B.®. byrysoB

JlekKuun
o
MaTeMaTUYeCKOMY aHaJU3y

Yacrts 11

i3

Mocksa 2014



bByrysos B.®.
Jlekuuu no marematnyeckomy aHaausdy. Jacrts II.
YuebHoe nocobue. M.: Pusnueckuit pakyaprer MI'Y, 2014. 200 c.

YuebHoe mocobue COAEP:KUT BTOPYIO UacTb Kypca JeKUHH Mo Marema-
TUUECKOMY aHaJsu3y, KoTopas usnaraercs Bo Il cemectpe. ATy yacTb MOXK-
HO Ha3BaTb AU depeHInaNbHbIM U HHTErpPaJbHbIM HCUUCeHHEM (PYHKUUN
MHOTHUX TepeMeHHbIX. M3/0xeHHe TeopeTHuecKoro maTepuasa COMPOBOXK-
[aeTcsl pacCMOTPEHHEM WJJIIOCTPUPYIOLIMX TMPUMepPOB, 0C000e BHUMaHHeE
oOpalllaeTcsi Ha MPUJIOKEHHS MaTeMaTHYeCKUX MOHATHH U yTBEPXKAEeHUH B
(usukKe.

[Tocobue paccunTaHo Ha CTylneHTOB 1 Kypca ¢usuueckoro (paxysabTera
U TpernojaBatesiel, BeAyLIUX 3aHSATHS 110 MaTeMaTHUYeCKOMY aHaJU3y.

Peniensentol: 0.¢.-M. H., npodeccop [O.I1. [Teimves,
n.¢.-m. H., npodeccop b.H. CadosHukos

(©DPusnueckuii paxkyaprer MI'Y
uMm. M.B. JlomoHnocosa, 2014

(©byrysos B.®., 2014



OI'/TIABJIEHHUE

[IpemucroBrE . . . . .

[naBa 9. PyHKUMHU MHOTUX MEPEMEHHBIX. . . . .. ...........
§ 1. [lousitue m-MepHOTO KOOPAWHATHOT'O MPOCTPAHCTBA . . . . . . . ..
§ 2. IlocnenoBatenbHocTu Touek B R™ ... .. ... .. ... ... .. ...

§ 3. Ilonsitne hyHKUMM MHOTUX NepeMeHHBIX. [Ipenen pyHKUHUH MHO-
THX MEPEMEHHDIX. © o v vttt ettt e e e e e et e

§4. HenpepblBHOCTb (PYHKLIMU MHOTHX MEPEMEHHBIX. . . . . .. ... ..
§5. YacrtHble npousBonHble ¥ TUG(OEPEHIUPYEMOCTD . . . . . . . . . . .
§6. T'eomerpuueckuil cmbica nU(PepeHIUPyeMOCTH (GYHKIHH . . . . .
§ 7. HacTtHble mpou3BoaHble U AU(GhepeHIIHabl BLICIIUX MOPSIIKOB. .
§8. @opmyna Tedsiopa . ... .. ... ...
§9. JIOKANBbHBIA SKCTPEMYM . . o v\t v e e e e e e e e e e e e

[naBa 10. HesiBHbIe PYHKIMH . . . . . ... ... ..............
§1. O HesdABHBIX (DYHKIHUAX, OTPeNessieMbIX OIHUM YPaBHEHHUEM. . . .
§2. O HesABHBIX (DYHKUHUAX, ONpeessieMblX CUCTEMON ypaBHEHUH . .
§3. 3aBUCUMOCTb DYHKLMH . . . . o oot e e e e e
§4. YCHOBHBIH 3KCTPEMYM . o o v vt i e e et et e e e e e e e

[nasa 11. Ilpunoxkenus nudcgepeHINaJbHOI0 HUCUYNCIEHUS K
HCCJIEeJOBAHUIO MJIOCKHAX KPHUBBIX . . . . . o .o ovvv et n e

§1. KacaHue MIOCKUX KPUBBIX . . . o v vv v e e et e e e e e e
§2. Orubatouias ofHONapaMeTPUUECKOr0 ceMelcTBa KPUBBIX . . . . . .
§ 3. KpuBH3HA MAOCKOH KPUBOH . . . .o v oot e e e



Ocrasrenie

[naBa 12. KparHble MHTErpaJbl. . . . . . ... ............... 111
§ 1. [lnowanb MAOCKOH PUTYPBL .« v v v v e et e e e e e 111
§2. JIBOUHDBIE MHTETPAMBL. . o o v vt evt e et et e e e e e e e e 114
§ 3. Bbluuc/ieHue ABOMHBIX UHTErPajsoB C MOMOLIbIO TOBTOPHOTO HH-

TETPUPOBAHMSI. © o . v vt v e et e et et e e e e e 117
§4. 3ameHa nepeMeHHBIX B IBOMHOM HHTETpase. . . .. .......... 121
§5. TpoHHBIE MHTETPATIBL . © o v v v o v et e e e e e e e e e e e e e 128
[naBa 13. KpuBonuHeiHbIe UHTETPAIBI . . . . . ... ......... 138
§1. HavHa KPUBOH . . . . o ot ot e e e e e 138
§ 2. KpuBosnHeliHble HHTETPa/bl MEPBOTO POAA . . v v v v v v v v . 144
§ 3. KpuBosnnHelHble UHTETPAJbl BTOPOTO POAA. « « v v v v v v v e v e .. 150
§4. @opmyna I[puHa . . . ... .. . 156
§5. YcsoBHS HE3aBUCHMOCTH KPHUBOJHMHEHHOrO HHTErpaja BTOPOTO

pOla OT MYTU MHTETPUPOBAHHUS. . o . o o v vt e e e e e e e e e 160
[naBa 14. IloBepXHOCTHBIE MHTETPAJBI . . . . .. .. .. ........ 168
§1. Tlnomanb MOBEPXHOCTH . & o v v v vt et et et e e e e e e e e 168
§ 2. IloBepxHOCTHBIE UHTETPAJbl MEPBOTO POAA. . « v v v v v v v e e . 176
§ 3. IToBepxXHOCTHBIE UHTErpaJsbl BTOPOTO POIA . . o v v v v v v v 179
§4. @opmyna Octporpanckoro-laycca . . ................... 187
§5. @opmysia CTOKCA . . .. oo i et e 191
§6. YciaoBUS HE3aBUCHMOCTH KPUBOJUHEHHOT'O HHTErpasa BTOPOTO

poia OT MyTH UHTETPUPOBAHUS B MPOCTPAHCTBE . . . . . .. ... .. 197
CITHCOK JTUTEPATYPBL « + v v e o v oo e e e e e e e e e e e e e 199



IIpenucnoBue

Bo BTOpoili yacth ydeOHOro mnocoOHs paccMaTPUBAKTCS OCHOB-
Hble BOMpPOCHl AU(PepeHIHasbHOTO U HHTErpajbHOrO0 HCUUCTEHUH
(yHKIIMHA MHOTHX TepeMeHHBbIX. DTa 4acTb Kypca MaTeMaTH4eCcKOoro
aHann3a usnaraetrcs Ha Jekuusix Bo II cemectpe. Kak u B mepBo#
4acTH, TEOPeTUYeCKHUH MaTephas] MHUHUMHU3UPOBAH TaKUM 00pasom,
4YTO €r0 MOXKHO peaJsibHO M3JI0XKHTb B TeueHHe ceMecTpa MpU Tpex
yacax JieKIIMH B HeJeJIo.

M3n0xeHre TeopeTUUeCKOro MaTepuasa COMPOBOXKAAETCS HJIIIO-
CTPUPYIOLLMMHU NIPUMeEPAMH, 3HAUUTEJIbHOE BHUMaHHUe yIeJseTCs PH-
JIOXKEHHUSIM MaTeMaTHUeCKUX MOHATHH U yTBEpPKAEHWH K BoIpocam
(bU3UKH.

[locobue paccuutaHo Ha cTyneHTOB [ Kypca ¢usuyeckoro da-
KyJbTeTa W NpernofaBaTesed, BelyLIUX 3aHATHS 10 MaTeMaTUUeCKO-
My aHanu3y. OHO MOXeT ObITb HCIOJb30BAHO U HAa APYTUX (haKyJb-
tetrax MI'Y, a TakXe B Ipyrux By3ax.

[Ipu moarotoBke mnocobusi K medaTu OOJbIIYIO TMOMOILb, CBSI-
3aHHYI0 C KOMIIBIOTEPHBIM HaOOpPOM TeKCTa, OKa3aJyd MHe KOJIJIer
no Kadenpe mateMaTUKH ¢usudeckoro akysabrera MI'Y, ocobeHHO
H.E. llankuna, U.E. Morunescku#t A.B. bapwimies, A.B. Kocrum,
B.A. Ocokuna. Bcem um s oueHb mnpusHateseH. Ocobyto 6.aro-
napHocTb xouy Beipas3uth [.H. MenBeneBy, BHUMaTe/bHO MPOYHTAB-
lIeMy BCIO PYKOINHCb U cHeJaBlieMy 060JbllI0e KOJWYECTBO LIEHHbIX
3aMeyaHUH.

B.®. bymysos



[n1aBa 9
OYHKIIMN MHOI'UX INEPEMEHHBIX

MHorue (usHUeCKHe BEJHYHHBI OMHMCBIBAIOTCS  (DYHKIUSIMH
HeCKOJIbKHX nepeMmenHbix. Hampumep, u = T'(x,y, z,t) — Temmnepa-
Typa B Touke M (x,y, 2) B MOMEHT BPEMEHH t; 3TO MpUMep (DYHKIHHU
yeThIpeXx MepeMeHHBIX.

§ 1. IlondTue M-MepHOro KOOPAUHATHOTO MPOCTPAHCTBA

Onpenenennie. COBOKYMHOCTb 1M 4YHCeJ Ha3biBaeTCs ynopsdo-
4eHHOLL, eCJIM YKa3aHO, KaKoe U3 YKMCe/ CUNTAETCs MEePBBIM, KakKoe —
BTOPBIM, H T.HA. [IpOH3BOJIbHYIO YIODSIAOUEHHYIO COBOKYITHOCTb M
unces Oynem o603HauaTh Tak: (ry,To,...,Ty), TO €CTh YUC/IA 3alMH-
CHIBAIOTCS B MOPSIIKE KX HOMEDOB.

Onpenenenne. MHOXeCTBO BCEBO3MOXKHBIX YIIOPSIIOUEHHBIX CO-
BOKYITHOCTEH 1 UHCeJ Ha3bIBAETCS M-MEPHbIM KOOPOUHAMHbIM
npocmparcmeom. Kaxaas u3 COBOKYITHOCTEH M YKCEJ Ha3bIBAETCS
MOUKOLL M-MEPHOTr0 MPOCTPAHCTBA.

O6osHauenue: M (zy,x9,...,Ty). Yncna xy, xy, ..., T, Ha3blBa-
iotest koopouramamu touku M. Touka O(0,0,...,0) HasbiBaercs
HA4as0M KOOPOUHAM.,

Beenem paccmosuue wmexny toukamu Mi(zy, To,...,Ty) H
M2<y1 s Y25 vy ym> 1o (pOpMYJ'Ie
p(Ml,MQ):\/(xl—yl)Q—l—...—l—(xm—ym)Q. (9.1)

DTa (GopMmysa XOpOIIO HM3BECTHa M3 Kypca aHaJUTHUECKOH reo-
METPUU [/l TJIOCKOCTH (m = 2) U TPexXMepHOro MPOCTPaHCTBA
(m = 3).

Onpenenenue. KoopanHaTHoe TIPOCTPAHCTBO C BBEIEHHBIM
no Qopmysne (9.1) paccrosHueM MeXDy TOYKAMH Ha3bIBAETCS
M-MEPHbIM e8KAUO0BLIM NPOCMPAHCMBOM.

O603Hayenue: R™.

ITpumepni.

1. R!' — 4ucsoBas npsimasi;
2. R? — eBKJIMIOBA MJIOCKOCTb;
3. R3 — TpexmepHoe eBKJIMI0BO MPOCTPAHCTBO.
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[lycte A € R™, r > 0 — Hekotopoe uyucao. MHOXeCTBO
{M :p(M,A) <r} HasbiBaeTCs m-MepHulM WAPOM paguyca T C
neHtpoM B Touke A. Muoxectso {M : p(M,A) =r} HasbiBaercs
m-meproti cgepoii panuyca r. Muoxectso {M : p(M,A) <r} —
omKpoLmolti m-mepHoiti uiap; oTKpbIThIH wap {M : p(M,A) < e}
Ha3bIBAETCSI E-0KPeCMHOCMbi0 Mouku A.

[lyets A(ay,...,am) € R™ u dy, ..., d, — HEKOTOpbIE MOJOXKH-
TeJibHBbIE unc/a. MHOXKeCTBO

{M(afl,...,fb'm) : |£Ul—a1| <d,...,

Im — am‘ < dm}

Ha3bIBAETCS M-MEPHbIM NAPALLeNenUnedoM.

[Tycts {M} — Kakoe-TO MHOXKeCTBO Touek n3 R™.

Touka A HasbiBaeTcst 8HymperHeli TOUKOH MHOXecTBa { M}, ec-
JIU CYIIECTBYET £-OKPECTHOCTh TOUKH A, LeJHKOM MpHHAAJIekKAlas
MHOXKecTBY {M }.

M, — BHyTpeHHsist TOUuKa MHOXKecTBa, { M},

My — rpannumnas Touxka muoxkectsa {M}.

Puc. 9.1.

Touka A HasbiBaeTcsi epanuunoll TOUKOH MHOXKecTBa { M}, ecau
B JII000H £-OKPeCTHOCTH TOUKH A comeprkaTcsl Kak TOUKH MHOXKECTBa
{M?}, Tak ¥ TOUKH, KOTOpble 3TOMY MHOXeCTBYy He MpHHaIJeKaT
(puc. 9.1).

['paHuuHasi ToYKa MOXKeT MPHUHAI/EKATh, @ MOXKET U He MpHUHAL-
Jexarb MHoXecTBYy {M }.

MuoxectBo {M} HasblBaeTCsl OmKpovLMbLM, €CIH BCE €ro TOY-
K — BHYTpeHHHe.

MuoxectBo {M } Ha3blBaeTCs 3AMKHYMbIM, ECITH OHO COLEPIKHUT
BCe CBOU I'DaHHuYHble TOUKH. [IpH 5TOM MHOXKECTBO BCEX I'DAaHHUHbBIX
TOUeK HasblBaeTCst epanuyeil mHoxectsa {M}.

Mpumep 1. ['panuuedt wapa {M : p(M, A) < r} siBasercs coepa
{M :p(M,A) =r}. Ira xe chepa sBAseTCS TpaHULEH OTKPBITOTO
wapa {M : p(M,A) < r}.

Ipumep 2. B npoctpanctse R3 pacemorpum MHOXKeCTBO

G- M(xy,x9,23) : 0< 21 <1, 0<29< 1, 0< 23 <1
T1, X9, T3 — PAllMOHAJbHbIE UHCJIA,
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TO eCTb MHOXecTBO (G mpejcTaBjsieT COO0H MHOXKECTBO BCeX TOUeK
C palMOHaJbHBIMH KOOpPAWHATAMHU, COAEpPKAIIUXCS B KyOe

G={M(zy,29,23): 0< 2; <1, i=1,2,3}.

Jlokaxkute, uTO: a) Kaxknasg Toyka MHoxKecTBa (G SIBJISieTCS ero rpa-
HUYHOH TOUKOH; 6) /ro6as Touka Ky6a G Takxke sIBJIsieTCs TPaHUYHOM
TOYKOH MHO)ecTBa (7, TO ecTb rpaHuuell MHOKecTBa G sIByIseTCS
Becb Ky0O G. o

OtmetuM, uTo G — CYeTHOEe MHOXKECTBO, a ero rpanuuna G —
MHOXECTBO MOIIHOCTH KOHTHHYyMa. OTMETHM Tak»Ke, 4TO TpaHUIA
Ky6a GG COCTOMT M3 €ro LIecTH IpaHed.

O6benuHenne MHoxecTBa {M} u ero rpanuusl (To ecTb 100aB-
JieHne Ko MHOKecTBYy {M } Bcex ero rpaHHYHbBIX TOYEK) HA3bIBAETCS
samoikanuem MHoxkecTBa {M}. 3aMKHyTOe MHOXeCTBO COBIajaeT
CO CBOWM 3aMbIKaHHEM.

IIpumep 3. 3ambikanuvem MHOxKecTBa (G W3 mpumepa 2 (cwm.
BhIlIE) ABageTcs Ky6 G.

Touka A HasbiBaeTcst npedevHoll TOUKOUH MHOKecTBa { M }, ecsu
B J1I060H £-0KPEeCTHOCTH TOYKH A comep)Karcsi TOUKH M3 MHOXKeCTBa
{M}, ortnuunbie ot A (mpu 3TOM MpelesbHas TOYKA MOXKET Kak
MpUHa//IeXaTh, TaK U He MpUHaI/IexaTh MHOXecTBY {M}).

Touka A HasbiBaeTcsl U30AUPOBAKHOL TOUKOH MHOKecTBa {M },
ecsi oHa TpuHanIexuT {M} U CyllecTByeT £-0KPeCTHOCTh TOUKH
A, B KoTOpO¥H HeT apyrux touyek us {M}, kpome A.

3anaume 1. JlokaxuTte, 4To J06asi BHYTPEHHSIsT TOUKA MHOXKe-
CTBa SIBJISIETCSl €T0 NMpeLeSbHOH TOUKOH, a TPaHWYHAs TOYKa MHOXKe-
CTBa MOXeT OBbITb €ro TpeesbHOH TOUKOH U MOXKET ObITh M30JHUPO-
BAHHOU TOYKOH.

3agaume 2. JlokaxuTte, uTo chepa — 3aMKHYTOE MHOXKECTBO.

IMpumep 4. Paccmorpum npoctpadcTBo RZ (mockocTs). OHO
SIBJISIETCS OJIHOBPEMEHHO U OTKPBITHIM MHOXKECTBOM, U 3aMKHYTHIM.
B camom nesie, Bce TOUKM 3TOrO MHOXKECTBa — BHYTPEHHHE, M03TO-
My R? — oTkpbIToe MHOKecTBO. IpaHMUHBLIX Touek y R? Her, To
ecTb rpanuieil R? spaseTca mycToe MHOXKeCTBO. I1ycToe MHOXeCTBO
MPUHALIEKHUT JTI060MY MHOMKECTBY, N03ToMy R? — 3aMKHyTOe MHO-
KeCTBO.

PaccMoTpuM Terneph MpocTpaHcTBO R3 M Mpou3BosbHYIO MJIOC-
KOCTb B HEM, TO €CTh MHOXeCTBO Bcex Touek M (xy, x9, x3), KOOPIH-
HaTbl KOTOPHIX YIOBJETBOPSIIOT ypaBHeHUIO Ax| + Brg + Crs+ D =
=0; A,B,C u D — uyucna, npuyem A? 4+ B2 4+ (2 # 0. [lnockocThb
SIBJIIETCST 3aMKHYTBIM MHOXKECTBOM, MOCKOJIbKY BCE €€ TOYKH —
rpaHHYHble TOYKH 3TOH IJIOCKOCTH, KaK MHOXKecTBa B R3.
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MuoxectBo {M} HasblBaeTCs O2cpaHUUeHHbIM, €CIU BCE €ro
TOYKH COAEPXKATCH B HEKOTOPOM LIape.
MHOXecTBO TOYeK

L={M(xy,....,xm):x1 =p1(t), ..., xm = pm(t), a<t<p},

rae ¢1(t),...,om(t) — HempepbiBHBIE HA cerMeHTe [, §] GyHKIMH,
Ha3blBaeTCsl HenpepovleHoll Kpusoli B npoctpancTBe R, Eciu Touku
A(p1(a), ..., pm(a)) u B(p1(B),...,om(F)) He coBnagaoT, To OHU
Ha3blBAlOTCA KoHuamu KpuBod L. ['oBopsiT Takxke, 4To KpuBas L
coenuHsieT Touku A u B. Eciv Touku A u B coBnagawoT, TO KpUBas
Ha3bIBAeTCs 3aMKHYTOH.

MHoxecTBO TOYeK

0 0
{M(a:l, e T): T =2 F gt Ty =2, F pt, —00 <t < —I—oo},
rie 29, ...,2% w ay,...,; — HeKoTOpble YuCsIa, HA3BIBAETCS MpPs-
moti B mpoctpaHcTBe R™. IDrta mnpsmas NPOXOAUT uepe3 TOUKY
0 0
M, (a:lxm)

MtuoxectBo {M} HasbiBaeTcs c843HbLM, €CJU JIHOOblE JBE €ro
TOYKU MOXKHO COEIMHUTb HENpepblBHOM KPHUBOU, BCE€ TOUKU KOTOPOH
npuHanexar {M}.

Jlto6oe OTKpBITOE CBfI3HOE MHOXKECTBO, ColepxKallee TOUKYy A,
Ha3bIBAETCS OKPecmHocmovio TOUKH A,

3aganmne 3. JlokaxkuTe, uTO B JI00OOH OKPECTHOCTH TOYKH A
COLEPKUTCA HEKOTOPAs £-OKPECTHOCTb 3TOU TOUKH.

§ 2. IlocnegoBarenbHOCTU TOYEK B R™

Ecau kakaoMy HaTypasbHOMY YHCJY 7 MOCTaBJeHa B COOTBET-
ctBue Touka M, € R" To roBopsT, 4TO 3a/laHa MOCJeN0BATEIbHOCTD
Touek {M,} B mpoctpaHcTBe R™.

Onpenenenue. Touka A € R™ HaswiBaercs npedesom mocCeno-
BatesbHOCTH { M, }, ecan

lim p(M,, A) =0.

n—-+4oo
O6o03HayeHue:
lim M, =A,
n—-4oo
unu M, — A npu n — +o0.
Jlemma 1. [locsienoBaTeslbHOCTL TOYEK {Mn <m§n), . ,xﬁﬁ;‘))}

cxomuTest K Touke A(ay, ..., Gy,) TOTAA U TOJBKO TOTJA, KOTAA MOCe-
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() () M,
AOBATEJIbHOCTH 4 X'y y oo Y Loy KOOPAWHAT TOYEK n CXOOATCHA
K COOTBETCTBYKOIIUM KOOpAHWHATaM ai, ..., Ay, TOUYKH A.

YTBepxaeHue seMMbl 1 cienyeT u3 hopmyJibl

p(M,, A) = \/<x§n) — a1>2 + ...+ (ch(g) — am>2 .

Onpenenenne. [locnenoBatenbHocTh Touek { My} HasbiBaeTcs
GpyHoamenmaroHoll, ecan

Ve>0dN, takoe, uto Vn > N uVm > N : p(M,, My,) < €.

Jlemma 2. Jl;g Toro, 4ToObBl MOCJIEI0BATEIbHOCTD

Obla (PyHIaMeHTaJbHOW, HEOOXONWMO K NOCTATOYHO, UTOOBl (PyH-

(n)

JaMeHTaJbHbIMH OBbIJIM UYHCJOBbBIE [10CJIe10BAaTE€JbHOCTH {xl },

- {x,fg)} . ([loxaxkuTe caMOCTOSITEJIbHO).

Teopema 1 (Kpurepuii Komu cxommmocTu mociiegoBaTtelib-
Hoctu). [lsisi Toro, utoObl mocjenoBatesnbHocTh {M,} cxomumace,
HEe0OXOAMMO M NOCTAaTOYHO, YTOOBI OHA OblIa (PyHAAMEHTAJbHOM.
HoxkazarenbcTBo. [lycTh mocsenoBaTesbHOCTh

{Mn (xgn) . ,a:ﬁ?)} —

(yHnaMmeHrtanpHasg. Torma mno JemMe 2 [0CJ€40BATeNbHOCTH

(n) (n)
T, AR S TakKe ABJAITCA (GyHIAMEHTaJbHBIMH, H,

cllefoBaTesibHO, OHU cxoasTesi. OTciopa caepyer (mo Jjemme 1), uto
CXOIHUTCS ¥ MocJenoBarebHoCTb { M), }.

Jloka3arebCcTBO TOTO, UTO M3 CXOAMMOCTH M0CJEI0BATENbHOCTH
{M,} BbITekaet ee hyHIAMEHTAJIBHOCTD, MPOBOAUTCS aHAJIOTUYHO.

Onpepenenne. [locnenosarensHoctsb { M, } HasbiBaeTcst oeparu-
ueHHOLl, €CJIU BCe ee YJIeHbl JIeXKaT B HEKOTOPOM Liape.

JKBHBasieHTHOe ompenaedeHue. [locnenosarenvHocts { M}
HasblBaeTcs  oepanuuexHor, ecadm 1 R > 0, rTakoe, 4YTO
Vn:p(M,O)< R (rouka O — HauaJ0 KOOPIHHAT).

Teopema 2 (Boabnano-Beiiepmrpacca). M3 Bcsikoit orpanu-
UeHHOH mocJsenoBatebHOCTH { M, } MOXHO BBIIENUTb CXOMSIILYIOCS
MOANOC/IE0BATENbHOCTb.



3. [Ipeden ynKkyuu mHOUX nepemerHblx 11

HokasarenbcTtBo. IlycThb {Mn <x§n):p$ff))} — OrpaHHYeH-

Has MOCJeloBaTeqbHOCTE, TO ectb IR >0 : p(M,,0) =
2 2
= \/(xgn)> + ...+ (m%@) < R. Orcrona MoJIy4aeM:

<R,...,‘m(”)

mgn)’ <

m m

< R, nostomy {xin)} e {x(")} — OrpaHUyYeHHbIe

YHCJIOBbIE 110CJ/1e10BaTebHOCTH.
[To teopeme Bosbuano—BeliepmTpacca a/si UMCAOBBIX MOCJ€EN0-

(n)

BaTeJJbHOCTEH U3 OFpaHI/IquHOﬁ [mocJjenoBaTeJibHOCTHU {$1 } MO2KHO

k
BBII€/IUTh MOANOC/EI0BATENbHOCTD {x( ”)}, CXOISIULYIOCSI K HEKOTO-
pOMY UHCJAY Gj.
k
MOATIOC/EI0BATEIbHOCTH § T TaKyKe MOXXHO BBIIEJUTh
M3 noamnoc/aenoBatesbHOC Un) L rakske MowKHO e

CXOAdAmMYyCA TMOoAIIOC/Jen0BATE/JIbHOCTD!: {.fémn)} — ay. HpI/I 9TOM

{a:gm”) } — aj.
N3 noamocjenoBaTe/ibHOCTHU {:Uém")} MOXKHO  BBIIEJIUTH

l
cXoAsdamyrca IOoAINMOoCJAeN0BATE/NbHOCTD!: {33( n)} — as. HpI/I 3TOM

{J;gl”)} — ay, {w(l”)} — as.

Hpononmaﬂ 9TOT Iponecc, Ha m-OM Hiare Mbl IOJYYHMM IMOATIO-

cJel0BaTeJbHOCTH {x(lp”)} — ay, {xép”)} — ag, ..., {x%”)} — Q.
B cuny nemmbl 1 noanocsenoBarenbHocTh Touek { M, } cxomutes K
Touke A(ay,...,an). Teopema 2 nokasaHa.

§ 3. Ilonartue (pyHkuuu MHOrux nepemeHHbix. IIpenen
¢yHKIIUM MHOTUX NepeMeHHbIX

[Tycts {M(xy,...,xy)} — MHOXKeCTBO TOUuek mpocTpaHcTBa R™
M MycTh KaXIOH Touke N ©3 3TOr0 MHOXKECTBa [OCTABJEHO B
COOTBETCTBHE HEKOTOPOE YHCJIO u. Toraa roBopsiT, 4YTO Ha MHOXKECTBE
{M} onpenenena ¢ynkyus m nepemerHoix.

O6osHavenus: u = f(xy,...,Tm) uin u = f(M).
MtuoxectBo {M} HasbiBaeTcsi obaacmoio onpedeseruss (HYHK-
MM, a KOOPAUHATHl I,..., Ty — HE3A6UCUMbIMU NepemMerHHblmy

(nnu apeymenmamu QGyHKUKMH). MHOXKeCTBO 3HaYeHUH (QYHKIHUU
OyneMm o603Ha4ath {u}.

B cayyae pyHKIMU OBYX MepeMeHHBIX OyleM UCI0Jb30BaTh 000-
sHauenusi u = f(z,y) nm z = f(x,y). [pagux GyHKUHH OBYX
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nepeMeHHbIX z = f(z,y) — MOBEPXHOCTb B MPSIMOYTOJbHON CHCTEME
KoopauHaT Oxyz, TOYKH KOTOPOH HMEIT KOoopauHathl (x,y, f(x,y))
(puc. 9.2).

[ycts  dyuxuus u = f(M)

z z = f(x,y) onpeneneHa Ha MHoxecTBe {M }
u Touka A — mpenesibHasi TOuKa
MHoxkecTBa {M }.
Onpenenenne 1 (mo Ko-
mu). Yucao b HaswiBaeTcsl npe-
derom dyukuun u = f(M) B

Yy Touke A (mpu M — A), ec-
T < {M} > am Ve >0 Hpé > 0, Takoe, 4TO
VM € {M}, ynosnerBopsioliei
yenosuio 0 < p(M,A) < §, Bb-
noJiHsieTcst HepaBeHceTBO |f(M) — b| < e.

(MHoxectBo Touek {M : 0 < p(M,A) < 0} HasbiBaeTcs npoxo-
A0MOLL 0-OKpecmmHoCmvo TOUKH A.)

Onpenenenue 2 (mo Ieithe). Uucsno b HasbiBaercs npedesom
¢yukunn v = f(M) B touke A (npu M — A), ecmu V {M,} —
— A (M, € {M}, M, # A) cooTBeTCTByIOL1asl MOCNEI0BATENBHOCTb

{f(Mn)} — 0.

O603HaUYeHUS: A}iglAf(M) = b uau gclligla f(xy,...,xm) = b, rHe

Puc. 9.2.

A= Aay,...,an).

Teopema 3. Onpenenenusi 1 U 2 3KBHUBaJIEHTHHI.
JlokasaTe/nbCTBO MPOBOAUTCS TaK Ke, KaK U [Jsg (PYHKLUUHU ONHOH
nepeMeHHOM.

ITpumepnl.

1. Pacemorpum dyHnKuMIO

11
u(z,y) = (zr +y)sin —sin — .
x Y
OHa He ompeneseHa Ha OCSIX KOOPAMHAT, OQHAKO TOUKA
0(0,0) — nmpenmesbHasi To4yka ee OOJACTH ONpeeJEHHUS.
CnpaBei/iiBO PaBEHCTBO

lim u(z,y) =0.

z—0
y—0

I[JIH AO0Ka3aTeJbCTBa MO2KHO BOCIIOJIb30BATbCA OIMpeaeJIeHUEM
rnpenpeJsia (pYHKLLI/II/I no Komwu u IJis1 TIPOM3BOJIbHO 3aJaHHOTO &
€

0= —.
B3SITh 5



3. [Ipeden ynKkyuu mHOUX nepemerHblx 13

2. PaccmoTpuM pyHKLMIO
LY
JlokaxkeM, 4To y 3TOH (PYHKLUHH He CYLLeCTBYeT

u(r,y) =

lim u(zx,y).
x—0
y—0

B camom mese, yetpemum TouKy (,%y) K Hayasy KOOpAMHAT IO
npssmoll y = kx. Torna
2
lim u(z,y) = lim — ha 5 = i 5
y=kx z—0 27 (1 + k%) 1+ &

z—0

Takum o6pasom, Mpu CTPeMJIEHHH TOUKH (Z,y) K Hadasy Koop-
JHHAT 10 Pa3HBIM MPSIMBIM, MOJYYAIOTCSl Pa3Hble MpelesbHbIe
3Ha4eHHs1, MosToMy lim u(z,y) He cylecTByerT.

x—0

y—0
3. Paccmotpum (pyHKIHIO

22y

at+ oyt
Yerpemum Touky (1, y) K Hauasy KOOPAMHAT MO MPSIMOH y = ki
(k # 0). Torna

u(r,y) =

. : ke : kx
lim u(z,y) = lim ——— = lim ——
y=kx x—0 2" + kx x—0 x° + k
x—0

Ecau Touka (z,y) cTpeMHTCS K Hadasy KOOPAHHAT MO OCH X
(to ectb y = 0) uau no ocu y (to ectb x = 0), To mpenen
TaK»Ke paBeH HYJI0, MOCKOJbKY Ha OCSIX KOOPAMHAT NaHHasi
GykHUMs paBHa Hymo (3a uckaiodenuem Ttouku (O(0,0), B
KOTOPOH (pYHKIIUS He ompeesieHa).

Takum 06pasom, Mpu CTPEeMJIEHUN TOUYKH (I, y) K Hadaay Koop-
JMHAT 110 J1000H npsiMod pyHKUMS u(x,y) CTPEMUTCS K HYJIIO.

OnHako OTCIOfa ellle He CJefyeT CYIIeCTBOBaHUE lin% u(zx,y).
T—r
y—0

B camom mese, yetpemum Touky (x,%y) K Hayasy KOOpAMHAT IO
mapa6osie y = ka2. [Tonydum

: : ket k
lim u(z,y) = lim — ;= 5.
z—0
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[To pasHeiM mapabosiam noJsydyaeM pas/jvuHble Npeae/bHble 3HA-

uenusi. CyenoBaTesbHO, lim u(x,y) He cyliecTByeT.
z—0
y—0

Ecan A}imAf(M) =0, To pyHkuus f(M) HaspiBaeTcsi becKoHeu-
—

HO manoil B Touke A (nnu beckoreuro manoti npu M — A).
[Tycts f(M) n g(M) — GeckoHeuHO MaJjible (DYHKLHH B TOUKe A.

Ecau cymectByer J\?LHA gg%g

1; paBen 0), To rosopar, uto QyHkuuu f(M) u g(M) sBasitoTCS
OECKOHEUHO MaJIbIMH OfHOro mnopsiika B Touke A (sIBJSIOTCS 3KBH-
BaJIEHTBIMU GECKOHEYHO MaJsibiMU B TOuKe A; roBOPST, 4TO (DYHKIUS
f(M) siBnsieTcsi 6ecKOHEUHO MaJsoi GoJiee BBICOKOTO MOPSiiKA B TOUKE
A, yem dyHkuus g(M), v nuwyt f = o(g) npu M — A).

Mpumep. Oyukuun f(z,y) = 23 +9° u g(z,y) = 2% + 3 apaa-
oTcst 6eckoHeuHo MasbiMu B Touke O(0,0). Paccmotpum npenes

1 3ToT npenes paBeH C # 0 (paBeH

lim f@y) = lim M
2—0 9(x,y) -0 2% + ¢
y—0 y—0

151 BBIUKCIeHUs TIpefiesia nepeiieM K MoJsipHbIM KOOpPAWHATaM: & =
=1rcosy, y = rsiny. Torna noay4yum

3, .3 3 3 in’
' . 1°(cos’ ¢+ sin . i
lim IQ - yg = lim ( SOQ go) = lim r <COSS Pt sin’ 90) =0
:1:—)8 Tty r—0 r =0
y—r

CrienoBarenbHo, % + y° = o (2 + yQE npu M (z,y) — O(0,0).

Teopema 4. Ecau pynxuuu f(M) u g(M) onpeneseHsl Ha MHO-
xectBe {M} u cymiectByioT npeneabl lim f(M) = b,
= ¢, TO CYUIECTBYIOT MPeIEJbl M=A

i 5000 =

Jim [f(M)£g(M)]=bxec, lm f(M)g(M)=be,

" ecad ¢ # 0, To cymecTtByeT lim JM) b
’ y YT S g(M) ¢
JlokazatesbCTBO TeopeMbl MPOBOAUTCS TaK »Ke, KaK W J0OKaszaTeJib-
CTBO aHAJIOTUYHOHU TeopeMbl I (PYHKLUH OJHOHU IepeMeHHOH.
[Tyctp Touka A — mpenesbHass To4YKa 0O0JAaCTH OMNpeneeHUs
pyuxuun f(M).
Onpenenenne. [oBopst, uto QyHkuus f(M) ynoBjeTBopsier B
touke A ycnosuro Komwm, ecau Ve > 046 > 0, takoe, uto majs



3. [Ipeden ynKkyuu mHOUX nepemerHblx 15

J00bIX Touek M| u My 13 MPOKOJIOTOH 0-OKPECTHOCTH TOUKH A (mpu
aToM Toukd M| u My OepyTcad U3 00JacTU omnpeneseHUuss PyHKUHAU
f(M)) BbimoJsiHsieTCs HEpaBEHCTBO

|f(Mg) — f(My)] <e.

