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NMPEAUCIIOBUE K YETBEPTOMY U3OAHUIO

3a BpeMsl, Mpollelliee mocjie TPEThero 3AaHus 3TO KHUTH, CTaJIO OYe-
BUAHBIM, YTO OHa HOCTAaTOYHO aKTyaJbHa M Mojie3Ha. Bmecte ¢ TeM, BO
MHOTHX BBICIIMX YYEOHBIX 3aBeIEHUsSIX OIIYLIAeTCs KpalHWI HEeI0CTaTOK
9K3EeMIUISIPOB KHUTHU. 3aJayHUK IIMPOKO MCMOJIb3YETCsI, a MaJiblii THpax
MOCeHETO U3MAHUSI HE CMOT YIOBJIETBOPUTH MMEIOIIYIOCS TTOTPEOHOCTD.

B aTux ycnoBusix nsnarenbctBo «PuU3MKO-MaTeMaThuyeckas JurepaTypar»
PEeNInIo Mepen3aaTh KHUTY. 3a 3TO aBTOPHI OJlarogapHbl U30aTEIbCTBY.

B naHHOM M3MaHUKM MBI BHECIM HEOOXOAMMBbIE MEpPeNeKU 3aaay, OTBe-
TOB, TEPMUHOJIOTUU, PACIIUPUIN CIIMCOK JIMTEPATYPhI, a TaKXKe MCIPaBUIN
orevyaTKM, BKPaBIIMECs B MPEAbIAYIINE U3AaHUsI. MBI OCTapaJnch yUeCThb Te
3aMeYyaHus U MPeAsTOXKEeHHUs, KOTOpble ObUIM BbICKa3aHbl HAIIMMU KOJlera-
MU, aKTUBHO MCTIOJIL3YIOIIMMU KHUTY B CBOEH IMpernonaBaTeIbCKON NesITeb-
HocTU. Bcex ux Mbl MICKpeHHe OJ1aromapum.

5 auBaps 2001 r. HU.A. Jlaspoe (Mocksa)
JI.JI. Makcumosa (HoBocubupck)



NMPEAUCIIOBUE K NMEPBOMY U3OAHUIO

B Hacrosiiiee BpeMsi MaTemMaThuyeckasi JIOTMKa U CMeXHbIe C Hell HayKu
MPUBJIEKAIOT BCE 0OJIblllee BHUMaHUE. DTO BbI3BAHO KaK MHTEHCUBHBIM pa3-
BUTHEM CaMUX 3TUX HayK, TaK U HAlJCHHBIMU TJTYOOKMMU MPUIOXKEHUSIMU B
Pa3IMYHBIX 00J1ACTAX MAaTEeMaTUKU U TEXHUKU.

Kypc maremaTuuecKoii JOTMKM HECKOJIbKO JIET Ha3al cTajl 00s13aTeIbHbIM
JUISI MaTeMaTuieckKux (pakynibTeTOB YHUBEPCUTETOB U MEAarornuecknux MHCTU-
TyToB CCCP. Ha nmepBbIx mopax 00IbIION OTPSII CTYACHTOB U IIpeIogaBaTeiei
OBbUT MPAKTUYECKU JIUIIEH YIeOHBIX ITOCOOMI IO 3TOM cnelnuaabHocTU. B Ha-
cTosiliee BpeMsl ATOT HEJIOCTAaTOK B HEKOTOPOW cTeneHu ucrpasieH. Ceituac
HMMeeTCsl psil YYUeOHUKOB M KHUT T10 MaTeMaTUUYeCKOii JIOTMKe. 31eCh U HECKOJILKO
KHUT COBETCKMX aBTOPOB, HO, B OCHOBHOM, 3TO NepeBoaHasi juteparypa. 1
BCE XK€ Te, KTO BeAeT MPaKTUYECKWe 3aHSITHUsI, MCIBITHIBAIOT 3HAYUTEIbHbBIE
TpyaHocTu. U neno He B ToM, 4TO 3a7a4y HeT. bojbllioe KoamvyecTBo 3a1a4 1o
MaTreMaTu4eckKoi JIOTHKEe pa3dpocaHO MO pa3HbIM KHHUTaM. TOJIbKO B caMoe
nocaenHee BpeMs nosiBuiack kaura C.I'. TuHankuHa «Arebpa JOrMKuU B 3a1a-
yax», Tae coOpaH 3HAUMTEIbHBIM MaTepuas Mo ajaredpe JIOTMKU.

B Haieii kHUTre cienaHa MomnbITKa CUCTEMATUYECKH U3JI0KUTh OCHOBBI TEO-
pYM MHOXKECTB, MaTeMaTUIECKOM JIOTUKY 1 TEOPUU aJITOPUTMOB B (hopMme 3a1ad.
OT yuTaTesst He TpearoaaraeTcsl HUKaKou MpenBapyuTeIbHOM MoArotroBku. OH
MOXET HCIIOJIb30BaTh 3Ty KHUTY JUISI U3YYEHUS] MaTeMaTUYeCKOW JIOTMKM, He
obpalasich K ApyruM yyeOHUKaM U Imocoousm. Tem He MeHee, Mbl IIPUBOIUM
KpaTKUil CIIMCOK UMEIOLIENCS Ha PYCCKOM sI3bIKe JuTepatypbl. Kaxknomy napa-
rpady mpeanociaHo KpaTkoe BBeIeHME, coiepkalliee OIpeleieHusI Bcex Oc-
HOBHBIX TIOHSITUIA, UCITOJIb3YeMBbIX B 3afayax 3Toro naparpaga. PaHee BBeneHHbIe
MOHSITUSI U OMNpEACSIEHUS] MCIOIb3YIOTCS 4acTo 0e3 CChUIOK; B 3THX CIIydasix
YypTaTesIb MOXKET UCITOJIb30BaTh yKa3aTeJb TEPMUHOB U 0003HAUCHUIA.

OcHOBHBIE TeOopeMbl COpPMYIUPOBAHEI B BUIE 3agay. s TOro 4ToObI
JIOKa3aTeJbCTBA ObLIM BO3MOXHO 0oJjiee MPOCTHIMU, TEXHUUYECKUE JIEMMBbI
Tak>Ke BbIJICJICHbI B BUJIE OTIEIbHbBIX 3a/1ay.

BonblnHCTBO 3a1a4 cHaOXEHO OTBETaMU M yKazaHusiMU. UHorna Mbl jaem
MOAPOOHBIE OTBETHI K MPOCTBIM 3aJa4yaM [JIs1 UJUTIOCTPALIMA METOAA PacCyX-
NIEHUs1, BIIEPBbIe BCTPETUBILIErocsl. B nanpHeiilem yxe orpaHMYMBaeMcs JIUIb
KpaTKUMU yKa3zaHusIMU. TpyaHbIe 3aqaui OTMEYEHbI 3BE€3/10YKOM.

BoabmmHCTBO 3a/au Kaxkaoil yacTu MOXKET ObITh pelieHo 0e3 obpartie-
HUS K ApYruM vactsaMm. Tam, rae HeoOXOAMMO, MbI JIEJJA€M COOTBETCTBYIO-
LIMe CCBUIKM B CAMOW 3a7jaye UM B YKa3aHUU K HEW.



6 NPEANCIOBUE K ITEPBOMY M3JAHUIO

EctecTBeHHO, UTO B KHUI€ HE 3aTPOHYTbI MHOTHE HaIpaBJIeHUsI COBpe-
MEHHOI MaTeMaTU4ecKoil JOoruku. HekoTopble TeMbl JUlllb HaMeUeHbI, IS
HUX TIPUBEJIEHbI JIMIIb caMble TepBOHAYAJIbHBIC TTIOHSITHSI U pe3ysbTaThl. Tak,
HarpuMmep, akcruomatuueckass Teopust MHoxecTB (§ 7 ywactu II) 3aHumaer
MaJIo MecTa, XOTSl B JIEMCTBUTEIILHOCTU BCE 33a4u M3 4acTu | MOryT ObITb
peuieHbl B pamkax Teopun ZF. B yactu 111 u3 pa3nuyHbIX yTOUHEHUI TOHSITUS
aJITOPMTMa BBIOPAHBI JIMIIb PEKYPCHUBHBIE (DYHKIIMKM U MallUHbI ThlOpUHTA.

MpE1 craBunm cebe 1ieblo, INIaBHBIM O00Opa3oM, CUCTeMAaTU3UPOBaATh YXKe
umelolrecs 3anadn. [1o 9Toit MpUYMHE 31eCh UMEETCsl CTaHIapTHBIN Habop
3aj1a4 ¥ OYeHb MaJio 3aja4, CrieliMalbHO MPUAYMaHHbIX aBTopaMu. Eciu 3ana-
Y1 HaM HPaBUJIMCh, TO MbI OpaJii MX U3 APYTUX KHUT U HE CChUTAJIMCH Ha 3TO.

B xHure ynorpebusiorcs ciaenyoume oOLENPUHATbIE 0003HAYEHMS:

N5, ¥, D, B — mHOXKeCTBa HATYpalbHBIX, LEIbIX, PALMOHAIBHBIX,
NEeWCTBUTENbHBIX, KOMIUIEKCHBIX YMCET COOTBETCTBEHHO;

= — eClid ..., TO ...;

& — ...TOTJA U TOJILKO TOT/Aa, KOTJA ...;

= — eCTb 10 OIpeIe/ICHHIO;

{x]..Xx...} — MHOXECTBO TAKMX 3JIEMEHTOB X, IUISI KOTOPBIX BHITOTHAECTCS
YCIIOBHE ...X...;

{x1, x5, ...} — MHOXECTBO, COCTOSILIIEE U3 DTIEMEHTOB X{, X», ...}

(X1, X2, +.., X,y — YIIOPSIIOUYEHHASI TIOCIEIOBATEILHOCTD JIEMEHTOB X, Xy, ..., X

B ocHOBY 2TO#1 KHUTH MOJIOXEH Halll COOPHUK «3a/1a4uy T10 JIOTUKE», BBITTY-
meHHbI B 1970 1. uzaarenbctBoM HoBoCcHOUPCKOro rocyiapcTBEHHOTO YHU-
BepcuteTa. COOPHUK 3HAYMTENBHO JOIMOJHEH, CelaHa CyleCTBeHHas Mepe-
paboTKa, Mbl MOCTApaIUCh YYeCTh MHOTOUMCIEHHbIE 3aMeUaHusl, BbICKa3aH-
Hble HaM. Mb1 6naromapssl JI.H. Illespuny, A.M. OmapoBy, H.I'. Xucamueny,
A.A. AkataeBy, B.A. Ycnenckomy, I'.E. Munny, C.}O. Macnosy, A.O. Ciau-
ceHko, M.J1. 3acnaBckoMy M IpyruMm 3a LEeHHbIe 00cyxneHusi. Ocodo Mbl O1a-
romapubl FO.JI. EpmoBy, M. WM. KapranonoBy n M.A. TalliuyinHy, a TakKe ApYy-
MM wieHaMm Kadeaphl aaredpsl 1 MaTeMaTudeckoit joruku HI'Y 3a Gonbiiryio
MOMOIIIb ITPU MOJATOTOBKE TOM KHUTU. MBI I1y6oko npusHaresabHbl H.B. bessi-
KWHY 3a OOJIBIION TPy 10 peAaKTUPOBAHUIO HAIEH KHUTH.

1 nexabps 1973 r. H.A. Jlaspos
r. HoBocubupck JL.JI. Makcumosa
AKaneMropoaok
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TEOPUA MHOXECTB

§ 1. ONEPALUUN HA1l MHOXXECTBAMU

Yepes € 0603HAUACTCSI OMHOULCHUE NPUHAOAelNCHOCmU, T.€. X € A 03-
HaJaeT, YTO DJIEMEHT X TIPUHAIICKUT MHOXeCTBY A. Eciit x He siBnsteTcst
3JIEMEHTOM MHOKeCTBa A, TO 3TO 3armchiBaeTesd x ¢ A. JIBa MHOXecTBa A
U B cuurtalorcst pasubimu, €CIM OHU COCTOSIT U3 OJHUX U TEX XK dJie-
MeHTOB. MblI ruiueM A = B, ecii A n B paBHbl, 1 A# B B IpOTUBHOM
cayuae. Yepes ¢ 0003HAYACTCS OMHOUICHUE GKAIOUEHISI MHOXKECTB, T.¢.
A < Bo3HauaeT, YTO KaXXIbIi 3JIEMEHT MHOXKECTBA A SIBJISICTCSI DJIEMEH -
TOM MHOXecTBa B. B aToM ciyyae A Ha3bIBaeTCsl noOMHONCcecmeom B, a
B — naomuomcecmeom A. Ecom Ac B A# B, To A Ha3pIBaeTcs coo-
CMBEHHbIM NOOMHOXNCeCmEoM B, 1 B 3TOM ciydyae niuiueM A c B.

MHOXeCTBO, He couepIKallee 3JIeMEHTOB, HA3BIBACTCS MYCIMbIM U
obo3Hauaetcst uepe3 . Cemeiicmeo écex nOOMHOICeCme TaHHOTO MHO-
KecTBa A obo3HavaeTcs uepe3 P(A).

Obseduneruem mHoucecme A M B Ha3bIBaeTCSI MHOXKECTBO

AUB={x| xe A wm xe B).

Obsedunenuem cemeiicmea muoxcecme A; (i € 1) HazpIBaeTCsI MHO-
JKECTBO

U[ A;={x | cymecrsyer i, e I Takoe, uto X € A,-O ).
le

Ilepeceuenuem mHoxcecme A n B Ha3bIBaeTCSI MHOXKECTBO
ANB={x| xe A u xe B).
Ilepeceuenuem cemeticmea mnoxncecms A; (i€ I), tne I# < Ha3biBaeT-

Cs1 MHOXKECTBO
NA4={x | xe A; g Beex ie I},
iel
Paznocmoto mnoscecme A B Ha3bIBaeTCSI MHOXKECTBO
A\ B={x | xe Au xe B).

M1 npeanojaracM, 4To BCC BCTPEUYAOIMECA B 3aga4ax 3TOro mapa-
rpa(ba MHOXKECTBA ABJIAIOTCA IOAMHOXKECTBAMU HEKOTOPOI'O YHUBEPCANb-



8 YACTD 1. TEOPHA MHOXECTB

Hoeo mHoxcecmea U. PazHocTh U \ A HazbIBaeTCs donosHeHuem MHOXEe-
ctBa A 1 obo3HavaeTcs yepes —A.

Cummempuueckoll pazHOCMbio MHOXECTB A 1 B Ha3bIBaeTCSI MHOXKE-
ctBo A~ B=(A \ B) U (B \A).

1. Joka3zaTb:

(a) Ac A (pedIeKCUBHOCTD);

(6) ecirtu Ac Bu Bc C, to A< C (TpaH3UTUBHOCTD);

(B) ANBcAc AU B;

(r) ANBc B AU B;

() A\ Bc A.

2. JlokasaThb, 4To eciiu A eCTh MHOXECTBO KOPHEil ypaBHeHuUs x> —
-7x+6=0u B={1, 6}, T0o A= B.

3. Joka3zatp, uyto & # {J}.

4. lokaszats, uto {{I, 2}, {2, 3}} = {1, 2, 3}.

5. Jloka3aTb, YTO JJId 100010 A:

(@) FcAcU;

©)ecitn Ac T, 10 A=J; eciu Uc A, 0 A= U,

(B) AU =4, AND=T, AUU=U, AN U= A.

6. lokazatb, 4YTO CYLIECTBYET JHUILIb OMHO MHOXECTBO, HE UMEIOlIee
3JIEMEHTOB.

7. CyluecTBYIOT 11 Takue MHoxecTBa A, Bu C, 4To
ANB+xd, ANC=0, (ANB\C =2?

8. [lokazarb, 4YTO MHOXECTBO BCeX KOPHEi MHOrouw1eHa o/(x) = B(x) - Y(x)
€CTh 00BEIMHEHNE MHOXECTB KOPHE MHOTOUIEHOB B(x) U Y(X).

9. [lokazaThb, UTO MepeceyeHrue MHOXECTB AeHCTBUTEIbHBIX KOPHEeH
MHOTOWIEHOB 0/(Xx) U B(X) ¢ IeCTBUTEIbHBIMU KOI(PDULIMEHTAMU CO-
BIAJacT ¢ MHOXECTBOM BCEX IEMCTBUTENBHBIX KOpPHEH MHOTOUYIeHa
Y(x) = () + B2

10. JIoka3atb, 4TO
Ac B AUB=Bo ANB=A< A\ B=J3 < (-A)UB=U.

11. Jlokazatsb cieayrolime TOXIeCTBA:

(@) AUA=ANA=4;

(©) ANB=BNA;

(B) AUB=BUA;

mANBNC)=(ANBNC;

(m) AU(BUC)=(AUB)UC;

() ANBUC)=ANBUMANC);

(k) AU(BN C)=(AUB)N(AUC);

3 ANBHUCND)=AUC)NBUC)NMAUD N(BU D).



§ 1. Onepauuu nad muoxcecmeamu

12. [Iokazath cieaylolre TOXAeCTBa:

(@) (4N B) = (-4) U (-B);

(0) (AU B) = (-A4) N (-B);

(8) AN(BUC) = (4\ B) N (A\ C);

(r) AN(BNC) = (A\ B U 4\ C);

(m) AN(A\ B) = AN B,

(e) A\ B= A\ (AN B);

(x) AN (B\ C) =(ANB\UAN C)=(ANB\C,
(3) (A\ B\ C=(4A\ C)\ (B\ C);

(n) AU B =AU (B\ A);

(k) =(=A) = 4;

(m AU(A) = U

(M) AN(=A) = @;

(H)(AﬂB)U[Aﬂ( B)| = (AUB)ﬂ[AU(—B)]=A;
) [(AUBINA=
(m) AN(B\ A) @
(p) (AUB)\ C= (4
(c) AN(B\C) = (4
(1) AN(BUC) = (4
13. Jloka3aThb, 4TO:
(@A) AUBcCeo AcCu Bc
©) AcBNCeo AcBuAdc
(B) ANBc Ce Ac(-B) UC
) AcBUCs AN(-B) c C;
(m) (A\B) UB=A< Bc 4;
) ANBUC=AN(BUC) & Cc 4
(x) AcB= AU Cc BUC;
B)AcB=>ANCcBNC

(n) Ac B= (A\ C) c (B\ C);

(k) Ac B = (C\ B) c (C\ A);

(n) Ac B=-Bc-4;

M) AUB=ANB=A=B;

(H) A=-Bs ANB=CuAUB="U.
14. JTokazatb TOX/1eCTBA:

(a) A~ B= B - 4,

©) A~ (B~C)=(A-B) ~C;

B) AN(B=C) = ANB) ~(ANC);
(r)y A~ (A= B) =B;

(1) AUB= (A= B) = (AN B);

(e) A\ B=A- (AN B);

(x) A~ D = A4;

(B A-A=0;

m) A= U=-4;

(x) AUB=(A=B)U AN B).

/// k
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15. JIoka3aTb, 4TO:

@ “uu...ud4)-BU...UB)c A4 ~B)U...UMA,~ B);
®© AN...N4)-B,N...NB)c A, ~-B)U...UM,~B,).
16. [1oxazaThb, 4TO:

() A-B=J < A= B;

©) ANB=C=AUB=A~ B;

B A-B=CsoB-C=A< C-A=B.

17. Onpenenuts onepauuu U, N, \ uepes:

(@ =, N;
©) =, U;
() \, -

18*. lokaszaTb, UTO HEJIb3s ONPEACIUTD:

(a) \ uepesNu U;

(©6) U uepez Nu \.

19. /loka3aTh, 4YTO MHOXKECTBA 00pa3yloT KOJBILIO O3 eAUHUIIEI, TIe
< WUTpaeT PoJIb OMEPALIH CIOXKEHMUS, a () UTPAET POJIb OIlEPALINY YMHO-
xeHusT. UTo sIBIsieTCs BBIYMTAaHWEM B 9TOM KOJIbIie?

20. HaiiTu Bce momMHOXecTBa MHOXecTB &, {J}, {x}, {1, 2}.

21. (a) Jloka3aTh, 4YTO MHOXKECTBO M3 /1 3JIEMEHTOB MMeeT 2" moj-
MHOXECTB.

(6) CKOJIBKO MOAMHOXKECTB 13 k 3JIEMEHTOB UMEET MHOXECTBO U3 1
aJeMeHTOB (k < n)?

22. Jloxa3aTb, 4TO:
(a) P(ANB) = P(A) N P(B);

(6) P[n A,»] = N P(4);

iel

(8) P(AUB) = {4,UB, | Aje P(4) n B,c P(B)};
(r) P[UA,.]z{_UIB,.|B,~eP(A,~)}.

iel
23. Jloka3zaTb, 4TO 11 JIIOOBIX a, b, ¢, d
{{a}, {a, b}} = {{c}, {e, d}} @ a=cnb=d

24. Kakue u3 yTBepKIeHNi BepHBI 1151 Bcex A, Bu C:
(a) ecim Ae Bu Be C, 10 Ae C?

(6) ectu AcBu Be C, 0 A C?

®B)ectm ANBc-Cu AUCc B, To ANC=3?
(r)yectu A#Bu B=C, 170 A=C?

(m)yecrm Ac—(BUC)u Bc—(AU C), To B=J?
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25. JlokazaThb, 4TO sl MOOBIX A, A, ..., A,,
ecii A, cA,c...cA,c A, T0 Aj=A,=...=4,.
26. J1y1s1 KaxI10ro MoJIOXKHUTEILHOTO 1IeJIOr0 YKC/Ia A YKa3aTh MHOXe-

CTBO A, U3 1 3JIEMEHTOB TaKOE, UYTO €CIU X, y € A,, TOXE YUIU Yy € X
WK X = ).

27. Pelnth cucteMy ypaBHEHUIM
ANX =B,
{A UX =0C,
rae A, Bu C — nanHbie MHOXecTBa U Bc Ac C.
28. Pemmuth cucteMy ypaBHEHUI
A\ X = B,
{X \A=C,
rae A, Bu C — ganHble MHOXecTBa U Bc A, AN C= .

29. [TycTb naHbl CUCTEMBI MHOXECTB {A;};c; 1 {B}};c;, Tne [ — HeKo-
TOpOE MHOXECTBO. PermTh cructeMbl ypaBHEHUI:

(@) ANX=1B,icl

©) AUX=2B;,iel
ITpu kakux A; u B; 3TU CUCTEMBI UMEIOT PelCHUs?

30. Peiuth cucteMy ypaBHEHU
A\ X = B,
{A UXxX=C,
rne A, Bu C — nanHble MHOXecTBa U Bc A < C.

31. IToka3arb, 4TO:

(a) A= B < (A\ B) U(B\A) = ©;

(6) moboe ypaBHEHUE OTHOCUTEJbHO MHOXKECTBA X, B ITPpaBOil yacTu
KOTOPOro CTOUT &, paBHOCUJIbHO ypaBHeHUI0 (AN X) U [BN (—X)] = T,
rae A B — HEeKOTOpble MHOXKECTBA, B 3alIMCH KOTOPBIX HE COMECPKUTCS
CUMBOIJI X;

(B) cuctema ypaBHEeHU I

ANX =0,
BN(-X)=0

MMEeT pellieHUe TOIIa U TOJILKO TOTIa, Korga Bc —A; npu 3TOM yClIo-
BUM PELICHUEM CUCTEMBI SIBJISIETCS J1I000e MHOXKECTBO X TaKoe, YTO

BcXc-4;

(T) ommmMcaTh METOJ PEIICHMSI CUCTEeMbI YPaBHEHU C OMHUM HEU3-
BECTHbIM.
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32. ITonb3ysick MeTOAOM 3a4a4u 31, pelInThb ClAeayIOILIe CUCTEMBI:
{A U X = B n X,
a

ANX =CUX;
A\ X = X\ B,
X\A=C\X;
ANX =B\ X,
Blcux=x\ 4

[Tpu xkakux A, Bu C 3Tu CUCTEMbI UMEIOT pelleHue?

33. lokazaTb, YTO BCSIKOE MHOXECTBO €CTh:

(a) oObeaMHEHUE BCEX CBOUX ITOAMHOXKECTB;

(6) oOBEenMHEHNME BCEX CBOMX KOHEUHBIX TOJIMHOXECTB;

(a) oObeIMHEHME BCEX CBOMX OJHORJIEMEHTHBIX MTOAMHOXECTB.

34. I1ycTbh nMeeTcs MOCaeI0BaTEIbBHOCTE MHOXKECTB
XX 2o ...0X, ...

JlokazaThb, 4TO MepeceyeHue 100 06CKOHEYHOM MOAIIOCIea0Ba-
TEJIbHOCTU 3TUX MHOXKECTB COBIIAAAET C MepeceueHreM BCeil ITocaen0Ba-
TEJIBbHOCTH.

35. IlycTh nMeeTCs MOCIeA0BaTeIbHOCTD MHOXKECTB
XocXichc...cX,c...

Jloka3zaTb, 4TO 00ObeAUHEHNE J1I000i OECKOHEUHOM MOANOCIEI0BA-
TEJIBHOCTU 3TUX MHOXKECTB COBITafaeT ¢ 00beIMHEHNEM BCEH TIOCIEI0-
BaTeIbHOCTH.

36. lokazaThb ciieayrolye TOXIeCTBa:

(@ U U4,=UU4,;
keK teT teT ke K

(6) kDK IDT Akt - I‘QT kDK Akt;
(8) —[ u Ak)= N (4);
ke K ke K

(r) —( N Ak)= N (A4
ke K ke K
(m) U A UU B = U (4 UB);
ke K ke K ke K

() u<BmAk>=Bm( U Ak];
keK ke K

(%) ﬂ(BU/uy:BU[r1Ak}
ke K ke K
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37. (a) JlokazaTb, uto mis nwoobix K, T, Ay,
U N4, cnN U A4,
ke K teT teT ke K

(6) HokaszaTh, UTO B yTBepXIeHUU (a) BKIIOUEHUE HEJb3sl 3aMe-
HUTH PABEHCTBOM.

38. Jloka3atb, 4TO:
(a)ecmu A, cBnnsiseex t e T, 0 U 4 < B;

teT
(6) ecu B c A, nna Beex t e T, o Bc N A4;
teT
(B)ectm A, c B, nnascexte T, o U A < UBu NA4cnB,.
teT teT teT teT

39. /loxa3artb, 4TO:

(a) U A, ecTb HauMEHbIIEE MHOXECTBO, CONEPXKALIEE BCE MHOXE-
teT
cTBa A4;;
(6) N A, ectb HanbosblIEE MHOXECTBO, COAEpXKalleecs BO BCeX
teT
MHOXECTBAX A4;.

40. loxaszaTb, 4TO €ciu ( Nn A4, )ﬂ( N B, ): &, TO
neA\{0} neA\{0}

N A c U [4 N(B,_ \B)l,
neA\{0}) ncne.A/\{O}[ n (B \ B,)]

[t M)
ne#\{0} ne#\{0}

41. JToxazaTb, 4TO ISl JIOOOW CUCTEMBbl MHOXECTB Ay, ..., A,, ...
CYLIECTBYET CUCTEMA TOMAPHO HEMEPECEKAIOIMXCS MHOXECTB By, ..., B, ...

takasg, uto U 4,= U B, u B,cA,.
neN ne

rae

§ 2. OTHOLLEHUA N ®YHKLIMK

Ilpsamoim (Oexapmoevim) npouszeedenuem mMHoxucecme A, . . ., A, Ha-
3BIBACTCST MHOXKECTBO
Alx XAn:{<al, ey an>|a1€Al, e ey anGAn}.
Ecnu A;=...=A, = A, TO MHOXECTBO A; X ... X A, Ha3bIBaeTCA

npaAmoll cmenenvio MHodcecmeéa A M odo3HavaeTcs uyepe3 A”.
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bunapnvim omuowenuem mexcoy snemenmamu MHoycecme A u B Ha-
3BIBAETCS JTI000€e TTOAMHOXECTBO R MHOXecTBa A X B. Eciu A= B, T0
OTHOLIIEHME HA3bIBACTCS OUHApHbIM omHouleHuem Ha A. Bmecto (x, ) € R
4acTo MULIYT XRy.

Obaacmoio onpedenenuss OUHapHo20 omuouleHuss R Ha3bIBaeTCs MHO-
JKECTBO

dp = {x| cylLecTByeT y TaKoE, 4TO (X, }) € R}.

Obaacmbio 3Ha4eHUll 6LlHapH020 omHouleHus: R Ha3bIBaeTCsI MHOXKE-
CTBO

Pg = {X | CylLECTBYET y TaKoE, 4TO (), X) € R}.

Js1 OMHapHBIX OTHOIIEHUIA ONpenesIeHbl OOBIYHBIM 00pa3oM Teope-
TUKO-MHOXECTBEHHBIE OIepallii OObeINHEHNS, TEPECEUECHUST U T. 1.

Lonoanenuem 6unaproeo omuouienuss R mexny aneMmeHtamu A u B
CUUTAETCSI MHOXECTBO

“R=(A% B\ R

Obpamubim omHouleHuem 045 OUHApHO20 omHouleHus: R Ha3bIBaeTCs
MHOKECTBO
-1
R™={x, »| (. x) e R}.
Obpazom mroncecmea X omuocumenvio R Ha3bIBA€TCSI MHOXECTBO
R(X) = {y | cymiectByer x € X TaKoe, 4to (x, y) € R},

npoo6pazom X omnocumensro R HazbiBaetcss R ~'(X).
IIpouzsedenuem omuouwienuii Ry c A X Bu R, c B X C Ha3bIBaeTcs
OTHOIIICHUE

R, - R, = {{x, y) | cyliecTByeT z TaKoe, 4To (X, 2) € R U (2, )) € Ry}.

OtHoueHue f HasbiBaeTcsl @yukyuell uz3 A ¢ B (uz3 A na B), ecnu
8;=A, py< B (COOTBETCTBEHHO p; = B) U 1151 BCEX X, Yy, Y, U3 (X, y)) € f
u{x, y,) € fcuenyer y, = y,. ®ynkuust fus AB B odbo3Havaercs f: A — B.
Ecnu f— dynkuwmst, To nuiieM y = f(x) BMecTo (X, y) € f 1 Ha3bIBaeM y
3HaueHuem ynkyuu f npu 3navenuuy apeymenma x. J1ist 11000ro MHOXe-
ctBa A onpenensieM i,; A — A cnenyioiuM o0pa3oMm:

iy(x)=x.

®yukuusa f HazpiBaeTcsa 1—1-gyukyuei, ecnm Ijs MOOBIX X, X;, V
u3 Toro, uto y =f(x;) u y =f(x,), caenyer x; = x,. [oBOpsT, 4TO PYyHK-
uus f: A — B oCyILIECTBISIET 83AUMHO 00HO3HAYHOE COOMBEMCIEUE MeHC-
oy Au B, ecniu §;=A, py = Bu f— 1—1-Qpynxkuus. BzaumMHo oqHO3HAY-
Hoe cooTBeTcTBUE f: A — A Ha3bIBACTCSI NOOCMAHOBKOI MHOXECTBA A.
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Mruoocecmeo ecex ¢ynkyuii u3 A é B o6o3Hauaercs uepes B,
Jlexapmoeswvim npouseedenuem cemeticmea mroxcecme A; (i < I) Ha3bl-
BaeTCS MHOXKECTBO

114 ={f| fil— _UIAi u f(iye A nns Beex i e I}.
icl '€

HasoBeMm n-mecmuvim omuouwienuem Ha mHoxcecmee A mobdoe mom-
MHOXecTBO MHOXecTBa A”. dyHkImIo f: A" — B Ha30BeM n-MecmHuoll

yuxyueti uz mroucecmea A 6 B 6ynem ucatb y =f(x, . . ., X,,) BMECTO
y=f(x, ...,X,)) U Ha3bIBaTh ) 3Hauenuem QyHKyuu f npu 3HaveHuu
apeyMeHmos Xy, . . ., X,.

1. Jokasatb, 4TO cylecTByoT A, Bu C Takue, 4To:
(a) AX B# BX A,
O)AX (BXx C)#(AXx B)x C.

2. HaiiTi reoMeTprMYeCcKylo MHTEPIPETAIINIO CIEAYIONINX MHOXECTB:

(a) [a, b] X [c, d], toe [a, b] u [c, d] — OTpe3KU AEUCTBUTEIHLHOMI
npsiMoit J;

(©) [a, b

(8) [a, b]%;

(ry 9.

3. Jloka3zatb, uto eciu A, B, C u D He TyCTHI, TO:
(@) AcBuCcD ©AX CcBXx D
©)A=Bu C=D A*x C=BxD.

4. Jloka3atb, 4TO:
@ ANB)x(CND)y=A*x C)N(Bx* D)
(6) ﬂAxﬂB ﬂ(AxB)

iel
5. I[OKa3aTb ‘{TO (A >< BYU(CXx D)yc (AU C) x (BU D). Ilpu kakux
A, B, Cu D nony4yaercsl paBeHCTBO?

6. JlokasaThb, 4TO:

@ (AUB) X C=(Ax C)U(Bx C);

©)Ax (BUC)=(AXB)UA X C);

(B) (AU B) x (CUD)=(AX C)U(B*x C)U(Ax D)U(BX* D),
(r) (A\ B) x C=(A*x C)\(Bx C);

() Ax (B\ C)=(AX*B)\(Ax C);

(e)AX B=(AXxD)N(Cx B),tne AcCu Bc D,

(x) U\ (4% B)=[(U\A)x UIU[(U* (U \ B)];
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(3) kUK AxUB = U (A xB);

teT (k,t)ye KxT
n)y N AxNB= N (A4 xB).
( ) ke K k teT ! (k,t)erT( k I)

7. llycte A, B#D n (A*X B)U (B X A)=(C X D). JlokazaTb, 4TO
A=B=C=0D.

8. Haiitu 8z, pg, R, R- R, R- R\, R™' - R 114 cieayiomux oTHO-
LICHUI:

(@) R={(x,»)|x,ye N ux penur y};

6) R={(x,y) | x,ye N nynemmr x};

(B) R={(x,»|x,ye D nx+y<0};

(r) R={x, | x,ye D u2x =3y};

(r) R = {(x, Wlx, ye [—g,g} uy> sinx}.
9. Jloxa3aTb, 4TO:

(@) =8 R=0ppr=9;

(6) g1 =pr, Pr' =g

(B) 8r,- 2, = Ri'(P&, N B,);

() pr,- &, = Ra(pr M 8g,).

10. JToka3aTb, 4TO:
(a) ecniu B# D, TO Sx5 = A;
(©) ecnu A # &, 10 pyxp= B.

11. Ilycte R — OuHapHOe oTHolueHue Ha A. Jloka3aTh, uTo R=i,
TOrjaa M TOJbKO Toraa, korga R+ R, = R, - R= R, anst 1060ro oTHOIIIe-
Husg R, Ha A.

12. JIoxa3zatb, 4TO JIs1 THOOBIX OMHAPHBIX OTHOILIEHUIA:
(@) RUR=RNR=R;

©) (R '=R;

B (RUR) ' =R'UR;

(M (RNR)'=R'NR;

(@) -R'=(-R)7";
1
B -1
(e) (iglRiJ _I'EIRI ’

o (OR] =N&"
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13. JIns1 kaknx OMHApHBIX OTHOILIEHWI R cripaBeainiBo R T=_R?

14. TIyctb A 1 B — KOHEUHble MHOXECTBa, COCTOSIIIUE U3 M U 1
3JIEMEHTOB COOTBETCTBEHHO.

(a) CKOJIbKO CyLIECTBYET OMHAPHBIX OTHOLLIEHUI MEXAy dJeMeHTa-
MU MHOXeCTB Au B?

(6) Cxonbko umeercst pyHkUM U3 A B B?

(B) Ckonbko umeercs 1—1-dyukunit us A B B?

(r) IIpu Kakux m 1 n CylIeCTBYeT B3aUMHO OJTHO3HAYHOE COOTBET-
ctBue Mexny Au B?

15. Jloka3atb, 4TO JIs1 THOOBIX OMHAPHBIX OTHOILIEHUIA:
(@ R - (R R) =(R - Ry) " Ry
6) (R R =Ry R

(8) (ig[Ri )-Q - Uk, -0

(1) Q(_UIR,-)= U@ R).
16. JIoka3aTb, 4TO:

(a) Q-(iﬂ] R )g Q- R):

(©) (m R;ijg N(R-0);
iel iel
(B) B yrBepxkaeHusX (a) U (0) BKIIIOUEHUsSI HEJb3s 3aMEHUTDb pa-
BEHCTBaMU.
17. O6pasytor 1u GMHAPHBIE OTHOIIEHUS TPYIIITY OTHOCUTEIBHO OIle-
pauuit - u 19
18. Jlokazatb, uto ecnu R, ¢ R,, TO:

(@ O - RcO Ry
©) R Oc R, O,
(B) Ri'c Ry

19. JIoka3aThb, 4TO:

(a) ectu B # @, To B! # &;

(6) B* = P(4 x B).

20. YCTaHOBHTD B3aMIMHO OIHO3HAUYHOE COOTBETCTBHE Mexy A" 1 A’
npu [={1, ..., n}. @@

21. Vicrions3yst onpenenerue, ommcarsMuoxectso X7 ), rne 9 —
MHOKECTBO JI€MCTBUTETHHBIX YUCEIL.
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22. Jloka3aTh, 4TO eCJIH f ecTh PYHKIUSI U3 A B BU g ecTh QYHKIINS
u3 BB C, 10 f* g ectb pynkuus uz A 8 C.

23. Ilyctb fu g — dyukuuu. [1pu Kakux yCioBUsIX:
(a) 7' aBnsieTcs yHKLMEIH;
(©) f- g aBasiercst 1—1-dbyHkumein?

24. Ilyctb A, B, A, B; — Takue MHOXeCTBa, YTO A HaXOAUTCS BO
B3aMMHO OJIHO3HAYHOM COOTBETCTBUU ¢ A;, a B — c B,. [loka3arb, uTO
MOHO YCTAHOBUTb B3aMMHO OJIHO3HAYHOE COOTBETCTBUE:

(a) mexny A X Bu A, X By;

(6) mexay A% u AP,

(B) mexny AU Bu AU B), ecnu ANB=Cu A NB =03.

25. Jloka3aTb, YTO MOXHO YCTAHOBUTh B3aMMHO OJHO3HAYHOE COOT-
BETCTBUE MEXIY MHOXKECTBAMMU:

(a) AX Bu BX A4;

©) AX(BxC)u (4% B)XxC(

(B) (A x B)  u A° x BS;

(r) (A")m A"

(m) AV u A® x A, ecnim BN C = @;

(e) HA,- u HA(P(,-), rae @ — MOJACTAHOBKA MHOXeCTBa [/

iel iel

&) [T4w T]|I1A4 | me UT,=1In Bece T, monapHo He
iel ke K\ jeTy kekK

IIEPECEKArOTCA,

T,
3)A'n | | A% tme U T, = In Bce T, monapHO He IePeCeKaroTC.
ke K
ke K

26. I1ycts 9: A > A — moncraHoBKa MHOXecTBa A. Jloka3ath, 4To

¢! — MoICTAHOBKA MHOXeCTBa A.

27. Jlokazarb, YTO MHOXKECTBO MOJACTAaHOBOK MHOXECTBA A obpa3syeT
TpYIITy.

28. Ilyctb ¢: A — B — B3aMMHO OJHO3HAYHOE COOTBETCTBUE. [JoKa-
3aTh, 4TO:

(a) (p’1 — B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXIy B u A;

©) o' - @ = ip;

(B) ¢ ¢ =iy
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29. JJoka3aTbh, YTO IJI TOro, 4YTOObI OTHOLIeHHUE R — A X B ObLIO
B3aMMHO OJHO3HAYHBIM COOTBETCTBUEM MeXay A U B, Heo6Xxoaumo u
JIOCTATOYHO, YTO6B R R™'=i,u R™' - R=i,.

30. JTokazaTb, 4yTO 00beAMHEHUE (TIepeceueHre) 1ByX (DYHKIIUM f; 1
f, u3 A B B aBnsercs GyHKimMel U3 A B B Toraa u TOJbKO TOTAa, KOraa

fi=h
31. JlokasaTb, 4TO JJIsI TH00O0I (PyHKLIUHU [
(@) f(AU B =f(A) Uf(B);
©) f(igl 4 ) - iLEJI S (4.

32. JlokasaTb, UTO AJIsI TH000M (PyHKLIUHU [
(@) f(AN B) cf(A) NS(B);
© s(n4)ensa.
U 9TU BKJIIOYEHUS HEJIb3s1 3aMEHUTh PaBEHCTBAMMU.
33. Jlokasatb, 4TO f yIOBJIETBOPSIET YCIOBUIO
f(AN B)=f(A) Nf(B) nns mobsix Au B
TOrJa U TOJbKO Toraa, koraa fectb 1—1-(pyHKus.

34. Jlokazatsb, uto f(A) \ f(B) < f(A\ B) nns nmob6oit pyHKIUM f.

35. JlokazaTb, 4TO eClIM B IIpeabiaylieM npumepe fectb 1—1-pyHK-
LIYSI, TO BBITIOJIHSIETCSI PABEHCTBO.

36. [lokazath, uto ecnu Ac B, 10 f(A) < f(B) nis 1oboit GyHK-
uu f.
37. JlokasaTb, UTO IS JII000i (PyHKLIUHU [

f =0 ANE=2.

38. Jloka3zaTh cleayrolme TOXAeCTBa 1S 0001 (GYHKIUU [

@ (AUB =1 (AU (B);
©) £ (,u 4 )= U £ A

iel iel
@)/ ANB)= 1 ANSf" (B);
® £ (n 4 )= N

iel iel
(0 £ A\ B) = £ A\ £ (B).
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39. okazatb, yto ecnu Ac B, 10 [~ (A) < f' (B) mna moboit
pyHkuuu f.

40. [Joka3atb, 4TO IS 10001 QPyHKIIUU [

fTA)=0=ANp=0.

41. JTokasatb, uto ecnmu A 6, u B py, T0:

(@) A/ (f(A);

©) f(f™ (B)) = B;

(B) f(A) N B=fANS"(B));

O fADNB=0< ANS(B) = @;

(m) f(A) c B Acf (B).

42. Tlyctb f: A — B. Onpenenum f,: P(A) — P(B), f": P(B) — P(A)
TaK, 4to £, (X) ={f(x)| x € X} u f(¥Y)={x| f(x) € Y}. [Ipu Kkakux
yenoBusiX - fi = ipp? Ipu Kakux ycinoBusix f. * f~ = ipy?

43. B 0003HaueHMSIX MPEABIIYIIEH 3a1a4M 10Ka3aTh, 4TO:

(@ f XNy =7 N0,

©) (f 9" (X) =17 (g)(X)).

44. Ilycts U — HenycToe MHOXeCTBO. JIJ1s1 11000r0 IMogMHoOXKecTBa A

MHOXecTBa U 0003HaUuM 4yepes U cnenyromyio dbynkumio (xapakme-
pucmuueckyo QyrKuuro mHodxcecmea A):

v _ |0, ecmn x e 4,
X4 = l,ectu xe U\ A.

Onpenenum byHkunmo f: P(U) — {0, 1}Y crenyomum yciaoBuem:
f(A) =y Y nns mo6oro A e P(U). Jloka3aTb, 4To f€CTb B3aUMHO OJHO-
3HayHoe cooTBeTcTBMe Mexay P(U) u {0, 1}Y.

45. JloxaszaTb, 4TO BBeJeHHAs B NpeabLIylieii 3a1aue GyHKUus
VIOBJIETBOPSIET CJCAYIOLIUM YCIOBUSIM:

() xy(x) = 0;

6) x5(X) = L;

() x ) =1 - 1(x);

() XZ uB(x) = XAU(X) : XBU(X)§

() X 1n 500 = 14 (0) + 28 (%) = x4 () - 75 (%)
(e) Xl/]al\B(x) =1- XBU(X) + X%u 5(%);
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(x) ectu A= U 4, T0 x(j (x) = miln xlj_ (x);
iel e !

(3) ecim A= N A;, 10 %Y (x) = max xY (x).
iel ie !

46. J/IokazaTb CBOMCTBA nOAHOU OUCMPUOYMUBHOCMU

@ UNd4=nN U,

iel jeJ feJ!iel

®) N UA U N4 ir (i)

iel jeJ feJdliel
47. [loka3zaTb, uto A’ = HA,» ,rne A;=A nnst Bcex i € 1.
iel
48. Ilyctb A; c X.. lokazaTb, 4ToO:
@ []a = ﬂ HA rae A; = A, Aj= X, ipn i # j;

iel jeJ
@ [TX\TT4 = UTT B vac Bi= X\ Au By= X mpu i %
iel iel jeJ

49. Jloka3atp, 4TO:
(a) m HAk, —H ﬂ Ak;;
teT IeTkEK
(0) ecn A, N A, = TpH 1, # 1, TO MOXKHO YCTAHOBUTb B3aNMHO

4
OJIHO3HAYHOE COOTBETCTBUE MEXKIY B(’ET ) u ] B*:
teT
(B) MOXHO YCTAHOBUTH B3aMHO OJHO3HAYHOE COOTBETCTBUE MEXKILY

(HB, )A u []B*.

teT teT

50. Jloxa3atp, uto ecnu A, # & mist Bcex te T, TO H A # 2 (ooHa
teT

u3 GOPMYJIUPOBOK aKCUOMbL 8blO0PA).

51. lokasats, uto mexay [[4 u | [T 4, || [T 4, | Moxwo ye-

teT el hHeT)

TaHOBUTb B3aMMHO OAHO3HAaYHOE cooTBeTCTBUE, eciu 11U T, = T u
Tl ﬂ T2 = @
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§ 3. CNELUMAJIbHBIE BUHAPHBIE OTHOLLUEHUA

B sTtom naparpace paccmarprBaroTcsi OMHapHbIE OTHOLLIEHUS, 3aJaH-
HbIEe Ha HEITyCTOM MHOKECTBE.
BbuHapHoe oTHolIeHUe R Ha MHOXecCTBe A Ha3bIBaeTCs peghiexcus-
HbIM, €CTTU
(x, xye Rnng Bcex x € A,

uppeghrexcugHbim, eCin
(x, X) & R nns Bcex x € A.

bunapHoe oTHolIeHrEe R Ha MHOXeCTBe A Ha3bIBACTCS CUMMEmMpPuH-
HbIM, €CTTU
x, e R=y, xe R

U AHMUCUMMEMPUYHBIM, €CITA
x, We Ru{y, )¢ R=>x=y.

bunapHoe oTHOLIEHWEe R HAa MHOXECTBE A Ha3bIBACTCSI MPAH3UMUB-

HbIM, €CTTU
X, »e Ru{y,z)e R= (x, z)e R

PedniekcuBHOe, TPAaH3UTMBHOE Y CUMMETPUYHOE OTHOLIEHUE HA MHO-
KECTBE A Ha3bIBACTCS IKeUBANeHmMHOCMbI0 Ha A. Kraccom sxeusareHmuo-
cmu (CMeJNCHbIM KAACCOM) JIEMEHTA X 110 DKBUBAJIEHTHOCTU R Ha3bIBa-
€TCSI MHOKECTBO

[XIg=x/R={y|{x, y)e R}.

MHOeCTBO KJIaCCOB 3KBHMBAJEHTHOCTH 2JIEMEHTOB MHOXECTBa A 1o
9KBUBAJICHTHOCTU R HasbIBaeTcsl ghakmopmuoxncecmeom A no R v 060-
3HauaeTcst yepe3 A/ R.

buHapHoe oTHOlIIeHHEe Ha MHOXECTBE A Ha3bIBAETCSl nPednopsioKom
Ha A, eci OHO pedIIeKCUBHO U TPaH3UTUBHO. PedekcBHOE, TpaH3M-
TUBHOE U aHTUCUMMETPUYHOE OTHOILIEHUE Ha MHOXeCTBe A Ha3bIBaeTCs
yacmu4HbIM nopaokom Ha A. YacTUUHBIN MOPSIAOK YacTo 0003HaUaeTCsl
cumBosioM <. [Topsinok < HasbIBaeTcs dgolicmeenHbiM K < M 0003HAYA-
eTCsl CUMBOJIOM =. byaem nmucath x < y, eciu X<y U x # y. HacTUUHBII
MOpSITOK < Ha MHOXEeCTBEe A Ha3bIBACTCS AUHElHbIM, €CIIN JTIOObIe 1Ba
aJieMeHTa U3 A CPaBHUMBI 110 <, T.€. X < y WK Y < X [JIs1 JIIOOBIX X, ¥ € A.
MHOKeCTBO A ¢ 3aJaHHBIM Ha HEM YaCTUYHBIM (JIMHEHHBIM) MOPSIAKOM
< Ha3bIBaeTCsl yacmuyHo (AuHeliHo) ynopsadouenHoim. IlonMHOXeCTBO B
MHOXeCTBa A, YaCTMYHO YIOPSAOYEHHOTO OTHOILIEHUEM <, Ha3bIBAETCSI
Uenvio @ A, €clIi OHO JIMHEIHO YIIOPSI0UYeHO OTHOLIeHHeM < () B2,

DJIeMEHT @ YaCTUYHO YMOPSIIOYEHHOTO MHOXECTBA A Ha3bIBAETCS
MaxkcumanvHoim (MUHUMAAbHBIM), €CJIA U3 TOTO, YTO a < X (x < a), caeny-
eT a = X. DNeMEeHT a U3 A Ha3bIBaeTCs Hauboabuium (HAUMEeHbUUM), €CIIA
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x<a(a<x)nnsBcex x € A. Bepxuetl (HuxcHetl) epanvto noomMHodicecmea B
YaCTUYHO YIOPSIIOYEHHOTO MHOXECTBA A Ha3bIBAETCS JII00O 2JIEMEHT a
u3 A Takoit, uto b < a (a < b) nng modoro b € B. Tounoii éepxueii (Hudxc-
Hell) epanblo NOOMHONCcecmea B — A Ha3bIBaeTCsI HAMMEHbBILIAST BEPXHSIS
(HanOobLIast HUXHSIST) TpaHb Uisl B. TouHast BepXHsIsl 1 TOUHAsT HUXK-
HsIsI TpaHu MHOXecTBa B ¢ A obo3Havaiorcst yepes sup B u inf B, coot-
BETCTBEHHO.

JIMHeHBIN MOpsIIOK < HA MHOXKECTBE A Ha30BEM MOAHbIM, €CITU KaX-
JI0€ HeITyCToe MMOAMHOXKECTBO MHOXKECTBA A MMeeT HauMEHbBILINI SJIEMEHT.
B 3TOM Ccityyae MHOXECTBO A Ha3bIBACTCS 61OIHe YROPAOOUEHHBIM.

ITyctb A M B — yacTU4YHO ynopsiioUeHHbIE MHOXeCTBa U f — (hyHK-
uust u3 A B B. f Ha3bIBaeTCSl MOHOMOHHbIM OMOOPAdCeHUeM, €ClIU U3
x| £ x, cnenyet f(x;) <f(x,) M1s1 TOOBIX JIEMEHTOB X, X, € A. Ecnu f
eCTb B3aMMHO OJHO3HAYHOE COOTBETCTBHME Mexny A u B, fu [ —
MOHOTOHHBIE OTOOpPaKEHMUSI, TO f HA3bIBACTCS U30MOPPUIMOM YACMUUHO
ynopsodoyenHvlX MHoNcecme A u B, a MHOXecTBa A U B Ha3bpIBalOTCS
U30MOPPHBIMU.

YacTuyHO ynopsiioYeHHOe MHOXKECTBO M Ha3bIBACTCS peuemKol W
cmpyKmypotul, eCliv 1151 TIOObIX IBYX 2JIEMEHTOB X, ¥ € M CYIIEeCTBYIOT
TOYHasl HUXKHSISI TpaHb X (| y U TOUHast BepXHsisl rpaHb x U y. bynem 060-
3Ha4dathb (...((x; Nx) Nx3) N... Nxp) depe3d x;NxNx3N...Nx, 1
(..((qUx)Ux;)U... Uxy) uepes x; Ux, Ux; U ... Ux,. Haubonbiumii
BJIEMEHT pelleTKM (€CIM OH CYILeCTBYeT) o0o3HavaeTcs yepes 1, a Hau-
MeHbIIN — yepe3 0.

Peliietka M HasbIBaeTCs ducmpubymueHoll, eCv Ui TIoObIX X, ¥, z€ M
BBITTOJTHEHBI TOKIECTBA

xUyNz=xNzUxNa),
xNyUz=(xUz)NEU2).
HuctpubyTuBHas pelietka M Ha3bIBaeTCs Oyne8o0ll areedpoii, eciu

IUTST TI00OTO 3JIeMeHTa X € M CylIecTBYeT donoaHeHue, T.€. dJIEMEHT
(=x), yI1OBIETBOPSIIOLIMI YCIOBUSIM: JUISI TIOOOTO 3jieMeHTa y € M

xUE0INy=y, [xNE0lUy=y.

CeMelCcTBO MOAMHOXKECTB S JaHHOTO MHOXeCTBa A Ha3bIBaeTCS a1-
2edpoll NOOMHOMICeCME, €CITU .S 3aMKHYTO OTHOCUTEIbHO TEOPETUKO-MHO-
JKECTBEHHBIX OMepalunii 00beIMHEeHUSsI, TepecedeHusl U TOTOJHEHMUS, T.€.

X, YeS=AXUY)e S, XNY)elsS, (X)e S

Duavmpom Ha 6ynesoll areedpe M Ha3bIBaeTCA HEITYCTOE TTIOAMHOXE-
ctBO D ¢ M, ynoBJETBOPSIOLIEE YCIOBUSIM:

() x,ye D=(xNy)e D,

2)xe D, x<y=ye D,
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B)xe D= (—x) e D.

®uretp D Ha OyneBoil anrebpe M Ha3BIBaeTCS yavmpapuibmpom,
€CJIM OH YIOBJIETBOPSIET YCIAOBHUIO

(4) xe Dwnu (—x) € D nis moboro xe M.

®ursTp D Ha GyneBoii anredpe M Ha3BIBAETCS MPOCHbIM, €CIT OH
YIOBJIETBOPSIET YCJIOBUIO: 151 JIIOOBIX X, y € M

B)xUy)e D >xe Dumye D.

®unetp D Ha OyneBoii anredpe M Ha3BIBACTCS MAKCUMAAbHbIM, SCITA
OH HE COACPKUTCS HU B KAKOM APYroM ¢puabTpe Ha M.

1. loka3atpb, 4TO ecv OTHOIIeHUs R, U R, pedIeKCUBHBI, TO ped-
nexcuBHbl oTHoweHus R, U Ry, R, N Ry, R{', R, - R,.

2. Jloka3aTh, YTO €CJIM OTHOIIeHUus R, u R, uppedieKCuBHBI, TO
uppednekcuBHbl oTHowenus R, U Ry, R, N R,, R;'. Tlokasars, 4To
npousseneHue R, © R, uppedaeKCUBHbIX OTHOLLIEHUN MOXET HE ObITh
uppedIeKCUBHBIM.

3. JlokasaThb, 4TO €CJIM OTHOIIEeHUs R, 1 R, CHMMETPUYHBI, TO CUM-
MeTpuuHbl oTHoweHust R, U Ry, Ry, N Ry, R, R, - Ry

4. JToka3aTb, 4TO MpousBeneHue R; - Ry CHMMETPUYHBIX OTHOIIIEHII
R, 1 R, cuMMeTpMYHO TOTAa 1 TOJbKO Toraa, korna R, - R, = R, - R,.

5. loxa3zaTb, 4TO:

(a) ecnu oTHOIIEHUST R; U R, aHTUCUMMETPUYHBI, TO aHTUCUMMET-
puyHBI Takxke R, N R, m R,

(06) oobeauHenue R; U R, aHTUCUMMETPUUHBIX OTHOILLIEHUI R, U R,
Ha A aHTUCUMMETPUYHO TOTJa M TOJIBKO TOTAA, Koraa R, - Ry < iy.

6. [TocTpouth OMHAPHOE OTHOLICHUE:

(a) pedbiekcuBHOE, CUMMETPUUHOE, HE TPAH3UTUBHOE;

(6) pebaekCMBHOE, aHTUCUMMETPUYHOE, HE TPAH3UTUBHOE;
(B) pediekcuBHOE, TPAaH3UTUBHOE, HE CUMMETPUYHOE;

(T) aHTHCUMMETPUYHOE, TPAH3UTUBHOE, He peIeKCUBHOE.

7. (a) ITocTpouTh OMHAPHOE OTHOILLIEHUE, CAMMETPUYHOE, TPAH3U-
THUBHOE, HO He pedIeKCUBHOE.

(0) Iokazatb, 4TO €ciu R eCTh TPAaH3UTUBHOE I CUMMETPUYHOE OTHO-
IeHre Ha MHOXeCTBe A U Oz U pr= A, TO R €CTb 5KBUBAICHTHOCTb HA A.

8. Jlokasatb, 4To JIt000e OTHOLIEHNE R, CHUMMETPUUHOE U AHTUCUM-
METPUUYHOE OTHOBPEMEHHO, SIBJISICTCSI TPAH3UTUBHBIM.

9. JlokasaTh, UTO OTHOILIIEHUE R Ha MHOXECTBE A IBJISIETCS OMHOBpPE-
MEHHO 5KBHBAJIEHTHOCTbIO U YACTUYHBIM ITOPSIAKOM B TOM U TOJBKO
TOM cilyuae, Korna R=1i,.
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10. Ha muoxectBax A u A X A onpenenum R,,, O, S caenymoimmum
o0pazoM:

(a) {a, b) € R, & (a — b) nenurcsa Ha m (m > 0);

(0) (a, b),{c, dye O=a+d=>b+c

(8) (a, b),{c, dye § =

s[(a@a-d=b-c)ubz0ud=0)um (a=c, b=0,d=0)].

HoxazaTb, yT0 R,,, O 1 S SIBJSIIOTCSI OTHOIIEHUSIMU 3KBUBaJIEHTHOCTHU.

11. [1ycTb A — MHOXECTBO BCeX MPSIMbIX HA IJIOCKOCTU. SIBJISIOTCS T
SKBHBAJICHTHOCTSIMU CJICAYIOIINE OTHOILICHMSI:

(a) mapaynebHOCTD MPSIMbIX;

(0) mepreHAUKYJISIPHOCTh MPSIMbIX?

12. Ha MHOXecTBE &) NECTBUTENBHBIX YKCEIT OMPEAEIAM OTHOILIE-
HUe R crnenyiolmuM o0pa3oM:

oRB < (0. — B) — paulMoHaabHOE YUCJIO.

ﬂ,OKaSaTL, 4TO R €CTh 9KBUBAJIEHTHOCTb.

13. JlokasaTh, 4TO ecii R — 5KBUBAJIEHTHOCTh, TO:

(@) x e [x]g;

(©) x, y) e R [xIg=Iylr

14. Jloka3ath, 4To ecu R ecTh SKBUBAIEHTHOCTb, TO R’ ecTb Takxe
OKBUBAJICHTHOCTb.

15. Tycts R = A% Jlokasatb, 4TO

R ecTh 3KBUBaJEHTHOCTh < (R - R 1) Uiy=R

16. Joka3atb, uto eciu R, U R, — 5KBUBaJIECHTHOCTHU Ha A, TO:

(@) R, - Rh=A* & R =A%

(@ R - RR=A>< R, - R,=A".

17. Joka3zaTh, UTO CyILIECTBYET B3aMMHO OMHO3HAYHOE COOTBETCTBHE
MEXXIy KJIacCOM BCeX pa30MeHMit MHOXECTBA A Ha HerlepeceKarolmecs
HeMyCThIe MOAMHOXEeCTBA U CEMEICTBOM BCEX OTHOIICHUM SKBUBAJICHT-
Hocth Ha A. (CeMeiicTBO {4}, ;HasbiBaeTca pasouenuem A, ecmi U A, = A

iel
U MHOXECTBA A; OMapHO HE NIEPECeKaroTCsl.)

18. JloxazaTh, 4To R TOTZIa U TOJIBKO TOT/AA SIBJISIETCS OTHOIIEHUEM
SKBMBAJICHTHOCTH Ha MHOXECTBE A, KOrma CylIecTByeT cucreMa # 1o-
ITapHO HEeIepeceKaroMXCs MHOXECTB TaKasl, YTO

R=UCxC n UC=A4
Ce? Ce?



26 YACTD 1. TEOPHA MHOXECTB

19. Ilyctb f: A — B — npousBosibHas ¢pyHKuUs. [Tonoxum

0={x»If =}

JoxazaTtb, yTo Q SIBISIETCS SKBUBAJIEHTHOCTHIO Ha A 1 1151 oTOoOpa-
JKEeHUSI f CyILIeCTBYET pa3ioXeHue

f=¢-h,

rie € — ecmecmeennoe omobpaxcenue A Ha A/Q = {[x], | x € A}, T.c.
€(x) = [x] g, fi — B3aMMHO OZHO3HAYHOE COOTBETCTBME Mexay A/Q u

f(A).
20. /lokazaTb, 4TO TIIepecedeHne JIF000 CUCTEMbI DKBUBAJIEHTHOCTEI
Ha MHOXeCTBe A eCTh DKBUBAJEHTHOCTD Ha A.

21. Jlokazatb, uto o0beauHeHue R; U R, skBuBaieHTHOCTEH R, U R,
SIBJISIETCSl 9KBUBAJIEHTHOCTBIO TOT/A M TOJBKO Toraa, Koraa Ry U R, =
= Rl : Rz.

22. Jlokazatb, uTo TipousBeneHue R - R, IByX SKBUBAJIEHTHOCTeH R,
U R, Torna M TOJBKO TOTJA SIBISIETCS SKBUBAJEHTHOCTBIO, KOTIa
Rl : R2=R2 : R].

23. Jlokazathb, 4To eciii Ry 1 R, — 3KBUBaJIeHTHOCTU U R, - R, = R, - R|,
T0 R+ R, =R, - R, rnie R, + R, — HauMeHblIee OTHOLIEHUE SKBUBA-
JICHTHOCTH, BKJItouatoiee R, U R,.

24. Jlokasarb, 4TO TSI BCSIKOTO CEMENCTBA SKBUBAJICHTHOCTEM { R},
CYLLECTBYET 9KBUBaJeHTHOCTb O Takas, yTo U R; < O M AJIs1 BCSIKOTO
iel
OTHOLIEHUS 3KBUBaJIeHTHOCTU R, eciii U R, < R, 10 QC R.
iel

25. Jloka3atb, 4TO

n .
Pun = 2. Copi (P =1),
i=0

rae p, — 4ucio SKBMBAJIECHTHOCTEM Ha MHOXECTBE U3 /1 DJIEMEHTOB.

26. I[OKa?:aTb, YTO MHO2KECTBO BCEX IMMTOAMHOXECTB JaHHOI'O MHOXKEC-
CTBa YaCTUYHO YyIIOPAJOYCHHO OTHOIICHUWEM BKIIOYCHUA C.

27. Ilyctb < u < Ha MHOXecTBe A= {0, 1, 2, ...} onpeneasiorcs
OOBIYHBIM 06pa3zoM. Jlokaszath, yto < - < #<; < < =<;<->= /2
28. Jloka3aThb, YTO i, €CTh YACTUIHBII TTOPSIIOK Ha A.

29. Ilyctb a< b < a, b e Am a nenur b. Cunraem, uro 0 menur 0.
JlokasaTh, 4YTO < — YACTUYHBIN MOPSIIOK Ha .
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30. (a) Jloka3aTb, 4YTO BCSIKOE YACTUYHO YIOPSIAOUEHHOE MHOXKECTBO
COJIEPXUT He OoJiee OTHOTO HauOOJIbIlIeTo (HAaMMEHBIIEro) 2JIeMEHTA.

(6) oka3aTh, UTO HAMOOJbIINUI (HAMMEHbIINI1) 37IEMEHT YacTUY -
HO YIOPSIIOYEHHOTO MHOXKECTBA SIBISIETCS] eIMHCTBEHHBIM MAaKCHUMaslb-
HbIM (MMHUMAJIbHBIM) 3JIEMEHTOM.

(B) IMocTpouTh TIpUMep YaCTUIHO YITOPSITOYSHHOTO MHOXECTBA,
HMMEIOIEero TOUHO OAMH MUHUMAJIbHBINA 3J€MEHT, HO HEe MMEIOIIETro
HaMMEHBIIIeTO 3JIeMEHTa.

31. Jlokasatb, 4TO eciii R — YaCTUUHBIIA MOPSIIOK, TO R~'— yacTnu-
HBII TTOPSIO0K.
32. ITokazatb, 4To eciu {R;},. ; — cUCTEMa YaCTUUHBIX OPSIAKOB HA

MHOXeECTBE A, TO () R; — YaCTUYHBII NOPSNOK HA MHOXECTBE A.
iel
33. JlokaszaTb, 4TO OTHOLIEHUEe R Ha MHOXECTBE A €CThb IIPEATIOPSIIOK
TOTHa 1 TOAbKO Torma, korma R=(R - R)U iy,

34. Ilyctb R — oTHO1eHKe npeamnopsiaka Ha A. [Tonoxum
a~bo{(a, bye Ru{b, a)e R.

Jloka3aTp, 4TO:

(a) ~ ecTb OTHOLIEHNE SKBUBAJEHTHOCTH Ha A;

(6) ecniu a ~ a;, b ~ by, {a, by e R, T0{a,, b)) e R;

(B) R, ecTb OTHOILLIEHUE YACTUUHOIO TOPsIAKa HA A/~, Tae

(lal, [b]) € Ry & (a, b) € R.

35. Jloka3aTb, UTO e€CclM R — 4YaCTUYHBINA (JIMHEWHbII, TTOJHbBII)
nopsiiok Ha Xu Ac X, 1o R N A? ecTb yacTUUHBI (JIMHEIHBIIA, TTOJI-
HbI) MOPSIIOK Ha A.

36. ITyctb < — yacTuuHbIN opsiaoK Ha A. JlokazaTb, uyto < upped-
JIEKCUBHO U TPaH3UTUBHO.

37. JlokazaTh, UTO €CJIM HEKOTOpOe oTHoLIeHUe < Ha A uppediek-
CHUBHO W TPAH3UTHUBHO, TO OTHOIIIEHUE

X<y x<yumx=y

€CTb YAaCTUYHBIN MOPSIA0K Ha A.

38. [TokazaTb, uTo eciii A U A; — YaCTUUYHO YMOPSIAOUECHHBIC MHO-
xectBa U f: A — A;— MOHOTOHHAas QYHKIIUSI, OCYIIECTBIISIONIAsT B3a-
MMHO OJHO3HaYHOE COOTBETCTBHEe MexX1y A u A;, To f~' MoxeT He
OBITb MOHOTOHHOI.

PaccmoTtpets cayyaii, Korga A — JMHEWHO YIOPSIOYEeHHOE MHO-
JKECTBO.
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39. loka3aTb, YTO JI000€ YACTUUYHO YIIOPSIAOYEHHOE MHOXECTBO A
N30MOP(MHO HEKOTOPOI CUCTEME MMOJIMHOXKECTB MHOXECTBA A, yIopsi-
JMIOYEHHOM BKIIIOYEHUEM C.

40. ITyctb R, u R, — nuHeitHbIe TTOpsSAKU HA MHOXecTBe A. Koraa
R, - R, — nuHeWHbIN nopsinok?

41. (a) Joka3aTb, 4yTO JIF0OOE HEIYCTOe KOHEYHOE YACTUUHO YITOPSI-
JOYeHHOE MHOXECTBO A COACPKUT MUHUMATbHBI 1 MaKCUMaJIbHbBIM
3JIEMEHTBHI.

(6) ITycTh YaCTUUHO yHOPSIAOUEHHOE MHOXECTBO A KOHeUHO. [{oka-
3aTh, YTO IJIS1 JIOOOIO 3JIeMeHTa a € A CYILIECTBYIOT 3JIEMEHThI b U ¢ U3
A Takue, 4to a < b u b ecTb MaKCUMAaJIbHBIN 3JIEMEHT B A, ¢c< a U ¢ €CTh
MMWHUMAJIbHBIN 3JIEMEHT B A.

42. ITocTpouTh TMHEMHBIN MOPSAOK HA MHOXKECTBE:

(a) N7

©) SUAN2U AU UN"U .

(B) B KOMILIEKCHBIX YHCElL.

43. Joxa3aTb, 4TO JII0OOE€ KOHEYHOE MHOXECTBO MOXHO JTUHENHO
VITOPSIOYNTb.

44. Jloka3aTb, YTO BCSIKUI YaCTUYHBIN MOPSAOK R HA KOHEYHOM
MHOXeCTBe A MOXeT ObITh MPOAOJIKEH J0 JIMHEeHoro nopsaka Rc Q
Ha MHOXecTBe A (CM. Takke 3amauy 69 u3 § 5).

45. [1lyctb A — 4aCTUUYHO YHOPSIAOYEHHOE MHOXECTBO, B KOTOPOM
Kaxjas 1elb UMeeT He OoJiee m 2IEMEHTOB, a JIF000e MOJAMHOXECTBO
MonapHO HECPAaBHUMBIX 3JIEMEHTOB COCTOUT He 0oJiee UeM U3 1 BJIeMEH-
toB. [Toka3aTb, 4yTO A UMeeT He OoJiee m * 1 DJIEMEHTOB.

46. ITycTb <, eCTb UaCTUYHbBIN MOPSTOK HA MHOXeCTBe A, <p — yac-
TUYHBIM MOPSIIOK Ha MHOXecTBe B. HazoBeMm npsamvim npoussedenuem
uacmu4yHo ynopsao0oueHHubvix Muoxcecme A u B MHOXecTBO A X B c 3amaH-
HBIM Ha HEM OTHOLIEHUEM <:

(ay, byy<{ay, by) & ay < a; m by <4 b,.
JlokasaTh, 4YTO < €CTh YACTUYHBIN MOpsAIoK Ha A X B.

47. Ilycth A — YaCTMYHO YHOPSIIOUYEHHOE MHOXECTBO, a, b€ An
a < b. HazoBeM ceamenmom MHOXECTBO [a, b] = {x | a < x < b}. [1okasaTb
YTO MHOXKECTBO BCEX CETMEHTOB MHOXECTBA A, YACTUIHO YIIOPSIIOYCH-
HOE MO BKJIIOYEHUI0, U30MOP(PHO HEKOTOPOMY MOJIAMHOXKECTBY MPSIMOTO
npou3BeAeHUs A U IBOMCTBEHHOIO K HEMY YACTUYHO YIOPSIIOYEHHOTO
MHOXeCTBa.
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48. HazoBeM 4acTUYHO YIIOPSIIOUEHHOE MHOXECTBO A camoosoticmeeH-
HbIM, €CJIM OHO U30MOP(HO ABONCTBEHHOMY K HEMY YaCTUYHO YIOPSI-
JTOYEeHHOMY MHOXeCTBY. JloKa3aTh, UTo:

(a) IMeIoTCS B TOYHOCTH BA HEM30MOP(MHBIX YaCTHIHO YIIOPSIIOUCH-
HBIX IBYX3JIEMEHTHBIX MHOXECTBA, Ka&XKIOE 3 KOTOPBIX CAMOIBONCTBEHHO;

(0) nmeeTcst MSATh MOMAPHO HEM3OMOP(HBIX YACTUYHO YITOPSIIOUSHHBIX
MHOXECTB, UMEIOIIUX TPU 3JeMEHTa, U TPU U3 HUX CAaMOJBOMCTBEHHBDI.

49*, byneM roBopuTh, YTO YaCTUYHO YITOPSIA0OYEHHOE MHOXECTBO A
YIOBJETBOPSIET:

(1) ycaosuro munumanvHocmu, €Ciad BCSIKOE HEIYCTOE MOAMHOXE-
cTBO M MHOXecTBa A 00jlagaeT no KpaliHeil Mepe OJHUM MUHUMAJIb-
HBIM 3JIEMEHTOM;

(2) ycaosutio obpuiea yoviearouux yeneti, €Cav BCsIKasl CTpOro yobIBa-
fo11ast uernb B A KOHEUHa;

(3) yeaosuro undykmuerocmu, eciu Jjist 11000ro cBoiicTBa 7 BBIOJ -
HEHO CIIeAyIolee:

MyCTb JUIs1 1I0OOTO 37eMeHTa a € A U3 CipaBeJIMBOCTU cBoiicTBa T
JUTSL BCEX DJIEMEHTOB, CTPOI'O MEHBIIUX d, BbITeKaeT CIpaBeyIMBOCTb T’
JUISL @, TOrAa CBOMCTBOM 7 001aJaloT BCe 3JIEMEHThl MHOXKECTBA A.

JloKazaTb 9KBUBAJIEHTHOCTb BCEX ATUX YCIOBUIA.

50. /ToxasaTb, 4TO YaCTMYHO YIIOPSIOYEHHOE MHOXECTBO YIOBJIETBO-
psIeT YCIIOBUIO MUHMMAJIbHOCTHU TOT/A M TOJIBKO TOT/a, KOT/Ia BCE €ro
LIETTH BITOJIHE YIIOPSIAOYEHBI.

51*. Onucatb Bce TUHENWHO yIopsiIoueHHbIe MHOXeCTBa A, ob1ana-
IOIIMe TaKMM CBOMCTBOM, YTO IUIS JIIOOBIX @ < b CYLIECTBYET TOJIBKO
KOHEYHOE YMCJIO ¢ TaKuX, 4To a < ¢ < b.

52. Haiitu Bce MHOXecTBa M Takue, UTO CYLIECTBYET MOJTHBIIA MOPsI-
10K R Takoit, uto R ~' Takxke sSIBNISIeTCS MOMHBIM TTOPSAKOM Ha M.

53. Ilyctb @: A X A— Au ajsd Bcex x, y, z € A

0(x,3) = 9, X),
o(x, 0y, 2)) = 9(9(x, ), 2),
o(x,x)=x.

Onpenenum x <y < o(x, y) = x. Jlokazarte, 4To:
(a) < ecTh YACTUUHBIN MOPSIIOK Ha A;
(6) o(x, y) ecTb TOUHAsI HUXKHSISI TPaHb OTHOCUTEJIBHO MOpsiaka <.

54. lokasaThb, 4TO J1II0OOE MOAMHOXECTBO MHOXecTBa P(A), yacTuu-
HO YITOPSIIOUEHHOE 110 BKJIIOUEHUIO, UMEET TOYHYIO BEPXHIOIO TPaHb U
TOYHYIO HIKHIOIO TPaHb.

55. loxa3aThb, 4TO:
(a) nmro0O€ TUHEMHO YIOPSI0YSHHOE MHOXECTBO €CTh PelleTKa;
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(0) ceMeiicTBO BCeX 9KBMBAJICHTHOCTE HAa MHOXeCTBE A €CTh pe-
1IETKA.

56. Jloka3ath, 4TO B pelleTKe 000 MaKCUMAaIbHBII 3JIEMEHT SIBJISI-
eTCsl HaMOOJIBIINM, a JII000 MUHUMAJIbHBINA DJIEMEHT SIBJISIETCS HaK-
MEHBIIM.

57. loxa3aTb, UTO B JIIOOO KOHEYHOM pelleTKe CYIIECTBYIOT Hau-
OOJIbIIMI 1 HAMMEHBIUMA 37IEMEHTHL.

58. ITpuBecTu mpuMephbI PeLLIEeTOK:

(a) 6e3 HaMOOJIbILIETO 2JIEMEHTA, HO C HAUMEHbBILIUM 3JIEMEHTOM;

(6) 6€3 HaMMEHBILIETO 3JIEMEHTA, HO C HAMOOJIbIIUM 3JIEMEHTOM;
(B) 6e3 HanOoJblIero 1 0€3 HaMMEHBILIETO JIEMEHTOB.

59. /loka3aTh, 4TO B JIFOOOI1 pellieTKe BhIIIOJIHEHBI TOXKIECTBA:

(h)xUy=yUx, () xNy=yNx,
() xUUz) =xUy Uz,  ()xNN2z)=xNy)Na,
(L) xNyUy=y, () xN(xUy) =y.

60. ITycth Ha MHOXecTBe M 3agaHbl AByMeCTHbIe yHKIUM U u (),
yIoBIeTBOpstoLINe ToxaecTBaM (/,)— () U3 mpeabiaylieit 3anaumn.

(a) JokazaTp, yTo J1s1 MOOBIX X, y € M x| y=y TOorma u TOJIbKO
Toraa, Koraa x () y=x.

(6) Onpenenum x <y < x () y=x. JlokazaTb, uTo M ecTb pellieTKa
OTHOCUTEJIbHO <, TIpUYeM TOYHAs HVKHSISI M TOYHAs BEPXHSIS TpaHU
2JIEMEHTOB X U y COBITaAIOT € X[ ¥ M X () Y COOTBETCTBEHHO.

61. JloxazaTh, 9YTO BO BCSIKOIT OyieBoii anredope M:

(a) cylecTByeT HaMMEHBIIMI 31eMeHT () 1 HauOOJ b 3IeMEHT 1

(6) nnst Besikoro a < M pomnoyiHeHUe (—a) eAUMHCTBEHHO;

B)b=—as=aNb=0ualb=1,

(r) =(a N b)=(-a) U (-b);

(m) (a U b)=(-a) N (-b);

() a<bo an (-b)=0.

62. lokasaThb, 4TO ajiredpa NOAMHOXECTB, YIIOPsIIOYEHHAsI BKIIIOUE-
HUEM, ecTh OyyieBa ajreopa.

63. loxazatb, uto 1 € Du 0 ¢ D nns moboro dpunbrpa D.

64. Ilyctb M — OyneBa anrebpa, A < M. Jloka3arb, 4TO €CIu
a;N...Na,#0 ona moboro n >0 U TIOOBIX 3JIEMEHTOB 4y, ..., d, € A,
TO MHOXECTBO

D={x|xe M, aN..N a,<xmis HEKOTOPBIX dj, ..., d, € A}
ecTb GuIbTp Ha M.

65. ITycts D— dubTp Ha OyseBoii anredpe M u (xU y) € D. JlokazaTth
yTto cyuectByeT Guabtp D; o D Takoit, uto x € D, unu y e D;.
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66. [Joka3zath, uTo Mg JI0060TO (DUIbTpa D cleayiolue yCIOBUS
SKBUBAJICHTHBI:

(a) D ecTb MaKCUMAaJbHBIN (QUIBTD;

(6) D ectb nipocToil pUIbTP;

(B) D ectb yibTpaduabTp.

67*. Joxa3aTb, uTO 1100011 (UIBTP Ha OyyeBoit anredpe M comep-
JKUTCSI B HEKOTOPOM MaKCHUMaJIbHOM (uibTpe Ha M.

68. Jloka3zatb, UTO AJIsI JIFOOBIX 3JIEMEHTOB a, b OyyneBoii anredpsl M,
€CJIM HEeBEPHO, UYTO a < b, TO CyILIECTBYET NMpocToil punbtp D Takoi,
ytoaec Du bg D.

69. Ilycte M — GyneBa aire6pa, &’— MHOXKECTBO BCEX IPOCThIX
¢unbrpoB Ha M. ITonoxum mist ae M

ha)={D|ae De 2.
ﬂOKa?»aTI), YTO MHO2KECTBO

S=1{h(a)|ae M
€CThb anre6pa IMOAMHOXKECTB MHOXKECTBA @

70. [Joka3zathb, uTo Jr00ast OyneBa aaredpa nzomMopdHa HEKOTOPOI
ajaredpe MOAMHOXKECTB MOAXOASIIIEro MHOXeCTBa (meopema CmoyHa).

71. [Joka3zatb, 4TO 1000 (PUILTP HA KOHEUHOI OyJeBoil anredpe
UMEET HAMMEHbIIUI 3JIEMEHT.

72. loka3ath, 4TO JIto0ask KOHeuHas OyJieBa ajaredpa nsoMopdHa aji-
redpe Bcex TOAMHOXKECTB HEKOTOPOTO MHOKECTBA.

§ 4. KAPOMHATIbHbLIE YXUCNA

MHOXecTBO A Ha3bIBACTCS IKBUBAANCHMHBIM MHOXECTBY B (CUMBOJIN-
yecku A ~ B), ecni Mmexny A 1 B MOXHO YCTAHOBUTbH B3aMHO OJIHO-
3HAYHOE COOTBETCTBHUE.

Mouwnocmbro MHOXeCTBa A Ha3bIBAeTCs KJIAaCcC BCEX MHOXKECTB, 9K-

BUBAJIEHTHBIX MHOXECTBY A, 1 0003Havaercst yepe3 A . DKBUBaJIEHTHbIE
MHOXECTBA HAa3bIBAIOTCSI TAKXKE PAGHOMOUHBIMU.

00603HaYMM uyepe3 # MOIIHOCTh MHOXecTBa A, ={0, 1, ..., n—1},
rae n < .4 Kaxmnoe MHOXeCTBO A, 9KBUBaJIEHTHOE ./, 1711 HEKOTOPO-
rO 7, HA3bIBACTCSI KOHEYHbIM, & N— HUCAOM IAEMEHMO8 MHOdMcecmea A.
MHOXecTBO, He SIBJISIIOLIEeCs] KOHEUHBIM, HA3bIBACTCSI OECKOHEYHbIM.

Kaxmoe MHOXeCTBO A, SKBUBaJIeHTHOEe MHOXecTBY . /'=1{0, 1, 2, ...},
HAa3bIBACTCS CYeMmHbIM U €TO MOIITHOCTh 0003HAaYaeTcs uepes K.

Kaxmoe MHOXeCTBO A, 5KBUBAJIEHTHOE MHOXECTBY JI€/ICTBUTEIb-
HBIX yncen 9, Ha3bIBAETCH KOHMUHYAAbHbIM Y €TO MOIIHOCTH 0003Ha-
yaeTcs yepes C.
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MoiHocTH ITPOU3BOJIbHBIX MHOKECTB HAa3bIBAIOTCSA Ka[)()LlHa/leblMll
yucaamu. KapZ[I/IHaIIbeIC Yyucjia KOHCYHbIX MHOKECTB Ha3bIBAIOTCA KO-
He4HbimU, OJIA OECKOHEUYHBIX MHOXECTB — OECKOHEYHbIMU. KapZ[I/IHaIH)—
HO€ YMCJIO C HA3bIBACTCA MOULHOCNbIO KOHMUHYYMA.

Bynem rosoputh, uto A < B, eciiu A 9KBUBaJIeHTHO HEKOTOPOMY
noaMHoxecTBy MHoxecTBa B. Eciu A < B, a Au B He 5KBUBaJIEHTHBHI,

TO ckaxem, uto A < B.

1. Toka3zaThb, 4TO:

(a) A~ A (peIeKCUBHOCTD);

(06) ecnu A~ B, T0 B~ A (CUMMETPUYHOCTD);
(B)yecniu A~ Bu B~ C, 10 A~ C (TpaH3UTUBHOCTD).

2. Jlokasarb, 4ToO:
() A~ Be A= B;
(6) 71:22, ?12?2 u A< Bl > 72£TS’2;

(B) eciu cyuiecTByeT GyHKUUS u3 A Ha B, To B < A.
3*. Ilyctb Ay c A; c Au A~ A,. JlokazaTb, 4To A ~ A,.

4. lokazartb, uyto ecii A< B u B<A, 10 A=B (meopema Kanmo-
pa— beprumetina).

5. JoxasaTb, 4ToO:

(a) BcsIKOE TTOMMHOKECTBO KOHEUHOTO MHOXKECTBA KOHETHO;

(6) oObenMHeHe KOHEUHOTO YMc/ia KOHEYHBIX MHOXKECTB KOHEUHO;

(B) mpsiMoe IIpOM3BeACHNE KOHEUHOTO YMCia KOHEYHBIX MHOXECTB
KOHEYHO.

6. (a) JokazaTb, YTO KOHEYHOE MHOXECTBO HE SKBMBAJICHTHO HUKA-
KOMY CBOEMY COOCTBEHHOMY MOAMHOXKECTBY M1 HUKAKOMY COOCTBEHHO-
My HaaIMHOXKECTBY.

(6) ToxazaTb, 4TO JiBa KOHEUHBIX MHOXECTBA 9KBMBAJIEHTHBI TOTAA U
TOJILKO TOT/Ia, KOTJa OHU COAEPXKAT ONMHAKOBOE YMCIIO 3JIEMEHTOB.

(B) Jlokazatb, 4TO KapAMHAJIbHBIX YHUCE] O€CKOHEYHO MHOTO.

7. JlokazaTb, UTO 13 BCSIKOTO OECKOHEYHOI0 MHOXECTBA MOXKHO BbI-
JICIUTh CYETHOE TIOIMHOXECTBO.

8. Jloka3aTb, 4YTO MHOXECTBO TOLJA U TOJILKO TOrJa OECKOHEYHO, KOraa
OHO KBHBAJICHTHO HEKOTOPOMY COOCTBEHHOMY ITOJIMHOKECTBY.

9. HOKaSaTb, YTO BCAKOC ITOAMHOXKECTBO CYHETHOI'O MHOXKECTBA CUCT-
HO MJIN KOHEYHO.

10. (a) ITycTth obOmacTh onpeneneHus GyHKIUU cueTHa. JloKa3aTh,
YTO 00J1aCTh 3HAUCHUI 5TOM (PYHKLIMU KOHEUHA WJIM CUETHA.
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(6) dokazaTb, YTO HEMYCTOE MHOXKECTBO A SIBJISIETCS CUETHBIM WU
KOHEYHBIM TOTAA W TOJIbKO TOTHA, KOTAA OHO €CTh MHOXECTBO 3HAUe-
HMil HeKOTOpOo#i GyHKuuU u3 .| B A.

11. ﬂOKa3aTb, YTO €CJIN N3 CYETHOTO MHOXKECTBA YAAJIUTh KOHCYHOC
ITOAMHOXKECTBO, TO OCTAaBLICECA MHOXKECTBO 6y;[eT CYCTHDbIM.

12. JIokasaThb, 4TO:

(a) ecnmu Au B cuetHbl, T0 AU B cueTHO;

(0) ecmu Bce A; KOHEUHBI, HEMYCTHl U TIOTIAPHO HE TepeceKaroTcs,
10 U 4 cuerHo;

le

(B) ecnu Bce A4; cuetHsl, To U A cueTHO.

1€

13. Jloka3aThb, 4TO:

(a) ecnu A 6eCKOHEYHO U B — KOHEYHOE MU CYETHOE MHOXKECTBO,
10 AU B ~ 4;

(6) ecnin A GECKOHEYHO M HECUETHO, B KOHEUHO WM CUYETHO, TO
A\B ~ A.

14. Jlokazatb, uto ecnu A,, ..., A, (1 < n) CUeTHBI, TO CUYETHO
MHOXECTBO A; X ... X A,

15. Joka3arb, 4TO:

(a) MHOXECTBO LIEJIBIX YHUCET CYETHO;

(6) MHOXeCTBO pallMOHAJIbHBIX YHCEJ CYETHO;

(B) MHOXECTBO pallMOHAJIbHBIX YUCE CeTMEHTa [a, b] cueTHO mpu
a<b;

(r) MHOXeCTBO map (X, y), TIe X U y — pallMOHabHbIE YMCIa, CUETHO.

16. Jloka3zaTh, UTO MHOXECTBO BCEX KOHEUHBIX MOCIEI0BATEIbHOC-
Tel, COCTaBJIEHHBIX U3 JIEMEHTOB HEKOTOPOIO CUETHOTO MHOXKECTBA,
€CTb CYETHOE MHOXECTBO.

17. JlokazaThb, YTO MHOXECTBO BCeX KOHEUHBIX TTOAMHOXKECTB CUET-
HOTO MHOXECTBA CUETHO.

18. JIoka3aTh, YTO MHOXECTBO MHOTOUJICHOB OT OJHOI IIepeMEHHOM
C LeJBIMHA KOG GULIMEHTAMN CUETHO.

19. JIoxa3aTh CYUETHOCTb MHOXECTBA aJre0pandecKux Yrcel, T.e. Y-
ceJsl, SBISIOIINXCS KOPHSIMU MHOTOYIEHOB OT OJHOI MepeMEHHO ¢
LEeIBIMUA KO3 PULIMEHTaMU.

20. JlokazaThb, 4TO JTI000€ MHOXKECTBO MOMApHO HETIEPEeCEKAIOIIMXCST OT-
KPBITBIX MHTEPBAJIOB Ha IEHCTBUTEIBHOM ITPSIMOIT He OoJjIee YeM CUETHO.

21*. JIokazaTh, YTO MOLIHOCTb JIIOOOr0 MHOXKECTBA MOMapHO Herepe-
cekarouxcs 0ykB T Ha IMJIOCKOCTU He 0oJiee ueM cueTHa.
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22. lokasathb, uyto ecivi A ¢ 9 u cymectyer & > 0 Takoe, 4TO IS
BCEX Pa3NMYHBIX 3JIEMEHTOB X, y U3 A CIpaBeIuBO | X — y | =8, T0 A
KOHEUHO WUJIA CYETHO.

23. JlokaszaTb, UTO MHOXECTBO TOUEK pa3pbiBa MOHOTOHHOU (PYHK-
LIMY Ha IE€MCTBUTENIbHOW OCU HE 00Jiee YeM CUETHO.

24. Jloxa3aTb, 4TO:

(@ (0, 1) ~ [0, 1] ~ (0, 1] = [0, 1);

(©) [a, b] ~ [c, d], tne a <b, ¢ < d,

(8) [a, b] ~ 9.

25. Jloxa3aTb, YTO MHOXKECTBA TOUEK KBajapaTa U OTpe3Ka SKBMBa-
JIEHTHBI.

26. Jloxa3aTbh, YTO MHOXECTBa TOUEK IBYX OKPYKHOCTEI SKBUBA-
JIEHTHBI.

27. Ookazatb, uyto 9" ~ 9" (1 < n, m).

28. YcTaHOBUTH B3aMMHO OJIHO3HAYHOE COOTBETCTBUE MCXIY TOYKa-
MM KBaJpaTa " IJIOCKOCTH.

29*, Jloka3aTb, YTO MHOXECTBO To4YeK cermMeHTa [0, 1] HecueTHO.
30. KakoBa MOIITHOCTh MHOXECTBA UPPALTMOHATEHBIX YMCEIT?

