17025 < (20 + 1)loee V2T = 45V2FT

p<+v2n+1

BocrnonbzoBasiiich ornenkoil causy (2.24) mis aucia N, a Takxke JieMm-

Inp

Moit 2.5, u3 (2.28) Haxognm

2 ]_ 2n+1
M<N<”;-4§4W“P (2.29)
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Jlerxko mposeputs, uto dynkius f(x) = 2% - 27% Monoronno yonizaer
ma MHOXKecTBe = > 4. [lockonbky f(4) = 1, To nmpu aodbom x > 4
BBINOJIHAETCA HepaBeHcTBO 2 < 2%, B wactmoctn, mpu & = /2n + 1
maxopum 2n + 1 < 22"+ Teneps u3 nepasencrsa (2.29) cieyer

22n—|—1 < 2\/271-‘1-1 . 4% . 45\/2714-1

2
2n+1< §(2n+ 1)+ 11v2n + 1.

13 nociiejinero nepapeHcTBa Haxojaum n < 544, BolpeKku yCJIOBUIO 1 >
600. [TomyunBieecs TpoTUBOPEYNE JOKA3BIBAET CYIIECTBOBAHKE ITPOCTO-
ro 4ncjia, yTBEPKIaeMOro JIEMMO. ]

2.4 JIzera-dyukina Pmmana m cBoiicTBa IPOCTBIX
quceJa

JzeTa-yHKIMS ONpeIesIsaeTcs psaaioM

(.¢]

1

C(s) = — (2.30)

n=1

[To wcropudyeckum MpuarHAM €€ apryMeHT MPUHATO 0003HAYATEH OYyKBOi
s. Kak u3BecTHO M3 KypcoB MareMaTHueckoro anaimsa, psaj (2.30) cxo-
JUTCS IPU KAXKJIOM JieficTBuTesibHoM s > 1 u pacxopurcest npu s < 1.
Takne psgpl MpU PA3IMIHBIX 3HAYCHUSAXK § W3ydas Ditiep. Brocmes-
CTBUU Ji3eTa~-DYHKIUS CTajla PACCMATPUBATHCH, KaK (DYHKIMS efiCTBY-
TEeJIBHOTO nepemenHoro § > 1. Eé croiicrBa TeCHO CBsi3aHbI €O CBOIi-
CTBAMU MHOXKECTBA IIPOCTHIX YMCEJ, YTO I103BOJISET MCIOIL30BATH J1Jist
MCCJIEJIOBAHKsT TTPOCTHIX dncess MeTofbl Teopun yukuii. Cremyoriee

yTBep2KAeHUe Ha3bIlBaeTCs mootcdecmeom iiepa.

Teopema 2.5. IIpu xascdom s > 1 cnpasedauso mootcdecmeo

() =T (1 _ i) o (2.31)

S
» p
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[Ipasast yactb ToXKjecTBa (2.31) copepuT GECKOHETHOE KOJIUIECTBO
comnozkureseii. Ilog Takum GECKOHETHBIM MPON3BEIEHNEM TOHIMAETCSI
IpeJies1 KOHETHOIO [POU3BE/IEeHN s

P -] (1-L)"

S
p<x p

pU T, CTpeMsiieMcs K OECKOHEUHOCTH.

Hoxaszameavcmeo. Ionb3ysich (hopMyJ10it 111 CYMMBbI “4JI€HOB OECKOHEU-
HO yOBbIBaOIIEl reOMETPUIECKOH TPOrpeccu, HaXOIM
1\ " 11
DTO paBEHCTBO CIPABEJIJIMBO IIPH JIFOOOM IPOCTOM P U JH0OOM § > 1.
Bbibepem HEKOTOpOE YUCJIO & > 2 U IYCTh 2 = p; < py < ... < p, Bce
npocThie Yncia, He npepocxojsime . [lepemuoxumM paperncrsa (2.32)

JUIsl BCeX MPOCThIX uuces p < x. B pesyJibrare mojyuunTcst
~1

P =]] LI P > == ! = (2.33)

S
=1 p; feyood, P17t Pr

IJie ClipaBa CTOUT ODECKOHEUHasI CYMMa, B KOTOPOil mokazarenn ki, . . ., k,
HE3aBUCUMO IIPOOEraroT MHOXKECTBO BCEX IEJIbIX HEOTPHUIATEbHBIX Y-
cesi. CoraraeMbie B psijiax (2.32) MOJOKUTEIbHBI, TOITOMY CONJIACHO T€O-
peMe O IePEeMHOXKEHUHU PsiJI0B, PABEHCTBO (2.33) Oy1eT BBIIOIHATHCS KakK
ObI MBI HU YIOPSJIOUNBAJIK CJIaraeMble B €r0 IIPaBoil YacTh. ¥ OPSI0UNM
UX 110 BO3paCcTaHUIO 3HaMeHaTeeil.

Cpenn 9TuX 3HaMeHaTes el HeT OJMHAKOBBIX, BEJIb 110 OCHOBHOM TEO-
peMe apudMEeTUKU PaBEHCTBO

k ke _ 0 0,
Pyt Py =P Dy
BBITIOJIHSAETCS JIUID B ciaydae ky = 0y, ...k, = {,. [loaromy (2.33) mox-

HO mepenumncaTb B BUIE

1 1
U DRI U, L

bty (P17 D)
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rje 3Hak ' 0003HAYaeT, YTO CyMMUPOBAHUE MPOUCXOJAUT 110 BCEM HATYy-
paJbHBIM YUCJIAM, PACKIAILIBAIOIIAMCS B IIPOU3BEACHUE TIPOCTBIX P <
x. Ilo ocnoBHOi#l Teopeme apudMETUKK KaxKJ0€ HATYPAJLHOE YHUCIO 11
PaCKJIQJIBIBACTCS B IPOM3BEJICHNE TIPOCTBIX. ICHO TakyKe, 4TO B Ciydae
n < & 9TU TPOCTHIE He TPEBOCXOAT x. [losTomy paBercTBO (2.34) MOXK-
HO NEepeNnucaTh B BHJIE

Pa)=3 -+ (2.35)

n<x n>x

[Tpeobpasys ero, HaxoIuM

0<P@)-Y =Y<L (2.36)

n<x n>x n>x

Bropoe nepaBencTBo (2.36) BBITOIHIETCS B CHIIY TOTO, ITO B €r0 MPaBOii
JaCTH CyMMUPOBAHNE TTPOUCXOAUT MO OOJIBIIEMY MHOYKECTBY HATYPaJIb-
HBIX 4HCEJI, & CaMU cjlaraeMble nojoxkuresbhbl. [IpaBast dactsb (2.36)
CTPEMUTCA K HYJIIO C DPOCTOM &, BeJIb 9Ta CyMMa €CTb OCTATOK CXOJAIIle-
rocst psja (2.30). Ho rorma

, 1
lim P(z) = lim — =((s)
T—00 T—00 ns
n<x
Tox recTBO Ditjiepa JOKA3AHO. o

[Tpexjie, 1emM BBIBOJUTH CJICJICTBUS STOTO TOXKJECTBA, MbI JOKAYKEM
OJTHO BcIOMOTaTesibHOe yTBepKaeHre. OHO Oy/ieT MCHOMb30BATHCI U B
nanbueiimeM. [losroMy joKaxkeM ero B HECKOJIBKO OOJbIIel OOIHOCTH,
4eM 3TO 1MoTpedyeTcs 3J1eCh.

Jlemma 2.6. 1. Ipu sawbom namyparvnom N cnpasediusv, Hepasem-
cmea

N
1
In(N+1) <> ~ <I(2N +1).

n=1
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2. Cywecmeyem npeden

1
li ——1 = 0.
dm |2y e ) =0

Yucnennoe 3navenue npejena pasuo v = 0,5772156649. ... Drta ma-
TeMaTUuYeCKasd KOHCTaAHTa, TaKas »Ke KakK 7 UJIM €, HOCUT Ha3BaHue 1oCcTo-
SIHHO# Diisiepa. B orimune or IByX MOCJIEIHUX KOHCTAHT, apudMeTnie-
CKHUe CBOMCTBA MOCTOSHHOM Difjepa MoKa He MOIJAI0TCS NCCIEI0BAHMISIM.
[Ipeanosaraercs, 9To v uppalronabHa, HO 9TO B HACTOAIIEE BpeMs He
JIOKa3aHO.

oxazamenvemeo aemmor 2.6. pu mobom peiicrsurennpaom t > 0 cipa-|
BeIMBO HepaseHcTBo In(1 4 t) < ¢, jierko JoKa3blBaeMoe, HAlpuMep, ¢
ucronb3osanuem juddepeniuposanus. C ero nomorpio npu t = 1/n,
rje n — NPOMU3BOJIbHOE HATYyPaJbHOE YUCIO, HAXOAUM

1 1
In(n+1)—Inn=1In (1 + —) < —. (2.37)
n n

[IpocymMupoBaB 9T HEepaBEHCTBa JJIA BCEX IEJBIX N U3 IPOMEXKYTKA
1 <n < N, naiigém
N

Z > (In(n+1)—1Inn) =In(N +1).

n=1 n=1

S|

Touno Tak ke JIeKO TPOBEPUTH, UTO MpHU JIIOOOM t W3 WHTEpBaJa
0 <t < 1 cnpaBennuBo

In(1+1¢)—In(l —1t) > 2t.

[TocraBiisisi B 910 HEPABEHCTBO t = %, HAXO/JUM

1
— <In2n+1) —In(2n —1).
n
CkutajibIBast 9TM HEpaBeHCTBa st n = 1,..., N nogydaem
NN
- < In(2 1) —In(2n —1)) = In(2N +1).
> < S man 1)~ n(zn = 1) <IN + 1)

n=1
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DTO 3aBEpIIACT JI0KA3ATEIHCTBO MIEPBOIO YTBEPKJICHUST JIEMMBbI.
st mokazaTebCTBa BTOPOTO YTBEP:KICHHUST 0003HAUNM

N

1
sN:ZE—ln(Nqu).

n=1
C nomorpio zepasercrsa (2.37) npu N > 1 nonaydaem
1
SN — SN_1 :N—ln(N—l—l)—l—lnN>0,
T.. SN BO3PACTAOIIAs T0CIEA0BATEIBHOCT. B TO 2Ke BpeMsi 13 1epBoro
YTBEPIK/ICHUST JIEMMBI CJIEJ[yeT HEPABEHCTBO
sy <In(2N +1) —In(N +1) <In2,
TaK 9TO MOCIIEJ0BATEIBHOCTD Sy OrpaHndeHa. Kak W3BeCTHO, JIOKa3aH-
HBIE CBOJICTBA O3HAYAIOT CYIECTBOBAHUE MPEJIE/IA
|
v = lim Z——ln(N—l—l)

N—o0 n
n=1

[Tpu mr060om N > 1 umeem sy > 51 = 1—In 2. [Tosromy v > 1—1n2 > 0.
[Iycts x > 1 — peiicrBuTenbHoe uncao. Torma

1 1 —
E — —Inz = s+ In([z] +1) —Inx = s, +In <1+ﬂ>.
ngxn i

C pocroMm x mepBoe cjaaraeMoe B IMPaBOil YaCTU IIOJIYYUBIIErOCs: BbIpa-
JKEHHS CTPEMUTCA K 7Y, & BTOPOE CTPpEeMHUTCd K HyJqo0. JlemMMa Jokazana
[MOJTHOCTDBIO. []

[Tepeitem Tenepb K BbIBOJLY CJACACTBUN U3 TOXKJIECTBA, Jiljepa.
CaencrBue 2.10. IIpu mobom x > 2 cnpasediuso HepaseHcmao

11 (1 - ]19)_1 > Inz.

p<z
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3aMeTrM, 4TO M3 3TONO HEPABEHCTBA CJIEyeT OECKOHEYHOCTb MHO-
»KeCTBa MPOCTHIX 4nces]. Beab, ecim MHOXKeCTBO MPOCTBIX KOHEYHO, TO
(pyHKIMS, CTOsAIIAsA B JIEBOI YacTH HEpaBEHCTBa IIOCTOSHHA [IPH BCEX JI0-
CTATOYHO OOJIBIIIUX T, HO IIPaBasi 4acTh 3TOIO0 HEPABEHCTBA CTPEMUTCS
K OECKOHEYHOCTH.

Joxazameavcmeo. V3 (2.35) cejyer HepaBeHCTBO
1\ 1

111~ ) P

p<z

crpaBeinBoe mpu JioboMm s > 1. [lepexoms B HéM K nipefieny npu s — 1
1 TIOJIB3Y$Ch MTEPBbIM yTBepH(,zLeHI/IeM JeMMbl 2.6, HAXO/IUM

H<1—1> >Z Z—>ln +1)>1Inz.

p<z p n<x

[]

B npeapiayiiem naparpade Oblia JoKa3aHa pacXoJUMOCThb psjia U3
ancest Bujia 1/p, tie p - npocroe wucao. Jlokaxkem HECKOJILKO Gosiee
TOYHOE YTBEPXKICHIE,

CanencrBue 2.11. Ilpu ./L?O6OM T > 2 cnpasedauso HepaseHcmaeo

Z >Inlnx — 1.

Joxazameavcmeo. I3 wepasencrsa In(1 +¢) < t nput = 1/(p — 1)

clesyer
1\ ! 1 1
In{1-—- =In(1+ < .
p p—1 p—1

CyMMUpyst 3TH HEPABEHCTBA TTPU BCEX TPOCTHIX P < T, HAXOANM

(- B E B G-

p<z p<x p<x p<x

<y - +§:(n_1—5)=§:%+1

p<x p<w
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[Ipumensis K JieBoit yacTu oueHky u3 ciejacrsus 2.10, noaydaem Tpedy-
eMoe HepaBeHCTBO. ]

Qitsiep Takxke Haies (POPMYJIbI, CBI3LIBAOIINE 3HAUCHUS JI3€Ta -
(yHKIME B 9ETHBIX MOJOXKHUTEIbHBIX TOUKaX ¢ uucjgoMm 7. Hampuwmep,

7.(.2 7.[.4 7T6

(2 == =g  «6)=5r"
90’ 945
J1s1 3Ha4enuii B HeUETHBIX TOUKAX MOJ0OHBIE COOTHOIICHIS HEU3BECTHDI.
[Ipejmonaraercs, 4To OHU HE CYIIECTBYIOT.
Hecmorpsi Ha To, uro psij (2.30) pacxogurcs npu s < 1, jzera-
(DYHKIMIO MOXKHO ONPEJEIUTh U [IPU TAKMX 3HAUYCHUAX aprymenTa. Ha-
IpUMEp, IpU § > 1 CIpaBesIuBO TOXK IECTBO

> 1 <1 1 1 1
1 — 92t = — 9 -1 - — = — — ...
( )C<S) Zns Z <2n>8 9s + 35 48 +

[Tocsieiuuit psiji, kKak uzBectTHo, cxopurcst npu s > 0. I[TockosibKy MHOXK M-

Tesb 1 — 217 ornuen or mysa ma MHOXKecTBe 0 < 5 < 1, 9TO PABEHCTBO
MOXKHO pacCMaTpUBATh KakK OIlpejeseHue ja3eTa-pyHKIUUT B UHTEPBaJe
0<s<1.

B 1859r. B. Puman® oupesesust n3era-pyHKIUIO 1IPU JIOOOM KOM-
IJIEKCHOM 3HAUYEHUU S ¥ YCTAHOBUJI PsJi €€ riybokux cBoiictB. OH TakKe
nepBbIM KCIOJIb30Ba obosHadenue ((s) misa Gynkiuun (2.30), noayans-
el Brocjie/ICTBUKM HasBaHue j3era-pyHkins Pumana. Kak ¢ynkius
KOMILJIEKCHOI'O TIEPEMEHHOI0 § = 0 + it Ja3eTa (PYHKIMS aHAJUTATHA BO
BCEX TOYKAX KOMILIEKCHOI IJIOCKOCTH, 3a MCKJIIOYEHHEM TOUYKH S = 1,
rJIe OHa MMEEeT TOJII0C TEPBOTo nopsijika. Izera-dyukuus ((s) obnagaer
CUMMeTpHeil OTHOCHTEIBHO TOYKM § = 1/2, a MMeHHo yJ0BJaeTBOpsIeT
HEKOTOPOMY (hbYHKIIMOHAJbHOMY ypaBHeHU0. OHa obpalaercs B HYJIb B
TouKax s = —2,—4,—6, ..., a, KpoMe TOro, KaKk Ipeanoioxuil Pumamn,
nMeer OeckoHedHoe kosimdecTBO HyJieir B nosioce 0 < o < 1, pacroJio-
YKEHHBIX CAMMETPUUIHO OTHOCUTEILHO PAMOR 0 = 1/2 u BewecrBenHoi

5Bepuxapa Puman, 1826-1866, — HeMenknii MAaTeMATHK, OKA3ABIIHI CyMECTBEHHOE BINSHAE HA
Pa3BUTHE TEOPHUH AHATUTUYECKUX (DYHKINM, TEOMETPUN U TEOPUU YUCEJ.
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ocu (sror dakr 6611 jokazan B 1893r. ZK. Anamapom®). Puman shicka-
3a71 6e3 JI0KA3aTeNbCTBA U TPHOIMKEHHYI0 GOPMYITy’ I KOTMIeCTBA
takux HyJeil B npamoyrosbHuke 0 < o < 1,0 < ¢t < T. O Takxe
npenooxku, 4ro see nyau ((s) B nosoce 0 < o < 1 B jeiicrBuresin-
HOCTH JIeXKAT Ha TpsaMoii o = 1/2. Dra rumoresa — 3HaMeHuTast "THITO-
te3a Pumana'"we jokasana 1o cux nop. Puman mokazaJsi, 9To noBejieHne
dbyukiust () TeCHO CBA3AHO ¢ pacnosioxkenuem nyJeit ((s).

Paccmarpusast j13era-pyHKINIO, KaK (PYHKIIMIO KOMIIJIEKCHOI'O Tepe-
mennoro, 2K. Anamap u [I1.2K. Banme-ITyccen® yetanoBumm ToOUHbBIH 110
psiIoK pocra dbyHKmu m(x), jokazas B 1896r., uro

x m(x)

w(x)Nm npu T — 00 T.e. mh_)rgowlnx

~ 1. (2.38)

DTO yTBEPKJIEHUE HA3BIBACTCH acumnmomuyeckut 3akon pacnpedese-
nuA npocmux wucen. Beam ¢(x) — HaTypasabHblii orapudM HanMeHbIITe-
ro 00OIIero KpaTHOro BCEX HEJbIX THUCENT 1, YIOBIETBOPSIONINX HePaBeH-
cram 2 <n<zwuf(zr)=>
dopmyt

p<z lﬂp, TO KaxKZlasd N3 aCUMIITOTHYECKNX

P(x) ~ x, O(x) ~ x, npu & — 00

9KBUBAJEHTHA paBeHCTRY (2.38).

Basuie-Tlyccen jast u onieHky To4HOCTH, ¢ KOTOPO# (hynkius z/Inx
npubsmKaeT (). BaxkHyio poib B JI0Ka3aTeIbCTBE CHIIPAJIO YTBEPK J1e-
Hue 00 OTCYTCTBUY HYyJel n3eTa~-DyHKIMN PuMana B HEKOTOPOit obracTn
nosochbl 0 < o < 1. [Ipw 3TOM BBISICHMJIOCH, 9TO JIJIsT BCEX JIOCTATOTHO
Oosblinx = yHKIMst 7T(2) Jiydiie npubInKaeTCsi MHTErPaioM

/xd_u
o Inu’

geMm orHowmenreM x/ Inx. VI3 cipaBejidBOCTH HeJJOKA3aHHON! TUIIOTE3bI

67Kax Axamap, 1865-1963, — dbpaHIy3cKuil MaTeMaTUK.
"Eé nokazas B 1895r. memenkuit MaTeMaruk Xanc ¢gpon Manrompar, 1854-1925.
81Mapms XKan ge aa Banme-Ilyccen, 1866-1962, dbpaHIyscKuii MaTeMATHK.
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Pumana moxHo BbIBECTH OLCHKY

W(x)—/ du <cyzlnz,
2

Inu

TJle ¢ — HEKOTOpas TOJOKUTEIbHasT TTOCTOSTHHAS.

Hakowerr, mpuBeIEM OJTHO dJIeMEHTapHOe YTBEPXKICHNE, SKBUBAJIEHT-
Hoe runorese Pumana. Ilycrs N — marypaJibHoe unciio. Pacronoxnm
Bee pobu a/b ¢ ycioBusimu

0<a<hb, (a,b) =1, b <N,

B TIOpsijIKe BO3pacTanusi, 1 obosnauanm ux 15, 1 < k < M. Takas nocie-
JIOBATEeILHOCTD HasbIBaeTcsa padom Dapes nopadka N. dcno, aro xomu-
yecTBO Jpodbeit M B psge @apest 3apucut or N. s cipaBeainBocTn
runoresbl PuMana HeoOX0MMO 1 JI0OCTATOYHO, YTOOBI IPK KaxkaoMm € > 0
CYIIIECTBOBAJA, 3ABUCAIIAs TOJLKO OT &, mocrognnas C', Ipu KOTOPOi
Juisd Bcex N > 1 BBINOJTHSIETCS OIEHKA,

M k

D10 HepaBeHCTBO O3HavaeT, uTo Apobu psaga Dapes He JOTKHBI CIUII-
KOM CHJIbHO OTKJIOHATLCS OT COOTBETCTBYIONIMX APOOEit, MoJydeHHbIX
nenenneM orpeska [0; 1] na M paBHBIX dacreii.



I'taBa 3

Apudmerndeckne pyHKINN

B Teopun dmcesn BeTpedaeTcs MHOXKeCTBO GyHKIUR. Apudmernieckn-
MU MPUHSATO HA3bIBATH BOOOIE MNOBOPsI KOMIIJIEKCHO 3HAYHbIE (DYHKIIUH,
olpesieIEHHbIE Ha MHOXKECTBE HaTypaJbHBIX unces. CBoiicTBa HEKOTO-
PBIX, HauboJIee BaXKHBIX U3 HUX, Mbl OOCYJIUM B 9TOM IJIaBe.

3.1 MyapTunanKaTuBHble (DyHKIIUA U UX CBOWCTBA

Oynkuust 0(n), onpeesienHas Ha MHOYKECTBE HATYPAJbHBIX THCEJ, Ha-
3BIBACTCS MYAOMUNAUKAMUGHOT, €CITU JJIsd JTIIOObIX JIBYX B3aMMHO IIPO-
CTBIX HATYPAJbHBIX YUCEJ @ U b BBITIOJIHSIETCST PABEHCTBO

0(ab) = 0(a)0(b).

Hanpuwmep, st smo6oro jeicreuresibHoro wucaa s dyukius #(n) =
n® ecTb MyJbTUILIMKaTUBHAsA DyHKius. Jlajgee Mbl BCTPETUM U JIPYrUe
IPUMEPBI MYJILTUILINKATABHLIX (DYHKIIMIL.

Eciu 6(n) — ne paBHas TOXKJIECTBEHHO HYJIIO MYJIbTUILIMKATHBHAS
byukiust, o 0(1) = 1. [elicrBuresibHO, €CiM HATYPaJbHOE YUCIO
TakoBo, 4ro f(a) # 0, o umeem 0(a) = 6(a-1) = 0(a)f(1). Cokpaiuas
5T0 paseHcTBo Ha #(a), maxomum 1 = 6(1).

JItoboe HarTypasbHOe 4Uncjio a > 1 eauHCTBEHHBIM 00pa30M TIPE/I-
CTABJISICTCS B BUJE NPOU3BEICHUS IPOCTHIX COMHOXKUTEICH, T.e. a4 =

72
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plfl Ce pf’“. [Tosromy Jijist MyJIBTUILTHKATHBHON byHKIMN 6(n) nme-
eM

0(a) =0(py") - ...-0(pf) = [ 6™, (3.1)

TaK 4TO, JH00as MyJbTUIIMKATHBHAST (DYHKIMST OJIHO3HATHO OMpPEIeisi-
ercst 3a/laHneM eé 3HAUCHUH Ha CTENEHsIX TPOCTHIX YHCEI.

Bostee Toro, 3a1aB mpou3BOIBHBIM CITOCOOOM (DYHKIHIO Ha CTEMEHSIX
MPOCTHIX YHCES U ONPEJICSINB €6 3HAYeHNsT Ha BCEX HATYPATbHBIX THCIaX
¢ TIOMOIIIBIO paBeHCTB (3.1), Mbl MOJLYYUM MYJIBTUILUIMKATHBHYIO (DyHK-
IO,

[IponsBesierne MynbTUIIMKATABHBIX (DYHKIUI €CTh MYyJIbTHIIHKA-
tuBHas Gynkiys. JeficrBurensro, ecin 6(n) = 61(n) - 02(n), rae 61(n)
u B2(n) — MyJabTUILIMKATUBHBIE (DYHKIUU, TO JIJIsA JIOOBIX JBYX B3aUMHO
MPOCTBIX HATYPAJbHBIX THCET @ U b nMeem

0(ab) = 61(ab)f2(ab) = 01(a)B1(b)02(a)by(b) = O(a) - 6(b).
OnumreM emé oJuH cnocod CTPOUTH MYJIbTUILIUKATUBHBIE (DYHKIIAH.

Jlemma 3.1. ITycmov 0(n) — mysvmuniukamuenas Gynruus u @Gyrk-
yua f(n) onpedesena pasencmeamu

fn)=7) 6d), n=1
dln

ede cymmuposanue nPoucrooum no 6cem HaAMypPasbHLLM 0CAUMENAM
yucaa n. Toeda f(n) — mysvmunivkamuenas Gynruus, u

fn) =] +06(p)+ 0 +...+0(p"™)). (3.2)
pln

3decv npoussederue 6EPEMEA NO BCEM NPOCTBIM DCAUMENAM YUCAA T,
a vp(n), kak u 6 napazpade 2.2, ecmv KPammocmo, ¢ Komopotl p 6xodum
6 PABNOANCEHUE T HA NPOCTIBLE COMHONCUMENL.
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Hoxazamesvemeso. s jokazarebcTBa MyJbTUILIMKATUBHOCTH (PYHK-
mun f(n) paccMoTpuM Kakne-HUOYIb J[Ba HATYPAJTHHBIX B3AUMHO MPO-
cThIX uncia a u b. Kakiplii HaTypaJbHbI geuTesb d ducia ab eguH-
CTBEHHBIM 00Pa30M TPEJICTABIISIETC B BUIE TTponsBeiennst d = dids, Tjie
di|a, ds|b. TTosromy mmeem

flab)=) 0(d)=) > 6(d)b(dr) =

d|ab dyla da|b

> 0(d) | [ D 0(d) | = fa)f(b).

d1|a d2|b

Taxkum obpasom, Gpyuxuus f(n) MyJbTUILIMKATUBHA.
k
[Tonb3ysCh My TbTHITMKATHBHOCTBIO I 1 = Py - ... - i maxommm

r

Fn) = F@) - fl) =TI+ 00) + 002 + ...+ 0(})).

J=1

U 510 3aBepiiaer J10Ka3aTe/bCTBO JIEMMbI. ]

3.2 @®yaknoua Méeduyca nm popMyJIbl obpalieHns:

Oynxupneit Mébuyca! p(n) nassBaercs MyabTHIIMKATHBHAS QYHKIMS,
OlpeJleJIEHHAs Ha CTENEHSX MPOCTHIX YUCeJ CIIe/YIONUM 00pa3oM

pp)=-1, ") =0, k>2

HOJIBSYHCB MYJIbTUITJIMKATUBHOCTBIO €€ MOXKHO J001peNeJIMTb Ha BCEX
HaTypaJIbHbIX YHCJIaX CJAedYIOoInuM o6pa30M

Lop(l) =1

2. p(n) =0, eciu n geauTesi Ha KBajpaT MPOCTOrO YUCIA;

3. u(pip2 ... pr) = (—1)", ecsin Bce mpocThie YUCTA P1, P2, - - -, P PA3-
JIAYHBL.

LA.@. Mébuyc, 1790-1868, - HeMeIKmil MaTeMATHK U ACTPOHOM.
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Hanpuwmep,

p(5) = pu(7) = -1, w(6) =p(10) =1, u(8)=pu(9)=0.

DOyukiust (4(n) Mo ONpeIeseHrio IBIIeTCs MyJIbTHIINKATHBHO#. [To-

9TOMY OyJIeT MyJIbTUILIMKATUBHON 1 dyHnkuus 0(n) = % B jajbheii-

eM MBI CUHATAeM, 9TO § > 1 — (PUKCHpPOBAHHOE IEHCTBUTENLHOE THCIIO.
Pagencrio (3.2) auist Boibpannoil dyukunu 6(n) npuHuMaer Bu/

C(lf) =] (1 - pi> . (3.3)

dln pln

DTO PaBEHCTBO CIPaBEJJIMBO JJisi JIFOOOIO HATypaJbHOI'O M U JIHOOOro
JeHCTBAUTEJBHOTIO YUCIIa S.

Boibepem n = [ |

CMOTPUM JIBE CyMMbI de “Cgf) MYy %. YuursiBast, aro u(d) = 0,

ecin d JEIUTCs Ha KBaJpaT MPOCTOIO UHUCJIa, 3aKJII0YAEM, UTO KarKJI0e

p<z P TP HEKOTOPOM JIOCTATOYHO OOJIBIIIOM T U pac-

HEHYJIEBOE CJTaraeMoe BTOPOI CYMMBbI COJIEPXKUTCS CPEJIA CIIaraeMbIX Tep-
Boit cymmbl. [Toaromy

p(d) p(d) 1
—_ < —

D D B B

dln d<z d>x

1, 3HAYUT,

1 d 1
[I(-5)-25% <Zs
p<x d<z d>x

[Tepexons B 9TOM HEpaBEHCTBE K NPEeJeIy NMpH & — +00 U MOJb3yaCh
TOXKJIECTBOM Dityiepa (Teopema 2.5), HAXOIUM

SN0 e

S
1 P p

Taxkum obpaszom, pyukius Mébuyca numeer camoe HENOCPEJICTBEHHOE OT-
HollleHue K j3era-pyHKun Pumana. B yactnocTu, runore3a Pumana o
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HYJISIX JI3eTa-PYHKIIMU 9KBUBAJIEHTHA OlCHKE
1/2
> utd) =0 (a2,
d<x

npu J11000M CKOJIb YTO/IHO MAJIOM MOJOKUTEILHOM E.

MOXKHO MPOBEPHUTH C MOMOIIBIO TOXKIECTBA Diiepa, UTO PABEHCTBO
(3.4) 9KBHBAJIEHTHO CJIELYIONIEMY yTBEDPXKIEHHUIO, KOTOpoe OyIeT JI0Ka-
3aHO HezaBucnMo ot (3.4).

Jlemma 3.2. Cnpasedausol pasencmesa

Zﬂ(d) _ {(1) ecaun =1,

ecau n > 1.
dln

Hokazamenvecmeo. PaBeHCTBO B citydae n = 1, 0O9€BUIHO, BBIOJTHIETCS.
[Tycrs gasnee n > 1. [TockonbKy j4(n) — My IbTUILIMKATHBHAS (DYHKIIMS,
10 paBeHcTBO (3.2) u onpejenenve Gyukiun Mébuyca garor

> u(d) =@+ pp) =o0.
dn pln
JlemMa Jl0Ka3aHa. H

Cutestytornee yTBep:k ieHne Ha3biBaeTcst popmysioit odbpariennst Méou-
yca.

Teopema 3.1. ITycmov f(n) — npoudsosvhas GyHKGUA HAMYPAALHORO

ap2ymenma u
g(n) = f(d).

dln
Tozda cnpasedaueovr pasencmea

fm) =Y n(dyg (%) (3.5)

dln
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Joxasameavcmeso. Tlpu n = 1 umeem g(1) = f(1), u rpedyemoe pasen-
CTBO BBIIIOJIHSACTCS.
[Tycrs panee n > 2. CorsacHo onpejesieHnto GyHKiun §(n) Haxogaum

> onld)g (5) = Do ud) D fle) =Y £(e) D uld).
din i

dln % cln

[To siemme 3.2 cymma ng p(d) orsmuana or HyJist ML B Clydae ¢ = n.
YUuTHIBas, ITO B MOCAETHEM CIydae OHa paBHa 1, moydaeM Tpedyemoe
pPaBEHCTBO. ]

YKazKeM Ternepb HECKOJIBKO Oojiee ob1iee TOXKIeCTBO, eM (3.5), Jiexka-
Iee B OCHOBe TaK HasbiBaeMbIX 'MeTo0oB perrera. CBsi3b 3TOr0 TOXK e~
CTBa C pemeroM dparocdena, MOTUBUPYIONIasl Ha3BaHUe, YKA3LIBACTCS
Jajiee B mpumepe 1.

Teopema 3.2. IIycmo aq, ..., a, deticmeumenrvhvie u by, ..., b, namy-
panvrvie wucaa. i 1106020 namypasvrozo d nosostcum

Cq = E Qj,
j - dlb;

ede cymmuposanue sedemcea no ecem undexcam j, das xomopux by de-
aumes wa d. Tozda cnpasediuso pasencmeo

Z,u(d)cd: Z aj. (3.6)

CymMupoBaHue B JieBoil cymMmMme paBercTBa (3.6) MPOBOANTCS MO BCeM
HaTypPaJIbHbIM d, a B IPaBOil CyMMe — 0 BCEM MHJEKCaM j ¢ YCJIOBH-
eM b; = 1. 3ameTuM Taxzke, UTO JIMIIL KOHEUYHOE KOJUIECTBO UUCEN Cq
OTJIMYIHO OT HYJIsl, BeJIb MHOXKECTBO JiejiuTesieit unces by, . . . , b, KOHEUHO.

Hoxaszameavcmeo. C MOMOMIBIO JIEMMBI 3.2 HaXOIUM

D_id)ca = pld) Yy as =D i} pld)= > .

j:dlb; g=1 " djb; J:bj=1
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Teopema 3.1 ecrb vacTHbBIN ciiy4dail nociejgHero yreepxkjenus. Jleii-
CTBUTEJILHO, TIYCTh N NMPOU3BOJbHOE HATypaJbHOe ducio u 1 = by <
by < ... < b, — BCe ero HarypaJbhble gesurenu. dus dyuxuun f(x) us
Teopembl 3.1 nonoxknm a; = f (n/bj). Torma

=Y Fufb)= 3 Flnfedy =g ().

j:d|b; c|n/d

rie g — dyuknus, onpeaenaénnas B Teopeme 3.1. YunTbiBas, 9To ¢g = (
npu d 1 1, HAXOJUM PABEHCTBA,

S oa= X f(3) = s Su@a=Yut (4).
jibi=1 J d

13 KOTOPBIX, B cuity (3.6) cremyer pasencrso (3.5).
C npunoxkeHusIMHU TeopeMbl 3.1 MBI elllé BCTPEeTUMCS B JIaJbHENIIeM.
Ceituac ke pacCMOTPUM HECKOJIBKO TPUMEPOB TPUMEHEHUST TEOPeMbI 3.2.
ITpumep 1. Ilycts o > 2 — peiicrBuresibioe u D — HaTypaJibHOE
ancia. [lonoxxum B Teopeme 3.2 r = [z], a; = 1, bj = (§,D) npu j =
1,...,r. Torna

0 ecmdfD,
> -
2] ecan d|D.

Pagencrio (3.6) nprobperaer cieyromiunii Bu/

> ould) 5] =, (3.7

d|D

rie N — KOJIM4ecTBO HATYPAJbHBIX UhCe] N < T, B3AUMHO IIPOCTBIX C
D.

Ecin soibpars D = [] p, uucio N B dopmyiie (3.5) paBHsieTcst KO-
Py
4eCTBY HATypaabHbX 1, 1 < n < T, He NMEIMUX IPOCTLIX JeJNUTeei

p < y. Takum obpazom, yucjio N — 1 paBHsieTcss B 9TOM CJlydae KO-
JINUECTBY HATYPAJbHBIX YUCEST N Ha OTpe3ke Yy < n < T, OCTaBIIIXCS
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HEBBIYEPKHYTBIMH, 10OCJIE TPOCEUBAHNS PEIeToM IJpaTocdeHa ¢ moMo-
HIbI0 BCEX MPOCTBIX YuCesa p < 4.

Boibepem D = [] p. Tak kax Kaxkji0e COCTABHOE YUCIIO N < X UMEET
p<Vz
npocToit geaurens p < /z, To yenosuio (j, D) = 1 B paccmarpuBaeMoM

CIIydae yJI0BJIETBOPSIIOT JIMIID MPOCTHIE YUCIA P U3 MPOMEKYTKA /T <
p < z u uucio 1. [losromy N = w(x) — n(y/x) + 1 u pasencrso (3.7)
MOYKHO TIEPENUCATh B BUJIE

n(w) = w(va) =1+ uld) 5] (3.8)

d|D

rie D = [] p. Honyuusuiyiocs: hpopmysly MOXKHO HUCHOJIB30BATH JIJIst
PV

BhluncIeHus 3nadenunii pynkipn 7(x). OHako, cymma, Crosiias B pa-
BOit gacTu (3.8) COMEPKUT CIAUIIKOM MHOTO CJATAEMBIX, U 9TO 3aTPY/I-
HACT BBIYUCJICHUS.

Boibpas D = [] p, MmoxkHO nosyuurs (popmyiy, TpeOyIOILy O 3Ha-
p<ix

YUTEJSHHO MEHbIIEro 00béMa BblUUCICHHUI.

IMpumep 2. Ilycrs © > 2 — peiicrBurenbioe yucao u r = [x]. s
Kaxkjioro j < @ ompejiesiuM b; Kak HauOosbliee 11ej10e YUCJI0 S ¢ yCIo-
suem s°|j. [onoxnm Takxe a; = 1. Torya

- Ti-[z
J+dlb;
1 110 Teopeme 3.2 HaxO/uM
>ould) | 5] = D 1=1(@), (39)
d Jjib;=1

rjie T'(x) — KOMMYecTBO HATYPATBHBIX YUCeT N < X, He JEJSIUXCsT Ha
KBaJIpaT 1eJ1010, OosbInero 1.

CymmupoBanue B jieoit uacru (3.9) NpOBOJUTCSI 110 BCEM HATYDAJIb-
npiM uncaam d < /7, seap npu d > 1/ umeem [z/d?] = 0. Orbpacbipas
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3HAKU 1EJI0H 4acTh B 9TOM CyMMe, Mbl COBEPIIKMM OILIKOKY, HE IIPEBOCXO-
nsiryio /2. [losromy paserctso (3.9) MoxkKeT ObITH IEPENUCAHO B BU/IE

T@)=zy “C(if) +O(Va). (3.10)
d<\/x

CYMMa B IIOCJIEAHEM PaBEHCTBE €CTb YaCTHUYHasdA CyYMMa PALad

—pd 16

Bamenstsi vacTudryo cymmy B (3.10) cyMMOit psijia, Mbl COBEPIIUM OIITHO-
Ky He [PEBOCXOJIAILYIO0 OCTATOYHOIO YJIeHa U, 3HAUYUT, MEHbIIYIO, YeM

1 1 1 1
YLy <___>:_. (3.11)
2 _
e d e d—1 d [V/]
Ho rorma paserctso (3.10) MOXKHO TiepenucaTh B BUJIE
6

[TonyduBmieecss paBeHCTBO MOXKHO MHTEPIPETUPOBATH CKa3aB, ITO MPH
cyiydaifHOM BbIOOpE HATypaJIbHOIO YuCjIa U3 MHOXKeCTBa 1 < T C Be-
POSITHOCTHIO OJIMBKO# 11pu Gobinux T K 6/ 72 Mbl HOJIYYUM HYHCIO, HE
Jlesisieecs Ha KBaJpaT MeJoro Yucia, OTJIUIHbIN oT 1.

3.3 @yskouga Jditaepa

Juist kaxK10ro 1esioro uuciaa n > 1 0bo3Hauum cumMBooM ©(n) KoJiu-
YEeCTBO HATYPAJLHBIX YUCEN, He NPEBOCXOAANIMX 1 U B3AUMHO IPOCTHIX
¢ n. Ipyrumu cioBamu ¢(n) ecTb KOJIUIECTBO TEJbIX Yuces k, yIoBje-
TBOPAIOIINX YCIOBUSIM

1 <Ek<nmn, (k,n) = 1.
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Tak onpejiejieHHy0 (DYHKIMIO HATYPaJbHOI'O apryMeHTa N Ha3blBAIOT
dbynknueir Jitnepa.

B uacrnoctu, umeem (1) = 1. Cpeau uuncen 1,2,3,4,5,6 B3auMuo
npocrbivu ¢ 6 siBssitores jaiib 1 u 5. [losromy ¢(6) = 2. [Tis kax10ro
MPOCTOTO YHUCTa P JUIIL OJHO U3 Uucen cpeaud 1,2,....,p He B3aUMHO
IIPOCTO € P, & UMEHHO caMo uucyio p. [Tosromy ¢(p) = p — 1. Eciiu n =
P’ ecTh cTerneHb MPOCTOro YHUCja, TO HEeTPUBUAJIbHBIN OOIIUil J1e/iuTes b
C M MOIYT MMETb JIMIIb YUCIA, JeJAIInecs Ha p, T.e. dnucia Buja pk.
Hepasenctso pk < p” BbImonHsercs 11s nesbix uncen k < p"~! u Tonbko
quts aux. [Hosromy

-1 -1
p(p)=p" —p" =p" -(1-p ).
CaoiicTBa (pyHKIME Diijiepa ONUCHIBAIOTCS CJIEIYIONIEil TeopeMoii.

Teopema 3.3. 1. Jlra 2106020 namypasvnozo n > 2 6bNOANHAECNCA Pa-

- a(-)

pln

6EHCINE60

2. Qynxuyus Jisepa MYALMUNAUKAMUBHA, M.€. OAA A00VT I8YT Ha-
MYPAALHVLT 63GUMHO NPOCTNBLT YUCEN G U b umeem

p(a-b) = ¢(a) - (b).

Ilepsoe doxasamesvcmeo. Ilo nemme 3.2 npm sgr0bom HaTypajbHOM k
BBITIOJTHSIETCS PABEHCTBO

Z u(d ecin, (k,n) =

dl(om) 0 B mpoTUBHOM cJlydae.

[Tosromy cripaBeIJInBO TpejiCTaBICHUE

I

k=1 d|(k,n)
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Bce uncia d, npucyrerByiomme B Oy YMBIIEACS JBOTHON CyMMe, sIBJIsSI-
forcs geauTenaMmu qnciaa n. CobepeM BMecTe cjaraeMble 3TOH CyMMbI,
OoTBevalole OJHOMY M TOMY 2Ke JiejiuTesio d ducia n. flcHo, 9To oHH
OyyT MOsIBIASITHCs Tpu k jejsimuxcs Ha d, T.e. npu k = d,2d,3d, . . ..
[Tocnenunm u3 HUX OyaeT Yucao kK = n, a KOJUIECTBO CJIaraéMbIX, OTBe-
JaroIux GUKCUpoBaHHOMY 3HadeHuIo d paBHo 7. Takum obpasowm,

o) =Y () = 30 ) (312

dln dln

[lepBoe yTBep:KjIeHHE TEOPEMBI CJIEJIYET OTCIOA € MOMOIIBIO PABEHCTBA
(3.3) mpu s = 1.

Bropoe yrBepkjeHue TeopeMbl MOKET ObITh BBIBEIEHO U3 [EPBOIO ¢
MOMOIIBIO OCHOBHOH TeopeMbl apudmeruku. JleficTBurenbHo

1 1 1
gp(a)-gp(b):aH 1—- -bH 1—- :abH 1— =) = p(ab).
p p p
pla plb plab
JIpyrumu cJIoBaMu 3TO PacCy K JeHIe MOXKHO epecKa3aTh TaK: U3 IepPBO-

IO YTBEPKJCHUST TEOPEMBI CJieJlyeT, 9To (DYHKINs Difjepa ecTh Npon3Be-

1— l), a IOTOMY

JleHue ABYX MYJbTUILTHKATUBHBIX (DYHKIUN 1 1 Hp|n ’

OHa MYJIbTUILJIMKATHUBHA.

[Iepoe yrTBepkeHre TeopeMbl 3.3 cpasdy »Ke CAeyeT U3 TeOPEMbI
3.2, ecam monoxuth B Heit a; = 1,b; = (j,n) npu 1 < j < n. [Ipuse-
JIEHHOE BBIIIIE JIOKA3aTe/LCTBO MO-CYIIECTBY MOBTOPSIET JJOKA3aTEbCTBO
TEOpPEMbI 3.2 B 3TOM CIElUaJIbHOM CJIyHae.

Hoe mokazaTeabcTBO TEOPEMBI 3.3 OCHOBAHO Ha CIEIYIONIEH JeMMe.

Jlemma 3.3. Jlasa 4106020 Hamypasvio20 n 6vinOAHACTNCA PAGEHCNEO
> o(d) =n.
dln

Hokaszameavemeo. Ilycrs r - pennrens unciaan u A, - MHOXKECTBO YUCE
k w3 coBokynuocru 1,2, ..., n, yaoBiaerBopsomux yciaosuio (k,n) = r.
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Kaxiblii ssiemMenT MHOXKecTBa A, JIQIMTCs HA T U, 3HAUUT, UMEET BUJL
k = rl ¢ nekoroppim £,1 < £ < 2. Ilo crepersuio 2.4 u3 reopembr 1.3
cipageiuBo pasenctBo (k,n) = r(f,n/r), U3 KOTOPOro cjieipyer, 4To
BKJIfoueHnue k € A, BBINOJHSIETCS B TOM M TOJBLKO TOM CJIydae, KOrja
(¢,n/r) = 1. TloaTOMY KOIUYECTBO JIEMEHTOB B MHOXKeCTBe A, paBHO

p(n/r).
Muoxecrsa A, sl pasJUuHbIX T[N, OUEBUJHO, HE NEPECEKAIOTCsI, &
X 00'beJUMHEHNE COBIaIAeT C COBOKYNHOCTBHIO 1,2, ..., n. I[Tosromy

Z e(n/r) =n.
r|n

Ecnu r npoberaer Bce euTeNN UCAA 1, TO N/T TaKxKe IpoberaeT Bee
nemuresin n. O6osnauus d = n/r, nojgydaem

> w(d) =) en/r)=n.
dn rln
DTO 3aBEPIIACT JOKA3ZATEIbCTBO JIEMMBbI. ]

[IepBoe yTBepzKpeHre TeopeMbl 3.3 MOAYUACTCI U3 PABEHCTBA, JIEMMbI
3.3 ¢ momotibio GopmMyJibl obpartenust Mébuyca (Teopema 3.1), mpume-

nennoit Kk dyuxiusm f(n) = p(n) u g(n) = n.

3.4 Cywmma gesiiTeseil u 4YUCJIO AeJauTesieil HaTypa-
JIbHOTO YUCJIa

[Tpu mr060M HaTypaabHOM § GyHKIMsT N° MyabTuIIHKaTuBHA. CoryracHo
jgeMMe 3.1 MyJIbTUILJIMKATUBHON Oyjier u pyHKIus

oy(n) =) d°.
dln

[Tpu s = 0 Tak nostydaercs pyHKIKsA

7(n) =og(n) = 1
dln
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- KOJIMYECTBO Jiejureseit n, a npu s = 1 — pyHKIus

o(n) =o01(n) = Zd
dln

- cymma sresinresteit aucita n. O6e 3tn GyHKINN MyJIHTHTINKATHABHBI.
k
Ecim n = p}* -+ pfm 10 1o semme 3.1 numeem

T(n)= (k1 + 1) (kn + 1)

1 m m pkj-l-l 1
ks C
o(n) ZH(1+pj+"'+pj):ij_—_1
; J

7=1 j=1

BameTuM Takxke, 4To T(n) paBHO KOJMYECTBY PEIIEHUH B HATYDPAJIb-
HBIX YKCJIaX T,y YPABHEHUS T - Y = N.

[peBHerpevueckue MaTeMaTuKu BbIJIEJUJIN KJIACC YUCces, 00J1a/1aBIInX
C X TOYKHU 3peHUsd HEKOTOPOl BHYTPEHHE rapMOHUE, TaK Ha3bIBACMbIX
cosepwennvir wucen. Lenoe uncno N > 1 Ha3bIBAETCS COBEPIICHHBIM,
€cJIM OHO PaBHO CyMMe CBOMX cOOCTBeHHbIX jesnteneit. [lojg cobcrBen-
HBIMHU TI0JPAa3yMeBAIOTCs JEJUTEeIU, OTJAUYUHbIE OT caMoro umcia. Tax
COOCTBEHHBIMU JIeJIUTENsIMU ducia 6 dABjsgiorcs uuciaa 1,2,3 u, B CHIY
paBeHcTBa 14243 = 6, uucso 6 corepiiienHo. Kie ojiHruM coBepiiieHHbIM
qucyiom siBJisiercst 28. Hucso 5 "aepocrarouno” | y Hero cymma cobcTBeH-
HBIX JeauTeseit papaas 1 caumkoM Maja. A ancio 12 "usdsrrouno', ero
cyMMa COOCTBEHHBIX JiesuTesieil papaa 16.

o cux 1op He M3BECTHO CYIIECTBYIOT JIM HEYETHbIE COBEPIIEHHBIC
JUCIa. DTO OJHA U3 HEPEIHIeHHBIX JIPEBHUX IPO0JeM TeOPUU UUCE.

CTpyKTypa YeTHBIX COBEPIIEHHBIX YMCEJ OIUCLIBACTCS PE3yIbTaTaMu
Esknga n Ditnepa.

Teopema 3.4. Yemmnoe wucao N > 0 cosepwenno mozda u moavko
moeda, xo2da ono umeem eud N = 272" — 1), npunem 2" — 1
NPOCMOe YUCAO.
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Hanpumep, 6 = 2 - 3, npuuem 3 = 22 — 1 — npocroe uucio, a 28 =
22.7u 7 =2%—1 taxxe npocroe uncio. [Ipocrsie uncia suga 28 — 1
HA3BIBAIOTCA npocmoimu wucaiamu Mepcenna® Y13 Tox nectsa

A" —1=(a—-1D1+a+--+a"?)

caeslyeT 4To YUC/I0 2k _ 1 e m, k HaTypaJbHble YUCTIa, JIEJTUTCI Ha
2k — 1. Tlosromy umciio M, = 2P — 1 moxeT ObITH HPOCTBIM JIMIIb B
ciydae, ecjim p — npocroe duciao. Tak My = 3, M3 = 7,M5 = 31 u
M; = 127 — npoctbie uncia. C KaxKJbIM U3 HUX CBA3aHO HEKOTOPOE
cosepriennoe unciao. Ho sor 21 — 1 = 2047 = 23 - 89 mpocThiM He
sipyisiercst. Coepyionme npocrbie unciaa Mepcerana — Mg, Myg, M3 u
Mg:. B maparpade 2.1 ykazanbl caMble OOJIbIIIIE U3BECTHLIE B HACTOSIIIEE
BpeMsl IIpOCThie uncia Buga 2P — 1.

[Ipegnosaraercsi, 9T0 MHOXKECTBO NMPOCTHIX duces Mepcenna, a, 3Ha-
YUT, ¥ MHOYXKECTBO YETHBIX COBEPIIEHHBIX 9HCes OecKoHedHbl. OIHAKO
9TOT (PAKT He JOKA3aH U SIBJISIETCS ellle OJIHOM JpeBHeil mpodaeMoil Teo-
pUN YKCeI.

oxasamesvcmeo meopemor 3.4. JJokaxkeMm cHadaja yTBep:xKaeHne EB-
KJIMJIa, T.e. COBEPIIEHHOCTh YKa3aHHBIX B TeopeMe 4uces. ToObI 1po-
BEPUTH 9TO BOCIIOJIL3YEMCsl BbIBEJICHHON BbIlIe (POPMYJION i CYyMMbI
nenureneit uncaa. Ecan ¢ = 2" — 1 npocroe unciio u N = 2" - g, To
nMeeM

2n+1_1 2_1
o(N)="——. L=
2-1 ¢-1

= (2" —1)(g+1) =¢-2"" =2N.

OJHUM U3 c1araeMbIX CyMMbI geauresieii o(N) gBagercs 1 caMo Jucjio
N, nosromy cymma cobersennbix jesnreneir N pasua o(N) — N = N,
T.e. N COBepIIeHHO.

Terepb JIOKaXKeM yTBep:KjieHne Ditgepa, 9TO KaykJ10e COBEpIIeHHOe
YUCJI0 UMeeT BU/I, yKasaHHbIi B TeopeMe. IIycrs N = 2" -a coBepiennoe
qucsio, npudem n > 1 u a vederno. Tak kak uucia 2" u a B3aUMHO

2Mepcenn (1588-1648) - dbpaniysckuii MaTeMaTHK.
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HPOCThI, & CyMMa JIeJIUTEIEH YnuCia — MyJbTUILJIMKATUBHAS (DYHKIIMSI,

MMEeM

o(N) =0(2") -o(a) = (2" — 1)o(a).
Yuaurbisast, uro N cosepiiennoe uucio, r.e. o(N) = 2N, nonayuaem
ypaBHEHHE

2"t g = (2" — 1)o(a).

Orciofa, Tak kax 2" 1 2771 — 1 gzammuo mpocTeie Ynca, 3aKI09aeM,
uTo @ jeaures na 2" — 1, re. a = (2" —1)b ¢ HekoTOpPBHIM HATYPAJIDL-
neiM b u o(a) = 2", Ecm b > 1, To pasznauunsie 9uca a, b, 1 apaswor-
s leuTenaMu a, Tak 9ro o(a) > a+b+1 = o(a)+ 1. [Tonyuusieecs
nporuBopeune ozuadaer, uro b = 1 u o(a) = a + 1. Cuegosaresbho,
a uMeeT JumIb jaBa genutets 1 u a. Ho Torma a = 2" — 1 — npocroe
YUCJIO. [

3.5 Omnenkm cpejgHero 3HavYeHus apupMeTmIecKux
dbynakImii

Apudwmerniaeckue pyHKIMN KaK MPABUIIO BEAYT ¢ceOsi O9€Hb HEPeryJIsip-
Ho. [Toaromy mpejicTaBIsioT HHTEPEC YCPEHEHHDIE XaPaKTEePUCTUKU UX
IOBEJICHNUS.

Paccmorpum chauana Gynkuuio 7(n).

Teopema 3.5. IIpu N — 400 cnpasedausa ciedyrowas acuMnmonmu-
weckan popmyaa

Y 7(n)=NInN +O(N). (3.13)

[Tockosibky T(M) €CcTh KOJMUYECTBO PElIeHUH B HATYPAJbHBIX TUCIAX
2,y yPaBHEHUS T-Y = N, TO CyMMa, U3 TEOPEMbI, JIJIsi KPATKOCTU Mbl 000-
sHauuM ee cuMBojioM U(N), paBHa KOJUYECTBY PEIICHWH B HATYDAJIb-
HBIX YKcax T,y Hepasencrsa T -y < IN. ['eomerpudeckn ra BeJMInHa
MOXKeT ObITh MPeJICTaB/IeHa, KaK KOJIMYECTBO TOYEK 11ePBOI'O KBaJIPaHTa
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C TEJIBIME TIOJIOYKUTEIHHBIMU KOOP/IMHATAMH, JIEXKAIIUX Ha W IO/ I'UIep-
oosoit x -y = N.

Hoxasameavcmeo. Us dopmynst 7(n) =, 1 cnenyer

UN)=> ) L

n=1 djn

[Tomensiem B 9TO# JBOWHON CyMMe HOPsiIOK CYyMMUPOBaHUsi, cjiejas d
BHelIHel nepemennoit. [Ipu ¢pukcupoBaHHOM 3HaUEHUN d TIepeMeHHasT N
IpUHUMAET 3HAaUYeHUsI KpaTHble d, T.e. d, 2d, . ... Obo3nauus n = dk, 1mo-
JIyUUM, 4TO HATypaJbHOe Yncio k mensiercsi B unrepsaje 1 < k < N/d.
Takum obpasom, dukcuposanHomy snauenuto d coorsercrsyer [IN/d]
claraeMbIX JIBOIHOI cyMMbI, paBHBIX 1. [ToaTomy

d=1

OTOpOCHB B KaXKJ0OM CJIAaraeMOM 3HAK [EJIOH TaCTh, Mbl COBEPIITUM OITHO-
Ky, HEe NPeBoCcxo/slyto eutuibl. Oyukius ke U(N) usmenurcs e 60-
nee, ueM Ha N. [loaTomy

U3 nemunr 2.6 cneyer >,y 5 = In N+ O(1). Hosromy ans pynkipm
U(N) nosydaeM acuMinroruieckoe paseHcrso (3.13). O

Cpejnee 3nadenue dyHkiunn 7(n), T.e. BeJIHInHA

T(1)+7(2)+ ...+ 7(N)
N

COIJIACHO TeopeMe 3.5 MpuMepHo paBHa In V.
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B nacrosiiee BpeMs U3BECTHLI Pe3yJibTaThl HAMHOIO 0oJjiee TOYHbBIE,
aqem dopumyita (3.13). B 1849r. dupuxie gokasas, 9To

> 7(n)=NInN +(2y — )N + O(N") (3.14)

¢ 0 =1/2. B 1903r. sror pesyabrar 6611 yeuien [.D. Boponbim?, jgoka-
saBiuM, 9to dopmyia (3.14) sepra npu jobom 6 > 1/3. Dror pesyib-
Tar Takxke yrounsics. Ho uzsecrro, uro dopmyra (3.14) npu § < 1/4
y2Ke HeBepHa.

Teopema 3.6. IIpu N — 400 cnpasedausa caedyrowan acuMnmomu-
weckan Hopmysa

Y o(n) = %QWQNQ +O(NInN). (3.15)

Jokasameavemso. [ycrs V(N) — cymma u3 popMysMpoBKH TEOPEMBbI.

VIN) =Y "> d

n=1 djn

Torna nmeem

3aMeHUM B MOJIYIUBIIENCS IBOWHON CyMMe NepeMeHHyI0 CyMMUPOBAHUs
n HOBO# mepeMennoit k, monoxus n = dk. Hosbie mepementbie cymMmu-
poBanusi d, k OyjayT mpoberarh BCe Tapbl HATYPAJIbHBIX TUCEJT, YIOBJIE-
TROpstionne HepapenctsaM d - k < N. Torma

N
VIN)= > d=>_ Y (3.16)
d-k<N k=1 1<d<N/k
[Ipu nrobom t > 1 cupaBeyinBbI paBEHCTBA

» d= WTJFU _lpl O(t). (3.17)

2
d<t

3Boponoit Teopruii ®enoceesny (1868-1908) - pycckuii MmaremMaTux.
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[Tosromy u3 (3.16) Haxoanm

S s==2
k=1

" 1
[Ipu srom Gyzer cosepirena onmobKa, OneHIBAECMAasT BEJUIHHON ), o 7z

< %, cM. (3.11), 4To, IPUBOJMT K HYKHO# acCHMIITOTHYECKOIT (hopMyJie.
[]

3 Teopemnr 3.6 cieayet, 9TO cpejiHee 3HAUYEHUE CYMMBI JIeJIATE el
1.2
PaBHO NPUMEpPHO 757~ V.

Teopema 3.7. IIpu N — 400 cnpasedausa caredyowan acuMnmomu-
weckan Hopmysa

S g(n) = %NQ +O(NIn N). (3.18)

I3 onpenenenus Gyuximn Ditiepa ciepyer, 4To 3HadeHne @(n) pas-
HO KOJIMYECTBY HECOKpaTHMbIX Jpobeii - uz nmpomexyTka 0 <t < 1 co
3HAMEHaTesJeM 7, a CyMMa U3 (POPMYJHUPOBKKM TEOPEMbl paBHA KOJIHYe-
CTBY HECOKPATUMBIX JIpobeit co 3HameHaresieM He 6osbimuM N Ha TpoMe-
xkyTke [0; 1]. Ob1mee ke KOMMIECTBO Iap HEJIbIX YUCes M, N ¢ YCJIOBUEM
1 <m <n < N pasho

NN+1) 1

> on= — = §N2 +O(N). (3.19)
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[Tosromy pesyiibrar TeopeMbl 3.7 MOXKHO BbIPpa3uTh MHAUYE, CKA3aB, 4TO
BBIOMpPAas CIydailHbIM 00Pa30M mapy LeJbIX YKUCeJ 1M, N, YIOBJIETBOPSIIO-
mux HepapeHcTBaM 1 < m < n < N, MOXKHO MOJIYYUTh HECOKPATHUMY IO

JIpOOBb € BEPOSITHOCTHIO % =0,6079....

Joxazameavcmeo. Obosnaunm cymmy u3 (3.18) cumposom S(N). To-

718, TOJIb3YsICh paBeHcTBOM (3.12), Haxoanm

N N

S(N) =Y o(n) = an%d).

n=1 n=1 dln

3aMeHNUM B MOJIyUMBINECs JIBOWHON CyMMe TTepeMEHHYI0 CyMMUPOBaHUS
n HOBO# mepeMennoit k, monoxus n = dk. HoBbie nmepeMennbie cyMMu-
poBanus d, k OyayT npoberarh Bce Mapbl HATYPAJIbHBIX UHUCE]I, VIOBJIE-
TBOpsttonne HepapercTtsaM d - k < N. Torna

S(N)= > k-p(d) =) pd) Y & (3.20)

d-k<N 1<k<N/d

U3 pasencrsa (3.17) ciiejiyer, 9To BHyTPEHHsIst CyMMa B IPABOii 4acT
(3.20) paBna % + O(N/d). Tlopcrapnsisi s10 Bhipaxkenue B (3.20) u
nosib3ysichk Tem, uro |u(d)| < 1, naxogum

S(N) = N; ”O(;) +0 (NZ é) . (3.21)

d<N d<N

[Tosib3ysich o1eHKOM JIeMMbI 2.6 3aK/II049aeM, 9To

N? < p(d)

2 d?
d<N

S(N) = +O(NnN).

d .
3aMeHnM Tereph KOHEUHYIO CYMMY Y .-y % CyMMOI1 psajsia

pd 1 _ 6
Z d? _C(Q)_WQ'

o)
d=1
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" 1
[Ipu srom Gyzer cosepiena ommnbOKa, OLEHNBAEMas BEIUIUHOA Y ;- v ¥
< %, cM. (3.11), uT0, HAKOHEIL, TPUBOJUT K HYKHOW ACCHMITOTHYECKOI

dopwmye. [



I'1aBa 4

HucaoBble cpaBHEHU S

4.1 CpaBHeHHus 1 X OCHOBHBIE€ CBOIICTBA

[Tycrs m > 2 nesoe uuciio.

Onpenenenne 5. J[6a yeavir wucaa a u b Has3ui6a0mces cpasHuMLMU
no modyato m, ecau ml(a —b), m.e. ecau ur pazHocms OEAUMCA Ha M.

Yucao m Ha3bIBAETCS MOJLYJIEM CDABHEHUSI.
OrHollleHre CPaBHUMOCTH OOO3HAYAETCA CUMBOIOM a = b (mod m)
1 00J1aIaeT CIICYIONIUMIE JIETKO TIPOBEPSEMbIMU CBOHCTBAMU.

1. a =a (mod m) dasa arbozo uenrozo a.
2. Ecau a =0 (mod m), mo b= a (mod b) (mod m).
3. Ecaua=b (mod m) u b= c (mod m), moa=c (mod m).
Hampuwmep, nmociesnee CBOCTBO ciie/lyeT U3 paBEHCTBA
a—c=(a—b)+ (b—rc),

MOCKOJIBKY 00a caraeMbIX B MPaBOil 9acTw JIEATCA Ha 1.
Eciin pasnocrs a—b He jesurest va m, Oygem nucarb a Z b (mod m).
[Tposio/izkuM ClIMCOK CBOMCTB CpaBHEHUI.

92
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4. Ecaua =0 (mod m), c=d (mod m), mo

a+c=b+d (modm),
a—c=b—d (modm),

a-c=b-d (modm),

m.e. CpaHERHUA TLO OaHOMy U momy atce J\/LOdy/L?O MOIHCHO NOUYNEHHO
CKAAOBLEAMD BHIYUMAND U YMHOIHCAMD.

JlokazareabcTBa TpeX YKa3aHHBIX CpaBHEHUN CIEIYIOT U3 PABEHCTB

b+d)—(a+c)=(0b—a)+ (d—c),
—(d—c

(b—d)—(a—c)=(b—-a) ),
bd —ac=(b—a)d+ (d—c)a

A CBOUMCTB JICTUMOCTH.

U3 cpoiicrBa 4 ciejyer TakaKe, 4TO K JiI0OOH U3 dacTeil cpaBHEHMS
MOXKHO IpUOABUTh JTI000E YUCI0 KPpATHOE MOJLYJII0, 00e JacTH CpaBHEHUSI
MOYKHO YMHOXKHUTh Ha, OJHO W TO Ke TIeJI0e TUCJIO W BO3BECTH B OJIHY U TY
JKe HaTypaJIbHYIO CTerneHb. B pesy/brare nmosyydarcst BEpHbIe CPDABHEHMUS.

B wactrocTH, orcoma ciegyer, uto ecian a = b (mod m) u P(z) —
IIPOM3BOJILHBII MHOTOUIEH C IeJIbIMU KO3 DUIMeHTaMU, TO

P(a) = P(b) (mod m).

[ToiobHOE CBOICTBO BBLIMOMHSIETCS U JIJIi MHOI'OWIEHOB OT HECKOJbKHUX
MePEeMEHHbIX.

5. Ecau ab = ac (mod m) u (a,m) =1, mo b= c¢ (mod m).

HeitctBuTesibHo, coracHo yeaosuto m|(ab — ac) = a(b — ¢) u Tak Kak
IIPpU 3TOM M U @ B3aUMHO IIPOCTDI, TO MO cjiefAcTBUio 1.2 n3 TeopeMsbl 1.3
noaydaem m | (b — ¢), a 9170 1 TPEHOBAIOCH.

YesioBue B3aumuoi nipocrorbl (a,m) = 1 B nocjiejHeM cBoicrse cy-
mecrBento: 4 = 0 (mod 4), o u3 aroro He ciepyer, uro 2 = 0 (mod 4).
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6. Obe wacmu cpasnenus U MOOYAb MOACHO YMHOACUMD HG A1000€
OMAUNHOE OM. HYAA “UCAO, Mm.e. u3 cpasherus a = b (mod m)

npu d # 0 caedyern ad = bd (mod md).
Nz m|(b— a) ciegyer md|(b — a)d = (bd — ad).

7. Obe wacmu cpasHenus u MOOYAL MOACHO PA3IesUMD Ha UT 00U
MHOMCUMEND, M.€. u3 cpasnenud ad = bd (mod md) npu d # 0
caedyem a = b (mod m).

N3 md|(bd — ad) = d(b — a), ouesujno, ciaepyer m|(b — a).
8. Ecau a =b (mod m), mo (a,m) = (b,m).

JleiicTBUTENILHO, W3 YCIOBHUSI CJIEAyeT, 9To0 b — a = mc ¢ HEKOTOPBIM
nejaniM ¢. Ho Torma b = a + mc u MHOXKeCTBO OOIIUX JeuTeseil dn-
ceJl @ U M COBIIQJIaeT ¢ MHOXKECTBOM ODIUX JejauTeseil uncea b m m.
B wacraocTn, HambOJIbIINE SJEMEHTBl 9THX MHOXKECTB COBIIQJIAIOT, T.€.

(a,m) = (b,m).
9. Ecau a =b (mod m) u dm, moa=b (mod d).

CoriacHo ycioBuio b — a = mc ¢ HEKOTOPBIM TEJIbIM ¢. Tak Kak d|m,
orciofa cieayer d|(b — a).

10. Ecau cpasnenue a = b umeem mecmo no HECKONbKUM MOJYAAM,
mo OHo uMeem Mecmo u no Mooy, PasHOMY HAUMEHBULEMY 00-
WEeMY KPAmmomy smux Mmodysed.

HeiicrBurenbho, ecim a = b (mod m;), j =1,2,...,7, 70 pa3HOCTb 4 —
b nenures Ha Kaxkaoe u3 unces m;. I1o reopeme 1.2 MOXKHO yTBepKJ1aTh,
410 @ — b JleIuTCs Ha HauMeHbIee o0Iee KpaTHOe MOJIyJIel my, . .., M.

Kaxk npocreiiimii mpuMep MCIoJIb30BaHUsl CpaBHEHUIT, JIOKaYKEeM, 4TO
ypaBHeHue

z? — 5yt =3 (4.1)
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HE MMeeT PeLICHUI B IE/bIX YUCIaX. IIPenoaosKuM, 9To Hejble Yucia
11 b yIOBIETBOPSAIOT JAHHOMY ypaBHEHUIO, T.e. a’—5b? = 3. Torna a? = 3
(mod 5). Lenoe uyucno a cpaBuumo ¢ ogaum u3 uucesa 0,1,2,3,4 no
mogyiio 5. Torna a? cpaBHUMO 11O STOMY Ke MOJLYJIIO C OJ[HUM U3 YKCell
0,1,22 = 4,3% = 4,4%> = 1. Tak KaK 3 He CPABHUMO TI0 MOJYJIO 5 HH C
oganM 13 uyucen 0, 1,4, IpuxoauM K TPOTUBOPEUHIO, JOKA3LIBAIOIIEMY,
aro ypasHerue (4.1) He uMeeT pereHnii B MesbIX YUCIax.

4.2 Kuaaccel BerueToB. Koabmo KJj1accoB BBIYETOB II0
JAaHHOMY MO/LYJIIO

CaoiicrBa cpapaennii 1-3, copMymupoBaHHBIE B TPE/IbIIY IIEM ITaparpa-
e o3HATAIOT, UTO BCE MHOXKECTBO TEJIbIX UKCe] Pa3duBaeTcs B 00be -
HEeHWe HeMepeceKalonnxcst TTOAMHOYKECTB, COCTOSIINX U3 IUCE, TIOapHO
CPABHUMBIX MEXKJy COOOH. DTH MOJMHOXKECTBA HA3BIBAIOTCSA KAACCAMU
6HIYEMOE TI0 MOIYJIIO M. DJIEMEHTHI KayKJIOTO M3 MOJIMHOXKECTB Ha3bI-
BaIOTCS BBIUETAME ITOrO Kjacca. Kiracc BBIMETOB, COMEpKAIINi IeI0e
qaucio a Gyger 0603HAYAThC . TaknM 06pasoM, @ = b, €I 1 TOJIBKO
ecim a = b (mod m). Hanpumep, xiace sbrueros 0 cOCTOUT U3 BCex
qUCeJI, JeJSIIIXCA Ha M.

Kazk10e 1esioe 9ucio a npejicTaBUMO B BHJIE
a=mq-+r, 0<r<m,

¢ nesbiMu q, 7. OTcojia ciiejlyeT, 9To a U T JieXKaT B OJIHOM KJIacce BbI-
YeTOB W, 3HAUNT, KaXKAbIil KJIaCC BHIYETOB COACPXKHUT IEJI0e YUCIO T U3
npomexxkyTka 0 < r < m. Takum oOpa30M, KOJUIECTBO KJIACCOB BbIUE-
TOB 110 MOJIyJII0 M He mpeBocxoauT m. C Ipyroit CTOPOHBI, KaxKj10e U3
yncen 0,1,2,...,m — 1 JeKUT B HEKOTOPOM KJIACCE BHIYETOB W KJIACCHI
9TH PA3JIMIHbI, BE/Ib PA3HOCTH JIIOObIX JIBYX YMCEJI U3 YKA3aHHOI'O CIIMC-
Ka He JICJINTCSA Ha M. DTU PACCYXKJIEHUsI TOKA3BIBAIOT, UTO CYULECTNEYEm
POGHO M. KAGCCOE 6bl4emMo6 1o MoJyA10 M. KaxKJblil U3 HUX COJIEPIKUT
eJIMHCTBEHHOE Iesioe ducao 1 u3 npomexxkyTtka 0 < r < m, Ha3bBaeMoe
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HAUMEHDULUM HEOMPUUAMENDHOLM BDIYETNOM KAGCCH U TTOTOMY
0o, 1, ..., m-—1

— BC€ KJIaCChl BBIYETOB 1TO MOJAYJIIO 1.
Ha muOXKecTBe KJIacCOB BBIYETOB 110 MOJYJIIO 7717 MO2KHO BBE€CTHU Olle-
palluu CJIIOXKEHUA, BBIYMTaHWA M YMHOXKEHNWS 10 IIPpaBUJIaM

at+b=a+b a—b=a—b a-b=a-b. (4.2)
CaoitcTBo 4 cpaBHEHUI MMOKA3BIBAET, YTO TaK ONPEC/ICHHbIE ONepaIui
HE 3aBUCAT OT BbIOOPA 1pejicTaBuTeiell KiaaccoB a u b u jieficrBuresibHO
SIBJISTEOTCS OTIEPAITASIMU MEK/Ty KJIACCAME BBIUETOB. MHOKECTBO KJIaccoB
BBIYETOB MO MOJLYJIIO 1M C TaK ONPEICJEHHBIMYU OTEPAIUSIMU STBJISETCS
KOMMYTATUBHBIM KOJIBIIOM — KOJIBIIOM KJIACCOB BBIYETOB 110 MOJLYJIIO M.
Bce akcnmoMbl KostbIfa, a TakyKe KOMMYTATHBHOCTD, JIETKO TTPOBEPSIIOTCS
C MTOMOIIBIO CBOWCTB JeJUMOCTH. Posih HYJIEBOIO 9JIeMEHTa 9TOTO KOJIbIa
nrpaer kiaacc 0. JleficTBATENLHO, [ J1I000T0 3IeMEHTa @ MMeeM

a+0=a+0=a7, 0O+a=0+a=a.