Teopema 5 (Kpurepuit Komm cymecTBoBaHus mpeaesa
¢pyHkuuu B maHHO# Touke). [lis Toro, utoOel yHKuus f(M)
uMesia npenes B Touke A, HEOOXOAMMO W OOCTATOYHO, YTOOBI OHA
YIOBJIETBOPS/IA B 3TOH Touke ycjoBuio Kowiu.

JlokazatesbCTBO TeOpeMbl TPOBOAUTCS TaK Ke, KaK U aHaJOTHYHOH
TeopeMbl IJs (PYHKLIUK OJHOHU NepeMeHHOM.

Beenem Tenepb moHsithe npenena gpyHxkuuu f(M) npu M — oo.

[Tyctb dyukuus f(M) onpenesena Ha muoxkectBe { M }, KoTOpoe
COIEPKHUT TOUKH, PaCloJokKeHHble CKOJIb YTOMHO AaJjieKo OT HadaJja
KoopauHat (Touku O).

Omnpenenenue (mo Komwm). Yucno b HasbiBaeTcs mpenesom
yuxuun f(M) npu M — oo, eciu Ve > 03 R > 0, takoe, 4to aJs
qo6oi Touku M u3z mHOXKecTBa { M}, ynoBIeTBOPSIOIIEH YCJIOBHIO
p(M,O) > R, BHINOJHSETCS HEPABEHCTBO

[f(M) —bf <e.
O6o3Hauenue: lim f(M)=1>bum lim =b.
M—o00 T —00
Ty —>00

3agmaua 1. CdopmynupyiiTe onpeneseHue Tmpenesa (QyHKLUU
f(M) npu M — oo no TeliHe ¥ NOKaXKHUTe KBHBAJEHTHOCTb OMpe-
neaeHuu no Kowu u [efine.

IMpumepsbr (npu BbiYKCaeHHH mpeneta (yHkuumd f(x,y) npu
M (zx,y) — 00 4acTo OKa3blBaeTCsl MOJIE3HBbIM TEPeXOf K MOJSPHBIM
KOOpAMHATAM).

1.
r+y _ lim r(cos ¢ + sin ¢) lim COS ¢ + sin @ _ 0.

ILm 2 2 2
L—00 T—00 T—00 T
Y—00 Tty r

2 2

. xt = .
2. lim =Y e CYLLEeCTBYyeT, TaK Kak, Mepedas K MOJSPHBIM
T—00 2 4 yQ
Y—00
22—
z? + 9
cJleloBaTeIbHO, Ha Jydax ¢ = const (PyHKLUHS HMeeT IMOCTO-
sIHHOe 3HaueHHWe; Mo3ToMy npu M (z,y) — 00 10 PA3IHUYHBIM

JlydaM T0JIy4alTCs pasHble NpefiesbHble 3HAUeHUsI (PyHKLHH.

KOOpAMHATaM, MoJy4yaem = cos® ¢ — sin® p = cos 2¢ u,
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§ 4. HenpepbIBHOCTh (DyHKIIMA MHOTHUX NepeMeHHbIX

[Tycts dynkuus u = f(M) onpenenena Ha mHoxectBe {M} C
C R™ u nycrs Touka A € {M} u siBjsieTcst npenesbHOE TOUKOH
MHoxkecTBa {M }.

Onpenenenne. Oyuxiuus u = f(M) HasbiBaeTCs Henpepwvl8HOL
B Touke A, ecsu

Jim, f(M) = f(4). (9.2)
Touxa paspeisa pyukuuu u = f(M) — 3T0 mpenesbHas TOUKa
MHoxecTBa {M }, B KoTopo# f(M) He siBJisieTCsl HENpPEPBIBHOM.
Onpenenenne. [Ipupaujeruem (noanoim npupaujeruem) QyHk-
unu u = f(M) B Touke A HasbiBaetcs pyHkuus Au = f(M) — f(A).
YenoBue (9.2) HempepbIBHOCTH (PYHKUHH B Touke A MOXKHO 3a-
nucath B BUIE

]\?LHA Au = ]\}[iglA [f(M)—f(A)]=0. (9.3)

PaBencTtBo (9.3) HasbiBaeTcss pas3Hocmuol Gopmol YcA08uUs.
HenpepovlBHOCMU QYHKUUL 8 mouKke A.

[Tycts Toukn M u A wumetor koopauHatel: M (Ti,...,%m,) H
Al(ay,...,an). Honoxum Azy =z — ay, ..., ATy = Ty — Ay, TO-
rma r1 = a1+ Axy, ..., Tm = Qm + DXy,

Au=f(M)— f(A)=f(a1 +Axy,...,am + Azxp) — f(ay,...,an).

PasnoctHast hopma YCJIOBHSI HEMPEPBIBHOCTH (DYHKLMH TPUHHUMAET
BUJT
lim Au=0.

Ax|—o0

BBenem Terepb MOHSTHE HENpepvLBHOCMU PYHKUUL N0 OmOesb-
HbLM NepemMerHbLM.

PaccmoTpum ¢yHKUHMIO ABYX mepeMeHHBIX u = f(z,y). 3adukcu-
pyeM 3HauyeHHe apryMeHTa ¥, MOJOXHUB y = yo (puc. 9.3). [Tonyuaem
QyHKIHIO onHOH mepemeHHO# f(z,yg). Ecan sta QyHKIMsS Hempe-
pbIBHA B TOYKE X, TO €CTh xli_}nl}of(x,yo) = f(x0,Y0), TO Oynem ro-

BOPHUTB, uTo QyHKUUs u = f(z,y) Henpepvisna 8 mouke My(xg, yo)
no nepemerHol x.

AHaJorHUHO ompefesisieTcss HeMpepbiBHOCTh (YHKUMK f(xz,y) B
Touke M 1o nepemMeHHOH Y.

Chopmynupyem npyroe (axksusarenmroe) onpedesenue. Y3 Tou-
ku My(xg,y0) nepeiinem B Touky M (xg+ Az, 1), TO €CThb AagUM
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\y \y
Mo(z0,y0) My (z0,y0) M(zo + Az, yo)
Yo I Yo I [
0 Zo xo + Az
Puc. 9.3. Puc. 9.4.

npupaiiedde Az aprymenty z (puc. 9.4). Pyukuus u = f(x,y)
MOJYYUT MpUpALLEHHe

Azu = f(xo+ Az, yo) — (20, v0) -

OnHo siBisieTcss (pyHKUMeH onHOW mepeMeHHOW Ax W Ha3bIBaeTcs
wacmuoim npupauwjeruem Gyukuuu f(x,y) B Touke My, COOTBeT-
CTBYIOLIUM TpHUpalleHnio Ax aprymeHTa x.

Onpenenenne. Pynkyus u = f(x,y) Hasvieaemcs Henpepois-
noul 8 mouke My(xg,yg) no nepemenroil x, ecau lim Azu = 0.

Az—0
AHasornuno OIpee/IsSeTCs HEIpPEePbIBHOCTD GYyHKIMH
u= f(xy,...,Ty) B IaHHOH TOYKE MO OTAEJbHBIM MepPeMeHHbIM.

HenpepbiBHOCTE (yHKILHUH, onpeneneHHY0 ycaoBueM (9.2) (uau
(9.3)), Ha3bIBAIOT TAKKE HENPepul8HOCMbIO 10 COBOKYNHOCMU nepe-
MEHHDLX.

Teopema 6. Eciu ¢ynkuus u = f(x,y) onpeneseHa B OKpecT-
HocTH Touku My(xg, yo) ¥ HempepbiBHa B Touke My, TO OHa Hermpe-
DbIBHA B 3TOH TOYKE 110 OTAEJbHBIM MEPEMEHHBIM.

Hokasareabcto. [lo yesosuo  lim f(z,y) = f(x0,y0). B uacTHo-
Y0
CTH, xli_)rgjlof(:v,yo) = f(x0,v0), @ 3T0 o3Hauaer, uto f(x,y) Hempe-

peiBHa B Touke My mo mepeMeHHOH x. AHAJOrMUHO NOKA3bIBAETCS
HeNnpepbIBHOCTb B TOUKe M 1o nepeMeHHOH .
3ameyaHue. O6paTHOe K TeopeMe 6 yTBepKIeHHE He BEpHO.
ITpumep.

LY 2 2
5 o5, & + 0’
u(z,y) =< 2% +9° 7
0, r=9y=0.

dyukuns u(z,y) HempepeiBHa B Touke (O(0,0) mo oTmenbHBIM
nepemeHHbM. B camom gnene, u(x,0) = 0, oTcioma cjeayer, uTo
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lin%)u(a:,O) =0 =u(0,0), To ectb yHkuus u(x,y) HempepbiBHA B

x
touke O(0,0) no nepemeHHOH x. AHaJOTHYHO NOKa3bIBaeTCs Hempe-
peiBHOCTb (hyHKIMU B Touke (O(0,0) mo mepeMeHHOH .

Ho lin%u(x,y) He cyulecTByeT (cMm. mpumep 2 Ha ctp. 13), mo-
r—r
y—0
stomy QyHkuus u(x,y) paspeiBHa B Touke O(0,0) Mo coBOKYMHOCTH
nepeMeHHBIX.

PaccmoTpum elle aBa mpumepa.
1. Oynxkuus

2

Y 2 2
0, r=9y=0.

HerpepblBHA B TOYKe O(0,0) BIOJIb KaXXIOW MPAMOH, MPOXO-
nsiel yepe3 Touky O, Tak KakK BIOJb KaXXJI0HW TaKOH MpPsiMON

lim wu(z,y) = 0= u(0,0) (310 OBLIO MOKA3aHO BhILIE),
(z,y)—(0,0) .
HO BMeCTe C TeM, 3Ta (DYHKIHs He SIBJISETCsS HEMpepbiBHOH B

Touke O MO COBOKYMHOCTH TEPEMEHHHIX, TaK Kak lim u(x,y)
x—0
y—0

He CYIIeCTBYeT.

(az—l—y)sinésiné, x#0,y#0,
0, r=9y=0.

u(z,y) =

. 11

Tak kak llﬂ(l)(fL’ + y) sin LS = 0 = u(0,0), To 3Ta QyHKUUSA
r—
y—0

HerpepeiBHa B Touke ((0,0) 1mo COBOKYMHOCTH TepeMeHHbIX. Bme-
CTe C TeM, OHa He OIpefesieHa Ha OCAX KOOPAMHAT (KpOMe TOUKH
0(0,0)), 1 MO3TOMY He SIBJISIETCS HENPEPBIBHOH MO OTHEJbHBIM Iepe-
meHHbIM B Touke O(0,0).

Bonpoc: Kak 3TOT npUMep COOTHOCHUTCS C yTBepKAEeHHEeM Teope-

MbI 67
OcHOBHBIE TE€OPEMbI 0 HEMPEPBIBHBIX (PYHKLMAX

Teopema 7 (apu¢mernueckue omepamum Haj HenpepbIBHbI-
mu ¢pynkuuavu). Ecau ¢yakunu f(M) u g(M) onpeneseHsl Ha
MHoxkecTBe {M} u HempepwiBHH B Touke A, 10 f(M) + g(M),

f(M)g(M), % (npu ycsoBuu g(A) # 0) HempepbIBHBI B ToUKe A.
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YTBepxKaeHue TeopeMbl 7/ CJefyeT U3 TeopeMbl 4 U ompeneseHust
HEeNpepbIBHOCTH.

[Tycts aprymentsl GyHKuuu u = f(xy,...,Ty) SBISIOTCI He
He3aBUCHMbIMU NepeMEHHBIMU, a PYHKLUUSIMU NepeMeHHbIX t1, ..., tk:

I = gOl(tl,...,tk),...,xm = Spm(tl,---,tk:), (94)

npuuem QyHkunu (9.4) onpenesnensl Ha muoxectse {K(t1,...,t;)} C
C R
B atom cayuae Gymem roBopuTh, uTO Ha MHOXKecTBe {K} ompee-

nena caoxucnas Qyukuus u= f (e1(t1, ..., tk)s-..  pm(tl, ..., tx)).
Teopema 8 (o HempepbIBHOCTH cJa0xkKHOW (PpyHKHum). [lycTb

¢yuxuun (9.4) HempepwiBHB B Touke A(ai,...,ar), a GYHKUHUS
u = f(xy,...,x,) HempepbiBHa B Touke B(by,...,by), roe by =
=opi(ar,...,ak), ..., bm = oml(ay,...,ax). Torna ciaoxHast GyHKIHS

u=f(p1(ty,...,tk), ..., om(t1,...,tx)) HempepbiBHA B Touke A.

([lokaXuTe caMOCTOSITEJIbHO).

Teopema 9 (06 ycTOMYMBOCTH 3HaKa HempepbIBHOU (PYHK-
muu). Ecau dynkuus v = f(M) nenpepeiBHa B Touke A u f(A4) >
>0 (< 0), o 3 §-okpectHocTb Touku A, B Kotopoit f(M) >0 (< 0).

YKasaHue: 1/151 10Ka3aTeJbCTBA TEOpPEMbl BOCIOJb3yHTECH OMpe-
JieJIeHHeM HenpepbiBHOCTH (DYHKIHH B TouykKe A W BO3bMHUTE € =
—7(A)].

Teopema 10 (o mpoxokaeHHe HeNMpPePbIBHON (PYHKIUM Uepe3
Ja1000€e nmpomexyTouHoe 3HaueHue). [lyctb QyHkuus u = f(M) =
= f(xy,...,Ty,) HempepbiBHa Ha CBsI3HOM MHOXecTBe {M}, mycTh
M, u My — nBe mo6ble Touku U3 {M}, f(My) =y, f(Ms) = uo,
M MyCTh Uy — JIE000E YUCJIO0 U3 CerMeHTa [u, Ug].

Torna Ha /11060H HempepblBHOH KPUBOH L, COeNMHSIOLIEH TOUYKU
M; v My v uenukom npUHaAJexkKallled MHOKeCTBY {M} HaumeTcs
takasi Touka My, Takasi, uto f(My) = ug.

HoxkasarenbcTBo. [lycTh

L={M(xy,....,xm):x1 = p1(t), ..., Tm = pm(t),a <t <} —

HerpepblBHAsI KpHBasi, coefuHsiomiast TouKd M u My ¥ LeJUKOM
npuHaaexatias Mmuoxectsy { M} (puc. 9.5).

Touku M) u My umetor xoopauHatel: M (¢1(), ..., pm(a)),
Mj (p1(8), - om(B))-

Ha kpuBoil L 3amaHHass PyHKIUSA ABJASETCH CI0KHOH (PYyHKUHEH
nepeMeHHOH t:
u=f(p1(t),...,om(t)) =: F(t), npuuem no teopeme 8 (yHKIHUS
F(t) HerpepeiBHA Ha cermeHTe o, 3]. Ha KoHmax cermenra [a, fj]
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yuxuus F(t) umeer snausenus F(a) = f(pi(a),...,om(a)) =
= [(My) = up n F(B) = f(Mg) = ug.

B cuiy wusBecTHOH Teope-

Mbl 1l (DYHKLMH OfHOH Ie-

peMeHHOH Yugy € [up,ue] Ity €

€ |a, B], rtakoe, uto F(ty) =

= Uyp. Ho F(to) — f(gOl(t()),...

Sem(to)) = f(Mp), npudenm

rouka Mo(p1(to), -, em(to)) €

€ L.

Puc. 9.5. HUrak, 4 Touka My € L:
f(My) = ug, uto u TpebOBaIOChH
JI0Ka3aTh.

Ilnsa noxkazaTesbCTBa CAEAYIOIIMX TPeX TeopeM (MepBoi U BTOPOH
TeopeM BefliepuiTpacca u Teopembl Kantopa) Ham moHago6uTCs

Jlemma 3. Ilycts {M} — 3aMKHyTOe MHOXKECTBO M MYCTb IO-

cJlefoBaTeNbHOCTb Touek { M, } — A, npuuem Bce M,, € {M}. Torna
Ae{M}.
JlokasatenbctBo. Tak kak {M,} — A, To B /n060H €-0KPECTHOCTH
Toukd A comepxkarcsi ujieHbl nocnaenoBarenpHoctd {My}. Tem ca-
MBIM, B JIIOOOH £-OKPECTHOCTH TOUKHU A colep:Karcsi TOUKH U3 MHO-
xectBa {M}. Tlosatomy Touka A — ;uGO BHYTpEHHsIsI TOYKA MHO-
xectBa {M}, M Torna oHa NMPUHAMJEKUT ITOMY MHOXKECTBY KaK U
BCsiKasi BHYTPEHHsIs TOYKa, 00 A — rpaHMYHas TOUKa MHOXKECTBa
{M}, v torna ona npunamyexut {M}, Tak Kak mHO)ecTBO {M} —
3aMKHYTOe MHOXECTBO (TO €CTb CONEpP>KHUT BCe CBOU TpPaHHUHBIE
Toukn). Takum oGpasom, B mwbom cayuae A € {M}. Jlemma 3
JI0Ka3aHa.

3aMeyaHue. DTO yTBepKAeHHe aHANOTHUHO CJEAYIOLIEMY YTBep-
XKJIEHHUIO JIS OMHOMEPHOTO Cjydasi: ecjid Bce Ty € [a,b] u {z,} — ¢,
TO ¢ € [a, b).

Onpenenenne. Oynkuus u = f(M) Ha3bBaeTCs 0epanuueHHOL
Ha MHoxectBe {M}, ecnmu 3 uncna Cy u Cy, Takue, uto VM €
e {M}:C) < f(M) <.

Teopema 11 (mepBas teopema Beitepmrpacca). Ecau ¢dyHK-
uust u = f(M) HenmpepbiBHA Ha 3AMKHYMOM 0CPAHUUEHHOM MHOMXKe-
ctBe { M}, ToO OHa OorpaHHUYeHa Ha TOM MHOXKECTBE.
IlokasarenbctBo.  [Jonyctum, uto u = f(M) He orpaHuye-
Ha Ha MHoxectBe {M}. Torma V HaTypasibHOro uuciaa n
IM, € {M} : |f(My)] > n. Tem cambiM M0OC/IEI0BATENBHOCTD
{f(M,)} — Oeckoneuno Gousbiuas. K3 orpaHudyeHHOI MOCJeI0BA-
TeJbHOCTH Touek { M, } MOXKHO BBIIEIUTh CXOMSIIYIOCS MOAMNOCENO0-
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BaTeJibHOCTh. [lycTb mommocsenoBaresnbHocTs { M } — A. B cuniy
neMMbl 3 Touka A € {M} u nostromy dyukuusi f(M) HempepbiBHA B
touke A. Cnenosarensto, {f(My, )} — f(A), a 370 mpoTHBOpeUHT
tomy, uto {f(My, )} — OeckoHeuHo GoJsblIasi MOC/IEAOBATEIbHOCTD.
[TosyyeHHOE MPOTHBOpPEUHE AOKA3bIBAET, UTO Hallle MPeroJoKeHue
He BepHO H, cjemoBaTesbHO, QyHKuUs u = f(M) orpaHudyeHa Ha
MHoxkecTBe {M }.

3ameuanue. Eciu MHOkecTBe {M } He siBJIsieTCs OrpaHHUUYEHHBIM
WJIK He SIBJISIeTCs 3aMKHYTBIM, TO HelpepbiBHAS HA TAKOM MHOXECTBE
pynxuus u = f(M) MoxeT ObITb HEOTPAHUUEHHOH HA 3TOM MHOXe-
CTBe.

3aganwue. [Ipugymaiite COOTBETCTBYIOIINE TPUMEDHI.

Onpenenenne. Yucno U HasbiBaeTcsi mMouHOLl 8epxHeli epaHbio
¢ynkunu v = f(M) Ha MHOKecTBe { M}, ecau

LLVMe{M}: f(M)<U; L

2. Vuucna U< UIM e {M}: f(M)>U.

O6osnauenue: U = sup f(M).

{M}

AHajioruyHO oOmpenesisieTcss TOYHAs HHXKHSAS TpaHb (QYHKIHHU:
inf .
int £0)

Teopema 12 (BTopas Teopema Beiiepmrpacca). HenpepriBHas
Ha 3aMKHYTOM OI'pDaHMYEHHOM MHOXKECTBe (DYHKIHS JOCTUraeT Ha
3TOM MHOXKECTBe CBOMX TOYHBIX HHXKHEH W BepxHel rpaHe.

Teopema nokasbIBaeTCsl TaK »Ke, KAK U aHaJOTHUHAst TeopeMa s
(DYHKIMHA OOHOU MepeMeHHOH.

Onpenenenne. Dyukuus w = f(M) Ha3blBaeTCsI PaBHOMEPHO
Henpepoieroti Ha MHOKecTBe { M}, eciu Ve > 0 34 > 0 (3aBucsiuee
TOJIBKO OT €), Takoe, uto V M| u My u3 mHoxectBa {M}, ynose-
TBOPSIIOLIKX yc10BHIO p (M, My) < §, BEITIOJHSIETCST HEPABEHCTBO

|f(My) — f(My)| <e.

3aganue. [lpunymaiite npumep (YHKUHMH [ABYX T[epeMeHHBIX
u = f(x,y), KoTOpasi siBJsieTCs: a) pAaBHOMEPHO HeNpepbiBHOH Ha
HEKOTOPOM MHOXKeCTBe; 0) HelpepbiBHOU, HO He PaBHOMEPHO Herpe-
PBIBHOM Ha HEKOTOPOM MHOXKeCTBE.

Teopema 13 (Kanrtopa). HenpepoiBHass Ha 3aMKHYTOM orpa-
HUYEHHOM MHOXKeCTBe (DYHKIIHMsS PaBHOMEPHO HelpepbiBHA HAa 3TOM
MHOKECTBE.

Teopema nokasbiBaeTcsi Tak e, KaK W JAjas (DYHKIUU OJHOH
nepeMeHHOH.



22 2. 9. Qynkyuu mroeux nepemerHvlx

3aganme. [IpunymaiiTe npumepsl, Korga ABYMepHOE MHOXKECTBO
He SIBJISIeTCS OFPaHUYEHHBIM WJIM He SIBJISIeTCS 3aMKHYTBHIM, U Helpe-
pbIBHAsi Ha TaKOM MHOXKecTBe QyHKUHUs f(x,y):

a) He JOCTHUTAeT CBOMX TOYHBIX I'DaHel;

0) He sIBJISIeTCS PABHOMEPHO HeINpepbIBHOM.

§ 5. HactHble npousBoaHble U U PepeHIUPYyEeMOCTh

[Tyctb Touka M(xy, ..., Ty,) — BHYTPEHHSIS TOUKa 00JIaCTH OMpe-
nenenust pyukuuu u = f(M) = f(xy,..., Ty ). PaccmoTpum uactHOE
npupaileHde (QyHKIUMA B 3TOH TOYKe, COOTBETCTBYIOLIee MpHpalle-
HUt0 Axyp apryMeHTa Tj:

A.’I]‘ku - f(xl’---’xk—lamk +A$k’xk}+1a’xm)_

—f(x1, .. Ty oo, Tm)

A, u 3aBECHT TONBKO OT Az, (mpu pukcupoBaHHoi Touke M (z1, ...

. u

Onpenenenune. Ecau cymecrsyer lim —**~ To 0OH Ha3bIBaeT-
Azp—0 Azy

cst yacmroil npoussodnot GyHkuuu u = f(xy,...,Ty,) B Touke M

10 NePEMEHHOHU T.
s yacTHOH Mpou3BOAHOW MO nepeMeHHOH Ty B Touke M wuc-
ou of

MOJIb3YIOTCST pa3jinuHbie o6o3Hauenus: u, (M), ,
Bblunc/ieHHe 4acTHBIX TPOM3BOAHBIX TMPOU3BOAMUTCS IO TEM 2Ke
MpaBUJaM, UYTO U BBIUHCJEHHE NPOU3BOAHBIX (PYHKLHH ONHOH mepe-
MEHHOH.
Ilpumepsr.
ou
, — =2Y%Inx.
dy
1 Ha ocsix KOOpAMHAT,
2. u(z,y) =
O B oCTa/bHBEIX TOYKAaX.

Ha#inem uactroe npupaiienue A,u B Touke O(0,0) (puc. 9.6):
Azu = u(Az,0) — u(0,0) = 1 — 1 = 0. CrenoBateJbHo,

lim =" =0, To ecTb —u(0,0) = 0. AHaJOrHYHO HaXOAUM:
%x—m Az Ox
u
8_(0’ 0) =
Y
OtmertuM, 4to lim u(z,y) He CylIeCTBYET, U, 3HAUUT, (HDYHKIIUS

z—0
y—0
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u(z,y) He sBasercs HernpepbiBHOH B Touke O(0,0). Takum
00pa3oM, 3TO MpUMep (DYHKLUHU, Pa3pblBHOH B TOYKE, HO TeM
He MeHee HMeILIel B 3TOH TOYKe YacTHble Mpou3BoaHble. s
(yHKUHME OIHOH MepeMeHHOH Takasi CHTyallHsi HEBO3MOXKHA.

\y My

(Az,0)

A / [

0(0,0)

=)

Puc. 9.6. Puc. 9.7.
Pu3uyeCcKUid CMBICJ YAaCTHOM MPOM3BOAHOM. HacTHasi mpous-

ou
BOJIHAS 8—(M) XapaKTepHU3yeT CKOPOCTb H3MeHeHHsI (PYHKIHH B
X

Touke M B HamnpaBseHuu ocu Ox.

3ameyanue. Ecau M — rpaHuuHas Toyka 00JacTH OnpeneeHus
(hDYHKLHMH, TO /ISl HEe BBEEHHOE OlpeeseHrue YaCTHOW POU3BOJHOH
MOXKeT ObITh HempuropHo. Hampumep, mns touku My Ha puc. 9.7

He CyIIeCTByeT udacTHoe mpupamleHue Aju. B atom cayuae, ecau

ou
— (M) cyuiecTByeT BO BHYTPeHHHX Toukax M o6jacTu omnpeneJe-

Ox
: ou
HUs QYHKIMH, TO mojaraiT — (My) = Mh_)r%oa—x(M) (ecnu 3TOT

ou
ox
npefes CyIlecTBYeT).

PaccmorpuM Temepb mosiHoe mpupaiieHne Awu QYHKIUH © =
= f(xy,...,Tmy) BO BHyTpeHHed Touke M (xi,...,Z,) U3 obmacTu
onpenesieHus (PyHKIIUU:

Au= f(x;+ Az, ..., ¢;m + Azp) — f(z1, ..., Tm).

Onpenenenne. Oyukuus f(xry,..., T, ) HasbiBaeTcss dupgeper-
uupyemotl B Touke M (xy,..., Ty, ), €CIH ee MOJHOE MpPUpalleHHe B
3TOH TOYKE MOXKHO MPEICTABUTb B BHIE

Au=A1Az; + ...+ A Az, + oAz + ..o+ oAz, (9.5)

rne Ay,..., A, — Kakue-To uucaa (TO eCcTh OHM He 3aBUCAT OT
Axy, ..., Axy), o = aj(Azy, ..., Axy), i =1,2,...,m — 6ecko-
HeuHo MaJible ¢hyHKuuu npu {Az; — 0, ..., Az, — 0}, paBHble HY-

aio pu Azy = ... = Az, =0 (1o ects (0, ...,0) =0).
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PapenctBo (9.5) HasoBem ycaosuem Ougghepenyupyemocmu
GyHKuHH B Touke M (xy,..., Tm).

®Pusnyecknii cMbica audgepeHnupyeMocTd (PyHKIIMA MHOTHX
repeMeHHbIX

[locTaBUM Tako# BONpPOC: MOXKHO JIU CKOPOCTb HU3MEHEHHUsI (PyHK-

und u(x,y) mo aOOMY HampaBjeHHIO B Touke M BbIpa3uTh 4epes

u u
CKOPOCTH 8_(M) u a—(M)p OkasbiBaeTcsi, UTO He Bcerjga. Eciu
&L Y

u(x,y) muddepenurpyema B Touke M, TO MOXKHO. DTO CTaHET SICHO
U3 [aJIbHEHIIerO.

Benomuum, uto masi gyHkuumd y = f(x) omHO# mepeMeHHOH x
ycaoBue auddepeHurpyeMoctd umesio Bul: Ay = AAx 4+ alAx =
= AAx + o(Ax).

Bosnukaer Bompoc: KakoB awnasor ciaraemoro o(Ax) B cay-
yae (YHKIHUH M HepeMeHHbIX? MOXHO MPeanosoKUTh, UTO aHa-
qorom Oyner cymma [o(Axy)+ ...+ o(Ax,,)]. Ho arto He BepHO!
YUroObl naThb NpaBUJBHBIA OTBET Ha IOCTaBJEHHBIA BOMpoc, 000-

3HayuM OyKBOH p pacCTOsiHHe MexXay TodkamMu M (zy,...,Zm,) H
M'(zy + Axy, ..., 2m + Axy,) (puc. 9.8).

M(x1,. .., %m)

(M, M') =/ (Aa1)? +.. o+ (Aw )

M (x1+ Azq,. . T + Ay

Puc. 9.8.
Hokaxem, uto ycaoBue (9.5) nuddepeHunpyemMocT (PyHKIUH
u= f(xy,...,Ty) B Touke M MOXKHO 3amucaTh B BHJE
Au = A1Azx) + ... + ApAzy, + o(p), (9.6)

npuuem ciaraemoe o(p) = 0 npu p = 0. O603HauumM cymmy oy Az +
+ ...+ amAxy,, BXOAAIIYI0 B MpaByl YacTb paBeHcTBa (9.5), Oyk-

Boi h. Ecmu p = \/(Ax1)2+...—|—(Axm)2 =0, To Ax; = ... =
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= Ax,, = 0, mostomy «;(0,...,0) = 0 u, caenosaresnbHo, h = 0.
Ecnu xxe p # 0, To

h oAz + ...+ oAz, Az Az,
_ = 1 ! :a1—1+...+()ém y
P P P P

u tak kak {Azx; —0,...,Az,, — 0} npu p — 0, T0 Bce a; — 0

%‘él,TO ﬁ—>0an p — 0. Takum

npu p — 0, a MOCKOJBbKY

o6pazom, h = o(p) npu p — 0 u h =0 npu p = 0. Mbl n0Kasza/u,
gyTo U3 (9.5) caenyer (9.6).

JlokaxkeMm, 4TO BepHO M 0OpaTHOe, TO eCThb eCJU MNpHpalleHHe
Au ¢yHkund u = f(x1,...,Ty) B Touke M MOXKHO MNpPEACTaBUTH
B Bume (9.6), rme cnaraemoe o(p) paBHo Hymwo npu p = 0, TO
Au MOXHO TipencTaBuTh U B Bume (9.5), npuuem Bce o — O mpu
{Az; —0,...,Az;, =0} u oy =0 mpu Azx; = ... = Az, = 0.
O603Hauum ciaraemoe o(p) B paBeHcTBe (9.6) 6yksoit h. Ecau p # 0,

TO

hzﬁ.p_QzﬁA:c%—i—...—i—Ax,Qn:
p P

Xy

) h
Hns kaxnporo ¢ = 1,2,...,m o603HauuM (QyHKIHIO — -

P P
a;. OHa ompenesneHa npu p # 0 U Tak Kak p = @ — 0 npu

‘gl, 0o oy — 0 mpu p — 0 u, 3Hauut, «o; — 0

uepes

Xy

p— 0 u

npu {Az —>p0,...,Amm — 0}. Ecu p =0, 1o ectb Az = ... =
= Az, =0, To mostoxum o; =0 (i = 1,2,...,m). Takum o6pasom,
Mbl MpeACTaBuId (GYHKUHIO h B Buae h = ajAxy + ... + apmAx,,
npuueM QyHkuuu a; — 0 npu {Az; —0,..., Az, -0} u oy =0
npu Az = ... = Ax,, = 0. 70 03Hauaet, 4yTo ycjaoBue (9.6) MOXKHO
sanucathb B Buue (9.9).

3ameuanue. Ecau dyukuusa u = f(xy,...,Ty) anbdepeHuupye-
Ma B Touke M, TO OHa U HenpepbiBHA B Touke M.

B camom nene, eciu QyHkuus u = f(xy,...,Tn) auddepeHu-
pyema B Touke M, To ee mosiHOe mpupaiienne Au B 3TOH TOUKE MOXK-

HO TNpeacTaBUTh B Buae (9.5), oTKyma c/eryeT, uTo Alimo Au =0,
T|—r

a 3TO M 03HadaeT (COrJIaCHO PA3HOCTHOH (hopMe YCJOBHUS HelpephiB-
HOCTH (DYHKIMH), UTO NaHHAs (PYHKIUS HerpepbiBHA B Touke M .
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Cea3p nudpepeHIIIPYeMOCTH C CYIIECTBOBAHUEM YaCTHBIX
npousBogHbIX. [l (QyHKUIUM OfHOH mnepemeHHOH y = f(x) cy-
1eCTBOBAaHHWE TMPOU3BOJHOU B TOUKE X SIBJSETCS HEOOXOOUMBIM H
NOCTAaTOYHBIM yCJOBHeM IH(PdepeHIupPyeMOCTH (PYHKIHUHA B TOYKE
xg. Hnsg QyHKIMH MHOTHMX IepeMeHHBIX CYIeCTBOBAHHWE YaCTHBIX
MPOM3BOAHBIX B TouKe M yXKe He BJSIeTCH AOCTAaTOUYHBIM yCJOBHEM
ee nU(pPpepeHIHPyeMOCTH B 3TOU TOUKe.

Teopema 14 (HeoOGxomumoe ycioBHe auddepeHIInPyeMOCTH
¢pyukuuu). Ecnu dyukuusa v = f(xy,...,xy) 1addepeHurpyema B
touke M(xy,..., %), TO OHA UMeeT B Touke N 4YacTHbIe MPOU3BOMI-
Hble 110 BCEM MePEMEHHBIM.

[lokasaTtenbcTBO. 3anuiieM ycjaoBue AudPepeHIupyeMoCcTH (YHK-
nuu B Touke M B Buge (9.5):

Au=A1Ax; + ...+ A Ay, + oAz + ...+ o Axy,.

[Tonoxum Bce Ax; = 0, kpome Axg, a Axg # 0, rne k — 060
Homep ot 1 1o m. Torna Au = Ay, u = ApAxy + oAz, roe Ay —

u
gyucso, ar — 0 npu Axp — 0. OTcrona nosyyaem: Axk = A, +
Tk
) Az u
+ ap — A mpu Az — 0, To ectp 3 lim —%— = Ay,
Axp—0 Axy

Takum o6pasoM, CylIecTBYyeT %(M) = A (k=1,2...,m).
Teopema nokasana. ’

CaenctBue. YcioBue (9.0) nuddepeHuupyemoctd (YyHKUHH B
Touke M MOXKHO 3amucarth B BHJIE

Ay = %(M)Axl + ...+ ﬂ(M)A:Um + a1 Az + ...+ apAx,,.

a (95171 axm
(9.7)

OTmeTuM, uTO 06paTHOe K TeopeMe 14 yTBepxkKIeHHe He BEpHO.
Ilpumep.

1 Ha ocfix KOOpAMHAT,
0 B OCTaJIbHBIX TOUKAX.

u(z, ) = {

ou ou
8_(0’0) = 6_<0’0> = 0 (970 OBLIO TMOKA3aHO paHee), HO (YHK-
X Y
uus u(x,y) He siBasieTcs HernpepbiBHOH B Touke O(0,0), a noToMy He
nuddepenuupyema B Touke O(0,0).
Takum 06pa3oM, CyIIeCTBOBaHHE YACTHBIX TPOU3BOAHBIX — TOJIb-
KO He0OXOAMMOe, HO He OCTATOYHOe yCJ0BHe NHU(depeHIHpyeMOCTH

(PYHKLHMHU B NAaHHOU TOYKe.
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Teopema 15 (mocrarouHoe ycijoBue audepeHUPYyEeMOCTH
¢yukuun). Ecnu ¢pyukunsa u = f(xy,..., Ty ) UMeeT 4acTHbIE MPO-
U3BOJIHbIE 110 BCEM MepeMeHHBIM B HEKOTOPOH £-OKPEeCTHOCTH TOUKH
M (xy,...,xy), npuueM B camod Touke M 3TH YacTHbIE MPOU3BOJ-
Hble HelpepblBHbI, TO (PyHKUUA auddepeHnupyema B Touke M.
HokasatenbcTBo. I[IpoBe-
IeM [0Ka3aTeJbCTBO TeOo-
peMbl I PYHKLUHH JBYX
nepeMeHHbIX u = f(z,Yy)
(s coKpallleHUsl 3aru-
cu). Ilyctp yacTHble mpo-
M3BOMHbIE f, W f, cylle-
CTBYIOT B £-OKPECTHOCTH
tToukn M (z,y) u Hempe-
pBIBHBI B caMo#l Touke M.