31. JlokazaThb CyllIECTBOBAHUE TPAHCLEHACHTHBIX (Heajireopanyeckmx)
YUCeI.

32. loka3aTh, 4TO 00BeAMHEHNE KOHEUHOTO MJIM CYETHOTO Yucia
MHOKECTB MOIIIHOCTHU € UMEET MOIIHOCTH C.

33*. ﬂOKa3aTb, YTO MHOXECTBO BCEX CUETHBIX ITOCJIEN0BATEIbLHOCTEN
HaTypaJbHBIX YNCEII UMEECT MOLIHOCTD C.

34. Jloxa3aTb, 4TO:
(a) MHOXXECTBO BCEX CUETHBIX ITOCTIEIOBATEIbBHOCTEN, COCTABJIEHHBIX
n3 0 u 1, UMeeT MOLIHOCTD C;

©) P(A)=c.
35. Jloka3aTb, 4TO:

(a) ecin A; =c ana Beex 1 <i<n, 10 A X...xA, =¢;

(6) ecnt Ai =c wiaBeex ie [u I =Ry, 10 [[4 =c

iel
36. KakoBa MOILIIHOCTb MHOXECTBA:
(a) Bcex CYETHBIX MOCTIETOBATEILHOCTEM AeHCTBUTEIBHBIX YNCET;
(0) Bcex HenpepbIBHBIX (PYHKLIUIA Ha 1eHCTBUTEIBHON MIPSIMOIA;
(B) Bcex MOHOTOHHBIX (DYHKIMI HA NEMCTBUTENbHOM MPSIMOI?
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37. Ilyctb A— cYeTHOE MHOXKECTBO TOUEK Ha JeHCTBUTEIbHOMN Mpsi-
Moi1. MOXHO Ji1 BbIOpaTh a Tak, YTOObI

{x+a|lxe AANA=2?

38*. JlokazaTb, YTO MHOXECTBO JCUCTBUTENIbHBIX (DYHKIIMH, 3a0aH-
HbIX Ha cermeHTe [0, 1], MeeT MOIIHOCTb, OOJIBIIYIO C.

39. Jloka3zaTb, UTO MOIIHOCTh MHOXECTBA BceX (yHKLMH, onpee-
JICHHBIX Ha cerMeHTe [a, b] ipu a < b ¥ pa3pbIBHBIX XOTSI ObI B OHOM
TO4YKe, OOJIBIIIE C.

40*. [loka3aTb, YTO MHOXECTBO BCEX MOAMHOXECTB P(A) MHOXeCTBa
A uMeeT MOLIHOCTD, OOJIbIIYIO A.

41. ITyctb A — cemMelicTBO MHOXECTB TaKoe, UTO JIJIsI KaXKI0ro MHO-
KecTBa A U3 A CYIIECTBYeT MHOXECTBO B u3 A, He 3KBUBAJICHTHOE
HUKaKOMY IMIOAMHOXKECTBY MHOXecTBa A. JIoka3aTh, YTO 00beAUHEHNE
BCEX MHOXXECTB U3 A HE 9KBUBAJICHTHO HUKAKOMY TTOAMHOXKECTBY MHO-
>KecTBa U3 A.

42. Jloxa3aTbh, 4TO HE CYIIECTBYeT MHOXKECTBA, COMEPKAIIETO BCE
MHOXeCTBa.

43. ByneM roBopuTh, UYTO MOCIEAOBATEIIbHOCTh HATYPAIbHBIX YACEIT
by, by, ... pacTer ObICTpee, YeM IIOCIAEAOBATEIbHOCTD @, dy, ..., €CIU

..a
lim -2 = 0. Jloka3aTsb, 4TO:

n—oo

(a) mIg Kaxaoi MociieqoBaTeIbHOCTH HATYypPaJbHBIX YKCEN CYIIe-
CTBYeT IOCJIeI0BaTeIbHOCTD, pacTyllas ObICTpee ee;

(6) eci MHOXECTBO MOCJIEA0BATEILHOCTEN A 00JIamaeT CBOMCTBOM,
YTO JIJIST KaXKAOM MTOCIeI0BATEIbHOCTH d, @y, ... CYIIECTBYET IOCIIEIOBA -
TeJIbHOCTh U3 A, pactyuiasi ObicTpee, YeM a;, d,, ... TO MHOXeCTBO A
HECYEeTHO.

§ 5. OPAMHAIIbHbIE YUCIA

ITycts A B — nuHEIHO ynopsiioueHHbIe MHOXeCcTBa. MHOXeCTBO A
HasbIBaeTcs nodooHvim B (cumBonnuecku A = B), ecniu Au Buzomopd-
HBbI KaK YaCTUYHO YIIOPSIIOYEHHBIE MHOXKECTBA.

Tlopsdxosvim munom TMHEWHO YIIOPSIAOUEHHOIO MHOXeCTBAa A HA3bI-
BAETCS KJIACC BCEX JIMHEMHO YMOPSAOYEHHBIX MHOXECTB, MTOTO0HBIX A,

n obo3HavaeTcs uepe3 A . Mownocmoio nopsokoeoeo muna A Ha3bIBa-

etcst A. bymeM cuntath (0 MOPSIKOBBIM TUTIOM .
O0603HaUYMM Yyepe3 # MOPSAKOBBIA TUIT MHOXKECTBA

N={0, 1, oy n— 1},
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rme 0<1<...<n-1une A O6o3HaUUM 4yepe3 m, T, N, A, IOPSLAKO-
BbI€ TUIIBI MHOXECTB HATYPaJIbHBIX YMCEJT, LIEJBIX YUCE, palluOHAaJb-
HBIX YMCEJT U TEMCTBUTEIbHBIX YKCENI COOTBETCTBEHHO C X €CTECTBEH-
HBIM TTOPSIIKOM.

Ecnu a ectb mopsinkoBwIii TUIT MHOXeCTBa A, TO yepe3 a * 00o3Ha-
YUM MTOPSIAKOBBIN TUIT MHOXECTBA A C IBOMCTBEHHBIM MTOPSIIKOM.

HazoBeM nauanvubim ompesiom, omcexaemvim snemeHmom a € A ot
JIMHEHO YIOPSIIOYEHHOI0 MHOXECTBA A, MHOXECTBO

A,={x|xe A, x<a}.

ITycTh 0L 1 3 — TTOPSIKOBBIE TUTIHI IMHEMNHO YIIOPSITOYSHHBIX HeTlepe-
CEKaIoIMXCsl MHOXECTB A U B ¢ niopsiikamMu <, U <z COOTBETCTBEHHO.
Cymmoti hopsadKoebix munoe o. v 3 Ha3bIBaeTCsl MOPSIIKOBBINM TUIT MHOXKeE-
ctBa AU B ¢ mopsimkoM <, oIpele/IeHHBIM CIISAYIOIINM 00pa3oM:

x<yo(xe A ye Byum (x,ye Aux<,y) wim (x,ye Buxepy).

CymMmMa MopsiIKOBBIX TUIIOB ¢, U 3 0003HAYaeTCs yepes o + f.

TTycTh naHO ceMeicTBO MonapHO HelepeceKarouXcsl JIMHEUHO yIo-
PSIOYEHHBIX MHOXECTB A; C MOPSIAKOBBIMU TUIIAMMU O; U TIOPSIAKAMU <;
COOTBETCTBEHHO, e i € I, a [ TMHENHO ynopsii0ueHO OTHOLIEHUEM <.
Cymmoil nopsdkoebix munog o,; Ha3blBaeTCsl MOPSIAKOBBIM TUIT MHOXKe-

ctBa U Ai C MOPAAKOM <, ONPEIECICHHBIM CIEAYIOIIUM O6p330M:
iel

x<ye (x,ye A;u x <,y ans HeKotoporo i € [)

A (x € Ail’ Ve A,-2 JUIST HEKOTOPBIX 7} <  Iy).

CYMMa OPAAKOBBIX TUIIOB O; o0o3HayvaeTcs 4yepes 2 Qo .
iel
HYCTB o n B — ITOPAIKOBBIC THUITBI JIMHEUHO YIopAaO4Y€HHbBIX MHO-
XectB Au Bc nopsgakamMu <, U <p COOTBETCTBEHHO. Hpous'eeaeﬁuem
nOpﬂaKOBle munoe o B Ha3bIBACTCA HOpHﬂ,KOBbeI TUI MHOXeCTBA A X B
C MOPAIKOM <, OIIpeieJ€HHbIM CJAEAYIOLIUM 06pa30M:

X1, Y1) S (X, ¥2) & (¥ <g ¥y WK (Y = Y, U X Sy X)),

ITpousBeaeHue MOPSIAKOBBIX TUTOB oL U 3 0003HAvaeTcs uepes o - 3.

0O603HaYMM uyepe3 o BeIpakeHue (... (o - o) - ... o) (n pas).

[TopsiaKoBbIie TUIIBI BITOJIHE YIOPSIAOYEHHbBIX MHOXECTB Ha3bIBAIOTCSI
OpOUHANBHBIMU VTN NOpadKogbimu uuciamu. Ecim oo M B — MopsiiKoBbIe
yucia, To TOBOPSIT, uTo o < 3, ecin J1t000e MHOXECTBO A TOPSIIKOBOTO
TUIIA o ©3OMOPGHO HEKOTOPOMY HayaJIbHOMY OTPE3KY MHOXKecTBa B 1o-
psiakoBoro tTuna f; o < f o3Havaet, uto o <  uium o = f.
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ITopsiaKoBo€e YMCIIO o Ha3bIBAETCA npedeabrviM, ecv o.# 0 1
o=sup {B|B — mopsimkoBoe uncio u f < o.

Bozeedenue 6 cmenens 0151 nopsadkoswvix uucen onpeaessieTcs Ciaenyto-
UM 00pa3oM:

ol = 1,
o = of - g,
of = sup {ocEg | € < B} Wi mpeseIbHOrO MOPSIIKOBOTO Yyucia .

1. Jlokasathb, 4TO €C/IM JIMHEHHO YIIOPsIIOYEHHbIE MHOXECTBa 110100~
HBI, TO OHU U 9KBUBAJICHTHBHI.

2. Jlokas3ath, 4TO JIOOOE MHOXKECTBO A, SKBUBAJCHTHOE JIMHEITHO
YIIOPSIIOUEHHOMY MHOXECTBY B, MOXHO JIMHEHHO YIOPSIAOUUTD TakK,
4yTO A CTaHET IOJOOHBIM B.

3. Ilyctb A, B, C — nuHeiiHO ynopsiioueHHble MHOXeCTBa. JlokazaTb,
YTO:

(a) A= A (pedeKCUBHOCTB);

(6) ecnu A = B, T0 B= A (CUMMETPUYHOCTb);

(B)ecin A= Bu B= C, T0 A= C (TpaH3UTUBHOCTD).

4. [Tyctb A u B— nmuHEHHO yropsaaoYeHHbIe MHOXeCTBa. J/lokasaTs,
yroecin A = B, 10 A = B, HO 0O6paTHOE HEBEPHO.

5. JlokazaTh, YTO MHOXKECTBO M3 /1 3JIEMEHTOB MOXHO JIMHEIHO yII0-
PSIOYUTE #! CITOCODAMU.

6. [loka3ath, 4TO BCe KOHEUHBIE TMHEHHO YITOPSmOYeHHbBIE MHOXE-
CTBa OJMHAKOBOM MOIIHOCTH IMOJOOHBI MEXKAY COOOIA.

7. Jloka3aThb, 4TO 151 0ECKOHEUHBIX MHOXECTB YTBEPXKIESHUE IPe/Ibl-
IyLIEH 3a1a4 HEBEPHO.

8. Jlokazatb, 4TO JTMHEIHO YMOpsSIIOUYEeHHbIE MHOXECTBA MOJ0OOHBI TOT/Ia
U TOJILKO TOT/Ia, KOTJa MEXI1y HUMM CYIIECTBYET B3aMMHO OJIHO3HAYHOE
COOTBETCTBUE, SIBJISIOLLEECS] MOHOTOHHBIM OTOOPAXKEHUEM.

9. Jlokaszatb, 4TO JIJIsI JTIOOOTO JIMHEIHO YIOPSIIOYEeHHOTO MHOXKEeCTBa
A moObIX a, be A:

(@) a ¢ A

(0) ecau a — HauMEHbIIUH 371eMeHT A, To A, = J;

(B) A, — n11HEeHO ynopsiioueHHOe MHOXECTBO;

(r) ectm a < b, T0 (A,),=A,.

10. JToxa3aTh, YTO MHOXECTBO BCEX OTPE3KOB JIMHEHHO YIOPSII0-
YEHHOr0 MHOXECTBA A, YIOPSA0YEHHOE OTHOLLIEHUEM BKIIIOUEHMSI, TT0-
JI00OHO A.
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11. /loxa3aTb, 4TO OECKOHEYHOE TUHEIHHO YIIOPSIIOYeHHOE MHOXE-
CTBO A MMeeT TOPSIKOBBIA THIT ® TOTAA M TOJBKO TOTHA, KOTJa OHO
YIOBJETBOPSIET CAECAYIOLIUM YCIOBUSIM:

(a) B A uMeeTCsl HAUMEHBIIMI BJIEMEHT aj,

(6) n1a moboro ae A cyliecTByeT TOYHAas HUXHSISA I'paHb a’ B
MHOXeCTBe {X | a < x, x € A} (a’ Ha3bIBAETCS HENOCPeOCMEEHHO CAedYIo-
wum 3a a);

(B) 1151 m060ro mogMHoXxecTBa X MHOXECTBA A U3 TOTO, UTO ay € X
1 X COIEPKUT BMECTE C KaXKIbIM CBOMM 3JIEMEHTOM HEITOCPEICTBEHHO
CJICMYIOIINI 32 HUM 3JIEMEHT, CIenyeT, uTo X = A.

12. JIoka3aTb, 4YTO OECKOHEUHOE JTUHEWHO YIOPSIIOYeHHOe MHOXE-
CTBO MMeET MOPSIAKOBBIN TUIT (® TOTAA U TOJBKO TOTJa, KOTAa BCE €ro
HavaJlbHbIE OTPE3KU KOHEUHBI.

13*. JlokasaThb, UTO JI0OOOE CUETHOE JIMHEHHO YNOPSI0UeHHOE MHO-
KECTBO A MMEET MOPSIAKOBBIN TUIT M TOrAa U TOJbKO TOraa, Korma A
YIOBJIETBOPSIET CJAENYIOLLUM YCIOBUSIM:

(a) B A HET HAUMEHbBILIETO U HAUOOJIBIIIETO 2JIEMEHTOB;

(6) nist moObIX X, ¥ € A TakMX, UTO X <y, CYLIECTBYET 2z € A TaKOM,
yTo X < z <y (Tako¥ MOPsIIOK HA3bIBAETCS HAOMHbBIM).

14*. JIoka3aTb, YTO BCAKOE CUETHOE JIMHEHHO YIOPSA0YEHHOEe MHO-

JKECTBO ITOJ00HO HEKOTOPOMY INOAMHOXKECTBY MHOXKECTBa g panmo-
HaJIbHBIX YUCECII.

15*. I1ycTb A — TMHETHO YIOPSIIOYEHHOE MHOXECTBO, COIepKallee
He MeHee ABYX a1eMeHToB, B=A U A* U ... U A" U... [lonoxum mns

JIOOBIX X|, «..y Xy Vs ooer Ym € A (1 < 1, m)
Xy ey Xp SOy v Yp e MEmUA X =y, .oy X, =y, WIN
(X] = Y15 ey Xy = Vi1, X; < Y; JUISL HEKOTOPBIX [ < 1 U [ < m).

Jloka3aTp, 4TO:

(a) < ecTb IMHEMHBIN TTOPSIAOK Ha B,

(6) m1000€ CYeTHOE JIMHENHO YIOPSA0YeHHOE MHOXECTBO MOA00HO
HEKOTOPOMY MTOAMHOXKECTBY MHOXECTBA B.

16. Ilokazarhb, UTO MOPSIAKOBBIM TUI JIIOOOTO MHTepBasia (He CerMeH-
Ta) 1eUCTBUTEIbHBIX YUCEN €CTh A.

17*. [TonMHOXeCTBO B JIMHEIHO yNOPSIAOYEHHOIO MHOXECTBA A C
MOPSIAKOM < Ha3bIBACTCS MAOMHbIM 8 A, eclu Jjs1 MoObIX a;, a, € A
CyllIecTByeT b € BTakoe, uyTo a, < b < a, unu a, < b < a,. JlokazaTb, 4TO
ecau A ComepKUT CYETHOE TUIOTHOE B A MOAMHOXECTBO, TO A TTOTOOHO
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HEKOTOPOMY IMOAMHOXKECTBY MHOXECTBA IE€MCTBUTENbHbBIX yncea <) ¢
€CTECTBEHHBIM TTIOPSIIKOM.

18. Iloka3zatsp, uto (o *) *= o A1 JH0OO0ro MOPSIAKOBOIO TUIIA L.

19. INokazatb, yto T*=1, N*=1, L *=A, ® *# ©.

20. /Toxa3aTb, 4TO:

(a) n1st AIOOBIX MOPSIIKOBBIX TUIIOB ¢ U 3 CYLIECTBYIOT U OJHO3HAY-
HO OIPEIEICHBI TOPSIAKOBBIE TUIIBL O + B U o * B,

(0) nst 1I0OOTO TMHEWHO YIMOPSIAOYEHHOTO MHOXecTBa [ U J1I000ro
ceMeiicTBa TOPSIKOBBIX TUTIOB {0}, ; CYIIIECTBYET M OJHO3HAYHO OTIpe-

JIeIeH MOPSIKOBbIiA THIT Y o .
iel
21. [TpuBecTy OpuMep MOPSIAKOBLIX TUIIOB O U 3 TAKUX, YTO
oa+p #P+o.
22. JlokasaTb, 4TO:
@a+P+y=(@+P)+v
©)a+0=0+a=0;
(B)2+3=5;
M 1l+o=0, Ho 0+ 1 # ®;
(n) o*+w=m;
(e)n+n=n;
KA+ 1T+A=2;
B)A+A#A;
(1) 1 +A+ 1 ecTh MOPSIAKOBBIM TUM cerMeHTa [a, b] npu a < b.
23. [IpuBecTy MpUMep MOPSIIKOBBIX TUIIOB O M 3 TAKUX, YTO
o B#EP- o
24. JIoka3aTb, 4TO:
@aoa-PB-p=@@-B) 7
0)o-0=0-a=0;
B)o-1=1-oa=q;
(r) 2 -2=4;
(m) n’=m;
e)o nmzo-Mm+1).

25. TIoCTpOUTb MHOKECTBA MOPSIIKOBBIX TUTIOB 0, ®°, 0, ...
26. (a) JokasaTb, 4TO AJISI JTIOOBIX MOPSIKOBBIX TUIIOB O, B U Y

o PB+y)=a-PB+o-y.
(6) ITpuBecTn mpuMep NOPSAKOBBIX TUTOB ¢, B 1 Y TAKUX, YTO

(u+PB)yz2o y+B 7.
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27. Ilyctb J u I— nuHENHHO ynopsiioueHHble MHOXecTBa, {Bi}i.; —
CEMENCTBO TIOTIApHO HeIepeceKarlnXcsl MOAMHOXECTB MHOXECTBA

J takoe, uto U B, = J. Jlokazats, uto eciu J = Y Bi, T0 st 106OTO
iel

iel

ceMelicTBA TMOPSAIKOBBIX YHCeN {0y} umeeM Y o = > [ Y o;
Jjed iel \ jeB;
28. lokazatb, 4yTo o -3 = z oy, THe oy, =0 JsI Bcex be Bu B =f.

be B
29. JlokazaTh, 4TO:

(@) (o +P)*=p*+a*;

(6) (o~ P)*=o* - p*;

«
.
(B) 206,- = z o;, tae / — JIUHEWHO yIopsgoYeHHOe MHOXKE-
iel el

CTBO, a I €CTb MHOXECTBO / C IBOMICTBEHHBIM ITOPSIIKOM.

30. [Ioka3atb, 4TO:

(a) BcsIKOE KOHEYHOE JIMHEWHO YIOPSIOYeHHOE MHOXKECTBO BITOJIHE
YIOPSIIOYEHO;

(0) mHoxectBo A, rme 0 < 1 < 2 < ..., BIOJHE YIIOPSILOYEHO;

(B) muoxectBo A, rme 0 <2< 4< ...<1<3<5< .., BrHojHe
YIOPSIIOUEHO;

(r) muoxectBo ., roe ... < 3 <2< 1 <0, He sABIsIETCS BIIOJHE
YIOPSIIOYEHHBIM.

31. ABasitoTCs JIM BIOJIHE YITOPSIIOUEHHBIMU CJIEIYIOIIME MHOXKECTBA:
(a) MHOXECTBO J' LIEJIBIX YUCEJl C UX €CTECTBEHHBIM TOPSIIKOM;

(6) MHOXeCTBO ¥ paLlMOHAIBHBIX YMCEN C OOBIYHBIM TOPSIKOM <;
(B) MHOXeCTBO &) I€MCTBUTEIBHBIX YACE C OOBIYHBIM TIOPSIKOM <;

1
(r) MHOXecTBO yucen Buma 1 - ~, > TAE n— TIONOXHTENBHOE Liesoe

YUCJI0, ¢ OOBIYHBIM MOPSIAKOM < ?

32. lokazath, 4TO:

(a) BCsIKOE HEIYCTOE BITOJIHE YITOPSIIOYEHHOE MHOXKECTBO MMEET Hau-
MEHBIIINI 2JIEMEHT;

(6) Xaxxmoe MOAMHOXECTBO BIIOJHE YITOPSIOYEHHOTO MHOXECTBA
BIIOJTHE YIIOPSIAOYEHO.

33. Jokazatb, 4yTo eciii A ~ B A BriojsiHe yHOpsiA0UYeHOo, TO B MOXHO
BITOJIHE YIOPSIAOUYUTH TaK, YTOOBI ObLJIO 4 = B.

34. [1okazaTh, YTO eClTi A — BIIOJTHE YITOPSIIOYEHHOE MHOXECTBO, TO
Y KaxIIoro ajeMeHTa MHOXeCTBa A, KpoMe HauOOJIbIIEro, UMeeTcs He-
MOCPEICTBEHHO CJIENYIOLIMIA 32 HUM 3JIeMeHT (CcM. 3aaauy 11).
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35. MoXHO 71 BO BITOJIHE YIOPSIOYEHHOM MHOXKECTBE BBIACIUTH
OECKOHEUYHYIO YOBIBAIOIIYIO LIEMb 2JIEMEHTOB X| > X, > X3 > ... ?

36. /loka3aTh, UTO IMHEWHO YIIOPSIIOYEeHHOE MHOXECTBO BIIOJIHE YIIO-
PSIOYEHO TOTAA M TOJIBKO TOTAA, KOrJa OHO HE COAEPIKMUT MOAMHOXKE -
cTBa THUMNA O

37. Ilyctb A — BHIOJTHE YIIOpSIAOYEHHOE MHOXeCTBO. JloKa3aTb, YTO
He CYLIECTBYET TAKOTO MOHOTOHHOTO B3aMMHO OJJHO3HAYHOT'O COOTBET-
ctBUs f: A — A, 4TOOBI [1J1s1 HEKOTOPOTO 3JieMeHTa a € A ob1o f(a) < a.

38. JlokazaTb, 4TO BIIOJIHE YIIOPSIIOYEHHOE MHOXKECTBO HE MOXET
OBITh MOJOOHBIM CBOEMY OTPE3KY MJIM YACTU CBOErO OTpe3Ka.

39. Jloxa3atb, 4TO JABA PA3IMYHBIX OTPE3Ka BIIOJIHE YITOPSAOUEHHOTO
MHOECTBa HE MOTYT OBbITh ITOJOOHBIMU.

40. [Toxa3aTh, UTO CyILIIECTBYET HEe OoJIee OMHOTO N30MOpdU3Ma ABYX
BIIOJIHE YIIOPSIIOYEHHBIX MHOXKECTB.

41*. Jloka3aTh, 4TO M3 ABYX BIIOJTHE YITOPSIOYEHHBIX MHOXKECTB OTHO
IMOJO00HO IPYTOMY WJIM €TO OTPE3KY.

42. Jloxa3aTb, 4YTO JTUHEWHO YITOPSAIOYSHHOE MHOXECTBO KOHETHO
TOTJa M TOJBKO TOTIA, KOTIAa OHO BIIOJHE YIIOPSIIOYEeHO OTHOCUTEIBHO
3aaHHOTO ¥ OTHOCUTEIBHO JBOMCTBEHHOI'O MOPSIIKOB.

43. ITyctb A — BHOJIHE YIIOPSIAIOUYEHHOE MHOXECTBO, B ¢ A v 1151 Jto-
00ro 37eMeHTa X € A MHOXECTBO B yIOBIETBOPSIET YCIOBUIO: ecliu A, < B,
T0o X € B. Jlokazatb, uto B= A (npunyun mpancghunumnoui uHOyKyuu).

44. TlycTb o, B — NMpou3BoIbHBIC OPSIAKOBBIE YKcia. JlokazaTh, 4To:

(@) o <Bwumm B < o mmm o= f;

(0) U3 yKa3aHHbIX BbILIE YCIOBUI BBITOJHSETCS VIS O U [3 JIUILIb OJTHO.

45. Iycte W, ={B| B < o}, rae o u p — mopsiaKoBbie yncia. [Toka-
3aTb, YTO W o = o

46. /loka3aTh, UTO BCSIKOE MHOXECTBO MOPSIIKOBBIX YACE BIIOJIHE
YIIOPSIIOYCHO.

47. Jloxa3atb, 4TO AJIsI JIIOOOTO MHOXECTBA MOPSIKOBBIX UMCENT S

(a) cyliecTByeT MOPSIAKOBOE UMCIIO, OOJIbllIee BCeX YMces U3 S ;

(6) cpeny MOPSIAIKOBBIX YMCEN, HE TIPUHAIJIEKAIIUX MHOXECTBY .S,
CYIIIECTBYET HaMEHbIIIeE.

48. JIoxa3aTh, 4TO He CYIIECTBYeT MHOXKECTBA, COIEPKAIIEro BCE
MOPSIAKOBBIE YMCIIA.

49. JlokazaTh, 4TO 0. + 1 €CTh TOPSIIKOBOE YMCIIO, HEITOCPEACTBEHHO
caenyrolee 3a o, (cM. 3agauy 11).

50. Toxa3aTb, 4YTO IJIS JIIOOOTO MOPSIAKOBOTO YMC/IA 00 UMEET MECTO
OIHO Y TOJBKO OJHO U3 YTBEPXKIECHUIA:
1) a=0;
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2) MHOXecTBO {B | B— mopsiakoBoe uucio u B < o} UMeeT MakCu-
MaJIbHBIN 3JIEMEHT;
3) o — npenenbHOE MOPSIIKOBOE YHCIIO.

51*. JlokazaTb, 4TO J11000€ MOPSIAKOBOE YUMCIIO MPEACTABUMO B BUE
o+ 1, TOE o €CTh IpeaebHOe MOPSIAKOBOE Yncao win 0, n— HaTypab-
HOE YUCJIO.

52. okazatb, 4ToO:

(a) cyMMa OBYX MOPSIIKOBBIX YMCEJT €CTh TTOPSIIKOBOE YHCIIO;

(6) mpon3BeieHNE IBYX TTOPSIIKOBBIX YUCEIT €CTh IMTOPSIIKOBOE YUCIIO;

(B) yropsimoueHHAsT CyMMa TOPSIIKOBBIX YHCeNT, TI¢ MHOXKECTBO MH-
JIEKCOB BITOJIHE YITOPSITOUEHO, €CTh ITOPSIKOBOE YNCIIO.

53. Ilyctb 11 {A};. ;iuHeitHO yriopsinoyeHsl. J[lokaszats, 4yTo ecinu A; # &

u z /_1,- €CTb IOPSIAKOBOE YKCIIO, TO 1 1 Bce A BIIOJIHE YIIOPSIIOYEHBI.

I€514. Jloxa3zartb, 4TO:

(a) ecniu A u B BniosiHe ynopsinoueHbl U A ¢ B, TO A<B:;

®)o<oa+y, a<y+oy

B)oa<Boy+ta<y+p;

Mo<P =a+y<PB+7;

(W y+a=y+p=a=;

) oa+y<B+y = a <B.

55. IpuBecTu mpyuMep NOPSAKOBBIX UUCEN O, B U Y TAKUX, YTO

ozP U o+y=p+7.

56. Jlokazatp, 4TO:

@oasPp=a-ysp-y

G aoa<B=y-a<y:-B,ecmuy=0;

By a<y B=oa<p;

My - a=y-B=>a=p, ectu vy 0;

(mo-y<P-y=oa<p.

57. Ilycts B < o. [TopsinkoBOe YMCIIO Y HA3bIBACTCS pa3HOCHbIO O, U B U
obo3Havaetcs yepes o — B, ecnu o= f + 7.

Hokasatb, 4TO:

(a) oo — B cylIecTBYeT M €AMHCTBEHHO;

G)ysp<a=Pf-y<oa-ry

B)Y<B<Loa =a-BLa-1

Mpsa=y (a-P)=y-a-v-B.

58. lokazath, 4TO:

(@) ecnu o + By =0+ By U By <Py, TO 0 < 0y;

(6)* ecnu v < o3, TO CYIIECTBYIOT U €IMHCTBEHHBI Takue O U €, YTO
d<o,e<Buy=a-e+9;
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(B) ectu B > 0, To st 10OOT0 O CYHIECTBYIOT UM €IUHCTBEHHBI
Takue YU 8, uTo 6 <P u o= - y+ o (meopema o deaenuu c ocmamrom).

59. Jloxa3aTb, 4TO ISl JIOOBIX MOPSIAKOBBIX YMCET O U O, €CIU
09 #0 1 o #0, TO CyLLIECTBYIOT HaTypaJbHOE YUCJIO # U MOPSIKOBbIE
qyucia oy, ..., o, Bi, By, ..., B, TaKKE, YTO 0 > 0y > ... > o, > 0 M o =
=0 Bl + 0, 0 =0 * BZ t 03y ey Oy =0y Bn—1+ana Oy = Q- Bn
(aneopumm Eexauoa).

60. ITycts cBOIICTBO P TaKOBO, YTO IIJIsl JIFOOOTO OPIMHAIHHOTO YKC-
JIa 0. U3 TOTO, YTO BCE OpAMHAaJbHbIE uucia 3 < o 00J1aJal0T CBOKCTBOM
P, caenyer, uto o, obagaeT cBoiicTBoM P. Jloka3ath, UTO BCe OpAMHATIb-
HbIe YKclia 00J1aJaroT CBOMCTBOM P (npunyun mpanc@urumHoi uHOyK-
YUy 0151 OpOUHAABHBIX YlCen).

61. Jlokaszatb, YTO AJI51 JTIOOBIX MOPSIAKOBBIX YMCEJT O U 3 CYLIECTBYET
M €IMHCTBEHHO oP.

62. I[TocTponTh MHOXKECTBO TOPSIIKOBOTO THTIA (0°.

63*. Jloka3aThb, 4TO:

(@ ecmm o< Ppuy>l oy <

(6) oPr=0of - o

(B) (aﬁ)v: ob

64*. Jloka3atb, 4TO:

(@) ecmm o'=a+BuP =0, 10 f=0"

6)ectmo>1up=1,100f>0-B;

(B)ectm o> 1 u B> 1, To CyuIeCTBYIOT U OMHO3HAYHO OMpPENEIEHbI
€, Yy u 6 Takue, 4TO

B=at-y+8 u y<o,d <o

(r) ecnu y> 1 u 1 <o <>, To CyLIECTBYIOT HATYPAJIbHOE UKCIO 1 U
TakKue MOCJIeA0BATEIbHOCTU MOPSIAKOBBIX yucen By, Ba, ..., B, U &y, O, ..
vee, 0,, UTO

*

OL:’YSI ’ Bl +’Y62' BZ+"'+’YB"' Bna
8>8,>6,>...28, u0<B,<ymai=1,2, ..
65*. MHOXeCTBO & Ha3bIBACTCSI MPAH3IUMUBHBIM, €CITU OTHOIIICHUE

X<Y=X=Yum Xe Y)

BIIOJIHE yrnopsiaounBaeT &, P e ueciu uz3 X e Y, Y e & cuenyer
Xe &. lokazaTb, 4TO /ISl JTIOOOTO MOPSAKOBOTO yncia o > () cyllecTByeT
U €IMHCTBEHHO TPAH3UTUBHOE MHOXECTBO, YITOPSIOYEHHOE 110 TUITY C.
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66*. Cnenytoliee yTBepKIeHNE HA3bIBAETCSI aKCMOMOI BHIOODA.

(1) Axcuoma svibopa. I1lyctb X, — HemyCcTOE MHOXECTBO JJISI JIDOOTO
a e A. Torga cymecTByeT ¢yuxuyus evioopa [ A — U X, Taxas, 4TO
f(a) € X, nna moboro a e A.

Jloka3aTh, 4YTO KaXXI0e N3 CIeAYIOMNX YTBePKICHN S9KBUBAJICHTHO
aKkcrome BbIOopa.

(2) Jlemma Llopua. YacTUUHO yropsiioueHHOE MHOXKECTBO, KaxK10¢e
U3 JIMHEHHO YIOPSIAOYEHHBIX IIOAMHOXKECTB KOTOPOTO UMEET BEPXHIOIO
IpaHb, COOEPXKUT MAaKCUMAaJTbHBIN 3JIEMEHT.

(3) Ilpunyun maxcumanvrnocmu Kypamoeckoeo—Xaycdopgha. Kaxnas
1IeTTh YaCTUYHO YITOPSAOYEHHOTO MHOXKECTBA CONEPXKUTCS B HEKOTOPOIA
MaKCAMAJIbHOU 1LIETN.

(4) Axcuoma Llepmeno. 1151 modoro cemeiicTBa & HeMyCThIX MOMap-
HO HerepeceKarouMxcsi MHOXECTB CYLIECTBYeT Takoe MHOXecTBO C,
yto A C st Kaxaoro A € & coCTOUT POBHO U3 OJHOI TOYKM.

(5) Teopema Ilepmeno. Kaxxaoe MHOXECTBO MOXHO BIIOJIHE YITOPSI-
JIOYNTb.

(6) Jlemma Teixmronnepa—Toroxku. Kaxmoe ceMeiicTBO MHOXECTB,
nMelolee KOHeUHBINM XapakTep, 00J1agaeT MaKCUMAaJIbHBIM 2JIEMEHTOM.
(CeMeiicTBO & MHOXECTB UMEET KOHEUHbLI XapaKkmep, €CJIU OHO Y10B-
JIETBOPSIET YCIOBUIO: X € & < Kaxoe KOHEUHOE MOAMHOXKECTBO MHO-
>KecTBa X MpUHAMLIEXKUT &.)

67. I1yctb A — YaCTUYHO YITOPSIIOYSHHOE MHOXECTBO, B KOTOPOM
Kaxnas ILiellb UMEeT BEPXHIOI IpaHb, U a € A. Jloka3aTb, 4TO CyILe-
CTBYET MAaKCHUMAaJIbHbII 3JIEMEHT m € A TakKoii, 4To m > a.

68. Ilycth A — MHOXECTBO IMOJAMHOXECTB MHOXeCTBa B Takoe, UToO
s Kaxaoi nenu C (MOpsiioK MO BKJIOYEHUI0) 00beAMHEHNE MHO-
xkectB n3 C nmpuHamiexkut A. [loka3ats, 4To Torma A uMeeT MaKCUMallb-
HBI BJIEMEHT.

69*. Jloka3artb, 4TO JJI BCSIKOT'O YaCTUYHOTO ITopsiaka R Ha MHOXe-
CTBe A CylleCTBYeT JUHENHBIN MOpsaoK L Ha MHOXeCTBe A TaKoli, YTO
Rc L.

§ 6. AENCTBUA HAQl KAPOUHATIbHbIMU YNCNAMU

KapauHanpHOE YMCI0 M Ha3bIBACTCS CYMMOU KaPOUHAALHBIX HlCe I
1 N, ¥ 0003HAYAETCS Yepes N, + M, €CJIU Kaxk10e MHOKECTBO MOILIHOCTHU
m 5KBUBaJIEHTHO OOBEIMHEHHUIO IBYX HEMepeCceKalolnXcsl MHOXECTB
MOLIHOCTE! N; ¥ Ny. AHAJIOTMYHO, KApAMHAIBHOE YKUCIO M HA3BIBACTCS

cymmot kapouranbivix 4ucea m; (i € I) 1 0Go3HAUaeTCA yepes m = Y n;,
iel
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€CJIA KAX/I0€ MHOXKECTBO MOLLIHOCTY M 3KBUBAJIEHTHO U[ A, tne Ai =m;
le
U BCe A, TOMapHO He TepeceKaroTcs.

KapavHanbHOE 4KCIio M Ha3bIBAETCS npouzeedeHuem KapouHaibHbix
yucea My U M, U 0003HAYAETCS Yepes My * Ny, €CJIU KaxXJA0€e MHOXECTBO
MOIIHOCTU M 9KBUBAJIEHTHO A X B, rne A B UMEIOT MOIIIHOCTH N, N,.
AHaJIOTMYHO, KapIUHAJIBHOE YMCJIO M HA3bIBAETCS npou3sedeHuem Kap-

OJunanbubix uucen m; (i € I) u obo3HAUYAETCS Uyepe3 m = Hn,., ecinu
iel

KaXXa10€ MHO2KE€CTBO MOIIIHOCTU M 3KBUBAJICHTHO H Ai’ rne Ai = n;.
iel
KapZ[I/IHaIIbHOG YHUCJIO IM HA3bIBACTCS CMeneHsvro KapaLlHa/leblx yucen
nunu obo3HayvaeTcs qyepes n1“2, €CJIM KaXXa0€ MHOXKECTBO MOIIITHOCTH
m 5KBUBAJICHTHO AB, rae A u B uMeloT MOITHOCTH n, 1umn,.

1. JlokasaTh, 4TO JUISI IPOM3BOJILHBIX MOIIIHOCTEI M 1 N BBITIOTHSIETCS
OJIHO Y TOJIbKO OJHO U3 YCJIOBUIA M =n, m < n Wwix n < m (Mmpuxomomus).

2. JlokazaTh, YTO KapAWHAJIbHBIE YKCIIa TUHEIHO YIOPSIIOYEHBI OT-
HOIIIEHWEM <.

3. Jlokasatb, 4TO Cpeay KapAMHaJIbHBIX YMCeI HeT HauOOJIbIIIETO.

4. Jloka3atb, 4TO:

(a) 3+5=8;

(0) n+ Xy= R, TIe n KOHEYHOE;

(B) Ry+ Xp=Ry;

(r) Xp+c=c;

(m)e+c=c.

5. JlokazaThb, 4TO:

(a) nast moOBIX MHOXeCTB A, A, CyllIecTBYIOT MHOXecTBa B, B,
Takue, 4to A, ~ B, A, ~ B, u B, N B,=J;

(6) cymMma ABYX KapAMHAJIbHBIX YMCEJ BCEraa CylleCTBYeT.

6. [loxa3aTh IS TIPOM3BOJIBLHBIX KAPIWHATBHBIX YHCEIT:

(@) m; +my=n, +ny;

(6) m; + (m, +m3) = (0, +Mmy) + M35

(B) n+0=n.

7. Ilyctb A, B, C, A,, ..., A, — KOHeuUHble MHOXeCTBa. J/loka3arh, 4TO:
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n n = n _—
(B) _UIA,- =Y A+ (DY A4 NN+
= i=1 i eyl =1

I <<y

(r) 4 +A4y~..~ A, = Z;‘Ai +"'+(_2)k—1A 2 lAil n... ﬂAik +...
in sl =
i1<,,.iik

8. (a) HokazaTth, uTon <m = n+1<m.
(6) IlpuBectu mpuMep TaKMX KapAWHAJbHBIX YKUCEI M M M, 4TO
n+l<m, Hom < n.

9. JlokaszaTb, 4TO Nn < m TOTIA U TOJIHKO TOTAA, KOTAA CYIIECTBYET I,
TaKoe, 9To n + n; = m. [TokazaTh, 4TO TaKOe N; ONpeaeIIIeTCS He OTHO-
3HAYHO.

10. /Ioxa3zaThb, 4TO:

(a) 3-5=15;

(0) Xy - Ry =Ry;

(B) Xy - ec=¢;

(r)ye-c=c.

11. JIoka3aTb, 4TO:

(A)ecrmuA~Bu C~D, toA*X C~BXx D

(6) mpousBeneHue NBYX KapaAWHAJIbHbBIX YMCEJ BCEraa CyIleCTBYET.

12. Jloxkazatp 1j151 TPOM3BOJIbHBIX KapAMHAIbHbBIX YHCET:

(@) n; - my=mn, " n;

(6) m; - (ny - m3)=(n; - M) * my;

(B) m; - (my+mn3) =(n; - my) +(n; - my);

(r)mn - 1=m;

(m) m - 0=0;

(e)*m - m=n, ecii m — KOHEYHOE, a 1 — OECKOHEUHOE Kapau-
HaJIbHOE YUCJIO;

(X)*n - Xy=n, ecau n — 6ECKOHEYHOE KapIMHAJIbHOE YHCIIO.

13*. Jloka3aTb, 4TO N’ =N, €CJIM N — GECKOHEYHOE KapAWHAIbHOEe
YUCIIO.

14. /loxa3aTb, 4TO €CJIM N U M — KapIMHaJIbHbIC YUCa U OJHO U3
HUX OECKOHEUYHO, TON - Mm=Nn+m=max (n, m), eciun# 0 um # 0.

15. Jloka3aThb, 4TO:

(a) 2% =¢;

(6) XoM=c;

(B) ¢ =c.
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16. JdoxasaTh, 4TO IS IBYX KapIMHAALHBIX YMCET N U M BCETma
cyuiectyer n™.

17. lokazaTh AJ1s1 IPOM3BOJIbHBIX KAPAMHAIbHBIX YKCET M, N U P:
(a) m"P=m" - m";

(6) (m-m)’=m® - n’;

(8) (m")?=m""

(r) m'=m;

W 1™=1.

18. [lokasats, uto P(A) = 27 .

19. [loxa3aThb AJ1s1 TPOU3BOIBHBIX KAaPAMHATBHBIX YHCET:
(@ectmm<nun<p, Tom < p;
G)ectum<n, Tom+p<n+p;

(Byectum<mn, Tom - -p<n-p,
(r) ecti m < n, To m’ < n?
(n) ecnu m < m, To p™ < p;

(e)ecimm,n> 1, Tom+n<m - n

(k) m +n=n Toraa U TOJbKO TOraa, Koraa X, - m < n;
(3)ecnun+m=nun; >n, TO N, +M=n;

(¥) n+m=n TOrga 1 TOJBKO Torma, korman+k-m=n (ke A; k> 0);
(K) n+m=n Torja u TOJbKO TOrJa, KOrja n+ X, - m=n;
(1) m < 2™

20. JToka3aTb 1151 TIPOM3BOJIbHBIX KapAMHATbHBIX YUCET:
(a) ecm 2™ > R, TO 2™ > 2%0;

(0) ecniu m" = X, To m= &;, a N — KOHEYHOE.

21. Jlokazarb 15T TPON3BOIBHBIX KapAWHATBLHBIX YHCET:
(a) ectu m = X, TO 2"=n";

©)ecrm 1 <m <n, X;<n, TOo m"=n".

22. Jlokazatb IJIsT TTPON3BOIBHBIX KapIMHATBLHBIX YHCET:

(a) ecnim [ =m, m;=n st Beex i€ [, To m-n =Y n;

iel
(6) ectu m+p=n+p 1 p KOHEYHO, TO I = N;
(Byecnimu 2 - m;=2 - my, TO n; =N,.

23. JlokasaThb, UTO

A < E;Zz

jel

24. (a) Ilyctb{m;} (i € I)— cemMelicTBO KapaAWHAIbHBIX YMCEI, TIPH-
yem m;=0 gns i € J < I. loka3athb, 4TO
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Ym, = ) m,

iel ieI\J

(6) ITyctb {m;} (i e I) — ceMelicTBO KapAMHAJIbHBIX YUCe]l, TpUUYEeM
m;=1 nns i e Jc I JlokazaTb, 4TO

[Im; = J] m,.

iel ieI\J

(B) Mlokasatb, uto [[m; =0 Torma u ToibKO TOTMA, KOTAA Cylie-
iel
CTBYeT iy € [ Takoe, uto m; =0.
25. JlokazaTb, 4TO €CJIM @— IMOACTAHOBKA HA MHOXECTBE [, TO:

(a) Zmi = Zm(p(i);

iel iel
©) [Tm; =]Tmep-
iel iel

26. I1ycTb {4, },. ; €CTh pa3doueHne MHOXeCTBA J Ha HEITyCThIE TToTap-
HO Herepecekalolecss MHOXecTBa. Jlokas3arb, uTo:

(a) zmi=2 zmi X

iel re L\ ie A4,

©) [Im;=]T|IIm:

iel Ae L\ ic A4

27. Jloxa3aTb, 4TO:

(a) n'zmi = Z(n'mi);

iel iel
© [I| X my |= X [Imye: e K=[]J.
iel | jeJ; feK iel iel

28. Jloka3ath, 4TO ecau m; < m; 111 Bcex i € [, To:

(a) Zmi S Znﬁ

iel iel

6) J]m; <[]n;.

iel iel
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29. Iycts J ¢ 1. loka3atb, 4ToO:

(a) Zmi < Zmﬁ

ieJ iel
©6) [[m; <[[m;, rne m; # 0 w1sa i e I\J.
ieJ iel

30*. ITyctb {m;},. ;1 {n;},. ; — IBa cemelicTBa KapaAUHAIbHbBIX YUCET U
n; > 2 ns Beex i € 1. Jlokasatp, 4TO:

(a) eciu m; < m; uist Beex i e [, to Yy m; < [
iel iel

(6) ecnn m; < m; st Beex ie I, 1o » m; < []m;.

iel iel
31. Tycts 0 <my < m; < ... lokasats, uro » m, < [] m,.
ne N ne N

32. Ilyctb n > X, {n};,.; — ceMelCTBO KapAWHAJbHbBIX YKUCE], HE

npeBocxoagmux n, / < n. Jlokasarh, 4To Z n;, <n
iel

33. TycTb 0. ¥ B — KapaMHAIBHbIE YNCTA, [ = B ¥ 0= 0L JUTsl KaXI0-
ro i e I. Jlokasath, uto of = IT o
iel

34. JIoxa3aTtb, 4TO:

(a) m(g“i} =[Jm";

iel

©) |[Tm; | =[]m

iel iel
35. [loka3atb, 4TO IS JIFOOOTO KapAMHAJIBLHOTO YMCIA M HeJlb3s

X
NPEACTABUTH M B BUAE » M;, rae m; < M.
ieN
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MATEMATUYECKAA NOIMKA

§ 1. ANIFEBPA BbICKA3bIBAHUN

Angpasumom HazpIBaeTCs J1000€ HEIMYCTOE MHOXKECTBO. DJIEMEHThI
STOr0 MHOKECTBA HA3BIBAIOTCS cumgosamu JaHHOTO andasuta. Cro-
gom B andasute © Ha3bIBaeTCd MPOU3BOJIBHAS KOHEUYHast (BO3MOX-
HO, IIycTasi) IOCJIENOBATEIbHOCTL cUMBONIOB U3 &. [lpouseedenuem
c106 A v B HasbiBaeTcs clioBo AB. CiioBo B Ha3bIBaeTCs n00CA060M
cioBa A, ecnu A= CBD nnst Hekotopbix cioB Cu D. CioBo B MOXeT
BXOAUTH KaK MOJCIOBO B CI0BO A HECKOJIBbKO pa3. Pesyasmamom 3ame-
Hbl JAHHOTO BXOXIeHus noacioBa B B cioBo CBD Ha cioBo E Ha3bl-
Baetcs ciaoBo CED.

Peszyarvmamom noocmarnoexku A (a\B) B cnoBo A cioBa B BMecCTO
CMMBOJIa @ Ha3bIBAE€TCS CJIOBO, ITOJIyYeHHOE OTHOBPEMEHHOM 3aMe-
HOM BCEX BXOXIEHMI CMMBOJIA @ B CJ10BO A Ha cjioBo B. Yepes

A(al\Bl 5 ey an\Bn)

0003HavyaeTcsl pe3yJibTaT OJHOBPEMEHHOI MOJACTaHOBKU B A hopmy-
JIbl B; BMecCTO ajy, ..., GOpMyIbl B, BMECTO a,.

Paccmorpum andasur G =6, U G,U G;, tae
GIZ{POs Pl, P25 }9 62:{_‘5 &’ vV, D}a 63:{(5)}'

CuMBosbl U3 S| HA3BIBAIOTCS NEPeMEeHHbIMU BbICKA3bIGAHUAMU WIIN
nponosuyuoHanbhbimu nepemennbimu. CumsoJbl U3 S, HA3BIBAIOTCH 10~
euveckumu ceaskamu. CBsi3Ka — Ha3bIBACTCS ompuyanuem, & — KOHs-
OHKYUel, v — oussronkuuell, > — umnaukayueti. CKooku u3 ©; Hasbl-
BAIOTCS 8CHOMO2AMENbHBIMU CUMBONAMIUL.

[TonsTtue gopmyasi asreedpoi 8vickazvieanuti ONIPEACIISICTCS CIEIYIO-
LIMM 00pa3oMm:

1) nmpono3uiiMoHaabHas MepeMeHHas ecTb (popMyia;

2) ecitu Au B — dopmyibl, To = A, (A& B), (Av B), (A> B) —
(hopMybI;

3) npyrux ¢hopMmys, KpoOMe MOCTPOEHHBIX IO MIl. 1 1 2, HerT.
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Tlodgopmynoti hopMynbl A Ha3bIBaeTCs J1I00OE MOACIOBO CJIOBa A,
KOTOpPOE CaMo SBJIsIeTCS (DOPMYIIONA.

B §§ 1—3 Oyayr ucnoab3oBatbcss OykBol P, Q, ... (BOBMOXHO, C
MHACKCaMM) U1l 0003HAUYEHUsT MPOU3BOJIbHBIX MPOMO3ULIMOHATBHBIX
nepeMeHHbIX, a OykBol A, B, C, ... — mist obo3HaueHus: GopMmyIl.

Bynem o6o3Hauate popmyny ((A> B) & (B> A)) uepesd (A= B).

ByneM mHTEpripeTMpOBaTh JTOTUYECKHE CBSI3KM KaK (DYHKIIUU, OIT-
pelesieHHbIe HA MHOXECTBe {M, J} (ucmuHa, 10%cb), CO 3HAUCHUSIMHU B
ATOM K€ MHOXKECTBE CIEAYIOLIUM 00pa3oM.

OTpunianve: —M=J, — J=H.

Konblonkiusl: *& U=, A &A=& H=a& 1=
JU3BIOHKINSA: AVH=HUVI=JIVH=H, JVJI=J.
NMmumkauus: ADA=IDOH=JDJI=H, HDJ=.

Torpa xaxnass popmyna OyaeT MHTEPIIPETUPOBATHCS KaK (DYyHK-
1S, OTpeeieHHas: Ha MHOXKECTBE {M, JI}, CO 3HAYCHUSIMHU B 3TOM K€
MHOXeCTBe, MojlydeHHast u3 —, &, v, D I0 IpaBuaaM IMOCTPOCHMUS
JaHHoO# (opmyiibl. Takyto (pyHKLMIO OyaeM TakxKe Ha3blBaTb mabdau-
yel ucmunHocmu 1aHHOW GopMyibl. SHaueHuem opmyasvt A ipu naH-
HBIX 3HAYEHUSX TIePEMEHHBIX B MHOXKECTBE {M, JI} Ha3bIBACTCS 3HAUC-
HUEe (YHKIIMU, COOTBETCTBYIOIIEH (Gopmyie A Mpu 3TUX 3HAYCHUSIX
MepeMEeHHBIX.

Dopmynel A B Ha3bIBaIOTCS dK6uUsatenmHbiMu (0003HAYAETCS Ue-
pe3 A~ B), ecnu 1mpu JIIOObIX 3HAUEHUSIX MEPEeMEHHBIX 3HaueHue A
COBIMamaeT co 3HaueHueM B. @opmysia Ha3bIBACTCS 8blnOAHUMOLU (0npO-
8epicUMOll), eClIM CYLIECTBYeT TaKOi HAabOp 3HAUYEHUIl MepeMEeHHBIX,
py KOTOPBIX 3Ta (popMmyna NMpuHUMaeT 3HaueHue m (). Dopmyna
Ha3bIBAETCS MONCOECMBEEHHO UCMUHHOU WIU maemonoauei (moicoe-
CMBEHHO A0NCHOU WA npomueopeyuem), eCiv 3ta ¢hopMyia MIpuHUMa-
€T 3HaYeHWe M (JI) TIpU BCeX 3HAYCHUSAX TePEMEHHBIX.

Ilyctb A, ..., A, — dopmymsl (n = 1). Bynem Ha3bIBaTh KOHBHOHKUUECL
dopmyn A, ..., A, bopmyny (...(4; & A,)... & A,) 1 0b6o3HaAUaTH ee ye-
pe3 (4, & A, & ... & A,). Bynem Ha3bIBaTh dusstonkyuell oopmyn Ay, ..., A,
dbopmyny (...(4;, v Ay)... v A,) 1 06o3HaYaTh ee uepe3 (4, v A, v ... v A4,).

®opmyrna, KoTopasi eCcTh IPOITO3UIIMOHATbHAS TIepeMeHHasT WIn
OTpUIIaHUE TIepeMeHHOU, HasbIBaeTcs aumeparom. ITpousBosabHas
KOHBIOHKIIUSI JTUTEPATIOB HA3bIBACTCSl KOHBIOHKMOM WIU 2AeMeHmap-
HOU KOHBIOHKYUell; TIPOM3BOJIbHAS TU3BIOHKIINS JIUTePaIOB Ha3bIBa-
eTCS OU3BIOHKMOM WA 21eMeHMAPHOU OU3BIOHKUUEU.

Luzsronkmuerot HopmanbHoil ghopmoii (0.H.¢h.) Ha3bIBAETCSI TIPOU3-
BOJIbHAST TU3BIOHKIIUS KOHBIOHKTOB, & KOHBIOHKMUBHOU HOPMAAbHOU
¢opmoii (K.H.h.) — TIPOM3BOIbHASI KOHBIOHKIINS OU3bIOHKTOB.
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H.H.¢. (K.H..) A Ha3bIBaETCA cogepuierHol 1 0003HAYAETCS C.0.H. .
(c.k.H.b.), ecnu Kaxnasi mepeMeHHast (opMysabl A BXOAUT C OTpuUlla-
HUEM WM 0e3 OTPUIIAaHWS B KaXIbIl KOHBIOHKT (IU3BIOHKT) TOYHO
OIIMH pa3.

H.H.¢. (K.H.O., c.a.H.D., c.K.H.(p.), 9KBUBaJIEHTHAs1 JaHHOI (hop-
myJe A, HasbiBaeTcs 0.H.¢h. (K.H.¢h., c.0.H.¢b., C.K.H.¢h.) chopmyavt A.

1. OnpenenuTh, SIBASETCS U JaHHAS MOCIEA0BATEIBHOCTD (Pop-
MYJIOM:

(@) (Py& Py) Py— Ps;

(6) (Py& P)> Py

(8) (P32 Py) &= Py);

(r) (= Py)> P)>=(Pyv Py)).

2. CKOJIBKMMHM CITOCOOAMM MOXHO PacCTaBUTh CKOOKU B TTOCTIENO-
BaTEJIbHOCTH, YTOOBI MOJy4YrIach opmyJa:

(@) Popo—= P v P& Py,

(6) P13P23P3D—|P1:)—|P2?

3. Boinucatb Bce moadopmyJibl (pOpMYJIbl:

(@ ((Py> P) & (P,o P3)) D (= Piv Py));

©) ((Py> P)) > ((Py>= P)>— Py)).

4. Jloka3atb, 4yTo Bcsikasi hopmyia C, He SIBISIIONIASCS MTPOMO3U-
LIMOHAJIbHOM MEPEMEHHOM, MOXET OBbITh MpeAcTaBieHa B OJHOM U3
ciaenayomx BunoB: — A, (A& B), (Av B), (A> B) st HEKOTOPBIX
(opmyn A u B.

5. JlokaszaTb, YTO pe3yJbTaT 3aMEeHbI HEKOTOPOTO BXOXAEHUST (DOp-
myibel C B popmyny A BMecTo 1toadopMyibl B cHoBa ecTh hopMyiia.

6. [okazarb, uTo pe3ysbTaT noacraHoBku A (P\B) dopmynbl B
BMECTO MPOMNO3ULIMOHAJIbHOM nepeMeHHOol P B (popmyy A CHOBA €CThb
dbopmyra.

7. ITocTpouTh TaOAMULBI UCTUHHOCTH TSI CAEAYIOLIUX (DOPMYI:

(@ (P2 Q) v (P>(Q&P)));

(©) (= (P>=(Q&P))>(PVR));

(8) (P& (Q>P))>—=P);

(r) (P& 0)> 0)> (P> 0));

(m) (P>(O>R))>((P>0)>(P>R)));

() (P& (Qv=P) & (= 0> P)v Q).

8. [loka3atb BBITOJTHUMOCTb (POPMYIT:

(@) = (Po>=P);

(©) (P> 0)> (0> P));

(8) ((@> (P& R)) &~ ((Pv R)> 0)).

9. JlokazaTb TOXAECTBEHHYIO UCTUHHOCTb (hOPMYJI:
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(@) (P> Q)v(0>P));

©) (PO v (P>=0);

(B8) (P2 (0> (P& 0)));

(r) (P> 0)>((@>R)> (P> R)));

() (=P>-0)>(0>P));

(e) (P>(0> P));

(x) (Pv = P);

(3) (P> Q)>((P>(0>R))> (P> R)));

(n) (P& Q)> P);

(x) (P& 0Q)> 0Q);

() (P> (Pv 0Q));

(M) (0> (Pv 0Q));

(H) (P> R)> (0> R)>((Pv O)> R)));

(©) (P2 O)>((P>=0)>=P));

() (= P> P);

(p) (P> —=P);

©) (=0>5=P)>((=0>P)>0));

(1) (Pv P)>P);

(y) (Q>R)>((Pv Q)>(PVR)));

(d) (P> 0Q)> P)> P);

(x) (=P>(P>0)).

10. Tlpu kakux 3HaueHusIX nepemeHHbIX X, Y, Z, U, V, W n0oxXHbI
caenytoumue GopMyJibl:

(@ (> (Y& Z))o(=Yo-X)) oY),

©) (X &YX &)Y &)U &VI(UEW )WV &EW)v(-X &-U));

(B) (XvY)vZ)o((XvY)&(XvZ)));

() (XvY)&((YVvZ)&(Zv X))o (X&Y) & Z));

(W) (XvY)o((=X&Y)v(X&-T)))?

11. Jlokaszatb, uTo eciau ¢opMmyna A TOXIECTBEHHO MCTUHHA, TO

(dopmyna A (P\B) ToxaecTBeHHO UCTUHHA. (31ech P — Mpono3uLiu-
OHaJIbHAsl MepeMeHHasi, a B — ¢opmya.)

12. JokazaTp, uto eciu popmynbsl A u (A > B) TOXIECTBEHHO HC-
TUHHBI, TO (popMyja B TOXIECTBEHHO MCTUHHA.

13. Joka3zatb, 4ToO:

(a) ecnmun dopmyabl (Av B) u (—wAv C) TOXAECTBEHHO WCTUH-
Hbl, To opmyaa (Bv C) TOXASCTBEHHO MCTUHHA;

(6) ecnmu popmynbl (Av B), (A> C), (B> D) TOXIECTBEHHO MC-
TUHHBI, TO ¢opmyna (Cv D) TOXIECTBEHHO UCTUHHA;

(B) eciiu popMyiibl (- Av B), (= Cv = B) TOXIeCTBEHHO MCTUH-
HbI, TO popmyna (A > — B) TOXASCTBEHHO MCTUHHA.
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14. Joxa3aTth, yTo A ~ B TOrIa 1 TOJABKO Torda, Korga A= B ToX-
JIECTBEHHO MCTUHHA.

15. Toka3atb, 4TO:

(a) A~4;

(6) A~B = B~ 4,

B) A~B u B~C)=A~C.

16. JIokasaTb, uto U3 A; ~ A, u B, ~ B, cienyert:

(@) = A ~— 4y,

(0) (4, & B) ~ (A, & By);

(8) (A1v B) ~ (A4, v By);

(r) (4,2 B) ~ (4,2 B,).

17. Hokazatb, yto eciu A~ B, o A(P\C) ~ B(P\C) nas 100bIx
dopmyn A, Bu C u nepemeHHoil P.

18. JIoka3zaTh, uto ecnmu B~ B, u A; eCTh pe3yabTaT 3aMeHbl HEKOTO-
poro BxoxjaeHus rnoacdopmyibl BB hopmyiny A Ha popmyay By, To A~ A;.

19. /loka3aTh 5KBMBaJICHTHOCTHU:

(a) (P& P)~ P

6) (P& Q)~(Q&P);

(B) (P& (Q&R))~((P& Q)& R);

(r) (P&(QVR))~ (P& Q) v (P&R));

(m) (P& (QvV P))~ P,

(e) (PvP)~P

(x) (PvO)~(QvP);

(3) (Pv(QVvR))~((PvO)VvR);

() (Pv(Q&R))~((Pv Q) &(PvR));

(k) (Pv(Q&P))~P.

20. J/Ioka3aTh 5KBUBaJICHTHOCTH:

(a) =— A~ 4;

(6) (4> B) ~(=A> B);

(B) ~ (A& B) ~ (= Av = B);

(r) = (4> B) ~ (A&~ B);

(1) = (Av B)~(~A&= B);

(e) (A& (Bv—B))~A4;

(x) (Av (B&— B)) ~ 4;

(3) A>—=A4)~—4;

M) (AvB)& (AvC)&(BvD)&(CvD)~(A& D)v (B& C));

K) A& AV C)&(Bv ()~ (A& D)v (B& C));

(M (AvB)&(BvC)&(CVvA))~ (A& B)v(B& C)v(C& A));

M (AvB)&(BvC)&(CvD)~(A& C)v(B& C)v(B& D));

H) (AvBvC)&(BvCvD)&(CvDvA)) -~

~(A& B)v(A&D)yv(B& D)v C);
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(0) (Av B)& (Av—B))~4;

(m) (A& B)v((Av B)& (-wAv—-B)))~(Av B);

(p) Av(—~A& B))~(Av B).

21. lokasatb, 4TO:

(a) (A=A)~(B=B);

(6) (AE (BE C)) ~ ((AE B) = C);

(B) (A=B)~(B=A).

22. Jloka3atb, 4YTO IS JIIOOOH (hOPMYIIbI CYILIECTBYET SKBUBAJICHT-
Hag eil hopmyna ¢ mechbimMu ompuyanusmu, T.e. GopmyJsa, B KOTOpOi
HET CMMBOJIA D U OTPULIAHUSI OTHOCSITCS TOJIBKO K MPOIMO3ULIMOHAJb-
HbIM MEPEMEHHBIM.

23. Jloka3atb, 4TO IS J1000H (OPMYJIIBI CYIIECTBYET SKBUBAJICHT-
Hag eif:

(a) KOHBIOHKTUBHAsI HOpMaJibHas1 (popMma;

(6) nU3bIOHKTUMBHAsI HOpMaJibHas (opmMma.

24. TlpuBecT K IM3BIOHKTUBHOM UM KOHBIOHKTHUBHONW HOPMAJlb-
HbIM (opMam:

(@) (P2 Q) >(R>=P))>2(=0>=R));

©®) ((P2Q)>—=P)>=0)>—=R)>DR);

(B) (P2(O0>R)>((Po>=R)>(P>=0))).

25. Jlokasatp, 4TO eCiii A €CTh TOXIeCTBEHHO UCTMHHAS K.H.}., TO
JUIS1 JII000TO IU3bIOHKTA (POpMYJibl A CyIlIeCTBYET NepeMeHHas P Ta-
Kasl, 4To P 1 — P BXOOST B 3TOT AU3BIOHKT.

26. J/IokazaTb, UTO ecin A eCTh TOXIECTBEHHO JIOXKHAsI O.H.(., TO
IJ1s1 1I000TO KOHBIOHKTA (opMyJibl A CylllecTBYeT nepeMeHHast P Ta-
Kas, 4To P 1 — P BXOJSIT B 3TOT KOHBIOHKT.

27. Tlyctb A — opmya ¢ TECHbIMU OTpULIAHUSIMU (CM. 3aaa4y 22)
u A; nonydaetcs u3 A 3aMeHoil & Ha v, v Ha & U TepeMeHHbIX A; Ha
— A;. lokazatb, 4To A; ~ — A.

28*. Ilyctb A u B — GOpMyIIbI C TECHBIMU OTPULIAHUSIMHU (CM. 3a1a-
uyy 22) u A*, B* — dopMyibl, deoticmeenubie K A 1 B COOTBETCTBEH-
HO (A* nonydaetcs u3 A 3ameHoii & Ha v, v Ha &). JlokazaTb, 4YTO U3
A~ B cnenyer A* ~ B* (3akown dsolicmeernHocmu).

29. ITo janHOMY HabOpy 3HAaYEHUI NMEPEMEHHBIX ITIOCTPOUTH KOHB-
FOHKT, UCTUHHBIN TOJBKO TSI 3TOTO Habopa 3HAYCHUI TTepeMEeHHBIX.
(HazoBeM Takyto (hOpMYILY KOHBIOHKIOM, COOMEEMCMBYIOUUM OAHHOMY
Habopy 3HAYeHUIl NepeMeHHbIX.)

30. JokazaTh, 4TO Beskas hopMyiia A 9KBUBaJIEHTHA TU3BIOHKIINN
KOHBIOHKTOB, COOTBETCTBYIOLIMX TeM HabopaM 3HAYEHMH MepeMeH-
HBIX, TIPY KOTOPBIX AaHHasA (popmyrna UCTMHHA (cM. 3amady 29).
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31. (a) Joka3arb, 4YTO AJisI OO0 BHIMOJHUMOM (hOPMYJIBI CYILle-
CTBYeT SKBUBAJICHTHAS € C.1I.H.}.

(6) Hoka3zath, 4TO JJIs1 TOXKAECTBEHHO JIOXXHON (hOpPMYJIbI HE Cy-
LIECTBYET SKBUBAJICHTHOU eil C.1o.H.(}.

32. 1o nanHOMY Ha0OpPY 3HAUEHUI IIEPEeMEHHBIX ITOCTPOUTH TU3b-
IOHKT, JIOXHBIM TOJILKO MJISI BTOr0 Habopa 3HaueHUI MepeMEeHHBIX.
(HazoBewm Takyoo hopmyny 0ussroHKmMOM, COOMEEMCMaEYHUUM OAGHHOMY
Habopy 3HAYeHUll NepemMeHHbIX.)

33. Jloka3zaTb, 4TO BCcsKast ¢popmyna A 3KBUBaJeHTHAa KOHBIOHK-
LMY JU3BIOHKTOB, COOTBETCTBYIOLIMX TEM HAaOOpaM 3HAYEHUIi mepe-
MEHHBIX, IPU KOTOPBIX JaHHas1 (popMysia JoxHa (cM. 3amauy 32).

34. (a) Jokaszarb, UTO IJisl JI0OO OMPOBEPKUMOK (POPMYJIbI Cy-
LIECTBYET 3KBUBAJIEHTHAS €l C.K.H.(.

(6) JoxazaTb, UTO IS TOXIAECTBEHHO WCTUHHOW (OpMYyJNibl HE
CYILIECTBYET SKBHBAJCHTHAS eif C.K.H.(.

35. IMpuBecTH K COBEPIICHHON AU3bIOHKTUBHON HOpMaJIbHO (hop-
Me, T.€. HAlTu C.A.H.(p., SKBUBAJIIEHTHYIO JaHHOU (popMyIie:

@ (=P>-0>(Q0& R)> (P& R)));

©) (P2 Q> P)>(P>(Q& P)));

(B) (P& Q)>—-P)&-((P& Q)>— Q).

36. [1puBecTH K COBEPIICHHOM KOHBIOHKTUBHOM HOPMAaJIbHOM (pop-
Me, T.e. HAWTHU C.K.H.(p., SKBUBAJICHTHYIO JaHHON (hopmye:

(@ (R>P)>(=(QVv R)> P));

) (- ((P& Q)>P)v(P&(QVR)));

(B) (= (P& (QV R))>((P& Q) Vv R)).

37. IMoctpouth hopmyny A Takyro, 4TOObI JaHHas1 ¢opmMysia Oblia
TOXIECTBEHHO UCTUHHOM:

(@ (A& Q)o-P)> (P> 0)>A));

) ((R2(=0&P))2A4)> (A& (P> Q) & R)).

38. ITocTpoutsb popMyy OT TpexX IepeMEHHbBIX, KOTOpas UCTUHHA
B TOM U TOJIBKO TOM CJIy4ae, KOTJa POBHO JIBE MEePEMEHHBIE JIOXKHBI.

39. [MocTpouth opMysy OT TpexX MepeMeHHBIX, KOTopas MPUHU-
MaeT TaKoe K€ 3HauyeHHUe, KaK U OOJbLIMHCTBO (MEHBLIIMHCTBO) Ie-
pPEeMEHHBIX.

40. IToctpouth dhopmyny A ot nepeMeHHBIX P, O, R TaK, YTOOHI:

@) (P&A)~(P& Q) u (PvA)~(PvR);

©) (RoA)~(Ro(P& Q) m (ADR)~(=(Pv Q)>R);

B) (PoA)~(Oo>(=PVvR) mw (RoQ)>P)~(—=P>—=A).

41. loka3ath, 4To (popmyna OT n TTEpeMEHHBIX SBISIETCS TOXIE-
CTBEHHO MCTUHHOM (TOXIECTBEHHO JIOXHOM) (hOpMYIIOii TOTAa W TOTb-
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KO Torma, Koraa ee c.I.H.¢. (C.K.H.¢.) comepXuT 2" monapHo He K-
BUBAJICHTHBIX KOHBIOHKTOB (IM3BIOHKTOB).

42. ITyctb popmyna A 3armmcana B ¢.K.H.¢p. Ctpoum popMyny B cie-
IYIOIIM 00pa3oM:

1) BEITIHCHIBaEM KOHBIOHKIIUIO AU3BIOHKTOB, HE BXOISIINX B A,

2) mensieM & Ha v, v Ha &, P,Ha = P, — P, Ha P,

Hoxkasatb, uto popmyaa B — c.1.H.¢. popmyabl A.

43. ITo c.x.H.¢. popmybl A TOCTPOUTE:

(a) c.m.H.(p. A*, Tne A* — nBolicTBeHHas1 K A (cM. 3amauy 28);

(6) c.x.H.(p. bopmyTbI — A4;

(B) c.o.H.¢. hopmynbl — A.

44. 1o c.n.H.¢. hpopMyabl A u c.1.H.p. GopMyiIbl B TOCTPOUTD:

(a) c.k.H.. ¥ c.o.H.¢p. popmyabl (4 v B);

(6) c.x.H.. u c.o.H.p. popmybl (A& B);

(B) c.k.H.(p. 1 c.a.H.(p. popMmybl (4D B).

45*, JlokazaTb, 4yTo hopMyna A OT IepeMeHHBIX Py, ..., P, SKBUBa-
JIeHTHa HekKoTopoit dopmyiie, coaepxaiieit auib &, v, O U HE CO-
Jepxalieit —, Toraa u TOJIbKO TOraa, Koraa B €e C.K.H.(¢. OTCyTCTBYeT
JU3BIOHKT (— Py v ... v = Py).

46*. Ilyctb hopmyna A He COAEPKUT APYTUX CBSI30K, KpoMe =. J1o-
KazaTh, YTO A sBJSIETCS TOXIECTBEHHO MCTMHHOM TOrga M TOJBKO
TOrga, Korma Kaxjaasl mepeMeHHasi BXOOIUT B A 4YeTHOE YMCIIO pa3.

47*. Ilyctb popMmysia A He COIEPKUT APYTUX CBA30K, KPOME = U
—. Jlokazatb, 4TO A SIBJISIETCS TOXISCTBEHHO UCTUHHOM TOTA U TOJIb-
KO TOIjia, KOrjaa Kaxaasl IepeMeHHasi M 3HaK OTPULIAHUSI BXOAST B A
YeTHOE YMCJIO pas.

§ 2. PYHKLUU ANTEBPbI NTIOTMKA

Qyukyueil areedpvl n0euKy Ha3bIBACTCS J100ast n-MecTHasl (YyHK-
uus u3 {0, 1} B {0, 1}. MHoXecTBO BceX (DYHKUMI anaredpbl JOTUKU
obo3Havaetcsa yepe3 C.

Bynem toBopuTh, UTO @yHKUUA f(X|, .oy Xio1y Xiy Xis1s -rvs Xp)
CYUecmeeHHo 3a8Ucum om nepemenHoll X;, €CIIi CylIeCTBYeT TaKasl Imoc-
Je0BaTeNbHOCTD (ay, ..., ;_{, Q;j\1, ..., @,) U3 0 1 1, 4yTO

f(al, vy A, O, i1y s an) ¢f(al, ceey i q, 1, i1y s an).

ITepemeHnHbie, OT KOTOpbIX PyHKUMS f (X, ..., X,) CYLIECTBEHHO
3aBUCHUT, HA3bIBAIOTCS CYUUECMBEHHbIMU NepemeHHbimu TS PYHKIITNN
f(x, ..., x,), octaibHble — @ukmusnuviMu. byneM OTOXIECTBISITh
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(byHKI1IMH, U3 KOTOPBIX J00aBIeHUEM (DUKTUBHBIX TEPEMEHHBIX MOX-
HO TIOJTYYUTh ONHY M Ty K¢ (PYHKIIHIO.

ITycTh MMeeTcss HEKOTOpOoe MHOXeCTBO G (hyHKIIMIA ajareOphl JJOTU-
ku. Kaxpgoit n-mectHoil (yHKUUU f M3 G MOCTaBUM B COOTBETCTBUE
(pynkumnonanbHbiit cumbon f. I1ycthb v, vy, Vs, ... — CUETHOE MHOXECTBO
CHMBOJIOB, Ha3bIBaeMbIX TlepeMeHHbIMU. OTIpene M MOHSITUE mepMa:

(a) mepeMeHHas €CTh TEepPM;

(6) ecmu f — n-mectHas dynkumst uz Gu T, ..., T, — TepMbl, TO
f(7T,, ..., T,) — Tepm.

(B) Apyrux TepMOB HeT.

CorocTaBuM KaxJJa0i NeEPEMEHHOM Vg, Vi, ... €€ 3HAYEHUE BO MHO-
xectBe {0, 1}. Onpenenum srHauenue mepma T TpU JaHHBIX 3HAYEHUSIX
TepeMEeHHBIX:

(a) ecniu T — mepeMeHHasi, To 3HaueHue 1 COBMAAAET CO 3Haye-
HUEM BTOU MEPEMEHHOMN;

(©) ecrm T=1(T,, ..., T,), a 3nauenusa Ty, ..., T, ecTb g, ..., g,
COOTBETCTBEHHO, TO 3HaueHue 7 ecTb f(g, ..., €,).

ToBopuMm, uTo n-mecTHas (yHKIMS g anreOpbl JIOTUKU npedcma-
euma mepmom T, ecnu Bce mepemMeHHble T comepxkaTcsl cpeau vy, ...,
Vv, U IJIs TOOBIX 3HAYeHUI MepeMeHHBIX Vv, ..., V, 3HaueHne tepma 1’
COBITaJaeT co 3HaueHuem g (vy, ..., v,). [oBOprUM, UTO (PyHKIIUS g €CTh
cynepnozuyuss GyHKUUNR f, ..., f,, €CIu g MpeacTaBuMa TEPMOM, Bce
(byHKIIMOHAIBHBIE CUMBOJIBI KOTOpPOTO comepxarcs cpenu f, ..., f,.

Cucrema yHKuMii G Ha3bIBaeTCS MOHOLU, €CIU JT00ast (GyHKUNS
ajre0phbl JIOTMKU €CTh HeKoTopas cyneprno3uuus hpyHkuuit uz G. Cuc-
TeMa pyHKUMI G Ha3BIBACTCS He3asucumoll, eCTi HUKakas (pyHKUuus [
cucteMbl G He TIpeAcTaBUMa cynepro3uuusamu GyHkuuii uz G\{f}.

Kiacc dynkumit G Ha3bIBaeTCs 3aMKHYMbLIM, €CIIVM BMECTE C JIIO-
ObIMU CBOMMU (DYHKIIMSIMU OH COIEPXKUT M BCE UX CYMEPNO3ULINMU.
3aMKHYTBII Kilacc G HasbiBaeTcs npednoausvim, eciu G=C u G He
CONIEPXKUTCS HU B KAKOM JIPYTOM 3aMKHYTOM KJacce, oTauuHoM ot C.
HeszaBucumas cuctema GyHKUMI G Ha3bIBACTCS 0A3UCOM 3AMKHYMO-
2o kaacca K, ecnu Besikast pyHKUMs u3 K ecTb cynepro3uuust GyHkK-
uuit u3 G. BBegem crnenmaabHble 0003HAUYEHMUSI IJIsI OCHOBHBIX (DYHK-
LM anreOpbl JOTMKU:

0(x)=0, 1(x)=1 mra Becex x, i(x) =x;
0 mpu x =1,
—X=
1 nmpu x=0;

1 mpu x=y=1,

x-y=x&y=
0 B OCTaJIbHBIX CIyYasix;
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. 0 mpu x=y=0,
vV =
Y 1 B OoCTalbHBIX CITy4asix;

N 0 npu x=y,
X =
Y I ipu x #y;

XDy==xvy, x=y=—(x+y), x|y==(x-y).

Yepes C, obo3Havaercst Kiacc (PyHKIMMA, YIOBICTBOPSIONINX YCIIO-
Buto f(1, 1, ..., 1) =1, a uepe3 C, — kyacc HyHKIMIA, YIOBICTBOPSIO-
wwux yenoputo f(0, 0, ..., 0) =0. L ecTb KJ1acc BCeX AUHELHbIX QYHKUUIL,
T.e. GyHKIMN BUga x; + ... + x, + €, tae € € {0, 1}. D ecTb kiacc camo-
deoticmeeHHbIX QYHKYUL, T.e. (YHKILUI, YIOBIETBOPSIOLINX YCIOBUIO
fp, oo x)==f(=xq, ..., = x,). Uepe3a M o003HauaeTcs1 KJlacC Bcex
MOHOMOHHBIX YYHKYUIL, T.€. (PYHKIINI, YIOBJIETBOPSIONUINX YCIOBUIO

XISV ey X, 29, = fOXy ooy, X) S SOy ooy V)

Ilyctb T — TepM, MpeacTaBisiOIUKA HEKOTOPYIO (DYHKIIMIO ajireo-
Dbl JIOTMKH, B 3aIIUCU KOTOPOTO BCTPEUYalOTCs TOJbKO 3HAKU &, Vv, U —
U MEepeMeHHBbIE 4, ..., a;. O0o3HaunM uepes (7, x) GopMyay Teopuu
MHOXECTB, TTOJIYYeHHYIO U3 TepMa T TTOACTAaHOBKAMU BMECTO Tiepe-
MEHHBIX @, ..., d; COOTBETCTBEHHO BbIpaXeHUN X € 7, ..., X € Z.

O06o3Haunm yepe3 Z (7') BeIpaxkeHUE, KOTOPOE TTOJIy9aeTCsT U3 Tep-
Ma T 3aMeHOil MepeMeHHbBIX @; CUMBOJaMU Z;, CUMBOJIOB &, v, — —
COOTBEeTCTBeHHO cuMBosiamu (), U, —. Ilpu unrepnperauuun Z(7T) B
TEOPUU MHOXECTB CUMBOJIBI /Z; OymyT 0003HAaYaTh TOAMHOKECTBA YHU -
BepcaibHOro MHoxecTBa U.

1. Tlokazatb, uTO Kaxmoii (opmyne A anre6pbl BbICKA3bIBAaHUIA
MOXHO COTMOCTaBUTh (PYHKIUIO ¢(A) anredpbl JOTUKU TaK, YTO

A~ A4, & 0(4) =09 (4).

2. CKOJIbKO UMeeTcsl (GYHKIUI anreOphl JOTMKK OT # TIePeMEHHBIX?

3. Haiitu Bce cyliecTBeHHBIE TIepEMEHHBIE CIeAYIOIINX QYHKIIAIA:
(@ &x)v(my&z);

0) x&y)v-x;

(B) (x> (y>2))>((x>y)> (x> 2)).

4. BoIpa3uTh ¢ TTOMOIIBIO CYITePIIO3MIINIA:

(a) & 1 > yepe3 v U —;

(6) v u>uepes & u —;

(B) & u v uepe3 D u —;

(r) &, v, o, — 4epes |;
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(m) — uepes o u 0;

(e) — uepe3 + u 1;

(Xx) v uepes O.

5. Hokazars, uto C;, Cy, L, D u M sgBisitoTcsl pa3IMuHbIMU 3aMK-
HYTBIMU KJlaccamu, OoTJAMYHbIMU OT C.

6. lokazaTb, UTO HEJIb3$51 BHIPA3UTh C MOMOIIBLIO CYIEePIO3UIINIA:

(a) — uepe3 &, v, D U =

(6) o uepe3 &, v;

(B)* & uyepes v, O.

7. (a) JokaszaTp, yTo M Kaxkmou ¢GpyHKuuu f(x, X;, ..., X,) BbI-
MOJIHSIETCSI PABEHCTBO

F& x, n x) =, x5 ooy X))V (=x-£0, X, ey X))

(6) Iycte n>i>1. loka3arh, 4TO Kaxayo GyHKIU© f(X;, ..., X,)
ajareopbl JOTUKM MOXHO MPEACTABUTh B BUJEC

SX Ly ooy Xiy Xipps wees Xpp) :Sl v E_(xl’31 e XY f(E1y s €y XLy ey X)),
e ge {0, 1}, x'=-x, x'=x;.

8. JlokaszaTh MOJTHOTY CUCTEM (DYHKIIUIA:

(@) {&, v, =}

©) {v, =}

(8) {&, =}

(r) >, =k

9. JlokazaTh HEIIOJHOTY CUCTEM (DYHKITUIL:

(@) {&, v, o}

6) {-}.

10. /Joxa3aTh ITOJHOTY CUCTEM (DYHKIIUI:

(@ {Ih

(6) {L} (Bmecr L=—(xVvY));

(8) {>, 0};

(r) {+, v, 1L

11. Joka3atb, 4TO:

(a) {+, -, 1} — nonHast cucteMa (YHKIIUIA;

(6) mobast dyukuusa f(x,, ..., X,) CAMHCTBEHHbIM O00pa3oM Mpe.-
cTaBUMa noauHomom 2Keeaskuna, T.€. B BUIE:

Bot+ D, & i Xi X

k=1
I<i|<..<ip<n

rae &, g, ; € {0, 1}.
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12. [Tokaszatb, 4YTO claeAylolUIe CUCTEMbl (GYHKUMI HE3aBUCUMBbI:

(@ {—, =h

(©) {—~, +}

(B) {= +};

(r) {= v}

13. ITokazaTh MOJHOTY U HE3ABUCUMOCTbD CJICAYIOLIMX CUCTEM (DYHK-
LAW:

(@) {3, /}, tie x/y==(>x);

®) {0, 1, [, ., .I}, tme [x, y, 2l=( & X)v(my & 2);

(8) {=, v, 0}.

14. [TokaxuTe, 4TO =, + HE COCTABJISIOT IMOJHOM CUCTEMBI (PYHK-
1uit. BelsicHUTe Bce BOBMOXHbBIE CITOCOOBI CAeNaTh ATy CUCTEMY IOJI-
HOM CHCTeMOIl He3aBUCUMbIX (DYHKLM JOOaBJIeHUEM OIHOU He 00-
Jlee 4YeM 2-MEeCTHOM (PYHKIIUM.

15. Kakas cuctema U3 OmHOM 2-MeCTHOI (PYHKIIUM SIBJISIETCS TIOJI-
Hoi? HaiiTu Bce Takue CUCTEMBI.

16. [TpuBecTu nMpuMep MOJHON CUCTEMBbI (DYHKIIWIA:
(a) cocrosuieil U3 onHON 3-MeCcTHON (DYHKUMU;
(0) cocTosiieit U3 ogHOUN n-MecTHOU (pyHKUUU (1> 2).

17. Jloka3aTb, UYTO U3 BCIKOM MOJHOW CUCTeMbl (DYHKUUN MOXHO
BBIJIEJIUTh KOHEYHYIO TTOJIHYIO TIOJICUCTEMY.

18. Jloka3arnb, 4TO:

(a) {&, o} — Gasuc g Ci;

0) {&, +} — 0asuc gus Cy;

(B)* {v, &, 0, 1} — Gasuc mis M,

(r) {0, =} — 6asuc nna L;

(m)* {—, xy+xz+yz} — Gaszuc mia D.

19. Jlokazatb, uto kinaccel C,;, C, ABISIOTCS MPEANOIHBIMU KJIaCCaMU.

20. /Joka3arb, 4TO:

(a) u3 BCcsIKOM HEMOHOTOHHOM (yHKLIMU U PyHKUM 0 U 1 MOXHO
MOJYYUTh CYNEePIO3ULIUAMU (QYHKLIHNIO —;

(6) xk1acc M sBIsieTCs IPENNOIHBIM KJIACCOM.

21. Jlokasatb, 4TO:

(a) U3 BCSIKOW HecaMOJABONMCTBEHHON (DYHKIUM U (YHKUUU —
MOXHO IIOJIYYUTh cynepno3uuusaMu GyHkuuit 0 u 1;

(6) ximacc D sBAsIeTCS MPEANOIHBIM KJIACCOM.

22. Jloxa3aTb, YTO:

(a) u3 Bcsikoit HenuHelHON (GyHKUMU U GyHkuuit 0, 1, = MOXHO
MMOJTYYUTh CYMEePIO3UINAMI QYHKINIO &;

(0) xmacc L siBasieTcsl MpEAIIONHBIM KJIACCOM.
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23. Jlokazatb, 4To J11000I 3aMKHYTHIN Ki1acc K= C comepxurcs B
HEKOTOPOM TPEATIOIHOM Kiacce.

24. Jloka3atb, 4TO cucTeMa (YHKIIMI MTOJIHA TOTAA U TOJBKO TOT-
Jia, KOT/Ia OHA He CONEPKUTCS HU B OJHOM M3 MPEITOJHBIX KJIacCOB.

25%*, Jloka3aTb, YTO HE CYILLIECTBYET MPEAIIOJHBIX KJIACCOB, OTJINY-
Heix ot C;, Cy, L, D u M (meopema 3. [locma).

26. JloxkaszaTb, yTo Bcsakuil 6azuc C comepXUT He OoJiee YeThIpex
(byHK1LIMIA.

27. Ilycts T T, — TepMbl, IpeaCTaBASIONINE HEKOTOPhIe (DYHK-
Uy anredopsl goruku, € (7T, x) — dopmyia TeoOpun MHOXKECTB, OIl-
peleneHHas B KOHIIe BBOAHOM yacTu naparpada. Jlokasatb, 4To:

(@ e((TvT), x) & (€(T, x)v e(T), x));

©) e((T& T)), x) = (e(T, x) &e (T, x));

(B) £ (=T, x) - (T, x).

28. Jloka3aTb, YTO B TCOPUU MHOXKECTB:

(@) Z(=T)=—Z(T), tne —Z=U\Z

©) Z(Tv 1) =Z(T)U Z(1));

®) Z(T&T)=2Z(T)NZ(T).

29. /loka3aTh, UTO B TECOPUU MHOXECTB

e(T, x) oxe Z(T).

30. Ilyctb dyHkuMs f npeactaBuma Tepmom 7, a g — tepmMom 7).
Jloka3aTph, 4TO:

(a) ecmu f(ay, ..., a)=¢g(a, ..., a;) nnsg Bcex a,, ..., Gy, TO B
TEOPUM MHOXECTB BbINOJHsIeTCST ToxnecTBo Z(T) = Z(T));

(©) ecmu (f(ay, ..., ) > g(ay, ..., a))=1 nna Bcex a, ..., @, TO
B TEOPUM MHOXKECTB BbIMoONIHsIeTCSl cooTHowenue Z (1) c Z(T));

(B) ecnu f(ay, ..., ay) =1 ans Bcex ay, ..., d;, TO B TEOPUU MHO-
JKECTB BBINONTHsIeTCST ToxknectBo Z(7T) = U,

(r) ecnu f(ay, ..., a;)=0 nnsg Bcex a,, ..., d;, TO B TEOPUU MHO-
JKECTB BBINOJHSETCS ToxaecTBo Z (1) =J.

31. Jlokasatsb, uto ecnu dyHkuus f(ay, ..., a;) IpeacTaBuMa Tep-
moM T u Z(T)=U ang Bcex NpoOuU3BOJbHBIX Z), ..., Z,c U, TO
f(ay, ...,a) =1 nnsa Bcex ay, ..., a.