Posnb egunnanoro smemenTa — KJace BblYeToB 1

.a:

—_

2l

1=a-1=a, 1-a=

|

HpOBepKa aCCOIMATUBHOCTU YMHO2KE€HU A BbLIIIOJIHACTCA TaK

a-(b-¢)=a-bc=a-(bc)=(ab)-c=ab-¢= (a-b) -

Ql
Ql

HokazareabcTBO IUCTPUOYTUBHOCTH TTPOBOJUTCS CIAEAYIOMNM 00pa3oM

(@+b)-c=a+b-c=(a+b)-c=actbc=ac+bc=a-c+b-c

OcTanbHbIe AKCHOMBI KOJIBI[A TPOBEPSIOTCS CTOJb YK€ HECJTTOXKHBIMU TTpe-
00pa30BaHUIMIU.

B kosblie Z/mZ, Boobiie roBopst, MOTYT ObITh Jlejiuresin HyJst. Ha-
npumep, npu m = 6 umeem 3 - 4 = 12 = 0. I[Iycrb a — nesoe uucio,
d = (a,m), npuuem 1 < d < m. Toraa ¢ HEKOTOPBHIME HEJIBIME YMCIAME
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U, U BBIMOJIHAIOTCS paBeHcTBa @ = du,m = dv u av = udv = um = 0
(mod m). Dro 3nauur, uro @ - v = 0, npuuem v # 0, T.e. @ — JeaUTENDb
HyJIs1 B KOJIblie Z/mZ.

Onpenenum Tenepb rpyniy o6paTuMbIX 3JIEMEHTOB 3TOr0 KOJbIA.

Jlemma 4.1. ITycmv a — yeaoe wucao, 63auMHO NPOCMOE ¢ MOOYAEM
m. Tozda naiidemca uenoe wucao b, ydosaemeoparouiee cpasHeHuIo

ab=1 (mod m). (4.3)
Hoxasamesvcmeo. PaccMoTpuM ducia
a,2a,3a,...,ma (4.4)

OHu He CpaBHUMBI JIPYT C JIPyroMm 1o mojysio m. Benb ecin ak = al
(mod m), tae k, ¢ — HarypaabHbIe YUCIA, HE TIPEBOCXOJAIINE M, TO IO
cBoiicTBy 5 cpaBHenuii Boinonusiercs k = ¢ (mod m), 4To0 BO3MOXKHO
quib B ciaydae k = (. Urak, uncna (4.4) npuHajiiexxar pasaddHbIM
KJIaCCaM BBIUETOB O MOYJII0 M. KoaudaecTBo 9TUX UUCes paBHO M, TO-
3TOMY KaKOe-TO U3 HUX MPHHAJIKUT Kiaaccy 1. Eciu 910 uncno pasHo
ba, 1 <b<m,10ab=1 (mod m). O

[TpuBementnoe HaMu 0Ka3aTEJHCTBO JeMMbI 4.1 He KOHCTPYKTHUBHO.
Ono He no3Bosisier HaiiTu ducsio b, yjaoBierBopsitoliee cpaBHeruio (4.3).
Paccmorpum o anToBO ypaBHeHUEe axr — MYy = 1 OTHOCUTEHLHO Hen3-
BeCTHBLIX T, Y. Coryacno Teopeme 1.5 3T0 ypaBHEHHE Pa3PEIINMO B TEJTbIX
yucsax. JleficTBysi Tak, kak 310 ornucaHo B naparpade 1.4 MmoxxHO HaiiTi
napy uuces r = b,y = ¢, yJloBJeTBOPsOILYI0 paBeHcTBy ab — me = 1.
Torpa ab = 1 (mod m). DTu paccyKaeHus JAlOT €le OJHO JI0Ka3a-
TETHCTBO JeMMbI 4.1.

Ecin niesioe 1ncio a B3anMHO MPOCTO ¢ MOJLyJIeM M, TO 1o jemme 4.1
naiinerca nesoe b, yaosnersopsiomee (4.3). Torna @b = ab = 1 u kmacc
BbIueTOB @ obparum. Eciu xe (a,m) > 1, To 10 JIOKA3aHHOMY BBbIIIIE
KJIACC BBIYETOB @ €CTh JIEJUTENb HYJisl B KOJble € Z/mZ u noromy
obparumMbiM ObITH He MoxkeT. MTak, KJjiace BblUeTOB @ 00paTuM, ecjii u
TONILKO eciu (a,m) = 1.
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[To cBoiicTBy 8 cpaBHeHUil, €C/ii HEKOTOPbIN KJIACC BbIUETOB COJIEP-
YKUT YUCIO @ B3AaUMHO MPOCTOE C MOJIYJIEM, TO BCE BBIUETHI 3TOTO KJIAc-
ca OyayT B3auMHO TPOCTBIME ¢ MojayJeM. [loaTomy cpeam Bcex Kirac-
COB BBIUETOB BbIJICJSIOTCH KJIACCHI, COCTOSIINE U3 JIEMEHTOB, B3aUM-
HO TPOCTBIX ¢ MOTYJIeM. DTH Kiacchl nMeior sua k i 0 < k < m
u (k,m) = 1. KomnuectBo Takux 4ucen k paBHo @(m), T.e. 3ajaércs
dbynknmeit itepa. Vrak, goKkazaHo cjiegyollee yTBepXK IeHne.

Teopema 4.1. Mnooicecmeo kaaccos 6vivemos no modyso m ¢ onepa-
UUAMU, ONPEIEACHHDIMU PAGEHCTNEOM (4.2), 00pasyem KoMMYymMamue-
Hoe KoAbYo ¢ edunuuetd. I'pynna odpamumMvle SINEMERMOE IMO20 KOALUG
cocmoum u3 (M) KAACCO8, HAUMEHLWUE HEOMPUUATNENLHIE GHIYENVI
KOMOPHLT 83AUMMHO NPOCINDL ¢ MOJYAEM.

B gacTHOCTH, €M MOJIYJIh M €CTh MPOCTOe NGO, T.e. p(m) = m—1,
TO KaXK/IbIi1 KJIACC BbLIYETOB, OTJIMYHDLIN OT 0 nmeet OOpaTHBII B KOJIBIIE
Z/mZ. D10 3HAIUT, YTO KOJIBIIO KJIACCOB BLIYETOB 110 IPOCTOMY MOJLYJIIO
eCTh TIOJIE.

Ha s13bike cpaBHeHUil y100HO ONKUCHIBATH TaK Ha3bIBaeMble IPU3HAKN
Jesumocty dnces. Ilpyu Hamuuuy KaJbKyJIdaTopa WM KOMIIbIOTEpa, KO-
HEYHO, yI00HEee BOCIOIH30BATHCS TEXHUICCKUMU CPEJCTBAME, HO HHOT/IA
OBIBAET TOJIb3a U OT BLIYUCJICHMH Ha OyMmare. [IpeamnosoKumM HaM HYKHO
y3HATh, JIGJIUTCS JIU JAHHOE HaTypaJbHoe ducio N Ha HEKOTOpOe JIpy-
roe ancyo d. Vgest Bcex MpU3HAKOB JIEIUMOCTH COCTOUT B TOM, UTOOBI
HOCTPOUTH MeHblee ancyo M, nensineecst Ha d OJHOBPeMeHHO ¢ V.

Crenyroruit o0t crmocod oCcHOBaH Ha MCIOAb30BaHUU JieMMbI 4.1.
[Tycth d — HATYpaJibHOE YKCJIO, B3AMMHO IIPOCTOE ¢ OCHOBAHUEM CHCTE-
mbl cancyenns 10. Torma corsacuo jgemme 4.1 majigercs auciao k, st
koroporo 10k =1 (mod d). [Tycts Teneps N = 10u+v, vae u, v menabie
gyucia. Torpa crpaBeiiiBO CpaBHEHHE 110 MOJYJIIO d

N =10u +v = 10u + 10kv = 10(u + kv) (mod d)

O6oznauum M = u + kv. Ilockonbky uncia 10 u d B3auMHO 1IPOCTHI,
TO U3 cpaBHeHusi cieayer, uro N u M ojgHOBpeMeHHO JensiTcs Ha d.



I'JIABA 4. YNCJIOBBIE CPABHEHI A 99

Tak arTo Bonpoc o jgesumoctn N Ha 9uCI0 d CBOJUTCS K BBISICHEHHUIO,
nenuTcs au Ha d ancyao M. Eciau npu sTom okaxkercs, uro M < N, to
Hallla 3aja4da ynpocTuiach. PaccMorpuM HeKOTOpble IpuMepbl. B HuX
YUCI0 ¥ PaBHO MJiaiiieil mudpe B JecaTuIHOR 3anucu ducia V.

1. d = 7. B srom ciyuae cnpaseniuso cpasuenue 10 - (—=2) = 1
(mod 7) u MoxXkHO B3sATbL K = —2. VI3 CKa3aHHOIO BBIIIE CJIEYET, YTO
qucio N = 10u + v genvres Ha 7 OJHOBPEMEHHO C YUCIOM U — 2.

BaMeHHH JaHHOE YUCJIO N MEHBIIUMU YUCJIAMHU 110 9TOMY IIpaBMJIYy MBbI

OJIyYaeM IOCIe0BaTeIbHOCTD yobiBaoImux uncen N;. Ilycrs, nanpu-
mep, N = 22624. Torna

Ny =2262—2-4 =2254, Ny =225—-2-4=217, N3=21-2-7T=T.

Tak Kak mocjejHee 9UCIO JEJUTCs Ha 7, TO 22624 TakxKe Je/nTcs Ha, 7.

2. d=13. Umeem 10-4 =1 (mod 13) u moxuo B3sirb k = 4. Hucsio
N = 10u + v genurcsa Ha 13 omHoBpeMeHHO ¢ uuciaoMm u + 4v. IlycTs,
nanpumep, N = 32721. Torna

Ny = 3272+4-1 = 3276, Ny = 327+4-6 =351, N; = 35+4-1 = 39.

[Tocneanee auncio genutes na 13, nosromy 32721 takxke jgesnrces Ha 13.

3.d = 17. Umeem 10 - (=5) =1 (mod 17) u moxHO B3siTH k = —5.
Yucio N = 10u 4+ v genurcsa na 17 ogHOBpEMEHHO C UUCJIOM U — DU.
[Tycrsh, nanpumep, N = 39321. Torna

Ny =3932-5-1=3927, Ny =392-5-T=357, N3=35-5-7T=0.

Urak, uncio 39321 penurcs na 17.

[Tpu d = 19 moxuo B3sitb k =2, upu d =23 umeem k =7, u k=3
npu d = 29.

Hnsd =3 nd=9 nveem k = 1 u, Kak JIETKO TPOBEPUThH, TTOJIyIaeT-
Csl U3BECTHBIN MPU3HAK: HAMYPAALHOE YUCA0 JeAumcs Ha 3 uiu 9, ecau
cymma e20 yupp deaumes na 3 uau 9. A B cnyaae d = 11 namypaavroe
wucao deaumea na 11 6 mom u moavko mom cayuae, ko2da sHarouepe-
dyrousanca cymma ez2o yudp deaumes na 11. s qokasaresbcTBa 3TUX
YTBEPKJICHUI HYXKHO TaK»Ke MCIO0Jb30BATh WHJYKIUIO MO KOJUIECTBY

nudp.



I'JTABA 4. YHCJIOBBIE CPABHEHIIS 100
4.3 Ilonnag u npuBeaeHHasi CUCTEMbI BbIYETOB.

COBOKYIIHOCTDL NPEICTABUTENECH BCEX KJIACCOB BBIUETOB II0 3aJAHHOMY
MOJIYJIIO M > 2 HA3BIBACTCA NOAHOT CUCTEMOT 6vi4emo6 O MOJIYJIIIO
m. Hanpuwmep, uncia —2, —1,0, 1,2 cocraBjstioT TOJHYIO CUCTEMY BbI-
9eToB 10 MOAYJ0 5. Eie oinH npuMmep MoJIHON CHCTEMbl BHIYETOB 10
MoLyiio 5 coctaBnstior uncna 0,2,22 = 4,23 = 8,2* = 16. CoBokyn-
HOCTH HAMMEHbBIINX HEOTPUIATEIbHBIX BBITETOB BCEX KJACCOB, T.€. TH-
cen 0,1,...,m — 1, cocrapjisieT MOJHYIO CHUCTEMY BbIUeTOB. Jl1obvie m
YUCeA NONAPHO HECPABHUMDBLE IPY2 ¢ OPY20M 1O MOJYAO T, 00pa3yrom
NOAHYN CUCTEMY BBIYEMOE N0 IMOMY MOJYAN, BEIb OHU MTPUAHAIIEKAT
Pa3INIHBIM KJIACCAM BBITETOB, & KOJWYECTBO WX PABHO UNCIY KJIACCOB.
Habop unces (4.4) npu a, B3BAMMHO TIPOCTOM € MOJLYJIEM 110, COCTABIISIET,
KaK 9TO YCTAHOBJIEHO MPH JIOKA3ATEILCTBE JIEMMBI 4.1, MOJHYI0 CHCTEMY
BLIUETOB. Kimle ouH npuMep MOJTHONR CHCTEMbI BLIUYETOB — COBOKYIIHOCTH
HEJIbIX YHCeJl T, YJIOBJIETBOPAIOIMX HepaBeHcTBaM —3 < x < . 910
TaK Ha3bIBAEMbBIE GOCOMOMHO HAUMEHDUIUE GHLYENM DL KJIACCOB 110 MOJLYJIIO
m. Tak npu m = 5 uMeeM yxKe YKA3aHHYIO BBIIIE MMOJHYIO CHCTEMY BbI-
getoB —2,—1,0,1,2, a npu m = 6 cucremy Boruero —2, —1,0,1,2, 3.

B upepiayiiem naparpadge ObL10 j10Ka3aHo, 4To cylecrsyer o(m)
KJIACCOB BLIYETOB IO MOJIYJIIO 1M, COCTOSIINX M3 UUCEJ B3AMMHO IIPO-
CTBIX ¢ MOJyJieM. JI100oit Habop mpeacTaBuTe el 3THX KIACCOB BLIUETOB
Ha3bIBALTCS Npusedennoti cucmemot sviuemos. Jobwie p(m) wuces, no-
napro HecpasHumvie dpye ¢ dpy2om no Mmooy m u 63auUMHO NPOCMbLE
¢ Modyaem, 00pasyom NPusedeHHy CUCMEMY BblUemOo6 no Modya M,
JIefiCTBUTEILHO, BEb OHU JIE?KAT B PA3JIMIHBIX KJIACCAX, COCTOANINX U3
qUCeJT B3AMMHO TTPOCTHIX C M, & KOJIMIECTBO UX PABHO KOJIMYECTBY TAKUX
KJIACCOB.

Teopema 4.2. [Tycmv a,m > 2, — yeavie 63aUMHO NPOCMBLE YUCAG.
Toeda

1. ecau x npobezaem NOAHYN CUCTEMY BLIMEMOS NO MOJYAIO M, MO
ax+b, ede b — ar0b0e yesoe wuca0, MakrAHce NPobe2aem NOAHYIO CUCTNEM]Y
BHIUETNOE 10 MODYAIO T,
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2. ecau x npobezaem npusedennylo CuCMeMy 6vMeMmos no ModYA0 M,
Mo ax maxxce npobezaem NPUGEICHHYI0 CUCTIEMY BHIYEMOE N0 IMOM]Y
MOAYNI0.

Hoxazameavcmeo. s jokazareibCTBa MEPBOIO YTBEPKICHUS JOCTa~
TOYHO MPOBEPUTH, UTO JJIsi JIIOOBIX JIBYX UHUCET T1 U To, JIEXKAIINX B
PA3IMIHBIX KJIACCAX BBIYETOB IO MOJYJIIO M, Yucaa ary + b u axrs + b
TaK>Ke JIEXKAT B Pa3JIMUHBIX KJIaccaxX BbIUETOB. [IpesmosoxkuM mpoTus-
noe. Torma

ary +b=axs+b (modm).

I3 sT0oro cpaBHeHus ciaejayer, 9ro ar; = are (mod m) u, IOCKOJIbKY
qucaa @, M B3AUMHO NPOCTHI, 10 CBOHCTBY 5 CpaBHEHMIT 3aKJIIOYaeM,
aro 1 = xo (mod m). Ho 970 HeBO3MOXKHO, TaK KaK T1 W Ty TPUHAJLJIE-
JKAT PA3JMIHBIM KJIACCAM BBLIUETOB 10 MOLYJIIO m. IlepBoe yTBepKaenue
TEOpPeMbl JOKA3AHO.

13 cKa3aHHOIO BBILLIE CJIEJLYET, YTO JJIs JTIOOBIX JIBYX Pa3/IMYHbIX YM-
CeJT X1, Lo IPUBEJCHHON CUCTEMBI BLIUCTOB UNCHA AL, AL JICKAT B Pas3-
JUYHBIX Kjaccax BeIYeToB. OCTaJoCh JOKA3aTh, UTO JJIS X, JEXKAIEro
B IIPUBEJICHHOI CHUCTEMe BLIYETOB, YNCJIO AX B3aUMHO IIPOCTO ¢ m. Tak
kak (a,m) = 1 u (z,m) = 1, 10 no cuepcreuo 2.3 u3 reopembl 1.3
saksogaeM, 9ro (ax,m) = 1. Teopema joKazama MOJHOCTHIO. [

4.4 Teopema BuabcoHna

Crenyrolree yTBep:KIeHIE, XapaKTepPU3yIoIee MPoCThie YiC/Ia, Ha3bIBa-

ercst TeopeMoii Buibconal.

Teopema 4.3. /i 4106020 NPocmozo “ucaa P 6biMoIHAECINCA CPAGHEHUE
p—1)!+1=0 (mod p).

Hoxasamesvemeo. dng p = 2 yTBep:KJieHNE, OUYEBUIHO BBIIOJHICTCS,
II09TOMY Jlajiee OyJjieM CUHMTaTh, YTO P HederHo. Ilycrh a — HeKoropoe

131a Teopema Brepsbie Oblma moKazana B 1771r. dpanimyscknM maremaTukoM Jlarpanzkem ()
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nesoe uncao mz npomMexyrka 1 < a < p. Tak kak (a,p) = 1, T0 no
aemme 4.1 cymiecTByer 1mejoe Uucyio b, yjaoBAeTBOPSIONee CpaBHEHUIO
ab = 1 (mod p). IIpu 3T0M MOXKHO CUUTATH, YTO b €CTh HAMMEHbIINL
HEOTPHUIATEJbHBIN BhIUET B cBoeM KJjacce. fcro, ato b # 0, te. 1 < b <
p. Kpome toro, umciio b ompejesnsercs eIuHCTBEHHLIM oOpa3oM. Beanb
ecin aby = 1 (mod p), aby = 1 (mod p), To pla(by — be) u p|(by — bo),
9TO MPU PA3JNIHBIX b1, by M3 mpoMekyTKa 1 < b < p HEBO3ZMOXKHO.
Ecin b = a (mod p),r0a?> =1 (mod p) u p|(a®>—1) = (a—1)(a+1).
Tak Kak p MPOCTOE UHUCIO0, 3TO BO3MOXKHO JIUIIb B CjIydae a = 1 uju
a = p — 1. I3 gokazaHHOrO Cjiefyer, YTO MHOXKECTBO TEJbIX YhCes a
u3 nmpoMexyTka 1 < a < p — 1 moxker ObITh pa3dbUTO Ha Mapbl Pa3/Iny-
HbBIX LEJbIX YUCe @, b, yjaoBierBopsiomux cpapuennio ab = 1 (mod p).

CunenoBaresbHO,
p—2

H k=1 (mod p).
k=2
YMHOXKas 9TO cpaBHEHHE Ha p — 1, momydaem

p—D!=p—1=-1 (mod p).
[]

st cocraBubIX vuces Teopema BuibcoHa, KOHEUHO, HapyIIaeTcs.
Beab ecin nesoe uncino N umeer penurens d,1 < d < N, ro (N —1)!
nemarcsa Ha d. 3uaaur, (N — 1)l + 1 na d me jgenurces, a moTomy He
nennTcsa u Ha IN.

4.5 Teopemnbr Jdiiepa nm Pepma
Cuenyroiee yreepxKaenne 0bu10 Jokazano B 1760r. JI. Ditsiepom u Hocur
ero nMsl.

Teopema 4.4. /laa xaotcdozo uen020 wucia a 636UMHO NPOCMO20 C MO-
AYAeM T GOINOAHACTNCA CPAEHEHUE

a?™ =1 (mod m).
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Hoxasameavcmeo. Ilycrsb rq, ..., 7, — Kakasg-HUOYIb IPUBEJICHHAS CHU-
cremMa BbIIeTOB 10 Moy 0 m. Torma h = ¢(m). Cormacuo Teopeme 4.2
MHOKECTBO YHCEJT AT1, AT9, . . ., AT}, TAKYKE COCTABJISIET TPUBEJCHHYIO CH-
CTeMY BbIUETOB. DTO 3HAUUT, UTO KAXK/I0€ YUCIO0 BTOPOH CUCTEMBI JIEXKUT
B OJIHOM KJIACCE ¢ KAKUM-JIUO0 JIMHCTBEHHBIM THUCIOM TI€PBOM CHCTEMBI
BBIIETOB. [109TOMY CripaBe/InBbl CPaBHEHUS

ary-arg---arp =71y -ro---ry  (mod m). (4.5)

Tak kKak KaxKJ0e U3 YUCes T'j B3AUMHO IIPOCTO C MOJYJIEM, TO CpaBHe-
rue (4.5) MOXKHO COKpaTHUTh Ha Kaxkjoe u3 1. B pesysibrare mosydaem
cpasuenne ¢ =1 (mod m) umm a?™ =1 (mod m). O

Hanpumep, mis m = 10 umeem ¢(10) = 4. B coorBercTBum ¢ Te-
opeMoil Diljepa MOXKHO YTBEPXKJATh, YTO KaxKJI0€ HEUYeTHOe YHUCIO d,
He slesismieecs Ha 5, yaojaersopser cpasienuio a® = 1 (mod 10), T.e.
noceansis nudpa B gecaTuaHoi 3anucu duciaa at pasua 1. U jeitcrsu-
TEJILHO,

1*=1, 3*=81, 7 =2401, 9*=6561.

Paccmorpum eme onund npumep. OnpegeauM mocaeganne Tpu nudpbl
B jgecstuanoil 3amicn uncia 32907, Il 9TOr0 JIOCTATOYHO COCUMTATH
32097 (mod 1000). Tax xak ©(1000) = ¢(8) - ¢(125) = 4 - 100 = 400, u
(3,1000) = 1, To mo Teopeme Ditnepa BomoaHsAeTcs cpasienue 3100 = 1
(mod 1000). Orcrona ciepyer

32007 — (3%09)°. 37 =37 (mod 1000).

Dru cpasuenns oznadaior, 4o 32007 1 37 = 2187 uMeT OJNHAKOBLIE
32007

TPH HocjeAHne TUQPLI, ¥ JeCaTHYHAs 3aUCh YUCIIa OKaHUYUBAETCSI
udpamn 187.
Hist HekoTopbix unces a cpasenne a’ = 1 (mod m) MoxKeT BbIIOJI-

HATBCS ¥ MpU HaTypasibHbix d < ¢(m). Hanpumep, mnsg a = 1 moxKHO
B3aTh d = 1. Vimeem 32 = 1 (mod 8), Torma kax ¢(8) = 4. Moxmno mpo-
seputh, uro 3 = 1 (mod 1000), HO BBIITE YCTAHOBICHO PABEHCTBO
©(100) = 400. Hanmenniiee narypasibhaoe uncio d ¢ yciosuem at = 1
(mod m) Ha3BIBAETCA NOKAZATNEAEM YUCAQ A TIO MOIYJIO M.
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Jlemma 4.2. ITycmv d — nokasamennv wucaa a no modyaro m. Hamy-

k

paavnoe wucao k ydosaemsopaem cpasnenuto a® =1 (mod m) 6 mom

U Moavko mom caysae, xoeda dlk. B wacmmnocmu, dlp(m).
Hoxazameavemeso. st kaxporo k = ds umeem
" =(a’*=1 (mod m).

Joxaxkem yTBepxaenue B obparnyio cropony. Ilycrs a¥ =1 (mod m).
Paznenus k #a d ¢ ocrarkom, noayuum k =dqg +r, 0 < r < d. Torga

a" =’ -a"=a"=1 (modm).

YuanrhiBasi, 9T0 d — HAMMEHBINN HATYPAJIhHBII MTOKA3ATEh ¢ YCIOBAEM
a® = 1 (mod m) u r < d, sakmouaem, uro r = 0. CiegoBaresbHo,
d|k. O

Paccmorpum gacTHBI cirydail Teopembl Ditiepa, B KOTOPOM M = P
ecthb npocroe uucsio. Torya ¢(p) = p — 1 u nosydyaercs yrsepx/jieHue,
Ha3bIBacMOe MaJjoil Teopemoit Pepma.

Teopema 4.5. Ecau uesoe wucso a ne desumcs Hwa npocmoe wucao p,

mo
a?'=1 (mod p).

U3 3T0i1 TEOpEeMbBI Cejyer, 9YTO MpH JIFOOOM IeJIOM a Yucio a —a =
a(aP~! — 1) penures na p.

4.6 IIpencraBiaeHme palMoOHAJbLHBIX 4YnceJ Oecko-
HEIHBIMU JEeCATUIHBIMI JIPOOIMM

Kak npumep nCrosib30BaHusT TeOPEMbl Ditepa, PacCMOTPUM MPEICTaB-
JIEHUs PAIMOHAJbHBIX YUCE] (v OECKOHEUHBIMU JIECATUIHbIMU JIPOOSIMHU,
T.€. B BUJIC PsJIOB

oz:ao—l—Z—k:ao,alaQ..., (4.6)
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riie Bee ap, k > 1, ectb tudpot 0 < ap < 9, 1 noKaXkeM, 4TO palinOHAIb-
HBIM YHCJIaM COOTBETCTBYIOT HEPUOINIECKIE PA3JIOKEHUSI.

[Ipexxyie Bcero, cyiiecTByeT He 0oJiee OJHOIO IPEJICTABICHUSA YUCTA
a B Buje (4.6), comepxaiiero HGECKOHEUHOE KOJIMIECTBO 1udp, OTIn-
HBIX OT 9. DTO cienyer u3 Toro, uto npu Jwbdbom k > 0 cnpaBeminBo
pasencTso agl0¥ + ... + az_110 + aj, = [10%a].

Hokaxxem, 9T0 cyMMa Psija, COOTBETCTBYIOIIEr0 OECKOHEUHON Tepu-
OJINYECKOH JECATUIHON APOoOU €CTh PAIMOHAIBHOE YUCI0. DTO JIOCTA-
TOYHO JIOKA3aTh JIJIS YUCTO Mepuogmndeckoi gpoou a = 0, (a1as . . . ay,).
O6oznauuB A = a;10™ 1 + ... 4+ a,,_110 + a,, u monp3ysAch GopMyJI0ii
JJIst CyMMBI T€OMETPUIECKON IIPOorpeccuu, Haijgem

(e ) -
;0 +102+ o

- A
—km
= AZIO = (47)
3aMeTuM, YTO €CllM IPH 3TOM ( = § — HECOKPaTMMOE IIPEeJICTaBICHuUE
B BHJIC OTHOIIEHUS HATYpaJbHbIX quces, To b|(10" — 1), r.e. 10" = 1
(mod b).

[Tycrs teneps a = ¢, e 0 < a < b u (b,10) = 1. Oboznaunm
6yksoit d nokasarens uncia 10 no mogy.io b. Torya 109 =1 (mod b) u
C HEKOTOPBIM HATYPAJIbHBIM YHCJIOM C BBIIONHAETCH paBeHcTBo 109 —1 =
bc. 3ammcas Teneph ac B JECATUYHON cuUcTeMe cuucienns B = ac =
b110971 + ...+ by_110 + by, n nomszysch Toxaecrsom (4.7), moayuum
MpeJICTaBICHNe (v B BHJIe DECKOHEUHON TIePUOAIIECKON ApOoOH

a by ba
= = 107+ 2 ) = ... ba).
; Z 0~ (10 LT R 10d> 0, (by ... by)

[Tepuoj, B 6eCKOHETHOM JIECATHTHOM PA3JIOKEHUN TUCJIa (¢ 3aITHChIBAET-
B
109-1-
[Tpu 91OM HY>KHO UMETH B BUJLY, UITO [IePUOJ], MOZKET HAYUHATHCA C HEKO-

Cd TeMHn 2Ke IlI/ICbpaMI/I7 4TO W 4ucCjauTeJib B IIpeJCTaBJICHUU X =

TOPOrO KOJIMYECTBa HyJleii, Tak g5 = 0, (01).
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Ecian pamnuonajibHOe 4KMCJIO (v OOJIbIIE €JIUMHUIBI, YUCAUTEIb JPOOK
a

X
M PA3JIOKUB 7 B DECKOHEUHYIO NEPHOJUYECKYIO JIPOOb, HOJIYYUM § =
q,(b1...bq). lIpu r = 0 umeem oo = q = ¢, (0).

Ecmm snamenarens apobm ¢ He BzamMmuo mpoct ¢ 10, T.e. memurcs

a =% (a,b) = 1, MmoxkHO TpejicTaBUTh B BHje a = bg + 1,0 < 1r < b

Ha 2 WJIN Ha 5, TO €TI0 MO2KHO YMHO2KHUTb Ha TaKO€ HaTypPaJIbHOEC YHCJIO

u = 2°5!, uro monyunrcs pasencrso ub = 10Fv, rue (v,10) = 1 u
k = max(1»(b), v5(b)). Torga
a

;= 10_1“% =107 ¢co, (c1... cm).
[ToyauBieecs: mpejicTaBiaeHue JaeT KOHEUHYIO JECATHIHYIO JTpoOb B
ciydae v = 1 u GECKOHEUHYIO MMepUOMIecKyto Jpodb, ecian v > 1.
Bamerum Takxke, uro B ciaydae (b,10) = 1, jiuHa MUHUMAJILHOIO
nepuojia paBHa nokazaresio 10 mo monymo b. B cuny nemmbr 4.2 gauHa
Iepuosia He npeBocxoauT npu 31oM (). MUHUMAIBHYTO JIJIMHY I€PUOJIA
©(b) umeror, Kak MOXKHO IPOBEPUTH, PAIMOHAJIBHbIE YUCJIA CO 3HAMEHA-
TeJISAMU

b= 7,17, 19, 23, 29, 47, 49, 59, 61, 97.

Cmucok ucuepnoiBaer Bce Takue b < 100.

[Tycrs o = § — necokparumoe npejcrasienue ¢ (b,10) = 1. Ilycrs
raxke § = 0,(by...bg) m ¢ = 10a (mod b), 0 < ¢ < b. Torga ¢ HexoTO-
PBIM [EJIBIM § UMEEeM
g =q+ 10% =

C a

[Tepnoa apobu 7 TOJy9Iaercsa u3 Mepuojia j MUKIUIECKAM CIBUTOM Ha

q+bl —|—O, (bgbdbl) = O, (bgbdbl)

OJIHY I1O3UIINIO. Ecnnu JdOIIYCTUTDL B 9TOM CJIyda€ HE YUCTO IIEPUOJUIECCKHUE

Pa3JIOKEHU ST, TO
c

b

1 MOXKHO CKa3aTh, UTO OECKOHEUHbIC Pa3jiozKeHus Jpobeit 3 U 7 UMeIoT

0,bs...ba(biby. .. by)

OJIJMHaKOBbIE IIEPUOIDI.
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B uwacrnocru, eciu nokazaresn 10 no mojysiio b pasen ¢(b), To 6ecko-
HEUHbIE JIeCATHIHBIC Pa3okeHns Becex apobeit §,1 < a < b,(a,b) =1
MMEIOT OJIMHAaKOBbIe epuoabl. Hanpumep,

1 2
= =0, (142857) = =0,(285714),
3 4
= =0, (428571) = =0, (571428),
5 6
= =0, (714285) = =0,(857142).

4.7 IIpoBepka Ha IMIPOCTOTY W IIOCTPOEHUE DOJBIINX
MMPOCTHIX YUCEeJ

[Tycts N — nHaTypaJibHOE YHCJIO, BOODIIE roBops OoJibinoe. OHO MOXKeT
ObITH JIIOO COCTaBHBIM, JTUOO MPOCTBIM. Kak onpejie/iuTh, K KaKOMY H3
9TUX JIBYX KJACCOB OTHOCUTCS JAHHOE UNCIO0?

Moxkno monpoboBarh pasaeauTh N Ha IPOCThIe YUCIa U3 TAOJUIIbL,
COCTaBJIEHHOI ¢ MOMOIIIBIO peliera JparocdeHa U cojepKalieil Bce mpo-
CThIE 9WCIIa 10 HEKOTOPO# rpaHuIlsl B, ompeiesieMoi HaltmMu BO3MOXK-
Hoctsimu. Ecim y N ecth MajieHbKHE MPOCTHIE JICJUTENIA, Mbl CMOXKEM
HAMTH UX TAKUM CIIOCOOOM 1 JI0KA3aTh, YTO [N — COCTABHOE YHUCTIO.

Ecin ke MajieHbKHe IPOCThIE JIeJIUTEN He OOHapy»KeHbl U eciu B
CPABHUTEJILHO BEJNKO, a nMeHHO, B2 > N, MOKHO yTBep:KaaTh, 4r0 N
pocroe dncio. deiicrBuresbio, ecjiv Obl [N ObLIO COCTABHBIM, 110 JIEMME
2.1 oHo uMeso 6bl pocToil genuTens p < VN < B, comepiKaumics B
Hatei tabaune. Ho TakoBoii oTrcyTcTByer.

B cuyuae :xe N > B? unkakoro saxjiouennsi o yucie N cienarhb
HeJIb34.

Hanee Mbl OysieM cuuTarhb, 4TO /N JIOCTATOYHO BEJIMKO U HE HMeEeT
MaJIeHbKUX MPOCTHIX JesmTesieii. Boibepem nesoe uncio a,1 < a < N,
¥ BBIYUCJIMM C [TOMOIIBIO ajropurma EBkiunjia Haubosibimii 0Ot jie-
aurens d = (a, N). Ecin okazanoch, uro d > 1, MOXKHO yTBEpXKIaTh,
g1o [N — cocTaBHOE YMCII0, BEeJIbh OHO jlennTcs Ha d, npudem 1 < d < N.
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Ecsin ke okazasocs, uro (a, N) = 1, 10 0 uucie N onsith HUKAKOIro
3aKJIIOUEHUs ¢leaTh Helib3d. Ecim y coctaBHOro uncia N HeT MaJieHb-
KUX MPOCTDIX JeJTUTENeH, TO KOJIMIeCTBO B3AUMHO MPOCTHIX ¢ HUM THCEJT
a na nurepsaie 1 < d < N pasnoe p(N) —1 = N[[, (1 —p -1
OyIeT JTOCTATOYHO OOJIBIINUM, U MAaJOBEPOSITHO, YTO BBHIOPAHHOE HAYTaI
JUCJIO @, TIO3BOJTUT PABJIOKUTH IUCI0 [N HA MHOXKUTEJH.

B sTom ciydae moxker nomoub MaJiast Teopema Pepma. Eciau jurs
ancaa N u Beibpannoro a ¢ yeaosuem (a, N) = 1 ee yrsepxkjenue Ha-
pyIIaeTcs, MOXKHO yTBepXKaaTh, 4To N — cocraBHoe uncio. Mrtak, ecau

(a,N) =1, u a”'#1 (mod N),

mo N — cocmasnoe wucio.

[Ipocreitmuii anropuT™m I BHIYHCICHUS a’ (mod N ), COCTOSIIAN
B IIOC/Ie]0BaTeJbHOM YMHOXKEHUU Ha a pe3yJbraTa IPeaIIecTBYIONero
Bbluncaenusi, rpedyer d — 1 ymuoxkenuit. B geficTBUTEIbHOCTH 9TO BbI-
YUCIeHHe MOYKHO IIPOBECTU HAMHOI'O OBbICTpee.

Bospmem, manpumep, N = 437 u soraucanm 2%3¢ (mod 437). Ilo-
CKOJIbKY YHCJIa HE OUeHb OOJIbIINE, 9TO MOXKHO C/e/IaTh Ha PYYHOM KaJlb-
kyssrope. Vcnonbayst coiicTBa cpaBHeHHUiT (JJIsT KPATKOCTH Mbl HUTJIE
HE YKa3blBaeM MOJIyJIb CDaBHEHUsI, paBHbIil 437), momydaeM:

2 =4.2=38, 20 = 8% = 64,

21 =64 .2 = —111, 2% = (—111)*- 2 = 170,
251 = 170? = 58, 2109 = 58%2.2 = 173,
2218 = 173% = 213, 2136 = 213? = 358,

[TpoBejiennble BhIYUC/ICHNST HE PACKJIAAbIBAIOT Yurcjo 437 Ha MHOXKUTE-
JIA, HO JOKA3BIBAIOT, UTO OHO cOCTaBHOE. Kax jerko mpoBepuTh, 437 =
19 - 23.

MoxkeT nokazarbcst, 9TO yKazaHHbIi CIToco0 TPOBEPKU TPEOyeT CIIUIII-
KOM MHOro Bblumciaenuit. Ho sru Borauciaenust ognorunanl. Mbr j1nbo
BO3BOJIMJIM B KBaJIpaT, TMOO yIBAUBAJIHM UKUCIO 110 MoayJo N. M 3To ob-
CTOATEJIbCTBO OKA3bIBACTCS OUEHDb YA00HBIM IIPU PeAJIM3allui aJITOPUTMA
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Ha KOMIIbIOTEpe. A KpoMe TOro, Kak Cefiuac BbISICHUTCS, ¥ KOJUIECTBO
BO3BEJIEHUII B KBaJIpaT MaJIO [0 CPABHEHUIO ¢ BeJUINHON N.

PaccMoTpeHHbBI# BbllIe IPpUMEpP €CTh YaCTHBIN ciydaii obiero aJro-
puTMa.

Anaropurm 4.1. Hannsie: Ileavie wucaa a, N > 1,d > 0.
Haiitu: a? (mod N).

1. IIpedcmasumos d 6 deouwnoti cucmeme cuucierus, m.e. Hatimu ma-
kue yugpou d;j € {0, 1}, wmo d = dp2" +--- +d,—12+d,, dy = 1.
2. Honootcumv ag = a u 3amem oas 1t = 1,...,7 souucaums

a; =a-a% (mod N). (4.8)

3. Honooicumov a® = a, (mod N).

Taknum obpasom, B caydae d; = 0 anrOpuTM BHIYHCIACT a; = ar

(mod N), eciu xed; = 1,10 a; = a? ;-a (mod N). Peanusosannas Bbi-
1€ MOCIIE0BATENbHOCTD BhIaucaeHnil st d = 436 = 284274254244 22
B TOYHOCTH COOTBETCTBYET aJroputmy. JJokarkem ternepn, 9To aJropuTM
paboTaeT IPaBUIbHO, U KOJTUIECTBO BBINTOJIHSIEMbIX KM apudMeTHIeCKIX

oneparuii He OYeHb BEJINKO.

Teopema 4.6. Anzopumm deticmeumenvio cuvucasem a’ (mod N).
On ucnoavayem s 2mozo ne boaee 2[logy d| ymmoorcenud 6 xoavue

evivemos L/ N7.

Hoxasameavcmeo. Ipu Beex @ = 0,1,...,r cnpaBeJMBbl CpABHEHNUs]
a; = a®* T T (mod N). (4.9)

Hokaxxem 310 nnaykmueit mo ¢. [Ipu ¢ = 0 yTBepKaeHne BBITOTHIETCH,

2

T.K. dy = 1. [loacrasnas (4.9) B paBeHcTBO a;y1 = a? - a®+!, Haxomum

pasenctBo (4.9) st ;1. 1o mokasbiBaer (4.9) mist Beex . [pu i =r
nojyuaem a, = a, 4To J0KA3BIBAET NPABUILHOCTL AJITOPUTMA.
JJisi JI0Ka3aTe/IbeTBA BTOPOTO yTBEPXKJIEHHsT 0D03HATHM CHMBOJIOM

c(d) komauecTBO yMHOXKeHWH B KOJIbLE Z /N7, HeOOXOUMbIX aJrOPUTMY
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ISt BIAHCTeHust a’ (mod N). JlokaxkeMm MHAyKIHeH 10 d HEPABEHCTBO
c(d) < 2[log, d]. (4.10)

O6o3uauum 1151 sroro m = dp2" ' +- - -+d,_y. Torna d = 2m-+d, > 2m.
[Ipu d = 1, 2 mepasencrso (4.10), oueBuno, BhimONHSAETCA. [lycrn
tenepb d > 3. B cuiy anropurMa cipaBeyinBbl COOTHONICHUST

c(d) = c(m)+1+d, < c(m)+2 < 2[logy, m|+2 = 2[log, 2m| < 2[log, d],
JIOKa3bIBalolMe HyKHOE HePaBeHCTRO. O

OHuM U3 TOHSATHI, NCTOIB3YEMbIX 5T CpaBHeHnsT 3(DDEKTUBHOCTH
AJITOPUTMOB, SABJISIETCS UX CIOKHOCTH. CJI0KHOCTH aJIl'OPUTMOB TEOPUN
YUCeJ OOBIYHO MPUHSITO U3MEPSITH KOJTUIECTBOM apudMeTHIECKHX OIle-
panmii (CJIO)KeHI/Iﬁ, BbIUMTAHN, YMHOXKEHUN U JICJICHUN C OCTaTKOM),
HEOOXOJIMMBbIX JIJIsi BBIMIOJIHEHUST BCEX JIEWCTBUI, TPEIMUCAHHBIX aJIT0-
purMoM. BripoueMm, 310 olipejiesieHre He yUUTbIBAET BEJUUYMHbI YUCel,
YYACTBYIOIINX B BBIYUCJICHHUSAX. SICHO, UTO IMEPEMHOXKUTDH JBa CTO3HAU-
HBIX UMCJIa 3HAYUTETHHO CI0KHee, YeM JIBa OJIHO3HAYHDIX, XOTS U B TOM,
U B JIPyI'OM CJIy4ae BBINOJHAETCs JIMIIL OjiHa apudMeTrndecKas ornepa-
mus. [TosToMmy nHoTIa yIUTHIBAIOT €I1le W BEJIUUWHY 9HCesT, CBOJIA IO K
TaK Ha3bIBa€MbIM OMTOBBIM OIlEepalUsiM, T.€. OIICHIBasI KOJIUIECCTBO HEOD-
XOAUMBIX onepainii ¢ mndpamvu 0 w 1, B 1BOWYIHOI 3ammucu qucess. DTo
3aBUCUT OT pacCMaTpPUBAEMON 3ajia4uu, OT lieJieir apropa u 1.J1. [oBops B
JAJTbHEHTIIIEM O CJIOXKHOCTH, MBI OYJIeM UMETh B BUJLY KOJUYECTBO apud-
METHYECKHUX OIlepaliyii, HeOOXOIMMbIX JIJIs BBIIIOJHEHUS aJIlOPUTMOB.

AJIropuTMBbI, B KOTOPHIX KOJIMYECTBO apUPMETHIECKUX ONepalinii Mo-
)KeT ObITh OLIEHEHO HEKOTOPO# CTEeNEeHbI0 4uc/ia Hudp, HEOOXOAUMMbIX
JUUIS 3aIlACH JTAHHBIX, HA3BIBAIOTCA NOAUHOMUAALHbLMU. TaKne aJropuT-
MBI, KaK TPaBUJI0, paboTalOT JOCTATOYHO OBICTPO MPU WX UCIOJIH30BAHUY
Ha npakruke. Ajropurm Eskiua rpedyer soinosnenusi O(log a) apud-
METHUYIECKHNX omepanuii, cM. TeopeMy 1.2. /I1g npuBeIeHHOrO BBIIIE aJi-
ropuTMa BO3BEJIEHUsI B cTelelb coryacio Teopeme 4.6 myxno O(logd)
apudmernueckux omepalmii. Tak Kak 1mesoe 9uciao d 3amuchbiBAeTCs B
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JIBOMYIHO CHCTeMe CYUCJIeHUsI He MeHee deM log, d nmdpamu, mosyda-
eM, 9TO KaK aJIrOpuTM EBK/MIA, TaK U aJrOpUTM BO3BEJEHUS B CTEIEHD
OTHOCSATCs K Pa3psijly MOJUHOMHUAJILHBIX, T.€. OBICTPBIX aJrOPUTMOB.

Teopema Bunbcona takyke MOXKeT ObITH NCIIOJIB30BAHA, JIJIsT ONIPEIETIe-
HUsI, SIBJISETCS JIA JJAHHOE HATYPaJIbHOE THCJIO TPOCTHIM U COCTABHDBIM.
B oryinume or Teopembl Pepma ObICTpHIE aJrOPUTMbI JIjIsI BHIYUCJICHUSA
(bakTOpUAJIOB HE U3BECTHBI, & UCHoIb30Banue (popmysl k! = k- (k—1)!
(mod N) rpebyer npumepno N ymuoxkenuii jisi Haxoxgenust (N — 1)!
(mod N). OcHoBaHHBI Ha 9TOi (HOPMYJIE AJTOPUTM HE SIBJISIETCS TOJH-
HOMHAJIbHBIM. Ero mcmojb3oBaHue Ha IpakKTHKe TpeOyeT OYeHb MHOIO
BPEMEHU Ha BBIYHUCICHUSI, U JIayKe MPU CPABHUTENHHO HEOOMbnx N oT-
BET C MMOMOIIBIO ITOIO AJITOPUTMa, MTOJIYUUTh HE yIAeTCs.

Cpapaurenbio HejasHo, B 2000 r., ObL1 HaiijleH AeTepMUHUPOBAH-
HBI{l AJITOPUTM TTOJMHOMUAJIHLHON CIOXKHOCTH, TTO3BOJIAIONINN 110 3a/aH-
HOMY HaTypaJbHOMY duciy N cka3aTh, Oy/LyT OHO IIPOCTHIM WA COCTAB-
aeiM. OH OBLT peIoykeH HHaAnicKkuMu MateMaTtukaMu M. Arpasasow,
H. Kaitasom, H. Caxkcenoit. Ho sror ajropurm He odeHb yJI00€H HA
IpaKTUKe, TaK KaK TpedyeT CJAUIIKOM OOJIBIIOr0 o0bhbeMa MaMsTH ITPU
BBIUKCICHUAX Ha KOMIboTepe. OObeM HeOoOXOAUMOM maMATH — elle O/l
Ha XapaKTEePHUCTUKA KauecTBa aJropuTMa. Vcmonb3yeMble B HACTOSIIEE
BpEMsi aJrOPUTMBI JJIsT TPOBEPKHU MPOCTOTHI 3aIaHHOT0 ducyia [N mwMme-
o1 csioxknocth O ((log N)clogloglog V) ¢ yekoropoit nocrosiunoit ¢ > 0.
[Tockombky dyuknus logloglog x pacrer ouenb MejIeHHO, B Ipeeiax
BaXKHBIX JIJIs IIPAKTUIECKOI'O UCIIOJIL30BAHKS STH aJTOPUTMbI PAO0OTAIOT
obicTpo. OHAKO 3HAHWS, HEOOXOANMBIE JIJIsT WX ONMUCAHWS BBIXOIAT 38
PaMKN HACTOAIICH KHUATH.

K coxanennro, ¢ moMonibio MaJoit Teopembl Pepma He Beerja MOXK-
HO MPOBEPHUTDH, YTO HUCIbITbIBaeMoe uucio N — cocraBnoe. CyimecrBy-
[OT COCTABHbBIE YMCJIA, JJIS KOTOPBIX BbIINOJHsETCH cpaBHenne a1 =
(mod N) mpu sroboM 1iesiom @ ¢ yerosuem (a, N) = 1.

Bosbmewm, nanpumep, N = 561 = 3 - 11 - 17. s KaxXJ0T0 11€JI0r0
a B3anMHo mipocroro ¢ 561 umeem (a,3) = (a,11) = (a,17) = 1 u no
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Maiofi reopeme Depma BLITOTHSIOTCS CPaBHEHMs]
a>=1 (mod 3), a'®=1 (mod 11), a'®=1 (mod 17).

Tak kax 560 gennres na 2, 10 u 16, to unciao a®®°—1 nesmres na KaXK 1y 10

560

u3 paznocreil a®> — 1,a' — 1,a'® — 1. Bnaunur, ¢’ — 1 nesures na 3,

11, 17 w moroMy JieIMTCS Ha TPOU3BEIEHUE ITUX TUCE]T, T.€. JICJTUTCS Ha

o61.
Cocrasnoe uncio N HasbBaeTcd wuciom Kapmatixaa® ecan

¥ 1=1 (mod N) npu jgobom  a € Z, (a, N) =1. (4.11)

Yucena Kapwmaiikia BeTpedaioTcss B HATYPAJbLHOM Py JIOCTATOYHO
PEeJIKO, HO M3BECTHO, UYTO UX MHOYKECTBO OECKOHEUHO.

Paccmorpum ciiejiyonniuit ajropuTMm, JJOKa3blBaIOUINA JIJisi COCTAaBHOI'O
YHUCIa, YTO OHO SABJISIETCS COCTABHBIM, M HECKOJILKO 0OJiee TOUHBIN, UeM
npsiMOe UCIoJIb30BaHne MaJioit Teopembl Depma.

Anroputm 4.2. Hanunie: Heuémmnoe namypaavroe wucao N > 2.
Omnpegenutnb, Oyaer au N coCTaBHBIM YUCJIOM.

1. Hatdimu ueavie wucaa S,t, daa womopox N — 1 = 2%t npuvem t
newemmo. Bubpams ueroe wucao a,1 < a < N.

2. Ecau (a,N) > 1, mo N cocmasnoe wucho.

3. Ecau (a, N) =1 u ewnosmnens, ycarosus

a'#1 (mod N), am;,—é —1 (mod N), k=0,1,...,s—1,
(4.12)
mo N cocmasnoe wucao.
4. Ecau xoma 6o 00no us yeaosuti nynkma 3 napywaemca, as2opumm
sasepuiaem c6010 pabomy ne das omeema.

OueBuIHO, OTBET aJropuT™Ma B 1I. 2 BepeH. ClipaBeIiuBO pas3JioXKeHne
Ha, MHOYKWATETN

AN o1=( - D@+ D@ +1) (@@ T+ 1). (4.13)

2Carmichael — aETIRICKII MATEMATHK, JOKA3aBIHi B 1912r., UTO KaXKI0e COCTABHOE HMHCIO CO
cBoiicTBOM (4.11) ecTh NPOM3BEAECHNE PA3IMIHBIX HEIETHBIX NPOCTBIX 4nces, N = pj - - - P, IpuaeMm
r>3u(pj—1)| (N —1) npu scex j. Hucno 561 obnanaer srum csoiicrsoM. Eme oxun npumep
1729 =7-13 - 19.
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Ecau N — npocroe ducio, To no maJjoit reopeme @epma 0de 4acTu 1o-
CJIEJTHETO PaBEHCTBA JOJIKHBI JeJIUThC Ha N, U, C/IeI0BATEbHO, XOTSI
Obl OJIMH W3 COMHOXKHUTENCH B mpaBoit dactu (4.13) JOJKEH JeNuThCs
na N. Bnauur, xorst Ob1 0JiHO U3 yciosuii (4.12) Oyjger HapyieHo. DTo
JIOKA3BIBAET, UTO U B IIYHKTE 3 aJTOPUTM JAeT BEPHBLI OTBET.

MoxkHO J0Ka3aTh, 4TO JJis COCTaBHOIO HeueTHoro N > 9 Koau4uecTBo
B3auMMHO TpocThiX ¢ N uncen a,1 < a < N, Jijisi KOTOPBIX HAPYIIACTCS
XoTsi Obl OjiHO U3 ycsioBuii (4.12) cpaBHUTEJLHO HEBEJIHMKO, & MMEHHO,
OHO HE IMPEBOCXOJIUT %LQD(N ), riie o(N) — byukuus diiiepa. DTo 3HAUNT,
qTO ecyau ajaroputMmy 4.2 3ajaHo cocraBHOe umucygio N, U OH BbIOMpaer
B 1. 1 uuciao a Ha uarepnaje 1 < a < N ciaydailHbiM 00pasom, TO ¢
BEPOSITHOCTHIO > % aJITOPUTM JIoKazkeT, 910 [N — coCcTaBHOE 9HCJI0. A
IPUMEHSSA STOT AJTOPUTM T Pa3 U BhIOMpasi KaxKIblil pa3 UHUCIO @ IO-
HOBOMY, MbI jJioKaxkeM, 410 N coctaBHOe ¢ BeposiTHOCThIO > 1 — 47",
[ToguepkHewm, erie pas, 9TO aJrOPUTM BCET/Ia JAeT NMPaBUJIbHBIA OTBET,
a OIIEHMBAETCs JINIIHb BEPOSITHOCTDH TOIO, UTO OTBET OyJIeT IOJIyUeH.

Anroputm 4.2 pgaer yao0HOe Ha MPAKTHKE CPEJICTBO OTCEUBAHUS CO-
cTaBHBIX unces1. Ecau on cpaboTast J0CTaTOIHO MHOTO pa3 U He JIaJl OTBe-
Ta, MOYKHO HaJIEATHCS, UTO UCIBITHIBAEMOE YnCI0 TPocTo. K coxKaJieHnio,
aJICOPUTM He JIOKa3bIBaeT 3T0. PaccMarpuBaemast faJiee TeopeMa, o3BO-
JISIeT TOJIydaTh HEKOTOPYI0 WHMOPMAINI0 O BO3MOXKHBIX IeanTenax [N
¥ IIPUBOJUT K HEKOTOPOMY JIOCTATOTHOMY YCJIOBUIO ITPOCTOTHI.

Teopema 4.7. Ilycmv N - nevemmuoe u F' - namypanrvroe wucro ma-
Kue, wmo das A0bo20 npocmozo deaumens q|F cywecmeyem yenoe a ¢
YCAOBUAMU

a¥ =1 (mod N), (aF/q—l, N) = 1. (4.14)

Tozda moboti npocmoti deaumensv p wucaa N ydosaemeopaem cpashe-

MU0
p=1 (mod F).

Hoxasameavcmeo. Ilycrs p - npocroit pesuresb N, g - n1pocToii nesn-
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tesb F u a - qucio, yposaersopsiomee (4.14). Torna
o =1 (mod p), af’/#£1 (mod p). (4.15)

1, B YaCTHOCTH, a He JeauTcs Ha p. Obo3naunM OyKBOi d moKasaresib a
110 MOJYJIIO P, T.e. HAUMEHbIIIee HATYPAJIbHOE Yucio ¢ yciosuem a’ = 1
(mod p). Tak kak 10 MaJoii Teopeme Pepma

a? =1 (mod p),
10 B cuity JiemMbl 4.2 umeem d|p — 1 u
va(d) < vylp— 1) (4.16)

U3 (4.15) u temmsr 4.2 caepyer, ato d|F u d { F/q. 910 BO3MOKHO JIUIIH
B CIydae

vy (F) = v,(d). (4.17)
N3 (4.16) u (4.17) naxogum

vy(F) = vy(d) < wy(p —1).

HOCJIGILHGG HEPABEHCTBO COIVIaCHO YCJIIOBUIO CIIPAaBE/IJIMBO JIJIA JIFOOOT0

npocroro jgeaurens ¢ ducaa F', nosromy F|p — 1 wiu p =1 (mod F).
]

PaccMmoTpuM, mpuMep HCHONB30BaHUS TeOpeMbl 4.7, IpecTaBIIArO-
U UCTOPUYCCKUIA UHTEPEC.

[Iycth @ m m — HarypaabHbie ynciaa. Ecim m nmeer HedeTHBIH Mpo-
CTON penuresb r, T.€. M = TS, TO U3 PaBEHCTBA

a"+1=(a*)+1=(@"+1)" V-4 a1

caenyer, 9to a™ + 1 — cocTtaBHOE UHCJI0. 3HAUUT, Unucao a’™ + 1 MoxKer
ObITH HPOCTBIM JIMIIb B CAydae, €CJId 1M He MMEET HEeUETHBIX MPOCTHIX
penureneit, T.e. m = 2".

Yucua
F,=2"+1, n=12,...
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HasbiBatorcst uncjiamu Pepma. [lepsbie uyersipe uncia Pepma
=5 F,=17, F3=257, F;=065537 (4.18)

IIPOCTHI.
B 1640r. TI. ®epma mpeganoyioxKusa, 4ro npu Jwobom mejsom n > 1,
apesio Fy, Gyger mpocTbiM, HO HE CMOI JI0Ka3aTh 910 st Fy = 232 4+ 1.
JI. Ditnep B 1729r. mokazayi, uro F5 nenurcs Ha 641 u Tem omnposepr
runorezy Pepma. Koporkoe j0Ka3aTe/ibCTBO 3TOr0 (hpakTa MCHOIb3yeT

peJICTaBICHUST
641 =5-27 +1 =2 + 5%,

[Tonb3ysach, nmu, momyvdaem
F5=22%41=-52841=—-(5-2)"+1=~14+1=0 (mod 641).

[Tozxke ObLIO mokazano, uto Fg, Fr - cocrapubie. [lociennee anciio
ObLIO pazjoyKeHo Ha mpocTblie MHOXKUTenu B 1970r. HYucno Fg Takske
COCTaBHOE, HO €ro MPOCThIe JeJUTEM Hen3BeCTHbI. B HacTosIIee BpeMs
HEen3BecTHO, OyaeT uncjio Fi7 mpocThiM nian coctaBHbIM. He HaiigeHo uu
ojuoro npocroro uncia Pepma, orsmanoro or uuces (4.18).

B cBazn ¢ uyncnamu @epma oTMeTuM 3HAMEHUTYIO Teopemy [aycca:
IPABUJIBHBII N-YTOJBHUK MOXKET OBbIThb IOCTPOEH C IIOMOIIBIO IUPKYJIs
¥ JIMHEHKY Juib B ciydae n = 26p; -+ p,., e Dj - PA3JIMYHBIE IPOCTHIE
quciaa Gepma.

Kaxk »kKe MO»XKHO ObLIO yraJlaTh BO3MOXKHBIN jesinTesb 641 uncina Oep-
ma Fy5? Bocronbayemcest 1jist 9Toro Teopemoii 4.7 n Beibepem

N=F=2%4+1, F =128, a=210%41.

Tak xax

a?=2%4+2.21941=2" (mod N),
TO

=22 = (—1)'" = -1 (mod N).
CnenoBarebHO,

a'® =1 (mod N), (a® —1,N) = (2,N) = 1.
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Corsacno Teopeme 4.7 KaxKJblil TPOCTOM jlesiuTe b P dncia Fy 1omKen
yI0BJIeTBOPATH cpashennio p = 1 (mod 128). [lepBbie mpocThie dncia
B mporpeccun 1+ 128 - k ectb 257 u 641. Ouu nonyvatorcs npu k = 2 u
k = 5 coorBercrBerno. Bropoe u3 Hux ecth jgenntens anciaa Oepma Fr.

[Tpenmonoxkum gaJiee, 9TO HaM U3BECTHA, JIMIIH YacTh F' pazoxKenns
yuciaa N — 1 Ha OpocTbie COMHOXKUTENH. DTa UHMOPMAIUS 03BOJIAET
¢JiesiaTh HEKOTOPbIE 3aKJI0UeHrsT O CBoicTBax jejantesneil aucaa N. A
eCJIM U3BECTHas JacThb pazdjioxkenust N —1 10cTaToqHO BeJIrKa, TO HHOT/A
MOXKHO CeJaTh BBIBOJ 00 OTCYTCTBUU HETPUBUAJILHBIX JICJIUTENIEH, T.e.
o npoctote NN,

Paccmorpum cuavasia ciaydait, korjga F' = N — 1, T.e. u3BecTHO 110JI-
Hoe pazjioxkenue qucia N — 1 Ha TPOCTHIE MHOXKHUTE/N. DTOT CJIydait
IpeJICTaBISIOT, HanpuMmep, ducia Pepma.

CaencrBue 4.1. I[Tycmv N nevemmo u 0ra xaoncdozo npocmozo desu-
mens q wucaa N — 1 cywecmeyem uenoe a ¢ yYeao6uamu

e 1=1 (mod N), (a(N_l)/q -1, N) = 1. (4.19)
Tozda N - npocmoe wucao.

Hoxaszamenvcmeo. Ilpumenasa teopemy 4.7 ¢ F' = N — 1, zakmodaeM,
9TO KazK/IbIil TPOCTOi jennTestb p unciaa N yJIoBIETBOPseT CpaBHEHUIO
p=1 (mod N—1) u, 3nauur, p > N. Ho 370 BO3MOXKHO JIKIIb B CIydae
p = N, 1.e. korja N 1pocroe 4ucio. ]

K coxaJjienuto, valiie Bcero, ecjiiu Bam Tpebyercsi jjoka3aTh MPOCTO-
Ty Kakoro-jaubo uucia N, paznoxenne N — 1 Ha IpocTble MHOXKUTEIH
YJIaeTCs ONPEIe/IUTh JIUIIh YaCTUIHO. B TakoM ciiydae MOXKeT TTOMOYb

CnencrBue 4.2. [Iycmo N, F' nevemmol
N—-1=F-R, R <A4F + 3,

npurem 0aa Kastcdozo npocmozo desumens q wucaa Focywecmeyem
uenoe b ¢ yeaosuamu

WNl=1 (mod N), (b<N—1>/q 1, N) — 1. (4.20)
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Tozda N - npocmoe wucno.

Jokasamenvemeso. pumennm teopemy 4.7 k a = b*. Cormacto sroii Te-
opeme Kaxioe mpocroe p| N yjposiaersopser cpasienuio p = 1 (mod F)
W, TOCKOJIbKY P — 1 1ueTHo, a F' HeYeTHO, yIOBIETBOPSIET HEPABEHCTBY
p > 14 2F. Ilpeanonoxum, uro N - cocrapuoe. Torja 1o jemme 2.1

2F+12<pP? < N=FR+1<4F?+3F +1.
[ToyauBiieecs npoTuBOpeyre 3aBepiiaeT J0Ka3aTeIbCTBO. [l

Kak npapujio, HeoOOXOAUMOCTb B OOJIBIINX HMPOCTHIX YUCIAX BO3HU-
KaeT B CBSI3M C Pa3JUUHBIMKU KPHUITOIPADUUCCKUME ITPUI0KEHUSIMA.
MbI KocHEMCsI 9TOIO BOIIpOca B ciejytolieM naparpade. EcrecrBenno, K
KOHCTPYUPYEMBIM UNCTAM TP bsABIISIOTCS OTPejie/IeHHbIe TPeOOBaAHMS.
Koncrpykiiusi HpocThix 4uces JOJKHA ObITh MAacCOBOM, a caMu 1HpPo-
CTbIE YHUCJIA JOJIKHBI OBITh B KAKOM-TO CMBICIE XOPOIIO pacipejesieH-
HBIMU B 3aJaHHOM Jjiualia3one. [l HyKj KpunTorpaduu ecTeCTBEHHO
TpeboBaTh, YTOOBI KOHCTPYHUPYEMbIE MPOCTHIE YHC/Ia, 0 KpaiiHeir mepe
BHEIIIHE, HEe UMeJI KaKUX-TU00 0COOEHHOCTE, BBIJACSIONINX STH UNCIA
Cpeau MHOXKeCTBa Bcex NpocThbiX. C JIpyroif cropoHbl Ha, IIPAKTUKE MHO-
18 Hy>KHBI TPOCTHIE YNCIa P, 00JIaJal0Ine KaKUMU-TH00 JTOTIOTHUTE b
HBIMU OCOOEHHOCTSIMH, HAIpuUMep p — 1 He JIOJKHO MMEeTh MaJIeHbKHUX
HEYETHBIX MPOCTBIX JICJTUTE eI,

Bce mpuMensieMble aJIOPUTMbI CTPOAT BO3PACTAIOILYIO IIOC/IEI0BA-
TEJIbHOCTDH MTPOCTHIX THUCEJI, UCTIOIB3YsT Ha KaskKIOM IIare mpocThie 9ncia,
nocrpoennbie panee. [Iporece npojoskaeTcs 0 Tex 1nop, noka He oyjer
IIOCTPOEHO IIPOCTOE YUCIO HY?KHOM BEJIUUNHBI.

B kagectBe mpocTeiinero mpuMepa mokaXkeM, Kak ¢ TOMOIIIO CJIe/I-
crBust 4.2, uMest DOJIbIIIOE MTPOCTOE YNCI0 F') MOXKHO MOCTPOUTH CyIIe-
CTBEHHO OoJibliee mpocToe uncio N. Beibepem Jjist 9TOT0 CIydaiiHbIM
obpazom nejoe uncyio () na npomexyrtke F' < Q) < 2F + 1 u nmojaoxum
N = 2FQ + 1. 3arem MOxKXHO TIpoBepuTh drcjgo N Ha OTCYTCTBUE Ma-
JIBIX MPOCTBIX jesiuresedt. Venbirarh ero HEKOTOpoe KOJIMYeCTBO pas ¢
oMolIbio ajgropurma 4.2. Eciu npu aT0M BbIsicHUTCS, UTO N cocTaBHOE



I'JIABA 4. YNCJIOBBIE CPABHEHI A 118

4UCII0, CaejyeT BhlOpaTh HOBOE 3HadeHue () U OlATh IIOBTOPUTDH BbIYUC-
nennsi. Tax cieayer jenaTh JI0 TeX IMOP, IMOKa He OyJeT HaieHo YKC/Io
N, BbLep2KaBIIee UCIHBITAHUSA aJIOPUTMOM 4.2 JOCTATOYHO MHOI'O pas.
B sTom ciydae mnosiByisiercst HaJeX)aa Ha TO, 910 N - MPOCTOE UNCIIO,
YTO U CJEeAyeT MOMBITAThCS JIOKA3aTh ¢ IOMOILI0 caeacTBus 4.2. s
9TOI0 MOXKHO CJIydailHbIM 0Opa3oM BbiOMpaTh unciao b,1 < b < N, u
MPOBEPSITH JIJIsSI HENO BBITIOJHUMOCTD YCIOBUIA

¥ '=1 (mod N), (b —-1,N)=1 (4.21)

Eciiv ipu BIOpaHHOM b 9T1 COOTHOIIEHUS BBITTOJIHAIOTCS, TO, TIOCKOJIBKY
2Q) < 4F 4 2 < 4F + 3, cornacuo caefcTBuio 4.2 MOXKHO YTBEPXKIATD,
yro unciao N mpoctoe.

Ecin ke yeosusi (4.21) Hapymaroresi, Hy>KHO BbIOPAThH JIpyroe 3Ha-
geHre b U MOBTOPSATH ITH ONEpPAIUU JI0 TeX IMOP, MOKa TaKOe YUCIO HE
OyeT oOHAPYKEHO.

[IpeamnonoxuM Temnepb, 4TO IOCTPOEHHOE 4Yucio N JAefiCTBUTE/ILHO
SIBJISIETCST TTPOCTHIM. 3a/1a/INMCsI BOTIPOCOM, CKOJIb JIOJITO TIPHUJIETCs Tie-
pebuparh unciaa b, moka He OyIeT HaiileHO Takoe, JJsi KOTOPOr'o BbI-
notHeHbl yeaosust (4.21). 3amerum, 1o Jyist ipoctoro ducia N mepBoe
yciosue (4.21), cornmacto Magoit reopeme @epma, GyeT BHITOIHIATHCS
Beergia. Te xke uuncsia b, 1715t KOTOPBIX HApyIaeTcst Bropoe yciosue (4.21),
ynoierBopsioT cpasrenmio b°? = 1 (mod N). B cieyiomeii riase, cM.
TeopeMy !77 Oyzer JoKa3aHo, 9To B mpoMexkyTke 1 < b < N umeercd He
6ostee 2Q) — 1 uncen, yjaosnersopsionmx cpasiennio b*¢ =1 (mod N).
D10 o3HadaeT, 4TO BbIOMpas CiaydailHbIM 0Opa3oM uucia b Ha nmpome-
XKyTKe 1 < b < N, npu npoctom N MOXKHO ¢ BEPOSITHOCTBIO OOJIbIIIEi,
yeM 1 — F~! naiitn uncso b, juis KOTOporo GyIyT BBINOJIHEHbI YCJIO-
Busi caejcrBust 4.2, u Tem jokazarh, 910 N JeHCTBUTEIHLHO sIBJISIETCs
IPOCTBIM YUCTIOM.

3aMeTuM, 4TO MOCTPOEHHOE TAKKM CIIOCOOOM IpocToe umucyio N Oy-
JeT YIOBIeTBOPsATH HepasencTBy N > 2F? me. koianmuectBo uudp B
ero 3anucu OoJiee yeM BJIBOE OyJleT MPEBOCXO/UTH KOJUYeCTBO 1Udp B
3allMCH UCXOHOT'O IpocToro unciaa F'. 3amenus Tenepb yucio F' Ha Hali-
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JlenHoe 1npocroe 4nucio N u [oBTOPUB € 9TUM HOBbIM ' Bce yKazaHHbIE
BBIIIIE JIEHCTBUS, MOYKHO ITOCTPOUTH e1lie OostbIlee mpocTtoe ducyio. Hauan
C KaKOTO-HUOY Ib HEOOJIBIIIOT0 YHUCIa, ITPOCTOTY KOTOPOTO MOXKHO ITPOBE-
pUTh, HAIpUMeEp, JeJCHUEM Ha MaJieHbKKUe TaOJUYHbIE MPOCThIE YNUCIA,
¥ TOBTOPUB YKA3aHHYIO TPOIEYPY JOCTATOUYHOE YUCIO Pa3, MOXKHO TO-
CTPOUTDH MPOCTHIE YUC/Ta, HY?KHON BEJTMIUHBI.

[Tokarkem npuMep BHIYUCICHUI C TIOMOIIBIO ONMUCAHHON cxembl. Ha-
greM ¢ npocroro uciaa ) = 1223. [lonw3ysich cnegacruem 4.2, ¢ b = 2,
noayauM 1o dopmyaam N; = 2F,Q; + 1, F; 1 = N;

Q, = 1231, F,= N, = 3011027,
Q. = 3011067, Fy = N, = 18132808071619,
, = 18132808071644, Fy = N3 = 657597457125248955270143273,
Q4 = 657597457125248955270143281,
N, = 864868831235187275941586469515911058724056920216597427.

Kaxxnoe n3 ancesn N; npocto. Ilpyn ux nmocTpoeHun Mbl BHIOMPAJIN THC-
naa (Q; nanMenniumu (); > Fj;, pM KOTOPBIX COOTBETCTBYIONINAE THCJIA,
N; okazbiBaJich npocTbiMi. Bo Beex ciydasix 9TO yJIaa0Ch JI0Ka3aTh €
OMOIIIBLIO ciiencTBus 4.2 mpu b = 2.

B Hacrosiee BpeMsi HIKAKUX TEOPETUUECKUX IapaHTUil JJisd CyIie-
crBoBanust npoctoro unciaa N = 2FQ + 1,Q < 2F + 1 ne cymecTByer.
Tem we menee onbiT Bhluucsiennii Ha 9BM nokaszbiBaer, 4T0 MPOCTHIE
qucia B apudMeTHIecKoil Iporpeccuy BCTPEIalTCs TOCTATOUHO OJIM3KO
K ee Ha4yajy. YIIOMSHEM B 3TO# CBsA3U I'MIIOTE3y O CYIIECTBOBaHUM Oec-
KOHEYHOI'O KOJIMYIECTBA MPOCTHIX YKUCEJ ¢ C YCJIOBUEM, 9TO 4ucjio 2q + 1
TaK»Ke MPOCTOe, T.e. MPOCTBIM SBJISIETCS YK€ TePBbIii UJIeH MPOTPECCUM.

