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IMPEAWUCJIOBHE ITEPEBOIYHKA

[lepen Bamu BTopoe nsnanue neperoma yuyebnuka H.X.H6parumosa «Ilpak-
TUYECKUH Kypc OU(epeHUHa bHbIX yPaBHEHUHA U MaTeMaTH4eCKOro MOJIEJHPOBa-
HUsI» Ha pyccKH# si3biK. 3a Tpu roga (2004-2006) yueGHHK YCMEIIHO BblAepKas
TPU M3[AHHUS Ha aHTVIMHCKOM si3biKe, B 2007 rony oH Obli1 nepeBenen B Huxkeropon-
CKOM YHHUBEPCHUTETE Ha DYCCKHUH SI3bIK, U THpaxK ObICTpO pasoliescs. Hacrosiuee
M3[aHNe He3HAUNTEJbHO OTANYaeTcsl OT MpPelbIAYLIero: Mbl yopaau pasmen «dud-
(bepeHLMa/IbHblE YpaBHEHHS. B moMmolb CTyIeHTY», colepKaHHe KOTOPOro YYTeHO
aBTOpOM MpH noarotoske u Beimycke B 2008 romy cGopHuka 3amau. ABTop yueb-
HUKa, npodeccop Haunp Xaiipynnosuu M6parumos, pabotaet B TexHOJOrHUECKOM
UHCTUTYTe wWBeackoro ropopa Kapsackpona. OH mpenonaBajd B yHHMBEPCHTETaXxX
Poccuu, Typunu, IOAP, HeonHokpaTHO unTan nekuuu B CLIA, ®panuuu, Uranun
M B Apyrux crpaHax. Yyeba B MPTU u Hoocubupckom rocymapcTBeHHOM
YHHBepcUTeTe c(hopMUpOBada Kpyr ero HayyHbIX HHTEpecOB: I'PYIIOBOH aHa/Iu3
nuddepeHLHANbHBIX YpaBHEHUH, PUMAaHOBA TeOMETPHUS] U TeOpHs OTHOCHTEJNBHO-
CTH, MaTeMaTHUeckoe MOJeMpOBaHHE LIMPOKOr0 CHEKTPa MPOLECCOB U SBJEHHH.
Ero Hayunble moctuxkeHusi otmeueHbl [ocynapctBenHoi npemueir CCCP (1985),
3BanueM «HccaenoBatesb roga» HayyHoro oduiectBa biaekuura, [Isenus (2004).
Haunnb XaiipynnoBuu — nepBbii HOMHHAHT MexayHaponHoro «[Ipusa Jlarpanxa»
3a IOCTHKeHHs B 006/1acTH HesuHeHHbIX HayK (2008) W vMeeT npyrye Harpajbl.

ABTop octaHoBHJ cBOH BbiGOp Ha HuxkeroponckoMm rocynapcTBeHHOM yHHBep-
cutete uM. H.U. Jlo6aueBckoro B KauecTBe 6a30BOro AJs MepeBoia yueOHHUKA Ha
PYCCKHH SI3BIK He CJIy4aHHO: HallleMy COTPYIHHUYECTBY HECKOJNbKO HECSTKOB JIeT.
B Huxnem HoBropoze cocrosiiach no nHuuuaTtuse akagemuka JI.B. OBcsiHHMKOBA,
npocgeccopa H.X. Mi6parumoBa U HUXKeropoACKMX YyUeHbIX OJHa M3 MeXXIYyHapo-
HbIX KOH(epeHUHH ceprn «COBpPeMeHHBIH I'PYNMNOBOM aHAIU3 U €ro TPUJOKEHHUS».
B Huxeroponckom yHuBepcuteTe 6osee 30 sieT mepeBOAYMK KHUTH NPaKTHKYyeT
yreHHe Kypca «CoBpeMeHHbIH I'PYIINOBOH aHAMU3 U €T0 MPUJIOKEHHS», TeUaTalTCs
y4eOHUKH U ydyeOHble M0coOUs 10 ITOH TEeMAaTHKe.

Yuebuuk H.X.H6parumoBa oT/HyaeTcs JOTHUECKON LEJbHOCTBIO MOCTPOEHHUS
W IIUPOTOH oxBata MmaTepuasa. Hepenko B Hallux By3ax Kypchl «duddepeHuu-
aJibHble ypaBHeHHUs», «MaTematnueckasi puankar, « MaremaTrueckoe MOLENHUPOBa-
HUe» H, TeM 6oJee, crieluabHble Kypebl «[pynnel u anre6psl Jlns, «O6obiieHHble
¢byHkuuu u npocrpaHctBa CobosieBas, «['pynmoBoil aHa u3 nuddepeHHaTbHBIX
ypaBHeHUH» U Apyrue — cjaabo CBsI3aHbl MexXay coboil. B mpensnaraemom Bariemy
BHUMAaHHIO yueOHHKE Hepas3pblBHAS CBS3b MEXKAY STUMH U APYTHUMH TeMaMH KHUTH
BBbIIEpPKAHA OT MEPBBIX CTPOK A0 nocjaenHeld crpaHuibl. CHopMUpPOBaHHbIE B IyiaBe
2 MareMaTH4yeCKHe MO HCCJAeNyIOTCsS B MOCAeNYIOMIUX [JaBaxX; Ha HATJISIAHBIX
npuMepax NeMOHCTPUPYeTCs, 4TO TPYIIOBOH aHanu3d AudQepeHIHaNbHBIX ypaB-
HEHHUH CJIy>KUT eCTeCTBEHHBIM (M HepeIKO eIMHCTBEHHBIM!) MHCTPYMEHTOM MJisi
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pelleHHs] HeJUHEHHBIX yPaBHEHUH, OOBIKHOBEHHBIX M C YACTHBIMH NTPOU3BOIHBIMH,
OIUCHIBAOLIUX peajibHble MPOLECCHI.

Cam BbIOOp MaTeMaTHUeCKMX MOJeJiel NpeBpallleH B YBJeKaTeJbHOe 3aHs-
THe: — KaK ONHCAaTb MaTeMaTHYeCKH TajieHhe NOXKAEBBIX Kamejb? — Kak MOCTY-
nuTh hepmepy, ecyau pa3dbuJcs rpaiyCHUK, HEOOXOOUMBIA eMy MJsl MacTepU3aluu
MOJIOKa? — TmodeMy LIsNKa rpuba HMMeeT Takylo (opMy? — KaK pa3BHBaeTcCs
3/10Ka4eCTBEHHAs] OMyXO0Jb? — KaK MPOUCXOIUT LeHOOOpa3oBaHHe MakKeTa aKIMH
Ha Oupxe?

OcBauBaTh COBpeMeHHble MaTeMaTHuecKHe 3HaHHs no yuebHuky H.X. HM6pa-
TMMOBa MHTEPECHO ellle M IO0TOMY, YTO aBTOpP IOCTOSHHO TpeOyeT OT udMTaTe/s
CO-TBOpPUECTBA, 3alaBasl €My BOIPOCH, NpedJsaras 3agadd M He INPOCTO COIMPO-
BOXKJasl UX OTBeTaMH B KOHLe y4yeOHMKA, HO HepelKO [OMOras MOJy4YHUTb OTBET
C TOMOIIbI0O KOMMEHTapHeB, JAOCTYMHBIX BHUMATEJbHOMY UHTATE/IO0 U «3alpsiTaH-
HBIX» B TEKCTe. YueOHHUK MOXKET OBITb MCIOJb30BaH HA PAa3HBIX CTAAUAX 00yUYeHHs
B By3e. OH colep:KUT MaTepHuas /sl HauMHAWOWIKX, A/ O6aKalaBpoB, MarkucTpoB
U acnupaHToB. [Ipy 3TOM 3aMHTepeCOBAHHBIH YUTATENb MOXKET CAMOCTOSITENBHO
ocBaMBaTb MaTepuaJl, IOCKOJbKY Becb y4yeOHHK TaK MeTONHUYECKH BBICTPOEH, UTO
J0NycKaeT yrayOJeHHOe H3ydyeHHe J1I060ro BOIpoca C NpHBJeYyeHHeM PeKOMEeHAY-
eMoH suTepatypel. HeT comHeHHsI, 4TO 3TOT y4eOHUK 3alMeT AOCTOHHOE MecCTo
cpeau nocoOWi 1/1s By30B N0 AH((epeHLHaNbHBIM ypaBHEHUSM U MaTeMaThye-
CKOMY MOJEJIMPOBAHUIO.

H.C. Emenvanosa,

J0KmMop QuU3UKO-MamemamuiecKkux Hayx,

npogheccop Kagedpvl NPUKAAOHOL MamemamuKu

qbaicy/tbmema BbIUUCAUMEAbHOU MameMamuKy u fcu6epﬂemurcu
Huaceeopodckoeo eocydapcmeennozo yrusepcumema



ITPEAUCJIOBHE K TPETBEMY U31AHHUIO

OCHOBy 3TOH KHHUT'U COCTaBJISIIOT JIEKIIMHU, YUTAa€eMble aBTOPOM B TexHonoruye-
CKOM HHCTUTYTE Baekunra. Kuura HUCIIOJIb3YETCHd B Ka4€CTBE OCHOBHOI'O y‘{e6HI/IKa
OJid HECKOJbKHUX KYPCOB. A HMEHHO,

JduddepennuanbHpie ypaBHEeHHS: Kypc oObeIUHSET OCHOBHbIE KJaccHye-
CKHe MeTOfbl, IpUMeHsieMble AJ15 JUHeHHBbIX OObIKHOBEHHBIX NU(QepeHLHalbHbIX
ypaBHEHUH M ypaBHEHHUH C YaCTHBIMH MPOU3BOAHBIMM, U HOBble METONbl pelleHUs
HeJTUHEHHBIX YPAaBHEHHWH B aHajuTHdeckod ¢opme. Kypc paccuurtaH Ha HauWHalo-
IIMX; CTYAEHTH MOJY4YalOT HAaBBIKK HaXOXAEHUS CUMMETPUH nHddepeHLHaNbHbIX
YPaBHEHHH C MOMOLIBIO PeLIeHNs ONpeNesOX YPaBHEHHH U OCBauBaIOT MAKeThl
CHUMBOJIbHOH KOMIIBIOTEPHOH asre6phl.

AHanuTHYeCKHe MeTOAbl MaTeMaTH4YeCKOr0 MOJAeJUPOBAHUSA: OCHOBHOE CO-
JleprKaHue 3TOro Kypca — HeJIMHeHHble MaTeMaTH4YeCKHe MOJEeJH, OMHCBIBAIOLIHe
siBleHUsl B (pU3MKe, OMOJOTMM M TeXHHKe; KypC BKJ/IOYaeT TaKHe TeMbl, Kak
HeJIMHelHas Cyneprno3ulus, CHMMeTPUSl U 3aKOHbl COXpPaHEeHUs, IPyIIOoBble NHBA-
pHaHTHBIE peLlieHHs.

I'pynmnoBoii aHanu3 nudepeHIUaNbHBIX YPaBHEHHU: KyPC MPEACTaBSIET
CTyIeHTaM MaTeMaTHUYeCKUX U WUHXKEHEPHBIX CIIeLHaJbHOCTEH Te pasfesbl TeOpHH
rpynm u anrebp Jlu, KoTopele HauboJiee BaXKHbl B MPAKTHUYECKHUX TMPUJIOKEHUSX;
B XOJle M3Y4YeHHs Kypca CTyINeHThl 3HAKOMSATCS C aHAJMTHYeCKHUM annapaTtoM H
nproOpeTarnT MPaKTHUYeCKHe HAaBBIKM HUCIOJb30BAHHWS COBPEMEHHBIX METONOB pe-
IIeHUs] HeJIMHEeHHbBIX 0ObIKHOBEHHbBIX AH((epeHIINaIbHbBIX YPABHEHUN U ypaBHEHUH
C YaCTHBIMH MPOU3BOJHBIMHU.

PacrlpeueJIeHm{ U MPUHOUIIBI THBAPUAHTHOCTHU B 3aJavyax ¢ Ha4YaJbHbBIMHA
YCI0OBUAAMHU: NOCTATOYHO IIPOCTO BBOAATCA OCHOBHbI€ KOHIEMNUHHW TEOPUH pac-
HpeﬂeﬂeHHﬁ; OCHOBHO€ BHHMaHHE yAeJadeTCd I10JE€3HbIM C HpaKTquCKOﬁ TOYKH
3peHHsl MaTeMaTH4YecKHM IpHeMaM; HH(pUHHUTe3nMasnbHas TexHuka Codyca Jln
0600111aeTcsl Ha cjydaid MPOCTPAHCTBA paclpeneseHUid U UCMOJb3YeTCsi COBMECTHO
C TNPHUHLOHUIIOM HWHBAPHAaHTHOCTH MOJid HaXO0XIAEHHSA CIDYHILaMeHTaJIbeIX peLLIeHI/Iﬁ
U [IpU HUCCJAENOBaHUHU 3adady C HaAydaJbHBIMH YCJOBHUAMHU B CJaydasaX ypaBHeHI/IIL/'I
C NOCTOAHHBIMHU U NEPEMEHHBIMU KOS(i)qDI/ILH/IeHTaMI/I.

TpeTbe U3aHHe CONEPIKUT JIOMOJHUTENBHBIH MaTepHaJs. DTO B OCHOBHOM OTHO-
cuTcs K ryaBaMm 6 v 7. B yactHocTH, 5 no6GaBUJ HelaBHO OMyOJUKOBaHHBIH MHOIO
MaTepuaJl 0 TEOPUH UHTETPUPYIOLLMX MHOXKHUTeJel B ciydae 0ObIKHOBEHHBIX NU(D-
(epeHLMATbHBIX yYpaBHEHHH BBICOKOro mopsinka (pasmen 6.6.2), moka3aTesnbCTBO
Codyca JIu ocHOBHOU TeopeMbl O HeJHHEHHOH cymneprnosuiuu (B pasmene 6.7.2)
¥ BblYMCJEHHEe CHMMETPUH [Jisl ypaBHEHHH ¢ YaCTHBIMM MPOU3BOAHBIMU (B pase-
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qe 7.1.1). Kpome Toro, s mepecMoTpes I/1aBel 3 U O, a TaKxKe IepedyeHb 3anau Ko
BCEM IJIaBaM.

BueceHHble B TpeTbe H3aHHe ydyeOHHKA YacTHYHble H3MeHEHHS C(OPMHPO-
Ba/INCb B pe3y/bTaTe OOCYKIEHHH CO CTyIeHTaMH, W s XOuy M0OJarofapuTb HX
3a 60JbILIOM HHTepeC K HOBBIM MeTonaM. Bripakaio riy6oKylo MPU3HATEJNbHOCTD
Pauce 3a mocTosHHYI0 TOMOLIb.

Kapasckpona, 17 Hosi6ps 2006 T. Hawunp X. Mi6parumon



INPEAHUCJIOBHE KO BTOPOMY HU3JAHHUIO

Bropoe n3naHue comepKUT 3HAUMTENbHblE U3MEHEHHsI U JOTOJNHEHHUS MPaKTH-
YyecKH BO Bcex TIyaBax. Jlo6aB/jieHbl HOBblE Pa3feJibl, B YACTHOCTH 10 HeJHHEHHBIM
CYNepro3UIUsM U 3aKOHAM COXPaHeHHS.

B npusoxenuu K nuddepeHuraNbHbBIM YPaBHEHUSIM 3TO 03HAYaET, UTO Mpeay-
CMOTpeHa BO3MOXHOCTb BBISICHEHHSI TOT'O, BBITIOJHSIIOTCS JIH YCJOBHSI HHTErPUPY-
eMOCTH ypaBHEHHS B 3aMKHYTOH (opMe M MOCTPOEHHS ITOro pelleHHs HauboJsee
npocTbiM crnoco6oM. UTobel chopMyIUpoOBaTh CYIIHOCTH MOErO OIBITa pPelleHHs
nridgepeHUHaIbHBIX YPABHEHUN Pa3JIMYHOrO TUMa, 51 nepepasupoBas U3BECTHBIH
(bpaHiy3ckuit agopusm cherchez la femme cnenytoimum obpazom: Ecau 8vl He mo-
aceme peulumos Heiuretinoe dugpdeperyuaroroe ypasHenue, cherchez le group
(Mmure rpynmy).

C 3To#l uesbio s n006aBUJ pa3fes O BBIYUCJIEHHUM CHMMETPHE C MOMOILbIO
pelleHHs TaK Ha3bIBAEMbIX ONpedeAsitoujux YpasHerull. DTO TIOMOXKET YUTATEIO
MOHATh CyTb Borpoca. OCBOMB MeTOM ONpelessiOIMX YpaBHEHUH, CTYAEHT JIerKo
CMOXKET HaXOAWUTb CHMMETPHH, UCIOJb3Ysl MAaKeThl KOMIIbIOTEPHOH aare6pbl U MpPH-
MeH$sl METOIbl HHTETPUPOBAHHUS, NPEACTABNEHHbIE B 3TOM y4YeOHHUKe.

Pacuinpero u o6cyxnaercsi O 3HAUUTENbHOH OOLIHOCTBHIO H3JIOXKEHHE Teo-
PETHKO-TPYMIIOBOTO TOAXOAA K pacrpeneseHusM U (QyHIaMeHTaNbHBIM pelleHHusIM
C aKLEeHTOM Ha MPHJIOKEHHS.

LlenTpasnbHy0 poJib B 3TOH KHWUIe WrpaeT TPYINOBOH aHaiu3. $1 Hamech,
4To rpynnsl JIM MHTEpecHbl B TepBYI0 O4Yepelb B CBA3M C UX NPUMEHEHHEM MJisl
pelieHust TU(QepeHIHalbHbIX YpaBHEHUH. DblJIO OLIMOKOH M30MPOBaTb WX OT
€CTEeCTBEHHBIX MPHUJOXKEHHH M MCIOJb30BaTh JHIIb KaK BeTBb aOCTPAKTHOH Ma-
TeMaTHKHU. «H30/1MpoBaTh MaTeMaTHKy OT MPAKTHYeCKHX NOTPEOHOCTEH HAYKH —
9TO TO Ke caMoe, 4TO MpeNJarath CTEPHJIH3ALHI0 KOPOBBI, YTOObI OTPAJHThH €€ OT
6b1k0B» (IT1.J1. Ueonbién, 1821-1894).

Kapackpona, 31 asrycra 2005T. Haunp X. M6parumos



ITPEJHUCJIOBUE K ITEPBOMY U3JJAHHIO

Hctopus coBpemeHHOl MaTeMaTHKH HacuuThiBaeT Gosee 300 ser. C camoro
3apoxJaeHUsl oHa (pOKycUpoBaja BHUMaHHe Ha NU(depeHUHANbHBIX YPaBHEHHUSX
KaK TJIaBHOM HHCTPyYMEHTE MaTeMaTHUeCKOro MONeJHpOBaHHUsl. DdJjbluas yacTb
MaTeMaTHUeCKHX MofeJseld B (pU3UKe, MHXKEHEPHBIX HayKax, OMoMaTeMaTHKe U T. .
NIPUBOANT K HeJUHeHHBIM AH((epeHLHaNbHbIM YPaBHEHUSAM.

[Tlepen coBpeMeHHBIMH CTYAEHTAMH M HCCJAe0BaTeNsIMH B 00/1aCTH HayKH
U TeXHHKH OOBIYHO CTaBATCS 3alayd MaTeMaTH4eCKOTrO0 MOIe/JUPOBAaHHUS, COLEp-
JKallue TpUeMbl peleHus AMddepeHLHanpHbIX YpaBHeHUH. VHorna atu pelieHus
MOTYT OBIThb IOJIyYeHbl aHAJMTHYeCKH C IOMOILBI0 MHOTOUHCJEHHBIX TpagulU-
OHHBIX [JISi 3THUX 3a4ad MeTONOB, MPUTOAHBIX /51 MHTErPUPOBAHHUS ypPaBHEHHH
yacTHoro Buza. Yaile, onHaKO, pelleHHsl He MOTYT ObITb [1OJNyuyeHbl 3THUMH Me-
TOAAMH, HECMOTPSl Ha TO, UTO, HAlpHMep, C MOMOLIbI0 YACTHBIX MOAXOAOB OBLIH
noJiy4eHbl ¥ co6paHbl B 00beMHble cripaBOYHUKH Gosiee 400 THIIOB HHTETPUPYEMBIX
0OBIKHOBEHHBIX AW((epeHIaNbHbIX YPAaBHEHUH BTOPOrO MOPSiAKaA.

C npyro# cTopoHbl, (pyHAaMeHTa/JbHble 3aKOHbI TPUPOIBl U TEXHOJOTHYECKHE
3ajia4¥, cPOpPMyJUPOBAHHbBIE B TepMHHAaX MU (epeHLHnaNbHBIX YPAaBHEHUH, MOTYT
ObITb YCIELIHO PACCMOTPEHbl U pellieHbl ¢ MOMOLLblo MeToaa rpynn Jlu. Hanpumep,
aHanua rpynn Jln cBomuT kjaaccudyeckue 400 TUNOB ypaBHEHUH BCEro JHILb
K 4 Ttunam! PasButre rpynmnoBoro aHa/jusa CONEPKUT MHOTOUHCJEHHble (aKThI,
CBHUJIETeJIbCTBYIOIIME O TOM, 4TO 3Ta TEOPUS NaeT yHUBepCasJbHBIH ammnapar AJs
peweHnss audQepeHUHANbHBIX YpaBHEHHH [a)ke B TOM cJyuae, Korga [pyrue
CpeACTBAa MHTErpUpPOBaHUS OKas3biBaloTcs OedycreliHbIMU. PakTHUeCKH TpymIo-
BOW aHa/W3 SIBJSETCS €IUHCTBEHHBIM YHUBEPCANbHBIM U 3(P(EKTUBHBIM METOIOM
aHAJIMTHYECKOTO pellleHHsl HeJMHEHHBIX A depeHINanbHbIX ypaBHeHUH. CTapble
MeTO[bl MHTETPUPOBAHHUS CYIIECTBEHHO OMMPAIOTCS Ha JIWHEHHOCTb M HA MOCTO-
STHCTBO K03(duureHTOB. [pynnoBoil aHanin3 ¢ OOAUHAKOBOH JIETKOCTbIO 0OXOOUTCS
C AUHEUHbIMU U HeAuHelHbiMy YPaBHEHUSAMH, TOUHO TaK e KakK C ypaBHEeHHSIMHU
C TIOCTOSIHHBIMM U TlepeMeHHBIMH Ko3(duuueHTamu. Hanprumep, ¢ TpaauLlMOHHOH
TOYKU 3PEHUs JUHEeHHOe ypaBHEeHUe

dny dnfly dy
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U3BECTHOr0 Kak ypasHenue Ilsepa. C TO3ULHH TEOPUH TPYIMI, ONHAKO, ITH
ypaBHEHUS] — BCEro JIMIIb JBa PA3JHUUHBIX MPENCTaBJAEHHsT OJHOTO B TOTO XKe ypaB-
HEHUsI, OMYCKAIOLIEero 1Be U3BECTHblE KOMMYTHUPYIOLIME CUMMETPUH, a HMEHHO

:6%’ XQZ?Ja_y Xlzf%, XQ:y@%

IJisl TIEPBOTO M BTOPOTO YPaBHEHHs COOTBETCTBEHHO. DTH CHMMETPHUH JAAIOT [BE
nonoGHble anrebpbl JIu 1 6e3 Tpyma MpUBOLAT K npeobpaszoBaHuio x = In|Z|, me-
peBOISILEMY ypaBHEHHe Diijiepa B ypaBHEHHE ¢ MOCTOSHHBIMH KO3 (PHUIHEHTAMH.

B Hamu nHU rpymnmnoBoH aHaJW3 CTAHOBUTCS YaCThIO MporpamMMmbl Kypea «Ilud-
(hepeHLMa/bHBIE yDaBHEHHS W HeJMHEHHOe MaTeMaTHueCKOoe MOAENHUPOBaHHUE»
U TIpHBJIeKaeT HOBBIX M HOBHIX cTyneHTOB. Hanpumep, kypc «Juggdepenyuarvroie
YpasHerus 8 4acmrolx npou3sooHvlx» B MOCKOBCKOM (PM3UKO-TEXHUYECKOM HH-
ctutyTe npuBjsek 6osee 100 cTymeHTOB, KOrga s MCMOJb30Baa MeTon rpynm JIu,
no cpaBHeHnto ¢ 10 cTyneHTaMH, KOTOpble BHIOPAJH TpaaUIMOHHBIE Kypc. To xe
camoe TPOM30ILJIO, KOTAA sl YUTas MoAoOHble JIEKUHUU AJs CTYIEeHTOB-TEOPETHKOB
B IOxHo#t Adpuxe u IlBenun.

Hacrosmuii yye6HMK OCHOBaH Ha JIeKLMSX W, B U3BECTHOH Mepe, OoTpakaer
MOM TpHcTpacTusi U onbiT. OH cOOTBETCTBYET Kypcy «uddepeHuunanbHble ypas-
HeHUsl» B TeXHONOrMYeCKOM HHCTHUTYTe DisiekuHra mnasi cTymeHTOB — OymayLIMX
WHXKEeHepOB, MaTeMaTHKOB U TeOpPeTHKOB. 1o MoeMy MpeacTaBieHHIO, s CTPEMJIIOCH
clenaTh TPYIIOBOH aHaMu3 AuddepeHINaTbHBIX YPAaBHEHHH OoJiee AOCTYITHBIM
A7 OyAyLIMX HHXKeHepoB M TeopeTHKOB. CJieoBaTesNbHO, OCHOBHOH CMBIC/ 3TOH
KHUTH He CTOJIbKO B BBIUMCJEHHH CUMMETPHH, CKOJIbKO B UX MPUJIOKEHUSIX.

X

Kapackpona, 31 aBrycra 2004 r. Haunp X. M6parumon



IF'masa 1

HEOBXOIHWMbLIE CBEJAEHHSA
N3 AHAJIN3A

Dra npeaBapuTesibHAs TJaBa NpelHa3HaueHa [Js1 HAUWHAIOUIMX H COAEPXKUT
OCHOBBI 3JIeMEHTapHOH MaTeMaTHKH U MaTeMaTHUeCKOro aHaJjn3a, KOTopble Tpedy-
I0TCSl [J151 OCBOEHHSsI OCHOBHBIX pa3fesioB yyeOHHKaA.

Honoanumenvran aumepamypa: ypca 3. [5], Kynpsisue JI.I., Kyracos A./l.
[12, 13].

1.1. dnemeHTapHasd MareMaTHKa

1.1.1. Yucaa, nepeMeHHbIe U 3jeMeHTapHble (pyHKIUHN. [leficTBUTENbHBIE
4uc/la BO3HUKAIOT B Halllel MPaKTHUECKOH NesTebHOCTH (K MPUMepY, PH U3Mepe-
HHUHU PacCTOSIHHUHM, Beca U T. [I.) KakK NMpUOJ/HKeHHble TecsTHUHble uncnaa. Hanpuwmep,
paccrosiHve o JIyHbl B mepuree paBHO S KM, rjie YUC/I0 S NPUOIU3UTENBHO PABHO
356630. Bosee TouHoe MpUO/IMIKEHHE ITOTO pacCTOsIHUS paBHO 356629 kM 744 M.
Taxkum obpasom,

744 4 4
S ~ 356629,744 = 356629 + —— 1000 — = 356629 -I— 100 + 1000

Ecau [IPONOJI2KHUTL 3TOT IPOLECC, MO2KHO IMOJYYHUTD elle 60.}166 TOYHbIE alllIPOKCH-
MalkMu U NpeaAcCTaBUTb YHCJIO S Kak 66CKOH€'—IHyIO OECATUYHYIO [Lp06b. I/ITaK, MbI
MNOJIYyUHJIH C/eaymrlilee orpeneJJeHue.

Onpenenenue 1.1.1. [leiicmeumenvroie uucia OTOXKIECTBISIOTCS ¢ OecKoHeY-
HBIMU JECATHUHBIMH JPOOSIMH

a=ag,aiGg...ay ..., (1.1.1)

rie ayg — LeJoe 4YUCJI0, a ay,asg,...,0, ... — pa3psabl (OAHO3HAYHbIE YHCJA),
KOTOpble MOT'YT MpUHHUMaTh 3HaueHust ot 0 mo 9. Ypasuenue (1.1.1) o3Hauaet, uto
a=ao+ {5+ o5+ T 1gw 1.1.2

0 100 10" (1.1.2)

3ameyanme 1.1.1. Ecain (1.1.1) — nepuonuueckass (B 4acTHOCTH, KOHeYHasl)
HecsiTUYHast 1pobb, U TOJBKO B 3TOM CJIydae, a SIBJSETCS PAYUOHANbHbIM YUCTIOM,
TO eCTb a = p/q, The p U q — uesble uucaa, q # 0. JledcTBUTeIbHBIE UMCHa,

orpeneJsisieMble HElIepUOANYECKUMHU 0€CKOHEUYHBIMU JEeCATHYHBIMU [IpOéHMI/I, Ha3bl-
BAalOTCA UppaullOHAAbHbIMU YHUCIAMH.

3ameuanue 1.1.2. Yncna 0,(9) u 1 oroxpecTsasiorces.
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IIpumep 1.1.1. V3BecTHBIMU NpHMepaMU UPPALUOHANBHBIX UHCEJ SIBJSIOTCS:

V2 = 1,4142136 ... ~ 1,41
7= 3,1415926535 . .. 3,14
e = 2,718281828459045 ... ~ 2,72
. 1 1
v = lim <1+—+--~+E—lnn) ~ 0,58,

n—oo 2

Q

IJle Y U3BECTHO Kak uucao Jirepa.

3ameuanne 1.1.3. Mcropryeckd CJ0XKHJIOCH, YTO MBbl TNPeJCTaBJ/sieM AeHCTBH-
TeJIbHblE UHCJIa B JeCATHYHON cucTeMe cuncyeHus. Ecau 6bl BaBUIOHCKAs LIUBUIIH-
3allMs NPOCYLIeCcTBOBaJ/a ropasao A0Jblle, Mbl, BO3MOXKHO, MOIJIH OBl 10J1b30BaTh-
Csl BABUJIOHCKOM IIECTHAECATHPHUUHON CHCTEMOH U MpUMeHsiin Obl, BMecTo (1.1.2),
npencTaBieHne

— ar
a=ao+ g5+ 602 +- +60” + (1.1.3)

Omnpenenenne 1.1.2. [lepemernnas x ecTb BeJHUHHA, KOTOPOH MOXKeT ObITb MPH-
CBOEHO Jl060e YHC/IeHHOe 3HadyeHHe. BesnuuHa, MpUHUMalOLIAs (UKCHPOBAHHOE
3HaueHue, HasblBaeTCs KoHcmanmoil (nocmosnuotl). [Ipou3sonvHoie KOHCTaHTbI
(npoussonvHole TOCTOSHHBIE) OTJIHYAIOT OT A6COAOMHbLX KOHCTAHT. [1pon3Bosb-
Hasl MOCTOSIHHAsl COXpaHsieT J000e 3aaHHOe 3HaYeHHe B XOle NAHHOTrO HCCJENO-
BaHUS, B TO BpeMsl KaK abCOJIIOTHAsI KOHCTAHTa COXPAHSIeT OfHO U TO JKe 3HaueHHe
BO BCeX 3ajayax.

Mpumep 1.1.2. B ypasHenun okpyxHoctH, 22 + 3> = R?, & ¥ y — NepeMeHHEbIe,
peacTaB/soOLIMe KOOPAMHATBI TOUKH, IBHXKYIIEeHCs BIOJb KPHBOH, B TO BpeMs
Kak paguyc R — mpousBosbHas nocrosiHHas. C apyroél croponsl, gopmyna C =
= 27 R n/MUHBl OKPYXKHOCTH COIEpXKHT, Hapsily C MPOU3BOJBHOH MOCTOSIHHOH R,
Be abCOJIIOTHBIE KOHCTAHTH, 2 U 7 =~ 3,14.

Teopema 1.1.1. Jlio6oe nefcTBUTENbHOE YUCJO G €CTh MpPeaes MoCaef0BaTeNbHO-
CTH PalMOHA/BHBIX UHCEN Ty, = D /G, TOE Pp U ¢ # 0 — LeJble Yncaa:
a= lim r,. (1.1.4)
n—oo
Hoxka3sareabctBo. [lycTb neficTBHTesNbHOE YHC/I0 a 3amaHo paBeHcTBoM (1.1.1).

BriGepem B KauecTBe 1, KOHEUYHbIE CYMMbl COOTBETCTBYIOIIErO OECKOHEYHOrO
psna (1.1.2):

_ ay _ ar , G2 1, Y2 .
Tl—ao—i—lo ao+ —|—100 , Tn = -I— +100+ +10“

Onu 06pasyioT Moc/eI0BaTeqbHOCTb PALHOHANBHBIX uhces {ry,}, yIOBJeTBOpsiO-
myto ypaBHeHuwo (1.1.4).
Huxecnenytolee onpenesneHre ocHoBaHo Ha Teopeme 1.1.1.

2 H.X. H6parumos
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Omnpenenenue 1.1.3. [lokazatenbHas ¢yHkuus y = a*, roe a > 0 — Jjwoboe
IeHCTBUTEJNbHOE YHUCJIO, ONPEeNessieTcs CAeNYIOIUMA YPaBHEHHUSIMHU:

=1, a'=a, a"=a-a, n=23... (3mecv x =n);
——

n
1 p
an=VYa=be V=0 at =V’  (3nech x=p/q);

a® = lim ¢ = lim %/aP» (snece z = lim z,, Ty = pn/qn)
n—oo n—oo n—oo

OcHOBHBIE CBOHCTBA MOKAa3aTeNbHBIX (PYHKIHH:

AT =L =, () =t (@) =,

IIpumep 1.1.3. Paccmorpum  yucso 10v2 = 25,954... Msl umeem: /2

= hm Tp,Tne xg=1,x1 = 1,4, z9 =1,41,... CoOTBETCTBEHHO, 102 = lim UYn,
n—oo

rue yo = 10% =10, y; = 10*t = 25,12, y9 = 10m2 ~ 25,70, ...

[Tpu pewennn nuddepeHUUaNbHEIX YPaBHEHHH 4acTO BCTpeyaeTcsl SKCIIOHEH-

LMa/NbHasg PyHKLHA
y=e". (1.1.5)

3nech e — NeHCTBUTENbHOE UHCJIO, ONpefiesisieMoe OfHHWM M3 Haubojee BaKHBIX
npeaesoB MaTeMaTHYECKOTO aHa/u3a:

Jim (1+ %)n (1.1.6)

Ero 3HaueHHe ¢ TOYHOCTBIO [0 MATHAALATH AECSITHUHBIX 3HAKOB MPUBEIEHO B MPH-
mepe 1.1.1.

dyukuus (1.1.5) sBasieTcss NpeacTaBUTEEM TaK HA3biBAEMbIX 3AEMEHMAPHbLY
QyHKyuLi, onpesieisieMblX CJAeLYIOIUAM 00pa3oM.

Onpenenenue 1.1.4. B uncio ocrosHbLx nemenmapHolx QyHKUUL BXOIST:

y=C, C = const;
y=2x% rae x>0, « — gedcTBUTEIbHOE UHCJIO;
y=a", tne a>0, a#l,
y=In,z, tne >0, a>0, a#l,;
y=sinx, y=cosx, y=tgxr, y=ctguz;
y = arcsinx, y=arccosx, Yy =arctgzr, y = arcctgzm.
Dyukuus y = f(x) Ha3bIBaeTCs dNeMEHMAPHOL yHKYLell, eCIH OHa MoJyye-

Ha U3 OCHOBHBIX 3J1eMeHTapHbIX (PYHKUHH C MOMOLLbI KOHEUHOIrO YHCJA ONepauui,
BKJII0UASl CAONMCEHUE, BblYUMAHUE, YMHONMCEHUE, OeeHue U KOMNOZULYUTO.

3ameuanue 1.1.4. Jlorapudwm In, x npy 0CHOBaHUM @ = e HA3bIBAETCS HAMYPALb-
Hblm 1 0003HadaeTcs Inx.
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3ameuanne 1.1.5. OcHOBHBIE TPUTOHOMETPHYECKHe (DYHKLUHWHM MOTYT OBITH TOJY-
YeHBl U3 OJIHOH M3 HUX, HANPUMEp M3 Sin x, B KOMOMHAIMU C APYTUMH OCHOBHBIMH
3JI€eMeHTapHBIMU (YHKUHUSAMH. JleHCcTBUTEBHO,

9 sin 1 —sin’z
costr=v1—sin"z, tgr=-——, ctgz=+——"
. 9 sinx
| —sin“z

[Topo6HEBIE COOTHOILEHUS CYIIECTBYIOT TaKKe MeXIy 00paTHbIMH TPUTOHOMET-
prUecKUMH (DYHKLUUSMU, HAPUMEp

arcsinx = arctg (1.1.7)

T
V1—22
IIpumep 1.1.4. Ilpumepsl 37eMeHTapHBIX (DYHKUUH, HE OTHOCAILMXCS K KJaaccy
OCHOBHBIX, TIPeACTaBJSOT runepbosndeckue QpyHKIUU:

x —T X —T X —T
e’ —e e’ +e e’ —e
— Chxzi, thx:ﬁ

2 2 e’ +e

[Topo6HBIM 06pa3oM MOJyYalT 3JeMeHTapHble (PYyHKIUM MHOTMX IepeMeHHBIX.

shx = (1.1.8)

ITpumep 1.1.5. Cuenyrouias pyukuus ¢ (t, x, z) siB/seTCsS 3JMeMeHTapHOH (YHK-
LIMel Tpex NnepeMeHHbIX, t, T, 2:

= —i ln‘M—l— %(28111213+11€_Zsin$+126_22) , (1.1.9)

cozleprKalllell TP MPOU3BOJIbHBIE TIOCTOSIHHBIE, 1, lo U M.

IIpumep 1.1.6. Caenytoire QyHKINUH, KOTOPble UaCTO BCTPEYAIOTCS B MPUJIOKE-
HUSX, 3a[aI0TCS C MOMOILBIO HHTErPasoB U He SBJSIOTCS 3/1eMeHTapHbIMU:

Si(z) = JSITM dt (MHTErpaNbHBIE CHHYC), (1.1.10)
0

Ci(z) = — J %St dt (MHTErpasbHBIE KOCHHYC), (1.1.11)

erf () = \/2_ JetQ dt (pyHKUMS OMIHOOK), (1.1.12)
m

0
. ( e . [ dt .

Ei(zx) =— J ?dt, h(z)—Jlnt:El(ln x), (1.1.13)
—00 0

[(x) = Jet t*1dt (ramMma-(hyHKIHS). (1.1.14)

9%
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['amMa-¢hyHKUMS UrpaeT BaxKHYIO POJb B aHa/MU3e U AH((epeHIHaNbHbIX yPaB-
HeHUsX. OHa o6/afiaeT HHTEPECHBIMH OOLIMMH CBOMCTBaMH, HalpHUMep

m
I'(z+1) =al'(x), F(:I;)F(l—x)—m, (1.1.15)
U NIPUHUMAeT YUC/IeHHble 3HaueHus (cM., Hanpumep, [30]):
n/2
r=1 T(3)=vr T(3)="— Th+h=n (1116

rope wy — IMJomaab IMMOBEPXHOCTHU eﬂHHH‘-IHOﬁ C(fbepbl B M-MEPHOM IPOCTPAHCTBE.

1.1.2. KBagpaTtHble u KyOuueckne ypaBHeHUsl. 3alayd 3JeMeHTapHOH
MaTeMaTHKH 4acTO MOT'YT ObITh pelleHbl METOIOM Mpeobpa3oBanuii. Haunewm ¢ ase-
MEHTapHOH aJsire6psl.

HanomHuM, 4TO KODHM T = T, U & = I, KBaJPaTHOrO ypaBHeHHs 00IIero Buaa

ax? +br+c¢=0, a#0, (1.1.17)
3agawnTtcs (GopMyJsoH
— 2 _
,MZM. (1.1.18)
’ 2a
BripaxkeHue
b — dac (1.1.19)

M3BECTHO Kak Ouckpumuxaum KBauapatHoro ypasHenus (1.1.17). M3 (1.1.18)
C OUEBHIHOCTBIO CJeyeT, 4To obpallieHre B Hynb auckpumuHanra (1.1.19),

v’ — 4ac =0, (1.1.20)

SIBJISIETCSl yCJOBHEM TOTO, 4To ypaBHeHHe (1.1.17) umeeT nBa paBHBIX KOpHS,
Tl = 9.

[To TpaguuMHU CTYAEHTHl YMEIT CO IIKOJbl HaxonuTh pemueHue (1.1.18) mero-
IOM BbIA€JIeHHs MOJHOro KBajapaTa. Mexay TeM 3TOT METOA MPOCT, HO He MOA-
XOIUT A5 pellleHHs] KyOUUecKoro ypaBHeHHs OOLLero BUIA, a TaKXkKe ypaBHEHUH
fo/iee BBICOKMX CTeleHeH.

Wness npeobpasoBaHusl ypaBHeHMH, B OTJIMYMe OT MeTOHA BbIAEJEHUS 0J-
HOTO KBajipara, MPUTOAHOTO TOJbKO MJs KBAApPAaTHOTO ypaBHEHHSs, (OpPMHUpYeT
OOILMH MeToH, NPUTOOHBIM KakK AJs pelieHHs] KBaAPaTHOrO YpaBHEHHUS, TaK U AJs
yIpollleHnsi ypaBHeHUH GoJjiee BhICOKMX cTereHei. [IpocTeiiliee npeo6paszoBaHue
ypaBHEHUH NaeT JIMHeHHOe mpeoOpa3oBaHUe TepeMeHHOH T

y=zx+e. (1.1.21)

OHo mpeBpallaeT ypaBHeHHe CTElEeHW n B ypaBHEHHe TOH Ke cTeneHH. B yacTHo-
CTH, KBajapaTHoe ypaBHeHHe (1.1.17) mocsie MOACTAHOBKH & = Y — € CTAaHOBUTCS
ay? + (b — 2ae)y + ag® — be + ¢ = 0. Caenosate/nbHo, Tpeopasosanue (1.1.21)
npespaitaet (1.1.17) B HOBoe KBaapaTHOe ypaBHEHHE,

ay’+by+c=0,

rage _
a=a, b=b—2as, ¢=c+as—be. (1.1.22)
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Onpenensis € u3 b — 2ae = 0, nonyyaem b = 0 u ¢ = ¢ — b?/(4a). Takum o6paszom,
3aMeHa

b
yfx—l—% (1.1.23)
npeo6pasyert (1.1.17) B ypaBHeHHe
2 b’ — 4ac B
ay P 0.
[ToncTaBJisist ero KOpHHU
Vb2 —4dac
Y2 = iT

B ypaBHenue (1.1.23), npuxonum k kopusim (1.1.18) ypasuenus (1.1.17).
PaccmoTpuM Temeppb obiuil caydail KyOUUyecKoro ypaBHeHUs], MPeCTaBAeHHO-
ro AJs yno6CcTBa BbIUKCJIEHUH B (opMe ¢ OUHOMHAJNBHBIMHA KO3(D(PUIHEHTaAMU:

ax® +3bz’ +3cx +d=0, a#0. (1.1.24)
[Tocne smuHeliHOrO NMpeobpazoBaHUs
y=axr+b (1.1.25)
OHO NpPUHUMaeT (opMy
y3 4 3py +2¢ =0, (1.1.26)
rue
p=uac—b’, 2¢=a’d— 3abc+ 20> (1.1.27)

[TpuBenenHoe ypabnenue (1.1.26) jerko pemaercsi. JJocTaTOUHO MONOXKHTb
y=Vk+ V.

Torna 3
2 —3VEkly—(k+1)=0

u ypaBHeHue (1.1.26) naer
k+1=-2, Vki =—p.
N3 3storo caenyet, uto k U | — KOPHU KBaJpaTHOTO YpaBHeHHS
22+ 2¢z—p® =0.

Ortciona BbITEKaeT, YTO OAUH M3 KOpHel, Harpumep k, orpefessieTcsl BblpaxKeHHeM

k=-q+\@+1°.
=3 243
u=\l—q+\/q¢"+p

— OJIHO W3 TpeX 3HaueHWH 3Toro Kybuyeckoro KopHs. Torma Bce Tpu 3Haue-
3 o
HUS v/ k MOTYT OBITh NMpeACTaBJeHbl B BUIE U, £U, e2u. 31ech € — KOMIJIEKCHbBIH

[Tycto




22 I'a. 1. Heobxodumeie ceedenus u3 anaiusa

KyGHUeCKHil KOPeHb M3 eIMHMIBI, TO eCTh pellleHHe ypaBHeHHs €° = 1, u uMeer
caenytomui Bun (cM. pasmen 1.2.6, npumep 1.2.1):
—1+4V3 :
€=—7( — Ile t=v-1.
KBazgpar € npencraB/isieT co60i KOMIJIEKCHO CONPSIKEHHbIH KyOHYeCKHH KOpeHb
U3 eMHHLIbL:
2 —l- iv3
o 2
[Tockonbky Yl = —p, COOTBETCTBYIOILIHE 3HAUEHUS N paBHbI
_p P2 P
u u u

OHu MOTYT OBITb MepenucaHsl B Gopme v, ve?, ve, rie

3
v= \/—q—\/q2+p3-

B urtore Mbl mpuUXoAMM K Tak HasbiBaeMoMy peweruto Kapodarno kyGuueckoro
ypaBHeHHUs. A nMeHHO, KOpHHU ypaBHeHUd (1.1.26) 3anatores ciaenyoumm 06pasom:

Yy =u+v, ys=cu+ev, y3=-clu+ev, (1.1.28)
rie
uzi’/—q%—\/m, vz{’/—q—\/m. (1.1.29)
BeipakeHue s 3
q +p (1.1.30)

HasbiBaeTcsi Ouckpumuranmom Kybudeckoro ypashenus (1.1.26). U3 (1.1.29)
cJieflyeT, 4yTo obpallleHHe B HyJb JAUCKPUMHHAHTa SIBJSETCS YCJIOBHEM TOTO, UTO
ypaBHeHue (1.1.26) umeeT nBa paBHBIX KOpHs. KopHH KyOHUecKOro ypaBHeHHs
obutero Buna (1.1.24) nosnyuatorces noncranoBkoil (1.1.28) B ypaBHenue (1.1.25)
¢ yuerom (1.1.27).

Mpumep 1.1.7. Ypasuenue y° — 6y +4 = 0 umeer dopmy (1.1.26), rne p= —2 u
q = 2. 3nech q2 —I—p3 = —4, u, cnenoBatesibHO, cooTHolneHus (1.1.29) npuHumatoT

B w=Y2=1+i), v=Y2-1—10).

Pacyer nokasbiBaet, uto u =144, v =1 — 4, u popmyanl (1.1.28) nmaror Tpu
Pa3JIMUHBIX AEUCTBUTE/bHBIX KOPHS:

=2 yo=—(1+V3), y3=—-1+3. (1.1.31)

3ameuanue 1.1.6. JluckpuMuHAaHT KyOMYecKOro ypaBHeHHs o0OlLlero BHAa
(1.1.24) umeert BHI

3a 20 ¢ O
3b 2¢ d O
(ad)? — 6abed 4 4ac® — 3(be)® + 4b3d = —9 0 ac 2 3¢ (1.1.32)

0 b 2¢ 3d
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O6pauienne B Hyab nuckpuMuHaHTa (1.1.32) sBjsieTcs yc/joBHEM TOro, YTO ypaB-
Henue (1.1.24) umeer nBa paBHBIX KOpHs. DoJjiee TOro, Bce TPU KOPHSI ypaBHEHHSsI
(1.1.24) paBHBI, ec/aH BBHIMOJHAIOTCS caenytomiye nea ypaBHeHus (cp. (1.1.20)):

¥ —ac=0, b —a’d=0. (1.1.33)

MuBapuanTtHoe onucanue auckpuMuHanta (1.1.32) u ypaBuenuit (1.1.33) naHo
B [40, pasmen 10.1.3].

1.1.3. [Inomagu mogoOHBIX puryp. JIIUINC B KauecTBe MpuUMepa.
Onpenenenue 1.1.5. IlpeoGpazoBanus

T=xcosf+ysinfd+a;, 7=ycosh—xsinbd+ ay, (1.1.34)

SIBJISIIOLIMeCs] KOMOMHALMel BpallleH|H U CIBUTOB, He U3MEHSIOT PACCTOSTHUS MeX-
Oy TOYKAMM H, KaK CJeICTBHE, MJOLLIAAHA FeOMeTPUYECKHX (PUTYp Ha MJIOCKOCTH
(z,y). Io aroii mpuurHe npeobpaszoBanus (1.1.34) HasbiBalOTCS U3OMempUteCKU-
MU, UK meepObimu IBHKEHUSIMH Ha MJI0CKOCTH (x,y). B reomerpuu roopsit, uto
nBe (DUTYDBI pasHbl, €CJIM OflHA MOXKeT ObITb HaJoXkKeHa Ha JIPYTYH0 MOAXOASIIAM
M30MEeTPUUYECKHUM TepeMellleHHeM.

Pacemotpum macumabroe npeobpasosarue
T =axr, T=by, (1.1.35)

M3BECTHOE TaKXKe Kak npeobpasosanue nodobus, uiu pacmsascerue. [IponssBosb-
Hble mocTosiHHble a # 0 W b # 0 HasbiBaOTCsl MapamMeTpamu MpeoOpa3oBaHHS.
MacmrabHoe npeo6pasoBaHue onpenesnsieT 00HOpoOHOe pacllupeHHe (c:KaTHe) OT
HauaJja KOOpPIUHAT, ecqu a = b, U HeoOHOpoOHOe pacliupeHHe (CKaTHe) B Tpo-
THBHOM CJlyuae.

Onpenenenne 1.1.6. ToBopsT, uTo ABe reoMeTpUyecKHe (DUTYPbI, NONYUAIOLINECS
OflHA U3 IPYroil ¢ momollbio MaciitabHoro npeobpasobanusi (1.1.35), nodobruoL.

IIpumep 1.1.8. B stom cMmbic/e 1000H NpSIMOYTOJMbHUK N0A00EH €IMHHUYHOMY
KBapary
0<z<l, 0<y<l.

JleficTBUTENIBHO, MMesl NPSMOYTOJbHUK CO CTOPOHAMM a M b, Mbl CHadaja mnepe-
MelllaeM ero ¢ MOMOLIBI0 TOAXOASIIMX CMeLIeHHS U MOBOPOTa B «CTaHAAPTHOE
MOJIOKEHHE», TPH KOTOPOM OH ynoBJeTBopsieT yeaosusM {0 < x < a, 0 < y < b}.
3arem pactsikeHue T = x/a, § = y/b mpeBpaliaet npsiMOyrOJbHUK B eIHHHUYHBIH
kBagpat {0 < T <1, 0<y< 1}

Teopema 1.1.2. TlycTb aBe miocKue reomMeTpuueckue Gurypsl, M 1 M, nogo6HbI

¥ MyCTh BTOPas MOJIy4aeTcs U3 MepBOH C MOMOIIBI0 MAaCIITabHOro IpeoOpa3oBaHusl

T =ax, §=by. Torna naomwanu S u S duryp M u M, cOOTBETCTBEHHO, CBSI3aHbI
COOTHOLIEHHEM _

S = abs. (1.1.36)

HokasateabcTBo. PaccMoTpuM cHauasa mpsiMOYTOJIbHUK CO CTOPOHAMM M U N

10 HanpaBJ/IeHUsIM ocell = W y cooTBeTcTBeHHO. [locse pacTsixkeHusi mosyuyaercs

NPAMOYTOJILHUK CO CTOPOHAMH T = am ¥ N = bn. Takum o6pasom, miowanu

epBOHAYAJNBHOIO M HOBOT'O MPSIMOYTOJIBHHUKOB, S = mn W S = MmN, CBA3aHHI
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cootHomenrneM (1.1.36). [IpousBosibHYI0 (UIYpPYy MOXKHO TOKPBITH (IMoJarasi, uTo
3TO He CJIMILKOM CJIO’KHO BBITIOJHHUTB) PeLIeTKOH, COCTOSLIEN U3 TMPSIMOYTONbHBIX
MJIOLIA0K, ¥ puMeHUTh (1.1.36) K 3TUM npsiMoyrosbHUKaM. Ternepb MpeaCTaBUM,
4YTO MBI MHOTOKPATHO MOBTOPSiEM 3TOT IPOLIECC, Aesasi CeTKy 3TOH pelleTKH Bce
MeJibye U MeJjbye. JIJ1s 3aBeplleHHUs J0Ka3aTeNbCTBa JOCTAaTOYHO y4YecTh, YTO MJI0-
manb S paccMaTpuUBaeMOU (DUTYpBI €CThb Mpefes CyMM TJIOIlaned HaKpbIBAOLIMX
(GUrypy npsiMOyTrOJIbHUKOB.

Xopowu# npuMep Takod (Urypsl npenactaBsseT coboil ajaunc. Jraunc Ha
MJI0CKOCTH (,y) eCTb reoMeTpHYecKoe MeCTO TOuYeK, PaBHOYZAJeHHBIX OT ABYX
(PMKCHPOBAHHBIX TOUeK (Ha3blBaeMbIX @okycamu 3amaunca). Bocrmonbsyemes cran-
JIapTHBIM YpaBHEHHEM 3JIJHICA B MPSIMOYTOJbHBIX J€KapPTOBBIX KOOpAMHATAX:

CL’Q yQ

a2 B2

rie a # 0 u b # 0 — npon3BoJIbHEIE KOHCTAHTHI, Ha3bIBaeMble 60AbULOL U MAAOU
TIOJTyOCSIMH 3JIJTUINICA COOTBETCTBEHHO.

Teopema 1.1.2 nmaer 3jieMeHTapHBIH MeTON BBIUMCJIEHHS TJIOMIAAN SJJTHIICOB.

3ameTHM, uTO JIOGOH 3JMHUNC (B 4aCTHOCTH, OKPY’KHOCTb) MOAOGEH eIMHHUHON

OKPYKHOCTH

=1, (1.1.37)

2 +y? =1
JleficTBUTENBHO, pacTsiKeHHe
=2, 5="1
T a’ y= b
nedopmupyet sqaunc ( 1.1.37) B eTMHUYHYIO OKPYXKHOCTh
247 =1,
OrpaHHYMBAIOLLYI0 KPYT MJomaasio S = 7. Bocnonbayemes popmyanoit (1.1.36)
- S
S = 0
rae S — nJjoiianb aJaaumnca. Takum obpasom, mJioinanb aJaumnca (1.1.37) ectob
S = mwab. (1.1.38)

1.1.4. AnreOpaunuyecKue KpUBbIe BTOPOro mopsaka. [Ipsmble, 3J/UMNCH
(B 4aCTHOCTH, OKPYKHOCTH), I'unepboJ/bl U napadosbl — 3TO U3BECTHbIE MPUMEPHI
ajnre6panyeckuX KPUBBIX Ha TJOCKOCTH. [IpuMepaMu HeasnreOGpanuecKux KPHUBBIX
CJIy>KaT TPUTOHOMETPHUECKHEe KPUBBIE, HATIPUMEDP CHHYC, KOCHHYC, TAHTEHC!

y=sinx, y=cosz, y=tgr,

JTOFaqu)MI/IquKaH, 9KCIIOHEeHIMaJibHasA, BEPOATHOCTHAA KPUBLIE!:

22

y=Inzx, y=e*, y=e

U pa3J/iMiyHble ClIUpaJiH, TakKHhe KaK CIIhpaJb ApXI/IMe}la, JIOI‘apI/I(i)MI/I‘{eCKaH, rumnep-
OosMyecKass u Hapa6OJ'II/I'-IeCKaH coupaJin:

r=qaf, Inr=af, r0=a, (T—C)ZICLG,

rae 7 = +/x2 +y?, 0= arctg(y/z) u a, c = const.
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B o6iuem cayuae anreGpanueckue KpHBble Ha MJIOCKOCTH (,y) ONpeaesOTCs
ypaBHenusimu P(z,y) = 0, rone P(z,y) — NOJIHHOM MPOU3BOJNBHOH CTEMEHH OT
ABYX MepeMeHHbIX, T U y. PaccMOTpPUM ypaBHeHHsI BTOPOH CTeleHH:

A2 + 2Bzy+ Cy® + ax +by+c =0, (1.1.39)

rie A,...,c¢ — mpousBoJbHble KoHcTaHThl. Ecim A = B = C =0, To ypaBHe-
nue (1.1.39) cBonutcs K MHeHHOMY ypaBHeHHUIO ax + by + ¢ = 0, onpenesnsioemMy
npsiMble JIUHUU. Mbl 06CyIMM CBOHCTBA KPHUBBIX BTOPOTO MOPsiIKAa MPH YCJOBHH,
uyrto ypaBHeHue (1.1.39) comepXUT mo KpaiiHell Mepe OOMH M3 KBaJIpaTHYHBIX
unenoB Ax?, 2Bxy u Cy?.
JInHeliHOe npeobpa3oBaHue 00L1Ero BUAA
r=aT+PY+p, yYy=7T+0y+v (1.1.40)

Ha MJIOCKOCTH mpeobpadyer ypaBHenue (1.1.39) B ypaBHeHHe TOH ke (HOPMBL.
Paccmorpum obparumble npeo6pasoBanus (1.1.40), T.e. Takue, 4TO BHIMOJHEHO

A=abd—0y#0. (1.1.41)

Onpenenenue 1.1.7. J[Ba ypaBHeHus, umewonre dopmy (1.1.39), cBssaHHble
JUHeHHbIM Tpeobpa3oBanreM (1.1.40), HasbiBatoTCs dKx8UBAACHMHbIMU. KDUBBIE,
onpeje/isieMble 5KBUBaJE€HTHBIMU ypaBHEHUSIMM, TaKKe HAa3blBAlOT 3KBUBAJIEHT-
HBIMH KPHUBBIMH.

Bynem xusaccuduuupoBaTh anre6panueckde KpHUBble B COOTBETCTBUM C HX
9KBHBaJIeHTHOCTbIO. OTMETHM, uTO JiMHeHHOe mpeobpasoBanue (1.1.40) ckaambi-
BaeTcsl U3 NpeoOpa3oBaHUs

r=aT+ [y, y=~vT+d7, (1.1.42)

Ha3bIBA€MOI'O O@HOpO@HbLM JIUHEHHBIM Hp€O6p33088HI/I€M, u Hp606paSOBaHI/IH

CIBHTa
r=T+pu yYy=y+v. (1.1.43)

Tepmun 00nopoOHoe oTpaxaeT TOT ¢akT, 4to npeodpasobanue (1.1.42) comepkut
cJaraeMble MepBOro MOpsiika B T, Y H, CJel0BaTe/]bHO, NpeoOpasyeT I/aBHYIO
yacth ypaBHenus (1.1.39), T.e. kBagpaTuunyio opmy

Az® + 2Bzy + Cy? (1.1.44)
BHOBb B KBaJPaTHYHYIO (POPMY, a UMEHHO B (hOpMY
A72 + 2By + O,
rue
A=a’A+20yB ++C,
B = afA+ (ad + Bv)B +~6C, (1.1.45)
C = 3*A+285B + §2C.

Bosee toro, cmeuienue (1.1.43) He H3MeHsieT KBaapaTHUYHble YJjeHbl YypaBHe-
us (1.1.39). HMrak, Mbl Hayaiu KaaccH(UKaLMIO anre6panueckux KPUBBIX IO
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TNPHU3HAKy 3KBHUBAJNEHTHOCTH KBaApaTH4YHbIX (opM (1.1.44) mo oTHOIIEHHIO K JH-
HeHHBIM ONHOPOAHBIM MpeobpasoBanusM (1.1.42). B

Brauane mbl nmonbiTaemcs M36aBUThCS ONHOBPEMeHHO OT Ko3(duunentos A
u C B (1.1.45). IIna storo 3anumem ypaBHeHuss A =0 u C' = 0, pasgenus ux
Ha 72 ¥ 82, COOTBETCTBEHHO, ¥ 0G03HAUMB BEJMUHHBI a/y u [/ depes A, kak
cJeflyiollee KBaJpaTHOE YpaBHEHHUE:

AN2 +2BA+C =0. (1.1.46)

Ecmu B2 — AC # 0, o ypasHenue (1.1.46) uMeeT 1Ba pasaMUHEIX KOPHS, A\| # Ao,
M MOXKHO TOJIOXKHTb /vy = A1 ¥ 3/0 = Ao ¥ 3aMeTHTb, UTO YpaBHEHHs o = Aj7y
U 3= Ad npu v # 0,0 # 0 coBMecTHBI ¢ ycoBueM (1.1.41), mockoambKy Aj # Ag.
Wrak, Mbl y6emu/IHCh, UTO MOXHO MOJOXKHTb PaBHEIMH HYJIIO OfHOBpPeMeHHO A
u C. Bepaxkenve B? — AC Ha3BIBalOT OUCKPUMUHAHMOM KBalAPaTHIHOH (HOPMBI
(1.1.44). U3 ypaBuenwuii (1.1.45) BbiTeKaeT caenyollee yTBEPKIEHHE.

Jlemma 1.1.1. OnHoponHoe JuHeiliHoe mpeo6Gpa3oBanue (1.1.42) usmeHsieT awc-
KPUMUHAHT CJIEAYIOLIUM 00pa3oM:

B> — AC = A*(B%> — AC), (1.1.47)
rae A onpepesneHo Beipaxkenuem (1.1.41).
B cootBerctBuu ¢ semmon 1.1.1 Kaxpoe U3 clefyOLIUX TpeX yCJOBHH:
B>~ AC >0, B’-AC=0, B>-AC<0 (1.1.48)

OCTaeTcsl HEU3MeHHBIM TIpu npeobpa3oBanuu (1.1.42) u, cienoBaresbHO, MPHU JIH-
HeliHOM npeoOpasoBanuu obuero Buga (1.1.40). Mrak, paccMoTpum KaxKabli U3
cnyuaeB (1.1.48) B oTmesbHOCTH.

IMycte B2 — AC > 0. Torna ypasxenue (1.1.46) umeeT 1Ba pasAHyHBIX fefi-

CTBUTEJIbHBIX KOPHS
_ -B+VB?-AC ~B—+/B2— AC
- - , 2 :

O6patum B Hyab A u C OIHOBPeMeHHO, MOTPeGOBaB a/y =AM u /5= Xo.
3aTeM moJioXKKM, Hanpumep, v = 0 = 1, noactaBuB o« = A\j, 3 = A9 B (1.1.45) wu,
yuuThiBast, uTo A\; A9 = C/A, A\ + A9 = —2B/A, noayuum

~  2(AC - B?)
B==——=#0.

Hrak, nepenuchiBasi ypaBHenue (1.1.39) B mepeMeHHBIX T, ¥, ONpeAeJEHHBIX
ypaBHeHusimu (1.1.42):

Al Ag =

r=MT+ XY, yYy=T+7, (1.1.49)
rnoJiyyaeM IocJse JesieHHus Ha B cJieyIolllee ypaBHeHUe TUIEPOOJIb:
TY+az+by+c=0. (1.1.50)

CJ/leloBaTeIbHO, MBI TOBOpHM, uto ypasHenue (1.1.39) mpu B? — AC > 0 onuch-
BaeT a/jrebpanueckue KpUBble eunepboAuLeckoeo muna.
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Janee moxkHo ynpoctuth ypaBHeHHe (1.1.50) ¢ momombio capura (1.1.43)
T=2+u, yY=y-+v.

A umeHHo, nosarasi j, = —buv=—a, npuBonuM ypasHenue (1.1.50) kK cranmnapT-
HOMY BHIY
2y =k, k= const.

Ecniu k = 0, runep6osia BhipoXaaeTcss B mapy MepeceKalolHuXes MPsSMBIX, =0
u y = 0. OTmeTuMm, 4TO 3amMeHa mnepeMeHHbIX T = & + 1), y = & — 1) M0O3BOJISIET
MOJYYHTb CJIEAYIOLLYI0 BTOPYIO CTaHAAPTHYIO (POPMY T'HIepOOJIbL:

& —n? =k, k= const.

3ameuanue 1.1.7. Beie npennonaranock, 4to A # 0. Eciu A =0 u C # 0, mbl
MeHsieM MeCTaMHu X U y U BHOBb npennosaraeM A # 0. Hakonern, eciu A = C' =0,
torna B # 0 u ypaBHenue (1.1.39) npuo6peraer Bun (1.1.50).

Mycts B2 — AC=0. Torna ypasuenue (1.1.46) umeeT ABOHHOH KopeHb
A = —B/A. Tlonaras 3/§ = A, nonysaem C' = 0. Bonee Toro, BeGop (3 = AJ
npuBOAUT K ToMmy, uTo B =0 u A # 0. M0XHO MOJI0OXKHUTb, Hanpumep, ¥ = 6 = 1.
Torna u3 ycnosusi (1.1.41) BbiTekaer, uto o # A. CyieoBaTe/ibHO, MepenuchiBasi
ypaBHenue (1.1.39) B nepeMeHHbIX T, 7, Onpefie/leHHBIX B co0TBeTCTBUH ¢ (1.1.42):

r=aT+ Ay, y=T+7 (a#N), (1.1.51)
[IpUXOAHM II0C/Ie NeJIeHHWd Ha Z K cjiefyrouiemMy ypaBHEHUIO:
T2 +az+by+c=0. (1.1.52)

Tenepb mpeoGpasoBaHue TpaHCAAUMH T = T — (a/2), § = Yy NPUBOAUT MOC/EIHEE
ypaBHEHHe K CTaHIAPTHOH (opMe ypaBHeHHs MapaboJibl:

P 4+by+k=0.

CriefloBaTelbHO, MBI TOBOpHM, uTo ypasHenue (1.1.39) npu yenosuu B2 — AC =0
npenacTaBJsieT ajrebpanuyeckue KpUBble napaboiuuecko2o muna.

IMycte B? — AC <0. Torma ypasHenue (1.1.46) uMeeT 1Ba KOMIJIEKCHBIX
KOpHS, A\| = p +iq, A9 = p — iq, THe

B VAC — B2
PETx 1T

O6patum B HyJab KO3((HULHEHTHI AuC OHOBPEMEHHO, ToJaras «/y = A H
B/6 = Ay B ypaBHenusix (1.1.45). MoxHo motpe6oBath, Hanpumep, v =9 =1 u
MOJTyYUTb KOMIIJIEKCHYIO 3aMeHYy TepeMeHHBIX

r=(p+ig) '+ (p—iq)y, y=2"+y, (1.1.53)

npespaias ypaBHenue (1.1.39) B ypaBHenue runep6oabl (1.1.50). Mbl xoTHM, 0Of-
HAKO, He MPUMEHSITh KOMIJIEKCHbIE TPe0Opa30BaHusi IEPEMEHHbIX W HCII0/b30BAaTh
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TOJIBKO [€HCTBUTE/bHBIE MepeMeHHble. [IpH 3TOM yCJIOBHH Mbl pelllaeM ypaBHEHHUs
(1.1.53) ornocuresbHo x’ U Y
py—zT Py —T
Y ek SV Y
2 2q 2 2q
¥ paccMaTpUBaeM NEHCTBUTEIbHYIO U MHUMYIO 4aCTH 3THX KOMIJIEKCHO COTPSIYKEH-
HBIX TePeMeHHbIX (YMHOXKEHHBIX /IS TPOCTOTHI Ha 2) Kak HOBble MeHCTBHUTEJbHbIE
nepeMeHHbIe:

py—r,
q

Pasperiasi nocnenHue ypaBHEHHS] OTHOCHTEJBHO X, Y, Mbl TIOJydaeM cJjefyloliee
NeHCTBUTEbHOE NpeoOpasoBaHue, UMerollee CTPYKTYpy ypaBHenuid (1.1.42):

T:y’ y:

T =pIT—qy, y=T. (1.1.54)
Ono npeo6pasyet ypaBHeHue (1.1.39) B ypaBHeHHe BHza
P+ +aT+by+c=0. (1.1.55)

OT 4/IeHOB MepBOro NOpPsiKa MOXKHO M30aBHTbCA C MOMOMIBIO NpeoGpa3oBaHHs
cagura T == — (a/2), § =y — (b/2), uro npusener ypasuenue (1.1.55) k craH-
JIapTHOU popme

PP =k

OT0 ypaBHeHHe ONHUCbIBaeT OKPYKHOCTb, ecad k > 0, Touky, ecau k = 0, u He
MMeeT TOUeK B JeHCTBUTe/]bHOH obsacTd, ecan k < 0. Mrak, Mbl roBOopuM, uTO
ypaBHeHHe (1.1.55) omnucbIBaeT OKPYyKHOCTb, IOHWMasi, YTO MOTYT OBbIThb BBIIIEYKa-
3aHHBle Cjlydyad BbIpoxkaeHHs. [I0CKONbKY OKDPYXKHOCTb — 3TO YAaCTHBIH cjydai
3JITUITICA, MBI MOXKeM CKasaTh, 4To ypasHenue (1.1.39) mpu yenosuu B? — AC < 0
ONHCHIBAET anreOpanieckHe KPHUBBIE IAAUNMULECKO20 MUNQ.

PestoMupyem mosiydeHHble BbIlIe Pe3y/abTaThl B BHJAE CJAEAYIOIIUX yTBEpXKe-

o

HHH.

Teopema 1.1.3. Jlio6oe ypaBuenue (1.1.39) BToporo nopsiika ornucbiBaeT KPUBYIO
eunepboauueckoeo muna ¥ MOXKeT ObiTb MPHUBEIEHO C MOMOIIbI0 OZHOPOLHOTO
JIMHeHoro npeo6pasoBanus K dopme (1.1.50):

I@+’d§+gy—l—'cv:0, ecii B2 — AC >0, (1.1.56)
napaboauieckoeo muna U MOXeT ObITh TpUBeneHo K dopme (1.1.52):
+az+by+¢=0, ecin B2 — AC =0, (1.1.57)
U 9AAUNMULECKO20 MUNA U MOXKeT ObiTh MpuBeneHo K ¢opme (1.1.55):
AP +az+by+c=0, ecn B2— AC <O0. (1.1.58)
3ameuanue 1.1.8. U3 npeoGpasoBanus (1.1.53) cienyer, 4To 3JaMNTHYECKHE

" FI/IHep60.HI/I'-IeCKI/Ie KpPHBbLIE CBA3AaHBI KOMIIJIEKCHBIMH JIMHEUHBIMHU npeo6paSOBa-
HHUSAMH.
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1.2. TudcdepeHnnaibHoe U MHTErpajbHOE UCUUCIEHHUE

1.2.1. IpaBuna auddepenuupoanud. [lycts f(x) — QyHKUUS OmHOH
nepemenHo#. Ee npousBopHas f/(x) B TOUKe x eCTb M0 OMpee/IeHHIO

Az—0 Az

(1.2.1)

[TpuHsiTo 0603HaUaTh MPOM3BOAHYI0 ¥ = f(x) Takxe

df(z) — , dy _ _ ( )
0y 5L D) =Duy). D(f@) =Ds(f)).
[ycte u = f(ml,xQ,...,a:”) — (yHKuMa n nepemMeHHbIX. Ee yacTHas npowus-

BOJHAsI TI0 OJHOU M3 MepPeMEeHHbIX, HAaTIPUMep 110 x’, ONpeaessieTcss TAKUM 00pa3oM:

of lim f(xl,...,aci—l—Axi,...,x”)—f(xl,acQ,...,J:").
dx'  Axi—0 Az’

(1.2.2)

Ona Hepenko o603HavyaeTcs
%, wi =g, Diw) = Dys(w), Di (£(2),
X
rie v = (2!, 22, ..., 2").
OcHoBHbIe npaBuiIa AN depeHIpOBaHUS:
a) opmyJibl
D(au + bv) = aD(u) 4+ bD(v),

)
D(u®) = au®"'D(u), (1.2.3)
) _ vD(u) — uD(v)
—_—,
v

roe a, b ¥ o — KOHCTAHTHI, U,
TIPOU3BOJIHBIE;
6) npaBuso auddepeHIpoBaHKs 006paTHOH (HYHKIIMH:

Dm(y) = ﬁ 3

B) MpaBu/io IU(PEPEeHLUPOBAHHS CI0KHOH DYHKIHU MPUMEHSIETCS], eCIH Y =
= y(u), v =wu(x). Torna

— ql)YHKU,I/II/I U D — oObIKHOBeHHasl MJIM YacTHas

(1.2.4)

Da:(y) = Du(y) : Dm(u) (1.2.5)

[TpaBusio nuddepeHUHPOBAHNS CJIOKHON (DYHKLUHH AOMYCKAeT BO3MOXKHOCTb HTe-
pauuu (1.2.5), nanpumep, ecaut y = y(u), u = u(v) u v = v(zx), T0

Dm<y) = Du<y) ’ Dv(u) ) Dm(”)
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1.2.2. Teopema o cpexHem 3HaueHuUH. lImeercs B Bumy cienyioliee yTBep-
XKIeHHe.

Teopema 1.2.1. Tlycts dyukuus f(x) HempepriBHO nuddepeHunpyeMa B mpeje-
Jlax 3aMKHYTOrO npomexyTka [a,b]. Torma ajs Jo6bIX TOYEK Ty, Tg, YIAOBJETBO-
PSIOILUX YCJ0BHIO a < x] < T9 < b, cyllecTByeT MO KpaiHed Mepe OfHa ToYKa
€ € [x1, o] Takas, uTo

flxg) = f(x1) = (w9 — 21) f(§). (1.2.6)

Crnenymoliee cjeICTBHE TEOpPeMbl O CPeIHEM 3HAUEHWH SIBJASETCS KJIOYeBBIM
B UHTerpasjibHOM HCUMCJIEHHH, a TaKXkKe B TeOpuH NU(depeHLHaNbHbIX ypaBHEHUH.

Teopema 1.2.2. Ilycts dynkuusi y = f(x) HempepbiBHO Du(depeHUnpyemMa Ha
3aMkHyTOM mpomexyTke ¢ < & < b. Torna y' = 0 Bo Bcex TOYKAX 3TOTO 3aMKHY-
TOrO MPOMEXYyTKa [a, b], ecin U TosbKO ecin y = C' = const.

Hoxka3sareabctBo. Eciu y = C, torna ovyeBunHo u3 onpepesenus (1.2.1), uro
y' = 0. Ipeanonoxum teneps, yto 4y = 0. CorsnacHo Teopeme 1.2.1 umeem

y(x2) —y(r1) = (22 — 21)y'(§)

IJIsT JIOGBIX T1, To U3 3aMKHYTOTO MPOMEXYTKA [a, b], tne x; < & < xq. Io mpenmno-
noxenuio y' = 0 Bo Bcex Toukax mpomexyTka [a,b], u, cnenoBarensho, y'(§) = 0.
Wrak, U3 mpuUBEeIEHHOrO BhILlE ypaBHEHHs cjenayet, uto y(xg) = y(x1), TO eCTh
y = const Ha BCeM 3aMKHYTOM MPOMEXYTKe [a, b].

Caencteue 1.2.1. J[Be (QYyHKIMM HMEWT OAHY TPOU3BOAHYIO, €CJAH W TOJbKO
ec/IH UX PA3HOCTh sIBJsieTCss KOHCTaHTo#. Jpyrumu ciosam, f'(x) = ¢'(x), ecau

W TOJIbKO €CJIH
f(x) =g(x) +C, C = const.

1.2.3. MuBapuanTHoCcTh au(ppepenuuana. [IuddepeHunan GpyHKUNHN Yy =
= f(z) onHO# mepeMeHHOH eCThb

dy = v dx.
Ananoruuno, auddepenuuan byskuun u = f(z!,2%,...,2") HeckobKUX mMepe-
MEHHBIX ONpejesieTcs Tak:
n
ou ou , ;
du = — d +- + —— d "= L
ox! ox'

pary
Meur yacTo 6yneM HCIOJB30BaThb OOBIYHOE NPABUAO CYMMUPOBAHU, W3DABJSAACH
OT 3HaKa CYMMHPOBaHUs B TOM CJlydae, KOra HHAEKC CyMMHPOBaHHs TIOBTOPSIeTCS
(B BepxHeM M HMKHEM HHIeKcax). Hampumep, BblllenpHBefeHHOe ypaBHEeHHe
MOKHO MPEICTABUTb B BUJE ou

du = — dz.
oz’
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MuBapuanTHoCTh auddepeHLnala 0OCHOBaHA Ha CJefyolleM CBOHCTBe AUpde-
peruuana ¢yukunu f(u). Ecan u = u(z), To

_dfw) df (U(J?))

df T - dz. (1.2.7)
O61iiee yTBepKAEHHE COCTOMT B CJEAYIOILEM.
Teopema 1.2.3. Tlycts u = f(z) — dyHkuus n nepemennsx z = (z!,...,z")
mnyetb 2! = z'(t), i =1,...,n — dyHkuuu s nepemennnix t = (t!, ... t%). Torna

nuddepeHuran u, paccMaTpuBaeMbil Kak (yHKuus u = f(x) oT x, coBmamaer
¢ nuddeperunanom GyHKUHH u = f <x(t)) oT t, T. €.

L0f(x) 5 = OF (2(t)
du:;%dzx :;%dtk. (1.2.8)

B uwactHocTH, eciu u = f(x,y) — QyHKUMS ABYX MEPEMEHHBIX, TOTAA MPOU3-
BOJIbHASl 3aMeHa MepeMeHHbIX

z=p(Z,y), y=1v(7)
He U3MeHseT auddepeHLHal, T.e.
of((@. D V@ 7)) G Of(1(@. D V@ D) o ) g 0w

ox dy ox y
WJIK KOPOTKO:

ou .~  Ou .. Ou ou
oz ** * Jy Y= ™ + Jy Y
1.2.4. IIpaBuja uHTErpuUpoBaHUA. DBbluncieHHe UHTErpasoB OCHOBAHO Ha
CJeYIOINX OCHOBHBIX MpaBUJaX.

1. Humeepuposanue — onepayus, obpamnas ougdeperyuposaniio:

de(m):f(m)—i-C HJTH Jf’(q:)da::f(x)—i-C’, (1.2.9)

rae C' — Mpou3BoJIbHASI TOCTOSIHHAS, HA3bIBaeMasi KOHCMAHMOLL UHMEeZPUPOBAHUS
(cp. co cnencrBuem 1.2.1).
2. Hnmeepuposarue — AUHELHAS ONePAYUSL:

du

J[au(a@) + bv(z)]dz = aJu(m) dr + va(w) dx, a,b= const. (1.2.10)
3. 3amena nepemenrvix 8 unmeepasrax (cMm. ypasHenue (1.2.7)):
Jf(:p) dz = Jf (go(t)) -/ (t)dt. (1.2.11)
4. Humeepuposanue no wacmsam:

Judv:uv—Jvdu. (1.2.12)
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5. Jlupppeperyuposarue onpedeserHblx UHME2PANLOS:

a)%Jﬂ$“:f@% (1.2.13)
p Y(z) ¢(z)a
o(x) o(x)

1.2.5. Psan Teitnopa. Pso Teiiropa pasnoxenus f(z) B OKPeCTHOCTH TOUKH
X = @ UMeeT CJeNyIIHH BUL:

™ (a)

n!

f(x) = f(a) + f'(a) (x —a) + -+

rre f((a)
a

(z—a)"+ -, (1.2.14)

— 3HaueHHe n-i npousBogHOoU oT f(z) mpu = = a. Ecau a = 0, psn
.2.14) usBecTeH Kak psd Makiopera ¥ WMeeT BHI

Tetinopa
f(x) = f(0) + f'(0)z + f/;(!o) 2+t %x” 4+ (1.2.15)

Beiuncanm  passoxkende B psif MakjopeHa SKCIOHEHUHAJbHOH (YHKUHH
f(z) = e®. Tockonbky f'(z) = €, mbl umeem f(0)= f'(0)=---=f™(0)=1
1 pasnoxenue (1.2.15) npuobperaer BUA

z? z" ad
f(x):]+$+§+...+m+...:z
n=0

:L,Tl

nl’

Huxecnenytoias tabauiia conepKUT pasyoxkeHus B psig MakgopeHa u Telt-
Jiopa 1151 HEKOTOPBIX YacTO HUCMOJb3yeMblX (PYHKIHH.

a) JKcrnoHeHIMANbHas (PyHKLIMSA U Jorapupm

1‘2 $3
ex:1+x+§+§+---; o =e*M =14 zlna+ - (1.2.16)
2 3
me=(z-1)-EN L B0y (1.2.17)
2 Bt
ln(1+x):$—7+§—z+--- (-l<z<1) (1.2.18)
.172 .’L'S .CC4
m(l-z)=—|e+%+2+Z .| (-1<z<1) (1.2.19)
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0) AureOpanueckue (PyHKIUM (HMKe CUMTAETCs, YTO v — IMPOU3BOJIbHOE JeH-

CTBHUTEJIbHOE II0JIO2KUTEJbHOE L{I/ICJIO)

B - I S

l—=x
H_;m:1—:c+x2—a:3+--~—|—(—1)”:1:”—|—-~
1 1 3 4, 3.5 5 3.5.7 4
Vizs T2t rav Frae Trae68”
.l 1, 3 3 35
Vidw =1t go— oot e s ~g0638% T
(1ix)”‘:1iamiO‘(aw_1>x2i0‘(°‘_3(0‘_2)x3+...

(1:]:1-)70‘: l:Fa:L--{-a(a_l) $2:wa3+
2! 3!
B) TpuroHomerpuueckne u runepoosnuecKne PyHKIHN
. P R a2t
Slnx:x—§+§_ﬁ+...+(_l) m+
2t 5 -l
cosz=l-grt gt T gyt
B 5 T L2+l
Shl‘—$+§+§+ﬁ+"‘+m+"'
2 gt S L2
r) Hekotoprie HeanemeHTapHbie pyHKIUHU (cM. npumep 1.1.6)
. 3 b x’
Se)=r-ggitsEm 7t
2 4 6
Ci(z)=y—-Ina— — + -~ — x + -

2 3 4

. x
E1($)—7+1n\x|+x+2.2!+3.3!+4.4!+'~

. B (1naz:)2
li(z) =In(lnz) + Inz + oo t 330

erf(m)—l x_£3+ IS — 1‘7 +
s 3 5.2l 7.3 ’
e ¥ — TOCTOsIHHAsA DilJjiepa, onpeneneHHas B npumepe 1.1.1.

3 H.X. H6parumos

:F...

(1.2.20)

(1.2.21)

(1.2.22)

(1.2.23)

(1.2.24)

(1.2.25)

(1.2.26)

(1.2.27)

(1.2.28)

(1.2.29)

(1.2.30)

(1.2.31)

(1.2.32)

(1.2.33)

(1.2.34)
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1.2.6. KomniekcHble nepemMeHHble. KoMIJIEKCHOE YHCJIO HWMEET BUJ
z=x+1wy, t=+vV-1,

roe © U y — HOeHCTBUTEeJbHBIE YHUCJA, Ha3blBaeMble Oelicm8umenbHot U MHUMOLU
4acTblO0 Z COOTBETCTBEHHO. KOMNAEKCHO CONPANCEHHbIM K 2 SBJSETCS KOMILJIeKC-
HOE YHCJIO Z = & — 1Y.

KommniekcHbBIe YHcsia 3alIMChIBAIOT TaK»Ke B TPUTOHOMETPUYECKOM IpeACcTaBJIe-

HUH
z =r(cosf +isind), (1.2.35)

a TaK)Ke B 9KBUBAJIEHTHOM MOJIIPHOM MpeACTaBeHUU (CM. fasee Gpopmyny Disepa
(1.2.41)): ,
2 =re?, (1.2.36)

rie r U  — p[edcTBUTe/IbHBIE YMCJA, Ha3blBaeMble MOAYJIEM H apryMeHTOM 2
cootBetcTBeHHO. M3 (1.2.35) cnenyer, uTo yroa € onpepesieH TONBKO C TOYHOCTbIO
10 TIPOM3BOJILHOTO CJIaraeMoro, PaBHOrO MPOU3BENEHHIO IeJI0T0 YUCIa Ha 27, YUH-
ThIBasi 3Ty HEOAHO3HAYHOCTh BHIUMCJEHHS, Z 3aMUCHIBAIOT, HATIPUMEp, B MOJISIPHOM
npencrasgaennu (1.2.36) B gopme

z=retl@27) =0, +£1,+2, ... (1.2.37)

3navenue f B uHTepBase —7 < 0 < T HA3BIBAIOT SAABHLIM AP2YMEHMOM.

Huxecnenyiomune (QyHKIUM KOMIJIEKCHOTO MEPEMEHHOTO OMPENessIoTCs Kak
paciiupenusi psimoB Maksopena (1.2.16), (1.2.26) u (1.2.27) Ha KOMMJIEKCHYIO
006J1aCTh:

=144+ (1.2.38)
2! n!

‘ 23 25 n ZQTrH

San—Z—§+§+"'+(_1) m+ (1.2.39)
2 4 2n

n <

(2n)!

coszzl—%+%+--~+(—l) + - (1.2.40)

Orciofia mosydaem: €* = cos z + isin z u, Kak caeicTsue, gopmyry Jiirepa:
e*TW = ¢% (cos y + isin y). (1.2.41)
[Ipumenssi dopmyny Disepa, HETPYIHO MOKa3aThb, 4TO

cosz:&, sinz=%_¢ (1.2.42)
2 2i

Bosiee Toro, dgopmyna ditsnepa (1.2.41) u noasipHoe npencrasgaenue (1.2.36) kom-
MJIEKCHOTO urcaa z = r(cos @ + isinf) npuBoast k dopmyse Myaspa

2" = r"[cos(nf) + isin(nh)]. (1.2.43)



1.2. Jugppeperyuaroroe u unmeeparvroe ucuucieque 35

3amensist B ypaBHenuu (1.2.43) n Ha 1/n u ucnonbays npeacrasmenue (1.2.37) ot
z, ToJlyyaeM n 3HaueHuH /z:
vE = Ur [cos@ + 2—%) +z‘sin<9 + 2—%)} k=0.1,....n—1. (1244)
n n n n
IIpumep 1.2.1. Tlonyunm Ky6uueckde KOPHH W3 €IMHHULIBI, T.€. PELIUM YypaBHe-
nre w3 = 1. [IpencTaByB AeficTBUTebHOE YHCJAO | B TPUTOHOMETPHYECKOH (opMme:

1 = cos(2mk) + isin(27k)

U npuMeHss ypaBHeHue (1.2.44) npu kK = 0,1 u 2, MBI ONyUUM TPU CJELYIOLIHX
KyOUYeCKHX KOPHS M3 eIHHHLBI:

 —14iV3 _—1-iV3

= 72 , ’LUS = —2 .
[unepbonuueckue ¢yHxkuuu (1.1.8) Takke 0600mal0TC Ha KOMIIJIEKCHYIO

00/1aCTh OOBIYHBIM 00Pa30M:

w1:1, (%)

ef—e’”? Chz_ez+e*2

2 2
Tpuronomerpuyeckue u runep6onryeckre QyHKUHMH CBA3aHbl CJAEAYIOLIMMH ypaB-
HEHUSIMH:

sh z =

sinz = —ish (iz), cosz=ch(iz), tgz=—ith(iz),
sh z = —isin(iz), ch z=-cos(iz), thz=—itg(iz). (1.2.45)
[IpousBonHble OT KOMIJIEKCHBIX 3KCIIOHEHLIMaJbHOH, TPUTOHOMETPUYECKOH H
runep6oIUUeCKOH (PYHKLHUH HMEIT CAedyIOIUN BUA:

(e*) =¢€*, (sinz) =cosz, (cosz) = —sin z,
(shz) = chz, (chz) =shz.

Hcnonb3ysi nossipHoe mnpencraienue (1.2.37) ¢GyHKUMM 2, MOXHO BBECTH
(MHOT03HAYHY0) L02apumuieckyro GYHKYUIO KOMIIJIEKCHOH MepeMeHHOMH:

Inz=1Inr+1i0+27k), k=0,%1,£2,... (1.2.46)

Haxkoneln, skcrnoHeHUHanbHas GyHKUUS a®, TAe a — J000e KOMIJIEKCHOe YHUCIo,
ornpenensieTcs CAeAyIOUUM 00pa3oM:

of = e*lne, (1.2.47)

1.2.7. IIpubGaunxkeHHOe npeacTaBieHne (PYHKIUA

Onpeneaenne 1.2.1. ToBopsT, 4yTo QyHKUHS «(x,€) UMeeT MOPSIOK MeHbIle, YeM
eP (rme p > 1 — uenoe), U 3aNUCHIBAIOT

a(z,e) =o(e?), €—0, (1.2.48)
e lim %) _ g (1.2.49)
lim =55 = 0. 2.

YpaBHenue (1.2.49) skBUBaJEHTHO JIOOOMY M3 CAEAYIONMX ABYX YCJOBHH:
afz,e) = ePg(x,e), ¢(x,e) # o0 mpu € — 0

3
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la(z,e)| < ClefP™, € = const.

Omnpenenenne 1.2.2. Tosopsit, uto ¢yHkuuu f(z,e) u g(z,e) pasuor npubau-
giceHHo ¢ TouHocTblo o(eP) mpu € — 0, ecan

f(x,e) = g(x,€) = o(e”).
Uro6bl 0603HAUUTHL MPUOIHIKEHHOE PaBEHCTBO, HCMOMb3YIOT JHO0 00603HAueHHe
g ~ f, mubo, Gosee KOHKPETHO,

g(x,€) = f(z,€) + o(e").

CornacHo pasnoxenuto Teisopa (1.2.14), npubanKeHHOe IpeACTaBJIeHHE
¢GyHKUKHE f(x) ¢ NOrPELIHOCTBIO O ((m - a)”) MPU & — @ OTPEJEsIeTCst CIenyro-
LLIUM BbIpa’KeHHEeM:

~ / f(n) (a) n
f(oc)Nf(a)—i—f(a)(x—a)—l—“-—f—T(x—a) . (1.2.50)
Hanpumep, pasnoxenue B psan (1.2.34) naet cienyroulyro anmpokCUManuio QyHK-

1 I e \/_ X X .

3ameuanue 1.2.1. [IpubsankeHHO paBHble PYHKUMH f M g 4acTO HA3bIBAIOT IK-
susaseHmHbIMU QYHKIUIMHU U 0003Ha4YawoT f ~ g.

1.2.8. fIko6uan. PyHKLUMOHATbHAS HE3ABUCUMOCTh. 3aMeHa MepeMeHHbIX
B MHOTOMEPHBIX MHTErpaJax.

Onpeneaenue 1.2.3. Ilycts z = (x!,...,2"). ToBopat, 4T0 GyHKUKH

u* =u*(z), a=1,....,m (m<n), (1.2.51)

(DyHKIIMOHA/JbHO 3aBHCHMBI, €CJM CYLIECTBYeT IO KpalHed Mepe OQHO COOTHO-

mwenve ¢ ul(x),,um(x)> =0, U QYHKYUOHANLHO He3AB8UCUMbL B TIPOTHBHOM
ciyuae.

Yno6nasi npoBepka He3zaBucuMocTH (yHkuui (1.2.51) dopmynupyercst B Tep-
MHHaxX UX mampuust SAkobu 9y
u
|5

rle UHIEKCHl v U i 0603HAYal0T CTPOKY M CTOJIOEL, COOTBETCTBEHHO. A HMeHHO,
¢yHkuuu (1.2.51) pyHKUHOHAJIBHO HE3aBUCUMBI, €CJIM U TOJBKO €CJIH PAHT MaTpPH-
ubl dxo6u paBeH m. Ecau n = m, To npusHak (YHKLUHOHAJIbHON HE3aBUCUMOCTH
MOXXKHO C(pOpPMY/NHPOBATh B TEPMHUHAX OINpeAeTUTENs

ou®
J = det| 2
or
M3BECTHOTO KaK AKOOUAH.
Teopema 1.2.4. ®ynxuun u'(z), ..., u"(z) ot n nepemennbix = = (z!,...,2")

q)YHKHHOHaﬂbHO He3aBHCHUMBI, €CJIM U TOJIBKO €CJIM UX SKOOHAH OTJIMYEH OT HYJIS.
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fxobuan mose3eH Takke MNPH O0OOOIIEHHWH TpaBHJIa 3aMeHBl MepeMeHHbIX
(1.2.11) B cayuae KpaTHBIX HHTerpajoB. A uMeHHO, mycTb (yHkuuu (1.2.51)
(GYHKIMOHAJIbHO He3aBUCUMBI U MycTb m = n. Toraa (1.2.51) npousBoguT 3ameHy
nepeMeHHbIX Yy = u(x) ¢ sikobuanoMm J # 0. Dta 3ameHa MepeMEeHHbIX MPUBOAUT
K CJENYIOUIEMY NpasuUNY 3AMeHbl NePeMeHHblX 8 KPAMHbLX UHMeSpanax:

Jf(yl,yQ,--.,y”) dy' dy? ... dy" = (1.2.52)

= Jf (u'(2),u?(2), ..., u"(x)) |J|da' da® ... da".

1.2.9. JluneitHas He3aBUCUMOCTb (PpyHKUMA. BpoHcKkuaH.

Omnpenenenne 1.2.4. PaccmoTpuM m (YHKUMH OXHOH MepeMeHHOH x:

v =y1(x), vo=v), ..., Yn=yn(2). (1.2.53)

[oBopsT, uto pyHKUUH (1.2.53) AMHEHAHO 3aBUCHMBI, €CJIH CYIIECTBYIOT KOHCTAHTHI
Cl,...,Cm, OTJIUUHBIE OT HYJS, TaKUe, UTO

ay1(@) + coyo(x) + -+ + cmym(z) =0, (1.2.54)

U AUHELHO He3a8UCUMbL, eCJIH He CYILeCTByeT cooTHoweHu# (1.2.54).

YnoOHBIH TeCcT JUHEHHOH He3aBUCHMOCTH (DOPMYJIHUPYETCsl B TEPMHUHAX OMpene-
JUTENS M X M

Y1 Y2 Ym
Yl Yo o Unm
Wy, y2, ... ym] = , (1.2.55)
ygmq) yémfl) y%nq)

HasbiBaeMoro sporckuarom dyukuui (1.2.53).

Teopema 1.2.5. Oyukuuu (1.2.53) nuHeHHO HE3aBUCHMbI, €CJH U TOJNBKO €CJIH
MX BPOHCKHAH OTJMYEH OT HYJI,

Wiyt yo, .-, Ym] # 0. (1.2.56)

1.2.10. UaTerpupoBanue B KBagparypax. [IpakTuueckoe UHTerpHpoBaHHe
nuddepeHIHaNbHBIX YPABHEHUH TIpeATIoaaraeT 3HaHue 0OIIero perieHus s Ipo-
crefitiero nudQepeHUnanbHOTO YpaBHEHUS

dy _

I 0. (1.2.57)
CornacHo Teopeme 1.2.2, obuiee perieHue ypaBHeHus (1.2.57) ecTb

y=2C.

OcTtaHoBUMCcs TOAPOOHO Ha (pyHAAMeHTaJbHOM AU(QepeHLIHalIbHOM ypaBHe-
HUM MHTErpajbHOr0 HCUMCJ/IEHHUS, pellleHHOM B MNHOHepcKHX paborax HbioToHa
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u Jle#i6uuua. Ilycts nana HenpepbiBHast GyHKUHs f(z) U TpebyeTcss HAUTH (DYHK-
uuio y = F(x), mpousBogHas oT KOTOpod paBHa f(x):

T fa).

Oyukuns F(z) nasviBaercsi unmeepasom f(x) no x. Takum obpasom, TpedyeTcs
pelnTh 06bLKHOBeHHOe OupdeperuuaibHoe ypasHerue TIepBoro Mopsiika:

y = f(x). (1.2.58)

Ero obuiee pewenue 3anuceiBaeTcsi B BUlle

yzjf(a:) dr + C, (1.2.59)

rie [ f(z)dz = F(x) — moGoit nnrerpan ot f(x) mo x u C' — mpousBoJbHas
MOCTOSIHHASI, U3BECTHASI KaK KOHCMAHMA UHmezpuposanus. Boibupasi KOHCTAHTY
MHTErPUPOBaHUs, MoJaydyaeM uacmuoe pewerue. Takum 00pa3oM, ypaBHeHHe
(1.2.58) umeet GeCKOHEUHO MHOTO pelleHHH, KOTOpble 00pa3yloT OIHOMApaMeTpH-
yeckoe cemeicTBo HHTerpanos (1.2.59).

OGosnauenue. B muddepenunansiom wucuncaennn cumson [ f(z)dx  He-
onpedesenro2o urnmeepaaa NpeAcTaB/sieT cOO0H cTaHAApPTHOe 0003HAaueHHe BCeX
pemenuii ypasHenus (1.2.58), t.e. [ f(z)dx = F(x) + C, rne F(z) obosnauaer
yacTHbIH wuHTerpasn oT f(x). B rteopun nuddepeHunanbHBIX —ypaBHEHHH,
OIHAKO, OOBIYHO MCMOJIb3YeTCs Apyrasi WHTeprperauus. A umenno, [ f(z)dx
OTOXK/AECTBJSIETCS C JIIOOBIM YacTHBIM HHTerpasoMm F(x) ot ¢yHkuuu f(x). dto
HMMEHHO Ta MHTepIIpeTallus, KOTOpas HUCIOJb3yeTCsl B HACTOSALLEH KHUTe.

Hanpumep, B o6o3Hauenuu (1.2.59) oOiiero peleHdsi ypaBHEHHSI BTOPOTO
nopsifika,

y' = f(x), (1.2.60)
cozmepxkarcst Be NpousBoJbHble mocTosiHHble C U Co, U OHO 3aMHCBIBAETCS TaK:
y:deJf(:z:)dx—i—Clx—i—C’g, (1.2.61)

rae [dx [ f(z)dx = [ ([ f(z)dx)dz.

3ameuanne 1.2.2. B kyaccudeckod gutepatype s (DOpPMyJibl  HHTErpasa
(1.2.59) npumensieTcsi TepMHH Kkgadpamypa. CJlef0BaTeNbHO, TOBOPST, UTO
nuddepenunanbioe ypasHenue (1.2.58) unmeepupyemo 6 keadpamypax. Ta xe
TEPMMHOJIOTHS TIPUMEHSIETCS K YPaBHEHHIO

y = h(y).
pellleHre KOTOPOro naeTcsl B BUAe GopMysbl HHTerpaJa, nonooHo (1.2.59),

N VR
:E—Jh(y)—i-C_H(y)-i-C,

otkyna y = H~'(x — C), rne H~! o6osnauaer ¢yukuuio, obpatnyio H.
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1.2.11. NuddepenunanbHble ypaBHEeHUs IJs ceMelcTBa KpUBBIX. Pac-
CMOTPHM CEMEHCTBO KPHBBIX Ha MJIOCKOCTH (,Y),

y=f(z,Cy,...,Cp), (1.2.62)

3aaBaeMoe, B 00IIeM Cjydyae, HESIBHO B BHE
&(z,y,Cy,...,Cp) =0. (1.2.63)
CorniacHo ompenesieHHI0 HesIBHBIX (PYHKUHWEH, ypaBHeHue (1.2.63), B KoTOpoM ¥y

3aMeHeHO Ha QyHKUMIO f corsacHo (1.2.62), ToXHeCTBEHHO YHOBJETBOPSETCS MpU
3HayeHUsX x (BbIOpaHHBIX U3 HEKOTOPOro MHTepBasa) I/ HOMYCTUMBIX 3HaYeHHH

napametpoB C, k=1,...,n. CienoBare/bHO, 3TO TOXKAECTBO MOXKHO IU(depeH-
uupoBath 1o x. [loBTopsisi 3Ty mpouenypy n pas, UMeeM:

o 09 ,

or a_y y =0,

82¢) 82¢ ! 82CI) 12 8(13 Vi

w+28x8yy +a—y2y —|—8—yy =0, (1.2.64)

Hckaouenue napamerpoB Cy, u3 ypaBHenui (1.2.63) u (1.2.64) npuBogut K oObIK-
HOBEHHOMY IH(hepeHIInaNbHOMY YpaBHEHHIO MOpsiIKa 1

F(:U,y,y',...,y(”)) =0. (1.2.65)

Oyuknua (1.2.62) naer pemenue nuddepeHnnansHoro ypasHenus (1.2.65), 3a-
BHCsIee OT 1 MPOU3BOMBHBIX mocTossHHBIX (. CoorBerctBeHHO (1.2.65) mpen-
cTaBJsisieT co00# AupdepeHIMaNbHOE YpaBHeHHe ceMelcTBa KpuBbiX (1.2.62) uin
(1.2.63).

[TpuBeneHHy0 NMpoUenypy MOXKHO YIPOCTHTb, HCIOJb3Ys chaenyollee dugge-
peruuarvro-areebpauyeckoe o6o3Hauenre (cum. pasnen 1.4).

O6o3nauenue. [loanoili dugpeperyuanr D, GyHKUNH, 3aBUCAIINX OT KOHEYHOTO

YHcsa TepeMeHHbIX x, ¥, ¥, y”, ..., onpelessieTcs CIeAyIOHM 06pasoM:
. 8 / 8 1 a (5+1) a
Dm—ax+y ay%—y 8y’+ +y 8y(5)+'” (1.2.66)

[IpumeHeHHe 3Toro 0003HAaYeHHs T03BOJsiET 3amnucath ypaBHeHus (1.2.64)
B KOMIAaKTHOU (hopme:

D,®=0, D)®»=0,..., D'®=0. (1.2.67)

Bosiee Toro, TakuM 06pazoM MOKHO H30aBUTbCS OT HEOOXOAMMOCTH 00pallaThbCs
n pas K ypaBHenuwo (1.2.63) npu nuddeperurnpoBannuu ypaBHenui (1.2.64).
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Ynpaxnenue 1.2.1. [lonyunts nuddepeHuransHoe ypaBHeHHe ceMeHcTBa INpsi-
MBIX Yy = ax + b, comepxallee n1Ba napamerpa, a u b.

Pewenue. Ucnionbsys B kauectBe ¢ dynkunio ¢ =y — ax — b, coctaBum ypasHe-
Hus (1.2.67):
D,d=y —a=0, D®=y =0.

[Tocnennee ypaBHeHHe He cofepxHUT mapameTpoB. CijenoBatenbHO, IH(hepeHIH-
anpHoe ypaBHeHMe (1.2.65) npsMBIX JHHHH SBJASETCS NMPOCTEHIIUM AUHELUHbIM

ypaBHEHHeM BTOPOro IOpsiAKa:
Y’ =0. (1.2.68)

Ynpaxkuenue 1.2.2. [loctpouts auddepeHranbHoe ypaBHEHHe ceMelcTBa Ma-
paboJi, 3anaBaeMbiXx B popme ® =y — ax? — br — ¢ = 0 ¥ 3aBUCAIIMX OT Tpex
napameTpos, a, b u c.

Pewenue. 3anuiem ypaBuenus (1.2.67):
D,®=y —2x—b=0, D2®=y"—2a=0, D3&=y"=0.

Hrak, nuddepenunanbHoe ypaBHeHHe NapadoJl SBJAsSETCS MPOCTEHIINM JUHEHHBIM
ypaBHEHHEM TPeTbero Mnopsiika:

y" = 0. (1.2.69)

Ynpaxxuenue 1.2.3. CocraButh auddepeHnnanbHoe ypaBHeHHEe CEMeHCTBA KpPH-
BEIX, 3afaHHbIX B BHge ® = (z —a)> + (y — b)? — 2 = 0.

Pewenue. YpaBuenus (1.2.67) naiot:

z—a+(y-by =0, 1+y +(y-by =0, 3y +(y—by" =0.

311er YpaBHeHHUE TpeTbero Inopsdaaka He COLEP2KHUT MapaMeTpbl a U ¢, U 3TO-
ro AgOoCTaToO4yHO nJid TOro, yTOOBl TIOACTABHTH B HEro BbIpaxkeHune y—b =

2 o
=—(14y")/y", koTopoe MOXKHO HAUTH W3 BTOPOro ypaBHeHHs. TakuM 0GpasoM,
CeMEeHCTBO KPUBBIX OIUCBIBAETCS HEAUHELHbIM YPABHEHUEM:

I
y" -39 _—o. (1.2.70)
1+

Ynpaxkuenue 1.2.4. [loctpouts nuddepeHunasbHOe ypaBHEHHE CeMeHCTBa TH-
nep6oJ1, 3agaBaemoe B popme ¢ = (y —a)(b—cx) — 1 =0.

Pewenue. YpaBuenus (1.2.67) naiot:
(b—cx)y —cly—a)=0, (b—cx)y” —2cy’ =0, (b—cx)y” —3cy’ =0.

W3 Broporo ypasHeHust Mbl HaxonuM b — cx = 2¢y’ /[y  mofcTaBsieM 3T0 B TpeTbe
ypaBHeHHe, 4ToObl MOJY4YUTb cjenyoulee nudgepeHLHalbHOe yYpaBHEHHE THIIep-
6out: o

" § Y

—5 =0 (1.2.71)
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1.3. BekTopHblii aHaIU3

BekTopHBIH aHanu3 pacrosiaraeT eCTeCTBEHHBIMH M JIAKOHWYHBIMU 0003Haue-
HUSIMH [J151 (DOPMYJMPOBKM TeOMeTpU4YecKHX W (usudeckux 3agad. buaromaps
3TOMY OH BXONUT B yueOHYIO MpOrpaMMy CTYLEHTOB, oOydawoliuxcs (QyHAaMeH-
TaJbHBbIM U MPUKJAAAHBIM AUCLUHMIIJIMHAM, B KauecTBe OJHOTO U3 6a30BHIX pa3/eJioB.
OH murpoko wucmosb3yeTcsi B MexaHuke HbioToHA, MexaHHKe CIJIOLUIHBIX Cpen,
pesNITUBUCTCKONM MeXaHHUKe, 3JeKTPOAHHAMUKE U T. 1. B aTOM paspesie comepkarcs
OCHOBHBle 0003Ha4YeHHs U (POPMYJbl BEKTOPHOTO aHaJ/M3a.

1.3.1. BekrtopHaa aareopa. CkaxaspHoe npous3sedenue a-b BeKTOPOB

a u b ectb ckansp (T.e. NeHCTBUTENbHOE YMCJO), ONpPEAesSieMbIH CJEeIYIOUIUM
obpasom:

a-b = |a]|b|cos¥, (1.3.1)

rie 6 (0 < 6 < 7m) — yroa mexay BekTopamu a u b. B siurepartype ckasspHoe
MpoU3BefieHHe Takxke 0603HavaT (a, b) uau mpocro ab.
[TycTb BekTOpH @ ¥ b TpeACTaB/IeHB B I€KAPTOBBIX KOOPAHHATAX:

a=dali+dj+ k= (al,a2,a3),

b =bli+ v%j+ 0%k = (b, 0%, 0%), (1.3.2)

rie i, j u k — enuHUUHBIE BEKTOPHI BAOJb MEPBOH, BTOPOH U TPEThEH KOOPAUHAT-
HOH OCH COOTBETCTBEHHO. Torma ux ckaJjspHoe NpoOU3BefeHHe 3a1aeTcsi PopMyJoH

3
a-b=>"at'". (1.3.3)
=1
HaanMep, B MeXaHHUKe CKaJisipHO€ IMpOHU3BeAeHHE CUJIbI F Ha nepeMelieHne x

naet pabomy
W =F- x. (1.3.4)

ITH napHU
He paboTaloT

Bot stoT padoraer
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U3 ypaBuenus (1.3.4) ciemyer, 4TO B YacTHOM cJjyudae, KOTja IepeMelleHHe X
neprneHauKyaspHo cuse F, paboma ne cosepuwaemcs. B yacTHOCTH, KOTa KTO-TO
repeMelliaeT I'py3 B MOJe CHJbl TSXKECTH MO FOPU30OHTAJNbHOH IJIOCKOCTH, OH He
coBepiiaeT paboTsl (ompoBepras MHeHMe rpy3uuka (puc.1.1)).

Bexmoproe npoussederue a X b BeKTopoB a U b ecTb BeKkTOp, onpenesieMbli
CJeyIOIHUM 00pa3oM:

a) BequunHa a X b pasHa |a x b| = |a| |b|sinf, rre 6 (0 < 6§ < w) — yrox
MeX/ly BeKTOpaMH a U b;

6) BekTOp a X b mneprneHAMKY/NSpeH MJIOCKOCTH, HAaTAHYToH Ha a U b, u
COoCTaB/IsIeT BMECTe C HCXOAHBIMH BEKTOpPAaMM MpaBylo TPoHKy: a,b u a x b.

BekropHoe mnpousBeneHne o6Go3Hauaercst Takxke [a,b] uau [ab]. Beauunna
|a X b| BekTOpHOr0 NpOU3BeNeHHs paBHA IJIOLLAAM NapaJJeorpaMma co CTOpoHa-
M1 a 1 b. Takum 06pazom, BeKTOpPHOE TPOU3BEE€HHE MIPEACTABSET COOOH HAMpaB-
JeHHYyo mjowanab. [lo 3Tol nmpuurMHe OHO Ha3bIBAETCSA B JIUTEPATYPE BEKMOPHOL
naowa0bsio.

Bekmoptoe npoussederue nByx BeKTopoB (1.3.2) B 1eKapTOBBIX KOOpPAMHATAX
3aMUCBHIBAETCS B BULE

i j k
axb=|a o @], (1.3.5)
btov? B3
rae
i j k
a' a® a® | = (a®0® — a®b)) i+ (a3 —a'b?)j+ (a'V? — a®b) k.
bt v B3

W3 ypaBuenus (1.3.5) cienyet, 4To BEKTOPHOE NPOU3BeIeHNE aHTHKOMMYTaTHBHO:
axb=-bxa.
Tpu BekTopa a, b U ¢ Moryt 06pa3oBbIBaTh mpoiiHble npPou3sedenus
(a-b)c, ax(bxc), a-(bxc).

Bexmop mpoiinozo npoussedenuss a X (b X ¢) ymoOHO BBIYMCISTH, HCIOJb3YS
opmyny
ax(bxc)=(a-c)b—(a-b)c. (1.3.6)

Cmewannoe npoussederue a - (b X c) ecTb 8ekmop-ckarapHoe npoussede-
Hue, VHOTJla Ha3bIBaeMOe CKAAAPHbIM mpolHbim npoudsederuem. OHO TIpencTaB-
JisieT co00U ckalsip U paBHO o6beMy MapaJJeJsenunena ¢ pebpamu a, b, ¢, ¢ yue-
TOM TOrO, 4TO TPHUILIET &, b,c obpasyer mpaBylo TPOHKY BekTopoB. CMellaHHOe
MpOU3Be/leHHe YAOBJIETBOPSIET YPaBHEHHAM

a-(bxc)=b-(cxa)=c-(axb). (1.3.7)
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CmMmellaHHOE MPOW3BE/IEHHE 3aMHUCEIBAETCS B IEKAPTOBBIX KOOPAHHATAX CJIEAYIOLUIUM
obpasom. [lycte

a=(a',a%a®), b=0"%0), c=( 3P

Torna RENCI
a-(bxc)=|b v b |. (1.3.8)
o B

1.3.2. Bekrop-dpyukuuu. Bekmop-¢pyukyus a = f(t) ot ckaaspHoi ne-
pemerrHoli t — 3TO TepeMeHHBIH BeKTOp, 3aBUCALIMU oT t. B kKoopauHarax ero
MOXKHO TNPeICTaBUTh KaK TPUIMJIET CKAJISPHBIX PYHKLIHH

al :fl(t)’ (LQ:fQ(t), a?’:f?)(t)
U 3alluChbiBaATh CJ’Ie,U,yI'OLU\I/IM 06p330M:
a= fi(t)i+ fo(t)j+ f3(t) k.
[TpousBonHast OT BEKTOP-(DYHKLHK ONMPENESAETCS TaK:

o = df (t) ~ im f(t+At) —£(2) .
dt At—0 At

B koopauHaTax:
a' = fi(t)i+ fo(t)i+ f3(t) k.

AnajoruuHo BeIYMCIASETCS BTOpasi NpOMU3BOAHASA:
a’ = fl(t)i+ f(H)j+ f5(H)k

BekTop-(pyHKLIMH ynOBAETBOPSIIOT OOBIYHBIM IpaBUiaM AU(QepeHIUpOBaHHUS,

T. €.
(a+b)=a +b, (pa)=yatga,

(a-b) =a’-b+a-b, (axb)=a xb+axb.

[TycTh BeKTOp @ — (pyHKIHsI CKaJsIPHON MepeMeHHOl ¢ U MycTh ¢ = p(t):

a=f (cp(t))

Torna nasi BeKTOpP-QPYHKUMHK 3aMHUCHIBAETCS MPAaBUJIO AU(PPEpPeHIIUPOBAHHUS CJIO0XK-
HOH (yHKLHMU B OOBIUHOH popMme:

da  df dy
dt — dy dt
1.3.3. Bekrtopnsbie moasi. IlpuBenem KpaTkue cBeleHUs o AU epeHHANb-
HOM HMCYMCJEHUH BEKTOPHBIX moJieli. Bce Berunciennst 6yayT MpoBOANUTHCS B Mpsi-
MOYTOJIbHOH HeKapToBoH cucTeMe orTcueTa. CjenoBaTesbHO, POJb HE3aBUCHMbIX
MepeMeHHbIX OyIyT UrpaTh KOOPAMHATHI I, Y, 2 TOJOXKEHHs BeKTOpa X = (I, Y, 2).
Bynem npenmosarate, 4To Bce (PYHKLUHH HeMpepbiBHO AUM(epeHHpYyEMBbI.



44 I'a. 1. Heobxodumeie ceedenus u3 anaiusa

Craasproe nose ¢ ectTb (HyHKUHs [OJOKEHHST BeKTOpa X = (, ¥, 2):

¢ =¢(r,y,2).
1,2

Bexmoproe nose a = (a',a?, a®) ectb BekTOP-DyHKIHS

a=a(zr,vy,2),

3aBHCSIIAsT OT MOJIOKEHHsT BeKTOpa X = (I, Y, 2).

Yacmmnole npou3soOdHbie CKaNsSPHOrO U BEKTOPHOIO MOJIEH ONMpefessiloTCs Tak
JKe, KaK 3TO CHeJIaHO BhILIE [J/51 BEKTOP-PYHKIUHU OOHOH MepeMeHHON.

Onepamop lamusrvmona, Mnu cumeorudeckuti ouggeperuuarvrolil onepa-
mop V — 3TO BEKTOp, 3a[aBaeMblil B TPSIMOYTOJbHBIX A€KAPTOBBIX KOOpPAHMHATAaX

(x,y,2) ¢ mOMOLILbIO

vzia3 a+k8 (1.3.9)

rae i, j u k — enuHUUHBIE BEKTOPHI BIOJb OCEH &, Y U Z COOTBETCTBEHHO. MHBIMU
cJIoBaMU, V — BEKTOPHBIN ONepaTop ¢ KOMIIOHEHTAMH

0 0 0
%a vy_a_ya vz—a

BIOMb ocell xz, y, z. CeMelCTBO OMepaTOpPOB TPAJMEHT, AHWBEPreHIUS U POTOP

3aMuChIBaeTCsl ¢ MOMOIIbIO onepatopa [aMUJIbTOHA CJENYIONHM 00pa3oM.
Tpaduenm ckansipHoro moJs ¢ = ¢(x,y,z) — 3TO Mpou3BeeHHe BekTopa V

Ha CcKaJsip:

V, = (1.3.10)

grd¢defv¢——¢ +—¢ fk. (1.3.11)

Jlusepeeryus BEKTOPHOTO TOJIsI & — 3TO CKaJSIPHOE MPOU3BEJEHHE BEKTOPOB
Vua=(a',a? a?):
I 2 3
. def da oa oa
diva= V-a=V,a' +Vya® + Va3 = — + — + —. (1.3.12)
ox dy 0z
Pomop, wnu epaujerue BeKTOpHOro mossi a = a(z,y, z) eCTb BEKTOPHOE MPO-
U3BelleHHe BeKTOpoB V U a:

i j k
_ def _|9 9 90
curla=rota = V xa= 9r 9y 0z | (1.3.13)
al a2 @
WU
da®  9a®\ . da'  9a’\ . da®>  dad

Omneparop V BMecTe ¢ QopmynaMu 8exmopHoti aarzebpbi TO3BOJSET TPOBO-
JIUTb onepauuu anddepeHIIMPOBaHUs BeKTOpPHbIX mojed. [lycte a, b u ¢, ¥ —
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BEKTOPHbIE U CKaJsipHbIE T0JIsI, COOTBETCTBEHHO, U MYCTh (v, [3 — TPOM3BOJIbHbIE
KoHcTaHThl. Omnepatop V o6sanaer ciefyoIIUMH CBOHCTBAMHU:

L. V(ag+f¢) = aVe + VY,
V-(aa+fb)=aV-a+ GV -b,
V x (aa+ b) =aV xa+ GV x b,

2
3
4. V(¢y) =9V + oV,
5. V-(ga)= (Vo) -a+¢(V-a), (1.3.15)
6. Vx(pa)= (Vo) xa+¢V xa,
7. V-(axb)=b-(Vxa)—a-(Vxb),
2 2 2
Vo (V6)= V= 00= T8+ 04 G
9. V.-(Vxa)=0, 10.Vx(V¢)=0.

OTH CBOHCTBA YacCTO 3aMuchiBalOT B 0603HadeHusnx (1.3.11)—(1.3.13). Hanpumep,
cBodicTBa D, 9 u 10 3anuceHBAIOT TakK:

5. div(ga) = ¢diva+a-gradp, 9. divrota=0, 10" rotgrad¢ =0.

1.3.4. Tpu kJaaccuueckmne TeopeMbl 00 WHTerpanax. 7Teopema [puna:
[Tycts V' — mpousBosibHast 06/acTb Ha MI0CcKoCTH (z,y) ¢ rpanuued OV. Torna

JdeJery:J(aa—g—%—g)d:vdy (1.3.16)
1%

ov
nast mo6bix (nuddepenuupyemsix) Gyukuuid Pz, y) u Q(z,y).

o

Teopema Cmokca: Ilycte V' — (opueHTHpyeMasi) MOBEPXHOCTb B MPOCTPAHCTBE
(x,y, z) ¢ rpanuuen OV, u nycts P(x,y, ), Q(z,y, 2) u R(z,y, z) — npousBoJb-
Hele (nuddepeHunpyemele) pyHKUUH. Torma

Pdx+Qdy+ Rdz = (1.3.17)
oV
_ J (@ _ ai;) da dy + (a—]; - %) dydz + (a—P - a—R>dzd1:.

0z ox
174

YpaBHenue (1.3.17) B BeKTOPHOM BH/€ 3aMHCBIBAETCS CJAEAYIOLIUM 00Pa3oOM:

J A-dx:JrotA-dS.
v 1%

3pecs A = (P,Q,R), dx = (dz,dy,dz) u dS = vdS, roe v — enuHuuHas
BHEILHSIST HOPMaJib K MOBEPXHOCTH V.
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Teopema o dusepeenyuu (Teopema laycca—Octporpanckoro): I[lycts V' — Heko-
TOpbIl 00beM B TMpPOCTpaHCTBe (x,y,2) C 3aMKHyTOH rpaHuued OV u A —
TPOM3BOJIbHOE BEKTOpPHOE ToJie. Toraa

J(A-u)dS:J(V-A)dmdydzzJdivAd:ﬂd,ydz, (1.3.18)

rie v — elMHUYHAas BHEIIHsi HOpMaJsb K rpanuiue 0V o6bema V.

1.3.5. ¥YpapHenmne Jlanmaca. JluddepeHiuaabHbi onepatop BTOPOTo IMO-

paaKa 82 52 82
A=Vi= S+ S+ (1.3.19)
Ox Jy 0z
Ha3blBaeTCd sLaniacuaHom. ,Ypaeneﬂue Jlanaaca B cJaydae Tpex MNepeMeHHbIX:
’o P 0%
Ap="—+ -5+ —=0 1.3.20
¢ oz oyt 922 ( )

SBJIeTCd ONHMM M3 HaunboJsiee BaXKHBIX ypaBHEHMH MaTeMaTH4YeCKOW (PHU3HKH.
IT0 — JMHEHHOe ypaBHEHHE B YACTHBIX MTPOU3BOIHBIX BTOPOrO TMOPSIAKA.

IIpumep 1.3.1. Chepudyeckn cUMMETpPUYHOE pellleHWe ypaBHeHHs Jlamsaca
(1.3.20) umeer dopmy (cM. 3amauy 1.21)

o(r) = <

roe r = \/m u O, Cy = const.

1.3.6. JuddepennupoBanue nerepMuHaHTOB. [Ipou3BogHasi OT HeTepMH-
HAHTOB JlaeTcs CJedyloLed (hopMyJIoH:

ar(z) app(r) - ap(v) ap(z) ap(z) -+ a(v)

+ Oy,

an1(z) apo(z) -+ apn(x) an1(z) apo(z) -+ apn(x)
rne a;;(v) = da;;(v)/dx.

1.4. IIpeacraBiaenue qudppepeHaIbHON aJareOpbl

Hcuucnenne nuddepeHuranbHoi anredpsl NpeaocTaBaseT HaM y0obHbll A3bL1K
u apgexmusHoie cpedcmea I pellleHUsT AUQPhepeHIHATbHBIX YpPaBHEHHUH.
B knaccuyeckoM MaTeMaTHUECKOM aHaJ/H3e OOBIYHO MPUHSATO UMETh A0 C PyHK-

yusmu u®(x), tne a = 1,...,m, u x = (x',...,2"). [Ipoussonuble
ap _ Ou(2) afy_ Out(x)
W) = e 0 = G

TaKXKe paccMaTpHUBalOTCs Kak (PyHKLHUH OT Z.



1.4. [lpedcmasaenue duggdepenyuaroroii arcebpol 47

HuddepenunanpHas anrebpa mnpeanoJsaraeT MPOBOAWUTH OMEPALUU C BeJHUUHU-

HamMu u®, uf, u% paccMaTpuBaeMbIMH B KadecTBe IEpPeMeHHBIX, U HUMETb

LeJI0 CO CJIOXKHBIMH (PyHKLHSIMH f(m,u(x),@u(:z:)/ax,...) KaK ¢ (DYHKIHUAMH
f(:z:,u,U(l),...) He3aBHCHMBIX MePeMeHHBIX T, U, U(1), - - .
1.4.1. NuddepenunanbHpie nepevenHbie. IlonHoe nuddepennupona-

Hue. Haunem c OJHOMEPHOTO cJayyas. A HUMEHHO, paCCMOTPUM OAHY He3aBHUCHMYIO
[NepeMeHHYI0 * U OOHY 3aBUCUMYIO INEepeMeHHYI0 Yy C IocJ/ieJoBaTe/JIbHbIMHA MIPOH3-

BonabiME ¢,y ..., y"®), ... [oanas npoussodnas (cm. (1.2.66))
9 ) 0 (s+1)
D, = e +y a——l—y ay,—l—...—i—y ay(s)—l—... (1.4.1)
NelicTByeT Ha dugpgeperyuarvroie GYHKYUL, T. €. PYHKIUH
(@ y,90), ) (1.4.2)

JI060r0 KOHEYHOTO YHCJIa He3A8UCUMbBLY nepemeHHolx

T, Y, Ya) = y’, Yi) = y”,... (1.4.3)

CoBOKYIHOCTb Bcex nuddepeHna bHbIX QyHKIHE OyaeM o603HadaTh A.
[Ipounmroctpupyem otiauuve Mexay D, W 4dacTHBIM AuQdepeHIIUPOBAHUEM
0/0x no mepeMeHHOH x, pacCMaTpUBasi IeHCTBHe 00eHX Olepalnil Ha Cienyoline

byukuu us A: .
f=z f=y, f=uwy.

[lonHoe nuddepeHurpoBaHUEe NaeT:
Dy(z) =1, Di(y) =y, Di(zy) =y +ay"

B TO BpeMsl KaK 4aCTHble TIPOU3BOIHBIE CYTh!

0 0 (zy

P_1 Yoo (xy):y’,

Ox Ox Ox

1.4.2. IIpon3BoaHbIe BHICHIMX MOPSAKOB OT MPON3BEIECHNS U OT CJOMKHBIX

¢yuknmit. Dopmyna A5 NPOMW3BOAHBIX BBICIIMX MOPSIAKOB OT IPOU3BENEHHs

(GYHKUHE NPUMEHUMa TaKXkKe K MPOU3BOJbHBIM AH(P(EpeHIUPYyeMbIM (HYHKIHSM.
A umenHo, ecau f,g € A, Torna

D;(fg) = Di(f)g + Z g D (N Di9) + fDr(g)- (144)

BoJsee toro, cyumectByer dopmyna bpyno (Faa de Bruno (1857)) mnns Bbiumc-
JIEHUsI TIPOM3BOIHBIX BBICOKOTO MOPSIAKA OT CJAOXKHBIX (QyHKUMH. OHa o6obriaer
npaBuJio 1udepeHHpoBaHUs Ca0KHON QyHKUIKH (1.2.5). A UMeHHO, pacCMOTpUM
nuddepenunansbyo GyHkuuio suna f(y). Torma ee npousBomgHas mopsinka k

MOKeT OBbITh BbIpa>k€Ha B T€pMHUHaxX y,, oY k U
r_ 9 f”ZdQ_f f(k):dk_f
dy ’ dy2 ’ ’ dyk
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caenyroed hopMyJson:

AUWA (s)\ s (k) \ %
k(fy — k! y y y y
Dwm—szZ!...zk!f(p)<ﬁ> (5) <—|) (7) - (149

rie CyMMHPOBaHHE MPOWU3BOIUTCS MO BCEM HEOTPHIIATENbHBIM [EJNBbIM YHUCIaM
l1, ..., TaK, yto

Ly +2+ -+ Kkl =k, (1.4.6)
1 p — TIOJNIOXKHUTEJNbHOE 11eJ10e YUCJI0, PaBHOE

p=1li+lo+ -+ 1, (1.4.7)
rne [ly,...,l; ynoBaetBopsitorT ycjoBuio (1.4.6). CrnenyeT HallTH Bce pelleHHs

cucremsl (1.4.6) u (1.4.7).
Hanpumep, masi HaxXxoXKAeHHs TPeTbed MNPOHM3BOAHOM pellaeM YypaBHEHHS
(1.4.6), (1.4.7) mpu k = 3, 1.e.

ll —|—2l2—|—3l3 :3,
=141y +1s

OHHM [alT TPH CHUCTEMBI PEIlIeHUH CO CJAeNyIHUMH 3HaYeHUsiMU [, lo, I3 (0TaMY-
HBIMH OT HYJISI) U D:

), =3, p=3; 2)h=1,1l=1,p=2 3)iz=1 p=1
Taxum o6pa3om, MBI UMeeM:
DS(f) — f/l/ y/3 + 3fl/ y/ yl/ + fl yl/l
2 .
1.4.3. IuddepennuansHble (PyHKINHA HECKOJBKHX MepeMeHHbIX. [lycThb
Mbl UM€EeM JIeJIO C HECKOJIbKUMU anredpanueckd He3aBUCHMBIMH MepeMeHHBIMU:

T = {a:l}, u={u®}, u(py = {uf'}, Uy = {uf‘]}, o (1.4.8)
rIe WHIEKC ¢ npoberaer Bce 3HaueHus oT 1 mo n, a a — ot 1 mo m. Ilpen-

NoJiaraeTcsi, 4YTo MepeMeHHble u% U T.[I. CUMMETPHUYHBl 10 HHXKHEMY HHIEKCY,
T.e. uf = u%

1] Ji*
Has mo6oro ¢ = 1,...,n Mbl BBOLUM OTlepaToOp
0 o O o O
Dz—%—l—uz W+UZJW+ (149)
¥ HasplBaeM ero noaxoe Ougpgepenyuposanue 1o x'. Onepatop D; — 3TO

(opmasbHas cymMMa OecKOHeYHOro 4ucja chaaraembix. OnHako oH oOpesaercs,
HedCcTBYsl Ha /00yl (QYHKLUHMIO KOHEYHOrO YHCJ]a MEepPeMEHHBIX T, U, U(y), ...
B pesynbrate nmonHoe nuddepeHurpoBaHue [); oMHO3HAYHO OMpenesieHO Ha MHO-
XKeCTBe BCeX (PDYHKLUMH, 3aBUCALLMX OT KOHEYHOTO YHCJ/IA IEPEMEHHBIX T, U, U(]), - - -
Hanpumep, HeTpynHo yOenuThbCs, 4TO

Dz(xk) = 5Zk’ Dz(uﬁ) = uﬁ, Dl(u’g) = ufk, D; (f(u1>) = i ul

v du' "’

rie 8¥ — cumposbl KpoHekepa, 3ajiaBaeMble ¢ MOMOIIbBIO BbIPaXKEHHUI

F=1 npu i=k; ¥ =0 npu i #k.
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Hrak, xots nepemennnie (1.4.8) aseebpauuecku wezasucumol, OHU CBS3aHBI
CJeNYIOIUMH Ju@eperyuaroHoimu COOMHOULEHUSMU:

ui = Di(u®), ufs = Dj(uf) = DjD;(u®), ... (1.4.10)

1 1]

BesnuuHbl o' HasblBAIOTCH HE3ABUCUMbLMU NEPeMeHHbIMU, TOTAA Kak u®
Ha3blBAOTCH  OJudepenyuarvHoimu  nepemexrHoimMy € TIOCJAEe0BATETbHBIMH
npou3soOHbIMU  Ug', Ugy, ... TIEPBOTO, BTOPOrO M  MOCJEAYIOUUX [OPSIAKOB,
B cooTBeTcTBUH ¢ cooTHoueHussmMu (1.4.10). { HasbiBal aHAIUTHUECKYHO (YHK-
LHIO KOHEYHOrO YKMCJIa NePeMeHHbIX T, U, U(y), - .. Ouppepenyuarvrol gynryuerl.