32. Ha ocHOBaHUM KaKUX TOXIECTB anre6pm JIOTUKH MOZKHO ITOJIY-
YUTH CICAYIOIINEC TEOPEMbBI TCOPUU MHOXKECTB:

(@) XUY)UZ=XU(YUZ);

6) XNY=YNX;

(B) —(XNY)=-XU-Y;

(r) —(-X)=X?
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33. Kakue TeopeMbl TEOPUU MHOXKECTB MOXKHO MOJYUYUTb U3 CIIETY-
FOIIUX TOXIECTB anreOphl JIOTUKU:

(@) (a& (wavb)ob=1;

©) a& (av b)=a,

(B) av—a=1;

(r) (a& b)>(avb)=1;

(n) a&b=>b& a;

(e) a=a& (bv—b);

(x) ~(a& b)=—av—b;

B) (a&b)va=a;

(n) (a&b)&c=a& (b&c);

(K) —|(avb)=—|a&—| b,

(1) av(a&b)=a;

M) (avb)yvcec=av(bvo),

(H) a&—a=0?

§ 3. UICYUCINEHMUA BbICKA3bIBAHUMN

Onpenenum ucuucaenue vickaszvieanuii M1C. PaccmoTpum angasut
6=®1 U ®2U®3U®4, rae 61 ={Pl, Pz, }, ®2={—|, &, Vv, D},
&=1{(,), ,}, &,={+}. IMouarue GopMyisl ornpeneasercs Kak B § 1.
Cekeenyusamuy Ha3BIBAIOTCS BBIPAXKCHMS CIEAYIOIINX TPeX TUIIOB, TIe
A, ..., A,, B — mo0bie GOpMYIIbI:

Ay, ..., A, B, tne n>0  («u3z Ay, ..., A, caedyem B»),

B (B dokazyema),

A, ..., A+ (cucmema A,, ..., A, npomueopeuusa).

i Zg

Ilpasusom eévi6oda Ha3bIBaeTCs BbIpakeHUEe Buma ——— 2%
%\, vy 24 & — TPOU3BOJbHBIE CEKBEHIIMHU. ¥ HA3bIBAETCS Henocpeo-
CMBeHHbIM credcmeuem X, ..., X; Mo JTaHHOMY ITpaBUJy BBIBOJA.

HUcuucnenue HUC ompenensercs CAEAYIOIIUMU CXEMOUW aKCHMOM M
npaBwiaMu BbiBojaa (rae cuMmBojibl A, B, C 0603HayalOT NPOU3BOJIb-
Hble popmynbl, '), I, I';, I — KOHEYHbIE IOCJIEI0BATEIbHOCTHU
(opMyJ1, BOBMOXHO, IMYCThIE).

Cxema axcuom: A+ A.

Ilpasuaa eviéoda:

T, T,F(A& B)

(BBemeHue &);

TH(A& B)

rEA (ynanenue &);
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I'(A& B)
3. Tt g (vmamenue &);
" Tr(Av B) (BBeAeHUE V);
'8

3. m (BBeIEeHME V);

T F(Av B): Ty, A-C: T3, B+ C
rl! r23 r}s FC

(yoaneHue v);

I,A-B
7. m (BBemeHUE D);

NEA;T,-(A> B)
T.T,FB (ymaneHue D);

A+
9. Th_A (BBemeHME —);

l"ll-A, r2|——|A

10. SR

(cBeaeHMe K MPOTUBOPEYHIO);

I—AF
1. TEA (yoameHue —);

'+
12. TFA (yToHueHmue);

I'-A4
13. m (pacuupenue);

Fl ’ Aa B; Fz C
4. T 7B AT,rC (nepecranoBka);

ILA, A-C
15. m (cokpalueHue).

Axcuomoti Ha3bIBae€TCsl BhIpaXKEHUE, MOJIyJaloleecsT U3 CXeMbl aK-
CHOM TIOJICTAHOBKOI BMECTO CMMBOJIa A KOHKPETHOI (DOPMYJIBI.

Bvieoo ¢ U C ectb KOHEUHasl MOCJIE€10BaTeIbHOCTb CEKBEHLIMH X4, ...,
¥, Takasi, yTo mus kaxmaoro i (1 <i<k) X, ectb MO0 akcuoma, Jubo
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HETNOCPEACTBEHHOE CJIeNCTBUE MPEIbIIYIIMX CEeKBEHLMI MO MpaBuU-
Jam 1—15.

CekBeHUMSIMU X Ha3bIBaeTCsl gvieodumoti (v dokasyemoti) ¢ UC,
eciu cyiuecTByeT BbiBog B MC, oKaHUMBAIOLLIMIACSI CEKBEHLIMEH X.

2l X

I1paBuno HasbiBaeTcs1 donycmumvim 6 UC, eciv U3 Bbl-

BogumocTt B MC cexBeHIMit X, ..., ¥, CJIeayeT BHIBOOIUMOCTH CEK-
BEHLIUU X.
OmnpenenuM ucuucaenue UB. Cxemamu axcuom ncuncinenns UB saB-
JIIeTCs CAeAYIole BhIpaXKeHUs:
(A (B2 A));
(A2 B)2((A> (B> (C))o (4> (O)));
(A& B)o A);
.((A& B)> B);
(Ao B) 2 (A C)o(A>(B& ())));
.(A> (Av B));
. (B> (Av B));
(A C)o(Bo(C)o((Av B)> C)));
.(A>=B)>(Bo—A));
10. (— A A).
Hcuucnenune B umeer cienyoliiee npasuio evieooa (modus ponens):

O 00O 1O\ WD A~ Wb —

A: (A5 B)
.

Axcuomoii (M 8apuaHmom cxembl aKcuom) Ha3bIBACTCSl BbIpaKe-
HUe, MoJayJyaeMoe M3 JaHHOW CXeMbl aKCMOM TOACTaHOBKON BMECTO
cuMBOIOB A, B 1 C KoHKpeTHBIX popmyn. Dopmyna A Ha3pIBaeTCs
HenocpedcmeeHHbIM caedcmeuem dopMmyn B u (A> B).

Bvisodom ¢ M B HazbIBaeTCs KOHEUHAs MOCIeI0BaTeIbHOCTb (DOPMYIT
A, ..., A, Takas, uyro miasa kaxmaoro i (1 <i<k) A; ecTb 1Mb0O akcHoMa,
MO0 HETIOCPEACTBEHHOE CIICACTBUE MPEIbITYIINX (POPMYIL.

Bbvi6od uz muoxcecmea ¢ghopmya T’ eCTb IMOCIEI0BATEIbHOCTb (hop-
mya Ay, ..., A, Takasg, uyro st Kaxgoro [ (1<i<k) A; ectb nubo
akcuoma, 1ubo ogHa u3 opmya I', 11bO0 HemOCPEeACTBEHHOE CJIeI-
CTBME MPEbIAYIIUX (HOPMYJI.

bynem nucats - A (T'+ A), ecnu cyliecTByeT BhIBOI (BhIBOI U3 I'),
okaHuuBatowmuiics dopmynoit 4. Dopmyna A B 3TOM caydae HaA3bi6d-
emcs evieooumolti 6 UB (evbi6odumoti uz T').

MHoxecTBo dopmyn I' Ha30BEM HMpOMUBOPeUUBbIM, €CIIU CYIIIE-
ctByeT popmyna A Takasi, uto I' = A u T’ +— A, Henpomusopeuusoim —
B MMPOTUBHOM CITy4ae.
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Fl [ Ala cees Fn [ An
r-AB
npaguasom, eciu B UB uz ' - A4;; ...; T, A, cnenyet I' - B.

Humyuyuonucmekum ucuucaenuem evickasvieanuti MW B Ha3biBaeTCs
HUCUMCIICHUE, CXeMaMU aKCUOM KOTOPOTO SIBJISIIOTCSI CXEMbI aKCHOM
1—9 ucuucnenuss MB u dopmynsl Buga (—A>(A> B)), npaBuiom
BeIBoa — modus ponens. OnpeaeneHue BeiBogumoctd B UM B anano-
TUYHO COOTBETCTBYyWOLIEMY omnpeneneHuto aag UB; FyA (T, A) o3-
HauaeT, 4To A BeiBoguMma B MWUB (BeiBoguma B UMB u3 I).

Jloauueckoii mampuyeli HasbiBaeTcs cuctema M =(M, D, &, v, D, =),
rne M — Hemyctoe MHoXxectBo, Dc M, &, v, D — JBYMECTHbIE,
— — ogHoMecTHag GyHKuus Ha M. @opmyna A Ha3bIBAeTCS 00uie3Ha-
yumoti B NN, ecay pu MOOBIX 3HAYEHUSX TIEPEMEHHBIX B MHOXECTBE
M 3HaueHue popmynbl A Bxogut B D.

I'oBopumM, uto dopmyna A sasucum om cucmemvl Gopmys A, eciu
CYLLIECTBYET KOHEYHas IMocjaeaoBaTeIbHOCTh hopmya By, ..., B,, Trae
B,=A u nng moo6oro i (1 <i<n) B; ecTb pe3yJbTaT MOJACTAHOBKU B
HEKOTOpPYI0 (hopMyITy U3 A WM B; €CTh HETTIOCPEACTBEHHOE CIICICTBIE
npeapiayiux ¢dpopmya no modus ponens. B npoTuBHOM ciydyae A Ha-
3bIBaeTCs Hezasucumoti om A. Cuctema GopMya A Ha3bIBaeTCs He3a6uU-
cumoii, ecnv Kaxmas opmyna A u3 A He3aBucuMa oT A\{A}.

Cucrema cxeM aKCHOM HAa3BIBACTCS He3asucUMOL, €CIV I KaxX-
JIOM CXeMbl aKCMOM CYIIIECTBYET €€ BapMaHT, HE3aBUCUMBbII OT MHO-
JKE€CTBA BAapUAHTOB OCTAJIbHBIX CXEM aKCHOM.

BoipaxxeHue Buaa HazoBeM donycmumbvim 6 UB

1. ITocTtpouTs BeIBOABI cekBeHLMH B UC:

(a) F(A>A4);

©) A>B), (BoC)F(A> C);

(B) F(—=—A=A4);

(ry Ao (B> (C)), (Ao B), A+ C;

(m) (Ao B), = BF—4;

(e) A, = BF—=(A> B).

2. Jlokasatb npasunro noocmanosku B UC: ecin BBIBOIMMA CEKBEH-
uus Ay, ..., A,+ B, P — nepemeHHas u C — mwobas ¢opmyia, To
BeiBoauMa cekBeHuust A;(P\C), ..., A, (P\C)+ B(P\C).

3. JlokazaThb, 4TO CJIeAYIOLINE TIpaBuIa SIBJsTIoTcs qonyctuMbivu B UC:
Fl H A, Fz, A+ B
r,r,+B

(a) (ceueHue);

6 LA, B+-C 6 .
(6) —F, (A& B)I C (oObemMHEHUE TOCHUIOK);
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T (A& B C
(B) T 4 Brc (pacluenieHne MmochUIOK);

IMA-FC,T,BFC
(n) I,(Av B)-C (pa3bop ciyyaes);

T,AF B

(m) m (KoHTpamno3uius);

T,—BF —A

(€) —f 1 (10KasaTe/bCTBO OT MPOTMBHOIO);

A,...,A, - B
(A4 &...& A,) > B)

(x)

(BBemeHne & U D);

(A4 &...& A) > B)
A,.. A FB

()

(ynaneHue & u —).

| P |
0011 popMybl A, TO TIPaBUIO ﬁ ponyctumo B UC.

5. Boiectu B UC cnenyroliye CeKBeHLIMA:

(@) Ao B), (Bo(C)F (4> C);

) Ao (Bo(C))F(Bo (4> (0));

(B) A>(Bo>C))F((A& B)> C);

() (A& B)oC)F(A> (B> ());

(1) (A>B)F((B>C)> (4> ());

() Ao B)F((CoA)>(C> B));

(X) A>B)F(C& A)>(C& B));

B) Ao>B)F (A& C)o(B& (C));

) A>B)F({(Av C)>(Bv (C));

(k) A>B)F((CvA)>(Cv B));

(1) =AF (A> B);

(M) A+ (= A> B);

(H) BF (4> B);

(0) A>B)F(—=B>=A);

(m) (A>—=B)+-(B>o>—A);

(p) (=42 B)F (= B> A);

(c) (wA>=B)F (B2 A).

6. JlokaszaTh, 4TO ClIeAyIOIIME TIpaBuiIa A0IycTuMbl B UC:

4. JlokaszaTb, UTO €CJIU MPABUIIO

nponyctumo B MC st mro-
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F,A}—B;F,BI—A‘
r-(A4A=8B8) °

(a)

TH(4=B)
© T4 s

'+ (A=B)
®) T BrA -

7. BeiBectu B UC crienyloinye CeKBEHIINMN:
(a) (Ao B), (BoA)+ (A= B);
(6) (A=B)+ (A> B);

(B) (A=B)- (B> A);

(r) (A=B), A+ B;

() F(A=A4);

(e) (A=B), (B=C)F(A=C);
(x) A=B)F(B=A);

(3) A=B)+(—A=-=B);

m) A=B)F (A& C)=(B& ());
(k) (A=B)F((C&A)=(C& B));
(1) A=B)-({(Av C)=(Bv 0));
(M) (A=B)F((CvA)=(Cv B));
(H) A=B)F(A>C)=(B> (0));
(0) A=B)F((CoA)=(C> B)).

8. Ilyctb A — dopmyna, B — noadopmyna dopmyiabl A, A, —
pe3yJabTaT 3aMeHbl HEKOTOpPOro BXOXIeHuss B B A Ha ¢dopmyny B.
Hoxka3zatb BeiBonUMOCTb B UC cekBeHuuu (B= B)) - (A= A,) (meope-
ma o 3amene ¢ UC).

9. Briectu B UC cienyroniye ceKBeHLIUHN:
(@) F(A& B)=(B& A));

(©) F((Av B)=(Bv A));

B) F(A&(B& C)=(A& B) & 0));

(r) F((Av(Bv C))=((Av B) v C));

() F((A& (Bv C))=((A& B) v (A& C)));
(&) F(Av(B& C))=((Av B) & (Av C)));
(X) F(=(A& B)=(—=Av = B));

(3) F(=(Av B)=(—~A&~ B));

) F((A>B)=(=Av B));

(k) F(=A4vA);

(1) F((A> B)v (B2 A)).

10. ITyctb A — popmyna, a A, — ee K.H.@. (cM. § 1). JlokazaTb BbIBO-
numocTtb B UC cekBeHIIUM F (A = A)).
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11. Jloka3atb, 4TO 115 JT1000# TOXIECTBEHHO MCTUHHON K.H.(. A
cekBeH U + A BeiBoguMma B UC.

12. JIoka3artnb, 4TO:

(a) ecnu cexBeHums A, ..., A,+ B BeiBonuma B UC, To dopmyna
(A4, & ... & A,) o B) TOXIECTBEHHO MCTUHHA;

(6) ecnu cexBenuus + B BeiBoguma B MC, To popmyna B Toxne-
CTBEHHO MCTUHHA;

(B) ecnu cexBeHuus A,, ..., A,+ BeiBomuMa B UC, To ¢dopmyna
— (4, & ... & A,) TOXIECTBEHHO HMCTUHHA.

13*. Jlokasatb, uTo cekBeHLUs - A BeiBoauMa B MC Ttorma u Tojb-
KO Torna, korna A ToXJAeCTBEeHHO UCTUHHA (meopema o noanome HC).

14. BriBogumel 11 B UC crneayioine CeKBEHIINN:

(@) F((Pv Q) (P& R));

©) F(((P>0Q)>0)> P);

(B8) F(((P>0)> 0)> 0);

) F(=(Pv=P)> (Pv=P));

(m) PF—=(P>= P);

() (P2 O)F (0> P)?

15*. JlokazaTb urmepnoaayuortyio meopemy nist UC: ecnu noxkasy-
eMa cekBeHUMs1 A+ B 1 HenokazyeMbl CEKBeHIMU A+ u + B, TO cy-
mecTByeT dopmyna C, Bce TepeMeHHBIE KOTOPOIl BXOISIT Kak B A,
Tak U B B, Takas, uto mokasyembl cekBeHUUU A+ C u CF B (Takas
(opmyna C Ha3bIBACTCSI UHMEPNOAIHMOM).

16. IMocTponTh MHTEPMOISIHTH (CM. 3amady 15) I ciiemyrommx
CEKBEHIUN:

(@) = (=0vR)F (P> O);

©) = (Po=(Q&S)F((So(PoR))DR).

17. SIBnsorcs nu BeiBogamu B MUB ciienyrolye mocienoBaresibHOC-
™ HOpMYIL:

(a) (P> (PvO));

(©) (Po(Pv0Q), (Po(PvQ)>(P>(P>(PVvQ))),

(P> (P> (Pv0)));

(8) (P>(0>P)), (P>(Pv0)>0), 07

18. ITocTpouTsh BbIBOABI cleaywoiux ¢popmyn B NB:

(a) (P> P);

(©) ((Pv P)> P);

(B) (Po>——P).

19. lokazartp, yto eciau A BeiBoauma B B, To A (P\B) BbIBOIM-
Ma B B st mio6bIx nepemeHHoit P u popmynst B (npasuso nodcma-
HOBKLL).
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20. HaiiTu MMHUMaNbHOE MHOXECTBO I’ Tak, YTOOBI Clieayrolast
TOCJIeJOBATEIbHOCTD OblIa BEIBOOOM B UB n3 I

(@) (P>(0>R)), P, (0DR), O, R,

©) (P>——0)>(=0>-P)),(P>—0),(=0>-P),-0,~P.

21. Jloka3satb, yto A+ A B UB.

22. Jloka3aTh, UTO CJIeAYIOLIME TIpaBUIa IBISIOTCS HOTTYCTUMBIMU
B UB:

a4
@ Brras
5 BBIEA
© “prra’
A, B, T -C )
®) T B AT FC
THA AT FB
O —Trre
@ A,...,A B
M A4(PNC), . A(P\C)F B(P\C)"

23*. JlokasaTtb meopemy o dedykuyuu B UB: ecnim T, A+ B, TO
I'-(A> B).

24. Jloxazatb qist UB:

(a) T, A, B+ (A& B) (BBemeHue &);

(6) T, A-(Av B) (BBEaeHUe Vv);

(B) T, B-(Av B) (BBegeHue v);

I,AF B.T, A+ —B
(r) rr—A4

(n) T, (A& B)+ A (ynaneHue &);
(e) T, (A& B)+ B (ynanenue &);

ILAFC,T,BFC
(x) T.(AvB)FC (ymaneHue v);

(BBemeHUE —);

(3) I, =—— A+ A (ynaneHue —).

25. JlokazaTb, YTO MHOXECTBO I HEMPOTUBOPEUYMBO TOrAA U TOJb-
KO Torja, Korja cyliiectByeT opmyia, HeBbiBoaumMas B B u3 T.

26. Joxa3zatn, uto B UB:
(a) F(A4=4);
(6) (AEB) = (BEA);
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(B) (A=B), (B=C)F (A= 0);

(r) (A=B)+(=A=- B);

(m) A=B)F (A& C)=(B& ());

(e) A=B)F({(C&A)=(C& B));

(X) A=B)F((Av C)=(Bv (C));

(3) A=B)-({(Cv A =(Cv B));

) A=B)F(A>C)=(B> (C));

(x) A=B)F({(Co>A) =(C> B)).

27. Ilycts A — dopmyna, B — noadopmyna dopmyiasl A, A, —
pe3ylnbTaT 3aMeHbl HEKOTOPOTo BXoxiaeHuss B B A Ha dopmyny B,.
Hoxkaszatb meopemy o 3amerne B UB:

(B=B)+ (A= A4,).

28. JlokazaTb, uTo clieayioline (GopMyiabl BEIBOOUMEI B U B:

(@) (A& (B& C))=((4& B) & C));

(©) (Av(Bv C))=((Av B v ());

(B) (A& B)=(B& A));

(r) ((Av B)=(Bv A));

(m) (A& (Bv C))=((A& B) v (A& C)));

(e) (Av(B& C))=((AvB) & (Av()));

(x) (A& A)=A4);

(3) (AvA)=A);

(n) (Av(A&B))=A);

(k) (A& (Av B))=A);

(M) (== A=A4);

(M) = (4&-A4);

(H) (Av=A);

(0) (A& B)==(=Av—B));

(m) (Av B)=—= (A&~ B));

(p) ((A> B)=—(4&~ B));

() (4> B)=(=Av B));

(1) (A& B)=—(4>-B));

(y) ((Av B)=(—A4> B));

(®) (- (A& B)=(=Av=B));

(x) (=(Av B)=(-A4&- B));

29. Jloka3zaTb, 4To eciau popmyina A BeiBoguMa B MIB, To cekBeH-
uus - A seiBoguma B MC.

30*. loka3aTb, 4TO:
(a) ecnu cekBeHUus A, ..., A, B BeiBonuma B MC, 10 A4, ...,
A,- BB UB;
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(06) ecnu cexBeHuus A,, ..., A,+ B BeiBoguma B UC, T0 A4, ...,
A, (B&—- B) B UB;

(B) ecnu cekBeHlus = B BeiBoguma B MC, To ¢opMysia B BbIBOAU-
ma B 1B.

31. Joxa3aTb, YTO:
(a) Bce akcuombl B TOXaeCTBEHHO UCTUHHBI;
(6) Bce BeiBoguMbIe B UB hopMyibl TOXIECTBEHHO UCTUHHEIL.

32. JlokazaTb meopemy o noanome MB: Kaxpasi TOXIECTBEHHO UC-
TMHHas opMyia BeiBoguMa B MB.

33. Haiitu Takue opmynsl A u B, yTo u3 BeIBomMMOCTH B KB
(dopmynsl A cienyeT BEIBOIMMOCThL B, HO HeBepHO, 4TOo A B.

34. Ilyctb A — popmyna u Py, ..., P, — Bce ee nmepemeHHbIe. Jloka-
3aTh, YTO eciu A HeBbiBoguMa B MIB, To cymiecTByIoT Takue (popmy-
vl By, ..., B,, yto B IB BbhIBonuma dopmyna — A (P\By, ..., P\B,).

35. Ilyctb Au B — popmynsl. [Tomoxum
A=B=F (A=B) B UB; ||A| = {B| A= B}.

Hoxa3aTh, 4TO:

(a) = ecTb OTHOILIEHME 3KBMUBAJIEHTHOCTM Ha MHOXeCTBe [ Bcex
bopmyi;

(6) dakTop mHOXecTBO F/ == {| A|| Ae F} ectb GyneBa anrebpa,
rae ||A||<|| Bl e F (Ao B) B UB (ora anrebpa HasblBaeTCsl a12e6poil
Jlunoenbayma nnsi UB);

(B) A BeIBogMMa B MIB Torma u tobko Toraa, Koraa || A|| ecth Hau-
Oonbluit aaeMeHT 1 anredpsl F/ =.

36. ITycts /B — Oynesa anre6pa. IToctaBuM €if B COOTBETCTBHE JIO-
rudeckyto matpuny (B {1}, &, v, o, =y, tne x& y=xNy, xvy=xUy,
xo>y=—xUy, - x=—x. Jloka3aTb, uTo A BeiBonuMa B B Torma u
TOJIBKO TOT/a, Koraa A o0lIe3HaunMa BO BCeX JJOTMUIECKUX MaTPHIIAX,
COOTBETCTBYIOLLIUX OYyJI€BbIM ajreopam.

37*. (a) Ilyctb T — ynbTpadunbtp Ha anredpe JIunneHbayma F/ =
(cM. 3amauy 35). A1 mpon3BOJIbHON MTepeMeHHO# P IMoJ0XuM 3Have-
Hue P paBHBIM M, ecnu ||P|| € T, u 1 B IpOTUBHOM ciydae. JlokasaTh,
4yTO 111 JIIo00it hopMybl A

Ae T A UCTUHHA NIPU 3TUX 3HAYEHUSIX NTEPEMEHHBIX.

(6) BriBecTu u3 (a) Teopemy o nojHote ucuuciaeHust UB (cMm. 3a-
nauy 32).

38. Ilyctb A — dopmyia, A — cucteMa dopmyi, N — noruveckas
Marpuua. JJokasarh, 4To eciau Bee POpMYJIbl U3 A 00LIe3HAaYNMBI B )T
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U HEMOCPEICTBEHHOE CIENCTBUE OOIIe3HaYUMBIX B )T popmysr ecThb
obuesHaunmas B N popmyia, a popmyna A He obie3Haunma B I,
TO A He3aBUCHMa OT A.

39. Ilycts M={0, 1, 2}, D={0}, x & y=max{x, y}, x v y==min{x, y},
x> y=max{0, y— x}, = x=2 — x. Jloka3aTb, 4yT0 (hopmyia

A=((P>(0>R))> (P> Q)>(P> R)))

He 3aBUCUT OT A, e A={(P> (0> P)), (-P>-0)> (0> P))},
WUCIIONIB3YS JIoTUUecKyto matpuny (M; D, &, v, o, —).

40*. Jloxa3aTb HE3aBUCUMOCTb cXxeM ucumucieHuss MB.

41. Ilycts L — ucuncieHne BHICKa3bIBAHUI CO CXeMaMM aKCHOM:
L1.(Ao (B2 A)),
L2. (Ao B) o (Ao (B> () (4> ())),
L3.(wA>—-B)>(BoA))
A; (A> B)
3 .

(a) Jdoxa3zaTb, 4TO BCe BbIBOAMMBIE B L (pOpMyJibl BHIBOAMMBI TaK-
xe B UB.

(6) Hoxa3aTp TeopeMy AeayKuum s L.

(B) INonoxum (A& By=—-(A>—-B), (Av B)=(—A> B). Jloka-
3aTh, YTO Bce BbiBoAMMbIe B UB dopMyibl BbIBOAMMBI B L.

42. Jloka3artb, 4TO:

(a) Bce BoiBoguMble B MU B dopmyinbl BeiBogumbl B M B;
(©) (= P> P), (Pv— P) HeBoiBOguMbl B MIUB.

43. JInst ucuucnenusi MM B noxkasath TeopemMy o AeAyKUMU: ecliu I,
Aty B, To Ty (A> B).

44. Tlycts UM C — ucuyucneHue ceKBEHIIM, KOTOPOE OTIMYAeTCs
ot MUC orcyrcTBuemM npasuia 11. JlokazaTp, 4TO:

(a) ecnu ¢popmyna A BeiBoguma B MUB, To cekBeH1us - A BBIBO-
auma B UNC,;

" IIpaBUJIOM BbIBOJA

(6) ecnu cexBeHuus A, ..., A,+ B BeiBoguma B UM C, To nmeem
A], ceey An l_l/l B,
(B) ecnu cekBeHUMs1 A;, ..., A, BeiBoguma B UMUC, To nmeem

Ay, ..., A by (B&— B);
(r) ecnu cexkBeHlus = B BeiBoguma B MU C, To hopmysna B BeIBO-
numa B MUB.

45. Jlokazarts, 4ToO:
(6) Fy—=—=(=—=A>4);
(B) —|—|A, — (A:) B) l_l/I ——B.
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46*. Jlokazatb, uyTo ecnu ¢opmyna A BeiBoguma B UB, To ¢popmy-
Ja —— A BeiBoguma B UMB.

47. Mycts M,={0, 1, ..., n}, D={0}, x & y=max{x, y}, xvy=

. 0, ecmu x=y, 0, ecmm x=n,
= min{x, y}, x> y= Lx=

b
y, ecomm x<Y, n, ecim x<n.
Joxa3aTh, 4TO:
(a) Bce BoiBoauMmbie B UMB ¢gopmyibl o0le3HaUYUMBL B
M,=(M; D, &, v, o, =) (n=1, 2, ...).

(6) dbopmyabl
A,=((Pr=Py)v..v(Pi=P,,)v..v(P,=P,, )
HeBbIBoauMEl B UUB (n=1, 2, ...).

48*. Tlycte M =(M; D, &, v, D, =) — Jornyeckas MaTpuia Ta-
Kasi, YTO MHOXECTBO O0LIe3HaYUMBIX B 9T GOpMYII COBIIANAET C MHO-
xecTBOM (hopmyJ, BiBoauMbIX B MU B. Jloka3atb, 4T0 MHOXeECTBO M
OCCKOHEYHO.

§ 4. A3bIK TIOTMKU NPEAUKATOB

ITycts 1, J, K — mipousBoyibHBIE MHOXeCTBa. PaccMoTpum andasur

6=6,U6,U6;U6,UG5U &, tae
S, ={vy, Vi, Vo, ...} — npedmemHbie nepemenHvle,
S, ={P"},c; (nje N} — npeduxammvie cumeond,
S3={f"};c s (nje N} — @ynkyuonanshoie cumeons,
G4={ay}ic x — npedmemmvie KOHCMaHMbL,
Ss={&, v, D, =, V¥, 3} — soeuueckue cumeons,
Ge={,, (,)} — 6cnomozamenvhvie cuUMBONbL.

P/ naspiBaeTCA n-MecmHbIM NPeOUKAMHbIM CUMEO0AOM, f; Ha3bIBa-
eTCH N;-MeCMHbIM QYHKYUOHANbHBIM CUME0AOM, CUMBOJI V Ha3bIBAETCS
K6anmopom o0wHocmu, a CAMBOJN 1 — KAHMOPOM CYU,eCmeo8aHusl.
HaspaHust ocTajbHbIX CUMBOJIOB M COKpAllEHHbIe 0003HAYCHUS TIPU -
BedeHb B § 1.

o=6,U 65U G, nHazoBeM cuenamypoii. Ha nanpHeiiiee 3apukcu-
pPYeM HEKOTOPYIO CUTHATYPY O.

JanuM orpefesieHUe mepma cueHamypol o.

1. [TpenMeTHBIE ITepeMEHHbBIE 1 TIPEAMETHBIC KOHCTAHTHI SIBJISTFOTCSI
TEPMaMU.
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2. Ecim f" — n-MeCTHBI (PyHKIIMOHAIbHBIN CUMBOJI U3 G U 1, ..., T, —
TepMbl, 1O f(1, ..., t,) — TEPM.

3. Hukakux TepMoOB, KpOMe MOCTPOEHHBIX MO TI1. 1 U 2, HeT.

Tepm Ha3bIBACTCS 3AMKHYMbIM, €CIIA OH HE CONEPXKUT MepeMEHHbIX.

AmomHnoil gpopmynoil cuenamypvl G Ha30BEM MPOU3BOJILHOE CJIOBO
P'(t, ..., t,), tne P" — n-MeCTHBI{ NIpeOUKATHBIA CHMMBOJ U3 O, a
fi, ..., I, — T€pMbl CUTHATypHI G.

JaauMm orpeaeneHue gopmyasl cueHamypol o.

1. AromHas ¢opmyna ecTb ¢popmyJia.

2. Eciu A w B — dopmyibl, To - A, (A>B), (A& B), (Av B) —

(opmybl.
3. Ecim A — dopmyia, a x — npenMeTHas nepeMeHHast, To V x A,
10 3xA — dopmynsl. (B atom ciayuae Vx4 u 3 xA Ha3bIBalOTCS

obaacmoro delicmeust Keanmopa ¥ X Uad 3 X COOTBETCTBEHHO.)

4. Hukakux ¢popmyJi, KpoMe MOCTPOEHHBIX 110 IT. 1—3, HeT.

BxoxneHune rmepeMeHHOM X B (hOPMYITy Ha3bIBACTCS C8A3AHHBIM, SCITN
OHO HaXOIUTCS B 00JIaCTU AEUCTBUSI KBaHTOpa V X WM 3 X, U c80600-
HbIM B TIPOTUBHOM ciiydyae. [lepeMeHHast X Ha3bIBAETCsl c80000HOU nepe-
MenHOU Dopmynbl A, ecniu B A nMeeTcsl CBOOOIHOE BXOXAECHUE X, U
c653aHHOL nepemerHol Popmybl A, eciu B A UMeeTcsl CBSI3aHHOE BXOX-
neHue x. TepM 7 Ha3bIBaeTCs c80000HbIM 051 NepemerHol X B (hopmyJie A,
€CJIM HMKaKoe CBOOOMHOE BXOXIEHHE X B A HE HAXOAMTCS B 00JacTv
JIEeNCTBUST HUKAKOTO KBaHTOpa V y wim 3 y, The y — TiepeMeHHasI, BXO-
nsias B . @opmyna A Ha3bIBACTCS 3AMKHYMOLL (hopMYA0L VTN npedaodice-
Huem, eCITN BCSIKOE BXOXICHWE TIEPEMEHHOM B A SIBIISIETCST CBSI3aHHBIM.

IToncnoBo popmynbl A, KOTOpoe caMo sSBisieTcsl (popMysIoii, Ha-
3bIBaeTCSA nodghopmyroi Gopmyibl A.

B pampHeiieM MCTIONb3yeM CUMBOJEBL X, V, 2, X|, X, ... JUISI 000-
3HAYeHUs MPEIMETHBIX MepeMeHHBIX (7, b, ... — IS 0003HAYEHMS
TepMOB, A, B, ... — 11 o0o3HaueHus1 hopmyn). B ciyyasx, Korga peyb
uget o opmyne A U MepeMEHHBIX Xi, ..., X,, UCIIOJb3YETCS TaKXKe
ganuch A(x;, ..., x,). Ecim A(x;, ..., x,) — dopmyna, To uyepes
A(t,, ..., t,) obo3HaAUYaeM pe3yabmam NOOCMAHOBKU MEpMO8 1, ..., [, B
A BMeCTO BceX CBOOOIHBIX BXOXIEHUN MEPEMEHHBIX Xi, ..., X,.

Ilycts M — HemycTOe MHOXECTBO M R" — HEKOTOpOe 7-MeCTHOE
oTHoleHue Ha M. n-Mecmuvim npedukamom Ha M, COOTBETCTBYIO-
IIAM OTHOIIeHWIoO R”", Ha3wIBaeTcsd n-MecTHas GyHKuus P" u3 M B
{m, A} Takasg, yto Ajid JMOOBIX @y, ..., d,€ M

P"(ay, ..., a,)=m < {(a,, ..., a,ye R".

Aneebpauueckoti cucmemoi M ={(M; ) cuenamypbl ¢ Ha3bIBAETCS
HEIycToe MHOXeCTBO M, TAe KaxXJoMy A-MECTHOMY NpeauKaTHOMY
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(byHKUMOHANTBLHOMY) CHMBOJY U3 G COTOCTaBJEH H-MECTHBIN Mpe-
nukat (pyHkiuus) Ha M, a Kaxaoll TMpeIMeTHON KOHCTaHTe U3 ©
COITOCTaBJE€H HEKOTOPLIH aaeMeHT u3 M. [Ipenukats! (pyHKIIMU, /1€~
MEHTBI), COMNOCTABJIEHHbIE CUMBOJIAM U3 G, 00O3HAYaeM TeMU XKe
CUMBOJIAMM.

Anrebpanueckyto cucremy I = (M; 6) HasbIBaeT Modeabto, ECIIUA G
HE COAEPXUT (PYHKUMUOHATbHBIX CUMBOJIOB.

Mownocmoro cucmemor N = (M, ) Ha3bpIBaeTCI MOIIHOCTHL M

MHoOxecTBa M u ob6o3Hauyaercs yepes IN.

[ycTb 6, C 6,. Cucrema M, = (M; c,) Ha3bIBAETCS 0OeOHEeHUEM CU-
crembl I, = (M; 6,), a MM, — oboecawenuem NN, ecar CUMBOJIBI U3 G|
MHTEPIPETUPYIOTCS onuHakoBo B T, u IN,.

Iycts M, ¢ M,. Cucrema (Mozensb) I, = (M,; 6) Ha3bIBaeTCS nO0-
cucmemoii (noomooenwvio) M, ={(M,; o), a IM, — pacwupenuem M,
€CJIM BCE CHMBOJIBI U3 ¢ uHTepnpetupytorcs B N, u I, oqmHaKOBO
Ha snemeHTax u3 M. Eciu M, # M,, To noncuctema (pacuimpeHue,
MOAMO/JIE]Ib) HAa3bIBACTCS COOCMBEHHOU.

IlycTb t — TepM CUTHATYPBHI §, BCe MEPeMEHHbIE KOTOPOIO Coaep-
KATCSL CPENH X, ..., X, I = (M, 6) — anredbpamdeckas cucrema. 3na-
YeHue mepma t npu 3HAYEHUAX NePeMeHHbIX my, ..., m, e M onpenens-
€TCS1 MO MHAYKLUHU.

1. Ecu ¢ ecTh mepeMeHHas X;, TO 3HaUECHUE f €CTh ;.

2. Ecmu t ects f'(1,, ..., t,), @ 3HAYEHUd 1, ..., I, €CTb 4, ..., 4, , TO
3HaueHue t ectb [ (ay, ..., a,).

IIpednoscenuem cueHamypovl G, OMHOCAWUMCS K aneebpauveckoll cu-
cmeme N = (M, 6), Ha3bIBAETCS TPEMIOKEHNE CUTHATYPbI 6, =6 U M.

Hemunnocmuoe snauenue npednoxcenus A, otHocsierocst K M, on-
penenuM o uHaykim (DT E A 6ymer o3HadaTh, uTo A McTUHHO B IN):

(a) ME Pi(ty, ... t,), THC 1, ..., I, — TEPMbI CUTHATYPBI G Oe3
IepEeMEHHBIX, TOIA U TOJbKO Torma, Korma P (1, ..., 1, ) UICTUHHO B o

(6) M (A& B) torma u toabko Torma, korma INEA u IME B;

(B) MM E (Av B) torna u Tonbko torga, korga MM E A i N = B;

(r) MM = (A> B) torma u Tonbko toraa, koraa N ¥ A i M = B,

(m) M E = A Torma u ToapKo ToOrma, Korma I A;

(e) MEVxA(x) Torna U Toabko Torma, Korma M E A(m) mwis
Bcex me M,

(x) M EIxA(x) Torma u TONBKO Torma, korma M= A(m) mwis
HeKoToporo me M.

®opmyna A(x;, ..., X;) CUTHATYpHl G, BCe CBOOOIHEIE TepeMeH-
HBIE KOTOPOIl €CTh X, ..., Xy, Ha3bIBaeTCa ucmunnoi ¢ I = (M, c) npu
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3HAYEHUAX NEPeMEHHbIX My, ..., My, € M COOTBETCTBEHHO, €CJIU IIpe/-
noxenue A(my, ..., my) uctuado B 1. B mpotuBHOM ciiyyae A cyuTa-
ercst aoxucroi ¢ M = (M, o).

1. Mycts /' — onHOMecCTHBII, g2 — ABYMECTHBIA, /#° — TpexmecT-
Hblii (DYHKIIMOHAIbHBIE CUMBOJIBL. SIBISIOTCS JIM TepMAaMU CIIOBA:

(@) f1(&°(vo, V1))

(6) g(f'(va, h*(Vos Vi, V2)));

(8) f1(&*(vo), A (vo, Vi, V2))?

2. Mycts /', g% h* Te xe, uTo B mpenbinylieil 3anavye, P! — onHo-
MeCTHBI, Q° — TPeXMECTHbIIi MPeIMKATHbIE CUMBOJIbL. SIBIISIOTCS JIN
dopMynaMu croBa:

(a) Q3(V09 fl(vl)s hJ(Vls Vo, VZ));

(6) (P'(vo) 2V vi(Q°(vo, Vi, Vo) & P'(g%(vo, V1))));

(B) Q*(P'(vo), f'(v1), f'(v2);

(F) fl(h 3(V0a Vi, V2))?

3. [TokazaTb, 4YTO BBIpaxkKeHHE

vo YV .. Vv, (P(v) & ... & P(VVO)),

rae P — OmMHOMECTHbIN MpenuKaTHbI CUMBOJ, He SIBJsIETCs (POPMYJIOii.
4. Brinucatb Bce moa¢opMyibl (GOPMYJIbI:

(a) 0* (fl(Vo)a gz(Vo, vi));

(6) (FveQ° (v, V) D= (P! (7o, V1)) &Y V2P (v)))).

5. Onucatb MHOXECTBO TEPMOB OT OIHOU MEepeMEHHON V) :
(a) ¥ OYHKIMOHAIBHOTO CUMBOJA f;

(6) 1 (DYHKLHOHAIBHOTO CUMBOJA g2,

6. Kakne BXOXIeHUS TIepeMEHHBIX SIBIISTIOTCS CBOOOAHBIMM, a Ka-
KHe CBSI3aHHBIMU B (popMmyJiax:

(@) Vvo(P (vo, Vi) DV Vvi0(V)));

(6) (VY voP (vo, Vi) DV ViR (v, V1));

(B) (=3 Vv,0 (v, v2) & R(f(vy, V2)))?

7. SBnstoTCSA 1M CBOOOAHBIMU IUISI X B A TepM t:

(@) t=f(vo, v3), x=vi, A=Y voP (v, V1);

(0) 1=/ (vi, V2), x=v;, A=(P (v}, V2) D3I V,0(vy))?

8. Joxa3zaTb, 4TO:

(a) TepM, He coaepxXalluil MepeMeHHbIX, CBOOOJEH IJs J000i
nepeMeHHOl B JItoOoi dopMmyiie;

(06) mepemeHHast x cBOOOAHA ISl X B JII000I (hopMmyiie;

(B) ecniu A He comepXUT CBOOOJHBIX BXOXIECHUI X, TO J1000I
TepM CBOOOAEH 11 X B A.
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9. Mycts M =(AN; S°, P3), Tne

S3x, y, 2)=ux+y=2, P(x,y, 2)=uex-y=2.

3anucaTth (opMylly ¢ OJHON CBOOOAHON MEepPeMEHHON X, UCTUH-
Hyo B 91 Torma u TOJNBKO TOTHA, KOTIA:

(a) x=0;
) x=1;
(B) x=2;
(r) x yeTHo;

(1) x He4yeTHO;
(e) x — mpocToe Yuco.

10. 3anucaTth hopMyay ¢ IByMsI CBOOOIHBIMM MIEPEMEHHBIMU X UV,
uctuHHYI0 B 9T 13 3amaum 9 TOrma u TOJBKO TOraa, KOTA:

(a) x=y;

(6) x<y;

(B) x<y;

(r) x nenut y;

(1) x 1 y ABASIOTCS NPOCTBIMU YUCIaMU-0IM3HELIAMU.

11. 3amucatb popMymny ¢ TpeMsI CBOOOTHBIMU TTEPEeMEHHBIMU X, )
U z, ucTuHHyo B 9T U3 3amaun 9 Torga U TOJIBKO TOTIA, KOTIA:

(a) z — HauMeHbllIee 0o0llee KpaTHOE X U ).

(6) z — HauboABIIKUI OOLIUI NETUTED X U Y.

12. 3amucath npemioxeHue, Belpaxaloniee B Mogeau I us 3ana-
yu 9:

(a) KOMMYTaTUBHOCTb CJIOXXEHMUSI;

(6) accolMaTUBHOCTb CJIOXEHMS;

(B) KOMMYTaTHBHOCTb YMHOXEHMSI;

(r) accolMaTUBHOCTb YMHOXEHMUS;

(1) TMCTPUOYTUBHOCTD CIIOXKEHHST OTHOCUTEILHO YMHOXEHUS;

(e) 6eCKOHEYHOCTb MHOXECTBa MPOCTHIX YMCE;

(>k) BCSIKO€ YMCJIO €CTh CyMMa UYeThIpeX KBaIpaToB;

(3) cyuiecTBOBaHUE H.0.K. M H.O.J. JUISI YMCeJ, OTJUYHBIX OT HYJISI.

13. 3anucats npeanoxeHue, BeIpaxamwliiee B Moaenn I U3 3ama-
yn 9:

(a) HecyllIeCcTBOBaHME €IMHUIIBI;

(6) OpoCThIX UMCe — KOHEUYHOE YUCJIO;

(B) BCSIKOE YMCIIO MOXKHO TMPEACTaBUTh B BUIIE CyMMbI ABYX KBapaTOB;

(T) m1sT BCSAKOTO YMCIIA CYIIECTBYET CTPOTO MEHbIIIEEe YMCIIO;

(1) cyuiecTBOBaHME HaMOOJIbLIETO HATYypaJlbHOTO YMCIA.

W CTUHHBL T 3T TIpeaIoXeHust B Moaean JI1?
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14. 3anucath npemioxeHne, Belpaxaloniee B Moaean I us 3ama-
yu 9:

(a) mpocThIX UMCceN-0IM3HELIOB OECKOHEYHO MHOTO;

(0) BcsIKOe yeTHOE 4ucio, Oobliee 2, €CTh CyMMa JABYX IPOCTHIX.

15. 3anucaTh npeIoXeHUE, BhIpaxaloliee B Moaean T u3 3ama-
4 9 To, uTO ypaBHeHME 3x°+2x+ | =0 UMeeT B TOYHOCTU [Ba pa3-
JIMYHBIX KOPHSI.

16. 3anucaTh npelIOXEHUE, Bhpaxatoliee B Moaenn T u3 3ama-
41 9, 4YTO cHCTeMa ypaBHEHUIA

3x-y=0,
x+y=1
HE MMEeT PelLCHUSI.

17. Ilyctb M — MHOXECTBO TOYEK, IMPSIMBIX U TNIOCKOCTEM 3-Mep-
HOTO €BKJIMI0BA MPOCTPAHCTBA CO CIEAYIOLIMMU MPEeINKATAMU:

T(x) =u < X — TouKa;
IIp(x) =m < x — npsimasi;
IIr(x) =1 & X — TIOCKOCTD;
J(x,y) =M < x — JIEXUT Ha ).

3anucaTh cieaytoiiue GopMyJbl:

(a) yepe3 Kaxable ABE TOYKM MOXHO MPOBECTH TMPSIMYIO; €ClId OTU
TOUYKHM pa3JMyYHbI, TO Takas MpsiMasi eIMHCTBEHHA;

(06) yepe3 Kaxiable TPU TOUKM, HE Jiexalllue Ha OJHON MPSIMOIA,
MOXHO TPOBECTU €IWHCTBEHHYIO TUIOCKOCT;

(B) ompeneneHue MapajleIbHBIX MPSIMBIX;

(r) ompeneneHue mapasuiebHBIX IIOCKOCTEN.

18. B Monenu u3 3agaum 17 3amucars:
(a) akcuomy EBKiMIa o mapauleibHBIX IIPSIMBIX;
(6) akcuomy JlobGaueBCKOTO O mapasjiebHbIX MPSIMBIX.

19. IMono6paTh MpennKaThl U 3aNMCaTh:

(a) akcuombl I'mnbbepTa ISl €BKIUIOBON T€OMETPUMU;
(6) akcuombl st reomeTpun JlobaueBCcKoOro;

(B) akcuoMbl ayisi reomeTpuu Pumana.

20. PaccMoTpuM MoJeIM ¢ OMHUM 2-MECTHBIM TMipeaukatoM R(x, y).
3anucaTh, 4YTO OJaHHBIM mpeaukat R(x, y):

(a) pediekcuBeH;

(6) cuMMeTpUUeH;
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(B) TpaH3UTHUBEH;
(r) aBnsieTcsl OTHOLIEHUEM 3KBUBAJEHTHOCTH.

21. 3anucaTth B curHarype t1=(<, =), rie < U = €CTb 2-MeCTHbIE
MpearuKaTbl, aKCHUOMBbI:

(a) 4aCTUYHO YIOPSIIOYEHHOTO0 MHOXECTBA;

(0) nuHENHHO yNopsiIOYEHHOT0 MHOXECTBA.

22. Ilyctb M — 4acTUYHO YNOPSIIOYEHHOE MHOXECTBO U

Q’(x,y)=mex<y.

3amnucarb, 4TO:

(a) x eCTb HAMMEHBILUKI 2JIEMEHT;

(06) x ecTb MMHUMAJIbHBIN 3JIEMEHT;

(B) X JIeXUT MEXIy y U 2,

(r) MHOXECTBO ILIOTHO YIIOPSIIOYEHHO;

(1) Kaxaplii MaKCUMAaJbHbIA 2JEMEHT SIBJISIETCSI MUHUMAJIbHBIM.

23. [lycte M= P(A), tne A — HEKOTOPOE MHOXKECTBO, U
Q’(x,y)=mexcy.

3amnucarb, 4TO:

(a) x ecTb mepeceyeHue y u z;

(6) x ecTb OOBENIMHEHUE Y U Z;

(B) x=0;

(r) x=4;

(I) X ecTb oOIOJTHEHUE .

24. Paccmorpum M =(P(A); =, f% g%, tne fi(x,y)=xNy,
g%(x,y)=xUy, = — npeaukar paBeHCTBa MHOXECTB. 3alKcaTh, 4TO:

(a) xcy;

(6) x ecTb OIHOBRJIEMEHTHOE MHOXECTBO.

25. 3amnucaTh B cUTHaAType T = (<, =) aKCOMBI:

(a) yIopsImo4eHHOTO MHOXECTBA ¢ HAaMOOJNBIIUM W HAaNMEHBIITUM
3JIEMEHTOM;

(6) AUCKPETHO YIOPSIAOYEHHOr0 MHOXKECTBA;

(B) pelieTku;

(r) AMCTpUOYTUBHON PEIIETKU;

(m) memeKMHOOBOI PEIIETKU;

(e) aucTpuOyTUBHON pEeIIeTKU C OTHOCUTEJNbHBIMU JOMOJHEHU-
SIMU;

(k) OyneBoii anreOphl;

(3) aToMHOI1 OyJieBOli anreopshl.

26. 3anucaTh B MOAXOASIIICH CUTHATYPE aKCUOMBI:
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(a) XBa3UTPYIIIHI;

(6) nymsl;

(B) TOJIyTPYIIIIHI;

(r) KOMMYTaTUBHOM IOJIYTPYIIIbI;

() KOMMYTaTUBHOM TTOJYTPYMITEI C COKpAIcHUEM.

27. 3anucaTh B MOAXOASIIIIECH CUTHATYPE aKCUOMBI:
(a) rpynisei;

(6) abeneBoii IpyIIIbI;

(B) ymopsiioueHHOI abesieBOl I'PYIIMbI;

(r) MOJIHOW TpPYIBI.

28. 3anucaTth B MOAXOSIIEN CUTHATYPE aKCUOMBI:

(a) xonbua;

(0) accolMaTUBHOrO, KOMMYTaTMBHOIO KOJIBIIA;

(B) xoubua Jlu;

(r) obysacTy LEJOCTHOCTH;

(m) Tena;

(e) mons;

(x) anreOpanyecKu 3aMKHYTOIO IIOJIS;

(3) BelIECTBEHHO 3aMKHYTOTO ITOJIS.

29. Myte M =(AN; P, g', 0), rne g'(x)=x+1, a P! — npousposs-
HBIIi OMHOMECTHBIN Ipenukar, 0 — Hy/lb. 3alucaTh aKCUOMY MHIYK-
uun ais P

30. Hycts M =(M; Q> P'"), rne M — BroaHe yHOpsIOYEeHHOE
MHOXecTBO, Q2(x,y) & x<y, P' — TNpou3BOJIbHbIA OXHOMECTHBII
npeanKar. 3anucarb akCUOMYy TPaHC(UHUTHON MHAYKIMK 1s P,

§ 5. BbIMOJIHUMOCTb ®OPMYI1 JIOTMKU NMPEOUKATOB

®opmyny A CUTHATYPBl G Ha30BEM GbINOAHUMOU, €CITA CYIIECTBYET
Takas anrebpandeckasl ccreMa, 9to A ucTuHHa B )T Ipy HEKOTOPBIX
3HAYEHUSIX CBOOOMHBIX MepeMeHHBIX. PopMyly A CUTHATYpPBI G HAa30-
BEM MOCOecmEeHHo UcCmurHoU (MU maemoaoeueli), ecliu A UCTUHHA
B 000 anredOpamyeckoil CUCTeMe CUTHATYphl G TIPU JIOOBIX 3HaUYe-
HUSIX CBOOOJIHBIX NMEepeMEeHHbIX. byiemM ropoputhb, yto gopmyra A ce-
Maumuyecku caedyem uz mHoxcecmea gopmya T’ (cumBonuecku I'E A),
eclu ISt J100oi anrebpandeckoii cucremel ) u3 uctunHoctu B I
Bcex ¢hopMyJ U3 I' MpU HEKOTOPBIX 3HAUEHUSIX MEPEMEHHBIX CIeayeT
UCTUHHOCTD A B )T 1pu Tex ke 3HaYeHMsIX niepeMeHHbIX. Eciu AF Bu
BE A, To muem A~ B.

®opwmyna Buga Q,x; ... 0,x,A, rne A — O6eckBaHTOpHasA Hopmy-
na, Q; ecTb V uiau 1, Ha3bIBaeTCsl npedsapenHoll (MU NpeHeKCHOLL)
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Hopmanvrou ¢hopmou. Ecin Bce Q; ecTb V, TO 3Ta (hopMa Ha3bIBAETCS
V-gopmyaoti (MU yHueepcaivHou gopmyaotl); ecnu Bce Q; ecThb 1, TO
9Ta hopMa Has3bIBaeTCsl I-@opmyaou (U IK3UCMEHUUAAbHOU GopMY-
aoti). Ecniu cymectByer i (0 <i<n) takoe, yto Q,, ..., Q; ecTb 3, a
Oi.i, .., O, ectb V, TO 3Ta (hopMa HA3BIBAETCS CKYAEMOBCKOU HOP-
manvuol popmoti (v IV -gopmynoti).

ITytb P — ONHOMECTHBIN MPEAUKATHBIN CUMBOJI, HE BXOASIIUI B G.
Jro6oit hopmyne A curHaTypbl ¢ coroctaBuM (opmyny pp(A4) (Ha3bl-
BaeMylo peasmueusauyueti A omnocumensro P) ciaegyomum oOpa3oM:

pp(B)= B nng aromapHoiit hopMyJibl B,
pp((Byv By))=(pp(B)) v pp(By)),
pp((By & By)) =(pp(B)) & pp(By)),
pp((By> By)) =(pp(B)) D pp(B)),

pp(=B)=—pp(B),
pp(Vx B) =V x (P(x) > pp(B)),
pp(3x B)=3x(P(x) & pp(B)).

ITycTh 6 comepXuT AByMECTHBIN NpeauKaTHbIN cuMBOJI =. O003Ha-
yuMm uvepe3 KE; kinacc anredpanyeckKux CUCTEM CHUTHATYPbl G TaKMX,
YTO B cucTeMax u3 kiacca KE; COOTHOIIEHUE X =) UCTUHHO B TOM U
TOJIBKO B TOM CJlyyae, KOrja 3JIeMeHThI X U y coBnagaiT. CUCTeMbl U3
knacca KE; Ha3blBaeM HOPMAAbHBIMU CUCMEMAMU.

1. JokazaThb, 4yTo (hopMyaa A CUTHATYphI G BBHIIIOJHUMA B ajredopa-
nyeckoit cucreme N = (M, ) Torma U TOJILKO TOrga, Korga A BBITOJ-
HUMa B 11000M oboramenun I = (M; o).

2. JloxasaTh, YTO IJISI JIIOOOTO TIPEIJIOXKEHUSI A CUTHATyphl G, OT-
Hocslerocs K anreépanyeckoin cucreme MM =(M; o), umeem M F A
i M = - A

3. Joxa3aTb, 4TO:

(a) A BbIMOJHMMA TOIJa U TOJBKO TOrga, Korma — A He TOoXIe-
CTBEHHO MCTUHHA;

(6) A ToXmecTBEHHO MCTMHHA TOrJa M TOJbKO TOraa, Kkorma — A
HEBBITIOJTHIMA.

4. JToka3atb, 4TO OeCKBaHTOpHas (GopMyJia UICTUHHA TOTAA U TOJIBKO
TOT/Ia, KOrIa OHAa MOXET ObITh MOJy4yeHa MOACTAHOBKOI M3 HEKOTOPOW
TOXJJIECTBEHHO MCTUHHOMN (DPOPMYJIbl MCUMCIIEHUSI BbICKA3bIBAHUI.

5. (a) Joka3atb, 4YTO eciau 3aMKHyTas1 V-dopmyja UCTUHHA B all-
redOpanyeckoil CUCTeMe, TO OHAa MCTMHHA B JI000H ee MOACUCTEME.



$§ 5. Botnoanumocms opmyn nocuku npeduxamos 83

(6) Hoka3zaTb, UTO eciv 3aMKHyTas V-(opMysia UCTUHHA B ajired-
panvecKoil cuctemMe, TO OHa UCTUHHA B JTIOOOM €€ pacIIMpeHUN.

(B) IpuBectu mpumep GopmysIbl A U aniredpandecKoii CUCTEMbI
IN rakux, uto N E A 1 A 10:XKHA B HEKOTOPOM PACIIUPEHNN U HEKO-
TOpoii moacucTteme cucremul 1.

6. ITycte M =(M; o) ectb moacucteMa cucteMsl I, =(M;; o).
Hoxa3zaTb, 4TO MJIsl JIOOOTO MpeanoXeHuss A CUTHATypbl G, OTHO-
camerocs K anrebpandeckoit cucreme MM =(M; o), M A rorna u
Tonbko Toraa, korma M, E pp(A), toe IM,=(M,; 6, P) ectb 000-
rameHue N, a pp(A) — penstuBuzauuss Gopmynbl A, mpuyem
IJIs1 11000r0 ae M,

M, Pa) ae M.

7. BbImoaHUMBI 11 (HOPMYJIbIL:

(a) Ix P(x);

(0) VxP(x);

(8) IxVy(0(x,x) &= O(x, ));

(r) 3x3y (P(x) &= P(y));

(m) IxVy(Q(x,») >V 2z R(x,Y,2));

(e) (P(x)>Vy(P()?

8. SIBASIOTCS M TOXAECTBEHHO UCTUHHBIMU (DOPMYIIBL:

(@) @xPx)oVxP(x));

0©) = (FxP(x)oVxP(x);

(B) @xVyQ(x,»)>VyIx0(x,y);

(r) (Vx3y0(x,»)23yVx0(x,)?

9. ITycTb A (f) monyvaeTcs U3 A (x) 3aMeHOI BceX CBOOOIHBIX BXOX-
IeHWIT TIepeMeHHOM X Ha TepM 7. JloKa3aTb TOXIECTBEHHYIO MCTUH-
HOCTb CJeAYOIInX (GopMyII, eciiu TepM ¢ cBoOomeH ajist x B A (x):

(@) VxA(x) > A(2);

(0) A(H) >TxA(x).

10. ITpusectu npumepbl Gopmys A(x) U TEPMOB f TaKUX, YTOOBI
dbopmynbl (a) u (0) mpenblayuleld 3amayv He ObUIM TOXAECTBEHHO
WCTUHHBI.

11*. Jloxa3aTb, 4To hopmyia
(Vx3y Plx,y) &V xVy(P(x,y) o= Py, x) &
&VxVyVz(Px,y)>(P(y,2)> Px, 2)))

BbIITIOJTHUMA B HeKOTOpOIZ 0OECKOHEYHOII MOIENIM U JIOXHa BO BCEX
KOHCYHBbIX.
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12*. Jloka3ath, 4TO (hopMya
FxVy(F(x,y) 2 (= F(y,x) o (F(x,x) = F(y,))))

WCTMHHA B JIIOOOM Mojelu, coaepxKalleil He 0ojiee TpeX JIEMEHTOB.

13*. Jlokasatb, 4TO cleayoliue (GpopMysibl UICTUHHBI BO BCSIKOM
KOHEYHON MOENH, HO He TOXIECTBEHHO MCTUHHBI:
(@) IxVy3Iz((F(y,2)> F(x, 2)) > (F(x,x) > F(y, X)));
() (Vx; VXV x3 (F(xp, xp) & (F(xp, x3) 2 (F(x1, %) v F(x3, X3)))) ©
>3dyVzF(y,-2).

14. 3anucaTth GopMynTy ¢ OTHOMECTHBIMM TIpEAMKATAMM, BBHITION-
HUMYIO JIMIIb B MOJEJISIX, COAEePXKAIIUX HE MEHee MATU 3JIEMEHTOB.

15. Jloxa3aTh TOXIECTBEHHYIO UCTUHHOCTD CJIEIYIONINX (POPMYIT:

(@) (=3IxA(x) o=V xA(x));

) Fx(AX) & (BoCXx)oVx(AXx)o-C(x)) o= B), tne x
He cBOOOJHA B B;

B) (VxAX)2=BXx)>o-FxA(x) &V xB(x)));

) Vx(AXx)o—=Bx) o= (VxA(x) &I x B(x))).

16. Jlokazatb, 4TO eciiu B He comep:KUT CBOOOMHBIX BXOXKICHUM X, TO:

(@) = VxA(x)~dx—-A(x);

0) =3I3xA(x) ~Vx—A(x);

(B) (VxA(x)& B)~V x(A(x) & B);

(r) (B&VXxAx)~Vx(B& A(x));

(m) @3xA(x) & B)~3x(A(x) & B);

(e) (B&IxAX)~Ix(B& A(x));

(x) (BvVXxAx)~Vx(BvAX));

B) (VxAx)v B)~Vx(A(x)v B);

(m) @xA(x)vB)~3Ix(A(x)v B);

(x) (BvaxA(x))~3dx(BvAx);

(n) WxA(x)>B)~3x(A(x)> B);

M) (BoVxAXx)~Vx(BoA(x);

(H) @xAXx)>B)~Vx(A(x) > B);

(0) (Bo3xA(x))~3Ax (B> A(x));

(m) (VxAx)&VxCx)~VxAx) & Cx));

(P) @xA(x)vIx Cx)~Ix(AX) v Cx));

(c) VxA(x)~VyA(y), rtne A(x) He coumepxut y, A(y) mojayda-
€TCSI 3aMEHOM BCeX CBOOOIHBIX BXOXIEHUI X B A(x) Ha y;

(t) IxA(x)~3y A(y), tne A(x) He conepXuT y, A(y) moaydyaer-
Csl 3aMEHOI Bcex CBOOOIHBIX BXOXIEHUM x B A (X) Ha y;

(y) VxB~ B,

(b) 3xB~B.
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17. Ilyctb A — dopmyna, B — noacdopmyna popmyiasl A, A, —
pe3yJibTaT 3aMeHbl HEKOTOPOTo BXxoxiaeHuss B B A Ha dopmyny B,.
Hoxkasatb, uyto eciu B~ B;, To A~ A; (meopema o 3ameHe).

18. JlokasaTb, uTO 1151 1H000I (POPMYJIBI CYIIECTBYET SKBUBAJICHT-
Hasl el IpeHeKCHasi HopMaJibHasi opMa.

19. IIpuBecTu K mpeHeKCHOI HOopMasbHOI dopme, cunutas A u B
OECKBaAaHTOPHBIMU (hOPMYIaAMMU:

(a) =3xVy3dzVud;

©)EFxVyAx,y) &3IxVyB(x,);

(8) @xVyA(x,y)vIxVyB(x,y));

(r) @xVyA(x,y)o3IxVyB(xy)).

20. Ilycts 6 =({P"};c 1» /"};c 1» {@i}ke k), T — MHOXECTBO Bcex
TEpPMOB CUTHATYpHI 6. OnpeneauTs Ha T TipeauKaThl 1 (GYHKIWU Tak,
yToObl T cTajio aaredpanyeckoil CUCTEMON CUTHATYphl G.

21. (a) ITycts popmyna cUrHATYPHl G UMEET BUI
VX, ...Vx, 3y .30, BXp, coes Xy Vi ooes Vi)

JJIS1 HEKOTOpo#l (hopmyibl B (BO3MOXKHO, colepKallieii KBaHTOPHI);
Q1 ..., ¢,, — N-MECTHbIE (DYHKLIMOHAbHbIC CUMBOJIbI, HE BXOASIINE B
o. Jlokasarb, 4yTo 14 Jio6oi cucreMsl )M = (M, 6) cyliecTByeT 060-
ramenne I, curnarypsl ¢’ =o U {9y, ..., 9, Takoe, 4To

MEV X .. VX, (3o Ty BOX oy Xy Vi ooy V) =
= B(X|y ooy Xy ©p (X1, vvy X))y wvvs @ Xy wees X))

(6) doxkazaTh, 4TO AJIS JIOOOTO MPeanoXeHus1 A CUTHATYphl G Cy-
1IECTBYET HEKOoTopas V-dhopMyna A; CUTHATYpbl G’, TTOJIYYEHHOU 10-
OaBlieHHMEM K G HOBBIX (DYHKIIMOHAJbHBIX CHMBOJIOB, oOJlagaroiiast
CIIEIYIOIIMM CBOMCTBOM: [ist J1I060ii cructeMmbl I = (M; 6) cylecTBy-
er oboramenue 91, curHaTypbl ¢’ TaKoe, YTO

M, E (A= A).

(dobGapnennble GyHKUUK B T, HA3BIBAIOTCS CKYAEMOBCKUMU (DYHK-
YusmMU.)

22. Inga popmynbl Vx3zVydu((y>zoy>x) & (u<z2) & - (u<Xx))
MOCTPOUTh V-(PopMyily, CyLLIECTBOBAHUE KOTOPOI yTBepXKIaeTcs B 3a1a-
ye 21 (6). dust cucrembl I = (A'; <) HaiiTi TpeOyeMoe oboralieHue.

23. nst popmynbl VxV y3z3t(P(x, ) &= P(y, 2)) NOCTPOUTH
V-¢dopMyiy, CyllleCTBOBaHUE KOTOPOi yTBepxkaaeTcsa B 3agaue 21 (0).
g mo6oit cucteMbl M =(M; P), tne M={0, 1}, HailTh moxxoxus-
mee oboralieHue.
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24. [Ins hopMynbl
VxVydzavVi(=Sxy,y)o(S(z,v,x)& P(v, t, 1))

u cuctembl M =(A; S, P?) u3 3amaun 9 u3 § 4 MOCTPOUTDH CKyJIe-
MoBckue ¢yHKIMU (cM. 3agauy 21 (0)).

25. JlokazaTb, 4TO eciau (opMmysaa CUTHATYpPhl G BBIMIOJHUMA, TO
OHa BBIMOJIHMMA Ha HEKOTOpOi ajredpe TepMOB CUTHATYpPhl 6° D ©.

26*. (a) Ilyctb A (u, x, y) HE COAEPKUT CBOOOAHBIX MEPEMEHHBIX,
OTJIMYHBIX OT U, X, U y. JlokazaTb, yTo ¢opmyaa duV xI y A(u, x, y)
TOXIECTBEHHO MCTUHHA TOTJA W TOJHKO TOTHA, KOTJAa TOXIECTBEHHO
UCTUHHA ¢Gopmylia

Ju(Vx3yA(u,x,y)o> P(u,x)) oV x P(u, x)),

rae P — aByMeCTHBII MpeAUKaTHBIM CUMBOJI, He BXoAsLIui B A (u, X, y).
(6) lokazatb, 4yTO [J1s1 JJOOOTO MpeMIoXKeHUsT A MOXHO TTOCTPOUTh

CKYJIEMOBCKYIO HOpMaJIbHYI0 (popMy A* TaKylo, 4TO A TOXIECTBEHHO

WCTUHHA TOTJA M TOJIBKO TOrAa, Korma A* ToXIeCTBEeHHO MCTHHHA.

27. Ilyctb A* — cKynmeMoBcKast HopMabHast ¢hopMa ImpeaIoXKeHUs
A. Tloka3zatb, uTo A ~ A* B 00111eM caydyae HeBepHO. Becernma iu BepHoO,
yto A A*? AHanormuyHbiil Borpoc ajis A* E A.

28. IIpuBecTu K CKyJeMOBCKOIl HOpMaJIbHOMI (popme:

(@ @xVy0x,y)>oVx3y0(x,y);

6) AxVy3izVvVovR(x,y,2z,0);

(B) VxdyVuvizR(x,y, 2z, ).

29. Iyctb I = (M; 6) — npousBosbHas Moxeib u M < M,. Jloka-
3aTh, YTO cyiuecTByeT paciuupenue M, =(M,; o) mogenu M Takoe,
yto AJs jaboir Gopmynasl A(x;, ..., x,) U JOOBIX 2JIEMEHTOB
a,...,a,e M

MEA(ay, ..., a,) <M EA(a, ..., a,).
30. Iycts M =(M; o) u M={m,, ..., m,}. IIyctb C(x) — dop-

MyJia cO CBOOOJHOI mepeMeHHON x curHaTyphsl o =06 U M. [loka-
3aTh, 4TO

METx C(x) & ME(C(my) v ... v C(m,));
MEVxC(X) ek (Clmy) & ... & C(my)).

31. loka3atk, 4TO eciiy anrebpandyeckas cucreMa ) KoOHeYHa, TO
JU1s1 1I000T0 MpenioXeHus: A MOXHO MOCTPOUTh OECKBAaHTOPHOE Tpe/-
noxeHue A* orHocamieecd K MM, takoe, uyro N = (4= A4%).



$§ 5. Botnoanumocms opmyn nocuku npeduxamos 87

32. okazaThb, 4TO eciv aaredbpanyeckasi cucreMa KOHeuHa, TO s
110001 (opMyJIbl MOXKHO B KOHEUHOE YMCJIO I1aroB MPOBEPUTH, BbI-
MOJIHUMa OHA Ha 3TOW CUCTeMe WJIW HET.

33. Jlokaszatb, 4To (opMmyna Buaa V x; ...V x,, A(x,, ..., Xx,), TIe
A(xy, ..., x,,) — 6eckBaHTOpHas opmysa 6e3 PYHKIMOHATBHBIX CUM-
BOJIOB U KOHCTAHT, TOXIECTBEHHO MCTMHHA TOTJa M TOJbKO TOTJA,
Korga oHa MCTUHHA B JI0OOK MOAEIU U3 M BJIEMEHTOB.

34. [loxazaTb, yto ¢opmyna Buga I x; .. 3dx,A(x;, ..., X,), Toe
A(xy, ..., x,,) — 6eckBaHTOpHas opmyJsa 6e3 PyHKIIMOHATbHBIX CUM-
BOJIOB U KOHCTAHT, TOXIECTBEHHO MCTMHHA TOTJa U TOJBKO TOTIJA,
KOr/la OHa UCTMHHA B J1000 OJHORJEMEHTHOW MOJEJIH.

35. Jloxa3zatb, 4TO (hopMyJia BUaa
VX .. VX, 3y .. 3V, A vy X Vs ooor Vi)

rne A(x;, ..., X, Vi, ..., V) — OeckBaHTOpHas dopmyja 0e3 (yHK-
LIMOHAJBLHBIX CUMBOJIOB U KOHCTAHT, TOXIECTBEHHO UCTUHHA TOra U
TOJIBKO TOTJIA, KOTJIa OHA UCTMHHA B JII000I MOJEIU U3 M DJIEMEHTOB.

36*. I[1yctb A — dopmyna curHatypel 6 ={P,, ..., Py, tne P, ..., P, —
OIHOMECTHbBIC MpPeAUKaTHbIe CUMBOJIBI. JloKa3aThk, YTO A BHITIOJHUMA
TOTHA W TOJBKO TOTJa, Korga A BBIIIOJHUMA B MOAEIU, COAEpXKallei
He Oosiee 2" 2IeMEHTOB.

37. BoInogHUMBI J11 (hOPMYJIbI:

(@) Vx3y(Px)==P»);

(0) IxVy3Iz (P (x)=(P,(») v P3(2)));

(8) IyVx(P(x)==P(»)?

38. Ilycts 6 =(Py, ..., P,), tne P,, ..., P, — omHOMECTHbIE Tpe-
JUKaTHbIe CUMBOJIBL. JIoKa3aTh, 4TO /IS T0O0TO MpeaIoXeHUus1 A CUr-
HaTyphl G CyIIeCcTBYeT GopMmyia B, sKBUBaJeHTHasT A, TTOCTpOeHHasT
c nmomolnbio &, v U — U3 I-cocmasasowjux, T.e. GOPMya BHUAA
Ix(B & ...& By), tne s>1u B; (1 <i<s) umeer Bua P(x) wiu — P(x)
111 HeKoToporo P u3 o.

39. Ona 3-cocrapnsmonieii C (cMm. 3amady 38) o603HAUMM yepes

C(By, ..., B, dopmyny, nonydyeHHyw u3 C cTUpaHMEM KBaHTOpa
3 x 1 3aMeHOl Bcex BxoxiaeHuit moadopmyn P, (x), ..., P,(x) B C
Ha B, ..., B, cooTBeTcTBeHHO. J/loKa3aTh, 4TO (hopmyia

rone Cy, ..., Ci,,n — 3-coctaBagiomue, k=1, m=>0, BbITOIHUMA
TOTJa U TOJILKO TOIJa, KOTAa BBIITOJHUMA (popMysia anreophbl BhICKa-
3bIBAHU I
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Al = (C](Bll, ) Bln) &_| Ck+1 (Bll’ ceey Bl}’l) &
&= Cpyp (Byy, s B) & . &C, (Byyy ooy Biy) &
&= Cro1 By s B) & ... &= Cp 1y (Biys -ov5 Biy))-

40*. Yxa3aTb METOM ITOCTPOEHMUS I10 JIFOOOMY MpPeIIOXeHNIO A ¢ o1~
HOMECTHBIMU TIpeauKaTtaMu (OpMyJibl B MCUMCIICHUST BbICKA3bIBAHUIA
TaKOI, YTO BBITOJIHUMOCTb (pOpMYJIbl A SKBUBaAJIEHTHA BHITOJTHUMOCTU B.

41. ITonb3ysck MeTonoM 3amauu 40, yCTAaHOBUTh, BHIOJTHUMBI JIU
cienyoiye GoOpMyJbL:

(@) =Vx(Px)oVy(P()>(Qx)>-0(()VvVzP);

(6) VxIy—=(P(») > ((P(x)> 0(x)) > ((Q(x) > R(x)) > R(»))));

) VxIzVy(((P(y) & 0(2)) > (P(x) v R(2)>(Qx)==0W)).

42. HanucaTb nNpeajiokeHue CUTHATYPHI { = ):

(a) “ICTMHHOE BO BCEX HOPMAaJIbHBIX MOAECIISIX, COAepKAIMX He 0oJiee
1 37eMeHTOB (1> 1), U JIOXKHOE B OCTaJIbHBIX HOPMaJIbHBIX MOJIEJISIX;

(6) McTUHHOE BO BCEX HOPMaJIbHBIX MOAENSIX, COAepKallluX He
MeHee n BJeMEHTOB (n>1), U JIOXXHOE B OCTaJlbHbIX HOPMAaJbHbIX
MOJIEISIX;

(B) MICTMHHOE BO BCEX HOPMATbHBIX MOJEJISIX, COMEPXKAIIINX B TOUHO-
CTU 1 3JIEMEHTOB (7 > 1), U JIO)XKHOE B OCTaIbHBIX HOPMaJIbHBIX MOJCIISIX.

43. I1yctb
¢ =3Ix(x=x),

g}’l =3 X ... | Xy (1<i<§z}_<n—|(x,~ = XJ)J
s n>2.
(a) Hoxkasath, 4TO ¢, UCTUHHA BO BCSIKOM HOPMAIbHOU MOJIEIH,
colepxXKalller Mo KpaHel Mepe n 3JI€MEHTOB.
(6) JIoka3zaTb 9KBMBAJIECHTHOCTb CJIEAYIOLIUX (DOPMYJI 111 HOPMaJIb-
HBIX MOZEJICH:

v ([19%91_' (x; = xj))& (IS‘ISLSn_' (v= x[))J,

((lgifs‘gn —(x; = x/))& E%1+1 J

(B) [oxazaTb, UTO KaX10€ MPEAJIOXEHUE CUTHATYpPhl (=) 3KBU-
BaJ€EHTHO Ha HOPMAaJbHBIX MOAEsAX (opMysne, MOCTPOEHHON U3
é, ..., ¢, c IMoMOIbBIO &, vV U —.

(r) HazoBem cnexkmpom @opmyast A COBOKYMHOCTb MOIIHOCTEM
HOpMaJIbHbIX MOJieJieil, Ha KOTOPbIX BhilloJHUMMa dopmyna A. TToka-
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3aTh, UTO Kaxias BbIMOJTHUMAS (hopmyiia, MOCTPOEHHAS U3 &, ..., ¢,
C MOMOIIbIO &, V U —, UMEET CIIEKTP, SIBJISIIOLINICI 00beIMHEHUEM
KOHEYHOTI0 YMCJa MHTEPBAJIOB BUIA

{mla<m<byu{m|m=a} (aec N, be N).

(mn) TTokazaTb, YTO TMpEATOXKEHUE CUTHATYPbI (=) TOXIECTBEHHO
WCTUHHO Ha HOPMAaJIbHBIX MOJENSX TOTAA U TOJbKO TOra, KOTAa OHO
uMeeT CrekTp {m|m>1}.

44. HaiiTu GeckOHeUHy cUcTeMy (DOPMYJ CUTHATYpPHI { =), BbI-
MOJTHUMYIO JIMIIb B OECKOHEUHBIX HOPMAaIbHBIX MOICIISIX.

45*, TIpuectu mpumMep GOPMYIIBI, TOXKHON Ha BCeX HOPMAaIbHBIX
MOJIEJISIX ¢ HEYETHBIM YMCJIOM 2JIEMEHTOB M TaKOM, YTO IJIS1 JI0OOOTO
YETHOTrO YMCja # CYUIECTBYeT HOpMalbHasl MOJEIb MOLIHOCTU A, HA
KOTOpOIi 3Ta ¢opmyJia UCTUHHA.

§ 6. UCHUCINEHUA NPEOUKATOB
Pacemorpum andasur S=6, UG, UG, UG,U GsU By, e

&, —B; B3arel u3 § 4. [MoHsATUS U 0003HAYEHMSI CUTHATYPBI, TEpMa,
(opmynbl, cCBOOOAHOM U CBSI3AHHOI MEPEMEHHOM, MPEIT0XEHHUsI OIl-
penenstiorcsi, Kak B § 4.

B aTom maparpade npeamnosiaraetcs, 4YTo CUTHATypa KOHEYHA WU
CYETHA.

OrnpenenumM cekeeryuanvroe ucuucaenue UIIC. Angpasum ucuucaenus
HUIIC ectb S U { I }. [ToHSTHS CEKBEHILIMHU, TIPABUIIA BHIBOAA U T.I1. OTIPE-
JEJISIIOTCS] aHAJIOTUYHO COOTBETCTBYIOIMM MOHATHsIM st UC (M. § 3).

HNcuncnenne UIIC onpenensierca CaeAyOIIUMU CXeMON aKCUOM
u npaBuiamu BoiBoaa (A, B, C — npousBojibHbie opmyinbl; T, T,
I', I's — MPOM3BOJIbHBIE KOHEYHbIE IMOCIEIOBATEILHOCTU (HOPMYI,
BO3MOXHO, MyCTbIe; { — TepM, CBOOOIHBIN mist x B A (X); A () ony-
yaetcsl U3 A (x) 3aMeHOI Bcex CBOOOIHBIX BXOXIEHUM X Ha 7).

Cxema axcuom: A+ A.

IIpasuna evioda:

NHAT,-B
T T, (A& B) (BBeneHuE &):

T'(4& B)

- A (ynaneHue &);

T'-(A4& B)

g (vmanenue &);
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I'+A

m (BBeAeHUE V);

'8

m (BBeAeHUE V);

rll_(AVB), Fz,Al‘C, F3, BEC

(ynaneHue v);

I, T, I3 -C

I,AF B

m (BBeneHUE D);

FII—A, rzl—(AD

B)

I, T,FB
T, AF

(ynaneHue D);

9. A (BBEIEHUE —);

10.

1.

12.

13.

14.

15.

16.

17.

18.

oo

19

I }—A, |) F—A
I, I+
LA+

'+
I'A

I, A, B,T,+C
T, B, AT,FC

I, A, AFC

T+ A(x)
TFVYxA(x)’

I'-EVxA(x)

' A(t)
I'-3xA(x)
IA(x)F B
"T,IxA(x)- B’

(cBemeHME K MPOTUBOPEUMIO);

TE A4 (ymanenne —);

T A (yToHUueHmue);

T BFA (pacuupeHue);

(repecTaHOBKA);

T AFC (cokpalieHue);

rae x He BXoAMUT cBoOomHO B I' (BBedaeHuUe V).

THA®) (ymanenue V);

(BBeaeHue 3);

I1e X He BXoauT cBoOoaHo B I', B (ynaneHue 3).
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TTousitus BeiBoga B UTIC u T.11. onpeaessitoTcsl aHaJIOTMYHO COOT-
BeTcTBYyIOIMM TToHsaTusIM it UC (em. § 3).

Onpenenum ucuucnenue UII. Cxemamu axcuom ucuucaerus MII sB-
JISIIOTCST CIIEYIOLIME BbhIPaKeHMUSI:

1.(A> (B> A));

2.(A>B)2((A> (B> C))> (4> ()));

3.(A& B) oD A);

4. ((A& B)> B);

5,(AoB)2(A>C)>(A> (B& C))));

6.(A>(Av B));

7.(Bo>(Av B));

8. (Ao C)o((BoC)o((Av B)> ()));

9.(A>—=B)>(B>—-A));

11. (VxA(x) > A(9);

12. (A () oA x A (x)).

B cxemax akcuom 1—10 A, B, C — moOble (pOopMyJBl;, B cXeMax
akcuoM 11, 12 A(x) — ¢dopmyna, ¢t — TepM, CBOOOIHBINA AJISI X B
A(x), A(f) — dopmyna, noaydyeHHass u3 A (x) 3aMeHOU BceX CBO-
OOMHBIX BXOXICHUI X HA 1.

Ilpasuna évieooa UII:

| AASB).

A
(C>AX)

(CoVyA®y))’

(A(x)>C)
T FyA) o0’
npuyeM B nipaBuiax 11 u 111 x He Bxoaut cBo6oaHO B C, a y HE BXOAUT
cB00OAHO B A (X) u y cBOOOAHO Ml X B A (X).

®opmynia B Ha3BIBaeTCs HenocpedcmeeHHbim credcmeuem gopmyn A
u (A> B) no npasuay 1; (CoVyA(y)) u 3y A(y) > C) npeacrapis-
0T co0oil Henocpedcmeentvie caedcmeus Gopmys (C> A(x)) no npa-
suay 11 u (A4 (x) o C) no npaeuay 111 coOoTBEeTCTBEHHO.

Buvisodom ¢ UII Ha3bIBaeTCsI KOHEYHAsI MOCIEA0BATEIbHOCTh (DOp-
Mya A, ..., A, Takas, 4To sl Kaxaoro i (i<i<n) A; ectb MO0 aKcu-
OMa, JIM0O HEIOCPEACTBEHHOE CIEICTBUE OJHOW WIIM ABYX NPEAbILY-
wux Gopmy.

Keaszuewvi600 uz muoxcecmsea ¢opmya T' eCTb MOCIEI0BATEIbHOCTD
bopmyn A, ..., A, Takas, yto ans1 Kaxaoro i (i<i<mn) A; ecTb 16O
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akcuoma, 6o oaHa U3 dhopmya I', TMOO HEMOCPEACTBEHHOE Clea-
CTBME OTHOM WJIM IBYX MPEIBIAYIINX (DOPMYIL.

Hns xBazuBbiBoJa Ay, ..., A, U3 MHoxXecTBa I' u Kaxaoro i (1 <i< n)
OIpeAeIMM 0 MHAYKLUMU MHOXeCTBO dopmyn A (4;,) < T

1) eciu A; ectb akcuoMma, 1o A (4;) = J;

2) ecnu A;e T, 10 A (A4;) ={A};

3) ecnu A; ecTh HeTMOCPEACTBEHHOE ciencTBue A; u A (j, k <1i), T0
AA) = AA4) UA (4));

4) ecnu A; ecTb HemocpeacTBeHHoe cieactsue A;(j<i), To
A(A4;) = A(4).

Boisodom uz T 6 MII Ha3biBaeTCs KBa3UBBIBOI Ay, ..., A,, YIOBIET-
BOPSIIOIINIA YCIIOBUIO: €CJIN A; €CTh HEITOCPEACTBEHHOE CIIeACTBIE (DOop-
mynbl A;=(C> A(x)) no npasuiy II mau Gopmynsl 4;=(A(x) > C)
no npasuiy III, To x He BXoaUT cBOOOAHO B (OPMYJIbI U3 A(A)).

®opwmyna A HaseiBaetcs ebisodumoti B I (cumBomuecku: - A ),
ecau cyuiectByeT BbiBoa B MII, okaHumMBaromuiicss hopmysoit A.

®opmyna A HazwbIBaeTcs 6vi80dumoi uz I' ¢ MII (CMMBOJTMYECKM:
I'+A), ecnu cyuectByeT BoiBog u3 I' B UII, okaHuuBarouumiics
bopmynoit A.

MuoxecTBO (popmyn I Ha30BEM HenpomugopeuusviM, eCiii He Cy-
ecTByeT popmyiibl A Takoit, yTo ' Au ' — A. B npoTUBHOM Clly-
yae I Ha30BEM HPOMUBOPEHUBHIM.

MnuoxecTBO GopMya I' CUTHATYPHI G HA30BEM HOAHbIM, €CITA IS
10001 3aMKHYTOI (POpPMYJIbl CUTHATYPbl G BbIMOMHsAETCS '+ A uiu
I'=—= A. B npotuBHOM ciy4yae I" Ha3bIBae€TCsl HENOIHbIM.

1. JIokasatb, 4TO JitoOast cekBeHLMs, BbiBoaumas B MC, BeIBOIK-
ma B UTIC.

2. Ilyctb A, ..., A,, A — dopmynsr UC, B — dopmyna UIIC,

1 .y A%y A7 — bOpMYIIBI, TIONTYYeHHbIC U3 A, ..., A,, A B pe3yabTa-

T€ TIOICTAHOBKM B BMeCTO MPOMO3UIIMOHATLHOM TTlepeMeHHoi P. [o-

Ka3zaTh, UTO €CIIM CeKBeHLUsI A, ..., A,+ A BeiBomuma B UC, TO
1 ..., A= A’ BeiBonuma B UTIC.

3. lokazaThb, uTo mpaBwia 13 3ana4 3 u 6 u3 § 3 nonyctumsl B UT1C.

4. I1ycTtb y He BXOAUT cBOOOAHO B A (X), ¥ CBOOOIHO IS X B A (X),
A (y) monyyaetcst u3 A (x) 3aMeHOI BceX CBOOOMIHBIX BXOXIECHUI X Ha
y. IToctpouts BeiBOABI B UTTC cekBeHLIMIA:

(@ 3yA(y)+F3IxA();

©) VyAx) EVyA(y).

5. ITyctb y cBOOOAHO A5t X B popmynax A,(x), ..., A,(x), B (x). [loka-
3aTh, 4yTo ecau B UTTC BeiBOgUMA A((X), ..., A,(X) F B(x), TO BBIBOAU-
Ma A(p), ..., 4,(y) = B(y).
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6. [Tycth A He comepXUT CBOOOMHBIX BXOXKIeHMH Xx. JloKa3aTh BEIBO-
auMocTh B UTTC cexBeHIMIA:

(a) F(VxA=A);

0) F(3xA=A4);

(B) F(VxVyB(x,y)=VyVxB(x,)));

() FE@x3yB(x,y)=3y3xB(x,)));

(1) F(VxVyB(x,y)oVyB(x x));

() F(E@xV B(x,x)o3dx3yB(x,y);

(X) FA@xB(Xx)=-Vx—-B((x));

(B) F(VxB(x)=-3x—-B(x);

) F(=VxB(x)=3dx—-B((x));

(XK) F(=3xB(x)=V x— B((x));

() F(VxBXx)&VxCx)=Vx(Bx) & C((x));

M) F(@xBx)vIxCx)=3ax(Bx) v Ckx));

H) F(A&VXxB(x)=Vx(A& B((x));

(0) F(Av3IxB((x)=3x(Av B(x));

m F({(A&IxB(x)=3x (A& B(x)));

(p) F((AVvVxB(x)=Vx(Av B(x));

C©)FEXxBX&CKX)>2AXx(B(x)&3TxC(x));

(1) F(VxBX)vVxCx)=Vx(Bx)v Cx)));

(y) F((A>V xB(x))=Vx (4> B(x)));

() F((A>23xB(x))=3x (4> B(x));

xX) F(VxBx)DA)=ax(B(x) o A));

(m) F(@xB(x)2A)=Vx(B(x)>A4));

1) FAxBX)2Cx)=(VxB((x) >3xC((x)).

7. Joka3atb, uTo B UITC BBIBOAMMBI CEKBEHIIUU:

(a) A=B)F (=A== B);

©) A=B)F (A& C)=(B& C));

(B) (A=B)F((C& A)=(C& B));

(r)y A=B)F({(Av C)=(Bv (C));

(1) (A=B)F((CvA)=(Cv B));

(e) A=B)F (A C)=(B > (O));

(x) A=B)F((Co>A)=(C> B));

(B) Vx(A=B)- (VxA=V xB);

(n) Vx(A=B)F(3xA=3xB).

8. Ilyctb A — dopmyna, B — noadopmyna dopmynst A, A, — pe-
3yJIbTaT 3aMEHbl HEKOTOPOro BxoxaeHusi B B A Ha ¢dopmyny B,
X{, ..., X, — Bce cBOOOJHBIC MmepeMeHHbIe (opmya A u A;. JlokazaTs,
yto B UIIC BhIBOAMMA cekBeHUMS V X, ...,V x,(B=B)F (A=A,
(meopema o 3amene das HUIIC).

9. JloxaszaTb, 4TO AJis J11000i HOopMyJIbl A CYLIECTBYET MPeHEKCHas
HopMmalibHast hopma A’ Takasl, uto + (A= A’) BeiBoguma B UIIC.
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10. HaiiTu npeHeKCHYI0 HOpMaJbHYIO (OpMy IS CIAEayIOLIMX
dbopmy:

(@) Vx3dyAx)oB(,2z)>I3xVz(B(x,2)&AY))), tne A u
B — G6eckBaHTOpHbBIE (POPMYJIbI;

®) (VxPx)oVy(Vz0O(x,2)>VuP)).