OueHb BaKeH B CBSI3U C OMKICHIBAEMBIM METOJIOM BOIIPOC O PACCTOSIHUN
MEXKJIY COCEJIHNMU TTPOCTHIMI TUCIAMU B apupPMeTHIeCKOH MPOrPecCcnn.
Benpb yoegusimincs, uro npu xHekoropom () anciao N = 2F(Q) + 1 cocras-
HOE, MOXKHO 3aMeHUTDL () Ha () + 1 ¥ IpOomOIKUTL JeiCTBOBATD ONMKUCAH-
HBIM CIIOCODOM JI0 TeX IIOp, IIOKa He OyjieT HaiijeHo mpocroe uncio N. U
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€CJIN PACCTOSTHUE MEXKJIy COCEJHUMHU MPOCTHIMU YUCJIAMU B IIPOIPECCUN
BEJINKO, HET HaJIeXKJIbl ObICTPO MOCTPOUTh Hy:kHOe uncio N. Ilepebop
qucesi () 10 TOrO MOMEHTA, KaK Mbl HATKHEMCs Ha IPOCTOe IHCI0 IV,
OKaXKeTCsl CJIUIIKOM JIoJiTuM. B GoJjiee mpocToM BOIPOCE O PACCTOSTHUU
MEXKY COCEIHUMMU MPOCTHLIMU YUCIAMUA Py U Ppy1 B HATYPAILHOM PSJIe
JOKA3aHO JIMIIb, 9TO Ppi1 — P = O(pS), npu jobom ¢ > %. DTO OUeHD
TPyJHAsT TeopeMa, HO OHa JlaeT CIabyIo OIEHKY JJIsi HAMNX MOTPeOHO-
creit. Bmecre ¢ Tem cymecrByer Tak HasbiBaemasi runoresa Kpamepa
(1936r.), 910 Ppy1 — pn = O(In p,), KATOIAS BIOTHE TPHEMIEMYIO TP~
Huiy. Beraucienns Ha 9BM mokasbiBatoT, 4TO IPOCThIE YKCIa B apud-
METHYIECKUX TTPOTPECCUSIX PACTIOIOXKEHBI JOCTATOTHO TMJIOTHO.

Eciv npunsaTh Ha Bepy, 4TO HaMMEHbIIEE IPOCTOE UHUCJIO, & TaK-
JKe PACCTOSIHUE MEXKJY COCeTHHMH MPOCTHIMHE YHCJIAMHU B IIPOIPECCHN
2Fn + 1 npu F < n < 2F + 1 onennpatorcs: semannoii O(In F) |
TO ONKMCAHHAST CXeMa MOCTPOEHUST OOJIBIITUX TTPOCTHIX TUCETT UMEET TTOJTH-
HOMUAJILHYIO OIEHKY CJIOXKHOCTH. VI, HecMOTpsI Ha OTCYTCTBHUE TEOPETH-
YeCKHX OIEHOK BPEMEHH PabOThI aJrOPUTMOB, OTHICKABAIOIIUX IIPOCTHIE
qucsia B apudpMEeTHIECKUX MPOTPECCUsIX CO CPABHUTETHHO DOIBHITION pa3-
HOCTBIO, HA MPAKTUKE 3TU aJIIOPUTMbI PADOTAIOT BIIOJIHE YIOBJIETBOPH-

TeJIbHO.

4.8 PazjgoxkeHne mejablx 49mces Ha MHOXKUTEJIN 1
Kpunrorpadpunieckmne IIpuMeHeHNU .

[Tpeanonoxkum, 9TO 3a/1aHO0 HEKOTOPOE COCTABHOE HATYPAJILHOE UNCIIO
N, n Tpebyercsi pa3/ioKUTh €0 Ha MEHBIINE MHOXKHUTEIU. DTa 33/a9a
OTHOCUTCS K Pa3psjly TPYIHBIX B BBIYUCIUTEJHHOM OTHONIECHUU.
[lepBble agropuT™Mbl ee pelenus ObLIn npe/ioxkenbl Pepma, itre-
pom, layccom, Jlexxkangapom u jgpyrumm kjaaccukamu marematuku. Co-
BpEMEHHBIE AJITOPUTMbBI UCTOJIB3YIOT BBIYUCICHUSA B TIOJIAX ajarebpan-
JeCKUX YUCEN, STUNTHIECKHEe KPUBbIE U PA3HOOOpa3Hble TEXHUIECKNE
KOHCTpYKIMU. Hanmydinast u3 n3BECTHBIX OIEHOK CJIOXKHOCTH Pa3JI0yKe-
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nust uncna N na mpoxxuresn uveer sug O(exp(c(In N)V3(Inln N)?/3))
C HEKOTOPO#l MOJTOXKUTEJHLHON MOCTOSHHON ¢. BrpoueMm, 3Ta oleHKa Ko-
JINUeCTBa HEOOXOMUMBIX apudMETHICCKUX OIllepalluii YCJIOBHA, TaK KakK
ONMpaeTcs Ha PsiJi HEeJJOKA3aHHbIX, HO BEChbMa, IPaBJIONO/I00HBIX TUIIOTES
TEOPUH YHUCEJI. YCTAHOBJICHHBIN B HACTOAIIECE BPEMs PEKOP, — Pa3JIoxKe-
Hye Ha JIBa MPOCTLIX MHOXKUTEA IUCITA

N =27997833911221327870829467638722601621070446786955
42853756000992932612840010760934567105295536085606
18223519109513657886371059544820065767750985805576
13579098734950144178863178946295187237869221823983,

3aluchiBaeMoro B jecsatudnoit cucreme 200 nudpamu. Emy ObLio npu-
csoeno uMsi RSA-200. PaboTnl mo pazioykenunio ObLIM HaYaThl B KOHIE
2003 roma u 3aBepmuinch B Mae 2000 roja. bolno naiiieno pazioxkenune
Ha TpocThie MHOKUTE M N = p - q, Tj1e

p =35324619344027701212726049781984643686711974001976
25023649303468776121253679423200058547956528088349

q =79258699544783330333470858414800596877379758573642
19960734330341455767872818152135381409304740185467.

Bbrunciienns Ha [IpegBapUuTe/IbHOM Talle BbIIOJIHSJIUCH Ha MHOIHMX
MalmHax, paboraBiux napaJuienbro. Onenka obiero Bpemenu pabo-
Thl, YCJOBHO IIPUBEJIEHHAsI K OJIHOMY IIPOLECCOPY € paboueil dacroroi
2,2 I'ru, cocTapiiseT 55 jieT. 3aKJIIOUUTEbHbIN STall IPOBOIUIICS Ha, KJIa-
crepe, cocTosBieM n3 8() TPOIEeCcCOPOB TaKOM »Ke TPON3BOANTEIHLHOCTH
3aHsLI TP Mecsiia. bosiee moipobHblit oTueT 00 310l pabore MOXKHO Haji-
T Ha cTpannuke http: / /www.loria.fr/ zimmerma /records/factor.html B
uTepner.

[Tpuseiennast nndopmaliys MOKa3bIBAET, HACKOIHKO OOJIBIITX BhIUHC-
JIUTEJIbHBIX PECYyPCOB TPEOyeT PasJjioKEHUE HEJIbIX YMCEJl Ha MHOXKUTE-
au. OHa XapaKTepu3yeT TOJIbKO BHEIIHIOI CTOPOHY 9TOMH JIeATeIbHOCTH,
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oCTaBJisiss B TeHU OOJILIION TPy MaTeMaTuKoB, paspaboOTaBIIUX COOT-
BETCTBYIOIIME AJTOPUTMbBI U MPOTPAMMUCTOB, CYMEBIINX PEAJN30BATh
X ONITUMAJHHBIM 0OPa30M.

[ToaBoIsT HEKOTOPBIE NTOT, TTOAIEPKHEM, ITO DOJIBIITNE TPOCTHIE YNCTIA
MOTYT OBITH MOCTPOEHBI CPABHUTEIHLHO JIETKO, HATIPUMED, ¢ ITOMOIIIBIO aJI-
TOPUTMOB TIPEJIbIIYIIero naparpada. [lepeMHOXKWUB, 1Ba U3 HUX, MOXKHO
MOy IUTh OOJIBITIOE [EJI0E TUCIIO, PA3JIOKEHNE KOTOPOTro Ha, MHOKHUTEIN
IPECTAB/ISIET MPAKTUICCKH HENPEOIOJMMbIE TPYIHOCTH JIJIsS TeX, KTO
He 3HAeT UCXOJIHbIE MPOCThie uynciaa. Ha arom obcrogTebcTBe OCHOBaHA
OJIHa M3 HCIIOJIb3yeMbIX cucreM mudpoBanus uadopmaiuu. OHa HOCUT
nazpanne RSA,? Obuia npepioskena B 1977r., ¥ B TedeHNe JJIATEIBHO-
IO CPOKa €e MCIOJb30BaHKUS HUKTO HE CMOI' IPUJyMaTh JIETKUH C110co0
pacIo3HaBaTh cooOIeHns, 3amndpoBaHHble ¢ ee ITOMOIILIO.

JI1000it TeKCT MOXKHO 3aInCcaTh MOCIEI0BATEHLHOCTHIO UG, HATTPU-
Mep, nepeHymepoBaB OyKBbI ajipaBuTa U 3HAKK, UCIOIb3yeMble TTPU Ha-
MUCAHUUN TEKCTOB: NMPOOEbI, TOUYKHM, 3alldThle, THPE W T.J. 3aMCHUB
KaXK/Iyto OYKBY WJIM 3HAK WX HOMEPOM, MBI U TIOJY9IUM MOCTET0BATE b
HOCH 1M(p, NojIexKallyo mudpobannio. juHHbBIE MOCTEI0BaATEIbHO-
CTU MOXKHO pa3buth Ha OJIOKU, U KU(PPOBATH KaxK bl OJIOK OTJIeJIbHO.
Tor, kTO X0UeT ncnonb3oBaTh cucremy RSA, obosuaunm ero OykBoit A,
MOCTYTAeT CIAeAYIOMNUM 00pas3soMm:

1. swibupaem dea docmamouno OOALWULT NPOCTBIL YUCAGL P, § U TPE-
muoe wucao e, saaummno npocmoe ¢ (p — 1)(qg —1);
2. eviwucasem N = pq, a maxoce yeaoe 4ucio d ¢ ycrosuem

ed=1 (mod (p—1)(¢—1));
3. nybauxyem 6 omrpovimot nevamu wucaa €, N.

3aMeTuM, 9TO TPOCThIE YUCIa P, ¢ U TOKA3aTe b CTEIeHN d OCTAIOTCs
IIpU 9TOM B CEKpeTe.

3Coxparmenne, COCTABJICHHOE U3 TIEPBBIX OVKB damuimii ee apTopos: Rivest R., Shamir A.,
Adleman L.
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Corutacto ycsosuto uncia e u (p—1)(g— 1) B3aumuo npocrer. Jlemma
4.1 yTBepKJIAET, UTO TUCJIO d, YIOBIECTBOPSOIIECEe CPABHEHHIIO U3 IIYHKTA,
2 cymecrByer. Haiiti ero Mo»KHO, HallpuMep, PEIIUB B IEJbIX YKUCIaX
u,v ypasuenune eu — (p — 1)(¢ — 1)v = 1 rmak, Kak 310 00bsICHEHO B
naparpade 1.4, u nonoxxus d = u. [Ipn 37oM MOXKHO cunTaTh, 4T0 0 <
d<(p—1)(¢—1).

Biiok nndopmaium MoXKHO IPEJACTABIATH cebe MeabIM TUCIoM T, 1 <
r < N. Kaxplii, xKeJjiaonuit cCooOIUTh MOIL30BATENI0 A HEKOTOPYIO
CEeKpeTHY0 nH(MOPMAILIIO T, JOJKEH 3alIn(POBaTh ee M0 IPaBUIy

y=2x2° (mod N).

[Tocsie 3TOrO OH MOXKET MepeciaTh MO OTKPLITOMY KAHAJY CBS3H COO0-
eHue Y.

B coorsercrBun ¢ KoHCTpYKIpeH qucaa N BbINOJIHSETCS PABEHCTBO
©(N) = ¢(p)p(q) = (p —1)(¢ — 1). Coruacho Teopeme Ditepa nmeem

y'= () =2 (mod N).

[Tosromy mosib3oBaTenio A jjist paciindpoOBKNA COODINEHUsT TOCTATOTHO
peraneanTs y¢ (mod N). Obe onepanun mmdposanns 1 pacmudpoBa-
HUsI BBIIIOJIHSIOTCS JOCTATOYHO OBICTPO.

3JI0YMBIIIIEHHAK, 9TOOBI paciimdgpoBaTh cOODIIEHNE, JTOIKEH HANTH
LEJIOe YMCJIO T, yjoBJerBopsolee cpashenuio ¢ = y (mod N). Us-
BeCTHBIE OBICTPBIE AJITOPUTMBI JIJIsT PEIIeHUs 9TOI 3aaUn TPU OOJIBIINX
N u e cBgA3aHbI ¢ BBIYUCICHHEM CEKPETHOrO 4ucjia d. DTO MOXKHO Clie-
narh, 3Has Gyukuuio itnepa @(N). Tor xke, KTO 3HAET 0JJHOBPEMEHHO
ancina N u @(N), pemas cucremy ypasnenuii pg = N, (p—1)(¢—1) =
@(NN) OTHOCHTEIHHO YUCEN P, ¢, CMOXKET HAWTH MpoCThbie geauresnn N,
T.€. PA3JIOKUTH YncI0 N Ha MHOXKHUTEN. SHATUT, BhIUNCIeHe (DYHKINN
Disiepa ¢(IN) — 3ajaua CTOJb XKe CJIOXKHAS B BIYUCIUTETHHOM OTHOILIIE-
HUU, KaK ¥ Pa3JIoyKeHne Ha MHOXKUTEJIN.

B0o3M0XKHO CYIIECTBYIOT U JIpDYIH€ CPABHUTEJBbHO ObICTPBIE CIIOCOODLI
HaiTh d 110 w3BecTHON wHMOpPManun e, N, WiIu JApyrue CrocoObl BHITUC-
JeHUsl 11EJI0r0 X, yJ0BJIeTBOpsiomero cpasuennio ¢ = y (mod N), no
3a IpoIIle/Iiiee BpeMs TaKue oOHapyKeHbl He ObLIN.



I'maBa 5

CpaBHeHI/IH C O/IHUM HEen3BECTHDbBIM

B npeaplaymieil riaBe Mbl yKe BCTPEUAJIUCH € 3aJladell HaXOXKeHUs]
LEIBIX YUCEN, YJIOBJIETBOPSAIONINX 3aJaHHBIM CPaBHEHUSAM. Tak jemma,
4.1 ecTb yTBepXKJIeHUE 00 YCJIOBUAX PA3PEHIMMOCTH B IIEJILIX YUCIAX T
cpaienus ar = 1 (mod m). Ypasuenue 2 — 5y* = 3, cm. (4.1), e
VMEET PElIeHUl B IEIBbIX YMCIaX MOTOMY, YTO HEPa3PEHInMO CPABHEHNE
22 = 3 (mod 5). U3 manoit reopembr Depma cleyer, 4To Jis IPOCTOro
P KaxKJ10e 1eJI0e YUCIIo yaoBaeTBopsier cpasiennio ¥ —x = 0 (mod p).
A 49T00BI mpOYUTATL COODIIEHHE, 3aln(POBAHHOE C ITOMOIILIO CXEMbI
RS A, ny»xHo ymerb pemarh cpasienusi Bujia ¢ = a (mod m).

B 3T10it raBe Mbl 00CYIMM HEKOTOPLIE OOLIME BOIPOCHI, CBA3ZAHHLIC
C pellleHreM CPaBHEHUi, B KOTOPBIE BXOIUT OJHA HEU3BECTHAS BEJIUIN-
Ha, Oyjem oboszHauaTh ee OykBoil x. B oriimune or ypaBHeHUil Kayk10€
CPABHEHME MMEET elle ¥ MOJYJb. Pa3pemuMocTs cpaBHeHuii, a TakxKe
CIIOCOOBI HAXOXKICHUSI PELICHUi, 3aBUCAT, KAK Mbl YBUJIUM B JaJIbHedi-
1meM, OT CBOMCTB MoAyJ/1st. MOXKHO TaKzKe CKa3aTh JIPYTUMU CJIOBAMU, UTO
pelIeHre CPABHEHMI 110 MOJLYJIIO 1M €CTh PEIICHNEe YPABHEHUI B KOJIbIE
KJIACCOB BbIUeTOB Z /M.

5.1 OcHoBHBIE ompe/IeIeHIs

[Tycrs pambl nesoe yuciao m > 2 u muorousten f(z) = a,z” + ...+
a1 + ag ¢ uesabiMu Koddgduimenramu. ['oBopsit, 410 LHeJI0e YUCIO U Y10~

124
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BJIETBOPSIET CPABHEHUIO
apz” + ...+ azr+ag=0 (mod m), (5.1)

ecim f(u) =0 (mod m). U3 pesysbraros naparpada 4.1 cieyer, aro
JJ1st JTI060T0 TEJIO0r0 YUCIa U, CPABHUMOrO € U 110 MOJYJIIO 71, BHINOJIHS-
ercst f(v) = f(u) = 0 (mod m), ApyruMu cjoBaMu, Bee UUCIA KJac-
ca BeraeToB © = u (mod m) ymosiersopsitor cpashenuio (5.1). Takuwm
0Opa30M, MHOXKECTBO, COCTOSIILEE U3 BCEX LEJbIX YMCEJI, YIOBJIETBOPS-
ormux (5.1), eciiu OHO He TYCTO, MPEJCTABJSIETCs B BUJE 0ObeIMHEeH s
HECKOJILKUX HETEePECEKAIOIINXCsl KIACCOB BHIUETOB 10 MOJLYJIIO 171,

Kaxxplit Kj1ace BBIYETOB, COCTOSAIMI U3 YUCEN, YIOBJETBOPAIONUX
(5.1), maswiBaercs pewenuem cpasuenus (5.1), a KOIMIECTBO TAKUX
KJIACCOB BLIUETOB, HA3BIBACTCS “4UCAOM peuwerud 3Toro cpapaenus. dnc-
710 periennii cpasrenns (5.1) ecrb qucso pemennii ypasuenust f(z) = 0
B Kosiblle Z/mZ. TIpu 9T0M, ecili KJIACC BHIYETOB k COCTOMT M3 HHCelI,
yaoBaersopsomux cpasaennio f(x) =0 (mod m), To, B cooTBeTCTBUN
C OIpeJieJIeHHeM Olepalil, B KOJIbIE KJIACCOB BbIUeTOB Z/mZ umeer
mecto pasenctso f(k) = 0. Brech Mbl JIOMYCKAEM HEKOTOPYIO BOJIb-
HOCTH UCIOJIB3Ysl OHO U TO XKe oboszHauenue f(r) Kax I MHOTOUJICHA
¢ nesapiMu KO3 puIuenTaMu, OPUCYTCTBYIOIEr0 B CPABHCHWH, TaK U
JJIsl MHOTOYJIEHA B ypaBHEHUr, KO3(MMUIIMEHTHI KOTOPOTO ABJISIIOTCSA CO-
OTBETCTBYIOIMMHU Kjaccamu BbiueroB. C (opMasibHOM TOUKKM 3peHust
cpaBuenuio (5.1) JOMKHO COOTBETCTBOBATH YPABHEHUE

" + ... +ax+ay=0.

Mb! 1 B JasibHeRIIIeM JIJist KpaTKOCTH 3aIIUCH OyIeM OIyCKaTh YePTOUKH,
€CJTU U3 KOHTEKCTa, sICHO, UTO PeUb UJeT O PellleHuN YpaBHEHN B KOJIbIIE
KJIACCOB BBIUETOB.

Corutacuo majioit reopeme @epma Kak10€ 1e/10€ 9UCI0 YA0BIETBOPSI-
er cpapuenuio ¥ — x = 0 (mod p) npu npocrom p. TTosromy Kaxkblii
KJIACC BBIYETOB Kousiblia Z/pZ ecTb pelieHne 3TOro CpaBHeHUsI, a IUCIo
€r0 pelIeHnini paBHo p.
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Ecin kosdduiment npu crapiieil creneHu T He JIeAUTCs Ha M, T.e.
m { a,, TO TOBOPST, UTO cmenens cpasrenus (5.1) paBHa n.

Hanpumep, cpasnenne sropoii cremenn x° — 1 = 0 (mod 8) mmeer
qeThipe peleHns

r=1 (mod 8), r=3 (mod 8),

r=5 (mod 8), r=7 (mod8),
B MHBIX 0DO3HAUEHUSAX ITU KJIACCHI BHIUETOB IO MOJYJIO 8 MOI'YT OBIThH
zanucanbl Tak 1,3,5,7. CpaBHEHHUIO yJIOBJETBOpSET KaKJi0€ HEYETHOEe

JUCIIO.
MoxHo paccmarpuBarTh U cpaBHeHusi 6osiee 001IEIO BUJIA

f(z) =g(x) (mod m), (5.2)

re f(x), g(z) — MHOTOWIEHBI ¢ TIesbiMu Koadduimentamu. V3 cBoiicTs
CPaBHEHMUIT Cpasy Ke CJIEJIyeT, 4TO MHOKECTBA YUCEl, YIOBIETBOPSIIOIIMX
(5.2) u cpasuennio f(x) — g(x) = 0 (mod m) cosnagaior. Tax dro
BCE BOIIPOCHI, BOBHHUKAIOIINE B CBA3U €O cpaBHeHusME (5.2) cpady ke
CBOJIATCST K COOTBETCTBYOIIMM BOIPOCAM JIJIsl CDABHEHUIA, COIEPIKAIIX
0 B npaBoit yacTu.

5.2 CpaBHeHHs IEPBOil CTeleHn

Kaxk10e cpaBHeHue 1mepBoit cTerneHn MOXKeT ObITh MepernnucaHo B BUJIE
ar =b (mod m), m{ a. (5.3)
OCHOBHO# pe3yJIbTAT O TAKUX CPABHEHUSIX ECTh

Teopema 5.1. Cpasnenue (5.3) paspewumo ecau u moavko ecau, b de-
AUMCA 1A Haubosvwutl 0buwut deaumens (a, m). Koauvecmso pewerud
6 amom cayuae pasho (a,m).

Joxasameavcmeo. Cpasraernne (5.3) pazpemnMo B TOM U TOJBKO B TOM
caydae, KOrjia UMeeT pelleHue B LeJblX YUCIax T, Y YPaBHEHUE

axr +my = b. (5.4)
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[To reopeme 1.5 jist 91010 HEOOXOAMMO 1 JIOCTATOUHO, 4TOObI (@, m)|b.
[Ipeamonoxum Tenepsb, aro b genurcs ua (a, m). VI3 Toii xke Teopembr
CJIEJIyeT, UTO MHOYKECTBO DEIICHHH YPABHEHU UMEET BHUJL

@ m)t’ Y =1y — Wt, (5.5)

Tr =2+

rjie mapa 4mcell To, Yo €CTh Kakoe-jinbo (pukcupoBaHHOE pelieHue, a t —
TPOU3BOJILHOE TiesIoe TuCI0. VTak, MHOXKECTBO HEIbIX TUCeT X, YI0BJIe-
TBODSIONIAX CPaBHEHHIO (5.3) UMeeT BH/

v=xg+ ——t, tEZ (5.6)

(a,m)

Ipyd HEKOTOPOM IeJIoM Zo. PaccMoTrpuMm umcna

T = To + k, k=1,2,...,(a,m). (5.7)

m
(@, m)
HokaxkeM, 9TO KaxKJ0oe UHCIO0, yIOBJIeTBOpsiomee cpashenuio (5.3),
CPAaBHUMO 1O MO0 m ¢ opunM u3 unces (5.6). Ilyers o nveer Bug
(5.6) u k — o u3 uncen cookynuocru 1,2, ..., (a, m), Koropoe cpaBHU-
Mo ¢ t 1o mopyJtio (a,m). Torma t = k + q - (a,m) ¢ HEKOTOPBIM TIEJIBIM

q, n

T =x)+ (k+q-(a,m)) =2, +gm =z, (modm).

m
(a,m)
151 3aBepHIeHusT JTOKA3aTeIbLCTBA OCTAJIOCh MPOBEPUTL, YTO BCE UUC-
ga (5.7) sexar B pasHbIX Kjaccax BblueToB 10 Moy m. [peanosno-
Kum, 9to T = x¢ (mod m), rue k,{ — paznuumble dnciaa u3 Habopa
1,2,...,(a,b). Torna

m m

(a,m)k = (a,m)g (mod m).

Pazjiesms 06e yacTu 1 MOJLyJIb STOIO CPABHEHHUSL HA LEJI0€ YUCIIO T 110-
JydaeM B cuity cBoiictBa 7 u3 naparpada 4.1, uro k = £ (mod (a,m)).
[TosyuuBiieecsi NpOTUBOpEUME 3aBEPIIACT JIOKA3ATEIbCTBO TEOPEMBbI.

[]
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Ormerum, uro jgemma 4.1 ciejyer u3 joKazaHHON TEOpEMbI.

st periennst cpaBaerust (5.3) MOYKHO PEIIUTD B [EJIbIX THCTAX YPAB-
nernue (5.4), 9T0ObI HAWTH Ty U BOCIONL30BATLCA dhopmytoit (5.7) mrs
HAXOKACHUsI [IPEJICTAaBUTEICH BCEX HY>KHbBIX KJIACCOB BbIYETOB.

s ynporieHus perenns cpaBHEeHIA Bce KOI(MDPHUIIUEHTHI MOXKHO 3a-
MEHUTD UX HAUMEHDIIMMU HEOTPUIATEbHBIME BEIUETAMHU 110 MOZYJIIO 170,

BaMeTnM, TakxKe, 9TO B CJydae PaspermMoCcT, T.€ JIeJIMMOCTH b Ha
(@, m), 0be yacTu CpaBHEHUSE U MOJLYJIb MOXKHO Pa3/IeuThb Ha (@, M), 410
YIPOCTHUT 3324y, CBEJIS €€ K CPABHEHUIO ¢ MEHBIINM MOJLyJieM. Muoxe-
CTBa YKCeJI, yJIOBJIETBOPSIONMX HOBOMY CPABHEHUIO W JIAHHOMY COBIIA-
JIAIOT.

Petium, natpumep, cpaBHeHue

38xr =4 (mod 26).

Tak kak 38 = 12 (mod 26), T0o y JaHHOrO CpaBHEHMs T€ XKe pPeleHus,
aro u 'y cpaBaenust 12x = 4 (mod 26). Umeem (12,26) = 2 u 4 neaurcs
Ha 2, MO3TOMY JIaHHOE CPaBHEHWE Pa3peliuMO W HMeeT JIBa PeIleHwUs.
Kpowme Toro, MHOYXKECTBO YJIOBJIETBOPSIONIUX €My HHUCE] TAKOBO ¥Ke, KakK
u y cpaBaenns 6 = 2 (mod 13). 3amMeHuM TOTyUUBINEECs] CDABHEHUE
ypaBuenuem 6x + 13y = 2.

st pertienust 3Toro ypaBHeHUsI IPUMEHUM aJropuT™ EBKiunia. Y ke
HepBbIit €ro mar npuBoAuT K paBeHcTBY 13 = 62+ 1, u3 koroporo cie-
ayer, utro 1 =13 —-2-6u 2 =13-2 —4-6. Takum obpaszoMm ypaBHeHUe
nMeetT pemenne © = —4,y = 2 nu rg = —4. MHOXKecTBO Uunces, yaoBJe-
TBOpsifoluX cpasHenuto 6x = 2 (mod 13) cocrour u3 ogHOrO Kjacca
BbIYETOB 110 MoAyJio 13, a umenno x = —4 (mod 13). Ornocurenbno
Ke MOJyJsisd 26 mMeeM JBa pellleHusi. DT KJIACChl BBIYETOB MO MOJLYJIIO
26 cojiepxar yucia —4 + %k, k=1,2, re. ancna 9,22. Urak, perenns
JIAHHOT'O CPABHEHWSI UMEIOT B/

r=9 (mod 26), r =22 (mod 26).
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5.3 Kuwuraiickas TeopeMa 00 ocTaTKax

[Tpu perieHnn HEKOTOPBIX 3aJad BOZHUKAET TTOTPEOHOCTH HANUTH TIe/Ible
qucaa T, yJOBJIETBOPSIONINE OJHOBPEMEHO HECKOJILKUM CPaBHEHUAM.
Kak u B cilydae ypaBHEHUil 1pU 3TOM TOBOPST, 9TO TpeOyeTcs: pernTh
CUCTEMY CpaBHEHUI.

Pemmmm, nanpumep, cleIyonyo CucTeMy CpaBHEHM

3r =5 (mod 4),
) (5.8)

S (mod 7).

OnH U3 BO3MOXKHBIX OOIIUX CIIOCOOOB pEIIeHUsT ITOW 3aJa9d COCTO-
UT B TOM, UTOOBI 3aMEHUTH CHCTEMY CPaBHEHHI CHCTeMO#l ypaBHEHWHIA,
BBOJI IIPM 9TOM HOBBIE IepeMeHHbIe. TaK IepBOMY CpaBHEHHUIO 3a/IaH-
HO CHCTEMbBI yJI0BJIETBOPSIIOT B TOUYHOCTH T€ LeJIble YUCIa X, JJIs KOTO-
PbIX HaMAETCs LEeJ0e YUCIO0 ¥, YIOBAETBOPSIONIEe PABEHCTBY 3 — 4y =
5. AHajoru4aHo, BTopoe cpaBHEHHE MOXKET OBITH 3aMEHEHO YpaBHEHHEM
br — 7z = 2, a Bcs cucreMa CpaBHEHHUI MOKeT ObITh 3aMeHeHa CHCTEeMOi
YpaBHEHU

v —4y =25,

ox — Tz = 2.

DTy cucTeMy MOXKHO PEIIUTH Tak, KaK 3TO 00bsiCHSJIOCH B maparpade
1.4. CoorBercrBytommas Matpuiia (1.10) uMeer Bu

3 -4 0 =5
5 0 =7 =2
1 0 0 0
01 0 O
0O 0 1 O

[TockosibKy HAC B JIeHCTBUTEJILHOCTA HE UHTEPECYIOT IepeMEHHbIe Y U
Z, JIB€ TMOCJIeJIHAE CTPOKU TON MATPHIBI MOYKHO OTOPOCHTDH M BCE BBI-
YUCJIeHUs, YKazaHHbie B naparpade 1.4 BbINOIHATH Jijist OoJiee TPOCTOi
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mMaTpuibl. C MOMOIIBIO JAOMYyCTUMbIX TPE0OPA30BAHNUI HAXO UM

3 =4 0 -5 10 O 0
5 0 =7 =2 ~|-5 1 0 0
10 0 0 -1 —4 —-28 —113
Takum oOpa3oM, Bce YKc/ia, YI0BJIETBOPSIONIUE 38/ JaHHOM CUCTeMe CPaB-
HeHuit nmeror Buj © = —113 + 28,1 € 7Z. DT0 MHOXKECTBO MOXKHO 3a-
nucarb B Bujie £ = —113 (mod 28) = —1 (mod 28).
KoneuHno, B JaHHOM KOHKPETHOM CJIydae CUCTeMY CpaBHEHUI MOXKHO

OBLI0 OBl PENIUTDH MPOoIIe. Y MHOXKHUM KarKJI0€ 13 CPaBHEHUI CUCTEMbl Ha

9r =15 (mod 4),
152 =6 (mod 7),

3. B pesyabraTe mosiydaeM CUCTEMY CpaBHEHW

r = —1 (mod 4),
VLI [Tepenucannas B TaKOM BHJE, CUCTEMA, O3HA-
r =-—1 (mod 7).
TaeT, 9TO BCE MCKOMBIE YUCIA T TAKOBLI, 4TO X + 1 gesuTcsd Ha 4 u Ha
7, 1.e. jequrcs Ha 28. B pesysbrare naxogum x = —1 (mod 28).

Jlajiee Mbl PACCMOTPUM CUCTEMbl CPABHEHUEH CHIEIUAJILHOTO BU/IA
r=a (modmy),

as (mod my),

............... (5.9)

r =ar (mod my),

e m; > 0, a; — 3ajiaHHbIe Hejble ducia. VIX pelieHue TakxKe MOXKeT
OBITH CBEJICHO K PelIennio cucTeM ypasuenuii. Ho B ogHoM BaxKHOM 1acT-
HOM CJTydae pereHne cucTeMbl (5.9) MoKeT OBbITh Oy 9€HO OTHOCHTEI b
HO jierko. Cireyiomiee yrBepKieHne ObLI0 U3BeCTHO B KuTae npumMepHo
2 ThIcaUueneTns Ha3ajl. B macTosimee BpeMsi OHO HOCHT Ha3BaHue 'Ku-
TajicKasl TeopeMa 00 ocTaTKax'.

Teopema 5.2. Ecau my,...,Mmi nonapHo 63auMHO NpPocmovl, mo Cu-
cmema cpasnenud (5.9) paspewuma. Ecau das ueaviw wucea M, M, b;
GUINOAHENHD, COOMMHOULEHUSA

M
M:ml---mk, ]\42':—7 MZbZECLZ (modmi), 1§Z§k,
my;
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U

MO MHOINCECTNEO YEAVT HUCEN, YOOBALTNEOPAIOULULT CUCTNEME CPAGHEHUT
(5.9), cocmasasem waace svvemos x = xp (mod M).

[TockosbKy B yeioBusix Teopembl (M;,m;) = 1, 10 cyuiecTBoBanue
qucest b; ciemyer w3 Teopembl 5.1. 3aMeTuM Takke, 9TO ducaa b; onpe-
JCJISIOTC HEe €UMHCTBEHHBbIM c0coboM. [Ipu ucnonb3oBanum Teopembl
5.2 JJIsl pelIeHus CUCTEM CPaBHEHUil, CIeyeT BLIOMpATh T€ U3 HUX, KO-
TOPBIE JIAIOT 110 BO3MOYKHOCTH MEHBIINE 3HAYCHUS L.

Hokasamenvemeo. Tak xkaxk m;|M; npu j # 4, To npu J1060M % BBITIOJ-
HSIIOTCsT CPABHEHUsT

xrg = M;b; = a; (mod m;). (5.11)

DTO 3HAUUT, UTO MHOKECTBA TEJbIX YUCEJ, YJOBJIETBOPSAIONINX CUCTEME
(5.9) u cucreme

coprniajiator. Cpashenust (5.12) BBINOJHSIOTCS B TOM M TOJBKO TOM CJly-
qae, kora m;|(x — xp), 1 < ¢ < k. YuurbiBag nonapHyio B3auMHYIO
MPOCTOTY MOJIyJielt m;, ¢ TOMOIIbIO CeJicTBUs 2.6 3aKj0vdaeM, 4TO MOo-
cjiejiHee CBOMCTBO BBITIOJHAETCH [IJI T€X W TOJbKO TeX Yucesa T, JJs
koropuix M |(z — ), T.e. © = xy (mod M). O

ITpumep. Peiiium cucremy cpauenwuit
r=3 (mod 7), r=2 (mod 11), r=1 (mod 13),

B nannom ciaydae mogyiu 7,11, 13 nonapHo B3auMuo npoctbl. [Toab3y-
sICh COOTHOIIEHUSIMU TeopeMbl .2, Haxogum M = 7-11-13 = 1001, M, =
11-13 =143, My =7-13 = 91, M3 = 7 - 11 = 77. Pemas Bcnomora-

TEJIbHbIEC CDAaBHEHW A

143x =3 (mod 7), 9lx =2 (mod 11), 77z =1 (mod 13),
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1 BbIOMpas 1O OJHOMY YHCIY, YJIOBJIETBOPSIOIIEMY KaXKJIOMy W3 HUX,
HaxoauMm by = 1, by = —3, bg = —1. Jlajiee BuIUIHC/IAEM

2o =143 -1+ 91 (=3) + 77+ (—1) = —207.
Orger: 2 = —207 (mod 1001).

CaencrBue 5.1. Ecau wucaa ay,...,a; uesasucumo dpyz om Opy-
20, NPobe2am NOAHBIE CUCMEMDbL GHUEMOE N0 MOOYAAM M, . .., M)
COOMBEMCMBEHHO, O YUCAAL Ty, OnpedeseHnvie i kaxrcdozo Habopa
ai,...,ag ¢ nomowwio pasencms (5.10), npobezarom noanyro cucmemy
6u14emos no modymo M = my - --my.

Jlokazamenvcmeo. JJocTaTouHO JOKA3aTh, 9TO MOJIYUAIONIAECT YKA3AH-
HBIM B YCJIOBUU CIHOCODOM YHC/Ia T( NPUHAICIKAT PA3IUIHBIM KJIACCaM
BbraeroB 1o Mojystio M. Tlpeanonoxum, 9ato ay, ..., a, u aj, ..., a 1Ba
Habopa BBHIYETOB 110 MOJLYJIAM My, . . ., M, IPUYEM TaKue, YTO XOTd Obl
JJIsT OJIHOTO WHJeKca ¢ Bhinosusercsa m; 1 (a; — a;). IlycTs Takske dnc-

J— /

na b;, b, ynosnersopsitor cpahenusiv M;b; = a; (mod m;), M;b, = a;

(mod m;) u
xo = Miby + ...+ M;by, xy = Mib| + ... + Mpbj.

Ecmu 29 = zf, (mod M), To npu jwobom i,1 < i < k, BBITONHAIOTCS
cpaprenus ¥y = x; (mod m;). YuaureiBas, aro m;|M; npu j # i, 3a-
kJrouaeM, uro M;b; = M;b, (mod m;). Ho rorga a; = a; (mod m;), r.e.
a;, @ TPUHAJIEKAT OJIHOMY KJIACCY BHIUETOB 110 MO0 1m;. [IoCKOIbKY
5TO JIOKA3aHO JJIs JIIOOOro MHACKCA 4, IPUXOJUM K NIPOTUBOpednto. [

CanencrBue 5.2. Fcau wucaa aq,...,ap mezasucumo dpye om dpyeza
npobezarom npusedentvle CUCEMbl 8uemos N0 MOOYAAM M1, . . ., My
COOMBEMCMBENHO, MO “YUCAG T, Oonpedesennvie dra kaxncdozo Habopa
ai, ..., Q ¢ nomowwlo pasencms (5.10), npobezarom npueedennyio cu-
cmemy euiiemos no modyato M = myq ---my.

Hoxazamesvcmeo. Bee uncna xp, nojsiydeHHble COIVIACHO YCJIOBUIO, MTPH-
HaJIJIEXKAT PA3JIMIHBIM KJIACCAM BbIYETOB 10 MOAYJII0 M. D10 JJ0Ka3aHO
B ceICTBUA O.1.
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C nomorpio pasercrsa (2.9) u cpasuennii (5.11) Haxoum

(M, x0) = (mq1,xq) -+ - (Mg, x9) = (M1, aq) -+ - (Mg, ag).

Buauur paBeHcTBO (g, M) = 1 BbIIOJIHSIETCsI B TOM U TOJBKO TOM CJIy-
1

qae, korma (a;, m;) = 1, i < k. D10 3aBepuiaer JOKa3aTEIbLCTBO

CJIeJICTBUS. []

CunencrBue 5.2 1aeT HHOE JIOKA3aTEIbCTBO YTBEPKICHUS TEOPEMbI 3.3
O MyJIbTUILTMKATUBHOCTH hyHKIMK Ditepa ¢(n). Jelicrurenbho, eciu
qUCHA A1, - . ., A HE3aBUCUMO JIPYI OT JApyTa IPOOEraloT NpUBEJEHHbIE
CHCTEMBI BLIUETOB 110 MOZYJAM My, ..., Mk, TO KOJIXICCTBO IIOIYIUB-
mMxest Habopos paBHO w(my) - - - p(my,). Cornacuo ciegcTBuio 5.2 910
YUCIO0 PABHO KOJMUYECTBY KJACCOB BBIYETOB 10 MOLyJ0 M, cocrosimmx
M3 duces, B3auMHO npocteix ¢ M, r.e. pasno ¢(M). B pesyabrare 1o-
aydaercst papencTBo o(M) = @(myq) - - p(my) npu ycaosun, 910 YnCIA
M; NONAPHO B3aUMHO TPOCTHL.

5.4 IlonmHOMUAJBbHBbIE CDABHEHUS IO IIPOCTOMY MO-
YJIIO

B srom naparpade Mbl pacCMOTPUM CPaBHEHUS BUJLa
flx)=aux"+...+ @z +a =0 (mod p), p1an, (5.13)

rie p — npocroe ducio. Chepyroiee yrBepkieHue, jokazannoe Jlarpan-
»)keM B 1768r., HOCUT ero mms.

Teopema 5.3. Cpasnenue (5.13) umeem ne boaee n pewenud.

SamMeTnM, 9TO JIJIsi COCTAaBHOTO MOJLYJIsl, Jake 1pu N = 1, yTBepxK ie-
HUE TEOPEMbl MOXKET HAPYUIATbhCA.

Hoxasameavcmeo. JJokaxkem Teopemy MHJIYKIHMEH 110 CTEIeHUu CPaBHe-
Hust n. [Ipu n = 1 cupaBeyINBOCTD €€ YTBEPKIeHUs CIeAyeT U3 Teope-
MBI O.1.
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[IpeanonoKum Tenepb, 9ro 1 > 2 1 yTBEPXKICHUE CIPABEIJIMBO J1Isl
BCEX CpaBHEHWH crenenu Menbieii n. [lycts xy — mesioe 1ucio, yosie-
TBopsitotiee cpasuennto (5.13). Torma f(z9) =0 (mod p) u

n

f@) = f(zo) = ) _an(a" —a5) = (& — 20)g(2),

k=1

rie g(r) = a,a™ ' + ... € Z[x]. Uz sT0ro paBencTsa CIepyer, uTo i
KazKJIoro MeJIoro Yucia Xy, yJOBJeTBopsioiiero cpapiernio (5.13) Oy-
JIeT BbIIOJIHsIThCst cpasHenue (r1 — xo)g(r1) = 0 (mod p). Eciu npu
STOM g, T1 JEXKAT B PA3IMIHBIX KJIACCAX BBIYETOB 110 MOIYJIIO P, T.e.
p 1 (z1 — x0), TO Oyiem umersb g(z1) = 0 (mod p). Urak, kaxjoe 1e-
JI0€ 9HCJI0, yI0BJIeTBOpsitoliee cpaBHennio (5.13) u He siexkaliee B KJacce
BBIYETOB T, Oyuer yposaersopsith cpasienuio g(z) = 0 (mod p). Co-
IJIACHO MHIYKTHBHOMY IIPEJIONOKEHNIO 9TO CPABHEHNE UMeeT He DoJee
n — 1 pemennit. Orcroga ciepyer, 4To CylecTByerT He 6oee n KIaccos
BBIYETOB 10 MOJLYJIIO P, 3JIEMEHTbI KOTOPBIX yIOBJIETBOPAIOT CPABHEHUIO

(5.13). 0

CaenctBue 5.3. /s kaocdozo npocmozo wucia p cnpasediuso cpas-
HEHUE

—r=x(xz—-1)(z—-2)---(r—p+1) (mod p), (5.14)

m.e. Koapduruernmv, npu 0OUHAKOBHLL CMENEHAL NEPEMEHHOT T 6 Ae6O1T
u npasoti wacmaz (5.14) cpasnumos meacdy cobotl no modyaio p.

Hoxazamesvcmeo. Paccmorpum MHOrOU IEH
flx)=a? —z—2z(x—-1)(x—2)---(x —p+1) € Zlx].

Crenenb ero, Kak JIErKO BUJIETh, He nipeBocxoguT p — 1. Ecin n — Han-
OosIbIIIee 11eJI0e YUCTIO0 TaKoe, 9TO KO3 (DUIMEHT npu &' B MHOIOUJICHEe
f(x) me penurcs na p, To crenennb cpashenus f(x) = 0 (mod p) pas-
Ha n. Jns xkaxjporo nesoro unciaa a, 0 < a < p — 1, corytacHo MaJioi
reopeme Pepma umeem f(a) = a? —a = 0 (mod p). Bnaunt, KosMUe-

crBo pemenuii cpapuenust f(z) = 0 (mod p) pasno p. ITo Teopeme 5.3
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BbINOJIHsAEeTCsS HepaBeHcTBO p < n. [Tockosibky n < p—1, nostydaem 1mpo-
TUBOPEUHE, JIOKA3bIBAOIIee, 9T0 Bee KoM PUIneHTs Muorouaena f(x)
JIeJIATC Ha . DTO 3aBEpIIACT JOKA3aTEIbCTBO TEOPEMBI. [

CpaBuuBasi Koo DUIMEHTHI TTPU X B TEPBOI CTENEHN CJIeBa U CIpa-
Ba B cpaHenun (5.14), nosyuaem reopemy Busbcona —1 = (p — 1)!
(mod p).

Teopema 5.4. IIycmo
f(x) = (2" —x)g(x) +r(x),  r(r)€Zlx], degr(x)<p.
Toeda MmHo2HCECTNEA YLAVT YUCEN, YIOBAEMBOPAIOULUL CPABHEHUAM
f(x)=0 (mod x) v  r(z)=0 (mod p),

cosnadarom. Jpyeumu caosamu, xastcdoe cpasnenue (5.13) moocno 3a-
MEHUMD PABHOCUALHM EMY CPAGHEHUEM CMENEHU HE NPEGOCTOOAULET

p— 1.

Hoxazamesvemeo. s KaxK10ro 1eJioro 4ucia a B CUJy MaJioil Teope-
Mbl Depma nmeem

fla) = (a” —a)g(a) +r(a) = r(a) (mod p).
OTciofia cpaldy ke cleJlyeT Hy»KHOe YTBEepKICHUE. [

Unorga crenedb cpaBHEHUS MOXKHO €I1le YMEHbIIUTD, He M3MeHss IPH
9TOM MHOXKeCTBa perienuit. s onucanust 3Toro crocoda yi00HO BOC-
110JIb30BATHCsI TE€M, YTO KOJIBbIIO KJACCOB BblUeTOB Z/pZ 10 1pocTOMy
MOJTYJTIO P ABJsieTcs nojieM. [ KpaTKocTu MbI OyJieM 0003HAYATh €ro
cumposioM Fy,. U3 crepcrsus 5.3 nomydaem, uro B Kosiblie [y [z] Bbimon-
ustercst pagercrBo af —x = x(x—1) - - - (x—p+1). C bopmasnbHOit TOUKH
3peHusi B 9TOM paBeHCTBe BMecTo uuces 1,2,...,p — 1 J0o/KHBI ObLIH
OBl CTOATH KJIACCHI BLIUETOB 1,2, ...,p — 1, HO JJI KPATKOCTH 3alliCH,
KaK 00 9TOM TOBOPMJIOCH BBIIIE, Mbl Y€PTOYKN HE CTABUM.

IMpumep. Pazjenurs ¢ ocrarkom MHOrousen 3x° + 2 Ha MHOIOUYJICH

2z + 1 B xousbrie Fslz).
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Tak kak 4-2 =3 (mod 5), 10 B KoJibIE MHOrOUIEeHOB F5[x] cipasej-
JIUBO PABEHCTBO

32° +2 —42°(2z + 1) = 2% + 2.
[Tockonmbky 3 -2 =1 (mod 5), numeem

2?42 —3x(2x + 1) = 21 + 2

2w +2— (20+1)=1.

Urak, B kosbue F5|x] cupasenimpo paBencTBO
373 +2=(42* + 3z + 1)(2x + 1) + 1. (5.15)

Octarok or menenusi pasen 1. Pasencrso (5.15), BbImosHstromeecs: B
kousiblie [F'5[x], MoxkeT BbITh Mepenncano Kak cpaBHEHHE B KOJIbIE MHOTO-
ajieHOB Z[x]

32° +2= (4r* +3x +1)(2r +1) +1 (mod 5).

31echb, KaK 1 paHee, UMEETCsI B BUAY, UTO KOI(DDUIMEHTHI TPU OJUHA-
KOBBIX CTENEHAX T y MHOTOYJICHOB, CTOSIIMX CJIEBa W CIIpPaBa OT 3HaKa
=, CPABHUMBI 110 MOJIYJIIO O.

[Ipu sirobom 1pocToM p B Kodible MHOTOUIeHOB F)[x], BhInONHSS J1E-
JIEHUE C OCTATKOM, MOXKHO BBIUYMCIATH HAUOOJBINUN OOIIWi JeTUuTes b
JIBYX MHOI'OUJICHOB. DTOT aJI'OPUTM IIOJ00EH aJropuTMy u3 naparpada
1.3 u Tak>ke HocuT HaszBaHue ajroputMm Epkimga. Haunbosnbimit obOmimii
aesuren Muorowienos f(x) u g(x) Oyper, KakK W JIs UEJbIX YUCelI,
obosnauaThes cumposiom (f(x), g(z)).

Cuenrytortiee yTBep K IeHUE TIO3BOJISET, HE HAPYIIas PABHOCUILHOCTH,
HOHU3UTDH CTeleHb CpaBHeHUs Oosibile, YeM Teopema d.4.

Teopema 5.5. [Tycmo f(x) u d(x) mrozouaenv ¢ yeavimu kosdduu-
EHMAMU, NPUUEM, CCAL PACCMAMPUCAMND UT KAK MHOLOUACHDL U3 KONb-
ya Fplx], mo d(x) ecmv nauborvwud obwut deaumens f(x) u x? — x.
Tozda mmoscecmea pewenuti cpasHenuli

f(x)=0 (mod p), v  d(z) =0 (mod p) (5.16)
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00UHAKOBYL.

Hoxasamesvcmeo. Cornacto ycinosuio B Kosble Fy[z] BeimosHsercs pa-
BerctBo f(x) = d(x) - h(x), rue h(x) € Fylx]. Samensist koaddunnenrot
MHOTOWIeHa h(X) UX HAMMEHBIIUMU HEOTPUIATEIbHBIME BHIUETAMHU IO-
JIy9UM MHOTOUJIEH U3 KOJIbIA Z[T], Mbl COXpAHUM JIJisi HEr0 0O03HAUYCHUE
h(x), J1Jist KOTOPOTO BBIIOJHEHO CPABHEHUE

f(z)=d(x)-h(z) (mod p).

[Tycrs st nesioro a soinosnsiercs cpashenue d(a) = 0 (mod p). Torua
nmeeMm f(a) = d(a)h(a) = 0 (mod p). Takum obpasom, mesoe IUCIO @
YJIOBJIETBODSIET TIepBOMY U3 cpashenuii (5.16).

[Toyio6HO TeOpeme 1.5 MOXKHO yTBEPKIaTh,9TO B KOJIbIIE MHOTOUYJICHOB
F,|z] waitgyress muorowsienst u(x), v(x), yI0BIETBOPSIONAE PABEHCTBY
f(x)u(z) + (2 — x)v(z) = d(z). 3amensis 3T MHOTOUJIEHBI COOTBET-
CTBYOIIMMU MHOTOUYJIEHAME U3 KOJIbIA Z[x], moaydaeM cpaBHeH#e

d(z) = f(x)u(x) + (2 — z)v(z) (mod p).

Ecnu st a € Z soimonneno cpasaenne f(a) =0 (mod p), To cormacuo
maJioii reopeme Pepma nmeem

d(a) = fla)u(a) + (a” — a)v(a)

BHaunT, @ ecTh perierne BToporo u3 cpaphenuit (5.16). Teopema joka-

0 (mod p).

3aHa. ]

Konbo ) [z] umeer muoro obrmero ¢ KonbLoM 1esbix qucen Z. B nem
HE TOJIHKO BLIMOJIHAETCS aJrOpuT™ EBKIINIA 1 HAXOXKJIEHUST HAROOIb-
1ero obIero JeJuresist AByX MHOTOWIeHoB. Hanpumep, MOKHO BBECTH
MOHATHE CPABHUMOCTH MHOTOWIeHOB 10 Moayo m(x) € Fylx], mona-
rast aBa Muorowiena f(x),g(x) € Fplx] cpaBuumbiMu, ecin pasHOCTDH
f(z) — g(z) nemurces va m(x). D10 CBOKCTBO MOXKHO 0OO3HAUATH CHM-
BosioM f(z) = g(x) (mod m(x)). dyst Takux cpaBHEHUH BBITOJHIIOTCS
cBOiicTBa, M0/I0OHBIE CBOMCTBAM cpaBHeHUil U3 naparpada 4.1.
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ITpumep. Yupocrum cpaBHeHue
2 —20—3=0 (mod 17) (5.17)

C MOMOIILIO TeopeMbl 5.5. Borameaum st 3Toro HaubobImii oommmii
nemnTens Mrorousnenos o — 2z — 3 n 27 — x B xombie Fir[z]. Vimeem
B Kosblie Fi7[z] cpashenus o momymo mMuorounena r° — 2z — 3 (na

KPATKOCTH MbI OITYCKAEM MOJIYJIb B ODO3HAUEHUSIX )

3 =2r + 3,

ot =222 + 3,

2¥ = (22 + 32)* = 20 + 2,

o' = (20 + 2)? = 42” + 82 + 4,

o' = x(42® + 8x +4) = 82° — 5x — 5.

Taxum 0O6pa3oM, B COOTBETCTBUU C aJropurmMoMm EBkimia
(' — 2, 2% — 20 — 3) = (82° — 62 — 5,2° — 22 — 3).
[Ipomomxkas anroput™m EBkimna, saxommm

2® — 22 — 34 22(82% — 62 — 5) = 5% + 5z — 3,
522 + 51 — 3 — 7(82% — 62 — 5) = —4x — 2

827 — 62 — 5 = (4x + 2)(2z + 6).

Takum 0Opa3oM, KCKOMBI HAUOOIbIIUI 00Ul JlesuTesib paBed 4x + 2
i 2z + 1. B coorsercTBum ¢ Teopemoit 5.5 cpasuenue (5.17) mmeer
Te ke perienus, uro u cpasaenue 2x + 1 = 0 (mod 17). Tlocnennee
cpaBHeHMe UMeeT ejMHCTBeHHoe perienne ¢ = 8 (mod 17).

3aMeTHM, 9TO B 9TOM IpUMepe s BBIYUCJICHHS OCTaTKa X' 1Mo Mo-
TyJo 2% — 27 — 3 UCIONb30BaJICA aJTOPHTM, HO00HBIH agroputMy 4.1,
OH MOYXKeT MCIOIh30BATHCSA U B JIPYTUX CAydasix Mpu OOIBITUX P.

Hajiee B aTOoM naparpade Mbl 00CyuM, KaK MOXKHO HAXO/JUTh pelle-

HUA ITOJIMHOMUAJIBHBIX CpaBHeHI/IfI II0 IPOCTOMY MOAYJIIO. Ecmn MOy JIb
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P HE OYEHb BEJUK, 9TO MOXKHO CJejaTh 1epebOpOM 3JIEMEHTOB KaKOii-
HUOYIb ITOJHON CUCTEMBI BLIUETOB 110 MOIYJIIO P.

IIpumep. Pemmts cpasnenne 22 + z + 1 = 0 (mod 7). Mnoro-
anen 22 + 2 + 1 npu ¢ = —3,—2,—1,0,1,2,3 npunumaer 3nadeHust
7,3,1,1,3,7,13 coorBercTBeHHO. VM3 HMX TOJBKO 3HAUYEHUS B TOYKAX
—3,2 nensarcs Ha 7.

Orser: Cpashenue nmeer jpa peiienust £ = —3 (mod 7),z = 2
(mod 7).

B obmem ciydae cpaBHEHHE UMEET CMBICJ CHAYAJA, YIIPOCTUTD, OJIb-
3ysich TeopeMoii 5.5. Jajee OyaeM npeamonaraTh, 4TO TAKOE YIIPOIIEHHE
BBINIOJIHEHO 1 MHOTOUIeH f(x) B cpaBHenuu (5.13) ecThb jejuresib MHO-
rowtena ¥ — x = z(xP~! — 1) B konbue Fylz], a Tounee — pemuresn
MHorouena z’~1 — 1. Kpome Toro, 6yaem mpemnosarars, 4to p > 3.

OnnceiBaeMblii HUXKE aJrOPUTM HOCHT BEPOATHOCTHBIN XapakTep W
s dexkruBen Ha npaktuke. OH crpouT MHOXKECTBO M, cocrosiee u3
Pa3NIUIHbIX JenuTesneit muorowrena f(x) B kombie IFy|x]. IIpu sTom Ko-
JITIECTBO 3JIEMEHTOB B MHOXKecTBe M yBemanBaercs J0 Tex Mop, MOoKa
oHO He cTaHer pashbiM 1 = deg f(x).

Asropurm 5.1. Jannsie: Muozounen f(x) € Fylx], n = deg f(x) > 2,
f(x)[(xP~1 — 1). Haittu: Bee xopnu mmozounena f(x).

1. Honroocumo M = {f(x)}.

2. Bubpamov waxum-aubo cnocobom osemenm c € IF,.

3. [as waotcdozo u(x) € M ¢ yeaosuem degu(z) > 1 sunoanumo cae-
dyrousue deticmeus:

3.1. Ecau u(c) = 0, mo uckaowumo u(zx) us mmuoocecrnea M u same-
numo e20 napoti muozouaenos r — ¢ u u(x)/(x — c).

3.2. Buwruciums

3.3. Ecau 1 < degd(z) < degu(x), mo uckamouums u(x) us mmoorce-
cmea M u samenumsv e20 napoti muozousenos d(x) v u(zx)/d(zx).
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3.4 Ecau #M = n, mo anreopumm 3asepwaem pabomy. Mnoscecmeso
M 6 smom cayuae cocmoum u3 6cexr MHO20UAEHO8 6uda T — Y, 20e
v € Fp — kopenv mmozourena f(x).

4. Ilepetimu x waey 2.

IMpumep. Pemum cpasnenne 2° + 22 +1 =0 (mod 17).

B nauasibnbiii Moment umeem M = {z® + 2z + 1}. [Ipu ¢ = —1 ¢
IIOMOIIIBIO AJIFOPUTMA BO3BEJICHUsI B creneHb B Kosble Fi7[z], kKak u B
MPEeIBIIYIIEeM TIPUMepe, HaXOAWM CPaBHEHMs 10 MOIYJI0 T° 4 27 + 1

(z+1)* = 42® — 52 — 3, (z+1)% =32 + 92 — 2

(z+1)*=1,2°+22+1) =2 — 3.
Pazzemus muorounen z° + 2x + 1 na x — 3, momydyaem
2} 4+ 20 4+1=(x—3)(z>+ 3z —6).

[Tocne sToro Muozkectso M mpunumaer sug M = {x — 3, 2% + 3z — 6},
Touno Tax »xke npu ¢ = 0 HaxoauM

(z® —1,2> + 32— 6) =z + 8.
Paszemus muorounen 22 + 3x — 6 Ha = + 8, nomydaem
2?43z — 6 = (v +8)(x — 5).
MmuoxkectBo M cTaHOBUTCST pABHBIM
M ={x -3,z -5z +8}.
MuoxkecTBO perienuii JAHHOTO CpaBHEHUsT UMEET BU/T
r=3 (mod 17), r=>5 (mod 17), r=-8 (mod 17).

Konedno, Bce BbIYUCTEHUS JIYUIIIE BBITOJHATD ¢ TTOMOIIBIO KAJbKYJIATO-
pa Ui KOMIbIOTEpPA.

Cutestytornee yTBepKieHne o0bsiCHSIET, MOUEMY aJITOPUTM JIOCTATOTHO
OBICTPO HAXOJIUT PElIeHUs CPABHEHUS.
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Jlemma 5.1. ITyemo u(x) | f(z),degu(z) > 2. Beposammuocms moeo,
wmo npu cayyatinom ewbope ¢ € F,, Koauvwecmso snemenmos 6 Mo-
orcecmee M 6 nynKme 5 AAZOPUMMAE YEEAUNUNCA, HE MEHDIULE 5.
Joxazameavcmeo. U3 yenosus semmbl, nockonsky u(z)] (2P~ — 1) cie-
ayer, ato u(x) umeer B nojie F), He MeHee IByX KOpHeii, IprieM Bce ero
KOPHU pasudnbl. [lycTh Y1, Y2 — KOPHU MHOrOUIeHa U(T).

Ob6oznaunm Oyksoit D mogmHO)KeCTBO [, cocTosinee U3 3JIeMEHTOB
t, YIIOBJIETBOPAIONIMX YCJIOBHIM

p-1 p-1
t—m)7 #C—") 7.
[To Teopeme Jlarpamxka muOTOWIEH (T — 71)% — (x — yg)pz;l MeeT He
6oJtee 1%3 Kopueii. [Tosromy
p—3 p+3
D>p— = .
#P2p -3 2

JlokazkeM, 9To JJIsi KaxK0ro ¢ € D aJropuTM yBeIUINBAET KOJUIECTBO
MHOTOYJIeHOB B MHOXKecTBe M. Ecim ¢ = v uiau ¢ = 79, 970, 09eBUIHO,
oyuer ciaenano B nyakre 3.1. Jlajee Oyuem cunrarh, 9TO 00€ Pa3HOCTH
¢ — 7y; OTAMYHbL OT HyJs. Kaxkaplil nenysesoit snement b € ), coryiacHo
MaJioii Teopeme PepMma, yI0BJIETBOPSAET PABEHCTBY

0=bt1—1=@0" —1)(bT +1)

p—1
W, 3HAYHUT, YJOBJIETBOPSIET B TOYHOCTH OJHOMY U3 PaBeHCTB bz = 1
p=1
wim b2 = —1.
[Tockonbky ¢ € D, 10
p—1 p—1
(c=m) 7 #(c—72)7
p-1

W, 3HAUUT, OJIHO U3 TUCEJ Y1, Yo OyjleT KopHeM MHOrOWwIeHa (T —c¢) 2 —1,
a napyroe met. CiegoBarenbio, B 9roMm caydae 1 < degd(z) < degu(x),
T.e. d(x) ectb cobcTBeHHbIN JeuTeb u(x). OneHuBaeMast BEpOSTHOCTE
HE MEHbIIIe

#D>p+3>1.
p ~ 2p 2
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Jlemma 5.1 nokasbiBaet, 4TO 11pU cirydaiinom Bbibope ssiementa ¢ € I,
BEPOSITHOCTH TOTO, UTO BeauduHa # M He yBeJnduTcs mocie k MoBTO-
penuit maros 2 - 4 ajropurma, He npesocxoaut 2.

5.5 IlonmHOMUAJbHBbIE CPaBHEHHUS II0 COCTABHOMY
MO/LYJIIO

PacemorpuM cnauagia ciydait, Korja MOLYJb CDABHEHMsl €CTh CTEIEHb
mpocToro umucna p, T.e. m = p* k > 2. Ecim f(z) — MHOrousen c ie-
JbIMU KO3 DUIHEHTAMI U [IeJIOE YUCJIO @ YJIOBJIETBOPSET CPABHEHUIO
f(z) = 0 (mod p*), 1o p*|f(a). Ho Torma p|f(a), Tak 4ro a ymosie-
reopsier cpasuennio f(z) = 0 (mod p). Orcioga MOXKHO caenarTh J1Ba
3aKJIIOYEH NS,

1. Ecau cpasnenue f(x) = 0 (mod p) we umeem pewenud, mo wu
npu waxom k > 2 cpasnenue f(x) = 0 (mod p*) maxoce ne umeem
peuLer .

2. s waoicdozo wucaa a, ydosaemsoparowezo cpasrernuto f(x) =0
(mod p*) natidemea pewenue cpasnenus f(x) =0 (mod p), xomopomy
NPUHAINEHCUM, G.

Takum 00pa3oM perieHre CpaBHEHUi 0 MOJYJIIO PABHOMY CTEIIEHH
IIPOCTOIO YKCJIa P CBOJUTCS BO-IIEPBBIX K BLIACHEHUIO Pa3pelInMOCTH
CPABHEHMs 110 TIPOCTOMY MOJLYJIIO P, U, B CJIyYae PaspelInMOCTH, TOUCKY
PEIIeHNii 110 IIPOCTOMY MOJLYJIIO. A BO-BTOPBLIX K MOUCKY pelIeHuii cpas-
HEeHUA 110 MO0 p*, mpuHaeKaIuX (GUKCHPOBAHHOMY DPEIICHHUIO TI0
IIPOCTOMY MOLYJIIO.

[Tepsbiit mar obcyzxaJjcst B npeibyiiem naparpade. Bropoit mar
OCHOBAH Ha, CJIEYIONIEM YTBEPIKICHHUH.

Teopema 5.6. [Iycmov f(x) — mHozousen ¢ yeavmu Kodpduyuenmami
U T1 — UCAOE YUCAO, YOOBAEMBOPAIOULEE YCAOBUAM

f(x1) =0 (modp),  fi(z1)#Z0 (mod p).
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Tozda npu aobom k > 1 cywecmsyem eduncmeennoe pewenue cpas-
nenua f(z) = 0 (mod p*), npunadsesicawee xaaccy evvemos v = x
(mod p).

oxaszameavcmeo. JJokaxkem TeopeMy € IMOMOIIHIO MHAYKIUK 110 CTeIe-
au MoayJist k. Ilpu k = 1 yTBep:Kkaenune, 09eBUIHO, BBHITOJIHICTCS.

[TpeirooKumM yTBep:K IeHIe TeOPEMbI CIIPABEJIIUBO JIJIsi HEKOTOPOI'O
k > 1. Torga cymecrByer eJMHCTBEHHOE [IEJI0€ THUCI0 4, YAOBIETBOPSI-
[OIIee YCJAOBUSIM

fla)=0 (modp"), 0<a<p’, a=x (modp).
Haiinem Bce takme nesble uncia b, 9ro
fO)=0 (mod p*™), 0<b<p"™, b=2x; (modp). (5.18)

Ilepoe u3 5TuX ycopuii Bueder pt|f(b) u, 3HaYNT, HANMEHBIINIT HEOT-
punaTeabHbli Beruer Kiaacca b (mod p*) pasen a. Ho rorna b = a+ pt,
¢ HEKOTOpBIM 1esibiM ¢, 0 < ¢ < p.
Muorouanen
fla+2)=cy+ciz+cox® + ... (5.19)

uMeer nespie koadgduuuentol. [loacrapassa B 310 pasencrso x = 0,
HaxomuMm ¢g = f(a). A quddepeHnupys 970 paBeHCTBO U TaK XKe MOJI-
crapiss 0 BMecro x, noaydaeM ¢ = f'(a). lpn z = p*t us (5.19) cre-
ayer cpasrenue f(b) = f(a) + f'(a)p*t (mod p**!). Tak xax p*|f(a) u
P f(b), To paznenus obe yacTu cpaBHenus Ha pF, moOTyUIM

0 f;g) + f'(a)t  (mod p).

YuurpiBas Tenepb, uro a = 21 (mod p), 3akmouaem, uro f'(a) =

f'(z1) (mod p) u

[ (x)t + f}gz) =0 (mod p). (5.20)

Cornacno yciosuio Teopembl p{ f'(x1), rak uro no reopeme 5.1 cpashe-
rue (5.20) paspenuMo OTHOCUTEIBHO ¢ U IMEET €JIMHCTBEHHOE DEIleHue.
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Pemus 910 cpaBHenne, Mbl HajiIeM eInHCTBeHHOe uncio b = a + p't,
yZ0BJIETBOpsIONIee yeaoBuaM (5.18). D1o 3aBepruaer mar WHAYKIUA U
BMECTe C HUM JOKa3aTeJIbCTBO TEOPEMBI. ]

[TpuBejieHHOE JI0KA3aTEIHLCTBO MMO3BOJISIET HAXOUThH PEIICHUS CPaB-
HEHUI 110 MOJIYJIIO, PABHOMY CTEIEHU [POCTOI'O YUC/IA.

IIpumep. Pemuts cpasnenue 2° — 322 — 1 =0 (mod 125).

Pemmast cpasnenne z° — 32 — 1 =0 (mod 5), naxomum ero perenms
r =2 (mod 5), x =4 (mod 5).

Haiinem Tenepn uucia, yIoBIETBOPSIONIAE CHCTEME CDaBHEHMUIT
2? — 322 —1=0 (mod 25), r=2 (mod b).

[IpencraBuB © B Bujie © = 2 + 5t U MOJICTABUB 9TO BbIPaKEHHE B MHO-
rounen f(xr) = x° — 3x? — 1, Kax W B JlOKa3aTENLCTBE TEOpeMbl 5.6,

HaXO/JUM

f(2)+ f(2)5t =0 (mod 25)

nJIin

—5=0 (mod 25).

[TonyuuBiieecss cpaBHEHHE pelleHuil OTHOCUTENBHO ¢ HE UMEET, TTOITOMY

JaHHoe CpaBHeHue He MMeeT pelIeHu, TPUHA/JICKAIINX KJIACCY BblUe-

o x = 2 (mod 5). 3amerum, uto B paccmorpentom ciydae f'(2) = 0.
Tenepp HaiijeM 4duciia, yJI0BAECTBOPSIONINE CUCTEME CPABHEHU

2 =322 —1=0 (mod25), z=4 (mod}5). (5.21)

[IpejcraBus x B Bujie © = 4 + 5t U 110JCTABUB 9TO BbIPAXKEHUE B MHOI'O-

anen f(x) = 2° — 322 — 1, naxonum

15+24-5t=0 (mod 25).

Cokparup 0b6e 4acTy 3TOr0 CpaBHEHWs Ha D, MOJydYUM CpaBHeHue 3 +
24t = 0 (mod 5), paBHocuibroe cpahennio 3 —t =0 (mod 5). Takum
obpazoM, t = 3 u cucrema cpashenuit (5.21) umeer pemenune r = 19

(mod 25) = —6 (mod 25). Buecs 19 =4+ 5 - 3.
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[Ipojoskast jgeiicTrBOBaTh TaK »Ke, KaK U B JIOKA3aTEJIbCTBE TEOPEMbI
5.6, mpejcTaBUM HMCKOMbBIEe T B BUJe © = —06 + 25f. YuurbiBas, 4TO
f(—=6) = =325 u f'(—6) = 144, npuxojum K CpaBHEHKIO

—325+ 144 -25t =0 (mod 125).
CokpaTuB 3TO cpaBHEHUE Ha 25, MOJIyIaeM
—13+4+ 144t =0 (mod 5)

wi paBHocubHOE cpahenne 2 —t = 0 (mod 5). Emy yjosiersopsier
t = 2, TaK YTO pelIeHneM MCXOIHOTO CPAaBHEHUsI SBJISETCS KJIACC BbIUe-
TOB 110 MoOysi0 125, comepxkamuit —6 + 25 - 2 = 44,

Orser: x = 44 (mod 125).

[Tepeitjiem Tenepb K pelieHuio CpaBHEeHUH 110 IPOU3BOJIbHOMY COCTAB-
HOMY MOJLYJTIO.

Teopema 5.7. IIycmov f(x) — mmozousen ¢ yeavmu Kodpduyuenmami
umiy > 1,...,mr > 1 — nonapno e3aummno npocmuie wucara. Mroorce-
CMBA UEABLL YUCEN, YIOBAEMBOPANULUL CPAGHEHUIO

f(x)=0 (mod my---my) (5.22)
u cucmeme cpasHenul
f(x)=0 (mod my), ..., f(z)=0 (mod my) (5.23)

cosnadatom. Ecau npu aobom namypaaiviom m cumsos N(m) o0bosna-
yaem xoauvecmeo pewenuti cpasnenus f(zr) =0 (mod m), mo

Joxazameavemeo. Tlycrs b — nenoe 4ucio, yao0BaeTBOPSIONIECE CPABHE-
auto (5.22), m.e. my - --my|f(b). Torma mpu gwbom j, 1 < j < k, BBI-
nosuasterca m;| f(b) mnu f(b) =0 (mod m;). Suauur, b ymoBnersopsier
cucreme cpasrennii (5.23).

Hokaxkem obparHoe yrBep:kjenue. Ecian b yjoBierBopsier cucre-
Me cpasuernii (5.23), To m;|f(b) mpu mobom j,1 < j < k. Yucna



I'JIABA 5. CPABHEHI C O/IHUM HEU3BECTHBIM 146

mq, ..., M HOINAPHO B3auMHO HpocThl. [loab3ysich ciepacrsuem 2.6, 3a-
KJIIOIaeM, 910 myq -« - - my|f(b) u, 3Ha9mT, b yIOBIETBOPSIET CPABHEHWIO
(5.22).