Bosbmem Az u Ay
CTOJIb  MaJIbIMH, YTOOHI
touka M(z + Az,y +
+ Ay) nexana B 3Tol
£-OKPECTHOCTH TOUKH M, U paccCMOTPUM TOJHOE TpHUpalleHre PyHK-
MU B Touke M:

Au= f(x+ Ax,y+ Ay) — f(z,y) =

= [fx+ Az,y + Ay) — f(z,y + Ay)] + [f(z,y + Ay) — f(z,y)] =
= fo(z + 0142,y + Ay) - Az + fy(z,y + 6Ay) - Ay,

NAz, y+Ay)

Puc. 9.9.

rnre0<6;<1,2=1,2.

K pasHocTsM B KBagpaTHBIX CKOOKaX Mbl NMPUMEHUNU (POPMYNy
Jlarpaxa KOHeuHbIX MpUpalleHUi, IPH 3TOM MPOM3BOAHBIE f U fy
OepyTcsl B IPOMeXKYTOUHbIX ToukKax Mg u My (puc. 9.9).

Tak Kak MO yc/oBHIO TeopeMmbl f, W f; HeNpepbiBHB B TOY-

ke M(x,y), 10 fy(z+01Az,y+ Ay) = fo(z,y) + o1, fylz,y+

+ 0, Ay) = fé(a:y) + ag, Tie a) ¥ ag — 0 npu {2;3:8}, o] = Qo =

=0 npu Ax = Ay =0.
CJiemoBateJ ibHO,

Au = fi(z,y)Ar + fu(z,y)Ay + a1 Az + apAy,

TO €CTb BBITNOJIHEHO ycaoBUe nuddepeHHpyeMocTH GyHKUNH f(x,y)
B Bume (9.7). Teopema 15 mokasaHna.
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3aganud.
1.

(m2+y2)sin;, 2+ 92 #0
u(z,y) = 22+ y?
0, :UQ—I—yQ:O.

Hokaxure, 4to u(x,y) HMEET yYacTHble MPOU3BOIAHBIE Ul |
U, BO BCeX TOYKAX MJOCKOCTH, 3TH YacTHble MPOU3BOJHBIE
He siBasitoTcsl HempepbiBHbIMM B Touke (O(0,0), HO (yHKIHS
u(z,y) muddepenunpyema B Touke O(0,0).

DTOT MpUMep MOKa3bIBAET, UTO yCJIOBHE TEOpeMbl 15 sBjseTcs
TOJIBKO JOCTATOYHBIM, HO He HEOOXOAMMBIM YCJOBHEM AU de-

PEHLUHUPYEMOCTH (PYHKLIUH.

M%wz{

Jloka»<uTe, 4TO YacCTHbIE MPOM3BOJHBIE U, H Uy HEMPepbIBHbI B
touke O(0,0). Bmecte ¢ Tem, ata dyHkuus He nuddepeHi-
pyema B Touke O(0,0).

OObsicHUTE, MOYEMYy 3TOT MPUMEDP He MPOTHBOPEYUT Teope-
me 15.

JuddepeHninpyeMocTb CI0KHONU (PYyHKIUN

1, Ha ocsAX KOOpAMHAT,
0O, BO BCeX OCTaJbHBIX TOUKAX.

Pacemotpum cnoxkuyio pyHkuuio z = f (o(u, v), ¥ (u,v)), To ecTh
2= f(z,y), e = p(u,v), y = ¢Y(u,v).
Teopema 16. IlycTs:
1. dyukuuu x = p(u,v), y = ¥ (u, v) auddepeHIHpyeMbl B TOUKe
(g, vo);
2. ¢oyukuus z = f(x,y) nuddeperuupyema B Touke (g, o), TAE
zo = @(uo, vo), Yo = ¥(ug, vo).
Torna caoxuHast pyHkuus z = f (¢(u,v), ¥ (u,v)) nuddeperHuupyema
B Touke (ug,vg).
JlokasaresbctBo. Jlagum mpousBoJibHble mpupatienus Au u Av ap-
TyMeHTaM u 1 v B TouKe (ug, vg). PyHruuu = @(u,v) uy = ¥ (u, v)
noJsiydar npupaiienuss Az U Ay, KOTOpble B CHJy yCJIOBHST | MOXKHO
MPeNCTaBUTh B BUJIE

Ax O (ug, vo) Au + 42 (ug, vo) Av + aAu + asAv,

~ du ov 98
o o (9.8)
Ay = Iu (uo, vo) Au + 0 (10, vo) Av + B1Au + B Av,

roe oy, 9, 1, B — 0 npu {Au — 0,Av — 0} u o = ; = 0 mpm
Au= Av =0.
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ItuM npupameHusm Az u Ay COOTBETCTBYeT mpupaiieHue Az
GyHkuuu z = f(x,y) B Touke (g, yy), KOTOPOE B CHUJIY YCJOBUS 2
MOXKHO 3amucaTh B BHJIE

Az = g—i (20, yo) Az + g_;; (70, Y0) Ay + 1Az + Ay, (9.9)
rie vi,ve — 0 mpu (Az — 0,Ay — 0), vy =7 =0 npu Az =
= Ay = 0, u, cremoBatesbHo, vi,ve — 0 npu {Au — 0, Av — 0},
v1 =y =0 npu Au = Av = 0.

[TopcraBasis (9.8) B (9.9), npuxonum K paBeHCTBY, KOTOpoOe 3a-
MUIIEM B BHJIE

Az = AAu + BAv + aAu + BAw, (9.10)
rae
0 0 0 0
A= %(fﬁo,yo) : 3—(5(“0,@0) + a—g(ﬂfo,yo) : a—i(uo,vo)
4!

) ) 0 9
B = a—i(xo,yo) : a—f(uo,vo) + 0_5(1:0’%) ' 8—15(“0’”0) -

qHcJa, a

0 0 0
a = Gi 51 + @71 + 8_1%2 +y1a1 + 72581
§ of ., of o
=g+ 3 524-— M+ 52 10 +72fy —

(QYHKLHH, YIOBJETBOPSIOIINE, OYEBUIHO, YCAOBHUIM
auf—0mnpu (Au—0,Av—0), a=p=0npu Au = Av =0.

PaBenctBo  (9.10)  o3Hauaer, uYTO  CcaOXkKHas  (YHKUHS
z=f (o(u,v),¥(u,v)) tuddeperuupyema B Touke (ug, vg). Teopema
JI0Ka3aHa.

13 paBenctBa (9.10) caenytoT dhopMyJsibl A5 TPOU3BOIHBIX CJIOXK-
HOW (PYyHKLHH:

0z 0 0 0

5, (U0, vo) = a—i(ﬂﬁo,yo) : a—i(uo,vo) +5-(20, 90) - %(Uo,vo),
0z 0 0

5, (10, v0) = a—i(iﬂo,yo) : a—f(uo,vo) + (%0, 50) - 5 (o, vo)
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ITH XKe QopMyJibl 3anuileM B 0oJjee KPAaTKOM BUJE:

0: 0 ox 0z oy 0:_0: or 0z 0y
ou Oxr Ou Oy ou Ov Oxr Ov Oy Ov
[Ipu Takoil 3amucu GoJiee HarJISIAHO BHAHA 3aBUCHUMOCTb 2 OT

U U 4epe3 KaxKIblH U3 apryMeHTOB T U Y.
Ilpumepsi.

(9.11)

0z 0z
1. Paccmorpum ypaBHeHue ya xa—y = 0 (9T0 ypaBHeHUe Ha-

3bIBAETCS YPABHEHUEeM 8 HACMHbLX Npou3800HbLX; TpedyeTcs
HalTH QYHKUUIO 2(x,y), YAOBJETBOPSIOUIYID 3TOMY YpaBHe-
HHIO).

[Tycts f(t) — mpousBosbHasi auddepeHirpyemasi (yHKIHS
aprymenta t. [IpoBepum, uTto QyHKUUS 2z = f (xQ —|—y2) y10-
BJIETBOPSIET NAHHOMY ypaBHeHHI0. Halinem ee yacTHble mpous-
BOJIHBIE

0z . 2 2 0z o 2 2
a—w—f/(x —|—y).2m, a—y—f’(:c —|—y).2y
¥ TOJACTABUM 3TH BBIDAXKEHHsI B ypaBHEHHE:
oz 9% _ (22
o x@y (2zy — 2xy) - f (x +y ) 0.

Takum 06pasom, awobast pyHkuns z = f (z* + y?), rae f(t) —
nuddepeHurpyeMas (QYHKILHSA, ABISETCS pelleHHeM IaHHOTO
ypaBHEHHS.

2. BbIYHCIHM YacTHBEIE MPOMU3BOAHbIE 10 T U MO Y DYHKIHH

z:f<x—y2,:1:2+y3).

2 v=2a?+13 Torma

0 0
g = Fut fi 20 5= fu (S29)+ £ 3Y°,

Paccmortpum Tenepb 6ojiee 00U caydyad CJA0XKHOH (DYKHUHU:

BBenem o0603HaueHUs: u = T — Y

u=f(x1,...,Tm),
rie 1 = @1 (L1, .. tk) ooy Tm = @m (t1, ..., tg). T ee 4acTHBIX
IPOM3BOJHBIX UMEET MeCTO (POpMYyJia, KOTOpasi BbIBOAMTCS aHAJOTHU-
Ho chopmysam (9.11):

ou ou 0Ox u 8xm Z ou 8%

8_151' - 8_33'1 ' 8t1~ 8:1:J t@'
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Judpdepennnan ¢pyHKIMHA MHOTUX NepeMeHHBIX

[ycts dyukuus u = f (xy,..., %) AdddepeHIEpyeMa B TOUKE
M. Torna ee npupalleHre B 3TOH TOUKE MOXKHO MPENCTAaBUTh B BHUJE

ou ou
Au = ((%1( JAx + .. +M( )Axm>+

+ (1 Az + ...+ apAzy,),

roe o; — 0 mpu {Az; —0,..., Az, — 0}, a; =0 mpu Az = ... =
=Ax,,=0,7=1,....m

OGe CcyMMBl, 3akKJjlOUeHHble B KDYIJble CKOOKM B IIpa-
BOH UYacTH paBeHCTBa, SBJAIOTCS OECKOHEYHO MaJjbiMH MpH
{Azy —0,...,Az,, — 0}. Tlpu >TOoM mepBas cymma SIBJISIETCS
JUHEeHHOH oTHocuTesbHO Axy,..., AT, YacTblo NpHUpalleHUs
(GYHKIMH, a BTOpass cymMMa — OeCKOHeYHO MaJjiod 6oJiee BBICOKOTO
nopsiiKa, ueM JuHedHast yacth, npu {Azx; — 0,..., Az, — 0}.

Onpenenenue. /Juppeperyuarom (nepBbiM AU hepeHIIHaIOM)
¢yukunu u = f(M) B Touke M HasbiBaeTcs JMHeHHash OTHOCHTEJIb-

Ho Az, ..., Ax,, 4acTb npupauieHus PyHKIUU B Touke M:
ou ou
du = a—xl(M)A:Ul +...+ T (M) Az,

JuddepeHunanom He3aBUCUMOU MepeMeHHOU x; OyeM Ha3blBaThb
npuUpalleHre 3TOU MepeMeHHOH:

dr; = Ax;, 1=1,2,...,m.

Beipaxkenue nnsi nuddepenuuana (GyHKUMM B Touke N 3amu-
lIeTcs Ternepb Tak:

ou ou
du= o= (M)dey + ...+ 5 —(M 28% dzj. (9.13)

Jlemma 4 (06 nHBapuaHTHOCTH (popMbI nepBoro audgepeH-
uuana). Popmyna (9.13) ocraercs B cuJe, e€Cad Iy,...,IT, SB-
JSIIOTCS He He3aBUCHMBIMH TepeMeHHBIMU, a AuddepeHInpyeMbIMH
(OYHKIHUAMH KAaKHUX-TO HE3aBUCUMBIX MepeMeHHbIX.

HoxkazatensctBo. [lyets v = f(zy,...,xm) — auddepeHuupyemas
Gyukuus, a x; = @;(ti,...,ty) — aubdepeHnrpyeMble (QYHKIUH
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HE3aBUCHMbBIX MepeMeHHbIX t1,...,t, (j =1,...,m). Torna, ncrnoJb-
3yst hopmyay (9.12), MOXKHO 3amucath LEMOYKY PaBEHCTB:

k

du — g—Zdti:Z ZS;%? dt—za% Zﬁ%dt _

Z—l ’L—l z_
8333 6£Cj . % .
Zaxj <8t1 dt + ...+ 8tkdtk> - Zaxjd%'

[lepBoe paBeHCTBO B 3TOH IleMOUKe HAMHUCAHO B COOTBETCTBHH
c omnpeneneHueM nuddepeHuurana (yHKIHHA, BO BTOPOM PaBEHCTBE
ucriosnb3yercst Qopmynaa (9.12), TpeTbe paBeHCTBO MOJY4YeHO MY-
TeM H3MeHEHHsl TOopsiiKa CYMMHPOBaHHS W, HaKOHEL, B TOCJe]-
HeM paBEHCTBE HCIOJb30BaHO TO, 4YTO AHDdepeHIHaT G(HYHKIHH
zj = ;i(ty,...,tx) Bolpaxaercs (CorJacHo onpeneseHuo nuddepen-
nuana GyHKuun) Gopmyson

do; = aa_fljdtl +o+ 8%dtk

Hrak,

du = ——dzj, (9.14)

TO ecThb opmysa (9.13) umMeeT MecTo U B TOM cJydae, KOTjaa I, ...
., Ty — OApdepeHuupyeMble PYHKIHUA KAKUX-JUOO0 HE3ABUCUMBIX
nepeMeHHBIX. Jlemma 5 nokaszaHa.

3ameuanue. Otauune dopmynasl (9.14) ot dopmynasr (9.13) co-

CTOMT B TOM, 4TO B Qopmysne (9.13) dz; = Az; — mnpupaiieHue
nepeMeHHOH xj, a B opmyane (9.14) dx; — nuddepenuunan GyHKIHHU
r; = j(ti, ..., tg), MO3TOMY, 31echb, BooOLle roops, dr; # Ax;.

Takum o6pasom, dopmyna (9.14) nmokassiBaeT, 4To coxpaHsieTcss Gop-
Ma (BUA) BbIpaxKeHUs 15 auddepeHnasa GyHKIIUH, a COIepKaHUe
(HamosiHeHME) 3TOH (POPMYJIBI U3MEHSIETCS.

Ilpumep. Ilycts u = 2Y. Torna

du=vy-2v ' de+2Y -lnz-dy —
nuddeperiran nanHo# GyHKUUK B Touke (z,y). B Touke (1, 1) du =

= dx; B Touke (1,0) du = 0 (oT™MeTHM, UTO TO HEe YHCJO, a HYHKLHUS
aprymMeHToB dx W dy, paBHast TOXKIECTBEHHO HYJIIO).
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IlpaBuaa nudg¢epeHipoBanus

[Tycts w u v — nuddepeHurpyeMble PYHKLIUU apryMeHTOB Xy, ...
T
Torna:
1. d(cu) = cdu (c = const),
2. d(u+v) =du =+ dv,
3. d(uv) =vdu+ udv,

4 d(%) vduv udv( £0).

u
Hokaxewm, Hamnpumep, ¢opmyay 4. Bemem ¢yHKUH w = —,
v
OHa SIBJISIETCS CJIO)KHOW (pyHKLHeH apryMeHTOB Z1,...,ZTy. B CUJIY
JIEMMBI D
ow ow U vdu — udv
dw = cdu + — - dv——du——d = —
ou ov 2 02

4TO M TPeOOBaJNOCh N0KA3aTh.

§ 6. Teomerpuuecknit cMbica audepeHIUPYEeMOCTH
¢dbyHKUMH

[. KacaTreJbHas MJIOCKOCTb U HOpMaAJb K ITIOBEPXHOCTH

HanomuuMm, uto nss GyHKUMH OfHOH mepeMeHHOH y = f(x) u3
o pepeHuUupyeMOCTH B TOYKe I CJeAyeT CyLIeCTBOBAHWE Kaca-
TeJbHOU K rpaduky QYHKUHH B Touke (T, f(z)).

Pacemorpum dyHKIHIO IBYX nepeMeHHbX 2z = f(x,y), (z,y) €
€ D. Ee rpaukom sBssieTcs OBEPXHOCTD

S ={N(z,y, f(x,y)),(z,y) € D}

B TNpsMOyrosbHOM cucteMe KoopauHat Oxyz (puc. 9.10). Ilyctb
No(zo, Yo, 20) € S, zo0 = f(xg,yo). [IpoBenem yepe3 Touky Ny mioc-
koctb P. Ilycts N(z,y,z) — OpPOU3BOJIbHAS TOYKA HA MOBEPXHOCTH
S, z= f(x,y); NN\LP, N| € P.

Onpenenenne. [lnockocts P, npoxonsiias depes Touky IV
MOBEPXHOCTH S, HA3bIBAETCS KACAMEAbHOL NAOCKOCMbIO K TIOBEPX-
HocTH S B 3ToH Touke, ecau npu N — Ny (N € S) paccrosinue
p (N, N1) siBasieTcsi 6eCKOHEUHO MaJjIOH BEeJIMUMHOH 60Jjiee BBICOKOTO
nopsinka, ueM p (N, Np), To ecTb

. p(N, N]) o
N NN
(NeS)

2 B.®. byrysos
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—_———— e e——

<

.p/M (z,y)
;" Mo (20, yo)
Puc. 9.10.
p(N,Ni) _ .
Tak kak ——~ = sin ZN NyN{, TO U3 HaAIMCAHHOI'O MpeaeJ/ib-
o (N, Vo) 04V1 p

Horo paBeHcTBa caenyet, yto ZNNyNy — 0 npu N — Nj,.

Teopema 17. Ecau ¢yukuus z = f(x,y) nuddepenurpyema B
Touke Mo(zo,y0), To B Touke No(wo,¥o,20), tae 20 = f(Z0,%0),
CYILLeCTBYeT KacareJ/JbHas MJIOCKOCTb K I'PapUKy 3TOH (PYHKIHH.
HokasaresnbctBo. [lyets N(z,y,2) € S, z = f(x,y). [lonoxum = —
— 20 = Az, y —yo = Ay, z — 20 = f(2,y) — f(wo,90) = Az. Tax
Kak (yHxkuus z = f(xz,y) nuddepenuupyema B Touke My, TO ee
npupaiienre Az MOXKHO MPEACTaBUTh B BHJE

0z 0z
Az = pe (Mo) Az + 9y (Mo) Ay + o(p),

rne p = p(M,My) = \/(Ax)Q—I—(Ay)Q. Beenem 0603HaueHus:

g—;(Mo) = A, g_;(MO) — B u mepenuuieM ycJaoBue AubpepeHnupy-

E€MOCTH B BHU]JIE
z—z0 = A(x — x0) + B(y — vo) + o(p).
PaccMOTpUM MIOCKOCTh P, 3alaHHYI0 ypaBHeHHEM
Z — 2y = Az — xo) + By — %o),

M JIOKaXKeM, UTO OHa SIBJISETCS KacaTeJbHOH IJIOCKOCTbIO K TOBEPX-
Hoctu S B Touke Ny(Zo, Yo, 20).
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[lnockocts P mpoxomut uepe3 Touky No(zo,¥yo,2p) U HMeeT
BekTOp Hopmasu 77 = {A, B, —1}. Ham Hano nokasatk, uTo

p (N, N1)
———~ = 0nmpu N - Ny (N €5S5), tne NN LP, N| € P.

[Iyctb N9 — Touka nepeceuenus npsamod NM ¢ njockocTeio P.
Touka Ny umeet KoopauHatel (z,y, Z = 2o + A(x — x¢) + B(y — yo)),
nostromy p(N, No) = |z — Z| = o(p). Tak kak p(N, Nj) < p(IN, No)
(meprieHAMKYJISIP MeHbllle HakJIOHHOH), a p(IN, Ny) = p(M, My) = p,

T p(NN) _ p(N.N) _ olp)
p(N,No) = p(M, My) p

p (N, N1)
p(N’NO)

%OHpHN—)No,

, CJIeL0BaTeJbHO, — 0 mpu N — Ny (N € S). Teopema

JO0Ka3adHd.
I/ITaK, [IJIOCKOCTb, 3alaHHAasA ypaBHEHHUEM

7 — 20 = %(Mo)(x —x9) + g—;(Mo)(y — %),

IBJISIETCS KacaTesJbHOH MJOCKOCTbIO K MoBepxHOCcTH S (rpaduky
dyxuman = = f(z,y)) 5 Touxe No(zo, Yo, 20).

Bekrop 7 = {%(MO) g—;(MO), —1} Ha3bIBAETCS BEKMOPOM
Hopmaau K noBepxHocTH S B Touke No(xg, Yo, 20)-

ITpumepni.
1. TlycTh moBepxHOCTb S 3ajaHa ypaBHeHHeM z = x° + 3> (3T0
napaboJIon1 BpallleHHUsl).

Torma Ttouka Ny(1,2,5) € S;

M()(la 2)7 kZ
0z 0z
YpaBHeHHe KacaTesbHOW MJIOCKOCTH K ! No(0;1;1)
NAHHOW MOBEPXHOCTH B Touke Ny: i
Z—-5=2(x—1)+4(y—2). O  My(0;1) Y

2. Ilyctb moBepxHOCTH S 3amaHa ypas-

HeHHeM z = \/x? 4+ y? (3T0 KOHMYe- Puc. 9.11.
CKasl IOBEPXHOCTh, puc. 9.11).

B rtouke (0,0) dyHkuus He nuddepeHUHpyeMa, ¥ B TOUKe
0(0,0,0) kacaresbHast MJIOCKOCTb K TIOBEPXHOCTH S He CYIIECTBYET.

2*
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Bosbmem Touky Np(0,1,1) € S. Tak kak %(0,1) = 0,

0z .

8_<0’ 1) = 1, To ypaBHeHMe KacaTeJbHOH MJIOCKOCTH K MOBEPXHOCTH
Y

S B Touke Ny umeer Bua Z — 1 =y — 1 uau Z = y. dTa NJ0CKOCTD

COLIEPKUT 00pa3yIOLLY KOHYCA.
[I. Ilpon3BogHasi Mo HaNpaBJeHUIO U TPATUEHT

ou
YacTHasi mpousBoiHas o XapaKTepu3yeT CKOPOCTb H3MEHEHHSs
x

dbyHkuuu no HampapsaeHuto ocd Oz. CKOpOCTb W3MeHeHUs (DyHKIIUH
10 MPOU3BOJBHOMY HAlpPABJIEHHIO XapaKTePU3YEeTCs npouU38oo0HOL no

amomy HanpasieHuro.

[Iycts  ¢yHkUIHMA © =
= f(z,y,2) = f(M) onpe-
JejeHa B OKPECTHOCTH TOu-
ku My € R3. Tlpoenem de-
pe3 Touky My Kakyro-HUOYAb
npssmyto L 1 BbiOepeM Ha Hel
OLHO M3 JABYX BO3MOXKHBIX
HalpaBJIeHUH, OHO XapakTe-
pr3yeTcs eIUHUYHBIM BEKTO-

pom [ (puc. 9.12). Ilyctsb

Puc. 9.12. M — npousBosibHasi TOYKa

M3 YKa3aHHOH OKpPeCTHOCTH,

Jexkauas Ha npsamo L. Uepes MyM 0603Ha4YuMM BeJIMYHMHY Hampas-

JeHHoro otpedka MyM, To ecTb

— — -
o ’MOM . ecan MM 11
oVl = — T oA T
. ‘MOM ecan MoM 4,7,
. f(M)— f(Mo) ]
Onpenenenne. Ecau cyliectByer A}l_{% : MM , TO OH Ha
(MeL)

3bIBaeTCs MPoM3BoaHON GyHKIKK © = f(M) B Touke My no Hampas-

JeHuio | W o6o3HauaeTcs a_?(MO) niu u’ (My).

YcTaHOBUM CBSI3b MEXIY nponsBozLHof/’Ilno HampaBJIeHUIO U YacT-
HbIMW MPOHU3BOAHBIMU (PYHKUHU B JaHHOU TQuke M.

[Tycts Moy(zo, Yo, 20), M(x,y,2) € L, I = {cosa,cosf3,cosv},
MyM =t. Torna x = xg+tcosa, y =1yg+tcosp, z = zy+ tcos~,
(—00 <t < 00) — mapameTpuyecKue ypaBHEHHs MpsMol L.
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Ha npsamo#t L:

u=f(M)=f(r,y,2) =
= f(xg +tcosa,yy+ tcos B, 2y + tcosy) =: p(t) —

cyoxkHast (DYHKLHMS OfHOH mepeMenHo# ¢, B uactHocTH f(My) = ¢(0).

[Toatomy
du o JWM) = f(Mo) o p(t) —(0) _ dyp
oMo = Jim T i =)

€CJIM 3TOT Ipeles CyLleCTBYeT.
Ecau ¢pyukuns v = f(x,y, z) nupdeperunpyema B Touke My, TO 1O
npaBuay AU@@epeHUUpPOBAHUSA CI0KHOU PYHKIHU MOJyYaeM:

ou

ou
L

du ( ou dz
dy

%0) = O (Mo) % (0),

dx
7 Mo)%(o) +

M) % (0) +

a MOCKOJIbKY 1J151 jitoboro t, B ToM yuce u aas t = 0,

dv _ Cos (v dy _ = cos 3, = Cos TO
dt ' dt dt ik
s, 0 ou ou
(,;;(MO) 8U(M0)cosoz+ 9 (Mo)cosﬁ+ (M())COS’)/ (9.15)

Dopmyna (9.15) umeeT mpocTod (HU3UUECKHUH CMBICJ: OHA IMOKa-
3bIBaeT, 4To ecau QyHkuus u = f(M) nuddepeHuupyema B TOUKe
My, To B 3TOH TOUKe CKOPOCTb M3MEHeHHs (PYyHKLHMHU IO 3aJaHHO-

My HampaBJeHHI0 [ siBAseTcs JUHEeHHOW KOMOWHALHeH CKOpocTeH

U3MeHeHUs 3TOH (DYHKLIHUM MO HANpPaBJEHUSIM KOOPAMHATHBIX OCeH
ou Ou

5 ox’ Oy
u . N

U 8—)’ npryeM Ko3(p(PUUHUEHTaMH 3TOH JUHEHHOHM KOMOWHALIUU BbI-

2

CTYNalT KOOPAMHATHl COS, €Os[3, cOS<y eNMHHYHOro BeKTopa I,
3ala1011ler0 HalpaBJ/eHue; 3TH KO3(P(PULUHEHTHl SBJSIOTCH 6eC08bl-
MU MHOXKHTEJISIMH, MOKa3bIBAUIMMU, KAKYI0 JOJK BHOCHUT KaxXnaas
YyacTHasi MMPOU3BOJNHAS B TMPOU3BOAHYIO (CKOPOCTH) MO HAMPAaBJIEHHIO

= {cosa, COSB cos~v}. B gactnocty, ecin | = {1,0,0}, To ecTb

(TO eCTb JIMHEHHOH KOM6I/IHaLU/IeI/I HAaCTHBIX TIPOM3BOAHLIX

HarnpasJieHHe l CoBMajiaetT ¢ HanpasJjeHueM ocu Ox, TO U3 POPMYJIBI

(9.15), KaK U caeayeT OXKHAATh, MOJyUyaeM (MO) (MO).

ol Ox
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Onpenenenne. [paduernmom nuddepeHIpyeMod GYHKUUU U =
= f(x,y,2) B Touke M, Ha3biBaeTCcsi BEKTOP

ou ou
Ox 8

ou

grad u(My) = e

—(Mo) i+ 5 (M) - 5+ 5 (M) - k,

rae i, j, k — equHUYHble BEKTOPbI OCell KOOpAHHAT.
[TpaByto yactb dopmyasl (9.15) MoKHO Terepb 3amucaTh B BUIE

cKaJisipHOro npousBefeHus: BektopoB grad u(My) u [ :

ou
ol
OTKyZa CJeayeT, uTo

ou
El o

90 p) = <gradu(Mo) - ?) , (9.16)

My) = |grad u - ’7}‘ -cos ¢ = |grad u - cos ¢ = llprgrad u(Mp),
(9.17)

rie ¢ — yroa Mmexnay Bektopamu gradu(My) u | (puc. 9.13),
@fgradu(Mo) — mnpoekius BekTopa grad u(My) Ha HampaB/eHUe

[.
3 (9.17) nonyuaem:

l Ju
(57(M0)) = larad u(Mo)
max
gradu(Mo) (mpu ¢ = 0), Taxum o6pasom,
BekTop gradw B Touke My mo-
Puc. 9.13. Ka3blBaeT HalpaBJieHHe HanO0Jb-
wero pocra GyHkuud u = f(M)
B 3TOH TOukKe, a |grad u| ecTh ckopocTh pocta GyHKIMU u = f(M) B
Touke My B 3TOM HalpaBJ/IeHUH.
Otciona cienyet, 4To BeKTOp grad u OJHO3HAYHO OIpefesisieTcs
camoit ¢yHkuued u = f(M) U He 3aBUCHUT OT BBHIOOPA CHCTEMBI
KOOPJAHHAT.

My

I'eomeTpUyecKuil CMbICJ IpaJueHTa

[ToBepxHocTb S, ompenensieMast ypaBHeHueM f(z,y,z) =
= ¢ = const, HasbiBaeTcs nosepxHocmvlo YyposHs  (PYHKUHH
u = f(x,y,2z). MoxHo m0KasaTb, 4TO BekTOp gradu B TOUKe
M, mnoBepxHOCTH YpoBHS S KOJJHHeapeH BEKTOpPYy HOPMaJu K
MOBEPXHOCTH S B 3TOH TouKe. [TokaxkeM 3TO Ha mpumepe.

Mpumep. u = x> + 3> + 2°.

S oz + y2 +2=c>0 — [IOBEPXHOCTBIO YPOBHSA [AaHHOH
GyHKIMHK siBJsieTcs: chepa paguyca /c.
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[IycTb c = 14. Torna
M(1,2,3) € S. B touke M
gradu = {2,4,6}. y6e,[LI/IMCH B
TOM, 4YTO gradu( V|7, rme W
— BEKTOp HOPMaJid K TOBEPXHOCTH
S B Touke M. B camom [neJe,
w7 = {1,2,3} (puc. 91?;
a TakK Kak gradu (M) =
TO gradu( )| 7, I03TOMY
grad u(M) || 7.

dusnueckne npumMepsl.

Inekmpocmamuueckoe noae, TO

| ¥4
31 i
7 p (1, 2, 3)
2
___\_\_:_‘:J/ 4 Yy
Puc. 9.14.

eCThb 3JIEKTPUYECKOE T10JI€ HEMOABHUKHBIX 3aPsiI0B, MOKHO OMKCATh C
MOMOLIbIO CKassApHOH QyHKUuMU u(M) — nomenyuara arexmpuye-
ckoeo noas. TlosepxHoctu ypoBHsi u(M) = ¢ — aksunomenyuaro-
Hble TIOBEPXHOCTH. HampsiKeHHOCTh 3JI€KTPHUECKOTO MMOJIsi BhIparKa-

etcss popmyJion

E = —grad u(M).

B yacTtHOCTH, moTeHLIMAaN
3JIEKTPOCTATUUYECKOTO  MOJIs

TOYEYHOro 3apsijza €, IOMe- <

IEHHOTO B HAayaJo KOOpPMIH-
e
Hat, umeet Bux u(M) = k-,
r
rne M — Touyka C KOOpIH-
Hatamu (z,y,z) (puc. 9.15),

r = /a2 +y2+ 22, nocro-
AHHas k 3aBUCUT OT BBIOOpA

T
cucteMbl enuHul. Jag Ha-
NPAXKEHHOCTH 3JEKTPUUECKO-
ro IoJig TOJIy4aeM BblpaxKe-

HUe:
ke

rie 7= a1+ yj + 2k.

- ke _,
M(z,y,2)
Y
Puc. 9.15.
or- Orz
duit gyt &k> =
T,

[lore msaecomeruss TOYEUHOH MacChl M, HaXOASIIENUCs B HaudaJje

KOODJIMHAT, OIUCBIBAETCS HbioMOHO8biM nomenyuarom u(M)

—
_")//r
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(v — rpaBuTanuoHHas mocrostHHast). Cuua ?(M) C KOTOpOH Mac-
ca m TPHUTATHBAET €eIMHHUYHYIO Maccy, I[OMEIIEeHHYI0 B TOYKY
M (x,y, z), BeIpaxaeTcst popmyJioi

F(M) = gradu(M) = =73 . 7,

e 7= xi+yj + 2k, r = /2 + 32 + 22

3ameyanue. Ecau B Kaxnod touke M obaactu (G 3aaH BEKTOP
@ (M), to roBopsit, uTo B oGmacTi (G 3aIaHO BEKTOPHOE MOJE
@ (M). Bekropuoe nose Buga @ (M) = grad u(M) nassiBaetcs no-
menyuarvroim, a Gyukuns u(M) HasbiBaeTCs NOMEHYUAAOM STOTO
BEKTOPHOTO MOJist. PaccMOTpeHHBIE 3/1€KTPOCTATHYECKOE H TpaBUTa-

unonHoe nosst £ (M) u F' (M) — noTeHUHaNbHble BEKTOPHbIE MOJIS.

[lonsaTve npou3BOAHOW MO HANPaBJEHUIO W TPaJUEeHTa MOXKHO
BBECTH [/ (PYHKLHUH JOOOro yucaa nepeMeHHbIX m = 2.

M(1,2) o
‘y 2 ______ ’A

I = {cosa, sina}

M |
a /.
O - [ -
/ 5 I >
Puc. 9.16. Puc. 9.17.

[Ipu m = 2 nmeem: u = u(z,y),

8uM _ Ou

ou :
o7 (M) = =—(M) cosa + = (M)sina,

0y

[Ie a — yroa Mexay BekTopoM [ u ocbio Oz (puc. 9.16),

ou
— %(

- Ou -

grad u(M) M) -z+8—y(M) +J

Mpumep. u = 22 + y3. Hatitu %;(M), ecant M(1,2), a Bektop |
cocrasJjsiet yroa B 30° ¢ oceto Ox (puc. 9.17).
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Tak kak %(M) =2, g—Z(M) =12, gradu(M) =27+ 127,

[ = {cos 30°,sin 30°} = {? %} TO %(M) = (gradu(M) Zj =
:2-§+%-12:\/§+6.

B of6umem m-mepHOM caydae uMeeM: u = u(Ty,...,Tm);
MMy ={y; —x1,...,Ym — Tm} — m-MepHbIH BekTOp (puc. 9.18);
—_
’MIMQ‘ = p(My, My) = \/(yl —21)? + ...+ (Ym — Tm)?; cKanAp-

%

HO€e TMPOU3BeleHHe BeKTopOB_>7 ={ay,...,am} 1 b ={b,....bn}

orpeniesisieTCs (pogwyﬂoﬁ @b =ab + ...+ anbpy, a YTOJI (0 MEXIY
BEKTOpaMH adub — (hopmyJion

_ (@)

RSN

|d

Ma(ys,- - -, Ym)

M1M2 {yl—l'l,...,y —Im}

M1($1,...,$m)
Puc. 9.18.
— . —
I ={cosay,...,Cco8y} — eIUHHUUHBIH BEKTOD (‘ [ ‘ = 1), 3a-
. ou ou
naoimui Hanpassenue; grad u(M) = {—(M) e —(M)} ;
8.56'1 8xm
ou ou
W<M) grad u(M Za— - COS O ;

dopmyna (9.17) Takxke octaetcs B CHJE.
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§ 7. HactHble npou3BoaHble U AU depeHra bl BBICIIAX

MNOPAIKOB
[Tycts dyukuus u = f(x1,..., Ty ) AMEET YaCTHYIO POU3BOAHYIO
u . u
5y, B HEKOTOPOH OKPECTHOCTH TOUKH M. Torna 5y, Baercs (GyHK-
T, . Ol
Meld MepeMeHHbIX Z1,..., Ty, ONPeleJeHHOW B 3TOH OKPECTHOCTH
Touku M.
ou
Onpenenenne. Ecnu pyHkuus 5, IMeeT B TOuke M yacTHy1O
4
. 0 (0Ou
MPOH3BOAHYIO MO MEPEMEHHOM Ty, TO eCTb CYLIECTBYET - — | -~
Lk L

ToyKe M, TO OHA Ha3bIBAETCSl BMOPOLL “ACMHOL NpoussooHol (HIu
YaCTHOH TMPOU3BOAHOH 2-r0 MOpsiika) (PYHKIHH U MO TepeMeHHBIM
Z;, ), B Touke M.
Jliss 3ToH BTOPOM YaCTHOW MPOU3BOAHOM MCIOJB3YIOTCSA pas-
(2) " 7

JIUUHble 0003HAUeHHUS: - i

friay(M).
Ecau k # ¢, To yacTHas npou3BogHAas 2-T0O MOPsiIKA Ha3blBAeTCs
CMEeuarHotl 4aCTHOH MPOU3BOJHON 2-T0 MopsiiKa.

v

YacmmHole npoussodrole bosee 8bLCOK020 nopsadKa
BBOMSITCS 10 MHAYKUMH: M- 4YacTHas TMPOM3BOAHAS (MM yacTHas
MpOU3BOAHAsT N-TO Mopsinka) QyHKuuu u = f(xy,...,xy,) 00 apry-
MEeHTaM Tj,, Liy, - - ., Tj,, B Touke M omnpenesnsercs paBeHCTBOM

o"u 0 oy
85[?1‘” 056%71 ce 8561‘1 - 8;51-“ 8561'“71 ce 8.%1'1

Ecnu He Bce HOMepa iy, ..., &, PaBHBI APYT APYTY, TO 3TA YacCTHas
MPOM3BOJHAS HA3blBAaeTCsl CMEeLIAHHOM YacTHOH MPOWU3BOMHOU N-T0
nopsifiKa.