11*. ITyctb A — opMyiia, MOCTPOSHHAsI U3 aTOMHbBIX (DOPMYJT U UX
OTPULIAHUI C MOMOILIbIO &, v U KBAaHTOPOB V M I 1Mo JIIOOBIM mepe-
MeHHBIM. [TycTh A™ — pe3ynbpraT OMHOBPEMEHHOM 3aMeHbl B A & Ha v,
v Ha &, V Ha 3, 3 Ha V, aTOMHBIX (hOpMYJ UX OoTpullaHusIMU. JloKa-
3aTh, yto B UI1C BhiBOmMMa cekBeHLus - (A =— A).

12. [Tyctp A — dopmyna, MOCTPOEHHAsI U3 ATOMHBIX (DOPMYJT U UX
OTPUIIAHUIA C TTOMOIIBIO &, v W KBAHTOPOB V M I 10 JTIOOBIM Tepe-
MeHHBIM. IlycTh A’ — pe3yabTaT OMHOBPEMEHHOM 3aMeHbl B A & Ha v,
v Ha &, V Ha 3, 3 Ha V, aTOMHBIX (GOpMYJT NX OoTpuLaHUSIMU. [Joka-
3aTh, uTOo B UIIC:

(a) ecniu BeIBogMMa ceKBeHUUS + (A > B), To BbiBoauMa - (B’ > A”);

(6) ecnu BeIBomgMMa cekBeHLMSI - (A= B), To BeiBoauMa - (4’ o B’).

13. ITokazatp, yTo kBa3uBbIBOI B M I 13 myctoro MmHoxecTBa (op-
MyJ ecTb BeiBog B UII.

14. Ssnsrotcsa au BeiBogamMu B UIT mocnenoBaTeibHOCTH:

(@ (Vx3yAx,»)>3yAQY,y);

(0) (VxP(x)> Py), (VxPx)>VyP)y);

B) (A (x)>dxA X)), (A)2TxA() > (VxAX) D (AKX TxAX))),
VxAX)2(AKXx)2ITxA(x)))?

15. Kakum TpeOOBaHMSIM JOJIKHA YIOBIETBOPSATH hopmyna A (x),
yTOOBI CJIEAYIONIAs IMOCAEA0BaTEIbHOCTh Oblj1a BhiBogoM B UIT:

(@ A()>23IxA(x), GyA(y)>IxA(x));

©) (VxAX)>AY), (VxAX)>VyAW)?

16. lokasatb, uto eciu A, ..., A,, A — dopmynsl UB, B — dop-
myna UII, P — npono3ulinoHajabHas rnepeMeHHas u A, ..., A,F A B
HB, 10 A, (P\B), ..., A,(P\B)+~A(P\B) B UII.

17. ITocTpouts BbiBOABI (hopmya B UIT:

(@) (VxVyA(x,y)oVyVxA(x,y);

(0) @x3IyA(x,y)23FyIxA(X,));

(B) @xVyA(x,y)oVydxA(x,y)).

18. Asaserca au BoiBogoM u3 I'={(C> (4 (x))} B UII, rtne C He
CONEPKUT CBOOOAHBIX BXOXACHUU X, MOCIEN0BATEIbHOCTD (HOPMYJI:

(@) (CoA(x), (CoVxAX);

(6) (Co2A4(x))>(B(y)2(C>A4(x)))), (C2A4(x)), (B(y)>
>(CoA4(x)), GyB()>(C>4(x))),

eciu C u A(x) He comepKaT CBOOOMHBIX BXOXACHUUN y?
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19. TToctpouts BoiBoabI U3 I'={V x (4 (x) o B(x))} B UII cnenyto-
mux GopMyI:

(a) 3xA(x)>3xB((x));

©) (VyA(y)oVzB(z)), rne y u z He BXomsiT B A (x) u B(x).

20. [Joka3zath, 4TO cleayolue npasuia gomnyctumbl B UIT:

THA
B,T-A’
B,B,THA
BTFA ’
I, A BT, -C
[,B AT FC’

()

(0)

(B)

21*. JlokazaTb meopemy o dedykyuu B UIT:

eciu I', A- B, To T+ (A> B).

22. Joxa3atb, yto ecsiiu B UIITT-Au T, A+ B, to '+ B.

23. [lokazaTh, 4TO yTBepKaeHUe 3anaun 24 u3 § 3 cnpasepiuso B UII.

24. Jloka3atb ciaenyrouime npaBuia:

(a) V-ymanenue: V x A (x) = A (?), tae A (x) U ¢ IOTYUHSIOTCS TeM
Ke TpeOOBaHUSIM, YTO U B cXeMe akcuoM 11;

(6) 3-BBeaecHue: A (f) -3 x A (x) npu Tex Xe yCIOBUSIX, UTO U B (a);

(B) V-BBeaeHuUE: %’% , TIIe X HE BXOJUT CBOOOJHO B (hop-
Myl U3 T
(r) 3-ynanenwue: M IJIe X HEe BXOAUT CBOOOJIHO HU B
IixAx)+- B’

¢dopmynsl u3 I', HU B popmyny B.

25. JlokazaTb, uyTo opmyaa A (x) BeiBoguma B UIT Torna u Tonb-
KO Torga, Korga BeiBoguma (opmyia V x A (x).

26. Ilyctp 2z, ..., 2, HE BXOOAT CBsI3aHHO B A (2, ...,2,) U B
B(z,...,z,) u nyctb A(zy,...,2,)F B(z,...,2, B WUII. Jloka3ats,
YTO CylllecTBYyeT BwiBOA B (zy, ..., 2,) u3 A(zy, ..., 2,) B UII, B xoro-
pbIiA 2, ..., 2, HE BXOIST HU pa3y B CBSI3AaHHOM BUJIE.

27. Ilycts 2, ..., 2, He BXOASIT CBSI3aHHO B A (2, ...,2,) U B
B(z,...,2,); X, ..., X, — TIepeMeHHbIEe, HE BXOJSIIME CBSI3aHHO B
A(z,..,z,) uB B(z, ..., 2,). JlokazaTb, 4TO

Az, ., 2)F B2y, ..., 2,) A, ..., x,) F B(x, ..., X,).
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28*. Ilyctb I' — MHOXeCTBO (DOPMYJ CUTHATYphl 6, A — popmyna
curHatypsl o. JJokasats, uto eciu I' = A B UI1, TO cyliecTByeT BBIBOJ,
Awu3 T’ B UII, cocrostiuii muib u3 (GOPMYJ CUTHATYPH G.

29. Jloka3zath, uto ecinu ¢opmyia A BeiBoguMma B UI1, To cexBeH-
uug - A seiBoguma B UIIC.

30. Joka3aTb, YTO:

(a) ecnu cexBeHuus Ay, ..., A,+ B BoiBoguma B UIIC, T0 A4, ...,
., A, B B UII;
(6) ecnu cexkBeHuus A, ..., A, BeiBoguma B MIIC, 10O A4, ...,

ey A, (B& - B) B UII,

(B) ecnu cexBeHums - B BeiBoauma B UTIC, To hopmyna B BeIBO-
numa B UII.

31. Ilycts A — dopmyna, B — noadopmyna dopmyasl A, A —
pe3yJIbTaT 3aMEHbBI HEKOTOPOTO BXOXAeHUS B B A Ha ¢popmyny B’ Jo-
Kas3ath, uTO eciu - (B= B’), T0 (A= A’) (meopema o 3amene orsa UIT).

32. Joka3zatb, uto eciau I'= A B UTI1, To T E A.

33. Jlokasatb, yTo Bce BriBomuMbIe B M1 (hopMyIIbl TOXKIECTBEHHO
UCTUHHBI.

34. Jloka3aTb, YTO €CJIM MHOXeCTBO (Gopmys I' BBIIIOJIHUMO, TO
OHO HempoTuBopeunBo. (MHOXeCTBO I' gbinoaHUMO, €CTTU CYIIECTBY-
10T anredpandeckas cucrema 91 u 3HaueHus B 9T CBOOOAHBIX IeEpe-
MEHHBIX TaKKe, YTO Bce (DOPMYIIbl M3 I' ICTUHHBI IIPY 3TUX 3HAYCHU-
SIX TIepEMEHHBIX. )

35. Jokaszarb, UTO MHOXeCTBO (popmyJ1 I MPOTUBOPEUUBO TOTAA U
TOJIKO TOIJa, Koraa jwobast ¢opmyna BeiBoguMa B WIT u3 T.

36. dokazarb, uTo eciau MHoxecTBa ¢opmyn Ty, T, T;, ... HENMpoO-
tuBopeuuBbl u T, T;,, (i=0, 1, 2, ...), to U T, — HenpoTusope-
YHBOE MHOXECTBO (DOPMYII. ‘e

37*. Jloxazatb meopemy Jlundenbayma: n10060e HEIIPOTUBOPEUNBOE
MHOXeCTBO GopMya 7 MOXHO PacCIIMPHUTh JO ITOJTHOTO HEIPOTUBO-
pPEUYMBOIO MHOXECTBA TOM € CUIHATYDBHI.

38. Ilyctb MHOXecTBO (hopMyJl I CUTHATYPbl G MOJHO U HEMPOTU-
BopeurBo. JIokazaTh, UTO IS JIIOOBIX MPEII0XEHU A, B CUTHATYpHI G:

@T+A&B)THFAUTE B;

©) TFAvB)eTHFAum I'+- B;

(B) T+ —= A< He BepHO T'F 4;

(n) TH(A> B) & (He BepHOo ' A) wiu T+ B.

39. Ilycts MHOXeCTBO I' (hOPMYJI CUTHATYPBI G TIOJHO M YIOBJIET-
BOpSIET YCIOBMIO: JUIST JII0OOM (DOPMYIIBI CUTHATYPHI G C OXHOM CBO-
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OomHo# mepemeHHOU x, ecnu '3 xA (x), To I'~ A (f) 019 HEKOTO-
pOro 3aMKHYTOTO TepMa ¢ CUTHaTyphl ©. [JlokazaTh, 4To:

() THFaxA(x) ©THF A(f) anst HEKOTOPOTO 3aMKHYTOI'O Tepma t
CUTHATYPHI G;

O®)THEVYxA(x) T+ A(f) nis 11060ro 3aMKHYTOTrO TepMa ¢ CUT-
HATypHI G.

40. ITyctb MmHOXecTBO I' U {3 x 4 (x)} HenmpoTuBopeunBo. JloKa3aThb,
YTO eCcliv TepeMeHHast ¥ He BXoauT B I' 1 B 3 x 4 (x), TO MHOXECTBO
rU{IxA4(x), A(y)} HempOTUBOPEUYHUBO.

41*. Jloka3aTb, 4TO JII0O0O€ HETIPOTMBOPEUYMBOE MHOXECTBO TPE.-
JIOKEHUU BBIMOJIHUMO (meopema 0 cyu,ecmeosanuy mooenu).

42. lokazatb meopemy Jleseneeiima—Crynema: 10060€ BHITOJTHUMOE
MHOXECTBO IPEIJIOKEHUI BHIIIOJHUMO B HEKOTOPOI CUYETHOM ayred-
panyecKkoil cucteme.

43. JloxasaTb, 4TO eciu mpeaioxenue A HeBbiBogumo B UII, TO
— A BBITIOJJHUMO Ha HATypaJIbHBIX YMCIAX.

44. JToxa3atb, 4T0o opMya A TOKISCTBEHHO NCTUHHA TOTIA M TOJIbKO
torga, korna A BeiBoguma B WUII (meopema [édeas o noanome HUII).

45. HOKa3aTb, 4YTO €CJIM MPEATOXKCHUEC A VICTMHHO BO BCEX CUCTE-
Max Ha HaTypaJbHBIX YMUCJIaX, TO A TOXIIECTBEHHO MCTUHHO.

46. ﬂ,OKa3aTb, 4YTO €CJIU PCATOKEHUE A BBITIOJTHUMO B HeKOTOpOfI
CHUCTEME, TO A BBIIOTHUMO Ha HaTypaJbHbBIX YMCJIaX.

47. Jloka3zaTh, 4TO eCJU MpeAoxkeHue A UCTUHHO Ha BCSIKOU
CUCTEME, Ha KOTOPOUl UCTUHHBI (DOPMYJIBI CYUETHOTO MHOXeCTBa T,
TO0 ' A.

48. Jloka3aTb, YTO €CIIM MHOXECTBO MpeMIoXeHuil I' CYETHO U
Kax10e KOHEYHOE IMOAMHOXeCTBO I'j € I' BBIIIOJIHMMO, TO BCE MHO-
KecTBO I' BBITIOJHUMO (10KaavHas meopema Manvuesa).

49. JlokaszaTbh, YTO €CJIM OTpPULIAHUE JII000l KOHBIOHKINN KOHEY-
HOTO 4Yucjia TMpeIIoXEeHU CYETHOrOo MHoXecTBa I' HelOKa3yeMoO B
WII, To MHOXecTBO I' BBIMOJHUMO.

50. JIokaszaTh [Jis JIIOOOro IpemIioXeHuss A U J1000ro CYeTHOTO
MHOXecTBa I”

'HrAsTEA

(meopema adexeamuocmu).

51. JlokaszaTb, 4To eciu I’ — cueTHOe MHOXECTBO MPEATOXKEHUN 1
I'=A, To I'|EA a1 HEKOTOPOro KOHEYHOro moaMHoxkectBa I'ycT
(meopema Manvyeea o komnakmuocmu).
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52. Jloka3aTb, 4TO JjIsI TOTO, YTOOBI A Obljia BeIBoguMa B UI1, Hemo-
CTaTOYHO, YTOOBI A OblIa ICTUHHOM Ha BCEX KOHEUHBIX CHUCTEMaX.

53. Ilyctb A — OGeckBaHTOpHas (opmyna UII. TokazaTb, uyto A
BeiBoguMa B MII Torma u TobKo Toraa, koraa A BRIBOAMMA JIUIIb U3
akcuoM 1—10 mo mpasuny 1.

54. BuiBogumel 1 B U1 hopmyIbr:

(@) 3xA(x)oVxA(x);

©) = (FxAx)oVxA(x));

(8) @xVyA(x,y)>VyIxA(x,y));

(r) (Vx3yA(x,y)>3yVxA(x,y);

(m) (VxA(Xx)o3xB((x)=3x(A(x)> B((x)))?

§ 7. AKCMOMATUYECKUE TEOPUMN

B sroM maparpade npeamnosaraercs, 4To CUrHaTypa ¢ He Oosee
yeM cueTHa. Hcuucnenuem npeduxamos ¢ pagencmeom (UI1P) Ha3biBa-
€TCSA MCUYNCIIEHNEe, aKCUOMaMU KOTOPOTO SIBJISIOTCS:

1) akcuombr UII curnatypel c U {=};

2) akcuombl paseHcmea

El.Vx(x=x),

E2. VxVyVz((x=y&y=2z)ox=2),

E3.VxVy(x=yoy=x);

3) cdopmyabl Buaa

Ep.VXx..VXx,Vy ..V,
((1=y1 & ... & x,=y,) D (P (X1, .oy X)) = P (V15 -5 ¥0)));

E, VX ..Vx,Vy ..V,
((xl =) & ... &xn:yn) - (f(-xla ---:xn) :f(yb SES) yn)))

I 11000ro MpeauKaTHOro cuMmBojia P U3 ¢ U JItoO0ro (GyHKIMO-
HaJIbHOTO CUMBOJA f U3 ©.

[MpaBumaMu BEIBOJA 3TOTO MCUYMCIICHUS SBISIOTCS TIPaBUJIa BHIBO-
na WT1. BeIBOAMMOCTb, a TaKXKe Apyrue MOHSITUSI, OTIPEAEsSIIOTCS aHAa-
JIOTUYHO COOTBETCTBYIOLIUM TOHATUSIM uist UTT.

Hcnone3yeM cienyrouiee cokpalieHue:

IMxA)=FJx(AX) &V y(A(y)>x=))),

rae A (x) — npousBosibHas opMmysia. KBaHTop 3! ynuraercst kak «Cy-
IIECTBYET EAMHCTBEHHOE X TaKOE, UTO...».

DnemenmapHoll meopuell cueHamypbl ¢ Ha3bIBA€TCS MHOXECTBO T
NMpeIoXeHU curHatypsl ¢ U { =}, comepxaliee BCe MPEITOXEHUS,
BeiBoguMbie u3 1T'B UIIP. Teopemamu Teopun T Ha3pIBa1oTCs Bce Ghop-
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MyJbl curHaTypbl 6 U { =}, BeiBogumble u3 1. Cucmemou axcuom 041
meopuu T HazbIBaeTcs J11000e MHOXeCTBO hopmya A < T, U3 KOTOpo-
ro BeiBoauMbl B MTTP Bce nipennoxernus u3 7. DiaeMeHTapHast TeOpUs
T Ha3bIBACTCS Henpomueopeuusou (npomueopeuusol, NOAHOU, HenoaHolL),
€CJIM MHOKECTBO TIpeIioXXeHni T HEIIPOTUBOPEUNBO (ITPOTUBOPEUN-
BO, TIOJTHO, HEeToIHO). CHcTeMa TIpeUTOKeHUI HAa3bIBACTCS He3a6UCH -
MOl, €CIM HU OAHO M3 HUX HE MOXeET ObIThb BhIBeAeHO B MIIP u3
OCTaJbHBIX.

Modeavro meopuu T HasblBaeTcsl BCsiKasi HOpMaJsibHasl ajredpau-
YyecKasl CHCTeMa, B KOTOPOIl MCTUHHBI Bce (hopMyIbl 13 7.

Anre6panueckue cucrembl N, =(M,; ) u I, =(M,; c) Ha3bIBa-
OTCST U30MOPPHbIMU, €CITH CYIIECTBYeT B3aMMHO OJTHO3HAYHOE COOT-
BEeTCTBUE @ Mexay M; u M, Takoe, 4To IJjisl TOObIX my, ..., m, € M, u
P" f" aeo

M E P(my, ...y m,) & My E P (my), ... 0 (m,)),
¢ (f(my, ...,my))=f(¢ (m), ..., ¢ (m,)),
¢ (a)=a.

Ecimu 9T uzomopdpHa HeKoTOpOil momcucTeMme cructeMel T, TO
I HaswIBaeTCs usomoppro enoxncumoii ¢ M.

Teopueii pasencmea E Ha3pIBaeTCsI MHOXECTBO IIPEIJIOKEHUI
curHatypsl { =), BbIBoAUMbIX B UIIP.

Ilycts 6,=(s,+,-,0), rme S — CHUMBOJ OIHOMECTHOH, + U - —
CHMBOJIbI IBYMECTHBIX (PYyHKIMI, 0 — MpeaMeTHasi KOHCTaHTA.

Yepes Q Oynem 0003HaAYaTh TEOPUIO, AKCHOMaMU KOTOPOU SIBJISIIOTCSI:

Q. VxVy(s(x)=s()>x=y);

Qz.VXﬁS(X)ZO;

Q3. Vx(=x=0>3y(x=s());

Q,.Vx(x+0=x);

Qs . VxVy(x+s(y)=s(x+y);

Qs.Vx(x-0=0);

Q. VxVy(x-s(y)=x-y+x).

Yepes x <y obo3HavaeMm (opmyny 3z (z+x=y), a yuepe3 x<y —
bopmyny (x<y& -x=y).

Yepes P Oymem 0003HauaTh TEOPUIO CUTHATYPHI G,, aKCMOMaMu
KoTopoii saBsiioTcst Q;—Q; U 6ECKOHEYHOEe MHOXECTBO (popMys BuUIa

Py Vy((A(0) &V x(A4(x) > 4(s(x))) > 4 (),

rae A (x) — nobas popmysia CUTHATYpbl G, CO CBOOOIHON MepeMeH-
Hoit x. ®opmyna P, HasbIBaeTCsS akcuomol uHOyKyuu oas A.
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BBenem crienyioiiye 0003HAYEHUS:
Ag=0, A;=s(0), ..., A,,1=8(4), ...

Yepes R Oynem 0603HaYaTh TEOPUIO CUTHATYPHI G, CO CJIEAYIOLIUM
0ECKOHEYHBIM MHOXECTBOM aKCUOM:

R{"™. A, +A,=A,,, (1 mobbix n, pe N);

R{™.A,-A,=A,., (st mobbIx n, pe N);

R{"”.A,#A, (u1s1 06X n, pe N, n#p);

R{™ WV x(x<A, D (x=AyVv...vx=A, (11 Kaxnoro ne N);

RV x (x< A, v A, < x (st Kaxzaoro ne N).

MHOXeCTBO HATypaabHBIX uricesT J'¢ s (X) =x + 1, OOBIYHBIMU CJIO-
JKEHUEM U YMHOXEHMEM M KOHCTaHToil 0 HaszbIBaeTCsl cmanHdapmHou
modeavio apugpmemuxu v obo3Hadaercsa depes N =(N;s, +, -, 0).

[Tycts ZF — Teopust curHaTyphl { € ), Tae € — OUMHAPHbBII Npeau-
Kar, ¢ akcuomamu ZF,—ZF,.

ZF,. Akcruoma 00beMHOCTHU:

VxVy(Vz(zex=zey)=x=Y).
ZF,. AXcuoMa napsl:

VxVydzVv(vez=(v=xvuv=Yy)).
ZF;. AKcuoMa BbIAEJIEHUS:
VxdyVz(zey=(ze x& A)),

roe A — ¢opMyna, He coaepKallast X U .
ZF,. AkcuomMa MHOXECTBa MOJIMHOXECTB:

Vx3dyVz(zey=Vu(ue zoue x)).
ZF;. AXcuoMa MHOXECTBa-CyMMBI:

VxdyVz(zey=3av(ze v&ve x)).
ZF¢. AkcuoMa BbIOOpa:

Vx(VyVz(yex&zex)o@v@wey) & Fu(ue z&
&uey)oz=y))o3uvVit(te xodvVww=w=(we u& we 1)))).

ZF;. Axcruoma 6€CKOHEUHOCTH:

Ix(Vy(—3dz(zey) oyex)&Vwwe x>
SVu(Vv(veu=(v=wvve w)DduUue X))).

ZF;. AXcroma peryJisipHOCTH:

Vx@y@ex)ody(yex&Vz(zezo—-2zey)).
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ZF,. AKcuoMa 3aMeHBbI:

Vx(VyVzVw((yex&AQy,z2)&A(y,w)dz=w)>D
S>3ArVs(se r=3t(te x& A(t, s)))),

rae A(t,s) — popmyna ZF.
Wcnonw3yem cienyrolie 0003HaUYCHUSI:

xcy=sVz(zexozey);
x=0=Vy-ye x;
x={y}=Vz(zex=z=y);
x={y,z}=Vu(ue x=(u=yvu=2));
x, 3 = {x, {x 0t
(X15 X9 vy X)) = (XY, Xy vy X)) (1> 2);

y=x;X..xx,sVu(uey=3z ..3z,(z1ex; & ...
&z,e x,&u={z,...,2,)) s n>2;

y=P(x)=Vz(ze y=zcx);

Fnx)=(Vy(@exo>Juiv(y={u,0))) &
& VyVuvVo({y,uye x&{y,v)e x)Du=0));

y=0(x)=Vz(zey=3au(z, u) e x));
y=Ux=Vz(zey=3au(ue x& z € u));
y=Nx=Vz(zey=Vu(ue xozeu);
z=xUy=sVYu(ue z=(ue xvuey));
z=xNy=VYu(uez=(ue x&uey));

Ord(x) = (VyVz((zey&yex)nzex) &
&VyVz(yex&zex)o(zeyvy=zvye 2)));

Myx,y) = Ord () &xe y& A(x) &V z(ze x2=A4(x)));
L(x) = (Ord (x) & —x=0&Vy—-x=yU{});
x=0= (L@ &Vy(yex>=L(y));
Nx)=3y(y=o0&xey);
y=s(x) sy=xU{x};
x+y=z=3dv(Fn(v) &6 (V)=s()) &0, x)e v&{y,2)e v &
&ViIVu((te () &-t=y&{t, uye v)o>(s (1), s (u))e v));
x-y=z=3Jv(Fn(v) &6 (V)=s () &{0,0ec v &y, 2) e
ev&ViVu(t,ye v&—t=y)>(s(f), u+x)e v)).
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1. Toxazatb, uto B UITP curHatypbl G BBIBOIUMBI:

@ (1 =y1&...x,=y,) D1 (x1, o; X)) =1 (Y1, -, V) WIS JTHOOOTO
TepMa f CUTHaTyphl G;

(6) ((xl =N & ... Xn :yn) 2 (A (Xl, () xn) =4 (yla sees yn))) ISt JIto-
0011 (popMyJibl A CUTHATYPHI G.

2. Jlokazatb, 4TO eclii ' — MHOXECTBO aKCMOM Teopuu T curHary-
pol 6, 9 — anrebpanyeckas cUCTeMa CUTHATYPhl G, B KOTOPOil HC-
TUHHBI Bce popmyisl 13 I, To B )T MCTUHHEI Bce TeopeMbl Teopun 7.

3. IlycTth mpennoxeHne A UCTUHHO B JIIOOOI cucTeMe, B KOTOPOit
WCTUHHBI Bce akcuoMbl Teopun 1. JlokaszaTh, 4yTo A nIpuHagiexuT 7.

4*, Jloka3atb, 4YTO €CJIM BCE aKCHMOMBI TeOpUU T MCTMHHBI B HEKO-
TOpOIi anredpanyecKoil cucremMe, TO CylLIeCTBYeT MOAeab Teopuu 7.

5. Jloka3aTh, 4TO BCSIKasi HEITPOTUBOPEYMBAsI TEOPUST UMEET MOJIEb.

6. Jlokasath, 4YTO €CJIM MPEIToXKeHNEe A NICTUHHO BO BCEX MOIENSIX
teopuu T, To A ecTb Teopema teopuu 1 (meopema o noanome HUIIP).

7*. Ilycts mpennoxenue V x; ...V x,3 !y A(x,, ..., X,, ¥) eCTb Teo-
pema teopur T curHatypsl o. [1ycth Teopus 7 curHatypei 6" =o U {f"},
rae /" ¢ o, UMeeT B KauecTBE aKCHMOM BCce aKCUOMBI Teopuu T u

VX ..V x, A, e X [ (X, -y X))

(a) HoxazaTbh, 4TO MIs1 JIOO0M (popMyabl B cUTHATYpHl G’ CyIle-
CTByeT dhopMysia B* curHatypbl G, YAOBIETBOPSIOLIASl YCIOBUSIM:

1) ecu f" He BXOOUT B B, To B* = B;

2) (B*= B) ectb TeopeMa teopuu 7.

(6) JokazaTb, 4yTO eciau B He COMEpPKHUT f" M SIBIICTCS TEOPEMOMA
teopuu T,, To B saBasieTcsa teopemoii 7.

8*. Jloka3aTh, 4TO eciiu 3jeMeHTapHas Teopust 7 MMeeT OECKOHeY -
HYIO MOJeib, TO T MMeeT U CUETHYIO MOJIEIb.

9. JlokasaTb, uTo Teopusi T MMeeT MOJEIb TOTAA U TOJBKO TOIJA,
KOTJa KaXmoe KOHeYHOe MOAMHOXeCTBO 7] < T BBIITOJHUMO.

10*. Joka3atb, 4TO ecau Teopus 7 Ijis 1I000TO HAaTypaJbHOrO YKciIa
n MMeeT MOJIeb MOIIHOCTH, OONBIINEH 7, TO 5Ta TeOPUS MMeeT Oec-
KOHEUHYIO MOJENb.

11. JJoka3aTb, 4YTO HE CYIIECTBYET MPEMIOXKEHUSI, ICTUHHOTO BO
BCEX KOHEUHBIX MOJIEJISIX U JIOXKHOTO B JII000# OECKOHEUHOM MOIEIH.

12. oka3aTh, YTO €CJIM MpeaioxeHue A MCTUHHO BO BceX O6ecKo-
HEYHBIX TPyMIax, To A ICTUHHO BO BCEX KOHEUHBIX TPYIMIIaX JOCTa-
TOYHO OOJIBILIOTO TMOPSIAKA.

13. JlokasaTb, 4TO Teopust paBeHCTBa E HerosHa.
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14. Toka3zaTb, 4TO mpemioxkeHue A cUrHaTypbl (=) UCTUMHHO BO
BCeX HOPMaJIbHBIX CHCTeMax TOTAA U TOJbKO TOraa, Koraa A ecTh Teo-
peMma teopuu E.

15*. TTocTpouThb aNTOpUTM, MO3BOJSIIOLIMI 10 JTIOOOMY MpeIioxe-
HUIO CUTHATYpPHI (=) y3HABaTh, SBISETCS JU ATO MPEITOXKEHUE TEO-
peMmoii Teopuu E.

16. ABnsroTes au ciepylouye MpeaaoXeHus TeopeMaMu Teopun E:

(a) Vx3yVz(mz=xv—=ay=2);

) VxadyVvVzadv(v=z&-(z=x&-x=y&v=Yy))?

17. I1ycTh curHaTypa ¢ COAEPXUT OJAMH ABYMECTHBIN Mpeaukar P,
T ecTb MHOXECTBO MpPEMJIOKEHU, BEIBOOUMBIX U3 I'={A4,, A,}, rue

A=V xVy(P(x,y)>= Py, x),
Ay=VxVyvVz(Pxy)o(P(y z)D P, 2))).
Asnsiercs nu T noysHON Teopueii?
18. Joka3aTb, uTo Q — HENMPOTUBOpPEUYMBAs TEOPHUSI.

19*. fABnseTcst 11 cuctema npeajoxeHuii {Qy, ..., Q;} HezaBUCUMOI?

20*. [Joka3ath, 4TO B Teopuur Q HEBBLIBOAUMBI (DOPMYJIBIL:
(@) =x=s(x);

©) 0+x=x;

(B) s(x+y)=s(x)y,

(r) x+y=y+x;

(m) x+y)+z=x+(y+2);

(&) x<x;

(x) 0-x=0;

(3) s(x)-y=x-y+y,

(n) x-y=y-x;

(K) (x-y)-z2=x(y-2);

() x-(y+2)=x-y+x- 2z

M) (x+y)-z=x-z+y-z.

21. JlokazaTb BHIBOTUMOCTDH B Q hopmy:

(@ (x+y=0o(x=0&y=0));

®) (x-y=0o(x=0vy=0)).

22. Jloka3aTh, 4YTO BCSKas Moenb Teopun Q 6ecKOHeUHa.

23. Onpenenuth KoHcTaHTy 0 M QYHKIMU S, + U - TaK, YTOOBI
MOJIeJiblo TeopruM Q cTajo MHOXECTBO:

(a) #={0, 1, 2, ..};

©) A U{a=1{0, 1, 2, ..; a} (ag N);

B) N U{a, b}={0, 1, 2, ...; a, b} (a, be N),
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(r)y SUAN'={0, 1, 2, ...; ay, ay, ay, ...} (a;& N 105 Bcex i u
a;#a; Ipu i #j ).

24. MoxHO u onpeaeanTb KOHCTaHTy 0 U (yHKILIUU S, + U - TaK,
4yTOOBI MOJIEJIbIO TeopuM Q cTajo:

(a) MHOXECTBO BCEX LIEJIbIX YMCEII,;

(6) MHOXECTBO BCEX HEOTPMULATEIbHBIX PALIMOHAIBHBIX UMCE;

(B) MHOXECTBO BCeX pallMOHAJIbHBIX YMCEn?

25. Jokaszatb, uto Teopusi P HempoTuBopeunBa.
26. J/TokazaTb 3aBUCUMOCTb aKCMOM Teopuu P.

27. JlokazaTb, 4TO Bce (popMyJibl U3 3aaauu 20 SIBASIIOTCS TeopeMa-
mu Teopum P.

28*. Jloka3athb, UTO CYLIECTBYeT HecmaHdapmHas (T.e. Heu3o0Mopd-
Hast cucteMe 1) Momens Teopun P.

29. JlokasaTb, 4TO cjeaytoliue (hopMyJbl SIBISIOTCS TeopemMaMu P:

(a) (x+y=y+z>ox=y),;

©) (w2=0(x-2=y-22x=Y)).

30. JIokasatb, 4TO cieaytole GopMybl SIBISIOTCI TeopeMaMu P:

(a) 0<x;

) (x<y&y<z)ox<2);

(B) (xsy&y<sx)>x=y);

(r) (x<yvy<x);

(m) —=x<x;

(e) x<s(x);

(x) 0<s(x);

(B3) (x<yv=y<x);

(m) (x<yvy<xvx=y);

(K) (x<y=s(x)<y);

(1) x<x+y;

M) x<y=x+z<y+2);

(H) (my=0>5x<x-y);

(0) (~x=0o(<z=x-y<x-2)).

31*. Jloka3atb, 4TO s 110001 (popMynsl A (X) ¢ OOHOI CBOOOI-
HOI TIepeMeHHOU x cleaywoline (OpMYJbl SIBISIIOTCSI TeopeMaMu P:

@) (Vx(Vz(z<x2A(2))DA(x)) oV xA(x)) (6036pamHas uH-
oykuus);

®) @xAX)>IyAW) &YV 2z(z2<y>—-A4(2)))) (npunyun Hau-
MeHbUIe20 YUCAA);

B) (Vx(AX)2Fy(y<x&A()>Vx—-A(x) (memod becko-
HEUH020 CHYCKa).
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32. BeeneM cieayooliue COKpalleHUsI:

x=rest(y,2) s (x<z&Ju(y=u-z+x))v(z=0&x=Y));
z:[g] =s=Q@uu<y&x=z-y+u)v(y=0&x=2)).

Hokaszatb, 4yTo cieayrolue GOpMyJbl IBISIOTCS TeopemaMu P:
(a) VxVy3!lz(z=rest(y, x));

6) vxvy3! [z[gn

33. 3anmcats popmyny Ilp (x) Takyio, uto [Ip (A,) ABISIETCS TeO-
pemoil Teopun P Torma m TOJNBKO TOrAa, KOTAA # — MPOCTOE YHUCITO.

34*. BeeneM ciienyloliye COKpalleHNs:
x/y=3dz(y=x-2);
z=d(x, )=/ x&z/y&Yu((u/x&u/y)ou/z));
z=d,(x|,....,x,) =3u(z=dx;,,u)&u=d,_(x,,...,x,) n>2
u=p(x,y,z) su=rest(x, 1 +y-(z+1)).
Hoka3zatb, 4yTo ciaeayroliue GOpMybl SIBISIOTCS TeopemaMu P:
(a) vxl’ (RS VanI 'y(y: dn (-xls seey xn));
®©) VxVyvVz3aluu=3(x,y,2));
(B) VxVyVzVu({(z=d(x,y)&u=rest(x,y) >z=d(y, u));
r) VxVy(=x=0&—-y=0& d(x,y)=s(0)) >
S>3z3udviwkx-z=y-u+s(0) & y-v=x-w+s(0)));
() VX1, 00 VX VY1, 0, VY, (A, e X)) = A &y <X &
&y, <x,)o3z(rest(z,x)=y & ...&rest (z,x,)=y,));
(e) VxVyVzVudx;dyyVv(w<zoB(x,y,v)=
=B (x1, y1, V1) & B (x1, y1, 8(2)) = u).
35*. Jloxa3aTb, 4TO JItoOast TeopeMa Teopum R saBisieTcst Teopemoit
Teopuu Q.

36. byneT 11 He3aBUCHMOIT cucTeMa hopMy

{R{" |n,pe NYU{R |n,pe N}U
U{RY? |n,pe M nzpt U{RY |ne SYURY [ne N2

37. loka3aTb, 4TO CTaHAApTHAsI MOIEIb apru(DMETUKHA N30MOPGHHO
BJIOXKMMaA B JI100YI0 Mozaenb Teopun Q.
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38. Jlokasats B ZF:
(a) cyliecTBOBaHME U €IMHCTBEHHOCTh IyCTOTO MHOXecTBa 0:

F!1x(x=0);
(6) cyuecTBoBaHME M €AUHCTBEHHOCTb Maphl:
VxVy3alz(z={x,)});
(B) cyluiecTBOBaHME U €AMHCTBEHHOCTDH {X}:
Vx3yly(y={x});
(r) akcuomy yIOpSIIOYEHHOM ITaphl:
x5, =, u>Kx=2&y=u));
(m) akcuomy YIOpPSIIOYEHHOU n-KU:
(Xps s X =Wy s I 2 (= & & X, =0)));
(e) cyllecTBOBaHME U €AMHCTBEHHOCTb MHOXKECTBA MOJAMHOXKECTB:
Vx3ly(y=Px);

(X) cylecTBOBaHME W €IMHCTBEHHOCTh MPSIMOTO ITPOM3BEICHUS:

VxVyalz(z=xxy);
(3) cyllecTBOBaHME W €IWHCTBEHHOCTh MPSIMOTO MPOU3BEICHUS:
VX, VX, 3y (=% %...XX,);

(1) cyuiecTBOBaHME M €OMHCTBEHHOCTb OOJIACTU OIIPEHCICHUS
(yHKLIMM:
Vx(Fn(x)23!y(y=38((x)));

(K) cyliecTBOBaHUE U €IMHCTBEHHOCThb U X:
vVx3ly(y=Ux),
(1) cyuiecTBoBaHUE U €AMHCTBEHHOCTh X U y:
VxVy3alz(z=xUy);
(M) cyliecTBOBaHME U €AUMHCTBEHHOCTb X[ ):
VxVy3alz(z=xMNYy);
(H) cyuiecTBOBaHME UM €AMHCTBEHHOCTD (X s x # 0:

Vx(=x=0o3!ly(y=Nx)).

39. JokazaTs B ZF cienyioline TeOpeMBbl:
(a) = xe x;

(6) —~(xey&ye x);

(B) —m(xey&ye z&ze x).
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40. [IokaszaTb, YTO CleAylolliue YTBEpKACHMUSI 00 OpAMHAIbHBIX
yuciax sBiastorcs Teopemamu ZF:

(@) (Ord(z) o (ye zo(xeyoxe 2)));

(6) ((Ord (x) & ye x) > Ord (»));

(B) (Ord (x) o W(x)), rne W(x) ectb ¢dopMyia, o3Havawlasl,
YTO € €CTb IOJHbINA UppedIeKCUBHBIN MOPSIA0K Ha X;

(r) ((Ord (x) & y=xU{x}) > Ord (»));

() ((Ord (x) & Vy(Vz(zeyoA4(2))>A4(y))>A(x)), rae
A (x) — dbopmylia ¢ OIHOI CBOOOAHON MepeMeHHON X (mpancguuum-
Has UHOYKUUS);,

(¢) ((Ord (x) & Ord (y)) > (xe yvye xvx=y));

(x) ((Ord (x) & —=x=0)>0¢€ x);

(3) (Ord (x) & Ord () & xe y)oVYuVv((My(u,x) &

& My (v, y)) > u=v)).

41. Jloxa3atb B ZF cieayioine TeopeMbl:

(@) (Vy(ye x> 0rd(y)) >0rd (Ux));

©) (=x=0&Vy(ye x>0rd(y)))>O0rd (Nx));

(8) 3xL (%);

(r) ' x(x=0w);

(m) Ord(w)&0ew&Vx(xe woxU{x} e w)).

42. Jloxaszatb B ZF creayioine TeopeMbl:

(@) (N(x) > Ord (x));

6) (N(x) &yex)>N©»));

(B) Vx(N(x)23!y(N(y) &y=s(x)));

() (NX) & N(y) &s(x)=s () Dx=Y);

(1) —s(x)=0;

) (N(x) &=x=0)23Fy(N(y) &x=5(»))).

43. Jloxazatb B ZF npunyun unoyxyuu njas HaTypaabHBIX UMCE: IS
10001 hopmysbl A (X) ¢ 0OAHON CBOOOAHON MEepeMEeHHON X

((A0) &V x(N(x) &A(x)2A(s(x))) 2V y(N©y)>A(D).

44. Jloxaszatb B ZF cieayioiine TeopeMbl:

@) VxVYy(Nx) & N(y))o3!z(N(2) &x+y=2));

) Vx(Nx)ox+0=x);

(B) VXVy((N(x) & N(y)ox+s(y)=s(x+y));

(r) VxVy((N(x) & N(y)>3!z(N(2) &x y=2));

(m) Vx(N(x)ox-0=0);

(e) VxVy(Nx) & N()>ox-s(y)=x-y+x).

45*. JlokasaTb, uTO eciu A ecTb Teopema Teopuu P, To bopmyna
pn(A4), nonydyeHHast U3 A peasiTUBU3ALUECH KBAHTOPOB OTHOCUTEIBHO
N, ectb Teopema Tteopuu ZF.
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§ 8. PUNIbTPOBAHHbIE NMPOU3BEAEHUA

Duavmpom nad muoxcecmeom I Ha3pIBaeTCS TTPON3BOILHBIN (PUITBTP
Ha OyneBoit anredpe P([), T.e. HEMYyCTOE MOJMHOXECTBO ) MHOXe-
ctBa P (1), ynoBiaeTBopsiolIee YCIOBUSIM:

(a) eciu X, Ye D, o (XNY) e D;

©) ecntu Xe D, Xc Yc I, o Ye D;

(B) Te D.

@unbtp D, yIOBIETBOPSIOLINNA YCIOBUIO

(r) nng Bcex X< I umeer Mmecto Xe D unu (/\X) € D, Ha3bIBaeT-
cs yrempaghunempom Han 1.

®OunbTp D HA3BIBACTCS 21A6HbIM, €CITH OH COINEPXKUT HaMMEHBITHIA
BJIEMEHT.

®OunbTp D Ha3BIBACTCS CHeMHO NOAHbIM, €CIV IIJIST JTI000# CYeTHOM
CUCTEMbI 2JIeMeHTOB D ee mepeceyeHre npuHapiexuTt D.

[lycte [ =m > X,. Durvmpom Ppewre nHad | HazbIBaeTCs 000N

bunbrp Hax I, comepxaumiit ® ={X|Xclu I\X <m}.

Iycte MM, = (M;; o) u M, = (M,; 6) — anrebpanyecKre CUCTEMEL.
Orobpaxenue ¢: M, — M, HasbiBaeTCst comomoppuzmom uz M, 6 M,,
ecnu st JoobIX by, ..., b,e M;:

(@) M, = P"(by, ..., b)) =M EP" (¢ (b)), ..., ¢(b,)) nns mo-
0oro mpeaukaTHoro cumBoja P” e o;

©) @ (F"(by, ..., b))=F" (9 (b)), ..., 9 (b,) m1s nM0OOro (HyHK-
LIMOHAJIBHOTO cuMBoya F" € o;

(B) ¢ (a) = a nnst 1000# NMPeaAMETHOU KOHCTAHTHI d € C.

Tomomopdusm ¢: N, — N, Ha30BeM cusbHbIM, €CITU BBITTOTHSIET-
s ycIoBUe

(r) ecu N, = P (¢ (by), ..., ¢ (b)), TO cyliecTBYIOT b, ..., b, e M,
takue, 4to ¢ (b)) =¢ (B), ..., 0 (b)) =0 (b)) u M, E P"(b], ..., b)).

B3auMHO o1HO3HAUHOE COOTBETCTBUE @ Mexny M, u M, HazoBeM
usomopguzmom mexcoy M, u IM,, ecmt ¢ 1 ¢ ' ecTb TOMOMOPGDUIMBI.
Ecmu 9, uzomopduo I, o mumem I, ~ IN,.

Iyctb {9}, ; — ceMeiicTBO anre6panyecKuX CUCTEM CUTHATYPHI G,
M; — ocHOBHBIe MHOXecTBa I)1,.

Tpamvim npouseedenuem cucmem N, (ie I) Ha3oBeM anreGpau-

iel iel

yeckyio cucremy [N = <H M;; 0> , TIe:

(a) masT Kaxmoro mpeauKaTHOTo cuMBoyia P e 6
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[I9 =P (s s £ () @M= P (fi (D), ..., £, (D)

iel

JUIST Kaxnporo ie [
(0) s Kaxmoro (pyHKIMOHAJIBHOrO cuMBoja F"e o

F'"(fiy s J) O =F" (11 (D), ..y [, (D);
(B) 1T KaxXkmoi TIpeIMETHOM KOHCTAaHTHI d € G
a(i)=a.
ITycte D — punwTp Han 1. Onpenenum Ha H M, OTHOIlIeHUE
iel
f~pg o lilf()=g(}e D
U MyCThb

f/D={glf~pe,
l_[M,-/D={f/D|fe HM,}-

iel iel
[Tomaraem mist mpenukaTHOro cuMBosa P” usz o

P"(fi/D, ... f,/D)=n<{i|M, = P"(f(), ..., f,(D))}e D,

JUTST 1-MeCTHOTO (PYHKIIMOHAIBHOTO cuMBojia F" n3 ¢

F"(f, /D, ..., f,/D)=F"(fi, ..., ) /D
1 JUTS1 IPEAMETHOM KOHCTAHTHI @ U3 G

a=a/D.

Cucrema M= [[M,; /D = <H M; ] D; c5> C TaK ONpelesIeHHbI-
iel iel
MM IpeauKaTaMu U GYHKIUSIMU Ha3blBaeTCsl @uivmposantvim (AU
npueedennvim) npoussedenuem cucmem M, no gurompy D.
Ecimm D — ynpTpadmnbtp, TO H 901,/ D HaspIBaCTCS YAbmMpanpous-
iel
eedenuem; ecmu Bee I, cosmamaror u pasHH I, TO Hi)ﬁ,-/D Ha-
iel
3pIBaeTcs yasmpacmenenvio N u o6o3navaercs I’ /D.

Hazosem opmyny A (xi, ..., X,) CUTHATYPBI G YCAOBHO (DUALMPYIO-
wetics no guavmpy D nao I, ecnu 1t 1o0bIX anredpanyeckKux CUCTEM
IN; (ie I) curHATYypHI G U JIOOBIX fi, ..., [, € HMi U3 TOTO, YTO

iel
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{I|MEAR G, ..., [} e D,

cienyer, 4To
HEDT,-/Dh A /D, ..., f,/D).
iel
bynem roBoputh, uto dopmyna A (x, ..., X,) CATHATYpPbI G Quibm-
pyemces no guaempy D nad I, ecnn njist T0ObIX aJredOpanyeckKux cuc-
teM 9, (ie ) curHatyphbl 6 U JOOBIX fi, ..., [, € HM,-

iel
{i|M =AW G, ..., [())} e D HDJT,/DIZA(}‘]/D, vy Jn/ D).
iel
1. Hokasatb, uto ecnu D — ¢unbtp Haxg [, To Ie D.
2. Iycts X< I Iokasare, uro {Y| Yc Iu X< Y} ectb GunbTp Hax 1.

3. Ilyctb D — ¢wnbtp Han [u Je D. [okasate, uto D, ={XNJ|Xe D}
ecTb (uabTp Hag J, a Takxke, 4To eciu D — HerIaBHbI GUILTP, TO
D, — Takxe HerJaBHbIA QUIBLTP.

4. JlokaszaTb, 4TO €CJIM KaKoe-HUOyIbh KOHEYHOE MHOXKECTBO TIPH-
HaJIEXUT PUILTPY, TO 3TOT (PUABTP TIaBHBIM.

5. JlokazaTb, UTO BCSIKUI HerJaBHbIN YIbTpaUIbTP COAEPKUT BCE
MHOXECTBa, UMEIOIINE KOHEYHbBIE AOIMOJHEHUS.

6. Jlokazarb, uto ¢dunbtp D Hax [ ecTh ynbTpaduibTp TOrma u
TOJBKO TOTHA, Korma D sgBisgeTcsd MaKCHMMaJbHBIM MHOXECTBOM B
MHOXEeCTBEe BceX (MJIbTPOB Hald [, YIOPSIOYEHHOM IO BKIIOUYEHMUIO.

7. Joka3aTb, 4TO BO MHOXecTBe ® BceX PMIbTpOB Hal /, yriopsiao-
YEeHHOM I10 BKJIIOYeHUIo, {/} eCTb HauMeHbIIUK 3yemeHT. ITokazaTb
Takxke, 4To ecim [ =2, To B ® HeT HauOOJIbIIEro JIeMeHTa.

8. Jlokaszath, 4TO AJIsT TOro, UTOOBI Haja [ cyliecTBOBal (UIBTD,
coaepxaluuit MHOXecTBO S'c P (/), HEOOXOAUMO U T1OCTATOUYHO, UTO-
OBl TepeceyeHue JI0O0ro KOHEUHOTO YKrcia 3JeMEHTOB U3 S OBbLIO
HemnycTo.

9. [Tyctb / — OeCKOHEUHOE MHOXKECTBO MOILIIHOCTH O 1

O={X|Xclu X <a).
Hokazarb, uTo ® ecTb GUIbTp Haf 1.

10. Joka3aTh, 4To cucTeMa ¥ IMOAMHOXECTB MHOXecTBa [ comep-
KHATCS B HeKOTOpoM (rtbTpe Ppellle TOrma M TOJIBKO TOTHA, KOTAa
KaxIoe TepeceyeHre KOHEYHOTrO YKCIa MHOXECTB CUCTEMBI W MMeeT
MOIIIHOCTD, PaBHYIO MOIIHOCTY MHOXecTBa /.
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11. [TokazaTb, 4TO KaX/ablil HETJIABHBIN yJIbTpa®UABTP Ha CUeT-
HBIM MHOXeCTBOM OyneT ¢rmibTpoM Dperrre.

12. Mycts F — dunbtp Han [, Ac Iu F,={XNA|Xe F}. oka-
3aTh, YTO JJIs TOTO, YTOOBI F, ObLIO (PUIBTPOM Hal A, HEOOXOAUMO U
JIOCTaTOYHO, YTOOKI Jist 11060oro Xe F obio XN A= <.

13. Iycts F — ynvrpadunstp Han [, Ac Iu F,={XNA|Xe F}.
Hokas3ath, 4TO ISl TOTO, 4TOOBI F; OBLIO YABTPaUILTPOM Ham A,
HEOoOXOAMMO U AOCTATOYHO, YTOOBI A MpuHamIexano F.

14*. Tloka3aTb, YTO BCSKMI (DUIBTP MOXHO PacCIIMPUTD IO YIbT-
paduibTpa.

15. Jloka3ath, YTO BCSAKUI (UIBTP SBISETCS TepeceuyeHueM BCEX
colepKallux ero yrbTpahuIbTPOB.

16. Ilycts Fu G — unbTpel Hax /. Jlokaszatb, 4TO

FNG={XUY|Xe Fu Ye G}.

17. Jlokas3ath, 4TO eClii OObeIUHEHNE KOHEUHON IOCIeI0BaTEIb-
HoCTU {A;},< , TOAMHOXECTB MHOXeCTBa [ IpUHAIJIEKUT yabTpaduib-
Tpy F, TO Mo KpaliHell Mepe OAHO M3 MHOXECTB A; mpuHaaiexur F.

18. Ilycts F — ynbTpacdpunstp, a Gy, ..., G, — ¢unbTpsl Hax 1. [lo-
Kaszath, 4yTo ecim Fo G, ... G,, To cyuecTByeT Takoe i (1 <i<n),
yro Fo G.

19. ITyctb MHOXecTBO J 6eckoHeuHO. [TocTpouts ynbrpadunstp F
U ceMeicTBO ynbTpadunbTpoB { Gy}, . ; Takue, 4To F 2 ﬂ G, , Ho FHe
jed
conepxuT G; HM U1 KaKoro j.
20. [Joka3zatb, 4TO ﬂ X, rne F — yapTpaduibTp, COAEPKUT HE
XeF
0oJiee OIHOM TOYKH.

21. Ilycts D — dunbTp Hax [ U ~ — HEKOTOPOE OTHOILIEHUE SKBU-
BaneHTHocTy Ha . [lycte D™ ={B|3 A(Ae D & B={[x].|xe A})}. do-
Ka3zaThb, UTO:

(@) D™ — ownbtp Ham [/ ~;

(06) eciu D — yavTpadunbtp, T0 D~ — yabTpaduiIbTp;

(B) ectu D — yabrpaduawstp U [x].¢ D mus awoboro x, o D~ —
HerJIaBHbIA YAbTpadUIbTp.

22. Jlokaszath, uTo (puabTp D Hap [ SBISIETCS CYETHO TMOJHBIM TOT-
Ja ¥ TOJILKO TOTJa, KOrJa HE CYIIECTBYeT yOBIBAIOIIEN IMOCIEI0Ba-

teapHOCTU Xy D X D X, O ... anemeHTOB X; € D TaKkoii, 4To ﬂ X, =0@.
ie N
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23. Jloka3aTh, UTO ~; €CTh OTHOIIIEHNE SKBUBAJICHTHOCTH Ha H M;.
iel

24. Jloka3aTb, YTO €CIU fi ~p &i» +++»Jn ~p & TO:

@ P"(/D, ... [,/D)=P" (g /D, ..., & /D);

(6) Fn(fia ,./‘;t) -D Fn(gls eeey gn)

25. Jloka3atb, 4TO 1JIs J1ro6oro [
H mt,' =~ HQﬁ,/D,
iel iel

rne D={I}.

26. [Tokazatb, YTO KAHOHUYECKOE OTOOPAKEHUE ©: H m; - H 9N, /D,

iel iel
re ¢ (f) =f/D, saBnserca romomopdusmom [, na T 9N,/D. Mo-
iel iel

KazaTb, YTO B OOIIEM Cilyyae 3TOT TOMOMOP(MU3M He SIBISIETCS CUJIb-
HBIM TOMOMOP()U3MOM.

27. JlokazaTb, YTO €CJM MpeIOKEHUE, He coaepxallee — U D,
WCTUHHO Ha MPsSMOM IPOM3BEACHUU H 90;, TO OHO MCTUHHO Ha

iel
(punbTPOBAaHHOM NPOU3BEACHUN H I,/ D tio mobomy bunbtpy D.
iel

28. Jloxasatb, uto ecau D, D, — ¢unstpel Hag [ u Dc D,, T0o
oToOpaxeHue @, omnpeneaecHHoe yciaoBueM ¢ (f/D)=f/D,, saBasercsa
romomopdusmom [[9M;/D wa []M,;/D;.

iel iel
29. Ilycts J€ D, D — dunbtp Hax 1. ITokaszaTh, 4TO
Hﬁﬁ,/D =~ HQJTJ-/D/-,
iel JjedJ

rae D; — ¢punbtp, 00pa3oBaHHBIN MepeceyeHUsIMU J ¢ MHOXeCTBaMu
¢unprpa D. B yactHOCTH, eciu D — TJIaBHBIA (DUIBTP, COCTOSIINIA U3
MOJIMHOXECTB MHOXecTBa J, TO

iel jed

30. Tlycts [ xoneuHo u D — bwbtp Han [. Jlokasats, uto [ [ 9;/D
iel
M30MOPGHO MPSMOMY TIPOU3BEIEHUIO HEKOTOPBIX crcTeM ;.
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31. Iycts {1, | ke K} — pasouenue [ v mycThb Hax [, 3a0aHbI (DUIBTPBI
D,, a Han K — ¢unbtp D*. Tlokasats, 4To

D={XcI|{k|ke Ku XN I, e D} e D}

ectb uabTp Hax [ v ms ao6eix I, (ie 1)

iel ke K\ iely

(accouuamuerwili 3aK0H 04 PUALBIMPOBAHHBIX NPOU3EEOCHUIL).

32. Joxa3aTb, YTO ecJIu nepecedeHue J Bcex MHOXeCTB ¢puabTpa D
Han [ HeImycTo U He NMpUHamIeKUT D, TO

[19%/D ~ ], -[H zmk/D,/J,

iel jeJ kelJ’

’ ’ o
rone J =1\Ju D, — dunbtp Hax J, oOpa3oBaHHBIN MepeceueHUsIMU
’
J co Bcemu MHoxecTBamu (unbTpa D.

33. Iyctb ¢;: NM; - N, — romomopdusmsl, ¢ (f/D) = (¢’ (f)) /D,
e (¢ (NG) =¢; (f()) ana fe [[M;, je J. Nokasars, uto Torna

iel
@ eCcTb roMoMopdu3m HSJT,-/D B H‘ﬂi/D. Hoka3zaTbh, 4TO eciau
iel iel
@; — CUJIbHbIe TOMOMOPGU3MBbI (MI30MOPGU3MBI), TO TAKUM XK€ IB-
JSIeTCS U .

34. IlycTh @ ecTh B3aUMHO OJTHO3HAYHOE COOTBETCTBUE MeXIy [ U
J, D — dunbrp Han I, D, ={¢ (X)| Xe D}. lokaszaTtb, 4TO

]‘[sm,- /D~ Hi)ﬁdl(j) / Dy.
iel jed

35. Iycrtb {C;|ie I} — ceMeilcTBO MHOXECTB, Ha [ 3alaHO OTHO-
LIEHWE SKBUBAJIEHTHOCTU ~ Takoe, 4to i ~j= C;= C. JlokasaTb, 4TO
1711 1000ro yabrpaduiasTtpa D Hag I cyliecTByeT M30MOpP(MHOE BIIO-
xenne [] Co/D” B []Ci/D, rne D™ ctpoutcs, Kak B 3axaue 21, a

acl /~ iel

Co=Cnngoe l/~nie .

36. ITyctb {[;}; . x — ceMelCTBO BCceX KOHEUHBIX HEMYCThIX MTOAMHO-
xectB I, {N;};. ; — ceMelcTBO anreGpandyecKux CUCTEM CUTHATYPHI G.
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JHokazaTb, yTo cyuiectByeT ¢huabTp D Haa K Takoil, 4yTo ISl J000ro
¢unvrpa D, o D Han K cyliecTByeT U30MOp(pHOE BIOXEHUE H 9N, B

iel

ITI ]9 |/ D

ke K\ iel;

37. dokazaThb, u4To eciu A u B ycnoBHO (pUILTpYIOTC 110 QUibTpy D
Haa I, To (A& B), 3x B, V x A TakXe yCJI0BHO (UIbTPYIOTCS 110 D.

38. [lokasatb, uto eciu A u B punbrpytorcs no ¢uabtpy D Hap [,
T0 (A& B), 3 x A Takxe punbTpytorcs mo D.

39. Jloka3zaTb, YTO aTOMHBIE (POPMYIBI (QUILTPYIOTCS 1O JIIOOOMY
puneTpy.

40. ITycTtb A hunbTpyeTcs mo yapTpadhunsrpy D. JlokazaTh, 4To — A
dunsTpyercs nmo D.

41. Joka3artb, 4yTo BcsiKast hopmyiia GUILTPYETCs 10 JII000OMY YJIbT-
padunwsTpy (meopema Jlocs).

42. Ilyctb A ¢unbtpyercst no ¢unabtpy D Hang [, a B ycinoBHO
punbvTpyercs no D. JlokazaTb, uTo (A > B) 1 — A ycIOBHO (PUIbTPY-
oTcsd no D.

43. HazoBeM (popMyily XopHoscKoli, €CTd OHa TIoJiydaeTcs: u3 (op-
mya Buga — A, (A> B), B, tie A — KOHBIOHKIIUSI aTOMHBIX (hOPMYII,
a B — atomHasg ¢dopmyia, Ipyd MOMOLIM OMepauuil KOHbIOHKIIUU U
HaBelIMBaHUs KBaAaHTOPOB. Jloka3aTb, YTO XOPHOBCKUE (hOPMYJIbI yC-
JIOBHO (PMIILTPYIOTCSI 1O J1000MY (DUIILTPY.

44. JloxazaTb, 4YTO yJbTPANpOM3BeIeHUE JIMHEINHO YIIOPSA0YEHHbBIX
MHOXECTB JTUHEWHO yIOPSI0YeHO.

45. Jloka3aTbh, 4YTO (PUIBTPOBAHHOE MPOU3BEACHNE MPEAYIIOPSII0-
YEeHHBIX MHOXKECTB TIPEAYITOPSI0YCHO.

46. [loka3atb, 4T0 GUIBTPOBAHHOE MPOU3BEACHNE YACTUUHO YIIO-
PSATOYCHHBIX MHOXECTB YaCTUIHO YIIOPSIOUYEHO.

47. Jloka3atb, 4TO (pMILTPOBAHHOE TTPOM3BEACHNE TPYITI €CTh IPYIIIIA.

48. Tlycth KoHeyHas cuctema I comepKuT n 31eMeHTOB. JloKa-
3aTb, UTO J1100asl yIbTPACTEIEHb YT COLEPKUT TAKKE A SJIEMEHTOB.

49. [Toka3aTp, UTO €CJIM MOIIHOCTH BCEX COMHOXWTEJIe He Tpe-
BOCXOJSIT HATypaJbHOTO YHMCJIA #, TO MOIIHOCTb YJIbTParpou3BeIe-
HUST HE TIPEBOCXOIHUT .

50. JlokasaTb, 4TO J1000E (PUIBTPOBAHHOE MPOU3BEACHUE OECKO-
HEYHBIX CUCTEM O0€CKOHEUHO.
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51. Mycth ans kaxaoro n B cemeiictse {IN,;}; . ; ©MeeTCs UIIb KO-
HEYHOE YMCIIO CHCTeM MOIIHOCTH 4. JloKazaTh, YTO B 3TOM cllydyae
yJIbTPAapou3BeaecHUE HiDT,-/D 10 HerjJaBHOMY YJabTpaduabtpy D

iel
OECKOHEYHO.

52. JlokasaTh, 4TO eciu i toboro i € [ umeem N; < YN;, To mis
Jnoboro ¢unbsTpa D Hag [

[19/D < []/D.

iel iel
53*. ITycTb Bce comuoxurenn IN; (i € A) KoHeuHbl, D — yiabTpa-
bunbtp Han N u {i| O, =n} ¢ D s xaxnoro n e N. Jlokasath, 4TO
[T 9% nmeer mowHocTs KOHTHHYYMA.
ic N
54. Tycte Bce comuoxutenu MM, (i€ ) KOHEUHBI UM CYETHBI,
D — HermaBHBIA yabTpadUILTP HAJ MHOXECTBOM HATYPaJIbHbBIX YM-

cen A v umeeM {i| 9, =n} ¢ D nnst Kaxaoro HaTypasbHOTO 1. Jloka-
3ath, uto MoutHocTs [ 9M;/D pasua kontuHyymy.
ie N
55*. okasaTb, 4yTO eciau D He SIBJSIeTCSl CUETHO TOJHBIM YJIbTpa-

bubTpoM Hax [ 1 JUTs KaXIOro HaTypasibHOro n umeeM {i| 9, =n} ¢ D,
10 [[991;/D umeeT MOIHOCTL He MEHbIIIE KOHTHHYYMA.

iel

56. ITycrtb Bce MM, (ie [) cueTHbl 1 D — CYETHO MOJHBINA yIbTPaA-

¢unbp Han [ lokasate, uto [[9N;/D = R,.
el

57. Ilycth (A; <) — 4YaCTUYHO YMNOPSIAOUYEHHbIE MHOXECTBA
(ie N), mpuueM A; COnEpKUT | MUHUMAaIbHBIX 3JIeMeHTOB. KakoBa
MOIIHOCTh MHO€CTBAa MUHUMAJIbHBIX 3JIEMEHTOB B YJILTPAIpOU3BE-
TEHUN H A;/D, ecnu D — HernaBHbI ynbTpaduibTp Ham JA?

ie N

58*. Jlokas3arb, YTO IJIsI KaXJIOTO OECKOHEYHOTO MHOXecTBa / Ccy-
1ecTByeT Tako puabtp D Han I, uto anst kaxaoro gpuibtpa D, Han
1, comepxamero D, 1 Kaxnoil 6eCKOHEUHO# cucteMbl I

m!/p, 2!
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59. JlokazaTb, UTO AJIs1 11000 OECKOHEUHOM anredpanveckoi cuc-
TeMbl 1 1 11000 TaHHON MOILIHOCTA M CYLIECTBYET YIbTPACTENEHD
cucteMbl ), MOIIHOCTL KOTOPOI GOJIbIIE M.

60*. Jokaszatb, 4TO e€ciiv D) — He CUETHO IOJIHbIN yIbTpaduibTp
Han [ u anreOGpanueckas cucrema )l 6ECKOHEYHA, TO €CTECTBEH-
Hoe Bioxenue ¢: I — M’ /D, 1.e. 9(a) =f/Drae f(i) = a 1ns Bcex
ie I, He OyIeT B3aMMHO OJHO3HAYHBIM COOTBETCTBHEM Mexay DT

u M’ /D.

§ 9. AKCUOMATU3UPYEMbBIE KITACCbI

O06o3HauuM uepe3 K KJjlacc Bcex ajireopanyeckmux CUCTEM CUTHaA-
Typbl 6. Knacc K anredpanyeckux CUCTEM CUTHATYpbl G HA30BEM aK-
cuomamu3upyemvimM, €ciau CyLIecTBYeT ajeMeHTapHas Tteopust T (K)
CUTHATYpBl G Takasi, 4To K eCTb CeMENCTBO BCeX MOmeNeil Teopuu
T (K). Cuctema akcuoM X mist Teopun T (K) HasbIBaeTCs cucmemoil
akcuom ona K.

Krnacc K Ha3bIBaeTCsl KOHEYHO AKCUOMAMUUPYEMbIM, €CIIN CYIle-
CTBYeT KOHeuyHasl cuctema akcuoM miasg K. Kiacc K HasbiBaeTcs yHu-
8ePCANbHO AKCUOMAMU3UPYeMbIM, €CIIA CYLIECTBYET CUCTEMa aKCUOM
s K, cocrosiast u3 V-popmyin. Airedpandyeckre CUCTeMbl 13 KJlac-
ca K oynem HasbiBaTh K-cucmemamu. K-noocucmemoti (K-pacuupenu-
em) maHHou cuctembl )T GymeM HasbiBaTh CHCTEMy M3 Kiacca K,
gapigionyocd noacucreMoit (pacimpenuem) M. Kiace K HasoBeMm
abcmpaxkmubiM, €CIA BMECTE C KaXIoil anredOpanyeckoit cucremoin K
COACPXKUT Bce eil n3oMopdHbIe aareopanueckue cucrembl. CucTeMbl
M =(M;c) u ' =(M’; 6) HA30BEM 21EMEHMAPHO IKEUBANCHMHBIMIL,
€CJIM s JI000ro TMpeaiokeHus: A CUTHaTyphl G

MEASIME A

Orobpaxenue ¢: M — M’ Ha30BeM 21emenmapHbim, €CIIA JUIS JTO-
ooit popmyanl A (xy, ..., X,) U JTOObIX my, ..., m,e M

MEA(my, ..., m) M EA(Q(m), ..., ¢(m,)).

Cucrema )V HasbIBaeTCs 21emeHmapHo éaoxcumoi ¢ N, ecnu cy-
LIECTBYET 3JeMeHTapHOoe oToOpaxenue I B M.

9N HaswiBaeTcs anemenmapioti noocucmemoi N, a M’ — snemen-
mapuvim pacuupernuem N (cumBonmuecku N < IN), ecnu:

(a) 9 — noacucrema N;

(6) ToxmectBeHHoe ortobpaxkeHue N B I’ gBnsgercs smemMeH-
TapHBIM.



$§ 9. Axcuomamusupyemvie Kaaccot 117

ITycte I = (M, c) ectb moacucrema cucteMms! V. ToBopuM, 4TO
IN ecTb nodcucmema, noposxcoennas muoxcecmeom A < M, ecu NN ectb
HaMMeHbllas mmoacuctemMa cucteMsl DU, comepxKaliasgd MHOXECTBO A.

IToomodenvro anzebpauuneckoii cucmemsr N =(M, c) Ha3bIBaeTCA
mobas roamoaens Monenu IN' ={(M; ¢’), rie ¢’ moaydaercs U3 ¢ 3a-
MEHO BceX (PYHKIIMOHAIbHBIX CUMBOJIOB f” Ha MpeIuKAaTHbIE CUMBO-
JIBI Pf’”' 51

M E P (my, oy mymy ) & MEf(my, ym)=m, .

Juazpammoni anrebpanueckoil cucreMbl I =(M; ) Ha3bIBaeTCs
MHoxecTtBo D (9)1), cocraBieHHOE M3 BCEX NCTUHHBIX B 9T aTOMHBIX
MPEMIOKEHHI, OTHOCAIIMXCA K cucTeMe N, U UX OTpULAHUIA:

D (M) =

={P"(my,....,m,) | P"e 6, my,...,m,e M, IME P"(my,...,m,)}U
U{=P"(my,...,m,)| P"e o, m,...meMIMEeE-P"(m,..,m,)}.

Toanoii duazpammoii anredpandeckoil cucremsl I = (M; 6) Ha3bI-
BaeTcsa MHOXecTBO FD (91) Bcex MCTUMHHEIX B )T IIpeIIOXKEHUIA CHUT-
HaTypbl G, OTHOCSIIUXCS K cucteme .

1. Jloka3atb, 4TO KJjacc K; aKCHOMAaTHU3UPYeM.

2. HOKaZ}aTb, YTO OObEIUHEHUE U NMEPECCUCHUE aKCUOMATU3UPYEC-
MBIX KJIACCOB ABJIAIOTCA aKCUOMATHU3UPYEMbIMU.

3. Iyctb K — akcromarusupyemblii kiace, MM e Ku I uzomopdHa
IN. IMoxkasark, uto M’ € K.

4. Ilycte K — akcuomarusupyeMbiii kiace, {ilie I, MM, e K} e D,
rane D yavtpadunbTp Haa . JlokazaTbh, 4TO H IM,/De K.

iel

5. lokazaTb, YTO ecjiu Kjiacc K aaredOpanyeckKux CUCTeM aKCHMoMa-
TU3UPYEM, TO Kitacc K Bcex OECKOHEUHBIX cucTeM U3 K TakkKe akCh-
OMAaTHU3HUPYEM.

6. Ilyctb K — akcmoMaTHM3MpPyeMBIil KJIacc, COAepKallnii KOHeu-
HbI€ CUCTEMBbI CO CKOJIb YTOIHO OOJIbIIMM YUCIOM 3jeMeHTOB. [lo-
CTPOUThL OECKOHEUHYI0 cucTeMy U3 kiacca K. Jlokaszatsh, uto K comep-
KAT OECKOHEUHYIO CHCTEMY MOIIHOCTH KOHTHHYYMa.

7. loka3aTh, UTO HE SIBJSIIOTCS aKCMOMAaTU3UPYEMbIMMU:
(a) KJIacc KOHEUHBIX TPYII;

(6) kJ1acc KOHEUYHbIX abesieBbIX TPYIII;

(B) KJlacC LMKIMYECKUX TPYIIL.
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8. Jlokasarb, 4TO KJIacC MOJIel KOHEYHOMN XapaKTepUCTUKM HeaK-
CHOMATU3HUPYEM.
9. ITycts Ny =(My; <), M, =(M,; <), ... — CEMENCTBO BIIOJIHE YIIO-

PSIIOUEHHBIX MHOXECTB Takoe, yTo M, > k+ 1. JlokazaTb, UTO yJabTpa-

MPOU3BEACHNUE H ; /D BIIONIHE YIIOPSAOYEHHO OTHOCHUTEIIBHO < TOT-
ie N

Jla ¥ TOJIbKO Toraa, koraa D — riaBHbINM yabTpaduisTp. BeiBecTu oTCio-

Jla, 4TO KJIacC BITOJIHE YIOPSIAOUYEHHBIX MHOXKECTB HEaKCUOMATU3UPYEM.

10*. JlokazaTbh, uTo KJacc K aKCHMOMaTU3UPYeM TOTAa U TOJbKO
TOT/Ia, KOIJa OH 3aMKHYT OTHOCUTEIbHO YJIBTPAIlPOU3BEACHUIA U 3J1e-
MEHTAapHOU 3KBWBAJICHTHOCTH.

11*. Jloka3aTh, 4TO 3jieMeHTapHas Teopusi 17 MMeeT MOAeb TOraa
U TOJILKO TOTJA, KOTJA BBLIMOJHUMO KaXJI0€ KOHEUHOE IMOIMHOXEe-
ctBo Ty c T (nokanvnas meopema Manvyesa).

12. doxka3aTh, 4TO JI00asT HEIPOTUBOPEUNBAsT TCOPUST MMEET MO-
nesb (meopema o cyu,ecmeosanuy Mooeall).

13. JJoxa3atb, YTO AJI TOro, YTOOBI Kjacc K ObUI KOHEYHO aKCHU-
OMaTu3MpyeM, HEOOXOAMMO U JOCTaTOYHO, YTOObl K U ero J0IMoJIHe-
Hue K\ K ObLIM aKCMOMATU3UPYEMBI.

14. Tlycts K — KoHeuHo akcnomatnsupyembiii kinacc u [ [ 9;/De K,

iel
rne D — ynerpaduistp Han I. Jlokasats, uto {i| ;e K} € D.

15. ITycth K — akcMOMaTU3UPYEMBI KJIacC, COAepXKalluil KOHEY-
HbIE CUCTEMBbI CO CKOJIb YTOJHO OOJIbIIMM YUCIOM 3jieMeHTOB. [loka-
3aTh, YTO KJIacC OECKOHEYHBIX CHCTeM M3 K He SBISeTCS KOHEYHO
aKCMOMAaTU3UPYEMbBIM.

16. [Joka3aTb, YTO HE SIBJISIFOTCS KOHEUHO aKCMOMATU3UPYEMbIMU
KJIaCCHhI:

(a) OECKOHEUHBIX TPYIII;

(6) OGECKOHEYHBIX YACTUYHO YIOPSIIOUYEHHBIX MHOXECTB;

(B) 0ECKOHEYHBIX JIMHEMHO yIOPSA0YEeHHBIX MHOXECTB.

17. JloxaszaTb, 4TO Kjacc Toyieil xapakTepucTuku () He SBIseTCS
KOHEYHO aKCMOMATU3UPYEMbIM.

18. ITycTb Teopusa T mmeeT OECKOHEUHYIO MOAesb. JJoka3aTh, 4TO
JUTS1 1I000ro 6ECKOHEYHOro KapAMHaAbHOrO YKCia m CYIIEeCTBYET MO-
nenb 1ast T, MOIIIHOCTh KOTOPO# GoJibliie, ueM m (meopema Manvyesa
0 pacuiuperuu).

19. Iycth ms a060ro n e N teopus T MMeeT MOAETb MOLIHOC-
Tu, Oonbiueil n. JlokasaTh, 4TO IJISI JIOOOro OECKOHEUHOTO Kapau-
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HaJIbHOTO YMCJa M CYLIECTBYEeT Moaeb A 7, MOIIIHOCTb KOTOPOit
Oojple, YeM m.

20*. Jloka3aTh, YTO €CJIM KaxJ10e KOHEUHOe 00eTHEHNEe KOHEUHOMI
ronMoneny Moxeau T n3oMophHO BIOKMMO B HEKOTOPYIO MOIEND
u3 kiacca K, To 91 uzoMophHO BIOXUMA B TOAXOISIIEE YIBTPAIIPO-
u3BeaeHue Moaeneit u3 K.

21. Mycts D (ON) ectp mmarpamma cucrteMsl M =(M;c) u
M =(M’";cUM) — monens qiua D (9N). Jokaszars, uto I usomop-
(pHO BiOXUMa B (M, G).

22. Iyctb M =({M; 6) — KoHeuHas ajrebpandyeckast CUCTEMA KO-
HEYHOI cuTHaTyphl. [loKa3aTh, YTO CYIIECTBYeT J-TIpeljioxeHue A
CUTHATYPBI G TAKOE, YTO AJIs J1000i cucteMbl I = (M; 6) A UCTUHHO
B 91 Torma u Toasko Torma, korma I mzomopdHo Broxuma B I,

23. Ilycth 6 — KoHewyHas curHarypa, I, =(M;; o) (ie I) — cuc-
TeMa KOHEUHBIX ajire0panvyecKnX CUCTEM CUTHATYpPhl G M CYILECTBYET
n Takoe, 4to M, < n. Jlokazatb, 4TO ISl Jt0OOTO yabTpaduiabtpa D
Haz [ cywecrsyet jy e [ takoe, uro []90%,/D 0 M.

iel

24. Tyctb 9N = (M; 6) — anreOpanueckasi cucteMa, A — HEMyCTOE
rmonMHOXecTBO M 1 IM;=(M; ) (ie I) — ceMelicTBO BCEX IOICHUC-
teM B M Ttakmx, uyro M, o A. Jlokaszarb, 4TO fUI:(ﬂM,-; c) ecThb

iel
noacucrema B 91, MopoxmaeHHass MHOXECTBOM A.

25. Jlokasath, uto eciu I, =(M,; ) ecTb MOACHCTEMA CUCTEMBI

I, mopoxmeHHas MHOXeCTBOM A, To M, eCTh MHOXECTBO BCeX 3HAUE-

HUI TEpMOB CUTHATYphl G, KOTJa IepeMeHHble MPUHUMAIOT 3Haye-
HUS B MHOXeCTBe A.

26. Ilycts 9 = (M, 6), A — Henycroe nmoaMHoXecTBO M. JloKasars,
yro moacucrema M, MoOpoxIeHHAsT MHOXECTBOM A, MUMEET MOII-

HOCTh He GoJjice ueM max{z, o, NO}.

27. Jloka3aTb, UTO KaXXIbIii aKCMOMATU3UPYEMBbIN KJIAaCC COCTOMUT
U3 OOEAHEHUI anredpauvyeckux CUCTEM HEKOTOPOro YHUBEPCATbHO
aKCHMOMaTU3UPYEeMOro Kjacca.

28. JlokazaThb, 4TO Kaxaasi CuCTeMa U3 aKkCUOMaTU3UPYEMOT0 KJlac-
ca K KOHEUYHOW CUTHATYPhl COOEPKUT KOHEUHYIO WJIM CUYETHYIO
K-toacucremy.

29. Iycth K — aKCMOMAaTU3MPYEMBIii KJIacC, CUTHATypa ¢ KOTOPO-
IO UMEET MOIIHOCTE P, ¥ mycTh I = (M, 6) — HexoTopas K-cucrema.
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Jloka3aTh, YTO Kaxmoe TMOIMHOXeCTBO A ¢ M, mMmerolee MOITHOCTh
m, COIEPXKUTCSI BHYTPU IOIXOIAIIEN K-TIOACHCTEMBI cUCTeMBI T
MOIIIHOCTHU HE BbILLE P + M+ X, (meopema Jleseneeiima—Ckynema).

30. JoxasaTb, 4TO Kaxuas 0eckoHeuHas cucrema N =(M; o) ak-
cMoMaTU3MpyeMoro Kiacca K momyckaeT K-paclimpeHue Jro0oil Ha-

nepea 3alaHHOW MOILIHOCTU, OoJblied M + G.

31*. [TocTpouTh MpUMep aKCUOMATU3UPYEMOTo Kjacca K Takoro,
410 KjIacc K COlepKUT KOHEYHbIE MOJC/IM CO CKOJIb YTOAHO OOIbILIKM
YUCJIOM 3JIEMEHTOB, a BCe OECKOHEUYHbIE MOIEIN U3 K MMEIOT MOIII-
HOCTb HE MEHbII¢ MOLIHOCTA KOHTHHYYMa.

32*. IlocTpouThb MpUMeEp aKCHoMaTHU3UpyeMoro kjacca K Takoro,
yTo B K CYIIECTBYET CUETHAsT MOJENb, a BCE OTIIMUHBIE OT Hee MOAEITHN
kiacca K, aBisiolimecs pacliupeHUsIMU 3TON MOJEIN, UMEIOT MOIII-
HOCTh, HE MEHBIIYI0O MOIIHOCTH KOHTUHYYMa.

33*, Jloka3zaTh, YTO €CJIM aKCHMOMAaTHU3MPYyeMbIil Kiacc K comep-
KAT CHCTeMY MOIIIHOCTH m > X, TO IS JII000To n > 2™ cyliecTByeT
K-cucrema MOIIIHOCTH N.

34. TlpeamnoysioxxuM, 4To CIpaBelIUBa 0000uieHHas eunomesa KoH-
munyyma: Ui TOOBIX KapAMHAIbHBIX YKcea m, n u3 m<n < 2™ cre-
ayer, 9To m =n uian n=2". JlokasaTb, 4TO TOIJA JIJIs 0000 aKCho-
MaTu3upyeMoro kjacca K cripaBeajvBO B TOUHOCTU OJHO U3 CJIEIYIO-
LIUX YCIOBUIA:

(a) MOLIHOCTU KOHEYHBIX CUCTeM M3 K OrpaHMYEeHbl HEKOTOPHIM
HaTypaJbHbIM YUCIOM, U K COCTOMT JMIIb U3 KOHEUHBIX CUCTEM;

(6) MOIIHOCTU KOHEUHBIX cucTeM U3 K OrpaHU4YeHbl HEKOTOPBIM
HaTypaJibHbIM YHCJIOM, U CYLIECTBYET OECKOHEYHOE KapAuHallbHOe
YUCJI0 M TaKOE, YTO IJIsI JII0OOro 6€CKOHEYHOIro KapAMHAIbHOIO YHC-
Ja n kjaacce K comep:XUT MOJEIb MOITHOCTH N TOTAa M TOJbKO TOTIa,
KOrja m>m;

(B) MOIIIHOCTY KOHEYHBIX CUCTeM M3 K He OorpaHMYEHBbI, U CYIle-
CTBYeT GECKOHEUHOe KapauHaabHoe yucio m < 2% takoe, uto K co-
JEPKUT CUCTeMY OECKOHEUHON MOIIHOCTU N TOrjaa M TOJbKO TOTAA,
KOraa m > m.

IIpuBecTu mpuMephl KJIacCOB IIJIsI KaxXXI0ro U3 ciay4daes (a), (0), (B).

35. Jlokaszatb, uto eciu ¢: M — M’ — sjaeMeHTapHOE OTOGpaXe-
HUe, TO @ OJHO-OJHO3HAYHO U JJIs Kaxaoi dopmynsl 4 (xi, ..., x,) 1
JIOOBIX my, ..., m, € M numeeM

MEA(my, ..., m) <M EAQ(m), ..., ¢(m,)).
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36. Ilycte N=(N; <), M=(M;<), tne N — MHOXECTBO HaTy-
panbHBIX 4yucel, M — MHOXECTBO IOJOXWUTEIbHBIX LEIbIX YUCE.
IMokasatk, uro T u I saeMeHTaApHO SKBUBAJIEHTHBI, HO )1 He ABIS-
eTCsl BJIeMEHTapHbIM paciuuperreM 1.

37. Ilycts M — MHOXeCTBO YeTHBIX urcen, N = (M; <), M =(N; <),
rae < — oOblYHBIN opsAnoK. Asnsgerca mu I s1eMeHTapHON TOAMO-
neipio I ?

38. Ilycts R=(D;+,-) — moje OeHCTBUTENbHBIX YUCEI,
C=(APB; +, - ) — none KOMILUIEKCHbIX uncen. dsnsgerca mu € saemMeH-
TapHBIM paciupeHneM SR?

39. JlokazaTb, 4TO AJ1s1 J0Ooro yabTpadunabtpa D Haa [ KaHOHU-
yeckoe otobpaxenue ¢: I — I’ /D, onpeneneHHoe ycioBHeM
o (b)=f/D, rtne f(i) = b nnsg Bcex i € I, IBNSETCS dIIeMEHTAPHBIM BJIO-

1
xenuem N B I’ /D. JokasaTb, 4o ecau Il — KOHeYHass cucrema,
10 @ ecTb usomopdusm M ua M’ /D.

40. Tycts M, =(M,; <) — TUHENHO YIOPSTOUYECHHbBIE MHOXECTBA
(ne N); M, comepxut 2n+ 1 ameMeHT.

(a) IMoctpouth M30MOPMU3M MHOXKECTBA LEbIX uucel (Z;<) B
H IMN;/D, ecnu D — HernaBHbIN ynbTpaduiabTp Ha .
ie N

(6) bynet i1 3TOT U30MOPGHU3M BJIEMEHTaAPHBIM OTOOpaKeHueM?

41. Mycte FD (9N) ectb monnas auarpamma cucrembl N = (M; c)

’

u M =(M";6UM) — monens miasa FD (ON). JoxkaszaTs, uto I site-
MEHTapHO BJioXuMa B (M’; G).

42. JToxasarb, 4TO IJId 1000 GeckoHeuHOi cuctembl IN = (M, o)
1 J11000r0 KapAWHAJILHOTO YKCIa M CYLIECTBYET DJIEMEHTAPHOE pac-
mMpeHne cucTeMbl )T MOITHOCTH, GONBIIEN m.

43. TTycts 90 = (M, o) ectb oncucreMa cucteMsl N = (M ’; o). Jloka-
3aTh, YTO I TOro, 4yToObl IJT ObLIa 21eMeHTapHOl roacucteMoit I,

HEeoOXOAMMO U I0CTATOYHO, YTOOBI JIJ1s1 110001 (hopMyibl A (X, ..., X, V)
CUTHATYPbI G W JIIOOBIX my, ...,m,e M w3 M =Ty A(my, ..., m,, y)
CIIEI0BAJIO CYLIECTBOBaHKE TaKOro me M, uro M E A (my, ..., m,, m).

44. Jloka3aTh, YTO Kaxnass O€CKOHEYHas CUCTeMa KOHEUHOU WU
CYETHOM CUTHATYPHI G SIBJISIETCS 2JIEMEHTAPHBIM paclIpeHUEM CUeT-
HOI CUCTEMBbI CUTHATYPHI ©.

45. Ilyctp M =(M, 6) — OeckoHeuHasa cucrema, Xc M u m —
TakKast MOIITHOCTh, UTO max {0, X, NO} <m < M . [loka3artb, 4TO Cylle-

CTByeT ssieMeHTapHas noacuctema I =(M’; 6) MOLIHOCTM M Takas,
yro Xc M.
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46. ITyctb N = (M, 6) — GeckOoHeuHast CKCTEMA 1 I > max{ﬁ, (=s} Hoka-

3arb, uro I o6mamaeT 3JeMeHTAPHBIM paCIIMPEHNEM MOIIHOCTH M.

47*. Ilycts M, ..., M, , ... — MHOXKECTBO CUCTEM TaKuX, 4to I, ,
€CTb 2JieMeHTapHoe paciupenue 9, wig moboro i JlokasaTh, 4TO
U I, ecThb aneMeHTapHOE paciiupeHue Kaxaoro I, .

1

48*. JloxazaTb, 4yTO Kijlacc K akcMMaTU3MpyeM TOrAa U TOJbKO
Torma, Korna K sBiaseTcs aOCTpaKTHBIM, 3aMKHYTBIM OTHOCHTEJIbHO
VIBTPAIIPOU3BENCHNI U 3aMKHYTBIM OTHOCHUTEJIBHO B3ATHUS 3JIEMEH-
TapHBIX TTOJCUCTEM.

49*. Jloka3aTb, 4YTO Kjacc K CUCTeM CUTHATyphl G YHUBEPCAIbHO
aKCHOMAaTU3UPYyeM TOTNA M TOJBKO TOTIA, KOTAa IS 000 CUCTEMBI
U curHaTyphl G M3 TOTO, YTO KaX/10e KOHEYHOe 0OeTHEHUE KaXI0n
KOHEYHOM MMoaAMOoIenu cUcTeMbI )T M30MOP(HHO BIOXUMO B HEKOTO-
pyio K-cucremy, cnenyer, uyro ) npunHamnexur K.

50. IMoxka3zatp, 4TO Ki1acc K TOrma M TOJBKO TOTAA YHUBEPCAJIbHO
akcumaTtusupyem, korga K SBiaseTcsl 3aMKHYTbIM OTHOCHMTEJIbHO
VJIbTPANpOU3BeIeHU, aOCTPAKTHBIM U HacaedcmeenHsiM (3aAMKHYThIM
OTHOCUTEJIbHO B3SITHS MOJCUCTEM).

51. Ilycte ximacc K akcmomatusupyeMm, a SK — Kjacc CHUCTeM,
nzoMopdHbIX ToacucteMam K-cucrem. Jlokazatb, uTo Kiacc SK yHu-
BEpCAJIbHO aKCHMOMATU3UPYEM.

52*. Jlokasatb, 4TO 1Id TOro, 4to0sl N u DN, GLLIM 21eMEHTAPHO
9KBUBAJEHTHbI, HEOOXOAMMO M JIOCTATOUYHO, YTOOBI CYIIECTBOBAJ
Tako# yabTpaduabTp D Hal MOAXOASIIUM MHOXECTBOM [, ISl KOTO-
pOTo CcylIecTByeT saeMeHTapHoe oTobpaxeHue N B M/ /D.

53. Tokasarb, uto ecau JIT u 901, saeMeHTapHO SKBUBAJIEHTHBI 1
9N koHeuHa, To N, KoHeuHa u usomopdua IN.

54. Jloka3aTh, 4TO ISl TOTO, YTOOBI HEMIPOTUBOpPeUnBas Teopust 1’
OblJ1a TMOJHOIM, HEOOXOAUMO U JOCTATOYHO, YTOObI BCE €€ MO
ObLIM BJIEMEHTAPHO SKBUBAJICHTHHI.

55. Iloka3zatb, UTO KJ1acc MoJesieit KaTeropuuHOM TEOPUU COCTOUT
(c ToyHOCTBIO A0 M30MOpP(U3Ma) U3 ONHOU KOHeUHOIt cucteMbl. (Teo-
pUsl Ha3bIBAETCSl Kameeopu4yHoU, eClIu BCE €€ MOJEIU U30MOP(MHBDI.)

56. Ilycts T — smeMeHTapHas Teopwsl, HE MMeIoIas KOHEUHBIX
MoJiesiell, KoTopasi m-KaTeropuyHa B HEKOTOPOii OECKOHEYHOIH MO -
HocTu m. [okasaTh, yto T — mosiHas Teopus. (Teopusi Ha3bIBaeTCs
m-Kameeopu4Holl, €CIi BCe €€ MOJEIN MOIIHOCTU M U30MOP(QHLI.)
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57. Jloka3aTb, 4YTO TEOPUSl MJIOTHO YIMOPSITOYEHHBIX MHOXECTB
(cm. 3amauy 13 u3 § 5 yactu 1) Ge3 HaMMeHBIIET0 WM HAMOOJBIIETO
3JI€MEHTA SIBJISIETCS ITOJIHOIA.