MakcumanbHBIE TOPSIIOK p TPOM3BOAHOH, BXoasilled B auddepeHLHANTbHYIO

dynkuuo  f = f(x,u,u(y, ..., up)), HasbiBaeTcs nopsdkom 3TOH  (QYHKUHMH
u oboszHauaercss ord f. Ecau f — nuddepeHunanbHas (QyHKUHA TOpsiAKa P,
TOTJla ee TOJiIHble Tpou3BoAHble D; — nuddepeHunansbable (QYHKIHHA MOPSIKA

p + 1. MHoxecTBo Bcex auddepeHUUANbHBIX (DYHKIHUNA KOHEYHOTro TOPsIKa,
HalesNeHHbIX onepatopamMu auddepeHuurpoBanus dD; (1.4.9), HasbiBaetcs
npocmparncmsom ougppeperyuarvrolx Gyrkyull v odosHauaercs A.

1.4.4. HarnsimHOoe mipeacTaBJieHUE
anddepeHuaabHbIX ypaBHEHUI.
[lycrb F € A — nuddeperunanpuas
(hyHKUHMS MOpsSiiKa p. YpaBHEHHe

F(m,u,u(l),...,u(p))zo (1.4.11)

ornpenesisieT IOBEPXHOCTb B IpPOCTpPaH-
CTBE IMEPEMEHHBIX T, U, ..., U(y. KoHuen-
uus adpdepeHLHaNbHOrO ypaBHeHHUs 3a-
KJfouaeT B cebe JBe COBepILEHHO pa3Hble
COCTaBJISIIOILME, 3 UMEHHO:

a) nosepxnocms (1.4.11) B mpo-
CTPAHCTBE X, U, ..., U HA30BeM Kap-
Kacom Ougepenyuarvioeo ypagrenus
(cm. puc. 1.2) ),

6) kaacc peulenuil TUKTyeTCs Mmare-
MaTHUUECKUM WJH (PU3HUUECKHUM COlepKa-
HUeM IH(QepeHInaNnbHOT0 YPpaBHEHHS.

B kJaaccryecko#l JuTepaType pelle-
HUS AU depeHIHaNbHBIX  ypaBHEHUH
CBSI3BIBAJIM HCKJIOUUTEJNBHO C (DYyHKLH-
MM, AH(PPepeHIUPyeMBIMH 10CTaTOYHOE
YuCcaI0 pa3. 3ajaud COBPeMEHHOH Mare-
MaTHKU U (PU3UKH TPeOyloT, YTOObl KOHILENLMs pellleHUH Obla paclivpeHa MyTeM
paccMoTpeHusi 06obujerHblx peweHuti (pacrpefiesleHHH) BMECTO KJaCCHYECKHX
peleHuH.

Puc. 1.2. Kapkac ypaBHeHusi Pukkaru
y+y—2/2"=0, p=y

1) Kapkac (frame) npencrasasieT coGoii KpuBoMHHeE Y0 moBepxHocTh (1.4.11) B (hasoBoM mpo-
CTPAHCTBE T,U,...,U(p) U JAeT HAIJSAHOE NpeNCTaB/JeHHe 06 OrpaHHYeHHsX, HaKJAaJblBaeMbIX Ha
IBHXKeHHe H300parkalollell TOUKH 3TOr0 MPOCTPAHCTBA ITPH BHINOJHEHMH ypaBHenus (1.4.11). —
Tlpum. peo.

4 H.X. M6parumos
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PemmaromuM npremMoM, HCHOJMb3yeMbIM [/ HHTETPUPOBAHHS OOBIKHOBEHHBIX
nridgepeHUaIbHBIX YPaBHEHUH, fIBJSIeTCS yHpolleHHe (OpMBI KapKaca ¢ MOMO-
b0 3aMeHBl NepeMeHHbIX. [pynmoBoil aHanmus, BBeneHHbIH Codycom JIu, naer
MeTOJ, HaxoxJAeHUs HeoOXOOUMOH 3aMeHbl NepeMeHHbIX. [lonyuyWB MH(HUHHTE3U-
MaJjibHble CHMMETPHH, MBI TPOCTO BBOAMM TaK HasbiBaeMble KAHOHUYECKUE Ne-
pemenHble. DTO yNpOILAeT ypaBHeHUe, npeobpasdysi ero Kapkac B nuauHap. [lpu
3TOM $IBHasl 3aBUCUMOCTb OT ONHOH U3 IlepeMeHHBIX, T HJH Y, UCUe3aer.

B kauecTBe mpumepa paccMoTpuM ypaBHeHHe Pukkatu (puc.1.2). Mbl BbI-
NpsSIMAM KPUBOJMHEHHYIO MOBEPXHOCTb, M300paXkKeHHYI0 Ha puc. 1.2, B UUJIMHAD,
nokKa3aHHbIN Ha puc. 1.3. YpaBHeHue Pukkarn

2
y+y - 5=0
Xz

SIBJISIETCS] MHBAPHAHTOM TIPH PaCTsS2KEHUH
y.
¢
['pynnoBoit aHanus JIu nospossiet 6e3

TpyAa HaWTH KaHOHHWYECKHe MepeMeH-
Hble T ¥ u, ONpenessieMble 3aMeHOH

T=ar, Y=

t=lnz, u=uzxy.

B 3Tux nepemeHHBIX ypaBHeHHe Puk-
KaTu NpuoOpeTaeT BUL

W tuR—u—2=0.

Kapkac mnosyueHHOro ypaBHeHHS
B KoopauHatax t, u, u' = ¢, — napa6o-
JIUYEeCKUH TUJIUHIP q + w—u—2=0
c obpasywolelt Baoab t. Mrak, rumep-
6osndyeckuil mapaboJonn pucyHka 1.2
BBINIPSIMJISIETCST C TIOMOLIBIO Tepexona
K KaHOHHYECKHM IepeMeHHBIM.
[lomo6HbBIE mMoOAXON TNPOAYKTHBEH
IJisi BCeX ypaBHeHHH (O0OBIKHOBEHHBIX
Puc. 1.3. Kapkac ypasuenus u’' +u®> —u — W C YaCTHBIMH TPOM3BOIAHBIMH) C H3-
-2=0, ¢g=v BECTHBIMH CHMMeTpUsMHU. s 3To#
Le/1 B Halllell KHUre NpUMEeHsIeTCsl Me-
TOZ TpyNIOBOro aHa/ausa Jlu.

1.4.5. IIpeo6pa3oBanue nmpou3BoAHbIX. HauHeM co ciyuyast oqHOH He3aBH-
CHUMOH TepeMeHHOH X W ONHOU 3aBUCUMOW TNepeMeHHOH y. PaccmoTpum 3ameny

epeMeHHbIX
T=p(r,y), ¥=v(,9). (1.4.12)

Teopema 1.4.1. 3ameHna nepemeHHbix (1.4.12) npeanosaraeT u3MeHeHHe MOJHOTO

nudgepenunana:
D, = D,(y¢) Dz, (1.4.13)
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rne Dy u Dz — onepaTtopbl MoJHOTO AU(QepeHIupOoBaHUs N0 & U T, COOTBET-
CTBEHHO, U CJeAYIOlINe NPeoOpa3oBaHUs MOC/Ae0BATENBHOTO Psiia TPOU3BOAHBIX:

L De(¥) s _ Dalp)D2(%) — Da(t) () (1.4.14)

Da(p)’ [Da ()] Y
rne ¥ = dy/dz, ¥’ = dy'/dzT.

Hoka3sateabcTBo. M3menenue nosHoro nuddepeniuana (1.4.13) nosyuaercs us
nepBoro ypaBHeHus (1.4.12) ¢ nomourbio npaBuna auddepeHHPOBaAHNS CI0XKHON
¢yHkuun. Uto6el nokasaTb nepBoe ypaBHeHHe (1.4.14), moctaTouHO MPUMEHHUTH
npasusio (1.4.13) ko Bropomy ypasHenuio (1.4.12) u noayuuts D,(¢)Dz(y) =
= Dy(v). C npyro# CTOPOHBI, MOXKHO MPOBECTH CJEAYIOLIHE BHIYHUCIEHHUS:

dy _ Yedz+iydy _ (o +y'dy)de _ Yo +y'Yy _ Da(d)

Az pedz+oydy (o +y'ey)dz v +y'ey,  Da(p)

Bropoe ypaBHenue (1.4.14) u npousBopHble 60see BLICOKOTO MOPSIIKA MOJTYyUAIOTCS
TNPHUMeHeHHeM IPOLeyphl UTepaLUH:

dj _ D.(7) _ 1 D(D:Azb))
dt ~ D.(p)  D.(e) "\ Du(p) )"

IIpumep 1.4.1. [IpaBuso nuddepenurposanus o6patHoit pyHkuuu (1.2.4) npocro
BbiTeKaeT U3 opmyibl (1.4.14), mpuMeHeHHOH Moc/e 3aMeHbl MepeMeHHbIX

rT=yY, Y=2x.

JleficTBUTENBHO, MOCKOIBKY ¢ = ¥, ¥ = x, ypaBHenus (1.4.13) u (1.4.14) 3anu-

CbIBAKOTCA TakK: ,
D, = Yy Dz

COOTBETCTBEHHO.

Bepuemcs kK 061ieMy Caydar HECKONBKHUX TepEMEHHBIX U PACCMOTPHUM 3aMeHY
[NepeMEHHbIX . i
=9 (z,u), i=1,...,n, (1.4.15)

u* =9*(z,u), a=1,...,m. (1.4.16)
B nuddepeniuanbHoil anre6pe COOTBETCTBYIOIIAS 3aMeHa MPOM3BOAHBIX JIETKO
MoJydaeTcsl CJAeAyIIIMM 00pasoM. 3aMeTHM, YTO M3MeHEeHHe He3aBMCHMbIX [le-
peMeHHBIX (1.4.15) NPHBOAMT K C/EAYIOLIEMY COOTHOLIEHHIO MEX/IY MOJNHbIMH

nuddeperiupoBanusiMu D; 1 D; 10 OTHOIIEHHIO K CTapbIM M HOBBIM T€PEMEHHBIM
cootBercTBerHo (cm. (1.4.13)):

D; =Y Di(¢")D;, i=1,...n. (1.4.17)
j=l1

3arem Mbl nuddepenunpyem obe yacTu ypasHeHus (1.4.16), ucronbsys ypaBHeHHe
u = D;(u®), u, omyckasi 3HaK CyMMHPOBaHHsI, 3allHCbIBaeM pe3ysbTaT B (opme

4%
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D;(v*) = D;(¢’) Dj(u®) = ug D;(¢7). Takum 06pa3om, 3aMeHa B NPOM3BOAHBIX
epBOrO TMOPSIAAKA OIMPEAEISIETCsl COOTHOLIEHHEM

ud Di(¢’) = Di(y®), (1.4.18)

HJIN

oz’ U ouP J ot L ouP

Ocraetest pelnTh Moc/ieaHee ypaBHeHne oTHocuTesbHO Uj. IToTopHOe Hudde-

peHlMpoBaHue ypaBHeHHsi (1.4.18) mpuBoAMT K mMpeoOGpasoBaHHUSM MPOU3BOIHBIX
BTOPOTO TOPSIAKA U T. 1.

J J o a
<5i uﬁ8¢>ﬂq_8w S8

ITIpumep 1.4.2. Ilyctb ¢, * — 1Be He3aBHUCHMBble NepeMeHHble U U — 3aBUCHMasi
nepeMeHHasi. BBeleM HOBble He3aBUCHMBble NepeMeHHble T, { U 3aBUCHMYIO Iepe-
MEeHHYI0 U, HCIOJIb3Ysl 3aMeHY

T=t {=u, v=u.
YpaBuenus (1.4.17) u (1.4.18) nator:
Dt = DT + UtD,g, Dm = ung

O0=vr +urve, 1 =wuzrg

COOTBETCTBEHHO. TaKI/IM O6p330M, 3dMe€Ha HpOI/ISBOILHbIX nepBoro HOpH[LKa HnMeeT

BUJL
Uy 1

ut - T uI -
Ve Ve

1.5. BapuannoHHoe ucuuciaeHne

1.5.1. IlpyHUUN HaumMeHbLIEro AeUCTBUA. BapuayuorHnoili npuryun la-
MUABMOHA W NPUHLUUN HAUMEHbULE20 Oelicmaeus TIacuT: NBUXKEeHUe MexaHude-
CKOH cucTeMbl, ob/anamlueit kunemuueckoil anepeuet T(t,q,v) u nomenyuaio-
Hoti anepeueil U(t, q), nonunHsieTcss TpeGOBAHUIO: TPAEKTOPUH YACTHI[ CHCTEMBbI )
COOTBETCTBYIOT 3KCTPEMYMY unmezpasa oeicmaus

to
S:JL(t,q,v)dt, (1.5.1)

t
rae L(t,q,v) =T — U Ha3blBaeTCsi A1Q2PAHHCUAHOM CUCTEMBI. 31ech & — BpeMms, 3a
q=(q',...,q°) 0o603HaueHbl KOOPAMHATHI TOYEK CHCTeMbl, a v = ¢ = dq/dt — ux

ckopocTH. [leficTBHe OMpenesieHO Ha COBOKYMHOCTH (QyHKUMH ¢% = ¢%(t) Takux,
4YTO MHTErpaJ CyllecTByeT Ha MHTepBaJe ¢ <t < io.

1) Iox TpaeKTOpHAMU YACTHIL CHCTEMbl aBTOP HMeeT B BULY TPaeKTOPHH M306parKalolleli TOYKU
B MPOCTPaHCTBE KOOPAMHAT, TOUHee, 0OOOLIEHHBIX KOOPAMHAT, YHC/IO KOTOPBIX PaBHO MHHHMaJlb-
HOMY YMCJly TeOMeTPHYeCKHX MapaMeTpoB, OJHO3HAYHO ONpeesIoUX M0JI0kKEeHHe MeXaHHYeCKOH
CHCTEMbI, 1 COOTBETCTBYIOLIMX UM 0000LIEHHbIX cKopocTed. — [Ipum. peo.
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PaccmoTpyM BapuaLMio KOOPAMHATHE ¢ TOUKH, KOTa OHa MepeMellaeTcs B I10-
noxenue ¢ + 0q. [lpenmosiaraercsi, 4to mpupaieHde ecTb QyHKUUs 0g = dq(t)
Takas, 4TO OHa Maja Ha BCeM HHTepBase t| < t < ty W obpallaercs B HYyJb
Ha rpanule, dq(t)) = dq(ty) = 0. Ouddepennuposanue naer dv = d[dq(t)]/dt.

ty
DTo BbI3bIBAET CJIEIYIONLYI0 Bapualmio uHTerpana medcrsus (1.5.1): [[L(t,q +
t
+ 0q,v + 0v) — L(t, q,v)]dt. PasnoxeHHe MOABIHTErpPaJbHOrO BBIPAXKEHHs B PSf
Mo TMpHpalleHUusiM d¢ ¥ dv HaeT TJaBHYIO JHHeHHYI 4acTb S (CymMMHpOBaHHe
moa=1,...,s):
[2)

(/0L .. 0L ..,
5S_J(aqa 60 + 5 0 )dt.
t
HHTerpupys BTOpOe cjaraeMoe Mo 4acTsM, HMeeM:

t
55 - | 352 (95 o+ [Je];
1

WJIM, YYUTHIBasi TpaHuuHble ycaoBus 0q(t) = dq(te) = O:

5S:T{§T€—Dt <§TLQ)} dq™dt, rme Dt:g—l—vo‘—+i)a—-
t

Heo6xonumoe ycsoBue Toro, yto unterpan (1.5.1) npuHuMaeT 3KCTpeManbHOe
3HaueHHe, COCTOUT B TOM, 4yTo 0.5 = 0. [Tockonbky HHTepBas BpeMeHu t| < t < g
¥ MaJjible NpHpauleHus 6q% MPOU3BOJIbHbI, OTCIOA CJEIYeT:

oL oL

Huddepenunanbubie ypaBHenus (1.5.2) HasbiBaT ypasHenuamu IJirepa—
Jlaepannca. Takum o6pasoM, TpaekTopusi ¢ = q(t) MexXaHMUYecKoH cucTeMbl ')
¢ narpamxkuanom L(t,q,v) Haxomutcsi B pe3yJbTaTe pELIEHHs YPaBHEHHH
ditnepa—Jlarpanxa (1.5.2).

1.5.2. YpaHeHus Jiinepa—Jlarpanxka B ciayyae HECKOJbKHX IMepeMeH-
Hpix. CJyuail HECKOJbKHX HEe3aBMCHMBIX MepeMeHHbX T = (z!,...,2") u 3aBu-
cuMbIX (auddepeHnnanbHpX) nepeMenHbx u = (ul, ..., u™) onuchiBaeTca Moa06-
HeIM 006pa3oM. Bynem ucnosb3oBath auddepeHunanbHo-anredpanyeckue 0603Ha-

YeHUAd U TEPMHHOJIOTHIO.

1) Cm. npenpinymee npumeuanue. — [pum. peo.
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[lycts L € A — nuddepennuanbHas ¢yHKUMs nepBoro mnopsinka. [lycrsb
V C R™ — npousBosibHBIH N-MepHBIH 00beM B MPOCTPAHCTBE HE3aBUCHMBIX Mepe-
MeHHBIX x ¢ rpaHuueit OV. [Jeiicmsue ecTb UHTerpas

l[u] = JL(:U, u, u(py) dz. (1.5.3)
\%4

OH HasblBaeTCsl TaKXkKe 8apuUauuoOHHbIM uHmezpasom. Bapuauus 0l[u] unTerpana

(1.5.3), Bbi3BaHHas Bapuauueil u + h(x) OT NepBOHAYaNbHOIO 3HAUEHHs U, OIpe-

jlenisercs Kak IMaBHas JuHeiHas uyacTb (o h) muterpana [[L(z,u + h,u(+
v

+h1)) = L(z, u, u(py)] dz v umeer Bum:

51[u] :l {3_“ he 4 a—ha] da.

WHTerpupys BTOpOe cjaraeMmoe Mo 4acTsM, HMeeM:

oL oL\ ,u oL .,
5l[u]—J[W—DZ<an>]hd —|—JD <8u?h>dx'
\%4 \4

HMcnonb3ys Teopemy o nuBepreHuuu (1.3.18), moayuaem:
_ oL oL o OL o
5l[u]—J[W Dz<8uz>]hd +thvd:ﬂ,
% ov
1

rne v = (v, ..., V") — eIHHNYHAs BHeLIHsisi HOpMaJb K OV . YuuTeiBasi, 4TO HyHK-
uuu h®(z) obpaiaioTcs B HyJb Ha rpaHuie 0V, Mbl PUXOIMM K CJIEAYIOLIEMY:

5l[u]:‘J; [STLQ—DZ (;fﬂ he de.

Dyukuysa v = u(r) Ha3bIBAETCS IKCMPeMymOM BapUALMOHHOTO HMHTErpaJa
(1.5.3), ecaut 6l[u(z)] = 0 pas mo6oro oobema V' u jo6oro nHkpemenra h = h(x),
obpariuaoiierocst B Hyab Ha OV. M3 BbllienpuBeeHHOr0 BbipaxkeHUst 175 0l[u]
CJleflyeT, UTO HeOOXOIUMbIM YCJOBHEM TOr0, YTOOBI % MPUHHUMAJO IKCTPeMasbHOe
3HaueHHe, SIBJSIeTCS BBINOJIHEHHe ypasHeruil Jirepa-Jlacpanra:

oL _ oL oL
“\ ol

5 = o i

> 0, a=1,...,m. (1.5.4)

YpaBuenus (1.5.4) npencraBasiioT co6oi B 00lieM Caydae CUCTEMY 1 ypaBHEHUH
C Y4aCTHBIMH MPOU3BOIHBIMH BTOPOro Mopsiika. 0 L/0u® Ha3bIBAIOT 8APUALUOHHOL
npou3eooHoil.

3amauu K raase 1

1.1. Bo cko/bKO pas mJomianpb MOBepXHOCTH CeBEPHOH mosycdepbl 3eMau 6oJblie
MJIOIAAN €€ SKBATOPHAJbHOTO CeYeHUs?
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1.2. Hatitu o6parHble runep6o/uyeckre (GyHKLHN
a) t=arcshuz, 6) t=arcthz, B) t=arcchz,

peliasi cjeayolide ypaBHEHUsI OTHOCHTENBHO t:
el —et el —et

g eEtht=g 2
1.3. Iokasatb dopmyay (1.1.7):

z =sht =

. T
arcsinr = arctg ——-
1 — 2?2

Haiitu otHomienue, mnomo6Hoe (1.1.7), Mexmy oOpaTHbIMH THIEPOOJHUECKHUMU
dbysxkuusamu arcsh x u arcth x.

1.4. Pemuth KyOuueckoe ypaBHenue x° — 322 + x + 5 = 0.

1.5. Boiuncanth Kaxabli U3 caenywomux narerpanos (k,m > 0 — mobble LeJble
qucaa):

sin(kz) sin(mx) dz, m # k,
e

cos(kx) cos(mx) dx, m #k,

J
—T

™
r

cos(kz) sin(mz)dz, m,k=0,1,2,...,
“r

sin? (kx) dz, J cos?(kz)dz, k=1,2,....
: —T

—T

1.6. ITonyuurs pasnoxenue Maksopena (1.2.20) mast dyukuun 1/(1 — x).

1.7. Tonyuuts pasnoxenue Makiopena (1.2.34) mast pyHkunu oumbku erf (x),
ucnosib3ysi ee onpenenenne (1.1.12).

1.8. [IpoBepuTh BbINOJNHEHHE YCI0BUS (DYHKLMOHAIbHON HE3aBUCUMOCTH IS Clle-
AyOWHX GYHKUUH f, g 1 h OT Tpex nepeMeHHBIX Z, ¥, Z:

a) f: 332—3/2, QZ\/yQ—ZQ, h:xQ—zQ;
6) f=Val+yr g=vyi+22, h=a’+2%
B) f=vVal+yt, g=Vy?+22, h=2a"-72

1.9. [lponuddepenuupoatsb runepboandeckue GyHkuuu shx, chx u thae.
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1.10. [IpoBepuTh, ABASIOTCA JIM JUHEHHO HE3aBUCHUMBIMU cJefylomue QyHKLUHH:

a) yi(z) =¢€, ya(r)=e"

6) yi(x)=e", yo(z)=cha, ys(x)=sha
B) yi(z) =¢€%, yor)= , ys(xz) =shua;
r) yi(z) =€, yo(x)=chz, ys(z)=thuz;
n) yi(x) =shz, yo(r) =chz, ys3(z)=tha.

1.11. Boiuncauts: a) €™, 6) e/(7/2) p) ;.
1.12. Haiitu nuBeprenuuio V - x 1 potop V X X BeKTOpa NMOJNOKEHHUS X = (&, Y, 2).
1.13. Ilyctb ¢, ¥ U a — ckaJsipHble U BEKTOPHOE MOJISi COOTBETCTBEHHO. Bblumc-
e a) V x (V¢)=rot(grad¢),

6) V-(V xa)=div(rota),

B) V- (axx)=div(axx),

r) V x (V x a) =rot (rot a),

n) V- (¢Vy—9pVog).

1.14. Ilpeo6pa3oBaTh B MOBEPXHOCTHBIH MHTETPAJ CJETYIOUUN HHTErPaJa Mo 00b-

emMy:

J(quQ/J — VA@) dxdy dz.

i
1.15. [Tonyuuts BoipaxeHusi (1.4.14) nsis u3MeHeHHs1 TEPBOH U BTOPOH MPOU3BOJ-
HOH.

1.16. Haiitu npeoGpa3oBaHue MepBOH WU BTOPOH MPOU3BONHOH MpPH 3aMeHe Mepe-
MeHHBIX T = ¥, 7 = 1/y.
1.17. Haiitu npeo6pasoBanue TpeTbed Npou3BonHOH ¥y npH 3aMeHe mepeMeHHbIX
T =1y, == (cMm. npumep (1.4.1)).
1.18. Pemmuts ypaHenne w3 + 1 = 0.
1.19. [JoxkazaTb TeopeMy O [JIABHOM 3HAUeHHH [JIsl ONpelesieHHBIX HWHTEerpaJios:

b

Jf(x)dxzf@) (b—a), a<E<h

a

1.20. [lokasatb, uto ecau ¢(r) He MeHseT 3HaK mpu a < = < b, TO
b b

Jf(a:)g(x) dz = f(§) Jg(a:) dx, nast HeKoToporo &, Takoro, 4to a < § < b.

a a

1.21. ITonyunTth cepudeckd MHBapHUAHTHOEe pellleHHe AJs ypaBHeHus Jlamnaca,
paccmorpenHoro B mpumepe 1.3.1, nas QyHKUM# ¢ = ¢(r), yIOBJIETBOPSIOLIMX
ypaBHenut Jlansaca (1.3.20), A¢ = 0.
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1.22. Iponuddepenurposarsb ypaBHeHus (1.2.45).
1.23. Hokazatp jgemmy 1.1.1.

1.24. TlokasaTb, yTo mpeo6pasoBanue (1.1.54) orobpaxaer ypaBHenue (1.1.39)
Ha ypaBHeHue Buna (1.1.55).

1.25. B cootBercTBUM ¢ 3aMedanueM 1.1.8, snauntrdyeckue W runepbosudecKue
KPHUBBIE CBSI3aHbl KOMIIJIEKCHBIMH JIMHEHHBIMU TpeobpasoBaHusiMmu. CjenoBaTelib-
Ho, ypaBHenue (1.2.70) masi okpyxHocTed W ypaBHeHue (1.2.71) mas rumep6on
JOJKHBI ObITh CBSI3aHBI KOMIIJIEKCHBIM MpeobpaszoBaHueM. HalTu 3To KOMIJIEKCHOe
npeobpasoBaHue.

1.26. [loxasaTb mnpaBujo nudPepeHUHPOBAHUS NETEPMUHAHTOB, NPUBEIEHHOE
B pasnene 1.3.6.

1.27. CornacHo ypaBHeHusim (1.1.16), mjouiaab MOBEPXHOCTH W, €IHHUYHON
cepbl B M-MEpHOM TMPOCTPAHCTBE 3alKChIBA€TCS B TEPMHUHAX TaMMa-(QpyHKIUH
cJelYIOIHUM 00pa3oM:

24/

n
r(3)
2
[Tycts npu 3toM n =2 u n = 3. [lonyunTb WIHMPOKO HM3BECTHOE BBIpPAXKEHHE

JJI [JIMHBl OKPYXKHOCTH €JWHHUYHOTO pajlyca Ha IJIOCKOCTH WU [Ji TJIOLanx
MOBEPXHOCTH eIMHUYHON c(hepbl B TPEXMEPHOM IIPOCTPAHCTBE COOTBETCTBEHHO.

Wn,

1.28. lokasarb nepsoe ypasuenue (1.1.15), I'(x + 1) = aT'(z).
1.29. Bbluncsuts I'(—1/2).

2

e.¢]
_s? .
1.30. Bbiuncauts uHTerpan [ € * ds MOACTAHOBKOH ¢ = s* B ONpejeseHHe

0
(1.1.14) dyurunu I'(z), nonarast x = 1/2.

1.31. O6bsicHuTh, nouemy dopmysa (1.2.52) 3aMeHbl epeMeHHBIX B KPATHBIX HH-
TerpaJjiax COfep:KHUT abCoJI0THOe 3HaYeHHe gKoOuaHa J, B TO BpeMsl Kak NofobHas
¢dopmyna (1.2.11) B onHOMepHOM CJlyyae He CONEPIKMT.



[nasa 2
MATEMATHUYECKHE MOJIEJIH

Huddepenunanbuble ypaBHEHHs, B TIOJHOM CMBIC/JE CJIOBa, BO3HUKJHU
B Mmartemathke B 1680-e rompl B paborax co3marenedt anddepeHUNANbHOTO
U HMHTErpajJbHOr0 HCYHcjeHus. TepMuH Ouggeperyuarvroe ypasHeuie ObLI
BrepBble ynomsinyT [.B.Jleii6uuiem B nucbme K M. HeioTony (1676) u 3atem
MCI0JIb30BaJICsl B NyOaukauusax Jleibuuna, Hauunas ¢ 1684 roma. Hauwasa [20]
HeloToHa comep:kaT MHOTrOUHC/eHHble NU(PepeHLHa bHble YpaBHEHUS, MONyUeH-
Hble W TNPOMHTErpPUPOBAHHBIE B paMKax 3sJjeMeHTapHOH reomerpuu. C Tex mop
(opmyHpoBKa (pyHAaMEeHTaJbHbIX 3aKOHOB MPHPOABI M 3alady TEXHHKH B (opme
CTPOTMX MaTeMaTHUeCKHX MOjeJeHd 4acTo, TOYHee, NPEeUMYLIECTBEHHO M1aeTcsl
B TepMHHaX AH((epeHIHaNbHbIX YpaBHEHHH.

Honoanumenvrnas aumepamypa:. Kypaut P., Tuasbepr . [14,15], Hei-
mapk IO.M. [18], Greenberg M.D. [36], Ibragimov N.H. [40], Mapu Jx. [17,
45], Simmons G.F. [46].

2.1. Bseneuue

Juddepenunanbible ypaBHEHUs COlepKAT He3aBUCHMble H 3aBHCHMbIe Mepe-
MEeHHbIe, a TaKXKe UX MPOU3BOAHble. [0BOPSAT, YTO MU epeHIInalbHOe ypaBHEHHE
UMeeT TOPSIIOK 7, €CJIM OHO BKJIFOYAeT MPOU3BOAHbIE ITOTO MOpPsiAKa, HO He GoJiee
BbICOKOT0. Ecyin 3aBHCHMBIE MepeMeHHble IBJASIOTCS (PYHKIUSIMHU OIHON HE3aBHUCH-
MO TepeMeHHOMH, ypaBHEHHsl Ha3bIBAIOT 00bIKHOBEHHbIMU OUpDeperyuarbHblmU
ypasrernuamu (OI1Y). lupoko U3BecTHHIH BTOPOH 3aKoH HblOTOHA A/ YaCTHIIHI
BO BHellIHEM cHUJoBOM moJje F

d(mv
Q =F (2.1.1)
dt
TOYHO OTHOCHTCSI K 3TOH KaTeropuu. 3aech BpeMsi ¢ — He3aBHCHMasl NepeMeHHas,

m u v = (v',v%v3) obosHaualoT Maccy uacTuUb (B 0BlIeM c/ydae m MOMKeET

He OBbITb TMOCTOSIHHOH) W BEKTOP €€ CKOPOCTH COOTBETCTBEHHO. YpaBHeHue Hblo-
ToHa (2.1.1) — 3To cHcTeMa TpeX ypaBHEHMH MepBOro Mopsifka OTHOCHTEJbHO
KOMIIOHEHT CKOPOCTH ©°, BBICTYMAIOLIUX B POJIM 3aBUCHUMBIX T€PEMEHHBIX, €CJH
MPeANoNoKUTb, 4To cuia F 3aBucut Tosbko ot ¢ u v. OpHako eciu F = F(¢,x, v),
TO MBIl MMeeM ypaBHeHHe BToporo mopsinka (2.1.1) miasi KaxkKIo# U3 KOMIOHEHT
BeKTOpa mosioxkeHHs dactuupl X = (z!, 22, 23). JleiicTBuTensHo, paccMoTpuM Aas
MPOCTOTHI CJIyyai MOCTOSSHHOH MacChl m U TOACTABUM V = X/, IJie ITPUX 0003Ha-
yaet nuddepenuuposanre no t. Torna ypaBHenue (2.1.1) mepenuinercs B BHIe
CJeNYIOIleHd CUCTEMBl TPEX YpPaBHEHHH BTOPOTO MOPSAKA:
2
m C;T’; — F(t,x,x). (2.1.9)
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Ecau, ¢ pmpyro#i cTopoHbl, HeH3BeCTHble (DYHKIHH 3aBHUCAT OT HECKOJBKHX
He3aBUCHMBIX [epeMeHHBbIX, TO TOr[a paccCMaTpUBaeMble YpaBHEHMs COIep:Kat
He3aBUCHMBbIe TlepeMeHHble, 3aBUCHMble TepeMeHHble U X YacTHble MPOHU3BOIHbIE
1 MBI UMeeM JIeJI0 € Quppeperyuarvholmu YpasHeHUAMU C HaCMHbLMU NPOU3BO0-
Howy (U1Y). Vi3BecTHBIM TpencTaBuTe/IeEM yPaBHEHHH 3TOH KATErOPUH SIBJSETCS
ypaBHeHue [I’Anambepa /51 MaJblX MOMEPeuHbIX KoJeGaHHH CTPYHBI:

2 2

Qu 20 _ (2.1.3)
ot Ox?

rie k? — MoJOKUTebHAsA KOHCTaHTa. DTo AuddepeHnanbHoe ypaBHeHHe ¢ uacT-

HBIMH MTPOM3BOIHBIMH BTOPOTO TOPSiIKAa UMEET B KaueCTBe He3aBUCHMBIX Te€peMeH-

HbIX BpeMsi ¢ ¥ KOOPIUHATY & BIOJb CTPYyHBI. Ero Takyke Ha3blBalOT OLHOMEPHBIM

BOJIHOBBIM YpaBHEHUEM.

Mopenb MasbIX MonepeuHbX KoJeOaHHH OTHOPOIHOTO TOHKOTO CTEpPXKHS OIH-
cbiBaeTcst AU depeHHaNbHbIM YpaBHEHHEM C YAaCTHBIMH MPOW3BOAHBIMH YeTBep-
TOTO TMOPSIIKA:
P 32u+ 84u_f (2.1.4)
o Mot T .
rie f — cymMMapHasi CuJsa, IeHCTBYIOIIAsh HA CTEpXKeHb, a (i — TMOJOXKHUTeNbHas
KOHCTaHTA.

Marematuueckass monedb TemsnoBoi nupdysuu, corsacHo 2K.B.2K. Dypee
(1811), omuceiBaeTcs ypaBHeHHEM C YaCTHBIMM MPOU3BOAHBIMH, M3BECTHBIM Kak
ypasrerue menaonposodrocmu. ONHOMEPHOe ypaBHEHHE TEMIONPOBOJHOCTH HMe-

€T BU
8 Ju 2 82u .

" 5 =0. (2.1.5)

2.2. IlpupoaHble siBJIeHUS

2.2.1. Mopeaun momyasuuu. Tomac PoGepr MasbTyc, ocHOBaTe b Marte-
MaTH4YeCKOro MOJeJHpOBaHHsl AeMorpaduueckux 3anay, npemjaoxun B Ouepxe
0 NnpuHyune NONYAfYUU, KAk OHa Bausem Ha Oydyujee passumue obuecmsa
(1798) cBo#t mpuMeuaTeNbHBIN MPUHLHUI NOMY/IALHAH. MaTeMaTHUeCKH €ro Moaesb
BeCbMa IIpOCTa M OCHOBAHA HA €CTECTBEHHOM MPeJIOJOXKEHHH, UTO POCT MOIy-
JSILUK TIPONOpLHOHA/eH caMod BejuuyuHe nonynasuuu P. CooTBETCTBEHHO 3TO
(hopMmysupyeTcss B BUle oU(pepeHIHanbHOro ypaBHeHUs

% =aP, «a=const>0. (2.2.1)
Takum o6pasom, mpuHuun MasbTyca NPUBOIUT K HEOSPAHUUEHHOMY POCMY TO-

HyJIHL[I/II/I 110 9KCHOH€HU,PI3JH:)HOMY 3aKOHy:
P(t) = Pye®=10), (2.2.2)

rae Py u P(t) 0603Ha4yaoT NOMysLH0 B MHJIIHOHAX 0co0el B Ha4a bHbIH MOMEHT
BpeMeHH t =ty U B IIPOU3BOJIbHbIM MOMEHT BPeMeHH f, COOTBETCTBeHHO. [J1aBHbIN
BblBOA M3 Ouepka COCTOSJ1 B TOM, YTO IOCTPOEHHIO «CUHACT/IHBOrO» 0OLIEeCTBa
Bcerja OyleT NpensTCTBOBATh yHHMBepcasbHas TeHJIeHLHs ocoOel nomnyasiuuu 06o-
THaTb Ipyr Apyra B 6opbbe 3a CpeicTBa CYLIECTBOBAHHUS.
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OnHako BCKOpe CTajio OYeBHAHO, YTO Moaesb MasbTyca He oTpa)kaeT pealb-
HOoCcTH U TpeOyeT Mopudukauuu. BrocsencTBuu OblIO PacCMOTPEHO HECKOJBKO
MOAM(ULUPOBAHHBIX MOJeJeHd NUHAMUKM MONYJSLHWM B MONbITKE HaHTH Oosee
peaTMCTHUUHBIH 3aKOH ee pa3BUTHA. ONWH U3 HUX, U3BECTHBIH KaK L02UCMUYECKUL
3QKOH, ONUCHIBAETCS CJENYIOMIMM HeJUHEHHBIM ypaBHEHHUEM:

% =aP — p3P? o, = const #0, (2.2.3)
rie HeJMHeHHbIH uneH SP? MOXKHO HHTEPIPETHPOBATh KaK CBOETO POJA COUUANL-
Hoe mpeHue. AHalu3 3TOro 3aKOHA MOKAa3blBAET, YTO OH a/eKBATHO OIMHCHIBAET
NOMyJsILMK HaceKoMbiX. OIHAKO ero 3HaueHHe Kak O0LIero «3akoHa» pocTa Momy-
JISILMKM BeCbMa OTPAaHHUYEHO, €CJIH PacCMaTPHUBATh Y€J0BEUECKYIO MOMYJISILHIO.

Mopnenp XHIIHHKA M KepTBbl, KoTopylo mnpemmoxxkuan A. Jlotka (1925)
u B. BosbTeppa (1926), dpopmysnrpyercsi ¢ MOMOIIBIO CHCTEMbl HeJIMHEHHbBIX OObIK-
HOBEHHbIX M pepeHLHaNbHbIX YPaBHEHNE I€PBOrO MOPsAKa,

dx dy

o= (a —by)x, =

rae a, b, k v | — mosoKUTeIbHbIE KOHCTAHTHI. 31€eCh ¢ 0003HAYAET YHUCJIO XUIIHHU-
KOB, a © — HX XepTB. [Ipennosaraercsi, UTo MOMyJsILKs XKEPTB COCTABJSET BECh
3amac TMUINM JJiS XUIIHUKOB. KauyecTBeHHBLIH aHa/M3 peEIIeHHH BhIleyKa3aHHOH
CHCTEMbl MOKa3bIBaeT, HAMPUMep, uTO Jrobasi GHOJOrHUecKasi CHCTeMa, OMHChIBae-
Masi ypaBHEHUSIMH MOJeJIM XHUIHUKA U XKepTBhI (2.2.4), UMeeT B KauecTBe Mpefesa
MOCTOSIHHYIO JIUOO MEPUOAUYECKH U3MEHSIOILYIOCS MOMYJISAIHIO.

= (kz — 1)y, (2.2.4)

2.2.2. Ixkoaoruda. PaguoakrusHble oTXoaAbl. PanuoakTUBHOCTb — 3TO CJe[-
CTBUE pacllerJieHUsl 3JIeMeHTOB, 00/1afafolUX OOJBIINM aTOMHBIM BECOM, TAKHX
KaK ypaHoBble pyabl. OTKPbITHE PaJiMOAaKTHBHOCTH J1aJl0 HOBblEe 3HAHHSI, HAaTIpUMep
TI03BOJIMJIO OMPeNeIsiTh reooruueckoe BpeMs u np. VMckyccTBeHHas pagvoakTHB-
HOCTb MIMPOKO HCIOJb3yeTCs B TPAKTHUECKHUX [eJsiIX — B XHMHH, MEIHUIIHHE,
SiepHOH sHepreTuke U T.J. ONHAKO MPOMBILIJIEHHOE HCIOJNb30BaHUE SIIEPHOH
SHepruu TpebOyeT OT HACeJeHHUs BHIIOJHEHHS XKeCTKUX TpeGoBaHUU 6e30MacHOCTH
B CBSI3U C yTPO30H 3arpsi3HEHUS] MPOLYKTaMH PATHOAKTHBHBIX OTXOIOB.

MatemaTnueckoe OMuUcaHWe pafiMOAaKTUBHOIO pacrajga OCHOBAHO Ha MPeJIoJio-
JKEHUH, UTO UHTEHCUBHOCTb paclaja MpOoNopLUHOHAaJbHA KOJHUYECTBY PagHOaKTHUB-
HOTO BelllecTBa. TakuM o6pa3oM, MaTeMaTH4eckas Mojesb UMeeT Bua (2.2.1):

du
i —kU. (2.2.5)

3necs U — KOJMUYECTBO PaJlMOAKTHBHOTO BEIECTBA, MMeIOIleecss B MOMEHT Bpe-
MeHU t, a kK — TOJIOKUTesNbHasi KOHCTaHTa. PelleHue ypaBHenus (2.2.5) umeer
dopmy

U(t) = Upe Ft=t), (2.2.6)
rne Uy — HauanabHOe (t = t3) KOJMYECTBO BellecTBa. DMIHpHYecKas KOHCTaHTa
k 3aBHCHUT OT pafiMOaKTHBHBIX CBOHCTB pacrapatomierocs BemectBa. OObYHO OHa
omnpejiesisieTCsl B TePMHHAX TaK Ha3bIBAEMOTO 8pemeHu noaypacnada, onpeneds-
eMoro Kak HWHTepBas BpemeHu At =t — ty, B TeueHHe KOTOPOrO KOJHYECTBO
BelLleCTBAa yMEeHbILAeTCsl BABOE 110 CPAaBHEHMIO C MepBOHAYaJIbHBIM.
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IIpumep 2.2.1. MsBecTHO, uTO BpeMs mosypacnaga padus paBHo At = 1600
rogam. CrenoBaTe/bHO, corjacHo dopmye (2.2.6), Up/2 = Uye 109 orkyna
k= (In2)/1600 ~ 0,00043. Takim 06pa3oM, paanoakTHBHBIH pacran pamus 3a t
JIET YIOBJIETBOPSIET COOTHOLIEHHIO

In2

U(t) = UO €_mt.

2.2.3. 3akonsl Kennepa. I'paBuranuonnsiit 3akon Herotona. HabGmonae-
MOe JIBHKEHHe TIJIaHeT KaxKeTCsl HeperysaspHbIM U CJ0XKHBIM. OnHaKo B OTHAsEeH-
HOM MIPOLIJIOM ObLJIO OYEBHAHO, YTO YCTPOHUCTBO HeGeC MNOJIKHO SIBJISATH MPUMEp
MaTeMaTHYecKOH KpacoThl. DTO BO3MOXKHO TOJBKO, €CJIM IJIaHeThl ABHXKYTCS MO
KpyroBblM op6uTaM. J[peBHUe IpeKH CUMTAJNH, YTO BCe MJAHEThl, BKJOYas 3eMJIO,
nBuxkyTest Bokpyr CosiHua no okpyxHoctaM. Onnako M. Kensep ycranosui, uto
TMJIaHEThl JBUXKYTCS IO 3JJIMICAM, a He MO OKpyKHOCTsIM, U CoJiHIle HaXOAUTCS
B OOHOM M3 (OKyCcOB 3Jjunca, a He B uUeHTpe. B 1609 romy on cdopmynu-
poBaJ /Ba OCHOBHBIX IpPHHIHNA COBPEMEHHOH acTpOHOMHH: nepsviti (puc.2.1)
u emopoti (puc. 2.2) 3akornsr Kenaepa. Tpetuit 3akon Kensepa, ony6a1KoBaHHbINA
B 1619 rony, yTeepxkmaer, uto oTHomenne T2/R3 ksampata mepuoga T K Kyby
cpentero paccrosiHus R ot CosiHIA /15 BCeX MJIAHET COBMAJaerT.

7

_Mps2 Q
08 ogvros

Puc. 2.1. TlepBnifi 3akoH Kemniepa: op- Puc. 2.2. Bropoii 3akoH Kensepa: mijo-

OUTOMN TJIAHETHI SIBJSIETCS AJJINIC, B Of- (a1, OMeTaeMble 32 PaBHBIE HHTEPBAJIbI

HOM H3 (DOKYCOB KOTOPOTO HaXOIHUTCH BPEeMeHH JIMHHeH, coenuHsomel CosHie
ConHue U IJIaHEeTY, PaBHBI MKy cO00H

3akonbl Kensiepa cBopsiT 3amady o ABMXKEHHH IJIaHET K T€OMETPHUU U OTKPHI-
BalOT HAa HOBOM ypOBHE MaTeMaTHYecKyl0 rapMoHHi0 nmpuponabl. C mpakTHYeCcKOH
TOYKH 3PEHHSsI CYILEeCTBEHHO, 4To KemnJiep moiydus OTBET Ha BOIPOC KAK IBUXKYTCS
NJaHeThl, OCHOBBIBASICb HA SMIHUPHUECKONW acTpoHOMHH. ['eomerpusi Hebec, omu-
caHHasi 3akoHamu Kemnsepa, 6pocusa BbI30B y4eHbIM, N0OYKAash UX OTBETHTb Ha
BOIIPOC: no4emy TJaHeThl NOMYUHSAIOTCS 3TUM 3aKoHaM. [ 3Toro notrpe6osanoch
U3y4yuTb AuHAMUKY CosiHeuHOH cucTeMbl. OnncaHue TaKOH IMHAMHUKH MPENJIONKHI
lFanuneo lanuneit, a HetoToH B cBoux «Hauanax» noses ero 1o ypoBHSI COBpeMeH-
HOH MeXaHHKH.

B cooTBeTCTBUMM C I'paBUTALMOHHBIM 3aKOHOM HbIOTOHa cuJsa TMPUTSXKEHHUS
Mexxny CoJiHLEeM U MJaHeTOH MMeeT BHJ

F=Sx a=-GmM, (2.2.7)
T
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rie G — yHUBepcaJ/bHas IpaBUTAlMOHHAS MOCTOsSIHHAS, M U M — Macchl TJIaHEThI
u CosHIla COOTBeTCTBeHHO, X = (x!, 2%, 23) — panmyc-BeKTOp MaaHeTh, KOTOPYIO
MBI CUHTaeM TOYKOH, a 7 = |x| — paccrosuue miaHetsl oT Cosxua. Takum
o6pasoM, npeHebperast nBrkeHurem CoJiHIA O] NeHCTBUEM TPUTSIKEHUS TJIAHETHI,
noslyuyaeM U3 BTOporo 3akoHa HbtortoHa (2.1.2):

2
m x _a X, « = const. (2.2.8)
dt? s

3anaua WHTerpupoBaHusl ypaBHeHUWH (2.2.8) HOCUT Ha3BaHWe 3adauu Kenae-
pa. HeloToH monyunn 3akoHbl Kemsepa, pemasi nuddepeHnuasbHble ypaBHe-
Husa (2.2.8). OmHako MOXKHO TOKa3aTb, UTO 3akoHbl Kemsjepa $IBAsOTCS mpsi-
MBbIM CJIECTBHEM CIEU(PUIECKHNX CHMMETPHUEH HbIOTOHOBBIX TPAaBUTALMOHHBIX CHJI.
B gactHoCcTH, mepBbIii ¥ BTOPOH 3aKOHBI Kemsiepa MOTyT ObITh MOJY4YeHbl, MUHYS
UHTErpUpPOBaHHe HeJHHEeHHbIX ypaBHeHHH (2.2.8), U3 yC/JOBHE COXpaHEHHUsS IBYX
BEKTOPHBIX MOJIeH, a UMEHHO M3 COXPaHEeHHs YIJIOBOIO MOMEHTa

M =m(x x v), (2.2.9)

rae v =X = dx/dl — BEKTOp CKOPOCTH, H COXPaHEHHS BEJHMUYHHBI, H3BECTHOH KaK
BekTOp Jlamnaca o
A=[vxM+ —-x. (2.2.10)
r

2.2.4. CroG6ogHoe mageHue Teja BOMM3U 3emau. PaccMoTpuM cBOOOAHOE
najeHue Teja B TPEAINOJOXKEHHH, YTO NPUTSKeHHe BOJIM3M 3eMJIM MOCTOSHHO U
4TO CHJIa TSXKECTH — eNMHCTBEHHasl CuJia, NeHCcTBymoulas Ha 3to Teqo. [lyctb
m = const — Macca o6bekTa, h — ero BbicoTa Haja 3eMmJiel, t — BpeMs U

g~ 981 cm/c?

— yckoperue epasumayuu B6au3M 3eMsd. B 3THX 0603HaYeHUSIX TPaBUTALUOH-

Has cuna ectb F' = —mg u ypaBHeHue HpioTona (2.1.2) 3anmucbiBaercsi B BHIE
@Ch_ _
az — 7
910 — ypaBHeHue B ¢opme (1.2.60) c¢ xoHcraHTo# f = —g. CremoBaTesbHO,
uHTerpuposanue (1.2.61) naet
h=—58+Cit+ 0.

[Tonarast 8 3ToM pemenun ¢ = 0 u BbUMCHAs cKopocTb v = h' = gt + Cy, Mbl
BBISICHSIEM (DU3MUECKHUH CMBICJ KOHCTAHT MHTErpupoBaHus, a uMeHHo, Cy = hy —
3TO HayaspHOe MoJioxkeHHe Tesa U (| = vy — ero HavyasnbHas CKOPOCTb. TakuM
06pa3oM, TpaeKTOpHs MaJeHHs Teja HaXOLUTCS TaK:

h:—%ﬁ+mﬁ+h@ (2.2.11)

Yupaxuenue 2.2.1. [lyctb Tesio magaeT M3 cocTosiHus nokos (vg = 0) ¢ BBICO-
Thl hg. HalineMm KoHeUHYI0 CKOPOCTb ¥y, T. €. CKOPOCTb, C KOTOPOH TeJO AOCTHTHET
SeMJH.
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Pewenue. Cornacuo dopmyne (2.2.11), h = hg — gt*/2, v = —gt. ObosHa-

yasi t, MOMEHT BpeMeHH, Korma Teso mocturHer 3emau (h = 0), U v, — ero
CKOPOCTBb B 3TOT MOMEHT, MOJYYaeM: Vs = —(ty, hg = th/Q, OTKYy[a, UCKJIIOUUB Ty,
HMeeM:

vy = —v/2ghg . (2.2.12)

[losiBNeHHe 3HAaKa MHHYC OTpaxKaeT TOT (paKT, YTO OCb h HampaB/ieHa BBepX OT
TIOBEPXHOCTH 3eMJIH, B TO BpeMsi KaK TeJo MajaeT Ha 3eMJIi0.

2.2.5. Mereopoun. I[lageHue npotskeHHOro Tesa (MeTeopoupa) AO TOro,
KaK OHO Bo#meT B aTmMocdepy 3eMJH, onpenessieTcss BTOPbIM 3aKOHOM THHAMHKH
Herotona (2.1.1) ¢ yueToMm ycTaHOBJIEHHOTO UM 3aKOHa 0bpamHoeo Keadpama,
B COOTBETCTBHH C KOTOPbIM METEOPOHUI U 3eMJisl TIPUTATHBAIOT APYT APyTa C CHUJION
F =GmM/r?, rne

G =6,67 x 1078 cm®/(r - ¢?)

— YHHUBepcasbHasi IPaBUTALMOHHAs NOCTOsiHHAst, m ¥ M 00603Ha4alT Macchl
MeTeopouaa M 3eMJIM, a © — pacCTosiHMe Mexay Hux HeHtpamu. [lycts R o6o-
3HauaeT paauyc 3emsd. Torna 3HaueHHe MPUTATHBAIOLIEH CHJBI Ha TTOBEPXHOCTH
3emsu ectb F' = GmM /R?. C 1pyroii CTOPOHEI, CH/Ia PUTSKEHHs BOIM3H 3eMJIH
(T.e. sec Tena, MMelOLIEr0 Maccy m) 3amuceiBaetcss Kak mg. Orciopa cienyer
ypaBHenue mg = GmM/R?, win GmM = mgR?. CnenosatenbHo, 06beKT MpH-
TaruBaetcs K 3emse ¢ cunoil F = mgR?/r?.

Macca m mereoponaa NMOCTOSIHHA [0 €ro BXoda B 3eMHYyI0 aTMocgepy. Bynem
npeHe6peraTb CONPOTHBJIEHHEM CPelbl U Mpearno/araTh, YTO Macca MeTeopoua He
H3MeHsIeTCsl Ha BCel TPaeKTOPUH ero naneHus. Torma ypaBHeHue (2.1.2) 3anuier-
csl CJIeLYIOIUM 06pa3oM: P gR?

dt? r?

3HaK «MHHYC» TOSIBHJICS B CBSI3H C TeM, YTO BEKTOp I HAaMpaBJieH OT 3eMJH

K METEOpPOMAY, TO €CTb MPOTHBOMNOJOXHO HANpPaBJEHHUIO CHJbl TPAaBUTALUOHHOTO
MIPUTSKEHUS.

(2.2.13)

Ynpaxknenue 2.2.2. [lonusuts nopsigok ypasHenus (2.2.13).
Pewenue. 3anuceiBas dr/dt = v(r) u 3ameuast, 4To
Pr  dvdr  dv _ 1d(v?)
o ard e ar
nepenuieM ypaBHeHue (2.2.13) B dopme
d(v®) _  2gR*

dr o 7"2
I/IHTeI‘pI/IpyEM 9TO ypaBHeEHHE, NpUHKMasd BO BHUMaHHe, YTO B HAlIUX o603Haye-

HHUAX CKOPOCTb OTpHULATeJIbHA, U MOJYydaeM:

2
v:—\/@—l—(ﬂ C = const. (2.2.14)

Ynpaxuenue 2.2.3. HaiiTu KoHeUHYI0 CKOPOCTb ¥y (T.€. CKOPOCTb Ha MOBEPXHO-
CTH 3eMJIM) METEOPOrIa, MafaoIero H3 6eCKOHEUHO yIaleHHOH TOUKH, B KOTOPOH
OH HaxOJMJICS B MOKOeE.
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Pewenue. BolunciuM cHaua/la KOHCTAHTY MHTerpupoBanus B (2.2.14) B mpenro-
JIOXKEHUH, UTO mepBoHauasbHo (¢ = 0) meteopoun mokouscs (vg = 0) Ha paccro-
SIHUH 1 OT 1eHTpa 3emau. [lonaras ¢t = 0 u, caemosartesbho, v = 0 B (2.2.14),
nonyyaem C = —2gR?/ry, u dopmyna (2.2.14) nprobperaeT BUA:

v:—R\/% e

1 1
r To
[Tonarasi 7g = 0o u r = R, nojiyuaeM KOHEYHYIO CKOPOCTb:
Vs = —1v/29R. (2.2.15)

Takum 06pa3om, METEOPOU HOCTUTHET MOBEPXHOCTH 3€MJIH C TOH e CKOPOCThIO,
Kakyio OyaeT HMeTb TeJo, Majaillee ¢ BBICOTH hg, paBHOH pamuycy R 3emin
(cpaBHuTe (2.2.15) ¢ (2.2.12)).

2.2.6. Monens nageHus goxasa. Vnes npensoXuTb NPOCTYI0 MOAENb 3TOTO
TPUPOAHOTO SIBJIEHUS] MPHUIJA MHE B TOJIOBY BO BpeMsi MoJjeTa Ha HeOOJIbIIOM
a’poriaHe CPeid TOJNCThIX 00JaKOB MPUUYAJHBOH (Gopmbl Hax Adpukoil.

Jnst Hayasa mo3BoJibTe MHe COOOLIUTDE HEKOTOPhIE CBelleHHs 00 obsakax, Heob-
XOUMble Ha MepPBOM CTaauM BbIOOpa TpejJjiaraeModl Mojiesad. TUnW4yHasi TOJIIMHA
00J/1aKOB, CIOCOOHBIX BBI3BATb ocagku, or 100 M mo 4 KM, HO OYeHb TOJICTHIE
(doacdesvie obraka) moryt nmocturatb 20 kM. Kak ynpolieHue, HeoOXomumoe
JJIs1 TIOCTPOEHHsT MaTeMaTH4ecKOH MONeNH NOXKJsl, JaBaiTe NMpeNCcTaBUM JBe TO-
cJenoBaTeibHble CTaiuH sBJeHWs. Ha mepBo#l cTaiuu MPOUCXOOHT CKONAeHue
dodxcdesuix kaneav 8 obraka, a Ha BTOPOH — naderue Kaneav 00305 8 8030y xe.

1. CKOTIIEHUE KATIEJIb. C60p MOXKIEBBIX Kanesb B 00/aka OyleM MOJIeJHPOBaTh
CBOOOAHBIM NaJeHHeM K 3eMJie c(pepruuecKOd MaccChl BOABI BO BJIAXKHOU aTMoc(epe
noJ JeHCTBHEM IPaBUTALUOHHOH CHJIBI.

Macca m kaniu yBeJWYMBaeTCs 3a CUET KOHAEHCALMH C HHKPEMEHTOM,
MPOMOPIIMOHAIbHBIM  BPpEMEHH W IJIOLIAAM TIOBEPXHOCTH Kallh, TO €CTh
dm = 4rkr®dt, rne r — pagMyc KamiM M k — SMIHpHYecKas KOHCTaHTa.
C npyroii cTopoHBI, Macca cdepruuecKoil Karnau Bojsl (C MIOTHOCTBIO p = 1) paBHa
m = 47rr3/3, oTkyna dm = 47r? dr. CaenoBartenbho, dr = kdt, u BTOPOH 3aKOH

Herorona (2.1.1), B xotopom F' = —mg, 3anuiiercsi cJAeAyHOLHAM 00pa3om:
d(riv) 3
k L (2.2.16)

Pemienue storo mudepeHHanbHOTO ypaBHEHHS, yIOBJIETBOPSIOlee HAUAJIbHBIM
YCJOBUSIM U = ¥y NPU T = T, UMEET BUJ

4 3
gT T T
L <1_g>+rgv0. (22.17)

r

Tunuunas xanenpka B o6/ake nMeeT paguyc ro ~ 10 MKM, B TO BpeMsl Kak
y Kaljau OOoxXKAs, AOCTHramollel 3emsud, paguyc okono 1 mm. Ilpenmosoxkum, urto
B HallleHdl YNpolLIeHHOH MOAeNH HavyaJbHBIH paguyc ry Kamnjau npeHebpeXnuMo mall.
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Torna mer moactaBum ro = 0 B pemenue (2.2.17) u noayuum v = —gr/(4k).
C yuerom TOTO, YTO 7 = kt, MBI MOXKEM HAINHCATh

1
v=—g gt. (2.2.18)

Wrak, BennunHa |v| CKOPOCTH HOXKAEBBIX Kalesb Ha CTaAHM 00pa3oBaHMs 00JaKa
BO3pacTaeT JIMHeHHO BO BPeMeHH.

2. TTADAOIWWA NOXKJb. DTa CTaaus MOAeJHUPYeT MajeHHe NOXKAEBbIX Karesb
B BO3ayXe K 3emJe. JlomycTUM, 4TO HAa 00BEKT OEHCTBYIOT TOJBKO CHJIBI TPaBUTA-
UM U CONPOTUBJIEHHS BO3[yXa, a OCTA/JbHBIMU CHJaMM, K NPUMepY, CBA3aHHBIMU
C UCMapeHHeM Najawoulel Kanau, OyneM npeHeOperars.

[Tyctb comporuBienue f(v) 3aBUCHUT TOJBKO OT CKOPOCTH v Kamesb. O603Ha-
YMM M Maccy I0XKIeBOH KalJli B MOMEHT, KOrla OHa MokujaaeT obJaka, U Ipen-
MOJIO’KUM, 4TO OHa OCTaeTCss HEM3MEHHOH BO BpeMsi manaeHusi, m = const. Torma
CKOpOCTb [0XKIeBOH KallJd ollpeleJssieTcsi, COIJIaCHO BTOPOMY 3akoHy HbioToHa,
Iu(depeHLIHalbHBIM ypaBHEHHEM [IepBOro MOpsiAKa:

m% =—mg+ f(v), (2.2.19)

C HayaJbHBIMH YCJIOBHUSIMH
v‘t:t* = Uy, (2.2.20)

rae 0603HaueHHe |¢—¢, OKA3bIBAET, YTO BeJHUMHA BBIYUC/SIETCS B MOMEHT t = t,.
3nech t, — MOMEHT, KOIJla 10XKJeBasl Kaljs MOKHAaeT obsaKa, a vs — KOHeuHas
CKOpPOCTb B 3TOT MoOMeHT. [lpu ycnoBuu, 4TO ¢, W v, HaHOEeHbl M3 pelLleHHUs
3a/laud Ha MepBOH CTAfMH, MBI [I0Jy4aeM CKOPOCTb HOXKAEBBIX Kamesb C MOMOLILbIO
pelueHus 3adauu ¢ Havwarvhoim ycarosuem (2.2.19), (2.2.20).

OO6bl4HO TIpenmnosiaraeTcsi, 4YTO COMPOTHBJEHHE BO3AyXa MPOMOPLHOHANBHO
KBaJpaTy CKOPOCTH MafalolIero 00beKkTa, eciiu 00bEeKT «He CJAUIIKOM MaJj» U eC/n
€ro CKOpPOCTb MeHbllle, UeM CKOPOCTb paclpoCTpaHeHHs 3ByKa B cpele, HO He
6eckoHeuHo MaJja. OmHAKO TIpU ONpeleseHHBIX YCJOBHUSAX COMPOTHUBJIEHHE BO3-
IyXa MOXKHO TaKKe alMpoKCHMHUPOBATb JHWHEHHOH (QyHKUHEH ckopocTH. Takum
o6pa3oM, JOMYCTHMO paccMaTpPUBaTb B KauecTBe OOOCHOBAHHOHW MO AOXKIS
CJIeyIOILYI0 MPOCTyo (opmy ypaBHeHHs (2.2.19):

d
md—: = —mg — aw + fv?, (2.2.21)
rme o« >0 u >0 — sMOupUuecKHe KOHCTaHTH. BbIGOp 3HAKOB OTpakaer

TOT (PaKT, 4YTO CONPOTHBJEHHE BO3[AyXa MPOTHBOMOJOXKHO CHJE TAXKECTH M 4TO
CKOpOCTb V HallpaBJjieHa BHU3, a BblOpaHHas KOOpAHHATa — BBEpX.

2.3. Pusuka U TeXHUYECKUe HAyKH

2.3.1. HeloToHOBa Mofeab oxjgaxkKaeHus. $fBieHHe oxJaxkKaeHus (Harpesa-
HHsI) C TOMOILBIO OKDY»Kalolled Cpelbl IIMPOKO HCIOJb3YeTcsl B IMOBCEIHEBHOM
KH3HH. MOXKHO MOTPY3UTh HEKOTOPOE TeJIOo IJsi ero OXJaKJIeHHsl (HarpeBaHHs)
B Cpely, TemmepaTypa KOTOpOi Huke (Bblllie) TeMmepaTypbl Tesa. Posb cpembl
MOKET BBITIOJIHATb OKPY2KAIOILIKE BO3AYX, 60Jbllasi X0J0[HAs BaHHA, HATOMJIEHHASs

5 H.X. H6parumos
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nedb W Mp., B TO BPeMsl Kak TeJOM MOXeT ObITb TEPMOMETD, ropsiyasi MeTaJaude-
CKas MJacTHHa, Tpebyollas oxJaxKIeHHs, NJa3Ma KPOBH, XpaHsasics MPpH HU3-
KOH TemmepaType, KOTOPYIO HeOOXOAUMO HarpeThb Mepel HUCIO0JAb30BaHHEM, MOJIOKO
Ul Apyrue xuakoctd. Ilpennosaraercs, 4To MOXHO NpeHeOpeub H3MeHEHUEM
TeMmnepaTypbl 1 pesepByapa, NPOUCXOASAILHMM IPH MOTPYKEHHH B Hero TeJsa, TO
ecTb cuuTaTth I = const uau, B 0OlIeM caydae, cuuTaTh 1’ 3afaHHOH (PyHKIHEH
Bpemenu 1'(t). [Ipennosiaraetcsi Takke, YTO TeMIepatypa T MOTPYKEHHOrO TeJsa
OIHA U Ta XK€ BO BCEX €ro YacTsiX B KaxAblH MOMEHT BpPeMeHH, TaK uTo 7 = 7(t).
Torna To, UTO M3BECTHO KaK 3aKOH oxaancOenus Horomona, COCTOUT B TOM, UTO
CKOPOCTb M3MEHEHHUs T MPOMOPLHOHANbHA pa3HocTH Temnepatyp 1" — 7. HbioToHOB
3aKOH OXJIaXK[IEeHHUSl 3alUCBIBAETCA B BUIE CJAEAYIOIIET0 OOBIKHOBEHHOro AUdde-
PeHLMaJIbHOTO ypaBHEHUS NepBOro MopsiakKa:

dr

dt
roe k — moJoxKuTe bHAash KOHCTAHTA, 3aBUCSLIAs OT COCTaBa MOTPYKEHHOTO TeJsa
U OT CBOHCTB OKpyXKalolleH cpembl.

k(T — 1), (2.3.1)

IIpumep 2.3.1. Xopowuii npuMep mnpeacTasJseT coboil macrepusauus. Hamowm-
HHUM, UTO MAaCTepU3aLH{si — 3TO YaCTHUYHAS CTEPUIN3ALMS MOJIOKA 6e3 KUISTYeHHSs.
Ona ocnosana Ha otkpoiTiH Jlyu [lacrtepa, cornacHo KOTopoMy MHKPOOBI B MOJIOKE
BPEMEHHO TepsIOT >KU3HECNOCOOHOCTb, €CJMM KaxJAas 4dacTHULa MOJIOKa Harpera
1o 64 °C, a 3aTeM MOJIOKO MOIBEPTHYTO OBICTPOMY OXJaXKAEHHIO.

[IpencraBum cebe, uTo 0Opa3oBaHHBIN (pepMep pellu BIepBble acTepH30BaTh
MOJIOKO, HO, K COXKaJleHHI0, 0OHapy»KuJ/, UTO ero TepMoMeTp pasout. Ilockosmbky
MBI MeeM Jiesio ¢ 06pa3oBaHHBIM (PepPMEPOM, TO MOXKEM MPEACTaBUTh cebe, UTO OH
peIINT 3a7adyy HarpeBaHHs MOJIOKA TOYHO 10 64°, HMess B CBOEM pacHopsiKeHUH
TOJIBKO TJITY U 4Yacbl. BmMecTo pasburtoro TepmMomMeTpa OH BOCIHOJb30BAJCS ypaB-
HeHueM (2.3.1) caenywomumM o0pa3om.

BHauasie depmep onpenenun Kospouuuent k. s 3TOro oH MOCTaBUJ YaLIKY
MOJIOKA, MMEIOIIEro KOMHATHYyW TemmepaTtypy 7o = 25 °C, Ha NJHTY, YCTaHOBHB
tremnepatypy 17 = 250 °C u momoxknaj, Moka MOJIOKO 3aKHUMUT. [Ipeamosoxum,
MOJIOKO 3akureso 4yepe3 15 muHyt. [lasee, mycTb TeMmmepaTypa KHUIEHHS MOJIOKa
paBHa 90 °C, u depmep HCrob30Bas pelieHre ypaBHeHHs (2.3.1):

r=T-—Be ", (2.3.2)

B navanbHbél MOoMeHT (f = 0) 3TO ypaBHeHue ympoiiaetrcs no 25° = 250° — B,
YTO MO3BOJISIET BEIUUCJAUTD KOHCTAHTY UHTEerpupoBanus, B = 225°. Torpa peueHue
B MOMEHT ¢ = 15 MMH JaeT ypaBHeHHUe:

90 = 250 — 225 ¢~ 19%

B KOTOPOM MBI paccMaTpuBaeM TOJBKO YHCJIOBbe 3HaueHHsi. CiienoBaTesbHO,
15k = —1n(160/225), uau k =~ 34/1500. B utore (2.3.1) npuBoAHUT K caenyoiuei
(opMmysie AJIs TeMmIepaTypel MOJIOKa, MOMELIEHHOrO Ha [JIMTY IPH TeMIepary-
pe 250°:

T = 250 — 225 ¢~ 4/1500.
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[Tpu 7 = 64 ona naer —34t/1500 = In(186/225) ~ —0,19, otkyna t ~ 8,4 muH.
Takum oGpasom, (epMep IO/KEH HarpeBaThb MOJIOKO Ha IUIMTE B TedeHHe 8 MHH
24 c npu temnepatype 250 °C.

HeoTOHOB 3aKOH OXJ/1aXKAeHHsl, NPUO/IHKEHHO aalTUPOBAHHBIA K peasbHbIM
YCJIOBUSAM, TPUTONEH MJis MOAEJUPOBAHMS, HampuMep, NHHAMHKHU TeMIepaTypbl
BO3lyXa B 31aHHU. B camom pese, mycTb TemmepaTypa BHYTPH 3[aHUS T —
HeusBecTHas (yHKuus Bpemenu t. Ilyers T = T(t) — remmeparypa cHapy-
KM, paccMarpuBaeMasi Kak 3ajaHHas (yHKuus. BHavyasne 3amMeTuM, 4TO 3aKOH
Heiotona (2.3.1), rme k — noaoxcumensbrass KOHCTAHTA, HAXOIUTCH B COTJIACHH
C €CTEeCTBEHHBIM OXHIAHMEeM TOro, 4To TeMIepaTypa BHYTPH T YyBeJUYMBAETCSs
(dr/dt > 0) npu T > 7 u ymenbiuaercs (dr/dt < 0) mpu T < 7. Koncraura k
¥MeeT pasMepHOCTb ¢! M 3aBHCHT OT KauecTBa 3/aHHS, B YAacTHOCTH OT ero
TepMon3osinuu. B obmem caydae, 0 < k < 1, u oHO GeCKOHEUHO MaJjo MJs
UleasbHO H30JHUPOBAHHBIX 3MAHUH.

[Ipenmosiokvm, 4TO B 34aHUM €CTb PaaUaToOp W BO3AYLIHBIH KOHIULIHOHEp.
O6o03Hauum H (t) CKOPOCTb yBeJHUEHUS] TEMIIepPaTypbl BHYTPH 3/1aHHsI, CBSI3aHHYIO
¢ paboroii paguatopa, 1 A(t) — ckopocTh H3MeHeHHUsT (yBeJaUUEH s UK yMeHblie-
HHS) TeMIepaTypbl, CBSI3aHHYI0 C paboTOH BO3AyIIHOro KoHaWLHOHepa. [Ipenrmo-
Jlarasi, YTo TOJbKO 3TH (DaKTOPHI BJMSIOT HA TeMIEPaTypy B 34aHHUH, MBI IOJyyaeM
crenyolLyo MoaU(UKALHIO0 HPIOTOHOBA 3aKOHa oxJsaxaeHus (2.3.1):

% — K[T(t) — 7] + H(t) + A(t). (2.3.3)
B kauecrtBe mnpumepa ypaBHeHusi (2.3.3) npu ycmoBuu A(t) # O nasaiite
MPEeANoIOKUM, YTO Meub HarpeBaeT 3/laHHe C 3afaHHOM ckopocThio H(t) > 0 u
4TO 3/laHHe CHa(XEeHO TepMOCTaTOM MJisi MOJAEPXKaHHs BHYTPHU Hero »KesaeMo#
(kpumuueckoil) Temnepatypsl T.. Eciu
peasbHast Temmeparypa T(t) Bbllle T,
BO3LYIIHBI KOHIWLHOHED OXJaXKIaeT
BO3IYyX, B MPOTHBHOM CJlyyae — HeT.
Torna A(t) = l[r. — 7|, rtne | — mnoso-
JKUTEJIbHBIH IMIUPHUECKUH MapameTp, H
ypaBHeHHe (2.3.3) 3amuchIBaeTCs TakK:

0 = KT () — 7] + H(®) + Uz — 7]
(2.3.4)
¢ 3ananubiMu QyHkuusivu 1(t) u H(t) u
KOHCTaHTaMu k, T, (.
[TpencraBuM crenyOIIYI0 CHTYaLMIO.
B Tuxu#i XOJIOZHBIH 3HMHHH Beuep,
KOrZa CHapyxKW TeMIepaTtypa yIoep:KH-
Ba/jacb IIOCTOSIHHOH Ha ypoBHe Ty =
= —10 °C, 3/eKTprUYecTBO B BalleM IOMe
OTKJ/IIOYUJIOCh POBHO B t( =0 4acoB. DTO BbI3BaJO MpeKpalleHHe paboThl BalIero
Harpesare/si U KOHAMLHOHepa Ha BCIO Houb. [Ipeamosiokum, uTo Temmeparypa
BHYTPH B 3TOT MOMeHT tg = 6 Obiia 79 =25 °C. K coxaJsieHHuto, 1Bepb U OKHa Ba-

-

5%
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ILIeT0 3[aHUs He OB XOPOLIO TeINJI0U30/11poBaHbl. Kak cienctsue, notpe6oBascs
TOJIBKO 4ac, uToObl TeMIepaTypa B nome ynanaa go 7 = 19,5 °C.

Ynpaxxuenue 2.3.1. Kakas temnepaTtypa B cnasbHe B 64acoB yTpa, ecJid Mpen-
MOJIOXKHUTDb, UTO CHapY:KH BCIO HOUb JAepxkKaJnach Temmneparypa To=—10 °C?

Pewenue. CoriacHo ycJOBHSIM 3afaud, Mbl MOXKeM MPUMEHHUTb HBIOTOHOB 3aKOH
oxnaxnenus (2.3.1). Ero pemenne naetcst popmyioit (2.3.2),

7(t) = Ty — Be Ft.

[oncrasass t = tg, Mbl uMeeM 25 = —10 — Be #0 pyau B = —35¢€F. Torpa
(8 °C):

7(t) = —10 + 35 ¢kt
Yeaosue T‘t:toﬂ = 19,5 npuBomur Kk 19,5 = —10 + 35¢F, oTkyna k =
=In(1,18) ~ 1/6. Urak, TemrnepaTypa BHyTpPU 3[aHUsT U3MEHSIETCS 10 3AKOHY

T(t) = =10+ 35 -0)/6 0 <t < ¢y
B wactHocTH, TemnepaTypa B t = t; = 6 yacoB yTpa paBHa —9,25 °C (cMm. puc. 2.3).
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Puc. 2.3. K ynpaxHenusim 2.3.1 u 2.3.2

Ynpaxuenue 2.3.2. Ilyctb npu coxpaHeHHH ycJoBUH 3anauu 2.3.1 Temnepatypa
CHapy»KM yBeJjuuuBasacb paBHoMepHo oT —10°C B 6 uacoB Beuepa mo +8 °C
B nosHoub. OmpenennM H3MeHeHHE TeMIepaTypbl BHYTPH CHNA/JbHH B TedyeHHe
3TOr0 BPEMEHH.

Peuwiernue. Tlpunumasi, uto ko3hdUUHEHT k 1/ Hallero 3haHUs paBeH k =
= 1/6 1 4TO U3MeHeHHe HAPYXKHOH TeMIepaTypbl MPOUCXOAUJIO0 Mo 3akoHy T'(t) =
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=—10+3(t—t1), t; <t <tg, tme t] =6, ty = 12, U pemasi COOTBETCTBYIOLIEE

ypaBHeHue (2.3.1),
dr 1

dat 6
Mbl TIOJIyUHM CJIefylolllee H3MEeHeHHe TeMIepaTypbl BHYTPU 31aHus (cM. puc. 2.3):

T=—28+3(t—t)+2275e /61 <t <t

[—10+3(t — ;) — 7],

Ynpaxuenue 2.3.3. Ilpeanosoxum Tenepb, uTo MoAoOHas aBapusi CJAY4YHJACh
B tp = 6 yacoB Bedepa, KOTha TeMIlepaTypa Hapy»KHOro Bo3ayxa Owuia +8 °C,
a 3ateM oHa yMeHblugaack 1o —10 °C k ¢; = 6 vacam yrtpa. Haiinem nameneHue
TeMIepaTypbl B BalleM TOMe 33 HOYb.

Pewenue. B oTivuue oT mpeiblayliero c/aydas, 3[echb TeMIepaTypa CHapy»H
M3MeHsleTCsl HePaBHOMEPHO U yIOBJIETBOPSIET 3aKOHY

T(t) =8~ 2 (t o),
rae tg < t < t1. YpaBuenue (2.3.1):
dr 3
MMeeT oblliee pelleHre

(t—to) — Be™™,

NO| W

3

rie B = const. HauanbHoe ycioBue T’t:to = 25 pmaer B = % - 17) eto.

Mbi 3HaeM W3 yrnpaxkHeHus 2.3.3, 4TO 1Jisi paccMaTpuBaemoro 3naHusi k = 1/6.
CnenoBaresbho, B = —8¢'0/6 Takum 06pasom, n3aMeHeHHe TeMIepaTypbl BHYTPH
nomeleHusi B Tedenue Houd (B °C)

T(t) =17 — g (t —to) +8e~E0/6 15 <t <ty

B uactHocTH, Temneparypa B t| = 6 uacoB ytpa O6ynet okoso 0 °C (cm. puc.2.4).
Ynpaxnenue 2.3.4. Pemuv  ynpakHenue 2.3.2 Tpu  YCJOBUAX  yIIpaKHe-
Hus 2.3.3.

Peuwerue. Peiienre umeer B (cMm. puc. 2.4)

T=—28+3(t—t))+28e /64 <t <ty

Ynpaxuenue 2.3.5. B 1970-e rogel s yuacTBOBaJ B KOH(pepeHUHUH MO AU(de-
peHLHMaNbHBIM ypaBHeHUsiM, opranusoBaHHoi C.JI. Co6oseBbiM Ha 03epe Baiikai.
Mel nosy4anu ynoBoJbCTBHE OT OOlIeHHSI ¢ OJECTALIMMU CHUOMPCKUMH MaTe-
MaTHKaMH, YIMBJSJINCH HEYCTOHUMBOH Oalkanbckod mnorome. HecmoTpsi Ha ToO,
4YTO CTOslJla CepellMHa JeTa, TeMIlepaTypa 4acTO M3MeHsJ/ach B TeueHHe IHS Tak
pe3ko, uto oT +25 °C morsa po#itu 1o +9d °C, u obpatHo. B satom ympaxkHeHUH
s TIpUIVIallal Bac NpPeACTaBUTh, YTO Bbl HaxoiuTech Ha nobepexbe balikana u
oTBeyaeTe Ha cJjenyloluil Borpoc. Ilpeanosnoxum, Bel B JeTHEM [0Me C IJIOXOH



70 2. 2. Mamemamuueckue mooesu

] P
15+ %"

10+
] RN e /
5 \\f@p ’
] <Ly 7
; So L/ t
O_||||Ill||||||‘{||||||||||||||||||||||/||I||||I
] 2 4 6>~_8 10 12 1416 18
. ~ /
_5—_ S o y
_ g /
B ~ /
. \\ Ve
—104 v

Puc. 2.4. K ynpaxuenusam 2.3.3 u 2.3.4

M30JIsI1IMeH, HarpeBaTe/ibHble MPUOOPBI OTCYTCTBYIOT. [IpennosioxKuM TakKe, YTO
B HEKOTOPbIH MoMeHT ty (mpumem ty = 0), Korma TemmepaTypa CHapyXH Oblia
To = +16 °C, morona BHe3anHo W3MeHUJIACh, ¥ BHELIHSsS TeMIrepaTypa Kosebasach
mexny +26 °C u +6 °C no caenyioiiemy 3akony (B °C):

T(t) = 16 + Asin(rt), A = 10, (2.3.5)

Hpeanoqm/l Ju OBl BBl OCTaBaThCS B JIOME€ HJIU pemunJin 6b1, 4YTO TeMmIleparypa
B JIOM€ TakKasd XK€, KaK CHapyKu, oTOMY UYTO TENJOU30JALNUA CANIIKOM ciabast?

Pewenue. Nudpepenunanptoe ypasHenue (2.3.1), B kotopom T'(t) ymosiaeTBopsi-
et (2.3.5), 3anuiem B BUJE

O — K16+ Asin(rt) — 7]. (2.3.6)
Hcronb3ys MeTOl BapuMalMH mnapamerpa B pemenun 7 = Ce* ogHopomHoro
ypaBHeHust 7' = —k7, Mbl 3aMHUlleM
T=C(t)e

¥ MOJACTaBUM B ypaBHeHHe (2.3.6), 4TOOBI MOJYYHUTh
C'(t) = k[16 + Asin(nt)] e,

W13 cranpnapTHOro HHTErpasa

e [ksin(lz) — I cos(lz)] e** + B

J e sin(lx) do =
Oy YN M:

C(t) = 16€" + B+ - [lsin(rt) — mcos(rt)] e

4
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Takum o6pasom, obiiee perieHue ypaBHeHHs (2.3.6) nMeeT BT

7(t) =16 + Be *t + [k sin(7t) — 7 cos(mt)].

72+ k2

HauanbHoe ycnosue 7|,_ = 16 naer suauenne B = Akm/(n? 4 k?), n okoHua-
TEJIbHO MBI IPUXOAUM K CJIEAYIOLIEMY PELICHHIO:
Ak

7(t) = 16 + 52 [me™* + ksin(nt) — m cos(nt)]. (2.3.7)
™

Pemenne (2.3.7) o3HauaeT, UTO Jyullle OCTaBaTbCS B IOMe, YeM OBITb CHaApYXKH,
Kakas Obl H30ssLUsl HU Obla (cM. puc. 2.5, 2.6).

26 7 T T N T T /\ T T ,\ T
241 |

|
2211

|
20 H

|
18l
I

16

14r

12

10+

Puc. 2.5. Cropnpussr 6afikanbckoi moroas: k=1, A =10

TouHO Tak Ke MOXKHO pelluTb OoJiee OOLLYIO 3aiady, KOTa BHELIHSis TeMIle-
parypa T'(t) u Temmepatypa B MOMeLIEHHH T‘tzo YIOBJIETBOPSIIOT YCJIOBHUSIM

T(t) =Ty + Asin(wt) (2.3.8)

T‘tzo =T (2.3.9)

cooTBeTCTBeHHO. Torna TemMnepatypa BHYTPH MOMEIEHUS] H3MEHSIETCS CJIey FOIIUM
obpasom:

() =Ty + (TO ~ T+ ﬂ) ekt 4 w;}ka [k sin(wt) — w cos(wt)]. (2.3.10)
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Puc. 2.6. Cropripussl 6aiikanbckodt morons: k = 1/6, A =10

B yacTHOCTH, ec/iM TepHOI M3MEHEHHsI TeMIepaTypbl CHapyKH cocTaBJsieT 24 4a-
ca, T.e. 24w = 2m, 10 (2.3.10) cranoBuTCH:

12Ak7(' —kt
t) =T Ty + ———
7'() 0+<7’0 0+ﬂ_2+122k2>€ +

7r2:—2?2k2k;2 [IQk sin (%) — T COS (%)} (2.3.11)

2.3.2. MexaHnyeckue Kojeb6aHusa. MasaTHuUK. B KaxX10QHeBHOH NpaKkTHKe
MOKHO HaCuMTaTh MHOTO THIOB KoJieGaHUH. DTo, HampuMep, LIeJecT JHUCTbeB
U BeTOK [epeBbeB, BbI3BAHHBIH BETPOM, TPsCKa aBTOMOOMJS Ha HEPOBHOCTAX
JIOpPOTH, BOJIHBI Ha BOJe MJM KoJsieOGaHHe CYAHA Ha BOJIHAX U T. [.

N3BecTHblll npuMep AuddhepeHIMalbHOTO YPaBHEHHS, OMUCHIBAIOUIETO MaJble
MeXaHHUecKHe KoseOaHUs, naeT (uauueckas 3ajgada o TsKeJOH dacTule, MOA-
BellleHHOH Ha CMUpPaJbHOH MPYXKHHE W COBeplIalolled KojeGaHHS MO BepTHKAJH
Yy B OKPECTHOCTH cocTosiHusl paBHoBecus y = 0. YacTHua HCHBITBIBaeT HeHCTBHE
BOCCTaHaBJMBawLIeH cuibl F, KoTopas, corylacHO 3akoHy ['yka, nponopLuoHaJb-

Ha €€ OTKJIOHEHHIO Yy OT TIOJIO2KEHUS Y = Owu HarpaBJieHa MPOTHUBOIIOJ0KHO 3TOMY
OTKJIOHEHHIO, TO €CTb

F1 = —k:y,

rie k — MoJI0KHUTeJ/IbHBIH NOCTOSIHHBIHA K03 dULMeHT. B nefcTBUTENbHOCTH, KOra
TeJI0 IBUXKETCS B Cpejie, CyLeCTByeT TakxKe cuJsa TpeHus Fy, KoTopas cTpeMUTCs
3aMel/IuTb ABHKeHHe. OObIYHO INpeANoJaraeTcsi, UTo CHJ/a TPEeHHs MPONOPLHO-
HaJIbHa BeJIMUHMHE CKOPOCTH YACTHLbl U IPOTHBOIOJIOXKHA €M M0 HalpaBJeHHIO.
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Hrak, dy

TIe poJib He3aBUCUMOW MepeMeHHOW HrpaeT BpeMs t, a KO3((HUIHEHT MpoIop-
[MOHAJNBHOCTH | — 3TO TOJNIOXKHUTEJbHBIH MapaMeTp, Ha3blBAEMbBIH 1OCMOAHHOLL
samyxanus. O6o3Hauum f(t) CyMMapHYIO BHELIHIOIO CHJy (CO CTOPOHBI BeTpa,
HEPOBHOCTEH NOPOTH W Tp.), KOTOPYIO OyleM CUMTaTb 3alaHHOH (DyHKILHeHd Bpe-
MeHH.

Takum oGpasom, mpuMeHsisi BTopod 3akoH HbioToHa (2.1.2), cocraBum ypas-
HeHHe MaJsbiX KoJieGaHWH YacTHIbl, UMeIolled Maccy m, TPH YCJIOBUH AEHCTBHS

CHJIBI
F =F +F2 + f(t):

YW sy = 10, 23.12)

WJTH
Ly=f(t), rne L= m-s —I—l —l—k

[oBopsiT, 4YTO MexaHuYecKHe KosebaHus samyxarouue, ecnu | # 0, u Hesamyxa-
roujue B MIPOTHBHOM cuyudae. [0BopsAT, 4TO ABHKeHHe c80000Hoe, ecnu f(t) =0,
U 8blHYN#OeHHOe B IPOTHBHOM CJIydae.

3aryxamolie KojeOGaHHs MeXaHHUeCKOH CHCTeMbl C 1 CTeleHsMH CBOOOMBI
OTHCBIBAIOTCSA CHUCTEMOH OObIKHOBEHHBIX NH((epeHLHaNbHbIX YpaBHEHHH

n _
v hiyl ) = fi(t), i=1
z; mij dtQ +7,_] dﬁ+ zyy _f(t)’ t=1...,n
1=

C TMOCTOSIHHBIMH Koaq)(pnuneHTaMH mij, lij v k;j. Ilocne BBeneHHS BEKTOPHBIX 060-
sHauenuit y = (y',...,9"), £ = (f',..., f*) u marpuuHoro nuddepeHIHaILHOrO
onepartopa L 3To ypaBHeHHe MOXKHO MPeNCTaBUTh B cneayfomeﬁ dopme (2.3.12):

&2
Ly =f(t), rne L= M +A +B

M, A, B — matpHlbl ¢ KOMIOHEHTaMH 15, li]- ¥ k;j cOOTBETCTBEHHO.

3ameuanne 2.3.1. Bo Bcell KHHre BeKTOpPHl Y M T.[. O3HAYalOT BEKMOpbL-
cmoAabybl, XOTs OHU OYyIyT B LEJAX KOMIAKTHOCTH 3aIMHCBIBATHCS KaK CTPOKH.
B wactnoctH, B Matpuie M = ||m;;||, HHIeKCB ¢ M j 03HAYAIOT, COOTBETCTBEHHO,
CTPOKH U CTOJIOLBI.

BBeneHHble Bhile JHUHEHHBIE MOIEW MPUIOAHBI [JIS ONHUCAHHS MasblX KO-
Nneb6aHui (Ha3blBaeMbIX eapMOHUYECKUMU KOAeOAHUAMU), TO eCTb KoJeOaHUH,
aMIIUTya KOTOPHIX NOCTaTo4HO Maja. KoseGaHusi GOJBIIOH aMIIUTYAb (HJn
amnMpoKCUMAIMK BBICOKOTO TMOpPsAKa (PUHHUTHBIX KoJeGaHUH) OOBIYHO ONHUCHIBAIOT
C TMOMOLLbIO HeJIMHEHHBIX A (epeHLHaNbHbIX YPaBHEHUH U Ha3blBAIOT aHeapMo-
HUYeCKUMU KONeOAHUAMU.

IIpumep (MasaTHUK). [IpocTOl MasgTHHUK COCTOUT M3 TPy3a, XKECTKO 3aKPEIJeHHOr0
Ha HMXKHeM KOHIle BepTHKaJ/bHOIO CTepxkHs. BepxXHUH KOHell CTepKHS MoJBelleH
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C TIOMOUIBI0 MOABHKHOH OMOpbl, 06/MafamLled MaabiM TpeHHeM. Ecau OTKJIOHUTD
rpy3 B CTOPOHY W OTIYCTHTh, MAasATHUK HadHeT KoJseOaThCs TyAa-ciofia B Bep-
THKaJbHOU TJIOCKOCTH TOJ [NeHCTBHEM CHJIBI TsKeCTH. [IpumeHeHMe MasiTHHKa
I/ U3MepeHHs] BpeMeHM OCHOBAHO Ha 3ameuaTesbHOM HabusiomeHuu [anudes, )
COCTOSILIIEM B TOM, UTO B OTIpelleJIeHHBIX TpefiesiaX ero nepuon KojaebaHuH octaercs
MOCTOSIHHBIM TPH YCJOBHHU, UTO AJUHA CTEPXKHS MAasiTHUKA OCTAETCS HEM3MEHHOH.

DTO CBOHCTBO MasiTHHMKA MOXKHO OMHCATh, MOCTPOHB COOTBETCTBYIOLLYIO Ma-
TeMaTuyeckylo Mmonesb. IlyeTh m — Macca rpysa MasiTHMKa, a [ — JIJIMHA ero
cTepXHs. DyneM cuuTaTh cTepKeHb OTHOCHUTEJNBHO JIETKUM, TaK 4TO ero MaccoH
MOXKHO NpeHeOpeub MO cpaBHeHHIO ¢ m. OO603HAUUM ¥ YIJI0BOE OTKJOHEHHe
MasiTHHKa OT MojioXKeHHs1 paBHOBecHsi y = 0. MaTeMaTH4yecKyl0 MOfe/ b MasTHUKA
nosiyudM M3 BToporo 3akoHa Hbtotona (2.1.1). Ilycte v — JsMHelHast CKOPOCThb
rpysa v = ldy/dt, a F — BosBpaiawiias KOMIOHEHTA I'PABUTALIHOHHON CHJIbI,

F = —mgsiny. Torna ypaBHeHHe, onpeesiollee NBHKEHHE MasTHUKA, 3aMUIIET-
sl CJIEAYIOIUM 06pasom:

d :

d—g—i—wQsmy:O, rie w’ = % (2.3.13)

YpaBHeHHe MaJsbIX KoJeOGaHHH TMOJMy4yaeTcsi W3 HeAUHeliHOe0 YypaBHEHHS
(2.3.13) B mpennosnoxenuu y — O u mpu 3amMeHe siny Ha ero mepBoe MPHOJIHU-
X)eHue, siny ~ y. Torma Mbl NPUXOAUM K AUHELHOMY YPaBHEHHIO CBOOOTHBIX

rapMOHHYeCKHUX KOJeOaHHMU: )

d’y 2
4wty =0, (2.3.14)

Ero pemenue nmeet Bua (cMm. pasuen 3.3.3, npumep 3.3.2)
y = C) cos(wt) + Cysin(wt), Cy, Cy = const.

Bpemsi, B TeueHHe KOTOPOTO MasiTHHK COBEpILIAET OfMH LHKJ KOJeOaHHH, Ha3blBa-
ercsi nepuodom u o6o3Hadaercss 7. PopmanbHO MEPHOL MOXKET OBITh HaifeH M3
YCJIOBHSI, UTO MIPUBEJIEHHOE PEllIeHHe 0CTAETCSl HeM3MEHHBIM NIpH 3aMeHe ¢ Ha t + T,
APYTHMH CJIOBaMH, eciu cos|w(t + 7)] = cos(wt) u sin[w(t + 7)] = sin(wt). Takum
o6paszoM, w(t + 7) = wt + 27, unu wr = 27. Urak, OpuMeHsis onpeneseHHe w,
MOXKHO TOJIYYHTh CJelylollee BbipaxkeHHe [Jisi Meproaa CBOOOAHBIX TapMOHHYE-
CKHX KoJleOaHHH, KOTOpoe coryacyercsi ¢ Hab/ogeHreM [anniest:

T="—=2m,/—, (2.3.15)

rje g — TpaBUTALMOHHAs MOCTOsIHHAs. BennunHa w = 27/7T ompenesisieT 4HC/IO0
KoJieOaHUH 3a BpeMsl 27 eIMHHL BPEeMeHH H, CJel0BaTe/bHO, OHAa Ha3blBaeTCsl
yeaosol wacmomot.

1) Tanuneo Tanuseil ycTaHOBUM NPHHUMN MasiTHHKa B 1581 romy. CormacHo 3TOMy TpMHIHMIY,
KOJIEOMIOIIMHCS TPY3 MOXKHO HCIOJIb30BaTh AJs peructpaunu Bpemeru. OTkpbiTHe [anuieem atoro
CBOHCTBa MasiTHMKA SIBUJIOCH BaXXHBIM TPOJBHXKEHHEM B KOHCTPYHPOBAHHH MeXaHHUECKHX YacoB.
[To opHrHHAJBHOCTH €ro MOXKHO CPaBHHTb C M300peTeHHeM KoJleca.
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3aBepiIuM 3TOT MPUMEpP PaCCMOTPeHHEM KoJieOaHHWU MasiTHUKA, MMEILIEro
MpakTHYEeCKHE HHTepec. A WMeHHO, HalgeM MJUHY MasiTHHKA, COBEPIIAONIEro
OIHO KoJieGaHHe B ceKyHAy (To ecTb 7/2 =1 ¢).

Ypasuenue (2.3.15) naet

oncrapass g ~ 981 cm/c? u 7/2 = 1 ¢, Mbl Haiinem TpeGyemyio IJHHY:

l~1wm.

3ameuanue 2.3.2. [lepuon 7 (2.3.15) rapMoHHYeCKHUX KOJeGaHUH HE 3aBUCHUT OT
HayaJIbHOTO TMOJIOXKEHHsT MasTHHKa. HecmoTpsi Ha TO, UTO 3TO 3akKJ/iOYeHHe naeT
MpeKkpacHoe MaTemaTHueckoe 0ObsiCHEHHe HaOsoneHUsiM [anuses, oHO, OIHAKO,
BXOJIWT B MPOTHBOpPEUHe C Teopuei CBOOOMHOrO TMafeHHs, TaKxkKe OCHOBAHHOH
Ha 3akoHe HbioroHa. JleficTBuTeNbHO, BpeMsi bty = 1/2hy/g CBOGOAHOrO majgeHus
(cm. ympaxknenue 2.2.1), B otiinuue ot (2.3.15) cBOOGOIHBIX KOJeOGaHUIH, 3aBUCHT
OT HayasJbHOH BBICOTH hg. O4eBHUAHO, YTO 3TOT 3(P(PEKT 0OBSCHAETCS JHUHEHHO-
cTbio mpubanxKeHus (2.3.14) TouHoi HenuHeiHol monenu (2.3.13). Hrak, naBaiite
00CyIMM BOMPOC O MepHOIe aHrapMOHHUYECKHX KoJieGaHHH, COOTBETCTBYIOUIHX
mozesd (2.3.13).

Ynpaxuenue 2.3.6. [Ipounrterpupyem ypaBHeHHe (2.3.13), UcroJsib3ysi yCJOBHS
y=0npu t=0muy=a npu t =T/4. 3necb T — neprox HerapMOHHYECKUX
KosleGaHUH MasTHUKAa U « — ero yrjaoBas amniumyoa, T.e. MaKCHMaJbHOe
YIJIOBOE OTKJIOHEHHE, (O = Y |max. OLeHUM mepuon 1" ¥ CPaBHUM €ro ¢ MepruoaoM
T rapMOHHMYECKHX KoJeOGaHHH.

Peuwenue. Ymuoxus ypasaenue (2.3.13) Ha dy/dt, MOXKHO IPOHHTETPHUPOBATH €T0O

OIMH pa3 ¥ MOJNYUHTh
WY _ 9.2 cosy = C
(E) w”cosy = C.
[TockosbKy @ — MakcuManbHOe OTKJIOHeHHe, (dy/dt)|y—qo = 0. OTciona crenyer,
yto C' = —2w? cos av. lcmonibays ToxeCTBO

cosy — cos o = 2[sin’(ar/2) — sin®(y/2)],

noJy4aem:

% = Qw\/sinQ(a/Q) —sin’(y/2) .
WHTerpupoBanue naet:
y
J [sinQ(a/Q) - sinQ(u/Q)]_l/2 d(u/2) = wt. (2.3.16)
0

Murerpan B (2.3.16), U3BeCTHBIN KaK dAaunmuueckutl uxnmeepan TepBOro poaa,
He BBIpaXKaeTcsl B 3JeMeHTapHblX (yHKUusAX. Omnpenessisi HOBYIO NEPEMEHHYIO v

C TIOMOLLBIO (HOPMYIIbI
sin(u/2) = sin(a/2) sinv
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i 06o3Hauyast » = sin(a/2), MOXKHO MepenucaTb 3TOT WHTerpajs B CTaHIAPTHOH
dhopme, a UMEHHO

J fsin(0/2) — sin®(u/2)] 2 d(u/2) = J

dv

1 — »2sin’v

B coorBercTBUM ¢ opMysoH 3aMeHBl TepEeMeHHBIX YCJOBHE U = ¢ BJedeT
sinv =1, To ecTb ¥ = 7r/2. [Tpumensisi ycjoBue y = o ipu ¢ = T/4, Mbl yOexaaem-
cst, uto v = /2 npu t = T/4. Takum 06pa3om, MOXKHO JIEFKO OIMPENETUTh MEPHOL
C IOMOIIbI0 MOACTAHOBKU t = T/4 B (2.3.16) u mpuBeNeHHUS 3JIUNTUYECKOTO
UHTerpasa K craHgaptHod ¢opme. Mrax,

/2

T=4 ! J d—v’ roe s = sin(a/2).
g 1 — s2sin’v

Ecnu yrioBasg ammautyna o« npeHe6pexkumo mana, o — 0, to kK — 0, u, caeno-
BaTesbHO, T' coBmajgaeT ¢ 7, 3ajaBaeMbiM BbipaxkeHdeM (2.3.15). MakcumanbHas
pasHoctb Mexny 1" u (2.3.15) nocturaercs npu k — 1, To ecTh Korma o — 7 (Bep-
TuKanbHOe mosoxkenue). Ecnn 0 < o < 7, Toraa |s? sin? v| < 1, u cienosaTenbHo,

(1 — 5% sin? )71/2 =1+ (52/2)sin®v + (35 /8)sin* v + ...

HHTerpupoBaHue 3TOro psifia ModyseHHO C MPUMeHEHHEeM XOPOILO M3BECTHHIX HHTe-
rpaJsioB

Jsin2vdv = (v/2) — (1/4) sin(2v),

Jsin4 vdv = (3v/8) — (1/4)sin(2v) + (1/32) sin(4v)

 T. I., C IOCJEYIOLIEeH MOACTaHOBKOH » = sin(av/2), aet cienyioliee BIpaXKeHHe
I/t Ieprofia, YI0oOHOe [Jisi YHCIEHHOH OLEHKH H, B oTanure oT (2.3.15), ymosie-
TBOPUTEJIbHOE C TEOPETHYECKOH TOUKH 3pEHHSI:

T =91 £<1+lsin29+3sin49+-~). (2.3.17)
g 4 2 64 2
[lepBeiit unen coBnagaer ¢ (2.3.15) u mpencraBisieT coOOH TaBHYI 4acTb T
nepuona 1, B TO BpeMsi Kak ocTajbHble ujeHbl (2.3.17) manbl. Hanpumep, BbI-
COKOKJIaCCHble 4Yachbl, 00Jalalollie MOPa3uTebHOH TOYHOCTBIO W MCIOJb3yeMble
B aCTPOHOMHH, CHaOXKeHbl MasiTHUKOM C aMIIMTYnol o ~ 1,5°. [/ Takux 4acos
yueT MepBOro KOpPpPeKTHPYIoLLero uneHa B gpopmyne (2.3.17) naer
T
20000
2.3.3. Paspymenne Begymux BajgoB. B Hauase XX Beka KOHCTPYKTOPBI
TETJIOXO0B CTOJNKHYJIHUCH C OMACHBIM M TPYAHOOOBSICHHMBIM SIBJIEHHEM: Ha MepBbIH
B3I CaydaiiHble «OHeHHsI» TPHUBOAHBIX BaJIOB HEpPeIKO TMPUBOAHUIN K paspylie-
HHUIO CcHCTeM TpaHcMHucchH (cMm. puc. 2.7 u 2.8). CtpaHHOe siBieHHe 00BICHUIOCH
¢ nomoulbio AuddepeHINa bHBIX YPaBHEHHH.

T~T1+
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B cooTtBeTcTBUM ¢ Momesbl0 MTUHAMHUKH 6anok (2.1.4) moJsioKeHHs] paBHOBECHS
pPaBHOMEPHO Bpalllalolierocs LUUJUHIPUYECKOrO Bajia OMUCBIBAIOTCS C MOMOIIbIO
He 3aBucsux ot BpemeHd (Ju/Ot = 0) pewennit ypaBHenusi (2.1.4), To ectb
OHH OTpeNessloTCs 0OBIKHOBEHHBIM NH((epeHHaIbHEIM YpaBHEHHEM YeTBEPTOr0
nopsiika Fu ;
de4 =7
roe v o603HauaeT OTKJOHEHWe BaJja OT MOJOXKeHHs paBHoBecus u =0, a f —
MJIOTHOCTDb LIEHTPOOEXKHOU CHJIbI, elcTBYoIIelH Ha Bal. UToOwl HaliTu f, paccMoT-
pUM MaJsiblii 3/MeMeHT Baja dxr W 0003HAUUM p BeC eIWHHIbl AJHHBI Basna. Torma
Macca 3JieMeHTa dx ecThb p

dm = E dz,

TIe g — yCKOpeHHe cuJbl TsiKecTH. LleHTpoGexHas cuna df, nedicTBytomas Ha dx
NpU BpAllleHUHW C MOCTOSIHHOH YIJIOBOM CKOPOCTBIO W, pPaBHA

2
df = w*udm = p%ud:ﬁ.

B pesynbrarte nmeem

f= pw
U HCKoMOe nu((epeHLHaNbHOE YpaBHEHHE 3AMUILETCS CAeAYIOIHUM 00pa3oM:
d4 pr
- = . 2.3.18
L ( )

[TosnoxkuTebHasi KOHCTaHTa (4 3aBUCHUT OT Marepuasa BaJja. [lycTb Basa Bparia-
eTcs Ha ABYX omnopax, uMeromux KoopauHatel z =0 u x =1 (puc.2.7). Torma
u}I:O = u’le = (0. Kpome TOr0, MOXHO MOKa3aTh, YTO OMOPbI SABJSIOTCS TOUKAMH
neperuba ¢yHxkunu u = u(x). Takum o0pa3oM, Mbl BCTaeM Mepen MpobieMoi
HCC/IeIoBaHUs pellleHuE nuddepeHiinaabioro ypasHenus (2.3.18), ynosaetBops-
IOL[UX YETHIPEM 2PAHUUHbIM YCAOBUAM:

d*u d’u
B B L | x=0 T | =l
Vi w=0 Vi

Puc. 2.7. YcroliuuBblil Baa

fBnenue «Ouenuns» (puc. 2.8) MPOUCXOAHUT, KOTJa 3ajaya ¢ rPaHUYHBIMH YCJIO-
BUSIMH, OMNHChbIBaeMasi ypaBHeHHsiMH (2.3.18), (2.3.19), umeeT «HeTpuUBHAJbHOE
pelleHue», T.e. pelleHHe u = u(x), He paBHOE TOXKIECTBEHHO HYJIO HA HHTepBaJe
0<x <l

s s

M

V4 V4

Puc. 2.8. buenue Bajna
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Hurerpuposanue ypasHenus (2.3.18), sanucannoro B hopme

4 2
% =atu, o= % = const, (2.3.20)
X

JaeT HaM ofllee pelleHHe
u=C1e* 4+ Cye* + C3cos(ax) + Cysin(ax), C; = const. (2.3.21)
['pannunbie ycnoBus (2.3.19) umeroT Bun

Ci+Co+C3=0, Cre®+Cye ™ + Cycos(al) + Cysin(al) =0,
Ci+Cy—C3=0, Cre+Cye ' — Cycos(al) — Cysin(al) = 0.

Pacuer nokaseiBaet, uto C} = Cy = C3 =0 u Cysin(al) = 0. Ecan Cy = 0, mbl
IPUXOIUM K TPHUBHAJbHOMY pereHuio u = 0, KOTOpOe OMUCBHIBAET MPSIMOJMHEHHOE
noJioxkeHue Bajia. C npyroét ctoponsl, noarast sin(al) =0, To ectb a = n7/l, Mbl
noJiyyaeMm cjyuai, omuchiBawIIKi OueHne. B atom ciayuae (2.3.21) naer

u = Cysin(nmz/l).

CorsiacHO ompee/seHH0 «, ypaBHeHHe « = nm/l MOKa3blBaeT, YTO BO3MOXKHO
paspylileHHe Basa, KaK TOJbKO ero yrjoBasi CKOPOCTh JJOCTHUTAeT OHOTO U3 CJeNy-
IOLWUX KPUMULECKUX 3HAYeHUL:
2 9
n-m
wn= S n=12,.. (2.3.22)
l D
2.3.4. YpaBuenne Bau pmep Ilossi. Illupoxo u3BecTHBIH HJIIOCTPATHBHBIH
TIPUMEp OMMCHIBAET Pa3PSAKy 3JEKTPUUECKOTO KOHJEHCATOpa Yepe3 MPOBOJOYHYIO
KaTyIWKy HHAYKTHBHOCTH. CorsnacHo 3akoHy Owma 1), 310 siBIEHMe omHCHIBaETCS
ypaBHEHHUSIMH

av dl
C%-=-I, V-L% =RI (2.3.23)

rie I ectb mok pas3psiaku, V — Hanpsasxcenue (pPasHOCTb TOTEHLHANOB MEXKIY
MJIacTUHAMM KOHJeHcaTopa), R — conpomusaenue, C' — emkocmo KoOHIEeHcaTopa
u L — undykmusrnocmoe Katywku. 3aecs [ u V' aBasiorcs GyHKUUSAMH BpeMeHH ¢,
B To BpeMsi Kak R, C u L cuuraioTcs 3adaHHBIMH TOCTOSIHHBIMH BeJHYMHAMH.
CnenoBarenbHo, (2.3.23) mpencraBasieT co00H cHcTeMy OOBIKHOBEHHBIX HU(de-
peHLHANbHBIX ypaBHEHHUH C ABYMsl 3aBUCHMBbIMU TNepeMeHHbIMH, I U V, paccMat-
pUBaeMbIMH KaK HeH3BeCTHble (DYHKLHH t.

O603HauUM 3aBHCHUMYI0 MepeMeHHYI0 V' CHMBOJIOM Yy U ee MepBYK U BTOPYIHO
NpoU3BoAHbIe 10 ¢ ciMBoJaMu ' 1 . B 3THX 0603HaYeHHsIX BTOPOE ypaBHEHHE
(2.3.23), npu moxcraHoBKe I U3 MepPBOro, CTAHOBHUTCS JHUHEHHBIM OObIKHOBEHHBIM
i depeHIHaNbHBIM YpaBHEHHEM BTOPOTO MOPSAKA:

ay” +by +cy=0

C MocTosiHHBIMU Koadduuuentamu ¢ = LC, b= RC uc = 1.

1) Chopmyauposan T'. Omom B 1827 roxy u 3atem o6oGmen I'.P. Kupxrodom.



2.3. Dusuka u mexuuyeckue HayKu 79

3ameHsist BO BTOpoM ypaBHeHHM (2.3.23) ksaccuyeckuidl 3akoH Oma Ha Tak
HasblBaeMblil 0606uerHoblli 3akon Oma, Mbl MOJydaeM HeJHHEHHYI0 CHCTeMy
av d

I
CZ=-1, LT =V-nD),

WJIH OIHO 3KBUBAJIEHTHOE ed HeJIMHeHHOe ypaBHEeHHe BTOPOrO MOpsiaKa:
1 /
ay" +y=—-f(y'), a= const.

Monaras f(y') = e(y® —y'), Mbl monyyaem ypasHenue Ban nep Ilons, mpume-
HSIeMO€ B TEOPHH TPHOMOB:

ay’ +y=e(y —y"), &= const. (2.3.24)

®dakTuuecku, ypaBHenue Ban nep Ilosist 6bl0 mepBbIM HeJqUHEeHHBIM AUQQepeH-
[MaJbHBIM YypaBHEHHEM, MMEBILHUM peasjbHOe (PU3UYeCKOoe colep:KaHHe, KOTOpoe
JIOMyCKaJIo Meproauueckue pelnenus. [lepuoguuHocTs nepBbIM 06HAPYKUI Basbg
Ban nep I[losb B 3KkCIepuMeHTaX 10 U3YUYEHHUIO KOMeOAHUH B JEKTPHUECKHX [ETsAX
M B CBSI3U C MCCJIeJOBAHHeM 3JeKTPHUecKoi Mojenu GHeHHi cepaua ).

2.3.5. TeaerpacdHoe ypaBHeHme. IlIMpoko HM3BeCTHO, YTO B 3JEKTPOAHHA-
MHKe MPOTEKaHHe TOKa MO KaGeJso XOpOLIO OMHCHIBAETCS CJENYIOUIed CHCTeMON

ypaBHeHHH:
Cwi+Gw+j, =0, Lji+ Rj+w,; =0, (2.3.25)

rJe 3aBUCUMbIE TlepeMeHHble Hanps>KeHHWe w U MHTeHCHBHOCTb TOKa j paccMaTpH-
BalOTCH Kak (PYHKLUWH BpeMeHU ¢ U KOOPAUHATH & BIOJb Kabens. KoadduuneHTsr,
BXOJSILIMe B YpaBHeHHe, IOCTOSIHHBI, U OHU XapaKTepu3yloT (pU3HueCcKUe CBOHCTBA
Kabess, a UMeHHO C' — ero eMKocTb, L — caMOMHAYKIHIO, R — CONpoTHBJEHHE U
G — yreuky. IlocenHss onpenensieTcss Kak morepsi ToKa, AeJeHHas Ha Harmpsike-
Hue. Mck/aroyasi ofHYy M3 3aBUCUMBIX MTePEMEHHbIX, W WJH j, 3 ypaBHeHHH (2.3.25)
C moMmollblo AUQGhepeHIUpOBaHHA U 0003HAUEHHUS] OCTaBLIEHCS MepeMeHHOH v,
Mbl TOJIy4aeM JIMHEHHOe nuddepeHinaibHoe ypaBHEHHE BTOPOro nopsaka (mss
MHTEHCHBHOCTH TOKA WJIM HATIPSIXKEHH$1), U3BECTHOE KaK meseepagroe ypasHeHue

Vgt — gy + (a+ b)vy + abv = 0.

Bxonsiliye B ypaBHeHHe NOCTOSTHHBIE MHOXKHUTE/M UMEIOT C/IeAYIOWHUH (prU3nIecKUi
CMBICJI: ¢ — CKOPOCTb CBeTa, @ U b — K03((HULHEHTbl eMKOCTHBIX U HHAYKTHBHbBIX
notepb. OHM CBSI3aHbl C KO (PHULHEHTAMH UCXONHOH CUCTeMbl ypaBHeHUH (hOpMy-
JaM#

= : a= G b= R

cL’ C’ L
[TepBasi mpousBonHasi B TeserpaHoM ypaBHEHHH MOXKeT ObITb MCKJ/IOUeHa BBeje-
HUeM [epeMeHHOU
a+b

u==e 2 t’U.

') B. van der Pol, Philosophical Magazine, vol.2, 1926, p. 978-992; B. van der Pol and J. van
der Mark, Philosophical Magazine, vol.6, 1928, p. 763-775. Cm. takxe [36], paznen 7.5.
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3ateM, BBOISA 0G03HaueHHe k’ /I Pe3y/bTUPYIOMIEH MOJOKHTE bHOH KOHCTaHTHI
(a — b)2/4, MBI MOJIy4aeM cjeayiollyio ¢popmy TeserpapHoro ypaBHeHHUS:

Ut — gy — k*u =0, ¢, k= const. (2.3.26)

2.3.6. dnekTponmiHaAMHKA. OJEKTPOMATHUTHOE IOJie UMeeT JBe KOMIIOHEH-
TBl, a UMeHHO BeKTop E 3jekTpuueckoro mossi v Bektop H wmarHutHOro moss.
Teopusi 3/1eKTPOMAarHUTHBIX BOJIH, /N 91eKMPOOUHAMUKA, OCHOBAHA Ha ypaBHe-
Husix Makcsesa

OE .

EZC(VXH)—ZHT‘], V - E = 4mp,

O0H
3nech j U p — TJIOTHOCTb 3JIEKTPUUECKOTO TOKA M TJIOTHOCTb 3JEKTPUYECKOTO
3apsna, cooTBeTcTBeHHO, U ¢ =~ 3 X 10'0 cm/c — ckopocTh cBeta. YpaBHeHHS
MakcBesiia UMEIOT uYeThIpe He3aBHCHMble MepeMeHHble, a HUMeHHO BpeMs © U
BEKTOp MOJIOKeHUst X = (z,y, z). 3aBUCHMble nepemeHHble — BekTopnl E u H.

Tok j u 3apsim p sIBASIOTCSA 3afaHHBIME (yHKUHIMH, j = j(t,x), p = p(t, x).
Takum o6pasom, (2.3.27) — nepeonpederenrnas cuctema auddepeHIHATbHBIX
ypaBHEHHH C YaCTHBIMH MPOM3BOJHBIMH MEPBOTO MOPSAKA: OHA COLEPKHT BOCEMb
ypaBHeHUH nJs mecTd KomnoHeHT E u H.

YpaBuenuss MakcseJssa (2.3.27) yacTo 3amuchiBalOT B BHIE

| OE dn.

Ea—rOtH—?J, divE = 4mp,

LOH _  otE, divH = 0. (2.3.28)
c Ot

B cnydae pacmpocTpaHeHHSsI 3JIeKTPOMAarHUTHBIX BOJIH B BaKyyMe ypaBHeHHs
MaxkcBenna ynpomamTcs:

1oE = rotH, divE =0,

c Ot

LM otE, divH =0. (2.3.29)
c Ot

B 3TOM cayyae MOXKHO paccMaTpUBaTh onpedeseHHyro cucmemy nTUPpepeHnab-
HBIX YpaBHEHUH

1 OE
E E = rot H,
1 OH
Oﬂ,HaKO MO>KHO IIOKa3aTb (CM. 3ajgavy 27), UYTO COOTHOUIeHUdA
divE=0, divH =0 (2.3.31)

BBITIOJIHSIIOTCS B JIFOOOH MOMEHT BpeME€HH, €CJH OHHU BDLINIOJHEHbBI B HayaJIbHbIH
MOMEHT t = to, KU FABJIAIOTCA CJAeACTBHEM HadaJbHbIX yCJIOBI/II';I. ATO MOJIOXKEHHE
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npuMeHUMO B OoJiee oflieM cjaydae, kKoraa ypaBHeHus (2.3.31) 3ameHeHbl Ha
(cm. [40, pazpmen 10.5])

divE = f(x), divH = g(x),
B YaCTHOCTH, Ha (2.3.28) mpu yCJOBHH, YTO j ¥ p HEe 3aBUCAT OT BPEMEHH.

2.3.7. YpaBuenune HMupaka. OnHuM n3 QyHIaMeHTaJbHBIX YpaBHEHUH KBaH-
TOBOH MeXaHHKH siBJIsieTcsl ypaBHeHHe [lupaka
A* 3_1/; +miy =0, m = const. (2.3.32)
ox
YpaBuenue (2.3.32) ucnosib3yercss IJs U3yueHUs PeNSTHBUCTCKMX YacTHL, 00-
JaJaoMX Maccod m ¥ cnuHoM 1/2, TaKWX Kak 3JeKTPOH, HEHTPOH, MPOTOH M
HedTpuHo (npu m = 0).
3aBucHMasi nepeMeHHasi 1) sBJseTCS 4-MepHBIM BEKTOPOM-CTOJOLOM C KOM-
IUIeKCHBIMH KoMMoHeHTamu ¥', 12, 13, ¢*. B KBaHTOBOIl MeXaHHKe 3aBHCHMble
nepeMeHHble 0OBIUHO HA3bIBAIOT 80AHOBbIMU QyHKYuamy. BorHoBas GyHKUUS 1,
yIOBJIeTBOpsilOLLAsl ypaBHeHUI0 [lupaka, HasbiBaeTcsi cnuropom (B CBSI3H CO Clie-
nU(pUIeCKUMH CBOHCTBAMM MpeoOpa3oBaHHsl BpalleHHs MO NeHCTBHEM T'PYTIIbl
Jlopenua, cm. pasgen 7.3.8). HesaBucruMoii nepeMeHHOH SIB/ISIETCS UeTblpeXMEPHbIH
sekTop X = (z!, 22,23, 2), rne 2!, 22, 23 — neiicTBUTeILHO3HAUHBIE TIPOCTPaH-
CTBEHHBIE IlepeMeHHbIe, a x4 — KOMIIeKCHas TepeMeHHas, BBeleHHas 110 (opMyIe

z* =ict (t — Bpems, ¢ — ckopocTh cBeta). [Jlanee, ¥ — caenyromue 4 x 4
KOMIIJIEKCHbIe MaTpHUIBl, Ha3bIBaeMble MaTpuamu Jlupaka:
00 0 — 000 —1
1 _ [ 00 — O 9 001 O
T=1lo04i 0 0f T 010 0
¢t 0 0 O -100 O
0 0 — 0 10 0 O
3 10 0 0 ¢ 4+ | 0O1 0 O
=1 0o 00 TTloo0o -1 0
0 — 00 00 0 -1

2.3.8. Iunamuka wuakoctu. PyHIaMeHTalbHAs MaTeMaThdyecKas MOJeJb
IVUHAMHUKH KHUAKOCTH TPENCTaBJseT COO0H CJENYIOUIYI0 CHUCTEMY HeJHHEeHHBIX
nuddepeHHANbHEIX YPAaBHEHHH C YaCTHBIMM TPOM3BOAHBIMH MeEPBOTrO MOPSIIKA,
OTTHUCHIBAIOLIYI0 BUMKEHUE CKUMAaeMOH >KUIKOCTH (rasa):

pt+v-Vp+pdivv =0,
plvi+ (v-V)v]+Vp=0, (2.3.33)
pe+v-Vp+ A(p,p)divv =0,

rae A(p, p) — mpousBosbHast (GYHKIMS, CBsizaHHasi ¢ sHTponuedt S(p, p) ypaBHe-

HHUEM a8/ |
~ P 85/ap

(2.3.34)

6 H.X. M6parumos
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Posib 3aBHCHMBIX MepeMeHHbIX BBIMOJNHSAIT CKOPOCTh V, IaBJEHHE P U TJIOTHOCTD p
YKUAKOCTH. He3aBHCHMBIMHU epeMeHHBIMHU SIBJSIIOTCS BpeMsi ¢ U KOOPAHUHATBI TOUKH
npocTpaHcTBa X = (, Y, 2).

Ecnu HTpoOMUsl KUIAKOCTH TOCTOSIHHA, S = const, TO XHAKOCTb HAa3blBAalOT
U3IHMPONUHLECKOLL.

B csyuae Tak Ha3biBaeMoOro noaumpon1oco nomoka (GyHkuus (2.3.34) npu-
HUMaeT BUA A = 7p, Tlle Y — NOCTOSIHHAS!, U3BeCTHas Kak aduabamuueckas (no-
aumponnas) akcnonenma. Caydaii y = 5/3 COOTBETCTBYET MOTOKY OIHOATOMHOTO
rasa. AToT cjyual BayKeH, MOCKOJBKY, B YACTHOCTH, OKpeCTHOCTb COJHIIA COCTOUT
B OCHOBHOM M3 OJHOATOMHbIX ra3oB. MTak, OIHOaTOMHbIEe Ta3bl OMUCHIBAIOTCS
ypaBHEHHUSIMH

pt+v-Vp+pdivv =0,
plvi+ (v-V)v]+Vp=0, (2.3.35)

pt—i—v-Vp—l—gpdivv:O.

Jpyro#l ¢usnyecKu BaXKHBIH CJy4ad COOTBETCTBYET IJIOCKOMY H33HTPOIMHYe-
ckoMy (T.e. S = const) ra3oBoMy MOTOKY C afiHabaTHUeCKOH IKCIIOHEHTOH v = 2.
YcnoBHe M33HTPOMUUHOCTH TOTOKA MO3BOJISIET OTOPOCHUTH IMOCJeNHee ypaBHeHHe
cUCTeMbl ypaBHeHH#H rasonuHamuku (2.3.33). Torna, nmoncraBasis

I
p=g50" p=gh

rje g — rpaBUTALMOHHOE YCKOpeHHe, MBI CBeJleM TepBble 1Ba ypaBHeHHs (2.3.33)
K CJefyIollel CHCTeMe:

hi +v-Vh+hdivv =0,
vi+ (v-V)v+gVh=0. (2.3.36)

3necb v — nByMepHBIH BekTOp 1 V — oneparop [amuibToHa ¢ KOMNoHeHTaMu V
u Vy (em. (1.3.10)). YpaBrenus (2.3.36) onuCBIBAalOT MOTOK IIPH YCJIOBHUH MeJKOH
Bofbl, Tae (x,y) — KOOPAMHATHI IJIOCKOCTH TBEPIOr0 OCHOBaHHUs, h — BbICOTA
BOJHOH MOBEPXHOCTH HaJ OCHOBAHHEM.

[ToTeHuMan MJIOCKOro HeyCTaHOBHUBLIErOCS Ta30BOTO MOTOKA C OKOJO3BYKOBOH
CKOPOCTBIO ONHCHIBAETCS ypaBHEHHEM

Uty + UgUze — Uyy = 0. (2.3.37)

2.3.9. YpapHenna Haebe—Crokca. TedeHue Hec:kMMaeMOH BSI3KOH >KHJKO-
CTH mop4yuHsieTcsl ypaBHeHusM HaBbe—Crokca

vit+ (v-V)v+ % Vp=vAv, divv=0. (2.3.38)

3aBHUCHMBIMH [NEpEMEHHBIMHU ABJAITCA V = (UI,UQ,’US) U JaBJieHHe p, B TO BpeMsd
KakK MJOTHOCTL p IO MNPEANOJIOKEHUI0 OCTaeTCsd 3aJJaHHOH MOCTOSIHHOH. HapaMeTp

v onpepneJssaeTcd BA3SKOCTbIO 2KUAKOCTH.

2.3.10. Mopenp uppuramuoHHONW cucTeMbl. MareMatnyeckasi MOAEJNb,
npefHa3HayeHHAs [/ ONMUCAHUS HMPPUTALIMOHHBIX CHUCTEM, TMPeNCTaBJsieT coOoi
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CllenyIolllee HeJMHEHHOe ypaBHEeHHe B YaCTHBIX POHU3BOAHBIX (cM. [38, pasmen 9.8
U CIHCOK JIUTEpaTyphl B HeM]):

C() i = [K(¢) Yul, + K@) (¥ = D], = S5(¥). (2.3.39)

31ech ¢ — BBICOTA MMAPOCTATHYECKOrO Harmopa BjaxcHoro rpyHta, C(¢) — crme-
uuryeckasi xapakTepucTnka odbema Boabl, K (1)) — HeHacbilleHHasi THAPABJIU-
deckasi mpoBoauMocTb, S(¢)) — ciaraemoe, XapakTepU3yiollee HCTOUHHK, ¢ —
BpeMsi, £ — TOpPHU30HTaJbHas OCh, a z — BepTHKaJ/bHas OCb, KOTOpas BblOpaHa
HarnpaBJeHHOH BBepX. DTO ypaBHEHHE MOXKET ObITb HCIIOJb30BAHO MJISI OTMHCAHUS
UH(UIbTPALIMH, Tlepepacnpesie/ieH|s] ¥ BblIeJeHHs T'PYHTOBBIX BOH B CJIOUCTOM
HeneopMHUpyeMOM MpPoQuUJe MOKPBHITUS KaHajla B YCJAOBHSIX MEJKOH BOIBI TpU
MPOBEIEHUH MPPHUTALMK C MOMOLIBI0 JUHEHHOrO WCTOUHHKA TMPOCAUHUBAHUS B CH-
creme. Cucrema JIMHEHHOTO MCTOUHHKA MPOCAYWBAHHUS MPOU3BOAUT HENpPePbIBHBIN
CMauMBalOLIUH CJIOH BOOJMb IJHMHB B MOMEPeuHOM HampaBjeHHH (MO ocH y), H,
CJIefloBaTe/IbHO, OMHCaHHe siBJeHHs TpeOyeT BBeldeHHS TpeX MPOCTPAaHCTBEHHBIX
KOOpAHUHAT, T, Y U Z.

2.3.11. MarauTtoruapoguHaMuKa. MarHuTorugpoaiHaMuKa HMeeT [eJo
C CYIIeCTBEHHBIMH (DU3HYECKUMHM H TeXHHUECKUMH NpPOoOJeMaMH, BO3HHUKAIOUIH-
MU TIPU HCCJIENOBAHUM [BHXKEHHS HMOHHW3UPOBAHHBIX >KUJAKOCTEH MpPH HAJHUUYNH
3JIeKTPOMarHUTHBIX chJ. PaccMOTpUM MaTeMaTHUeCKyH MOJeJsb, OMHUCBIBAIOILLYIO
NBHXKEHUe udearvHo nposodsiuyeli )XUIKOCTU B MarHUTHOM moJe. JlomycTum, uTo
MarHuTHasi nponunuaemoctsb p = 1. [Iycte H 0603Ha4yaeT BeKTOp MarHUTHOTO MOJIs,
a V — CKOPOCTb TOTOKA KUAKOCTH. YUWTHIBasi MPENINOJOXKeHHe 0 OeCKOHEUHOH
3JIEKTPOTPOBOHOCTH KUIKOCTH, Mbl TIOJYYUM BbIparkKeHHS

j=rotH

E=Hxv

IS BEKTOPA j MJIOTHOCTH 3JE€KTPUUECKOrO TOKA U BEKTOPA HAMpPSIXKEHHOCTH 3JIeK-
Tpudeckoro moJjist EE cooTBeTCTBEHHO.

YpaBHEeHHS] MarHUTOTHAPOAMHAMHKH TOJNYYaloTCss 00beAHHEHHeM YpaBHEHHH
Makcsesnsa (2.3.28) ¢ ypaBHeHnusimu (2.3.33) ruppoarHamuku. Mcnosnb3ys npu-
BeJleHHbIe BbIllle BbipaxkeHus ajisti j U E, nosydaem cienyoiine ypaBHeHHs (CM.,
Hanpumep, [14, rnasa VI, § 3a.6]):

T bt (Hxv)=0,  divH=0,
pt+v-Vp+pdivv =0, (2.3.40)

plvi+ (v-V)v]+Vp—(rotH) x H=0.

3nech caaraemoe (rot H) x H onpenensiercs cumoit j x H, nefictByomueii co cro-
POHBl MarHUTHOTO MOJS HAa €IWHHUYHBIH 06beM KHUIKOCTH. [locKo/MbKY ypaBHEHHE
divH = 0 npexcras/sieTr co6oi MpocTo HauyajbHOe ycJoBue, ypaBHeHus (2.3.40)
00pa3yoT HedoonpedeseHHyto cucmemy: OHa COCTOMUT M3 7 YypaBHeHUH 1Js 8
HEU3BECTHBIX (PYHKIUHK HY, H?, H? ol 2, 3, p ¥ p. Jasi TouHOW TMOCTAaHOBKH
(husuueckoll 3afauu Tpebyercs 100aBUTH ellle OJHO ypaBHEHHUe.

6%
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2.4. dBnenue quddysuun

2.4.1. JluneiiHoe ypaBHeHUe TeILUIONPOBOAHOCTU. [loBeneHue prsnveckux
cucteM B AM((Y3UOHHBIX Tpolieccax MPUOIMKEHHO ONUCBIBAETCS MPH YCJIOBUH,
4TO MOJIEKYJSIPHBIM XapaKTepPOM CHCTeMbl MOXKHO npeHeOpeub. [Ipexmonaraercs,
4TO Ha 3JEeMEHTbl H[eaNn3UPOBAaHHON MOJENH He NeHCTBYIOT MOJIEKYspHbE (DIIYK-
TyaluH, Kakoi Obl MaJiblii 00beM HU paccMaTpPUBAJICH.