[Iycrs aq,...,a; — Ueable YNACIa, YJIOBJICTBOPAIOIINEG CPABHEHUSIM
(5.23) coorsercTBerno. CormacHo Teopeme 5.2 cucTeMa CpaBHEHHI

r=a; (modmy), ..., x=a; (modmy)

pasperimma, 1 [ejioe Yuco Ty, onpejenertoe pasercrsom (5.10), yio-
ByIeTBOpsteT 9T0ii cucreMe. Torma npu mobom j nmeem f(zo) = f(aj) =
0 (mod mj), T.e. xy yaosierBopsier cucreme cpapenuii (5.23), u 1o
JIOKa3aHHOMY YJIOBJIETBODsieT cpaBHenuio (5.22).

Ecnu uncna aq, . . ., a; HE3aBUCUMO APYT OT APYTa MPOOEraioT KIacchl
BBIIETOB, COCTOSIINE M3 PEIICHUIl COOTBETCTBYOIUX cpaBHeHuit (5.23),
TO 10 cyreicTBUIO 5.1 uncia g, onpeesennbie papercTBoM (5.10), mpo-
OeraloT PasIMIHbIe KJAACChl BBIYETOB 110 MOJLYJIIO 1M - + + M. DTU KJIACCHI
BBIUETOB, 110 JIOKA3aHHOMY COCTOAT M3 UHUCEJI, VAOBIETBOPSIONINX CPaB-
nernio (5.22). 3HAUUT, YUCTO PEIIeHUil STOr0 CpaBHEHHs HE MEHbIIE,
aem N(my) -+ N(mg).

[To joKa3aHHOMY BBIILE KaxkJ0€ LEeJI0e YnuCI0 b, yIoBJIeTBOPIOLIee
cpaBrenuio (5.22) ymoBieTBOpsieT cucTeMe cpasHenuit (5.23) u moromy
npu KaxKJOM j Kjace BerdeToB b (mod mj) ecrh perienwe cpaBHEHWs
f(z) =0 (mod m;). D10 HOKA3BIBAET, YTO HUKAKUX DEIICHUH, OTJINY-
HBIX OT mocTpoeHHbIX N (my) - -+ N(my) perennii, cpasuenue (5.22) ne
HMeeT. [

[IpuBejienHoe BbIIIE JIOKA3ATEJIHLCTBO TEOPEMbBI .7 MO3BOJISET HAXO-
JATDH pelieHus cpaBHenus (5.22) mpu cocTaBHOM MOjyJie m. A UMeHHO,
ecim m = py'---p)f — PasioXKeHne B MPOU3BEJICHNE PA3IUIHDLIX MPO-
CTBIX YUCEJI, TO Haf/sd YUCIa, i, .. ., Ak, YIOBJIETBOPSIOIUE CPABHEHU-
am f(x) = 0 (mod p;j) mpu 1 < j < k u BBIOpaB Xy C MOMOIIHIO
pasencrsa (5.10), Mbl Haiigem HeKoTOpOe perenue o (mod m) cpaBhe-
nus (5.22). Bosiee Toro, Tak OyyT HallI€HbI BCe PEIIEHHUs, €CIIN KarxK10e
U3 4ucesa ai, . ..,a; He3aBUCKUMO Oyjer npoberarb BCe PElIeHUs] CBOEIro
CpaBHEHUSI.
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IMpumep. Pemnrs cpasnenne 23 — 22 + 22+ 1 =0 (mod 75).

CrpasenuBo pasioxenue 75 = 3 - 52, Cpasuenne % — 22 + 27 +
1 = 0 (mod 3) umeer npa pemenus = 1 (mod 3), z = 2 (mod 3).
Cpasnenue 22 — 2%+ 2241 = 0 (mod 5) nMeer eauHCTREHHOE PeleHne

x =3 (mod 5). JInst Toro, 9Tobbl PEINIUTH CpaBHEHNE
2?2 +2r+1=0 (mod 25) (5.24)

npejicraBuM x B Bujie £ = 3 + dt. st Boruucienust ¢ nojiydaem, Kak
9T0 OBLIO yKa3aHo BbIlIe, cpaBHenne 25 + 23 - 5t = 0 (mod 25). Takum
obpazom, t = 0 u cpaBrenue (5.24) uMeer eMHCTBEHHOE PellieHne T = 3
(mod 25).

B cooTBeTCTBUY C T€OpHUEit s PEIIeHNs UCXOHOTO CPABHEHUS HY K-
HO HaiTH pelrenusd JIByX CUCTEM CPaBHEHUI

{ac (mod 3), {x

1
3 (mod 25),
[TepBasi u3 uux umeer pemerne r = 28 (mod 75), a Bropast * = 53

2 (mod 3),
3 (mod 25).

(mod 75). [pa HaifjleHHBIX KJIACCA BHIYETOB M COCTABJSAIOT OTBET K 3a-
nave.



I'1aBa 6

CpaBHenusi BTOpoii crernenn

B npenpimyieit riaBe pelieHne MOJUHOMUAJBHBIX CPABHEHWI 1O TPO-
U3BOJILHOMY MOJIYJIIO ObLJIO CBEJEHO K TaKOH »Ke 3ajiaqe Jijisi CpaBHe-
HU 10 TpocToMy MOy TI0. B HacTosAMmIel riaBe 006Cy K al0TCsT BOIPOCHI,
CBA3aHHBIC C PA3pEIIMMOCTBIO CPaBHEHUIT BTOPOW CTENEHU MO ITPOCTO-
MYy MOJIYJIIO, U TIPUJIOYKEHUST JOKa3aHHBIX PE3YJIbTaTOB K MCCJIeJOBAHUIO
HEKOTOPbIX JUMOMAaHTOBbIX ypaBHeHuil. B jlajbHeiilieM cuuraercs, 4To
POCTOE YUCTO P HEYETHO.

6.1 CpaBHeHHUs BTOPOIi CTEI€HN 110 IPOCTOMY
MO/LYJIIO

Kaxkjioe cpaBHeHue BTOPOil crenenu
ax’ +br+c=0 (mod p), p1a, (6.1)

MOKHO YIIPOCTUTDL, U3MEHUB ero KO3(MMUIMEHTHl U CACJaB 3aMeHy Ie-
PEMEHHO.

YumuOoKUB 00e yacTu cpaBhenust (6.1) na qucio 4a, He jessiieecs Ha
P, MOJYUYAM PABHOCUJILHOE CPABHEHUE

4a*r* + 4abr + 4ac =0 (mod p).

Ero Mmoo nepenucars B suge (2ax + b)? = b* — 4ac (mod p) nn B
B IC

y>=D (mod p), (6.2)

148
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IJle MCIOJIb30BaHbl 0b03Hadenus y = 2ax + b n D = b* — 4ac.
Tak Kax p { 2a, TO cpaBHEHUE

2ax + b=y (mod p)

pu JIIOOOM I[EJIOM Y HMEET IMHCTBEHHOE PEIIEHNE OTHOCUTEIBHO X. DTO
YCTAHABJIMBACT B3AUMHO OJIHO3HAYHOE COOTBETCTBUE MEXK/Ly PEILICHUIMU
cpasuenus (6.1) ornocuTenbuo ¢ u cpapuerns (6.2) OTHOCHTENHHO Y.

I3 ckazaHHOIO CJIeyeT, U4To B JAJbHEHIIIeM MOXKHO PacCMaTpUBaTh
JIMIb CDABHEHUS BUJIA

7> =a (mod p). (6.3)

[To Teopeme 5.3 cpasuenue (6.3) umeer He Gosee nByx perennii. Ec-
am 310 cpasrenue paspemnmo u a Z 0 (mod p), 1o uucio periennii
paBHo asym. JeitcrBuresnnno, Bmecre ¢ pemenuem Ty (mod p) cpashe-
Hue OyJleT MMeTh pelleHreM M KJAace BbIYeToB —zo (mod p), mpudem
9TH KJIACCHI BLIYETOB Pa3JIM4Hbl. B IPOTUBHOM cilydae Mbl UMEJH Obl
g = —x9 (mod p) u plrg. Ho Torma pla, 1yro nporuBopedur yciosuo.
Takum obpazom, ipu a Z 0 (mod p) cpasuenue (6.3) 1ubO HEe UMeeT pe-
menuit, 1160 uMeer JBa peurenus. B ciaydae a = 0 (mod p) cpaBuenue
nmeer eguHceTBenHoe perenvie £ = 0 (mod p).

YCTaHOBJIEHHOE BbIILE B3aMMHO OJHO3HAYHOE COOTBETCTBME MEXKLy
MHOXKeCTBaMHU pertrennii cpasuennit (6.1) u (6.2) mo3BosiseT yTBEPXK AT,
uTO 1 B 00MeM ciydae npu p|D = b? — 4ac cpasnenne (6.1) umeer eun-
crBernoe pemnenue. Ecin xxe p 1 D, to cparenue (6.1) sinbo umeer jBa
peuienus, aubo He UMEeT UX BOBCE.

Jlerxo mpoBepuTh, uTo cpaphenne 2 = —1 (mod 3) ne mmeer pemte-
nuii, a cpasnenne v2 = —1 (mod 5) umeer jpa pemenns x = 2 (mod 5)
ux =3 (mod b).

[lesoe 4ncio a HA3BIBACTCS KGAOPAMUYHDBIM GHIHEMOM TIO MOJLYJIIO
p, ecin cparenne (6.3) mmeer pemenue. Ecin ke 910 cpaBHEHUE HE
VMEET PELIeHUil, YUCI0 (4 HA3BIBACTCA KEaAIPATNUYHDIM HEGHIMEMOM TIO
Moayio p. Huca, cpaBHUMBbIE MEXKJly COOOM, OJHOBPEMEHHO SABSIOTCSI
KBAIPATUIHBLIMUA BLIYETAMU UM KBaJIPATUIHLIMU HEBLIYETAMHU.
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Hucno —1 ecth KBagpaTuIHbI HEBbIUET 110 MOAYJII0 3. OHO XKe siB-
JigeTcsl KBaJPaTUIHBIM BbIYETOM 110 MOJYJIIO d.

Jlemma 6.1. Jlwbaa npusedennas cucmema 6u4emos no Modyio p co-
~1

deporcum 5= weadpamudnvir 6vMemos u cmoavko Jce K6adpamusoLs

nesviuemos. Lleaoe wucao a, ne deasweeca wa p bydem KkeadpamuaroiLm

6blHeEMOo6 6 Mom U MoAbBKO MOM CAYHAE, Ko2da

p—1

a? =1 (mod p), (6.4)

U %Gadpamu%mm Hesuvlvemom 6 Mmom U MoAbBKO MOM CAYYAce, xo2da

p—1
a? =-1 (mod p). (6.5)
Hoxaszameavcmeo. Ilycrh a — KBagpaTudnbiii Bbiuer. Torma ¢ HEKOTO-
PBIM LEJIbIM 9HCJIOM b, He JEeJsSIUMCs Ha P, BBIITOJIHSIETCS CPABHEHHE
_ -1
b* = a (mod p). Bosoas 06e 1acTu 5TOr0 CPABHEHNS B CTENCHD Y5, 1
OJIB3YSACh MaJioil TeopeMmoii Pepma, HAXOIUM

T = =1 (mod p).
Takum oOpa3oM, KarKJIblii KBaJJpaTUUHbBII BbIUET yIOBJIETBODPSIET CPaB-
nemnio 27 — 1 = 0 (mod p). CorsacHo Teopeme 5.3 MOXKHO yTBEp-
JKJIaTh, 9TO CYyLIEeCTByeT He Oosee ;%1 KJIACCOB BBIYETOB, COCTOSIIIIUX U3
KBa/JIPATUIHBIX BHIUETOB.
Yucna
p—1\°
12,22 ..., — ) (6.6)

OYEBHUJIHO, SBJSIIOTCS KBaJPATUIHBIMU BblueTaMu. OHM HE CPaBHUMBI
JPYT C JIPYroM MO MOAYJIO p. B mporuBHOM ciiydae HalLIXCh Obl JBa,
qucia ki, ko, yI0BIETBOPSIOININE YCIOBUIM

—1
p|(k7 — k3) = (k1 — ko) (k1 + ko), 1<k <k SpT-

Ho ykazannast JIeJIMMOCTb HEBOBMOXKHA, BEJIb CyMMa k1 + ko 1 pazHOCTh
ki1 — ko He mendaTcs Ha P, OHU MOJIOXKHUTETbHBI, HO MEeHbIIe, YeM p — 1.
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-1
Urax, cymiecTByer He MeHee pT KJIACCOB BBIYETOB 10 MOJYJIO P, COCTO-

AKX N3 KBaJPaTUYIHBIX BbIY€TOB.

U3 jjokazaHHOTO CiiejlyeT, 4TO KBaJpaTuiHble BblueThl 00pa3yiorT poB-

-1
HO 5= KJTaccoB BBIYETOB 1 YJIOBJIETBOPAIOT CpaBHEHMIO (6.4).

p—1
2
KJIaCCOB BbIY€TOM, COCTOAIIMX M3 YHCEJI, HE JCJIAIIUXCA Ha P, a KazxK-

Ho TO'/Ia KBa/JIpaTHWYHbIE€ HEBLIYETbLI COCTaBJIAIOT OCTaBIIMECA

-1
dad IPpUuBEJCHHasA CUCTEMa BbIY€TOB IIO MOJYJIIO P COAEP2KHUT POBHO pT
KBa/JpaTUIHbIX BbIY€TOB 1M CTOJILKO 2K€ KBaJPaTHYHBIX HEBLIYETOB.

o p—1
Eciu a — kBaJipaTudHbIil HEBBIYET, TO O JIOKA3aHHOMY P J( az —1.

[To maJioit Teopeme @epma nmeem
pla?™t — 1= (ap51 — 1) (ap51 + 1) :

p—1
CuestoBaresbto, pla 2 + 1 u, 3Hauut, BhinosHeHo cpahenue (6.5). [

6.2 CumBoa JlexkaHapa 1 ero CBOICTBA

Cumsoa Jlexkanipa (%) ecTb (DYHKIINS, IPUHUMATOIIAs TPU 3HAUCHUSI:

—1,0, 1. Ee aprymenTaMu aBASIOTCA IPOCTOE HEIETHOE UHUCJIO P U TEJI0e
JUCIIO Q.

Onpeneenne 6.

4 —1, ecau a-keadpamuunviii nesvivem no mModyao p

- = 0, ecau pla

p 1, ecau a-xeadpamuunwiii sviuem no modyato p

CaoiicrBa cumBosta, Jlexkanpa OnuchbiBaeT CJIe/IyIomasi TeopeMa.
Teopema 6.1. IIycmo a,b — npoussosvhvie yeavie wucia. Tozda
1. <9> =a" (mod p).

2. Ecau a =b (mod p), mo (—) = (—)
»($) =) )
TP p p)’

4. Kpome mozo (%) =1, <— =(-1)z.
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Hoxazameavcmeo. Tlepsoe yTBepxKjeHue TeOpeMbl COBIIAJIaeT CO BTO-
pPLIM yTBep:KaenneM JieMMbl 6.1.

Eciz a = b (mod p), To MEHOXKECTBa pellenuil cpapHeHHil 12 = a

(mod p) n 22 = b (mod p), ouesnmno, cosnagaor. OTCIONA CICLYET,
9TO 3TU CPABHEHUS PA3PENINMbI WX HEePa3PelInMbl OJHOBPEMEHHO, UTO
JIOKA3bIBACT BTOPOE YTBEPXKJACHUE TCOPEMDIL.

C MMOMOIIIIO TEPBOTO YTBEP2KJACHUA HAXOJUM CJIEJYIOIINE CPaBHEHN A

()=t ()

JleBasg m mpaBasi JacTH TOJydmBIIeroca cpapHennsa paBubl +£1 wmiam 0.

110 MOJLYJIIO P

[Tosromy nx pa3HOCTH HE MPEBOCXOANT 2 U jenauTtcs Ha p > 2. Cenona-

TebHO UX pasHoctb pasha 0. Tperbe yrBepKieHue J0Ka3aHo.
Cpasnenme z° = 1 (mod p) mpu M060M TPOCTOM HEYETHOM P pas-

pemMo. Petenuem sipsisiercst Kiace Bbraeros © = 1 (mod p). [Tosromy

(-

U3 niepBoro yreepxKjeHus TeopeMbl 1npu a = —1 ciejyer

<__1> = (-1)'7  (mod p).

p

AbcosroTHas BeJTMIMHA PA3HOCTHU JIEBOM M MPaBOii dacTeil 9TOro cpaBHe-
HUST HE PEBOCXOJIUT 2 U JICJIUTCS Ha HEYETHOE ITPOCTOE YUCI0 P. SHATMT,
9Ta Pa3HOCTH paBHa HYJIIO, UTO JOKA3bIBaeT CIIPaBe/JIMBOCTD IOCJIETHErO
YTBEPXKJAECHUSA TEOPEMBI. ]

13 nociepnero yreepxkaenust reopembl 6.1 ciejyer, HalpuMep, 4To
cpaprenne z° + 1 = 0 (mod p), e p — mpocToe HeIeTHOE YHCIO, Pas-
PEIIMMO B TOM M TOJILKO TOM Caydae, Koryia p = 1 (mod 4).

6.3 KsajapaTuunblii 3aKOH B3aMHOCTU

YrBepxKieHne, HAa3bIBAEMOE K8adpamuyunvlll 3aKon 63aUMHOCTIU BIEP-
Bble chopmysrpoBas ditaep B 1783r, a B 1796r. I'ayce pan nmepsoe ero
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JOKa3aTEeJIbCTBO.

Teopema 6.2 (KBanparu4ansiit 3akoH B3anumMHOCTH). Ecaup u q -
PASAUNHDLE TPOCTNOLE HEUEMHDLE YUCAA, TIO

(0

Jpyrumu ciioBaMu,

25) = (%) , ecsup=1 (mod4) wmg=1 (mod4),
g :—(%) ,ecmup=3 (mod4) u ¢=3 (mod4).
MOXKHO TAaKKe CKa3aThb, YTO B IEPBOM CJIy4ae CPaBHEHHS T° = @

(mod p) m 22 = b (mod p) paspemmMbl WA HEPa3PEIIIMEI OHOBPE-
MEHHO, & BO BTOPOM CJIydae U3 paspelIuMOCTH OJHOI0 U3 9TUX CPaBHe-
HUI CJIejlyeT Hepas3pelinMOCTh JPYroro.

KBapaTuanblii 3aKOH B3aNMHOCTH BMECTE CO CBOMCTBAMU U3 TEOPE-
MBI 6.1 IIO3BONIAIOT BLIYUCIATL CUMBOJL JIexKanapa u TeM yCTaHaBIUBATD
Pa3peNIMMOCTh MJIM HePa3pelInMOCTh KBaIpaTHnIHbIX cpasHennii. Heko-
TOpbIE NPUMEPBI OYJLYT PACCMOTPEHBI B KOHIE naparpada.

[lepes TeM Kak JOKa3bBaTh TeopeMy 6.2 yCTaHOBUM OJHO BCIIOMO-
raTejLHOe YTBEP2KJICHUE U BBLIBEJEM CJIeICTBHE U3 Hero. B sToM yrsep-
JKJICHUM UCITONIB3YeTCsT TOT (PaKT, YTO COBOKYITHOCTD HUCEJI

p—1 p—1

L =2, -1,1,2,...,
2 2

COCTaBJIACT NIPUBEJCHHYIO CUCTEMY BbIYETOB 110 MOJLYJIIO P.

Jlemma 6.2 (JIemma Taycca). ITycmv p — npocmoe neuwemmnoe wucao
U a — uenoe wucro, ne dessweecs na p. s xaocdoeo k =1,2. .., p%l,

onpedesum € = 1 yeaosuamu

—1
k-a=er-r, (mod p), 0<r < pT (6.7)
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a
(5> = 81 -82...8% et (—1>t’

ede t - KoAUMECTIBO OMPUUATNENOHLT CPEJU YUCEN E1,E9,y . . ., Ep—1.
2

Tozda

Joxazameavcmeo. JJokaxkeM cHavYaa, 4TO BCE YUCIA I'g, OTNPEICTCHHbIE
B (6.7), HE CpaBHUMBI JIDYT C JIPYrOM 10 MOJYJIO p. IIpeamnonoxuM,
qTO JIJIS HEKOTOPBIX MHJEKCOB Kk > { BBINOJIHAETCS CPABHEHUE T = Ty
(mod p). Torma cormacuo ompegenenuto nveem ka = +fa (mod p) u,
suaunt, p|(kF1). Ho sroro 6bimh He Mmoxker, Tak kak 0 < |[k+[| < p—1.

Orcroga ciepyer, uro Habop unces {ry,. .. ,Tp;l} JIMIIb NTEPECTAHOBKOM
-1
ormmyaercs or Habopa {1,2. .., %=}, Ilepemnoxas Bce cpasuenns (6.7),
—1
U HOJIB3YSACH PABEHCTBOM 71 -+ - rp1 = (E52)1) nosyum:
2

-1 - —1
(pT),.a;E (%)ygl.g,..gp; (mod p).

-1
CokpaTHB 9T0 cpaBHeHHe Ha He KparHoe p uesoe uncio (552)! n nobay-
sICh [IEPBLIM yTBEp:KIeHueM TeopeMbl 6.1, Haxogaum <%) =gl Ep
2
(mod p). YuursiBasi, 4T0 pa3sHOCTH JIEBOH U MPABON YacTeil 9TOro cpas-

HEHUs 110 aDCOJIFOTHON BEJMYMHE HE HPEBOCXOJAUT 2, MOJydaeM yTBep-
JKJIeHue JIeMMBI. []

Cnencraue 6.1. 1) (%) = (—1)%

2) Ecau a neuémmo, mo (9) = (=1)°, 2de S = i [%}
r=1

Hoxazameavemeso. Henosnoe gacraoe or jiesieHust Yucia ak Ha p paBHO
{%’“} [TosTomy

ke % B e ., ecan e = 1
P p| \p—rr , ecme,=—1

-1
CyMmMmupyeMm 3Tu paBeHCTBa Ipu Bcex k = 1,2,..., pT, YUUTBIBas, 4TO

_ 2
1+24+... 4+ pTl = pTl U TOJTB3YsICh 0DO3HAUeHUAMU JieMMbl 6.2. B
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pesyJibraTe Moy UM

p—1

2
-a—p-S:t-p+ZEk-rk.
k=1

P’ -1
8

[Tepeitiem B 9TOM paBeHCTBE K CPABHEHMIO 110 MOJYJIO 2. 3aMETUB, UTO

2 2 2 2 _q
Ep T = fr’k:Zk:p 3 (mod 2), p=-—1 (mod 2),
k=1 k=1 k=1
OJTy JaeM pzT_ a+S=t+ p28_1 (mod 2), To ecrb
P’ -1
t=S+(a—1)- 3 (mod 2). (6.8)

[Ipu a = 2 Bce cinaraembie B cymme, onpejeisiionieir S paBHbl Hy-
aio. [lostomy S = 0unt = 7% (mod 2). B cuny nemmbr Taycca sto
JTIOKA3BIBAET TEPBBIN MYHKT CJIC/ICTBHS.

Eciu a - weuérno, o cornacuo (6.8) umeem t = S (mod 2), uro B

cusiy JieMMbl [aycca jlokazbiBaeT BTOPOi IYHKT CJIeICTBUS. [

Hoxasameavcmeo meopemuvr 6.2. Tlo ciencrBuio 6.1 BBIIOJIHSIIOTCS pa-
BEHCTBA (%) = (—1)% u ('g) = (—1), rue

p—1

e 5ozl

r=1

() -

U JOCTATOYHO JOKa3aTb PaBEHCTBO

[TosTomy

—1 —1
Sl—|—52:p2 -q2 .
p—1

I[Ipu puxcuposannom nesom x u3 unrTeppaa 0 < x < 5= pesrunna

[%} €CTh KOJIMYECTBO 1eJIbIX TOUeK Yy Ha npoMexyTke 0 < y < % WJIH,
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y4duTbiBasg, 4TO I ge ecrnb 11€I10€ qucsio, — Ha npoMexyrtke 0 < y <
p

%. Orcioga ciegayer, 9To S7 paBHO KOJUUIECTBY Map IEJBIX UUCENT T, 1,
YJIOBJIETBOPAIOIIAX HEPABEHCTBAM

—1
O<:c§p—, O<y<@.
2 p

[Tockonbky £ ne nesoe uncio, u % < 1, saxmouaewm, uro Sy ecTh Koju-

yecTBO TOUeK (T,y) € Z? ¢ ycaopusaMu

0<x<g, 0<y<g, py — qr < 0.
Touno Tax ke, uncio Sy paBHO KomudecTBy Touek (r,y) € Z° B

PAMOYI'OJIbHUKE

T ={(x,y) | 0<x<g, 0<y<g}
¢ ycnosuem qxr — py < 0. Ilocneanee ycioBue MoXKeT ObITH MEPETUCAHO
B Buse py — qxr > 0.
Hu onna u3 Touek (r,y) € Z* npamoyroabunka 1 He JEKAT Ha
npsaMoit uann py — qr = 0, mosTomy cymma St + S paBHA KOJUIECTBY
p—1 g—1 ]

TOYEK C LEJbIMU KOOpAuHaTaMu, Jexkammnx B T, re. 5= - 45

PaccMoTpuM HECKOJIBLKO MPUMEPOB.
IMpumep. Paspewumo au cpaenenue v> = 53 (mod 233) ?

Tak kak 53 = 14+4-13 u 233 = 4-53+21, 1o, npuMensisi KBajiparuy-
HBIl 3aKOH B3aMMHOCTH W BTOPOE CBOMCTBO m3 TeopeMbl 6.1, Haxomum

@) (5)-()

[Tonb3ysich TpeTbuM cBOCTBOM n3 TeopeMbl 6.1 M OHmATb TPUMEHssI
KBa/IPaTUYHbI 3aKOH B3aUMHOCTHU, TIOJIydaeM

5)-6)E)-(3)6)



I'IABA 6. CPABHEHISI BTOPOI CTEIIEHU

Haugee, yaurbiBasi, 4ro 53 =7-7+4 un 53 = 3 - 18 — 1, umeem

-0 ()-()-o

U, HAKOHEI,
53
2 ) =1-(-1)=-1.
(233> (=1)

Takum obpa3oM, JaHHOE CpaBHEHHE He NMeeT PEeIlleHMUiA.

IIpumep. /14 xaxur npocmulr wuces p paspewsumo CpasHenie

>4+ 3=0 (modp)?

157

[Tpu p = 2 pemenne cymecrsyer x = 1 (mod p). [Ipu p = 3 pere-

HUeM sBJIsieTcs Kjace Bbuero z = 0 (mod p).

Paccmorpum gastee ciyuait p > 3. CorsacHo teopemam 6.1 n 6.2 crpa-

BC/JIMBbI paBEHCTBaA

2-6) 0)-G) G-

[TockombKy

(p) _ {1, ecm p=1 (mod 3),
3

3 —1, ecmp=2 (mod 3),

3

3aKJII0YaeM, YTO PaBEHCTBO (?) = 1 19 TPOCTHIX Ynces P > 3 BBHITIOJ-

Hstercst smib npu p = 1 (mod 3). YuurbiBasi, 4T0 p HEUETHO, TTOCIIETHEE
CpaBHEHHE MOYKHO Tepenucarsh B Buje p = 6n + 1,n € Z. Urax, ganuoe

CcpaBHEHHe Pas3pelIuMo JIIIb IpU P = 2,3 U BceX IPOCTHIX TUCTaX BUJIA

6n + 1.
[Tocneuunit npumep mMoxker ObITh 000DIIEH.

Teopema 6.3. Mnoosicecmeo 6cex npocmulr wuces p, 048 KOMOPHLT PA3-

pPewumMo CpaeHeEHUE

ar’+br+c=0 (mod p), p1ta,

(6.9)
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cocmoum u3 nexomopws deaumenet wucaa 2D, 2de D = b* — 4dac, a
MAKACE U3 NPOCTVLT, NEHCAUUT 6 HECKONDKUL KAACCAT BVIUEMOE N0

modyato 4|D).

Joxazameavemeo. JJoctaTouno paccMaTpuBaTh TOJILKO IPOCTHIE YUCIIA
p, He pensmupe 2D, Kak yKasblBajoch BbIIIE, CYIIECTBYET B3aUMHO OJI-
HO3HAYHOE COOTBETCTRBHE MEXKJly peleHusimu cpashenus (6.9) u perie-
muamu cpapienus 22 = D (mod p). [locieanee cpaBHenne paspermmmo
JHIIL JJIsT TeX MPOCTLIX YKCE P, JIJisi KOTOPLIX BLIMOJHSIETCS PABEH-

CTBO (%) = 1. Jlna 3aBepiienus J0Ka3aTeJbCTBA TEOPEMBI JIOCTATOTHO

YCTaHOBUTDb, YTO MHO2KECTBO HEYCTHbLIX IIPOCTbIX YUCeJI P, [1Jisd KOTOPbIX

(%) = 1, cOCTOUT W3 HECKOJILKUX KJIACCOB BbIUETOB 1O MojyJo 4|D).

TO PaBHOCUJILHO YTBEPXKJCHUIO, YTO JIJIS MPOCTHIX M3 OJHOrO KJIac-
ca BbIueToB 110 Moayso 4| D| cpasnenne x> = D (mod p) paspermmo

VJIH HEPa3peluMo OJIHOBPEMEHHO, T.e. cpaBHeHue p; = py (mod 4|D))
BJIeUeT 3a coboit <Q> = (Q>.
P D2
[Tycrs D = (—1)*1-292.T] g% — paznoxenue uucia D B npoussejienne
q
MPOCTHIX COMHOXKHUTEEH (¢ yuerom 3Haka). Toraa

D I\ 2\ @
2 =(=) (2) TI(%) - (6.10)
p p p L\p

P&CCMOTpI/IM HECKOJIbKO CJIy4da€B.

1) Tak kak p; = py (mod 4), 1o 21 = 2-1 (mod 2) u no uersepro-

2 = 2
MY YTBEp:KJIEHUIO TeopeMbl 6.1 BLITOIHSIETCS paBeHCTBO <p_11) = (;Tj)
2) Homycrum, aro ag > 1. Torma D genurces Ha 2, ceg0BaTEIHHO
p1 = po (mod 8)
pi—1 pi—1 pi—p

3 s~ 3 (pr+p2) =0 (mod 2).

[To nepBomy yTBepxkjienuto ciejcrBust 6.1 nojydaem (p%) = (l) u,

(65) (65)
3HAUUT, TIPHU JIOOOM (o > () BBIIOJIHSIETCS PaBEHCTBO (;%) = <3> .
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3) Ilycrs renepb q|D. U3 cpasuenns p; = py (mod 4|D|) cuemyer

p1 = p2 (mod g), Tak uTo (%) = (%). B 1o xe BpeMsa p; = po

(mod 4), mosromy

p—1 ¢g—1 p—1 g-—1 P1 — P2
- _ - _(g—1). T2 2).

Tenepb C IOMOIIBbIO KBa/JIPaTUIHOI'O 3aKOHA B3aMMHOCTHU HaXOJANM

(£)=(2) o= (2) o= (2).
ve () = ().

U3 paBencrs, JoKazaHHbIX B yHKTax 1)-3) ¢ nomotpio (6.10) Haxo-

e (3) = (2) -

BaMeTuM, 4TO BO MHOI'MX CJIydasix MojyJib 4|D| moxer ObiTh yMeHb-

men. Hanpumep, ero MoXKHO 3aMeHHUTD JIIOOBIM ducjioMm 4K ¢ ycmoBueM,

D]

qTo Nd €CTb KBa/JpaT OeJIoro 4ucia.

6.4 CumboJ 9lkodbu u ero cBoiicrBa

Cumost Jlexxanapa onpejiesieH TOJbKO JJIst ap HEeJbIX 9UCesl @, P, y KO-
TOPBLIX P €CTh IPOCTOe HedeTHoe unciao. OupepeseHne MOXKHO Pacipo-
CTPaHUTH Ha OOJIbIIIEE MHOXKECTBO Iap IEJIbIX YUCeN U IOCTPOUTH TaKUM
c110co00M (DYHKIINIO, Ha3bIBAEMYIO CUMBOJIOM S1K0OM. OHUM U3 BaXKHBIX
CBOMCTB cuMBOJIa fIKOOM SIBJISIETCS BOZMOXKHOCTH BBIYUCISITH €TI0 3HAUe-
HUsI, HE UCIIOJIb3Ys BeCbMa TPYAOEMKYIO Olepaluio Pa3/IoXKeHUs ThCel
Ha MHOXKUTEJU. B yacTHOCTU 3TO JlaeT ObICTPBIH CIOcOD BLIYUCICHUS
3HaveHuit cuMmBoia Jlexkanjpa.

[Tycts P - mojoxkuteabHOe HEIETHOE YiCjIo U P = py - - p, ero pas-
JIO2KEHUE B IIPOU3BEJICHUE IIPOCTBIX UUCE/I, He 0053aTe/IbHO PA3IMIHbIX.
OnpenennM JIst KaxkJI0oro IeJaoro 9ucia a cumeon Hdxobu (%) paBeH-

7)=()G)

CTBOM
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IJie clipaBa CTOUT IpoU3BejieHue cuMBoJIoB JlexxaHnipa.
Cnenyer oTMETUTh, UTO CUMBOJI fIKOOM He MMeeT OTHOIIEHUs K pas3-
PEHIMMOCTH KBaJIpaTUIHbIX cpaBHeHuil. Hampumep,

(B)-0) (-

HO cpaBHenue T2 = 2 (mod 15) He umeer pemienuii, BejIb (g) = —1 m,
3HAYUT, HY IIPH KAKOM IIeJIOM & 9HCiIo o2 — 2 He gesurcs Ha 3. Tem Gosee
OHO He JIeJINTCS Ha 15.

B pasnbneitinem OykBoit P Oyjer 0003Ha4aThCsI HEKOTOPOE OJIOXK K-
TesibHOE HedeTHoe uncao. OCHOBHBIE CBOMCTBa cUMBOJIA JIexKaHapa omnu-

CbIBa€T

Teopema 6.4. 1) Ecau yeavie wucaa a,b esaummo npocmu, ¢ P u ydo-
eaemeopstom cpasteruto a = b (mod P), mo (%) = (%)
2) Jas mobux yeavs wucen a,b, 63aummno npocmux ¢ P evwnoanaemes

PAGEHCNEO (%) = (%) : (1%)

3) Cnpasedausn pasencmea

G G @

4) Jdaa m06ux 08YT NOAONCUMENDHOT HEYETHOLT 63AUMHO NPOCTHLT

Q P . P—1 Q-1
yucea P, Q) umeem mecmo pasencmeo (ﬁ g) =17
2_
SaMeruM, 9T0 JIJIS KaXkI0r0 HEYeTHOrO YUCIa U JPOOb “Tl eCThb I1e-

noe ancno. Jdesicrsurensio u? — 1 = (u — 1)(u + 1) ecTs npousseenme
JBYX TIOCTEJ0BATENbHBIX TebiX dncest. OnHo u3 Hux genntcs Ha 4, a
Jipyroe Ha 2.

Jlemma 6.3. J[a4 1100010 HEYEMHBLT UCADLT YUCEA U, - - - 5 Uy, CNPABED-
AUBL CPABHEHUA

1) =t = 370 5L (mod 2

u?-u2 —1 m  uZ-1
2) = =2ln 5 (mod 8).
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oxaszamesvcmeo. Paccmorpum cHadaga ciydail m = 2, obo3navast jiJist
KPaTKOCTH U = U1,V = Ug. CHpaBeyinBO cpaBHEHUE

w—1—(u—1)—w—-1)=(u—-1)(v—1)=0 (mod 4).

PaznenuB obe dacTu ero m MOJyJIh Ha 2, MOJydaeM IepBoe YTBEPXK/ie-
aue. [y mokasaTe/bcTBa BTOPOTO YTBEP:KJIEHUs pasfie/iuM obe JacTu
1 MOJLyJIb CPaBHEHUsI

WP —1—(w—1)— (=1 =@ -1)(w*—1)=0 (mod 64)

Ha 8.
[To jokazanHoOMy 1pu JIIOOOM M > 3 clpaBeJIUBbI CPABHEHUS

m—1
Uy Uy — 1 Up- - Up-1—1  upy—1
= d 2
2 — 2 +—5— (mod2),
2 2 m—1 9 2 2
uj uy, — 1 upccu, g — 1 wuy, —1
= ds8
g , 8 g (mod8),

Oba yTBep:KJICHHS JIEMMBbI CJIEJIYIOT OTCHOJIa C IIOMOIIbI0 MaTeMaTHde-
CKOWM WHJIYKIIUU. ]

Hoxazameavcmeo meopemuvs 6.4. Ilycrs P = pq---p,. — pa3ioxenue B
IPOM3BEJIeHIE POCThIX uucest. Torga st 0bbix a = b (mod P) ume-
eM a = b (mod p;), ¢ = 1,...,r, U CONIACHO OMPEJETEHUIO U TEOPEME

(7)-1G)-16) - (7)

DTO JI0Ka3BIBAET IIEPBOE YTBEPIKICHNUE.

6.1 nosyuaem

CripaBe /BBl PABEHCTBA,

(3)-T(E)-11(2)- () -6)-(3)
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JIOKA3bIBAIOIIME BTOPOE yTBEPIK ICHHUE.
[Tonb3ysch omnpejenenneM cuMBojia fAkobu, Teopemoii 6.1 u JeMMmoi

(%>r1($>L
()1 -fier o

6.3, HaXO/ UM

()G -f1eo <o

[Iycts Tenepnh P, () — mosoKuTeIbHbIE HEUeTHBIE B3AUMHO MPOCTHIE
qucina 1 P = p1---pr, Q = q1---¢s — UX PA3JIOKEHNUS B IPOU3BEJIE-
Hust nipocThix yuces. [lonb3ysick onpejenenueM cumBosia AKobu, BTO-
PbIM yTBEPK/IEHUEM TEOPEMbI U KBaJIPATUIHBIM 3aKOHOM B3aWMHOCTH,
HAXO/IM

()() HH()<) HE )L (60)

Corutacao jsiemme 6.3 umeeT MecTo cpaBHEHUE

et (B (B)-

1=1 j=1
P—-1 —1
= 9 (mod 2),
2 2

nokaspiBatoree BMecte ¢ (6.11) mocsenuee yrepKienue reopembl. [

53
233

IO, TTOCKOJIBKY 233 — IPOCTOE YNCJIO, C COOTBETCTBYIOIINM CHMBOJIOM

BorauciinM ¢ momMoripio TeopeMbl 6.4 cumBos fAkobu ( ), COBITa/1A-

Jlexxanipa. Umeewm, nosbaysich yrBepxketusivu 1), 3) u 4) s10ii reope-
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Mbl,

2)-(2)-()-6)-)-
-(3)-)

YTO, KOHEUHO, COBIIAIACT C PE3yIbTATOM IIPEAbLIYIINX BbITHCICHHA.

Cnocob BbIIMC/IeHHSI CEMBOJIa ZIKOOM, NpUMEHEHHBI B PacCMOTPEH-
HOM NpuMepe, MOXKeT ObITh 0(POPMJIEH B BUJIE ODIIEIO aJropuT™Ma, MoJu-
HOMUAJBHON CJIOXKHOCTH.

6.5 CymMMBI IBYX 1 9eThIpeX KBaJpaToOB

Dror maparpad MOCBANIEH TPUMEHEHWIO CPABHEHUN JIJIsT MCCIEOBAHMST
JMOaHTOBBIX ypaBHEHUH crenuabHOro Buja. CHavdasia Mbl PaccMOT-

pPUM ypaBHEHUE BUJIA
° +y® =n, (6.12)

rjle TPEJINoIaraeTes, 4To N - 3aJaHHOe TeJ0e TOJOKUTETbHOE YUCIIO.
Pemenust (x,y) aroro ypaBHeHust Tak»Ke Oy Iy T TPEINoIaraThest MeJbIMI
YUCTAMU.

He npu BCsikom HATypaabHOM 1 3TO ypaBHEHUe uMmeeT perienusi. Ha-
npuMep, JII060E PEILIEHNe B LEJIbIX YUCIaX YPABHEHUs T2 4+ y? = T J10JIK-
HO yjoBJaeTBopaTh HepasencrBaM |z| < 2, |y| < 2. Ilepebupas nocse-
JIOBATEJILHO BCE Tapbl YUCEJI, YIOBIETBOPAIONINX 3TUM HePaBEHCTBAM,
MOXKHO yOeJIUThCsi, UTO HU OJHA U3 HUX HE €CThb PEIIeHUEe YPaBHEHMUSI.

Cravajia Mbl pacCMOTPUM ypaBHeHue Buja (6.12) B mpemnoioxkenn,
YTO €ro npaBasd J9acTh €CTh IPOCTOe TUCTIO P.

Jlemma 6.4. Ecau p — npocmoe wucao suda 4k + 1, mo ypasrenue
4y’ =p

PABPEUWUMO 6 UEAT YUCAGT (T,Y).
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Hoxazameavemeso. st npocroro uncia p = 4k + 1 cumBost Jlexanapa

-1 .
(? paBen 1, u, 3HAYNUT, HaJAETCS 1eJI0€ YHUCJIO A, YIOBJIETBOPATOIIEe

cpasienuio a® = —1 (mod p). Just 1106bIX LEIbIX YnCes T, Y CIpaBe/l-
JIMBBI CPABHEHMUSI

2?4y =2 —a*y® = (x —ay)(z +ay) (mod p). (6.13)

PaccMoTpuM BCeBOZMOXKHBIE TAPDI MEJbIX ducest (X,Y), YIOBIETBOPSIIO-
e yCJIOBUAM

o<z <[Vl 0<y<Ivil (6.14)

WIS KaxKJI0# TaKoil mapbl Haiijem Kjacc BbrueroB (x + ay) (mod p).
Koam1ecTBO Moy qMBHIINXCS TIPU 3TOM KJIACCOB BBIYETOB HE TPEBOCXOJIUT
P, B TO BpeMsl KaK KOJMYeCTBO nap (,y) paBHO

T+ W) - A+ VP > vp-VP=p

D10 3HAUMT, UTO HAM Y TCst 10 Kpaithei mepe jse napbt (21,Y1), (T2, y2),
yIOBJIETBOpstoNIHe yeaoBusiM (6.14), J71sT KOTOPBIX KJIACCHI BBIYETOB
(x; + ay;) (mod p),i = 1,2, copuajator. Takum obpazom, T + ay; =
x9+ ayy (mod p) nim (21 — x2) + a(ys —y2) =0 (mod p). O6o3nauNB

JJid KPATKOCTU Tg = T1 — X2,Yo = Y1 — Y2, C HOMOUIBIO (6.13) 1OJIY UM
x5+ Yy = (o + ayo)(zo — ayo) =0 (mod p),

T.e. UMCIO TF + Y5 neanres Ha p.
YenoBus (6.14) o3HAYAIOT, UTO TUCTA T, Yo HE OUCHD BEJIUKH, & IMEH-
HO,

2o = 21 — 2o <[VPI <P, [wol = |y — 2l < VPl < VP

Ho Torna 22 + y2 < p + p = 2p. Yuurnisas, uro napsl uuces (T1,y1),
(72, y2) pasiwamnbl, HaxomuM 23 + Y5 > 0.

Nurepsan (0,2p) coaepKuT JMIb OJHO YUCIO, JEJsIIEecs Ha P, a
nmenno p. Cneposarensuo 3 + yi = p. ]
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Jlemma 6.5. FEcau dsa ypasrenus
o+t =u, 2+t =, u,v € 7,
PASPEUUMDL 6 UELADLT YUCAGT, MO U YPLEHEHUE
° +y? = ww (6.15)
UMEEM UEAbLe PEeULEHU.SH.

Joxasameavcmeso. Pacemorpum napbr nesbix uncen (x1,y1), (T2,Y2),
YJIOBJIETBOPAIOIINE PABCHCTBAM

iy =u, aity =
PackpbiB CKOOKM, JIEIKO NPOBEPUTH PaBEHCTBO
(2179 — y132)* + (2192 + 122)* = (27 + i) (23 + y3) = wv.  (6.16)

Takum 0Opa3oM, HeJIble YuCIa 2 = T1T2 — Y1Y2, t = T1Yo2 + Y1T2 YJIOBIIE-
TBOPAIOT paseHcTy 22 + t2 = uw, T.e. ypasnenue (6.15) paspemmmo B
IIeJIBIX YUCIaX. []

PaCCMOTpI/IM KOMIIJIEKCHBIE YAUCJIa
a =z + 1y, B = x2 + 1Yo

U X IIpou3BeaecHue

v=a- b= (z122 — yiye) +i(z1y2 + yi22).

Pagenctso (6.16) MoxkeT 6LITH mepenuncano B suge |y|? = |a|?|3|%. Takum
0Opa3oM, OHO TI0-CYIIECTBY PABHOCUJIBHO paBeHCTBY |af| = |af - |5

Teopema 6.5. Vpasuenue (6.12) paspewsumo 6 uesvix wuciax mozda
U MOALKO Mo20a, K020 PA3NOHCEHUE N HA NPOCTIBLE COMHONCUMENU
codeporcum raxncdoe npocmoe wucao suda 4k + 3 6 wemmnoti cmenenu.
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Joxazameavcmeo. JJokaxem paspemmmocts ypasuenus (6.12) B ycsio-
BUAX TeopeMbl. Eciu pazioxkeHnue n Ha MPOCTbIe COMHOXKHUTEJH COIEP-
YKUT KaxKJ10e IIPOCTOe YKC/I0 Bujia 4k + 3 B 4eTHOM CTElleHH, TO CIpaBe/I-
JINBO PABEHCTBO N = Py - - Py - M2, T11E P1, - . ., P¢ — HPOCTHIE YNCIIA B
4k 4+ 1 umm 2. Ypasuenne x2 + y> = 2 umeer pemenue v = 1,y = 1.
CoruacHo JiemMe 6.4 Kaxkjoe u3 ypasHeHuit x° + y? = pj upu pj > 2
pa3permmo B IEeIbIX ducjiax. VMeer pereHus B mesibiX 9ucaax TakxKe 1
ypasrenue 2 + y> = m?. Hanpuwmep, napa uuces z = m,y = 0 Gyuer
€ro perieHueM.

[Ipumensia Tenepb HECKOJIBKO pa3 JjeMMmy 0.0, 3aKjIod9aeM, 4TO U
ypastenne (6.12) nmpu n = py -+ - py - M? UMeeT HebIe PereHns.

[Tpeanonokum Tenepb, 9To CyIeCTBYIOT HATypPaJbHbIC TUCTA, TTPE/I-
CTaBUMbIE B BHUJIE CYMMbI JIByX KBaJIpaTOB, HO UMEIOIINE B CBOEM pa3-
JIOYKEHWW Ha MPOCTHIE COMHOXKUTENIN XOTsT OBl OJHO TTPOCTOE TNUCIIO BUIA
4k + 3 B neuernoit crenenn. Ilycrh n = 13 + y3 — HanMenbllee U3 Ta-
KuX quces n qys p = 4k + 3 xkparnocts vy(n) nederna. CrpaBe/inBbI
cpasienus 3 + y2 = 0 (mod p) u

r2 = —y2 (mod p). (6.17)

[Ipeanonoxum, 4to p|zy u, 3aaqaut, plyg. Onpegennm mesbe ducaa
U,V paBeHCTBAMM Ty = pu,yo = pv. Torma n = p?(u? + v?). Tak Kak
m = u?>+v? < n, T0, CONIACHO YCIOBUIO MUHAMAJIBLHOCTH B OIPE/le/IeHIN
n, KpaTHocTh Vy(m) derna. Ho Torma Gyaer deTHbIM u 9ncio vy(n) =
vp(m) + 2, Bonpeku onpejeneanto n. CaegoBaTebHO P 1 T U P 1 Yo.

Bossosist obe wactn cpasnenns (6.17) B crenens L5 = 2k + 1, naxo-

JIUM

= —ybt (mod p). (6.18)

[To mauioit Teopeme Pepma BHITIOIHSIIOTCS CPaBHEHU T :1:]5_1 =1 (mod p),
yb~" =1 (mod p), rax uro u3 (6.18) creayer 1 = —1 (mod p). Hocnes-
Hee cpaBHEHHE HeBO3MOXKHO, Benb p = 4k + 3 > 2. 9710 npoTruBopeune
3aBepIIaeT JI0Ka3aTeJbCTBO TEOPEMBI. ]

,HOK&}KGM TEoOpeEMY O IPEACTaBUMOCTH HATYPaJIbHbBIX YHUCEI B BHUIC
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CyMMbI 4eThipex KBajiparos. [IepBoe jjoka3aTe/ibcTBO 3TOM TeopeMbl Obi-
j10 onybsinkoBano B 1770r. Jlarpamkem.

Teopema 6.6. Kaowcdoe uenoe nosostcumesvhoe 4ucio npedcmasumo 6
6uUde CYMMDL LEMBIPET KEADPATNOE UCADIT YUCEN.

NnbiMy ctoBaMu, s KaxKJ0r0 HATYPAJbLHOIO 7 YPABHEHUE
2 2 2 2
x1+$2—|—l‘3+$4:n

Pa3pelInMO B LEJIbIX YHCIaX.
CuauaJia MbI JOKaxkeM yTBep2KjeHue, moooHoe jemme 6.5.

Jlemma 6.6. Ecau namypasvhole wucia u u v npedcmasumov, 6 Gu-
de cymmol wemuper Keadpamos, mo ux NPouseedenue Mak’Hce MOHCHO
npedcmasums 6 6UJE CYMMDBL YEMBLPET KEAIPAMOE.

oxasamesvcmeo. JJokazaTesbCTBO, KaK U B CIydae JIeMMbl 6.5 OCHO-
BaHO Ha HEKOTOPOM TOXKJIECTBE.
PaccMoTpuM deTbipe KOMILIEKCHBIX YUC/Ia

a=x1+1ix2, [B=x3+1iT4, Y=Y1+W2, 0=1y3+ 1Y

A:(_O‘B @B) B:(_“% %5) (6.19)

detA:x%—Fx%—Fx%—in, detB:yf+y§+y§+yi-

U MaTPpUIIbI

Nnmeem

CrupapelJInBo MaTPUIHOE TOXKICCTBO
AB= (L a0k 0T
—vG —a@d —io0 + ay
O3HaualolIee, B 9aCTHOCTH, 9To Marpuna A - B mMeer Takyio e cTpyK-
Typy, 94T0 u Marpuisl (6.19).
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Jlerko npoBepuTh, 4ToO
ay — 36 = x1y1 — Tays — w3ys — Tays + i(T1y2 + Toy1 + Tsys — Tays3),
ad + By = z1y3 — Tays + T3y1 + Taye + ((T1ys + T2ys — T3Y2 + Tay1).
[Tosromy pasencrso det A - det B = det(A - B) npuBogut K Tox 1ecrBy
(@i+as+as+al) i+ +ys ) =2 +5+25+2, (6.20)
rie
1 = T1Y1 — T2Y2 — L3Y3 — T4Y4,
2o = T1Y2 + oY1 + T3Ys — T4Yy3,

23 = X1Y3 — ToYs + X3Y1 + T4Yo,

24 = T1Y4 + T2Y3 — T3Y2 + T4y1.

Toxgecrso (6.20) MOXKHO IPOBEPUTH 1 HEIIOCPEJICTBEHHO, PACKDPbIB CKO-
OKH B 00EMX ero JacTsX.

Jlemma 6.6 cpasy xe caenyer us (6.20). HeficTBUTeIbHO, €CI1 ¢ HEKO-
TOPBIMU LEJIBIMU UMCIAME T;, Y BBIIOJIHSIOTCH PABEHCTBA

i tritali=u Yyl =,

TO ONPEJICTIEHHbBIE BBIIIE HEJIble YUCIIa 2; COMIAacHO ToxkaecTBy (6.20) na-
IOT TIPEJICTaBJICHUE YUCIa UV B BUJE CyMMBl YeThIPEX KBaJpPaToOB

2 2 2 2
Z1+ZQ+23+Z4ZUU
[]

Jlemma 6.6 o3nauaer, 4To JUIs JlOKa3aTeJLCTBA Teopembl 6.6 jocTa-
TOYHO YCTAaHOBHUTD MIPEJCTABUMOCTD ITPOCTHIX YUCE B BUJE CYMMBbI Y€ThI-
pex kBajparos. Ilockonbky 2 = 12+ 12402 + 0%, nasee 6yneM cauTaTh,
YTO P — MPOCTOE HEIETHOE YUCJIO.

JloKaxkeM BCIIOMOTATEIbHYIO JEMMY O CPABHEHUSIX.
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Jlemma 6.7. /lasa xaoicdozo npocmozo mewemmozo wucaa P CyuLecmey-
om yeavie wucaa a u b, ydossemeoparoujue cpasHenuro

1+a*+b*=0 (mod p).

,ZZOKGSQmGJLbcmGO. PaCCMOTpI/IM JBa MHOXKECTBa 4YucCeJI

—1
X, = {k* | ogkng}, Xo={-1-k |0<k<P —

Kak10e n3 HuX COCTOUT U3 1%1 qncesi. [Tockonbky ]%1—#%1 =p+1 > p,
3aKJI09aeM, 9T0 00beuHenrne 3Tux MHOXKecTB X1 U Xo J0JKHO cojep-
KATh JIBa 9UCJIA, HPUHAJJIEXKAILME OJHOMY KJIACCY BbIYETOB 110 MOJLY-
a0 p. Ho uncina muoxkecrsa X1, 09€BUJIHO, HE CPABHUMBI MEXKTy COOOIA.
TourOo Tak »Ke He CpaBHUMBI 1 9KCJIa BTOPOTO MHOXKeCTBa. [loaromy Haii-
JyTes Ledble uncia a, b rakue, uro a® € X, —1—-b0* € Xouna®> = —1-0?

(mod p). Do 3aBepiIaeT TOKA3ATETHCTBO JIEMMBL. O

JlokazareabcTBO ClIeAyIoNeil JeMMbl HAllOMHHAET JIOKa3aTeTbCTBO
geMmbl 6.4.

Jlemma 6.8. Kaoicdoe npocmoe wucao ecmv Cymma 4emuper xKeadpa-
moe.

Jloxazameavcmeo. Ilyerh a, b — meable 4uciaa, ONpeJeJeHnble B JeMMe
6.7. Paccmorpum Bee HABOPHI EJbIX Yucen T = (T, Ta, T3, Tq), YIOBIIE-
TBOPSIOLIME YCJIOBUSIM

0<z <[Vp, i=1,234 (6.21)
v JIJIs1 KaxK 100 Takoro Habopa HaiijjeM napbl KJIacCOB BbIYETOB
(xg + axy 4+ brs (mod p) , x4—bry+ars (mod p)) (6.22)

KosmmuecrBo 10o/1y YUMBIIMXCs IIPU 9TOM [1ap KJACCOB BbIYETOB HE IIPEBOC-
XOJUT P, B TO BpeMs KAaK KOJHYECTBO HAOOPOB T PABHO

1+ Vo))" > (vVp)' =p”
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Buauur, Hafijyrcs JBa passinubbix Habopa T = (T1,%2,T3,%4), § =
(Y1, Y2, Y3, Y4), yaoBIETBOpsitornue yciaousiM (6.21), st KOTOPBIX KJIac-
ol BbUeToB (6.22) coBmajaloT, T.e.

r3 + axy + bre =y3 + ay; + by,  (mod p),
r4 — by + axs =ys — byr + ay>  (mod p).

[Tonoxkum k; = x; — y;. Torma BBIIOTHSIOTCS YCIOBUS
ks = —aky — bk (mod p), ky =0k —aks (modp), |ki| < /p.
OTcioia HaXOIUM CpaBHEHUE

K2+ k3 + k3 + ki = ki + k3 + (aky + bko)® + (bky — aks)? =
= (2 +k)(1+a*+b)=0 (mod p)

1 HEpaBEHCTBa
0 < ki+ks+k5+kj<dp.

CnenoBarebHO,
K2+ k3 + k3 + ki = mp,

re m ecTh oJHO u3 uncena 1,2, 3.

B ciaygae m = 1 yrBepKeHue JIeMMbl BbIIIOJIHSIETCSI.

Pacemorpum cnyuait m = 2. Cymma ki + k3 + k3 + k3 nemurcsa na 2 u,
3HAUUT, ducia ki, ke, k3, k4 MOryT ObITH pa3dbKUTHI HA IIapbl OJIMHAKOBOI
yerHocTr. He ymenbIas OOMIHOCTH MOXKHO CUNTATH, 9TO k1, ko u k3, k4
UMEIOT OJIMHAKOBYIO YeTHOCTH. Tora Bee yerbipe uncia ki — ko, ki + ko,
ks — ky, k3 + k4 geTHBIE U U3 PABEHCTB

Btk \* (= k' (ks R (ks — kT
2 2 2 2 B

1
= (ki + ks + ks + ki) = p,

CJe/lyeT yTBEPXKJIEHUE JIEMMbI.



I'IABA 6. CPABHEHISI BTOPOI CTEIIEHU 171

B ciyuae m = 3 cymma k} + k3 + k3 + kj nesnurca na 3. Ksajparnt
IEeJbIX Yhces Ipu JejieHnu Ha 3 gator B octarke 0 mim 1. ITosatomy og-
HO U3 49uces k; IeJINTCd Ha 3, a ocTajJbHble He Jendrcsd. M3menus, ecin
HEOOXOIMMO HYMEPAIWIO 3TUX UHUCeI, MOYKHO, HE YMEHbIIas ODITHOCTH,
CUMTATh, UTO Ha 3 genutcd k. CMEHWB Tak»Ke B cJIydae HEOOXOJIUMO-
CTU 3HAKM y uucen ko, k3, k4 MOXHO cuMTaTh, 4T0 ko = kg = ky = 1
(mod 3). Heiicrurensro, eciu k =2 (mod 3), to —k =1 (mod 3).

Bocnonbayemest Toxkectom (6.20), nonokus B HeM x; = k;,yp =
0,92 = y3 = y4 = 0. B pegysnbTare mosryanm paBeHCTBO

ko + ks + kg \ key + kg — kg \ by — ko 4 kg \
3 + 3 * 3 *

ki + ke — Kk
+<1 2 — K3

2
1
; ) :g(kf+k§+k§+kz):p. (6.23)

13 npeanonoxenunit 06 ocrarkax [ducen k; TpU JIE€JEHUN Ha 3 CIIE/LYeT,
aro Bee Jpobu B paseHcrse (6.23) ecTh lesble 4ucia. D10 3aBepiiaeT
JIOKa3aTe/IbCTBO JIeMMbI 6.8, a BMecTe ¢ TeM 1 TeopeMbl 6.6. [

B Buje cyMMbI Tpex KBaJIpaTOB MpPEJCTAaBUMbBI HEe BCE HATYPaJbHbBIE
aucyia n. VeKIroauTebHoe MHOYXKECTBO COCTABJISIOT Yucia Buja 4%(8b+
7) npu 1EJbIX HEOTPUIATEIbHBIX ,b U TOJBLKO oHu. Tak, Hanpumep,
qUCJIO 7 HeJIb3sl MPEJCTABUTH B BHUJE CYMMbI TPEX KBaJPATOB IEJIbIX
JUCET.

Teopemy Jlarpanrka MO>KHO 0DOOIIUTH, pacCMaTPUBast BMECTO KBa,I-
paToB KyObl, deTBepThbie mjm Oosiee BbicOKue crenenu. [I.I'manbepr B
1909r. nmokazaJi, 9TO

s Kancdozo uenozo k > 2 mootcno natimu yeaoen > 0 ¢ yerosuem,
Ymo 21000 HAMYPAALHOE YUCAO NPEICTNABUMO 6 8Ude CYMMDBL He boaee
wem N cagzaemois 6uda T ¢ yesvmu x > 0.

[Ipu k = 2 3710 yTBep:KJieHNE BBLINOJHSETCS COrIacHO Teopeme 6.6 ¢
n = 4. ChopMyaupoBaHHOE yTBEPKICHHE ObLIO BLICKA3aHO KAK I'UIIO-
te3a B 17701, Bapunrom.
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6.6 IIpencraBiaenme HyJid KBaApaTUIHBIMI popMa-
MH OT TPeX HeM3BEeCTHBIX

B srom maparpade pedb moiijer o pemieHnu B MEJbIX UNCTax T,Y, 2
ypaBHEHMsI

ar® + by® + c2* =0, (6.24)
B KOTOPOM KO3(D(PUITHMEHTHI @, b, ¢ IIPEIIO0NaTraloTCs OTIUIHBIMEI OT HYJIsI
HEeJbIMUA YucaaMu. ZlcHo, 4To npu JioObIX KO3 UIMEHTaX ypaBHEHUE
(6.24) umeer pemenne ¥ =y = z = 0. D10 penieHre Mbl OyjieM Ha3bi-
BaTh TPUBHUAJLHBIM U JIaJiee HalijieM YCIOBUS, TP KOTOPBIX Y YpaBHEHUsT
UMEETCsT XOTsI ObI OJIHO HETPUBUAJIHLHOE PEIIeHue.

Ypasuenue (6.24) umeer HeTPUBHAJILHOE DEIEHUE B TEJBIX YHCIAX
TOI'JIa U TOJBKO TOT/IA, KOIJIa, OHO Pa3pelinMo B PalMOHAJbHBIX YHC/IaX,
CpeJil KOTOPBIX €CTh OTJANYHOe OT HyJsid. JleficTBUTEIbHO, eciu palno-
HaJbHBIE YUCIA (v, (3,7 YIOBJIETBOPSIOT ypasHeHuto (6.24), To yMHOXKHUB
X Ha OOIIMil 3HAMEHATE b, MOXKHO HAaiTH HADOP LEJbIX UUCesI, TAKXKe
YJIOBJIETBOPSIOIIUX 9TOMY YPABHEHUIO.

Cravajia MBI c/leJlaeM HECKOJbKO YIIPOIIAIONINX, HO He yMeHbIIa-
IOIX OOIIHOCTH TIpeanosokennii. Koaddunmentor a, b, ¢ ypaBaennsi
(6.24) J0/KHBI UMETHh pa3Hble 3HaKK. B NPOTUBHOM cilyvae ypaBHEHUE
UMeeT JIUITh TPUBUAJIbHOE perenne r = y = 2 = (. YMHOXKUB, B cliydae
HEOOXOMMOCTH ypaBHeHWe Ha —1 W CMEHUB, ec/in Hy>KHO, 0003HATEHNsT
MePEeMEHHbBIX, MOYKHO CIUTATH, ITO

a>0, b>0, c¢<0. (6.25)

Ecim kakne-mnbo nBa koadduimenTa, ckaxem a u b, nmeror obdmit
IPOCTOI JeJIuTeb P, T.e. & = pu,b = Pv UpKU HEKOTOPDLIX LEIbIX U, V,
TO, YMHOXKUB ypaBHenue (6.24) Ha p, MOJyIaeM PaBeHCTBO

u(px)® + v(py)? = pe?,

13 KOTOPOTO CJIeJyer, 9To ypaBHenue (6.24) umeer HETPUBHAJILHOE Pe-
[eHue B HeJIbIX Yhcax OJIJHOBPEMEHHO ¢ YpaBHEHHEM

ur? + vy + pcz = 0.
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Bamerum, uro |uvpc| < |abc|, r.e. abcostoTHas BejiMUnHA IPOU3BEJICHUS
KO3 (DUIIMEHTOB HOBOTO ypaBHEHHUsI MEHbIIIe, YeM Y IpeJIIecTBYoIe-
ro. Eciiu B HOBOM ypaBHeHUHU HaiijyTcs JiBa KO3 UITHEHTA, UMEIOIIIe
HETPUBUAJLHBIN OO JIe/IUTe/ b, Takoe Mpeodpa3oBaHue MOXKHO I10-
BTOPUTD. ZICHO, UTO STOT MpOIECC paHO MM MO3THO JOJIXKEH 3aBep-
IIMTHCA, BeJb HeJble ducia |abc| obpasyror yObIBAIONIYIO MOCIE0Ba-
TEJILHOCTh, & OHA HE MOXKeT ObITh ODeckoHeuHO#. MTak, BhIsSCHSIST pa3-
permMocTh ypasHerust (6.24) B 1esibix 4McJIax, MOXKHO CYUTATH, YTO
K03 PUIMEHTD @, b, ¢ TONapHO B3aMMHO IPOCTHI, T.€.

(a,b) = (b,c) = (a,c) = 1. (6.26)

Haxkomerr, ecin Kaxoi-ando u3 KoadpUImeHToB, CKaykeM a, JeJATCS
Ha KBaJpaT IPOCTOrO 4HCIA, T.e. G = p>w, IJe p IpOCToe W W IIeJoe
qucia, To ypasHenue (6.24) MoxkeT GbITh Mepenucano B BUje

w(pz)? + by* + cz* =0,

Tak 4To ypasHenue (6.24) umeer HETPUBHAJILHOE DEIIEHUE B TEJIbIX THC-
JIaX OJJHOBPEMEHHO C ypaBHEHUEM

wz? + by* + cz* = 0.

[TpojsiesiaB 3Ty ornepalnio HECKOJIBKO pa3, MOXKHO JIOOMTHCs, YTOObI HU
OJINH 13 KO3 PUIMEHTOB ypaBHEHUs He JeJUJcsS ObI Ha KBaJIpaT HUKAa-
KOI'O IIPOCTOI'0 YHUCJIA.

Crenyrorast TeopemMa OblLIa BIiepBbIe jJoKa3aHa Jlexxangapom B 1785r.

Teopema 6.7. IIycmov a,b, c yeavie wucara, ydosaemsoparouue Yycao6u-
am (6.25) u (6.26), a xkpome mozo ne desawjuecs na ¥6adpam HUKaK020
npocmozo. Ypasnenue (6.24) umeem nempueuaibioe pewenue 6 Ueav
YUCAGT 6 TOM U TOALKO MOM CAYYae, £020a Kancdoe u3 cpasHenul

b\’ +c=0(moda), cu’+a=0(modb), av*+b=0(modc) (6.27)

PA3PEUUMO 6 UEABLT YUCAGT N, (L, V.
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Hoxasamenvcmeo. JokaxkeMm cHadajia, 9TO U3 CYIIECTBOBAHUS HETPU-
BUAJILHOTO DEIleHus y ypaBHenus (6.24) ciegyer paspenmMocTb KazxK-
noro u3 cpasuenuii (6.27). [lokaxkem 910, HATpUMED, JIJIsT TOCTEHETO 13
cpaBHeHnii. B ocTasbHbBIX Cydasx J10Ka3aTeaIbCTBA aHAJOTHIHDI.

[Ipennonoxum, aro ypasuenue (6.24) uMeer HETPUBHAJBHBIE DeIle-
nus. Boibepem cpeau Hux pernenne (o, Yo, 29) ¢ HEOTPUIATETLHBIME
KOMIIOHEHTAMHI W HaWMeHbIIel Besmantoit |xo| + |yo| + |20/

[Tpoepum, 4T0 9mCIa € U Yy B3AUMHO MPOCTHI. B MPOTHBHOM CJlydae
OHH 00a, JIeJIITCs Ha HEKOTOpoe IpocToe uncio p. Ho Torna n3 paBencTsa

axg + byy + cz5 =0 (6.28)

ciegtyer, uTo plaxd. Yuurhisas B3aMMHYIO NPOCTOTY G M €, TIOJyHaeM
orciofa, 4to p|rg. Yucna xg, yo geasires va p. U3 (6.28) tenepnb ciuejyer
p?|cz3 u, Tax Kak, COIJIACHO YCJIOBHIO, ¢ He JIeINTCsA Ha KBaJpaT p, TO
p|z3. Lenble uncna u = xo/p,v = yo/P, W = 2p/p COCTABIAIOT PelICHHE
ypasuenust (6.28), npuuem |u| + |v| + |w| < |xo| + |yo| + |20]. [Tomyaus-
meecs MPOTHBOPEYNE O3HAYACT, UTO YUCIA C U Yo B3AUMHO ITPOCTHL.

I3 nokazamnoro pasencrsa (¢, yg) = 1 ciemyer, B cuty TeopeMbl 5.1,
4TO HaiiJercs 1eoe YUCIo V, YI0BIeTBOpsIolee CpaBHEHNIO

yov =x¢ (mod c).
Hastee ¢ noMoupio pasencrsa (6.28) naxogum
ya(av® 4+ b) = axi + by = —czi =0 (mod ¢),

u, B cuny (c,y9) = 1, momyaaem c|(ar? + b), 9470 paBHOCHILHO TOCTEI-
Hemy cpasrenuto (6.27).

Tenepnb jloKaXKeM, 4TO U3 paspernMocTu cpasaennii (6.27) ciepyer
pa3permMocTh ypasuenusi. [lycts A, p, v — 1eJible 4ucia, ya0BJaeTBopsi-
forne cpaierusiM (6.27). CrnipaBeyinBo CpaBHEHHE [0 MOJIYJIIO C:

2

azx® 4+ by? + ¢z = ax® — a*y? = (ax — avy)(z + vy) (mod ¢)

WJIN B WHBIX 0DO3HAUCHUSTX

f(x,y,2) = Li(x,y, 2) Mi(z,y,2z) (mod c), (6.29)
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rie f(z,y,2) = ax® +by? +cz* u Li(x,y,2) = ax — avy, My(z,y,2) =
r + vy auHeiHble (POPMBI C HEAbIMEA KOI(DMUITUECHTAMHE.

TouHo Tak »Ke HaiijyTcs JuHeiiHble (DOPMBI C HEJbIME KO3 DUIEH-
ramu Lo(x,y, 2), Mo(z,y, 2), Ls(z,y, z), M3(x,y, 2), 1jisi KOTOPbIX

f(z,y,2) = Lo(x,y, 2) Ms(x,y,z) (mod a), (6.30)
f(z,y,2) = Ls(z,y, 2) M3(x,y,z) (mod b). (6.31)

PaccmoTpum j1ajiee BCEBO3SMOXKHBIE TPOHKM 1eJbIX dnces (,y, z),
YJIOBJIETBOPSIOIINE YCJIOBUSAM

0<z<[\lb], 0<y<[V]ac], 0<z<[Vab].  (6.32)

KonmuectBo ux S ymoBIeTBOPsieT HEPABEHCTBY

= (1+[/Jbel D1+ ]ac] ) (1 +[Vab]) > v/|be|-v/]ac|-Vab = |abe].

Kazk10it Takoit Tpoiike (x, Y, 2) HOCTaBUM B COOTBETCTBUE HAOOP KJIACCOB
BBIYETOB 10 MOJLYJIsiM |¢|, a, b, a uMeHHO

(Li(z,y,z)(mod |¢]), Lo(z,y,z)(moda), Ls(z,y,z)(modb)).

KomuecTBo pasininbix HAOOPOB KJIACCOB BbIUETOB paBHO |abc| u, Kak
YKa3aHO BbIlIe, MEeHbIIIe KojiniecTBa S HabopoB Tpoek (X, y, 2). [losromy
HalIyTCs JBe TPOHKHU (1, Y1, 21), (T2, Yo, 22), YAOBIETBOPSIOIINE CPAB-
HEHUSIM

Li(z1,91, 21) = Li(w2,y2,22) (mod |c]),
Lo(w1,y1,21) = La(w2,92,22) (mod a),
Ls(x1,y1,21) = L3(x2,y9,22) (mod b).

Ob6o3HAIMB T() = T1 — To, Yo = Y1 — Y2, 20 = 21 — 22, W TOJB3YsCh
JUHeRHOoCTbIO L, Toce e cpaBHeHUs MOXKHO Iepernucarb B BUJe

Ll(x07y07z()) 0 (mOd ‘d)?
Lo(z0,Y0,20) =0 (mod a),
Ls(zo,v0,20) =0 (mod b).
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Tenepw u3 cpasuenuii (6.29), (6.30), (6.31) caeayer

C|f($o7 Yo, Zo); a|f(x0, Yo, Zo), b\f(xo, Yo, Zo)-

B cuty nonapHoit B3auMHO#T TPOCTOTHI YUCEIT @, b, ¢ 9TU JIEJTUMOCTH O3HA-
qaloT, 4To nenaoe ducio f(xo, yo, z0) Aeaurcs Ha abe.