58. Ilyctb I' — moHOE MHOXECTBO MPEIIOXEHUN CUTHATYPHI G,
I'yoI, 12 — aBa HENPOTUBOPEUYMBBIX MHOXKECTBA IPEATOXEHUM
TaKux, 4YTO BCE MpeAMETHbIe KOHCTAHTHI U3 'y U Bce (PYHKIIMOHAIb-
Hble U NpeIrKaTHble CUMBOJIBI U3 I'; BXOIT B 6. Jloka3aTb, UTO MHO-
xKecTBo 'y U T} HEIIPpOTUBOPEUMBO.

59. Ilyctb ' — mOJIHOE MHOXKECTBO MPEMIOXEHUM CHUTHATYPBI
o, A — npeanoxeHue, BCe MpeaAMeTHble KOHCTAaHTbl KOTOPOTO BXO-
a4t B 6, I' U {4} HenpoTtuBopeuuBo. JlokazaTh, 4TO €cjiv I' BbIIOJI-
uuMo B cucreme I =(M; o), To mHoxectso {A}U FD (IN) He-
MIPOTUBOPEUMBO.

60. Ilycte M =(M; ) ectb obenHeHue cucreMbl I, =(M,; o),
9N, =(M,; ) — snementapHoe pacwupenue J1. JlokasaTb, 4yTO Cy-
LIECTBYET 3JeMeHTapHoe paciiupenue I, = (Ms; ;) cucrembr D, Ta-
Koe, uTo {M5; 6) ecTb syeMeHTapHOe paciuupenue J1,.

61*. Ilycte I' — moMHOE MHOXKECTBO TPEIJIOXKEHUI CUTHATYPHI G,
A — mpennoxeHue CUTHATYphl 6; 2 6, B — MpeaioXeHrue CUTHATYPbI
0,20 U 6;(10,=0, IpUYeM BCE TMpeAMETHbIe KOHCTAaHTbI A U Bce
MnpeaMeTHbIe KOHCTaHThl B BXondT B 6. Jloka3ath, yto eciu 'U {4} u
I'U{B} HenpoTtuBopeuuBsl, To I' U {4, B} HEMpOTUBOPEUNBO.

62. Ilyctb I' — mosHOE MHOXECTBO MPEIIOXKEHUN CUTHATYPHI G,
A — TIpeIOKeHNEe CUTHATYPHI 6, D 6, B — TpemioxkeHne CUTHATYPHI
0,20 U 0,1 0,=0. [loka3arp, uyto ecnu ' U{A} u T'U{B} HenpoTu-
BopeuuBbl, TO I'U {4, B} HeNpoTUBOPEUYUBO.

63*. Ilyctb A — mpenjoxeHue CUTHATYPBl G;, B — mpengoxeHue
curHatypsl 6, u - (A> B) B UIl, a = A4 u B HeBbiBoaumMbl B UII.
Jloka3aTb, UTO G =0, ()0, HEMyCTO U CYIIEeCTBYeT mpemaoxeHue C
curHatypbsl 6 Takoe, yto (4> C) u +(C> B) B UIl (unmepnoas-
yuoHuas meopema oas HII).
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TEOPUA ANIFTOPUTMOB

§ 1. YACTUYHO PEKYPCUBHbIE ®YHKLUN

Bynem usyuyath uacmuuwusvie yucaogvie ¢ynkyuu f"(x, ..., X,)
(n=1,2,..), T.e. GyHKUMHU, ONpeAeeHHbIe HA HEKOTOPOM TMOAMHO-
xectBe M c A" ¢ HaTypaaibHBIMU 3HaYeHUSAMU. I JITI0GBIX
a, ..., a,€ N 1 mobbx GyHkuuit fX n g* numem fag, ..., a;) =
=g(a;, ..., a;), ecv 3HaYCHHUE f(ail, s @) 1 g(a, ..., q;) HE Ompe-
JieJIeHbl WX 3TU 3HAYEHUsI OMpeesieHbl 1 COBMAAAloT.

n-mecTHasgs GyHKUIUS f” (X, ..., X,) Ha3bIBaeTCS 6Ciody onpedeneH-
Hotl, ecr &= AN".

Crenytolme BCIOAY oTpeaeaecHHbIe (DYHKIIMU HAa30BEM Apocmeil-
Wumu:

s'(xX)=x+1,
o' (x)=0,
L) (x1, ..., X,) =X, (npu 1 <m<n).
Bynem roBoputb, 4TO (QyHKIIUS

R (xpy e X)) =87 (" X1y s X)s woes S (X1 ovs X,0)

MOJIy4aeTcss C MOMOIIBIO onepamopa cynepnozuyuy U3 GyHKUuin g,
S o f. CkaxeM, 9TO (PYHKIIUS

h"(x), ..., x,) =g" (1}, ..., t,)

IOJIy4aeTcsl ¢ IOMOILUBIO onepamopa noocmanosku U3 (GyHKIUNA g,
Jis woos Jonr €CTH 1;= £ (X, ..., X;), TIE X; €CTH OJIHA U3 IEPEMEHHBIX X1, ..., X,
W f; €CTh OJTHA U3 MTePEMEHHBIX X1, ..., X, .

CkaxeM, uto dyHKumsa f**' (x,, ..., x,, ¥) monyyaerca u3 (GyHK-
umit " (xy, ..., x,) " h"*2 (x, ..., X,, ¥, 2) C TIOMOLLbBIO onepamopa npu-
MUMUBHOU peKypcuu, €CIA OHAa MOXET ObITb 3adaHa cXeMou NpuMU-
MUBHOLL peKypCUul:
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fn+l(xl’ ooy Xps 0) = gn(xla seey xn)a
fn+1(xla vy Xy Y+ l) = hn+2(x]5 v Xy Vs fn+l(xl’ cees Xy y))

Jist n=0 cxemMa NPUMUTUBHON PEKYPCUM UMEET CJIECAYIOIIMMN BUI:

{f 0)=a,
S+ =g, f¥),

re a — MOCTOsSIHHasI OJHOMEeCTHasl (DYHKIMSI, paBHAsI YUCITY a.

Bynem rosoputb, uto GyHKuus [ (X, ..., X,) HOJy4yaeTcs U3 PyHK-
mun g" ' (X, ..., X,, ¥) C TIOMOIIBIO 0Nepamopa MUHUMU3AYUU
(u-onepamopa), u 0603HaYaTH

ff'l (xl’ (LS xn) =uny [gn+1 (xla LK xn’ Y) = O]a

€CJIM BBITIOJIHEHO ycioBue: f” (X, ..., X,) ONPEIeJIeHO W PaBHO ) TOT-
Ja U TOJIbKO Torjaa, Korma g(xi, ..., X,, 0), ..., g(xq, ..., x,, y— 1) on-
peneneHbl U He paBHbI 0, a g (xy, ..., X,, y)=0.

®dynakuusa f” (xi, ..., X,) Ha3BIBACTCSI APUMUMUBHO DPEKYPCUBHOU

(npgh), ecnu oHa MOXKET OBITH IOJydeHa M3 MpOCTeUIIUX (PYHKLMIA
C TIOMOIIIbI0 KOHEYHOro YHMcjia MPUMEHEHMI OIepaTOpOB CYIIePITO-
3ULMA U TPUMUTHBHON PEKYPCUH.

®yakyst " (xy, ..., X,) Ha3bIBaCTCS 4acmu4Ho peKypcusHol (4pgh)
WV YACMUYHO 8bI4UCAUMOI, €CITT OHA MOXKET OBITh TTOJIydeHa U3 TPOo-
CTeUIMX (PYHKIINIA C TTOMOIIBIO KOHEYHOTO YK CIIa TPUMEHEHUI OTTe-
paToOpoB CYMEePIO3UIINHN, TPUMUTHUBHON PEKYPCUN 1 MUHUMM3AIINM.

Oyukuusa f" (xy, ..., X,) HasblBaeTCs odwepexypcugHoi (opgp) win
BbIMUCAUMOL, €CJIA OHA YAaCTUYHO PEKYPCUMBHA M BCIOAY OIIpejesicHa.

I'oBopum, uto yukuus f” (xi, ..., x,) Mojydaercss u3 GHyHKLIUHA
g" " (xy, ..., X y) 1 h"(xy, ..., X,) C TOMOILBIO 02PAHUHEHHO2O
w-onepamopa, ecma wy [g" "' (xq, ..., x,, ¥) = 0] onpeneneHo mus Beex
X1, ..., X, 1 He Oosbllue, 4yeM h (xq, ..., X,), U

n+1

fn(xlsm’xn):pvy[g (x],...,x,,,y):O].

T'oBopuM, uto dyHkuus /"' nmonyuaercs uz g” A"+ 4!, .., ¢!
6036pamuoll pexypcuell, eCI OHa MOXET OBITh 3aJaHa CXEMOI:
Ny, e X, 0) = g7(Xy, ooy X)),
fn+1(xla vy Xy, Y 1) = hn+s+1(xls cees Xy Vs f(xla cees Xy tl(y + 1))3
eeey f(xla cees Xpps ts(y + 1)))’

rne LY+ 1)<y, ....t,(y+ 1)<y
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Hcnonb3yeM o0603HaUeHUE

ffl (xla "'5xn) =Hy [g('xl’ ""xna Y) =h (x]’ ~"9xn’ y)]s

eCJIv BbIMNOJIHEHO ychoBue: [ (xq, ..., X,) OIpPEAEIEeHO U PAaBHO ) TOT-
Ja U TOJbKO Toraa, koraa g (xi, ..., X,, i) u h(xy, ..., X,, i) omnpeaene-
Hbl gas i=0,1,...,y, HO g(X|, ..., X, D #h (X}, ..., X,, [) IpU i<y U

g(-xla eeey xm y) = h (xls “eey xns y)
ITomoOHBIM 00pa3oM MCIIOJB3YIOTCS 0003HAUCHUS:

Hy [g (xla "'7xn5 y) ;éh (x17 "'7xn7 J’)],
p'y [g ('xla "'axns y) < h (X], '~'3xn5 y)]:v

Hy[g(-xl, “'s-xna y) <h (x]a '~‘3xn7 y)]’ n T.Oo.

Bynem rooputh, uyTo dyHKUM f(X) TTOayIaeTcsa u3 PyHKIINM g (x)
C MoMouIblo umepayuu, 1 0603Havath f(x)=1ig (x), eciu

{f 0)=0,
Sx+1) = g(f(x)).

Bynem ropoputs, uto yHKuMs f(x) moaydaetcs U3 pyHKUUU g (X)
C TIOMOIBIO obpaujenus, 1 0603Ha4ath f(x) =g ' (x), ecau

S =nylgy) =x].

Ilyctb G — HEKOTOPOE CeMEMCTBO #-MECTHBIX YaCTUUYHBIX (DYHK-
mit. @yukumio F"*! HasoBeM yrusepcarvhoii gpynxyueii ona G, ecnu

G={F@0,x,...,x,), F(1, Xy, ..., X,), ...}.

1. JoxkazaTb, 4To J100ast MPUMUTUBHO PeKypcUBHas (DYHKIIUS BCIO-
Iy oIpejesieHa.

2. HokazaTb, uyto ecnu (pyukuus f”(xi, ..., X,) TPUMUTUBHO pe-
KypCHBHA, TO cjemyionie (GyHKIUA MTPUMHUTUBHO PEKYPCUBHBI:

@) fi (x1, X9, ..., X)) =f(x2, X1, ..., X,) (TIEpecTaHOBKA apTyMEHTOB);

©) £ (x1, %9, ..., X)) =f(xy, ..., X, X;) (LMKIHMYECKAs] MEPECTAHOB-
Ka apTyMEHTOB);

®) f5(x1y .oy X, X 1) =f (x4, ...y X,,) (BBeIEHUE (DUKTUBHOTO apry-
MEHTA);

(r) falxy, ooy x,_ 1) =f (x4, X4, ..., X,_1) (OTOXIECTBICHUE apTyMeH-
TOB).

3. Kakue pyHKLIMY MOTYy4at0TCsl U3 MTPOCTEHILMX C TIOMOILBIO JIUIIb
CYIIe PIIO3U LI ?
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4. Jlokasatb, 4To U3 0' U I,' C TIOMOIIBIO CYNEPIO3ULIUIL U CXeM
MIPUMUATHBHON pEeKypCUU HEJb3sT TOMYyINUTh QYyHKIUK X + 1 1 2x.

5. Joxaszarb, 4TO cieayiolne (pyHKIUA TMPUMUTUBHO PEKyp-
CUBHBI:

(@ f(x)=x+n;

6) f(x)=n;

(B) f(x,y)=x+y;

(r) f(x, y)=x-y;

(m) f(x,y) =x"(3mecp 0°=1);

(e) f(x,y)=x! (3mech 0!=1).

6. Kakast (pyHKLIMS nonyvaeTcst U3 g U A C TOMOILbIO CXeMBbI TTPU-
MUTUBHOM PEKYpPCUMU:

(@) gx)=x, h(x,y,2)=2%

(6) g(x)=x, h(x,y,2)=x7?

7. Jlokazatb, 4To cieayiomne GyHKIUA TPUMUATUBHO PEKYpPCUBHEI:

0, ecmmx=0,

a) sg(x)=
(a) sg (x) 1, ecmmx>0;
_ 0, ecmax>0,
(6) sg(x)= o
I, ecmux=0;
(8) x= 1= 0, ecmn x =0,
x-1, ecmmx>0;

ecm x <y,
X—y, eclux>y;

(r) x=y= {O’

(m) [x-yl;

(e) max (x, y);

(k) min (x, p).

8. loka3zaThb cieayiolire paBeHCTBa:

(@ x=y=s5(x)=s5();

©) x+(y=x)=y+(x=y);

(B) x=(y+2)=(x=y) =2

(r) x=y)=z=(x=2)=y.

9. Myctb g" !, 0", ™ NPUMUTUBHO peKypcUBHBIEe yHKIMH. JloKa-
3aTh, YTO Cieayrole GyHKINU MPUMATUBHO PEKYPCUBHBI:

Xpsl

(a) fn+l (xla coes Xpy xn+1) = 2 g(X], cees Xy l),

i=0
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4
. g(xqy, ..., X,,0), ecim y<z,
(6) /"2 (X1 wory Xy ¥, 2) = 2 "

0, ecnm y > z;
(B) fn+m (Xl, eeey xns Yis ooy ym) =
By s Ym) )
_ g(xl’ ooy Xpps l), ecin a(yly ceey ym) < B(yla “eey ym),
i=0V1y s Yim)
0, B OCTaJIbHBIX CJIy4Yasix;

Xpil

(F) fn+1 (xl’ ooy X xn+l) = Hg(xla ceos Xy l)a

i=0

z
g(xy, ..., x,,0), ecmy<z,
(H) fn+2(xl""axmyaz)= ll:)[] !

0, ecim y > z;
(€) 7" (X)y cees Xy Vi eoes Vi) =
Bty sy Vi) )
_ g(xls ey Xy l)s €CJin (X(y]s () ym) < B(yl’ () ym)s
T Y=oyt s Vi)
0, B OCTaJIbHBIX CJyYasx.

10. JTokazaTb, 4TO ec/u f MojiyyaeTcsl U3 MPUMUTUBHO PEKYPCHUB-
HBIX (YHKUMA g U A ¢ TTOMOIIIBIO OFPaHUUYEHHOTO L-oTepaTopa, To f
IIPUMUTUBHO PEKYPCHUBHA.

11. Iycte ¢pyakumm fy", £;", ..., [ obramaroT CIeAyOIINM CBOIi-
CTBOM: JIJIST JTIOOBIX HATYpaJbHBIX 3HAYEHUH X, ..., X, OOTHA W TOJHKO
onHa M3 3TuX QyHKIuWi paBHa 0. CkaxeM, 4yTo QYHKIUSA &' KycouHO
3adana, ecin

(XL, ety X)) = e

JokaszaTb, 4yTo ecinu GyHKuMu Ay, ..., A, fi, ... fi IPUMUTUBHO pe-
KYPCHUBHBI, TO g" INPUMHUTUBHO DPEKYPCHUBHA.
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12. Toxa3aTh, 4TO clieaywonine GYHKIMUA TPUMUTHBHO PEKYp-
CHUBHBI:

X X
(a) [—] — YacTHOE OT JEeJIEHUS X Ha y (SHCCB [6] = x};
y

(0) rest (x, y) — ocrTaTok OT jejieHUsT X Ha y (3mech rest (x, 0) = x);

(B) T(x) — yucno genuteneit yucna x, rae 1 (0)=0;

(r) o (x) — cymma genuteneit yuciaa x, rae o (0) =0;

(m) 1h (x) — uncno mpocThix genuteneit uucna x, rae lh (0) =0;

(e) m(X) — 4YKMCI0 MPOCTHIX UMCEJ, HE MPEBOCXOMASIIUX X;

(k) k(x,y) — HaumMeHbllee OOllee KpaTHOE UMCENl X U Y, Tae
k(x,0)=k(0,y)=0;

(3) d(x,y) — HauboJbLIMI OOWIMI AeaUTeNb YUCEN X U ), TAe
d(0,0)=0;

(1) p (x) — x-e mpocroe uucio (p(0)=2, p(1)=3, p(2)=3, ...);

(k) long (x) — HOMep HaMOOJIbILIETO MPOCTOrO AEIUTEIS Yucia X;

(1) ex (x, y) — mokazaTesb CTeMEHU X-TO MPOCTOro yucia p (x) B
KAHOHMYECKOM pa3oKEHUM Ha IMPOCTble MHOXMWTEIW 4ucaa y, Tie
ex (x,0)=0;

o [Vx];

(H) R/;], riue [Q/;]=x;
(0) [x2];

(m) [e-x]

(p) [e*];
(c) CY (Buecy CY=1 npu y<x).

13. (a) doka3aTb, YTO (PyHKLIUS

(x+ y)2 +3x+y

2
(kanmopoeéckas Hymepyouwias (PYyHKYUs) OCYIISCTBISIET B3aMMHO O/I-
HO3HAYHOE COOTBETCTBUE MEXIY N ‘u (HyMepyeT mapbl HaTypajb-

HBIX YMCe).
(6) Ilycth /(x) 1 r(x) TakOBBI, UTO

c(l(x), r(x)=x.
Hoxka3zatb, 4yto [ (x) 1 7 (x) MPUMUTUBHO PeKypcuBHbI U [ (¢ (X, y)) = X,

r(c(x, )=y
14. 115 xaxmgoro # > 1 onpeaenum GyHKIAT

c(x, y) =

1
c (xl) =X,
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1
(X, Xy X3y ey Xy 1) =€ (€ (X1, X0),s X3y eeey Xy )

(cM. 3agauy 13).
Ilyctb ¢,; (1 <i<n) TakoBbl, 4TO ¢"(Cy (X), ...y Cpy (X)) =X
(a) Hoxa3aTh TOXIeCTBa

Ci(c" (Xp, oo, x,))=x; 1051 1 <i<n.

(6) Jdokaszatb, 4T0 (YHKUIMU c” U ¢,; TIPUMUTABHO PEKYPCUBHBI.

(B) Joxazatb, yto GyHKUMU ¢” (x|, ..., X,) OCYIIECTBISIOT B3a-
MMHO OJHO3HAYHBIE COOTBETCTBUS MeXny A" u N (HyMepyIoT Kop-
medicy HATYPaJbHbBIX YKCE IJUHbI 7).

15. Kak 13 0IHOMECTHBIX YaCTUUHO PEKYPCUBHBIX (DYHKIMI U (DYHK-
muit ¢ "(x, ..., X,) TTIOJIYy4UTb BCE YACTUIHO PEKypCHUBHBIE QDYHKIIUM?

16*. HazoBem omHOMecCTHYIO (GYHKUMIO f(X) ¢yHkyuell 6016020
paszmaxa, ecjiv OHa KaxIoe HaTypalbHOE YMCIO MPUHUMAET B Kaye-
CTBE CBOETO 3HAUYEHUSI OECKOHEYHOE YMCIIO pa3.

(a) MycTp mapa byukumii {f; (x), f, (x)) oTobpaxaer A Ha A 2. Jlo-
Kas3aTh, 4TO f| (x) U f, (xX) — (GyHKLUUMU OOJBIIOrO pa3maxa.

(6) Ilyctb f; (x) — npousBoJibHasi NPUMUTUBHO PEKYypPCUBHAas
(byHK11Ms 6onb1IOr0 pazMaxa. [1ocTpouTh MPUMUTUBHO PEKYPCUBHYIO
pyHkuuio f (x) tak, 4yToObl GyHKUMU f; (X) U f (X) OCYLIEeCTBISIU
B3aMMHO OJIHO3HAYHOE COOTBETCTBUE MexXay A 1 N 2.

17*. Paccmotpum @yuryuro [édens
Bx,y,2)=rest(x, 1 +y(z+1)).

Jloka3zaTh, 4TO, KakoBa Obl HM OblIa KOHEUHAsl ITOCJIEI0BATEIIb-

HOCTb HATypaJbHBIX 4Yucel a,, ..., 4,, CUCTCMa ypaBHeHI/IfI
B(Xa Y, 0) = Oy,
B(x7 y7 n) = a‘}’la

MMEET 10 MEHbILEH Mepe OIHO PElIeHHuE X, Y.

18*. Jlokazatp, 4To ecnu (pyHKUIUM g, A, f,, ..., t, IPUMUTUBHO
PEKYPCUBHEI U f TIOJyJaeTCs M3 HUX BO3BPATHOM peKypcueit, To (hyHK-
uus f IPUMUATUBHO PEKYPCHUBHA.

19. Jloka3atb, 4TO QYHKILIMS, TIEPEUUCAIONIAS 10 TTOPSIAKY YMCIIa
dudonayyu:

{f(0)=0, f=1,
fn+2)=f(m)+ f(n+1),

MMPUMUTHBHO PEeKypCHUBHA.
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20. ITycth GyHKIINU f 1 g OTIpeAesIeHBI CISAYIONINM 00pa3oM:

f(0)=a, g(0)=0b,
fGe+1) =h(x, f(x), g(x)),
gx +1) = hy(x, f(x), &(x)).

Hoka3zatb, 4To eciu (pyHKUUU A, U h, TPUMUTUBHO PEKYPCUBHBI,
TO (PYHKLUUU [ U g€ MPUMUTUBHO PEKYPCUBHBI.

21. Mycts f;"*Y, ..., "' onpenenaeHbl ¢ MOMOIIBIO cO8MECHIHOI
pexypcuu:

j;'n+l(xla cees Xppy O) = gin(xls ceey xn)s
ﬁnJrl(xla o X, Yt 1) =
= h?+k+l(xla v Xy Vs fi(xls ceos Xppy y)s [XX$) .ﬂc(xla s X y))

s Beex 1 <i<k.
Hoka3zatb, uto ecnu ¢GyHKUUU g, ..., & , H, ..., h; TPUMUTHUBHO
PeKypCUBHbBI, TO QYHKLUHU fi, ..., fr IPUMUTUBHO PEKYPCUBHHBI.

22. Jloxa3aTh, YTO BCSIKas IMPUMUTHMBHO DPEKYpPCUBHAsT (DYHKIIMS
00IIIepeKypCUBHA.

23. (a) JokaszaTh, 4TO CYMNEepITO3ULIHS OOIIEPEeKYPCUBHBIX (DYHK-
LI eCTh O0lepeKypCUBHAS (YHKIIUS.

(6) lokazaTb, 4TO, MPUMEHSST OMEpaToOp MPUMMTUBHON PEKYp-
CHUM K 00ILepeKypCUBHBIM (DYHKLMSIM, MBI ITOJYYMM OOIIEPEKYPCUB-
HYI0 QYHKLMIO.

(B) IlpuBectr npumep oOIIEPEKYPCUBHON (DYHKIIUU, U3 KOTOPOU
C TIOMOIIIBIO U-OTIepaTopa ToJydaeTcss (DYHKIMS, He SBISIOIIasiCs
00ILLEPEKYPCUBHOIA.

24. Jokaszatb, 4yTo ecau (pyHKuMs f(xi, ..., X,) YaCTUYHO peKyp-
CHUBHa, TO ClIeayiolre QYHKIINY YaCTUIHO PEKYPCHUBHBI:

) f; (x1, X9, ..., X)) =f(x2, X1, ..., X,) (TIepecTaHOBKA apTyMEHTOB);

©) f(x1, x5, ..., X)) =f(x2, ..., X, X;) (UMKIMUECKAs] MEePECTAHOB-
Ka apryMeHTOB);

(B) f5(x1, ...y Xy, X41) =f (x4, ..., x,) (BBeAEHUE (PUKTUBHOIO ap-
TYMEHTA);
() fa (X1y vy Xy 1) =S (X1, Xy +evy X,— 1) (OTOXAECTBIEHNE APTYMEHTOB).

25. Jlokasatb, 4ToO:
(a) cyliecTByeT B TOYHOCTH X YACTUYHO PEKYPCUBHBIX (DYHKIIUIA;
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(0) cymecTByeT YacTUYHAsA YMCIOBasT (DYHKIIMS, HE SIBIISTIONIASICS
YAaCTUYHO PEeKYPCUBHOI;

(B) cyulecTByeT BCIOAY OIpelnesieHHas 4yuciaoBast (PYyHKLUs, He
SIBJISTIONIASICST OOIIEPEKYPCUBHOMM.

26. /loxa3aTb, 4YTO YACTUYHO PEKYPCUBHBI Clieaylolne GYHKINN:

(a) Huede He onpedesennas ynkuyus o, T.e. PyHKUUS ® C MYCTOMU
00J1aCThIO OIIpEeACICHUS;

X—y, €ClIU X =Y,

(6) f(x,y)={

HE onpeacjcHa B OCTaJIbHbIX ClIy4dadax,

X
=, ecnd y [IEIUT X,

(®) [, y=1Y

HE OIIpEaciCHa B OCTAJIbHbIX CJIy4dyasX,

2, ecmd 2¥ = x,

(™) f(x,9)= {

(1) dyHKIM, onpeneieHHas B KOHEYHOM UYMCJIE TOUuek.

27. Iloxasatb, uto ecnu ¢yHkumu g"* ', A"*' u t"*! yactmuHo
PEKYPCUBHBI, TO CIIEAYIOIINe (PYHKIIMA YaCTUYHO PEKYPCHUBHBI:

(@) nylg e, oy X0 ¥) =1 (x15 ooy X VS

) nylg(xp, ..oy X ¥) 2 h (X1, oo, X, V)5

(B) uylg (X1, ..o Xy ¥) Sh (X1, s X, W]

(1) Ly lg(xp, ooy Xpy ») <h (X1, oy X, )]

() wylgx, ooy X ) =0 1 h(x, ..., x,, y) = 0];

) nylgx, ..., x, )=0 umu h(xy, ..., x,, ¥) <t (X1, ...r X, V).

28. Jloka3atb, uTo (yHKIMA f"* ' BO3HMKaOMmAs M3 YaCTHMYHBIX
byHKLIUit g" 1 A"*? ¢ MOMOIIBIO OIepaTopa MPUMUTUBHON PeKyp-
CHU, MOXET OBITb IMOJIydeHa C TOMOIIBIO CIIEHUaAbHON PEKYPCHU
BUIA:

He ompenesieHa B OCTaJbHBIX CIIydasix;

{F (x,0) =x,
F(x, y+1) =G(F(x, y))
U cymeprno3unuii u3z ¢dyskumit g” h"*% o, s, I, u c, I, r u3 3ana-
yu 13.

(6) doka3atb, uro GyHKIUS f(X), moxydamascsa u3 a u h (x, y)
C TIOMOIIIBLIO OTIepaTopa MPUMUTUBHON PEKYPCUM, MOXKET OBITh TTOJY-
YyeHa ¢ TTOMOIIBI0O UTEepalliy M CYIepIo3nnuii 3 GyHKIHUR a, h, o,
s, I, w ¢, I, r u3 3amaun 13.
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29. [okaszaTh, 4To (PyHKUMA f” Todydaromasics W3 YaCTUYHOM
dyHKIMK g" "' ¢ TTOMOIIBIO -0mepaTopa, MOXKET OBITh TTOTyYeHA U3
dynkuwnii g, I,) u ¢, [, r u3 3agaun 13 ¢ MOMOLIBIO CyNEPNO3ULNIA U
U-oTepaTopa CIelaJIbHOTO BUJA.

F(X)=uy[G(x,y) =0].

30*. JokasaTb, uto MyHKIMA /"', momyyaromascs ¢ MOMOLIbIO
oriepaTopa MPUMUTUBHOM PEKYPCUM U3 BCIOAY OIMpeaeIeHHBIX (PYyHK-
muit g" u h"*2 MoxeT GbITh MOAyYeHA U3 STUX DYHKLUI U PYyHKIIMIT
+, =, 8,0, I uc, [, r, B uszamay 13, 17 ¢ MOMOLIbIO CYIEPIO3ULIUIA
1 U-olepaTopa CIelMaIbHOTO BHMIA U3 3amaqyu 29.

31. (a) Mycts /2 = ay, a,a,, ... — pa3noxeHne gucia v 2 B 6ecKo-
HEUYHYIO JeCSATUYHYI0 ApoOb. JloKa3aTh 00IIEepeKypCUBHOCTb (DYHK-
11U a,.

(0) Ilyctb e = ay, a;a,, ... — pa3IOXEeHUE YUC/IA e B OECKOHEUHYIO Jie-
CATUYHYIO 1po0b. JlokazaTh 0OIIEPEKYPCUBHOCTDL (DYHKIUU ,,.

(B) Ilyctb 7t = ay, a;a,, ... — pa3jioxXeHUe yuciia T B 0ECKOHEUHYIO
JNECITUUYHYIO0 Npo0b. lokazaTh 001IEPEKYPCUBHOCTh PYHKIUU a,,.

32*. [lyctb o = qy, a,a,, ... — pazaoxeHUe AeHCTBUTEIBHOTO YKCIa O
B OECKOHEUHYIO IeCATUUHYI0 1po0b. HKUcI0 o0 HAa30BEM obuiepexypcue-
HbM (KOHCMPYKMUBHbIM), €CIIU @, — OOLIepeKypCUBHAsST (DYHKIIMS OT
n. Jlokasatb, 4TO ajredpanyecKue Yucia o0IIepeKyPCUBHBI.

33. Joka3aTb, YTO:

ax

(a) i(ax+b)=>b- npu a>1;

o [}
o oo [ ]

(r) i(sgx+2x)=2"""= sg x;

(m) i(x+1+vV4x+1)=x+x;

(e) i(x+1+ 2[&]) = x%

34*. Jloxa3aTb, 4YTO clieAytomue (GYHKINA MOTYT OBITh TTOJyYeHBI

2
u3 GyHkuui s(x)=x+1u g(x)=x= [\/;:I C TOMOIIBIO OTIepalnii

ITOJCTAHOBKM, UTEPAlUUA M CIIOXKECHUS OBYX (DYHKIIMIA:
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(a) ]mn (xla "'7xn);
(6) o (x);

(B) sg(x);

(r) sg(x);

(m) ax+ by + c;
(e) x7;

(%) [ﬂ
e [Vx]:
(n) x-y;
(k) x=y;
(1) c(x, y);
(M) 1 (x);
(H) 7r(x).

35*. loka3aTb, 4YTO BCSKasl MPUMUTHBHO PEeKypCUBHAS (DYHKIIUS

MOXeT OBbITh MoayyeHa U3 PyHKUui s (x)=x+1u g(x)=x~= [\/; ] ? C
TTOMOIIIBIO OTIePALINi TIOACTAHOBKY, NTEPALIMK M CJIOKEHMS IBYX (PYHK-
uuit (meopema P. Poburcona).

36. JlokasaTh, UTO:

@ L' (f())=f(L'()) =f(f" (f()) =F(%);

©) U N =" ).

37. Joxa3aTb, YTO:

(a) ecnu f' (x) onpeneneHa B Kakoil-HUOYAb TOUKE @, TO

f(f @) =g

(6) ecim f' (x) Bciomy ompenesneHa, TO
S o) =1

(B) cymecTByeT f(x) Takasi, 4To f ' (x) BCIOLY OIpeneieHa, HO
[ @) 1 ().

38. [loka3aTb, 4TO:

@ (x+1)'=x-1;

6) (0(x)"'=0-x;
X

() (2x)" =75

(r) (xz)fl = x;
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1

() ( H] - s

(e) ([4’/?])_1 = x";

2
(%) ¢~ (x)= X+[XT+1} , TIe g (x)=x= [\E]z;
) ¢ (2x)=x2+2x;
m) ¢7' Qx+1)=x2+4x+2;
(K) ¢ 2x+2p) = (x+p)* +2x+2y.
39*, Jloka3aTh, 4TO cieAymolmne GYyHKIMA MOTYT OBITh TTOJIYYeHBI
u3 GyHKIMi s (x)=x+1 1 g(x)=x=- [\/7 ] ? ¢ HoMoIIIbIo onepartuit

MOACTAaHOBKM, OOpalleHUs] U CIOXKEHMS ABYX (DYHKIIMIA:
(a) Imn (.X'], ceey xn);
(6) o(x);
(B) sg(x);
(r) sg (x);
(m) ax+by+c;
(e) x?;

x .

o0 |3

e [Vx];

() x-y;

(K) x=y;

(m) c(x,p);

(M) 1(x);

(H) 7 (x).

40. Iyctb f(x) =uy |4 (x, y) =0]. Joxa3aTb, 4To f(X) MOXET OBITH

2

nojiyueHa u3 A, s (x)=x+1u qg(x)=x= [\/;] ¢ TIOMOIIIbIO Orepa-
U TTOJCTAHOBKM, OOpaIlleHUs W CIOXEHUS IBYX (DYHKITWIA.

41*. Jloka3aTb, YTO BCsIKasl YaCTMYHO peKypcuBHas GYHKLIUSI MO-

2
KeT ObITh mojyyeHa u3 s(x)=x+1, g(x)=x= [\/;] C TMOMOIIBIO

omepalrii MOACTAHOBKM, OOpAaIleHUSI M CIOXECHUS ABYX (YHKIIWIA
(meopema 1O. PobuncoH).
42*, PaccMOTpuUM cieaylouue gyukyuu Akkepmana:

B(0,y)=2+y;
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B(x+1,0)=sgx;

B(x+1,y+1)=B(x, B(x+1,y));
A(x)=B(x, x).

HazoBem Bcrogy omnpeneneHHyo GyHkuuio f(x, ..., x,) B-maxnco-
pupyemoii, eCi CyIIeCTBYeT HaTypajJbHOE YMCIIO /M TaKoe, UTO

f(xq, ...y x,) < B(m, max(xy, ..., x,,) + 3).

Jloka3aTh, 4TO:

(@) B(x,y) n A(x) oOlIepeKYPCUBHHI;

6) B(n+2,x+1)=2"1;

(B) B(n+1,x+2)2B(n+1,x+1);

(r)y B(m+2,x+3)2B(n+1,x+4);

(n) mpocreiiliune QyHKUUMU B-MaXOpUPYEMBbI;

(e) byHKUMS, MOJyYeHHas] C MOMOIIbIO CYMEPHNO3ULIUUA U3
B-MmaxopupyeMmbix QyHKLMI, B-Maxopupyema;

(k) dyHKLMS, MOJyYeHHas] ¢ MOMOIIbIO MPUMUTUBHON peKyp-
CUM U3 B-maxopupyembiXx QYHKIIUI, B-Maxopupyema;

(3) yHKLMS A HE SABASIETCS MPUMUTUBHO PEKYPCUBHOIA.

43. Jloxa3aTb, 4TO He CYLIECTBYET IPUMUTUBHO PEKYPCUBHOM (PyH-
KLY, YHUBEPCAIbHOMI I ceMeNCTBa BCeX N-MECTHBIX PUMUTUBHO
PEKypPCUBHBIX (DYHKITIIA.

44. JIokazaTb, YTO HE CYIIECTBYET YaCTUUHO PEKYpPCUBHON (DYHK-
LIMKM, YHUBEPCAJILHOUN ISl ceMeicTBa BCEX M-MECTHBIX OOIIepeKyp-
CUBHBIX (DYHKIIMMA.

§ 2. MALLUHbI TBIOPUHTA

Mawuna Teropunea T TIOTHOCTBIO OTIpeAEsIeTCS:

(a) snewnum anpasumom ./={ay, a,, ..., a,} (tne ay=0, a;=1);

(0) aagpasumom enympennux cocmosuuii Q=1{qy, qi, ---, G}

(B) npoepammoti, T.e. COBOKYNHOCTbhIO BhIpaxXeHuut 7 (i,))
(i=1,...,m;j=0, .., n), Kaxaoe U3 KOTOPbIX UMEET OJUH U3 CJIeAYIO-
WX BUIOB: q,a; — qxd;, q,4;— qxa; R, q,a,— qpa;L, tne 0<k<m,
0 < /< n. BoipaxeHust T (i, j) Ha3bIBAIOTCSI KOMAHOAMU.

Mawunnbim cr06om WM KoHgueypayueli Ha3bIBAeTCS CIOBO BUAA
AqaB, tne 0<k<m, 0</<n, Au B — cinoBa (BO3MOXHO, MyCThI€)
B ajaBure .o/ [Tuiem a;° 1t 0003HAYEHUSI CIIOBA d; ;... d; (X pas).

[Tycte manbl MammHa 7 v MallMHHOE CIOBO M= Ag;a; B, tne
0 < i< m. O603HaYuM yepe3 M, coBO, KOTOpOE Moydaerca u3 M 1o
MpaBUIaM:
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(1) g i=0 nonoxum My = M,
(2) nna i>0
(a) ecu T'(i, /) UMeeT BUL q;a;— gy a;, T0 My =Aqg, a; B;
(6) ecnu T'(i,j) umeer BUL q; a;— g, a; R, TO:
(B)) ecmu B He mycto, T0 M;=Aa,q; B,
(b,) eciu B mycto, T0o M{ = A a,q, ay;

(B) ecm T'(i,j) umeer BUI ¢q; a;— q; a; L, TO:

(B,) ecnmu A=A, a; 11 HEKOTOPLIX A; U a,, To M7 = A,q; a, a; B,
(B,) ecnu B nycto, To My =g, ay a; B.

Monoxum MO =M, M"Y = (M) Topopum, uyto MammuHa T
nepepabamsiéaem MalMHHOE cloBo M B cioBo M;, ecmu M = M,
st HekoToporo a. [Muimem M = M,, ecniu mamuuHa T nepepaba-
TeiBaeT M B M| u npu 3TOM He MCIIoab3yeTcs NyHKT (B,) ompene-
neHud. Iuwem M=y M,, ecin mamHa 7T nepepabarbiBaeT CJI0BO
M B cnoBo M, u npu 3TOM He ucnoJb3yoTcss NyHKTH (b)) u (B,)
oTipeneIeHUSI.

l'oBopuMm, uto MamvHa T ébiuucasem n-MeCTHYIO YaCTUYHYIO YKC-
noByio dynkunio f, tae 8 c A", p; c A, ecu BBIMOTHEHBI CIeIyIO-
1IH1€ YCIOBUSI:

(a) ecmu (x, ..., x,) € &y, T0 MawmHa T ocmanasaueaemcs, T.€. e~
pepabateiBaet cioBo ¢;0170 ... 1™0 B HekoTOpoOe CIO0BO AgyB u Tipn
9TOM CJIOBO AqyB conepxurt f(xi, ..., X,) BXOXAeHUI cumBoja 1;

(6) ecm (xi, ..., x,) & 8, TO MalUIMHA, HAYMHAs PabOTy CO ClIOBa
M=q,0170 ... 10, pa6omaem Geckoneuro, T.e. ¢, He BXOAUT B M}"
HU IJ1s KaKoro A.

T'oBopuMm, uto MammHa T npasuavho viuucasem GyHKUINIO f”, eclu
BBITIOJIHEHBI YCIOBMSI:

(a) ecmm (xy, ..., x,) € 8, TO
q,010 ... 1¥0 = ¢,01/ ®1: =200 ___ 0;
(6) ecmu (xy, ..., x,) € 8, TO MallMHa, HayMHas paboTy CO ClloBa

¢,0110 ... 10, paGoTaeT GECKOHEUYHO.

DyHKINSA [ HA3BIBACTCST 8bIMUCAUMOU (NPABUALHO GbIYUCAUMOL) NO
Toropuney, ecnv CyIIeCTBYET MalllMHa, KOTOPasi BEIYUCSAET (TTPaBUIbLHO
BBIUMCIISACT) (QYHKIUIO f.

IMycts T, T,, T; — Tpu MamuHbl ThlOpUHTA C OJHUM U TEM XKe
BHEIIHUM ajidaBUTOM .o/= {ay, a;, ..., a,}, C aadaBUTaAMU BHYTPEHHUX
COCTOSTHU A

Ql = {QO, qis -+ Qr}a Q2= {qos dis - qs}a Q3 = {q09 qis -+ qt}

u nporpammamu I1;, II,, II; coorBetcTBeHHO. Komnoszuuueti T, - T,
mamnH 7) u T, Ha3piBaeTcsl MaliMHa 7, mporpamMma KOTOpPOM ecTb
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o0benuHeHre MHOXecTB S% [T, u S?+% [T, tne S%II o3navaer
qr+1 re1---Gres qi

MHOXECTBO KOMaH/, IOJy4e€HHBIX U3 /] 3aMeHOii BCeX g; Ha g;.
Paseemenenuem mawunot Ty na (T,, Ts) no (q;, q;) |CMMBOIMYECKN

g =T,
T g =T | rne g, g€ O, Ha3bIBaeTCa MaluuHa 7, mporpaMma Ko-
J =43

TOpO TTOyYaeTCsT CIeAyIoIMnM obpa3oM: U3 [, MCKITIOYAOTCS KO-
maHabl T (i, k) u Ty (j, k) nns k=0, 1, ..., n; No1y4yeHHOE MHOXe-
CTBO HasbiBaeM [I|; Torma

I = Hl, U S %--s I, U S8 a4 115

Gidr+1---Gris-1 qjGres--Gres+t-2

[lycte A= aj, ... a, — cioBo B andasure {ay, aj, ay, ...}. [lonoxum

k k
() =T]p*", k(=T]n"
=0 =0

Eciu M= A q;a; B — MallMHHOE CJI0BO, TO IOJaraeM
v (M) =25 3057 7k (B),

Homepom komarnowr T (i,j) Ha30BEeM YUCIO

. . kol s
W@, p)=piiA",

rae s=0, ecmu T'(4,)) ectsb q;a4;— g a;, s=1, ecia T'(i, ) eCTb q; a; —
—>qra L, s=2, ecntn T(i,)) ectb q;a;,— gy a; R.

Homepom N (T) mawunvt Teropunea T Ha30BeM MPOM3BEICHUE BCeX
HoMmepoB KomaHna 7 (i,j) mamuHbl 7.

1. Kakywo dyHkumio f(x) BelUMCasgeT MaliuHa 7T co cieayroleit
OporpaMMoOi KOMaHJI:

7,0 = ¢,0R, ¢,1 — g1,
00— g1, g1 = ¢1R?
2. [Tycth MamuHa 7 UMeEeT CIenyIoNIyo TPOTrpaMMy:
4,0 — g,0.

Kakue ¢ynkuum f; (x), fr(x;, X), ..., f, (X1, ..., X,,), ... BBIYUCISAET 3Ta
MauimHa?

3. ITocTpouTs MammHy ThIOpHUHTA, KOTOPAs MPABUIBHO BHIYMCIIS-
eT ¢pyHkuuo f(x) =x+ 1.
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4. MocTtpouTh MaiHy ThIOpUHTA, KOTOpasi MPaBUIbHO BHIYMCIIS-
eT ¢pyHKuuo o (x) =0.

5. IToctpouTs cieaytolMe MalluHbl ThlOpUHTA:

A. Tlepenoc nyns: q;001°0 =, g,01700.

b". Mlpasetit casur: ¢;001%0 - 017g,0.

b~. Jleswrit casur: 01,0 =5 g,0170.

B. Tpancnosuuus: 017¢,01°0 =5 017¢,0170.

I'. Yasoenue: ¢,01°0 = g,0170170.

LL,,. Hukmaaeckuit casur: g,017017 ... 0170 |y go01™ ... 01*0170.

K,. Kommposanue: ¢,01" ... 0170 =¢ ¢,01" ... 01™01* ... 01™0.

6. ITocTpouTh MainHy ThlOprHIa, KOTOpPasi MPaBUIBHO BBIYMCIIS-
et ¢ynkumio 1, (xi, ..., x,) (tme 1 <m<n).

7. (a) Ilyctb ¢yHkuuM f(x) U g(x) NPaBUIbHO BBIYUCIUMBI IO
Teropunry. [lokaszats, yTo pyHkIus 4 (x) =f(g (x)) MpaBUILHO BHI-
yucauma mno TelopuHTy.

(6) Iyctb GYyHKUUU f(X|, ..., X)) U Z1(X15 oey X))y ooy Gn (X5 oees Xip)
MpaBUJILHO BblUMCIUMBI 1O ThlopuHry. IlokazaTb, 4To (DYHKIIMS
h(xg,....x,)=f(g (x, ..., X)), ..., &x1, ..., X,)) TPABUIBHO BbIUMC-
auma 1o TelopuHTy.

8. HOCTpOI/ITb MalluHy TLIOpI/IHI‘a JJId IMTpaBUJIbHOTO BbIYMCIICHUA
(pyHKLMIA:

(a) x+y;

6) x=1;

(B) sg(x);

(r) sg(x);

() x=y;

(e) x-y;

(0 7

o 3]

9. lokasatb, 4TO:

(a) ecnu dyHkuMs f**! momydyaercs M3 MPaBMIBHO BBIYUCIMMBIX
no TeiopuHTY GyHKLMI g” 1 A" 2 ¢ MOMOILBIO MPUMUTUBHOI PEKyp-
cuu, 1o 7! npaBuibHO BhIUMCIUMA 110 THIOPUHTY;

(0) ecnu GyHKUMS [ TOIyYaeTCS U3 MPABUIBHO BBIYMCIUMOIA 110
ToiopuHry ¢hyHKIMK g"*' ¢ moMolIbio [-onepatopa, To f” npaBub-
HO BBIUMCIMMA 110 THIOpHWHTY.
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10. JIoka3aTh, 4TO J100asg YaCTUYHO peKypCcuBHasA (PYHKIIUS IIpa-
BUJIBHO BBIYMCIMMA ITO0 THIOPUHTY.

11. Joka3aTh, YTO CYIIECTBYIOT TPUMUTUBHO PEKYyPCUBHBIE (DYHK-
¥y o, B, Yy Takue, 4TO:

(@) o(x,»)=A(T- 1)), ectn A (1) =x u A (1)) =y;

(©) B(x)=A(T) nna HekoTOopoit MaliuHbl 7, mepepabaTbiBalo-
meit cimoBo ¢,0 B cioBo ¢;0170;

=T
(8) 7 (x, 2, 2)=7»(T1 {Z s eean (1) =x, 2. (Ty) =y, 1. (T5) = 2.
J =43
12. ITocTpouTh MPUMUTUBHO peKypCUBHBIE yHKIUU ¥' (X1, ..., X,)
TaKkue, 4To

v (g, 01" ... 010) =" (xy, ..., X,,).

13. ITocTpouTh MPUMUTUBHO PEKYPCUBHYIO (DYHKIUIO p (S, &, /, U, V)
YIOBJIETBOPSIONIYIO yCIOBUIO: ecnu u=k;(A), v=k,(B), 0<s<2, 1O
p (s, k, I, u,v)=v ((Ag;a;B)7), tne T(i,j) ectb qa;,— qya; pu s=0,
q:a;— qpa, L ipn s=1, qa; — qaR npu s=2.

14. TTocTpouTh NPUMUTUBHO PEKYPCUBHYIO DYHKLUIO G (£, I, j, U, V),
YIOBJIETBOPSIONIYIO YCIOBUIO: eciu u=k;(A), v=k,.(B), t=A(T), g
BXOIUT B al()aBUT BHYTPEHHUX COCTOSIHUIA, a @; — BO BHEIIHUM aJl-
dasut Mammuel T, 10 6 (1, i, /, u, v) = v ((Ag;a;B)7).

15. TTocTpouTh MPUMUTUBHO PEKYPCUBHYIO (DYHKLUIO T (Z, X),
yIOBIETBOPSOIIYIO yciaoButo: ecau t=A(T), x=v (M), tae
M = Aq;a;B — MamuHHOEe CI0BO B ajidaBure MamwuHbl T, TO
T (1, x)=v (MY}).

16. IToctpouTh NMPUMUTHUBHO PEKYPCUBHYIO (DYHKLIHUIO W (f, X, V),
YIOBJIETBOPSIONIYIO YciaoButo: eciu t=A (T), x=v (M), rne M — ma-
IIMHHOE CJI0BO B aidasute MamuHbl T, T0 w (1, X, ) =v (MP).

17. ITocTpouTh MPUMUTUBHO PEKYPCUBHYIO (PYHKIIUIO € (X), YIOB-
JIETBOPSIIOLILYIO YCI0BMIO: eciu x=V (M), To € (X) €CTb UMCIO BXOX-
JeHWA CUMBoJa a; B cJIoBO M.

18. Mokaszatb, yTo eciau MamuHa 7 BeYMCAAET f(X|, ..., X,) U
thy=A (1), To:

@ xp, ..., xpe d eex(I,w(, Y (x,....x,),y)=0 g Heko-
TOPOTrO y;

6) fxq, .., x) =€ (W (ty, Y (X15 oy X, " (89, Xy, ..., X)), Tae
A" (t, X1,y ooy X,) = Wy [ex(1, w (fy, ¥ (X1, ..., X,), ¥)) =0], a dyHKUMH
Y, W U € B3IThl U3 3agay 12, 16 u 17.
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19. Jloxasatb, 4To J100ast BeluMcaAUMMAas Mo ThlOpUHTY QYHKIIUS
YaCTUYHO PEKypCHBHA.

20. JlokaszaTb, 4TO (DyHKIMSI BblUMCAUMaA Mo ThIOPUHTY Toraa u
TOJBKO TOINIa, KOTIa CYIIeCTBYeT MallrHa ThIOpMHra ¢ BHELIHUM
angasuroMm {0, 1}, BeIuMCHsIOWIAS 3TY (PYHKIIUIO.

21. JloxazaTb, 4TO CYILIECTBYET ABYMECTHasl YaCTUUYHO PEKYpPCUB-
Has pyukius U (¢, X), yHuBepcalbHas 1Sl CEMECTBA BCEX OMHOMECT-
HBIX YACTUYHO PEKYPCUBHBIX QDYHKIIUIA.

22. loka3aTh, YTO CylIECTBYET (7 + 1)-MeCcTHasi YaCTUYHO peKyp-
cuBHas GyHkumsa U™ (¢, x,, ..., X,), YHUBepcanbHas 171 ceMeiicTBa
BCEX 7-MECTHBIX YaCTUUYHO PEKYPCUBHBIX (QYHKIIMM.

23*. Jloxa3aTb, UTO cieayiomue GyHKINN He SBISIOTCS YaCTUYHO
PEKYPCUBHBIMU:

1, ecnu x ectb HOMep MalUuHbL 7 1
MaluHa 7 ocTaHaBIMBAaeTCsI, HAYMHAS
(@) h(x,y)= ,
paboty ¢ MamnHHOTrO cjoBa ¢ 0170,

0 B IPOTMBHOM CIIydae;
(0)g (%) = h (x, x);

1, ecin x ecTb HOMep MalluHbl T
(8) hy (x) = u MamunHa T ocTaHaBIMBAaeTC,
HauMHas paboTy ¢ MalIMHHOTO cjioBa g0,
0 B IPOTMBHOM CiIydJae.

24. Jloka3zaTh, 4TO CYILIECTBYET MPUMUTUBHO PEKYPCUBHas (DYHK-
uus S (z, x, y, w) Takas, 4To

l,ecnmu z = MT) n mammHa 7' iepepabaThIBaeT CIOBO

S(z,x,y,w)=1 q01"0 B coBo ¢,0170...0 He Gosee yeM 3a W 1L1aroB,
(0 B IpPOTUBHOM CJIydyae.

25. Jloka3aTb, YTO CYIIECTBYIOT IPUMUTUBHO PEKYPCUBHBIE (DYHK-
uuu p, Ty, T>, ... Takue, 4TO:

(@) U(m,x)=p [T, (m,x,y)=0]),
6) U™ (m,x, ..., x,)=p ([T, (m, xy, ..., x,, y) = 0]).
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§ 3. PEKYPCUBHbIE
N PEKYPCUBHO NEPEYUCITUMbIE MHOXECTBA

B mampHeiiemM mon muoxcecmeéom MbI OyleM TTIOHUMATD JIMII TTOJI-
MHOXECTBAa MHOXECTBA HATyPAIbHbIX YKCeN N, MHOMCecmeamu n-ok (Kop-
mediceii Oaunbt ) OyIeM Ha3bIBaTh MOAMHOXeCTBa MHOXeCTBA A" (12 1).

Ilycte P — n-MeCTHBIM TIpeaukar Ha MHoOXecTBe A, DyHKIuMA
0,(x,, ..., X,) HasbIBaeTCd npedcmasasaroueti (VWIN xapakmepucmuuec-
Koul) ¢hynkyueil oasa npeduxama P, ecnu 3Ta QyHKUMS yIOBIETBOPSIET
YCJIOBUIO
0, ectu P(xy, ..., X,) = U,

0p(x, ..., X,) ={

1, ecmu P(x, ..., x,) =1L

IIpenukar P Ha3bIBACTCS PeKypcueHbiM NN GbIMUCAUMBIM (MpUMU-
MUBHO peKypCcUusHbiM), €CIIN €ro IpeacTaBisiiomas (PYHKIUS o0lepe-
KypcUBHA (IPUMUTUBHO PEKYPCHUBHA).

MHoXxecTBO n-0K M Ha3bIBAETCSl PeKYpCUBHbIM WU GbIYUCAUMBIM
(npumumueno pexypcueHnwsim), eciu npeaukat P(x, ..., x,) =&
<Xy, ...y X,y € M sBIISIETCS PEKYPCUBHBIM (MIPUMUTUBHO PEKYPCUB-
HbIM) TIpEeIUKATOM.

MHoXecTBO n-0K M Ha3bIBACTCS PeKypCUBHO NepeHucAuMbIM VIIU
BLIMUCAUMO NEPEeHUCAUMbBIM, €CIIU CYLIeCTBYeT (#+ 1)-MeCTHbI npu-
MUTUBHO PEKYPCHUBHBIN mpenukar Ry (xi, ..., X,, V), YIOBIETBOPSIO-
LU YCIOBUIO

Xy s xpe M < 3y Ry (xg, ooy X0 V).

st mo060ro MHOXeCTBa n-0K M ompeienuM Xxapakmepucmuyec-

K10 QpyHKyuro y p (X, ..., X,) U 4QCMUYHYI0 XAPAKMEPUCMU4ecKyio QyHK -
yuro Y (xy, ..., X,) CIEAYIOIIUM 00pa3oM:
0, ecmn (xi, ..., x,) e M,
XM(x17 A xn) =

1, ecmn (X, ..., x,) & M;

0, ecmu (X, ..., x,)e M,

«
XM(xla ceey xn) =
He ompeleseHo, eciu <x1, v x,,) g M.

Econ f — n-mecTHas yacTnuHasg (yHKIMSI, TO MHOXECTBO

L= X, ooy X [ (X1, oy X)) [X, ooy X € 7}

HasbIBaeTCs epagurxom gyuxyuu f. ®ynkuus f(x, ..., X,) Ha3bIBaeTCs
doonpedenenuem gynkyuu g (x, ..., x,), ecmt T, Tpu 8= A
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1. JlokazaTb, 4TO clenytolire NpeauKaTbl IPUMUTUBHO PEKYPCUBHBI:

(@) x=y;

©) x+y=2z;

(B) x-y=2;

(r) x nenut y;

(1) x 4eTHO;

(€) x 1 y B3aUMHO TIPOCTHI;

(X) In(x=1*+22+...+n%);

(B) dn(x=1+2+...n).

2. Jlokasatp, uto ecnu P(xy,...,x,) u Q(x,, ..., X,) — PEKypCUB-
Hble (MPUMUTHBHO PEKYPCUBHBIE) TPEANKATHI, TO CIEIYIOIINE Tpe-
JIKAThl TaKXe PEeKypCUBHBI (TPUMHUTUBHO PEKYPCUBHBI):

(@) (P(xq, ..., x,) & Q (x1, ..., X,));

©) (P(x1, .., x) v O (31, .o X,));

(B) —|P(X1, AR xn);

(F) (P(xl’ "'axn) > Q(xla () xn));

(H) P(X], X1 X35 «ens xn);

(e) P(f(xl’ ) xm)a X+ 15 -5 xm+n—l)’ e f(xl’ st xm) - Op(I)
(pd).

3. JlokazaTb, uyTO eciau npeaukat R (xi, ..., X,, ¥) PEKypcuBeH (Ipu-
MUTHUBHO peKypcuBeH), To npeaukartbl 3y (y<z & R(xy, ..., X, ) U
Vy(y<zo>R(x,..., X, y)) TaKKXe pPeKypCUBHbI (IPUMHUTUBHO pPEKYp-
CHUBHBI).

4. okaszarb, 4TO ecau npeaukar R (xi, ..., X,, y, 2) IPUMUTHBHO
pekypcuBeH, To0 M={(x|,...,x,)|3yIz R(x,, ..., x,, y, 2)} — peKyp-
CHUBHO TEpPeYrCINMOE MHOXKECTBO.

5. JlokazaTb, UTO CYLIECTBYET MHOXECTBO, HE SBJISIOLIEECS PEKYP-
CUBHO TIePEUYUCTUMBIM.

6. JlokazaTb, UTO J1000€ KOHEYHOE MHOXECTBO HATypaJbHbBIX YK~
ceJl IPUMUTHUBHO PEKYPCHUBHO.

7. dokazarb, YTO MHOXECTBO #-OK PEKYPCUBHO (IPUMUTUBHO pe-
KYPCMBHO) TOTAa M TOJBKO TOTAA, KOTJAa €ro XapakTepucTuueckKas
(byHkuMs obO1IepeKypcuBHA (TPUMUTUBHO PEKYPCUBHA).

8. Hokaszath, 4yTo eciu f — oOllepeKypcuBHasi (IPUMUTUBHO pe-
KypcuBHas1) QYHKLUSI U @ — (PUKCUPOBAHHOE YKCJIO, TO MHOXECTBO
pelueHuit ypaBHeHus f(xi, ..., X,) = a peKypCUBHO (IPUMUTUBHO pe-
KYPCHUBHO).

9. ITycTb DyHKILIMS fUaCTUYHO PeKYPCUBHA, HO HE 001IepeKypCUB-
Ha. Jloka3aTb, 4TO 00JacTh onpeaeneHus GyHKUUK ' MPUMUTUBHO
peKypCcUBHa.
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10. Joka3ath, 4yTO eclu MHOXecTBa A U B peKypCUBHbI (IpUMMU-
TUBHO PEKYPCUBHBI), TO MHOXecTtBa AN B, AU B, W#\A Takxke pe-
KYPCHUBHBI (IPUMHUTUBHO PEKYPCUBHEI).

11. JTokazaTb, 4TO €cjii MHOXeCTBa A U B peKYpCUBHO MePEYNCIIN-
MbI, TO MHOXecTBa A() B u AU B peKypCUBHO TePEUNCIUMBI.

12. /loka3zaTb, 4TO BCSIKOE MPUMUTUBHO PEKYPCHBHOE MHOXKECTBO
PEKYPCHUBHO TMEPEUUCIUMO.

13. ITycte MHOXecTBa A 1 B OT/IMYAIOTCSI KOHEYHBIM YMCJIOM 3JIe-
MeHTOB. JIoka3arb, 4ToO:

(a) ecntu A peKypcMBHO, TO B peKypCUBHO;

(0) ecnu A peKypCUBHO MepeuYucinuMo, TO B peKypCUBHO mepe-
YUCIUMO.

14. Toxa3arb, 4TO €CIIM MHOXECTBO A M ero momonHeHue JA\A
PEKYPCUBHO MEPEUNCINMEI, TO A peKypcuBHO (meopema [locma).

15. Tycte M c A" TTonoxum
Cn(M) = {Cn(xls ---axn) | <xls ...,Xn>€ M}a

roe ¢” onpenenena B 3agade 14 u3 § 1. JlokaszaTh, 4TO:

(a) M npuMHUTMBHO PEKypPCHMBHO TOTJa M TOJBKO TOrma, Korma
¢"(M) TpUMHUTUBHO PEKYPCHUBHO;

(6) M pexypcMBHO TOrJa M TOJbKO Torda, Korma c” (M) pekyp-
CHUBHO,;

(B) M pexypCUBHO IEpeyucIMMO TOrda M TOJbKO TOTAa, KOrma
¢"(M) peKypCHBHO TIepedYrCINMO.

16. ITycts M < N — HemycToe MHOXeCTBO. JloKas3arh, uto M pexyp-
CHUBHO TIEpEYMCIUMO TOTAA W TOJHKO TOTIA, KOTAA CYIIECTBYET MpPH-
MUTHBHO pPeKypcuBHas GyHKIMs o (x) Takast, yto M= {o (x) | xe A}

17. Ilycte M — HemycToe MHOXECTBO n-0K. JloKka3aTh, YTO MHOXKE-
CTBO M peKypCHBHO NEpeuyUCIMMO TOTAA U TOJbKO TOrAa, KOrma cy-
LIECTBYIOT OJHOMECTHbIE MPUMUTUBHO PEKYPCUBHbIE (DYHKIIWU
oy, ..., O, TAKUE, UYTO

M= {o(x), ..., 0,(X)) | x € A}

18. IlycTh obepexypcuBHas GYHKIMS f(X) YIOBIECTBOPSET YCI0-
BUIO: f(x) >x mnst Bcex x € J. JlokazaTh, 4TO 00JacTb 3HAYECHUH Py
(byHkuMU f pexypcuBHa.

19. /lokazaTb, YTO OECKOHEYHOE MHOXECTBO A PEeKypCUBHO TOraa
1 TOJILKO TOTHA, KOTaa A €CTh MHOXECTBO 3HaUE€HUI CTPOTO BO3pac-
Talolleil 001epeKypCUBHON (DYHKIIMHU.
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20. [JokaszaTh, YTO HETMyCTOE MHOXECTBO A pEeKypCHBHO TOTAa M
TOJBKO TOTHa, Korma A ecTh MHOXECTBO 3HaUY€HU MOHOTOHHO (He
00s13aTeJIbHO CTPOro) Bo3pacTalolleil 00lIepeKypCUBHOM (YHKIIUU.

21. JJoka3aTh, YTO Kaxaoe 0ECKOHEYHOE PEeKYPCUBHO IEpedync-
JIUMOE MHOXECTBO COIEPXKUT O0ECKOHEYHOE PEKYypCUBHOE MOAMHO-
KECTBO.

22. JloxasaTb, 4TO Kaxaoe 0€CKOHEUHOE PeKYPCUBHO MEPEUNCIIN -
MO€ MHOXECTBO IIPEACTaBUMO B BUIE A = p, Ul HEKOTOPOIA 00LIepe-
KypcuBHOU 1-1-hyHKuMM f.

23. JlokaszaTb, 4TO TpapuK OOIIePEKYPCUBHON (YHKIIUM PEKYp-
CHBEH.

24. JlokasaTtb, 4To ecnu rpaduk I'y yHKUMHK f PEKYPCUBHO II€pe-
YUCIUM, TO PYHKIIMS f YaCTUYHO PEKypCHBHA.

25. Jloka3aTb, YTO TOJHBIH MpooOpa3 peKypCUBHOTO MHOXECTBa
OTHOCUTEJBbHO OOILIEPEKYPCUBHOM (DYHKIIMU PEKYPCHUBEH.

26. [Myctb A — peKypcHMBHOE MHOXECTBO, f — OOIIepeKypCUB-
Hag yHkuus ¢ py=AN, f(A) Nf(N\A)=D. JokasaTs, uTo f(A)
PEKYPCHUBHO.

27. Ilyctb A, B — peKypCUBHO NepeuUCInMbie MHOXecTBa, a C —
PeKypCUBHOE MHOXeCTBO Takue, yto AN B=0, Ac Cc AU B. Jlo-
KazaTb, YTO A peKypCHUBHO.

28. Ilyctb f, g — oOumepekypcuBHbIe (YHKIMU, TIpUYEM g —
1-1-dyskuus. [Tycts Takke uMeeM f(x) > g (x) ns Bcex x. [lokazarn,
4TO €CJIU P, PEKYPCUBHO, TO Py PEKYPCUBHO.

29. [lyctb A, B — peKypCHUBHO IepeuuciumMble MHOXecTBa. Jloka-
3aTh, YTO CYLIECTBYIOT PEKYPCHUBHO MEePEeUNCIMMble MHOXECTBA A; C A,
B] QB TaKue, 4To A] m B] :Q, A] U Bl :AUB

30*. loxa3aTb, 4TO:

(a) dyHkUMs, Mojaydyarouiasics C MOMOIIbIO CYNeprno3ulud U3
(byHKLMIT C PEeKYpPCUBHO MEPEYUCIMMBIM IpauKOM, UMeEeT PeKyp-
CHUBHO TIEPEUYNCINMEIN TpaduK;

(0) ¢yHKLMS, TOayYatoLIasiCsl ¢ TOMOIIbIO CXeMbl TPUMUTHUBHOMN
pexypcuu U3 (PYHKLUMM ¢ PEeKypCUBHO MNEPEUUCIUMBIM TIpaduKoMm,
UMeeT PeKYPCUBHO TEPEUNCIUMBIN rpaduk;

(B) dbyHKUMS, OTyYaroLascsl ¢ MOMOLIbIO [L-onepaTtopa U3 GyHK-
LMK C PEKYPCUBHO MEPEUYUCIMMBIM I'padUKOM, UMEEeT PEKYpPCUBHO
MepeyrciInuMblil rpaduk;

(r) rpaduk 11000 YaCTMYHO PEKYPCUBHOU (DYHKIIMU PEKYpPCUB-
HO TIePEeUMCIIUM.
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31. Jloka3aTh, 4TO (PYHKIIUSI YACTUUYHO PEKYPCUBHA TOTAA W TOJb-
KO Torga, Korga ee TrpaduK PEeKYpCUBHO Iepeuucium (meopema o
epaguxe).

32. JlokazaTb, 4TO 00JIaCTb ONpeAeeHUs] YaCTUUHO PeKYPCUBHOM
(byHKLIMU ecTh peKypCUBHO MEPEUMCIMMOE MHOXECTBO.

33. Jloka3aTbh, YTO MHOXECTBO 3HAYEHUI YaCTUUYHO PEKYPCUBHOM
(pyHKIIMM peKypCUBHO TIEPEUNCIUMO.

34. JlokazaTb, 4TO JIT0O0OE PEeKYpCMBHOE MHOXKECTBO PEKYPCHBHO
MePEYNCINMO.

35. JlokazaTh, YTO MHOXECTBO /-0K PEKYPCUBHO MEPEUMCINMO TOTAA
U TOJILKO TOTJa, KOTJa ero 4acTM4Hasl xapakTepucTuuyeckasi (yHK-
LIMsI YaCTUYHO PEKypCHUBHA.

36. JlokasaTh, UTO:

(a) o0pa3 pPeKypCHUBHO MEPEYMCIMMOrO MHOXKECTBA OTHOCUTEb-
HO YaCTMYHO PEKYPCUBHOM (PYHKLMM PEKYPCHMBHO MEPEUYUCINM;

(0) moNHBIA MPOOOPa3 PEKYPCHMBHO MEPEYMCIMMOrO MHOXECTBA
OTHOCUTEJBHO YaCTUYHO PEKYPCUBHON (DYHKIIMU PEKYPCUBHO IEpe-
YUCIIAM.

37. Jloka3atb, YTO MHOXECTBO A pellleHU ypaBHEHUS

f(x,..,x,)=a

PEKypPCHBHO MEPEUNCINMO, €CITN f — YaCTUYHO PEKypCUBHAST #-MECT-
Has QyHKUMS.

38. Jlokaszathb, uTo ecau f" ! — yacTUUHO peKypcuBHas (PyHKLUS,

10 MHOXecTBO M={({ X, ..., x,) |3y f(xi, ..., X,, ¥) =0} pEKypCUBHO
MepeurncCInMO.

39. Ilycts M, ..., M;, — monapHoO HemepeceKalolecs: peKypcuBHO
MepeyncIuMble MHOXECTBA n-0OK, fi, ..., f, — YaCTMUHO PEKYpPCHUBHbIC
dyukumnu. Jloxasatb, 4to g (X, ..., X,), ONpeIeJeHHAsT CIEeAYIOUINM
obpas3om:

A, oy Xy), ecmn (X, .., X,) € M),
g(x1, .oy Xp) =
fk(xls“'axn)a eciu <x1a axn>€ Mka

HE oIIpeacjicHa B OCTaJIbHbLIX Cy4asix,

YAaCTUYHO PEKypCHBHA.

40*. Jloka3aTb, 4TO JI00asT YaCTUUYHO PEKypCHUBHaAsT (DYHKIIUS
f(xi, ..., x,) IpeacraBuMa B HopmaavHou ¢hopme Kiuuu, T.e. B BUIE
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f(xla ceey xn) = Z(Ht [g (x17 ceey xn: t) = O])a

rae g (xy, ..., X,, 1) — HOOXOIAIlasi IPUMUTUBHO PEKypCHUBHAsI (PYHK-
uus, a [ — ¢pynkuusa us 3agaun 13 uz § 1 (cp. ¢ 3amaueit 25 us3 § 2).

41. JloxkaszaTb, 4yTO yacTuuHasa ¢byHkuus f(x, ..., X,) IpeacTaBuma
B BUJIE

f(xps s x,) =t g (xq, ..oy Xy, ) = 0]

JUIS TIOAXOs11Ieli NMPUMUTUBHO PEKYPCUBHOU (PyHKIMU g (X, ..., X, 1)
TOrJa U TOJILKO TOrjaa, korma rpaduk dyHkuuum f(x, ..., X,) IPUMU-
TUBHO PEKYpPCHUBEH.

42*. Tlyctp F(x,y) ompenejieHa ¢ TOMOIIBIO peKypcuu no 08ym
nepemMeHHbIM:

F(0, y) = o(y),
F(x+1,0) =w(x, F(x, x)), F(x, F(x, ¥(x)))),
Fx+Ly+)=1(x,y, F(x, F(x+1, »))).

Jloka3aTb, 4TO €civu PYHKUUU @, ¥, O, ¥, T OOLIEPEKYPCUBHBI, TO
(¢ynkuusa F oOluepeKypCcuBHa.

43*, Jloka3aTb, YTO MHOXECTBO
H={X|E|yTl (x,x,y):O},

rae T) — pyHKuuMs U3 3agauu 25 u3 § 2, sIBAsIETCS] peKypCUBHO Tepe-
YUCJIIMMBIM, HO HE peKYpPCUBHBIM.

44. JloxazaTb, YTO €CJIM 00JIaCTh OMNpeaeIeHUs] YaCTUUHO peKyp-
CUBHOI (PYHKLIMHU f” €CTh PEKYPCUBHOE MHOXECTBO, TO f” UMeeT pe-
KYPCUBHOE HOOIIpeaeIeHUE.

45. Jloka3zatb, 4To eciu V (n, X) eCTb YaCTUIHO peKypCUBHasI (PyHK-
WS, YHUBepcaJbHAs UIS Kjiacca BCeX OJHOMECTHBIX YaCTUYHO pe-
KYPCUBHBIX (DYHKIUI, TO MHOXeCTBO M= {x| V (x, x) = 0} pekypcuB-
HO MEepeYnCcIuMO, HO He PEKYPCUBHO.

46. HaiiTi yacTUYHO PeKypCUBHYIO (PYHKIIUIO f(X), HE UMEIOIIYIO
00LIEPEKYPCUBHOIO J0OIPEICICHHUS.

47. HaiiTi 9acTUYHO PeKypPCUBHYIO GYHKIIMIO f(X), HE TIPEACTaBM-
MYI0 B BHIIE

S = lg(x,y) =0]
HU JUIs1 KaKOW 001IepeKypcMBHOU (PYHKLIUU g.
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48. Jloka3zatb, uTo eciu V (n, X) €CTh YACTUYHO PEKYpCUBHAST (PYHK-
WS, YHUBepcajlbHAs I Kjiacca BCeX OJHOMECTHBIX YaCTUIHO pe-
KYPCHUBHBIX (DYHKIIUI, TO MHOXKECTBO

G={n|V(n,x) — obiiepekypcuBHass QyHKIIHsI}

HEC ABJIACTCA PEKYPCUBHO NIEPCUYNCINMbBIM.

§ 4. HYMEPALUM KNWUHW N NOCTA

Bsenem 0003HAYEHU:

[x, Y] = c (I (x), ¢ (r (%), ),

[x]21 = ¢ (I (x), [ (r(x))),

[X]p2 =7 (r (x)),

[x1, X2, X3, ..., X,] = [[x1, %21, X3, ..., X,] (@ns1 m>2),

(X1 = [x]at)n- 105 oo Xl wor = X2l - 1 01

[x]nn = [x]22 (»Z[-H;I n> 2)5

K? (xo, x1) = U (I (x0), ¢ (r (xp), X)),

K" (X, X1y ooy %) = K™ ([X0, X411, X2y oy X,,) (w11 1> 2),
roe ¢GyHKUIMM ¢, [, r ompenenaeHsl B 3amaye 13 u3 §1,a U(x,y) — B
3agave 21 us § 2.

dyukumio K? HasbBaeM KAuHUeSCKOU HyMepyiowel Qynkyueli, N
eciut f(x) = K*(m, X) IUIs1 BceX X ¥ HEKOTOPOTO 71, TO HAa3bIBAEM UHC-
JIO0 M KAUHUEBCKUM HOMepoM ()ynKyuu f v obo3HavyaeM f= k,, = km. OTo-
Opaxenne k. N — Y, Tne 4, — ceMeiCTBO BCEX OMHOMECTHBIX Yac-
THYHO PEeKYPCUBHBIX (DYHKIINI, HA3BIBACTCS KAUHUCBCKOU HyMepayu-
el cemeticmea 4,. AHAJIOTUYHBIM 00Pa30M OIIPEACISICTCS KAUHUEBCKAS
HyMepayus n-MecmHblX YACMUYHO PEKYPCUBHBIX QYHKUUL.

Ecnu pexypcuMBHO mepeyucinMoe MHOXKECTBO A €CTh COBOKYII-
HOCTb 3HaueHui pyHkuuu K (n, X) 119 HEKOTOPOTO #, TO YUCIIO A
Ha30BEM HOCHOBCKUM HOMEPOM MHOMcecmea A v 0003HaYUM A = T, = Tth.
Orob6paxenune m: N— P, tne P — ceMeicTBO BCeX PEKYPCHUBHO
MepeYrCIMMBIX MHOXECTB, Ha3bIBACTCS HOCMOBCKOL HyMepayuell ce-
meticmea &

Ilycts A, Bc . ByneMm roBoputh, 4To (YHKUHMS [ m-ceodum A K
B, ecimn

xe A f(x)e B

A HasbIBaeTcs m-ceodumbim K B (cumBonuuecku A<,, B), eciu cy-
LIECTBYET oblepeKypcuBHas hyHKUUS f, KOTopasi m-cBoauT A K B.

PexypcuBHO mepedncimMoe MHOXECTBO A HA3bIBACTCS M- YHUBED-
CanbHbIM, €CIN K HEMY m-CBOAUTCS JII000€ PeKypCUBHO TEPEYMCIIN-
MO€ MHOXECTBO.
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PekypcuBHO TiepeymnciiiMoe MHOXECTBO A Ha3bIBACTCS Kpeamue-
HbIM VI MEopHeckKum, €clii CyLIecTByeT oOluepekypcuBHas (GyHK-
uus f, Takas, 4yTo sl J000ro X

Jax) € (ANn) U (AN -my).

1. Jloka3satb, 4TO:
(a) [x, y] ocyliecTBIIsSIET B3AUMHO OJTHO3HAYHOE COOTBETCTBUE MEXK-

ny N u A

©) [x4, ..., X,,] oCyllIeCTBJISIET B3AUMHO OJJHO3HAYHOE COOTBETCTBUE
Mexay N u N

(B) [[xl21, [xl2l =%, [[x, Yllar =x, [[x, ¥ll2=Y;

() [Ix]ars o [Xlaal =%, (X1, ooy Xu) ] = X33

() [X1y ooy Xops X 15 wves Xl = 11X15 oovs Xiuls Xons 15 o5 X0l

(e) ¢ (xp, c(x1, X)) = [ (X0, X1), X,].

2. loxa3aTb, 4TO:

(@) K" ™ N X0 X1y weey Xy Xpi 13 oves Xy ) =

= Km+ 1([X(), Xy eees xn]s Xnt1s +ees xn+m);

(6) K"(c (Xg, X1), Xgy oes X)) = U™ (X, X1, X2y oevy Xp).

3. Joxa3aTb, 4TO:

(@) K" Y(xp, Xy, ..., X,) SIBJSETCS] YHUBEPCATIBLHOI ISl BCEX N-MECT-
HBIX YACTUYHO PEKYPCUBHBIX (DYHKITUIA;

(6) s 10001 YacTUYHO peKypcUBHOM QyHKIuK [ ™ cyliecTBy-
€T TIPUMUTHUBHO peKypcUBHas QYHKINS g” Takas, 4To

f(xl’ cees Xy Vi ey ym) = Km+l(g(xlv ”-axn)’ Vis eees ym)

4. JlokazaTb, UTO BCSIKAsI YACTUYHO PEKypCcUBHas (PYHKLMS f UMeeT
0EeCKOHEYHO MHOI'0 KJIMHUEBCKUX HOMEPOB.

5. ITocTpouTh MPUMUTUBHO PEKYPCHUBHbBIE (DYHKIMU, JAIOLIUE IO
KJIMHUEBCKUM HOMEpaM HMCXOIHBIX OMHOMECTHBIX (DYHKIIMIA KIMHU-
eBCKMe HOoMepa (YHKILMI, TOTYYaAIOUIUXCSI U3 UCXOMHBIX:

(a) ¢ mMoMoUIbIO CYNeprno3uLInu;

(6) ¢ moMollb0 obOpalleHus;

(B) ¢ moOMOILIbIO UTEpaLUK;

(r) ¢ MOMOIIBIO B3SITUSI CYMMBI IBYX (DYHKIIMA.

6. JloxazaTtb, UTO CYILLECTBYET PEKYPCUBHO MEePEUMCIUMOE MHOXE-
CTBO P, ynoBJeTBOpPSIOLEe YCIOBUSIM:

(a) ecnin xe P, TO K, €CTb IPUMUTUBHO PeKYypCUBHas (DYHKLMS;

(6) nst 11000 MPUMUTUBHO PEKYPCUBHBINA (DYHKUMU f CYyLIECTBY-
eT x € P Takoe, 4TO f=K,.
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7. Jloka3aTh, YTO CYILIECTBYET OOlIepeKypCcUBHAsT (DYHKLUS, YHU-
BepcajibHasl ISl CeMeMCTBa BCeX OJJHOMECTHBIX TPUMUTUBHO PEKyp-
CUBHBIX (DYHKIIUA.

8. INocTponTh NPUMHUTUBHO PEKypCUBHBIC (QYHKIINU, JAIOLINAE TI0
KJIMHUEBCKUM HOMEpaM MCXOAHBIX (DYHKIIMI KJIMHUEBCKUE HOMepa
(byHKIMIA, TOTyYaIOIINXCS U3 MCXOMTHBIX:

(a) ¢ momouIbIO CyNeprno3ulinu;

(6) ¢ moMouIbIO MPUMUTUBHON PEKYpPCUU;

(B) ¢ momoulplo LL-omeparopa.

9. JlokaszaTb, YTO IJisl JIOOOK YaCTUUYHO PEKYPCUBHOW (DYHKUMU
f(xy, ..., X,) CylecTByeT Takas MPUMUTUBHO PEKypCUBHas (DyHKIIMS
g(xy, ..., x,), 4TO MJIs1 JIOOOTO X

Kkf(x, ..., X,), ecmm f(xi, ..., X,) OIpeaeIeHo,

Kg(xls EREE) xn) = {(D

B IIPOTUBHOM CJiy4dac.

10*. (a) loka3aTb, 4YTO /U KaXKIOH YACTUIHO PEKYPCUBHOM (PYHK-

uuu f(xy, ..., X,, y) CYILIECTBYET TakKasi NMPUMUTUBHO peKypCHUBHas
¢bynkuusa g(x, ..., x,), 4TO
Kf(xla ceos X g(xla seey Xn)), €Cin
Kg(xl’ ooy xn) = f(xla ey Xns g(xla (ELE) xn)) ONpeAcJICHO,
® B MPOTUBHOM CJyyae.

(6) dokaszatb, 4TO JJIs1 KaXXKI0W YaCTUYHO PEKYPCUBHOU (DYHKIIUU
f(x) cyliecTByeT Takoe HaTypaibHOE YMCIO d, YTO

xf(a), ecnu f(a) ompeneneHo,
Ka=
® B IIPOTUBHOM CJTyYae.
(meopema o HenoodsudlCHOU mouke).

11. JJoxazaTb, 4TO [Jis J1O0OO0M YACTUUHO PEKYPCUBHON (PYHKLIMU
f(x,y) cyliecTByeT 4yuciao n Takoe, uTo f(n,y) =k, (y) aast Bcex y.

12. /Joxa3aTh, YTO CYILIECTBYET YMCJIO X TaKOE, 4TO:

(@) x,(0)=n;

(©) x,(n)=n.

13. Jloka3aTh, 4TO CYILIECTBYEeT MPUMUTUBHO PEKypCUBHAS (PYHK-
M fTaKas, 4To AJis JI00OTo X, €ClIU K, €CTh 00LIepeKypcuBHas HyHK-
s, TO

Ki (f(x) = Kf(x)-

14*. [TocTponuTh YaCTMYHO PeKypPCUBHBIC (DYHKIINU K, TAKHUE, YTO:
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(a) Kg= X{a};

(6) Kq= XTa};

(B) K,= XikAF {a}+

15*. I1ycth J — ceMeiCcTBO BCEX OMHOMECTHBIX YACTUYHBIX (DYHK-
uuii. Orobpaxenue F. F— F Ha30BeEM ahhexmuenvim onepamopom,
ecnu hyHkuus g (n, x) = (F(k,)) (x) yactTuuyHo pekypcuBHa. Jlokaszarsb,
4TO 11 11000T0 3h(PeKTUBHOTO oreparopa F CyliecTByeT YaCTUYHO
pekypcuBHasi GyHKuMs f Takasi, uro f= F (f).

16. [Joka3arh, 4YTO A JHOOBIX YACTUYHO PEKYPCUBHBIX (PYHKLIMIA
o, Y, 0 CYLIECTBYET YACTUUYHO pPEeKypcUBHasl (yHKUMUS f, YAOBJIETBO-
psIIoLIasi YCIOBUSIM:

(a) ecmn o (x) =0, TO f(x)=0;

(6) ecmn o (x) >0, T0 f(x)=7(f (3 (x))).

17*. TIycThb .o/ — HEKOTOpPOE HEITyCTOE CEMEMCTBO OMHOMECTHBIX
JAaCTUYHO PEKYPCUBHBIX (DYHKIIMIA, OTIMYHOE OT CeMelCTBa BCEX Ta-
Kux GyHKuui. JJokazaTk, YTO MHOXECTBO

Kol )={x|Kkxe o}

He SIBJsIeTCS PeKYPCUBHBIM (meopema Paiica).

18. /lokasaTh, 4TO ClIeIyIOIIMe MHOXECTBA HE PEKYPCHUBHBI:

(a) A, = {x| k, — KoHCTaHTa};

(6) A,={x|ka)=b}, tne a, b — buUKCUpOBaHHBIE YKCIIA;

(B) As={c(x,¥)|ye du;

(1) Ay={c(x,y)|ye puds

(H) AS = {C (x’ y) | Ky= Ky}'

19. /loxa3zaTh peKypCUBHYIO IIEPEUNCIMMOCTh MHOXECTB BCEX KITH-
HUEBCKUX HOMEPOB CIEAYIOLIUX CEMENCTB OTHOMECTHBIX YaCTUYHO
PEKYPCUBHBIX (DYHKIIUIA:

(a) dyHkumii, onpeneneHHbIX B Touke 0;

(6) dbynkumit f Takux, 4to f(a) = b nasg DaHHbIX Yucesd a U b;

(B) ¢yHKLMII ¢ HENyCcTOM 00JIacTbiO OIpeae/eHUs.

20. JJokaszaTh, 4YTO BCSIKOE PEKYPCUBHO MEPEYUCINMOE MHOXKECTBO
nMeeT 6ECKOHEYHO MHOIO ITOCTOBCKMX HOMEPOB.

21. IIycTh .o/ — HEKOTOPOE HEIYCTOE CEMEICTBO PEKYPCUBHO IIEpe-
YUCJIUMBIX MHOXECTB, OTJIMYHOE OT CeMeiCTBa BCeX PEKYPCUBHO TIe-
PEUYMCIMMBIX MHOXeCTB. [JloKa3aTh, YTO MHOXECTBO

i) ={x|n € )

He SIBJIsIeTCS PeKYPCUBHBIM (meopema Paiica).
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22. Jloka3aTh, 4TO He peKypCHUBHBI MHOXXECTBA:

(@) {x|m.#2};

(6) {x[m,=H};

(B) {x|ae m}, rone a — PUKCUPOBAHHOE YKCJIO;

(r) {x| ®, KOHEUHO};

(m) {c(x,y)[n,=m}.

23. JlokasaTb, YTO PEKYpPCUBHO MEPEUYMCIMMbI MHOXECTBA BCeX
IMTOCTOBCKMX HOMEPOB CIIEAYIOIINX CEMEUCTB PEeKYPCUBHO TIEPEUMCITH -
MBIX MHOKECTB:

(a) comepxaliux JaHHOE YUCIIO a;

(6) HemycCTbIX.

24. Jloka3atb, 4TO IS JTI000M YaCTMYHO PEKYPCUBHON (DYHKIIMU
f" cymiecTByeT MPUMUATHBHO peKypcUBHas (yHKLMS g” Takas, 4TO

Tf(x, ... x,)> €CIU f(X, ..., X,) OIIPENENEHO,

To(x), .y x,) =
800 ) {@ B IIPOTUBHOM CJIy4ae.

25. loka3arthb, 4TO IJIST KaXKIOTO PEKYPCUBHO TEPEUNCIMMOTO MHO-
xectBa Pc A" ! (n>0) cymecTByeT Takasi IPUMUTHBHO PEKYPCHB-
Has ¢yHKUus o (xi, ..., X,), 4TO

(Xp> X[ s Xp € P o Xx5€ Tox, oo x,)-

26. [lokazaTb, YTO CYLIECTBYIOT MPUMUTUBHO PEKYPCUBHbIE (DYHK-
uuu f, g, h, u, v, w TaKue, 4TO:

(@) T N1y =T )

(0) T UM, =T 3

(B) {x}=m, (x)»

(F) {C (Ss t) | § € Ty, e ny} = Tcu(x,y);

(ﬂ) Ky(nx) =Ty (x, y)

(e) Ky_l(nx) =Ty (x, ).

27. lokazaTb, YTO CYIIECTBYIOT TPUMUTUBHO PEKYPCUBHBIE (DYHK-
MU f ¥ g Takue, 4TO:

(a) 8= Prs(x)s

(0) pux= ng(x)-

28. (a) Joxkazarb, 4TO IS JTFOOOI YACTMYHO PEKYyPCUBHOM (DYHKIIMU
/"' cylecTByeT IPUMUTUBHO peKypcHBHAsl (GYHKIMS g” TaKasi, uTo

TCF(X1, ey Xy §(X1, s X))
Tg(xy, . x,) = ecu f(x, ..., X,, g(x, ..., X,)) OIpeAeNIeHO,
%} B IPOTUBHOM CJIyJae.
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(6) okaszaTb, 4TO ISl JIIOOOI YACTUUHO PEKYPCHUBHOUN (DYHKIIUU
J cyliecTByeT Takoe 4McJIo d, UTO

Tf(a), €CU f(a) onpeneseHo,
T, =
%) B IIPOTUBHOM CJIy4ae
(meopema o HenodsudicHol mouke).

29. Jloxa3aTb, 4TO IS JTIOOOTO PEKYPCUBHO MEPEUMCIUMOIO MHO-
xecTBa M N"*? cyliecTBYeT IPUMUTUBHO PEKyPCUBHAsST (DYHKIIMS
g" Takas, 4To

(X0 X1s woes Xy & Xy, e, X, ) E M & X € Ty (xy, oy %)

30. Jloxka3aTbh, 4TO CYLIECTBYET YMCJIO # TaKOe, UTO:
(a) m,={n};

(6) m,={n"}

(B) m,=A\{n}.

31. Jloka3atb, 4TO OTHOIICHUE <,, peQIEKCUBHO M TPAaH3UTHBHO.

32. Jlokas3aTh, YTO BCSIKOE PEKYPCUBHOE MHOXECTBO M-CBOAMMO K
JIIO0OMY HEITyCTOMY MHOXKECTBY C HEITYCTHIM JOITOJIHEHUEM.

33. JlokazaTb, 4TO €Cliu A m-CBOJUMO K PEKypCHBHOMY (peKyp-
CUBHO IEPEYMCIMMOMY) MHOXECTBY, TO A peKYPCUBHO (PEKYpPCHUBHO
MePEYNCIUMO).

