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IIpegucioBue

Kuwura, npezyaraemMasi BHUMaHUIO YUTATENs, COCTOUT U3 ABYX Gop-
MaJIbHO HE3aBHCHMBIX TEKCTOB, OIOJHSIOIINX KaK JAPYr Apyra, Tak
¥ CTaHZApPTHBIA KypC MaTeMaTHYeCcKoro aHaausa (Kak 4acTh Kypca
«BBICIIIEY MATEMaTHUKW») [JIs TIEPBOKYPCHUKOB HEMATEMAaTUIECKUX CITe-
uasbHOCTeH By30B. C TOYKM 3pEHUSA XPOHOJOTHHU IIepBOM ObUla Ha-
mycaHa U usflaHa (Ha aHIVIMICKOM sI3bIKe) ee BTOpas 4acTh — «KOHTp-
MIPUMeEPHI B Kypce MaTeMaTudeckoro aHanusa» (S. Klymchuk, Counter-
Examples in Calculus, Maths Press, Auckland, New Zealand, 2004).
Ee aBTop Cepreit Knumuyk (kaHaugaT GU3MKO-MaTeMaTHYECKHUX HaYK,
crienuanvcT B obmactu AuddepeHIInaNbHbIX YPaBHEHUH, AOIEHT Tex-
HOJIOTMYECKOTo yHuBepcuTeTa B r. Owienz, HoBas 3enaHausa) AaBHO
M aKTHMBHO HWHTEpeCyeTcs MpobieMaMy IpeIofaBaHus MaTeMaTHKU.
Pa3BuBaeMass aBTOpOM Ieflaroruveckast uzes COCTOMT B TOM, YTO IIO-
CTpOEHHE KOHTPIPUMEPOB K MaTeMaTUYECKUM YTBEPKAECHUAM OyzeT
criocobcTBOBaTh Kak 6ojee TIyOOKOMY IMTOHMMAaHHUIO MaTeMAaTHUKH, TaK
¥ PasBUTUI0O MATEMATHUYECKOTO MBIIUIEHUs YYaIlUXCSA, 9ero TPYAHO
JOCTUYb TPU TPAAUIMOHHOM ITOCTAHOBKE IIPENO/IaBaHUs MaTeMaTHKU
B (HemaTemMaTnyecKoM) By3e. C 3TOM MBIC/IBIO, IPUBOAUMBIMU aBTOPOM
[IpUMEpPaMH, a TaKXKe apryMeHTaluei OyZeT IOMe3HO MO3HAKOMUTHCS
MperofaBaTe/IM MaTeEMaTUKU POCCUNCKUX BY30B.

B pesysibrare pasMBIIUIEHWH MPHUILIO MOHUMAHUE TOTO, YTO ITOJ-
xog C. Kiumuyka MHTEpeceH, HO ero KHUTY UMeET CMBIC JOTIOMHUTh.
B pesysbTaTe ZjasbHENIINX Pa3MBIINUIEHUI W ObLUT HamucaH TeKeT «200
3a7lay Mo Kypcy MaTeMaTUYeCKOTO aHaIu3a», CTaBIIUI TepBOM YacTbio
JAQHHOM KHUTH. J[JIsi TOTO YTOOBI PELIUTh ITU 3aJa4M, COBEPIIEHHO He
06s13aTeIbHO MHOT'O BBIYMC/IATD, OAHAKO HAZI0 YMETh TPUMEHUTH OIIpe-
JieJIeHve, TPaBIIbHO BOCIIONb30BAThCA U3BECTHBIMU YTBEPIKACHUAMH U,
HaKOHEI[, TPOCTO IOHATH IOCTABJIEHHBIM BOIpOC. HEKOTOpBIE M3 HUX
mpejjiarajuch aBTOPOM Ha (MMCbMEHHBIX) dK3aMeHaX s CTYAEHTOB
KOHOMUYeCKOTO dakynbreTa CIIOIY.

Hesanos O. A., Cankm-ITemep6ype
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OT aBTOpa

ABTOp HauMHaeT 3TO MpeAUCIOBUE C OJHOTO BOCIOMUHAHUA. HemMHoO-
ruM Gosee 10 jleT Ha3a/ OH BKJIIOYWI B «OJUMITUAZAY BBITYCKHUKOB»,
nmpoBozuBIIyiocs Mat-MexoM CII6I'Y, 3azavy, MpOYUTaB yCIOBUE KOTO-
PO¥M OZIVH U3 KOJUIET OTpearupoBasl Ha HETO TaK: «A B 4eM JKe, cOO-
CTBEHHO, COCTOUT 3a/1a4a?» OfHAKO Mocjie IPOBEPKU PabOT yUaCTHUKOB
OJIMMIINAZIBI €T0 PEeaKIs M3MeHWIAch: «/la, Temeppb s1 BUXKY, YTO 3TO
JNeCTBUTENbHO — 3a/1a4a». /leJlo B TOM, 9TO HEKOTOPbIE YTBEPXKAECHUA,
abCOTIOTHO OYEeBUHBIE /ST MATEMATUKOB, MOTYT IIPE/ACTaBJIATH CEPhes-
Hble TPYAHOCTH /ISl YIAIUXCs WU CTYZEHTOB CO c1aboil MaTeMaTHde-
CKOU moAroToBKOM. U ZAesio Aake HE B TOM, UTO 3TU CTyAE€HTHI MOTYT
WUCHOBITBIBATh TPYZHOCTHU, HaIIpUMep, IIPU MIPOBeJIeHUU TOXKAEeCTBEHHBIX
npeobpasoBaHuii. TPyAHOCTh YaCTO COCTOUT B HEOOBIYHOM IS HUX TIO-
CTAHOBKE CaMOro BOIpoca. By30BCcKuUi Kypc MaTeMaTUYeCKOTo aHaIn3a
(BBICIIEM MaTEMaTHKHA) BO MHOTOM COCTOUT U3 onpedesieHuUll TIOHATHH,
00Ka3ameJibCmMe X CBOMCTB U 83auUMOcC8s3ell MeXAY HUMU. A MHOTO JIx
MaTeMaTUYeCKUX MMOHITUUN BBOAUTCA B cpefiHel mrkone? Kakue fokasa-
TeJIbCTBA UMEIOTCS B IIKOMIBHOM Kypce «Arebpa 1 Havaaa aHaau3a»?

Jlymato, 4TO GOJTBINMHCTBO MaTEMAaTUKOB, O3HAKOMUBIIUCH C TIPUBE-
JIEHHBIMU HIDKe 33/lauaMu, TOXKe MOTYT OTpearupoBaTh Tak e, KaKk MO
kosera. [TosToMy xo4y cpasy npeAylnpeiuTh, YTO 3TU 3aZa4u He IpeJ-
Ha3HauveHBI [ 00ydeHus OyayIuX MaTeMaTUKOB. ABTOP HCIIOIb30Bas
UX B Ipoljecce MpenofaBaHUA MaTeMaTH4eCKOTro aHaliu3a CTyAeHTaM
9KOHOMUYECKOTO (aKyabTeTa. BOMBITMHCTBO U3 3TUX 33alaHUN cozep-
’aTcA B y4e6HBIX MOCOOMAX', HAIIMCAHHBIX COBMECTHO C ZJOLEHTOM MaT-
Mmexa b.M. BekkepoMm, KOTOPOMY aBTOP BBIpaXXaeT CBOIO HMCKPEHHIOIO
6J1aT0[apHOCTb.

Bosee Bcero aBTOP kejiaj Obl, YTOOBI T€, KTO MPENOJAET BBICIIYIO Ma-
TeMaTUKy CTyZleHTaM HeMaTeMaTU4eCKUX CIlellhaJbHOCTEN By30B, W3-
MEHWIN CBOIO TOYKY 3pEHUS Ha Ieiu CBoel paboThl. [Io MHEHUIO aB-
TOpa, 6€CCMBICTIEHHO YIUTh, HAIPUMEDP, Pa3HOOOPA3HBIM MTOCTAaHOBKAM
[T BBIYHMCTIEHUST MHTETPAJIOB WM YKe TpebOBaTh BEIUMCIEHNUs IIPEJEIOB

! Kypc maTemMaTudeckoro anamusa. Cemectp 1 (yue6Hoe mocobue). 2- U3, , UCTIp. U J0-
mosH. CI16.: 9O CII6TY, 2010. 226 c.; Cemectp 2 (yuebHO-MeTOAUYECKOE TTOCO6HE). CII6.:
2@ CII6ry, 2010. 236 c.



8 OT aBTOpa

HUCKYCCTBEHHO HarpOMOXKAEeHHBIX GYHKITWI. /IBaAIaTh JIeT Ha3az aBTOP
BeJl Ha MaTeMaTHUKO-MexaHuueckoM ¢akynbrete CIIOIY cemuHap st
CTYZIEHTOB MaT-Mexa — OyZyIuX MIKOJIbHBIX MpemnojaBaTeneil. Ha aTom
ceMMUHape KaXK/Jblil 13 HUX IIPe/CTaB/IAI CBOIO TOYKY 3peHHUsA Ha H3JOo-
JKeHHe OTIpe/IeJIEHHOTO pa3ziesia IMKOJIbHOW MaTEMATUKU, TIPEeCTABIISA,
B TOM YHKCJIe, ¥ 33/]a4U, KOTOPbIe OH OBl TIPEJIOXKI yIaIIUMCSA Ha CBO-
eM ypoke. I[IpakTudecku Bcerja f, KaKk PyKOBOJUTENIb 3TOTO CeMUHa-
pa, 3aZaBaj BBICTYIAIOUIEMY OAWH U TOT >Xe BOIPOC: «A KaKoBa IIejb
BKJIFOUEHMUS TOU 3a/1a4M; IIOCTaHOBKM TOT'O WJIM MHOTO Bolpoca?» Korza
A1 CMOTPIO Ha 3a/]a4y U3 CTaHZAPTHBIX 3a[aUHUKOB, TO JOCTATOYHO YaCTO
LIeJIN-TO U HE BUKY.

HOSTOMY Crienra/JIibHbIM HO]II/IFpa(i)I/I‘{eCKI/IM OGPaSOM BbIZIEJIEHBI KOMMEHTAa-
puu niegaroru4ecKoro xapakrepa, O6palHeHHLIe K IIpernogaBaTesisaM.

O6beM BKIFOYEHHOI'O0 MaTepuaa MPUMEPHO COOTBETCTBYET II€PBO-
My ceMecTpy ob6ydeHUsi. VIMEHHO 3TOT CEMECTpP SIBSETCS KIIOUEBBIM
8 00yueHUU HeMAMeMamMuKo8 MAMeMamuueckuM Memooam paccyicoe-
Hus. Ko BceM 3aziauaM IaHbI MOAPOOHbIE PellleHw s, [ TOTO YTOOBI 3Ty
KHWXKY MOTJIM UCIIOJTb30BaTh U CTyZIeHThI. COBET CTYZIEHTaM: JasKe eCIIN
BBl YBEpEHHI, YTO 3aZlaya BaMU pellleHa, BCe PaBHO B3IVITHUTE Ha ee
«aBTOPCKOE» pellleHre — BAPYT Bbl HA YTO-TO He 0OpaTWIN BHUMAaHUE.



YciaoBuda 3agad

§1. IMocnexoBaTeTbHOCTH: MepBbIe CBOMCTBA

[Tockoneky ciefyroliye TEPMUHBI MHOTZA UCIIONb3YIOTCA B PasHBIX
CMBIC/IAX, JaJJUM OTIpe/ieieHue, UCIToNb3yeMoe Hibke. VTak, OyzeM Ha-
3BIBaTh IIOCJIEZOBATENBHOCTh X, 8o3pacmarujell (ybvlearoweil), ecau
Xp41 = X, (COOTBETCTBEHHO X, < X,) npu Bcex n € N. Ecim xe npu
BCeX HaTyPaJbHBIX N BEPHO HEPABEHCTBO X, > X, (WK Ke HepaBeH-
CTBO X;,1 < X,), TO 3Ty IIOCJI€J0BATENbHOCTb OyZieM Ha3blBaTb CMpP02o
go3pacmarouieil (COOTBETCTBEHHO cmpo2o yoblearoulell).

1) BeIsicHUTe, ABJAIOTCA JU CAEAYIOIIMe Yucia ¢ WieHaMU JaHHOU

[I0C/IeZIOBATENBHOCTU: a) X, = Znn++11’ c= % ; 1—70; % ; 6) ¥, =2"+n?,

c=17;177;1017; B) z,=n—+/n*>—3n+6,c=1;3; 5.

2) IlepBble WIEHH! X;, Xy U X3 HEKOTOPOH IIOC/IeZ0BATebHOCTH PaB-
HBI %, % u 1?6 COOTBETCTBEHHO. Hamummre ectecTBeHHYIO GOPMYITY /A
00IIero wieHa X, 3TOH ITOCIEeJOBATENbHOCTY U BBIICHUTE, SIBJISIETCA JIU
JlaHHas MOCJIeJOBAaTENbHOCTD: a) MOHOTOHHOI; 6) OrpaHUYeHHOMN.

1
—————. BoI-
nn+1)
YUCJIUTE HECKOJIBKO ee MepBhIX WieHOB. CHopMyaupyliTe MpeAonoKe-
HUe 0 GopMyJie AJisI ee OOIIEro WieHa U TOKAKUTE €ro.

4) HalizuTe Bce 3Ha4eHUA d, IPU KOTOPBIX fABJIAETCA MOHOTOHHOMU
an+1
n+2
I0TCA JIM 3TH ITI0CJIeZI0BATENbHOCTH BO3PACTAIOIINMU WIN )K€ YObIBaIO-

UM,

5) BepHO sy, 4TO: a) CyMMa /IByX MOHOTOHHBIX IIOC/IEZ0BATEIbHO-
CTell SIBIAEeTC MOHOTOHHOW IOC/IEL0BATEIbHOCTIO; 0) MPOU3BEAEHNE
ZIByX BO3PACTAIOIMX [TOCIEZ0BATEIbHOCTEH eCTh BO3pacTaroias oce-
Z0BaTEIbHOCTD?

6) Kakue 13 cIe[yIoIyX I10CIe0BaTeIbHOCTEH ABIAIOTCA MOHOTOH-
HBIMU: @) X, = nz:i_’r_l;—l; 6) y,=vn?+1—n;B) z,=sinn?

7) BepHo 1, 4TO: a) CyMMa /IByX OTpaHUYEHHBIX I10C/IeA0BaTeIbHO-
CTell eCTh OrpaHUYeHHAas I10C/Ie0BATENbHOCTD; 0) CyMMa ZIByX Heorpa-
HUYEeHHBIX II0CJIe/J0BaTeNbHOCTEH eCcTh HeorpaHHMYeHHas II0C/IeZloBa-

1 1
3) [laHa mocief0BaTeIbHOCTD X, = 12 + 3.3 + ...+

OC/Ie[0BATENbHOCT: a) X, = n +an; 6) y, = . BreisicHuTe, ABIA-
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TEJBHOCTH? B) A YTO MOXXHO CKa3aTb IMPO CYMMYy HeOT'DaHUYEeHHOM
U OrpaHUYeHHOM IocjeZioBaTebHOCTEN ?

o " n
8) Hailizure HaMbOJbIIMY WIEH MOCTENOBATENLHOCTH: a) X, = o
n*—2
6) y,=v2n+1—+/2n—1;8) z,= PSR

9) HaiizuTe BCce 3HAYEHUS d, an KOTOPBIX ABJIIETCA OTpaHUYeHHON
an? an“+1
II0C/IeZIOBATeNbHOCTD: &) X, = il 6) y,=+Vn?>+1—an; B) z,=
=sin(an®+1).
10) BepHo 1, uTO: a) Npou3Be/ileHNe JIByX HeorpaHWYeHHbIX [10CIe-
JIOBaTeTbHOCTEN eCTh HEOTpAaHUYEHHAs MOCIeI0BaTENbHOCTD; 6) JacT-

HO€ JBYyX HEOTIPAaHUYECHHBIX HOC]Ie,Z[OBaTe]IbHOCTeﬁ €CTbh HEOI'paHU4€H-

Has IoC/IeZl0BaTeIbHOCTD?
n

o 2
11) [lna mocnezoBaTenbHOCTEN X, = V2 u Y= P YKaXXUTE
HEKOTOPHBI HOMEp, HAYMHASA C KOTOPOT'O BEPHO HEPABEHCTBO:
a) |x,—1/<0,1; 6) |y, —2|<0,1.

§ 2. IIpexensl moceoBaTeIbHOCTEM

1) YkaxkuTe Bce HOMEDpa 1, 4Jisd KOTOPbIX CIIPABEAJIMBO HEPABEHCTBO!

2n+1 L~ |2n+1 3
Tl —2|<0,3; 6) 1 —2‘<O,3.

2) TIycTb MOCIE€A0BATENBHOCTD X,, SIBISETCSI OECKOHEYHO MaIoi. Jljist
KaKUX U3 CJIeAYIOUINX TOC/IeA0BaTENbHOCTEH Y, BEPHO, YTO MIPOU3BEE-
HUE X,Y, TaKKe ABIAETCA OECKOHEYHO MAaJOW ITOC/IeJ0BaTENIbHOCTBIO:
a) y,= (=1)"; 6) y,=sinn?; B) y,=n?

3) [IpuBeaUTE IPUMEPHI, TIOKA3bIBAIOIIUE, YTO €C/IU X, — OECKOHEY-
HO Masas, a Y, — OECKOHEYHO OOJIbIas MOCAe[0BaTENbHOCTD, TO MPO-
U3BEIEHUE X, Y,: a) MOXKET OBITh OECKOHEYHO Majoi MOC/IeA0BaTEb-
HOCTBIO; 6) MOXKET ObITH OECKOHEYHO OOJIBIION ITOC/IEe[0BATENbHOCTDIO;
B) MOXKeT OBITb OTpaHUYEHHON II0C/IeA0BATEIbHOCTHIO, HE MMEIOIIe
npeziesia; T) MOXeT ObITb HEOIPAaHWUYEHHOM, HO He SBJISIONecs 6ecKo-
HEYHO GOJIBIIION MOC/IeI0BATENBHOCTBIO: I) MOXKET UMETh CBOMM IIpejie-
J1oM Jt060€e 3alaHHOE ZIeHACTBUTEIHHOE YUCIIO.

4) HaiiguTe mpezies mocjae[0BaTelbHOCTH

a)

1
@n-12n+1)’

5) U3BecTHO, uTO X, — 1 1 y,, — 2. UTO MOXXHO yTBep:KaThb O IOCTIe/[0-
x,—1

yn_2

1 1
Xn_ﬁ+?7+"'+

xn xn
BaTEeNbHOCTAX: Q) 2, =2X, —3Y,; 0) Up =733 B) Vi =3 r) w,= ?
n n



§ 2. TIpeesibl IOC/IEI0BATENBHOCTEN 11

2
x“+x, —2
6) HaliguTe npezes nociesoBaTelbHOCTH Y, = nxz—l’ €CJIy u3-

n
BECTHO, 4TO: a) X, —2; 6) x,—1; B) x, » —1; ) x,, = .
7) a) Hatigure (B 3aBUCUMOCTH OT YHCJIA a) TIPEZeT TI0C/Ie0BATEb-
HOCTH X, = 1+ a+ ... +a" 1. 6) Haiizure HecokpaTuMyio ApoGhH g,

paBHyI0 IIpefiesly IocaefoBaTeabHOCTH X, = 0,2323...23 (mocie gecs-
TUYHOM 3aTATOH CTOAT 2n 1udp).

8) HaiizuTe ipegen HOCJIeLLOBaTeJIbHOCTI/I V2,242, \/

9) V3BeCTHO, YTO X, 11 = u x; = 1. Hatizute (bopMyJIy ZLI BBI-

+ X, +1
YMCIeHU 3HaYeHNH o6mero WIeHa X, STON IIOCJIEAOBATEJIBHOCTH U BbI-

YUCJIUTE ee TPee.
10) YTo MOXHO CKa3aThb O l'IOBe,Z[eHI/II/I TMOC/Ie[0BATENBHOCTH ¥, = X,

€CJI U3BECTHO, UTO: a) X, — 5 2, 6) x,—1; B) x,—2?

11) JokaxkuTe, 4yTo HepaBeHcTBO 11" > 10" 4 9" crpaBeAIUBO Jist
BCEX ZIOCTAaTOYHO OOJBIINX HATYPaJIbHBIX YHCEN 1.

12) BepHo 1, 4TO €CJIIU X, 11 — X,, — 0 Ipu n — o, TO IocaeJ0BaTeNb-
HOCTb X,, ABJIAETCA CXofsAIeica?

—1
13) BrrunciuTe mpezies Nocae/l0oBaTeIbHOCTH - — \/_ 1
HO, 4TO X,, — 1.
14) Ilpo mocie0BaTENbHOCTD X,, U3BECTHO, YTO

€CJIM U3BECT-

1
Xn+1 = 3 (xn + Xn_l),
ecau n 2 1, u npu aToM x3 =0, x; = 1. Jlokaxkure, 4TO:

1
a) Xn41 — X = p) (xn - xn—l);

1.1 (-1
) xy =15 +3+.t 0y

B) HatiguTe mpezen 3To# moc/ie0BaTETbHOCTH.
15) B cumBoOIMYeCcKOl 3amucH olnpeziesieHue Ipezesia BhIVIALUT Cle-
JyIOIM 06pa3om:

npunz=1.

a=limx, & Vedk:Vn=k|x,—a|l <e.

n—o

B aTOM ompeZeseHUM eCTh TPU MeECTa, Ha KOTOPBIX pacIoiararoTcs
(ompeziesieHHBIM 06pPa30M) «KBAaHTOP BCEOOIIHOCTH» V U «KBAHTOP CY-
ImecTBoBaHMsA» 1. TakuMm o6pa3oM, Bcero nMeercs 8 cIocobOB paco-
JIOXKUTH 3TU KBAHTOPHL. PacCMOTPUTE ceMb OCTABUIMXCSA CIOCOOOB U B
KQKZIOM U3 HUX /JaiiTe OIMCaHUE MOCIeA0BATEIbHOCTEN W YHCIA d,
YZOBJIETBOPSIOIINX COOTBETCTBYIOIEMY OIPE/ETIEHUIO.
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§ 3. CyiiecTBoBaHUe NpeseioB

1) BepHO Ji1, 9TO HEPABEHCTBO X < y cupaBeymmBo Vx e X uVy e,
rae:

) £={xllx+1l<2n={ylly-2<3 }

6) £ ={x||lx+1|<2yu Z={y|ly—2|<1}

B 2={x|x+11<2u2={ylly-21<5}?

B ciydae, eciiu yTBEpXKIEHUE BEPHO, YKAXKUTE MHOMKECTBO BCEX TaKUX
Yucen z, i KOTOPhIX Vx € £ u Vy € Z cipaBeAsuBbl HepaBeHCTBA
x<z<Ly.

2) HatizuTe MHOXKeCTBO %/ BCEX BEPXHUX I'DAHUI] MHOXKECTB:

a) . =(0;1); 6) B=(0;1)U[2;3]; B) € ={2"|x€[0;1]};
r) 9=N={1,2,3,...}.

3) HaiiguTe TOYHYIO BEPXHIOIO M TOYHYIO HIDKHIOIO T'DAHUIIBI MHO-
JKECTB: a) %={( L |n€N}; 6) %:{2n+1 IneN}

4) Ipeamonoxum, 4To TpebyeTcs HANTH TIpeZes IOCIeA0BaTeTbHO-
CTH, 3a/JaHHOH COOTHOIIEHUEM X, = 2X,, + 1. HalizuTe omubKy B cie-
JYIOIIEM PacCyKAeHHUH.

ITycms x, — a. Ilepexo0s k npedesty 8 0AHHOM COOMHOULEHUL, NOJLY-
yum, umo a =2a+ 1, omkyda Haxodum a = —1. CnedosamenbHo, He3a-
BUCUMO OM 3HAUEHUS Nep8o2o WileHa Makol nociedosamenbHOCMU, ee
npedesiom sigsiemcs uucao —1.

5) Haiizure dopmysny obiero wieHa MOC/Ie0BaTEIbHOCTH, 3aaH-
HOU COOTHOIIEHUEM X, 1 = 2X, + 1, ¥ JOKQXKNTE, 9TO B 3aBUCHMOCTH OT
3HAYEHUs ee MePBOro WieHa OHa JMOO0 MOCTOSHHA, MO0 YK€ CTPEMUTCS
K 6€CKOHEYHOCTH.

6) PaccMOTPUM TIOCTIeIOBATENBHOCTD V2, V/ 2+ +v/2, V2+v2+ V2,

. JlokaxuTe, YTO 9TA MMOCIE[OBATENBHOCTD: a) BO3pacTaeT; 6) OrpaHu-
JeHa CBepxy. B) HaliguTte mpezesn 3To# moc/ie[0BaTETbHOCTH.

7

p —1 2 =2
7) PaccMOTpUM MOCTELOBATENBHOCT X1 = 5 | Xy + 1 ), X1 = 2.
n

JloKkaXuTe, YTO 3Ta MOCIE0BATENBHOCTD: a) OTpaHUYeHa CHU3Y; 6) yObI-
BaeT. B) HaiifuTe Tpe/iest 3TOH MOC/IeA0BATEIHHOCTH.

8) O603HauMM 4epe3 p, pasMep PhIOHOM TOMyJAALUU B N-M TOAY .
[TpocrTetitias Mo/iesib U3MeHEeHU MOTY/IAINY IPUBOAUT K PEKYPPEHTHO-

! 3ra 3azaua 3aMMCTBOBaHA aBTOPOM M3 KHHTH: Stewart J. Calculus. 5™ ed. Brooks/
Cole—Thomson Learning, 2003.
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MYy COOTHOIIEHHIO

bp
Pny1 = a+npn7

rae a u b — HeKOTOopbIe MONOKUTETbHBIE KOHCTAHTHI. [1ycTh py — pasmep
MOMYJIAIUN B HAYaIbHBIA MOMEHT.

a) JlokaxuTe, YTO eI TIOCIEeOBATENbHOCTD P, CXOAUTCH, TO €€
npezien paBeH au6o 0, 1ubo b —a.

6) JlokaxxuTe, 4TO D, 1 < g Dn-

B) Jlokaxkute, 4TO eciivt a > b, To p, — 0 u, Takum 06pa3om, TMOIyJIsi-
1[1s1 BEIMUPAET.

r) Ilpeanonoxum, uto a < b. JlokaxkuTe, 4To ecnu p, < b —a, To
MOCJIE[OBATENBHOCTD p,, SBJISAETCS BO3pacTaroliel, eciu ke p, > b —a,
TO OHa yb6nIBarouas. HaliiuTe B 060MX CIydasx Mpezes 3TOH moceno-
BaTeNbHOCTH.

9) HaiizuTe mnpezenbl MociefoBaTeNbHOCTEH: a) X, = Van43m;
6) ¥, =+v2"+n. B) O600uMTE pe3yabTaT PelleHNs 3aJaHNs MyHKTa a)

3TOU 3a/ja4yH.
1 n+1 1
10) JlokaxkxuTe HepaBeHCTBA 1< In <

11) ITycTs Xx,, — 1. UTO MOXKHO CKa3aThb O [T0BeJeHNUU IT0CIel0BaTe/lb-
HOCTH Y, =X, ?

§4. OO6uue cBoiicTBa PyHKIMH

ABTOp TIpUzIEp)KUBAETCA CleAyromuX onpeaeneHuit. dyukmusa f(x),
oTipeziesieHHass Ha MHOXkecTBe D C R, Ha3bIBaeTcs gospacmarowets (youi-
saroulell), ecau A JMOOBIX yucen X,y € D u3 TOro, 4ro x <y, Cie-
ayet, uto f(x) < f(y) (coorBercTBeHHO uTO f(X) = f(Y¥)). B KaxkgOoM
13 TaKUX CJIy9aeB TOBODPAT, YTO GYHKIUA SBISAETCA MOHOMOHHOU Ha D.
Ecimu u3 Toro, uto x < y, ciexayet, 4To f(x) < f(y) (cOOTBETCTBEHHO
uyto f(x) > f(¥)), To OyZileM HasbIBaThb TaKyl0 QYHKIIMIO CMpo20 803pdac-
marouweti (cmpozo ybviearoweil). B Takux ciaydasx GyHKINS Ha3bIBAETCS
CMpo20 MOHOMOHHOU.

1) Kakue u3 cieZyomux GyHKIHUHN SBISIOTCI MOHOTOHHBIMY Ha BCEU
2°—1
2+1°

cBoeil ob6nmactu onpegenenus: a) f(x)=x3+3x+1; 6) glx) =
B) h(x) =log,(x+1) —log, x?

2) CopmynupyiiTe IPUYMHEL, II0 KOTOPEIM U3 TOT0, 4TO 2* =1 1npu
x =0, ciexyert, 4TO pelieHHEeM HepaBeHCTBa 2* > 1 ABAETCA IPOMEXKY-
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TOK [0; +), ogHaKO U3 TOTO, 4TO SinXx =0 npu x =0, He cIeAyeT, 9TO
pellleHeM HepaBeHCTBA sin x = 0 ABIAeTCA MPOMEXYTOK [0; +o0).

3) TIpeamonoxkum, 4To Kaxkzaas u3 ¢yHKiui f(x) u g(x) 3azaHa
¥ MOHOTOHHA Ha R. BepHo jin1, uTo OyZ1eT MOHOTOHHA(-0) TaKXKe: a) KOM-
nmosunus f(g(x)); 6) cymma f(x)+ g(x); B) mpousBezsenue f(x)g(x)
atux ¢yHkumii. Eciu B obuiem ciydae HeKOTopoe u3 chOopMyTUpOBaH-
HBIX YTBED)KIEHUH HEBEPHO, TO CHOPMYIUPYHTE €CTECTBEHHOE TIPEATIO-
JIO’KEHUe, TIPU KOTOPOM OHO OKa’KETCSI BEPHBIM.

4) M3BecTHO, uTo pyHKUUA f (X) Bo3pacTaeT Ha MPOMeXyTKe (—oo; 1]
U yObIBaeT Ha mpoMexyTKe [1; +). HaliimTe MpoMeXyTKU BO3pacTa-
HuA U yosiBaHusa QyHkunu g(x) = f (x?).

5) Kakue u3 creayromux GYHKIUN SBIAIOTCA OTPAHUYEHHBIMH Ha

Bceii coel obactu onpezenenus: a) f (x)=1/2x—x2; 6) g(x) = % ;

B) h(x) =log,(x+1) —log, x?
6) Ha ceayromeM prCcyHKe U306paxkeH 3CKu3 rpaduka y = x°-27%
npu x = 0.

700 ¢
600 *
500 ¢
400 ¢
300t
200 ¢
100 ¢

BepHo Jsin, 4TO 3Ta GYHKITUA ABISETCS: a) BO3pacTarolieii; 6) HeorpaHu-
YeHHOI?

7) HalizmTe MHOXXKeCTBA 3HAYEHWH CleAyrOIUAX (YHKIMH Ha OT-
peske [—1;3]: a) f(x)=x2—x; 6) g(x) =
) u(x) =2x+1)2.

8) UsBecTHO, uTo f(2x + 1) =x?. Haiizure: a) f(5); 6) f(x).

9) Hdanbl dyHKIUA f(X) = x%? -1 u g(x) =2x+ 1. 3azaiire dopmy-
JIaM¥ cefiyrolnye ux kommosunuu: a) f(f(x)); 6) g(f(x)); B) f(g(x));
r) g(g(x)).

10) ITycts dyukmmu f(x) u g(x) 3aganbl Ha R ¥ TaKOBHI, YTO QYHK-
nusa h(x) = f(g(x)) aBngercs obpatumMoil. BepHo Jin, YTO Kaxzaas U3
byuxumi f(x) u g(x) byaet ob6paTumMoii?

ey B) h(x) = sin7x;
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11) CKOJBbKO CYIIECTBYET OIpeeeHHbIX Ha R 00paTUMBIX GyHKITHH,
COBITAZIAIOIINX CO CBOMMH OOPATHBIMU?

12) M3BeCTHO, YTO MHOXKECTBOM 3HaueHui ¢yHkuuu f(x), ompe-
JleJIeHHOU Ha Bcel 4MCIOBOM NpAMOH, fABAseTca oTpe3ok [—1;4]. Yto
MOXHO CKa3aTh 0 MHOXeCTBe 3HaueHui dynkuuu: a) (f (x))?; 6) f(x?);
B) f(2x+1);1) 2f(x)+1?

13) Haiigure MHOecTBa 3HadeHMi GyHKIMA: a) f(x) =1/ 2x —x?%;

X
6) g(x)= %; B) h(x) =log,(x+1) —log, x.

14) U3BectHO, yTo f(g(Xx)) =X mpu Bcex x € R. a) BepHo sn, uTo
oyuknyu f(x) u g(x) ABaATCA B3auMHO obpaTHbIMU? 6) HatizuTe
€CTeCTBEHHOE /JIOTIONIHUTENbHOE TMPEeTIONOKeHHE, TPU KOTOPOM (QYHK-
uuu f(x) u g(x) OyayT B3auMHO 0OpaTHBIMH.

15) Wccnenyiite naHHble QYHKIIMA Ha MOHOTOHHOCTB, ITOC/IE€ YEro

n306pasuTe CKU3LI UX rpaduKoB: a) f(x) = 22"_’“2; 6) g(x) =+/2x —x?;
P00 =5
16) TMocnen0BaTENbHOCTH X, 33JjaHbl TOCPEACTBOM PEKYPPEHTHOTO

COOTHOIIEHUA X, 1 = X, + sinx,. VccienyiiTe 3aBUCUMOCTh IIPe/EIoB
3THX MOCJIEe0BATENbHOCTEN OT 3HAUEHUS UX IIEPBOTO WIEHA X,.

§5. HenpepriBHBIE PyHKITUU

Cka)keM HeCKOJIbKO CJIOB O Cy’H.[eCTBYIOH.Ieﬁ TEPMUHOJIOTUU. Wuorna

TOBOPST, YTO Y GYHKINU Y = % Touka X = 0 ABIAETCS TOUYKOM pa3priBa
(BTOpOTO poOZia), a MpO caMy 3Ty QYHKIIHIO —YTO OHA MMeeT pa3phiB
B Hysme. OZHAKO IO OMpeJeNeHUI0 HEIPePEIBHOCTH GYHKIUA 00HCHA
6vims onpedesieHa B TOM TOYKe, B KOTOPOI OHA MCCIeAyeTcs: Ha Helpe-

pBIBHOCTD. [loaToMy QyHKIUA y = % ABJISAETCS HEIPEePHIBHOM BO BCeX
TOYKAaX CBOEH 00JIACTH OTpeZeeHNs, T. €. HEIIPepPhIBHON Ha MHOXKECTBE
(=3 0) U (0; +). Ipyroe neno, 4TO MOXXHO CTaBUTb BOIIPOC O TOM,
MOXXHO JIU JIOOTIPeZIeNIUTh JaHHYI0 (GYHKIMIO B, YCIOBHO T'OBOPS, I'pa-
HUYHBIX TOYKAaxX ee OOJIACTH ONpeZesieHNs TaK, YTOObl HOBasg QYHKIUA
OKa3ajiach HEIIPEPHIBHON B 3TUX TOYKAX.

1) fIBnAeTCs U HEMPEPBIBHOU GyHKITUA

xsinl, ecau x # 0,
fO) = X

o, npu x = 0?
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2) BepHO M, YTO HaWJETCI TaKOe TOJOKHUTENbHOE YKUCIO O, YTO
tgx
x5+1

3) YKaKUTe Takoe MOJOKUTeTbHOe YUCIOo &, uTo |x? — 4| < 0,01 npu
Bcex x€(2—06;240).
4) fIBnAIOTCA JM HeNpepBIBHBIMU Ha R ¢yHKINM, ONpefeeHHbIE
n

1+ ——;0) gl)= hm

5) OmnpezenuTe 4UCIO pemeHHH YpaBHEHUI:

a) x34+x=1;6) x(x—1)(x—2)(x—=5)=1; B) 1+sinx=2x.

6) BepHo sy, uTO eciivt QYHKIIUSA SIBJISAETCA HETIPEPLIBHON 1 06paTH-
MOIi, To o6paTHas K Hel QYHKITUA TaKKe SBISETCS HEMPEPbIBHOM?

7) BepHo iu, uro: a) ¢yHKUMA, 3aZaHHAsg Ha oTpe3ke [a; b], HO
He SIBJIAIONIASCA HEIPEePHIBHOW, He IOCTUTAET HA HEM HU CBOEro Hawu-
6OJIBIIIEr0, HU CBOEr0 HauMeHbIero 3HaueHus; 6) GyHKIusA, 3aaHHas
U HellpephIBHASA Ha TPOMeKyTKe (a; b), He JoCTUTaeT Ha HEM HU CBOETO
HaubOJIBIIETO, HU CBOEIO0 HAMMEHBIIETO 3HAYEHUS ?

8) Kakue u3 ciezyronux QyHKINMA ZOCTUTAIOT CBOET0 HAaUOOJIbIEro
3HaYeHUs Ha 3aJlaHHOM MHO)XECTBE &

a) fO)=x% &=1[0;1);6) gx) =
X, x€[0;1],

3-x% xe(1;2]?

9) lpuBexuTe IpuMep GYHKIINY, 33laHHOM Ha oTpe3ke [0; 3], MHO-
’KeCTBOM 3HAUYeHHMI KOTOPOH Ha 3TOM OTpe3Ke ABJIAETCA:

a) TpexXTOYeyHOe MHOXKECTBO;

6) o6beUHEHNE IBYX HellepeCceKaloIINXCs OTPE3KOB;

B) BCA YMCJIOBAA MIPsIMas.

10) CymiecTByeT U oIlpe/ieieHHas U HelpephbiBHAsA Ha BCcel Yucio-
BOU IpsAMOM QYHKIIMS, COBIIaarNas ¢ JaHHOU GyHKIHel f (Xx) BO Bcex
TOYKax 00J1aCTU OmpesiesieHUs 3TONH QYHKIUN?

2 — 1
2) f0="2256) f0 =275 8) fO0) =sin .

11) JlokaxuTe, 94TO €CJIN CYIIeCTBYyeT Takoe uucio q € (0; 1), 9to

‘ < 0,01 npu Bcex x€[—5; 6]?

TMOCPeICTBOM PaBeHCTB: a) f(x) = hm T —7

tgx

N+ &=1[1;2];

B) h(x) =

lfG)—fOI<qlx—y|l mpuscexx,y€R,

TO ypaBHeHHUe f (Xx) =X UMeeT eIMHCTBEHHOE PellleHUe.

12) BepHO iy, YTO €CJIM MHOXKECTBOM 3HaueHUH PyHKIuU f(x) Ha
JI0O0M OTpe3Ke YHCJIOBOM IMPAMOH fABJAETCA HEKOTOPBI OTPE3OK, TO
¢dynkiua f (x) HenpepblBHA Ha R?
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§ 6. Ilpeaenbl GyHKIUI

HpaKTI/I‘{eCKI/I KaXX[0€ 13 IIpegjara€MbIX HUXKE BaﬂaHI/Iﬁ COCTOUT U3
HECKOJIbKHX ITYHKTOB. MeToandeckass MBICJIb COCTOSIa B TOM, YTOOBI
IIpU HaXOXAEHWU NPEAEJOB IIPUYIUTH CTYJEHTOB CMOTPETH HE TOJIBKO
Ha BbIpaX€HUE AJIA CI)YHK]_[I/II/I, HO U1 Ha NpEAEC/TIbHOE 3HAUYEHNE apryMEH-

Ta. A TO MHOTZIA IIPUXOAUTCA UUTATh, YTO % — 1 mpu x — ©, «I10-
CKOJIbKY 3TO 3aMedaTesbHbIN Ipezen». Maeonorudecku sToT naparpad
HETIOCPEeZICTBEHHO CBA3aH CO CIeAYIOUMM naparpadom, IOCKOIbKY CyTh
«3aMevaTeNbHbIX IIpeZieJIoB» COCTOUT B BBIYMCIEHUM 3HAYeHWH npous-
B00HbLIX OCHOBHBIX JIEMEHTApPHBIX QYHKIMH. OTMETHM, YTO IIPU pelle-
HUU TIpejjTaraeMblX 37lech 3a7ia4 KpoMe OIIpeZiesieHUs HellpephIBHOCTU
byHKIMY, a TakKe 3aMedaTeTbHBIX IIPeZIeoB, MHOIZIA HAZlo UCIIOMb30-
BaTh TO, YTO «wiorapudmudeckas GyHKIUSA pacTeT MezjeHHee JTI0060M
CTeIleHHON QyHKIIUU», T. €. 9TO

Inx
ecau p > 0, TOF—>0 IpU X — +© .

1) Hatizute npegen GyHkuuu f(x) = % pu:
a)x——1;6) x—1;B) x> . .
2) Haiizute nipegen GyHKIuu f(x) = % pu
a) x—0;06) x—7; B) x — .
VI FI-2

3) Haiigute npezaen dyHKuu f(x) = ~—1 pu

a) x—0;06) x—1;B) x>+,
In(2x+1)
————= 1npu

4) Hatizute npeaen GyHkiuu f(x) = "

a) x—0;06) x—1;B) x =+,
5) Brraucire mpesensl npu x — 1 byHKITUH:
SIn 7Tx SIn 7Tx SN 7TX

e ) Ry e

6) Ilycts f(x) > A u g(x) — B npu x — o (34ech @ MOXKeT OBITh
KaK IIPOM3BOJIBHBIM JEeHCTBUTEIbHBIM YHCIOM, TaK U CUMBOJIOM ©),
rie A U B—3TO HEKOTOphle YKCiIa, IIpU 3ToM A > 0. JJokakuTe, 4TO
F(x)8™ — AB mpu x — a.

7) Haiigure nipezen dyHkunn f (x) =X+ pu:
a) x—0;06) x—2;B) x>+,

8) BeruuciuTe mpegensl mpyu X — 1 GyHKIINIHA:

a) XX]Tl; 6) (1+cos2ntx)™; B) (1+ Yx— 1)*171

9) JlokaxxuTe, 4YTO ITepUMeTp IPaBWIbHOTO N-yTOJIbHUKA, BIIMCAHHO-
r'0o B OKPY’KHOCTb pajiuyca r, CTpeMUTCA K 27Tr TIPU n — 0.
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§ 7. Ilpeaesnbl U IPOU3BOAHbBIE

1) Mycts f(x) = v4x+1. Halizute 3zadenue f'(2), UCHONb3yA
oTIpeieieHue TIPOU3BOJHOM.
2) HaiiguTe 3HaueHVe IPOU3BOJHOM]:

a) ¢ynxiuu f(x) = (x —1)+/ x?+ 3 arctg x mpu x =1;
6) dyskimi g(x) = ¥2x + 11In(1+ v/x+ 1) sin? x mpu x=0.
3) HaiizuTe Bce 3HaYeHUA P, TIPU KOTOPHIX: a) GyHKIUA

1
xPsin= mpu x # 0,

f) = X
0 npu x =0

mubdepenirpyema Ha R; 6) mpousBogHasA 3TOM GYHKIIMHU HETIPephIBHA
Ha R.
4) a) BrisicHUTE, CYILIECTBYET I KacaTelbHas K mapabose

y=x*—x+5,

napasiienbHasa npamon y =2011x.
6) HaiinTe MHOXXECTBO YIVIOB HaKJIOHA K OCH abCIHCC KacaTeMbHBIX

K rpaduky y =4/ 1+ x2.
5) a) BrlBeauTe ypaBHeHMe KacaTelbHOi K mapabore y2 = 2px, TIpo-

xozsmell yepe3 Touky A(Xy, V), JIeXKallylo Ha 3Toi mapabore. 6) Jlo-
Ka)XUTe, YTO TPEYTOJbHUKU, OrPaHUYEHHbBIE OCAMU KOOPAMHAT U Kaca-

TeJIbHBIMU K Tunepbone y = %, SBJIAIOTCS PABHOBETUKIMHU.

6) IIpoBepbTe HEMOCPEACTBEHHBIM BBIYUCIEHHEM, UYTO eIy a > 0,
TO rpaduK y = ax?® + bx + ¢ KBagpaTH4HOM PYHKIUM JEXKUT HaZ TH060MH
cBOel KacaTeJbHOM.

7) Jaubl yHKIUA f (X u g(x) =In(3x + 1). Hatizute mpo-
U3BOZAHYIO TpU X =0 Kommo3unuu f (g(x)) aTux GyHKIUH.

8) O6o3HaunM 4epes g(x) GyHKIIHIO, IBIAIOIIYIOCST OOPATHOM K GyHK-
mun f(x) = x>+ 3x. HaiiauTe 3navenue g’'(4).

9) Beruuciute npegensl mpu x — 0 GyHKITHN:

)= ex2+2x

¥ -1 tgx —si
a) coif ; 6) gxx:mx;B) (142x)°".

10) Hatizute 3HaueHue p, IpU KOTOPOM CJIeAyIOIINY Ipeses KoHe-
4YeH U OTJIMYEH OT HYJIA:

. x—sinx .
a) lim =———; 6) lim
x—0 X x—0

B) limxp(S\/x3+x+1—x).

X—00

V2x+1-V3x+1,
xP ?
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11) MoskHO i HaWTH Haubosblllee 3HaUYeHUE GYHKIIUHU
f(x) = arcsin(sin x)

Ha [0; 7] nmpu oMot TeopeMsl Pepma?

§ 8. IIpunoxenusa gudpdepeHNNaTBHOTO UCYNCTIEHUA

1) a) Haiigure mpousBozHble GyHKUME f(x) = arcsinx + arccosx

u g(x) =arctgx + arctg %

6) fABJs0TCS JU 9TU QYHKIUK TOCTOSTHHBIMU?

B) HeT i1 mpoTUBOpEUNs MEXKIY CAeTaHHBIMU BaMU BHIBOJAMU?

2) HaiizuTte Bce 3HAYeHUs d, IPU KOTOPBIX JaHHAs QYHKIUA SBJIS-
eTcsA MOHOTOHHOI: a) y =ax® +x2+x: 6) y =ax +sin 2x.

3) HailizuTe Bce 3HAYEHUS A, TIPU KOTOPBIX SIBJISIOTCS BBITYKJIbI-
MU Ha CBoel obsactu onpezenenus ¢yHkiuu: a) f(x) = ax®+bx +c;
6) g(x)=a*; B) h(x) =log, x

4) a) OmnpezenuTe B 3aBUCUMOCTH OT 3HAUYEHUSA d YUCJIO KOpHeH

ypaBHEHUA % + ﬁ + ﬁ =a. 6) OnpezenuTe YUCIO PeLIeHNH ypaB-

HeHus x° = 6.
5) Jlokaxure HepaBeHCTBa'
a) 1n(1+x)> ~ TIpU X > — -1, x#0;

6) v1+x<Tnpnx2—1.

x+5
B) BepHo 1u, yTO Vi+x< ~—5  TIpU BCeX X =-1?
6) U3 ymioB sucTa kapToHa pasmepoM 50 cM X 80 cM HY>XKHO BBIpe-
3aTh OAMHAKOBBIE KBAZPAThl, YTOOBI, COTHYB 3TOT JIUCT, MOJIYYUThH KO-

pobKy HaubosbIell BMecTUMocTU. Kakoii fo/mkHa OBITH CTOPOHA 3TOTO

KBazpara?
7) Haﬁﬁ[I/ITe HaI/I60ﬂbmm‘/’I WiIeH [IOCAeL0BATEIbHOCTH:
a) xn— 6) y,=n*-27"

2 1 5

8) a) HyCT+b f(x) —xBagpaTnyHasa QyHKIMA, PO KOTOPYIO U3BECT-
HO, 9TO f(—2)=f(11)=0, a f'(—2) = —3. Hatigure f'(11).