CocraBuM nuddepeHHanpHOe ypaBHEHHE CTALMOHAPHON TeMJIOBOH IU(PDY-
3UH B OJHOPOIHOM MaTepuale, IJle OLHOPOLHOCTb MaTepHasa O3HA4YaeT, 4TO ero
NAOMHOCMb MACCHL P, €T0 CneyuduuecKkas meniosas npo8ooUMOCMb Cyx U mep-
Mmanvras nposodumocme k — MoN0XKHUTEIbHBIE KOHCTAHTI. Belie MM B MaTepuase
npou3Bo/bHbIH 00beM () U o6o3HauuM Of) ero rpanuny. [lycTb v — enuHUYHAs
BHEILHsAST HopMaJ/b K moBepxHocTH Of). [lpumem ob6o3HaueHHe u 1715 aOCOMIOTHON
TeMIepaTyphl, Tak 4To u = u(t,X) — TeMIepaTypHOe IOJe B MPOM3BOJIBHBIN
MOMEHT BpeMeHH t U X € ().

[Tocne ony6mukoBaHusi crtatbu Dypbe MO TEOPHH TEMJIONPOBOLHOCTH
B 1811 ronmy u ero wusBecTHOW KHUTH Théorie analitique de la chaleur
(Anarumuueckas meopus menaomot) (1822) maTeMaTHUecKasi MOE/b TEMJOBOK
11(dy3nr 06bIYHO OMHUpaeTcss Ha cjaepyloliye (pU3HUecKHe MPUHLHUIbI TeNJI0BOro
6anaHca, U3BECTHbIE KaK 3aKOH menionposodrocmu Pypoe:

a) KonunuectBo Tenaa () B 00beMe {2 mpornopiroHasbHo Macce oobema ) u ero
TeMIeparype:

Qt) = Jpc*udxdydz. (2.4.1)
Q

6) Tensio pacnpocTpaHsieTcst U3 CJosi ¢ OoJiee BBICOKOH TeMIlepaTypoi K CJIOH0
¢ OoJsilee HU3KOH TeMIepaTypod, a TelJIOBOH MOTOK MPONOPLHOHAJNEH TPafHEHTy
TeMIepaTypbl, T.e. TENJOBOH MOTOK B oObeMe () dyepe3 ero moBepxHOCTb Of2
onpeesseTcss ¢ MOMOLLBIO

J (kVu-v)dS. (2.4.2)
o0

B) CkopocTb nM3MeHeHHs! Temsa B obbeMe () ymoBjerBopsieT (2.4.1), To ecTb
BeJIMYMHA
aQ

ou
e Jpc*atdxdydz
o)

paBHa KOJIMYECTBY TelJia, MPOXOISIIEro uepe3 MoBepXHOCTb OS2 B COOTBETCTBUU
¢ (2.4.2). Takum oOpa3oM, Mbl UMeeM CJeylolllee ypaBHeHHe OasaHca:

Jpc* % dx dy dz = J (k V- v)dS. (2.4.3)
o0

[Tpumensisi Teopemy o nuBepreHunu (1.3.18), MmoxxHO mpeo6pa3oBaTb HHTErpaJl
B NIPaBOK 4acTH ypaBHeHHus (2.4.3) caenyromum o6pasom:

J(kVu-V)dS:JV-(kVu)dxdydz.
o0N
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B nrore nHTerpasnbHoe ypaBHeHMe (2.4.3) npuHMMaeT BUL

Jpc* g—?d;c dydz = Jv (V) dz dy dz. (2.4.4)

[TockonpKy €) Npon3BOJIBHO, HHTErpajbHOe ypaBHeHHe (2.4.4) 3KBHBaNEHTHO AU(-
(bepeHLMa/bHOMY YPaBHEHHIO

pe g_“ — V- (kVu). (2.4.5)

Tak kak TepMaJibHasaA MMPOBOAMMOCTDb ]{3 I[NIOCTOAAHHA, Mbl UMeeM
V- (kVu) =kV - (Vu) =k Au,

rie A ectb namsacuad (1.3.19). Takum o6pa3oM, Mbl MOTYUHJIH JHHEHHOE ypas-
HeHue menaonpo8ooHoCcmu
w = a’Au, (2.4.6)

rlle NoJOXHTeNbHas KoHCTaHTa a’ = k/(pc.) ecTb Koauuuenm Ougpysuu
MarepuaJna.
B onHOMepHOM ciyuae, Korma TemmepaTypa 3aBUCHUT OT BpeMeHM ¢ W ONHOH
MPOCTPAHCTBEHHOH KOOPAMHATHI X, ypaBHeHHe TemJonpoBoAHOCTH (2.4.6) nmeer
opM
q) Py ou 2 8211,
A g
ot Oz’
Pdusnyeckas peanusalns OJHOMEPHOH TensnoBOH AU(PQPY3UH COCTOUT B CJeNy-
fouteM. PaccMOoTpuM GeCKOHEUHbIH OZHOPOAHBIA MPSIMOYTOJBHBIHA CTEpKeHb C I1J10-
aapl0 ceyeHHs1 S, pacro/oKeHHbIH BIOJb OCH & U TOJHOCTbIO M30JMPOBAHHBIN
¢ aByx ctopoH. Ilycte Temmnepatypa 1’ B /I0O0OM CeYeHHH CTepXKHS OJHOPOMIHA.
To ects T = T'(t,x) — TemmepaTypa CTepXKHSI B MOMEHT ¢ B CEUEHHH, Mapasiesb-
HOM IJIOCKOCTH (Y, 2) Ha PacCTOSHUK X OT Hadasja KoopauHaT O MpsiMOYTrosbHOH
cucteMbl  koopauHat O, Oy, Oz.
[Tyctb 061acTh §) — 3/1€MEHT CTepK-
HA pasMepa Az Ha PacCTOSHUH T
or O (cMm. puc.2.9). YpaBHeHHe Oa-
naHca (2.4.3) B mepBoM MpUOJIHKE-
HUH [aeT
)

(S AzT) oT
gwAaTl) _ g <_
ot Ox
PasnenuB ypaBHeHue Ha S Az, me-
peiinem K mpeneny npu Az — 0 wu,
o6o03Havass Temnepatypy 1 cuMBO-
JIOM U, TOJYyYHM OIHOMEPHOe ypaB-
HeHWe TernJjonpoBogHocTH (2.4.7).
DTo JUHEHHOe ypaBHEHHE C MOCTOSIHHBIMH KO3 (pHUIHEHTaMH, HWHBaPUAHTHOE MO
OTHOLIEHHUIO K t- U z-cMellleHUsiM. [locsienHee CBI3aHO C MPUHSATBIM COTJAlIeHHEM
0 CTallMOHAPHOCTH Tpolecca AUGPY3HH U C MPEANoJoKeHHeM 00 OZHOPOAHOCTH
MaTepHaJsa CTepKHS.

0. (2.4.7)

Y

_or
z+Az ox

Puc. 2.9. OnHoMepHBIN TenJIoBOH MOTOK
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2.4.2. HeauHeiiHOe ypaBHeHHE TeILIONPOBOAHOCTH. HHamwu paccyxneHus
B NpeAbIAYIIEM pasfese OCHOBBIBAJWCH (PAKTHYECKH Ha MPeNoJoKeHHH, UTO
U3MeHeHHe TeMIepaTypbl He BJHUseT Ha (U3WYeCKHe XAPAKTEPUCTHKH p, Cx U k
Martepuasa crepxkHs. [Ipennosoxenue onpapaaHo, ecau U3MeHeHHe TeMIepaTypbl
HeBesiMKO. Kpome Toro, Takke pe3oHHO MPENIOJOXKUTh, YTO TJIOTHOCTb M TEINIO-
Basl XapaKTepUCTHKa OyoyT COXPaHSTh Haya/bHble 3HAUEHHS TMOCTOSTHHBIMH J1aXKe
TP BHICOKOH Temnepartype. OnHAKO ec/H TeMIepaTypa W3MeHseTCsl 3HAUHTeNbHO,
TO 3TO TOBJHUSIET HA TEIJIOBYIO MPOBOAMMOCTb.

Hrak, paccMoTpuM ypaBHeHHe GanaHca (2.4.3) B MpenoNoXKeHHH, YTO P U Cy,
KaK W Tpexne, SBJASIOTCS MOJOXKHUTEJIbHBIMH KOHCTaHTAMH, HO Kk 3aBHCHUT OT
temnepatypsl, k = k(u). Kpome Toro, nosoxum pc, = | BEIGOPOM HEOOXOLMMOrO
Maciitaba BpeMeHH U NpeacTaBuM ypaBHeHue (2.4.5) B cienymolieM BHIE:

% — V- [k(u) Va]. (2.4.8)
Ypasuenue (2.4.8) Ha3LIBAIOT HEAUHELHLIM YPABHEHUEM MenaAonpo8oOHOCMLU.

Ero Hepenko 3amuchbiBalOT B BUE

g—? = div [k(u) grad u]. (2.4.9)
B ogHOMepHOM ciiyyae HeJHHEHHOe ypaBHEHHe TEIJIONPOBOJHOCTH UMEeT BH/L
ou 0 ou
= [k(u) %] (2.4.10)
UJIH / )
ur = [k(u) ug], = k(u) uge + K (u)(ug)”. (2.4.11)

2.4.3. Ypasuenus Broprepca u KopreBera—ge ®pusa. YpasHenue bBiop-
repca
Up = Uly + V Ugy (2.4.12)

ILIHPOKO HCMOJb3yeTcsl B MEXaHUKe XKHUAKOCTH, HeJHHeHHOH akyCTHKe U T.H. Ero
NPUMEHSIOT, HANpUMep, MPHU MOAEJHPOBAHUHM 00pa30BaHMUS M pacrnaga HemJoCKOH
yaapHo# BoJsiHbl. KoopnuHarta x «ABHKeTCSI» BMECTe C BOJIHOH CO CKOPOCTbIO 3BYKa,
a 3aBHCHMasl NlepeMeHHast % XapaKTepuayeT (PAyKTyalHuu CKOPOCTH.
Kosgp¢uurent v B ypaBHenun bBioprepca (2.4.12) o6bI9HO CUHTaeTCs MOCTOSIH-
HeIM. OfHaKO B JEHCTBUTEJBbHOCTH OH sIBJsIeTCS (DYHKLHMEH BpEeMeHH, U T03TOMY
3ac/y>KMBaeT BHUMaHUs U3ydeHHe 0000IIeHHOr0 ypaBHeHHs1 Dioprepca

U = Ully + V() Ugy. (2.4.13)
YpaBuenue Kopresera—ne ®pusa (Korteweg—de Vries)
U = UlUg + U Uggy, [ = const, (2.4.14)

UCIIO/Ib3YeTCsl, HAlpHUMep, MNPH MaTeMaTHUeCKOM OINHMCAHHHM PaclpoCTPaHeHHUs
IJIMHHBIX BOJIH B BOAHBIX KaHasax.

YpaBHenus Broprepca u Kopresera—ne ®pusa BbleasSI0TCS Cped HEMUHEHHBIX
nuddepeHLHANbHBIX yPAaBHEHHH C YAaCTHBIMH IPOM3BOAHBIMH CBOMMH IpHMeya-
TeJbHBIMH MaTeMaTH4YeCKUMH CBOHCTBaMH.
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2.4.4. MaremaTuueckKoe MoaeaupoBaHue B obJjactu ¢uHaHcoB. Marema-
THKa (PUHAHCOB UMeeT LeJIbI0 U3yueHHe KoJieOaHUH LleHo00pa3oBaHNU Ha (DOHA0BOH
6upxe kak Anddy3HoHHOrO mpolecca B cayuyaiHou cpene. COOTBETCTBEHHO, BpeMs
U HEJIOCTOBEPHOCTb SIBJSIIOTCS TJIABHBIMH 3JIEMEHTaMH MOJEJHUPOBaHUs (DUHAHCO-
BOT'O TIOBeIeHHs] 3KOHOMHUYecKHX areHToB. CJjenoBaTesibHO, 6a30oBas MareMaTHye-
cKasi Mofesb B 00s1aCTH (PUHAHCOB (POPMYJIUPYETCS B TEPMHMHAX CTOXaCTHUYECKHUX
NpoLeccoB, NPUBOASLIUX, TaKUM 00pa3oM, K cmoxacmuiecKkum oupepernyuas-
Hoim ypasHerusam. ONHAKO TIPH ONpeleseHHBbIX YTPOLIAIUIUX MPeNNoNoKeHNIX
MOJEJM YaCTO MOTYT OBITb alMPOKCUMHUPOBAHBI OOBIYHBIMU HU((hepeHIHaTbHBIMU
ypaBHEHHUSIMHU.

XopolIo H3BEeCTHOEe YypaBHEHHE 3TOTO THUMA MpPeACTaBjaseT CO00H Momesb
Bneka—-Illoynca (1973), ucnosbaytoimiasi noHsiTie (HOHHOBOrO (GHUPKEBOT0) LEHO-
o6pa3oBanus. Mopesb annpoKCUMHUPYeTCs CAeAVIOLIUM JHHEHHBIM ypaBHEHHEM
C TepeMeHHBIMU KO3(p(PHULHEeHTaMU:

w + éA%Qum 4 Bru, — Cu =0, (2.4.15)

rie A, B u C' — noctosiHHble KO3(D(DULHEHTHI, CBSI3aHHbIE C XapaKTepHUCTHKaAMU
Mozesu. 3aMeTuM, uto ypaBHeHue Bieka—Iloynca (2.4.15) moxeT GbITh npeoOpa-
30BaHO B ypaBHeHHE TeMJIONPOBOAHOCTH C MOMOLIbI0 TOBOJBHO CJIOXKHOH 3aMeHbI
rlepeMeHHBIX.

2.5. Buomaremaruka

2.5.1. Cmpimnenble rpulbl. EcTecTBEHHO MPEANOJNOXKHUTb, YTO TPU POCTE
rpubel CTPEMSATCS MMHHUMH3HUPOBATb M3JHUILHIOW Tpaty Baard. CJjenoBaTesbHO,
OHM paCTyT TaK, UTO ILIOWIAJb WX IOBEPXHOCTH
MHUHHMMaJbHa, 4YTOObl YMEHBIIUTh HCIapeHHe.

Hcxonsi u3 storo mpenmnosoxkeHusi, 6yneMm Ha-
XOIHUTb ONTHMAJbHYIO ()OpPMY LIJIANKA TPUOOB C
TIOMOLLBIO PelLlIeHUs] C(OPMYJIHPOBAHHON HUXKE TPO-
CTOM MaTeMaTH4yecKoH 3ajaydM. 3aTeM Mbl CpaB-
HUM pe3yJbTaT C peasbHbIMH rpudamu. Paccmot-
pUM KpuBble y = y(x) Ha MIOCKOCTH (Z,Yy), COENHU-
HslolIKe ABe (DMKCHpOBaHHBE TOUKH, P = (z1,y])
1 Py = (x9,yy). Bpaiasi KprBble BOKPYT OCH Y, Mbl
TMOJIYYUM MOBEPXHOCTH.

3agaya COCTOMT B TOM, 4TOObl HAaHTH TaKylo
KPHBYIO, KOTOpasi IPH BpalleHUH BOKPYT OCH Y 00-
pasdyeT MOBEPXHOCTb MHUHHMMAaJ/bHOH mJomany. Pe-
MM 3Ty 3ajady. PaccMOTpUM TOHKYIO MOJIOCKY
TNIOBEPXHOCTH, KOTOpas MoJlyyaeTcs, ecJH NepeMeH-
Has x NPUHHAMaeT 3HAueHUs MexXAy « U T + dx.
[Tnomanb mosocku paBHa

2rxds = 2mx/ 1 + y” dx,
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OTKYyZa
(ds)® = (dz)” + (dy)?

ds =\/1+y" dz.

CJIe,U,OBaTeJIbHO, [J0laAb MOBEPXHOCTH BpallleHUS OIpeneJ/saeTCd HHTerpajgoM

U, HaKoHell,

T2

SIQWJ$\/1+y/2 dz.

T

Hrak, Mbl OpULIIK K caeAyioled (opMY/JIUPOBKe 3afa4d BapHallMOHHOT'O HCUHC-
JIEHUS: HAWTH KPUBYIO, A9 KOTOPOH BapHaLlMOHHBIH HUHTErpas

JL(:L', y,y) dx

L:a:\/1+y’2

NPUHHAMAeT CTAlMOHAPHOE 3HaYeHHe. YCJOBHE TOr0, YTO HHTerpaj MpPUHHUMaeT
CTallMOHApHOe 3HaYeHHe, SKBUBAJEHTHO ypaBHeHHIO Disepa—Jlarpanxka (1.5.2):

oL _ p, (3—L> —0. 25.1)

C JlarpaH2KHaHOM

dy oy’
B Hamem npumepe nosydaem

oL 0 oL xy

W= Wi

YpaBHenue (2.5.1) 3anucaHo B dopMme 3akorna coxparerus (cM. pazpen 7.3):

D, (%) =0. (2.5.2)

BceaenctBue storo nyteM audepeHLHPOBaHHSl MBI [0oJyuyaeM Clefylollee HeJu-
HeliHoe AU depeHlIMalbHOE ypaBHEHHE BTOPOTO TOPsAKa:

" 1 / Py
v+ (y y ) —0. (2.5.3)

3akoH coxpaHeHus (2.5.2) sBJseTCs CEAYIOUIMM MEPBBIM HHTETPAJOM ypaBHEHHUS
(2.5.3):

/

_
V14y?

PeliuM 370 ypaBHeHHe OTHOCHTEJIBHO ', TIPOMHTErPUPYEM €ro U MOJyduM obliee
pelieHne

= A = const.

y = B + karcch (%)
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C IBYyMsi KOHCTaHTaMH HHTerpupoBaHusi, B u k. Boiuucsss oO6paTHYO (YHKIHIO
K runepbosnueckomy KocuHycy (cm. (1.1.8)), MBI MoXeM 3amucaTh pelleHHe

B (hopme

y=B+kln C—H{:ln‘x—l— 2 — k2

)

Z‘-f‘\/IL‘Q—kQ‘_
—| =

rne C' = B — kln|k|.
TakuM 06pa3oM, HCKOMasi KpHUBasi 3a[aeTCsl PelleHueM

y:C+kln‘x+ z2 — k2

I

1 (2.5.3) ynoBJseTBopsieT rpaHUUHBIM yCa0BHM Y (1) = Y1, Y(x2) = yo.
CooTBeTcTByOLIAs OBEPXHOCTb BpallleHHsl MokasaHa Ha puc. 2.10, a ¢opma
TIOBEPXHOCTH peasibHOro rpuda — Ha puc. 2.11.

Puc. 2.10. TloBepxHocTb BpalieHus ¢ 06- Puc. 2.11. Peanbubii Tpu6
pasyiomeit y=C + kln |z + Va2 — k? |

2.5.2. Mogeab pocra omyxoau. B Hacrosiiiee Bpemsi B JuTepaType mpen-
JIOXKEHO HECKOJIbKO MaTeMaTHUeCKUX MOJeJsiel 1Jsi OTIMCaHHUsl POCTa 3JI0KAaueCTBEH-
HBIX OMyXoJield. DTH Mofen (POPMYNUPYIOTCS B BUIE CUCTEM HEJHMHEHHBIX TU(de-
peHLHa/IbHbIX yPaBHEHUH ¢ YaCTHBIMU MPOU3BOAHBIMU. Mbl IPUBOAKUM 3[€Cb OLHY
U3 3TUX MOJeJeH.

B 3nopoBoii TkaHu coxpaHsieTcs H6anaHC MeXy poXKIeHUeM KJIETOK U UX rude-
Jbt0. MI3aMeHeHre e30KCHPUOOHYKJ/IEHHOBBIX KHCJOT, CB3aHHOE C reHETUYECKHUMH,
XUMUYECKHMH WM APYTUMH BHEIIHHMH NPUYMHAMH, MOXKET BbI3BATb MOSIBIEHHE
KJIETOK 3JI0Ka4eCTBEHHOH OMYXOJHM, KOTOpasi HapyliaeT 3TOT 0ajiaHC W BbI3bIBaeT
HEKOHTPOJIHPyeMOe BOCIIPOM3BOACTBO KJIETOK C MOCJeNYIOLIUM HX BHeIPEeHHEM
B COCeJHHE WJIH OTHajJeHHble TKaHH (MEeTacTashbl).
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Psaj aBTopoB !) mccaenoBan npoGeMy MeCTHOTO PacHpOCTPAHEHHS 3/10Kaue-
CTBEHHOH OMYXOJIM MYTeM NPOpPacTaHUsl CKBO3b IMpUJexallhe TKaHH HUJIU UX pas-
pylueHusi, ipeHebperas KaeToyHoH nuddysueii. Onupasch Ha HEKOTOPble BaKHbIE
HabJtoieHUs1 B OMOJIOTHH OMNyXoJed, OHU MPeJOKHUIM MaTeMaTHYeCKyl0 MOJAEJb,
npeJHa3HauYeHHY0 [/ U3y4YeHHUs OCpeHEHHOH OfHOMEpPHOH AMHAMMKH 3J0Kaue-
CTBEHHBIX KJETOK, NpeHeOperass U3MeHeHHsIMH, NPOUCXOASIIUMH B HaNpaBJeHUH,
TIepleHANKYJ/ISIPHOM PaclpoCTPaHeHUI0 pakoBbIX KJeToK. Monenb opmynaupyercs
B TepMUHax Au(depeHLHaNbHbIX YPAaBHEHHUH C YaCTHBIMH NPOU3BOAHBIMHU B BHE
CJIeAYIOUIEH CUCTEMBI:

up = f(u) = (ucz),
ct = —g(c,p),
pt = h(u,c) — Kp.

3mech u, ¢ ¥ p 3aBUCAT OT BpeMeHH t W OIHOH MPOCTPAHCTBEHHOH KOOPIAMHATHI
2 W TPEICTaBJ/ISAI0T KOHIEHTPALHUIO ONMyXOJ/EBBIX KJETOK, BHEKJETOUHYIO MaTPHILy
(nanmpumep, IV Tunm KosjareHa) W TpoTeasy COOTBeTCTBeHHO. JlJis omucaHwus
JNUHAMHUKH CelluprUuecKod 6UONOrHYecKOH CHCTEeMbl aBTOPbI MOJAEJNH BBOASIT MpPO-
ussonvrovie anemernmol f(u), g(c,p) u h(u, c), KOTOpIE MO MPEANONOKEHHUIO SBJISI-
IOTCSl BO3PACTAIOLIMMK (DYHKLUHSMH 3aBUCHMBIX NepeMeHHbIX u, ¢, p. Hanpumep,
GyHkuus h(u,c) B mocjenHeM ypaBHEHHWH MPHUBENEHHOH CHCTEMBI MPENCTABJSET
3aBHCHMOCTb TIPOM3BOACTBA MpPOTEasbl OT JIOKAJbHBIX KOHLEHTpaLHil 3J0Kaue-
CTBEHHBIX KJETOK W KOJlJareHa, B TO BpeMs KakK BBeleHHe ujeHa —Kp 0CHOBaHO
Ha TIPeATOJIOKEHNH, UTO NpoTeasa paspyluaercs JHUHEHHO (3mech K — mMOJI0XKH-
TeJIbHAsl KOHCTAHTA, KOTOPYIO CJeIyeT ONpenesiTh SKCIEPUMEHTAbHO M0 MEPHOLY
nosiypacrnana).

3ameuasi, 4YTO MHTepBaJbl BpEMEHH, CBSI3aHHbIE C TPOM3BOACTBOM M pacnagoM
NpoTeasbl, CPABHUTEJNbHO HEBEJHMKH 0 CPABHEHHIO C BpeMeHeM OcCJabseHus Kie-
TOK, MPHUHSITYIO MOJIe/Ib MOXKHO CBECTH K CJIEAYIOLIElH CHCTEeME, COCTOsIIEeH U3 IBYX
YPaBHEHHUH:

Ut = f(u) - (UC_@)I,
¢ = —g(c,u), (2.5.4)

rae f(u) u g(c,u) — nponusBosbHBIE PYHKLMH, YIOBIETBOPSIOLIHE YCAOBUSIM

f(u) >0, gele,u) >0, gu(c,u) >0.

2.6. BoJHOBbBIE 9BJIEeHUSA

MaremaTtuueckre Mopesid KoseOaTesNbHbIX SIBJAEHHH MPOLIE BCEro MOCTPOUTh
C HCIIOJIb30BAaHUEM B8APUAUUOHHO20 npuryuna lamusemona WIu npuHyUna cma-
yuonaproezo deticmeus (cM. pasnen 1.5). B kimaccuyeckoil MexaHuke sobasi Mexa-
HUYecKasi CUCTeMa OMHMCHIBAETCS KOHEUHBIM UHCJIOM TepeMeHHBIX (KOOpIHHAT CH-
CTEMBI), pacCMaTPUBAaeMbIX KaK HeH3BeCTHble (DyHKIHMU BpeMeHH. Clie0BaTeNbHO,

NAJ Perumpanani, J. A. Sherrat, J. Norbury, and H. M. Byrne, Physica D, 126, 1999.
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IBUYKEHHE CHCTEMBI ONHUCBHIBAETCS 00blKHOBeHHbiMU NU(D(epeHLnaNbHEIMU YPaB-
Henusimu (1.5.2). DToT Bompoc obcyxnagcs B pasgene 1.5.1.

B MexaHHKe CNJIOIIHBIX CPeJ MOJOXKEHHe paclpeeseHHON CHCTeMbl He MOMKET
6oJibllle OMHUCHIBATHCS KOHEUHBIM YHCJIOM TMEpeMeHHBIX, 3aBHCSLIMX OT BpPeMeHH.
B stoM cayuae KuHeTHYecKast U MOTEHLMANbHAs SHEPTHsl MPEICTABJSIOTCS HHTe-
rpasaMu oT (PyHKIHMH HECKOJIbKUX MepeMeHHBIX. DTO MPUBOAUT K AU depeHIHaNb-
HbIM YPaBHEHHSIM C 4QCMHbIMU TIPOU3BOIAHBIMH, MOJydyaeMblM M3 BapHALMOHHOTO
npuHUMna [aMunbTOHa, KOTOPHIH OblM BBeleH B pasnese 1.5.2. MartemaTudeckue
MOJIEJIH UMEIOT CPABHUTEJBHO MPOCTYIO (HHEHHY0) (hOpMY, €C/IM IBHKEHHE OTpa-
HUYEHO OKPECTHOCTBIO MOJIOXKEHHSI PAaBHOBECHS HelpPepPhIBHOH CUCTEMBI.

2.6.1. Maublie Kosne6auus cTpyHnbl. CmpyHa, paccMaTpuBaeMast Kak TOHKas
3/1aCTHYHAS] HUTh, HATSIHYTast BAOJIb OCH &, MPEICTaB/sIeT COO0H MPOCTOH MpHUMep
OIHOMEPHOH pacrpeneeHHOH CHCTEMBI.

PaccmotpuM crenyioiyio ¢pusndeckyro 3agady. OTKJIOHHM CTPYHY OT M0OJIOXKe-
HHUSI paBHOBeCHs ¥ OTIycTUM. OueBHAHO, YTO CTPYHA OyIET CTPEMHUTLCS BEPHYThCSI
B epBOHAYa/bHOE MOJIOXKEHHE MO EHCTBHUEM CHJIBI, CBSI3aHHOU C ee HaTsKEHHEM
MpH OTKJOHEHHH OT paBHoBecusi. OnHAaKO, KOrja OymeT HOCTHUTHYTO MOJIOXKEHHe
paBHOBECHSI, CTPyHa He OCTAHOBHTCS, HHEPLHSI OTKJIOHUT ee OT OCH X B MPOTHUBO-
TOJIOXKHOM HarpaBJieHHH, U Tpoliece MOBTOpUTes. Takum o6pas3om, mpearnosarasi,
4TO pACTSKEHHWE — eIHHCTBEHHAs CHJIA, MOJAEHCTBOBABILIAS HA CTPYHY, Mbl HMEEM
CBOGOAIHbBIE KOJIEOAHHSI CTPYHBI OTHOCHTEJIBHO MOJIOXKEHHsT PABHOBECHSI.

CocraBuM nu¢depeHLHaNbHOE YpaBHEHHE AJIsI OMUCAHUS MePreHAHKYSPHOrO
cMerneHusi u = u(x,t) TOYKH X CTPYHBI OT MOJIOXKEHHsI PABHOBECHS B MOMEHT
BpeMmeHH t. Mrak, Mbl paccmatpuBaeM masvie Koaebawus CTPYHbI, MpearnoJaras,
4TO YJIeHaAMU BBICLIETO MOPSIIKA B Pa3/OKeHHH B psifl GyHKUMU u(x,t) U ee mpo-
M3BOAHBIX MOXKHO MpeHeOpeub M0 CPABHEHHIO C TJIABHBIMH YJleHAMH Pa3/OXKeHHsI.

CoryiacHO CTaHAAPTHBIM O00O03HAUEHHUSIM §I HCIOJIb3YH HHMXHHUH HMHIEKC MJIs
4acTHOM mponsBogHO#. Hanpumep, yacTHble mpousBoaHble 0T GYHKUHH u(x,t) MO0
nepeMeHHbIM & U ¢ 0603HAYAIOTCSI COOTBETCTBEHHO Uy U Uy

[lyctb p(xz) — JavHeiHasi MIOTHOCTb CTPyHBI. Torga macca Masioro aJjemeHTa
cTpyHbl miuHbl dxr B uHTepBate (x,z + dr) paBHa p(x)dr. CoOTBETCTBEHHO
MJIOTHOCTh KHHETHYECKOH SHepruu 1’ CTPYHBI B TOUKE X B MOMEHT ¢ 3aMHCHIBAETCS
B (hopme

T = %p(w) ul. (2.6.1)
[ToreHuua bHAst SHEPTHsI TPOMOPLHOHAIbHA YBEJHUEHHIO JAJHUHBI CTPYHBI 110 CpaB-
HeHHI0 ¢ ee MJHHOHA B nokoe. KoadhHLUHEHT MPOMOPLUHUOHANBHOCTH — MOJOXKHU-
TesbHOE uHca0 i > 0, HazpiBaeMoe Hamsceruem. [10CKOMbKY IJHHA 3JeMeHTa
CTPYHBI d TIPU OTKJIOHEHHH CTAHOBHTCS

ds = \/(dac)2 + (ugdz)? = /1 +u2 dz ~ [1 + %ui} dx,

yBeJqHYEeHHe NJIMHDBI 3JIeMEHTa CTPYHbl UMEEeT BUL

\/1+u2de—de = éuidm
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Takum 06pasoMm, MJIOTHOCTb MOTEHLHANBHON YHEPTHH OTPEAENSETCS BbIpaXKeHHeM
L9
U= 5 Hig (2.6.2)

K cnsomHoili cpefe MOXHO TPUMEHHThb TOHSTHe Oeiicmsus S, BBeleHHOe
B pasnesie 1.5.1. 3anuiiem uHTErpas AeHCTBUS AJs1 CTPYHBI:

S = Jde dt,
rzie, coriacHo ypaBHeHHusiM (2.6.1) u (2.6.2), narpaHxuaH
L=T-U
UMeeT BUIL )
L= 3 [p(x) uf — pul] . (2.6.3)
Takum o6pasom, ypaBHeHue ditnepa—Jlarpanxka (1.5.4) umeer dopmy:
5L L oL oL\
5= o0~ P (ow) = Do () = (2.64)
3nece Dy u D, — nogubie nuddeperunals (cm. (1.4.9))
0 3} 0
Dy = Eia e +Utta +Utxa—ux
"
0 0 0 0
:%‘i‘ua: +Ut:c8 +u m:aux
Mo t U o COOTBETCTBEHHO.
Jns narpanxkuana (2.6.3) Mbl nMeeM:
oL dL
=" g P gy = TH

H, CJegoBaTeJIbHO,

oL oL
Dt (aut) = p(x)utt, D:c (8—%> = —UUgy.

[ToncTaB/sist ToJyyeHHble BbIpaXkKeHHsi B ypaBHeHue (2.6.4), Mbl mosydyaem cJje-
nywollee JUHeHHoe AU epeHlHaNbHOe ypaBHEHHEe C YACTHBIMHM MPOM3BOAHBIMH
BTOPOTO MOpsiaKa:

—p(z)uy + pug, = 0.

[Tocne nesnenust Ha —p() MBI TOJydYaeM B0AHOB0E YpasHerue HJisi CBOOOIHBIX
MaJlblX MONepeyHbIX KoJeGaHUH CTPYHBI:

— k2 = 2(p) = M
uy — k°(x)uze =0, rme k(x) @)’
HJIH
o*u 9 O%u
— — k" — =0. 2.6.5
ot? ox? ( )
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Ecnu ctpyHa noxBepraetcsi I1eACTBHIO BHeLIHEH CUabl f(x, ), MepIeHAUKYJIsIp-
HOH CTpyHe, KHHeTHdecKasi sHeprus (2.6.1) ocraercsi HeHM3MEHHOH, HO NMOTEHIH-
asbHasi sHeprus (2.6.2) npuHumaer Gopmy

U= %,uui — f(z,t) u. (2.6.6)
B aToM ciiyuae Mbl HMeeM
1
L = [plx)ui = puz] + f(z,t)u (2.6.7)
BMecTO (2.6.3) U, BCIeICTBHE 3TOTO,

oL oL oL
50 = @, 1), u p(@)ut, o, M

CooTBeTcTBEHHO ypaBHeHHe (2.6.0) mepeijieT B C/enylollee ypaBHEHHe [Jis Bbl-
HYHCOeHHbLX KOAeOAHULI CTPYHBIL:

p(x)ug — pige = f(,1). (2.6.8)

AHasorMyHO, MOXKHO TMOJIYUHTb ypaBHEHHe 1Jis npo0oAbHbLX MajblX Koseba-
HUH yNIPYroro CTepXKHS:

p(x)uy — [E(z)ug], = f(x,1), (2.6.9)
rae F(z) — monyab IOura (Young), To ecTb MOAY/b YAJHHEHHS CTEPIKHSI.

2.6.2. Koneb6anus memo6panbl. Membparna — 4yacTb JIBYMEPHOH MOBEPXHO-
CTH, BBHIMIOJIHEHHAsI U3 yNpyroro marepuasna. [loTeHunanbHasi sHepruss MeMOpaHbl
MPOMNOPIIMOHAIbHA H3MEHEHHIO MJIOLIAAM ee MoBepxXHOCTH. [losokuTebHAsS KOH-
cranta (> 0 (K03(p(PUUMEHT NMPONOPLHUOHANBHOCTH) HA3BIBAETCS HANPANCEHUEM.
st mioTHOCTH MeMOpaHbl BBefieM 00o3HaueHue p(x,y).

[Tycth mokosiiiasicsi MeMOpaHa 3aHMMaeT 4YacTb IJIOCKOCTH (Z,%y), W MYCTh
u(z,y,t) — medopmaunsi MeMOpaHbl B HampaB/ieHHH HOPMald K ee MJIOCKOCTH
npH paBHOBecHH. DBynem mno-mpexHeMmy paccMaTpuBaTbh MaJjble nedopMallH U
npeHeOperaTb uJeHaM{ BBICLIErO MOPSiIKAa B Pa3J/oKeHHH B Pl DYHKLUHH U, Ug,
Uy TI0 CPaBHEHMIO C JHMHEHHBIM 4JIeHOM pasJioxkeHus. B sToM caydae mJomaib
3JileMeHTa J1e(hOpMHUPOBAHHON MeMOpaHbl 3aMUIIeTCsd B BUIE

1
J1+u +ud dedy ~ [1 + 5 (w2 + )| dudy. (2.6.10)

[ToncraBasis niowane drdy sneMeHTa 10 AedopMalud, HAXOOUM CJedylollee
W3MeHeHHe IJIOLIAIH:

% (uf +uy) da dy.

Takum O6paSOM, MJIOTHOCTb MOTEHI[HaJbHOU 9HEPruu uMeeT BUL

U:g(ui—kui),

B TO BpeMsl KaK TJIOTHOCTb KUHETHUECKOH HEPTHH aHAaJOTHYHA TOH, KOTOPYIO MbI
MOJTyUUIN AJs CTPYHH (2.6.1), a HMeHHO:

1
T =5 plw.y)uj.
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Urak, jarpaHxuan MeMOpaHbl uMeeT Gopmy
1
L= [p(z, y)ui — p (ul +u)], (2.6.11)

U COOTBETCTBYIOIlee ypaBHeHHe Jisepa—JlarpaHxka 3amucbiBaeTcsl CJELYIOLUIMM
obpasom:

0L _ 0L oL oL oL\
=" D, (a_m) - D, (W) - D, (8—uy> —0, (2.6.12)
rae Dy, Dy v Dy — nonHble auddepeHuyalns no ¢, £ ¥ y COOTBETCTBEHHO:
0 0 0 0 0
D (9 +ut8 +utta —I—utza +uty8
0 0 0 0 8
D, = £+Ux%+utxa—ut+uxx%‘f‘uxya—uy,
0 0 0 0

9
Dy =gy gy 0 gy, F e gy, Tl gy

[Moncrasasist narpaxuan (2.6.11) B (2.6.12), npomosixkasi BHIYUC/IEHHS, Kak B 3a-
Jlaye Co CTPYHOM, ¥ HCIOJIb3Ysi CHOBa 0003HAYEHHE

k2 T,y) = H ,
() pz,y)
noJlyuaeM AByMepPHOe B0AHOB0€ ypasHerue Oas KOAeGaHULL MembparsL:
2 2 2
Pu_p2(0u, 0 g (2.6.13)
ot da? oy’

BeipaxkeHne B ckKoOKax NpencTaB/seT coboil NBYMEpHYIO BepCHIO JarJjachaHa
(1.3.19), u ypaBHeHue (2.6.13) yacto 3anuceiBaetTcst B hopme

ug — k2 (x,y) Au = 0. (2.6.14)

B npucyrctBuu BHewiHe# cusbl f(x,y,t), HOpMANbHOH K MJIOCKOCTH (,Y),
ypaBHeHHe BBIHYXKIEHHBIX KOJeGaHUH MeMOpaHbl 3aMHUIIeTCs B BUAE

utt_kQ(xay) A“:F(l’»y,t), (2615)

rie F(z,y,t) = f(z,y,t)/p(z,y).
Yaile BCero BOJIHOBOE YpaBHEHHE PACCMATPUBAIOT TPH YCJAOBHH, UTO IJIOT-

HOCTb p TOCTOSIHHA. [Ip 3TOM Ko3(hdHuIMeHT k? TakKe MOCTOSAHEH. DTO MPeIo-
JIOYKEHHE TaKxkKe MOXKeT ObITb MCII0Jb30BAHO B TPEXMEPHOM BOJIHOBOM ypaBHEHHH:

uy — k*Au = F(zx,y,2,t), k>=const, (2.6.16)
rie A — oneparop Jlannaca (1.3.19):
*? . * D
“ol o o

BosHoBoe ypaBHeHue (2.6.16) HasbiBaeTcss 00HOpoOHbiM, ecan F' = 0, u neodHo-
pPOOHbIM B TIPOTUBHOM caiyuyae (cM. pasmen 5.1).
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Ananornyno onHomepHomy (2.6.5) u nBymMepHOMY (2.6.13) BOJMHOBBIM ypaBHe-
HUSM MBI TaKXKe PacCMOTPHM TPeXMepHOe JIHHEHHOe BOJIHOBOE ypaBHEHHe

2 ? 2 92
ot Ox dy 0z

npencTaBJsionee co60d OHO U3 OCHOBHBIX ypaBHEHHH MaTeMaTH4YeCKOH (DU3HKH.
Hanpumep, oHO onucbIBaeT pacrnpocTpaHeHHe CBETOBBIX BOJH; TPU 3TOM KO3 H-
uvent k2 B ypaBuenuu (2.6.17) paBen c?, rae ¢ — CKOpPOCTb CBETa B BaKyyMe.

3aMeTHM, 4TO J1I060€ BOJHOBOE ypaBHEHHe C MOCTOSHHBIM Ko3((HIHeHTOM k2
MOXKHO CBECTH K ypaBHeHHIO ¢ k% = | ¢ MOMOIIbIO MOAXOASIIEro NPeodpa3oBaHus
pactskenns. CrenoBaTesbHO, Mbl OyIeM TaKKe HCIONb30BAThb CJAEAYIOLIYI0 SKBH-
BaJIeHTHYIO opMy, Harnpumep, CBOOOJHOTO BOJHOBOIO YPaBHEHUS:

(2.6.17)

2.6.3. MuHuMajbHble IOBEPXHOCTH. MBI MOJYUYU/IN BOJHOBOE ypaBHEHHE
MaJsiblX KoJieGaHHui MeMOpaH, UCMoJb3ys annpokcuManuio (2.6.10) nis Bapuauun
TJIOIAJH TIOBEPXHOCTH MeMOpaHbl. [Ipo6ieMa MMHMMAIbHBIX TOBEpXHOCTeH ) Tpe-
OyeT omnpenesieHNst BCEX BO3MOXKHbBIX KOH(PUIypauuid MeMOpaHbl TIPU YCJIOBUH, UTO

oAb ee MOBEePXHOCTH
J,/l—l—u%—l—u% dx dy

|4

NPUHUMaeT MHUHHMaJ/bHOe 3HayeHHe. TakuM o00pa3oM, COOTBETCTBYlollee AH(-
(epeHLHaIbHOE YpaBHEHHe [/ MUHHMMAaJbHOH MOBEPXHOCTH €CTb YpaBHEHHe
Oiinepa—Jlarpanxa c JarpaHKHaHOM

L= /1+u2+ul. (2.6.19)

[Tockosibky JarpaHxkuaH (2.6.19) He COmEpPKHUT u U Uy U CIIPABENJTHBO
oL U oL

T Uy
Ouq I+ u +ul Ouy 1+ u? +u2
ypaBHeHHe Ditnepa—Jlarpanxa (2.6.12) 3anuceiBaeTcs B BUjie

Uy

ta +D, | ——2 | =0 (2.6.20)

1+ ul+ul 1 +ul+ul

1) 31a nmpo6ema Gbna Brepehle chopmyaupopana JI. dinepom. [TosgHee Gebruiickuil GUaKK
[Mnaro (J. Plateau) nosyuus MUHEMaJIbHBIE TOBEPXHOCTH SKCIIEPHMEHTANBHO U OnUcal UxX B 1873 ro-
ny. C rex mop mnpobsjemMa MHHHMaJbHBIX TOBEPXHOCTEH CTaja H3BeCTHa Kak npobaema [lramo
(cM. [46, c.534]). TmyGokoe maTeMaTHueckoe HCC/efOBaHHe mpPobJseMbl npuHauiaexuT P.Kypauty
(R.Courant). § moMHIO ero JeKIHI0 Ha POCCHHCKO-aMepUKaHCKOH KoH(pepeHuud B 1963 romy
B HoBocnbupckom yHuBepcurere, rae s 6bl1 CTyAeHTOM. [yl OXKHBJIEHHS [JOKJafa OH TOBTOPHUJI
B KayecTBe HJJIIOCTPALMH 3KcrepuMeHTH [11aTo M Mosydyus MUHHMaJjbHble TOBEPXHOCTH MyTeM
NIOTPY2KEHHsI B MbIJIbHBIE PacTBOP KYCKOB MPOBOJIOKH, MMeWLIUX (OpPMY 3aMKHYTHIX KPHUBBIX pas-
JIMYHOU (POPMBI.

Dy
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W ONPUBOAUT K CJAEAYIOLIEMY HEHHHeﬁHOMy YPaBHEHHUIO:

(1 + U2 thag — 2ugtiytiay + (1 + ul)uy, = 0. (2.6.21)
Jluneapusauus ypaBHenus (2.6.21) naer ypasnenue Jlamnsaca
AU = Ugy + Uy =0 (2.6.22)

IJI51 pellleHUsl 3adauu pasrogecus MeMOpaHbl.

2.6.4. KonebaHnsa TOHKHX CTepiKHed M MJIACTUHOK. C (PU3HUeCKOH TOUKH
3peHUs] TOHKHH CTepKeHb — 3TO TOHKas IIPOBOJIOKA, KOTOpas COINPOTHBJISETCS
u3rudy, B TO BpeMsl KaK CTPyHa CONpPOTHBJseTcs yaauHeHH0. C MaTeMaTHUeCKOH
TOYKH 3pEHUs] CTepKeHb — 3TO OJHOMEpHBbIH OTPe30K, pacroJiaralolivics BLOJb
npsiMOH JIMHUM, Oynydu B mokoe. Ilpu usrube oH npruoOpeTaeT MOTEHLHANbHYIO
3HEepPTrHI0 C IJIOTHOCTBIO, NPONOPLUOHANBHON KBaapaTy KpHBH3HBI. BBenem o6o-
3HaueHue u(x,t) HJsT OTKJIOHEHHs CTEPXKHS OT MOJIOXKEHHsT paBHOBecHsi. BHOBb
paccMOTpUM MaJible KoJieGaHusl, onpefessieMble Kak B caydae co cTpyHo#. [edop-
MHPOBaHHBIH CTepKeHb eCTb KpuBasi u = u(x,t) Ha MJIOCKOCTH X, u, Te BpeMms t
paccMaTpuBaeTcsl Kak mapaMmerp.

HanomHuM, 4TO KpUBH3HA KPUBOH €CTb CKOPOCMb USMEHEHUS ee HANPABACHUS.
(To ecTb HampaBJieHHs KacaTeJbHOH K KPHUBOH) M XapaKTepU3yeT IJIaAKOCTb HJH
KPyTH3HY KpuBOU. J{sisi iIocKo# KpuBO# u = u(x,t) KBagpaT KPUBU3HL K B TOUKe

T [aeTcCs Bblpa>XeHUEM 9

u
KQ — T
1+u2)’
(1 +u3)
UJIH PUOJIUKEHHO
K? ~u?
~ Ygx:
CrenoBarte/ibHO, MJIOTHOCTb NOTEHIMANBHON SHEPTHUH €CThb
_ K2
U= 5 Uaas

B TO BpeM$S KakK MJOTHOCTb KHHETHYeCKOH HEPTrHU MO-NpexHeMy HMeeT (opMy

(2.6.1), {
T = 3 puf,

rae p = p(x), p = const. Takum o6pasom, narpaHxKuaH paBeH
1
L= (pui — pul,) - (2.6.23)
B cayuae ecsiu B jarpaHKuaH BXOAAT NMPOM3BOAHBIE BTOPOTO MOPALKA:

L = L(tv x’ U/v ux7utvuIIvuItvutt)a

BapUaLlMOHHBIH MNPUHIMI [aMUJIbTOHA MPUBOAUT K CJENYIOLIEMY YpaBHEHHIO
ditnepa—Jlarpanxka (cp. ¢ (1.5.4)):

oL _ 0L oL oL
fo= a0 Do) "0 (5)

D2 (B—L) +D,D, <8—L) + D2 ( oL ) 0. (26.24)

@Utt 8utm 8um
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Hns narpanxkuana (2.6.23) ypaBHenue (2.6.24) 3anucbiBaeTcs CJeLYIOLUIMM
o6pasom: )
_Dt(put) - D;n(,UJux:L‘) = —pUpt — PUzzee = 0.

Mbl MOXeM TaK)Ke Yy4ecTb BHEIIHHE CHJIbI, KaK Mbl MOCTYMHJM B 3ajade co
crpyHamu. Torma masible monepeuHble KoseGaHUsi TOHKHUX CTeP:KHEH MONUUHSIOTCS
caenyomnM AudQepeHIHaIbHBIM YPaBHEHUSIM C YaCTHBIMH TPOM3BOIHBIMH UeT-
BEPTOro MOpsifKa: . o

s =1, (2.6.25)
ot or
rne f — cyMmMMmapHas cuJa, AEeUCTBYIOIlAs Ha CTepXKeHb, U (i — TOJIOXKHUTENbHAas
KOHCTaHTa.

CocraBsieHre auQQepeHIHaIbHOTO YPaBHEHHUS], OMHUCHIBAIOIIErO KoJeGaHus
NJaCTHH, MOXKHO MPOBECTH MOAOOGHO TOMY, KaK 3TO OBLJIO CAeNaHO AJS CTEpXKHEH.
[lnacTHa — 3TO 3JacTHYHasi NBYMEpHAsl MOBEPXHOCTb, MJOCKAash B COCTOSIHUM
paBHOBeCHs, MJOTHOCTb MOTEHIHAIbHOH dHepruu U KoTopo# mnocse pedopmanuu
NPOMOPLHOHAIbHA KBaAPaTUUHOH (hopMe OT esasHbix kKpususw K v H nnacTHHBL

U= aH2+ﬁK, «, 3 = const.

Beipaxkenust ans K u H npuBopsitcs B KHUTax 1o auddepeHIHalbHONA reoMeT-
pun. B caydae 1ByMepHBIX MOBEPXHOCTEH, 3alaBaeMbiX ypaBHeHHeM u = u(x, y, t),
rae BpeMs ¢ pacCMaTprBaeTcs Kak mapameTp, UMeeM:

p(z)

2
UgyUyy — uggy Vu

- 9> H:d. T |>»
(1+u2+u2)2 v M1+ 02 + 2
x Yy x Y

rae Vu = (ug, uy). B npubinkeHny Masbix KojeGaHHH Mbl [OydaeM:

K =

K =~ ugptiyy — uiy, H ~ div (Vu) = Au = Uy + Uyy.
Urak, nosarasi o = /2, Mbl UMeeM

U =~ g (Au)2 + B(ugztyy — uiy)

Ynpaxkaenue 2.6.1. Jlokaxewm, uTo

1)
5 (Uaatiyy — uZ,) = 0. (2.6.26)

C yderom ypaBHeHHus (2.6.26) MBI mosTydaeM JarpaHkuaH B (hopme
L= % pu? — M(Auﬂ . (2.6.27)

JlBymepHasi Bepcusi ypaBHeHUs Jisepa—Jlarpanxka (2.6.24) ¢ 3TuMm narpaHxua-
HOM J1aeT cJjefyiollee AU(QpepeHIHalbHOe ypaBHEHWE C YaCTHBIMH NPOU3BOIAHBIMU
YeTBepPTOro Mopsiika JAjs KoseGaHUH MJaCTHH:

pust + p(Uzgzz + 2Ugayy + Uyyyy) = 0. (2.6.28)

7 H.X. W6parumos
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2.6.5. HeauneiiHble BOJIHBI. PaccMOTpHM OfHOPOAHYIO MeMOpaHy, Hampsi-
JKeHWe KOTOpPOH wH3MeHsieTcss NpH nedopMauusix, TO eCTb IPEANOJOXKHM, UTO
w=¢(u) >0 u p=const. [lpumem past mpocrotel p = 1. Torma JnarpaHxkuaH
(2.6.11) sameHnuTcs Ha

L= [uf — ofu) (u2 +u2)], (2.6.29)

1 COOTBETCTBYIOllee ypaBHEHHE 3I7IJIepa—JIa1“paH>Ka
oL oL oL oL
o0~ Dt (5u) ~ = (5uc) ~ Do (aT) =0
3anuueTcd Tak:

— 3 @)1 = 3 ¢/(w) 2 = Dufua] + Dalp(u) ] + Dy[b(u) y] =0

HJTH
1 1
-3 ¢ (u) u2 — 5 &' (u) “; — gy 4+ G() gz + uyy] + ¢ (u)[uZ + ui] =0,
OTKY/a MocJie MPUBeeHHs MOJOOHBIX Y4/JIeHOB MOJIydaeM
1

Takum O6p830M, MBI UMeeM cJjiefyrouiee HeauHellHoe 80AH080€e ypasHeHue:

1
uu=¢wka%§dWHVM? (2.6.30)
YpaBHeHue HesMHEHHON BosHBI (2.6.30) MOXKeT ObITh 3aMKMCaHO [JIs1 JHOOro Uunucaa
nepeMeHHbIX x!, ..., z". Hanpumep, B OHOMEPHOM C/yyae HMeeM:
1
u = G(u) Uze + 5 ¢ (u) . (2.6.31)

Crenyoiye HeauHedHble auddepeHHanbHble ypPaBHEHHS OTJIHYAIOTCS
or (2.6.31) W TakxKe HCIOJNB3YIOTCS MNPH H3YUYEHHH HEJHHEHHBIX BOJHOBBIX
MPOIECCOB:

ue = [f(u)ug],,
u = [f (2, u)ug],, (2.6.32)
u = [f(w)ug + g(z, u)],.
Onpenensisi OTeHIMaN v ypaBHEHHEM U = v, NPeICTaBUM ypaBHeHus (2.6.32),
COOTBETCTBEHHO, B CJIENYIOIIEM BUJE:
Vit = f(vx)vm:c,
Uit = f(x’ Um)vxxa (2.6.33)
v = f(vg)Vge + 9(z, vg).

Kopoue roBopsi, noc/jenHre ypaBHeHUs NPUHALNEKAT K CJeAYIOLUIEMY JOCTaTOYHO
001LeMY KJacCy HeJHHEeHHbIX OJHOMEDPHBIX BOJIHOBBIX ypaBHEHHH:

v = f(x,V3)Upe + g(x, vg). (2.6.34)
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Jlpyroi#i THN HeJMHEHHBIX BOJIHOBBIX $IBJEHWUH, MPENCTABJSIOUIMX MpaKTHUe-
CKHH HMHTepec, U3BECTEH B ra3oBOi NMHAMHKe Kak Kopomkue 804Hbl. OHU ONHUCHI-
BaIOTCS CUCTEMOM

uy — 20 — 2(v — x)vy — 2kv =0,
vy +uy, =0, k= const.

dra cucTeMa, cocTosilias M3 JABYX yPaBHEHHH IMEPBOro MOPSIAKA, MOXKET ObITh
CBeJleHa MOACTAHOBKOH U = Wy, U = —W; K OJHOMY yPaBHEHHIO BTOPOrO MOPsIKa,

a UMEHHO:
2wig + 2(x + Wa) Waz + Wyy + 2kw, = 0. (2.6.35)

2.6.6. YpaBHenusi Yanubiruna u Tpukomu. YpaBHeHue YamnibiruHa umeer

opmy

OHo urpaet BaxKHYIO posib B 3ajiade adpOAMHAMUKH BBICOKHX CKOPOCTEH M OblIO
npensoxero C.A. HansbiruusiM B 1902 rony B ero auccepraunu «O rasoBbix CTpy-
iX». YpaBHeHHe UansibiriHa UCMONb3yeTCs AJis U3yYeHHs] IBYMEPHOTO yCTaHOBUB-
IIEr0Csi OKOJIO3BYKOBOTO MOTOKA W UMeeT MPaKTHUeCKHe MPHUJIOKEHHUs, HAPUMeD,
B CaMOJIETOCTPOEHHH NPH MOJEJHPOBAHHWH CTPYH ra3oBOro MOTOKAa BOKPYT Kpblia
camoJieTa, KOrja CKopocThb fnoJsieTa 6JM3Ka K CKOPOCTH 3BYKa.

Xopolei annpokcuManuei ypaBHeHus Uanaeiruia siBsietcsi ypaBHeHue Tpu-

KOMHU
LUy + Uze = 0. (2.6.37)

YpaBuenus (2.6.36) u (2.6.37) sBasitoTcs npuMepamMu IU(epeHIHaTbHbIX
ypaBHEHHH C YaCTHBIMM TPOM3BOAHBIMH TaK Ha3bIBAEMOTO CMEULAHHOEO
aAAUnMUKO-eunepbosuneckoeo muna, Hanpumep (2.6.37) — saaUnTHUECKOe
ypaBHeHue npu x > 0 u runepbonudeckoe npu x < 0 (cm. pasmen 5.2.5).
®dakTryecku ypaBHeHue (2.6.37) 6wuio mpepnoxeno P.Jxk. Tpukomu (F.G. Tri-
comi) B 1923 romy npu H3y4yeHHH JHHEHHBIX HU(QepeHlHalbHbIX YpaBHEHUH
C YaCTHBIMH MPOW3BOIHBIMH BTOPOTO MOPSiiIKA CMEIIaHHOTO THIIA.

3amauu K raase 2

2.1. CocraBuTh ypaBHeHUs Dilsepa-JlarpaHxka JJsi CJAeNYIOMINX JarpaHKUaHOB:

1

) L:§[U§+u§+u§—uﬂ—f(t,a:,y,Z)u,
1 1

6) L:§u§—utux—6ui,

B) L=y (~uf+md,) ~ [(ta)u, p=const,
1

r) L= 9 [_U% + (Uge + uyy)Q] — [t z, y)u.

2.2. TlpoBecTy meTasbHBIN BbIBOI ypaBHeHHs (2.6.21).

2.3. I'paBuranuonHass cusa co ctopoHbl Co/jHLA cdepuyeckd CHMMETPUYHA.
CrenmoBarte/ibHO, €CTECTBEHHO 3aKJ/IOUHTb, UYTO JBHKEHHE IJAaHET AOJKHO ObITh

7%
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Takxke cepuueckd CHMMETPHUUHBIM. JTO BBIMOJHSIOCH Obl TOJBKO B TOM CJy4ae,
eCJIM TJIaHeThl JBUTAJUCh OBl MO OKPYXKHOCTSIM Ha TOBepxXHocTsX cdep. OnHa-
ko W.Kensep otkpbin (1609), 4To miaHeTsl ABHXKYTCS 10 3JJHIICAM, a He IO
OKPY2KHOCTSIM, PaclOJIOKeHHBIM B (DMKCUPOBAHHOW MJOCKOCTH, a He Ha cdepax,
¢ CosHueM B ¢okyce 3aauncos, a He B LeHTpe. OOBACHUTL, YTO HapyllaeT
CUMMETPHUIO TIPH [BUKEHHUH MJIAHET.

2.4. O606mum 3anauy Kensepa v paccMOTpHM ABH2KEHHE YaCTHIbl, obsanatoiiei
Maccod m, B MPOW3BOJNBHOM LEHTPANbHOM MOTEHLHAIbHOM I10JIE

U=U0) == @)+ @) )

CorJlacHO TPUHIMIY CTalMOHAPHOTO HeHcTBHs (cM. pasmen 1.5.1), nBUKeHHe
YaCTHILB! OTpPEeNeIsieTCsl JarpaHKHaHOM

3
. m i 2 .
L= 3 2 ()" =U(r).

1=
CocTaBUTb COOTBETCTBYIOLIHE ypaBHeHUs1 Dinepa—Jlarpanxka (1.5.2).
2.5. YpaBuenue [upaka (2.3.32) — BekTOpHOe ypaBHeHHe. Ero KOMMOHEHTHI
COCTaBJISIIOT UeTblpe ypaBHeHHs. 3aMkcaTh 3TH YeThipe YpaBHEeHHs B IBHOH (hopMe.
2.6. TlpounterpupoaTh ypasHenne (2.2.3): dP/dt = aP — BP? (o, B =
= const # 0).
2.7. [Tlokasarb, mnosb3ysicb ypaBHenusmu (2.3.30), uto Dy (divE) = 0,
Dy(divH) = 0, u, cienoBaresnbHo, ypaBHenus (2.3.31), divE =0, divH = 0,
CTpaBelJ/IMBbl B JIOOOH MOMEHT BpPeMEHH, eCJIM OHH YIOBJETBOPSIOTCS B HayaJb-
HbI MOMEHT BpeMeHH t = {.



Fnasa 3

OBbIKHOBEHHBIE JU®PEPEHIIMAJIBHBIE YPABHEHHA.
TPAITUILIMOHHBINA ITOOXOJT

dTa raaBa MOCBSIIEHA KPATKOMY H3JI0KEHHI0 TPAJAHWLHUOHHBIX METOMOB pelle-
HUS AuddepeHIUaNbHBIX YpaBHEHHUH, co3iaHHbIX, B ocHOBHOM, B XVII u XVIII
BeKax. DTH KJacCHUeCKHe MPHeMbl MPOCTHl U OObIYHO HCIOJb3YIOTCS B MPaKTHKE
MHTErpPUPOBAHHUSI YACTHBIX THIOB OOBIKHOBEHHBIX AH((epeHIINaNbHbIX YPaBHEHUH
C MOMOILBIO METOJ0B, NPUCOOHbLX OASL IMUX YACMHBLX CAYHAEs.

Honoanumenvroe umenue: L'ypca . [4], Simmons G.F. [46].

3.1. BBenenne u 3jieMeHTapHble METOABI

3.1.1. MuddepeHunanbHble ypaBHeHHs. 3ajaya C HadaJbHBIM YCJIO-
BueM. OObIKHOBeHHOe nU(pepeHLHaIbHOe yYpaBHeHHe n-ro nopsinka (OY) ectb
COOTHOLIEHHE

F(z,y,y,...,y™) =0, (3.1.1)
CBSI3BIBAIOIIEE €IMHCTBEHHYIO HE3aBUCHMYIO NePEMEHHYIO I, 3aBUCHMYI0 MepeMeH-
Hyl0 y ¥ ee mpousBonubie i, ..., y".

Knaccuueckoe onpenesnienre pelieHus nuppepeHHanbHOr0 ypaBHEHHS COCTO-
UT B CJIEYIOLIEM.

Omnpenenenne 3.1.1. Tosopsit, uto QyHKUHUS y = ¢(z), OnpeneseHHast B OKPeCT-
HOCTH X W HelpepblBHO Au(depeHLMpyeMas n pas, siBAseTcs pelleHUeM AU(de-
peHlManbHOrO ypaBHeHus (3.1.1), ecau

F(z,¢(x),¢(x),...,¢" (x)) =0
TOXKJIECTBEHHO I10 & Ha HEKOTOPOM HWHTEepBaJie
(xg—e,z9+e), e€>0.

[TockosbKy s060# hyHKIHK ¢ = y(X) COOTBETCTBYET KPHUBasi Ha MJIOCKOCTH (x,y),
peleHusi OOBIKHOBEHHBIX AH((EpeHIMalbHbIX YPaBHEHHE TaKkxkKe Has3biBAKT UH-
meeparvHblMu KPUBbIMU.

TeopeMbl cylleCcTBOBaHHSI COCTaBJSIIOT OCHOBY 00llel Teopuu AuddepeHLU-
aJIbHBIX YpaBHEHHH, B YAaCTHOCTH, NPH I'PYIIOBOM aHajiuze JIu.

[TepBBle cHcTeMaTHUeCKHE UCCE0BAHHUS TPOOGJIEMBl CYILIECTBOBAHHUS pellleHHH
nuddepeHIHaNbHBIX ypaBHeHHH npuHanaexar Komwu (1845). 3amertum, 4ToO, Ha-
npuMep, B caydae ypaBHeHus (1.2.58)

Y J@)
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C HempepbIBHOH (PyHKIHEH f(x) MOXKHO JIETKO MOMYYHTD PellieHHe, KOTOPOe MPUHHU-
MaeT 3aJlaHHOe 3HaueHHe Yo NPH & = T, ¢ noMoIbio Gopmysbl (1.2.59). Permenue
3TOH 3adauu ¢ HAYAAbHbIM YCAOBUEM €IAHCTBEHHO, OINpEeNeJeHO B OKPECTHOCTH
TOYKH T( U BBIPaXKaeTCsl C MOMOIIbBI0 (DOPMYJIBI

y(z) = yo + J f(t)dt.

Komn 06061ua 3TOT pe3y/bTaT, N0Ka3aB CYLIECTBOBAHHWE pelleHUH B 3azaue
C HayaJ/bHbIM yCJIOBHEM [JIsl OOLLEro cjaydas ypaBHEHUs [1epBOro Mopsiaka:

dy B
- =1@), vl =vo (3.1.2)

rae f(x,y) — HempepbiBHAs (DYHKILHSI B OKPECTHOCTH TOUKH (X, Yo) Ha MIOCKOCTH
(x,y); 0603HaueHHIO 2—q, COOTBETCTBYET BhIUMCIEHUE 3HAYEHHs BHIDAXKEHHS [IPH

T = Xg. HOS)TOMy 3afady € Ha4daJbHBIM YCJOBHUEM HACTO HA3BIBAIOT 3adaueti Kowu.

Takum o6pasom, pesysnbrar Kowin ycTaHaBauBaeT CyllecTBOBaHHE MHTerpaJb-
HBIX KPUBBIX, POXOASIIMX Yepes JoOyio 3afaHHYI0 TOUKY (g, yo). OnHako pere-
HHe MOXeT He ObITb eMHCTBEHHBbIM, e€C/JM He NMOTpe6oBaTh, YTOOB! MpaBasl yacTb
ypaBHenust f(z,y) Oblia HenpepbiBHAa. Hanpumep, 3ajadya ¢ HauaJbHBIM yCIOBHEM

dy o
% =2 |y‘ ’ y|x2x0 =0
HUMeeT IBa peU_IeHI/IH, a UMEHHO:
y=0 u y=|r—xz0/(x— 20).

BceaenctBue atoro uccaenoanusi Koiu 6bLIM MPOROXKEHBI U TIPUBENH K 00-
[IMM TeopeMaM CYIIeCTBOBAHHS U €IMHCTBEHHOCTH peleHHH 3amaud Komm. [las
HalIUX LieJed NOCTaTOYHO HCIOIb30BATh CJAENYIONIYI0 MPOCTYIO BEPCHIO TEOPEMBI
CYLLIECTBOBAHUS U €IMHCTBEHHOCTH.

Teopema 3.1.1. Ilycts f(z,y) — HempepbiBHO audpepeHippyeMas QyHKIHs
B OKPECTHOCTH TOUKH (g, yo). Torna 3agaua ¢ HadasbHbIM ycioBueM (3.1.2) umeer
OIHO ¥ TOJIbKO OJHO pelleHHe y = ¢(z), OnpeaeseHHOe B OKPECTHOCTH (.

3ameuanue 3.1.1. Bosee obuias (xots U He HauGosee 001ast) BEPCHS TEOPEMbI
TpeOyeT BBINOJHEHUS OoJjiee cjaboro ycJoBHs, YeM HellpepbiBHasA Au(depeHLHpy-
eMOCTb, a UMEHHO BbIIIOIHEHUS yca08us Jlunwuya.

TeopeMa CylleCTBOBAHHA U €AMHCTBEHHOCTHU MOJidd ypaBHeHI/Iﬁ 00J1ee BBICOKOTO
rnopsaaka uMmeet C.HeIIy}OLU,I/Iﬁ BHI.

Teopema 3.1.2. [laHO ypaBHeHHe m-TO MOpPsSAKA

y" = f <x,y, Y, ... ,y(”‘”)- (3.1.3)
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3anava Ko coctouT B ToM, uTOOBl HAUTH pelieHHe ypaBHeHus (3.1.3), ynosie-
TBOpSIOLIEE CJAENYIOIIMM HAauaJ bHBIM YCJOBUSM:

dy

dn—ly (n—1)
y‘x:xo = Yo, %

=Ygy e 1 =y . (3.1.4)

= dz" !

IT=Tg
[TycTb cpyHKLLHH fB y(paBHeHI/II/I (3.1.3) nenpepeiBHO nHddepeHLIHpyeMa B OKPECT-

HOCTH T, Y0, Yo - - - » Yy Torna 3amaua Komwu (3.1.3), (3.1.4) umeeT enuHCTBEH-
HOe pellieHHe, OTpe/esieHHOe B OKPECTHOCTH X.

3ameuanue 3.1.2. 13 sToro cienyet, uto obllee pelieHHe AU((EPEHLIHATBHOTO
ypaBHeHHUsI n-ro nopsinka (3.1.3) 3aBUCUT B TOUHOCTH OT 7 MPOU3BOJBHBEIX MOCTO-
sauubix C4, ..., Ch.

3.1.2. Uurerpuposanue ypasuenus y(™ = f(z). Peuwenue ypasHeHus

Yy = f(x)

nono6Ho pemwenuto (1.2.61) ypaBuenus (1.2.60). A umeHHO, nocJjenoBarte/bHOE
MHTErpUpPOBaHUE [aeT:

y =Jf(:n)da:+01, y=?) Zjdxjf(w)diﬁvLClirC%w

OTKYZa, OKOHUATeJNbHO, HAXOOUTCsl popMyJia peleHusi, mopobHas (1.2.61):

" 1 n—2

:Jd:cjdx...Jf( o+ O sy + Co ooy ++++ G 4 G

rae C,...,Cy, — NpOH3BOJIbHBIE NTOCTOSHHBIE HHTETPUPOBAHUS.

3.1.3. OgHoponHbie ypaBHeHus. J[106oe OfHOPONHOE ypaBHEHHe N-TO MO-
psiiKa MoxkeT ObITb MPOMHTErPUPOBAHO B KBajpaTypax, eciu n = 1, U CBOAUTCSA
K ypaBHeHHIO mopsinka n — 1, ecid n > 1 (cM. ryaBy 6). O61iasi ofHOPOAHOCTD
nuddepeHIHaNbHBIX YPAaBHEHUH OMPeNessieTcsl CAeAYIOMUM 06pa3om.

Onpenenenue 3.1.2. ToBopsT, uTo 0OBIKHOBeHHOe AU(QepeHIIHaIbHOE ypaBHe-
HHe MPOU3BOJIBHOTO TIOPsiAKA

F(z,y,y/,...,y(”)) =0 (3.1.5)

00HOPOOHO, €CI OHO UHBAPUAHTHO INIPH NMpPeoOpa3oBaHHH MOL0OHUS (pacTsKeHHH)
He3aBUCHMOK M 3aBUCHMOM mepeMeHHbIX (cp. ¢ (1.1.35)):

T=d"r, g=ady, (3.1.6)
rie a > 0 — mnapamerp, He paBHBId 1, a k u | — mo6ble (UKCHPOBAHHbIE
NIeHCTBUTEbHbIE Unca. FIHBapHaHTHOCTb 03HAYAeT, UTO

F@ 979, ....7") =0, (3.1.7)

rane ' = dy/dT w 1. 1. B yacTHOCTH, B C/lyyae ypaBHEHHs MEPBOTO MOPsiaKa
y' = f(zy) (3.1.8)
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OIHOPOIHOCTh O3HAauaeT, 4To nocje pactskeHus (3.1.6) ypaBuenue (3.1.8) npu-
HUMaeT BHUJ

dy . _
i f(z,7). (3.1.9)
IIpumep 3.1.1. YpaBHeHue nmepBoro nopsiaka (cp. ¢ npumepom 3.2.2)
/ 2xy
—_ = _p
3$2 o y2

OZHOPOJIHO, NIOCKOJ/IbKY OHO UHBApHUAHTHO IPU PaCTSKeHUU T = ax, ¥ = ay. Hell-
CTBUTEJIBHO,

dy ady dy _ 2Ty 2a’zy 2xy

%_ﬁ_%:y, BTQ_yg_aQ(:BmQ_yQ)_&,EQ_yQ

", cJenoBaresibHo, ycaoBue (3.1.9) ymoBaeTBopsieTcs:

dy 2xy _ ,  2my
dz 3#_?2—?/ 3x2—y2_0.
IIpumep 3.1.2. YpaBHeHHe BTOPOro MopsigkKa
7 2zy
— A 3.1.10
v N ( )

HeonHOponHo. JledcTBUTEBHO, paccMOTPUM ofbliee pactskenue (3.1.6), 3ameHUB
ero a/s yno0cTBa BBIYUCJIEHUS HA T = ax, Y = by C MOJOKHUTENbHBIMH MapaMeT-
pamu a 1 b. Torna Mbl MONyUUM:

&’y b dy 275 ab(2zy)

dz>  d® d2?’ 3T -7 3d%2® —b*?

Wrak, ypaBHeHHe
dy 27y
dt> 32 -7
MOKHO MPEICTaBUTb B BUJE

dx 3a’z? — bPy?
YcnoBHe HHBAPUAHTHOCTH TpedyeT, 4YTOObI

(a) 3a’z® —b*y? = c(3:c2 %), (6)

b &y ab(2zy)
2

b ab

il (3.1.11)
W3 ycnoBusi, uto ypaBHeHue (3.1.11
TPH BCeX T U Y, CJAeAyeT, 4To a’ = b

npuodpeTaeT BUJ b b
a
2

) (2a) MOMYKHO BBIMOJHATLCS TOMXJIECTBEHHO
2 = ¢. Tlocse atoro ypasuenue (3.1.11) (6)

2

a

¥ MPUBOAMUT K ycsoBui0 a = 1. Bosee Toro, Tak Kak a W b MOJOXKHUTENbHbI, U3
¥=a=1 cnenyet, uro b = 1. Takum o6pas3om, pacTskeHve T = ax, § = by
CBOAMTCS K TOXIECTBEHHOMY TNpeoOpa3oBaHUI0 T = &, ¥ = Y H, CJEI0BATENbHO,
no onpenenenuio 3.1.2, ypasHenue 3.1.10 HeoxHOpOIHO.
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IIpumep 3.1.3. YpaBHeHUE

Y+ = C = const (3.1.12)

C
.’EQ’
OIHOPOJIHO, TMOCKOJbKY OHO WMHBapHAHTHO TPH PaCTSKEHWH T = ax, § = a 'y
(cm. Takxe 3amauy 3.4 u npumep 6.3.3).

Onpenenenne 3.1.3. § HasbiBaw ypaBHeHue (3.1.5) d8axcdsr 00HOpPOOHbIM, eCan
OHO HMHBApUAHTHO MO OTHOLIEHHI0 K HE3aBUCHMOMY PACTSKEHHIO He3aBHCHMO
MepeMeHHOH W 3aBUCHMOH TEPEeMEHHOH, TO €CTb eCJH OHO He HU3MeHseTCs MpU

npeoOpa3oBaHUAX
axr, Y=y (3.1.13)

Sl
I

T

r, y=by (3.1.14)

C HE3aBUCHMbIMH II0JOXHUTEJbHbBIMU ITapaMeTpaMu a U b cOOTBETCTBEHHO.

IIpumep 3.1.4. JluHefiHble ypaBHEHHUS

2y +Cy =0, C = const (3.1.15)

nyll + C’mty’ + ng — 0’ Cl’ CQ = const (3116)

MPENCTaBASIOT COO0H MPUMEPBl IBaXKIbl ONHOPOAHBIX YPaBHEHHWH MEPBOrO U BTO-
poro mopsinka. VX HasplBalOT ypaBHEeHHSIMH Dfjiepa MepBOro W BTOPOTO TMOPSiAKa
COOTBETCTBEHHO (cM. pasmen 3.4.4).

daxrtuuecku ypaBHenue (3.1.15) mpencraBiasieT co60M NBaXKIbl OLHOPOLHOE
ypaBHeHHe MepBOro Mopsiika HauboJsee obiiero Buaa (cM. 3amauy 6.11). JBaxmabl
OLHOPOJIHOE ypaBHEHHE BTOPOTO Mopsifka Haubosee oOllero BHaa uMeeT (opmy
(cMm. 3amauy 6.12)

" Y zy'
==H(|— |, 3.1.17
v= L (%) (3.1.17)
rie H — npousBosbHasi QyHKuMsA. YpaBHeHHe (3.1.16) ecTb uacTHBIH cayudai

(3.1.17) 1 nosyyeHO MOACTAHOBKOM

H (%) = —C (%) ey

3ameuanue 3.1.3. [Ipoctas  0omHOPOTHOCTb,  yHOBJETBOpSIOIIAs  ONpenese-
Huto 3.1.2, B oTaM4yMe OT [ABOHHOH OIZHOPONHOCTH, COOTBETCTBYET CJydaio
MHBAPUAHTHOCTH TIPH PACTS’KEHUH, 3aBUCSILEM TOJbKO OT OJHOIO MapamMerpa.
Ha mnpaktuke oHa MoOXeT OBITb TOJydeHAa C TIOMOLIbIO TOMCKA CKaJsPHOTO
npeobpasoBanus T = ax, § = by (cMm. (1.1.35)), comepkalero nBa napamerpa,
a u b. B 60o/bIINHCTBE NIPUJIOKEHUN BBIYMC/IEHHS MPUBOAAT JHUOO K TOXKIECTBEH-
HOMY MNpeo6pa3oBaHUIO, COOTBETCTBYyMolIeMy a = b = 1, 1160 K onpeneseHHOMY
oflHONIapaMeTpUyecKoMy pactskeHH0 (3.1.6) (cM. B KadecTBe HJIIOCTPALUU
npumep 3.1.2 u 3anauy 3.4).
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3.1.4. Pa3auuHble TUMbI OTHOPOAHOCTH. B GOJBIIMHCTBE CTaHIAPTHBIX
yueGHUKOB, KaK MPaBUJO, PACCMATPUBAIOT CJEAYIOUIME ABA THMA OTHOPOAHOCTH,
MpeNCTaBsoNIHe 0COObIH HHTEPEC ¥ COOTBETCTBYOIINE YaCTHBIM THIIAM PACTsIXKe-
Hust (3.1.6). MckatoueHue nenaercsi AJsi ypaBHEHHH C YaCTHBIMH MPOU3BOIHBIMU
nepBoro nopsinka (cm. pasmen 4.1).

Tun I: pasnomepras 00HOPOOHOCMb. PaBHOMEPHO ONHOPOAHBIE ypaBHEHHUS
SIBJISIIOTCS UHBAPUAHTAMH TIPU PABHOMEPHOM PACMANCEHUU

T =ar, T=ay, (3.1.18)

nosnyyaemoMm u3 (3.1.6) mpu k =1 = 1. [lockosbKy paBHOMEpPHOE pacTsiKe-
uue (3.1.18) ocrapJsieT HeM3MEHHOH MEpBYIO MPOU3BOAHYIO, ¥ = Y/, U3 ypaBHe-
uuit (3.1.8) u (3.1.9) cnenyer, uro f(ax,ay) = f(x,y).

IIpumep 3.1.5. Crenyiouine o6bIKHOBeHHbIEe AW(depeHINaNbHble YpaBHEeHUs TIep-
BOTO M BTOPOTO MOPsIIKA C MPOU3BOJNBHBIMU MOCTOSIHHBIMU KO3 dureHtaMmu A, B
1 C paBHOMEPHO OIHOPOJHBI:

LY ny Ay B _C
y+$—C, y+xy+x2y— ,
;T I A B C

CrannapTHo#l (popMOH paBHOMEPHO ONHOPOAHBIX yYpaBHEHHH MepBOro Mopsaka
saBasercs (cM. 3agauy 6.2, a)
y’zgp(g). (3.1.19)
x
YpaBuenue (3.1.19) MOXKHO pelIUTb, UCIONb3YSI €0 MHBAPHAHT Y/ MPH pacTsiKe-
Huu (3.1.18) B KauecTBe HOBOM 3aBUCUMOMN TMepPeMEHHOH, TO eCTh MOACTaBJSSA
Y=, wm y= zu(x).
Xz
B camom nese, ypaBuenue (3.1.19) npuobperaer Bua
v’ +u = @(u)
M pelllaeTcsi pasjesieHUeM MepeMeHHbIX:
du dx
Ji :J_ =Inz+C.
o(u) —u x
Tun 2: o0HopodHoCcmb nO PYHKYUL. DTOT THI OJHOPOJHOCTH O3HAYaeT WHBA-
PHAHTHOCTb MO OTHOILIEHHIO K npeobpasoBanuio (3.1.6) mpu k=0, [ =1, T.e. o
OTHOILIEHHIO K PACTS2KEHHIO TOJIBKO T10 Y:
T=x, 7=ay. (3.1.20)

OnHoponHOCTh 1O (PYHKIHMH OOBIYHO HCIOJb3YETCS B Ciaydae JUHEHHBIX OOBIK-
HOBEHHBIX NHGb(epeHIHaNbHbIX ypaBHeHUH (pasmens 3.2.6, 3.3, 3.4), a Takxe
JUHEHHBIX AU GdepeHIInaNbHbIX YPaBHEHHH ¢ YaCTHBIMH MPOU3BOAHBIMU (CM. pas-
neasl 4.1 u 5.1).
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JInHe#iHOe 06bIKHOBeHHOE AH((epeHLIHaNbHOe ypaBHEHHE
Y +Px)y=0
OINHOPONHO MO (PYHKUHH, O0Jiee TOTO, OHO fIBJseTCs 001lel (hopMOl 0OBIKHOBEHHO-
ro nuddepeHUHa bHOTO YPaBHEHUS MEPBOro MOPSiAKa, OAHOPOAHOrO MO (PyHKIUH
(cm. 3amauy 6.2,6). YpaBHeHus1 Gosiee BHICOKOTO TMOPsiikKa BHIA
y™ (@) y™V + o a(2)yY Fan(z)y=0, n>2

Tak>Ke OAHOPOAHbI N0 (yHKUHH. OnHaKo B ciydyae ypaBHeHUH OoJiee BBICOKOTO
NopsiiKa, B OTJIHYHE OT YPaBHEHHs NEePBOro MOPSAKa, OAHOPOLHOCTb MO (PYHKIHUH
He 03HauaeT JUHeHHOCTH. Hanpumep, obuias gopma ypaBHeHHEH BTOPOro Nnopsiaka,
OHOPOIHBIX MO (PYHKUMH, HMeeT BUA (cM. 3anauy 6.26)

/!
"=yF m,y— .
Yy Yy Y

PaccmoTprM mpumep o61iell 0OfHOPOAHOCTH, OTJIHUHOM OT MPHUBENEHHBIX JBYX
THnoB. Buibepem pactskenue (3.1.6) mpu k= /2, [ = 1:

fzaﬁx, Yy =ay.

CootBetcTBylolee 00lee ypaBHEHHE TI€PBOrO MOPSAKA, OLHOPOLHOE MO (DYHKIIMH,

uMeeT CJeNYIOUHUHA BU! Y
@:QF(L) (3.1.21)
de = T

Ero unrerpupoBanue ob6cyxaaercs HUXe B 3apaue 6.10.

3.1.5. TlonmxkeHue nopsinka. Jlio6oe ypaBHeHHe BTOPOro Mopsiika BHAA

' = fly,y) (3.1.22)
MOYKET GbITh CBEJEHO K yPaBHEHHMIO TePBOr0 MOPSAAKA C MOMOIIBIO MOACTAHOBKH
y' = py). (3.1.23)

JleficTBUTEIbHO, NPUMeHSISl IPaBUJI0 AU((epPEeHIUPOBAHUS CI0KHON (DYHKLHH,
MBI TIOJIy4aeM U3 ypaBHeHus (3.1.23):

y' =yp'y) =
[Tpu stom (3.1.22) cTaHOBUTCS ypaBHEHHEM IMEPBOTO MOPSAKA:

' = f(y.p) (3.1.24)

sl HOBOH Hen3BeCTHOH (PYHKUHUU p(y), a poJib HE3aBUCHMOM MepeMeHHON MPUHH-
MaeT Ha cebs y.

B ciyuae, ecan obuee peuenue p = ¢(y, C)) ypaBHenus (3.1.24) usBectHo,
pelieHre UcxonHoro ypaBHeHus (3.1.22) naxomutcs u3 ypaBHenus (3.1.23),

W — oy, 01)

KBaJpaTypou:
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Ananornyno, nopcraHoBka (3.1.23) yMeHblIaeT Ha eIUHHUILY TOPSIOK J1060T0
ypaBHeHHs1 GoJjiee BBICOKOTO MOpsiiKa, He COMEpPrKalllero SIBHO HE3aBUCHUMYIO Iepe-
MEHHYIO T, T.€. YpaBHEHHs BUIA

y™ = f (y, v, ... ,y("’”) -

B atom caydae Mbl nMeeM:

/ / 2
v =y =, " =y ) = o) = () + 0%,
H, CJIe0BATE/IbHO, MPOMCXOMHUT MOHUKEHHe TMOpsAKa ypaBHeHHst A0 n — 1 mis
HOBOH 3aBHCHMOH MepeMeHHO# p(y):

p = F (y,p,p’,...,p(”_Q)) .

3.1.6. JIuneapuszauuda nytem auddepennupoBannsd. Horna HeJUHEHHBIE
ypaBHEHUS] MOTYT ObITb JMHEAPU30BaHBI C TMOMOLIbIO AU(QPepeHIUpoBaHUs. DTy
UJIEI0 TIOSICHSIET CJIedYIOLIUN NpuMep.

IIpumep 3.1.6. PaccMoTpuMm HesqMHeHHOe YpaBHEHHE BTOPOTO MOPsiAKa
2yy’ —y” = 0. (3.1.25)

Hubdepenunposanune ypasuenus: naer 2yy”’ = 0, otkyma y = 0 (TpuBHajbHOE
peuienue ypasHenus (3.1.25)) uau 3y = 0. Ypasuenue y"” = 0 umeer perenue
y = ax® + bz 4 ¢ ¢ TpeMs MPOU3BOJILHEIMH TIOCTOSHHBIMH a, b, ¢. JI/1 HaX0XK IeHUs
3TUX KOHCTAHT MOACTaBHM MOCJeHee BblpaxKeHHe 1 y B ypaBHeHue (3.1.25) u
nonyunm 4ac — b? = 0. s storo caenyet, uto au6o a # 0 u Torna ¢ = b?/(4a),
a160 a = b = 0. CooTBeTCTBEHHO, 0Olilee pelieHre ypaBHeHHs (3.1.25) umeer
CJIeAYIOWIHUHA BUL:

o1
y:amQ—l—bx—l—E:E(Qam—l—b)Q (@a#0) u y=c.

3.2. YpaBHeHHd NepBOro nopsaka

3.2.1. YpaBHeHusd c pasgejsomUMUcT nepeMeHHbIMU. [Ipouenypa pasde-
AeHUs NepemeHHblx TIpUMeHHMa K OObIKHOBEHHBIM NU((epeHLHaNbHbIM YpaBHe-

HUAM HepBOFO HOpHILKa BHU A
y' = p(x)q(y). (3.2.1)

[Tepenuiiem ypaBHenue (3.2.1) B nuddepeniuanbHoit hopme
1 dy
—— —=dx = p(z)dz,
q(y) dx p(z)

W NPOUHTErprupyem obe 4acTH Mo x:
Uody

[IpousBenem 3ameHy MepeMeHHBIX B JIEBOH 4YacCTH, Mepexoiss OT & K Y, HUCIOJb-
3ys NpaBHJIO 3aMeHbl MepeMeHHBIX B MHTerpanax (cm. pasmen 1.2.4 u cBoicTBO
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MHBapUaHTHOCTH au(deperuunana (1.2.7)). B utore 310 uHTErpaspHOe ypaBHeHHe
TnepenuiueTcs B BUJE

J % _ Jp(x) dz + C. (3.2.2)

Brruncessis uHTerpassl B 06eMX 4acTaX M Bblpaxkas U3 MOJYYEHHOIO PaBeHCTBA Y,
MBI MOJIy4aeM oflliee pelieHHe, Coep:Kallee KOHCTAHTy MHTerpupoBanus C.

3.2.2. YpaBHeHuds B noJaHbIX au¢depeHnuasax.

Onpenenenue 3.2.1. Toopsat, uto auddepeHHaibHOe ypaBHEHHe TEePBOro To-
psaaka, uMmewllee Gopmy

M(z,y)dx + N(z,y)dy =0, (3.2.3)

SIBJISIETCS] YPABHEHUEM 8 NoAHblX Ougepenyuanax, ecnu Jiepast 4acTb YpaBHEHHUs
€CTb MOJIHBIH nu(ddepeHLHan, TO eCTb eC/H

Mda:+Ndy:d<I>Ea—idx+a—¢

a 5y (3.2.4)

rae ®(z,y) — HekoTOpast PyHKIHS.

Oyukuus P pnas ypaBHeHHs B MOJHBIX HU(depeHunanax (3.2.3) Haxomutcs
u3 ypaBHenus (3.2.4). IlocsienHee caenyer nepenucath B BHAE CHCTeMbl TUdde-
peHLHMa/IbHBIX YpaBHEHUH [Jis1 HeusBecTHOH :

0P 0P
= =My), 5 =Ny 3.2.5
o = M@y), 5 =N@y) (3.2.5)
dra nepeonpedesennas cucteMa (a UMEHHO [1Ba ypaBHEHHsI MJis OIHOH HeH3-
BecTHOH (hyHkMU P) UHTerpupyema (T.e. HMEET pPellIeHHe), €CJU U TOJbKO €CJn

BBITOJIHSIETCS CJIeAYIOIlee YCJIOBHE:
ON _ oM
oxr Oy

UroObl pelnTh ypaBHeHus (3.2.5), NPOUHTErpUpyeM, HampUMep, MepBoe U3 ypaBs-

Henu# (3.2.5) no z,

(3.2.6)

P(z,y) = JM(:c,y) dz + g(y), (3.2.7)
¥ MOJCTaBHM BO BTOpOe ypaBHeHHe (3.2.5):
3,
ay JM(% y)dz +g'(y) = N(z,y). (3.2.8)

Pemwasi (3.2.8) orHocutesbHo ¢'(y) U HHTErpupys, Mbl HaxomuM ¢GyHKUHIO ¢(y),
noxcrasisieM ee B (3.2.7) u onHosHauwo mosnydaem P(x,y). Pewenue y = f(z, C)
ypaBHeHHsl B MOJHBIX Aubdepennnanax (3.2.3) naertcss HesSBHO B BHE

O(z,y) =C, (3.2.9)

roe C — [IPOMU3BOJIbHASA MMOCTOSAHHAA.
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MoxxHO HauaTb ¢ MHTerpupoBaHHs BTOporo ypasHeHus (3.2.5) mo y. Torma
ypaBHenus (3.2.7) u (3.2.8) 3aMeHsiTCS HA ypaBHEHHS

B, y) = JN(J:, y)dy + h(z) (3.2.10)

%JN(x,y)dy—l—h’(x):M(x,y) (3.2.11)
COOTBETCTBEHHO.

3ameuanne 3.2.1. CMOTpU TakxkKe NPOCTONH MeTOJ, MPUBENEHHBIH B pasfee 6.6.2.

Mpumep 3.2.1. Pacemotpum ypasHenue (y e + cosz)dx 4 x ™ dy = 0. Dynx-
uid M =ye™ +cosx u N = x €™ ynoBneTBopsioT ycjaoBuio (3.2.6):
ON _ oM _
oxr Oy
Ypasuenne (3.2.10) naer ®(z,y) = [ze™dy + h(z) = €™ + h(z), n (3.2.11)
3anuceiBaetcs B Bune ye*¥ + h'(z) = ye™ + cosx, orkyma h'(x) = cosx. Takum
obpasom,

(1 4+ zy)e™.

P(z,y) = €™ +sinw.

YpaBHenue (3.2.9), e™ + sinz = C, ynaercs pa3pelluTb OTHOCHUTEJNBHO Y, ¥ Mbl
rnoJydaeM cjenymoliee ofliee pellleHHe PacCMaTPUBAEMOro ypaBHEHHS:

1 .
y=- In|C — sinz|.

3.2.3. Unrerpupyromuiit Mmuoxurteab (A.Kuaepo, 1739). Ecau ypasHe-
Hue (3.2.3) He sBJIseTCs ypaBHEHHEM B TOJHBIX AU(GdepeHIrasax, ero MoxHO
CBECTH K TaKOMy BHAY C [OMOLIbI0 YMHOXKEHHs Ha MOAXOASILYI (YHKIHIO.
A uwmenno, Knepo B 1739 romy BmepBble Mmokasas, uTo [Js Ji06OT0 ypaBHEHHSs
(3.2.3) cymwecrtByer (yHKuus p(z,y), Ha3blBaeMasl UHMeESPUPYIOUUM MHOXCUME-
JAem, Takasi, UTO SKBHBaJIeHTHOE ypaBHEHHE

pw(Mdx+ Ndy)=0

SIBJISIETCS] ypaBHEHUEM B MOJHBIX AU(depeHunanax. CornacHo onpeneseHUI0 ypas-
HEeHWH B MOJHBIX AU(QepeHIataX, UHTErPUPYIOLIUH MHOXKUTEJb yI0BJIETBOPSIET
ypaBHeHHUIO (cM. ypaBHeHHe (3.2.6))

I(uN) _ o(uM) (3.2.12)

ox oy o

Perienue 3Toro ypaBHeHHs] OTHOCHTENBHO f4(Z, ) OOBIUHO HE MPOLIe, YeM HHTErPHU-
poBaHHe ucxonHoro ypaBHeHus (3.2.3). TeM He MeHee WHTErpUPYIOMIMH MHOXH-
TeJb MOXKET GbiTh yrajaH M/ MCMOMb30BaH B CHelManbHbIX caydasx ). Hampu-
Mep, OH IIHPOKO HCIIOJb3yeTCsl B COBPEMEHHBIX y4eOHHKaX /51 HHTEeIPUPOBAHUS

1) B rpynnosom ananuse JIu npensaraetcsa o6iias (popMysa IS MHTETPHPYIOLIET0 MHOKHTEJS
B CJIydae, eCJIM YpaBHeHHs MePBOTo MOpsifika A0MYCKaT HHQUHHUTEe3UMalbHble CUMMETPUH (CM. pas-
nen 6.4.1).
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HEOHOPOIHBIX JIMHEHHBIX YpaBHEHWH MepPBOTo MOPsiiKa BMECTO MPOCTOro, addex-
THUBHOTO M 0OoJjiee 00llero Mertoja sapuauuu napamempos (cMm. pasmen 3.2.7).
[Tonesna crepytomas Teopema.

Teopema 3.2.1. Ecau usBecTHbl fABa JMHEHHO HEe3aBUCHMBIX HHTErPUPYIOLIMX
MHoXHTesst, o (z,y) ¥ uo(x,y), ypasHenusi (3.2.3), To ofluee pelieHHe 3TOrO
ypaBHeHHUsl HaXOAUTCS 6e3 ero HHTerpUpPOBAHHS:

m@y) _ o (3.2.13)
p2(, y)

IIpumep 3.2.2. YpaBHeHUe
2zy dx + (y* — 32%) dy = 0 (3.2.14)

He sIBJIseTCS ypaBHeHHEM B TNOJHBIX AuddepeHLHanax, MOCKOJIbKY ero Kosdhu-
muentel M = 22y u N = 3> — 322 He ynosaetopsawT (3.2.6). Y6emumcsi, uto
p=1/y* — unterpupyiomuii MEOKHTeNb. JlefCTBUTENbHO,

A(uN) 0 <1 _3_302> :_6%’ a(,uw)_g(m) :_6%

or  ox ? y? y dy Oy f y
[TpouHTErpUpPyeM COOTBETCTBYIOLEE yPaBHEHHE B MOJHBIX AH(GepeHnamax
2x 1 32
— dx + <—2 — —4> dy = 0. (3.2.15)
Yy Yy Yy

W3 ypaBnenus (3.2.7) numeem:

2z z?
P(z,y) = J e +9(y) = 7 +9(),
a ypaBHeHue (3.2.8) nmeeT BUJI
327 , 1 32°
9 =5-—1
y* v ooy
otkyna ¢'(y) = y~2. Takum obpasom, g(y) = —1/y, 1 Mbl MOTyYaeM OKOHYATENBLHO
(cMm. Takxke nmpumep 6.6.3 pazmena 6.6.2)
22 1
S(z,y) == -~
(z,y) 7y

Peurenue ucxonHoro nudhepeHnaNbHOrO ypaBHEH s HAXOAUTCS SIBHO:
2
x 1
—-—-=0, 2% — o = Cyd.
Y Y
DTO pelleHHe MOXKET ObITh MOJyueHO 0e3 HermoCpeACTBEHHOrO HHTErpHpOBa-
HMSI, TOCKOMbKY, MOMHMO ji = 1/y* MOXHO yKasaTb BTOpOH MHTerpHpyOLIHi
MHOXKHUTeNb g = 1/(y® — 2%y) (om monyuen B mpumepe 6.4.1 pasmena 6.4.1).
YpaBHenue (3.2.13) naert:
3_ 2 2 2

149 y4 y3
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3.2.4. YpaBuenue Pukkaru. Ypaswenue Puxxamu obiero Buga — 3TO
ypaBHeHHe MepPBOro Mopsiika ¢ KBaJApPaTUYHOH HEJUHEHHOCTDIO:
= P(z) + Q(z)y + R(z) y*. (3.2.16)

OTnnuuTeNbHOE CBOUCTBO ypaBHEHHUS PUKKATH COCTOUT B TOM, UTO OHO JOMYCKaeT
HeAUHeUHYo cynepnosuyuto. A MMeHHO, aHTapMOHHYECKOe OTHOLIEHHE JII0OBIX

YyeThlpeX pelleHuH
yi(z), ye(x), wys(z), wa(a)

ypaBHeHusi (3.2.16) He 3aBHUCHT OT Z, T.e.

va() = ya(a) : va() ~ ya(@) _ C, C = const. (3.2.17)
ya(@) —yi(z) * ys(@) -y ()
M3 sToro cienyer, uro obiiee peleHue ypaBHeHHs (3.2.16) MOKHO HaHTH, 3Has
TPU 4YaCTHBIX pelleHusi. [edicTBuTenbHO, 3adukcupyeM B (3.2.17) Tpu m00BIX
pa3JMYHBIX YacTHHIX peleHust yi(z), yo(z), ys(x) u OymeMm H3MEeHSTb Y4 A
nosiydeHus obuero peueHus y ypaBHenus (3.2.16). Torna (3.2.17) npumet dopmy

y—ye@) | ys(@) —y(x) _

y—y()  ys(@) —y(z)
¢ Mpou3BoJIbHOU mocTosiHHOH C'. Paspelasi 3To ypaBHeHHe OTHOCHTEJNBHO ¥, MBI
NPUXOIUM K CJIEYIOLIEeMY MpeCcTaBAeHHI0 00MIero pelieHus ypaBHeHus (3.2.16):

_ Cii(z) +o(x)
— Coi(x) + pa(2) (3:2.18)

31ech

pi1(z) = y2(2) —y3(x),  po(z) = y3(z) — yi (),
(@) = yi()er(x),  Pa(e) = ya() po().

Takum obpasom, ofilee pelileHHe ypaBHeHHsI PukKaTu sBJaseTcs JUHeMH-
HO-palHoHa bHOH (yHKuMeH (3.2.18) mpousBoabHOH mocrosiHHOM C. BepHo n
obpaTHoe yTBep:KIeHHe: ecsau ofllee pelleHHe AU(depeHLHaNnbHOr0 ypaBHEHHUS
TepBOTo MOPsiiKA SIBJSETCS JTHHEHHO-PALMOHAIbHOH (PYHKIHEH MPOU3BOJBbHOH M0-
CTOSIHHOH, TO 3TO ypaBHeHHe fIBJIsieTCsl YpaBHeHHeM PHUKKaTH.

Jlio6oe ypasHeHue Pukkatd (3.2.16) ¢ moMolibio MOACTAHOBKU Y — «(x)y
MOXeT OBITb NPHUBENEHO K YAaCTHOMY BHJY, COAeprKalleMy JIMIIb ABe (QYHKIHUH

Q(x) nu P(x):
(z) n P(x) J + 1 = Q) y + Pla). (3.2.19)

B camom pene, nyctb ¥ = a(x)y. Torna

I T
y= o Y, Yy = o ) o2 )
; I R
y’—RyQ—Qy—Pza[ﬂ’ oY <Q+ )?—QP}
Orciona, nonarast a(z) = —R(z), Mbl cBofuM ypaBHeHHe (3.2.16)

7+7 =Qx)y+ P(z),
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rne Q@ = Q + (o//a), P = aP. O6osunadas 3, Q u P cHOBa, COOTBETCTBEHHO, ¥,
@ v P, mbl nonyuaem (3.2.19).

Bosiee Toro, ¢ momouipl MOACTAaHOBKH Yy — Yy + ((z) ypaBHenue (3.2.19)
MOXKeT ObITb NPUBELEHO K elle 6oJjee MpocToi popme:

y 41 = P(x), (3.2.20)

KOTOPYIO Ha3blBAIOT KAHOHUUECKoU opmoli ypaBHeHHs1 Pukkaru. [eficTBUTeNbHO,
noJsioxkuM J = y + [f(x) u nonydum:

y=79-p0), ¥ =7-0),
Y+ —Qu-P=7+7 - (Q+28)7— (P+8 -3 —Qp).

Orcrona, nonarasi (z) = —% Q(z), mbl mpuBonuM ypasuenue (3.2.19) k Buny
7 +7 =Plo),

rie P(z) = P(z) — % Q' (z) + i Q?(z). O6o3Hauas J u P CHOBA, COOTBETCTBEHHO,
y u P, Mbl nonyuaem (3.2.20).

B obuwem cayuae 3ameHa nepemeHHbIX (z,Yy) +— (T,7) HasbiBaercs npeob-
pasosanuem 3KsusaLeHmHocmu YypaBHeHHs PuKKatH, ecau J1000e ypaBHEHHE
Buaa (3.2.16) npeoGpasyercsi B ypaBHeHHe TOTO Ke THIA, BO3MOXKHO, C APYTHMH
KoapuirenTamu. [0BOPST, UTO ypaBHEHHS IKBUBAAEHMHMbL, €CIIA OHH CBSI3aHbI
npeoGpa3oBaHKeM 3KBUBAJEHTHOCTH. MHOXKeCTBO Bcex MpeoOpa3oBaHUH IKBHBA-
JIEHTHOCTH ypaBHeHHus1 Pukkartu (3.2.16) cocraBisitor

a) MpOU3BOJIbHAST 3aMeHa He3aBUCHMOH MepeMeHHOM:

T=0¢(z), &(z)£0, (3.2.21)

6) JMHeHHO-palHoHaAbHble TPe0Opa3oBaHKsi 3aBUCUMOK MepeMeHHO:

_ @y + 8@ s g0 (3.2.22)

V(z)y +6(z)

Mbl yXXe moguepkuBaJsd, 4TO ypaBHeHHe PHKKaTH — HeauHelinoe ypaBHEHHeE
nepBoro nopsinka. [Tokaxkem, 4ToO OHO MOXKeT OBbITb TPEACTABIEHO B BUME AUHEL-
HOeo ypaBHeHHs BTOporo nopsinka. JleicTButesibHO, ypaBHeHH0 (3.2.16) BHavaJse
MOXHO npunatb Gopmy (3.2.19), a 3aTeM ¢ MOMOLIbIO 3aMeHbI

<

/

_w
y B u
MOJIyYUTh JIMHeHOe ypaBHeHHe BTOPOro Mopsika
" = Q(z)u + P(x)u. (3.2.23)

C TOYKM 3peHHs1 UHTErpPUPOBAHUS MOXKET OKa3aTbCsl MOJe3HOH Mpoueaypa JuHea-
pr3alUuu, JaxKe ec/M MPH 3TOM IOBbLIILAETCS MOPSAOK ypaBHEHHUS.

Ipumep 3.2.3. Paccmorpum ypasuenue Pukkatu (3.2.19) npu P(x) = 0:
Y+ =Q(2)y.

8 H.X. M6parumos
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CootBetcTBylolIee NHHEeHHOe ypaBHeHue (3.2.19),
W = Q(:z:) u/’

MOKeT OBbITh JIEFKO IPOMHTErPUPOBAHO B KBaaparype. [leACTBUTEIbHO, OACTAB/IsAsS
u' = z, MBI MIOJIy4aeM ypaBHeHHe nepBoro nopsiaka z' = Q(z)z. Orcrona

z = Ael Q) dzr
HOHCTaBJIHH z = u', HpI/IXOHI/IM K ypaBHeHHIo
U, _ Aef Q) dCE,

OTKY/a MocJie HHTErPUPOBAHHS HMEEM:
U = AJ (efQ(x)dI) dr + B.

YuuteiBas, uto y = u’/u, MoJly4yaeM OKOHUATeJbHO:

ef Q(z) dx
C = const.

- C+J(eIQ(I)dI> dx,

IIpumep 3.2.4. MsBectHo, yTo cam PHKKaTH OTKPBLT K HccaenoBas B 1724 romy
yacTHbIH caydail ypaBHeHus (3.2.16), a uMeHHO ypaBHeHHe

y = ay? + bz a, b, a = const, (3.2.24)

M3BeCTHOe B HallM IHU Kak cneyuaavHoe ypasrerue Pukkamu. YpaBHeHre Puk-
KaTh B obueld (opme (3.2.16) Oblio BBemeHO W H3yueHo BrepBble [I’Asmambepom
B 1763 rony. fxomo Ppanuecko Pukkatu u Januusn DBepHynau He3aBUCHMO
YCTaHOBHJIH, 4TO ypaBHeHHe (3.2.24) uHTerpupyeMo B KOHEUHOH (hopMe B djeMeH-
TapHBIX (PYHKLUHUAX, €CIH

4k
a——m, [pu k‘—O,:I:l,:l:Q, (3225)

Kozed Jluysusanb B 1841 romy mokasas, 4To pellleHHe CIeLHANbHOTO YpaBHEHHS
Pukkaru (3.2.24) He MoxeT ObITb MPeACTaBJIEHO B BUIEe UHTEIPUPOBAHUS dJeMeH-
TapHbIX (YHKIHH, eCJIH (v He YIOBJAETBOPsIeT ycaoBuio (3.2.25).

B 1989 rony s Hamies Bce JMHeapusyemble ypaBHeHusi Pukkatu [9]. Crnenyto-
1ee noJsioxkeHue, B3sitoe u3 [9, pasnen 4.2] (cm. takxke [40, pasmen 11.2.5]), naer
NPOCTOH NPaKTUUeCKUH KPUTEPUH JUHEeapU3aLHUU.

Teopema 3.2.2. YpaBHenue Pukkatu (3.2.16)
y' = P(x) +Q(z)y + R(z) y*

JIMHEeapU3yeMo C TIOMOIILbI0 3aMeHbl 3aBUCUMOM MepeMeHHOH ¥, €CJIH U TOJbKO €CJIH
OHO YJOBJIETBOPSIET JIOOOMY M3 ABYX CJENYIOIIMX 5KBHBAJEHTHBIX YCJI0BUE (A)
un (B):

(A) YpaBHenue (3.2.16) umeet nu60 Gopmy

y = Q(z)y + R(x)y? (3.2.26)
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¢ AByMs IPOU3BOJIBHEIME (pyHKUUsMH Q(z) u R(z), aubo dpopmy
y = P(z)+ Qx)y + k[Q(x) — kP(z)] v (3.2.27)

C JABYMsi TMPOW3BOJbHBIMH (yHKUUsMH P(z), Q(r) u nocrosiHHbM (B 00l1eM
c/lyyae KOMIJIEKCHBIM) KO3(dHUIeHTOM k;

(B) ¥YpaBHenue (3.2.16) momyckaeT B KauecTBe pellleHHsI KOHCTAHTY (B 00IeM
cjlyuae KOMIJIEKCHYIO).

3ameuanue 3.2.2. YpaHenue (3.2.26) nomyckaeT B KauecTBe TaKOTO pelleHHs
y = 0. B cBowo ouepenb, ypaBHeHHe (3.2.27) momycKaeT pellleHHe B BUAE KOHCTAH-
™ y = —1/k. 3 3Tor0 caenyer, uto jguHeiHoe ypasHenue 3y’ = P(z) + Q(x)y,
KOTOpOe sIBJIieTCsl YacTHbIM caydaeM (3.2.27) npu k = 0, MOXKHO paccMaTpUBaTh
KaK 4YacTHBIH caydadl ypaBHeHHsi PHUKKaTH, HOMYyCKalOIKMH B KauecTBe YaCTHOTO
pelleHUs1 KOHCTaHTY Y = 00.

3.2.5. YpaBHenne Bepuynnmn. HenuneliHoe ypaBHeHMe
y+P)y=0Q@)y" (n#0 n n#l)

M3BECTHO Kak ypaBHenue Bepuyniu!). OHo MoxeT GHITH CBeeHO K JIHHEHHOMY
ypaBHEHHIO U pelleHo B KBaapaType. JleHCTBUTEbHO, pa3iesuB 06e 4acTH ypas-
Henus BepHynnn Ha y™, Mbl noayuaem y~ "y + P(z)y' ™" = Q(x), uam

1 dylfn 1—
P "= .
LB Py = Q)
CBOAMM ypaBHeHue DBepHymiu K JHHEHHOMY

1-n
2+ (1 —n)P(z)z=(1-n)Q(z).

OTciona TMOACTAHOBKOH 2z = Yy
ypaBHEHHIO

3.2.6. OxHOpoaHbBIE IMHEWHBbIE YpaBHEeHNUs. JIMHeliHOe ypaBHeHHe MEPBOro
nopsfika ofOliero Buaa UMeeT (hopMmy

y' + P(x)y = Q(x). (3.2.28)

YpaBHenue (3.2.28) opHopomHO MO (YHKUHM, ecad H Todbko ecau Q(z)=0
(cm. pasmen 3.1.3). Kak caenctBue, B yyeGHHKAX OOBIUHO HCIOJb3YeTCsl CJe-
aymoolas TepMUHosorus: ypaBHeHHe (3.2.28) HasbiBaeTcsi 00HOPOOHbIM, €CJH
Q(z) =0, u He0OHOPOOHbIM B IPOTHBHOM CJydae.

3ameuanue 3.2.3. Kopoue rosopsi, ofuiasi OfHOPOAHOCTb HAEHTH(ULUPYETCs
B 3TOH TEPMHHOJIOTHH C OJHOPOAHOCTbIO MO (PyHKUMH. Takas NOroBOPeHHOCTb
He BbI3bIBaja HelopasyMeHWH B mpouwoM. Ho B Hamu aHM, KOrja CyLIecTByeT
TeHJeHL S 3aMellleHHUs] 3HaHUH B 00/1aCTH MaTeMaTHKH pabOTOH ¢ KOMIBIOTEPOM,
Bce OoJibllie ¥ 60JIblIe CTYAEHTOB U NpernojiaBarte/ell BOCIPUHUMAIOT OHOPOLHOCTh
(bopMasbHO KakK TPOCTOE YTBEpXKIEHHE, COCTOsilee B TOM, 4TO IpaBasi 4acThb
nuddepeHIHaNbHOI0 ypaBHeHUsT obpallaeTcss B HyJb, U OLIWOOYHO TNPUMEHSIIOT

1) Ono 6bi10 oTKpHITO SK0GOM Bepuysnnu B 1695 rony u pemeno JleiiGuunem B 1696 roxy.

8
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3TO YTBepXKIEHHe TaKKe 10 OTHOIIEHWIO K HeJHHEHHbIM ypaBHeHusM. C 3Toi
TOYKH 3peHus ypaBHeHue (3.1.10)
n_ 2xy —0
31,2 o yQ
JOJI)KHO CYMTAThCSI ONHOPOIHBIM, B TO BPeMs KaK ypaBHeHHS, IPUBEIeHHbIE B MIPH-
Mepe 3.1.5, Hampumep,

C
y—;, C#Oy

yl/_l_éy/_l_ﬁ
Xz xQ

— HEONHOPOAHBIMH.
PaccMOTpUM OIHOPOIHOE JIMHEeHHOe ypaBHEeHHe
y' + P(z)y =0. (3.2.29)

Pasnenum nepemeHHble: J
Ey +P(z)dz =0

M T0CJIe HHTErPUPOBAHMUS TIONYUHM
Iny+ JP(ac) dx = const.

CuienoBarte/ibHO, pellleHHe UMeeT BUJ

y=Ce JPd = const. (3.2.30)

3.2.7. HeonHopomHble JuHeliHble ypaBHeHus. Bapuamusi napamerpa.
[Tpocreiiuiuii myTh pelleHUs] HEOMHOPOAHBIX JUHEHHBIX ypaBHeHHH (3.2.28) — 3T0
MeTO[ sapuayuu napamempos, npenaoxenuolii Morannom Bepuynau B 1697 rony.
Haunem c npumepa.

IIpumep 3.2.5. Peurum HeonHOPOAHOE ypaBHEHHE
v —y=ux. (3.2.31)
CHauaJsia pacCMOTPHUM OfHOpOAHOe ypaBHeHue (3.2.31):
y —y=0.
Ero ofiee pelieHre UMeeT BUT
y=Ce®, (C = const.

Ianee 3aMeHHUM KOHCTaHTy MHTerpupoBanusi C' Ha HeH3BeCTHYW (QyHKUHIO u(x)
U OyIeM HCKaTb pellleHHe HEeOLHOPOAHOTrO ypaBHEHUS B BHIE

y=u(x)e”. (3.2.32)

[Moncrasasis 3y’ = u'e® + ue® B ypaeHenue (3.2.31), Mbl MOJYYHM CJjeaykollee
ypaBHEHHE C paseJsiolUMKICs epeMEHHBIMH OTHOCHTEJBbHO u(X):

, p—
u = xe 7.
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I/IHTerHPYH €ro U nprHuMasg CHOBa o6oszHauenune C' IJig KOHCTAHTbl MHTErprupo-
BaHHs, INOJyYaeM:

u= Jxe‘x dr+C=—(x+1)e " +C, C =const.

Haxkownew, nopcraBnsieM Boipaxenue u(z) B (3.2.32) u moayudaem crenyiolee
obulee peleHue ypaBHeHus (3.2.31):

y=0Ce" —x—1. (3.2.33)

B cayyae HeomHOponHOTrO ypaBHeHHUs obuiero Buna (3.2.28),
y' + Plx)y = Q(a),
Mbl TIOCTYNAaeM aHAJOTMYHO. A UMeHHO, pelllaeM OfHOPONHOe ypaBHeHHe (3.2.28),
y' + P(z)y=0,
1 3amellaeM B ero o6OuieM pertenun (3.2.30),
y= Ce I Pdz O = const,

KOHCTaHTy HHTerpupoBanusi C' HensBecTHOH ¢yHKuHed u(x). VHBIMH c/0BaMH,
MBI TIpelCTaBJ/IsieM pellleHUe HEeOLHOPOAHOIO ypaBHEHUS B BHUJeE

y = u(x) e~ J Pz, (3.2.34)
Huddepenunpys, nonyyaem:
y = (z)e PP _y(z) P(z)e [P
[TonctaHoBKa 3TOro BbipakeHusi B ypaBHeHHe (3.2.28) naer:
W(z)e TP = Q(z) nmm o(z) = Qz) el P,
OTKyZa

u(z) = JQeIPdI dx 4+ C, C = const.

[TopcraBasisi HaBimeHHoe Bbipaxenue mist u(x) B (3.2.34), Mbl nodydyaem obiiee
pelleHre HeOMHOPOMHOTO JHHEHHOro ypaBHeHHs (3.2.28) B BHIe ABYX KBaapaTyp:

y= (C’ + JQedeaf dx) e~ Pz, (3.2.35)

3.3. JluHeiiHble ypaBHeHHUS BTOPOTrO MOpsSIKa

[IponsBoJibHOE JIMHEHHOE ypaBHEHHE BTOPOTO TMOPSIIKA UMEET BH]L
v +a(z)y +b(x)y = f(x). (3.3.1)

YpaBHeHHe Ha3biBaeTCsi 00HOPOOHbIM, ecan f(z) = 0, U He0OHOPOOHLIM B TIPO-
THUBHOM cJjiyuae (cp. ¢ pasnesom 3.2.6).
Ypasuenue (3.3.1) HepenKko mpencTaByasioT B Gopme

Loly] = f(z). (3.3.2)
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3nech Lo — caenyolinil MuHeHHbIH AUddepeHLHaNbHBIN OnepaTop BTOPOro I0-
pslKa:

Ly = D? + a(z) D + b(x), (3.3.3)
rue
_d o
D=2 V=

Taxum obpasom,
Lo[y] = D?y + a(z) Dy +by=y" +a(z)y +b(x)y. (3.3.4)

TepmuH sAunelinvili XxapakTepusyeT cjenywollee (yHIaMeHTaJbHOE CBOUCTBO
oneparopa Lo:

Lo[Cry1 4 Coys] = C1Lo[y1] + CoLo[ys],  C1, Cy = const. (3.3.5)

3.3.1. OnHoponHble ypaBHeHusa: cyneprno3uiua. OnHOpPoOIHOEe JHUHEHHOE

ypaBHeHHe
v +a(z)y +b(x)y =0 (3.3.6)

HUJan
Loy =0

o6J/1afaeT mprMevaTesbHbIM CBOMCTBOM, HA3bIBAEMbIM NPUHYUNOM CYNEPno3uuuu
UM, GoJiee ONpeleseHHO, CBOHCTBOM AUHEUHOU cynepnoduyuu. DTOT MPUHLIHUI
oTpakaeT CBOUCTBO (3.3.5) JuHeiHOro nuddepeHiiHasbHoro onepatopa Lo U co-
CTOMT B TOM, 4TO ec/u Yy () U yo(x) — pelueHust onHOpoaHOro ypaBHeHus (3.3.6),
TO UX JIMHEHHAs] KOMOMHALUSI C TIPOU3BOJIbHBIME TOCTOSIHHBIMU KO3()(DHIHEHTAMH,

y = Cryi(z) + Coya(),

Takxke siBjseTcsi pelneHdeM. JleficTBHTesbHO, TOCKOBKY  Lo[yi(z)] = O,
Lo[ys(z)] = 0, To u3 ypaBHeHnus (3.3.5) cienyer:

Loly] = C1La[yi(x)] + CaLalya(z)].

[IpuHuMasi Bo BHHMaHHWe, 4TO 0Ollee pelleHHe J000ro 0OBIKHOBEHHOTO AHd-
(hepeHLIHAIbHOIO YPaBHEHHS BTOPOro MOPsSiiKA COMEPXKUT JiBe TPOU3BOJIbHbIE I10-
CTOSIHHbIE, U3 TPUHLHUIA CYNEepPHO3ULHH MoJaydaeM, 4YTo obllee pelleHHe ypaBHe-
Hus (3.3.6) npencraBasieTcs B BUe

y = Cryi(z) + Coya(z), (3.3.7)

rae yi(x) u yo(x) — nuHelHO He3aBUCHMBble pelueHHs ypaBHeHus (3.3.6). M3 storo
cJIe[yeT, 4To [JIsl IOCTPOEHHs OOLIEro pelleHHs OJHOPOILHOrO ypaBHEeHUsI Tpely-
eTcs HalTH TOJIBKO 1Ba HE3aBUCHMBIX pellleHHs. MTak, Mbl yTBepxKiaeM, 4To 1Ba
JIMHEHHO He3aBUCHMBIX pelleHus:, yi(x) U yo(x), ABIsAIOTCS 6a30H A/ NOCTPOEHHUS
pyHoamenmarvHot cucmemol peuleruti ypaBHenus (3.3.6).

3.3.2. OnHopomgHOe ypaBHEHHE: CBOWCTBA IKBHBAJEHTHOCTH. JHaHHUe
CBOHCTB 3KBHBAJIEHTHOCTH MOJIE3HO TPU MPAKTHUECKOM HHTErPUPOBAHUHU IHU(P-
(bepeHIMaNbHBIX ypaBHeHUH. [Ipeobpasosarue 3K8UBANEHMHOCMI OLHOPOLHBIX
JIMHEWHBIX yPaBHEHHWH COCTOUT B 3aMeHe IepeMeHHBIX, COXPaHSILIeH JUHeH-
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HOCTb M OJHOPOAHOCTb ypaBHeHHH (3.3.6). MHoxecTBO Bcex NpeoOpa3oBaHUN
5KBHBAJIEHTHOCTH BKJIIOYaeT NPOU3BOJIbHBIE H3MEHEHHS] HE3aBUCHMOH MepeMeHHON

(cp. ¢ (3.2.21)):

Z=o(x), &(x)#0, (3.3.8)
U JUHEHHYI0 3aMeHY 3aBUCUMON NepeMEeHHOM:
y=o(x)y, o#0. (3.3.9)

Omnpenenenne 3.3.1. ToBopsit, uTo nBa ypaBHeHus Buaa (3.3.6) aksusarenmmol,
€CJIM OHM CBfI3aHbl COBOKYMHOCTbIO npeobpasoBanuil (3.3.8), (3.3.9). Bosee Toro,
[IBa YPaBHEHHsl Ha3bIBAIOTCS 9KBUBAAECHMHbIMU NO (QYHKYULU, €CAU OHH MOTYT
OBbITb CBeIeHBbl OMHO K JAPYroMy C MOMOLIbIO JMHEHHOU moacTaHoBKHU (3.3.9).

Teopema 3.3.1. Jlio6Goe onHoponHOe JNHHEHHOe ypaBHeHue (3.3.6)
y' +a(x)y +b(x)y=0
SKBHUBAJIEHTHO NpPOCTellleMy JUHEHHOMY YpPaBHEHUIO
7' =0, (3.3.10)
re 7' = d*y/dz?.

HMoka3sarteabcTBo. YpaBHeHue (3.3.6) mpuBomutcs K Bumy (3.3.10) ¢ momotrkto

npeoOpa3oBaHus

_ e—fa(m) dz _ y

x:JQ—dzx, U= —— (3.3.11)

Z ()
rae z(z) — Jo6oe peuerude ypasHenus (3.3.6), 1.e. 2" + a(x)z’ + b(z)z = 0. Uro-
Obl yOemuThesi, uTo npeobpasoBanue (3.3.11) oToOpaxkaeT JHHEHHOEe ypaBHEHHE
obuiero Buaa Ha ypaBHeHue (3.3.10), o6paTuTech K pellieHHI0 3anadu 6.9.
CorsacHo Teopeme 3.3.1, MOXHO MOCTPOUTH OTOOpPaKeHHe JI0OOT0 ypaBHEHHS

Buja (3.3.6) Ha ypaBHEHHe TaKOTO XKe THIA, UCMOJb3Ys npeobdpazoBanus (3.3.8)
u (3.3.9). UnbiMu crioBamu, Bce ypaBHeHus (3.3.6) skBuUBajeHTHH. OmgHAKO
(3.3.11) moxasbiBaeT, 4TO BHIYMCJIEHHE MOAXOISIIEr0 MpeoOpa3oBaHHs IKBHUBA-
JIEHTHOCTH TpeOyeT 3HAHHs UYACTHBIX pelLleHHH ypaBHEHHs, KOTOPOe Bbl XOTHTe
npeobpasoBath B Apyroe. [Toatomy Mbl OyneMm 31ech UCMOJAb30BAaTh YCJAOBHE IKBU-
BaJIEHTHOCTH 10 (DYHKIMH, KOTOPO€ MpelroJaraeT MpoBeileHHe TOJNbKO JHHEeHHON
nonctaHoBKU (3.3.9) ¥ naeT mpocTOH M KOHCTPYKTHUBHBIH MyTh HHTErPUPOBaHHUS
IIMPOKOT'0 KJlacca ypaBHEHHH.

Jlemma 3.3.1. OnHoponHoe JMHeNHHOe ypaBHeHHe obiero Buaa (3.3.6),
y' +a(z)y +b(x)y =0,
9KBUBANEHMHO NO PYHKYUU YPABHEHHIO
y' + a(z)y =0. (3.3.12)
A uMeHHO, NMHeHHas TIOACTAHOBKA

y=ge 2o (3.3.13)
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CBOAHUT 3TO ypaBHEHHE K HOBOMY

7'+ J(x)g =0, (3.3.14)
e 1 1
J(x) = blx) - g a*(z) - 5 d'(2). (3.3.15)
Hoka3ateabcTBo. BoiGepeM mpon3Bo/bHYIO JHHEHHYI0 MOACTaHOBKY (3.3.9) u
MOJIYYHM:

y=0@)y ¥ =07+ ()7
y' =o(@)7" +20'(2)7 + " (2)7.
Hrak, ypaBHenue (3.3.6) nmpuoGpesio BUI

oy + 20"+ aoly + [0" + ac’ + bo]y = 0. (3.3.16)
O6paTtuM B HyJIb uJjieH ¢ ', mosarast
20" +aoc =0,
OTKyZa 1
o =¢ 2 o@)dr, (3.3.17)
Hanee, nogcraBum (yHkuuio (3.3.17) u ee mpousBonHbIE
1 1
J/:—%(IB_?fadI, o — (iag_%al) e—§fadx
1
B ypaBHeHHe (3.3.16), YMHOXHM pe3y/bTaT Ha ez fa@dr MpuUaeM K ypaBHe-
auio (3.3.14): | |
@”+(b—za2—§a’>y:0. (3.3.18)

M3 nokasaTesbcTBAa MOXKHO CHeJaTh CJAEAYIOWMH BbBOL: GyHKUMs J(x)
(3.3.15) ocTaercsi HeHW3MeHHOH MNpU MpeoOpa3oBaHUsX ypaBHeHHs (3.3.6) mnpu
Mo6bx noactaHoBkax (3.3.9). CienosatesbHo, J CeyeT Ha3BaThb UHBAPUAHMOM
ypaBrenust (3.3.6). M3 unBapuantHoctr J(z) u gemMbl 3.3.1 BbiTekaeT cienyro-
IIUH pe3y/bTart.

Teopema 3.3.2. [IBa omHOPONHBIX JUHEHHBIX YpaBHEHHUS,
v +a(x)y +b(z)y=0 (3.3.19)

7' +a(x)y +b(x)y =0, (3.3.20)

9KBHBAJIEHTHBI M0 (PYHKLHH, T.€. MOT'YT OBbITh MepeBelieHbl OJHO B APYroe ¢ I0-
MOILIbIO MOAXOASIIEH JUHEHHOH MoACTaHOBKH (3.3.9), eclM U TOJBKO €CJIH HX
WHBapHaHThI |

J(z) = b(z) — - a®(x) — 3 a(x)
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coBrnagawr, T.e. J(z) = Jj(x). B yactHocTH, ypaBHeHHe (3.3.6) 5KBUBANEHTHO 10
¢ynkunu ypastenuio (3.3.10), ¥’ =0, ecu 1 ToJbKO ecau ero WHBapuaHt J(z)
paBeH HYJIO, TO ecTb ypaBHeHHe (3.3.6) umeeT BUL

Y +a(z)y + H a®(x) + éa’(m)} y=0. (3.3.21)

IIpumep 3.3.1. YpaBHeHue
22y + xy + (x2 — %) y=0 (3.3.22)

He siBJsieTcsl ypaBHeHHeM Buaa (3.3.21) u, cienoBaTesbHO, He 3KBUBAJEHTHO MO
¢yskuun ypasuenuto ¥’ = 0. MuBapuantom ypasnenus (3.3.22) siBasiercs J = 1.
C npyro#t CTOpOHBI, HHBAPUAHT J| ypaBHEHHUS

7' +y=0 (3.3.23)

UMeeT TO e camoe 3HadeHue: J; = J = 1. Kak ciencrBue, ypaBHeHue (3.3.23)
nosiyyaetcst U3 ypaBHeHHs (3.3.22) ¢ MOMOILbIO JHHEHHOH MOACTaHOBKH

7=y,

nostyvatotuedicst u3 (3.3.13) npu a(x) = 1/z. TockosbKy obliee pelueHre ypaBHe-
Hus (3.3.23) umeer BUa (cM. mpumep 3.3.2 B ClefyIOLIEM pasfesie)

7= Cisinz + Cycosz,

obliee pelileHHe ypaBHeHHs (3.3.22) npumet Qopmy

Yy = \/15 (Cl sina:—i—CQcosx).

3.3.3. OnHoponHoe ypaBHeHUE: MOCTOSSHHBIE KO3(dumueHTol. Paccmor-
pUM OIHOPOIHOE JHHeHHOe ypaBHeHHe (3.3.6) ¢ MOCTOSIHHBIMH KO3 (HULHEHTAMH:

y'+ Ay +By=0, A, B= const. (3.3.24)

Ero pewienue 6v10 mosydeHo Jleonapmom Ditnepom B 1743 romy. OH Haxomu.s

YacTHbIE PeLIeHUs] B BHJe
y=e, X\ = const (3.3.25)

(370 Tak HasbiBaeMblii nodxod Jisepa). Torma muddepeHnrasbHOe ypaBHe-
Hue (3.3.24) cBomUTCS K anrebpanuyeckomy:

M4+ AN+ B=0, (3.3.26)
Ha3blBaEMOMY XapaxkmepucmuiecKum YypasHeHuem. COOTBeTCTBeHHO,
PN =X+A\+B

HasbIBaeTCsl xapakmepucmuueckum noiuromom ypaBHeHus (3.3.24). Bo3MOXKHbI
TPH CJIEAYIOLIUX Caydas.
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(a) Xapakrepuctuyeckoe ypaBHeHue (3.3.26) uMeeT nBa pa3jMYHbIX AEHCTBHU-
TEJNIbHBIX pelleHusi, A\ U Ag. Torma CyulecTBYIOT [Ba JIHHEHHO HE3aBHCHMBIX
YACTHBIX peLIeHHs:

yi(z) =N, ya(z) = e,
U obllee perieHue ypaBHeHHd (3.3.24) vmMeeT BUA
y = C1eM?® + Coe®, (3.3.27)
(6) Pewienus xapakrepucTudyeckoro ypaBHeHus (3.3.26) KOMIIJIEKCHbIE, 8 HMEH-
HO A\| = a+ i3 U ero KOMIJIEKCHO COTpsiKeHHOe pelleHHe A9 = o — 3. Co-

OTBETCTBYIOIIHE KOMIJIEKCHBIE DEIeHHs] MOXKHO 3alKcaTh, HCIMOJAb3Yst (HOpMyJy
diinepa (1.2.41), B BUzE

y = e*(cos Sz + isin fz), 7y = e**(cos fx — isin fx).