34. JIoka3aTb, YTO MHOXECTBO
Ki={c(x,y)|xe mn}
SIBJISIETCST M-YHUBEPCAJIbHBIM.

35. Jlokas3aTh, YTO KaxJI0e m-yHHBEepCalbHOE MHOXECTBO HE pe-
KYpPCHBHO.

36. /loka3atb, YTO MHOXECTBO
K={x|xe n}
SIBJIIETCS KPEATUBHBIM.

37. Jokazath, U4TO KaxkI0oe KpeaTUBHOE MHOXKECTBO HE PEKYPCUBHO.

38. llokazathb, 4TO ecinm A — KpeaTUBHOE MHOXeCTBO, A<, Bu B
PEKYPCUBHO TEPEYNCINMO, TO B KpeaTHBHO.

39*, Jloka3aTh, 4TO KaXJ0e KPeaTMBHOE MHOXECTBO SIBJISIETCS
M-yHUBEPCATbHBIM.

40. JIoxa3aTb, YTO MHOXECTBO /M-YHUBEPCAJbHO TOTAA U TOJIBKO
TOrJa, KOTJa OHO KPEaTUBHO.






154 YACTbD III. TEOPUA AJITOPUTMOB

41*. JIloka3aTb, YTO MHOXKECTBO
KZ = {x | T # @}
SIBJISIETCST KPEATUBHBIM.

42. Jlokas3aTbh, YTO CYLIECTBYEeT MPUMUTUBHO PeKypCUBHasl (DYHK-
s o (x) Takasi, 4To MaluHa ThlOpUHIa ¢ HOMEPOM G (X) BbIUMC-
JisieT (PYHKILUIO K,.

43. JlokaszaTb, yTo MHOXecTBO H u3 3amaun 43 us § 3 sBasiercs
KpeaTUBHbIM.
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Yacts |. TEOPUA MHOXECTB

§ 1. Onepauuu Hag MHOXeCcTBaMu

3. MHoxecTBO {J} mMeeT OOUH DJIEMEHT &, a MHOXECTBO & He
WMEET 3JEMEHTOB.

7. Her. Ilyctb x € AN B; Torma x¢ C. Takum obpazom, xe (AN B)\C.

11. Joxaxem, HammpuMmep, (e).

ITycte xe AN(BU C). Torna xe A u xe BUC. Ecnu xe B, 10
xe AN B, a 3Hauut, xe (ANB)UANC). Ectu xe C, To umeeM
xe AN C, a 3xHauut, xe (ANB)UMANC). Utak, AN (BU C) c
cAnNB)UuMEnao).

IMyctbxe (ANB)UMANC). Ecinmxe AN B,Toxe Auxe B. Or-
cioma cienyet, ytTo xe A u xe BUC, 1.e. xe AN(BU C). Ecim
xe ANC, 0 xe Au xe C. Orcioma cienyer, uto xe Au xe BU C,
T.e.xe AN(BU C). Utak, AN B)UUANC)cAN(BUC).

12. Jokaxem, Hampumep, (a).

ITyctb x € —(AN B). D10 03Havaet, uto x€ Uunux¢ AN B. Orciona
cinenyet, yto x¢ A unu x¢ B. Eciu x¢ A, To xe —A, a 3HA4uT,
xe (-A)U(-B). Eciu x¢ B, To xe —B, a 3Hauut, xe (-4)U (-B).
Hrak, (AN B) < (-A) U (-B).

ITycte xe (-4A)U (-=B). Ecniu xe -4, 10 xe Uu x¢ A, a 3Ha4ur,
x¢ AN B. Orcrona cinenyet, uto x € —(AN B). Ecmm xe =B, To xe Un
Xx ¢ B, a3nauur, x¢ A B. Otctona ciaeayert, uto x e —(AN B). Utak,
(-A)U (-B) = (4N B).

13. (B) Ilyctb AN Bc Cu xe A. PaccmoTpuM aBa ciyvasi: x€ B
wim xe —B. Eciu xe B, To xe ANBc C, 1.e. xe (-B)UC. Eciu
xe —-B, 0 xe (-B)UC.

IMyctb Ac(-B)UCu xe AN B. Torna xe A u xe B. 3Hauur,
xe C.

(m) Ilycts (A\B)U B=A u xe B. Torna sicHo, uto x € A.
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Mycts Bc A. Torna (AAB)UB=(ANB)UB=(AUB)N
N((-B)UB)=A.

(e) ITyctb AN B)U C=AN(BU C). Torna Cc AN (BU C), a 3Ha-
yut, Cc A.

ITycts Cc A. Torna (AN B)U C=AUC)N(BUC)=A4AN(BU C).

14. Jokaxem, Hampumep, (B).

Ilyctb xe AN(B= C). Tornaxe Auxe B+ C. Otciona cinenyer,
yto eciau xe€ B, to x¢ C, 3Hauut, x€ AN B, Ho xe¢ AN C. Eciu
xe C, o x¢ B. 3nauut, xe AN C, Ho x¢ A B. Takum oOpa3om,
xe (ANB)-(ANC). Utak, AN(B - C)c(ANB)=(ANC).

IMyctb xe (ANB)~(ANC). Ecntuxe ANB uxeg ANC,0x€ A,
xe B,x¢ C. 3Haunt,xc AN(B-C). Ectuxe ANCuxe AN B, 10
xe A, xe C,x¢ B.3Hauutr,xe AN(B=- C). Utak, AN B)-(ANC)c
cANB=C).

15. Jlokaxxem, Hampumep, (a).
IMycts xe (4, U...UA4,)= (B,U...UB,). Eciu cymecTtByet i

(1 £i<n) takoe, 4To X € A;, Takoe, 4TO sl Bcex j=1, ..., n uMeeM
x¢ B;. Torna xe A;~ B, a 3Haunt xe (4, - B))U...U(4,~ B,). Ecin
cymectByeT [ (1 <i<n) Takoe, ytro xe€ B, To mns Bcex j=1,...,n

umeeM x ¢ A;. Tornaxe A;~ B, asnaunt xe (4, = B)U...U (4, B,).

16. (B) [lyctb A~ B=C. Torma B~ C=B- (A~ B)=B~(B-A)=A4
(cm. 3amauy 14 (a), (1)).

17. () AUB=A= B= (AN B), A\B=A= (AN B);
6) ANB=(AUB)~ A=~ B, A\B=(4U B) =~ B;
(B) ANB=A\(A\B), AU B= (A= B)=[A\ (A\B)].

18. (a) U3 A u B c nomoltibto onepauuit () v U MOTYT MOJTyYUTHCS
Iuib MHOXecTBa A, B, AU B u A B, KoTopble BCe OTIMYAIOTCSI OT
A\B, Hanipumep, 1ipu A= B= J.

(6) ITyctb MHOXecTBO C moiiydaeTcs U3 A U B ¢ mOMOLLbIO onepa-
it N 1 \. Yuciao npumMeHeHuit onepauuit (| v \ ms noaydeHus: C us
Aun BHazoBeM gbicomoii muoncecmea C. HayKInei mo BbICOTE MHO-
xkectBa C pokaxem, yto C SIBASIETCS] TIOAMHOXECTBOM WU A, Ui B.

Ecaun Boicota C paBHa 0, To C=A4 unu C= B u yTBepxXiIeHUE
JI0Ka3aHo.

Ilycts C mmeeT BbICOTY n+ 1, a g BCeX MHOXKECTB MEHbIIECH
BBICOTHI yTBepxkaeHue aokazaHo. Torma C= D E unu C= D\E nns
HEKOTOpbIX MHOXKeCTB D 1 E, BbICOTa KOTOPBIX MeHbIIe # + 1. B obonx
cayvasax Cc D, a 1o MHAYKTUBHOMY TNPEAIoNa0XeH!o D — MoaAMHO-
xkecTtBO A mim B. TakoBo xe u C. Utak, u3 A u B ¢ noMo1pio onepa-
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1Mt N 1\ MOTYT MOJYYUTHCS JIULIb MoaMHoxecTBa A win B. Ho AU B
He BCerla ABJISIETCS MMOAMHOXeCTBOM A win B.

19. HeoOxomgnmeble cBOMCTBA omnepalnii ~ 1 () HAXOAATCS B 3amadax
11 (6), (1), 14 (a), (0), (B), (x), (3) u 16 (B). BeiuuraHuem B pac-
CMaTpUBAEMOM KOJIbLIE MHOXECTB SIBJISIETCS ONEpalnst —, YTO CJeay-
eT 13 3aaauun 16 (B).

21. (a) Ilycts A=A{ay, ..., a,} © Bc A. 11 Kaxmoro sjaeMeHTa q;
HUMEIOTCS JBE BO3MOXHOCTU: a;€ B unu a;¢ B. Bcex nmogMHOXecTB A
umeercst 2-2 - ...-2=2".(6) C\.

22. (a) [lyctb Ce P(ANB),1.e. Cc AN B. Torna Cc Au CcB, a
3Haunt, Ce P(A) u Ce P(B). Utak, P(ANB)c P(A)N P(B).

Ilyctb Ce P(A)N P(B). Torna Ce P(A)u Ce P(B), Te. CcA
u Cc B, a 3Hauut, Cc AN B. Takum obpasom, Ce P (AN B). Urak,
PA)NP(B)c P(AN B).

(B) Ilycts Ce P(AU B). Torna Cc AU B. TTosioxum A;=CMNAu
B, =CNB. Torna C=A,UB, uA cA, B cB.

Eciu A e P(A) u Bye P(B), To AyjcA u B,c B. Torna
A UB cAUB, 1.e. AAUB, cP(AU B).

23. Ecau {{a}, {a, b}} ={{c}, {c, d}}, TO BTOpOE MHOKECTBO AOJKHO
coaepKarth 3JeMeHT {a}, T.e. {a} = {c¢} unu {a} = {c, d}. B oboux ciygasx
a = c. Tenepb ocranoch A0Ka3aTb, 4yTo U3 {a, b} = {a, d} cnenyer b=d.
Ecmum a=b, To a=d u, 3Hauur, b=d. Ecnm a# b, T0 a # d, 3Ha4ur,
b=d. ObpaTHOE OYEBUIHO.

24. (a) HesepHo. Hanpumep, A=9, B={J}, C={{J}}.

(6) HepepHo. Tort ke npumep, 4To U B (a).

(B) Bepno. Hokaxewm ot npotuBHoro. Ilycts x e A C; Torna, Tak
kak AU Cc B, To xe B. Ho xe AN B, a 3Hauurt, x € —C. DTO NIpOTU-
BOpeuuT Tomy, uto xe C.

(r) HeepHo. Hanpumep, BozbMeM A= C# B.

(n) HeBepHo. Hampumep Bo3bMeM TpM MHOMNApHO HeIlepeceKalo-
IIMXCST HeTTYCThIX MHOKECTBA.

26. Ilyctb, Hanpumep, A;={D}, 4,.,=A,U{A4,}.

27. X=(C\A)U B. B camom nene, Bc X< (-4) U B (13 nepBoro
ypaBHeHus 1o 3agayam 13 (0), (B)) u CN(-4) c X< C (u3 BTOpOTO
ypaBHeHus 110 3amadam 13 (a), (r)). Orcrona

BU(CN(EA) c X (CA)UB)NC=((-A)NC)U(BNC) =
=((-4)NC)UB.

Jlerko mpoBeputh, uto X= (C\A) U B yaoBneTBopsieT JaHHOI CUCTEME.
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28. X=(4\B)U C.

29. (a) Cucrema MMeeT pellleHHWe TOrda M TOJLKO TOTma, Korma
B;c A;m B;c (-A) U B, nna Beex i, je 1. IIpu 3TOM ycaoBuM pele-

HUEM CHUCTEMBI SIBJsieTcsl Jiloboe X Takoe, 4UTo U BN(EA4)cXc
iel
c()((-4) U B) (cMm. 3anauy 13 (a), (6), (B)).
iel
(6) Cucrema umMeeT pellieHUe TOTJa U TOJILKO Torna, Koraa A; ¢ B;
u B;N (-A;) < B; nnsa Beex i, je 1. Ilpu 5TOM yCIOBUM PEIIEHUEM CHUC-

TeMBbI SIBJIsIeTCs 1t00oe X Takoe, 4YTo U BN(A4)cXc ﬂ B; (cm. 3a-

iel iel
nady 13 (a), (6), (r)).
30. X=C\B.

31. (6) Ucnonb3oBaTh TOXaAecTBa 3amau 11 u 12.

(r) Mcnonw3ys (a), 3aMEHUTb KaxXa0e ypaBHEHUE CHUCTEMBbI ypaB-
HEHUEM, B IIpaBOil YacTh KOTOporo crouT . [lonyueHHyO cuctemy
A =0, .., A,= 3aMeHUTb OOHUM ypaBHeHUeM A, U ...U A4,=.

HUcnonb3ys (0), mpuBeCTH MOJYYeHHOE YpaBHEHHE K BUILY
ANX)U (BN (-X))=¢. 3ameHuUTh MOJIYYEHHOE ypaBHEHME CHUC-
TeMoi

ANX =2,
BN(-X)=2.

HMcnonb3ys (B), 3anucaTh YCJIOBUsSI CYLIECTBOBAHUSI PELIECHUS U
HaWTHU pELIECHUE.

32. (a) X=A npu ycnosuu Cc Ac B.

(6) X=A npu ycnosuu Cc Ac B.

(B) BUCc Xc—A npu yciosuu BU Cc -A.

34. Ilycts I — GecKOHEUYHOE MOAMHOXECTBO MHOXecTBa N,
A= ﬂ X un B=ﬂX,~.

ie N iel

Eciu xe A, To x e X; nst Bcex i € . B yactHoctu, x € X; 11s1 Bcex
ie I, Te. xe B. Utak, Ac B.

Ecin xe B, To xe X; ninst Bcex i€ I. BozdbMeM IPOM3BOJBHOE
je N Tak xak MHOXecTBO | 6GeCKOHEUHO, TO Haiimercd i € [ Takoe,
urto j<i. Torna x e X;c X;. Takum o6pazoM, x € X; ni1st Bcex j e N
HNrax, Bc A.
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35. Jloka3aTenbCTBO aHAJOTMYHO JaHHOMY B pellleHUM 3amadn 34.

36. () Ilyctb x € —[ U A } Tormaxe Unxg |J A, Te. xe 4,
ke K ke K

st Beex k€ K. 3Hauut, x € —A; nnsg Becex ke K, T.e. x € ﬂ (= Ag).
ke K

Hrax, —[ U Ak]g M (—4).
ke K ke K

ITyctb x € ﬂ (-Ay). Torna x € —A, 1 Bcex k€ K. 3Hauut, xe Un
ke K

x¢ A, nns Beex ke K. Mmeem xe | A¢ u, 3HaumT, xe —( U A }
ke K ke K

Urak, () (-4) —( U 4 }

ke K ke K
(e) Ilyctb x€ U (BN A,). Tormna cyuiectByer ke K Takoe, 4To

ke K
xe BNA, 1.e. xe Bu xe A,. Nmeem xe U A,, 1, 3HAUUT,
ke K
xe BN |J 4. Urak, |J BN A) BN | 4.
ke K ke K ke K
HOyctbxe BN | Ac. Tornaxe Buxe |J A, re. cymectsyer ke K
ke K ke K
Takoe, 4to x € A,. Umeem xe BN A, a, 3HaUuT, x € U (BN Ay). Utak,
ke K
BN J A< JBNA).
ke K ke K
37.(a) Ecmxe J [ A To cymecTByeT ky € KTakoe, uto x e (] Ay,
ke K teT teT
DTO 03HAYAET, uTO X € Ay, Anst moboro 7€ T. 3naunt, xe | | A, ans
ke K

moGoro te T. Utak, xe (| | Au-
teT ke K
(6) Myctp, Hanpumep, A, =D, ecau k#t, u Ay =N Torma

U N 4«=9. 10 | U Au=A

ke N te N te N ke N

39. (a) ScHo, uTo A4; U A; ot Beex i € T. Tereps IycTh MHOXKECTBO B
teT
TaKoBo, uto A; B Beex ie T. Torma | ] A < B(cwm. 3anauy 38 (a)).
teT
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(6) fAcHo, uTO ﬂ A, c A; nns Bcex i e T. Tenepb IMyCTh MHOXECTBO
teT
BTakoBo, utro Bc A, st Bcexie T. Torma B¢ ﬂ A, (cM. 3amady 38 (0)).
teT
40. Ilycts x € ﬂ A,. Torna cyiiecTByeT Takoe k, 4To x ¢ B.
ne N\{0}
ITycTb ky — HammeHbluee Takoe k. SIcHO, uTo k; >0, Tak KaK x € B,.

Torma xe By _\B;,.
41. Tlonoxum By=A,, B,,1=4,. \(4yU...UA4,).

§ 2. OTHOowWweHUA N PyHKUUN

5.Tlyctbxe (Ax B)U(Cx D). Tornax=(y,z)uye A, ze Bunu
ve C, ze D. Orciona ye AUC, ze BUD nu x=(,2)e (AU C) x
x (BU D). Utak, (Ax B)U(Cx D)c (AU C) x(BU D). Ycnoue «(Cc A
u DcB) umum (Ac C u Bc D)» aBnsieTcss HEOOXOAUMBIM U 1OCTa-
TOYHBIM, YTOOBI TIOJIYUYMJIOCH PABEHCTBO.

6. JloxkaxkeM, Hampumep, (a).

ITyctb xe (AU B) x C. Torna x=(y, z), tne ye AUB, ze C. Ot-
cionaye Aunu y e B. 3Hauut, (y, 2) e Ax Cunuy, z) e Bx C. Urax,
(AUB)x C c(Ax CYU (Bx C).

IMyctb xe (Ax C)U(Bx C). Torna xe Ax C unu xe Bx C. 910
O3HayaeT, yTo x=(y, 2) U B NepBoM ciyyae ye A, ze C, a BO BTO-
pom cnyvae ye B, ze C. 3Hauut, ye AUB, ax={y,z)e (AU B) x C.
Hrak, (Ax C)U(BxC)c(AUB)x C.

7.Ilyctbae A, be B. Torna{a, by e Ax B, a 3Hauut, {(a, by e Cx D,
t.e. ae C, be D. C apyroil ctopoHsl, (b, a)e Bx A, a 3HauuT
(b,aye Cx D, te.be C,aec D. Torna{a, aye Cx D, a3Hauur, a € B.
Ananoruuso, (b, by ¢ Cx D, a 3Hauur, b e A. Utak, A= B. Torga umeem
Ax B=Cx D, n nio 3amaue 3(6) A=C, B=D.

8. Mu1 cuuraem, yrto 0 memur 0.

(@) Sp=pr=of; Tak KaKk (x,x) e R. R ={(x,))|x, ye N u y ne-
JIUT X}.

R-R=R; R-R'=u#?, tak xak (x,))e R- R & cymecrtByer 2
Takoe, YTo X NeJUT 2 U y aeaut 2. Ho Takoe z jerko HaxoauTtcs Mo
JI00bIM x U y. Hamo B3sTh, Hampumep, 2 =X - ). R™'- R=uF? TaK xak
x, ) e R™' R & cymiectByeT z Takoe, YTO 2 JCIUT X U 2 JCIUT .
Hano B3s1Th 2 = 1 7151 M100BIX X, V.

(06) demaeTcs aHajloruyHo (a).

(B) dg=pr=%, R'=R, R-R=R-R'=R"-R=9".
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() dr=pr= Y, R"'= (. )|x ye Du2yz3x, R-R={(x,»)|xye I
ndx>9, R-R'=R"'- R=9"

(ﬂ) 8R =|:_gsg:|s Pr = [—1, g:| )

{(X | x, ye[_i gjl u stiny}7
R- R={(x, y)|sinsin x< y},

2
R-R'=|-L L R R= LI
[ 2,2], (x, Wlx,ye 1,2

9. (B) X € 8p, ., & CYLIECTBYET y TAKOE, UYTO (X, ) € R - Ry & cy-
LIECTBYIOT y U 2 TakKue, 4To {x, 2) € R, u (2, ) € R, & CylIeCTByeT 2
Takoe, yTo{x, 2) e Rinuze 8R &> CYIIECTBYET 2 TaKoe, uTo (2, x) € R,
Zepp UZEd & Xxe R (pRIOSRZ)

(r) x € pg,. g, < CYIIECTBYET y Takoe, 4to (¥, X) € R, - R, & cy1ue-
CTBYIOT ¥y U 2 Takue, u4To (), 2)€ R, u (z,Xx)e R, & cylllecTByeT 2
TaKoe, YTO 2 € pg U (2, x) € R, & CyLIECTBYeT 2 Takoe, 4TO Z € Pg,
zedpu(z,x)e Ry & xe Ry(pg Ndg).

11. Ecnu R=i, To nmns mwoboro oTHouieHuss R, Ha A ume-
eM (X, y) € R- R, & cyllecTByeT z Takoe, 4To (X, 2y e Ru (z,y) e R,
HO (X, 2) € R TonbKo npu x= 2. Takum obpazoM, R- R, = R,. AHajo-
ruyHo, R;- R=R,. O6parHo, nonoxum R;=i, Torma, Tak Kak
R-R =R, T0 R=1i,

12. 8) (x,)e (RRUR)"!' & i, x)e RRUR, & (y,x)e R, unu
Oy, x)e R = (x,)e R wmm (x, e R,7' & (x,)e R7TUR.

(m) Ilyctb R — OuHapHOE OTHOILIEHUE MEXAY 3JIeMEeHTaMU MHO-
xecTB Au B. Torna

{x, yye —R™! S (X, ) e (B><A)\R‘1 o xe B yeAul{x, ¢ R o
sxeB yeAu(y,x)e Re (9, xX)e (AXB\R < (,x)e -R &
& (x)e (R)".

13. Ecin A# @ u B# O, TO TaKMX OTHOLIECHUI R HE CYLIECTBYET.

Iyctb xe AN B. Torma (x, x) € R (x,x)e R & (x, x) € —R. o-
JIy4UJIU TIPOTUBOPEUME.

Mycts AN B=@. Tak kak R Bx A, a —~-Rc Ax B, 1o R'=
=-R=0. Orctona R= u R=Ax B. Ilollyuniu npoTUBOpeUHUE.

14. (a) 2" ™.
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(6) n".

(8) Ecitm n > m, TO 3TO 4MCIIO paBHO A," — YWCIY pa3MeIIeHU 13
1 2JIGMEHTOB IO M; €CIM A < m, TO TaKUX (PYHKIMI HEe CYLIeCTBYET.

(r) Tlpu m=n.

15. (a) {(x, yy € R, - (R, - R;y) & cylllecTBYET 2 Takoe, 4To (X, 2) € R,
u{z, e R, R; & CyLIECTBYIOT 2, U TaKue, uTo {x, 2) € R;,(z, uy e R,
uu, y) € Ry < cymectByeT u Takoe, uto (X, uye R, - Ryu{u,y) e Ry
e X, e (R R)- R

6) (x,)e (R,- R, & (y,x)e R, - R, & cyllecTBYeT 2 Takoe,
uTO (y, 2) € R, M (2, X) € Ry < CYIIECTBYIOT 2 TAKOE, UTO (X, 2) € R;'
n{(z, e R7' o (x, e R R

(B) {x,y) e [U R; ] - Q & cylIecTBYeT 2 Takoe, 4To (X, 2) € U R;
iel iel
u {z,y)e Q © cyllecTBYIOT 2 U ie [ Takue, 4to (x,2)e R, u
(2,y) e Q< cymectByer i € [ Takoe, 4TO (X, )€ R;- 0 & U (R; - 0).
iel

(r) Hoka3sblBaeTcsl aHAJIOTUYHO (B).

16. (a) (x,»)e O- (ﬂ R,-) & CYIIECTBYET 2 Takoe, 4To (x, 2)e Q
iel
u<{z,ye ﬂ R; & cymecTByOT 2 Takoe, 4T0 (X, 2)e Q n (2,))€ R,
iel
mnsi Beex ie [ & (x,))e Q- Runaseex ie [ & (x,y)e ((Q-R)).
iel

(6) Jdoxa3sbiBaeTcsl aHaJOTMYHO (a).
(8) Hampuwmep, st (a): Ry ={(1, 1)}, Ry={(0, 1)}, 0={(1, 0), {1, 1)}
17. Her.

19. (a) IMyctb be B. Torna B conepxut dynkumio f: A— B, omn-
peneneHHyo Tak: f(x) = b 1is1 Bcex x e A.

20. IToctaBuM B COOTBETCTBUE (@, ..., a,) NeMeHTy U3 A" HyHK-
o f: [ — A, onpeneneHnyo Tak: f (i) = a;.

23. (a) fectb 1-1-pyHKI1IUSI.

(6) /NG (pN8Y) 1 gN (PN 3) x p,) sBIsTIOTCS 1-1-DyHKIMSAMA.

24. Ilycts dyukiuu fi: A — A, u f5: B— B, oCyllIecTBISIIOT B3aUM-
HO OJHO3HAYHOE COOTBETCTBUE MexXny A u A, u mexny Bu B, cooT-
BETCTBEHHO.

(a) ®ynkumst F: Ax B— A, x B;, onpenenennas Ttak: F({a, b)) =
={(f, (a), f, (b)), ocyliecTBAsIET B3aUMHO OJHO3HAUYHOE COOTBETCTBUE
mexny Ax Bu A; x By.
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(6) Mycts he A%, F(h)y=£"- h- f; ocyuiecTBIsieT B3aMHO OIHO-
3HayHOe cooTBeTcTBHE Mexny A% u AP

27. CMm. 3agauu 26 u 28.

29. Ecniu R — B3aMMHO OJIHO3HAUYHOE COOTBETCTBUE MeXIy A U B,
TO pe3yNbTaT cleayeT u3 3amadyu 28.

OGpatHO, 8z=A, Tak Kak R- R™' =i, pr=B, Tak Kak R™'- R=i,.
Ecmu (x, )€ Ru (x,2)e R, 10 (y, 2ye R™'- R, a 3Hauur, y=2. Ecin
(y,x)e Ru (z,x)e R, 10 (y,2)e R- R™', a 3Hauut, y=2z.

32. YcnoBus, Koraa BKJIIOUEHUS 3aMEHSIOTCSl paBEHCTBAMMU, MIPU-
BelleHbl B 3aaaue 33.

33. Ilycts fHe sBnserca 1-1-dynkuneii. Torna cyiecTByior a, b e d,
Takue, 4yto a# b u f(a)=f(b). [lonoxum A={a}, B={b}. ObpaTtHOE
OYEBUJIHO.

34. Ecnu xe f(A)\f(B), To cyluiecTByeT y € A Takoe, 4To f(y) =X
u y¢ B. Takum obpazom, xe f(A\B).

35. Ecmm xe f(A\B), To cymecTtByeT y€ A U y € —B TaKoe, 4To
f(v) =x. Takum obpazom, xe f(A4). dAcHo, uto x¢ f(B), TaKk KaK f
ecTb 1-1-dyHKius.

38. JlokaxkeM, Hampumep, (a).

Mycts xe f1 (AU B). D10 03Hauaet, uto f(x) e AU B. Eciu
xe A, To xe f'(A). Ecnu f(x)e B, To xe f' (B). Urak,
fTAUB) cf (DU (B).

IMycts xe f1(A)Uf ' (B). Eciu xe f' (4), o f(x) e Ac AU B,
T.e. xe f ' (AUB). Ecniu xe f'(B), To f(x)e Bc AU B. Urax,
STAUS(B)f (AU B).

42. B nepBoM citydae JOJKHO ObITh p,= B. Bo BTopoMm ciiydae f10/mkHa
ObITh 1-1-pyHKIIMEI.

46. (a) Myctb xe | J (] A4;;- D10 03HAuaer, uTO CymIecTBYeT iy e |
iel jeJ
TaKoe, 4To [ist Beex je J umeeM x e A; ;. Ilyctb f— dyHkums u3 J
Torna xe A; i) 1 x€ | J Aipy. Moatomy xe () U 4ir-

iel fedliel
OOpaTHO, MYyCTh X ¢ U ﬂ A;;. Torma st mo6oro i e [ cymecTByeT
iel jeJ
Ji€ Jrakoe, uro x ¢ A;;. [onoxum fy(i) =j. Torna nmeem x ¢ U Aif -

iel

Hoostomy x¢ ] U 4irw)-
fe./’ iel
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(6) Moxno ucnoab3oBath (a) U3 3amaun 36 (B), (1) u3 § 1.
47. Tlo onpeneneHulo.
48. (0) Ilyctb fe U H B;;. Torma cymecTByer i€ [ Takoe, 4YTO
iel jel
fe [1 By, Otciona f(j) € B; nnsa mo6oro je I. Mostomy fe [ X,
jel Jjel
Ho f(ip) ¢ A;. 3nauwt, fe [ 4;
iel
OGparHo, nycts fe [ X; \ [] 4 Torna f(i) € X; mnst Beex i u cy-
iel iel
wectByeT iy c [ Takoe, 4ro f(ip) ¢ A; . Torna f(iy) € B, v f(j) € B, ;
npu j # iy. Hostomy fe [ By, usfe |J[] Bi-

jel iel jel

U
49. (6) OrobpaxxeHue @: B{’ET - H B OCYLIECTBIISIET TpeOye-
teT

MO€ B3aUMHO OJHO3HAYHOE COOTBETCTBUE:
4]
(V@) =fN(A;xB) mna fe B ) u teT.

A
(B) otobpaxkeHue o: [H B,] —>HB,A OCYIIECTBJISIET TpeOye-
teT teT

MO€ B3aMMHO OJHO3HAYHOE COOTBETCTBUE:
A
(N =fN(AXB;) mst fe (HBtJ utel,
teT

50. TTyctb a, € A, Onpenenum yukumio f: T— | J 4, cnenyrommm
teT
obpazom: f (1) =a,.

teT hel) hel

51. Oro6paxenue ¢: [[ 4, — [H A, ]x [ IT 4., ] OCYILECTBIISIET

TpC6y€M06 B3aMUMHO OJHO3HAYHOC COOTBCTCTBUC:

<p(f)=[fﬂ[T1>< U A] fﬂ[sz U AD

hel helh
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§ 3. CneuunanbHble OMHapHbIE OTHOLWEHUS

1. R — pedaekcuBHOe OTHOLIeHUEe HA A < iy R.

2. R — uppedaekcuBHOe oTHoLIeHUe HAa A < R()iy=. Hanpu-
Mep, myctb R ={(x, W|x,ye N, x<y}, Ry=R". Torna R, - R, ped-
JIEKCUBHO.

3. R cuMMeTpuuHO < R=R7".

4. R, - R, cummeTpuuHo = R, - R,=(R,- R)'=R,' R '=R,- R,
Ri-Ry=Ry- R = (Ri-R)"'=(Ry-R)"'=R"-Ry' =R, - Ry.

5. (a) R anTMcuMMeTpHYHO < RN R c iy

(6) (RRUR)N(RIUR)'=(RIURY)N(RTUR; RN R, =
=(RiNRH™

6. (a) Hanpumep, {(x, ) |x,ye 9, |x-y|<1};

6) {x, 0| x,yef, x<y<x);

(®) {(x, »Ix,ye D, x<y};

() {5, 0[x,ye D, x=y=0}.

7. (a) Hanpumep, {{x, W |x,ye 9, x, y>0};

0) xe A= {(x,y)e Runu (y, x) € R 1J11 HEKOTOpOoro y = (x, y) € R
u{y,x»e R= {(x,x)e R

8.Rciy,.

9. Cm. ykazaHue K 3agaue 8.
11. (a) da. (0) Her.
14.R"'=R

15. R — skBuBaneHTHOCTh = R '=R, R- Rc R, i, R. O6paTHO,
R- R™' cummerpuuno mist mo6oro R. [Mostomy R CUMMETpUYHO U
R-R=R-R'cR

16. (a) R =R, R,.

©6) A=(A)"'=(R-R)'=R" R'=RR.

17. PazoueHuto {A4;};. ; conocTapsieM SKBUBAJIEHTHOCTb:
R={{(x, y)| cymiectByer i e I Takoe, 4TO X, y € A;}.

18. Eciiu R — 3KBHMBaJIEHTHOCTh, TO = A /R (cM. 3agauy 13).

19. ITonaraem f; ([x]p) =/ (x). OueBuano,

[xlg=[lg & f(x)=f().

ITosToMmy f, ecTb B3aMMHO OJHO3HAYHOE COOTBETCTBUE MexXay A /Q u

fA), a (e-H)(x) =/fi(e(x) =/fi([x] o) =f (X).
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21. R, U R, — skBuBaseHTHOCTb = R, - R,c (RiUR,) - (Ri{UR,) c
CRUR, RUR=(R-i)U(iy R) c R - R,.

O6patHo, nyctb RiUR,=R,-R,. Torna R,- Ri=R,™" - R, '=
=(R-R)"'=(RUR)"'=RURy, (RRURy) - (RIUR)=(R,-R)U
UMRy-R)UR -R)U(R,- R) cRIUR,y, T.e. R/U R, TpaH3UTUBHO.
CUMMETPUYHOCTD U pedieKCuBHOCTh R, U R, OUeBUIHBI.

22. R, U R, — oKBUBaNeHTHOCTb = R, - Ry=(R,- R)'=R,' - R ' =
=RUR,. Tlyctb R, - RR=R,- R. Torma (R, - R)'=(R,- R)'=R" R;' =
=R, - Ry, 1e. R - R cummerpudHo; (R, - R)) - (R,- R)=R,- (R - R) - Ry=
=R -(R-R) R=(R-R) (R -R)cR - R),T.c. R, R, TpaH3UTUB-
HO; peIeKCUBHOCTb OYEBUIHA.

23. R, - R, ecTb BKBHUBaJeHTHOCTb (cM. 3amauy 22). OueBuUIHO,
RyUR,C R, - R,. ITycTb Tenepb R, - R, € O AJis1 HEKOTOPOro OTHOLIE-
Hus skBuBaieHTHocTu Q. Torma R,- R,c(RIUR,) - (RIUR,) c
c0-0cO.

24. Q ecTb 00BEIMHEHNE BCEBO3MOXHBIX TTPOM3BEICHUI BUIA
Ril'Riz'...'Rik (kZl, il""! ike 1)

25. Ilyctb A cocTouT U3 n+ 1 2JIEMEHTOB, a € A M1 MHOXECTBO
Bc A\{a} comepxut i anemeHTOB. YncC0 3KBUBaJleHTHOCTEel R Ha A
Takux, 4to [a]z= BU{a}, paBHO p,_;.

30. (a), (0) caeayOT U3 AHTUCUMMETPUYHOCTU YACTUYHOTO TO-
psiKa.

B) R={x,»|x,ye P, x=y=0 mwmm x#0, y#0, x<y} ecrb yac-
TUYHBIA TTOPAIOK Ha 9.

33. R — npennopsinok = R=R-iyc R- R.

38. Hampumep, A ectb A ¢ YaCTUYHBIM MOPSIKOM U3 3ama4yud 29,
A, ecTb N ¢ OOBIYHBIM TTOPSIIKOM <, f(x) = x. IJIsl TMHEHHO YIIOPSIIO-
YEHHBIX MHOXECTB CM. 3a1auy 8 u3 § 5.

39. h (x) ={y|y<x} nnst x e A ectb TpeOyeMblit U30MOPDHU3M.

40. Torma u Tonbko Toraa, Korga R, = R,. Ecim R, # R,, To cynie-
CTBYeT Mapa (X, y) Takasi, 4To {x, )€ R, (x, )¢ R, unu {x, y) & R,
(x, )€ R,. B nepBom ciyuae {(x,y)e Ric R,- R, ), x)e RC R|- Ry,
X #y. AHaJIOTMYHO paccMaTpuBaeTcs BTopoit ciayvaid. Eciu xe Ry = R,,
T0 R, - R, = R, (cMm. 3amauy 33).

41. (0) B mpotuBHOM ciyyae A COAEPXKUT OECKOHEYHOE MOAMHO-
KeCTBO {a, a,, a,, ...} TAKOE, UTO a>a;> G, > ... WIN a<a,< a, < ...

42. (a) Hanpuwmep, (m, n) <{(m;, n)) & m<m, unu (m=m, u n < n;).
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©) (my,...,mp<{n,...,n) < (cymwectyer i (1 <i<min (k,/))
TaKoe, UTO My = Ny, ..oy My_ | = H;_ 1, ;<) WM (K< my = ny, ..., My = 1y).

(B) a+bi<a +bji & a<a, wim a=a,, b<b,.

44. [lyctb R, — NpoOU3BOJIbHBIN JIMHEHHBINA MOPSIOK Ha MHOXeE-
CTBe B, Bcex MUHMMAJIbHBIX 3JIEMEHTOB MHOXecTBa A (cM. 3amauu 41,
43), R, — NUHEWHBIN MOPSIAOK HA MHOXECTBE B, BCEX MUHUMAaJIbHbIX
BJIEeMEHTOB MHOXecTBa A \B, u 1.1. [Ing x, y € A nonaraem

X<y ¢ (xe B;, ye B, i<j) unu CcyuiecTByer i Takoe,
4yTo X, y€ B, n (x,)) € R,

45. JloxaxxeM uHayKuueu mo m. [lpu m =1 Bce ameMeHTH A T0-
MapHO HECPAaBHUMBI M UYMCJIO BJIEMEHTOB B A HE TMPEBOCXOIUT A.
Ilyctb m > 1, B — MHOXeCTBO MUHUMaJIbHBIX 3JIeMEHTOB 13 A. Ecin
C — mpom3BoJbHAsA lLiellb B MHOXecTBe A\B, To C uMeeT Hau-
MEHBIINI 37eMeHT a (cM. 3amauy 41 (a)) u cyliecTByeT a, € B Ta-
KO, uto a5 < a (cm. 3agauy 41 (0)). [Toatomy CU {a,} ecTh enb B A4,
ay¢ C u, cinegosareyibHO, C cOmepXUT He Oosiee m — 1 2JIE€MEHTOB.
ITo npennonoxeHuto uHaykuuu (A\B) coaepxut He 6osnee (m—1) - n
BJIeMeHTOB, a MHOXecTBO A= (A\B) U B — He 6onee (m— 1) n+ n=mn
3JIEMEHTOB.

47. h([a, b]) =(b, a) ecTb TpeOyeMblii U30OMOPDU3M.

48. (a) Bce nByxaneMeHTHbIE JUHEWHO YMOPSAOUYEHHbIE MHOXE-
CTBa U30MOP(MHBI MEXIY CO00I M caMOABOMCTBEHHBI. MHOXeCTBa U3
JIBYX HECPABHUMBIX 2JIEMEHTOB TaKXKe CaMOJBONCTBEHHBI U U30MOP-
(HBI Mexay co0OIi.

(6) JIro6oe TpexaaeMeHTHOE YaCTUYHO YIOPSIIOUEHHOE MHOXeE-
CTBO YIOBJIETBOPSIET B TOYHOCTHU ONHOMY U3 CJIEAYIOIIMX TISITH yC-
JIOBUM:

(1) nmerorcd HaUOOIBIIMIA U HAUMEHBIIUIA 2JIEMEHTHI, T.€. MOPSI-
JIOK JIMHEWHBIN;

(2) HeT HaMOOJbIIEr0 2JIEMEHTa, €CTh HaUMEHbIINIA;

(3) HEeT HaMMEHBILIETO BJEMEHTa, €CTb HauOObIINIA,

(4) nBa s;emMeHTa CpaBHUMBI, TPETUM HECPAaBHUM C OCTAJIbHLIMU;

(5) Bce TpM 2JeMeHTa IOIIapHO HECPAaBHUMBI.

YacTruHO ynopsiioueHHbIe TPEXJIEMEHTHbIE MHOXECTBA U30MOP-
(bHBI TOTHA M TOJIBKO TOTAA, KOTAA OHM YIOBJIETBOPSIOT OTJHOMY U
ToMYy ke 13 ycioBuit (1)—(5). YacTuuHO yropsiioueHHbIE MHOXECTBa
CaMOJIBOMCTBEHHbI TOTAA U TOJbKO TOTAA, KOrIa OHU YIOBJIETBOPSIOT
onHoMy u3 ycioBuit (1), (4), (5).
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49. (1) = (2). beckoHeyHass CTpOro yoOBIBaoIIasl LIEMb X; > X, >
>...>X,> ... H COIEPXUT MUHUMAJIbHOIO 2JIEMEHTA.

(2) = (3). ITycTb cyiiecTByeT CBOMCTBO 7 3J1eMEHTOB MHOXeCTBa A
TaKkoe, 4To JJjis1 JIoOOro ajeMeHTa a € A U3 cripaBeiiuBocTu 1 s
BCEX BJIEMEHTOB, CTPOTO MEHBIIMX a, BBITEKAeT CIpaBeIMBOCTb T’
171 a, v 9eMeHT b € A He obnagaet cBolictBoM 7. Torma cyiiecTByer
b, e A, b, < b, Takoii, uTo b; He obnamaeT cBoiicTBoM 7, u T.1. Ilomy-
yaeM OECKOHEUHYIO Lelb b > b, >...>b,> ...

(3) = (1). ITycte M c Au T ectb CBOMCTBO: a ¢ M Win CyllecTByeT
MUHMMAaJbHBII 2JIEeMEHT m B MHOXecTBe M. lonmycTum, 4to a€ A u
BCE DJIEMEHTHI, CTPOTO MeHbIIMe a, objamaioT cBoiictBoM 7. Bos-
MOXHBI JIBa cliydasi: (a) CylLIecTBYeT dJieMeHT b € M Takoii, uto b < a,
(0) He cywecTByeT Takoro b. B ciyuae (a), Tak Kak b obyiagaeT cBoii-
cTBoM 7, CyllleCTByeT MUHMMAJIbHBIN 2JIeMEHT MHOXecTBa M. B ciy-
yae (0) ag¢ M unu ae M v a eCTb MUHUMAJbHbBIA 3JI€MEHT MHOXE-
ctBa M. TToatomy a obsamaet cBoiictBoM 7. M3 ycioBus (3) cienyer,
YTO BCE 3JIEMEHThl MHOXecTBa A obnanaoT cBoiictBoM 7. IlycThb Te-
nepb M=, ae M. Torna M umeeT MUHUMAJIbHBI 2JIEMEHT.

50. Eciu Bce Lieny MHOXECTBa BIOJIHE YITOPSIAOUYEHbI, TO OHO YI0B-
JICTBOPSIET YCJIOBUIO OOphIBa yOBIBAIOIIMX LIEIE, 1, CJIeI0BaTEIbHO,
YCJIOBUIO MUHUMAJILHOCTU (CM. 3aj1auy 49). O6paTHOE OUeBHIHO.

51. Ecau A obGiagaeT ykazaHHBIM CBOMCTBOM, TO JJIs JIIOOOTO He-
MWHUMAJBHOTO 2JIEMEHTa a € A CYLIECTBYeT TOYHAs BEPXHss TpaHb
u (a) MHOXecTBa {x|xe A, x<a} u 11 MTOOOTO HEMAKCUMAIBbHOTO
a e A cyllecTBYET TOUYHAsl HMXKHSIS IpaHb U (a) MHOXeCTBA {X|x e A,
x>a}. Ecniu a< b, TO

b=v(..((a)..) (npa3), a=u(u...(u(b))...) (n pas)

JUISI HEKOTOPOTO #. BO3MOXKHBI YeThIpe cryyas.

(a) A uMeeT HaMMEHbIUMI W HauOOJbIIMI BJaeMeHThl. Torma A
KOHEYHO.

(0) A umeeT HaMMEHBIIUI BJIEMEHT d; U HE UMeeT HauOOoJIbIIero.
Torna n11000#i aeMeHT a € A nipenctaBuM B Buae v (v ... (v (ayp)) ...);
(n pa3) w1 HeKOTOporo n U A n30MOpGhHO MHOXKECTBY HATypaJbHbIX
Yrcesl ¢ UX OOBIYHBIM TTOPSIIKOM.

(B) A umeeT HaMOOJBIIUI 7TEMEHT @y U HE UMEET HAaMMEHbBIIEro.
Torna A n3oMop(PHO MHOXKECTBY OTPULIATEIbHBIX LIEJIbIX YUCE.

(r) A He UMeeT HauOOJIbIIETO U HAMMEHbIIIETO 3J1eMeHTOB. Torma A
M30MOP(PHO MHOXKECTBY BCEX LIEJBIX YHCEIL.



Yacme 1. Teopus mnoxcecme (§ 3) 169

52. Bce KOHEYHBIE MHOXKECTBA M TOJILKO OHU (CM. 3amauy 32 1 3a-
nauay 42 u3 § 5).

53. (a) ITpoBepuM TPaH3UTHUBHOCTD < :

o(x, y)=x, ¢(y,2)=y =
= 9, 2) = 9(o(x, ), 2) = 0(x, (¥, 2)) = (X, y) = x.
pe(b)'[eKCI/IBHOCTI) N aHTUCUMMETPUYHOCTD OYCBUIHBLI.
(6) o(o(x, ), x) = 9(x, 9(x, ) = 0(9(x, X), ¥) = @(X, y). AHAIOTHYHO,

o(o(x, 1), ) =0(x,3); 9(2,x)=2; 9(2,y) =2 =
= 0(z, 0(x, ») =0(0(2, x), ) =9(2, y) = 2.

55. (0) Cm. 3apaun 20 u 24.

56. Ilyctb a, b — MakcuMabHbIe dJIEeMEHTHI pewretku M. Torpa
aUbe M, alUb>a, aUb>b. Orcrona alUb=a=b.

57. Ecomu M={a,, ..., a;}, T0 a;U...U a; ecTb HAauOOJbILUUI dJie-
MEHT B M.

58. (a) CemMeiicTBO KOHEYHBIX TTOAMHOXECTB HATypaJIbHOTO psia.

(6) CeMeiicTBO MOIMHOXECTB HATypadbHOIO psila C KOHEUHBIMU
JIOTIOJIHEHUSIMU.

(B) MHOXeCTBO LEJbIX YUCElI.

60. (a) xUy=y = xN=xN(xUy) =x; obpaTHOE aHATIOTUIHO.
(06) x<x, tak kak xUx=xU N xUy))=x;
x<y, ysx=x=xUy=xNy)Uy=y;
x<y, y<z = x=xNy=xN@N2)=(xNy)Nz=xNz;
z2<x, z<y=z=zNy=CNx)Ny=2NxNYy);
x<z,y<z=z=zUy=(Ux)Uy=zUxUYy).
61. Mcnonb3oBaTh, KpoMe OmpeneaeHus, TOXIASCTBA U3 3amauu 59.
(@) 0=xN(-x), 1=xU(-x) ansa nwobdoro xe M.
(6) Ilyctb by, by — nononHeHus anemeHTa a € M. Umeem

by=(aNby)Uby=(alby) (b Uby)=bUb,.

AnanoruyHo b, = b, U b, = b,.
™ anbN[(a)U D)) =lanNbN(-a)]UlaNbN (=b)] = 0;
@ndUlaUEhl=laU(-a)UED)IN[bU(-a)U(-b)]=1.
() a<b=b=aUb=-b=-(aUb)=(-a)N(-b) =
= aN(-b)=aN(-a)N(-b) =0;
aN=b)=0=b=>bUlaN=b)]=bUa)N[bUb)]=bUa= a<b.
65. Ilycts A;= DU {x}, Ay=DU {y}. Torna xNu=0 gns awobdoro
ue D vnmu yNv=0 nag moboro ve D; B NpOTUBHOM cliyyae s
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HEKOTOPBIX U, Ve DumeeM (xUy)N(uNv)=0mn 0e D. ITostomy A4,
i A, MOKHO pacIIMpuTh 10 puiabTpa (cM. 3amauy 64).

66. (a) = (0) cnenyeT U3 3agaun 65.

67. Ilycts D — nanusbiii uastp. Torma cemeiictBo S={D, | D, ectb
(unwvTp Ha M, D, o D} ynosieTBopsieT yciaoBusiMm jemMmbl LlopHa (cMm.
3agaun 66 1 68 13 § 5) U MO3TOMY MMeEeT MAKCUMAJIbHBII DJIEMEHT.

68. Nmeem a N (—b) #0 (cm. 3agauy 61 (e)). 3 3amay 64 u 67 BbiTe-
KaeT TpedyeMoe yTBepKIeHUE.

69. h(a)Nh((b)=h(aNb), h(a)Uh(b)=haUb), —h(a)="h(-a).
[TosTomMy § 3aMKHYTO OTHOCUTEIbHO (), U U —.

70. OTobOpaxkeHue h, ompenejaeHHOe B 3amade 69, MOHOTOHHO M
YIOBIETBOPSIET yCIOBUIO A (X) < h (y) = x <y BCIEACTBUE yTBEPXKIe-
Hug 3amaun 68. [ToaTomy 4 ecTb n3oMopdusm mexny M u h (M).

71. Cnenyet u3 3agaum 57.

72. OrobpaxeHue h, onpeneneHHoe B 3anaye 69, ecTb U30MOp-
¢pusm Mexny OyneBoit anredbpoit M u h (M). ITokaxeM, 4TO
h(M)=P(#). MuaoxectBo & koHeuHo. Ilycts A={D,, ..., D} = %,
a, ..., 4y — HauMEeHbILIKE dJeMeHTbl GUIbTPOB D), ..., D) COOTBETCTBEH-
Ho. Torna A=h(a,U...Uay): ecitu De h(a;U...Uay), T0 a,€ D ans
HekoToporo i u D= D; B cuny MmakcumanbHOCTU D;, moatomy D e A;
00paTHOE BKJIIOUEHHUE OYEBUIHO.

§ 4. KapanHanbHble Yyucna

2. (B) Ilyctpb f— dbyHkuus uz A Ha B. Toraa mobast hpyHKIUS g
B— A takas, urto g(b) e £ ({b}) nnsa be B, ectb 1-1-pyHKIMS.

3. IlycTb focyllecTBasieT B3aMMHO OJJHO3HAYHOE COOTBETCTBUE MEXKITY
An A, llonoxum By=A, Bi=A,, B,.,=f(B, (n=0, 1, ...). Torna

By2 B 2B,>...,
A= B\B.)U | B =
ice N ie N
= J Ba\Boiz) U | (Baisi\B2i2) U [ Bs;
ic N ie N ie N

A= |J B\B.)U() B; =
ie N\{0} ie N

= U B2i2\Bais3) U | (Baisi\Bri2) U [ Bi.
ie N ie N ie N



Yacme 1. Teopus muoxncecms (§ 4) 171

WnmeeM f(By \Byi 1) = Boi2 \ B3, T.€. (By\Byii 1) ~ (Byi2 \Bai3)-

Tak kak Bce MHOXecTBa B;\B;,; (i=0,1,...) un ﬂ B; nonapHo He
ie. N
nepecekaiorcs, To A~ A; (cM. 3agauy 24 (B) us § 2).

4. Umeem f(A)c B, g(B)c A, tne f: A— Bu g: B—A aBnsiior-
cs 1-1-byukuusimu. Torna f(g(B)) cf(A) c Bu f(A) ~ B (cMm. 3a-
nauy 3).

6. (a) Ilyctb f(A) < A4, tne fectb 1-1-bynkuus, a e A\f(a). Ilo-
JOXUM ay=a, a;, =f(a) npu i20. Torna a;, ; € f(... (f(A)) ...) (i pa3),
HO ;.1 ¢ f(f(... (f(A)) ...)) (i+1 pa3), mo3TOMY @; # a@; IpM i #j. Ha-
YUT, A COAEPXKUT OECKOHEUHOE MOJAMHOXECTBO {4y, @, ...}.

7. Ilyctb A GeckoHeuHo, a; € A. Torma A\{a,} Takke 6€CKOHEUHO
(cMm. 3amauy 5 (0)) u cymectByeT a, € A\{ay}. Hanee, A\{ay, a,} bec-
KOHEUYHO M CYHIIECTBYeT a, € A\{a,, a;} n T.n. INomoxum f(0) = ay,
f(D=a,, f(2Q)=a,, ... Torna f ocyuiecTBisieT B3aMMHO OJHO3HAaYHOE
coorBeTcTBUE MeXny A u A, ={ay, a, a,, ...} C A.

8. Ilyctb A 6eckoneuHo, B={b,, b;, ...} — cu4eTHOE MOAMHOXECTBO
A. Torna A= BU (A\B) ~ (B\{b}) U (A\B) = A\{b,}.

9. JJocratoyHo nokasath yreepxaeHue mia A, Iycts Ic A u [
6eckoneuno. IMocrpouM f: N — I. BozbmeM B KauecTse f(0) HaMMeHb-
1M 3JIEeMEHT MHOXecTBa /, B KauecTBe f(n+ 1) HaUMEHBIIUI 3J1e-
meHT MHoxecTBa I\{f(0), ..., f(n)}. Toroa f ocyliecTBIIeT B3aUMHO
OQHO3HAYHOE COOTBETCTBUE MeXny N 1 I.

10. (a) Cnenyer u3 3amau 2 (B) u 9.
(6) Ecnu A={a,, ay, ..., a,} (n>0), To cneaywouas GyHKIus f 0TO-
Opaxaet A Ha A:

f()=a; g 0<i<n, f(i)y=a, s i> n.

11. Cnenyer u3 3agau 5(0) u 9.

12. (a) Iycts A=f(N), B=g(N) nna 1-1-byukunii f N — A u
g N— B. Tlonoxum h (2k) =f(k), h Qk+1)=g (k) mpu k=0, 1, ... Torna
h orobpaxaer N Ha AU B. Tak kax A B 6eckoneuno, to AU B cuer-
Ho (cMm. 3amauy 10 (0)).

(6) Nycts A;={a;, ..., a,} (i=0,1,2,...). Ilonaraem f(a;) =
=nyg+..+n,_+j—1 s ie N, j<n. Torna fectb 1-1-pyHKLUS U3
J 4, na A
ie N

(B) Ilyers  Ay={ag, aoi, a2, ---}, Ay={aj, ap, ap, ..},
A2 = {a20, ary, dyy, } [Tonoxum B()= {aoo}, Bl = {001, al()}, ey
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B,={ap;, ay(n-1y> ---» auo}. Torma | J 4; = | B; He Gonee uem cueTHO
ie N ie N
(cm. 3anauy (6)). Torna | J 4, > Ay = X
ie N

13. (a) Ilyctb A, — cuetHoe nmoaMHOXecTBO A. Torma A, U B~ A4,
(cMm. 3amaum 11 u 12 (a)). IMostomy AU B=(A\A4,)U (4, U B) ~
~(A\A)UA,=4

(6) Cnenyer u3 (a), tTak kak A=(A\B)U B u (A\B) 06ecko-
HEYHO.

14. Tlycts A, ={ay, a\, ...}, Ay={by, by, ...}. Torna A, x A, =
= U (A; x{b;}), Ay x{b;} ~ A,. loaToMy A; x A, c4eTHO (cM. 3amady

ie
12 (B)).

15. (a) Cnenyrowas dyukuus fectb 1-1-pyHkums us j Ha N :

f(0)=0, f(k)=2k, f(-k)=2k-1 (k=1,2,...).

(6) Crnenyromas dyHkums f otobpaxaer 5° Ha 2:

f«ny»=§-nm1y¢Qf«&y»=0

%II

TToaTomy 2< ? (cwm. 3amauy 2 (B)). Otclona 7 < Z g_

3agaun 15 (a) u 14) u E < 7 (cM. 3anmauy 4).
(B) IlycTh a,, by — palMoHaNbHBIE YKCIIa TAKUE, UTO a < d; < b; < b,

FO =D = ﬂm

C npyroii CTOpOHbI, [a, ] N Qc 2.
(r) Cnenyer u3 (0) u 3agauu 14.

@it bl ectb 1-1-pyukuns us A B [a, b].

16. Cnenyet u3 3amau 12 (B) u 14, Tak KaK MHOXECTBO BCEX KO-
HEYHBIX ITOCJIEI0BATEIbHOCTEN €CTh 00beIMHEHME T10 71 € N MHOXECTB
nocjenoBaTeIbHOCTe il (PMKCUPOBAHHOM IJIMHEI A.

17. Caenyet u3 3agaun 16.

18. Cnenyer m3 3amaum 16, Tak KakK MHOTOWIeH ;X" + ax™ +
.. +a; X" + a;, | MOXHO TIpEICTaBUTh KaK KOHEUHYIO TOCJIeI0BaTeb-
HOCTb 3JIEMEHTOB CYETHOTO MHOXecTBa {X, +} U .

19. Caenyer u3 3agaun 18, Tak KaK MHOXECTBO KOpHeIl JII0O0ro
MHOTOWIEHAa KOHEYHO.
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20. B unTepBane (a, b)) MOXHO HaWTH palMOHAILHOE YHUCIO C
(a<c<b). IloaToMy maHHOE€ MHOXECTBO MHTEPBAJIOB SKBUBAJICHTHO
IMOJMHOXECTBY MHOXecTBa 2.

21. ITox 6ykBoit T moHMMaeM mapy B3aMHO TepIeHIUKYISIPHBIX
OTPE3KOB TaKyl0, YTO OJAWH M3 HUX MPOXOIUT YEPEe3 CEPEAUHY JApPY-
roro. B Touke nepeceyeHus1 OTpE3KOB MPOBOJAUM OKPYKHOCTb pauny-
COB MEHbIIIE MOJOBUHBI KaXIoro orpe3ka. byksa T penut Kpyr Ha
yacTu. B Kaxmoil n3 aTux yacteil cynecTByeT ToUka ¢ pallMOHaIbHbI-
MU KoopauHataMu. PaznuuHbiM OykBamM T COOTBETCTBYIOT pas3jinu-
HbIE TPOMKHU TOYEK.

22. Cnenyet u3 3agauu 20. JIto00it Touke x € A COIMOCTaBIIEM UH-

(=53]
TepBal | X——, X+ — |.
2 2

23. Cnenyet u3 3amaun 20. Kaxmoii Touke pa3pbiBa @ CONIOCTABISET
WHTepBaj ( lim f(x), lim f(x)) .
x—a-0 x—a+0

24. (a) Cnenyet u3 3amaun 13 (a).

(06) Onsa x e [0, 1] monaraem f(x) =a+ (b - a)x. Torga f ocyliecTs-
JISIET B3aMMHO OJHO3HayHOe cooTBeTcTBUE Mexnay [0, 1] u [a, b].

(B) f(x) =tg x ocyliecTBIsIeT B3AMMHO OJHO3HAYHOE COOTBETCTBUE

TN . TN
Me =, = u9D,a bl~-|-=,=] (cm. (a) u (0)).
say (<52 w 910,01~ (-5, 7) (e @ n @)

25. BosbmeM, Hampumep, [0, 1] u [0, 1]°. Tlape DeiiCTBUTEIbHBIX
yucen (0, aya ...; 0, byb, ...), TIe HU ONHO U3 ITUX YMCEN HE UMeeT 9 B
nepuoje, conocranisiem uucio 0, aybya, b, ... lanee ucnonan3yem 3ama-
uy 4.

26. PaccMoTpuM ABe OKPYKHOCTH, HallpuMep, ¢ LIEHTpaMU B Ha-
yaje KoopauHaT u paguycamu r u R. Touke (rcos ¢, rsin @) conoc-
TaBjsieM TOUKY (R cos @, Rsin @).

27. 9% ~ |a, b]* ~ |a, b] ~ D (cM. 3amauu 24 (a) u3 § 2, 24 (B) u 25).

28. Cnenyet u3 3agauu 24 (B).

29. Tlycts fectsb 1-1-pyukums u3 A Ha otpe3ok [0, 1]. [Tycts f(n) =0,
a,0ay ... Ay ... CTPOUM JEUCTBUTEBLHOE YMCIO B ciaeaylouMMm odpa-
3oM: B=0, bybib, ..., TOE

1, ecnu a; #1,
Bi =
2, ecmu a;; = 1.
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ScHo, uto mst noboro n umeeM f(n) # . [loayyunu npoTuBopevue.
30. ¢, Tak kKak 9=2U (P\2) u 2 cuetHo (cM. 3agauu 15 (6) u
13 (0)).
31. Cnenyet u3 3amay 19 u 13 (0).

R2.00,1lc Jlii+lle |Jlii+llcP.
ie N e N
33. Ka)KZ[OMy X e @ MO2KHO COITOCTAaBHUTb CYHETHYIO ITOCJI€A0BATEJIb-
HOCTb pallMOHAJIbHbLIX YMCEJ, CXOIAIIYIOCA K X; a TaK KakK 9~ ./V, TO

1 TIOCJIEI0BATEbHOCTh HATYpaJdbHbBIX uKcell. [Toatomy 9 He mpeBoc-
XOJIMT MOIIIHOCTU MHOXECTBA S BceX TaKuXx rocienoBaTeabHocTel. O6-
paTHO, MOC/eA0BaTeIbHOCTU HATypaJbHbBIX YUCEN 4, 4, d;, ... COIIOC-
TaBJIsIeM JEWCTBUTEIbHOE YUCIIO

—_—— — — Y—
ap+1 pa3  a+1 pa3  a,+1 pa3

34. (a) Cnenyet u3 3amad 33 u 4, Tak KaK MHOKECTBO Ve rnocJyeno-
BaTeJIbHOCTE HATypaJbHBIX UYMCE SKBUBAJECHTHO ITOJIMHOXECTBY
MHoxecTBa {0, 1}'”: IMOCJIeI0BAaTEbHOCTU HATYypaJlbHbIX YMCEJ
ay, ay, a,, ... COTIOCTaBJIsIeM

(6) Cnenyer u3 (a) u 3agauu 44 us3 § 2.

35. (a) Cnenyer u3 3amauu 25.

(6) A4;,~ y nnst nwboro ie I (cm. 3amauy 33). IlosTomMy
14 - NN = 7 (em. 3amaun 25 (1) u 47 u3 § 2 u 3ana-
iel
yy 14).

36. (a) ¢, Tak KaK g - (AN ‘/V)‘/V(CM.ﬂaﬂee yKazaHue Kk 3amade 35 (0)).

(0) ¢, Tak Kak HemnpepbIiBHAasT QYHKIMUS f OJHO3HAYHO OIpPEaesisi-
€TCSI CYETHBIM MHOXeCTBOM {{x, (X)) | x € 2} (KOTOpOE MOXHO TIpe/-
CTaBUThb B BUJE CUYETHOM IMOCIEAOBATEILHOCTH).

(B) ¢, Tak KaK MOHOTOHHasi (PyHKILIUS OJHO3HAYHO OINpeaessieTcs
CBOMMH 3HAYEHMSIMU Ha CUETHOM MHOXECTBE TOYEK: B TOUKAX pas-
pbiBa (cM. 3amady 23) U B pallMOHATbHBIX TOUKAX.

37. MoxHo. MHoxecTtBo B={x—y|x, y e A} cuetHo. Jlioboe ae ¥ \B
VIOBIETBOPSIET YCIOBUIO 3a/IaUu.
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38. Jonyctum, ¢: [0, 1] » P ects 1-1-pynkmsa us [0, 1] Ha
PN Tonoxum f(x) = ((x))(x) + 1 naa xe [0, 1]. Torma fe %' n
f=0(xy) nna Hekotoporo x,e€ [0, 1]. Otcroma (@(xg))(xg) =
=f(xp) = (0(xp))(x) + 1. [Tonyyunau npoTuBopeyue.

40. ITyctb @ ectb 1-1-pynkums usz Aua P (A). [onoxum B={x|xe A
u x¢ o(x)}. Torna B=0(x)) nasg HekoToporo x,e A. MUmeem
Xp€e B=>xye o(xg) =B, xo2 B= x5 ¢ ¢(xy) = Xy € B, T.e. mpoTUBOpE-
yue. [ToaTomy Takoil (hyHKIIMU @ HE CYILIECTBYET.

41. IlycTb U A~ Cc Aye A nna Hekotopwix Cu Ay. Torma cyiie-
AcA
cTByeT Be A Takoe, 4To B He 3KBHUBAJIEHTHO HMKAKOMY ITOJMHOXE-

cTBY MHOXecTBa Ay. C Ipyroit cTopoHsl, B c U A. Tlomyyunn mpoTn-
AecA
BOpeuue.

42. Tlyctb 2 ecTh MHOXECTBO, ColepxKaliiee Bce MHOXecTBa. Torma

P ) . C npyroit croponsl, P(2l) > A (cMm. 3amauy 40). Ionyunnm
[IPOTUBOPEUHE.

43. (a) IMonoxwum, Hampumep, b, = (a,+ 1) - 2".
(6) IMpeanonoxum, ¢ ectb 1-1-byHkuus us A Ha A. [loaoxum

bn = [((P(O))n t...+ ((P(”))n + 1] ) 2n‘

Torna mig aroboro i uMeeM

) MR ) N
b (@), +D-2" 2

ITostomy lim M =0 111 JI0060TO i € A 4TO IPOTUBOPEYUT YCIOBHIO.

N—>o0 n

§ 5. OpanHanbHbIe Yyucna

4. Tycts A=N, B=/ c o6bruHbIME TIOpsinikamu. Toraa A = B, HO
A+B.

5. B MHOXecTBe U3 n 3JIEMEHTOB MOXHO BbIOpaTh HAaMMEHBIIUI
3JIEMEHT 7 CIIOCO0aMM, MO3TOMY Yncio O, TMHEHHBIX TTOPSIAKOB Ha A
aJieMeHTax paBHoO n- O, _ .

6. Ilycty A={a,, ..., a,}, Tne a,<...<a,, B={ay, ..., a,}, Toe
b, <...<b,. Ilonoxum f(a,;) = b;. Torna f — nuzomopdusm mexny A u B.
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7. CM. yKazaHue K 3aaaue 4.

8. IycTb f — MoHOTOHHAs 1-1-dynkuns usz A Ha B. Torga f~' —
TaK;XXe MOHOTOHHOE OTOoOpakeHue, TakK Kak u3 (x, ye A, HO He-
BEPHO, UTO X #Y) cieayer, uto y<x U f(y) <f(x), T.e. HEBEPHO
fx)<fy).

11. ITycts A ynoBieTBopseT ycinoBusm (a), (6), (B). ITomoxum
f0)=ay, f(n+1)=(f(n)), tne n=0,1,2,... Torna p, =A Bcien-
ctBue ycaosus (B). Ecnu n, me N u n<m, 10 f(n) < (f(n)) <f(m)

BcliencTBUE ycinoBus (0), mosToMy f — MOHOTOHHAs 1-1-¢GyHKLuUs
n3 N Ha A.

12. ITycth A GeckoHEYHO U A, KOHEUHO st Joboro a € A. [Tono-
xuM f(a) = A. Torna fectb usomoppusm A4 Ha .

13. Ilycts A={ay, a,, a,, ...} ynoBineTBopseT ycioBusam (a) u (0),
2={qy, q1, q3, ...}. [loctpouM f A — 2n g. 2 — A. Ilonoxum f(a,) = q;,
g(qo) = ag. Tlyers f(ay), ..., f(a,) v g(qo), ..., &(g,) yXe MOCTPOCHBI.
Ecnu a,,,=g(q;) nna HekoToporo i (0<i<m), TO MONOXUM
fla,.1)=q. Ecm a,,, ¢ {g(q), ..., g(q,)}, TO BO3bMEM B KauyecTBe
f(a,, ) neppoe g;¢ {f(ay), ..., f(a,), qo, -.., 4,}, PACIIOJIOXXEHHOE OT-
HocutenbHo f(ay), ..., f(a,), q, ..., g, TAKXKE, KaK a,,; pacrojoxe-
HO OTHOCUTEJIbHO &, ..., a,, &(qy), -.., & (q,). Hanee, ecnu q, ., =f(a,)
s HekoTtoporo i (0<i<mn+1), To nmonaraem g(q,,;) =a; Ecau
qn.1 ¢ {f(ay), ..., f(a,.;)}, To Bo3bMeM B KauecTBe g(g,,;) MepBoe
a;¢ {ay, ..., a,.1,8(q0), ..., £(q,)}, PACIONOKEHHOE OTHOCUTETHHO
MHOXecTBa {ay, ..., @, 1, &(q), ..., £(g,)} TaK Xe, KaK ¢, pacrnojo-
J)KEHO OTHOCUTEJIbHO MHOXecTBa {f(ay), ..., (a,+1), qo, ---, q,}. OcTa-
eTcsl J0Ka3aTh, 4TO f ecTh u3oMoppusm A Ha 2.

14. Ilycts A={ay, a,, ...} — CUYETHOE JMHENHO YMOPSIAOYEHHOE
MHoxecTBO. [TocTpoum nszomopdusm fu3 A B 2. [lonaraem f(a,) = 0.
Hanee, myers f(ap), ..., f(a,) moctpoensl. Ecim a; <a; <..<a; <
<@,.1<a, <..<a (toe j<n, 1<k<n-1), T0 BHIOUpAEM ¢, € 2
Takoe, 4to f(a; ) <q,.1<f(a; ). Eciu a,,, MeHblIe BCex ay, ..., dy,
TO BBIOMpaeM g, ., ; € 2 Takoe, 9T0 ¢, . <f (), ..., 4,1 <f(a,), a ecan

a,,; b6onibuie Bcex 4y, ..., d,, TO BbIOUpaeM ¢,,; € 2 Takoe, 4TO
Gn+1 >f(a0)a oo Gyl >f(an)- Honaraer(a,H 1) =qn+1-

15. (0) Ilyctb a, be A, a<b. Bozspmem MHOXecTBO C C B Bcex
TaKUX TOCICAOBATEIBHOCTEN (X[, ..., Xy Xyt 1> Xnt2s Xn13), (#=0) UuTO
x;e{a, b} nna i=1,..,n, x,,1=X,,3=b, X,,»=a U HE CyLIECTBYeT
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i< nm Takoro, 4T0 X;=X;,,=>b, x;,=a. Torna C uMeeT MOPSIAKOBBI
tan n (cM. 3agauy 13); yTBepxxaeHue ciaenayeT u3 3agauu 14.

16. Cm. ykazaHus K 3agaue 24 us § 4.

17. PaccmoTrpum cayyaii, Korga A He COIEPXUT HANOOJNbIIETO U
HanMMeHBIIero 3j1eMeHTOB. OcTaJIbHbBIE CTyYal pacCMaTPUBAIOTCS T10-
IOOHBIM o0pa3oM. Ilycth B — cueTHOe IIJIOTHOE B A TIOAMHOXECTBO.
BBuny 3amaun 13 cymiectByer uzomopdusm s uz B Ha 2. Bozpmem
a € A. CyllecTBYyIOT a,, @, € A Takue, 4To @, < a < a,. Toraa cyuecTBy-
10T by, b € B Takue, uto a; < by< a< b< a,. Jlanee ctpouM nocjeaoBa-
TETBHOCTS by, by, b, ... 3IEMEHTOB U3 B TaKyio, UyTo a; < by < b, < b, < ... <
...<a<b. IlocnegoBarenbHocTb h (by), h (b,), h(b,), ... MOHOTOHHA
U OorpaHuMuyeHa yucjioMm h (b), TO3TOMY OHa MMEET MpeAeoM Heii-
cTBUTEeIbHOE yncio o. [Momoxum f(a) = o. Torma fectb nuzomopduszm
us As 9.

20. (a) I1poBeputh, 4To eciu A 1 B — NWHEWHO YIOPSIIOYCH-
HbIe HelepeceKawIecss MHOXECTBa, TO OTHOLIEHNE <, TaHHOE B
OIpeNeICHUN CYMMBI TTOPSIAKOBBIX TUIIOB, TMHEWHO YIIOPSII0YNBa-

er AUBu A=A, Bi=B, ANB =0 = A +B =A+B. Ana-
noruyHo st A- B.
21. CM., Hanipumep, 3agauy 22 (T).

22. (r) MHOXecCTBO, YIOpSAOUeHHOEe Mo TUIY ® + 1, uMeeT Hau-
OOJIBIINIA 3JIEMEHT B OTVIMYKME OT MHOXECTBA ITOPSIIKOBOIO THIIA (.

(e) Mycth A={x|xe 2u x< J21, B={x|xe 2u x> J2}. Torna
A=B=nu A+B =n.

(k) IMycte A={x|xe P u x<0}, B=0, C={x|xe 9 u x>0}.
Torna A=C = Au A+ B+C =n.

(3) Mycts A+ B =A. Torna A~ A, c D, B~B c D, A,UB =9,
AANB=Cua<bnnaae Au be B. [loaTOMY CcylllecTByeT B A; TOU-
Hasl BEpXHSS I'paHb @, WIW B B; TouHas HWXHsA TpaHb b,. Torma
Aj=h+1um B =1+L#A.

23. Hanpumep, a=2, f=o.

24. (1) MHOXeCTBO MOPSIKOBOTO THIA T)° YAOBIETBOPSIET YCIOBU-
aMm 3amaun 13 (e). B MHOXecTBe A MOPSIIKOBOTO TUTIA (Y] TTOPSIAKOBBIM
THIT MHOXKECTBA 3JIEMEHTOB, HE SBISIIOIINXCS HETIOCPEICTBEHHO CJIe-
JIYIOIUMHU 32 KAKUMU-TU00 djieMeHTaMu U3 A, paBeH m. s MHOXe-

cTBa B nopsiakoBoro tumna (n + 1) MopsiAKOBbIM TUI aHAJTOTMYHOTO
MHOXECTBA paBeH M + 1.
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26. (6) Hampumep, o= % B=w, y=2.

28. Iycts A =a, B=P, {4;| be B} — ceMeiicTBO IIOMAPHO Here-
pPECEKaIOIIMXCS MHOXECTB, YIOPSIAOYEHHBbIX MO TUIY o, ¢ — HU30-
mopdusmbl A Ha A,. Tornma ciaeayroias GyHKUMs fecTb U30MOppuU3M
us Ax Bua | 4y: f(a, b)) = g(a).

be B

31. (a) Her.

(6) Her.

(B) Her.

(r) Ha.

34. Ilyctb a € A He ABngeTCa HanMOOABIINM 3eMeHTOM A. Torma
MHOXECTBO {X|Xx € A, x> a} nMeeT HAUMEHBILUIA DIEMEHT.

35. HGHBSH, TaK Kak 9Ta LCIb HE COACPKUT HAMMCHBIICTO 3JICMCHTA.

36. JItoboe He BITOJIHE YIOPSIAOYeHHOE MHOXKECTBO COMEPKUT Oec-
KOHEYHO YOBIBAIOIIYIO IIETIb.

37. B nporisHoM citydae nonydaeM f(f(a)) <f(a),f(f(f(a)) <f(f(a))
" T.J.

38. Caenyer u3 3agauu 37.
39. Cnenyet u3 3agau 9 (r) u 38.

40. ITyctb f; u f, — nBa usomopdusma u3s A Ha B, f; (a) <f, (a) = b
n1st Hekotoporo ae A. Torma ;' f, ectb usomopdusm B B B u
(5" £)(b) < b. onyunnu poTuBopeune (cM. 3anady 37).

41. Ilycts A u B BniosniHe ynopsinodeHsl, S={a|ae A, A,~ A, nas
Hekotoporo be B}. Torna S=A4 unu S=A, Uisl HEKOTOPOTO @) € A,
S~ Bun S~ B, nnst Hekotoporo by € B. Ecnu S=A, S~ Bunu S=4,
S~ B, win S= A,, S~ B, 10 yrBepxkieHune nokazano. Cinyvaii S=4,,
§= B, HEBO3MOXEH, TaK Kak torna A, ~ B, v aye S=A4,.

42. ITycth A — OGeCKOHEYHOE MHOXECTBO, BIIOJIHE YIIOPSIA0YEeHHOE
OTHOCHUTEJbHO 33JJaHHOTO M JBONCTBEHHOTO MOPSIAKOB, dy € A. Torma
By={x|x< ay} wmu B, = {x| x> ay} 6eckoreuHo. [Tyctb B, 66CKOHEYHO.
Torna B, uMeeT HauOOJbILUI 25IeMeHT by, nanee B, \{h;} umeeT Hau-
OoJIbIINY 271eMEHT b, u T.4. [Tonyyaem by > b, > b, > ..., UTO IPOTUBO-
PEUYUT MOJHOU YMOPSIOYEHHOCTU B OTHOCUTENbHO <. AHAJIOTMYHO
paccMmaTpuBaeTcs ciayyai, Koraa B; 6€CKOHEYHO.

43. [Mpennonoxum, uto B= A,. Torna A\ B HemycTo U UMEET Hau-
MeHbIIUH 251eMeHT x. [Tonyuyaem A, Bu x ¢ B. [Ipuxonum K npoTu-
BOPEUUIO.
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44. (a) Cnenyet u3 3agaun 41.

(6) Cnenyer u3 3amaum 38.

45. f(B) = Wj nna B <o ectb uzomopusm u3 W, Ha MHOXKECTBO
{Ws | B < o}, ynopsimoueHHOE OTHOLIIeHHEeM BKIoueHus1. CM. najee 3a-
nauy 10.

46. Ilyctb M — MHOXECTBO TMOPSAKOBBLIX yucen, M; — HemycToe
noaMHoxecTBo M, a € M,. Torna W, BnonHe ynopsiioueHo (CM. 3a1a-
uyy 45). Ecnu M, N\ W,=J, TO o eCTb HAUMEHBIIUI 3JeMeHT B M.
Eciu Mi\N Wy =3, o M W, W, uMeeT HauUMEHbILIUI SJIEMEHT
B, KOTOpBIA SBJISIETCS HAMMEHbILIUM B M.

47. (a) [lyctb A= U W,. Torna A BosHe ynopsmoyeHo (CM. 3a-

aeS
nauy 46). Torza p=A ecTh HCKOMOE MOPSIAKOBOE YKMCIO (CM. 3a1aun
45, 38).
(6) Cymectsyer be S (u3 (a)). Torma Wy \S Bnoane ynopsuo-
YeHHO M COJEPXUT HAUMEHBIIWI 3JIeMEHT Y, KOTOPHI M OymeT
HUCKOMBIM.

48. Cnenyet u3 3anauu 47 (a).

49. Nmeem o+ 1 > o Ilyets o < . Torna W, ¢ Wy (cM. 3anauy 45),
W,U{a} ectb HavanbHblii oTpesok Wy unu W, U {o}= W,

Wy U{aj=o+1<W=8.

50. Iyctb o # 0 ¥ oL HE SIBISIETCS MPENETbHBIM, T.€. o # sup{B | B < o).
Torpa cyiecTByeT y Takoe, 4To B <y s Bcex B < o, U HEBEPHO, UTO
o <v. [ToaTomy y< o 1 Y ecTb Haubosbliee B {B | B < o.

51. Iycts B — mopsakosoe uncao. Muoxectso {o| o< B, Wi\ W,
KOHEYHO} MMeeM HauMeHbUIWii 3nemMeHT y. Torga y=0 wiu y ecThb

npefiesibHOE TIOPSITKOBOE YKCno, B=y+n, tae n= Wy \ W,.

53. A4;c | A;, moatomy A; Bionne ynopsinoueno. /~ B | J A;, e
iel iel

B={0;| 0; eCTh HAUMEHBIIUI DJIEMEHT B A;}.

54. Tlycts o= A, =B, y=C, AN C=BN C=@.

(a) Eciu B < A, To B nonoOHO HavyaJlbHOMY OTPE3Ky MHOXKECTBa
A c B, uto mpoTtuBOpeunT 3agave 38.

(6) Cnenyet u3 (a).

(B) Eciu A~ B, nnst HekoToporo ae B, o CU A~ CU B,. O6par-
HO, yCTb Y+ 0. <Y+ B 1 o > B. Toraa no yxe A0Ka3aHHOMY Y+ 0. > Y + B.
ITonyunnu npotuBopeuue. [Toatomy o < .
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(r) Cnenyet u3 (a).
(n) Cnenyer u3 (B).
(e) Cnenyet u3 (r).
55. Hanpumep, =0, =1, y=o.

56. Myctb .= A, p= B, y=C.

(a) Cnenyer u3 3agauu 54 (a).

(6) Ilycte A= B, nna nexoroporo a€ B. Torna Cx A= (Cx B) ,,
rae ¢ — HauMeHbInit aeMeHT C.

(B), (r) Cnenyior us (0).

(m) Crnenyer u3 (a).

57. (a) Myctb o= A, p= B. Ecmn o= P, 10 . — p=0. Econt B < a, TO

B~A, g ae A; B+ A\NA,= A, U(A\A,))=A=0a, o-PB=A\A,,
B+vi=B+v,= 1= (cM. 3ana4y 54 (1)).

©®)oa-y<B-y=a=y+(a@a-7)<y+ (B-7v) =P (cM. 3amauy 54 (B)).

B) ao—y<o-B=a=y+(aa—-y)<P+(a—P)=0o (cMm. 3anauy
54 (8), (1)).

(r) yo=y(B+(a-Pp))=1B+v(ae-Pp) (cM. 3amauy 26 (a)), moaro-
My v (o= B) =yo—B.

58. (a) oy <oy = By = (0 +By)— oy < (0 +By) — oy =P, (cM. 3agauy
57 (B)).

(6) TMycTtb 0.= A, B= B. Torna y= (A><B)< a,by U1 HEKOTOPBIX @ € A,
be B.Tlonaraem 8 = Aa, e= Bs. IMeem Y=o + 5, Tak KaK (A x B), 4=
=(Ax By) U (A, x{b}). Ilyctb y=08;+ & =08€,+ &5, &;, d,<a. Ecau
€ < &, TO 0; < 0, (cM. 3aaauy 56 (0)). Eciu 6, < §;, TO TOXE o€ < 0E,
mo (a). Torma og, + 9, <og, +o=0o (g, + 1) < 0oe, <oy + 8, (CM. 3amaun
54 (6), (B), 26 (a), 49, 56 (a), (B)). [Tonyunnu mpotusopeune. Ilo-
3TOMY € M & OIpeeeHbl OMHO3HAUHO.

B)oa=1-a<B-(ae+1) (cM. 3amauy 56 (B)). YTBepKaeHME ClaeayeT
u3 (0).

59. 13 3apauu 58 cienyert, 4To o = 0,3 + 0 JUISI HEKOTOPBIX 0 < O
u B,. damee o, =o,B, + 03, 03< 0, 1 T.4. [looydaem IociaenoBaTesb-
HOCTb 0, > 0l > 03 > ... [loaTomy o, ; =0 masg HekoTtoporo n>1 (cM.
3aaauy 46).

60. ITyctb y He obnagaeT cBoiictBoM P. Torma cyiuecTByeT Hau-
MEHbILIEE OPAUHATBHOE YUCIO O <7y, He 00safarolllee CBOMCTBOM P.
Bce opnuHanbHbie yncia <o obaagaroT cBoiicTBoM P. Tlonyuyunu
MPOTUBOpPEYHE.
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61. IMycts oo — mopsaKoBoe uncio. Bo3bMmeM ciienyloliee CBOii-
cTBO P: P ecTh TaKoe OpAMHANbHOE YKCJIO, YTO of CylIecTBYeT U
OJHO3HAYHO OIpeaesieHO. DTO CBOMCTBO YIOBIETBOPSIET YCIOBUSIM
3amauu 60.

62. Hanpumep, MHOXECTBO BceX OECKOHEUYHbBIX MTOCIeI0BaTEIbHO-
CTeil HaTypaJbHBIX YMCEJ TaKUX, YTO JIMIIb KOHEUHOE YMCJIO YJIEHOB
MOCJIeA0BATEIbHOCTU OTAMYHO OT (0, YNOpsSnoYeHHOE TaK:

gy -es yy - <pby, -y by, ... & cymiecTBYET 1 >0 TaKoE, YTO @, < b),
u a,= b, npu k> n.

63. /lokazarenbCTBa MCIOJAB3YIOT NPUHLMUIT TPAaHC(HPUHUTHON MH-
oykuuu (cM. 3amady 60).

(a) y> 1 u o dukcuposansl. P (B) ecTb cieayloliee CBONCTBO: ecu
B>a, To ¥ >

(6) o u P dukcupopaHsl. P (y) ecTb cBoiictBo o *7=0of - o,

(B) o. 1 P duxcuposaHsl. P (y) ecTb cBoiicTBo (af)Y=o0f 7,

64. (a) PaccMoTtpuM ciyyait, kornay=98+ 1 u o= 0. Umeem f = o' —
— o1 o< o. [IpeactaBuM o B Bue o= 0° - € + T, 1€ T < ©° (CM. 3a1a4y
58 (8)). Torma e<m 1 o®"' =0 (0—-(e+ 1)) =’ — o’ +1) <p. Cuy-
yaii, Korga y IpeaejbHoe, CJeayeT U3 yXKe JTOKa3aHHOTO.

(6) TpaHnchuHUTHAS UHAYKUUS O P.

(B) Ilycth ¢ — HauMeHbIIIee Takoe T, 4To B < o. Torma € >0 u He
SIBJISIETCS TIpeneIbHbIM, T.€. € =& + 1. Jlanee nmpumeHsieM 3anauy 58 (B).

(r) IlocnenoBatenbHo npumeHsieM (B). Ilpoiiecc oOpbiBaeTCs, Tak
KaK BCSIKOE MHOXKECTBO IOPSIKOBBIX YMCEIl BIIOJHE YITOPSIIOYEHHO.

65. Momaraem Ay =, A, =A, U A}, Ag= | A, ma npenens-

v<p

Horo f.

Jlnst mokasarenbCTBa TpaH3uTuBHOCTU %A, TOro, uro A, =0, U
eIMHCTBEHHOCTH %A, MCIONB3YETCS MPUHLUIN TPAHC(HUHUTHON WH-
oykuuu (cM. 3amady 60).

66. (2) = (1). Ilyctp

Sz{(p|(P:Al_> U Xa’ rﬂeAlgAa(P(a)EXa}-

GEA]

Torpa S HEMycTO ¥ YaCTUYHO YIOPSIIOUYEHO MO BKIIIOUEHUIO. S yI0B-
JleTBopsieT ycioBusiM JieMMbl [lopHa. MakcuMalibHbI 271€MEHT B S
€CTh UCKOMasi (PyHKLMS BbIOOpA.
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(1) = (4). Nycrs A={A;|ie I}, ANA=D nna i=j, f: [ | 4
iel
ectb pyHKimst Beioopa. Torma C={f (i) | ie I} — TpebyeMOe MHOXECTBO.
(4) = (1). Bosbmem A ={{X,} x X,| ae A}. Torna

(X} x X)) N (X} x X)) =D nnst a#b.

ITyctb CTtakoBo, uro ({X,} x X,) N C cOCTOUT pOBHO U3 ONHOI TOYKU
¢,. Torma ¢, =(X,, d,) s Hekotoporo d, € X,, f={c,|ae A} ectb Tpe-
Oyemasi (pyHKLMST BbIOOpA.

(1) = (5). Ilyctse M — TIpoM3BOJIBLHOE MHOXECTBO, f — (YHKIIUS
BbIOOpa Ha P (M) \{D}. PaccmoTpum cemeiictBo STakux A c M, A+ D,
YTO A MOXET OBITh BMOJHE YIOPSITOYEHHO TakK, 4To o € f(M\A,) nns
nmoboro a e A. Toraa S HemycTo, Tak Kak {f(M)} e S. Ilyctb Au B —
MHOXeCTBa U3 § ¢ yKa3aHHBIMUM IOJHBIMU Ilopsinikamu. Torma A= B
WX OJHO U3 HUX SIBJISIETCSl OTpe3KoM npyroro. [loatomy obobennHe-
Hue L Bcex MHOXecTB u3 § camo npuHamiexut S. Eciu L= M, To
LU{p (M\L)} € S. Otcrona L= M.

(5) = (3). Iycrb L ecTb 11enb B MHOXECTBE M, YaCTUYHO yIOPSIIO-
yeHHoOM oTHoueHueM < . Eciu L= M, to L makcumanbHa. Ecau L # M,
TO BITOJTHE YIIOPSIOYUM MHOXeCTBO A = M\ L oTHOIIeHneM <,. JI1060-
MY a € A conocTaBUM Terepb HeKOTopoe MHoxXecTBO L, > L. Ecnu BceM

b<; a yxe conocTaBieHsl L,, To momaraem L,= U L, U{a}, ectu a
b<ia

cpaBHIM 110 < co Bcemn anementamu u3 | J Ly, u L,= | J L B mpo-
b<ia b<ia

THUBHOM CJTydJae. U L, ectb MakcuMasbHas 1IeTb, comepxaias L.
ac A
(3) = (2). Ilyctb M ynoBnetBopsieT ycaoBusiM ieMMbl LlopHa, a e M.

Torna {a} comepxutrcss B MakcuMaibHOU 1enu L. BepxHsist rpaHb ¢
Henu L sBisieTCsl MaKCUMaJbHBIM 3JIeMEHTOM B M.

(2) = (6). ITycTtb A — ceMeicTBO MHOXECTB, UMEIOIIee KOHEYHBII
xapakrtep. OTHOILIEHUE C SIBJISIETCS YaCTUYHBIM MOPsiAKOM. Bribepem B
2l HEKOTOPOE TMHENHO YIIOPSIIOYEHHOE IoaceMeicTBo B = {4}, ;. Pac-
CMOTpUM A = U A;. Ilyctb C — KoHeuHoe noaMHoxecTBO A. Torma C

iel
SIBIISIETCS TIOAMHOXECTBOM A, 1151 HekoToporo i e I, moaromy Ce 2.
3naunt, A € A. MHOXeCTBO A ABISETCS BEPXHEN IPAHbIO ceMeiicTBa 8.
ITo nemme LopHa B cogepXUT MaKCUMaJIbHBIN 3JIEMEHT.

(6) = (2). Iyctb A ynosnetBopsieT ycaoBusim jJeMmbl Llopha. Ce-
MeiicTBo 2l Bcex Lemeit MHOXeCTBA A MMeeT KOHEYHBIN XapakTep M,



Yacme 1. Teopus muoxncecms (§ 6) 183

CJIEA0BATCIbHO, B A CyHIECTBYET MaKCHMMaJibHasa ICIIb. BCpXHHH TpaHb
5TOM LIeIH 6yz[eT MaKCHUMAaJIbHbIM 3JIEMEHTOM B A.