Ilpumepsi.
1. Ilyete uw = Y. Torna

ou ou
e e T |
5 yx! ", oy Y Inzx,

82u -1 | 82u -1 1

— Y y=11 | y._
Dy T +yx nx, 920y yzx nr -+ .
0%u 0%u

O6paTuM BHHMaHHWe Ha TO, UTO B 3TOM IIpHMepe = .
P prMep Oyox 0xdy

BosHukaert BOIIPOC: BCeraa Jikd BbIIIOJHAECTCA 3TO paBeHCTBO? CJIGILY'
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IOIIMKA TIPUMEpP MOKA3bIBAeT, YTO OTBET HA 3TOT BOMPOC — OTpHULA-
TeJbHBIU.

2. Ilycrs u(zx,y) :{ vy, Iz

Uzy(0,0) 1 uy(0,0).

st moboro y # 0 B I0CTaTOUHO MaJiOH OKPECTHOCTH TOUKH
(0,y) umeem (cm. puc. 9.19): u(x, y) = —xy, noatomy u,(x,y) = —v,
B 4YaCTHOCTU U, (0,y) = —y. 3aMeTHUM, 4TO MOCJeIHEE PaBEHCTBO
BepHo u npu y = 0, To ecTb u,(0,0) = 0. B camom neJsie, MOCKOJIbKY
u(z,0) =0, To uy(z,0) =0 u, B yactHoctH, u,(0,0) = 0.

HUrak, nns nawboro y crpa-

(puc. 9.19) Haiinem

BENJIMBO pPaBeHCTBO uy,(0,y) = w=-a M y
= —y. Hcnoabsys 3T0 paBeH- SMy=7
. (0,9)
CTBO, HAXOIUM: AN O /|
ny(o, y) - 1 ’

B YACTHOCTH, (£,0) *

Ananornynsle BBIUHKCJIe- // N
HUA TIPUBOAAT K paBeHCTBY B samTpuxosanHoii obnactu v = 1y,
Uyz(0,0) = 1. B OCTAJILHON U = —xy .

Takum o6pa3om, B HaHHOM
npuMepe gy (0, 0) # 1y, (0,0).

3ameuanue. OTMETHM, UTO B JaHHOM MpHMepe YacTHbLIE MPOU3-
BOIHBIE Uy (Z,y) U Uy(x,y) He CyLIECTBYIOT B TOUKax (z,Yy), Jexa-
LMX Ha MpsMBIX ¥y = x U y = —x (3a uckjaodenuem Touku (0,0)),
Tak Kak B 3THUX TOuKaX (PYHKUHS u(x,y) pa3pbiBHA U MO MepeMeHHOH
x, ¥ 1o nepeMeHHo# y. [ToaTOMYy He CyIlIeCTByeT TaKOH OKPECTHOCTH
toukd (0,0), Bo Bcex ToYKax KOTOPOH (PyHKUHS u(x,y) UMEET 4acT-
HBle IPOU3BOAHBIE Uy (X, Y) U Uy (2, y). DTO, OAHAKO, He MPEMSATCTBYET
CYIIECTBOBAHHIO YAaCTHBIX IPOU3BOLHBIX BTOPOTO MOPSAKA Ugy(0,0)
U Uy;(0,0), MOCKOMBKY I/ MX ONpefeseHHs] JOCTaTOYHO, YTOOHI
yacTHasi MPOU3BOJHASI MEPBOrO MOPSIAKA U, CYLIECTBOBaja B TOYKAX
OCH ¥, a yacTHasi IPOM3BOAHAS U, — B TOYKAX OCH T, YTO U HMeeT
MECTO B HallleM MpUMepe.

Puc. 9.19.

1 2
3apanue. [Iyctb u(z,t) = —e~ 4, —oco < x < 0o, t > 0.

l)ﬂoxamme, yTo (pyHKU,I/IH u(x,t) YAOBJIETBOPSAET YPABHEHHUIO TeEII-
JIOTIPOBOAHOCTH
Ut = Ug-
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ITO ypaBHeHHe UTPAeT BaXKHYIO POJib B MaTeMaTHYeCKol (hH3HKe.
OHO omnMChIBaeT MPOLECC PacCNpPOCTPaHEHHsI TelJsa B ONHOMEPHOM
crepxkHe, GyHKuMs u(x,t) — 3TO Temeparypa B TOUYKe CTEPXKHS C
KOOPAWUHATOM T B MOMEHT BpeMeHH t. [laHHas (pyHKIMA HA3bIBaeTCs
Gpynoamenmanroroim peuleruem ypaBHEHUS TEMJONPOBOIHOCTH, OHA
OMHKCHIBAET U3MeHeHHe TeMIlepaTypbl B Pa3HbIX TOUKAX I OeCKOHeu-
HOTO CTEepXKHSl C U3MEeHEeHHWeM BpeMeHM ¢t B TOM cJyuae, KOrga 1o
Haua/JbHOTO MOMeHTa BpeMeHU t = (0 TeMmIepaTypa BO BCeX TOYKax
CTep>KHS paBHsJAch HYJIO, a B MOMeHT ¢ = 0 cTepkKHIO COOOIIEHO
HEKOTOpPOe KOJMUeCcTBO Temsa B Touke x = 0.

2) Tlocrpoiite caenytorine rpad@uky Temnepatypsl u(z,t):

1. rpadbukn u(z,t) Kak QYHKUHH X TPH TpeX (PUKCHPOBAHHBIX

3HaUeHHUSX BpeMeHH ti, to U t3, Takux, uTo 0 <t < t9 < t3;

2. rpaduku u(x,t) Kak (QYHKUHH ¢ TPH TpeX (UKCUPOBAHHBIX

3HaueHussX . x =0, x = x| U & = X9, npuueM 0 < x| < 9.

Teopema 18 (o paBeHCTBe cMemIaHHBIX MPOU3BOAHBIX). Ecin
B HEKOTOPOH OKpecTHOCTH TOuKH My(xg,yo) hyHkuus u = f(x,y)
MMeeT CMeIlaHHble YaCTHble MPOU3BOAHBIE fy W fy., U eciu 3TH
CMelllaHHble MPOU3BOJHBIE HENpPepbIBHb B TOuKe My, TO OHU pPaBHEI
B 9TOW TOYKe:

Fay(x0, 90) = iz (20, Y0)-

HokasatenbcTtBo. Pacemorpum kBanpat MoMMyMs co cTopoHaMH,
napaJJebHbIMA OCSIM KOOPAMHAT U PaBHBIMHU h, MpUueM BO3bMeM h
CTOJIb MaJIbIM, UTOOBI KBaAPAT LIEJHUKOM JieKaJ B YKa3aHHOU OKpeCT-
HocTH Touku My (puc. 9.20). Beenem QyHkIuu

F(h) = f(My) — f(My) — f(Ms) + f(My) =
= f(zo+ h,yo +h) — f(zo + h,h) — f(x0,y0 + h) + f(0,y0)

o(x) = f(z,y0 +h) — f(z,90).

Torna
F(h) = ¢(xg + h) — p(xo). (9.18)

[Tpumensas ¢opmyny JlarpaH:xa KOHEYHBIX MPUPALLEHHH, MPUXOAUM
K PaBEHCTBAM

F(h)=¢ (xzo+601h)h = [fL(zo+ 01h,yo + h) — fo(zo + 01k, yo)]h,

rne 0 — HekKoTOpoe uucyao u3 uHTepBana 0 < f; < 1.
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K pasnocrtu, crosiieil B KBan-
paTHBIX CKOOKAaX, CHOBA TIPUMEHHUM
Gopmyny Jlarpanxka (temepp MO
nepeMeHHOH Yy), TMOJYyYHUM paBeH-
CTBO v

F(h) = fil,(zo+ 01h,yo + O2h) - h*,

rae o — HEKOTOpPOe YKMCJIO U3 HH-
TepBasa 0 < 0y < 1.
Tak kak 1o yc/joBUIO (yHK- Puc. 9.20.
uus  fj, HempepblBHa B TOYKe
Mo(z0,Y0), T0 fry (2o + O1h, yo + O2h) MOXKHO mpencTaBUTL B BHJe
wy(To + 01h,yo + O2h) = [, (v0,90) + a(h), rne a(h) — 0 npu
h — 0. Takum o6pasom,

F(h) = [f2,(z0,yo) + a(h)] - h. (9.19)

BBenewm elle onHY (PyHKIHIO:

U(y) = f(zo+ h,y) — f(x0, v0)-

Torna F'(h) = ¢ (yo + h) — ¥ (yg) 1, npeodpasyst 3TO BbIparkeHHe
nasi F'(h) takum xe o6pasom, kak W BeipaxeHnue (9.18), npuxomum

K PaBEHCTBY
F(h) = [fy:(z0,50) + B(h)] - b, (9.20)

rae B(h) — 0 mpu h — 0.
[IpupaBusiem Boipaxkenust (9.19) u (9.20) nas F(h), cokpatum
paBeHCTBO Ha h? W mepeiineM K npemeny npu h — 0. ITomyuum

paBeHcTBO [y (7o, Y0) = fi:(Z0,Yo), 4TO K TpeboBanOCh NOKa3aTh.

3ameuanue. Mmeer mMecTo GoJiee CHU/IbHASE TeOpeMa, HeXKeJsH Teo-

pema 18, a umenHo: ecain u = f(z,y) UMeeT B OKPECTHOCTH TOUKH
/ / 1 i

Mo (o, yo) HacTHble npousBoaHble fy, f, W fi,, npudem f; Hemnpe-

peiBHa B Touke My, To B Touke M cyiiectByeT f// W CrpaBemHdBO

yr
pPaBEHCTBO
fay (0, Y0) = fyz (0, Y0)-
Onpenenenne. Oyukuus u = f(xy,...,T,) HasbiBaeTcss 08a-
acOobl Oughheperyupyemorl B TOUKe Mo(x?, ...,xY), ecau oHa aud-

(epeHLIMpyeMa B HEKOTOPOH OKPECTHOCTH TOUYKH M U Bce ee yacT-
Hble POW3BOAHBIE l-r0o mopsaka AudPepeHuUUpyeMbl B CAMOH TOUKe
M.
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[lonsitne m-kpaTHOM AuddepeHUUPYeMOCTH (DYHKLUHUHU BBOAUTCS
no uHAyKUMU. [lycTh yxke BBelneHO moHsTHe (n — l)-KpaTHOH HH(]-
depenuupyemoctd GyHkuuu u = f(xy,...,Ty). DymeM roBopurs,
yTo 3Ta QYHKUUS N pas3 dupgepenyupyema B Touke My, ecan oHa
(n — 1) pa3 nuddepeHurpyemMa B HEKOTOPOH OKPECTHOCTH TOYKH M)
1 BCe ee YacTHble MPOou3BoAHbIe (n — 1)-ro nopsinka auddepeHunpy-
eMbl B caMoi Touke M.

OtmetuM, uto ecau pyHkuus u = f(x1,...,Zy) n pas audde-
peHuupyema B Touke My, To 3Ta QYHKIHS U BCe €e YaCTHBIE MPOU3-
BOMHBIE 110 (n — 2)-ro mopsiika BKJOUHUTENbHO U PepeHInpyeMbl B
HEKOTOPOH OKPECTHOCTH TOYKU M (OKaxKHTe 3TO).

Chopmyaupyem elile ABe TEOPEMbl O PaBEHCTBE CMEIIaHHbIX MPO-
M3BOJHBIX.

Teopema 182. Ecau dyukuus v = f(x,y) npaxas auddepeH-
uupyema B touke My(xg,yg), TO

Fay(x0, 90) = iz (20, Y0)-

JlokasaTe/qbCTBO TMPOBOAUTCSA CXOOHO C TeM, KakK Oblja [0Ka3aHa
Teopema 18 (cm. [1]).

Teopema 18% Ecnu dynxuus v = f(xq,...,2m,) n pas aud-
(depenuupyema B Touke My, TO BCe ee CMelllaHHble YaCTHbIE MPOU3-
BOJHble B Touke M 10 m-ro Mopsiika BKJAYUTENbHO HE 3aBUCAT OT
nopsinka audpepeHIupoBaHus.

Juddepennuanbl BbICHIUX NOPSAIKOB

PaccmoTpum cHauasa QyHKIHIO IBYX nepeMeHHbIX. [1ycTh (yHK-
uusi u = f(x,y) HE3aBUCUMBIX MEPEMEHHBIX T U Y ABaXKIbl AU de-
penuupyema B Touke My(zo,yp), TO €CTb OHa AU(QepeHLEpyeMa B

o U
HEKOTOPOHU OKPECTHOCTH TOYKH M() HU €€ HaCTHbIe IMPOU3BOAHLIE a—
X

ou
H oo nuddepenuupyemol B Touke M. Pacemotpum nuddepenuman
Y
(YHKLHUHU B OKPECTHOCTU TOUYKH My:

ou ou
du = %(9& y)dzr + a—y(m y)dy. (9.21)

OtmetuM, yTo nuddeperunan du sBiaseTcss GyHKIHEH yeTbpex
repeMeHHbIX: T,y ,dT , dy.

UroObl BBecTH Au(ddepeHIIHas BTOPOro mopsiaka (PyHKUUH U =
= f(z,y), Oynem paccmaTprBaTh du Kak (DYHKUHIO TOJBKO T U ¥, TO
ecTb Tak, Kak ecau Obl dxr U dy Oblid (PUKCUPOBAHHBIMU UHCJIAMH
(MTOCTOSTHHBIMH MHOXKHTEJISIMH).
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Tak kak g—z U g—Z nuddepeHuupyemMbsl B Touke My, TO du

ABJsgeTcd P depeHIupyeMor PyHKIMEH IIepeMeHHbIX & U Y B TOUYKe
M.

Omnpenenenue. [uggeperyuarom emopoeo nopsoka (Uau BTO-
peiM nuddeperunanom) Gyuxuuu v = f(x,y) B Touke My Ha3bIBaeT-
csi nudpdepeHunan ot neporo auddepeHunana du MpH CAeAYIOUTUX
YCJIOBUSIX:

1. du paccmatpuBaeTcsi Kak (PYHKLHS TOJbKO X U Y,

2. MpU BBIYKUCJTEHHU AU HEPEHIIHAT0B OT %(my) U g—Z(xy)

npupaiieHuss Ax W Ay He3aBUCHMBIX IepPeMeHHbIX T H Y
OepyTcsl TAKUMH XKe, KakK B BeipaxkeHuH (9.21) nast du, To ecTh
paBHBIMU dx U dy.

Hraxk,
d*u = d(du)

NPU YKa3aHHBIX ABYX yCJOBUSIX.
13 (9.21) u npaBun nuddepeHIUpOBaHUS CeLyeT, UTO

o = (30 ) (2] o (2] -
=[5 () o5y (5) ] o+
;{aa (§§> dajﬁ% (a )(;sz} dy =

= W(d:p) +28 5 d:l:dy—l—@(dy) (9.22)

OTMeTHM, UYTO TIPOM3BOAHBIE 2-TO MoOpsiika B paBeHCTBe (9.22)

6epyTcs B Touke My, a paBeHCTBO
Mbl 182,
: . 2
Mpumep. [ycts u = z¥; My(1,0). Tpebyercs Haiitu d u‘M
HaxonuM yacTHble MPOU3BOAHbBIE CHAuaJsa MEPBOro, a 3aTeM BTO-
pOTro TMOopsifiKa:

85(383; = &yax CJenyeT u3 Tteope-

Uy = y:cy_l, uy = ¥ Inw,

Upe =y (y — D) a2, gy =2V +yav="Inz, uy,, =¥ (Inz)”.
[To dpopmyne (9.22) mosmyuaem:
= Upa(My) da® + 2ugy (M) drdy + uyy (M) dy? =

U‘Mo
= 0-dz*+2dxdy+0-dy? = 2dz dy.
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3aMetuM, 4to BhIpaxeHue (9.22) nas d’u moxoxke Ha KBaipaT
nBydseHa. Ero nedcTBUTebHO MOXKHO 3amucaTh KakK KBajpaT ABY-
ujieHa, HO He OOBIYHOTrO, a CHUMBOJIMYECKOro (HJH OrepaToOpHOro)
IBy4YJIeHa.

HasoBem onepamopom mpaBu/io, mocpeacTBOM KOTOPOTO KaKa0H
(YHKIMK U3 3aJaHHOTO MHOXecTBa (hyHKIHH, CTABUTCS B COOTBET-
CTBHE HeKOTopasi PYHKIHs U3, BOOOILEe IrOBOPsI, APYrOro MHOXKEeCTBa
(omHa dyHKIHSA TpeoOpasyeTcs B APYTyio pyHKIH0). Tak, onepamnmnio
HaXO0X[EeHHsI YaCTHOU TMPOU3BOMHON (DYHKUHH u(x,y) MO apryMeHTy
X MOXKHO paccMaTpuBaTh Kak HelicTBue omepatopa (6ymem o603Ha-

4yaTh ero %), KOTOpBIE (pyHKUHIO u(z,y) npeodpasyeT (MepeBOIuT)
B (PYHKIHIO @<$ ): 2u _ Qu AHaJIOTHUHO OTIpeesisieTcs ofe-
yHER oz Y 5t T Br pel

patop -~ YaCTHOW NPOU3BOJHOH IO Y.
Yy

Omnepatop d = 2alaz: + 2dy Ha30BeM onepamopom ouggeper-

Ox Jy
yuaaa. llpu nedcTBHU 3TOro oneparopa Ha (QyHKUHO u(x,y) moay-
yaeTcsl nuddepeHuran GyHKUUU: du = a—udaj + a—udy.
£ Y

[IponsBenenue onepaTopoB onpenesum CjeayoLUM 00pa3oMm:

9.0 _ & 9 0 _ (2)2_8_2. (2)’?(&)2&

or Oy 0x0y’ Oxr Ox \ox/) 922’ \Oz dy) — dzkoyl’

k u | — HaTypasbHble UHCJIA.
OnpeesiuM n-10 cTerneHb orneparopa d Kak m-10 CTeleHb AByUJie-

9, 9,
Ha %dx + a—ydy. Torna

2 _ (9 gps 2 )2_3_2 2 9 O P
d” = <8xda:—l— ayaly = (dx) +28xaydxdy—l— o (dy)”.

Bropoit nuddeperunan ¢pyHKund u(x,y) MOXKHO Terepb 3amu-
CaThb B BUIE

dPu = <(%dx + (%dy)2 Uu.

Hupdeperuuanr n-eo nopsdka (GyHKUUU BBOAUTCH MO HHAYK-
U H.

Ecau ¢yukuus u(x,y) n pas nuddepenuupyema B Touke M
(to ectb (n — 1) pas muddepeHirpyemMa B HEKOTOPOH OKPECTHOCTH
Toukd My 1 BCe ee UacCTHble MPOU3BOAHbIE (1 — 1)-ro mopsiaka aAud-
(depenuupyemnl B Touke M), T0 dugpgeperyuarom d™u n-eo nopso-
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ka dyHkuud u(x,y) B Touke My HaszoBeM audQepeHIHas B TOUKE
My ot muddeperunana (n — 1)-ro nopsiika Mpu TaKHUX Ke IBYX
YCJIOBHUSIX, KaK W TpU omnpeneseHuu auddepeHirasa 2-ro nopsika
(pasymeeTcsi ¢ 3aMeHOH BO BTOPOM YCJIOBUM UACTHBIX MPOU3BOAHBIX
MepBOro Mopsiika Ha YacTHble MPOU3BOAHbIE (1 — 1)-To mopsiaka):

d"u=d (d""'u) (n=2,3,..). (9.23)
[Io MHOYKLIMK HETPYIHO N0Ka3aTh OMEPATOPHYIO (POpMYyJy
) o ,\"
n p— —_— —_—
Ay = ( —da + aydy) u. (9.24)

B ciyuae ¢yHKUMM M He3aBUCHMbIX MepeMeHHbIX u = f(x1,...
., Tp) AUGepeHuras n-ro Mopsiika BBOAUTCS HHIYKTHBHO [0
bopmye (9.23), onepatop nuddepeHIiHasa UMEET BU

)
d= awldazl oot go—dom,

M cripaBelJiMBa hopmyia
. B ) n
d u:< oy + .. +—dacm> . (9.25)

0x ox
B yacrtHocTH,
d%—( dr + ..+ -2 da )Qu— O -, (9.96)
N 85(?1 1 8$m " B 85[328373 e .
1,7=1

Ecau aprymentsl x ¥ y QyHKUuuu u(x,y) He SIBJASIOTCS He3a-
BUCHMBIMHU NTePEMEHHBIMHU, a ABJAIOTCA AUPPepeHUnpyeMbIMU PyHK-

IUSMH KAKUX-TO HE3aBUCUMBIX IepeMeHHBbIX ti,...,tr, TO Qop-
myna (9.24) usmenutcs (To Ke camMoe OTHOCHUTCS K (DYHKIHH
u= f(x1,...,xm) 1 dopmyse (9.25)). JleficTBUTEIbHO, B CHJIY HH-
BAPUAHTHOCTH (hopMbl 1-ro nuddepeHunana umeem:
ou ou
du = —dx + — dy,
oz T oy WY
ou
rne dr u dy sBAsIOTCA (QYHKUMSAMU tq,...,Tg, dt,...,dtg, a o
X
ou
Hog = GyHKUUAMH t1,...,T,. [Ipn BeluMc/eHUH BTOporo audde-
Y

peHIMana d’u, Kak auddepeHinrana oT mepsoro audepeHLHana,
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paccmatpuBaeM du KakK (QyHKUHIO ti,...,Tk, TO €CTb yUHUTbIBaeM
3aBUCHMOCTbD OT ti,...,t; BCEX BXOASUIMX B du cjaaraeMblX U COMHO-
JKUTEJeH:

i :d(a—“dx+@dy) _
= [a ()] do+ Grate o+ [a (5] du+ oy =

. 8 2 Uu 9 (9u 9
= [(%dx—ka—ydy) u] +{%d :z:—l—a—yd y}.

Mbl BUAMM, UTO O CPaBHEHHUIO CO CjydaeM, KOrja & U Yy —
He3aBUCHMBbIe TepeMeHHble, BbIpaKeHue I1Jis d*u COEPXKHUT JIOMOJI-
HUTeJbHBIE cJaraemble (OHH 3aKJ/JHOUEHBbl B (DUTyPHbIE CKOOKH).

Takum obpazom, ¢popma BTOporo auddepeHLrasa He UHBAPUAHT-
Ha. To »xe camoe oTHocuTcs K AuddepeHunasam 6oJiee BbICOKOTO
nopsaka. MckawoyeHrneM U3 3TOro SIBJAsSETCS CJAydad, MpencTaBJ/eH-
HBIM faJjee B 3aMedaHUH.

3ameuanue. Ecau x U y — JuHelHble QYHKUUH tf,...,Tg, TO
eCThb

r = ot + ... oty Forgr, y= Bt + ..+ Brtk + B,
o; U [B; — uucaa, to dr = apdt; + ... + apdt;, He 3aBUCUT OT
t,...,ty, u mostomy d’x = d(dxr) = 0. Ananoruuno, d’y = 0, u,
2
c/lefloBaTeNbHO, du = <(%dx + (%dy) u, To ecTb hopmyna (9.24)

npu n = 2 ocraetcsl B cuJse. To ke camoe OyneT nJs n > 2.
1 rtakxe, ecnu xy,..., T, — JAUHEHHble QYHKUUH tf,...,tL, TO
eCTb

Ti = o1t + .o Fogrty F kg1, t=1,...,m, (9.27)

To Qopmyna (9.25) ocraercs B cuje, rae dr; — auddepeHLnanbl
¢yukuuii (9.27). dto 3aMeuaHre MOHANOOUTCS HAM B CJEAYIOLIEM
naparpade.

§ 8. ®opmyna Teirnopa

Ins ¢dyHkuun uw = F'(t) onHON mepeMeHHOH HMeeT MeCTO Teo-
pema: ecau dyHkuus u = F(t) (n+ 1) pas nuddeperunpyema B
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OKPECTHOCTH TOUKH t = tg, TO Vi U3 3TOH OKPECTHOCTH CIIPaBeAJUBO
paBeHcTBO (popmyna Teitnopa):

1
F(t) = F(to) + F'(to)(t —to) + ... + — F™ (to)(t — to)"+

+(ni 1),F(”+1)(t0 +0(t—to))- (t—to)"™', me0<O <1

Monoxkum t — tg = At = dt. Tak kak F®(t)(t — to)F =
= F®) (to)(dt)F = dkF‘t:tO, T0, 0603HaunB F(t) — F(tg) 4epes Au,
dbopmyny Teilsopa 3anuiieM B BUIE

1
(n+1)!

n+1
d"F !t:to—i—HAt

(9.28)
Taxkum o6pasom, opmyna (9.28) — 310 oObuHas dopmyna Tei-
Jopa Ans (PyKHUMH OJHOW NepeMeHHOM, HO 3allMCaHHas B CllelHaJlb-
HOM BUlle — yepes3 auddepeHUHa bl QYHKIHH.
Jlns pyHKUMM MHOTMX NepeMeHHBIX MMeeT MeCTO aHaJIorHyHas
dbopmyna.
Teopema 19. Ecau dyukuust u = f(xy,...,Ty) (n+ 1) pas nud-

1
n

(epeHumpyema B -0kpecTHOCTH Toukl My (29,...,2%,), T0 V Toukn
M (29 4+ Ay, ..., 20 + Az,,) U3 9TOi £-OKPECTHOCTH MPHpaALLEHHE

pyuxuun Au = f(M) — f(My) MOXKHO TIpeCTaBUTh B BUIE

1
dn+1
M0+ (n+1)! !

(9.29)

I 1
AU:dU‘MO+QdU)MO+"-+ mdu .

rne N — HekoTopasi Touka, Jexauiasi Ha otpe3ke MyM, a nudde-
peHIMaabl d*u BHIUMCASIOTCS MO hopMYyJIe

9
0xm,

dFu = (iAml — ..+ A:Um>ku.

8x1

dopmyna (9.29) nasbiBa-
etca gopmyrotl Tetiropa nas

0
Gynkuuu u = f(M) ¢ ues- 20 +Az,,)
TPOM pa3JioXKeHHS B TOYKe a0 10Aw,)
M.
JlokasaTeJabCTBO.

3adukcupyem Touky M (z) +
+ Axy,..., 20 + Azy,) w3
YKa3aHHOM  £-OKPECTHOCTH Puc. 9.21.
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tTouku My (puc. 9.21). YpaBHenus otpeska MyM MOXKHO 3amucaTh
B BHUJE

:c1:x?+tAa:1,...,xm::z:21+tAxm, 0<t< . (9.30)

Touka M coorBetcTByeT t = 0, Touka M cootBeTcTByeT t = 1.
Ha otpeske MyM umeewm:

u:f(x?+tAx1,...,x%+tAazm) =: F(t) —

CJIOXKHAsT (PYHKIHs ONHOH nepeMeHHOH t, mpuueMm F'(t) (n+ 1) pas
nuddepenuupyema Ha otpeske 0 < ¢ < 1.
3aMeTHUM, 4TO

Au= f(M) - f(My) = F(1) — F(0). (9.31)

[Tpumenum K pasuoctu F'(1) — F(0) dopmyay (9.28). Has sToro
B (opmyne (9.28) nyxuo mosoxuth tg =0, t =1, dt = At =1 —
— 0= 1. Ilonyuyum

1
F(1) — F(0) = dF|._ + . —an‘ I El(9.32
()= F(O) = dFlg oot ' F| 4 o™ F| (032
Tak kak xy,...,T; — JdHedHble (YHKIUM [epeMeHHOH ¢

(em.(9.30)), To auddepenurans d¥F MOXKHO BBIUMCIUTH 1O QOPMY-
Je (9.25) (cm. 3ameuanue Ha ctp. 50), TO ecThb

k _ 0 :
d*F|,_, = ((%ldxl ot g—dem ) u

M

rne dxi,...,dr,, — nabdepennuans yHkuui (9.30): dx; = dt -
Az = Axyq, ..., dx,, = dt - Axm = Ax,,. Uraxk,

k
k _ gk _

dF}tZO (8:131Ax1+ —I— Aazm>uMO—du‘Mo,k—l,Q,...,n,
(9.33)

U, aHaJIOTUYHO,

dn-HF}t )=

n—+1
8951 833'm N(a:?—l—@Aa:l vee O +OAT,)
— d”“u}N.

(9.34)
Tak kak 0 < 6 < 1, To Touka N sexut Ha otpeske MyM.
[ToncraBasis Beipaxkenus (9.33) u (9.34) B mpaBywo yacTb pa-
BeHcTBa (9.32) u yuutwiBas (9.31), npuxomum k dopmyne (9.29).
Teopema nokasana.
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CaencrBus.
1. Ilpu n =0 u3 (9.29) nonyyaem popmyny JlarpaHxka KOHEUHBIX
npupalleHui Js GYyHKUUH MHOTHUX MepeMeHHBIX:

O (N)Az; + ...+ 2L (M) Az,

= duly =Gy o

2. @opmyny Te#siopa MOKHO 3amucaTh He udepe3 nuddepeHIH-
anbl (PYHKIMH, a 4yepe3 ee NPOU3BOAHBIE. [[J 3TOro Hy>KHO
PACKPBITh BEIPAXKEHUS A5 Auddepenunanos dru:

k
k _
d u‘MO— (axlA:Cl—l—a A:L’m) U

My
k

212112:1 1k—1

m 82
2
B YaCTHOCTH, d u‘MO Zl Drsdir, (Mo)Az;Ax;.
Kpome Toro, nmonoxum Ax; = x; — x? (¢=1,...,m). Torna us
(9.29) nosyyum paBeHCTBO
0
flan, . oam) = f(af, ..., )+%(MO)(:£1—36?)+...+
of 19%f 0\ 2
M, + - —= (M, — + ...+
50 (Mo) (zm Zon) 283:1( o) (z1 — a9)

1 0 f L0 \™

rne P, (x1,...,%y) — MHOrOUJIEH, 3aBHUCSAILIMH OT I,...,Tn

(cTerneHb KOTOPOT'O He TMPEBOCXOAUT n), 00JajalolHdd TeM
CBOHCTBOM, UTO BCe €ro YacTHble MPOU3BOJAHBIE IO M-TO TO-
psilKa BKJIOUHUTENbHO B TOYKe My paBHBI COOTBETCTBYOILIMM

YaCTHBIM TPOU3BOAHBIM GYHKUHH f(x],...,Tm) B Touke M)

(oH HasbiBaeTcsi mHocousenom Teiropa yuxkuun f(M)), a
1

R,i1 = —— d"tlu| . — ocrarounsii 4ses.

3ameuanue. [losoxkum p = p(My, M) = \/Aw% + ...+ AxZ .
HertpynHo nokasartb, uTo npu ycjaoBuu TeopeMbl 19 crnpasensnso pa-
BeHCTBO R, 11 = o(p™). DTo BblpazkeHHe HasbiBaeTcsl opmoil [learo
OCTaTO4YHOro ujseHa. Kak v B ciayyae (PyHKLIMM ONHOW MepeMeHHOU
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ocTaTOYHBIA uJjieH B (opme [leano MoxkHO mnosyduth npu OoJee
ca1abbix TpeOoBaHUsAX, yeM B TeopeMe 19. B uvacTtHoCcTH, Ans n = 2
ClpaBel/IMBa

Teopema 192. Ecau dyukuus u = f(M) nBaxas auddepeHiu-
pyeMa B Touke My, To npupaiienue ¢pyHkuun Au = f(M) — f(My)
MOXKHO NPEeICTaBUTh B BUIE

1
Au = duly, + 5 duly, +o(p7), (9.35)

roe p = p(Mo, M).
HoxkazarenbcTBO. BBenem yHKIUIO

g(M) = F(M) — F(My) — du|yy, — 5 &,

Ham nysxHo nokasars, uto g(M) = o(p*) npu p — 0. 3anuwem
6oJsiee moAPOOHOE BbIpaXKeHUE IS g(M):

gM) =g(z1,...,xm) = f(M) — f(My) - .i g:i(Mo) (2 — 2?) —
_l m 82f (M)_( o 0)( o O)
2 ij=1 O0x;0x 0) (Ti =27) \T5 — ;).

HetpynHo npoBeputs, uTO

99
8xi

829

9(Mo) =0, Oz;0x;

(Mo) =0, (Mo) =0, i,j=1,...,m. (9.36)

Oyukuus g(M) oTauyaeTcss oT ABa)KAbl AU(PQepeHHpyeMOn B
touke My ¢yHkuuu f(M) Ha MHOTOYJIEH BTOPOH CTEMEHH, MO3TOMY
dyuxust g(M) takxke aBaxasl auddepenirpyema B Touke My, TO
ectb g(M) nuddepeHuupyemMa B HEKOTOPOH £-OKPECTHOCTH TOUKH
g
8:132-

[lo onpenenenuto nuddepeHIUPYyeMOCTH NpUpalleHne PyHKLIHUU

My v ee yacTHbIe POU3BOJHbIE nuddepeHuupyeMsl B Touke M.

(?a:i
B Touke My MOXKHO NpPeACTaBUTh B BUJE

Am) = 00 g0 =d (57)

m
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Orcioza, yuuteiBas paBeHcTna (9.36), nonaydaem: g. (M) =o(p),

rne p = p(Mo, M).
3anuueM Tenepb pasHoctb g(M) — g(My) no dbopmyne Jlarpan-

)
9(M) — g(M5) = 3 5"

=1

(N) (i — ZC?) : (9.37)

X
rme N — HekoTopasi Touka Ha otpeske MyM. Tak kak p(My, N) <
< p(Mo, M) = p, 10

dg

O; (N) - O(Q(Mo, N)) - 0(p)’

a mockonsky g(Mp) =0 u |z; —:13?| < p, To u3 pasencra (9.37)

CJIENAYET:

Teopema nokasana.
Mpumep. [lycts u(z,y) = z¥, My(1,0). Torna u(My) = 1,

ou ou
8_x(MO) =0, 8_y(MO) =0, mostomy duly, =0,
a dQu‘MO = 2dxdy (cm. npumep B §7), npuuem aast Touku M (x,y)
uMeeM paBeHcTBa dr = Ax =z — 1, dy = Ay = y — 0 = y,
p(Mo, M) = \/(fv— )2 +y2.

[Tpumensis dpopmyay (9.35), nmoayuaem:

1
Au:my—1:§-2(x—1)y—|-o(p2),

otkyra ¥ =1 —y+ay+o((z — 1) +y?).
B nocratouHo masoii okpectHocTH Touku My(1,0) s npubiu-
XKEHHOT'O BbIYMCJ/IEHUs ¥ MOXKHO HCI0Jb30BaTh opmyny z¥ ~ 1 —

— Y+ xy.

§ 9. JlokanbHBIN IKCTPEMYM

[Tycte dynxuus u = f(M) omnpenesneHa B HEKOTOPOH OKPECTHO-
ctu Touku My € R™.

Onpenenenne. [oBopsit, uto GyHkuus u = f(M) uMeeT B TOUKe
My rokanronoid makcumym (Murumym), €Cad CyllecTBYeT Takas e-
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okpecTHOCTb Touku My, B kKotopo#t f(M) < f(My) (f(M) > f(My))
npu M # M.
Teopema 20 (HeoOxomumoe ycJjioBHe 3KcTpemyma). Eciu B

Touke M, (m(l), .. ,a:?n) dyukuust v = f(xy,...,Ty) AMEET JOKab-
HBIF SKCTPEMYM M €C/i B Touke M CyllecTByeT yacTHasi IPOU3BOJ-
ou ou
(Mo) = 0.