Tasee us nepasencrs (6.32) ciegyer, uro |zg| = |21 — 29| < [v/]be]]
n ananornano |yo| < [v/]acl], |20] < [Vab]. Tlonsayscy srumn nepasen-
creamu u (6.25), Haxomum

f(zo, yo, 20) > czg > abe, f (o, y0, 20) < ax(z) + by% < 2|abc].

3J1ech UCHOIB30BAIOCHh TakkKe, 4To Bee uucaa |be|, |ac|, ab ne spsitores
KBaAPaTaMU.
I3 sTtux HepaBeHCTB, OCKOILKY abc|f(xg, Yo, 20) cremyer, 4ro

f(ZU(), Yo, ZO) = mabc, m = 0’ —1.

Cuyuait m = 0 moka3bIBaeT HY>KHOE YTBEPXKIEHNE, TaK KaK Mo KpaiiHeit
Mepe OJIHO U3 YUCe X(, Yo, 29 OTAUIHO OT HYJIA.
Ecmu xe az? + byd + cz5 = —abe, nmeem

—a(z) + be) = byd + czp.
VMHOXKHUB HOCTe/[HEee PaBeHCTBO Ha T3 + be, oydaeM paBeHcTBa
—a(xd +be)® = (byg + cz5) (] + be) = b(xoyo — c20)* + c(wozo + byo)?,
OBHAUAIONINE, ITO TUC/TA
x% +be,  xoyo — czo, xozo + by

COCTABJISIOT pelenne ypasHenusi (6.24). DTo pernenne HETPUBUAILHO,
T.K. 23 + be # 0. B nporusnoM ciiydae |be| GbL10 G661 KBapaTOM EJI0r0
Yucaa, YTO HEBEPHO. ]

CyiecrByer ajropuTM, MO3BOJSIIONUI B CIydae Pa3speimMOCTH ypa-
preHus (6.24) HAXOMUTH BCE pEIeHWs B TeJIbIX dnuciax. Mbr He Oygem
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OCTaHABJIMBATBLCS 3/I€Ch Ha €0 onucaHnu. PaccMOTpuM HEKOTOPBIE 1TPH-
MEpHI.
IIpumep. Pemmth B 1esibIx unciax ypaBHeHue

32% 4+ 2% — 22 = 0.

CornacHo Teopeme 6.7 jaHHOE yYpaBHEHHE HMeET HEeTPUBUAJILHOE Pe-
[eHue JIMIIb B CIydae pa3pelnimMOCT BCeX TPexX CpaBHEHWH

202 —1=0mod3, —u*+3=0mod2, 3v*+2=0modl.

TTepBoe W3 3THX CpaBHEHMIT PAaBHOCHJILHO cpaBHennio A2 = —1mod 3 u,

TaK KakK (%1) = —1, oHO He uMeeT pelnleHnii. SHAYUT, JJaHHOEe YPaBHEHHEe
nMeeT JIMIIL TpUBHAJIbHOE perenne © =y = z = (.

ITpumep. HaiiTu Bce mpocThble umcia p, Ipu KOTOPBIX ypaBHEHUE
2 2 2
r+y =pz

nMeeT HeTPUBUAJBLHOE PelleHne B TeJTbIX Ynciax.

[Tpu p = 2 ypaBuenue umeer periennie r = y = z = 1. [losromy
Jlasiee OyjeM CUMTaTh, YTO MPOCTOE YUCJIO P HEYETHO.

Cormacao Teopeme 6.7 1aHHOE ypaBHEHWE UMEET HETPUBHAJIBLHOE pe-
IIeHWe B TOM M TOJBKO TOM CJIydae, KOTIJIa BBINOJHSETCS CpaBHEHUE

2+ 1 =1 (mod p). ro ycioBue paBHOCUILHO PABEHCTBY (71) = 1.

_ p—1
YUUTLIBAsI, YTO (71) = (—1)"7, 3aKk/a09aeM, 9TO HETPUBUAILHOE pe-

[IeHNe CYIIECTBYET JIMIIb JIJIsi P = 2 W MPOCTHIX YUCEJ P U3 ITPOrPecCuun
4n + 1.



I'maBa 7

IlepBooOpa3ubie KOpHI U NHJIEKChI

Teopema 4.1 u3 ry1aBbl 4 yTBEPKIA€T, UTO IPU JIOOOM HATYPAJHLHOM 1M >
2 rpyIia 00paTUMbIX JEMEHTOB KOJIbla Z/mZ cocrout u3 ¢(m) Kiac-
COB, HAUMEHBIIINE HEOTPHUIIATEBHBIE BEIYETHI KOTOPBIX B3AUMHO TTPOCTHI
¢ MojysieM m. Mpr Oyjem obo3Hauarh 3Ty rpymiy cumsosom (Z/mZ)*.
Hacrostimast riaBa mocBsIeHa n3yvIeHnio ee CTPYKTYPhI.

7.1 Ilokazarespb ymcja Mo 3aJaHHOMY MO/LYJIIO.

Corsacno masioit reopeme @epma, cM. naparpad 4.5, JJisg KaxKJI0ro Ie-
JIOTO YHUCJIA @ B3AUMHO MPOCTOTO C MOJIYJIEM 1M BBITOJHSIETCS CPaBHE-
me a?™ =1 (mod m). das nekoropbix uncen a cpashenne af = 1
(mod m) Moxer BemomuaAThe u npu d < o(m). Hampumep, (—1)? = 1
(mod m).

[Iyctb a — nesioe 1ucsio, B3auMHO 1IpocToe ¢ MojysieM m. Hamomuunm,
9TO HAMMeHbIIee HaTypaabioe duciao d ¢ yeaosueM a’ = 1 (mod m)
HA3bIBAETCs MMOKa3aTesjgeM UUCIa a 110 MOoayJio m, cMm. §4.5. Hanpumep,
npu m > 2 nokazaresb —1 paBen 2. FKcim jBa umcia cpaBHUMBI 110
MOJLYJIIO 1M, TO UX MOKA3ATEJU 110 MOJLYJIIO 1 OJIUHAKOBBI.

Ha s13pIKe Teopuu TPy MOXKHO CKA3aTh, ITO MOKA3ATEb THCIA ¢ IO
MOJTYJTIO M PaBeH MOPSJIKY JIeMeHTa @ B MYJbTUIJIMKATUBHONW TPYyIIe
(Z/mZ)*. 3amerum, 9r0 MOPsJIOK ITOi TPyl paBeH o(m).

Onpenenenune 7. I[esoe wucio a 63auMHO NPOCMOE ¢ MOOYLEM T Ha-

178
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30L6ACMCA NEPEOOOPAZHBIM KOPHEM O MOOYAIO T, ECAU €20 NOKA3AMEND
pasen o(m).

Ecin a — nepBooOpasHblii KOPEHb 110 MOIYJIIO 1M, TO YUC/Ia
2 m)—1
1,a,a2,...,a?™ (7.1)

[IPUHA/IJIEXKAT PA3JIMIHBIM KJIaccaM BblueToB. [leficrBuresibHO, eciin Obl
Hatuch mesbie anciaa 0 < u < v < o(m) — 1, aisa koropeix a* = a’
(mod m), T0 B culy B3aUMHO MPOCTOTHI YUCEJ @ U 17 MbI HOJIYTHJTH
ObI

I1=a"" (modm).

Ho 310 HeBoamokuo, Tak Kak 0 < v — u < ¢(m) u mokasaresb @ paBeH
p(m).

MuoxecrBo (7.1) cocrour uz p(m) uuces. [losromy cpeau (7.1) ecb
MPEJICTABUTEIN BCEX KJIACCOB BBIYETOB, COCTOSIINX W3 THUCE] B3aUMHO
MPOCTBIX ¢ M. JpyruMu coBamu, it KazKJ0ro [eJIoro 9ucia b B3anM-
HO IIPOCTOTO C MOJLYJIEM 11 HAlJIeTCsl €JIMHCTBEHHOE 1eJ10€e k, yJI0BIeTBO-
PSIIOLLEE YCJIOBUSIM

b=a" (mod m), 0 <k <p(m).

DTO CBOWCTBO MOXKHO BBIPA3WTh MHA4YE, CKasaB, 4TO ME€PBOOOPa3HbIil
KOpeHb 110 MOJYJIIO M CYIIEeCTBYeT JIMIIb B ciaydae, korna (Z/mZ)* —
HuKJn4deckas rpymnmna. OHO BbIOTHsSETCS He Jjisd Beex mouyJeit m. Ha-
npuMep, KBaJpaT KarKJ0T0 HeYeTHOI'O YNCja NP JIeJIeHnn Ha, 8 JlaeT B
octaTke 1. 3HAUUT, NMOKa3aTeIb KAaXKJOr0 HEUETHOrO YUCJIA 110 MOIYJIIO
8 MOXKeT paBHAThCs JHIIb 1 wiu 2, u Beerga oraudedn or ¢(8) = 4.
[TepBooOpa3HbIX KOpHEH 110 MOJYJIIO 8 He CyILIeCTBYET.
CaoiicTBa mOKa3aTe el OMUCHIBACT CJIE/LYIONIAsT JIEMMA.

Jlemma 7.1. 1. ITycmv d — nokasamensv wucra a no modymo m. Ha-
mypaavhoe wucao n ydosaiemsopsem ycaosuro ¢ =1 (mod m) 6 mom
U MOALKO MoM cayyae, kozda d|n.
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2. Ilycmo a,b — yeavie wucaa, 83auMHO NPOCMBIE ¢ MOJYAEM T, NO-
Kazamenu ux pasuv. coomeemcmeenno u u v. Ecau (u,v) = 1, mo
noxasamenv wucie ab pasen uv.

3. Ecau nokazamenv 4ucAa ¢ paser uv, mo noka3amens ¢ pasen v.

Hoxazamesvemeo. 3aMeTum, 9To dynciaa ab u a*, o0 KOTOpbIX UJIET pedb B
(hOpMYyINPOBKE TEOPEMBI, B3AUMHO TTPOCTHI ¢ MOIYJIEM, TIO9TOMY KarK J10€
U3 HUX MUMEET HEKOTOPBIi MOKA3aTe Ib.
[TepBoe yTBep:KieHEE JIEMMBI Y2Ke JOKAa3aHO HaMU, CM. JeMMmy 4.2.
Yro0n! JOKa3aTh BTOpOE yTBEPKAeHNEe, 0003HAYUM OYKBOIl S IIOKa3a-
Tesib aucia ab. Tak Kax

(ab)" = (a")’(b")* =1 (mod m),

TO 10 MEPBOMY YTBEPXKJICHUIO JeMMbl uMeeM S|luv. C apyroit cTOpoHbI
u3 cpashenusi (ab)® =1 (mod m) cuemyer

1= (ab)’™ = (a")°0" = 0" (mod m).

C moMoIIbio IEepBOro yreepxkaerus HaxoauM v|us. CoriacHo yCIoBHIO
YUCTA U, U B3AUMHO TIPOCTbI, OITOMY U|S. AHAJOIMUIHO JIOKA3BIBAETCSI,
qTO u|s. YUUTBIBAS B3AUMHYIO MPOCTOTY THCEN U, U, MOJTyIaeM OTCIO/Ia
wv|s. Urak, nokazaHo, 4to § = uv.

st jokazaresbCTBa, TPEThEero yTBepXKIAeHns 0D03HaunM OyKBOii ©
(mod m), To tlv. A u3

1= (c¥ t _ tu d -

cpapienuns 1 = (c*)" = ¢ (mod m) cienyer, B cuity mepBoro CBOicTBa,

nokazaresib dncia . Tak kak 1 = " = ()"

aro woltu u v|t. Ho Torga t = v u nociejmee yTBepxKjeHue JI€MMbI
JIOKa3aHO. O

CaencrBue 7.1. Ecau (a,m) = 1 u yeavie wucaa u, v ydosaemesoparom
cpasnenuro a* = ¥ (mod m), mou = v (mod d), 2de d — nokazamens
a no modyaro m.

Hokasamesvcmeo. He ymenbias OOIIHOCTH MOYKHO CIUTATH, UTO U > U.
[TockonbKy a w m B3aWMHO TPOCTHI, U3 JAHHOIO CPABHEHUS CJIELyeT
a""" =1 (mod m). CorsiacHO epBOMY yTBEPXKJICHUIO JIeMMbI 7.1 MOXK-

HO yTBEpXKIaTh, 9ro d|(v — u). O
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7.2 CymiecTtBoBaHNIe IIepBOOOPA3HBIX KOPHEt
110 TIPOCTOMY MO/LYJIIO

B 1801 rony K.®. I'aycc onybsmmKoBaJI JiBa JI0Ka3aTeJIHCTBa, CJIe/LyOIeit
TEOPEMBbI.

Teopema 7.1. /s kaotcdozo npocmoz0 neuemmnozo Yucia p CYu,ecmesy-
10m nepeoobpastvLe KOPHU no Modyao P.

Hoxasameavcmeo. Obosraunm OyKBO#t d HamMmeHbIlee 00IIee KpaTHOe
nokasareJieli Bcex 4ucel, He jessiuxcs Ha p. 13 reopembr Depma, cMm.
naparpad 4.5, u mepBoro yTBepxKaeHus JeMMbl 7.1 ciemyet, uTo p — 1
JeJTATCS Ha TIOKA3aTe b KaxKI0r0 Yucia, He kparnoro p. Ho torga d|(p—
1), em. maparpad 1.2, reopema 1.2.

13 nepsoro yrsepK/jeHusi JjiemMmbl 7.1 ciiejyer, 4To Kaxkjioe 1eJioe
YUCJIO, HE KPATHOE P, YJIOBJAETBOPAECT CPABHEHUIO ¢ —1=1 (mod p).
3HaunT, 9TO cpaBHenue uMmeeT p — 1 pertenne. C TOMOIIBIO T€OPEMBI .3
u3 nmaparpada 5.4 maxomaum renepb d > p—1. Takum obpazom, d = p—1.

[Iycte p — 1 = q]fl e qfr — pal3JioKeHue Ha MPOCTble COMHOXKUTE-
au. Ilo cBoiicTBY HamMEHBIIETO OOIIET0 KPaTHOTO, CM. CJIeJICTBUE 2.2 U3
naparpada 2.2, MO>KHO yTBEPXKJAaTh, 4TO JIJIsI KarXKJO0r0 UHJEKca ¢, 1 <
¢ < 1, Hajijerca YucIo aj, oKa3are/b KOTOPOIo paBeH qf “v;. TTosioxkum
a = ay"---apr. Ilo Bropomy yTBep:KIeHHIO JJeMMbI 7.1 TTOKA3aTeIb TUCTA
a; paBeH qfi. U3 Tpernero yTBepKAeHUA 3TOM 2Ke JIEMMBI CJIeJIyeT, ITO
nokKazaTeJsb YUCIa @ paBeH qf L. g = p—1. Urak, nocrpoennoe 4uciio
@ ecTb 11ePBOOOPA3HbI KOPEHb 110 MOJYJIIO P. Teopema jloKa3aHa. [

Bmopoe doxaszamensvcmeo meopemnr 7.1. Kax yxKe yKasbIBajgoch, p — 1
JIGJINTCS Ha I0Ka3aTeJb 110 MOJYJIIO P JitoOOro 4ucjia, He KpaTHOIro p.
st Kaxk0r0 HaTypaJbHOTO d, Aessdmnero p — 1, 0003HAINM CHMBOJIOM
Y (d) xkonmuuecTBo Uncen cpean 1,2, ..., p — 1, mokazareab KOTOPBIX MO
moyimio p paser d. Torna ¥(d) > 0 u

> ) =p-1, (7.2)

dlp—1
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BeJIb KaxkKJioe 4ncjio u3 Habopa 1,2,...,p — 1 umeer HEKOTOPBIN OKa-
3aTesIb 110 MOJIYJIIO P.

[Tycrs miist kakoro-to d Boinosasercs ¥ (d) > 0 u b— HeKOTOpOe TUCIIO
¢ nokazaresem d. CorjacHO yCIOBUIO MUHUMAJHLHOCTH B OTPEIeJICHNN
MOKa3aTe sl BCe UUCa

v,  k=0,1,...,d—1, (7.3)

JIEXKAT B PA3JIMYHBIX KJIACCAX BBHIYETOB 10 MOJYJIO P U YOBJIETBOPSIOT
CPABHEHUIO
(M= D" =1 (mod p).
3HAUNT, OHY ABJIAIOTCS penenusaMu cpapienus 27—1 = 0 (mod p). Tax
KaK 9TO CPaBHEHUE HE MOXKET MMeTh Oojee d KOpHEil, Bce ero pemenns
MCUYEPILIBAIOTCS KJIACCAMU BBIUYETOB 110 MOAYJIIO P, COACPIKAILUME IUCIa,
(7.3). B wacTHOCTH, KayK/10€ IUCI0, UMEIOIIee TTOKAa3aTe b d CPABHUMO C
onunM u3 wucen (7.3).
[Ipeanonoxum, uro r = (k,d) > 1. Torga

(O =) =1 (mod p),

T.e. nokazarens b* ne npesocxogur 4. U3 aroro paccyxenns ciejyer,
4TO ec/I TIOKa3aTelh Kakoro-anbo anca b* uz (7.3) pasen d, T 10/K-
HO OBbITH BhINONHEHO yeosue (k,d) = 1. Bumaunt, npu Jodbom d|p — 1
BbINOJHsETCs HepaBeHCeTBO ¥(d) < (d).

Nrax, npu sobom d|p — 1 Beimonnsiercst Hepasencrso ¥(d) < ¢(d).
Coruyracao siemme 3.3 u3 naparpada 3.3 BbITOTHSIETCS

D wld)=p—1.
dlp—1
C nomorpio (7.2) Termeph HAXOTUM
> (p(d) = w(d) =0.
dlp—1

Bce cnaraembie B 3TOM cymMMe HEOTPUIATEIbHBI, TTOITOMY IMPU JIFOOOM
d|p — 1 Bbinosnsiercs pasencrso ¥(d) = ¢(d). B uacruocru, p(p—1) =
@(p — 1) > 0, 1 9T0 3aBepIIALT JOKA3ZATENHLCTBO TEOPEMDL. [
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CaencrBue 7.2. /laa xaoicdozo npocmozo Hewemmoz20 P cyu,ecmsyem
6 mounocmu @(p — 1) nepsoobpasnvix Kopretd no modyso p.

Jokazameavemeo. Cornacno onpeaenenuio dpyuxiun (d) sro yrsep-
XKJenue caenyer u3 pasencrsa Y(p — 1) = p(p — 1). O

st mpaKTU4Yeckoro HaXoKJIeHUs [1epBOOOPa3HbIX KOpHEH yJ100HO
MOJIL30BATHCS CIAETYIONUM YTBEPKJICHUEM.

Jlemma 7.2. I[eaoe wucao ¢, me dessweeca wa npocmoe Hewemmoe p,
bydem nepeoobPasHvLM KOPHEM N0 MOJYAO D 6 MOM U MOALKO MOM
cAYHae, ecau OaL A100020 npocmozo wucaa q, dessuezo p— 1 6vinoamsa-
emca

oy #%1 (mod p).

Hoxazameavcmeso. Obo3HauNM OYKBO d TIOKa3aTe/Ib YUCIa C IO MOIY-
a0 p. Torpga d|(p — 1). Eciiu d < p — 1, 1o Haityercs Takoe npocroe
auciao ¢, ato qd|(p — 1) wim d\p%l. Ho rorna =1 (mod p), BO-
IIPEKU YCJIOBHUIO. 3HAUUT, d = p — 1, U 3TO 3aBeplIaeT JI0Ka3aTeIbCTBO
JIEMMDbI. []

ITpumep. Haiitun HamMeHbIINii epBoOOpPa3HbI KOPEHb MO MOJLYJIIO
23.

CripaBeI/IMBbI CPaBHEHUST 110 MOJLYJIIO 23

21 =2.(322=2-92=1, 3" =9.27)°=9-4=1.

U3 HUX ciielyeT, 9To 4ucia 2, 3 He SaBJIAIOTCS IIepBOOOPa3HbIMI KOPHIMU
2

no moayso 23. Kpome toro, 41 = (211) = 1 (mod 23), Tak uro u 4

HE SIBJISIETCs 1IePBOOOPA3HbIM KOpHEM 110 MojyJiio 23. HaJgee

5 =5.255=5.2=—1 (mod 23)

n 5% = 2 (mod 23). [Ipumenss geMMy 7.2 K IPOCTOMY 4HCIY P = 23
U ¢ = D, 3aKJI0YaeM, 9TO O eCThb 1epPBOOOPa3HbIi KOPEHb 110 MO/LYJIIO
23, T.e. JIs KaXKJI0ro HaTypaJbHOrO 4ucia b, He jensimierocs: Ha 23,
naiiierca nesoe k ¢ yeaosuem b = 5 (mod 23). Jpyrumu ciosamu
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KJ1acC BBIUETOB b ecThb obpasytomas B rpynmne (Z/237Z)*. Konuuecrso
nepBOOOPa3HbIX KOpHE# 110 MojyJio 23 pasro ¢(22) = ¢(2)¢(11) = 10.

ITpumep. Ilycrs p, g — npocrbie HEYETHBIE YNUC/IA, CBI3AHHBIE COOT-
HommenueM p = 2q + 1. Jlokaxxem, 1aTto B caydae ¢ = 4n + 1 uucio 2 ectb
IePBOOOPA3HBIM KOPEHb 0 MOJYJIIO P, ecyin ke ¢ = 4n + 3, To —2 ecThb
epBOOOPA3HBI KOPEHb 110 MOJLYJIIO P.

Tak kak p— 1 = 2¢ umeer JuiIb JiBa TPOCTHIX JICJIUTENsE 2 U (, TO CO-
TJIACHO JIeMMe 7.2 JIJis JOKa3aTeJIbCTBa TOr0, UTO € €CTh TepBO0OPa3HbIit
KOPEHb, JIOCTATOYHO IIPOBEPUTH BBIIOJHUMOCTD JIBYX YCJIOBHIA

®#1 (mod p), ¢ #Z1 (mod p).

st ¢ = 2 unu ¢ = —2 mepBoe U3 9TUX YCIOBUH paBHOCHILHO 4 FZ 1
(mod p), 4T0, KOHEUHO, BHINOJIHAETCS, TaK Kak p > 2-3+ 1 =T7.

st IpOBEpKKM BTOPOI'O yCJIOBUSI PACCMOTPUM CHadaJja cjiydail ¢ =
dn 4+ 1 m ¢ = 2. B aTrom caydae nmeem

21 = 9" = <g> = (—1)1728_1 (mod p).
p
Tak kak B paccmarpuBaemom ciaydae — = (4n + 1)(2n + 1), 3akiio-
qaeM, uto 2¢ = —1 (mod p) u, 3Haqwr, 2 eCThb IIepBOOOPA3HDBIN KOPEHD
110 MOJLYJIIO .
B ciydae ¢ = 4n + 3 u ¢ = —2 Haxogum

(21 =27 == (2) = (-0 (mod )

npuiem — = (4n+3)(2n+2). Cneposarensuo, (—2)9 = —1 (mod p),
TaK 9ITO —2 ecTh MepBOOOPA3HBI KOPEHb MO MOJLYJIIO P.

Ecin u3BecTHbI BCe NPOCTBIE JEJUTENN YUCIa P — 1, TO IPOBEpPKa
YCJOBU JIeMMBbI 7.2 BBITIOJIHAETCS JIOCTATOUYHO OBICTPO C TIOMOIIBIO aJI-
rOpUTMa, W3JI0KEeHHOTO B maparpade 4.7. MHoXKecTBO mepBOOOPa3HBIX
KOpHEHl TIpu 3aJJaHHOM P JOCTATOYHO BEJUKO, MMOITOMY BBIOMpasi dncya
¢ ciydaiinbiM obpaszoMm Ha npoMexkyrke 0 < ¢ < p, MOXKHO € OOJIbIIOMN
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BEPOSITHOCTBIO II0IIACTh Ha IIE€PBOOOPA3HBI KOPEHb M J0Ka3aTb 3TO C
[TOMOIIIBIO JIEMMBI 7.2.
L ar0 das xkascdozo yenozo wucia a, omanino-

20 om —1 u K6adpamos uesvr wucea, cyuwecmsyem beckoneuno MHo20

CyIecTByeT TUIIOTE3a

NPOCMBLT “UCes P, OAA KOMOPHLT G ABAACMCA NEPEOOODAZHHLM KOPHEM
no modyato p. Hampumep, CyIecTBYIOT CKOJTb YTOJHO OOJIbIIINAE MPOCTHIE
qucia, JJisi KOTOPbIX 2 OyjieT 1nepBooOpa3HbIM KOPHEM.

7.3 llocTtpoenue mepBOOOpPa3HBIX KOPHEH MO MOIY-
aam p* u 2pF

Hajiee Mbl JIOKaXKeM CyIIecTBOBaHUE 1ePBOOOpa3HbIX KOPHEH 10 MOJLYy-
JgM BUja p¢ U 2p, T71e p — IpoCcToe HedeTHOe JUCIO.

Teopema 7.2. [Iycmv p — npocmoe nevwemmnoe vucao u o > 1 — yenoe.
Tozda

1. IIo modyram p* u 2p“ cywecmsyrom nepeoobpasrwvie KOPHU.

2. [Iycmv g — nepsoobpasnviti Kopensv no modyasto p. Ecau uesoe wucao
g1 ydosaemesopaem ycioB8UAM

=g (modp), p gt -1, (7.4)

mo g1 — nepeoobpasnuiii Kopers no abomy modyasto euda p*, 2de o > 1.
1o kpatinet mepe 000 u3 wucen g ust §+p yooBACMEOPAELI, YCAOBUAM
(1.4).

3. Ecau gy mewemno u go = g1 (mod p®), mo go — nepsoobpasmwiii xo-
pers no Abomy modyso suda 2p®, ede o > 1. Ilo xpatineti mepe 0dno
u3 dsyx wuces g1 u gy + p* ydosaemeopaem yka3aHHbLM YCAOBUAM.

ITpumep. okazarh, 4To 2 ecTb 11epBOOOPA3HbIN KOPEHb 110 MOJLYJIsiM
37% npu j0boM nesiom o > 1. HaiiTu nepBoobpasHbie KOPHU 10 MOJIYJISIM
2-37%.

Hokazkem cHavaJia, 4To 2 ecTh 1epBooOpa3HbIil KOPEHb M0 MOJLYJIIO
37. TlockombKy 1t p = 37 BBIIONHACTCH p— 1 = 36 = 2232, 10 B cuy

! BLICKa3aHa HeMEIKHM MaTeMaTukoM D). AprumaoM, 1898-1962.
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JeMMbI 7.2 I0CTaToOuHO 1poBepuTh, uro 218 # 1 (mod 37) u 22 £ 1
(mod 37). Umeem 2° = 64 = —10 (mod 37), mosTomy

22 = (~10)* =26 (mod 37), 2% =(-10)°= -1 (mod 37).

Urak, 2 ecth nepBoobpa3Hblii KOPEHb 110 MOJLYJIIO 37
[Ipejnosiokum Tenepb, 4ro

37%2%° — 1= (2 — 1)(2"® + 1).
Tax xax 28 = —1 (mod 37), To
3728 +1) = (28 + 1)(2" - 20 + 1).
Vunrsisast, uro 20 + 1 = 65 ne gesurcs na 37, 3aK/II09a€M, 4TO

377212 — 26 + 1 = 4033 = 37 - 109.
236 — 1. Cornacno
TeopeMe 7.2 MOXKHO yTBEpXKJaTh TENepb, YTO 2 €CTh MEePBOOOPA3HbI

[lomyumBmIcecs TPOTHBOPEIHE O3HAdaeT, 9To 372 1

KOPEHb 110 MOJyJII0 37% 1npu J100oM 1ejiom o > 2.

Tak kak 2437 = 39 neuerHo, TO CONTACHO MOCJETHEMY YTBEPKIEHUIO
TeopeMbl 7.2 4uciio 39 ecTh nepBoobpa3HbIil KOPEHb 110 JTI0O0OMY MOJLYJIIO
Buga 2 - 37% npu nejaom o > 1.

[Iepeitnem Temephb K JIOKa3aTEJIHLCTBY TEOPEMBI 7.2.

Jloxazamenavecmeo. Tlepsoe yTBEp:KICHUE TEOPEMBI CIEAYET U3 BTOPOTO
1 TpeThero. I103ToMy mepeiieM HemocpeICTBeHHO K X JOKA3aTeIbCTBY.
Ecin 06a uncna (g + p)P L — 1 u g?~1 — 1 genarcs na p?, To

Plg+p)Pt—g"!

1, pacKpoiBas cKoOku B (g + p)P~! ¢ momomsio popmynsr HetoToma s
OMHOMA, HAXOINM

0=(g+pP ' —¢""'=(-1)¢" % (modp).

Ho rorya p|(p—1)gP~2, uro nesosmoxno. Mrak, j0Ka3ano, 4To 10 Kpaii-
neit Mepe ogno u3 umcea (g + p)P ! — 1 u ¢! — 1 me nenures ma p?,
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T.€. 110 KpalHeil mMepe OJIHO U3 JIByX 4ucesl g U g + p yJAOBJICTBOPSIET
ycrosusim (7.4).

[Iycts g1 — mpousBosibHOE wncio ¢ yeaoBusamu (7.4). Jokaxkem, aro
pu J1000M 1eaoMm 3 > 0 BbIIOIHSETCs PABEHCTBO

(V= 1) =B+ 1. (7.5)

Bocnonb3yemes 11 9Toro MareMaTudeckoil nuayknuei no 5. Ipn 6 =
0 yTBep:KIeHUE CIEyeT U3 yeaoBuit Teopembr (7.4).

Homnycrum Ternepb, 4To paBeHcTBO (7.5) CpaBeyinBo JJist HEKOTOPOTo
B > 0 u gokaxewm ero st 3+ 1. Uz (7.5) cuepyer, aro

Ap—1
=1+, pte

Bo3Bojis1 9TO paBEHCTBO B CTENEHb P, HAXOIUM

p—1
gzlo“l(p 1) (1 +Cpﬂ+1)p — 14 cp®*? 4 (ept )P+ ( ) ﬁ+1
k=2

p!
W(p—k)!

[Tockonbky mass k > 2 OMHOMHAJBLHBINA KO DUITEHT (g) = W0
+ 2,

%!
JeJTATCA Ha P M TaKKe BBINOJHAIOTCA Hepaencrsa k(G + 1) >
p(B+1) > B+ 3, naxonum

gffﬁﬂ(p V=142 (mod p*?).
U3 sroro cpaBrenusi, 10cKoubKy p 1 ¢ ciepyer (7.5) st 8+ 1.

[IycTs Teneps o > 2 — HeKoTOpOE 11es10€e Tucyio. JJokaxkem, 9To g1 ecTh
nepBooOPa3HBIil KOpeHb 1Mo Moy o p. Obo3HaUNM JIjIst 9TOr0 OYKBOA
d nokazaTesb g 0 MOIYJIIO pe.

Tak xak ¢f =1 (mod p®) u g; = ¢g (mod p), To cpaBeAINBO CpaB-
nerne ¢? = 1 (mod p). C moMompio eMMbl 7.1, TOCKONBKY ¢ eCTh Hep-
BOOOPA3HBII KOPEHb 110 MOJLYJIIO P, T.€. OKa3aTe/b § 110 MOJLYJIIO P PaBeH
p — 1, zakiovaem, uro (p — 1)|d.

[To Teopeme Ditepa, BLINOJHICTCA CPABHEHUE gf(p =1 (mod p?).
Ousrb npumenss gemmy 7.1, zakmouaem dlp(p®) = p*1(p — 1). Yuu-
TBIBasl YCTAHOBJIEHHYIO panee geaumocth (p — 1)|d, maxomum, aro d =



I'JIABA 7. IEPBOOBPA3BHBIE KOPHI 11 NH/IEKCBI 188

p’(p — 1) ¢ HeKOTOpBIM TEJBIM 3, YIOBJIETBOPSAIONMM HEPABEHCTBAM
0<p<a—1.
Coryacto onpejieneHnio d JOJXKHO BBITOJIHATHCS

plel—1=g/"V -1,

B coorBercrBum ¢ pasencrBoMm (7.5) orcioma cremyer, uro o < [ + 1.
CpaBHuBas 3T0 HEPABEHCTBO € JOKA3aHHLIM paHee, nojgydaem 3 = a—1
nd=p*tp—1) = o(p®). Takum 06pasoM, g, ecTh MEPBOOOPAIHBIIL
KOpEHb 110 MOJIYJII0 P<.

J1st JoKa3aTeIbCTBA TPETHEro YTBEP K ACHUSI TOPEMbI 3aMETHUM, IIPe-
JKJIe BCero, 4To oba duciaa g u g; +p< CpaBHUMBI C g1 110 MOJLYJIIO P, U B
CHJLy HEYETHOCTH P*, OJIHO M3 HUX OyJIeT HEUETHBIM, T.€. YJOBJICTBOPACT
YCIIOBUSIM, OIMPEJIETSIONM o.

U3 cpaBuenuii go = g1 (mod p®) u go = 1 (mod 2) ciepyer B3aum-
Hasi TPOCTOTa unces go n 2p*. Obo3HakuMM OYKBOI S TIOKa3aTeslh g 1O
moayiiio 2p®. Tak kak gf = g4 = 1 (mod p®) u g ecrb nepBOOOPABHLIT
KOpeHb 1o Mojysio p*, To s > ¢(p®) = ¢(2p®). Tenepsb cornacHo Teo-
peme Diljiepa MOXKHO yTBEpXKaTh, 9To s = ¢(2p®). CienoBaTenbHo, o
eCTh MePBOOOPA3HBII KOPEHb 110 MOJYJII0 2p°. ]

SameruM, 4TO J000# MepBOoOOpA3HBI KOpeHb MO0 MOAYJI p", Tie
n > 2 Oyjger TakyKe U IepBOOOPA3HBIM KOPHEM 0 MoayJio p. [eicTBu-
TEJILHO, MYyCTh b — mepBooOpas3nblii Kopenb o MoayJo p”. Torma mst
JI000T0 LEJIOro 9KcIa @, He JeJSIIerocss Ha p, Haijgercs Heaoe 9ucyio
k, ynosnersopsiomiee cpapuenuio a = b¥ (mod p"). Ho Torma a = b*
(mod p). Tak kak 310 cupasesuBo st a = 1,2, ..., p— 1, nokazare/b
quciia b 1o MOJLyJIIO p He MOXKeT ObITh MeHee p — 1.

7.4 Teopema 00 OTCyTCTBHH IEPBOOOPA3HBIX KOpPHEii
10 MOAYJISM, OTJIMYHBLIM oT 2, 4, p* u 2pF

B aByx npejbliyiux naparpadax Obuin pacCMOTPeHbl HPUMEPbl MO-
ayaeit m = p®,m = 2p®, g KOTOPBIX CYHIECTBYIOT IIepBOOOPa3HbIE
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KOPHU U OIKMCAH aJI'OPUTM uX Bbluucjenwus. [Ipu m = 4 nepBoobpas-
HBIM KOpHeM Oyner umcio 3. Ilpm m = 2 cymiecTByeT eIuHCTBEHHbII
KJIACC BBIYETOB, COCTOSANIUI U3 TUCET B3AUMHO MPOCTHIX € 2, a TMEHHO,
KJ1aCC 1, COCTOAIINIT N3 HeYeTHBIX YicesI. B 3ToM cirydae mepBoodpazHbiM
kKopHeM Oyzer 1. B sTom maparpade Oyaer JokazaHo, 9TO YKa3aHHBIMU
IpUMeEpaMy MCUYEpIIbIBAIOTCS BCe CIyYaW CYNIeCTBOBaHUS TEepBOOOpa3-
HBIX KOPHEI.

Teopema 7.3. [Iycmv o« > 3 — neuemmnoe yenoe wucao.
1. Kaoicdoe nevemmoe wucao a yooeaemeopaem cpasHeHUuI0

2a—2

a® =1 (mod 2%). (7.6)

2. Ilokazameav wucaa 5 no modyaro 2% pasen 2°72.
3. Kaoicdoe newemmoe 4ucio cpasuumo no modyso 2% ¢ o0num us wucen

+5, £52, 5% ..., +£5%". (7.7)

OTa TeopeMa Ha, #A3bIKE€ TEOPUM I'PYII MOXKeT ObITh IepedopMy-
JIMPOBaHa KaK YTBEPXKIEHWE O TOM, UTO MYJIbTUIIMKATHBHAS TPYTIIa
(Z/2°7)* paBha npsiMOMy HPOM3BEJEHUIO CBOMX IMKJIMYECKUX I10/1-
TPYIII, TIOPOXKICHHBIX KJIACCAMU BLIUETOB —1 1 5.

Hoxasamesvemeo. JokaxkeMm cHadaJsa rmepBoe yreepxKaenue. [Ilpn o = 3
OHO BEpHO, TaK Kak jiad a = 2b + 1 spmonngercs a® — 1 = 4b(b+ 1), u
OJIHO M3 JIBYX IOCJIEIOBATEILHBIX duces b, b 4+ 1 geTHo.

Tak KaK @ HeYETHO, TO PpH JIOOM HesaoMm k > 0 auciio a2 +1 verno.

" —1= (azk — 1) (an + 1> : (7.8)

caejyer Ternepb, 4To
V9 <a2k+1 — 1> > Uy <a2k — 1) + 1.

Tak kax 1o jokazannomy vo(a® —1) > 3, 3axmouaeM OTCIOa M0 HHYK-

3 papencTBa

LMK, YTO
k
l/g(a2—1)2k—|—2, k>1.
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DTO HEPABEHCTBO NpU kK = v — 2 JIaeT MEePBOE YTBEPXKICHUE TEOPEMBbI.
Tak kak 5 = 1 (mod 4), To npu JsodboM 1ejgom k > 0 Haxomum

5 4+1=2 (mod 4) u, 3HaunT, Vs (52k + 1) = 1. Teneps u3 paBeHcTsBa

(7.8) mpu a = 5 caemyer, 9To
w (527 = 1) = (3% - 1) + 1.

Orcrozia ke, OCKoNbKY Vo (5 — 1) = 2, Haxognum
vy (52’“ - 1) —k+2, k>0 (7.9)

[Tycts Teneps o > 3 — nenoe uncao. OboznaunM OYKBOI d TOKa3aTeh
qucaa b mo moaysiio 2%, VI3 mepBoro yrBepKaeHns TeOPEMbI CIeIyeT, ITO
d|2972, u, snaunr, d = 2°, 3 < a — 2. Corsacuo onpejenennio d nmeem
20|52” — 1, orkyna B cuiy (7.9) cienyer o < 3 4 2. Takum obpasom,
B=a—2ud=2"2 Bropoe yrBepKIeHue JOKA3AHO.

[ mokazaTeabeTBa TPEThero yTBEPXKJIEHUsT TeOPEeMbl JOCTATOYHO
YyCTAHOBUTDH, 4T0 uncia (7.7) COCTABIAIOT NMPUBEJIECHHYIO CHCTEMY BbI-
9eToB 10 MOy 0 2¢. IIocKobKY BCe 9TH YMCIa HEUETHBI, TOCTATOTHO
YCTAHOBUTH WX MOTMAPHYI0 HECPABHUMOCTD MO MOAYJIO 2%, cM. §4.3.

Ipeanonoxkum, uro 5° = —5° (mod 2%),1 < k, ¢ < 2°72 Torna
5¢ = —5° (mod 4) u, snaunr, 1 = —1 (mod 4), uro nesepuo. Nrak,
qUCITa ¢ pa3HBIMU 3HaKaMu u3 Habopa (7.7) He CpaBHUMBI JPYT € JIPYTOM
o MojyJsro 2. Eciu mpeanonoKuThb, 9TO CpaBHUMbI KaKue-JIn0O JiBa
ancna (7.7) ¢ omunakosbiMu sHaxkamu, umeem 5* = 5 (mod 22),1 <
(< k <2°2 Torga 5" * =1 (mod 2%), 0 < k — ¢ < 272, Ho s10
MPOTHBOPEYNUT BTOPOMY YTBEPKJICHUIO TEOPEMBI. ]

Teopema 7.4. Ilepsoobpasnbie KopHu cyYuLecmeyom Auurs Oad Modyset
2, 4, p“, 2p%, (7.10)
886 p — npocmoe HeYvemHoe u o — ue./Loe NoOAOHCUMMEADBHOE YUCAQ.

Hokazameavcmeo. CylecTBoBaHre 1EepBOOOPA3HBIX KOPHEH B CIydasix
(7.10) mokazano pamnee.
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Huoxe Oyier mokazano, 410 ecin m oraudHo ot quces uja (7.10), 1o
I TF0OOTO [EJIOro @, B3AUMHO IIPOCTOTO C 1711, BBIIOJIHICTCA CPABHEHUE

o(m)

a? =1 (modm). (7.11)

DTO cpaBHEHUE O3HAYAET, YTO MOKA3ATE b KAXKJOrO YUCTA G C YCIOBH-
eM (a,m) = 1 menbie p(m), Tak 4TO MepBOOOPA3HBIX KOPHEH B 3TOM
cilydae He CylIeCTBYer.

Urak, mycrs m = 2%-p* ... p% oruano or uucen suga (7.10). Torga
BO3MOXKHBI CJICJIYIOIINE TPU CJIyIast:
1)r=0a >3,
2)r=1,a>2,
3)r>2.

B KaxK10M U3 HUX BBIIOJHSIETCSI PABEHCTBO

p(m) = p(2%) - o(Pi") - - - (). (7.12)

B nepsom ciyuae umeem m = 2% « > 3. Torga cpasuenne (8.10)
copmazaer ¢ (7.6), u yke J0Ka3aHO B Teopeme 7.3.
Bo BTOpOM U TpeTheM CIIydassx Cpejid duced

p(2%), @), .. ele) (7.13)
Halijlercst 110 KpaitHeil mepe jiBa derHbix. JleficTBuresibHO, B TpeTbeM
ciydae r > 2 u TakuM Oyjer Kaxjoe u3 unces p(p;t), i =1,...,7. Bo

BTOPOM K€ cJlydae, T.e. Tpu 7 = 1, BBITIOJHSIETCS HEPaABEHCTBO v > 2,
TaK 4TO YeTHbIM noMuMo ©(p]!) Oyger u p(2%).

[TockombKy cpenn wmcen (7.13) mmeercss He MeHee JBYX UETHBIX, 3a-
KJTIOYaeM C MOMOIIbIo paBercTsa (7.12), 1To

20(2%)|p(m), 20(p!)|e(m), ... 20(p")
p(m)

Ho rorpa =5~ jennres na Kaxjoe u3 unces (7.13) u, ciegoBaresbHo,

JCJIUTCs HA [OKA3aTe/lb YUcIa G 110 KaxkoMy u3 mogyJei 2%, pit 1 <
1 < r. CorjtacHO MEPBOMY YTBEPKJICHUIO JIeMMBI 7.1 Terepb nMmeeM

p(m).

p(m) p(m)
2 2

az =1 (mod 2%), a? =1 (modp), i=1,...,r
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U3 9rux cpaBHenuit, 1ockoabky Bee ducia 2% pii 1 < i < 7, nonapuo

B3aMMHO IIPOCTBI, CJIEJLYeT, 4YTO Pa3HOCTh a5 —1 JICJINTCST HA, UX TTPON3-
BeJleHue, T.e. Jequrcs Ha aucao m. Cpasuenwe (7.11) jgoKa3aHo BO Beex
CIydasix.

Ono, KaK yKa3bIBaJIOCh PaHbIIIe, O3HAYAECT, YTO MOKA3aTeNb M0 MOJLY-
JIFO M KazKJIOM0 YMC/Ia @ B3aMMHO IPOCTOrO C M HE NPEBOCXOAUT @ u
3HAaYUT Menbine ¢(m). [TosTomy mepBooOPa3HBIX KOPHEid IO MOJLYJIIO 1

He CYIIEeCTBYeT. [

7.5 HNMuaekchl m mX CBOICTBa

PaccmorpuMm chavasna ciayuan m = p¥ unn m = 2p¥, rine p — npocroe
HEYeTHOE YNCI0 1 k > 1, B KOTOPBIX, 110 JIOKA3aHHOMY, CYIIECTBYeT Hep-
BOOOPAa3HbIl KopeHb. [IycTh g — mepBoobpa3HbIil KOpEeHb 10 MOYJIIO 1.
Torna jis J1000T0 1eJI0r0 B3aUMHO IIPOCTOTO C 1M YUCIa G CYIIECTBYeT
€JIMHCTBEHHOE 11€JI0€ 7Y, YJIOBJIETBOPSIOIIEE YCIOBUSIM

a=g" (modm), 0<~v<@(m).

DTO YUCI0 HABBIBACTCS UHOIEKCOM YUCAG G 11O MOJLYJIIO M IIPU OCHOBAHUU
g 1 oboznauaerca cuMBojoM ind, a unu ind a, eciu ykazaHue Ha IepBO-
0oOpas3Hblil KOpeHb, OTHOCUTEILHO KOTOPOTO OIPENe/sieTCsS UHIEKC, He
cyiecrBento. rak, nmeem

a=g¢g"* (modm), 0 <indga < p(m). (7.14)
CBoiicTBa MHJEKCOB OMUCHIBACT CJEIYIOIIAs JIEMMA.

Jlemma 7.3. Iycmo m = p& uau m = 2pF. Toeda

1) ind, ab = indya + ind, b (mod ¢(m));

2) ecau a,b — nepsoobpasnvie KopHu no ModYA0 M, MO OAA 100020
YWUCAA C B3AUMHO NPOCMO20 € M BHNOAHAECMCA CPAGHEHUE

indyc =ind, c-indya  (mod p(m)),

npuvem (indy a, p(m)) = 1.
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okaszamenvcmeo. CripaBel/InBbl CPABHEHMST

indg ab = ab= gindga indg b _ indg a+indy b

(mod m)

9 g 9

13 KOTOPbIX, TaK KaK ¢ — HepBOOOPa3HbBIil KOPEHDb 110 MOJLYJIIO 17, T1OJTY-
qaeM MepBOe YTBEPKICHUE JIEMMBI, CM. CJICJICTBUE U3 JIeMMbI 7.1.
C nomorpio (7.14) maxomum

ind, cindpa __ (indp a ind, ¢ ind,e — , — zindpc
b = (pina) =c=0b

=a (mod m).

[Tonb3ysich caepcrBuem u3 jeMMbl 7.1 3aK/09aeM
w(m)|(ind, ¢ - indy a — indy ¢).

DTO JIOKA3bIBAET CPABHEHUE U3 BTOPOTO YTBEPIKJICHUSI JIEMMbL.
O6o3nauum d = (indy a, p(m)). Cupase/yinBbl CPABHEHUS 110 MOJLYJIIO

m ]
indy a

a@ b@dndba _ (bsﬁ(m)) ¢ =1 (mod m)

Tak Kak a 1MepBOOOPA3HBIN KOPEHB M0 MOYJIIO M, 3TO CPABHEHUE BO3-
MOYKHO JinIlb B cirydae d = 1. ]

[Tepeiijiem Teneps K 0biemy ciydato. [ycrs m > 1 — nesioe unciio u
m =27 ... pr

~ pa3JIoXKEHKE B NPOU3BEJCHUE CTEICHEHd PA3JIMUHBIX HPOCTHIX YUCEL.
O0603Ha4YUM

p 1 ecmm a <1, J 1 ectn o < 1,
pu— O =
2 ecmm a > 2, 2072 ecom a > 2,

di =[P, i=1,...,r

3amMeTnM, 4To

d-dy-di---dp =2"0(p) - o) = p(m) (7.15)
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pu Jirobom o > 0.

Hnsa kaxgoro 1,1 < ¢ < r, (pukcupyeM HEKOTOPBIH MepBOOOpa3HbI
KODEHb ¢; TI0 MOJLYJIIO D"

Ecim a — mesioe 9ucio B3amMHO TTPOCTOE ¢ MOJLYJIEM 1M, TO

(a,2*) =1, (a,pi")=1, ... (a,pt)=1

1 COTJIACHO TeopeMaM 7.2 U 7.3 CyIeCTBYIOT TeJIbIe TUCTA Y, Y0, Y1y - - - » Vil
YJIOBJIETBOPSIOIINE CPABHEHUSIM

( (—1)Y5%  (mod 2%),
gi"  (modpy"),

Q
Il
AN

(7.16)

| g (modpp).

U3 Teopembl 7.3 u omnpejeseHust MepBOOOPA3HOIO KOPHS CJIEJLYeT TaK-
XKe, 9T0 HADOP TUCET 7Y, Y0, V1, - - - » Y OYJET ONPEJIETCH eIUHCTBEHHDIM
CIIOCOOOM, €CJIN HAJIOXKHUTD JIOTIOJTHUTEIbHBIE YCIOBUS

0<~vy<d, 0<y<dy, ..., 0<~, <d,. (7.17)

OnpejiesieHHasi €JIMHCTBEHHBIM CIIOCOOOM COBOKYITHOCTH YHCEIT Y, Yo, V1,

., Yr, yIOBIETBODsTIONAA yeaoBusiM (7.16), (7.17) nasbBaercs cucme-
Mot undercos aucia a. Kaxaplii 97eMeHT CHCTeMbl HHIEKCOB Oy1eT nH-
JIEKCOM 4YHCIa a, 1o cooTBercrByomeMy Moy, Cucremy WHIEKCOB
quciaa a Oyjgem obo3Ha4daTh

’7(a)7 70(a)7 ’Yl(a)’ cee 7’77“(a>'

Hucna, Jiexkalniye B OJHOM KJIacce BHIYETOB 110 MOJLYJIIO 11 W B3AWMHO
TPOCTBIE C 11, OUEBUIHO, UMEIOT OJINHAKOBbIE CUCTEMbI MHIeKCOB. 1 Hao-
6OpOT, JJIsT KaXKJI0# CHCTeMbl WHJIEKCOB cucrema cparenuii (7.16) orro-
CUTEJbHO HEM3BECTHOTO @ UMeeT COIVIACHO KUTalCKoi TeopeMe 00 ocTaT-
Kax, cM. §5.3, eIMHCTBEHHOE PEIleHre 10 MOAYJII0 M. JTO PEeIleHre eCTh
KJIACC BbIYETOB 110 MOJLYJIIO 1M, COCTOALIMI U3 YKUCes B3aUMHO IIPOCTbHIX
¢ m. 3aMeTuM Takxke, 4To pasencrsa y(a) = yo(a) = -+ = v,.(a) = 0
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BBIIOJIHSAIOTCS JIMIID JIJIsT TUCEJT, CPABHUMBIX ¢ 1 110 MOJLyJIIO M. YCTaHOB-
JIEHHOE B3aUMHO OJIHOZHAYHOE COOTBETCTBUE MEXKIY SJEMEHTAMU IPYII-
nbt (Z/mZ)* u cucreMaMu WHJIEKCOB coriacyercs ¢ pasercrsoM (7.15).

Jlemma 7.4. Undexcor npoussedenus 06yr wucens cpasHumvs no Mody-
aam d,dy, ..., d. ¢ cymmamy coomeememeyouur UH0eKcos COMHONCU-
meaeti, m.e. daa 1000 d8YxT wucea a,b ezaummno npocmolr ¢ modysem
m, GUINOAHAIOMCA CPAGHEHUA

v(ab) = v(a) +(b) (mod d),
Yo(ab) = vo(a) +0(b) (mod dy),
............ (7.18)

11(ab) = 7.(a) +7(b) (mod d,).

Jpyrumu cjioBaMu COMOCTABJIEHUE
a(modm) +— (y(modd), vo(mod dy), ..., v-(modd,))

SBJISAETCST U30MOP(MHBIM OTOOPaXKEHHEeM MYJIbTUILTMKATUBHON I'PYIIIbI
(Z/mZ)* na upsimyio cymmy ajyuruBhbix rpynn Z/dZ S 7L/ dyZ @ . .. &
7/d,7.

Joxazameavcmeo. Cpasuennst (7.18) mo mogyssim di, 1 < k < r; cie-
JYIOT W3 TIEPBOTO YTBEPKICHUA JEeMMBI 7.3.

Jlist foKazaTebeTBa MepBbIX JABYX cpaBHenuit (7.18) HaxomuM, mosib-
3ysiCh 1epBbIM cpaBHenueM (7.16),

(—1)b)50h) = g = (—1)Y @+ 50@+00)  (med 2¢).  (7.19)

[Ipr o < 1 umeem d = dy = 1 u HyxHble cpaBHenust (7.18), oueBnHO
BBIIOJIHSIFOTCH.

Ecmm o = 2, to d = 2, dy = 1 u cpasuenue (7.19) npunumaer
Buj (—1)7@) = (=1)7 @+ 1) (mod 4), orkyma crenyer y(ab) = v(a) +
v(b)(mod d).

B ciyuae a > 3, nepexoust B (7.19) Kk cpaBuenuto 110 Mojyio 4 Ha-
xomum (—1)7) = (=1)7@+0) (mod 4) u, smaunr, v(ab) = y(a) +
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v(b)(mod d). Ho rorma 5700 = 50@+00) (mod 2%), orkysma, cornac-
HO BTOPOMY YTBEpPKJICHIIO TeopeMbl 7.3, HaxoauM Yo(ab) = yo(a)—+0(b)
(mod 2%7%). 10 3aBepIIACT JOKA3ATEILCTEO JIEMMBI. [

Onpenennm ¢ MOMOIIBI0 KUTAHCKONH TeopeMbl 00 OCTATKAX IeJIbIe T -
Jla C_1, Co CPAaBHEHUAMU

c_1 = —1(mod 2%), c-1 = 1(modp*), 1<k<n,
cop = 5(mod 2%), co = I(modp*), 1<k<r,
W ¢ Uit KaxkJoro j = 1,...,r cpaBHEHUAMH

;= gj(modp?j), ¢; = 1(mod2?), ¢; = 1(modpp*),
1<k<r, k # 7.

(@) m(a) "r(a)

_ nla) v
I3 sroro onpegpenenus ciepyer, uro gna b = cli’cy ¢ - cr

BBIITIOJIHAETCA CpaBHEHHUE

4

(_1)7((1)5%(60 (mod 2%),
- g¥1(@) (modp(f‘l),
g (mod p).

\

U3 sroro cpasuenus u (7.16) ciemyer, 910 pasHocTh b — a JAeauTcsa Ha
Kaxk bl u3 mogtyeit 2, plt, ..., p&r. Takum o6pasom, Jjisi KaxK10r0 11e-
JIOTO 9HUCTIA, (4, B3AUMHO IIPOCTOTO ¢ MOJLYJIEM 1M BBINIOJHSETCS CPABHEHNE

a= cz(la)cg()(a)c?l(a) @ (mod m). (7.20)

U3 onpegenennst aucesn ¢_1, Cg, . . . , Cp CIEIYET, YTO UX MOKA3ATE]N PaB-
HbI COOTBETCTBEHHO d_1, dy, . . . , d,. OTCIO[a, TOCKOJIBKY CUCTEMbI MH/ICK-
COB JIJIST 9HCEJI, He CPABHUMBIX MO MOJIYJIIO M PA3IUUIHLI, CJICIYET, ITO
A Kaoicdo20 63GUMHO NPOCMOZ0 € M. UEA020 YUCAL G CYUWECTNEYEM,
edurncmeennolli nabop wuces k_q1, ko, ..., k., ydosaemesoparouux ycro-
GUAM

a=c o B (mod m), (7.21)

r
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ng_1<d, O§k0<d0, ey ngr<dra

JAPYTEME CJIOBAMU MYyJIbTHILIMKATHBHAsS Tpyina (Z/mZ)* ectb npsmoe
NIPOU3BEJIEHUE CBOUX [UKJIMIECKUX TOJAIPYIII, TTOPOXK ICHHBIX KJIACCAME
BBIUETOB, COIEPIKAIMME TUCTA C_1, Cp, - - - , Cr. LIPH 9TOM HAOOD TTOKA3a-
Tesieil crenenu B (7.21) coBmaaer ¢ cuCTEMON WHJIEKCOB UUCTA Q.

7.6 JluckperHoe jorapmdpmMupoBaHTe

Cormacro (7.14) u temme 7.3 CBOHCTBA HHIEKCOB HATTOMUHAIOT CBOCTBA
OOBIYHBIX JIOTAPU(PMOB OT JEHCTBUTEIHLHBIX Yuces. [lodToMy uHOTA B
COBPEMEHHOM JINTEPATypPe MHICKCHI HA3bIBAIOT JUCKPETHLIMU JIOrapud-
MaMH, a IPOIECC X HAXOXKJICHUS — JUCKPETHBIM JIOrapupMUPOBAHUEM.

Jlajtee Mbl HOKakeM, KakuM 0OpasoM 3ajada Bolaucaenus indy(a)

n—+1

no Mojysio p" T, npu n > 1, T.e. BbIUUCTEHUs €JIMHCTBEHHOTO IEJI0TO

YUCIIA, YAO0BICTBOPSIOIETO YCJIOBUSIM
b =a (mod p"), 0<z<p'(p—1), (7.22)

rje p — HedeTHOe MPOCTOe IUCI0, b — (DPUKCHPOBAHHBI TepBOOOPA3HbIi

"t (a,p) = 1, Moxker ObITH JOCTATOUHO GBICTPO

KOPEHb 110 MOJLYJIIO P
CBeJIeHa K aHAJIOTMIHON 3ajade B caydae n = 0.

[Iycts p — mpoctoe nedernoe m n > 1 — menoe gmcno. [lo Teopeme
Ditnepa s KaxKJ0ro IeJ0ro @, He JIeJSAIerocs Ha, P, TUCIO a?") — 1
JeUTest Ha P’ M OTOMY CyLIECTBYET €JIMHCTBEHHOE 1eJioe uncio Q(a)

Takoe, ITO

Qla)=—— (mod p") 0<Qa) <p" (7.23)
Onpejienernast STuMu yeJaosusimu byHkust (Q(a) HABBIBACTCS YaACMHBLM
Depma. Ona obiiajaer CJIepyomnMI CBOICTBAMU.

Jlemma 7.5. 1) Jaa aobvx deyx yeavx wucea a,b, ne deaauyurca na
D, GONOAHACTNCA CPAGHENUE

Q(ab) = Q(a) + Q(b) (mod p"), (7.24)
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2) Oynxyus Q(a) umeem nepuod p" T, m.e. daa 06020 yerozo a, me
deasuyezoca na p, evnoanaemca pasencmeo Q(a + p") = Q(a).

8) Ecau b — nepeoobpasnvid kopenv no modyao p, mo Q(b) me de-
AUMCA HA P.

Hoxazamenvcmeo. VI3 pasencrsa (7.23) ciegyer
o) =1+ Q(a)p™ (mod p*). (7.25)
[Tonb3ysich aTuMu cpaBHEHUAMHA JJist @, b 1 ab, HaxXOAUM

1+ Qab)p" = (b)) = (1+ Q(a)p™) (1 + Q(B)p")  (mod p™™).

PackpbiBasi CKOOKH B IIpaBoOil 1acTy, HAXOAUM CpaBHEHNE
Q(ab)p" = Q(a)p™ + Q(b)p"  (mod p*").

Pasnenus obe ero gacru u Mojyiib Ha p”, npuxognm K (7.24).
C nomorpio popmysasl Hbiorona st OnHOMa HaX0IMM CpaBHEHHUE 110
MOJLYJTIO P27

(a+p")P) = a?W") 4 o(pn)a?P T 4 =
= q¢?") 1 acp(p”)*l(p —1)p*" = a??") (mod p*™).

Buarogaps (7.25), nomyaaem
1+ Qa+p"™M)p" =1+ Qa)p” (mod p?)

u, Q(a+p") = Q(a) (mod p"). O6a nenvix uncna Q(a), Q(a + p"*)
gexkar Ha npoMmexyTke 0 < x < p m pa3HOCTb WX 10 JIOKA3aHHOMY
jenures Ha P, 3HauuWT, OHU paBHbI. BTOpOE yTBEpP:XK/IEHUE JIEMMbI JI0-
Ka3aHo.

[Iyctb g — 1nepBOOGPa3HbI KOPEHb Mo MoayJo p" ! nocrpoeHHblit
B Teopeme 7.2. Torya

g?" =14 Q(g)p"  (mod p™).
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U3 pasencrsa (7.5) npu § =n — 1 ciegyer

Vp <gf(pn) — 1> =n.

Buaur, 1p(Q(91)) =01 ptQg1).
indg, b
CupasejiuBo cpasuenne b = g, * (mod p
)

JOKA3AHHBIX yTBEP:KIeHUil 1) 1 2) JIeMMbl HAXOIUM

") C nomompio yake

indg, b .
Q(b) = Q (¢"") = indy, b+ Q(g1)  (mod p").
I3 Broporo yreepxjeHus jeMMmbl 7.3 crempyer, uro indg, b me genmrcs
na p. Temepb MOxKHO yTBep:KaaTh, 9ro p 1 Q(b). JlemMMa IOJHOCTHIO
JIOKa3aHa. O

I[TockoubKy b ectb 1epBoobpasHblil KOpeHb 110 Moyt p™ ) 1o, Kak
YVKa3bIBaJIOCh paHee, b Oymer mepBooOpa3HbIM KOPHEM M IO MOJYJIIO P.
SHAUYUT HaRJIETCA eJIMHCTBEHHOE IIeJIoe UUCIO T, YJI0BJIETBOPSIOIIee
YCJIOBUSTM

a=b" (modp), 0<wz<ep@p) =p-1

Teopema 7.5. /lia kaoicdozo uenozo a, ne dessuwe2ocs wa p, cucmeme
cpasHerul

{@<b>x =Q(a)  (mod p"), (7.26)

T o (mod p—1).

ydosaemeopaem eQUHCMEBEHHOE UEAOE YUCNO, NPUHAOAEHCAULEE NPOME-
orcymry 0 < x < p™(p — 1), ono ydosaemeopsaem maroice cpasHenuro

(7.22).

Joxasameavcmso. Tak kak 1o jemme 7.5 koadduunuent Q(b) ne je-
JIMTCSE HA P, TO 1epBoe cpaHenue cucrembl (7.26) uMeer eJuHCTBEHHOE
pemenre * = 7 (mod p). Buauut, cucrema (7.26) paBHOCHIbHA CH-
cTeMe CpaBHEHUM

r =z (mod p"),
x

=19 (modp—1),



I'JIABA 7. IEPBOOBPA3BHBIE KOPHI 11 NH/IEKCBI 200

UMeEIOIIEH COTJIaCHO KUTAMCKO# TeopeMe 00 ocTaTKax eIuHCTBEHHOE pe-
menvie mo momyso p'(p — 1). Urak, kaxoit u3 cucrem yciosuit (7.22),
(7.26) ymoBieTBOpsieT eIMHCTBEHHOE IeJIoe Iucio. JJokakeM ux coBIa-
JIeHYe.

ITycts menoe k, yaosaersopser (7.22). Torma b* = a (mod p™*™!), n
COTJIACHO JIeMMe 7.0 UMeeM

Q(a) = Q(V") = kQ(b) (mod p"),

T.e. k yioBiaerBopsier mepBoMy u3 cpashenuii (7.26).

Us (7.22) crenyer, uto b* = a = b* (mod p). Tax kax b — mepso-
0Opas3HbIil KOPEHb M0 MOJLYJIIO P, 1O CJACICTBUIO U3 JIeMMbI 7.1, HaxXoanm
k = xo (mod p — 1), T.e. BLINONHACTCA U BTOPOE CPABHEHUE CHCTEMBI
(7.26). Teopema jokazana. O

Ecan m3BecTHO YHUCIO T, TO pElIeHHe CUCTEMbl CPaBHEHUI MOXKET
OBITH HAWIEHO JOCTATOTHO OBICTPO € TIOMOIIHIO AJTOPUTMOB, N3JI0YKEH-
ubix B §85.2, 5.3. Hucua Q(a), Q(b) JIerko BbIUUCISIFOTCS, KAK PElIeHUst
cpaBHenuil Buga (7.25) mpu MOMOIMM TeX Ke aJrOpuTMOB. Bbramcie-
Hue aucet suga af®") (mod p?") BRIMOMHSAETCS ¢ TOMOIIBIO AJITOPUTMA,
onrcanHoro B §4.7.

Ob6cyum Terepb 3a/1ady JUCKPETHOrO JIOrapudMUPOBaHUST 10 TPO-
cToMy HeueTHOMY MojyJiio. [IpuBesem ee (hopMyJTHPOBKY B 3TOM CJIydae.

Haro npocmoe wucao p. Jrsa 3adannvr wucea a,b € Z mpebyemcs

PewWuUmb CpasHeHue
b =a (mod p). (7.27)

Perrenye 3Toii 3a/1a41 O4eHb TPYJOEMKO B BBIUYHCIUTE]HLHOM OTHO-
mennn. He ciyvaiiHo B KOHIE NPAKTHYECKM BCEX YYEOHMKOB 1O 3Je-
MEHTAPHON TEOPUU YUCEJI IIPUBOJATCS TADJIUIbI WHICKCOB (J[MCKPETHBIX
norapudmoB). Jlydime U3 U3BECTHBIX AJTOPUTMOB JUCKPETHOTO JIOTa-
puGMUPOBAHUS, UCIOIb3YIONMe BLIUUCIEHUsI B HOJISAX aJredpandecKux
ances, Tpebyior O(exp(c(lnp)'/3(Inlnp)?/?)) apudmernueckux onepa-
nuit. Bupouewm, 9Ta omeHka ycaoBHa, 100 OMUPAETCs Ha psij] HeJIOoKa3aH-
HBIX, HO BECbMa MPaBJONIOJI00HBIX THIIOTE3 TEOPUU TUCEI.
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B konme 2006 roga A.4A.Jdopodeen, A.M.[dyrun u JI.B. Maroxun

2 o4epeiHOil PEKOPJL TUCKPETHOTO JIoTapud-

onyosaukoBau B MlHTepHer
MupoBaHusi. B KadecTBe MOjyJisd ObLIO BBIOPAHO IIPOCTOE HUKCJIO, 3aIlH-

coiBaeMoe 135 JecaTuIHbIMY 3HAKAMU,

p = [2"%7] + 63384 = 57085779914791394314207329815945
3290747376295550451905113865375911865918588022945237
020702500203437615419679961659928369778961422486479.

Hucno g = 7 sBisgercs: mepBooOPa3HbIM KOPHEM 10 3TOMY MOIYJI0. AB-
TOPHI PEKOPJIa, BHIYUCTININ

ind, 11 = 263809415442532684357793832777626704483
7001100509616312403366105451436457230348 72275030
01638396257384118164938889215403106849600742712.

B caydae oOBIYHBIX JTJOTapudMOB B MOJIe JIeHCTBUTEIbHBIX TUCENT NMe-
eTcs cIeluaJibHOe OCHOBaHMe € = 2, 71828 . . ., mo3BoJIdoIIee JOCTaTO Y-
HO OBICTPO BLIYUCIATH JIOrapu@MbI € MPOU3BOJILHOI ToUHOCTHIO. Hampu-
MeP, 9TO MOXKHO CJIEJIaTh € MOMOIIbIO ObICTPO cxofsIerocs npu | x |< 1
paa,

1+ 2

=2 ).
(x + 3 + 5 +...)

Jlorapudmbl 110 TPOU3BOJBHOMY OCHOBAHHUIO O MOT'YT ObITH BBIYHC/ICHDI

In

11—z

C TIOMOIILIO TOXKJIECTBA
Ina

Inb’
[ToyobHOE emy B JiMCKpeTHOM cilydae jloka3aHo B Jjiemme 7.3. Ho B ciy-

log, a =

Jae JUCKPETHBIX JIOrapudMoB HET OCHOBAHMS, 110 KOTOPOMY JIOTapuQMbI
BBIUUC/ISIACH ObI CTOJIBL YK€ OBICTPO, KaK HaTypaJbHbIE B [OJe JIeidCTBY-
TEJILHBIX YHACEII.

Juist perienusi 3aj1a9u JucKpeTHoro jsorapudyupoBanust (7.27) MoxK-
HO BBIYHCIATH MOCTeH0BaTenbHo creneny b (modp) mpu k = 1,2,. ..,

2Cwm. http://www.nabble.com/Discrete-logarithm-in-GF (p)——135-digits-t2870677.html
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p — 1 noka He OyjieT 1M0JIy4eHO 3HAYEHUE, CPABHUMOE C @ 110 MOJLYJIIO P.
Hucso k, cooTBeTCTBYIOIIEE STOMY 3HAUYEHHIO, U OyIeT UCKOMBIM MHJIEK-
coM a. Takoii cocod BeIMUCIEHUS UHIEKCOB TPEOYET CJAUIITKOM OOJIBIIIOTO
KOJIM4IecTBa apudMerndeckux onepannii. Creayonmii mpocToii MeToyl,
npejaoxkennblii B 1962r. A.O. leabdonmgoMm, Tax Ha3bIBaEMbIH METOI

YpaBHUBaHK#, IIO3BOJIZAET HAXOAUTHb MHAEKCHI CyIIECTBEHHO 6bICTpee.3

Anaropurm. ITycmv p - npocmoe wucao, p > 3, a - nepeoobpasHvii
Kopens no modyao p, b € Z,p 1 b. Tpebyemca pewums cpasnenue
(7.27).

1. Bowucaumo H = [\/p] + 1.

2. Ionoocums ¢ = afl’ (mod p).

3. Cocmasumnb dsa nabopa “wucen

S={c" (modp), 1<k
T={b-a" (modp), 1</

Hmeemea 6 sudy, wmo mmoncecmea S u T codepocam naumenvuiue
HEOMPUUATIEADHBLE BBIYETNDL COOTNEEMCMEYUUT KAULCCOS.

4. Ynopadouumnv oba nabopa S, T no sozpacmaruro u Halimu cos-
naswiue anemenmot. Imo dacm wucaa k, €, dia K0mMopwvlr 6vINOAHEHO

14

"=b-a" (mod p).

5. Honoorcums x = Hk — ¢ (mod p—1), 0 <x <p—1.

HaiiienHOE AaropuT™MOM IHCIO & YIOBIETBOPsieT cpaBHenuto (7.27).
HeitcTBuTenbuo, mo maJgoit TeopeMe Pepma, BLITOTHIETCA

( x — Hk k_baé

aa’=ad"" =" = (mod p).

14

Pasjiesins 06e 4acTu 91010 CpaBHEHUS HA ', MOCKOJIBKY P { 4, HAXOJUM

a® =b (mod p).
OcraJjioch J0Ka3aTh, YTO MPH JIOOLIX YUCIaX A, b, YIOBIETBOPAIOIINX
YCJIOBUSIM aJICOPUTMa, MHOXKecTBa S 1 1" nMmeror obmmit simement. [lycers

3B 3apybe:KHOI IUTepaType ITOT METOJ, Ha3bIBACTCA METOIOM OOJBIIMX M MaJIbIX ITaroB
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T — 1eJI0e YUCII0, yjoBJeTBopsiomiee cpaBHennto (7.27) u HepaBeHCTBaM
0 < x < p-—1. PazgenuB x ¢ octaTrkoM Ha, H, mOJyunM TakKue Iejble
JUCTa, Y, 2, 9TO

r=Hy+z, 0<z<H.

Torma 0 <y < +# < &£ < H,Benp H = [\/p] +1 > /p. Honoxum
k=y+1,¢=H — z. Copasegnusnl nepaperncrsa 1 < kK < H,1 </ <
H. Tlosromy uncia s = ¢ (mod p), 0 < s <put=b-a’ (mod p),
0 <t < p aexar B MmHOXKecTBax S u 1 coorBercTBenno. Kpowme Toro,

t=ba’ =TVt = g#H) = F =5 (mod p),

TaK 4TO S = {.

HeTpyaHo TpoOBEepUTH, UTO BBINIOJHEHNE aJrOPUTMa YpaBHUBAHU
tpedyer (/plnp) apudmernueckux onepaiuii i onepammit mepecTaHos-
KK 9JIEMEHTOB 1pU ynopsijpodernn MuaoxkectB S 1 1. OH CylIeCTBEHHO
ObIcTpee mepedbopa MHOXKECTBA BCEX BO3MOXKHBIX perrenuit. OmgHako u
9TOT AJITOPUTM He TTO3BOJIAET HAXOIUTh UHJEKCH Ipu Oosibimmx p. Eie
OJIHAM €r0 HEeJIOCTATKOM SIBJISIETCST OU4€Hb OOJIbIast TaMsATh, HEOOXOMMA,
JUUTsT XpaHeHusI B KOMIIbIoTepe MuoxkecTs S un 1.