HOCKOJIbe HUx HHHEﬁHbIe KOM6I/IH3U,I/II/I C HpOHSBOJ’IbeIMI/I KOMIIJIEKCHBIMHU KOSCb-
CbI/IU,I/IeHTaMI/I CHOBa 4BJIAKOTCHA pEH_IeHI/IHMI/I, Mbl MO2KeM 3aMeHUTLb KOMIIJIEKCHbBIE
pelHeHI/IH ﬂeﬁCTBHTeJIbeIMH, I/ICHOJII)SYH saMeHy
1 _ 1 _
n=50+9, w=5U-7.
7

HTaK, ABa KOMIIJIEKCHO COHpH}KeHHbIX KOpHH AT OBa paSJ'II/I‘—IHbIX ILEI;'ICTBI/ITeJ'[b-
HbIX peU_IeHI/IHZ

y1(x) = e** cos Bz, yo(x) = €**sin fz. (3.3.28)
Takum o6pasom, obliee pelieHue ypaBHeHHs (3.3.24) UMeeT B 3TOM cJydyae BUIL
y = C1e cos(fx) + Coe™ sin(fx). (3.3.29)

IIpumep 3.3.2. Paccmotpum ypaBHeHHe (2.3.14) cBOGOIHBIX TapMOHHYECKHUX KO-
JebaHuH

Y +wly =0, (3.3.30)

rie w # 0 — nelicTBUTe/IbHOE YHC/I0. XapaKTepucTHUecK i noanHoM A2 + w? = 0

MMeeT JIBa KOMIJIEKCHBIX KOPHS, A\| = tw, A9 = —iw, U peiieHue (3.3.29) umeer
BUJL

y = Cj cos(wzx) + Cy sin(wz). (3.3.31)

(B) XapakTepuctuueckoe ypaBHeHue (3.3.26) ¥MeeT KpaTHble KOPHH, A] = Ao.
B atom ciyuae dopmyna (3.3.25) naet TONBKO OIHO pelleHHe,

y = eM®,

OnHako B 3TOM cjydyae Mbl MOXKeM BOCIOJb30BaThcsi TeopeMod 3.3.2. IleHcTBu-

TeJIbHO, TOCKOJbKY XapaKTepUCTUUECKHH MOJHMHOM HMeeT KpaTHble KOpPHH, €ro
OUCKPUMHHAHT 00pallaeTcsl B HYJb:

A% — 4B =0.

Ho B 3TOM cJaydyae WHBapuaHT

_pn 1o
J=B 4A
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TakxKe oOpallaercss B HyJb, M, CJeI0BaTesNbHO, ypaBHeHHe (3.3.24) mpuBogHUTCS
K 7’ = 0. KopeHb xapakTepuCTHUECKOrO ypaBHeHHs1 paBeH A\| = —A/2, u mpeod-
pasoBanue (3.3.13) npuobperaer BUL

y = ye—%fAdm _gelNdr —gehie
Nanee, noncrasisist pewenne § = (C) + Cox) ypasHenus 3’ = 0, Mbl noJydaem
caenymwllee obllee pelieHue ypaBHenus (3.3.24):

y = (Ci + Chz) eM”. (3.3.32)

Ipumep 3.3.3. Paccmotpum ypaBHeHHe
y'+2y +y=0.
Ero xapakTepucTHYeCKHUH MOJHHOM
PN =M 422+ 1= (A+1)

uMeeT KpaTHble KopHH A = —1. CjenoBaTesnbHO, ofllee pelleHHe AUQPepeHLH-
aJIbHOTO YPaBHEHHUSI UMeeT BUJ

y=(Ci+Crx)e™ ™.

3.3.4. HeonHoponHoe ypaBHeHUe: Bapuauusa napamerpoB. [lyctb ¢pyHna-
MeHTaJ/IbHasi CHCTeMa pellleHHi OfHOpomaHoro ypaBHeHus (3.3.6) usBectHa. Torna
HEOJIHOPOJHOe ypaBHeHHe

y' +a(z)y +b(x)y = f(z) (3.3.33)

MOXKeT ObITb pelleHO B KBAaApaTypax € HCIOJb30BAaHHEM CJIEYIOLIEro MeTona
gapuayuy napamempa.

[Tpennosoxum, 4TO HaM U3BeCTHA (PyHIAMEHTaJbHAs CHCTeMa pelleHui yy (z),
yo(x) OMHOPOOHOTO ypaBHEHHS], T. €. MYCTh

yi +a(z)yp +b(x)y1 =0, yy +a(z)ys +b(z)y2 = 0. (3.3.34)

Torna mMbl MoXeM moJTy4uTh obllee pellleHHe HEONHOPOTHOTo ypaBHeHHus (3.3.33)
CIeYIOIIUM MemoOdoM 8apuayuu napamempos. AHaJOTHUHO Caydalo ypaBHEHHUs
MepBOro nopsinka, 3ameHuM KoHcTaHThl C u Cy B pewenuu (3.3.7)

y = Cryi(z) + Corys(z)

OIHOPOIHOTO ypaBHeHHs Ha GYHKUMH u)(z) U ug(x) cooTBeTcTBeHHO. Takum
00pa3oM, Mbl MoJydaeM

y = ui(z) y1(z) + ug(z) yo(z). (3.3.35)

U3 sToro caenyert:

Y =ui(x) ¥y (2) + ug(2) yo(x) + yi () v (z) + yo(z) uh(x). (3.3.36)
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Ecau Mbl moncraBum (3.3.35) B ypaBHeHHe (3.3.33), TO MOJNYUHUM OFHO YpaBHEHHE
IJIsT IBYX HEU3BECTHBIX GYHKUHH u1(x) U ug(x). CienoBaTe/ibHO, Ha 3TY (YHKIHIO
HeoOXOMMO HaJIOXKHTh ellle OfHO ycsoBHe. BBenem 3T0 ycoBue B BHIe

y1(z) vy (@) + yo(z) ug(z) = 0. (3.3.37)
Torna ¢ yuetom (3.3.35) u (3.3.36) MBI OyneM HMETh:
y = ui(z) y1(x) + ug(z) yo (2),
y' = ui(2) yi(2) + uz(z) ya(2),
y" =i (@)Y (2) + up(2) o (2) + 1 (2) ui (2) + Yo (@) up(2).

Hrak,

y' +a(@)y +b(z)y = w @)y +al@) yr + (=) yi]+
+us(2)[yz + alz) ys + b(z) yalyi () ui (2) + ya(2) us(2),
U, ¢ y4yeToM ypaBHeHHH (3.3.34), MBI mosydaeM u3 ypaBHeHus (3.3.33):
yi (@) ui (@) + yo(@) up(z) = f(2). (3.3.38)

[Tockoabky y1(x), yo(x) — U3BeCcTHBIE (DYHKLHKH, Mbl HMEEM CHCTEMY [BYX ypaB-
Henu#t (3.3.37) u (3.3.38) mas onpenesneHust PyHKUUE u|, Ug:

yi (@) uy(z) + yo (@) up(z) = 0,
yi (@) uy (@) + () uy(z) = f(x).
Tak kak y;(z), yo(x) MMHEHHO HE3aBHUCHMBI, JeTepPMUHAHT ypaBHeHHH (3.3.39)
W(z) = yi(2) yp () — yo (@) y1 (), (3.3.40)

W3BECTHHIH KaK BPOHCKHAH, OTJHYeH OTHyasd. B pesynbraTe cuctema (3.3.39)
MOXKET ObITh pellieHa OTHOCUTEJIbHO MPOHU3BOAHBIX OT HEH3BECTHBIX (BYHKIIMK:

(3.3.39)

i () fx) ;i) f(x)
e (ORI
W, HHTETPUPYH, T10JTy4aeM:
B y2(x) f(x) [ w@) f(x)
ul_—JQVdex+cl, W{de@. (3.341)

[ToncraBasist (3.3.41) B (3.3.35), MBIl IPUXOAUM K CJIEAYIOLUIEMY Pe3YJbTaTy.

Teopema 3.3.3. Ilyctb yi(x), yo(r) — dyHmameHTanbHas cUCTEMA peLIEHHUE Of-
HOPOMHOTO ypaBHeHHs (3.3.6),

Y +a(z)y +b(z)y = 0.

Torna obiiee pelieHre HeomHOpPoOAHOTO ypaBHeHHs (3.3.33),

y' +a(x)y +b(x)y = f(z),
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HaxoguTCA B KBaJApaTypax U UMEEeT BUI

y=Cry(z) + Coys(x) — y1(x) J % dz + yo () J v (@) f(z) dz,

rane W(x) — Bponckuan (3.3.40).
IIpumep 3.3.4. Pelium HeonHOpPOAHOE ypaBHeHHe
Y +y=-sinz.
M&ul umeeM QyHIAMEHTAJTbHYIO CUCTEMY peLIeHUH
yi(x) =cosz, yolx) =sinx

¢ Bporckuanom W [y(z), yo(x)| = 1. Popmyna (3.3.41) naer

ui(z) = —Jsiandx: —g —1—% sin 2z + C,

. 1
ug(x) = Jcos:vsmwd:z: =—3 cos?x + Cy.
CuieoBaTesibHO, MBI MOJIyYaeM, MOCJE 3J1eMEHTAPHBIX YIPOLIALINX ONepaLu,
cllefyiollee pelieHue:

y = —; cosx + Cjcosx + Cysinx.

B 3TomM mpuMepe MBI MOIVIM BbIpa3uTh oOllee pelleHHe pPaccMaTpPHUBAEMOTrO
nuddepeHHaNIbHOTO YpaBHEHNS B dJeMeHTapHbIX (YHKUHUAX. OqHAaKO 3TOT (akT
He SIBJISIeTCSl CYLIeCTBEHHbIM, U IpejicTaBjeHHe 0oOlIero pelleHHst B KBajapaTypax
He MeHee I0JIe3HO, HalpuMep, NPU pellieHHWH 3aJad C HayaJbHbIMHU YCJIOBHUSMH.
ITO MoJoKeHHe MBI POUJIIIOCTPUPYEM HA CJAENYIOIMX ABYX MpHMepax.

IIpumep 3.3.5. Ilpounrerpupyem ypaBHeHHe

y' 2y — 8y = ae™ (3.3.42)
)45 peI_UHM Saﬂa’{y KOU_II/I C Ha4YaJIbHBIMHU yCJIOBI/IHMI/I
Yro=0 V|,o=1 (3.3.43)

XapakTtepuctuyeckoe ypasHenue A2 + 2\ — 8 = 0 ypasuenus (3.3.42) umeer Kop-
HU A] = 2, Ao = —4, U, KaK CJelICTBUe, (PyHAaMeHTaJbHas CHUCTeMa pelleHU#H
oTpeJesisieTCsl BhIpaXKeHUsIMU

2x —4x
s .

yi(x) =e yo(z) =

Bponckuan (3.3.40) ectb W[yl(x),yg(a:)%: —6e2%. TIpumensis Teopemy 3.3.3,
sanuueM ofuiee peuleHde ypasHeHus (3.3.42) B c/elyiouleM BHe, YA00HOM
C TOYKM 3peHHs HayaJbHbIX YCI0BUH mpu = = 0:

x x
e J e’ dr — e J T8 dr| . (3.3.44)
0 0

y=Ce* + Cye™ +

| =
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Iudpdepenunpys (3.3.44), nomyyaem:

Y =20 ¥ —4Cy e + :

wl

X X
e2® J 727 dr + 2% JTegT dr
0 0

Hauanbhble ycaosus (3.3.43) nmaior C) + Cy = 0, 2C) — 4Cy = 1, otkyna C| =
=1/6, Cy = —1/6. Iloacrasasisi B (3.3.44), Mbl moJyyaeM Cjelyioliee pelleHHe
sagaun Kowwu (3.3.42), (3.3.43):

Y= é 2|1+ JT@QT dr | —e [ 1+ JTeST dr || . (3.3.45)
0 0

3ameuanne 3.3.1. MoXHO BHIYUCAUTL MHTerpassl B (3.3.44) u mepenucatb 06-
mee pemienue (3.3.44) u, cienoBatenbHo, (3.3.45) B 3/eMeHTapHBIX (DYHKIHSAX.
JleficTBUTENbHO, UHTETPUPOBAHUE 110 YaCTsM JaeT:

X T

2T _Z 2Tm_l 27 _f 290_12:70 l
JT@ dT—Qe o QJe dT—Qe 46 +4,
0 0
X X

81 _Z STm_L 8t _E SI_L 8x i
JT@ dT—8€ o 64Je dr 86 646 +64
0 0

[Tocsie mopcranosku B (3.3.44) nmeem:

_ 2z —4x 1 l 2 i —4x _ E 4z § 49:]
y=Cr e+ Che +6[46 g1 € g1 € —|—8:1:e , (3.3.46)
u pemenue (3.3.45) 3amaun Komm (3.3.42), (3.3.43) npuUBOAMTCS OKOHYATEJBHO
K BHIY

_ 9 9x 60 4y D ap 14y
y=gz¢ 784 © 758 © +16:L'€ . (3.3.47)

IIpumep 3.3.6. [IpounrerpupyeMm ypaBHeHHe

1" ! _ 1 3x+1
Y +2y — 8y = i (3.3.48)
U pelinM 3anauy Koy ¢ HayaJbHBIMH YCJOBUSMH
y{mzo =0, y"xzo = 1. (3.3.49)
IleiicTBysl Kak B mpumepe 3.3.5, mojydaem peliieHde ypaBHeHus (3.3.48):
r +1 r TT+1
_ 2x —4x l oz | € _ -4z | € i
y=Cre*+Che +6 e T+1d7‘ e T_HdT . (3.3.50)

0 0
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Iudpdepenunpys (3.3.50), nomyyaem:

T

dr + 2% J €

T+ 1

7T7+1
dr|.

€T+1
+1

w]

T

T
y/ — 201 eZz _ 402 674:70 + 1 eQxJ
0 0

Hauasnbueie yeaosust (3.3.49) nator C; = 1/6, Cy = —1/6. CaienoBatesibHo, pelire-
nue 3agaud Komwu (3.3.48), (3.3.49) ectb

x x
T4+1 e7‘r+1

_l 2z e _ 4z
y=5|¢ 1—|—JT+1dT e 1+

dr | |. (3.3.51)

T4+ 1

O6a unterpana B (3.3.51) He BbIpaXarOTCsi B 3/71€MEHTAPHBIX (PYHKIHSX.

3.3.5. ¥YpaBHenne Bbeccens u ¢pyukuuu beccens. Ypasuenue beccers —
3TO CJenylollee OTHOPOAHOE JIMHEHHOe ypaBHEHHE BTOPOTrO MOpPsiKa C MepeMeH-
HBIMH KO3(p(PHULIHUEHTaMHU:

2y + xy + (22 —n?y =0. (3.3.52)

Pelenns storo ypaBHeHUs HasbiBaloTcs Qyukyuamu becceass. OHU UTPAIOT Bax-
HyI0 po/ib B MareMaTnuecko# ¢usuke. OnHo W3 pelleHnit obosHauaercs Jy(z)
U U3BECTHO Kak @yukuus becceas n-eo nopadka. Paznoxenus B psn QyHKIIUH
Beccensi, nanpumep, npu n =0 u n = | UMeOT cAeOyIOWNUNA BUA:

0 =1 (5) + gp(s) - @)+

Jia) =2~ %(g)g + ﬁ(g)‘r’ . (3.3.53)

3.3.6. T'unepreomerpnyeckoe ypaBHeHue. JIuHeliHoe nud¢epeHLHaNbHOE
ypaBHeHHe BTOPOTO MOPsIIKA

z(l—2)y" +[y—(a+ B8+ 1)z]y —aBy=0 (3.3.54)

C NIPOM3BOJILHBIMM MapaMeTpaMH «, (3 U 7y U3BECTHO KaK eunepzeomempuieckKoe
ypasrenue. OHo umMeet ocobeHHocT mpu £ =0, z =1 u x = 0.

Kpowme Toro, /no6oe onHOpomHOe JuHeHHOe nuddepeHLNaIbHOE YpPaBHEHHE
BTOPOrO MOpPsKa

(2> + Az +B)y"+(Cz+D)y +Ey=0 (3.3.55)

MOXKeT ObITb MpeoOpa3oBaHO B ruIepreoMeTpuyeckoe ypaBHeHue (3.3.54) mpu
ycnoBuH, 4TO ypasHeHue x° + Az + B = 0 uMeeT 1Ba pasiHuUHbLIX KOPHS | U To.
JleficTBUTENBHO, eC/id TepenucaTh ypaBHeHue (3.3.54), BEIOpaB HOBYHO He3aBHCH-
MYI0 MepeMeHHYIO ¢ COrJIaCHO 3aMeHe

=z + (v — x1)t, (3.3.56)
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TO Mbl IOJYUYUM

d?y Cr1+ D dy o
U3 sroro CJaeNyeT, 4TO II0CJe TOTO KakK Mbl BBEAEM 0003HauyeHusa
Cx1+D i

v, C=a+p+1, FE=af

Il — X9
¥ Ha30BEM HOBYIO HE3aBUCHMYIO MEePEMEHHYI0 ¢ CHOBA ', Mbl PUXOAUM K ypaBHe-
Huwo (3.3.54).

Ecnu aff = 0, runepreomerpuueckoe ypaBHeHue (3.3.54) HHTerpupyemo ¢ mo-
MOIILbIO IBYX KBanpatyp. JeicTBUTe bHO, BbiOUpasi, HanpuMmep, f = 0 U UHTErpH-
pysl ypaBHeHHe

dy _ (a+Dz—vy

vy 2(l —x) de,

Mbl rosiyyaem 3y’ = C ed(@) rre

q(x) = J % d.

[ToBTOPHOE MHTErPUPOBAHHE HAET:
y=C) Je‘m) dr + Cy, (4, Cy = const.

B Teopuu runepreoMeTpuyecKHx (QYHKLIHMH TIJIaBHOE BHUMaHHE YIeJseTcs
AaCUMITOTHKAM THIIEPreoMeTPUUYECKOro YpaBHEHHsS U €ro pelleHHsM, TpencTaB-
JISeMbIM B BHJle Pa3JIOKeHWH B psifl BOJM3U TOYEK CHHTYJISPHOCTH (CM., Hampu-
Mep, KJaaccudeckyi KHury [28]). OmHako Ha MpaKTHKe Mbl HEPEAKO HYXKAaeMcs
B HaXOXKJeHHH aHAJIUTHYECKHUX Bblpa>kKeHUH OOLIMX pelleHHH onpeieseHHBIX GopM
rUIIepreoMeTpUuecKoro ypaBHeHus. Mcxonss M3 3THX coobpakeHWH, NpHBereM
CJIeYIOLLYIO TeopeMy '), ONpeaesIsIoILy 0 KJace THIepreoMeTpPUUeCKUX YPaBHEHHUH,
UHTErPUPYyEMbIX B 3JI€MEHTApHbIX (PYHKLIUAX HUJIM B KBagpatype. MHorouncieHHble
YacTHbIE CJyyau ypaBHEHHH 3TOrO KJacca MOXKHO BCTPETHUTb B Pa3/HUHBIX KHUTaX
10 CrelHaIbHBIM (PYHKIHUAM.

Teopema 3.3.4. OOGuiee pellleHHe THIEPreoMeTpUUecKoro ypaBHeHHusi (3.3.54)
npu = —1 ¢ AByMsl POU3BOJIbHBIMU MapaMeTpaMu a U 7y

r(l—2)y" +(y—azx)y +ay=0 (3.3.57)

HaXOAUTCS B KBaApaType, UMewolleld Gopmy

y=Ci(a- 7)J<ymw z =17 - %}_2> dr+Coz—1),  (33.58)

«

rie C| nu Cy — npon3BoJIbHBIE KOHCTAHTBI.

') U6parumos H. X. VIHBapuaHTHLIE JarpaHKHaHbl M HOBBIH METOJ MHTETPUPOBAHMSA HeNHHeH-
HbIX ypaBHeHu# // Mamemamuueckuii anarus u npuroxcerus. 2005. T.304, Ne 1. C.212-235.
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3ameuanne 3.3.2. Eciu v v v — o — pauuoHasbHble yucaa, uHTerpan (3.3.58)
CBOIMTCS K MHTEPUPOBAHUIO PAllMOHANBHOH (DYHKLHH C TOMOLIBI0 CTaHAAPTHBIX
MOJCTAHOBOK U TpencTaBsieT peienne (3.3.58) B aseMeHTapHBIX (DYHKIUSAX.

3.4. JluHeiiHble ypaBHEHMS] BBICOKOTO MOPAIKA

JIvHeliHOe ypaBHeHUe N-To ToPsiiKa 00IIero BUa ¢ MepeMeHHBIMU K03 duiu-
€HTaMH UMeeT BUJL

Laly] = y™ + ar(@) g™ - F ap 1 (2)y + an(z)y = f(z).  (34.1)
TepMmuH Auwxetinoe oTchlaeT HaC K PyHIAMeHTaJbHOMY CBOHCTBY
Ln[Cry1 + Cayo] = CiLn[y1] + CoLn[ys] (3.4.2)
nridpepeHIHaIbHOTO ONlepaTopa n-ro nNopsaka
Lo=D"+a;D" '+ ---+a,_1D + an,

rae D = d/dx. CoorBeTcTBEHHO, L, HA3bIBAIOT AUHELHbIM OUDPepeHyuaroHbim
onepamoponm. ToBopsit, uto ypaBHenue (3.4.1) odnopooro, ecnu f(x) =0, u HeoO-
HOPOOHO B MPOTUBHOM cJaiyuae (cp. ¢ pasgenamu 3.2.6 u 3.3).

3.4.1. OgHoponHbie ypaBHeHusi. PyHgameHTadbHas cucrema. CorsacHo
NpUHyuny AUHerHol cynepnosuyuu, BeITEKaLeMy U3 cBoicTBa (3.4.2), yTBep-
JKIaeTcst, 4To o0lee pelleHHe OTHOPOIHOTO JIMHEHHOTO ypaBHEHHS

y(n) +ay(z) y(”_l) +tan_1(x)y +an(r)y =0 (3.4.3)

npeAcTaBJ/sieT cOO0H AuUHelHYro cynepnosuyuro n JUHEHHO HE3aBUCUMBIX YaCTHBIX
pelLleHuH:
y=Cry(x) + -+ Cpyn(w), (3.4.4)

rne C,...,C, — mpousBo/bHbE MOCTOsiHHBIE. Jl060e MHOXeCTBO Yyi(z),...
.y Yn(x) n JHHEHHO HE3aBUCUMBIX peLIeHHH Ha3bIBAeTCS PYHOAMEHMANbHOL
cucmemoti ypasHenus (3.4.3).

3.4.2. HeonHoponHble ypaBHeHusd. Bapuauusa napameTpos.

Teopema 3.4.1. Ilycts PyHIaMeHTa bHAs CUCTEMAa pelIeHUH OIHOPOAHOTO YpaB-
HeHus (3.4.3) usBectHa. Torna oblee peleHHe HEOTHOPONHOTO ypaBHeHHS (3.4.1)
MOXeT OBbITb HalJleHO B KBaapaTypax.

Hoxka3zareabctBo. CorsacHo obmemy Metony Jlarpanxka (1774) 3To perueHue
MOXeT ObITb MOJYYeHO C MOMOLIBIO 8apuayuu napamempos. JeHCTBUTEbHO,
3ameHuM KoHctauThl C; B (3.4.4) dyuxunsamu u;(x) (cp. ¢ pasnenom 3.3):

y = ui(2)y1(z) + - 4 un(2) yn(2)-

9 H.X. H6parumos
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Merton JlarpaHxka MPUBOLUT K CJAEAYIOUIHM COOTHOLIEHHSIM JJIs OMpefeseHH s
HEM3BECTHHIX (QYHKUHH u;(x):

duy du,

g Tt =0
/ dU1 / dun _
yl dx+ +yn dl' _07
% dx ot dr 0
(- dur ) B
gDy S (). (3.45)
[TocKobKY Y1, ..., Yy U3BECTHBI U JIUHEHHO He3aBUCHMBbI, ypaBHeHHs (3.4.5) MoryT

ObITb paspellleHbl OTHOCUTEJ/bHO NIPOM3BOAHBIX OT HEU3BeCTHHIX (DYHKUHUH U Npen-
CTaBJ/leHbl B (popMe, HHTErpUpyeMol B KBajpaType:

dup .
%—'M)k(x), k—l,...,n.

3.4.3. YpaBHeHud ¢ nMoCcTOsTHHBIMU Koaddumuentamu. [lonxon Disepa,
o0CyXIaBlIniics [1J/15 cjaydas ypaBHEHHMH BTOpPOro IOpsiiKa, NMPHUMEHHM TaKxKe
K OHOPOIHBIM JIMHEHHBIM ypaBHeHHUSIM GoJjiee BBICOKOTO MOPSiAKa C [IOCTOSIHHBIMU
KO3(p(hULUEeHTAMH,

y(") + a; y("_l) +tap1y +a,y=0, ay,...,a, = const. (3.4.6)
Ecsiu yacTHBle pellleHHs1 peacTaBsTh B Bume (3.3.25),
y=e, X\ = const,

10 AuddepeHnnaibHOe ypaBHeHHe n-ro nopsiaka (3.4.6) cemercs K anre6paunye-
CKOMY ypaBHEHHIO n-TO MOpsiKa

P N=XN"+a X"+ 4 ap A +a, =0, (3.4.7)

Ha3blBaeMOMY XAPAKMEePUCMULECKUM YPABHEHUEM.

[Tonnom P, ()\) u3BecTeH Kak Xapakmepucmuueckutl MOAUHOM YpaBHe-
Husa (3.4.6). [lyctb Ay, ..., A\, — HeHCTBUTE/bHBIE pa3/UYHble KOPHH XapaKTepH-
cTuueckoro ypasHenus (3.4.7). Torna uactHbie pemenus eM?, ..., e’ o6pasyior
(dyHnameHTasbHyto cucteMy. CornacHO MpUHUMNY cynepro3uuuu (3.4.4), obuiee
peuieHue ypaBHeHHs1 (3.4.6) C MOCTOSIHHBIMH KO3((pHULUHEHTAMH MpPeACTaBJIseT
co00i WX JUHEHHYI0 KOMOHWHALMIO

y=C1eMNT 4o 4 Cpen®, (3.4.8)

B cayyasix KOMIJIEKCHBIX M KPaTHBIX KOpPHEH MOCTYMaloT TakK e, KaK B cjaydae
ypaBHeHHE BToporo mopsinka (pasmesn 3.3). Hampumep, myctb A — s-KpaTHbI#
KopeHb. Toria COOTBETCTBYIOILee pellleHHe HMeeT BUJL

y1 = (Cr+ Cox+ - + Coz® 1) M7, (3.4.9)
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rie C' — npousBosibHBIE TOCTOsIHHBEIE. C y4eTOM BCeX KPAaTHBIX KOPHEH MBI TOJy-
yaeM caenymollyio Monudukauuio Gopmyasl (3.4.8) obiiero peleHus:

y=q(z) M + -+ go(z) M (3.4.10)

3mech qs(x) — moJaMHOM cTeneHH § — | ¢ MPOU3BONBHBIMU KO3 (HUIIHEHTAMH, T/e
$ — TOPSIIOK KPAaTHOCTH COOTBETCTBYIOLIEr0 KOpHS As (1 < s < 7).

B cayuae xommsekcHoro KopHs A| = «j + (3|4 TpaByl0 uacTb BbIpaxe-
Hus (3.4.9) (4, caenoBartesibHO, mepBoe ciaaraemoe B dopmyne (3.4.10)) caenyer
3aMeHHUTb Ha

(Cl 4+t Csxsfl) €% cos(Biz) + (Cerl 4+t C'2stfl) ™17 sin (B, z).

IIpumep 3.4.1. Paccmotpum ypaBHenue (2.3.20),

d4u 4
S =au o= const.
dz

XapakTepucTuyeckoe ypasHenre \* — a* = 0 umeeT KpaTHEBIe KODHHU:
Al=a, l=-a, AIA=oi, M =—aqi.
Takum o6pasom, Mbl mpuxoauM K QopmyJe (2.3.21) obiiero pelieHus:
u=C1e* + Coe* + C3cos(ax) + Cysin(ax).

IIpumep 3.4.2. PaccMoTpuM ypaBHeHHe
dty d’y
—+2—= =0.
dx? + dz? Ty

XapaKTepuUCTHUECKOe ypaBHeHUe
M4 +1=0
HUMeeT KpaTHbIe MHHUMEIE KOpHPI
Mo =1, Agq=Ao=—i.
CJenoBartesibHO, o0lLee pellleHHe UMeeT BH]

y = (C) + Cex)cosx + (C3 + Cyz)sinz.

3.4.4. YpaBHeHue Jiinepa. YpaBHeHHe

n n—1

d"y 1 d"y dy
n n e =2 = 4.11
" o +aix = 4+t ap_1x o + apy =0, (3 )
e ap,...,a, = const, U3BeCTHO KaK ypasHerue Jiiepa. ITo ypaBHEHHE C Mepe-

MeHHBIMH KO3(P(PULUHEHTAMH HHBAPHAHTHO MO OTHOLIEHHUIO K PACTSKEHHIO, T. €. OHO
He U3MeHsIeTCs TpU 3aMeHe x Ha kx ¢ mapametpom k # 0. i3 atoro cienyert, 4To

npeo6pa3oBaHue
t =1In|z| (3.4.12)

MepeBOAUT pactsikeHue kx B caBur t + In|k| u oroGpaxaer ypaBHenue (3.4.11
B ypaBHEHHe C IOCTOSHHBIMH KO3()(HLHEHTaMH, B KOTOPOM pOJb HE3aBHCHMO
nepeMeHHOU Urpaet t, a 3aBUCUMOE — y(t).

)
)4

9
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IIpumep 3.4.3. PaccmotpuM ypaBHeHMe Sﬁﬂepa BTOPOTO TIOpPsifKa

&
2 =Y 5 + 3T — + y = 0.
BBoxsi HOBYI0 He3aBHCHMYHO MepeMeHHyi0 ¢ = In|z|, nosyuaem
d?
§+2 y=0.
dt
J171s1 HOBOro ypaBHEeHHS 3alUCbiBaeM XapaKTepUCTHUYeCKOe YpaBHeHHe
A+ 20+ 1=0,
UMelollee KpaTHbIH KOPeHb A\| = A9 = —1, 0TKyza

y=(Cy+Cot)e!

BosBpaiasice kK UCXOMHOU MepeMeHHOH X, MojydaeM cjenyfoinee obliee pelieHHe
HUCXOIHOr0 ypaBHEHHUSA:

(C1 4 Cy In|z)).

a|~

3.5. CuctemMbl ypaBHeHU NepBOro nopsijakKa

3.5.1. O6mue cBoiictBa cucteM. PaccMOTpUM cHCTeMY OOBIKHOBEHHBIX
nuddepeHIHaNbHBIX YPaBHEHUH MEPBOro Mopsifka oOIIero BUAA

Zi—fl(xy y,...,y”), 1=1,2,...,n. (3.5.1)

IlycTb (GyHKUMM f' HenpepblBHBI B OKPECTHOCTH :L*o,y(l),...,yg.
[Ipumem BekTOpHOE 06O3HAUEHHE

y=@" .y, f=(

W 3amuileM 3aauy C HauyaJbHBIMH YCJOBUSMH MJis CHCTeMBl ypaBHeHHH (3.5.1)
B KOMIIAKTHOH (popmMe:

dy
& =~ f@y) Y]y = Yo (3.5.2)

rne 1 n
yo= (Yp,---,93)-

Hrak, y — n-KpaTHble 3aBUCHMble NepeMeHHble, NepeMeHHas ¢ MHIEKCOM ¢ 000-
3HayaeTcs y' U Ha3blBaeTcs ¢-H KOOPAMHATOH BeKTOpa y.

Knaccuueckoe ompenesieHue pelleHHH NPUMEHHUMO TakxKe K cUcTeMaM OU(-
(hepeHIIMA/bHBIX YpPaBHEHUH IPU YCJIOBUM €CTECTBEHHOH 3aMeHbl eIMHCTBEHHOH
nepeMeHHOH Yy Ha BekTop y. Mbl OyneM M0Jb30BaTbCsl CJEYIOLIEH MPOCTOH
BepcHell TeopeMbl O CYLIeCTBOBAHWM U eIUHCTBEHHOCTH pelleHHsl [J1s1 CUCTEeM.

Teopema 3.5.1. Ilycte  dyukuus f(x,y) HernpepsiBHO auddepeHppyema
B OKPECTHOCTH TOUKH (g,yo). Torna 3anaua (3.5.2) nMeeT OfHO M TOJNBKO OIHO
pellieHue, OMpeesieHHOE B OKPECTHOCTH Zg. VI3 aTOro ciemyer, uto obuiee perie-
HUe CHUCTeMbl 1 TU(pepeHLHalbHbIX ypaBHEeHHE nepBoro nopsiaka (3.5.1) 3aBUCHT
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TOYHO OT N MPOU3BOJBHBIX MOCTOSIHHBIX (', ..., ), HampuMep OT MPOU3BOJIBHO
BbIGPAHHBIX HAYa/IbHBIX 3HAUeHHH yJ, ...,y 3aBUCHMBIX NePeMEHHBIX [IPH T = X
CooTBeTCTBEHHO, 00lllee pellleHHe CUCTeMbl ypaBHeHHH (3.5.1) 3anuiuercs B BUze

Y=oz, Cy,...,Cp), =12 n. (3.5.3)

3.5.2. IlepBble UHTerpaabl. PaccMOTpUM cHUCTeMy OOBLIKHOBEHHBIX NH(bde-
peHLHMaJbHBIX YPaBHEHHH MEPBOro Mmopsinka ¢ n — 1 3aBUCHMOH TepeMeHHOH:

%:fi(x,yl,yQ,...,y”_l), i=1,...,n—1. (3.5.4)

CornacHo Teopeme 3.5.1, ee ofliee pellleHHe UMeeT CJeAYIOLLYI0 (GopMy:
yi(m):qﬁi(:ﬂ,C’l,...,C’n,l), i=1,....,n—1,

OTKyJIa, paspellasi OTHOCUTEJbHO KOHCTAHT HHTerpupoBanusi C;, uMeeM
wi(m,yl,yQ,...,yn_l):Ci i1=1,...,n—1. (3.5.5)

Cucrema cooTHomeHud (3.5.5) HasbIBaeTCsl 0OWUM UHMESPALOM CUCTEMBI ypaB-
Henu# (3.5.4). JleBasi yacTh Kakgoro u3 ypaBHeHu#d (3.5.5) oOpaiaercsi B KOH-
cranty npu samere y', 52, ..., y" ! nHa koopmunath y!(x),y%(x),... ... Ly ()
moboro pemienus cuctembl (3.5.4). [lo 3Toél mpuuMHe M1060€ OTAEJBHO B3SITOE
cooTHoleHne u3 (3.5.5) M3BECTHO KaK nepsvlii uHmezpas CUCTEMbl ypaBHe-
Huit (3.5.4).

IIpumep 3.5.1. Paccmorpum cucremy
dr dy
a =Y At T
ATy cucTeMy MOXKHO MPOMHTETPUPOBATh cjenyiomuM obpasom. Hduddepenuupys

nepBoe U3 ypaBHeHu# (3.5.6) u noncrasnsis dy/dt u3 BTOporo, Mbl CBOAMM 3afauy
K WHTETPUPOBAHHIO OJHOTO yPaBHEHHSI BTOPOTO MOPsiIKa

—r. (3.5.6)

Ero ¢yHnamMeHTa/bHas CHCTeMa DELIeHHH ONpefessfieTcs CAeNYIOMUM 00pa3oM:
x() = cost, T = sint,

OTKy/a
x = Ccost+ Cysint.

[TepBoe ypaBuenwue (3.5.6), y = dx/dt, naer
y = Cycost — C)sint.
Hrak, obuiee perienue cucrembl (3.5.6) HaXomuTcs B BUle
x=Cjcost+ Cysint, y=Cycost— C]sint. (3.5.7)

Paspemasi ypaBHenus (3.5.7) otHocutesnsHo Cf, Cy, mojydaem ciaenymoouiye mnep-
Bble HHTETpaJibl:

x cost—ysint=C}|, xsint+y cost=Cs. (3.5.8)
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Takum o6pasom, Mbl MONyUnIH (HYHKIHMU ) B ypaBHeHUsX (3.5.5):
U1(t, z,y) = x cost —y sint, Po(t,x,y) = sint + y cost. (3.5.9)

[TepBbie HHTerpaJjibl MOTYT ObITh TaKXKe MOJyUeHbl ¢ TOMOIBIO TPeACTaBAeHHUS
cucrembl (3.5.6) B caenytoieit gopme (cM. nanee ypaBHeHus (3.5.13)):

dv_ Ay _ g

Yy x
WHTerpupoBanue nepBoro ypaBHeHHsl, NepenucaHHOro B BuAe xdx + ydy = O,
naet

22 +y> =d®, a=const. (3.5.10)
Jlanee mepemnuiiieM BTOpoe ypaBHEHHE:
dt+—B o

[a? — 42

¥ TIOJIYUHM
t + arcsin(y/a) =

C yuerom (3.5.10) u anementapHo#t hopmyJbl (1.1.7) Mbl HMeeM

. _ Yy _ y
arcsin(y/a) = arctg 7\/@ arctg —, (3.5.11)
U, CJIe[I0BATEJIbHO,
t + arctg(y/x) =
OxoHuaTe/IbHO, Mbl IPUXOAUM K MepPBbIM HHTerpasam (3.5.5), comepkaiium GyHK-
MU ~ ~
Uit z,y) = 2" + 3%, ot x,y) =t + arctg(y/z) (3.5.12)

BMecTo (3.5.9).

COBOKYIHOCTb MepPBBIX HHTErpasoB (3.5.5) — He eNHHCTBEHHAsi BO3MOXKHOCTb
TNpeACTaBJIeHHs] 00LIero perieHus. JledCTBUTEbHO, J11060€ COOTHOIIEHHE

YW1, Pp) =C
eCTb MepBblfi WHTErpaj M, CJeN0BATeJ]bHO, Mbl MOXKEM 3aMEeHHTb (DYHKLHH 1)
Jo6b6IMU 1 — | PYHKUHOHANIBHO HE3aBUCUMBIMU (DYHKIIUSIMU %(ﬂ)la ey ey Un1),
1=1,...,n— 1. Takum o06pasom, Moje3HO BBECTH OIpeleJieHHe HepBbIX HHTerpa-

JIOB HE3aBHCHMO OT o61ero uHterpasa (3.5.5).

Onpenenenue 3.5.1. [lepsoiii unmeepas cuctembl (3.5.4) ecTb COOTHOILIEHHE

Yz, y' 2.y =C,

yioBaeTBOpsiolee o6omy petteruio yt = y'(z), i = 1,...,n — 1, roe QpyHKUHs
1) He siBJisseTCsI aOCOJIIOTHOH KOHCTaHTOH. MHBIMU cjioBaMH, QYHKIHUS 1), KOTOPYIO
JJI KpaTKOCTH Ha3bIBAIOT NepeuiM UHmeepasiom, COXpaHseT MOCTOSTHHOE 3HaUeHHe
BJI0JIb JI060T0 pelieHHs ¢ KoHCTaHToH (', 3aBUCAILLEH OT BeIGOpa pelleHus.

Cucrema (3.5.4) MoxeT ObITh TpeacTaBieHa B (opMe
dr  dy'  dy? o dy™! _

LT T
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[lockonbKy 3HaMeHaTesNHd MOXXHO YMHOXHTb Ha JioOble (PYHKLHH, OTJIUYHBIE OT
HYyJIsl, 3TH yPaBHEHHUs] MOXKHO TepenucaTb B cummempuurol gopme (HCTOIb3YS

ans nepemenubix r,y!, ..., y" ! o6osnauenue (x = z!, 2%, ..., 2")):
dz! da? dx"
—_— Y — T/ e T —/———— e 3.5.13
£ €6 e (3519

TepmuH cummempuunas orpaxaer ToT (akxt, uto dopma (3.5.13) cucTeMbl 0OBIK-
HOBEHHBIX AH(PepeHIHaNbHbIX ypaBHEHNH, cocTosied u3 n — | ypaBHeHHs, He
BbIJIeJISIET CMelUalbHO HE3aBUCUMYIO TIePEMEHHYI0, KOTOpasi CTAHOBHUTCS MIPH 3TOM

omHOH W3 m TepeMeHHbIX x!, 2, ..., x". [lepsvii unmeepar cuctembl (3.5.13)
YIOBJIETBOPSieT ornpeneseHuto 3.5.1 U nuMeet BUI
Y(x)=C. (3.5.14)

[Tepbiit uuTerpan (3.5.14) Hepenko HAEHTHQUUHUPYIOT ¢ GyHKIHEH 1)(X).

Jlemma 3.5.1. Jlns Toro utobb dynkuus (x) = (x!,...,2") 6ba nepsbIM

HHTerpajoM cuctembl (3.5.13), HEOGXOMMMO U IOCTATOUHO, YTOOB! U = 1)(X) OBLIO
pemeHHeM IU(QepeHIHaTbHOTO YPAaBHEHUS B YACTHBIX NPOU3BOIHBIX

) 2% 4 en(x) 9% =

X oyt +"X) 5m = (3.5.15)
HokasareabctBo. [lyctb (yHKUMs 1(X) — mepBblil uHTerpas. [lockosbKy s
no6oro pemenns (x) = (z!,...,z") cucrembl (3.5.13) BhimonHeHo 1(x) = const,

To auddeperHunan diy, BEIUACASIEMbIE BAOJb JNI060H UHTErpasbHOH KPHUBOW ypaB-
HeHu#l (3.5.13), obparaeTcss B HYJb:

dp= 20 drt 4oy OV den =0, (3.5.16)
xXr

Wubimu cioBamu, ypasHenue (3.5.16) BbirmosHsieTcsi BCAKME pa3, korma d(x) =
= (dz', ..., dz™) nponopuuonanbHo BekTopy &€ = (£!,...,€"), To ecth d(x) = A€,
A # 0. Tloncrasassa dz* = A" B (3.5.16), MBI mpuxoaMM K ypaBHeHHio (3.5.15).
Hrak, Mbl nokasanu, uto ypaBHernue (3.5.15) BbimosiHsieTcst B TouKax (X), MpHHAL-
JIeXKalluX HHTerpasbHbiM KpuBbIM cucTeMbl (3.5.13). Ho, corsacHo Teopeme 3.5.1,
UHTerpajibHble KPUBbIE MPOXOAAT uepe3 JioOyio Touky. CjenoBaTesbHO, ypaBHe-
Hue (3.5.15) ymoBieTBOpsieTCS TOXKAECTBEHHO B OKPECTHOCTH JIOGOH TOYKH X.
[TpuBeneHHble paccyxaeHHst 0OpaTHMbl. DTO 3aBeplliaeT A0KA3aTeabCTBO.

Omnpenenenne 3.5.2. ['0BOpAT, YTO MHOXKECTBO N — | MepBBIX HHTerpaJoB

Y(x)=Ck, k=1,...,n—1, (3.5.17)
He3a8ucuMO, ecn PYHKUHU Yk (X) QYHKYUOHANOHO He3A8UCUMbL, T.€. eClld He
cyliecTByeT cooTHowenu# suga F'(¥y,...,1¥,—1) =0.

IIpumep 3.5.2. Paccmotpum cucremy
de _dy dz

x Y
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"
HTerpUpysl ypaBHEHUS g dy drd

Mbl nostydaeM y/x = Cy u z/x = Cy coorBeTcTBeHHO. Cle[oBaTe/IbHO, Mbl HMeeM
IBa CJENYIOIIMX He3aBUCHMbIX MepBBIX MHTerpasa:

Yi(x,y,2) = % Po(x,y,2) = g
YpaBuenue (3.5.15) umeer Bupg

ou ou ou

Herpynno y06enutbes, UTO ypaBHEHHIO  YAOBJETBOPSIIOT  (YHKUUH U =
=iz, y.2) =y/r u u=1y(z,y 2) = z/z.

Jlo6oe MHOXecTBO 7 — 1 He3aBUCHMBIX MepBBIX HHTErpasoB INpeacTaBJ/sieT
obuiee pemenne cuctembl (3.5.13). Tlockosbky oOlllee pelieHHe CHCTEMbI ypaB-
HEHWH MepBOTO TMOpsiAKa, COCTOosAllEeH M3 n — | ypaBHeHHs, 3aBUCHT TOYHO OT
n — | MPOU3BOJIbHBIX KOHCTAHT (CM. TeopeMy 3.5.1), Mbl IPUXOAUM K CJENYIOLIEMY
YTBEPKIEHHUIO.

Teopema 3.5.2. Cucrema n — 1 0OBIKHOBEHHBIX AU(QepeHIHaNIbHbIX yPABHEHUH
nepBoro mopsiaka (3.5.13) nomyckaer n — | He3aBUCHMBIX MepBBIX HHTErpa-
JoB (3.5.17). Jlwo6o#t npyroét nepebiii uuterpasn (3.5.14) cucrembl (3.5.13) moxer
OBITb BBIPaXKeH B BUAe QyHKUMH 0T (3.5.17):

Y =F,...,0n-1). (3.5.18)
IIpumep 3.5.3. Paccmorpum cucremy
dv _dy _ dz

yz  xz xy
Ona MoKeT ObITb KBHUBAJIEHTHO IMPEACTaBJIEHA B BUIE
de  dy dy dz
yz w2’ wz oy
WJIY, ToCJie YMHOXKeHHs1 00erX yacTed paBeHCTB Ha Z U &, COOTBETCTBEHHO
dr _ dy dy dz
y ooz oy
[lepenumem ux B dopme ydy —xzdxr =0 u ydy — zdz = 0 u, uxterpupys,
NpUJEM K CJeAYIOLIHMM ABYM He3aBUCHUMbIM [E€PBbIM HHTerpasam:
pr=a"—y?=C1, =2 -y’ =,
C mpyro# CTOPOHBI, pacCMaTPHUBaeMasi CHCTeMa MOKET OBbITh 3amucaHa B (hopMme
dr _ dy der  dz
vy oz oz oz
Torna Mbl MPUXOAHM K MEepPBHIM HHTerpaJsam

pr=at—y =01, Ys3=2*-2=C;
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U, TaKMUM 00pa3oM, ToJydyaeM TPH PA3JHYHBIX MEPBBIX HHTerpana, ¢ = C, o
= Cy u 13 = C3. OnHaKo OHU He He3aBHUCUMBI. [lelicTBHUTENILHO, HATIpUMeEp, 13 =
=11 — Po.

Takum o6pa3oM, B 3TOM NpHUMepe MPOU3BOJbHBEIN TepBbiil HHTerpasn (3.5.18)
MOXeT OBITb IpefcTaB/eH B popme ¥ = F (22 — 42, 22 — 4?).

3.5.3. JIuHeiiHble cUCTeMbl C IOCTOSSHHBIMU KoadduuueHtamu. OOCyx-
IaBILIMHCS Bhllle MeToA OHjepa NMPUMEHHM TaKxKe K OOLIeMY CJIydal CHCTEM
JIMHEHHBIX OJHOPOAHBIX ypaBHEHHUH MEePBOro MOPSIKA C MOCTOSTHHBIMH KO3 (hUIIH-
eHTaMH:

i n )
%—FZaUyﬂ:O, i=1,...,n, wm y + Ay =0. (3.5.19)
=1
3mech y = (y!,...,y") o603HayaeT 3aBUCHMEBIe MepeMeHHble, Y = dy/dr u A =
. n ’
= ||aij|| — mocrosinHas n x n marpuua, Takas, uro (Ay)' = > ai; y’.
=1

Dopmysa Dijepa I/ YACTHHIX PELIeHHH B 3TOM cJyuyae 3amlMlIeTcs Tak:

y =M1, )\ = const. (3.5.20)
HeussectHuii Bektop KoHctant 1= (I',...,I") mo/mxeH 6LITh HaiileH H3 ypaBHe-
aus (3.5.19). INoxcranoska (3.5.20) B (3.5.19) naer:
(A+AE)1=0, (3.5.21

)
rie £ — enunuunHas n X n marpuua. Cucrema JWHeHHbIX ypaBHeHHH (3.5.21)
rmeet pelerue 1 # 0, ecaut U TobKO ecau neTepMUHAHT |A + AE| = det (A + \E)
obpalllaeTcsi B HyJb. BesenctBue atoro xapakmepucmuueckuti noiurnom Py, u
xapakmepucmuueckoe ypasrerue 1js cucteMmsl (3.5.19) 10/KHBI YIOB/IETBOPATD
YCJIOBHIO

P,(\) =|A+ \E|=0. (3.5.22)
[TycTh xapakTepucTHueckoe ypaBHeHHe (3.5.22) vMeeT pa3juyHble KOPHH, Af, ...
..., Ap. Torna Mbl moJriydyaeM TOYHO 7 JIMHEHHO HE3aBUCHUMBIX pelleHUH 1(1), ... ,l(n)

cucreMbl ypaBHeHHH (3.5.21) U, TakuM 06pa3om, Caenyolyo @yrOamMeHmarbHYO
cucmemy pelleHuH:

Yo = e’\'m 1(1), s Ym) = 6)‘”3j l(n). (3.5.23)
O6bruee perienue cucrembl (3.5.19) nmeer Bux
y =CreM )+ 4 Cpet . (3.5.24)

Ecnu ypaBHenue (3.5.22) umeeT KoMmjeKcHble KOpHH, A = v + i3 (u, ecTe-
CTBEHHO, KOMIIJIEKCHO COTpsi>KeHHble), ypaBHeHHe (3.5.21) uMeeT KoMIJIeKCHOe
pewenue 1 = p + iq. CootBetcTByMollee pelierre (3.5.20) paciienssercs Ha ABa
NEUCTBUTENbHBIX PeLIeHHUS:

y(1y = €** (p cos fx — qsin fz),
y(2) = ¢** (psin Sz + qcos fz). (3.5.25)



138 2. 3. ObvikHoserHble Oughgeperyuanvroie ypasrerus. TpaduyuorHelli nodxod

IIpumep 3.5.4. Pemum cucremy (cp. ¢ mpumepom 3.5.1)

de oy
a ~ P oaw "

3neck y = (2,y), ail = age = 0, ajg = —1, ag; = 1. Xapakrepucruyeckoe ypas-

HeHHe HMeeT KOMILJIEKCHble KOPHH A = i, A = —i, U ypaBHeHHe (3.5.21) naer

l=p+iq, roe p=(1,0), g =(0,1). YpaBuenus (3.5.25) o6pasywr (yHramMeH-
TaJbHYI0 CUCTEMY pelleHUH

y(1) = (cost, —sint), y() = (sint, cost). (3.5.26)
Cocraiisisi Bipaxenue y = Cpy(jy + Ca y(2), Mbl IPUXOIUM K petennio (3.5.7):

x=Cicost+ Cysint, y=Cycost— Csint.

3.5.4. Bapuauus mapamMeTpoB il CHCTe€M. PacCMOTpUM Terepb CHUCTEMY
HEOQHOPOAHBIX JIMHEUHBIX YPAaBHEHUH:

dy’ - ; .
%—kzlaij(x)y] = fi(x), i=1,...,n. (3.5.27)
j:
Ona HasbiBaeTcsi 00Hopoodnot, ecnu f; =0,1=1,...,n, U HeoOHOPOOHOU B TIPO-

THUBHOM cJjiyuae (cp. ¢ pasznesom 3.2.6).
[IycTh obliee pelieHHe OXHOPOTHON CHCTEMBI

dy' |5 i_0 -
E—}—Zlaw(l')y —O, 'L—].,...,TL
j:

13BecTHO. Torma pelleHHe HEOMHOPOAHOH cucTeMbl (3.5.27) MOXHO HaXOmHTh
METOJIOM BapHallMK MapaMeTpoB, 00CYKAABIIMUMCS [JIsi CJydasi OLHOTO ypaBHEHHS.
[TpoussocTprupyeM MeTol Ha CJIEAYIOLIEM PHMEpE.

IIpumep 3.5.5. Paccmorpum cucremy

dx B dy _
E—y—cost, E%—x— 1. (3.5.28)
PelieHue ofHOPOOHOH CUCTEMBI,
dx B dy .
V=% g te=0

Haxogutcst B Buzge (3.5.7):
x=Cicost+ Cysint, y=Cycost— Csint.

ByneMm neficTBoBaTh Tak, Kak Mbl IOCTYyIa/H B C/Jyyae OLHOIO ypaBHeHHS. A UMeH-
HO, 3ameHsist KoHcTaHThl C, Cy Ha HeusBecTHble PyHKUUK u(t), v(f) U MoACTAB/ISAS
BbIpaKeHH

r =u(t)cost +v(t)sint, y=wv(t)cost— u(t)sint (3.5.29)
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B ypaBHeHHe (3.5.28), MBI MOJyYUM

du dv . dv du .
Ecost—l—asmt—cost, %cost—asmt—l,
OTKYJa:
du o . dv .
o = cos t —sint, pri cost sint + cost. (3.5.30)

Hurerpuposanue (3.5.30) naer:

u= % + %sint cost+cost+ Ky, v= —écoth—l—sint+K2. (3.5.31)

[TopcraBasas (3.5.31) B (3.5.29) u BBOASI AN TIPOU3BOJBHBIX KOHCTaHT K| H
Ky crannaptHoe o6o3HaueHue C| U Cy, COOTBETCTBEHHO, TOJydYaeM CJeiylollee
perieHue cucrembl (3.5.28):

r=1+ %cost—i—C’l cost + Cysint,
. | .
Y= —%smt— §cost—|—Cgcost — () sint.

Merton BapHaliy mapaMeTpoB YAOGHO MPENCTaBUTh B CJEAYIONUIeH BEKTOPHOH
tdopme. Cuctemy (3.5.27) s3anuiieMm B BUJE:

y +Ax)y = f(z). (3.5.32)

Janee, npeactaBuM obiee pelieHue (3.2.35) HEOAHOPOAHOTO JIMHEHHOrO ypaBHe-
nust ¥ + P(z)y = Q(z) B BuIe

y=Cyi(x)+u(x) jy;%x) Q(a) de,

rage
y1($> _ e—fP(a:) dx

— uacTHoe peleHue opHopopHoro ypasHenusi y' + P(x)y = 0. Ilocrynas kak
B paszesie 3.2.7, IPUXOIMM K CJIEYIOUIEMY Pe3yabTary.

Teopema 3.5.3. Ilyctb yi,...,yn — dyHIaMeHTalbHAs CUCTEMA PEIIEHUH OIHO-
POLHOU CHUCTEMBI

y +A(z)y =0.

Torna obiiee pelieHre HeogHOPOAHOU cucteMbl (3.5.32) npencrasasercs B Gopme
KBaJpaTyphl caenyroued hopMy/on:

y=C1y1(2) + - + Coyn(z) + Y(2) J Y1 (2) £(x) da, (3.5.33)
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rae Y(x) — n X n matpuua
YV(z)=|lyi(z)...yn(2)], (3.5.34)
W3BeCTHas Kak (yHHaMeHTa/lbHas MaTpuua, a Y ~!(x) — obpaTHas MaTpuua.

IIpumep 3.5.6. Bepuemcs k cucreme (3.5.28) npumepa 3.5.5. B BekTopHO# hop-
Me (3.5.32) oHa MMeeT CJeYIOUMH BU:

()= (1 7) ()= ()

Takum o6pasoM, Mbl HMeeM JBYMEpHOE HEOMHOPOAHOE BEKTOPHOE YpaBHEHHE
B (hopme (3.5.32) ¢ He3aBUCHMOKH MmepeMeHHOH t U

() 4-(3 ) mo-(7)

dynpameHTa bHas CHCTeMa pPelleHHH OQHOPOMHOM CHCTeMbl ompenessiercst (op-
mysaaMu (3.5.26). 3anuiiem ee B BUJE

. cost _ (sint
YO =\ —sint J° Y@ = \cost

Y TIOJYYHM CJefyIolylo (hyHAaMeHTanbHy0 MaTpuly (3.5.34) U o6paTHYIO K Hell:

: cost —sint
v — cpst sint , y-1— ) _
—sint cost sint cost

Takum ob6pasom, hopmyna (3.5.33) pelleHHs 3aMUIIETCs TaK:
v =a( o) e (i)
(et ) (St o) (o) e
J<cpst —sint > (cost) dt:J'< 'COSQt—Sth >dt.
sint  cost 1 sintcost + cost

Brluncnisiem nHTerpas B npaBoi yacTu paBeHcTBa (cM. ypaBHeHus (3.5.30)):

Hmeem:

. 1 .
J(COSQt —sint)dt % + 5 sint cost + cost

J(sintcost + cost) dt —% cos?t +sint

[ToncraBJisisi 370 B BhILIEYKa3aHHOE BbIPaXKEHHE MIJIsI y W 3aMeHsisi TPOU3BOJIbHBIE
nocrosinible C, Cy, Mbl MPUXOAUM K pellIeHHI0, NOJYy4YeHHOMY B mpumepe 3.5.5.

A umeHHo:
B cost sint 1 2+ tcost
y = Cl < _ Slnt > + CQ (COS t) + § <—t Slnt — COS t> ’
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3amauu K raase 3

3.1. TIpouHTErpUpOBaTh CJEAYIOIIHE YPABHEHUS IEPBOTO MOPSIAKA:
_y
1+ 22’
Ny =y+a?, 1) y+Cyt+azt+a®=0.

a) y=0, 0) ¢y=22y, B Y=

3.2. TlpouHTerpupoBaTh CJeqyIOLHE YPABHEHHSI BTOPOrO MOPSAKA:
a) y'=0, 06 y'=2 B yY=-2y 1) y=2
0oy =yt ey = [+ a?)e]
3.3. [IpouHTerpupoBath cjaenyollle ypaBHEHHS TPeTbero nopsiiaka:
a) ¥ =0, 6) v =y, 8) y'+y=0 1) Yy =y+a’
3.4. Bui6paTh ofHOpOAHbIe ypaBHeHHs, uMelomue Bul ' +y> = C 2, rne C u s —

NPOKW3BOJIbHbIE KOHCTAHTHI.

3.5. IIpoBepuTb BHITNOJHEHHE CBOHCTBAa PaBHOMEPHOH ONHOPOILHOCTH YpaBHEHHH
B npumepe 3.1.5.

3.6. [IpoBecTu nogpo6HOe noOKa3zaTenbcTBO TeopeMbl 3.3.1. B yacTHocTH, yOenuTh-
csi, 4yTo npeo6pasoBanue (3.3.11) oroOpaxaeT JHMHEHHOe OJHOPOIHOE YpaBHEHHE
BTOpOro nopsinka obuiero Buaa (3.3.6) Ha ypaBHeHHe mpocTeiiiero Buaa (3.3.10).

3.7. BbIsiCHUTD BO3MOXKHOCTb JINHEAPU3ALUU CJEYIOUUX YpaBHEHUH PUKKaTH:

a) y =1+19% 6) y=1-y> ) ¥ =x+2zy+ay’,
r) y’:x+y2, 1) y’:P(m)+Q(af)y+[Q(x)—P(ﬂ«“)]yQ,

o) Y =z+ay’, %) y =Pl)+Qx)y+[Qx) - 2P(x)]y,
3) y’:x—myQ, n) y' = Px)+Q(z )y+2[ () = 2P(x )]y,

K) ¥ =P@)+[1+P@)]y+y’, 1) y =P +[l+2P)]y+y%
2 ) 2 1'2 2
M) Y = =Y H) yzx—+ y— vy,

o) ¥ =z +(1+2)’y+(1+z+a%)y
C TIOMOILbIO TTPOBepKH NBYX cBoHCTB (A) u (B) Teopemsr 3.2.2.

3.8. Pemnth crenymolnyto 3agadyy ¢ HauaJdbHBIMH YCJIOBUSMMU:

dy' o dy 1 1 1 2 2
AT V=7 ¥lo=2"

3.9. Y6enutbcs, 4TO chenyiollee ypaBHeHHE eCTb ypaBHEHHe B MOJHBIX AU(de-
peHIMasnax, U MPOUHTETPUPOBATH €ro:

1 2 2
<—y2>d$+jdy:0.

X x
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3.10. IIpounrerpuposathb cjaefyiolliee ypaBHeHHe, ONMUCHIBAlOLee CBOOOIHbIE KOJle-
6aHusl MEXaHUYECKOH CHUCTEMBI C TPEHHEM TIPH YCJOBHH MAJIOCTH AeMN(pUpYolIeH
CHUJIBL:

d*y dy _

rie b, ¢ — TOJI0XKUTe/bHbIe KOHCTAHTEI, YIOBJIETBOPSIOLIKE yCI0BHI0 b2 < c.
3.11. Pewuth crenyoliyde ypaBHeHHUs:

B) y' +y=

no "o :
3 Y +y=ter, 6)y +y_cosac’ sin
3.12. Pemwuth ypaBHeHMe B MOJMHBIX Judepennuanax (ye™’ + cosz)dr +

+ ze®™dy = 0, npuBeneHHoe B mnpumepe 3.2.1, ucnoab3ys ypaBHeHHs (3.2.7)
u (3.2.8).

3.13. Haiitu Bce ypaBHenusi Broporo nopsinka f(x,y,y',y”) = 0, npuBonnmeie
K dopme g(x,y,y")y"” = 0 nyrem nuddepeHurpoBanusi.

3.14. TpounTerpuposath ypasHenue itnepa x2y” + 2xy’ +4y =0, > 0.

3.15. TlpouHTerpupoBaTh ypaBHeHHE

n_3Y i3y _
Yy 39:4—33:2—0.



I'maBsa 4

YPABHEHUY C YACTHBIMH ITPOHU3BOIHBIMHU
ITEPBOI'O IIOPAKA

YpaBHEHHS C YaCTHBIMH [IPOU3BOAHBIMU MEePBOro MOpsiKa C OAHOH 3aBHUCHUMON
nepeMeHHOH HMEIOT TPSIMOe OTHOLIEHWe K TeOPHH OOBIKHOBEHHBIX NU((epeHIH-
aJbHBIX ypaBHeHUH. CBf3b MEXIY 3TUMH AByMS THIAMU ypaBHEHHH, Ka3anoch O,
COBEpLUEHHO pa3/JMYHBIMHM, COCTOMT B MOCTPOEHUM XapakTepucTHK. Kpome Toro,
fosiee 6JIM3KOe 3HAKOMCTBO C TeopHed AH(QepeHUaNbHbIX YPaBHEHUH C YaCTHBI-
MU NPOU3BOAHBIMHU N€PBOrO MOPSIAKA CJAYXKHUT MPEANOCHIIKON K Teopuu JIu.

Honoanumenvrnas aumepamypa: Typca . [4], Cmupuos B.W. [24], Ibragi-
mov N.H. [40].

4.1. Beenenue

[lycts & = (ﬂcl, ..., &™) — n > 2 He3aBUCHMBIX M€PEMEHHBIX H U — 3aBHCHMast

nepemenHasi. O603HauuM p = (py, ..., Py) YaCTHbIE IPOM3BOAHBIE p; = Ou/Oz’.
HanoMHKMM, uYTO ypaBHEHHS, B KOTODPBIX UYHCJO HE3aBUCHMBIX MepPeMeHHBIX
GoJibllle eMHHILbI, HasbiBalOT AH((EpeHIHalbHbIMKH YPABHEHUSIMH C UYaCTHBIMH
MPOM3BOAHBIMU. [OBOPSIT, YTO ypaBHEHHE HMEeT MepPBbIi MOPSI0K, €CJH YaCTHbIE
MPOU3BOJHBIE BBHICIIErO MOPSIIKA, KOTOPble BXOASAT B ypaBHEHHE, SIBJSIOTCS MPO-
M3BOAHBIMH mepBoro mnopsinka. OnHo nuddepeHnHanbHOe ypaBHEHHe ¢ YAaCTHBIMU
MPOM3BOIHBIMK MEPBOTO MOPSIAKA C OJHOH 3aBMCHMOH IePEeMEHHOH 3alUChiBAeTCsl

B BUJE
F(:L’l,...,x", U, P1,---,Pn) = 0. (4.1.1)

Ecin n = 2, To He3aBUCUMbIe TepeMeHHble 0003HAYAIOT &, ¥, & IPOU3BOAHbBIE
o6o3HauawT p = du/dz, ¢ = du/dy. Torna ypaBHeHue Buna (4.1.1) 3anuceiBaercs
B dopme F(x,y,u,p,q) = 0. Ero peuwerne u = ¢(z,y) o6pasyer MOBEPXHOCTb
B TPeXMEpHOM MPOCTPAHCTBE I, Y, U, YACTO HA3bIBAEMYIO UHMEPALbHOL nOBepx-
HOCMbIO.

Jlunetinoe nuddepeHranbHOe YpaBHEHHE C YACTHBIMH MPOHU3BOAHBIMH MEPBO-
ro nopsifika B o6lIeM C/ydae 3aMyChIBAETCS CJAedYIOMIHUM 00pa3oM:

@) pr+ -+ E(2) pn + c(x)u = f(z) (4.1.2)
i ou ou
fl(x)@+---+£”(:c)w+c(:c)u:f(x). (4.1.3)

Ecan f(z) =0, ypaBuenue (4.1.2) omHoponHo mo ¢yHkuuu (cm. pasmesst 3.1.3
1 3.2.6). OnHako B JUTepaType TEPMUH 00HOPOOHOE TIPUMEHSIETCSI IO OTHOLIEHUIO
K ypasHenuio (4.1.2) npu ¢(x) =0 u f(x) =0, To ecTb K ypaBHEHHIO

(@) pr+ -+ () pn = 0. (4.1.4)
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Ksasuauweiinoe ypaBHeHHe Te€PBOTr0 Mopsiika obIiero Buaa UMeer GopMy

(@ u)pr+ -+ € (w,u) po = g(z, u). (4.1.5)

4.2. OgHOpOogHOE JUHEWHOE ypaBHEHHE

BBenem suHeiHBIH nU(QepeHIHaIbHEIE omepaTop (omepaTtop 4acTHOro AU(-
(hepeHLMPOBaHHUS) NEPBOTro MOPsSAKA:

el ey 9
X =& (x) 52l +- 4+ £"(x) 5" (4.2.1)
Jlemma 4.2.1. TlycTb ' — HOBble He3aBMCHMBblE NepeMeHHble, oMpese/seMble
COOTHOLLEHHUSMH » ,
=g (x), i=1,...,n. (4.2.2)
Torna onepatop (4.2.1) B HOBBIX MepeMeHHbIX 3aMUChIBaeTCsl B hopMme
¥ = x(o) 2 4. ny 9
X = X(ph) oop + 0+ X (") (4.2.3)

rie X (') = €10t /0! + - + €7(x) O’ /O
HoxkasareabctBo. [lpaBuno nuddepeHurpoBaHus CA0KHOW (PYHKIUH AJS 4aCT-
HbIX [IPOU3BOAHBIX AaeT: "
0 = O0pF 0
P i ok
Oz — oz 0%

HerpynHo y6enuTbesi, UTO MOACTAHOBKA MPHUBENEHHOTO BHIIIE BBIPAXKEHHUS B Olle-
patop (4.2.1) npuBonut ero K Buny (4.2.3).

B rtepMuHax 3Toro omepaTopa ONHOPONHOE JHHelHOe AU(QepeHIHaNIbHOe
ypaBHEHHe C YaCTHBIMM TPOMU3BOAHLIMU (4.1.4) 3amuchiBaeTcsi B caeayloliei

dhopme: 9 9u

X(u) =€) T oo ()

- —0. (4.2.4)

Teopema 4.2.1. Obuiee pemieHue ypaBHeHus (4.2.4) umeer BUL

u=F(1(x),....10n-1(x)), (4.2.5)

rie ' — npousBosibHasi GyHKUMSA n — | MepeMeHHBIX, a

Yi(z) =C, ..., Yp_i(z) =Chy

— He3aBHCHMble TepBble HHTErpaJsbl CAeAymolled cucteMbl 7 — 1 0OBIKHOBEHHBIX
nidpepeHUHaIbHBIX YPAaBHEHUH, HA3BIBAEMOU CuUCMEMOU XapaKkmepucmux ypas-
Henus (4.2.4): | )

dz dx dz"

= e == (4.2.6)

§x)  &(x) " (z)
Hoka3ateabcTBo. DyHKUHUS u, onpenessieMast BbipaxkeHueMm (4.2.5), sBJjsercs
pemieHueM ypaBHeHus (4.2.4). JleficTBUTeNBHO, COTJIacHO JieMMe 3.5.1, MBI HMeeM
X(1)=0,..., X(¥p—1) = 0. [Tosromy ypaBuenue (4.2.4) MokeT ObITb MPeaCTAB-
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JIEHO C NPUMeHeHHeM INpaBu/a JU((epeHLHPOBAHUS CI0XKHOK (PYHKLHH B CJeLy-
IOl1eM BHJE:
oF

X(EWrvn)) = 5= X W) + -+ 50— X (1) = 0.

Y6enumcsi, uto Jwboe pelieHrne ypaBHeHus (4.2.4) umeer dopmy (4.2.5).
BBeneM HOBble He3aBUCHMbIE MEpPeMEHHbBIE

8

Y=g, 2" = gei(@), 2" = e(x), (4.2.7)
rae ¥1(x), ..., ¥n—1(x) — neBble 4acTH n — | He3aBUCHMBIX MEPBBIX HHTErpPasioB
chucrembl xapaktepuctuk (4.2.6), a ¢(x) — m00as GyHKUHS, (QYHKIUOHATIBHO
HesaBUcHMas OT Y1 (x), ..., Yp—1(x). Jlemma 3.5.1 naer X(¢) = ... = X(¢Yp—1) =
=0, B 10 Bpemsi kak X (¢) # 0. Cornacto nemme 4.2.1, ypasrenue (4.2.4) nmeer
BHJ[ 5

u
X(u) = X(¢) —= =0,
0x
otkyna Ou/0x’" = 0. TlosTomy ofliee pelieHHe eCTb NPOU3BOJbHAS (BYHKLHS
rnepeMeHHBIX 22" 10 ectb u = F(x’l,...,x’n_l). [pumeHsis ypaBHe-

Hus (4.2.7), Mbl oJiydaem npezacraBieHde (4.2.5) oOLIero pelieHus.

IIpumep 4.2.1. Pewum crenyoliee ypaBHeHHUE:

ou ou

Cucrema xapakrepuctik (4.2.6) nmeer Bun dx/x = dy/y, 0TKyaa HAXOLUTCS Tep-

Boiii uHrerpan y/x = C. CaenoBatesbHo, obuiee peiueHue (4.2.5) 3anuceiBaeTcs
B opme u = F(y/x).

IIpumep 4.2.2. PaccMoTpuM ypaBHEHHE

ou_ ou
y or dy
YpaBHenue xapakrepuctuk (4.2.6) umeer Bun dx/y = —dy/x vau xdx + ydy = 0.

WnterpupoBanne naet mepsuii uHTerpan x> 4 y> = C. CienoBartenbHo, obliee
petenue (4.2.5) sanuceiBaetcs B popme u = F(2? + y?).

=0.

4.3. HeongHoponHble ypaBHEHHS YaCTHOTO BHAA

Haunem ¢ HeonHOponHOTrO JiMHeHHOro ypaBHenus (4.1.3) Buzaa

ou ou

(o) 25 4+ €)= (o), (431)

Hcnonb3oBanue onepatopa (4.2.1) naet BO3MOXKHOCTh 3anucaTh ypaBHenue (4.3.1)
KOpoue:

X(u) = f(x). (4.3.2)

10 H.X. H6parumos
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3aMeTHM, YTO 3HAHHE ONHOrO pelueHHs U = () HEOXHOPOAHOTO ypaBHEHHS
X(u) = f(z) mosBossier mocTpouTb oOllee pelueHue. JleficTBUTENbHO, 0Ollee
pemieHue u ypaBHeHus (4.3.1) ectb

u=p(x)+wv, (4.3.3)

rie v — ofliee peleHue opHoponHoro ypaBHenuss X (v) = 0. [lelicTBUTeBHO,
nycetb X (¢(z)) = f(z). Monarast u = v + ¢(x), Mbl N0Ty4aeM

X(u)=X(v)+ X((p(x)) = X(v) + f(z).
W13 sToro pasenctsa cienyet, uto X (u)= f(x), ecan u tosmbko ecan X (v)=0.
Takum o6pasom, 3HaHHe uyacTHOro peuieHusi ¢(x) ypasHenusi (4.3.1) mos-
BOJISIET CBECTH MHTErPUPOBaHHE HEOTHOPOAHOrO JHHEHHOro nu(pepeHIHanbHOro
ypaBHEHHsI C YaCTHBIMH MPOM3BOAHBIMH (4.3.1) K HHTErPUPOBAHUIO OIXHOPOAHOTO
ypaBHEHHs] WJIM, UHBIMH CJIOBaMH, K HaXOXJAEHHIO m — | HE3aBUCHMbIX MEPBBIX
MUHTErpajoB CHUCTEMBl XapakTepucTHK (4.2.6). B ofmem caydae HaliTH pelie-
HUe @(x) — Hempocrasi 3agada. OIHAKO MOXKHO JIETKO MOJNYYHUTh HCKOMOE YacTHOe
pelleHHe B CMELHUANbHBIX C/IydasiX, HalpUMep B CJIEIYHOLIEM.

Mpumep 4.3.1. Pewnm ypasrenue (4.3.1), B koTopoMm omHa M3 (yHKUMH &'
¥ (DYHKIHS B MPpaBoi 4acTH f 3aBUCAT TOJBbKO OT MepPeMeHHOH x', Hamlpumep,

e )§u+£2( y )5“2+ e L pa). (43.4)

or"

B 9TOM cslydae JIETKO MOJYUHTb YacTHOe pellleHHe ypaBHeHus (4.3.4), nosnaras
u = @(x'). Tloncranoska B ypasHenue (4.3.4) MPUBOAUT K OOLIKHOBEHHOMY AHG-
(hepeHLMA/bHOMY YpaBHEHHIO

dep
gl(xl)d 1 :f(xl)’
X
OTKYZla TOJIyyaeTcsl pellleHHe B KBajapaType:

o[ S da!
ole!) = gyt

O61ee perieHue HaxopuTcs najnee no gopmyse (4.3.3).

IIpumep 4.3.2. YpaBHeHUe C HE3aBUCUMbBIMH TepEMEHHBIMU T U Y,

2 Ju oy ou _ 1
oz oy
umeer dopmy (4.3.4), rme €' = 2? u f = 1. CrenoBaTe/bHO, UaCTHOE pelleHHe
MOXHO HaxoouTh B ¢opme u = p(x). Torma uccienyemoe ypaBHEHHE CBOIUTCS
K OGLIKHOBEHHOMY AH((hepeHInatLHOMY ypaBHerHo 22dy/dx=1, 0TKyna nomyda-
eM (He y4WTBIBasi aJIUTHBHYIO MOCTOSIHHYI0 WHTETPUPOBAHHKSI) UACTHOE pelleHHe

¢ = —1/x. YpaBHenue xapakrepuctuk (4.2.6),
dr _ dy
2wy

JlaeT TIepBbIH HHTErpaJ
Yy_o
. :
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CnenoBaresbHO, 00lee pelieHue (4.3.3) 3anuceiBaeTcs B BUle

u:—l+F(y>.
€T T

IIpumep 4.3.3. PaccMoTpuM ypaBHeHHe

ou_ o
y Or y

Iocne nenenus Ha y oHo mpuobpertaetr dopmy (4.3.4), re €' = 1 u f = 1. Caeno-
BaTeJsbHO, mosarast u = (), noaydaem u3 dy/dr = 1 yactHoe pelueHHe ¢ = .
O6bliiee pelilleHHe COOTBETCTBYIONIETO OIHOPOMHOTO ypaBHeHHUs (cM. mpumep 4.2.2)
MMeeT BHI U = F(:Jc2 + yQ), M, CJIef0BaTe/IbHO, O0llee pelleHHe HeOTHOPOMHOro
ypaBHEHHS] TaKOBO:

u=z+F(2% + 7).
IIpumep 4.3.4. Obuiee pellleHHe HEOIHOPOLHOTO YpPaBHEHHUS

p1 0u o _
a+ +$633_1

MMeeT BHL | ) »
w=1Inlz"|+ F(z' /2", /2", .., 2" [a").

4.4. KBasuiuHeliHble YpaBHEHUS

B stom pasnese usnaraercst oOIUKMH MeTON pelleHHs] KBa3UJIUHeHHBIX ypaBHe-
HUH, IPUTOAHBIH 1J151 TPOU3BOJIbHBIX HEOTHOPOAHBIX ypaBHeHUH (4.1.3). [Tokaxem,
4TO KBa3WJ/MHeHHoe ypaBHeHHe o6uiero Buaa (4.1.5) ¢ n He3aBUCHMBIMHU NepeMeH-
HBIMH,

(o, u) 2% -+ €M) e = gl ), (@41)

B YACTHOCTH MPOM3BOJIbHOE HEONHOPOAHOE JHHEeHHOoe ypaBHeHHe (4.1.3), MoxeT
OBITb NPHUBENEHO K ONHOPOAHOMY JHHEHHOMY YpaBHEHHIO, YHCJO IepeMeHHBIX
B KOTOPOM PaBHO 7 + 1, cjenyiomuM o6pasom.
OnpenesuM u Kak HesiBHYIO (GyHKLMIO nepeMeHHbX o = (z!,...,2"), noguu-
HSAIOLLYIOCS YPaBHEHUIO
Viz!, .. 2" u) =0, (4.4.2)

u 6yeM paccMaTpHBaTh V' KakK HeM3BeCTHYIO (pyHKUMIO 7 + | mepeMenHbIX, !, ...

., 2" u u. [IpumMeHsisi onepanuio noiH020 Jugeperyuposanis

0 0
K ypaBHeHHIO (4.4.2), moJaydum
_ oV oV .
D,V = @—k@% =0, i=1,...,n,
OTKyZa
p= VIO (4.4.4)

V/ou’

10*
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[ToncraBnsis Boipaxenus (4.4.4) nasi p; B ypaBHeHue (4.4.1), Mbl mosiy4aeM ogHO-
pPOLHOE JIMHeHHOe ypaBHeHUe

! IV yen oV v _
€' (@u) Sop o € ) o+ g(an) G =0 (4.4.5)
nns HemspecTHoid (yHKuMH V. or n + | mepemennbix z!,...,z" u u. aree

Mbl TipuMeHsieM Teopemy 4.2.1 K JuHeliHOMy ypaBHeHHi0 (4.4.5) W moJydaem
clenyollee.

Teopema 4.4.1. Ofuee peleHre KBasuaHHeHHOro ypaBHeHHs (4.4.1) 3amaercs
SIBHO ypaBHEHHEM

Vi(z,u) = @(Y1(z,u), ..., ¢z, u) (4.4.6)
¢ Mpou3BoMbHON (hyHKIEH P OoT n mepeMeHHbIX, Tako#, uto OV/Ou # 0. 3xech
i(z,u) =Ch,..., Yn(z,u)=C,
— He3aBHCHMble MepBble HHTErpasbl CUCTEMbl ypaBHEHUH
da! da? dx™ du
= S = , 447
Tew  Eww | Cwu g A

Ha3bIBaEMOH cucmemotll xapakmepucmuk Keasduiureinozo ypasHerus (4.4.1).

Ipumep 4.4.1. IlpousnnocTpupyeM MeTON HACTOSIIEr0 pasfesa Ha TpUMepe

ypaBHEHUSs

ou ou
yo e, (4.4.8)

3nech g(z,y,u) = 1 U, cienoBaTesbHO, cUCTeMa XapakTepucThK (4.4.7) nmeer BUA

dv _ _dy _ du

Y T 1

TpebyeTcss HallTH NBa He3aBUCHMBbIX MepPBbIX HHTerpaja 3Tod cucTeMbl. [lepBoe
ypaBHenue, z dx 4+ y dy = 0, naet 2% + y> = a® = const. C y4eToM 3TOro COOTHO-
IIeHHUs TIepernuileM BTOPOe yPaBHEHUE:

dut —_ _o

/i — 2
OTKyZla C MOMOLLbIO MHTErPUPOBAHUsT HAaXOAUM u + arcsin (y/a) = C. Ucnonbsys

dopmyny (3.5.11), umeem: u + arctg (y/x) = C. Takum o6pa3om, ABa He3aBUCH-
MBIX TI€PBBIX MHTErpajia UMeKT BH]L

=22+ =01, by =u+ arctg (y/x) = Co.
CrnieoBatesibHO, 00llee pellleHHe COOTBETCTBYOIIET0 ypaBHeHHs (4.4.5),

ov ov. oV
e ma—y—l-%—o,
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onpenessiercst hopmyJsoi (4.4.6):
V= &(¢1,99) = (2” + %, u + arctg (y/z)),
a ypaBHeHue (4.4.2) nmeeT BUJI
(I)(J,‘Q + 4%, u + arctg (y/x)) = 0.

Ecnu 0® /019 # 0, 5T0 ypaBHeHHE MOXKHO Pa3pelnTb OTHOCHTEJNBHO U H MOJY-
YUTb pelleHue B SIBHOH opme

u = —arctg (y/z) + F(2* + y%). (4.4.9)

3ameuanue 4.4.1. B NOJIAPHBIX KOOpAMHATAaX, OoIpeneadeMblX COOTHOLIEHUAMU

x=rcos, y=rsinb, (4.4.10)
HJTH
r=1/x?4+y?>, 6= arctan(y/z),
peurerve (4.4.9) umeer mpocryio dopmy u = —6 + f(r), 4TO HEMOHCTPHPYET

HpeI/IMYHLECTBO nepexona K I'IOJIHprIM KOOp,U,I/IHaTaM B 3TOHU 3ajgade. HOKa)KEM,
yTo pemel—me ﬂefICTBHTeﬂbHO an06peTaeT TaKYIO qJOpMy. MbI nMeeM.

Ou Or Ou 00 0u Ou _ Or Ou 00 Ou

9z O dr "0z 000 By Oyor oy o0
OTKYZa, MOJACTaBJISAA

o _z O _y 00 _ y 0_ =z

oxr r Oy 1’ oxr 27 Oy 2
PR u_wou_you ou_you aou

dr  r Or 4200’ dy r or 200
Takum o6Gpasom, ypasHeHue (4.4.8) cBomurcest K Ou/00 = —1 u paer u = —0 +
+ f(r)

IIpumep 4.4.2. PaccMoTpuM ypaBHeHUe TepeHOCca, U3BECTHOE TaKXKe KaK ypaBHe-
nue Xonda, us + uuy = 0. Cucrema xapakrepuctk (4.4.7) MoxeT ObITh 3anucaHa
(hopMasIbHO CJIEAYIOIHUM 00pa3oM:

dt dx  du

1w 0’
re MocjeHee PaBEHCTBO MPOCTO O3HauaeT, UYTO CHCTeMa JOMYyCKaeT MepBbli
unrerpas u = Cj. C yueToM 3TOro MepBOro HHTerpaja CHUCTEMa XapaKTEPUCTHK
npuBomHT K dx — Cydt =0, otkyna  — Ct = Cy. [TonyueHbl 1Ba MepBbIX HHTe-
rpaja:
u=Cy n xz—tu=Cs.

CanenoBarenbHo, V = ®(u, z — tu), u pelueHre ypaBHeHHs1 Xomna MOXKHO 3aMUCaTh
sBHO B ¢opme (4.4.2):

O(u,z —tu) =0, wim u= F(x— tu).
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4.5. CucreMbl OTHOPOAHBIX YPaBHEHUH

Ecnu BMecTo omHoro ypaBHeHus Bupa (4.1.2) pasi omHOH 3aBUCHUMOH Tie-
pPeMEeHHOH w [aHO HeCKOJbKO YpaBHEHWH, OHH 00pasyloT cucmemy JUHEHHBIX
nuddepeHLHANbHEIX YPAaBHEHHH C YaCTHBIMM TPOM3BOAHBIMH MEPBOrO MOPSIKA.
[lockonbKy 3amaeTcsi HECKOJNBKO YpPaBHEHHWH MJsi ONHOH 3aBUCHMOH NepeMeHHOH,
Mbl 3[leCb HMeeM JIeJ10 C TaK Ha3blBaeMbIMH 1epeonpeienerHblmu CUCMemMamu.

B sToM pasgese Mbl pacCMOTPHUM CHCTEMBI ONHOPOAHBIX YpaBHEHWH, Korma
ypaBHeHHus1, obpasyollie cucremy, uMeroT Bun (4.1.4). Eciu BBectn r nuddepen-
IIMaJIbHbIX OMepaTopoB, UMeInx Gopmy (4.2.1),

—d L Lo L 4=
Xa—éa(:c)@+ +Ea(r) g a=1 (4.5.1)
TO CUCTEMa 7 OOHOPOAHBIX JHHEeHHBIX ypaBHeHI/IIL/'I 3allucCbiBaeTCsd KOMIIAKTHO:
Xi(u)=0,..., X.(u)=0. (4.5.2)

YpaBHenus (4.5.2) pmomyckawT mpusuaivioe peuierue u = const, KoTopoe He
NpelncTaBisieT AJs Hac WHTepeca. K ToMy »e OueBHIHO, UTO JH000€ ypaBHEHHE
CHUCTEMBI MOXeT ObITb YMHOXeHO Ha (yHKuuio oT z. [loatomy ecnau ¢yHKuUSA
u = u(zr) — pelieHHe S ypaBHEHHH

Xo(u) =0, a=1,...,s<r,

TO 3Ta (PYHKIMS YHOBJETBOPSIET TAKXKe HX JHHEHHOH KOMOMHALMH C MPOM3BOJIb-
HBIMU TlepeMeHHbIMU Ko3(duuneHTamu A (x):

Z A () Xo(u) = 0.
a=1

ITO SIBJSIETCS MOBOAOM JJIsi (POPMYJNHUPOBKH CJIEYIOLUIMX OMpeneseH .

Omnpenenenune 4.5.1. ToBopsat, yto nuddepeHunasbHble onepaTopel Xi, ..., Xg
SIBJISIIOTCS CBA3HbIMU, €CJIU CYUIeCTBYIOT (PYHKUMH AY(x), OTJHUYHBIE OT HY.JI,

TaKHe, 4To
M@)X+ -+ X (1) X =0 (4.5.3)

U 3TO YIOBJETBOPSIETCS KaK OMEPaTOPHOE TOXKAECTBO B OKPECTHOCTH TOUKH X
obuiero nosoxeHusi. Ecau coorHomenue (4.5.3) Baewer A\l =--. = X5 =0, 1o
roBOpsIT, 4TO omepaTtopnl Xi,..., X HecsasHnvi. B mocnenHem ciydae TOBOPAT,
4TO COOTBETCTBYIOLIHEe nuddeperunanbhse ypaseruss Xi(u) =0, ..., Xs(u) =0
He3a8uUcUMbL.

[lycts Z, — nvHeiHble KOMOUHAIMU orepaTopoB (4.5.1):

,
Za:Zhg(z)Xg, a=1,...,r,
=1
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C repeMeHHbIMH KO3 pULIUeHTaMU hg(x) U yCTb BBINOJIHSETCS YCJI0BHE, COIIaCHO

KOTOPOMY OIIpefieJIuTe b ‘hg(x)‘ OTJMYeH OT HyJas. Torma cucTeMa JIMHEHHBIX
OLHOPOJHBIX yPaBHEHUMU

Zy(u)=0,..., Z(u)=0 (4.5.4)
HUMEET TO YK€ MHOXECTBO pellleHHH, YTO U HcxXonHas cuctema (4.5.2).

Onpenenenne 4.5.2. Cucrembl (4.5.2) u (4.5.4), a Takxke COOTBETCTBYIOIIHE
onepatopbl X, U Z, Ha3bIBAIOT IKBUBAACHMHLIMU.

Jlemma 4.5.1. Uucno 7, HecBs3HBIX omepaTopoB cpenu (4.5.1) paBHO paHry mart-
PULBL 7 X 1 UX KO3(PPHULHUEHTOB:

r. = rank Hfg(x” , (4.5.5)

rjae MHIEKC ¢ COOTBETCTBYET CTpOKaM, a UHAEKC 1 — ctosibuam. Hucso r, ocraercs
HEU3MEHHBbIM [OJis 9KBHBAJEHTHBIX OIepaTopoB Za.

CornacHo nemme 4.5.1, n106as cucteMa r OQHOPOLHBIX JIMHEHHBIX ypaBHEHHUH
MOKET ObITb 3aMeHeHa Ha CHCTEMY 7', He3aBHCHUMbIX ypaBHeHHH. fIcHO, 4yTO yuciI0
He3aBHCUMBIX YPaBHEHHH He MOXeT NpeBbILAaTh 1. K TOMy Xe, eciu r = n U npu
5ToM omnepaTopsl (4.5.1) HecBsI3HBI (TO eCTb Tx = T = n), TO ONPENEeJHUTENb, CO-
CTaBJIeHHBIH U3 K03 runeHToB &, (1), OTIHUYeH OT HyJIs. B aTOM ciyuae pelienue
cucrembl (4.5.2) TpuBHanbHO, u = const. Takum o6pa3om, HeoOXOAMMOE yCJOBHE
CYILECTBOBAHHUS] HETPUBHMAJbHBIX pELIEHUH COCTOUT B TOM, UTO 74 < m. OnHakKo
OHOTO YCJOBUS T < N HedocmamouHo HJsi CYLIeCTBOBAHHS HETPUBHAJIBbHBIX
pelLIeHuH.

IIpumep 4.5.1. Cucrema

ou ou
Xiuw=z——-y—=0 Xou)=y—+2—=0
() oy Vo, = 2(u) =y 5 B
COCTOMT M3 JBYX HE3aBUCHMBIX YypaBHEHHH, MOCKOJbKy onepatopbl X| u Xo
colepaKaT cjaraeMble, COOTBETCTBYMOIIME TU(P(PepeHUHPOBAHUIO TI0 Pa3/JUYHBIM
nepeMeHHbIM. VIHTerpupoBaHHe MepBOro ypaBHEHHsI CHCTEMBI 1aeT u = v(z, p), e

p =/y%+ 2%. loncrassisisi 3T0 BbIPaXKEeHHe BO BTOPOE ypaBHEHHE, UMEeM:

ov ov
—+z-—=0.
p ox ap
Tax Kak v He CONEPKHUT MEPEMEHHYIO 2z A6HO, OTCIOAA CJENyeT, YTO
v
% _o,
dp
U, CJeJ0BaTeJNbHO,
ov 0
or '

B urtore nmeem: u = v = const. Takum o6pasom, uU3ydyaemasi CHUCTeMa He HUMeEET
HETPUBHAJbHBIX PelleHnH, XOTH Ty = r = 2 MeHblle 4ucjaa 1 = 3 He3aBUCUMBIX
repeMeHHBIX T, Y, 2.

Jnsi BBISICHEHUS] MCTUHHOM NPUYMHBI 3TOH CHUTyauud Ham mnotpebyercs cie-
nyioulee 0003HAYEHHE NOAHbLX CUcmem. 3aMETHM, YTO ecyu (QyHKUUs u = u(x)
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ABJISETCA pellleHnHeM CHCTeMbl (4.5.2), To oHa sIBJIsIeTCsl TakKe pelleHHeM ypaBHe-
it Xo (Xg(u)) = 0 npu J00bIX 3HaYeHUAX HHIEKCOB v i (3. Cllefl0BaTelIbHO, U
SIBJISIeTCS PellleHHeM CJIelyIOlUX ypaBHeHUH epBoro MopsiiKa:

Xo(Xp(u) = Xp(Xa(w) = (Xal€h) — Xa(8L)) g;i =0

i=1
HNubiMu CJIOBaMH, OJAHOBPEMEHHO C¢C O6an_IeHI/IeM B HYJb JNeHUCTBUS orieparo-

poB (4.5.1) Ha u Bce Kommymamopsl, COCTABJEHHbIE U3 ITHX ONEPATOPOB, 0bJ/Ia-
Jal0T 3THM 2Ke CBOHCTBOM. KoMMyTaTop Mbl OnpezesisieM CJeAyOLIHM 00pa3oM.

Omnpenenenne 4.5.3. Kommyratopom aAByX onepaTopoB X, U X3 Buna (4.5.1) mbl
HasbiBaeM U QepeHIHaIbHEIH onepaTop mepsoro mopsinka (X, Xg|, onpenesse-

MBI PaBEHCTBOM
[(Xao, X5] = XoXp — XpXa,

KOTOPOMY MOXKHO INpHUIaTh CJAEeNYIOUIYI0 3KBHBaJeHTHYIO (POPMY, MOKa3blBAIOLLYIO
SIBHO, KaK KaXXIbll U3 OlepaTopoB NeHCTBYeT Ha KO3(PPUUUEHTH APYroro:

X Xo) = 37 (Xal€h) — Xaleh) - (45.6)

i=1

Takum o6pasom, J060e pelieHHe ypaBHeHHH (4.5.2) siBjsieTcss Takxke pe-
meHueM ypaBHeHuil [Xo, Xg|(u) = 0. Kak ciencTue, cyuiecTByer cienylomlas
aJbTepHATHUBA: JUOO Hekomopvle u3 Kommymamopos (4.5.6) nHesasucumor om uc-
X00HbLx onepamopos (4.5.1), 1160 kKommymamopot (4.5.6) mpeacTaBsOT cOOO#H
AuHetiHble KombOuHayuu ucxoOnslx onepamopos (4.5.1) ¢ mepeMeHHBIMH KO3(-
¢uuventamu. [locnenHuilt caydyaiél o3HavyaeT, 4YTO KOMOMHHPOBAHHOE MHOXKECTBO
onepatopoB (4.5.1) u (4.5.6) siBasieTCs CBS3HBIM.

B mepBoM ciydae cjenyeT paccMaTpHBATh PACIIMPEHHYIO cUCTeMY audde-
peHIMaNbHbIX YpPaBHEHHH MepPBOTO MOpsiiKa, MoJaydeHHY0 oObenuHeHuem (4.5.1)
C He3aBHCHUMBIMM KOMMYTATOpPaMH. 3aTeM cJjelyeT TNPUMEHHTb yKa3aHHble JeH-
CTBHSI K 3TOH HOBOH cHcTeMe. [leficTBYsl Mo 3TOH cXeme, Mbl B KOHEUHOM HTOTE
MPUIEM KO BTOPOMY CJIyUalo U, CJI€0BATEJbHO, MOJYUYUM TaK Ha3bIBAEMYIO MOJHYIO
CHUCTEMY.

Onpenenenne 4.5.4. [lyctb (4.5.2) — cucrema He3aBUCHMbIX ypaBHeHHEH. OHa
Ha3bIBaeTCsl NOAHOL cucmemoll, ecid Bce KoMMyTaTopbl (4.5.6) 3asucumel oT orne-
patopoB (4.5.1):

[Xa, Xg] = > hlgx) X, (4.5.7)
=1

Ecin hlﬂ(x) =0, TO eCTb eC/lU BCe KOMMYTaTOpbl, COCTaBJEHHble M3 ONeparo-
poB (4.5.1), ob6paiiatoTcst B HyJb, TO Mbl HMeeM JIeJI0 C YACTHBIM CJy4aeM IMOJHON
CHCTeMBbI, H3BECTHOH KakK sakobuesa cucmema.

Cucrema ypasuenn#t X|(u) =0, Xo(u) = 0 B npumepe 4.5.1 He siB/IsieTCs M0J-
Hoii. Kak csiefcTBre, Mpolece pelieHusi MPUBeJ K HOBOMY YDaBHEHHMIO, U B UTOTe
Oblyia ToJTyYeHa COOTBETCTBYIOLLAsH TI0JIHAsI CHCTEMA.
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Ecnu cucrema (4.5.2) mosHasi, To nio6asi 3KBHBajeHTHas cuctema (4.5.4)
Takxke moJiHasi. Kpome Toro, Jjro0asi moJjiHasi CMCTeMa 3KBHBaJieHTHa $SIKOOHEBOH
cucteme. YTo6Bl MPOHJIIOCTPHPOBATE MPOLELYPY HHTETPUPOBAHHS [JIs MOJHOH
CHUCTEMBI, NIPUBEIEM ellle OfHH MPUMEP.

Ipumep 4.5.2. Paccvmorpum cucremy ypaBuenud X(u) = 0, Xo(u) =0 c ome-
partopamu

0 0 0 0 0
X —Za—y—y&, XQ—%%—ta—y%-yE-
KommyTatop 3Tix onepatopos umeet Bun [Xi, Xo] = X3, rae
0 0
X3 = t& + y4 & .

Tpu ypasrenust X (u) =0, Xo(u) =0 u X3(u) = 0 cOCTaBASIOT NONHYIO CHCTEMY,
MOCKOJIbKY

t
(X1, X0l = X3, [X1,X3]=— (— X1+ ng) ;o [Xe, X3 = X,

Ypasuenre X;(u)=0 maer u = v(x,t,p), tne p = \/y?+ 22. Torna X3(u)=0
NPUBOIUT K 5 5
v v

t—+ 815_0’

otkyma v = w(x, \), rae A = p? — tQ = 92 + 22 — 2. HakoHel, TocsiefHee ypas-
Henue, Xo(u) = 0 naet Ow/0x = 0. Takum obpasom,

= ¢(y* + 2% — ).

3amauu K raase 4

4.1. Haiitu nepBble UHTErpasbl U obllee pellleHHe CUCTEeMbI
dx 9 dy
— = S =
dt dt
4.2. Haiitu nepsblii I/IHTe?a.H Y(z,y) = C nast:

= zy.

a) ypaBHeHHsl 5— = —=,
2y 3y
6) cucTeMbl ypaBHEHHH MOJEN XUIIHUK—XKepTBa (2.2.4).

4.3. PeliuTb ofHOpOIHBIE JHHEHHbIE ypaBHEHUS
1 Ou n Ou Ju Ju

a) -fﬁ‘l' -+ axn:O; 6) y%—xa—yzo;
ou ou Ou 28u_

4.4. PeluTb HEONHOPOLHOE JIMHEHHOe ypaBHeHHe

ou ou ou
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4.5. PelwinTb ypaBHeHHUs

ou ou ou ou ou ou
2) Ygp ~Tgy = @y%—x@—w@%B)%%—%@—M@,

rae g(x) u h(y) — npousBoJbHBIE (PYHKIIKH.

4.6. Iokasarb, uto u + arctg (y/x) = C ecTb NepBbHIH HHTErPaJ CUCTEMBI

de _ _dy _ du.
Yy x
4.7. PeliuTb ypaBHeHHe
Ou _ 0u_ 2
Y bz oy
4.8. Pewutsb cienyoliee JuHeHHOe ypaBHEHHUe:
1Ou g O -
T 5] + -4 5 = O o = const # 0.
4.9. VccnenoBatb NONHOTY CleAyIOLleH CUCTEMBI:
_ Ou ou _ Ou ou
Xl(u):za—y—yg =0, XQ(U)_y&r —I—zay =0.
4.10. Pewutb c/enymollyl CHCTeMy TpeX YpaBHEHHH C TpeMs He3aBHUCHMbBIMU
NepeMeHHBIMH T, Y, 2
X (u)zz@—y@zo
Ty e
_ Ou ou
Xo(u) =rg-—2g0 =0,
_ Ou ou
Xs(u) =V Tay =0.

4.11. PaccMoTpeTh CJAeIyIOUIYIO CUCTEMY OBYX JHUHEHHBIX YPaBHEHUH C YETBIPbMS
He3aBUCHMbBIMU TepeMeHHBIMHU, &, T, Y U 2!

ou Ou . ou ou ou
ta ~ 3 =0, sinz = —cosxa—y—l-Qcosm@ =0.

dBasiercss nu 3Ta cuctema moJsHONU? Pemnth cuctemy.

4.12. Tlposeputs, uto F(u,x — tu) = 0 npencrasssieT co0o# sIBHOE pelleHHe
ypaBHeHHS Uy + uuy, = 0.

4.13. Pewutb cucremy

ou (9u_0 (‘iu_'_ ou

o TV, =% 5ty =0



[FnaBa b

JUHEUHBIE TUPPEPEHIUAJBHBIE YPABHEHHUA
C YACTHBIMH INIPOM3BOJHBIMH BTOPOIO IIOPAIKA

Hactosias raasa nocpsiileHa, B 0CHOBHOM, AuddepeHHaNbHBIM yPaBHEHUAM
C YaCTHBIMH TPOU3BOAHBIMH C JBYMsI He3aBHUCHMbIMH NepeMeHHbIMH. Ocoboe
BHUMaHHe ynesseTcs KJAacCH(pHUKALUK U MeTofaM HHTerpupoBaHus. [Ipexne yem
HayaTh U3yueHHe 3TOH IJIaBbl, pEKOMEHAYeM YUTATeJI0 TpodecTb pasnen 1.1.4.

Honoanumenvnas aumepamypa: Kypaut P., Tunsbepr H. [14], 3ommep-
¢deabn A. [6], Duff G.F.D. [34], Co6ones C.JI. [25], Amamap 2K. [1],
Tuxonos A.H., Camapckuit A.A. [27], TTerposckuit U.T'. [23].

5.1. YpaBHeHUSI C HECKOJBKUMH MepeMeHHbIMU

5.1.1. Kunaccudukanus B pukcupoBaHHoid touke. JluHeliHoe nuddepen-
lMaJibHOe ypaBHEHHE C YaCTHBIMU MPOM3BOAHBIMH BTOporo mopsinka (U1Y) o6-
I[er0 BHJA C OJHOH 3aBUCHMOM MepeMeHHOH u W 1 He3aBUCUMBIMH MepeMeHHBIMU
r=(z!,...,2") umeer Bun

a’(x) uij + 0" (x) u; + c(z)u = f(x), (5.1.1)
rie [/ YacTHBIX TMPOU3BOAHBIX MCIOJMb3YIOTCS OObIUHBIE 0003HAUEHHs U; =
= Ou/dz', u;j = 0*u/02'027. CornacHo npaeuny cymmuposanus (pasgen 1.2.3),
MpejnoJaraeTcsi CyMMUPOBaHHe M0 HHAeKcam i,j = 1,...,n. Kpome Toro, mpen-
nosaraetcs, uTo Ko(duuuenTh a’(x) cuMMeTpuuHBl, TO ecTh a’(z) = a’'(x).

Ypasuenne (5.1.1) omHopomHo mo (yHKIHH, ecid U Tosibko ecan f(x)=0
(cm. paspen 3.1.3). CnenoBatesbHo, ypaBHeHHe (5.1.1) Ha3biBaeTcss 00HOpPOOHbLIM,
ecan f(x) =0, u He0OHOPOOHbIM B TIPOTHBHOM caiydae (cp. ¢ pasmesom 3.2.6).

Takum o6pa3oM, ofHOponHOe JHHeHHoe nH(depeHLnaNnbHOE YpaBHEHHE
C YaCTHBIMH MPOU3BOAHBIMH BTOPOTO MOPSIIKA UMEET BH[

a’ () ui; + b'(z) u; + c(z) u = 0. (5.1.2)
3anuiiem JeBylo 4acTb ypaBHeHus (5.1.1) B opme
Llu] = a” () us; + b (x) u; + cu, (5.1.3)

roe L — nuHelHBId nuddepeHHaNbHBINA OlepaTop BTOPOro MOPsifKa, ONpeeseH-
HBIH (popMyJIoH g A
L =a"(z)D;D; + b (x)D; + c(x). (5.1.4)

YnpocTuMm esasnyro wacme onepatopa L, TO eCTb 4JjeHbl CO BTOPHIMHM IIPOHU3BOM-
HBIMH, C MOMOIBI0 3aMeHbl NepeMeHHBIX ZT' = T'(x). Onepaunn auddepeHunpo-
BaHusl D; u Dy, 0 £ U T, COOTBETCTBEHHO, CBsI3aHbl COOTHOLUEHUSMHU

0T —

D; = — Dy.
Oz
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CJie10BaTebHO, _
L=a"D,D;+ -
rae —k o
ahl = 97" 0% i (5.1.5)
ox' oz’
3apuKcUpyeM HEKOTOPYIO TOUKY Ty = (x(l):z;g) M BBeleM B 3TOH TOUKe
KBAJPaTUYHYIO (POPMY OTHOCHTENBHO Lt = (fi], ..., in):
K(,u) = az)] Mg g (5.1.6)

C NOCTOSSHHBIMH KO3(p(HULHUEHTAMH af)j = a"(x(). PaccmoTpum niHeiHOe mpeobpa-
30BaHHe .
Wi =g i, 1=1,...,n. (5.1.7)

TIpeAnonoXuM, uTo OHO 0BPAaTHMO, TO eCTh OMpefeuTe b |aF| oTauden oT HyJs.
[IpeoGpasoBanue (5.1.7) uameHsieT KBaapaTHuHyio ¢opmy (5.1.6) craenyromum
obpasoMm: T

K(R) = ag of o iy (5.1.8)

M3 nuHeiiHOH anreGpbl M3BECTHO, UTO CylecTByeT npeobpasoBanue (5.1.7),
Takoe, 4To KBaapatuuHas gopma (5.1.6) cTaHOBUTCS CyMMOH KBaapaToB, TO €CTh

n
K(m) =Y &, (5.1.9)
i=1
rae €; — au6o £1, au60 0. CpaBuum (5.1.5) ¢ (5.1.8) u moayuyum
—k
o =k,
ox
MurerpupoBaHie 3TUX ypaBHEHUH JaeT JIMHEHHYIO 3aMeHY IMepeMeHHbIX
Tk:afxi, k=1,...,n, (5.1.10)

YTO TPUBOAUT K CJeYIOLleMy YTBEPXKAEHHUIO.

Teopema 5.1.1. B snw6oit Touke xy ypaBHeHue (5.1.2) ¢ moMmoIIbl0 JHHEHHOH

3amenbl nepeMeHHBIX (5.1.10) MOXKeT GbITh MPUBEIEHO K CJAEAYIOLIEMY BHUIY:

i %

gi——t+...=0. (5.1.11)
-1 0F)

YpaBuenue (5.1.11) HasbiBaeTCs KanoHUUecKOl WU cmarndapmrol GopMoi ypaB-

Henus (5.1.2).

Ecnu Bce €; uMeroT onuH 3HaK, Hampumep +1 (ecau Bce OHM MMeIOT 3HaK —1,
yMHOXHUM ypaBHeHue (5.1.2) Ha —1), Mbl roBopuM, uTo ypaBHeHHe (5.1.2) nmeer
AAUNMULECKULl MmUT.

Ecnn HU onuH M3 KO3(PULHEHTOB €; He paBeH HYJI U 4acTb &; paBHa +1,
a ocrtajibHble paBHBl — 1, MBI ©MeeM Jesio ¢ ypaBHeHueM (5.1.2) eunepboruneckoeo
muna. Cpeind ypaBHEHMH 3TOr0O THIIA B MPUJIOXKEHHSIX HaubOoJee 4acTo BCTpeya-
I0TCS ypPaBHEHHUSI HOpMAAbHOEO eunepboaruteckoeo muna. OHU yIOBIETBOPSIOT
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YCJIOBHIO, YTO TOJBKO OAMH KOI(D(MHLHEHT &; MOJMOXKHUTeNeH (MJIH TOJbKO OfHH
OTpHLIATEJIEH).

Ecau gacte €; obpamaercs B 0, To ypaBHeHHe (5.1.2) oTHocAT K napaboiuue-
CKOMY muny.

TepmuHosIOrHSA cOXpaHsieTcs M B ciydae HEOJHOPOAHBIX ypaBHeHui (5.1.1).

YpaBHeHUs ¢ nepeMeHHbIMH Ko3((ULHeHTaMH a/ MOryT UMeTb Pa3Hbld THII
B pasHbIX To4ykax z. Bosee Toro, B o0lieM c/ydyae MOXKHO HaHTH 3aMeHy Iepe-
MEHHBIX, JEHCTBYIOIIYI0 He TOJbKO B (PMKCHPOBAHHOH TOUKe, HO M B HEKOTOPOH
o6J1acTH, TaKoOH, 4TO OHa NPUBOAUT ypaBHeHHe (5.1.2) K KaHOHHYECKOH (hopme BO
Bcel 3Toi 06s1acTH. DTO BO3MOXKHO TOJBKO B TOM CJydae, ec/i ypaBHeHue (5.1.2)
C HECKOJIbKUMH TIepeMEHHbIMH HMeeT MOCTOsHHble KO3(D(pHUUHEHTH a MK ecau
CYyllleCTBYeT HeKOTOpasi CUCTeMa KOOpPJAUHAT, B KOTOpPoil Bce a* MOCTOSHHBI. EnuH-
CTBEHHBIM HCKJIOUEHHEM siBJisieTcsi ypaBHeHue (5.1.2) ¢ dsyms Hezasucumvimu
nepemennoimu (CM. pasmena 5.2).

5.1.2. ComnpsxeHHble JUHelHble AU depeHIInalbHbIe onepaTopbl. KoH-
LIeMIHUA CONPSAXKEHHOT0 OIepaTopa, ONpPeNeJIeHHOro HHXKe, UrpaeT BAaXKHYIO POJb
B TEOPHH M NPHUJIOKEHHAX JHHEHHBIX NU(QepeHIralbHbIX YPaBHEHHUH.

Onpenenenue 5.1.1. Ilycts L — nuHelHbIN nuddepeHINaNbHbBINA OMepaTop Mmpo-
U3BOJILHOTO MopsinKa. JIMHelHBIH nu(QepeHunanbHblil onepatop L* HasbiBaeTcs
conpsascerHolm onepamopom K L, ecau

vL[u] — uL*[v] = D;(p') = div P (5.1.12)

nas Bcex (GyHKUMH uw M v, rae P = (p',...,p") — BekTopHOE mMOJe C KOM-
noHeHtamu p'(x). YpaBuenne L*[v] = 0 Ha3blBaIOT CONpANHEHHbIM YpaABHEHUEM
K ypaBHenuw Llu| = 0.

MoHO [0Ka3aTb, UYTO COMPSKEHHbIH omepatop L* 0IHO3HAYHO OMpeesseTcs
ypaBHeHueM (5.1.12). TlpomeMOHCTpHpPYeM 3TO YTBepXKIeHHe Ha MpUMepe orepa-
Topa BToporo nopsinka (5.1.4):

L =a"(x) D;Dj + b'(z) D; + c(z).

Teopema 5.1.2. Conpsixennsli K L omepartop L* onpenessieTcsi 0QHO3HAUHO

U UMeeT BH] .. .
Lx [U] = DiDj(a”v) — Di(blv) + cv. (5113)

JlokasartenbcTBO. KitioueBast uest COCTOMT B TOM, UTO CJIELYeT PACCMOTPETDH BbI-
paxkenue vL|u] u nepeHecTn nuddepeHunpoBaHre GyHKUHNA © HA v. MBIl HMeeM:
vL[u] = va" D;Dju + vb' Diu + cuv =
= D;(va” Dju) — D;i(va") Dju + D;(vb'u) — uD;(vb®) + ucv.
Kpowme Toro, sanuwenm cnaraemoe —D;(va®) Dju B BUge

—D;(va”)Dju = —Dj(uD;(va”)) +uD;D;(a"v),
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OTKYZHa, MeHsiss MECTaMM i U j B NEPBOM CJIaraeMOM [PaBOH 4YacTH M yYHTbIBas,
yto a¥ = a’', nonyyaewm:
—D;(va”)Dju = —D;(uDj(va")) + uD;Dj(a"v).
Hakonew, npunumasi B pacuet, uto Dju = uj, IPUXOAUM K YPaBHEHHIO
— D.(a¥y) — D (b Lty s Corny — N
vLu] = uw{D;D;(a”v) — D;(b'v) + cv} + Di{a”vu; + b'uv — uD;(a"v)}.

M3 »3Toro cjemyer, uTO COMPSIKEHHBIH OMEpPaTop OMPENENSeTCs BbIPAKEHHU-
eM (5.1.13) u ynonetBopsieT ypaBHeHutwo (5.1.12), rae

p' = aYvu; + bluv — uD;(a"v). (5.1.14)

3ameuanne 5.1.1. OnpeneseHue CONMPSKEHHOTO OMepaTopa COXpaHsieTcss B CJay-
yae CHCTeMbl AU(depeHHalbHbIX ypaBHEHHWH, HANpUMep B CJlydae ypaBHEHHH
BTOPOrO TOPSIIKA, KOraa (yHKUHsA w B ypaBHeHHH (5.1.3) sBasieTcs m-MepHBIM
BEKTOpOM, a Kos(pduuuents a”(x), b*(x) u c(x) omeparopa (5.1.4) sBasior-
csl m X m MaTpPULAMH.

Omnpenenenue 5.1.2. ToBopsaT, uto onepatop L camoconpsscerHolii, eciu
Llu] = L*[u] (5.1.15)
naist mo6o# GyHkuun u(x). Torna ypaBuenue L[u] = 0 TakxKe Ha3blBalOT CaMocCo-

[IPAKEHHBIM.

Teopema 5.1.3. Oneparop (5.1.4), L = a¥(z)D;Dj + b'(x)D; + c(z), aBasercs
CaMOCOMPSIKEHHBIM, €CJIH U TOJBKO €CJIU
bi(:ﬁ):Dj(aij(w)), i=1,...,n. (5.1.16)

Hoka3sareabcTBo. Boipaxkenue (5.1.13) ngs conpsixkeHHoro onepatopa L* mMoxeT
OBbITh TIPECTAaBJIEHO B BHJE

L*[v] = a%vi; + (2Dj(a") — b")v; + (¢ — Di(b") + DiDj(a”))v.  (5.1.17)
Ioncrasass (5.1.17) B ypasuenue (5.1.15) u ucroib3ys cummeTpuio a’/l = a¥,

NoJIy4aeM: - . ) ) g
2D;(a") — b =¥, ¢— D;(b) + DiD;(a") = c. (5.1.18)

[TepBoe ypaBHenue (5.1.18) maet (5.1.16), Torna kak BTOpoe ypaBHeHHe (5.1.18)
siBaisieTcsi caenctBueM (5.1.16). 3ameTuMm, 4TO [0Ka3aTebCTBO COXPAaHSET CHJY
B caydae, korga (5.1.3) — cucTeMa JUHEHHBIX YpaBHEHHUH BTOPOTO MOPSAKA.

3ameuanue 5.1.2. YcranoBsneHo (cm. [14, mpunoxkenue 1 k raase I, §2.2]),
YTO CaMOCOTIPSIKEHHBIH OrepaTop JMOKEH yIOBJIETBOPATDH, Hapsany ¢ (5.1.16), eme
OHOMY YCJIOBHIO:

D;(b") = 0. (5.1.19)

Onnako B BbiMoMHeHHH ycjaoBus (5.1.19) Her HeoOGxomumocTH. JlefcTBUTENBHO,
paccMOTPHM, HaTpUMep, CJeAyHollee CKaasipHOe YpaBHEHHEe C JABYMsl HE3aBUCUMBbI-
MU TIePEMEHHBIMHU T, V:

Llu) = 22Uy + y2uyy + 2zu, + 2yuy = 0.
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Onepatop L sB/sieTcs caMOCONPsKeHHBIM (CM. 3ajauy 5.7), HO He Y[0BJIeTBOPsET
yeaosuio (5.1.19), nockonsky D;(bY) = D, (b') + Dy (b?) = 4.

[IpuBenem npocToil mpuUMep CaMOCOTPSIXKEHHOH CHUCTEMBI, B KOTOPOH He Tpedy-
eTcst BbinoJiHeHust ycaoBus (5.1.19):

gy + Uyy + 20Uy +w =0,  Wey + wayy + 2ywy +u = 0.

KoadduiueHTsl 3TOH CHCTEMBI C ABYMs He3aBUCHUMBIMU T€PeMEHHBIMH X, Y U
IBYMSI 3aBUCUMBbIMH NepeMeHHbIMHU %, W yIOBJETBOPSIOT ypaBHeHusM (5.1.16), Ho
He TpeGyroT BhMoJHeHUst yeaoBus (5.1.19). JlelcTBUTEIBHO,

2
Q= 36 (1) a2 (1)3?2 JRE S Y C:H(l)(l)‘
2¢ 0 0 0 20
blZH Ol’ 0 ', b2:H 0 2y '7 D:v(bl)+Dy(b2):" 0 2 H#O

5.2. Knaccugukanus ypaBHeHUIH
C AByMSl HE3aBHCUMBIMH NepPeMeHHbIMU

5.2.1. Xapakrepuctuku. Tpu tuna ypaBHenuii. OOIIMH BUA OJHOPOLHOTO
JIMHEeHHOro TU(hepeHIIHa bHOTO YPaBHEHHsl ¢ YACTHBIMHM MPOU3BOJHBIMH BTOPOTO
nopsiika ¢ NByMsi HE3aBUCUMBIMU MEePEMEeHHBIMH, & U ¥, €CTb

Atzy + 2Bugy + Cuyy + aug + buy + cu = 0, (5.2.1)
rne A= A(z,y),..., c=c(z,y) — 3ananusie pyHxkunu. CraraemMble CO BTOPHIMU
IPOM3BOIHBIMH,

Atgy + 2Bugy + Cuy,, (5.2.2)

COCTaBJISAIOT 2AQB8HYH0 wacms ypaBHeHus (5.2.1).
[IpuHUMMHANbHBIN 1Al B U3y4YeHHH ypaBHeHHs (5.2.1) cOCTOUT B MpUBeIeHHU
ero riaBHOM uyacT (5.2.2) K Tak HasblBaeMbIM CMAHOAPMHbIM Gopmam TyTeM

3aMEHbl NMTEPEMEHHBIX
E=o(x,y), n=1vy). (5.2.3)

[Tonyyum craHpapTHble (DOPMBI TVIaBHBIX 4acTell Bcex ypaBHeHHi# Buma (5.2.1).
3ameHa mnepeMeHHBIX (5.2.3) MPUBOAMUT K CJAENYIOLIMM MPe0oOpa3oBaHUSIM IMPOU3-
BOAHBIX (cM. paszmen 1.4.5):

Uy = PzU¢ + %Un, Uy = Qyle + %“m
Ugy = %%Ugg + 2901‘"/%:“{77 + wgum] + Pzzle + Qlfmun,
2 2
Uyy = Pyuge + 20yytey + Vytny + Pyytie + Yyyun,
Usy = Paipylice + (P2y + Pyta)tey + VathyUny + Payue + Yayuy.

[ToncraBass Beipaxkenus (5.2.4) B (5.2.2) u coxpaHsis TOJbKO cjaraeMmble, coaep-
JKalllke BTOpble MPOM3BOMHBIE Uge, Ugy, Upy, Mbl MOAydaeM C/eLyOLLyl0 IVIaBHYIO
yacTh ypaBHeHHSs (5.2.1) B HOBBIX MepeMeHHBIX:

gugg +2B Ugy + é“nn’ (5.2.4)
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rae x 2 2
A=Ap; + 2B pypy + Cpy,
B=Ap Y, +B (‘dejy + ‘wax) + CQPyQ/)yr
C = Ay, + 2Bty + C .

W3 (5.2.5) cnenyer, uTo raapHas 4acTb (5.2.4) OyaeT MMeTb TOJIBKO OIMH 4JeH,
2B, ecau Mbl BoiOepeM B KadecTBe @(z,y) U ¢(x,y) ABa pelleHHs] ypaBHEHHs

Awg+23w$wy+0w§:0

B MPELMOJIOKEHHH, YTO TOCJeHEe UMeeT 1Ba (PYHKIHOHAIbHO HE3aBUCHMBIX pe-
weHusi, w; = p(z,y) 1 we = 1(x,y). OnHAKO paccMaTpuBaeMoe ypaBHEHHE MOXKET
MMEeTb TOJIbKO OJHO pellleHHe WJIH Ja)kKe BOOOIle He UMEeTb PelleHUH, MOCKOJIbKY
OHO HesMHeHHO. TakuM o6pa3oM, mepen HaMH BCTaeT MpobJema.

Onpenenenue 5.2.1. Henuneiinoe nuddepeHnasbHoe ypaBHEHHE C YaCTHBIMH
MPOU3BOJHBIMH MEPBOT0O TMOPSIAKA

Aw; + 2B wawy + Cwj =0 (5.2.5)

Ha3blBAeTCs  Xapakmepucmuueckum ypasHenuem pas  ypaBHenus (5.2.1).
Ecnu w(x,y) — peuenue ypaBHeHus (5.2.1), To KpuBble

w(z,y) = const (5.2.6)

Ha3bIBAOT xapakmepucmuxkamu ypaBHeHus (5.2.1).

XapakTepuCTHKH BaxKHbl 1J1f HHTETPUPOBAHHS /UM NMOHHMAaHHS MOBeIEHHS
peweHu# ypaBHenus (5.2.1). Il HaxoKIeHUS XapaKTEPUCTHK MBI BBOLHUM 000-

3Ha4YeHHue W

Yro_ oy (5.2.7)

Wy
U MepenuceiBaeM XapaKTepHcTHYecKoe ypaBHeHHe (5.2.5) B BUIE
Az, y) N2 + 2B(z,y) A + C(z,y) = 0. (5.2.8)

BBonsT KaaccubuKaluio, pasnesss ypaBHeHus (5.2.1) Ha Tpu THma B COOTBeT-
CTBHM C YHMCJIOM HMX XapaKTEPUCTHK, TO €CThb C YHMCJIOM JAeHCTBUTEJbHBIX KOPHEH
KBaJpaTHOro ypaBHeHHs (5.2.8).

Omnpenenenne 5.2.2. oBopsit, yTo ypaBHeHHe (5.2.1) eunepboauueckoe, ecan
KBaapaTHOe ypaBHeHHe (5.2.8) MMeeT nBa pa3/MUHBIX AEHCTBUTEJNBHBIX KOPHS,
A (z,y) 1 Ao(x,y), TO ecTb ecsu

B? — AC >0, (5.2.9)
napaboauueckoe, ecnu (5.2.8) umeeT KpaTHble KOPHH, A|(x,y) = Ag(x, y), TO ecTb
ecsu

B2 - AC =0, (5.2.10)

U aaaunmuueckoe, eciin KOpHU Aj(x,y), Ag(x,y) KOMIJIEKCHbIE, TO €CTh €CJH

B> - AC < 0. (5.2.11)
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5.2.2. CrangaprHas ¢opma runepOonnuecKkux ypaBHeHnid. OcTaHOBUMCS
Ha TUnepboIMYecKOM THIMe. YpaBHeHHe (D.2.8) uMeeT 1nBa pasJHUHBIX NeHCTBH-
TeJbHBIX KOPHS

—-B++vB? - AC -B—- VB2 - AC
A(z,y) = v ;o Ne(zy) = 1 : (5.2.12)
[ToncraBasis ux B (5.2.7), Mbl BUAMM, UTO XapaKTepHCTHUYeCKOe ypaBHeHHe (5.2.5)
paclien/sieTcsl Ha [Ba pPa3/HMYHBIX JHHEHHBIX AH((epeHlHaNbHbIX ypaBHEHHUS
C YaCTHBIMH MPOU3BOIHBIMU TIEPBOTO MOPSIIKA:

Ow Ow Ow 0

(%)

3 Al — 9y =0, i Ao — o =0. (5.2.13)
Cucrema xapaktepucTuk (4.2.6) ypaBHenuit (5.2.13):
dx dy dx dy

. S— | =4 77—\ 5.2.14

e S wen (6219

Kaxnoe u3s ypaBHenuidl (5.2.14) naer omuMH He3aBUCHMbIH MepBbIA HHTErpad,
¢(x,y) = const u3 mepsoro ypasuenus (5.2.14) u v (z,y) = const u3 BrOpOroO,
coorBercTBeHHO. Kak cienctsue, ¢yHkuuu ¢(x,y) U ¥(z,y) YIOBIETBOPSIOT,
COOTBETCTBEHHO, MIEPBOMY U BTOPOMY W3 ypaBHeHHH (5.2.13):

92 N2 -0, 90 )\, (5.2.15)
oz dy ox dy

U T03TOMY OHH (DYHKLHOHaJbHO He3aBUCHMbI. TakuM 00pa3oM, OHM TMpPeACTaB-
JSI0T c000 1Ba (PYHKIHOHANbHO HE3aBUCHMBIX peIlleHHs] XapaKTepPUCTHUECKOTO
ypaBuenusi (5.2.8) u, cjenoBatesibHO, MOTYT ObITh WMCIOJb30BaHBI [Jis COCTaBJE-
HUS NPABbIX YacTeil COOTHOLIEHWH [/l 3aMeHbl mepeMeHHbIX (5.2.3), yMmeHbluas
rnaBHyio 4actb (5.2.4) Ha omHo cnaraemoe, 2Bug,. Hosbie nepemennbie & u n
HasbIBAIOT xapakmepucmuueckumu nepemerroimu. Hakornen, neaum Ha 2B ypas-
HeHue, mosydyeHHoe u3 (5.2.1) mocse 3aMeHbl MEePEMEHHBIX, M MPHUXOAHM K Tak
Ha3bIBaeMOU cmandapmroli popme runepbosudeckux ypaBHeHuH. [lonBenem uror
(cp. ¢ ypaBuenuem (1.1.56) B Teopeme 1.1.3).

Teopema 5.2.1. Tunep6osnyeckue ypaBHeHus (5.2.1) npuHUMAOT B XapaKTepH-
CTHUECKHX TepeMeHHBIX CAeNYIOLLYI0 CMmandapmuyo Gopmy:

ey + (€, 1) ug + b(E,n) uy + &€, m)u = 0. (5.2.16)

Ynpaxuenue 5.2.1. JlokaxuTe, 4TO HeTpUBUAJbHbIE (TO €CThb HE PaBHbIE TOX-
[IeCTBEHHO KOHCTaHTe) pelueHus: ¢(x,y) u ¥ (zr,y) NepBOro U BTOPOro ypaBHEHHH
(5.2.15), cooTBETCTBEHHO, (PDYHKIMOHANBHO HE3aBUCHMBI.

IIpumep 5.2.1. TunuUHBIM NpeCTABUTENEM THNEPOOJIUUECKHUX YPAaBHEHUH sBJIS-
eTcst BOJIHOBOe ypaBHeHHe (2.6.5)

Ut — k’Q'lec =0.

[Tonarast t = g, Mbl moaydaem A = —k%?, B=0, C = 1, caenoBatesbuo, B2 —
— AC = k* > 0. MBIl npofo/KuM 00CyK/AeHHe 3TOro mpuMepa B pasaesne 5.3.1.

11 H.X. M6parumos
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5.2.3. CranpaprHas c¢opma nmapabGosuyeckux ypasHeHui. Jli1s napabo-
JIMYECKOTO THMa ypaBHeHHe (5.2.8) UMeeT KpaTHble N€HCTBUTEJbHBIE KOPHH,
B
A=——,
A
M 1Ba ypaBHeHHs (5.2.15) cBOASITCS K ONHOMY YpaBHEHHIO
Iy

dp
Age+B5 =0 (5.2.17)

Crhenaem 3aMeHy nepeMeHHbIX (5.2.3) B BHJE

§=o(r,y), n=ux, (5.2.18)
rie ¢(z,y) — pewenne ypaHenus (5.2.17). Jlerko yGemuTbcs, uTO ypaBHe-
nus (5.2.5) naior A =0, B=0.

Paznenus Ha C' # 0, MBI OJTyuaeM CJaeYIOLLYI0 cmardapmuyo ¢opmy napa-
6o/MUeCKUX ypaBHeHHH (cp. ¢ ypaBHeHueM (1.1.57) B Teopeme 1.1.3).

Teopema 5.2.2. [lapaGoaunyeckue ypaBHeHHs (5.2.1) NPUHHUMAIOT CJELYIOLLYIO
cmandapmnyro opmy B iepeMeHHBIX (5.2.18):
Uy + A€, ) ug + b(E,n) uy + E(E,m) u = 0. (5.2.19)

Boiure Mbl mpennosoxuau, uto A # 0. Ho ecain A = 0, Torna yciosue (5.2.10),
B? — AC = 0, npusogut k¥ B = 0, u, crenoBate/nbHo, ypaBHenue (5.2.1) yxe
UMeeT cTaHaapTHyw ¢opmy (5.2.19).

IIpumep 5.2.2. TUnUUHBIM TpPeNCTABUTE/]EM MapaboJUUECKUX YPaBHEHHH SIBJS-
eTcs ypaBHEHHe TemsonpoBogHocTH (2.4.7)

g — augy = 0.
3necb A= —a?, B=0, C =0, u, crenosarenbto, B2 — AC = 0.
5.2.4. CrangaptHas ¢opMa 3JIUNTHYECKUX ypaBHeHMU. [l sianuntu-

yeckoro tuna yeaosue B2 — AC < 0 npuBOIMT K TOMY, 4To ypaBHerue (5.2.8) He
UMeeT NeHCTBUTE/bHBIX KOPHEH, a UMeeT KOMIJIEKCHBIH KOpeHb

\ _ —B+VB - AC
1 =
A

M KOMIJIEKCHO COMpPSIXKeHHBIH KOpeHb Ao = Ai. Bo3bMeM INepBoe H3 ypaBHe-
HUH (5.2.13) ¢ KOMIJIEKCHBIM KOPHEM Aj:

Ow Ow

. A\ Fi 0, (5.2.20)
¥ MpPeACTaBUM ero (KOMIJIEKCHOe) pellleHHe B BHJE
w=p(z,y) +i(z,y) (5.2.21)

Bropoe ypaBHeHue u3 (5.2.13) sBasieTCs MPOCTO KOMIJIEKCHO COMPSIKEHHBIM
K ypaBHeHHIO (5.2.20): _ _
99 _x 2929

or la_y_
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rie w = p(z,y) — iY(x,y). U3 sTOoro ciemyer, 4To Mbl paccMaTpHUBaEeM €HH-
cTBeHHyl0 (yHKUHIO (5.2.21). OHa siBAsSieTCS pelleHHeM XapaKTePUCTUYECKOrO
ypaBHeHus (5.2.5):

A(pz + i¢x)2 + 2B(pz + itz ) (py +ithy) + Clepy + iwy)Q =0.