67. Ipumenutrs nemmy LlopHa (3amaua 66 (2)) K MHOXECTBY
B={x|x>a}.

68. Cnenyer u3 3amaum 66 (2).

69. Ilyctb S ecTb ceMeliCTBO YaCTUUHBIX MOPSIAKOB Q Ha A TaKux,
yto Q2 R. Torma S HemycTo, YaCTUYHO YIOPSIAOYEHO BKIIOUEHUEM U
yIIOBJIETBOPSIET yca0BUsIM JeMMbl LlopHa (3agava 66 (2)). Makcumaib-
HBI BJIeMeHT L B S ecTh TpeOyeMblii TMHEHHbBII TTOPSII0K.

§ 6. dercTBUA Haa KapAuHaNbHbIMU YACTTAMU

1. [Tyctb m = Z, n= B. MHOXecTBa A 1 B MOXHO BITOJTHE yIopsi-
Io4nTh (CM. 3amauy 66 (5) u3 § 5). Ho Torma omHO M3 3TUX MHOXECTB
MoJ00HO APYroMy MM ero oTpe3ky (cm. 3agauy 41 u3 § 5), r.e. m<n
wiu n <m. Mcnonb3oBaTh Takxe 3amauy 4 u3 § 4.

2. Cnenyet u3 3amauu 1.

3. Cnenyet u3 3agauu 40 u3s § 4.

4. (0), (B), (r) Cnenyror u3 3amaun 13 (a) u3 § 4.
(m) Cnenyet u3 3amauu 32 u3 § 4.

5. (a) B=A,x{0}, B,=A,x{l}.

7. (B), (r) Hoka3blBalOTCSl MHAYKIUEH MO A.

8. (6) Hanpumep, n=m = X, Tak Kak X,+ 1 = X,.

9. ITyctb A= n, B-muAd c B. Torna nojgoxum n; = ﬁ Harnpu-
Mep, Xo+1=X;+2.

10. (0) Cnenyer u3 3amauu 14 us § 4.

(B) fAcho, uto Nx D= | | ({i}x D) u {i} x D~ 9. Pesynprar cie-
ayet u3 3agauu 32 u3 § 4. -

(r) Cnenyer u3 3agauu 34 (a) us § 4.

12. (e), (x) IIycTb A =n. A MOXHO BIIOJHE YIIOPSIIOYUTH (CM.
3agady 66 (5) u3 § 5). Iycts A=o. Torma o.= - P + Y A1 HEKOTO-
PBIX TTOPSIAKOBBIX YKced Y< o U B (cM. 3amauy 58 (B) uz § 5). Orcro-
Ia uMeeM n= X;-N;+N,, TAe N;, N — MOIIHOCTU MHOXECTB ITO-
PSAKOBBIX TUMOB B M Y COOTBETCTBEHHO, M= X, -M;, TaK KakK N,
KoHeuHo. UMeeM X, -n=X;- X;-n; = X, -n, =n (cMm. 3agauy 10 (0)),
n<m-n< X,-n=n.
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13. Tlyctb A =n. [Monoxum ectb M={¢| ¢ ectb 1-1-byHKuus u3s
Bx B Ha B n1g HeKoToporo 6eckoHeyHoro Bc A}. M HemycTo (cM.
3agaund 8 u3 §4 u 10 (6)), yaCTUYHO YIOPSIIOUEHO BKIIOUYEHUEM U
yIOBIETBOPSET ycloBusM JieMMbl LlopHa (cM. 3agauy 66 (2) u3 § 5).
ITosToMy M umeeT MakCUMaJbHbII 251eMEeHT @) Byx By — By. Eciu

Bo= n, Ton’ =n. [Tyctb m = Bo<n. Torna A\B,>m (cM. 3anauy 12 (e)),
1.e. A\B) < B) nast HeKoToporo B; momHoct m. MMeem

(ByU By) x (ByU By) = (Byx By) U (B, x By) U (Byx B)) U (B, x By),

B=(B xB)U(ByxB)U(B xB)=m>+m>+m’>=m+m+m-=m,

TaK Kak m* = By X B, = Bo =m. Cywecrsyer 1-1-dynkuus fus BHa B,.
[Monoxum vy ({a, b)) = oy({a, b)), ecnu a, be By, u y (a, b)) =f(a, b)),
eciu {a, bye B. UmeeM ye M u y D @y, YTO NPOTUBOPEUYUT MAKCU-
MaJbHOCTH (.

14. Tlyctb 2<m<n u n O6eckoHeuHo. Torza n<n+m<n+n=
=n-2<n-m<n-n=n.

15. Cnenyet u3 3amauu 34 (a) u3 § 4.

(6) Cnenyer u3 3amauu 33 u3 § 4.

(B) Cnenyer u3 3amauu 36 (a) us § 4.

17. Caenyet u3 3agauu 25 (a) us § 2.
18. Cnenyer u3 3anauu 44 (a) us § 2.

19. Ilyctb A =m, B=nu C =p, nyctb A, B u C 1omapHo He
nepeceKaroTcs.

(a) Ecim f ocyuiecTBisieT B3aMMHO OJHO3HAYHOE COOTBETCTBUE
Mexny Au Bc B, ag— mexny Bu C,c C, T0o f- g OCylIeCTBIsIET
Tpedyemoe cootBeTcTBue Mexny A u C, c C.

() m<n<m+n=n+n=2-n<m-n.

(k) Eciu m koHeuHO, TO 00a paBeHCTBA BBIMOJHSIIOTCS TOJIBKO
npu m = 0. ITycts n 6eckoHeyHoe. Eciu m+n=mn, To X, - m+ X, -n=
= R,. Orcioga X, -m+n=n (cM. 3agauy 14). Utak, X, - m<n. Eciau
Xo-m<n, To m< X,-m<n. 3Hauyut, m<n. Utak, m+n=n (onsirb
cM. 3agauy 14).

(3) Eciiu n<ny, TO cylllecTBYET p Takoe, UTO n+ p =n; (CM. 3a7a4y
9). Tornan;+m=n+p+m=p+n=n,.

(1) Eciin m 6eckoHeuHoOe, TO JOKa3blBaTh HEUETO, TaK Kak K - m=m
(cM. 3agauy 14). Ecin m KoHeuHoe, a n OECKOHEYHOe, TO N> k- m U
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n+k-m=n+m=n (ornsITb cM. 3a1a4y 14). Ecii m KOHeYHOe 1 N KOHEeY-
Hoe, TO 00a paBeHCTBA BBHITIOIHSIIOTCS TOJIBKO TIpy m = 0.

(k) AHamoruyHo (u).

(1) Cnenyet u3 3agauu 18 u 3amauu 40 u3 § 4.

20. (a) Ecim 2™ > X, TO m > R, U pe3yJbTaT CJIEAYET U3 3aJa4u
19 (0).

(0) Eciu m"= X, To 2<m< X, Torma 2"<m"= &,. 3Hauut, n
KOHeuHoe, Tak Kak 2%’ = ¢. Eciiu m KoHe4yHoe, To m" KOHeYHoe. 3Ha-
9UT, M= K.

21. (a) HoxaxeM, uto n"<2". Ilycrs A =n. To oTpeieICHUIO
fc Ax A nna mo6oit fe A%, Vtak, n"<2™ "=2" (cM. 3amauy 13).
(6) Cnenyet u3 (a).

22. (a) Ilyctb A;~ A nnsa Bcex ie I, tne A=n, I =m, a A, 1asa
Bcex [ e [ momapHo He mnepecekaTcsd. O003HAUUM Yepe3 a; SJEMEHT
u3 A;, COOTBETCTBYIOLIUI 21eMeHTy a u3 A. Ilape (i, a), tne ie I n
ae A, cTaBUM B COOTBETCTBUE BJEMEHT a; U3 A; Takum obpazom
IxA~ U A;.

iel

(6) Eciu m u n KoHeuHble, TO, O4eBMAHO, m=n. Eciu m u n
OCCKOHEUHbIE, TO M =Mm + p =0+ p =N (cM. 3agauy 14). Ipyrue ciyuyau
HEBO3MOXHBI.

(B) AnanoruyHo (0).

25. Caenyet u3 3agauu 25 (e) us § 2.

26. Caenyet u3 3agauu 25 () us § 2.

27. Cnenyet u3 3agauu 46 u3 § 2.

28. I1ycTb {A}; 1, {Bi}ic ; — CUCTEMBI TTONTAPHO HeTepeceKarIInX-

Cs MHOXECTB Takux, uto A =m;, B =n; Ilyctb {@};. ; — cucrema
(byHKIIMIT TaKKMX, YTO @; OCYILLECTBJISIET B3AUMHO OJHO3HAYHOE COOT-
BercTBue Mexny A; u C;c B.

(a) Onpenenum F: | J A; — |J B; tak: F(a) =¢(a), ecnu ae A,

iel iel
(6) Onpenenum F: [JA; - [[ B max: (F()() =o{f(j)), ecnn
iel iel
fe H A[ .
iel
29. (6) ITyctb 7, =m; u J c I. loonpeaenum pyukiuuo f: J — U A;

iel
no bynkumn g: [ — | J A; Tak:

iel
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o) {f(i), ectie J,

a; ecm i e I\J,

Iae a; — TMPOU3BOJILHBIN 3JEMEHT U3 A;.
30. ITyctb {A};c 1, {Bi}ic 1 — cUCTEMBI TTIONAPHO HeMNepeceKalX-
Cs MHOXECTB TaKUX, YTO A_, =m,, E =n, Ilyctb {f};. ; — cucrtema
yHKIIMIT TaKMX, 9TO f; OCYIIECTBISIET B3aUMHO OJHO3HAYHOE COOT-
BeTcTBUe Mexny A; u C;c B.
(a) Ilyctb b;, c;e By, b;# c; nns Beex i€ 1, 7 > 3. Cnenyomas GpyH-
Kuus ¢ ectb 1-1-pyHxkuus us U A; B H B;:
iel iel
fi(a;), ecnmm i = j,
(9(a))()) =5¢;,  ecmmi= J, fi(a) # ¢,
b; ecmu i # j, fi(a;) = ¢,
rne a;e A;, je L
Chyuait 1 <2 MPOBEPSIETCS JIETKO.
(6) z m; < H n; Benenictaue (a). IMpeanonoxum, uto Y m; = [ n;.

iel iel iel iel
Torma [ B; = | JC;» e C=’, =m,, C;N C;=@ nipu i+j. Paccmorpum
iel iel

M;={g(i)|ge C}. M,c B, M, <C, =m,, nostomy B,\M, . Mycts
he H (B\M;). Torna h (i) ¢ M;, he¢ C,nnsaBcex ie [I. [Toayuywnu npo-
iel

THUBOpEYUE.

31. meem Y m; < [ myy <mg - [ my,y (cm. 3anayy 30 (6)).

ie N ie N ie N
32. Cnenyer u3 3agauu 32 (a).
33. Ilo onpeneneHUIO.

34. Cm. 3amauy 49 (0) u3 § 2.

35. IMycts m™ = Z m,, e m; < m,, . Torna st Bcex i € S umeem

ie N
m; <m™. 3uaunt, [ m; <@*)" =m™ = Y m; (cm. samaun 28 (6),
ie N ie N

17 (8), 10 (6)). D10 MPOTUBOPEUNT pe3ynbTary 3amaun 31.
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Yactb Il. MATEMATUYECKASA NTOTNUKA

§ 1. Anre6pa BbiCcKa3biBaHUA

1. ®opmyInoit IBIgETCS UL ITOCIEA0BATEIILHOCTD (B).

2. (a) 9 crtoco6oB;
(6) 19 crocobos.

4. NHnykuuei mo yucay JOTUUYEeCKUX CBS30K, Bxoasiux B C.
5. MHaykuyeit mo yuciy 1aroB nocTpoeHust (hopMmybl A.
6. AHasniornyHo 3anayve 5.

8. (a) P=m;
(6) P=Q0=m;
(B) P=R=mu, O=n.

9. [lemaeTcst HENIOCPEACTBEHHO MO Ta0IMIAM UCTUHHOCTH.

10. (a) Hanpumep, X=Y=Z=u;

(6) nHanpumep, X=Y=Z=V=W=a u U=n;

(B) Hanpumep, X=Y=a u Z=mn;

(r) Hanpumep, X=Y=u u Z=ua;

(1) Toabko npu X=Y=mn.

13. JJokaxem, HampuMep, (a). Ecau mpy HEKOTOPBIX 3HAYEHUSIX
MnepeMeHHbIX 3HaueHue (GopMynbl (Bv C) ecTb J, TO MPU BTUX XKe
3HAYEHUSX MepeMeHHbIX 3HaueHus1 B u C Takxke paBHbI a. Toraa npu
9TUX 3HAYCHUSIX MepeMeHHbIX oHa U3 hopmyn (Av B) unu (- Av C)
JOJDKHA UMETh 3HAUeHUe JI.

14. Tlycts A~ B. Tlpunaaum nepeMeHHbIM HEKOTOPbIE 3HAUECHMSI.
Ecnu 3HaueHue A npu 3TUX 3HaUCHUSIX OyIeT M, TO 3HaUeHue B Takxke
u. OTcroga 3HaueHue (A= B) ecTb M. AHAJIOTUYHO paccMaTpUBaeTCs
ciayyai, korga 3HaueHue A ecTh J.

Oo6patHo. [Tycth (A= B) ToXAeCTBEHHO UCTUHHA. Torma ¢hopMyJibl
(Ao B) u (Bo A) ToXInecTBEeHHO UCTUHHBI. Ecnu 3HaueHue A npu
HEKOTOPBIX 3HAUCHMUSIX TTIEPEeMEHHbBIX €CTh M, TO 3HaUeHUEe B He MOXeT
ObITb J, MHaUYe 3HaueHue (4D B) ObLI0 Obl J. AHAJOTMYHO paccMar-
puBaeTCs cayyaid, Korna 3HadyeHue A ecTh J.

17. Ilyctb A (P\ C) 3aBUCUT OT epeMeHHBIX P, ..., P,. [Ipugaaum
9TUM MEPEMEHHBIM HeKoTopblie 3HaueHusl. Toraa 3HaueHue A (P\C)
OyZeT paBHO 3HauyeHUIO A, ecliu NepeMeHHass P MpUHUMaeT 3Haye-
Hue, paBHoe 3HaueHMI0 C, a ocTajbHble MepeMeHHble A UMEIOT 3Ha-
YeHUsl, COBMAaIamwllue ¢ 3aJaHHbIMU.
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18. IIpu BbIYKCIIEHUU 3HAUYEHU A U A; MBI OyeM UCMHOJb30BAThH
3HaueHUs1 B n B;, KOTOpble COBMNAanaloT, Tak Kak B~ B,.

19—21. JJoka3bIBaloTCS HEMOCPEACTBEHHO IO TaOJMIlaM MCTUH-
HOCTH.

22. MHaykuuei 1o 4McIly 1IaroB mocTtpoeHus ¢Gopmyibl A, nc-
nonb3yst 3agauu 20 (a), (0), (B), (m) u 18.

23. VHayKuueil 1Mo 4KUCiay ILIaroB MOCTpOoeHUst ¢GopMynbl A, uc-
moab3ys 3amgaum 22, 19 (r), (n).

24. CM. ykazaHue K 3amaye 23.

25. ITycTb y HEKOTOPOTO U3bIOHKTA B iepeMeHHbIe P, ..., P, BxO-
IT B B 0e3 oTpuuiaHus, a le, . ij — ¢ orpuuanueM. Eciu MHOXe-
cra {P;, ..., P;} w {P;, ..., P;} He TiepecekaiTcs, TO, MpuaaBast
P,~l, s Pik 3HAYECHHUE Ja, a Pj], e ij 3HAaYEHUE M, IOJIYYUM, YTO B nume-
€T 3HAYCHUE JI.

26. AHaylornyHo 3amgade 25.
27. NHayKIIrei 1Mo YMCIy aroB MOCTPOSHUST (DOPMYITBI A.
28. Mcnonb3ysa 3agauy 27, nokasaTh, 4TO

APy, ..., P) ~— A* (= Py, ..., P,).

29. Ilycth 3HaYeHUE MepeMeHHBbIX Py, ..., P, €cTb W, a 3HaUCHUE
nepeMeHHbIX Oy, ..., O, ecTb J. TpeObyeMoii 3J1eMeHTapHOM KOHBIOHK-
uueit spasieres (P& ... & P, & -0, & ... &= Q,).

30. Cpasy caeayeT u3 3agauu 29.

31. (a) Jlerko 3ameTuTh, 4TO MoONydyeHHas B 3agade 30 QU3BIOHK-
L1 3JIEMEHTAPHBIX KOHBIOHKIIUN eCTh C.1.H.¢. GOopMYyJIsl A.

32. Ilyctb 3HaYeHUe mepeMeHHbIX Py, ..., P, €cTb M, a 3HAUEHUE
nepeMeHHbIX @), ..., O, ecTb J. TpedyeMoii aJieMeHTapHON TU3bIOHK-
uuei gapagercs (= Pyv...v=P,v O, v...v Q).

33. Cpasy crnenyet u3 3agaum 32.

34. (a) Jlerko 3aMeTUTh, YTO MOJlydyeHHas B 3amaye 33 KOHbBIOHK-
LM BJIEMEHTApPHbBIX IU3bIOHKUIMI €CThb C.K.H.(. (hopMybl A.

(6) Cnenyer u3 3amauu 25.

35. @A) (P& Q& R)V(P&EQ&—-R)V(P&—-Q&R)V
VIP&E—-0Q0&—-R) V(P& Q& R)V(wP& Q& —-R) v
VEPE-Q&R) V(P& -Q&—-R));

©) (P& OV (=P&= O V(P& Q)

(B) (P& Q).
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36. (a) (Pv Qv R);
®) (PvOVvR)&(Pv-=0VR)&
&(PvOv—-R)&(Pv—=0Q0v—=R)& (—wPv OV R));

B) (PvOv-=R)& (Pv—-Qv—=R)& (Pv Qv R)).

37. (a) Hanpumep, A= (= Pv = Q);

©) (P& Q&R)V (P& Q& R)V(-P&—-Q&R)).

38.(wP&-Q&R)V(P&-Q&—-R)v(=P& Q& - R)).

39. (P& Q&R V(P& Q& —-R)V(P& - Q& R)v (-~ P& Q&R));
(P&—-Q0&—-R)V(=P&O&-R)V(=P&—-Q&R)Vv(P& Q&R)).

40. (a) A=(P& Q& R)V(P& Q& -R)vV(mP& Q& R) Vv

©) A=(P& Q& R)v(-P&—-0&—-R));

B) A=(PvOv—-R)&(=Pv-=0vVR)).

41. [MTonmapHO He SKBUBAJICHTHBIX KOHBIOHKTOB OT # MEPEMEHHBIX
umeercst 2", Eciim Kakoii-To U3 9TUX KOHBIOHKTOB HE BXOIWT B C.I.H.(D.
(popmyiibl 4, TO A UMeET 3HaUEHKeE JI TIPU COOTBETCTBYIOLIEM Habope
3HAUYEHUI MEPEMEHHBIX ISl JTaHHOTO KOHBIOHKTA.

42. Jlerko cienyet u3 3amad 31 (a) u 34 (a).

43. (a) MeHsiem B c.K.H.(p. hopmyibl A & Ha v, v Ha &.

(6) Ucrionb3ysa 3amauy 42, ctpouM c.a.H.¢. dopmyasl A U ganee B
Hell MmeHseM & Ha v, v Ha &, P, Ha — P,, — P, Ha P,

(B) MeHsiem B ¢.K.H.¢. popmynsl A & Ha v, v Ha &, P, Ha — P,
— P;Ha P.

44. 3aMeTuM BHavaje, 4To

A v..vA)~ (A v..vA) & &Pv—P))~
~(A&P)VA & -P)v..v(A, & P)v (A, & — P));

AHAJIOTUYHO,

(A & ... & A) ~ (4, & ... & A) v (P& — P)) ~
~((A v P) & (A, v =~ P) & ... & (A,v P) & (A, v — P)).

Hcnonb3yst 510, Mbl BCeraa MOXeM CUYMTaTh, YTO Y JIIOObIX (hop-
Myl A n B 3amaHHBle HOpMaJbHBIe (POPMEI COAEpPKAT OMHHU U TE Ke
TepeMeHHBIE.

(a) C.o.H.¢. dhopmynasl (A v B) nonyvaetcsi, eCaid BO3bMEM IU3b-
JOHKLIMIO BCeX KOHBIOHKTOB C.I.H.. 11d A 1 ¢.I.H.Q. 11 B; ¢c.K.H.(.
bopmynsr (Av B) monydaercs MCITOIb30BaHUEM 3amauu 42.

(6) Ucnonb3ys 3amgauy 42, cTpouM C.K.H.¢. 1151 A u ¢.K.H.. 1is B.
Torna c.x.H.¢. 1151 (4 & B) noityyaercsi, €Ciii BO3bMEM KOHBIOHKIIUIO
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BCEX IM3BIOHKTOB C.K.H.G. 119 A n c.K.H.¢ a1 B. Teneps c.a.H.. mst
(A & B) nonyuaetcs, Kak B 3amaue 42.

(B) Ucnonw3oBath (A> B)~(—Av B), 3anauu 42, 43 (0), (B),
44 (a).

45. ITyctb B C.K.H.(¢. hopMysbl A OTCYTCTBYET WieH (— Py v ... v = Py).
BosbmeM 1110001 1u3bIOHKT (P v...v Piv—= P, v ..v— P). OH oK-
BuBaJieHTeH dopmyne (P & ...& P) > (P v...v P)), ecim 121, n
dbopmyse (P v ...v P;), eciu t=0.

OoOpatHo. JlokaxeMm, 4TO eciaud B C.K.H.Q. I A mMeeTcsl 4ieH
(=P, v..v—=P), T0 AHe 53KBUBaJICHTHA HUKaKOil popmye, coaep-
Kaliei Juib cBsI3ku &, v, . SIcHo, uTo B ciyyae, Koraa Bce Py, ... Py
UMEIOT 3HaUeHue U, 3HaueHue A ectb J. Ho u3z nepeMeHHbIX P, ... P, C
TMOMOIIIbIO CBSI30K &, Vv, D MOXHO MOCTPOUTD JIUIIbL (DOPMYJIbI, 3HA-
YeHME KOTOPBIX €CTh M, KOTAA BCe TepeMeHHbIe P, ... P, MpuHUMAaIOT
3HaYeHUE H.

46. Vcrionb3ys sKkBUBajJeHTHOCTU 13 3a1a4 21 (0), (B), hopmyny A
MOXHO npuectu K Bupy (Py=..=P/=..=P,=...=P,). Eciu, Ha-
npuMep, epeMeHHast P, BXOAUT B JaHHOE BbIpaxkeHe HEYETHOE YUCIIO
pa3, To mpuaaguM P, 3HaYeHUe J, a OCTATbHBIM ITepeMEeHHBIM 3HAYE -
HUE W; TOTIa JIETKO MOACYMTATh, YTo 3HaueHue A Oynet a. Eciau xe
BCe TIepeMeHHbBIe BXOIST B JaHHOE BBIpaXKeHHWE YEeTHOE YMCIIO pa3s,
TO, UCIIOJIb3YSl BKBUBAJEHTHOCTh U3 3agauu 21 (a), nmpusenem dop-
myay A k suny (P, =...= P;) (2k pa3). A ata ¢opMyJia TOXIAECTBEHHO
WCTUHHA.

47. HenocpeacTBeHHO Mo TabjauLiaM UCTUMHHOCTU J0Ka3bIBAETCS
BKBUBANEHTHOCTh (A=— B) ~— (A= b). Ucnionb3ys 3Ty SKBUBAJICHT-
HocTh M 3amauu 21 (6), (B), mpuBeaeM ¢opmyly A K OIHOMY W3
BUOB:

(P, =..=P,), ecnn B A nMeeTCsl YETHOE YMCIIO BXOXKACHUI —;

—(P,=..=P;), ecin B A NMeeTCsl HEYETHOE YHMCIO BXOXKICHUH —.

B nepBoM ciyuae pe3ynabTaT BeITeKaeT u3 3amauu 46. Bo BTopom
ciaydae opmysia A He SIBISICTCSI TOXIECTBEHHO MCTUHHOM, TaK Kak,
[puiaBasl BCEM IMEPEMEHHBIM 3HAauyeHUe M, MOJY4YMM, YTO A HMMeeT
3HAUYCHUE JI.
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§ 2. dyHKUMM anreGpbl TOrnKn

1. [Monoxum o@(P;)=v;, o(=A4A)==09(A4), 0o((A& B)) =
=0(A4) & ¢(B), ¢((Av B)) =¢(4) v o(B), o((4> B))=9(4) > ¢(B).
3HAYEHUIO M COOTBETCTBYET 1, a 3HAUEHUIO J COOTBEeTCTBYET 0.

2.2%.

3. (a) Bce nepeMeHHBIE CYILIECTBEHHHBI.

0) x.

(B) Her cyiiecTBeHHBIX MepeMEHHBIX.

4. () x& y==(=xv=)), XDy==XV).

) xvy=-(=x&-y), xoy=-(x&-Y).

(B) x&y==(xD—=Yy), Xvy==XxD).

(1) =x=x|x, x&y=(x[y)|(x|y), xvy=(x[x)[ ]y,

x2y=x|¥]y).

(n) = x=x>0.

() =x=x+1.

(xX) xvy=(x>y) oy

6. (a) OyHKIUU, KOTOPBIE MOXHO IOJIYUYUTh C MOMOIIbIO &, v,
D, =, npuHamiexar C;, a GyHkuusi — He npuHaaiexur C,.

(6) DyHKLMU, KOTOPHIE MOXKHO ITOJYUYUTb C TMOMOIIBI0 & U vV,
npuHagnexat Cy, a pyHKUus > He npuHamiexut C,,.

(B) DyHKLMUU, KOTOPbIE MOXHO TOJYYUTb C MOMOLIBIO VvV U D,
YIOBJIETBOPSIOT YCJIOBHUIO: CYLIECTBYET i Takoe, 4To f(Xxi, ..., X, ...,
ey X)) 2 X;, @ GYHKUMS X & Yy HE YIOBAETBOPSIET 3TOMY YCJIOBHUIO.

7. (a) IIpoBeputh paBeHCTBO Ipu x =1 1 npu x=0.
(6) 3ametum, uTO xf‘ e xf’ =1 Torma M TOJILKO TOTHA, KOTIa
X1 =€,y ooy X;=E;.

8. (a) Cnenyer u3 3amaun 7.
(06), (B), (r) CnenyroT u3 3amauu 4 (a), (0), (B).

9. (a) Cnenyet u3 3agauu 6 (a).

(6) I3 mepeMeHHBIX X[, X;, ... C [IOMOILIbIO — MOXHO ITOJYYUTH JIUILb
(byHK1IMM, 3aBUCAIIME CYUIECTBEHHO He 0ojee 4yeM OT ONHOU mepe-
MEHHOM.

10. (a) Cnenyet u3 3amau 4 (r) u 8.

) = x=x1lx, xvy=-(xLly)=(xLy) L(xLy) u najiee Kaxk B
3agave 8 (0).

(B) = x=x>0 u manmee xaxk B 3amaye 8 (T).

(1) =x=x+1 u ganee kak B 3amaue 8 (0).
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11. (a) = x=x+ 1 n ganmee Kak B 3amade 8 (B), MCIIOJB3YS, YTO +
W - KOMMYTaTUBHBI, aCCOIMATUBHBI, TUCTPUOYTUBHBI U X+ x=0,
x+0=x, x-x=x.

(6) Yucno pasauyHBIX «MHOTOYJIEHOB» OT MEPEMEHHBIX Xi, ..., X,
paBHO 22n, T.€. CTOJIBKO €, CKOJbKO M (PYHKIIWI aNreOphl JIOTUKU OT
1 TIepEeMEHHBIX.

12. (a) Knacc ¢yHKILMIA, TTOJYYEHHBIH U3 MEPEeMEHHBIX C ITOMO-
mpio =, conepxutcs B C,. lng — cM. yKazaHue K 3agade 9 (0).

(6) Knacc yHKLMI, MOJYYeHHbI U3 MEPEMEHHBIX C IIOMOIbIO
+, conepxutcsa B C. st — cM. ykazanue K 3agade 9 (0).

(B) Pazpensiiomne knaceol C; u C,,.

(r) Pazpensitomiue kinaccol L u C,.

13. (a) 0 =x /x 1 nanee Kak B 3amaye 10 (B). Pazmensioniye Kmaccol
C,uC,.

©) xvz=|x,x, 2], -y=]0,y 1] n nanee kak B 3amaue 8 (6). Pa3-
nensronue kiaaccol L, Cy u C,.

(B) = x=x=0 u ganee kaxk B 3agaue 8 (0). Pazmensioiiue Kmaccol
C,, LuC,.

14. ®yHkUMM, TONyYeHHBIE M3 TIEPEMEHHBIX C TTOMOIIBI0 =H +,
coaepxarcs B L. MoxHO 100aBUTh JUILIb & WU V.

15. Jluwb { |} u {/} (cm. 3amagy 10 (a), (6)). Kaxnmast us ocrajib-
HBIX IBYMECTHBIX (YHKINI TomagaeT B oguH u3 KiaccoB C;, C,,
L, M u D.

16. (a) u (0) = (x; v ... v X,) 1as Jobdoro n>2.

17. OcTaBuTh NIUlb T¢ QYHKIUU, U3 KOTOPHIX MOXHO BBIPA3UTh
CyNeprno3uusiMu GyHKIIHIO |.

18. (a) xvy=(x>y)>y. CMm. nanee oTBeT K 3anaue 45 uz § 1 u
3amauy 6 (6), (B).

(6) MHorouneH u3 3agauu 11 (6) npeacrapiasier pyHkuuio u3 C,
TOrAa W TOJBbKO TOIAa, KOrjua ero CBOOOAHKIN wieH paBeH 0. Pa3zmeinsi-
fouuecs knacebl s & u + ectb C; u L.

(B8) Ilycts f(x), X3, ..., X,) — MOHOTOHHas1 (GyHKIMA. Torma (cM.
3aaaydy 7)

FxX, X s x) =X - h(Xy, ey X)) Vo Xp - 8(X9, ooy X,),
h(xy, ..., X)) =f(1, %, ... X)), &(Xo, -oey X,) = (0, %5, ..., X))

— MOHOTOHHBIE (YHKUUU U A (X3, ..., X,) 2 g (Xy, ..., X,,) IJISI JIHOOBIX
Xy ..oy X, TOrma A (X, ..., X,) = h (X, ..., X)) vV € (X, ..., X,,). UMeeM
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S X%, X)) =X (B (X, ety X)) V8 (Xgy oty X)) V1 X - 8(Xg, ey X)) =
=X1-h (X, o0 X)) V8 (X, o0y X))

ITpomoikast 3TOT Mporecc, MBI MIPHUAEM K BBIpaskeHUIO (YHKINHT
yepe3 v, &, 0, 1. He3aBUCUMOCTb CUCTEMBI JIETKO JOKA3bIBACTCSI.

(r) Umeem —x=(x=0), x+y=— (x=y). Kaxnas nunHeitHass ¢pyH-
KIIWS JIETKO TIOJIy4aeTcsl CYNepro3ulnusIMu U3 — U +. Pazmensioniue
knaccol Cy u C,.

(m) Ipexnae Bcero 3aMeTUM, UTO BCsIKAsl CAaMOABOMCTBEHHAsT (DyHK-
ums f(x, ..., X,) MOXET ObITb MOJyYeHa U3 HEKOTOPOl MOHOTOHHOM
CaMOJBOMCTBEHHON (PYHKIIMU C MOMOIIbIO PYyHKIUU —. [Tonoxum:

F(xl’ vy Xy V15 oens yn) =f(xla "'axn)a CCIIU = X =Y, ooy Xy =Yy

F(x, ooy X Vs s Y =0, €Ct =X, 2y, ..., 7 X, 2y, U CYLLIECTBY-
€T i TaKoe, 4YTO — X; > V;;

Fx, ..oy Xp Y1y sy =1, ecmm —x,<yy, ..., = X, <y, U CyLIECTBY-
eT i TaKOEe, 4YTO — X; < J;;

F(x, ..., %X, Y1, ..., ¥y) = X| B OCTAJIbHBIX CJTyyasix.

AcHo, urto f(x,, ..., x,) = F(xy, ..., X,, = X1, ..., = X,,). Pazdopom ciy-

yaeB JIETKO J0Ka3aTbh, 4TO (GyHKUMS F sBIseTcs] MOHOTOHHOM U ca-
MOJIBOMICTBEHHOM.

JlokaxkeM Terepb, YTO BCAKAas MOHOTOHHASI CaMOIBOMCTBEHHAs
byHkuMa ecTh cynepno3uuust GyHkuuu Az (x, y, 2) = xy + xz + yz. Jlo-
Ka3aTeJbCTBO MPOBENEM HMHAYKLMENH IO YMCIAYy MepeMeHHbIX A, OT
KOTOPbIX (DYHKIIUS f 3aBUCUT CYLIECTBEHHO.

Eciu n=1, To uMeeTca enuHCTBeHHas Takasl (pyHKUMS f(x) = X.
HmeeMm A (x, x, x) = x.

Ecnu n=2, To Takux (yHKIUI HE CYLIECTBYET.

Ecnu n=3, To uMeeTcs1 eqMHCTBEeHHAas Takass GyHKums 4 (x, y, 2).

IlycTb yTBepkIeHUe CIpaBeIuBO IS (YHKUMH, CYLIECTBEHHO
3aBHUCSIINX He 0ojiee, 9eM OT #— 1 MepeMeHHBIX, U f CYIIeCTBEHHO
3aBUCUT OT # mepeMeHHBIX (n>4). Torma f(x,, Xy, X3, X4, ..., X,) =
=h (f(x;, X1, X3, X4, ..., X,), (X1, X, X3, X4y ..y X,0), f (O3, Xa, X3, X4y .0y X))

Ecim x,=x,, To B mpaBoi YacTW paBeHCTBA IOJYUYUTCS
f(xy, x1, X3, X4, ..., X,,). (Mcmonb3yetcst akt, yto ecnu a<b<c, TO
h(a, b, c)=>5.) Ecin x; = x;, TO B IpaBoOi 4aCTU PaBEHCTBA MOJYYUT-
cs f(xy, Xy, X1, X4, ..., X,;). ECIIN X, = X3, TO B MpaBOii YaCTU paBEHCTBa
TOTYIUTCS f (X, X, Xoy Xgs e X))

19. Ilyctb f(xy, ..., X,) € C;. Torma f(1, ..., 1)=0uoe Cj,a {0, o} —
6asuc C (cm. 3amauy 10 (B)).

Iycts f (x4, ..., x,) € Cy. Torma (0, ...,0)=1u+,ve C,af{+ v, 1} —
6asuc C (cm. 3agauy 10 (T)).
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20. (a) IMyctp f — HemoHOTOHHAsT QYHKIUA U a,< by, ..., a,< b,
HOo 1=f(a,...,a,)>f(b,, ...,b,)=0. Torma —x=f(x*,...,x*), toe
x¥=x, ecnu a;< b;, m x*=a;, ecnu a;= b,

(6) dobaBum Kk M 51100y10 HEMOHOTOHHYI0 GyHKIUWO f (X, ..., X,,).
Tak xkak 0, 1 € M, To MOXXeM U3 f TIOJYy4UTb — (CM. (a)). 3aMeTUM, UTO
&, v e M; nanee cm. 3amauy 8 (a).

21. (a) IlycTb f — HecamonBolicTBeHHasd YHKIUS U d, ..., d, Ta-
KOBHI, uTO f(ay, ..., a,) =f(—=ay, ..., = a,). [lyctb 0(x) =f(x", ..., x*),
rae x%=x, ecm a;=0, u x=—x, eciu a;= 1. Torna ¢(x) siBIsIeTCS
koHcTtaHTo O wim 1, tak kak ¢(0) =f(ay, ..., a,)=f(=ay, ...,—a,) =

=¢(1); = ¢(x) aBngerca npyroii KOHCTAHTOM.

(6) doGaBum k D 100yl He caMOABOMCTBEHHYIO (DYHKILUIO
f(xy, ..., x,). Tak kak — € D, To moxeM u3 fonyuntsb 0 u 1 (cm. (a)).
®Oyakuug h(x, y, z) gBiasieTcsa caMoIBolcTBeHHOI. Torma
h(x,y, 1)=xvy; nanee cM. 3agauy 8 (0).

22. (a) Ilycts f(xy, ..., X,) — HenmHeHasd QyHKIUA. Mcmonb3ys
3agayy 11 (6), GyHKUMIO f MOXHO MPEACTaBUTb B BUJEC

X109 (X3, ..y X)) + X100, (X3, ..y X)) + X503 (X3, .0y X)) + @4 (X3, ...y X,),

3nech @ (xs, ..., X,) He sBaseTcsd KoHcTtaHToil (. Bribepem as, ..., a,
TaxK, 4tobbl O, (as, ..., a,)=1. Tormna g(x;, x,) =f(x, x5, as, ..., a,) =
= XX + ax; + bx, + ¢ 1151 HeKOTOpwIX a, b, c. Torna g(x,+ b, x, + a) +
+c+ab=x; & x,.

(6) dobGapngsa k L mo0byo HeauHelHyo (YyHKIUIO, 1Mo (a) momiy-
yum &. Jlanee 3amaya 8 (B), Tak kKaKk — € L.

23. PaccMOTpUM MHOXKECTBO S 3aMKHYTBIX KJIACCOB, COAEPKaIINX
Ku otnmnunbix ot C. Toraa S ynoBieTBopsieT yCaoBUsIM JeMMbl LlopHa
(cM. 3amauy 66 (2) u3 § 5 yacTu ), Tak KaK Bce Kjiacchl U3 S He coaep-
Kat GyHKIUKIO |. MakCHMAaIbHBINA 3]IEMEHT B S 1 OyIeT KICKOMBIM IIpe/I-
MOJIHBIM KJIACCOM.

24. Cnenyet u3 3agaun 23.

25. Ilyctb A — mpeanonHblii kaacc, omiuyHblil ot C;, Cy, L, D u
M. Torna B A Haitnyrest pynkuuu f; ¢ Cp, ¢ Cy, 2 L, fo2 D, 52 M.
Oyakmum g (x) =f, (x, ..., x) 1 h(x)=f (x, ..., X) IBAAIOTCI JITU6O
pyuxkuusamu 0 u 1, 1160 onHa U3 HUX €cTh —. B mepBoM ciyuae, Beiel-
crtBue 3amaum 20 (a), u3 fs moaydyaem —. Bo BTopoM ciyuae, Bcien-
ctBue 3amaun 21 (a), u3 f;, momyuaem 0 m 1. Mtak, 0, 1, — € A. Te-
nepb, BeaeacTBUe 3agaun 22 (a), us f; nonydyaeM &. Utak, —, & € Au
A =C (cM. 3amauy 8 (B)).
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26. Bocronb3yemcs ykazaHneM K 3agade 25. M3 mo6oro 6asnca it
C MOXHO ocTaBUTh He Gosiee nsatu ¢pyHKunit: fi ¢ C,, /¢ Cy, 2 L,
fie D, 52 M. Eciu f; (x, ..., x) =0, T0o f; ¢ D 1 MOXXHO BBIOPOCUTSD fj.
Ecaiu f5(x,...,x)=1, T0 2 D u MoXxHO BbIOpocuth f;. Eciu
fHix, ... x)=£(x, ..., X) ==X, TO MOXHO BBIOPOCUTD f5.

29. naykumeil mo 4nciy 1maroB noctpoeHus 7, MCIosb3ys 3a1a-
yu 27 u 28.

30—31. CnenyioT u3 3aga4u 29.
32—33. Cwm. 3amauy 30.

§ 3. UcuucneHusn BbiCcKa3biBaHUMN

1. (a) AR A, F(A> A) (akcuoma, mpaBujo 7).

(06) Z;: A+ A (akcuoma),
3. (Ao B)F(A> B) (akcuoma),
¥5: A, (A> B) + B (npaBuno 8, %, %,),
3y (BoC)F (B> C) (akcuoma),
3: A, (Ao B), (Bo C)+ C (mmpaBuio 8§, X3, %),
Y. (Ao B), A, (B> C)F C (npaBuno 14, %),
3 (Ao B), (Bo (C), A+ C (npaBuno 14, ).

(B) U3 akcuoM —AF—A u ——- A+ —— A, npuMeHsisl NpaBuia
14, 10, 11, 7, noayuuts F(——A>A). U3 akcuoM —A+—-A u
—— AF —— A, npumeHss npasuiaa 10, 9, 7, moayuyutb - (A>—-—A4).
IMTpumenuTH TIpaBMIIO 1.

(r) 3 akcuom A+ A, (A>oB)F(A>B), (A>(B>C))HF
F(A> (B> (C)) ¢ nmomouibto mnpasun 8, 14, 15.

(n) U3 akcuom A+ A, (Ao B)F(A> B), = B-— B ¢ noMolbio
npasua 9, 10, 14.

(e) CM. ykazaHue K ().

2. 3aMeHUTb B CEKBEHIIUSX BbIBOJA IS A, ..., A, - B Kaxmayto ¢op-
myay D Ha D (P\C). loka3aTb MHAYKIMEH IO AJIMHE BbIBOJA, UTO
MPU 3TOM TOJYYUTCSI TpeOyeMblii BBIBO/IL.

3. (a) Mcnonb3oBath npasuia 7 u 8.

(6) Ucnonp3oBath akcuomy (A& B)+ (A& B) u npasuna 2, 3,
14, 15 u (a).

(B) Ucnonb3oBath akcuombl A+ A, B+ B, u nipaBuna 1, 14 u (a).

(r) Ucnonb3oBatre akcuomy (Av B)F (Av B) u npasuna 6, 15.

(m) Ucnonw3oBaTh akcuomy — B+ — B u npaBuna 9, 10, 14.

(e) Ucnonb3oBaTh akcuomy BF B u npasuna 10, 11, 14.

(x) HUcnonb3oBath (0) 1 mpaBuio 7.
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(3) Ucmonb3oBarh (B) 1 mpaBuiio 8.

4. Tlo nmpaBwiy 12 u BeIBoOMMOCTU I'jF clieayeT BbIBOIMMOCTb
I''kF—= (4> A). lanee ucnoyib3yeM BbIBOIMMOCTb - (4> A) u nipaBu-
Jo 10.

5. WUcnonb3oBath 3amauay 3.

6. (a) MUcnonbzoBath npasuia 1 u 7.
(6) Ucnonw3oBath akcuombl A+ A, B+ B u npaBuna 2, 3 u 8.

7. Uctionb3oBath 3aga4uu 3 1 5.

8. MHaykuueit o yucay maroB mocTpoeHust A u3 B, ucnoib3ys
3agavy 6.
9. (n), (e) Ucnonw3oBarh npaBuna 1-5 u 3agauu 3 u 5.
(x), (3) Ucnonbp3oBath npasuia 1-5 u 3amaum 1(a), 3 u 5.
(n) X;: (A> B), A+ B (nipaBuio 8),
3: (Ao B), A- (= Av B) (npaBuio J),
33 (Ao B), = (—wAv B)F— A (3amaua 3 (m)),
3. (Ao B), = (wAv B)F(—wAv B) (npaBuio 8),
3. (Ao B), = (wAv B)F—=(=Av B) (npasuno 13),
Y. (Ao B), = (= Av B)F (npaBuno 10),
3 (Ao B)+(=Av B) (npaBuno 11).
(k) Ucnonwzosath (1) u 3amaum 1 (a), 3 (a).
(n) X: = A, B, A~ B (npasuno 13),
3, = A, B-(A> B) (npaBuio 7),
33 = (A> B), B-A (npaBuno 14 u 3amauum 1 (B), 3 (a),
(m) n 5(a)),
i F(=(A>B)> (B> A)) (npaBuno 7, ABaXIbI),
5. F(Ao>B)v(BoA)) (mo (m) u 1(B)).
10. Mcnonb3oBath 3amauy 23 u3 § 1 u 3amauy 8.
11. CMm. 3amauy 25 u3 § 1 u 3amauy 9 (x).
12. Muaykiuyei mo ajvHe BIBOJA.
13. Cnenyet u3 3agay 9—11.

14. Ucnonb3oBaTh 3agauy 12. JIns (1) u (e) BOCIONIb30BaThCs TaK-
ke 3amaueir 3 (), (3).

15. ITpuBectu AK c.A.H.D. (4, v ...vA),a BKcK.H.D. (B & ... & B).
Torna mis mo6oii nmapsl A; u B; cekBenuus A; - B; nokasyema B UC 1
nosromy A4; u B; umetor obumit iutepan Cy. Iomaraem C=v & C;;.

iJ

16. (a) B,
©) (D& A).



Yacmo 11. Mamemamuueckas noeuxa (§ 3) 197

17. (a) da.
(6) Ha.
(B) Her.
18.(a) A,=(P> (P> P)),
A =(Po>(PoP)o>((Po>((PoP)>P)>(P>P))),
A;=((P> (P> P)> P))> (P> P)),
Ay=(Po> (P> P)> P)),
As=(P> P).
(6) Ay, Ay, Az, Ay, As, (P2 P)D((PDP)D((PVv P)>P))),
(PoP)o((Pv P)>P)), (PvP)>P); A—As B3aTel u3 (a).
(B) TTonyyaercst u3 (a) U akcMOMBbI 9.
19. ITyctb A,, ..., A, ectb BoiBoA A B UB. JlokazaTh nHAyKIIMe 110 &,
yto A, (P\B), ..., A, (P\B) ectb BbIBOI B 1B.

20. (a) {(Po(O> R)), P, O}.
) {(Po=-0), -0}

21. BeIBoa cOCTOUT M3 OTHOM (POPMYITBI A.

22. (r) Ecniu A, ..., A, ectb BoiBog A u3 I'y, By, ..., B, ecTb BbiBOO B
us A, Iy, 10 A, ..., Ay, By, ..., B, ectb BbiBOA U3 'y, Ty,

(m) AnanornuHo 3amaue 19.

23. Ilycts By, ..., B, ectb BeiBOA Bu3 I', A. Jloka3aTh MHAYKLIUEH 11O
n, ucnoabdyss akcuombl 1, 2 u 3amauy 18 (a), uyTto GopMybl
(4> B)), ..., (A> B,) BbIBOOUMBI U3 T.

24. (a) [lyctb T=(A> (B> A)). UmeeM A+ (T>A)u B (T> B).
Torna A, B+ (T> (A& B)) no akcuome 5. Otciona A, B, T+ (A& B)
u A, B-(A& B).

(6), (B), (m), (e), (3) CneayoT HEMOCPEACTBEHHO M3 aKCHOM.

(x) Mcnonp3oBaTh 3anauy 23.

IA-—-B

b

r) Mcrons3oBares nmpaBujio ————,
(r) P T.BF—A

KOTOpOE CJieAyeT U3 aK-

CUOM U 3amayu 23.

25. [lyctb TH A, T == A; B— mobast dopmyna. Torga I', — B+ A;
I' -B-—-A4;,TF——= B, ——= B+ B, T+ B. ObparHoe 04YeBUIHO.

26. Ucnionb3oBaTh 3agauu 23, 24.

27. Cnenyet u3 3aga4yn 26.

28. Ucnonb3oBaTh 3agauu 22—24.

29. Mupykuueit o qvHe BhiBoga A B UB.

30. Jdoka3aTh OMJHOBPEMEHHO TpU yTBepxXaeHus (a), (0), (B) MH-
IOYKIIMEe o IIMHe BbhiBoma cekBeHiuu B MC.
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32. Cnenyer n3 3agad 13 u 30 (B).

33. Hanpumep, A=P, B=Q, tne P u Q — pasIuuyHble Iepe-
MEHHBIE.

34. Ucnonabssyem 3aaauy 32. [lycts, HanmpuMep, A IpUHUMAET 3Ha-

YEHHUE JI MPU 3HAYEHUU JI JUISl MePeMEHHbIX Py, ..., Py 1 3HaYeHUU U
I mepeMeHHbX Py, ..., P,. [lonoxum B,=...=B,=(P& = P),
Bi..,=..=B,=(Pv—P). Torna (A (P, \By, ..., P,\B,) TOXIeCTBEeH-
HO JoxHa U — (A (P \By, ..., P,\B,) BbIBOOAUMA.

35. (a) Cnenyer u3 3amauu 26.

©) (14N Bll=1l4 & Bl, AUl Bl=]4v Bl, -[|4]=]-Al.

(B)FA=F (B> A) = | B| <||A|l nnst mo6oit dopmysr B. O6pat-
HO, mycTh ||A|=1. Bo3bMeMm B Takywo, uto - B. Torma || B||<| 4| =
=S>F(BoA)=>HFA

37. (a) Muoykumeid mo 4Mciy 1aroB B MOCTPOCHUU (OPMYJIbI A,
HUCTIONB3y4 3amavyy 66 u3 § 3 wactu 1.

(6) Tycrb HeBepHO + A. Torma ||4]# 1 B F /= (cM. 3amauy 35 (B)).
CyuiectByer yabrpaduabtp T Ha F /= takoit, urto ||A || ¢ T (cMm. 3agauy
68 u3 § 3 vactm I). [Ipumagum mepeMeHHBIM 3HayeHHs, Kak B (a).
Torma A nprHUMAaET 3HAYCHUE JI.

39. A npunumaer 3HaveHue 1 mpu P= Q=1, R=2.

40. Cnenyroniye JJOTHYeCKre MaTPUIILI JOKA3bIBaIOT (CM. 3amauy 38)
HE3aBUCUMOCTH aKCHOM:

1) M={0,1,2}; D={2}; x& y=min (x, y); xvy=max(x,y);

2, eciu x <y,
XDy=
{ Yy, €ClIu X > Y,

—Xx=2-Xx.

2) Marpuna u3 3agauu 39.

3) M={0, 1}; D={1}; x& y=y; v, D, — onpeneisitoTcs, Kak B § 2.
4 M={0,1}; D={1}; x& y=x; v, D, — OnpeAensiorcs, Kak B § 2.
5) M={0,1}; D={1}; x& y=0; v, D, — onpeneastorcs, Kak B § 2.
6) M={0,1}; D={1}; xvy=y;, &, D, — ONpeaeasioTcs, KaKk B § 2.
7y M={0, 1}; D={1}; xvy=x; &, D, — onpenenstorcs, Kak B § 2.
8) M={0,1}; D={1}; xvy=1; &, o, — onpeaeistorcs, Kak B § 2.
9) M={0,1}; D={1}; = x=0; v, &, D onpeaeastorcs, Kak B § 2.
10) M={0,1,2}; D={2}; x& y=min (x,y); xvymax(x,y);

Xoy= 2, eciu x <y, e 0, ecmm x>0,
2, ecmm x=0.

Yy, €CIU X > Y;
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41. (a) docraTtouno BeiBecTu B UB akcuomy L3.

(6) CMm. ykazaHnue K 3amaude 23.

(B) Hokasath, uyTo Bce akcuombl B BbIBoguMEI B L.

42. (a) docraTouno BeiBecT B UB hopmyny (— A> (A> B)).
(6) Ucnonb3oBarh MaTpuly u3 ykaszanust 10) x 3amaue 40.

43. CM. yKazaHue K 3agaue 23.

44. (a) CMm. ykazaHue K 3agaue 29.

(6), (B), (r) Cm. ykazanue K 3amaue 30.

45. Ncnonb3oBath 3amauy 44.

46. Munykuueit mo juimHe BeIBoma ¢opmyiasl A B B, ncnonb3ys
3agauy 45.

47. (6) ®opmyna A, He obuIe3HauYnMa B M,

48. Tlycts M comepKUT 1 3JIEMEHTOB Uil HeKoToporo #n € JA. Pac-
cMoTpuM dopmyny A, 3 3agaun 47 U MPOU3BOJbHBIC 3HAUCHUS TIe-
peMeHHBIX B MHoOXecTBe M. Torma ajisg HeKOTOpoW mapwl i, j (i#))
3HauyeHus1 P; u P; coBnangawor, u popmyna A, npuHuMaer 3HadeHue 0,
Tak Kak Fy ((Bv (P= P)) v C) ansa moobbix ¢dopmyn B u C. TToatomy
A, obuiesHaunma B 91, Ho HeBbiBoAMMa B MM B (cMm. 3amauy 47).

§ 4. A13bIK NOrMku npeaukKaToB

1. (a), (6) Ha.
(B) Her.

2. (a), (0) Ha.

(B), (r) Her.

3. Vy, HE SIBJISICTCS TIPEAMETHOM TIEPEMEHHOM.

5. (@) {vo, /' (o), S (F (o)), ...}

(6) (VOa gz(V09 VO)s gZ(VO, gz(v07 VO)): g2(g2(V0’ VO), VO),
£2(g°(vo, Vo)s &°(Vo, Vo)), ...

9. (@) OX)=VySx,y);

(6) E)=VyP(x,»);

(B) Ix)=3z2(E(2) & S(z,2,x))=3z2(VyP(z,y,y) &
& S(z,2,x)) (E(2) us (0));

() YY) =3Iy S,y x);

(m) HX) =-9(x) ==3y S, »,x (H(x) u3 (r));

(e) M(x) = (= Ex) &VyVz(P(y, 2z,x)> (E(y) v E(2)))) (E(2)

us3 (0)).
10. (a) x=y=VzVYu(Skx,z,u)y>S50, 2z, u);



200 OTBETHI, PEHIEHMA, YKASAHUA

©) x<y=3zS5(k, z,);

(B) x<y=x<y&—-x=y) (<, =u3 (a) u (0));

(r)y A(x,y) =3z P(x, 2z, ).

12. (@) VxVyVvVz( S0, y,2) 250, x,2));

©O)VxVyVzVuVovVw({(Sy,u &S,z v)& Sy, z,w)>
o S(x, w,0));

(e) Vx3ayI(y) &x<y) (IT uz 9 (e), < uz 10 (0)).

13. Bce npemioxeHust TOXHBL B cucteme 1.

20. (a) P=V x R (x, x);

(6) C=VxVy(R(x,y)> R, x);

B) TsVxVyVz(R(x, )& R(y,z)) o R(x, 2));

r) (P&C&T) (P, C, T usz (a), (6), (B)).

2l. QY = Vx(x<x);, 5, =VxVy(x<y&y<x)ox=y);
U, =VxVyVz(x<y&y<z)ox<z),

©) 4, Y, Y; u3 (a), VxVy(x<yvy<x).

22. Ilyctb x=y = (Q (x,y) & O (3, x)).
(@) VyO(x,y);
©) Yy(Q(,x)>y=x).
23. () x=yNz=(0Qxy) & 0(x,2) &Vu((Qu,y) & Q(u,z2))>
> 0 (u, x)));
©) x=yUz=(Q0»,x & 0= x) &V u((Qy,u) & Q(z,u)>
> 0 (x, u)));
(B) x=D@=VyQ0(x,y);
(r) x=A=VyQ0(y,x);
(n) x=—y=3z3u (z=xNy&z=C&u=xUy&u=4) (N, U,
&, A U3 IpelbIIyLIUX MyHKTOB).
24. () xcy=f(x,y)=x.
©) Iyctb x=B =V y(x < y) (c u3 (a)). Torna «x — OAHORJIEMEHT-
Hoe MHOXeCTBO» = (Vy((ycx) o (y=xvy=0)) &—-x=3J).
29. (P'(0) &V x(P' (x) > P' (g' (%)) oV x P! (x)).

30. [Iyctb x<y = (Q (x, ) & = Q (», x)). Torma

(Vy(Vx(x<yoPx)>P(»)>VyPy).
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§ 5. BbinonHumoctb hopmyn
FNIOrMKN NpeaukaToB

2. CMm. (1) ompeaesieHUs] ICTUHHOCTHOTO 3HAaYeHUsI B § 4.

4. Ilyctb A — OeckBaHTOpHAas ¢opMyna u Ay, ..., A, — pa3InyHbIe
aTOMHbIe (hOpMYJIbl, siBsIOLIMECS ToadopmyaaMu A. Tpedyemast hop-
MyJia TIOJyJyaeTcsl 3aMeHOU BCeX BXOXIEHUM A, ..., A, B A Ha Tipono-
3ULIMOHAJIbHbIE IIepeMeHHbIe Py, ..., P, COOTBETCTBEHHO.

5. (8) Hanpumep, A=V x3y P(x, y); M =(N; P), tie P(x,y) =<
S X<Y.

6. Manykiyeit 1Mo 4uciy 1maroB MoCTpoeHUsT GOpMyIsl A.

7. (a) Bommonuuma B (A P), tme P(X) =M < X — 4eTHOE YUCJIO.

(6) Boimonnuma B (A; P), tme P(x) — TOXIECTBEHHO MCTUHHBII
npeauKar.

(8) Hesoimonuma. IMycts 99T — monenn, B KOTOpoii 3ta dop-
Myjia uctuHHa. Torma cyuiecTByeT ajeMeHT a u3 ) Takoit, 4To
MEVy(0(a,a)& - Q0 (a,y)). Orciona umeeM M E(Q(a, a) &
& — Q0 (a, a)). [IpuxoauM K IMPOTUBOPEUUIO.

(r) BoimomHuMa B Mofeau u3 (a).

(n) Boimomuuma B (AN; Q, R), tme Q(x,y)=H & x2y;
R(x,y,2)=me x+y<z.

(e) Boimonnuma B (A P), rae P (x) TOXIECCTBEHHO JIOXKEH.

8. (a) Her. ®opmyia noxHa B (N P), rae P(X) =M < X — YeTHOE
YHUCIIO.

(6) Het. ®opmyna moxHa B (A P), tne P(x)=m 119 BCEX X.

() Ha.

(r) Her. ®opmyna noxna B (A Q), tie Q(x,y)=H & x< ).

10. (a) A(x) =3dy P(x,y), t=y.

©) A(x) = VyP(x,yp), t=y.

11. ®opmyna BeimonaumMa B (A P), rae P(x, y) =u < x < y. I[1yctb
dbopmyna BeimmoiHIMa B T = (M; P). 3ametum, uto P (m, m) =1 nns
Bcex me M. Tlyctb a, — npou3BOJIbHBIN 21eMeHT u3 M. Cpeau sie-
MEHTOB X Takux, 4to P (ay, X) =Hu, BbIOEpeM IPOU3BOJbHBIM U 000-
3HauYuM ero yepe3d a,. Cpeau 3JeMEHTOB X Takux, 4to P(a;, x)=mn,
BbIOEpEM MPOU3BOJILHBIM U 0003HAYUM €T0 uepe3 a,. [Ipogokas aTot
MPOIIeCC, TTOJIYUYNM TTOCIIeA0BATEIbHOCTh 3JIEMEHTOB dy, a;, d,, ... J10-
KaxKeM, UTO BCE 3TH 3JIeMEeHThI pazanuHbl. Ecniu i<j, To P(a;, a;, 1) =1,
P(aj,y, a;.5)=n, ..., P(a;_y, a)=m, a 3Hauur, P(a; a)=mu. Takum
obpasoM, a;# a.
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12. ToxaxkeM, 4TO eclii JaHHas GopmyJsia JIOXKHA B KAKOH-TO MO-

aem M =(M; F), o M >4. JIoXHOCTb 3TOi (POPMYJILI B MOLETU
O3HayaeT, 4To I Joboro xe M Haiigetcs ¢(x) e M Takoe, 4TO
F(x, 0(x) =m, F(o(x), x)=a, F(x, x) # F(p(x), o(x)). Otciona x # ¢(x)
st ioboro xe M. Umeem x # @o(x) ansg modoro x € M, Tak Kak B
MPOTUBHOM ciydyae Obuto Obl F (¢(x), oo(x)) =1, F(@(x), x) =a. Tak

Kak F(x,x)# F(0(x), 9(x)), F(o(x), o(x)) % F(99(x), 99(x)),

F(00(x), 90(x)) # F(900(x), 909(x)), TO F (X, X) # F (90p(X), 90@(x)),
T.e. X# 0oo(x). WUrtak, niusa noboro x e M 351eMEHTBL @(X), ¢@(x) U

©PQ(X) OTJAMYHBI OT X.

13. (a) Jokaxem, uToO ecau AaHHas ¢hopmyJia JIO)XHA B KaKOK-TO
monenu M =(M; F), To M — GeCKOHEYHOE MHOXECTBO. JIOXHOCTD
5TOi (OpMYJIBI O3HA4YaeT, 4yTo AJIsl JArboro xe M cyuiecTByeT

¢(x) € M Taxoe, uto F(x, x) =u, F(¢@(x), x) =a u njs Bcsikoro z2e M
UMEEM (F((p(x) 2) > F(x,z))=u. CtpouM mocCjea0BaTEIbHOCTD
{¢'(x)}, rme (p O(x)=x, ¢ '(x) = p(¢'(x)). Tlyctb i<j. Torma nmeem
F(9'(x), /7 '(x)) =m, HO F(¢’(x), ¢/"'(x)) =, T.e. ¢'(x) # ¢/(x). Ta-
KUM 00pa3oM, JaHHas MOCJIeq0BaTEeIbHOCTb COCTOUT U3 PA3TMUYHBIX
aneMeHTOB. JlaHHast ¢opMyina He BoimonHsiercss B MM =(AN; F), rae
F(x,y)=m & x<y.

14. [EIxPl(x) &IxP(x)&Ix P(x) & Ix P (x) & Ix Py(x) &
&Vx(,il(l),-(x) 5 &hP,-(x))D-
= J#I

15. (a) Ilycte B cucreme 9N =(M; o) nanHas GopMmyia JIOXHA.
OTo 03HayaeT, YTO B 3Toul cucremMe —IxA (x)=m, =V x A (x) =a,
T.e. 3IxA(x)=au V xA(x)=u. Tak kak M # J, TO TaKOro OBITh He
MOXeET.

(6) Ecyn 661 manHast popmyia 6bu1a J10KHOM B crcteMe M = (M, o),
T0 B 9T0i cucteMe A x (A (x) & (B> C(x))) =1, V x (4 (x) o= C(x)) =n,
— B=a. Ilycte m e M taxkoBo, uto A (m)=u, (B> C(m))=u. Torna
(A (m) > — C(m))=mn, a 3gauut, C (m)=n. Umeem B=a, 4TO NPOTHU-
BOPEUYHUT — B=.

(8) Myctb B cucreme I =(M; ) nanHass GopMmyia JIOXKHA. DTO
o3HayaeT, 4yTo B 3Toi cucreme V x (4 (x) > - B(x))=m, Ax A (x) =n,
V x B(x)=mu. CyumectByer me M Ttakoe, uto A (m)=u. UMeem
(A(m)>—= B(m))=mn, 1.e. B(m)=ua, yTo NpoTUBOPeUUT V X B (X) = n.

(r) Ecnn 661 ma"Has ¢popMyiia 6bi1a JIoXHOH B cucteMe N = (M; o),
TO B 9TOM cuctemMe VX (A (x) > - B(x))=u, VxA(x)=u,Ix B(x)=n.
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CywectByeT m € M takoe, uto B (m)=mn. Umeem (A (m) > — B (m)) =n,
T.€. A (m) =1, 4TO TIPOTUBOPEUNT V X A (x) = 1.

18. UHuaykuueii 1Mo 4uciy 1aroB nocTpoeHust (GopMyJibl, UCTIOb-
3y 3agaun 16 u 17; rme HeoOXOOAUMO MEPEeMMEHOBBLIBATh CBSI3aHHBIE
nepeMeHHbIe o 3amade 16 (c), (1).

19. (a) Vx3dyVz3au—-4;

(0) 3x3z2Vy(A(x,y) & B(z,));
(B) IxVyVz(Ax,y) v B, 2));
(r) Vx3dy3dzVvVe(A(x,y)o B(z,1).

20. ITonoxum 3HayeHne GyHKUMH f HA TepMax 7, ..., t;n, PABHBIM
Tepmy f(t, ..., t,,,j_). INpenukaTel onpeaesieM ITPOU3BOJIBLHBIM 00pa3oM.

21. (a) Mycrs ay,...,a,e M. Ecnu M =3y, ...3y, B(ay, ..., a,
Yi, ---» Ym), TO OepeM B kKavecTBe ©,(a, ..., a,) Takue b; 4TO
IME B(ay, ..., a, by, .., b,).

Ecom MEIy,...3y,B(ay,...,a,, V... ¥y), TO B Ka4ecTBe
o/ay, ..., a,) MOXHO B3SITb MPOU3BOJIbHbIE DJIEMEHTHI.

(6) Cnenyet u3 (a).

22.VxVy((r> @) 2 (y>x) & (¢2x, ¥) < 91(%) & = (9(x, y) < X)).
HaHpHMepa (Pl(x) =X+ 1’ (PZ(xs y) =X

23. VxVy(P(x,0x(x,y)) &= P(y,9(x,y))). [Nonoxum,
01,y =1 P(x,0)=u1, ¢2(x,y)=1 = P(x,1)=n.

x—1, ectm x >0,

24. z2=(x, y) = U=0y(x, y) = 1.
0, ecau x =0,

25. Cnenyet u3 3agaum 21.

26. (a) Ilycte B Hekoropoit cucteme M =(M; o; P) dopmyna
FJuVx3dyA(u,x,y) uctruuaa, a ¢opmyna du(Vx(3FyA(u,x,y) >
> P(u,x)) oV x P(u, x)) noxna. Torma cyuectByer a e M Takoe,
yto MEVxIyA(a,x,y), MEVx(@FyA(a,x,y)> P(a,x)) u
IMEV x P(a, x). Ilycts x;€ M TakoBo, uto P(a, x)) =a. Toraa
MEIyA(a, xp,y) n MEVY xIyA(a, x, y). [Ipuxoaum K MpoTUBO-
peuuio.

O6parHo, maa moboit cucreMsl M =(M; c) cTpouM cUCTEMY
M, =(M; o; Py, tne M, =EVuVx(P(u,x)=3yA(u,x,y)). Toroa
M ENVx@yA(a, x,y) > P(a,x)) oV x P(a, X)) 11 HEKOTOporo a € M.
Mostomy M, EV x P(a, x) u, 3Hauut, MEITuVxIyA(u x, ).

(6) 3ametum, yT0 A~FvAudu(Vx@yA(u,x,y)> P(u, x)) >
SDVxP(u,x)~3udz3ayvVx(A(u,z,y)> P(u,z))> P(u,x)).
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IIpuBonst A X mpeHEeKCHO HOpMajbHOU ¢dopme (cMm. 3amauy 18) n
HCTIOTB3YST HECKONBKO pa3 (a) M BHIIICTIPUBEACHHYIO 3KBUBAJICHT-
HOCTb, TMOJIyUYUM HUCKOMYIO A*.

27. Nmeem A = A* (cM. ykazaHue K 3agade 26 (a)).

Iycte A=3uVx3yQ(u,x,y). Torma B A, Tne Q(u, x,y) =4 <
< y<x, P(u,x) TOXIeCTBEHHO UCTUHEH, A* McTUHHA, A JOXHAa.

X, ecmi xe M,
b, ecrm x e M|\ M.

WHayKuIKe 1o YUCITy 1AroB MOCTPOEHUsT A 10Ka3aTh, YTO [UIS JII0-
ObIX Cy, ..., ¢, € M, umeeM M, E A(cy, ..., ¢,) @ MEA(¢ (¢), ..., 9(cy)).

31. Ucnonn3oBath 3amaay 30.

29. [lyctb be Mu o(x) = {

32. Vcnonn3oBath 3amauy 31.

33. Eciu VXx,...Vx,A(x, ..., X,) JOXHa B KaKOi-TO MoIelu
I = (M, 6), TO CYLIECTBYIOT 4, ..., d,, € M takue, uro A (ay, ..., a,,) = 1.
Torpa maHHas dopMmyiaa SgBAsSIeTCS JOXHOW WM B MOAMOIENHU
I, =(M;; o), tne M, ={a,, ..., a,}. Ecnu HEKOTODbIE U3 4y, ..., 4,, COB-
nanaimT, TO UCIIOAb30BaTh 3a1auy 29.

34. Ecim 3 x,...3x,A4(xy, ..., X,) JOXHa B KaKOU-TO MOIEJU
N = (M, c), To OHa ABISETCA JIOXHOI U B moamoxenu N, = ({a}; o),
rne ae M (cM. 3agauy 5 (0)).

35. Eciu VX, ...V x,3y ...3y, A, ..., Xp» Vis --r Vy) JOXKHA B
I =(M; c), TO CyWIECTBYIOT a, ..., a,, € M Takue, urto MK Iy, ...

.3y, A(ay, ..., ay, Y1, ..., V). Torna sata hopmysia JoxHa B OAMOIEIU
I, =(M;; o), tne M,={a,, ..., a,}. Janee NpUMeHsSIEM, €CIIM HYXHO,
3agauy 29.

36. [ycts I = (M; ). PaccMOTpUM OTHOLIEHUE SKBUBAIEHTHOC-
TMmHAM:- x~yo (PLx)=P, ) &...& (P, (x)=P,(y))) =n. IlycTb

M, =M /~. fcHo, uyTO E < 2" Tlonoxum P; (|x]) = P; (x). Uuaykum-
eif Mo 4Mciy 1aroB mocTtpoeHust A (x, ..., X;) I0Ka3aTh, YTO IS
TOOBIX 4y, ..., age M umeem M, =(M,; o) E A([a\], ..., [a;]) &
e MEA(ay, ..., a).

37. (a) Boemmoanuma Ha moxenu 9 =(M; P), tne M={a, b} n
P(a)=m, P(b)=n.

(6) Boimonnuma Ha momenu M ={(M; P,, P,, P;), tne M={a} u
Py (a)=P,(a)=P;(a) =n.

(B) HeBbimoaHuMma.
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38. Ecinu noadopmyna C popmynst A umeet Buna Qy C (xy, ..., Xz, V),

\

rae Q ectb 3 (V), to npusectu C; (x, ..., Xy, ¥) K BULY v(& Cij
i\ J

J

cootBeTcTBEHHO &| v C;; ||, rie kaxnoe C; HAYMHAETCA C KBAaHTOPa
i\J

unmu umeet Bun P(z) unm — P(2) niaa HekoTtoporo P U3 ¢ u mepe-
MeHHoM 2. Jlajee UCIob30BaTh SKBMBAJIEHTHOCTH U3 3amauu 16. I1o-
BTOPSsISI IIPOLIeCC, NOAYYUM TpedyeMylo (opmyy.

39. IIycte A Beimonauma B N = (M; o). Kaxnomy C; (1 < i< k) como-
CTaBJIsIeEM 2JIEMEHT a; € M takoii, uto M = C;(a;), tne C;= (3 x) Cy(x).
IMonaraem 3Hauenve B; paBHbIM 3HayeHuIo P(a;). Torna A, uctuHHa.

O6parHo. I1ycTb A; = M IpU HEKOTOPBIX 3HAYEHUSAX ITEPEMEHHOM By
Bosbmem M={a, ..., a;} u nonoxum sHayeHue P;(a;) paBHbIM 3Ha-
yenuio B;. Torna M = (M; o) A.

40. Cravana ucIosb30BaTh 3amauy 38. 3aTeM MPUBECTH TOTY-
yeHHy10 Gopmyny B K aA.H.}. B, B KOTOPOil BMECTO MPOMO3UIIHO-
HaJbHBIX TIEPeMEHHBIX MTOACTaBAeHBI d-cocTaBisgonire. Jdanee mpu-
MeHuTh 3agauy 39. [Ipu He0OXOAMMOCTH BOCIIOJIL30BAThCS S9KBUBa-
JIEHTHOCTbIO

C-(@xP(X)& C)v(@x—P(x) & C)).

41. (a) Beimonuuma. Hanpumep, M= {a, b}, P(a)= Q (a) = Q (b) =n,
P(b)=n.

(6), (B) HeBbimonHuma.

42. Q) VX VX% ... VX, VX0 (X1 =XV .. VX=X, VX=X, + V...
VX, =X,0 1)

(6) CMm. 3amauy 43.

B)IAxIx ... Ax,(x =& ... &-x=x,& .. & Xx,_1=x, &V Yy
=xvy=xv..vy=Xx,)).

43. (B) Ucnonb3oBaTh yKazaHue K 3amade 38 u (0).

(r) IIpuBectn A X O.H.(. ¥ UCIIOJIB30BaATh (a).

44. Hanpuwmep, {¢,, &, &, ...} (cMm. 3amauy 43 (a)).
45. 3anucath GOpPMYITy c=H OIHUM JABYMECTHBIM MpPEeIUKATOM P,

O3Hayvalollyl0, YTo Mpeaukar P uppediekcuBeH, CUMMETPUYEH U
SBJISETCS BCIOAY onpenejieHHo 1-1-pyHKimei.
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§ 6. UcuucneHus npegukaToB

1. BriBog cexBenumu B UC asngerca seiBogoM B UTIC.

2. TpeOyembiit BbIBOI ToJyyaeTcsl U3 BeiBoga B MC 3ameHoli Beex
(popmyn C Ha C (P\B).
3. AHajornuHo 3agadyam 3 u 6 us § 3.

4. (a) U3 akcuomnl A (y) - A(y) ¢ momoiubio npaBua 18 u 19.
(6) N3 akcuombl V x A (x) =V x A (x) ¢ nmomotiibio nipaBua 16 u 17.

5. Ucnonb3oBaTh 3agauy 3 u npasuia 16 u 17.
8. Cnenyer u3 3amaum 7.
9. Crnenyet u3 3amay 6 u 8. Cm. Takke ykazaHue K 3agaye 18 usz § 5.

11. MHaykumeii 1Mo Yuciy 11aroB MOCTPOCHMS, UCITOIb3YS 3a1adun
1,9 u3 § 3 u 3amaum 6 u 8.

12. CM. yka3aHue K 3amave 28 u3 § 1.

14. (a) Her.

(6) Ha.

(B) Ha.

15. (a), (6) y cBoGoaHO 7151 X B A (X) U Yy HE BXOAUT CBOOOIHO B
A(x).

17. (a) U3 akcuowmsl 11 mo mpapuny II.

(6) 13 akcuomnbl 12 no npaBuiy II1.

(B) Hdokaszath cHauana (VyA(x,y)>3IxA(x,y)).

18. (a) Her.

(6) Ha.

21. Ilycts By, ..., B, — BoiBon Bus I', A u A(B;) — COOTBETCTBYIO-
1K€ 3TOMY BBIBOLY MHOXecTBa dopMyi. JlokaxkeM MHAIYKLIHEH IO
JIJIMHE BbIBOJA, 4TO Kaxaas u3 dopmyn (A> B) (1<i<k) umeer
BbIBOA 13 I', mpuyeM B 3TOM BbiBOAE A(A D By) c A(B;) NT. PaccMmot-
pUM JUIIb CiydYail, Korma B; ecTb HeImOCpeICTBEHHOE CJEACTBHUE
B;=(C> A, (x)) no npasuiy 2. 1o npeanonoxeHnio NHAYKIUHA UMe-
eM I'E (A2 (€24, (x))) u A((A>(Co4, (%)) c((Co4,(x)NT
U x He BxoauT ¢cBoO6ogHo B C u popMmyibl u3 A((C> A;)). Bo3aMoxHBI
JBa ciayyas.

1. Aeg A(C> A4, (x))). Torma TH(CoVyA, () uTHA>(Co
>V yA (y) no akcuome 1. Umeem A|(AD(CoVyA, (p)))c
cA(CoVyA (»)NT.

2. Ae A((C> A4, (x))). Torna x He BXOAUT CBOOOJAHO B A U B
A((AD(C> A4, (x)))). Torma T (AD(Co A4, (x)), THF(A& C)>
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A4, (x), TEF(A& )2V yA (), T+ (A>(CoV yA; (y)). Creno-
BaTeJibHO, A(((AD (CoV YA, (1)) =A1(A> (C> A4 (x))).

24. (B) ITyctb T — akcuoma 06e3 cBOOOIHBIX MepeMeHHbIX. Torna

Ir''-(T'oAx), THF(ToVxA(x), TFVYxA(x).

26. B dhopmynax BeiBoga B 13 A 3aMeHUTDH BCe CBSA3aHHBIE BXOXIE-
HUS TEepPeMeHHBIX 24, ..., 2, Ha TIepeMeHHBIC X, ..., X,, HE BXOISIIINE
HU B OIHY M3 paccMaTpuBaeMbIX hopMyir. Jloka3aTh, YTO TOJIYUUTCS
BbIBOJ B u3 A.

27. Ucnonb3oBath 3amavy 26.

28. Ecnu B BoiBOe A U3 I' MCMOIB30BATUCh KOHCTAHTHI MW (PYH-
KIIMOHAJbHBIE CHMBOJIbI, HE BXOISINNE B G, TO 3aMEHSIEM Be3lie B
BBIBOJIE KOHCTAHThI Ha MEPEMEHHbIC, HE BXOISIME B OTOT BBIBOJ, a
f(x, ..., x,) Ha Xx;. JokazaTb, 4YTO MOJyd€HHas IMOCJCAOBATECIbHOCTh
(opmyi Oyner BbiBOJOM A 13 I'. B moydeHHOM BbIBOJI€ BCE aTOMHbIE
noacopMybl ¢ MpeauKaTaMu BHe ¢ 3aMeHsieM Ha R=V y 0 (), ..., y),
rae Q — mpenuKaTHbIA CUMBOJ U3 G, a Yy — MNepeMeHHas, He BCTpe-
yarolascs B BeIBome. Jloka3aTh, YTO TOJTYIUTCS TPeOyeMBbIil BEIBO,.

29. Jloka3aTh akCMOMBI ¥ TipaBuia BeiBoga MI1 B UTIC.

30. Cwm. ykazanwue K 3agaude 30 u3 § 3.

31. Cwm. 3amauu 8, 29 u 30.

32. Muaykuueit mo aiuHe BoiBoga A us T

34. Cnenyer u3 3agauu 32.

35. CM. ykazaHue K 3amaude 25 u3 § 3.

37. IlepeHyMepyeM Bce TPEIJIOKEHUSI CUTHATYDPHI G: Ay, A, Ay, ...
TTonoxum

TO = T,

T; U{A;}, ecmm T; U{A;} HempoTUBOPEUYNBO,
i+1 =
T; U{— A;} B IpOTUBHOM cITy4ae,

T=T.

ie N
ﬂ,OKa?:aTb, 4YTO BCE T, HENIPOTUBOPECYUBHI, T nosHoO u HEIIPOTUBO-

peuuBo.

39. (6) Iyctb TF¥FV A(x). Torma T'=VxA(x), TFadx—A4(x),
I'-=A(f) u T'¥ A(f) 1jisi HEKOTOPOTO 1.
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41. Ilyctp Ay, A;, ... — BCe NpeIJIOXEHUSI CUTrHaTypbl ¢’ =c U
U{cy, ¢y, ...}, TOE ¢; — BCE MpeaMeTHbIe KOHCTAaHTHI, HE BXOJISIINE B
o. [Tonoxum

TO = T;
(T, U {= A;), ecmu T; U {A;} mpoTuBOopeunso,
1; U{3xB(x), B(c;)}, ecmm T; U{A;} HempoTuBopeunBo, A;
T = umeeT Bua 3 xB(x) u ¢; — nepsad

KOHCTaHTa, He Bxoasgas B 7; u A;,

| 7; U{4;} B MIPOTUBHOM CJy4yae

T=7.
ie N

Hoka3zatb, 4To Bce 7; HEMPOTUBOPEUUBDBI, T HEMPOTUBOPEUUBO U
moJHo B curHarype ¢’ (cm 3amauu 40, 36). Onpenenum I = (M, o).
Ilyctb M — MHOXECTBO T€PMOB CUTHATYphbl 6° 6€3 CBOOOIHBIX Mepe-
MeHHbIX. Onpenenum Ha M QYHKUMU U TIpeAUKAaThl U3 C:

3HavyeHue f(t, ..., t,) ectb TepMm f (1, ..., 1,);
MEP(ty,....t) & TP, .., t,).

JlokazaTh MHAYKIKEHA MO YUCIY IHArOB MMOCTPOEHMS (OPMYIIbI
A (xq, ..., X,), YTO JJISI NIOOBIX 1, ..., t,€ M umeem IMEA (¢, ..., 1) &
& THA(Y, ..., t,). Toroa N ecTh MCKOMast cuCTEMA.

42. ITocTpoeHHas B yKa3zaHuM K 3agaue 41 cucrema sIBIsIETCS CUET-
Hoit. CM. Takxke 3agauy 34.

43. {— A} HempoTHUBOPEUUBO; cM. aaiee 3aaauu 41 u 42.
44. Cnenyet u3 3amauu 25, 33, 43.

45. Cnenyet u3 3agaum 43.

46. Cnenyet u3 3agauu 42.

47. MHoxecTBo I' U {— A} HEBBIMOJIHUMO U, ClIeIOBATEIbHO, MTPO-
TUBOPEUMBO.

48. Eciu T" HeBbIMOJIHUMO, TO I' IpoTUBOpeYrBO (cM. 3agauy 41).
Tak KakK BCSKHWI1 BBIBOJ COAEPXKUT TOJHKO KOHEUHOE YKUCIO (POPMYII,
TO CYIIECTBYET KOHEUHOE MOAMHOXecTBO I'; ¢ I', ABjsIONIeecs Mpo-
TUBOPEUMBLIM W, 3HAYUT, HEBLITTOJTHUMBIM.
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49. Ecnu T' HEBBITTOJIHUMO, TO CYILIECTBYET KOHEUHOE MPOTUBOPE-
yrBOe MoAMHOXeCTBO I'y = ' (cM. yKazaHue K 3agaue 47). KoHbIOHK-
uus ¢hopmya U3 Iy cocTaBsieT MPOTUBOPEUMBOE MHOXECTBO.

50. Cnenyer u3 3agau 32 u 48.

51. Cnenyet u3 3agauu 50 u TOTO, UTO BCSIKMIA BBHIBOA KOHEUEH.
52. Cnenyet u3 3agauu 13 u3 § 5 u 3agauu 33.

53. Cnenyer u3 3agauu 4 u3 § 5 u 3anauu 44.

54. Vcnonb3oBaTh 3a1auy 44.
(a), (6), (r) Her.
(B), (n) Ha.

§ 7. AkcnomaTtuyeckune Teopum

1. MHaykumeid mo 4Mciry I1aroB MOCTPOCHMS ¢ 1 A.

2. Cm. 3agauy 50 u3 § 6.

3. Cm. 3amauy 50 us3 § 6.

4. Iycts B MM = (M, 6) uctuHHbl Bce akcrombl 7. TToaoxum

x~yeo MEx=y.

Jlokazath, 4TO ~ — SKBUBAJEHTHOCTh Ha M, a 9N, =(M /~; ©), e
ai="laid, f(xi], .o, [x]) = (x1, s x0)], P([xi], -y [xn]) =
=P(x,,...,x,), 1 a, f, Pe o, ecTb TpeOyemasi MOJEb.

5. Cnenyet u3 3anauu 41 u3 § 6 u 3agauu 4.
6. Cienyer 13 3amauun 50 u3 § 6 u 3agauu 4.

7. Illycts C — atomHas dopmyna. Miuem B C nepBoe BXOXACHUE
tepma f (¢, ..., t,), TO€ 1, ..., t, He comepxar f. [Tycts C’ ecTb pe3yib-
TaT 3aMeHbI 3TOro BXxoxaeHus B C Ha MepeMEHHYIO 2, He BXOASIIYIO
B C. [Monoxum C*=3z (A(1,, ..., t,, 2) & C’). [lpononxas 3TOT Npo-
necc, nonyuum dopmyiay C* mnsi C, He conepxaiuyto f. Eciu C He
coaepxurt f, To C*= C.

Hanee obo3HauyaeM uepe3 B* mist m00oit popmynbl B pe3yabraT
3aMeHBbI Kax a0l aToMHo oadopmyiasl C Ha C*. YTBepxXaeHus 3a1a-
yu ciaenytor u3 3agauu 21 u3 § 5 u 3agauu 6.

8. Muoxectso T, = TU{é,, &, ...}, tne ¢, ¢, B3aTbl U3 3amaun 43
u3 § 5, BBINOJHMMO M, CJEIOBAaTENbHO, HEMPOTUBOPEUYMBO. BBuUmY
3amaun 42 u3 § 6 MHOXecTBO 7 BBITOJIHUMO B cu4eTHOI cucteme .
IMocrymas Tak e, KaK B YKa3aHUU K 3ama4e 4, MOJyIuM HOPMAJIbHYIO
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mozmenb 9N, mnsa Ty. Torma N, GeckoHeuHa, TaK KaK &, &, ... UCTHUH-
el B ;.

9. Cneayet U3 3aJa4M 5 ¥ TOr0, YTO MHOXECTBO (POPMYJI SIBJISIIOTCS
MPOTUBOPEUMBBLIM TOTAA M TOJLKO TOIJIA, KOTAa IMPOTUBOPEYMBO He-
KOTOpOE KOHEYHOE MOJMHOXECTBO.

10. MuoxecrBo Ty=T U{¢,, &, ...} (cMm. 3amauy 41 u3 § 5) BbI-
IMOJTHUMO, TaK KaK BBIITOJTHUMO KaXXIO€¢ €ro KOHEUYHOe ITOIMHOMXKE-
cTBO (cM. 3agauy 9). JIro6ast Mmoaenb aist 7} 6ecKoOHeuHa.

11. Cnenyer u3 3agaun 10.

12. Ilyctb G — MHOXECTBO aKCHOM TEOpMHM TpymI. MHOXeCTBO
GU{é, &, ...} U{= A} (cm. 3amauy 43 u3 § 5) HeBoImoaHuMo. Torma He-
BBIITOJTHMMO HEKOTOPOE KOHEUHOE TonMHOXecTBO GU {é, ..., €,} U {— 4}
(cM. 3agauy 9). Orcioga A UCTUHHA Ha TPyMIaX C He MEHee YyeM n
3JIEMEHTaMH.

13. Mpemnoxenuss & u — & (cM. 3amauy 43 u3 § 5) He sBIAIOTCS
teopemamu tTeopuu E (cMm. 3agauy 2).

14. Cnenyet u3 3aga4y 2 u 6.
15. Cm. 3amauy 43 u3 § 5.

16. (a) Her.

(6) Ha.

17. Tpemnoxenue V x3y P(x,y) noxHo B moxean N ={(M; P)
teopuu T, tne M={a}, P(a, a)=a; npemioxenne -V x3y P(x,y)
noxuo B Momenu 9N, =(N; P) teopun T, tme P(x,y)=1 < x<y.
IToaToMy 00a 3TU MpemIoXeHUsT HEBbIBOAUMBL B T U, ClIeIOBaTE/Ib-
Ho, T HemosHA.

18. CranmapTHas Moaelb apuMETUKH N SIBISIETCS MOMIEbIO TEO-
puun Q.

19. JIna xaxmpoii u3 akcuom Q, MpUBEAEM IMPUMEP CUCTEMBbI

M = (M: 5, 4,7, 0) Takoii, 4To Ha FTOil CHCTEMe HCTMHHBI BCE AKCHO-
Mbl Q1—0Q7, KpoMme Q;; 3TO OyIeT A0KA3bIBaTh HE3aBUCUMOCTb CUCTEMBbI
akcuom {Qy, ..., Q7). A .

Hns Qp: M={0,1}, 0 =0, s (x)=1 mang Bcex x, x + y=max (x, y),
x " y=min (x,y).

T Q,; M={0}, 0 =0, 5(0)=0, 0 $0=0"0=0.
_Mus Q0 M — MHOXECTBO OpAMHAIBHBIX YMCEN, MEHBLINX - 2;
0=0, s() =a+1, ¥ u " — oGbluHBIE COXEHHME 1 YMHOXEHUE
OPIMHATBLHBIX YHCEIL.
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Oas Qp M=uU, 6=0, SX)=x+1, x+ y=y, x* y=0, ecan
y=0, x * y=x, ecm y#0.

Jng Qs M=, 0 =0, s(x)=x+1, xF y=x, x ~ y=0.

st Qg M=, 0 =0, s(xX)=x+1,x% y=x+y, x " y=x-y+1.

Ona Qr: M=,

20. (a) Ilyctb

>

>

=0, s(x)=x+1, x$y=x+y, x " y=y.

>

M=A Ula); 0 =0,

30 x+1, ecmm xe N,
s(x) =
a, ecliu X = a,

~ x+y, ecmmx,ye N,
X+y=
a B OCTQJIBHBIX CIIyYasix,

x-y, ecmx,ye N,
x - y=1+0, ecii x =0 unu y =0,
a B OCTaJIbHBIX CIIydasix.

Torma M = (M 5, 3, %, 0) — monens anst O, HO hopmyia — x = s ()
JIOXHA TIpU X = a.
(6)—(m) IlycTb

M= U/{a, b}; 0 =0,

x+1, ecmm xe N,
N
s(x) =1b, eclii X = a,
a, eclm x = b,

x & y=x+y,ecmux,ye N x ¥ y=b,eciu y=aunu (Xx=a U y HeUeT-
HO) W (X=b ¥ y 4eTHO); X + y=a, eclii y=b Win (X=a 1 y 4eTHO)
Wi (x=5b 1 y HEYETHO).

x - y=x-y, ecima x,ye N x T y=0, ectn y=0; x B y=>b, eciau
(x=auny=0) wiu (x HeyeTHO U y = b); x < y=a,ecmn (xe Nu y=a)
wiu (x yeTHo U y=»b) win (x=b u y=0).

Torma M = (M; 3, -?-, 7, 6) — Mozeab g O, HO Bce (hopMyIIbl
(6)—(M) mpU HEKOTOPHIX 3HAYEHUSIX X, V, 2 JOXHBI Ha .
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21. (a) Ecnmu y=5(2), T0 0=x+y=x+s5(2)=s(x+2), 9TO TpoO-
tuBopeuuT Q». Ecmn y=0,170Xx+0=0ux+0=x (1o Q,). [lo E2 u E3
nmeem x = 0.

(©) Ectu y=s(2), 70 0=x-y=x-5(2)=xz+x u BBuay (a) xz=0
u x=0.