6) Ilyctb g(x) — Kybuieckas QyHKIIMs, TPO KOTOPYIO U3BECTHO, YTO
g(1)=g(3) =0, npustom g’ (1) =a u g’ (3) = b. HaliguTe TpeTHii KOPEHb
3TOU QYHKUIMH.

9) HaiizuTe ycnoBre Ha K03dPUIIMEHTE ypaBHeHUA X° + px +q =0,
MIPH BBITIOJTHEHUU KOTOPOT'O OHO MMEET TPH PA3IUYHBIX JeHCTBUTENb-
HBIX KOPHS.
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10) HaiiguTe COOTHOIIEHNE MEXAY PAJIYCOM I' U BBICOTOH h IIpsAMO-
r'0 KPyroBOTO I[WIMHAPA, KOTOPHIM MPHU 3aZlaHHOM O0O0beMe NUMeeT Hau-
MEHBIIYIO ITOJHYIO TIOBEPXHOCTb.

11) PaccMOTpuM JIeXKallyl0 B IEPBOM KOOPJAMHATHOM VIJIE YaCTb
KPHUBOIA, 3a/laHHOM ypaBHeHHeM x° + y° = 3xy. HaiiauTe HaubGonbinee
BO3MOXXKHOE 3HaYeHHe OpAUHAT TOUYEK aTof/’I 4acTH KPUBOH.

. 1
12) Jloka>kuTe HEpaBEHCTBO Sin 5~ 30 10’ ob6paTyB BHUMaHUe Ha TO,
o1
9T Sin ¢ =3
13) JlokaxkuTe, 9YTO TPEXWIEH CTEIIEHU N UMeeT He bonee

k = min{n, 5}

JeCTBUTENbHBIX KOPHEN.

§9. HUccneaoBaHue GyHKIUI U MOCTpoeHNe UX rpadpuKoB

OZHUM 13 OCHOBHBIX HABBIKOB, KOTOPBIE ZOMKHBI IPUOOPECTH CTY-
JEHTHI B IIPOIlecce M3yYeHUs Kypca MaTeMaTHYeCKOro aHaIn3a B Tede-
HUe IIepBOTO CEMECTPa, ABJAETCA nocmpoeHue 2pagukos gyHkyuil. Bo
BCeX IPUBOAUMEBIX HIDKe 33/ladaX TpebyeTcs IOCTPOUTh IpadUK JaHHOU
GYHKIMM 1 HAWTH MHOXXECTBO ee 3HaYeHUU. VccienoBaHue QyHKIIUU
Ha BBIITYKJIOCTb IPOBOAUTH He 00s3aTesnbHO. OZHAKO MPU ITOCTPOEHUH
3CKU30B rpadUKOB yYUTHIBATh HAIlpaBjeHUe BHIMYKJIOCTU QYHKIMU Ha
Pa3IUYHbIX TIPOMEKYTKOB HEOOXOAUMO.

ABTOp HaMepeHHO TPYIIHUPOBAN 3aJadl TaK, YTOOBI CTYAEHTH MOITIH YBHU-
ZieTb, KaK U3MeHeHHe 3Ha4eHUH ITapaMeTpoB BIUAET Ha ToBefleHue QYHKIUU
U BUJ ee rpadyKa, WIH JKe IMOYyBCTBOBATh CXOJCTBO PACCyKEHUH, UCIIONb-
3yeMBIX IIPU IIOCTPOEHHUH I'pPadUKOB COBCEM PaslIUYHBIX Ha NEepPBHIM B3IVIAL
byHKIUI.

1)a)y_X3+X'6)y_x3—3X'B)y_X3—3X+2
2) a) y=x*—5x2+4;6) y=(x—1)%>(x—3)%; B) y=(x—1)3(x—3).

3a)y=12x—x%6) y=+/2x+x2%B) y= \/x2+2x+2

2 2x
DAY= a2 OV T ety )Zy o
2 _2x—1, _X_—l
5)a)y_x§_2x76)y_x2_2x7B)y_ 2x'
+2 2 +1
6)a) y=5t2;6) y =22, gy y =2 HL

7)a) y=v2x+1—-x;6) y % B) y=(—1+v2x+1.
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8) a) y=(x+2)e*;6) y=(x—1)%*;B) y=x3%"".

9)a) y=xlnx; 6) y= IHTX; B) y =x%.

10) a) y =x+2sinx; 6) y=25mx; B) y =3cos'®x+3sin'® x.

11) BoisicHuTe, MOXKET Jiv TpadUK HEKOTOPOU pariOHATbHON QYHK-
1uu (T. €. YaCTHOTO /IByX MHOTOWIEHOB) UMETh M300paKeHHbIN Ha Ciie-

ZyIolleM PUCYHKe BUJ.

12) 3azaiite dopmysoil kakue-HUOYAb QYHKITUU, SCKU3BI IPadUKOB
KOTOPBIX UMEOT CJIEAYIONUTUI BU/:

a) 6)




Pe]J_IeHI/IH, KOMMEHTapUu, 06CY)KZ[€HI/IH

§1. IMocnexoBaTeTbHOCTH: epBbIe CBOMCTBA

1.1. Bce, 4yTO HaZO cAenaTh, —3TO PEIIUTh B HATYPaJbHBIX UUC-
Jlax ypaBHeHMe X, = c. /Ina mociefoBaTeIbHOCTU U3 II.a) 3TO cJe-
JIaTb COBCEM IIPOCTO. BO-NIEPBBIX, AAICHO, YTO X, = % Pemrasa ypaBHeHue
2n+1 _ 10
n+1 7’
pemeHnii He uMmeeT. Jlasee MON€3HO OTMETHUTD, YTO

IIOJIy4UM, 4YTO 4n = 3, a 3TO ypaBHEHHE HATypaJbHBIX

2n+1 2n+2
n+1 n+1

22 .
IIO3TOMY 49HUCJIO ? YK HUKAaK HE MOXXET OBITH OZHHWM M3 3HAYECHHU JaH-

=2,

HOU IOCJIeJ0BAaTENbHOCTH. B ciryyae mocieoBaTebHOCTH U3 1. 6) HET
HUKAaKOro criocoba penaTh IOIyYeHHOe ypaBHeHue. HeTpyiHO yBUIETD,
4To Y3 =17 u y; =177. To, uro uncno 1017 He ABIAETCA 3HAYEHUEM,
cjlefyeT U3 TOTO, YTO JJaHHAA IIOC/Ie0BATEIbHOCTD ABJIAETCA BO3pacTa-
fomeii, a yy < 1017 < y;o. HauHeM ucciezoBaTh mocief0BaTeIbHOCTD

U3 1.B). YpaBHeHue n — 4/n?>—3n+6 =1 MOXHO IPOCTO PEIIUTh,

3anmcaB ero B Buzie n — 1 =1/n?—3n+6 u Bo3BeAA B KBajpar obe
ero vactu. [lomyuum, 9To n =5, TakuMm ob6pasoM, z; = 1 (a oTiuuue
OT TIPeALIAYIIUX MPHUMEPOB, 3TO YUCJIO TaK MPOCTO He MOoAOepels).
[IprMeHUB 3TOT CIIOCO6 IS pellleHusI ypaBHEHUs 2, = 3, TIONYIUM, YTO
OHO pellleHUIl He MMeeT. /lanee, BMECTO TOTO YTOOBI 3aTeM pellaTh
ypaBHeHUe %z, =5, pasyMHee OlleHHUTh 3HAYeHUs 3TOH I0c/IeZoBaTeshb-
Hoctu. Tak kak n? —3n+ 6 >n? — 4n + 4 = (n — 2)?, nonydaem, uTO
2, <n—(n—2)=2 npu n = 2. [Tostomy uucia, 6énbinve 2, HUKaK He
MOL'YT IBJIAThCA 3HAUEHUAMHU II0CIeJ0BATeIbHOCTHU Z,,.

[Mose3HO MOKa3aTh CTyZEHTaM pasHble CIIOCOOBI pacCy)KIeHUi. YBepeH, uTo
[I0 PacCy’kJeHul, OCHOBAaHHBIX Ha OlleHKaX 3HAaYeHUH 110CIe[0BaTeIbHOCTEH,
OHHM HE ZIOAYMAIOTCSA. A 3TO — YacCTO KCIONb3YEMBIH U OY€Hb «MaTeMaThde-
CKU» CIIOCOO paccyXAeHuUs.
n+1)?

n+2
O6paTuTe BHMMaHWE CTY[EHTOB Ha TO, YTO KpOMe 3TOW (HOpPMYJbI JaHHbIE
YUCIa ABJIAIOTCA U MIePBBIMH WIeHaMU MOC/IeZ0BATETbHOCTH, 3a/JaHHOM $op-
Myno# ¥, =x, + (n—1)(n — 2)(n — 3)p(n), rae p(x) —3To npoussonbHA
bynkmA!

1.2. HeTpyZHO BUJETD, UTO TOAOUAET GopMyIIa X, =
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Jlis vcceZioBaHYs MOHOTOHHOCTH PACCMOTPUM Pa3HOCTb COCETHUX
wieHOB (CTaHAAPTHBIH c10c06). [TOCKONbKY

v _ m+1)* n* _ n*+3n’+3n+1-—n*—2n?
noon=l T n42 0 n41 7 (n+1)(n+2)

2
__n +3n+1 >0,
n+1Dn+2)
rojay4yaeM, 4To X, > X,_; IpHU Bcex n = 2. CiefoBaTelbHO, JaHHasA II0-

C1eA0BaTEJIbHOCTD BO3pacTarouiand.

VIHTEpEeCHO, CKOJIBKO CTYZIEHTOB COYTYT, YTO OTBET HA BTOPO BOIIPOC 3aIaHUS
ClleflyeT U3 OTBETa Ha ero IepBblif BOpoc?

C TOYKM 3pEeHUs «3/IpaBOTO CMBIC/Ia» JaHHAsA MOC/Ie0BaTEIbHOCTD
OTPAaHUYEHHOU He fABjsieTcs (OZ[HAKO aBTOP He pa3 3ameyvas, 4To IMpU-
MEHATH 3/[paBbIi CMBICJ B MaTeMaTHYeCKUX 3aJa4yax CTYAeHThl He MpU-
BBIKJIM). /loKa3aTh ee HEOI'PAHUUEHHOCTh IIPOIlle BCero, HalucaB Hepa-
BEHCTBO

_ (n+1D* _ n’+42n4+1 _ n®+2n
n n+2 n+2 n+2
[Tocme0BaTENTBHOCTh HATYPATbHBIX YHCENT HE SBJSIETCS OTPAaHUYeHHOMN
CBepXy, 3HAYUT, He ABJIAeTCs OrpaHuYeHHON CBepXy U JlaHHas IocJIe/0-
BaTEIbHOCTb.
1.3. CHauazna HaZi0 IIPOCTO B3ATh U ITocyuTaTh. MimeeM,

_1 2 _ 1 _2,1_3
=2 30 X=Xt =3t =g

1 1
X1 XZ:§+€:

n
Teneps yxe BUAHO, YTO, MO-BUAMMOMY, X, = ———. /loKasaTh 310 pa-

1
BEHCTBO MOXXHO I10 MHAYKIMU. IIOCKONBKY X, 1 =X, + CEDICEDL U3
n
CNpaBEe/IMBOCTH [P 33/JaHHOM YHCJIE 11 PABEHCTBA X, = - ——7 CJIEAYeT,

4qTo
n n+1  n*+2n+1 n+1

1T 1t 2 T meDm+2) T onte

TakuM 06pa3oM, ZI0OKa3aHO, YTO PABEHCTBO MMeET MECTO U JJI HaTy-
PaJbHOTO YHCTIa, CIeayonero 3a n. Tak KaKk paBeHCTBO yKe ObLIO IO-
JydeHo gy n=1, 2, 3, oHo 6yzeT BepHO A 1toboro n € N.

Bmonne BO3MOXHO, 4YTO pa3roBop o0 METoA€e MaTeMaTUIeCKOH WHAYKIIUU JOI-
>KeH OBbITh CyIlIECTBEHHO Gosee JAJIMHHBIM.

C Zpyroi#i CTOPOHBI, OYEeHb IOJIE3HO Cpasy MOoKa3aTh APYTOH MOAXOZ
K TTOMCKY SBHOU GOpPMYyJbI i O6IIEero WwieHa 3TOU MOCIe0BaTeNbHO-
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1
ctu. Tak Kak - Imosy4daeM, 49To

1 _1

k(k+1) k  k+1°

_(1_1 1_1 1 1 \_,__1 __n
X”_(l 2)+(2 3)+"'+(n n+1)_1 n+1" n+1°

ABTOp HazeeTcs, 4TO IOcIe pasbopa 3azauu 1.2 caexyrooulyro 3azady 60ib-
IIMHCTBO CTYZEHTOB yKe OyZIeT B COCTOSTHUN PEIIUTh CAMOCTOATETBHO.

1.4. a) PasHOCTb X, ; — X, =2n+ 1 4+ a He MOXeT OBITb HEINOJO-
JKUTeJIbHON Ipu Bcex n € N. CiefjoBaTesNbHO, €CIM JaHHadA IMOCIe/o-
BaTe/JbHOCTh MOHOTOHHA, TO OHAa, KOHEYHO, fABJAETCS BO3pacTarollel.
HauMeHblee 3HaYeHNWe Pa3HOCTU PaBHO a + 3. 3HAUUT, Ipu a = —3 3Ta
NOCJIeI0BaTeIbHOCTb — BO3pacTarllas, a Ipu a > —3 — CTPOro Bo3pac-
TaroIad.

CMOryT JIu Balllk CTYE€HTHI YralaTh OTBET 3aZjaHuA 11. 6), HE TIPOBO/IS BBIYKC-
JIEHUH?

6) CaMmBbIii IPOCTOM crtocob pelleHus OCHOBAH Ha Mpeobpa3oBaHUuU

dbopMysnbl, 3aaromiel aTy mocaeoBaTeIbHOCTD. MiMeeM

_an+1_an+2a+1—2a_a 1—2a
In= ny2 T n+2 AT
[TocnenoBaTeILHOCTD n——lkz — y6rIBatoIas, moaTomy eciu 1 —2a >0, To

" JaHHAaA IIOCJIEA0BATEJIbHOCTDb ABJIAETCA y6bIBaI0]J.IefI. I/ITaK, Tmosy4a-
1
€M OTBET: eCIU a < E’ TO Y, —y6I:IBaIOH.[aH IIOCJIEAOBATEJIIBHOCTD, €C/IN
1 o 1

a> 5’ TO OHA ABJAETCA BO3paCTarOIleH. HpI/I a= E 2Ta IIocjiesoBaTesb-

HOCTB IIOCTOAHHA.

Pemnrenne «6e3 BHIYUCIEHHH» OCHOBAHO HA MCIIOIb30BaAHNHU rpa¢)1/1qec1(0171 UH-
ax+1

TepIpeTanuu. Fpa(’pI/IK y=

x+2
30HTAJIBHOW ACHUMITOTON KOTOPOU ABJIAETCS NpsAMas Y = d. BepTUKaIbHOU

ACUMIITOTOH ABJAETCA NpAMasd X = —2, I03TOMY Ha IIpoMesxyTKe [0; +o) aTa

IIPeZCTaBIAET COOOM rumepboiy, ropu-

byHKIMA 3aBeJOMO MOHOTOHHA. Ee 3HaYeHue B Hy/le PaBHO -, IO3TOMY €C/Ir

E <a, TO, KOHEYHO, @yHKHI/IH BO3pacTraroniasd.

1.5. a) KoHewHO, cymMMa JByX IMOCJIEOBATENbHOCTEH, OfHA U3 KO-
TOPBIX BO3pacTarwlias, a Apyrasd yoOblBaioljas, He obsf3aHa OBITH MO-
HOTOHHOU. CaMbIfl MPOCTON MPUMEpP — CyMMa IOCJIe0BATENbHOCTEN
x,=n?u y, = —4n. C Apyroii CTOPOHHI, KOHEYHO, CYMMa BO3PaCTAI0-
IIUX TIOC/IeZ0BATENbHOCTEN €CTh BO3pacTalolias I0C/IeA0BaTeTbHOCTD,
a cyMMa yObIBaIOIIMX IIOC/IeJ0BATEIbHOCTEN eCTh YOBIBAIOIAA TOCTIE/0-
BaTeNbHOCTD. /JIJI1 loKa3aTeIbCTBa JOCTATOYHO CIOXKUTh HepaBeHCTBA
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Xp <Xpgp1 ¥ Yn < Yns1- 6) Kak usBectHo, ecmn a <b u ¢ <d, To He Bcerga
ac < bd, 6e3 JOTIOTHUTENBHBIX [IPE/TIONOKEHUI 3TOT BBIBO/, HEITPABOMe-
peH.

HpezmoxcHTe CBOUM CTyAE€HTaM HaWTU 3TU yCi10BUA CaMOCTOATE/IBHO. CraH-
AapPTHOE IIPEAIIOJIOXEHNE O ITOJOXUTEJTBbHOCTU BCEX YUCE MOXKXHO 0C/1a0bUTh.

[IpoaHanusupyeM CTaHAApPTHOE Z0Ka3aTeabCTBO. [[JIsd Tepexoja OT
HepaBeHCTBa a < b K HepaBeHCTBY ac < bc Hazmo, YTOOBI BHITOIHSIOCH
ycnoBue ¢ > 0. [lns mepexoza OT HepaBeHCTBAa ¢ < d K HEPaBEHCTBY
bc < bd, Hazo, YTOGBI BHITTOMHAIOCH yeaoBue b > 0. 3HAUUT, eC/IU YUCIa
b u ¢ ABAAIOTCA MOMOKUTETBHBIMU, TO dc < bc < bd. T10NI0KUTEIBHOCTD
gyucsia d BHITEKAeT W3 HepaBeHCTBA ¢ < d. VITOT pacCyKAeHHs TaKOB:
ZIOCTATOYHA TTOJIOKUTENBHOCTD TPeX U3 urcen d, b, c u d.

KoHevHO, HEBEPHO, UTO MPOU3BEZEHNE BO3PACTAONINX MTOCIe0Ba-
TEJIbHOCTEH €eCThb BO3pacTarolasl MOC/AeA0BaTeTbHOCTh. [IpocTenmit
puUMep — IIPOU3BeJieHNE TIOCIeA0BATENbHOCTER X, =N U Y, =n — 4.
Kak ciieyeT U3 MpoBeeHHOTO JOKA3aTeIbCTBA, JOTIOMHUTENbHBIM YCIIO-
BUEM, TPU BBHIMOJHEHUU KOTOPOTO yTBep)KJAeHUEe OyZeT BEPHBIM, SB-
JIIETCA TIOMOKUTENBHOCTh BCEX WIEHOB STHUX IIOCIEJ0BATEILHOCTEN 3a
HCKJIIOUYE€HEM, BO3MOXKHO, TIEPBOT'0 WieHa OJHOM U3 HUX.

1.6. PellleHre TepPBLIX BYX IMyHKTOB 33/a4yl OCHOBAHO Ha yZaYHOM
npeobpasoBaHuu. KOHEYHO, MOHOTOHHOCTH IOC/IEA0BATENBHOCTH X,
MOXKHO KCC/IEZIOBATh U «B JI0O», HO B TAKOM CJIydae CUUTATh MPUAETCS
OOJIbIIIE.

a) [Mogenus n? +n+1 Ha n+ 2 «C OCTATKOM>», IIOIyIUM, UTO

n4+n+l1=m-1)nN+2)+3,

3
TakuM obpasom, x, =n—1+ 5 3HAUMT,

tenn=1-(5-5) = 1- s
n+l™ %n T n+2 n+3/) " n+2)(n+3)°

[Mockonbky (n+2)(n+3) =12 npu n €N, nonayd4aeM 4TO X, 1 — X, >0,
TaKUM 00pa3oM, faHHas MMOC/Ie0BaTETbHOCT BO3pacTaroIas.
6) To, 4TO MOCIEeZOBATENHHOCTS Y, yOBIBAIOIAs, CyleAyeT 13 GOPMYJIBI

1
n = .
" Vvn?+1+n

B) ITockonbKy, HanpuMep, z;=sin1>0, z,=sin4<0, a z,=sin7>0,
3Ta TMOoCae/0BaTEeIbHOCTD He SBJISIETCSI MOHOTOHHOM.
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OTMmeuy omMOOYHbIE PACCYKAEHUA, KOTOPble MOTYT OBITh IaHBL CTYZ€HTaMHU.
U3 TOTO, YTO MOCJIEA0BATENBHOCTD X,,, KOHEUHO, ABJISAETCA HEOrPDAaHUYEHHOH,
HUKaK He CJIeflyeT, YTO OHa fABJIAETCA BO3pacTarolleil. A U3 TOTo, YTO CUHYC
He SBJISETCA MOHOTOHHOHM (YHKIMEN, HUKaK He CJIeJyeT, YTO He SABJAETCS
MOHOTOHHOH ITOCIe/[OBATENbHOCTD Z,.

1.7. a) KoHe4yHO, BepHO, 3TO IIPOCTOE YTBEP)KAEHME, OOBIYHO I0-
KasplBaeMoOe B Kypce aHanu3a. VIMeHHO, ecimu |x,| <a u |y,| <b, To
|x, + ¥,/ <a+D.

6) KoHe4HO, HEBEPHO: BO3BMUTE X, =1 U ¥, = —1.

B) KoHeuHO, cyMMa OrpaHMYEHHON W HEOTPAaHWYEHHOU IOC/IE/O-
BaTeJIbHOCTEN SIBJIIETCS HEOIPAHUIEHHOM MOC/TIE0BATENbHOCThIO. VIH-
TEPECHO TO, YTO 3TOT BaAKT ABJISETCA IPSMBIM CJIEJCTBUEM YTBEPXKE-
HUA 1.a). JefiCTBUTENBHO, €CIu X, — OTPaHUYEHHAas TOCJIeZ0BATENb-
HOCTbh, a Y, — HEOrpaHWYEHHAas MOCIeL0BATEIbHOCTD, TO MIPETIONOKE-
HUe 06 OrpaHUYEHHOCTH MOCJIEA0BATENBHOCTH Z, = X, + ¥, TIPOTUBOPE-
YUT YTBEPKAEHUIO II. @), TaK KaK Y, =2, — X,,.

1.8. a) JlanHas mocaef0BaTENbHOCTD HAYMHAETCS C YHCET %, %, g %
[Toxoxe, YTO OCTajJbHBIE €e WiIeHBl OyAyT elne MeHbiie. OCTajoch 3TO
[IOKa3aTh, T. €. I0Ka3aTh, YTO JaHHAsA [TOC/Ie[0BaTEIbHOCTh YObIBAIOIIAS.
Hmeem

(o8

n+1
2n+1

<%<:>n+1<2n.

X1 S X, &

3Ha‘{I/IT, HauOONBIINM 3HAaYEHUEM STOH IIOCJIEAOBATE/IBHOCTH ABJIAET-

o1 3
3
6) [MockonbKy cTaHZapTHOE IIpeobpa3oBaHue (BBl C HUM YK€ BCTpe-

YaJINCh) IPUBOAUT K popMyIie

2
In = V2n+1++v2n—-1"

oTa IIOCJIE€A0BaATEJIbHOCTh TaKXKe ABJIACTCA y6I)IBaIOH.[eI‘/JI 1 €€ HauMEHb-
niee 3Ha4€HHuE — 3TO YHMCIIO ﬁ —1.

B) JTa 3azava Xopoimia TeM, 4TO B HeH IyIaBHOE — He HUCIIyraTbCAa
BeIUMCIeHUi. Tak Kak

oy = 1+5n—n?
LT T (2 4+ D)2 4n+1)°
5Ta PasHOCTb MOJOXKUTEJbHA IIpU n = 1,2, ..., 5 U OTpULlaTeJbHa IIpU

n=6,7, ... CiemoBaTe/lbHO,

X <Xy < .o < X5 < Xg>Xy> ...
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[ToaTOMy Hau6GONTBUTUM WIEHOM 3TOU ITOCTIEJOBATENBHOCTHU SIBJSIETCS €€
34
31°

KomeuHo, /jis pellleHus 3TOM 3aauu ObUIO ObI €CTeCTBEHHBIM I10-
cTpouTh rpaduk GyHKIUU U IIPU STOM JJIT UCCIEJOBAHUA ee TOBeJe-
HUS UCTIONTb30BaTh IIPOMU3BOAHYI0. [I03TOMY aHa/IOTMYHEIE 33/1a4U ecTe-
CTBEHHO /IaBaTh NO3Ke — KaK 33/Iayy Ha IpuMeHeHue auddepeHIInaib-
HOT'O UCYUCJIEHUS.

IIECTOM WIEH Xg =

[pexpiaymias 3aZa4a 0O4eHb XOPOIIa I IOMAITHETO 3aJaHus. A ClIeAyromas
3a7laya XOpoIlla TEM, YTO I10 HEH MOXKHO TPOBEPUTD, HACKOIBKO CTYZEHTHI I10-
HsUTU IpepIAyInve uaeu. Beas oTBeTH! B Hel oueBuAHEI! Bosee Toro, aBTop He
VBEPEH, YTO OT CTYZEHTOB-HEMAaTEMAaTHUKOB CTOUT Tpe6oBaTh (HOpPMaIbHOTO
pelleHys 3aZlaHUH /IBYX MEPBBIX €€ MyHKTOB.

1.9. a) OtBet: pu a =0. A Kak e WHayue, BeJb npu a 7 0 B Yuc-
JiiTesie IpoOU HAaXOAUTCS KBAZ[paTUYHOE OTHOCUTEIBHO N BhIPA’KEHUE,
TOTZIa KaK B ee 3HaMeHaTesle — JIMHeHHoe. [IpuBezieM popMasbHOE pac-
cykaeHue (TIpU TeX 3HAHUAX, KOTOPBIMM Ha 3TOT MOMEHT 06JaZiatoT
cTyeHThl). Tak Kak

X, =an—a-+ atl
no n+1’
a+1
U3 TOTO, YTO MOC/HEAOBATENbHOCTh =7, OYEBM/HO, ABJAETCA Orpa-

HUYEHHOMU, CJeAyeT, YTO IOCIeA0BATEIbHOCTh X, OrpaHUYEHA TOTAa
¥ TOJBKO TOTZA, KOTZA SABJSAETCS OTPAHUYEHHOU IIOC/IEA0BATEIbHOCTh
an — a, 4To UMeeT MeCTO TOJIbKO mpu a = 0.

6) OTBeT: mpu a = 1. PaccyxZieHrie aHAJIOTUIHO MIPEABIAYIIEMY U OC-
HOBAHO Ha Ipeobpa3oBaHUKU

1
\/n2+1+n.

B) fIcHO, 9TO |2,| < 1 IIpy IPOU3BONIBLHOM 3HAYEHUU MMapaMeTpa d.

1.10. a) KoHeuHo, yTBepk/ieHVe HeBepHO. 13 HeorpaHUUYeHHOCTHU
TocJIeIOBaTeIbHOCTU He CJIe/lyeT, YTO BEJIMKHU BCe ee WIeHBI C J0CTaToY-
HO 60BIINMY HOMepaMU. [1ycTh X,, = N, €CJIM YHUCJI0 N HEYeTHO, U X,, =0,
€CJI OHO YeTHO. [Toc/ieZIoBaTeIbHOCTh Y, OTIPEAEUM, ITOJIOXKUB, HA060-
pot, ¥, =0, ecu n He4YeTHO, U Y, =n JJA 4eTHBIX HoMepoB n. Torza
XY, =0 npu Bcex n €N, X0Ta KakAas U3 3TUX IOCJIe/0BaTeJbHOCTEN
OTPAaHUYEHHOU He ABJIAETCS.

6) KoHeuHo, yTBepKAeHHe HEeBEpPHO. 37ieCb MPUMEPHI MOCTPOUTH

Yo=0—-an+

2 % _ 1
ellle mpole: X, =n, y, =n-, a y—=;€[0; 1].
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1.11. a) BosThcs Hedvero, a HaZlo HEMHOTO TIpeobpa3oBaTh. Tak Kak
V2> 1, AaHHOE HEpPaBEHCTBO PAaBHOCUILHO HEPABEHCTBY V2 < 1,1, wan
1,1" > 2. B cuny HepaBeHcTBa Bepraymwmu 1,1" >1+n/10. A1+n/10>2
npu n = 10. 3HauuT, U JaHHOE HEPaBEHCTBO 3aBeJOMO BEPHO IIPHU
n=10.

KOMHBIOTeprIe BbIYUCJIEHUA ITOKAa3bIBAIOT, YTO 3TO HEPABEHCTBO BEPHO IIpU
BCcex n = 8.

6) B aTOM TyHKTE BhIYMCIEHUA mpoiie. Tak Kak

— _—2n — 9 = 2 n—1
W—2= g2 557 <01=2"">21,

ToJIy4aeM OTBET: 1 = 6.

§ 2. Ilpenensl mocieoBaTeIbHOCTEM

n+l ., 1
2.1. a) HOCKOJIbe —— =731 1OIy4aem, 4To
2n+1 _ 1 3
n+1—‘_n+ <10<:)3n>7<:)n 3.
6) Hocxom,Ky ntl 3_ _n-1 IojIy4aeMm, 4TO
n+1 2~ 2(n+1)’ )
2n+1 3 n—1 3 _
1 2‘ 2(n+1)< & 4n <16 < n=1,23.

Takum o6p330M, TI€epBO€ HEPABEHCTBO CIIpaBEAJIMBO JJIA BCEX HATypaJib-
HBIX YHCEJI N1 Ha4YMHad C HEKOTOPOI'O HOMEpA, TOrZa KakK BTOPO€ — Ha-
O60pOT, TOJIBKO JJIA HECKOJIbKUX IIE€EPBBIX HATYPAJIbHBIX YK CEII.

KoHeyHo, mocye penieHus 3TOW 3a/1a4yl CTOUT 33/1aTh CTYAEHTaM BOIIPOC: «A
KaK U3MEHUTCA OTBET, €CJIM MBI, K IpUMepy, 3aMeHuM 4ucio 0,3 B IpaBbIX
YacTAX HEPABEHCTB 3TOM 33/]a4X Ha OZHY COTYIO?»

2.2. Vicionb3yeM TOT GaKT, YTO IPOU3BEJEHUE IBYX MTOCIET0BATENb-
HOCTel, OZ/HAa M3 KOTOPBIX fABIAETCS OECKOHEYHO MaJjoi, a Apyras—
OTpaHUYEHHOMU, eCTh OECKOHEYHO MaJsias MoCaeZ0BaTeNbHOCTb. Kaskaast
U3 TOCIeI0BaTENbHOCTEH Y,, 3aJjaHHbIX GopMyIaMu U3 1.a) u 6), sIB-
JIAETCSI OTPAHUYEHHOM, TIOCKOIBKY BCE €€ WIEHBI Y/IOBJIETBOPSAIOT Hepa-
BeHCTBY |y, | < 1. [ToceqoBaTeIbHOCTD U3 1. B) OTPAaHUYEHHOM He ABJIA-
eTcs, TO3TOMY YKa3aHHas TeopeMa HernpuMeHuMa. C APyro CTOPOHHI,
MBI He MOXXeM YTBEPK/aTh, YTO B 3TOM CJIydae IIPOU3BeZleHue X, Y, He
saBJsieTcs: 6eCKOHEYHO Majoi I0Cae0BaTebHOCThIO. Bee 3aBUCUT OT
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XapakKTepa CTpEMJIEHNS K HYJIIO IIOC/IE€L0BATEIBHOCTHU X. Takum o6pa-
30M, Tpe6yeTc51 AOIIOJIHUTEJIbHaA I/IHCbOpMaHI/IH 006 3TOi1 rmociaegoBaTesb-
HOCTH. IrZ[eI‘/JICTBI/ITeJ'IbHO, eI X, = ;’ TO XpYn = E’ a 3Ta IIocCiIeaoBa-

TEJbHOCTD ABJIAETCA OECKOHEYHO Mastoi. C APyTroi CTOPOHBL, K IPUMEDY,
="

eCcly X,, = , TO X, ¥, = (—1)", TakuM o6pa3oMm, 3Ta [0CIeA0BATENb-
HOCTb IIpefiesia He uMeeT (CM. TaKkKe CIeAYIOoLyIo 3a/a4y).

2.3. ABTOp OOBIYHO B TAaKOHM CHUTYyallUd TOBOPUT CJIEAYIOIIUM 0b6pa-
30M: «Huuero Hesb3sl CKa3aTh O IIOBEJEHUH IPOU3BeZEeHNS OECKOHETHO
MaJIoll M 6eCKOHEeYHO OOJIBIION HOC/Ie0BaTeIbHOCTEN — MHPOPMALUU
HEZIOCTaTOYHO>.

[IpuMepBI TOTO, YTO BO3MOXHBI CIy4au a) U B), ObLIM NMPUBEAEHBI

» 1
B pellleHUU TpeAbiAyInei 3azauu. Ecau x,, = S U Y, = n2, To mpousse-
JeHUe X, Y, =N ABIAeTcs 6eCKOHEYHO GOIBIION MOCTIe[0BATENBHOCTDIO,
TaKuM 06pa3oM, BO3MOXKeH ciiydait 6). [TomoxuB

0, ec/u YucIo n 4YeTHO,
X, =1 1
> €C/IM YHCTIO N YeTHO,
U Y, =n®, MBI IOMY4UM, YTO HPOU3BEJEHUE X,Y, ABIAETCA HEOTPAHMU-
YEeHHOU MOCJIeI0BaTENbHOCThIO, KOTOPasi, OAHAKO, He ABJSIETCSI HecKo-
HEYHO OOJBIION, — MPUMep, KOIZla UMeeT MeCTO Ciydail T). HakoHerr,

eCclu X, = % U Y, =an, TO X,Y, €CTb IIOCTOsIHHAaA I10CIe/0BaTeIbHOCTD,
KOTOpaf, cjlefj0BaTeJIbHO, UMeeT CBOMM IIpeZiesioM (IIpPOM3BOJIBbHO 3aZlaH-
HOe OTJIMYHOE OT HyJIf) YUCJIO d.

2.4. BelunciieHYs1, aHaJIOIMYHbIe IIPOBe/IeHHBIM IIPY pellleHUH 3a/a-

4y 1.3, MOKa3bIBAIOT, YTO
5 =1(d-51) -1
noo2\3 2n+1 6"

2.5. OTBeTH Ha 3ajaHuA 1I.a) U 6) OYEeBUIHBI, ITOCKOJIBKY HaZO
IIPOCTO BOCIOJIb30BATbCA CTAHAZAPTHBIMU TeOpEMaMU O IIpezesax Npu
apupMeTHIeCKUX ollepalliax HaJ, IocaefoBaTebHOCTAMU. Ecmu x, — 1
hUy,—2,T02,=2x,—3y,—2-1-3-2=—4,a un:%—>%. OtBert Ha
3a/laHle B) TakKe HeCJIOXKeH U c/leZlyeT U3 TOTO, YTO IIPOU3Be/JieHue I10-
C/Ie[0BaTeIbHOCTH, CTpeMAIIelca K YUCITY, OTIMYHOMY OT HyJIA, U bec-
KOHEYHO OOJBbIIOH IOCIe0BAaTEIbHOCTH TaKKE ABJAETCA GECKOHEYHO
6OJIBIION IOC/Ie0BATEIBHOCTBI0. TaKUM 06pa3om, v, — .

O mocief0BaTeIbHOCTU W, «HUYEro yTBePX/JaTh Heslb3d». Tak Kak
x,—1—-0muy, —2—0, 114 nocies0BaTeJbHOCTH W,, BO3MOXHEI BCE Ba-
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PHUAHTHI IOBe/IeHNUA, TIepedrcIeHHbIe B yCI0BUY 3azia4u 2.3. Hampumep,
ecnu xn:1+% Hyn:2+%, TO W, =a—d.

MBI ¥ TOBOPHM, UTO «MMEeT MeCTO HeoIpeeleHHOCT», B CIydae,
Korza nHGOPMAIMH O TIpeAeaax MocaeJ0BaTeNbHOCTe He0CTaTOYHO
ZLIAL TOTO, YTOGHI C/Ie/TaTh BLIBOJ O Ipejiesie 3aBHCAIIETO OT HHUX BhIpa-
KEHMA.

2.6. a) Ecm x, — 2, 10 X2 +x,, —2— 4, x> — 1 — 3, m03TOMY Y, — %

6) B 5TOM ciydae «MMeeT MeCTo HeollpeZiefleHHOCTh». Ho oTcioza He
CJIeZIyeT, 4TO «HUYero CKa3aTh Helb3A», a CIeAyeT TO, YTO HaZo HOIpO-
60BaTh MPOBECTH ZIOTIONHUTEBHOE HCcileloBaHue. JleficTBUTeNbHO, TaK

KakK
O+, 1) x,+2
I = G+ D, -1 x,+1

3
TOJIy4aeM, 4TO Y, = 5.

[lo cyTu fesa MPOU30ILIO Cyieytotniee. Mbl MPeCTaBIIN YUCTUTEND APO6OHU
B BUJIE U,V,, €€ 3HAMeHaTeb B BUJE U, W,, I1e U, — 0, a Ioc/IeZl0BaTelbHOCTH
vV, U W, UMEIOT IIpe/ie]Ibl, OTJINYHbIE€ OT HYJI. CO6CTB€HHO TOBOpA, B 9TOM
U 3aKJII0YaeTCsl «PacKpPBITHE HEONpeZesleHHOCTEeN», TOMBKO B GyayineM s
3TOT0 MOYXHO BYZIeT UCII0NBb30BaTh GOPMaNbHYIO TEXHUKY, HAIIPUMED NPABUIO
Jlonumans.

B) B aToM citygae y,, — o, IOCKOIBbKY 3HaMeHaTeb JpOOU CTPEMUT-
¢S K HYJII0, a YucauTesnb —K —2. 1) CaenaeM cTaHzapTHOe mpeobpaso-
BaHMe. Tak Kak
1

1+ -2
n X, 1

Yn=—"7 - a X——>O, TO ¥, — 1.
1= "

2.7. a) Ilpome Bcero 6pUIO OBI MOCTYIIUTH CJIEAYIOIIUM 0OPa3oM.
PaccMOTpUM TOX/IECTBO

Xpp1 =1+a+...+a" =1+ax,.
Ec/iu epeiTy K mpeziesty TPy X,, — ¢ B 0GEUX €ro 4acTaX, Mbl IOMYYUM,

4To ¢ =1+ ac, OTKyZa HaXOAUM ¢ = ﬁ. Bce xopo1o 1 1pocTo, HO IIpU
a =2 TOTy4aeTcsi, 9YTO TMPEAEIOM MONOXKUTETHbHON MTOCIeI0BATETHBHOCTH
AByAgeTcd yuceao —1?! C TakuM napaZlokcoM MHI ellje Berpetumcs. IToka
JKe BBIBOJ] TAKOB: €CJIM BBIYUCIATD IpeZies B IPeAIoNOXKeHUN, YTO OH
€CTb, TO, KOIZla OH He CYIIEeCTBYET, pe3yJbTaTOM IIPOBEJEeHHBIX BBIYKC-

JIEHHU MOXKeT OKa3aThCs IOTHAasA 6eCCMI)ICJII/ILIa.
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ITo cymiecTBy 3TO 3aZa4a O HAXOXAEHUU GOPMY/IbI CyMMbI FeOMEeTPUIEeCKON
IIpOrpeccuy — IIKOIbHAA 3a7a4ya. OfHAKO aBTOp He pa3 U He /iBa BHUZEJ, 4TO
CTYZEHTHl He 3HAaKOMBI C ee BBIBOZOM. 37ieCh IPUATHO OBIBAET MIPEJIOKUTh UM
MIPOJOIKUTD HABOP CIeAYIOMUX GOpMYIT — «pOPMYJT COKPAIIEHHOTO YMHOMKE-
HU».

I/ITaK, XOpO]J.IO M3BECTHO, 4TO
21=(-Dkx+1D) u x*-1=0GCx-1D03*+x+1).

Hanee,

—1=*-D*+D =x-Dx+D*+1) =

= x-D0+x*+x+1).
Temeps JIETKO AOTaAaThCs, YTO JODKHO OBITH BEPHO ajirebpandveckoe
TOXIECTBO

—1=(—-DE" T +x"2 4. +1),

CJIeZICTBIEM KOTOPOT'O U ABJIsAeTCA GopMyJia JJig CyMMBI (KOHEYHOM) reo-
MEeTPHUYECKOH Tporpeccuu (KOHEYHO, B TIPEAIIONOKEHNUN, YTO d 7 1)
1—a"
l1—a’
Temnepsb SICHO, YTO OTBET Ha BOIPOC O TpeZiesie TMOCIeI0BATENbHOCTH X,
3aBHCHUT OT IIOBEZEHUSA HocaegoBareabHocT a. Ecnn |a| <1, To a" — 0,

1+a+..+a" 1=

1
TNO3TOMY X = T Ecin a =1, To X, =n — . To xXe camoe uMeeT

MecTo, ecau |a| > 1. HakoHell, npu a = —1 moce0BaTeNIbHOCTD X,, He
UMeeT Tpefiesia, Tak oHa uMeeT BuZ 1,0,1,0, ... Takum o6pasoM, OT-
BET COCTOUT B TOM, YTO IIOCIeZ0BATENbHOCTD X, ABIAETCA cxoAdaleiics,

1
TONIBKO ec/u |a| <1, a ee npejen paBeH 77—

6) ITOCKOMBKY

n=0,23.(1+ T +100n 1)

B crty GOPMYJIBI M3 IPEABIAYIIETO MYHKTA IIPe/IeJIOM IT0CTIeA0BATENbHO-
CTHU X,, SIBJIIETCS YUCIIO

1 _ 23 100 _ 23
0’23'1_L 100 99 ~ 99°
100

2.8. Tak kak % + % +...+ % — 1, mony4daem, 4TO

1
xn:25++ Fr ol =2
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B atom mecTte XOopo1Io 6bI caenaTts mnaysy Ajid Toro, ‘lTO6bI XO0TA 6bI OJU1H
"3 CTYZAE€HTOB 3aJajl BOIIPOC: «A Imoyemy Hu3 TOro, 4To x, — a, CJIeAyeT, 4TOo
2*n — 29?5 BOIIpOC 3TOT BIIOJIHE COZiep)KaTesleH, TaK KaK OTBET Ha HETO He cJle-
[yeT HU U3 KaKUX NpeAbIAYINX YTBepKAeHUH! o AeHCcTBUAX ¢ TpeJenamu. Kak
IIOHMMAIOT BCE IIpEnoZaBaTeyar, OTBET HA HEI'O MOXXHO ZaTh JIMIIb ITOCJIE TOTO,
KakK 6y,ZLeT BBE€JEHO ITOHATUE CTEII€CHU C IIPOM3BOJIbHBIM ITOKa3aTEe/IEM. I/I, I1I0
CyILIECTBY, OH HEIIOCPEACTBEHHO CBA3aH C HENpepul8HOCMbH IoKa3aTeJbHON
dyHKIIH.

B cBA3M C mpeABIAYIINM 3aMeYaHUEM JaBalTe TMOZOWZEM K pelle-
HUIO 3TOH 3a/lauu C JPyro¥ CTOPOHBI. IToc/ieZoBaTENbHOCTD X,, MOKHO
3a/laTh PeKyPPEeHTHBIM 006pa3oM: X, = \/Z_xn, x; = /2. Ecmm X, <2,
TO 2X, <4, 3HAYUT, X, < 2. TakuM 06pa3oM, 3Ta NOCIe[OBATETHHOCTD
orpaHunyeHa cBepxy. OUeBUZHO TaK)Xe, YTO OHA SBJAETCSA BO3PACTAIO-
mel. B cuty Teopemsl BeiiepiiTpacca (0 KOTOpoOH pedb oWeT Aabliie)
3Ta MOoC/IeJOBaTETbHOCTh UMeeT npezien. O603HauuM ero yepes a. Torza,

nepelifis K NpeJiesly B paBEeHCTBE X, 1 = 4/ 2X,,, IOIy4UM, UYTO d = v 2d.
[MockonbKy a # 0 (Tak Kak x, > 1), mony4daem, 4To a = 2.

ABTOp IpUZIeP;KUBAETCSA TOTO IIPUHIIHIA, YTO 0OOMaHBIBATh Hexopolno. Koned-
HO, €C/IM HadaTb IepPBYIO JIEKIUIO ¢ aKCHOMATUKU AeHCTBUTEIbHBIX YHCeI, TO
3TO TpHBe/eT K MOJTHOMY HElOHMMAaHMIO, Ha TIePBHIX MOPax Hens3s U 3au-
Kamucsl 0 I0Ka3aTeNbCTBaX abCOMIOTHO OUEBUAHBIX 1A PeOAT YTBEPKACHU.
Hanpumep, JoKas3bBaTh, YTO CyLIECTBYIOT KBaZipaTHble KODHU M3 IIOJIOXU-
TeJIBHBIX YrcesT (00 3TOM MOXHO U HY)KHO CKasaTh ITO3XKe — TOIZa, Koraa Oy-
ZieT JloKa3aHa TeopeMa O IIPOMeKYTOUYHOM 3HaueHuu). OZJHaKo IMpU U3JI0XKe-
HHUM H08020 MaTepHasa JOTHKa JOKHA ObITh Ge3ylpeyHa, XOTs J0Ka3bIBaTh
Ha/Io He Bce. ABTOp OGBIYHO FOBOPUT Ha JIEKIHAX: «JTO €CTh MaTeMaTHYeCcKoe
3aHY/ICTBO, [IOCEMY ZIOKa3bIBaTh MBI €0 He GyZeM.»

W=

1
2.9. BplumcieHHsA ITOKa3bIBAlOT, YTO Xp=75,X3= 3. Janee, ecnu

1
NIpEeAIIONIOKUTD, YTO X, = E’ TO IIOJIYYUM, YTO
1

Xnt1= — 7 = .
1+% n+1

1

3HA4UT, X, = a7 0.

2.10. Bonpoc fj1a yuTaTend: IoyemMy IIpUBOAUMEIE Jlajllee pacCyKzie-
HUSA SBJIAIOTCA HE MIPOCTO HEBEPHBIMH, a JAXKe 0eCCMbLCTIEHHIMU?

1 a1

a) U3 toro, 4To X,, — 5, CJIEZIyeT, 4TO X, = on 0.