TMoncraensisi (pg + ithy)? = @2 — 2 + 2ipyty, ... B JEBYIO YaCTh ITOFO ypaB-
HEHHS] U TIPUPABHUBAS K HYJIO NeHCTBUTEJNbHYIO © MHHMYIO YaCTH, Mbl TI0JyYaeM:
A@? + 2B pupy + C oy = AYZ + 2Bty + C oy,

A gz + B (pyhz + paty) + C oythy = 0.
Hanee, npoBoast 3aMeHy nepemeHHbIX (5.2.3),

§=plx,y), n=1v(y),
rie o(z,y) 1 P(x,y) B3sarel u3 (5.2.21), u yuuroiBas (5.2.5), Mbl moaydaeMm
A=C #0 un B =0. [Tocne atoro nomenum ypasHeHue (5.2.1), samucaHHOe
B HOBBIX MepeMeHHbIX, Ha A W NpUIeM K CTaHAapTHOH (hopMe IJIIUIITHUECKHX

ypaBHEHHH. DTOT pe3dysbTaT MOXKHO c(hOPMYJHPOBATH B BUIE TeOPEMBI (Cp. ¢ ypaB-
HenueM (1.1.58) B Teopeme 1.1.3).

Teopema 5.2.3. Ilycte (5.2.1) — saaunTHyeckoe ypaBHeHHe. BBemeMm HOBble
nepeMeHHbIe

§=w(zy), n=1v(y)
roe p(z,y) u Y(x,y) — neficTBUTeNbHAs U MHHMas dactu petenus (5.2.21)

KOMIIJIEKCHOT'O ypaBHeHHUsl XapakTepucTuk (5.2.20). DTta 3aMeHa mepeMeHHBIX MPH-
BOMUT ypaBHeHue (5.2.1) K caenyoueit cmandapmroti gopme:

Uge + Uny + (€, 0) ug + b(E, ) uy + & ) u = 0. (5.2.22)

IMpumep 5.2.3. TUnNUUHBIM NpeacTaBUTENEM JIJIMITHYECKUX YPaBHEHHH SIBJISET-
csl ypaBHeHMe Jlamsaca ¢ IByMS TlepeMeHHBIMH,

Uy + Uyy = O. (5.2.23)

OueBM/HO, UYTO ypaBHeHHe XapakTepucTuk (5.2.5), w2 +w§ = 0, He uMeer nei-
CTBHTEJIbHO3HAUHBIX pelleHHH w(z, ).

3ameuanue 5.2.1. U3 ypaBHenuit (5.2.16), (5.2.22) ¢ 0ueBUIHOCTbIO CJEIYET,
YTO TUIMEPOONHUECKHE H JIUIITHYECKHE YPaBHEHHUsI CBSI3aHbl KOMIJIEKCHBIMH Tpe-
obpasoBaHusiMu (cp. ¢ 3ameuanuem 1.1.8).

5.2.5. YpaBHeHus1 cMemiaHHOro Tuma. [IprMepom ypaBHeHHS BTOPOro Io-
psilKa CMeLIaHHOTO THUIA MOXKET CJIYyKHTbh ypaBHeHHe Tpukomu (2.6.37)

TUyy + Uge = 0. (5.2.24)

Ato ypaBHeHHe runepOosuueckoe npu r < 0 u snnuntudeckoe npu = > 0. Ypas-
HeHre TPUKOMH TMPUMEHSIIOT B ra30BOH NUHAMMKE B KauecTBe MPUOJIMKEHHOH MO-
JIeJIH TIPH MCCJIeIOBAHUM OKOJIO3BYKOBBIX TeueHHWH. A uMeHHO, ypaBHeHHe (5.2.24)

1%
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COOTBETCTBYET L03BYKOBOMY I'a30BOMY TOTOKY B JIJIMITUYECKOH 00J1aCTH U CBEpX-
3BYKOBOMY TMOTOKY B Tunep6osndyeckoi 00JacTH.

5.2.6. Tun HenWHEHHBIX ypaBHeHUH. TUN HeJUHEHHOTO NU(heEpeHIHAb-
HOTO ypaBHEHHS C YaCTHHIMH MPOU3BOAHBIMH

Az, y, u, Ug, Uy) Uzg + 2B(T, y, U, Ug, Uy) Ugy +
+C(z,y, u, g, Uy) Uyy + P(x, Y, u, Uz, uy) =0 (5.2.25)

3aBUCHUT OT €ero pﬂﬂeHHﬁ U onpenendeTrca cjelyouunuM 06pa30M.

Onpenenenue 5.2.3. ITlyctsb
u* = h(z,y)

— moboe yacTHoe peleHue ypaBHeHus (5.2.25). Tun weauneiinoco ypaBHe-
Hus (5.2.25) Ha pelieHUH u* ONpenessieTCss THIIOM AUHELHO020 YPaABHEeHUS.

A (z,y) Ugz + 2B* (2, y) Uy + C* (2, y) Uuyy = 0, (5.2.26)

rie Koapuuuenter A*, B*, C* Haxonsdtcs 3aMeHOH 3aBHCHMbIX TE€pPeMEeHHBIX U
¥ MX MEPBbIX MPOM3BOAHBIX Ha PYHKUMH h(x,y) U KX POU3BOAHBIE COOTBETCTBEH-
HO, HalpHMep,

A*(z,y) = Az, y, h(z,y), ha(z,y), hy(z,y)).

Cnaraemele, comepakalilde TPOU3BOJIHEIE TIEPBOTO MOPSIKA, B JUHEAPU30BAHHOM
ypaBHeHHUH (5.2.26) omycKarTcsl, TOCKOJNbKY OHHM He BJHSIOT HA THUI YpaBHEHHUS.

IIpumep 5.2.4. PaccMoTpuM He/MHeHHOe BOJHOBOe ypaBHeHHe (2.6.31):
1
u = G(u) Uze + 5 ¢ (u) U (5.2.27)
Ecan, vanpumep, ¢(u) = u?, ypasnenue (5.2.27),
Ut = u2um + uui,

— runep6osuyeckoe s Jo6oro peruenus u* = h(x,y). AHajordyHo, ecau
#(u) = —u?, ypasnenue (5.2.27),

Ut = —U g — U,

— 3JHNTHYECKOe 15 joboro peuerusi u* = h(x,y). C opyroéi CTOpOHBI, Mo-
Jarasi, Hanpumep, ¢(u) = w, Mbl TOJyd4aeM HeJHHEeHHOe ypaBHEHHEe CMeLIaHHOro

THIIA:

1 o
Ut = UlUgpy + 5 Uy,

Ono runepbosHUeckoe MAJsi JHOOOro MONOKUTENbHOrO pelenus u* = h(zx,y),
h(z,y) > 0, U saaMOTHYECKOe [AJs JI0OOrO OTPHLATEJBHOrO pelleHdst u* =
= h(z,y), h(z,y) <O.
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5.3. UHTerpupoBanue runepooJIuyecKux ypaBHeHUM
C AByMS NepeMeHHBbIMH

¢ mpencrapasito 3nech npocThle U 3P PeKTUBHBIE METOIBI HHTETPUPOBAHHUS, T10-
ayuennsle JI’Anam6epom (1747), ditnepom (1770) u Jlannacom (1773). Haubosee
BaXXHBIM HHCTPYMEHTOM 3TOTO pasfesa sIBJSIOTCS WHBapHaHTHl Jlamsaca.

5.3.1. Pemenne JI'AnamGepa. [lepBoe ypaBHeHHe C YaCTHBIMHM MPOU3BOM-
HBIMH, BOJTHOBOE ypaBHeHHe KojeOGaHHUH CTPYH

g = k*uyy, Kk = const, (5.3.1)

ob110 chopmyrpoBano u peieno I1'Anambepom B 1747 rony.
PewnmM ypaBHeHue (5.3.1) ¢ oMol IPUBENEHHS €r0 K CTaHAAPTHOH (opMe.
XapakTepucTH4ecKoe ypaBHeHHe (5.2.D) UMeeT BUL

th — kag = (wt — kwy)(wt + kwy) = 0.

OHo pacnapmaeTcs Ha ABa ypaBHeHUs mepBoro nopsinka (cp. ¢ (5.2.13)):

L k2=
"
AccouunpoBaHHble ypaBHeHus (5.2.14),
H it =
ﬁ:—%,

JaloT nepBble MHTerpasbl ¢ — kt = const u x + kt = const cooTBeTcTBeHHO. TakuM
00pa3oM, XxapaKTepUCcTHUeCKHe NepeMeHHble BOJTHOBOTO YPaBHEHHUS UMEIOT BUJL

E=x—kt, n=uz+kt (5.3.2)
B xapakrepucTnieckux nepeMeHHbX (5.3.2) ypaBHeHue (5.3.1) mpuoGperaer
CTaHIAPTHYIO (HOpMYy wey = 0. (5.3.3)
WHrerpupys cHavyasa 1o 7, Mbl HUMeeM
ug = f(£),

OTKy/Ja, MHTerpupys 1o & u BBOAs obo3Hauenue F'(&) = [ f(&)dE, mbl momydaem
perieHue ypaBHeHHs (5.3.3):

u=F()+ H(n). (5.3.4)

BepHeMcsi K HCXOIHBIM IepeMeHHBIM C TOMOLIbI0 MOACTAHOBKH BBIpaXe-
HUi (5.3.2) xapaKTepUCTUYEeCKUX TepeMeHHBIX B (5.3.4) ¥ MpumeM OKOHUYATEJbHO
K CJefyiolleMy 00LleMy pelleHHI0 BOJHOBOrO ypaBHeHHs (5.3.1):

u=F(x —kt)+ H(x + kt), (5.3.5)

M3BECTHOMY KakK peuwenue [[’Arambepa.
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5.3.2. YpaBHeHHsd, IPUBOIUMbIe K BOJTHOBOMY ypaBHEHHIO. PaccMOTpUM
runepboMHUecKHe ypaBHEHHSI C IBYMsI HE3aBUCHMbIMH MepeMeHHBIMHU, TPeNCcTaB-
JIeHHble B CTaHAapTHOH (opme (5.2.16):

Yactb ypaBHeHu# Braa (5.3.6) MoxeT ObiTh MpeoOpa3oBaHa B BOJHOBOE YpaBHEHHE
(5.3.3) ¢ momolIbI0 3aMeHbl MepeMeHHbIX H, CJe0BATEJ]bHO, PelleHa MEeTOAOM
JI'Anambepa. Boimenum Bce Takue ypaBHeHHs. Bo-mepBbiX, MosydydM HauboJsee
o611y10 (hOpMY 3aMeH MepeMeHHbIX, KOTOpPble MOXKHO TPOBECTH €3 MOTEPH CBOUCTB
JIMHEHHOCTH W OTHOPONHOCTH ypaBHeHMH (5.3.6), a TakKe WX CTaHZAPTHOU (op-
Mbl. DTH 3aMeHbl TepeMeHHBIX Ha3blBAIOT 1npeobpaso8aHuimu IK6UBANEHMHOCMU.
OHHU UMEIOT CJIeNYIOIHH BUI:

E=f6), T=gmn), v=0o&nu (5.3.7)

rne f/(§) #0, ¢'(n) #0 u o(&,n) #0. 3necb u U v cunTarTCs GYHKUUAMA &, 1)
u &, 7] COOTBETCTBEHHO. YpaBHeHus (5.3.6), cBsizaHHbIe MpeoOpa3oBaHHEM KBHBa-
JIEHTHOCTH (5.3.7), Ha3bIBAIOT 9KBUBANCHMHBIMLU.

Haynem ¢ uacTHoro ciyuas npeo6pasoBaHMil 3KBHBaJeHTHOCTH (5.3.7), Bbl-
OpaB £ =&, n =1, u HaljeM ypaBHeHus (5.3.6), MPUBOAUMBIE K BOJHOBOMY
YPaBHEHHUIO C TOMOIbI0 JHHEHHOTO MPeoOpPa3oBaHUS 3aBUCHUMOH MepeMeHHOH,

HMeEIOoIIero BUI
v =y efén

[TonctaBuM BbIpakeHHUsI
u=rve P&
ug = (ve — vee) e PEn) Uy = (v — vipy) e~ PEm)
ugn = (Vgy — Vepy — Vnpg — U pen + v pg o) €
B JIEBYIO YacTb ypaBHeHHUs (5.3.6) ¥ mosydum:
Uey + aug + buy 4 cu = [vgy + (a — @y) ve + (b — ) vy +
+ (—en + e oy — ape — bpy +c)v]e™®.  (5.3.8)

CanenoBaTenbHO, ypaBHeHHe (5.3.6) NMPUBOAUTCSA K BOJHOBOMY yPaBHEHHIO Vg, = 0,
ecJu

a—py=0, b—=0 (5.3.9)

Pen — e Py T ape + bpy —c=0. (5.3.10)

YpaBuenus (5.3.9) npencraBnasioT co60H CHCTeMY 08yx ypaBHEHHH 1/ 00HOU
HeusBeCcTHOH (DyHKUMH (£,7) OT ABYX NepeMeHHbIX. HamomHuM, 4TO crcTema
yPpaBHEHUH Ha3blBAeTCS nepeonpedenserroli cucmemoti, ecii OHa COAEPXKUT 00JIb-
Ile ypaBHEHWH, UeM HEU3BECTHHIX (PYHKLMH, KOTOpble MOJXKHBI OBITb HaWIeHbI
B pe3ysbTaTe pelleHHs 3TOH cucTeMbl. [lepeomnpenesieHHble CHCTEMBI UMEIOT pe-
LIEHHs, €CJH U TOJNBKO €CJH OHHM YIOBJETBOPSIIOT COOTBETCTBYIOLIUM YCAOBUAM
COBMECMHOCMU.
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Takum o6pasom, cucrema ypaBHeHHH (5.3.9) siBaisieTcsl MepeonpeneseHHOH.

YcnoBue ee COBMECTHOCTH HaXOAMTCSl M3 ypaBHEHHS = HEe3aBUCHMOCTH
€n 3

pesy/abTaTa 4acTHOro NU((hepeHIUPOBaHUS OT Mopsiaka AUQQepeHIIUpOoBaHUS) U

HMeeT BUIL
ag = by. (5.3.11)

YpaBuenue (5.3.10), ¢ yuerom ypaBHeHu# (5.3.9) u (5.3.11), 3anucbiBaercs cie-

JYIOIIUM 00pa3oM:
ag+ab—c=0. (5.3.12)

C NOMOLILbIO BBeAEHHS BeJMUYHH h U k, MOAUHHSIOMIMXCS COOTHOLIEHUSIM 1)
h=a¢+ab—c, k=b,+ab—rc, (5.3.13)
yeqoBus (5.3.11) u (5.3.12) npencraBasitoTes B CJAeYIOIEd CUMMETPUUYHOH (opMe:
h=0, k=0. (5.3.14)

3ameuanue 5.3.1. Ypasuenus (5.3.14) nHBapuaHTHBI NpH 00LIeM MpeoOpa3oBa-
HUU 3KBHBasieHTHOCTH (5.3.7). Kak ciencTBue, n3MeHeHHe He3aBHUCHMbBIX Tepe-
MEHHBIX He TIPUBOAHMT K BBISIBJIEHHIO HOBBIX YPaBHEHHE, MPUBOAUMBIX K BOJHOBOMY
ypaBHEHHIO.

[lopBomsi UTOr MpOBeNeHHBIM pacueTaM W INPHHUMAash BO BHHUMaHHe 3ameya-
Hue 5.3.1, Mbl PUXOAUM K CJEAYIOLIEMY Pe3yJbTaTy.

Teopema 5.3.1. YpaBHenue (5.3.6) 3KBHBaJIEeHTHO BOJIHOBOMY YpaBHEHHIO, €CJIH
U TOJBKO ecJu ero nHBapuaHTtel Jlamnaca (5.3.13) ob6pawaroTes B Hynb, h=k=
=0. Jlioboe ypaBHeHnue (5.3.6), ymosserBopsipoiee ycaoButo h=k =0, MoxeT
ObITb MPHUBEJEHO K BOJHOBOMY YPaBHEHHMIO Vg, = 0 JMHeHHbIM npeoGpasoBaHHeM

3aBUCHUMOU TepeMeHHOH
u=uve #E0 (5.3.15)

6e3 M3MeHeHHUs] He3aBHUCHMbIX NepeMeHHBIX & U 7). DyHKuMsA ¢ B (5.3.15) Haxo-
JIATCS B pe3yJibTaTe PelleHHs CJAeAYIOUleld COBMECTHOM CUCTEMBI:

Teopema 5.3.1 pmaer HaMm MpakTHYECKHH MeTOH pellleHHs LIMPOKOro KJacca

YpaBHeHUH
Aty + 2Bugy + Cuyy + atiy 4+ buy +cu =0

rUnepooONHYECKOr0 THMA MyTeM CBeJeHHS MX K BOJHOBOMY ypaBHeHHI0. Metox
TpeGyeT BBINOJNHEHHS CJEAYIOIMX ABYX LIaroB.

[Tepsoui it mar. [IpoBeputs, sBnsercs au ypaBHeHue (5.2.1) rumepGosu-
YecKuM, T.e. BbITOJHeHo au ycaoue B2 — AC > 0. Tlpeamonoxum, 4To 3TO

1) Benuunnst (5.3.13) 66111 BBeneHbl iiepom [35]. [loaaHee OHH GBIIH MOBTOPHO MOMyYeHbI
Jlannacom [42] u cTasu U3BeCTHBl B JUTepatype Kak uusapuanmol Jlansaca. CMm. nanee pasge-
asl 5.3.3 u 5.3.4.
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yCJIOBHE BHIMIOJIHEHO; TOTJIA TIPUBECTH 3TO YpaBHEHHe K cTaHIapTHOMY BHAY (5.3.6)
C MOMOIIbIO Mepexofia K XapaKTepPUCTHYECKHM MepeMeHHBbIM (pasaen 5.2.2)

{=wi(z,y), n=uw(z,y). (5.3.17)

Bropoi# mar. Hailtu unBapuantel Jlannaca (5.3.13). Ecniu h = k =0,
HaiiTH (&, n) nyTteM perueHus ypaBHeHui (5.3.16) ¥ MPHBECTH HCXOLHOE ypaB-
HeHHe K BOJIHOBOMY YpaBHeHHIO vg, = 0 ¢ momorkio npeo6pasobanus (5.3.15).
Hakonen, noncrasnsisi v = f(§) + an) B (5.3.15), MONyUHTb pelIeHHe MCXOMHOTO
ypaBHEHHS] B XapaKTepUCTHYECKUX MepeMeHHbIX:

u=[f(&) + g(n)] e #EM. (5.3.18)

[TopcTaBuTh B perieHde BhipaxkeHus (5.3.17) s & U 1 ¥ NOJAY4YUTb pellleHUe
B TMIepBOHAYA/bHO 33laHHBIX MepEMEHHBIX T, Y.

IIpumep 5.3.1. [lpounnocTpupyeMm MeTol, PUMEHHB €r0 K YPaBHEHUIO

Ugpz Uyy Ugs Uy

— -2 4+3=--2)=0. 5.3.19

s (- 6319)
[TepBo it mar. 3nece A = z2, B=0, C = —y*Q, U, cJeloBaTeJbHO,

B2 — AC = (zy)~% > 0. YpasHenue xapaxrepuctik (5.2.5) HMeeT BUI

() - (3 - (- 2) () o
€ Y & Y € )
OHO paciuenisieTcss Ha JBa ypaBHEHHS:

Yo Yy g Y _ Yy

€z ) €z )

Pemast ux, nosyuyaem nepBble HHTETPaJIbL:
— y2 = const, z? + y2 = const.
Hrak, xapakTepucTHueckue nepemeHHble (5.3.17) omnpenessitoTcsi COOTHOLIEHUSIMU
E=a2> -y n=2"+y%
Jlasiee uMeeM:
Uz = Ug Ez + Un Nz = 22 (Ug + up),
Uy = Ug §y + Uy Ny = 2y(uy — ug),
sy = 2ug +uy) +4a? | (ug + 1) + (ug +uy), | =
= 2(ug +up) + 4952(“65 + 2ugy + Unn),
tyy = 2(uy — ug) + 4y [(un — ug), — (uy — ué)g} =
= 2(up — ug) + 43/2(“55 — 2ugy + tyy).
C yyeToMm 3THX BblpaxkKeHHH ypaBHeHue (5.3.19) npruoOpeTaeTr cienyomnN BULI:

2 2
74y Tt =y
g Ue —

uf’] + 2x2y
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2

YuurwBas, uto x2 — y? = &, 2 + y? = 1) ¥ 3aMeyas, 4TO

Mbl IPUXOAMM B UTOTe K CJeNylollel cTaHaapTHOH (opMme ypaBHeHus (5.3.19):

2n 28
Ugp + Ug — uy = 0. (5.3.20)
] ey 3 ey 7
Bropo#i mar. Koadpdumuuentsr ypaBHenusi (5.3.20) uMeroT craenyomui
BHI: oy - o¢ -
~a_e@ Vma—a =0
n”—£ n—=¢
[ToncraBasist B (5.3.13) BblpaxkeHust s a, b, ¢ 1 UX MPOU3BOIHBIX
48n
a& = bn = ﬁa
(" = &)
Mbl yoexpaemesi, uto h = k = 0. Jlanee peinaem ypaBHenus (5.3.16):
9p _ 2 9 _ 2%
677_,'72_52’ 86_ n2_§2
| roJiydaem s
¢ =In(n" - &).
CusiepoBaTe ibHO, moacTaHoBKa (5.3.15):
v =uenr=¢) = (n? — ) u (5.3.21)

nepeBoAUT ypaBHeHHe (5.3.20) B BOJIHOBOE ypaBHEeHHe
Ve = 0.

Orciona crnenyer

v(€,n) = f(&) +9(n),

f(&) +9m)
7’ —&
BOSBpaLIlaHCb K HCXOOHBIM HepeMeHHbIM C IIOMOILILBKO IIOACTAHOBKHU 62 X~ — y2,

n = 2% + y® u BBenenus o6osHauenuii F' = f/4, H = g/4, Mbl noJyuaeM OKoH4a-
TeJIbHO CJefyiollee o0liee pelieHHe ypaBHeHus (5.3.19):

u(e,y) = P& HE +5) (5.3.22)

:c2y2

u (5.3.21) naer:
u(émn) =

2

5.3.3. Metox ditnepa. Mbl o6si3anbl Jleonapny Oitsepy [35] mepBbiMH
3HAUMTEJIbHBIMU Pe3y/bTaTaMH B TEOPHU UHTETPUPOBAHHUSI THIepOOSUIECKUX ypaB-
HeHUH, He 00s13aTesIbHO 3KBHBAJIEHTHHIX BOJHOBOMY YpaBHeHHt0. OH 00600611
pewenuie J['’AnamGepa Ha WHMPOKHMH Kjacc ypaBHeHHH (5.3.6). A uMeHHO, OH
BBesl BesiMunHbl (5.3.13) u mokasaJj, yto ypaBHeHue (5.3.6) packjanbiBaeTcs Ha
MHOXKHUTEJH (T.e. OHO (PaKTOPH3yeMO), €Cd W TOJbKO eCJH [0 KpaiHed Mepe
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OflHa U3 BeJuuuH h U k obOpauiaeTrcs B Hy/b. PelleHne (hakKTOPHU30BAHHOIO ypaB-
HeHUs (0.3.6) MPUBOAUTCS K MOCJEI0BATEbHOMY HHTEIPUPOBAHHIO JBYX OOBIKHO-
BeHHBIX AU PepeHHaNbHbIX YPAaBHEHUN MEPBOT0O MOPSAAKA.

Merton Ditnepa cocTout B caenytoiieM. Pacemotpum ypaBHeHue (5.3.6),

gy + a(§,n) ug + b(E, 1) uy + c(&,n)u =0,

npu h = 0. Torna ypaBHeHHe (aKTOPH3yeMO M MOXKeT ObITb TPENCTaBJIEHO B BUJE

(a% +) (g_j; +au) =0, (5.3.23)

[Tosiaras
v = Uy + au, (5.3.24)

MOXKHO nepenucath ypaBHeHue (5.3.23) B dopMe ypaBHEHHsI MepBOTo MopsiaKa
ve +bv =0
H, HpOI/IHTerI/IpOBaB ero, HOJIqu/ITb
v=Q(n)e JHEME, (5.3.25)

[Tocne storo noncrasasieM (5.3.25) B (5.3.24) u MHTerpupyem MoJyueHHOE B pe-
3y/ibTaTe HEONHOPOLHOE JHHEHHOe ypaBHeHHe

uy +au = Q(n) e Jo&m dg (5.3.26)
1o 7 U MoJiydaeM CJedyIOLHH pe3ynbTar.
Teopema 5.3.2. O6uiee peiieHne ypaBHenus (5.3.6),
ugy + a(§,n) ug + (&, n) un + c(§,n)u =0,
npu h = 0 onpenensiercss GopmyJoH
u= [P(g) + JQ(n) el @ dn—bde dn] e~ Jadn (5.3.27)
comepxkalieit 1Be npousBosbHble GyHKIHH, P(£) u Q(n).

Ananornyno, eciu k = 0, ypaBHeHue (5.3.6) ¢dakTopu3yemMo W MPHUBOAUTCS
K BULY

0 ou
9 hidhed =0. 3.2
<an+a)<a§+bu) 0 (5.3.28)
B sTOM caiyuae Mbl 3aMeHsieM MoacTaHOBKY (5.3.24) Ha
w = ug + bu. (5.3.29)

Jlasee MOBTOPSIIOTCS BBLIUMCJIEHHS, BBIOJHEHHbIEe B caydae h = 0, 4To NPUBOAUT
K CJIENYIOLIEMY pe3yJbTaTy.

Teopema 5.3.3. O6uee peuienne ypaBHeHus (5.3.6),
ugy + a(§,m) ug + (&, 1) uy + c(§,m) u =0,
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npu k = 0 onpenensiercst popmyJsoH

u= [Q(n) +JP(§) el bdé=adn ge | o= Jbds, (5.3.30)

MeTton MOXHO TIPUMEHSTb U B caydae, Korja (5.3.6) 3aMeHeHO Ha HEOIHOPOJ-
HOe ypaBHEeHHe

ugy + a(§,n) ug +b(E,m) uy + (€, n)u= f(&n). (5.3.31)

Ecin B 3TOM cJaydyae BBIMOJHEHO, HampuMmep, ycjaoBue h = 0, MBI ToJydaeMm
CJIeAYIOLUMH pe3yJ/ibTar.

Teopema 5.3.4. Peuenne ypaBHenus (5.3.31) npu h = 0 umeer BUn
u= [P(&) +J<Q<n> + [remetee df) of adn-bi dn] eJod (5.339)

IIpumep 5.3.2. PaccmoTpuM cienyioliee ypaBHEHHe, W3BECTHOE KaK ypaBHeHUe
Hap6y:

Buy 0, = const. (5.3.33)

ny—i—x_y

31ech

WuBapuantsl Jlanjnaca uMeoT BUI

h=a,+ab—c=0, k=by=—" 20
(z —y)

dopmyna (5.3.27) naet obliee pelleHHe

u(z,y) = P(x) + j Q)@ —y) " dy.

[Tonyuum obiee peuieHue 3anauu Kouin ¢ HauaJbHBIMH YCJIOBUSIMU, 3aaHHbI-
MU Ha HeXapaKTepPUCTHUECKOH JUHUM T — Yy = 1:

u‘m_yzl = up(x), uy|x_y:1 = uy(x).

TOI‘ILa pelieHre 3anurcCbiBaeTCd B BUOE
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Orciona
z—1
Q) =wl+1), P@) =)= | i+ D=7
-1
Taxum obpasom, noaydyaem cjenyiollee pellieHue 3anadd Koiu:
z—1 y
(@, y) = uolx) — J w(r+ )z —1) P dr + J w(r + 1)z — 1) 8 dr.
1 1

5.3.4. Kackaausiit meton Jlanmaca. B 1773 rony Jlansac [42] paspaboran
6osiee oOLIMH MeTox, 4eM Metop Diinepa. B merone Jlansnaca, n3BecTHOM Takxke
KaK KacKkaOHbill memod, TIaBHYIO POJib UTPAIOT BeJHUMHB h, k. Jlansac BBes nBa
npeobpasoBanus. [lepeoe npeoGpasoBanue Jlannaca umeer Bun (5.3.24):

v = uy, + au, (5.3.34)
a BTOpoe npeobpazoBaHue — BUA (5.3.29):
w = ug + bu. (5.3.35)

[IpeobpasoBanus Jlanaaca no3BoJlOT PELINTb COOTBETCTBYIOLINE YPAaBHEHUS TPU
yCcJ0BUM, 4TOo 00a HMHBapuaHTa Jlamjaca oTauuHbl OT Hyas. Mrak, paccMoTpuM
npeo6pasoBanue (5.3.34) npu h # 0, k # 0. OHo oToOpaxaer ypaBHeHue (5.3.6)
Ha ypaBHEHHe TOro Ke BHJA, a UMEHHO:

Ven + a1ve + brvy +civ =0 (5.3.36)
¢ Ko3(hpULUeHTaMU
dln|h| 91n [h|
ap=a— o by =0, cor=c+by—ac—> o . (5.3.37)
WuBapuantel Jlannaca nis ypaBHenus (5.3.36) UMeloT BUL
_ Fllh
hy =2h—Fk— oo ki = h. (5.3.38)

Ananorn4yHo, MOXKHO NPUMEHHUTb BTOpoe npeoOpasoBanue (5.3.35) U MOTy4UTh
JIMHelHOe ypaBHeHHe 1/ w ¢ MHBapuaHTaMu Jlansaca

O In k|
9¢ on

Ecau h; = 0, moxxHo pewmuth ypaBHeHHe (5.3.36), UCMONb3ysl OMUCAHHBIA BhILIE
meton disepa. Torna ocraercs mogcraButh petnerne v = v(x,y) B (5.3.34) u mpo-
MHTErpPUPOBATh HEOIHOPOLHOE JIMHEHHOe YpaBHEHHe MepBoro nopsaka (5.3.34) s
u. Ecmu hy # 0, HO ko = 0, MBI, neficTBYs MOmoOHBIM 06pa3oM, HaleM (QYyHKLHIO
w = w(r,y) U pelIUM HEOAHOPOLHOE JIMHEHHOE ypaBHEHHe IepBOro MopsiaKa

hy =k, ky=2k—h— (5.3.39)
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(5.3.35) mas w. Ecnmu hy #0 u ko # 0, MOXKHO TOBTOPHTH IIpe0OpPA30OBAHUS
Jlannaca, npumensist (5.3.34) u (5.3.35) K ypaBHeHHsIM 1Jisl v H w, U T. 1. B aToM
M COCTOUT KackaoHulii memod Jlamnnaca.

IIpumep 5.3.3. [lpumenum kackangHbiéi MeTon Jlamnaca K cienymolleMy ypaBHe-
Huto Hap0by:

Ugy — @ Yo 4 I} Y _ o, a, (3 = const. (5.3.40)
r—=Yy r—=y

Mbl yxe paccMOTpesd ero 4yacTHbIH cayda#t (5.3.33), nosyuenubiii us (5.3.40)
npu o = 0. Koapuunenter ypaBuenus (5.3.40) umeior BuA

=2 , b= p ,
Tr—y r—y
OTKYyZA
ag +ab—c= a 5 — aﬂ2:a(1—ﬂ2)’
(z-y) (@-y) (r-y)
bytab—ee B o8 _pl-a)
(z—y) (z—y) (z—y)
Taxkum obpasom, mosydaeM WHBapHaHThHl Jlamjaca:
Sk S e

Ortciona caenyet, uto h =0, ecit a =0 wiu S =1, u k=0, eciu § =0
um « = 1. Urak, ypaBHenue (5.3.40) MoxKeT ObITh DEIIEHO C MOMOIILID METOAA
Diinepa B caydasix

a=0, (=1, =0, a=1. (5.3.42)

PaccmoTpum ob1uil ciyuail 1 BOCnosib3yeMcsi MepBbIM Npeobpa3oBaHueM Jla-
miaca (5.3.34). Mul umeem:

Flnlh| 2
Oz dy (@—y)*
1 ypaBHeHHe (5.3.38),
- 9% In |h|
hy =2h -k — 9rdy
LaerT:
_ (e+DR-5)
(z —y)’
Hanee, hy =0, ecn u TosbKo ecan o = —1 nan [ = 2. Takum obpasom, yuH-

thiBasi (5.3.41), Mbl y6exkaaeMmcsi, YTO MOXKeM Telepb pellnThb ypaBHeHHe (5.3.40)
B CJydasix
a=0, a=4l, =0, p=1 pg=2. (5.3.43)
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[Tpumensiss Bropoe npeo6pasosanue Jlamnaca (5.3.35), Mbl MOXKeM Jajee JOINOJ-
HUTb (5.3.43) U MONYUUTDb CJeAYIOLIHe UHTErPUPYEMble CIyUau:

a=0, a=+1 a=2 =0 pg==+1, =2 (5.3.44)
[Tponoskasi najiee MpUMeHeHHe KacKaiHOTo meTtona Jlammaca, Mbl MOXKEM DELIUTh
ypaBHeHue Jlap6y (5.3.40) ¢ nr0ObIMH LEJBIMU v U .

3ameuanue 5.3.2. [loxeenem utor. Ypasuenue (5.3.40)
u u
Uy —x —— + [ —L =0
r—y r—y
MOKET ObITb pEIIeHO B CJAEAYIOMIHUX CaAydasix.
a) Meronom JI'AnambGepa mpu

a=0=0.

6) Metonom Diinepa npu
a=0, =1u =0, a=1.
B) KackamnbiM MeTomom Jlammaca asst Jo6biX HEJbX o U .

5.4. 3amaya ¢ HaYaJdbHBIMHM YCJIOBUAMU

5.4.1. BoaHoBoe ypaBHeHue. [lpumenum dopmyny II'Anambepa (5.3.5) k
pewenuio 3afaud Komw s BosHOBoro ypasHenus (5.3.1), uy = k*Ugy, C Ha-
YaJibHBIMH YCJIOBUSIMU

ul,_o = uo(z), u,_y=ui(x). (5.4.1)
Ypasuenus (5.3.5) u (5.4.1) nator:

Fo) + H(z) = uo(w),  H'(x) ~ F'(2) = L uix). (5.4.2)
Huddepenunpys nepBoe U3 ypaBHeHH# (5.4.2) ¥ CKJabiBasi cO BTOPbIM ypaBHe-

HueM (5.4.2), umeem:

H'(z) = % {ué(m) - mé:r)]’
OTKyza
H(z)= ") ¢ L J wi(s) ds. (5.4.3)
Hanee u3z (5.4.2) nonyyaem:
F(z) = # — i Jul(s) ds. (5.4.4)

[ToncranoBka ypaBHenuii (5.4.3) u (5.4.4) B popmyny [1’Anambepa (5.3.5) npuBo-
IHUT K pe3ysbTaTy, KOTOPbIH Mbl chopMyaHpyeM B BuIe TeopeMbl 5.4.1.
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Teopema 5.4.1. Pewenne 3agauu Kowmu a1 BOJHOBOro ypaBHeHHsl ¢ HayaJsbHbI-
MU ycgoBusIMH (5.4.1) umeetr popmy

z+kt
u@j):u“x_my;%@+kﬂ+§%.[uﬂﬁd& (5.4.5)
z—kt

Pemienuie (5.4.5) packpbiBaeT (pU3UUECKHE CMBICJ XapaKTEPUCTHK, a HUMEHHO
BBISICHSIETCSI, UTO BOJIHBI PACMPOCTPAHSIOTCS BIOJb XaPAKTEPUCTHK. XOpolueH Hi-
JIIOCTpalMell SBASIOTCS IBa caenyroux npumepa. [logpobuee cm. [36].

IIpumep 5.4.1. [lycth cTpyHa TUTapsl BO BpeMsi nepebopa UMeeT HadaabHYO (op-
MY HMIyJbca ug(x) B TOYKE X, KaK MOKa3aHo Ha pucyHke 5.1, a. OctaBuM CTpyHY
B noKoe, T.e. nojoxkum uj(z) = 0. Torna pewenne (5.4.5) Gyner umMeTb BUL
— kt kt
u(a, ) = LlE A F ol £ 1) (5.4.6)
1 Oy#eT OMHUCBIBaTb pPaclpoCTpaHeHHe HavyaJbHOH (OPMBEI TaK, KakK MOKa3aHO

Ha puc. 5.1,4a,6.

a
U
a
—
| T

Ty +at
N 6 7/

N t 7/

N // P
AN N
AN adv -ba 7
AN N 7 7/

N N 7 7/

N 7/ /7

\\ N Ve 7/
N N 7/ 7/
N N 7/ /s
AN N 7/ /7
N N 7 Ve
N Z /
\\ N 7/ /
AN N 7/ 7
N N7 7
N Ve
N 7/
N e
x

(t, x)-pacnpenesenue
Puc. 5.1. Ilepe6op ruTapHOU CTpyHBI

IIpumep 5.4.2. Cmozmenupyem KosebaHue CTPyHbl MHaHUHO (puc. 5.2) ¢ mo-
MOIIbI0 pellleHust 3agauu KoM, rae HauyasbHOE [0JI0XKEeHHe CTPYHBI HYJIEBOe,
T.e. ug(x)=0, Ho cTpyHe coobliaeTcsi HavanbHas ckopocTh uj(z). Torma pemre-

uue (5.4.5) umeer BULI ot
1
u(z,t) = o J uy(s) ds. (5.4.7)

r—kt
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x + ct = const ! r — ct = const

xg x
Puc. 5.2. CTpyHa MUaHHHO MOCJ€e CHJIbHOrO aKKOpaa

5.4.2. HeogHopooHOe BOJHOBOe ypaBHeHMe. Paccmorpum 3amauy Koriu
C HavaJbHBIMM ycJOoBUSAMH (5.4.1) 1/ HEOTHOPOLHOTO OLHOMEPHOTO BOJHOBOT'O

ypaBHEeHHs! u — kuge = f(x,t), k= const. (5.4.8)

Jlemma 5.4.1. Dynkuus v(z,t), onpenesneHHasi BelpaKeHHEM

t x+k(t—T)
v(z,t) = ﬁ JdT J f(s,7)ds, (5.4.9)
0 z—k(t—T)

SIBJISIETCS] PellleHreM HEOIHOPOAHOrO BOJIHOBOTO ypaBHeHHs (5.4.8),
2
Utt - k U.ﬁlfl’ = f(x,t)a
M YIOBJIETBOPSIET CJEAYIOIIUM HauaJbHbIM YCJIOBHSIM:

U‘tzo =0, Ut‘tzo =0.

HokasareabctBo. Mcnosbsys mnpasuaa (1.2.13) nuddepenunpoBanus onpene-
JIEHHOTO MHTerpaJja, rnojydaem cjaenymollee (cM. 3agady 5.11):

v = ;J [fle+k({t—7),7)+ fx—k(t—7),7)] dr,
0
v = gJ [z + k(t —7).7) — fulz — k(t —7),7)] dr + f(z.1),
°, (5.4.10)
Vg = iJ [fx+k(t—7),7) = f(z —k(t—7),7)]dr,
0
Vpg = ﬁ‘[ [fo(z+k({t—7),7) = fo(z —Kk(t—7),7)] dr.
0
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YTBep:KIeHHUs JIeMMbl CJIeNYIOT U3 ypaBHeHu# (5.4.9) u (5.4.10).
Teopema 5.4.2. Peuienne HeomHOpoaHoro ypaBHeHus (5.4.8),

u — kg = fz,1),
YIOBJIETBOPSIOLIEe HAYaNbHBIM YCJIOBUSM

u‘t:o = up(x), Ut|t:0 = uy(z),

€IWHCTBEHHO U MMEET BHU]

ut, o) = Rty Ttm(&) de-+
x—kt
t ztk(t—T)
+ﬁjd7 J f(r,€)d¢e. (54.11)
0 x—k(t—T)

Hoka3sareabcTBo. Vcnosbdyem Teopemy 5.4.1 u jemmy 5.4.1.

5.5. CmemanHas 3anaya. Pa3neneHue nepemMeHHBIX

Merton pasdenenus nepemernoix (Meton Dypbe) npHUMeHsieTCs, B YaCTHOCTH,
IJIS1 pellleHnsl cMeulanHot 3adauiu, KOria pelleHre n3ydaeMoro nuddepeHnanb-
HOTO yPaBHEHHS YIOBJIETBOPSET 3aflaHHBIM HAUAAbHbOIM U ePAHUYHbIM 3HAYCHHUSIM.
Jis pellleHHst 3TOH 3a4ayd Mbl HCIIOJNb3YeM HHTErpaJbl, O KOTOPBIX T'OBOPUTCS
B caenyolei jemMmme (cMm. 3agady 1.9).

Jlemma 5.5.1. Ilycts k ¥ m — npousBosbHBIE Hesble yucaa, k # 0. Torna
Jsin(kx) sin(max)dr =0 (m # k), JsinQ(lﬂx) dx = g :
0 0
OTH ypaBHeHHUs YIO0OHO HCIMOJMb30BaTb B KOMIAKTHOH 3aMMCH
Jsin(kx) sin(mz) dx = g Okm, (5.5.1)
0

rae Oxm — cumsosbl Kpouexepa: Ogpm = 0, eciu m # k, ¥ Oy, = 1, ecit m =k
(cm. pasnen 1.4.3).

HoxkasareabcTBo. Mcnonb3ysi ypaBHeHUs

sina sinf = %[cos(a — f3) —cos(a + )], sin? o = %[1 — cos(20)],

12 H.X. H6parumos
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MBI TOJIy4daeM:

Jsin(k:x) sin(mx) der = é J [ cos[(k —m)x] — cos|(k 4+ m)x]]dz =
0 0
_ [sin[(k —m)z]  sin[(k+ m)yr]]Tr —0
2(k —m) 2(k+m) |,
H K ™
JSinQ(kJZL‘) dzx = %J’ [1 — cos(2kz)]|dx = g - ﬁ Sin(le‘)‘Z ==
0 0

5.5.1. KosebaHusi cTpyHbl C 3aKpemieHHbIMH KOHLAMH. PaccMOTpUM
CMeIIaHHYIO 3a[a4y, ONUCHIBAIOLLYIO KoJeOaHHs CTPYHBI, 3aKPEMeHHON Ha KOHIIaX
x=0u x =1, c 3anaHHBIMH HavyasibHOH (hOopMOHl U cKopocThbio. Takum oGpasom,
3ajaya COCTOMT B TOM, YTOOBI HAUTH pelleHHe BOJHOBOTO YpaBHEHHs

Utt = Ugy (552)

C 3aJaHHBbIMH HA4YAAbHbIMU YCAOBUAMU:

ul,_o =uo(x), u,_y=ui(z), (5.5.3)
U ePAHUUHBIMU YCAOBUAMU
ul _,=0, ul _,=0. (5.5.4)
Tpe6oBanue coBmecTHOCTH ycaoBHE (5.5.3) U (5.5.4) 3anmuchiBaeTCsi CAENAYIOUIMM
obpasoMm:
up(0) =up(l) =0, u1(0) =ui(l) =0. (5.5.5)
Merton paspesieHusi epeMEHHBIX COCTOMT B MOUCKE pEIlleHHsT B BUJE MPOU3Be-
JIEHHsT YaCTHBIX pelleHHH:
u(t,z) =T(t) X(z), (5.5.6)

MPH YCJOBHUH, YTO COMHOXKHTEJM He 00palllaloTcsi B HYJb ToXIecTBeHHO. [loncTa-
HoBKa (5.5.6) B ypaBHeHue (5.5.2) naet:

T'X =TX".
Hanee, paznensieM QyHKUHUH, 3aBUCSLINE OT ¢ U T COOTBETCTBEHHO:
T// X//
—_— = — = —)\
T X ’
rae A — MOJIOXKUTeJbHasi KOHCTaHTa. DTO YpaBHEHHUE 3KBUBAJEHTHO CJeAYIOUIHUM
JBYM YPaBHEHUSIM: .
T + AT =0 (5.5.7)
H
X"+ 22X =0. (5.5.8)

[pannunbie ycaoBusi (5.5.4) mawoT
X(0)=0, X()=0. (5.5.9)
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O6bee perienue ypaBHeHHs (5.5.8):
X =CysinVAz+CycosvViz (A>0).

[TepBoe ycmosue (5.5.9), X(0) =0, npusonut k Cy = 0. CiienoBaTe/ibHO, pelieHHe

UMeeT BUJ
X = CysinvV\ z. (5.5.10)

3arem 3anuiem BTopoe ycmaosue (5.5.9), X(I) =0:
CisinvVA 1 =0.

[Tockosbky ¢yHKuHST X () He MOXKeT ObITb PaBHOH HYJI0 TOXAECTBEHHO, MbI
TpebyeM, utobel C| # 0, ¥ U3 MOCJeNHEr0 ypaBHEHHS BBITEKAET

sinvVA1l=0.
HMrak, \ NpuHHMaeT Cjeayiollie 3HAUYEHHUs:

2
)\k:(%ﬁ), k=41, 42 43, ... (5.5.11)

[ToncraBasst (5.5.11) B (5.5.10), Mbl nonyyaemM GEeCKOHEUHYIO MOCJEI0BATEIbHOCTD
pelleHu 3alaud ¢ rpaHUYHBIMU ycaoBUsIMH (5.5.8), (5.5.9):

. krx
Xi(z) = C)sin -
Koucrauty C)| yno6Ho BbIOpaTh UCXOAS U3 YCAOBUSL HOPMAAUAUUU:
l

J[Xk(x)]Q dx = 1.
0

[Tpumensisi temmy 5.5.1, umeem:
l

l T
J[Xk(x)]de:C%JsinQ@ wzC%%JsinQ(l@y) dy = éCIQ
0 0 0

Taxum o6pasom, noacrasisist Cp = /2/1, MBI MoJIy4aeM HOPMaH30BaHHbBIE (HDYHK-
LUK

Xi(z) =4/ sin—- (5.5.12)

Koncrautel \g, ynosserBopsitoutie ycaousiv (5.5.11), u pyuxkunu Xi(x), nme-
ortre BuA (5.5.12), Ha3bIBAIOT COOCMBEHHMbIMU 3HAUEHUIMU U COBCMBEHHbIMU
GyHKyusML, COOTBETCTBEHHO, IJIs 3aJaud C T'PaHUYHBIMH ycjoBusamu (5.5.8),
(5.5.9). 3ameTum, 4TO MOCTATOYHO OTPAHUUYUTBHCS TOJNBKO MOJOXKHTEJbHBIMU Il€-
JBIMH 9HcaaMu k = 1,2, ..., TOCKOJIbKY coOCTBeHHble PyHKLHUH (5.5.12) obaanator
cBoiicTBoM X_j = —X}.

O6bree perieHue ypaBHeHHs (5.5.7) mpu A = A\ HMeeT BHUI

T (t) = ax cos <\/)\7k t> + by, sin (\/Tk t) , G, by = const.

12*



180 I'n. 5. Jlunetinoie dugpgpeperyuanvroie ypasHeHus ¢ 4ACMHbIMU NPOUSBOOHbIMU

Mbl nonyuuan gopmanvroe peulenue u(t,r) BOJHOBOrO ypaBHEHHsI B (opme
pasJIoKeHUs B Psl

:E) = iTk(t) Xk(x) =
k=1
= \/g i [ak cos <\/)\>k t) + by sin (m t)} sin <\/>\»k 33)
k=1

WJIH, TI0CJIe MOACTAaHOBKH COOCTBEHHBIX 3HadeHWH (5.5.11),

u(t,z) = \/g Z (ak Ccos @ + by sin @) sin k% . (5.5.13)
k=1

[TopcraBasisi (5.5.13) B mepsoe HauaspHoe ycaoBue (5.5.3), u(0,x) = ugp(z), mMbl

MoJIyYaem: -
_ \@ Zaksm@. (5.5.14)
k=1

YpaBHenue (5.5.14) mosBosisieT omnpenesuTb Ko3hPHULUHEHTbl aj. ledcTBUTeNbHO,
ymuoxast (5.5.14) ua sin(mnx/l) u I/IHTerpprﬂ ot 0 1o [, nosy4yaem:

l

mnx 2 — T mmx
Juo( )sm—daz— \/; Zak sm— sin l dx. (5.5.15)
0

3aMeHa mepeMeHHBIX y = 7x/l B UHTerpase B mpaBoi yactu ypaBHeHwus (5.5.15)
1 yueT ypaBHeHus (5.5.1) marot:

l
mmx

Jsm k% sin — dx = L Jsin(ky) sin(my) dy =
0

s
0

I m l
; § 5kzm = 5 5km-
Takum o6pasom, u3 ypaBHenus (5.5.15) moaydaem:
l
Juo( )Sln \/7 Zakékm:\/jam
0
OKoHUaTebHO, Mbl IPUXOIUM K CJIEIYIOLIEMY BbIPaXKEHHIO /s KOI(PUIHUEHTOB:
l
am:\/?J'uo(x) sin@dm, m=1,2,.... (5.5.16)
0
Bropoe nauanbhoe ycaosue (5.5.3), u(0,z) = uj(x), 3anuiiem B Buae

\[Zbk . km;:ul(x)_
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Orciona, ymHoxasi Ha sin(mmz /1), narerpupysi ot 0 10 [ 1 noctynas aHaJOrHUHO
NpeablyIIeMy, MOJydaeM:

l

mm mmnxr
— b, = | uy(x) sin — dx.
0
CJle10BaTeJbHO:
l
mF@hMm@%ﬂwww- (5.5.17)

mm l

0

[TopctaBum B (5.5.13) Bblpakenus (5.5.16) u (5.5.17) nas xo3dduumeH-
TOB aj U b, COOTBETCTBEHHO, M MOJYYHM pelleHue u(x,t) cMellaHHOH 3a-
nauu (5.5.2)—(5.5.4). dro noka eime ¢opmasbHOE pelleHHe, MOCKOJbKY (yHK-
unsi u(z,t) npepcraBieHa QopmasnbHbiM psimoM (5.5.13), HasbiBaeMbIM pSIAOM
®ypbe. UToObl MPOBEpUTh pellleHHe, HYXKHO N0KasaTh, uto psia Pypee (5.5.13)
CXOIUTCS ¥ SIBJISIETCS JBaXKbl HEMPEPbIBHO AU(D(DEPEHIIUPYEMBIM.

5.5.2. CmemanHas 3amaya AJd ypaBHEHHUs TeIJONpoBogHOcTH. McmoJb-
3yeM MeTOJ pasfiesieHUs MepeMeHHbIX [/ pelleHHs CJelylollel CMeIlaHHOH 3a-

Jauu:
Up = Ugg, (5.5.18)
u}tzo = ug(z), (5.5.19)
u!xzo =0, u|$:l =0. (5.5.20)
Tpe6oBanue coBmecTHOCTH ycaoBHil (5.5.19) u (5.5.20) cocTout B TOM, uTO
up(0) = up(l) = 0. (5.5.21)

Haunewm nowuck pelieHusi, mpeacTaBsisi ero B GopMe MpOU3BeeHHUS
u(t,z) =T(t) X(x).
[Topcranoska B (5.5.18) maer

XT' =TX",
U, cje0BaTe bHO,
T _X"_
T X )
W3 atoro crenyer, uTo
T +XT=0 (5.5.22)
U
X"+ XX =0, X(0)=X(l)=0. (5.5.23)

3anaya ¢ rpaHUYHBIM ycaoBueM (5.5.23) erko pemiaetcss U JaeT CJeayolHe
COOCTBEHHbIE 3HAUeHUS U COOCTBEHHBbIE (DYHKIIUU:

2
M:@)Xm:ﬁm@- (5.5.24)
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YpaBuenue (5.5.22) NpUBOIUT K CJAEIYIOLIAM PeLIEHHUSIM:
Ti(t) = cx 6—(1{:71-/[)21‘,'

Urak, ¢pyHKUMUSA

u(t,z) = \/g ch e~ (/D Sinkg (5.5.25)
k=1

siBJIsieTcs perieHueM (popmasnbHbIM) ypaBHeHHs TernsonpoBoaHocTtH (5.5.18) u ymo-
BJIETBOPsieT rpaHuyHbIM ycaoBusM (5.5.20). HauanbHble yeaosus (5.5.19) maioT:

2 — k
. T

\/; E cksmT:uo(w),
k=1

OTKyJa

l
oL = % Juo(x) sin k% dx. (5.5.26)
0

[ToncraBasis (5.5.26) B (5.5.25), MBI moJyyaeM pelleHHe CMeIIAHHOW 3aJauu
(5.5.18)-(5.5.20).

3amauu K raase 5
5.1. Ykasarb Bce TOUKH (t,x,y), B KOTOPBIX OMEpaTOp
L[u] = Ugz + Uyy + Uyy + (332 + yQ + ZQ — t)utt — Ut

ABJIFAETCA 3JAJUIITHYECKHUM, FI/IHep6OJII/I'-IeCKI/IM H Hapa6OJH/I'-I€CKI/IM.

5.2. HaiiTu comnpsiKeHHBIH orepaTop AJIsi CIEAYIOLIEro ONepaTopa MopsiAKa HYJb:
Llu] = ¢z, y)u.

5.3. Haiitu conpsikeHHBIH onepatop AJs CJeAyIOLIero ornepaTopa MepBoro mopsii-
ka: L{u] = a(z, y)ugy + b(x, y)uy + c(z, y)u.

5.4. HaiiTu conpsi>kKeHHBIH omepaTop 1Jsi THNepOOJUYECKOr0 YpaBHeHHs 0OIIero
BHJA C IBYMsl MlepeMeHHbIMH, MPEACTaBJAEHHOT0 B CTaHAapTHOH (opme (5.2.16):

Uy + (2, y)uz + bz, y)uy + c(z, y)u = 0. (P5.1)

5.5. HailiTu compsikeHHOe ypaBHeHHe I/ KayKIOTO M3 CJAeNYIOIIUX YypaBHEHHH
BTOPOrO IOPSIKA:
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a) ypasHeHHe Jlamnaca: Uggy + Uyy + Uz = 0,

6) BOJIHOBOE ypaBHEHHE: U — k2(um + Uyy + Uuzz) =0,

B) ypaBHeHHe TEIJOMPOBOAHOCTH: Uy — k> (tgy + Uyy + Uzz) =0,

r) Uz + y2uyy + 2zus + 2yuy = 0,

1) TejerpapHOe ypaBHEHHE: sy — CClgy — k2u =0 (¢, k = const),

e) ypaBHeHue: 1wy — pu2(2)uge — k*u=0 (k= const),

X)) wMomenb bieka-Iloynca: u; + % A%2%uy, + Bruy — Cu =0,

Uy + Uy
x+y

Kakue 13 3THX ypaBHEHHE caMOCOMpPsiKEeHHbIE?

3) Ugy + =0.

5.6. HaiiTu conpsikeHHOe ypaBHeHHe U CONPSIKEHHBIH ornepaTop AJs Cjenylollel
CHCTeMbl IepBOro MopsiaKa:

ul + a(z,y)u 4 b(x,y) ui =0, u; + c(z, y) ud + d(z,y) ui =0.

5.7. Ilepercath TenerpadpHoe ypasHenue (2.3.26), uy — c*ugzy — k*u = 0, B xa-
pPaKTEePUCTHUECKHUX MepeMeHHbIX, T.e. B cTaHIapTHOU (opme (5.2.16).

5.8. PaccmoTperth caenyiolie BOJHOBbIE YpaBHEHHS C MepeMeHHBIM Ko3(duiineH-

TOM:
Ut — /LQ(:c)um =0. (P5.2)

Haiitu Bce ypaBuenuss (P5.2), koropble NpUBOASTCS K BOJHOBOMY YypaBHe-
HUIO Vg, = 0.

5.9. CnpaBeniuBO CleAyIOllee YTBEPKIEHHE.

Teopema 5.5.1. YpaBHenue (P5.1) 3KBHBaJeHTHO TeJjerpadHOMy ypaBHEHHIO,
T.e. MOXeT GbIThb CBeJIeHO K TeserpaHOMY ypaBHEHHIO Vg, + kv = 0 (k = const)
MOAXOASIIIMM NpeoOpa3oBaHUeM 3KBHBaJeHTHOCTH (5.3.7),

E=f(x), n=g), v=oa(r,yu,

€CJIM ¥ TOJNBKO ecJqu WHBapuaHThl Jlamnaca ypaBHenusi (P5.1) ymoBieTBopsitoT
YCJIOBUSIM

h=k#0, (In |h])xy =0.
Hcnosb3ysi 3Ty TeopeMy, 1MokasaTh, UTO ypaBHEHHe
Upp — xzum =0

5KBHUBAJIEHTHO TeJlerpaHOMY yPaBHEHHIO Vg, + v = 0, 1 HAHTH COOTBETCTBYIOLLYIO
3aMeHy llepeMeHHbIX.
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5.10. Bribpate ypaBHenusi (P5.2), skBuBaseHTHBIE TejerpapHoMy YypaBHEHHIO
ven + kv =0, k = const.

5.11. BeruciuTh mpousBoaHble 0T GyHKUHH v(x,t), onpenenerHol (5.4.9):

t z+k(t—T)
v(x,t) = i dr J f(s,7)ds,
0 z—k(t—T)

¥ 110Ka3aThb, YTO ee TepBast U BTopasi IPOU3BOIHBIE Vs, Vst H Vg, Uzy YAOBJIETBOPSIOT
ypaBHeHusiM (5.4.10).

5.12. Ilycts L — moboil JuHeHHBIH nudQepeHUHa bHbIH onepatop U L* —
conpsikeHHbli onepatop. [Tokasats, uto (L*)* = L, T.e. conpsiKeHHbIH ornepaTop
K L* coBmagaer ¢ UCXOAHBIM OMEPATOPOM.

5.13. PemuTh cMeliaHHyo 3anady

Ut = Ugy, u!wzo = u‘m:% =0, u‘t:O =sinz, ut|t:O =0.
5.14. Peumntp cMelmaHHyio 3agady
Ut = Ugpz, u|x:0 = u‘x:% =0, u‘t:O =0, ut‘t:O =sinz.
5.15. PewnTh cMelanHyo 3agady
U = Uy, u‘xzo = u‘wz% =0, u‘tzo =sinzx.
5.16. O6CcynuTh CMeLIaHHYO 3a1auy
Up = Ugg, u‘sz = u!x:% =0, u}t:O = COS T.



[nasa 6

HEJIUHEUHBIE OBbIKHOBEHHBIE
JUNPPEPEHIIMAJIBHBIE YPABHEHUSA

MaremaTtuueckre Monesau (yHIAMeHTaJbHBIX 32KOHOB IIPUPOABlI U TeXHHUUe-
CKMX 3a1a4 (OpMyJHPYIOTCS HEpeaKo, [aKe MPEeUMYILIeCTBEHHO, B TEePMHHAX
HeAuHelHblx ouggeperyuarvrolx ypasHenuil. MHorre M3 HUX OCHOBaHBl Ha
BTOpPOM 3akoHe HrbioToHa, U, c/ienoBaTe/bHO, OHU ONMUCBHIBAIOTCS AU (PepeHIHab-
HbIMHM ypaBHEHUSIMH BTOPOro MOPsIAKA.

TakuMm o6pas3oM, MHOrve MaTeMaTHYeCKHe MOJesNH 3aJad peasbHOro MHupa
MpeAcTaB/sioT cob60i HesauHelHble nHU(QepeHLINaNbHble YpaBHEHUS] BTOPOro Io-
psiaka. EnyHcTBeHHBIM OOLIMM MeTOIOM, MO3BOJISIIOLIMM pellaTh 3TH ypaBHEHHS
aHaJUTHUYEeCKH, SIBJsIeTCs MeTOHd TIpYINoBOro aHaiusa JIM, KOTOopelll 0cCoOGeHHO
NpoCT U 3(p(eKTHBEH B Clydyae YpaBHEHHUH BTOPOrO MOPSAKA.

[To 3710l mpuuKHe HacTosAILas IJ1aBa MOCBSLLAETCS IPYIIIOBOMY aHaJ/NU3y HeJlu-
HeHHBIX OOBIKHOBEHHBIX AH((epeHlINa bHbBIX ypaBHeHUH, TpHUueM 0co60e BHHMa-
HUe OyZeT yleseHO WHTerpUpPOBaHUIO ypaBHeHHH I[1epBOro M BTOPOrO MOpPSAKaA.
[Ipunoxennst MetonoB rpynn JIu K JHHEHHBIM U HeJHHEHHBIM OU(PQPepeHIHab-
HBIM YpaBHEHHSIM C YaCTHBIMU NPOU3BOAHBIMU OyAyT 0OCYKIAThCSl B CJAENYIOLIUX
JByX TJaBax.

Honoanumenvras aumepamypa: Lie S. [44], OscsinnukoB JI.B. [21], Ibragi-
mov N.H. [40], Ongep I1. [22], Bluman G.W. and Kumei S. [32].

6.1. Beenenue

Wness cuMMeTpuM NpPOHHM3bIBaeT Bce MareMaTH4yecKHe MOAeJH, (hOopMyaupy-
eMble B TepMHHaX AU (epeHUUANbHBIX YypaBHeHHWH. MaTemaTuueckuil ammapar
IJ151 HaXOXKAEHHSl U UCIOJb30BaHUA CUMMeTpUU AH(ddepeHIaNbHbIX YpaBHEHHUH,
KOTOPBIH TIPeNOCTaBJseT TeOpUsl HelpephiBHBEIX I'PYMI, BBeAEeH U pa3padoTaH BbI-
nawomnmes marematukom XIX Beka Codycom Jlu. I'pynnosoit ananus Jlu mnpen-
Jaraet o61i1Me MeTolbl UHTEIPUPOBAHUS JIMHEHHBIX U HeJIMHEHHBIX OObIKHOBEHHBIX
qu(epeHIHaNbHbIX YPaBHEHUH aHA/JUTHUYECKH C HCIOJb30BaHHEM CHUMMETPHH.
Mertonsl rpynn JIu Takxke 3¢h(eKTUBHBI IPH HAXOXKAEHHH TOYHBIX PellleHWH HeJlu-
HeUHBIX AH(QepeHInaNbHBIX YPaBHEHHUH C YaCTHBIMH NTPOHU3BOAHBIMH.

[Tpopeccop Crandopackoro yHuepcutera bpailan KanTtsessn otmeuaer B npe-
JIMCJIOBUHM K CBOeH HelaBHO omyOJHKOoBaHHOH KHure [33]: «5 TBepmo yOexxieH,
yro Ji00as BY30BCKas NporpaMma B 00JacTH HAayKH HJH TeXHHKH HYXKAaeTcs
B TOM, 4TOObl B Hee BKJIOYHJH XOPOLIO 0O0CHOBAHHBIH KypC TEOPHH PasMEPHOCTH
u rpynn Jlu. AHasn3 cuMMeTpHE J0JXKeH ObITh TaK e H3BeCTeH CTyAeHTaM, Kak
aHanu3 Pypbe, 0CO6EHHO B CBSI3H C T€M, YTO CYIIECTBYET TaK MHOIO HepeLIeHHBIX
CHJIBHO HeJIMHEHHBIX 3ala4».

C stuM TpyaHo He corsnacuTbes. OQHako rpynnoBoi ananus JIu He moJb3oBais-
csl LIMPOKUM [IPU3HAHHUEM B MIPOLLJIOM U BCe ellle UCIBIThIBAET peHeOpexKUTeNbHOoe
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OTHOLLEeHHe K ceOe B YHUBEPCUTETCKUX NporpaMmax. bosee toro, B coBpeMeHHON
JIUTepaType CyllecTByeT BO3pacTalollasi TeHIeHUHUs YKPeIlJeHUs CTapod TpaauLUu
npeHeOpeKeHUs MeTOAaMH Ipynm JIM 1 cocTaB/IeHHs] YHHBEPCUTETCKUX Y4eOHHUKOB
no nug@depeHLHaJbHEIM YPABHEHUSIM B CMue no8apeHHoti KHueu, colepxKallei
MHOTOUHCJ/IEHHble TOTOBBle pPeLeNTbl Ha OaHHbili cayuall [Js1 WUHTeTPUPOBAHUS
Pa3/MYHBIX YACTHBIX THUIOB YPaBHEHHMH C IOMOLLBI HCKYCCTBEHHBIX MOACTaHO-
BOK BMECTO WCIOJIb30BAHUSI CUMMETPUH U NPUMEHEeHHs] HeCKOJbKUX CTaHAapTHBIX
ypaBHeHu# JIn. JleHCTBUTEJbHO, «HEPEAKO YeM MeHblle ONpaBAbIBaeT ceds Tpa-
JNHLUHOHHAS MPHBBIYKA, TeM TsiXKesee oT Hee n3baButbcsi» (M. Tsen).

4 mpencraBasito B 3TOH IyiaBe MPOCTOe BBeJeHHE B OCHOBHbIe KOHLEMIHMH
rpynnoBoro noaxofa JIu K OOBIKHOBEHHBIM JU(QepeHLHalbHbIM YyPaBHEHHUSIM.
Ortcelnato uutatens Ajs 6osee AeTaJbHOrO 0O3HAKOMJIEHHS C NPUBEJEHHBIM 3]eCh
martepuasom K [11].

6.2. I'pynnsl npeo6pa3oBaHuii

6.2.1. OgHonmapamMeTpuyecKue rpynnsl Ha IJIOCKOCTH. PaccMoTpuM H3Me-
HeHHe MepeMeHHbIX Z, Y, CBA3aHHOe C MapaMeTpoM a:

To: T=¢(r,y,a), J=9(,ya), (6.2.1)
rae QYHKIMHK @ U 1) YIOBJETBOPSIOT YCJIOBHSAM
To: o(z,y,0) =2, P(z,y,0)=y. (6.2.2)

[Ipennonaraercsi, uto p(z,y,a) ¥ ¥(x,y, a) PyHKUHOHATBHO HE3ABUCHUMBI, TO €CThb
MX SIKOOMaH OT/MYeH oT HyJs (cMm. pasmen 1.2.8, teopemy 1.2.4):
Pz Py

e Uy |70

YpaBrenus T (6.2.1) MoXXHO paccMaTpHBaThb Kak IepeXxof MPOM3BOJbLHOM
Toukd P = (z,y) mnockoctr (x,y) B HOBOe mosoxkenne P = (T,7) U 3amuchBaTh
P = T,(P). CooTBeTcTBeHHO obpaTHoe npeoGpasosanue T, |, uMerolee BU.

T, z=¢'@7ya), y=v'(T.70), (6.2.3)
BO3BpallaeT ? B HaydaJiIbHO€ I10JI02KEHHE P, TO e€CTb
T, '(P)=P.

BoJsiee Toro, ypaBHeHus (6.2.2) osHauatoT, 4To Ty — TOXKIECTBEHHOE MpPeodpaso-

BaHUeE:
Ty(P) = P.

[lyets T, u T, — nBa npeo6pasoBanus (6.2.1) ¢ pa3jUUYHBIMH 3HAYEHHSIMH
napametpa: a U b. Ux xomnosuyus (nnu npoussedenue) T, T, onpenensieTcss Kak
MOCJIe/IoBaTeIbHOE BHITTOJIHEHWE 3THX NMpeobpa3oBaHUU U 3a/aeTCsl paBeHCTBAMU

=¢(@,7,b) = ¢(e(z,y,a),¥(z,y,0),b),
=¥(z,7,b) = ¥ (p(2,y,a),9(z,y,0),b). (6.2.4)

Sl

<
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[eomeTpuueckas MHTepNpeTaLUs NPOU3BENEHUS COCTOUT B caepytomeM. [Tockonb-
ky T, mnepememaer Touky P B Touky P = T,(P), a T, nepemeliaer ee pasee
B nosoxenne P = Ty(P), To npoussenenue TpT, nepeHocut P NpsmMo B KOHEUHOE

noJioxkeHre P, 6e3 MpoMexyTouHOH 0CTaHOBKHU B Touke P. Takum o6pasom, (6.2.4)
03HaJaeT, 4To

P Y 17,(P) = T,T.(P).

Omnpenenenne 6.2.1. OnHomapamerpuueckoe cemelctBo (G mpeoOpa3oBaHUi
(6.2.1) ¢ yueToMm HauaJbHBIX yca0BHH (6.2.2) HasbiBaeTCs 00HONApAMEMPUUECKOL
epynnoti, ecan G comepXUT o6paTHoe npeobpasoBaHue (6.2.3) U KOMIO3HIHIO

TyT, BCex CBOMX 3JIEMEHTOB:
TyT, =Ty

[TocnenHee ycnoBue ¢ yyetom (6.2.4) 3anuceiBaeTcs B BUIE

p(p(r,y,a),¢(x,y,a),b) = o(z,y,a +D),
V(e(x,y,a),¥(x,y,a),b) = (x,y,a+b). (6.2.5)

6.2.2. T'eneparop rpynnbl u ypaBHeHus Jlu. Pazjioxenue ¢GyHKUUH
o(x,y,a) u P(x,y,a) B pan Teitnopa no a B Masioi okpectHocTdH a = 0 ¢ yyeTom
Hada/JbHBIX ycaoBul (6.2.2) maet npeobpasosarue

T~z +&(r,y)a, Fry+n(zy)a, (6.2.6)
- dp(z,y.a) 9% (x,y.0)
_ 9v\ry,a _ x, Y, a

E(z,y) = da |y n(x,y) o | (6.2.7)

Bekrop (£,7) ¢ komnonentamu (6.2.7) ecTb KacaresbHbIA BeKTOp (B Touke (,Y))
K KPHBOH, KOTOpasi OMHCHIBAeTCsl MpeoOpasoBaHHeM ToYek (T,7), U MOITOMY
Ha3blBAETCH KACameivHblm 8eKmopHoim nosem rpynnsl G.

KacatenbHomy BekTOopHOMY Mmoo (6.2.7) cooTBeTcTBYeT nuddepeHHaIbHbINI
ornepartop MepBoro Mopsiika

X =¢loy) o +n(en) 5 (6.2.8)

Ha3bIBaeMblil eenepamopom rpymnnsl G.

Ecnu 3amaHo uH(uHHUTE3WMa bHOe mnpeoOpasoBaHue (6.2.6), uanu reHepaTop
(6.2.8), To mpeobpasoBanus (6.2.1) HaxomsATCs MyTeM WHTETPUPOBAHHUS CJeENy-
fole CUCTeMbl OOBIKHOBEHHBIX IU(depeHlIna bHbIX YpaBHEHHH, Ha3blBaeMbIX
ypasrenuamu Jlu:

dy
= =8@¥), olo=2

&

2 =1 ¥), Ylo=v (6.2.9)
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ATH YpaBHEHUSA 3allMCBIBAIOT TaKxKe B CJACAYIOLLEM BUAE:!

dT _ _
%:f(x’y)r x‘a:ozxr
(6.2.10)
&y
= =0@9), Yo=v
Hanpumep, rpynne nosopora
T =xcosa-+ysina, ¥J=ycosa— xsina, (6.2.11)
COOTBETCTBYIOT MH(pHUHUTE3UMANbHOE Mpeobpa3oBaHue
TRTr+ya, YRY-—1x0
1 reHepaTo
P x=y2 _ 2 6.2.12)
Yoz Oy o

COOTBETCTBEHHO. Bbl MoXKeTe Jlerko MpOBepUTb, UTO MPH 3TOM BBINOJHAIOTCS
ypaBHeHus Jlu:

dr B
% =Y x‘a—o =7,
dy _

da - y‘a:O =Y

IIpumep 6.2.1. Hafinem onHonapaMeTpUUecKyo IpyIlNy, onpenenseMy0 HHOHUHU-
Te3MMaJsIbHBIM 11peoOpa3oBaHUeM

E%:L’—{—aacQ, Y~y + axy,

UJIA, 9KBUBAJIEHTHO, CJEAYIOUIUM TeHepaTopOM:
0

0
X =2~ —- 2.1
. +zy oy (6.2.13)
YpaBuenus Jlu (6.2.10) umerot Bun
dt.  _o _
LA T
dgy __  _
da =T o=V
Huddeperunanbible ypaBHEHHS 3TOH CUCTEMBI JIETKO PELIAnTCs U AAI0T
o G
a4+ cy’ y= a+ Cy
W13 nauanmbHbIX ycsoBuit cienyer, uto C) = —1/xz, Co = —y/x. CrenosaTteJibHo,

MBI IPUXOAMM K CJeAyIOllel oqHomapaMeTpHUUeCcKOH TpyIIe, U3BECTHON Kak IpyIl-
na MpOeKTUBHBIX NPeoOpa3oBaHU:

pr— T (6.2.14)

1 —ax’ 1 —az
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6.2.3. dkcnoHeHMAIbHOE OTOOpaxkeHue. YpasHeHus Jlu (6.2.10) moxHO
pellaTh TaKXKe, MPENCTAaBJsisS pellleHHe B BHIe OeCKOHEUHOTrO CTENEeHHOro psifa.
B stom cayuae mpeo6pasoBanue rpymmbl (6.2.1), cooTBeTCTBYIOIIEe reHepaTopy X
(6.2.8), 3amaetcs CJAENYIOUIUM IKCNOHEHYUALbHbIM 0MOBPaANeHUeM:

T =e"(z), 7=e"(y), (6.2.15)
rae 2 s
e“X:1+%X+%X2+---+%XS+.-- (6.2.16)
IMpumep 6.2.2. O6patriMcsi BHOBb K reHeparopy (6.2.13):
9 0 9
X==x 92 + 2y ay
Coraacto (6.2.15), (6.2.16), mbl Mmoxem Haiith X*(z) u X*(y) nus Bcex s =
=1,2,... BbIYHCJINM HECKOJBKO YJIEHOB, HAaNpUMep,

X(z) =22 X%(z)= X(X(z) = X(z?) =223 X3z)=X(2'2%) =32t

YTO MO3BOJISIET AOTaaThCs: |
X5(z) = sl x5t

U O0Ka3aThb HOJIyquHoe ypaBHeHHe 1o HHAYKIHU:
Xt (z) = X (st = (s + 1) 2?2® = (s 4+ 1) 2512,
AHaJIOFI/ILIHO, BBIUHUCJIAEM
X(y) =ay, X*(y) = X(zy) =y X(2) + 2 X(y) = ya’ + azy = 2lya’,
X3(y) = 2!y X (2*) + 2 X (y)] = 2! [y(22°) + 2°wy] = 3l ya”,

NOTabIBAEMCS, UTO
X°3(y) = slyz?,

¥ [I0Ka3blBa€M 3TO [0 HHAYKLHH:
Xt (y) = s! X (yx®) = 8! [syz*T! + 25(zy)] = (s + 1) ya* T,
[ToncTaHOBKA MOJYYEHHBIX BbIPAKEHHH B 9KCIIOHEHIMANbHOE O0TOOpaXKEHHe JaeT:
X (z) =z +ar? -+ a2t -

[Tepenwuiuem mpaByto yactb B popme (1 4+ ax + -+ a®x® + -+ ) u ybeaumcsi, 4to
psit B CKOOKax siBjsieTcsi passokenueM B psin Teisopa dyHkuun 1/(1 — ax) npu
yeqoBuu |az| < 1. CremoBaresbHo,

Tr=e

aX(

AnaJsioruuHo, noaydaem

eX(y) =y + ayz + ®yx® + -+ + a’ya® + -+ =
=y(l+ax+---+a’z°+---).
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Taxkum obpasom, y

= e = .
l —azx

“Xy)

|

B urtore mbl mosyuusnu npoekTHBHOe mpeobpasoBanue (6.2.14):

z Y

J::l—a:v’ y= l—az

6.2.4. MuBapuaHThl ¥ UHBapUaHTHbIE YPaBHEHUS.

Onpepenenne 6.2.2. Oyukuust F(x,y) HaspiBaeTcss WHBapuHaHTOM rpymnmel G
npeo6pasoBanuii (6.2.1), ecin F(T,7) = F(z,y), To ecTb

F(p(z,y,a),¢(z,y,a)) = F(z,y) (6.2.17)
TOXKJAECTBEHHO MO MEePeMEHHBIM X, Y U NMapaMeTpy IPyNbl a.
Teopema 6.2.1. Oyukuust F(x,y) siBasercs uHBapuaHtoM rpynnel G, eciu

U TOJIBKO €CJH OHa ABJAETCAd pelleHUEeM CJedYIoLlero JIMHEHWHOTO III/IqJCpepeHLII/I-
AJIbHOT'O ypaBHEHHSA C HAaCTHBIMU MPOHU3BOAHBIMU MEPBOro mopsankKa:

OF oF
XF = — — =0. 2.1
) 5yt y) 5o =0 (6.2.18)
HokasareasctBo. Ilycts F(xz,y) — uHBapuant. Pasjoxum  QyHKIHIO

F(p(x,y,a),9(x,y,a)) B pan Teitnopa no a:

F(p(x,y,a),9(z,y,a)) = F(x + af,y + an) %F(w,y)+a<€g—§+naa_§),

F(z.5) = F(z.y) + aX (F) + ofa),

U TIO/ICTAaBUM TIOJyUeHHOE BhIpakeHue B ypaBHeHue (6.2.17):
F(z,y) + aX(F) + o(a) = F(z,y).

Orciona ciaenyer, uto aX (F) + o(a) = 0, orkyna X(F) = 0, To ecTb nojydaem
ypaBHeHHe (6.2.18).

O6patHo, myctb F(x,y) — peuiende ypaBHeHust (6.2.18). YuuTeiBasi, 4to
byukuus F(z,y) aHamuTHyeckass M HCIOJb3Yys ee pasJoxkeHue B psip Teitsopa,
MOXKHO TOJYYHTb SKCIOHEeHLHadbHOe orobpaxkeHue (6.2.15) dynkunu F(z,y)
B CJIeyIOIIEM BHUJIE:

_ aX def a a? o a® g
F(@y)=e""Fla,y) = (14 5 X+ 5 X4+ X7+ | Fa,y).

[ockonbky X F(z,y) = 0, umeem X2F = X(XF)=0,...,X*F = 0. 910 no3so-
JsieT chenathb BbiBoA, uTo F(Z,y) = F(x,y), T.e. noaydaem ypauenue (6.2.17),
4TO 0Ka3bIBAeT TEOPEMY.

N3 Teopembl 6.2.1 caenyert, uto nobasi ofHOMapaMeTpudeckas Tpymnmna npeoo-
pa3oBaHUU Ha MJIOCKOCTH UMeeT OfMH He3aBUCUMBIH WHBAPHUAHT, KOTOPBIKA MOXKeT
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ObITh BHIOpaH B KadyecTBe JIEBOH 4acTu Jir06oro meporo uHrerpana h(z,y) = C

ypaBHEeHHs] XapaKTepucTHK aJsi (6.2.18):
dx dy
= . 6.2.19
GERRTERY (6219

Jlio6oii 1pyroil unBapuant F siBjsietcss GpyHKimed ot h, T.e. F(x,y) = <I>(h(ac, y))

IIpumep 6.2.3. Paccmorpum rpynny c reHepartopom (6.2.13),

0 0
X =22 9 + zy 9
3anuineM ypaBHeHHe XapaKTepHcTHK (6.2.19):
dr dy
z Y

W [OJy4YdM mepBblit uHTerpan h = x/y. Takum o6pasom, oOLIMH BUA HHBapHaH-
ta F(x,y) = ®(x/y) coneput npou3Bo/bHy0 hyHKIHIO P OIHOH MepeMeHHOH.

['pynnsl nmpeo6pasoBanuii (6.2.1) U cBA3aHHBlE C HUMH NOHSITHS, PaCCMOTpPEH-
Hble BBIlIE, AOMYCKAalOT OueBHAHOe 0060OIIeHHe Ha MHOrOMepHbIH caydai. [lpu
3TOM pacCMaTpPUBAIOTCS T'PYTIB peobpa3oBaHUi

T = fi(x,a), 1=1,...,n, (6.2.20)
B M-MepHOM NpOCTPAaHCTBe C KoopiuHaTamu Touek x = (z!,...,2"). Teneparop
npeo6pasoBanuit (6.2.20) 3anuceiBaeTcsi B BUle
X =¢i(2) -2, (6.2.21)
Ox
e .
fz(l') — 8fl(.l‘,(l)
da a=0 ‘
YpaBuenus JIu (6.2.10) craHoBsiTCs
Tt o i i
o =&(T), T|,_,=1" (6.2.22)
DKCIOHEHIMabHOEe 0TOOpAXKEHHe 3aIMUChiBaeTCsl B hopme
T =eN(2), i=1,...,n, (6.2.23)
rae 2 s
eaX:1+%X+%X2+-~+%XS+-~. (6.2.24)

B ciyuae HecKONbKHX IepeMeHHbIX CoxpaHsieTcsi (pOpMYJHPOBKA Ompelesie-
HUs 6.2.2 MHBapHAHTHOH (YHKUMH. A MMEHHO, HHBapHaHT OMpeneJssieTCs ypas-
HeHueM F(T) = F(x). IlpoBepka 3TOro CBOHCTBa BHOBb COCTaBJISIET COIEPKAHHE
TeopeMbl 6.2.1 ¢ oueBUAHON N-MepHOU Bepcuell ypaBHeHus (6.2.18):

"\ . OF
iz_;g (z) i = 0. (6.2.25)
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B stom cJaydae n— 1 ClDYHKL[I/IOHaJ'[bHO HE3aBUCHUMbBIX [E€PBbIX HHTErpaJsion

1(x), ..., Yp—1(x) cucTeMBI XapaKTepUCTHK ypaBHeHHUs (6.2.25):
dz' da® dz"
= == 6.2.26
&) ) &) (6:220)
COCTaBJIAIOT (a3WC HWHBAPUAHTOB. A HMMEHHO, MPOM3BOJIBHBIAN uHBapuaHT F'(r)
MMeeT B[
F(z) = ®(¢1(x), ..., Yn-1(x)). (6.2.27)

OcTtaHoBuMcs nogpo6Hee Ha 3TOM MHOTOMEDPHOM CJlyyae U PACCMOTPHUM CHCTe-
MY YpPaBHeHUH
F(z)=0,...,Fs=0, s<n. (6.2.28)

[Ipeanonoxum, uto panr matpuusl ||0Fy/0z'|| paBen s Bo Bcex TouKax x, yao-
BJIETBOPSIIOIINX cHcTeMe ypaBHeHuH (6.2.28). Torma cucrema ypaBHenuit (6.2.28)
ompepessieT (n — §)-MepHYIO MOBepXHOCTb M.

Onpenenenne 6.2.3. [oBopsit, 4To cHcTeMa ypaBHeHHH (6.2.28) siBisieTcss HH-
BapuaHToM rpynnel G npeobpazoBanuil (6.2.20), ecau Jnobast TOUKa X MOBepX-
HocTH M nepemelaercss Mpu IeHCTBUM 3TOro npeobpasoBanuss G Bmonb M,
T.e. x € M Bieder T € M. [loBepxHocTb M Ha3biBaeTCsl HHBAPHAHTHOH TOBepX-
HOCTBIO.

Teopema 6.2.2. [loBepxHocTb M, 3amaBaemasi cucTeMod ypaBHeHH# (6.2.28),
eCTb MHBAapHUaHT 10 OTHOLIeHHIO K rpynne G npeobpasoBanuil (6.2.20) c reHepa-
TopoM X (6.2.21), ecaiv ¥ TOJIBKO ecyin

X(Fy)|, =0, k=1,...s (6.2.29)

6.2.5. Kanounueckne nepemeHHble. CJjenyioliee MPOCTOE YTBEpPXKAEHHE,
BBITEKamollee M3 JeMMbl 4.2.1, ¥MeeT MHOrO IpPUJIOKEHWH, B YaCTHOCTH, IpU
HUHTErpupoBaHUU nudQpepeHUnanbHbIX yYpaBHEHUH.

Teopema 6.2.3. JlioGasi omHomapameTpuuecKasi rpynna npeodpasoBanuil (6.2.1)
¢ reHeparopom (6.2.8)

0 0
X ={(x,y) 9 +n(z,y) ay

MOXeT OBITh fpuBeaeHa ¢ NOMOLILbIO HOIIXO}IHLU,QI;I 3aMEHbl NMEPEMEHHBIX

t=t(z,y), u=u(x,vy) (6.2.30)
K TPyIIe CMelleH|i ¢ = ¢ + a, U = u ¢ TeHepaTopoM
0
X=2" (6.2.31)

HepeMeHHbIe t ¥ U Ha3bIBAOTCH KAHOHUUECKUMU nepemeHHoiMU.
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Jloka3aTeabcTBOo. 3aMeHa nepeMeHHbIX (6.2.30) nameHser nuddepeHIHAIbHBIH
oneparop (6.2.8) caenyrouum obpazom (cM. ypaBHeHue (4.2.3)):

9] 0
X =X(tw.y) 5 + X (u(z.y)) 5. (6.2.32)
CuremoBaTesibHO, MBI nostyyuM omepartop (6.2.31), ecau ompenenum t U u, perias

CJEAYIOLIYI0 CUCTEMY JHUHEHHBIX AupepeHUHaNbHbIX YPABHEHUH C YaCTHBIMU
TIPOM3BOHBIMU [1€PBOr0 MOPsIAKA:

X()=¢ay) 5 +nlay) 5= 1.
X(u) = &(x,y) g—z +n(z,y) Z—Z =0. (6.2.33)

IIpumep 6.2.4. Haiinem kaHOHHWYecKHe TMepeMeHHble [Jif TPYNNbl PacTsKeHUS
C reHepaTopoM
3} 0

[lepBoe ypaBHenue (6.2.33) umeer BUL
ot ot

[TockosbKy JOCTaTOYHO HAHTH J11060€ YacTHOe pelleHHe 3TOr0 ypaBHEHHs, Mbl MO-
KeM OCTAaHOBHTbCs, HalpUMep, Ha pelleHnH Buia t = t(x), 3aBUCSLIEM TOJNBKO
ot z. Torga 3TO0 ypaBHeHHe cBeleTCs K OOBIKHOBEHHOMY HHddepeHHaJbHOMY
ypaBrenuio xt'(x) = 1, otkyna t = In |z|. Bropoe ypaBuenue (6.2.33) umeer BHL

ou Oou

YpaBHeHHe XapaKTEPUCTHK
dr _dy
r oy

MPUBOAHUT K NepBoMy HHTerpany y/x = C, U, Clef0BaTeNbHO, U = Y/ SIBJSETCS
pewennem ypaBHenust X (u) = 0. Takum 06pa3om, Mbl MOJYUYHJIH CJeNYIOLIHE
KaHOHUYECKHe TepeMeHHbIe:

t=Inlz|, u= y.
X
B 3THX mepeMeHHBIX IPyIIa pacTsKeHHs
T=xe% 7PY=ye°

CBeJlaChb K rpyimnmne CMelleHus

JlelicTBUTEJIBHO,

N
Il

13 H.X. H6parumos
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6.3. CummMeTpuM ypaBHeHHUI MEPBOro MOpsiiKa

6.3.1. IlepBoe mnpono/xeHHe reHeparopoB rpynmnbl. [Ipeo6pasoBaHue
MPOU3BOIHBIX TIPH Mpeobpa3oBaHusxX rpynmnsl (6.2.1) paccmaTprBaeTcsi Kak 3aMeHa
repeMeHHBIX, KOoTopasi Obla mpuBelneHa B paszpene 1.4.5. B gactHocTH, mpeobpa-
30BaHHe MepPBOU NPOU3BOJHON ompenesisseTcss GopMyJion

o _dy _ Du(¥) (6.3.1)

T dr Da(p)

Takum o6pasom, HauaB ¢ rpynnel G npeo6pasoBanuil (6.2.1), MBIl mosydaem
rpynny G(y), coctosuyw u3 mpeoGpasosanuii (6.2.1) u (6.3.1) B mpocrpan-
cTBe mnepeMeHHbIX (z,%,y’). I'pynna G () HasbiBaeTcss nepevim npodosdceruem
rpynnsl G. Iloncrasasis B (6.3.1) nHpuHKUTe3nManbHOe npeobpasoBanue (6.2.6),
p=x+al(z,y), ¥ =y+ an(z,y), u nperedperasi 4jeHaMH BBICOKOrO MOPsiAKa
10 @, Mbl M0JIy4aeM CJefyHolde HHPUHUTE3UMalbHble TPeoOpa3oBaHus IPOU3BOLL-
HOH ¥

g = YD) s DIl - a D)~y + [D(n) - ¥ DE)] a,

T+ aD,(€)
HnJaun , ,
y =y +a(,
rae / / 2
G =Dz(n) =y Du(§) =nu+ (ny — &)Y — Y &y (6.3.2)
CJ'IeIlOBaTe.TIbHO, reHepaTop X Fpynbl G [10cJie NPpOAOJI2KEHHSA CTAHOBUTCHA
0 0 0

YpaBuenuss (6.3.2) u (6.3.3) HasblBalOT @Opmyasol nep8oeo NPOOOAHCEHUS
U nepsvim npodossceruem uHpurumesumarvioeo eerepamopa (6.2.13) cootser-
CTBEHHO.

6.3.2. I'pynna cummerpun: onpeneseHne 1 OCHOBHOE CBOWCTBO.

Onpenenenne 6.3.1. [oBopsaT, uto rpynna G npeobpasosanuil (6.2.1) siBasiercs
rpynmno# CUMMeTpPUH OOBIKHOBEHHOTO AU (hepeHIHaibHOrO ypaBHEHHSI MepPBOro
nopsiika

j—i - f(z,y) (6.3.4)

WJIH uTO ypaBHeHHe (6.3.4) nomyckaet rpynny G, ecau popma auddepeHnHanbHo-
ro ypaBHeHusi (6.3.4) ocTaeTcsi HEM3MEHHOU Mocje 3aMeHbl mepeMeHHbIX (6.2.1),

T. €. dy
rie QyHKuMs f Ta kKe camasi, 4YTO U B HCXO#HOM YypaBHeHuu (6.3.4). Ipy-
ruMu cjoBaMd, (G ecTb Tpynma CHUMMeTpUd ypaBHeHus (6.3.4), ecau Kapkac

(cm. paspmen 1.4.4) ypaBHenusi (6.3.4) siByisieTcsi HHBapUAHTOM B CMBICJIE OTpeie-
Jenus 6.2.3, M0 OTHOLIEHHIO K MepBoMy mpoposkenuto G(py rpynmnsl G.
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['naBHOe CBOHCTBO TpyNmbl CHMMeTpPUH BrepBble BoisiBaeHo Codycom JIu
(cm., Hampumep, [44, rnaBa 16, pasmen 1, Teopema 1]). OHO COCTOMT B TOM,
yto (G ABJISIeTCS TPYNIOH CHMMETPHH, €CJH U TOJNBKO €CJIM OHA MEePEeBOAUT Jtoboe
KJIacCHUYeCKoe pelleHHe ypaBHeHHs (6.3.4) B KJacCHUYeCKOe pelleHHe TOro ke
ypaBHEHHUS.

[enepatop X rpynmel, momyckaemoil nudQepeHLHaNbHBIM YpPAaBHEHHEM, Ha-
3bIBaeTCsl JONYcKaemvim ONepamopoM WIH UHGUHUMEIUMAAbHOU cummempueli
ypaBHeHus (6.3.4).

IIpumep 6.3.1. OueBUIHO, UTO ypaBHEHHE

I

y'=fy)
He H3MeHseTCs MocJje INpeoOpasoBaHuss T = & + a, IOCKOJbKY YypaBHeHHe He
COIIEPXKUT SIBHO He3aBUCHMYIO NepeMeHHylo x. CjieoBaTeNbHO, CHMMETPHsl 3TOr0
JU(hepeHIHalbHOTO YPaBHEHUsI 3aJaeTCsl epynnol Cmeujerus BIONb OCH T,
T = T + a, C TeHepaTopoM

0
AHasornuHo, ypaBHeHHe .
y = flx)
JIONyCKaeT TPYNIy CMeLleHHUs BAOJb OCH Yy, Y = Yy + a, C TEHepaTopoM
_9
=%
IIpumep 6.3.2. YpaBHeHUe y
v =1() (6.3.5)
NOTIyCKaeT epynny 00HOPOOHbLX pacmsxceHutl (MacliTabHBIX MpeoOpasoBaHuii)
T=xe 7FY=ye°
¢ reHepatopoMm (6.2.34),
ox Oy
IIpumep 6.3.3. Paccmorpum cienyioiiee ypaBHeHHe PUKKaTH:
2
y +y? - 5 =0 (6.3.6)

Ero sieBast uacth — paipoHasbHast GyHKIHs epeMeHHbIX Z, y, y'. CienoBaTeJbHo,
MOXKHO TONBITaTbCS HAWTH NOMyCKaeMyIo TPYINy B BHOE PaCTAKEHUS:

T=kx, TJ=ly.
[Tockoabky :

2 l
A A N 2,2

2
1'2 ’
yCJIOBHE UHBAapPUAHTHOCTHU TpebyeT, uToObI
PR 2 2
77— 5= (v +P - ),
T T

13+
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rie
8 A\ = L =12 = 1.

k k>
[Tocnenuue ypaBHenust naior [ = 1/k, rme k > 0 — mnpousBoJibHBIE MapaMeTphl.
[Tonarasi k = e, Mbl HAXOAUM TI'PYNIY HEOTHOPOAHOTO PACTSKEHHS:

T=uxe", J=ye “
Takum o6pasom, ypaBHeHue Pukkatu (6.3.6) obnanaer cienyromeld HHOUHUTE3H-
MaJIbHOH CUMMeTpHEH: 9 9

X=z—

o —ya—y' (6.3.7)

6.3.3. YpaBHeHus c 3amaHHOU cumMmetTpueil. PeleHue 3Toll 3agaun OCHO-
BaHO Ha ornpezeseHud 6.3.1 rpynnsl cuMMeTpuH, hopmynax npopo/mxeHus (6.3.2),
(6.3.3) ¥ mpoBepOYHOM TeCTe HMHBapHaHTHOH moBepxHocTH (6.2.29). A umeH-
HO, 4TOOBI HalTH OOmMHA BUA AW(QPEepeHLNaNbHOTO YPaBHEHHUS] TIEPBOTO TMOPSiI-

Ka (6.3.4), ,
y = f(zy), (6.3.8)
JIOTTYCKAIOIIero 3aflaHHbli omnepaTop
0 0
X =&(z,y) 5 +n(z,y) oy (6.3.9)
MBI TIpofo/iKaeM onepatop X mo dopmyne (6.3.2):

0 0 0
X_£%+n8_y+gla_g/

¥ NpPHUMeHsIeM TeCT MHBAapUAaHTHOH moBepxHocTH (6.2.29):
_ L of | of
Sly=r@y =gz T3y

[lopcTaBaisisi B 3TO paBeHCTBO BhipaxkeHue () mo (opmyne mnpoposxeHus (6.3.3),
MBbl [IOJIy4YaeM cJelylolllee KBaduauHelHoe nhdepeHLHalbHOe YPABHEHHE C YaCT-
HBIMH MTPOM3BOIHBIMHU MEPBOTr0 MOpsiiKa AJst onpenesenus f(z,y):

527{ +n§—§ =1+ (ny — &) f =& 1. (6.3.10)

Pemiast ypaBHenue (6.3.10), mbl nosyuaem Bce ypaBHeHHs (6.3.8), momyckatoliiue
rpynmny, reHepupyemyio orneparopom (6.3.9).

_I_

IIpumep 6.3.4. Haiinem ypaBHeHUs1, NoMycKalollle onepaTop
0 0

YpaBuenue (6.3.10) 3anuceiBaeTcs B BUje

(6.3.11)

of _ of _
oy =2 (6.3.12)
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Cucrema xapaktepucTuk (4.4.7) nas ypaBHenus (6.3.12) umeer Bun
dv  dy df
x y 2f

Hcronb3ysi ee mepsble MHTerpasbl ¢ = Ty M o = x>f, MBl MoJydaeM obliee
pelieHue ypaBHeHus (6.3.12):

f=a"2F(zy).

Takum o6pasom, ypaBHeHHsI, fomycKatoluie onepatop (6.3.11), HMeroT clenyroui

BUJL -
z*y' = F(zy). (6.3.13)

IIpumep 6.3.5. Haiinem ypaBHeHwus, momyckatwoliye rpynny BpamieHu# (6.2.11)
¢ re"eparopom (6.2.12),

s, 0
YpaBuenue (6.3.10) 3anuceiBaeTcs B BUje
of _,of _ _ 2
Vg T By (L+ ). (6.3.15)

Cucrema xapakrepucTuk (4.4.7) nas ypaBHeHus (6.3.15) numeer popmy

de _ dy _ df

Y z 1+

[TlepBoe ypaBuenue, xdxr + ydy = 0, naet 2+ y2 = const. CJyegoBaTesbHO, MBI

MOXKEeM BEIOpaThb
P =/22 +y2.

WTak, U3 ypaBHeHMi XapaKTePUCTHK Mbl UMeeM 2 + y> = a® = const. C yuetom
3TOTO COOTHOIIEHWS BTOpPOE YpaBHEHHE 3amucbiBaeTcsi B BHIE (Cp. C TpHMe-

pom 4.4.1)
df dy

1+ f* N Va2 —y?’

OTKyJa, HHTErpUpys, Moaydaem

2

arctg f = arctg (y/x) + arctg C. (6.3.16)

OcTraercsi pas3pelidTb 3TO ypaBHEHHE OTHOCHTEJNBHO KOHCTAHTBI HWHTErpPHpOBa-
Hus C 1 BbIOpaTh MoJMyueHHOe BbIpaKeHHe B KauecTBe MepBoro HHterpasa s. To-
raa peieHue ypaBHeHus (6.3.15) mosydaercs siBHO, ec/au MOJOXKHUTh g = F(1)y).
Takum o6pasom, Mbl 3amnuchbiBaeM ypaBHeHHe (6.3.16) B hopme

arctg f = arctg (y/xz) + arctg F'(¢)
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W pellaeM ero OTHOCHUTEJbHO f, UCII0JIb3YSA JIEMEHTAapHYIO (pOpMy.Hy

tga+tg g

tg(a+B) = [ tga gl

noJydyasi B UTOre:

f= WD Fw) _ y-l-mF(\/m) |
TI-GRE) oy (Ve )

Hrak, ypaBHeHus, nonyckawoiire orneparop (6.3.14), umeot dopmy
. ytaF (\/m2+y2 )
r—yF (\/mQ + 42 )

y (6.3.17)

6.4. HaTerpupoBaHue ypaBHeHUI MepPBOro MopsaKa
C UCNOJb30BaHUEM CHUMMeETPHUI

6.4.1. Unterpupytomuii MHoxuTedb Jlu. PaccmoTpum ypaBHeHHe MepBOro
nopsiika B CHMMeTpU4HOH dopme (3.2.3):

M (z,y)dz + N(z,y)dy = 0. (6.4.1)

C.Jlu okKasaJi, 4To eCJiu
0 0

— cumMmetpusi ypaBHenus (6.4.1) u ecaut EM + nN # 0, To QyHKUMS
. 1
T EM N

SIBJISIETCS] HHTETPUPYIOIUM MHOXKHTeseM ypaBHeHus (6.4.1). DTo TaK Ha3bIBaeMblil
urmeepupyroujull mHoxcumensv Jlu.

" (6.4.2)

Mpumep 6.4.1. Ypasuenne 2xydx + (y*> — 32%)dy = 0, KoTOpoe MBI paccmar-
puBanu B mpumepe 3.2.2, omHopomHo (mpumep 3.1.1), T.e. umeer Bunm (6.3.9)
U JOMyCKaeT
0.0
oz Y y
®opmyna Jlu (6.4.2) no3BosisieT MOCTPOUTb UHTETPUPYIOLIHE MHOKUTEb
B 1 B 1 _
K 222y + 93 — 322y P — a2ty

X ==z
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Ta6nuia 6.3.1

HekoTopele HesMHeliHble ypaBHEHHS [1€PBOTO MOPSIKA
C U3BECTHOW CUMMeTpHeH

Ne YpaBHeHHe CumMmerpus
0
1 '=F = =
y =F(y) 2
' 19 2
y = F(kx + ly) X_lax kay
0 0
2 '=F X=z— g
y' = F(y/z) Toe TV,
1 k—1 k — 2 3
3 y =z" " F(y/z") X=z—+ky
oz dy
0 0
[ -y = — —
4 zy' = F(ze V) X x8x+8y
0 19}
" — yF(ye~® x=2 44,9
5 | ¥ =yF(ye™) o TV 5y
Sy _9.yv9o
6 | y=_+azF(y/z) X=mtea
7 zy =y+ Fy/x) X:x2£+xy£
or oy
’ Yy 9] 9 0
=9 X = oy 2 9
8 Y z+ F(y/x) myax—i-y By
Y —, 9
O iy e X=Y5
10 | 2y =y+ F(x) X:x(%
r_ Y e
1 xy_lnm—l—F(y) X_ch‘)z
0
12 | zy =y[lny + F(z))] X=uy £

IIpumep 6.4.2. Pemnm ypaBHeHne Pukkatu (6.3.6), mprMeHsisi HHTErPUPYIOLIUH
MHOXHUTenb JIu. 3anuceiBaeM ypaBHeHHe (6.3.6) B nuddepeHunasbHol ¢op-
Mme (6.4.1):

2
2

dy + <y2 - ) dz = 0, (6.4.3)

U HCcrosb3yeM cummetpuio (6.3.7), X = x% — y%. [ToncraBass

2
E=2x, n=-—y, M:yQ—F, N=1

B (6.4.2), MBI MOJIy4aeM HHTETPUPYIOLIUH MHOXHUTENb

- r .
a 22y —ay —2
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[Tocne yMHOXKeHHST Ha 3TOT MHOXHTeJNb ypaBHeHHe (6.4.3) cTaHOBHTCS

d 1 22— 2
xray ‘I’ -y

dr = 0. 6.4.4
22 —ay—2 2%y —ay—2 x ‘ ( )

DTO0 ypaBHeHHE B MOJHBIX AU(PQepeHLHataX, T.€. ero JjeBasg 4yacTb MOXKET ObITh
npencrasiena B gopme dP. Dyukuus P(z,y) MoxKeT ObITh ONpefeseHa ¢ UCMOMb-
30BaHMEM 0O0I1eHd NPOLeaypbl, OTUCAHHOU B pa3dzese 3.2.2. B atom yacTHOM ciaydae
Mbl MOXKeM NPUMEHUTH CJlefyIollee MPOCTOe BbIYMC/IEHHEe. 3aMETHB, YTO

2.9 2.9

x -2 iyt —xy — 2

y—:y—*—u’
T T

nepenuieM JeByIo 4acTb ypaBHeHHUs (6.4.4) B BuIe
rdy +ydx +d_x: d(zy) +d_x‘

22y —ay —2 z 22y —ay —2 x

O6o3Hauag z = XY W HUCIOJAb3Yysd pas3J/joKeHHe
1 (L _ L)
22—2—2_3 z—2 z+1)’

MOJY4UM
J' dz 1 n? = 2

2_.-2 3+l

rnocJjie yero ypaBHeHHe (6.4.4) 3anuiuercs B CJeNyIOILIEM BHJE:

rdytyde +d_x:d(1nx+11n‘”y‘2> ~0.
Ty —xy—Q x 3 zy+ 1

HHTrerpupoBaHue naerT:

xy + 1

Paspemas oTHOCHTE/IbHO Y, Mbl [I0JIy4yaeM pellleHue ypaBHeHUsl PUKKaTu:
22% +C
z(z® - O)

xy —2 C
et C #0.

IIpumep 6.4.3. PaccvoTpumM cienyioliiee ypaBHeHUe:
2
I_Y LY
y=57 3

JlelicTBysi Tak e, Kak B npumMepe 6.3.3 U3 paznena 6.3.2, MOXKHO yOeTUThCS, UTO
3TO ypaBHEHHe IOMYCKaeT, HApsily C FeHepaTOpPOM MPOEKTHBHOrO Mpeobpa3oBaHHUs
d

_ 29 9
X =z —I—xyay,

or
CJIeYIOIINN TeHepaTop PacTsIKEeHHUs:

9] 6,
Xg—a:%—l-an—y-
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3anucas paccMaTprhBaeMoe ypaBHeHHe B AU(depeHLHaIbHON (popMe
(2®y +y?) dx — 23dy = 0

U TOACTAaBUB KOOpAWHATHl omepatopoB X| u Xy B (6.4.2), Mbl mosyuyaeMm 1Ba
JINHEHHO HE3aBUCHMBIX UHTETPUPYIOLIUX MHOXHTEJIS:
1 1 1 1

= s /’1/2 = = .
PPy +y7)—aty 2%y @y +y°)-22%  ay(y—a?)

1 =

Cocrasum ypasHenue (3.2.13), uy/ug = C, a umenno y — 22 = Czy, U nonyuum
pemenue y = 12 /(1 — Cx). Cpasuute ¢ (6.4.15) B npumepe 6.4.6.

6.4.2. NHTerpupoBaHue ¢ NpuMeHeHHEM KAaHOHHYECKHX IepeMeHHbIX.
UToObI MPOUHTETPUPOBATD JINHEHHOE WKW HeJHHEHHOe OOBIKHOBEHHOe nuddepeH-
LlMa/ibHOe ypaBHEHHe MepBOro MopsiiKa

v =f(z.y) (6.4.5)
C U3BECTHOH UH(PHUHHTE3UMaJbHOH CUMMeTpHel
0 0
X = — — 4.
Lo y) gy Ty 5 (6.4.6)

C TOMOLLBIO Memo0a KAHOHUYECKUX NepemeHMblx, ClelyeT ClesaTb CJerylolle
LIar.

[Tepebl it mar: HallTu kaHoHWUeckHe MepeMeHHble t, % TyTeM pelIeHHs
ypaBHeHu# (6.2.33) nssi maHHoro reHepatopa (6.4.6).

Bropoi# mar: [lepenucars ypaBHeHHe (6.4.5) B KaHOHMYECKHX Te€peMeH-
HbIX t U U, CYUTAs U HOBOHM 3aBUCHMOHU NepeMeHHOH, 3aBUCSLLeld OT He3aBUCHUMOU
nepeMeHHOH ¢, TO ecThb mnosarasi u = u(t) W BbIpaXkas CTapyi0 MPOM3BOAHYIO
y' = dy/dx B HOBBIX NepeMeHHBIX ¢, u W HOBOK mpousBopHol u' = du/dt. Torna
ypaBHeHHe (6.4.5) mprobpeTeT HHTErpUpyeMylo (Gopmy

% = g(u). (6.4.7)

Tperuit war: [lpounrerpuposarb (6.4.7), moactaBUTh B 3TO pelleHHe
u = ¢(t,C) Bopaxkenusi t = t(z,y) ¥ v = u(x,y) ¥ NOJTYyIUTb TAaKHUM 0OpPa3OM
perieHue ypaBHeHHs (6.4.5).

Ilpumep 6.4.4. [Ipounrerpupyem B KBazparype Jw06oe ypaBHeHue Bunpa (6.3.5),
UCII0/Ib3Ysl ero HHPUHUTE3UMaNbHYy0 cuMMeTpHio (6.2.34). Ilas onpeneseHHOCTH
MPOMHTErPUPYEM CJENYIOMIMH YAaCTHBIH cydall 3Toro ypaBHeHHs (6.3.5):

3
/ Yy Yy

=4 = 6.4.8

y=,t3 ( )

H e p BBl U II ar: KaHOHI/I‘{eCKI/Ie HepeMeHHbIe OJ1s I/IH(i)I/IHI/ITGSI/IMaJIbHOIl/JI CUM-

Metpu (6.2.34) Ha#ineHsl B npumepe 6.2.4. OHM UMEIOT BUL
)

t=Inlz|, u==-
T
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Bropoit mar: [lepennmenm ypaBHeHue (6.4.8) B KaHOHMYECKUX Te€peMeH-
HbiX ¢ U u. [lockosbky y = zu u dt/dx = 1/, Mbl OTy4aeM, UCMOJb3Yysi 0603HA-
uenue v’ = du/dt:

s dy _ d(zu) du du dt ;1 /

dr . dx :u—l-x%:u—i—maﬁzu—i-mu —=u+u

Takum o6Opasom, ypaBHeHue (6.4.8) CTAaHOBHUTCS YacTHBIM CJyuyaeM ypaBHe-
Husa (6.4.7):

Y

8

W=,
Tperuil war: HTerpupoBaHue 3TOro ypaBHeHUs HaeT
T S
VO —2t’
OTKyZa, MoAcTassisi t = In |x| U y = zu, umeeMm:
y=+——=

vVC —lnax? '

IIpumep 6.4.5. Ilpounrerpupyem ypaBHeHnue Pukkatu (6.3.6),

dy 2 2
- 4+ —— =0
dx y xQ ’
HUCIOJIb3Yyd MeTOd KaHOHHWUYEeCKUX TIepeMeHHbIX B IMPUJO0KEHHHU K CHMMET-

uu (6.3.7),
puu (6.3.7) .00
- ox y dy
[TepBo it mwar: Pemenue ypaBHenuit (6.2.33) mnsa storo omepatopa X
T03BOJISIET MONYYHTh KAaHOHHUECKHe repeMeHHble, t = In |x| U u = xy.
Bropoi#i mar: Mbl umeem:

d_y_i(2>:_ﬁ+1d_u Ly ldudt  u W
X i

dCU_d.T IQ z dx x t_ZE € x
CJie10BaTebHO,

dy o 2 W w W2 1, ., B

E‘I‘y—P—F—P‘F?—P—?(U—FU —U—Q)—O.

Takum o6pasom, ypaBHeHHe PHUKKaTH mepenuchiBaeTcss B KAHOHHUECKUX MepeMeH-
HBIX B cJefyiolled nHrerpupyemon opme (6.4.7):

% = —(u?—u-2).
Tperuit war: Ilpounterpupyem nonyudeHHoe ypaBHeHUe. Pa3pmensisi mepe-

MEeHHBbIE: du

o 5 = —dt,
u—u—2

MIPUBOJS PallMOHAJIBHYI0 NPOOb K 3J€MEHTAPHBIM JPOOSIM:

1 1 1 1 }

u2—u—2_g u—Q_u—i—l
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U MHTEIpUpys, UMeeM:

m(2‘2):-3r+mc.

+1
PeltaeM 3T0 ypaBHEHHe OTHOCHUTENBHO U,
_C 4 2%
et—C’

nofctasisieM t = In|z|, u = xy u nonydyaem peueHue ypaBHeHusi Pukkaru (6.3.6)

(cm. mpumep 6.4.2): ,
22° +C
= = . .4.
Yy 2P 0) C = const (6.4.9)

3aMeTHM, YTO MPHU BBIUMC/IEHHUSX CJefyeT yuecTb, 4TO zy — 2 U xy + 1 He
IOJKHBI oOpaiiatbesi B Hysab. CieoBaTesbHO, Mbl HOJKHBI 100aBUTh K (6.4.9)
CHHTYJISIpHbIE pellleHUs ypaBHeHHs (6.3.6):

IIpumep 6.4.6. YpaBHeHUe
y=g+lF@) (6.4.11)
x xZ Xz
¢ Mpou3BOJIbHOH QyHKUHKe#d F' momyckaer reHeparop (6.2.13)
_ 29 9
X=x 5 + zy ay
TPYMIbl NPOEKTUBHBIX MpeobpazoBanuil (6.2.14),

x __ Y
1 —ax’ y= 1 —ax

(6.4.12)

T =

Hcnonb3ys ypaBHeHHUs

1 o
DR = s D)

(1 —az)y’ +ay
(1 —az)?
noJydaeM: 3 3
— @ _ D,(y) _

_ /
=D (I —az)y’ + ay.

L
X

7L el =y~ - L)

Takum o6pasom, ypaBuenue (6.4.11) naer:

CJie10BaTeJbHO,

—/

8l <

):(l—aa:)y/—l—ay—g— I_MF(y)

T €T €T

8l l<

HJIN

!
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HpOHHTe fnpyeM 4acTHBIH caydai ypaBHeHus Buza (6.4.11), a ©UMEHHO MOJIOXKUM
= 0° W MOJYUHM cJefylollee ypaBHeHue (cM. npumep 6.4.3):

2
y=24+2. (6.4.13)

X 1;3
[Tepsbl it war: YpaBHenus (6.2.33) c oneparopom (6.4.12) umeror BUA:

22 ot ot ) @ @ B
X(t) = B +x yay—l, Xu) ==z 8m+xy8y_o'
BriGrpasi yactTHoe pelueHHe 3THX ypaBHeHHH npu ¢ = t(z), moaydyaeM KaHOHHYE-
CKHe TepeMeHHbIe

pm Ll =Y. (6.4.14)
x x
Bropo# mar: Umeem:
y/: d(zv) :u—i—md—u:u—i—xd—uﬂ:u—i—xu’i:u—f—lu’
dx dz dt dx 2 x

1 ypaBHeHHe (6.4.13) nmpuBonuTCs K Cc/enyolleld HHTerpupyemMoi gopme (6.4.7):
du
i u?.

Tperunit war: Uckniouas pemenne u = 0 ¥ UHTErpupys, UMeeM:
1

C+t

[Toncrasasist B 370 pewenne t = —1/z, u = y/x u nobasass pemenue u = 0,

nosy4yaem obliee peiieHue ypaBHeHHs (6.4.13) B Bune

562

y= 1-Czx

y = 0. (6.4.15)

6.4.3. UuBapuantHbie pemenusi. CyllecTBeHHOe CBOHUCTBO rpymmbl G CUM-
MeTpUH OOBIKHOBEHHOTO NU((hepeHLHalbHOTO YPaBHEHUSI COCTOUT B TOM, UTO OHA
MepeBOIUT JII000e pellleHHe (MHTerpasbHYI0 KPHUBYIO) pacCMaTPHBAaeMOro ypaBHe-
HUs B pelieHue. [[pyTHMH cJ0BaMH, IpeoOpPa3oBaHHsl CHMMETPUU MPOCTO MepeMe-
IIMBAIOT MeXIYy coO0i MHTerpasbHble KpUBBe. MoXeT 0Ka3aThbCs, YTO HEKOTOpbIe
MHTerpajbHble KpHBble nepeBonsitcs rpynnod G B cebsi. Takue HHTerpasbHble
KPHBbIE HA3BIBAIOTCS UHBAPUAHMHbIMU PEULeHUAMU.

IIpumep 6.4.7. Paccmorpum cHoBa ypaBHeHHe Pukkatu (6.3.6)
dy
dx
W HaiieM ero WHBapHAHTHbIE PeEIIeHHs] 10 OTHOLIEHHI0 K WH()HHUTE3UMaJbHOH
CUMMETPHHU
’ X_al 0.
ox dy
Tect na nuBapuantHocTs (6.2.18), X (J) = 0, mo3BoJisieT HAUTH ONMH HE3ABUCH-
Mbli WHBapuaHT xy. CjenoBaTeNbHO, Ty = const — eIMHCTBEHHOE COOTHOLIEHHUE,

2
+y2_—2:0
T
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3anMcaHHOe B TEPMHUHAX HHBapHaHTOB. TakuM o6pa3om, obiiasi (popMa MHBAPHAHT-
HBIX pelleHH# ecTb xy = A, uan y = A\/x, A = const. [loncranoBka B ypaBHeHHe
PUKKaTH CBOIMT ToOCJ/efHee K aareGpanueckoMy, a HMEHHO K KBaJpaTHOMY ypaB-

Heuuio, M2 —A—2=0, e \\ =2 u Ao = —1. Hrak, uHBapHaHTHbIe pelleHUs
COBMAJAIOT C IBYMsl CHHTYJSpHBIMU perieHusMu (6.4.10):
21
Y1 = p Yo = .

6.4.4. OOumee pemeHne, MmojydyaeMoe C MOMOIIbI0O WHBAapPUAHTHBIX pe-
mWeHui. Amnnapat WHBAapUAHTHBIX peIIeHHH OaeT IMPOCTOH Croco® MoJydeHHus
o611ero HHTerpasa oObIKHOBEHHOTO AH((epeHINaNbHOr0 ypaBHEHUS EPBOro T10-
psilka C AByMsI He3aBUCHMBIMHM MH(UHHTE3NMaJsbHBIMU cHMMeTpusiMH. [IpuBenem
CJIEAYIOLHH TIPUMED.

n

IIpumep 6.4.8. Paccvmorpum ypastenue (6.4.11) mpu F(o) = o
HeHHe n

r_ Y y .
y_E_’_‘,En—H

, TO €CTb ypaB-

OHo nomyckaet, Hapsily ¢ TPOEKTHBHOH rpymnmo# ¢ redepartopom (6.4.12), rpynmy
pacTs>KeHHsl C TeHepaTopoM

0 0
X=(n- 1)x%+nya—y-
Bribepem, nampumep, n = 2. Takum o6pa3om, Mbl paccMaTpUBaeM ypaBHe-

Hue (6.4.13),

2

YL Y
y—x+x3,

C OIByMs I/IH(pI/IHI/ITGSI/IMa.HbeIMI/I CUMMETPHUAMHU:

0 0 0 0
Xi=2>Zdaoy—, Xo=x—+2—-
! or y y 2 Ox y oy
W13 ypaBuenuss Xo(J) = 0 mosydyaeMm OnMH He3aBUCHUMbIH HHBapHaHT y/xQ.
CunienoBaresibHO, HHBAPUAHTHOE pelIeHHe MOJYy4YaeTcsi, eC/H MOJOXKHUTh y/:r:2 = A,
i y = \a? ¢ npou3BoJbHON KoHcTaHTOH A # 0. Torna Haine nuddepeHunanbHoe
ypaBHEHHE CBOOUTCS K

2
y’_g_%:2)\x—)\x—)\2x:/\(l—)\)$20.

z x

[Ipy A = 1 monyuaem MHBapHaHTHOE pellIeHHe

y = 2. (6.4.16)
BriGepem Tenepb nmpoekTHBHOE Tpeobpa3oBanue (6.2.14)
T=-—" y= 2
T1-a YT 1w

COOTBETCTBYIOIlee reHepaTopy X, MepenulleM HHBapHaHTHoe pelieHue (6.4.16)

B HOBBIX NepeMeHHbIX B (popme )
y=T
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W NOACTaBUM B HEro BbIpaKeHHs T U y:

y z?

l—az (1 —ax)
[Ipunumas nsisa napamerpa a o6o3HadeHue C', nosnydaem obuiee peulenue (6.4.15):

:L‘2

yZl—C:c'

5"

6.5. YpaBHeHus BTOpOro nopsiaka

6.5.1. Bropoe mnpopoJskeHHe reHepaTopoB rpynmnbl. BerumcieHue cum-
metTpuil. HMHbuHUTe3UMaMbHBIE CHMMETPUN OOBIKHOBEHHBIX AU(GhepeHIIHaMbHbIX
yPaBHEHUH BTOPOrO M BBICLIMX MOPSAKOB MOTYT OBITb HaHieHbl MyTeM pelleHHs
TaK HasblBaeMblX onpedeastoujux ypasueruti. CTyIeHT, KeJalolUH COBeplIeH-
CTBOBaTb CBOM aHAJUTHYECKHE BO3MOXKHOCTH B IPUJIOXKEHUM TEXHUKH aHa/Iu3a
cuMMeTpu#t JIK, MoxeT HalTH NOCTaTOUHO MaTepHuaJsa B JHTepaType, yKazaHHOH
B 6ubsrorpaduu. Bosee Toro, npruBeneHHble B HACTOSIIEH KHUre IPUMEpPBl MOAT0-
TOBAT yUTaTe]sl K OoJiee MIMPOKOMY HCIOJNb30BAHHIO BO3MOXKHOCTEH, MperoCcTaB-
JISileMbIX NaKeTaMHM KOMIIbIOTEPHOH anreOpbl /151 BBIYUCAEHUS CUMMETPHH.

B sTom pasgese s UJMIOCTPUPYIO METOA ONpeessIOUINX ypaBHEHHH /15 BbI-
YUCJIEHUS] CHMMETPUH ypaBHEHHH BTOPOro MOpsiiKa

y' = f(z,y,y). (6.5.1)
Mbl 6yneM HaXOAWTh ONYCKaeMbld MH(ODHHUTE3NMAJIbHBIH reHepaTop
0 0
X =L@y) 5, +nlz.y) 5 (6.5.2)

¢ Ko3huureHTaMH £ U 1), KOTOPHIH AOJIKEH YIOBJETBOPATH CJAEAYIOLUIEMY YpaB-
HEeHUIO, U3BECTHOMY KakK onpedeasrouee ypasHerue:

1 / —
X' - f(z,9.9)) g (Co = Cify —Efe —nfy) e
rne CUMBOJI y”=f O3Ha4aeT, 4YTO BMECTO y// B COOTBeTCTBy}OU_IeM Bpra)KeHI/II/I cJie-

IyeT MOJACTaBUTh MpaByk uacTh ypaBHeHus (6.5.1). 3mech (] 1 (o YIOBJIETBOPSIOT
CJeNYIOIUM POpMYyAam NPOOOANCEHUS:

G = Da(n) = y'Dal) = e+ (ny — &) — &0,
G = Dm(CI) - y”Dx(f) = Ngz + (277a:y - fm)y/ +
+ 1y = 260)y" = Gy + (0 =26 = 36,9)y". (65.4)
[ToncraBasisi Boipaxenus (6.5.4) B ypaBHeHue (6.5.3), Mbl mosyyaem
Naz + (277my - f:w)y/ + (nyy - 2§xy)y/2 - ylsgyy —&fe —nfy+
+(ny = 260 = 3y/&)f — [ne+ (ny = &)y =y &) fy =0. (6.5.5)

Ypasuenue (6.5.5) comepKUT Bce TPH MepeMeHHble T, i U Yy, HO Y’ He BXOLUT
B & u 7. CienoBaTesbHO, onpefessiollee ypaBHeHHe (6.5.5) momyckaet paciiern-

0, (6.5.3)
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JIeHHe Ha HeCKOJNBKO YPaBHEHHH, TakK 4To oOpasyeTcs Nepeollpefie/leHHass CUCTeMa
auddepeHMaNbHBIX YpaBHEHUH A1 ABYX HeM3BecTHbIX (yHKUMH & u 7). [locse
pelLIeHHsT 5TOH CHCTeMBbl Mbl HalJeM Bce MH(HUHHUTe3UMaJ/bHble CUMMETPUH YpaB-
Henus (6.5.1).

Ilpumep 6.5.1. Halinem nHpUHUTE3UMAbHBIE CHUMMETPUN yPABHEHHUS

" Z// 1
=L — . 6.5.6

2

TMoncrasass f =y'y~2 — (zy)~! B onpenensiomee ypasuenue (6.5.5), moaydum

2 3 ! 1
Nz + (277;ry - g:r:r)yl + (nyy - 2£xy)y/ - y/ gyy - % + (2 y_g - —2> 77+
-y Yy ry

+ =26 -376) (%= ) =5 [+ -6y -] =0

IT0 ypaBHEeHHE NOJKHO YIOBJIETBOPATHCS TOXKAECTBEHHO OTHOCUTEJIBHO MepeMeH-
HbIX x, ¥y ¥ y'. TIocKo/bKY JieBast 4acTh ypaBHeHHs MPeaCTaBJsieT co00H KyOu-

o 3
YecKMH MOJMHOM 1Mo ¥, Mbl TpUpaBHUBaeM HYJ0 Kosdduuuents npu 4",y , ...
U ToJy4YaeM YeTblpe CJAEAYIOIINX ypaBHEHUS:

(y,)s 0 &yy =0,
(y/)Q Y (nyy — 26ay) — 26, =0,
(W) P ey — Eou) — o + 20+ 3(y2/2) &, = 0,
(?/)O DY — 2+ ay (26 — 1) — 2 — Y€ = 0.
[lepBble 1Ba U3 HUX AAIOT M0CJe UHTETPUPOBAHHUS MO ¥:
£ =p(x)y +a(x), n=—plz)ny’)+p@)y" +q@)y +b(x).

[TopcTaBUM 3TH BhIpaXKeHHst /st & U 1) B TPeTbe U ueTBepToe ypaBHeHHsi. JleBble
YacTH 3THX YPaBHEHHH COHepKaT, Hapsily ¢ MOJMHOMaMU M0 Y, TaKXKe UJjeHbI
¢ In(y?). Tonaras noc/esHue paBHBIMH HYJI0, Mbl noaydaeM p(z) = 0. Cienosa-
TesbHO, £ = a(x), n = q(x)y + b(x). Torna U3 TpeTbero U YeTBEPTOro ypaBHEHHH
HECJIOKHO HaHTH

1
¢ =C12% + Coz, 1= <C1£€+ §C2> Y.

MBI MPUXOAUM K BBIBOLY, UTO OOllee pelleHHe ONpelessiollero ypaBHeHHUs MPH-
BOJMT K CJefylolled HH(PUHUTE3NMANbHOH CHMMETPUH ypaBHeHHUs (6.5.6):

X:(Cle—FCgar)é%—l—(C’laﬁLéCQ)y%
WU
B 5 0 ) oy oy
X =0 (x %+mya—y)+Cg (m%+§6_y)_CIX1+CQX2’
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rie X; u Xo — cjenyollye 1Be JUHEHHO He3aBUCHMble (6a30Bble) UH(DUHHUTE3H-
MaJibHble CHMMETpPHH ypaBHeHHs (6.5.6):

0

X1:$2£c+xy8y’ ngxic—i—%;y- (6.5.7)
IIpumep 6.5.2. Hatinem uHprHUTe3UMa/IbHble CUMMETPHH YpaBHEHUS
y'+ ey 1y =0, (6.5.8)
[MoncraBasis f = —(e3yy’4 + y’2) B onpefeJsioliee ypaBHenue (6.5.5), nmeem

2 3
Naz + (2779011 - f:m)y/ + (nyy - 2€my)y/ - y/ fyy +
4 4 2
+3e%y 'n — (ny — 26 — 3Y'&) (MY +y) +
+ [7732 +(ny — &)y — y’2gy] (4e3vy” +24/) = 0.

JleBast 4acTb 3TOrO ypaBHEHHs — MOJMHOM NsATOH ctenedu 1o y'. [MocTynum Tak
’Ke, Kak B MpelblAylleM NpHMepe, TO €CTb NPUPaBHSEM K HY/MI0 KO3((HULIHEHTbI

npu ¢,y , ... ¥ IONYYHM YeTbipe CJEYIOLIMX He3aBHCHMBIX ypPaBHEHHS:
5
(v): & =0
(¥) : 3(ny+m) —26 =0,
3
() : me=0,
( ) 0 & = 0.
Koshduiuents npu (y’)2 ¥ (y’)o 00palllalTcsl B HYJb OJHOBPEMEHHO € KO3(-
duunentamu mpu (y')” u (') coorBercTBeHHO. UeThipe MOMYUEHHBIX AU (eEpeH-
LHaNbHBIX ypaBHeHust nis &(x,y) u n(z,y) 6e3 Tpyaa pewanTcs H AaoT (CM.
3amauy 7.16): B
E=Cy+3C32, n=2C3+Cie™?,
rne C}, Cy, C3 — Npou3BoOJIbHBIE KOHCTaHTHI. TakWM 006pa3oMm, ormepaTop
0 0
X = §(x,y) oz + U(x,y) a—y,
JoTycKaeMblil ypaBHeHHeM (6.5.8), uMeeT BUI
X =C1 X1 + 0y Xg + C3X3,
rae d 9 d d
X — Yy X _ X = — 2— .
1=et g 2= 5.0 3 3I8x+ 9

WueiMu cioBamu, ypaBHeHue (6.5.8) momyckaeT TpexMepHOe BEKTOPHOE MPOCTPaH-
cTBO L3, HaTsHyTOe Ha omnepatopbl (6.5.9).

(6.5.9)

6.5.2. Anre6pnl JIu. [lpuBeneHHble TPUMEPBI MOTYT CJAYXKHTh HJJIIOCTPA-
nuel o0LIero CBOMCTBA ONMpeNeNsoUMX YpaBHEHUH. A MMeHHO, MHOXKECTBO BCeX
pelleHH 3TUX ypaBHEHHH o0OpasyeT Tak HasblBaeMylo aseebpy Jlu, onpenessieMyio
CJeyIOIHM 00pa3oM.
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PaccMoTpuM Mpor3BO/IbHBIE JTMHEHHbIE ONEPATOPBl ¢ YACTHBIMH MPOU3BOIHBIMH
TepBOro nopsiaka

0 9] 0 d
X1 =&(2y) g2 +m(zy) 9 2= &(2,y) 5+ (2, y) o (6.5.10)
Omnpenenenne 6.5.1. Kommymamop [X|, Xo] onepatopos (6.5.10) ecTb suHEH-
HBIA OMepaTop C YaCTHBIMH MPOM3BOAHBIMH IEPBOrO MOPSIAKA, BBIYMC/SEMBIH MO

thopmyJe
(X1, Xo] = X1 Xy — Xp X,

HJIK, 3KBHBAJEHTHO,
0

X1 X) = (Xi(6) = Xa(6) o + (Xi(m) — Xolm)) 5 (65.1D)

Onpenenenue 6.5.2. Ilycts L, — r-mMepHOe JHHEHHOE MPOCTPAHCTBO, HATSHYTOE
Ha r JMI00BIX JMHEHHO He3aBUCHUMBIX orepaTopoB Buaa (6.5.10), To ecTb Ha MHO-
’KeCTBO OIepaTopoB

X=0Xy+---+C.X,, (C,...,C.=const.