BbIcoKasi CJIOXKHOCTH 3aJ1aud JIUCKPETHOrO JIOTapU(MOMUPOBAHUS JIe-
JKUT B OCHOBE HEKOTOPHIX ee KpunTorpadnueckux npumenenuii. [Ipuse-
JIEM 3JIeCh TOJILKO OJIMH MPUMEP, CBSIBAHHBINA ¢ MOCTPOCHUEM TaK Ha3bl-
BaeMOT0 ODIIero KJrova JJid MudpoBanus nHMOPMAIIIH,

PaccMmoTpuM cuTyannio, Koraa JIBa KOppeclonaentTa, ckaxem A u B
xoresiu Obl oOMeHuBaThcs nHdopMalueit yepe3 Murepuer, npuiem Tak,
9T00bI 9T HHGPOPMAIKS OCTABAJJIACH HEJIOCTYITHON JIJIst OCTAJIbHbBIX JIKIIL.
zBecTHBI MeTO/IbI HIN(POBAHKS, 3aBUCAIINAE OT TaK HA3bIBAEMOT'O KJIIO-
gya. Tor, KTO 3HAET KJI0Y, MOXKET PACKPBITh 3aln(poBaHHOE COODIIE-
HUE, 8 TOT, KOMY 9TOT KJIIOY HEM3BECTEH, €CJIM U CMOXKET paciimdpoBaTh
coo0I1eHne, TO 3a CTOJIb DOJIBIIOE BpeMs, UTO PaCKPbITasd NHMOPMAIIHSI
y2Ke IoTepseT cBoe 3HadeHue. Hallln KOppecIoHJIEHTbI, He HMMes HHO-
ro cooOIieHus, KpoMe Kak 4depe3 Murepuer, xoraT BbipaboTarTh 001N
KJIIO4 Jiisd g poBanus undopmanuu. Mol Oyjiem npejicraBisaTh cede
KJTI0Y, KAK HEKOTOPYIO MOCJIEIOBATEILHOCTD UMD, T.€. TeJ0e TUCIO.
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st pemiennsi mo0OHBIX 3a/1a9 Ha MPAKTUKE HHOTJIA KCIIOJIb3YeTCsI
takoii meros. Koppecrongenter A n B obmenuBasich nndopmMaliyeii de-
pe3 MHaTepHer BbhIpabaThIBAIOT HEKOTOpPOE OOJILIIOE IPOCTOE YUCIO P U
HAXO/ISIT TEePBOOOPA3HbBI KOpeHb ¢ 1o Moayaio p. [lociae dero kaxxabrit
13 HUX:
1. ewbupaem na npomescymre om 1 do p — 1 cayuatinoe wucaro x(A)
usu (B) coomeememeenno u 8buuCAAEm

y(A) = ¢*™@  (mod p), wau y(B)=g"?  (mod p);

2. nocvaaem wepes Humepnem ceoemy xoppecnondenmy mnatidennoe
yucao Y(A) uau y(B):

y(A) y(B)

A-"B, B

3. evvucagem (y(B))* ™A (mod p) uwau (y(A))*P) (mod p). Aeno, wmo
npu aMom 004 NOAYHAM 00HO U MO HCE YUCAO

L= (y(B))z(A) ga:(B)x(A) — (y(A))x(B) (mod p)) 0<k<p,

Komopoe u bydem uUCnoAb308aMHCA 6 KAYECMBE CEKPEMMH020 00ULe20
KAI0YA.

Yepes Unrepner Gyiayr mepegansr wucia p, g, g° ) (mod p), g*P)
(mod p). ITombiTKa OMpeeaUTh IO HUM KJIIOU Kk CBS3aHA ¢ HEOOXO/IH-
MOCTBIO Bhrunciaenust (A) wimm x(B), T.e. pelenueM 3aJa4u JUCKPET-
HOTO JiorapudgmupoBanus. Jlaxke npu cpaBHUTEILHO HEOOJIBIIIOM P 3TO
Tpedyer HenpueMsIeMO OOJIbIINX BbIYUCIUTEbHBIX 3aTPAT BPEMEHU.

Paccmorpum, Hanpumep, npocroe ducyio p = 1000003. CupaseainBo
pas3jIoyKeHre Ha IpocThie MHOXKUTEN p— 1 = 2-3-166667. C momorbio
JIEMMbI 7.2 JIErKO MPOBEPUTH, UTO 2 €CTh NepBOOOPa3HbIi KOPEHb 10

MoayJio p. JeiicrBUTENTBHO

20 = 64(mod p), 2°°" = —1(modp), 2333 = 499501(mod p).
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Bribepem, ckaxem, x(A) = 394792, x(B) = 851982. Toryua
y(A) = 774919 = 2°M™2(mod p), y(B) = 568356 = 2%'%%2(mod p).

O61umit KJII04, COOTBETCTBYIONMI yKazaHHOMY BbOOPY uunces x(A) u
x(B) pasen

958970 = 568356°"*™*(mod p), 958970 = 774919%1%(mod p).

Hrak, B paccMaTpuBaemMoMm ciaydae k = 958970.
PaccmoTpum 1ipu TOM ke TIpOCTOM P MHON BhIOOp wucen r(A) =

829267, 2(B) = 723759. Torua
y(A) = 58188 = 25297 (mod p),  y(B) = 804734 = 2™ (mod p)
1 O0IIUIE KJITOY Kk BBIYMCISIETCS TaK

3 = 804734%9%7  (mod p), 3 = 581883  (mod p)

Buagut, B 9roMm ciaydae k = 3. Takoit "cexkpernbiit"kio4u, HaBepHoe,
HeIpreMJIeM U HAIId KOppecnouaenTel A u B 1oKHBI BRIOPATL WHBIE
clrydaiiHble 9uCia.

B nocsienem npumepe uunciia z(A), x(B) nogbupasiuch crenuaibHo.
[Togobnast cuTyalust BCTpeUaeTcst Kpaine pejiko.

7.7 JIBy4JieHHbIe CDABHEHUS

B srom naparpade Mbl pacCMOTPUM CPABHEHUs BHJA
" =a (mod m), (7.28)

rae m = p® wam m = 2p“, p — OpocToe HEYETHOEe U (¢ — IEJIOe TOJIOXKU-
TeJIbHOe Unciao. Bygem Ttakyke mpejnosarath, ITO @ — II€JI0e, B3aUMHO
IpoCcToe ¢ M.

Oboznaunm OYKBOiI ¢ epBOOOPA3HBIN KOPEHD M0 MOJYJIIO 1M, U JIJIs
KaxKJIOT'O 1eJI0r0 Yucia b, B3aMHO IIPOCTOrO ¢ 1M, cuMBOJIoM ind b Oyiem
0003HaYATH MHJIEKC YNCIa b, BHIYMCICHHBIA 110 MOJLYJIIO 1M IPA OCHOBA-

nun g. Cuiejyionasi reopemMa JaeT JiBa KPUTEPHsi Pa3PEInMOCTH CPaB-
nenus (7.28).
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Teopema 7.6. B yka3aHHulT 6bUe YCAOBUAT PAGHOCUNLHDL CACOYIOULUE
mpu YymeepiHcoenui:

1) cpasnenue (7.28) paspewumo,

2) cd = (n,p(m)) swnoanisemecs cpasnenue

p(m)

a =1 (modm), (7.29)

3) d|ind a.
B cayuae paspewumocmu cpasnenue (7.28) umeem 6 mounocmu d
peweHU.

Joxazameavcmeso. 1) = 2) Tlpeanonoxum, uro cpashenue (7.28) pas-
perumMo 1 0603HauUnM OyKBOI ¢ HeKoTopoe ero perienue. Torja ¢ = a
(mod m) u 1o reopeme Ditnepa

a3

oS = M = (c‘p(m)> =1 (mod m).

2) = 3) Ecim Beimonasiercs yenosue (7.29), To

I~

p(m)

Ka ad =1 (modm).

g d

‘ind a

Ho rorga nesoe unciio @ -ind a penures na @(m). CuepoBaresbHo

d|ind a, T.e. BBIIONHIETCSI TPETHE U3 YTBEPIKICHHIA.
3) = 1) Jonycrum, uro a ypossiersopser yciaosuto d|ind a. Pacemor-
PUM CpaBHEHUE

ny =inda (mod ¢(m)) (7.30)

OTHOCHTEBHO Hem3BecTHO! y. CormacHo Teopeme 5.1 cpasuenue (7.30)
paspenmMo u nmeer B TouHocTu d perrenuit. O60O3HAYNM HaUMEHbBIIINE
HEOTPULATEBHBIE BbIYETHI 9TUX d KJACCOB BLIYETOB 1O MOJYJI0 (M)
oykBamu y;, 7 = 1,...,d. I ompenesum Takxke T; KaK HaUMEHbIIHE
HEOTpUIATEIbHbIE BhIYeThl B Kaaccax g% (mod m), j =1,...,d. Torna
y; =indz; n

x;b = gnmdx]- — glnda = (mod m)
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Urak, cpasuenue (7.28) paspemumo u umeer He Meree d perienuii. Do,
B 9aCTHOCTH, 3aBEPIIACT JOKAZATEILCTBO SKBUBAJCHTHOCTH TPEX yTBEP-
KJICHUI TeOPEMBbI.

Beiiiie 66110 JJ0KA3aHO, YTO B CJIyvae pa3pernMocTu cpapaenne (7.28)
nMeeT ne Mernee d pemennii. ITokaxkem, 94TO HUKAKAX JPYIUX PEIICHUI,
KpOMe IOCTPOCHHBIX, 9TO CpaBHEHMe HE HMeeT. Beim ¢ — mesoe 1uco,
yaosjersopsiiomee cpasrenuio (7.28), o g"nd¢ = gde (mod m). C
OMOIIBIO CAeACTBUSI U3 JieMMbl 7.1 3akiodaem, 1ro nindc = inda
(mod ¢(m)). Ho Torpa unekc ind ¢ cpaBHAM 10 MOJLYJTIO ¢ (1) ¢ OJHIM
13 THCeNT Yj, & GUCI0 ¢ CPABHEMO I10 MOJLYJIIO M ¢ OJHUM u3 T;. Teopema
JJOKa3aHa. []

B wacTtnocTu, nosydaem

CaencrBue 7.3. Ecau (n, p(m)) = 1, mo cpasnenue (7.28) npu aobom
a, 63aUMHO NPOCTNOM C MOOYAEM M, UMEETN COUNCTEEHNOE PEULCHUE.

[lenoe umeno a, B3aWMHO TPOCTOE C MOJYJIEM M, Ha3bIBAETCS M-
CMENEHHBLM BDIYEMOM I BHIYETOM CTEIIEHU 1, €CJIM CPaBHeHue X' = a
(mod p®) paspemumo. B mpoTHBHOM cillydae YHCIO @ HA3BIBAETCS 7-
cmenenmnoim Hesvuemom. Ilpm n = 2, 3,4 npumensiercsa TakxKe Tep-
MUHOJIOTHsT KBaJIPATHIHBIN, KyOrndIecKuil, ONKBaPATUIHBINA BBIYET UJIN
HEBbIYET.

I3 sToro onpejnesienns cjienyer, 9TO YUCIa, CPABHUMBIE 110 MOJLYJIIO
m, OJIHOBPEMEHHO SIBJISIOTCS N-CTEIEHHbIMKM BbIUeTaMU W/ HEeBbIUeTa-
M.

C moMoIIbio BBEJIEHHOI'O TIOHATHS IIEPBOE YTBEP:KIeHe TeopeMbl 7.6
MOKeT OBITh epedOpMYJIUPOBAHO B BUIE KPUTEPHSI JIJIsI OTbICKAHUS CTe-
MEHHBIX BBIYETOB.

CaencrBue 7.4. I[enoe wucao a, 63aummo npocmoe ¢ modysem m, 01-
dem 6vMemoM Ccmeneny, n > 2, ecAl U MOALKO €CAU BIMOAHACTNCA
cpasuenue (7.29).

Caencrue 7.5. Ecau d = (n,o(m)), mo sviuemovr cmenenu n no mo-
dyaro m coenadarom ¢ evivemamy, cmenenwy d no momy sfce Modyio.
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D10 yTBEPKJIEHUE BBIIOJHACTCA B cuity pasencrsa (n,p(m)) = d =
(d, p(Mm)) u TpeAbLIYIEro CJaeCTBUL.

Canencrsue 7.6. Jucao xaaccos n-cmenenmvis 6uyemos no moodyo
m paeho @, 2de d = (n,p(m)).

B cuity TeopeMbl HUCIO @, B3AUMHO [1POCTOE € 1M, Oyj1eT n-CTereHHbIM
BBIYETOM B TOM U TOJBLKO TOM ciydae, korja d|ind a. Ho cpepn uuncen

0,...,0(m)—1— BO3MOXKHBIX 3HAUEHUI UHJIEKCOB, UMEETCST B TOTHOCTH

p(m)

=7, penanxcd Ha d. CiecTBre JI0Ka3aHo.



I'taBa 8

IHemmnbie apodn

B cBsi3u ¢ pa3/inIHbIMU IPUIMHAMU MHOIJA IPUXOJUTCI 3aMEHATH Jieii-
CTBUTEJILHBIE UNC/IA UX TPUOIMKEHHBIMU 3HAYCHUSIMIA. JacTO IPU 9TOM
XOUeTcsl 00ecrneuInTh HeoOXOJUMYI0 TOUHOCTH BBHIOMpasl paloHaAIbLHOEe
IPUOJTUKEHUE C 110 BO3MOXKHOCTU MEHBIINM 3HAMEHATEJIEM.

BeposiTHo, Hanbo/iee U3BECTHBIN UCTOPUUYCCKUI TTPUMED TaKOil 3ame-
HbI CBsi3aH C yCTPOMCTBOM KaJieHgapeil. B Hacrosiee BpeMsi cauTaercs,
4TO 3eMJIsl coBeplIaeT moiHbiil obopor Bokpyr Cosnia 3a 365,24219 cy-
ToK. KoHneuHo, 310 4ucio ycjioBHo. Bejib ¢ TeueHrneM BpeMeHH BpallieHue
Semuin Bokpyr CostHITa 3aMeIsieTcs, KpoMe TOro 3eMJisi BOKPYT CBOEit
OCH BPAIIAeTCs HEPABHOMEPHO, a 9TO CKA3BIBACTCSA HA MPOJIOKUTEh-
HOCTH CYTOK. TakK 4UTO NpHUBEJEHHOE BBIIIE YUCIO, KOHEUYHO, sIBJISIETCS
yCPEJIHEHHBIM.

[Tpocreiiiiee npubinzkeHue K NPOAOJKUTEILHOCTH T0ja 365,25 =
365% ObLIO TIOJOXKEHO B OCHOBY FOJIMAHCKOTO KaJeHJIaps, CO3/IaHHO-
ro aJieKCaHIpUiCKUMU acTpoHoMamu Bo IyaBe ¢ CosurenHom. YKazom
FOums Ilesapst B 461, 70 H.3. 3TOT KaJieHIaph ObLI BBEJEH BO BCei
Pumckoit umnepun. ITockosbky 10j; [0JKEH COjepKaTh 1Eea0€ YKUCJI0
CYTOK, TO B IOJINAHCKOM KaJieHJape Ha, KayKJible TPHU I'ojia IIPOJIOJIXKHU-
TeJHHOCTHIO B 360 JHel NMPUXOANJICA OJWH BUCOKOCHBIM TOM TPOJIOJ-
KUTEJIbHOCTBIO 366 aHeit. Tak obecneunBaeTcsi cpejiHsisi MPOLOJIAKK-
TeJbHOCTh T'OJla B 365% cyTok. FOnmaHnckmit royn 4yTh JJIMHHEE MCTHH-
HOI TIPOJIOJIKUTEIbHOCTU obpailienus 3emn BoKpyr Comnna. Hebosb-

209
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mas ommbka (11 munyT u 14 cexyHj 3a roj) no mnpoiiecrsun 128 jer
IpuBeJia K OIIMOKE B OJHHM CYTKH M IPOJOJKaJa HaKaIJIMBAaTbCs. B
1582r. B KaTOMMYECKUX CTpaHaX CIelNUaJbHbIM PaclopsiKeHueM Iallbl
[I'puropus XIII Obu1 BBejieH HOBbINM KaJieHjapb. B kadecte 1mpubJiv-
JKeHNA K MCTUHHOM TPOMOKHUTENBHOCTH TOAa OBLIO BBIOPAHO YHUCIO
365% = 365 + %1 — ﬁ = 365, 2425, naroriee ommbKy B OJHU CYTKHU
npumepto 3a 3300 ser. [lenoit jyudriero npubIM>KeHUs CTaI0 YCIOKHE-
HUe KaJieH1apsi. BUCOKOCHBIMY CTaJIM CHUTATHCS '0Jibl, HOMEPa KOTOPbIX
nenarcs na 4, no ue genarca Ha 100, a KpoMe TOro rojibl, HOMEpa KOTO-
poix gendarcd zHa 400. [To rpuropmanckoMy KaJeHIapio FojIbl ¢ HOMepaMu
1700, 1800, 1900 BuCOKOCHBIMU He SIBJISINCH, B TO BpeMs, kak 2000 ros
ObL1 BUucokKocHbIM. B Poccuu rpuropuanckuii Kajenjapb Obll BBEJIEH B
1918 romy.

Haxkoner, orMeTuM 49TO MEPCUICKUI aCTPOHOM, MATEMATHUK W TO3T
Owmap XaiisiMm NpeJJIoKuI KaJleHaph, OCHOBAHHBIH Ha MPUOJIMKEHUH
365% = 365, 242424 . . .. dror KajeHaapb, BBejaeHublii B 1079 1. u geii-
croBaBmnit B Mpane 10 cepeaunnr XIX Beka, comepKasl 8 BUCOKOCHBIX
JIET, TOBTOPSBINNUXCS ¢ IUKJIOM B 33 rojia. Ha nporskeHun mukia Mex-
Jly 8 TOCJIe/I0BATEIbHO WJIYIIIMMU BUCOKOCHBIMU T'OJIAMU PACIIOJIATraJIUCDH
7 OTPE3KOB 10 3 OOBIKHOBEHHBLIX T'ojia B 30D IHEiHl u oJuH OTPEe30K B
4 0ObIKHOBEHHBIX Toja. OmmbKa B OJHA CYTKW HaKaIlJIMBAJACh B 9TOM
KaJieHJape npuMepHo 3a 4500 Jer.

3aMeTuM, 4YTO KaJeHJapHbIe CUCTEMbl UI'PAIOT BajXKHYIO POJIb B OP-
TaHU3aIul PeJUTrnO3HON Ku3Hu. CyIiecTBEHHOW KOMIIOHEHTOH JIYHHO-
COJIHEYHBIX KaJieHnapeil, KaKUMU B JIeHCTBUTEIHLHOCTHU SABJISIIOTCS U 10J11-
AQHCKUI, 1 TPUTOPUAHCKUN KaJEeHIapy, SBJISETCs NPABUJIbHAS OPTaHU3a-
s HEe TOJBKO MOCJIEJOBATEIbHOCTH COJTHEUHBIX JeT B 305 n 366 mHeit,
HO U JIYHHBIX MecdrneB. Tak xpucruanckas Ilacxa mo mocranoByieHHIO
Hukeiickoro Cobopa 325r. o/KHa, MPa3JHOBATLCS B IEPBOE BOCKPECe-
HUe TOoCJe TIEPBOTO MOJTHOMYHUS, CIeAYIONero 3a JHeM BeCeHHero paB-
HOJIeHCTBU. [Ipy 3TOM mMeIoTcsd B BUJY He aCTPOHOMHUYECKHE IOJTHO-
JIyHVE W PABHOJIEHCTBUE, & JAThI, BHIUUCIIEMbIE TI0 OTPeJIeJIeHHBIM Ka-
HOHM3MPOBAHHBIM MaTeMaTUIeCKUM IpaBuiaM. Kciu yuecTh, 4To cpe/l-
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Hsisi IPOJOJIKUTEJIbHOCTH OTPE3Ka BPEMEHH, 33, KOTOPbIi JIyHa mpoxojpur
Bce (pa3bl OT HOBOJIYHHU JIO HOBOJNIYHMS, paBHa 29,530588 cyTok, a JyH-
Hble MeCIIbl TIO3TOMY JIOJIZKHBI cojiepkaTh 1o 29 u 30 jnHeil, nmojydaeTcs
BECbMa, CJIOXKHasI MpobJIeMa COIJIacOBaHMs IOCJIEI0BATEIHLHOCTHA T'OJI0B
¢ MOCJIEIOBATEILHOCTBIO MECsIeB, TaK UTOOBI 00e MOC/IeJ0BATEILHOCTH
JIOCTATOYHO TOYHO cjefoBaJin 3a jBuxkenusiMu Comnna u JIyael. B o6bI-
JICHHOM YKW3HU JIyHHAsl COCTABJIAIONIAS FOJINaHCKOTO W TPUTOPUAHCKOTO
KaJIeHJjapeil He TPUHUMAaEeTC s BO BHUMAaHUE.

Lenupie Jpobu JAI0T aJTOPUTM, MO3BOJSIONINNM HAXOAUTHL B HEKOTO-
POM CMbICJI€ HAMJIYUIINE NPUOJIMKEHNs JeHCTBUTEIbHBIX YUCET PAlliO-
HaJIbHBIMU.

8.1 Teopema Jlupuxje o npubimkeHun jelicTBu-
TeJIbHBIX 4YMCeJl paluoOHAJIbHBIMU

PanmonajbHble YNCTa PACIONOXKEHBl Ha JEHCTBUTEIBHON OCU BCIOLY
IJIOTHO, T.€. JJIsI JII0OOTO JeiCTBUTEJLHOIO 4HUCIA (v B JIIODOH ero €
OKPECTHOCTHU HafijileTcsi OECKOHEYHO MHOTO PallMOHaJbHBIX uuces. Ipy-
I'MMU CJIOBaMu, 11pu Jitobom € > () HepaBeHCTBO

a—-Ll<e (8.1)

q
nMeeT OECKOHEUHOE KOJIMYECTBO PEIlIeHKH B Pa3/IMUHBIX PaIlMOHAJIbHBIX
qucjiax g. 3ajaua yCJI0XKHAETCsI, €CJIN NHTEPECOBATHCS CYIIECTBOBAHNEM
pelieHns ¢ He O4YeHb OOJIbIIMM 3HAMEHATE/IeM, OIPAHUYKMB €I'0 B 3aBU-
cuMocTH oT €. Hampumep, oTBeT Ha BOIPOC, CYIMIECTBYET JIU PEIIeHHe C

ycaopueM q < g~1/2

He OUeBHUJIEH.
B 1842r. /Iupuxiie jokazaJ T€OpeMy, HO3BOJISIONLYIO YCTAHABINBATD
CyIIIeCTBOBaHUE pelliennii HepapeHcTBa (8.1) ¢ orpaHUIeHIEeM BEJTHIHHBI

3HaMeHaTeJId.

Teopema 8.1. IIycmo o u T — deticmeumenvhvie wucia, npuvem T >
1. Toeda cywecmeyrom uesvie wucia p,q, YydosAemMEOPAIOULUE HEPABEH-
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cmeam

p
a__

q

< — 1<g<T.
a7’ >q>

Joxazameavcmeso. Kak u panee 6ynem obosnauars [x], {x} nenyio u
apobuyto dacrtu uncia x. [Honoxkum N = [T u pazobrem orpesok [0; 1]
Ha N + 1 orpeskos

U u—+1
<z< =0,1,....N
N + 1 f— x —_ N + 17 u Y ) Y Y
JUTAHDBI N+Ll
Paccmorpum N + 1 uncen
{ka}, k=0,1,..., . (8.2)

Eciu xorst Obl 0JHO U3 HUX [0NAJIaeT B KPalHWil paBblii U3 MaJeHbKUX
OTPE3KOB, T.€. YIOBJETBOPAET HEPABEHCTBAM

N
< {k 1
N+1—{a}< ’

TO, IIOJIYIUM

1 <1
N+1 T

|ka — [ka] — 1| =1 —{ka} <

OuesBnno somonasgercs k # 0, mostomy 1 < £k < N < T. I[lonoxus
tenepb ¢ = k, p = [ka] + 1, nosyuaem Hy>KHOE yTBEPIKJIEHUE.

Eciu »xe Kpaiinuit npaBblii OTPE30K HE COJEPKUT HU OJIHOM U3 TOUYEK
(8.2), TO BCe OHU PACIPEJIENSTIOTCST MKy OCTABITUMUCS N OTpE3KAMU.
Ho muo)kectBo (8.2) cocrout u3 N + 1 unces. 3uauut, mo Kpaiineir mepe
OJINH U3 MOCTPOEHHBIX MAJIBIX OTPE3KOB COJAEPIKUT HE MEHee JIBYX THCel,
oTBedAlOIMX pasjudHbiM 3HaueHusim k. [lycrs aucna {kia} u {koa}

I[IpUHaJJIE2KAT KaKOMY TO M3 MaJIbIX OTPE3KOB. He YMECHbIIIas O6HLHOCTI/I
1

MOXKHO CIUTaTh, UTO k1 > ko. V3 nepasencrsa [{kia} — {koa}| < 50,

HaXOJUM

|]€10& — []6104] — kQ@ + [kQOz” <

N+1
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[Tonoxkus ¢ = k1 — ko > 0 u p = [k1a] — [k, nonyuaem rpebyembie
HEPABEHCTBA
1<g=k —k <NT, g — p| < ! <l
N+1 T
[]

CaencrBue 8.1. [lycmov o — uppayuonasvroe wucro. Tozda cywecmey-
em 6eCKOHEYHOE MHOMCECMBO HECOKPAMUMBLY dpobet ]?;: 1d06.4eMBOPA-
NOULUT HEPAGEHCTNGY
a—=| <. (8.3)
2
q q
Hoxaszameavcmeo. Tpeanosokum, 9T0 MHOXKECTBO pelIeHUi HepaBeH-
crBa (8.3) B HECOKPATUMBIX JIPOOSAX KOHEUHO. OBO3HATUM BCE ITH pelle-

p‘ 1

HUS
poob2 o P (8.4)
q1 q2 dm

Tak kak a — uppaluoHajbHOE 4yucio, To 0 = min;{|ga — p;|} > 0.

[onoxxum T = 6. Ilo Teopeme 8.1 CyIIECTBYIOT Tesible YHUCTA P, ¢,

YJIOBJIETBOPSIIOIIIE HEPABEHCTBAM
g — p| < 6, 1<qg<ot (8.5)

Ecin uucia p, ¢ uMeroT HeTpUBUAILHDBII OOIIUIT JIeIUTENb, TO Pa3/Ie/uB
P, ¢ Ha HEro, TOJIYUYUM €I OJHY Hapy HEIbIX YUCET, YI0BIETBOPIIONINX
nepasercrsam (8.5). Tlosromy MoxkHO caurarh, uto (p, q) = 1, T.€. ApobbH
%’ HECOKPATHMA.

[lepsoe us nepasencrs (8.5) osnadaer, 410 Apobb & o1IMUHA OT BCeX

apobeit (8.4). Kpome Toro u3 (8.5) Haxomum
1

lga —p| <0 <,

q

T.e. OCTPOEHHAsI HECOKpaTuMas ApoOb L ecrh eme oaHo, OTIMYHOE OT
apobeit (8.4), peuienue nepasencrsa (8.3). Ilosyuusiieecsi nporuBope-
qpe 3aBepIIaeT JOKA3ATeJbLCTBO CICICTBUL. O



I'JIABA 8. LEIIHBIE /IPOBN 214

Tepema dupuxie neapdekrusua, r.e. He jgaer crocod CTPOUThH XOPO-
e parroHaJIbHbIe TPUOINKEHNS K YnciaaM. B cienytomem maparpade
OyZieT pacCMOTpEH aJITOPUTM, MTO3BOJISIONUI CPABHUTETHLHO JIETKO HaXO0-
JINTh TaKue MPUOJIMKEHUs U UMEIOIINUI BMeCTe C TeM BayKHOE TEeOPETH-
YecKoe 3HaUeHHe.

8.2 KomHeuHble nenHbie Apoon

Ilycts ag, a1, as, ... — KoHeUHAsT WM OECKOHEUHAs 11OCIEJ0BATEILHOCTh
IEeJIbIX Ynces1, mpudeM a; > 1 npu ¢ > 1. Beipaxkenune Buja

1
ap + (86)

a1-|-

ag + ———
CL3+_'

HasbIBaeTCA yennot wim nenpepwuiehot npobuo. Ecam nocaeposaren-
HOCTBL (; KOHEYHa, IelHas JpoOb paBHa HEKOTOPOMY PaIllMOHAJLHOMY
auciy. Ecmm ke mocieoBaTebHOCTh OecKoHedHa, BbipaykeHuio (8.6)
TaK>Ke MOXKHO TPUJATH BIIOJHE ONPEJEICHHOE YNCI0BOC 3HAUCHHE, KO-
TOPOE B 3TOM Cjaydae Oyjer uppanuoHaibHbM. Jljis KparkocTu 3arm-
CH BMeCTO Bbipaxkenwusi (8.6) Oyjer Hcnonb3oBaThes [ag; ai, as, . . .| win
lag; a1, as, ..., ay] IpE KOHEUHOH NOCJIEOBATENLHOCTH Ao, A1, - - - 5 Q. B
5TOM Tmaparpade Mbl U3YYUM HEKOTOPBIC CBOMCTBA KOHEUHBLIX IICMHBIX
JIpobeii.

[Tycth a,b — nenbie unciaa, b > 0. PaccMorpuM 1mocjie1oBaTe/IbHOCTb
BLIYACJICHUIT B aJropuTMe EBKIMIa NPU HAXOXKJICHNN HANOOJIBIIIEro 00-
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wero jesuress (a,b), cm. (1.3) :

a = bqi + 19, 0 <7y <b,

b=r1roqy + 13, 0<r3<rmr,

ro = r3q3 + T4, 0<rmry<rs, (8.7)
T'n—2 ::Tn—IQn—1‘+'Tn7 0 S;Tn < Tp—1,

T'n—1 = Tnqn -

PazenuB Karkji0e U3 BBINHCAHHBIX PABEHCTB Ha COOTBETCTBYIONIHIL Jie-
JINTEJIb, TTIOJIYInM

(8.8)

Tn—1 dn

[Topcrapisist JieBble YacTH IMOJAYUYUBIIMXCS PABEHCTB B IIPABbLIE YacTH
NPEJIIIECTBYIOIINX, HalJeM NPEeJICTaB/ICHIe PAIMOHAILHOIO YUCIA § B
BUJIC KOHEUHOH HelpepbiBHOil JApobu § = [q1;G2,q3, - - -, ¢n]. Taxum ob-
pa3oM, aaropuTM EBK/nga mo3Bo/ster HaXouTh NpeICTaBJIeHIe PAIlAo-
HAJIbHBIX YMCE/I HEIIPEPLIBHBIMU JPOOAMU. 3aMETHM, UYTO 3TO PEICTaB-

JICHNE HE €IMHCTBEHHO:

[QI;Q27Q37"'7C]71_171] eCJIn  (p > 17

91562, G5, - -+, Q) =
' [q17 42,43, - - qn-1 1 1] ecim  Qqp — 1.

st 106010 panuoHaJbHOTO YUCTa CYIIECTBYET MpejcTaBjieHne KOHed-
HOW LENHON JPOObIO, IIPU 3TOM MOXKHO BbIOUpPATh JJIMHY JPOOU 110 CBO-
eMy YCMOTPEHHIO TaK, YTOOBI OHa ObLIa YeTHOW WU HeYeTHON.
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B jasibHeiiieM ucnoib3yercs 0603HAUYCHUE [T(; T1, . . ., Ty JJIA KO-
HETHOI TermHoit 1pobu Buga (8.6), TIe BMECTO TMEeJIbIX YUCes d; CTOST
nepeMennble x;. Konednple nennbie apobu TAKOrO BHUJA ABJIAIOTCH Pa-
MOHAILHBIMI yHKIMAMEU oT x;. Cirelyomniee yTBep K IeHIe M03B0JIsdeT
JICTKO BBLIYUCJIATD UX.

JIemma 8.1. ITycmov xg, T1, ... — nepemennvie U nociedo6amesvHocmoy
mrozounenos Pr(xo, ... xp), Qe(zo, ..., x1), k > —1, onpedenena gop-
MYAAMU
Py = 2xPyp1 + Do, Py=1 P =, (8.9)
Qr = 2xQp-1 + Qr—2, Q1=0, R=1

Tozda npu A1000M N Z 0 swnoansemcs paceHcmeo
_&_ ann—1+Pn—2
Qn annfl + Qn72

oxaszamesvcmeo. Bocnonb3yemces: naayknueit mo n. [Ipu n = 0, 1 ume-
eM

[zo; 1, .. ., Xy (8.10)

P 1 1 P
- [$0;$1]2$0+—:w_ 1

Qo’ T X1 B Ql.

Hpe,H;HOJIO)KI/IM, qTo N Z 1n yTBEp2KACHUE JIEMMbI BbIIIOJIHACTCHA JIJIA

[To] = 20 =

Jipobeii JUIMHBL 1, T.€.

xnpn—l(xm s 7:U’n—1) + Pn_Q(ﬂf(), s 7(['.71—2)

l’nQn 1(Zoy - - - ,xn_l) + Qn_g(l'o, e ,xn_g).

[TojcTaBisist B 9TO0 TOXKAECTBO T, + Kl-i-l BMECTO Iy, HAXO[IUM
1 | =
Tp+1 N
(xn + #‘*‘1) Pn—l + Pn_2 _ Pn - #ﬂpﬂ*l o xn+1Pn + Pn—l
(a:n + .Tn1+1) Qn—l + Qn—2 - Qn + ! Qn—l N xn—i—l@n + Qn—l’

[zo; 1,0 Tpy Tpga] = [Tos 21, oy T, T +

Tn+1

4dTO 3aBeplIiacT NJOKa3aTEJIbCTBO JIEMMDI. []
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CaenctBue 8.2. IIpu scex n > 0 cnpasedausvr mosicdecmsa
QnPr1— PuQn1 = (—1)".
Hoxaszameavcmeo. Bocnonbsyemcest unaykiueit mo n. Ilpu n = 0 umeem
QoP1—FPQ_1=1-1—27-0=1.

[Ipeanonokum, uro n > 1 n juis BCeX MHJEKCOB MEHBIIUX 1 HY>KHOEe
TOXKIeCTBO crpaseyinBo. C momorisbio (8.9) Haxoamum

QnPn—l - PnQn—l — (ann—l + Qn—Q)Pn—l - (xnpn—l + Pn—2)Qn—1 —
= _(Qn—lpn—2 - Pn—l@n—2) - _(_1)n71 - (_1)n
CrencTBue J10Ka3aHo. H

CaencrBue 8.3. Ilpu awbom n > 1 cnpasedausvr mostcdecmesa

annf2 - Pnan2 — <_1)n_1xn-

Joxazamenvcmeo. Tlonbayscs (8.9) n caegcreuem 8.2, HAXOIUM
QnPn—Q - PnQn—Z — (ann—l + Qn—Q)Pn—Q - (xnpn—l + Pn—2)Qn—2 —
— xn(Qn—lpn—2 - Pn—lQn—2) - (_1)n71xn-
[

[Iycts ag,ai, as, ... — MOCAETOBATEHLHOCTD IEJIBIX YUCE, MPUYIEM
a; > 1 npu ¢ > 1. Torma onpejenenbl HeJbie YrCIa,

pn:Pn(aOJ"'aa'n)7 Qn:Qn<aO;---aan)> TLZO,

npudem g, > 0. Bygem takxe caurars p_1 = 1,¢-1 = 0. Corsacto (8.9)
MMeeM

{pk = QpPk—1 + Pk—2, p-1=1, po= ao, (8.11)

qk = rqr—1 + qr—2, qg1=0, ¢q=1L1
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B ugacrHocTu, orcioa HaxoguMm ¢ = a1 > 1 u upu k > 2 nociegoBa-
TeJILHO

qQr > QkQk-1 = Qr-1-

Taxum obpazom, ¢,,n > 1, ecrb ¢TPOro Bo3pacTaioiiasi mOCIe/I0BATEe b
HOCTBH HATYPaJbHBIX duces. OHa CTPEeMUTCsT K OECKOHEUHOCTH, eCJIH M0~
CJIeJIOBATEJILHOCTD a; OECKOHETHa.

[To cnejcTBuio 8.2 BHINOIHSAIOTCS PABEHCTBA

dnPn—1 — Pndn—-1 = (_1)n’ n 2 0. (812)

U3 Hux, B 9aCcTHOCTH, CJIEJYET, YTO P, W ¢, B3AUMHO TTPOCTHI, & JAPOOH

% HECOKpaTHuMa. Touno Tak »xe JOKa3bIBalOTCA PaBEHCTBA

n

nPn—2 — Pn4n—2 = (_1)n—1am n > 1. <813)
Cornacuo jemme 8.1
lag; ar, ... a,) = Pn.
an

Tak omnpejeneHHbie apobu %,n > 0, Ha3BIBAIOTCS N0JTOdAUUMY OPO-

n

bAMU TICTTHOT TpOOH [ap; a1, Ag, . . .]. ucia a; HABBIBAIOTCS HENOAHBIMU
YacmmoLMu ITON 1enHoi apobu. MHOXKeCTBO MOAXOASIINX JApobeii KO-

HEUYHOM IEeMHON JpoOU KOHETHO.

a

s panyuonansbHOro Ynucaa | = lag; ai, ..., ay] umeem % — Pm

'
Pagencrso (8.12) nossosisier pemarh [ruoGaHTOBbI yPABHEHUS BHJIA

a __ Pm

ar — by =1 npu B3aumuo npocrbix a u b > 0. Eciu 3 npuyieMm m

7
m

HEYETHO, TO b = ¢y, @ = Py U C T = G_1,Y = Pm_1 UMEEM

ar — by = pmGm-1 — GuPm-1 = (—1)" 1 = 1.

3Has OJIHO YaCTHOE pelleHue T = ¢m-1,Y = Pm_1 MOXKHO HAMTH Bce
pelIeHusT TaK, KaK 3T0 00bscHseTCs B Teopeme 1.5.

Paccmorpum ciiemyrommii
ITpumep. Peuurs juodanrosBo ypasuenue

19z 4 15y = 1.
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PamuonaJsibnoe aucio % uMeeT Caejyolee pa3jioyKeHue B IeHy 0 1po0b
% = [1;3, 1, 3]. B sannom ciayuae jjinna 1enHoi gpobu m = 3 HeveTHa.
B coorBercTBUM ¢ yKazaHHBIM MpaBuaoM Haxognwm [1;3, 1] = ?1 nl9-4—
15-5 = 1. 3uauur, jaHHoe ypaBHEHHUE HMeeT pellenne © = 4,y = —5, a

obiee ero perenne nveer Bug r = 4 + 15k, y = —5 — 19k, k € Z.

8.3 Ilennas Apobdb AeiiCTBUTEIHLHOIO YHUCIIA

B sTroMm naparpade Mbl paccMOTpuM OeCKOHedHbIe IenHble 1pobu. Kark-
JI0i 13 HUX OyIeT mpuIaHo HEKOTOPOe NppalloHaJIbHOE 3HAUEHnEe 1 OY-
JIeT JIOKAa3aHO, UTO TaK yCTaHABJIMBAETCS B3aMMHO OJIHO3HATHOE COOT-
BETCTBHE MEXK/Y OECKOHEUHBIMHU IEMHBIME JIPOOSIMU ¥ UPAIMOHAJIHLHBIMA
YUCTAMHI.

Teopema 8.2. [Tycmo [ag; ay, ag, . . .| — KOHEUHAA UMY OECKOHEUHAA UET-
HaA Opobb ¢ UEADLMU HENONHBMU HACTIHLLMU, NpuUdem a, > 1 npu
n > 1. Toeda

1. Ilocaedosamenvrocms nodrodauux dpobeti ¢ wemmviMu HOMEPAMU
603pacmaem, nocaedosamesbHocms nodrodsuwur dpobet ¢ Hevemmvlmu
nomepamu yovsaem. Ipu smom at0bas nodrodawas dpobs Hewemmo20
nopadka boavuwe 210001 nodrodswetd dpobu wemnozo nopadka.

2. Ecau yennas dpobv beckoneuna, mo cyuecmeyem npeden

. Dn
a= lim —,
n—oo qn

npuMemM o — UPPAUUOHANDHOE YUCAO.
3. Cnpasedrusor Hepasercmea

1

< )
dndn+1

‘a—@ n > 0. (8.14)

dn

Hoxasamesvemeo. C nomornpio pasercts (8.13) npu n > 2 nosyvaem

n—2 dn qnqn—2

Pn—2 . ]ﬁ L (_1)n_1an
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YuurbiBass HepaBeHcTBa @, > 0,qr > 0, HaXOAUM UYTO 3Ta PA3HOCTH
OTPHUIATEIbHA TP YETHOM 71 ¥ IIOJOXKUTENLHA NPH HEIETHOM 1. DTO
JOKA3LIBACT [EPBOE YTBEP2KICHUE TEOPEMBI.

[Tycrs nennast gpobs 6eckoneqna. 13 pasencrs (8.12) ciepyer

1
LELI <0, k>0 (8.15)

42k q2k+1 q2rq2k+1

P2k DP2k+1
Gok’ Qar+1’

JIeBbIe KOHI[bI BO3PACTAIOT, a IpaBble YOBIBAIOT. SHAUUT, 3TU OTPE3KU 00-

Taxum 006pa3oM, ornpegeaeHbl OTPe3Kn { } . [To nokazanHOMY MX

pas3yroT BIOXKEHHYIO HOcTeoBaTeabaocThb. Coryacho (8.15) jauHbl oT-
PE3KOB cTpeMaATcs K Hyso. [loaromy cymiecTByeT enHCTBEHHOE YHCIIO
Qv, TPUHAJIIEXKAIIEE BCEM 9TUM OTPE3KaM. Y YUThbIBas CTPOroe BO3pacTa-
HIE JICBBIX KOHIIOB M CTPOroe yObIBaHHE IIPaBBIX KOHIIOB, 3aKJIOUAEM,

4TO
2 20+1
Do 0 <225 >0 (8.16)
a2y q20+1
Orcroa caejyer, 4ro npu Jwbom n > 0 apobu 7;—" n Z"—i JIeXKaT Ha
JIeCTBUTEIHLHONW OCH 110 pa3Hble CTOPOHBI OT TOUKH <. [TosTomy
1 1
0<|a—Dnf < |t Pop_ * (8.17)

dn dn+1  4n UnGn+1
D70 JI0KA3BIBAET TPETHE YTBEPIKJIEHNE TEOPEMbI.
Homycrum, 4ro & — paluoHadbHoe duco. Torja ¢ HEKOTOPhIME 16
aeivu a,b > 0 mmeem o = 3. U3 (8.17) crenyer, ato

Po| _ lagn —bpa| _ 1
n bgn T bgn

CpaBHuBas TmoJyduBIneecsi HepaBeHCTBO ¢ (8.17), Haxomum b > @41,

YTO HEBO3MOXKHO IIPU BCEX N, BEJIb MOCJEN0BATEIBHOCTD ¢, CTPEMUTCH
K OECKOHEYHOCTH. SHAUUT, (v UPPAIMOHAJBLHO, U 9TO 3aBEPIIACT JI0KA3a-
TEJILCTBO TEOPEMBbI. [l

Yucsio «a, onpegesierHoe B TeopeMe 8.2 OyjgeM Ha3bIBATH 3HAYCHUEM
OECKOHEYHOM 1IeNHOM JIpobu [ap; a1, @z, . ..] U 3alUCHIBATH 3TO B BUJIE

a = [ag; ay, as, . . ..
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CooTBeTcTByOIIMe MOAXOsIue 1podu OyaeM Ha3bIBATH TAKXKE MOJIXO0-
JANIAME APOOSIMU THCJIa (. DTa TEPMHUHOJOTHS OyAeT UCIOIb30BATHC
1 JIJIsI KOHEYHBIX HIEIMHBIX Jpobeil. B vacTHOCTH, eciin « — pannoHaIbHOe
YUCI0, TO JI00ast ero Mmojxojsiast Apodb, OTANIHAS OT (v, Y/IOBJIETBO-
psieT OmHOMY 13 HepaBeHcTB (8.16).

Teopema 8.3. [Tycmo [ag; a1, ag, . . .| — KOHEUHAA UMY OECKOHEUHAM: UETI-
Has IpodL ¢ UYCALIMU IAEMENMAMU, NPUYEM Oaa 1 > 1 6uinosnsemcs
Hepasencmeo a, > 1, a das xoneunotl dpobu ee nocaednwee HeNOAHOE
wacmuoe boavwe 1. Tozda das a0bvix deyx cocednux nodrodauyux dpo-
oeti ¥ o umeem

|Qn—104 - pn—l‘ > |Qn@ - pn‘, n Z 0. (818)
Kpome mozo

’CJn—l@ - pn—ll
‘Qn& - pn|

i = [ ] . n>0,  a =[] (8.19)

Paszauunvie uenHovie (9p06u YyrasarrHoz2o 6uda uMem pasauHdvle 3HAYE-
HUA.

Hoxazamenvcmeo. VI3 pasencts (8.11) cemyer
(Gn 10 = Por1) = @ni1(Gue = po) + (n1@ = pp1), 0> 0.

Orciona, nockonbky qree — pp = (—1)%|qpae — pg| npu mobom k > —1,
HAXOJIAM

‘anrl& - pn+1| = _anJrl‘QnOé - pn| + |an104 - pn,l‘, n >0,
WJin
|Qn—105 - pn—l‘ = an+1‘QnO‘ - pn' + |Qn—|—105 - p’l”H—l‘a n > 0. (820)

B ciyuae ¢pi100—pp+1 # 0 HepaBercTBo (8.18), 09€BHIHO, BBIMOIHACTCS.
Ecin xe gui100 — ppy1 = 0, TO COrIacHO yCIOBUIO pyq > 2, TaK 4TO
(8.18) BBIMIOIHSETCS U B 9TOM CITydae.
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— |(Jj—204*pj—2|
lgj—1a—pj_1|’
9Ta BEJIMYMHa OIIpE/esICHa. Us AOKa3aHHOI'O BblIIE€ CJIEOAYET, 9YTO Oéj > 1

npu j > 1.

Byznem ucnonbsoBaTh 0003HaUCHUE (v B CJyvae, eciu

Paznenus (8.20) Ha OTJIMTHOE OT HYJIsT 9HCTO | — Dy, TOTYyTHM

1

7 NE))

Qi1 = Qpi + (8.21)
B ciyuae g1 —ppt1 = 0 1pobb B (8.21) orcyrerByer, Tak 4ro B JH060M
CIAYIae UMEEM Gpi1 < Qpiq < Gpi1 + 1 ¥ apy1 = [apy1],m > 0. D10
3aBepraeT jokaszaresberso (8.19) npu n > 0.

N3 (8.18) auist n = 0 u (8.16) jyist k = 0 naxomum 1 > a — ay > 0,
CIIEJIOBATENILHO ag = [(v).

JJomycTuM Tenepb, 9TO CyMeCTBYIOT JIBE PasddHbIe IIEHHbIe 1pobu,
VMEIOIIUE OJIHO ¥ TO K€ 3HAUCHNe

o = [CI,(); ai, as, .. ] - [b07 bl; b27 <. ]
/
Ob6o3nagnM 2—: " 7;—7 TIO/IXO/ISIIIIE JIPOOU TUX IENHBIX Apobeil COOTBEeT-

CTBECHHO 1

_ ‘%/1—204 - p;z—2|
|G, — p;L—1|7

_ |20 — pns|
‘Qn—loé - pn—1| ’

n

Bn n>1 (822)

[To jokazaHHOMY BBIIIE CIPABEJINBBI paBeHCTBa ag = [af, by = [a], Tak
q10 ay = by. IlycTh r — HauMeHblIee [eJI0e YUCI0, I KOTOPOro a, # by.
I3 pekyppenTHbix ypashenuii (8.11) caenyer, uro g, = q),, p, = p, npu
—1 < n < r. Cornacuo (8.22) npu n = r umeeM o, = f,, a n3 (8.19)
Tenepb HaxomuM a, = |a.] = [§,] = b,. [lonyuuBiieecs nporusopedne
3aBepINaeT JI0Ka3aTeIhCTBO TEOPEMBI 8.3. ]

Bblile MbI JIOKa3aJI, YTO KaXK/10€ PaIMOHAJIbHOE YUCIO MOXKET ObITh
[IPEJICTABJICHO B BUJIEe KOHEUHOM LEIHON JIpOoOu.

[Tokaxxkem, 9TO U JIJISI KaKJI0I0 UPPAIMOHAILHOINO UKUCIa CYIIECTBYET
paBHas eMy OeCKOHeUHas IenHas JIPo0b.
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Teopema 8.4. [Iycmv o — deticmsumenvroe uUppayuoHaLLHOE “YUCAO.
Honootcum cg = a u onpedesum beckoHeuHvle NOCACIOBATNENLHOCTNU
UENBLT HUCEN Ay U 0eTLCTNBUMENDHBLL YUCEA Oy PABEHCTNEAMU

1
an = o), Qpp] = ——, n > 0. (8.23)

Qp — Ap

Tozda a, > 1 npun > 1. Ecau {&} — nocaedosamenbrocms noodro-
n>0

n

dawux dpobeti beckoneunoti yennotl dpobu [ag; ar,as, . . .|, mo npu ecex
k > 0 cnpasedausv, pasencmea

Qk1Pk + Pr—1

Q= |ap; a1, ...,0 Q| = , 8.24
[90; a1 ol Op+1Gk + Qk—1 (824
(—=1)F
dk& — Pk = : 8.25
Qp4+1Gk + Qk—1 (8.25)
I[ennas dpobw [ag; ay,as, . ..| pasna .

Yucsa «p, 1mociaepoBarebHO BbIUKUC/ISEMbIE ¢ MOMOIIbIO PaBEHCTB
(8.23) HasbIBatOTCs 0CmMaAmMEAMU HENPEPLLEHOT IPobu ducia Q.

Joxazamenavemeo. TIoCKONBLKY v UppallioHaIbHOE YUCIO0, TO BCE YUCIIA
(v, TAKXKE MPPAINUOHAIBHBI. JTO CJIEJyeT U3 BTOPOro paBeHcTBa (8.23),
MOCKOJIbKY @y, — IeJible duciaa. ¥y aurbiBas, aro 0 < oy, — a, < 1, 3aKjo-
qaeM corviacHo (8.23), 410 a1 > 1 npu n > 0. Ho rorpa npu n > 0
BBINOJTHEHBI HEPABEHCTBA (yp1 > 1.

[lepBoe pasenctBo (8.24) ciegyer u3 pasencrs (8.23), eciu mepernu-
caTh UX B BUJE Q, = @y + ﬁ A j71s1 1OKa3aTeNLCTBA BTOPOrO PABEH-
crBa (8.24) moctarodno moacrtaBuTh B TOXKAecTBO (8.10) mpu n =k + 1
cIeJlyIoline 3HaueHns nepeMeHHblx: 2 = a,0 < § < k, Zp11 = agy1.

Tenepn pasercTso (8.25) cremyer u3 (8.24) u (8.12) HenmocpeacTBeH-
HBIM BbIYKCJICHIEM

e — P = G (@ 11Pk + Pr-1) — Pr(Qki1gr + 1)
Q4 1Gk + Gr—1
@GPk — PrGer (1)F

Qk1qk + qr—1 Qp1qr + Qr—1
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13 (8.25) naxopum

1 1
a— Pk < - (8.26)

G|~ qr(@ri1qe + Qp-1) Y

OTKYyJIa CJIEJLyeT, YTO MOCIC0BATEIHLHOCTD TOAXOAAIIMX APobeit % CXO-
JUTCsl K (v M, BHAUUT, (v = [ag; a1, A2, . . ..

3amernm, 9To paBeHcTBa (8.23)-(8.25) crpaBeyIUBbI U J1J1T KOHETHBIX
HEMHbIX JApobeil B pejiesiax Tex WHIEKCOB, JIJIsi KOTOPhIX CYIIeCTBYIOT

HEIOJIHbIE YaCTHBIE W nojaxoasiiue apoou. I[Ipu srom a, = TTL B op-
MyJiax (8.8).
[Tomumo (8.26) u3 pasencrsa (8.25) MOXKHO BBIBECTH U OIEHKY CHU3Y

JUTST IPUOJIMKEHNS (v TIOJAXOIAIINMI JIpodsmu. JleiicrBuTenno,
1 1 1

> —
Qp1qk + Q-1 (g1 + Dar + -1 Grr1 + @
OTKY/1a HOJIydaeM

|gra—pi| = , (8.27)

CanencrBue 8.4. IIpu awbom k > 0 svinosnsemea nepasencmeo
1
A/

3 teopem 8.2-8.4 cienyer KpUTepuii UppamuoHaJbHOCTH THCIIA.

Pk
qk

a_

CaencrBue 8.5. /Jleticmeumesvroe “uciso & uppayuoHaibHo 6 mom u
MOABKO MOM CAYUGE, Ko20a e20 uennad dpobsb beckoHeuHa.

Kaxkjast nojaxossinasi Jpodb HECOKPAaTUMa W B CUJIy HEPABEHCTB
(8.14) ymoisierBopsier (8.3), UTO HAET €Ie OJHO JOKAZATEIbCTBO CIIC/I-
crBug 8.1.

Papencrsa (8.23) pator yio0HbIi aJropurm Jijist BIYUCICHUS HElpe-
PBIBHOI JIpobu |mciia. 3HaHUE HENpPEepPbIBHOM APOOU MO3BOJISIET C IIOMO-
b0 paBeHcTB (8.11) JIerko BBIUUCIIATH COOTBETCTBYOIIUE TTOAXO/ISAIINE
JIpoOH, T.e. HAXOAUTH XOPOIIME paliOHaJbHbIE MPUOJIMXKeHusT K «. B
JlaJibHeieM Oyier oKa3aHo, 4TO ITU NPUOIMKEHUS SIBJISIOTCS B HEKO-
TOPOM CMbBICJIE HAMJTY YIITHMU.
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1417

ITpumep. Hajitu pasjioxkenue B HeNpepbIBHYIO JIpO0b Yncia ——5— 1

IEPBBIE IATH COOTBETCTBYIOMINX IOAXOMAIINX JIPOOeil.
B coorsercrun ¢ dhopmysamu (8.23) naxognum

1+ V17

12 V1743
-2 J17-3 4 7
1 4 1T+
a—1 iT—-1 4
1 4 VJ17+3
a—1 171-3 2
12 V1743
as—3 J17—-3 4

B dopmynax (8.23) kaxka0e 9UCIO (41 OJHOZHATHO OMPEJIENSIeTCSI 110

oy = a; =[] =1,

g = as = (o] =1,

as = [ag] =1,

Q3 =

Oy = = (O, ay — [044] = 1.

JUCITY (. [lOTOMY coBNajienne ay = (1 O3HAYAET, ITO OY/IyT BBITIOTHE-
HbI PABEHCTBA (5 = (9, (lg = (3 U TaK Jjlajiee, T.e. MOoC/Ie0BaTebHOCTD
a, B JAHHOM cjiydae Oyjier nepuojudeckoit. Mmeem

1+ V17
2

Papencrsa (8.11) MOryT ObITH mepenucanbl B MATPHTHOM BHUJIE
(pn—l pn—2> . (an> _ (pn>
dn—-1 4n-2 1 dn .

DTO MO3BOJIAET OPraHU30BATH BBIYUCIEHUE MOAXOJAAIINX Jpobeil, Haun-
Has ¢ n = 1, caeayrommum odpa3oMm:

2 1\ (1\_ (3 32\ (LY _ (5

10 1) \1)’ 11 1) \2)’

5 3\ [(3)_ (18 18 5\ (1Y) _ (23

2 1 1) \7)° 7 2 1) \9 )~

=2:1,1,3,1,1,3,1,1,3,...] = [2:T, 1, 3].
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B pesysibrare Haxo UM CJiejlylolue npudJinKeHust

2 3 5 18 23 41 146
12 7 97 160 577
3ameTnm, 9To

14+ v17 41

— — = —0. ATIST . ...
5 16 0.000947187

8.4 Hannydimme npubankeHns

HaHﬂquHe HpI/I6.HI/I}KeHI/I$I K 3aJJaHHOMY YHUCTY (¢ ONPEJIeJAI0TCs, KaK
HaWJIy4dIiue cpeiu HpH6JH/1>KeHH1‘/’1 C 33/ITAaHHBIM OT'PAHUYCHUEM BEJIMUNHDI
3HaMeHaTeJel.

Onpenenenue 8. Pavyuonanvras dpobo l?; HA3DLBAETNCA HAUAYSULUM
npubsudACeruem K detlicmEUMesbHoMY YUcAy o, ecat dad Mobot dpy2ot
dpobu 3 # § ¢ yeaosuem 1 < b < q 8bNOAHAECTNCA HEPABEHCNEO

b — a| > [ga — p|,
IpY2uUMU CAOBAMU, €CAU CUCTNEMA HEPABEHCINE

|z —ay| <|p—aql,

(8.28)
0<y<gq

umeem eQuHCmeenHoe pewerHue 6 yeavlr vucaaxr, a UuMeHHOo

L =P, y=4q.

BaMeTyM, 9TO Haujydinee IpubInKeHne BCeria ecTh HeCOKpaTuMast
apobb. Bean eciin p = ua,q = ub,u > 1, 10 |a — ab| < |p — aq| u
0 < b < g, re. cucrema HepaseHcTB (8.28) vMeer perieHueM U 1apy
qucen r = a,y = b.

Crnemyomas TeopemMa ONMCHIBACT CBI3bL MEXKJLy HAWIYUINIAMU TIPU-
OVKEHUSIMU K MPPALMOHAILHBIM YUCIAM U TOIXOAAIUMU JIPOOAMMU.
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Teopema 8.5. Beakoe nauayuwee npubsudcenue K Yuciy o ecmv noo-
rodauyas dpobsv x memy. Beaxas nodrodausas dpobo q” ko npun > 1
eCmb HAUAYHULEE TPUONUNCEHUE K ITMOMY HUCAY.

3aMeTuM, UTO MOIXOIIAST ,Hp06b p 0 = (1) K UYACITY (@ = %

HAWJIyqIIUM IpUOJIMKeHUEM K HeMy, TaK Kak cucrema (8.28) mmeer B

He ABJIdeTCA

9TOM cJiydae Jjuinnee pemtenve © = 1,y = 1.
Pk pk+1
QU Qe+

npuem ];Z_E =# «. Tozda cucmema nepasencms

Jlemma 8.2. ITycmo — cocednue nodxrodauyue dpoou K wuUcAy

|z — ay| < |pr — aql ,

(8.29)
0 <y < qrs1

umeem AUWb J68a PEWEHUA 6 UECADT YUCAAT, A& UMEHHO

r=DpPk, Y=dk, Uu T = Pk+1, Y = qi+1-

Joxazameavcmeo. Ilycrs (z,y) pernenune cucrembl HepaseHeTs (8.29) B
IEJIBIX YUCTaX. PacCMOTPUM CHCTEMY JIMHEHHBIX ypaBHEHW

T = Upp + UPk41,
Y = uqr + vqi1

OTHOCHUTEJIbHO HEM3BECTHBIX U, V. TaK KaK OIPEJAeUTENb 3TOW CUCTEMbI
paBeH Quy1Pk — Pre1qr = (—1)FL, 10 eit yroBnersopsioT nessle uncra.
Coxpannm Jjist HEX Te ke obosHauenust u,v. [lockoabky y > 0, To 10
KpaiitHeil Mepe OJHO U3 YUCes U, U OTJIMIHO OT HYJI.

PaccMOTprM HECKOIBKO CIYYaeB.

1. ITpeanonoxum, aro u = 0. Torna 0 < y = vqrr1 < Q1. SHAUUT,
Y= qe+1,0 = 1,1 T = ppi1.

2. IIpeanonoxxum, aro v = 0. Torna r = upk, y = uqg,u > 0, u

DK — aqi| > | — ay| = w - |pr — agl,

4TO BOBMOXKHO Jiniib 1pu © = 1. Ho Torpa x = pi, y = qp.
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3. pennonoxkum, aro uv # 0. Eciu uncia u, v uMeorT 0JMHAKOBbIE
3HaK®W, TO ycaosue y > 0 ozmadaet, uto u > 0,v > 0. Ho Torma y >
qr + qx+1, 9T0 HeBepHo. UTak, uv < 0. Umeem

T —ya = u(pr — aqy) + v(Pry1 — AGri1)- (8.30)

VaurbiBas, 4TO YMCHA Py — QG U Pgi1 — Qg1 TAKKE UMEIOT Pa3HbIe
3HAKM, 3aKJII0UAEM, YTO 3HAKM CJArAEMbIX B NPABOM YACTH DABEHCTBA
(8.30) omunakossl. [Tosromy

|z —ya| = |u| - |pr — aqr| + v - |pry1 — @qera] > [Pk — aqrl,
9TO MPOTUBOPEINT yCJIoBHIO. JleMMa oKasana. O

oxaocem menepv meopemy 8.5. Ilycthb %’; — HauJyulinee mpuodsInKe-
HUEe K 9ucly « U k — HauOOJIbIIMI MHJEKC, JIJIS KOTOPOI'O BBIIOJIHEHO
HepaBeHCTBO ¢ < ¢. IIpeamnonoxum, 4To

P — aq| < |pr — ag.

Torna omnpejesnena JpoOb Z:—Ej npudeM q < Qg+1. Ho 9T0 HEBOBMOXKHO B

CHJy JIEMMBbI 8.2. BHaqHT BBITIOJIHAETCA HEPAaBEHCTBO

ok — aqr] < |p— agql.
YUuTBIBasAg TENephb, 9TO 15)
q = qi,p = Pk, T.€. g eCTh OJIHA U3 IOJIXOIANINX JIpodeit K a.

€CTb HaujIy4duiee HpI/I6JH/I}K€HI/Ie K &, HaXOJNM

Pr+1

— K
qk+1

Hokazkem Ternepb, 4To npu k > 0 Kaxkjias MOJAX0/AsIast 1podb
YUCTY (v, SIBJISICTCS HAUJIYUIIUM NPUOJIMXKEHUEM K HEMY.
[Tycrb nesibie yucia T,y yJA0BJAETBOPAIOT HEPaBEeHCTBaM

|z — ay| < |pe1 — agqeial
0 <y < g
Coruytacro Teopeme 8.3 BBITIOTHSIOTCS HEPABEHCTBA,

|$—Oéy| < ‘pk - CYQk| 3
0< Yy S dk+1,
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97O 110 JieMMe 8.2 BO3MOYKHO JIMIIb B CAYIAe T = Pii1,Y = Qkt1. SHATHT,
p06b Phtr - JIefiCTBATENBHO SBJIFCTCA HAMITY TIIHM IpUOIMKEHHEM K (.

SV 3aBepH1aeT JIOKa3aTeJIbCTBO TEOPEMBI.

Teopema 8.6. Ecau necoxpamumas dpobn L o 4> 0, ydosaemeopaem

HEPAGEHCMBY
1
a-L < —, (8.31)
ql  2q
Mo 0Ha eCb HAUAYHULEE NPUOAUNCEHUE K O U ABAAEMCA 00HOT U3 NO0-
rodauyux dpobeti K Hemy.

Hoxazameavemso. TlpeanonoxRum, 9To 1Heable 9ucia £ = a,y = b yao-
BJIETBOPSIOT HepaseHcTBaM (8.28), T.e

la —ab] < |p—aq| ,
0<b<gq

Torjia, 10/1b3ysiCh HEPABEHCTBOM TPEYI'OJIbHUKA, HAXOUM

lag — bp| = |q(a — ab) — b(p — aq)| <

p

gla — ab| + blp — aq| < 2¢|p — aq| = 2¢° | — 5‘ <L

CnenoBarenbHo, 1e10€e uciao aq — bp pauo uymo. CorjaacHo yCaoBUIO
qucsia P, q B3AaUMHO IIPOCThI. [[03TOMY M3 JIOKA3aHHOI'O PaBEHCTBA Aq =
bp cnepyer qlb. Tlo yenosuio 0 < b < ¢, Tak uro b = g u a = p. d1o
JIOKA3bIBAET, ITO g eCTh HauJIydliee IPUOJIKEHIe K (.

Bropoe yTBep:KaeHIE TEOPEMBI ClIeIyeT Tenepb U3 TeopeMbr 8.5. [

[TokarkeM Temephb, 9TO MHOYKECTBO PAIIMOHAIBHBIX PEIICHIH HepaBeH-
crBa (8.31) GeckonedHo.

Teopema 8.7. IIpu k > 1 no xpatineii mepe odha us deyxr cocednux
Pk pk+1

il ydosaemeopaem nepasencmey (8.31).

nodrodawur dpobeti
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Hoxazamesvemeo. TIpeanosioxKum, 4To BbIIOJIHSIOTCH HEPABEHCTBA,

1 1
‘oz S ‘oz A (8.32)
qk| — 2q; Te+1] — 2G5
Ckya/ipiBas UX U MOJIB3YsCh TEM, UTO JIpobu %, z’“—i JIEXKAT TI0 Pa3HbIe
q
CTOPOHBI OT (¥, HAXOINM
1 1
_2+T_a_&+‘a_@:@_pm: |
2q;  2q;,, qk Qr+1 T Qer1|  QEQrt1

OTKy1a, BHIIOJHEB IIPOCTHIE TPeobpazoBatus, HoaydaeM (i1 — qr)° <
0, 9T0 HEBO3MOXKHO, TaK KaK (k1 > (. DTO IPOTUBOPEUNE JOKA3HIBAET,
aTo mpejinonoxkenue (8.32) HEBEPHO U yTBEPIKICHUE TEOPEMbBI BBITOJHSI-
eTcsl. [

[TocnegoBaTesibHOCTL TOAXOASIIUX Apobeil It WPPaIMOHAJIBLHOIO
qucia beckonedna. [Tosromy Haxojum ycuiienue ciejpcrus 8.1.

Caenctsue 8.6. I[Tycmv o — uppayuonasvhoe wucro. To2da cyuwecmey-

em 0eckOHEUH0e MHOHCECTGO Hecokpamumvulr dpobeti L, ydoearemeopa-

q’
nwur Hepasercmey

8.5 SDKBuUBaJICHTHBIC YNCJIa

Ha muoXKecTBe NefCTBUTETbHBIX YHCET MOXKHO BBECTH OTHOIIEHUE K-
BUBAJEHTHOCTHU. [IBa JefCTBUTEIHLHBIX UMCIa (v M 3 HA3BIBAIOTCS IK6U-
BANEHMMHBLMU, €CITV HARLYTCS TeJIbie 9uCia a, b, ¢, d, yI0BIeTBOPSIIOIIE
paBeHCTBaAM

af+0b
o= —-
cB+d

D10 oTHOIIEHUE DyIeT 0003HATATHC (v ~ (3.

ad —bc = +1. (8.33)

SamMeTnuM, 4TO KaxKJi0e Y9uCI0 (v SKBUBAJEHTHO camomy cebe. B srom
ciydae paBenctso (8.33) Beimosasiercst ¢ a =d = 1,b=c = 0.
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Eciu a ~ (3, oTHOLIEHUE BBLINOJHSETCS U B IPOTUBONOJIOKHYIO CTO-
pony, T.e. # ~ «a. [eiictBurenbho, u3 (8.33) jerko Haiitu, aTo

—da+b

cao—a

6=

Hakonern, eciu a ~ fu 8 ~ 7, 10 a ~ . HroObI npoBEpPUTH 3TO
BO3bMEM J[Ba MPEICTABICHUS

aB + b +
_ap ﬁ_m q

= = d—bc==+1 —qr = %1
“ cf+d Y+ S ¢ ‘ b ’

M TMOJICTABAM BbIparkenue Jjist 3 B nepnyio Jpodb. B pesynbrare mosy-

YUTCA PABEHCTBO
uy +v

o = )
wy +1
B KOTOPOM KO3(DPUIUEHTDI U, U, W, T ONPEEsISAIOTCs, KaK He TPYIHO 1PO-
BEpUTH, MATPUIHBIM PABEHCTBOM

)=o) ()

Tak Kak ompejieJIuTeN b MPOU3BEJICHU MATPHI] PaBeH ITPOM3BEICHUIO
orpejiesiuTe e, oTcoja ciaejayer, uro ut — vw = 1. Urak, o ~ 7.
U3 511X Tpex CBOMCTB CIEyeT, 4TO MHOYKECTBO BCEX JICHCTBUTEIbHBIX
YUCes PACHagaeTcs Ha KJIACChl YMCeJ, SKBUBAJECHTHBIX MEXKJIy CODOIA.
Ecnu npu pasnoxkennu AefCTBATENLHOTO UHCJIa (¢ B HEINPEPBHIBHYIO
JApoOb MOJIyYaeTcst PABEHCTBO (v = [ap; A1, - - . , Ay Qk41], TO, CM. (8.24),

Qg 1Pk + Pk—1
Qp1Gr + Q-1

o = [G/O; Ay, ..., akoak“rl] -

€ Dks Qs Dk—1, Qk—1 — TUCIUTETN U 3HAMEHATEN MOIXOMSIINX Tpo0eii,
y10BJIEeTBOpsTIONIHE cormacHo (8.12) paBencrny

Gpr-1 — Pri-1 = (—1)", k> 0. (8.34)

Ho sto 3HauuT, 910 (0 ~ (v} nipu Jiobom k > 0.
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Ecaun, nHanpumep, @ — panmoHaIbHOE YUCIO, PACKJIAJIbIBAIOIIEECs B
HEeIIpepbIBHYIO Apo0Ob JiuHBI k + 1, To a1 — menoe uunciao. Ho, mro-
Oble JiBa [EJIbIX YUCJIa, OUEBUIHO, SKBUBAJCHTHBI. DTO JIOKA3BIBACT, ITO
A100vie 0680 PAYUOHANOHBLT YUCAG IKEUBAAEHITHDL.

Bonee ob1ie cipaBelimBO YTBEPXKICHHE.

Teopema 8.8. /Jleiicmeumenvhoie wucaa o u 3 2K6UBAAEHMHBL M0200, U
MoAbKO Mo20a, k0204 UL PA3AOHCEHUA 68 HEnpepvieHbvie 0PoOU HAYUHAA
¢ HEKOTNOPO20 MECTNAG COBNAAAIOM.

Hokaszameavcmeo. 1IpenonokuM cHavda a, 9T0 Pa3IoKeHUsd YACeT o
u 3 COBMAIAI0T C HEKOTOPOIro MecTa. Toraa CyImecTBYIOT TaKie NHICKCHI
k, 0, aro

o = [a'O;ala' . '7ak7ak+1]7 6 = [bo;bla S 7bf7ﬁf+1]7

IpuIeM o1 = [Fey1. VI3 CKa3aHHOTO BBIIIE UMEEM v ~ Qg i1 = (pi1 ~
W, 3HAYWT, v ~ (3.

HokazkeMm Ternepb, 4To yTBEP:KJIeHUE CIPABEJIMBO B ITPOTUBOIIOJIOXK-
Hyto ctopony. [Ipeanonoxum, aro a ~ 3. Pacemorpum asiee HeCKOIBKO
JaCTHBIX caydaeB. [Ipu aToM OymeM MCHOMb30BATH 3alUCh v X (3 /s
0DO3HAYEHUs TOIO, YTO PA3JIOXKEHUs B HENPEPbIBHbIC JPOOU 4ducesl (v U
[ HauMHasi ¢ HEKOTOPOIO MECTa, COBIIAIAIOT.

1) Eciu, 8 = a+n, re n - HEKOTOPOE 1eJI0e TUCII0, TO HEIMPEPbIBHBIE
JIpobu arcesl o v [ COBMAIAIOT yyKe HaTWHAs C TIEPBOTO MeCTa, T.e. (v <
0.

2) Ilycrts = —a. MoxHo mpejmnonarath, 9T0 ¢ HE IEJI0e YU,
BeJIb 9TOT CIydaii yke pa3zobpan B myHkTe 1). Umeem

1
a=ay+ —, ay € 7, ap < a < ag+ 1, v > 1,
Y

re. a = [ag;7]. Torma —ag — 1 < —a < —ag u

-1
—a=—a—1+——=—ap—1+
8k 1
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[Ipu v > 2 umeem —a = [—ag — 1;1,7 — 1] u, yuursiBas, uro, Kaxk

JOKa3aHO B TyHKTE 1), pasioxkeHus ¥ u Y — 1 HAUXHAsT ¢ HEKOTOPOTO

MeCTa COBIAJAI0T, MoaydaeM « < [3.
Hpu1<7<2HMeeM7:1+%,p>1, TaK 4TO

a = [ag; 1, p), —a =[—ap—1;1+ p|.