Hasd TO
65% ’ 8xk
ﬂOKasaTeJIbCTBO. 33@)I/IKCI/IpyeM BCE€ APTryMEHTHI q)YHKU,I/II/I, KpoMme Tk,

MosoxkuB z; = a0 (i # k), ¥ paccCMOTpUM (DYHKIMIO OJIHOH MepeMeH-

HOH f (:c?,...,x%_l,:ck,xgﬁ,... ,xOm) =: p(x). DTa QYHKIHUST HUMe-

eT JIOKa/IbHbIH SKCTPEMYM B TOUKE T'j = T U UMeeT MPOU3BOIHYIO B
ou

Touke zV: ¢ (29) = 8—<MO)' [To Teopeme 0 HEOGXOLUMOM YCJOBHH
Lk

SKCTpeMyMa i (YHKUHMH ONHOH mepemenHoil ¢/ (z9) =0, 10 ecTb
ou
8—(M0> = 0. Teopema nokasaHa.
Lk

CnenctBue. Ecou ¢ynkuus v = f(M) nmeer B Touke My Jio-
KaJbHBbIH 3KCTpeMyM U auddepeHuupyema B Touke My, TO

0
duly, = 8—51(M0)da:1 + o+ 2 (My)dam, = 0.

3aMeyaHue. Yc/0BuUe du\MO = 0 aB/asIeTCA TONBKO HEOOXOAUMBIM,
HO He JOCTAaTOYHBIM YCJIOBHEM JIOKAJbHOTO 3KCTpeMyMma B Touke M
nuddepenunpyeMor ¢pyHkuud. [IprBeneM COOTBETCTBYIOLIHMUA MPH-
mep.
ou ou

[lyctb w = xy, Toraa 8—:5(0’0) =0, 8_y(0’0) = 0, mostomy

du\(o,o) = 0. Onnako B Touke O(0,0) sKkcTpeMyMa y JaHHOH (HYHK-
LMK HeT, Tak Kak B J060# okpectHoctd Toukn O(0,0) dyHKuus
MPUHKMMAeT KakK IMOJIOXKHTeJNbHbIE, TaK W OTPHIIATE/IbHble 3HAUEHHS,
TO eCThb KaK 3HaueHusi, 6osbiuune, yem u(0,0) = 0, Tak 1 3HaueHwUs,
menbline u(0,0).

Touky My, B KoTOpod du = 0, OyneM HasblBaTh MOUKOL B803-
MOKHCHO2O0 aKcmpemyma nuddepenurpyemoit Gpyukunu u(M ). Urobwbl
YCTaHOBHUTb, UMeeT Jik (PYHKIIUsSI B TaKOH Touke My 3KCTPEMYM HJIH
HET, HYXKHbl JOCTATOYHbIE YCJIOBHs 3KCTpeMyMa. UToGbl chopmyiu-
pOBaTb TaKHe YCJIOBHSI, HaM TOHAHOOSATCS HEKOTOPblE CBEIEHHS O
KBaJpaTHYHBIX (hOpMaXx.
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HekoTtopble cBegeHUs 0 KBaApaTUYHBIX hopMax

DyHKIUSA

m
Q(xy, ..., Tm) = Z QijTiT; =

ij—=1
= allx% +apr1ro + ... + A1mT1Tm + A91 9T + ...+ ammx%l,

e a;; — 4YUCJa, a;; = Gj;, Ha3blBaeTCs K8aopamuuroti popmoti ot
MePEMEHHbBIX X1, ..., Tm.
KBaznpaTuynass (opmMa HasbiBaeTCH NOAOHKUMENbHO OnpedeseH-

Hotl (ompuyamenvro onpedesennoli), ecnd Q(xy, ..., Ty) =0 (< 0)
V(zy,...,Ty), npudeM @ = 0 Juiib B Hauaje KOOPAMHAT, TO €CTh
npu r; = ... = &y, = 0.

Mpumep. Q(x1,x9) = 7 + 2:1:% — TI0JIOKUTEJbHO OTpeie/ieHHas
KBaZpaThuuHas opma.

[TosioXKKTEeNbHO W OTPULIATEJNBHO ONpefesieHHble KBaJpaTHUYHbIE
(opMbl HA3BIBAIOTCS 3HAKOONpedeseHHbLMU.

KBanpaTtuuHass ¢opma HasbiBaeTcs K8a3uaraxoonpedeseHHol,
ec/JIM OHa MPUHHMAaeT 3HAUeHHUs JUOO TOJbKO HEOTpHIlaTeJbHbIE, JU-
60 TOJIbKO HENOJIOXKHUTeJNbHble, HO MPU 3TOM 00palllaeTcss B HYJb He
TOJIbKO B HayaJjle KOOPIHHAT.

HMpumep. Q(z1,29) = 23 — 4zy39 + 423 = (21 — 219)> — KBa-
3UMOJIOKUTEJIBHO OfpeeseHHass KBaapaTHuHas (opma, MOCKOJbKY
OHa MPHUHHUMAeT, OYEBUIHO, TOJbKO HEOTpUllaTesbHble 3HAYEHHUS, HO
obpallaeTcsi B HyJb He TOJbBKO B Hauaje KOOPAMHAT, HaIMpHMep,
Q(2,1)=0.

KBanpatuuHasi (hopMa Ha3blBaeTCs 3HAKONEPEeMerHoll, eClu OHa
MPUHUMAET KaK I0JIOKUTEeJNbHbIE, TAK U OTPUIlATE/IbHbIE 3HAUEHHS.

Mpumep. Q(z1,79) = 223 — 3z 129 — 25 — 3HAaKONEpeMeHHas
kBanpatnuHas gopma: Q(1,0) =2 >0, Q(0,1) =—-1 < 0.

Marpuua

arr a2 - Gim
T
Aml1 Am2 - Gmm

m
HasblBaeTCs mampuueti Keadpamuunot gopmer Q) = > a;;x;x;.
ij=1
OtmertuM, uto A — cUMMeTpUYHasl MaTpUlla, TaK KakK G;; = Gj;.
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MuHopsl
51:a11, 522 le @12 e ey
21 a22
ary - Qg ary -0 Aim
T O T S
ag1 -+ Gk Am1 *° Amm

Ha3bIBAlOTCA eA08bIMU MUHOPAMU MATPULLBI A.

Kpurepuii CusnbBecTpa 3HaKOOIpeaeJeHHOCTH KBaIpaTUYHOU
¢opmbI

m
Jls Toro, 4yToObl KBampaTuuHas dopma ) = > a;;z;z; OblI1a
ij=1
MOJIOXKUTEJIBHO OlpeNeseHHOH, HeOOXOAUMO W AOCTAaTOYHO, 4YTOOBI
BC€ YTJIOBble MUHOPBI MaTpulibl A OblIN MOJOXKUTETbHBI:

51 >0,8,>0,... 5, >0.

s toro, 4toObl KBaApaTUuHas ¢opma Oblla OTPULATEJBHO
OINpe/leIeHHOH, HeOoOXOAMMO M JOCTATOYHO, 4YTOOBl 3HAKH YIJIOBBIX
MHUHOPOB YepeLoBaUCh CJAeAYIOLIUM 00pa3oM:

01 >0, 09 <0,05<0,94 >0,....

IIOCTaTO‘—IHbIe yCJd0BUd IKCTpEMyMa

Iast pyHKIMK OfHOH MepeMeHHOH y = f(x) HOCTATOUHBIM YCJIO-
BUEM MHHHMyMa (MakKCHMMyMa) B TOYKe X SIBJSIETCS YCJOBHE
f(xo) =0, f"(z9) >0 (<0).

DTO XKe YCJOBHE MOXKHO 3amucaTh yepe3 AuddepeHHa bl GyHK-
IIUK B TOYKE I(:

dyl,,= f'(z0) - Az =0, dgy‘xoz f(x0) - (Az)* >0 (<0)V Az #0.

AHasnoruyHoe NOCTAaTOYHOE YCJOBHE HMeeT MeCTO W AJisi (DYHKLUUU
MHOTHX TepPEMEHHBIX.

Hanomuuwm, uto ans ¢yukuuu u = f(xy,..., Ty ) OepBbI# H BTO-
poll nuddepenransl B Touke My UMEOT BUA:

= du
dulpy, = a—%(Mo) - Ax;,
o 0w
dQU‘MO = Z 2.0z, (M) - Azx; - Ax;  (dpopmyna (9.26) us §7).
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OTMmeTHM, uTo d?

“|M0 — KBajipaTHyHasi ¢opmMa OT MepeMeHHbIX

Axy,...,Axpy,.
Teopema 21. I[lycte BbiMosHeHBl ycaoBus: 1)  QyHKUMSA
u= f(M) = f(x1,...,2y) OBaXAb auddepeHIrpyeMa B TOUKe

Mo(29,...,29); 2) duly, = 0; 3) dQu’MO — TOJIOXKHUTeNbHO (OT-
pUlLlaTesIbHO) OmpelesieHHasi KBaapaTHuHas opma OT TepeMeHHBIX
Axy, ..., Az,
Torpa dyukuus u = f(M) umeer B Touke My JOKAJbHBIE MUHH-
MYM (MakCHUMYyM).
JlokasaTesibcTBO. PaccMoTpuM cayyaii, Korga d2
TeJIbHO OlpefiesleHHasi KBajpaTHuHast opma.
CorJlacHO oOTIpefe/IeHHIO JIOKAJbHOTO MHHHMyMa TpeOyeTcs 10-
Ka3aTb, YTO CYILIECTBYeT 0-OKPECTHOCTb TOUKH M, B KOTOPOH /s
Jar060# Touku M (oTauuHO# oT M() BBHINOJHEHO HEPABEHCTBO

u’MO — II0JIO2KHU -

Au= f(M) — (M) > O.

Mycts M (2 + Ay, ..., 2, + Azy,) — NPON3BONBHAS TOUKA U3
okpecTHocTH Touku M. CornacHo Teopeme 19?2 Au MOXHO mpescTa-
BUTb B BHJE

Ay — % f: 88% (Mo)Az;Azj + o0 (p*) =
i x;0%
_ %p2 Uizl aj;;;j( ) A;Ez _ A;?j n o(p,Z?)
Beenem o6o3HaueHus: 85@'25% (Mo) = asj, A, hi,
Q= in: aijhih;, a(p) = 0 (pp;)
ij=

Torna
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BEJIMUUHBI Ay, ...,y YIOBJETBOPSIOT PaBEHCTBY
2+ hi+ . +h: =1, (9.38)

a a(p) — 0 npu p — 0.

YpaBHenue (9.38) saBasieTcsi ypaBHeHUeM cdeprl paauyca 1 B mpo-
ctpancTBe R™ touek ¢ koopauHatamu (hy, ..., h,). KBagparnunas
¢dopma () B CUJIY yCJOBHS 3 TeOpeMbl SIBJSIETCS MOJOXKUTETbHO OIpe-
neseHHOH, To ecTb ) > 0 Vhy,..., Ay, ONHOBPEMEHHO He paBHbIX
Hymo. B uactHocTH,

Q(hi,...,hm) >0 Bo Bcex Toukax cheps (9.38).

Kpowme toro, Q(hi, ..., hy) — HempepbiBHAsS (QYHKIHS MepPEeMEHHbBIX
hi,..., hm, a chepa (9.38) — orpaHudyeHHOE 3aMKHYTO€ MHOXKECTBO.
[To BTOpO#i Teopeme Befiepmitpacca dyHKkIusi () mocTuraet Ha cdepe
(9.38) cBoe# TouHOM HHXKHEH r'paHH, TO ecThb UMeeT Ha cdepe (9.38)
MHHUMaJbHOe 3HaueHue. O6o3Hauum ero 6ykBoit m. Torna Q(hy, ...

,him) = m > 0 Ha cohepe (9.38).

Tak kak a(p) — 0 mpu p — 0, To 30 > 0, Takoe, uto |a(p)| < m
npu 0 < p < §. [loatomy B d-0oKpecTHOCTH TOUKH M nMeeM:

Au= 37 [Q+a(p)) >0

npu p # 0, To ectb npu M # My, uTo ¥ TpeGOBaJOCh JOKA3aTh.
Teopema 22. [Iyctb BeImoNHeHB! ycaoBusi 1 U 2 Teopembl 21, a

BMECTO YCJIOBHSI 3 BBHIMIOJIHEHO ycJjoBue 3': dQU‘M — 3HaKoIlepeMeH-

Hasi KBagpaTuuHas ¢opma. Torna B Touke My skcTpemyMa (PyHKIHH

HeT.

HokasatenbcTBO. Kak u mpu nokasatenbcTBe TeopeMbl 21 BBemem

0*u
0603HaueHHe 5.6 (Mp) = aij. B cuny yenosus 3’ cyuiectByioT
;0T 5
J
Azl ..., Ax],, TaKkde, 4TO YUCJIO

I A AT A
Q' = Z 8:518% (Mo)Az;Ax; = ‘ZI aijAz;Az; >0,
i,j=1 ij=

u Takxke cymectByoT Az, ..., Az, Takue, 4TO YHUCJIO

m
= Z az'ijglACU;/ < 0.

ij=1
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OGosHauuM uepes M| Touky c koopmuHaTamu (x0 + Az, ...
,xd + Azl), a uepes M, — TOuKy C KOOpPAMHATAMH
(x(l) + Az 2%+ Azy,) (puc. 9.22).

[Tonoxkum p' = p(My, My) = \/(Aaz’l)Q o (A2

Otmetum, uto p  —
BIIOJIHE OIpeJeJIeHHOe I10J10-
XuTeapHoe uucyao. [lpous-
BoJibHasi Touka M; Ha oTpeske
MyM; wvMeeT KOOpPAUHATHI
Mt(x? + tAx’l,...,xO +

c AT

m

+ tAz] ), npuuem 0 < ¢ < 1,
Touka My  coOTBeTCTBYeT
t =0, Touka M| COOTBETCTBY-
er t =1, pQ (Mt,MO) — tQpIQ. Puc. 9.22.
CoraacHo Teopeme 19? nmeem:

1
= 00) 00 = i+ Pl o ) -
= 3 Zl A5 (tAa:;)(tA:U;) +o0 (tQ) =

ij=
N O(tQ) _ 1y / O(tQ)
= 5t ”21 aij Az Az + 2| = 5t Q' + o)
0 (t2)
Tak kak 2 — 0 nput — 0, Tod06 >0, trakoe, 4TO
o(f”) < Q' 0<t<d
3 TpH )

Ortciona craenyet, uTo Ha orpe3ke MyMs BBIOJHEHO HepPaBEHCTBO
Au= f(M)— f(My) >0 npu M # M.

AnasnoruuHo noxkaseiBaeTcsi, 4To Ha otpeske MyMy cyliecTByeT
Touka My, takas, uTo Ha oTpe3ke My BHINOJHEHO HEPABEHCTBO:
Au < 0 mpu M # M.

Takum o6pa3oMm, B J0OOH OKPeCTHOCTH TOYKM My HUMeETCs
toukd M, pasi kotopbix Au = f(M) — f(My) > 0, u Takxe HMe-
roTess ToukM, s Kotophix Awu < 0. CiemnoBaresnbHo, B Touke M
3KcTpeMyMa (PYHKIMU HeT. Teopema nokasaHa.
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Ilpumepsi.
1. u=2aY (x> 0). s HaXoxKAeHUs TOYeK BO3MOXKHOTO IKCTpe-
MyMa JAHHOW (DYHKUHH PacCMOTPHUM CHUCTEMY YpPaBHEHHUH:

ugy = yx¥1 =0,
W =aY%Inx =0,

3 KoTopod Haxomum: x = 1, y = 0. CJemoBareJbHo,
My(1,0) — Touka BO3MOXKHOT'O IKCTPEMyMa TaHHOH (DYHKIIHH.

Tak kak dQU}MO = 2AxAy — 3HaKonepeMeHHast KBapaTHUHAS

dhopMa (TO BhIpaKeHHe /s d2u]MO mosyueHo B §7), TO B
touke My(1,0) sxcTpemyma QYyHKUHH HeT.

2. u=a’+2xy+ 2y +xz+ 25 — 4z

151 HaXOXK/IeHUsI TOYEK BO3MOXKHOTO IKCTPEMyMa 3TOU (PyHK-
IMM COCTaBHUM CHUCTEMY ypPaBHEHUH

Uy =2x+ 2y + 2 =0,
uy = 2z + 4y =0,
uzzx—|—322—420.

OHa uMeeT Ba pelleHUs:

1 ! 2 !
n=ly=—gan=-lnr=—31yp=32=3

U, CJIEN0BATEJbHO, MOJy4aeM [Be TOUKH BO3MOXKHOIO 3KCTpe-
1 4 2 4

MyMma QyHKUuU: M (1, —5 —1) u Mo <_§’ 3 §>.

UToOBl YCTAaHOBUTb, UMEET JIU (PYHKIUS SKCTPEMYMBbl B TOUKAX

M u My, vccnenyem BTopoit auddepeHnnan d>u B 3TUX TOU-

Kax. C 3TOU UeJ/bl0 BBIYUCJUM YaCTHbIe NTPOU3BOJAHBIE BTOPOTO

nopsiiKa:

um =2, uxy =2, Uyp, = 1;
(TP 1 Usy = 0 Uyy = 62

M COCTABUM MaTPHIy KBaApaTHuHOH (hopMbl du:

2 21
2 40
1 0 6z

Breiuucaum ee YTJ10Bbl€ MHUHOPBI:

01=2>0, 6o =4>0, 63 =24z—4.
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B touke M| umeem: d; > 0, d9 > 0, 3 = —28 < 0, nostomy,

cornacHo Kputeputo CuibBectpa, d’ He sIBJsIeTCS 3HAKO-

“!Ml
OInpesilesleHHOM KBaapaThudHoU (opMmor. HeTpynHo ycmoTperts,
4TO 3Ta KBaapaTHyHas gopma — 3HaKonepeMmeHHas. B camom

neJie,
2 2
d*ul =2(A2)" >0, d*u|,, = —6(A2)* <0.
Ay=Az=0 Az=£0

[Io Teopeme 22 B Touke M| 3kcTpeMyMa (yHKUHUU HET.

B Touke My umeem: d; > 0, o > 0, 43 = 28 > 0, nosTomy
dQu}M — TIOJIOKUTEJBHO OMpeesieHHasi KBajgpaTudHas (opma
", CJIei:LOBaTeJIbHo, B TouKe Mo (yHKIHUS HMeeT JIOKaJbHBIU
MUHUMYM.

3ameuanue. Ecau du =0, a d?u — KBa3U3HAKOOIpeIe-
e My M,

JeHHasi KBajpaTuyHas ¢opma, To B Touke My 3KCTPEMYyM MOXKeT
ObITb, @ MOXKET U He OBbITb (HYXKHO IOMOJHHUTEJIbHOE HCCJIeIOBaHuUE).

Cayuaii (pyHKUMH ABYX MepeMeHHBIX
Ecau u = u(x,y), 10

0% o?

Ou (Mg)AzAy + 22 (M) (Ay)?

d*ul ), = a—(Mo)(AfIU)2 +2

$2

nau (0603HaYMM POM3BOAHBIE BTOPOTO MOPSIAKA Yepes ajy, (2, 49)
2 2 2
d u‘MO = a11(Ax)” + 2a190AzAy + age (Ay)~.

[Iyctb BbIMOJIHEHB! yca0BUs 1 U 2 Teopembl 21.

Torpga: I. Eciu D = ajjags — a%Q > 0, To B Touke My yHKUHUS
u(x,y) UMeeT JOKaJbHBIH 3KCTPEMYM: MHHUMYyM, ecad aj; > O;
MakCUMyM, ecau aj; < 0.

[I. Ecnu D < 0, To B Touke M 3KcTpeMyMa (PyHKIIHH HET.
[II. Eciu D = 0, To B Touke M{ 3KCTpeMyM MOXET ObITb, a MOXKET
U He OBITh.

3ananue. [lokazatb copmynrnpoBaHHble yTBepxaeHus [ u 1L

Ians cayuas I paccmorperh mpumepsl: u = x* + y*, Touka
My(0,0); u = z3y3, Touxka My(0,0).



[nmasa 10
HEIABHBIE ®YHKIINU

§ 1. O HesaBHbIX (PyHKUUSAX, ONIpeAeasieMbIX OXHUM
ypaBHeHUEM

Oyukiuust y = f(x), v € X Moxer ObITb 3ajaHa MyTeM Hero-
CPEICTBEHHOr0 (SIBHOTO) yKasaHHsl MpaBusa f, M0 KOTOPOMY KaxK-
NIOMYy 4YHCJy = M3 006JacTH omnpefeseHuss (QYHKUHHU (TO eCThb W3
MHOXKecTBa X ) CTaBUTCS B COOTBETCTBHE ONPEAeJEHHOE UHCJO0 Y.
B Takom ciydae roopsit, uTo (QyHKLHS 3amaHa siBHO. Hamnpumep,
y = 22, x € (—00, +00) — ABHO 3a4aHHAs (YHKIHUS.

CylecTByeT ¥ Apyroét cnocod samauuss GyHKuud y = f(z), B
KOTOPOM MpaBHJIO [ 3ajaeTcsi He HEMOCPEACTBEHHO, a «CIPSITaHO» B
ypaBHEHHH, CBSI3bIBAIOIIEM IepeMeHHble = W 1. Hampumep, ypasHe-
HHe

2 +y?—1=0, (10.1)

paccMaTpuBaeMoe B I10JIYII0JIOCE {(my) —1<x< 1,y > O} Kak
ypaBHEHUE OTHOCHUTEJbHO ¥, UMeeT pelleHHe Yy = v/ 1 — x2, U Tem
CaMbIM omnpenessieT (HYHKIHIO

y=f(x):=v1-a2 ze[-1;1] (10.2)

HO TMPW 3TOM NpaBuJjo [ H3HAUa/JbHO 3aJaHO He B SBHOM BHIE, a
«cripsitaHo» B ypaBHeHuu (10.1).

PaccmoTpum GoJgiee obliiee ypaBHeHHE C JIBYMS MepeMEHHbIMH X
Uy

F(x,y)=0. (10.3)

Ecniu nast mro6oro yucaa x u3 MHoxkectBa X ypaBHeHue (10.3)
MMeeT OTHOCHTENbHO ¥ peleHue y = f(x), To rOBOPSIT, UTO ypaBHe-
nue (10.3) samaer HesiBHO ¢yHKuuw y = f(x), x € X, a cama 3Ta
(YHKLUMS HasblBaeTCd HeA8HOU (yHKuuer, omnpenesnsieMod ypaBHe-
Huem (10.3).

Wrak, HesBHasi QyHKUus y = f(xr) — 3TO pelleHue ypaBHEHHs
(10.3) oTHOCHTENBHO ¥, TO €CTh

Ve e X: F(x, f(x)) =0.
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Bosepamrasice k ypaBuenuto (10.1), MoxXHO Temepb cKazaTh, UTO 3TO
ypaBHeHHe ornpefessieT HesiBHY0 dyHKIu0 (10.2).

MbI paccMOTpPUM BOTIPOC O TOM, MPH KAKHUX YCJOBUSIX Ha (PyHK-
unio F'(x,y) ypasuenue (10.3) ompemesisieT HesiBHYIO (QYHKIHIO
y = f(z), a Tak:ke BONPOC O HENMPEPBIBHOCTH U AU PepeHHpyeMo-
CTH HeSIBHOW (PYyHKLHH.

[Tpy 3TOM HYXKHO pa3/MuaTh CylleCTBOBaHHE HeSIBHOW (DYHKIIHH,
TO €CTh CYIIeCTBOBaHHe peleHust ypaBHeHHs (10.3) oTHocuTesbHO
Y, 1 BO3MOXKHOCTb HAHUTH 3Ty HesIBHYIO (DYHKIHIO B SIBHOM BHJe. Tak,
Hanpumep, HesiBHasi GyHKUMS y = f(x), onpenesasieMasi ypaBHEHHEM
(10.1) nerxo Haxomutcsi B siBHOM Buue (10.2), a HessBHas PyHKUHUS
y = f(x), onpenessiemasi ypaBHeHHEM

2y +siny — x = 0,

KaK Mbl YBUIUM HHXKe, CYLIECTBYET, OIHAKO HAWUTH ee B IBHOM BHUE
He MpPeNCTaBJ/ISETCS BO3SMOMXKHBIM.

Teopema 1. IlycTb BbIONHEHBI YCJIOBUSA:

1. dyukuus F(z,y) onpeneseHa W HempepbiBHA B MPSIMOYTOJbHHU-
ke @ ={(zr,y):a<x<b c<y<d};

2. Vz € (a,b): F(x,c)- F(z,d) <0 (370 yc/oBHe 03Hayaer, 4To
yHkuus F(x,y) uMeeT pasHble 3HaKH Ha HHXKHEH U BepxXHeM
CTOpPOHAX TPSIMOYTOJNbHUKA ());

3. mas qo6oro x U3 uHTepBana (a,b) pynkuus F(z,y) sBasercs
CTPOTO MOHOTOHHOH (DyHKIMeU TMepeMeHHOW Y Ha CerMeHTe
c, d].

Torna:

1) B mpsiMoyroJibHUKe () ypaBHEHHE

F(z,y)=0
OTIpe/IeIsIeT eMHCTBEHHYIO HESIBHYIO (DYHKUHIO BHIA

y = f(z), x € (a,b),

10 ecTb Vz € (a,b) ypaBuenune (10.3) uMeeT eIHHCTBEHHOE pelleHHe
OTHOCHTEJIbHO Y, TPUHAJJIeXKalllee CerMeHTy [c, d|;

2) HesiBHasi pyHkuus y = f(x) HempepbiBHA Ha HHTepBaJe (a,b).
JlokasaresberBo. 1) 3adukcupyem J060e YHCAO X M3 HHTEepBaJja
(a,b) U paccMOTPUM MpH 3TOM 3HaueHWH x (yHkuuwo F(z,y) ap-
ryMeHTa y Ha cerMeHTe [¢,d]. Dra (QyHKIMS HempepbiBHA Ha Cer-
MeHTe [c,d] (ycnoBue 1) M MMeeT Ha KOHLAX CerMeHTa 3HAuYeHHS
pasHbix 3HakoB (ycsaoBue 2). CieoBaTesNbHO, CYIIECTBYeT ¥y € (¢, d),

3 B.®. byrysos
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takoe, uto F(x,y) = 0. B cuny crporoit MoHoTOHHOCTU F'(Z,y) 1O
nepeMeHHO# ¥y (ycsioBHe 3) Takoe 3HauyeHHe ¥ €IMHCTBEHHO (/s
¢ukcupoBanHoro x). Hrak, Vx € (a,b) ypaBuenue (10.3) umeer
eIMHCTBEHHOE pellleHHe OTHOCUTeNbHO Y. O603HAUMM 3TO pelleHHe
Tak: y = f(x).

Takum oOpa3om, cyulecTBOBaHHWE U €IUHCTBEHHOCTb HESIBHOW
¢yuxkuuu Bupa y = f(x), v € (a,b), onpenensieMod ypaBHeHHEM
(10.3), mokasaHo.

2) Jloka)keM HeNpepbIBHOCTb HesiBHOM (yHKUMM y = f(x) Ha
uHTepBase (a,b), TO €CTb HEMPEepPhIBHOCTb B KaXKAOH TOUKe X €
€ (a,b). Tlo ompeneseHHI0 HEMPEPbHIBHOCTH HYXKHO [0Ka3aTb, YTO
Ve > 0 36 > 0, takoe, 4To

|f(z) — f(wo)] <& mpu [z — 0] <. (10.4)

3agagum npousBosbHoe € > 0 (takoe, uto f(zg) —& > ¢ w
f(zg) + € < d) n Oymem cuutaTb (/I ONPeNEJEHHOCTH), UTO
Gyukuuss F(x,y) npu (UKCHPOBAHHOM & SIBJISETCS BO3pacTaio-
e gyHkuued nepemenHod y (cm. yegaosue 3). Torma F(xg,y) <
< F(xo, f(z0)) =0 npu y < f(xo) u F(xo,y) >0 mpu y > f(z0), B
YaCTHOCTH,

F(Io, f(m()) — 6) <0 wu F(Io, f(x()) + 8) > 0. (10.5)
Paccmorpum dyukiuio F'(x,y) Ha npambix y = f(xg) —e U y =
= f(zg) + €. U3 HepaBeHcTB (10.5) B cHsy yCTOHUMBOCTH 3HaKa

HerpepelBHOW (PYHKUHHU CJENYyeT, YTO B HEKOTOPOH O-OKPEeCTHOCTU
TOYKU T OYAYT BbINOJHEHbl HEPABEHCTBA

F(x, f(zg) —e) <0 u F(z, f(xg)+¢) >0

(na puc. 10.1 3T1 HepaBeHCTBa

Y OTMeYeHHl 3HaKaMM + U —).
d B cBoo ouepenb, M3 3THUX
fmo) +e it HepaBeHCTB CJeayeT, 4To AJif

| JI060r0 x U3 §-OKPECTHOCTH
f(@o)p-=--~- 7/y:f(:p) TOYKM IT( KOpPeHb ypaBHe-
f(xo) —¢ ' nusg (10.3), TO ecTb uHcC-
| a0y = f(x), JexdT Mex-
. ny f(wg) —e wu f(xo) + &
Ol a zo=dZoxo+d p T  HHbiMM  CJIOBAMH, B  Mpe-
Puc. 10.1. nenax 0-OKPEeCTHOCTH TOUKH
To IpapUK HEABHOHM (DPYHKLUH

(@)
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= f(x) nexut B mosoce Mexay npsaMbiMH y = f(xg) — e u
= f(xg) + ¢ (cMm. puc. 10.1). Mrak, cnpaBenuBbl HepaBeHCTBA

f(wo) —e < flz) < f(zo) +€ mpu |z — 0| <9,

TO ecThb BbINOJHeHO ycjoBue (10.4), uto U TpeboBasoch N0Ka3aTh.
Teopema 1 nokasaHa.
ITpumep. PaccmoTpuM ypaBHeHUHE

F(z,y) :=2y+siny—z =0, (z,y) € R% (10.6)

Jlokaxkem, 4TO OHO Omnpefne/isseT eIUHCTBEHHYIO HeSIBHYI (PYHK-
LMI0 BUZA

y = f(z), x € (—o0, +00).
3agukcrpyeM MPOU3BOJIBHOE 3HAYEHHE X M PAaCCMOTPUM (DyHK-

i
uuto F(z,y) npu stom 3HadeHuu x. [Tonoxum y = y; = 5~ 1, Torna

F(x,y;) = =2 +siny; <0. [onoxum tenepsb y = yy = g + 1, Torma

F(x,y9) = 2+ sinyy > 0. CnenoBaresibHo, cyuectsyet ¥ € (yi,ys),
takoe, uto F(z,y) = 0. O603HauuM 3T0 3HauyeHHe y depe3 f(z).
Wrak, Vo ypaBHenue (10.6) umeer peuenue y = f(x).

Tak kax Fy(x,y) = 2+ cosy > 0, T0 npu KaxaoM o yHKIHS
F(x,y) sBasietcss Bo3pactaiolieil (GyHKIHeH MepeMeHHOH y U, CJie-
noBatesibHO, ypaBHeHHe (10.6) ompenesnsieT eIMHCTBEHHYIO HESIBHYIO
dyukuuio Buna y = f(x), © € (—oo, +00).

Kak y»xe oTMedasoch, 3Ty HesIBHYIO (DYHKLHIO Mbl He MOXeM
HalTH B siBHOM Buae. OQHAKO, MBI MOXKEM «YBHUAETb» 3Ty (PYHKIIHIO,
nocTpouB rpapuk GpyHkunu x = 2y + siny (cm. puc. 10.2).

CylllecTBEHHBIM yCJIOBHEM B TeopeMe | OBbLJIO YCJIOBHE CTPO-
roi MoHOTOHHOCTH (hyHKUMH F'(x,y) mo mepemenHod y. Jocratou-
HBIM YCJIOBHEM, 00€CIeYHBaIOIIHM CTPOrYI0 MOHOTOHHOCTh (DYHKIIMH
F(x,y) no nepeMeHHO# ¥, SIBJSIETCS] 3HAKOMOCTOSIHCTBO YaCTHOM MPo-
M3BONHON F) (7,%). DTO yC/OBHE HCIO/Ib30BANOCh B PACCMOTPEHHOM
npyMepe U OyIeT MCIOJb30BaHO B CJAEAYIOLIEH TeopeMe.

Teopema 2. [IycTb BBINONHEHBI YCIOBUSA:

1. dyukuus F(x,y) ompeneseHa W HempepbiBHA B HEKOTOPOH
okpecTHOCTH TOYKH My(xg, 7o) (0603HAUUM 3Ty OKPECTHOCTh
OYKBOH W);

2. B OKPECTHOCTH w CYIIecTByeT 4HacTHasi npoussonHas Iy (z,y),
HerpepbiBHasA B Touke Mo;

3. F(xo,90) = 0, Fy(20,v0) # 0.

3*
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y y=/(x)
(uau = 2y+ siny)
T T= 2y
1
QM pmmmmm————— |
| |
Tl---= | :
—67  —Am 27 : | |
: | : 2T 47 o7 €T
: P s —7
' :
P PP LR EEEEE —2m
I
————————————————— -3
Puc. 10.2.

Torna cyiiecTByeT NpsiMOYTOJNbHHK
Q=A{(z,y): |[x — x| <d, |y —yo| < c;d>0, c>0},

[IEJIUKOM COJEpXKAILIUHCsS B OKPECTHOCTH w TOYKH My, B KOTOPOM
ypaBHenue F'(x,y) = 0 onpenessieT eAHHCTBEHHYIO HESIBHYIO (DYHK-
uuio Buga y = f(x), v 3Ta QyHKIMS HempepbiBHA MPH |x — Tg| < d.
JlokasaresbetBo. Ilyets (s onpenenennoctu) Fy(xg,yo) > 0 (cm.
yenosue 3). B cuny wempepwiHOCTH Fy(7,y) B Touke My (ycso-
BHe 2) U YCTOHUMBOCTH 3HAKa HEMpPEepbIBHOH (YHKUUW HaHmeTcs
MPSIMOYTOJIbHUK

~

Q={(@.y): v — ol <d

IeJIUKOM COepXKalluicss B OKPECTHOCTH w TOUKH M, B KOTOPOM
Fé(w,y) > 0 u, caemoBatenbHo, GyHkuus F(x,y) sBasercs Bospac-
Taolled QyHKIHeH MepeMeHHOH Y Ha CerMeHTe (Yo — ¢, yo + ¢| nas
Jo6oro x € (xg — d, xg + d).

Pacemotpum dynkuuio F(xg, y) Ha cermenTe yg — ¢ < Yy < Yo + C.
Tak kKak oHa BO3pacTaeT Ha 3TOM cerMeHTe W Tak Kak F'(xg,1yp) =0
(ycnoBue 3), To

F(zg,yo—c) <0 wu F(xg,y0+c) > 0. (10.7)

Paccmorpum Temeps dyHKuHi0 F'(x,y) Ha HUXKHEH H Bepx-
Held CTOpPOHaX MPSIMOYTOJbHHKA (), TO eCThb PacCMOTPUM (YHKIHH

y—yo|<c;g>0,c>0},
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F(z,yg—c) u F(x,yo + ¢) npu |z — z¢| < d. B cuny HempepbiBHOCTH
5TuX (yHKUMH (ycsnosue 1) u HepaseHcTs (10.7) Hafinercs MHTep-
Bal g —d < x < xg+ d (d < d), Takoi, UTO Ha 3TOM HHTEepBaJe
F(x,yp—c) <0, F(z,yo+ ¢) > 0, u, cienoBaresnbHo,

F(z,yo—c¢)- F(xg,yo+¢) <0 mpu |z —xg| <d.

TakuM 00pasoM, Mbl TMOCTPOMUJH TMPSIMOYTOJBHHUK () =
= {(x,y): |* — xg| < d, |y — yo| < ¢}, B KOTOpOM BBITIOJIHEHBI BCE
YCJIOBHS TeopeMbl |

[To Teopeme | B mpsimoyrosbHuke () ypaBHenue (10.3) onpenessi-
eT eIMHCTBEHHYIO HesiBHYIO (DyHKIMIO Buaa y = f(x), U 3Ta QyHKIHUS
HempepbiBHA MpH |x — xo| < d. Teopema 2 nokasaHa.