[IpoctpancTBo L, HasbiBaeTcsi aseebpoil Jlu, ecidi OHO 3aMKHYTO OTHOCHTEJBHO
KommyTaropa, o ectb [X,Y] € L, nas mobsix X,Y € L,. 910 3KBUBAJIEHTHO

yeaosuio [X;, X;] € Ly (i,j =1,...,7), U1K, 5KBUBATEHTHO,
[Xi, Xj] = cf; Xy, cfj = const. (6.5.12)
Oneparopnt Xy, ..., X, cocraBastor 6a3uc anarebpst JIu L,. Mel roBopuM Takxe,

uto L, ectb anre6pa JIu, cocrosilas U3 HATSHYTHIX Ha Hee omepatopoB X; (i =
=1,...,7r).

IIpumep 6.5.3. Paccmorpum onepatopsl (6.5.7). Mcnoabays (6.5.11), mbl mosyya-
em kommyTatop (X, Xo] = —X. Takum o6pasom, Ha onepatopsl (6.5.7) HaTsHYTa
nByMmepHasi anre6pa Jlu Lo. CoOOTBETCTBEHHO, Mbl TOBOPUM, UTO ypaBHeHue (6.5.6)
IONYyCKaeT IByMepHYIO anredpy JIu.

Onpenenenue 6.5.3. Ilycts L, — anrebpa Jlu, HatsiHyTasi Ha omepatopbl X,
¢t =1,...,r. [lonnpocTpanctBo Ls BEeKTOPHOro NpocTpaHcTBa L,, HaTsHyTOoe Ha
MOAMHOXKeCTBO 0a30BbIX OMEpaTopoB, Hampumep Ha X, ..., X, s < r, Ha3bIBaeTcs
nodanzebpoil anreopsl L, ecan [X,Y] € Ly nasi mo6bix X,Y € Lg, To ecTb ecau

[Xi,Xj]GLs, i,jzl,...,s.

Kpowme Toro, L, HaseiBaetcsi udeasom anrebpsl Ly, ecan [X,Y] € Ly npu /100X
XelL,, Y €L, 1o ecTh ecau

(Xi, XjleLs, i=1,...,8; j=1,...,m

Yno6ublil cnoco6 sanuck anare6psl JIu, nomanre6pel U APYTUX CBOHUCTB COCTOMUT
B pa3MellleHHH KOMMYTaToOpoB B mabauye Kommymamopos, rue [X;, X;| pasmemna-
eTcd Ha nepecedeHuH cTpokH X; u crtonbua X;. [Tockonbky kommyTaTop (6.5.11)
AHTUCUMMeTpPHUeH, TabJHulla KOMMYTaTOPOB TakKxKe aHTHCHMMeETPUYHA U HMeeT
HYJIM Ha TJIaBHOW QUaroHaJsu.

14 H.X. M6parumos
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IIpumep 6.5.4. Paccmorpum onepatopsl (6.5.9). Hcnosabsys ¢opmyny 6.5.11
omnpenesieHusi 6.5.1 KoMMyTaTopa, MOXKHO JIETKO TOCTPOUTb CJEAYIOLLYI0 TabJULy
KoMMyTaTopoB (Tabs.6.5.1).

Ta6auna 6.5.1

Tabnnua kommyTaTopos Ls

X Xo X3
X 0 0 2X,
X 0 0 3X>
X3 —2X —3Xs 0

M3 npuBeneHHO# TabauLbl BUIHO, YTO TpexMmepHas ajnrebpa L3 HaTsHyTa Ha
onepatopsl (6.5.9), nonyckaemble ypaBHeHHeM (6.5.8). Tabauua Takxke MokasbiBa-
eT, 4TO Ha Jo0ble 1Ba omepartopa, a umenHo (X, Xy), (X, X3) uwmu (Xo, X3),
HaTsiHyTa AByMepHas nopanreépa. Kpome toro, sra tabauiia KOMMYTaTOpOB MoKa-
3bIBaeT, UTO JIByMepHasi nojpanre6pa, HatsiHyTas Ha X| u Xo, IBJAseTCS HAeaJoOM
anre6pel JIu L3, B TO BpeMs Kak, K npumepy, oneparopsl X| u X3 He oOpasyioT
uneana anredpet Jlu Ls.

6.5.3. CrangaptHbeie (opmbl aBymMepHOu anredpel JIm. Merton Jlu un-
TErpUpOBaHUs OOBIKHOBEHHBIX AU(pepeHUHaIbHbBIX YPAaBHEHHUH BTOPOTO MOPSIKA,
KOTOpbI OyzmeT 00CYykKHaTbCsl B CJELYIOUIEM pasfesie, OCHOBAaH Ha TaK Ha3blBa-
eMbIX KAHOHUHEeCKUX Koopouramax NByMepHO# anreGpwl JIM. DTH nepeMmeHHble
npeacTaBasiioT 6asuc a60H anredpsl Lo B mpocTedlleM BHAE U, KaK CJeJICTBHE,
npuBoAsT AuddepeHLnaNpHOE YpaBHeHUe, Aomyckamwulee Lo, K HHTETpUPyeMOH
(dopme. OCHOBHOe MOJIOKEHHEe COCTOUT B CJIeLYIOLIEM.

Teopema 6.5.1. Jlio6asi nBymepHasi anre6pa JIu MoxkeT ObITh NpeoOpazoBaHa
C TOMOLIbI0 MOAXO/SIIEr0 BbOOpa 6a3uca 1 nepexoaa K NepeMeHHbIM ¢, u, Ha3blBa-
eMBIM KQHOHUYeCKUMU NepemMeHHbIMLU, K ONHOH U3 UeTblpeX CTaHAapTHBIX (OpM,
npeacTaBJdeHHbIX B TabJ1. 6.5.2.

3ameuanue 6.5.1. B tunax III u IV ycnoBue [X|, Xo] = X| mMoxHO BbITIOJ-

HHUTb C IIOMOILILBIO IOAXOAAILEro HM3MEHEHHSA 0asuca B LQ C y4eToM TOro, 4To
[X1, Xo] #0.

6.5.4. Metox unterpupoBanusa JIlu. Codyc JIu npensoxun reopemy 6.5.1,
JAIOLLYI0 pelenT WHTerPUPOBAHUS BCeX ypaBHEHHWH BTOPOrO MOPsaKa

y' = f(z,9,9), (6.5.13)

JOMycKalouX AByMepHylo anrebpy Jlu. Meton JIu cocTouT B pasbueHUM Bcex
ypaBHEHHH Ha 4YeTblpe THUIA B COOTBETCTBHHM C Ta6s.6.5.2. A uMeHHO, BBOISA
KaHOHMYeCKHe NepeMeHHble ¢, U, NPUBOAST AOMycKaeMyto anre6py Jlu Lo K ogHOH
U3 cmandapmmuolx gopm tadbmauubl 6.5.2. Ilocae storo ypasuenue (6.5.13) nepe-
MUChIBAeTCS B KAHOHHUECKHUX NMepeMeHHBIX. [losydeHHOe ypaBHeHMe

/,

u” = g(t,u,u') (6.5.14)
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Ta6auua 6.5.2
CrpykTypa U ctaHnaptHble GopMbl Lo

Tun Crpyxrypa Lo Cranpapthas gopma Lo
1 (X1, X2] =0, &mp—mé&s £0 x=2 x,-2
1L, Xe] =0, &M —mée L= 2= 5
0 1o}
II [Xl,XQ] :0, §1n2—n1§2:o Xl = —, X2:t_
ou ou
0 0 19}
I X1, X=X — X =—, Xo=t= 9
(X1, X o & —m& #0 1= g0 Xe=totuos
7] 9
I\Y (X1, Xo]=X1, &me—m& =0 Xlia—, Xo=u—
u ou

MPUMET OfHY M3 YeThipeX HWHTErPHUPYEMbIX KAHOHUUECKUX (POpM, TPUBEIEHHBIX
B TabJ. 6.5.3.

Tab6auima 6.5.3

UeTblpe THNA ypaBHEHHH BTOPOro MOpsiiKa, AomycKamomux Lo

Tun CranpaprtHas gopma Ly Kanonnueckas opma ypaBHeHHS
I XIZ%y Xg:% u' = f(u)
o xi=2 =t ' = f(t)
I1 Xlz(%, ngt%—i—u(% u”:%f(u')
v XI:(%, ngu% u = f(t)u

TakuMm o00pa3oM, MeTOH COCTOMT B cJenyiolleM. I[Ipeamnosoxum, 4To Ham
M3BeCTHa Jomyckaemasi anrebpa Lo ¢ 6asucom (6.5.10). Torna uHTerpupoBaHue
TpefyeT BEINONHEHHS CJIEAYIOIMX YeThlPeX IIaros.

[TepBo it war: Onpeneauts THN Lo B COOTBETCTBUM C KOJOHKOH Cmpyx-
mypa Tab6a.6.5.2. Moxer norpe6GoBaTbcs 3aMeHa 0Oasuca Lo I/ TpPUBeNEeHHs
kommyTtatopa kK tuny III uau IV (cm. 3ameuanue 6.5.1).

Bropoi# mar: HaliTu KaHOHHUeCKHe NepeMeHHble MyTeM peLleHHs CJefy-
IOIMX YpPaBHEHHH B COOTBETCTBHH C BbIIENEHHBIM THIIOM:

Tun I: Xi(t)=1, Xo(t)=0; Xi(u)=0, Xs(u
Tun II: X (t) = ;
Tun III: X, (¢

Tun IV: X, (t) =

14%
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3arem nepenucath AnddepeHINaNbHOE ypaBHEHNE B KAHOHUUECKHUX MepeMeHHbIX,
BbIOMpas t B KayecTBe HOBOHM HE3aBUCUMOH NepeMeHHOW M U B KayecTBe 3aBH-
CUMOH NepeMeHHOH. YpaBHeHHE MPUBENETCS K ONHOH M3 MHTErpUpyeMbIX (hOpM,
npencTaBaeHHbIX B Tabu. 6.5.3. [IponHTerpupoBaTh ypaBHeHHe.

Tperuit war: [lepeliTi B HalileHHOM pellleHUH K UCXOAHBIM MepeMeHHBIM
T, Y, 3aBepllasi TeM caMblM NPOLEAYPY UHTerpHpOBaHUS.

IIpumep 6.5.5. YpaBHeHUe

2 3
y' =yy" —axy (6.5.15)
JoMycKaeT AByMepHyto aarebpy JIu ¢ 6asncom
0 s,

[TepBo @t war: Onepatopsl (6.5.16) ynoBAETBOPSIIOT ypaBHEHHUSIM
(X1, Xo] = X1, &ime —m&e =0,

u, caegoBarenbHo, Lo umeer tum IV Tadu. 6.5.2.
Bropoi# mar: ¥YpaBuenus (6.5.15) nas tuna 1V:

Xi(t)=0, Xo(t)=0; Xi(u)=1, Xo(u)=u

HNalT KaHOHWYECKHE ypaBHEHUS

Hcxonst u3 onpenesenws ¢, U3MeHsieM OIEPALUIO MOJHOTO AU (hepeHPOBaHHS:
Dx = y/Dt
H, UCIIONb3Ysi ee TMpH AH(depeHHPOBAHNUH YPABHEHHS U = T /Y, MONyYaeM:

y—zy =y,

Peliaem nocsieninee ypaBHeHHe 1Js y':
y/ _ Y
z+ vy’
HJIM TI0CJIe 3aMeHbl TIePeMEeHHBIX B MPABOH YacTH MOJydaem
1

y' = wrtd
TTosTOpHOE AM(GhepeHIpoBaHKe 3TOr0 YPABHEHHS AaeT
w2+t 20t ‘
B (u+td)’ B (u+ )’

CnenoBarenbHO, ypaBHeHHe (6.5.15) mpuoGperaeT cienyoIIy0 JHHEHHYIO (opMy
B COOTBETCTBUHU C Tabi. 6.5.3:

W= (t+ %) o, (6.5.17)
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O6osHauasi u’ = v, nepenuceiBaeM ypaBHeHue (6.5.17) B BUIe ypaBHEHHS MEPBOTO

nopsiaKa:
dv_ _ (t + 2) v,
dt t
OTKyZa ,
Inv=InC| +In(t"2) - %,
NJIu v — QQI e_t2/2.
t

Htak, Mbl IONYy4YUIU YpaBHEHHE

C] _¢2
W= et

t
Ero wuHTerprupoBaHre NPHUBOTUT K CJELYIOLIEMY pelleHHI0 ypaBHeHHs (6.5.17):

u:C’2+C1JtLQe_t2/2dt.

Tperuil war: Bosppawasch K NepBoHayaJbHbIM I[epeMEeHHbIM, Mbl IpH-
XOIMM K CJedylolleMy SBHOMY IpeACTaBJ/JeHHI0 OOLIero pelleHus ypaBHEHUS

(6.5.15):
r=y <CQ+01J12692/2dy> .
Y

IIpumep 6.5.6. 113 npumepa 6.5.1 Mbl 3HaeM, 4TO HesMHelHOe ypaBHeHHe (6.5.6)
/
n_Yy L
Y 2 1y
JIOTIyCKaeT NByMepHYio anre6py JIu Lo ¢ 6asucom (6.5.7). CienoBaTesnbHO, Mbl
MOXKeM TPUMEHUTh MEeTOJ WHTerpupoBaHus Jlu.
[TepBo#i mar: Hcnonb3dyem 6a30Bble HH(MHUHHTE3UMAaJbHblE CUMMETPHU
B (opme (6.5.7)
_ 29 2
Tornma [X1, Xo] = X (cp. c npumepom 6.5.3) u &1y — & = 2%y /2 # 0. Takum
o6pasom, anrebpa JIlu Ly umeer ctpykrypy tuna Il Tadm. 6.5.2.
Bropoi mar: Hallzem kaHoHMYecKHe mNepeMeHHble M NPOUHTETPUPYEM

Haule ypaBHeHue. M3 cucrembl ypasHenn#t X(t) = 0, Xy(t) =t nas HoBo#
nepeMeHHOH t moJsyyaem

_ .9 ya
Xo=—r5 =35,

2
t=(2), (6.5.18)
x
a cucrema X (u) =1, Xo(u) = u nas u naer:
1
U=——"- (6.5.19)
x
B kaHOHMYecKHX NepeMeHHBIX ¢, u, onepatopsl X, Xy (6.5.7) npuHUMAIOT BUJI

ou ot ou
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[Ipn 3ameHne He3aBucuMoH mnepemeHHOH (6.5.18) mosmHoe nuddepeHHpPOBa-
Hue D, no x, onpenesneHHoe corsiacHo (1.2.66), mepexonut B mosHOe mu(depeH-
uupoBaHue Dy 1o t, NONYMHSIOLIEECS CJEYIOUIEMY YPaBHEHHIO:

2 /I
D, =D, <y—2> D, =2 W p,
T T

WJTH

Dy =2u(t—vty') Dy (6.5.20)
[Iponudpeperurpyem o6e dyacth ypaBHenus (6.5.19), wucrnosnb3ys ypasHe-
Hue (6.5.20), u, mpuHUMasi BO BHUMaHHe, 4TO JieBas 4yacthb (6.5.19) 3aBucuT ot t,
a mpasasi 4acTb — OT &, MOJy4aeM:

| |

2u (t — Vi o) Di(u) = D, <__> = =

x X
U
t_\/gy/:Tu"

Jlnsl BbIUMC/IeHHS] U3MeHEeHHsl BTOPOH MPOM3BOJAHOM YA0OHO 3amucaTb npeobpaso-
BaHUe MOJIHOTO Au(pepeHIuPOBaHUsl U epPBOM MPOU3BOAHOU B BUIE

HJIn

2
U
Dx:_/Dt
u
=1 —
y =t Vi

COOTBETCTBEHHO. Toraa Jierko moJy4uThb cjaeyollee npeobpasoBaHre BTOPOH MPo-

HU3BOJHOM:
y 3 U,3 u//

U
vy = At u? + 2Vt U '
U3 ypaBHenuit (6.5.18), (6.5.19) caenyer:

2

1w
zy Vi
Ianee, Boipaxkenue st y' W ypasHenus (6.5.18), (6.5.19) naror:
y/ uQ u3

vVt 2Vl
[Tocsie MOACTAaHOBKM 3THX BbIpaXkeHUH ypaBHeHUe (6.5.6) MpUHHUMAaET UHTETPUPYe-

Myl opMmy: | :
u=—= (u' + —) . (6.5.21)

t 2
BosHuKaetr Bompoc: 3KBUBaJeHTHO JiM ypaBHeHHe (6.5.21) ucxonqHOMY ypaBHe-
Huio (6.5.6)? Bosiee TouHO — BCe JiM peleHust ypaBHeHus (6.5.6) HaxomsTcs U3
perienuii (6.5.21) ¢ nomotibio 3amenbl nepemeHHbIX (6.5.18), (6.5.19), u o6patHo?
OTBeT He OueBHJIEH, MOCKOJbKY BblpakeHue TnepeMeHHOH t (6.5.18) comepxkut
3aBUCHUMYI0 TepeMeHHYI0 Y HCXOTHOro ypaBHeHHs (6.5.6) u, ciemoBaTesbHO, t
MOXKeT pacCMaTpUBaThCs B KadecTBe HOBOW HE3aBUCHMOHU MepeMeHHOH, TOJIbKO
ecin (6.5.6) He HMeeT pelleHWH, BIOJb KOTOPBIX t SIBJSETCS TOXKIECTBEHHOH
KoHcTaHToH. [IpsiMmasi mpoBepka mokasbiBaeT, oAHako, 4To (6.5.6) uMeeT Kak pas
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TaKoe CUHeYAspHOe pelleHHe t = const, a HUMEHHO pelleHHe, OMpeeJsiollee
NpsiMble JIMHHH:
y =Kz, K = const.

Bce npyrue peienus ypaBHenus (6.5.6) nosyvatorest U3 perienuit (6.5.21) 3ame-
HOW mepeMeHHBIX (6.5.18), (6.5.19).

Bosiee Toro, HeoOXOOMMO TaKKe IMPOBEPHUThb, BCE JIM pEIIeHHs ypaBHe-
Hus (6.5.21) cBsizanbl ¢ pemeHusimi (6.5.6). Mbl 3aMeuaem, 4YTO ypaBHe-
Hue (6.5.21), oueBunHo, octaercs B cuse npu v = 0, a Takxke npu v = —1/2,

a COOTBETCTBYIOIIHE pelleHHs umeroT Bug u = A, u = C — g THe Aun C —
Npou3BoJibHble KOHCTaHThl. CorsacHo ¢ (6.5.19), mepBoe M3 3TUX ABYX pelleHUH,
u = A, osHayaeT x = const. OnHAaKO OHO He BBIMOJHSIETCS Ha JHOOOM pelie-
HUM ypaBHeHHusi (6.5.6) ¥ mo/mKHO ObITh oTGpouieHo. Ho BTopoe BhIpa)keHwue,
u=C —t/2, saBasercs peuieHneM ypaBHeHusi (6.5.6). JelicTBUTENbHO, MOACTAB-
Jisis B Hero 3HaueHust (6.5.18) u (6.5.19) 7151 t ¥ u, COOTBETCTBEHHO, MBI MOJTyUaeM

crepyiollee perieHre ypaBHeHHs (6.5.6):
y=+v2z+Caz?.

[anee npouHTerpupyem ypaBHeHue (6.5.21), uck/r04asi MoJyuyeHHble BBbILIE
CHHTYJIsIpHBIe pelienus, T.e. mosaras v’ # 0 u v’ + 1/2 # 0. Torma us (6.5.21)
crenyer:

du’ 2 du du’ 2u’ +1
ln’Kl\/Z|:_J'UI(2u/+1):JQU,—FI_J’TZID 7 ’
WU /
2u’ +
KVt = uu, ,
OTKyJa 1
v=—
200Vt — 1)

rae C) = K/2 # 0. HakoHel, 31eMeHTapHOe MHTETPUPOBAHHE IA€T:
1
1

Tperuit war: [lepenuinem peleHre B HUCXOAHBIX MEePEMEHHBIX. 3aMeHsist
B TOCJeIHeM ypaBHEHHH t ¥ u BblpaxkeHusiMdH (6.5.18) u (6.5.19), cootset-
CTBEHHO, TPUXOAHUM K CJEIYIOLIeMy HEsSBHOMY [MpPeICTaBJeHH0 pelieHust y(x)
ypaBHenus (6.5.6), conepxariemy nse koHctauTbl, C; # 0 u Cy:

Cly+ng+$ln)Clg—l‘+szo.

Jlo6aBnisisi K MocJeqHeMy ABa CHHTYJISIPHBIX PeLIeHHs, KOTOPble ObLIH MOJYYeHbl
BbIIlIE, MbI TTOJydaeM B HTOre obuiee peuienue ypaBHeHus (6.5.6), mpeacrasisio-
ee co60i caenytomye Tpu (GOpMyJbl ¢ POU3BOJbHBIMU KoHcTaHTamu K, C, (],
Cy npu ycaosuu C| # 0:

y = Kz, (6.5.22)
y=+v2z+Cax?, (6.5.23)
Cly+ng+xln‘Clg— 1‘+C%:0. (6.5.24)
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Tor ¢akr, uto obuiee peueHue ypaBHeHHs (6.5.6) cocToMT M3 Tpex cylie-
CTBEHHO DA3JHMYHBIX (OPMYJ, HE TPOTHBOPEUYUT TeopeMe 3.1.2 eIMHCTBEHHOCTH
pelLleHHs JI000H 3afauyl NPH MPOU3BOJNBHEIX Haua/lbHBIX YCJIOBHsX. [leficTBUTENb-
HO, pellleHHe HHXKeC/eNyIOLIero yrnpaxHeHHs [0Ka3blBaeT, YTO CaMH HauasbHble
yCJI0BHSI BbIIESIOT U3 (6.5.22)—(6.5.24) TouHO OAHY (POPMYNy pelleHHsI.

Ynpaxknenue 6.5.1. Pewnts cienyromue 3anauun Ko nsis ypaBHenus (6.5.6):

/
n_Y 1 _ / _1.
VY=g Ve =h Ve =1
!
n_Y 1 _ / —_ 0
0 v'=5-g Yo =L V=0
B) y":y—l—L y‘ =1 y’| =2.
yQ xy’ =1 ’ =1

Pewenue. 3anaua a): Ioncrasasis z =1, y =1, ¥ = 1 B dopMyssl Bcex Tpex
perienui (6.5.22)—(6.5.24), MOXKXHO yOeAUTBLCS, UTO HadasbHble YCJIOBHS a) MOT'YT
OBbITb BBHINMOJIHEHBI TOJMBKO Ha (6.5.22), rme K = 1.

3anaua 6): Mcxonss w3 momoGHbIX paccyxaeHuid, mas ¢ =1, y =1, ¢y =0
BblIeJIsieM BTOpYIO (hopmyny perenus (6.5.23) co sHakoM mitoc v npu C' = —1.

3anaua B): AHajoruuHo, noactaHoBka © = 1, y = 1, y' = 2 Begessier Gopmyay
pewenus (6.5.24) npu C = 2, Cy = —6.

Takum 06pasom, peleHHs MOCTaBAeHHOH 3anaun Koiin 3anuceiBaoTCs B BHIE

a) y=x, 6) y=+22—22, ») 2y—6x—|—xln’2%—1’+4:0.

6.5.5. MHTerpupoBaHue JUHEHHBIX YPaBHEHUI ¢ U3BECTHBIMU YaCTHBIMH
pemeHuaMu. [IpeanosoKuUM, 4To YacTHoOe pelueHue y = z(x) JHHEHHOrO ypas-

HeHUud
v +a(z)y +b(x)y =0 (6.5.25)

u3BecTHO. TakuM o6pasom, BbinosHeHo z”(z) + a(z) 2/ (z) + b(z) z(z) = 0 ToX-
nectBeHHO 1o x. O6GCynuM B 3TOM paslesie Ba Pa3jHuHBIX MeTOHAA INOJy4eHHs
obuiero perueHust ypasHenus (6.5.25) ¢ ucnosab3oBaHUeM YacTHOTO pelieHus z(x).

IlepBb1it MeTOd COCTOUT B NMpeo6pa3oBaHUU K MPOCTOH (OpMe COTJIacHO Teo-
peme 3.3.1. B cooTBeTcTBUM ¢ 3TOU TeopeMoi mpeoOpasoBaHHe

e—ja(x) dz y
t= J ——dr, u=—7= (6.5.26)
z°(x) z(x)
NPUBOIUT ypaBHeHHe (6.5.25) K mpocreiilieMy JHHEHHOMY ypaBHEHHIO BTOPOTO
nopsiiKa
' =0. (6.5.27)

Hurerpupys, nonydaem u = Cit + Cy, u obulee peuieHue ypaBHeHus (6.5.25)
HaXOUTCS B CJIENYIOLIEM BHJE:

e—fa(z) dz
y = 2(z) {cl J At Gyl (6.5.28)
z(x)
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Bropoii meTtox ocHOoBaH Ha ToM (akTe, 4To ypaBHeHue (6.5.25) siBasierTcs
HHBApUAHTOM TpeoOpa3oBanust ¥ = y + az(x) U, CleI0BaTeJNbHO, IOMYCKaeT reHe-
paTop 5

X =z2(x) = - 6.5.29
1=2() 5 ( )

[TockoabKy ypaBHeHHe (6.5.25) 0MHOPOMHO, OHO MOMYyCKaeT TaK»Ke reHepaTop

=y o (6.5.30)
Ha oneparopsl (6.5.29) u (6.5.30) HaTssHyTa nBymepHas ajarebpa Jlu tuna IV, n
3TO O3HayaeT, uTo ypaBHeHHe (6.5.25) MoxeT ObITb pEIlIeHO METOJOM HHTErpH-
poBanus JIu, KoTopbll Mbl 06CyAU/IN B paszese 6.5.4. A nMeHHO, KaHOHHUECKHe
nepeMeHHble AJis onepatopoB (6.5.29), (6.5.30) umeroT BUA

t=x, u= 2. (6.5.31)

B sTux nepemeHHBIX ypaBHeHHe (6.5.25) nMpUHHMaeT WHTerpUpyeMyto Ghopmy:

o+ [a(:c) +2 ZZ((;‘"))] W =0, (6.5.32)

OTKYyJ1a (e ds
U:CIJQ—de—I—CQ.
Z(x)
Takum o6pasom, Mbl CHOBa MPUXOAMM K pereHuio (6.5.28).
Kak mokasbiBaeT MpaKTHKa, Jyulle HC0Jb30BaTh OJUH W3 BBIIEOMHCAHHBIX
MeTOJI0B, YeM OKOHYaTesbHYI0 (hopmyny perenus (6.5.28).

IIpumep 6.5.7. PaccmoTpuM ypaBHeHMe
' =axy —y. (6.5.33)

YactHoe peleHue Jerko Haxoautcsi: z(x) = x. I 3TOro A0CTaTOUHO MpELro-
JIOXKHTh, YTO ypaBHEHHe JOMyCKaeT MOJHHOMHaJ bHOEe pelienue y = Ay + Ajx +
+ Agx® 4 .... TIpUMeHHM mepBHIi M3 ABYX NPHBEIEHHBIX MeTOIO0B HHTErpHpOBa-
uus. [IpeobpasoBanue (6.5.26) naer

z?/2
tzJe dz, u="7.
xr

x2

B stux nepemenHbix ypaBHenue (6.5.33) npunumaer dopmy u’ = 0, u, ciemno-
BaresibHo, u = C)t + Cy. TloacTaBssisi B pelueHHe BbIpaXKeHHst mJsi ¢ U U, Mb
noJiyyaeM cjefytollee obliee peleHde ypaBHeHus (6.5.33):

ex2/2
y= {Cl J dr + 02] x. (6.5.34)

2
T
Bocnonb3yemcsi BropeiM MeTonoMm. Mcnonbays anrebpy Jlu Lo tuna 1V, Hats-
HyTY10 Ha onepartopsl (6.5.29) u (6.5.30),
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nosiyyaeM KaHOHHYECKHe MepeMeHHble t = x, u = y/x. B 3THX mnepeMeHHBbIX
ypaBHeHHe (6.5.33) 3anuchiBaeTcsi B BUe

' = ((L‘ — 2) v
T

[Toc/ie cTaHmapTHOM MOACTAHOBKH %' = v M pasjesieHHs epeMeHHbIX OHO CTaHo-

BUTCS 0 ( 2)
—=lz—=)dz
v Xz
M 1aet ey
V= C] 5"
Xz

[Ipy uHTerpUpoBaHUU NOJyUYaeM:

6z2/2
u:CIJ dz + Cs.

:L‘2

OxkoHyaTesIbHO, iy = xu (hopMmupyeT obllee perieHue (6.5.34).

6.5.6. Tect nuneapusanumn Jlu.
IIpumep 6.5.8. C uesbo WIIIOCTPAlMM MPOOJEMBl PACCMOTPHUM HeJHHeHHOoe

ypaBHeHHe )
' /!
y' =2 <y? - %) . (6.5.35)

4 mosyuus ero U3 mpocrefiiiero JuHedHoro ypasHenus (6.5.27), u” =0, caeny-
I0llled 3aMeHOU MepeMeHHBbIX:

t= i, u = arctg x. (6.5.36)

JleficTBUTENbHO, pUMeHsisi (opMyJibl ipeobpasoBanus (1.4.13), (1.4.14) k ypas-
HeHUsM (6.5.36), Mbl UMeeM:

/

/
D, = _y_2 Dy, _y_2 Dy(u) = Dy(arctg ), (6.5.37)
) Y
OTKyJa
%
u = - (6.5.38)
(1+2%)y

Huddeperunpyss obe yactu ypaBHeHus (6.5.38) ¢ wucnosnbzoBanuem (6.5.37),

[noJydyaem:

2 2

’ 7 ’
Y

" Yy ! Yy I _ 2

y y y (1422
[anee, yuutbiBasi ypaBHeHus (6.5.27) u (6.5.38), Mbl B UTOre MPUXOOUM K ypaB-

Henuio (6.5.35). [Ipumensis B obuieM pemwenuun u = Cjt — Cy JHHEHHOro ypaBHe-
Hus (6.5.27) 3ameHy nepeMeHHBIX (6.5.36), MBI IPUXOAUM K

arctgx = % —Cy
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U, CJIe/I0BaTe/bHO, T0JydaeM obllee pellleHHe HeJqHHeHHoro ypaBHeHHUs (6.5.35):

__a (6.5.39)

Cy + arctgx

Takue nuHeapusyeMble ypaBHeHHUs, KakK (6.5.35), BCTpeyaloTcsi B MPUIOKEHHAX
noBosibHO uacto. CiieoBaTe/bHO, Ba)KHO HMeTb OOLIMH TecT MJsi BbIAEJEHHS
JnuHeapusyeMbix ypaBHeHud. Codyc JIu [43] pewnsa 3Ty mpoGsemy 1Jjsi 0ObIKHO-
BeHHBIX A (depeHIHaNbHbIX ypaBHEHHEH BTOPOro mopsiika. A MMeHHO, OH Halles
oburyto (hopMy BceX ypaBHeHHH BToporo mopsiaka (6.5.13), KoTopbie MOTYT OBITh
TpHBeJieHbl K JTHHEHHOMY YpaBHEHHIO

Y

d’u du
P A(t) o T B(t)u+ C(t) (6.5.40)
C IIOMOIIBbIO 3aMEHBI HQPEMGHHHX
t=w(x,y), u=y(y). (6.5.41)

[Ipexxne Bcero, OH MoOKasaJj, UTO BCe JMHeapudyeMble YpPaBHEHHS BTOPOTO IMO-
psilka MOTYT ObITb MO KpalHeld Mepe KyOHUHBIMM OTHOCHTEJNBHO MPOHU3BOIHBIX
MepBOro Mopsiika. ITO yTBepKAEHHE MOXKET OBbITb MOJYYEHO C HCIOJb30BaHHEM
npeo6pa3oBaHusl MPOU3BOAHBIX MPH 3aMeHe MepeMeHHbIX. HamoMHuM, 4To J1060€
JIMHeHHOoe ypaBHeHHe MOXeT ObITh MPHUBEJIEHO K MpocTeiilieMy ypaBHeHHO (6.5.27)
3aMeHOH KaK He3aBHCHMOH, TaK ¥ 3aBHCHMOH MepeMeHHBIX. Mbl Tak:Ke 3HaeM
(memma 3.3.1), uTo JMUHeHHble ypaBHEHUS IKBUBANEHMHbL NO (QYHKUUL YyPaBHe-
Huto (3.3.12). 3anuiiem ypaBHeHue (3.3.12) B mepeMeHHbIX ¢ U u:

' +at)u =0, (6.5.42)

rpe u” — Bropasi mpousBomHast oT u mo t. Torma, ucmosb3ysi mpeoGpasoBaHHe
NPOW3BOJHLIX, MOJyYaeMoe coriacHo Teopeme 1.4.1 pasnena 1.4.5, Mbl IpUXOIUM
K CJIeLyIOLleMy pe3y/bTaTy.

Jlemma 6.5.1. Bce ypaBHeHHMsi BTOpPOro mnopsiika, NOJy4daeMble W3 YypaBHEHHUS
(6.5.42) ¢ momolbio 3aMeHbl epeMeHHBIX (6.5.41), Mo KpaiiHeil Mepe KyOHUHBI MO
MePBBIM MPOU3BOAHBIM, TO €CTb MPUHAMJIEXKAT K CeMeHCTBY ypaBHEHHH BUIA

y" + F3(x,y) y/3 + Fy(z,y) y/2 + Fy(z,y)y + F(z,y) =0, (6.5.43)
rae
Pythyy — Yy gy + A
F3(z,y) = =5
3(7,9) pR——
Fy(z,y) = Payy — YaPyy + 2(Pyay — YyPuy) + 3041/)9%905’
Pathy = Pyt (6.5.44)
F (x y) _ @ywmm - Q/Jygpzz + 2(%%;; - @[}z@wy) + 30”/19035903/
’ %% - ‘Py¢ac ’
3
F(z, _ Paze — VoPre + arhpy .
(@.y) Pathy — Py¥z

Onnako He so6oe ypaBHeHHe Buaa (6.5.43) ¢ MPOM3BOJIBHBIMH KO3 PHLHU-
entamut F3(z,y),..., F(x,y) auHeapusyemo. JluHeapusauusi BO3MOXKHA, €CJIH U



220 2. 6. Heaunetinole 06bikHOBeH Hble Oudpeperyuarvrole YypasHeHus

TOJIBKO €CJIM Nepeolpe/ie/leHHasl CUCTeMa HelHHeHHbIX AH(QepeHIHanbHbX ypaBs-
HEHHH C YaCTHBIMH MPOU3BOAHbIMU (6.5.44) mist ABYX QyHKUHH ¢(z,y) u ¥(x,y)
¢ 3agaHHbIMu F3(x,y), ..., F(z,y) unterpupyema. Codyc Jlu [43] Hawen ycioBus
COBMECTHOCTH (TO €CThb HHTerpupyemoctn) cuctembl (6.5.44). Tect JuHeapusyemo-
ctu C. JIu moxeT ObITb ChOPMYNHUPOBaH ciaenyoiiumM obpasom (cm. Takxke [40]).

Teopema 6.5.2. YpaBHenue (6.5.43) nuHeapu3yemo, e€CJqM M TOJNBKO €CJIH €ro
KO3(D(PUIHEHTHl YIOBJIETBOPSIIOT CJEAYIOIIUM YPaBHEHUSIM:

3(F3)a:ac - 2(F2)93y + (Fl)yy = (3F1F3_F22)x - 3(FF3)y - 3F3Fy + FQ(Fl)y’
3Fy,, — Q(Fl)a;y + (FQ)MC = 3(FF3)I + (F12 — 3FF2)y + 3F(F3)$ — Fl(FQ)gC.

Tect nuneapusyemoctu Codyca JIu nmpocT u ynob6eH Ha npakThke. PaccmoTpum
NIPUMEpHI.

IIpumep 6.5.9. YpaBHeHue
'+ Fz,y) =0

umeer BUA (6.5.43), rne F3 = Iy = F| = 0. Tecr nuueapusaunu paer Fy, = 0.
CaenoBarenbHo, ypasHenue y” = F(z,y) He TpeOyeT JHHeapU3alHH, MOCKOJBKY
OHO yXe JIMHeHHoe.

IIpumep 6.5.10. YpaBHeHus
"o l / Py

y"+ é (y’+y’3> =0

Takxke umeloT hopmy (6.5.43). Ux koahuunentsr pasuel F3 = F) = —1/z, Fy =
=F=0wu F3=F = 1/z, F, = F =0 coorBercTBeHHo. TecT sHHeapu3aluu
TMI0Ka3bIBAET, YTO MepBOe ypaBHEHHE JIMHeapu3yeMo, a BTOpOe — HeT.

Ecnu kosdpduumentst Fs(z,y), ..., F(x,y) ypaHenus (6.5.43) yooB/1eTBOPSIOT
TeCTy JinHeapusauuu, chopMysHpoBaHHOMY B Teopeme 6.5.2, Torna sameHa mepe-
MeHHBIX (6.5.41), npuBonsmas ypaBHeHus (6.5.43) K auHeiHoMmy By (6.5.42),
MOXKeT OBbITh MOJIyUeHa C MOMOIILbI0 PellleHHsI epeonpeaeeHHON cucTeMbl audde-
peHUHa bHbIX ypaBHeHHH (6.5.44) orHOCHTebHO W(Z,y) U (X, y) C U3BECTHBIMH
oyuxunsmu Fz(z,y), ..., F(x,y).

IIpumep 6.5.11. Paccmotpum ypaBHeHHe
= (v +y") =0 (6.5.45)
M3 MpebIAYyILero npumMepa. Mel 3HaeM, UTO ero Ko3(pQUIHEeHTb
F3:F1:—é, FE=F=0

YIOBJETBOPSIIOT ycaoBusiM TeopeMbl 6.5.2. lokaxkeMm, uTo ypaBHeHHe (6.5.45)
MOXKET ObIThb MPUBEIEHO K MPOCTeHIeMy JiHeHHOMY ypaBHeHuo v’ =0 u Haiigem
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JuHeapusywoulee ortodpaxenue. [Ipexnonoxum, uro «(t) = 0 B (6.5.42). Torna
ypaBHenust (6.5.44) nist Haxoxnenusi ¢(x,y) u ¥ (x,y) 3aMUCHBAOTCS TaK:

‘wayy - wy‘Pyy = _% (‘Pmd’y - %ﬂ/’m),
Pryy — Vapyy + 2(0yPay — YyPay) =0, (6.5.46)

OyWzz — Yyez + 2(@x¢zy - 7l)x<)0xy) = (‘Pﬂl’y - Spywx)’

(wam: - 'djxﬁpxa: =0.

Uro6bl JMHeapru30oBaTh ypaBHeHHe (6.5.45), mocTaTOUYHO HAHUTH J0Oble TMOAXOMAS-
e QyHKUn# o(z,y) 1 1(x, y), KOTopble SBJSIOTCS pelleHnsiMH cucTeMbl (6.5.46)
¥ (QYHKIMOHAJBHO HE3aBUCHMBI, TO €CTh UX SKOOHAH OTJIMYEH OT HYJIS:

S%Q/Jy - SDy'(/}m 7é 0. (6547)

[TosTomy s1 ynoBJeTBOPSIIO yCJIOBHE MOCJAENHEr0 ypaBHeHHs cucteMsl (6.5.46),
noJiarasi ; = 0, T0 ecTb ¢ = ¢(y). Toraa ycaosue (6.5.47) tTpebyert, 4ToO6b! ¥, 7# O
1 @y # 0. Uro6bl ynpocTHTb AanbHeHIIHe BBIYHCIeHHs, s BbiOHpato ¢ = y. Torna
BTOpPOe ypaBHeHHe chcTeMsl (6.5.46) naet 1., = 0, oTKyna

¥ = alx) + b(y).

[Tocsie sTOro nepsoe ypaBHeHHe (6.5.46) cTaHOBUTCS YpaBHEHHEM C pa3fieJIsIONIH-
MHCSl TIepeMeHHBIMHU: )
b'(y) = — d'(x).

X

1
xT

Ortcrona crienyet

V' (y) = éa’(x) =\, A= const.

OTH ypaBHEHHUS HAIOT

A A
a(r) = 5«702 +Ciz+Cy, bly) = §y2 + Ky + Ks.

3ameuasi, utTo TpeTbe ypaBHeHHe (6.5.46) ynoBseTBOpsieTCS TOXKAECTBEHHO W TOJ-
craBsas A = 2, O} = (Cy = K| = K9 = 0, Mbl NPUXOAUM K CJefyIolled 3aMeHe
nepeMeHHbIX (6.5.41):

t=y, u=az>+1° (6.5.48)

OTa 3aMeHa MepeMeHHBbIX MPUBOAUT ypaBHeHHe (6.5.45) K JMHEHHOMY ypaBHEHHIO
u” = 0. 3anuceiBas ofluee pelleHHe MOCJAEIHEro ypaBHeHHs B dopme u + At +
+ B =0 u ucnosb3ys (6.5.48), Mbl mosy4yaeMm ciaenyollee pelieHHe HeJUHEHHOr0
ypaBHeHus (6.5.45) B SIBHOM BHUJE:

2>+ +Ay+B=0, A, B=-const. (6.5.49)

3ameTHM, 4TO 3aMeHa nepeMeHHBIX (6.5.48) HeBO3MOXKHA 115 pelleHus y = const
ypaBHeHus (6.5.45). CienoBartesbHO, 00llee pelieHHe ypaBHeHus (6.5.45) moay-
yaeTcsi fobaBieHUeM K (6.5.49) cuHrysnsipHoro peleHus y = const.

Mpumep 6.5.12. Ypasuenue y” +y” = f(z) nmeer popmy (6.5.43) npn Fy =
=F =0, Fb =1, F = —f(x) u ynoBnersopsier Teopeme 6.5.2. IlpoBepum,



222 2. 6. Heaunetinole 06bikHOBeH Hble Oudpeperyuarvrole YypasHeHus

JIMHEeapU3yeMo JIM OHO C MOMOLIbIO 3aMeHbl OHOH 3aBUCUMON MepeMeHHOH. MHaue
roBopsi, OyleM MCKaTh JHHeapusyiwllee npeodpasoBanue (6.5.41) B Bume t = «,
u = 1(x,y). Torna nepBoe ypaBHeHue (6.5.44) ymoB/jeTBOpsieTCs: TOXKAECTBEHHO,
a ocTajibHble TPH ypaBHEHUS NAIOT:

wyy = ¢y’ ¢SL‘y =0, Yp+ f(-fC) '¢y + Oé(.f) P =0.

M3 nepBbix 1ByX ypaBHeHHH UMeeM 1 = g(z) + CeY. Buibupas, nanpumep, C = 1,
g(x) =0, mbl nosyuaem 1) = e¥. Torna TpeTbe ypaBHeHue naet o = —f(z). Takum
o6pa3oM, 3aMeHa MepeMeHHbIX ¢ = x, u = €Y JMHeapu3yeT paccMaTpUBaeMoe
ypaBHeHHe U oTobpaxaet ero B u” = f(z)u.

6.6. YpaBHeHUs BBICOKOTO MOpsAAKa

6.6.1. NuBapuantHsie pemenus. Ilogxon dinepa kK auddepennupona-
Huto. KoHlenuusi rpynnoBbiX MHBAapHAHTHBIX pelLIeHWH, BBeleHHAas B pasle-
Je 6.4.3 0715 ypaBHEHUH TIepBOTO MOPsIIKA, TPUMEHHMA TAKKe B C/Iydae ypaBHEHHH
BBICOKOT'O MOPSIAKA.

IIpumep 6.6.1. OnHoponHoe NHMHeHHOe 0OBIKHOBEHHOEe AU (epeHLInaNbHOe YpaB-
HeHHe 0OIero BUJA C MOCTOSIHHBIMU Ko3(duunentamu (3.4.6),
—1 !

y(") + aly(” )bt n_1Yy +a,y =0, ay,...,a, = const,
JOTyCKaeT TPYMIY CIBUra C reHepaTopoM
o)
ox’
MOCKOJIbKY KO3((HIMEHTbl TOCTOSHHBI, a TaKxXKe JOMYCKaeT YMHOXeHHe Y Ha
TPOU3BOJIbHBIN MapaMeTp, TO eCTb TPYINIY PacTsKeHHs C TeHepaTopoM

X =

Xo=y—
2=Y y
B CBfI3M C OIHOPOMHOCTBIO paccMaTpuBaeMoro ypaBHeHusl. CJie0BaTesbHO, ypaB-
HeHUe JONYyCKaeT JUHEHHYI KOMOWHAUHUI0 3TUX reHepatopoB, X = X| + A Xo:

0 0
X = %+/\ya—y, A = const.
YpaBHeHHe XapaKkTepucTHK dy/y = Adx naeT wHBapHaHT u = ye **. Wupapu-
aHTHOe pellleHue moJydaercss noactaHoBKod u = C'. OTciofa BbITEKaeT 100x00
Jtinepa (3.3.25):
y = Ce,
[Tockombky 3 = CheM®, ..., y(”) = C\"eM | moncTaHoBKa B ypaBHeHue (3.4.6) na-
eT ajqrebpanyeckoe ypaBHEHHe, a UMEHHO XapaKTepucTHUeckoe ypaBHeHue (3.4.7):

N4+ a N g A+ a, =0.

ITpumep 6.6.2. Paccmotpum ypaBHeHue Ditnepa (3.4.11) us paspena 3.4.4:
dny n—1 dnily
dz" taz dx"!

d
z" +---+an—1x£+any=0,
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e ay, ..., a, = const. OHO mBaxKAbl OMHOPOAHO (cM. onpeneseHue 3.1.3), To ecTh
JIOTIyCKaeT TPYIIbl PaCTSKEHUsI ¢ TeHepaTopaMu

0 0
Xi=2z—, Xo=y—-
1 oz’ 2=Y By
[loctynuM Tak ke, Kak B mnpuMepe 6.6.1, ¥ HaliieM WHBapHaHTHOe pelleHHe
C TIOMOLIbIO TIOCTPOEHHUs JuHelHoH KoMOuHauuu X = X| + A Xo:

d 0
X—m%—i—/\ya—y, A = const.
YpaBHeHHe XapaKkTepucTHK dy/y = Adx/r naer wHBapuaHT u = yx . WHBapu-

AHTHbBIE pelleHHsd HaxXoAATCA MIOICTAHOBKOH U = C, O0TKyHOa

y = Oz (6.6.1)
HuddepeHunpys 1 yMHOXKAs HA &, UMEEM:
xy = C\ .’L‘)‘, z2 y" = C)\x >‘ e x”y(”) = C\"z.

[loncraBasis B ypaBHenue (3.4.11), Mbl mosyyaeMm Tocse [esneHHs Ha OOIIMH

MHOXHTenb Cz) clenylollee Xapakmepucmudeckoe ypasHenue AJs ypaBHEeHHS
itnepa (3.4.11):
Nda N4 ta, i AN +a, =0.

OHo coBnanaer ¢ XapaKTepUCTHUECKUM ypaBHeHHeM (3.4.7) 1/ ypaBHEHHS C MO-
CTOSIHHBIMH KO3(duireHTamu (cp. ¢ pasgenom 3.4.4).

6.6.2. HUurerpupyromumii muoxkureas (H.X. U6parumos, 2006). OGbuHO
MHTErPUPYIOLIHH MHOKHTENb PACCMATPHUBAIOT UCKJIIOYUTEIBHO /151 OOBIKHOBEHHBIX
nu(depeHIHaNbHBIX ypaBHEHUH MepBOro mopsinka. bosee Toro, mpu KJjaccuye-
CKOM TOAXOJe K MHTErpUpYIOLleMy MHOXKUTeN0 NUddepeHLHaNIbHbIe YpaBHEHHUS
3aMHUChIBAIOT KaK nU(QepeHLnatbHble HopMbl (cM. pasaen 3.2.3). 3necb Mbl OyaeM
06Ccy’KIaTh aJbTepHATUBHBIN MOAXON K HHTETPUPYIOLIUM MHOXKUTEJSM, PA3BUTbIH
B [41]. HoBbilf mogxom mo3BoJisieT HaM OMPENeNUTb UHTErPUPYIOLIHE MHOXKHTEIN
IJi5 YpaBHEHHH BBICOKOTO MOPSIAKA M CUCTEM.

Myers u=(u!,...,u™) o6osHauaer m >1 3aBHCHMBIX MepeMEHHbLIX C MO-
C/le/loBaTe/IbHbIMU POM3BOIHBIMH (1) = {du Jdx}, upy = = {d*u®/dz?},... n
OTHOIIEHUIO K €IHHCTBEHHOH HesaBHCHMoﬁ nepeMeHHOH zc. [TosHoe anJq)epeHuH-
posanue (1.4.9) nmeer BuI
0 0 o 0

5w ) G (6.6.2)

BapuanuoHHble MpoM3BOAHBIE BHICOKOrO mopsinka (cp. ¢  ypaBHeHusmu (1.5.4)
1 (2.6.24)) ¢ onmHO#l He3aBUCUMOH TepeMeHHOH W HEeCKOJbKHMH 3aBUCHMbIMH
TlepeMeHHBIMH 3aMHUCBIBAIOTCS CJAEAYIOLIUM 00pa3oM:

50 9 5 & 3 D
5t " Prge TPega ~Daga—

ZL‘ZLL

o (6.6.3)

HoBbl#i monxon K HaX0XKIEHUIO UHTEIPUPYIOLIUX MHOXKHUTeJEH 17151 0ObIKHOBEHHBIX
nuddepeHIHaNbHBIX ypaBHEHUH J000ro MOpsiika C OJHOW HWJH HECKONbKHMH
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3aBUCHUMbIMH TIepPeMEHHBIMHM OCHOBAH Ha CJIeYIOIEeM yTBepKAeHHH (6osee neTab-
HOe pacCMOTpPeHHe W JI0Ka3aTeqbCTBa MOXKHO HaiTu B [40, pasmen 8.4]).

Jlemma 6.6.1. Ilycts F (:ZJ,U,U(I),...,U(S)) € A. Ypasuenne D,(F') = 0 Boinos-
HAETCH TOXKJIECTBEHHO OTHOCHTE/IbHO BCeX MePeMeHHBIX T, U, U(1), ..., U(s)
M Usy1), €CTH U TOJIbKO eciu F' = C' = const.

Jlemma 6.6.2. uddepenunansHas ¢pynkuus F (:1:, U, Uy, - - ,u(s)) € A ¢ onHoii
HEe3aBHCHUMOH MepeMeHHOH ¥ IBJISETCS MOJHONU MPOU3BOLHOM:

F = Dx(q)), (0] (:r,u, U(l),...,U(s_l)) € A, (6.6.4)
€CJIM U TOJIbKO €CJId CJaefyIollhe YpaBHEeHHS BBINOJHATCA TOXKAECTBEHHO B X, U,
U1y - :
o a=1,...,m. (6.6.5)
ou

B cnydae ypaBHeHUH ¢ OOHOH 3aBUCHUMOH NepeMeHHON y Mbl OyIeM HCIOJb30-
BaTb 00bIUHOE OGO3HaueHwe y', y” W T. 1. IJIsl TIOCJENOBATENbHBIX TPOU3BOIAHbIX.
[TonHoe nuddepenunposanue (6.6.2) u BapuauuoHHas npoussogHas (6.6.3) ume-
10T BUJ

0 ) 0 9 (s+1)
Dy = o +y g, Y a’* 4y ay<s+"'
1 50 ) )
5= Prggt Dga,, Dgay,,/+--- (6.6.6)

COOTBEeTCTBeHHO. B 3TOM cayuae jemmbl 6.6.1 u 6.6.2 GopmynupyioTcs cienyio-
UM 00pa3oM.

Jlemma 6.6.3. Ilyctp f (m,y, Y.y ) € A. Ecau ypasuenue D, (f) =0 yno-
BJIETBOPSIETCS TOXKIECTBEHHO OTHOCHTE/JBHO BCEX MepeMeHHBIX T, ¥, Y ,...,y"
uytD 1o f = const.

Jlemma 6.6.4. uddepenunanpHas (QyHKLUS f(a:,y, y/,...,y(s)) € A ¢ onHoit
HE3aBUCUMOH NepeMeHHOU T fIBJISeTCS MOJHOU NPOU3BOLHOH, TO €CTh

f=Du6), & (vyy iy )eA (6.6.7)

eCJIH U TOJIbKO €CJIH CJlefylollee yPaBHEeHHE BBITOJIHAETCS TOXKIECTBEHHO OTHOCH-
TeNBHO T, Y, Y, ... :
of _ of of

oy _Yr Yy 2
sy — Oy Da ay’Jer

of s Of

0
ay// x 6y/// +ot (_I)SDS / =0. (6.6.8)

T oyl

Onpenenenue 6.6.1. PaccMoTpum o6bikHOBeHHOe U (epeHLINaNbHOe YypaBHe-
HHe TIOpsiiKa S

a (a:,y,y’, e y(s_l)) y®) +b (a:,y,y’, e y(s_l)) =0. (6.6.9)
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Oynkuns p(z, .y, ... ,y(s_l)) Ha3bIBAETCS] HHTETPUPYIOIIUM MHOXKUTEJIEM YpaB-
HeHust (6.6.9), ecsiut yMHOXKeHHe Ha 4 IPeBpallaeT JeByk 4acTb ypaBHeHHs (6.6.9)
B TOJIHYIO TPOM3BOAHYI0 OT HEKOTOPOH dyHKUUH P(T,y, v, ... ... Ly

pay® + pb = Dy(6). (6.6.10)

3HaHWE MHTErPUPYIOLIEr0 MHOXKHTEJsi [03BOJISIET YMEHBIIUTb  MOPSIIOK
ypaBHeHus1 (6.6.9). [lelicTBUTesbHO, M3 ypaBHeHud (6.6.9), (6.6.10) cnaenyer,
uro Dy(¢) =0, u nemma 6.6.1 naer nepBbiii nHTerpan ypasHeHus (6.6.9):

¢ (x,y,y’,--.,y(5*1)> =C. (6.6.11)

Omnpenenenne 6.6.1 MOKHO J1erKo 0600IINUTE HA Cydall CUCTEM OOBIKHOBEHHBIX
nuddepeHIHaNbHBIX yYpaBHEHUH J1060r0 MopsiiKa.

Teopema 6.6.1. MuTerpupytomuii MHOXHUTeb 1715 ypaBHeHHUs (6.6.9) onpenens-
eTCsl ypaBHEHHEM

9 (s) _
- (,uay + ub) —0, (6.6.12)

rae 0/0y — BapuauuoHHas npousBopHas (6.6.6). Ypasuenue (6.6.12) comepxut
nepeMeHHEIe 2,7,/ , ...,y %" ~?) U ynoBIeTBOPAETCA TOXKAECTBEHHO 10 STUM Mepe-
MEHHBIM.

Hoka3arenbcTBOo. YpaBHeHue (6.6.12) mosyueHo cornacHo jgemme 6.6.2. Ilpo-
U3BOJHAS BBICLIETO TOPSIKA, KOTOpPAasi MOXKET MOSIBUThbCS MOCJe BapHalHOHHOTO
nuddepenuupopanus (6.6.6), umeer nopsinok 2s — 1. OHa nosiB/sieTCss B 4seHax

(1) Difpa) w (1D |y 2.

Mbel nmeeM, oTGpachiBasi uJieHbl, 3aBeOMO He COfeprKallue y(25_1)

(~1)°D}(ua) = —(~1)* "' D! [y@ O(ua) } e
ay(s 1)

Takum 06pasoM, useHsl, cogepxkampe y2*~1) B3aumHO yHHuUTOXKAKOTCS, H ypaB-
nerue (6.6.12) comepKUT TOIBKO mepeMenHbie , Y, Y, . .., Y22, Aro 3aBepmaer
JI0Ka3aTeNbCTBO.

B ciyuae ypaBHeHHsI MepBOro Mopsiaka,

a(z,y)y' + bz, y) =0, (6.6.13)
ypaBHeHHe (6.6.12) 3anucbiBaeTCs CJAeOYOUUM 00pa3oM:
8
5y (Hay + ub) =y (ua), + (ub), — Da(pa) =0.

Mockonbky Dy(pa) = (ua), + y'(pa),, Mpl nojyuaeMm cieayiollee ypapHeHHe
IJIsl HAXOXK/IEHHSI UHTETrPUPYIOLIEro MHOXKHTEJIsl [/l yPaBHEHUE MepBOro MOpsii-

Ka (6.6.13):
(ub), — (pa), = 0. (6.6.14)
YpaBuenue (6.6.14) coBnanaet ¢ ypaBHenuem (3.2.12), rne N =a, M =b.

15 H.X. H6parumos
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IIpumep 6.6.3. PaccmoTpuM ¢ HOBOH TOYKH 3peHMs ypaBHeHMe (3.2.14) u3 mpu-
mepa 3.2.2. [Tepenuiem ypaBHenue (3.2.14) B caenytoieit hopme:
(v — 3%y + 22y = 0,

1 TOJNYYUM
9
dy

Takum o6pasom, ycioBue (6.6.12) He BBIMOJNHSIETCS, H, CJEI0BATENbHO, (y2 —

— 32%)y + 22y He sBaserca moaHbIM muddepenuuasom. C APYroil CTOPOHHI,
yMHOXKas Ha i = 1/y*, Mbl monyyaem ypaBHeHue

1 2 2
(—2 - 3%) Y+ =0, (6.6.15)
Y Y Y

KOTOpOe ynoBseTBopsieT ycaoBuio (6.6.12). [leficTBHUTeNBHO,

0 1 3962) , 23@} Qy z? y 6z 1 322
0y [(yz y' v P R e O

Tenepb Mbl 3allKMIIEM

[(y2 — 322y + Qxy] =2y + 2z — D (y® — 32°) = 8.

!

Yy 1 9y 9 1 z? 2x
Y =Da(—). —33::95DI<>:DI<>—
Y y y' Y V) v

U MOJNYYUM: ) )
1 3x 2x T 1
<—2——4>?J'+—3:Dw <_3__)‘
Yy Y Yy Y Y

Hrak, pelenue Hauero gudepeHUHa bHOTO YPaBHEHHUS BbIpaXKaeTcs IBHO B BULE
2

w1 2 9 3
——-=C wm z° -y =Cy".
Y Y
PaccMoTpuM Temnepb ypaBHEHHE BTOPOTO MopsiiKa
a(z,y,y")y" + bz, y,y') = 0. (6.6.16)

WHTerpupyoiine MHOXKHUTENU i 3aBUCAT OT x, Y, y', U ypaBHenue (6.6.12) s
HaxoXneHust p(x,y,y’) 3anuceBaeTCsi TAKUM 06Pa3OM:

)
5, (Hay" + ub) = y'(ua), + (ub), = Du [y (na), + (ub),] + Dz (a) = 0.
Mt umeeM:

Dy (pa) = y" (pa),, +y’(ua) + (pa),,

D3 (pa) = "’( a)y + 1" (1a)y + 20y (pa) ,, + 24" (pa),,, +
y" (na), + ' (ua)yy + 2y’ (na),,, + (1a),,,
/ //(“a)yy + y (Ua)wy”

D, (y”( ) =y" (1), +y" (1), +y'y
Dq ((ub), )Zy"(ub) /+y(ub) + (1),
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H, CJIed0BaTeJbHO,
)
@ (,LL(I y// + IUb) = y/l [y/(lu’a’)yy’ + (”a)my’ + Q(Ma)y - (/’Lb)y’y’] +

2
+y (pa),, + 2y (pa),, + (1a), — ' (1), — (14b) 4y + (1b),-

[TocKko/IbKy 3TO BbipakKeHHe NOJIKHO 00pallaThCsi B HYJb TOXKAECTBEHHO 110 T, Y,
y' 1y, Mbl IPUXOAMM K CPOPMYNUPOBAHHOMY HHXKE YTBEDPXKIEHHIO.

Teopema 6.6.2. Murerpupyiouire MHOKUTeH (i(,y,y’) ypaBHEHHST BTOPOTO MO~
psinka (6.6.16) onpenensitoTcs caeayolled CHCTEMOH NBYX ypaBHEHHH:

y'(pa),, + (pa),, +2(pa), — (ub),,, =0, (6.6.17)

Y (1) + 24/ (1), + (1) gy — 3/ (1D) = () + (ub), = 0. (6.6.18)

Teopema 6.6.2 mokaseiBaeT, 4TO ypaBHEHHS BTOPOrO MOPSiAKA, B OTIWYME OT
ypaBHEHHH TepBOro MOpsiiKa, MOT'YT He HMETb HHTErPUPYIOIIUX MHOXHTEJeH.
B camoMm fesie, MHTErpUPYIOIINE MHOXKUTENb (4(X, y) [JIs1 IEOOOTO ypaBHEHHs Tep-
BOT'O TMOPSIAKA ONpeJessieTcss eAMHCTBEHHBIM JIMHEHHBIM YpaBHEHHEM C YaCTHBIMU
TPOM3BOAHBIMH MepBoro nopsinka (6.6.14), xotropoe Bcerna uMeeT OGeCKOHEUHOe
yucso pellleHHH. B ciyuae ypaBHeHui BToporo mopsinka (6.6.16) onHa HensBecT-
Hast QyHkuusi p(z,y,y’) NOJKHA YHOBJIETBOPSTH ABYM JIMHEHHBIM ypaBHEHUSM
C YaCTHBIMH MPOU3BOIHBIMU BTOPOTro mopsiaka (6.6.17), (6.6.18). Uurerpupytomiuii
MHOXHTEJIb CYIIECTBYET MPH YCJOBUH, YTO MepeornpenesneHHas cucrema (6.6.17),
(6.6.18) coBmecTHa.

3ameuanue 6.6.1. Eciu ypaBHeHue BTOporo mopsinka (6.6.16) nmeer nBa uHTe-
TPUPYIOLIMX MHOXKHTEJISI, KOTOPble MPHUBOAST K [IBYM CYIIECTBEHHO pPa3JUYHbIM
nepBbIM HHTerpasam (6.6.11), Torna obiiee peuieHue ypaBHeHusi (6.6.16) moxer
ObITb HalfeHO 6€3 UHTErPUPOBAHHS.

IIpumep 6.6.4. PaccvoTpum cienyioliiee ypaBHeHHe BTOPOTO TOPSIAKA:

72 /
y+%+3%:0 (6.6.19)

MoxHO MpOBepUTh, YTO €ro JieBas 4acTb He YIOBJETBOpsieT ycjoBuio (6.6.5), u,
CJIe[I0BATEIbHO, OHA He SIBJISIETCsI MOJHBIM Au(depeHiHasoM. Boruncaum uHTerpu-
pyloLMi MHOXKHTe/b. YpaBHeHHe (6.6.19) nmeer dopmy (6.6.16) mpu

12 /
a=1 b=2 4+3%.
Y T

Ilnst ynpolueHusi OyaeM HCKaThb WHTErPUPYIOLIME MHOXHUTENU BUIA p = pu(x,y).
Cocrasum ypasHenue (6.6.17): 2uy — (ub),,,, = 0. Tlockonsky (ub),.,, = 2u1/y,

MBI TIOJIy4aeM [, = /Yy, OTKyAa p = ¢(z)y. Takum o6pasoM, Mbl HMeeM:
2
p=0)y, fiyy=0, [fizy= ¢ pax = 9"y, pb=¢y" +3 % vy,

(ub), =3 % Yo (pb)yy =3=, (pb)y, =28y +3 (ﬂ _ ﬂ) .

SHRSS

Xz x2

15+
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[ToncranoBka B ypaBHeHue (6.6.18) nmpuBomuT K cienyolieMy ypaBHeHUI0 Jiepa:
229" — 3x¢' + 3¢ = 0.

HuTterpupys ¢ NOMOIIbIO CTAHIAPTHOH 3aMeHbl He3aBUCHMOH nepeMeHHou t =
= In|z|, MBl moJyuaeM IBa HE3aBUCHMBIX pelleHHs, ¢ = & U ¢ = x°. Takum
o6pasoM, ypaBHeHHe (6.6.19) momyckaeT nBa MHTETPUPYIOLIUX MHOXKHUTEJIS:

po=zy, pp=zy (6.6.20)

M MOXKeT OBITb pelleHO 0e3 [OMOJHHUTENbHOrO HHTErpHpoBaHMs (cM. 3ameua-
Hue 6.6.1).

JleficTBUTEeNIBHO, yMHOXKasi ypaBHeHHe (6.6.19) Ha mnepBbl HHTerpHUpYHOILUH
MHOXKHTEJ/b, Mbl UMeeM:

ry <y” + 13y > = xyy" + 2y’ + 3yy = 0.

Moncrasasis xyy” = Dy(xyy') — yy' — 2", Mbl npusogumM 310 K D (zyy’) +
+2yy' = Dy(xyy' +y*) = 0, orxyna
zyy' +y* = Cy. (6.6.21)
AHajiorn4Ho, BTOpO# HUHTETrpUpyoOUi MHOKUTeNb (6.6.20) naer:
2yy = Cy. (6.6.22)

Uckatouasi y' u3 ypasaenuit (6.6.21), (6.6.22), Mbl mostyuaem cienymoiiee obliee

perieHue ypaBHeHHs (6.6.19):
=)0 - 2. (6.6.23)
T

[Tpunoxenne Tecta JnuHeapuszauuu (pasmesa 6.5.6) mokaseiBaeT, 4TO ypaBHe-
Hue (6.6.19) nuneapusyemo. CijienoBaTesbHO, OHO AOMyCKaeT 8-MepHyio aJjreb-
py JIu ¥ mosTOoMy MOXKeT ObITh MPOWHTErPUPOBAHO T'PYIMOBBIM METOIOM pasfe-
na 6.5.4. PaccmoTpuM Teneps ypaBHeHHe 6e3 CHMMETpPHH.

IIpumep 6.6.5. PaccmorpuM cienylollee HesquHeHHOe ypaBHeHHe BTOPOro I10-
psnKa: )

1l o z+2

=y T Lo 1 =0, (6.6.24)

) Y
MozkHO yOenuThes, peliasi onpefesiiole ypaBHeH s, 4To ypaBHeHue (6.6.24) He
IOMYCKaeT TOYEYHBIX CHMMETPHH U, CJIef0BaTebHO, HE MOKET ObITb NMPOHHTErPH-
poBaHo MeronoMm Jlu. ITosTomy mombiTaeMcsi MPUMEHUTb METOZL HHTErPHPYIOLIMX
MHOXHTeJeH. YpaBHeHue (6.6.24) nmeer dopmy (6.6.16) mpu

7 2
a=1, b:—y——%y'—l—%—l—l.

Y

Ilns ympouleHuss OyneM HCKaTb WHTETPUPYIOIIMH MHOXKHTENb, 3aBUCALIUHA OT
IByX mepeMeHHbix. [lyctb, Hanpumep, p = u(x,y). Torna ypaBHeHue (6.6.17)
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naet juy; = —p/y, otkyna p = p(z)/y. Tenepp ypaBHenue (6.6.18) sanuceiBaercs
B CJELYIOLIEM BHJE:

2 2/ 1

y_];yﬂ B y—gy’+%+y'Hyy/+ny’ - H, =0, (6.6.25)
rae
H:%y’2+(x+$2)§y/—(2$+1)§'

Pacuer mokasbiBaet, uTo ypaBHeHHe (6.6.25) CBOAMTCS K MPOCTOMY ypaBHEHHIO
1 /
pzsl‘) —1—(1:—1—332)]?(;6) -0,
Y

OTKy[a, pasieJisisi nepeMeHHsbie, noaydaem p/'(x) =0, To ectb p = const. [Tosaras
p =1, Mbl HAXOIMM CJIelyIOLINH HHTETPUPYIOLINH MHOKUTEb YpaBHeHUs (6.6.24):

1

B = v ’
YMHoxasi ypaBHeHue (6.6.24) Ha p, uMeeM:
" 2
Y 1 o ax+2° , 2x+1
— ==y - + =0. 6.6.26
y 7 Yy 7 Yy y ( )

Ero sieBast yacTp MoxeT ObIThb JIerKO MpeAcTaBJeHa B BUAE MOJHOTO AU depeHIH-
aja. JledcTBUTENBHO,

" / 72 2 2
T+ T+ 1+ 2z
y_:Dx<y_>+y_2’ T y/:Dm< >_

Y () Y Y Y ()
U ypaBHeHue (6.6.26) sanuceiBaeTcsi B hopme
’ 2
D, <%> —0. (6.6.27)
Taxum obpasowm, , 5
Yy t+rt+ax
YIITT — @,
)
HJIH , 9
y+zx+x°=Cy, C)|=const. (6.6.28)

HHTerpupyst HeONHOPOAHOE JIMHEHHOe ypaBHeHHWe mMepBoro nopsaka (6.6.28), Mol
noJiyyaeM cjefytoliee obliee peleHde ypaBHeHus (6.6.24):

y = Oy 1% — O17 J(gv +22) e % dx, ), Cy = const. (6.6.29)

Beluncnsas uHTerpan B (6.6.29), MOXKHO BBIPAa3UTh pellleHHE B 3J€MeHTapHBIX
(GYHKUMAX. A UMEHHO:

y=Cy—ga? - g (6.6.30)
ecin C1 =0, u
Y= Cy eclxﬁ-% (O + (24 C))C1z + 2+ €4, (6.6.31)
1

ecmn C) # 0.
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Ilpumep 6.6.6. PaccmoTpuM c/enyiollyo CUCTEMY ypaBHEHHMH MEPBOTO MOPSAKA:

Fi(z,y,2,9,2) = z2y — 22y2’ +yz =0,

Fy(z,y, 2,9 ,2)=xy + 22222 + 2z +y = 0. (6.6.32)
Iposepum ycaosus (6.6.5). Toxcraass u! =y, u? = z, umeem:
6F1 / 6F1 _ /
5y 3xz, 5 =3(y + zy').
Takum o6pasom, Fy(z,y, z,y', 2’) — He noanasi npousBonnasi. C Apyroi CTOPOHHI,
0F, . O0F
Sy -0 5 70

H, cJenoBaTtesbHo, Fy — mosHas npousBopHas. [elicTBys, Kak B mpumepe 6.6.3,

MBI TIOJTyYaeM:
Fy = Dy(zy + x222). (6.6.33)

Bynem wuckaTh HHTerpupymoLuii MHOXHTe b Aas Fy B dopme p = p(z,y, z).
Pacuer mokasbiBaet, 4To nepBoe ypaBHeHHe U3 (6.6.D) 3amucbiBaeTcs B BUIE

(5(/1,F1) . 8(MF1)_ 8F1 o
o oy Pe\lay )T

= =3z2'pu—zzpg + (yz — 22y2" )y — x22'pu, = 0.

[TocKoMIbKY f1 HE 3aBHCHT OT 2/, ypaBHEHHe paclllerisieTcs Ha [Ba:

2ypy + zp +3u =0,  zpy —ypy =0.

Pewasi 31y cucreMy JMHeHHBIX AU(depeHLHalbHbIX YPaBHEHHH C YacCTHBIMH
TMPOU3BOAHBIMM MEPBOTO MOPSAKA, MBI TTOJyYaeM:

_ Zisgzs (%) (6.6.34)

rie ¢ — MpousBoJibHast PyHKUHs. MoxHO mpoBepuThb, uTo PyHKIHUS p (6.6.34)
SIBJISIETCS] TaKXKe pellleHHeM BTOporo ypaBHeHHs u3 (6.6.5),

S(uF) _ A(uF) —Dm( aFl) —0,

Sz 0z "o

U, CJieJ0oBaTeJ/IbHO, ABJAAECTCA HMHTETPUPYIOLIHUM MHOXKUTEJEM [OJ5 Fl. HOCKOJIbe

yHKIMS ¢ B (6.6.34) MPOM3BOIbHA, NONOKHUM ¢ = 1, ymMHONKUM Fy Ha 1= 27>
MOJTYYHM: /
phi =" 9™ LV _p (%) (6.6.35)
Z z z z

[TopcraBass (6.6.33) u (6.6.35) B ypaBHeHUs (6.6.32), Mbl HaxooUM CJeqyiolIMe

HepBbIe I/IHTEI‘pa.}IbIZ
=0, Y=c

xy—l—:rz =C1, —5 =0q.

z
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Paspemaﬂ HUX OTHOCHUTEJBHO Y W Z, Mbl IOJy4dadeM ob1ree peleHre CHUucCTe-

MBI (6.6.32):
. 0102 s =+ Cl X
Y z(Cy + 2?)’ Cy + 2?

6.6.3. JIuHeapusauusa ypaBHeHHHl TpeTbero mopsinka. MeTon HHTerpu-
poBanust Codyca JIu mpuMeHUM TakKe K ypaBHEHHSIM BBICOKOTO Mopsiika (CM.,
Hanpumep, [41, 19, 10]). OnHako Halia Uesab B 3TOM pasjese — MPOIEMOHCTPH-
pOBaTb BO3MOXKHOCTH JHMHeapU3aLWH, a He HHTErPUPOBaTb yPABHEHHS BBICOKOTO
nopsiKa.

Yno6HO MpeaCTaBUTb JHHEHHOe OJHOPOAHOE ypaBHeHHe o0ulero Buaa (3.4.3)
B CJelyIollel CTaHAAPTHOH (opMe, coepKallell GUHOMHUANbHBIE KO(P(PHUIIUEHTHI:

nlco(x)

g ¥ e (@)Y 4 en()y = 0.

(6.6.36)

y™ +ney(z) y™ +

B uacTHOCTH, 3TO MpOSIB/sieTCS MPH BHIYMCJIEHHH HHBAPHAHTOB.
[IpeoGpasoBaHre 3KBUBaAJEHTHOCTH /ISl YpaBHEHHUH BbICOKOro mopsiaka (3.4.3)
MPOBOMUTCS C MOMOIILbIO TeX Ke caMbiX npeobpasoBanuil (3.3.8), (3.3.9)

T=¢(z), ¢(z)#0,
y=o(x)y, o#0,

KOTOpble HCIIOJb3YIOTCS JIs YPaBHEHHH BTOPOro MOPsiAKa.

Ananor rteopembl 3.3.1 nnf JUHEHHBIX ypaBHEHHH BBICOKOTO MOPSiAKA ObLI
otkphiT B XIX cronerun. A umenHo, [Ix.Kokn B 1876 romy u 3.Jlarepp
B 1879 ropy mokasanu pas m =3 WU A/ NIPOU3BOJIBHOIO 7, COOTBETCTBEHHO,
4TO [Ba 4YJeHa, MMELIUX MOPSAKH, CJeAyIOLUIMe 32 HAWBBICIIMM, MOTYT ObITb
OJIHOBPEMEHHO HCKJ/II0YeHBl U3 Jitodoro ypasHeHus (6.6.36). Mx pesysmbrat moxer
OBITb C(HOPMYJIHPOBAH CJeAYIOIUM 00pa3oM (Mo MoBoLy AoKaszaTenbcTBa cM. [40,
pasmen 10.2.1] u autepatypy, UUTHPYEMYIO B 3TOH KHHTE).

Teopema 6.6.3. Jlo6oe ypaBHeHue (6.6.36) MOKeT ObITb MPHUBENEHO K BUILY

n!cs(x)

3 (n—3)! y " e (2) Y+ en(2)y =0 (6.6.37)

y(n) _I_

C TIOMOIIbI0 MOAXOASIIMX NpeoOpa3oBaHWH 3KBHUBajseHTHOCTH (3.3.8), (3.3.9).
Onpenenenuie npeo6pa3oBaHUil S9KBUBAJEHTHOCTH TPeOyeT NHTErPUPOBAHUS OObIK-
HOBEHHOTO IHU(QepeHLHalbHOIO YpPaBHEHUS] BTOPOro IOPsSiiKa HE3aBUCHMO OT
nopsinka n ypaBHeHusi (6.6.36).

dopma (6.6.37) HasbiBaeTcsi KanoHuueckol ¢opmoil Jlaeeppa avHeHHOTO Of-
HOPOJHOTO YpaBHEHHs n-To Mopsinka. B uacTHocTH, KaHOHUYecKast (opMa (6.6.37)
ypaBHEHHS] TPEThero Mopsiika ecThb

y" 4+ afz)y = 0. (6.6.38)
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HeﬂaBHO MbI 1) HalllJik BCe JIMHEapu3yeMble YpaBHEHHS TPETbero rnopsaaka

y" = flz,y, v, y"). (6.6.39)

A chopmynupyto 3nech obiire TeopeMbl 0 JHHEAPU3ALUH yPaBHEHHH TPETbero Mo-
psilKa U TPOMJIIIOCTPUPYIO UX Ha TMpHUMepax. DyneM ncrnonb3oBaTh KaHOHHUYECKYIO
¢dopmy (6.6.38) sMHEHHBIX ypaBHEHHH TpPETbero MopsiaKa, MoJydeHHe KOTOPOH
rapaHTHUPOBAaHO TeopeMoH 6.6.3.

Jlemma 6.6.5. YpaBHeHus TpeTbero nopsiaka (6.6.39), nmosydeHHble U3 JTHHEHHOTO
ypaBHeHus (6.6.38) samenoi nepemenHbix (6.5.41) npu ¢, =0,

t=p(z), u=y(zy), (6.6.40)
NpUHaJJexaT CeMelCTBy ypaBHeHHH BHIA
y" + (Ary + Ao)y" + B3y + Bay” + Biy + Bo =0, (6.6.41)

rne Ag = Ao(z,y),..., Bs = Bs(z,y). YpaBHeHus tperbero mnopsinka (6.6.39),
noJlyueHHble M3 JIHHEHHOro ypaBHeHHs (6.6.38) ¢ moMolibio 3aMeHbl MepeMeHHbIX

t=p(x,y), u=1vY(xy), roe p, #0, (6.6.42)

NpUHAAJIeXaT CeMeHCTBY YpaBHeHUH BHIA

7 1+ " [—3(3/’)2 + (CQ y,2 + 4 y' + Co) y" +

+ D5y’ + Dyy” + D3y + Doy + D1y + Do} —0,  (6.643)

y/// +

rne Co = Cy(x,y), ..., Ds = Ds(x,y) ur =r(x,y).

YpaBnenus (6.6.41) u (6.6.43) ¢ npousBosbHBIMU Ko3(duiimeHTamu Ay, ..., B3
u Cp,..., D5, COOTBETCTBEHHO, SIBASIOTCS ABYMSI KaHOUOamamu HQ AUHEApU-
3ayuro.

Teopema 6.6.4. YpaBHenue (6.6.41) nuHeapusyemo, ecJqM M TOJNBKO €CJIH €ro
K03(h(HULHEHTBl YI0BAETBOPSIOT CJAEAYIOLUM YPaBHEHHUSIM:

Agy — A1z =0, (3B1 — Aj —34q,), =0, (6.6.44)
3By = 3Ay, + AgA1, 9B3 =34y, + A}, (6.6.45)
27Boy, = (9B1 — 6Ag, — 245) A1z + 9(Bis — A1 Bo), + 340B1,.  (6.6.46)

[Tpennonarasi, uro ycaoBusi (6.6.44)—(6.6.46) BbioJIHEHBI, JUHeapU3YIOlIee Tpe-
o6pasoBanue (6.6.40) ompenessioT ¢ MOMOLIBIO OOBIKHOBEHHOrO AHU((epeHIalb-
HOrO ypPaBHEHHsI TPeThero Mopsiika Ajs (PYHKUHH (), a UMEHHO C TOMOLIbIO
ypaBHeHHUs] PHKKaTH

6 % ~ 32 =3B, — A2~ 34, (6.6.47)
AJ1d
X = *‘:0” (6.6.48)

) N.H. Ibragimov and S.V. Meleshko, J. Math. Anal. Appl., 308 (1), 2005, 266-289.
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U cleflyIollell HHTerpupyeMoHd CUCTeMbl AU(QepeHIHalbHbIX YPAaBHEHUH C 4acT-
HBIMH [POU3BOAHBIME /st Y (T, y):

3yy = A1y,  3thay = (3x + Ao) Uy, (6.6.49)
Yrzw = 3X Yoz + Boty — é (340, + A2~ 3B, + 9 ¥, — Q,  (6.6.50)

rie x ompexessieTcst ¢ nomoiibio (6.6.48), a 2 — caenyioliee BbipaXkeHue:
Q:é(A%x+2Aw%m+GB%—BBMrF%Aé—QAdi44NMBQ. (6.6.51)

B ntore Ko3(hQUIHEHT v pe3yIbTHPYIOLIEro JHHeHHOro ypaBHeHus (6.6.38) ompe-
LeJIsieTCsl BblpaXkKeHHeM

o= 3 (6.6.52)
IIpumep 6.6.7. YpaBHeHuUe
I AN A A A
y (yy +2)y +6<y2+xy+m2+x3>_o (6.6.53)
umMeeT popmy (6.6.41) u KoahHULHEHTHI
_ S 43 p_86p_56 p_6 p_5
Al_ ya AO_ x’ B3_y25 BQ_xya Bl_an Bo_xg, (6654)

HetpynHo y6enuTbes, uto KoadduiueHTs (6.6.54) ymOBJIETBOPSIOT YCJOBUSM
(6.6.44)-(6.6.46). Mbl nmeem

3By — A} - 34, =0, (6.6.55)
1 ypaBHeHHue (6.6.47) npuobperaer B
dx o _

BriGepem ero mpocteiiinee pemenne y = 0. Torna, yuuthiBas (6.6.48), mojoxum
@ = x. Ilpu sToM ypaBHeHus (6.6.49) s3anuchBalOTCS Tak:
Olnfgpy| 2 Oln [thy| 1

Oy y’ Ox x

U AT
K
thy = —5, K = const.
ry
CJenoBaTeJibHO,

V=14 (@),

MoxHo BbIGpaTh Apyroe yactHoe peienue. Hanpumep, monoxum K = —1, f(z) =
= 0 u mosy4um |
h

Y=
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YuutbiBas (6.6.55) u 3ameuas, uto (6.6.51) naet 2 = 0, MOXKHO JlerKo YOEIUThCH,
uro ¢yHkuus ¢ = 1/(xy) Takke siBasiercsi peiuneHuem ypasHenus (6.6.50). ITo-
ckosbKy {2 = 0, ypaBHeHue (6.6.52) naet o = 0. Takum o6pasom, npeodpasoBaHue

1

t=x, u=— (6.6.56)
Ty
oToGpaxkaeT ypaBHeHHe (6.6.53) Ha JMHelHOe ypaBHeHHe
u/l/ — O

IIpumep 6.6.8. PaccmotpuM cienymoiiee ypaBHeHue Buaa (6.6.41):

y" + Sy’y” -3y — Sy'z +2y —y=0. (6.6.57)
Jlerko y6ennTbCsl, UTO €ro Ko3(ppHULHEHTH

AIZS» Ao=-3, B3=0, BQZ—S, Bi=2, By=-y

YIOBJIETBOPSIOT YCJIOBUSIM uHeapu3auuu (6.6.44)—(6.6.46). Kpome Toro,
3B — A — 34, = -3,
U ypaBHeHue (6.6.47) 3anmuchiBaeTCcsl B BHIE
ax g2
6 T 3x* =-3.

BosbmeM ero oueBuaHoe periende x = 1 W nosyuum us (6.6.48) ypasnenue ¢ =
= ¢/, oTKyna

p=e".
YpaBuenus (6.6.49) umeror hopmy
Oy, 1 B
oy oy Yoy =0

¥ MOTYT ObITb JIETKO pellleHbl. BribepeM mpocTefliiiee pelieHue i = Y2 ¥ ToMy4uM
CJENYIOILYI0 3aMeHy nepeMeHHBHIX (6.6.40):

t=¢e% u=y’ (6.6.58)
[ToncraBass Q = —2 u @, = e =t B ypaBHeHue (6.6.52), Mbl moJydyaem
aft) = —2t73.
Takum o6pasom, ypaBHenue (6.6.57) oTobpakaercsi npeobpaszoBanueMm (6.6.58)
Ha JIMHelHOe ypaBHeHUe

um—%u:0 (6.6.59)

Teopema 6.6.5. YpaBHenue (6.6.43),

y" + [—3(1/”)2 + (02 v+ Oy + Co) y'+

v+
+ D5y’ + Day" + Dyy” + Dyy” + Diy/ + Do| = 0
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JIMHEeapu3yemMo, €CJau U TOJbKO eCJd €ro KOS(i)CpI/ILlI/IeHTbI YAOBJIETBOPAIOT CJIeAYIO-
UM YpaBHEHUAM:

Co = b ?—6?—#1“01—7” Co, (6.6.60)
*r  9C, aa 802
o 2 801 B 801 . 802 2 802 . 6 r 2

8 r 87“ 87" Or\2 or

r2 [9(7@2 —o0y)? a_y - 2012 +2rCyCy + 4r2C2 +

_ 9,2 9C 0C1 5 200, 30Cy *r
18Dy = 9r* o= — 12r 5= — 277 a a3t 36r—8 =+
82
+185— +6(3C1 + 47’02) T 3r(6C + 71«02) 5
or or 2 o2 3
+18T<a_y> 183}3_ 4rC7 — 2r°C1Cy + 207 C’2 +
+72r3Dy — 27074 Dy, (6.6.63)
9DQZ3T’Cy—3601_21 802+212602+15028

1500y 2 % — 0% — 5rC1Cy + 141°C3 4 542Dy — 1803 D5, (6.6.64)

3D = 3r %—ZQ _3 % — C1Cy + 2rC2 + 12Dy — 3012 D, (6.6.65)
oDy 8201 8202
—|—18ra % _3r0, %2 802 (72 9C, +3302) or 4 108D4ﬁ +
+27OD5 o 1378 8D5 1082 855 ~540rD; 5 or |

+ 36rC’1D5 —8rC3 — 367«021)4 +10872Cy D5 + 54 rH, (6.6.66)

a]_[—Zilﬁfﬁ—l—raH

Gy =SH G+ (6.6.67)
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rae
_ 0Dy _50D5 o 9Ds .o Or _
2
+é 8502 +2Cy ——= 802 —201D5 + 203Dy | + & C2 (6.6.68)
Y

Ecau ycnosus (6.6.60)—(6.6.67) ynossierBopsitotesi, mpeo6pasoBanue (6.6.42),

t=p(y), u=1@y), @,#0,

otobpaxatoliee ypaBHeHHe (6.6.43) Ha suHeillHOe ypaBHeHHe (6.6.38), sBisercs
peleHHeM CJIeIyIoled COBMECTHOH CHCTeMbl ypaBHeHHE A (QyHKUMi ¢(x,y)

u(z,y):

Op _ 00 W _ 0oy, 0¥
i I i AU (6.6.69)
dp P o (% a2 20057 (0p)?
83’(/J E)cp 302 o

g HU+3 82¢<8y) L3 <8y> g§<8y) T (66.71)

rae ¢pynkuus W onpenensieTcs ypaBHEHUSIMU

33—W — e, = rey +6?} e 38—W — W (6.6.72)

KosthduumeHT v pe3ybTHPYIOLLEro JuHeiHoro ypaBHeHus (6.6.38) onpenensiercs
¢ momotkio (cp. ¢ (6.6.52))

o= 2(2)3, (6.6.73)
rne H — ¢ynxuus (6.6.68).
IIpumep 6.6.9. PaccmoTpuM HesnHelHOe ypaBHeHHE
"+ yi -3y —ay"] =0, (6.6.74)

OnHo umeet dopmy (6.6.43) co crenyrouumMu KoshOULIHEHTAMU:
T‘:O, C():C]:CQZO,
DO = Dl = DQ = D3 = D4 = 0, D5 = —Z. (6675)

[TpoBepum, BbIMOJHSETCS JIM 17151 ypaBHeHHs (6.6.74) TecT JMHeapu3alnH, UCIIOJb-
3ysi Teopemy 6.6.5. YTBepxkmaercsi, 4To Ko3hdureHTbl (6.6.75) ym0BIETBOPSIOT
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ypaBHeHusiM (6.6.60)—(6.6.66). Kpome Toro, ypaBueHue (6.6.67) Takke BBINOJHS-

eTcsl, MoCKoJbKy (6.6.68) naet
H=2. (6.6.76)

Takum o6paszom, ypaBHeHue (6.6.74) nuHeapusyeMo, U Mbl MOXKEM MPOLOJKUTh
npolecc JuHeapu3auuu. YpaBHeHus (6.6.72) 3anucbiBaroTCs B BHIE

ow ow
5 =% 5y =0

u nator W = const. CienoBatesnbHo, ypaBHeHHus (6.6.69) umerot Bup
O o 0y 0

oxr  Oxr dy
H, CJIeN0BATEbHO:

e=0), v=-Wz¢(y)+wy). (6.6.77)

[Tocsie aToro ypaBHeHus1 TpeTbero mnopsiaka (6.6.70) u (6.6.71) naT oOGbIKHOBEH-
Hoe nuddepeHHaNbHOE YpaBHEHUE
"2

" o__ § Y

st p(y) U nuddepeHLHalbHOe YpaBHEHHE C YaCTHBIMH MPOHU3BOIHBIME

3 " a2 172
00 3¢9 00 3¢ 00y (6.6.79)

o ST a2 oy

nasi Y(x,y) cooTBeTcTBeHHO. Mcmonb3yst Beipaxkenue ast ¥ (6.6.77) u ypaBHeHHe
(6.6.78) masi ¢, Mbl cBOOMM ypaBHeHHe (6.6.79) K

OueBHAHO, 4YTO Mbl MOXKEM BBIMOJHUTb ypaBHeHue (6.6.79), mosaras
w(y) = 0. Torna noctpoeHHe npeoOpa3oBaHUs JHHEAPHU3ALUU TPeOyeT HHTEerpH-
poBaHusl ypaBHeHHs (6.6.78), usBecTHOro B JUTepaType Kak ypaBHeHue llIBapua.
Ero obuiee pelieHne onpenesnsieTcsi NPpsMbIMH JHHUSMA

o =ky+1, k1 =const (6.6.80)

U runepbosamMu :
p=a+-——, a,b,c=const. (6.6.81)
b—cy

Bribepem mpocteiilee pemenue @ = y Buaa (6.6.80). Torma (6.6.73) naet
a = 1. Kpome toro, monoxxum W = —1, w =0 B (6.6.77) u moayuyum 3ameHy
nepeMeHHBIX

t=vy, wu=u, (6.6.82)
npuBonsyio (6.6.74) x cienyrolieMy JUHEHHOMY ypaBHEHHIO:
W +u=0. (6.6.83)
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6.7. HenuHeiiHaa cymnepno3nuuus

6.7.1. Beegenue. Codyc JIu obnanan akcTpaopaUHAPHBIM TeOMETPUUYECKUM
BUIeHHEeM Mpo6JeM, UTO YIPOLLaN0 aHaJUTHYeCKHe pacyeThl W 4acTo MPHUBOLHU-
JIO €ro K HOBBIM TeopeTHyecKMM KoHUenuusam. O6oOlieHHe CBOHCTB JHMHEHHBIX
ypaBHEHUH W cBsidaHHasi ¢ HUM Teopusi Codyca JIu HeJlMHEHHOH CyMeprno3ULUH,
KOTOpasi pacCMaTprUBaeTCsl B HACTOSILLEM pasfeJse, CaAy»KaT 3TOMY XOPOLIMM MpH-
MepoM.

Hanomuaum, 9T0 pelleHre ONHOPOAHOTO JMHEHHOTO AU(HepeHIIHaTbHOTO ypaB-
HEeHHUs] C YACTHBIMH NPOM3BOAHBIMM MW HHTETPUPOBAHHE CHCTEMbBI €ro XapaKTepH-
CTHK (CHCTeMbl OOBIKHOBEHHbIX NU((epeHLHalbHbIX YPaBHEHHI) — 3KBUBaJIEHT-
Hble 3agauyd. bosee Toro, /obas cucTemMa OOBIKHOBEHHBIX AU((hepeHIHaIbHbIX
ypaBHEHHUH C M 3aBUCUMBbIMH NepeMeHHBIMU 2,

da’

o =lte), i=1.n, 6.7.1)

MOXKeT paccMaTPUBAThCs KaK CUCTEMa XapaKTePUCTHK NU(p(epeHLHaNbHOrO ypaB-
HEeHUSl C YacCTHbIMM MNPOMU3BOAHBIMH C 7 + | He3aBUCHMBIMM IepeMeHHbIMH, t
mr=(x', . .. 2"):

ou 1 ou ou

— 4+ t,x)— 4+ -+ f*(t,x) — =

S ) S (1) g

Cogyc JIn 3ameTus1, 4TO KJ/acCUYecKHe TEOPUH JIMHEHHBIX OOBIKHOBEHHBIX
Iu(pepeHLHalbHBIX YPaBHEHUH
da’

E:ail(t)xl—l—'-‘-i—am(t)xn, i=1,...,n, (6.7.3)

TaK e KaK acCOolMHpoBaHHOe HuddepeHlHalbHOe ypaBHEHHE C YaCTHBIMH MPO-
usBoaHbIMH (6.7.2),

0. (6.7.2)

Ju = i Ju o
i,k=

o6s13aHbl ToMy (akTy, uto n® onepatopoB X = x' 9/0x" renepupyor Hempepbip-
HYyIO TPYIIY C 7 epeMeHHBIMH T, 2 IMEHHO JMHeAHYI0 OIHOPOAHYIO IpymMy. To
Ha0J10/leHHe M03BOJINJIO €My TT0BEPUTh, YTO [VIaBHble CBOHCTBA JIMHEHHBIX ypaBHe-
HUH (6.7.3) MoryT ObITb 0000LIEHBl HA LIMPOKHH KJacc HeJHHEHHBIX YpPaBHEHHH,
UMeLIHUX (HopMy 0006UjeHH020 pasderenus nepemennbLy:

da’ ; ; .
e Ti(t) () + -+ T () & (), i=1,...,n, (6.7.5)
CYMTasi, 4TO Ha OIMEPaTOPbI
Xo = & (x) ai, a=1,..r, (6.7.6)
Ox

HaTsiHyTa KoHeuHoMepHasi asre6pa Jlu. Kosdduunents T, (t) sBasioTcs mpo-
M3BOJIbHBIMH (pyHKUHsiMM mnepeMeHHod t. Cucrembl (6.7.5) paccmatpuBaoTcs
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COBMECTHO C 3KBMBAJIEHTHBIMHM JIMHEHXHBIMHU I[I/ICpCbepeHLII/IaJ'IbeIMI/I YpaBHEHUSAMHU
C YaCTHBIMH TMPOHU3BOAHBIMH

A} = 4 [T (0) X+ + To(t) X Ju =0, (6.7.7)

Codyc Jlu nucan B 1893 rony caenyiomiee (cm. [9] u cnucOK nuTEpaTyphl B
3TOM KHHUTre):

«5] yxke U310KH 00LLYI0 TEOPHIO HHTerpupoBanus ypaBHeHus A[u]=0. Teo-
pHYsl OCHOBaHa, Kak st 00bsICHUI B “O011eM yuyeHun o nuddepeHIHaNbHBIX YpaBHe-
HHUSIX, IOMYCKaeMbIX KOHEYHOH HempepwIBHOU rpynmnoi” (Mathematische Annalen,
25(1), 1885, p. 128), Ha ToM (hakTe, UTO MOXKHO HAUTH OOIIME HHTETPAJbl CHCTEM
(6.7.5), ecaiv M3BECTHO OMNpesie/leHHOe KOHEUHOEe YMCJIO0 UX YACTHBIX PelleHHH

= (zh, 2, rm = (), 2. (6.7.8)

4 no6assio, UTO BeIpaXKEHHUS JJIs1 OOIIUX PEIleHUud & = (:El, .., x™) KaK QyHKIHH

KosuuecTs (6.7.8) mosyueHsl myTeM pelleHHsl COOTBETCTBYIOLIMX YPaBHEHHH,
1 . 1 . . 1 _
Ji(x', 1" wy, a2l e, x) =G

OTHOCHTEJIbHO $1,...,$n, e Jl 0003HaYamoT TO, YTO Ha3blBal0 WHBaApHaHTaMH

m + 1 Touek %, z%,..., ¥, mo oTHOWeHHUIO K rpymme, renepupyeMoit X1, ..., X;.
E.Beccro, 4ybM HemaBHHE Te3UCHI TPENCTABJSIOT TAKOH BaKHBIH Iporpecc
B TEOPUU JIMHEHWHBIX NU((pepeHUHaIbHbIX YPABHEHUH, NPULLEJ K CYACTAMBOH Ulee
HalTH Bce O0ObIKHOBeHHBble NH(depeHLHaNnbHble YpaBHeHHs, obJaanatouue GyHaa-
MeHTaJIbHOH CUCTEMOU MHTerpasioB. DToH 3amadedl Takxke 3aHuMascs Aabd [ynn-
Hepr.
ITo oueHb UHTepecHas 3alaya — MONbITaTbCs HalTH, BMecTe ¢ Beccuo u ['ynn-

6eprom, Bce chcteMmsl (6.7.1), y KoTopbix o6iiue petenus z = (z!,...,z") moryt
OBbITb BbIpaKEHBl TOJIBKO Uepes3 7 YacTHBIX pelleHHi, a HMeHHO,
i i1 n. . 1 n. -
=", 2l Xy, xy Cry e, C), i=1,000,n. (6.7.9)

[Tocko/IbKY 3TH aBTOpPHI He HalllJIM, OIHAKO, BCe MOHW cHcTeMbl (6.7.5), momycka-
IOLIMe, 10 CYyTH JeJa, TpeOyeMble CBOHCTBA, MHE KaXKeTCsl, YTO UX UCCJeNOBaHHUS,
JOJIKHO ObITh, HMeIOT Tpobes. ¢ mosaraio, 4To 3TH aBTOPHl HESIBHO BBEJIH Cylie-
CTBEHHOE OTpaHHWYeHHe, COCTOsIIIee B TOM, UTO HauboJsee obiiue popmynsl (6.7.9)
BBIBOASITCS U3 3alaHHOH CUCTeMBI 3THUX (POPMYJ NPOCTOH 3aMEHOH MPOM3BOJBHBIX
TOCTOSIHHBIX.

Ecnu s mpaB, MHe MOCYACTJIMBHUJIOCH TIEPBBIM 0KAa3aTh, CTPOrO W MPOCTO, UTO
Mou cucteMbl (6.7.5) — enUHCTBEHHbIE, 00JafatolHe TpeOyeMbIMU CBOHCTBAMH».

6.7.2. OcHoBHas TeopeMa O HeJIMHEHHOU cyneprno3uumu. Briiens/oxeH-
Hasl IUCKYCCH$ TIPUBOAHUT K CJIEAyIOLEMY ONpeeseHHIO.

Omnpenenenne 6.7.1. ToBopsT, 4TO cucTeMa OOBIKHOBEHHBIX AH((epeHHaNbHbIX
ypaBHeHu# (6.7.1), i
x! 4 .
— = =1,...
= ['(tx), i=1..n

obsanaer QyroamenmanrvHol cucmemoll peuilenuil, ecau ee obllee pelleHHe
MOXeT ObIThb MpeacTaBieHo B dopme (6.7.9), BKJtOUawlled KOHEYHOE UHUCJIO M
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YacTHBIX perieHud (6.7.8) U n mpousBoJbHBIX mocTosiHHBIX C1, ..., ). Beipaxe-
HUe (6.7.9) obliero pellieHusl Ha3biBAeTCS HEAUHELHOL cynepnosuyueti, a YacTHbLIE
petenus (6.7.8) 06pa3yloT Tak HasbIBaeMYIO PyHOAMEHMANLHYIO CUCMEMY pelde-
Huti pasi ypaBHeHu# (6.7.1).

Caenyrowmuii pesynbrat, npuHaagexamuid Jin (1893), no3sossieT BBIIBUTH Te
ypaBHeHus (6.7.1), kotopble 06/ananT GyHIaMeHTaJlbHOH CHCTEMOH pelleHHH.

Teopema 6.7.1. YpaBHenus (6.7.1) o6mamarotT (yHAaMeHTaJbHOH CHCTEMOH pe-
IIEHWH, eCJIH U TOJIbKO eCJIM OHH MMeloT dopmy (6.7.5),

dx’ . ; .
e Ti(t) & (x) + -+ T (t) (), i=1,...,n,
rie Kos(Gouimentsl £ (x) yI0BIETBOPAIOT TOMY YCJOBHIO, UTO HA OMeEpaTopbl
X, :5}1(:1:) i, a=1,...,r,
ox'

HaTsiHyTa ajarebpa Jlu L, KoHeuHOH pasMepHocTH 7. YUuca0 m HeoOXOOUMBIX
YacTHBIX pelleHu# (6.7.8) UMeeT oleHKY

nm = r. (6.7.10)
Hakonelt, ¢popmynsl cyneprnosuunu (6.7.9)
xi:goi(x%,...,x?;...; x,ln,...,xfn; Ci,....,Ch), i=1,...,n,

OIpeeIIIOTCsl IBHO M YPaBHEHUAMHU

Ji(xl,...,w"; w{,...,m’f;...; :Ein,...,q::;):C’i i1=1,...,n, (6.7.11)
rie J; — OYHKLIHMOHAJIbHO He3aBHCHMEIEe (10 OTHOLIEHHIO K ') MHBapMaHThl
(m 4+ 1)-toueunoro mnpexacraienus Vo, = X, + x4 xim OrepaTopoB
(6.7.6). Uubivu caoBamu, Ji(xy, ..., Ty) — pelieHHs] ypaBHEHHH

: oJ ; oJ ; oJ

(o) =+ & (x1) — +-+&(xm) — =0, a=1,...r (6.7.12)

oz ox} Oxy,

yIOBJETBOpSIOILKe ycaoBHIo det H@Ji/ﬁxku # 0.

HNoxka3areabctBo (cM. [9] U CCbIKHM Ha JuTepaTypy B 3Tod kHure). IlycTb
ypaBHeHus (6.7.1), ,

%:fi(t,x), i=1,....n,
o6JafatoT pyHIaMeHTa bHOH cHcTeMOH pelieHHE. Popmysbl cyneprnosuuuu (6.7.9)

MOTYT OBITb 3alliCaHbl, NPpHU pa3pelieHUu UX OTHOCUTEJIbHO Ci, B q)OpMe

1 . 1 . . 1 _ s
Ji(xh, 2™ ey, xl o x,a)=Ch i=1,...,n.

JuddepeHunpys 3TH ToKaAeCcTBa MO t, NojsyyaeM ypaBHEHHUS

dJ; dzF  0J; dab dJ; dx* .
. — e - = = =1,...
o @& ot @ + -t ot dt 0, i=1..,n,
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OTKYZa, C yUeTOM (6.7.1):
k k aJ;
FH(t) o+ (k) o

3aMeTtuM, uTO ypaBHeHHs (6.7.13) BeIMOJHSIOTCS OJs J0O0H cucteMbl m + 1
pelleHUH

aJ;
or k

m

(t, 2m) 224 = 0. (6.7.13)

e= (b 2", m=(zh 2, oz = (2,2, (6.7.14)
W, TIPUHUMAs B pacyeT, 4TO HayasbHble 3HAUEHUS TMOCJETHHX MPOU3BOJIBHEI, 3a-
KJ04aeM, uto (6.7.13) ynoBjeTBOPSAIOTCSA TOXK/AECTBEHHO OTHOCHTENBHO N + 1 +
+ | mepemenHbIX Zi,...,T},, ' U t.
Janee BBeneM omnepatop

0

Y = it z) (6.7.15)

ox
U BBegeM 0003HaueHHUs Y(l),...,Y(m) IJIS. OMepaTopoB, MojayyaeMblx U3 Y 3a-
MEeHOH T Ha I,..., T, COOTBeTCTBeHHO. Torma ypaBHeHus (6.7.13) sanuinyTcs

CJeyIOIHM 00pa3oM:
V() + YD)+ + Y™ () =0, i=1,...,n.

WNuaue rosopsi, nuHeliHOe nuddepeHIIHaNbHOE YPAaBHEHHE C YACTHBIMU TIPOU3BOMI-
HBIMHU TI€pBOTO TOPsAKa

U(J) = [Y+Y(1) + ---+Y<m>] (J)=0 (6.7.16)
JOJI)KHO UMETh N He3aBUCHMBIX pelueHu# Ji,...,J, (6.7.11), He 3aBucALMX OT t.
31ech
0 0
U=sY+YW 4o Y = fha) 2o ot my) o+ + () =
ox* o} ox;,
— nudbepeHIMaNbLHEIE 0NepaTop ¢ nm -+ n NepeMeHHBIMH T, yc (n=1,...,m),

KOTOpbIe YIOBJETBOPSIOT ycaoBusM (6.7.14). [lepemennas ¢, BXOIIHHlaH B Koacpqm-
nueHThl U, MOXKeT pacCMaTpUBaThCsl Kak MapameTp.

[Tonarasi, 4yto ¢ mnpuHMMaeT psl (PUKCHPOBAHHBIX 3HAueHWH t,, BBIIEJS-
eM u3 (6.7.16) HeoOXomUMOe UHCJIO JHHEHHBIX AU((epeHIHaNbHBIX YpaBHEHUN
C YaCTHBIMM TMPOU3BOAHBIMH, KOTOpble CBOOOAHBI OT Mapamerpa t. YpaBHeHHUS
3TOro psna comepxar Ji, ..., J, B KauecTBe 0OLIMX pelleHUH, NOCKOJAbKY MOCJ/eN-
HHUe He 3aBUCAT SIBHO OT Mapametpa t, W, CJe0BaTe/bHO, SIBJASIOTCS pelleHHeM
ypaBHeHHus1 (6.7.16) nns mo6oro ¢, HampuMep, [/ BCeX O3HAUEHHBIX BeJHUHH
t =t,. B cooTBeTCTBUM € KJIACCHUECKOH Teopuell cucteM AuddepeHIHaTbHBIX
YpaBHEHWH MepBOro TMOPsiAKa, Psii PacCMaTpPHBAeMBbIX ypPaBHEHHH MOXKeT ObITb
3aMeHeH CHCTeMOH KOHEYHOr0 UMCJ/a S He3aBHUCHMbIX YpaBHEHHMH

Uy (J) = [YU+YC,(1)+-~-+Y0(’”) (J)=0, o=1,...,s (6.7.17)

rae Y, u YU(“) MoJiy4aroTcs MOACTAHOBKOH t =1, B Y u Y(“), COOTBETCTBEHHO.
Cucrema (6.7.17) umeet no Kpatineit Mmepe nm + n — S PyHKUHOHANBHO HE3aBUCH-
MbIX peleHUd. C Opyro#l CTOPOHBI, CUCTEMA N HE3aBUCHMBIX PellleHHH yxKe cylile-

16 H.X. H6parumos



242 2. 6. Heaunetinole 06bikHOBeH Hble Oudpeperyuarvrole YypasHeHus

CTBYET, a UMeHHO J1, ..., J,. CaenoBarenpHo, nm +n — s 2> n. UHpIMU cloBamMH,
YUCJIO YpaBHEHUH (6.7.17) UMeeT OLEeHKY S < nim. 3aMeTHM yT0 onepatopbl Uy
TMOJIHOCTbIO CBOOOMIHBI OT MEPeMeHHOH ¢ ¥ 4To ypaBHeHHe obuero Buna (6.7.16)
JOJIKHO OBITH CJIeACTBHEM ypaBHeHUH (6.7.17).
Kpome Toro, MoxkHO n0MOJHUTL cucteMy (6.7.17), no6aBuB K omeparopam U,
Bce HesaBucHMble KommyTaTopsl [Us,U,|. Tlockosbky omepaTtopsl Y, Yy,
., Y™ conepkaT cylecTBEHHO pasMUHbIE THIIBI IIEPEMEHHBIX &, MBI HMEEM:

U, Ur] = Yo, Yol + [V, Y] 4 - 4 [Ym), v i), (6.7.18)
[TycTb pesysbTupyloliast MOJHAS CHCTEMA CONEPIKHUT I HE3AaBUCHMBIX YPaBHEHHUH:
Vo(J) = [Xa + X0 4ot Xg”)} ()=0, a=1,..,r (6.7.19)

()

roe X, U Xé”) — omepaTopsl THMa Y, U Y,'’/ COOTBeTCTBeHHO. AHajoruuHo, V,
YIOBJIETBOPSIIOT COOTHOLIEHHSIM, NMOA0OHBIM (6.7.18):

Vo Va] = [Xao Xg] + (X0, X5 4 - 4 (x5, X§™).

3amerum, uto cuctema (6.7.19) nmeer mo KpaliHell Mepe n pelleHWH, a HMeH-

HO Ji,...,Jn. Takum o6pasom, kak oOCyxkpaajnoch Beille, 7 < nm. [lockosb-

Ky cucrema (6.7.19) sBssieTcss TMOJIHOH, OHa YHOBJETBOPSIET COOTHOLIEHHSIM
—_ B _ )

[V, Vgl = h)gVy (mo v =1,...,r npeanonaraercsi CyMMHPOBaHKe):

[Xao Xg] + XD, X4+ 4+ X0, X5Y) = B (X, + XD 4+ -+ X (™),

OTKYZa, pasieJsisi NepeMeHHble, UMeeM:

(X0, Xg] = ZhaﬁX, X, XY =X =1, m

HauneMm ¢ Toro, 4To Ko3(h(HLIHEHTHI hvﬁ MOT'YT 3aBHUCETb OT BCEX MM + n Me-
peMeHHBIX (6.7.14). OnHako B KaX1oM U3 m + | OKOHUYATeJbHBIX ypaBHEHHH h'y
MOXKET COJep:KaThb TOJbKO OAUH COPT 7 IepPeMeHHBIX. JTO BO3MOXHO, TOJIbKO
ecsu hgﬂ CBOOOAHBI OT BCEX MM + N MEePEMEHHBbIX, TO €CTb €CJU OHH SIBJSIOTCS
KOHCTaHTaMH Czég- Taxum obpasom, X, YHIOBJIETBOPSIIOT yPaBHEHUSIM

[Xo, Xg] = CzﬁX»},, a, B=1,...,r, (6.7.20)

H, CJIeI0BaTeJbHO, Ha HUX HaTsHyTa anredpa JIu L, pasmepHOCTH 1 < nm.
[Tockonbky s ypaBHeHuid (6.7.17) comepxkatcst B r ypaBHeHHsix (6.7.19), ux
OTepaTopbl JIMHEHHO CBSI3aHBI CJIEAYIOLIUM 00pa3oM:

U, =0V, o=1,...,s.

3nech KO3 UIHEHTHI hg MOTYT ObITb, Ha AaHHBIE MOMEHT, TOJbKO (DYHKIIU-
MU nepemeHHbIX (6.7.14). Ho Mbl MoxkeM Hcmosb3oBaTh paciurpenus (6.7.17)
u (6.7.19) nast U, u V,,, COOTBETCTBEHHO, U MOJYYHUTDb MPH 3TOM M + | OTAENbHBIX
YPaBHEHHUH: )

Yo =hiXg YW =niX{" p=1,..m
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Orciona crenyet, Kak ¥ BHILIE, YTO hg MOTYT OBITb TOJIBKO KOHCTaHTaMH Cg.
Takum o6pasom, Y, — nuHelHble KOMOMHAUMKH X3 C IOCTOAHHBIMHU KO3(QdHULIKEH-

TaMu:
Y, =C0Xp, o=1,..,s, (6.7.21)

U, CJIe0BaTesNbHO, TPUHAAMexaT anredpe JIu, HatsHyTOH Ha omeparopbl X1, ...
o X
[Tockosbky ypaBHeHHe (6.7.16) ¢ MPOM3BONBHEIM 3HAYEHHEM t SIBJSETCS CJefl-
cTBUeM ypaBHeHHH (6.7.17), mbl umeem U = wiU; + -+ + wsUs, uam, 6Gogee
MoAPOGHO:

Y =wY1 4+ 4+ wsYs; y ) :wlYl(“)—i—'--—l—wsYs(“), w=1...,m.

W3 nocnienHux ypaBHEHHH CJIeIyeT, UTO BCE W, CBOOOMHBI OT MepeMeHHbIX (6.7.14),

X, T1,...,Tm, HO MOTYT 3aBHCeTb OT t. Takum obpasom, Y = wi(t)Y] + -+ +
+ ws(t) Yy uan, yunteias (6.7.21):
Y =Ti(t) Xy + - + Th(t) X (6.7.22)

3necy X, umenot dhopmy (6.7.6) u, ¢ yuerom (6.7.20), Ha HUX HaTsHyTa anredpa
Jln L,. Ilpuanmas Bo BHMMaHHe omnpefenenue (6.7.15) omepatopa Y, Mbl BUIHM,
4To ecau ypaBHeHus dz'/dt = f'(t,x) obmagaiT (GyHIaMEHTaJbHOH CHCTEMOH
pelieHui, oHu umetoT opmy JIu (6.7.5):
dz’ i i
o = b &)+ + (1) &(2)-

Mbl TakxXe moJy4yusau oueHky (6.7.10), r < nm.

O6patHo, Bce pellenus B popme (6.7.5) yrOBIeTBOPSIOT TpeGyeMOMY CBOHCTBY.
JleficTBUTENBHO, MOXKHO BBIOpPAaTh YMCJIO M TakK, YTOObl OHO OBLJIO JOCTATOUHO
6OJIBIINM, TaKUM, UTOObl ypaBHeHHe (6.7.16) uiu, B HaleM cjydae, ypaBHEHHe

3 Ta(t) [Xa +XO 4 XM () =0
a=1

UMeJIo, M0 KpalHed Mepe, n pelieHud Ji,..., J,, Takux, 4To6bl OHU ObIIN (PYHK-
LIMOHAJIbHO He3aBHCHMBbI ([0 OTHOLIEHHIO K Z!,...,2™") U He comepxanu t. Torna
ypaBHEHHUS

Xo+ XD+ X)) =0, a=1,...,r, (6.7.23)

NpU TOAXOASIIEM BblOOpe m, SBJSIOTCS He3aBUCHMBIMH. Kpome Toro, cucre-
Ma (6.7.23), cocrosimiasi U3 r ypaBHEHHH C mm + n HE3aBUCHMBIMH MepeMeH-
HBIMH, SIBJISIETCS MOJHON OJjiaromapsi COOTHOILEHHUsSIM AJisi KomMmyTaTopoB (6.7.20).
Ona umeer mn + n — r peuieHuid. BreiGupas nocraTouHo GoJibloe M, MOMXKHO
HaWTH, 110 KpaliHed Mepe, n pelleHUH

1 n. 1 n. . 1 n s
Ji(x', 2" w1l Xy, x), i=1,...,n,

KOTOpBIe (hYHKIHOHAIBHO HE3aBUCHMBI 10 OTHOUIeHHMI0 K z!, ..., 2", Temepb Mox-

HO o6patuTh nuddepeHurpoBaHre ypaBHeHud (6.7.13) W mokasate, yto J; co-
XpaHSIOT MOCTOSIHHbIE 3HAUEHUs BCSIKUU pas, Korma mn + n nepeMeHHbIX (6.7.14)

16+
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SBJSIOTCS pelleHUssMH ypaBHeHHH (6.7.0). DTHUM pacCyXIeHHeM 3aBepllaeTcs
J0Ka3aTesNbCTBO.

3ameuanne 6.7.1. Teopema 6.7.1 He HCK/IOUaeT BO3MOXXHOCTb TOTO, YTO JaHHAas
cucremMa ypaBHeHHH (6.7.5) MMeeT HECKOJbKO COBEPIIEHHO PasHBIX TMpeacTaBJie-
HUi (6.7.11) obliero perieHusi, a Tak»Ke pasHbIX YUCEJ 1M COAEPKALIUXCS B HUX
yacTHBIX pelneHuit (6.7.8). CMm. mpuBeneHHble HUXe MpUMepbl 6.7.6 U 6.7.7.

3ameuanue 6.7.2. Ha anre6py Jlu L,, HatsHyTyr Ha omnepaTopbl (6.7.6), Mbl
OyneM cchlIaThCsl Kak Ha ancebpy Beccuo—Iyadbepea—Jlu ypaBuenuii (6.7.5).

6.7.3. IIpumepbl HEJUMHEHHOHU CYNEPIO3UIINH.

ITIpumep 6.7.1. PaccMoTpuM OZHO OfHOPOAHOE JHHeHHOe ypaBHeHHe dx/dl =
=A(t)z. S3pecb 7 = 1 u X = xd/dx (cp. ¢ ypaBuenuem (6.7.3) npu n = 1). Bosb-
MeM JBYXTodeyHoe npexactaBieHue V reHepatopa X (cm. (6.7.19) mpu m = 1):
0 0

v ero uuBapuaHt J(x,x;)=x/x|. YpaBuenue (6.7.11) umeer Bup x/z;=C.
CnenmoBaresbHo, m = 1, u dopmyna (6.7.9) naer nuHeiiHOe UyacTHOe pellleHUe
x = Czy. YeaoBue (6.7.10) ynoB/ieTBopsieTcss KaK PaBeHCTBO.

O6o61enuem Jlu (6.7.5) 3Toro mpocTeiliero npumepa siBaseTcsi ypaBHeHHe
C paszessiolUMHUCS MepeMeHHbIMH:

dx
i T(t) h(x).
3necb r =1 u X = h(z)d/dx. Boibupas 1ByXTOYeUHOE MpPeaCTaBIEHHE
7] 0

¥ UHTerpupyst cucteMy xapakrepuctuk dx/h(x) = dxy/h(x)), Mbl MoJTyyaeM HHBa-
puant J(z,x1) = H(x) — H(z1), rtae H(x) = [ (1/h(x)) dz. Ypasuenne (6.7.11)
umeer Bup H(z) — H(x;) = C. CnenosatesnbHo, m = 1, u ¢popmysna (6.7.9) o6pa-
syer HequHeiHyt0 cyneprnosuunio x = H~!(H(z)) 4 C).

IIpumep 6.7.2. HeonHoponHoe nrHeHHOe ypaBHEHHE

dx

— = A(t B(t

"~ A+ B(Y)

umeeT popmy (6.7.5) npu T = B(t) u Ty = A(t). Anredpa Beccno-Tynn6epra—Jlu
(6.7.6) ectb Lo, HaTsAHyTast HA OMePaTOPbI

d d

[ToncraBassi n =14 r =2 B (6.7.10), m > 2, Mbl BUIUM, 4TO BhipaxkeHHe (6.7.9)
00111ero pelleHUsl TpeOyeT HaXOXKIeHHUs 110 KpaliHel Mepe IBYX UYaCTHBIX pelleHUH.

X =
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daxkTUYeCKH, TOTO YMCJIa IOCTATOUHO. TeM He MeHee, BbIOEpeM TpeXTOYeyHOe
npencrabiaenue (6.7.15) 6asucHbIX ornepaTopoB X| U Xo:

0 0 0 0 0 0
Vl—g‘*—a—l.l‘l'a—x?, VQ—l’g‘i‘l’]a—xl—Fl‘Qa—xQ
¥ TOKaXKeM, YTO OHH JOMYCKAT OIWH HHBApHaHT. JlJisi €ero HaXOXKIeHHsI Mbl
CHayasa pelIidM CHCTeMYy XapaKTepucTHK naisi ypaBHenusi Vi(J) = 0, a umeH-
Ho dx = dx; = dxo. VIHTerpupoBaHHWe naeT [Ba He3aBUCHMBIX HHBApHaHTA,
HampuMep 4 = x —x] U v = x9 — 1. CJenoBaresbHO, OOILIMHA WHBapHAHT
J(x,x1,m9) nna mByx omepatopoB, Vi u Vi MoxeT GbThb MOJydYeH BhIGOPOM
ero B ¢opme J = J(u,v) u pewennem ypasuenus Va(J(u,v)) =0, rae nei-
ctBie Vi OrpaHHMYeHO MPOCTPAHCTBOM IEPEeMEHHBIX U, U, C HCII0Jb30BaHHEM
dopmyasl Vo = Vo(u)d/0u + Vo(v) 9/0v. 3ameuast, uto Vo(u) =z — 1z = u
u Vo(v) = 9 — x) = v, MBI TIOJIyYaeM:
= 0 0
Ve =u ou v Ov
WUrak, wnBapuantom siBisercsi J(u,v) = u/v, Wi, BO3BPAILasCh K HCXOIHBIM
nepemeHHbIM, J(x, x1, z9) = (x — x1)/(x9 — 7). Takum obpasom, m = 2, u ypas-
Henue (6.7.11) umeer Bun (x —x1)/(z9 —x1) = C, nmu (v — 1) = C(xe — x1).
dopmyaa (6.7.9) npencrasser coboi auHelHy0 cyneprnosuipio ¢ = x) + C(xg —
—z1) = (1 = C)xy + Cxy.

IIpumep 6.7.3. Ilpumepom HenuHeHHOTO ypaBHeHHS ¢ (pyHOAMeHTaJbHOH CHCTe-
MOH pellleHUH MOXKeT CJIyXKHTb ypaBHeHUHe PHUKKaTH

d
d—f = P(t) + Q(t)x + R(t) 2% (6.7.24)
OHo nmeet aueBy (opmy (6.7.5) mpu r = 3 U AoNycKaeT CAEAYIOLIHE OMEPaTOpPhI
(6.7.6): p p p
— — _ — 2 RN
Xl = dz’ XQ .’Edm, X3 xT dr (6725)

Ha nocsennue narsinyta anre6pa Jlu L3 npoektuBHo#l rpynmnsl. Ouenka (6.7.10),
m > 3, IoKa3blBaeT, uTo BhipaxeHue (6.7.9) Tpebyer, o KpaiiHeil Mepe, Tpex 4yacT-
HBIX pelleHHH. YOenuMmcsi, 4To 3TOro uucaa (m = 3) I0CTaTO4HO JJIs MOCTPOEHHUs
ofliero pemleHust ypaBHeHHs Pukkatu. A nMeHHO, BbiOepeM UeTbIPeXTOYEYHOe
npencrasienue (6.7.15) oneparopos (6.7.25):

0 0 0 0 0 0 0 0
V= I + o, + _(99:2 + —8x3’ Vo==x 9 + x o + x9 _(9562 + x3 —8:103’
_ .20 9 0 9 0 9 0
1/3 =T _81‘ + T _8331 + 33'2 —81‘2 + 1'3 _8333 (6726)

U TMO0KaXKeM, YTO OHH JONYCKAalOT OAWH WHBAapHUaHT, coepxKawui x. YToOsl HaUTH
ero, Mbl TMOCTYMHM TakK >Ke, Kak B mnpumepe 6.7.2. Cucrema XapaKTepHUCTHK,
accouunpoBantas ¢ Vi(J) = 0, naer Tpu HHBapuUaHTa, U] = T| — T, Uy = T] — L9
U u3 = x3 — X9. lasnee, Mbl orpaHuunM Vo 3THUMH MHBAPUAHTAMH U TOJYUHUM

0 0

= 0
V2:ula—ul+u28—u2+7~¢38—u3'
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310 NPUBOAUT K ABYM WHBApHUAHTaM, HAllpUMeED:
T3 — T2

U _ T) — T2 u3
= = = w = —

U -z Uo X — Lo

Hakonell, 3ameuast, 4To OGLIMH HHBAPHAHT HOJKeH HMeTb Gopmy J (v, w), Mbl BbI-
yucsasieM V3 B NlepeMeHHbIX v U w U MoJydyaeM:

~ 0 0
V3 = (z) — x9) [(1 —v)%+(w— l)wa—w]-
Takum 06pa3oM, ypaBHeHHe XNfg,(J(v,w)) = 0 3KBHBaJIEHTHO
oJ oJ
(l—v)%—i—(w— l)w%—O.
YpaBHeHHe XapaKTepucTHK
dv dw _ dw  dw
l—-v ww-1) " w—-1 w

naer unBapuadT J = (v — 1)(w — 1)/w. IlpupaBHuBas TOT MHBapHaHT MPOU3-
BOJIbHOIl KOHCT@HTe W IOACTABJIsisi BBIPAXKEHHS U M w, Mbl HoJydaeM (GopMysy
HeJIMHEeHHOH cyneprnosunuu (3.2.17):

(@ —a)(@s —21) _ ~

(z1 — ) (e — 3)

IIpumep 6.7.4. Cucrema NByX OTHOPOAHBIX JUHEHHBIX ypaBHEHUH

d
— =an(t)z +app(t)y, d_:: = ap(t) x + axn(l)y (6.7.27)

uMeeT (opmy (6.7.5) co caenyrUMH KO3 DULIUEHTaAMHU:
Ty = an(t), Ty =ap(t), T3 =a(t), Ty = a(t),
& =(20), &£=u0), &=(02), &=(0y).

Taxum obpasom, anrebpa Beccuo-I'ynnbepra—JIu umeer pasmMepHOCTb YeThIpe U
UMeeT JUHEHHYI0 000J0UKy

0 0 0
Xlzx%, ngya—x, X3=xz—, X4 (6.7.28)

dy - dy
Ouenka (6.7.10) 3anucbiBaeTcst B BUie 2m > 4 ¥ MOKa3blBaeT, 4To TpebyeTcs, Mo
KpaiiHel Mepe, nBa (m = 2) 4acTHBIX pelleHHs. BbIUHC/IEHHUs MOKa3bIBAIOT, UTO
TpeXToYeuHoe MpejcTaB/aeHue onepatopoB (6.7.28) maet Kak pas aABa HHBapHaHTa:
TYo — I9 1Y — Y1
Jy= ety g YT (6.7.29)
L1Y2 — T2Y1 L1Y2 — T2Y1
Tak 4TO 0Olllee pellleHHe MOXHO BbIpasuTb B (opme (6.7.11), comepxkaiueét nBa
4acTHBIX peluenus, (x1,y1) U (z9,y2). [locienHue mnpenmosaraTcesi JHHEHHO
He3aBUCHMbBIMH, H, CJeNOBaTeNbHO, Ty — X9y # 0. HBHas dQopmyna (6.7.9)
00l11ero pelieH|si HAXOAUTCS C TMOMOLIbI0 peluenns ypaBHenuit J, = C, Jo = Cy
OTHOCHTEJIbHO & U Y W MpelCcTaB/sieT CO00H JMHEHHYIO CYNeprno3uLHIO:

r = Cizy + Cozg, y = Ciy1 + Cayp.
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IIpumep 6.7.5. B ciayyae nByX HEOZHOPOAHBIX JIMHEHHBIX yPaBHEHUH

d d

d—j = an(t)z + ap(t)y + bi(1), d—z = ag(t) x + ag(t)y + be(t) (6.7.30)

caenyet 106aBUTh K Koadpduuuentam Ty, u £, NpeabIAyLIETO IPUMeEpPa CJelyolIHe:
Ts=bi(t), &=(1,0);  Te=0bs(t), & =(0,1).

Taxum obpasom, anrebpa L4 mpumepa 6.7.4 pacurupsiercss no anredpsl Lg ¢ Jgu-
HeHHOU 000/104KON

0 0 0 0 0 0
Xl_x%, XQ_y%, X3—x8—y, X4—ya—y, X5—% .
[TpencraBnenue (6.7.9) onpenensietcss GopMysIoN JTHHEHHOH CyNePHO3UIIHH:

v =21+C(rg—21)+Co(xz—21), y = 1 +C1(y2—y1) +Cays—y1). (6.7.31)

Ipumep 6.7.6. Codyc Jlu paccmoTpes cleayoIIyl0 CHUCTEMY JHUHEHHBIX ypaB-

HEeHUH:

dx dy

Wy +hi(t), Y= —a(t)z +bo(t), (6.7.32)
dt dt

KOTOpasi, B OTJIHUKE OT cucTeMbl obiiero Buna (6.7.30), TpebyeT 3HAHHUS TOJBLKO
IBYX YaCTHBIX pellleHHH. JIu 0ObsicHsET 3TO TeM, 4To onepaTopsl (6.7.6),

0 0 0 0

2= 5y S ( )
reHepUPYIOT TPYINy BpalleHUsi U ABYX CABMIOB Ha IJIOCKOCTH. [10CKO/BbKY 3Ta
TpyINa COXpaHsieT BCe PACCTOSIHUS, TPU JIOObIX petuenus (z1,y1), (T2,y2), (x,y)
CBSI3aHbl COOTHOLUIEHHSIMHU

(x—21)*+ (y— ) = K, (x—a9)’ + (y—y2)? = Ko.  (6.7.34)

OcraHoBHMCs TofpoGHee HA 3TOM TpHUMepe, 00CYXKAeHHEe KOTOPOro pacKpoeT
MperMylllecTBa HCIOJNb30BaHUs HHBapuaHToB m + 1 Toyek asre6pel Beccuo-
[ynn6epra—Jlu. Ouenka (6.7.10), 2m > 3, ompenesasieT MHHUMyM m = 2 Heo00-
XOAMMBIX YaCTHBIX pelueHui. C/ie10BaTeNbHO, Mbl BHIOHPAEM TPeXTOUEUHOe Mpef-
cTaBJieHHe omnepaTopoB (6.7.33):

0 0 0 0 0 0
M=ot e T T 0y oy T oy

0 0 0 0 0 0
%_y%_$8—y+y18—m_$la—m+y28—m_x23_yg.