6) Us Toro, 4ro x, — 1, caezyet, uto x;, — 1" =1.

B) U3 TOTO, 4TO X, — 2, CIIEAYET, 9TO X, — 2" — + 0.
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OTBeT Ha MOCTaBJIeHHBIHN BOIIPOC TAKOB: IIpEAEJ ITIOC/IEA0BATE/IbHO-
CTHU II0 CBOEMY OIIPpEAECJEHUIO0 €CTb YUCIIO (I/IJII/I CUMBOJI © B Ciy4ae,
€CJIN IIOC/IEAOBATE/IbBHOCTD ABJIAECTCA 6eCKOHEYHO 60HleOﬁ). HOSTOMY

1
McaTh, 4TO X, — on 6eccmbiciieHHO! KOHEYHO, ABa U3 IPUBEAEHHBIX
OTBETOB BEepHBI, HO TPETHUY — HeBepeH!

Ota 3azja4a Ba)kKHa TeM, YTO OHA ITOKa3bIBAeT, HACKOIBKO HyXKEH OIIBIT, YTOOBI
n3beraTh CTaHAAPTHBIX OIIMOOK. VIHTyUIMA 6e3 ONmbITa MOXKET 0OMaHbIBATh.
[Ipy 2TOM, KaK BHUZHO, HEBEPHOE PACCY)KAEHUE MOXET JaTb BEPHBIN OTBET.
Ho, 1OCKOIbKY OHO HEBEPHO, B JPYTUX CIy4dasX OHO MOXXET /jaTh HeBepHblil
omeem.

Kak ke ciemoBaio paccyxxzgaTb B ﬂeﬁCTBHTeHBHOCTH?

1 % <x, <
a) Tak Kak X, — 5, HAWZETCA HOMEDP, Ha9Hasi ¢ KOTOPOTo 0< Xn X

sWIN

n 2
TTosToMy HaYMHAsA C 3TOTO HOMepa BEPHO HepaBeHCTBO 0 <x, < | 5

2 n
[Tockoneky (5) — 0, noy4aem Takxe, 9To X, — 0.
B) PaccykgaeM aHasorudHeIM o6pasom. Tak Kak x, — 2, HailzeTcsa

HOMep, HauuHas C KOTOPOTO X, = % [ToaToMy HauMWHas C 3TOT'O HOMe-
pa BepHBI HEPABEHCTBA X, = (%)n [TocKONBKY (%)n — 400, TIOly4aemM
TaKxke, 9T0 X, — +.

OgpHaxko B crydae 6) paccy/aTh aHAJIOTMYHBIM 06Pa3oM HEBO3MOXK-
Ho. /laBaliTe M36aBUMCS OT CTEIMEHU, MPOJOTapUPMHUPOBAB BBIpaXKe-
HMe X,. B pesysbraTe Mbl HOTyYMM ITpOU3BeZeHHeE N -10g, X,,. A Tenepb
BHHUMaHUe: U3 TOTO, 4YTO X, — 1, cienyert, 4to log, X, ecTb 6GecKoHeu-
HO MaJias mocaeZ0oBaTeNbHOCTD. [103TOMY JlorapudM mocaef0BaTeNbHO-
CTH X]; AIBIAETCA TPOM3Be/IeHreM 6ECKOHEYHO MaJIoH ToC/Ie/loBaTeTbHO-
CTU ¥ 6HECKOHEYHO OOJIBIIION MTOC/IEZ0BATENBHOCTH, TIPO KOTOPOE HUUE20
ymaeepacdams Hesb3st ! TakuM 06pa3oM, OTBET Ha BOIIPOC M. 6) COCTOUT
B TOM, YTO MMeIelica WHPOPMaIUK HEAOCTATOYHO [JIsT TOTO, YTOOBI
HaWTU MCKOMBIH TIpezier.

| A mowemy us Toro, uro x,, — b, crezyert, uro log, x, — log, b?
O moC/e0BaTENBHOCTSX TAaKOTO COPTA peuyb IMOWJAeT fajee TP

ompezeneHNN 4yucia e. [loka Ke MOXXHO OTPAHUYUTHCA CIJIEAYIOIINM
coobparkeHreM. B city HepaBeHCTBa BepHy/UIN ClipaBeAIMBO HEPABEH-

1\ o
CTBO (1 + E > 2, IIO3TOMY IIpE€AEJ 3TOU MMOCIAEA0OBATEIBbHOCTH, €CIIN

OH CYILIECTBYET, OyZleT HUKaK He MEeHbIIIE 2, IOTOMY 3aBE€Z0MO He MOXKET
ObITH paBeH 1.
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2.11. JIna poxasaTenbCTBA IIPOLLE BCEro Ilepenucarb JaHHOe Hepa-

BEHCTBO B BU/IE
10\ 9 \"
1> (ﬁ) +(ﬁ)

U Jjajiee BOCIIOJIb30BaThCSA TEM, YTO €ro IpaBas 4acTh CTPEMUTCS K Hy-
JI0, OTKYyZa U ciefiyeT (B CHTy U3BECTHOTO YTBEPIKAEHUS), YTO OHO OyzeT
BEPHO /I BCEX OCTATOYHO OOJIBIIUX HATYPaAIbHBIX YHCE M.

CTyZIeHTBbl YaCTO TOBOPAT, YTO 3TO HEPaBEeHCTBO BEPHO, MOCKOIbKY 11" pac-
mem 6bicmpee, uem 10™ u 9". OgHAKO U3 TOTO, UTO 5n pacTeT GBICTpee, YeM 3n
u 4n, He cieAyeT, uTo 5n > 3n + 4n. TepMuHy «pacTeT ObICTpee» HEOOXOAUMO
IPUJATh MOUHbLIL CMbLC, 9eTO B JAHHBIM MOMEHT JIyd4llle He Jle/aTh.

2.12. Dta 3aza4a CJIOKHee, YeM BCe MpeAbIAYyIIe, U, B 00IIeM-TO,
HEJb3sl OXKU/ATh, UYTO CTYZEHTHI OyAyT B COCTOSTHUM PEIUTb €€ CaMo-
CTOATENbHO. XOTA H/esd, Ha KOTOPOW OCHOBAHO pellleHue, paHee yKe
BCTpeYaIach.

KCTaTI/I, TIIOHATHO, YTO 3Ta 3aZla4ya HEIMMOCPEACTBEHHO CBA3aHa C TeMOK <<PH,ZLI>I>>,
O YeM ITIpU N3y4YEeHUUN STOU TEMBI U CTOUT 6y,qu HaAIIOMHMTb.

Ionoxum X, = 4/n. fIcHo, 4TO X,, — +0, XOTs, KaK yKe ObUIO IIOKa-
3aHO, X1 — X, =vVn+1—4/n—0.
2.13. Cpenaem 3ameny y, = 12/x,.

To/e3HO Mpe/IBAPUTEIILHO JI0Ka3aTh, 4TO eClU X, — d, To &/X, — %/a. Asrop
OOBIYHO /IOKA3bIBAeT 3TOT GaKT /Jis KBaJPAaTHBIX KOPHEH U Jle/laeT CChUIKY
«BIIEPE», TOBOPSI, YTO B OyZyiieM o1t GpakT OyZeT clieICTBUEM HEKOTOPOH
00111€eil TEOPEMEI.

CrnegmoBaTenbHO, ¥, — 1, a cama pobb UMeeT BU[,

yx—1  y -1 ity +1 3
= = e .
Y -1  yi-1" (2+DQ,+1D) 4

CwmbIca 3TOH 3azauu moHATeH. OHa TpeACTaBaseT COOOU YaCTHBIM CIydait
OZHOTO M3 TaK Ha3bIBAEMBIX «3aMeYaTeJNbHBIX IPEJENOB», IIOTOMY II0JIE€3HO
MMO3HAKOMUTD CTYEHTOB C OZIHUM U3 HUX 3apaHee.

2.14. a) IIpocToe ynpaxHeHuUe:

1 1 1
Xpy1 —Xp = E(xn+xn71) —Xp = E(xnfl _xn) = _E(xn _xnfl)'
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0, B) lmeem

Xp = (0, =X, 1)+ (01— X)) + ...+ (6 — X)) =

ln 1 n—2
= (27)(951 Xo) + ( 2n)2 O —x0) +...+(x1 —x0) =
_ ( 1)n 1 1 _z
=1-1+.+ 5 - =15

[Mone3HO 06paTUTh BHUMAHUE CTYZIEHTOB Ha TO, UTO, TIEPEU/s K IIpeJiesy B pa-
BEHCTBE X, | = %(xn + X,_1) B IPEATIONOXKEHUH, YTO X, — d, MBI IIOIYIUM
PaBE€HCTBO a =da, T. €. TOXAECTBO.
2.15. TlepeuncniuM BapUaHTHl BU/IOM3MEHEHUA OIIpeZle/IeHUs IIpe-
Jiejia TOC/IeZIOBaTENbHOCTH, TIOMECTUB UX B CIEAVIONIYI0 Tabnuily (A
KPaTKOCTU 3aIIMCH OITyCTUM YyCJIOBHeE MTOJOKUTEIbHOCTU YHCIA €).

A VeVkVnzkl|x,—al<e | B.3eVkVn=k|x,—al<e
B.VeVk3anzk:|x,—al<e | I.3e:VkIn=k|x,—a|<e
O.VedkInzk:|x,—al<e | E.dJeTk:Vn=k|x,—al<e
K. JedkIn=k: |x,—al<e

A. Jano, uto Ve u Vn crnpaBejuBO HepaBeHCTBO |x, — a| < €.
B wactHOCTH, YV € CIpaBeAIMBO HEPABEHCTBO |X; — a| < €, OTKyZAa ciie-
[yeT, YTO X; = d. AHAJIOTUYIHBIM 06pa3oMm, X, = a Ajist JFob60To HATypasb-
HoTo uncia n. CrezoBareabHO, ZJAHHOMY OIPeZeIEHUIO. YIOBIETBOPSIOT
TOJIbKO MMOCTOSTHHBIE MTOCJIEJOBATENBHOCTH, a YUCJIO d — 3TO 00liee 3Ha-
YeHUe WIEHOB TaKOH I0C/IeZ0BaATETHbHOCTH.

B. [laHo, 4TO CyIIeCTBYeT TAKOE YUCJIO €, YTO JJIA II0OOTO HAaTypasIb-
HOTO YKCJIa N CIpaBeINBO HEPABEHCTBO |x, — a| < €. DToMy ompeze-
JIEHUIO yZIOBIETBOPSET Tt006as OrpaHYeHHAS TOCIeI0BATENBHOCTD, IIPU
3TOM a eCTh MPOM3BOJIBHOE IeHCTBUTENBHOE YHCIIO.

Kaxk BuZHO M3 pa3o6paHHBIX IPUMEPOB, BapuaHThl A U b BIOIHe GeccMbIc-
JIEHHBI.

B. B ommuue OT IpeAplAyluX, 3TOT BapUaHT JaeT OCMBICJIEHHOE
omnpezenenue. VIMeHHO, y TIOC/IeZ0BaTENIbHOCTH, yAOBIETBOPAIOIIEN 3TO-
My oIlpezeNeHno, UMEETCA IIOAIIOCIEA0BATEIbHOCTD, CXOAAIIAACA K YUC-
Jy a. Ilpy 5TOM MHOXXECTBO BCE€X BO3MOXKHBIX IIPEZEIOB STUX IIOAIOCIIE-
JIOBaTEeIbHOCTEN MOXKET OBITh «O4U€Hb OOJBIINM», HATIPUMEP, OHO MOXKET
COBMAZATh CO BCEM MHOXeCTBOM R.



36 PeH_IeHI/IFI, KOMMEHTapuHu, 06Cy)KZ[eHI/IH

T'. OnpezieieHrie 0O3HAYAET, YTO Y JAHHOM MTOCIEJ0BATENLHOCTH €CTh
orpaHWYeHHas MOAOCIEA0BATENLHOCTD. TAKUM 06pa3oM, B 3TOM OIIpe-
JeJIeHUH ecTh cMbIcj. OHO O3HAyYaeT, YTO JaHHAas M0CIeJ0BaTEeIbHOCTD
He ABjIAeTca OECKOHEYHO OOJIbIION.

1. Onpezenenue BroaHe 6ecCMbICIEHHO. EMy yZIOBIETBOPSIET MPO-
M3BOJIbHAS [TOC/IEA0BATENBHOCTD. [lonpo6yiTe caMu MOHATD, YTO OyZeT
13 cebs1 IPEeACTABIATL MHOKECTBO BCEX BO3MOKHBIX YHUCEI d.

E. ®opMaibHO 34€Ch TOBOPUTCSI, YTO HAUMHAA C HEKOTOPOI'O HOMepa
[TOC/IEZI0BATENBHOCTD SIBJIIETCS OrpaHuYeHHo. Ho Torza u cama mocie-
ZIOBaTeJIbHOCTD SB/ISETCS OrpaHuYeHHON. TakuM 06pasoM, 3TO Ompeje-
JIeHWEe COBIIAZIaeT C onpejeneHreM B.

K. CoBepiieHHO GeccMBICIEHHOE OIpezeeHne. Y mocienoBaTeb-
HOCTh TIPOU3BOJIbHA, ¥ YKCJIO d TIPOU3BOJIBHO.

§ 3. CyiiecTBoBaHUe NpeseioB

3.1. a) ITockonpky £ =[—-3; 1] u Z = [%, %] , YTBEpXKZIeH1Ee MecTa

He uMeeT. [IeiCTBUTENbHO, eIU X=1€L nu y = % ER, TOX>Y.

6) B manHOM ciydae cHoBa . = [—3; 1], Ho Teneps Z = [1; 3]. To-
3TOMY YTBepK/eHHe BepHO, U €JUHCTBEHHBIM YHMCJIOM Z, JJIs1 KOTOPOTO
JUTs1 TFOOBIX urcesl X €4 U Y € # BepHBI HEPABEHCTBA X < 2 < Y, SABJSA-
etcd z=1.

B) B mociennem ciydae #Z = [%, g] , YTBEPXKZIeHUe BEPHO, a MHOXe-

o 3
CTBOM 4YHCEII Z C Tpe6yeMI)IMI/I CBOUCTBaAMU SABJAETCA OTPE3OK |:1, E .

ECJIi MBI 4TO-TO XOTHM JJOKa3BIBATh O TOCIEA0BATEIbHOCTSX, A Zjajiee O Helpe-
PBIBHBIX QYHKIIMAX, TO HAM He 000MTHCh 6e3 akcuombl nosHomst. CyIiecTByeT
6osbIIoe pa3HOOOpa3ue B BBIOOpPE YTBEPXKAEHHI, KOTOPBIE MOXXHO Ha3BaTh
aKCHOMOW IIOMHOTHL. MOXHO, HallpuMep, CKa3aTh, YTO BCAKAs (yHOAMeH-
mansHas nociedogamenbHocms UMeem npedes. KoHeUHoO, Takoe onpe/iesieHye
B OIIpe/ieJIEHHOM CMBICTIE caMOe BepHOe (IIOCKONBbKY B METPHYECKOM IIpO-
CTPAHCTBe MHaye U He cKaxelb). OZHAKO Ha MePBBIX [I0paX, 0COOEHHO — /IA
HeEMaTeMaTUKOB, Takasd GopMy/IHpoBKa OyZeT HEMOHATHA, TaK KaK OHa caMa
OCHOBaHa Ha OIpeJieJieHNH IpeZiesa. [I0CKOIbKY IOKa pedyb UET O YUCIOBON
IIPSMOM, MOXXKHO BBIOpaTh B KadecTBe MCXOAHON aKCHOMBI TaK Ha3bIBaeMYyIO
axcuomy o pasdenstoweil mouxe. OHa, C OFHON CTOPOHBI, OYeHb ECTECTBEHHA,
a ¢ Apyroyl CTOPOHEI, U3 Hee JIETKO BBIBOJATCA BCE OCHOBHBIE YTBEPXKAEHUA:
CyIlleCTBOBaHMeE TOYHOUW BepXHEW M TOYHOU HIKHEU I'paHull, Teopema Beii-
epuITpacca o Ipeziesie MOHOTOHHOM U OTpaHMYEHHOH ITOC/IEA0BATETbHOCTH
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U T. . ¥ T. 1. [Ipeapizyinas 3aZiada u npeAHasHavyeHa Jjisi TOro, 4To6bl CTyZeH-
TBI OCO3HATN GOPMYIUPOBKY 3TON aKCHOMBI.

3.2.a) % =[1; +).

6) U =[3; +»).

B) U =[2; +x).

r) TTOCKONIbKY MHOKECTBO & He SIBJISIETCS OTPAHUYEHHBIM CBEPXY,
MHOYKECTBO €r0 BEPXHUX I'PAHUI] SIBJISETCS ITYCTIM.

. . 1
3.3.a) inf. =min.o =—1, a sup.«/ =max .o/ = 5 Bce ocTasbHbBIE
1
2JIEMEHTBI 3TOT'0 MHOXKECTBA JIe)KaT B UHTEPBAJIE (—1 R 5).

2n+1
6) ITOCKOMBKY IOC/IEOBATENbHOCTD X, = ——]

BO3pacTalolleli, a ee IpeZiesl PaBeH IBYM, ITOJy4aeM, 4To sup 4B =2, npu

ABJIAETCA CTPOTO

aToM inf 8 =min B = %

3.4. Brl yke BCTpevalIuch ¢ cuTyauuel, Korzia npeAnonokeHue o cy-
IleCTBOBAHUM TIpe/iesia BeZIeT K OINO0YHOMY 3aK/II0YeHUI0. J[esio B TOM,
4YTO paccMaTpuBaeMas B 3aZiade MOCIeNOBATENbHOCTD X, «IIOYTU HUKO-
r7la» He MMeeT IpeZiesia (CM. pellleHue cie/yrollei 3a7auu).

3.5. B HEKOTOPHIX CIIyYasx BUZ MOCTIEA0BATENbHOCTHU X,, aOCOTIOTHO
AaceH. Hanpumep, ecnmu x; = —1, To xy = —1, x3=—1 u T. 4., TakuMm
ob6pa3oM, B 3TOM CJIy4ae MOCAeL0BaTENbHOCTh X, MMOCTOSHHA. Vn ke
ey x; =1, To X, =3, X3 =7, OTKyZa cpasy BHAHA obmasa popmyna
x, =2"—1. OfHaKo ecau X; =2, TO CIeAYIOUMMU WIeHAMH 3TOH IoCIe-
JOBaTeIbHOCTH OyAyT ymcia 5, 11, 23, Takum o6paszom, ob1as opmysia
cpa3y He BUJHA. /I7s1 ee BBIBOJIA /laBaiiTe NepenuiieM JaHHOE peKyp-
PEHTHOE COOTHOIIEHHE KaK COOTHOIIEHHE MeXAY WIeHaMHU II0CIel0Ba-
TEJIbHOCTH Y, =X, + 1. [lomy4aem, 4to

Yog1 = Xni1 +1=2x,+1+1=2(x,+1) = 2y,,

OTKyZla O4eBMZIHO, 4TO ¥, = 2" 'y, snaumt, x, = 2" 1(x; + 1) — 1. Ta-
KUM 06pa3oM, I0CIeZ0BaTENbHOCTb X,, ABISETCS OTPAaHUYEHHOM B e[UH-
CTBEHHOM CJIy4yae, a UMEeHHO IIpu X; = —1. Bo Bcex oCTalIbHBIX Caydaax
X, — 0.

3.6. 3anuniemM peKyppeHTHOe COOTHOLIeHUe, KOTOPOMY yZOBJIeTBO-
PAIOT WIEHHI X,, 3TON IIOCAeA0BAaTEeNbHOCTHU: X,y 1 = 4/2+X,. a) Eciu

X1 <X, TOU X, = \/2+xn_1< \/2+xn=xn+1.TaKKaKx1=ﬁ<x2=

= v/ 2+ V2, nonyyaem, uTo X, < X,+1 IIpA BCEX HATYPaJbHBIX N, YTO
Y O3HAYaeT, 4TO I10C/Ie0BaTeNIbHOCTL — BO3pacTaroIas.
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6) 13 IpeAnonoXeHus, 9To X, < 2, CIeAyeT, 9T0 X, < V2+2=2.
ITockombky X1 = V2<2, HEPaBEHCTBO X,, < 2 CIIpaBe/JjuBoO JJI1 BCEX ee
wieHOB. TakuM 06pa3oM, 3Ta MOCIe0BATENbHOCTb OIPAHIYEHA CBEDPXY.
B cuty TeopeMsl BeliepiuTpacca JaHHas I0CAe0BaTeIbHOCTD CXOAILA-
scs. O60o3HAYNM Yepes a ee MmpeJerl.

B) Ilepelizia K npezesy B oIpezesAoleM II0cIe0BaTeIbHOCTh pe-
KYPPEHTHOM COOTHOIIEHMH, TIOAYIMM, YTo a’ =2+ a, T.e. a = 2 WIH
a=-1. Ho x,, >0, snauur, x,, — 2.

[Tone3HO COOOUIUTH CTYZEHTaM, 4TO /I WIEHOB S5TOH IIOC/IeZ0BATEeIbHOCTH
f3
cyuiecTByeT sABHas $opMysa X, = 2 cos prau [ToaToMy TO, 4TO ee Tpezes pa-

T
BEH 2, CJIeAyeT TaKKEe U3 HEIIPEPBIBHOCTU KOCHUHYCA: F d 0, c1egoBaTeb-

HO, X, = 2cos0=2.

3.7. a) O4eBUHO, UYTO BCE WIEHBI 3TOM M0CI€L0BATEIbHOCTH I10JIO-
JKUTENbHBI. SHAYUT,

1 2 2
xn+1=§(xn+x—n)> Xn'x—n=2.

6) NmeeMm

2
_ 1 2\ X~ 2
Xn = Xp41 _xn_z xn+x_n -
TaK KaK X, > v/2. [I03TOMY X,, > X, 1.
B) Kak 06bIYHO, Mepeiifia K Mpefiely B IaHHOM PEKyPPEHTHOM CO-

1 2 5
OTHOIIEHHH, TIOMYIHM, 410 a = 3 a+ = ), ciegosarensHo, a” = 2. Ho
a >0, 3Ha4uT, X, — V2.

A TEIIEPb ,aaBaﬁTe B3IVIAHEM Ha KOHKPETHBIE 3HAYEHUA. quBeprIfI YIeH 3TOU
577
IOCJIEA0BATEJIbHOCTU PABEH m HacKoIbKO 3TO YMCI0 GIM3KO K \/5, II0Ka-

3BIBAET CJIeAIytolas TabuuIa.
577
408

V2 | 1,4142135624...
YTO0 K€ MBI BUIUM — y)fce y ‘{eTBepTOI‘O YIeHa STOI‘/JI IIocjaes0BaTe/IbHOCTHU
[ATH 3HAKOB [IOCJIE 3aIATON COBIIQZIAI0T CO 3HAKaMU ee npe,qeﬂa! DTO KaKasga-To

«cBepxcxoAuMOcTh»! K aToMy addekTy MOKHO BepHYThCS B OyAyIeM, a IoKa
MOXKHO TIPE/IOKUTH CTYZEHTaM /J0Ka3aTh CJEAYIOUIyI0 OIleHKY. A MMeHHO,
2

1,4142156863...

_n

272"

— 2
€CJIN TIONOXKUTb A, =X —2, T0 A4 <
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3.8. O6o3HaUUM UYepe3 ¢ MpeZes MOCAe0BaTeNbHOCTH p,. a) Ile-
pelizia K IpeZiesly B COOTHONIEHUH, OTIpe/leIAIoIIeM 3Ty IT0CAeI0BaTEb-

bc
HOCTB, MOMYYHM, 4TO €=~~~ OTKY/a CJIE/IyeT, UTO = Owma+c=b,
T.e.c=b—a.

6) Tak Kak p, > 0, moiy4Jaem, 4To

bp, bp,
Prt1 = 4 p) <Ta-

B) Ecm a > b, To b — a <0, ciefoBaTesnpbHO, 9TO YHCIO HE MO-
KeT OBITh IIPeZIeIOM II0CIe0BATENbHOCTH P,,. C APYroii CTOPOHBL, B CHU-
JIy TIpeZiBIAIYINero IIyHKTa dTa II0C/Ie0BaTeNIbHOCTD ABIAETCA yOBIBalo-
el 1 OrpaHUYeHHOU CHU3Yy HysleM. 3Ha4MT, y Hee ecTb Npefell, KOTO-
PBIH B CWIy II. @) MOXET TOJIBKO OBITH paBHBIM Hyimio. KoHewHO, pac-
CYyX/laTh MOXKHO OBUIO MHauye. A MMEHHO, CIIpaBe/JIUBbl HEpaBeHCTBa
0<p,< (Z)npo. [Tockonbky g <1, momy4yaem, 4TO (g)n — 0, a 3HauWT,
up,—0.

[MocmeAHNM TyHKT 3TOW 3a/a4M ABIAETCA IepPexooM K CleZlylolleMy pasze-
JIy KHUTH, TIOCKOJIBKY TO, YTO TpebyeTcs JoKa3aTh, — JTO, IO CYIIECTBY, CYTh

CBOHCTBA PyHKUUU Y = i

r) JlokaxkeMm, 4To ecau b > a, To u3 Toro, 4yro 0 < x <b — a, cie-

bx
ZIyeT, 4To X < P <b —a, a u3 Toro, uro x > b — a, cieayer, 4TO
b—a< bx < x. JleCTBUTENTBHO
a—+x : ’
bx = bx—ax—x> x(b—a—x)
a+x - a+x - at+x

MMO3TOMY, TaK KakK X > 0, 3Ta pasHOCTh IOJOXKUTENbHA, eclu X < b — a,
U OTpUIaTeIbHA, eCIU X > b — a. [Jlasee,

g bx _ab—d*—ax _alb—a—x)
a+x a+x - at+x ’

IIO3TOMY 3Ta PAa3HOCTD ITOJIOXKUTEIbHA, €CIIH X < b— a, U OTpuLaTejabHa,

Dn

———, TI0JIy4aeM, 4To
a + pn 2 YLI 2

ecnu x > b — a. [TOCKONbKY P, 1 =
Pn <Ppy1 <b—a, ecmO<p,<b—a, wu
Pn > Ppy1 >b—a, ecmp,>b—a.

Paccy:xzas mo MHAYKIMH, NIOJIydaeM, YTO eclu p, < b —a, To mocie-
ZIOBaTeNbHOCTh p, fABJAETCA Bo3pacTarollel, mpuueM p, <b — a mpu
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Bcex n €N. Ecim e py > b — a, To, Ha060pOT, 3Ta IOCIe0BATETbHOCTD
yOBIBaroIast, IpudeM p, > b — a npu Bcex n € N. B 060ux ciydasnx cyle-
CTBYET IIpeZieJl 3TOU IIOC/IeZ0BaTeIbHOCTH, KOTOPOU MOXKeT OBITb paBeH
TOJIBKO YMCIy b —a.

3ajaiiTe CTyZ€HTaM BOIIPOC: «A 4TO, COOCTBEHHO, MBI JOKA3aJIU C TOYKU 3pe-
HUA IPWIOKEHUA PAaCCMOTPEHHOM MaTeMaTH4eCKoH MOAeIun?»

3.9. a) Tak kak 3<x, <3V2, a V2 — 1, nomysaem, uro x, — 3
B CIJTy «IIPMHIUIA JByX MIJIMIMOHEPOB».
6) Bocmonb3yeMca TeM, 4TO, KaK OBUIO OKA3aHO paHee, IMOCIe0-

BaTebHOCTh Z—Tf., SIBJISIETCST YOBIBAOIIEH, 3HAUNT, % < % < 1, moatomy
n < 2" nmpu Bcex HaTypaJbHBIX N. JlaybHeHIIIee paccy’kKeHre aHaJIOr -
HO TOJIBKO YTO IIPOBELEHHOMY.

B) O6061eHrEe BBHIVIAAUT CIeAYIONMM obpasom: eciu 0 <a <b, To
Va" +b" — b, a a4 ero foKasaTeabCTBA HAZI0 HOBTOPUTD PACCyXKAeHNUe,
MIpOBeZIEHHOE TIPU pelleHN! 3ajaHus 11. a).

3.10. IIpu ompezieNieHUN Hucad e 6bUTO JOKa3aHo, YTO

1\ 1 n+1
(1+H) <e<(1+H) .

[TponorapudMupoOBaB 3T HEPABEHCTBA, IOMYINM, YTO

ntl <1l< (n+1)1nn+1

nln s
n n

OTKy/ia U CJIEAYIOT TpebyeMble HepaBEHCTBA.
3.11. Ecm x,, — 1, To Ipo MoBeJieHKe IOCIeA0BAaTENbHOCTH Y, = X,

a
«HAYEro CKasaThb Helb3dg». Hampumep, e x, = 1 + =5 TO Yy = ef.
3HAYUT, IIpesiesl NOCIe0BATEIBHOCTH Y, MOXXET OBbITH JTIOOBIM IIOJIOXKH-

1 1
TeJbHBIM 4uciIoM. Ecmm x, =1 + 23> T0 Yo = 0,aecm y, =1+ W
=Dt
TO Y, — %. HakoHe1, eciu x, =1+ ————, TO IIOCIe/0BaTeILHOCTD ¥,

OrpaHUY€Ha, HO HE ABJIAECTCA cxozmmeﬁca.

Bormpoc cTyzeHTaM: a Bce JIM TUIIB IOBe/IeHHA MOCTIeA0BaTeIbHOCTH Y, ObUIN
yKe paccMoTpeHBI? [Toka 3a6BIT BapraHT HEOTPAaHUYEHHOH I10CIIeZIoBATENb-
HOCTH, He ABJIAONelicaA 6eCKOHeYHO 6oiblIoi. KoHedHo, mpuMep mocieso-
BaTEJIbHOCTU X,,, /UI1 KOTODOH Y, MMeeT MozA0OHOe IIOBeZieHHe, IIOCTPOUTh
HEeCJIOKHO. BaXHO, 4TOOB! CTYZEHTHI IIOHSIM, YTO He BCe BapHUAHTHI ObLIM
PacCMOTPEHBL.
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§4. O6uue cBoiicTBa PyHKIMH

4.1. a) Koneuno, ¢yHkiusa f(x) sABIAETCA CTPOTO BO3pacTarolei
KaK CyMMa JIByX CTPOT'O BO3pacTarIUX GpYyHKIUN U KOHCTAHTHI.
VHTEpeCHO, MHOTHE JIU CTYAEHTHl CMOTYT OOBSICHUTD (ZI0Ka3aTh), YTO QYHK-
1us y =x° apyiAeTca Bo3pacTaomeii?
6) Ilyctb x <y. Torga
22—-1 2°-1 27 —2%
=8 =~ T T r D@D
3HauuT, g(Xx) — Bo3pacraromas GyHKIHS.
B) O6mactbio onpezenenus GyHkiuu h(x) spasgetcs ayd (0: +).
Tak xak

0.

h(x) = log,(x+1) —log, x = logz(l + %)’

To ¢yHKIMA h(x) cTporo ybmiBatoias KaK KOMIIO3UITUSA yObIBatolen
byukiuu y =1+ % U Bo3pacTatolei ¢pyHKIMN y =log, X.

Meroanyeckye 3aMeyaHus. [10JI€3HO IIONPOCUTD CTYZIEHTOB /JaTh OTBET HA BO-
IIPOCHI 3TOM 33/Ia4H «I10 UHTYUIUM», T. €. 0€3 Ipe/IBapUTEIbHEIX BEIYUCIEHUN.
Jlasee, 1MoONE3HO OTMETHUTh, YTO (PYHKIMA U3 II. 6) — OTHOILIEHUE /IBYX BO3-
pacraromyx GpyHKIUH — OKa3bIBaeTCsA BO3pacTarouiei, a GyHKIMA U3 II. B) —
PasHOCTb /IBYX BO3pacTarolux GpyHKINI — ecTb yobiBatomias yHKiwsa. Hako-
Hell, IOJIe3HO TaK)XKe IPEeACTaBUTh GYHKIMIO g(X) B BUJE KOMIIO3UIUH JBYX
CTaHZAPTHBIX QYHKIUN.

x—1
x+1°
¢byHKIMA 1 (X) Bo3pacTaeT Ha MHOXKECTBe 3HAUeHUH QyHKIMH y = 2% —
sayde (0; 4+), — IpaKTUYeCKU OYeBUAHO. Besb ee rpaduk ecThb rumep-
60s1a C TOPU3OHTAIBHON aCUMIITOTOM y = 1, a 3HaueHUe B HyJie PaBHO
—1. Kak uHave oHa MOXKET cebs1 BECTH, eCIM He BO3pacTaTh Ha 3TOM
nyye?!

4.2. ITpuymHa npocta. ITockonbKy GyHKIUA y = 2* ABIIETCSI CTPOTO
Bo3pacraromieil Ha R, 13 Toro, 4yTo oHa paBHa 1 mpu x =0, U ciezyerT,
YTO pellleHreM HepaBeHCTBa 2* > 1 aBmsetcsa ay4 [0; +o). CuHyc He
ABJIAETCSA BoO3pacTarolell GyHKIMH (X0Ts OB TIOTOMY, YTO OH €CTh Iie-
puoamdeckas QyHKINA), TIO3TOMY U3 TOTO, YTO X > 0, HUKOUM 06pa3oM
He cJefiyeT, uTo sinx > 0.

4.3. a) YTBepxkaeHue BepHO. [Ipy 5TOM KOMIO3UIMs OyZeT Bo3pac-
Tarel QyHKIIUeH, ecn Kaxkgas u3 GyHKuui f (x) u g(x) ABiAeTCs JIu-
60 Bo3pacTaroleii, 1160 yobiBatoliei. Eciu ske 3T GyHKITUU SBIIAIOTCS

WTtak, momoxuB u(x) = monyvaeM, uto g(x) =u(2). To, uTo
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«Pa3HOMOHOTOHHBIMU», TO UX KOMITO3UITUSA OyZieT yObIBaroIel GyHKIIH-
efi. Jloka3aTeabCTBa 3TUX YTBEPXKJAEHUN OYeHb MPOCTHI — AOKAKEM Of-
HO U3 HUX. [IpeAmonoXum, 9To 06e GYHKIIUU SBITIOTCS YOBIBAIOIIUMHU.
[Tycts x < y. Tak kak g(x) — yoniBatomias Gyuxuus, a = g(x) = g(y) =b.
IMockonbky U GyHkuA f(x) sBasetcsa yowBatouei, f(a) < f(b), T.e.
f(g(x) < f(g(y)), yro u o3HaUaeT, 4YTO KOoMIo3unus f (g(x)) sABnsgerca
BO3pacTaroIei pyHKIIUEH.

6) KoneuHo, yrBepxieHue HeBepHO. CyMMa yObIBatolel QyHKITUN
f(x) u Bo3pacratomeit pyHkImu g(x) coBceM He 06s3aHa OBITH MOHO-
TOHHOM QYHKIIMEH.

CMOryT JiM BallM CTYAEHTHI CAMOCTOATEIBHO IIOCTPOUTH TaKWe HPUMEPHI?
A eci CMOTYT, TO HACKOJIBKO Pa3HOOOPAa3HBIMU OHU OyAyT?

BuaumMo, caMblii TpocTol puMep — 3T0 cyMMa GyHKIUHA f (x) =x3
u g(x) = —x. To, uTo PyHKIUA y = x> — X He ABIAETCA MOHOTOHHOIA,
cpasy cJieZiyeT U3 TOTO, YTO OHA UMEET TPU KOPHS.

B) To, 4TO Mpou3BeZieHNe MOHOTOHHBIX QYHKIIUH He ABJISAETCA MOHO-
TOHHOU (YHKITHEN, COBCEM OUYEBHUIHO. J[eiCTBUTENBHO, KBaApaT GpyHK-
uud f(x) =X He ABIAETCI MOHOTOHHOU QyHKIHEH.

fcHO, YTO cymMMa JBYX Bo3pacTaromux (yObBaronmux) QyHKIUAN
ABJIAETCA BO3pacTamouieil (COOTBETCTBEHHO YObIBarollei) (yHKIUEeH.
Kak 6bUTO BUZHO M3 TIPUBEZIEHHOTO BHINE TIPUMEpPA, COOTBETCTBYIOIIEE
yTBepKAeHUe i Tpou3BeieHns GyHKINI HeBepHO. OZiHAaKO OHO OyzeT
BEPHO, €CJIH ZOMOTHUTETHHO IIPEATIONOKHUTD, YTO 3TU GYHKIIUHU ITOT0XKH-
TETbHHI.

| Kakoii Bompoc B 3TOM MecTe MOXKHO 33/IaTh CTYE€HTaM?

4.4. Pa3o6beM YHCIOBYIO IIPSIMYIO Ha YeThIpe MPOMeXyTKa: (—oo; —1],
[—1;0], [0; 1] u [1; +). Ha mepBBIX ABYX U3 HUX KBaJgpaTUIHaA QYHK-
nua g(x) = x> apnsAeTca yOpIBarolIei, Ha TOCAEIHUX JByX — BO3pacTa-
romeit. Ecmu x € (—oo; —1] U [1; +), To x? € [1; +). [ToaToMy eciu
x<y<-1,710 x>>y?>1, 3Haunr, f(x?) < f(y?), HOCKONIbKY GYHKIMA
f(x) yoriBaet Ha mpomexyTke [1; +). CrefoBaTenbHO, GyHKIHA g(x)
Ha IpoMesxyTKe (—oo; —1] ABiAeTca Bo3pacTrarolleil. bonee kpaTko: pu
x € (—o0; —1] dyukumsa g(x) sABasgeTcsa Bo3pacTaonel KaKk KOMITO3UITUS
AByX y6bIBaromux ¢yHkuumit. Ecmu x € [—1; 0], To x2 € [0; 1], mosTomy
g(x) —ybniBaromas GyHKIUS KaK KOMIIO3UIHs YOBIBAIOIIEeH GYHKIIMU
u Bo3pacrawleit ¢yuknuu. Janee, Ha [0; 1] dynkums g(x) Bo3pacraro-
mas, a Ha [1; + ) — yObIiBaromias.
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B03MOXHO, 4TO CcTyAeHTaM OyzeT Ipolle PeIllnuTh 3Ty 3a/ady, ecId BHadale
IIPE/UIOKUTh UM HaWTH IIPOMEXYTKU MOHOTOHHOCTH $yHKIMU h(x) = f(|x|),
IIOCKOJIBKY €€ Ipaduk IoaydaeTcd U3 rpaduka y = f(X) IpH HOMOIIYM CTaH-
JlapTHOTO TIpeobpasoBaHuA.

4.5. a) ®ynkuus onpezeneHa npu 0 < x < 2, nostomy 0 < 2x — x?<1,
3HaunT, 0 < f(x) < 1.
6) ITokaxxuTe, uTo —1 < g(x) < 1.

B) Tak kax h(x) = 10g2(1 + %), IIPY MaJIbIX 3HAUYEHHUAX apryMeH-

Ta X BhIpakeHue 1+ % MOJKET OBITH CKOJIb YTOAHO OOJBIINM, TO3TOMY
U ero jorapudM MOXXeT ObITh CKOJIb YTOAHO OombIuM. TaKuM 06pa3om,
byukiusa h(x) orpaHuYeHHO He sABsgeTcsA. ToMy, KTo He OyAeT yaoBIe-
TBOPEH TPOBEZIEHHBIM PACCYXKAEHUEM, [IPeJIaraeTcsi HalTH 3HaYeHue

h (2,1—1_1) , TZle 1 — IPOM3BOJIbHOE HAaTYPaJbHOE YUCIIO.

4.6. KoHeuyHo, 06a yTBEp:K/EHHUS HEBEPHBI XOTA OBl IIOTOMY, YTO
T0C/IeI0BaTENBHOCT X, =n® - 27" aBseTca 6eckoHeuHo Maoi. K aToit
3a7jaye MOXKHO OyZieT BEPHYTBCH, U TOTO YTOOBI UCCIeA0BATh IIOBEE-

HUe ZaHHOU GYHKIIUY IPU TOMOIIH AN depeHITNaTbHOTO UCIUCIEHNS.

HOHHTHO, YTO IIOCTaBJIEHHAA 3aJa4a CBA3aHa C l'IpOG]IeMaMI/I HCIIOJIb30BAaHUA
KOMITIbIOTEPHBIX TEXHOHOFHﬁ, B 4aCTHOCTHU IIaKETOB KOMle}OmeHOlj (Ul266pbl,
IIpY pelI€eHUN MaTeMaTUYeCKUX 3aJa4.

4.7. a) dyHknua f (x) IpUHUMaeT CBOe HauMeHblllee 3HaueHue IIpu

1
x=3. Ee HaubonbIuM 3HaYeHWEM Ha oTpeske [—1; 3] sBiserca Hau-

Gosiblllee M3 ee 3HAUEHU HA KOHIIAX 3TOTO OTpe3ka. [103ToOMy MHOXKe-
o 1
CTBO ee 3HaueHU! Ha [—1; 3] ecTh OTpe30k vt 6.

6) ®ynxmus g(x) Bo3pacraer Ha (—; 0] 1 y6biBaet Ha [0; +). Ee
1
E’
ee HAMMEHBIIMM 3HAYCHHEM ABIACTCA 5- TakuMm 06pa3oM, MHOXKe-
CTBOM 3HayeHUN GyHKIMM g(X) Ha AJaHHOM OTpPE3Ke SIBJIAETCS OTPE30K

[L. 1] .
10°
B) KoHeuHO, MHOXXeCTBO 3HaueHUHN QyHKIIUU h(Xx) COBIAZaeT C OT-
pe3koM [—1; 1] —MHOXXeCcTBOM 3HAaUeHUI CHHYCa, IIOCKOJIBKY 71X MEeHs-
ercs or —7t fo 37 npu x € [—1; 3].
r) Tak kak x€[—1;3] <& 2x+1€[—1; 7], MHOXXeCTBOM 3HAaYEeHUU
byukumm u(x) apagercs oTpesok [0; 49].

Haubosblee sHaueHue ecth f(0) =1, a Tak Kak f(—1) = % >f(3)=
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[To MmHeHUIO aBTOpa, 00s13aTEIBHO CcIenyeT CIIpoCUTh CTyZAE€HTOB, YAOBJIETBO-
PEHBI JI1 OHU IPOBEAECHHBIMU PACCYKAECHUAMMU.

B mpuBeseHHOM pelIeHUU aBTOP CO3HATEJNbHO JOIYCTWI JIOrude-
CKUY «IAIl». JIeiCTBUTEIBHO, OTKYyZa CIeflyeT, 4YTO eCIU, K IpUMepy, YHC-
J0 1 ABNAETCS HAMMEHBIIUM 3HAYeHUEM JaHHOHM QYHKIIUU, a YUCI0 3 —
ee HaubONBUINM 3HAUYEHWEM Ha JAaHHOM MHOXKECTBE, TO MHOXXECTBOM
BCEX ee 3HaYEHUM Ha HeM OyZieT oTpe3ok [1; 3]? Boobire-To roBops, 3T0
mpocto HeBepHo! ITogpo6Hee 06 3TOM OyZieT TOBOPUTCA B CIIEAYIOIIEM
nmaparpade, a MoKa MOXXHO OTPAHUYIUTHCA CIeAYIOMNM COOOpakeHeM.
Ecu MBI paccMaTpuBaeM k8adpamuuHyto @yHKYUI0, 3a0aHHYH0 HA HeKO-
mopom ompeske, To, 6€3yCJIOBHO, OHA OyZeT MPUHUMATh BCe 3HAYEHUS
B MIPOMEXXYTKE MEX/Y €€ HAUMEHBIIINM 1 HauOOJIbIIUM 3HAYEHUAMU.

4.8. a) TlozcTaBuB x =2 B paBeHCTBO f(2x + 1) = x?2, moayuum, 4To
f(5)=4.

6) Eom f(2t+1) =t u x=2t+1, To t = >, mostomy

1
2
feo = &

4.9. ImeeMm

a) f(fO))=0*-1*—1=x*—2x%

6) g(f(X))=2(x*-1) +1=2x*—1;

B) f(g(x))=(2x+1)? —1=4x?+4x;

r) g(g(x))=22x+1)+1=4x+3.

4.10. IIpexmonoxum, uro g(a) = g(b) mpu HEKOTOPBIX 3HAYEHUAX
a#b. Toraa taxke u h(a) = f(g(a)) = f(g(b)) =h(b), YTO HEBO3MOKHO,
TaK KakK 1Mo ycaoBuio GyHKIUA h(x) ABageTcs obpaTumMoit. TakuM o6pa-
3oM, byHKIMA g(x) obs3aHa 6BITH 06paTuMoit. OfHAKO PO GYHKIUIO
f(x) aTOTO YTBEPXKIAATh HENB3A. Ve MOCTPOEHUS COOTBETCTBYIOIIETO
mpuMepa MpocTa, APyroe Zejo, YTO He TaK-TO IPOCTO MMOCTPOUTDH ecTe-
CTBEHHBIN MMPUMeDP MOJ0OHBIX QYHKITUH.

B03MO)XHO, YTO €ro MOCTPOEeHNE HAXOAUTCS 32 TPaHbIO IPEIbABIAEMBIX K CTY-
JileHTaM TpeboBaHUM.

[Momoxxkum g(x) = Kak 6bUTO TTOKA3aHO MPU PelIeHNH 3a/ja4u

2°—-1

241 1
4.1, aTa QpyHKIUA SBJISETCA CTPOTO Bo3pacTaroleii. Kak 6bU1o MokasaHo
TIpU pellleHuU 337auu 4.4, MHOXXeCTBO ee 3HAaYeHUH JIeXKUT B OTPe3Ke
[—1; 1]. TTonmoxum f(x)=xmpuxec[—1;1] u f(x) =0mpu x¢[—1;1].
Koneuno, ¢ynxmus f(x) obpaTuMoii He ABISETCS, OAHAKO KOMITO3UIIHs

f(g(x)) =g(x) — obpaTuMas GyHKIHUA.
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4.11. Kone4Ho, Takux QpyHKIHI 6€CKOHEYHO MHOTO, XOTSI MOXXET II0-

Ka3aTbCs, YTO KpoMe QYHKIUH Yy =X, y = % U y = —X APYT'UX U HET.
OfHaKo ecyi HEMHOTO TIOZIyMaTh, TO SICHO, YTO TAKOBBIMU SIBJISIIOTCS BCE
bYHKIMY BUIA Y = a — X TIPU JIFOOBIX a € R. A CMOKeTe Jii Bbl HANTH elile
byHKIMYM ¢ TpebyeMbIM CBOHCTBOM?
YerpoiiTe «KOHKYpC» IO TIOUCKY OOJIbIIero Yucia Takux GyHKIui. [ToHATHO,
YTO 3aKOHYMTHCA OH HE€ MOXET, TaK KaK JaXXe «THUIIOB» 3THUX (byHKI_H/Iﬁ 6y[[eT
68CKOH€‘IHO MHOTIO...