3ameuanue 1. OtrmeTum, uto Teopema 2 (B OTJHYME OT Teope-
Mbl 1) HOCHT JIOKaJbHBIH XapakTep — B HeH WUIET peub O CYIIECTBO-
BaHWH ¥ HEMPEPbIBHOCTH HesIBHOH (PYHKUHHK y = f(x) B OKPECTHOCTH
Touku My(xg, Yo), KOOPOAHUHATHL KOTOPOH YIOBJETBOPSIOT YPABHEHHUIO
(10.3). OT™MeTHM TakxKe, YTO 3HaueHHe HesBHOU (QyHKUMH y = f(x)
B TOUKe (o paBHO Yo: f(xg) = o.

3aMeanHe 2. ECJIH BBITIOJIHEHBI BCE YCJIOBUS T€OPEMBI 2, KpOMe
yeaosus Fy (g, yo) # 0, T0 ecthb ecan Fy (7o, yo) = 0, To 3ak.mouenue
TEOpEMBbI 5 CTaHOBUTCS, BOOOIIIE FOBOpH HeBepHbIM. PaccmoTpum,
HarpuMep, ypaBHEHHe

Flz,y) =24+ —1=0 (10.8)

B okpectHocTH Toukn My(1;0). 3amerum, uto F(1;0) =0 wu
F,(1;0) =0, To ectb ycnosue Fy(1;0) # 0 napymeno. [Tpu sTom B
OKPECTHOCTH TOYKH My 3aKjueHHe TeopeMbl He BBITOJHEHO: MPH
x > 1 ypaBHeHue (10.8) He UMeeT pelleHUH OTHOCHUTEJNBHO Y, TO €CTh
He ompeJesisieT HesiBHOH (pyHKuMHU Buna y = f(x), a npu & < 1 umeer
Ba HEMPEepPBIBHBIX pemtenus: y =1 — a2 uy = —+/1 — a2, 1o ecTb
He BBITIOJIHEHO YTBEPXKIEHHE O €IMHCTBEHHOCTH HESIBHOH (DYHKIIHH.

Bmecte ¢ Tewm, ycnosue Fy(xo,30) 7 0 He siBisieTcss HEOOXOMH-
MBbIM YCJIOBHEM TOTO, YTOOBI e 2 ¥MeJIo MecTo.
Hanpuwmep, ypasHenue z° — y3 = 0 B okpecTHocTH Touku My(0;0)
oTpefessieT eIUHCTBEHHYIO HesiBHYI0 (yHKuUMiO Bupa y = f(x), a
MMeHHO, QYHKIMIO i = x, HO npu 31oM Fy (0;0) = 0.

[lepeiinem Temepp K Bompocy o IU(PpepeHUHPYyeMOCTH HEeSBHOH
Gynkuuu y = f(x), onpenenennodt ypasuenuem (10.3).

Teopema 3. IlycTp BBINOJHEHBI YCJAOBHUSI TeopeMbl 2 U MYCThb
dyuxuus F(z,y) nuddepenuupyema B Touke Moy(xg,yo). Torma
HesiBHass (yHkuus y = f(x), onpenensiemast ypaBHenuem (10.3),
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nudepeHurpyeMa B TOYKe T, U €e MPOU3BOAHAS B 3TOM TOYKe
BbIpaxKaetcs (hopMyJsoH

0=~ Emy

IlokasaresnbctBo. Tak kak ¢yHKuus F(z,y) nuddepeHunpyema B
touke Moy(xg,yo), TO €e MpHpallleHHe B 3TOH TOYKE MOXKHO Tpe/cTa-
BUTb B BUE:

AF = F(xg+ Az, yo + Ay) — F(xo,y0) =
= Fy (w0, y0) Az + F, (x0, yo) Ay + a1 Az + apAy, (10.9)

rae a U g — QYHKUHH aprymeHToB Az U Ay, 6€CKOHEUHO MaJjible
npu {Az — 0, Ay — 0}.

Bosbmem Az # 0 croib madbiM, 4to |Az| < d, TO ecTb xy —
—d < xy+ Az < g +d, tne (xg — d,xg + d) — uHTepBaj, Ha
KOTOPOM oImpefeseHa HesiBHasi yHkuus y = f(x) u3 teopemnl 2,
a Ay TOJIOXXKHUM pPaBHBIM TPHUPAIIEHHI0O HESBHOH (DYHKIMH B TOUKE
rg, 10 ectb Ay = f(xg + Az) — f(xg) = f(xo + Az) — yo. Has
BeIOpaHHBIX Az 1 Ay nMeeMm:

AF = F(xg + Az, f(zg + Ax)) — F(z9,y9) =0

(nockoabky F'(z, f(x)) =0 Va € (xg — d, xg + d)), 1 cenoBaTeIbHO,
13 (10.9) monyuaem:

Fy(0, yo) Az + Fy (0, yo)[f (xo + Ax) — f(x0)]+
+ a1 Az + ao[f(xg + Az) — f(xg)] =0,

OTKYyZa CJeyeT PaBeHCTBO

flwog + Ax) — f(xo) _ Fu(x0,90) + 1

Ax -~ Fj(wo,y0) + o

[lepeiinem B 3TOM paBeHcTBe K mnpeneny npu Az — 0. Tak kak
HesiBHasi QyHKUMs y = f(x) HempepbiBHA B Touke x( (Teopema 2),
10 Ay = f(xg+ Ax) — f(xg) — 0 mpu Ax — 0. CienoBaTesbHo,
a; — 0uag — 0 npu Az — 0, a nockosbky Fy (7, yo) 7 O (ycsoBue
3 TeopeMbl 2), TO Mpenes MPaBOH YacTH paBEHCTBA CYILIECTBYET
Fy (0, 90)
Ey (20, 90)
paBeHCTBa, a 3TOT mnpexesa u ectb f'(xg) (MO ompeneseHHd Mpo-

U paBeH — . 3HAuUT, CYLIECTBYeT Mpefesa U JEeBOH 4acTH



1. O HesasHblx PyHKUUAX, Onpedensiemblx OOHUM YpasHeHuem 71

U3BoAHOM). Takum o6pa/3(0M, B) npenese npu Az — 0 mpuxogum K

/ Fac Lo, Yo

paBeHcTBY f’(x¢) T (20, o)

Cneacreue. Ecin ¢yukuus F(x,y) nubdepeHuupyema B mps-

MoyroJibHHKe () (cM. Teopemy 2), To HesiBHas QyHkuus y = f(x)

nuddepeHrpyema Ha uHTepBase (rg — d, xg + d) 1 ee IPOU3BOAHAS
BbIpaxkaetcs (hopMyJIon

. Teopema 3 nokasana.

/ _ F,(z,y)
fi(z) = iexn] N (10.10)

3ameuanue. Ecnu ¢pyukuus F(z,y) nuddepeHurpyema B npsimo-
yronpHuke () k pas, To u HesiBHast pyHKuus y = f(x) auddepeHun-
pyeMa Ha untepBase (rg — d, o+ d) k pas; mnias Haxoxnenus f”(x)
HY>KHO B3siTh MPOU3BOAHYIO oT f/(z) W Tak nasee.

ITpumep. Paccmorpum cHoBa ypaBHeHue (10.6)

F(z,y) :=2y+siny—z =0, (z,y) € R%

OHo ompefesisieT eIUHCTBEHHYIO HesiBHYIO (PyHKUHKIO BUaa y = f(x),
x € (—00, +00), npudeM 3Ta QyHKIHUS TUPPepeHIHpyeMa B Kax a0#H
Touke B cusy teopeMmbl 3. [To popmyse (10.10) Haxomum:

/ _ F(x,y) _ 1
fle) = E(x,y) y=f(z) 2+ cos f(x)

HNuddepennupys f'(z), vaxomum f”(z):
1

/i o / I g / _ Sinf($)
F'@) = [F @) =~ oo (s S (@) ) = s

M Jajiee MOXKHO HalTH MPOU3BOIHbIE G0Jiee BBICOKOTO MOpsinKa (HyHK-
3ametum, uto mas Beiuucaenus f'(x) u f”(z) B Kakoi-to TOUY-
Ke = C TIOMOLIbI0 MOJyUeHHBIX (DOPMYJ CHayasia HYXKHO HalTH W3
ypaBuenusi (10.6) coorBeTcTBytoiiee 3Hauenue f(x). Has mpowus-
BOJIbHO 3a[JaHHOTO T 3TO MOXHO CeJaTh TOJbKO MPUOJIHAKEHHO, HO
IJIS x, KPATHOrO 27T, HETPYAHO HalTH To4YHOe 3HaueHue f(z) (cMm.
puc. 10.2): f(2kw) = km, k € Z. Hanpumep, ajs x = 27 nojydaem:
f@2m)=m, f'(2r) =1, f"(27) = 0.
PaccmoTpuM Tenepb ypaBHeHHEe, KOTOPOe siBJsieTcs 060011eHHeM
ypaBuenus (10.3):
F(xy,...,zn,y) =0. (10.11)
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Peuenuie 3T0ro ypaBHeHHs] OTHOCHUTEJIBHO ¥y siBJsieTCs (DYHKLHEH n
nepeMeHHbIX: y = f(xy,...,T,) U Ha3biBaeTCsl HESIBHOH (yHKLHEH,
onpenesnsiemorr ypaBHenuem (10.11).
Teopema 4. [TycTb BBINONHEHBI YCIOBUS:
1. ¢oyukuus F(xy,...,xn,y) OnpeneseHa u auddepeHuupyema B
HEKOTOPOH OKPECTHOCTH w TOYKU M) (x(l), ey Ty, yo);
2. yacTHas TpousBomHas F(&y,...,Tn,Y) HenpepbiBHA B TOUKe
Mo;
3. F(x?,...,x%,yo) =0, ng (x?,...,x%,yo) 1)
Torpma cyurectByer nmapassesenumnes

Q={(z1,....zn,y): |zi—a}| <di, i=1,...,n,

}y—yoléc; d; >0, ¢c> 0},

LeJUKOM COflepKalllMics B OKPECTHOCTH w TO4YKU My, B KOTOpOM
ypaBHeHue (10.11) ompenesnsieT eIMHCTBEHHYIO HESBHYIO (DYHKIIMIO

Buna y = f(x1,...,x,), 9Ta HesABHas (yHKUUs auddepeHIHpyeMa
B TapaJijesenuiee {(xlazny) ‘xz —x?’ <d; 1= ln} U
ee YaCTHble NPOU3BOJIHBIE BbIPAKATCHA (POPMYJIOH
0 F' (z,...,Tn,
8—f(x1,...,a:n):— Ff”;( 1 m Y) : (10.12)
Li y<x1"”’$”’y) y=f(x1,...,xn)

Jlokazate bCTBO TeopeMbl 4 MPOBOAUTCS aHAJOTMYHO [IOKa3aTesb-
CTBY TeopeM 2 U 3.

§ 2. O HedaBHBIX (PYHKLUUAX, ONpeaeasseMbIX CUCTEMOU
ypaBHEeHUM

Paccmorpum cucteMy m ypaBHeHHUH

Fi(zy,....,%0, Y1, ..., Ym) =0,
Fo(x1,...,2n,91,...,Ym) =0, (10.13)
Fo (@1, T Yt ) = O
Pelienre 3To# CHCTEMBI OTHOCHTEJIBHO Y1, ..., Ym
yr = f1(x1, ... xn), ooy Ym = fm(T1, ..., Tn) (10.14)

HA3bIBAETCS CUCMEMOL Hesi8HbLX (PYHKUUL, onpedessiemoll cucme-
moti ypasnenuti (10.13).
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MEl paccMOTpPUM BOMNPOCH O CYLIECTBOBAHWU, €IUHCTBEHHOCTH
u nuddepeHunpyeMocTd HesBHBIX (yHKuuidl Bupa (10.14), ompe-
nensieMbix cuctemod ypaBHeHu# (10.13). Tlpu paccmoTpeHuM 3THX
BOIIPOCOB BaXKHYIO POJIb UTPaeT ONpelesuTe b

oyt Oy Oym
A= |0 Oy " Oym
oF,, O0F,, oF,,
dyi  Oyo ~ Oym

OH HasbiBaeTcs onpenenuteneM Axkobu uau sxobuarom QGyHKUHH
Fy, Fy, ..., F,, 0 nepeMeHHBbIM Y1, Yo, ..., Ym. a1 Hero Oynem wuc-
MOoJIb30BaTh Takxke OoJjiee KpaTKoe 0003HaUeHHe

A — D(Fl,...,Fm)‘
Dy, ..., Ym)
Teopema 5. [TycTb BbINONHEHBI YCJIOBUS:

1. pyHkuMn

Fl(xla'--axn,yla-'-aym)7'--1 Fm(xl»---axn,yla---»ym)

onpenesneHsl U nudepeHUpyeMbl B HEKOTOPOU OKPECTHOCTH

w Touku M (:1:1, ,x%,y?, ...,ym);
2. YacTHbIe TIPOU3BOIHbBIE 8—2 (i, =1,...,m), BXOAsilIHe B KO-
Yj

6uaH A, HenpepbBHBEI B TOuKe Moy;

D(F\.....F,,

D(yl,...,ym) M

TOFILa CylieCTBYeT IapaJuiesenuien

Q:{(xl,...,xn,yl,...,ym): ’xi—x?} <dij,1=1,...,n;
lyj — 9| <¢jyj=1,....m; d; >0, ¢; >0},

LeJIUKOM COJIepKALIMNACH B OKPECTHOCTH w TOukKu My, B KOTOpOM
cuctema ypaBHeHHH (10.13) ompenessieT eIWHCTBEHHYIO CHCTEMY
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HesiBHBIX (pyHKUM# Bupa (10.14), u 3Tu HesaBHble DyHKUUU AUDde-
peHLHpYyeMbl B MapaJljesenumese

S D T ri—a2 <d;,i=1,...,n}.
{( )t @i — i }

JlokazarenbcTtBo. [lpu m =1 (To ecthb Korma cucrema (10.13) cocto-
UT U3 OJHOTO YPaBHEHHs) CIIPaBENJUBOCTb YTBEPKAEHHST T€OPEMBI O
cnenyet u3 Teopembl 4. [Ipy m > 1 TeopeMy 5 MOXKHO I0Ka3aThb IO
UHAYKIHH (eMm. [1]).

Mbl npoBeneM [10Ka3aTesbCTBO TeopeMbl O A5t m = 2. B 3Tom
caydyae cucrema (10.13) cocTouT M3 OBYX ypaBHEHHH, KOTOpble 3a-
MULIEM B BHJE

Fi(z,y1,92) = 0, Fa(z,91,92) =0, (10.15)
rie © = (21,9, ..., T,). Touka My umeeT KoopaHHATH 2, y?, yg, rue
20 = (:1:?,:1;8, ...,29), u, cornacHo ycaoBuio 3,

OF' OF
——(Mp) ——(Mp)
oy s
Fi(My) = 0, Fy(Mp) = 0, A(My) = oF o # 0.
—2(Mp) ——=(Mp)
oy s
(10.16)

s [ocJjegHero HepaBeHCTBa CJAEAYET, HTO HEKOTOPbIE M3 2JIEMEHTOB

sikoouana A(My) otauunbl oT HyJs. [lycTb (/s onpeneseHHOCTH)
OF,
8_y1<MO) # 0.

PaccmoTpuMm nepBoe ypaBHeHue cucteMbl (10.15) B 0KpecTHOCTH

TOYKH MO KaK ypaBHEHHE€ OTHOCHUTEJIBHO ¥Y|:

Fi(z,y1,y9) = 0. (10.17)

OF

Taxk kaxk F)(My) =0 u a—l(Mo) # 0, to s ypaBHenust (10.17)
Y1 o

BBITIOJTHEHBl YCJIOBHSI TeOpPEMbl 4, COIJIaCHO KOTOPOH B HEKOTOPOM

napannenenunene ¢ neHtpom My ypaBHeHue (10.17) umeeT peleHue

OTHOCHTEJIBHO Y1

y1 = f(x,42), (10.18)
npuuem f(z% y8) = oY, f(z,y2) — Andpdepenunpyemas GpyHkuus u
ee yacTHasi MpPOU3BOAHAS O BeIpaxkaetcst opmysoi (cm. (10.12))
2
9 O (e, 1. 2)
f Oy
a_<$’ y2> - 8F1
V2 (2,91, 92)
o yi=1(2.y)
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[ToncraBuB ¢yukuuio (10.18) Bo BTOpoe ypaBHeHHWE CHUCTEMBI
(10.15), mosyunm ypaBHeHHe

Fy(z, f(x,92),y2) =: g(x,y2) = 0. (10.19)

Bynem paccmatpuBaTh 3TO ypaBHeHUe KaK ypaBHEHHE OTHOCUTEJbHO
Yo B OKPECTHOCTH TOYKH M (xo,yg) U ybenuMmcs B TOM, UTO AJS
HEero BBIMIOJIHEHBI BCE YCJOBHUS TeOpeMbl 4.

Tak kak Fo(z,y1,y2) u f(x,ye) — nuddepenuupyembe HyHK-
KK, TO GYHKUHUS g(x,ys) AUpdepeHIpyeMa B HEKOTOPOH OKpPecT-
HOCTH TOUKH M, TO ecTb BBINOJIHEHO ycyoBHe 1 Teopembl 4.

YacTHaa npousBogHas

@(:E )= 8F2.8f 0Fy _
0y 2 Oyr Oya  Oya Ly =f(zp)
oF,
B o |, OB —A-(@)_l
oy o dys Iy yi=Ff(z.ys)
oy y1=f(z,y2) (10.20)

HempepbiBHA B Touke M) B CHJIy HempepelBHOCTH B Touke M)
YaCTHBIX MPOU3BOIHBIX a—l (1,7 = 1,2), BXonsiux B sikoOHaH A,
Yj

HernpepeiBHOCTH B Touke M| dynknuu (10.18) n oTinums oT Hyns

. OF
IPOU3BOIHOH —I(MO). Takum obpaszom, ycnoBue 2 TeopeMbl 4 BbI-

8?/ 1
MMOJIHEHO.
Haxkownerr,

g(Mg) = Fy (2°, f(2°,93),y3) = Fa («°, 97, y3) = Fo(Mp) =0
(cm. (10.16)), a

99
892

(1) = A0u) - (i) # 0

(em. (10.20) u (10.16)), TO ecTb BBINOJHEHO yCJIOBHE 3 TeopeMbl 4.
CorsniacHo TeopemMe 4 B HEKOTODOM TapaJjesieniuiene ¢ LeH-
tpom M ypaBrenue (10.19) uMeeT efHHCTBEHHOE DellIeHHE OTHOCH-

T€JbHO ¥o:
= fo(w), (10.21)

npudeM fo(x) — muddepeHuupyemast GyHKIHS.



76 2. 10. Hesigrnole ¢pynkyuu

[TopcraBasis sto peureHre B (10.18), moayunm nuddepeHumpye-

MY (PYHKLHIO
y1 = f(z, fo(x)) = fi(z). (10.22)

Takum o6pasom, B HEKOTOPOM TapaJijesenurene ¢ LEHTPOM B
touke M cucrema ypaBHeHuid (10.15) uMeeT eNMHCTBEHHOE pelle-
e Buaa (10.21), (10.22), To ecTb onpenessieT eIMHCTBEHHYIO Mapy
HesiBHbIX (pyHkuuid Bumga (10.21), (10.22), npuuem fi(x) u fo(x) —
nuddepeHuupyemMble PyHKIIUH.

Teopema b nisg m = 2 nokasaHa.

BbrunciieHne npousBOOHBIX HeABHbIX (PyHKuuin y; = fi(x)
1 yo = fo(x). Ecnu nonctaBuTh (MBICJEHHO) B CHCTEMY ypaBHEHHH
(10.15) dynxkuuu y; = fi(x), yo = fo(x), sABASAWOMLIKECS pellleHHeM
3TOH CHCTEMBI, TO MOJYUHUM TOXKIECTBA

Fi(z, fi(x), fo(z)) =0, Fy(x, fi(x), f2(z)) = 0.

[TponuddepeHUpyeM 3TH TOXKAECTBA MO KAKOMY-TO M3 apryMEHTOB
z; (1=1,2,...,n):

{c;Fl +gFl _gfl +(59F1 .ng} _0,

T Y1 x; Y2 OTilly,=f(z), yo=/fo(x) (10.23)
|:8F2 i OFy ' 8f1 4 0Fy ) 8]62} —0 .
8.%1' 8y1 8:(;1 8y2 &xz e

y1=f1(z), y2=1f2(z)

M3 3Toll cucTeMbl ABYX JIMHEHHBIX ypaBHEHUH OTHOCHUTEJBHO MPO-

dfi1 dfs
151
HU3BOAHLBIE, HOCKOJIbe OHpeILeJH/ITeJIGM CUCTEMBEBI {ABJISETCHA HKO6I/I3H

= —D(FI’F2), KOTOPBIH OTJIMUeH OT HyJssg B Touke My (cm. (10.16)),
D(y1, yo)

a B CHJIy HENpepbIBHOCTH OTJHYEH OT HYJS U B HEKOTOPOW OKpecT-
HOCTH TOYKU M.
ofi . 0f

8.% 8—%,
pble HeTpyaHO nmosyuuThb U3 (10.23), 6ynyT comepkaTh caMu Heﬂg}{ble
1

81‘1‘

B JIJaHHOH TOUKe T, Hy2KHO CHa4daJiad HaUTU 3HAUEeHUS HesIBHBIX

HN3BOJHBIX

OOHO3HAYHO OIpeaeadrTCd YKa3aHHbIE IIPO-

OTMeTI/IM, YTO BbIpazKe€HHd OJsd ITPOHU3BOAHBIX

KOTO-

yukunu fi(z) u fo(x) u, cnenoBatesbHO, UTOOBI BEIUHCIHUTD

0fs

aZEi
q)y'HKI_[I/Iﬁ B 3TOH TOYKE, a OJisd 9TOr0 HY2KHO PEIIUTb CUCTEMY (1015)

OTHOCHUTEJIBHO Y] H Yo AJSI NaHHOH TOYKH .
Ecau dyukunu Fy(x, y1,y0) u Fo(x, y1, yo) nuddeperHunpyemsr k
pa3 B OKPECTHOCTH TOYKH My, To HesBHble QyHKUUH ¥y = f1(x) u

151
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Yo = fo(x) Takxke nuddepenunpyemsl k pas. Mx yacTHble MpousBoI-

}éble BTngFO MOpSIKA MOXKHO HaHTH, AU(pdepeHInpys MPOU3BOLHBIE
fi fo

151
ém 6:51 ’ .
HpnMep. ﬂOKaSaTb, 4YTO CHUCTEMd YPaBHEHHH

HahgeHHble U3 cuctemul (10.23), u Tak ganee.

P+ 4+22-3=0,z4+y+2—-1=0 (10.24)

ompenessieT B okpecTHOCTH Touku My(1; 1; —1) emHHCTBEHHYIO Mapy
HesiBHBIX (DYHKIME BUna y = f1(x), 2 = fo(x) U HAWTH POU3BONHbIE
MePBOro U BTOPOTO MOPSIIKOB 3THUX HESBHBIX (PYHKIMH B Touke = = 1.
Peuienne. OyHKIIHMH

Fli=a®4+y*+2°-3 u Fy=z+y+z—1

nuddeperrpyemsl B 1060i okpectHocTd Touku My(1; 1; —1); ux
YaCTHBIE TTPOU3BOIHbIE

OF, o 0P o OF | OF _
8—y_2y’ 8,2_22’ 8@/_1’ 8z_1
HernpepblBHBI B Touke My;
B B D(F, F») 12 =2

Takum o6pasom, mns cucteMmbl ypaBHeHuH (10.24) BbimosiHeHBI Bce
YCJIOBUSI TEOpeMbl D, COIJIAaCHO KOTOPOH B HEKOTOPOH OKPeCTHOCTH
Touku M, cucrema ypaBHenu# (10.24) ompenesisieT enUHCTBEHHYIO
napy ¢yHkuui Buma y = fi(x), z = fo(x), auddepeHunpyeMex B
OKPeCTHOCTH TOYKU = = 1. Bosiee Toro, mockosnbkKy ¢pyHKUMH F| U
Fy nuddepenurpyemel a1060e YHACIO pa3, TO HesIBHble (DYHKLUUHU Y =
= fi(z) u z = fy(x) Takxke nupdepeHIUpPyeMbl OGO YUCIO Pa3 B
OKPEeCTHOCTH TOYKM x = 1. OTMeTUM Takxke, 4TO

fil) =1, fo(1) = —1. (10.25)

Cucrema ypaBHeHHH ajst HaxoxneHus fi(x) u fj(x) momyuaercs
aHajiorngHo cucteme (10.23), To ecTh MyTeM MOACTAHOBKH B CUCTEMY
(10.24) nesiBHBIX QyHKUME y = fi(z), 2 = fo(x) n nuddeperuupo-
BaHHUSI MOJyYeHHBIX TOXKIECTB MO . DTO AaeT TOXKIECTBA

20+ 2f1(2) fi (&) + 2 () fy() = O,
L+ fi(2) + fyla) = O,
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M3 KOTOpBIX HaxomuM f{(x) u fo(x):

/ o fo(z) — o / . r — fi(z)
filz) = (@)~ fo(0) falo) = = OEEACL (10.26)

[lonaras B atux ¢opmynax x = 1 u yuuteiBas paseHctsa (10.25),
Haxomum f1(1) m fo(1):

fi(1) = =1, f5(1) =0. (10.27)

Hasee, ucronbaysi popmyasl (10.26), naxonum f{'(x) u fi(x):

f@%:%@%4KM@—EQD—m®%%%W@—ﬁ@D
(fi(z) = fo(x))?

%@:U—ﬁ@Mﬁ@—ﬁ@»—@—ﬁ@KW@—ﬁ@)
(fi(z) = fo())”

[Tonarasi B atux dopmynax x = 1 u yuutoiBasg paBeHctBa (10.25) u
(10.27), nonygaem:

y

(()=-1 f(1)=1

3aganue. Hapucyiite cdepy U MI0CKOCTb, KOTOpble 3aAal0TCS
ypaBHeHusimu (10.24) B npsiMmoyroJibHOH cucTeMe KoopauHat Oxyz.
M306pasute OKpyKHOCTb (0603HaYMM ee w), 10 KOTOPO#H Nepeceka-
IoTcst cepa M MIOCKOCTh, U OTMeTbTe Ha He# Touky Moy(l;1; —1).
Boinesnute B Masiol OKPeCTHOCTH 3TOH TOUKH AYTY OKPYKHOCTHU W U
pacCMOTpPHUTE MPOEKIUU ITOH NyTH HAa KOOPAHUHATHBIE MockocTH Oy
1 Ozx. DTH NPOEKLUHNH SABJSIOTCS rpadukamu GyHKUUE y = fi(z) u
z = fo(x), TO eCTb TeX caMbiX HesIBHBIX (PYHKIMH, KOTOpbIE OMpeje-
asitorest ypaBHeHUsiMU (10.24) B okpecTHOCTH TOUKH M.

OTMeTbTe Temepb Ha OKPYKHOCTH w Touky Mj(—1;1;1) u mo-
npoOyHTe CHPOEKTUPOBATb NYTy 3TOW OKPYXKHOCTH, COAEPXKAILYIO
Touky M, Ha miaockocT Ozy U Ozx. C KAKUMHU TPYAHOCTSMU BbI
cTosikHeTech? OOBIACHUTE UX.

§ 3. 3aBucumocTb (PyHKUUN

IlonsiTne 3aBucumocTu PyHKIMA. B Kypce nnHeHHOU anreGpel
ObLJIO BBENEHO TMOHSATHE JUHEWHOM 3aBUCHMOCTH 3JE€MEHTOB JIMHEH-
Horo mpoctpaHctBa. B wactHocTH, B npoctpancTBe Cla, b] pyHKIMH,
HeTpepbIBHBIX Ha CerMeHTe [a, b|, JUHeHHAs 3aBUCHMOCTb (PYyHKIMH
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y1(x), yo(x), ..., ym(T) 03HAUAET, YTO XOTs OBl OAHA M3 ITUX HYHKLHH
ABJIAETCH JIMHEHHOHM KOMOWHAIIMeH OCTaJbHBIX:

yr(x) = Cry1(x) + ... + Crm1Yk—1 (%) + Crr1Yi+1(2) + ... + Crym (),

rne C; — HEKOTOpble UMcCaa.

B stom naparpade Mbl BBeneM OoJjee oflllee MOHSITHE 3aBUCH-
MOCTH (PYHKLHH, KOTOpOe BKJIOUaeT B ce0fl KaK YaCTHBIA CJay4au
MOHATHE JINHEHHOU 3aBUCUMOCTH.

Haunewm c npumepa:

yi(z) =z, yolz) =2 a<z<b

Oyukuun yi(z) u yo(r) He SBJSAIOTCS JHHEHHO 3aBUCHMBIMH Ha
cermeHTe [a, b|, Tak Kak HU MpH KakoM uucie C' paBeHCTBO y(x) =
= Cyy(x), T0 ectb x = Cx? (4 Takxke paBeHcTBO Yo(z) = Cyy (),
T0 ecTb #° = C'x), He MOXKET BHINONHATBLCA JJIS BCEX I M3 CerMeHTa
[a,b]. Bmecte ¢ Tem, MexAay HaHHBIMM (QYHKUHSMH CYLIECTBYeT
3aBHCHUMOCTb, 2 HMEHHO,

yo(w) = yi(z) Vo € [a,0],

HO 3Ta 3aBUCHMOCTb HeJIMHeHHasl.

[lepefinem K oOuieMy MOHATHIO 3aBUCHMOCTH (PYHKLHUH, KOTOpOe
Mbl BBelleM A5 AU dhepeHIupyeMblX (yHKLUHH, TOCKONbKY paccMmar-
pUBaeMble HUXKe TeOpeMbl O 3aBUCUMOCTH U HE3aBUCHUMOCTH (PyHK-
LUK OTHOCATCA K AU(PPepeHUUpyeMblM QPyHKLIHAM.

[Iycte PpyHKUMH

yl = fl (ZUl, ) Zlfn), yQ - fQ(xla AR xn)’ o ym - fm(xla AAS) xn)
(10.28)
onpeneseHbl U AuddepeHLUpyeMbl B HekoTopod obgactu DD C R™
(o6acThi0 MBI Ha3blBaeM OTKPBITOE CBSI3HOE MHOXKECTBO TOYEK M3
R™).
Onpenenenne. Oyuxuus yi = fr(xy, ..., ) Ha3bIBAETCS 3aBUCUMO#H
B obsactd D oT ocTasnbHbIX (yHKUMH cucTembl (10.28), ecau nJjs
Bcex Touek obsacTh D 3Ty (DYHKUHIO MOXKHO MPEeACTAaBUTb B BUJE

U = PYL, coor Yk 1> Ykt 1> +o» Ym) (10.29)

rne P(Yr, ooy Yk—1, Yktls - Ym) — HOUPPepeHIHpyemMast (GyHKLHS
CBOUX apTyMeHTOB.

3aMeyaHus.
1. PaBenctBo (10.29) Hy>KXHO MOHHMMATh TakK: €CJU BMECTO Y1, .., Ym
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nonctaButTh GyHKunK (10.28), TO MOTYUUTCS TOXKIECTBO, CIpaBefl-
JuBOe 1Jist BceX * = (x1, X9, ..., Ty) U3 oOmactu D,

fu(@) =@ (fi(@), ... fom1(@), frg1(2), .oy fr()) -

2. B naHHOM omnpeniesieHUH CYIIECTBEHHO TO, UTO (PyHKUUS P 3aBUCHT
TOJIBKO OT Y1, ..., Ym (KPOME Yi) U HE 3aBUCHT OT I, ..., Tp.
Onpenenenne. Pynkuuu (10.28) HasbiBalOTCS 3aBUCUMBIMH B 00-
Jactd D, ecau onHa M3 HUX (BCe PaBHO KaKasi) 3aBUCHUT B 3TOH
00J1aCTH OT OCTaJbHBIX (PYHKUHH. B mpoTHBHOM cjaydae (DyHKIHUH
(10.28) naswiBalOTCS HE3aBUCHMBIMH B 00s1acTH D).

Ilpumepsl.

1. dyHK1IMH

Y1 =2 +x9 + X3+ x4, Yo =] — X9+ T3 — T4,

2 2
ys = (21 +x3)° + (z2 + 74)
3aBHCHMBI B J11000# o6aactd D C R*, mockombKy ms mo6oi Tou-

|
ki (71, %9, T3, T4) BHINOJHAETCS PABEHCTBO Y3 = §(y%+y§), "

1
¢byHkuus ¢ = - (y% + y%) SIBJISIETCS], OUEBUIHO, NH(PepeHIupyeMOor

2
(pyHKLHEH.
2. JlokaxeM, 4To (pyHKLHUH

Yy =1 +Ty U Yo =TT (10.30)

SIBJISIIOTCSl HE3aBUCUMBIMH B JI000# okpectHocTH Touku My(0;0).
(MHTYUTHBHO $ICHO, Y4TO CYMMY X| + X9 HeJb3sl BbIPa3uThb 4Yepe3
POU3BENEHNE X To, ¥ TAKXKE X|To HeJb3sl BHIPA3UTb Uepes | + Xg).

[Tpennmosoxxum, uto ¢yHkuuu (10.30) 3aBUCHMBI B HEKOTOPOU
OKpecTHOCTH w Touku My. Torma mnsi Bcex Touek (xy,x9) U3 ITOH
OKpecTHOCTH J160 Yy = P(yy), 160 yo = P(y1).

Honyctum, uto y; = ®(ys), TO ecTh aas M0O0H TOUKH (x], T9)
M3 W BBINOJHSETCS PAaBEHCTBO

]+ x9 = O(x29). (10.31)

Paccmotpum ortpesok Ly = {(x],x9) : =0 <z <, 9 =0} mps-
MoH x9 = 0, comepxauuiica B w. Ha stom orpeske zjx9 = 0,
x] + x9 = x1, nostomy paseHcTBo (10.31) mpunumaer Bug x| =
= ®(0) = const, HO 3TO TMPOTHBOPEYUT TOMY, YTO Ha OTpe3ke L
KOOpJIHHATA x| He SIBJISEeTCS MOCTOSTHHOU, a U3MeHsieTcsl 0T —J 110 0.



3. Sasucumocmo Qyurkyull 81

Ecnu nonycTtuts, uto yo = P(y;), To ecTh
T1Ty = <I>(:U1 + CEQ), (10.32)

TO K aHAJOTUYHOMY MPOTUBOPEUHIO MPUIEM, PACCMOTPEB OTPe30K Lo
NpsIMOU =] = —x9. colepkKalluics B w. Ha orpeske Ly paBeHCTBO
(10.32) npunumaer sun —z3 = ®(0) = const, HO 3TO MPOTUBOPEUUT
TOMY, UTO Ha 3TOM OTPe3Ke KOOpAHHATA T| He SIBJSETCS MOCTOSHHOH.

Wrak, au omnHa u3 (yHxkuui (10.30) He 3aBUCHUT OT Apyrou B
qo6oi okpectHoctd Touku My(0,0), U, 3HAUUT, 3TU (YHKIHH B
JI0O0H OKPECTHOCTH TOUKU My HEe3aBUCHUMBI.

3aganue. Jloxaxute, yto pyHkuuu (10.30) He3aBHUCUMBI B Ji0-
601 o6aacTu U3 R2.

3. Paccmorpum pyHkunn

9 z?, x>0,
i

, =0, _ B
0, r<o B= 0, 1 <z <0,

AR\

’ (x+1)% < -1.

JlokaxkeM, 4To:

a) (YHKIHS Y| 3aBUCHT OT (PYHKIHUH Y9 B HEKOTOPOH OKPECTHOCTHU
JIIOOOW TOYKH T YHUCJIOBOH MPSIMOH;

HO, BMeCTe C TeM,

6) (YHKIHS y; He 3aBUCHUT OT (DYHKUHH Yo Ha BCEH UYMCJIOBOH
NPSIMOH.

s n11000H TOUKM X MOXKHO YKas3aTb TaKyl OKPEeCTHOCTb, B
KOTOPOW 3aBUCHMOCTb Y| OT Yo NPU = > —1 BeIpakaetcs (hopMyJsoH
y1 = @1(y2) == y2, a nput © < —1 — dopmynoit y; = Py(ys) := 0.
DTO NOKa3blBaeT yTBepxKaeHHe a). TakuMm 00pa3oM, B HEKOTOPOH
OKPECTHOCTH JIIOOOU TOUKHU T AaHHble (DYHKIHUHU 3aBUCHMBI.