Basuc o6mux unBapuantos mias Vi u Vo umeer BuA

Uy =x — 2, v =Y —Yi, U9 = — To, V9 =Y — Yg.
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OrpanunuuBast fedcTBre V3 HA 9TH WHBAPHAHTHI, Mbl MOJy4aeM HHPUHUTE3UMAJb-
HOe CHMHXPOHHOe BpallleHHe BEKTOpoB U = (uj, ug) u v = (vy, vg):

7] 7] tv 0 —u 0
duy oy Pouy 7 Duy
Pacuer nokasbiBaet, 4to 6a3oBble MHBAPHUAHTHI TOTO BPALLEHHs €CTb BEJHUHMHEI
|lu| u |v| ¥ ckajsipHoe MpoH3BefeHHE W -V BEKTOPoB u U V. Bosspamasich

K MCXOAHBIM MepeMeHHbIM, Mbl OKOHYATEJbHO MPUXOAUM K CJAEAYIOLIUM (Ga30BbIM
WHBapuaHTaM TpeX Todek anredpwl Beccuo-I'ynndepra—Jlu (6.7.33):

V3 = —u

br=@—-01)’+y-un) o= (r-2)"+(y—w)
VY3 = (z —z1)(x —22) + (y — y1)(y — ¥2).

Takum o6pasom, obiiasi HesauHeiiHasi cyneprno3uuusi (6.7.11), comepxaias aBa
4aCTHBIX pelueHusi, (x1,y;) u (T9,Yys), IMEET BHI:

Ji(hr, b, h3) = Ky, Jo(vp1,4h9,103) = K9, K; = const, (6.7.35)

rie J; U Jo — mpou3BoJibHBIE (PYHKIUM TPeX MepeMeHHBbIX, TaKHe, UTO HUX SIKO-
OuaH Mo mepeMeHHbIM X, Yy He paBeH HyJ0 ToxkaecTBeHHO. [locsenHee ycJoBue
O3HavaeT, 4To ypaBHeHHs (6.7.35) MOryT OBITb pellleHbl OTHOCHTEJNBHO T U Y.
[lonarasi, Hanpumep, J; = ¢ u Jy = 1)y, nonyuaem npexacransenue Jlu (6.7.34)
obutero peuienus. J[pyras npoctasi HeJJMHEHHast CYyNepHO3ULUs T0JYYaeTcs, eCan
NOJIOXKUTb J| = Y1 U Jy = 1s3:

(x— )" + (y_yl)2 = K],
(x—21)(x —29) + (y — y1)(y — 1) = K3. (6.7.36)

[IpencraBnenus (6.7.34) u (6.7.36) oOuiero pelieHWss NalOT JBE pa3JHYHBIE
(To ecTb (PYHKLUHOHANBHO HE3aBUCHMble) HeJIMHEHHbIE CYTepIO3ULIHH.

Takum o6pasom, obuiee pelreHre cucteMsl (6.7.32) MoxeT ObITh NPeaCTaBIECHO
B (opMe JMHEHHON cyneprno3uunu (6.7.31) mpex yacTHBIX pelIeHUH WJH, aJbTep-
HaTHBHO, B (pOpMe HeJUHEHHOH cymneprno3uuuu (6.7.35) 08yx YaCTHBIX pelIeHHH.

IIpumep 6.7.7. Teopema 6.7.1 cBsizaHa ¢ qo6oii anredpoit Jlu cucremsl nudde-
peHIMaNbHbIX YPaBHEHUH, NONYCKAIOLIUX CYNepro3uliio pelleHui. PaccMorpum B
KauecTBe WJJIIOCTPATHBHOIO MpHMepa TpexXMepHYIo anredpy ¢ JUHeHHOH 00/104KOH

0 0 0 9 0 0

—, X9 =2x— — X3=2"=— +ary—- 6.7.37
ox 2 8m+y8y 3 (99:+ y@y ( )
dra anrebpa sBJsSETCS TPeXMEPHOH MonaireOpod BOCBMUMepHOH ajredpwl JIu
MPOEKTUBHON I'PyMNIbl Ha MJ10CKOCTH. COOTBETCTBEHHO, NIepBO€e ypaBHEHHe acCOLU-
MpOBaHHOM cucTeMbl (6.7.9),

X =

d
d—if = Tt)y+ T3t zy,  (6.7.38)

ecTb ypaBHeHue Pukkatu (6.7.24) npu P =Ty, Q = 2Ty, R = T3. Ha onepartopsl
(6.7.37) narsnyta anredpa Beccuo-I'ynnbepra—Jlu L3 cuctemsl (6.7.38). Ouenka

— = Ti(t) + 2Ty (t)a + T5(t) 2,
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(6.7.10), 2m > 3, onpeneasieT MUHUMYM m = 2 HEOOXOIUMbIX YACTHBIX pelleHHH.
CneJmBaTeano Mbl BEIOMPaeM TpPeXToueyHoe MpejcTaB/eHue onepatopos (6.7.37):

0 0 0
Vl—a—x‘Fa—m—Fa—xQ,
0 0 0 0 0 0
‘/2—2.%%""3]8 + 2z ' B +y18 + 2z an +y28y
I R 0L a0 0
Vis=u ax+$yay+$1a +$1@/16 +x 28 +$2y28
Onepatop V| nmaer nsiTb WHBApUAHTOB, Y, YI, Yo, 2] = L] — &, 29 = Ty — .

OrpaHuyeHHsi, HaKJaJbiBaeMble Vo Ha 3TH WMHBApUAHTbI, MO3BOJISIOT MOJYYHUTh
reHepaTop pacTsKeHHUs!

~ 0 0 0 0 0
Vo=22 — + 229 — +y — +y; — .
p) 132, 2 5% Y oy Y1 I + Y2 9
EFO He3aBUCHUMEIE I/IHBapI/IaHTbI HUMEKT BUL
2 2 2
u=2 up=-t ug=-N = 2
Z1 Iy —x ry — X ry — X

Taxum ob6pasom, Mbl noayudaeM 6asuc obUIMX UHBapUaHToB V| u Vy:

2 2
T9 — X1
Uy = ——— U2 = Y ) Usz—yl y o Ug = yQ
Iry —x Iy —x Iy —x :El—.T

Ocraetrcs HaTH orpannyeHue V3, Hamaraemoe V3 Ha 3TH WHBAPUAHTHL:

= 0 0
‘/32‘@(“1)3—1“+"'+‘/3(U4)8—M'

Pacuer [IOKAa3bIBaeT, 4YTO

V},(Ul) (1‘2_1‘1)(1'_:[2)

P = (z1 —x)(1 + up)uy,

Lo =2
Va(ug) = T 2202 — (3 — ) (1 + 2uy

r — T

Vi(uo) = —y* = —(21 —2)ug,  Va(ug) = yf = (21 — 2)us,
Jus

Taxum obpasowm,

- 0 9 0
V= (o1 —2) (1 + ) — oy g us o+ (1 2unJug (M).

0
8u1 8
CuieloBaTe/IbHO, ypaBHEHHE %(@b(ul, ..., ug)) = 0 3KBUBaJEHTHO

&ﬂ _ 3¢ 5¢ N _

OTKYyJHa, peliasdg CUCTeEMY XapaKTepI/ICTI/IK

du1 o _@ o d’LL3 o d’LL4

(1 4+u)u;  ug T ouy (14 2up)uy’
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rnoJiydyaeM TPH CJAENYIOLIMX He3aBUCHMbIX WHBapHaHTa:
2 92 2
Yy 1/1 o uug (332—301)11

(fﬂl—l‘)Q’ 1+u () —x)(xg — )’

py= M = (@1 —2)y;
(I+up)u;  (xg — ) (2 — 2)
Hrak, obmas HenuHelHas cyneprnoduuusi (6.7.11), BkJ/odawmas nBa 4acTHBIX
peutenusi, (z1,y;) u (z9,ys), 3aMKUCHIBAETCS B BHIE

J1(V1,v9,93) = C, Jo (1,9, 13) = Cs, (6.7.39)

rie J; u Jy — mnpousBoJibHBIE (DYHKLUHH TpeX I[epeMeHHBIX, TaKHX, UTO HX
SIKOOMaH MO0 &, i He pPaBeH HYJIO TOXAeCTBeHHO (cp. ¢ mpuMepoM 6.7.6). [Tonaras,

Hanpumep, J; = /11 U Jo = /1ot)3, T.e. BuOUpas (6.7.39) B Bune
e _ e, v _ o,

Ty — ’ To — T
MBI MIPUXOOUM K CJeyIolleMy MNpeACTaBjJeHHI0 OOLIero pelleHuss Ha 0ase OBYX
YaCTHBIX pelleHHH:

Y1 = uguz =

Crz1ys — Coxay _ CiCy(my — 1)

Crys — Coyr Cryz — Coy
Hanomuum, uto oOliee pelieHre onHoro ypaBHeHust Pukkatu (6.7.24) tpebGyer
3HaHUS mpex YacTHBIX pellleHUH. [IprMeuaresibHO, UTO KOT/Ia TO XKe CaMOe ypaBHe-
Hue PUKKaTH HHTerpUpyeTCs B CHCTEME, COCTOsIIIEl U3 ABYX ypaBHeHUH (6.7.38),
HeO0OXOAMMO 3HaTh TOJbKO 08a UX UACTHBIX perleHUs!

IIpumep 6.7.8. Crenyiomas cucreMa ABYX HeJIMHEHHBIX ypaBHeHHH

dv 9 dy 2 Y
i A v =Yg (6.7.40)
BO3HMKAeT B HeJWHEHHOH onTHKe (cM. najee, pasmena 7.2.6). OHa umeer ¢opmy

(6.7.5) ¢ nBymepHo#t anredpoit Beccuo-T'ynnbepra—Jiu Lo, Ha KOTOPYIO HATSHYThI

0 9 0 0 0
X, =ay® — + 2%y — Xo=0r—4y-—-
1 Y O Y oy’ 2 O ) dy
Ouenka (6.7.10) samuchiBaeTcst Tak: m > 1, cienoBaTesibHO, AOCTATOYHO OJHOLO
YaCTHOT'O pelleHHs OJ/51 HaXOXIeHHsl BblpaxkeHWsi obuiero pewueHus. Utobel y6e-
IWTbCS, YTO TO BO3MOXKHO, HalieM HMHBapuaHthl J(z,y; T1,T9) ABYXTOUEUHOrO
TNpeNCTaB/eHUs BhIlIeyKa3aHHbIX OTEepPaToOpOB:

0 0 0 0
Vi ::cy28—$+x2ya—y+m1y%a—m+x%yla—yl,

) ) ) 9
Ve=ag tyg, T 5, oy

Tak kak [X|, Xo] = —2X|, u, cienoBatenbHo, X| HaTsHyT Ha uuean Lo, jerde
HauaTh BBIYMCJEHHE C omeparopa V). YpaBHeHUS CHUCTEMBI XapPaKTEPUCTHK AJiS

i(J)=0:
de dy  dxy _ dy
ve 2y yio o 2y

+y 5
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2 2

NMO3BOJIAIT HAWTM MHBapHaHThl z = 22 — y?> U 2; = 22 — y? COOTBETCTBEHHO.
OcTaercsi peminTh OOHO ypaBHEHHE, HAIIPUMED
dx o dx;
2 - 2 ’
z(x®—2)  xi(x]—21)

TIe 2 U z| cJellyeT CUATaTb KOHCTaHTaMHU. MIHTerpuposaHue faet TpeTHUH HHBapH-

aHT,
1l T 11 T

Z9=—-In———1In

z x2 — o 21 1‘%—2’1

WJIM, TI0CJIe TIOACTAHOBKU 3HauUeHUd 2 U 2p,
_Inz—-Iny Inz; —Iny

29 =
AT

Hanee, orpaHudenue, HaKJaobIBAEMOe OMepaTopoM Vo HAa WHBAPHAHTH 2, 2], 29,

= 7] 0 0
Vs :2(z—+z — =2 —),
2 0z ! 021 2 079
JIETKO JlaeT Ba He3aBUCHMbIX WHBApHUaHTa, HarpuMep,
z
Jl = — J2 = ZZ9.

21

[ToncraBnsisi B HUX 2, 2|, 29 W NPHPaBHHBAsi Pe3yJbTHPYIOIIHE BbIpaXkeHHs .J;
K TPOU3BOJIbHBIM KOHCTaHTaM Cj, Mbl TOJydaeM CJEAYIOILYI0 HeJHHeHHYI0 cymep-
nosunuio (6.7.11) pas cucremsl (6.7.40):

2 2 2 2
xr — r —

5 y2:01, Jo=Inx—Iny — 5 y2
T —Y; Ty — Yy

J = (Inzy —Iny;) = Cs.
6.7.4. NHTerpupoBaHue cUCTeM C IpUMeHeHHeM HeJWHEHHOH cymeprio-
aunuu. Ausre6pa Beccuo-Tynn6epra-Jlu cocrapisieT TeopeTHyecKyio OCHOBY HO-
BOH OOIllell TEOPHH WHTErPUPOBAHUS CUCTEM OOBIKHOBEHHBIX AU(hepeHIIHATbHBIX
ypaBHeHHH, NOMYyCKaWIIUX HeJHHeHHY0 cynepnosuiuio [40].
Yr0o6bl MPOUJIIOCTPUPOBATE ITOT MOAXO/, PACCMOTPUM MPOCTOH c/aydai cucTe-
Mbl IBYX YpaBHEHMH:

CC% =Ti(t) &l (2, y) + Ta(t) €3 (0, ),
(6.7.41)

%:ﬂ@g@w+nwﬁmw,

Jonmyckamwlieid naByMmepHyto anredpy Beccuo-I'ynanbepra—Jlu Lo, HaTAHyTyIO Ha
orepaTophl 5

0
X =&l (z,y) e + & (z,y) 9y’

| 9 ) 9 (6.7.42)
Xy =& (2, y) 5o +&(@y) oy
Ilns pemenusi cucrembl (6.7.41) mocTaToyHo mNpHBeCTH O6a3uCHBIE ONEPATOPHI
(6.7.42) u coorBeTcTBYIOIIHe ypaBHeHus (6.7.41) K cranmapTHOH (opme, mpen-

CTaBJeHHOU B Ta6Js.6.7.1 ¥ MosiyueHHOH B COOTBETCTBHHU C paszuesioM 6.5.3.
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Ta6nuna 6.7.1
CranpaptHbie (opmbl onepaTopos (6.7.42) u cucrem (6.7.41)

Anre6pa Beccro-Tynn6epra—Jlu Kanonuueckasi gopma (6.7.41)
1 XI:B%, XQZ(% ‘jl_“t’:Tl(t), %:Tg(t)
11 Xlza%, XQZJ;% %:o, %:Tl(t)—i—TQ(t)m
1 Xlza%, X2=x8%+y§y %’:TQ(t)x, %:Tl(t)—l—Tg(t)y
R N T o, 2~ 1) + By

IIpumep 6.7.9. IlpumeHumM Haml MeTon K HHTEIPUPOBAHUIO CHCTEMBbl YypaBHe-
Huii (6.7.40) u3 npumepa 6.7.8:

dx 2 T @:ny_y

— =2 - —,
i~ T w @ 2
Anrebpa Beccuo-Tynn6epra—JIu aToél cucTembl IByMepHa W HMEET JIHHEHHYIO

000JI0UKY
0 0 0 0

Mbl nonyuaem:

(X1, Xo] = —2X1, &mo —mé& = zy(y® — 2%) #0.

Takum o6pasom, Ha omeparopbl (6.7.43) HaTsiHyTa anrebpa Lo tuma III mo kuiac-
cudukaunu taba. 6.7.1.

CrenmoBaTesbHO, Mbl MOXKeM IMpeoOpas3oBaTb onepaTtopsl (6.7.43), a Takxe
cucremy (6.7.40) x craugaprHoit dopme III rada. 6.7.1. CHauana HalizeM KaHoO-
HHUeCKHe TepeMeHHble T, y JAJs TepBoro omepatopa (6.7.43) myrteM pelueHHs

ypaBHeHHH ~ B
Xi(z)=0, X(y)=1.

M&u1 nosyuaem:

~ ~ Iny—Inz
T=a—y? 7= % . (6.7.44)
r =y
MoxHO yOenuThbesi, uTo nepeMeHHble (6.7.44) pakTHUECKH SIBJSIOTCS KaHOHHYe-
CKUMH JJs1 Haued anre6pol Lo. [leficTBuTesbHO, omepaTopbl (6.7.43) 3amucaHbl

B (hopme, cooTBeTcTBylowwed tuny Il Taéa.6.7.1:

0 -0 -0

CnenoBartesibHO, NepenucbiBas ypaBHeHus (6.7.40) B HOBBIX mepeMeHHBIX (6.7.44),

nosiydaem: I = g
ar__r 49 Y
7 o =1 + (6.7.45)
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Hurerpuposanue ypaBHeHu# (6.7.45) naert:

f:%L 7= Cyt+tnt. (6.7.46)
Hlanee permaem ypaBHeHus (6.7.44) OTHOCHTENBHO X U Y-

xT T

Ty VT

e _ 1’
MojicTaB/sieM B HUX perueHus (6.7.46) ¥ OKOHUATENBbHO TPUXOIUM K CJELYIOIIEMY
o0l1eMy pelleHHI0 CHCTeMbl ypaBHeHHUH (6.7.40):

U y=C | —F (6.7.47)

t(1-¢%’ t(1-¢%"

3nech ¢ = Ct*, rne C' u k — npoM3BONbHbIE KOHCTAHTHI.

3amauu K raase 6

6.1. [TpoBeputh, HomycKaer Ju ypasHernue y’ — y’2 + 2y = 0 rpynny pactsikeHUH

C reHepaTopoM

0 0

6.2. Haiitn naunbosiee oblive pelleHHs ypaBHEHWH MepBOrO0 U BTOPOrO MOPSIAKA,
JOMYCKAIOMIUX TPYIIBl PACTSKEHHUH C reHepaTopaMu

0 0 0 0
a)X—$%+y6—y, 6) X—ya—y, B) X—xa—x-
6.3. [IpoBepuTh, UTO ypaBHEHHE TPETHETO MOPSIAKA
MQ/L///:I/<2MMH—M/2> , v =const #0, (P6.1)
roe p = p(x), IOMycKaeT ornepaTopbl
0 0 0
Xl_%’ X2_$%+:U’@v

M, UCIOJIb3Ysl 3TH CHMMeTPHH, cBecTH ypaBHeHue (P6.1) K ypaBHeHHIO mepBOro
NOpAAKa.

6.4. Beruvcaute UHQUHHATE3UMAaNbHble CUMMETPHUH YpaBHEHUH BTOPOro Nnopsiika

/ /
a) y”+y;—ey:0 u 6) y”—y;ﬂLey:O- (P6.2)
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6.5. IlpoBepruTb BO3MOXKHOCTb JHMHeapU3aLWH CJAEAYIOLMIUX yPaBHEHHH BTOPOTO
nopsifiKa:

2 3
a) y' =yy —ay", 6) v +3yy +y° =0,
I ’ ’
1
"n_9 y oy ’ //:yi_i,
B) (y 14 2? oy oy (P6.3)
/ 3
1) Y+ L e =0, e) y"+< _%> -°

6.6. Paccmotpets ypaBHeHue (6.5.6),

//_y_/ 1

y: oy

1 BTOpO# omnepatop (6.5.7), monmyckaeMbli 3TUM ypaBHEHHEM:
0 Yy 0

a) Haiitn KaHoHMUYecKHe MepeMeHHble t, u, Takhe, uTo Xo MpHOOpETaeT BUL
Xo =0/0t.

6) [epemnucary ypaBHenue (6.5.6) B mepeMeHHbIX ¢, u, cuutas u = u(t).

B) [ToHH3UTh MOPSANOK MosyueHHoro ypaBHenusi u” = ¢(u, u'), ucmnosnbays nou-
craHoBky u' = p(u).

6.7. [IpounrterprupoBaTh ypaBHeHHE

k
y”—}——Qy:O, k, w = const # 0,
(14 w?2?)
HCIOJIb3Ysl CJIEAYIONIHEe 1Be CUMMETPHU 3TOTO YPaBHEHHS:

0 0 0
Xi =(1+w2x2)%+w2xya—y, ngya—y-

3anucarh peleHue /st TPOU3BOJNBHBIX MapaMeTPoB k U w U JAJIs1 YaCTHOTO Cjydast
k = 3w?.

6.8. Ilyctp anrebpa L, umeer 6asuc Xi,..., X, u nyers [X;, X;] € L, nas Bcex
i,j. Hokasatnb, uro [X,Y] € L, pas mwo6eix X, Y € L, (cp. ¢ ompeneseHnem
6.5.2).

6.9. JloxasaTb, yTo npeobpaszoBanue (6.5.26) otobpaxkaetr ypaBHeHue (6.5.25) Ha
u” =0.

6.10. Hafitu obuiyto ¢opMy ypaBHEHHH MepBOro Mopsifka, MOMYyCKaIOUIUX omepa-
TOp

0 0
U [IPOMHTErPHPOBATh UX.
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6.11. Haiitu obmyio (opmy ABaxKAbl OOHOPOAHBIX YPaBHEHHH MEpPBOro MOPSIKA,
T.e. ypaBHenuit y' = f(x,y), I0ONyCKAOIIMX JBA HE3ABUCHMbIX OlepaTopa
0 0
Xi=y+, Xo=zx_-—-

1=Y ay’ 2=2 9z
6.12. Ha#iTu o6y ¢gopmy NBaXKAbl OOHOPOAHBIX YpaBHEHHH BTOPOro Mopsiika
y' = f(z,y.y).
6.13. Iposeputh, uto (yHkuus (6.5.34) ynoBnetBopsietT ypaBHeHHO (6.5.33).
6.14. INpounrerpuposats ypasHenue y” = xy’ — 4y. Brauase HaiiTi ero yacTHoe
MOJIMHOMHUAJ/IbHOE pelleHHe, a 3aTeM NPUMEHUTh MeToibl pasznena 6.5.5.
6.16. IlposepuTb, uTO 3aMeHa NepeMeHHbIX t = y, u = x> + y> orobpaka-
et ypasHenue zy’ = +y’3 Ha JuHeiHoe ypaBHenune u” = 0, u yGemuTbcs,
uro 22 4 42 + Ay + B = 0 ABAseTCs: TOUHBIM pelueHueM ypasHerus zy” =y +y'
(cm. mpumep 6.5.11).

6.17. IIpoBepuTh, UTO HeJIMHEHHOE ypaBHEHHE
y//+2<y1_g)3:o
x
Jonyckaet anreépy Lo ¢ JMHEHHOH 0607104KOM
X :9022—|—90y2 Xy :xyg—l-ng
Oz oy’ Oz oy’

¥ MPOMHTErPUPOBATh ypaBHEHHe, WCMOJb3ys ero anredpy. IlpoBeputs, siBasieTcs
JIM TIpUBefeHHasl Bbllle ajreépa Lo MakcuMmanabHOH asnrebpoit Jlu, momyckaemoi
paccMaTpUBaeMbIM ypaBHEHHEM.

6.18. Pewute cienymoluye 3anaun ¢ HadaJdbHbBIMU yCJAOBHSMHU:

3
a) ’y”—l—Q(y'—%) —0, y(1)=0, y(1)=1,

o v +2(y -1 =0y =y1)=0
sl a(l)=b ()3
0 e2(y L) =0 w@=ve yio)-
1) y”+2(y’—%)3=0, y(2) =3v2, y’(2>=$-

6.19. Haiitu of1iee pellieHue HeJJMHEHHOTO ypaBHeHHUs (6.6.53):

y///_<§y/+§>y//+6 ?J_/B_f_y_lz_'_y_/_’_i —0
v o 2oy T2 .

T

6.20. Haiitu ofuiee pellieHHe HeJuHelHHOro ypaBHeHHUs (6.6.74):

y///+% {_Sy/ﬂ _xy/5:| _o.
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HEJIMHEUHBIE NU®PEPEHIIUAJIBHBIE YPABHEHUSA
C YACTHBIMH IIPOHU3BOAHBbBIMH

dta ryaBa CONEPKUT MPOCThIE MPUJIOKeHHs Tpynn JIu [ HaxoxKIeHHUs TOY-
HbIX pellleHHH HeJIMHeHHBIX ypaBHEHHH C YaCTHBIMM MPOU3BOAHBIMH. 31eCh TaKxkKe
NpeaCTaBJeHbl OCHOBHBIE TEOPEMBI COXPaHEHHS.

Honoanumenvras sumepamypa: Oscsuuukos JI.B. [21], Ames W.F. [31], H6-
parumoB H.X. [8, 37-39], Oasep II. [22], Bluman G.W. and Kumei S. [32],
Cantwell B.J. [33].

7.1. CummeTpumn

Omnpenenenust ogHoNmapaMeTPUYeCKUX TPyNN H TPYNI CUMMETPUH A AHU(-
(hepeHLUMANbHBIX YPaBHEHHH C YaCTHBIMM TPOM3BOAHBIMM COXPAHSIOTCS TAKHUMHU
JKe, KaK AJs1 0ObIKHOBEeHHBIX AW(depeHINaNbHBIX ypaBHeHUH. Hanpumep, B cay-
yae [BYX HE3aBUCHUMBIX [e€pPEMEHHBbIX t, T U ONHOHU 3aBUCUMOU NEpPeMeHHOH u,
npeo6pasoBanus (6.2.1) 3ameHsIoTCS 00paTHMBIMH NPeoOpa30BaHUSIMH T€PEMEH-
HBIX ¢, T, U:

t=f(t,z,u,a), T=g(t z,u,a), T=h(tz,u,a), (7.1.1)

a OCHOBHble CBOMHCTBa rpynmsl (6.2.4), (6.2.5) 3aMeHsIOTCS CJAEAYIOLIUMU YpaBHe-
HUSIMMU:

t=fIzab) = f(t,z,u,a+D),
T =g(t,T,u,b) =g(t,x,u,a+b), (7.1.2)
u = h(t,z,u,b) = h(t,x,u,a+b).

Takum O6paSOM, MbI UCIIOJIB3YEeM CJieAylollee olpeaeJ/ieHue.

Onpenenenne 7.1.1. MHoxectBo G 06paTuMbiX TnpeobpaszoBanuil (7.1.1) Hasbl-
BaeTCsl OflHONAapaMeTpHuecKod TIpynmoi npeo6pa3oBaHUH B MPOCTPaHCTBE Iepe-
MeHHBIX t, , u, ecii G COLEPKUT TOXKAECTBEHHOe MpeobpasoBanue t = t, T = z,
u = u, npeobpa3oBaHusi, oOpaTHble K 3afaHHBIM, U 00JaJaeT TPYIOBBIM CBOM-
creoMm (7.1.2).

7.1.1. Onpenenenne u BblyucIeHue rpynn cummerpun. Cdopmynupyem
orpeneJieHUe TPYINbl CUMMETPUU AJs AW(depeHINa bHBIX YPaBHEHHUH C YaCTHBI-
MH TPOU3BOJHBIMH Ha MpPHUMEpPe 3BOJIOLHMOHHBIX ypaBHEHHH BTOPOro MOpPsAKa:

up = F(t, z,u, Uz, Uzg), OF/Ouzy # 0. (7.1.3)

Onpenenenne 7.1.2. YpasHenue (7.1.3) OJdonyckaem opHOMapaMeTpUUECKYIO
rpynny G npeo6pasosanuit (7.1.1), ecnu ypasHenue (7.1.3) coxpaHseT cBo
(opMy B HOBBIX NepeMeHHbIX t, T, U, TO eCTb

u; = F(t,7, U, Uz, Uzz), (7.1.4)
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rae ¢yHkuus F' ta xe, uyto B ypaBHeHMH (7.1.3). B 3TOM ciyuae G HaseiBaeTcs
epynnoti cummempuy ypaBHenus (7.1.3).

[TocTpoenue rpynmnel cuMMeTpuu (G 5KBHBAJIEHTHO OIpENe/IeHHIO ee UHPUHU-
me3umasbHolX npeobpas3osanuli

txt+ar(t,z,u), T~zx+al(t,z,u), w=u+an(t,z u), (7.1.5)

nonydaemblx U3 (7.1.1) pasnoxenuem B psin Te#sopa mo rpynmnoBoMy mnapameTpy
@ C COXpaHEHHEeM TOJIbKO UJIEHOB, JIUHEHHBIX 10 a. MH(HHUTe3uManbHOEe npeos-
paszoBaHue (7.1.5) xapakTepuayercs reHepatopom rpymnnsl (G, To ecTb nuddepeH-
LIMaJIbHBIM OIepaTopoM

0 0 0
X—T(t,x,u)a+£(t,x,u)%+n(t,x,u)%, (7.1.6)
IeHCTBYIOLMM Ha /00yl nudpdepeHunpyemyo dyHkuuwo J(t, x, u) cieryrumm
obpasom: 57 o7 a7
X(J)=1(t, z,u) ¥ +&(t, x,u) o +n(t, xz,u) 0

[enepatop (7.1.6) HasbiBaeTcs omepaTopoM, AOMycKaeMbiM ypaBHeHHeM (7.1.3),
WK UH@uUHUmMe3umaroHol cummempueti ypaBHenus (7.1.3).
['pynna npeo6pasoBanuii (7.1.1), coorBetcTBylomas renepatopy (7.1.6), Haxo-
IWTCS pelleHueM ypasnenuti Jlu
dt - dz - du -
e 7(t, T, ), = &(t,z,m), = n(t, =, u) (7.1.7)
C HayaJIbHBIMH YCJIOBUSIMH:

z’a:OZt’ T’azozx’ U‘a:OZU'

BepHewmcs x ypaBHenuio (7.1.4). Beauuunsl Uy, Uz U Uzg, BXonsuue B (7.1.4),
MOTYT ObITb IIOJyYeHbl C IOMOILbIO OOBIYHOTO IpaBHJa 3aMeHbl MPOU3BOAHBIX
C HWCroJb3oBaHHWeM ypaBHeHHMH (7.1.1) B kauecTBe 3aMeHbl MepeMeHHbIX. Torna,
packJ/anblBas pe3y/bTHPYIOLIHe BblpaXkeHHs Uz, Uz, Uzz B pAd Tedsopa mo mapa-
MeTpy a, ToJaydyaeM UH(OUHUTE3UMAJTbHYIO (DOPMY 3THX BbIpaKeHHH:

Uy ~ up + alo(t, v, u, up, ug), Uz = ug + ali(t, T, u, u, ug),
Uﬁ ~ Ugy ‘I‘CLCQ(t,fE,U, Ut,uxyutxyu:vm)» (718)

rae (o, (1, o ONpenessitoTes CAeAYIOIUMA PopMYLAMU NPOOOAHCEHUSL:

Co = Di(n) — ur De(7) — ug Di(§),
G = D:v(n) — U DI(T) — Ug Dm(g)’

G = D(C1) — ute Da(T) — gz Da(§). (7.1.9)
3necs Dy u D, 0603HayeHo noJsiHOe AuddepeHIUpOBaHNE IO t U X
0 0 0 0
Dy = E_}—ut%_}—utta_ut_{_utz%’
0 0 0 0
D, = %+Ux%+utxa—m+uxxa—%'

17 H.X. HU6parumos
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[Toncranoska (7.1.5) u (7.1.8) B ypaBHenue (7.1.4) naet:

i — (L%, 0, U, Taw) ~ s — F(t, 2,0, ug, me>+

oF oF oF oF
+G<C0_8um< Cl W wE wT)
CnenoBartesibHo, ¢ yyeToM (7.1.3) U3 ypaBHeHUS (7.1.4) CJleflyer:
oF oOF oF oF oF

—— G50 n—5§&— = 17=0, 7.1.10
O e 2 T o T T T (7.1.10)
rae u; B (o, (1, Co 3ameHeno Ha F(t,x, u, Uz, Uzy).

YpaBuenue (7.1.10) onpenessier Bce MH(PUHUTE3UMAaJbHbIE CHMMETPUH YpaB-
HeHusi (7.1.3) W BcJENCTBUE 3TOrO HAa3bIBAEGTCS ONPe0eAsOUUM YPABHEHUEM.
[IpuHATO corJyalleHre 3aMUChiBaTh €ro B KOMIAKTHOH (opme

X[ug — F(t, z, u, Uy, ugz)] = 0, (7.1.11)

rie X o6o3HauaeT npodoAdxcexue orneparopa (7.1.6) Ha TMepBble U BTOpbIE MPOU3-
BOIHBIE: 8 K

0 0

Onpenesnsitoniee ypaBHeHHe (7.1.10) (mm €ro 3KBUBAJIEHT (7.1.11)) ABJISIETCS
JIMHEHHBIM OTHOPOAHBIM AU((epeHIHaNlbHBIM YPaBHEHHEM C YAaCTHBIMH MPOU3BOMI-
HBIMH BTOPOTO MOpPsIAKA [Js1 HEU3BeCTHbIX GyHKUMH T(t, x, u), (L, x, u), n(t, z,u).
Baiaronapsi 3ToMy MHOXKeCTBO BCeX pellleHUi ONpeesioliero ypaBHeHus obpasyer
BeKTOpHOe TpocTpaHcTBo L. Bosee Toro, ompenessiioliee ypaBHeHHe oOsanaet
CJENYIOIIMM CYIIECTBEHHBIM W MeHee OYEeBHIHBIM CBOHWCTBOM. BekTopHoe mpo-
ctpaHctBo L obpasyer aseebpy Jlu, TO €CTb OHO 3aMKHYTO MO OTHOIIEHHIO
K xKommymamopy. IpyrumMu cjoBamu, anrebpa L comep:KHUT, BMecTe C JIOObBIMH
oneparopamu X, Xy, ux kommyrarop [X|, X, onpenesnsieMblii COOTHOLIEHHEM

(X1, Xo] = X1 Xs — XoX).

B uacrtHocTH, ecnin L = L, KoHeuHOMepHa W uMeet Oasuc X1, ..., X, TO
_
[Xa, Xp] = )5 Xy,
rae szﬁ — MOCTOsIHHbIe KO3(D(UIIMEHTBI, H3BECTHbBIE KaK CMPYKMYPHbLE KOHCMAH-

mot L.

Onpenensitomiee ypaBHeHue (7.1.10) mo/mKHO YHOBIETBOPSATHCS TOXKIECTBEHHO
no t, x, U, Ug, Uy, Uty, PACCMATPUBAEMBIM KaK ILIECTb HE3aBUCHUMbIX I[epe-
MeHHbIX. CJjlefoBaTe/IbHO, ONpefieisiiolllee ypaBHEHHe paclLIen/sieTcss Ha CHCTEMY
HeCKOJIbKHUX ypaBHeHHH. Kak mpaBujio, 3TO TMepeonpeseseHHasi CUCTEMA, MTOCKOJb-
Ky COHep>KHUT OoJiblile ypaBHEHHH, yeM TPHU HeU3BeCTHble (QPyHKUMHU T, & HU 7).
CrienoBarte/sibHO, B MPAKTHYECKUX MPHUIOKEHHUSX ONpesesiiollee ypaBHEHNE MOXKET
ObiTh pemieHo siBHO. Crenyromas npeaBaputesbHas jJemma Codyca Jlu ynpomaer
BBIYUCJIEHUS.

Jlemma 7.1.1. [lns ypaBHenus (7.1.3) npeoGpasoBanusi cummetpunt (7.1.1) umerot

opmy _
t=f(t,a), T=g(t z,u,a), T=h(tz,u,a). (7.1.12)
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310 O3HadaeT, 4YTO MO2KHO HCKATb I/IHCpI/IHI/ITe?;I/IMaJIbeIe CUMMETpPUU B cpopMe

0 0 9
X =7(t) 5 +&(t, x,u) o +n(t, x,u) B

Hoka3areabcTBOo. Bhinenum B onpenensiioiiemM ypaBHeHuu (7.1.10) useHw, co-
nepxkaiiie up,. Popmyabl npomosmxkenus (7.1.9) mokaseiBalOT, UTO Uy COHEp-
KHUTCS TONBKO B (9, @ MMEHHO, B ero ujeHe ug D,(7). IlockosbKy ypaBHe-
Hue (7.1.10) BHIMOJHSIETCS TOXIECTBEHHO M0 ¢, T, U, Uz, Upz, Utz, MBI HMEEM
D, (1) = 74 + uym, = 0. CaenosaresibHo, 7, = 7, = 0, T0 ecTb 7 = 7(t), U onepa-
Top (7.1.6) umeer dopmy (7.1.13).

IIpumep 7.1.1. BbluncauM CHMMETPHUH CJeYIOLIEro HeJHHEHHOro ypaBHeHHS,
U3BECTHOrO Kak ypaBHeHHe Broprepca:

Up = Ugy + Ulg. (7.1.14)

(7.1.13)

CornacHo jiemme 7.1.1, MBI 6yneM “cKaTb HHPUHUTE3UMAaNbHbIE CHMMETPHH B (hop-
me (7.1.13). Ilns onepatopos (7.1.13) dopmyssl npomoskenus (7.1.9) nator:

Co = Di(n) — ug Dy(&) — 7'(t) u, C1 = Dz(n) — uz Dz (§),
o = Da(C1) — Uaa D2(€) = D2(n) — ug D3(E) — 2ugas Do (€).

B nawewm npumepe onpenensiomiee ypaBHeHHe (7.1.10) umeet BuI

Go — G2 — uCy — nug =0, (7.1.16)

rae (g, €1 ¥ (o manbl opmyaamu (7.1.15). Bbimesnm u npupaBHsieM HYJIO YJEHbI
C Ugy. YUUTBIBAS, UTO U JOJPKHO OBITb 3aMEHEHO HA Uy, + Uly U NOACTABJSAA B (o
BBIPaKEHUS

D2 (6) (fx +&u Um) §utze + Eun U2 + 2800 g + Eaa,s

D2(1) = Dyu(ne + M te) = N U + Nuw U2 + 2y Uz + N
MBI TIPUXOJIUM K CJIeYIOIeMY YPaBHEHHIO:
28, ug + 26, — 7' (t) = 0.

OHo pacuiernisieTcst Ha [Ba ypaBHeHus1, a umeHHo &, = 0 u 2§, — 7/(t) = 0. [TepBoe
ypaBHEHHe TOKAa3bIBAET, UTO & 3aBUCHT TOJIKO OT ¢, 2, H UHTETPUPOBAHHE BTOPOTO
ypaBHeHHsI faeT

(7.1.15)

(7.1.17)

§= g7tz +pl). (7.1.18)

W3 (7.1.18) caenyer, uto D2(£) = 0. Tlocae 3Toro ompesensionlee ypaBHeH e
(7.1.16) cBOmHMTCS K CJEAYIOIIEMY:

1 1
Ufc Nuu + [5 T/(t) u+ ) T/,(t) T +p/(t) + 20 + 77] Uz + UNg + Nox — 1t =0

U pacllenJsieTcss Ha TPU ypaBHEHHUS:

Nuu = Oa UMy + Nexw — Nt = 0,

%T’(t)u—l— %T'/(t)x+p'(t)+27lmu+77:0- (7.1.19)

17+
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[TepBoe ypasuenue (7.1.19) nmaer n = o(t,z)u + p(t,z), a TpeTbe ypaBHeHHe
(7.1.19) craHoBuTCA:

| |
(§ 7 (t) + 0) ut g ™tz +p' (t) + 20, + p =0,

oTKy/1a | |
02—57/(75), u:—§7'”(t)a:—p/(t).

Takum 06pasoM, Mbl UMeeM
=g T(O)u— g7 (t)x—p) (7.1.20)
OxonHuareJsibHO, noacTaHoBka (7.1.20) Bo BTOpoe ypaBHeHue (7.1.19) naet
% () z +p"(t) =0,
otkyna 7" (t) = 0, p’(t) = 0, u, cnenoBarenbHo,

7(t) = C1t2 + 205t + C5,  p(t) = Cyt + Cs.

Yuuteias (7.1.18) u (7.1.20), Mbl OKOHYATENBHO TPUXOAUM K CAEAYIOLIEMY 0OIIe-
My pelleHHI0 onpenessionero ypasHenus (7.1.16):

T=C1t? + 2Cst + Cs,

& = Chite + Cox + Cyt + Cs,

n= —(C1t + CQ)U — Ciz — Cy.
OHO COnepKHUT MATb NMPOU3BOJIBHEIX MOCTOSAHHBIX (. DTO 03HAUaeT, UTO MH(PHUHH-
Te3uMaJ/bHble CUMMeTpuH ypaBHeHHs1 Droprepca (7.1.14) obpasyioT naTHMEpHYIO

anre6py JIu ¢ nuHelHON 060/104KOMH, COCTOsALLEH M3 CelyIOIIUX JUHEHHO He3aBu-
CUMBIX OIIEepaTOpOB:

=2 x==2  x=12-2

I P 5 (7121)
—_or Y v _ Y 2 Y v _ Y.
Xy =2t 5 T g g Xs=t 5 T 5, (x4 tu) B

7.1.2. TpynnoBbie mpeoOpa3oBaHusa pemeHui. Jlo6oe mnpeobpasoBaHue
CUMMeTpUH AU]depeHLNa bHOT0 yYpaBHEHUS NepeBOAUT Joboe pelleHue audoe-
PeHLMaJbHOTO0 YpaBHEHMs B pelleHHe. DTO O3HAUaeT, YTO, AHAJOTHYHO CJydalo
OOBIKHOBEHHBIX AW(QepeHIHa bHbIX yPAaBHEHHUH, pelieHUs AUQQepeHuHaIbHbIX
ypaBHEHHWH C YAaCTHBIMH MPOU3BOAHLIMU NEPEMEIIUBAIOTCS MEXKAY COO0H MpH Hei-
CTBUM TPYyNNbl CUMMeTpHUH. YacTb pellleHUH MOXKeT TakxKe IepexoiuTb B ceOs,
TOTla WX Ha3blBAT UHBAPUAHMHbIMU peuierusmy. B COOTBETCTBHH C 3TUM
TPYIINOBOH aHA/MM3 MpeAyCMaTpPUBAeT [Ba OCHOBHBIX MYTH IMOCTPOEHHUS TOYHBIX
pelleHU: epynnosvie npeobpa3osariis U3BECTHLIX PelleHUH U MOCTPOeHHe UHEA-
PUAHMHbLX peuleHull.

B sroM paspmene Ha npuMepe JIMHEHHOrO YypaBHEHHUS TeIJONPOBOLHOCTH
Ut — Ugy = 0 WJMIOCTPUPYeTCS METOH TPYMIOBbIX MNpPeoOpa3soBaHHWU pelleHHH.
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[IpumMep HesJMHEHHOrO ypaBHEHHs, a UMEHHO ypaBHeHHsi DBioprepca, paccMoTpeH
B pasnene 7.2.2.

Merton ocHoBaH Ha TOM (hakTe, UTO MPeoGpa3oBaHUs TPYIIIbI EPEBOAST JH060e
pellleHHe paccMaTpPHBAaeMOro ypaBHEHHs B pelleHHe TOro e CaMoro ypaBHe-
Hus. A umenHo, nyctb (7.1.1) — rpynna npeo6Gpa3oBaHHil CHMMETPHUH ypaBHe-

Hus (7.1.3), ¥ nycTh GYHKUUS
u= ®(t, z)

sipaisietcsi peiiendeM ypaBHeHus (7.1.3). ITockosbky (7.1.1) — mpeoGpasoBaHue
CUMMETPHH, TO ITO pellleHHe MOXKET TaKxKe ObITh MPEICTaBIeHO B HOBLIX MepeMeH-
HBIX:

u=®(t,7).
[Topcrasasist B 310 peinenne W, ¢, T u3 (7.1.1), Mbl nosydaem
h(t,z,u,a) = <I>(f(t, z,u,a),g(t, z,u, a)). (7.1.22)

Hwmes pewenune ypaBHeHus (7.1.22) oTHOCUTEBHO w, MBI TIOJy4aeM OTHOTApPaMeT-
pUuecKoe ceMelCTBO HOBBIX perieHui ypaBHeHus (7.1.3).
HH}uHUTE3UMaNbHbIE CAMMETPHH JTMHEHHOTO YPaBHEHHS TeMJOMPOBOAHOCTH
Up — Upge = 0 (7.1.23)
JOMYCKaloT 6eCKOHEUHOMEPHYIO are0py ¢ reHepaTopoM
0
X’T =T %,

roe 7 = 7(t,x) — mpousBoJbHOE pelieHue ypaBHeHus (7.1.23), u wecTHMepHYIO
anre6py JIu, HaTAHYTYIO Ha onepaTopsl (cM. 3axady 7.2)

9 ) o 0 )
Xl_aa XQ_%7 X3—2t§+$£, X4_u%a
; ; , o AR
_ v v — 2 v v 1 2 v
Xs =25 —wug, Xe=tgtteg -G+ )ug

Paccmorpum, Hampumep, omnepatop Xs. OH reHepupyer npedcmasaenue me-
naonposodrocmu npeobpasosarnus larures:

n — _ _ 2

i=t, T=x+2at, u=ue @tal) (7.1.25)
Jlio6oe peuerne u = D(t, x) ypaBHEHHs TEMIONPOBOIHOCTH MOXKET OBITH TepeBe-
JIEHO B HOBoe peleHue npeodpasoBanuem (7.1.25). ITockosnbKy ypaBHeHHe Terl-
JIONPOBOJHOCTH $SIBJISIETCS WHBAPUAHTOM IIPH 3TOM NpPeoOpa3oBaHUU, Mbl 3aMUIIEM
ero B opMe Uy — Ugzz = 0, Ucnonb3ys nepeMeHHble ¢, T, U, U BblOepeM pelleHHe
B TeX K€ TepeMeHHbBIX: _ _

P u=®((,7).

[TopcraBum B Hero Bbipaxkenusi (7.1.25) nast ¢, T, U 1, paspelas pesyabTHPYOLIee

AdBHEHHE
yp ue—(al’+a2t) — @(t, T + QGJt)

OTHOCHUTEJIbHO U, MOJYYHUM HOBOE pELIeHHE!:
2
u = eTUO(t, 2 4 2at), (7.1.26)
colepxKallee napaMerp a.
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Ynpaxxuenue 7.1.1. [lonyunm peleHusi ypaBHEeHHsI TEMJIOMPOBOAHOCTH C MOMO-
mbto npeobpasoBanus (7.1.25) u popmynsl (7.1.26), npuMeHsis UX K CJAeLYIOLUIMM
IBYM MPOCTBIM PeLIeHUSIM:

a) u=1, 6) u==x.
Pewiernue. a) Toacrasasis ©w =1 B (7.1.25), To ecTh noJaras

_ 2
ue (az+at) _ 1,

MBI TIOJIyuaeM cJjenylollee HoBoe perieHue (7.1.26):

U= ea:H»aQt'
Tor ke pesynbrar mosmydaercst u3 (7.1.26), ecau npunstse ®(t, z + 2at) = 1.
6) IlogcraBasss ©w = B (7.1.25), To ecTh moJaras

ue—(ax+a®t) — o + 2at,
MBI TIOJIyuaeM cJjenylollee HoBoe perieHue (7.1.26):
u = (x + 2at) errta’t,

Tor »xe pesymbrar mnoaydaercs u3 (7.1.26), ecau mnosoxute P(t,x + 2at) =
=1+ 2at.

7.2. I'pynnoBble UHBapHaHTHbIE pelleHUs

7.2.1. BBenenune. Eciu npeo6paszoBaHue IPyIIbl 0TOOPaXKaeT pellieHHe B ce-
651, Mbl IPUXOIUM K TaK Ha3bIBAEMOMY CAMONO00OHOMY UIH epYNnnos8oMYy UHBAPU-
anmuomy pewienuro. PaccMOTPUM, HanpuMep, BOJIOLHOHHbIe ypaBHeHus (7.1.3).
Bribepem uHpUHHUTE3MMaIbHYIO cuMMeTpHio (7.1.6) ypaBHenus (7.1.3) u moay-
YUM HMHBapHaHTHOE pelleHHe, COOTBETCTBYIOIlee OIHOMApaMeTPUUECKOH TpyTIre,
reHepupyemoii X, caenymomum o6pa3oM. MoXHO BBIYMC/INUTbL ABa HE3aBUCHMbIX
unsapuanma Jy = N(t,z) u Jo = p(t, z,u) ¢ NOMOLLIbIO PelleHNs] ypaBHEHMUS

o1 _

ou 0,

X(J)=7(t,z,u) %—i +&(t, x,u) g—i + n(t, z,u)

UJIKX €ro CUCTEMbl XaPAKTEPUCTHUK:

dt dx du
7(t, T, u) - E(t, z,u) - n(t, T, u) ‘ (7.2.1)

TOFLLa MOXKHO TPeACTaBUTb OOAWH MHBAPHUAHT KakK q)YHKU,I/I}O Apyroro, Hanpumep

1= ¢(A), (7.2.2)

U pelnTb ypaBHeHHe (7.2.2) oTHocuTesnbHO wu. HakoHel, cjenyeT MOICTaBUThb
BbIpaXKeHHWe 1/ u B ypaBHeHHe (7.1.3) M mosyduTb OOBIKHOBEHHOe NU((epeH-
LHaNbHOE ypaBHEHHE [/ HeM3BeCTHOH (DYHKUHM OIHOH mepeMeHHOH ¢(A). Dra
npoLeAypa yMeHblIaeT YUCJIO He3aBUCHMBIX MEPEMEHHBIX, OCTAaBJIsISI BCEr0 ONHY.
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Ynpaxkuenue 7.2.1. HaliTu uHBapuaHTHOE pellleHHe yPaBHEHHS TeNJONPOBOLHO-

ctu (7.1.23), coorBerctByioiiee rpymnmne (7.1.25) ¢ rereparopom (7.1.24):
o) d

Pewenue. Tenepatop X (opmupyer nBa He3aBUCUMBIX WHBapuaHTta. ONWH U3 HUX
ecTb ¢, a Ipyrol mosyyaeTcs U3 ypaBHEHHUS xapaKTepHch

dx du azda:
— +— =0 nm + — =0.
2t TU
HHTerpupoBanue noc/jeqHero ypaBHeHHUs AaeT HHBAPUAHT
J = we /(4.
CuieioBatesibHO, HHBAaPUAHTHOE pelleHHe MOXXHO HaxoouTb B BUIe J = ¢(t) uian
u = ¢(t) e/ (4),

HOI[CTaBI/IM 9TO BbIpaxK€HHE€ B YpaBHEHHE TENJOINPOBOAHOCTH U MOJYUYHUM:

et 2/( 4t __ 7T —z?/(4t)
w= (o4 is0)e Uy = = e/,

(21N e
umaz—<4tg_2t>¢e .

Tem cambiM guddepeHHaTbHOE YPABHEHHE C YACTHBIMH NIPOM3BOAHBIMHU BTOPOTO
MoOpsiiKa U — Ugy = 0 cBesloch K 0OBIKHOBEHHOMY AH((epeHIHaNnbHOMY ypaBHe-
HMIO IepBOrO NOpsifKa:

dp ¢

Z =0

Orciona caenyet ¢(t) = C/+/t, C = const. Takum 06pa3oM, HHBapUaHTHOE pellie-
HHE HMeeT BUJ
O —2/(4n)

YTV

7.2.2. YpaBHuenue Broprepca. U3 npumepa 7.1.1 pasgena 7.1.1 mbl 3HaeM,
yTo ypaBHeHHe Bioprepca (7.1.14), uy = Uyy + ut,, UIMeeT NsATb HHPUHUTE3UMAb-
HBIX cuMMeTpul (7.1.21):

0 d 0 9]
—_o Y v _ Y 2 Y v _
X472t8t+x8x U Xs=t at—i—txa (w—l—tu)a
PacemoTpum, Hanpumep, reHepatop X u3 (7.1.21). YpaBHenus JIu umeror Bua
i o dv . du_ .
%—t, 7 =1z i (T +tu).
MHTerpupoBaHue 3TUX ypaBHEHUH [aeT:

e 7= " (7.2.3)

1 —at’ 1 —at
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H

u=(1—at)u—ax. (7.2.4)

[ToncraBasisi mpeoGpasosanus (7.2.3), (7.2.4) B ypaBuenue (7.1.22), Mbl 0T0OG-
paxkaem sr060e u3BecTHoe pelerne u = P(t,z) ypaBHeHust Broprepca Ha cieny-
folllee OfIHOMapaMeTpHUeCKoe MHOXKECTBO HOBBIX pelleHHH:

ax | t T
u_l—at+1—at(b(1—at’ l—at)' (7.2.5)

IIpumep 7.2.1. MoxxHO yKa3aTb MHOT'O TIPUMEPOB TOr'0, KaK, BbIOpaB HauajibHOE
pewenne u = ®(t, ), monydaor n060e MHBAPHAHTHOE pelueHHe. Bo3bmeM, Ha-
NpUMep, HHBAPUAHTHOE pelleHHe, COOTBETCTBYIONIEEe POCTPAHCTBEHHOMY CIBHTY,
reHepupyemomy Xo u3 (7.1.21). B stom ciydyae uHBapuaHTamu SIBASIOTCS A = ¢
¥ [ = u, u ypaBHenue (7.2.2) sanuceiBaercst u = ¢(t). [loncranoska B ypaBHeHuUe
Broprepca naet oueBupHOe pelleHHe B BHe KOHCTaHTbl u = k. OHO oToOpakaercs
¢ momotbio (7.2.5) Ha caenyiollee OIHONApaMETPHUECKOe MHOXKECTBO pelLleHHH:

k+ ax
u = .
1 —at

IIpumep 7.2.2. OnvH 13 GU3UUECKU CYLIECTBEHHBIX TUIOB pellleHuiH MoJsydaercs
B IPeANOJOKEHHH WHBAPUAHTHOCTH NPHU NEHCTBUU TPYNINbl CABWra MO BPEMEHH,
reHeprpyemo# Xj. D10 npennosoxeHrne MPUBOAUT K CTAlLlUOHAPHOMY pelLleHHI0

u= ®(z),
JIJI KOTOPOTO ypaBHeHHe Dioprepca maet
" + &P’ = 0. (7.2.6)
HHuTterpupyem onuH pas: 2
®/ + 7 = Cly
¥ WHTerpupyeM mnoBTopHo, moactasnsss C; =0, C) = 2 >0, C) = —-w? <0,
noJiyyasi: 9
®(z) = z+C’
O(z) = vth (0 +2 x> : (7.2.7)
O(r) =wtg (C— ga,’)

[Ipeo6pasoBanue lanunes ¢ =t, T = x + at, & = u — a, reHepupyemoe Xs,
oToOpakaeT craudoHapHble petieHust (7.2.7) B Geryuie BosHbl u = f(x — ct).

IIpumep 7.2.3. Ecau npumeHuTb npeobpasoBanue (7.2.5) K CTallMOHAPHBIM pe-
weHusM (7.2.7), To mosyuyaeM HOBble HeCTalHOHAPHbIE PelLleHHs:

_ax " 2
Cl—at x+C(l—at)

1 v
[—at [‘”Hmh <C+ 2(1 —at))]’

u= l—lat [am—{—wtg <C—ﬁ>} (7.2.8)

u
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IIpumep 7.2.4. HalineM MHBapuaHTHBIE pellleHHs AJIS NPOEKTHBHOH TPYyMIH, re-
Hepupyemo#t X5. Cuctema XapakTepUCTHK

dt dx du

2 tr z+tu

HaeT WHBapuaHThl A = x/t U p = x + tu. Takum obpasom, obliee Bbipaxe-
Hue (7.2.2) nns UHBapUAHTHBIX PelleHWH MPUHHUMAeT (opMy

u=-24 200, A=T. (7.2.9)

[Toxpcraasisi 370 BhIpaXkeHue B ypaBHeHue Broprepca (7.1.14), monyyaem mist ®(N)
B TOUHOCTH ypaBHeHHue (7.2.6). Takum oGpasom, ero obliee pelieHHe MOJyyaeTcs
u3 (7.2.7), rne x 3ameHeHo Ha A. COOTBETCTBYIMOIIHEe HHBAPHAHTHBIE peIlEHHS
MoJIy4aroTcs MOACTAaHOBKOH B (7.2.9) pesy/ibTHpyOLMX BblpaxkeHuit st ®(N).
Hanpumep, ucnonssys miast ®(\) sropyio dopmyay (7.2.7), nonarasi B Hell v = T,
Mbl [IOJy4aeM pelleHHe

X T ™
u=—2+2th <C+§>. (7.2.10)

OHo BaXKHO B HeJIMHEHHOW akycTHKe W Oblio ycTaHoBaeHo P.B. Xoxsoseim B 1961
rony U3 (pU3M4yecKHx coobparkeHHH.

IIpumep 7.2.5. VHBapuaHTHble pellieHUs AJs TPYMIbl PACTSKEHHUH, TeHepUpy-
eMOH X4, NMPUBOAAT K TOMY, YTO B (DHM3HKe Ha3blBAlOT peuwleHusmu nodobus,
TIOCKOJIBKY OHM CBSI3aHbl C aHaJHU30M pa3dMepHOCTH. CHCTeMa XapaKTepUCTHK

&t _dv _ _du

2t =z U
JlaeT CJeNyIolllhe HHBAPUAHTH: A = x/\/f, = \/% u. CjiefioBaTeIbHO, UHBApHAHT-
Hble pelleHUs] MOXKHO UCKAaTb B BUIE

=7
YTO MPUBOOUT K CJAEAYIOUIEMY YPaBHEHHIO [Js1 pelleHWH Mofo0usi ypaBHeHHS
Broprepca:

4+ @Y 4 (M +B) =0, (7.2.11)
HHTerpupys oouH pas, UMeeM:
<1>’+é(<1>2+m>) =C.
[Tonaras C' = 0, nonyuaem peuieHue (HaiineHHoe B dusuke O.B. PyneHko)

) 6—12/(41‘/)
u = y
vVt B+erf(z/(2V1))
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rae B — [IpOU3BOJIbHAA KOHCTAHTA, a

z
2 2
f = — s
erf (2) 7 Je ds
0
— (DyHKUHUA OLINOKH.

7.2.3. HenuHeliHas 3ajaya ¢ TpaHUYHBIMHU YCJOBUIMH. PaccMoTpum cie-
Ayoollee HeJIMHelHHOe ypaBHeHUe

Au = e", (7.2.12)

rae v = u(z,y) 1 Au = uyy + Uy, — JNalJIACHAH C ABYyMs HEe3aBUCHMBIMH Iepe-
MeHHBIMHU. ¥YpaBHeHue (7.2.12) nmomyckaet omepaTop

0 0 0
X=Cg,tng, —2%g, (7.2.13)
rae £(z,y) u n(x,y) — npousBosbHbIE peleHust cucTeMbl Komn-Pumana

§e—my =0, &§+mn=0. (7.2.14)

CrienmoBaTesibHO, MOXHO BBIPa3UThb 00llee pellleHWe HeJHHEHHOTOo ypaBHe-
Hus (7.2.12) uepes peleHue ypaBHeHHus Jlanmaca

Av =0 (7.2.15)
B BUJIE s
w=1ln (2 ”ﬂvy) (7.2.16)
v

JlpyruMu cioBaMH, HeJuHeiHOoe ypaBHeHHe (7.2.12) oroOpakaeTcss Ha JiH-
HellHoe ypaBHeHHe (7.2.15) ¢ momoureto mpeo6pasoBanus (7.2.16). OmHako 31O
npeoOpa3oBaHie He 0COOEHHO I0JI€3HO MPH pellleHUH KOHKPETHBIX 3a1ay, Kak 3TO
BHUIHO M3 CJENyIoLero npuMepa, B3sitoro us [10].

PaccmoTpuM cienyroliyro 3agady ¢ rpaHUYHBIMU YCJIOBUSIMH B KpyTe paguyca

r=1.
Ay = e, u‘TZl =0, (7.2.17)
rae r = /a2 +y%. O6uwee pemenue (7.2.16) HeymoOHO A1 pelleHHs HalleH

3aJa4u, TaK KakK OHO IPUBOOHT K HeJIMHeHHOHU 3ajaye C FPAHUYHBIMH yCJOBHUAMHU

Av =0, <v§+v§—lv2> =0.

r=1

2

Jnsi pewenus 3anauu (7.2.17) uesnecoo6pa3Ho HUCIOMB30BATh MOJSPHBIE KOOP-
IMHAThI

T =rcosp, Yy=rsingy. (7.2.18)
B stux koopauHatax ypaBHeHue (7.2.12) 3anuceiBaeTcs B BUzE
1 1
Upr + = Uy + =5 Upyp = €% (7.2.19)
r r

[lockonbky nuddepeHLratbHOe ypaBHEHHE M TPaHUYHbIE YCJOBUS B 3ajgaue
(7.2.17) vHBapHaHTHBI MO OTHOIIEHWIO K TPyIIe BpalleHHs, Mbl MOXeM HCKaTh
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pelleHMe, 3aBUCsILEe TOJMbKO OT mepeMeHHod r. Torna ypaBhenue (7.2.19) 3anu-
CBIBAETCS C/IeYIOLIUM 00pa3oM:

Uy + %ur = e (7.2.20)

[Tpennonoxum, uto GyHKUUsS u(r) orpaHnueHa B «ocoboi» Touke 7 = 0, u ctop-
MyJHpYeM IpaHUYHble yCJI0BUs 3anaud (7.2.17) B caenytolneid gpopme:

u(l) =0, u(0)< co. (7.2.21)

MoxHO mpouHTerpupoBaTh ypaBHeHue (7.2.20) ¢ nomouibio Metoma JIu.
A viMeHHO, OHO J0oMycKaeT ABe HH(OUHUTE3WMaJbHble CHMMETPHHU:

or 5 u 5 (7.2.22)
ngrlan—Q(l—HnT)%'

[TpuBesnem mnepBbid oneparop K Buay X| = 0/0t ¢ MOMOLIbIO 3aMeHbI MTepeMEeHHbIX
t=Inr, z=u+2Inr.
3anuiem ypaBHenue (7.2.20) B HOBbIX MepeMeHHBIX:

d? .
Ej = ¢?. (7.2.23)

MHTerpupoBaHue ¢ MOMOLIBIO CTAHAAPTHON MOACTaHOBKU dz/dt = p(z) maet

dz
% 40, 7.9.94
J VCi + 26 2 ( )

Beruncensisi unrterpan (7.2.24), mMoxHo y6enutbes, 4to ycaoBde u(0) < oo He
ynossetBopsiercs, ecau C) < 0. [Tosromy mbl Beruncaum uHterpan npu Cp > 0.
Jns ymo6ersa BuibepeM Cp = A2 u Cy = InC. Tlocne BLIUMCeHHS MHTerpaja
3alHlleM pe3ysabTaT B CTapbiX MepeMeHHbIX U MOJNYYUM pelleHHe

u=In

222 (er)
(er)” (7.2.25)

7 [1 - (cr)’\}

Orcioza ciiefnyer, uTo
ur (A=2)lnr (r—0),

n u3 u(0) < co BbiTekaeT A = 2. Kpome Toro, rpaHuyHoe ycmaoue u(l) = 0
npuHUMaeT (opMy

8¢ = (1 — 02)2,

OTKyJla
Z=5+2V6. (7.2.26)
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Takum o6pasom, 3anaya (7.2.17) umeet nBa pelieHUs

w=In(8e2) —In(1 — 2)° (7.2.27)

npu

?=5-2V6

H

2 =5+2V6

COOTBETCTBEHHO. HepBoe pemex—me, oTBedarluee cjaydaro C2 = 5 — 2\/6, OI‘paHI/I'
YEHO Be3[e B prre 9 9
“+y” <1,

TOra Kak BTOpOE pellleHHe COOTBeTCTBYeT ¢ = 5+ 2v/6 u He orpaHHueHo Ha
Kpyre

x2+y2:rf

pamuyca r,=1/c¢~0,33 (cm. puc. 7.1, 7.2).

u
1
ey
Dot
(-
u NN
y _L_:\_é_ﬁll/bof_
| . R
0 i L
P Y
,,,,,
o 10 b T
““'::f;z:l::%n;'fa“' 1
Ug <
Puc. 7.1. Pemenne (7.2.27) npu ¢ =5 — Puc. 7.2. HeorpanuyeHHoe pelleHUe,
—2v/6 orpannueno  =54+2V6, u0) = u(rg) = uy ~

~ 4,37 r. = 1/c, 19 =2 /c

7.2.4. NuBapuaHTHbIe pelmeHUd [Js HPPUTallMOHHBIX cuctem. Pac-

CMOTPUM HeJiMHeHHoe nuddepeHIlHaIbHOE YpaBHEHHE C YACTHBIMH MPOHU3BOIHbI-
mu (2.3.39)

C() ¢ = [K ()], + [K(¥) (9= = D], = S(¥),

MoJeJIUpylolllee 1BHUKeHHe IPYHTOBBIX BOJ B UPPUTaLMOHHOH CHCTeMe.
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HupunnrtesumanbHele cuMMeTpun ypaBHeHUs (2.3.39) ¢ NpPOM3BOJBHEIMU KO-
stdduumenTamMmu o6pasytoT anrebpy JIu, HazbiBaeMywo erasHol areebpoil Jlu Lp
ypaBHeHus (2.3.39). D10 TpexmepHas anrebpa c JUHEHHOH 000J0YKOH
0 0 0
7 x, =92 x,=9.
ot’ 27 or 37 0z
CymectByer 29 uactHbeix THIOB Koadouuuentos C(v), K(¢), S(v), npu koro-
PBIX BO3MOXKHO pacuiupeHue anredpsl Lp. PaccMoTpuM onuH caydai, B KOTO-
pom Lp pacuimpsieTcss TpeMmsi onepatopamMu. A HMMeHHO, pacCMOTPHUM YpaBHeHHe
(M = const)

4
Me* —1
YpaBuenue (7.2.28) nomyckaet mecTuMepHyto anredbpy Lg, nonyuaemyto nobasiie-
HueM K 6asucy Xi, Xo, X3 anrebpol Lp ciaeqymoudx Tpex OnepaTopoB:

X =

P = () + (e7M1h), +4e MW, + M — e (7.2.28)

Xi=t2 - Yauer 1) 2

o 4 o’
Canre oo o L cosmet (et 1) 2
X5 =sinze 5, coszTe 8z+2008xe (Me 1)8w,
Xﬁzcos;veZﬁ—ksinerg—lsinxeZ(Mew—l)%-

or 0z 2

HaiineM WHBapuHaHTHble pellleHHs, OCHOBaHHble Ha JBYMEpHOH momaaredpe
Ly C Lg, ¢ nuneitHo#t o6osoukoit Xy, X5. UuBapuantsl J(t, x, z,1) anredpsl Lo
ONPEeeNIIOTCS CUCTEMOH JIMHEHHBIX AU hepeHUaibHbIX yPaBHEHHH ¢ YaCTHBIMH

NIPOU3BONHBIMH
X4(J) =0, X5(J)=0. (7.2.29)
dTa cucTeMa IaeT CJAeyIOLHH 6a3uc HHBAPHAHTOB:
v=te** (e — M), \=e€sinz.
MHBapuaHTHBIE pellleHHs UMEeIOT BUI
te* (e_w — M) = d()),

OTKyIa, paspeliasi OTHOCUTEJbHO 1), HMEEM:

1 e %
Y=——In|M+ D(N)].
4 t
[ToncranoBka B ypaBHeHue (7.2.28) naet
d"(\) =4,

OTKy[Ia
DN) =222 + 1A+ 1y, 1y, Iy = const.

Takum o6pasom, mojydyaeM HHBAPUAHTHOE pelleHHUe:

—2z
P = —i In |M + eT (2622 sin? x4 [ ¥ sinz + lg) (7.2.30)

(cMm. puc. 7.3).
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Puc. 7.3. I'paduk pewenus (7.2.30), M =4, 1, = -2, [, = —4, t = 0,01

7.2.5. HBapuaHTHbBIe pellleHUs IJ8 MOJEJHU POCTa Omyxouu. Paccmor-
pUM MojeJ b pocTa onyxonau (2.5.4):

up = fu) = (ucz)y, e = —glc ),
rae f(u) u g(c, u) ynoBAeTBOPSIIOT YCJIOBUSIM
fu) >0, gelc,u) >0, gyu(c,u) >0. (7.2.31)

Ecnu f(u) u g(c,u) — npousBosnbHble (yHKUKH, TO cucTeMa (2.5.4) MHBapH-
aHTHA TOJIbKO OTHOCHTEJIbHO CIABHIOB MO ¢t ¥ x. VIHBIMH c/JI0BaMH, OHa JOMyCKaeT
TOJIKO [IBYMEpHYI0 aire6py JIu, HaTSHYTYI0 Ha OnepaTophbl

0 0

(7.2.32)
Cy1uecTByeT, OfHAKO, MHOIO YaCTHBIX CJyYaeB C AOMOJHHUTENbHBIMU (YyHKLUHSIMH
f(u) n g(c,u), xorma KomuyecTBO cuMMeTpuii y cuctembl (2.5.4) Bospactaer !).
Hanpumep, ecan

f=au, g=G(ue ),

rje o — MPOU3BOJIbHAS KOHCTaHTa, a G — MPOM3BOJIbHAS (PYHKIIHSI, COOTBETCTBY-
folLasi cucTeMa
up = ou — (ucy)gy, ¢ =—G(ue )

') N.H. Ibragimov and N.Sifstrom. Communications in Nonlinear Science and Numerical
Simulation, 2004, vol. 9(1), p.61-68.
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uMeeTt, Hapsiny ¢ X, Xo, NOMOJHUTENBHYIO CHMMETPHIO
0 0
Xy=++u-—-
37 dc Ju
BosbmeM, Hanpumep, G(ue™¢) = ue ¢ u pacCMOTPHUM CHCTEMY

up = ou — (ucg),, ¢ =—ue ©, o= const. (7.2.33)

Haiinem vHBapuaHTHble pelleHHs PU IEHCTBHUU OIHOMAPAMETPHUECKOH TPYIIMbI,
reHepupyeMoii orepaTopom
9 9 0
X1+X3=2+—+uy -
A= 5 T 5 T,

Ypasuenue (X| + X3)J = 0 naer Tpu He3aBUCUMBIX MHBapHaHTa:
T, Yr=c—t, 1y =ue "

COOTBeTCTBYIOHlI/Ie WHBApHAHTHBIE pelleHUsd ONpeneadaroTcsd COOTHOEHUAMU

c=t+(x), u=-e y(z). (7.2.34)
Mbl nmeem:
up = e Po(x),  ug = e Yh(a),
=1, cz=91(1), cx=1](2). (7.2.35)

[ToncranoBka (7.2.34) u (7.2.35) B nepBoe ypaBHeHHe (7.2.33) nmaet:
¢!y (x) = aet y(x) — e P (x) Yh() — e’ o) ¥ ()

HJIN

(1= ) go(x) + ¥ (x) y(x) + o () ¥ () = 0. (7.2.36)
Bropoe ypaBHeHnue (7.2.33) naet
| = —thy(z) e V1@,

OTKyJa
ho(z) = —e1 @), (7.2.37)

Teneps ypaBHeHue (7.2.36) cTaHOBHUTCS
(@) + 9] + (1 —a) =0,

OTCIO}la cJjeayerT, 4To

Yi(z) =In|As (x + A1)| nmpu a=1, (7.2.38)
Yi(z) =2zvVa—1 +1n ‘AQ (1 + 2Ve-l (Alfm)) ‘ npu a>1, (7.2.39)
Y1(x) =In|Ag cos (VI—a (A —z))| mpn <1, (7.2.40)

rne Ay 1 Ay — TPOU3BOJIbHbIE KOHCTAHTHI.
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[ToncraBasis (7.2.37)—(7.2.40) B (7.2.34), MBI mosyuaeM TpU CJEAYIOLUIUX pas-
JIMUHBIX UHBaPUAHTHBIX pelieHust cucteMbl (7.2.33):

c(t,z) = t+In|Ay(z+ A)

’

u(t,z) = —e'|As(z + Ay)| npu « =1, (7.2.41)
ct,r) = t+ava—1 +ln’A2 <1:E€2Va_1 (Al_"’)) ,
u(t,z) = —etteva ’AQ (1ie2va—1 (Al—@)’ mpr o> 1 (7.2.42)

c(t,z) = t+ln|AQCOS (V1I—a (4 —x))‘,
u(t,z) = —e'|Agcos (VI —a (A —2))| npn a<l. (7.2.43)

YenoBus (7.2.31) BeliensioT, oqHako, perenue (7.2.43) npu a < 0.
JleficTBUTEIBHO, TOMBKO B 3TOM caydae ¢yHkuuu f(u) = au u g(c,u) = ue™°
YIOBJIETBOPSAIOT ycaoBusM (7.2.31):

fw)=au>0, golc,u)=—-ue >0, gylc,u)=e*>0

", cienoBatesibHO, pelneHue (7.2.43) npu o < O ynosseTBopsieT mMozenu (7.2.33).

7.2.6. IIpumep w3 HeJWHEWHOH ONTHKH. fIBJeHHe KOPPEKLUHHU BOJIHO-
BOro (PpOHTA TIPH OINTHUECKUX H3JyUeHHUSIX B Jia3epHBIX CHCTEMax MOJEJHUPY-
eTcsl C TOMOLIbI0 HeJWHEHHBIX YpaBHEHHWH, HA3bIBAEMBIX CHCTEMOH ypaBHEHHH
(ha30BO-COMPSIKEHHOTO OTPAXKEHHsI, U3BECTHOTO TakXe Kak obpallleHHe BOJHOBOTO
(poHTa. YTMpolleHHass MOIeJb COOTBETCTBYET COIVIALIEHHIO O CTAallMOHAPHOCTH
OMUCBIBAEMBIX BOJIH MPU BLIOOpE CIelHabHBIX MapaMeTpoB cpelbl. B aTux npen-
MOJIOXKEHUSAX T0JYYaloT CJAEAYIOUYI0 CUCTEMY YpPaBHEHHWH HeJWHeHHOH OMNTHUKH
(cm. [40, pazmen 11.2.7]):

9 i) B = |Ey|°Ey, 9 i Ey = |E\|*Es, (7.2.44)
0z 0z
rme A — oneparop Jlamnaca na muockoctd (x,y), E} u Ey — KOMIUIEKCHBIE

AMIIUTYABl Nafawled U (Pa3oBo-CONPSKEHHON CBETOBBIX BOJIH COOTBETCTBEHHO.

YpaBHenus (7.2.44) vHBapHaHTHBl OTHOCHUTEJNBHO CABHIOB MO Z, Y, Z, OBOPO-
TOB B MJIOCKOCTH (Z,y) W MOAXOASIIEr0 PACTSKEHUS] 3aBUCHMBIX H HE3aBHCHMbBIX
nepeMeHHbIX. MOXXHO HaHTH JONOJHHUTE/NbHYIO TPYINY CHMMETPHH, HCIONb3YS
aHajioruio JieBbix uyacted (7.2.44) ¥ ypaBHEHHsS TEIJONPOBOAHOCTH. A HMeHHO,
0003HauuM E KOMIIJIEKCHO CONpPS2KEHHYI0 BeNHUHHY K FE, U OyneM HCKaTb
UHOUHUTE3UMATbHYI0O CHMMETpPHI0 cucTeMbl (7.2.44) B caenytolied crelnnasbHOR

thopme:

0 < 9 .
X —22% +(; (fa(x,z)Eaa—Ea + golz, 2) E 8E;§>’

TMOJIyYeHHOH M0 aHasoruu ¢ reHeparopom (7.1.24)

0 0
— —TU

X:2t8:r du
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npeo6pasoBanus lanuies n/s ypaBHeHHUs TelJonpoBogHocTH. [loactaHoBKa mpu-
BEJIEHHOTO BbIILE OlepaTopa CleluabHOl (hOpMbl B OMNpeessioliie ypaBHEHHUS
naeT

a . 0 0 0 0
X =2z— E\— —-Fy——-E{ —+E; . 7.2.45
zax+m< 9B, " om,  Vom T 28E;> (7.243)
PaccmoTpum 1ByMepHyio anrebpy JId ¢ HaTSHYTHIMH Ha Hee OMepaTopoM
(7.2.45) u renepatopom J/0y casura no y. basuc WHBapHAHTOB COCTOUT M3

z u =B 6—i:c2/(4z)’ uy = Ey eimQ/(élz)’

U KOMIIJIEKCHO COMNPSI2KEHHBIX AJS U) U Ug. Cyle0BaTeNbHO, Mbl MOJyyaeM OO0LLYI0
(hopMy MHBaApHaHTHBIX pelleHHH:

Ey =u(2) ew’/42) py = ug(2) e~/ (42) (7.2.46)

Jlns nmpocTOTBl PacCMOTPUM CJydad NEHCTBUTE/bHBIX (DYHKLUHH u; U Uo.
B sToM ciyuae noncraHoBka BelpaxkeHui (7.2.46) B ypaBHeHus (7.2.44) naet
du 9 U] dus 9 U
— =USU — —, —— =UjUY — — - 7.2.47
dz 270, dz 17279, ( )
YpaBHenus (7.2.47) 6vlnu pemieHsl B padzene 6.7.4, npumep 6.7.9, roe wuy, uo
U z 0603Ha4YeHbl x, Y U t cCOOTBeTCTBeHHO. ClesaB HEOOXOAUMYIO 3aMeHy B ypaB-
HeHHUsiX (6.7.47), Mbl MoslyyaeM cJjenyiollee obiee pelieHde ypaBHeHni (7.2.47):

k k
Uy =4 ————<, U =4/ ——s-, (7.2.48)
2(1-¢?) 2(1-¢%)
rie ( = CzF, C, k = const.
Hakonen, noncraBnasiem (7.2.48) B (7.2.46) u mosydaeM cjenyiollee UHBapH-
aHTHOe pellleHHe cucTeMbl (7.2.44):

k —ia?/(42)

2(1-0) ¢ !

rie ¢ = Cz¥ conepxuT nBe MpousBoMbHbIe KOHCTAHTH, C U k.

7.3. I/IHBapI/IaHTHOCTb U 3aKOHbI COXpaHEHUS

B sToM paspese Mbl 06cyauM OOLIME MeTOH MOCTPOEHUS! 3aKOHOB MJISI AH(-
(hepeHLMA/bHBIX YPaBHEHHH, MOJydyaeMblX M3 BapHaLMOHHOro NpuHuuna. Metox
OCHOBaH Ha ABYX meopemax coxparenus. [lepsast u3 Hux — teopema Hérep [19],
CBSI3bIBAIOIAS] 3aKOHBI COXPAHEHUS C UHBAPUAHMHOCMbIO 8APUAUUOHHBLY UHMe-
epanos. Bropas Teopema, chopmynrpoBaHHas B pasaene 7.3.6, 06061iaeT TeopemMy
Hérep 1 cBsA3bIBaeT 3aKOHBI COXPAHEHUS C UHBAPUAHMHOCMbIO IKCMPEMALbHLLY
3Hauenull sapuayuonnblx unmeeparos. OHa noKasaHa B [7].

O6cyzknaeMble 3/1eCb TEOpeMbl COXPaHEHHsS MMEIOT MHOTOYHCJEHHBIE MPHJIO-
KeHus. HacTb M3 HMX BKJ/IOUEHa B KauecTBe HJJIIOCTPATHBHBIX NpUMepoB. MHo-

18 H.X. H6parumos
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rue IprFI/Ie l'IpI/I.}'IO)KeHI/IH B ME€XaHHUKeE, (pI/ISHKe U TEXHHUUYECKUX HAyKax CO6paHbI
B [34-36].

7.3.1. BeeneHue. 3aKOHbI COXPaHeHHs SIBJASIOTCS OJHHUM W3 OCHOBHBIX MPHH-
[[UTIOB TIOCTPOEHHUSI U UCCJIEI0OBAHUS MaTeMaTUYECKHUX MOJeJeH.

B noBcenHeBHOH NMpakTHKe MOKHO HACUHUTATh OIPOMHOE pa3HOOOpasue OueBHI-
HBIX 32KOHOB COXPaHEHHSsl, HAlIpUMep TPaAHLHUOHHBIE PUBBIUKH UM TaKHe 3aKOHBI
NPUPONB], KaK CMeHa IHS W HOUH, JleTa U 3UMBl, HEH3MEeHHOe MOJOXKEeHHe 3Be3J
u T. 1. He Bce 3akoHbl coxpaHeHUs1 oueBHAHBI. ONHMH M3 TAKUX «CKPBITBIX 32KOHOB
COXpaHEHHSI» COCTOUT B TOM, UTO § B LIYTKY Ha3bIBAI0 COXPAHEHUEM HYUCAQ Npo-
6aem. OH 3aK/II09aeTCsl B TOM, UTO «KaXX/AblH HHAHBHUAYYM HMeET (PUKCHPOBAHHOE
yuco npobJem. Eciu KTo-HUOYAb NMOMOraeT eMy DelidTh ORHY M3 ero npob.em,
HOBasi npo6JsieMa HeMelJIeHHO 3aHUMAeT MeCTO pelleHHOH». Mou MHOroOuHC/IeHHble
HabJIIoOfIeHUs Al0T BCEé HOBBbIE U HOBbIE MOATBEPXKIEHUS] MOeH TpaBOTHI.

Mbl ocTaHOBHMCS, OfHAKO, Ha MaTeMaTHYeCKHX 3akoHax coxpaHeHus. Kon-
LleMUs 3aKOHA COXPaHEeHHsl CBsI3aHa C COXPaHEHHeM TaKHUX BeJMYMH, KaK 3Hep-
rusi, KOJUYECTBO [BHMXKEHHSI M MOMEHT KOJIMUeCTBA ABHXKEHWS W T. .., KOTOpble
BO3HMKAIOT B KJIACCHUYECKOH MexaHHMKe. DTH BeJHUHMHBl OCTAIOTCS HeH3MEeHHbIMH
B TOM CMBbICJIE, YTO OHHM MOCTOSIHHBl Ha JIIOOOH TpPaeKTOPUM MAHHOW AHWHAMH-
ueckod cuctembl (cM. pasmen 1.5.1). A wumenno, ¢yukuus T = T'(t,q,v), 3a-
BHCALIAA OT BpeMeHM ¢, MO3MLMOHHBIX KoopmuHaT ¢ = (¢!,...,q°) u cxopocreit
v=(vl,...,v*), HasbIBaeTCA COXpaHAIOlIeHCA BeNHUHHOH, eC/lH OHa YAOB/ETBOPS-
eT ypaBHEHHIO

Dy(T)=0 (7.3.1)

Ha /060 Tpaektopud ¢ = ¢(t) H3yuaeMmo JAHMHAMHYeCKOd cucrembl. [lo-

CKOJIBKY
or . ,or or

Dy(T) = 5 Y 870‘ + 0 p (7.3.2)
eCTh MOJIHAS IPOM3BOAHAS [0 BPEMEHH, Mbl MOXKEM C(HOPMYJIUPOBATh OMpe/Ie/eHHe
cnenyrouM obpasoM. Ilyets g = q(t) — nanHas Tpaektopusi u v = ¢(t) —
COOTBETCTBYIOIIAsl CKOPOCTb. Torna ypaBHeHHe coxpaHeHus (7.3.1) o3Hayaet, uTo
dynkuus T(t) = T(t,q(t),v(t)) ynosnersopsier ypasuennio dT'(t)/dt = 0. Hpy-
THMH CJIOBaMH, coxpaHsiioiasicsi Beandnna T'(t,q,v) ecTb KOHCTaHTa Ha JH0OOM
tpaekTopun. CyeoBate/ibHO, T’ TakKe MOXKHO Ha3BaTb KOHCMAHMOL OBUNCEHUSL.

Hanpumep, cBoGonHOe NBHKEHHE OIHOW YACTHLbI, UMEIOLled Maccy m, OIlHu-
cbiBaetTcs ypaBHeHueM mv = 0. Dueprusi £ = m|v|2/2 YaCTHLBl €CTb KOHCTAHTA
cBoGoHOro ABHXKeHUs1. [leficTBUTE/IBHO, ee mosHast mpousBoaHas Dy(E) =mv - v
paBHa HYyJIO Ha JI0GOH TPAeKTOPHUH COTJIACHO ypaBHEHHIO ABHXKeHUs mv = 0.

Pacumiupenue monsatHs 3akoHa coxpaHeHus (7.3.1) Ha HempepbIBHBIE CHCTEMBI
TPUBOJUT K CJELYIOLIEMY OINpefe/eHHI0, MPUTOAHOMY [Jis JiEoO6oro uucaa n > 1
He3aBUCHMBIX MepeMeHHBIX. PaccMoTpuM audQepeHralbHOe ypaBHEHHE C 4acT-
HBIMH TPOM3BOIHBIMH, HAPUMEp, BTOPOro MOpPsIAKa:

F (a:,u, U(l),U(g)) =0, (7.3.3)
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rie = (x!,...,2") — HesaBucuMble mepemeHHble, u = (ul,...,u™) — 3aBucH-

Mble nmepemenHbie M u(y = {uf'} u ug) = {uf;} o6o3HauaOT nepsble W BTOpbIE
NPOU3BOIHbIE COOTBETCTBEHHO (CM. 0003HayeHue B pasznene 1.4.3).

Omnpenenenne 7.3.1. Bektopnoe nose C' (3: u,u(l)), UMelolllee 1 KOMIIOHEHT,

c=(t...,.cm, (7.3.4)
Ha3bIBaCTCA COXPAHANOULUMCA 8EKMOPOM, €CJAU OHO YOOBJETBOPAET YpaBHEHUIO
divC = D;(CH) =0 (7.3.5)

Ha J1000oM pelnenun u = u(z) ypaBHeHus (7.3.3). YpaBHeHue (7.3.5) HasbiBaetcs
3aKOHOM coxpaneHus 1ns ypaBHeHus (7.3.3).

[Ipennosiokum, UTO OOHA W3 HE3aBHCHMbIX MepeMEHHbIX — BpeMsi, Halpu-
mep, ' = t. Torna ypaBHeHue (7.3.5) mpeamosaraet CylieCTBOBaHHE (DYHKIHU
T (t,u,U(l)), KOTOpAasi fIBJISIETCS KOHCTAHTOH ABHXKEHHS. A UMEHHO, ClpaBeiJIMBO
crenyollee yTBepKAEHHE.

Jlemma 7.3.1. Ilyctb BhIMOMHSIETCS 3aKOH coxpaHenus (7.3.5). Torna uHTerpan

T(t) = J C" (x,u(z), uy)) dz' .. da™! (7.3.6)
Rn—1

OCTaeTCsl MOCTOSIHHBIM BAOJb J1000ro peuerusi u = u(x) ypaBHenus (7.3.3),
TO €CTb YJOBJIETBOPSieT ypaBHeHHIO (7.3.1) B MpenrnosioKeHHWH, YTO KOMIOHEHTHI
coxpaHsioiierocsi Bekropa C ObICTPO yOBIBAIOT M 0OpallalTcs B HyJab Ha Oec-
KoHeuHocTH. CooTBercTBeHHO, C™ 13 (7.3.6) HasblBaeTCs NAOMHOCMbLIO 3AKOHA
coxparnernus (7.3.5).

JokasateabctBo. [lycts ) — (n — 1)-MepHast quAMHIpHYecKast 06JacTh B MpPo-
CTpaHCTBe BCeX He3aBHCHMBIX nepeMeHHbIX (x!,..., 2"~ 1 t), onpenenennas cie-
NYIOIIUM 00pa3oM:

n—1

Q@) =1t <<,

i=1

rae r U ty, to mpu t; < ty — Npou3BOJIbHBIE KOHCTAHTHL. [lycTb S — rpanuua {2
U NyCTb V — eMHHYHAs BHEIIHSS HOpPMaJb K noBepxHocTH S. [IpumMenss Teopemy
0 IUBEPreHLUHH K LHUJIHHIPUYecKoH obaacTd () M ucno/ab3ys ypaBHeHue (7.3.5),
MOKHO ITIOJIYYHUTh:

JC-VdO':J'diVC'ZO. (7.3.7)

[lpuHuMas Bo BHMMaHHe, uTo KomroHeHThl (! BekTopa C' — (YHKIMH, GHICTPO
CTpeMsiiHecs K HYJI0 Ha 6€CKOHEUHOCTH, Mbl MOXKEM MOJIOXKHUTh 7" — OO U TpeHe-
6peuyb UHTErpajoM B OKPECTHOCTH LUJIHHIPUYECKON YaCTH MOBEPXHOCTH S B JIeBOH
yactH ypaBHeHus (7.3.7). OcraeTcsi BBIUHCJIUTh HHTErPasbl N0 HHUXKHEMY OCHOBa-
Huto K| (npu t =t|) u BepxHeMy ocHOBaHHIO Ko (npH t = t9) LUJIUHIPUUECKOH

18+
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o6nactn Q. C s10ii uemvio samernm, uro C-v = —C"|_, n C-v=C"|_,
npu K| u Ky coorBercTBeHHO. Bosee Toro, korma r — oo kak Kj, tak u Ky
coBnagatot ¢ (n — 1)-mepHbiM mpocTpancTBom R™~! mpocTpaHcTBeHHBIX MepeMeH-
HBIX (:1:1,...,33”_1). CrenoBare/ibHO, UHTErpaJj B JIeBOH 4yacTh ypaBHeHus (7.3.7)
MpHU 1 — 0O CTAHOBUTCSA

n n 1 n—1
J (C |t:t2_C |t:t1>dx Ldxr™
Rn—l
W, KaK CJelCTBUe, ypaBHeHUe (7.3.7) maer:

J C" dz! ...d:z:”_l‘t_t = J C" da! ...da:”_l‘ .
=t t=to
Rn-1 Rn-1

[Tocko/IbKY MOMEHTBI BpeMeHH t| W to MPOM3BOJIBbHBI, Mbl 3aKJHOUYaeM, 4TO HHTe-
rpas (7.3.6) ecTb KOHCTaHTa BOJb J060ro peuenust u = u(x) ypaBHenus (7.3.3),
UTO W 3aBeplluaeT J0Ka3aTeJbCTBO.

Onpenenenue 7.3.2. Eciu museprenuus D;(C?) sextopHoro nossi C' (z,u,u(l))
obpalaeTcsi B HYJIb He TOJbKO Ha pelleHWsX ypaBHeHHs (7.3.3), HO W AJs JIO-
6o#t dynkumu u(x), Torna C HA3BIBAETCS MPUBUANLHBIM COXPAHIIOULUMCI BEK-
mopom.

3ameuanne 7.3.1. Bekropusie nons C=(Cl(z),C*(z),C3(z)) B R®, ynosie-
TBopsiiomre ypasHeHuto div C' = 0 TOXIECTBEHHO B HEKOTOPOH 06/1acTH, Ha3bl-
BaioTCs coneroudarviomu eexmopamu '), Takum o6pasoM, TpeXMepHbIH BEKTOP
C (2, u,u(1)) — TPHBHAIBHEI COXPAHSIOUIMICS BEKTOP, €C/IH M TOJBKO €CIIH
OH SIBJISIETCS COJIEHOUNANbHBIM sl JI060H (GYHKIMH u = u(x). [TocKOJIbKY MbI
MMeeM JIeJ10 C MPOM3BONbHBIMH Pa3MEPHOCTAMH, Mbl Oy/1eM HCIMOJb30BaTh B Hallei
TEPMUHOJIOTHH TEPMUH MPUBUANbHOLL COXPAHAIOULULICS 8eKMOP.

JIBa cOXpaHSIIOIINXCSI BEKTOPA PAacCMaTPUBAIOTCS KaK HAEHTUYHbIE, €CJIH OIUH
noJiyyaeTcsi U3 APyroro no0aBJeHHEM TPHBHAJBHOTO COXPaHSIOIIErocsi BEKTOpa.
Bosiee Toro, u3 JHHEHHOCTH ypaBHeHHs coxpaHeHuss (7.3.5) sicHO, 4YTO ec/u
ypaBHeHUe (7.3.3) MMeeT HeCKOJbKO coxpaHsioumuxcs ektopos, C4,...,Cp, ToO
ux JuHedHass komOuHauusg C = kC) 4 -+ + k1C, ¢ NOCTOTHHBIMH KO3 DUIH-
eHTaMH TakKXe sIBJISEeTCs COXpaHSIOIIMMCS BeKTopoM ypaBHeHus (7.3.3). Ilomse-
JIeM HTOT.

Onpenenenue 7.3.3. [lycts C, ..., C, — coxpaHsiOllHecs BEeKTOPbl AJIs YpaBHe-
Hus (7.3.3). [oBOpSIT, UTO OHU AUHELHO 3AB8UCUMbL, ECITH CYILIECTBYIOT KOHCTAHTHI
ki,...,k,, OTIMUHBIE OT HYyJs, TaKWue, 4TO JUHelHas KomOuHauus kjC| + --- +
+ k1 C, aBisieTcs TPUBHAJbHBIM COXPAHSIOIIMMCS BEKTOPOM, U AUHELUHO He3a8u-
CUMblL B IPOTUBHOM CJIydae.

!) IlocTosiHHbIE BEKTOPHEIE MOJIS NPEICTABJSIOT COGOH TPUMEpPH COJNEHOMAANBHEIX BEKTOPOB.
Bosee toro, BekTopsl Buga C = rot A coseHounanbHbl (cM. 3agauy 7.9). Kpome Toro, u3 BEKTOPHOTrO
aHa/13a M3BECTHO, YTO BCe COJeHoMiabHble BekTopHsle nonsi C = (C'(z), C*(z), C*(z)) moryt
OBbITb MpecTaBJeHbl B popMe rot A (cM. mpumepbl B 3agauax 7.11 u 7.12).
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7.3.2. IIpenBaputenbHble 3aMedaHusd. PaccMOTPUM BapHalMOHHBIA HMHTe-
rpan (1.5.3),

JL (2, u, u(py) da, (7.3.8)
v
1 ypaBHeHus1 Ditnepa—Jlarpanxka (1.5.4):
5L _ OL oL B
S = BuE z(%) 0, a=1,...,m, (7.3.9)
rie MarpaH:KuaH L coliep:KUT HesaBUCHMble lepeMeHHble o = (z!, ..., 2™), 3aBucu-
Mble nepemenHble u = (u',...,u™) ¥ NPOU3BONHBIE EPBOr0 MOPsAKA ugyy = {uf'}
OT ¥ 10 Z.
[Tycts G — onmHomapaMeTpHuecKast rpymnmna npeodpasoBaHHUi
7 = fi(z,u,a), T =%z ,u,a) (7.3.10)
C reHepaTopoM 5 5
ng(x,u)az—i—n (x, )au (7.3.11)

Onpenenenue 7.3.4. TosopsaT, uto uHterpan (7.3.8) — unBapuant rpynnsl G,
ecan 1Jisi Jo6o# obmactu V' u ar060i ¢yHkyuu u(xr) CrpaBeiJuBO ypaBHEHHe

JL(T,E,H(])) dx = JL(%,U,U(I)) dx. (7.3.12)
7
3nece V. C R®™ — o6saacTb, mosydeHHas u3 V ¢ MOMOLIbIO Npeo6pasopa-

uust (7.3.10).
Crenymoliyie yTBepKAEHHUS IeaaloT npo3padHoil Teopemy Hétep. [lokaszareib-
CTBa JIeMM TIpHUBeNieHbI, B OoJjiee 0011eld GpopmynupoBke, B [40, rnasa 8].

Jlemma 7.3.2. Unrterpan (7.3.8) sBnsieTcs nHBapuaHToM rpymnnsl (G, ec/M U TOJb-
KO eCJIM CIPaBeNJIUBO C/efyIollee ypaBHEHHE!

X (L) + LD;(¢%) =0, (7.3.13)
rie X 0003HaueHo MepBoe Mpopo/keHHe reHeparopa (7.3.11), To ecTb

; OL oL oL i
=& —— 4+ @ Y — DA(n*) —u® D, (&
X(L) =€ S0t G +C0 g G = Do) s Di(E).

Jlemma 7.3.3. Ins moGoit dynkuma L (,u,u()) CHOPaBeMIHBO Cllelyioliee
yCJI0BHeE:

. SL )
X(L) + LDi(§") = W =5 + Di(CY), (7.3.14)
rae .
We=n*—-&uf, a=1,...,m, (7.3.15)
N i o OL

CZZElL‘f’(T]a_gju?) 5 2:1,,7’1, (7316)
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Jlemma 7.3.4. Oyuxuus F(:c,u, u(l)) MOXeT ObITb IpeacTaBJeHa KaK JAHBep-

TeHLMs HEKOTOPOro BekTopHoro mois H = (H',...,H™), eclu U TOJBbKO €CaH
BapvallMoHHAas Mpou3BoAHas oT F' obpalaercss B HYJIb:
F =D;(H"), (7.3.17)
€CJIM U TOJIbKO eC/IH
oF
W — VU, o= 1, , T

7.3.3. Teopema Hérep.

Teopema 7.3.1. [lycth BapuauuoHHbli uHTerpan (7.3.8) siB/sieTcsi HHBAPHAHTOM
rpynmnel ¢ redepatopom (7.3.11). MHaue rosopsi, mycTb YAOBNETBOPSIETCS TECT Ha
unBapuanTHocTh (7.3.13). Torna BektopHoe nose C = (C!, ..., C™), onpenenenHoe

C TIOMOLIBIO
oL

—
ous

C' =L+ (™ —&uf) i=1,...,n, (7.3.18)
SIBJISIETCS COXPAHSIOIIMMCS BeKTOPOM AJisi ypaBHeHus (7.3.9), To ectb C' ynosie-
TBOpsieT 3aKoHy coxpanenusi (7.3.5) D;(C") = 0.

Jloka3aTeabCcTBO. YTBepKIeHHE CJenyeT U3 JeMMBl 7.3.2 1 JeMMbl 7.3.3.

3ameuanue 7.3.2. MHBapHaHTHOCTb BapuallMOHHOrO HHTerpasa (7.3.8), oueBun-
HO, O3HayaeT MHBAapPUAHTHOCTb ypaBHeHWH O#nepa—Jlarpanxka (7.3.9) orHocH-
tesbHO rpynnel (. CienoBaTtesibHO, TeopeMa HéTep naeT KOHCTPYKTHBHBIH MyTb
HaXOXIEHHUSI 3aKOHOB COXPaHEHHsl C MCIMOJb30BAHHEM H3BECTHOH TPYIIMbl CHM-
Metpun (G ypaBHeHuH Dinepa-Jlarpanxka B mpennosnoxenund, 4ro (G o6saanaer
J0NOAHUMENbHbIM CBOUICMBOM OCMABAAMb UHBAPUAHMHbIM QYHKUUOHANbHBLL
uHmeepan.

CaenctBue 7.3.1. Jlemma 7.3.4 nokasbiBaeT, UTO K JarpaHKHaHy MOXKHO no0a-
BUThL J0OYyI0 (YHKIHIO F nuBepreHTHoro Tuma. CJiefoBaTeNbHO, YCJIOBHE HHBa-
puaHTHOCTH (7.3.13) MoXKeT ObITb 3aMeHEeHO CJENYIOUUM YyCao8uem OusepeeHm-

Hocmu:. . .
X(L) + LD;(¢") = Diy(BY). (7.3.19)

Torma BmecTo (7.3.18) mosyyaercst c/eAyoOLUE COXPAHSIIOLINICS BEKTOP:

. , . oL ,
C’L = é»ZL ‘I— (7,’01 - é‘yu‘?) w - BZ.

3

(7.3.20)

7.3.4. JlarpaHxuaHbl BBICOKOTO mnopsigka. B wmaremartnyeckodl ¢usuke
MCIOJIb3YIOTC MaTeMaTHuecKHe MOJeJNH, ONUChbiBaeMble JarpaHKHaHaMH MepPBOro
¥ BTOpOTro nopsiika. Hampumep, Mbl HMeeM JiarpaHKuaH BToporo nopsiaka (2.6.27),

1

B 3aj1aue 0 Kosie6aHusax miactiH. CienoBaTesbHO, M0J€3HO UMeThb, Hapsiny ¢ (op-
Myso coxpaHeHus (7.3.18), nmogobHy (opmysy ajs ypaBHEHHH, OMHCHIBAEMBIX
JlarpaH:kKMaHaM{ BTOPOTO MOPsIAKa.



7.3. Husapuanmuocme u 3aKOHbL COXPAHEHUS 279

PaccmoTpuM, wWCMOJib3yst BBeNEHHOE BhIllle 0003HAUeHHe, JiarpaHKHaH
L (2, u, u(), ug)), CONepKalMii NpOH3BoAHbIEe BTOpPOro mopsiaka. Torxa Teopema
Hérep ycTaHaB/MBaeT, 4TO HHBAPUAHTHOCTb BaPHALIMOHHOIO HHTErpaja NPUBOIUT
K 3akoHy coxpanenusi (7.3.5), D;(C*) = 0, rme ypaBHenus Dilnepa-Jlarpanxa
MUMEIOT BH]L

0L _ OL [ 0L A oL\ _
a coxpansitouuiics Bektop (7.3.18) MonuduuupyeTcs CaeayOUUM 00pa3oM:
i 7 al| 0L oL ay OL
C'=Lg+W [Bu? Dy, <8u§‘k>] + Dy (W) ey (7.3.22)

3pecs W mo-npexxHemy onpezessiercst ¢ nomowso (7.3.15), W = n® — fJuf.
3ameuanue 7.3.1 OTHOCHTE/ILHO 3aKOHOB COXPAHEHHsI PH YCJIOBUH AHBEPreHT-
HOCTH MPUMEHHMO TaK»Xe B Cjydae JarpaHKHaHOB BBHICOKOTO MOPSIKA.

7.3.5. Teopemb! coxpanenus aas OIY. OcraHoBUMCS Ha NpPUMEHEHHUH
TeopeM COXPaHeHHs 1Jis CHUCTeM OOBIKHOBEHHBIX AHU((epeHHalbHbIX ypaBHEHHUH.
Mbl HEMHOTO M3MeHHM 0003HAueHHe, WCMOJIb30BaBIeeCcs BhIlIE MPUH 06CYXKIEHHU
IMHAMHUYECKHX CHCTeM, Hampumep, B ypaBHeHHH (7.3.2). A umeHHo, Gynem CHOBa
npeAanoJarath, YTO He3aBUCHUMasi NIepeMeHHast — BpeMsl ¢, HO 3aBUCUMBbIe TepeMeH-

Hble (0606LIEHHbIE KOODAHHATH CHCTeMbl) 06o3Hauum = = (z!,...,2™). Ckopoctn
0003HauUM v = (vl, .,u™), tme vt = &' = dx*/dt.
PaccmoTpuM sarpaHKHaHbl B BUJE
L(t,z,v) (7.3.23)
1 COOTBETCTBYIOLIME ypaBHeHHs Jitnepa—Jlarpanxa
6L _ 0L 0L ,
= -Dy(5) =0, i=l..mn 7.3.24
ox* Oz’ ov ! " ( )

rie D; ecTb nosnHoe auddepeHuurpoanue 1o t (cp. ¢ ypaBHenueM (7.3.2)):
0 i 0 . 0
Dy = P +wv o +0 o
[Tycts G — rpymnna npeo6pazoBaHui

t=p(t, za), 7= ’(/Ji(t, x,a) (7.3.25)

C reHepaTtopoMm

o )
X:f(t’l‘)g*'ﬁ(tw)@‘

B 31X 0603HaYeHHSIX TeCT Ha HHPUHUTE3UMANbHYI0 HHBAPHAHTHOCTD (7.3.13)
IJ1s1 BapHALMOHHOTO MHTerpasa ¢ JarpaHuaHom (7.3.23) 3amuchiBaeTcs B BHIE
X(L)+ LD(&) =0. (7.3.27)

B atom cayuae teopema 7.3.1 MoxkeT OBITh chOpMyNHpPOBaHA CJAEMYIOUIAM 00Pa30OM.

(7.3.26)

Teopema 7.3.2. Ilyctb TecT Ha MHBapHaHTHOCTH (7.3.27) BemosHsieTcs. Torna

T=¢L+ (f — o) 2F

7.3.28
B ( )
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€CTb COXPAHSIONIAsCs BeJHUUHHA, TO €CTh OHA YIOBJETBOPSIET 3AKOHY COXPAHEHUS
oT 0T ., 0T
DT = =—4v"—= +0'—= =

«(T) ot ox' o’

nJist Beex petueHud x(t) ypaBHenuit (7.3.24).

0 (7.3.29)

BoJsee Toro, ycnoBue muBeprentHocTu (7.3.19) u dopmyna (7.3.20) masi coort-
BETCTBYIOLIEr0 COXPAHSIOIIEr0Csi BEKTOPA OMpelessiIoTCs CJAEAYIOUUM YTBepKe-
HUEM.

Teopema 7.3.3. IlycTb BbINOJHEHO chenyiollee YCJIOBUE NUBEPTeHTHOCTHU:
X(L)+ LD(§) = D¢(B). (7.3.30)

Torma oL

'
€CTb COXpaHSIOIIAsCs BeJWUMHA IJs1 ypaBHeHUH (7.3.24).

(7.3.31)

T=¢(L+ (' — &)

7.3.6. O606menne teopembr Hértep. Teopema 7.3.1 u 3ameuanue 7.3.2
M0Ka3bIBAIOT, UTO HHBAPUAHTHOCTb BapUALIMOHHOT'O HHTErpaJsa npu AeHCTBUH TPyI-
nbl G, HONycKaeMo# ypaBHeHUsIMH Dilsiepa—JlarpaHika, coctaisieT docmamouroe
ycaosue nyis Toro, uto6sl (7.3.18) Obl1 cOXpaHSAIOUIUMCS BEKTOPOM. AHAJOTHUYHO,
cienctBre 7.3.1 maeT mocTaToyHoe ycJoBHe AJs TOro, 4ytobnl (7.3.20) 6bln coxpa-
HsIOIIMMCS BeKTopoM. [IpuMepbl MOKasblBalOT, YTO MHBAPUAHTHOCTb M CBOHCTBO
JIUBEPreHIIUH He SIBJASIOTCS Heobxodumbimu ycaosuamu (cM. pasmen 7.3.7 v pas-
nen 7.3.9). CienoBaTesibHO, XKeJaTeabHO MONYUHTh HEOOXOMUMOE M J0CTATOYHOE
ycJoBre Toro, utoobl (7.3.20) OblI0 COXPaHSIOLMIMMCS BEKTOPOM.

Peuienne atoit 3amaun GObio navo B [7] (cm. takxke [40]). Pesynbrat dop-
MyJHpYeTCsl B BHIe cJenyiolleil TeopeMmbl. TepMHUH 3KcmpemasvHole 3HAUEHUS
BAPUAUUOHHOCO UHMeepPaLa, UCTIONb3YeMbIH B TeOpeMe, OTHOCHUTCSl K 3HaueHHsM
uHTerpasa (7.3.8) Ha pewenunsix u(x) ypaBHeHuil Jitnepa—Jlarpanxka (7.3.9).

Teopema 7.3.4. Ilyctb ypaBHenus ditnepa—Jlarpanxa (7.3.9) nomyckawoT Hemnpe-
peiBHY10 Tpynny G ¢ reHepatopom (7.3.11). Torna Bektop (7.3.18),
; ; ; L
(A a _ ¢jay YH
O = €L+ ("~ &) g
SIBJISIETCS 3aKOHOM COXpPaHeHHUsl sl ypaBHeHHH (7.3.9), eciu U TOJBKO €eC/H
3KCTpeMaJsibHble 3HaueHUsi MHTerpana (7.3.8) sBJISIOTCS HWHBapUaHTAMH TPYIIIbI

G. HHq)HHHTeSHMaJIbeIﬁ TeCT Ha I/IHBapI/IaHTHOCTb SKCTpeMaJ'IbeIX 3HauyeHUH
uHTerpana (7.3.8) umeet BUA

3L
du®’

rie F¢ = F¢ (:Bu u(l)) oTnngaetrcsi oT W, KoTOpble OMpPenessioTCs YCJIOBHUS-
mu (7.3.15).

X(L)+ LD;i(¢)=F (7.3.32)

3ameuanue 7.3.3. Eciu F¢ =W, 1o (7.3.18) onpenensieT TpUBUAJbHBIE 3aKOH
coxpaHenus. [leiicTBuTesbHO, ypaBHeHue (7.3.32) npu F* = W u npu BbINOJNHe-
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HUM ToxKzecTBa (7.3.14) o3Hadaet, 4To D;(C?) ToxnecTBeHHO 06pallaeTcs B HyJb.
CnenoBarenbHo, C* — TPUBHAJNBHBIA COXPAHSIOLIMNACS BEKTOP.

Caencreue 7.3.2. YpaBHenue (7.3.32) 1/1s1 MHBapPUAHTHOCTH SKCTPEMa/bHBIX 3Ha-
YeHUH MOXKeT ObITb 3aMEHEHO YycA08uem OUBEPeeHMHOCMI IKCMPEMANbHbLY 3HA-
ueHul:

X(L)+ LDi(€) = F* 25 4 Di(BY),  F*# W, (7.3.33)
Torna BmecTo (7.3.18) UCTIOJIb3YETCS CJAEAYIOMINM COXPaHSIOIIUIC BEKTOP:
= £L+ (1" - ) - oL _pi (7.3.34)

B cayyae 0ObIKHOBEHHBIX ;Lmq)qaepeﬂumanbﬂblx ypaBHEHHEH MBI HCIIOJb3yeM
obo3HaueHue pasnena 7.3.5 ¥ 3anucbiBaeM ypaBHeHus (7.3.33), (7.3.34) caenyio-
UM 06pa3oM:

k0L

X(L)+LDy(¢) = F o +D(B), FF £ Wk, (7.3.35)

T=¢L+ (i gu) ~B. (7.3.36)

7.3.7. Ilpumepsl U3 KJacCU4YeCKON MeXaHMKHU. J[[BHKeHHe 4acTHIbl OCTO-
SIHHOH Macchl m B noTeHUHasbHOM mosie U(t, X) onmucbiBaeTcst JarpaHKHaHOM

_m 9 2 _ i
L=5 v =U(tx), v 2@) , (7.3.37)
1=
rie x = (x!,22,23) — panuyc-Bektop uactuipl, v = (v!,v%,v3) — ee ckopocTs.
YpaBuenus ditnepa—Jlarpanxa (7.3.24) naiot:

&’z oU
m = ——7,
dt? ox’
MupunrTesumanbHple 1peoOpasoBaHUs Tpynnsl  npeobpasoBanuil (7.3.25)

4acTo MPeNCTaBJ/IsI0OT B MeXaHUKe B cjenyouled gopme:
t=t+4t, X=x+0x, (7.3.39)

rie 6t = aé, dz* = an®, a — napamerp rpynms

i=1,23. (7.3.38)

IIpumep 7.3.1. Csobodrnoe Odsuscenue uwacmuybi. CBOOOAHOE NBUXKEHHE COOT-
BerctByeT U = 0. B atom cayuae ypaBHeHus (7.3.38) siBAsilOTCA ypaBHEHUSAMH
CBOOOMHOTO ABHXKEHUS:

d’x
m— =0 7.3.40
2 ( )
c JarpaHuaHom L = |v|2 YpaBuenue (7.3.40) momyckaer rpynny lanuses,

COCTOSILLLYIO M3 CIBHra no BpeMeHH, CABUIOB M BpAILEHHH B NMPOCTPAHCTBE KOOP-
NUHAT U npeobpas3oBanus [anunes. MIx reHepatopsl HMeOT BUA:
0 0 ;0 ;0 0
Xo==, Xi=—, Xjj=0——-2'—, Yi=t—, (7.3.41)
ot or' or' ox’ oz’
rie ¢, j = 1,2, 3. Haiinem cooTBeTcTByIOIIMe 3aKOHBI COXPAHEHHUSI.




282 I'n. 7. Heaunetinole ougpgpeperyuanvroie ypasHeHus ¢ 4acmHolMu npousso0HbIMU

a) Cosue no epemenu. Ero onuceiBaeT reHeparop Xo. CoxpaHSIOLIASACS BeJH-
uMHa NoJTydaeTcs NOACTaHOBKOH KoopauHat & = 1 u ' =1? = n® = 0 reneparopa
Xy B ypaBHeHue (7.3.28) u BBeneHueM o603HaueHusi K = —T1' 1Js HEpruu:

E = % [,

6) [Ipocmpancmeennsie cdeueu. Pacecmotpum x!-cipur, resepupyembiii X
¢ koopmuHatamu € = 0, n! =1, > = n3 = 0. YpasHenue (7.3.28) naet mocue
nopcraHoBku 1 = p! coxpanswomyocs semuunny p! = mo!. Bee npocTpaHcTBeH-
Hble CIBHUTH C reHepaTopaMH X; CO3HaIOT BEKTOp, O3HAYAIOLUIMH COXPaHSIOILYI0CS
BEJIMYMHY, Ha3blBAEMYIO KOJIHUECTBOM JABHXKEHHS (MMITYIbCOM)

p = mv.

B) Bpawjenus. PaccMoTpuM BpalleHHe BOKpYr ocu z°. Ero renepatop Xio
umeet koopauHath & = 0, n! =22, 2 = —2!, »® = 0. Ioncranoeka B (7.3.28)
faeT coxpaHswouywcs eauunny Mz = m(z?v! — z'v?). Mcnonbays Bee Bpame-
HUsl ¢ reHepaTopaMu X9, Xi3, Xo3, Mbl 3aKJ/04YaeM, UTO HHBAPHAHTHOCTb IIPH

BpAllleHUsIX BEleT K COXPaHEHHI0 MOMeHTa KoJudecTBa ABHKeHHs (2.2.9):
M =m(x x v).

r) [Ipeobpasosarnus [arunes. TenepaTopsl 3TUX npeoOpa3oBaHUil Y;, B OTJIH-
ure ot Xo, X;, Xjj, He y/IOBJETBOPSAIOT TeCTy HHBapHaHTHOCTH (7.3.13). A nmen-

HO, paclUMpeHHOe AEHCTBUE
0 0

Y t(?:r1 + ov'
renepatopa Y| maetr Yi(L) + LD;(€¢) = mv! = Dy(ma!). Takum o6pasom, ynosie-
TBOpsieTcsl ycJoBue aAuBepreHTHOCTH (7.3.30) ¥ MOXKHO MPUMEHHUTDH TeopeMy 7.3.3.
I[Ipu stom ypasuenue (7.3.31) mpu B = mx' maer coxpaHSIOIIyIOCS BeJTUUHHY
T = m(tv! — z!). Vcnonbays Bce omepatopsl Y; u BBOAA 0603Hauenue T mas Q,
MoJIy4aeM COXPaHSIOIIUICS BEKTOP

Q = m(tv — x).

COXpaHeHI/Ie BEKTOpa Q HU3BECTHO B CJlydae CHUCTEMbl 4YaCTHL KakK meopema
0 0BuUICEHUL uermpa macc.

Ipumep 7.3.2. 3adaua Kenaepa. 3anaua aByx tea (Hampumep, CoJHLIA U MJa-
HeThl) M3BeCTHa Kak 3anadya Kemsepa (cM. pasnen 2.2.3). OHa vMeeT JarpaH»KuaH

L= % P - £, (7.3.42)

r

rae r = |x|, p = const.
3anuiieM ypaBHeHust nBuxkeHus (7.3.38):

2k k
m%:ui—g, k=123, (7.3.43)
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WUJIM B BEeKTOPHOH (opMe:
m d*x ’ x
dt? 3
YpaBuenus (7.3.43) momyckaioT msaTb reHepaTopoB Buaa (7.3.26):
0 ;0 ;0 0 ;0
-, Xyi=2 — —2'—, Z=3t=—4+22"—"
ot K oz’ oz’ ot 0
leneparoper X 1 X;; ciBUra no BpeMeHH M BpallleHHs MPUBOAAT CHOBA K COXpa-
HEeHWI0 SHepru ' U MOMeHTa KoJuyecTBa ABHKeHHs IV COOTBETCTBEHHO:

E:%‘V‘Q—f—%, M =m(x x V).

Xo = (7.3.44)

Onepartop Z He NPUBOIUT K 3aKOHaM coxpaHeHHus (cM. 3amauy 7.13).

IIpumep 7.3.3. 3aMetum, 4TO TPU HH(PUHHUTE3UMAJbHBIX BpALlEHHs, COOTBET-
cTBylolMxX onepatopaM X;; u3 (7.3.44), moryt OBITh mMpeacTaBJeHB B (op-
Me (7.3.39) caenyroumumM o6pasom:

0t=0, dx=xxa, (7.3.45)
12

rie a = (a',a?,a3). Ypasuenus (7.3.43) momyckaioT Takxe ciefnyiouiee 06o6ie-
uue (7.3.45) (cm. [8, pasmen 25.1]):

0t=0, dx=[xx(vxa)+[xxv)xal. (7.3.46)
HupunnresumanbHoe npeodpasosanue (7.3.46) cooTBETCTBYeT reHepaTopam
X = (Qxivk — vl — (x - v) 55) i=1,2,3. (7.3.47)

W:
PaccmotpuM nepsblil onepatop (7.3.47):

0
ek
Bblurc/ieHHst TTOKa3bIBAOT, YTO AEHCTBHE MEPBOTO MPOMOJIKEHHS X, (cm. 3apa-
uy 7.14) Ha narpanxuan (7.3.42) umeeT BI/III,

XI(L)_—Wk +Dt< 2y o). (7.3.48)

)?1 (w v +x3v3) 8?51 + (Qxlv :UQUI) 8?52 + (2:311)3 - 1‘3’1}1)

N3 (7.3.48) caenyer, uto X1 W, CJefoBaTe/ibHO, Bce cuMMeTpuu (7.3.47) He
NPUBOAAT HU K TECTy MHBapuaHTHOCTH (7.3.27), HM K YCJOBHIO JHBEPreHTHOCTH
(7.3.30). CnenoBaresnbHo, Teopema Hétep He mpumennma K cummetpusim (7.3.47).
C npyroii cropoHsl, (7.3.48) mokasbiBaeT, YTO YCJIOBHe ,U,I/IBepI‘eHTHOCTI/I (7.3.35)
TPH SKCTPeMasbHBIX 3HaueHHsX yaoBjaeTBopsercs npu F* = —W*. Takum obpa-
30M, (7.3.36) maeT COXpaHSIOILYIOCS BEJHUHHY
2 2 2
Ty =2m (ml [(vQ) + (%) — 2%0le? acgvlvg) +H gl
r
[IpoBonsa mopoCHBIe BBIYMC/IEHHS AJS ABYX APYTHX ONEepPaTopoB (7.3.47) u BBOIA
o6o3nauenue 2A" nsis Tj, Mbl IPUXOAUM K coXpaHeHHI0 BekTopa Jlansaca (2.2.10):

A:[VXM]+N§'
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3aMeTHM, 4TO COXpaHeHHe BekTopa Jlamiaca o3HavaeT, uTo MIaHeThl JBHXKYTCS IO
sanunTrdeckum opoutam (cm. [40, pasmen 9.7.4]). Takum oGpasoM, CHMMeTPUH
(7.3.47) orBeualoT nepBomy 3akoHy Kemsepa.

7.3.8. BoeiBoxg ¢opmynasl IJiHmTENHHA [J8 3Heprud. [eoMeTpHUecKHH
CMBIC/I CNeyuasbHol meopuu omHocumerbHocmu, copmynupoBaHHoi A. DitH-
wreitHoM B 1905 romy Kak HoBas (hU3MYecKas TeOopHs, COCTOMUT B TOM, UTO
TpexMepHOe eBKJ/HI0BO MIPOCTPAHCTBO U rpynna lanumes obpasyloT yeTblpexmep-
HOe TMPOCTPAHCTBO-BpeMsi (Ha3biBaeMOe MPOCTPAHCTBOM MHHKOBCKOr0) U TPyIMIy
JlopeHlla cOOTBETCTBEHHO.

['pynna JlopeHua nmeer cienyoliye reHepaTopbl:

XoZ%, i:%,
P R I IS U (7349
YTt Ox?’ 0 o T 2T ot

rme i,j = 1,2,3 u ¢ — ckopocTb cBera. [eHepatopsl (7.3.41) rpynnbl [asnuies
nosyyatotest u3 (7.3.49) npu ¢ — oo.

TpeGoBaHue HHBAPHAHTHOCTH MpPH MpeoOpa3oBaHusX rpymnmnbl JlopeHia npuso-
IHT K CJIENYIOLEMY PeAsmuUBUCCKOMY AAEPAHIUANY NI CBOOOIHOH YaCTHLBI

Macchl M 5
L=-m2/1 -3, e B = % (7.3.50)

[Ipumenum teopemy Hértep k marpanxuany (7.3.50), BblOpaB, K HpuMepy,
npeo6pasoBaHue BpeMeHH C reHepaTopoM Xo. Koopaunatel renepatopa Xop: § = 1
u 7' = 0. [loxcraBass ux B popmyny (7.3.28) u o6osHavass F = —T, npuxonum
K (hopmyse DUHIITEHHA /ST pEAAMUBUCMCKOL IHepSUL:

2
E=-—"5_~md+ %m]v[?

N
AHaJIOFI/ILIHO MO2KHO MOJIYUHUTH BCE PEAATHUBUCTCKHE 3aKOHbI COXPaHEHUS, UC-
nosib3ysi reHepatopsl (7.3.49) rpynnel Jlopenna (cm. [40, pasmena 9.7.5]).

7.3.9. 3akoHbl coxpaHeHus Ajsa ypaBHeHm# Jlupaka. Paccmorpum ypas-
HeHue [upaka (2.3.32),

POy =0 (73.51)
ox
BMeCTe C COIpPAXKEHHbIM ypaBHEHUEM
o ~
ai;ﬁk VF i = 0. (7.3.52)
31ech {) — BEKTOP-CTPOKA, ONPEeLeJSeMBIil ¢ IOMOLLbIO BbIPAXKeHHs!
P=1 (7.3.53)

rjie 1) — KOMILJIEKCHO COMpsiKeHHOe K 1, a 1" 0603HauaeT TpaHCIOHUPOBAHHUE.
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YpaBnenus (7.3.51), (7.3.52) moryT ObITb MOJyueHBI U3 JaTpaHKHaHA

L= [¢ (»* (fwk ) - <§”; N m1/1> @4 (7.3.54)

JleficTBUTEBHO, MBI HMEeM:

SL o ~ L 0
o= (owrtme) =t

YpaBHenus Hupaka (7.3.51), (7.3.52) MOTYT CJyXHUTb NPUMEPOM HJisl HJLJIIO-
CTpauuu Kak TeopeMmbl HéTep, Tak u Teopembl 7.3.4.

IIpumep 7.3.4. [lpocrediuuil npumMep AJs WMIOCTPAaUMH TeopeMmbl Hérep mpen-
CTaBJisieT coO0N 0OBIYHAS JIMHEHHAs CYIEpPIO3UlMs, 3allMcaHHasl Kak rpyrmma mpe-

obpasoBanuit ' =1 + ap(z), W =1+ a p(x) ¢ reHepatopom

X = oM7) 2 + Prla) = (7.3.55)

o ok
3nech BekTopel @(z) W @(x) cBasaHbl ¢ momouibio (7.3.53) U MMEIT KOMIIO-

HeHThl ©*(x) u QPp(z) cootBeTcTBeHHO. OHM ABMAIOTCA pEIIHHSMH yPaBHEHHH
(7.3.51), (7.3.52):
K Op
vy W+map:0, 8’“7 —mp =0. (7.3.56)
[TpoBepum, ynoB/eTBOpSIOT a1 JarpaHxkuaH (7.3.54) u renepatop (7.3.55) Te-
CTy UHBapHaHTHOCTH (7.3.13) amb60 ycaoBuio nuBeprentHocTH (7.3.19). [Tockosbky
¢ =0, neBast yactb Tecta (7.3.13) cBonutes K yesosuio X, (L), KoTopoe paBHO

X0 = 3 [6(+# 2+ ) = (25 - i) o]

U He obpallaercs B HY/JAb TOXKIECTBEHHO. TakuM 06pa3oM, TeCT WHBAPUAHTHOCTU
(7.3.13) ne BwimosHsieTcsi. [IpoBepum ycsoBue nuBepreHTHOCTH (7.3.19), To ecTb
TIPOBEPHM, fBJsSIETCS JIM yKasaHHoe 3HadeHHe X, (L) nuBepreHuueil. IT0 MOXKHO
CliesiaTh C MOMOIILBIO JieMMbl 7.3.4. BoluucieHuss nawor:

%()@(L)): (;iv - m), %(Xw(L)):%('Vk;kerw)

OTH BhIpaXKeHUs obpallarTcs B HYJIb COTJacHO ypaBHeHUsiM (7.3.56). CremnoBa-
TeJbHO, B COOTBETCTBUH C JieMMo# 7.3.4, X[{,(L) — JUBEpreHLHsl, TO eCTb YCJIOBUE
(7.3.19) ynoenersopsiercsi. MoxkHo y6eautbes, uto Xy, (L) = Dg(B*) npu

1/~ ~
BF = ) (@Z)'ykgo - cm/kw).
Ha#igem Benuunnnl (7.3.18). Mbl nmeem:

oL oL

¢8¢,k+¢a¢k §(z/w<p 9071/)>
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Ille MCroJb3oBaHO o6o3HayeHne Di(v) = ¢, Di(y) = 1. Ioacrasnss st
BeJIMYMHB M BhipaxeHue aas BF B (7.3.20), MBI MPUXOIMM K COXpaHSIOLIEMYCS

BEKTOPY . N N
Co =" p(z) — p(z) v .

3agauu K raase 7

7.1. Haiitu npeo6pa3oBaHus IpyMIbl PacTsiKeHHUs ¢ reHepatopoM Z u3 (7.3.44):

0 0
ot ox'
7.2. Haiitu Bce MH(pUHUTE3UMAJbHbIE CUMMETPUH AJIS:

a) OMHOMEPHOTO ypaBHEHHS TEIJIONPOBOAHOCTH Ut = Ugy,

6) IBYMEDHOTO YPaBHEHMs TeIJONPOBOAHOCTH U = Ugg + Uyy,

B) TPEXMEPHOTO YPaBHEHMs TeIJONPOBOAHOCTH U = Ugy + Uyy + Uz
7.3. HailiTu vHBapuaHTHBIE pellleHHs OJHOMEPHOr0 YypaBHEHMs TelJIONPOBOLHO-
CTH Ut = Ugg, NOJyYaeMble C HCIOJb30BAHHEM HWH(MHUHUTE3NMAJTbHOH CHMMETPHH
(cMm. 3amauy 7.2a)

7 =3t = +2z°

X:X1+X4:%+ku%, k = const.

7.4. ViccnenoBaTb MHBapHAHTHbBIE pelleHHs 1BYMEPHOTO YpaBHEHHSs TEeMJIONPOBOL-
HOCTH Ut = Ugg + Uyy, TOJTYIEHHBIE C HCIOb30BaHHEM:
a) onHOHW MH(MUHUTE3UMaTbHOH CUMMeTpuH (cp. ¢ 3amaueit 7.3)

0 0
X = §+kua—u, k = const,
6) nByMepHOH anre6psl JIu, HaTSHYTOH Ha omepaTopbl (cM. 3axady 7.26)
9] 9] 9] d
X—a+ku%, Y—Xg—y%—:ca—y'

7.5. JIBikeHue miaHeThl BOKpYr CoJiHIIA OMHCHIBAETCS CUCTEMOH nubhepeHIH-
aJibHBIX ypaBHeHH#H (2.2.8):

d*x «
m— ==X, « = const.
dt r
[loxkazatTb, 4YTO 2Heprus MJaHETHI, ONpeessieMasl BblpaKeHHeM

="My @
E—2|V| o

3
2 2

rae [v|[” = > (v")", ecTb KOHCTaHTa JABHKeHHs, TO ecTb dE/dt = 0.

i=1
7.6. [IBrkeHHe YaCTHIbl MAacChl M B IPOM3BOJLHOM LIEHTPAJIbHOM MOTEHLHATEHOM

m. 2 .

nosne U = U(r) onuceiBaeTcsi JarpaHxuaiom L = ) |v|” — U(r). Haiitu nns sto-
ro JlarpaHKvaHa ypaBHEHHs! ABHKEHHS, TO eCTb ypaBHeHHsi Diinepa—JlarpaHixa.

7.7. VHterpan [nelcTBUS C JarpaHKUaHOM M3 TNpedbiaylied 3amaud, L =
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m
=3 |v|> — U(r), siBisieTcs MHBAapHAHTOM NPH CIBHre 1O BPEMEHH { C reHepaTo-
poM X| = 0/0t v npu BpalleHUsAX BOKPYT MPOCTPAHCTBEHHbIX MepeMeHHbIX !,

22, 23 ¢ reneparopamu

9 0 0 3 0 1 0 3 0
Xig =% =5 — 2 ——, i 53 W)
Oz Ox Ox Oz
BBIUKCIUTDE COOTBETCTBYIOLIME 3aKOHBI COXPaHeHHSs, MOJb3ysich TeopeMoil Hérep,
U CPaBHHUTH C 3ajaued 2.4.

7.8. paCCMOTpeTb HEeHTpaJ/ibHOE MOTEeHLHaJJbHOE 110Jie B BULE

k
U(r) = =, k= const,
r
W COOTBETCTBYIOLIHWE ypaBHEHHA NABHU2KE€HHUS HaCTUIBI:
dez 7
W_ij, 7/:1,2,3

OTH ypaBHEHUS NOMYCKAIOT, HAPSIAy CO COBHUIOM MO BPEMEHH W BpAlleHHUSMU OTHO-
CHUTEJIbHO MPOCTPAHCTBEHHBIX Ocell (CM. 3amauy 7.7), pacTsiKeHHe ¥ MPOEKTHBHOE
npeo6pa3oBaHre, TeHEPUPYEMOE C TIOMOLIbIO
0 0 0 0
Xs=2—+a' —+2> — +2° —
ot ox ox Ox
0 0 0 0
Xo=1 g +t(al S +a? 5 +a® )
ot ox ox ox
COOTBeTCTBeHHO. [IpoBepUTh BO3MOXKHOCTH TpUMeHeHHsi TeopeMbl HéTep K cum-
MeTpusM X5, Xg ¥ HAUTH COOTBETCTBYIOIIHE 3aKOHBI coxpaHeHus Ty, Tg.