4.12. a) Tak Kak IO yCJIOBHIO 3HaueHUe f(Xx) MOXKeT ObITh JIOOBIM
YUCJIOM U3 TPOMeEXKYTKa [—1; 4], ero KBaZpaT ABJIAETCS JIIOOBIM YHUCIOM
u3 mpoMeskyTKa [0; 16], KOTOpbIi U OyzeT MHOXKECTBOM 3HaUeHUH QyHK-
mn y = (f ()2

6) JlaHHBIX HEZOCTAaTOYHO, YTOOBI MOXKHO OBLIO CZEIaTh KAaKON-TO
BBIBOZ O MHO)XECTBE 3HAUYeHHWH JaHHOW (PYHKIWHU, TaK KaK HaM Heu3-
BECTHO, KaKue 3HayeHUsA NpUHUMaeT GyHKUMA f(x) Ha MPOMEXYTKe
[0; +°).

B) ITocKOMbKY MHOXKECTBOM 3HayeHUN GyHKUMHM y = 2x + 1 sABiA-
€TCS BCS YMCIOBas MpsMasi, MHOXKECTBO 3HaYeHUuN ¢yHkumu f(2x + 1)
COBIIaZIaeT ¢ MHOXXECTBOM 3HaueHWH ¢QyHKUMHM f(X), T.e. C OTPE3KOM
[—1;4].

r) B mocieaHeM cirydae MCKOMOE MHOXXECTBO COBIIAJaeT C MHOXKe-
CTBOM 3HaueHUH ¢yHKunU y =2x + 1 Ha orpeske [—1; 4], T.e. c oTpes-
KoM [—1; 9].

4.13. ByzeMm TPOBOAUTH PACCYyKAeHUs AByMs criocobamu. ITepBoiit
U3 HUX COCTOUT B TOM, YTO MBI, YCJIOBHO TOBOPS, HAali/leM HanuMeHbIIee
1 HauboJblilee 3HAUEHUE JAHHOW QYHKIINU.

a) Uz rpaduxa y = 2x — x? BUZHO, YTO MHOXKECTBOM 3HaYeHUI 3TOM
¢dyukumm npu x € [0; 2] aBnseTcs orpe3ok [0; 1]. [ToaToMy MHOXeCTBOM
3HaueHUH QYHKIUU f (X) TaKKe SIBJSETCS 3TOT OTPE3OK.

6) I'padurom dyHKIMU U(X) = % ABJIAETCA TUMepOosia, U3 Yero
CJIeZIyeT, YTO MHOXKECTBOM 3HAYEHUM 3TOH GYHKIMM Ha TPOMEKYTKE
(0; 40) sBasieTcs mpomexxyTok (—1; 1). ITockombky g(x) = u(2*) u MHO-
’)KeCTBOM 3HAaYeHWH IIOKa3aTeJbHOW (QYHKIIUM SBJIAETCA ITPOMEXYTOK
(0; +), MHOXECTBOM 3HaUYeHUH JaHHOU QYHKIIUM U SBJSETCA IpOMe-
)KyTok (—1; 1).

B) Tak kax h(x) =log, (1 + %) , @ MHOXXECTBOM 3Ha4YeHUH QYHKINHI

y=1+ 1 npu x > 0 apigeTrca ay4d (1; +), MHOXKECTBOM 3HadeHUM
¢byukumu h(x) sBiasgerca mpoMexxyTok (0; 4+).
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OG61ast uziest COCTOUT B ciefiytoineM. [1oKa y Hac HeT OIpe/ie/ieHUs HETIPEPhIB-
HOCTH U TEOPEMBI O IIPOMEXXYTOYHOM 3HaYeHUU, MOXKeM JIU MBI II07Ib30BaThCs
€10, TaK CKa3aThb, HEABHO? ABTOP CUUTAET, YTO CJIeAyeT PEIIUTh 33/Ja9u IByMs
criocobamu. Bezp, HampuMmep, TOT $akT, 4TO 06JACThIO OIpeAeNTeHuUs JoTa-
pudma (Wiu faxke KBaJpaTHOTO KODHs!) SBISETCS Jiyd, HEJMb3sl YCTAHOBUTh
6e3 aTol TeopeMbl. OHAKO C TOYKU 3PEHUS 3[]PaBOrO CMBIC/IA «KAK MOXKET
OBbITh MHaYe». ABTOD TIPUAEPKUBAETCS TON TOYKHU 3PEHUS, YTO CIUIIKOM bop-
MaJIbHOE CJIe/JOBAHMEe TPUHIUITY «IIOJTHBIX J0KAa3aTeNIbCTB» MOXKET JOBECTHU
CTYZIEHTOB /IO TIOJIHOT'O HelIOHMMaHUA. Bep Kak MOXXHO /I0Ka3bIBaTh TO, YTO
O4YeBUIHO!

BTopotii crmocob 0CHOBaH Ha IBHOM PeIlleHUH YpaBHEHUN Y = a U Ha-
XOXK/IEHUH YCIOBUH Ha 3HaYeHHe TTapaMeTpa d, IIpU KOTOPOM OHO MMeeT
pelleHue.

a) Imeem

\/ﬁ X2—2x+a2:0,
X—Xx“=a &

az=0.

Tak kak MOMydYeHHOe KBAZIpATHOE ypaBHEHHE WMEET peIllleHUe TOoTZAa
U TOJNBKO TOrza, Korza 4 — 4a® > 0, wiu |a| < 1, aTa cucrtemMa uMmeer
peleHre ToabKo mpu a € [0; 1]. Takum obpasom, oTpesok [0; 1] u sB-
JITETCS MHOXKECTBOM 3HAUYE€HUH JaHHOU QYHKIIUHU.

6) YpaBHeHUe g(x) =a paBHOCWIBHO YpaBHEHHUIO

ox — 1+a
1-a’
1+a
KOTOpO€ UMEET pellleHre TOrZa U TOJbKO TOIZa, Korjga 1—a >0, T e.

npuac€ (—1; 1).
B) Paccykzas aHaJOTHYHBIM 00pa3oM, MPUXOAUM K YpPaBHEHHUIO

1 o
X=5_7- O6sacTbio onpesieieHus JaHHOH QYyHKINUU ABJSAETCA IPOMe-

2(1
XKyTok (0; +), moatomy x > 0, 3HayuT, 2 — 1> 0, YTO PaBHOCHUIHHO
TOMY, 4TO a > 0.

4.14. a) KoHeuHo, yTBepxXJeHue HeBepHO. /Il 3TOro J0CTaTOYHO
MOAUPUITUPOBATh MPUMED, TIOCTPOEHHBIM TIPU pelleHuu 3aga4u 4.10.
[Tycte

X
glx) = %
MHOXeCTBOM 3HAYeHUN 3TOH QYHKIMU ABJIAETCI TPOMeXyToK (—1; 1).
[Nonoxxum

f(x) zlogzg mpux € (-1; D u f(x) =0



§4. O6mue cBoricTBa GpyHKIUH 47

Ha BCel OCTaBIIEeNCs YaCTH YMCIOBOU Ocu. [IpoBepbhTe (II0TIe3HBIM) TIPS-
MBIM BBIYHCJIEHHEM, YTO JeHcTBUTENbHO f(g(x)) = x mpu Bcex x €R.

6) Vmes MOCTpPOeHMs TPEbIAYINEro MprMepa ObLia OCHOBaHa Ha
TOM, YTO MHOXECTBOM 3HayeHUN QyHKIMU g(x) He ABIAETCA BCA YUC-
JioBas mpsiMasi. Eciv »ke MHOXKEeCTBO 3HaUeHUH GyHKIMU g(X) coBMazaeT
¢ R, To ¢yuxmuu f(x) u g(x) 6yayT B3BauMHO 06paTHBIMHU.

I 3TO YTBEPXKAEHNE YK TOYHO CTPOr'o ZIOKa3bIBaTh HE CTOUT...

4.15. a) Tak kak yHKIMA y = 2x — x> BospacTaeT Ha (—; 1] 1 yObI-
BaeT Ha [1; +), a ¢pyHkua y = 2* Bo3pacraeT Ha R, yuxumsa f(x)
TaKKe Bo3pacTaeT Ha (—; 1] u yopiBaeT Ha [1; ). [l mocTpoeHust
ee TpaduKa OCTaJIOCh IIOHATH, YTO MIPU OOIBITUX IO MOAYJITIO 3HAYEHHUIX
aprymenra 3HaueHus ¢yHKiuu f(x) O6yAyT CKOMb YTOAHO MaibiMu. Ee
rpadvk U300paskeH Ha CJIEAYIOIIEM PUCYHKE.

3,

6) dyukiua g(x) Bo3pacraet Ha [0; 1] u yosBaeT Ha [1; 2], a ee
rpa¢uKOM SBJAETCA BEPXHAA IOIYyOKPYKHOCTh pazuyca 1 ¢ LeHTpoM
B TOuKe c koopAuHaramu (1, 0).

COoOoHH
MNrooob

0 05 10 15 20

B) ITockombKy GYHKIUA y = % yObIBaeT Ha KaXK/I0OM U3 TIPOMEKYTKOB
(—o0;0) u (0; +), pynkrusa h(x) 6yzet yosiBaTh Ha (—0;0) u (0; 1]
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u Bo3pacTaTh Ha [1;2) u (2; +«). Ee rpadux uzobpakeH Ha CiezAylo-
IIEM PUCYHKE.

3 [ |

2| 1

1t |
—2 -1 L |
0 1 2 4

1 3

—2 1

-3 |

,_4 |

4.16. IToackaska Ayt yuTaTens: QyHKIUA Y = X + Sin X ABIAeTCA BO3-
pacratonied Ha R. Vzes peleHus MO CYIIECTBY Ta JKe, YTO ObUIa HC-
MOJTb30BaHA MIPU pellleHny 3aa4u 3.8, 0/HAKO BMeCTO anrebpanvecKux
npeobpa3oBaHU ClIeZyeT MMPOBECTU JIOTUIECKUE PACCYKIEHUS.

,Zl]IH GosbIlei UHTPUTY MOXXHO BHavaJi€ IIoKa3aThb CTyA€HTaM pe3y/bTaT «KOM-
IIBIOTEPHOI'O SKCIIEPUMEHTA».

Ha crnenyromeM pucyHKe MpeAcTaBieH TpadrK 3aBUCHMOCTHU JeCs-
TOT'O WIeHa I0C/IeZ0BATeIbHOCTH X, OT 3HAUEHUA ee HAYaJIbHOTO wWie-
Ha. OIHIIEM 3Ty 3aBUCUMOCTH 6osee oApoOHO. I 3TOTO ONpeAeTnM

20} |’
15}

10}
5¢
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oyukmmio f(x) creayromuM 06pa3oM: A KayKOro 4KUciIa d PacCMOT-
PHM IIOC/IEZIOBATENBHOCTD X,,, Y KOTOPOU X =d, U MOMOXKUM f (a) = Xq;.

Ha sToii KapTuHKe n300pakeH rpaduk GYHKIIUU, OUYEHDb ITOXOXKEN
Ha KYCOYHO IIOCTOSIHHYIO. JIpyroe /1eio, YTo MOKa HEMOHATHO, B KAKUX
TOYKaX MPOUCXOAUT «IIEPECKOK» C OHOTO e€ 3HaYeHUs Ha Apyroe. B zeit-
CTBUTEIBHOCTH IO 3TOT'0 HECJIOXKHO JOTaZlaThCs, eCJIU BCIIOMHUTD, YTO
B OIlpe/iesIeHUH HallUX M10C/IeZloBaTeIbHOCTEN yJyacTBYIOT TPUTOHOMET-
pudeckue GyHKIMM. A Temepb IIOCMOTPUTE HA TOT Ke I'padUK B OCAX
KOODP/ZIMHAT, Ha KOTOPHIX PAcCTaB/eHbl 3HAYEHUA 7T, 27, ...

7Tt
6m
57t
4t
3yt

27 |
T

n 2m 3m 4m 5n 6rn
| Xopouraa 3aza4a /yig XOPOLINUX CTYZAEHTOB...

g momHOTH TpuBefeM ee perieHue. [Tonoxum f(x) = x + sinx,
Torga X, = f (x,). AcHo, uto f(x) >x npu x € (2nk; 1(2k+1)), k€ Z,
u f(x) <x npu x € (n(2k — 1); 27k), n € Z. Ilpu atom f(x) = x 1pu
x =1k, k € Z. TloatroMy 1ipu X, = mk MBI OyZeM HOIy4aTh IIOCTOSH-
HbIE TTOC/IEZI0BATENbHOCTH. PaccMOTpUM Temeph Caydaii, Koraa X, 7 nk,
kez.

[lycte X € (21tk; w(2k + 1)), k € Z. dynkuma f(x) Bo3pacTaro-
mas, moatomy 27k < f(xy) = x; < m(2k + 1). Paccykmas manee Tak
XKe, ToIydaeM, 4To X, € (2mk; w(2k + 1)) mpu Bcex n € N. Otcroza
cleAyeT, u4To X, = f(x,) > Xx,,. 3HAUUT, IIOC/IeA0BaTEIbHOCTD X,, BO3-
pacTaronjas ¥ orpaHudeHa cepxy uuciom 7t(2k + 1). CrezoBaTenbHO,
X, — a. [lepelizia k npefeny B paBeHCTBE X, = X, + sinx,, IOIyIuM
PaBEHCTBO a = a + sina, a 3HA4YUT, a = TN, n € Z. B Haiem ciydae
a€ (2nk; m(2k +1)], otkyza crneayer, uro a =1 (2k + 1).

Ecnu xy € (m(2k — 1); 2k), To paccyxZieHre aHaJIOTUIHO. Best pas-
HUILIA B TOM, YTO B 3TOM CJIy4ae IOCJIeI0BATENbHOCTD X, ABIAETCA YOBI-
Balollell U ee TpeenoM 6yzeT yucio 7(2k —1).

Xopomuil BOIPOC: KaK MOXKHO W3MEHWThb OIpe/ie/ieHre MOCIe0BaTeNbHO-
CTH X, ‘ITO6bI BO3MOXHBIMHU IIpe€Zi€/IaMU HEIIOCTOAHHBIX ITOCJIEA0BATEIBHO-
creit 6pUTH uncaa suga 27k, k € 7?
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§5. HenpeprbiBHBIE PYHKITUU

5.1. fIcHo, uTrOo QyHKIUA f(X) HEmpepsiBHA BO BCEX OTIMYHBIX OT
HyJIs TOUKax. Ee HellpephIBHOCTD B HyJIe ABJIAETCA CIe/[CTBUEM HepaBeH-
crBa |f ()| < [x|.

5.2. KoneuHo, yTBep:KJeH1e BepHO, OHO cjeZlyeT U3 HellpephIBHOCTU

o tgx
dymam () =5

B HyJI€.

ABTOp HEOZHOKPATHO OTMeYaJsl, YTO M0A00Has 3a/a4ya MMOBEPraeT CTYAEHTOB
B IIIOKOBOE COCTOAHHE.
5.3. K nmpumepy, MoxxkHO B3ATh & = 0,002. JlelicTBUTENbHO, OyaeM
c4nTaTh, uTo X € (1; 3). Torza |x? — 4| =[x + 2| - |[x — 2| < 5|x — 2|. ITo-
aToMy ecsd |x — 2| < 0,002, To |x? — 4| < 5|x —2| <0,01.

1
W = 9> TIIO3TOMY

fH=f-D= % Eciu x| <1, To x" — 0, 3HaUUT,

5.4. a) IloacraBuB x = %1, MOAYIMUM, UTO

T 1, Tak 4TO

f(x)=1. Eciu e |x| > 1, To x" — o, oTKyza ciexyert, uto f(x) =0.
B pesynbraTe Mmoay4aem, 94To

% mpu x = %1,
fGO=11 mpulx| <1,
0 mpwu|x|>1.

KoneuHo, dyHkus f(x) He ABIAETCS HEIIPEPHIBHOM.

[maBHOe, YTOOBI CTYZEHTHI MMOHSIN, YTO CHaYajaa HA/0 BHIUUCIUTH CAaMU TIpe-
JIeJIBL.

6) AHaJIOrMYHbIe BBIYMCIEHUS 3HaYeHUN GyHKIMU g(X) AArOT ciie-
JYIOITUH pe3ysbTar:

1 npu x =1
glx) =42 ’
0 mpuxe€ (—ow; —=1)U(=1;1)U(1;+x),

a B Touke x = —1 dyHKIMs g(Xx) He ompezesieHa. B pe3yabTaTe MoIyvaeM,
YTO B TOUKE X = 1 3Ta GYHKUUA He ABIAETCI HENPEPHIBHOM.

5.5. a) ®ynknua f(x) = x° + x ABAgeTCA CTPOro BO3paCTAIOIIEH,
03TOMY 60JIee OfHOTO PelleHNs JaHHOe YpaBHEeHHEe UMETh He MOJKET.
OfHO pelieHre 3aBEZOMO €CTh B CHUTy TEOPEMBI O IPOMEKYTOYHOM 3Ha-
yeHuU. JlelicTBUTENBHO, Tak Kak f(0) =0<1<2= f(1), eguHuUIA ABJIA-
eTcs 3Ha4eHWeM JaHHOU GyHKIINH.
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6) MonoxuMm f(x) =x(x—1)(x —2)(x —5). Tak xak f(—1) =36,
f(6) =120, f(%) = % >1, ayucna 0,1,2 u 5 ABAAIOTCA KOPHAMU
aTo¥ GyHKIMH, ypaBHeHUE f(x) =1 uMeeT XOTA ObI IO OZHOMY KOPHIO

B KaXXZIoM U3 NpoMexxyTkoB (—1;0), (1; %), (%;2) u (5;6). Takum
obpa3om, JaHHOE YpaBHEHHUE UMEET 10 MEHbBIIEN Mepe YeThIpe KOPHS.
A 6orbIlle KOpHEl y Hero OBITh He MOXET, Tak Kak f (x) —3TO MHOTO-
YIEH CTeNeH!u 4.

B) /laHHOe ypaBHeHUe UMeeT OAUH KopeHb. To, YTO OH eCTb, CIelyeT
u3 Toro, 3HaveHue PyHkuMM f(x) = 2x — sinx mpu x =2 Gosbiie 3,
a f(0) =0. [lna nokazaTeabCTBa €UHCTBEHHOCTH KOPHS HAZIO TIOKA3aTh,
yto pyHKUMA f (x) BozpacTaromjasn. KoHEYHO, 3TO MOMEHTAIbHO CJIelyeT
U3 HccreZoBaHus GYHKIUK TIPU TOMOIIY TPOU3BOHOM. B JaHHBIN MO-
MEHT MOXXHO BOCIIO/Ib30BaThCsS HEPaBEHCTBOM |sinx —siny| < |x — y|,
U3 KOTOPOTO OYZIET CIeI0BATD, UTO MPU X < Y CIIPABEAJINBO HEPABEHCTBO

fO)—fx)=2(y—x)—(siny —sinx) = 2(y —x) —|siny —sinx| =
Z2(y—x)—ly—-x|=y—-x>0.

5.6. YTBep:keHMEe HeEBEPHO. PaccMOTpUM QYHKIINIO, OIIpeeeHHYIO
PaBEHCTBOM

X npu x € [0; 1],

fo) = x—1 npux € (2;3].

O6paTHOIi K Hell sBisAeTcs GyHKIMA g(x), onpezesieHHas paBeHCTBOM

X mpu x € [0; 1],

g0 = x+1 mpux e (1;2],

KOTOpasi HETIPEPHIBHOU He SIBJISETCS: OTCYTCTBYyeT HEIIPEPHIBHOCTD B TOY-
Ke x =1.

5.7. KoneuHo, 06a yTBepKAeHMs HeBepHbI! a) OyHKITNA sign x He fB-
JIAeTCST HEeTPEePHIBHOW, OHAKO MPUHUMAET KaK CBOe HauMeHbIllee 3Ha-
4yeHue, paBHOe —1, Tak ¥ HaubosbIllee 3HaYeHuE 1.

6) Cunyc Ha poMexkyTke (0; 27T) IpUHUMAaeT KaK CBOe HaWMeHb-
Illee 3HaYeHUe, paBHOE — 1, TaK U Haubosblllee 3HaUeHUe 1.

5.8. a) MHO)XeCcTBOM 3HauYeHUH GYHKIMM f(X) Ha ZaHHOM MHOXe-
CTBe ABJIAETCA MPOMeXXyTOK [0; 1), moaTomy aTa GyHKIMA HE UMeeT Hau-
GOJBIITETO 3HAYEHUS Ha YKa3aHHOM MHOKECTBE.
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6) ®ynxima g(x) ZoCTUTaeT CBOETO HAMOOJBIIEr0 3HAYEHUA HA OT-
peske [1; 2] B cuny TeopeMsl BeiiepiiTpacca.

B) JlanHas QyHKIMA He ABJIAETCA HENPEPhIBHOM, OZHAKO OTCIOZA He
clieflyeT, 4YTO OHA He JIOCTUraeT CBOero Haubosblnero 3Havenus. Obue
coobpakeHUs 37iech He paboTaloT, MMO3TOMY HA/0 MPOCTO YECTHO IIO-
cuuTatb. MHOXXeCTBOM 3HaueHUH QyHKIMH h(X) ABIAETCA IPOMEKYTOK
[—1; 2), B KOTOPOM HeT HaWOOIbIIETO YUCIIA.

5.9. a) K npumepy, ato ¢yHKIMA, 3ajaHHAA [TOCPEJCTBOM PAaBEHCTB

1, ecmux € [0;1],
fG) =12, ecmxe(1;2],
3, ecmx € (2;3].

6) K mpumepy, aTo QyHKIINA, 3aZaHHAs TIOCPECTBOM PAaBEHCTB

x, ecmmx € [0;1]U[2;3],
flx) = {
2, ecmux € (1;2).

B) K npumepy, 310 dyHKIMA, 3a1aHHASA IOCPEACTBOM PaBEHCTB

tg%, eciu x € [O;E)U(%;B],
fl) = 3
0, eCI X = 3.
x24+x—2
5.10. a) Tax xkak —— —7— =x + 2 1pu x#1, dynkima y =x+2

U ABJIAETCSI HenmpephlBHON Ha R dyHKIMeH, coBnagatomeit ¢ f(x) mpu
Bcex x # 1.
6) ®yuxiua f(x) ompezenena mpu Bcex x # 0. PaccMoTpum mo-

CJIeZIOBaTEbHOCTh €e 3HAYEHWM B TOYKaX X, = % — 0, n € N. {cHo,
uyto f(x,) =2" — . Eciu OBl cyliecTBOBaMa HelpepbiBHAs Ha R QyHK-
nus g(x), coBmagatomias ¢ f(x) mpu x # 0, TO MOCIEOBAaTETHHOCTD
f(x,) =g(x,) ctpemunack 651 k g(0), a He K GECKOHEYHOCTH.

B) U B saHHOM ciyvae yHKIUsA f(x) ompeneneHa mpu Bcex X 7 0.

PaCCMOTpI/IM IIocyIea0BaTeJIbHOCTD X = — 0. IlocnemoBaTenb-

n/2+ nn
HocTh f (x,) umeer Buz —1, 1, —1, 1, ... 1 He sABIAeTCA cxogAmerca. Kak
U B MpEABIAYIIEM MYHKTE, eCJIi OBl CyIeCTBOBaa HemMpephiBHAsA Ha R
byukimsa g(x), copnagatoras ¢ f (x) mpu x # 0, TO moce[0BaTENbHOCTD
f(x,) =g(x,) umena 6bI mpezies, Yero He HAOMIOAAETCA.
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5.11. JlokaskeM, uTO 6GOJiee OZHOTO pENIeHUS YypaBHEHUE HE UMEET.
JleiicTBuTenbHO, ecu f(x)=xu f(y) =y, rme x#y, To

Ix =yl =1fG)—=fOI < qlx—yl,

rae 0 < g <1, gero 6vITh He MOXeT. Telephb JZOKaXKEM CYIIeCTBOBAHUE
pemerusa. Ecmm f(0) =0, To x =0 u sABIAeTCA pelleHHeM YpaBHEHUS
f(x) =x. llpeanonoxum ajia onpegeneHHocty, yro f (0) > 0. Paccmor-

f)

PUM YUCJIO ¢ = _q >0 u gokaxxeM, 4uTo f(c) < c. [leHCTBUTENBHO,

f(x) — f(0) <gx mpu x >0, cmezioBaTeNbHO,

qf(0) _ f(0)
fl) < f(0)+qc—f(0)—|- p m =c
Takum o6pasom, pasHOCTh f (X) — X MOJOXKUTENbHA IPU X =0 U ABIAET-
1 HETIOJIOXKUTETBFHOM ITPU X = ¢. 3HAYUT, ypaBHeHUe f (x) = X Ha TpoMe-
xyTke (0; c] UMeeT KopeHb. I'paduueckasn WLIIOCTPaLNs IPUBEAEHHOTO

penieHursd nMpruBeAgeHa Ha CIeAyroleM pUCyHKe.

5.12. YrBepxzAeHue HeBepHO. PyHKIINA, ollpesie/IeHHas paBeHCTBaMU

.1

sin= 1pu x # 0,
foo = X
0 npu x =0,

HelpepbIBHA BCIOZY, KpoMe Hynd. Eciu oTpe3ok [a; b] He coxepxur
Hy/Ib, TO MHOXKECTBO 3HAUeHUU QYHKIMM Ha HEM SBJIAETCS OTPE3KOM.
Ecimm xe O € [a; b], To MHOXXeCTBO 3Ha4eHUH QYHKIMHM HA 3TOM OTPE3Ke
coBmaziaeT ¢ orpeskoMm [—1; 1].
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§ 6. Ilpeaenbl GyHKIUI

6.1. Tak kaK f(x) = 2;__11 mpu x 7# %1, moay4aem, 4To

B npu x — —1,
fOG) = » mpux—1,
2 1mpux — ».

sinx
6.2. a) Kak usBecTHO, —~ 1 mpu x — 0.
sinx
6) Ecm x — 7, TO - = 0 B CWIy CBOMCTB TIpeZieioB QyHKITUN
M TOrO, 4TO sinx — 0 TIpU X — TT.
sin x
B) Eciu x — o, TO - 0, Tak Kak QYHKIIUS SinX OrpaHUYeHa,

a cbyHKuHH 1 ABJIAETCA GECKOHEYHO MAaJIOH IIpU X — o,
6.3. a) I/IMeeM hm f (x) =f(0) =1 B cwIy HeNnpepbIBHOCTU JAAHHOU

byHKIMH.
6) NmeeMm
fx) = Sxtl-2 2 -3 mpux—1
x—1 JIxrit2 4 P '

B) AHAJIOTMYHBIM 06pa3oM,

6.4. a) Bocrmonb3oBasich O4YepeHbIM 3aMedYaTe/JIbHbIM IIPDEAETIOM,

IIojay4aem, 49To

f()_zln(Zx——i—l) 2 mpux — 0.

6) B cuty HempepbiBHOCTH f (x) —In3 mpu x — 1.
B) TlockonbKy, Kak ObUIO OTMedeHO, Jorapubmudeckas GyHKIUSI
pacreT mezeHHee cTreneHHOH, f(x) — 0 mpu x — .
in Tx .
6.5. a) Ilpu x — 1 nmosyyaem, 4yto ——— —sint =0.
6) Tak kak sin a =sin(7 — ), mosy4yaem, 4To

sintx = sin(m — tx) = —sinmw(x—1),
n7mx sint(x—1)
———— —-—nnpux—1.

HOSTOMy 1 = Tre—D)
B) Hpn Xx — 1 mosmy4yaem, 4TO

sin 7tx _\/T sin tx —0-(—m) =0.
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6.6. Bocronb3yeMcs ToxzecTBoM f (x)80) =8I0 B cpry merpe-
peIBHOCTH Jiorapudma In f(x) — InA nmpu x — o, OTKyZAa cieayeT, 4To

g(x)Inf(x) - BInA mpu x — a. B cuIly HEIPEPHIBHOCTH 3KCIIOHEHTHI
f(x)g(X) — eg(x)lnf(x) N eBlnA — AB.

6.7. Tonoxkum g(x) =1Inf(x) = lnTx U HalileM BHauajle Ipefiesibl
oyuknuu g(x). imeem
—o qnpux — 0,
In2
gl — - mpux— 1,
0 IIpA X — +o,

clle[loBaTeIbHO,
0 npu x — 0,

f) =€ - { V2 mpux— 1,
1 mpu x — +®

B CHJIY HETIPEPBIBHOCTHU SKCIIOHEHTHI.
6.8. U3 yTBepkaeHUs 3a4a4u 6.6 cpasy cieayeT pelieHue 1. 6) gaH-
HOMU 3a7a4u.
6) Ecmu x — 1, To (1+ cos2mx)* — 2. Jlng peleHus 3aflaHui 1. a)

U B) IIPOIIle BCEro BHavasIe MpoaorapudMUpoBaTh JaHHblEe GYHKIUH. a)
Inx In(1+41¢)
Tak kak ——= = ——
x—1 t X
x — 1 paBeH 1. [loaTomy xx1 — e mpu x — 1.

B) IIpu x — 1 umeeMm

, Tme t =x — 1 — 0, mpezen AaHHOM Apobu Tpu

In(1+ Yx—1 )
Ny 1,
Vx—1
II03TOMY
In(1+ Yx—=1 )
—_— - +
x—1
6.9. /lmrHa CTOPOHBI BIIMCAaHHOT'O B OKPY>XHOCTD pajiyca r IpaBUIb-
HOTO Nn-yroJIbHUKA paBHa 2r sin %, a ero NepuMeTp paBeH p,, = 2rn sin %
Tak Kak

0,

sinx
— —1 npux—0,
x
TO
. T
SIHE
Dn = 20r—g— — 27tr mpun — .

n
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§ 7. Ilpeaesnbl U IPOU3BOAHbBIE

7.1. Ilo onpesieneHuo

fron s SO=fQ2) .. VAx¥1-3
f@=lin= =M= =

= lim Ax 8 — lim —— =2
=2 (x—2)(WAx+1+3) x—2+/4x+1+3 3’

B oTmume ot mpegpiAyIel 3azauy, epe/ peleHreM CIeyronieil mocrapam-
TeCh BHYIIUTH CTyAE€HTaM, YTO CYUTATh HAZI0 COBCEM MajIo, a Ha/[0 3alKCaTh
pellleHre, 0-BO3MOXKXHOCTH 00006IIUB 3Ty 3aJa4y.

7.2. a) PasymHO 0603HaunTh a(x) = 4/ X2+ 3 arctgx, Tak 4TO
fO) = —Dalx).

Torza
, . fO)=fQ) . T
1) =lim————— =1 =a(l) ==.
f)=lim—"— lima(x) = a(l) = 5
O6paTuTe BHUMaHUE Ha TO, 4TO AuddepeHIHpyeMocTh GyHKINM o (X)
mpu x =1 HaMm He moTpe6oBasach. JloCTaTOUHO OBLIO 3HATH, YTO OHA
HEMpPEephIBHA B 3TOM TOUKE.

6) Tonoxxum g(x) = u(x)v(x), rae v(x) = sin® x. Tak kak v(0) =
=v/(0) = 0, momygaem, uro g’(0) = u’(0)v(0) + u(0)v’(0) = 0. 3zech
OTIATh MOXKHO OBUTO paccyaTh MHave. IMEHHO, BHOBb BOCIIO/Nb3yeMCS
orpefiesieHrEM TPOU3BOAHOM,

g'(0) = lin(l)( 3\/ 2x+1In(1++/x+1)sinx %) =0,

B CIJIY TOI'O YTO % — 1 npu x— 0.

7.3. a) Tak kak oynkuusa f(x) auddepennupyema mpu Bcex x 7 0,
Ha/I0 BBISICHUTD, DU KaKUX p 3Ta QYHKITUSI UMEET IIPOU3BOJHYIO B HYJIE.
Tak kak

, a1 1
0) = limxP™ " sin=
f(0) m P

3TOT TIpe/iel CyIIecTByeT TOT[a M TOMbKO Toraa, koraa xP~! — 0 mpu
x—0, T.e. nmpu p>1.

6) 3aMeTHUM, YTO W3 BBIYHCJIEHUN IPEABIAYINEro IIYHKTA CIEAYET,
YTO eC/IM TIPOU3BOZHAA ZAHHOU (QYHKIWU B HyJe CyLIECTBYeT, TO OHA

1 .1 _ 1
paBHa Hymo. Eciu x #0, To f'(x) = pxP~!sin i xP~2cos > TToaTOMY
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[IPOM3BOZHAsA, OIATh-TaKU, 3aB€Z0MO HellpephIBHA BO BCEX OTIMYHBIX OT
Hyss ToukaxX. @yHKiuaA f(x) Bcrogy auddepeHnmpyema, mosromy p > 1
u, B 9actHOCcTH, f'(0) =0. Meem
lim f'(x) = lim (pxp’1 sin < — x?~2 cos l) = —limx? 2 cos =

x—0 x—0 X X x—0 X
Ocrasnock 3aMeTUTh, YTO IOCIeZHUH IIpeZiesl CyIllecTBYeT TOIZja U TONbKO
TOTZA, KOTZA p > 2, ¥ TIPY BBIIIOJIHEHUH 3TOT'0 YCJIOBUS OH PaBeH HYJIIO.

7.4. a) CripaimmBaeTcs, CyIecTByeT JIM pelleHne ypaBHeHus f’(x) =
=2011. KoHeuHo, CylIeCcTBYeT U ero HeTpyZLHO yKasarb: 2x — 1 =2011,
tak uro x = 1006. [[pyroe fieyio0, 4TO HAPUCOBATh ITY KacaTeIbHYyIO OyZeT
3aTPYAHUTEJIBHO...

6) ITo reoMeTpUIECKOMY CMBICTY TIPOU3BOJHBIX

X

\/1+x2.

II0 MOAYJ/II0 MEHbIIE €AMHUIIBI, 1 O4e-

tga = f'(x) =

X
3HaueHUA GQYHKINU ¥y = ————
V1+x?
BHUJHO, YTO MHOXKECTBOM ee 3HaueHUl OyzeT npoMexyTok (—1; 1). ITo-
3TOMY MHO)XECTBOM 3HAYEHUH YIJIOB HAKJIOHA KaCaTEeNIbHBIX K IpadHUKy

o T T
JaHHOU QYHKUINUU OyZEeT IPOMEXKYTOK (_Z; Z)'
y2
7.5. a) Ionoxum f(y) = 55+ YpaBHeHHe KacaTeJbHOU B TOUYKe

o
(X0, Yo) uMeeT BUA X — xo = f' (Vo) (¥ — Yo), WK X — Xy = %(y - Yp), WK
DX —DPXo=YoY — yg. [TOCKOJIBKY IO YCJIOBHIO yo2 =2pX,, OKOHYATETHbHO
osiyyaeM ypaBHeHUe Y,y = p (x + Xg).

O6s3aTesIbHO [TOKAKUTe CTyZeHTaM 3To pelileHue. Bee-taku auddepenuupo-
BaTh KBaJpaTUUHYIO GYHKIIUIO IPUATHEE, YeM KBAZIPAaTHBI KOPEHb, HE TOBO-
pA yKe 0 TOM, 4TO IIPU YKa3aHHOM II0ZXo/ie He MPUXOAUTCA paccMaTpUBaTh
Tpu ciydas: ¥, >0, y,<0u y, =0.

KcraTH, Bac He yAUBWIO, UTO K «IeXKallel Ha 60Ky» mapabose MOXK-
HO TIPOBECTH KacaTeJIbHYI0 B Hauaje KOOpJAUHAT?

1
6) KacaTenpHas, IpoxozsALias yepe3 TouKy (xg, Yo) = (xo, x_) rpa-
0

1
duka y = > 3a/1aeTcA ypaBHeHHeM

1
y :yO_F(X_XO), WIH XY, + YXo = 2.
0



58 PemreHus, KOMMEHTAPUU, OOCYKACHUSA

2
Touykamu ee TrepecedeHus ¢ OCAMU KOOpAWHAT ABJIAIOTCA TOYKU A ( _)T’ 0)
0

uB (0, Xl) TakuM o6pasoM, MIommaas TpeyronbHrka OAB paBHa % =
0 0J0

=2, T.e. OHa He 3aBUCUT OT BbIOOpa TOYKU Ha rumnepboie.

7.6. KacarenbHasa k rpadpuky dyskunun f (x) = ax?+ bx + ¢ B Touxe
¢ abcuuccoii x = X, 3ajaeTcs ypaBHEHUEM

y = axg +bxg+c+ (2axy+b) (x — xg),
WIn
¥y = (axy+b)x+c— axg.

O6o3HaunM 4epes £ (x) MpaBylo 4acTb MOCJIEIHETO ypaBHEHUA. Tak Kak
npu a > 0 pa3HOCTb

fO)—L(x)= ax2+bx+c—2axox—bx—c+ax§ = a(x—xo)2
ABJIAETCS HEOTPULATENBHOM, OTCIOZA U CIeyeT UCKOMOE YTBEDXKAEHHUE.

Crezyrolee paccyx/ieHre CTOUT IPOBECTHU TOTIZA, KOTZa pedb HoigeT o dpop-
Mmyse Teinopa.
Kaxk Bcerza, MOXXKHO paccyxzath mnpotre. B cury dopmynsr Teitiopa
JUTs. MHOTOWIEHOB /IJIS BCAKOT'O KBaJpaTUYHOr0 MHOToWwIeHa f (Xx) crpa-
BE/JIUBO TOXKAECTBO

) = fOx0) +f (o) (= x0) + 3 £ (xg) = %)

3ametum, uTo y = £ (x) = f (xo) + f'(x) (x — Xy) —3TO B TOYHOCTH ypaB-
HeHMe KacaTeabHOo. [ToaTomy

FG) =000 = 3 (k) (x — x0)* = alx — xp)™.
HakoHell, yTBepXKZeHUe 33a/lauyd MPSMO CJIEAyeT U3 CBOMCTB rpaduxa
BBINYKJION QYHKIWH.
Crezyromyto 3aza4dy IMyCTb CTYZ€HTHl pelllaT cHavyasaa Tak, Kak CyMeloT. A 1o-
TOM JK€JIATE€JIbHO ITIOKa3aTh IIPUBOANMOE HUXKE 6osee IIPpOCTOE pEHICHUE.

7.7. Tlonoxxum x, = 0. Torga y, = g(x,) =0. B cuny dopmyssl gt
MTPOM3BOAHON CIOKHOU PYHKIIMK MCKOMAsi IIPOU3BOJHASA €CTh POU3Be-
nenue f'(0)g’(0)=2-3=6.

7.8. Tak kak f (1) =4, nomy4daem, uro g(4) =1. B cury dopmyisl Ais
TTPOU3BOZIHOM 0OpaTHOM (I)YHK]_II/II/I cnpaBe/:umBo PaBEeHCTBO

1

Tem cambIM, Tak Kak f'(1) =6, momydaem, uto g'(4) = 5
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7.9. ,Z[JIH BbIYMCJIEHNA ABYX IIE€PBBIX ITPEAEJIOB IIPOIIIE BCETO BOCIIOJIb-

30BaThcA npasBusoM Jlonutand. a) Mimeem

\/cosx — i ——Sinx —sinx — lim —sinx _ 1
x—>0 x—010x Vecos?x  x—0 10x 10°
6) NmeeMm
tgx —sinx . sinx(1—cosx)
= =lim———— =
X x—0 X7 CcosXx
— lim sinx l—cosx _ .. 1—cosx — lim sinx _ 1
x—0 X x2 x—0  x2 x—0 2x 2°

B) Ilockonmbky 14+ 2x — 1 u x2 =0 npu x — 0, nmomyyaem, 4TO

2
(14 2x)* — 1. ObpaTuTe BHUMaHUE HA TO, YTO YUCJIO € 3/IeCh HU TIPU
yeM!

7.10. a) ITo npaBuy JlonuTansd Z0CTaTOYHO HAUTU Mpees

— COS X
lim 71
x—0 pXxP

HpI/IMeHI/IB €ro e1ge pas, rnoay4inuM, 9To HaJZ0 HaWTHU npeaen

im sin x
x—0 p (p—DxP~2"

. sinx
Tak kak mpezen 1111(1) 7 KOHEYEH U OTIMYEH OT HyJIST TOJbKO TIpu k =1,
X
1
Iojy4yaeM, 4yTo p =3, a 3HaYyeHUe JaHHOIO Ipesesa paBHO e
6) ITo mpaBwty JlomUuTasIs JOCTATOYHO HAMTH TIpeAe
1 1
i V2x+1  3/(3x+1)2 i YEx+1)2- meq
im = lim

x—0 pxPt x—0 pxpP1

[TpumeHuB npasuo JlonuTtand ele pas, IPUXOJUM K IIpefery

2 1
i V3x+T  \fox+1
1m .
x—0 p(p—1)xP2

[TOCKOBbKY YHUCIUTEND MOTyYeHHOM Apobu cTpeMutcs K 1 mpu x — 0, To
3TOT TIpeZie]l KOHEeYEeH W OTJIMYeH OT HYJIS TOTZa U TOJMBKO TOTZA, KOrJa

D =2, IPU 5TOM paBeH OH YUCITY %
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B) VMeeTcss MHOTO CIIOCOOOB pellleHus 3TOW 3agauu. K mpumepy,

1
yaobHO OyZieT cenaTh 3aMeHy t = <> HOMY4MB B Pe3y/bTaTe mpezies
. Y1+ +e-1
lim———.
t—0 tp+1

[TpuMmeHuB npaBwuio JlonuTasd, MOJIy4YUM IIpeZes

. 2t + 3t2 . 243t
lim 3 = lim . .
203(p+ P/ (1+62+63)2 20 3(p+DtP~ 1/ (1 + 2 +1¢3)2

[TOCKONBKY YHMCIUTEND MOTyYEHHOU IPOOU CTPEMUTCA K 2, STOT IIpeZes
KOHeYeH W OTJIMYEH OT HYyJA TOTZA U TOJMBKO TorAa, Korzga p = 1. Ilpu

1
3TOM TIpeZie]l paBeH 5.

7.11. Ecniu 3Havenue f(x,) ompezgeneHHod Ha R ¢yukuuu f(x)
ABJSIETCA HaMOOMBIIUM W TIPU STOM CYLIECTBYeT TpousBofHas f’(x,)
B 3TOU TOUKe, TO B CHIy TeopeMbl depMa 3Ta IPOU3BOJHAsI paBHA HYJIIO.

. Jis 7t
Haubosblliee 3HaUeHe JaHHON QYHKIIUYU PAaBHO 5 Ecmu f(x) = 5> TO
. T .
sinx =1, Tak 4To X = 5 +2nn, n € Z. OgHako QyHKUMS y = arcsinx
He MMeeT MPOU3BOAHOM Mmpu X = 1. KoHeYHo, OTCIo/la He CIeyeT, 4To,
I .
K IIpUMepy, B TOYKe X = 5 He MMeeT NMPOU3BOAHOU U PyHKIHUA f(x).

2
PaccykzaTh Ha/l0 aKKypaTHO, K IIPUMEDY, cIeAyoumM obpasomM. Eciu

xe [0; %], TO f(x) =X, 1 ecnmu X € [%, n], TO f(X) =7 — X. 3HAYWUT,
B TOYKe X = = OZTHOCTOPOHHME TPOU3BOAHbIE GYHKUMH f(X) paBHBI

2
cootBeTcTBeHHO 1 1 —1. CiieoBaTeNbHO, paccMaTpuBaeMas GyHKITHA

He uMeeT IIPOM3BOJHOM B 3TOH Touke. B pesyibTaTe MBI IOIy4aeM,
YTO JaHHasA QYHKIMSA He MMeeT TPOU3BOAHBIX B TOUKaX ee MaKCHUMyMa,
[I03TOMY OGHAPYKUTh UX IIPU MOMOIIY TeopeMbl Pepma He yaaeTcs.

§ 8. Ipunoxenus AudpdepeHNNaTBHOTO UCIUCTIEHU

8.1. a) Hemocpe/icTBEHHOE BBIYMC/IEHHE MTOKa3biBaeT, uTo f'(x) =0
npu Beex x € (—1; 1) u g’ (x) =0 mpu Beex x #O0.

6) KoHeuyHO, HaZl0 BOCIIONb30BAThCS YCIOBUEM IIOCTOSHCTBA QYHK-
UM B TEPMUHAX ee MPOUW3BOAHON. OZHAKO HAZ0 BEPHO YYECTb BCe
yCJIOBUA COOTBETCTBYIOIIeH TeopeMsl. K mpumepy, mpo ¢yHKImio f(X)
MOXKHO yTBEpXKJaTh, YTO OHA MOCTOSTHHA Ha mpomexyTtke (—1;1). Ho
YTO MOKHO CKa3aThb O ee 3HaueHMAX Ipu x = £1? HanomHUM Takxe,
YTO W3 PaBEHCTBA HY/IIO IIPOM3BOJHON HEKOTOPOU (YHKIIUU CIeAyeT,
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YTO OHA ITOCTOSTHHA Ha KaX/IOM Npomexcymke u3 ee obiIacTu ompeze-
snenus. IloaTomy paccykzgaem gasnbine. OyHkuA f(x) MoCTOAHHA Ha
(=1; 1), moatomy f(x) = f(0) = % npu Bcex x € (—1;1). fcnHo, uTO

f(=1) = —% +n= % u takxke f(1) = % +0= % A Kak MO)XHO OBbLIO
paccy)xzath B ciydae, eci Obl MBI HE MOIVIM TaK MPOCTO MOACYUTATH
3HAYEHUS B OTHUX TOYKaX?

B) Ecim BBI pemiy, uto GyHKIUA g(x) ABIAETCA MOCTOSHHOU, TO
obpaTHUTe BHUMaHUE Ha TO, 4TO g(—1) = —%, ag(l)= % Jlenmo B TOM,
yTO 3Ta QYHKIUA, KOHEYHO, MMOCTOSTHHA Ha KaKJOM U3 TPOMEXXYTKOB
(—o;0) u (0; +). Ee 3Hauenus npu x <0 paBHHI —73» A ee 3HaYeHHA
s
5

8.2. a) IlpousBoaHaa zaHHOIN GyHKIUM paBHa 3ax? + 2x + 1. Ilo-
CKOJIbKY OHa MOJIOKUTeTbHA Tpu X = 0, OHa [o/mKHA OBITh HEOTPHUIla-
TeJIbHa TIpU Beex X € R. TakuM 06pa3om, HalIeHHBIN KBaZpaTHBIN TPeX-
WieH ZI0/KeH ObITh HEOTPUIAaTeNeH, YTO UMEET MECTO, €CJTU €r0 IUCKPHU-

npu x > 0 paBHBI

MUHAHT HenosoxxurteneH. [lomydaem, uto 1 —3a<0.T.e. a= %

6) IlpousBogHas AaHHOUW QYHKIMHU paBHA a + 2cos2x. OHa HEOT-
puIaTeIbHA TPU BeeX X € R, ecsu a = 2, ¥ HEMOJMIOXKUTENIbHA TIPU BCEX
x €R, ecimu a < —2. TakuMm obpasoM, ZaHHAA GYHKINA MOHOTOHHA Ha R
TOIZ|a ¥ TONBbKO TOrJa, korza |al = 2.