YUuThIBas, 4TO pasyokenus p U 1 4+ p HAUMHAST ¢ HEKOTOPOTO MeCTa,
COBIAJIAIOT, MOaydaeM o =< —(3 = (3.
1

3) [ycrs 8 = —.

a) Paccmorpum cradana ciayvait a > 1. Torma 8 = [0;a] u yrBep-
JKJIeHUE v < 3 BBIMOJIHSAETCS.

6) Iyctb 0 < o < 1. Torna a = 748 > 1, re. a = [0;0] u
yTBepXKIeHne [ X ( TaK»Ke BBLIIOJIHIETCS.

B) Ecm a < 0, o jokazanHOMy paHee nmeeMm

1 1 1
axX —qx—=——x—

— (87 a

[Tocsie paccMoTpeHust Tpex JaCcTHBIX CIydaeB mepeiigeM K obieMy

aa + b

ﬁ:coﬂ—d’

ad — bc = +1, (8.35)

1 OyIeM BECTH JIOKA3aTeIbCTBO yTBepXKAeHus [ = o MHILYKIHei 1o |c|.

B ciayuae |c| = 0 umeem § = t+a + b u yrBepxKjeHue cjieayer us
JIOKa3aHHBIX BbIIE MYHKTOB 1) 1 2).

[Ipeanonoxum || = n > 1 u jyisi Beex 4uces1, y KOTOPbIX KOI(]-
dburmenT mpu o B 3HAMeHaTese mpejcTapieHus (8.35) mo abcomroTHOR
BeJMUMHE MEHbIIe 7, yTBEep:KJeHue BbinosiHsgercs. B ciaydae |a| < n
HAXOJIUM

1 d
B:C&—_{—}——b’ cb—ad:il,
ac

1 COIVIACHO MHJIYKTHBHOMY IPEIONIOKEHHI0 HaxoanM 31 X a, oTKy/a
1o jiokazanHoMmy Beiiie 3 < 371 =< a. YrBep:kjienue BbIIOIHSACTCS.

B cayuae |a| > |¢| moxno ne ymenbuiast obunocru cunrarh ¢ > 0.
Nnavye MOXKHO CMEHUTDb 3HAKW Yy BCeX Uuces a, b, c,d B mpeacTaBieHun
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(8.35). Paznenus kosabduuuenr a Ha ¢ ¢ ocrarkoM Haiijiem ¢ = cq +
r,0 <r < c. Torna

5 _ra+b—qd
7= ca+d
u

1 ca+d

7= B—q ra+b—gqd
Yuursisas, uro ¢(b — qd) —dr = bc —ad = £1u 0 < r < ¢ < n,
3aKJII0UAEM 110 UHYKTUBHOMY MPENOJOXKEHUIO U JIOKA3AHHOMY DAHEE

axvy=xpf—qxp.

Teopema j0Ka3aHa. ]

8.6 KsaaparudHble MPPaAIMOHAJHLHOCTHA U IIEITHBIE
JApobmn

PamunonaJibHble 9ucIa SBJISIOTCS TPOCTEHIIINMEI U3 JIEHCTBUTEIbHBIX Y-
cest. Cleyionumii o CJIOXKHOCTH MOJKJIACC AeACTBUTE]bHBIX UUCET CO-
CTABJISIIOT KBaJpPaTUUIHbIE UppaIMOHAJbHOCTU. JleificTBUTEIbHOE UKCIIO
Qv HA3bIBAETCS K6aIpamuHoti uppatuoHasbHoCmvlo, €CJIA OHO He palli-
OHAJIBLHO M eCTh KOPeHb KBaJpaTHoro rpexuiena f(x) = ax? +bx +cc
neabiMu Ko dunrenramu a, b, c. Pazgenum kosddunmrenTol Ha 0Ommii
jgenutenb u, ecan a < 0 ymHOo)XmMM TpexuineH Ha —1. Tax momydurcs
muorowted f(x) ¢ uesbiMu Ko puiueHTaMu, yI0BJIeTBOPSIIONIUi yCI0-
BUSIM

fla) =0, (a,b,c) =1, a > 0. (8.36)

Cymiectyer ToILKO ot Takoi mMuorodsen. Yucio D(a) = b* — 4ac
Ha3bIBaLTCs Juckpumunarmom c. fcuo, aro D(a) > 0 u orymdHO OT
KBaJIpaTa MeJ0ro Jucia.

B sTroMm naparpacde Mbl 00Cy 1M CBOWCTBA IEIHBIX Jpobeii, B KOTOPbIE
PaCKJIaIbIBAIOTCST KBAJPATHIHBIE UPPAIMOHAIHHOCTH.

[Tycrs D 1esioe 1osioxKuTesibHOE YUCJIO, OTJUYHOE OT KBaJIpaTOB.
MHOKeCTBO dnces Buja & +yv/ D ¢ paluoHaIbHBIME T, i 0003HAYACTCS



I'JIABA 8. LEIIHBIE /IPOBN 235

cumBosiom Q(v/ D). D10 MHOKECTBO 3aMKHYTO OTHOCUTELHO OIepaluii
CJIOXKEHUSI U BBIYUTAHWS, YMHOXKeHnus u jiesiennsi. Hanpumep, st ymno-
JKEHUS U JIeJICHUS UMeeM

(x +yVD) - (u+vVD) = (zu+yvD) + (zv +yu)VD,  (8.37)

1 oz = yv'D B x — VD
cty/D ©-Df 2-Dy  Z2-Dp
Buasnt, muoxkectso Q(v/D) apastercss nomem. OHO COTEPKUT MHOKE-
CTBO palHOHAIBHEIX dnces. Kaxoe nppammonamnbioe qncio u3 Q(v/D)
ecTh KBaJpaTUuHas NPPaOHAILHOCTD.
Tist kaxoro wucna o = x+yv D € Q(vD) ¢ paluonaibubiMu , y

OyJIeM MCIoIb30BaTh 0OO3HAUECHWE
a'=x—yvD.

gleno, 9o 1S MPPAMOHAIBLHOTO (v YNCJIO @' €CTh BTOPOi KOPEHb KBaI-

(8.38)

parHoro Tpexuiena f(x), ypoiersopsiomero (8.36). dust paunonasib-
HBIX 9HCeJ (v uMeeM o' = a.

Yucna an o’ Ha3pIBAIOTCA CONPANHCEHHBMU. [T TIOOBIX IBYX YUCE]T
, 3 € Q(v/D) BBINOAHSIOTCS PABEHCTBA

/ /
(0 (6%
(a+8) =a'+3, (a=B)=a'=p3, (af) =a'f, (—) ==
B B
B nocnegnem ciayuae npennosnaraercs, ato 3 # 0.
HpOBepI/IM ATU paBeHCTBa ,IL.HH yMHO)KeHI/IH 41 rILeJIeHI/ISI. ,H.HH CJIOZKEHU A
W BBIUNTAHUS OHW MPOBEpSIOTCA aHagornydno. Ecmm o = x +yv D, B =

u-+vvVD, x,y,u,v € Q, 10 cormacuo dopmytam (8.37), (8.38) Haxomsum
a'f' = (zu+yoD) — (zv +yu)V'D = (af3),

1 1\’

=)

G u?—Dv?2  u?— Duv?

«

(5) =@ sy =aley =) =%
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[Hennast jpobb [ag; aq, ag, . . .| Ha3bIBAETCH NEPUOJUUECKOL, €Cau 1mo-
CJIEIOBATEIBLHOCTD @, HAUMHAS ¢ HEKOTOPOIO MeCTa IIepHOJMTHA, T.e.
JIJIsT HEKOTOPOTO TEJ0ro k MpH BCEX JTOCTATOTHO OOJIBIIUX 7. BLIIOJIHSI-
eTCsl PABEHCTBO Gyyp = Ap. JApoOb HA3BIBAETCS “UCMO NEPUuoduteckot,
€CJIA PaBEHCTBO (1) = @y, BbITONHAETC s Beex n > 0. Ilepmogmue-
cKue Jipodbu Oy1yT 0003HAUATHCS

[aOQCLla---7ah;ah+1;---7ah+k ],

IJIe ity ---,0pep — Hepuoj. COOTBETCTBEHHO YUCTO HMEPUOTHUICCKHUE
JIpobu 0003HATAIOTCS

[ao,al,...,ak_l ]

Teopema 8.9 (Teopema Ditnepa-Jlarpanxka). [Tycmv o — deticmeu-
MeALHOE UPPAUUOHAALHOE Yucao. Llennas dpobv o nepuodunmna mozda
U MoAbKO mozda, K020a O — KEAOPATMUNHAA UPPAUUOHANDHOCTD.

Tor dakr, 4ro nepuojuyvecKue IemHbie Apodu ecrb Pas3/ioKeHUsI
KBa/JIPATUUHBIX HPpallMoOHaJbHOCTEH ObLI JoKazaH B 1737r. Ditgepom.
ObparHoe yTBepKJIeHHe O MEePUOJMIHOCTH IEMHOH Jpobu s Jodoi
KBa/IpaTUYHON UpPALMOHAJILHOCTH ObLI0 yeTanossieHo B 1770r. Jlarpan-
»keM. MbI HauHeM JJOKA3aTeJbCTBO ¢ IePBOTO YTBEPKICHMSI.

Aokazameavcmeo. B cienyioniem nuxKe j10Kas3arejberse OyKBbL Pj, ¢
Oy1yT 0003HAYATH UNCAUTEIN U 3HAMEHATEIN IIOAXOSIINX Apodeil 1er-
HOIt JIpobu dncIa Q.

[Tpeanonoxkum, cHadasia, 9TO HemHast Ipodb (v IUCTO TEPUOIATECKAs,

T.e. . = [@g, a1, .-, ap_1 ). Torma o = [ ag; ay, . . ., ar_1, . [TockonbKy
ar = [ g, ar, .-, ap_1 | = @, TO UMeeM & = [ ag; aq, - .., a1, @ W
_ OPg—1 + Pr-2
Q-1 T qk—2

BHaunuT, O — KOpeHb MHOrOYIeHa qp 122 + (qy_2 — Pr_1)T — pr_2. Len-
Has JPpodb ync/a o OecKoHevdHa, 1109TOMYy (v uppalinoHaJibHo. rak, a —
KBaJIpATUIHAS UPPAINOHATHLHOCTD.
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B obiiem ciiydae nmeem

Oé:[Clo;al,...,ah,CL}H_l,...,Clh+k]:[Clo;al,...,ah,'}/],

viae ¥ = [ i1, Ghig, -~ -5 Ghik |, KAK YCTAHOBJIEHO BbIIlE, — KBaJIpaTH -
Hasl UppalroHaIbHOCTh. Torma

N + Ph-1 _ —Qqgp-1 + Ph-1

Yqn + qn-1 aqn — Ph

3HAYUT, (v €CTh KOPEHb MHOI'OYJIEHA BTOPO CTEIIEHU U UPPALUOHAJIBHOE
qucyo. Teopema B OJHy CTOPOHY JOKa3aHa. [

JlokaxkeM Tenepb, 4TO KBaIpaTuUHbIe UPPAIMOHAILHOCTH PACKIIAIbI-
BAIOTCS B IIEPUOAKMUECKUE Tennble qpobu. Beemem s 9Toro eme oo
IIOHATHE.

IIycTh o — KBaJgpaTuiHas HPpPalioHatbiocTs, f(1) = ax? 4+ br +c —
MHOIOYJIEH € HEJAbIMU KOI(DMUIMEHTAMHI, VAOBJIETBOPSIOMUI YCI0BUAAM
(8.36). Bropoii koperb 9TOro MHOrOWIeHa, OTJIMYHbBIA OT «, OGbLI 060~
sHaden panee cuMposiom . Huesno o OyjeM Has3blBaTh NpucedenmbiM,

eciu
a>1, —1<a’'<0. (8.39)

ITpumep. Ilycrs D — nenoe nojgoxuTebHOE, He PABHOE KBaJIPATY IEJ10-
ro uncia. [lomoxum ag = [\/5] u o = ag++v/D. Torna a — npuseenHast
KBaIpaTHIHAs UPPALHOHAIBHOCTD. eiicTurenbho, o' = ag — VD u
HepaBeHcTBa (8.39), 0UeBUIHO, BHITOIHSIIOTCSI.

st 3aBepiiienust j0Ka3aTe/bcTBa TeopeMbl 8.9 1oHaj o0 e Tpu
BCIIOMOTATEJIbHBIX YTBEPXKICHU.

Jlemma 8.3. ITycmo «, B — deticmeumenvruvie wucaa, C8A3AHHbLE COOM-
nowenuem 3 = v+ é, 2de v yenoe wucao. Ecau B — xeadpamuvnas up-
PAGUOHANLHOCTID, MO makum Oydem u wucio o, npuvem D(a) = D(5).
Ecau B — npusedernasn k6adpamuynas uppayuonasvnocms u v = [,
mo a — npusedennad K6adpamuuHaL UpPaUUuOHaILHOCTG.
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Jokazameavemeo. Tak kak o = ﬁiv € QWD) ua¢gQ 0«

KBaJIpaTUIHAs UPPAIKOHAIBHOCTD.

Ecau o — kopenb MHOrOuwsIeHa ax? + b + ¢ ¢ neasiMu Koaddurnen-
TaMu, yjoBJaeTBopsitommmu yeaosusim (a,b,¢) = 1, a > 0, To yucio [
€CTh KOPEHb MHOTOYJICHA,

c(x —v)* + bz —v) +a=cr’+ (b—2cv)x +a— bv+ cv’.

KoadhduimenTsl 3T0ro KBapaTHOTO TPEXUJIeHa B3AaUMHO IPOCTHI B CO-
BOKYITHOCTH, ITO3TOMY

D(B) = (b —2cw)* — 4c(a — bv + cv?) = b* — 4ac = D(a).

HonycruMm Tenepb, 4To 3 — npubejeHHas KBaJIpaTUIHasd UPPALNOHAI b-

Hocth, re. > 1, —1 < < 0. Tak kak v = [f], 0 0 < f—v < 1lu
L >1

p—v '

13 paBeHcTBa, CBA3BIBAIONIEIO Yncia o U (3, yauTbiBasi, uro v = [3] >

o =

1, naxomum

1
——=v- >l

Orciopa cienyer 0 < —a’ < 1u —1 < a’ < 0. Ionyuusimecs: Hepa-
BEHCTBA, 03HAYAIOT PUBEJICHHOCTD (V. O

13 5T0it JIeMMBI, B YACTHOCTH CJIEAYET, UTO OCTATKHU Oy, MOJIYYAIOIII-
ecs P Pas3jIoyKeHUH KBaJPATUYHON HPPaIMOHAJLHOCTH (¢ B IENHYIO
JIPOOL, ABIAIOTCA KBaJAPATUUHLIMU UPPAIMOHAILHOCTAMU, UX JIMCKPU-
MUHAHTBI PaBHbI JIMCKpuMuHanTy «, 1.e. D(ay,) = D(a), n > 1.

Jlemma 8.4. Ecau a — k6adpamuvnas uppayuonaisbHoCmy, Mo YUcia
Q, — ocmamky nenpepuienoti dpobu o, npu ecex docmamouro 60ALWUT
Homepax n. 6ydym npusedeHHvLM.

Joxazameavecmeo. VI3 onpejenennst OCTaTKOB HEIPEPbIBHOM 1pobu ciie-
JIyeT, ITo o, > 1 npu jgwodbom n > 1.
Hasiee u3 papencrna (8.25) cieyer

(=1)"

Q) 1Gn + Q-1

g’ —pp = (8.40)
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41
1 (=1)"

an/+1qn = —Qn-1 + — Oé—/ _)&- (841)
" n

Pn

n

YUauThIBasg, UTO — (, W, 3HaYUT, BTOPOE CJIaraeMoe B IpaBoOil da-
CTH TOCJIETHETO PABEHCTBA CTPEMHUTC K HYJIIO, TIOJIy9aeM, UTO IIPU Beex
JIOCTATOYHO OOJIBIINX 7 BBIMOJIHSIETCS HEPABEHCTBO @, < 0.
13 (8.41) rakke ciejyer
n
(an/+1 + 1>Qn =qn — Qn-1+ i ) (/—1)17n
qn O« — q_n
[Tockonbky ¢, —qn—1 > 1, 3aKyr0ouaeM oTcIojia, YTO IPH BCEX JOCTATOUHO
OOJIbIINX N BbIIOMHSIETCs ¢,y + 1 > 0.
JlokazaHHbIe HEPABEHCTBA O3HAYAIOT, YTO JJisi 7, IPEBOCXOJSIINX
HEKOTOPYIO I'PAHUILY, BCe YHUCIa Qy, OyAYT IPUBEJICHHBIMHU. ]

Jlemma 8.5. Jlaa xaosicdozo uenozo wucaa D > 0 cywecmeyem ausn
KOHEUHOE “UCA0 NPUBEIEHHIT KEaAOPAMUYHBLY UPPAUUOHANLHOCTE €
duckpumurarmom D.

Hoxazamesvemeo. TIpeanonoKum, 9T0 o NpUBEJeHHAs KBaIPpaTHIHAI
MPPAIMOHAIBHOCTD AucKkpuMuHanTa D n f(x) = ax?® + bx + ¢ — mHo-
rousien, yjosaersopsiomuii yeiosusm (8.36). Torga b — 4ac = D u
c#0.

VesoBre IPUBEIEHHOCTH O3HAYaeT, uTo ¢ = acc’ < 0. 3naunr, b? +
4alc] = Du |b) < VD, 0 < a < D/4, —D/4 < ¢ < 0, re. upn
dukcupoBannoM D KaxKIblit u3 HeabIX KO3MMUIHEHTOB a, b, c MOXKeT
UMETD JIMIIb KOHEYHOE YUCJIO 3HAUYCHUH. DTUM JIEMMa, JIOKa3aHa. ]

Sasepwenue dokazamervcmea meopemol. JJOKaxKeM, 9TO KaxKgasd KBaJl-
paTUUHAs UPPALMOHAILHOCTL PACKJIAIbIBACTCH B MEPUOJUICCKYIO 1ell-
HYTO JIPOOb.

[Iycte v — KBagpaTwuHas WppalroHaJIbHOCThL. OboznaumMm D =
D(«). U3 nemm 8.3 u 8.4 ciejyer, 4To Haiijiercs 1eioe 9ucyio 1y Takoe,
4TO NPU BCEX N > Ny YUCIA Oy, OYIYT NPUBEJCHHLIMU KBaJIPATUIHBIMU
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UppanuoOHaJIbHOCTAME JucKpuMmuHanTa D. VI3 gemMmbr 8.5 ciepyer, 910
cpeu HUX MOXKeT OBbITh JIMIIb KOHEYHOE UHCJIO PasJndHbIX. [ToaTomy
HalIyTCs ABa MHAEKca m > { > ny TaKue, 9To &, = oy. KaxKxaplit ocTa-
TOK HENPEPBIBHOW JPOoOK OJHOZHATHO ONPEJIEJISeTCs 110 MPEJIIIeCTBYIO-
meMy octaTky. [IoaToMy i1 = Quyaq, Quuao = Quio 1 T.J. OO03HAYUNB
k= m — 1 > 0, noinyuuBiInecs paBeHCTBa MOYXKHO 3alliCaTh B BUJIE
Qpip = Q pu Jaobom n > . Tpebyemasi mepuognIHOCTH HETPEPHIB-
HO# pobu JI0Ka3aHa. H

Onpenennm Tenepb, pas3ioykKeHne KaKUX KBaJPATUIHBIX HPPaIio-
HAJILHOCTE B IEMHYI0 Jpo0b OyIeT YUCTO MePUOIUICCKUAM.

Teopema 8.10. IIycmv o — keadpamuvras uppayuorasvrocms. Llen-
Haa dpobs o bydem wucmo nepuoduveckoti 6 Mmom U MoALKO MOM CAY-
wae, ¥020a v — NPUGEICHHAA UPPAYUOHANDHOCTD.

Hoxazamesvemeo. Ecin nennas apodb v UMCTO MEPUOJAHUECKAS, TO C
HEKOTOPbIM HaTypaJbHbIM k mpu JitoboM 1 > (0 BBIIOJTHSIOTCS PaBeH-
CTBA Qi = Q. B 9acTHOCTH, O = Qg = Qi TIPU JIEO0OM 11e710M 77 > 0.
BriOpaB 7 10cTaTOYHO OOJIBIINM, B COOTBETCTBUU C JeMMOi 8.3 3aKJIf0-
yaeM, 9TO (¢ — NPUBEJIEHHAs KBaJApaTUIHasl UPPAIUOHAIBLHOCTD.

[TpeamnonokumM Terneph, 9T0 (« — NPUBEIEHHAsT KBaJIPATHIHAS UPPa-
muoHabHOCTE. [lo Jlemme 8.3 MOXKHO yTBEpXKIAaTh, 9TO BCE UHUCIA (i,
n > 0, npusegennl. CoryacHo TeopeMme Jiiiepa-Jlarpan»ka HaiayTCs
reJsible MHAEKChl k u ¢ Takue, 9TO npu JiF000M 1 > £ BBIMIOJHSIETCS Hepa-
BEHCTBO (pi ) = Q. DysieM cunTarh, uTo £ — HauMeHbIIee 9iCI0 ¢ 9TOM
coitctBoM. Jlonycrum, aro £ > 1. U3 papencrs

1 1
Qp-1 = ap-1+ —, Qppf—1 = k-1 + (8.42)
Qe Qo+
ciaenyer
1 , 1 .
T T M1 T Gy T = Q-1 T Q-

Qy Ay g
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VuureiBasi, 4TO Qy—1 U Qpik—1 — IPUBEJEHHDBIE MPPAIMOHAIBLHOCTH, 110~
aydaem 0 < —a,/; <110 < -, ; <1, TaK 4ro

= o
ar-1 = |—— 1> k-1 = |~ .
Qy Xptk

U3 pasencra oy = oyqp crenyer o = o, u ap_1 = aspp—1. Bosspa-

masich K paBeHcrBam (8.42), mosydaeM qy_q = Qyip—1, 9TO MPOTHBOPE-
qur munuMasbiocru £. CuepoBarenbho, £ = 0. ]

8.7 MWcnoan3oBaHue IEIMHBIX Apobeil Ajs pelneHud
HEKOTOPBIX ANO(AHTOBBIX YpPaBHEHMIA

[Tycrs d — HaTypasbHOE YUCITO, HE ABJISIONeecs KBaIpaTOM KaKOro-jinoo
nesjoro uuciaa. InodanroBo ypapHeHue

vt —dy* =1 (8.43)

Has3bIiBaeTcs ypaBHenueM [les. fcHo, uTo ecim napa 1nesibix dncesl T,y
€CTb pelleHre 3Toro ypaBHeHus, To ducia £, =y npu JiodoMm paciipe-
JeJIeHUN 3HAKOB TakKKe OYJIyT COCTABJATH pelieHue ypaBHeHus (8.43).
[TosTomy, ocraBuB B cTOpoHe TpuBHajbHOe pemenne r = +1,y = 0,
najiee OyeM paccMaTpuBaTh perieHus ¢ yeaosuem x > 0,y > 0.

Eciu uncia x,y obpasyior pemenue ypasuenus (8.43), ro x? > dy?
u x> +/dy. Ho rorma

1
v —Vdy| =

1
<
c+vVdy 2V/dy

1 1
Vd— 2| < <
¥yl 2vdy?r o 2y

C nmomotbio TeopeMbl 8.6 3aKa0UaeM Ternepb, 9TO JIPO0h % eCTh TOJI-

XOAMAs IPOOb K TUCITY Vd. Takuu obpas3oM, 3aj1a9a HaXOXKJICHUs pe-
menuit ypapuenusi [lesisg B HaATypaJibHbIX YUCIAX CBOJMUTCH K MOUCKY
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TeX U3 MOAXOAANMX Apobeit s Vd, Koropbie YIOBJETBOPSIIOT 3TOMY
YPaBHEHUIO.
Pazjioykenns B 1emuabie 1podu duces BIIA Vid 00J1a1aI0T PsiIOM OCO-

bennocreii. K onucanuio ux Mbl ceituac u nepeijiem.

Jlemma 8.6. ITycmov o — npusedennasn K6aIPAMUYHAA UPPAUUOHAND-

nocmuw. Toeda B = —= — maxowce npusedennaa xeadpamuunad uppa-
[0

yuonasvrocms. Ilepuod uennotd dpobu B cocmoum u3 wuces nepuoda

Q, 3ANUCAHHBLT 8 00PAMHOM NOPAJKeE.

Hokasamenvcmeo. YTBepKaeHue, 9To (3 eCTb KBaJApaTudHas HPPaId-
OHAJILHOCTDH, OYEBHMJIHO, TaK KaK ' eCTh KOPEHb TOrO K¢ MHOIOYJICHA
BTOpPOIi cTenenn, 9To u <. [IpuBegeHHocTs [ 03HavaeT BLIMOJIHEHNE CIIe-
JIYIOIIUX HEPABEHCTB

1 1
f=-—>1 -l<f=-=<0
« «

[TepBoe U3 HUX BBINOJNHAETCA, TOCKOILKY —1 < o/ < 0, a BTOpOE — B
CUJIy TOTO, 9TO @ > 1.

[Iycrs o = [@g, a1, - - -, G| — YUCTO EPUOJUUECKASI B CUJLY TEOPEMbI
8.10 memHast 1pobb umcia <. Torma cripaBeInBbl PABEHCTBA,

1
ap = ap + , k=0,...,m, o) = Qi1 = Q. (8.44)
Qk+1
Ob6osnammm By = —= A - k=0,...,m+1. U3 (8.44) ciemyer
m+1—
, 1
o = Qg + —
Q1
WINA B JIpYTUX 0003HAUCHUSIX
1
— = ap — Bm—k' (8.45)
ﬂm—kl—k

Memsist cropoHaMu wiieHbl paBeHcTBa (8.45), Haxojum

1
Bt = ax + ——— 0<Ek<m.

5m+1—k7
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BBejieM HOBYIO nepeMeHHYyIO ¢ = m — k Jijisi 0003HAYEHUST WHICKCOB.
Torma MoOTyYUBIITHECs PABEHCTBA MOTYT OBITH MEPerucaHbl B BUE

1 .
Bi = am—i + =—, 0<i<m. (8.46)
i+1
Corsacho jsemme 8.3 BCe 9UCIA Q1 NpuBeJeHbl. Kak J0oKa3aHO BbI-
e, OTCIOJa CJeyeT HPUBEJIEHHOCTL Yuce]l [F; 1, 3HAYUT, HEPABEHCTBA,

By > 1. Teneps u3 (8.46) nonyuaem [5;] = apm—i, 0 < i < m.

3 onpenenennst aucen [ cienyer, 9To B,11 = —O%O, = — a} - = 0.
m—+
[Tostomy (8 =[G, - - -, Gg| ¥ 9TO 3aBEpIIAET JOKA3ATENbLCTBO JJEMMbL. [

Jlemma 8.7. Ecau d — namypasvroe wucro, me ABAANULEECA KEaIPa-
MOM HUKAKO20 UEA020 YUCAA, TO

Vd = lag; aq, ..., ag, 2ag],

ede ayg = [\/E], nputem ynopadouennovil Habop YUCE G, . .., A CUM-

MEMPUYEH, M.€. A1 = Ak, Ao = Ag_1 U M.0.

Toxazameavemeo. Yucio v = ag + Vd npuseaeno. JeficrBurenso,
OHO, OYEBWJIHO, yJIOBJIETBOPSIET HEPABEHCTBY Y > 1, a KpoMe TOro jijis
v = ag — Vd B cuny ag = [v/d] Bemomusiercss —1 < ' < 0. Cormacuo
TeopeMe 8.10 MOXKHO yTBEPK/IaTh, UYTO Y UMEET YUCTO MePUOUIecKyio

HEMHYIO Apo0b. YuurhiBasi, 4o [y] = 2ag, HAXOAUM

v = [2ag, a1, . .. ag] (8.47)
C HEKOTOPBIMU LEJLIMK A1, . . ., Ax. OTCIOfa B CULy paBeHcTBa 7y + 7 =
2ag ¥, CIeI0BATEIHHO,

1
v =200 + 77—,
1
<_7)

OJIYYaeM pPas/IoKeHue

1

—7 = lay, ..., ax, 2ap).

Corytacho Jjiemme 8.6 orcioga ciepyer v = [2ag, ag, - . ., a1]. CpaBuusas

9Ty TenHyo 1podb ¢ (8.47), mosydaem yTBepkKaeHue o cumMerpuu. [
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Jlemma 8.8. IIycmov d — namypaavioe 4ucao, ne ABAAOWEECA K6adpa-
MOM HUKAKO20 U4eN020 U (i — NOCAEIOBAMEALHOCTD 0CTNATMKOS UenH ot
dpobu \/d, onpedenennas pasencmeamu (7.15). Jaa wascdozo n > 0
BHINOAHACTNCA PABEHCINGEO

A, d
= BLI, A, >0, B,>0, (8.48)
2de A, B, — ueavie wucaa. Ipu n > 0 cnpasedausv, pacencmea
d— A2
Api1 = anB, — A,, Bpy = B—"H, Ag=0, By=1. (8.49)

Joxazameavcmeo. JJokaxem papeHcTBo (8.48) ¢ MOMOINIBIO MHJLYKIINK
o n. s n = 0 yrBepxkaenne pumosasercsa ¢ Ag =0 u By = 1.
[Iycts Temeps n > 0 m yTBep:KJeHne BepHO JJid UKCIa vu,. U3 pa-

! 1
My = =g cllellyer oy > 1, —1 < a; <0, Tak

1
BEHCTB (X1 = —F&——
1 Vd—aq
9710 (vp — IpuBeIeHHOe YN0, CorytacHo jJemme 8.3 MOXKHO yTBEPKJIATh,

4YTO (v, y1 — HpuBeJeHHOe uncao. O6o3HATNM
az® + bz + ¢, a,b,c € Z, (a,b,c)=1, a>0,

MHOIOYJIEH, KOPHEM KOTOPOI'O SABJISAETCS (1. VI3 yeJaoBuUil NpuBeieHHO-
CTH CJIEJIYET, UTO (i1 > Q) 1. 11oaTOMYy

—b+ V D(an—l-l) / —b— D(Oénﬂ)
2a ’

Gnt1 = 2a ’

Apy1 =

rae D(apy1) = b® — dac — auckpumunant ay,11. Bee uncna «; upu
j > 0, UMeIoT paBHLIe JUCKPUMUHARTEL, ToaToMy b? —4ac = D(«a) = 4d.
Orcroga ciejyer, 9ro b 4eTHO U ¢ uesabiMu duciaamu A,1 = —b/2,
B,11 = a > 0 cupaBeyinBO 1pe/icTaBIeHIE

Bn+1 .

2An+1
Bn+1

(8.50)

Apt1 =

Hucno ay, 1 1pUBEJIEHO, 1OITOMY
An—i—l > 0.

= Qpy1 + o) > 0 n, 3HaunT,
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PasencrBo o, = a, + ﬁ MOKHO IIE€PEINCATh B BUJE (i1, —

a,) = 1. [loncraBnsas cioma npencrapienus (8.48), (8.50) u ymuoxast
IOJIyYMBIIIeeCs: PaBEeHCTBO Ha B, B, 11, Jerko HaXouM

(Aps1 + V) (A, — anB, + Vd) = BB (8.51)

PackpblB CKOOKM B JIEBOI YaCTH MOJIYIUBIIETIOCS PABEHCTBA U IIPUPAB-
nsiB K Hyo koadpdunuent npu Vd, nonyuum A, — ap,B, + Apiq = 0,
TaK 9TO

An+1 == CLan — An
Tenepn u3 (8.51) crepyer d — A%H = B,B,.1n
d— A121+1
B,

JleMMa TTOJIHOCTBHIO JIOKa3aHa. N

Bn+1 — (852)

Jlemma 8.9. Ecau 6 ycaosuaxr npedvidyuwet semmol 5—” — N0drodAULAA

Ipobv % Vd, mo '
p2 —dg® = (=1)""'B, 4, n > —1. (8.53)
Hoxazameavemeo. W3 (8.24) npu a = Vd u k = n naxomum
ani1(gVd — o) = po1 — o1 Vd. (8.54)

YMHOKHUM 00€ 4aCTH 9TOI0 PABEHCTBA Ha, gV d + p,. B pesyJibTaTe 1o-
JTYIATCS

ani1(q2d = %) = (Pu1 — Gu1Vd)(guVd + pn).

Ecnu nmogcraBuTh B 9T0 PaBEHCTBO BbIPAXKEHUE JUIT (ipy1 U3 (8.50) m,
BOCIIOJIb30BABIINCH HPPAIIOHAIBHOCTHIO \/E, CpaBHUTH KOIDPHUITUEHTDHI
npu Vd, Gyaem numers

n

2 2
g,d —p
“ L= Pn—19n — gn—1Pn — (_1) .

Bn—i—l

[Tocsieaee paBeHcTBo BbinosHsercs B cuiy (8.12). Dro 3aBepuiaer jio-
Ka3aTeJIbCTBO JIEMMBI. [
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Cutejiytoiasi TeOpemMa OIMUCHIBAET MHOXKECTBO BCEX DEIICHUil ypaBHe-

aust [lesns (8.43).

Teopema 8.11. ITycmov d — namypasvroe wucro, ne pasroe Keadpamy
Uen020, U

Vid = lag; aq, ..., ag, 2a0)

— paznodicenue 6 uennyto dpobv ¢ maumenvwum nepuodom. Mrooice-
cmeo pewenutl ypasuernus Ilears 6 HaMypasvbHoLL YUCAAT COCMOUM, U3
nap (Pp, qn) wucsumenetd u anamenamenet; nodrodawur dpobet x Vd ¢
yeaosuem, wmo n + 1 wemno u deaumca wa k + 1. Onpedeaum ueavie
NONOHCUMEALHBIE YUCAA T1, Y] PABEHCMEAMU

Pr+ qVd ecau k nevemmno,

21 +yvVd =
L (pe + qpV/d)? | ecau k wemmo.

Bce pewenus ypasnwenus Ieans (8.43) 6 namypasvuor wuciax obpa-
3Y10m nocaedosamesvbrocms (Lo, Ym) U NOAYUAIOMEA 1O HopMYAE

Lo 4+ ymVd = (x1 + 1 Vd)™,  m=1,2,... . (8.55)

BameTuM, 9TO TpuBHAJIbHOE perierne ¢ = 1,y = 0 ypaBuenus (8.43)
nostydaercst o dopmyuie (8.55) npu m = 0.

Hoxazamesvemeo. Kak yxke roBopusioch B HauaJje naparpada, Bce pe-
menust (x,y) ypaBHeHus [lesid B HATypaJbHBIX YUCIAX COJEPKATCS
cpeJin YucanTeseil 1 3HaMeHaTeseil moaxoasimmux Jpobeit K \/E Coruiac-
1o dopmysie (8.53) napa uucesn (pn,q,) Oyjer pelieHueMm ypasHEHUsE
[Tenis uib B cydae, KOrJia BBIIOJHAIOTCS JIBa YCJIOBUSA

1) n HeyerHo,

2) Bpy1 = 1.

PapenctBo B, 11 = 1 BBINOJHAETCSA B TOM U TOJILKO TOM CJIydae, KOrja
pi1 = An+1+\/8. Tak Kak IpU 3TOM v, 11 IpuBegeHo, To —1 < A, 1 —
Vd < 0, u, snaaur, A,y = [Vd] = ag. CieoBarebo, paBeHCTBO
B,+1 =1 umeer mecro B TOM ¥ TOJILKO TOM CJIy4ae, KOrjaa (i, 11 = Qg +

Vd = [2ag, a1, ..., ax], T.e. ¢ HEKOTOPLIM TEJLIM 1 > 1 BLIOTHACTCS
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n+1=m(k+1). Urax, Bce pemenus ypasnenus [leist B HaTypaabHbIX
TUCIAX COBMAJAIOT € TAPAMU IUCe (Pn, ¢n ), HOMEPA KOTOPBIX HEIETHBI
u yjoBjerBopsioT yeiaosuio n+ 1 = m(k + 1). D10 jgokaspiBaer nepsoe
YTBEPIKIEHUE TEOPEMBI.

Y100b! HANTH POPMYJIBI A1 PEIIeHTH JOKaXKeM CHATAJIA, ¢ TTOMOTITHIO
UHJIYKIAK 110 N CIPaBEJJINBOCTL PABEHCTB

=y > (0 (8.56)
—_—, n > 0. .
Pn — Qn\/a

IIpu n = 0 (8.56) careyer u3 pasencrsa vd = ag + ail [Ipeamonoxxum,
aron > 1ln
(=1)"

d1Qg * - Opt1 =

Qg -y = : (8.57)
Pn—1 — Qn—l\/a
13 (8.54) cemyer
n—1Vd — P
ozn+1:—q Wd—p L 0> 0.
Qn\/a — Pn

Teneps jist Toro, 4TodbI 101y 4nTh (8.56) J10CTATOUHO TEPEMHOXKKUTD JIBA,
nocjeInue paBeHCcTRa.

B cayuae n+ 1 = m(k + 1), moan3ysich TeM, 9TO HenHas japodb Vd
uMmeeT neprof ainHoi k + 1, T.e. a1 = q;, HAXOIUM

(_1)m(/€+1)
(pr — qeV/d)™

Cpasrusasi 510 pasencrso ¢ (8.56) upu n + 1 = m(k + 1), nosyuaem

Pn — Qn\/a - (pk - Qk\/a)m

gy = (- agp)” =

1 1epexo/sd K COIIPA2KEHHbIM YUCJIaM —
P+ @V = (pr + gVd)™. (8.58)

Ecnu k neuerno, o npu jiobom HarypagbHoM m uuciao n+1 = m(k+1)
oyser derabiM. CregoBare/bHO 1pu JIFOO0OM HATypPaJbHOM M Hapa Ie-
JBIX 9ucest (Pn, Gn), ONpenesentas paseHcTBoM (8.58) Gyaer perieHuem
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ypasrenusi [Tesisi. D10 J0KA3BIBAET BTOPOE YyTBEPKICHUE TEOPEMbI [IPH
HedeTHOM k.

Eciu xe k gerno, ro n + 1 = m(k + 1) 6yzer HederHbIM JulIb B
ciydae, Korga m = 2r — gerno. Torga u3 (8.58) naxomnm

Dn + Qn\/c_i = (pk: + Qk‘\/a)% - (1'1 + yl\/zl)r'

DTO 3aBEPIIAET JI0KA3ATETHCTBO TEOPEMBI. ]

CraenctBue 8.7. Pewenua ypasnenus Ileanrs mozym 6vims natidenot ¢
NOMOULLIO PEKYPPEHMHBLT COOMHOULEHUT

Tmt1 = T1%m + dY1Ym,

Yn+1 = Y1Tm + T1Ym,
cnpasedausoir npu m > 0.

st mokaszaresbeTBa 9THX (DOPMYJT JIOCTATOTHO 3aMETHTh, UTO U3
(8.55) cremyer paBeHCTBO

Tm+1 + ym—&—l\/a = (xm + ym\/a) (xl + yl\/g)a

1 BOCIIOJIB30BABIINCH HPPALMOHAIBLHOCTBIO V/ d, CPABHUTD COOTBETCTBY-
foie Ko OUIreHThl B JI€BOI U MPaBOil JacTsiX.
IIpumep. Haiitu Bce perenns: B HATYPaJbHBIX UYUCIAX YPABHEHUS

z? —29y° = 1.

Cutestytolue BbIYUCICHUS PACKJIQbIBAIOT v = /29 B HENpepbIBHYIO
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JIPOOb.

ap = V29 , ap = o] =5,
1 1 V29 +5

a1:&0_5:\/2__5: TR a; = |ai] = 2,
1 4 V29 +3

0‘2:a1—2:\/2—9_3: e ay = [an] =1,
1 5 V29 + 2

0‘3:a2—1:\/2—9_2: = az = |ag] = 1,
1 5 V29 +3

a4:&3_1:\/2_9_3: T ay = [oy] = 2,
1

Takum obpaszom 29 = [5;2,1, 1,2, 10]. B nannom cayuae k = 4. [Tocse-
JIOBATETHLHOCTD TIOJIXOIANINX JIPOOEii B paccMaTPpUBAEMOM CIydae TaKOBa

po 5 11 16 27 pg 70
@ 17 27 37 57 ¢q 13777

Tak Kak B JJaHHOM CJIydae k 4eTHO, HAXOJIMM B COOTBETCTBUU C TEOPEMOii

8.11

1 +11v29 = (70 + 13v/29)? = 9801 + 1820v/29.

SHaYUT, HAMMEHbIIIEE PEIIeHUE JJAHHOIO YPABHEHUsI B HATYPAJIbHBIX THC-
nax umeer Buj 1 = 9801, y; = 1820). ITociemoBareibHOCTL BCEX pe-
HICHUIT MOXKEeT ObITh BBIYMCJICHA, 110 (POPMYJIaM

Tma1 = 9801x,, + 52780y,,,
Ynt1 = 1820x,, + 9801y,,,

Hanpumep, Bropoe n Tperbe peliennst iMeoT B,

(192119201, 35675640), (3765920568201, 699313893460).
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13 jiokazaresbersa Teopembl 8.11 ciegyer, uro ypashenne 22 —dy? =
—1 paspenmMo B [EJIBIX YUCIaX JUIIh B CJIy4ae, €C/Id JJINHA HAMMEHb-
LIero nepuoja Hernoil apobu v/d mederta. VI3BeCTHDI JIUIIb HEMHOIHE
cJIydan, KOrja MOYKHO YTBEPIKIATh, UYTO 9TO YpaBHEHUE Pa3PENINMO, He
pacKIaabBast Vd B LEMHYIO 1po0b.

Jlemma 8.10. Ecau p — npocmoe wucao suda 4n + 1, mo ypasnenue
vt —py’ = -1

PA3PEUWUMO 6 UCADLT YUCAGT, U, 3HANUM, HAUMENDWUT NePuod padno-
HCEHUA /P 6 UENHY0 IPOOL UMEEM, HEYEMHYIO DAUNI.

Joxasameavcmso. Tlycrs (u,v) — HauMmeHbllee pelieHUue ypaBHEHWUsl
22 — py?> = 1 B HaTypadbHbIX unciax. OHO CYIMICCTBYET COTIIACHO TEO-
peme 8.11. Torma u* — v?> = 1 (mod 4), u, 3HAYNT, U — HEUETHO, & U —
qerno. [ockonbky “FF — Y= = 1, uncna “5 u %51 B3aMMHO POCTBL.

Tenepb u3 paBeHcTsa

u—1 u+1 v\ 2
. — p _

2 2 2
3aKJI09aeM, 9TO ¢ HEKOTOPLIMIA HATYPaJbHBIMU UHCJaMu S,t 1 € = +1
BBITIOJIHSAIOTCsI PABEHCTBA,

€ — €
ut = t2, ¢ = psQ.
2 2

3 91ux paBeHcTB ciiejyer
_— p32 = €.

YuurbiBast yCJ0BUE MUHUMAJBHOCTH IPU BbIOOPE perienust (U, v) u Hepa-
BeHcTBO 1 < § < v, 3aKioyaeM € = —1 u, 3gaunt, u? — pv? = —1. U3
Pa3peIINMOCTH ypaBHEeHHS 22 — py? = —1 B IIeJIBIX UNCIAX CIAEILyeT, ITO
HaMMEHbIINI IepUOJ| Pa3/IOKEHUs /P B UEIHYIO JpOOL MMeeT HeUeTHY IO

JIJIAHY. [l
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Cutestytornee yTBep:kieHne y»xe ObLio JJoKa3aHo paHee, cM. jemmy 6.4.
3/1ecb MbI ITOKaXKeM, KaK C IIOMOIIbIO0 HEIPEPBIBHBIX Jpobeil MOXKHO Ha-
XOJIUTH PEIIeHUsI COOTBETCTBYIOIIEro JUO(aHTOBA yPaBHEHNUS.

Teopema 8.12. Ecau p — npocmoe wucao suda 4n + 1, mo ypasmenue
Yyt =p
PA3PEUWUMO 6 UCALT YUCAAT.

Hoxasamensvemeo. Uz nemmvbr 8.10 ciepyer, 9TO JIMHa HAMMEHBIIETO
nepuojia LenHoit apobu /p nederna. Bmecre ¢ yTBepyKaeHueM JeMMb
8.7 9T0 TO3BOJISET 3aIUCATD

VD = lagsar, ..., ar,ap, ..., a1,2a).
Torna
g1 = [y, ... 01,200, a1, ..., Gy |
1 1o Jiemme 8.6 3aKJjo4aeM = ——— Buaunt, a0, = —1
. r+1 — a, y Gr+1Ge 1 — .
Az, -
[Tonb3ysich Temepn mpecrasaenuem (8.48) maxommm % = —1 u,
ciresosarenbio, A2, + B2 | = p. O

3aMeTuM, UTO NPUBEJEHHOE JIOKA3ATEIbCTBO JAET U CI0COD BHIYUCIE-
HUA perieHnsd. Tak npu p = 29 umeeM r = 2 u ag = QJFT V2 Tlapa uncesn
(2,5) cocrasnser pemenne ypahenus 2 + y? = 29.

Bmopoe doxasamensvcmeo meopemn, 8.12. Tak Kak p npu jejennn Ha 4
Jaer B octarke 1, To mo Teopeme 6.1 Haiijgercs 1ejioe 9UCIO G, yI0BJIe-
TBOPSIOLIEE YCJIOBUSIM

a*>+1=0 (mod p), 0<a<np.
Pasnoxum panuonaibHoe 1UCIO ¢ B IENHYIO ApoOb, U MyCTb % T101XO-

Jidiast Jipobb K % ¢ HauOOJILIIIUM HOMEPOM, YJIOBJIETBOPSIONINM Hepa-

BeHCTBY i < /p. Tornma \/p < qry1. U3 nepasencrsa (8.26) cienyer,

ITO ] {
2B < <

PG| T GGri1 QD
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YMHOKHUM 00€ 9acTH TOC/Ie/IHer0 HePaBEHCTBa Ha, IPOU3Be/IeHne 3HaMe-
HaTeseil geBoit qactu. B pesynbrare mosyanTes

lagi — ppr| < /P

Torna
(aqr, — ppi)* + q; < 2p.

Kpowme Toro umeem aqy — ppr = aqi (mod p) u
(agr — ppr)”* + ¢ = qp(a® +1) =0 (mod p).

Ha unreppasie 0 < x < 2p ecTb TOJIBKO OJHO IEJI0€ YNCIIO, JEJISAIIEeeCcs
Ha p, a umenno camo p. [osromy (agx — ppr)* + @2 = p, T.e. ypaBHEHHUIO
TeopeMbl 8.12 yJIOBJIETBOPAIOT YUCTA & = aqy — PPk A Y = Q. [

Hanpumep, nas permenust ypaBHenus x> + y°> = 29 3aMeTnM, d9TO
cpaprennio x° + 1 = 0 (mod 29) ynosnersopser uucio x = 12. Crpa-
BEJJIMBO PA3JIOKEHUE B IIECMHYI0 JAPO0ODL % = [0;2,2,2,2]. Yucauresnb
¥ 3HAMEHATEJIb MOJXOAAIeiH apobu Z—; = [0;2,2] = % YJIOBJIETBOPAIOT
JAHHOMY yPaBHEHHUIO.

He tpymno nokasarb, 9To ypaBHeHne u3 TeopeMbl 8.12 ¢ TOUHOCTHIO
JIO TIEPECTAHOBKM IIEPEMEHHBIX UMEET ¢JIMHCTBEeHHOE PElIeHUe.

8.8 PazioxeHne dmucia e B IeMHYIO JIPOOH

Knaccnaeckast mocrostnnast e onpenessdeTcda B KypcCax MaTeMaTUudIeCKOro
aHaJIn3a 1Ipeaeciom

n—oo

1 n
lim (1 + E) = 2, 718281828459045235360287471352662497757 . . .

Kak MBI JIOKaXKeM HUKe 9Ta JecaTUIHas JpoOb ODeCKOHETHA U HEe WMEET
neproa.

BykBy € jijisi 0003HaUYeHUsI yKa3aHHOI'O Ipejiesia BIEPBble CTaJ MC-
noib30BaTh JI. Ditjiep, KOTOPHIN jl0Ka3a s Takxke B 17371, ciejyroriee
yTBEpKJIeHHE,
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Teopema 8.13. Pasnooicenue wucaa e 8 uennyro dpodbv umeem 6ud
e=102;1,2,1,1,4,1,1,6,1,1,8,1,1,10,1,.. .].

B orynume or JecsaTHUHOIO Pas3jioyKeHUs ILelHas JIpodb € yCTPOoeHa
PEeryJasapHO: Mapbl €INHUIL ITePEMEXKAIOTC MOCIEI0BATEIHLHO UIYIIIMI
YeTHBbIMH drcgaMu. MOXKHO IpejicTaBUTh ceOe ee HeloJIHble YaCTHBIE a;
npu ¢ > 1 mHave, 3aMETHUB, UYTO WX MOCIEI0BATEIHLHOCTh PACIa aeTCst
Ha OTPE3KH, COCTOSIIME U3 Tpex duces u umeiomue suj 1, 2m, 1, roe m
npuHuMaer 3Havdenusd 1,2,3,.... [TosTomy nennywo Jgpobb JJisi € 4acTo
3anuchiBaloT B BUje [2; 1, 2m, 1],>1.

Taxk Kax nemHas Jpodb Ync/ia e OeCKOHeUHa, UMEEM COIJIACHO BTOPOMY
YTBEPAKJIEHUIO TEOPEMBI 8.2

CaeacrBue 8.8. Yucao € uppayuonasvho.

st nokazareabcTBa TeopeMbl 8.13 paccMOTpUM OECKOHEUHYIO TTOC/Ie-
JIOBATEJIbHOCTD JleicTBUTEbHBIX unces 1, Iy, I1, Is, . . ., onpegeeHnyo
C IIOMOIILI0 UHTEI'PAJIOB

1 !

Iyno=— [ e2a"(1—a)'dx, n=1,
n: Jo
1

JA—— — e’ r" (1 —x)"dx, n>0,
n:Jo
1

Iy, = — [ €“2"(1—2)""dz, n>0.

n! 0

DT YKCIa CBA3AHBI MEXK/Yy COOOW PEKYPPEHTHBIMU COOTHOIICHUSIMHE.

Jlemma 8.11. Bcee wucaa I,k > —1, neompuuamesvrwv, u obpasyrom
yovsarowyro nociedosamesvrocms. Cnpasediusn, pasencmea

Isp_90 =131 + I3y, n>1,

I3, 1 =13 + I3541, n 20,
I3, = (2n + 2) 13,11 + T340, n > 0.



I'JIABA 8. LEIIHBIE /IPOBN 254

Hoxasameavcmeo. JokaxkeMm cHadaJia PaBEHCTBA, CBS3bIBAIOLIAE UNC/Ia,
I;.. meem

1 1
I3n—2 — I3n—1 = .l e‘”x”(l - I’)n(l - ZB)d.Z’ = [3n7
n: Jo
1 ! 2\n+1
1 1

= e’(x — xz)”(x —(1—2)) = I3,-1 — I3,.
"Jo

BTopoe paBeHCTBO MOIYy4YeHO MHTEIPUPOBAHUEM IO dacTam. s moka-
3aTeJILCTRBA TPETHETO COOTHOIIEHNS BOCIIOIB3YEMCsT TeM YKe TPUeMOM

-1 1
Ignyo = m/o (z — %) d(e”(1 — z))dz =
1 1
N (77;74_1)'/ ezxn(l — .I)n+1<1 — Qx)dx = I3, — (271 + 2)[3n—|—1-
- Jo

JlokazaHHbIE paBEHCTBA MOI'YT OBITH 3allMCaHbl €JJUHOOOPA3HO B BU/IE

Iy = bpdy + Iy, k>0, (8.59)
rie
1 ecm k= 3n — 1,
bp=1<1 ecn k = 3n, (8.60)

2n+2 ecm k=3n+1.

YTBepKIeHUEe JIEMMbI O TIOJIOXKUTEIHHOCTH Yuces [ ciaeayer u3 To-
ro, 4TO BCE MOJMHTErpajibHbie (PYHKIMKU HenpepbiBHbl Ha oTpeske [0; 1]
v nosokuTeabHbl Ha uHTepBase (0;1). Temeph ¢ MOMOIIBIO paBEHCTB

(8.59) u (8.60) momywaem Iy_; > I, k > 0. O

Bsenem obosnauenus

s

= — k> 0.
Qe Ik, =
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U3 semmbr 8.11 coeyer, uro oy, > 1, a u3 pasencrsa (8.59) Haxognm

1
ap = b + ) k> 0.
Qf+1

Ho rorya by = [ay], u corsacuo reopeme 8.4 Mbl 1ojiydaeM pas3jioKeHue
B IENMHyIo 1podb g = [by; by, be, ... =[1;2,1,1,4,1,1,6,1,...] .
[TockombKy

—

I = [ e‘xde=1, I

1
/e“"(l—x)da::e—27
0

o

HaXO/IUM Q = %2 Orcroa Tak»Ke ciaejyer, u4ro e = 2 + aio 1, 3HAYUT,

e=[2:bo,br,...] =[2:1,2,1,1,4,1,1,6,1,...].



I'taBa 9

Anredbpamyeckue u TpaHCIEHIEHTHbBIE
quciia

9.1 Ilose anredbpamvyeckmx dmcesa

B MHOXKecTBe KOMIIJIEKCHBIX YHCEST MOYKHO BBIJIEIUTD MOJIMHOXKECTBA,
yJI00HBbIE B TOM WJIK JPYroM orTHoienuu. Hanpumep, Jijist peienus Juo-
(baHTOBBIX ypaBHEHUI MHOIJIA [IPUBJIEKAIOTCS YKC/Ia, Jexaliue B boJjiee
IMUPOKNX MHOXKECTBAX, IeM MHOXKECTBO PallMOHAJbHBIX 4nces. Tak B
ryiaBe 8 0Ka3aJioch yJI00OHBIM OTUCHIBATH MHOYKECTBO BCEX PEIICHUI yPaB-
Henust [lesist, ucnosib3ysi KBaJipaTudaHblie UPPAIMOHAJIBHOCTH, T.€. KOP-
HU KBaJIPAaTHBIX YPaBHEHUi ¢ paruoHaJ bHbIMU KO3 duimentamu. [To-
IBITKN JTIOKa3aTebcTBa TeopeMbl Depma 0 pelennsax B HATYPAJbHBIX
qucjax ypaBHenus x4+ y" = z2",n > 2, npuBean K CO3IAHUIO TEO-
puH, ONUCBLIBAIOIIEH CBOMCTBaA 4YUCEJI, 3aBUCAIINX OT KOPHEH CTeleHu n
U3 eJIMHUIBI, & B KOHEYHOM cUeTe K TEOPUH ajredpandeckKux duces. B
9TOM Maparpade OyJayT yCTaHOBJIEHBI MPOCTEINe CBONCTRA ajredpan-
YECKUX YUCEJI.

Onpenenenne 9. 1. Komnaekcnoe wucio o na3viéaemcs ajredpande-
CKUM, ecat Hatidemes omauunoid om wyss muozounsen f(x) € Qlz,
dasa womopoezo f(a) = 0.

2. Cpedu 6cex maxur MHo20UAEHOE8 GLIOEPEM MHOZOYNACH HAUMEHD-
weti cmenenu u co cmapwum Kodpduyuenmom 1. Imom mmo2ouneH

256
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HA3bI6GEMCA MUHUMAJIbHBIM MHOTOWIEHOM <. F20 cmenens nasvieaem-
CA CTENeHbIO v u bydem oboznauamyvea deg .

ITpumepsnr 1. Jlioboe palmoHasibHOE YUCIO @ sIBJIsieTcsi aJirebpau-
4ecKuM, Kak Koperb Muorowiena f(z) = x —a € Q[z]. Ykazanubiit
MHOT'OUJIEH, OUEBU/THO, sIBJIACTCS MUHUMAJbHBIM MHOIOYJIEHOM YUCTIA @,
u noromy dega = 1.

2. Jliobast KBaIpaTUUIHAS UPPAINOHAILHOCTDL (v €CTh KOPEHb HEKOTO-
pOro MHOTOWJICHA ¢ TiesbiMu Koaddunuentamu ax? + bx + c. Tak kak
Q. UPPAIMOHAIBHO, TO ITOT MHOTOWIEH WMEET MUHUMAJBHYIO CTEeHb
cpej Beex, Jiexkalux B kojbie Q[z] u obpauaromuxest B HyJib 11pu
nojicranoske a Bmecro x. Hosromy f(z) = 2 + 2o + < € Q[a] - munn-
MaJIbHBIH MHOrOWIeH v 1t deg av = 2. Tak 4, 1/7 — anreGpantecKue Tucia
cTernenu 2.

YKakeM HEKOTOPbIE CBONCTBA MUHUMAJBLHOTO MHOIOYJICHA.

Jlemma 9.1. 1. Munumarvruoidi mrozouien 106020 aA2e6pausecrozo
YUCAE HENPUBOIUM.

2. Ecau f(x) — MUHUMaAbHOLG MHOZOUACH YUCAG (L, KOMOPOE TAK-
oice asasemca Koprem muozowaena g(x) € Qx], mo mmnozousen g(x)
deaumesn na f(x).

3. Henpueodumwviti mrozousen co cmapwum kosdduyuenmom 1 cay-
HCUM, MUHUMAALHOLM MHOZOUACHOM OAA KANHCA020 U3 C60UT KOPHET.

4. Bce KopHu MUHUMAALHOZ0 MHOZOUAEHA PASAULHDL.

Joxazameavemeo. Ilycts o anredpamdecKoe a0, U €r0 MAHUMAJb-
uptit Muorowien f(x) € Qx| npuBognm, T.e. MOXKET OBITH Pa3NIOKeH
Ha MHOXKUTe M MeHbiieil crenenu B Kosble Q[x]. Haupumep, f(z) =
g(@)h(z), tne g(x),h(x) € Qlz] n degg(x) < deg f(x), degh(z) <
deg f(x). U3 paBencrsa

0= f(e) = g(a)h(a)

ciepyer, aro 6o g(a) = 0, ubo h(a) = 0. B yirobom cirydae mosryda-
eM npoTuBopeune, BeAb f () uMeeT MUHUMAILHYIO CTEIEHb CPEIN BCEX
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HEHYJIEBbIX MHOTOWIeHOB Kosiblia Q[x], obpamaomuxcs B HyJib B TOUKE
a.

st TOKa3aTesIbeTBa BTOPOIO YTBEPKJICHHU DA3JIEIM MHOTOUIEH
g(x) ma f(x) c ocrarkom

g(x) = f(x)g(x) +r(x),  degr(z) < deg f(z).

Cupapei/iuBbl paBeHCTBa,

0=ygla) = f(a)q(a) +r(a) =r(a).
[Tockoubky 7(z) € Q[x], TO U3 onpejeeHns: MUHUMAIBHOIO MHOTOUJIe-
na, paserctBa () = 0 u nepasencrsa degr(x) < deg f(x) ciemyer
r(x) =0, r.e. muorousen g(x) peaurcs na f(x) 6e3 ocrarka.

[ycrs g(z) = 2"+ ap_ 12" 1 + ...+ ag — HenpUBOAUMBIHl MHOTOUJICH
u3 kosblia Q[z] u B — ero kopenb. O6O3HAYUM MUHUMAJILHbBIA MHOTO-
ajpen yucaa [ depes f(x). CoracHo BTOPOMY yTBEPXKJICHUIO JIEMMbI
umeem f(z)|g(z). Tlo ycinosuio MHOrousien ¢(r) HENPUBOJMM, 3HAUWT,
g(x) = cf(x), rue ¢ — nekoropasi koucranta. Crapiiue Kodhduiuen-
el MHOTOWIEHOB f(2), g(x) paBubl equuuie, nosromy ¢(x) = f(z) u
g(x) ectb MuHEMABHBIN MHOrOUWIeH (3. Tperbe yTBepXkKeHUue JIeMMbI
JI0Ka3aHO.

[Tycrs f(z) — MUHUMAJIBHDBIA MHOTOUJIEH AJreOpandeckoro Uucia o
u 3 — xkparubiit kKoperb f(x). [To mepBomy yTBEPKJIEHUIO JIEMMbI MHO-
rousien f(r) HEMPUBOJAMM W TOTJA MO TPETHEMY YTBEPKJICHUIO OH €CTh
MUHUMaJILHBIH Muorowien (3. Tak kak (3 ecTb KpaTHblil KOPeHb MHOIO-
anena f(x), To npoussognas f'(x) € Q[x] Takxke umeer (5 cBOUM KOp-
weM. CoriacHo BTOpoMy yTBepxKjeHuto jgemMbl umeeM f(x)|f’(x), aro
HeBo3MOxKHO, Tak Kak deg f'(x) < deg f(x). Urak, muorounen f(x) ne
MMeeT KPaTHbIX KOPHEN. [

Onpenenenne 10. Ecau a — anzebpauveckoe wucio cmenemu n, mo
KOPHU (U1, . . ., Oy €20 MUHUMAADHO20 MHO20YMAEHE HA3DEAIOTNCA YUCAG-
MU, COTIPSIKEHHBIMU € (V.

JlokaxkeM, 4T0 MHOXKECTBO BCEX aJireOpandecKuxX 4uces 3aMKHYTO OT-
HOCUTEJbHO apu(PMeTHICCKUX OIEPAIIHii.
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Teopema 9.1. Ecau o u § — anzebpauneckue wucaa, mo wucia o + 3,
B —a, af, a6 cayuae, ecau a # 0, mo u B/a asasomes arzebpaue-
CRUMU YUCAAMU.

U3 5T0it TeOpeMbl CIe/IyeT, YTO MHOXKECTBO BCEX aJiredpaniecKux qu-
ceJl sABJisieTcs 1nojieM. KoMMyTaTHBHOCTD M aCCOIUMATUBHOCTD OIepallnii
CJIOXKEHMSI U YMHOXKEHUSI, a TaKyKe JUCTPUOYTUBHOCTH YMHOXKEHUS BbI-
HOJIHAIOTCS, TIOCKOJIBKY OHUM MMEIOT MECTO B I0JIe KOMILJIEKCHBIX THCEel.
Yucna 0 u 1 gapisiiorca ajaredOpamdecKiuMu.

Hanomuum HekoTopbie pakThl, OOBIYHO JIOKA3bIBAEMbIE B YHUBEPCH-
TETCKUX Kypcax ajredpbl 1 HeOOXOUMbIE JIjIsl JJOKA3ATE/IbCTBA TEOPEMbI
9.1.

[Iycrs A — HEKOTOpPOE KOJIBIIO U t1, . . . , 1, — IepeMeHHble. MHOrowIeH
F(t1,...,ty) € Alty,...,t,] HasbIBACTCH CUMMEMPUIECKUM, €CIU OH
He MEHseTCs IIPH JII00O0# mepecTaHOBKe IMepeMeHHbIX. UToObI MpUBECTH
IpPUMEDPbI CAMMETPUYUECKIX MHOI'OUJICHOB BBEJIEM €Il OJIHY IIePEMEHHY O
T ¥ PACCMOTPUM MHOI'OUJICH

(x—t)-(x—t,) =2 — o 2" +o92" 2 — - 4 (=1)"0,,.
3iech OyKBaMu 071, . . ., 0, 0003HAYEHBI MHOTOUYJIEHDI

o =11+l + - +1n,
09 :t1t2+t1t3+"'+tn_1tn,

STI/I MHOI'OYJIEHBI, paBHbIE CYMME€ BCEX IIEPEMEHHbIX, CYMME€ BCEBO3MO2K-
HBIX IIPOM3BEJECHUIl IO JiBe IepeMeHHble U T.J., OUEBUIHO 00JIaIa0T
CBOMICTBOM CUMMETPUU U HA3BIBAIOTCI IAEMEHMAPHLMU CUMMEMPULE-
CRUMU MHO20UNEHAMU.

Teopema o cuMmMeTpudecKux MHoroujaeHax: [[ycmo

F[tl,...,tn] EA[tl,...,tn]
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— cummempuneckuti mmuozounen cmenenu d. Tozda cywecmeyem mmo-
eounen Gz, ..., zn] € Alz1, ..., zn] cmenenu ne eviwe d, maxoti, wmo

F[tl,...,tn] = G[O’l,. . .,O'n].
HaHpI/IMep, nMeeT MeCTo TOXKIAECTBO

2 2 2 2
KaK IIpoOCTOE CJIeACTBUE ATOM TEOPEMDI IIOJIydIaeM

Jlemma 9.2. ITyemov P(x,y) € Q[z,y] — mmozouren om deyxr nepe-
MEHHDIT € PAUUOHAALHOMU Kodpduyuenmamu. [lyems makoce o — an-
2COPAUNECKOE YUCAO CINENEHU T U (1, . . ., Oy — 6CE €20 CONPANCEHHDIE.

Toz0a
P(z,aq) - P(z,0) - ... - P(z,ap) = R(x), (9.1)

eCmbv MHO20MNAEH 011 nepe,MeHHou” T c noadidiuuuenmamu U3 nNoaA payu-
OHAADHOIT YUCEN @

Joxazameavcmeso. Tlycrs A = Q[z] — KoJIbIIO MHOTOWIEHOB OT IHepe-
mennoit x. Pacemorpum npoussenenue P(x,ty) - P(x,ty) - ... P(x,t,),
rie ty,...,t, — HIepeMeHHble. DTOT MHOMOUICH HE MEHSIETCS MPU JII00O
MePECTAHOBKE TEPEMEHHbIX 11, . .., t,, B IPOU3BEJCHUN JIUIIb MEHSIOT-
Cs MEeCTaMU COMHOXKHUTETH. Tak 9To 9TO MpOu3BEJCHUE €CTh CUMMET-
PUYECKHUI MHOIOUJIEH OT TEPEMEHHBIX 11, . . ., 1, ¢ KoaddunuenrtamMu us
kosbia A = Q[z]. U3 Teopembl 0 CUMMETPUYECKMX MHOIOYJIEHAX CJle-
JyeT Terepb, 4To JJis HEKOTOPOro Muorouiena Q(z, z1, . .., Ty) € paru-
OHAJILHBIMU KOIDPUIUEHTAME BBITOJHAETCS PABEHCTBO

P(x,tl) : P(x,tg) et P(ac,tn) = Q(x, 01,09, ... ,O'n), (92)

rae oi,...,0n.
3aMeHUM B IOCAEJHEM PABEHCTBE IepeMeHHble tq,...,t, duciaMu
aq, ..., q,. Torga meBas gactsb (9.2) mpuMmer Takoil ke BUJI, KAK U Jie-

Bag uactb (9.1). Ecm p(x) = 2" + a12" ' 4+ ... + ap12 + a, € Q[x]
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— MUHUMAaJIbHBI MHOI'OUWIEH YUCJa (, TO COIJIacHO Teopeme Buera Bbi-
MOJTHAIOTCA PABEHCTBA

or(ag, ..., a,) = —ay,
0'2(041, 7an> = a9,
on(a,...,an) = (=1)"a,

[TosTomy mpaBas dactb paBeHcTBa (9.2) mocjie yKa3aHHOH BBIIIE MO/
cranoBku npumer Buj Q(z, —aq, as, ..., (—1)"a,). Yuursisas, 4t0o BCe
qUCIa @; PAIMOHAJBHDI, ITOJydaeM HYXKHOE YTBEpXKJICHHE. O

oxasamesvcmeo meopemor 9.1. YTBep:KaeHNE TPUBUAILHO, €CIIH (¢ =
0. Hanee 6ymem cumrarh o # 0. Ilycrs @ = aq,a9,...,q, — ducia,
CONPsKEHHbIE ¢ v, & ¢(x) — MuHUMAJIbHBIIH MHOrOWIeH uncia (. Onpe-
JIeJTIM MHOTOYJIEHBI

Pi(z,y) = g(z +y), Py(x,y) =
Py(z,y) = g(zy), Py(x,

[To memme 9.2 MHOTOYIEHBI

Ry(x) = H9(93 + aj), Ry(z) = [ [ 9(z — o),

Rs(z) = Hg(:cozj), Ry(z) = H ozg"g(maj_l)

npunajiexar koibily Q[z]. Tak kak o = g, To

g(B—a+ay) =gla+B—ay) =g(Ba" ) =g(aB-a;') = g(8) =0,

u, snadnt, Ri(8 —a) =0, Re(a+ 5) =0, R3(f/a) = 0 u Ry(af) = 0.
Takum obpaszom, kaxoe u3 ducesa 3 —a, a+ (3, f/a u af ecrb KopeHb
MHOI'OYJIEHA € pallMoHaJbHbiMU KO3(hduimentamu. [Tosromy Bce oHu —
aJirebpandeckue unciaa. Teopema 9.1 jokazaHa. ]



I'JIABA 9. AJITEBPANYECKNE N TPAHCIEH/IEHTHBIE YNCJIA 262

[Tycrs &1, ...,&, — anrebpandeckue dnciaa. ODO3ZHAYUM CHMBOJIOM
Q(&1, ..., &) HaMMeHbIee Mojie, cojepkaliee Bee duciaa &, a TaKiKe
IOJIe panroHaJbHEIX duces Q. DTo mose, Kak JIerko BUAETh, COCTOUT U3
BCEBO3MOXKHBIX JApobeii Buia,

A(fla cee :gm)
B(&, .., ém)]

rjge A, B — MHOrO4JieHbl OT HEPEMEHHBbIX T1,...,T;, € PAlUOHAJbHbI-

B(&, ..., &) #0.

Mu Kodddunuentamu. ['oBopat, aro uuciaa 1, . . . , &, TOPOXKIAIOT IIOJe
Q(&, ..., &n). Uz reopembr 9.1 ciiejryer, 4TO BCE €10 3JI€MEHThHI SIBJISTIOT-
csl aJredpandecKuMu IUCIAaMU.

PaccMmorpuM cHauaja CTPYKTYypy TaKHX IMojeil B caydae m = 1, T.e.
KOI'JIa OHM IOPOXKJIAI0TCA OJIHUM THCJIOM.

Jlemma 9.3. IIycmov & anzebpauneckoe wucao cmenenwu n. Toeda kasic-
dviti anemenm o noas Q(E) edunemeernnvm obpasom npedcmasaiemcs
6 sude

a=ro+réE+- 17 r; € Q. (9.3)

Joxasamenvcmeso. Tlycers p(x) — Muaumasbhbiii Moorodsien &. Corsac-
HO OTpe/IeJIeHIIO KaxK Iblil ajement o € Q(&) moxker ObITH TIpejCTaBIIeH
B BUJE (@ = %, rie A(x), B(z) € Q|x], npuuem B(§) # 0. Muorowien
p() HEMPUBOJUM, TOITOMY BO3MOXKHBI JIBa Ciy4dasi. JInubo B(x) peaurcs
Ha p(x), b0 3TU MHOrOUIEHBI B3aUMHO 1IPOCThI. Eciu p(x) — geauresb
B(x), To Kaxplit KOperb p(x) u, B 4aCTHOCTH, &, JOJIKEH OBITH KOp-
nem muorouiena B(z). Ho sro mesepno. 3uadur Muorodunennl p(r) u
B(x) B3auMuo npocTbl. B 9TOM cilydae MOXHO yTBEPXKIATh, M0J00HO
reopeme 1.5, uro cymecrBytor muorowienbl u(x), v(z) € Q[z], mis ko-
TOPBIX BbINOJHsIeTCst paseHcTBo u(x)p(x) + v(x)B(x) = 1. Tloxcrapsis
B Hero © = & u nosib3ysich reM, uro p(&) = 0, naxopum v(&§)B(£) = 1 u,
cieproBaresbio, o = A(&)v(§).

Pazyenmm Teneps muorowien A(x)v(z) aa p(x) ¢ octaTKoM, T.€. Ompe-
nenum MHorowtensl ¢(x), r(z) € Q[z] ycroBusimu

A(z)o(z) = q(e)p(z) +r(x),  degr(z) < degp(zr) = n.
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(€), uro
+

”

nokasbiBaet (9.3), MOCKOIBKY MHOTOUIEH 1(x) nmeer Buj r(xr) =

MT 4 ...+ o127 ¢ pamuonaababIME KO3 dUIIEHTAMN Tj.
CyuiecrBoBatue JByx MHOrowieHoB 7(z), s(z) € Q[x] ¢ ycnousimu

[opcrapisisi * = £ B nocjiejiHee PABEHCTBO, HAXOJUM ( =

o= T(f)a o = 8(5)7 degr(x) <n, degs(x) <n,

o3Hauaso O, uro r(§) = s(£) u, COrIaCHO BTOPOMY yTBEPIKJIECHUIO
aemmbl 9.1, uro p(x)|(r(z) — s(x)). Crenenn jeguMoro mesblie n =
deg p(x), nosromy r(z) = s(x). O

Teopema 9.2. Bearoe nose E = Q(&y,...,&n), noposcdennoe anrze-
opauneckumu vucaamu 1, ..., n, Moocem Ovimsb nopoxrcleno odnum
wucaom. Jpyesumu crosamu, cyuecmeyem maxoe wucao 0 € E, umo

E =Q(0).