JlokazaTebCTBO YTBepKaeHUs 0) MPOBEeM METOAOM OT MPOTHUB-
Horo. JIonycTUM, 4TO Y| 3aBUCHUT OT Yo HA BCEH YHCJIOBOMU NPSIMOH, TO
ecTh cyuiectByer nuddepenuupyemas dhyHkuus P(yo), Takasi, uTo
IJisS BceX x BbIMoJiHsieTcsi paBeHCTBO Yy1(x) = P(yo(x)). [Nosoxkum
B 9TOM paBeHcTBe = = —2. Tak Kak y(—2) =0, yo(—2) =1, 10
noayyum P(1) = 0. Tlosoxkum tenepp x = 1. Tlockoabky (1) =
=1, yo(1) =1, npuxonum K paBeHctBy ®(1) = 1, KOTOPOE MPOTUBO-
peunt paBeHctBy ®(1) = 0. [TonyueHHOe poTHBOpeUHe NOKA3bIBAET,
uTo (DYHKUHUS Y| () HE 3aBUCUT OT (DYHKLUHUH Yo (x) HAa BCEH UUCIOBOM
PSIMOH.
3apanue. Jlokakute, UTo (PyHKIHS Yo He 3aBHUCUT OT (DYHKILHHU Y|
Ha BCel YMCJIOBOH MpsiMOU (TeM caMbIM GyIeT M0Ka3aHo, YTO JaHHbIE
(YHKLMM He3aBUCUMBI Ha BCEH UMCJOBOH TPSIMOH).
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JocTaTrouHoe ycjaoBHe HE3aBUCUMOCTHU (PyHKLIVH.
Bepuemes x ¢ynkuusam (10.28). Ilycte n > m. Boibepem kakue-
HUOYIb ™ apryMeHTOB T;,, Tj,, ..., Tj,, ¥ COCTABUM fKOOHaH
D(fi, ...,
(fl fm) ) (1033)
D(l‘il, ceey xim)

Teopema 6 (nocraTtouHoe yc/joBHe HE3aBUCHMOCTH (QyHKUHMMH). Ecin
dyuxuuu (10.28) onpenenenbl U auddepeHIIUPyeMbl B OKPECTHOCTH
w touku My (2, ...2)) , n kakoii-nubyab skobuan suaa (10.33) ne
paBeH Hyst0 B Touke My, To pyHkunu (10.28) He3aBUCHMBI B w.

HokazaresnbcTBo. IlycTh (/151 onpeneseHHOCTH) sIKOOUAH

dft 0ft  0fi
0x, Oxo Oxm

D(fi, o fm) | Ofi Ofi Ofi

D(z1,....ty) | Oy Oxy Oz, (10.34)
0xy Oxo Oz,

OTJIMUYEH OT Hysd B Touke M.

Honyctum, yto yHkuuu (10.28) 3aBUCHUMBI B OKPECTHOCTH wW.
Torna onHa w3 HUX, Hanpumep, yi = fx(x1, ..., Tn) 3aBUCUT B W OT
OCTaJIbHBIX (PYHKIMH:

Yk = (I)(yl, e Yk—15 Yk+1, "'7ym>a

rne ¢ — nuddepeHurpyemass ¢GyHKUHUs, TO €CTb [Js BCEX T =
= (x1, 9, ..., Tp) € w BHINOJHSIETCS PABEHCTBO

fe(z) =@ (fi(@), . fr1(2), fer1(2), ey fin(2)) -

[To npaBuny nudpepeHIUPOBAHNSA CJI0KHOU (PYHKLHUHU MOJyYaeM:

Ofxy 0 Of

8331 8y1 ‘ 8561 Tt
+ 0% .afk_1+ 0 .8fk+1_|_ _|_8_(I)%
Oyr—1 Oz OYr+1  Ox T Oy Oxy]
8fk, ....... ; cI)(‘)fl ..........................................................................
0r,, Oy Oz, Tt
od  O0fi_ od 0 od  J0f,
n fk1_|_ . fk+1+m_|__‘i

Oyr—1 Oty Oypr1 Ot MmO,
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DTH paBeHCTBA IMOKasbIBalOT, YTo k-1 cTpoKa sikobuana (10.33) sB-

JiseTCsl JIMHEMHOW KOMOWHALMEeH OCTaJbHBIX CTPOK C KO3(UlHeH-

0D 0D 0D 0D
TaMid —— . Cyle0BaTebHO,3TOT IKOOUAH

Ay’ OYk—1 Oyky1’ OYm
paBeH HYJII0 BO BCEX TOYKAX OKPECTHOCTH W, B TOM UHCJE U B TOUKe
My. Ho 3To mMpoTHBOPEUHT YCJOBHIO TEOPEMBI, ¥, 3HAUUT, (DYHKIIUH
(10.28) nesaBucuMbl B w. Teopema 6 mokasaHa.
CaencrBue. Eciu dpynkuuu (10.28) 3aBUCHMBI B w, TO BCe IKOOHAHBI
Buzaa (10.33) paBHBI HYJIO BO BCEX TOUYKAX W.

Hns sko6uana (10.34) 3To moOKasaHO MO XOAY J0OKa3aTesbCTBa
TeopeMbl 6, ns awoboro apyroro sikoouana Buaa (10.33) yrBepxe-
HHe J0Ka3blBaeTCsl aHaJOTHYHO.
3ameuanue. B Teopeme 6 Mbl 10Ka3aJ/u, UTO HOCTATOUHBIM YCJOBUEM
HezaBucUMOCTH (PyHKUKH (10.28) B oKpecTHOCTH w TOuku M sB-
JIsleTcsl OTJINYKE OT HYJsl B Touke M Kakoro-iau6o sikobvaHa BHA
(10.33) (HasoBeM 3TO ycJsioBHe ycjoBHeM [), a corylacHO CJIeACTBHIO
U3 3TOU TeOopeMbl HEOOXOOUMBIM YCJIOBHEM 3aBUCUMOCTH (PyHKLUH B
W SIBJISETCS TOXKJIECTBEHHOE PaBEHCTBO HYJIIO B w BCEX SIKOOMAHOB
Buzaa (10.33) (HasoBeMm 31O ycjoBue yciaoBueM II).

OtmeTuM, uTO ycsoBue | He sABJsgeTCS HEOOXOAHUMBIM YCJOBHEM
HesaBucumocTH ¢yHKuuE (10.28) B okpectHocTH Touku M. Tak B
npumepe 2 sikoOUaH

D(fi, f2)

D(xy,15)

1 1

= T9 — X
To T 2 1

SIBJISIeTCS €UHCTBEeHHBIM sikoouaHoMm Buja (10.33), U oH, 0YeBHIHO,
paBed Hyawo B Touke My(0;0), HO QYHKUHM Y| U Yo, KaK OBLIO
M0OKa3aHO, HE3aBUCHMBI B JIIOOOH OKPECTHOCTH TOUKH M.

Ananornyno, yciosue Il He sBJseTCS MOCTATOUHBIM YCJIOBHEM
saBucumoctH (yHkuui (10.28) B oxkpecTtHOocTH w TOYKM M. B
KauyecTBe MpUMepa pacCMOTPUM (DYHKIIHH

y1(z1,z2) = { (])CI(xle) 70 giig; g g;’ul,
(1, 29)

: ) = 0, x1,x9) € Dy UL,
PR = fomy,29) #0, (z1,25) € Dy,

rne Dy u Dy — nmnonobsacTu, Ha KOTopble obOJjactb [ pas-
JeJieHa OTpe3KoM [, mapaJjuiebHBIM ocd  xo (puc. 10.3).
HerpynHo nokaszate (cmena#iTe 3TO  CaMOCTOSIT€NBbHO),  UTO
byskuuu f; u fo MOXHO BbIOpPaTb Tak, UTO ¥y; U Yo OY-
oyT auddepeHuupyeMbMi  (YHKUHMAMH BO Bced obOgactd  D.
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D(y1,y2)
(21, z2)
p (oH sIBJsIeTCSI €IMHCTBEHHBIM
B JAHHOM CcJy4dae fKOOMaHOM

Dy Dy Buna (10.33)) ToxmecTBeHHO
paBeH HyJl B  00JacTu

D, HO QyHKUMM Y| H Yo

| [Ipu stom skoOuan
2

_ sBJsIOTCA He3aBHCHMBIMHU
r1 B o6macty D  (mokaxure
3T0).

Puc. 10.3.

O6uias TeopeMa 0 3aBHCUMOCTH U HE3aBUCUMOCTH (PYyHKIUMI
CHoBa BepHeMcst K ¢pyHkuusaM (10.28), u, 4T06bI ChOpMyNHPOBATH
OOLIYI0 TeOpPeMY O 3aBUCUMOCTHU U HE3AaBUCHUMOCTH 3TOH COBOKYITHO-
cTH (DYyHKIUHH, BBeleM (M X n)-MaTPHILy, COCTABJIEHHYIO U3 YaCTHBIX
MPOU3BOAHBIX MepBoro nopsinka GyHkuui (10.28):

oh  of
8£Claxn
A= ..ol
Ofm  Ofm
8I1 5l‘n

BeiGepem 7 CTPOK 3TOH MaTpPUIlbl C HOMEPAMH %1, 19, ..., I U T CTOJO-
OB C HOMEpaMHu ji, J9, ..., Jr. LlepecedyeHre 3TUX CTPOK U CTOJOIOB
oO6pasyeT MHUHOD 7-0ro Mopsifka MaTpulbl A, siBasiiolledcs sKobHa-
HOM (QYHKUMH f;, fi,, ..., fi, TIO IEDEMEHHBIM Zj , Lj,, ..., T},

T

D(fiy, fiys - fi,) (10.35)

D(le , ZEjQ, ceey Zer)

Teopema 7. (O6mass TeopeMa O 3aBUCHMOCTH W HE3aBUCHMOCTH
(QYHKIHH).
[IycTb BBIMOJIHEHBI CJIENYIOLIHE YCTOBUS:

1. ¢pynkuuu (10.28) onpenesnensl U auddepeHIUPyeMbl B OKPeCT-

HOCTH w TOUKH M (a:?, ey az%);

2. BCe YaCTHbIE MPOU3BOJIHBIE gj} (t=1,....m; j=1,..,n)
HempepuiBHBI B Touke My; !
3. CyIIeCcTByeT MHHOD r-0ro mopsiaka matpuubl A (MHHOP BHIA
(10.35)), oTnnuHbI# OT Hyss B Touke My;
4. Bce MuHOpH (7 + 1)-ro mopsinka MaTpuilbl A TOXIECTBEHHO
paBHBI HYJIO B OKPECTHOCTH w TOUKH M.
Torna:
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1. r QyHKUHUH, NpeacTaBJeHHBIX B yKa3aHHOM B YCJOBHH 3 MH-
HOpe 7-TO MOPsiIKa, HE3aBUCUMBI B W
2. Kaxpaasi U3 OCTaJbHBIX (M — 7) GYHKUMUH 3aBUCHT OT yKasaH-
HBIX B TMpeJbIAYIIEeM MyHKTe 7 (DYHKUHH B HEKOTOPOH OKpeCT-
HOCTH w] ToUkH My (w; C w).
[TepBoe yTBepKIeHHe CJelyeT U3 TeopeMbl 6, 10Ka3aTeJbCTBO BTO-
pOT'0 yTBEp:KAeHHs1 uMeeTcs B [1].

IIpumep. Ob6patumcst cHOBa K (DYHKLUUSIM ¥i, Yo, Y3 M3 mnpumepa I
(ctp. 80):

Yr=x1 +x9 + T3+ T4, Yo =T — Ty + X3 — T4,

y3 = (x1 +13)% 4 (29 + 24)% (10.36)
CocTaBUM AJs1 3THX (QYHKUMHE MaTpuly A:

1 1 1 1
A= 1 —1 1 —1
2(x; +x3) 2(xo+x4) 2(x) +23) 2(T9 + T4)

MuHop
1 1
1 -1

00pa3oBaHHbIM MepeceyeHUeM MEePBbIX ABYX CTPOK U TMEPBbIX OBYX
CTOJIOIIOB MaTpUllbl A, OTJHYeH OT HYJs B J060H TouKe (OH paBeH
—2), a BCe MHHOPBI TPETbero Mopsifika MaTpullbl A TOXIECTBEHHO
paBHbI HYJIO0 (poBepbTe 3T0). [TlosaToMy, cornacHo Teopeme 7, PyHK-
UMA Y| U Yo HE3aBHUCUMBI B JHOOOU OKPECTHOCTHU JIOOOU TOYKH, a
(YHKIHSA Y3 3aBUCHT OT Y| U Yo.

Yro6bl MONYYUTh SBHBIH BUJ 3TOH 3aBUCUMOCTH, BBIPA3UM W3
nepBbIX NBYX ypaBHeHu# cucteMbl (10.36) x; U x9 yepes3 ocTasbHbIe
nepeMeHHble (3TO MOXKHO C/IeJIaTh, MOCKOJNbKY MUHOP M OT/IHYeH OT
HYJIS1):

M =

)

1

|
T = §(y1 +yo) — 3, Lo = §(y1 — Yo) — 4.

[ToncraBuB 3TH BblpaxkeHus1 B TpeTbe ypaBHeHue (10.36), mpuxonum
K PaBEHCTBY
1 2 2 1,49
Y3 = {5(3/1 +92)} + {5(91 — y2>} =3 (yi +v3).  (10.37)
[TonyyeHHOe paBeHCTBO BbIpaxKaeT 3aBUCUMOCTb (PYHKLUHH Y3 OT
(GYyHKUME Yy U Yo B 000l obaacTu. OTMETUM, YTO [10Ka3aTeJbCTBO

yTBepKIeHHUs 2 TeopeMbl 7 MPOBOAMUTCS CIMOCOOOM, aHaJOrHUHBIM
TOMY, Kak Oblsia nosyueHa dopmysaa (10.37) B nanHom npumepe (cwm.

[1]).
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§ 4. YCJIOBHBIA 3KCTPEMYM

IloHsiTEe yCAOBHOrO 3KCTpeMyMa. 3ajmauya 06 YCJOBHOM 3KC-
TpeMyme GyHKuMU u = f(x], T9, ..., Ty) — ITO 3aJaua HAXOXKAEHHUS
TOUYEK JIOKAJbHOTO KCTPEMyMa AaHHOH (DYHKLHH MPH YCJOBHH, YTO
ee apryMeHThl Ij,T9,..., Ty HE SIBJSIOTCS HE3aBUCUMBIMU M€peMeH-
HBIMH, a CBSI3aHbl MeX1y COOOH HEKOTOPHIMH paBeHCTBaMHU (yCA08U-
AMU CBA3UL).

Paccmorpum mpumep. Tpebyercss HalTH SKCTPeMyMbl (DyHKIIMH

u = /22 +y? TpU YCJIOBHH, YTO €e apryMeHTbl & W ¥ CBSI3aHbI
paBeHCTBOM (ycJsioBHEM CBsi3H) = + y = 1. Tem camMbIM TOYKH IKCTpe-
MyMa NaHHOH (DYHKIMH HILYTCS He Ha Bcel MJI0CKOCTH (x,y), a Ha
npssmMod x +y = 1.

[papukom (yHkunu u = /a2 + y2
Au IBJSIETCS KOHUUYeCKasi IOBEPXHOCTh
(puc. 10.4). HarnsgHo BHMAHO, YTO
B HEKOTOpOH Touke My mnpsmoH
x4+ y =1 ¢QyHKUUA HUMeeT MHHHU-
MaJbHO€ 3HayeHWe 10 OTHOLIEHWUI0 K
WAY OPYTHUM TOYKaM 3TOH mnpsamou. lns
L HaxoXJeHus TOukKH My BbIpasuM H3

= YCJIOBHA CBSA3U Y Hepe3 T: y = l -z
M,/ M TOJCTaBHM 3TO BbIpakeHHe B (op-

r+y=1 MYJTy prHKLH/II/I:u:\/£U2—|—(1—ZU)2.
[Tonyuuau ¢yHKUHIO OnHOW Hes3a-

BUCUMOW NepeMeHHOH x. Ee npousson-
/ 2x — 2(1 — x)
Hasg u = paBHa HY-

9y/a2 + (1 — )2

Puc. 10.4.

JIO NIpU * = -, OTpULATeJbHA IpU T < 5 W TIOJIOKHUTEJIbHA IIPH

2
1 1

© > 5. Tostomy B Touke & = o QyHKUHS U = \/x2+ (1 —x)2

“MeeT MHUHMMYM, H, CJeN0BATeNbHO, Ha MPAMOH = + y = 1 dyHKuuS

u = 1/x? + y? UMeeT MMHHUMaJbHOE 3HaYeHHe B TOYKe C aOCLHUCCOH

1 1

2 2’2
2 4 .2 L1 .

u = /2% +y? umeer B Touke M) 35 ) YC/IOBHBIH MHHHUMYM MpU

yCJI0BUM CBA3U = + y = 1.

[lepelinem K 06111ell MOCTAaHOBKe 3a1a4u 00 YCJIOBHOM 3KCTpPEMyMe
(PYHKLHH.

X = =, TO eCTb B TOYKe M()( > HMHbiMu csoBaMHu, (QyHKIHUSA
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PaccmatpuBaercs ¢yHKUHA
u= f(x1, 2, ..., Tn) = f(M) (10.38)

NPU YCJOBHUH, YTO €€ apryMeHThbl CBSI3aHbl MeXK1y COOOH 1M COOTHO-
eHUsIMU (YCJOBUSMHU CBSA3H), m < N

Fi(zy,....xn) =0, ..., Fp(xy, ..., zn) =0, (10.39)

[IycTb KOOpaMHATH TOuKK M) (:1:(1) x%) YIOBJIETBOPSIOT YPaBHEHHU-
sm (10.39).

Omnpenenenne. [osopsit, uto GyHkuuss u = f (M) nMmeeT B TOuke
My ycnoBHBIE MakcuMyM (MUHUMYM) npu ycaoBusx cessu (10.39),
eciid CyUIeCTBYeT OKPecTHOCTb TOUKH My, Takas, uTo AJs Jobol
Toukd M (21, ...,xn) (M # My) 3TO#i OKPeCTHOCTH, KOOPIMHATHI
KOoTOpoil ynoBJeTBopsitoT ypaBHeHusiM (10.39), BbimosHsieTcs: Hepa-
BeHcTBO f (M) > f (M) (f (M) < f(Mp)).

MHaue roBopsi, ycJOBHBIH MUHUMYM (MaKCHUMyM) — 3TO HaWMeHb-
mee (HauOoJblllee) 3HAUeHHe (DYHKUWH B TouKe My MO OTHOLIEHUIO
He KO BCEM TOUYKAM M3 HEKOTOPOU OKPECTHOCTH TOYKU My, a TOJbKO
K TeM M3 HUX, KOTOpble CBSI3aHBI MeXKAy COOOH YCJOBUSIMH CBSI3H.

DKeTpeMyM (DYHKUHMH 6e3 ycJoBUH cBsi3W  (TO €CTb  TOT
9KCTPEeMyM, KOTOPBIH paccMaTpuBaljcs B riaBe 9) OymeM Has3bBaTh
6e3yCJIOBHBIM.

JIBa MeToma pemeHus 3agauyMl 00 YCJIOBHOM 3KCTpeMyMe

IlepBbiii MmeTon. CBegeHne K 3agade 0 0e3yCJOBHOM 3KCTpe-
myme. [lyctb nasi cuctemsl ypaBHeHHH (10.39) B okpecTHOCTH w
Touku M, (:1:(1),...,:1;%) BBITTOJTHEHBI YCJOBUSI TEOPEMbl O O HeSIBHBIX

(yHKIUAX:

1. oyukuuu Fy(xi,...,z0), ..., Fp(1, ..., ©y) 1HGOepeHIEpYEMBbI
B OKPECTHOCTH w Touku Mpy;

oF;, . .
2. yacTHble MPOU3BOJAHBIE B (4,j = 1,...,m) HempepbiBHbI B
x.
J
Touke My;

D(Fy, ..., Fy)
D (zy,...,zm)

Fy (My) =0, ..., Fp, (My) =0, #0. (10.40)
My

Torma B HekoTOopoM mapassenenunene (), comepxkaiiemcs B w,
cuctema ypaBHeHuil (10.39) vmMeeT enMHCTBEHHOE pellleHHE OTHOCH-

TEJIbHO Z{, ..., Ty
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pUYeM @1, ...0y — AUPpepeHuupyeMble PYHKIUH, U CIIPABEAIUBLI
paBeHCTBa

0 0y _ ,.0 0 0y _ ,.0

©1 (xm+1, ,xn) =7,y Pm ($m+1’ ,xn) =,

B ykasannom napannenenunene () ycjaousi cBsizu (10.39) sxkBuBa-

JeHTHbl cooTHoweHusM (10.41), B KOTOPBIX X1, ..., Ty, MOKHO pac-

CMaTpPUBAaTh KaK He3aBUCUMble TepeMeHHbIE, a T, ..., Ty, SBJSIOTCS
(YHKUMUSAMH 3TUX HE3aBUCUMBIX TepeMeHHbIX.

Ecnu ynaercs naiitu ¢pynkuuu (10.41) B ABHOM BHme, TO, MOJI-

CTaBJIAST UX BMECTO Iy, ..., Ly, B opmyny (10.38), noayuaewm:
U= f (@1 (Tmt1s s Tn) s oo @ (T 1y oo Tn) s Tl ooy Tn) =
=: g (Tmat, o xn) = g (M), (10.42)
rne M' = M' (41, ..., ) € R,

DyHRUUSA g (Tmals ..., Tn) ABJASETCS QYHKIMEH N — 1M HE3aBUCH-
MBIX [IEPEMEHHBIX Lyt 1, ---y L. ECIM 3TA HYHKIHST UMeeT (6e3yc/IoB-
Hbilt) sKCTpeMyM B Touke M{ (2p,y, ..., 25), To dyHkuns f (M)
umeer B Touke My (a7, ..., 2)) yCJOBHBIA SKCTPEMYM MPH YCIOBHSX

cBsizu (10.39) (uam, yTO TO K€ camoe, npu ycaoBusix cessu (10.41)),
U 00paTHo.

Takum obpasom, 3adaua 06 ycroeHom 3sKcmpemyme QYHKUUU
f (M) npu ycrosusx ceasu (10.39) ceodumcs 8 naparresenunede
Q) k 3adaue o 6esycrosrom skcmpemyme pynxyuu g (M'). Vmenno
TAaKOH MoaXof OblJ MCMOJb30BaH B PAaCCMOTPEHHOM B HayaJje mapa-
rpada npumepe.

Bropoit meton (merox Jlarpanika).

B 3TOM MeTome He OYyAOyT HCIOJb30BAaThCs SIBHbIE BbIPaXKEHHS
nnst HesiBHBIX QyHKUUH (10.41), xoTs mo-npekHeMy OyleM CUHTATb,
uyto ycsoBue (10.40) BbIMOSIHEHO, W TOTOMY B mnapaJJeJsenumnene ()
C 1leHTpoM B Touke M (x(l) x%) ypaBHeHus (10.39) ompenensitor
eIMHCTBEHHYI0 COBOKYMHOCTb HesiBHbIX (hyHKUMH Bupa (10.41).

BBenem Tak HasblBaeMywo @yHKyuro Jlaeparica:

O (M) = f (M) +MFy (M) + A Fy (M) + ..+ A Fop (M),

rne f (M) — ¢yukuus (10.38), Fy (M), ..., Fp, (M) — dyHKUMU U3
(10.39), Ai,..., \;, — HeHusBecTHble MOKa uucjaa (OHH Ha3bIBAIOTCS
mHoxucumessmu Jlaeparica).

3aMeTUM, 4TO B TOYKaX

M (901 (xm-Fla 7337?,) IR (Pm (ajm+1, 733%) ’xm-l-l, aa:n) ’
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YIOBJIETBOPSIOMUX yca0BUSAM cBsisu (10.39), BBIMOJHAIOTCS paBeH-
CTBa
O (M) =f(M)=g(M),

rne M' = M' (zpmit, .. n), g(M') — dyukuus us (10.42). Urak,

9Tty oy Tp) =
10.43
= @ (SOl (xm-|-1’ axn) y ey Spm (xm-i-la 7$n) axm-l-l? ’xn)( )

BoiBenem mnpu ycesoBusax (10.40) neobxodumoe (no Jlaeparacy)
ycaosue ycaoBHOro skctpemyma dhyukuuu f (M) B Touke My npu
ycsoBusix cBsizu (10.39).

[lycte dyukuus f (M) (a sHauut u ¢yukuus ¢ (M)) nudde-

peHuupyema B Touke M (iE(l) xo), u nycte f (M) (a 3HauuT u

[ad )
® (M)) umeer B Touke M YCJIOBHBIA SKCTPEMYM IPH YCIOBHUSIX CBSl-
u (10.39). Torna dyukius g (M') umeer 6e3ycJOBHBIH IKCTPEMYM

/ 0 0
B Touke M| (w1, ... Ty ). [osromy

dg‘M(,):O

D10 paBeHcTBO B cuay (10.43) MOXKHO 3amucaTh B BHJE

0P 0P
dg‘Mé = 9z, (Mo) dzy + ... + P (Mo) dwpm+
00 00 (10.44)
+8xm+1 (M) dxpyr + ... + pr (My) dzxy, = 0,
roe dTpm+1, ..., dT, — AUdQepeHranbl He3aBUCUMBIX TepeMeHHbIX
Toptls ooy Ty, @ AT, oo, ATy, — nupdepenunansl ynkuui (10.41) B
Touke M.
Jlokaxkem, 4TO 4yucaa A, ..., A\py, MOXKHO BbIOpaTh Tak, uTo OyayT
BBITIOJTHEHBI PAaBEHCTBA
09 8(1)

Hanumewm paBencra (10.45) B pasBepHyTOM BHIE:

af 8F1 OF,, B
Fr (Mo) + A1y — (Mo) o Am g (Mo) =0,
af ........... 8F1 ................. aFm ...... _ ..
%(Mo)—F)\l%(MO)‘F +>\m% (M()) =
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HanucanHble paBeHCTBa MNpeAcTaBJ/siloT COOOH CHUCTEMY M JIMHEH-

HbIX YPaBHEHHUH OTHOCHUTENBHO A[, ..., Ay, @ ONpeeSUTeNb ITOU CH-

CTeMbl §IBJSIETCS TPAHCIOHHMPOBAHHBIM MO OTHOILLIEHHUIO K SKOOUAHY

D (Fy,....Fy)

D (xy,...,Tm) M,

HO, U3 3TOH CHUCTEMbl OJIHO3HAUHO OMNPEAENSIOTCH A, ..., Amy.
B cuay (10.45) paBenctBo (10.44) npuHUMaeT BUJ

0P 0P
(M) dxpms1 + ... + o

a MOCKOJIbKY ATy 1, ..., ATy — AU depeHIIna bl He3aBUCHMBIX Tepe-
MeHHBbIX, To U3 (10.46) cienyloT paBeHCTBa

0P 0P
B camom pene, ecnin mosmoxute B (10.46) dzy41 #0, dz,.0 =
= ... = drp, = 0 (Ttakoé BBEIOOD BO3MOXKEH HMEHHO MOTOMY,

49T0 Tm+1y ..y Ly — HE3ABUCHUMBIE HepeMEHHHG), TO TOJYUHM

, OTIMUHOMY OT HYJs1 B cuay (10.40). CnenoBaresib-

(Mp) d, = 0, (10.46)

axm—f—l

5 (My) = 0, u aHaJOrMYHBIM 0OPA30OM MOJYYAKOTCS OCTaJbHbIE
Lm+1

paBeHcTBa B (10.47).

[IpoBeneHHbIe paccyKaeHHS MO3BOJSIOT CPOPMYJUPOBATH CJAELY-
OLILYI0 TeopeMy, CBsi3aHHYI0 ¢ paBeHcTBaMu (10.45) u (10.47).
Teopema 8 (HeoOxomumoe mo JlarpaHxky ycjloBUE YCJIOBHOTO
skctpemyma). [lycte BoimosHeHsl ycaoBusi (10.40) u nyctb yHK-
uust f(M) nuddepenuupyema B Touke My U HMeeT B 3TOH TOU-
Ke YCJIOBHBIH 3KcTpemMyM mnpu ycqoBusix cBsizu (10.39). Torma cy-
uectByet QyHkuus Jlarpamxka ¢ (M) = f (M) + M\ Fy (M) + ... +
+ A Ey (M) (TOo ecTh CyLIECTBYIOT YHCHAA Aj, ..., Ap,), TaKas UTo
BCe ee YacTHble TPOU3BOJHBIE TIEPBOro Mopsifka B Touke M paBHBI
HYJIIO:

0P
8xi

Teopema 8 naeT BO3MOXKHOCTb MPENJIOXKHUTb CJAEAYIOUIUH aJro-
PUTM OTBICKaHHsI TOUEK YCJOBHOTO 3KcTpeMyMa GyHKuuu f (M) npu
yenoBusix cBsizu (10.39).

Beonum ¢yHkuuto Jlarpanxa

O = f(x1,...,tn) + M EFL (21, o0y Tn) + oo + A Fn (21, -, )

(Mg) =0, i=1,...n. (10.48)

C HeorpeeJeHHbIMU MTOKa KOI(PPULIHUEHTAMU A{, ..., Ay, U COCTABJSEM
CUCTeMY ypaBHeHMH, ucnonb3ysi paBeHcTBa (10.39) u (10.48):
Fl=0 ..F, =0 2 _9. .. 9 _g (10.49)

8.%1 8$n
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Cucrema (10.49) comepXHUT n + m ypaBHEHHH OTHOCHTEJBHO 1 + m

HEHU3BECTHBIX: L1, ...y Lyy A1y oevy Ao

[Tyctb x?, ...,x%,)\o, ...,)\?n — pemtenne cuctembl (10.49). Torna

B Touke M (:U(l), e ajg) ¢byukuus Jlarpanxa

O = f(x],....,xn) + )\?Fl (T1y ey Tp) + .o F A?nFm (1, .y Tp)

ynoBsieTBopsieT ycqaoBuio (10.48). B cuny teopembl 8 3TO 03Hauaer,
uTo Touka M sIBJIsIeTCS TOUKOH BO3MOXKHOTO YCJOBHOTO SKCTPEMyMa
¢yuxuun f (M) npu ycaosusix cssizu (10.39).

Yro0bl ycTaHOBUThH, UMeeT Jiu Ha camoM gaese (yukuus f (M)
YCJIOBHBIH 3KCTpeMyM B Touke M, BOCHONb3yeMCsl TEM, UYTO BOMPOC
06 ycsioBHOM 3kcTpemyme ¢yHkuud f (M) B Touke My 3KBHBaJIEH-
TeH BOMpoCy O 6e3ycioBHOM 3kcTpemyme (yHkuuu g (M') B Touke

M (3:27,—{—1’ ...,x%) (cm. (10.42)).

B cBoio ouepenb, 4TOOB yCTAHOBUTD, UMeeT Jiud (pyHKuus g (M)
6e3yC/IOBHEIH SKCTPeMyM B Touke M, HY:KHO PacCMOTPeTb BTOPOM
nuddepennyan Gyukunu g (M') B Touke My (B cBs3u ¢ 3THM Gynem
cuutath, 4yro ¢yukuuu f (M), Fy(M),...,F, (M), a 3Hauut u

g (M), nBaxnbl nudpepeHIHpyeMb):
d29|M6 = Q(drmy1, ..., dxy),

rae () — kBagpaTUyHasi popMa OTHOCHTEJNBHO dTyy1, ..., dTy. Ecau
aTa KBaapaTuuHasi (popma 3HaKoompenesnentas, To GpyHkuus g (M')
nMeeT B Touke M sKcTpeMyM, a 3HauuT QyHkuus f (M) umeer
B Touke M, YCJOBHBIH 3KcTpeMyM Npu ycjoBusix cBsizu (10.39).
Ecau xe sTa kBagpaTuyHas ¢opMa 3HaKorMepeMeHHas, TO YCJIOBHOTO
skctpemyma ¢yukuuu f (M) B Touke My HerT.

DTO U ecTb JOCMAamouHoe YcAo8ue HaJUUUsT UK OTCYTCTBHS
ycoBHOrO sKcTpeMyMa GyHKuuu f (M) B Touke My MpH yCIOBHSX
csisu (10.39).

Boiuncienue kBagpatuuHoil ¢opmbl  Q(dxyy1, ..., dTn)
Bcraer Bompoc 0 TOM, KaK BBIYMC/IWTb KBajpaTHYHYIO (GoOpMy
Q(dxm+1, ..., dTy), TO €CTb KaK HAUTH ee KOIPPUIHUEHTHI, €CJH HAM
He M3BECTHbl siBHble BblpaxkeHusi ¢pyHkuuid (10.41), xotss camu 3Tu
(GYHKIHHU cyliecTBYOT B cuiy ycqaosuit (10.40).

M3 (10.43) caenyer, uyto mepBeId auddepeHunan (QyHKIHH
g (M'") moxHO 3amucath B BUJIE

9

0
by = (Lt ot L) o |
g}M 81’1 1 axn M(@l,..-,s@myxm—f—l)""wn>
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3necb dTp41,...,dT, — AUPdepeHLHa bl HE3aBUCUMBIX IepeMeH-
HbIX, a dx1,...,dx,, — aadpdepenuuansl GpyHkuuid (10.41) B Touke
M Tty ey Tn):

dx; = dgoi’M,, 1=1,..,m. (10.50)
B touke M} (29,1, ..., z)) BTOpoit nuddepenunan d”g,, umeer bux
0
&g, = (idaz + —I-ida: >2<I> +
My Oz T T Oy, u
0
B ) o0 )

B cuny (10.48) kaxmoe ciaraemMoe B KBaJpPaTHBIX CKOOKaX pPaBHO
HYJI0, U 3HAUUT

9

2 | _ (9
d g]MO, — <8x1d$1+'"+8xn

2
dxn> cp‘ , (10.51)
M,

0

roe dr; (i = 1,...,m) Beipaxatorcss opmysoi (10.50) mpu M’ =
— M
0-

Takum 06p330M, JJId HaXOXAEeHUA d2 TO €CTb OJIdd BbIYHCJIE-

9 ‘Mé’
HUS KBaAPAaTUYHOM (POPMBI HY2KHO BBIUMCJUTb BTOPOU AU(DpepeHLIH-
an ¢yukuuu Jlarpanxa ® (M) B Touke My, mpuueM Tak, KakK ecJu
Obl BCe APTyMEHTHl X1, ..., Ty, ObIM HE3aBUCUMBIMH NEepPeMEHHBbIMH, a
3aTeM 3aMeHHUTb dxy, ..., dT,, AuddepeHInasaMU HesIBHBIX (QYHKIHH
(10.41) B Touke M.

B cBowo ouepenb, 4ToObl HaWTH AUddepeHUUANbl dP], ..., dPm
¢yuxiui (10.41) B Touke M), He UCMO/NB3YsT IBHBIX BbIPaXKeHHUH /IS
3TUX (DYHKUMUH (Y HAC HeT 3TUX SBHBIX BbIPa)KeHHH), TOCTYNHUM TaK.
[Ipennonoxkum, uto B ypaBHenus (10.39) Bmecrto xy, ..., Ty, MOACTAB-
Jenbl pyHkuuu (10.41). Torna mosyuatcss TOXKIECTBa OTHOCUTEJBHO

:Em_l_l, ooy xn:

Fi(@1, oy ©my Tmats ooy Tn) = 0, oy Fin (@1, vy @y T 15 -5 ) = 0.
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JuddepeHuupys 5TH ToKAecTBa B Todke M M MCIO/IB3Ys MHBApH-
AHTHOCTb (DOPMBI TepBOTO AU (depeHLHaNa, TPUXOAUM K paBeHCTBAM

( OF oF
oo (o) dir| 4t S (Mo)dgn |+
0
OF oF
+a—$i (M) dzppst + ... + axl (M) dxn =0,
) R (10.52)
OF,, OF,,
U (Mo)dgr|  + ot 9 (Mo)dgp|
1 Mé Lm aF Mé
0F,,
\ ‘|——a (M0> dTpmyr + ...+ O (MO) dxn =0

ITH PaBEeHCTBA MPECTABJAIOT co00l cucTeMy m JIMHEHHBIX ypaB-
HeHUH OTHOCHUTEeJBbHO AU(hepeHIIrasoB dcpl{M,, .. dcpm‘M,, npuyeM

D(Fl,...,F )
ornpenenuTesb CUCTEMbl PaBEH HKO6I/IaHy D(aj - )
Iycesdm

. OTJIMU-
My

HoMy oT HyJsi B cuay (10.40).
CriefoBaTesIbHO, M3 3TOH CHUCTEMBI ONHO3HAUHO HAXONSATCS HC-

KOMble AU depeHuranbl dgpi|M, (i =1,...,m), Kak (QyHKIHHA OT
0

AT+, ...,dry. [logctaBisis BblpaxKeHUs AAS dy; BMecTO dx;

g
(t=1,...,m) B popmyay (10.51), nonyuyaem HCKOMY?O KBaapaTHu-
Hyt0 (popmy

9|y = Q (dzm1, ..., day) . (10.53)
0

Ilpumep. Halinem skcTpeMyMbl (OYHKUHHW 4 = T + Y NPU YCJOBHUHU
cBsisu xy — 1 = 0.