8.3. TockombKy Bce TpU QYHKIIUM SBJISIOTCS ABaXKAbI AubdepeH-
[UPYeMbIMU Ha CBOel 06JsiacTu OomnpezeeHs, MOXXHO BOCIIOIb30BaTh-
Cs1 YCJTOBHMEM BBITYKJIOCTH QYHKITUHY, BRIDQYKEHHBIM B TEDMUHAX BTOPOH
MIPOM3BOAHON, @ UMEHHO, QYHKIMA SABJISAETCSA BBITYKJION, €CJI ee BTopas
IPOM3BOAHAS HEOTPULIATENbHA. a) Tak Kak f” (x) = 2a, raHHasa GyHKIUA
SIBJIIETCS BBIMTYKJIOW TOTZIA ¥ TOJIbKO TOTZA, Korza a = 0.

6) B namHOM ciaydae g’ (x) = a*In? a, moatomy pyrkmusa g(x) ABIA-
eTcsl BRITYKJION 1pu Beex a > 0.

B) UmeeMm h” (x) = -2 }na’ moaToMy yHKIHsA h(x) BBITyKJIa TIPU
ac(0; 1).
8.4. a) /lna peleHUA 3TOM 334U MPOIIe BCEro IOCTPOUTH I'padpUK

byukum f(x) = % + x—il + x%z flcHo, uro f'(x) <O mpu Becex X
u3 0b6acTy ee ompezeeHys, TIO3TOMY OHa SBJSAeTCs yObIBarollell Ha
KaXXZIoM U3 MPOMeXyTKOB (—o0; 0), (0; 1), (1;2) u (2; o). IIpu aTom
f(x)—=0mpu x — £ u f(x) — %o mpu x — 1 u x — 2. VI3 usobpaxxeH-
HOTO Ha CJIefyIoleM PHUCYyHKe Ipaduka 3TOH QYHKIMHU U CIEeAYET, YTO
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npu a =0 ypaBHenue f (x) =0 uMeeT ABa KOPH, a Ipu d 7 0 ypaBHeHUe
WMeEeT TPU eMCTBUTENbHBIX KOPHS.

6,

4,

o1 0 V1 ‘2 3 %

6) PaccyxieHue OIATh-TaKU [IOJKHO O6BITh OCHOBAHO Ha MCC/Ie[0Ba-
HUM QYHKIMHU. BOIIPOC COCTOUT B TOM, KaKyto QpyHKIIHIO yI0OHEe BCETO
HccesoBaTh?

ABTOp IIPaKTUYECKU YBEPEH, YTO CTYAEHTHI HAYHYT C TOTO, YTO OYAYT NBITATh-
cs1 prcoBaTh 0ea rpaduka y =x° u y =6%. [IycTh BHauase MOMYYAKOTCH. .

[Tpu He oYeHb GOMBITUX IO MOJYJIIO 3HAUEHUSIX apTyMeHTa ITpapuKu
y= xu y =6 umeror cregyomui BUA. ScHO, 4TO JaHHOE ypaBHEHUE

6

=N WA~

2 0 1 2

VMeeT OJWH OTPUIIATENbHBIM KOPeHb, HO COBCEM HEMOHATHO, CKOTBKO
JKE Y HEro IMOJIOXKUTENbHBIX KOPHEHN. Ve COCTOUT B TOM, YTOOBI IIEpe-
nUcaTh JaHHOe ypaBHeHMe B Bujie x° -6~ =1 U HccIe[0BaTh GYHKIHIO
g(x) =x%-67*. Vimeem

g =6x>6*—x°6In6=x"-6(6—-xIn6).

3HauuT, QyHKIMS yOBIBaeT Ha Ka)KIOM W3 MPOMEXYTKOB (—oo; 0] u

6 . . 6
e’ +oo) U SABJIAETCA BO3pacTaroleil Ha mpomexyTke | 0; R) Ta-
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KuUM 06paszom, bosee Tpex KOpHelH ypaBHEHUE UMETh He MOXeET. To, 4To
OHO UMeEET TPU KOPHS, ciieZiyeT U3 rpaduka y = g(x):

4,

3,

L
~

0 2 4 6 8

8.5. a) Paccy’kzaeM cTaHZAapTHBIM 06pa3oM. PacCMOTPUM BCIIOMO-
X
ratenbHyto oyHkmuio f(x) =In(1+x) — Trx Tak xak
1 1 X

f ) = 1+X_ (1+X)2 = (1+X)2’

ota ¢yHKIUA yObiBaeT Ha mpomexkyTke (—1;0] u Bo3pacTaeT Ha IMpo-
MexyTke [0; 4+), 3Hauurt, f(x) = f(0) =0 npu Bcex x > —1. [Ipu aTom
f(x)>0 npu Bcex x € (—1; 0) U (0; +).

[IpeyIoXKUTe CTYAEHTaM DPELINTh CIeAYIOUIyIo 3a/ady PasHBIMH CIOCOOaMU,
B OJHOM M3 KOTOPBIX HUKAKUX BEIYMCJIEHUN IPOU3BOJUTH He TpebyeTcs.

6) Hampumep, MOXHO cZiejaTh 3aMeHY t = 5\/x+ 1, oTkyza momy-
guM x = t°> — 1. B pesy/ibTaTe 3aMeHbI MOMydaeM, YTO HAJO ZI0KA3aTh
CIIpaBe/IIMBOCTb HepaBeHCTBa t° — 5t +4 > 0 1pu Beex t = 0. TTonoxum
g(t) =t> — 5t + 4. Tax kxax g’(t) =5t* — 5, Ha nmpomexyTke [0; 1] gan-
Has QyHKIUs yObIBaeT, a Ha MPOMeKyTKe [1; +) Bo3pacTraet. [ToaTo-
My g(t) = g(1) =0 mpu Bcex t = 0. OgHako caMoe pasyMHOe pellleHue
COCTOWT B ciefyomeM. OyHKIUA y = Vx+1 BBIITyKJIa BBEPX Ha IIpOMe-
XKyTKe [—1; 40), 3HaYuT, ee rpaduK HA 3TOM IIPOMEXKYTKE JIEXKUT TIO7
060 KacaTelnbHOU K 3TOMYy rpaduky. [IOCKONBKY mpaMas y = % +1
ABJIAETCSA KacaTeIbHOMU K rpadUKy B TOUKeE ¢ abCIuccoit x =0, oHa JIeKUT
Haz rpadUKOM JaHHOHW QYHKIIMHU, TAKUM 06pa3om, % +1> 3/x+1, uro
U TpeboBaIOCh JOKA3aTh.

Cneﬂy}omnﬁ IIYHKT 3aZla4y MHTEPECEH TE€M, 4YTO, BO-IIEPBLIX, BepHLIfI OTBET

MOXKeT OBbITh IOTy4YeH 6e3 BCIKUX BRIUUCJIEHHUH U, BO-BTOPHIX, ITONBITKY HapH-
coBaTh rpaduKy 06erx JacTell HepaBeHCTBA MOT'YT CTYAE€HTOB OOMaHyTh.
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B) [IpuBezseM BHauane GpopMasbHOE pellleHHe. 3aMeHa t = Vitx
TIPUBOZIUT K HepaBeHCTBy t* — 5t +4 > 0. Bolmpoc COCTOUT B TOM, BEPHO
71 OHO TIpu Beex t = 0. ITyets g(t) =t* — 5t + 4. Tak kak g(1) =0, HoO
g’'(1) =—1, s1a dyHKIUA GyZeT OTPUIATEIbHOM B HEKOTOPOM IIPOME-
XKyTKe IpaBee TOYKU t = 1. 3HAYuT, 5TO HepaBEeHCTBO He UMeeT MecTa
mpu Beex t = 0. [IpuBeseM Tereps peliieHue 6e3 BeuucaeHuii. Kacatess-
Has K rpaduKy y = vx + 1 B Touke 3TOro rpaduka ¢ abemuccoii x =0
3azjaeTcs ypaBHeHueM y = x /4 + 1. [Ipsamas y = x /5 + 1 mpoxoaut depes
Ty JKe Jiexanrylo Ha rpaduke Touky (0; 1), ogHaKO MMeeT MEHBbUIUHN
yroJl HaKJIOHA K ocu aberucc. CreZoBaTebHO, YacTh rpaduKa JaHHOMN
byukiuu (crmpaBa oT Hyss1) OyZeT JieXkaTh BhIlle ee. 3HAYUT, AaHHOE
HepaBeHCTBO BepHO He IIpu Bcex x = 0.

8.6. 3ajaua cTaHzapTHa, TeM He MeHee IIpHUBe/ieM ITOJIHOe ee pellle-
Hue. O603HAUNM Yepe3 X AJUHY CTOPOH BBIpE3aeMbIX KBaZpaToB (B ze-
uuMeTpax). M3 ocrasiieiicsa yacTy JMcTa KapToHa (PHUCYHOK) MOXKHO
CJIOXKUTH KOPOOKY BBICOTOM X, B OCHOBAHUU KOTOPOU JIEXKUT IIPSMO-
VTOMBHUK CO CTOPOHaMHU 8 — 2x u 5 — 2x aM. O6beM 3TOH KOpOOKHU

X g—2x

(B uTpax) BHIYUCISAETCA IO popMyIie
v(x) = x(8 = 2x) (5 — 2x) = 4x3 — 26x> + 40x.

[To cmbIcTy 3aZauu O6JACTBIO OMpeJeneHus 3TOH GYHKIUU SBJISETCS

5 5
), OZTHAKO, TOCKOMBKY V(0) =V (—) =0, MBI BIIpaBe

IIPOMEXYTOK (O; 3 5

CUMTAaTh, 4TO X € [0; %] . Tak Kak
v (x) = 12x* — 52x + 40 = 4(x — 1) (3x — 10),

Ha orpeske [0; 1] aTa QyHKIIMA BO3pacTaeT, a Ha OTPe3Ke [1 ; %] — y6BI-

BaeT. CiefloBaTeIbHO ee HaubOIblllee 3HAYEHUE JOCTUTAETCS IpU X = 1.
TakuM 06pa3oM, pa3Mephl BEIpE3aeMbIX KBaZIpATOB JO/IKHbI COCTABIATh
10 X 10 cMm.
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8.7. EcTh [Ba TOAXOAA K peIleHWI0 060X MyHKTOB 3azauu. O6a
M3 HUX OCHOBAHBI HA HCCIE€ZOBAHUU <<HpOMe)KYTKOB MOHOTOHHOCTU»
HOCJIeL[OBaTeJIbHOCTefI Xn u ym OAHAKO BO BTOPOM MbI 6YZ[6M Hcciaeno-
BaThb NIOBeZIEHNE COOTBETCTBYIOUINX PyHKUuUll. a) PaccMOTpUM pa3HOCThb
Xn+1 — Xn ABYX IIOC/IEA0OBATE/NIbHBIX YIECHOB IIOCIIEA0OBATEJIBbHOCTU Xn.
Nmeem
_ 2n-3 2n—5 7+8n—2n?
T (+12+1 n2+1  (®+D0n%+2n+2)°

Xn+1 — Xn

KBagpaTtuyHoe BhIpaKeHUe, CTOSAIIEE B UUCTUTENIE APOOU, TIONTOXKUTEND-
HO IIpU n < 4 U OTpULIATEIBHO IIpU n = 5. CIeA0BaTeNIbHO, X < Xp < ...
... < X5 > Xg > ... TakuM 06pa3zoM, HAUOOJIBIINM WIEHOM JAHHOU ITOCTIe-
7I0BATENBHOCTH ABJIACTCA X5 = 5 .
6) PaccyxzaeM aHAJIOTMYHBIM 06pa3oM:

_ (+D* n* _ 4n®+6n’+4n+1-n*

Yn+1—In = ont1 on T on+l .

TMosyyeHHAast pa3HOCTD TIOJIOXKUTENIbHA TIPU N < 5, OZIHAKO yiKe pu n =6
OHa CTAaHOBUTCS OTpUIIATENbHOU. TakuM 06pa3oM, HAUOGOMBIIMM Wie-
81

7

KOHE‘{HO, COBCEM HE OYEBU/JHO, YTO CTOHH.II/Iﬁ B UyUCcjauTesIe MHOI'OYIEH CTeIle-
HU 4 GyZieT OTpULIATeIbHBIM IIPU Bcex n = 6.

HOM II0CJIEA0BATEJIbHOCTU ABJIACTCA Yo =

HepeHI/IH.IeM YUCIIUTEJb B BU/JIE
44,6 4 1 )
n (n+n2+n3+n4 1).

Od4eBHIHO, YTO €CJIM OH OTPHIATENEH IIPU n =06, TO OH OyZEeT OTpHUIla-
TeJIbHBIM U IIPU Bcex n = 6.

a) Temeps paccMoTpuM yHKIUIO f(X) = if;f Tak kak
_ 2(1+5x—x%)

S ="y

5++v29
OHa AJOCTHUTI'ae€T CBOEro HaMOOJIBIIErO 3HAYEHUSI B TOYKE Xo = T
Tak kak 5 < Xy < 6, HauOOIBUINM YWIEHOM Imocjiea0BaTeJIbHOCTU ABJIACT-

Cs1 X5 WIK Xg. Bce, 9TO 0CTanoch czieaTh, — 3TO CPABHUTH MX 3HAUCHMA.
7
o6 37> WIEH X5 SBIAETCS HAUGOMBIINM.
6) IMonoxum g(x) =x*-27*. meem

g(x) =x3-27%(4—-xIn2).

5
TTOCKOMBKY X5 = 57 > X =
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3HauMT, HauboJIbIllee 3HaUYEHUE 3TOW QYHKITUN Ha TIpOMeXyTKe [0; +o0)

AOCTUTAETCA B TOYKE Xy = OcTanoch OIEHUTD Xog- Pa3yMHee BCero

4
In2°
BOCIIO/Ib30BaThCs KATbKYIATOPOM WU KOMIIBIOTEPOM, YTOOBI TIOJIYIUTD,

YTO Xy~ 5,77. 3HAYUT, HANOONBUINM WIEHOM JaHHOH IIOC/IeZ0BATENh-

625 81
HOCTU ABJAETCA Y5 WIN Y. HOCKO]II)KY Ys = %5 < Y= T’

32 WIEH Y,

HanOOMbIITHIH.
MoO2KHO, KOHEYHO, OLIEHUTh X, MHade. Tak Kak 2 <e < 2,8 < Zﬁ,

monydaeM, uro 1 <log,e < % [Toatomy x, = 4log, e € (4;6). B aToMm
cJIydae IPUAETCA CPABHUTH MEXY WIEHH! Y,, Vs U Y AAHHOH IOCIEO0-
BaTeJbHOCTH.
ABTOp coBeTyeT 06s13aTeIbHO pa3obpaTh CO CTyAeHTaMu 06a MoAXofa K pe-
IIEHUI0 3TOH 3aJa4du U, KpoMe€ TOro, IpejoXUTb UM IIOCTPOUTH I‘pa(i)I/IKI/I
dyuxumit f(x) u g(x).

8.8. a) Tak kak f(x) =a(x+2)(x—11), norygaem, 4To
f'(x)=alx—11) +alx+2),

nostomy f'(—2)=—13a, a f'(11) =13a=—f'(—2). 3nauur, f'(11) =3.
Koneuno, To, uto f'(11) = —f'(—2), cieayeT U3 reoMeTPUYECKUX CO-
06pakeHUiA, IOCKOMbKY IpadrK KBaJpaTUIHON QYHKIMYA CUMMETPUIEH
OTHOCHTE/IBHO MPAMOM, TAPa/IENIbHON OCH OPAUHAT U IIPOXOAALIEH Je-
pe3 cepeiiHy OTpe3Ka MeX/y KOPHAMU 3TOM QyHKINH.

6) AHAJIOTUYHBIM 06Pa30M, €C/IM t — 3TO TPETHUH KOPEHb MHOTOYJIE-
Ha, To g(x) =k(x—1)(x —3)(x —t), OTKyZla HAXOAUM

Z)=k(x—3)(x—t)+k(x—1D(x—t)+k(x—1)(x—3),

sHauntT, a=g (1) =—2k(1—t) u b=g'(3) =2k (3 — t). CnemoBaTeNbHO,
3a+b
a+b -

8.9. IMonoxum p(x) = x> + px + q. Tak xak p’(x) = 3x% + p, mMHO-
rowieH OyZeT UMeTh TPU KOPHA, TOJIBKO eciu p < 0. B mpoTtuBHOM City-
yae ¢yHKIMA p(x) OyzeT Bo3pacraroiieit Ha R u ypaBHeHue p(x) =0

OyZIeT IMETb TONBKO OZINH KOPEHb. [ToNOKUM X1 = — 4/ —% U Xy =4/ —%.

Ha xaxxzgom 13 mpomMeRyTKOB (—; X1, [x7; x,] u [x,; +0) MHOTOWIEH
p (x) AABNIIeTCA CTPOTO MOHOTOHHOMU QYHKI[MEH, 3HAYNUT, OH UMEEeT B KaK-
JIOM U3 HUX He 6osiee oZIHOTO KOpHs. Tak Kak p(x) — —o mpu X — —
u p(x) — 4o mpu x — +, ypaBHeHue p(x) =0 OyZeT UMETh TPH Ael-
CTBUTEJNBHBIX KOPHA TOTZIa U TOJNBKO TOTZA, Korza p(x;)p(x,) <O0. [To-

b(t —1)=a(3 —t), oTKyza HaXOAUM t =
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CKOJIBKY

p /P [/ P 2p | p
p(x1) 3 3 I 3 q 3 3 9,
p |/ p [ p 2p [ p

KOpHeM OyZieT TPY TOTZa U TOIbKO TOT/a, KOTZAa

2p [ p 2p [ p _ 2 4p°
(_ 3 _3+q)(3 _3+q)_q ta7 <0
8.10. ITo ycnosuio v = 7trh. [onHas HOBEPXHOCTh IWINHApPA CKIa-
JbIBAaeTCA U3 IUIolaZiel ABYX KPYroB pajuyca r, IBJIAIOUIUXCA ero oc-
HOBaHUAMH, W IUIONAAM TNPSIMOYTOJBHUKA CO CTOpOHaMu h u 27mr
(cm. puc.). 3Hauut, S = 27r? + 2ntrh. O6o3HAYMM yepes X pazuyc

& O

OCHOBaHUA IWIMHAPA. [I0CKOIBKY ero o6beM paBeH V, BBICOTA ITOTO
\4

IUINHApPA HaxoguTcs 1o ¢opmysne h = — CrnefoBaTe/nbHO, IUIOMAAb

€rO0 TIOJIHOM TIOBEPXHOCTU BhIpakaeTcsa GopMyson

_ 2, 2V _ 2,V
s(x) =2mx“+ X —2(7rx +x)'

O6acTpio omnpezaenenus ¢yHkimu s(x) apagercsa ayd (0; +). fAcHo,
4qT0 §(X) — 4+ npu x — 0 u x — +. [IoaTOMy HauMeHbIllee 3HAYEHHE
[TOJTHOM MTOBEPXHOCTH ZIOCTUTAETCsA B OAHOM M3 TE€X TOYEK, B KOTOPOM
npousBoAHas GpyHknuu s(x) paBHa Hyiio. [IpousBeseM auddepeHInpo-

BaHue:
/ _ v _ _ 3/ YV
s(x)—Z(an X—Z)—O pu X = ’/_275'

BricoTa aToro OWInHApa, TEM CaMbIM, paBHa
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BESYCJIOBHO, aieayromas 3dagada Ajid CTYJEHTOB Ye€peCcYyp CJIOXHa, OAHAKO
OGCYZ[I/ITL €€ penieHue IoJe3HO. Cob6CcTBEHHO TOBOpA, OHa €CTb IIPOIeZIEBTUKA
AJIA 6yz(y1_uero CeéMeCTpa, B KOTOPOM ITOABATCA ¢)yHKLU/II/I, 3aJlaHHbl€ HEABHO,
YCIOBHBIE SKCTPEMYMBI U PYTU€ JOCTATOYHO CIIOXKHBIE ITOHATHUA.

8.11. Buz maHHOUW KpuBOI H300pakeH Ha CIEAYIOIIEM PHUCYHKE.
[TocTpouTh €e He CIAWIIKOM NPOCTO (/I TOJIBKO HAUaBIIMX M3ydaTh

MaTeMaTHKYy), OZTHAKO 3TO U He SIBJIAETCS HallleH 1eJTbIo. [IpemonoKmm,
YTO paccMaTprBaeMasi 4aCTb KpPUBOU ABAeTCA IpadpukoM anuddepeHIy-
pyemoit ¢yHKUMH f (x). SHAYUT, CIIPABEJJINBO TOXKIECTBO

X+ (F0)? = 3xF (),
npoanddepeHITUPOBAB KOTOPOE MBI ITOMYIUM TOXKECTBO
3x® +3f2() f/(x) = 3£ (x) +3xf" ().

Hac uHTepecyeT Haubosblliee 3HaueHUe GYHKIMH f (X) — OpAUHATHI
TOYEK JJaHHOW KPHBOM, a OHO JOCTUTAETCSd B Te€X TOYKAX, B KOTOPBIX
f/(x) =0, oTkyza HaxoguM y = f (x) = x2. Pemas cucremy

y=x%

X’ +y7 = 3xy,
nony4daeM, uto (x, y) = (0, 0); (%, %). 3HAYMT, %/Z—Han6om:mee

3Ha4Ye€HNEe OpAHAT TOYEK paCCManI/IBaeMOﬁ qacTu KpHBOfI.
KOHe‘-IHO, IIPpUBEAEHHOE PDEUIEHNE TOYHbIM HE ABIAECTCA.

| Kaxwne Bompocsl Hazio 3aaTh CTyZleHTaM B 3TOM MeCTe?

HpI/LZLy'MaTL cieayronee peneHrue CaMoCTOATEIbHO, KOHEYHO, HEBO3-
MOXHO, HO IIO3BHAKOMUTHCA C HUM IIOJIE3HO. HpOBe,Z[eM IIpAMYIO, JIeXKa-
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IIyI0 a IIePBOM UM TPeTheM KOOPAWHATHBIX YIVIaX W MPOXOAALIYIO Yepe3
Havaso KoopAuHaT. Ee ypaBHeHUe UMeeT BUZ Yy = tx, mpudeM t > 0. Tou-
KU TlepeceveHus JaHHOW KPUBOU U 3TOU MPSAMOU HalIeM U3 CUCTEMBI

3.3
x*+y” = 3xy,
cezioBaTenbHo, x° + t2x3 = 3tx,
y =1,
3Ha4yuT, x =0 WM x = 3t . Takum o6pasom, (x,y) = (0, 0); ( 3t
i ’ 341 > PN+
r33 il) CrneoBaTebHO, OPAWHATHL TOYEK pPACCMATPUBAEMOM YacTH

3t
t+1
YTO OCTAJOCh C/eIaTh, —3TO HAWTHU HauboJbIlee 3HAYeHUE (QYHKIUU
3t(2—1t2)
B +1)2°
u(v2)=¥a. Temepb pemnreHye 3aKOHYEHO.

KPUBOH fABJIAIOTCA 3HAYEHUAMU QYHKIMU U(t) = pu t > 0. Bee,

u(t). Tax kak u'(t) = HauOOJBLUINM 3HAYEHUEM ABIAETCH

8.12. PaccMoTpuM QYHKLMIO Y = Sin X Ha OTpe3Ke [0; %] . [Tockois-
Ky Ha HEM CHHYC ABJISAETCSA BBITYKJIOW BBepX QYHKIMEH, ero rpadux
T 1
g, E) . JTa

3 . 3
Xopga 3aJaeTcd YypaBHEHUEM Y = EX’ IIO3TOMY SInX > EX IIpu BCEX

JIEXXUT BBIIIE XOpZABI ¢ KoHmamu B Toukax O(0,0) u A

X € (0; %) [ToacTaBUB B IIOMy4eHHOE HEPABEHCTBO X = 3—710, MBI U IIO-
JIy9MM MCKOMO€E HepaBeHCTBO.

8.13. Tpexwrens x> — x? — 2x, x* — 5x2 + 4 u x° — 5x° + 4x ume-
IOT COOTBETCTBEHHO TPH, YETBIPE U IIATh JA€HCTBUTEIbHBIX KOpHE. [To-
CKOJIBKY JUIS1 K&XKJOTO n = 6 MHOTOWIeH x" — 5x" 2 4+ 4x"~* uMeeT naThb
KOPHEM, ocTaeTcs 0Ka3aTh, YTO JJIs1 TF0O0TO N = 6 TpexwieH CTEIeHH N
“MeeT He Gosee AT KOPHEH.

PaccmoTpyM BHavaje MHOTowieH p(x) =ax™ + bx*k + ¢, rae ¢ #0.
Tak xak

p’(x) = nax" ' 4 bkx* ! = x* " (nax""* + kb),
npousBoziHad p’(x) 3Toro MHorodieHa obpaijaeTcss B Hylb He Gonee
yeM B Tpex Toukax. ClesoBarebHo, GyHKIMA p(X) UMeeT He Gonee ye-

TBIPEX TIPOMEXYTKOB MOHOTOHHOCTH, 3HAUUT, UMeeT He 6ojiee YeThIpex
kopHell. Terepb pacCMOTPUM TpeXwieH

p(x) = ax"+ bx* 4+ cx™ = x™(ax™ ™+ bx* "™ +¢).
Kax y»xe [oKa3aHo, TpeXwIeH, HaXOAAIIMICA B CKOOKax, MMeeT He Gojee

yeThIpex KopHeii. Tak kak yucio x =0 TakKe SBJIeTCs KOPHEM MHOTO-
wieHa p(x), BCero oH uMeeT He 6ojiee MATH KOPHEH.
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§9. HUccnenoBaHue GyHKIUI U MOCTpoeHNe UX rpadpuKoB

Be3yc/ioBHO, IIpU MOCTPOEHUU BCeX rpadMKOB HAZO ITIpeXxze BCe-
ro BBIYHUCIUTH IMPOU3BOJHYIO 33IaHHOM QYHKIHMHU M OIpeAeNUThb IIpo-
MeXXYTK{, Ha KOTOPBIX IIPOU3BOJAHAS COXPAHSAET 3HAK, ONpEAETUB TeM
caMbIM MTPOMEXYTKA MOHOTOHHOCTH JaHHOW QyHKIUU. Bce QyHKIUU
3a/Iaf0TCSA IPOCTHIMU GOPMYIaMH, TTIO3TOMY B GOJIBIIMHCTBE CIyYaeB aB-
TOp HE IPUBOAUT BBIYUCIEHUA UX TPOU3BOJHBIX.

CTyZeHTHl B CBOEM IOZABJIAIOINIEM OOJNBIIMHCTBE C yAOBOIBCTBUEM «OepyT
IIPOU3BOHbIE», PelllaloT MoABJIAoIMecs HepaBeHeTBa. OCHOBHAA CJI0KHOCTh
[UIl HUX COCTOUT B TOM, YTOOBI HA OCHOBE IIOTyYeHHON MMM WHGOPMAINH
IIOCTPOUTDH HCKOMBIN I'paduK.

9.1. MHOXXeCcTBOM 3HaUeHUH KaKJOU M3 ZaHHBIX QYHKIUN, KOHEY-
HO, SIBJIAETCS BCA YHCIOBas mpsiMas. [lepBas u3 HUX Bo3pacTaer Ha R,
TaK KaK OHa SIBJSIETCS CyMMOH ZIByX Bo3pacTaronux GyHKIui. KoHed-
HO, QYHKUMMU U3 1. 6) U B) UMEIOT OAHU U Te K& MPOMEXKYTKH MO-
HOTOHHOCTHY, KOTOPHIE JIETKO HAWTH, OIPEAeNUB 3HAKU IIPOU3BOHOMN
y' =3x2-3=3(x—-1)(x+1). 'paduku faHHBIX GYHKIUI NU306paKeHbI
Ha CJIeYIOIINX PUCYHKAX.

a) 1t

10 =050 05 1.0 15

-1+

21 4

3,

NI 2

6) - R T 5 B) 1t
-1t 2 -1 0 1 2

—1°F

-2+t _ol
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9.2. a) JlanHas GyHKIUA ABIAETCA YeTHOM. KpoMe TOro, 04eBHUAHO,
YTO ee KOPHAMHU ABJIA0TCA yucia £1 u 2. [ToaToMy KadecTBEHHBIN BUJ
ee rpaduKa MoHATeH. TOYKaMU MUHUMYyMa JaHHOH QYHKINY SABIIAIOTCS

5 ., 9
TOYKHU X ==+ 3 MHOXeCTBO ee 3HaYeHUN — IIPOMEKYTOK —% +oo .

6) JlaHHas GYHKITUSA MMeeT /1Ba KOPHA KPAaTHOCTH /iBa, ITI0O3TOMY ee
rpaduk KacaeTcsa ocu abcuucc B TOYKax X =1 U x =3, a MHOXXeCTBO
3HAYEHUHN — 3TO MTPOMEXKYTOK [0; +0).

8,
6,
a)
2,
1 _1 1
-3 —2\/ 0 1\/2 3
_2,
5,
4,
3,
6) o
1,

27,
16’
pakeH Ha pucyHKe. O6paTyTe BHUMaHUe Ha B/ rpaduKa BOIU3U TOIKU
(1,0).

B) MHO)XeCcTBO 3HaUeHUI — ITPOMEKYTOK [— + 00) ; rpaduK 1306-

9.3. a) [Tpeo6pasyeM ypaBHeHue: y2 = 2x — x2, wmm x> — 2x + y*=0.
BhIZIe/TMIB TIONHBIH KBajpaT IO MepeMeHHOH X, MOMy4UM ypaBHEeHHe
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okpyxHOCTH (x — 1)?> 4+ y? = 1. [ToaToMy rpaduKoM JaHHOU GYHKIUH
SBJIETCS BEPXHAA MOJIOBUHA OKPY>KHOCTHU pajuyca 1 ¢ IeHTPOM B TOUKe
A(1, 0). MHOXeCTBO 3HaUYE€HUM 3TOU PyHKIUU — OTpe30ok [0; 1].

1.2
1.0
0.8
a) 0.6
0.4
0.2

00 05 1.0 15 2.0

6) [IpoziesiaB aHaIOTUYHBIE TPe0OPa30BaHMUS, MBI IPU/EM K ypaBHE-
Huto (x +1)% — y2 =1, 3azarorieMy runepbosIy ¢ aCUMITOTaMH Y =X + 1
uy =—x — 1. I'padukom JaHHOU GYHKIIUH SBISIETCS €€ YaCTh, JIeXKaIasa
B BepXHEH MOMyIUIOCKOCTH. MHOXeCTBO 3HaYeHUH (QyHKIIUU — IIpoMe-
XKYTOK [0; 40).

B) ITonyyaem ypaBHeHHe runep6onbl y2 — (x +1)2 =1 (c Temu xe
aCUMIITOTaMH, YTO U TUMepbosa B MPeAbIAyIeM MyHKTe). OTIuYre OT
TIPEABIAYIIETO MYHKTA B TOM, YTO I'PapUKOM JaHHOU QYHKIIMH SIBJISETCA
1[ejiasi BETKa 3TOU runepbosibl. MHOXKeCTBO 3HaUeHUN GYHKITUU — MIPO-
MEXYTOK [1; +0).
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9.4. a) fIcHo, yTO JaHHasA QYHKIMA MOJOKUTENbHA U OCh abCIuce
ABJIAETCSA aCUMIITOTOM ee rpaduka. Takke OYeBUAHO, YTO HAUOOMBIINM
3HaYeHUEeM 3TOU PYHKITUU SBJISETCI 3HaUYEHNE B TOUKe X = —1. MHOXe-
CTBO 3HaYeHUM — mpomexyTok (0; 2].

6) Kak u B peApIAyIEeM MyHKTE, OCh abCIIMCC — acCUMITOTa rpadu-
ka ¢yHkiu. OgHaKo TpaduK JEKUT BHIIIE ITOU ocH TpU X > 0, a pu
X < 0 OH pacIIoNOKeH HIKe ocH abeirrcc. JIjis MoucKa TOYKU MUHUMyMa
Y TOYKYM MaKCUMyMa IIPUAETCS UCKATh MPOU3BOAHYIO. AGCIIMCCHI TOYEK
SKCTpPEMyMa paBHbI ++/2. MHOXXeCTBO 3HaUYEHHit bYHKIMY — IIPOMEXY-

Tok [—v/2—-1;V/2-1].
3

6 -4 -2 [0 2 4 6 8

2 r—0.5

a) 1 0) r—1.0
‘ ‘ ‘ F—1.5

-4 =2 0 2 F—2.0

B) Acummroroii rpaduka GyHKINU ABIAeTca npaMas y = 1. MHoxe-
CTBO ee 3Ha4eHUl — poMexxyToK [0; 2]. I'paduk n306pakeH Ha PUCYHKE.

3

9.5. a) B ommuuue ot 3azaHua 9.4 a), KpoMe TOPU30HTAIbHOMI
aCUMIITOTHI — OCH abcITuce — rpadpuK UMEET TaKKe U IBE BEPTUKAIbHbBIE
acuMnToThl X =0 1 X = 2. MHOXXeCTBOM 3HaYeHUH PyHKIIUU SABJIAETC
obbeaunenue (—oo; —2]U (0; +). I'paduk n306parkeH Ha PUCYHKE.

!
-1 0 1 2 3
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6, B) MHO)XeCTBO 3HaUeHUH — BCsA YUCIOBas MpsaMasi. ['paduku n306-
pakeHBl Ha pUCYyHKax. KcTaTy, oueBHzHA U BaM CBs3b MEXAy M300pa-
JKEHHBIMU Ha 3THX PUCYHKax rpadukamu?

6
47

2t 3
6) —1 ! ‘ :

0 g 3 -2 \ 2
\_4 | 4\

9.6. a) MHOXeCTBO 3HAYEHUHN — 00beJHEHE

(—o0; —2v/2TU[2V2; + ).

6) MHOXXeCTBO 3HaYeHUI — BCs YKCI0Bas npsamast. [paduku n306-
paKeHbl Ha PHCyHKaX. Y 000uX rpapuKOB TpsSMas y = X SBJSETCA
aCUMIITOTOM.

s\~
21 2
.0 6 e w
=y 02 4 6 % 6
—4 pa—

B) MHOXeCTBO 3HaUYeHUH — BCsA YNUC/I0BasA mpsaMas. ['paduk usobpa-
’KE€H Ha PUCYHKE; ero aCUMIITOTOH ABJIAETCA NpsAMas y = 2.
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9.7. a) KauecTBeHHBI B/ rpaduka odeBUzeH: QyHKIIVSA BO3pacTa-

€T TIPU X, JOCTATOYHO OJIM3KUX K —%, u y6RIBaeT Ha HEKOTOPOM JIyde
[a; +o). [lna HaxoXAEeHUA TOUYKM MakcuMyma X = 0, KOHeuHO, Ipolile
BCEro HaWTU NMPOU3BOAHYIO ZaHHOU ¢yHKumu. O6paTuTe BHUMaHUE Ha
TO, YTO MpsIMast y = —X He ABJIIETCS aCUMIITOTOM ee rpaduka. MHOXKe-
CTBO 3HAYEHUH GYHKIIMYU — MIPOMEKYTOK (—oo; 1].

6) IIpsimas y = —1 — acumnroTa rpaduka GpyHkinu. MHOXKECTBO ee
3HAueHHi — IpoMexyTok (—1; v/2].

I'paduku M306paskeHbl HA PUCYHKAX.

2 -
2 .
| N
e
2) 3. ) 4
_1 L
_1 7777777777777777777
_2 L
1
B) INockonbKy QYHKIMA paBHA HYMO TP X = —3 U X = 1, 1Ae-To

MEXJy 3TUMH TOYKaMU pacliojiaraeTcs TOYKa MUHUMyMa 3TOH (yHK-
uun. To, uro PyHKIMA Ha ayde [1; +o0) ABIgeTCA Bo3pacTarolleid, ode-
BHU/JIHO, TaK KaK OHA eCTh IPOU3BE/IEHUE MOJOKUTEIbHBIX BO3PACTal0-
X GyHKIUHA. MHOXKXECTBO ee 3HaYeHUH — IPOMEXXYTOK [—1; 4-), rpa-
¢uK n3o6paskeH Ha PUCYHKE.

101.5 2.0 2.5 3.0

9.8. a) IToCKOMbKY e ¥ — 40 Ipu X — — o0, IOMy9IaeM, YTO y — — o0

npu x — —oo, [Ipu x — 4+ ock abciyce ABIAETCs ACUMITOTON rpadu-
ka aTo¥ ¢yHKuNU. [To3TOMy KadecTBeHHBIN BUZ ee rpaduKa MOHATEH.
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A TOYKOI MaKCUMyMa fBJIAeTCA Touka X = —1. MHOXeCTBO 3HauUeHUl —
MIPOMEKYTOK (—; e]; rpaduk n3o06pakeH Ha PUCYHKe.

a) 00 1 2 3 4

6) MHO)XeCTBO 3HAYeHUI — MPOMEXYTOK [0; +0).
" 27 27
B) MHOXeCTBO 3HAUeHUU — MIPOMEXYTOK | —o0; sy = ~1,3].
I'paduku n306pakeHbl Ha PUCYHKAX.

1.0¢

0.5¢

0) B)

-6

9.9. a) [Ipex/e Bcero HaZo MOHATD NOBeZleHNe QYyHKIIUY pu X — 0.
To, uto xInx — 0 mpu x — 0, JIETKO TONTYYUTb, IPUMEHUB TIPABUIO JIO-

o 1
nuTassi. MHOXKeCTBO 3HaUYeHUH — IIPOMENKYTOK I:— z; +0°) .

o 1
6) MHO)XeCTBO 3HaYEHUI — IIPOMEKYTOK (—00; Z] . 'paduxu u306-
pakeHbl Ha PUCYHKax.

2.0 1 E
1.5¢ ‘
g 0 2 4 6 8
1.0 5 -1
a) 0.5¢ ) _9
: ‘ -3
0 1 2 3
—0.5¢ —4




§9. VccnenoBanue QyHKLUI U IOCTPOEHUE UX IPadUKOB 77

B) To, uTo x* — 1 mpu x — 0, cjaeAyeT U3 BBIYUCIEHUH, TIPOBEAEH-
HBIX B II. a), TaK KaK x* = e* "X, MHOXeCcTBO 3Ha4eHUil — IPOMEXKYTOK

[#; +00) (i A 0,69). I'paduk n3obpakeH Ha PUCYHKE.

el/e
20r

1.5¢

5 10

0.5¢

0

1.0 20

9.10. a) MHOXXeCTBO 3HaYeHWH — BCA 4YMCIOBasA NpAMasd; rpadux
n300pakeH Ha PUCYHKe.
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6) MHOXeCTBO 3HAYeHUH — OTPE30K [% ; 2] ; TpaduK M306pakeH Ha
PHCYHKe.
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B) MHOXXeCTBO 3Ha4eHUIN — OTPE30K [1% ; 3]; rpa¢uk n306pakeH
Ha pUCYHKe.

3.0

B)

D

9.11. Her, He moxeT. PyHKIMA, rpaduK KOTOPOI U306paxkeH Ha pU-
CYHKe, UMeeT Pa3JIuvHble MpeAebl IPU X — +00 U IPHU X — —©, TOTAa
KaK /IS JI060H panroHaTbHOU GYHKIIUM, €CJH OHA U MMEET Mpesesbl
MIPU X — +00 U TIPU X — — 0, ITU MPeAeNbI OyAyT PaBHBI JPYT APYTY.

9.12. a) Hanpuwmep, rpaduk Takoro tuma O6yZeT UMeTb MHOTOWIEH
p(x) =x3(x — 2)2. les1o B TOM, 4TO McKoMas QyHKIMA UMeeT Ba KOPHH,
OZHUM U3 KOTOPHIX ABJIAETCA 3HaYeHue X = 0, IpyruM, Haupumep x = 2.
[Tpu sTom 1ipu x =0 rpaduK He TOTHKO KacaeTcs ocu abCiuce, Ho Hava-
JIO KOODAMHAT €CTh TOYKa Ieperuba rpaduka uckoMoil ¢yHkimu. [Ipo-
cTeiimeit pyHKIMe ¢ TAKMM CBOHCTBOM ABjAeTca GyHKIuA y = x°. [Ipu
x =2 rpaduK KacaeTcs ocH abCIMCC, HO JIEKUT BHIIIE €€ B HEKOTOPOU
OKPECTHOCTH 3TOM TOYKH, HO3TOMY MOXHO B3sATh y = (x — 2)2. OcTanoch
3aMeTUTh, YTO MpousBeAeHue x°(x — 2)? uMeeT cBOMMHU KOPHAMU Kak
pa3 uncia 0 U 2, B OKPECTHOCTAX KOTOPHIX €ro rpadyK UMeeT Hy>KHBIN
BU/,.

6) Hampumep, rpaduk Takoro tuma 6yZieT UMeTb MHOTOWIEH ¢ (Xx) =
=x2(c—2)%*+x.



KOHTPIIPMUMEPHI B KYPCE
MATEMATHUYECKOI'O AHAJIN3A

C. Knumuyk
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Llesb aBTOpA COCTOSANIA B TOM, YTOOBI HANTKMCATh KHUT'Y, KOTOPas MOT-
Jla Obl CJTYKUTD JIOTIOJTHUTENIbHBIM y4eOHBIM IOCOOUEM IpU U3yYeHUU
Kypca MaTeMaTH4eCcKOro aHajiu3a B TedeHHe IIepBOro rozja oOydeHus
B yHHUBepcuTeTe (II0 MHEHUIO aBTOPA, €e MOXKHO MCIIOIb30BaTh TakK-
JKe B CTaplIMX Kjaccax cpefHel mkonbl). Cozep:kaHue 3TONM KHUTH CO-
CTaBJIAIOT TUATEIBHO CKOHCTPYMPOBAHHbBIE HegepHble MaTeMaTU4eCcKue
YTBEPXKJEHHUA, TaK UTO Ilepes CTyAeHTaMU CTOMT 3a/a4a ONPOBEPIHYTh
WX IyTeM ITIOCTPOEHHA COOTBETCTBYIOIMX KoHmpnpumepos. Chopmynu-
pPOBaB TeopeMy, ABJIAIONIYIOCA 0OpaTHOM K M3BECTHOU TeopeMe Kypca
aHanaM3a, Mbl IOYTU Bcerja MOMy4UM HeBepHOe yTBepxzAeHue. JIpyroi
IIyTh IIOCTPOEHUA HEBEPHBIX YTBEPXKAEHUIN COCTOUT B TOM, YTOOBI OITy-
CTUTh WIN U3MEHUTDH 4acTh YCIOBUM B pOPMYyIHUPOBKE BEpPHOTO YTBEp-
XKAeHUsA. MHorue 13 IprUBeleHHBIX B 9TOM KHUTe yTBepXK/JeHUI Ha Heuc-
KYIIeHHBI B3IVIAZA MOTYT IIOKa3aTbCA BEPHBIMM, 4acCTb U3 HUX CBfA3a-
Ha CO CTaHZAPTHBIMHU OIIMOKaMH, JOITyCKAeMBIMH CTyZleHTaMu. TeMaTH-
Ka KHUTU COOTBETCTBYET CTaHZAPTHOMY KypCy MaTeMaTHU4YeCKOr'o aHa-
sm3a QYHKIMHM OZHOW IepeMeHHOH; Ha3BaHuA ee naparpadon: OyHk-
nuy, [Ipegensl, HenpepriBHOCTD, [lnddepeHnmanbHoe ncurciesye, VH-
TerpajibHOE UCUYUCIEHHE.

BonpmmHCTBY npenogaBaTesieii Xopouo n3BectHa KHura b. Tenbay-
Ma u JIx. OnMcresa «KoHTpripuMeps! B aHanuse»'. OHa sABIseTCA TIpe-
KpacHBIM MCTOYHHUKOM 3aza4 A/ GyAyIux MaTeMaTHKOB, HO, 6e3ycIoB-
HO, COZiepKalluiicA B Hel MaTrepuas JeXXUT BHE PaMOK IIpOrpaMMEbI
[ CTYZEeHTOB-NIepBOKYPCHUKOB, MU3ydyaloUX MaTeMaTUYecKUi aHa-
JU3, K TIpUMepy, Mo HomyaapHoii kuure JI. CTioapTta®. ITo cpaBHEHHUIO
¢ KHUrod «KOHTpIpUMepHl B aHaIu3e», MaTepuasl JaHHON KHUTHU Cy-
IIeCTBEHHO Mpollle, B 3TUX KHUraxX HeT COBIAAAIONIUX 3aZlaHul, TaKUM
06pa3oM, OHU He NepPeKpPHIBAIOTCA, a JOMONHAIOT APYT Apyra. 3aMedy,
YTO, B OmINYMe OT KHury l'enbayma u OnmMcTesa, AT TOTO YTOOBI IIpU-
MepBbI CTaIH 6oJiee HaIAAHBIMU U JIerye BOCHIPUHUMAJIHCE CTYeHTaMu,

TM.: Mup, 1967; B 2010 rogy B cepuu «Pu3nMKo-MaTeMaTHIecKoe HacC/Iere» BBIILIO
HOBOE U3/laHue 3TON KHUTU. — [Ipum. nepes.
2 Stewart J. Calculus. 5 ed. Thomson Learning, Inc.: Brooks/Cole, 2003. 1367 p.
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B [JaHHOW KHUTe IpUBeAeHbl I'padUKU BceX OGYHKIUH, SBIAIOUIUXCSI
KOHTPIIPUMEPaMH K COOTBETCTBYIOIIUM YTBEP)KAECHUIM.

Cyl1iecTByeT Iejaroruyeckas CTpaTerus, COCToAIas B UCIONb30Ba-
HUU KOHTPIIPUMEPOB /IJIsT aKTUBU3AI[UU TIpoIecca OOydeHusT MaTeMaTH-
YecKOMYy aHajIM3y Ha ero HadyaJbHOM 3Talle JJjd JIydllero IOHWMAaHUA
CTYZIEHTaMU KaK CMBICJIa BBOAUMBIX IOHATUHN, TaK U JIOTUKU U3JIOKEHUSA
Marepuaina. g peanu3aluy 3TOH CTpaTeTWy U Hy)KHA KHUTa, I0Z00-
Hag aToi. OHa OyzeT mose3Ha

* YYUTENAM CTapIINX KJIACCOB U IPEIOAaBaTesIM By30B KaK METO/M-

YecKoe ocobue, UCTI0Nb3yeMOoe B IIPENoJaBaHui MaTeMaTHIeCKOTO

aHamu3a;

* IIKOJbHMKAM CTapIIMX KJIACCOB, a TakXe IIepBOKYPCHUKAaM BY30B

KakK yuyeOHOe 1ocobue Npu U3y4yeHHH MaTeMaTHYeCKOTO aHaIn3a;

* YUUTENAM CTapUINX KIACCOB U IIPENoAaBaTeiM By30B Kak ocobue,

CIIOCOGCTBYIOIIEE TOBBIIEHUIO MX KBAIMUKAIIMY U KaK MaTeMaTH-

KOB, U KaK I1e/[aroroB.