Hucsio 6, nopoxjamoiiee noje [, HazbiBaeTCS €ro NpuMUmMuUGHbIM
INEMEHTTLOM.

Pacemorpnwm, manpumep, nose Q(v/2,v/3) u auncio 0 = /2 + V3 €
Q(v/2,v/3). CupaBensbl paBeHcTBA

(0-v2??=3,  (0—v3)’=
13 KOTOPLIX CJIeayeT, 9TO

—1 0% + 1
= 3= .
’ \/_ 20

Mostomy v2,v3 € Q(f) n Q(\/?, V3) = Q(6).

Hoxazamesrvcmeo meopemovr 9.2. Jlokaykem cHavaJia Hy»KHOe yTBep:K jie-|

HUE JIUIs 110J151, TIOPOXKJICHHOIO JIByMsI aJreOpaudyecKUMU YUCIaMy, T.e.
oynem cumrarh, uro E = Q(«a, 8). Ilycrs crenenn uumcen a, 3 paBHbI
COOTBETCTBEHHO M U N, a

f(z) =2+ am_12™ '+ ...+ ag, g(x) ="+ b2 T+ .. 4 by
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~ UX MUHAMAJbHbIE MHOIOUYIEHbl. KOpHM 3TUX MHOIOYJICHOB, T.€. YKC/Ia
CONpsizKEHHBIE ¢ (v, 3, 0003HAYUM i1, . ..,y U B, ..., 3, COOTBETCTBEH-
Ho. IIpu arom Oynem caurars o = oy, § = (1. Bee ancna «;, paBHO Kak
v 9uciia 3, pa3indHbl MExKIy COOOit.

Bribepem ¢ € QQ tak, 9T00bBI

a; + ¢k # a1 + 0y, pu (i, k) # (1,1). (9.4)

T0, OUEBUIAHO, MOXKHO CIINIaTh, Belb KaxKJI0e ypapHenue o; + xf, =
a1 + 0y npu (i, k) # (1,1) umeer ne 6osee ogHoro perrenus, a nojie Q
OECKOHEUTHO.

[Tosoxkum 6 = a+cf u obozuauum L = Q(#). CupaseyinBo BKIOUe-
mne L C Q(«, #). B panbneimmx paccy kK aeHusx Oy1eT HCIoNb30BaThCs
MHOTOYJICH

h(z) = f(0 — cx) € L|x].

[Tpunajnexanue kosbity L]x| muaorounenst g(z) u h(z) umeor obuuit
koperb (3, Beqb h(3) = f(0 —cB) = f(a) = 0. Ecin d(z) — ux nanbosb-
muit 00muMit e uTeNb, TO KaK M B CIydae TeopeMbl 1.5 MOXHO yTBep-
KJATh, 9TO ¢ HEKOTOpBIME MHOTOWIeHaMu u(x),v(x) € L[z] Bbimos-
Hsiercst papencrso g(z)u(x) + h(z)v(x) = d(z). U3 sroro pasencrsa
cjiejtyer, 4To Yucio (3 sBisercs KopaeMm MHorowieHa d(z) € Liz].

Tak kak d(x) — gesuresb HenpUBoAMMOro HaJi nojem Q MHorouseHa
g(x), To d(x) He umeer KpaTHbIX KOpHEeii. [Tpeanonokum, aro deg d(x) >
1. Torpa muorousen d(x) umeer Kopenb 7y, orauunblil or 5. Bee kophu
d(x) comepxkarcs cpeju kopueit muorousiena g(x). Ilosromy v = [ ¢
HEKOTOPBIM HOMEPOM k > 1. YuurbiBast, 4T0 Y sABJISIETCS TAKIKE KOPHEM
muorowiena h(x), r.e. 0 = h(y) = f(0—cy), 3akimouaem, uro 0—cy = q;
¢ HekoTopbiM HOMepoM 4. Ho torma 6 = «; + ¢, Bonpeku (9.4).

[Tosyuusiieecsi nporuBopeune jokasbisaer, uro degd(z) = 1, re.
d(x) =ax+b € Llx]. Ho torna 8 = —b/a € Lua =0 —c¢B € L. Cre-
nosarenbio, Q(a, 8) = L = Q(0), uem u 3aBepuiaercst J0Ka3aTeIbCTBO
Teopembl 9.2 15 I0J1€#, TOPOKACHHBIX JIBYMST UUCTAMHU.

[Tycrs reneps E = Q(&1, ..., &), Eciu cunrars Teopemy jokazaH-
HOM J171s1 HoJ1eit, mopoxK ienubix m— 1 qucaom, 1o Q(&1, ..., &mo1) = Q(n)
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JUisi HEKOTOporo ajrebpanueckoro uucia 7. Tak uro E = Q(n,&,).
[Tonb3ysich yKe JOKa3aHHBIM YTBEPXKJICHUEM JJIsl TOJIeil, ITOPOK IeHHbIX
JBYMsI YUCJIAMU, 3aKJ0YaeM, 9TO ¢ HEKOTOpbIM 6 € FE Oyjer BbIIoJ-
HsiThes paBeHcTBo B = Q(6). O

Teopema 9.3. Ecau wucao & — Kopenv mMHo204ieHa
o(z) =anz™ + ...+ oz + o

¢ anzebpaurteckumy Koapduyuenmamu o, mo € — an2ebpaueckoe Huc-
A0.

WubIiMu cioBaMu, 9Ta TeopeMa yTBEep:K/IaeT, UTO ToJIe BCeX aaredpan-
JeCKHUX YNCesT HeJIb3sl PACHIMPUTH, IPUCOEIMHUB K HEMY KOPEHb KaKOTO-
MO0 MHOTOUJIEHA, ¢ aJredpanvdecKknMu KoahduimenTaMu. 9To CBOWCTRBO
HA3BIBACTCST an2e0pauveckoti 3amrnymocmuoio. [lojne KOMIIEKCHBIX Ui-
ceJl TakxKe 00J1aaeT STUM CBOKCTBOM.

Hoxasamenvcmeo. He ymerbIast OOITHOCTH MOXKHO CIATATD, 9TO Oy, =
1. Beap nocsie jiesienust MuorouieHa o(x) Ha HEHYJIEBOH CTApIIUi KO-
3P DUIMEHT vy, TONYUUTCI MHOTOUIEH CO CTAPUINM KO3 PHUIUEHTOM 1
1 OCTAJIbHBIME KO3 DUIimeHTaMu — ajaredpaniecKuMu IUCJIaMU, TaKKe
obparatomuniicss B Hysih B Touke €. CoryacHO TeopeMe O MPUMUTHBHOM
9JIEMEHTE JIJIsI HEKOTOPOI'o aJredpaudeckoro 4ncia 6 BbIIOJIHSIETCS Pa-
BeHcTBO B = Q(ap, aq, ..., 1) = Q(#). Ob6osnaunm n = degf. Ilo
nemme 9.3 cymecTByioT Takue MHorodwieHbl a;(z) € Qx], 0 < j < m,
aro dega;(z) <nun a; = a;(0).
[Iycrs 61 = 6,05, ..., 0, — ancna, conpsikernbie ¢ . Obo3HATUM

P(z,y) = 2" + am-1(y)z™ "+ ...+ a1(y)z + ao(y) € Qz, y]

R(x) = H P(x,0;).

Tak kak P(£,01) = 0, ro R(§) = 0 u, corsacuo semme 9.2, R(x) € Q[z].

CueoBaresibHO, £ — aJredpanvaeckoe Inuco. ]
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9.2 llpubiamxenus ajredpamdecKmx YnceJ paluo-
HaJabHbIMHI. CyIllecTBOBaHNE TPAHCIEHIEHTHBIX
qucelI

MHOXKecTBO JeHCTBUTETHHBIX YACET He HCUEPITBIBACTCS TOJHKO ajredpa-
nyeckumu ducsiamu. He anrebpandeckue uncia JIeiOuui nazsaamparc-
uendenmuvimu. ITak, TpaHCIEH/IEHTHBIM HA3bIBACTCsT BCSIKOE YNCII0, KO-
TOPOE HECTIOCOOHO YJIOBJIETBOPUTH HUKAKOMY aJreOpanieckoMy ypaBHe-
HUIO C TEeJbIMU KO3 puImenTaMu, T.e. He ABJIeTCs KOpHEM HUKAKOT'O
MHOI'OUJIEHA, C LEJIbIMU KOIPDUIUEHTAMMU.

CTporoe J10Ka3aTeJbCTBO CYNIECTBOBAHUS TPAHCICHIEHTHBIX YNCE
BIiepBbIe ObLI0 Jano B 1844r. Jlnysuaiem. OH ycTaHOBuUJI, 9TO ajrebpa-
MIEeCKWe 91CIa He JIOMYCKAIOT CIUITKOM XOPOITUX MPUOINKEHWH Pano-
HAJIbHBIME, ¥ TO CBOMCTBO MO3BOJIMIIO €My TIOCTPOUTD ITEPBbIE TPUMEDbI
TPAHCICH/ICHTHBIX YUCEJT.

Ecimm av — KoMIIeKcHoe ajredpanieckoe Ucsio, TO s JTI0O0TO pallu-

> | Im & u sicho,

OHAJILHOI'O YMCJIA, § BBIIIOJIHSIETCsl HEPABEHCTBO ‘oz — %

aro K yrcny « u3 C\ R #emb3st mpubInsuThest parioHaabHBIM Ha pac-
crosinue Menplee | Im . TlosTomy jasiee peun moiiier o panuoHagibHbIX
NPUOIMKEHUSIX JIeACTBATEIbHBIX ajreOpandeckux qncest. Ciiemyiomast
TeopeMa O TOM, 4TO JIeHCTBUTE/IbHbIE aJiredpaniecKue YnUCIa <«IJIOXO»
IPUOIUKAIOTCS paIlMoHaJbHBIMU ObliIa jokazana B 1840r. JInysusiewm.

Teopema 9.4. ITycmv o — deticmsumensvroe anzebpauveckoe 4uciLo
cmenenun > 2. Toeda natidémesa xonemarnma ¢ > 0, 3asucau,as moao-
KO 0om o, makas, 4mo Ois A100020 PAUUOHAADHO20 YUCAG g, q > 0,
BHINONHACTNCA HEPABEHCTNEO

c
a-Ll>=. (9.5)

q q"
Joxazameavcmeso. Ilycrs f(x) € Q[xr] — MUHUMAJIBHBIN MHOrOUYJIEH

qucyia a u d — obumit 3HaMeHaTes b ero Kkoaddunnenton. [lycth Takxke
a = Qp,Q9,...,0Q, — ducia, conpskeHnbie ¢ a. ITo siemme 9.1 mHoro-
winen f(x) nenpusoguM. [TockoibKy crenenb ero n He menbiie 2, 10 f(x)
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HE UMeeT PalMOHAJIbHBIX KopHeit u, suauut, dq” f(p/q) nenoe orimunoe
or nynasa uuciao. Ho rorma dq"|f(p/q)| > 1. Paccmorpum temepnb jBa

CIIyuast:
1) Mycre oz—g < 1. Torga
aj_g‘gmj—aua—g‘g\a—awl, =2 n

3 91ux HEepaBeHCTB cjiejlyer

3

1 <dq"|f(p/q)| = dq"

:

a _ — .

=2

a2/ TLla ol + 1.
al 5

< dq"

e , -1
Obosnauus ¢ = d~" [[;_, (o — o] + 1), monyuaem orcrona myskHoe
HEPABEHCTBO.

2) B ciyuae ‘a —g > 1 MOXKHO B34Th Ty K€ KOHCTAHTY €, 9TO U

B nepBoM ciaydae. Ona, 09€BU/IHO, Y/IOBJIETBOPsieT HepaBeHCTBY ¢ < 1,

IIO9TOMY
1 c
q q q
]
CanencrBue 9.1. Ecau o € R u daa awbozo m > 2 uepasencmeo
0 < |« —%’ < qu umeem Oeckoneuno MHo20 peutenul g e Q, mo
MPaAHCUEHIEHMHO.

Joxazameavcmeo. 1) Jokaxem cnavana, yro a ¢ Q. Ipennonoxkum,
4TO 9TO He Tak, U a = ¢, a,b € Z, b > 0. Bosbmém m = 2. Ilo ycnosuto

CYHIECTBYeT GECKOHEUHO MHOIO PAIMOHAIBHBIX YUCET P/, yJIOBIETBO-

1

ek Cpenn HUX €CTh, KOHEYHO,

psrommMx HepasencrsaMm 0 < ‘oz — ]?;‘ <
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PeIeHnsi CoO CKOJTh yrojHO OosibituMu 3HamMeHaresimu ¢. C apyroit c¢ro-
POHBI,

CorocraBJisist IOy Y€HHbIE HEPABEHCTBA, 3aKJII0YAEM, 4TO q%

qut, ¢ < b. [lonyuuBieecss npoTUBOpeYdre JIOKA3bIBACT UPPAINOHAJ b

> bi U, 3Ha~
q

HOCTh Q.

2) JlokaxkeM, 4TO (v HE €CTh aJredparndeckoe YUciIo CTerneHu 0OJb-
meit, uem 1. Ilpennonoxkum nporuBHOe, n mycTh dega = n > 2. Ilo-
aoxkuM m = n + 1. Ilo ycioBuio ciencTBus cyIecTByeT OecKOHed-
HO MHOI'O PAIlMOHAJbHBIX YUCE]T é—), YJOBJIETBOPSIIONINX HEPABEHCTBAM

g < 7 A ¢ gpyroit croponnl mo TeopeMe 9.4 ¢ HEKOTO-
poit koucTanToit ¢ > 0, He 3aBUCAIIEH OT P W ¢, JOJXKHO BBITIOJHATHCS

HEPABEHCTBO ’oz — g ik
1

q% < G Ho Torga g < % BOIIPEKH OECKOHEUHOCTH MHOXKECTBa Pallio-

0<‘oa—’—’ L

ComnocTaBiissa 3TH HEpaBEHCTBa, IIOJIyd9aEeM:

HaJIbHBIX pGIHGHI/Iﬁ HEpaBEHCTBaA U3 yCJIOBUA CIIEICTBUA. [

YKaxKeM TEIIEPb KOHKPETHOEC TPaHCIHEHJACHTHOE 9YUCJIO.

CaencrBue 9.2. Yucao o, onpedenennoe padom

o0
— k!
&222 o)
k=0

MPAHCUEHIEHMHO.

Yensl aToro psja "ObicTpo'cTpemsiTes K HYJI0, a OOIIuil 3HaAMEeHA-
TeJIb TEePBbIX N YJIEHOB 3TOr0 psija pacrer "He odeHb ObicTpo. DTn
CBOMCTBA TTO3BOJSIOT TOCTPOUTH MOCIEIOBATEIHHOCTH XOPOIINX PAIINO-
HAJBHBIX MPUOJIMKEHIH K TUCTY (v, 9TO 0DECIIETUBAET ¢ TIOMOIIBIO CJIe/I-
ctBus 9.1 TpaHCIEHJEHTHOCTD (.

oxasamenvemeo. g KaxKJI0ro HATYpaJbHOTO 70 ONPEESUM IiesIble

quciia
n

qn — 271!7 pn — Z 272'7]6'
k=0
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PanponaJjibnoe 1nciio
n

Pn _ Z2—k!

n k=0

PaBHO YaCTUUHONI CyMMe PAAa, ONMpeIensdionero «. ITockonbKy daeHb
psjia MOJIOKUTEJIbHBI, TO

o
Pn —k!
oO—— = E 2 > 0.
n k=n+1

Vunrssast, ato (k4 1)! > k!, nomygaem 2-*+D! 2=k < iu

(o.¢]

Pn _ ko (nt+1)! 11 B
_ 2K <9 l+-4+-—4...) =
o k;W +5+7t

2 11
2(n+1)! < onln _;Lz

I3 3TuX HEpaBeHCTB CJEJyeT, YTO JJjis JIF0O0ro m > 2 HepaBeHCTBaM

1
0< oa—]—) < —

q q"
YAOBJIETBOPsieT OECKOHEYHOE KOJMYECTBO Pa3/JIMUHbIX PaIlMOHAJIbHBIX
Pn " > m. B cornacun co crencreuem 9.1 MOXKHO yTBep:KIaTh

n

Tenepb, YTO & — TPAHCIEHJAECHTHOE YUCJIO. [

quceJI

Acho, uTo TakuM crocoboM, BIOUpasi BMECTO 2 JIpyrue HaTypaJbHbie
OCHOBaHUs, MOXKHO IOCTPOUTH MHOYKECTBO IPUMEPOB TPAHCHEH JIEHTHbIX
auces. Hampumep, Beibpas psf ¢ wienamu 107% ) mosmyanm wncio, 3amu-
ChIBAEMOE B JICCATUYHON cucreme HyjassMu u ejununamu. [Ipudaem pac-
CTOSIHUSI MEXKJly COCEJIHUMU eJuHullaMu OyJIyT BO3pacTarb O4YeHb Obl-
CTPO. DTO YUCIO TaK>Ke TPAHCIEHICHTHO.

Nnoe noKa3aTeIbCTBO CYIIECTBOBAHUS TPAHCIEHIEHTHBIX THCEJ Obl-
J0 nipejiioxkeno [ KanTopom, ycTaHOBUBIIIUM CUETHOCTh MHOXKECTBA, aJl-
reOpanvyeckux 4YuceJl U HEeCUETHOCTb MHOXKECTBA JIeMCTBUTE/bHBIX Yu-
cesi. TakuM 0OpazoM, MHOXKECTBO JIEHCTBUTEJILHBIX TUCEJT HE MOXKET UC-
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4eplbIiBaThCs ajredpandecKuMu ducjiaMu. bosiee TOro, TpaHCIEH IeHT-
HbIe UMCJIa COCTABJISIOT MHOXKECTBO OOJIBbIIEH MOIITHOCTH, YeM ajrebpa-
ndeckre. BrpoueMm, 3T0 paccyXkjienue He MO3BOJIsIeT CTPOUTD IPUMEPDI
TPAHCUEH/IEHTHBIX YUCEI.

YTBepKIAeHNE TeopeMbl JIMYyBUIIS MOXKeET OBITH IIPEJCTABICHO, KaK
OIICHKA CHU3Y 3HAUYEHUs B aJireOpaniecKoil Touke o MHOIOUJIeHA IIePBOii

cTereHn
C

n—1"

lga — p| >
cM. (9.5). B takom Bujyie Teopema JluyBusuis pomyckaer obobIeHue.

Teopema 9.5. Ilycmv o — aszebpauveckoe wucao cmenenu n > 1.
Tozda cywecmeyem nocmosnnas ¢ > 0, 3a6UCAWAL MOABKO O YUC-
A0 L, MaKas, 4mo oas a06020 mnozousena P(x) € Zlz] ¢ yeaosuem
P(a) # 0 svnoansemes nepasencmeo

Cd

|P(a)] > 1

ede d = deg P u H — maxcumym abcorommuls esunun Kosphuuuen-
moe mmoz2ousena P.

DTO yTBep)KIeHNe TOHAJL00WTCS HUXKe JJIsT JIOKa3aTehbCTBa TPAHC-
HEHJIEHTHOCTY TT.

Joxasamenvcmeo. Hycrs f(z) = 2" + ap_12™ 1+ ...+ ay € Q[z] ~
MUHUMAJILHBIA MHOTOWIEH YUCIa O U (] = (U, (g, . . . , (4 — KOPHHU 3TOT'O
MHOIOYJICHA, T.€. YUCJIa, CONpsizKeHHble ¢ «. Ilycrh takxke a € Z,a >
0, — Haumenbluit obmKii 3HaMeHaresb Koahdunuentos f(z). Torua
aaj € 7,0 < j < m. CoryacHo TeopeMe 0 CUMMETPUYECKUX MHOrO4JIe-
HaX, MPUMEHEHHOI JIJIs CHMMeTpuIeckoro Muorowiena P(xy) -+ P(x,)
M KOJIbA Z, Haiijerca Muorouaen Q(z1,. .., 2,) ¢ ueabimu Ko duim-
eHTaMU, TaKOU, 4TO

P(xy)--- P(z,) = Qo1,...,04), (9.6)
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npudem deg Q) < ndeg P = nd. ojacrasisis B ToxkgectBo (9.6) ducia
a1, . .., 0ty BMECTO IIEPEMEHHBIX L1, . . . , L COOTBETCTBEHHO, ¥ MOJIL3YACh
TeopeMoii Bueta, Haiinem

P(ag) - Play) = Q(—ap_1,...,(—1)"ap). (9.7)

YuuTbiBas, 4To cTenenb Muorousena Q(z1, . . . , z,) M0 COBOKYIHOCTH I1e-
PEMEHHBIX HE NMPEBOCXOauT Nd, a KOIM@MUIMEHTHI ero — Ieable Yncia,
saxmouaeM, uto A = a™Q(—a,_1, ..., (—1)"ag) ecrs nesoe uncio.

Ecin A = 0, To B cuy (9.7) 1 HEKOTOPOTO WHIEKCA j JIOTKHO
BBIMOMHATHC paBencTBo P(a;) = 0. C nomornpio jemmbl 9.1 3akimoda-
em, 9T0 f(2) ectb MuHUMATBHBIH MHOTOWICH dnciaa o u f(z)|P(z). Ho
trorna P(a) = 0, Bonpeku ycinosuio Teopembl. Takum obpaszom A # 0.
[lesioe OTIMYIHOE OT HYJIsl YUCIO HE MOXKET OBITH MO abCOTIOTHON BeJIH-
YUHE MEHBIIe €JIMHUIBI, [O3TOMY BBINOJHAETCA HepaBeHcTBO |[A| > 1
VLN

a" [ I1P(ay)| > 1. (9.8)

J=1
Tak kax Koapduipento Muorousena P(x) ne npesocxogar H, a cre-
MeHb ero paBHa d, MMeeM HEePaBeHCTBA,

[P(ey)] < H(L+ |oy| + |y > + ... + oy]D) < H(1 + |ay])".

Teneps u3 (9.8) cremyer
1< a"|P(a)|H* [T+ o))"
j=2

BriGpas ¢ = a " [[i_o(1 + la;|) 7!, momyuaem orciona nepasencTBo TEo-
peMbl 9.5. [

9.3 HppalnmoHaJbHOCTb YHUCeJ € U T

VppanuoHajibHOCTh 4KCIa € clejyer nu3 OECKOHEUHOCTH IEIHOR J1po-
o1 sToro unciaa. VHoe J1oKa3aTebCTBO, HaliIeHHOE 3HAYUTEIbHO [T032Ke,
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I/ICHOHbSYGT Hpefﬂ;CTaBﬂeHI/Ie
0
1
e = E —.
n!
n=0

JlonycTum, 9To € paluoHaJbHO U C HEeJbIMU ITOJOKUTEIbHBIMHI YUCTaMU
a, b Bbinonnsercs pagencrso e = §. Torja, onpeaenus Hejbie yucia

n=0
Haxomum ge —p=a(b— 1) —p € Zn
b! e 0
qe — p = Z E>
n=b+1
!
[Tpu n > b+ 1 BeinONHSETCS HepaBeHCTBOﬁZN'...'(b+2)>
- 1 2—n+b+1 .
2" Tlosrom u
Yl T by
= 11 2
—p= l1+-+-+... ) =—< 1.
1 ; . b+1)(+2+4+ ) b+l

Ho nesioe amncino ge — p He moxKeT nmpuHajIexkaTh naTeppaay 0 < x < 1.
[TosryuwmBitieecs: npoTuBopeyne JI0Ka3biBAET UPPAIMOHAJIBHOCTh €.

Jlerko BujieTh, 4TO 10JIOOHBIE PACCY K ICHUST HE TTO3BOJISIOT JIOKA3aTh,
HATIPUMEp, NPPAIMOHATLHOCTD €2, OHH JOMKHBI OBITH HECKOIBKO YTOU-
HeHbl. [Jis1 najbHeiero mnonaoouTcs o/iHa KOHCTPYKIUs, OCHOBaHHAs
Ha KJIACCMYECKOM Pa3JIOYKEHUU

= Z— (9.9)

k:
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Jlemma 9.4. Jlasa xaosicdozo uenozo n > 0 cyuecmsyrom makue mHo-
20MNEHDL C UENDMU KOIPDUUUEHMAMU,

Qz)=a"+... u  Plx)=(-1)"z"+..., (9.10)

wmo

R(x) = Q@)e" = Px) = (,fk__gf__ f))!!k! o (01)

k=2n+1

Hpu I1MOM d/L.}l %‘CLOdeOZO KOMNACKCHO20 YUCAA Z GBIMOAHAECTICA HEPA-
6EHCIMBO
|Z‘2n+1

IR(z)| < e, (9.12)

n!

[IpaBast wacth Hepasencrsa (9.12) ¢ pocToM n J0CTATOYHO OBICTPO
CcTpeMUTCS K HyJ10. [103TOMy, HanpuMep, pu 2z = a € 7Z Uejble 9uc-
aa P(a), Q(a) MoryT cjiy>Kurh YUCJHUTEJIEM U 3HAMEHATEJIEM XOPOLIEro
PaIMOHAJLHOrO NpUOJIMKeHus K €.

; _d
Hoxasameavcmeo. Onpegemam puddepennnaibablii oneparop § = T

v Jist Kaxkjoro muorowiena 1'(x) = a,x"™ + ... 4+ a1x + ag Oygem 060-
sHauarh cuMBoiioMm 1'(6) nudpdepernpmanbubiii onepaTop

T(0) = apd" + ...+ a1 + ay,
neiicrBytomuii Ha dyuknuio f(x) no npasuiy
T)f(x) = and" f(z) + ... + a6 f(x) + aof ().
Suech 6 f(z) = 5(6* L f(x)) npu k > 1.

BoisicnuM, Kak onepaTop ¢ JEHCTBYET HA CTENEHU TEePEMEHHONH T
byuxnmo e®. s nroboro Harypaibaoro r umeem 0 x” = rfa” u, 3na-
aut, agist Jroboro muorousiena 1'(x) BomosHsiercs paencrso 1'(0)x” =
T(r)z".

JokazkeMm, 9TO JJis0 KaxKJ0ro 11eyioro k > 0 BBIIOIHSAETCs PABEHCTBO

oFe” = Ap(x)e”, e Ap(x) € Zlz], degA(z) =k, (9.13)
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¥ B muorounene Ay(z) pasen 1. YTsep-

npuaeM Ko3hpDUIueHT npu T
JKJICHHE JIETKO JIOKA3BIBACTCA € MOMOIIbI0 nuaykiuu mo k. [lpu k = 0
OHO, OYeBU/THO, BhiNOsiHsIeTCs. [Tpeqmonoxkum, aro k > 1 u BbIMOTHSIETC s
pasencTBo 6°le® = A;_(x)e® ¢ muorounenom Ay (), yrosieTBops-

formuM ¢(hOPMYITUPOBAHHBIM BhIlIe yciroBusaM. Toraa
§e” =6 (68 1e") = § (Ap_1(z)e”) = Ay(w)e”,

rie Ap(z) = zAp_1(x) + xA)_|(z). I3 aroro paBencrsa cieyer crpa-
BeyMBOCTH (9.13), a Takske yrBepxjeHue o crapiieM diene Ay (z).

Boibepem Tenepb Kakoe-HuOy b 1esioe uucyao n > 0 u onpejesum
muorousien T'(x) paserncreom T'(x) = H?Znﬂ(:p —j) € Z[z]. Ecin npu-
MeHUTh Juddeperiuaabublii oneparop 1'() K 0b6enM cTOpoHaM paBeH-
cria (9.9), To o jokazanromy 1'(0)e” = Q(x)e”, rae Q(x) — MHOTOUWIEH
CTEIeHU N C HeJIbIMU KO PUIMEHTAMK, €0 cTapiinii KoadpuimenT pa-
BeH 1. Kpome Toro

P(z) =Y T(k)" = (-1)" QZLQLvaﬁem@ (9.14)

! k

u R(x) = Y T(k)% YunreiBas pasencrsa T'(k) = 0 mpu k =
n+1,...,2n, HaxomuUM

= " = k—n—1)!
Rla)= D, Tkgr= . (k(—2n—1))!k!xk'

k=2n+1 k=2n+1

[Tpu k > 2n + 1 BwIMOTHSIETCST HEPABEHCTRO

|
(k_i'_w:(k—n)(k—nﬂ).--kzn!,
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nodromy npu Jjirobom z € C umeem

1 o0 ‘Z|k 1 & ‘Z|2n+1+€ |z|2n+1
R(2)| < — — — 4l
HOIES=IDY k—2n—1)! 7l 17 al
k=2n-+1 /=0

BaMerum Takke, 4ro B cuiy pasencrsa (9.14) crapiunii wieH MHOrouIe-
na P(x) umeer By (—1)"x". O

Teopema 9.6. /[ xasicdozo pavyuonasvrozo r # 0 wucao € upparyuo-
HAALHO.

Aowasamenvcmeo. Ipeanonoxum, aro e € Q aasa mekoroporo r = ¢,
rie a,b nensie, mpudem a > 0. Torma umncno e = (") pamuonambo.
Bribepem nesoe ¢ > 0, takoe, uro q - e¢* = p € Z. Cornacro (9.11) u
(9.12) naxomum renepb 0 < qR(a) < 1 juis a060ro goctarodso 60Jib-
moro n. C gpyroit ctopons! pasercTso (9.11) Beuer

¢R(a) = q(Q(a)e” — P(a)) = Q(a)p — P(a)q € Z.

Tak Kax 370 poruBopeunt HepasercTBaM 0 < gR(a) < 1, 3akmovaem,

qro e & Q. O
Teopema 9.7. Yucsro ™ upparyuonasvio.

Hoxasamenvcmeo. Ipeanonoxum, uro m = ¢, a,b € Z n obosHauum
z = wbi = ai. Torma

R(z) = Q(ai)e™ — P(ai) = Q(ai)(—1)" — P(ai) € Z[i].

I3 nepasencrsa (9.12), nockonbky R(2) = u + v ¢ HeabIME U, U, HAXO-
maM R(z) = 0 jjist Beex JI0CTATOYHO OOJBIIUX 7.

Hasiee ucnonb3yiorest obosnauenunst P,(x) = P(z), Qu(x) = Q(z),
R,(x) = R(x), ykasbiBaoliue Ha BeJMIMHY apaMETPa 1, IPU KOTOPOM
noctpoera Tpoiika P(z), Q(x), R(x). U3 (9.11) ciemyer ToXK1eCTBO

Qn(2)Rpt1(2) — Qui () Ro(2) = Quit Py — QP = A(z)  (9.15)
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a rakrke HepaseHcTBo ord,—g A(x) > 2n+1, o3Hauaiolee, 4To pas/ioKe-
rue muorouaena A(x) B psi Teiiopa B okpecTnocTr Touku & = 0 HAUN-
HaeTcd 10 Kpafiiei Mepe co crenmenn x2"1, u onenxa deg A(x) < 2n+1.

2n+1

Ho s1o Bosmoxkno stk B ciayvae A(x) = yx C HEKOTODPOH 1OCTO-

aunoii . CpasauBast npu momonu (9.10) crapurwe koadduimeHTs B
pasencrse (9.15), naxomum A(x) = 2(—1)"2*"" u A(z) # 0, Bonpekn
pasercrBy (9.15) u R,(2) = Ry4+1(2) = 0. O

9.4 TpaHCIeHAEeHTHOCTh YHICJA €

BaxkHoit 4acTbio J0Ka3aTe/bCTBa HUPPAIUOHAJbHOCTH YKHCeJ BHAa €,
r € Q, r # 0, aBisieTcss KOHCTPYKIWS PAlMOHAILHBIX MPUOINKEHMI
K 9THM 9HUCIAM.

B 1873r. III. Dpmur npemioxua npu jgobdbom m € Z,m > 0 ana-
JIUTUYECKYIO KOHCTPYKIIMIO IIeJIbIX unces by, by, ..., b, Takux, 4To BCE
pasnoctu bpe¥ — by, 1 < k < m, 61u3KM K HYJIIO, TAK HA3BIBAEMBIX
COBMECTHBIX Npubsmkennii. Ha 5T0#t ocHOBE OH Jl0Ka3aJl CJICIyIOINLy IO
TEOPEMY.

Teopema 9.8. Yucao e mpancuerndernmmo.

B ocHOBe KOHCTPYKIIUKA DPMUTA JIEXKHUT TOXKJIECTBO

/ " ()t = F(0) — F(x)e, (9.16)

crpaseinBoe Jiisi Joboro Muorowiena f(x) € Clx], npu

F(z) =) fP(z), M =degf(x), (9.17)

k=0

U JIEI'KO JI0Ka3bIBAEMOE, HAIpUMep, C MOMOIIbIO JinddepeHIupoBaHust
(9.16). [eiicTBuresbHO, TpOU3BOIHAs JIeBOH 4dacT paBHa e f(x). A
JJId IPOU3BOJIHON MPAaBOl 4aCTU HAXOIUM

(F(0) — e F(z)) = e *(F(z) — F'(z)) = e “ f(x).
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CoBnajienne IpPOU3BOIHBIX O3HAYAET, YTO PA3HOCTD JIEBOH U IPaBoil da-
creii (9.16) ectb KOHCTAHTA. YUUTBIBasE, 9TO 00€ 9Tu (DyHKIMU 0Oparia-
10TCs B HyJib 1Ipu & = 0, 3aK/II09aeM, 9TO OHU PaBHBI.

Hoxazameavcmeo meopemuwr 9.8. Ilpeanosoxum, 4To € — ajredpaunte-
cKoe aucsio. Torma npu HEKOTOPOM HaTyPaJbHOM 1M U ¢ HEKOTOPbIMU
HEeIbIME KO3 DUIIUEHTAME Ay, . . . , Ay, BBHIIOJIHSIETCS PABEHCTBO

ame” +...+ae+ap=0, a,>0. (9.18)

[Tycts n - HATYpaAJIBHOE YNCIIO, BIIOCJIECTBUHU JIOCTATOTHO DOJIBIIOE.
Bribepem MHOro4JIeH

Fla) =2 = 1) (o= )

rJle KaXk/Iblii U3 mapamMeTrpoB T, ..., T, B JdajbHeilemM Oyjger BbiOpaH
paBHbiM 0 mym 1.
st mo0bIX ABYX HATYpPaJbHBIX duces k, { ClpaBe/InBO PABEHCTBO

0, ectu £ >k

k() _
€T =
(@) E!(];)J:k_e, ecim £ < k.

(9.19)

Muorousien f(x) umeer nesbie koadduruentsl. [Tosromy u3z (9.19) cie-
ayer, aro kosbdummentrs muorowiena f(x) nensres wa £,
B cuity Boibopa f(x) obiajaer takzke CBOWCTBOM

FO) = 91 =...= fOm) =0, 0<l<n,

[Tostomy npu sobom k = 0, 1,2, ..., m aua muorodsnena F'(z), onpeje-
slerHoro pasexcrsoM (9.17), Haxoaum

M M
=3 fO®%k) =) fOk) = nliy,
=0 l=n

e by - nesbie unciaa. U3 roxkpecrsa (9.16) npu @ = k Haxoaum

%e—m——/et . (9.20)
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Muorounen f(x) ecrb nponssenenne y o (n+r;) < (m+1)(n+1)
CKODOK BHJIa T — k, KaxKjasi U3 KOTOPLIX Ha orpeske [0, m] He mpeBoc-
xonuT m. [losromy

n+1 _ m+1
max [f(z)] <™ e=mmT (9.21)
Teneps u3 (9.20) n (9.21) cieayror paBencTsa
k c"
bope" — b, =0(— ], k=0,1,...,m. (9.22)
n!
YMuOKUM paBercTBo (9.20) Ha aj ¥ TPOCYMMEPYEM MOJTY IUBIITHECS [TPO-
usBeernst npu Beex k= 0,1,...,m. B cuuy (9.18) Haxomum
I =agby + ...+ anb,, = ak—/ _tf (9.23)

Pagencrsa (9.22) oznauator, 4To

=0 (C—> | (9.24)

Onpenemum QyHKITAT

(z) 1, ecn ¢ <k,
up(x) = .
g 0, ecim x >k,

Torma pasencrso (9.23) MOXKHO MEPENUCATD B BUJIE

I= ak— e )dt:—/ome_tf(t)G(t)dt, (9.25)

0

rie

1 m
= > anctu(h
" k=0

1

Ha npomexyrke 0 < 2z < m umeem G(x) = —a,e™ > 0, rak uro Gynx-

nust G(x) ornuana o ToxgectBennoro wyst. Pyukunus G(t) mocrosHHA
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Ha MHTEPBAJIAX MEXK/Ly [eJbiIMA ToOYKaMu. [loaToMy OHa MOXKET MEHsSTh
3HAK JIUIIH TPH Mepexojie IepeMeHHoi & depes 1esble TOUKU. BribepeM
Tenepb MOKa3aTeNn 711, . .., m—1, PaBEbIME 0 wam 1 Tak, 4T0Obl (hyHK-
uuu G(t) u f(t) upu nepexojie uepes Kax Ly nejayio Touky 1,...,m—1
OJTHOBPEMEHHO MeHsIM Obl 3HAK WU COXpaHaau ero. [lapamerpsr 1o u
Ty MOYKHO B36ITh, HAIpUMeEp, paBHBIME HYJI0. Tora moj; nHTerpajaoM B
npaBoil Yactu paBeHcTsa (9.25) cTOUT 3HAKOMOCTOsTHHAS (DYHKIMST, UTO
obecnieaunBaer yciaosue I # 0.

Urax, I = agby + ...+ ayby, ecTh 1ej10e OTIUYHOE OT HYJIsT YUCTIO,
Kotopoe B cuity (9.24) menbuie 1 mpu jgocratouno 6osbiiom n. Ilomy-
YuBIIeeCs: IPOTUBOPEYNE 3aBeplliaeT JJoKa3aTeJbCcTBO TeopeMbl 9.8. [

9.5 TpaHCIeHAJeHTHOCTh YHCaA T

B srom naparpade Oyjer jokaszaHa Caeayolas TeopeMa.
Teopema 9.9. Yucio m mparcuendenmmo.

Haunem ¢ HeKOTOpOIt 3a/1au1, OTHOCSIIEHCS K TEOPUM NPUOJINKEHUs
dbyukuii. [Ipeanonoxknm, uro Ha uarepsaje (a;b) onpesaenena (QyHK-
uus f(z) 1 HaM U3BECTHDBI €€ 3HAYEHU B HEKOTOPBIX TOUKAX (Y, - - - , Oy
9Toro unrTepBasa. Tpebyercs naiitu muorownen P(x) no BO3MOXKHOCTH
MeHblIel CTeleHy, NIPUHUMAIONINI B 3a/laHHbIX TOYKaX (v Te Ke 3Ha-
qenust, 9To U byukiwa f(x). Ecin konndecTBo TOUEK M JOCTATOTHO
BEJINKO, a (PYHKIUs JOCTATOUYHO IUIaJIKasl, 3HAUCHUsI STOI'0 MHOIOUJICHA,
HA3bIBAEMOI'0 UHTEPIIOJSAIMOHHBIM, OyayT OJIM3KM K 3HAUYCHUSAM (DYHK-
unn f(x) n B apyrux roukax uurepsana (a;b). st pemenuns 91oii 3a-
Jlavy OIPEJIeTIUM MHOIOUJICHBI

Qz) = (x —ap) -+ (x — ap), Qp(x) = ——, k=0,...,m,

1 OyjieMm uckaTh MHOTOWIEH P () B BUje

P(z) =) bQi(x)
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C HEKOTOPBIMU MOCTOSHHBIMY D, NO00PAB X TaK, 4TOOBI BBHITOIHSLIUCH
HY>KHBIE DABEHCTBA 3HAYCHUIT. Y UUTHIBASA, UTO MPU Kk 7 j BHINOJHAETCS
Qr(ej) = 0, monyaaem b;Q;(c;) = P(aj) = f(ey), j =0,1,...,m u,

CJIEJI0BATEILHO,
"~ f(ax)
P(x) =Y - Qulw).
(x) 2 Qo) ()
[TocTpoeHHbIT MHOTOYJIEH Y/I0BJIETBOPSIET YCIOBUSM

P(Oéj):f(()éj), j:O,...,m,
", SHAYUT, ABJIACTCA MHTEPIOJAINNOHHBIM MHOT'OYJICHOM.

,}_—[.}IH JOKa3aTeJbCTBa TPaHCHEHACHTHOCTH 7T HaM HOHEL,ZLO6I/ITCH pe-
[IATH CHadasa boJee CJIO2KHYIO MHTEPIIOJAIMOHHYIO 3a/1a4y, B KOTOpOI/UI
Tpe6yeTCH COBIIaICHUE HE TOJIbKO 3HAYEHUIT MCKOMOI'O MHOI'O4YJIEHA CO
3HAYECHUAMU 3aJaHHOMN (byHKH‘I/H/I, HO M COBIIaJeHUE UX IIPOU3BOJHBIX 10O
HEKOTOPDLIX IMOPAIKOB. KOHCprKI_LI/IH 9TOI'O MHTEPIIOJJIATMOHHOI'O MHOI'O-
qJICHa 3aJaCTCAd CJIGILyIOI[LGfI JIEMMOIA.

Jlemma 9.5. Ilycmov g, i, ..., Quy — PASAUNHDIE YUCAE U3 UHMEPBANA
(a;0) u 19,71,...,Tm — HEOMPUUAMEALHBIE Ueabie wucaa. [Tosoxcum

N =—1+7"(rj + 1) u onpedenum muozourerno

Qx) =] —a) ™,  Qulx)= = _Q(igmﬂ :

7=0

E=0,1,...,m.

IIyemov maxoce f(x) — dynwyus N pas dupdepenyupyeman 6 (a;b).
Tozda mnozounren

Q;(x) Rj(x), (9.26)

v

=

I
1M

2de

- 533 (48),_ oo

umeem cmenensv ne sviue N u ydoememeopﬂem paserncmeam

PO (o) = fO(ay), 0<l<r;, 0<Ek<m. (9.27)
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Joxasameavcmso. Tak kak deg Q(x) = N —ry, deg Rp(z) < rg, u9ru
HepaBeHCTBa cIpaBeduBbl npu Jjwobom £ = 0,1,...,m, 3aKkj09aeM,
aro deg P(x) < N.

Qukcnpyem Hekoropoe 1eaoe anciao k,0 < k < m. YunrbiBasi, 910
npu j # k muorouwnen Q;(x) nenurca na (z — )1

P(z) = Qn(x)Rip(z) + O((x — ag)™ ).

Muorowien Ry (x) onpesener Kak MHOTOWIEH Teiliopa B TOUKe & =

, TIOJIyd4aeM

Q. JJ1st PYHKIUK étk((xx)), [IO3TOMY
S = Rufo) +O((o — aa) ™),

U, CJIeJJOBATEbHO,

f(2) = Qu(x)Re() + O((x — a)™ ™).

3 nonyuenunix dopmya s P(x) u f(x) reneps caepyer, uro f(x) —
P(z) = O((z — ag)"™™) u, cneposarensno, f(x) u P(z) umetor ou-
HAKOBBLIC IIPOU3BOJHLIC B TOUKE L = (v J0 TOPSIKA T} BKJIIOUATEILHO.
[TOCKOJILKY 3TO 3aK/IIOUEHUE CIpaBeIuBO I Joboro neaoro k,0 <
k < m, memma mokazaHa. ]

CraencrBue 9.3. Cywecmsyem eduncmeennoili Mmno2ousen, ydosae-
meopaowutl yeaosuam (9.27) u umerowutd cmenens ne eviwe N.

Joxazameavcmeo. CylecTBoBaHie MHOTOWIEHA JIOKA3aHO B jieMme 9.5.
Ecin A(z) v B(x) — aBa MHOrousiena crenenu He Bbie N, yaoBiie-
rBopstionue yeaosusM (9.27); ro Q(x)|(A(x) — B(x)). YuurbiBas, u4ro
degQ(x) = N 4+ 1 u deg(A(z) — B(x)) < N, zakmouaem A(z) =
B(z). O

CaencrBue 9.4. B ycaosuar semmo, 9.5 na unmepsane (a;b) cyue-
cmeyem maxas moura &, wmo

i) j (V)
ZZ A d (@) 1)) = fT'(g) (9.28)

=0 j—0 (rk = 7)!
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Jlesas wacmo amozo pasencmea ecmv xKospduyuenm npu rV 6 mrozo-

unene P(x) us asemmor 9.5.

N

Joxasamenvcmeso. Koapdunuenr npu £ B Muorounene P(x), kKak 310

caepyer u3 pasencrsa (9.26), paBen cymme crapiimx Kod(GdUmueHTon
MHOrOWIeHOB R;(7), T.e. paBen

£ () () £

DTO JI0Ka3bIBAET BTOPOE yTBEP:KIeHne ciegactTBusi. Jlis mokazaresnbcrba

EPBOroO yTBepKIeHust 3amerum, 1ro Gyukuusa F(z) = f(x) — P(x), B
cuity JieMMbl 9.5, UMeeT B Kaxkjo# u3 Touek «p € (a;b) myam Kpar-
noctu 1, + 1. Tlo Teopeme Posisi, mpumenenHOl HECKOJILKO pas3, Ha
9TOM HHTEpBaje ecTh Touka & Takas, uro FWV)(€) = 0. 13 pasencrsa
FMN(&) = fN(€) — Nlay, rae ay — crapmmii KodhdUIHEHT MHOTO-
wiena P(x), mojydaeMm 1epBoe yTBEPKJIEHUE CIIE/ICTBYS. O

Hoxazamesvemseo meopemor 9.9. donyctum, 4To 7 — ajredpamieckoe
qucyo. Crenenb ero obosnaunm Oyksoit m. Torma m > 1. Yrepxie-
Husi jieMMbl 9.5 u eé ciegcrBuii OyjyT HpPpUMEHEHbl HaMU K (DYHKIUU
f(x) = sinmx u roukam

ap=0, ar =1, ... , au=m.

[Tycts N — npousBojibHOE HATypaJbHOE UUCIO, B JajbHEHRIIeM OHO
OyJeT BbIOpaHO JOCTaTOYHO OOoJbIuM. [Tooxkum
N—j .
Tj: m——|—1 , ]:0,1,...,777,.
Ecmu n — vacrnoe n s — ocratok ot jenennss N 4+ 1 na m + 1, Te.
N+4+1=m+1)n+s,0<s<m, 10, KaK JIE'KO BUJIETh,

n ecnn) < s, )
rj = ' ) j=0,1,...,m.
n—1 ecauj > s.
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Torna

m

S+ D) =sn+1)+(m+1—s)n=(m+n+s=N+1.

Kaxxjjomy HarypasbHoMy quciay N 1OCTaBUM B COOTBETCTBUE MHOI'O-
wien Py (x), onpenenennpiii jeMMoit 9.5 npu ykazannom Bbibope (pyHK-
mun f(z) U 9ucen g, ..., Qs Ty -+« T

Ecmun jnst mekoroporo N BblnosiHsgeTcs HepaBeHCTBO deg Py <
N+1, ro no ciegersuio 9.3 MOXKHO yTBEpKAaTh, uro Pyi1(x) = Py(z).
Ecnu 661 HepasencTsa deg Py (x) < N BoImoaHSINCH jjist Becex N 60JTb-
MITX HEKOTOPOro mejoro 4dmcia M, To 1Mo jgoka3aHHOMY IpU JIIOOOM
N > M nwmeno 661 Mecto paserctBo Py(x) = Py(z) w torga, B gacr-
HOCTH,

(sinwz), =PY©), =012, ...

Tak kax Py/(r) — MHOrOWIeH, TO MpaBas 4acTh MOCJAEHEr0 PaBeHCTBa
paBHa HYJIIO MPHU BCex J0ocTaToqdHO Oosbinux £. C Apyroi cTOpoHbI Bee
HEYeTHbIE HPOU3BOAHbIE DYHKUMKM SINTx B TOoUKe 0 OTIMYHBI OT HyJIsl.
[TonyuuBIeecst IpOTUBOPEUNE O3HATAET, UTO CYIIECTBYIOT CKOJIb YIOHO
bosbiie wucaa N, st koropbix deg Py (z) = N.

Boibepem kakoe-HUOYIb JJOCTaTOYHO OosibIoe 1esioe Yncio N ¢ yciio-
sieM deg Py(x) = N. Ecm B — xosddurument npu z¥ B MHOrOUsICHE
Py(x), T0 cornacuo Bbibopy N Boinonusiercs B # 0. Ilo cienersuio 9.4

nMmeemM
Tk—J
B = §:zﬁ’_ -k (9.29)
=0 j=0 ‘' J)!
rjae

:}g@ﬁrwg, i>o.

CripaBe /BRI PABEHCTBRA,

Ak,

(sinwz), = (=1)Fa’sin— | (9.30)
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n3 KOTOpBIX ciegyer, uro unciaa f ) (k) B pasencrse (9.29) mm6o pas-
upl 0, MO0 ¢ TOYHOCTBIO JI0 3HAKA COBIIAJAIOT ¢ HEKOTOPOH CTENEHDLIO
70, IIPUYEM [OKA3aTesb CTEIeHU He MPeBOCXOAUT umcia n. Huzke Oymer
nokasaHo, 4to ai; € Q, mosromy B ecTh MHOTOWIEH OT 7 ¢ PAlHOHA b
HBIMU KO3 PUITUEHTAMU.

I3 omnpejiesienust GuCeN Gy, ; CIELYET, ITO

o

Q:(t) =S (= k). (9.31)

[TopcraBum B 910 TOXK 1eCTBO t = k+dx, 1)1€ d — HEKOTOPOE HATYPAJIHHOE,
JeJisneecs Ha Bee uncia 1,2, ..., m. Hanpumep, Moxkuo B3aTH d = m!.
Torma (9.31) MoxeT ObITH TIEPENICAHO B BUIE

1 > o
_ = - d -2 (9.32)
[ (k—(+dz)et =0
7k

YuurbiBas, 4To

k—0+de k- l—ﬁx_ — (—k ’

d .
T.e. (PYHKIHS =ica DacknazpiBaercs B Touke 0 B pajg Teiisopa c

nesibiMu KoaduimentaMu, 3akiaodaeM ¢ moMorpio (9.32), 9ro psi
0

dNTE ST ay jdV 1) umeer neavie kosddunuentor. [losromy dY "+ Hay ; €
=0
7, v, 3HAYNT,
A ar; €7, 0<j<nr (9.33)

Bemn u(x) = Y72 uja? mwv(x) = 7% va! gpa crenennbix psja,
Oyzem obo3HavdaTh cUMBOIOM u(x) << v(x) TOT akT, UTO KaXKIbIii
koaddunment psiia u(x) mo abCoMOTHON BeTMIKHE HE TIPEBOCXOUT CO-
oTBeTCTBYyIOIIEro Kovbduimenta psiga v(z), T.e. |uj| <wvj, j=0,1,....
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Tak, nanpumep, npu k # £ umeem

1 1 1 =/ 1 \'" 1
kux_kemﬁ_jzo(ék) S

JIerko nmpoBepuTh, UTO €CJIM CTEICHHBIE Psijibl CBS3aHbl COOTHOIICHH-
savu g (2) << vi(z) mug(z) << va(x), To up(x)us(z) << vi(x)ve(T).
st 91010 JJ0CTATOYHO JIMIIb CPABHUTH COOTBETCTBYIOIIUE KO3 Duiiu-

€HTBI CTENEHHBbIX psi/oB. C MOMOIIbI0 MHAYKIMU yKa3aHHOE CBOWCTBO
JIEFKO PACIPOCTPAHSIETCsT Ha JIF0OOE UNC/I0 COMHOXKUTEJIEH.
[Tosb3ysich 3TUM CBOMCTBOM, HAXO/MM

ia 2’ ! << !

ki = Ao

j=0 [T (k— ¢+ )t (L — )t
iz

Taxum obpazom,
jargl <2%, k=0,1,...,m, j=01,.. 7 (9.34)

3 (9.29), (9.30) u (9.33) ciemyer, 9T0 CyMIECTBYET TAKOH MHOTOWIEH C
nesibiMu Kodpdurmentamu A(x), 1o

A(m) = dVnlB # 0, deg A(z) < n.

[Ipu srom, cormacuo (9.34)

m
L(A) < d"n! E (r, 4+ 1)2Y < nlefth
k=0
IJIe €] TOJOKATETBHOE TUCII0, BABUCHIIEE TOIHKO OT M.
Tak kak A(m) # 0, a T 110 TPEINONOKEHUIO eCTh aaredpandecKoe
GUCIIO CTENEeHK 1M, HAXOJAUM ¢ HOMOLIBIO TeopeMbl 9.5 OlEHKY CHU3Y

1
[A(m)] > (el ) Mey™ >

S 9.35
— cyt(nlym-1 (9:35)
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e Cg, C3 — TOJOKUTEJIBHBIE TUCIIA, 3ABUCAIIIE TOJILKO OT 1.
Onenum reneps |A(m)| cBepxy. st aToro Bocmosb3yemcst mpaBoit
qacTbio paBercTBa (9.28). Vmeem

‘(Sin ﬂx)gfi) ‘ N
< dVn!— .
N! N!

A(m)| = dVn!

U3 onpejenenus ducesn 1 ciepyer nepasenctso N +1 < (m+1)(n+1).
IIpomssenenne (n!)™ cocrour uz (m + 1)(n — 1) < N — 1 comnoxu-

Teneil, mpesocxoaanmx 1, moaromy (n!)™ ! < N!. B pesyabrare numeem
Cn+1
[A(m)| <~

(nh)™

rie ¢4 = (wd)™ ! zaBucur Tonbko or m. CpaBHUBAs HO/IYUYEHHYIO OLICH-
Ky ¢ (9.35), IPUXOUM K HEPABEHCTBY

n+1
1 Cy

Gty = (nl)

JTH »
c3cy)"
| < o)™
n!
[Tpu GosibiMX 1 9T HEpaBEHCTBO HEBO3MOXKHO. C JIPYToit CTOPOHBI HME-
eM (n+1)(m+ 1) > N + 1, uro nporuBopeduT BbIOOpY uncia N 1o-

CTATOYHO OOJIBIIINM.

(9.36)

[TonyauBiieecst npoTuBOpevre 3aBepiiaeT JoKa3aTeIbCTBO TPAHCIEH-
JEHTHOCTHU TT. L]

9.6 HeB03MOXHOCTH KBaApaTypPhl KPYyTa

SuamenuTas mpobaeMa KBaJApaTypbl KPyra MOXKeT ObITh cOPMYIUpPO-
BaHa TaK

noOCMPoOuUMs Ha NAOCKOCMU K6adpam, niowads Komopozo pasHANGCH
OvL naowadu 3adanmnozo Kpy2a.
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[Tpu srom "mocrpours'"o3HaUaeT MOCTPOUTH ¢ MOMOIIBIO HUPKYJIst U
JIMHEHKN - HHCTPYMEHTOB, HaXOJIUBIINXCSA B PACIOPSIXKEHUH JIpPEeBHErpe-
YecKuxX reoMeTpoB. MHOrOYMCICHHBbIE MOIBITKM HaiiTh Tpedyemoe Io-
CTPOEHHE TIPOJIOJIKAIICH B TEUEHHUE YeThIPeX ThICSUeJeTH 10 TeX Hop,
noka B 1882r. @./Iunmeman He JOKa3aJ, 9TO TAKOTO MOCTPOCHUS HE CY-
IIECTBYET. DTO YTBep:xKieHre OyIeT JOKa3aHO HUXKeE.

Korma roBopsiT 0 MOCTPOEHUHN € TIOMOIIBIO IUPKYJIs U JIMHEHKH, NMe-
0T BBHU/ly, 9TO IO 3aJIJAaHHOMY YCJIOBHSIMU HaOOPy TOUYEK, OTPE3KOB,
OKPY2KHOCTEl WU JPYIUX TeOMETPUUECKUX OOBEKTOB TpPedyeTcs IIo-
CTPOUTH HEKOTOPBIil HOBBLI OTPE30K, TOYKY, OKPYXKHOCTb M T.II., UC-
OJIb3Ysl TOJIBKO 3T MHCTPYMEHTHI. [IpuueM ¢ MX MOMOIIBIO paspela-
€TCsl BBIIOJIHATD JIMIID JIBE OCHOBHBIE Ollepalun

1) mpoBecTH ¢ MOMOIIBIO JIMHEHKH MPsIMYIO JINHUIO Yepe3 JiBe 3a/1aH-
Hble UJIN TIOCTPOEHHbIE paHee TOUKH;

2) MPOBECTH IUPKYJIEM OKPYXKHOCTH C [EHTPOM B 3aJIaHHOI WJIM 110-
CTPOEHHO paHee TOUKe Pajnyca, paBHOTO PACCTOSHUIO MEXKY JIBY-
M¢ 3aJaHHBIMU UJIU [TIOCTPOCHHBIMU TOYKAMU.

JItobast reomerprdecKkas (GpUrypa, KOTopas MOXKeT ObITh IIOCTPOEHA,
3aJIa€TCs COBOKYIITHOCTBIO IPSIMBIX, OKPY2KHOCTe#l u Touek. Hampumep,
JIUTsT TTOCTPOEHMsT KBaJIpaTa JIOCTATOTHO MOCTPOUTH UeThIPE €ro BepIIu-
Hbl. B pesysibrare BBINOJHEHNs] B ONPEJICJCHHOM IOPsJIKE YKA3aHHBIX
oreparnyii Ha MJIOCKOCTU BO3HUKHET MHOXKECTBO TPSAMBIX, OKPYKHOCTE
1 HEKOTOPHIX TOUEK WX MEPEcedeHisi, COAepIKallee NCKOMbIE TOUKH, TPsT-
Mble WM OKpy»XKHOcTH. He Bce TOUKM mnepecedenusi 9TUX MPSMbIX 1
OKPY>KHOCTe#l B JEHCTBUTEIHLHOCTH HEOOXOAMMBI JJis mocTpoenus. Ile-
peHyMepyeM Telnepb 3aJlaHHble YCJIOBHEM TOUYKH, MPAMbIEe U OKPYKHO-
CTH B HEKOTOPOM TIOPSIJIKE, & 3aTeM TPSMbIe, OKPY>KHOCTH U UCITOTh3Y-
eMble JIJIsi TOCTPOEHUsT TOUKHU MePecedeHrst B MOPsJIKEe UX BOZHUKHOBE-
Hus. Torja Ha deprexke MOABUTCS KOHEUHAs MOCIEOBATEILHOCTD MPsI-
MBIX, OKPY?KHOCTEI U TOUEK, CojiepKalliast BCE HCKOMbIE TeOMETPHICCKHIE
00 bekThl. Kaknm ke 00pa3oM B MpoIEcce MOCTPOEHUsT MOI'YT BOSHUKATD
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HOBBIE TPsiMble, OKPYKHOCTU M Toukn?! llepeducinm Bce mmeronmecs
BO3MOKHOCTH.

a) Hosast npsimast MoxKeT ObITh [IOCTPOEHA JIMIID C TIOMOIIBIO JIMHEHKH,
NPUJIOKEHHON K JIBYM, ITIOCTPOCHHBIM paHee TOYKaM.

0) Hosasi OKpy>KHOCTH MOXKeT ObITh [IOCTPOEHA JIUIIID C OMOLIBIO [ P-
KYJIs, TIOMEIEHHOTO B MOCTPOEHHYIO panee Touky. [Ipm atom pa-
JINYC €e PaBeH PACCTOSHWIO MEXKJIy JBYyMsl TOCTPOEHHBIMM paHee
TOYKAMHU.

B) HoBast Touka MoXKer ObITh MOCTPOEHA, KaK MepeceveHne JIByX I0-
CTPOEHHBIX MPsAMbIX.

r) Hosasi Touka Moxer ObITH TOCTPOEHA, KaK MepecevdeHne mocTpOeH-
HBIX IPSIMOIl U OKPY>KHOCTH.

1) Hopast rouka Moxer GbITh MOCTPOEHA, KaK MepeceveHne JAByX I10-
CTPOEHHBIX OKPY2KHOCTE.

e) Hosast Touka MoxKeT ObITh TOCTPOEHA ¢ OMOIIBIO OllepPAIii, KOTO-
PyIO MBI HA30BEM " MPOM3BOILHBINA BLIOOD'.

[Tosicaum nogpobHee, UTO 3j1eCh nMeeTcst BBuLy. VHOra, mpu BbINOJIHE-
HUU MOCTPOEHHsI ObIBaeT 0e3pa3IndHO, IJe B3ATh HEOOXOIUMYI0 TOUKY.
Torma ropopsrt, "Bo3bMeM MpOM3BOMLHYIO TOUKY''Ha IJIOCKOCTH, HA I10-
CTPOEHHOI paHee MpsiMOit 1 T.11.. PaccmoTpuM, Hanpumep, CJemayiolLyio
JIDEBHIOIO M 4aCTO BOBHUKABIIYIO Ha IPAKTUKE 33124y : NOCMPouUmbs ¢ no-
MOULLI YUPKYAA U NMUHETKU UEHMP HAPUCOBAHHOT okpyHcHocmu. flcHo,
YTO IIOCTPOCHKE IEHTPa HE MOXKET HAauyaTbCdA HU C OJIHOM U3 Iepedunc-
JIEHHBIX BBIIIE Olepalnii a)—ﬂ). OJIHO M3 KJIACCUYECKHUX PEIIeHui 3Toi
3a]1aUM HAUNHAETCS ¢ TPOU3BOILHOTO BhIOOpa Tpex Touek A, B n C' ma
OKPY2KHOCTH C T€M, UTOOBI BIIOCJIE/ICTBUK C IOMOIIBIO UPKYJIsd U JINHEH-
KU, TaK KaK 9T0 00bsICHSAETCS B IIKOJBHOM KypCe NeOMeTPUM, TOCTPOUTH
LEHTP OKPY2KHOCTHU, OIUCAHHOM BOKPYT Tpeyrojibiuka ABC, r.e. nearp
3aJJaHHOM OKPY2KHOCTH.
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CjiesiaB 9TH BCTYNUTENBHBIE 3aMedaHust, TPEJNOJIOKUM, 9TO CyIIle-
CTByeT MOCTPOEHUE C TIOMOIILIO TUPKYJIS U JIMHEHKE, peraroree mpo-
OJieMy KBaJIpATypbl Kpyra, T.e. MO3BOJIAIOIIee /it JIOOro 3a/jaHHOro
KPyTa MOCTPOUTH PABHOBEJUKHUI €My KBaIpaT.

BBemem Ha MIOCKOCTH CHCTEMY KOODJMHAT, TIOMECTHB ee Hadajlo B
[EHTP 3a/JaHHOIO KPyTa U BHIOPAB B KAUECTBE €IMHUIIBI U3MEPEHUST JIJTH-
HBI PAJIYC 3aJIaHHOT0 KpyTa. Beskas Touka BO BBEJIEHHO Ha TIJIOCKOCTH
cHCTEME KOOPAMHAT MOXKET ObITh 3ajana napoi uucen (;y), npsvas
1 OKPY>KHOCTH YPaBHEHUSIMU B KAHOHUYIECKOI (hbopMe, COOTBETCTBEHHO,
ax+by+c=0u (x—x0)*+ (y —yo)* =72, rue (zo, yo) - KOOPAUHATDI
HEHTPa U T - PAJINYC OKPY>KHOCTH.

Onpejiesium Tenepb Ha, IJI0CKOCTH KJIACC aaredpaniecKux TOUeK, mpsi-
MBIX M OKpy:KHOCTeil. Touky OyjeMm Ha3blBaTh ajredpanmtdecKoil, eciu
ee KOOpPAWHATHI €CTh ajredpamdeckne Incia, MPSIMYI0 - €CIn OHa MO-
)eT ObITh 3a/laHa ypaBHEHUEM C aJredpandeckuMu Ko3(pPuiineHTaMu.
OKpy>KHOCTH OyJileM Ha3bIBaTh ajreOpamveckoil, ecjliu BeJUUNHA €€ pa-
JINYCa U KOOPJMHATHI IIEHTPa ecTh ajredpanvieckue ducia. B gactHocTw,
3a/laHHAas OKPY KHOCT NMeeT ypasHenue 12 +y% = 1 u noroMy siBisiercst
aJireOpanveckKoil.

[Tokazkem, 4TO omepanuu a)-J), TPUMEHEHHBbIE K AJreOpanvIecKuM
o0beKTaM, B pe3ysbTare TakKe JAl0T aJredpanvdeckKre TOUKH, TMPsSMble
1 OKpy»KHOCTU. B camom jiere:

a) Ilpsimast, mpoBejieHHAsT Yepe3 JBe TOUKU C AJredOpandecKuMu Ko-
opaunaramu (x1,y1) u (T2, ys), 33jjaeTcsa ypaBHeHHEM

(2 —21)(y —y1) — (g2 — y1)(x — 21) = 0.

CorytacHo Teopeme 2 3TO ypaBHEHNE B KAHOHWYIECKOH (hopMe MMeeT aJi-
rebpandeckue KO3PMUIMEHTHI 1 IOTOMY OIpeJe/sieT aaredpandecKyio
IPSIMYIO.

0) OKpyXKHOCTH C aaredpanvIecKuM MEHTPOM, PaJIUyC KOTOPOHl eCTh
aJredpamIeckoe IuCIIo, 10 ONMPECJCHNIO sIBJISETCs aaredpanaecKoil.

B) JBe nepecekaroiimecst npsiMbie, 3a/1aBacMble YDABHEHUSIMU ;T +
biy+ ¢ = 0,1 = 1,2, ¢ anrebpandeckumu KoddppunuenramMu a;, b;, ¢;
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UMeIoT ODIILYI0 TOYKY € KOOPJMHATAMU, y/OBJETBOPSIOIIUMU CUCTEME
yPpaBHEHU

ax + by = ¢y,

Ao + bgy + Co.

Perienne sroii cucrembl, HaiijieHHoe, Hanpumep, 1o ¢gpopmystam Kpa-
Mepa, IMeeT COTJIACHO TeopeMe 2 ajarebpanieckue KOOpanHaTh X, y. Tax
YTO TOYKA IIepeceueHus JIBYX aJreOpandecKux IPsSMbIX sIBJISETCS aJire-
OpanvIecKoii.

r) Touku nepecedennst ajreOpandecKux NpsMOi U OKPYKHOCTH UMe-
10T KOOPJUHATHI I, Y, YIOBJICTBOPAIONINE CUCTEME YPaBHEHUI

ax + by = c,
(x —20)* + (y — yo)* =12,

¢ asirebpandeckumu Koadgduimenramu. He ymenbinast o01HOCTH MOXKHO
cuurarh, 4ro b # 0. Boipasus u3 11epBoro ypaBHeHUs! CUCTEMbI HEU3BECT-
HYIO Y 9epe3 T U IIOJICTaBUB 9TO BhIPayKeHUE BMECTO 3/ BO BTOPOEe ypaBHe-
HUe, TIOJYIM KBaJpaTHOe yPaBHEHWE OTHOCUTETHHO &, KOIDMOUIIUEHTHI
KOTOPOI'O COIJIACHO Teopeme 2 OyayT ajaredpandeckumu ducaamu. Ho To-
IJIa [0 9TOH Ke TeopeMe ajaredpandecKuMyu YucaaMu OyIyT 00a KOPHS
T1 U To HOJYUUBIIEIOCS KBaJPAaTHOI'O yPaBHEHUs, a, CJIeJIOBATE/ILHO, U
BTOPBIE KOpAMHATH ¥; = —(ax; + ¢) - b~ Touek nepeceuenns. Urax, obe
Touku nepeceverust (x1,y1) u (T2, ys) OyayT ajaredbpandecKkuMu.

1) Koopaunarer x, y Touek mepecedeHus IByX ajaredpandeckux OKpy-
YKHOCTEH yJIOBJIETBOPSIIOT CUCTEME YPaBHEHMIt

(x—x1)* + (y —)* =17,
(r —22)? + (y — y2)* = 13,

c asirebpanieckumu koddduimeHramu. Borauras Bropoe ypaBHeHUE CU-
CTEMBI U3 TIEPBOT'O, MbI, KaK JIET'KO IPOBEPUTH, TIOJYIUM JIMHEIHOE ypaB-
HeH#e ¢ ajredpamdeckumMu kodddunnentamu. A 3aTeM, KaK U B IPEIbI-
JIyIIEeM CjIydae, MpoBepsieM, 9TO KOOPJAWHATHI TOUEK MePecedeHust eCTh
aJiredparmdaecKkue 4nucia. JTUM JOKA3aHO, 9TO TOUYKU MEPECEUICHUs JIBYX
aJredpamIecKux OKpyKHOCTel Oy IyT aarebpamdecKuMu.
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ObcyuM Ternepb cuTyanuio ¢ onepanueii €) - "IpousBOJILHbIA BbI-
oop". Bamernm, 9TO TOUKM C ajreOpandecKuMu (M JlayKe paIuOHAJb-
HBIMHU) KOODJMHATAME BCIOJIy IIJIOTHBI Ha IJIOCKOCTH. DTO O3HAYAET,
YTO CKOJIb YIOJIHO OJIM3KO K JIH000M TOYKE IJIOCKOCTU HAXOHSTCsl TOU-
KU C aJredpanaecKuMi KoopannaTaMu. Kpome Toro, corjiacHO TeopeMe
2 oum Oy/yT BCIOJLY IJIOTHBI Ha ajredpamvecKux MPsIMbIX U OKPYKHO-
crsix. JleitcrBurenibio, B JH0060M OKpecTHOCTH TOUKY (1, Y1), JexKallei,
HallpUMep, Ha aJrebpauveckoil OKpy»KHOCTH, Hafijercs Touka (Tg,ys)
¢ abCIUCCOit o - PAIMOHAJBHBIM THCIOM, MPUHAJJIEKAIIAS ITONH XKe
okpy2kHocTu. Ho Tornma Bropast KoopjiuHaTa o JOKHA OBITH ajredpa-
MYECKUM YUCJIOM, TaK 9TO ToYKa (T2, ys) Oyer agrebpaundeckoii.

D10 O3HAYAET, YTO €CJM BCE TOUYKH, MPIMbIE U OKPY>KHOCTH, IOJIY-
JUBIINECS B Pe3ysbTaTe OTepaliyii, MpeImecTBOBABIINX TTPOU3BOIHLHO-
My BBIOODPY", ObLIM ajarebpandecKuMu, TO U TTPU ' TTPON3BOIHLHOM BHIOO-
pe''MbI MOYKEM MOCTPOUTH AJTeOPAnIECKYIO TOUKY.

CkazaHHOe BBIIIE MOXKHO PE3lOMHPOBAThL Tak. IlocTpoenne ¢ momo-
MIBIO IUPKYJIsS U JIMHEHKY, peau3yoliee KBaIpaTrypy ajredpanieckoro
kpyra 2 + 2 = 1, MOoXKeT ObITh BBINOJIHEHO TAKUM 00DPA30M, UTO BCE
BCTPEYAIOIIMECsST B HEM TOYKM, MPsIMbIe U OKPY>KHOCTH Oy1yT aJjrebpa-
MIeCKUME. B 1acTHOCTH, 9TO O3HAYaeT, IYTO aaredpanvdecKuMu OyIyT u
BCEe BEPHIMHBI KBapara, MoJyJalolerocst B KOHIIE MOCTPOEHWs, W PaB-
HOBEJIMKOT'O 110 MJIOIIAJIN 3aJaHHOMY KDPYTY.

Ecim (x1,91), (T2, y2) - coceine BepIIUHBI KBaJpaTa, TO €ro IIo-
majb, KaK JIETKO BUIETh, paBHa (T — x1) + (Y2 — y1)? B aBiagercs
anrebpamdeckuM dncgoMm. Ho ara »ke mIomaib 1Mo yCIoBHIO JOIKHA, PaB-
HATHCA TJIOMIAIM 33JIaHHOIO KPyTa, T.e. YUCIy 7.

Takum obpazom, moaydaeTcs: IpoTUBOpedne ¢ Teopemoit JInugemana
O TPAHCIHEHJCHTHOCTH YHUCIa 7, O3HAYAoIee, 9T0 KBaJIpaTypa Kpyra ¢
OMOIIBIO [UPKYJIsI U JTMHEHKN HEBO3MOXKHA.
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