22. Paccmorpum Momenb M ={(M; s, +, -, 0y g Q. JlokaxeMm, 4TO
nocnenoBateabHOCTD 0, 5 (0), s (s(0)), ... COCTOUT U3 Pa3IUYHbBIX BJie-
menToB. Ecim s7(0) =s'%(0), To, mpumeHnsist i pa3 Q;, MOJYINM, UTO
0=5"(0), a 5T0 Mo Q, MOXET BBINOIHATLCA JUIIbL NpU k= 0.

23. (a) CM. ykazaHue K 3agaye 18.

(6) Cm. ykazanue K 3amaue 20 (a).

(B) Cm. ykazanwue K 3amaue 20 (0).

(r) Cumras ay,= R, a;,; =2% TONOXUTH §(a;) = a; IpN JTOOOM I,
s(x)=x+1 g xe AN, CroxeHrne U yMHOXEHNE ONPENENNTE, KaK I
KapAWHAJIBHBIX YUCE].

24. (a) TTyctb r oCyLIECTBISACT B3AUMHO OHO3HAYHOE COOTBETCTBUE
mexay A u . Tonoxum 0 =r(0), 5 () =rsr' (x), x +y=r(" (x) +
+r' ), x T y=r(r' (x)-r ' (»), roe 0, s, +, - onpenensIoTCs,
KakK B CTaHIAPTHON MOIEIIH.

(6), (B) AnamornuHo (a).

25. Monenpto Teopun P CIIy>kKuT cTaHAapTHAsE MOJEIb apU(PMETUKH.

26. C nmomoliibio akcuoMbl Py it A (x) = (—x=023 y(x=s(»)))
JIETKO JoKa3aThb Qs.

27. Jlokaxem, HaripuMmep, (a). [Tyctb A (x) = — (x =5 (x)). Torna A4 (0)
BoiBoAMMA 110 Oy, V X (A (x) D A (s (x))) no Q,. [To Pyumeem V x A4 (x).

28. Ilyctb 0,=(s,+,,0,c) u T — Teopusi, akcuoMmamMu KOTOPOI
SIBJISTIOTCST BCE aKCUOMBI TeOprU P 1 QOPMYIBI — c=Ay, —c=A,, ...

Torma 7 BeimonHuMa BBuay 3agaun 9. [ycts M =(M; s, +, -, 0, ¢) —
momenb mis T. Jomyctum, uto I u DT uzomopdHBI U ¢ — U30MOP-
dusm NN Ha . Torma ¢(0) =0, ¢(s (0)) =5 (¢(0)) =5 (0), ... Umeem
¢(c) = k nnsg HEKOTOPOTro k € N, 4YTO IPOTUBOPEUYUT B3AUMHOM OJHO-
3HaYHOCTH .

31. (a) [IpuMeHUTH aKCMOMY MHAYKIIUKN Pp IS
Bx)=Vz(z<x>A(2)).

(6) Ucnonb3oBath (a) ajs1 hopmyabl — A (x).
(B) Cnenyer u3 (0).

33. () (wx=A&VyVzx=y -z2o2(=Avz=A)))).
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(6) OOBryHOE apM(PMETUUECKOE T0Ka3aTeIbCTBO.

34. (B) Ilyctb p=d (y, u). Torna z /x, z /y,aTak KaK X =y - [%} +u,

To 2 /u. Umeem z /p. O6patHoO, p /y, p /u, 3HauUuT, U p /xu p /z. Ume-
eM p=2z.
(r) Jokazatbh BHavyajae MHAYKIMEH Mo x yTBepXKaeHue aist x>y > 0.

X] ... X
(m) Tlyctb uy;= [%} Tak xak d(u;, x;) =A;, TO CYLIECTBYIOT
1

2;, U; Takue, 4To u,;2;=X;U;+ 1 (cMm. (1)). ckomoe z paBHO u; 2y, +
+ot U2,V

(e) ycrb k;=P(x, y, i) ana 0<i<z, j=max (2, u, ky, ..., k,). Ilo-
aoxum y=j! Mnguucen y;=1+(i+ ) yymuy,=1+(+1)y,npui#k
u0<i, k<z+1 nmeem d(u;, u,) =1. Ilo (A1) cyuwecTByer x; Takoe,
yTO rest (X, ) =k; 11st 0< i<z um rest (x, U,,;) = U.

35. JlokaxeM, Harmpumep, 4to R{" u R5(") BBIBOOMMEBI B Q I
Kaxmoro ne M.

R =V x(x<0>x=0). [ycts x< 0 11 — x=0. Torna HaiimyTcst 2 U y
Takue, yto 2+x=0 u x=s5(y). Umeem O=z+x=2+s(y)=s(2+Y),
yto mpotuBopeunut Q,. Ilyctb R{” yxe mokaszaHo u x<A,,,. Toraa
HalgeTcsd z Takoe, yTo 2 + x=A, .. Ecnu x=0, To x=Ay. Ecmu —x=0,
To x =5 (y) s HekoToporo y. UmeeMm s (A,) =A,, 1 =2+x=2+5(y) =
=s(z+y). Takum obpazom, o Q; umeeM z +y=A,. Torma mo R{”
umeeM (y=Ay v ...vy=A,). BatoMm ciydae (x=Ay v ... vx=A,, ). ATak,
R{"*V nokasaHo.

Mo Q, umeem 0 < x u, 3naunt R, Mycts R{™ yxe nokasano. Ecan
x=0, To x<A,.,. Ecimu —x=0, To HaligeTcs y Takoe, 4To Xx=S5 ()).
Ecnu y<A,, TO z+y=A, JUII HEKOTOPOTO 2, a 3HAYMUT, 2+ 5 (y)=
=2Z+X=A,,, T.e. x<A,,,. Ectu A,<y, 10 2+ A, =y 1JIs1 HEKOTOPOTO
2, a 3HAUUT, 2+ A,, ;=5 (y) =x, T.e. A,,; <x. Utak, RV D nokasaHo.

36. Her. Hammpumep, uz R, RV R crenyer R{""

37. Myctes M =(M; s,+,-,0) ectb Momensb aus R. TTomoxum
M, ={A;| i e N}. Paccmorpum noacuctemy I, ={(M,; s, +, -, 0). U30-
Moppusmom Mexay I u 9N, apasgerca orodbpaxenue ¢: N — M, rae
o(i) = A

38. (a) U3 ZF;, rne A= — z = z. EnnHctBeHHOCTD 0 cnenyeT us ZF,.

(6) Uz ZF, u ZF,.

(B) U3 (0): {x}={x, x}.

(r) U3 ZF, u ZF,. CM. ykazaHue K 3agaye 23 u3 § 1 yactu 1.



214 OTBETHI, PEHIEHMA, YKASAHUA

(n) Cnenyer u3 (r).

(e) U3 ZF, n ZF,.

KM ZFunZF,nnaA=3z,32,(z,e x; &2, x, & 2=(2}, 2y)),
B3sB P (P (x; Ux,)) BMecTo x.

(3) Cnenyer u3 (X).

(n) Cnenyer us (r) u ZFy, nnst A(t,s) =3z (s, 2) € ?).

(x) U3 ZFs u ZF,.

(1) B3sate B (r) mapy {x, y} B KauecTBe X.

(M) U3 ZF; npu A= xe y.

(n) U3z ZF;, B3sB Ux BMecTo XU A () =V u(ue toze€ u) npu t=x.

39. (a) U3 ZF;, B3sB {x} BMecTO X.

(0) U3 ZF;, B3sB {x, ¥} BMECTO X.

(B) U3 ZF;, B34B {X, y, 2} BMECTO X.

40. (a) Ucnonb3oBath 3agauy 39 (6), (B).

(6) Cnenyet u3 (a).

(B) Cnenyer u3 (a), 3agauu 39 (a) u ZF;.

(m) Mo ZF; cyumecTByeT MHOXECTBO {z|ze x& — A(2)}. Hdanee
UCII0JIb30BaTh (B).

(e) Ilycetb A(x,y) =s(xe yvyexvx=y). U3 =V xVyA(x,y)
MOXKHO BBIBECTH I10 (1) CyILIeCTBOBAHUE TAKUX Xy U )y, UTO — A (Xg, Vo),
ViVu(te xy,d A, ))uvVit(te yyo A(xy, 1). Torna x, < yy u ¥, C Xo.
[Tpuxonum K MPOTUBOPEUUIO.

41. (8) Iyctb x ynosietBopsieT ZF; u z={y|y e x & Ord (y}. Torna
LU z).

(r) Cnenyer uz (B) u 3amauu 40 (1), (3).

42. (B) Cnenyet u3 3agau 38 (B), (;1) u 41 (1).

(e) Myctp (N(x) & —=x=0) u =3Iy (N(y) &x=5(y)). [Toatomy
L (x) BBuny (0). Torna — x € o. [lpuxonum K IpOTUBOPEUUIO.

43. Cnenyet u3 3amauu 40 ().

44. (a), (r) Ucnonb3zoBaTh NPUHLMIT MHAYKLUMHU MO X (CM. 3agady
43) nna dopmyn
Vy(Np)o23!z(N(z)&x+y=2)),
Vy(N@p)o3!'z(N(z)&x y=2)).

45. TlycTb Ay, ..., A, — BbIBOL A B Teopuu P. O603HaunM yepe3 A’
dbopmyny V x; ... V x,4;, rne xy, ..., X,, — BC€ CBOOOHbIE IEPEMEHHbIE
A;. lokazaTb MHAYKLUEN 110 i, 4To py(A4;”) ecTh Teopema ZF, UCHONb-
3ys 3agauu 42, 43, 44.
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§ 8. dunbTpoBaHHbIE Npou3BeaeHUs

4. Eciu ¢unbtp D — HernaBHbIN, TO 18 Jtoboro Xe D cylie-
CTByeT OeCKOHEeUHasi cTporo yobiBatolias 1enoyka Xo X; o X; o ...
MHOXeCTB U3 D.

5. Cnenyer u3 3agauu 4.

6. CMm. 3agauy 66 u3 § 3 yactu 1.

7. Mlycte a, be I, a#b, D,={X|ae XcI}, D,={X|be XcI}.
Torma He cywectByer ¢unbTpa D, comepxaiuero D; u D,, Tak Kak
{a} N{b} =@.

8. Crenyer u3 3agauu 64 u3 § 3 yacru.

10. ITyctp ¥ conepxurcs B dunbtpe Opene @, X, ..., X, € . Tor-

ma X N..NX.e® Ecm X, N...N Xe <1, 10 INX,N...N X) e .
IIpoTuBoOpeune.

Oo6patHo. I[Tycts X1 N ... N X, =1, I\=Y < 7 Torma

XN NXNY =X N NXNX NN X NI\ =1 .

[Mostomy WY U ®, rne ® — ¢uiabTp U3 3amadyd 9, comepKuTCs B
HekoTopoM ¢GuibTpe Dperre.

11. Cnenyer u3 3amaun 5.

13. Cnenyet u3 3amaum 11.

14. Cwm. 3amauy 67 u3 § 3 vactu 1.

15. Ilycte D — dunwbtp Han I, Xc I, Xe D. Torna YN (I\X) # D
s nwoboro Ye D. TMostomy DU {I\X} comepXuUTcsd B HEKOTOPOM
yiabTpaduiabtpe ® (cM. 3agauun 12 u 14).

18. Ot mporusHoro. Ilyctes X, e G\F, ..., X,e€ G\F. Torna
XU...UX, e (G N...N G)\F(cm. 3amauy 17).

19. Hanpuwmep, G;={X|je XcJ}, F — ynprpadunsrp ®pere

Han J.
20. I1ycte A= ﬂ X,a,be A, a=b. Torna{a} ¢ F, I\{a} ¢ F. I1po-
XeF
THBOpEYME.
22. Mycts Y;e D anga i=0,1, 2, ... [MTomoxum X;=(Y,N...
NN Y

je./V
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23. JlokaxeM TpaH3UTUBHOCTH ~. [1ycTh f; ~ f5, f, ~ f5. Torna

L={ilfi )= () e D, L={ilf()=f ()} e D,
L0 LeL={ilf; ()=f D) Dufi~f.

25. Tpebyemblii uzomopdusm ectb ¢(f) ={f}, rae fe H N,
iel

26. Mycts 1=1{0, 1}, D{{0}, I}, M,;=(M;; P"), tne M, = P (m) nns
moboro me My, 9N, ¥ P(m) mna moboro me M,. Torma roMmoMop-
dusm [N wa J]9N,;/D we sinsiercs cumbHbIM.

iel iel

27. Jloka3aTh MHAYKIIMEH 1Mo mauHe GopMyiabl A ciemyrollee yT-

BEpPXICHMUE.

ITyctb A (x4, ..., X,) ecTb hopMyJia 6e3 — U DO, Bce CBOOOIHbBIE Tepe-
MEHHBIE KOTOPOil eCTh X, ..., X,,. 1Oraa, eciu H,’)ﬁ,- EA(fi, ..., [,), TO
iel
Hi)ﬁi/Dh A(fi/D, ..., [,/ D).
iel

28. IlpoBepuTh, UCXOAsSl U3 OMpEASTCHUs, YTO ISl JIIOObIX f, g,
fi, ...,f,,e Hm,
iel
1) f/D=g/D = o¢(f/D)=9(g/D),
2) o(F"(fi /D, ....[, /D)) =F"(o(fi /D), ..., o(f, /D));
3) P"(/i/D,....f,/D)=n = P"(o(fi /D), ..., o(/, /D)) =n.

29. Uzomopdusm ¢: [[9M,;/D — [[9,/D, ompenensercs cre-
iel jedJ
ayoimuM obpazoM: o(f/D)=f"/Dy, tne [’ e Hi)ﬁj, fG)=f() nna
jed
Bcex j e J. Cm. majee 3amauy 25.

30. Cnenyer u3 3agaum 29, TaKk KaK KaXablii (QUIBTP Haa KOHEY-
HBIM MHOKECTBOM SIBJISIETCSI TJIABHBIM.

31. Wsomopdusm ¢: [[M,/D - [] (H N/ Dy ]/ * ompene-

iel keK\ iel;

nsietes cefyrotmm oopasom: ¢(f /D) =f*/D¥, tnef* e ] (H /Dy ],
ke K\ iely
) =f"/Dy, fre T] M £ () =f().

iEIk
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32. Wizomopdumsm ¢: [[9M;/D — [ M; [H me/DJ»} omnpene-

iel jedJ BeJ’
asgetcst caepyowum obpasom: o(f/D) ={f,, /,/Dy), tae f e Hgﬁj,
jed

S =fG), mnsje J, e T My, (B =/(B) nns Be J".

BeJ’

35. Ilyctb y: H C, — HC,. orpenesieTcs caeayounm odopa-

oel/~ iel
som: y (N)() =f(i) ana fe [] Co. Torma ¢ (/D7) =y (f)/D ectp
oel/~

TpeOyeMblil U30MOp(hU3M.
36. na ie I monoxum L;={kl|ie I,}. Torna mis J00BIX

iy, ..., ige [ umeem L; N...NL; #@. Monoxum D={X[L; N...

.M L c Xc K st HeKOTOPBIX iy, ..., ig}. I30MopdHOe BioXeHMe

o [T - ] (H m; ] / D, ormpenensiercst CleayoInuM 00pasom:
iel keK\ iel,

JO)Y=F/Dy, (fF (K)(@D)=f(i) anst i€ I

37. Iyctb A (x) yeaosHo dunbrpyercsi o Du [y = {i | M, FIx A (x)} €
e D. Torna nns mo6oro ie I, cymecTByer a;e 9N, Takoe, 4TO
I, = A(a;). BosbMeM NMpou3BONIbHYIO (YHKLHUIO fe H I, Takyo,

iel
uto f(i)y=a; mnst i € ). Nonyvaem I, c {i| M,EA(f(i))}=Lu L e D,
T.e. [[9M;/DE= A(f/D). Orciona [[9M;/DE I x A (x).
iel iel
38. Ilyctb H 9N;/DETxA(x). Torna H 9N;/D= A(f/D) nnst Heko-
iel iel
Toporofe [N Orcioma {i| ;= A (f (i)} e Du{i|M;FIxA(x)} e D.
iel
41. Cnenyer u3 3amau 38, 39, 40.
42. Oonyctum {i|9M;F (Ao B)}e D, HW;/D# (A> B). Torna
iel

{i| Mz AU IM=EBYe D, I ={i| M;FA e D, L,={i| 9N, B} e D.
Orcroma (I\I)UL)YNI1,=LN1 e Du I, e D. IlpotuBopeune.

43. Cnenyet u3 3amau 37-39, 42.

44. Cnenyet u3 3agauu 41 u 3agaum 21 (6) us § 4.

45. Cneayet u3 3agauu 43 u 3agauu 20 (a), (B) u3 § 4.
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46. Cnenyer u3 3amauu 43 u 3agauu 21 (a) u3 § 4.

47. Cnenyer u3 3agaun 43.

48. Cm. 3agauy 42 (B) u3 § 5 u 3agauy 41.

49. CM. 3agauy 42 (a) u3 § 5 u 3amauy 41.

50. CMm. 3apauy 44 u3 § 5 u 3amauy 43.

51. Ina mo6oro n umeem {i| M= &,} € , toe ¢, — dopmyna us
3anaun 43 u3 § 5 (cm. 3agauy 5). Cm. nanee 3amauy 41.

53. Ilycte M =(M; 6) = H IN,;/D. Toctpoum 1-1-byHKIKIO

ieN

o: oM Kaxmgomy ne J comocraBisgeM 4ucCiao k, Takoe, 4TO
2k < F,, <281 Tlyers B =2"%, tne M =10, ..., k— 1}. Cymectsyer

1-1-dpynkuns ¢,: B, — M,. Onpenenum y: PN H I, Ectu ye Pl
ie N

U Y, COCTOUT U3 MEPBbIX k WIEHOB MOCJIEAOBATEIbHOCTH Y, TO

(v (M) =9, (v,). Torna ¢ (v) = (y)/D ectb Tpebyemast 1-1-yHKius.

54. VN3 kaxaoro M; BbIACIUM MTOAMHOXECTBO N;, MOLLIHOCTh KOTO-
poro ectb min(i, M). YTBepxaeHue cieayet u3 3amxad 49 n 50.
55. Ilycts I= Xy X1 ...; X, e D, ﬂ X, =9 (cM. 3amauy 22);
ke N
I,={i| 7,.< nte D, Y,=X\I, Tornaie ¥,= 7,211. IonoxuMm i ~ j <
sin(i,je Y,\Y,, ). lyctb g o e I /~umeem C,={0, 1, ..., n— 1}, ecru

a=Y\Y,. . Torma [[99,/D > [] Cu./D~ =2%.(Cwm.3anaun 35, 52, 54.)
iel oel/~

56. MOXHO CYUTaTh, 4TO A €CTh OCHOBHOE MHOXECTBO KaXXIOTO

ON,. Mycts fe [[9MN;/D. Monoxum I, ={i| f(i) = n}. Torna I= | I,
iel ne N
Ecmu 1,¢ D nus moboro n, to | ) [;€ D anst no6oro n u
ie N \in}

| U I |=9e D;nporusopeune. [Moatomy /, € D ans HeKoTO-
ne N\ ie N \{n}
poro n e . CrenoBatensHo f~pf,, rae f, (i) =n st Bcex i e 1.

57. c¢. Cneayer u3 3amaun 53, Tak KaK d; €CTb MUHUMAJIbHBIN 2J1€-
MeHt B IN;, T0 f/D, tne f(i)=a; ecTb MUHUMAJILHBIN DJIEMEHT B

[19%/D.

iel
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58. Ilyctb {[;}ic x — CEMEUCTBO BCEX KOHEUYHbBIX HEMYCThIX MOMI-
MHOoXecTB MHOXecTBa I. Torga K ~ 1. IToatomy (cM. 3agauy 33)

2 <M’ < T] M"/D, = [[ /D, =M /D, ,

ke K iel

rae D, ectb IpooOpa3 D; oTHOCUTENbHO n3oMopdu3ma mexay K u 1.
59. Cnenyet u3 3amauu 58.

60. ITycts X; o X, o ... — nocjenoBaTeIbHOCTh MHOXeCTB 13 D Ta-

Kast, uto ()| X, = (cM. 3anady 22). Kaxnomy n e J conoctapisem
ne N
oneMeHT b, uz I tak, uro b, # b, npu n+= m. Onupenenum fe Hﬁﬁ,-
iel

CIIeOyIOIIUM 00pa3oM: eciu s [ € [ YUCIIO n; €CTh HaUMEHBIIIee Ta-
Koe n, 410 i ¢ X,, To nonaraem f(i)=b, . Nonycrum, uto f/D=¢(a)
mist Hekotoporo a u3 9. Torna X={i|f(i)=a} e D. Ans i e X umeem
f(i) = b; i1 Hekotoporo j e . Tlepeceuenne X X;, | HemycTo, TaK
Kak npuHamiexur D. Bossmem ie XN X, . Torna f(i) = b, # b;, Tax
Kak n;>j+ 1. IIpoTuBopeunue.

§ 9. AkcuomaTusupyemsble Knacchbl

2. Ilycth X, — cucTemMa akcmoM i Kiacca K, X, — mrst kiacca K.
Torma £, UZ, ectb cucrema akcuom g K, () K,; cucremoii akcuom
st Ky U K, siBasiercst Z={(A, v 4) | A, € Z,, Ay e Z,}.

3. Iyctb @ — usomopdusm u3 I Ha V. lokasarb (MHAYKIMEN 110
IvHe (popMylbl), UTO ISl 110060k dopmynsl A (X, ..., X,) U JOOBIX
my, ..., m, 13 T BBIITOJIHEHO COOTHOIIEHNE

MEA(my, ....,m,) < MEA(Q(m,), ..., o(m,)).

4. Cnenyet n3 3amnauu 41 u3 § 8.

5. Ecnu X ecthb cucteMa akcuoM misa K, o TU {¢), &, &, ...} (cM.
3agauy 43 u3 § 5) ectb cuctemMa akcuom aist K.

6. Iycrs st i € N, N, ecTb cructema u3 K ¢ YUCIOM 3JIEMEHTOB HE
meHee i, D — HernasHerii yasTpaduastp Hax . Torma [ [ 9;/D ynos-

iel
JIETBOPSIET BCeM TpeOoBaHMAM 3amaun (cM. 3amady 53 u3 § §).

7. Cnenyet u3 3agauu 6.
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8. Ilycts K — KJj1acc 1moJjieii KOHeUHOM XapaKTepucTuku. s 1o00-
ro MPOCTOTO YMCIa p cymiecTByeT mone P, XapaKTepuCTUKH p; 3TO
ITOJIe OTIPEIEIISICTCST aKCMOMaMM

R, =V x(px=0),
O, =Ix(-x=0&-2x=0& ... &= (p-1)x=0

U aKCMOMaMU TI0JIS.
IMycTh P — MHOXECTBO IPOCTHIX Yuces, [ — HernaBHbIi yabTpa-
dunbtp Hax P. Torna B M = [ | M ,/D uctunnsr Bee Gopmyist @,
peP
nostomy I ¢ K.

9. llycte M, 2 B, ={k, ...,-1}, tme -k<..<-1<0, D — Hernas-
Heiit yabTpaduastp Han A, IMomoxum f, (i) =—(i+ 1) mua i< (k- 1),
Je()=—k nnst i k. Torma fy /D>f, /D> ... u [[9M;/D ne sBnsiercs

iel
BIIOJIHE yMOpsImOYeHHBIM. Eciu D — TiaBHBIA yabTpaduiIbTp, TO
T19M:/D ~ 9N, nnsa wekoroporo iy e A (cM. 3anauy 29 u3 § 8). Heak-
iel
CHMOMAaTU3UPYeMOCTb U3 3a1auu 4.

10. ITycts K 3aMKHYT OTHOCUTEJIHHO YJIbTPAIIPOU3BEACHUIA U DJIE-
MEHTapHOUW SKBUBAJEHTHOCTH, 1T — MHOXECTBO TPEIUIOKEHU, WC-
TUHHBIX Ha Bcex cucremax u3 K. Ilycte T BoeimonHumo B I,
I'={A;|ie I} — MHOXeCTBO IpeMIoXeHuit, ucTUHHBIX B IIT. Tak Kak
—A;¢ T, To mna mob6oro ie I cymectByer cucrema M, e K Takas,
uto I, & A;. Monoxum ;= {i| M, E A}. Cymectyer ynbrpadpuastp D
Han I, conepxawmnit Bce [; (je J) (cm. 3amaun 8 u 14 u3 § 8). Torna
[19%/D snementapuo sxsusaneutro M u M e K.
iel

11. Ilyctb I — ceMeiicTBO BCeX KOHEUHBIX MTOAMHOXKECTB MHOXe-
ctBa T, ®; — KOHBIOHKIMS Bcex dpopmyn us ie I, I, — cucrema, B
KOTOpOi# uctuHHa @, [Momoxum [ ={ilie I, IM,;F ®;}. Torna
I, N ... [, # @ n cywectByet yabrpadgunstp D Han [, conepxaiunii
Bce i (ke I) (cm. 3anaun 8 u 14 u3 § 8). Unmeem [[9N,;/D = @, qns

iel
moboro ke I (cm. 3amauy 41 u3 § 8).

12. Crenyet u3 3amaun 5 u3 § 7 (111 CYETHOM CUTHATYPHI) U 3a/1a-

yu 11.
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13. Ecnu {®, ..., ®;} ecTb cuctema akcuoM Uist K, 10 {— (@, & ... & D))}
ecthb cucrema akcuoMm st K; \ K. O6paTHo, mycTh X, = {®, | o € A} ecTh
cucrema akeuom it K, ¥, = {¥g |Be B} — cucrema akcuoM st K, \K.
Torna X =%, U X, npoTUBOPEUYUBO U, ClieoBaTeIbHO, (CM. 3aaauy 13),
MPOTUBOPEYMBO KOHEYHOE MHOXECTBO {® , ..., Dy, g, ..., ¥ }. [lo-
atomy {®,, ..., P, } ecTb cucrema akcuom ans K.

14. Cnenyet u3 3amaun 41 us § 8.
15. Cnenyer n3 3agay 6 u 13.

16. Cnenyet u3 3agaum 15.

17. Cnenyer n3 3agau 8 u 13.

18. ITyctb A >m, I'=TU{~c,=¢3|a, B e A, o B}, re ¢, — mpen-
MEeTHBIE KOHCTaHTHI, He Bxomsuue B 7. Torma 1060e KOHEYHOE TO/I-
MHOXecTBO I'y C I' BBIOJHUMO U, cleqoBaTesbHO, I' ©UMEeT MOJEb
(cm. 3amauy 11). Jlro6as momens mist I ecTb Momenb it T U mMeeT
MOIITHOCTb OOJIbIIIEe, YeM M.

19. Cwm. ykazanue K 3agade 18.

20. Ilyctb @, ecTb n3oMopdHoe BroxeHue I, =(M;; 6, B Mozneb

;€ K, rne M; ecTb KOHEYHOE MOAMHOXECTBO M, a 6; — KOHEYHOE
noamHoxecTBo o. Ilycts / — cemeiictBo Bcex monmeneir 1,
Ly={M;| M, c M; n o,co;}. Kaknoe KoHeuHOE mepecedeHue
I, N ... N I, wemycro. Tlyets D — ynbrpadunbTp Ham [, comepxa-
it Bee Iy, N= H N,;/D. TlycTb fy — NPOU3BONBHEIN 3JIEMEHT U3

[15%,. Torna cnenyiomee orobpaxenue ¢ ecTb u30MOpHHOE BIOXE-

Hue N B T

¢;(m), ecnume M;,

m) = D, rme i, )) =
o(m) = fu/ I 1)) {fo((i, ). ecnnme M,

22. Ilycte M, ={m,, ..., m}, B(my, ..., m;), — KOHBIOHKIIUS BCEX
dopmyin uz D (IN). Torma A= x,...3x, B(x, ..., X;) €CTb HUCKOMasI
¢bopmyia.

23. M = H 90N,/ D wmeet k sneMeHTOB, Tae k < n. ITosToMy GopMya

iel
Cc=1 x| ... 3 Xk (B (xl, ceesy xk) & Vy (y=x1 V.. \/y=xn)),

rae B(m,, ..., m;) — KOHBIOHKLMS BeeX popmya uz D (M), uctunHa
B M, u, cneposarensHo, {i|IN;E C} e D. Umeem I ~ M, s mio-
6oro iy Takoro, yro M, = C.
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25. Ecm M| ecTh MHOXXECTBO BCEX 3HAUCHMI TEPMOB CUTHATYPHI G
MpU 3HAUYEHMSIX TIEPEMEHHBIX U3 MHOXecTBa A, To (M; G) eCcTb Moj-
cuctema 90 1 comepKUTCA B JIO0O0I MMOACUCTEME, ComepxKaleil A.

26. Cnenyer u3 3agauu 25.

27. Ilycth £ — cucteMa akcuoMm s kiaacca K curHarypsl 6. CTpo-
UM II0 Hell cucteMy X V-GhOopMyJl CUTHATYphl 6’ D G, YAOBIETBOPSIO-
wux ycnopusaM 3agaun 21 u3 § 5. Knace K coctout n3 obegHeHMI
cucreM kiacca K’ Bcex Mozenein as Y.

28. I[lycth K cocTouT M3 00eTHEHUI YHUBEPCAITLHO aKCHOMATU3 M-
pyemoro kinacca K curHarypsl ¢’ (cm. 3agauy 27), M =(M; o) e K,
M ectb 06ennenue N’ us K. [ycts A — KOHEUHOE MTOAMHOXKECTBO
M, 9/ nomncucrema N, mopoxnenHas mHoxecTtBoM A. Torzma
M, e K, M, =(M;; 6) — KoHeuHass wiu cuyeTHas K-momcucrema .

29. AnajornyHo 3agade 28.

30. ITycTth £ — cuctema akcuoM aist K, m > M + o, M, =(M,; 6"y —
mogenas 1t X U D (9N) momrHocTu Gonblireit, yeM m (cM. 3amady 18).
Ilycte Mc Ac M,, A =m. Jlanee npumMeHsieMm 3axauy 29.

31.yctbo={P,|ye 2”}, T — cucrema Beex popmyn Buaa 3 x P(x)
JUISL BCEX Y€ 2 u dopmyn Buga (Fx;...3x,(—x=x, & = x; =
=X3& ... =X, 1=X,) DV X (= Py(x) v P(Ux))) nna n=2",
M(0), ..., y(m—1)) #(a(0), ..., (m—1)), m=1, 2, ... Knacc K Bcex Mo-
neneil miisg ¥ COmepXMUT KOHEUYHBIE MOAEIM MoIlHOcTei 2"
(m=0,1, 2, ...); Bce becKoHeYHbIE MOIeIN U3 K UMEIOT MOIIIHOCTbD > C.

32. Mycrs o={f,|ye 2‘”} U {amm|ye 2‘”}, rae [y],,={y(0), ...,
.o, Y(m—1)), T — cucrema Bcex dhopMyn Buaa

—ap), = dap), M [y], # (8],
o
fs(a,) =ap, n s, ye 27,

Vx(f () =f,(9> v x=a), te ="y’
=10, 1, oo k=13, [8], % [V,

Torma (M; o), tne M = |J 2, ay =¥, £ ((V],) = [8],, ecTb
mE./V
CuyeTHAs MOJIEJb IS X, BCE COOCTBEHHbIE PACLIMPEHIS KOTOPOIl UMEIOT

MOIIHOCTb HE MCHBIIEC, YEM C.
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33. Ilyctb K ecTb KJ1acc Bcex 00eJHEHU I YHUBEePCaJIbHO aKCMoMa-
tusnpyemMoro kiacca K curnarypel ¢ (cM. 3agauy 27), M =(M: c) € K,

I =m. Bospmem M’ =(M; ¢’ye K. Ilyctb f", g" e ¢/, nmonaraem
ff~g"=f"(m,.. m)=g"(m, .., m,) U TOOBIX M|, ..., m, € M. N3
KaxXJ0ro Kjacca SKBUBAJIEHTHOCTHU BbIOEPEM IO OIHOMY (DYHKIIMO-
HaJbHOMY CHMBOJIY, G” TOJydyaeTrcsl U3 ¢’ OMYCKaHWEM OCTaJbHBIX
(yHKLIMOHANBHBIX CUMBOJIOB. Torma ¢” comepxut He Goiee, yeM 2™
(OYHKUMOHAIBHBIX cuMBOJIOB. Ilycth K7 — Kjacc, cucreMa akCuoM
KOTOPOTO MOJIy4aeTCs U3 CUCTEMBI aKCUoM i K  3aMeHOM (pyHKIIM-
OHAJIbHBIX CUMBOJIOB U3 ¢’ Ha 3KBUBaJE€HTHbIE UM U3 ¢”, I, — cuc-
tema u3 K” momnocti n; >n (cM. 3azauy 18), 901, — moacucrema

N, mopoxIeHHast MHOXKeCTBOM MoInHocTH n. Torma T, =n (cMm. 3a-
nauy 25), 9, e K” u M, MoxeT 6bITh 06oramieHa 10 cucrembl N; e K.
Torga obeqHeHue cucteMbl D)5 10 CUTHATYPBI G BXOAUT B K.

34. Cnenyet u3 3agay 6 u 33.

[Tpumepsr:

(a) Z={¢h

(6) X= {(EgnD égf1-¢—1)a (%n+l - E'gn+2)a }’
(B8) K.

35. ME-my=my = M E—o(m) =¢(my); MEA(m,, ..., m,) =
= ME-A(m,,...,m,) = M E-A(p(m), ..., o(m,)).

36. Oto6paxkenue ¢: A— M, tne ¢(n)=n+ 1, ectb U3OMOPHUIM
I wa M, nosromy N u 9N sneMeHTapHO SKBUBAJIEHTHBI. Bo3bMeM
A(x)=V y(x<y). Torma M= A(1), & A().

37. Her. Hanpumep, ¢popmyna 3x (x<2& -x=0& - x=2) uc-
tuHHA B D1, HO yoxHa B IN.

38. Her. Hampumep, dopmyna V x3y (y- y=x) uctuaHa B €, HO
JIOKHA B 3.

39. MEA(b,,...,b,) = {i|MEAb,,...,b)=le D =
= [[Mi/D=AW /D, ... [, /D), toe f(i) =b; (j=1, ..., m). Ecom 9N
iel
KOHEeYyHa, TO imI/D:E.

40. (a) Hanpumep, mooxuM mig ne N, ie N

i, ecim i < n,

wmm={

n, €Clu i > n;
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wn)(i) = {—i, eciau i <,

—n, €Ciau i > n.

Torna ¢(n) = y(n)/D ectb usomopdoe Broxenue 5 B [ 9M;/D.
ic N
(6) Her. ®opmyna 3xV y (x<y) UCTUHHA B H 9N,/ D, Ho noX-

ic N
Ha B 7.
42. U3 3anaun 18 caenyer, uro reopust T= FD (9N) umeer Monenb

I, Takyro, uro M, >m. Torna MM snemenTapHo Broxuma B N, (cMm.
3agauy 41).

43. JIoxa3zaTb MHAYKUMEN MO YUCIY 1IAroB MOCTPOCHUST (hOPMYJIbI
B (xy, ..., X;), 4TO 1J1s1 JTIOOBIX my, ..., m € M.

m F B(ml, N mk) = ml = B(ml, ceey mk).

44. Tlyctp MM = (M, o) 6eckoHeuHa, A — CUYETHOE TMOAMHOXECTBO
M. Tlonoxum Ay = A. danee, eciu A, yke ONpPeAeseHo, TO 1Sl T000MH
dopmynbl A (xy, ..., Xy, ¥) U NWOOBIX a, ..., a;e A, TakKux, 4TO
MEIyA(a, ..., a, y), BoiOupaeM a = h (A, ay, ..., a) € M 1aKkoi, 4to
IMEA(a, ..., a, a). Torma A,,, ecTb 00beIUHEHNE A, 1 MHOXECTBA
Beex h (A, ay, ..., a;), a M, =( U A,; ) €CTb CUETHas 3JeMEHTapHas

ne N

roamonens I (cMm. 3anauy 43).

45. AHasiornuHo 3anaue 44.

46. Cnenyet u3 3agay 42 u 45.

47. Jloxa3bIiBaeTcsl MHAYKIMEH 1O YKMCIY 1IaroB B MOCTPOEHUU
dopmynbl A. Paccmorpum nuiub caydail A=V x B(x). Ilycts
MEVXxB(x), Ho MEVxB(x). Torna MEFIx—-B(x) u
I = — B (a) wis Hekoroporo ae M. UmeeM a € M; nist HEKOTOPOTO
j=1i. Ilo mpeAmoNoXeHWI0O WHIYKIUKN A GOpMylsl B mMeem
M, # B (a), orciona M;FIx— B(x) u M,;F3Ix— B(x), Tak KaK
M, < ;. TIpoTuBopeyne.

48. TIycTh X eCTh MHOXECTBO MPEIOKEHNI, HCTUHHBIX B K, DT —
moneb 1jst E. I1ycTb A — KOHeuHasl COBOKYIMHOCTb MPeaIOKEeHU I 13

FD (M), Au(cy, ..., ¢,) — KOHBIOHKLUSA HOPMYII U3 A, ¢, ..., ¢, — BCE
IMIpeIMETHBIE KOHCTAHTHI, He BXOASIIME B ©. Torma MMeeM
MEIx, ... x, Ay (x, ..., X,) U, CIETOBATEIBHO, CYIIECTBYET CHUCTE-

ma M, e K Ttakas, yro M, FI x, ... I x, A, (X1, ..., X,); CYLIECTBYIOT
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aeMeHTH d)%, ..., d," u3 9N, Takue, uro M, = A, (d7, ..., d}). dns ¢
n3 I nonoxum d*(c) = d?, ecnu ¢ =c; d*(c) paBHO IPON3BONLHOMY
snementy us MM, ecnu ¢ ¢ {cy, ..., ¢,}. [IycTb I €CTh MHOXECTBO BCEX
KOHEUHBIX COBOKYIHOCTel A < FD (9N), D — dpuibrp Hax I, comepxka-
it Bce muoxectsa [,={A"| My F A4, (4%, ..., d,%)}, M, = [ Ma/D.
Ael
g ¢ uz 9N nonaraem ¢(c) =£. /D, tne f.(A) =d*(c); ¢(c) ecTb 31€-
MeHTapHoe Biioxenue I B NT,. OOpaTHOE YIBEPXKIECHUE CIELYET U3
3aga4 3 u 4.

49. Ilyctp knace K yHuBepcanbHO akcuoMaTusupyem, N — cuc-
TeMa CHTHATyphl ¢ M KaXIoe KOHeUYHoe OOeIHEeHMe KOHEYHOW IOMI-
Mozenu I usomopdpHO BIOXKUMO B roaxonsauyo K-cucremy. Toroa
(cMm. 3amaun 4 u 20) I usomopdHo Broxuma B K-cucremy u I e K.

OopatHo. IlycTh X — ceMelicTBO BceX V-(popMysl, MICTUHHBIX Ha
Bcex cucteMax u3 K, u cucrema 1 ectb Momens g X. [TokaxeM, 4To
€CJIM BBINOJIHEHBI ycaoBus 3angaun, To MM e K. [ycts M, ecTb KOHEU-
Hoe obOemeHeHWe KOoHeyHOol moxMonenu I, A ects I-popmyna i
9N, u3 3amaunm 22. Torma 9N, BaoXKMMa B HEKOTOPYIO K-CHCTEMY, Tak
KakK B IIPOTUBHOM ciiy4yae X - — A (— A 3kBuBajeHTHO V-¢dopmylie) u
M = — A. TTostomy M e K.

50. Cnenyet u3 3amau 20, 48 u 49.
51. Cnenyet u3 3agaun 50.

52. Ucnonb3oBaTh yKazaHue K 3anaue 48. B3arb xiacc Bcex cuc-
TeM, 2JIeMeHTapHO SKBUBaIeHTHBIX IM,, B KauectBe K, u 9, B Kaue-
ctBe MM,.

53. Eciu 9T conepxxut n snemeHToB, To I, Toxe. W3 3amau 52 u
39 cuenyer I, ~ M.

55. Cnenyer u3 3agau 18 u 53.

56. I1yctp T HenonHa. Torma nisgs HEKOTOPOTO MpeaToXeHus A He
BoITtoHseTcss HU TFE A, Hu TE — A. [ToaTOMy CylIeCTBYIOT CUETHBIE
mogenu I, u M, treopun T takue, yro I, # A, I, ¥ — A. Torma

cywectBytoT moaenu M, u 9N, takue, uTo M, =N, =m, M, <M,
I, < M, (cM. 3amagy 46). [Tostomy I, u I, HEM3OMOPPHEL.

57. Teopus Xj-kareropuuHa (cM. 3agauy 13 u3 § 5 yactu I) u no-
9TOMY TOJTHA (CM. 3a71avy 56).

58. Ilycts Ty U T'; mpoTtuBopeunBo. Torma mpoTMBOPEUYUBO HEKOTO-
poe noaMHoxectso I'yU {By, ..., By}, rae B;e I'y, k>0. ITostomy
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ro = (Bl & ... & Bk) n ro - Vxl sz - B(xl, ceey xs),

roe B(c,...,c)=(B & ...& B,), c|,...,c;, — BCe KOHCTAaHThl U3
By, ..., By, He Bxongiue B 6. Tak kak I' mojHO U ') HEMPOTUBOPEYU -
Bo, umeeM I'~Vx,...Vx, = B(xy,...,x,), moatomy I'|FV x; ...
VX, B(xy, ..., x) uT = B(c, .., c). [IpotuBopeune.

59. Cnenyet u3 3agaum 58.

60. ITycte I'= FD (M,) U FD (MN,). JTwobas cucrema, B KOTOPOii
UCTUHHBI Bee (HOpMybl U3 I, YIOBIETBOPAET TPEOOBAHUSAM 3adayM.
HenporusopeunBocTh I' JOKA3bIBAETCS aHAJIOTMYHO HEIPOTHUBODE-
yuoct I'y U T, u3 3agaum 58.

61. TTycts I U {4} Bbimosaumo B N, = (M,; 6,), N, * = (M,; o). Torma
FD (ON,*) U {B} HenpoTuBOpeunBo (CM. 3a1a4y 59) U BBITOJIHUMO B
M, =(M,; o). Umeem I * < M,* =(M,; o). [losTOMY CyLIECTBYET
cucrema Ny = (M;; o,) Takas, uro I, < N5, DL* < IMy* = (M;; o).
IMonyyaem mocinemoBatenpHocTs I, IM,, IM;, ... Takyo, 4TO
M, <M <. <D, <, < . ILF <DL < D* < ... TTonoxum
M= U M;, M=(M; o,Uocy), rne M*=(M; o), My, <(M; o),

ie N
M, < (M; 6,) (cm. 3anauy 47). Torna I'U {4, B} Beimonauma B I1.

62. Ilyctb @y, ..., a; — BCe KOHCTAHTHI, BXOAs1IUe B A U HE BXOASI-
mue B 6, by, ..., b, — Bce KOHCTAHTHI, BXOASIINE B B 1 He BXOISIIINE
B o. Torma dopmynbl A;=3x;...3x, A(xy, ..., x1), Bi=3y,...
.3y Ay, ..., Y1) YAOBIETBOPSIOT ycaoBUsIM 3anaun 61 u I'U {4,, B}
HenpotuBopeunBo. Torma I' U {4, B} HEmpOTUBOPEUYUBO.

63. Ilyctb T — MHOXecTBO npemioxeHuit C CUTHATYphbl G TaKuX,
yto + (A> B).

IIpennonoxum, yro 7'U {— B} HenpotuBopeuuno. Toroga 7'U {— B}
BBITOJIHUMO B HeKoTopoii cucreme M. Janee, I' U {A} HenpoTuBope-
4MBO, e I' eCTb MHOXECTBO BCEX MPEIJOXEHUM CUTHATYpbl G, UC-
TuHHBIX B 1. MHaue 6b110 Ob1 AF — (C) & ... & C}) 11 HEKOTOPHIX
Cla ceey CkE T, —|(C1 & ... & Ck) € Tgr n (Cl & ... & Ck) e I'. U3 3a-
nauu 62 cnemyer, uto I'U{A, — B} HenpoTUBOPEUUMBO U HEBEPHO
F(A>B). lTostomy TU{— B} nporuBopeyuBO, a 3HAYUT,
F(C &...& Cy) o B) nna Hekotopeix C, ..., Coe T, (Ci & ... & C))
ecTb uckomasi opmyna. Eciu 6 mycto, A 1 — B BBINOJHUMBI, TO MOXHO
MOCTPOUTH CUETHYIO MOJEJb, B KOTOPOM BbinojiHUMA (4 & — B), T.e.
He BbIMosHSeTCs - (AD B).
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Yacts IIl. TEOPUA ANITOPUTMOB

§ 1. YacTn4yHO pekypcuBHbIe (PyHKLUU

2. ®yukun f, fo, f3 1 f, TOIyIaIOTCS CyNepno3uusiMu u3 fu 1,
(@) fi (x1, X2, X3, -0, X)) =

=f(L'(xp, ooy X)), (X1, ey X)), I3(X0y ey X))y veey 1 (X, onny X))
(©) fo (X1, X9y vvy X)) =F (X5 oony X)), onny L)X, onny X)), 10X, -oly X))
(B) f3 (X1, s Xy i1) =f(]1"+](x1, ceos X 1) e [nn+1(xla cees Xp1)-
(F) fé‘l (xla L) xn—l) =

= X ey X )y 1700 ey X2 1) s L0 (X ey X2 1))
4. Ilyctsb f(x), ..., X,) IOIydeHa U3 0 U 1, ¢ MOMOILIBIO CYIIEPIIO3H-

Uit 1 npuMuTUBHON pexkypcuu. Toraa f(0, ...,0)=0u

<l Lx, <1l = f(x, .., x,)< 1.

5. (@) f(x)=s(s(... s (x)...)) (n paz).

©) f(x)=s(s(...s(0(x))...)) (n pa3).

(B) f(x, y) mosnyyaeTcsi MPUMUTUBHOII pekypcueit u3 g (x) = 1,'(x)
uh(x,y2)=s5(x,,2)).

(r) f(x, y) monyyaercsi MpUMUTUBHOM pekypcueil u3 g (x)=o (x)
uh(x,y2)=1 (x,y 2)+15(xy,2).

(W fx, 0)=1, fO,y+ 1) =xf(x,).

(e) f(0)=1, fx+1)=5(x) - f(x).

6. (a) x*;
}ypas

(6) x* .

7. (a) sg(0)=0, sg(x+1)=s5(0(x)).

(6) sg (0)=1, sg (x+1)=0(x).

B) 0-1=0, (x+1)~1=x.

) x=0=x, x~=(+1)=(x=-y) =~ 1.

(@) [x=y|=@x=y)+(@=x).

(e) max (x,y)=x-sg(x=y)+y- sg(x=y).

(k) min (x,y) =x-sg (¥ =x) +y- sg(y=Xx).

9. JloxkaxkeM, Hampumep, (a):

fl’l+1 (xla [EX] xna 0) :g(-xla '“5-xn7 0)7
Vi (X s X Y+ D) =g (X), ooy Xy Y+ D) + (X, o0y X, V).
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h(x1, .y Xn) i
lo'f(xlv'"vxn): 2 Sg(Hg(xla“'s Xns j)]

i=0 j=0

1. g(xy, ..., x,) =
:hO (x13 e xn) : @ .ﬁ) (x1! “"xn) + .. +h5 (xl’ ""xﬂ) : %ﬁ('xl’ e xfl)'

12. (a) [ﬂ - i@(iy = y).

i=1

X
6 x| 2
(6) rest (x,y)=x y|:y]
(B) t(x) = i@(rest(x, i)).
i=1

(r) o(x) = ii-@(rest(x, i)).
i-1

(m) x — mpoctoe yncio < 1(x) =2 (cMm. (B)). Torma

X

Ih (x) = Y sg(|t(i) - 2| + rest(x, i)).

i=1
(@ ) = Y 5w -2]) (em. (8).
i=1
(K) k(x,y)=pz [z sg (x-y)+sg(x-y)(sg z+rest(z,x)+
+rest(2,y))=0]<x-y.
© a0 = |12 |+ x ey @ o oo

(1) p(x) =y () —(x +1)] =0] <2 (em. (e)).
(¥) long() =y [ > SE(resi(x, p(i))) = 0} <x.
i=y+1
(1) ex (x, ) = u2[(5g rest (7, p(x)** 1) - sg y = 0] < x (ea. ().

o0 [Vx]=pzlse@+1’=x) =01 <x.

() [Vx]=pelE (@ 1) =) sey=0] + 5 y-x<x
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(0) [xﬁ] = pz[sg((z + )2 = 2x%) = 0] < 2x.

(1) Ucnonb3oBaTh pasioxeHue Yyucia e B psij.
(p) Ucnonb3oBaTh pa3noxeHUe Yuciaa € B psii.

x!

m -sg(x=p)+ sg (x=y).

(c) C& =[

13.1(x) + r(x) =z l@ [Lz(“z)}x):o]: 20(x) < 2x;

2 b
rx)=2zy(x) = I1(x).
14. Cnenyer u3 3agaum 13.
15. /" (xy, ..., x,) = F (" (x4, ..., x,)), THe F(x)=f(c,y (%), ..., Cyp (X)).

16. (a) Ilycts ne A, PaccMoTpuM IOCIEXIOBATENBHOCTE (71, 0),
(n, 1), ... Torma cymecTByeT MOCIEeN0BaTEAbHOCTD X, X|, ... TAKas, 4YTO

fHx)=fitx)=...=n, /(x)=0, /(x) =1, ...; mOdTOMY X, X{, ... Pa3-
JINYHBI.

l(X) = x- |:20(X) i (ZO(X) + 1):| .

X

(©) £ (x) =Y sg|fix) - A@)] = 1.

i=0
17. Cwm. 3anauy 34 (e¢) uz § 7 vactu II.
18. BeecTu BcriomorarteibHy0 (GyHKIIUIO

- S(x X, )
F(xl, ...,xn, y) = le 1o woes Xns .
i=0

HoxazaTbh, 4To F mpUMHUTUBHO peKypcuBHa. Toraa
f(xls seey xn, y) =X (ya F(xla seey xna y))

19. Caenyer u3 3amaum 18.
20. BBectu BcrioMmoraTtesibHYI0 (PYHKIIAIO

F(x)=2®.3¢®,

Joxa3zaTb, 4yTo F IpUMUTUBHO peKypcuBHa. Torna
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f(x)=ex (0, F(x)),
g(x)=ex (I, F(x)).

21. Anasnornuno 3agaue 20.

22. CM. 3agauy 1.
23. (B) Hampumep, g(x,y)=x+1.
24. CM. ykazaHue K 3ajaaue 2.

26. (a) o (x)=wy[s (x)+y=0].

(6) f(x,y)=pz[|x-(z+y)|=0]

(B) f(x,y)=pz|[|x-2z-y|=0].

() f(x,p)=pz[|x-2"|=0].

(n) Iycts f — n-mectHas byHkuuda, &,={{(a, ..., a,), ...

oo (k1 s G}, (@115 s @1) = by, s f Ak -, Gry) = by TOTIA

Sy e x) =by-osg (xp—ay|+ ...+ [x,—ap)) + ...
+bk' @ (|x1 —ak1|+... +|xn—akn|)+p2 [2+(|x1 —all|+
vt X, —a) X = ag| + o+ X, = agl) = 0]

27. Ucnonb30BaTh CIAEAYIONIE COOTHOIICHUSI:
(a) a=b o |a-b/=0.

(6) azb < sg la—b=0.

(B) a<bh < a~b=0.

(r) a<b < sg(b+-a)=0.

(m) a=0u b=0 < a+b=0.

() a=0 & wm b=0 < a- b.

28. (a) Beegem ¢pyHKIUIO
0 (£, 9) = "X (®), -wes €uu(1), Y. S (€1 (D, ... (D), V).
Torma 6 (¢, y) = (G (?), y), Toe
G (1) =" Hcp (@), -y (D), 0,8 (D), ooy (1)),
o(r,0)=1, o(t,y+1)=G(at,)),
G(2) =" X Cy2, 1(2), s a2 @)y Cuiania(@)H 1,
h(cpi2,1(2)s s €pin n2(2))).

Nmeem f(xla ooy Xpy y) = Cn+2,n+2(e(cn(x17 (KR} xn)a y))
(6) AHamoruuHo (a).
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29. Ionaraem
G(X, y) =g(cnl(x)’ LR Cnn(x)a y)’
F(x)=w [G(x,y) =0].

Torma f(x, ..., x,) = F(c"(xi, ..., x,)).
30. Buay 3agauu 28 10CTaTOYHO pacCMOTPETh cllyyait, Korma

{ﬁ(x, 0) = x,
2, y+1) = GUFAx, p)).

Hns aTOTO Cyyasi BBIpa3uTh TpeOyeMbIiM 00pa3oM (MCMOIb3ys 3a-
nauy 29) ¢oynkuum u=U(x,y) u v=V(x,y), aBiasgiolImnecs: peleHu-
€M CHUCTEeMbl YpaBHECHUI

S (x, 0) =B(u, v, 0),

f(x,y)=Bu, v, ).

31. Mcnonb30BaTh pa3yioxkeHUs B psiI dyucea « 2, e, T.

32. 3anucaTh C MOMOIIbIO OOIIEPEeKYPCUBHBIX (YHKIMNA METOHd
BBIYMCIICHUSI C HaTlepel 3aJaHHOM TOYHOCTHIO KOPHS MHOTOWIEHA C
LHeJAbIMU KO3 GULIMEHTAMU.

34. (a) 1,/(x;, ..., X,) =15 (x,,).

(6) o0 (%) =ii (s(x)).

(B) is (0).

(r) q(2+2sgx).

(m) ax=I3(x, ) +...+ IX(x, y) (a pa3),

by=L1(x,y) + ...+ I7(x, y) (b pa3),

c=35(0)+...+5(0) (c pas).

(e) Umeem x + 2[\/;] =i(x+1+2sgg(x+4)), Torna

x2=xx+2[J§]+D.

(x) ITyctb oux, y) =g ((x+ y)2 +5x+ 3y+4), Torna

e +H =i 2[Vx |+ 1+ iGE0(x, g(0)))
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x x
Zlzal 2+ 2|, x|
2 2

(3) Nmeem 2[\/;]2()(()6+2|:\/;:|,X), TOorma I:\/;]:

[Vx])

2

a(o(x + )% x%), y*)
5 .
(x) Umeem x= y=o(x, y)sg alalx, y) +p, x).

(1) Umeem c(x, y) = {(x+y)22+ 3x+y:|'

(n) Umeem x-y=

[\/8x+1]+1 [\/8x+1];1

(M) Umeem [ (x)=x~ =~

2 2 ' 2
[\/ 8x+1]+1
(H) Umeem r(x) = B — (I (x)+1).

35. MHpyKiueil mo 4uciay IIaroB MOCTPOSHUS TaHHOM IPHUMM-
TUBHO PEeKYPCUBHON (PYHKLIMU, MCTIONB3ys 3amauy 34. PaccmoTpum
JIAIIG CITydait moydeHuss (PYHKIIMU C ITIOMOIIBIO OIlepaTopa MpUMM-

TUBHOI peKypcuu. Beuny 3amaum 28 1o0cTaTOYHO paccMOTpPEThb CIy-
yai, Korma

{F(x, 0) = x,
F(x, y+1)=G(F(x, ),

rae G yxe IoijiyueHa TpeOyeMbIM B 3ajgaue criocoboM. ITomoxxum
0 () =q([Vx+T])-38q(x+1)+ G -szq (x+1).
Torna pns dyHkuum f(x) =0 (x, X) umeem

1(0) =0,
t(x+1) =06(x, t(x)),
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1(x)=F(qg(INx]), ¢(x)), a takxe 1(((y+x)>+x)*+y)=F(x,y). Ho
(ynkuus ¢ (x) BBuay 3agauu 28 (6) nmosyvaeTcsl utepalyein u cymnep-
NO3UIUSIMHA (DYHKIIMI, yKe MOJYYeHHBIX TpeOyeMbIM B 3ajgade CIIO-
coooM.

39. (a) LM(Xq, ..., X,) = qq ' (x,,).

(6) 0(x)=¢q(q ' (x+x)+1).

(B) AHanoruuHo 3amaue 34 ().

(r) Myctb olx, ¥) =g ((x+y)* + 5x+ 3y +4); Torna

X =0 (g (2x), 2x).

(1) sg(®) =g (+1).
(e) 2 =0(l,s5gx).

(x) Mmeem [ﬂ =q 29+ sg(q(qg " +55(0)))™ (%)

(3) Ananmornuno 3amade 34 (u).
(1) AHanoruuHo 3amaue 34 (k).

(x) NUmeem [\/?] = [%] +sgXx.

(1), (M), (H) Ananormuno 3amaude 34 (1), (M) u (H).
40. UmeeM f(x)=r((|(/ (x)+ 1) sgh (I (x), r(x)) - 1)) = 1)". JTanee
MPUMEHUTH 3a1auy 39.

41. VHayKIyeil Mo YUCITy IIaroB MTOCTPOCHMS JaHHOUW YacTUIHO
pexypcuBHON (yHKIMM, ucroab3ysa 3amaun 30, 39, 40, a takxke
bopmynsr qg rest (x, y) u B(x, y, z) u3z 3agau 12 u 17. K dopmyne

[ﬂ = uzlsgy - S8((z+ Dy = x) = 0]+ x5gy

npuMeHUTH 3a1auy 40.

42. (a) ITyctb pyHKIIMS ompeneeHa CAeAYIOIIUM 00pa3oM:

ecmt n=31, 10 oUn)=c (0,1, 2+1);

ecmt n=31+1, 10 an)=c (t+1,0, sg 9);

ecin n=3t+2, a c;(a(r (1)) + 1=c3(a(l/ (D)) u cp(ar(f)) =
= e33(0(/ (1)), 10 au(n) = A (esp(al (1)), exall (D)) + 1, exs(alr (1)),
B OCTaJIbHBIX cayyasix o(n) = (0, 0, 2).

(3mecw I, r ompenmenensl B 3amaue 13, a ¢ c3, ¢35, ¢33 — B
3amaue 14.)
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DOyHKINS o IPUMUATABHO peKypcuBHA. MiMeem

B (x, y) = c33(0 (unfey (aln)) = x 1 c3p(an)) = yl)).

Takum obpasoM, B u A o0lepeKyPCUBHHI.

(6), (B), (r) Unnykuueit no n, x.

(m) Umeem o (x)<B(0,x), s(x)<B(0,x), I, (x,...,x,)<
< B (0, max (x, ..., X,,)).

(e), (k) IIpoBepsieM HenmocpeACTBEHHO, UCIOB3Ys (0), (B) U (T).

(3) Uz (n), (e) m (k) ciaemyeT, UTO BcsiKasi MPUMUTUBHO DPEKYp-
cUBHas1 (DYHKLIMS SIBJISIETCS B-MaxKOpUpPYeMOId.

43. Ilycts F(t, X, ..., X,) — yHUBepcanabHash (YHKLMS IJIsI ceMeii-
CTBa N-MECTHBIX MPUMUTUBHO PEKYPCUBHBIX (DYHKIINA, SBISIOIIASCS
NPUMUTUBHO pekypcuBHoii. Torna f(xy, ..., x,) = 1 + F (x;, X, ..., X,) =
= F (%, x,, ..., x,) A1g Hekotoporo #,. Otciona 1+ F(t,ty, ..., ty) =
=F (1, 1, ..., tp). Ilpuxonum K MpOTUBOPEUUIO.

44. 3aMeTnM, YTO yHHUBepcaabHasd (PYHKIIUS ITOKHA OBITH BCIOMY
onpeneaeHHoM. Jlanee, cM. ykaszaHue K 3amade 43.

§ 2. MawwuHbI TolopuHra

1L.f(x)=x+1.
2.1, (Xp, s X)) =X+ .+ X,
3. Hanmpumep,
7,0 = q,0R, a1 — gol,
00 = g;1L, ¢l = 1R,
7;0 — q,0, q:1 = ¢;1L.
4. Hanpumep,
7,0 —» ¢,0R
7,0 — ¢;0L, @1 — ¢1R,
7:0 — ¢40, ¢;1 — q;0L.

5. CHavara 1epeBoInM CIOBO 01%¢,01°0 B CII0BO leqalyOO, paB-
Hoe 0177 "¢, 1701’0 mpu i= 0. 3aTem cioBo 01*"'g,1701'0 mepeBOTUM B
01%~ @+ Vg 1°01'+10, ectu x—i>0, u B 017¢,01°0, ecm x—i=0.

T. ¢,01%00 = ¢,01*~’01'01' mpu i = 0. CoBo ¢,01*~'01°01' nepesoaM
B ¢,01* D01 *101* ! ecnm x—i>0, u B ¢,01701%, eciu x—i=0.
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1,.(6"- By~ (B)" .
K, K, =T,
K,.1=(B)"T-(B)" (,,»)" (B K, (5)* Ly, L,

6. (IL)" ' (BH" ' (0-B)"!, rme O — mammHa, NocTpoeHHas
B 3amaye 4.

7. (a) Ilycts Fu G — MalIuMHbBI, TPAaBWILHO BBHIYUCISIONINE f U &
cooTBeTcTBeHHO. Torna H= G- F ipaBUJIbHO BbIUUCISET A.
(0) H=[K, - (B")" G- ()" (L, )" B ...
o [Kpy - (B Gy - (B)" - (W)™ - BT+ G, - (B)" ™! F.

8. (a) Hampuwmep,

410 = ¢,0R,
0,0 - ¢;1R, 0l > ¢lR,
40 - ¢,0L, g1 = ¢;1R,
a1 = g50L,
q50 — g0, qs1 — gs1L.
(©) 7,0 = ¢,0R,
4,0 = q0L, ¢l = ¢;1R,
40 — ¢,0L, g1 > ¢;1R,
g4l — g50L,
50 — 40, qs1 — gs1 L.
(8) 0,0 = ¢,0R
7,0 — 0L, ¢l - 1R,
70 > q,0L, g1 = q;0R,
q40 = q,0L, qsl = q,0L.

9. (a) IMyctb MammHbl G U H BBIYUCISIOT g€ U A COOTBETCTBEHHO.
HNcnonw3ysd G, H u MallMHbI U3 3ala4yu 5, MOCTPOUTH MalUUHbI 77,
T,, T, T,, Ts takue, 4TO

gi01* ... 0170170 =7 01% ... 01001°g,01% ... 01%0 =,

=7, 017 ... 017001750181 % D0
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01% ... 0101017~ /gg01°0 =,
le‘...le"OliOly‘quOIZO, ecimt y —i >0,
=T {01XI...01Xn01"01y-"q50120, ecn y —i =0,

01% ... 0170101~ 'g,01%0 =,
=7, 0170190171017~ Dg 017 &b 2);
01 ... 01010045010 =7 g,01°.

q, =T,
Torna mammua 7 - T, - T; - { v " BeruncnseT f(x, ..., X,).
qs =15
(6) ITyctp mamnHa G BBIUMCISET g (X, ..., X,, ¥). Ucnionab3yss G u
MAalllMHBI U3 3aJa4d S5, MOCTpouTh Mammubl 1), 15, T3, Takue, 4TO

g,01™ .. 0170 =7 01 ... 01™014,0;
017 .. 01%01'g,0 =7, 01% ... 0101'gs018 ®- = 90;.

01*...0101"*' ¢,,0, ecm y # 0,

X Xn()11 Y .
01% ... 01%01g,01'0 =, {%01,0’ ey 0.

Torna mamuua 7T, - T, - T; Beruucnsiet f(xy, ..., X,).
10. Cnenyer u3 3amau 3, 4, 6, 7, 9.
xp-1 X[+X) X+t x, +H(n+2)
HP:“_HIP:"W_ I1 pi
12. ,Yn (xla s xn) — 2 . 3 . 7 i=0 i=x+ =X+ 4 X, 1+ (n=1)
13. ITonaraem

p (0, k, I, u, vy=2".3%.5".7",

ﬁptex(ﬁl,u) P(IJﬁ p;’fl(s’v)
p (1’ k; l, u, V) = 21:0 . 3k .SCX(O, u) . 7 5=0 ,
T ex (1, u) = ex(s+1,v)
ngle Ds
p (2, k, I, u, v) = 2 =0 ,31{ _5ex(0, u) 7520

p(s, k, L u, vV)=p (0, k, I, u, v) sg s+
+p (L, ky Lou, v) sgls—1+p (2, k, I, u, v) sgls-2|.
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14. ITonaraem
o(t, 0, , u, v)=2“.3.5.7
o (t, i, j, u, v)=p (ex(2,ex(c (i), 1),
ex (0, ex (c(i,)), 1), ex (1, ex (c(i,)), 1), u,v) npu i>0,
rae p — dyHkuua us 3agaum 13.
15. IMonaraem

T (1, x) =0 (£, ex (1, x), ex (2, x), ex (0, x), ex (3, x)),
rane 6 — (GyHkuus u3 3agauu 14.
16. ITonaraem

w(t,x,0)=x, w(t,x,y+1)=1(t, w(t,x,Y)),

rae T — QyHKOud u3 3agadur 15.

17.¢ (x) = i§g|ex(i, ex(0, x)) - 1| +sg|ex(2, x) - 1| +
i=0

+ i@kx(i, ex(3, x)) - 1].
i=0

18. Cneayer u3 onpeneieHus: BBIUMCIMMOCTA U 3agady 12, 16, 17.
19. Cnenyet u3 3agauu 18 (0).

20. Cnenyet u3 3ama4 10 u 19, Tak KaK BbIUMCIICHUS IIPOBOIUINCH
Ha MamuHax ¢ andasutom {0, 1}.

21. Monaraem U (¢, x) =& (w (¢, Y'(x), h*(, x))) (cM. 3anauy 18). Yr-
BepxXieHue caenyeT u3 3agay 10 u 17.

22. TMonaraem U"*'(t, x,, ..., x,) = U(t, ¢" (x4, ..., X)), tae U ompe-
neieHa B 3amade 21, a ¢" — B 3agmave 14 u3 § 1.

23. (a) Eciu A (x, y) 4acTUYHO pEeKypCUBHA, TO TaKOBa Xe U

S =py[h(x,x)+y=0].

Ilycts mammua 7" mpaBuibHO BhrumciseT f(x) u M7T) =a. Torma
f(@)=0 o h(a,a)=0 < f(a) He onpenencHo. [Ipuxoaum K mpoTu-
BOpEUUIO.

(8) Umeem Ay (ou(B(x), x)) =g (x), Tne o u B onpeneneHsl B 3amave 11.

24. Cnenyet u3 3agau 12 u 16.

25. (a) Monaraem p (x) =1 (x), Ti(m, x, y) =S5 (m, x, [ (), r (y)), rae
byuxuusa S n3 3amaun 24.

(6) AnamoruuHo (a).
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§ 3. PekypcuBHble
M PEeKypCUMBHO Nnepeyncrnmmbie MHOXeCTBa

2 4
3. HGR(XI, vy Xy ) W ngGR(xl, veey Xpp, [) SIBIISIIOTCSI TPEOYEMBI-
i=0 i=0
MU TIPEACTABISIONIMMU QYHKIIUSIMU.

4. (x|, ..., xpe M It R (xy, ..., x,, L (D), r ().

5. loka3aTb, 4YTO PEKYPCUBHO IEPEYNCIUMBIX MHOXKECTB CUETHOE
YUCIIO.

9. 8/ — KOHEYHOE MHOXECTBO.

1l.xe AUB< 3y (R, (x,y) v Rz (x,));
xe ANBe dydz(Ry(x,y) & Ry (x, 2)).

14. 4(x) = Op, (x, uz [GR,, (x,2)Bp (X, 2) = o])
16. [lycthae Muxe M« 3y R(x,y). Torna
o) = 1(x) - sg O/ (x), 7 (X)) + a- B/ (x), 7 (x)).

17. AnamornyHo 3amaye 16.

X
18. 5, (x) =sg] [ |x - f(D)].
i=0
19. Ilyctb A pekypcuBHO U 6eckoHeuHo. Torna A= p;, rae

SO) =pwx [x,(x)=0], f(r+1) =px [x4(0) =0 1 x>f(D)].
OOparHoe cieayeT u3 3agaun 18.
20. Ilycts A pekypcuBHO. Torma A=ps rae f(0) = px [y(x) = 0],
Fx+1)=f(x)  galc+ 1)+ (x+1) - sg x4(x+1). O6paTHO, mycTb A= pp,

rae f — MOHOTOHHas obOuepekypcuBHasi GyHkuus. Torma, eciu A
0eCKOHEYHO, TO

o(x)
xa(x) =sg[]|x - f()|
i=0

rme ¢(x) =uz [x<f(z)]. Ectm A KoHe4YHO, TO OHO PEKYPCHUBHO TIO 3a-
nayde 6.

21. Ilycte A=ps o€ f — NPUMUTUBHO PEKYPCUBHAsA (DYHKIIMSA.

[Monoxum g (0) =£(0), g (x+ 1) =f(uwy [f(y) >g (x)]. Torna B=p, ectb
MCKOMOE PEKYPCHUBHOE MOAMHOXKECTBO A.
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22. Ilycte A=pj ro€ f — NPUMUTUBHO PEKYPCUBHAS (DYHKLMS.
ITonoxum

F(0)=g(0), f(x+1) =g[uy{i@|g(y) - f()| = OD
i=0

Torna fectb uckoMast (PyHKLIMS.

23. 50 (x, y) =sg|f(0) —y|.
24. HYCT]) 1—‘f: {<O€](X), cee (X,,(X), (X,H_](X)) |X€ '/V}a TOC Oy, veny Oy g —
MPUMUTHBHO peKypcuBHbIe GyHKIMM (cM. 3amavy 17). Torma

f(xh B xn) =0, I(H'-)C [lxl - O(l(x)| t+...t |xn_ 0Ln(x)l =0]).

25. IlycTh MHOXeCTBO A peKypCUBHO, f— 00I1IepeKypcuBHasT (PyHK-
unsi, B=f" (A). Torna y(x) = x(f (x)).
26. X7 4)(%) = xaut [| x - £ (1) = 0]).
27. Myctb A={x|3y (f(x,») =0)}, B={x|3y(g(x,y) =0}, rne fu
g — TIPUMUTUBHO peKypcuBHbIe pyHKIMKU. Torma
Xa(X) = 58X c(X) +f (x5, Wy [£(x, ¥) - g (x, ) 8 xc(x) =0])).

28. yepr & y=f(0)v..vy=f(1), t=pz[{0,1,...,¥}N
Np,c{g(0), ..., g(2)}], Te.

=z {i{@xpg(u)-ﬁ|u—g<z‘>|}0}.
i=0

u=0

29. Ilycte A=p;, B=p, U1 HEKOTOPBIX IIPUMUTUBHO PEKYPCUB-
HbIX QyHKUM f 1 g. Beruuciisisa mociaenoBaTebHO 3HaYeHUS (PYHKUIMIA
S g (nepeuucnsis Au B), ctpouM (PyHKUUU Uy U U, IEPEUUCIISIOLINE
A, u B,. PaccMoTpuM ciyyaii, Korjua CyllecTBYIOT uucia ac A, be Bu
a# b. [lonaraem

{f(O), ecau f(0) # b,
u(0) =

a B MIPOTUBHOM CJly4yae

8(0), ecmu g(0) # u(0), g(0)#a,
v(0)= b B IIPOTUBHOM CJTy4ae

f(x+1), ecmm f(x+1) & {v(0), ..., v(x)},
ulx+1)=17, B IIPOTUBHOM CJIyyae
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bt 1)= {f(x +1), ecmn g(x +1) e {u(0), ..., u(x + 1),}

B IIPOTMBHOM CJ1y4yae

[MpuMHUTUBHYIO PEeKYPCUBHOCTb ¥ U U MOXHO I0Ka3aTh, MCITOJIb-
3ys 3amaun 18 u 20 u3 § 1.

30. (a) PaccmoTpum myisl MPpOCTOTHL ciyyaid f(x) = g (4 (x)), rae T,
u T'; pekypcuBHO nepeuynciaumel. Torma (x, y)e I'y & Ju Rrg (x, y, u),
(x,»eTlye3v R (x,y,v). Umeem

x,mel,;e 3z3ud v(Rrg (x, 2, u) & Ry, (x, 2, V).

(0) Jdokaxem aJist ciaydasi CriellMalbHOM peKypcuur U3 3agauu 28 (a)
u3 § 1. Ilyctp

{f (x, 0) = x,
S, y+1) =G(f(x, )

ulg={g@),h())|te N}, toe g u h — IPUMUTUBHO PEKYPCHUBHBIE
byuakumu (cm. 3agaay 17). [Tomxoxum:

ecmu n=2t, o an) =c(t, 0, 1);

ecin n=2t+1 u cy3(oll(2))) =g (r (), 1O

a(n) = (e3 (ol (1)), exlall (D)) + 1, h(r (1),

B OCTABHBIX ciydasx on) = ¢*(0, 0, 0).

ITpuMuTUBHO pekypcuBHAsl QYHKLUSA o#) TEPEUUCTISIET MHOXE-
ctBo ¢(T).

(B) Hokaxem s ciaydas f(x) =py [g (x, y) =0], tae Iy peKypcuB-
HO mepedncinM, T.e. I'y={(0(7), oy(1), as(#) |t € AN} 115 IPUMUTHB-
HO peKypCUBHBIX YHKUUN o, 0y, 03 (cM. 3amauy 17). I1o onpenene-
HUIO [L-OTIepaTopa (X, J) € 'y PABHOCUJIBHO YTBEPXKIEHUIO O CYLIECTBO-

BaHUM TaKUX ly, ..., ,_y, 1), UTO

y _ oyl

Z[|0€1(fi) = x|+|on(t) —i|+ ysg [T os (%) + Oﬂs(fy)]= 0.

i=0 i=0

Tloacrasnsst B (u, v, i) BMECTO f;, MOJYYUM MPUMUTUBHO PEKYpPCUB-

HbliA ipeaukar P (u, v, X, y) Takoi, 4to (X, € Iy Judv P(u, v, X, y).

(OnpeneneHue u cBoiicTBa yHKLMU B cM. B 3anaye 34 u3 § 7 yactu I1.)
(r) Cnenyer us (a), (6) u (B).

31. Cnenyer u3 3amau 24 u 30.
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32. Ilycth fuacTMYHO peKypcuBHa. Torma

X, e X € 8 & Y (X, s X, MET) &
o 3yIzPlxy, ooy X, Y, 2)
JUTST HEKOTOPOTO MMPUMUTUBHO PeKypCUBHOTO TIpeankara P (cM. 3ama-

yy 31). pyroe moxkasaTenbCTBO clieayet u3 3agauu 18 (a) us § 2.

33. Ty={(ou(?), ..., 0ty () | t € A} 1715 MOOXONSAIUX IPUMHUTUBHO
PeKyPCUBHBIX (GYHKUIMHA Oy, ..., O, (cM. 3agaun 31 u 17). OyHK1UA
g (f) = 0, (f) IPUMUTUBHO PEKYPCUBHA U P;=p,.

34. Cnenyet u3 3amay 20 n 33.

35. Ilycts (x, ..., xpe M < I3y P(xy, ..., X,, ¥) IJIsI IPUMHUTUBHO
pexypcuBHoro npeaukara P. Torma

X}l}k('xl’ sy xn) =0 (My [eP(xla ceey Xy y) = 0])

O6paTHOoe ciemyeT U3 3amaym 32.

36. (a) ITycts MHOXECTBO A C N PEKYPCUBHO TEPEUUCTUMO U [~
yacTUYHO pekypcusHa. Torma f(A)={g(?)|te A}, rne g ()=
=f(oy(?), ..., o,(7)) o751 001IEPEKYPCUBHBIX DYHKUMI Oy, ..., O, TAKHUX,
410 A= {{0,;(?), ..., o, () | t e N} (cM. 3amauy 17).

(6) IlycTb A peKypCUBHO MEPEUUCTUMO, [ — YACTUUHO PEKYPCUB-
Has yHkuus, B=f" (A). Torna

XEGrs o X)) =05 (s ey X))
U B peKypCcuBHO nepeyrcaumMo (cM. 3agauy 35).

37. i (xrs ooy %) = T (X1 -, X, @) (M. 321a4Y 35).

38. f(x;, ... %,)=0 & Iz P(xy, ..., X, ¥, 2) INISI TOAXOMSILETO
MPUMUTUBHO peKypcUBHOTO TpeaukaTta P (cm. 3amaum 37 u 4).

39. I'paduk GyHKUMU g ecTb oObeaAMHEeHUE TpahMKOB YACTUUHO
PEKYPCUBHBIX (DYHKIIMIA

i s s %) + 250, (X1 s %),

40. I'pauk T, pekypcusHO nepeuncaum. [lostomy cymecTyer
MNPUMUTUBHO peKypcuBHas pyHkuusa G (x, ..., X,, ¥, 2) Takasi, 4To

[, .. x)=yeo 32(G(x,....x,,y,2)=0).
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Nmeem
f(-xla [RRX) xn) = I(Ht [G(xla seey xna l(t)a r(t)) = 0])
41. Ecu Xr, TPUMUTUBHO PEKYPCHBHA, TO B3AITh B KAUECTBE & yHK-
LIIO X O6paTHoO,

Xr(Xps ooy Xp) =

=1
= sg ((Sgy+g(xl, ey Xpy 0))[S_g (g(X], ey Xns i)+g(X], ey Xps y))]]
i=0
42. Jloka3pIBaeTcs aHaJOTUYHO 3amave 42 (a) u3 § 1.
43. Tlyctb x*p\ y(x) = U (m, x) nns Hexotoporo m (cm. 3anady 21 u3
§ 2). Umeem
me H & x* y(x) = U(m, x) He ONpenencHo <

o Vy(Tiy(mmy)#0) @ me H.

44. TTonoxum

S,y x,), ecam (X, ..., X,) € 8y,
g(xla (XS] xn) =

0 B IIPOTUBHOM CJIyyae;
g ecTb 00llepeKypcuBHOE noorpeaeneHue f (cM. 3agauy 37).

45. Ilycts M — pexypcuBHOE MHOXeCTBO. Torna x g\ p(x) = V (m, x)
IUTsl HeKoToporo m. iMeem

me M ey pym=1<Vimm=1<meM.

46. Hanpumep, sg U (x, x).
47. Hanpuwmep, f(x) =x-sg (U (x, x) + 1). I1yctb

S =nylg(x,y) =0].

Torna U (x, x) onpeneneHo < g (x, x) =0 u, ciienoBaTeJbHO, MHO-
KecTtBo H 13 3amaum 43 pexypcuBHO. [Ipuum K mpoTHUBOPEYHIO.

48. [Tyctb G — peKypCUBHO IMEePeYnCIMMOe MHOXECTBO U g (X) —
pexkypcuBHasa 1-1-¢yHkums, nepeuucisiomas G (cMm. 3agauy 22).
Ilyctb h(x) =V (g (x),x)+ 1. Torna & (x)=V(g(m), x) njisi HEKOTO-
poro m. Torna h (m) = V(g (m), m) + 1 = V(g (m), m). Illpunuiu K mnpo-
TUBOPEUUIO.
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§ 4. Hymepauuu Knunun u lNMocTa

2. (a) Crnenyet u3 1 ().

(6) Mnpyxuueit o n.

3' (a) f(xla L) xn) :f(xl, LR xn) + 0 Y= U(aa Vo X1y oeny xn) =
= Kn+ I(C (aa y)a Xiy eens xn)'

(6) Cnenyer u3 (a) u 3amauu 2 (a).

4. UmeeM f(x) =f(x) +0 - y= K> (a, y, x) = K* ([a, y], x). Takum 06-
pa3oM, uucha [a,y] npu y=0, 1, ... SBISIIOTCSI KTMHUEBCKUMU HOME-
pamu f(x).

5. (a) NUmeem K (u, K(v, x)) = K([m, u, v], x) 119 HEKOTOPOTO M,
toraa f(u, v) =[m, u, v] — uckomasi (pyHKIIUSI.

(6) Umeem py [K (u,x,y)=01=K’(a, u, x) = K([a, u], x) ans
HEKOTOPOro da.

(B) ITyctb

F(u,0)=0,
F(u, x+1) = K(u, F(u, x)).

Torma F(u,x)=K([b, u], x) nist HEKOTOpPOTO b.
(r) K(u,x)+ K, x)=K(|n, u, v], x) 1jisi HEeKOTOPOro A.

6. [Tyctb s= k¢, g=kd. Tlonoxum f(0)=c, f(1)=dn

[m, f((2)), f(r(2))], ecim x =3¢, ¢t # 0,
f(x)=11b, f(D], ecim x =3t+1,1#0,
[n, fU()), f(r(t))], ecnu x =3f+2,

roe m, b, n B3SATHI U3 yKa3aHus K 3amavye 5. Torma fecTb IpUMUTUBHO
peKypcuBHas (QYHKILMS, Iepeuncsonas MHOXeCcTBO P (cM. 3agauy
35usz §1).

7. F(x,y)=K(f(x),y), rne f(x) — dyHKUMsI, TOCTPOEHHAs B 3a-
nadye 6, ectb uckoMmasi (pyHKIIUSI.

8. AnanornyHo 3azgaue 5.

9. K(f(xq, ..., x,), ¥) = K"*?(e, xy, ..., X,, ) 1151 HEKoToporo e. Tor-
na g (xi, ..., x,) =le, xi, ..., x,] — uckomast pyHKILUSI.

10. (a) Umeem

K(f(x]’ "'5xn, [y’ ya xls "'7xn])s t) =K(as ya xl: ceey xn’ t) =
ZK([CZ, Y, xls LEEP) xn]’ ZL)
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TTonoxum y=a, g(x, ..., x,) =la, a, xy, ..., X,].

(6) Cnenyet u3 (a).

11. f(x,y)=K([a, x],y) ana noaxoaswero a. [TosaTomy
f(n,y)=K(|a, n], y) = K(n, y) nng Hekotoporo n (cM. 3agauy 10).

12. Unmeem 1,%(x, y) = K([a, x], y) 11s HekoToporo a. I1o 3agaue 8
CYIIECTBYET 1 Takoe, UTo K [a, n] = kn. Torna «,(0) = k,(n) = n.

13. imeem
kK(x,y), ecin K(x, y) onpeaeneHo,

@Wdﬁ=ﬁ)

B IIPOTMBHOM CJ1y4yac

JUTIST IOAXOASIIEH MPUMUTUBHO PEKYPCUBHON (YHKUMU g (CM. 3a1a-
uy 9). danee kg (x, (X)) = Kf () A1 TOAXOAAILEH TPUMUTUBHO PEKYP-
cuBHOM QyHKIMHU [ (cM. 3amaqy 10).

14. (a) [Momoxum

0 mpuy=x,
F(x, y>={ Y

1 npu y # x.

Torna F(x,y)=K(g(x),y) 111 HEKOTOPOU MPUMUTUBHO PEKyp-
CUBHOM (byHK]_II/H/I g, &= K, 1JIs1 IOAXOOAIICTO 1. HO:‘)TOMY Ke (£(n) = Krn)»
rae f — GyHKIuUs, nmoctpoeHHas B 3amaude 13. Otcrona

Krn) = Kg(f(n))(y) =F(f(n),y) = X{f(n)}(y)-

[Tonaraem a=f(n).
(6) IMpuMeHUTH paccyxkaeHMUs] MyHKTa (a) K QyHKIUU

0 mpu y = x,
HE OIpEACSICHO MPU Y # X.

ﬂ&w={

(B) IIpumeHUTh paccyxaeHus MyHKTa (a) K QpyHKIUU

0 mpu y # x,

ﬂ&w={

HE OTIpE/eJIeHO TIpU Y = X.

15. Ilo 3agave 11 cyImiecTByeT YMCIIO e TaKoe, 4To K, (X) = g (e, X).
TTonaraem f= k,. Torna (F(k,))(x) =g (e, x) = k.(X).
16. Onpenenum omnepartop F:
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0 ecim o x) =0,

(F(9)(x) = 1 7(9(3(x))), ecu ofx) > 0,
He ompenesieHo, eciar o(X) He ONpPEeAeseHO.

®yukuma g (n, x) = (F(x,))(x) 4acTHYHO peKypcHUBHA (CM. 3amady
39 u3 § 3). BBuay 3amaum 15, cymectByer Tpedyemasi GyHKIUS f.

17. Tyctb a € k' (A), be k' (A). Eciu k™'(4) — peKypcuBHOE MHO-
JKECTBO, TO (PYHKLMSI

_]A
f(x):{b’ ecnu x € k- (A),

a, eclu X ¢ K_I(A),

sBNIsieTcsl oOlepekypcruBHoii. Beuay 3agaun 10 (0) cyuiecTByeT 4uc-
JIo n Takoe, uto kf (n) = kn. Umeem

fme k(A © nek'(4) © f(n)=b o f(n) e k' (A).

ITpuxonumM K MPOTUBOPEUUIO.

18. (a) u (0) cienyroT u3 3agaum 17.

(B) MuoxectBo B={x|0¢€ ..} HepekypcuBHO BBUIYy 3amauu 17.
NmeeM xe B < ¢ (x, 0) € A;. I[ToaTomy A; HEPEKYPCUBHO.
(r), (n) AHanorn4yHo (B).

19. Caenyet u3 3amaum 38 us § 3.

20. Cnenyer u3 3agaun 16 u3 § 3 u 3amaum 4, Tak Kak IycToe
MHOECTBO €CTb P,

21. Cnenyet u3 3agaum 17.

22. Cnenyet u3 3agaum 21.

23. Caenyet u3 3agauu 38 u3 § 3.
24. Cnenyet u3 3aga4um 9.

25. PaccmoTpum ciryyaii, korna n=1. Ecim P= ), To B KadyecTBe
ox;) 6epeM Kakoii-Tnbo Homep mycToro MHoxecTBa. Eciu P+ O,
TO, BBUAY 3amaun 17 u3 § 3, cylecTBYIOT IPUMUTHUBHO PEKypCUBHBIC
byHKIMM O U 0, TaKWe, 9TO

P={{a,(1), ox())|te N}
Torma pyHkuus
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oy (1), ecnm o,(1) =y,

gy, 1= {
He ompeAesieHa B OCTIbHBIX CIIydasix
YaCTUYHO PEKYPCUBHA U g (), 1) = Ky (7). PYHKIMA 0L MICKOMAS.
26. (a)te n,Nm, 32,32, (K (x, 2) —t|+]| K (x, 25) — 1| =0). Janee
npumeHsieMm 3amady 38 u3 § 3 u 3agauy 25.
27.(a) te §, & 2z (K(x, ) =z). Janee nmpuMmeHseM 3anady 38 u3

§ 3 u 3amauy 25.
(6) IMyctb

0, ecnu y = m,,
HE OTpe/IeJICHO B OCTAJbHBIX CITydasix

h(x, y) = {

Torma h(x,y) =Ky (y) M1 HEKOTOPOW NMPUMUTUBHO DPEKYPCHUB-
Ho#l pyHKIIMM g (cM. 3amady 3 (0)).

28. Cnenyer u3 3agaun 10.
29. Cnenyer u3 3amau 25 u 28.

30. (a) Cnenyet u3 3agau 26 (B) u 28.
(B) Cnenyer u3 3amauu 29 mis M= {(y, x) |y # x}.

34. PexkypcuBHas iepedncImMocThb K, ciaemyet u3 3agaun 38 us § 3.
Ilyctb A=m,. Torna

xe Ao c(x,a) e K.

35. Cnenyer u3 3agaun 33 M CylLIECTBOBAHMS PEKYPCHUBHO Iiepe-
YUCIMMOTO, HO HEPeKYpPCMBHOTO MHOXKECTBA (HAIlpUMep, CM. 3a7aqy
43 u3 § 3).

36. ITomaraem f; (x) = x.

37. Ecnu A — KkpeaTuBHOE U PeKYPCUBHOE MHOXECTBO, TO —A =T,
IJ11 HeKoToporo a, Ho (AN=w,) U (-4 -n,) =, 3HAYUT, 3TO MHO-
JKECTBO HE COmepXuT f(a).

38. Ilyctb g= k, m-cBoauT A K B. CTpouM f5 clieayrolnx oopa3om.
Beuay s3azaum 26 (e¢) umeem g ' (m,) = Ty (x.a)- 11OJIATAEM fp(X) =
=gfyw(x, a).

39. Ilyctb A KpeaTuBHO, a B peKypcUBHO niepeuucaumo. [Tpumensi-
eM 3amauy 25 K MHOXeCTBY P=Ax B. UMeem

N, ecnun x e B,
TC =
(%) ¢ B NPOTUBHOM CJIy4ae.
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Torna pynkuus f,o(x) m-cBonut B K A.
40. Cnenyet n3 3agay 38 u 39.

41. Beuay 3agauu 38, nocraTouHo gokaszaTb, 4To K<, K5, rie K —
MHOXecTBO U3 3agauu 36. [1yctb

_ Ha}, ecmm x e my,
To(x) =
(J B OCTaJIbHBIX CIIyJasix.

MoXHO cuuTaTh, 4YTO o (X) — oOlepeKypcuBHas (GyHKUUS (CM.
3amauy 25). Oyukius o(x) m-cBoguT K K K.

42. [Tyctp mamuHa ThlopuHra 7| mpaBUJIbHO BBIUMCSIET (DYHK-
mio K (x,y), a mammHa 7, (x) mepepabaTteiBaeT cioBo ¢;01°0 B
¢,01*0170. CyuiecTByeT NMPUMMTUBHO pEeKypCUBHass (YHKLMS T(X)
takasi, 4to AT, (x) =t(x). Tormna 7T, (x) - T, BeIUUCIACT K,. Jlanee cM.
zagauy 11 u3 § 2.

43. TTonaraem fy (x) = og (x), rane g — GyHKUUs U3 3agauun 27 (0), a
6 — GyHKUMS U3 3amadun 42.
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