IMToueMy — KOHTpIIPUMeEPHI?

B Hamy uHQOPMAIMOHHYIO 3Py BaXKHOU CIIOCOOHOCTHIO UeOBeKa
ABJIAETCA YMEHNE aHAIU3UPOBaTh MHGOPMAIIUIO U OBICTPO /eIaTh BhI-
BOZ, O TOM, fABJIAETCA OHA BEPHOM WIHU Ke JIOXKHON. KOHTpIpuMep ecThb
MpHUMep, KOTOPHIN MOKA3BbIBAET, YTO JJAHHOE YTBep:kKAeHue (IIpeZriono-
’KeHUe, TUII0Te3a, IIpeJJIoKeHre, TPAaBUJIO) SABJIAETCSA JIOKHBIM. [l TO-
r'0 YTOOBI OTIPOBEPTHYTD YTBEPXKAEHNE, JOCTATOYHO OZHOTO KOHTPIIPH-
Mepa. KoHTpIpuMepsl UTrparoT BaXKHYIO POJIb HE TOTBKO B MaTeMaTH-
Ke, HO U B JIpyrux HayKaxX. OHU SBJIAIOTCA CHJIBHBIM U 3 HEeKTUBHEIM
opyZvieM B pyKaX Hay4HBbIX pabOTHUKOB, UCCIe0BaTeNel U TPAaKTUKOB,
ABHO JIEMOHCTPUPYIOIINM, YTO BBIIBUHYTAsA TUIIOTe3a WIU K€ HaIlpas-
JIeHVe WCC/IeZIOBaHUM ABJIAeTCA JIOXKHBIM. [Ipex/e 4eM HavyaTh JOKa3bl-
BaTh HEKOe MPeATION0oXKEHNE, YACTO ObIBAeT M0Ie3HO BHAYale TOUCKATh
KOHTpPIIpHMep K HEMY, YTO MOXKET COKOHOMUTh Maccy BpeMeHU U CHJL.

KoHTpriprMephI M3/jaBHa UT'Paji BAKHYIO POJIb B PA3BUTUH MaTeMa-
THUKU, UCTOPUA KOTOPOH BO MHOT'OM U COCTOUT B BBIIBMDKEHHUU T'HIIOTE3
Y, B JajJbHeHIIeM, X 0Ka3aTeIbCTBE MO0 JKe OTPOBEPIKEHUU IIyTEM
IIOCTPOEHUSA COOTBETCTBYIOIIEro KOHTPIIpHMepa. BOT HECKOIbKO XOpo-
110 U3BECTHBIX TPUMEPOB.

1) B TeueHue AOATOro IleprHoza BpeMeHU MaTeMaTHKU CTapajuch
HaiTh GopMyITy, 3a/JafOIIyI0 MTPOCThie Yncia. K mpumepy, BbICKa3bIBa-
JI0Ch TIPeATIONOXKeH e, 4To uucia Buga 22 + 1, Tae n— HaTypanbHOe
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9UCI0!, ABAAIOTCA MPOCTHIMU. OIHAKO 0KA3aJ10Ch, YTO CYIIECTBYET KOHT-
npuMep?. Ye 11 N =5 5TO YUC/IO ABJIAETCA COCTABHBIM, MOCKOIbKY
2% +1=641-6700417.

2) Crezyromas rurnoTesa o IPOCTHIX YHCIax — runoTe3a [onbabaxa
(wnmu Tonmbabaxa— Diiyiepa) — ellle KAET TOro, YTOOBI OBITH JTHUOO ZI0Ka-
3aHHOMH, JM60 Xe ompoBeprHyToil. OHa ObLIa BhICKa3aHa [onbzb6axoM
B 1742 r. B mucbMe k Ditnepy. Ee dopmMmynrpoBka 06MaHYMBO MPOCTA:
8CSIKOe UemHoe uucao, bosbluee 08YX, S85emcs CymMmoll 08yX NPOCMbLX
yucen. K npumepy, 12=5+7,20=3+17 u T.4. B 1999 r. gna nowuc-
Ka KOHTPIIpUMepa K Hel ObUIM HMCIIOIh30BAHBI MOIHEIE KOMIIBIOTEDEI,
OZIHaKO MPOBEPKa BCeX YeTHBIX uucesn /0 4 - 10'* k ycnexy ne nmpusena®.
B 2000 rozay uzgatenbctBo ©abep & ®abep mpeioKuIo Ipus B 1 MIITH-
OH /JIOJUTAPOB TOMY, KTO JJOKQXKET WJIH JKe OIPOBEPTrHET ruroTe3y [omb-
6axa. /o HaCcTOAIIEero BpeMeHH 3a 3TUM IIPU30M HUKTO He 0OpaTHIICA.

3) B XIX B. Beqiukuii HeMelKUM MaTeMaTHK BeiiepimiTpacc mocTpo-
WJI CBOW 3HAMEHUTBIM KOHTpIpUMep (IO CyTH Jesa, 3TO ObLI IepBbIH
bpaxTai) K cIeAyoueMy YTBep)XKIEHUIO: HeNPepbl8HAsl HA NPOMeXcymKe
(a; b) ¢yHnkuyua donxcna 6bims duddeperyupyemoti xoms 6vt 8 00HOLU
mouke amoezo npomexcymiad. MHorue MaTeMaTUKY TOI'O BpeMeH! II0CYU-
TaJId, YTO TIOCTPOEHHAA UM «IIaTOJIOTHYecKas» QyHKIWA, ABJIAIOIIAACT
HeIpepHIBHON, HO He AubdepeHINpPyeMOil HU B OZHOM TOuKe, OyZeT
abCoMOTHO 6GECIIONe3HOM € TOYKM 3peHMA MPWIOKEHUN MaTeMaTHKH.
OnHako T7ie-To Yepe3 CTo JIeT co3zaTenb KubepHetrku HopbepT Bunep
B CBOEH KHUTE «f] —MaTeMaTuK» 3aMeTHI, YTO II0J00OHbIe KPUBHIE CY-
IIECTBYIOT U B Ipupoze. K mpumepy, MU SABIAIOTCA TPAEKTOPHUU Ya-
CTUI GPOYHOBCKOTO JBIKEHUSA. B mociezylolye AecaTwIeTUs nogo6-
Hble KpUBBbIe CTaiy OOBEKTOM HCCIEZOBaHUA B TeOpUur (GpaKTaaoB —
aKTUBHO pa3BUBAIOLIENCA 06IaCTH MaTEMATUKY, MMeIOIIel MHOTOUHC-
JIeHHbIE TTPaKTHUYeCKre TPUMeHEeHMs.

Llestb 3TOW KHUTU COCTOUT B TOM, YTOOBI ITPOAEMOHCTPUPOBATH IIpe-
roZiaBaTesiAM U CTyZeHTaM, YTO UCIIOIb30BaHUe KOHTPIIPUMEPOB B IIPO-
1iecce o0y4eHus/M3y4yeHs MaTeMaTH4YeCKOro aHalIn3a MOXKET:

* yIIyOuUTh MOHUMAaHUE IPeAMETa;
* KCKJIIOYMUTDH (WM, IO KpaliHel Mepe, CBECTU K MUHUMYyMY) HeBep-

HO€ MCTOJIKOBaHKEe GOPMYINPOBOK MaTeEMAaTHUECKUX YTBEPXKAEHUH;

! Tax HaspiBaemere yucna Pepma. — IIpum. nepes.

2 Haiinennsiit JI. Dittepom. — IIpum. nepes.

3 K 2008 r. 6511 IPOBEPEHbI BCe YeTHbIe ynca g0 1,2 - 1018 — kourprnpumepa Tak u He
HakzgeHo. —[Ipum. nepes.
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* CIocoGCTBOBATh PA3BUTHIO MAaTEMAaTHYECKOrO MEIIUIEHUS (KOTO-
poe, KaK U3BECTHO, He SIBJISETCS HU aJrOPUTMHUYECKUM, HU TIPOILIE-
AYPHBIM);

* YCWINTh Pa3BUTHE TAKUX CTOPOH KPUTHYECKOIO MBIIUIEHHUSA, KaK
CIIOCOGHOCTD K aHAJM3y, 000CHOBAHMIO, IIPOBEPKE, 0KA3aTEIbCTRY,
YTO MPUHECET HECOMHEHHYIO TI0/b3Y BO MHOTUX O6JIACTAX YeIoBe-
YECKOU AeATeNIbHOCTH;

* paCIIMPUTH 3aIlac U3BECTHBIX CTYAEHTaM COZEP:KATENbHBIX IIPUMe-
POB QYHKIMI ¢ MHTEPECHBIMH CBOUCTBAMHU, YTO OBJIETYUT UM OOMEH
uzesMHy B 00JaCTU KaK MaTeMaTUKH, TaK U €€ TIPUIOKEHHIA;

* chenath mpoiiecc o0ydeHus: 6oree aKTUBHBIM U TBOPYECKUM.

1. Yriy6neHve NoOHUMaHUS IIpeaMeTa

B HacTosiee BpeMs MHOTHE CTYAEHTHI NMPUBBIKJIN KOHIIEHTPUPO-
BaTh CBOe BHUMAaHWE Ha TEXHUKe peIleHUs 33/la4, KOHKPETHBIX TIpe-
obpasoBaHUsAX, MeToax (pelenTax) pelleHui U He YAEIAIOT AOKHO-
ro BHUMaHUs onpezeieHusaM (MOHATHH), popMynupoBkaM (yTBep:Kze-
HUIA), cBoMcTBaM (MaTeMaTHYeCKUX OOBEKTOB, HApuMep GYHKIHE),
a Takke 060CHOBAHUIO MTPOBOJUMBIX PACCYKAEHUH.

«Korza cTyzeHTaM TpebyeTcs: IPUMEHUTh HEKOTOPYIO TEOPEMY WU
JKe MeTOZI, OHU 3a4acTyi0 He yZOCYy>KUBAIOTCSA TIPOBEPUTH YCIOBUSA, TIPU
BBITTOJIHEHUY KOTOPBIX BEPHA 3Ta TeOpeMa WU YKe IPUMEHUM JaHHbIN
MeToZ. Mbl IpezronaraeM, 4YTO 3TO MPOUCXOAUT U3-3a TOTO, YTO OHU
MIPOCTO He 3aJyMBIBAIOTCS 06 3TOM, YTO MPOUCXOJUT B CHIY TOTO, YTO
OHM HE OMEPUPYIOT CBOOOJHO MaTeMaTUYECKUMH TEPMHUHAMU U 060-
3HAYEHUSIMU WIH XK€ MMOTOMY, YTO OHU He TOHHUMAIOT POJIU YCJIOBUHN
B GOPMY/IMPOBKAX YTBepXkKAeHUH ». ByyllleMy HHKeHepy 4pe3BhluaitHo
Ba)XHO Pa3BUTh B ceOe MPUBBIYKY OIIEHUBATh IPAHUIIbI, B KOTOPBIX Oy-
JeT GYHKIIMOHMPOBATh HOBOE yCTPOMCTBO. Hanpumep, caMosteT JoKeH
JIETaTh B IITOPM W B YCJIOBUSX TypOYJIEHTHOCTU, a HE TONbKO B He-
aJbHYIO TIOTOJy. YeJeHe BHUMaHUA YCIOBUAM TEOPEM OYIET CIIocob-
CTBOBATh PA3BUTUIO TAKOU ITOJIE3HOU MPUBBIYKUA. 3aMETHUM, YTO U B TIO-
BCETHEBHO JKM3HU Ba)KHO OOpallaTh BHUMaHKe Ha HallMCaHHbIE MeJ-
KUM HIpUQPTOM «CIIeNUaNbHbIE YCIOBUS MPOAAXK» B PEKIAMHBIX 00bSIB-
JIEHUSX.

I Mason J., Watson A. Getting students to create boundary examples // MSOR Connec-
tions. 2001. V.1, N21. P.9—11.
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2. NcK/II0YUTH HeBepHOEe UCTOJIKOBaHUE

B mocsieZiHue rofibl, YaCTUYHO B CBSI3U C MIMPOKUM KCIIONb30BaHUEM
COBpPEMEHHEBIX (KOMIIBIOTEPHBIX) TEXHOJIOTHH, IPAKTUIECKU MCYe3a Ta-
Kasi KOMIIOHEHTa TPaJUIIMOHHOTO moaxoga (ompeeeHre— TeopeMa—
[l0Ka3aTeIbCTBO— IIPUMeP— IIPYMeHeHUs) B IPeroZlaBaHuy MaTeMaTH-
YeCKOro aHain3a, Kak JoKa3aTeabCTBO. CTYZeHTh IIPUBBIKIH JOBEPIThH
OTUM TEXHOJIOTHSAM U He BUIAT 0CO00U HYXABI B JIOTUYECKUX 060cC-
HOBaHUAX. VIHOrZIa KypCchl MaTeMaTUYeCcKOro aHajau3a MOCTPOEHHI Tak,
YTO CTYZAEHTHl BCTPEYAIOTCA B HUX TONBKO C «XOPOIIUMU» QYHKIUA-
Mu U npuMepaMu. OCOOEHHO 3TO XapaKTepHO s IPernojaBaHusa Ha
YpOBHe cpeZiHeit MIKosbl. TaKol MOAX0/ MOXKET MPUBECTU K HEBEPHOMY
MTOHUMAaHUIO, YTO OOBSICHAETCA CIeAYIOMINM BBEA€HHBIM TOJIOM IIPUH-
I[ATIOM «OOIIETO MPOAO/IKEHNUs» : «ECIM HEKTO B ONpeieIeHHOM KOHTEK-
CTe MMeeT JIeJIo ¢ 00beKTaMU, KOTOpble Bcerzia 06J1aZlaloT HEKOTOPBIM
CBOMCTBOM, TO IIPY OTCYTCTBUU KOHTPIIPUMEDPOB OH BIIOJIHE MOXKET CJie-
JIaTh BBIBOJ, YTO 3TO CBOMCTBO IpHUCYyIle 06beKTaM U B 60jiee MIMPOKOM
KOHTeKcTe ».

Muorue HeBepHble GOPMYIUPOBKY, IPUBEIEHHBIE B 3TON KHUTE,
IIOCTPOEHHI Ha TUITUYHBIX CTYZeHUYEeCKUX OIMMOKAX, CBI3aHHBIX C HEBEP-
HBIM IOHUMaHHeM (omnpezeneHui, GOpMyTUPOBOK, CBOMCTB). EcTh pas-
HULIA MEXJY OUIMOKaMU, JOMyCKAeMbIMHU CTYAEHTAMU P U3y4eHUU
anre6psl U P U3yYeHUH aHamu3a. Hu B ofHOM y4yeOHUKe 110 anrebpe
BHI He HaiiJleTe TaKoOro «CBOMCTBa», KaK, K mpumepy, va +b= va+ vb,
Y HU OJWH YYUTeTh HUKOTZA He OyZeT YIUTh HOZOOHOMY «IIPaBIUIY».
C Apyro#l CTOPOHBI, B HEKOTOPHIX YIeOHBIX ITOCOOUAX MO MaTeMaThde-
CKOMY aHanu3y (Jalle BCero B TeX, 0 KOTOPBIM y4aT B IIKOJIE) MOX-
HO HaWTU HEKOppeKTHhle bopMynupoBku. Hampumep, «Ecau epaduk
Hekomopoll ¢yHKyuu npedcmagsiem coboil HenpepuleHyto U 21adKyH0 (He
UMerouLyro yes08) Kpugyr, mo ama gyHkyus seasemcs ougdgpeperyupy-
emoli». Vnu, «KacamenvHas k epaduxy ecmsv kpueds, komopds umeem
¢ Kpueoil obufyro mouky, npuuem 8 3moil mouke KacamesibHAsl He nepe-
cexaem amom epaguk». HeKOTOpble CTYAEHTHI JEHCTBUTENBHO 8bLyUl-
8aim MaTeMaTU4YeCKUI aHaau3 MofoOHBIM obpasoM. [IpakTHka B IO-
CTPOEHUU KOHTPIIPUMEPOB IMOMOKET CTYAEHTaM UCKIIOUUTD [T006HBIE
OIIMOKH, 10 TOTO KaK OHU CTAHYT UX BTOPOM HATYpOH.

! Tall D. The psychology of advanced mathematical thinking // Advanced Mathematical
Thinking. Dordrecht: Kluwer, 1991. P. 3—21.
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3. PazBuTHEe MaTeMaTU4eCKOIro MbIILJIEHUS

[TocTpoeHMe MIPUMEPOB U KOHTPIPUMEPOB HUKOUM 00pa3oM He fB-
JIIeTCST AITOPUTMUYECKOH 1eATeNbHOCTBIO U TpebyeT JOCTAaTOYHO pas-
BUTOTO MaTeMaTH4YeCcKOTro MBIIUIEHUs, KOTOPOe, YBBI, He TaK YacTo ¢pop-
MUpyeTcA B LIKOJE. «YMeHUe ITIOCTPOUTh IPUMepP OCHOBBIBaeTCA Ha CO-
BCEM /IpyTUX KOTHUTHBHBIX KaueCTBax, YeM YMeHHe 1eHiCTBOBATh I10 3a-
JlAHHOMY aJITOPUTMY, — /I 3TOT'O HY>KHO CMOTpPETh Ha MaTeMaTHIecKue
0OBEKTHI Yepe3 MPU3MY UX CBOHCTB. CTyZIEHTOB YacTO CTaBUT B TYIHK
3a7iaya IIOCTPOEHUs TOT'O WIM MHOTO IIPUMepa, TOCKOIbKY HET HUKAKOT0
angroputMa, paboTas B COOTBETCTBHUH C KOTOPBIM OHU OKAa3aIHUCh OBl HA
npasunsHom nymu'». TIpakTUKyACh B OCTPOEHUU TPUMEPOB ¥ KOHTP-
IIPYMEepOB, CTYAEHTHl Pa3BUBAIOT CBOM TBOpYECKUH MOTEHIIHAI U MaTe-
MaTH4YecKoe MBIIIIEHHE.

4. ®opMupoBaHNe KPUTUIECKOTO MbIIILIEHUA

[TocTpoeHne KOHTPIPUMEPOB K HEBEPHBIM YTBEPXKJEHUAM HMeeT
MIPEUMYIIECTBO TIEpe]] MOCTPOEHUEM TPUMEPOB QYHKITUN € 3aJaHHBI-
MU CBOMCTBaMH, IIOCKOJIbKY IIPU IIOCTPOEHUH KOHTPIIPUMEPOB MBI Me-
€M JIeJIO C OTIpOBep)KeHMEM, 000CHOBaHUEM, apryMeHTaIliel, KpUTHYe-
CKUM MBIIIEHVEM, YTO COCTABJIAET HEOTheMIEMYIO YaCcTh MaTeMaTHye-
CKOTO crioco6a MbIIUTEHHS. Pa3BUTHE KPUTUYECKOTO MBIIIIEHS TTOMO-
JKET CTYZIEHTaM HE TOJbKO BO BpPeMS UX OOyUYeHHs B YHUBEDPCUTETE, HO
TaKKe U B UX JaJbHeHIIeHd )KU3HU.

5. Pacummpenue 3amnaca IpuMepoB

[Tocse TOrO Kak CTYAEHTHl IPUAYMAlIN WIN XOTA OBl IO3HAKOMHU-
JIUCh C MHOTOYMC/IEHHBIMU TpuUMepaMu GyHKIUH, 061aJaloiuMy UH-
TEPECHBIMH CBOMCTBAMH, UM OyZeT IpoIle Jake pa3roBapuBaTh ApPYT
C ApyroM, OOMeHHUBAsACh WJESIMU, KACAIOUUMUCSI MAaTeMaTHKU WIN ee
puIoKeHUH. [locpescTBOM /1eATebHOCTH, CBA3aHHOW C TIOCTPOEHUEM
KOHTPIIPUMEPOB, CTYZEHTH MHOT'O Y3HAIOT O MOBEJEHUU Pa3IN4HbIX
GYHKUIME ¥ OKa3BIBAIOTCS B COCTOSTHUM IPUMEHUTh CBOYM 3HAHUSA, pelas
peaybHbIe 3a/a4u.

OrpaHuuuMcs AByMs CJIEAYIOIIUMY TPUMepPaMHu.

1 Selden A., Selden J. The role of examples in learning mathematics // The Mathematical
Association of America Online: www.maa.org/t_and 1/sampler/rs_5.html.
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1. KouTpripuMepamMu K yTBEPKIAEHUIO 2.2 U YTBEPXKIEHUIO 4.32 AB-
JIAFOTCA COOTBETCTBEHHO QYHKIIMHU

x? , ecmmx #0,

cos =
__sinx . X
f)=="~ n gl =
0, eciu x =0,
HCITONIb3yeMble TIPH MOJETUPOBAaHUU KOTebaTeNbHBIX MIPOIIECCOB.

2. KoHTIIpMeEpOM K yTBepXKAeHUIo 5.12 apnaercsa ¢yHKIMA PpeHe-
X 2
na F(x) = f sin % dt, xoTopas, yxe He TOBOPs 00 ee HCIIOIb30BAHUU
0

B reOMETPUYECKOM ONTHKE, HeJaBHO Oblia IpUMEHeHa B 3ajiade, CBs-
3aHHOW C IPOEKTUPOBAHNEM CKOPOCTHBIX aBTOMOOWIBHBIX JIOPOT.

Kaxk noguepxny: ['erpu [Noniak, Zonroe BpeMst paboTaBInuii B 1a60-
paropuu Besa, «Halie OBIIECTBO YAEMSIET TaK MHOTO BHUMAHUSA TIpe-
[O/IaBaHMI0 MATEMATUKK B HIKOJAX, KOJUIE/KAX U YHUBEPCHUTETAX He
[TOTOMY, YTO MaTeMaTWKa OYeHb KpacuBa, a OHAa /[IEMCTBUTENBHO Kpa-
CHBa, WIH e He OTTOTO, YTO 3aHATUA €I0 CIOCOOCTBYIOT TPEHUPOBKE
YeJI0BEYECKOTO MO3Ta, HO TIOTOMY, YTO OHA OYeHb MOJIe3Ha».

6. CxesaTh mporecc 00yyeHus 6ojiee aKTUBHBIM U TBOPYECKUM

OmBIT MOUX KOJUIET ¥ MOU COOCTBEHHBIN IearoruyecKui OIBIT I10-
Ka3bIBAIOT, YTO Iejarorudeckas CTpaTerus, MOCTPOeHHas Ha WCIOJb-
30BaHUU KOHTPIIPUMEPOB, MOXKET OXXUBHUTH IMPOIlecC 0OyIeHwUs, c/ieaB
ero 6osee TBOpuecKuM. [IpoBeZieHHOE HEKOTOPOE BpeMS Ha3aJ MEeXIY-
HapOAHOE KCCIeZIOBaHNe, B KOTOPOM MPUHUMAIH ydactue Gomee 600
CTyZeHTOB 13 10 YHUBEPCUTETOB B PA3IMYHBIX CTPAHAX MUPA, TI0KA3aJIo,
YTO TOAABJIsIIONIee OONTBIUTMHCTBO €r0 YIaCTHUKOB (92 %) cowin moses-
HBIM HKCIIO/b30BaHKe KOHTPIIPUMEPOB B Mpoliecce UxX obydeHus'. OHU
(CTyZeHTBI) OTMETWJIH, YTO 3TO ITOMOIJIO MM JIyYIlle TIOHATh CMBICI I10-
HATHUH, BBEZIEHHBIX B KypCe aHa/IN3a, MPeZ0CTEPETAIO UX OT BO3MOXKHBIX
oIMOO0K, Pa3BUBAJIO JIOTMYECKOE U KPUTHUECKOE MBIIUIEHNE U YTO OHU
Moru 6ojlee aKTUBHO BOCIIPUHUMATD JIEKITMOHHBIN MaTepuai. MHOTHe
13 HUX ITOJYEePKHY/IH TaK)Ke, YTO IIOCTPOEHNEe MHOTOUKCIEHHBIX KOHTP-
MIPUMEPOB CZieTano ux 6oee KPUTHUYECKU MBICISAIIMMU HE TOJIBKO TPH-
MEHUTETbHO K MaTeMaTHKe, HO U B IPYTUX 00IACTAX KU3HU.

CylIecTBYIOT pas3jnvHble CIIOCOOBI HMCIONb30BAaHUA KOHTIPUMEDPOB
B [IeJarOrU4YeCcKOM IIpoliecce:

! Gruenwald N., Klymchuk S. Using counterexamples in teaching Calculus // The New
Zealand Mathematics Magazine. 2003. V. 40, N22. P. 33—41.
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* IpeAyaraTh CTYZEeHTaM BIIEPEMEIIKY KaK BEPHBIE, TAK U HEBEPHEBIE
bopMynIUpPOBKY;

* HaMepeHHO JOIyCKaTh OUIMOKY Ha JIEKIVAX;

* IIPOCUTH CTYAEHTOB HAWTH OLIMOKY Ha OINpeJeNeHHON CTpaHUIle
yueOHUKa;

* HAYUC/IATH CTYZEHTaM JONOIHUTENbHbIE OasUIbl, YYUTHIBAIOIIUECST
IIpY BBIBOZE OKOHYATENIbHON OLIEHKU IO JIEKIIMOHHOMY Kypcy, 3a
Ipe/icTaBleHHble MU NTPeKpacHble KOHTPIIPUMEDHI K TPYAHBIM 3a-
JAHVAM.

HaxoHer], UX MOXXHO HCIIOJIb30BATh C LIE/IbI0 OLEHKH 3HAHW CTYZEHTOB.

CTpyKTypa KHUTHA

[TepBast 4aCTh COCTOUT U3 GOPMYJIHPOBOK HEBEPHBIX YTBEPKAEHUI,
CBSI3aHHBIX C MATEPUAJIOM IIITH OCHOBHBIX TEM BBOJHOT'O Kypca MaTeMa-
TUYECKOTO aHaiu3a, a uMeHHo: OyHKiuu, [Ipeaess, HempepeIBHOCTS,
JuddepennmanpHoe ucurcieHre u MHTerpajibHOe UCIUCTIeHe. B Kaxk-
JIOM 13 COOTBETCTBYIONUX Pa3/IeIOB yTBEPKEHHUS PACIIONaratoTcs B IMo-
PSZIKe TIOBBINMIEHUS CJIOXKHOCTU TpeJIOKEeHHBIX 3aZaHuii. HekoTophie
VTBEPXKIEHUS, 0COOEHHO PaCIIOIOXKEHHbBIE B Havale KaXKJ0ro U3 pasze-
JIOB KHUTH, SIBJISIOT COO0M MPUMEPHI TUITMYHBIX CTYA€HUYECKUX OITHUOOK,
CBSI3aHHBIX C HEBEPHBIM MMOHMMAaHUEM OTpe/eeHUH, YCIOBUM yTBEp-
JKJEHUU WK Ke CBOHCTB MaTEMaTUYECKUX 0OBEKTOB. B HEKOTOPHBIX CITy-
yagx cOpMyJUPOBaHHBIE B KHUTE YTBEPXKAEHUS KaXKyTCs BEPHBIMH,
TaK 4YTO CTyZIeHTaM HaJ0 CePbe3HO MopaboTaTh AJIs TOCTPOEHUS COOT-
BETCTBYIOIIEr0 KOHTpIpuUMepa. {l HaZeloch, YTO MPUBOAMMBIE B JTOU
KHUTe TIPUMEPHI OYZIyT UHTEPECHBI BCEM €€ YUTATENAM.

Bo BTOpOI#1 YacTH KHWUTY TIPUBEZEHBI pPellleHus Bcex 3aZaHuii. Ko-
HEYHO, aBTOP HA/leeTCs, YTO YUTATeau OYAYT TakKe CTPOUTh U CBOU
KOHTpIIpUMephl. K HEKOTOPBIM W3 pelleHUN JaHbl JOTOTHUTEIbHBIE
KOMMEHTapHH, aZipecoBaHHbIE B OCHOBHOM CTYZEHTaM.

B MoTIONMHEHUN OOCYKIAI0TCSA MeJarornyeckre UAeu U KOHKPETHBIE
pe3yJIbTaThl UCIIOb30BAHKS KOHTPIIPUMEPOB B IIpoIiecce 00yJIeHUs Ma-
TeMaTUIECKOMY aHaJN3y.

Cepeeil Kaumuyx,

KaHAuAAT GU3UKO-MaTeMaTUIEeCKUX HayK,
ZOTIEHT TeXHOMOTUYECKOTO YHUBEPCUTETA,
Oxienz (HoBas 3enaHzans)



PopMyIHPOBKUA

[ToguepkHeM elrle pa3, YTO Bce GOPMYIHUPOBKY MPUBOAVMEIX Zlajee
YTBEP)KAEHUH ABIAIOTCA HEBEPHBIMHU, YTO U /IOJDKEH MTOKa3aTh YUTATENb
IIyTeM IIOCTPOEHUS COOTBETCTBYIOIero IipuMepa (T. e. KOHmpnpumepa).

§1. dyHkIMHU

1) KacaTenpHas K KpUBOU B JJaHHOM TOYKe eCTh IpsiMasi, KOTopas
TOJIBKO KacaeTcsi KpUBOIA B 3TOM TOUKe, HO He MepeceKaeT ee'.

2) KacaTenpHas K KpUBOM HE MOXKET UMETh C 3TOH KPUBOH 6eCcKo-
HEYHO MHOI'O TOYeK KacaHU.

3) KBagpaTUYHOU OTHOCUTENBHO IIePeMEHHOM X ABJIsAeTCA QYHKIUA,
B BhIpa)KEHUeE /IJIsI KOTOPOH TlepeMeHHasi X BXOJUT C HAauOOJIbIIeH CTele-
HbBIO, PaBHOH 2.

4) Ecnu kakzgas us oyHkuui f(x) u g(x) sBAsSeTca HEMpPEPHIBHOM
1 MOHOTOHHOM Ha R ¢yHKIHeH, To ux cymma f (x) + g(x) Takke MOHO-
TOHHA Ha R.

5) Ecmu kaxzas u3 GyHkiumi f(x) u g(x) He ABASEeTCI MOHOTOHHOM
Ha R ¢yHKUMEH, To ux cymma f(x) + g(x) TakKe He eCTh MOHOTOHHAS
Ha R yHKIMA.

6) Eciu f (x) — HenpepriBHast GYHKIMA, YOBIBAOLIAs HA TIPOMEKYT-
ke (0, +o0) u mpuHUMAINAsa MOMOXKUTETbHOE 3HAaYeHre NP X = 1, TO
OHa MMeeT B TOYHOCTU OZUH KOPEHb.

7) Ecnu 3azanHas Ha mpoMekyTke (a; b) ¢yHkiua f(x) umeet 06-
paTHyI0, To f (x) 16O sBIAETCsA Bo3pacTaroleil Ha (a; b), 160 ke yObI-
BaloIIel Ha 3TOM IIPOMEXKYTKe.

8) ®yukrua y = f (x) orpanudeHa Ha R, ecmu Jis KaXXJ0ro 3HAve-
HUst X € R HalizeTcss Takoe unciao M >0, uro |f(x)| < M.

9) Ecnu g(a) =0, To npAMas x =a fABjAeTcA BepTUKAIbHOU acuMII-

ToTOM rpaduka ¢yHkuu F(x) = %

! B janHOM maparpacde KacaTenbHasA K KPUBOLT IIOHMMAETCA KaK NpedeibHoe NoJI0JceHuUe
cexyuietl, T. e. bonee Ha UHTYUTHBHOM YPOBHe. B 3Toi1 3a/1aue MeeTcs B BUAY, YTO KpUBas
BOJIM3M TOYKHU KaCAHUA JIEKUT 110 OJHY CTOPOHY OT paccMaTpUBaeMO# MpsMoit. — [Ipum.
nepes.
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10) Ecnu g(a) =0, To mpsAMas X = a ABJSAeTCS BePTUKAIbHOMN aCHUMII-
TOTOU rpadvka paroHaIbHON QYHKINU

£

R(x) = m

(3mech f(x) m g(x) — MHOTOUIEHBI).

11) Ecnmu ¢yuknua f(x) ABisgeTcs HEOTpaHWUYEHHOW W HEOTpHIla-
TeJbHOM Ha R, TO y Hee He CyllecTByeT TaKOH IOC/IeZ0OBaTeIbHOCTHU X,
ee KOpHEeH, 4To X,, — © IIPU N — ©.

12) OmpegenenHas Ha otpe3ke [a;b] ¢yuxumsa f(x), rpaduk Ko-
TOPOU HE COZEPIKUT T'OPU30HTAIBHBIX YIACTKOB, HE MOXKET MIPUHUMATh
cBOe Haubosblllee 3HAYEHHE B OECKOHEYHOM MHOXKECTBE TOYEK.

13) Eciu ¢yHkIuA f(x) ABIAETCS HETPEPHIBHOM U BO3pacTaeT B TOY-
ke! x =a, To HalizeTca Taxas oKkpecTHOCTh (a — &; a+ &), Ha KOTOpOH
aTa QYHKITUA TaKKe SIBJSIETCS BO3PACTAOIIEH.

14) Ecom QyHKIUA He ABJIsETCS MOHOTOHHOM, TO OHA He SBJIAETCSA
06paTUMOM.

15) Eciiu GpyHKIHA He ABIAETCA MOHOTOHHOW Ha MpoMeskyTke (a; b),
TO ee KBaZpaT TaKXe He sBJsIeTC MOHOTOHHOMU Ha (a; b) yHKuMel.

§2. IIpeaensl
1) Ecmu f (x) < g(x) pu Bcex x > 0 ¥ CyIIEeCTBYIOT IIPeeb
lim f(x) u lim g(x),
X—+o0 X—+o0
To lim f(x)< lim g(x).
X—+o0 X—400
2) Cnepyroiiye onpezeseHNA HAKJIOHHOW aCUMIITOTHI SABJIAIOTCS 3K-
BUBAJIEHTHBIMU:
a) mpsiMas y = kx + b Ha3bIBaeTcs HAKJIOHHON aCUMIITOTOM rpaduka
y=f(x) mnpux— oo,
ecmu lim (f (x) —kx—b) =0;
X—> 00
6) mpsMas TUHUS Ha3bIBAETCS HAKJIOHHOW aCHUMIITOTOM HEKOTOPOM
KPUBOU TIPHU X — 0, eCJIM 3Ta KPUBas CTAHOBUTCS Bce OJIKe U GinKe

(Tak 67M3KO, KaK MBI TOJBKO TOXKEJIAaeM) K 3TOW MPSMOM, BO3MOXKHO,
Kacasch, HO He TiepeceKas ee.

1 ®ynkimAa f (Xx) Ha3bIBaeTCsA BO3paCTaIoOllell B TOYKE X = d, €C/IM HalZIeTCs TaKOe YUCIIO
6 >0, gto f(x) < f(a) npu Bcex x € (a—06;a) u f(x)> f(a) upu Bcex x € (a;a+ 6).—
Ilpum. nepes.
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3) Ipsimas, kacatonasacs rpapuka GyHKINMU B 6ECKOHEUHOM MHOXKe-
CTBE TOYEK, He MOXKET ObITh HAKJIOHHOM aCUMIITOTOM 3TOro rpaduka.
4) Crnenyrolue onpezeneHrst BEPTUKAIbHON aCUMIITOTHI SBISIOTCS
SKBUBAJIEHTHBIMU:
a) mpsiMas X = a Ha3bIBAETCS BEPTUKAJIBHOW aCUMIITOTOM rpaduka
y=f(x),ecmu lim f(x)==%c wmmxke lim f(x)==oo;
Xx—a— x—a+

6) mpsiMasi IMHYS Ha3bIBAE€TCST BEPTUKAIBHOM aCUMITOTOM rpaduka
y = f(x), ecnu cymiecTByeT 6€CKOHEYHO MHOTO 3Ha4eHUH f (X), SIBJISIO-
IIUXCS CKOJIb YTOAHO 60bIIUMYU (10 MOAYJTIO) TIPH X, TPUOIMIKAIOINXCS
K a CIIpaBa WIN JKe CJIEBA.

5) Ecnmm cymecTByeT mpezen )1(13(11 f(x) m He cymecTByeT mpezen

lim g(x) (B cuty Toro uto dyHKIwA g(x) KomebaeTes Ipu IpUbIKeHIN

x—a

apryMeHTa K TO4YKe X =a), TO He cymlecTByeT U npezen lim f (x)g(x).
xX—a

6) Ecmu dyHkiua f(x) He sBIsSeTCI OTPAaHUYEHHOW HU B KaKoOU
OKPECTHOCTU TOYKU X =a, To lim |f(x)|=c0 wam lim |f(x)|= oo.
Xx—a— x—a+

7) Ecnu oyuakiua f(x) HempeprlBHA HAa R U CyIlecTByeT Ipezes
nocneznoBaTenbHocTu f(n), n=1,2, ..., Ipu n — ©, paBHBIA A, TO Cy-
LeCTBYeT U Npeses 11111 f(x), KOTOPBIF TaKKe paBeH A.

X—+o0

§ 3. HenmpepbIBHOCTH

1) Eciu dynxkius | f (x)| HermpepriBHa Ha ipomexxyTke (a; b), To u ca-
Ma QyHKIUA f(x) ABIAETCA HEIPEPHIBHOM Ha 3TOM IIPOMEXYTKe.

2) Ecimu xaxkgas u3 GyHKIUM f(x) u g(x) He sABIsIeTCI HEIPepPhIB-
HOH B TOYKE d, TO HE fABJIAETCA HEMPEPHIBHOM B 3TOW TOYKE U CyMMa
f(x) 4+ g(x) atux PyHKIMIA.

3) Ecnu kaxkzasa us yHKIUH f (x) u g(x) He ABIAeTCA HElTPEPHIBHON
B TOUKE d, TO HE SIBJISIETCS HEITPEPHIBHOMN B 3TOU TOYKE U IPOU3BE/EHNE
f(x)g(x) atux PyHKITHMIA.

4) Mexzy AByMs TOYKaMH JIOKQJIBHOI'O MUHUMYMa (GyHKI[UU BCETAa
MMeETCS TOYKa ee JIOKAJIbHOTO MaKCUMyMa.

5) Mexzay AByMSA TOYKaMH JIOKQJbHOT'O MUHUMYyMa HeNpEPBIBHOU
GYHKIIMYM BCera UMeeTcs: TOYKa ee JIOKaJTbHOTO MaKCHUMyMa.

6) Ecmu QyHKIIMA ompezeneHa B HEKOTOPOU OKPECTHOCTU TOYKHU
X = a, SIBJISIETCS BO3pACTAIOIIEN C/IeBa OT Hee U SABJAeTCs yObIBatolen
CIIpaBa OT 3TOM TOYKH, TO X = d — TOYKA JIOKAJTHbHOT'O MaKCUMyMa 3TOU

byHKIUN.
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7) Ecnu GyHKIMSA onpeziesieHa Ha oTpe3ke [a; b] 1 HempephIBHA Ha
npoMexyTke (a; b), To OHa OCTUTaeT CBOMX HaUbOIbIIETO U HAUMEHD-
IIIero 3HaYeHUH Ha oTpe3ke [a; b].

8) Bcakas HenpepbIBHAA U orpaHWYeHHasd Ha R QyHKIUA JocTUTAET
CBOMX HAaWOOJIBUIETO ¥ HAMMEHBIIEIO 3HAYEHUI.

9) Ecnu ¢yakuua f (x) HenpepbIlBHA Ha oTpeske [a; bl, f(a) = f(b)
U K ee rpaduKy B KaKJOU €ro TOYKE MOXKHO MPOBECTH KacaTeTbHYIO
MpsIMYI0, TO HalieTcss ToyKa 3Toro rpaduka, B KOTOPOM KacaTeslbHas
K rpaduKy ABIAETCA TOPU3OHTAIBHOM.

10) Ecnu 3aziaHHast Ha oTpe3ke [a; b] GyHKIIUS SABIsAETCS OTPaHUYEH-
HOM, IOCTUTAeT CBOMX HAMOOJIBIIEr0 U HAUMEHbIIEr0 3HaYeHUH U TPH-
HUMaeT BCe 3HAUEHUS MEXKJy HUMH, TO 3Ta GYHKIMS HElpephiBHA Ha
[a; b].

11) Ecnu 3aziaHHas Ha otpe3ke [a; b] GyHKIUA ABIAETCS OTpaHUYEH-
HOM, IOCTUTAeT CBOMX HAMOOJIBIIEr0 U HAUMEHbIIEro 3HaYeHUH U TPH-
HUMaeT Bce 3Ha4YeHUs MeXy HUMU, TO 3Ta GpYHKIUA HEeIPephIBHA XOT:
6Bl B OHOM TOYKe OTpe3ka [a; b].

12) Ecnu ¢oyHKIIMA HellpephiBHA Ha oTpe3ke [a; b], To oHa He MOXeT
MPUHUMAaTh CBOU HauWMeHbIllee W HauboJblllee 3HAYEHUsI B OeCKOHEY-
HOM MHOXXECTBE TOYEK.

13) Ectu pynknus f (x) onpezeneHa Ha otpe3ke [a; b] u f (a) f (b) <O,
TO OHa ObpalljaeTcsi B Hy/Ib XOTs OBl B OZHOM TOYKE 3TOr'O OTPe3Ka.

14) Ecm dyskiua f (x) onpezeneHa Ha otpe3ke [a; b] 1 HelpephIB-
Ha Ha mpoMmexyTke (a;b), To Bcskoe yucio m, jgexariee Mexay f(a)
u f(b), siBnsAeTca 3HaUeHHEM 3TOU GYHKIIMH.

15) Ecnu GyHKITUS SBISETCS Pa3pPhIBHON B K&XKZOU TOUKe CBOEH 06-
JIACTH ONpe/ieJIeHUsA, TO HU ee KBaZpaT, HU ee MOAY/Ib He SBJIAITCA
HEeMpPEePbIBHBIMU GYHKIIUSIMU.

16) ®yHKIMA He MOXKeT OBbITh HENPEPHIBHOM B OIHOM TOYKe CBOEM
o6J1acTy oTpeZiesIeHus U OBITh Pa3phIBHOM BO BCEX IPYTHUX €€ TOUKaX.

17) TlocmenoBaTebHOCTb HENIPEPHIBHBIX Ha [a; b] QyHKIMI Bceraa
CXOZAUTCS K HEKOTOPOI HeNpephIBHOM Ha oTpe3ke [a; b] ¢yHKIINM.

§4. IudpdepenunasbHOE UCYUCTEHUE

1) Ecmu oyuknmu f(x) u g(x) aasioTes auddepeHITUpyeMbIMU Ha
npomexytke (a; b) u f(x) > g(x) npu Beex x € (a; b), Tou f'(x) > g’(x)
pu Bcex x € (a; b).
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2) Ecnu HenmHelHaa ¢GyHKIUA auddepeHIIpyeMa U MOHOTOHHA
Ha (0; +), ToO U ee IPoOU3BOAHAsA ABIAETCA MOHOTOHHON Ha (0; +)
byHKIMET.

3) Eciu GpyHKIIMA HEeIpephIBHA B HEKOTOPOU TOYKE, TO B 3TON TOUYKe
CYIIECTBYET U €€ TIPOU3BOJHAS.

4) Ecim QyHKIIMA HellpephiBHA Ha R M B Ka)XZI0H TOUYKe ee Trpaduka
CYILIEeCTBYeT KacaTesJbHas K HEMY, TO 3Ta QyHKIMA AuddepeHIIIpyeMa
B KQOK/IOW TOYKE YHCJIOBOM MPAMOM.

5) Ecnu GyHKIIMA HelpepbIBHA Ha MpoMexyTke (a; b) u ee rpaduk
Ha 5TOM IIPOMEXYTKe ABJISAETCA 2/1a0K01ll kpugoil (He UMeroueH yIjioB),
TO 3Ta QyHKIUA sABIAeTca AuddepeHIpyeMoit Ha (a; b).

6) Eciii B HEKOTOPOI TOUKe MpOoU3BOoAHAs GPYHKIMY paBHA HYIIO, TO
OHa He sBJIAETCS HU BO3pacTarolleli, HU yObIBAIOIIEH B 3TOM TOUKe.

7) Eciu dyHKIMA ABjsieTcs AuddepeHnpyeMoii U CTporo yorIBato-
medt Ha (a; b), To ee MpOU3BOAHAA OTpULIATENbHA BCIOAY Ha (a; b).

8) Ecnmu GyHKIMA SBJsIeTCS HENPEpPHIBHOM U CTPOTo yOBIBarolei
Ha (a; b), To ee IpoM3BOAHAA HEMONIOXKUTENBHA B KAXK/JOU TOUKE ITOTO
MIPOMEXYTKA.

9) Ecnu mpousBogHas GpyHKIIMH TIOMOXKUTENbHA B JTI000H TOuke ee
obacTy ompeziesieHusA, TO 3Ta GYHKIUS SBIAETCI CTPOrO BO3pacTaro-
el Ha Bcel 06J1acTU ee onpezieieHus.

10) Ecm ¢yuknua f(x) onpenenena Ha [a; b] u Touka c € (a;b)
ABJISAETCSA TOYKOU ee JIOKaJbHOTO MaKCMMyMa, To f(x) Bo3pacTaeT Ha
HEKOTOPOM (ZIOCTaTOYHO MajioM) TPOMEXYTKe (x;;c) U yObIBaeT Ha
HEKOTOPOM IIPOMeXYTKe (C; X5).

11) Ecim dynxuus f (x) auddepennupyema Ha R u f(0) = £/(0) =0,
TO f(x)=0 pu Bcex x €R.

12) Ecnu dyukuusa azuddepeHIpyeMa B KaXKI0H TOUKe IPOMEXKYTKa
(a; b) v TpyHMMAaeT Ha HEM KaK IOJIOKUTEbHbIE, TaK U OTPULlaTeTbHbIE
3HAYEHUA, TO ee MOAY/b |f(x)| He UMeeT IMPOU3BOAHOM B TEX TOYKAX,
B KOTOpHIX f(x) =0 (mpumepamui Tomy ABIsioTca GyHKIUU f(x) = x
u f(x)=sinx).

13) Eciu oyuknmu f (x) u g(x) auddepeHIIpyeMbl Ha TIPOMEKYTKE
(a; b) n npu aToM ux rpaduku mepecekarorcda, To GyHKIMA h(x), omnpe-
JeneHHas paBeHcTBoM h(x) = max{f (x), g(x)}, He UMeeT MPOU3BOAHOU
B Te€X TOYKax, B KOTOPBIX f(x) =g (x).

14) Ecmu GyHKIUA ABISETCS ABAXKAB AubdepeHIInpyeMoii B TOUKe
CBOETO JIOKAJbHOT'O MaKCUMyMa (MUHHMyMa), TO ee BTOpas MPOU3BOJ-
Has B 3TOU TOYKe OTpUIaTelbHa (COOTBETCTBEHHO IOJIOXKUTENbHA).
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15) Eciu kaxzaas u3 GyHkiui f(x) u g(x) He UMeeT MPOU3BOAHOU
B TOYKe X =a, To ux cyMmMma f (x) + g(x) Takke He UMeeT IPOU3BOAHOMN
B DTOU TOYKe.