7.9. I[lyctb a — TpexMepHOe BEKTOPHOE MoJie. YOeAUThCs, YTO IMoJie Tot a COJIeHO-
uaaabHo, To ecTh divrota = 0 (cM. cBoiictBo 9 B (1.3.15)).

7.10. Ilycts x = (x,y, 2). [Tokasars, uto

div <%) —0.
1

OG600LIHKTL 3TO CBOHCTBO Ha BHICOKHE Pa3MepHOCTH. A UMeHHO, mycTb = = (Z°, ...

LA ur = \/(xl)Q + -+ (z)? . Haiitu s, Takoe, 410

o (7) =35 (2) =0

7.11. Y6enutbesi, UTO BEKTOP

T y
B = , , 0
<ﬁ+f 2+ >

coJIeHOWaJbHBIH, U HalTH BekTop A, Tako#, yto B = rot A.
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7.12. O6parutb 3agauy 7.10 u HaliTH BekTOp A, yIOBJIETBOPSIIOLIUH YCIOBHIO

33 =rot A.
T

7.13. IlpoBeputsb renepatop Z u3 3agaud 7.1 Ha NPUMEHHMOCTb TEOPEM COXpaHe-
HHUsI, TO eCTb MpoBepuTh cBoiicTBa (7.3.30) u (7.3.33).

7.14. Haiitu nepsoe npono/xkenue (To ecTb pacimupenue Ha v = dz¥ /dt) cneny-
IOLUX OMEepaTopoB M3 pasnena 7.3.7:
S 9] 0 s,
2,2 .3 1,2 21 1,3 _ 31
X =— ("0 + v )ﬁ+(2$fu —xv)ﬁ-i—(lrv —xv)amS
7.15. Tlpeo6pasoBath ypaBHeHue bBaeka-Illoysca (2.4.15),

1
up + 3 A%2%uyy + Bruy — Cu =0,
B ypaBHEHHE C MOCTOSIHHBIMU KO3((HIHEHTAaMH C MOMOLIBIO 3aMeHbl MepeMeHHOH
x Ha y = In|z|.

7.16. PemuThb c/enyomLyio nepeonpeneseHHyo cucteMy (deTbipe ypaBHEHHUs IJIs
IBYX 3aBHCHMbIX mepemeHHbIX &(x,y) u 7)(x,y)), HCIOIb30BaHHYI B pasie-
Je 6.5.1, npumep 6.5.2:

Sy = 07 3(7714 + 77) - 2§CD = 07 Nz = O’ gﬁf = 0



Fnasa 8

OBOBIIEHHBIE ®YHKIINH
NJIN PACIIPEJEJIEHUA

dTa raaBa CTaBUT 1LleJIbl0 3HAKOMCTBO C OCHOBHBIMH MOHSTHUSIMM W MeTOIAMHU
Teopudu pacnpepeseHdd. [ynaBHoe BHHUMaHue OyneT YAEJATbCS I0JE3HBIM
CIPaBOYHBIM CBeleHHsSIM U HaBblkaM. Kpome TOro, NpUHLHI HHBApUaHTHOCTH,
MCIMOJb30BAHHBIM B TyaBe 9 [/s1 BBIUMC/IEHHS (yHAAMeHTaJbHbIX pelleHHH,
npefaJsaraeT peKOHCTPYKLHIO TEOPUM T'PYIIOBLIX MHBAPUAHTHBIX pelleHUH U pac-
IMpeHne WH(PUHUTE3UMaNbHOH TeXHHWKH JIM Ha MPOCTPAHCTBO pacnpeneseHUi.
AtoMy mocBsiIeH pasdznen 8.4.

Honoanumenvrnas aumepamypa: Wlsapu JI. [30], Tleabdpann HW.M., Ilu-
qos I.E. [3], U6parumos H.X. [11], Bnagumupos B.C., XKapunos B. B. [2].

8.1. BBenenne B 00001meHHbIe (PYHKIIUU

CoBpeMeHHBIE TOCTHKEHHS B MPHUKJAJHOH MaTeMaTHKe, B YACTHOCTH HCCJIEN0-
BaHUs HEeJMHEHHBIX 3aJad B MeXaHHKe XKHIKOCTH, NesNaloT HeOOXOAUMBIM H3yde-
HUe pa3pbIBHBIX pellleHUH nudQepeHLnanbHbIX ypaBHeHUH. Mcxons U3 aTux coob-
paxenn#t, C.JI. CoboseB BBes1 B 1930-e ronsl Tak Ha3biBaeMble 06006ujeHHble pelle-
Hus. Kpome Toro, naxe pasblie OblJIO IPOBEJEHO UCCJE0BaHHUE, I0Ka3aBliee, YTO
pa3pbIBHBIE pEleHHsl C ONpe/ie/IeHHBIMA CHHTYJISPHOCTSMH HTPalOT BaXKHYIO POJb
B IOCTaHOBKe NpoOseM B MarTematnueckoil (usuke. 2K. Amamap B 1920-e roxsl
Ha3BaJl 3TH peLIeHUsS ILeMeHmAapHbiMu; B HACTOsllee BPeMs HAa HHUX, B OCHOB-
HOM, CCBhIIAIOTCS KakK Ha QyHOamenmanrvHole peutenus. Ilpunaranuch sHeprudHbe
YCHJINS, UTOOBI BBISICHUTb MaTeMaTHUECKYI0 TPUPOLY ITUX pellleHHH, YTO MPHUBEJIO
K POXKIEHHIO coBpeMeHHOH Teopuu obobuernbix Gynxyuil (C.JI1. Coboses, 1936)
unu pacnpedesenud (JI. lsapu, 1950). Haubosee nose3noil 060611eHHON QyHK-
uuel siasiercs -¢pyHkuus Hupaka. OHa Oblia BBelleHa B TEOPeTHUECKOH (DU3HKe
[T.A.M. Tupakom B 1930-€ roabl 1 cTasa OfHUM U3 3(D(HEKTUBHBIX CPEACTB 00IIIeH
Teopuu AU(depeHIUaNbHbIX YPABHEHUH.

8.1.1. depucruueckoe oo6cyxaenne. HamomHuM, 4To onpenenenue nudde-
peHUMpyeMOl (DYHKLUU MpeAnoJaraet, 4YTo B UTOre AU(pepeHUHpOBaAHUS MOayUa-
eTcst Kaaccnueckasi (0O6biyHast) pyHKIHs. MoXHO monbiTaThesi U QepeHIInpoBaTh
HenupdepeHurpyeMble (QYHKUHH, 000611as o6o3HaueHHe AUPPEpPeHLUPOBAHUSA.
OTO0 OIWH U3 BO3MOXKHBIX MyTeH BBeleHUs1 00001eHHBIX QyHKUMH. KiodeBas unes
3TOrO MOAXOAA COCTOMUT B INepeHoce MOHATHUS AUu((pepeHLHPOBaHUS HelH(depeH-
uupyeModl (yHKUMM Ha HeKoTopylo AMddepeHunpyemyto. IlonxonsiiuMm HHCTPY-
MEHTOM /ISl OCYLIECTBJIEHHsI 3TOU HIeH SBJSETCS UHTErPUPOBAHUE 110 YacTAM AJs
(GYHKIMH OfHOH TMepeMeHHOH W HCIOoJb30BaHHe TeopeMbl 0 nuBepreHund (1.3.18)
17151 PYHKUUE HEeCKOJbKUX NepeMeHHBIX.

19 H.X. U6parumos
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OcTaHOBHMCSI Ha Caydae OIHOH MepeMeHHOH x. B mpenmosnoxkenun, 4to QyHK-
unu u(x) u p(z) HenpepbiBHO nupdepeHLnpyeMbl B a < = < b, Gpopmyna (1.2.12)
MHTErPUPOBAHHUS 110 YaCTsIM JAeT:

b b

b
Jcpdu: (ugp)|a—Jud<p.
a a

Kpome Toro, npexmnosarasi, 4to GpyHKIHs ¢(x) obpaliaeTcsi B HyJb BHe OrpaHHU€eH-

HOTO MHTepBasia ') ocH x, U 0603Hayas cUMBOJIOM D muddepeHUHPOBAHUE 10 I,

noJiy4yaeM:

+00 +oo
J »D(u) dz = — J uD() da.

Hns yno6cTBa HMHTerpaJbl, BXOASILLME B 3TH BbIPAKEHHS, WHTEPNPETUPYIOT Kak
CKaJisipHble Mpou3BeeHusi (,) cooTBeTCTBYOIKX (yHKuni. Torma BelieykasaH-
HOe ypaBHEeHHe 3alulleTcs B CJAeAYIOLEM BHUIE:

(Du, ¢) = —(u, D). (8.1.1)

Uutasi 3TO ypaBHEHHWe CJeBa HAMpaBO, MOXKHO HHTEPIPETHPOBATb €ro IMPOCTO
KaK CPeICTBO TepeHoca MOHATUS Hu(pdepeHuupoBanus D ¢ nuddepeHInpyeMon
GyHkuMH u(x) Ha Opyryo (yHKuuo 3Toro tumna, ¢(x). OZHAKO Mbl MNPUXOLHM
K HeTPUBHAJNBbHOMY 3aKJIIOUEHHIO, YUTasi 3TO PABEHCTBO CIpaBa HaJeBO WU Ipen-
noJiarasi, 4To TOJbKO (DYHKIHS (o HempepbiBHO AuddepeHnupyeMa. DyHKUUS U
eCTb IpeIMeT MPOBEPKH yCJIOBHsI CXOOUMOCTH HHTerpaJsa B MPaBoH 4acTH ypaBHe-
Hus (8.1.1).

[IpuBeneHHBIA MOAXOH $fIBJSeTCS peLUAIOUIMM [IAaroM [J/s BBeIeHUs] HOBOTO
MOHSITUST U GepeHInpoBaHust. A HMEHHO, YCTb U — (PYHKIHMS, KOTOPaAs MOXKET
6bITh Hefiu(hepeHIIUPYEeMOH B KJIaCCHYECKOM CMBIC/IE, HO YIOBJIETBOPSIOIIEH YCJ/I0-
BHIO CXONHMMOCTH MHTerpasa B mnpaBod yactu ypaBHeHusi (8.1.1). Obobuernas
npoussooras (GYHKUHH u eCTb TakKas «(pyHKuHs» Du (B 0000I1€HHOM CMBICJE),
KoTopasi ynoBJeTBopsieT ypaBHeHHwo (8.1.1) masi 0608 HempepblBHO nuddepeH-
IUpyeMoH (PYHKIHUH ¢ ¢ OTpaHHUeHHBIM HocuTeseM. OueBHAHO, YTO 0600IIeHHOE
nuddepeHIHPOBAHUE MOXKHO MOBTOPSTh, TOJbKO MOKa (DYHKUUS ¢ AHDdepeHLn-
pyema. Hanpumep, o6o6uieHHas npoussogHas D?u BTOPOro MOpsiAKA HAXOAUTCH
CJeYIOIIHUM 00pa3oM:

(D*u, ) = —(Du, D) = (u, D*¢).

Uro6bl HMeTh 1eJ10 C NMPOU3BOAHBIMU JIIOOOT0 MOpPsiKa, MPEANONOKHUM, UTO (PYHK-
1M @ 6eckoHeyHo nuddepeHuHpyeMbl. MHOXecTBO 6ecKoHeUHO AU depeHLHpye-
MbIX (DyHKLHH ¢ orpaHHYeHHbIM HocHuTesleM o6osHadaetcs Cg°. @yukunu ¢ € C§°
CUHTAIOTCS MEeCmoBbiMU QYHKYUAMU.

1) HauMeHbIIM# 3aMKHYTEIS MHTEpBaJ, BHe KOTOPOro (yHKIHS (z) obpaiaercst B HyJb, Ha3bl-
BaeTcsl Hocumeaem 3TOH QYHKUMH U oGo3Hadaercs supp (¢). Ecu nnrepsan supp (¢) orpanuues,
10 (x) HasbiBaeTcsi GyHKLMEH C OrpaHHYEHHBIM (KOMIIAKTHBIM) HOCHTEJIEM.
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Uro6bl MOHATH MPUPOAY O0OO0OIIEHHOH NPOMU3BOAHOH Du, caefyeT Y4ecTb,
4To mJsi (UKCUPOBaHHOH wu BbipaxkeHue (Du,p) oToOpaxkaeT /w06y (yHK-
wuo ¢ € CF° B umcso, paBHoe (u, D). dta onepauus JHHeHHa:

(Du, cr1 + capa) = c1(Du, 1) + co(Du, g);  ¢1, ¢ = const,
1 HerpepblBHA:
(Du, ¢r) — (Du, ) Besikuil pas, korna ¢ — ¢ B Cj°.

Takum obpasom, o6oOlieHHasi Mpou3BoaHass Du ecTb AuHelHbll HenpepbleHblii
¢yHKyuoraa Ha BceM nmpocTpaHcTBe Cp°. DTO IBPUCTHUECKOE COTIALIEHHE MOXKET
ObITb TaKXKe MPUMEHEeHO B caydyae (PYHKIIUH HECKOJNBKHX MepeMeHHbIX T = (xl,

..,x™) € R™ 1 NpUBOAUT K CJEAYIOLIEMY OIpeNeseHHIO.
8.1.2. Onpenenenne u npuMepsl pacrpeneseHuu.

Onpenenenue 8.1.1. O6obuennas Qyukyus WU pacnpedeseHue eCTb JH-

HeHHBbIH HemnpepbiBHBIA (QyHKUMOHan f Ha BceM mnpoctpaHcTBe CF° (QyHKUHE

o(z) = ¢(z!,...,2") knacca C™ ¢ KOMNaKTHBIM HocHTeseM. JIpyrHMH Cl0BaMH,

J orobpaxaer mobyio GyHKUHI @ € Cg° B 4YMCIO, ONpefessieMoe C IOMOLIbK
(f,¢). dra onepauns AuHeliHa:

(f,o1+ o) =(f, 1)+ (fip2), (f,cp)=c(f,¢); c=const, (8.1.2)
U Henpepulena:

ecin g — ¢ B Cg°, 10 (f,00) = (f. ) (8.1.3)
Cxonumoctsb ¢, — ¢ B C3° 03HaYaeT, 4TO YIOBJIETBOPAIOTCS CEAYIOIIHe YCIOBHS:
1) vk, p € Cg°,
2) HOCHTEJIb BCEX UJIEHOB MOCJEN0BATENBHOCTH () COXPAHSETCSI B OLHOM M TOM
e OrpaHUYeHHOM 3aMKHYTOM MoAMHOXecTBe R”,
3) oyHKUMH @k (T) CXOHATCS PAaBHOMEPHO K () BMeCTe CO BCEMH CBOUMH
POHU3BOAHBIMH.

Ipuwmep 8.1.1. Ilyctb dynkuus f(z) J0oKaabHO HHTErPUPYEMa, TO €CTh HHTErPHU-
pyeMa B Jto00d orpaHuueHHou obsactu B R™. MHTerpan

(1:9)= | f@ela) da (8.1.4)
R
ornpenensier 00001eHHYI0 (YHKUHUIO. [oBOpsAT, uTO 0600IIeHHbIE (PYHKLHH 3TOTO
THIA peeyasipHel, a OCTAJIbHBlE — CUHYAAPHOL.

Ipumep 8.1.2. Pyukyus Xesucatioa O(x) ¢ onHOH NepeMeHHOH X eCTh

0, =<0,
9(1:):{1’ 750 (8.1.5)

[Tpu atom perynsipHasi o6obiienHas ¢yHkuus (8.1.4) omnpenessieTcsi CaefyOLIUM

obpa3oMm:
+o0

0,¢) = J o(x) de. (8.1.6)
0

19+
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Awnasnornuso, ¢yHkuns Xesucaina 0(z — xg):
0, z <z,
9<$_$0)_{1, x> 10

oTipeneJisieT Pery/sipHylo 0600IIeHHYI0 (PyHKIHUIO (GOPMYNOH ¢ HHTErpaJsoM
+00

(0 —a0). @) = | ¢@)do.
T

IIpumep 8.1.3. -¢pynkuyus Jupaxka ectb mpocTeiilasi, HO Upe3BbIYANHO BaXKHAs
cuHrynsipHasi o6o6uieHHas ¢pyHkuus. OHa o6o3HavyaeTcss § uau 0(x) U onpemesns-
eTcs no opmy.e:

(0,) = ¢(0). (8.1.7)
Ata popMysia TakKe 3aMUCHIBETCS B BUIE

(6(x). e(x)) = ¥(0),
rae © € R™. Ananoruuto, §(x — xg) onpegessiercst no (GopmyJe:
(0(z = zo), p(2)) = p(z0)-

s 0(r — a) NpUMeHSIOT TakXe a/NbTepHaTHBHOe oGo3HaueHue d(,). Ee wacto
HasbIBalOT §-(MYHKIHEH B TOUKe a.

8.1.3. IlpeacraBnenus J-pyHKUUH Kak npeaena. OrnucaHHe CJeNYIOLUIMX
MOJIe3HbIX MpeCTaBAeHUH J-QYHKIMH MOXKHO Ha#TH, Hampumep, B [3, rsiasa I,
pazmen 2.5].

Teopema 8.1.1. OcraHoBUMCS Ha cjyuae OfHOH MepeMeHHOH x. Torna BBIMOJHSA-
I0TCSl CJIeAYIOLIMe YPABHEHHUS:
€

d(z) = {11_1’% L (8.1.8)
5(z) = lim SR (8.1.9)
V—00 T
T 1 icx
d(z) = VILH;O% J e dg, (8.1.10)
_ N b 2?4t
d(x) tl—1>I£0 N e , (8.1.11)

rie cuMBoas t — +0 o3HauaeT, 4YTo £ CTPEMHUTCS K HYJI0, COXPaHSS MOJOXKHUTENbHbIE
3HaYeHUS.

Mui 6ynem nosb3oBatbesi Takke paciirdpeHdeM (8.1.11) Ha cayuaél HecKoJb-

KHX TlepeMeHHbIX, Koraa = = (z!,...,2™). O6o3Hauas r = \/(3:1)2 ot (),
uMeeM: I 2t
lim ——— e = 0(x). 8.1.12
I, o @) (5.1.12)
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8.2. leiicTBug c pacnpenejeHUIMHA

8.2.1. YmHoxkeHMe Ha (YHKUUIO. YmHONeHue pacnpeneseHus f Ha
C>®-¢pyukumio «z) onpenessieTcsi 1eCTBHEM NPOU3BeneHHs «vf HAa TECTHPyeMble
(OYHKIUU @ CIeYIOLUUM 00pa3oM:

(af, )= (f ap). (8.2.1)

[IpaBasi yacTb 3TOro ypaBHeHHs ompejesieHa OJHO3HAYHO, MOCKO/bKY aup € € Cf°.

IIpumep 8.2.1. M3 omnpenenenns (8.1.7) O-pyHKUMH W mpaBUJIa YMHOXKEHHS
(8.2.1) cenyer, uto
a(x)d = a(0)o. (8.2.2)

JleHCTBUTEJIBHO,

(a(2)d, ) = (3, a00) = a(0) p(0) = (0) (4, ¢) = ((0)d, ).

8.2.2. udd¢epenuuporanue. Jupgeperyuposarue pacnpeneysenus f
onpejeJ/sieTcsl ypaBHeHUEM

3necs mosHoe auddepenurposanve [; coBnaaer ¢ 4acTHBIM AMp(hepeHLHpo-
BaHueM, D; = 0/0x", MOCKOJIBKY ( 3aBHCHT TOJBKO OT HE3aBHCHMBIX MepeMeH-
HeIX x'. CorJacHo 3TOMY oOmpeleseHHI0 Jrobas 0000lleHHas (QYHKIHUS OGecKo-
HeyHo auddepeHLUpyeMa, NPOU3BOAHBIE 00J€e BBICOKOrO INOPsSAKA IMOJYy4aloTcs
nocJ/ie0BaTeNbHbIM TpHMeHeHHeM ¢opmyabl (8.2.3). Hampumep, (D;D;f,p) =
= —(D;f,Djp) = (f,DiDjp). Orciona cienyer, B yactHocTd, 4to D;D;f =
=D;D;f.

IIpumep 8.2.2. IlpousBonHas oT pyHKUHH XeBHcalaa eCcTb d-(DyHKIHS:

0 (z) = d(x). (8.2.4)
JleiictButenbHo, dhopmynsl (8.1.1) u (8.1.6) matot
#.0) = =(0.) = = | (@) da = —¢l7 = ¢(0) = (3.).
0

8.2.3. Ilpamoe npousBenenune pacnpenenenuit. Ilycts f(x) u g(t) — nBa

pacrpejiesieHusi, 3aBUCSIIME OT 1 MepeMeHHbIX © = (x',..., ™) U M nepeMeHHbIX
t = (t',...,t™) coorBercTBenHO. [IycThb (x,t) — TecToBas (GyHKLMS, 3aBUCALIAS
ot n +m nepemennsx (x!, ..., 2", th, . ™).

Onpepeaenne 8.2.1. [Ipamoe npoussedenue f(xr)® g(t) dyukuuint f(z) u g(t)
ecTb pacrpefesieHue, IeHCTBYylOllee Ha TeCTOBble (DYHKUHMH ¢(z,t) ClAeLyIOLIUM

obpasom:
(@) @ 9(0) p(@.0)) = (f(@). (900, (. 1)) ). (8.25)
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U3 onpenenenust 8.2.1 MOXKHO JIerKO MOJYYUTh CJAedYIOLIMe CBOHUCTBA MPSIMOTO
npousBeneHus (cMm., Hanpumep, [3, riasa 1, §5] uau [30, riasa 3]):

(f(@) @ g(t). p(2)1(t)) = (f(2), o(2)) (9(t), ¥ (1)), (8.2.6)
f@)@g(t) =g(t) © f(z), (8.2.7)
d(z) ®0(t) = 6(x,t), (8.2.8)

rae d(z), d(t) u d(z,t) — O-pyHkuun J{upaka cOOTBETCTBYIOLIUX Me€PEMEHHbIX.

8.2.4. Ceeprka. Csepmrka (f * g)(x) nByx o6bluHbIX QyHKUHH f(z) 1 g(z)
B R" ecTb ¢yHKUUSA, ONpeleseHHAs CAeAYIOMINM HHTErpasoM:

(f+g)(x) = j ) gz — ) dy. (8.2.9)

R

UroObl OMpeneNuTb CBEPTKY pacrlpeleseHui, HauyHeM C PeryJIsipHbIX pachpeie-
JeHuit. A umenHo, paccmorpum nedctBue (8.1.4) ceptku (8.2.9) Ha TecToBble
(GYHKIMY ¥ IOMEHsIEM MOPSIOK HHTerpupoBaHusi. Mbl ¥MeeM:

(7290 = (72 9)(@) oo do = [ (0 Uf(y) oz~ ) dy} i =
= [ as st = ) ota) o = [ [ [tz et+0) dz} dy.

Mensisi 0603HaueHHe 2z B MOCJEIHEM HHTerpaje Ha T, Mbl MPUXOAMM K 3aKJrOye-
HHIO, YTO CBepTKA [ * g PEeryJspHbIX pacrnpefeseHUd f WU g ecTb pacnpeleseHue,
NeHCTBYIOlLIee HAa TeCTOBBblE (DYHKLHH CJeAYIOLUM 06pa3oM:

(1+9.9) = [ 1) | o) ot +) ds] . (8.2.10)
YpaBuenue (8.2.10) moxeT ObITh MPeACTaBJIEHO B BHJE

(f*g,0)= (f(y), (9(x), p(x + y)))-
DTO mpeaBapUTeNbHOE PACCMOTPEHHE MPUBOAUT K CJENYIOIIEMY ONpeneseHHIo.

Onpenenenne 8.2.2. [lyctb f u g — mobble pacnpeneseHusi, Takde, 4To, IO
KpaliHel Mepe, OHO U3 HUX HMeeT KOMIAKTHBIH HOCHTesb. VX cBepTKa f * g ecThb
pacrpenesieHue, onpeneseHHOe PaBeHCTBOM

(+9.0) = (). (@) olw +9)) ). (8:2.11)

[Tpumensisi onpeneseHue (8.2.5) mpsiMOro mpou3BeleHUs], MOXKHO 3aMKcaTh ypaB-
Henue (8.2.11) B BUzE:

(fxg.90) = (fly) @g(x), o(z +y)). (8.2.12)
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3ameuanue 8.2.1. Jlaxe ecan ¢(x) UMeeT KOMNAKTHbIN HOocHTelNb, ©(x + y) He
o6JajjaeT 3THM CBOHCTBOM B INIPOCTPaHCTBe INepeMeHHbIX z, y. CJjenoBaTesbHO,
ypaBHeHHe (8.2.12) MoxKeT MOTepsiTb CMBIC JJIs1 IPOU3BOJIbHBIX pacrpenesneHuil f
u g. CBepTKa ONHO3HAUHO OIpejiesieHa /s paclpeneseHHi, yI0BIETBOPSIIOLINX
HEKOTOpbIM ycsioBUsIM. OIHUM W3 TaKUX YCJIOBHH SIBISETCS KOMMNAKTHOCTb HOCH-
tens f uau g. Mbl He 06cyKaeM 37ecb TpeGyeMble OrpaHUYeHHs B 00IleM BHIE,
MOCKOJIBKY [J151 HAlUUX LeJeld N0CTaTOuHO onpenesneHus 8.2.2.

B crenytoluedi rnaBe UCHOIb3YIOTCS CAeIyIOLIHe CBOHCTBA CBEPTKH.
Teopema 8.2.1. Ceptka (8.2.11) KoMMyTaTHBHA:
frxg=gx[. (8.2.13)

Jloka3aTeabCcTBO. YTBepKAeHHe ciaenyeT 3 ypaBHeHus (8.2.12) U KOMMyTaTHB-
HocTH (8.2.7) mpsiMOro MpoU3BeNeHHUS.

Teopema 8.2.2. Ceeprtka ¢ J-pyHKIHeH CylIeCTBYeT AJs J0OOro pacrpenese-
HUs f W yIOBJETBOPSIET CJENYIOLUIEMY YPaBHEHHIO:

fro=f. (8.2.14)

Teopema 8.2.3. Ilycte pacnpeneneHusi f U g HMEOT KOMIAKTHbIE HOCHUTEJIH.
Torna nudpdepenunposanre D; = 0/0x' CBePTKH yHOBIETBOPSIET CJAEAYIOLIAM

ypaBHEHUSIM:
Di(f *g) = (Dif) x g = [ * (Dig). (8.2.15)

8.3. Pacnipenenenne A(r2—")

8.3.1. I'naBHOe 3HaueHune Hapg cdepoir. Bpenem o6o3HaueHHe W MPOBELEM
npenBapUTesbHble BeIYucaeHus. [lycTb

= (z',...,2") €R", \x|:\/(a:1)2+---+($”)2.

[naBHoe 3nauenue P(r) pyHkumu @(x) Ham chepoi €2, paguyca r ¢ ueHtpom 0
OnpenessieTcsl ¢ MOMOLBIO

o) = & j o(z) dS. 83.1)

Ccepa 2, ecTb MHOXKECTBO TOYEK I, Takoe, uTo |z| =r, u S, ecTb Mmiowanb
nosepxHocTH cdeprl §2,. Ilockosbky €2, momoGHa eIUHUYHOH ccepe U HMeeT
pasmepHocTb n — 1, crpaBemsuBoO craenyoulee (cp. ¢ pasnenom 1.1.3):

Sy =1""wy, (8.3.2)

rie wy, = 2y/7" /T'(n/2) — njowanb NOBePXHOCTH IMHUYHOM cepsl B n-MepHOM
npocrpaHctBe. M3 ypasuenusi (8.3.1) cienyer, uto @(r) NpHHUMAET OIHO U TO XKe
3HaueHWe B KaXAOH Touke z € (), HE3aBUCHUMO OT MOJIOKeHHs x Ha chepe (.
B cBsiau ¢ 9TUM roBopsT, uTO P(T) — chepunecku cummempuuras QYHKUUs.
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8.3.2. Pemenue ypasuenus Jlannaca Av(r)=0.

Jlemma 8.3.1. Ilycte v — npousBosibHasi cpepruyecKd CUMMeTpUYHAs (DYHKIMS,
10 ectb v = v(r). Torna ypaBHenwue Jlamnaca

n

AUEZUii :0,

i=1
rie v; = D;(v) = Ov/dx', v;; = D?(v), 3anuchiBaeTcs cleayOUUM 06Pa3oM:

n—1,

v + " v =0, (8.3.3)

rae v' = dv/dr.
Joka3ateabCcTBO. YTBepKAeHHE CjelyeT U3 ypaBHeHHUH

ov ' )2 1 '
Di(v) = — =o' =, Df(v):fu”—( 2) +v' |- — ( 3) .

Ox" T r r -
3ameuanne 8.3.1. MoxXHO 10Ka3aTh, UTO TJaBHOe 3HAa4YeHHe JamjacuaHa (QpyHK-

KK () cCoBMALaeT C JalMJacHaHOM TJIABHOTO 3HAuYeHHs ©(T), TO ecTh

Ap(r) = Ap(r) =" + "1 g, (8.3.4)

Haiinem Bce cepuyeckd cuMMeTpuuHble pelierus v = v(r) ypaBHenus Jla-

rmjaca, TO ecThb TPOUHTErPUPyeM OOBIKHOBEHHOe NH(depeHIlHasbHOe YpaBHEHHE
(8.3.3). Mbl numeem:

n—1, 1

Z _ L . n_
Vi —— = r[rv + (n— 1)V

[(rv')' + (n— 2)1/] =

= | =

- % [ + (n — 2)1}]/.
CrenoBatenbHo, ypasHenue (8.3.3) sammchiBaercss B BHme [rv' + (n—2)v]' =0

HAaet ' + (n—2)v = C. (8.3.5

)
Ecan n > 2, vt nonydaem C' = (n — 2)C| u nepenuceiBaem ypasHenue (8.3.5)
B oTaesnumor dopme v’ + (n — 2)(v — Cy) = 0. [lpu n = 2 B ypaBHenun (8.3.5)
nepemennble paspeasioress v’ = C. Ilpu n = 1 ypasuenue (8.3.5) 3anucbiBaetcs
tak: v” = 0. VHTerpupoBaHue MPOBOAUTCS MPOCTO BO BCEX CJaydasx W [1aeT
clenyoniee.

Teopema 8.3.1. Obuiee peuienre ypaBHenus (8.3.3) umeer BUL
v=C1+Cyr®™, ectu n#2; (8.3.6)
v=C;+Cylnr, ecau n=2. (8.3.7)

8.3.3. Beruucienue pacrpenenenus A(r2~™). Teopema 8.3.1 nokasbiBaer,
4To (hyHIaMeHTaJbHasi CHCTeMa pellleHHE ypaBHeHHs (8.3.3) COmepKHUT TPUBUAJb-
HYI0 KOHCTAHTY pelleHMs, HanpuMep v = 1, a Takxe pemeHus 7>~ " u Inr mpu
n > 2 u n =2 coorBercTBeHHo. PyHKUMU r>~™ u Inr UMEIOT 0COGEHHOCTb NPH
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r =0, To ecTb B Hauase KoopauHat x = 0, U He UMEIOT KJIaCCUYECKUX MPOU3BOJ-
HBIX B 3TOU oco6oii Touke. Kak ciencteue, nannacuan 3TuX GyHKUHH obpalaercs
B Hynp npu = # 0 u Qopmupyer pacnpeneneHnss BOMU3H oco6oi Touku x = 0.
B 3TOM pasjene Mbl 3afiMeMcs BhIYHC/eHHeM pacrnpenenenus A(r?~") mpu n > 2.
Teopema 8.3.2. Ilyctb n > 2. Torna A(r>~") — pacnpenenenue, onpeaensemoe
hopmyJi0H )

A(r™) = (2 — n)wy, (), (8.3.8)

rae 6(x) — o-pyukuust dupaka (8.1.7), a w,, — mouiaap MOBePXHOCTH eIHHHUYHO
cepsl.
JlokasaTeabcTBO. YTBepxkaaeTcs, 4to (QyHKLUMS 72~ " JOKaJbHO MHTErpHpyeMa.
CurienoBaTesibHO, NPUMeHsist paBuJIo AU QepeHurpoanus (8.2.3) u onpeneneHue
(8.1.4) pacmpenenenuii, GopMyaHpyeMoe C TOMOIIbIO JIOKAJbHO WHTErpPHPyeMbIX
(YHKUMH, U NPUMEHsIS ypaBHeHHe

| stayda - Tdr | ras (8.3.9)

REn 0O
MBbI HOJIyLIaEMI

o
(AGZ™), ) = (7", Ap) = J 2 Apdr = Jdr J r? " Ap dS.
R 0 Q,

Ypapuenus (8.3.1) u (8.3.2) nator:

J 2 ApdS = r? 7" S, AQ(r) = war? T AR(r) = war ().
Qr

HMcnonb3yst 3TH ypaBHeHHs1 U ypaBHeHHe (8.3.4), Mbl HMeeM:

o¢] o

(AT*™), @) = wy J rAp(r)dr = wy, J [r@" + (n— 1)@ ] dr. (8.3.10)
Bbluncium nHTErpas B npaBoil yactd ypaBHeHus (8.3.10):
J r@" + (n = )& dr = J (1) + (n=2)%]dr = 17 + (n - 2)7]
0 0

[TockoabKy yHKLHS ¢ yoOBJETBOPSieT ycaoBHio ¢ € CS°, oHa obpaliaercs B HYJlb
Ha 6eckoHeyHocTH. CJrle0BaTeJ/IbHO,

(e.¢]
T+ (- 27| = (- 2)B(0) = ~(n — 2)#(0).
[ToncraBnsis 370 BeipaxkeHHe B ypaBHeHHe (8.3.10), MBI mosydaem

(A7), 9) = (2 = n)wn (0) = ((2 — n)wn (2), p(2)),

YTO J0Ka3blBaeT CIpaBelMBOCTb ypaBHeHHs (8.3.8).
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3ameuanue 8.3.2. [Ipu n = 2 ypaBHeHnue (8.3.8) 3ameHsieTcs Ha caenyollee:
A(lnr) = wy §(z). (8.3.11)

3ameuanue 8.3.3. YpasHenue (8.3.8) cnpaBenanBo Takxke B cayuae n=1. Takum
o6pasoM, ypaBHeHus (8.3.8) u (8.3.11) M0OXKHO 0OBEIUHHUTD B CJAEAYIOLLYIO OOLIYIO

hopmyay:

2-n 2n"/?
A=) =(2—n) W(S(l’) (n#2),
or™/?
A(lnr) = T(n/2) (x) (n=2). (8.3.12)

B [IPUJIOKEHHUAX BA2KHbBI CJIeAYIOIIHe HaCTHbIE CJy4dYau:
A(lz]) =26(x) (n=1),
A(lnr) =27 6(x) (n=2),
A(r 1) = —4ré(z) (n=23). (8.3.13)

8.4. IIpeoOpa3oBaHus pacnpeneseHUn

Hacrosiuumit pasnen comepXut o6oblieHrne HHPUHUTE3UMATBHON TeXHUKH JIu
Ha MIPOCTPAHCTBO pacrpefeseHuil. Pe3ysnbTatel 6yayT HCNOJIb30BaHbl B CleAyIOLIeH
rjaBe.

8.4.1. MotuBHupOBKa JUHEHHBIX NMpeodpa3oBaHuil. Paccmorpum aas mnpo-
CTOTBHl OHOMEPHBIN CJy4Yald U HAuHeM C LIMPOKO U3BECTHOTO NpeoOpa3oBaHUsl, Ha-
3bIBaeMoro cdsue pacnpenesneHuii. OH COOTBETCTBYeT CMELIEHHI0 T = T — @ He3a-
BUCHMOH NepeMeHHOH U ONpefesisieTcsl B COOTBETCTBUM CO CJEAYIOLUIMM 3aKOHOM
npeoGpasoBanus pery/spHbix pacnpenesenuid (8.1.4). Ilycts f(z) — sokasnbHO
HHTerpupyeMasi (pyHKUHs ofHOH mepemeHHOH x. CaBur f(z — a) cOOTBETCTBYIO-
LL[ero peryJ/sipHOro pacnpesie/leHUsl HaX0AUTCsl Mo GopMysie 3aMeHbl TlepeMeHHBIX:

(f(z - a), p(x)) = Jf(sc — ) p(a) dz = Jf(@ (T + ) dr.

BBons o6o3nauenue (8.1.4), umeem:

(fx—a),o(x) = (f(), (T + a)) (8.4.1)
1M, 0603Ha4yasi T CHOBA x, MOJIy4yaeM CJedylollyio (popMyny CIOBHra:
(fx—a),p(x) = (f(z), oz +a)). (8.4.2)

YpaBHeHnue (8.4.2) ucrnosnb3yercs B KauecTBe ONpe/ieseHNs] CABUTa 1151 TPOU3BOJIb-
HBIX pacnpeneseHuid. Hanpumep, B caydae 6-pyHKUUH cOBUT O(T — a) UMeeT BHI

(6(z —a), p(x)) = (6(z), p(z +a)) = ¢(a). (8.4.3)
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[Tono6HEIM 06pa3om omnpenessieTcsl NPOU3BOJIbHOE JHMHelHHOe NpeoOpa3oBaHHe
060011eHHBIX (DYHKUUHA. A wMmeHHO, mycTh f(x) — JIOKaJbHO WHTErpuUpyemast
dynxkuus B R”, u nycTb

T=Ar—a
ecTb 0000IleHHOe JHHEeHHOe Mpeobpas3oBaHue, Tae a = (al,...,a") ABJISIETCA
n-MepHBIM BeKTOpoM, a A = ||a;j|| — mpousBojbHast n X n MaTpuua, Takas, uTO

det A # 0. Torna sameHna nepeMeHHbIX B uHTerpase (8.1.4) naer:

(F(4r = a). (@) = [(4z ) p(a) da = |det A 1) el (7 + ) .

DTo ypaBHeHMe ONpefessieT JHHeHHoe mpeoOpa3oBaHKe TPOU3BOJIBHBIX pacIpese-

T (A= ). p(@) = (et AT @) 04 @4 @) (844
WJIM, IPUHUMas CHOBa 00O3HaueHue T IJS T:
(f(Az —a), o(z)) = (|det A" f(z), p[A7 (2 + a)]). (8.4.5)

8.4.2. 3ameHa nepemeHHBbIX B 0-pyHKumu. [lyctb dyHKUHMS p(T) nepemeH-
HbIX & yposJeTsopsiet yeaousim p(0) = 0, p/(0) # 0. Torna

1
O(p(z)) = — d(x). 8.4.6
Ecnu p(z) umeer HeckosnbKo HyJeH, Hampumep, B TOYKaxX ajp,...,ds H €CIH

P (as) # 0 nast Bcex 0 = 1,2,..., s, to (cm., Hanpumep, [14, ra. VI, §3.3, ypas-
Henue (2)]):

S

6(p(x)) = Z ﬁ 5(x — ag). (8.4.7)
o=1 7
Mpumep 8.4.1. Tpunoxenne (8.4.7) x §(z% — a?), a # 0, naer:
6(z? —a®) = 21 [0(x —a) = d6(z + a)]. (8.4.8)
L

.x™) ypaBuenue (1.2.52) naer:
op*
Ox?

B ciyyae HECKOJBKHUX MEpPeMeHHbIX T = (z

1

(p(x)) = 70)] 0(z), J(0)=det (8.4.9)

=0

8.4.3. IlpousBoabHasa rpynmna npeoOpa3zoBaHuil. PaccMOTpHUM MPOU3BOJIb-
Hoe npeobpazoBaHue T Touek z € R™ B T € R™:

T="Tx. (8.4.10)
[Ipeo6pasoBanue T' 3amucbiBaeTCs B KOOpAMHATAX B CJAEYIOLIEM BHJE:
T =7(z), i=1,...,n
1 ero sikoOuaH ecTb »
0z
ox

Ipeanonoxum, uto J # 0 u uTo GyHKUMH T'(x) GecKOHeuHOo AHdhepeHIHpyeMbl.

J = det

(8.4.11)
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Onpenenenne 8.4.1. IlpeoGpasoBanne [ — f MPOH3BOIBLHOTO pacmpeneseHus f
B pacnpenesnenue f B cootBeTcTBUHU ¢ (8.4.10) onpenensercs CAeNYIOLIUM ypaB-

(F(T2). 0(@) = (F@). o(T™'7)). (8.4.12

Onpenenenve 8.4.1 aprymeHTupyercss JHHEHHBIMH NPeoOpPa3OBaHUSAMH.
A uwmenno, dopmyna casura (8.4.1) umeer Bupn (8.4.12) npu Te =z —au f = f.
Ananornuno, npeo6pasoBanue (8.4.4) umeer Bun (8.4.12) npu Tx = Ax —a un
7 = |detA|""f.

JLnst nosmy4yeHus npeo6pa3oBaHuUs pacrpeseeHui, cooTBeTcTBYOWUX (8.4.10),
Mbl TTOBTOPHUM pacCyXIeHHs, KOTOpble MCIO/b30BaMUCh B C/lydae JUHEHHBIX Ipe-
obpasoBaHui. A ¥MeHHO, mycThb f() — JM0KanbHO HHTErpUpyemasi GpyHKius B R™.
dopmyna 3aMeHbl TepeMeHHbIX B UHTerpaJse Aaer:

(f(T2). o)) = jf(Ta:) o(x) di = JJ“f(T) o(T~'7) d.
STO 06’bHCHH€T CHpaBe,U,.HI/IBOCTb CJIe[LYIOHLEFO ypaBHeHI/IH OJ1s I’LpOLLSBO/lebL)C p[lC-

npedeseruli:
’ (f(T2). () = (I~ £(@), o(T7'7)), (8.4.13)

rne J — axo6uan (8.4.11). [Tocsie BBeneHust 0603HaYeHUsl « AJis1 T B IPaBOU YacTH
ypaBHeHHe (8.4.13) MoxeT ObITb MPeNCTABIEHO B CJAEAYIOIIEM BHJE:

(f(Tz),p(x)) = (J_lf(:z:),go(T_la:)). (8.4.14)

CpaBuenue ypaBHeHus (8.4.13) ¢ ypaBHeHueM (8.4.12) npuBOAUT K onpenese-
HHUIO CJIeNyIOLIero mpeodpasoBaHUs IPOU3BOJIBHBIX pacrpereseHuH:

f=J"f (8.4.15)

IIpumep 8.4.2. Ins wmacmrtabHoro mnpeo6pa3oBanus T = ze? B R™ dopmyna

(8.4.15) maert: _
f=emf. (8.4.16)

IIpumep 8.4.3. PaccMoTpum ABYMepHBIH cay4yail v BblGepeM I'PYINY BpalleHHs
T =xcosa+ysina, Y =ycosa— xsina.
dopmyna (8.4.15) naer: _
f=r (8.4.17)

8.4.4. Un¢unure3umaibHOE NMpeodpa3oBaHue pacnpeneneHni. Paccmot-
puUM ofHOMapameTpudeckyto rpynny G npeo6paszoBanuil B R™:

T = T,(x) (8.4.18)
C HH(I)I/IHI/ITe3I/IMaJIbeIM npeo6pasoBaHI/IeM
T ot +al(x), i=1,...,n. (8.4.19)

CornacHo ypaBHeHuto (8.4.15), Mbl pacnpocTpaHsieM HeHCTBHEe TPYTIbl Ha pacrpe-
neneHus f caenyouM o6pasom:

T="T,(z), f=J'f. (8.4.20)



8.4. 3adauu k erase 8 301

3nech akobuan (8.4.11), J = det ||0Z'/0z7||, nonoxuTesen B MpennoNOKeHHH,
4TO MapameTp I'PYMIBl ¢ TPUHUMAET MaJible 3HaYeHHS.

PacnpocTtpanenue moHsTus npeobpasoanuil (8.4.20) na psn Teiinopa mpu
3HayeHHUsAX a BOAU3K a = 0 ¢ yyeTtom Toro, uto J = 1 npu a = 0, naer, ¢ yueTom
(dopmMbl MHpHUHUTE3UMaNbHOTO TpeobpasoBanus x (8.4.19), caenyoilee MHPUHH-

dJ

Te3nMaJsibHOe TpeobpasoBaHue f:
Pt =of (gl

[TpumeHsis mpaBuao AU QPepeHLUpPOBaHUST HeTepMUHAHTOB (cM. pasgen 1.3.6)
K sikobuany (8.4.11), nonyuaem cienyioiiee ypaBHeHue (cM. 3anady 8.7):

dJ

Jaleo = D;(&"), (8.4.21)
raoe . 4
ey o
D;(&') = Ex

i=1

Takum o6paszom, uHUHHUTE3UMAIbHOE Tpeobpa3oBaHue (8.4.19) He3aBUCHUMBIX Me-
pPeMEeHHBIX COMPOBOXKIAETCS CAEAYIOLIUM UH(OHUHUTE3NMAJBHBIM PeoOpa3oBaHUEM

pacnpeneseHun: _ )
f~f—-aDi()f. (8.4.22)

B uvacrnocty, nonaras f(x) = 0(z) u npuHumas Bo BHUMaHUe (8.2.2), mosmyuaem
UH(DHUHUTE3UMaJIbHOE MTpeoOpasoBaHue J-PyHKLIHH:

S~ 8 —alDi(e)],_,] o (8.4.23)

3agauu K riaase 8

8.1. Ilycte & — enunHcTBeHHas nepeMeHHasi. Halith neficTBre NMpPOW3BOAHBIX OT
0-(byHKLHH Ha TeCTOBble PYHKIMH. A MMeHHO, BBIUHCIHUTD

a) (0'(z).p(2)), ©6) (6"(x).¢(x)), B) (¢'(z— o) p(x)).
8.2. Brluncaute caenytoure 0600ueHHbIE (PYHKIIHH:

2) lim— 2 6) lim Jife’f‘”df, 8) lim Jg%iﬁxdg.
V—00 V—00

e=0 (22 + €2)
8.3. Ilyctb a(x) — C°-¢pyukuus, a f — nwboe pacrnpenesenue. Jlokasatb, 4To
(a(2)f)" = o'(@)f + )"

8.4. Iycts a(x) — mw0bas C°-pyukuus. Jokasatb, 4yTo

(a(z)0(x)) = (0)3(z) + O(2) ().
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8.5. Jlokasatb crnpaBelIMBOCTb ypaBHeHus (8.2.6),
(f(@) @ g(t), (@) (1)) = (f (@), p(2)) (9(1), (1))
8.6. lokasarb crpaBeminBocTh ypaBHenus (8.2.8), 6(x) ® §(t) = 0(x, t).

8.7. okasaTb crpaBeniuBoCTh ypaBHeHus1 f * g = g f nns ceeptku (8.2.10)
peryJsipHbIX pacrnpeeseHuH.

8.8. Jlokasatb cBoiicTBa cBepTKHU (8.2.14) u (8.2.15).
8.9. IlpoBeputs crnpaBennuBocts (8.3.4) mian =2 un = 3.

8.10. Boiuncauts pacnpenenenne A(lnr), roe n = 2, ¥ 10Ka3arb CrpaBelJHBOCTb
ypaBHeHus (8.3.11).

8.11. O6cynuth ypaBHenue (8.3.9).
8.12. JlokasaTb crnpaBeIMBOCTb ypaBHeHHus (8.4.21).

8.13. Ilyctb «az) — nwbasg C°-pyukuus. JokasaTs, 4To
a(z)d (z) = a(0)d' (x) — o/ (0)d(x).

8.14. PaccmotpeTh 3aMeHy MepeMeHHbIX Z, 3aaHHYI C MoMolibl Y = p(z)
B npennosoxkenuu, uto p(0) = 0, p’(0) # 0. lokasaTb CrpaBeATHBOCTb yPABHEHHUS

(8.4.6), (p(z)) = p/(0)~'d(x).
8.15. Ilyctb dyHKuust p(r) HUMeeT HECKOJbKO HYyseH, HampuMmep, B TOUKax

ai,...,as, u nyctob p'(ay) # 0 nnsi Becex 0 = 1,2, ..., s. Jlokasarb CrpaBeIHMBOCTb
ypaBHeHus (8.4.7):

S

d(p(z)) = Z ]% dz — aq).

o=1 ag)

8 16. Tponuddepenunposats ypasHenue (8.4.8), 6(2? — a?) = [6(z — a) — 0(x +
+a)]/(2a).



Fnasa 9

IMMPUHIIAIT THBAPUAHTHOCTH
N ®YHAAMEHTAJIbBHBIE PEHIEHUA

OTa rnaBa CONEPXKUT HOBBIH TEOPEeTHKO-TPYMNIOBOH MOAXON K 3agadaMm C Ha-
YaJbHBIMHU YCJOBHSIMH, OCHOBAaHHBIH Ha npuryune ureapuanmrocmu. Meton
3t eKTUBEH AJis PelleHHs JIUHEHHbIX YPaBHEHHH KaK C MOCTOSIHHBIMHM, TaK U C Ie-
peMeHHBIMU KO3(PpUIHEHTAMHU.

Honoanumenvran sumepamypa: Ibragimov N.H. [39, rnasa 3].

9.1. Beenenue

Mertoner rpynmn JIu 06b1Y4HO OOBHHSIIOT B TOM, UTO OHHM HENPUTOAHBI, B YACTHO-
CTH, JJISl pellleHUs 3adauu ¢ HAYQANbHbIMU YCAOBUAMU. DTO CBSI3aHO C TEM, UTO
NPOW3BOJIbHBEIE Hadya/ibHble YCJAOBHS Pas3pylIaloT I'PyMNy CHMMETPHUHU HU3Y4aeMOoro
nudpepenranpHoro ypaBHenus. OnHako B [9] nmokasaHo, uto gyHIaMeHTaJ/bHbIE
pellleHUs] KJAaCCHUYECKUX yPaBHEHHUH MaTeMaTUUeCKOH (PU3UKU UMEIT (haKTUUeCKU
rPYNIOBble WHBApUAHTHBIE pellleHus. DTO HaOJofeHne, ycuaeHHOe (DOPMYJTHPOB-
KOH npunyuna uxsapuaHmrocmu 3aad C HayaJbHbIMH YCJOBUSIMH, MPHUBEJIO
K Pa3BUTHIO CHUCTEMATHUYECKOr0 TEOPEeTHKO-TPYIIOBOTO MOAXONA K HAaXO0XAEHHIO
(byHnameHTa bHBIX peleHui [11]. DToT HOBBIE mopxon o0beanHsieT (GuI0CODHUIO
cummerpuil Codyca Jlu ¢ Teopuell pacnpeneneHuH.

K/104eBbIM MOMEHTOM ycrexa TeOpeTHKO-I'PYIIOBOro MOAXoAa K 3anaye Ha-
XOXKIEeHHsl (PyHAaMeHTaJbHbIX pelleHHH SIBJASETCS TO, YTO 3ajade C HadaJbHBIMH
YCJIOBUSIMH, OmpenessieMblMd (DyHAAMeHTaJbHBIMH pelleHUsIMH, B OTJIUYHE OT 00-
LeH 3ajayl ¢ MPOM3BOJNBHEIMU IPAHHUHBIMU U HaYaJbHBIMH YCJOBHSIMH, NPUCYIIH
ornpeneJsieHHbIE CHUMMeTpUM AuddepeHIHaNbHBIX ypaBHEHUH. BcesencTBue 3TorO
MOXKHO HaXOAWTb (PyHOAMeHTaJIbHble pPellieHHs], TPEeICTaB/sid UX KaK WHBAapHaHT-
Hble pellleHHs], COOTBETCTBYIOIHE I'PyIIe CHMMETPUH 3afauH.

dyHnaMeHTaNbHbIE pelleHrs IIUNTHIECKUX U THIepOOoNHUeCKHUX ypaBHEHUH
SIBJISIIOTCS] OOBIUHBIMH (DYHKLUSIMA U MOTYT OBITh TOJIyU€HBI C IOMOLIBIO KJaccuye-
ckoit Teopuu JIu (cM. paznensl 9.2.3 u 9.2.4). OnHako B caydyae THIEPOOJHUECKHX
ypaBHEHHH (QyHIaMeHTaJbHBIMU PeLIeHHUsSIMH SBJSIOTCS pachpenesneHus (CM. pas-
nen 9.4). CnenoBare/ibHO, B 3THUX 3aJauax Hy>XKHBI AU depeHINaNbHble YpaBHEHHUS
C pacrnpefiesieHUsIMH, TIPeACTaBJeHHBIMU B pasiese 9.4.2.

HoBeiii Meton, B oTsinune oT MeTozma npeoOpasoBaHHi Pypbe, He 3aBUCHT
0T BbIOOpa KOOpPAMHAT U MPUMEHHUM He TOJbKO [Jif JUHEHUHBIX ypaBHeHUH C no-
CMOAHHbIMU KO3 Puyuenmamu, HO TakXKe W 1/ YpaBHEHUH C nepemerHbimu
Koagpuuuernmamu.
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9.2. IIpyuHUMN MHBAPUAHTHOCTH

9.2.1. dopmyaupoBKa NpUHLUNA HHBapuaHTHOCTH. OOLMH NPUHUMI,
copmynupoBanHblil B [9] (cMm. Takxke [40]) v Ha3biBaeMblHl npuHyunom UHBaApU-
anmrocmu, NpuMeHsieT Teopuio rpynn JIU mJs pelueHds 3agadd C FPaHUYHBIMU
YCJIOBHUSIMH, W B YAaCTHOCTH C HayasbHBIMHM YCJOBHUSMH, WM 3agadu Komn. drtor
NPUHLUI YCTAaHABJAMBAET, UTO ecad A depeHLHaNbHOE YypaBHEHHE NOMYyCKaeT
rpynny Jlu G' ¥ ecsu 3aadya ¢ TpaHUUHBIMH/Haya bHBIMH yCJOBUSIMM MHBapHaHT-
Ha oTHOCcHTesbHO noarpynnel H C G, Torna MoXKHO MCKaTh pellleHHe 3aauk Cpenn
H-vHBapHaHTHBIX pellleHUH paccMaTprBaeMoro A depeHLHaNbHOTO ypaBHEHHS.
[IpyHUMI WMHBAapHAaHTHOCTH NPHUMEHHUM KakK K JIMHeHHBIM, TaK M K HeJHHEeHHbIM
YpaBHEHHSIM, HO K3 3TOr0 CJeAyeT TakXe, YTO OH MPHUMEHsieTCsl TPU MOCTpoe-
HUU (DYHOAMEHTAJbHbIX pelleHuld A/ JUHeUHbIX Nh((epeHLna bHbIX YPaBHEHUN
C YaCTHBIMM MPOW3BOAHBIMH. B CBf3U ¢ 3TUM TNPUHLKI MUHBAPHUAHTHOCTU (HOPMY-
JIUPYETCs 31eChb TOJbKO [/l IMHEHHBIX YPaBHEHHH.

Onpenenenne 9.2.1. [lycte L — JuHeHHBIH audQepeHLHaNbHBIN OnepaTop
C YaCTHbIMH IIPOM3BOAHBIMM, HMEIOILMH B KauecTBe HE3aBUCHMbIX KOOpPAMHAT
r=(z',...,2"). Tlycts auddepennuansHoe ypasHenue L(u) = f(x) nomyckaer
rpynny G. Torma roBopsit, 4To 3afada ¢ TPAHUYHBIMH YCJIOBHSIMH

L(u) = f(z), u‘S = h(x) (9.2.1)

siBJIsileTCsl MHBapuaHToM noxarpynnsl H C G, ecau
1) mHOroo6pasue S ABseTCs UHBAPUAHTOM MOArpPymnnsl H,
2) rpaHuuHOe (HayaJbHOE) YCJIOBHE u‘s = h(x) siBAsIeTCST HHBAPUAHTOM TpYTI-

nbl H, unayunposanHo# Ha S ¢ nomotisio H, To ecTb H ecTb nelicTBHe MOATPYI-
nel H, orpaHu4yeHHON Ha S.

IIpyHuun wHBapuaHTHOCTH: Ecsu 3anaua ¢ rpaHHYHBIMM (HayasbHBIMH)
ycaoBusimu (9.2.1) — uHBapuaHT rpynnsl H, MOXKHO HaxOiWTb pelleHHe 3aJadyu
cpeny (DyHKIHH, KOTOPbIE SIBJASIOTCS WHBapuaHntamu H.

9.2.2. ®yHnaMeHTaIbHOE pellleHUe JUHEHHBIX YPaBHEHUH C MOCTOSHHBIMHU
K03 PunreHramu.

Onpenenenne 9.2.2. OyHnameHTanbHOe pelleHWe AJs JUHEHHOro nudQepeH-
ManbHOrO ofnepaTtopa L C MOCTOSHHBIMH KO3((UUHEHTaMHU eCcTb 0000IeHHas

¢yukuus &, Takas, 4yTo
LE =0. (9.2.2)

XapaKkTepUCTHUECKOe CBOMCTBO (PyHIaMeHTa/bHBIX pelleHHui (hopmyanpyercs
B BHJle CJIeYIOLlero yTBepKAeHUs.

Teopema 9.2.1. Ilycte £ — (yHIaMeHTasNpHOE pelleHHe 175 JUHEHHOro Audde-
peHLHMaJbHOTO onepatopa L ¢ MOCTOSHHBIMH KO3(¢uuueHTamu. Torma pelueHue

HEOIHOPOIHOI0 ypaBHeHHsI
Lu=f (9.2.3)

HaXOLUTCS B BUJE

u=~E&xf. (9.2.4)
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HMoxka3sareabctBo. Vcnonbays cBoiictBa (8.2.11)-(8.2.15) cBepTKH, MBI HMeeM:
=LE«f)=(LE)«f=0xf=f.

9.2.3. IIpuiaoxkenne k ypaBHeHuro Jlannaca. PaccmoTpum ypaBHeHue Jla-
njaca ¢ NPOM3BOJLHBIM UMCJOM 1 > 3 mepeMeHHbx = = (2!, ..., 2"):

Au = Z ui; = 0. (9.2.5)

i=1

Cummetpun ypaBHeHHs (9.2.5) o6pasyioT KoHeuHOMepHYIO anre6py Jlu, Hars-
HYTYIO Ha OrepaTopbl

0 ;0 ;0
X’L _- —, X Z—.,
oz’ 8x ~ Y D
Y, = (Qxixj - |x|25ij) i + (2 = n)z'u 9 (9.2.6)
' oxJ ou’
0 0 .
Zl—xai, Zg—ua—u (i,j=1,...,n)
1 GeCKOHEUHOMEpPHYIO anredpy ¢ reHepaTopoM
0
X =7— 50’

rie 7 = 7(x) — MpoU3BOJIbHOE peliieHue ypaBHeHus Jlammaca. M3 artoro caenyer,

4TO MBI MOXKeM M0JI0XKHUTb 7(x) = 0 U UCI0/b30BaTh TOJbKO reHepatopsl (9.2.6).
Haiinem ¢yunamentanbroe petterne £(z). C 3TOH LeNbI0 MOXKHO MPUMEHHUTh

MPUHLIMI HHBAPUAHTHOCTH K ypaBHeHHI0 (9.2.2) 11 QyHIaMeHTaNIbHOrO pelleHus:

AE = §(). (9.2.7)

A uwmenHo, Oynem paccmaTpuBaTh ypaBHeHHe (9.2.7) Kak 3agadyy ¢ TpaHHUHBIM
ycsioBreM, ob/anamllyio GUKCHPOBaHHOH 0co00i TOYKOH (B Havyaje KOOpAHMHAT),
rne naHa Jd-pyHkuus. Jlns Havajma Beimes UM u3 onepatopoB (9.2.6) Te omepa-
TOpbI, KOTOpbIE OCTABJSIOT HMHBapUaHTHOH ocobyio Touky = = 0. Jlerko BHIeTb,
YTO 3TOMY CBOHCTBY YIOBJIETBOPSIIOT Bce omepatopbl (9.2.6), Kpome reHepaTopoB
ememtennsi X; (i = 1,...,n). Ilna reHepaTopoB BpalleHHs XJ ¥ pacTsKeHHs]
Z| U Zy 3TO OUeBHAHO, a TO, YTO TECT I/IHBapI/IaHTHOCTI/I Y1( )‘x:O =0 na Y;

BBINIOJIHSIETCS, CleayeT U3 ypauenus Yi(zF) = 2ziak — |z]?6%.

Bepuemcsi kK uHBapuaHTHOCTH ypaBHeHus (9.2.7). [Ipexne Bcero, 3aMeTHM, 4TO
ypasHenHe (9.2.7) nonyckaet onepatophl X;;, MOCKOJIBKY Janaackan U d-(yHKLHs
SIBJISIFOTCS] HHBapUaHTaMHU 110 OTHOLIEHMIO K BpalleHHI0. YTo KacaeTcs ornepaTopoB
pacTsiKeHUs Z| U Ly, OHH He JOMYCKalTCs Mo oTaesbHOCTH. CJienoBaTeNbHO, Mbl
NpoBepsieM Ha WHBAPUAHTHOCTb JIMHEHHYI KOMOWHALHIO

7 =g % 4 ku (% - (9.2.8)

20 H.X. M6parumos
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[Tpomomxum omnepatop (9.2.8) Ha BTOpble TMPOU3BOAHBIE Uj; W PACLIMPUM €ro
JeicTBHe Ha 0-QYHKLHMIO B cOOTBeTCTBUH ¢ (8.4.23). 3ameuasi, 4To B 3TOM Clyuae
Mbl umeeM D;(£') = n, ¥ BBINOJHSS MPOAOIKEHHE, Mbl TIOJy4aeM OIepaTop

Z=2' 2 vk ? -t L - 2uy L —ns L (9.2.9)

o du du; Y Guy " s

Orclona cnenyet

Z(Au—0) = (k — 2)Au + nd.
Takum o6pa3om, ycioBHE HHBADHAHTHOCTH 3aMMCBIBAETCS B BUIIE
Z(Au—0)|y,_5=(k—2+n)5=0
u naet k = 2 — n. Wrak, ypaBHenue (9.2.7) monyckaeT cJeIyiolIle ONePaToOphl:

a.—mli, Z =z a.—l—(2—n)ug~ (9.2.10)
ox’ oxJ ox' ou
AHasorMyHO MOXKHO MPOBEPUTDb, YTO OMEPaTopsl Y; Takke momyckaiorcs. Ho Ham
OHH He MOTPeOyIOTCs, U Mbl OyleM pacCMaTpHBaTh UX KakK U30blMOUHYH cUMMENn-
puto (PyHIAMEHTAJbHOTO PeLleHHs .

B cooTBeTCTBUM C MPUHIMIIOM HHBAPHAHTHOCTH Hai[eM WHBAapHAHTHbIE pellle-
HUA ypaBHeHHs (9.2.7) mo oTHoweHuio K reHeparopam (9.2.10). T'enepatopel X;;

Xij = g7

2
MMEIOT [1Ba He3aBHUCHUMbIX WHBapHaHTa, a UMEHHO U U T = \/(xl) e O
3anuiieM oreparop Z 4yepe3 3TH HHBAPHAHTHI:

0 0
Z—ra—l—(Q—n)u%,
u pemnm ypasenue Z(J(r,u)) = 0, 4TOGH MOJSY4MTH C/IENYIOUMH HHBAPHAHT

st onepatopos (9.2.10):

J=ur" 2,
WuBapuanTtHoe pellenue npeactaBuM B gopme J = C' = const, oTKyzna
u=Cr* " (9.2.11)

W3 pasnena 8.3 mbl 3HaeM, uto (yHKuHUs (9.2.11) ynoBjeTBopsieT ypaBHEHHUIO
(9.2.7) ¢ TOUHOCTBIO 10 TOCTOSTHHOI'O MHOXHUTeJss. A uMeHHO, cpaBHeHHe (9.2.11)
¢ (8.3.8) naet caenytoiiee sHaueHue KoHCTaHTH ('

1
(2—n)w,’
rJle Wy, €CTh MJOLIaAb MOBEPXHOCTH eluHUYHOH cdepbl. Takum obpaszom, (yHaa-
MeHTaJsibHOe peliieHue &, ypaBHeHus (9.2.5) npu n > 3 umeer Bun (cp. ¢ (8.3.12))

C =

1 2—n F(n/Q) 2—n
En=—— =1 . 9.2.12
" (Q—n)wnr 2(2 —n)ymn ' ( :
[TonBenem utor: Pyrdamenmarvroe pewierue ypasuerus Jlansaca (9.2.5)

onpedeasemcs ycio8ueMm UHBAPUAHMHOCMU C MOYHOCMbI0 00 NOCMOSHHOEO
mHoxucumens. Ypasrenue (9.2.7) uepaem poarv moavKO Ycar08Usl HOPMAAUSAUUU.
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Ananorn4yHo, NPUHLUMUI HHBAPHAHTHOCTH MOXHO NMPUMEHHUTb B Caydae n = 2 U
nofyuuTh (pyHaameHTasbHoe pererue (cp. ¢ (8.3.13))

1

E=—lInr (9.2.13)
27
ypaBHeHus Jlamsaca B caydae ABYX mepeMeHHbIX (5.2.25),
AU = Ugg + Uyy = 0. (9.2.14)

B ¢usnueckn BaxkKHOM cjydae Tpex MepeMeHHbIX, n = 3, dopmynaa (9.2.12)

naet (yHaaMeHTasbHOe pelieHue (cp. ¢ (8.3.13))
£ = 1 (9.2.15)

4rr
IJ151 TIPOCTPaHCTBeHHOro ypaBHeHus Jlansaca (1.3.20),

AU = Ugy + Uyy + Uz = 0. (9.2.16)

9.2.4. IlpnnoxeHue K ypaBHEHHIO TEILIONPOBOIHOCTU. PaccMoTpuM ypas-
HeHHe Ter/IoNPOBOIHOCTH C 1 IPOCTPAHCTBEHHBLIMK MepeMeHHbIMU o = (z!, ..., 2™):

ur — Au =0, (9.2.17)

rie A — m-MepHBIH JaniacuaH B ' (cM. ypasHenue (9.2.5)).
Cummetpun ypaBhenus (9.2.17) oGpasywoT KoHeuHOMepHYI0 anre6py Jlu, Ha-
TSIHYTYIO Ha OIMepaTopsbl

_ 0 _ 90 g9 i 9
Xo= o’ Xi = oz’ Xij=2 oz’ v ox?’
s, 0 ; 0 0 o o ;0
Z1—2ta+x pys ZQ—U%, Zoz—Qtaxi xu%,
_ 20 ;0 _l( 2) 9
Y=t 5 +tx o7 T d 2nt + |z| uge (9.2.18)
1 6eCKOHEYHOMEpPHYIO aare6py ¢ reHepaTopoM
0
X‘I‘ —7—%,

rae 7 = 7(t, ) — NPOU3BOJIbHOE pelleHHe YPaBHEHUs TEIJIONPOBOAHOCTH. [lycTh
7(t,x) = 0. Ucnonbayem Tosbko renepatops (9.2.18).
Ypasuenne (9.2.2) pyunamenrasnpHoro pewenust E(t, ) UMeeT BUL

£ — AE = 5(t, ) (9.2.19)
U ABJIFIETCHd I/IHBapI/IaHTOM I‘pyHHbI CcO C.He[lyI'OLU.I/IMI/I I‘eHepaTOpaMI/I:
9. d o, 0
R N R N R A
Xij=u Py T Rk Zoy; = 2t oy z'u 50
Zend pi 2 2. (9.2.20)

ot ox’ ou

YpaBHenusi (9.2.20) mosy4alTcs MOBTOPEHHEM MPOLEAYPHI, HCI0JMb30BaAHHOM
B caydae ypaBHeHus Jlamsaca. A uMeHHO, UX BbIOHMpaiOT U3 reHepaTopoB (9.2.18),

20*
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Tpebysi BBHIMOJHEHUS] YCJIOBHsl MHBapuaHTHOCTH Toukd (t = 0, x = 0) u uHBapu-
aHTHOCTH ypaBHeHus (9.2.19).

[IponeMoHCTpUpYeM MpUMeHEeHHe TMPUHLIKIA MHBapHaHTHOCTH. MHBapuaHtamu
reHepatopoB X;; fBasOTCS t, r, u. B mpocTpaHCcTBe 3THX MHBAapHAHTOB OINepPaTo-
pBl Zj; 3alKCHIBAIOTCS B BUE

N

Pewrasi ypaBuenusi Zy;(J) = 0, Mbl mo/lyyaem [Ba WHBapHaHTa BpallleHHs] U Tpe-

. 2 .
obpasoBanuil lanunesi, a umeHHo ¢t u p = e” /(42), [lepenucwiBass mocjaenHUH
onepatop (9.2.20) B 3TUX UHBapHAHTaX:

o) 0
Z=0% npo
t ot~ "P Op
u petast ypaBHenue Z(.J) = 0, Mbl mosiyuaeM C/eyIOLHH HHBAPHAHT:

J = u(\/% )neTQ/W).

I/IHBapI/IaHTHOG pelieHre onpeneadeTcsda ¢ NOMOLIbIO J = const, TO eCTb UMeeT BH]

C )
u = e , t>0.
(V)
Mpr paciinpsiem ero Ha o6sactb t < 0, mosnaras v =0 npu ¢t < 0. Hpyrumu
CJIOBAMH:
w= GO rar) (9.2.21)
(V)

roe 0(t) — dyuxuns Xesucaiina (8.1.5) ot ¢. Ypasuenue (9.2.19) cHoBa urpaer
pOJIb YCJIOBHSI HOPMaJIH3alli. A UMEHHO, B CJedyiolleM pasjese OyaeT MmokasaHo,
uro C' = (2y/m )™". Takum o06pa3om, Mbl NPUXOAUM K CjelywLleMy ¢yHaa-
MEHTaJbHOMY PELIEHHIO YPAaBHEHHUsI TEIJOMPOBOAHOCTH C 7. MPOCTPAHCTBEHHBIMU
repeMeHHbIMH: o)
_ v 24
En )" e : (9.2.22)

9.3. 3agaua Komm a1a ypaBHeHUS TeNJIONPOBOIHOCTHU

B aToM paspmese Mbl BBeoeM KOHIEMIHMIO (PyHAaMEHTAJbHOIO peIleHUs [JIs
3amaud Kolld ¥ BBIYMCAMM €ro /sl YpaBHEHHS TEeIJONPOBOIHOCTU C HCIOJb30-
BaHMeM MPHUHLMUNA MHBAPHAHTHOCTH. M3 3TUX BbIYMCJEHHH cjenyeT, 4To 3 deKT
TEMJIOBOH TU(P(PY3UH MOXKET ObITh MPSIMO MOJyUeH U3 MPUHLHUINA HHBAPHAHTHOCTH.

9.3.1. dyngameHTaabHOe pemeHne 3agaun Komwu.

Onpepeaenne 9.3.1. Pacnipenesnenne FE(t,x) HasbiBaeTcsi pyrOAMEHMANbHOIM
pewenuem 3adauu Kowiu 17151 ypaBHEHHsl TeIJIONPOBOLHOCTH, €CJU OHO pellaeT
CJIeAYIOILYIO 3334y C HauaJbHBIMH YCJIOBHSIMHU:

E,—~AE=0, E|_,=0d(). (9.3.1)
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Teopema 9.3.1 (Cwm. 3anauy 9.7). Ilycts E(t,2) — ¢yHaaMeHTaJIbHOE pelleHHe
3anaun Kouru. Torpma pemenne 3agaun Komin

up — Au =0, u‘tzo = ugp(x) (9.3.2)
HaXONUTCS CBEPTKOH F W HavyaJbHOH QYyHKUHH Ug(x):
u(t,x) = E*xug = J uo(&) E(t,z — &) d¢. (9.3.3)
R’Vl
Teopema 9.3.2. Ilycts FE(t,z) — d¢yHaameHTanbHoe peleHue 3anaud Koruu
u 0(t) — ¢ynxuust Xesucaitna. Torna
E=0(t) E(t,x) (9.3.4)

ecTb (DyHAAMEHTaJbHOE pelleHHe yPaBHEHHsi TEIJIONMPOBOLAHOCTH, TO eCTb & —
—AE =(t,x).

Jloka3areabcTBO. JleliCTBUTE/NbHO, MBI HMEEM:
E—AE=0'(t)E(t,x) +0(t) (B, — AE).

Otcioma, ¢ yuyerom ypaBHeHud (9.3.1) u ¢ wucrnosb3oBaHueMm cBOHCTB (8.2.4),
(8.2.2) u (8.2.8) pacmpenenenust, Mbl B KOHEUHOM CYeTe MPUXOAHWM K YPaBHEHHUIO

(9.2.19):
& — AE = 3(t) E(t,z) = 5(t)E(0,2) = 6(t) ® 6(z) = 8(¢, ).

9.3.2. Ilonyuenue (pyHaaMeHTaJbHOro pemeHus 3agaun Komwu w3 nmpun-
IMna WVHBaPUAHTHOCTH.

Jlemma 9.3.1. Asnre6pa Jlu, momyckaemasi 3amaded ¢ HayajbHBIMH YCJIOBHSIMH
(9.3.1), HaTsHyTa Ha caenyolre ornepatopsl U3 (9.2.18):

X,;j, ZO@" Z] — nZQ, Y, i,j = 1, Ly N (935)

HoxkasareabctBo. [lockonbky anre6bpy L nomyckaer auddepeHiiMaibHOe ypaBHe-
Hue (9.2.17), MOXKHO paccMOTPeTh TOJBKO MHBAPHAHTHOCTb HaYaJsbHbBIX YCJIOBHH.
B sroii 3amaue HauanbHOe MHoroo6pasue S ompenensietcss ¢ nomouibio t = 0.
Jlanee, MHBapHAHTHOCTb HavyaJsbHBIX ycjaoBuid (9.3.1) mpennosaraet, B 4aCTHOCTH,
4TO HOcHTeNb 0(x), To ecTh Touka x = 0, ocTaercsi Heu3MeHHOH. Takum 06pasom,
onpeneneHue 9.2.1 Tpebyer uHBapuaHTHOCTH ypaBHeHu# t =0 u x = 0. dto Tpe-
6oBaHue yOupaet u3 anre6pol L omepatopsl cmemmenus X;, Xg H, CJIeI0BaTeNbHO,

ymenbiaer (9.2.18) no
Xij, Zoi» 21, 2y, Y.

Hauanenoe ycnosue (9.3.1) — unBapuaHT a4 onepatopoB X;j, Zo; u Y. OHo He

SIBJISIeTCS] MHBAPUAHTOM JIByMEpPHOH a/jre6psl ¢ JUHEHHOH 060/104K0H £, Zy. Cile-

JI0BaTEJbHO, MBI IPOBEPUM TECT Ha WHBAPUAHTHOCTb AJIs1 JIHHEHHOH KOMOWHALHH
0 s,

(Z1 + k:Zg)!t:O =z pi + ku R k = const.
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[Ton neficTBHeM 3TOro onepaTtopa NepeMeHHas % M O-(DYHKLHS IOIBEPrarTcs
npeoOpa3soBaHUAM: _
u~u+aku, O=~0§—and.

U3 storo caenyer, uto U — 0 = u — 6 + a(ku + nd) + o(a) u 4rto
(= 5)|,_y = alk +m)b + ofa).

Hrak, ycnoBue nuBapuantHoct (9.3.1) umeer Bun k + n = 0. Takum oGpasom,
Mbl TIPUXOAUM K omepatopam (9.3.5).

Teopema 9.3.3. PyHnameHTanbHoe perieHHe 3anaun Komu nss ypaBHeHUs Ten-
JIOTIPOBOIHOCTH C M TIPOCTPAHCTBEHHBIMH T€PeMEeHHBIMU HMeeT BU[

En(t, :L‘) = ﬁ e_TQ/(4t). (936)
™
E= U(t, IL') — 3TO €JUHCTBEHHAad prHKU,I/IH, KOTOpasi yAOBJIETBOPSAET HadajJbHOMY

ycaoButo (9.3.1) W sB/sleTCsl MHBAapUaHTOM TPYIIbl BpalleHHH, Npeobpa3oBaHUi
lanuies u pacTsiKeHUH ¢ UHPUHUTE3UMAJbHBIMH IeHepaTopaMu

Xz'j, Z()i, Z1 — TLZQ, i,j = 1, ey N (937)

JokasateabcTBo. OTMETHM CHayana, 4To (PyHKLHOHAJIbHO He3aBUCHMble HHBApPH-
aHTbl BpallleHUs — 3T0 ¢, r, u. 3aTeM Mbl 3alHCbiBaeM Or'paHUYeHHe OIepaToOpoB
[anunes Zy; Ha (YHKUUM OT 3TUX MHBAPHAHTOB CJENYIOIUM 00pa3oM:

. t 0 0
. — ? - R
Zoi =@ (2 ror " 8u) '

HasaBucHMbIMU HHBapHAHTAMK 3THX ONepaTopoB siBAsAwTCs t U p=u exp[r?/(4t)).
[Tocnennuit onepatop (9.3.7) 3amuiiercss B 3THX MepeMeHHBIX B BHJIE

0 0
Zl—nZQ—QtE—npa—p.

OH uMeeT TOJILKO ONMH He3aBUCHMBIH uHBapuaHt J = t"/2p=1t"2y exp[r?/(4t))].
Mbi 3aksodaeM, 4To o0iasi popmMa MHBapUAHTHOH GyHKUMH F = u(t,z) mMoxer
ObITh TOsyyeHa U3 ypaBHeHus J = C, oTKyna

e )

- n )
(V)
[Tonarasi B aToMm BeipaxkeHuu t — 0, yunuThiBasi HauabHble ycaoBus (9.3.1) u ypas-

Henue (8.1.12), mbl noayvaem C = (2\/%)—@ Takum o6pasom, MBI MPUXOAHUM
K (9.3.6).

3ameuanue 9.3.1. OynnamenranbHoe perienue (9.2.22) ypaBHeHHSI TemJONpo-
BOJHOCTH HaxoAuTcst noactaHoBKod (9.3.6) B ypaBHenue (9.3.4).

9.3.3. Pemenue 3amaun Komm. Ypasuenus (9.2.22), (9.3.6), (9.3.3)
1 (9.2.4) nawoT crenyomnd pe3yabTar.
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Teopema 9.3.4. ®ynnameHtanbHoe pelleHre & YpaBHEHHS TeMJIONPOBOLHO-
ctu (9.2.17) u ¢yHnameHtasbHoe pelieHue F 3amaun Kowmd [/si ypaBHeHHSs
TETJIONPOBOAHOCTH UMetoT BUL (9.2.22)

py

u (9.3.6) |

_ —r2/(4t
E(t,x) = W@ /()
cooTBeTcTBeHHO. Pemenue 3agaun Komu (9.3.2),
up — Au =0, u|t:O = ug(z),
C HEMpepBIBHBIM HayasbHBIM YCJIOBHEM ug(xz) ompenessieTcsi chaenywouied hop-
MYJIOH:

! o - §|2>
ut,r) = ——— | u e ——|d§, t>0. 9.3.8
(t.2) WE)RJ o(©) exp (25 Y 038)
Paccmotpum 3anauy Kot mjisi HEOMHOPOIHOTO YPABHEHHs! TEMJIONPOBOAHOCTH:
u — Au = f(t,x), ul,_,=uo(z), (9.3.9)

C ABaxKIbl HempepbiBHO nu(pdepeHunpyemoit pyHukuuei f(t,x) (¢t > 0) u Hempe-
PBIBHBIM HauaslbHBEIM ycjoBHeM ug(x). Perenue 3anaun (9.3.9) umeer Buz

¢
— f(7.6) —|z — ¢
u(t,x) = J J m exp (W) dédr +

RTL

! —lz — ¢
—— ————]d¢, t>0. 9.3.10
! (2v/nt ) RL wle) exp ( 4 > ¢ g ( )
9.4. BoJsHoBOe ypaBHeHHe

9.4.1. IpenBapurtensHbie cBegeHus o audgepeHUANBHBIX (opMax.
[ycts ¢ = ¢(x) — muddepennupyemas dynxuus, rae = = (x', ..., 2"). dudde-

peHLHUas OT ¢ .
a9 .
dp = - dx’

MOXeT ObITb MPEeACTaB/JAeH B KOMIAKTHOH (hopme

d¢ = ¢; da’,
rae ¢; = 0p(x)/0z". Tlosesno caenyiouee 06o6ieHue aUpdepeHIHana.
Onpenenenne 9.4.1. Jugpgepenyuarvnan 1-¢popma ectb BblpaxKeHHe

w = ai(z) dzt, (9.4.1)

roe a;(x), i = 1,...,n, — NpOU3BOJbHBIE (PYHKIHH.
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Ecnu, B yacTHOCTH, KOI((PHULUHEHTH! a;(X) — YacTHbIE MPOU3BOAHBIE (YHKIHH
¢, Torna 1-¢popma w ectb auddepeHunan, a UMeHHO fU(ppepeHUHAT PYHKLUU @:

w = do.

[Tyctb S — MOBEpXHOCTb B TPEeXMepPHOM TMpocTpaHcTBe (z,y, 2). O6o3HAUHM
dS anemenm naowadu nosepxrocmu u v = (v!, 1%, %) — enuHUUHYIO BHEIIHIOW
HopManb K dS, rme v!', v? u v® — KOMNOHEeHTH BeKTOpa V' BIOJL OCeH Z, ¥
U 2z COOTBETCTBEHHO. B TeopuH MOBEPXHOCTHBIX HHTErPajioB OOBIYHO HCIIOJb3Y-
10TCsl 0003HaYEeHHUS] OPUEHTHPOBAHHBIX MOBEPXHOCTEH U 3J1€MEHTOB MOBEPXHOCTEH.
A uMeHHO, aaemenm opuenmupos8anHol nosepxnocmy (M3BECTHBIH TaKXKe Kak

dNeMEeHM BeKMOPHOL NAOW,AOL) OTIPENEISIETCS CEAYIOUMM 00pa3oM:
vdS = (v'dS, v*dS, v3dS).

Ero KoMroHeHTaMH SIBASIIOTCS MPOEKLUHH BeKTopa dS Ha KOOPAMHATHBIE MJIOCKO-
et (y,2), (z,x) u (z,y) coorBercTBeHHO. J{JIsi MX 3aMKCH MPUMEHSIETCS CJeNYO-
ee o6o3HayeHue (cp. ¢ pasaesnom 1.3.4):

vidS = dy Ndz, 1V2dS =dzNdx, 1v3dS =dx Ady. (9.4.2)

D10 00603HaUeHHe MPEAIoJaraeT, 4YTo Mbl HCIOJIb3yeM OpHeHTalHio Ha dS, coria-
cysicb ¢ OOBIUHOH MpaBOd TPOUKOH BeKTOPOB dx, dy, dz. Ecau uaMeHsieTcsi opreH-
Talusi, TO MEHSIOT MECTAMHU Y U 2 U 3aMEHSIOT v'dS uwa —v'dS. Takum obpasom,
dz Ndy = —vldS, u, cnenoBaresnbHO, HEOGXOLUMO BeIOpaTh dy A dx = —dx A dy
" T. 1. BHeliHee npousBeneHre dy A dz COOTBETCTBYeT BEKTOPHOMY IPOU3BEIEHHIO
BekTopoB dy ¥ dx, HanpaBJieHHBIX BJOJIb OCeH Y M & COOTBETCTBEHHO.

B cnyyae m He3aBHCHMBIX NepeMeHHBIX ' 0000lleHHe MPOAEMOHCTPHUPOBAH-
HOTO BBILIE MOCTPOEHUS NPUBOAUT K (DOPMAJIBHOMY BHEULHEMY YMHONCeHUo N,
NOTYUHSIOLIEMYCS TIPABUITY

de' A da? = —da? A do (9.4.3)
(B wactHoCTH, dx' A dz' = 0).

Onpenenenue 9.4.2. [uggepenyuarvrnan 2-¢popma ecTb BelpaxKeHHe

n

w= Z aij(z) dz* A da?, (9.4.4)
ij=1
rae aij(z), 4,7 = 1,...,n, — npousBobHble (QyHKUHH. B orimume or cBoiicTBa
(9.4.3) BHewHero npousBenenus, cymma (9.4.4) moxeT ObITh NpHBENEHA K BUIY
w= Zaij(a:) dxt A da. (9.4.5)
1<j

Onpenenenune 9.4.3. [ugpgepenyuarvras p-gpopma (kopoye — p-popma) Hme-
eT BUJ 4 '
w= Y ai_i(x)da" A Ada'r, (9.4.6)

11<...<ip
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rme z = (z!,...,2"), dov = (dz',...,d2™) u ;.. ,(x) — HenpepbiBHO AH(-
depenuupyembie (pyHKIHH. CyMMHUPOBaHHE PACIPOCTPAHSIETCS Ha BCe 3HAYEHHS
U1,...,% = 1,...,n TaKkue, 4TO BBINOJHEHO 1] < -+ < 1y,

Hcuucrenue sHewnux dugepenyuaros cBsizaHo C omepauusMu ¢ audde-
peHLHaSbHBIMU (POPMaMH W OIpelessieTcss C MOMOIbI0 (DOPMANBHOTO BHEUlHeeo
ymHoxcenus A\, noqunHsiouierocs 3akony (9.4.3), u snewneeo ouggepenuuposa-
HUsl, OTIpPele/IeHHOTO CAeAYIOLUM 06pa3oM:

— dai,...i, . i i
dw:' lewdﬂ/\dz‘l/\---/\dw”. (9.4.7)
11<...<ip j=1
B coorsercrBuu ¢ (9.4.7) nudpdepenunan dw ot p-hopmbl w sBasercs (p+ 1)-

¢dopmoii. Buemnne nuddepeHuupoBaHHe W yMHOXKeHHE (HOPM YIOBJIETBOPSIOT
CJIeyIOIHUM NPaBUIaM:

d?w = d(dw) =0, (9.4.8)
wAn=(-DMnAw, (9.4.9)
dwAn)=dwAn+ (—1)Pw Adn, (9.4.10)

rIe w ecTb p-popMa u 1 ectb g-popma. Eciu p = n, to awbas n-dhopma 3amnuck-
Baercst w = a(x)dx' A--- Adz™ u ee uHTerpas onpeenserTcs BhlpaxKeHHeM

Jw:Ja(x)dxl...dx”. (9.4.11)
Onpenenenue 9.4.4. ToopaT, 4To PopMa w 3amKHyma, ecin
dw =0, (9.4.12)
U mounas, ecau cyuiectsyet (p — 1)-popma 7, Takas, 4yTo
w = dn. (9.4.13)

YpaBuenue (9.4.8) nokasbiBaet, uto Jbas TouHas (opMa sBSETCS 3aMKHY-
Tod. CorylacHO c/enyIolleMy TOJIOKEHHIO, M3BECTHOMY Kak Teopema I[lyaHkape,
CIpaBe/l/IMBO U 00paTHOE yTBep:KIeHHe.

Teopema 9.4.1. [TuddepenunanbHas GopMa w 3aMKHYTa, €CJH U TOJBKO ec-
JI1 OHA SBJISETCS JIOKAaJbHO TOYHOH, TO ecTb ypaBHeHHe (9.4.13) BbimosiHseTcs
B OKPECTHOCTH TIPOU3BOJIbHOH TOUYKHU X.

IIpumep 9.4.1. B o6o3HaueHun ncyucaeHus: BHelllHero AnddepeHrana onpene-
Jenue 3.2.1 ToyHoro ypaBHeHus (3.2.3) 03Ha4aeT, YTO JieBasi 4acThb

w= M(z,y)dr + N(z,y)dy
ypaBHeHus1 (3.2.3) ectb TouHas l-popma (cp. ¢ (9.4.1) mpu n = 2), To ecTb
w =d®. C yyerom (9.4.7) u (9.4.3) nuddeperunan oT w NPUBOAUTCS K BULY

b — (aN oM

= (5 - 6_y) dz A dy. (9.4.14)
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[Tockonbky Teopema 9.4.1 ycTaHaBAMBAET, UTO TOYHOCTD W SKBUBAJIEHTHA YCJIOBHIO
dw = 0, To ypaBHeHue (9.4.14) npencrapisier coboi Kaaccuyeckoe ycioBue (3.2.6)
TOUHOCTH.

KoHuenuust nHTErpupyomero MHOXKHUTe s, obcyKaaBmascs B pasnene 3.2.3,
TaK)Ke TMpHMeHHMa K AuddepeHIHanbHBIM (GopmMaM. A HMEHHO, Mbl TOBOPHM,
4to p(x) — MHTErpUpYIOLIHE MHOXHTe b NudhepeHIHaNbHOH (OPMBI w, €C/H
d(pw) = 0. B cooTBeTcTBHM ¢ pe3y/bTaToM pasiena 3.2.3 HHTErpPUPYIOLIHE MHO-
JKUTeJb CYLIECTBYeT AJS J1000# 1-popMbl.

Hcuncnenve BHelnHero auddepeHrasa Mo3BojseT 0000MIUTh TPU KJACCH-
yeCKHe HHTerpasbHble TeopeMbl pasfena 1.3.4 Ha uHTerpanbl GoJiee BBICOKOH
Pa3MepHOCTH CJEYIOLUM 00pa3oM.

Teopema 9.4.2. Ilycte V — p-mepHoe MHOroo6pasue (Hanpumep, V — p-MepHas
o6JacTe B N-MEpHOM eBKJIMI0BOM mpocTpaHcTBe R™, p < n) c rpanuued OV,
U nycTh w siBasiercst (p — 1)-opmoii. Torna nmeer mecto caenyioliasi gpopmyra
Cmoxkca:

w= de. (9.4.15)
)% \%4

Y6enumest, uto ypaBHeHHe (9.4.15) MpUBOAMTCS B YAaCTHBIX CaydasX K Teope-
MaM I'puHa, CToKca M IMBEepPreHTHbIM TeOpeMaM.

Bbisod meopemst Ipuna. B stom ciyyae V — mBymepHas obnactb B RZ.
Pacemorpum 1-hopmy

w= P(z,y)dr + Q(x,y) dy. (9.4.16)
Bremnee nuggepenunponanue (9.4.7) naet:
dw = 8_d /\dx+a—dy/\d +—Qda;/\dy~|——Qdy/\dy,
OTKY/a, HCIIOJb3Ys1 CBOMCTBO (9.4.3) BHELIHET0 YMHOXKEHHSI, OJNydaeM:
_(0Q 0P
dw = (8_:v 5 )d 2 A dy. (9.4.17)

[ToncraBasist (9.4.16) u (9.4.17) B (9.4.15), yuutsiBas onpenenenve (9.4.11) un-
Terpajos oT AuU(QepeHIHATbHEIX (OPM, IPUXOAUM K ypaBHeHHIO ['prHa (1.3.16):

J P(z,y)dr + Q(z,y)dy = J (?)_Cj 88P> dx dy.
ov \%4
Bo1600 meopems. Cmokca. Ilyets V. — nBymepHas o6aactb B R3 u mycts
w=P(z,y,z)de+ Q(x,y, 2) dy + R(z,y, z) dz. (9.4.18)
[Tpumensis BHemiHee nu¢pdepenuupoBanre (9.4.7) v yuuTsiBasi, 4To

dr Ndx =dyANdy =dzNdz =0,
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noJiydaem:

dw = a—Pd A dx +8—dmd + Qdmdy+

de/\dy—i—a—dm/\dz—i—a—dy/\dz

HJIHN
dw = (g—f—g—P>d A dy +(g§ a‘j)dyAdz+
+<8P OR

5 - a_> dz A da. (9.4.19)

[ToncraBasis (9.4.18) u (9.4.19) B (9.4.15), npuxonum K ypaBHenuto (1.3.17).

Bobi6od meopemvt o dusepeenyuu (dimV = 3, V C R3). Iepenucas sesyio
yacth ypaBHeHusi (1.3.18) ¢ wucnosnb3oBanuem ypaBHeHHH (9.4.2), paccMOTpUM
caenymuyo 2-hbopmy

w=AYdy ANdz+ A% dz Ndx + A3 dx Ady = (A - v)dS. (9.4.20)

[Tpumensis  nuddepenuupoBanne (9.4.7) W yuuThiBasg, UTO, HANpHUMep,
dy A dy N\ dz = 0, nosydaem:

l 2 3
dw = %dxAdyAdz+%idyAdzAdx+aaidmdmdy
Hcnonb3ys cBoiicTBo (9.4.9), MOKHO 3amucarh:
dw=divAdx Ady A dz. (9.4.21)

[ToncraBnss (9.4.20) u (9.4.21) B (9.4.15), npuxonum K ypaBHenuto (1.3.18).

9.4.2. [lonmoJHUTeJbHbIE YpaBHEHUSl C pacrmpeieneHUuaMH. PaccMoTpum
noBepxHocTb B R™, 3amaBaemyio ¢yHkuueir P(x) = 0 mpu ycaosuu, uto P(z)
HerpepblBHO nuddepeHunpyema. [Ipennonoxum, uro VP # 0 Ha 1NOBEPXHOCTH
P(z) =0.

Omnpenenenne 9.4.5. Dopua Jlepe ([16, ri1. 1V, §1]) na nosepxuoctu P(z) =0
ectb (n — 1)-hopMa w, yroBJIETBOPSIIOLIAS CIEAYIOUIEMY YPABHEHHIO:

dP Aw =dx' A+ Ada".
Ona moxet ObITb MpencTaBieHa B gopme (cM. [16])

= dz' A ANdzT AR TN A da

w= (-1 P

(9.4.22)

115 06010 DUKCHPOBAHHOTO 4, Takoro, uto P; = dP(x)/dx" # 0.

Gynkyus Xesucarida O(P) na nosepxnoct P(x) = 0 ompenessietcs ¢ 1o-

MOLLBIO
1, P=>0,

9<P>:{0, P<0
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Ona MoxeT ObITh OTOXKIECTBJEHA C pacnopeneseHueM

(0(P),¢) = J o(x) dx. (9.4.23)
P>0

d-¢pynryus Jupaka 6(P) Ha noBepxHoctu P(x) = 0 onpenessieTcsi ¢ MOMOIIBIO

(0(P), ¢) = J pw, (9.4.24)
P=0

rie w — dopma Jlepe. DTH nBa pacnpeneseHusi CBsi3aHbl ypaBHeHHeM (8.2.4):
0'(P) = o(P). (9.4.25)

Hcnonb3ys npuBeneHHble pacrpenesieHHsl, Mbl MOxeM C(OpPMYJHUPOBaTb U pe-
WIATb JOnoAHUMmMEeAbHble Ouheperyuanrvible ypagHeHus, a UMEHHO ypaBHEHHS
TepBOro nopsiika, comepxalive pacrpeneneHns. OHH MOT'YT ObITb MOJYYeHBl MPH
pewenny 3anaun Kowu a1 BOJHOBBEIX ypaBHeHUH. HauHeM c mpocrefiiuero ypas-
HeHHUs] 3TOTO THNAa. A HMEeHHO, PACCMOTPUM ypaBHeHHe

2f =0 (9.4.26)

C OHOW He3aBHCHMOK nepeMeHHO# x. Ero eqHHCTBEHHOE KJjacCHUeCKOe pelleHHe
ectb f = const. OHO MMeeT, ONHAKO, NOMOJHHTE/bHbIE DELIeHHs B MPOCTPaH-
cTBe pacnpenesneHuil. [JleiicTBuTesibHO, BhGHpas «(x) = x B ypaBHenuu (8.2.2),
a(x)d = a(0)d, nonyyaem:

xd(z) = 0. (9.4.27)

YuursiBasi, uto ¢'(z) = 6(z), rne 0(z) — ¢ynkuns XeBucaiga oT OfHOH mepe-
MEHHOH T, Mbl 3aKJiouaeM, 4To ypaBHeHHe (9.4.26) nmeeT, B pacrpeleeHHUsIX,
pewenue f = 6(z), otauuHoe ot f = const. [lockosbky ypaBHeHue (9.4.26)
JIMHEeHHO, JHUHeHHass KOMOHUHALIUS

[=C10(x) + Cy (9.4.28)

MMeeT pelleHHe B paclpefe/ieHHsiX, COleprKallee [IBe MPOM3BOJbHbBIE KOHCTaH-
ol C1 u Cy. B caenytoueil Teopeme obobuarorest ypaBHenus (9.4.27) u (9.4.26).

Teopema 9.4.3. §-dbyuxuus Hupaxa (9.4.24) ynoBjeTBOpsieT CJAeYIOUUM ypaB-
HEHUSIM:
P§(P) =0, (9.4.29)

PS™(P) + md™D(P)=0, m=12,... (9.4.30)
HMoxka3arteabctBo. Vcnonbays onpenenenue (9.4.24), umeem:

(P6(P), o) = (§(P), Py) = J Pow =0,
P=0
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T0 ecTb ypasHenue (9.4.29). Ilanee, npeanonaras, uto OP/dz' # 0 (115 HekoTo-
PBIX ¢ 3TO MOXeT ObITb BbINOJHeHO Omaromaps ycaosuio grad P # 0), us (9.4.29)
noJyyaeM, ¢ TOMOIIbI0 AU(epeHIIUPOBaHUs M0 T*, YpaBHEHHE

oP oP

—6(P)+ P& (P)=— =0,

557 OF) + PO (P) 5
KoTOpoe mocse nefenuss Ha OP/Ox' naer ypasuenue (9.4.30) npu m = 1. ITocae-
nytoiire nuddepeHIHpoBaHus MPUBOAAT K ypaBHeHusim (9.4.30) mpu m = 2,3, ...,
4TO W 3aBeplliaeT 10Ka3aTesbCTBO.

Teopema 9.4.4. [luddepeHunanbHoe YpaBHEHHE TIEPBOTO TOPSAKA

Pf'(P)+mf(P)=0 (9.4.31)

HUmMeeT O606LLL€HHO€ pelieHne B pacnpeneseHrusax B BUAE
f=C10(P)+Cy npu m =0, (9.4.32)
F=C16"V(P)+CoP™  mpu m=12,... (9.4.33)

HokasareabcTBo. Mcnosnbsyem Tteopemy 9.4.3 u 3ameuaem, uto f = P ™ —
KJaccuyeckoe perierue ypasHenus (9.4.31). Bosee mogpo6Ho cMm., Hanpumep, [3].

9.4.3. CummeTtpuu u onpeaeneHne ¢GyHIaMeHTAJbHbIX pelleHNd IJis BOJ-
HOBOro ypaBHeHHsI. PaccMOTpPUM BOJIHOBOE ypaBHEHHE C HECKOJbKUMH IIpO-
CTPAHCTBEHHBIMHU TepeMeHHBIMH (CM. ypaBHeHHe (2.6.18)):

Ut — Au = O, (9434)

rie A — n-MepHBI JanachaH A8 MepeMeHHbX = = (x!, ..., 2").
CumMeTpuu BoJHOBOTO ypaBHeHHs (9.4.34) oOpasyroT KOHEUHOMEpPHYIO aJjred-
py J1u, HaTsgHyTYIO Ha omepaTopsl (cp. ¢ reHepaTtopamu (7.3.49) rpynmer JlopeHua)

0 0 .0 .0 0 .0
_9 -9 R R A —+ 9 i Y
Xo ot’ Xi ozt Xig = ox' o oxd’ Xoi taxl e ot’
(9 0 0
—(n—l)tug

81

2 g i
Y"_(tﬂx’)a 2t ou’
Y; = 2tx* ——|—<x

0

xd 2 i —

+ (t || )5 ) o7 —(n—Dz'u U (9.4.35)
roe i, j = 1,...,n, 1 6ECKOHEUHOMEPHYIO aJreGpy ¢ reHepaTopamu

0
X =71t z) =—,
T ( ) ou
rae 7(t, x) — MPOM3BOJIbHOE pelleHHe BOJHOBOrO ypasHerusi. [Tosoxum 7(t, ) =0
U HCIOJIb3YyeM TOJIbKO reHepatopsl (9.4.39).
YpaBuenue (9.2.2), onpenessioiiee GpyHaameHTanbHoe peienne E(t, ) BoHO-
BOTO YPaBHEHHSs, HMEET BU]L
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Hanum onpeneneHue (yHIaMeHTaNbHOrO pelleHHs 3anaud Komid ajs BOJIHO-
BOrO ypaBHEHUsS NONOOHO TOMY, KaK Mbl 3TO HeJsajd 1J/5 YpaBHEHHUS TelJonpo-
BOOHOCTH. 3aMeTuM, 4To obuiasg 3agada Kowu ¢ mpousBOJbHBIMU HadaJbHBIMU

YCJIOBHUSAMHU:
uy — Au=0, t>0,

ult:() = uO(I)’ ut‘t:O - ’LL]((L') (9437)
MOXeET ObITh CBeJleHa K CJeqyollel uacTHOH 3anade Komu:
ug — Au =0, u’tzo =0, ut}t:O = h(x). (9.4.38)

JleficTBUTENIbHO, HETPYOHO IIPOBEPUThH, UYTO CHPABENJIHMBO CJeAyIollee YTBep-
XIeHue.

Jlemma 9.4.1. Ilycrtb v(t, z) u w(t, x) — pewenus yactHo# 3agaun Kowu (9.4.38)
npu h(z) = up(x) u h(z) = uj(x) coorBercTBenHo. Torna dyHKuUHUS
ov(t, )

ot
siBJIsieTCs pelieHreM o6Ouie#t 3amaun Komu (9.4.37).

u(t,z) = w(t, z) + (9.4.39)

Omnpenenenne 9.4.6. Pacnipenenenne E(t,r) HasbiBaeTcss GyHAAMEHTAIbHBIM pe-
leHreM 3anauu Koun [Jisi BOJHOBOrO ypaBHEHHsI, €CJIH OHO SIBJISIETCS pelleHHeM
cJenyonleld JacTHoH 3anaun Koru:

Ey—AE=0 (t>0), E|_,=0, E,_,=26(x), (9.4.40)
rae
. _ ... O0E(tx)
Blico = Jim B(t.2). Bil g = lirm =5
Teopema 9.4.5. Ilycts E(t,z) — ¢yHzameHTanbHOe peleHue 3agadn Koruw.

Torna pewenue sanaun Komn (9.4.38) umeer BuA cBepTKH E W HavyasibHOH

e ) uft,2) = B ).

3ameuanue 9.4.1. [lycts E(t,x) — dyHnameHTanpHoe pelieHne 3agadn Koruw.
Torna & = 6(t) E(t,x) — ¢yHnamMeHTanbHOe pelleHHe BOJHOBOTO YpaBHEHHS,
10 ectb &y — AE = 0(t, ).

9.4.4. BoiBoa (pyHZaMeHTaJbHOro pemeHud. [locTymnas Tak e, Kak B pas-
nese 9.3.2, B COOTBETCTBHUHU C JieMMOH 9.3.1, MBI IPUXOAUM K CJIEAYIOLIUM pe3yilb-
TaTaM.

Jlemma 9.4.2. Ausre6pa Jlu, nonyckaemasi ypaBuenusimu (9.4.40) nast pyHnameH-
TAJbHOTO pellleHHs, HAaTSHyTa Ha cjaenyiomine ornepatopsl u3 (9.4.35):

Xij» Xoin Zi+(1=n)Zo, Yo, Yi, ij=1,..n. (9.4.41)

Mbi nonyuum (byHIaMeHTabHOe pelieHue 3agadu Koiiu aJisi BOJHOBBIX ypaB-
HeHUH npu HeueTHOM m. PyHIaMeHTaJbHOE pellieHHe AJIsi BOJHOBOIO ypaBHEHHS
[PH YETHOM 7 MOXKET ObITh MOJYYEHO C MOMOIIBIO MPOCTOr0 MeTOIa, U3BECTHOrO
Kak memod cnycka Anamapa. DToT Meton npenctasgaen B [1] (cM. takxke [11, 7]).
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Teopema 9.4.6. PyHpnameHTanbHOE pelleHHe 3ana4du Koiu asis BOJHOBOrO ypas-
HeHust (9.4.34) ¢ HeYeTHBIM UKCJOM MPOCTPAHCTBEHHBIX MepPeMeHHbIX UMeeT BHI:

By = g 0(t% ) mpn n=1, (9.4.42)
1
E; = o ) (t2 — 7“2) npu n =3, (9.4.43)
n—3
E, = ﬁ (5( 2 ) (t2 — 7‘2) npu n > 3. (9.4.44)

OT0 ycTaHaB/IMBaeTCsl OAHO3HAYHO C IIOMOLIbIO MPUHLHNA HHBAaPHAHTHOCTH.
A uwmenno, E(t,x), 3anaBaemoe ypaBHeHusmu (9.4.42)-(9.4.44), npencrassser
co00H eNMHCTBEHHOE paclpefiesieHue, KOTOpPOe sIBJsIeTCSl pellleHueM YacTHOH 3ana-
yu Komn (9.4.40) ¥ ciy>KUT WHBapUaHTOM TPYIIbI BpallleHUH, npeodpa3oBaHuil
JlopeHua v pacTsakeHHH ¢ UHQUHUTE3UMAJbHBIMU IeHepaTopaMu

Xij, XOi» Z1 + (1 - n)ZQ, i,j = 1, ey 1 (9445)

HokasareabctBo. ['enepatopnl X;j, Xo; Bpauenus u npeobpasosanus JlopeHua
MMEIOT J[Ba He3aBHCHMbIX HHBapHaHTa, u U p = t> — r2, rie r = |x|. OrpaHuunm

IeHcTBHe reHepartopa pactskeHus U3 (9.4.45) ¢ yueToM 3THX MHBapHAHTOB!
o) 0
Z1+(1—n)Z2—2pa—p+(1—n)u% (9.4.46)

¥ HallieM MHBapHaHThl pacrpeneneHu#l Buna u = f(p). TecT Ha WHBapHMAHTHOCTD
npu nedictBuu oneparopa (9.4.46) NpUBOIUT K OOBIKHOBEHHOMY HU(depeHIHalb-

HOMY ypaBHEHHIO
2p f'(p) + (n—1) f(p) = 0.

[Tosoxkum n = 2m + 1 u nepenuuem 3to B Buge (9.4.31):

pf'p)+mf(p)=0, m=0,1,....

O6liee peleHre 3TOr0 ypaBHeHHs HAXOAUTCS C ucrnodb3oBanuem (9.4.32) f(p) =
= C10(p) + Cy mpu m = 0 u ¢ ucnoaspsosanuem (9.4.33) f(p) = C160™D(p) +
+ Cop™™ npu m # 0. Takum oGpasom,

u = C| 9(p)+02 (n: 1),

u=C) 5(%3)(]9) + CgpFTn (n > 3).

Hauanbhble ycaoBus B (9.4.40), COBMECTHO C M3BECTHBIMH ypaBHEHHSIMH

1i (n_—3) _ li _
lim 62 (p) =0, lim(p) =0,
NPpUBOOAT K

1
Ci=——, (Cy=0.
Ve R

Takum o6pasom, Mbl oNyuuau yHAaMeHTanbHble pelieHus (9.4.42)-(9.4.44).



320 I'n. 9. Hpunyun unsapuanmuocmu u QyHoameHmarvHole peuierus

3amertum, 4to yuet ypaBHeHus (8.4.8) npusonut (9.4.43) k Bumy

1
Es=—1[6(t—r)—=46(t+r).
3= g (6t 1) = 6(t+ )

9.4.5. Pemenue 3amaunm Komu. Pemenue 3anaun Kouru nisi ogHomepHOro
BOJIHOBOTO ypaBHeHUsi uMeeT BuI (5.4.11). Mcnosnb3ys ¢yHnameHTasbHOe pelile-
HMe, MOXKHO MOJIYYHTb pellleHHe BOJHOBOTO ypaBHeHus B cayuae z = (z!,..., 2").
g chopmynupyto pesyabtaT npu n =3 U n = 2.

Teopema 9.4.7. Peuenue 3anauu Komwu

uy — K2Au = f(t, x), ul,_o=uo(x), u|,_y=ui(z) (9.4.47)
UMeeT BUL
1 o |1
ult,e) = 5 |5 w(§)dS+ o | - J uo(€)dS | +
|E—x|=kt |E—x|=kt
[ €= dg _
+ f(t _ ,5) e | o n=3, (9.4.48)
|E—z|<kt
1 d ) d
U(t,l') _ m J’ ul(ﬁ) f - T a J Uo(&) g - +
emil<ke VR = 16— ] e—al<kt VR — 1€~ 2]
t
+J f(r.§)ddr Cmpu n=2.  (9.4.49)
A

9.5. YpaBHeHHd ¢ TepeMeHHBIMHU KO3 pumueHTaMn

[TpyHUMI MHBapHAHTHOCTH TpPEACTaBJsSET cOO00H 3(P(PEeKTUBHBIH MeTOA MOJy-
YyeHHs (DyHIAMEHTAJbHBIX PelleHHH /s JHHEHHbIX YpPaBHEHUH C IepeMeHHbIMU
Ko3(pduuueHtamu. B kauecTBe npuMepa § NpeACTaBJs0 3/eCb (PyHIaMeHTaJb-
Hoe pelneHue ypaBHeHus1 Bieka—Illoynca, mosmydeHHOe ¢ MpUMeHeHHeM TPUHIHIA
uHBapuaHTHOCTH. B [39, r1.3] MOXHO HaliTH NpHUJIOKEHHe MPUHLUNA HHBapH-
AQHTHOCTH K T'HNEepOONHYECKHM ypPaBHEHHSIM C MepeMeHHBIMU Ko3((UIHeHTaMH,
a UMEHHO K BOJIHOBBIM YPaBHEHHSIM B KPHUBOJHMHEHHOM IPOCTPaHCTBE-BPEMEHH C
HeTPUBHUAJNBHOH KOH(DOPMHOH I'PYyTIOH.

dyHnameHTanpbHOe pelleHue 3amadu Kowwn pss ypaBHenuss baeka-Iloya-
ca (2.4.15) sBasietcs pacnpenesnenuem E(t, x; tg, Xg), YAOBIETBOPSIOWIUM CJEIy-
Iolled 3ajade ¢ Ha4a/bHBIMH yCJIOBHAMH:

E;+ %AQJ:QEW +B1E, ~CE=0 (t<ty), E|__, =dx—20). (951



9.5. 3adauu k erase 9 321

[IprMeHsisi TPUHIMIT WHBAPUAHTHOCTH, MOXKHO MOJYUHTb Cjefyioliee (pyHIaMeH-
TajbHOe perieHue (cM. [9] ¥ CUCOK JUTepaTyphl B KHHUTE):

1 (Inx — lnx0)2
E(x,t; 2o, tg) = ————r S S el VR
(x o 0) Azo /27 (tg—1t) P [ 2A2(t0 —1)
K? K A
_ <—2A2—|—C> (to—t)—P(lnx—lnxo)} K:B_7. (9.5.2)

3agauy K riaase 9

9.1. Ilonyuutb QyHmamentanbHoe peienue (9.2.13) ypaBHenus Jlamsmaca pis
ABYX MEPEMEHHBIX, Ugzy + Uyy = 0, ¢ IOMOLIbIO NPUHLKIA HHBAPUAHTHOCTH.

9.2. Jlokazatb cBoicTBO (9.4.8) B cayuae 1-popwmbl (9.4.16) nasi 1BYyX nepemeH-
HBIX.

9.3. Jlokasatb cBoiicTBo (9.4.8) B ciyuae 1-dpopmbr (9.4.18) nns Tpex mepemeH-
HBIX.

9.4. Jlokasatb cBoicTBO (9.4.8) B cayyae npousBosbHO# p-popmbl (9.4.6).
9.5. Jlokasatb cBoiicto (9.4.9).
9.6. JloxkasarTb crnpaBeluBOCTb ypaBHeHus (9.4.25).

9.7. Hokasatb Teopemy 9.3, To ectb ybenutbesi, uto ecau E(t,x) — dbyHnameH-
TaJibHOE pelueHue 3anaud Koluu nJist ypaBHEHHs! TEMJIONPOBOAHOCTH, TO CBEPTKA

u(t,z) = E*xug = J uo(y) E(t,x —y) dy
Rn
ABJsieTCs pelleHreM 3anaud Kowiu
u—Au=0, ul,_,=uo(z).

9.8. Jlokasatb Teopemy 9.4.5, To ectb yGenutbes, uto ecau FE(t,x) — dyH-
JaMeHTa/lbHOe pelleHHe 3agadd Kolid 1Jisi BOJHOBOTO ypaBHEHHS, TO CBEpTKa
u(t,x) = E * h sBasercs peweHueM 3afadn Komwu (9.4.38):

uy — Au =0, u’tzo =0, ut}t:O = h(x).

9.9. Hatitu pemenne (9.4.48) 3amaun Kowmm nnsi TpexMepHOro BOJHOBOTO ypaB-
HeHHSI.
9.10. Haiitu pewenue (9.4.49) sagaun Kowu aisi 1ByMepHOro BOJHOBOTO ypaB-
HEHHUsl, IPUMeHsis MeTol crycka pelneHus (9.4.48) TpexmMepHOro BOJIHOBOTO ypaB-
HEHHUS.

21 H.X. H6parumos
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Koncranra 17

— nBUXKeHUs 274

Koncranra unrerpuposanus 31, 38
KoncranTel abconoTHble 17

— NpoU3BOJIbHbIE 17

Kopotkue BosiHbEl 99

Kopresera—ne ®pusa ypasHenne 86
Koumu, O.J1. (1789-1857) 101
Kowu 3apaua 104, 311

— — JJ1s BOJIHOBOTO ypaBHeHus 174, 177
Koaddunnent gudopysun 85
Kponekepa cumBosnl 48, 177
Ky6unueckoe ypaBnenue 21

— —, IUCKPUMHHAHT 22

— —, Kapnano perienue 22

Jlarpanxuan 52

— peJsiTUBUCTCKHH 284

Jlannaca BekTop 62, 283

— WHBapHaHTH 167

— KackajaHbelid Meton 173

— ypaBHeHHe 46

— — ¢ aBywMs nepemeHHbiMM 163, 307

— — — HeCKOJIbKMMH INepeMeHHbIMU 296,
305

— — — TpewMms nepeMeHHbIMU 46, 307

— —, cummerpuu 305

— —, pyHnameHTanbHOe peiteHue 306

Jlanacuan 46, 85

— n-MmepHbiil 307

Jlu, C. (1842-1899) 185

JIu anre6pa 209

— —, 6asuc 209

— — nBymepHas 209

— —, uneas 209

— —, nopanrebpa 209

— rpymnmnoBo# aHanus 185

— HHTETpUPYIOIHH MHOXKHUTeNb 198

— JrHeapusyeMocTH TecT 220

— ypaBHenus 187, 257

Jluneapusauusa 219

— ypaBHeHHH BTOpoOro mopsiaka 219

— — TpeTbero nopsaka 232

JluneiiHast He3aBUCHMOCTb 37

Jluneiinoe OIY 115

— — n-ro nopsinka 129

— — BTOpOro nopsiaxka 117

— —, Jlareppa kaHoHHuecKas (opma 231

— — mepBoro nopsiaka 115

— — neoxHopoxHoe 115

— — onHoponHoe 115

— —, mpeobpa3oBaHue 25

— —, — ofHOpoOaHOE 25
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Jlunelinblit nuddepeHLHabHBIN OllepaToOp
144

— — — Broporo mopsiaka 155

— — — nepBsoro nopsinka 144

— — — caMmoconpsKeHHBIH 158

— — — conpsixkeHHbI# 157

Jluysuiab, 2K. (1809-1882) 114

Jlorapudmudeckass QyHKLIHS KOMILJIEKC-
Hast 35

Jlopenua rpynmna 81, 284

MarnuroruipoavHaMuka 83
MakJiopena psig 32

MakcBensia ypaBuenusi 80
Macurabnoe npeo6pasosanue 23, 195
Marematuka ¢uHancos 87

MastHuk 73

Menkas Bona 82

Mewm6pana 93

—, 3aj1aua paBHOBecus 96

—, MUHHMaJsbHast OBEPXHOCTb 95
Merton kaHOHHUYeCKUX nepeMeHHBbIX 201
MuHuMa/bHBIE TOBEPXHOCTH 95
Mopenb 6uennit cepaua 79

— XHUIIHUKA U KepTBbl 60

Hasre-Crokca ypaBHeHne 82

Harypasnbnbiét sorapudm 18

HauanbHbie yeqaoBus 174

HerapmoHnuueckue KoseGaHHsl, aMIIUTY-
na 75

— —, mepuon 75

Henoonpenenennas cucrema 83

Heonnopontoe ypasuenue 116

— — BOJIHOBOe 176

— — Broporo nopsiaka 123

— — OOBIKHOBEHHOE BBICOKOTO TOPSIIKA
129

— — — mnepBoro nopsinka 116

— — renyionpoBogHocT 311

Hérep Teopema 273

HeloTona Bropoii 3akon 58, 73, 185

— TpaBUTaLMOHHBIH 3aKOH 61

— 3aKOH OXJaxKieHus 66

O6nako 64

— noxnaeBoe 64

— U3 KamneJb 64
O6o6uenHas GyHkuus 291
— — peryJsipHas 291

O6o6menHas GyHKUUs cuHryaspHas 291

OnHoatomHbIH ras 82

OnHonapamerpuyeckasi rpymnna 187

OnHoponHoe JHHelHOe ypaBHeHHe 116

— — — BTOPOro MOpsiiKa OOBIKHOBEHHOE
118

————— C YaCTHBIMH NPOHU3BOIHBIMH
155

— — — BBICOKOTO nopsinka 129

— — — TepBOro mopsiaka 0ObIKHOBEHHOE
116

————— C YaCcTHBIMH NPOHU3BOIHBIMH
143

— — — C TNOCTOSTHHBIMH KO3()(pHUIHeHTa-
mu 121, 130

OnHoponnble ypaBHenus 103

— —, nBoiiHas ogHopoxHOCTh 105

— —, ofHOpoxHOCTb No (pyHKIMK 106

— —, paBHOMepHast ogHopoxHocTh 106

OofY, cummerpuu 194

Onpepensitouine ypasHenus: 206

OpHeHTHPOBAHHOH MOBEPXHOCTH 3JIEMEHT
312

IMapa6onnyeckoe ypaBHeHue 160

— —, cTaHaaptHas (opma 162

ITacTepusauus 66

[TepBble unrerpans 134

— — HesaBucHMble 135

[lepemenHas 17

[TepemenHele nuddepenHnnanpHble 49

[lepeonpenesnenHast cucrema 150, 166,
220

— —, npumep 288

— —, coBMecTHOCTh 167, 220

[TuanuHo, crpyHa 175

[Tnactuna 97

[Tnato mpoGaema 95

[lyomane MOBePXHOCTH eIUHUUHOHN Chephl
20, 57, 295

[Tonanre6pa 209

[Tomo6Hbie ¢urypsr 23

— —, miowanu 23

[Tosnas cucrema 152

[Tonnoe nuddepenunposanue 39, 48, 92

[TonsipHble KoopauHatel 149

[Tonu:xkenue nopsiaka 107

IlocrosinHas 17

— rpaBUTaLUOHHAs 63

— 3aryxaHus 73

[TocTosiHHBIE pOM3BOMbHBIE 17
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[Tpeo6pasosanue 20

— HH(UHUTe3UMabHOe 187

— nuHedHoe 20, 25

— MacirabHoe (nogo6us) 23

— MIPOeKTHBHOE, rpynma 188

— MPOU3BOAHBIX D2

— pacnpenesnenuit 298

— peteHu# 261

— ypaBuenus 20

— 9KBUBAJIEHTHOCTH MJIsi THNepOoIHUe-
CKHX ypaBHeHHH 166

[Ipeo6pasoBanus mapameTpsl 23

[TpuHuMD HaWMeHblIero AeficTBUs 52

[TpousBopHas 29

— o6o06uieHHas 290

— obpaTHOH (yHKUUK 29

— OT JIeTepMUHAHTOB 46

— nouHas 47

— yacTtHas 29

[IponsBosibHBIE MOCTOSIHHBEIE 17

[Ipsimoe mnpou3BeneHue pacrpeneneHni
293

[Tyankape Teopema 313

Paznenenue nepemenubix 108, 178

— — obobuieHHoe 238

Pacnpenenenne 291

—, 0-pyHKuHs 292

— A(lnr) 298

— A(r* ) 297

—, rpynna npeo6pasosanuit 300

—, nuddeperurpoanue 293

—, UH(UHHTe3UMaJbHOEe Mpeobpa3oBaHUe

301

—, JUHeHHoe npeobpa3oBanue 299

— TNpou3BoJIbHOE, TIpeobpasoBanue 300

—, TpsiMoe TpousBeieHue 293

—, cBepTKa 294

Pacnpenenenve, ymMHOXKeHHe Ha (PyHKLHIO
293

PacTtsixkenne (MacutabHoe npeoGpasoBa-
Hue) 23

Pukkatu, 9.9, (1676-1754) 114

Pukkatu ypaBHenue 114, 197, 245

— —, UHTerpupyeMoe B KOHEUHOH (opme

— —, KaHoHHYeckas dopma 113

— — JuHeapusyemoe 114

— —, HeJMHeHHasi cyneprnosuuus 112,
246

— —, ofbee peienue 112

PukkaTtu ypaBHeHHe, npeobpa3oBaHue K-
BUBaJIeHTHOCTH 113

— —, cummerpus 196

— —, crnenuaJnbHoe 114

CamocornpsizkeHHOe ypaBHeHHe 158

Cgeptka 294

— pacnpenesienuit 294

— ¢yskuui 294

Cgerta ckopoctb 80, 81, 95, 284

Cucrema Jauneinsix O/Y 137

— ypaBHeHU# nHTerpupyemast 109

— — HejoomnpeneneHHas 83

— — 0ObIKHOBEHHBIX 132

— — ompenesnenHas 80

— —, nepBbli UHTerpas 133

— — nepeonpenenennas 80, 109, 220

— — moJiHas 152

— —, cuMMeTpHYHas ¢opma 135

— XapakrepucTuk 144

— — KBa3WJHHelHOro ypaBHeHusi 148

— — JuHelHOro ypaBHeHus 144

Cwmewannas 3agada 178

— —, BOJIHOBOe ypaBHeHue 178

— —, TEMNJONpPOBOAHOCTH ypaBHeHHe 181

CMeliaHHbIH TUI ypaBHeHHH 99

Co6oues, C.JI. (1908-1989) 289

Co6ctBennas (yukuusa 179

Co6cTBeHHOE 3HaueHue 179

CornpsikeHHOe ypaBHeHHe 157

CoxpaHsiouasics BeJuynHa 274

CoxpaHsironuiicss BeKtop 275

— — JIMHeHHO 3aBUCHMBIH 276

— — — Hes3aBUCHUMBIH 276

— — TpuBHaJbHbIH 276

CnuHop 81

Cnycka meton 318, 321

Cpennee 3nauenue 30

— —, Teopema 30

Croxca Teopema 45

— —, BoiBOL 314

— ¢opmyna 314

Croxactuyeckoe nuddepeHunasbHoe
ypaBHeHHe 87

Crpyna 91

—, BBIHY2KJIeHHble KosiebaHus 93

—, MaJible KoJsiebanus 91

CymmMupoBanus npasujo 30, 155

Cynepnosuuus 118

— JauHedHas 118, 285

— HeJsiMHeHHas 240
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CymectBoBaHus Teopema 102

— — Js cucteMm 132

Cdepuyecky cHUMMeTpUuHas (QyHKLUSA
296

Teiinopa psn 32

Tenerpacguoe ypaBHenue 79, 184
TennoBas nuddysus 84

— —, ®dypoe 3akoH 84
TennonpoBonHocTH ypaBHeHue 162

— —, Kowu 3apaua 311

— —, peuenue 311

— — C HeCKOJIbKUMHU nepeMeHHbIMU 307
— —, cummerpuu 307

— —, QyHnameHTanpHOe pelleHue 311
Tun HenuHeHHBIX ypaBHeHUH 164
Tpuronomerpuueckre ¢pyHKINH 33

— — KOMIIJIEKCHbIE 35

— —, MaksopeHa pasJsoxeHue 33
Tpukomu ypasnenue 99, 163

¥rioBoil MOMeHT 62

YpaBHenue 20

— DBepuyu 115

— Beccens 127

— buaeka-Illoynca 87, 288

— Dbroprepca 86

— B nosiHbIX auddepenunanax 109, 200

— Bau nep Ilons 79

— BOJIHOBOE 92

— BTOpOro Mopsiika JauHekHoe 117

— runep6osndeckoe 160

— runepreomerpudeckoe 127

— Hap6y 171

— nBaxkabl ogHopoxHoe 105

— IHMHAMHUKHU XKUAKOCTH 81

— Jupaka 81

— nuddepeHumanbHoe 58

— — o6bikHOBeHoe (OJ1Y) 58

— — ¢ yacTHbIMH npousBogHbiMU (H1Y)
59

————— HesuHeliHoe 164

————— cMeliaHHoro tuna 164

—, kapkac 50

— kBagpatHoe 20

— KBa3uJuHelHoe 144

— Kopresera—ne ®pusa 86

— Jlannaca 46

— JIu 187

— nuHeapusyemoe 219

— nuHedHoe 115, 129, 143, 238

YpaBHenne HaBpe-Crokca 82

— HeJiMHelHoe 96, 185

— — TemnJIonpoBOIHOCTH 86

— HeJIMHeHHOM BOJIHb 98

— HeopHopopHoe 116

— onHopoxnHoe 103

— napab6oaudeckoe 160

— MepBoro nopsiaka JuHedHoe 115
— — — — HeopHopoxaHoe 115

— — — — opHopoxHoe 115

— Puxkaru 112

— camoconpsikeHHoe 158

— conpsixkeHHoe 157

— reJjierpadnoe 80

— TeMJIONPOBOIHOCTH 59

— — JuHelHoe 85

— — HeJinHeHHoe 86

— — HeopHOpoxHoe 311

— — onHoMepHoe 85

— Tpukomu 99

— xapakrepuctudeckoe 121, 160
— Xonda 149

— Yanspiruna 99

— Diinepa 131

— Diinepa—Jlarpamxka 54

— 9KBHBaJIeHTHOe 25

— sqnca 24

— aJMnTHYeckoe 160
YpaBHenuss Makcsesna 80

— MOJeJId XHUIIHUKA U 2kepTBbl 60
— ¢ pasfensomuMucs nepeMeHHEIMH 108
Yckopenue rpaButaunu 62

— rpaBUTaLHOHHOE 82

— CHJIBI TsIKeCTH 77

®opmanbHoe pemreHue 181

dynnamenranbHas cucrema 118

— — JIMHeHHBIX ypaBHenui 129, 137

— — HeJIMHEeHHBIX ypaBHeHUH 240

dyHnameHnTtanbHoe pelenne 304

— — JJIsl ypaBHEHHs TeIJOMPOBOAHOCTH
308

— — Kowmw 3apauu 308

— — Jlannaca ypaBuenus 306

DyYHKUNH, paBHble NPUOJIHKEHHO 36

@DyHKUHOHANbHAs HE3aBUCUMOCTb 36

dyuxuus runepboaudeckas 19

— nuddepennnansHas 49

— ommubok 19

— 3KCIIOHeHIManbHag 18, 35

Oyuxuus snementapHas 18
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®ypee 3axkoH 84
— wmerton 177
— psn 181

Xapaxrepuctuku 160

XapakTepuctuueckue nepeMeHHble 161

XapakTrepucTuyeckui noaunom 121

Xapakrepuctuueckoe ypasHeHue 121, 160

— — I YpaBHEHHMH BBICOKOT'O MOpPsIKa
130

— — — ypaBHeHHs BToporo nopsiaka 121

Xesucaina dynxuus 291

— — Ha nosepxHocTH 315

Xonga ypasHeHue 149

Yanaeirus, C.A. (1869-1942) 99
Yansbiruaa ypasHenue 99
YactHoro nuddQepeHIHPOBaHHS ONEPATOp

YUY HenuHeliHoe 164

— cMemnaHHoro tuna 164
Yucno geiicTBuTe bHOE 16
— WppauxoHabHOe 16

— KOMILJIEKCHOe 34

— pauuoHaJsibHOoe 16

IMIsapu, JI. (1915-2002) 289

Aitnepa meton 170
— noxnxon 121, 130, 222

Ditnepa ypaBHenue 105, 131, 223
— Qopmyna 34

— uucno 17

Ditnepa-JlarpaHnxa ypaBHeHus1 54
OitHwTelHa hopmyna 284
OKBUBaJIEHTHOCTH NpeobpasoBanue 113
— — /151 IMHeHHbIX ypaBHeHW# 119
— — — ypaBHeHus Pukkatu 113
DKBHUBAJIEHTHOCTD 25
DKBHBaJIEHTHEIE KPHBBIE 25

— no ¢ysxkuuu 119

— ypaBHeHus 25, 113, 119, 166

— ¢yHkuMU 36

OKcnoHeHU A bHast QyHKUUS 18

— — KOMILJIeKCHas 35
AKcnoHeHLMa bHOe oToOpaxkeHue 189
dkcTpemMyM 54

AnekrpornHaMuka 80
dneKTpoMarHuTHbIe BoJHBL 80
dnemeHTapHble PyHKUNAK 18

— — OCHOBHBIe 18

Anaunc 24

—, nJowans 24

IITUNTHYECKUE HHTErpat 75
Anauntuyeckoe ypaBHeHue 160

— —, cTaHpaptHas ¢opma 163

FOura monynb 93

Akobu mMarpuua 36
Axobuan 36, 186