16) Eciu v dyHkumu f (Xx) CyllecTByeT IMPOMU3BOAHAA B TOUKE X =4,
ToTZIa KaK GyHKITUA g(X) He MMeEeT MMPOU3BOHOM B 3TOM TOUYKE, TO U TPO-
usBegeHue f(x)g(x) He UMeeT IPOU3BOJHOM B TOUKE X =d.

17) Ecnu kaxzaas u3 GyHkiui f(x) u g(x) He UMeeT MPOU3BOAHOU
B TOYKE X = a, TO U mpousBeZieHue f(x)g(x) He MMeeT IPOU3BOJHOMN
B OTOU TOUKe.

18) Ecu dynkmmsa g(x) auddepeHpyeMa B TOUKe X =d, a QyHK-
uua f(x) HeaudpPpepeHIMpyema B Touke g(a), To ¥ koMmmos3unus F (x) =
= f(g(x)) HeagudbdepeHIIUpyeMa B TOUKE X =d.

19) Ecnu dyukuusa g(x) HeauddepeHIupyema B TOUKe X = a, a QyHK-
nus f(x) auddepeniupyema B Touke g(a), To ¥ KoMmosuusa F(x) =
= f(g(x)) HeguddepeHIMpyEMa B TOUKE X =d.

20) Ecimu dysknms g (x) HeauddepeHpyeMa B TOUKe X =d, a GyHK-
nus f(x) HeauddepeHnupyema B Touke g(a), To Kommozuiua F(x) =
= f(g(x)) Takxxke HeguddepeHINPyeMa B TOUKE X =d.

21) Eciu ¢yukiua f(x) ompezeneHa Ha oTpeske [a; b], auddepen-
uupyeMa Ha mpomexyTke (a; b) u f(a) = f(b), To cymecTByeT Takas
Touka c € (a; b), uro f/(c) =0.

22) Ecnu GyHKUMA ABIsAeTCA ABaKAb AuddepeHIMpyeMOi B HEKO-
TOPOM OKPECTHOCTH TOYKH X = d U ee BTOpas IIPOMU3BOJHASA B 3TOHN TOUKe
paBHa HyJTI0, To TouKa ((a, f(a))) sBasgeTcsa Toukoi meperuba rpaduka
3TOU QYHKUIMU.

23) Ecnu ¢yHkmusa f (x) sasiasetcsa auddepeHIMpyeMo B TOUKE X =da
u Touka ((a, f(a))) ecTb TouKa neperuba ee rpaduka, To BTopas Ipous-
BOZIHAs 3TOM GYHKIIMM obpaliaeTcs B Hy/Ib B TOYKE X =d.

24) Ecmu dyskumn f(x) u g(x) asuasaiorea guddepeHINpPyeMbIMU
Ha R ¥ cTpeMsaTcs K 6€CKOHEYHOCTH MPU X — ©, TO /IS BRIYUCIEHUS
npegena otHomeHusa f(x)/g(x) mpu x — % MOXXHO BOCIIONb30BAThCS
COOTHOIIIEHHEM

lim G lim M)
x—w &) T xoe g(X)°

25) Eciu dyskiua f (x) zuddepeHnypyema Ha mpoMexyTtke (a; b)

u lim+f’(x) =00, TO U 1im+f(x) = oo,

26) Ecimm dynkuma f (x) zuddepeniypyema Ha mpomexyTke (0; +)
U CYIIECTBYET Ipeze liT f(x), To cymiecTByeT U mpezen liT f'(x).
X—+o X—+o
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27) Ecim oyukiua f (x) audbdepeHiupyema u orpaHu4eHa Ha Ipo-
MexyTke (0;+o) U cyllecTByeT npezen xlirfw f’(x), To cymecTByeT
U TIpefien xl_iH_loo ().

28) Ecimu ¢ynkiua f(x) auddepeHunpyemMa B TOYKE X =d, TO €€
MIPOU3BO/IHAS HETPEPhIBHA B 3TOM TOYKE.

29) Ecnu npousBozHass GyHKUMH f(X) B TOUKE X = a ABJIAETCH I10-
JIOKUTENbHOM, TO CYIECTBYET OKPECTHOCTH TOYKHM d, Ha KOTOPOH 3Ta
byHKUIMA ABIAETCA BO3pacTaloLIe.

30) Ecnu pyHKIusA f (x) HEMpephIBHA Ha TpoMeKyTKe (a; b) 1 Touka
c € (a; b) ABNIsAETCA TOUYKOU ee JIOKAJTbHOI'O MaKCUMyMa, TO CYIIeCTBYET
OKPECTHOCTb TOYKU C, B KOTOPOI cJieBa OT TOYKU ¢ GyHKIUs f(Xx) BO3-
pacTaer, a cripaBa — yObIBa€T.

31) Ecmm ¢yuknusa f(x) auddepeHunpyeMa B TOYKE X = d, TO HaH-
JIETCST OKPECTHOCTH TOUKH d, B KOTOPOU ee MTPOU3BOIHAS SBJISETCSA OTpa-
HUYEeHHOM.

32) Ecii BO BCAKOUM OKPECTHOCTHU TOYKM d HAWAETCsS TOYKA, B KOTO-
poii ¢yHkmA f(x) He MMeeT IPOU3BOAHOM, TO 3Ta PYHKIUA HEe MMeeT
TIPOU3BOAHOU U B CAMOU TOYKE d.

33) He cymiecTByeT QyHKIUU, KOTOpas ABaseTcs AuddepeHIupye-
MO TOJIBKO B OZIHOM TOYKe CBOeli 06;1acTH OTpezieieHus.

34) Beskas HelpepbIBHas Ha npoMexyTke (a; b) ¢yHkumsa gudde-
peHIupyeMa XOTsI ObI B OZHOM TOYKE 3TOTO IIPOMEKYTKA.

§ 5. MlHTerpasbHOEe HCYUCIECHIE

1) Eciu ¢yHkius F (x) — mepBoobpasHasn GyHkiuu f (x), To

b
[ fG)dx=F(®b)—F(a).

2) Ecnu ¢yHknua f(x) HempepblBHA Ha oTpe3ke [a; b], To miomazab
obJacTy, OrpaHUYEHHOH ee TpadUKOM, OChIO aOCIIUCC U MIPIMBIMU X = d

b
u x =b, paBHa ff(x) dx.
a

b
3) Ecmxlff(x) dx>0, To f(x) =0 npu Bcex x € [a; b].
a

4) Ecnu dynkius f(x) ABsgeTcs HEIPePhIBHOM!, TO /IS TF060TO JrcC-
Jia k cripaBeIMBO PaBEHCTBO f kf (x)dx=k f f(x)dx.
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5) Ipu BpameHnun ob1acTu 6€CKOHEYHOH IUIOMAAN BOKPYT HEKOTO-
pO¥ OCH TIOJy4aeTcs Telo, 06’beM KOTOPOTO TaKXkKe SABIAETC 6eCKOHeY-
HBIM.

6) Eciu dyukums f (x) ompeneneHa Ha otpe3ke [a; b] u cymmecTByet

b b
WHTEeTrpas f |f (x)|dx, TO cymiecTByeT u I/IHTerpanlf f(x)dx.
a a
b b
7) Eciiu He cyiecTBYeT HU OZJMH U3 UHTETPAJIOB f f()dxm f g(x) dx,
b a a
TO He CYIIECTBYET U UHTErpas f( ) +g(x)) dx.
a +

8) Eciu liT f(x)=0, To uHTerpan f f(x) dx sABNII€TCA CXOAATIIMCS.
X—+o

+oo a

9) Ecim wHTETpan f £ (x) dx siBASIETCS pacXoAANUMCs, TO GYHKITUA
a
f(x) He sABNAETCA OTPAHUYEHHOU Ha IPOMEXYTKe (a; + ).

10) Eciu dyHKIMsA f(x) HempephlBHA U HEOTpUIlaTeJbHA Ha IPO-

MexyTKe [1; +), a cymma Y. f(n) ABIAETCA KOHEYHOM, TO MHTErpan
+oo n=1
f f(x) dx sBisAETCSA CXOAAIUMCS.
1
—+ o0 0
11) Eci KaXXKABI U3 WHTErPAoB f f(x)dxu f g(x) dx sBnseTca

a a
+ o0
PaCXOAAMINMCS, TO PACXOAUTCA Y MHTET'Pal f (f(x)+g(x)) dx.
a
12) Ecnu yHkiua f (x) HelpepbIiBHA Ha TPOMEXYTKe [a; +), a UH-
“+

Terpas f f(x) dx sBIAETCA CXOAAUIMCS, TO lirJrrl f(x)=0.
X—+ o0

a
13) Eciu dyskiua f(x) HempephlBHA M HEOTpUIIATENbHA HA IIPO-
oo

MeXyTKe [a; 4+), a uaTerpan f f(x)dx aBnsgeTcs CXOAANIUMCSH, TO
lim f(x)=0. a
X—+o0
14) Ecm dysKIMA f (X) TONTOXKUTENbHA U HEOrPpaHWYEHA HA IpoMe-
“+ o

XyTKe [a; +), To uHTerpasl f f (x) dx pacxozurcs.
a

! OnpefeneHHBIM HHTETPANOM aBTOP HA3BIBAET IIpeZiesl PUMAHOBBIX CyMM. TakuM 06-
pasoM, UHTerpa OT ZaHHOH! GYHKINY CYIEeCTBYET, €CJIU CYLIeCTBYET IpeJes cyMM Puma-
Ha IIpH vameTpe pa3bueHus, cTpeMAleMcs K Hymo. — [Ipum. nepes.
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15) Ecmu dyHKiusa f(x) HempepblBHA M HEOTpaHWYEHa Ha TpoMe-
4o

XyTKe [a; +o0), To uHTerpai f £ (x) dx pacxoautcs.

a
16) Eciiu dyaKUMA f (X) HempepbhIBHA Ha IIPOMEXYTKe [a; +) U UH-
~+ o0 + o
Terpai f f(x) dx cxomuTcs, TO CXOAUTCA U UHTETpasl f |f (x)]dx.
a +o 1
17) Eciu uHTerpan f f(x)dx aBnserca cxogammMmcs, a QYHKIUA
a 4o

g(x) — orpaHUYEHHOU, TO CXOANTCS U MHTErpasl f fgle) dx.
a



Pemienuga

HamoMmHUM, 4TO, ITOCKONBKY Bce CHOPMYNUPOBAHHBIE YTBEP)KIEHUA ObLIU
HegepHbl, IOCTATOYHO yKa3aTh XOTA 6Bl OAUH npomugopeuawjuil um npumep. Ko-
HEYHO, TaKUX NPUMepPOB OECKOHEYHO MHOIO, HO IIOBTOPSIEM, YTO JOCTATOYHO
yKasaTh OAWH, 4TO U CAeJIaHO B IPUBOJUMBIX Jajee pelleHuAX. HazeeMcs, 4To
yuTaTenu OyAyT CTPOUTH CBOU KOHTIPHUMEDPHI U CPAaBHUBATh UX C IIPUMepPaMH,
[IPUBOJUMBIMU HITKE.

§1. ®yuxiMu
1.1. 1. Ocb abenuce KacaeTed rpaduKa y = x°, OfHAKO OHa IepeceKa-
€T 3TY KPUBYIO.
10

5,

2. Kaxxgasa us Tpex H306pa)KeHHLIX Ha PUCYHKE IIPAMBIX TOJBKO Ka-
caeTcda Z[aHHOfI KpI/IBOfI 1 HE IepecCeKaeT €€, OJHAKO HMU OJHa N3 3TUX
MIPAMBIX HE ABJIAETCA KacaTeJbHOU K I[aHHOfI KpHBOfI.
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. T
1.2. Ilpamasa y = 1 kacaeTcd rpaduka y = sinx mpu x = o W eme
B 6ECKOHEYHOM MHOXKECTBE TOUEK.
1.3. B BeIpakeHUe, onpeesiollee KaKAyo U3 GyHKIUN

fOO=X+Vx 1 gl) =x*+x-1,
nmepeMeHHas X BXOAUT C HauOOJbIIel CTeleHblo, paBHOM 2, OHAKO HU
OfHA U3 3TUX QYHKUVH He ABIAeTCA KBaZAPaTUIHOM.

1.4. Iyctp f(x) =x+sinx u g(x) = —x. Kakgaa u3 aTux QyHKIUN
HelpepbiBHA M1 MOHOTOHHA Ha R, ofHakKo ux cymma f(x) + g(x) =sinx
He ABJAETCA MOHOTOHHOM (yHKIMei'.

20¢
15¢
10¢

51

0 5 10 15 20

1.5. Kaxxzaas us dyaxmmit f(x) =x%+x u g(x) =x — x? He apngeTca
MOHOTOHHOM Ha R, ogHako ux cymma f(x) + g(x) =2x MOHOTOHHA Ha
BCell YMCI0BOM MPAMOIA.

1.6. Oynknua f(x) = % HempepbiBHA U yoObiBaeT Ha (0; +), mpu
aroMm f (1) =1>0, ogHaKO OHA He MMeeT KOPHEM.

3.0r

2.0¢

0 2 4 6 8§ 10

1 To, uro dyukius f(x) =x+ sinx sBISETCS BO3paCTarollel, ele HaJ0 A0Ka3aTh, AJIst
9ero MpUZeTCs MO0 UCIOIb30BaTh [IPOU3BOAHYIO, 60 — HepaBeHCTBO | sin x| < |x|. st
HOCTPOEHUA KOHTIPUMepa Hpollie paccMoTpeTh GyHKIHHM u(x) = x> 4+ x u v(x) = —2x. —
Ilpum. nepes.
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1.7. ®ynkuusa, rpaduK KOTOPO M306pakeH Ha CIeyIOIeM PUCYH-
Ke, ABJIAETCA 06PaTUMON, OHAKO OHA He ABJIAETCA HU BO3pacTarollei,
HU yOBIBatomeit’.

5
4t
3
2

1,

0 1 2 3 4 5

1.8. Ecsu f (x) = x2, To A1 KaXKJ0To YrcIa X HaiiieTes Takoe YHC/Io
M >0, uro |f(x)| <M —Bo3bmuTe M = x%+ ¢, tne £ > 0. OgHAKO KBaJ-
paTudHasA GYHKIMA He ABJAETCS OTPAHUYEHHOMH 2,

Jlesio B TOM, YTO TIOPSZIOK CJIOB B OIpe/leJIeHUH O4eHb BaxkeH. [Ipa-
BWIbHOE OIpeZiesieHre OTPAaHUYeHHOU QYHKIIMY OTIMYAETCsS OT YTBEP-
)aeHusa 1.8 TOIbKO MOPSAAKOM CJIOB. A MMeHHO, GyHKIuA f(Xx) Ha3bIBa-
eTCsT OrpaHUYeHHON Ha R, ecu HaleTcs Takoe uuciao M > 0, 4yTo Ay
Jiro6oro uncia x € R cupaBeAuBo HepaBeHCTBO | f (x)| < M.

1.9. TIlpamas x = 0 He ABIAETCA BEPTUKATHbHON aCUMIITOTOU Irpaduka
sinx

byukumm f(x) = —~

1.0
—1070 5 /10
oV
—0.5¢

! Xopormee ympaxHeHIe — 3a1aTh GOPMYJIOil GYHKIIHIO, ABNAIOMIEHCA KOHTPIIPHMEPOM
K yTBepxKJeHuIo 1.7. —IIpum. nepes.

2 Bortee ToOTO, AMA MOGOH 3a7aHHOM Ha R GYHKINHM, 04eBMAHO, BEpHO, 4To VX € R
AM >0: |f(x)| <M. MoxHO npocTto MoaokuTh M = | f (x)|+ 1. — IIpum. nepes.
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1.10. Tlpsimas x = 1 He ABISAETCSI BEPTUKATIbHOU aCHMIITOTOM rpadu-
x*—1
x—1"

ka OyHKIMH f(x) =

1.11. ®yukuusa f(x) = |xsin x| HeorpaHuyeHa U HEOTPHUIATENbHA Ha
R, ofHAaKO y Hee UMeeTcss OECKOHeYHAsA U CTPEMAIAACA K 6€CKOHETHO-
CTH IIOCJIeZIOBaTEeIbHOCTD ee KOpPHel.

20¢
15+
10

5t

=5 0 5 10 15 20

1.12. OyHkIUa
.1
sin= 1pu x # 0,
fo) = x
0 npu x =0,

IIpUHUMAET KaK CBOE HaubosblIee 3Ha4Y€HHeE, paBHOE 1, TaK 1M CBOE€ Hau-
MeHbIIlee 3HauyeHue —1 6eCKOHEeYHO MHOTO pa3 B JII060M coAepixKalieM
HYJIb IIPOMEXYTKE.

1.5
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1.13. ®ynkua 0.4

.2
x+x%sin=, ecmmx #0, 0.3
fx) = x
0, ecmn x = 0, 0.2
BO3pacTaeT B Touke x = 0, OHAKO OHA He fAB- o1
JIfieTcA BO3pacTaloleil HU B KAKOI OKPECTHOCTH :
(—5; 68) uyn. ‘ ‘
i 05 /0 05
1.14. ®yHKIIMA

-0.1
X, €C/IN Y1UCJIO0 X palluOHAJIbHO,

flo) = -0.2
—X, €CJIM YUCJIO X I/IppaHI/IOHaJIbHO,

He MOHOTOHHA, HO o6paTuMaZ. HeBO3MOKHO Ha- —-0.3
prcoBaTh rpaduk 3ToH QyHKITNH, OJHAKO CIIey- 04
IOIUIi PUCYHOK ZJaeT HEKOTOPOE TIPe/ICTaBIeHHe

0 ee MOBe/IeHHH.

1.15. PaccmoTpuM GyHKIMIO f (X) U3 MPEABIAYINETO PEIIEHUS Ha JIy-
ge (0; +). ITockonbKy f2(x) = x?, xBagpar pyHkimu f(x) ABageTCa
MOHOTOHHOU (QyHKITHEH.

B03MOXHO, 4TO QYHKIIUY, TOCTPOEHHbIe KaK KOHTPIPUMEDHI K YT-
BepxzeHuaM 1.14 u 1.15, MOr'yT IToKasaThCs UCKYCCTBEHHBIMU U HE UMe-
IOLMMU HUKAKOTO IIPaKTUYECKOI'O CMBICIA. B 9TOM €BA3M 3aMmedy, 4TO
¢yukyus [Jupuxne, paBHasa 1 B pallMOHaJIbHBIX Toukax u 0 B Upparuo-
HaJIbHBIX TOUKAX YUCIOBOM MPAMOM, COBIAZAET C IPeAeToM° MOCIe0-
BaTeJbHOCTU 3HAUYE€HUI KOCUHYCA,

—o0 N

l}im lim (cos(k!7tx))?".

! To, uTo 3Ta dyHKIUA 06NAZAET YKASAHHBIMU CBOHCTBAMH, €le HA/0 J0KA3aTh, YTO
6e3 auddepeHpoBaHUA cenaTh OyeT 3aTpyAHUTEIbHO. — [Ipum. nepes.

2 Dra dyHKIHA coBMAZAET ¢ 06paTHOM K Heit. Bormee IPoCTOi IpEMep GYHKITIH, SBIA-
Iolelica KOHTPIIPUMEPOM K yTBepsKAeHHIo 1.14, 6bU1 IpUBeZieH B pelleHuH 3a7aHusd 1.7.
3ameuy, 4To 3ajaHuA 1.7 u 1.14 skBUBa/JeHTHEL — [Ipum. nepes.

3 JloxasarenbeTBO 3TOTO haKTa ABIAETCA XOPOIINM yTIpaKHEHHeM. — [Ipum. nepes.
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§2. dyHkIUHN

2.1. PaccmotpuM GyHKIIMH f(X) = —% ug(x)= % fcHo, 4TO
f(x) < g(x) mupuBcexx >0,

TE€M HE MEHee

Jim, J) = lim ) =0

T‘pa(bnquKaH WIIOCTpalyd IpUBEJE€Ha Ha PUCYHKE.
4
O T
4 6 8 10
—al
—4
sin

2.2. TIpu x — o Touku rpaduka ¢yHkIMU f(x) = TX puOIKa-

FOTCA K OCH abCLKCC CBEPXY M CHU3Y U lim (% - 0) =0 (cm. puc.).

X—+
CoracHo IIEPBOMY OIIPEACIIEHUIO OCb a6cu1/1cc ABJISAETCA HEBEPTUKAJIb-

1.0

L =N

30 —20 -io0V [0V 180 T20 30

AT L

HOM acUMITOTOH 3Toro rpaduka, OZHAKO OH IlepeceKaeT och abcuucce
6eCKOHEYHO MHOTO pa3. TakuM 06pasoM, ZiBa AaHHBIX OTNPEAETEHUs HE
SBJIAIOTCS SKBUBAJEHTHBIMHU.

3aMeTuM, YTO MPABUWIBHBIM SIBJISIETCS TIEPBOE OIPE/IeTeHNE aCUMII-
TOTHI rpaduka GyHKIMU. ET0 CyTh COCTOUT B TOM, UTO TIPU YBETUYEHUU
aprymeHTa QYHKIMM TOYKH ee rpaduka OyAyT TpUOMMKATHCI K IMps-
MO, TIPY 3TOM He UCKJIF0YEHO, YTO TpadprK MOXKET KacaThCs aCUMITTOTHI
WY [IepeceKaTh ee.
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I Sll’l2 X
2.3. Ocp abcuycc ABIAETCA aCUMITOTON rpaduka y = , KOTO-
PHIH, C APYTOi CTOPOHBI, KacaeTcs ee B TOUKax x = ik, k €Z (cM. puc.).

-30 —-20 -10 0 10 20 30
2.4. To, 4TO 3TH OIpe/ieJieHUs He SKBUBAJIEHTHBI, TOKA3bIBAET MPU-
1 . 1 »
Mep ¢yHKIMU f(x) = < sing (cM. puc.), y KOTOpoi mmeeTcsi Gecko-
HEYHO MHOTO 3HAYEHWM CO CKOJIb YTOAHO GOMbHIUM MozyiaeM. OfHaKO
OCb OpAWHAT He ABJAETCA aCUMIITOTON ee rpaduka. BepHbIM ABsgeTCA
TIepBOE OTIpeieIEHUE.

20

15 -10 =05 \/ V 05 1.0 15

-1

-20

2.5. TTyctb f(x)=xu g(x)=sin % fAcHo, 9TO lirr(l)f(x) =0,a liII(l) g(x)
X—> X—>

He CyIIeCTBYeT, IIOCKOIbKY QyHKIMA g(X) AenmaeT 6€CKOHEYHO MHOI'O
konebauuii or —1 Kk 1 mpu x — 0. C Apyroit CTOPOHBI, TaK Kak GpyHKIUA
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f(x) saBAseTcs 6GeCKOHEYHO MayioH, a GyHKIMsS g(Xx) — OTpaHUYEHHOMH,

lin(l)f(x)g(x) = lin})x sin % =0 (cMm. puc.).

0.2r

VA@”}“ /.

1 1 o
2.6. Oyukrua f(x) = . €0s . He ABJIACTCA OrPAHMYCHHON HU B Ka-
KOU (IIpOKOJIOTOM) OKPECTHOCTH HyJsl, OHAKO He CYIIeCTByeT HU IIpe-

gen lim 1 cosl HU npezen lim 1 cosl Ocku3 rpaduka sTOU
x—0—| X x| P x—0+[ X x| P
bYHKIMY IPUBEZIEH Ha PUCYHKE.
20
1Q

‘ ‘ /\ /\ U —
-I5 -10 -05 \/ \_~— 10 1.5

-20

2.7. Ilyctb f(x) =cos27nx. Torga f(n) =1 ana a0boro HaTypaIb-
HOTO YHcCiIa n, W, TakuM obpaszom, lim f(n) = 1, Torma kak mpezgen
n—oo



106 Pemenus

liI_P f(x) He cymecTByeT. DcKku3 rpaduka 3TOW GyHKIIUU IPUBEJEH Ha
)I()I/ICYHKe.

3aMeTuM, 4TO yTBepxkAeHue 2.7 ABjsgeTcs 0OpaTHHIM K BEPHOMY
VTBEPXKIEHUIO: €CITU liIJIrl f(x)=A, o lim f(n) =A.
X—+x n—oo
§ 3. HenmpepbIBHOCTH

3.1. PaccMoTpuM QYHKITHIO

) -1, ecmx <0,
xX) =
p 1, eciau x > 0.

Ee Mozysb TOXX/IeCTBEHHO PaBeH eANHHUIE, TO3TOMY OH SIBJIAETCS Hellpe-
PBEIBHOM Ha R dyHKIMeH, Torza Kak cama 3Ta GyHKINA HEIPePLIBHOH He
ABJISAETCS — OTCYTCTBYeT HEIIPEPHIBHOCTH B TOUKe X = 0.

1
X—a X—a
a o
=g(a) = 5. Touka x =a ABNACTCA TOYKOH Pa3phiBa obeunx 3Tux QyHK-
uuii, ogHako ¢yHKUIMA f(Xx)+ g(x) = x HempepbiBHa Ha R. Ha ciezyro-

3.2. Tomoxum f(x) =— nghx)=x+ npu X #a, a f(a) =
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IMX PUCYHKAX HPUBE/€Hbl 3CKU3BI TPapUKOB 5TUX GyHKIMI' npu a = 2.

4 |
17 e
—_——rr | | I
-4 -2 0 2 6
_2 L :
—4! i
3.3. Kaxxzas 13 QyHKIUN
sinx’ ecn x # 0, %, ecnu x # 0,
feo={ x nog) =14,
2, ecmu x = 0, 2> ecan x = 0,

HE ABJIAETCA HEHPCPBIBHOfI IIpu X = O, OJHAaKO UX IIPOMU3BEACHUE

sin? x
FO0g00 = 2 o eumx #0,
1, ecan x = 0,

ABJISIETCSA HENPEePHIBHOM Ha BCel YMCIOBOM IpsAMOH (yHKIHed (cM.
puc.)?.
1.0

-4 =2 0 2 4

1 MoxHO GBITO PACCYAaTh «B 061IeM BHze». ITyeTh f (X) — mpou3BombHasA GYHKIMA, He
SIBJIAOINAsACs HenpepbiBHOU. [Tonoxkum g(x) = — f (x). Torga dyuxuus g(x) Takke He sB-
JIIeTCs HeIIPEPBIBHOM, Torza Kak cymma f (x) 4+ g(x) =0 — HempepbiBHasA Ha R GyHKIMA. —
Ilpum. nepes.

2 OnATH-TAKY MOXHO GBUIO IOCTPOUTD «O6IIMit IpuMeps. ITycTb h(X) — Ipou3BOMbHAS
HenpepbiBHas Ha R ¢yHKkiusa. OUKcUpyeM 3HaYeHUE X = d ¥ 0003HAYUM 4epe3 b mpous-
BOJIBHOE YHCJIO, He paBHoe h(a). [Tonoxum

Fo = {h(x), ecu x # a,

2b, eciu x = a,

h(x), ecmux #a,

u g(X)={

Kaxgas n3 ¢pyuxunii f(x) u g(x) HeNpepbIBHOUN He SBJISIETCS, OHAKO UX MPOM3BE/ZIEHUE
COBIAZAeT ¢ HempepsIBHOM dyHKImeit h%(x). — [Ipum. nepes.

b/2, ecmx=a.
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3.4. Kaxxgas u3 GyHKImii

_ x*40,1 _ 1
fO) = x? n o gx)= cos? x

HE MME€ET MaKCMMYMOB MEXAYy CBOMMH TOYKaMH MUHHMYMaA.

2 -1 0

3.5. KonTtpnpumepoM ssisercs GyHKIHA, rpaduK KOTOPoit n3o6pa-
KeH Ha cjieflylolleM pUCYHKe.

3aMeTHM, OJHAKO, YTO 37IeCh PeUb HIET O CMpPo2UX MAaKCUMyMaX, YTO
O3HAYaeT, YTo MpH BeeX X € (a — &; a) U (a; a+ &) JOBKHO BBIMOMHATHCS
HepaBeHCTBO f (x) < f(a). Eciu xxe peub uzeT 06 0OBIYHBIX (HECTPOTHX)
MaKCUMyMaX, TO B IPUBEAEHHOM MpUMepe Jtobast Touka oTpeska [2; 3]
SIBJIIETCS TOYKOM MaKCHMyMa.

3.6. OdyHKIMA

ecnu x # 3,

1
foo =4 @=3*

1, ecin x = 3,

ompeziesieHa Ha R, Bo3pacTaeT Ha MpoMexyTke (—oo;3), yObIBaeT Ha
(3; 4+), ogHako TouKa X = 3 He SBJAETCS TOYKOM MaKCUMyMa 3TOH
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dynxrmn’.

0 2 4 6

3.7. Ecnu f(x) =tgx npu x € (—%; g), a f(—%) =f(§) =0, To
oynKImMa f(x) omnpezeneHa Ha IPOMEXKYTKe [—%; %] , HeTIpephIBHA Ha
—%; 5 ), OAHAKO He MMeeT HU HauOOJbIIETO, HU HaU-
MeHbIIIEro 3HaYeHUI Ha CBOoeli 06/1acTH ONpeeNeHus.

IIPOMEXYTKe

3.8. dynkuwmsa f (x) =arctg x HelpepbIBHA U OrpaHnYeHa Ha R, ofHa-
KO OHA He JJOCTUI'aeT HU CBOEr0 HanOOJIbIIEr0, HU CBOETO HAMEHBIIETO

3HAYEHUIH.

3.9. Ha crnegyiomem pucyHke usobpaxkeHn rpaduk GyHKImu f(x),
3a/JaHHOM U HETIPEPBIBHOM HA HEKOTOPOM OTpe3Ke, TaKou, uTo f(—1) =

1 1—|x|, ecmx#0,
Mo3keT OBbITb, TPOIIIE MONIOKUTH f (X) = — IIpum. nepes.
0, ecau x =0.

2 BO3MOXKHO, 4TO npoite nonoxuth f (x) =x mpu x € (0;2) u f(0) = f(2) =1. —IIpum.

nepes.
X

3 Jlpyrum mpumepom Tofo6HO# GyHKIMM ABngeTca GyHKImA f(x) =
nepes.

2x+1.—HpLLM.
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= f(1), mpu 3TOM KacaTeJbHas K 3TOMY rpadUKy CyIIeCTBYeT B JIIOOOH
ero TOYKe, OJHAKO He CyIIeCTByeT Takol Touku ¢ € (—1; 1), yTo kaca-
TeJbHas K Tpaduky B Touke (¢, f(c)) SBIsSETCS TOPU30HTATHHOM.

1.0+

0.5t

-1.0 -0.5 0 0.5 1.0
3.10. yukmmsa f (x) =x npu x €(1; 2), Takad, uto f(1)=2u f(2)=1,
x mpux € (1;2),
fx)=<2 mpux=1,
1 mnpux=2,

orpaHHMYeHa Ha [1; 2], JoCcTUTaeT KaK CBOEro HaubOJIbIEro, TaK U CBO-
€ro HauMeEHBIIEro 3HAYEHUs, W IPU 3TOM IPUHHUMAET BCE 3HAYEHUSA
B IPOMEXYTKE MEX/y HUMU, OFHAKO He SIBJIAETCSA HeIIPEPBIBHOM.

2 .
1 .
0 1 2

3.11. B mpegpiayieM mpuMepe ObUTa MOCTpOeHa QYHKIWs, HeTpe-
PBIBHasA BCIOZY, 38 UCKJIIOYEHMEM /ByX To4eK. KOHTIIpuMepoM K ZlaHHO-
MYy YTBEPXKAEHUIO ABJSAETCS GYHKIMSA

1, ecan x = 0,

X, €CJI YKCJIO X PalMOHATBHO U IIpU 3ToM X # 0, x # 1,
fea= —X, €CJIA YUCJIO X UppaliOHAJbHO,

0, ecau x = 1.
V306pa3uth rpaduk 3Tokt GYHKIUN HEBO3MOXKHO, OZHAKO CJIEAYIOIIMI
PUCYHOK /laeT HEKOTOPOe Ipe/CTaBIeHUe O ee ITI0BeJeHUN.
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o e o
-1 1
. -1 o

3.12. dynkIua, rpadrK KOTOPOH M3006pakeH Ha CIeAYIOIEM PHUCYH-
Ke, IPUHUMAeET CBOe Haubosblilee 3HaYeHUe (paBHOE 3), a TaKXKe CBOe
HavMeHbIllee 3HaYeHre (paBHOe 1) B 6ECKOHEUHOM MHOKECTBE TOUEK.

4,
3 L
2 L
1 L
0o 1 2 3 4 3¢
2| \
3.13. Oynkua 1e
1 R
=, eumx #0, -1 0 1
fx)=+X -1t
1, ecmx=0, \ [

ompeZiesieHa Ha mpoMexxyTke [—1; 1], mpuHUMaeT pas-
JIMYHBIE 3HAKW HA €ro KOHIIAX, OHAKO He 0OpaIaeTcs
B Hy/Ib HU B OZ[HOI TOUKe 3TOT0 MPOMeXyTKa'.

3.14. Oyuxuus, rpaduk KOTOpOi m306pakeH Ha
cJleZlyIoleM PUCYHKe, OolpeZiesieHa Ha oTpeske [a; b],
HeIlpephIBHA Ha mpoMesxxyTke (a; b), ogHako Hu qma O a b
kakoro uuciaa m € (f(a); f(b)) He cymecTByeT Takoro yucia ¢ € (a; b),
yro m = f(c).

Oo——0

! Mpome Baarh dyHKIMIO, paBHylo —1 mpu x € [—1;0] u 1 npu x € (0; 1]. —Ipum.
nepes.
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3.15. OynkIua

1, €CJI YMCJIO X palluOHAaJIbHO,

fx) =
— 1, €CJIK Y1CJIO X UppalluOHAJIbHO,
pa3prBHa B Ka)KZ[OfI TOYKE CBOCﬁ O6JIaCTI/I OHpeﬂeJIeHI/IH, OZIHAKO €€ MO-
,Z[yJII: u ee KBa,Z[paT TOXAECTBEHHO paBHI)I 1, HOBTOMy ABIAKOTCA Henpe-
pBIBHBIMU. HeBO3MOXXHO HapuicoBaTh rpaduk GpyHKIUU f(x), oHAKO
CJIe,Z[YIOH.[I/Iﬁ PUCYHOK JaeT HEKOTOPOE IIpeJACTaB/I€EHNE O €€ II0OBEJEHUN.

3.16. OyukIUA

X, €CJIM Y1CJI0 X pallMOHAJ/JIbHO,

fx) =
— X, €CJIM YACJIO X UPPaliOHANIBHO,
HelpepblBHA B Touke X = 0 K paspblBHA BO BCEX OCTAJbHBIX TOUYKaX
YUCIOBOY npsAMoi. HeBo3Mo:xxHO HaprcoBaTh Ipaduk GyHKIUHU f(x),
O[HAKO CJIeYIOIUM PUCYHOK JaeT HEKOTOpoe Ipe/CTaBleHUe O ee I0-

BeII€HUH.
3 -

3.17. PaccMoTpuM TocieZoBaTeNbHOCTh QYHKIME f,(x) = X", x €
€[0; 1]. [IpezenoM 3TO¥ MOCTIEL0BATENBHOCTH SBJAETCA GYHKIMA

0, ecmxe€[0;1),

X) =
§(x) 1, ectmx=1,
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He ABJIAIONIAACA HeIIpephIBHOM. Ha ciieiyromeM prcyHKe M306paXKeHE!
rpaduku’ pynkuuit fi (x), fs(x) 1 fi,(x).

1.0+

0.57

§4. IudpdepenunanbHOE NCYUCTEHUE

4.1. Ha ciezpyromeM pUCYHKe H300pakeHbI I'pa- /
¢ukn y = f(x) u y = g(x) TUHeHHBIX QYHKIUH, IpU
aroM f(x) > g(x) Bcioay Ha [a;b], Tem He MeHee>
f(x) <g’(x) Ha [a; b]. 0 o b

4.2. ®yaxmusa f(x) = x + sinx auddepeniupye-
Ma ¥ MOHOTOHHA axke Ha R (puc. a), oAHaKo ee npousBogHas f/(x) =
=1+ cosx He sgBageTcI MOHOTOHHOU Ha (0; + ) (byHKuHeﬁ3 (puc. 6).

20¢ 20¢
15¢ 15¢
a) 10 r 6) 10 [
St St
‘ ‘ ‘ ‘ el TN AN TN T
0 5 10 15 20 0 5 10 15 20

! Jlo6aBsenst mpu mepesoze.
2 MoseT IOKa3aThCA, 9TO He yAacTcA TOCTPOUTDH TOZOGHEIH mpuMep Ha R. OfHAKo

paccMoTpuTe Takyto mapy oyHkuuit: f(x) =4/ 1+x% u g(x) = x.—IIpum. nepes.
3 Bonee mpocToit mpumep — 310 GyHKIHA f(x) = (x — 1)3. — IIpum. nepes.
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4.3. dynxuus f(x) =|x| ABIsgETCS HEMPEPHIBHOM, OAHAKO HE UMEET
IIPOM3BOAHOU B TOUKe X = 0.

10

-10 =5 0 5 10

3 .
4.4. Oyukiua f(x) =V x2 HellpepbIBHA Ha R, U B KaXXI0U TOUYKe ee
rpaduka (B TOM 4uC/Ie ¥ B Hadaje KOOPAWHAT; CM. PHC. &) CYIIECTBYET
KacaTesbHasA K HeMy. OfIHaKO 3Ta GYHKIUA HE UMEET np01/13130;LH01‘/’11 pu

x=0.

0.30

6)

—02 -01 0 01 02

4.5. dynxiumsa f(x) = 3/x HenpepbiBHA Ha R, 1 ee rpaduK ABIAETCA
«TJIaZIKOM» KPUBOMU, HE UMeIoIIel yIIoB (pHUC. a), OHAKO 3Ta QYHKIIM
He fABsAeTca guddepeHnpyemMoii B Touke x =0.

! MoskeT mokasaTbcs, 4TO K rpaduky y = W HeJIb3Al TPOBECTH KacaTeJbHYIO B Ha-
yaje koopAuHaT. OJHAKO, eI IIOCMOTPeTh Ha 3TOT rpaduk B «boiblieM MacmiTabe»
(puc. 6), To yxe 6osee MeHee BUZHO, YTO B JeHCTBUTEIBHOCTH OH KacaeTcs OCH OpAU-
Hat. —IIpum. nepes.
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®OyHkIUMA, rpadUK KOTOPOU H300paKeH Ha 10¢
puc. 6, SBsieTCs HEIpPephIBHOM, ee rpaduK ecTh
IIaZIKas KpUBas, OZHAKO caMa 3Ta GYHKITNA He AB- St

ssietcs qubdepeHInpyeMoit B 6eCKOHEYHOM MHO-
JKeCTBe Todek'. _

4.6. IlpousBogHasa ¢yHKIUU f(x) = x3 paBHa
Hy/to pu X = 0, ofHAaKO 3Ta QYHKITUA SBISETCA
(cTporo) Bo3pacTaroleil B 3TOU TOUKe.

4.7. dyaxmua f(x) = —x° apngeTca mudoe-
PEHIIUPYEMOI U CTPOTo yObIBaroIel Ha IR, of[HAKO
ee MPOM3BOAHAA B TOUKe X = 0 paBHa HYJIO, TAKUM
ob6pa3zom, MPOU3BOAHAS 3TOU PYHKITUU HE ABISET- 5t
ca oTpullaTesbHOM Ha R.

4.8. dynkuua (KycoyHO JMHeWHas), Tpaduk
KOTOPO#1 n306paskeH Ha CIeyIolleM PUCYHKe, He-
mpepbiBHA Ha R U ABJISAETCS CTPOTO YOBIBAIOIIEH, —5}
O/THAKO OHA HE UMEET IIPOU3BOJHON B TOUKE X = 2.

921
o
921

1 1
4.9. IIpousBozHas GpyHKIUU f(x) = — PaBHa 2 cjieloBaTeNbHO,
OHa TIOJIOKUTETbHA TP BeexX X # 0, T. e. Ha Bcel 061acTu OTpe/ieIeHUs
JaHHOH ¢yHKIMU. OHAKO, B3SB

x1 = _1, x2 - 1,
MBI IIOJIyYHM, YTO X < Xy, HO
fO) =1> f(xy) =—1.

! Ha puc. 6 u3o6paxeH rpaduk GpyHKIUM, pABHOI +/COS X, €M cos X = 0, U —+/— COS X,
eciu cos x < 0. —IIpum. nepes.
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TakuMm o6pa3oMm, 3Ta GYHKIMA Ha CBOel 061acTy ONpesieseHUs He SBIIA-
eTcs Bo3pacTaroliei.

-10} 1

4.10. dynkuus, rpadux KoTopoi usobpa- .
JKEH Ha CJIefyIoleM PUCYHKe, OompejeieHa Ha
oTpeske [a;b], mpuHUMaET CBOe HaWOOJIbIIEE
3HaYeHUe B TOYKe ¢ € [a; b], ogHaKo OHA He SIB-
JifeTcs HU BO3pacTarollell B HEKOTOPOM IIpO-
MEXyTKe cJieBa OT TOYKU C, HM YOBIBAIOIIEH
B HEKOTOPOM IIPOMEKYTKe CIIpaBa OT 3TOM TO4Y- ()
ku'.

Jlesio B TOM, YTO B OTIpe/ieIEeHUH JIOKATbHOTO MaKCUMyMa (MUHUMY-
Ma) QYHKIIUU HUYETO HE TOBOPUTCA O TOM, ABJIAETCA JIU 3Ta QYHKIUA
nubdepeHIIUPYyEMON WIH JlaKe TIPOCTO HeTpe- L
PBIBHO#. Bce, uTo TpebyeTcs, —3TO YTOOHI Cy-
IeCTBOBAJIO Takoe uucio 6 > 0, urto f(x) <
< f(c) (coorBeTcTBeHHO f (X) > f(c)) Ipu Bcex
x€(c—056;¢c+6), x#c.

4.11. U pynkuua f(x) = x>, ¥ ee IPOU3BO/I-

a c b

Haa f’(x) = 2x paBHbI HyJIO IIpu X = 0, OZHAKO 1r
cama aTa QyHKIUA 6osee HUTZE B HY/Ib He 00- 101
pamiaercs?.

4.12. dynkuusa f (x) = x> auddepennupyema Ha R ¥ TPUHUMAET KaK
TIOJIOXKUTEIbHBIE, TAK W OTPULIATE/NbHBIE 3HAYEHUs, TEM He MeHee ee

1K IIPUMepY, MOXXHO TOJIOXUTD f (X) =x> npu x€[—1;0)U(0; 1] u f(0) =2. —IIpum.
nepes.

2 Boree TOTO, JaXe ec/i MOTPeGoBaTh, YT06H GyHKIMA GbuTa GecKOHeYHO AuddepeH-
uupyemMou u f ®)(0) =0 gns mo6oro HEOTPUIATEIBHOTO YKcia k, TO U Torga GyHKIUs He
o6s13aHa OBITh TOXKAECTBEHHO PaBHOM Hyi0. — [Ipum. nepes.
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moaynb |f(x)| = |x3| apnseTca Tawxe QyHKIMEH,
mvuddepeHINPyeMO Ha BCEH YMCIOBOM IIPAMOM.

3aMeTuM, 4YTO yTBepxKZAeHue 4.12 craHer
BEPHBIM, €CJIU JONOTHUTENIHHO MPEATIONOXKUTD, YTO
B TeX TOYKAaX, B KOTODPHIX (YHKIMA obpamiaercs
B HyJIb, IPOU3BOJAHAA 3TOH (QYHKIMU OTIMYHA OT
HYJIA.

4.13. ®dynkuua f (x) =max{x>, x*}, x€ (-1; 1),
nuddepennupyema pu x = 0, XOTA rpaduKu y = x°
u y =x* mepecexarorca B Havase KOOpAUHAT'.

1.0
\).S
-10 0 05 1.0
—0.5
~1.0

10

3aMeTHM, 4yTo yTBepXkAeHue 4.13 cTaHeT BePHBIM, €CJIU JOIOJTHUTEb-
HO TIPEATIONOXKUT, 9To f'(x) # g’(x) B Toukax, B KOTOPHIX f (x) = g(x).

4.14. Oyuxuua f(x) = —x* gBaxasl AuddepeHypyemMa B cBoeii
TOYKe MakcuMmyma X = 0, OZHaKO BTOpas IMPOM3BOAHAA 3TON YHKLIIHA
B 3TOl TOUKe paBHA Hy/II0. AHAMOTUYHEIM 06pa3oM, yHkuud f (x) = x*

0 10

[f G| = max{f(x), —f(x)}.

-3 3
a e 6 |°
-3 01 3

! 3ra sagava aBnsETCA 0606IIEHHEM MPEABIIYIIEH, TOCKOTBKY

TakuM 06pa3oM, KOHTPIIPUMEPOM K YTBEpXk/AeHUI0 4.13 ABiseTcs Takke napa GpyHKIUH

) =x° u g(x) = —x3. — [Ipum. nepes.
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oBaxkanl auddepeHIipyeMa B CBOel Touke MakcuMyMa X = 0, OZHAKO
BTOpast IIPOU3BOZHAST 3TON GYHKI[UH B 3TOM TOUYKE TAK)Ke paBHA HYJIIO.
4.15. Tlomoxum f(x) = |x| u g(x) =1 — |x|. O6e ot PpyHKIMU He
muddepeHIpyeMbl B TOuKe X = 0, ofHaKo uX cymma f (x) + g(x) Toxae-
CTBEHHO paBHA eIVHUIIE W, TAKUM 00pa3oM, ABJsAeTcs GyHKIuen, Jud-
dbepenIpyemMoii Bcrogy Ha R, BKIto9ast ¥ TOYKy x = 0.

a) 10| 1 2 3

O60611as1 peAbIAYITUH TpUMep, ToaokuM g(x) =h(x) — f(x), rae
¢byukums h(x) zuddepenupyema Berony Ha R, a dyukuus f (x) Hepud-
dbepeniupyema mpu x = a. Torga u ¢yHkiusa g(x) HeauddepeHurpyema
IIpU X =4, TOTZa Kak ux cymma f (x) + g(x) = h(x) zudpdepennupyema
B OTOU TOUKe.

4.16. dynkuus f (x) = x gzudbdepeHirpyema B Hyse, GyHKIUA g(x) =
= |x| He guddepennupyema B Hyse (puc. a), OAHAKO UX MIPOU3BEAEHUE
f(x)g(x) =x|x| (puc. 6) nmeeT Mpou3BOAHYIO B TouKe X =0 (3HaYeHME
9TOM IIPOU3BOAHOI PaBHO HYJIIO.)

Do 12 3 VI
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4.17. Kaxgast us yuxmmit f (x) = |x| u g(x) = —|x| He umeeT mpous-
BO/HOIA B Touke x =0, oZiHaKo uX rpoussegenue f(x)g(x)=—|x>=—x?
nuddepeHIIUPYyeMO B 3TOM TOYKE.

4.18. dyaxmua g(x) = x? muddepeHurpyema B Hyse, QYHKIUA
g(x) = |x| neguddepennupyema B Touke g(0) =0, 0HAKO MX KOMIIO-
sunusA F(x) = £(g(x)) = |x?| = x? umeeT npousBogHyo B Touke x = 0.

4.19. Oyuxuusa g(x) = |x| Heguddepenuupyema B Hyse, GpyHKIUI
g(x) = x? muddepenmupyema B Touke g(0) =0, 0HAKO UX KOMIO3UIHSA

F(x) = f(g(x)) = |x]* = x*

“MeeT IIPOU3BOJHYIO B TOUKe X = 0.
4.20. OyHKIMA

2 1
glx) =3x—3lx|

He auddepennupyema npu x =0 u dyuxuus f(x) =2x + |x| ve audde-
peHniupyeMa B Touke g(0) =0, OHAKO KOMIIO3UIIUSA

P = Fg0) =2(Fx = el) + |Fx = 3

mubdepeniupyema B Touke x = 0. Ybegurech
B CIIPaBeJJINBOCTU paBeHCTBa1 F'(0)=1.
4.21. dyukuwmsa f (x), rpapux KOTOpoi n306- . o
pa)keH Ha CJIeAYIONIEM PUCYHKe, OlpesieieHa Ha
oTpeske [a; b], audbdepeHipyeMa Ha UHTEPBa- ‘ ‘

se (a; b) u TakoBa, 4TO 0 a b
10r
fla) = fb).
OzHaKo He CyIIeCTBYyeT TaKuX Todek ¢ € (a; b),
uto f/(c) =0.
4.22. Oyaxuua f(x) = x* gBaxzae gudde- 5¢

pennypyeMa Ha R, mpu x =0 ee BTOpas mpo-
M3BOAHAA oOpamaeTcs B Hy/b, OAHAKO HAYaJIO
KOOpZMHAT He ABJAETCA TOYKOM Iepernba rpa-
¢duka sToit PyHKIMM.

-3 01 3
1 W3 HanucaHHBIX dbopmyn 3T0 mOHATH Heserko. ToxzaecTBo F(x) = x OyzeT BIOIHE
SICHO, ecyint 3a71aTh GyHKIMH f (x) 1 g(Xx) B IBHOM BH/IE KaK KyCOYHO JIMHEMHbIE, 2 UMEHHO,
3x, ecmx =0, x/3, ecmx >0,
fx) = n glx)=
X, ecmn x <0, X, ecmn x < 0.
Keratn, u3 atux Gopmyn oveBugHa u Heauddepenupyemocts dyHkmit f(x) u g(x)
B Hyse. —IIpum. nepes.
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4.23. Oyuknus f(x) = x|x| gubdeperunpyema i
B HyJIe, HA4YaJIO0 KOOPJAUHAT ABJIAETCA TOYKOU Iepe-
ruba ee rpaguka, OIHAKO y 3TOU GYHKIIMU HE CyIile-
CTByeT BTOPOI ITPOU3BOZAHOM IIpu x = 0.

4.24. Ecnu MBI OyZieM HCIIONb30BaTh CHOpMy-

JINPOBAHHOE «IIpaBUWJIO» AJIA BBIYMCJIEHUSA IIpeJeia . .

lim 6x +sinx TO MOJIYYUM, UTO ITOT IIpe/iesl paBeH U
x—w 2X +sinx’ Yy, peAC p

6+cosx KOTOPBIU He cyliecTByeT. Of- i
» 24 cosx’ p yi YeT. VA [

HaKo I/ICXOZ[HBII/I npeaes CymecCTBy€ET, IIOCKOIbKY

npezerny hm

sinx
li 6x+sinx _ ;. 6+= X _ _4
xow 2X+SiNX xS o 4 Sinx sinx :

«[IpaBuio» GyZeT BEPHBIM, €CIU J00aBUTh B €ro (pOPMYIHUPOBKY

/

CJIOBA «€CJIU IIpesen hm CYIIECTBYET WIU JKe paBeH +oo». B Takoil

(
g (x)
bopme MBI nonyqaeM ofiHy 13 GOpPM U3BECTHOTO npasuna Jlonumans.

4.25. dynkiusa f(x) = y/x ambnbepeHquyeMa Ha (0; 1) u
li ") =1l
J p09 = iy =

OJIHAKO

lim f(x) = lim ¥/x=0.
x—0+ x—0+

4.26. Oynknusa f(x) =

. SIIIX
lim =0,

X—®

OJTHAKO TIpeziesnt

2x? cos x? — sin x?
2

lim f'(x) = lim

X— X— X
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He CYIIEeCTBYeT. DCKU3bl rpadukoB GyHKIMU f(X) U ee MTPOU3BOAHOMN
M300pakeHbl Ha CJIEAYIUINX PUCYHKaX (COOTBETCTBEHHO CJieBa U
crpaBa).

2.0¢ n

4.27. dynxmma f (x) =coslnx (JieBrIii pucyHOK) AuddepeHIIIpyeMa

u orpanmnyeHa Ha (0; 4+o), cyliecTByeT TakKe IIpeZiell ee MPON3BOAHOMU

sinln x

lim f'(x) = lim =0.

X—+0 xX—+®

OxHaxko, mpegen caMoil sToi QyHKIuM lim coslnx He cymecTByerT.
X—+o0

JleficTBUTENBHO, InXx — o TIpu x — +o, Mo3ToMy 3HaueHua cos(lnx)
Kone6moTea Mexzay —1 u 11

2,
1
/\ N
of1 5 10 15
SR
1 0f 1 10
_1,
4.28. OyHKuUA

Foo = xzsin% npu x # 0,
0 npu x =0

nuddepeHIIMpyeMa BCIOAY Ha YUCIOBOM psMol (Jokaxute ee audde-
PEHIIMPYeMOCTh B HyJle, BOCIIOIb30BABIIKMCH ONpPeZeIeHreM TPOU3BO/-

! U306pakenHble Ha pUCYHKAX IpadUKU He JAlOT BEPHOTO IPEZCTABICHH O TIoBeje-
HUU 3TUX QYHKIUH IIPU MaJIbIX 3HAaYEeHUAX apryMeHTa.
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HOW), OJHAKO ee MTPOMU3BOZAHAA
.1 1
, 2xsin=—cos= mpu x # 0,
f(x) = x x
npu x =0

(IIpaBBIil PUCYHOK) He ABJIAETCA HelIpepBIBHOM B Touke x =0.

2
0.05
B YL D
—0.5 _&/J’FJ\V 05 -1 —05
~0.05
-2

4.29. ITonoxum
£00 x+2xzsin%, ecau x # 0,
xX) =
0, ecau x = 0.

BBIYMCIUM [TPOU3BOAHYIO 3TOM QYHKITH:

.1 1
1+4xsin=—2cos=, ecmux #0,
[l = { x x ?

1, ecan x = 0.

0.3
0.2¢
0.1+

204 —02 /0 02 04

—-0.2¢
—-0.3¢
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flcHo, 4TO MpoM3BOAHAA MONOXKUTEIbHA B Touke X =0, 0HAKO IIPUHU-
MaeT Kak IMOJIoKUTeIbHble, TAK U OTPUllaTeNbHble 3HAaUYeHUA B IIPOU3-
BOJILHOH OKPECTHOCTH HyJsA. Cie[oBaTeNbHO, 3Ta QYHKINA He SBJISAETCS
MOHOTOHHOU HU B KaKOM OKPECTHOCTH HYJIA.

4.30. Oynxuua

2—x2(2+sin%), ecmu x # 0,

2, ecau x = 0.

fx) =

.1
HerpepbiBHa Ha R. Tak kak x> (2 +sin ;) > 0 ipu Bcex x # 0, mosy4aem,

yto f(x) <2 = f(0) mpu Bcex x # 0. [T03TOMy HyJb SBISETCI TOYKOUN
MakcuMyMma 3Tou ¢yHkImu. OfHAaKO HU B KaKOW OKPECTHOCTHU JieBee
HyJIs 3Ta QYHKIMA He ABJIAETCA BO3pACTAOIIEl, a TaKKe He SABJAeTCA
yOBIBAIOIIEH cripaBa OT Hy/Id. J[jis 10Ka3aTeabCTBa 3TOTO daKTa BbIUKC-
JIMM ee IPOM3BOAHY10, Tak kak f/(x) = —4x — 2x sin % + cos % mpu x #0,
MIPOU3BOIHASA TIPUHUMAET KaK IMOJMIOKUTEIbHbIE, TaK U OTPUIlATETbHBIE
3HaUYeHMA Ha KaXKJoM U3 mpoMexyTkoB (—6; 0) u (0; &), moaTomy AaH-
Hast QYHKIIUA He SBJISETCT MOHOTOHHOW HU Ha KaKOM U3 3THUX IpOMe-
JKYTKOB.

210+

2.05¢

204 —02 00 02 04

4.31. PaccmoTpuM GYHKITHIO

5 .1
X7 sin 3, ecau x # 0,

fx) =

0, ecau x = 0.
Ee mpousBosiHOM ABIseTCA GYHKIIUS
.1 2 1
2xsin—= —=cos—, ecmx #0
xz X xz ) 7£ >

fle) =

0, ecau x =0,
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He ABJIAIMIAACI OTPAHNYEHHON HU B KAKOM OKPECTHOCTH HyJId (CM. HU-
ke ocku3 rpaduka GyHxmun f'(x)).

100

4.32. B KaX/ZI0/ OKPECTHOCTH Hy/A Y GYHKIIUHA

XZ

T
cos |, ecmmx #0,

fx) =

0, ecmm x =0,

CYIIIECTBYIOT TOYKHU, B KOTOPBIX 3Ta GYHKIMA He sBisieTcsa quddepeHIin-
pyeMoii, oaHako npoussogHan f’(0) cylecTByeT U paBHa HyJIIO.
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4.33. dyHKINA

X2, €C/IN Y1UCJI0 X palluOHAJIBHO,

fx) =

0, €C/IN 9Y1UCJI0 X uppaljioOHaJIbHO,

auddepeHIIMpyeMa TOMBKO B HYJIE.
4.34. Tlpumep Taxoi GyHKIMHU 6bUT OCTPOeH BeliepmTpaccom':

&y cos 3"x
fe) =2 =5
n=0
Ha crexytomem pucyHke muzobpaskeH rpadpuK YaCTUIHOU CYyMMBI psifa

cos3"x
n

6
BeI‘/'Iemepacca, a UIMEHHO CYMMBbI Z
n=0

3ameTuM, 4TO yHKIMA BeliepmiTpacca sSBISETCI MEPBLIM HM3BECT-
HBIM (ppakmanom. Elle ofHUM IpUMepoM HellpepbIBHOW KPUBOM, MMe-
FOTIIEeH YIJIBI B KQXKJ0U CBOEU TOUKeE, ABISETCS TaK HAa3bIBAEMAST CHENCUH-
ka Koxa, KOTopasi CTPOUTCS CIeAyIoIuM o6pazoM. OTIpaBHOM TOUKOM
TTOCTPOEHUS SIBJISIETCS 3aMKHYyTasi KpUBasi, KOTOPYIO 06pasyloT CTOPOHBI
PaBHOCTOPOHHEr'O TpeyroiabHUKa. K Kak/10i 113 ero CTOpOH NMpUCTaBUM
PaBHOCTOPOHHUI TPEYTOJbHUK CO CTOPOHAMY BTPOE MEHbBIIEHN /JTUHBI.
Crnenyroleii KpUBOM ABJIAETCA TpaHUIa MTOMyYeHHOU B pesysibTaTe Iie-
CTUKOHEYHOU 3Be3/bl. K KaXk/10i1 M3 CTOPOH 5TOU 3Be3/jbl CHOBA IIPUCTa-

! Jloka3aTh, uTO 3Ta GYHKIMA HETPEpPHIBHA, HE OYEHb CIOKHO, XOTA 3TO JOKA3aTelb-
CTBO U JIEXXUT 3a IpeziesiaMu oOpr9HOrO Kypca. Clo)KHee JOKa3aTh, YTO OHA HEe MMeEeT
TIPOU3BOJHOM HU B OZIHOM TOUKE YKUCIOBOM IpAMOU. — [Ipum. nepes.
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BUM DaBHOCTOPOHHUE TPEYTOJbHUKHU, CTOPOHBI KOTOPBIX BTPOE MEHb-
Ile CTOPOH 3Be3/bl, U Tak jajee. IIpeAenbHasd KpuBasd U HasblBaeTCA
cHexxuHKolt Koxa. [lepBble ueTbIpe UTepaluy NokasaHsl Ha CAeAYIOMINX
PHUCYHKaX.

IANTIEAEIES

§ 5. lHTerpasbHOEe HCYUCIECHIE
5.1. ®yuxuwms F (x) =In |x| saBisgeTcs nepBoobpasHoit GyHKImH f (x) =
1

= %, oAiHaKo (HecOOCTBEHHBIN) UHTETpal f %dx He CyIlleCcTByeT.
-1

3aMeTuM, 4TO /JIs TOTO, YTOOBI M3 yTBepKAeHUs 5.1 TONMyIuTh Bep-
HOe yTBepKJeHHe, HAZIo IPEATIONOKUTD JOMOTHUTETHHO, YTO QYHKIUA
f(x) onpezeneHa 1 HenpepbIBHA Ha OTpe3ke [a; b].

5.2. NuTerpai ot 11060 QyHKINY, TPUHUMAIOIIENH TOMbKO OTPUIIa-
TeJIbHbIE 3HAYEHUsI, OTPUIIATeIEH, TO3TOMY OH HE MOXET ObITb paBeH
IUIOIIAIN HEKOTOPOH GUTYPHL.

2
5.3. Hampuwmep, f xdx= %, omHako GyHKIUS f(x) =X Ha OTpe3Ke
-1
[—1; 2] npuHMUMaeT Kak MOJIOXKUTEbHbIE, TAK U OTpUIlaTeIbHbIe 3HaYe-
HUA.

5.4.Tlpu k =0 sieBast 4acTh paBeHCTBA eCTh TPOU3BOIbHASA KOHCTAH-
Ta, TaK KakK f 0dx =C. OnHako ero mpasas 4acCTh B 3TOM CJIydae paBHA
HYJIIO.

3aMeTHM, YTO INpHUBEAEHHOE PABEHCTBO CIPABEJIMBO TIPU BCEX
k #0.

5.5. PaccMoTpuM Teso, 06pa3oBaHHOE IIPU BpallleHUH BOKPYT OCU

1
abcmuce noarpaduka GyHKIMM f(x) = %> X = 1. Kak usBectHo, 310T
oo
1
moArpaduk uMeeT GECKOHEYHYIO IUIOIIAJb, TaK KaK WHTErpas f ;dx
1

pacxozxuTtca. JleicTBUTENBHO,

fldxz lim(nb—In1l) = .
1 X b
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TeMm He MeHee IOJy4eHHOE TEJIO BpAIIEHUA MMeET KOHEYHBIH 00beM,
paBHBIN

1 . 1
N{Fdx— nblglolo(l—g) =T.
5.6. PaccmoTrpuM ¢yHKImIo f(x), paBHyO 1, €CIM YUCJIO X panyo-
HaJbHO, 1 —1 B mpoTuBHOM ciy4dae. Tak kak |f(x)| =1, unrterpan ot

MOZYJIS 3TOW QYHKIIMU CyllecTByeT. [IoKakeM Telepb, YTO HHTEIrpasl
b

f f(x) dx He cymecTByeT, I Yero BOCIIONb3yeMCs OIpe/ieIeHUEM.
a
[ycthb [a; b] — HEKOTOPEBIHM OTpe30K. Pa306beM OTPE30K Ha N OTPE3-

KOB 1 paCCMOTPUM HUHTErPAJIbHYIO CYMMY
n—1
S = Z f(Cl')Axl'.
i=0
Ecnu B kak7j0M U3 OTPE3KOB ,Z[pO6JIeHI/IH YHUCJIO C; ABJIACTCA palliOHaJIb-
HBIM, TO S=0>b—a. Ecnu xe KaXX/ioe 13 3TUX YKrCeJI UppalroOHaJIbHO, TO
S=a—b. Takum o6pa30M, 3HA4YeHUue HHTeI‘paTIbHOﬁ CYMMEBI 3aBUCUT OT

BBIOOpA YMCET C;, IOITOMY IIpeJesl MHTErpaIbHBIX CYMM HE CYIIECTBYET,
b

YTO U O3HAYAET, YTO HE CyI[eCTByeT MHTETPA f f(x)dx.
a

5.7. PaccmoTpuM QyHKITUN

1, €CJIM Y1CJI0 X pallMOHAJ/IbHO,
f(x) N - 1, €CJIM Y1CJI0 X UppallMOHAaJ/IbHO,
u
— 1, €CJ/IN Y1CJI0 X palluOHaJIbHO,
glx) =

1, €CJIM Y1 CJI0 X UppallMOHAaJ/IbHO.

b b
WHTerpasst f f(x)dxu f g(x) dx He cymecTBYIOT (CM. TIPEIBIAYIIYIO
a a b

3a/jauy), TOrZla KaK HMHTerpasn f (f(x) +g(x)) dx cymecTByeT U paBeH
HYJTIO. a

“+ o0
5.8. Tlpegen lim % PpaBeH HyJII0, OLHAKO UHTErpas f %dx pacxo-
JUATCA. * 1

0

5.9. UnTerpan f k dx oT HeHyseBOI KOHCTAHTHI k PacXOAUTCA, OA-

a
Hako rnocTossHHasA GyHKUMA f(x) =k sABIAeTCA OTPAaHUYEHHOMU.
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5.10. Oyukums f(x) = |sin x| sBIsgeTCA HENPEpPLIBHON W HEOT-
o0
pHIIaTeNbHOM, cymMMa paga ». f(n) paBHa Hy/IIO, OJHAKO HHTErpa
o0 n=1
f | sin 7tx| dx pacxoauTcs.
1

-1 0 1

5.11. VHTerpassl f %dx u
1

OAHAKO MHTErpaa

X

=3

(%—Fl_zx)dxzfédx
1

CXOAUTCA.

oo

5.12. Uurerpan @penena f sin x? dx cXoAUTCs, OZHAKO TIpezen
0

lim sin x?

X—®©

He cymecTByeT'. Ha ciefylolmeM pUCyHKe M306paXkeH 3CKHM3 Tpaduka
y =sinx2.

! Iloxaxewm, uto unTerpan ®penens cxoaures. ClenaB 3aMeHy x2 = t, TIONy4UM HHTe-
rpai

o © 1
.92 1 t _ sint smt

sinx® dx = E 7 = E e d -
0 0
HepBbIﬁ U3 NTOJYYE€HHbIX HEeCOOCTBEHHBIX UHTETrpPpaJIOB ABJIAETCA a6CO)’I}OTHO CXOAAIMMCA,
CXOZUMOCTDb BTOPOT'O MHTErpasia CieiyeT U3 MpUu3HaKa ,[[I/IpI/IXJIe CXOAHMOCTH HecoOCTBEH-
HbIX MHTETrpaoB. 3amMeTum TAKXeE, YTO KOHTIIPUMEPHI K YTBEPXKIECHUIO 5.12 MOXXHO T0-
CTPOUTD IIPOILE — CM. PEIIEHUA CIEeAYIOINX pra)KHeHHﬁ. —Hpu.M nepes.
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5.13. Bocmionb3yemcst uzeelt momaan. [y KaXXZ0ro HaTypaJbHOTO

1
4yycia n 2= 2 MOCTPOUM TPeYTrONbHUK ILIOIaLu —3» B pesynbTare obmmasn

oo
1
IIomasab 6yz[eT paBHa Z P’ YTO €CTh HEKOTOPOE 4YMCIIO. BricoTa xax-
n=2

2

AO0T0 M3 TPEYroJIbHUKOB paBHa 1, a JJIMHA OCHOBaHWA paBHa F Ha

CJIeIyIoeM PUCYHKe M300pakeHa YacTh rpaduKa MCKOMOU (QYHKITH
ee)

f(x). UaTerpan f f(x) dx cxopuTcsi, ¥ ero 3HaYeHUE PABHO CyMMe psi-
0
3.0t
2.5F
2.0+
1.5+
1.0¢
0.5F

0 05 1.0 15 20 25

1 .

ma Y. prr C zgpyro#i cTopoHHI, Tipesien GyHKIUU f(x) mpu x — +o He
=2

CYIJE[eCTByeT.
5.14. [lna kaX[0ro HaTypaJbHOI'O YUCIA N = 2 MOJI0XKAM

1

n Ipu x € [n;n+5),
fGo = 1
5 TpuxE [n+5;n+1).

1
> =, creposa-
n=2 n
TEJIbHO, WHTErpasl f f(x)dx sBasercsa cxopsimumcsa. OfHAKO JaHHAas
2

OYHKIMS TIONIOKUTENbHA BCIOAY Ha Jyde [2; ) U He SBISETCA orpa-
HUYEHHOU.

5.15. ®yukmua f(x) = xsinx

[romaze moarpaduka 3ToW QyHKIIUM MeHbIIe 4eM 2

4 HempephlBHA UM HeorpaHuWyYeHa (CM.

pI/IC.), OZHAaKO MHTETpal f X sin X4 dx CXOJUTCA, IOCKOJIBKY B pe3yjibTaTe

0
3aMEHBHI t = X2 MBI ITIOJIy49a€M IIOYTU MHTETPpal q)peHeJIH,

T B
{xsmx dx-zgsmt dt,
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KOTOprfI CXOAUTCA (CM. IIpyME€YaHUE MEPEBOAYNKA K DEIICHUIO 3a4a49n
5.12).

-3
sinx
5.16. ®yakuma f(x) = —, HerlpephiBHA Ha MPOMEXYyTKe [1; 4o0),
T sinx r
WHTerpas f —~ dx cxoauTcs, OJHAKO MHTErpasl f

1 1
pacxozamumes’.

sin x
—~ ‘ dx asngerca

[

5.17. HTerpan f % dx cxopures, dyHkuua g(x) =sinx orpaHu-
1

[

sin® x 9
4yeHa, OHAKO MHTerpasl f —— dx pacxogurcs®.
1

B 3akitouenue 3ameuy, 4to 3aganusd 10, 13 u 14 6bUTH TIPEATOKEHBI

aBTopy AznexaHzpo l'onsamecom-MaprtuHoM, yHuBepcuteT Jla JlaryHa,

Vcmauus®,

1 CXOZ[I/IMOCTI: IIEPBOr'0 M3 3TUX MHTErpajioB CIeAYET U3 IIPpU3HaAKa ,Z[I/IPI/IXJIE Pacxo-
AVMOCTb BTOPOI'O MHTErpasua CjaefyeT u3 pacXoJUMOCTU IapMOHHYECKOI'O psha B CHUILY
LETIOYKN HEPABEHCTB:

n(n+1) n(n+1)

1
n(n+1) f

nn

_2
nn+1)°

sinx

=

sinx‘ dx =
mn
Ilpum. nepes.
2 JloKa3aTeqbCTBO PACXOAMMOCTH STOTO MHTErpajia aHaJOTMYHO J0KA3aTeNbCTBY Pac-
XOZVMOCTH WHTeTpasa B IpeAbIAyel 3agade. — [Ipum. nepes.
3 Alejandro S. Gonzalez-Martin, University La Laguna, Spain.



JlorosiHeHue:
KOHTPIPUMEPHI B O0yYeHUU MaTeMaTHUKe

TIpexie BCcero MpuBeAy IPUMep U3 CBOeit Mejarorudeckoit mpaktuku'. CTy-
ZleHTaM ObUIO IIPEIOKEHO CIefyiollee yTBepKAeHue (YTBepkaeHue 3.14).

Ecnu ¢ynxuyus f(x) onpedenena Ha ompeske [a;b] u HenpepwvieHa Ha npo-
mexcymxe (a; b), mo scsikoe uucno m, nexncawsee mexncdy f(a) u f(b), saensemcs
3HaueHuem amotl GyHKyUU.

Besa pasHuna Mexy yTBepxkzeHueM 3.14 1 TeopeMOl O IIPOMEXYTOYHOM
3HAYeHUU COCTOUT B TOM, UTO B 3TOU TeOpeMe IIpeAIonaraeTcs, 4To QyHKIUI
HelpephIBHA Ha oTpeske [a; b], Torzna kak B GopMynupoBKe yTBepXKAeHu 3.14
TOBOPUTCSA O HelpepbiBHOCTH (yHKIMU Ha uHTepBase (a; b). Korza cryzeHTam
OBUIO TIPEJIOKEHO ONPOBEPTHYTH CHOPMYIMPOBAHHOE YTBEPXKAEHUE, TO OHU
OOBIYHO PHUCOBAM YTO-TO BPOJE

f®) .
fl@yt o
0 a b

Jly1st TOrO YTO6OBI 06CYK/AEHNE TIPOAOIKIIOCH U TIOSIBUINCH HOBbIE KOHTPIIPH-
MephI, MOYKHO Teleph MPeJIOKUTh CTYAEHTaM TOCTPOUTh rpaduku GYHKIUH,
[UIST KOTOPBIX:

a) cywecmeyem eduHcmaerHoe uucao mexncdy f(a) u f(b), senawoueecs 3Ha-
weHuem amoil PyHKyuU;

6) mexncdy f(a) u f(b) cywecmayem b6eckOHEUHO MHO20 UUCE], ABJAOUUXCS
3HaueHuem amotll dyHkyuu, 00Hako He kancdoe gaexcawee mencdy f(a) u f(b)
yucso 6ydem ee 3HAUeHUEM.

! Jlauupiit passen HanMcaH Ha OCHOBE MaTepHasa, Cofiepyallerocs B CTaThax: Gruen-
wald N., Klymchuk S. Using Counter-Examples in Teaching Calculus: Students’ Attitudes //
The New Zealand Mathematics Magazine. 2003. V.40, N22. P.33—41 u Klymchuk S.
Counter-Examples in Teaching/Learning of Calculus: Students’ Performance // The New
Zealand Mathematics Magazine. 2005. V.42, N21. P. 31—38.
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K npumepy, pelneHreM MOCIeAHEr0 3a4aHust 6yeT GyHKIHS CO CIIEAYIOMUM
rpagpuKkom

fb) .
O/

flayp o
0 a b

A nanee MOXXHO NIPEJIOKUTD CTYAEHTaM HaUTH QYHKIUH, TaKXKe BJIAIONIN-
ecsl KOHTpIIpUMepaMH K cpOpPMyIMPOBAHHBIM YTBEPXKAEHHUAM, HO Ha rpaduKax
KOTOPBIX He OyZeT «OesIbIX KPYXKKOB» (CM. pHC.).

/N

|
|
|
,
|
0 1
|
|
|
|
|
|
|
|

—2+

———_—_ _ _ ___l___ _¢-

JUIl MHOTHX CTYZAEHTOB II0ZI0OHBIE IIOCTAHOBKU 33IaHUI ABJIAIOTCA HOBBI-
MU, HEOXUJAHHBIMYU U MHTEPECHBIMH. [leJIo B TOM, 4TO IToCIe OOy4eHHA MaTe-
MaTH4eCKOMY aHaJIM3y B MIKOJIe GONBIIMHCTBO U3 HUX IIPUXOJUT B YHUBEPCUTET
CO CTOMKUM IIpeZcTaBleHHeM O TOM, YTO U3ydeHHe MaTeMaTHUeCKOro aHaln3a
CBOAUTCA K PasHOOOPA3HBIM MaHMITYJIANUAM C BEIDAXKEHUAMHM, K TEXHUKE WX
npeobpasoBaHuii. IIpy 5TOM OHU IIPUBBIKJIN He oOpalaTh BHUMAHUA Ha yCIo-
BHUA TeopeM, Ha CBOMCTBA QYHKIINH, ¢ KOTOPBIMUA OHU MMEIOT Ziesio. U 3agacTyio
3TO He BUHA CAMUX CTYZEHTOB. [|JIf TOTO YTOOBI IPOMJLIIOCTPUPOBATE 3TOT GaKT,
npuBesy GOpMyINPOBKY 3ajaHNA IMCbMEHHOI'O BBIITYCKHOT'O SK3aMeHa (ABJIso-
lerocs TakKe BCTYIUTEIbHbIM B YHUBEPCUTET).

Ioxaxcume, umo ypaswenue x? — /x —1 =0 umeem peuwueHue, Jexcauiee
Mmexncdy 1 u 2.

O6paszey pewenus. Tonoxum f(x) =x?— /x — 1. Tak kak f(1)=-1<0
u f(2)=1,58>0, rpaduk 3ToH QyHKIUY [lepecedeT och abCuyce MexXAy TOUKa-
Mu 1u2.

[IpuBesieHHOE pellleHHe ObUIO NpeJCTaBIeHO dK3aMeHAaTopaM B KayecTBe
obpaslja pelleHys, 3acIyKUBAIOIIETO ObITh OIleHEHHBIM ITOMHBIM 6ayutoM. fc-
HO, YTO B 3TOH 3aziade peYb WJET O NMPUMEHEeHUU TeopeMbl BosbriaHo—Koumu
0 HYJIAX, B KOTOPON Ha (yHKIMIO HAKJIA/AbIBAIOTCA 08d yCIOBUA. Bo-TepBhIX,
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OHa JIOJKHa OBITh HEMIPEPBIBHOM Ha oTpeske [a; b], ¥, BO-BTOPBIX, JO/IKHO BbI-
moHAThCs HepaBeHCTBO f(a) f(b) < 0. B pellleHUH TPOBEPSAETCS JIUIIh BTOPOE
YCJIOBUE, a IepBOE UTHOPUPYETCs KaK BpoZe Obl «<HecylleCTBEHHOe». [Io19epKHY,
YTO peyb HZeT O 33Ziaue NMUCbMEHHOTO dK3aMeHa, IPU pelleHNH KOTOPOH Tpe-
60Bajsoch He TOMBKO MIPUBECTH OTBET, HO U 3alKcaTh ee MOAPOOGHOe pelleHue.
To, 4TO perieHue, B KOTOPOM IIPU IIpUMeHeHUU TeopeMbl bonbiiano—Kommu He
TIPOU3BOAUTCS MTPOBEPKA BBHITIOHEHUS YCIOBUSA HENPEPHIBHOCTH QYHKIUU, 3a-
CIY’KUBAeT GBITh OleHEHHBIM BBICIIUM 6ajjioM, OYeHb OTACHO. YUalluMCs TeM
caMBbIM /IAfOT TIOHATH, YTO TIPe0bpa30BaHUs BaYKHbI, & CBOHCTBA QYHKI[UI — HET.

HeckonbKo JieT Hasaj s TPeIONKII HECKOTbKUM IIKOIbHUKAM, 00yJIaB-
ITMMCS Ha TOATOTOBUTENBHBIX KypcCax, CIeAYIOUIyIo 3azaudy. «/IloKaXkuTe, 4TO
x2+x+1

x—1,5
c/lenan OJJHO U TO K€, @ UMEHHO COCJIAJICSI Ha TeOpeMy O HyJAX, yOeAuBIINCH
TOJIBKO B TOM, 4TO f(1)=—6<0u f(2) =14 > 0. TpygHO OCy>XJaTh UX 3a 3TO,
MTOCKOJIBKY TIO GOJIbIIIEN YaCTH TO, YTO OHU JIEJIAI0T MIPU U3YIEeHUH MaTEMAaTUKU
B IIIKOJIE, TaK 3TO IPe0Opa30oBaHusA, BEIYUCJIEHUA U ITPOYHE TEXHUYECKHE MaHU-
My,

CrieflyeT 3aMeTUTh TIPeX/e BCETro, YTO HAa HAYaJbHBIX 3Tanax oOydeHus, CB-
3aHHOTO C IIOCTPOEHNEM KOHTPIIPUMEPOB, MHOTHE CTYAEHTHI UCIIBITBIBAIOT OIIpe-
JIeJIEHHBIH, B TOM YHCIE U MICUXOJIOTUYECKUH, TUCKOM)OPT, MOCKOIBKY [0 TOT'O
MM HUKOI/ZIA He TPUXOAWIOCh CTPOUTh KOHTPIPUMEDHI K YTBEPXKAEeHUAM. Bonee
TOT0, HA HAYaJILHOM JTalle OHU He MMOHUMAIOT PA3HUIBI MEX/Y, TaK CKa3aTh, «/10-
Ka3aTeJbCTBOM» HEKOTOPOI'O YTBEPXKJEHUS IyTeM IPeAbsIBIEHHUS OJHOTO IIpU-
Mepa U ONPOBEP)KEHUEM YTBEPXKJEHUSA depe3 IIOCTPOEHUE ONATh-TAKU OJHOTO
KOHTpIIpMepa. DTO BIIOJIHE COIVIACYeTCS C TeM, UTO: «CTYZEHThI YacTO He IOo-
HUMAIOT, KaK 3TO MOXXHO OJHUM IIPUMEPOM OIIPOBEPTHYTh HEKOTOPOE yTBED-
JXKJeHre. DTO IPOUCXOAUT TOTZA, KOTAA OHU CYUTAIOT, YTO STOT IPUMEP «OAMH—
e/IMHCTBEHHbIit», He BU/A TOTO, 4TO OH, HA060POT, UMeeT O6IIHil XapaKTep 1».

B Havase 2000-x rofioB O6BUIO MPOBEAEHO MEXAYHAPOJHOE UCCIeOBaHUE,
1IeJlb KOTOPOT'O COCTOsIa B OlleHKe 3(GEKTUBHOCTH TeJarorMyeckoi cTpare-
T'UU, COCTOAIIEN B IleJIeHalpaBJe€HHOM KCIOIb30BAaHUU 33IaHUH, CBA3aHHBIX
C TIOCTPOEHUEM KOHTPIIPUMEPOB. B TeueHHe HECKONBKUX HeZlenb obydeHue 612
[IePBOKYPCHUKOB 13 10 yHUBEPCUTETOB PA3IMYHbIX CTPAH CTPOMJIOCH B COOTBET-
CTBUU C 9TOM CTpaTerwew, mocjie 4ero uM ObUIO TPEIOKEHO BBICKA3aThb CBOE
OTHOIIIEHUE K MOJ00HOM MeToarKe 00ydeHwsi. CTyZeHThI OTBEYaIU Ha CIIEAYIO-
IIIMe BOIIPOCHI

ypaBHeHUE =0 uMmeer pemieHue Ha orpeske [1; 2]». Kaxxapiii U3 HUX

Bonpoc 1. Yyscmegoganu Jiu 8bl cebsl y8epeHHO Npu NOCMpPOeHUU KOHMPNpU-
Mmepog? a) [la 6) Het

1 Selden A., Selden J. The role of examples in learning mathematics // The Mathematical
Association of America Online: www.maa.org/t_and 1/sampler/rs_5.html.
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[Moxanyiicta, chOpMyIUPYITE IIPUYUHBL, TI0 KOTOPBIM BHI ZIa/IM Balll OTBET.

Bonpoc 2. Cuumaeme 2 bl 3@@ekmusHbIM NPedIoNceH b Memod obyue-
Husa? a) Jla 6) Her

[MoxanyiicTa, chOpMyIUPYITE IIPUYUHBL, TI0 KOTOPBIM BHI ZIa/IM Balll OTBET.

Bompoc 3. Xomenu au 6bt 8bl, umobst n000OHble 3a0aHUSL ObLIU BKAOUEHbL 8 IK-
3ameHayuoHHyto pabomy? a) Jla 6) Her
[oxayiicta, chbOpMyIUpPYITE IPUYUHBL, IO KOTOPHIM BHI ZaJIH Balll OTBET.

CTaTHUCTUKA OTBETOB Ha 3TU BOIIPOCHI IIPUBE/ZIEHA B Cnez[y}or_ueﬁ Ta6JII/ILIe.

Bompoc 1 Bompoc 2 Bompoc 3
Koz-Bo
Ja Her Jla Het Ja Het
612 116 496 | 563 49 196 416
100% | 19% 81% | 92% 8% | 32% 68%

Kak BUAHO M3 2TO¥ TabG/uIbl, GOIBITMHCTBO (81%) CTyZEeHTOB He OBLTH
3HAKOMBI C TOCTPOEHUEM KOHTPIIPUMEPOB KaK CII0CO60M OTIPOBEPIKEHUS YTBED-
JKZeHUH. BOT TUIIUYHBIE KOMMEHTapUH, KOTOPbIE JaBalU CTYZEHTHI, OTBETHUB-
IIMe OTPUIIATeThHO Ha Bompoc 1:

* J HUKOI7ZIA paHee 3TOT0 He JleyIal;

* 5 BOODIIe He OBUT 3HAKOM C IEATENBHOCTBIO TAKOTO POJIA;

° s He MPUBBIK K 3TOMY METOAY;

* 3TOT METOZ MHe He 3HaKOM;

° B IIIKOJIE MBI TAKOTO HE TPOXO/UIIN;

* g cybIman o6 3TOM, HO HE OT IIKOJIBHOTO YYUTEIS;

* MBI B IIKOJIE HUKOT/IA HE CTPOMJIM HUKAKUX TPUMEPOB.
BonbIUHCTBO CTyAEHTOB (92 %) cowro 3bdeKTUBHBIM MeTOZ 0OyYeHuUs, OCHO-
BaHHBIN HA IIOCTPOEHUH KOHTPIPUMEPOB. CTYZEHTHI, JaBIINe TTOJ0XKUTENbHbIN
OTBET Ha BTOPOU BOIIPOC, MHCAJIH, YTO TaKasl JeATENbHOCTD:

* I[IOMOIJIa MHE IUTy0Ke BIYyMBIBAaThCSA B IIOCTABJIEHHBIE BOIIPOCHI;

* JlaeT OCHOBATeJIbHOE 3HAHUE IIPeMETa;

* croco6CTByeT 6OIbIIIEMY TIOHUMAaHHUIO;

* IpHBeJa K TOMY, YTO s CTajl AymMaThb bosee 3¢pdeKTUBHO;

°* TMpefOXpaHseT OT BO3MOXKHBIX OIMHUOOK;

* Jenaer 3agauu 60jee sICHbIMU;

* CIOCOGCTBYET TOSBIEHUIO YBEPEHHOCTH B cebe;

° [OMOTaEeT yCBaWBaTh MOJYIEHHYIO Ha 3aHATUAX UHPOPMAIIHUIO;

* ABJIAETCSA XOPOIIEH METOAUKON 00ydeHus;

° 3aCTaB/IsIET TOYHO UCIOTH30BATh MOHATHUS U IIPOBEPSTH YCJIOBUS, B KOTOPBIX

OHH MOTYT OBbITb UCIOTH30BAHBL;
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VIUT TeOS KPUTHUIECKU MBICTUTD;

CIIOCOOCTBYET CAaMOKOHTPOJTIO;

Pa3BUBaET JIOTUYECKOE MBIIIJIEHUE, A HE TOJIBKO BBIYUCIUTENbHbBIE HABBIKY;
JleflaeT 3azaum Oojee sICHBIMU;

TPyZ[Ha, HO UHTEPECHA;

JlaeT BO3MOXKHOCTb OIPE/IETUTD JIyYIINX CTYAE€HTOB;

JlaeT BO3MOXKHOCTh B3IVITHYTh HA MAaTEMAaTHUKY I10/] IPYTUM YTJIOM;

XOpOIlla He TOJBKO IT0 OTHOIIEHHIO K MaTeMaTHUKe;

3acTaBiseT TeOs Cepbe3HO MOTPYAUTHCS;

SIBJIAETCSA He CTaH/JapTHOM, a TBOPYECKOH.

VIHTE€peCHO OTMETHUTb, YTO OOMBIIIMHCTBO OIPOIIEHHBIX CTYAEHTOB (68 %) He

XOTAT, YTOOHI 33/JaHKA Ha IOCTPOEHNE KOHTPIIPIMEPOB K HEBEPHBIM yTBEPIKe-
HUAM BKJIIOYAINCh B 9K3aMeHAlMOHHBIE PabOThI, XOTA, KaK ObUIO yKa3aHO BBI-
Ie, MoAABJIAoNee GOMBITNHCTBO U3 HUX CYUTAET JaHHYI0 METOAUKY 0bydeHnA
s¢dexTrBHON. TUIMYHbIE [TOSCHEHNE CBOEMY OTPHUIIATEIBHOMY OTBETY Ha Tpe-
THUI BOIIPOC COCTOSIO B TOM, YTO:

OHM CJTUIIKOM TDPY/HBI;

MbI HUKOT/]a paHEee UMU He 3aHUMAaJIUCh;

OHM CJIMIIKOM YacTO CTaBAT B TYIIUK;

y Hac GbUIO HEZIOCTATOYHO BPEMEHH, YTOOHI Mbl MOIVIM YBEPEHHO PeIlaTh UX;
OHM KaKHe-TO 3allyTaHHbIe:

HEITOHATHO, KaK UX PellaTh, B YACTHOCTH C Yero HAyaTh;

B TAKOM CJIy4ae MOSI 9K3aMeHAIMOHHAsA OIleHKa MOXKeT OHU3UTHCA.
3ameuy, 4TO IOCIEeIHUI KOMMEHTapuil BcTpevascsa Haubosnee yacto. K co-

JKaJIEHUIO, /A CJIUIIKOM MHOTHX CTYZIEHTOB OLI€HKU, IIOJTYy9€HHbIE MU Ha 3K3a-
MEHax, BaXXHee SHaHHﬁ, TIOJIyY€HHBIX B p€3yJIibTaTe O6y"{eHI/IH B YHUBEPCUTETE.

Bbu10 OUeHB HWHTEPECHO YUTAaTb KOMMEHTapuu, JaHHble TEMU CTyJI€HTaMU,

KOTOpPBI€ OTBETWIN Ha 3TOT BOIIPOC YTBEPAUTEIBHO. OHu nmycajau, 4To:

3TO 3aCTAaBJISIET HAC [yMAaTh HE O IETAJISAX, & O CYTH KUCIIOIb3yEMbIX METO/IOB;
TIOCTPOEHE KOHTPIIPUMEPOB [IEMOHCTPUPYET MOTHOE TIOHUMaHHe TIpe/IMeTa;
3TO XOPOIIUii CII0cO6 ITPOBEPKU BOOOPAIKEHNS;

mo06HbIe HABBIKY UPE3BBIYANHO IIE€HHEL;

B TAKOM CJIy4dae Mbl OyzieM 6oJiee cepbe3HO TOTOBUTHCS K 9K3aMeHaI[HOHHOM
pabore;

MHe HpaBUTCsA TaKas AeATeNbHOCTb, TOCKONbKY 3aCTaBlsgeT MPeo/oneBaTh
TPYZAHOCTH;

TaKye HaBBIKY OYAyT BXKHBI ¥ M0 OKOHYaHUN YHUBEPCUTETA.

TakuM 06pa3oM, pe3y/nbTaThl IPOBEEHHOIO HCCIEA0BAHUA AT OCHOBA-

HUe PeKOMeHZIOBATh pa3pabOoTaHHYIO IeJarOTMYecKylo CTPaTeryio B Ipolecce
oby4yeHus (U He TOJIBKO 0OyUEeHHs MaTeMaTHKe).

B szakuroueHue IIpUBEAY PE3YJAbTAThI OZAHOTO IIEAArOrn4Y€CKOro sKCIIEpUMEH-

Ta, IpoBeZieHHOro B TexHosnorudeckoMm yHuBepcuteTe (Oxsenz, HoBas 3enan-
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Zvis1). B 9TOM aKcIleprMeHTe CPaBHUBAIKUCH MEX/Y COO0H pe3yIbTaThl 00yd4eHus
JBYX TPYIII CTYZeHTOB. ['pymma A (3KcreprMeHTaIbHAas) COCTOsIIA U3 16 cTyAeH-
TOB, rpynna b (koHTponbHas) —u3 11 cTyzeHTOB. B o6enx rpymmna obydanuch
cTyzeHTH 13 Kutas, Bce OHM OBUIM IIPUMEPHO OJHOTO BO3pacTa U C IPUOIH-
3UTEbHO OJWHAKOBOM MOATOTOBKOM MO MaTemMaTHKe. 1o yuebHOMY TIaHy TPU
pasa B HeJIeJII0 OHU XOZWIN Ha 9acoBble JIEKIIUU U ITOCENAIN OFHO IBYyX4acOBOe
[IPaKTHYECKOe 3aHATHE; IPU 3TOM JIEKIIUU B 00€UX IpyInax YUTal OAUH U TOT
JKe TIperofiaBaTesib. Pa3Huila B MEeTOANKe OOyYEeHUs COCTOsIa B TOM, UTO Kak-
ZyI0 HeZleio (B TeueHue 8 Hezleslb) Ha OJHOM U3 JIEKIUH CO CTYAeHTaMU TPYIIIEL
A B TeueHue 5-6 MUHYT IPOUCXOAUIO OBCYKAEHNE KOHTPIPUMEPOB (K yTBEp-
sxaerusm 1.1, 3.1, 4.4, 4.6, 4.7 v HEKOTOPBIM ZpyruM). Takum ob6pasom, obiiee
(3a 8 HeZesIb) BpeMs, 3aTpadeHHOe Ha I000HbIe 0OCYK/IEHH S, COCTABIIIO OKOJIO
45 MUHYT.

[To mpoecTBUM 8 HeZle/Ib CTYAEHTHI 06EMX TPYIII CABAIN IPOMEXKYTOYHBIH
9K3aMeH, AeCATb 3a[jaHuii KOTOPOTO OBUTH CBSI3aHbI C MIPOBEPKOM MOMYIYEeHHBIX
CTyZeHTaMU TeXHUYECKUX HAaBBIKOB PellleHUs 33/1a4, a IIocIe/lHee — OAMHHALIA-
TO€ — MIPOBEPSLIO TIOHUMaHKe U3yYeHHbIX TOHATUN U OlIpeAeIeHn.

Bot npumep 3azanus 11. Mzobpasume ackus epaduxa makotl fyHKyuu, ¥mo
ee epadux sgasemcsi HenpepwbleHOll U 2nadkoll (He umerowell yenoe) kpugotl, 00-
Hako cama ama gyHkyus He oudgdepeHyupyema xoms Ol 8 00HOU mouke.

CraTUCTHKa pe3y/bTaToB IpUBe/eHa B CIeAyIollel Tabule.

IpynIla | cjaju 3K3aMeH | pemwiu 3azady 11

A 93% 79 %
b 91% 45%

HOJ’Iy"{eHHbIe AAaHHBIE TIOKA3bIBAIOT, YTO Aa*X€ MaJIOE€ BpEMs, 3aTpa4y€HHOE
Ha OGCY)KZ[CHI/IC KOHTPIIPUMEPOB, JAa€T OY€Hb XOPOH_II/IIL/’I pesyabrar, CHOCO6CTBYH
JIyqieMy IIOHMMaHUIO CTyZI€EHTaMU N3YUY€HHbIX MU TTOHATHUH.