B naHHOM c/ayuae i/ pellleHHsl 3aaul MOXKHO Obl10 Obl HCIOJIb-
30BaTh MEPBBIA METOM, MOCKOJbKY M3 YCJOBHSl CBSI3U MOXKHO BbIpa-
3UThb B SIBHOM BHJI€ OIMH U3 apryMeHTOB (PYHKIMH dyepe3 APyroH (Ha-

npumep, y = 5), nocJie 4yero 3ajfadya CBOAMUTCS K OTBICKAHHUIO TOYeK

0e3yCJIOBHOTO 3KCTpeMyMa (hyHKUHH ONHOW MepeMeHHOH u = T + —
X

(pemuTe 3amadyy 3THM METOAOM), HO Mbl MPUMEHHM JJIs pellleHHs
meton Jlarpanxa.
Beenem ¢pyHkuuwo Jlarpanxka

P=z+y+ ANzy - 1),
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roe A — IOKa He OonpeleseHHbIH MHOXHTeJb, U COCTABUM CUCTEMY
ypaBHenu# (10.49), xotopast B HallleM MpUMepe HUMeeT BHUJ

(P :=xy—1=0,
0P

< 8_x_1+)\y_0’
9 _ | faz=o.

Oy

ITa cUCTeMa UMeeT Ba pellleHHUs:
x=1, y=1, A=—=-1 u x=-1, y=—-1, A=1.

Takum o6pazom, MMeeM [1Be TOUKH BO3MOXKHOTO YCJOBHOT'O 3KCTpe-
MyMa PYHKUUH © = & + Yy OpUA yCJoBUHU cBsidu zy — 1 = O:

touka M;(1;1), npu atom ® =2 +y — (xy — 1), u

touka My(—1;—1), npu atom & =2 +y + (zy — 1).

Jlanee B COOTBETCTBUM C OIMHUCAHHBIM AJTOPUTMOM BbIUHCJIUM
BTOPOH auddepenumnan pyHkuuu JlarpaH:xka, npyuyem Tak, Kak ecju
Obl - U y ObLIM He3aBUCUMBbIMU MepeMeHHbIMU. st Touku M (1;1)
UMeeM:

d® = dx + dy — ydx — xdy,
d2® = —2dzdy.
Bripasum tenepb dy yepes dx, UCTIOJB3Yys YCJIOBUE CBA3U F| := xy —

— 1 = 0. Cucrema ypaBHenunii (10.52) cocTouT B HalleM NpuUMepe U3
OJTHOTO YpaBHEHHUSI:

8F1 aFl _ _
%(Ml) dx+a—y(M1) dy =0, to ectb dx + dy = 0,
otkyna dy = —dz. [loacrasJisisi 3T0 BbipaXkeHue 1Jist dy B PaBEHCTBO

d’® = —2dzdy, naxogum kBagpatHunyio dgopmy Q (cm. (10.53)):
d*g| _, = Q(dz) = 2(dz)*.

Tak kak @Q(dxr) — moM0KUTEJBHO ONpeleseHHasi KBaapaTHyHas Gpop-
Ma, To B Touke Mj(l;1) ¢QyHKUMS w = x + y HMeeT YCJOBHBLIH
MUHAMYM (u (M) = 2) nipu ycsoBuu cBsasu zy — 1 = 0.
AHnanornyHo nokasbiBaercsi, 4to B Touke My(—1;—1) dyHKuuS
u = x + y uMeeT yCJOBHBIH MakcumyM (u (My) = —2) npu ycjaoBuu
cBsizu xy — 1 = 0 (mpoBeguTe MOKA3aTEIbCTBO CAMOCTOSITENBHO).
PaccmoTpeHHBI# TpUMep MMeeT HATJISIAHYI0 TeOMEeTPUUECKYIO HJI-
JocTpaurio. JIMHUAMH ypoBHS (DYHKUHMH u = & + Y (TO €CTh JIMHH-
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3

r+y=c>2
TH+y=2
r+y=0
TH+y=-2
r+y=c< -2

Puc. 10.5.

SIMM Ha TJIOCKOCTH (Z,y), Ha KOTOPHIX (PYHKIHSI UMEET MOCTOSIHHOE
3HaueHHe) SIBJISIOTCS TpsiMble X + iy = ¢ = const, a yCJIOBHe CBSI3H
xy — 1 = 0 aBasiercs ypaBHeHHeM runep6osnl. Ha puc. 10.5 uso6pa-
XKeHBl JIMHUU YPOBHS JJIsT HECKOJIbKUX 3HaueHH# ¢ (¢ < —2, ¢ = —2,
c=0, c=2, ¢c>2) urunepbona zy — 1 = 0, B ToukKax KOTOPOH
HIYTCS SKCTPEMYMbl QDYHKIHMU U = T + 4.

Yepes Touky M(1;1) rumep6Gosibl MPOXOAUT JHUHHS YPOBHS
T+ y =2, a yepes M0OYI0 APYTyi0 TOYKY THIEPOOJIbI B OKPECTHOCTH
TOUKM M| NpPOXOAUT JIMHHUS YPOBHSl T + y = ¢, rae ¢ > 2. Takum
ob6pasoM, B Touke M| ¢GyHKUHMA u = x + y HUMeeT HahMeHblllee
sHayenue (u (M])=2) MO OTHOIIEHHIO KO BCEM IPYTHM TOUKaM
runepOo/bl U3 OKPECTHOCTH TOYKH M| (pasymeercsi, OKPECTHOCTb
Toukr M| mo/xkHa OBITh He CJMIIKOM OOJIbILIOH, UTOOb B Hee He
rmomnaJjii TOUYKH IPYTrod BETBU THUIEPGOJIBI).

Takxke HarnsggHo BHAHO, uTo B Touke My(—1;—1), uepe3 Ko-
TOPYIO MPOXOIAMUT JIMHUS YPOBHS = + Yy = —2, QYHKUUS u = T + ¥
vMeeT Haubosbiee 3HaueHue (u (My) = —2) M0 OTHOLIEHHIO KO BCEM
NPYTMM TOUKaM THIePOOJIbl U3 OKPECTHOCTH TOUKH M.



[nmaBa 11

ITPUJIOKEHUA NUPPEPEHIHUAJIBHOI'O
HCHUCJIEHNUA K HCCIEJOBAHUIO IIJIOCKHX
KPHUBbIX

C nomoltibio auddepeHIHaqbHOTO HCUUCAEHHSI Mbl yMeeM Haxo-
IWTb TOYKHU JIOKAJBHOIO KCTpeMyMa (PYHKLMH, TPOMEXKYTKH MOHO-
TOHHOCTH, HampaBJieHHe BBIYKJOCTH, TOUKH Meperndéa U aCUMITOTHI
rpadukoB (PyHKIHMH. 31eCh Mbl pACCMOTPHUM NpUMeHeHUe nuddepen-
LMAJbHOTO HMCYUCJIEHUS K APYTHM TFeOMeTpPUUYeCKUM BOIpPOCaM: Ka-
CaHMWe TJOCKHUX KPHUBBIX, orubarwlinas ceMelUcTBa KPUBBIX, KPUBU3HA
NJIOCKOU KPHUBOU.

§ 1. KacaHue mjI0CKUX KPUBBIX

Eciu nBe myockuWe KpuBble HMMEKOT 00-
mwyo Touky My U B 3TOH TOYKe — OOLLYIO
KacaTeJbHYI, TO TOBOPST, UTO 3TH Kpusble

L1 kacaromcs (conpuxacaromcs) 6 mouxe M,
L, (puc. 11.1).

[Iycts kpuBble Ly u Lo gBadtOTCA Trpa-

dukamu dyukuuid y = fi(x) u y = fo(x), u
Puc. 11.1. Tlpamasst L —  mycTb OHM Kacatorcsi B Touke My(xg, f1(xg))

obmas KacarenbHas K (puc. 11.2). IlycTh n — HaTypaJbHOE UUCIIO.
KpuBbIM L1 U Lo B TOY-

ke M.
J

fi(zo)

o x X
Puc. 11.2.

['oBopaT, uto nopsadok kacarnusa kpusevix Ly u Lo 8 mouxke M,
pasex n, ecJu CYLIeCTBYeT OTJIUUHBIH OT HYJS Mpened

T—X ‘ZL’ — $0|n+1
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Ecnu npenen (11.1) paBeH HyJs0, TO TOBOPSIT, YTO NOPSOOK KACAHUS
kpusoix Ly u Lo 8 mouke My sviue n.

Ecnu nmopsinok kacaHus Bbille JIOGOTO 7, TO TOBOPST, YTO NOPsi-
dox xacarnus 6eckoHeuHblil.

Ilpumepsi.

1) Tpaduku dpynxumit y = 2* n y = 2° kacarorca B Touke 0(0;0),
o01el KacaTeJbHOH rpaduKoB siBJasieTcss ocb Ox (I0KaXKHUTe 3TO).

3

0, n<2,
j2® — ]
Tak kak lim — = I, n=2,
z—0 |CC| n+
oo, n>2,
TO TIOPSIIOK KacaHHWs JaHHBIX KPUBBIX B TouKe () paBeH 2.

2
e~/ g # 0,
0, xz =0.
HeTpynHo nokasath (cmenaiite 3T0), UTO MOPSAOK KacaHUs rpaduKoB
3TuxX ¢yHKuui B Touke O(0;0) — GecKOHEUHbIH.
Teopema 1. [Iyctb kpuBble L U Lo ABAsAIOTCS rpadprkamMu (PyHK-

uuit y = fi(z) uy = fo(z) n nycte dynkunn fi(z) n fo(z) (n+1)
pa3 nuddepeHIUpyeMbl B TOUKe . Toraa:

19, ecnu fi(zo) = fo(wo), fi(zo) = fo(x0), ...,
£ (wo) = £ (o), £ (o) # £ (o), (11.2)

TO MOPSIAOK KacaHusi KpuBLIX L U Lo B Touke My(zg, f1(xg)) paBen
n,

2) Pacemotpum dyskuuu y =0 u y = {

20 o6paTHO: ecaM MOpPANOK KacaHWs KpMBLIX Lj U Lo B Touke
My paBeH n, To BbIMOJHEHBI cooTHOIIeHUs (11.2).
Joxasaresnbero. 10, Ilycrb BhimosHeHsl cooTHomenus (11.2). He-
noJb3yst opmysny Telsopa ¥ 3TH COOTHOILIEHHS, TOJYYaeM:

Fala) = 1) = [Folao) + -+ 5" (wo) (& — wo)"™+

s o) — w0 4o (@ — o)) | -

~[filwo) + -+ + A (wo) (@ — o)+
: f1nJrl (o) (x — xo)" T + 0 ((2 — 1130)"“)} =

(n+ 1)!
= oy [ o) = Ao | (@ = w0 o (2 - ) ).

1 n n
npuuem uyucao A = CEm |:f2( (o) — fl( +1)($0)} 7# 0.

4 B.®. Byrysos
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Orcrona cuenyer:

lim ‘fQ(x)_fl(w)‘ — |A‘ 7&0,

T—xg ‘ZL’ — xo\”"'l

a 3TO M O3HauaeT, COIJIaCHO OIpejieJIeHHI0, UTO MOPSIAOK KacaHHs
KpuBLIX L1 U Ly B Touke M paBeH n. YrBepxkaenue 19 nokasaHo.

20 Tlyctb mopsmok Kacanus KpuBeiX L; U Lo B Touke My paBeH
n. Ecau npennosoxkuThb, uto uenouka paBeHcTB B (11.2) Hapymaercs
MPH HEKOTOPOM k < M, TO MOJYYUM, B CHUIY AoKasaHHoro B 1.19, uto
MopsiloK KacaHust KpuBbIX L u Lo B Touke My paBeH k — 1 < n, a
eCJIi IONyCTUTh, uTO B (11.2) BBIMOJHSIOTCS BCe PaBeHCTBA U, KPOMe
TOTO, f1(n+1)(:v0) = f2(n+1)(:1c0), TO TOJNYYUM, YTO MOPSIAOK KacaHHs
Beille n. M To, W apyroe mpotuBopedyuT ycaoBuio. CjenoBaTesbHo,
BbIMOJIHEHB! cooTHolenus (11.2). Teopema nokasaHa.

ITpumepsi. 1) Paccmorpum rpaduku GyHKUMMA y = x U y = sin x,
onu umeroT o6y Touky O(0;0) (puc. 11.3). B nanHom npumepe
fi(x) =z, fo(x) = sinx. Hecnoxubie Boiuncsenus (npoaenaite ux)
MPUBOAST K COOTHOIIEHHUSIM:

1(0) = £(0) =0, £1(0) = £5(0) = 1, f1(0) = £4(0) =0,
(0) =0 f£/(0) = 1.

Otciopa mo Teopeme | cjenyer, UTO MOPSAOK KacaHUsl TI'PadUKOB
nanubix @yHkuui B Touke O(0;0) pasen 2.
2) Ilyctb  kpuBas

Yy L, saBnsercsa rpadukom
y=x _
pymkunn y = f(x), 2
y=sinx Ly — KacartesqbHasg K
\ rpauky 3TOH (PYHKLHH

Tz B Touke My(xg, f(x0)),
\ M NOyCTb  CYIIEeCTBYeT
f"(xg). Hokaxwure, uTO:
eci  f(zg) # 0, TO
Puc. 11.3. MOPSIIOK KaCaHHUsi KPUBBIX
Ly n Ly B Touke M)
paBeH [;
ecant f(xg) = 0 u cymectsyer f"(xg), TO MOPSLIOK KacaHHsi KPUBBIX
L u Ly B Touke My He HUXe 2.
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§ 2. Orubaromas ogHOIIapaMeTPUUECKOT'0 CeMelCTBa
KPHUBBIX

Oco6bie TOYKU KPUBBIX

HYCTb OJ?y — IIPpAMOYTroJibHasgd CHUCTE€Ma KOOPAHWHAT Ha IIJIOCKOCTH.
KpI/IBaH Ha IJIOCKOCTH OiEy MOXKeT OBbITh 3dJldaHa:

A8HO, TO eCTh ypaBHeHueM Buaa y = f(x) uwau x = f(y);
Hesl8HO, TO eCcTb ypaBHeHHeM Buaa F(z,y) = 0;

napamempuiecku, To eCTb ypaBHeHUsIMU & = (1), y = (t), e t —
napameTp, NPUHUMAIOLUIKMNA 3HAYEHUs] U3 HEKOTOPOTO MPOMEXYTKa.

B nanbHefiiem 6yneM cuuTaTh, 4To (yHKUHKH, BXOASIINE B ypaB-
HEHUs] KPHUBBIX, HeMNpepbiBHO AU (epeHlHpyeMbl, TO €CTb HMEIOT
HenpepblBHbIE POU3BOJIHbIE NTEPBOTO MOPSIKA.

[lycte KpuBasi L 3amaHa HesiBHO YypaBHeHueM F'(z,y) = 0, u

nycTb Touka Mo(xg,y9) € L (To ects F(xg,70) = 0) u F2(z0, o) +
+ FyQ(ZUo,yo) # 0. Iycrs, Hanmpumep, Fy(xo,yo) # 0. Torna B Heko-
TOPOKM OKPECTHOCTH TOYKH My B CHJIy T€OPEMbI O HESIBHOH (hYyHKIHH
KpuBasi L mMoxeT ObITb 3ajaHa SIBHBIM ypaBHeHHeM Buma y = f(x),
npuueM dyHxuus y = f(z) (pewenue ypasuenus F(x,y) =0 or-
HOCHUTEJIbHO y) AuddepeHIHpyeMa U ee MPOU3BONHAS BbIPAXKAETCs

dhopmysion
Fo(z,y)

/
U ] (119
Eciu xe F2(xq,90) + Fg(xo,yo) =0, 1o ectb Fy(xg,y9) =
= F,(z9,y0) = 0, To B okpecTHOCTH TOukH Mjy(xp,yp) KpuBas L
MOKET He MMeTb SIBHOI'O ypaBHEHHS.
Touky Moy(xg,yo) KpuBod L, mus
Kotopoit Fy; (0, yo) + F, (z0,y0) = 0 (#
# 0) OyneMm HasbiBaTh 0c060il (06bLKHO-
B€HHOL) TOUKOH 3TOH KPUBOH.
Mpumep. Ypasuenne z° — 3> = 0
(smece  F(z,y) = 2% — y?) 3anaer
KPUBYIO, COCTOSIIIYIO H3 [ABYX Mpsi-
Mbix, nepecekatoiuxcst B Touke O(0;0)

(puc. 11.4). Touka O — oco-
06asg TOYKa 3TOW KPHUBOW, TaK Kak
F,(0;0) = F,;(0;0) = 0. OueBnpno, 4TO Puc. 11.4.

B OKpecTHOCTH ToukH () o00e mpsMble

4*
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HeJIb3sl 3alaTh ONHMM W TeM e ypaBHeHHeM Buaa y = f(x) uau
r = f(y). Jlobasg Touka (a;a) wau (a;—a), roe a # 0, sBAseTCA
OOBIKHOBEHHOW TOYKOW NAHHOW KPHUBOH.

[Tycts KpuBasi L 3anaHa mapamerpuuecku: z = @(t), y = ¥(t) u

nyets @' (to) + 1" (tg) # 0. Ilycrs, nanmpumep, ¢ (ty) # 0. Torna
B CHJy HenpepbiBHOCTH 0 (t) # 0 M coxXpaHsieT 3HaK B HEKOTOPOH
OKPECTHOCTH TOYKH ty, MO3TOMYy & = (f) — CTPOr0 MOHOTOHHAS
(QYHKIIHST B 3TOH OKPECTHOCTH TOUKH tg U, CJIEI0BATENbHO, UMEET 00-
paTHyI0 (yHKUHIO t = ! (x). [ToncTaBus ee B ypasHeHHe y = (1),
MoJy4YHM sIBHOe ypaBHeHMe Kpuboi L: y = ¥(p~1(z)) =: f(z) B
HeKOoTOpo# okpecTHOCTH ToukH My(p(tg), ¥ (tg)). OTmeTHm, 4To

oy V()
f (CC) - QO/(t) t:(p_l(x)- (114)

Ananoruunast cuTyauusi BO3HHKaeT B ciydae, korma 1'(tg) # O.
B srtom cayyae kpuBag L OymeT HMeTb $fIBHOE YypaBHe-
e = = @(¢p " (y)) =:g(y) B HEKOTOPOH OKPECTHOCTH TOYKH
Mo(¢(to), 1 (to)).

Ecau xke ¢ (tg) + 1" (tg) = 0, 10 ectb ¢/(tg) = ¢/ (tg) = 0, To
B oKpecTHOCTH TOYKH My(p(tg), ¥ (tg)) KpuBast L MoKeT He HMeTb
SIBHOT'O YPaBHEHHUS.

Touky My(p(to), ¥ (tg)) xpusoii L, mns kotopoit ¢'(ty) +
+ ¢"?(ty) = 0 (# 0) 6ynem HaswiBaTh 0co60ti (06bIKHOBEHHOLL) TOU-
KOW 3TOU KPUBOU.

K ocobObiM TOUKaM KpHUBOH, 3a-
Yy NAHHOU NapaMeTpUyeckH, Oynem OT-
ts 0 HOCHTb TaKKe KpaTHble TOYKH KPH-
BOW, TO €CTb TOYKH, COOTBETCTBYIO-
IIMe HEeCKOJBbKHM 3HAa4YeHUsIM Iapa-
meTtpa t.
IIpumep. PaccmoTpum KpuBYyIo,
3a[laHHYI0 NapaMeTpUYecKHd ypaBHe-

O(O, O) 1 €T HUAMU
r=t, y=1t(1+

, t € (—00, +00).

t)
3nech 90()—152 d(t) =31 + )
Puc. 11.5. CJIeoBaTeJbHO, go( ) ='(0) =
3Hauenuto t = 0 cooTBercTByeT Ha Kpuboi Touka O(0;0). COI‘JIaCHO
omnpefiesieHUI0, OHA fIBJsieTcss 0co60d Toukod Kpuod. Ha puc. 11.5
BUJIHO, YTO B OKPeCTHOCTH TOoukM () KpuBas He HMeeT SIBHOT'O
ypaBHeHHUS, IOCKOJbKY KaxiaoMy « > (0 coOTBeTCTBYIOT J[Ba

t<0




2. Qeubaroujan oOHonapamempu4ecKko2o cemelicmsa Kpusolx 101

3HAYeHUs Yy U TakxkKe KaxxaAoMy y > 0 COOTBeTCTBYIOT ABa 3Ha4YeHHUS
x. Jlobas Touka 3TOH KpuBOH mpu t # 0 siBisieTcss 0OBIKHOBEHHOMU
TOUYKOH.

Orubarmas cemMeicTBa MJIOCKUX KPUBBIX

PaccmoTtpuM ypaBHeHMe
F(z,y,a) =0. (11.5)

[Tycth npu KaxxaoM (PUKCHPOBAHHOM 3HAue€HHH TepeMeHHOH a (U3
HEKOTOPOTO MpoMexyTka) ypaBHeHHe (11.5) 3amaeT myiocKyio Kpu-
Bylo Ha mJjockoct Oxy. HsmeHnsis a (B mnpenesax yKa3aHHOTrO
MpoMeXxyTKa), OyleM MojydaTb pa3juuHble KpuBble. COBOKYIHOCTh
BCEX 3THUX KPHUBBIX Ha3blBaeTCsl O00HONApamempuuecKum cemeri-
cmeom Kpusblx, TiepeMeHHasi a HasbIBaeTCsl napamempom, a ypas-
Heuue (11.5) — ypasnenuem odHonapamempuueckoeo cemeticmsa
KpUBbLLX.
Ilpumep. YpaBHeHUe

y—(m—a)on,aeR a<0 Y a4=0 a>0
3ajaeT OfHOMapaMeTpUUecKoe ce-
MelcTBO mapaboa (puc. 11.6).

3ameTuM, uto ochb Ox Kacaetcs

BCceX napaboJi ceMercTBa.

Onpenenenne. Kpupas, koto-
pasi: 1) B KaXXI0H CBOel TOuke Ka- O X
CaeTCsl U MPUTOM TOJIBKO ONHOH KPH-
BOH MAHHOI'O CeMeHCcTBa U Puc. 11.6.

2) B pasJUYHBIX TOUKAX KacaeTcsl Pa3JIMYHBIX KPHUBBIX CeMeHCTBa,
HasblBaeTCs ocubaroujeil 0aHHO20 cemelicmsa Kpusolx.

B paccmorpenHom npumepe ock Ox (npsamas y = 0) —
orubarwoliias cemerdcTBa napadoJ.

Heo06xonumoe ycjoBue orudaromeun

[IycTb opHOMapameTpuueckoe ceMei-
CTBO KpHUBBIX, 3aJlaHHOE YypaBHEHHEM
(11.5), umeer orubarouryr. Paccmor-
puM Touky M (x,y) Ha orubaroliei
(puc. 11.7). Tak kKak B 3TOH TOUKe
orubarlas KacaeTcss HEKOTOPOHW KPHUBOU
CEeMeHCTBa, a 3TOW KPUBOM COOTBETCTBY-
eT OoIpeJesieHHOe 3HaueHWe MapameTpa Puc. 11.7.

M (z;y) 02ubaroUaA

KPUGaA
cemeticmea

a
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a, TO, TeM caMbiM, Kaxjas Touka M (x,y) orubarolieil cOOTBET-
CTBYeT OMNpeJieJJeHHOMY 3HAueHHI0 rapameTpa a, IpUdYeM pasaHdyHble
TOUKHM OrMOAIoIIedl COOTBETCTBYIOT PA3JHYHBIM 3HaueHHsIM a (B CH-
Jly ompefeseHusi orubaroieit). Takum 06pa3oM, KOOPAHHATH TOUKH
M (z,y) orubatouieil siBasitorcss GyHKUUAMH napamerpa a. O6o3Ha-

YUM HX TaK:
z=p(a), y=y(a).

OTU YpaBHEHHUS SBJSIOTCS MapaMeTpPUUeCKUMH YypPaBHEHUSIMHU
orubatoiieit. Bynem cuutath, uto w(a) u P(a) — auddepeHUpye-
Mble (DYHKLHH, U BBIBEJEM CHUCTEMY yPaBHEHUH, pellleHHeM KOTOPOH
SIBJSIOTCS 3TH (PYHKLHH.

Tax xak Touka M (¢(a),?(a)) orubarolieidl JeXHT TakxKe Ha
KPHUBOH ceMeHCTBa, OTBeyalolled AaHHOMY 3HA4YeHHIO MapaMeTpa a,
TO ee KOOPAMHATHI YAOBJETBOPSIIOT ypaBHeHUo (11.5):

F(p(a), ¢(a),a) = 0. (11.6)

PapenctBo (11.6) BbImoJHsSEeTCsS AJs1 JIIOOOr0 3HAUYEHHS] @, TO €CThb
aBJseTcs ToxaectsoM. [Iponuddepenuupyem ero no a:

Fy-¢'(a)+ Fy-¢'(a)+ F, = 0. (11.7)

r=p(a

y=v(a)

Tak kak orubawoiiasgs M KpHUBas CeMeHCTBa KacalTcsg B TOUKe
M(p(a),(a)), ToO OHH HMeIT B 3TOH TOUYKe OOIIYyK KacareJb-
HYI0, M, 3HAUUT, OJMHAKOBLIE YTJIOBbIE KO3(P(UIHEHTBl KacaTe/b-
HOU. PaBeHCTBO 3THUX YIJIOBBIX KO3((UIUEHTOB, HCNOJb3YS (op-
myabl (11.3) u (11.4), sanumem B BHme (mpu ycaoBud ¢'(a) #

7 0, Fy(p(a),9(a),a) # 0)

"(a F,(z,y,a) |z=¢(a)’
@ " R |
OTKYZa IoJyuyaeM
Fy-¢'(a)+ F, - (a) —(a) 0. (11.8)
y=v(a)

3aMeTHM, 4TO 3TO PABEHCTBO BEPHO ¥ B TOM cJaydae, Koraa ¢’ (a) =0
u Fy(p(a),¥(a),a) =0. B cuny (11.8) ua (11.7) caenyer paBeHCTBO

Fo(p(a),¥(a),a)=0. (11.9)
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Urak, ecau ocubaroujan cemeticmea Kpusvlx, 3a0aHHOE0 yYpas-
nernuem (11.5), cywecmsyem, mo ¢yukyuu x = p(a), y = ¥(a),
onucelsarouue ocubarouyyro, yoosiemsopsiom pasercmsam (11.6)
u (11.9), mo ecmv amu QPYHKUUL SBASIOMCS PeUleHuem CUCmeMmbl

ypasHeHut
F(x,y,a) =0, Fy(x,y,a) =0. (11.10)

ITO U ecTb Heobxodumoe ycrosue ocubaroujel.

Ecnu cuctema (11.10) He vMeeT pellleHHSI OTHOCUTEJbHO T H Y,
TOo y cemelcTBa KpuBLIX (11.5) orubaromert Her. Ecin ke cucrema
(11.10) umeer peienue z = (a), y = 1¥(a), To 3TH GYHKLUHUH MOTYT
OMUCBIBaTb OTUOAIOLIYI0, HO MOTYT OBbITh U ypPaBHEHUSIMU KPUBOH, KO-
Topasi He siBaisieTcs orubatourei. [leso B Tom, uto paBenctso (11.8) u
cyenoBaTeibHO, paBeHCTBO (11.9), UMeeT MecTo He TOJIBKO B clyuyae
KacaHUs orubaroliell U KpuBoi cemeiictBa B Touke M (p(a),v(a)),
a TakXke M Tora, Korga B 3ToH Touke jau6o [, = F, = 0, nu6o
¢'(a) = ¢¥'(a) = 0. B stom cayuae touka M (p(a),?(a)) Oymer
0co60H TOUYKOH MO0 KpuBoH cemedrictBa (11.5), mubo KpUBO#, omnu-
cbiBaeMoil ypaBHeHUsIMH = = p(a), y = ¥(a).

Kpusas, onpenensiemass cucremoit (11.10), HasbiBaetcs duckpu-
murnanmmuoil kKpusoti cemerictBa (11.5). Ecau KpuBble cemeiicTBa 1
IUCKPUMUHAHTHASl KPHUBasi He UMEIOT 0COObIX TOUEeK, TO JAUCKPUMHU-
HaHTHas KpuBas siBjsieTcsl orubarouleii. B mpoTuBHOM ciyuae awc-
KPUMHUHAHTHasA KpuUBas MOXkKeT ObITb JTUOO orudarmlien, 1ud0 MHOXe-
CTBOM OCOOBIX TOUEeK, JUOO YACTUUHO TeM W YaCTHUHO APYTHM.

ITpumepsi. 1) PaccmoTpum ypaBHeHHe

(z—a)’—(y—a)?®=0, acR.

OHo 3anaeT ceMeHCTBO KPHUBBLIX, HAa3bIBAEMbIX NOAYKYOUHECKUMU
napaboramu. Haspanue oObsICHSIETCS TeM, YTO ypaBHEHHE MOXKHO
3amucath B BuJe y — a = +(x — a)>/2, ¥ anuTeT «TIONYKyGHUECKHe»,
OTHOCSILIMECST K KPUBBIM 3TOTO ceMeHCTBa, 00yCJIOB/IEH TOKa3aTeseM
CTeleHH, paBHbIM 3/2.

B nanHom mpumepe F(z,y,a) = (z — a)® — (y — a)?, nostomy
Fu(z,y,a) = —3(x —a)?> +2(y — a), a cucrema (11.10) umeer nBa
pelieHHst

4 8
r=a,y=a ¥ x:a+§,y:a+ﬁ (y6emuTech B 3TOM).

Takum o0Opa3oM, NMCKPUMHHAHTHAs KPUBas COCTOMT M3 ABYX MpH-
MBIX, YPaBHEHHS KOTOPBIX MOXKHO 3allhcaTh TaK:



104 I'a. 11. [lpuroxcerus oug. ucuucienus K ucCAe008aHUI NAOCKUX KPUBbLX

Y

Puc. 11.8.

B Toukax mpsiMo#l * = a, Yy = a BBINOJHSIOTCS paBeHCTBA Fj =
= F, = 0, T0 ecTb 3Ta mnpsMas SABJIAETCS MHONECMEOM 0CobbLX
mouex Kpusvix cemeticmsa (puc. 11.8).

[Ipsmas © = a +4/9, y = a + 8/27 sBnsercs oeubaroujeli: B
KaxXJ0¥ CBOEHU TOUKe OHAa KacaeTCsl HEKOTOPOM KPUBOW CEMEHCTBA, a
B Pa3JIMYHBIX TOUKAX KacaeTcsl Pa3JMYHBIX KPUBBIX ceMeHCTBa (CM.
puc. 11.8).

2) Kpusas y = f(z), umeroriasi kKaca-
y = x? y TeJIbHYI0 B KaXXJO¥ TOUKe, SIBJISETCS OrH-
Oalollell ceMeHCcTBa KacaTeJbHBIX K 3TOU
KPHUBOH.

BeiBeeM ypaBHeHHe ceMeHCTBa Kaca-
TeJbHBIX K napadosie y = x°. BospMeM Ha
) napa6oJie POU3BOJbHYIO Touky M (a;a?).

M(a; a) (puc 11.9). Yraosoii KoshduLKeHT Kaca-
/ T  TeJbHOH B 3TOH Touke pased y'(a) = 2a,
a ypaBHeEHHe KacaTeJbHOHU UMeeT BU[

Puc. 11.9.

y—a® =2a(x —a) wm y=2ax —a® (—oco0 < a < o0).

ITO U eCThb ypaBHEHHE OHOMapaMeTPUYECcKOro ceMeHCTBa KacaTeJb-
HBIX K Tapaboise y = x2.
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3ameuaHue. [loHsiThe orubarwlield UCNONb3yeTcs B TEOPUU AUD-
(epeHLMaIbHBIX YpaBHeHHUH. PaccMoTpuM ypaBHeHHe

dy
dr f(z,y).

Ono HasbiBaeTcst nuddepeHHansbHbIM YpaBHEHUEM MEePBOrO MOPSi/-
Ka, U 3ajaya COCTOUT B TOM, YTOObI HalTH Bce (PyHKUMH y = y(x),
yIOBJIETBOPSIIOLLIME 3TOMY YpaBHeHHIO. B Kypce nuddepeHuna bHbIX
ypaBHEHHH OymeT N0Ka3aHo, uTO obujee peuleHriue NAaHHOTO ypaBHe-
HHSl 3aBUCHT OT OJIHOH MPOM3BOJIBHOH MocTosiHHOM: iy = P(x, ¢), rue
¢ — TIPOU3BOJIbHAS MOCTOsIHHAS, a PyHKUHsT ® onpepeJsieTcsi MPaBo#
YacTbi0 ypaBHeHHs, TO ecTb (yHKiHed f(x,y). 3anuueM obiiee
pellieHne B BUIIE

F(z,y,¢) ==y — ®(x,c) =0.

Takum obGpasom, oOlee pelleHUe 3aiaeT ONHONAapaMeTpHUYyecKoe ce-
MEeHCTBO KPUBBIX Ha MJIOCKOCTH (&, y), B Ka4eCTBe MapameTpa BbICTY-
naeT NPOU3BOJIbHAS MTOCTOSIHHASA C.

Ecau 3T0 ceMeHCTBO KpPUBBIX MMeeT OrhOarulyto, TO OHA SBJS-
eTcsl rpauKoM TaK Ha3biBaeMoro ocobozo peuieruss nuddepeHIIu-
aJIbHOTO YpPaBHEHHS.

Ilpumep. Paccmotpum

aBHeHUe Yy
P c>0 c=0 c<0

@ _ 3y2/3

dx '
Ero ob1iee peleHue HalaeM,
3alMcaB ypaBHEHUEe B BHU-

dy

¢ 3y2/3
Terpupyss o6e 4acTH paBeH-
cTBa, nosiydaem: y'/3 =z + ¢
wim y = (x + ¢)?, roe ¢ —
MPOU3BOJIbHASL  MOCTOSIHHAS,
c € R. Ha#inennoe o6uiee pe-
meHue audQepeHIuanbHOro
ypaBHEHUS 3alaeT CeMeu- Puc. 11.10.
CTBO KyOuUecKux mnapabosn
(puc. 11.10). Ono umeer orubatomyio — ocb Ox. DTO BHIHO HeTo-
cpencTBeHHO Ha pucyHke (ock Ox KacaeTcsi BCeX KPHUBBIX CeMeH-
CTBa), a8, KPOMe TOT'0, MOXXKHO HalTH OrUbAIOILYI0, UCTIOJb3Ys CHCTe-

I = dx, OTKyHna, WH-




106 I'a. 11. [Ipuroxcerus oug. ucuucienus K uccAe008aHUI NAOCKUX KPUBBLX

My ypaBHeHu# (11.10), koTopast B TaHHOM cCJjiydae MMeeT pelleHUe
r = —c, y =0, 3anawiiee ocb Ox. Uepes kaxayw Touky (z,y), He
Jexariyto Ha ocd Ox, IPOXOAUT OJHO pelleHue NU(epeHIInaIbHOTO
YpaBHEHHS, a uepe3 KaxKAylo TO4Ky ocu Ox TPOXOAAT 2 pelleHHUs:
O[HO U3 HUX U300paxaercs KyOUueCKor napaboJion, a Apyroe — 3TO
ocoboe peuierue y = 0.

§ 3. KpuBu3Ha njaocKou KpuBou

PaccMoTpuM MJ0CKYI0 KPHBYIO, U300pakeHHYI0 Ha

I pucynke 11.11. Beigenum Ha Hel nBa ydacTka OJMHa-

koBod nsaunbl (I u II). HarnsanHo BumHO, UTO MCKpUB-

JIEeHHOCTb Ha ydacTke II OoJsiblie, yem Ha yuyactke I.

Hawa 3agaua coctouT B TOM, 4TOObl BBECTHU KOJHYe-

I CTBEHHYIO XapaKTEPUCTUKY HUCKPUBJIEHHOCTH IJIOCKOH

KPUBOH (Mepy HCKPHUBJIEHHOCTH). DTy Mepy UCKPUBJEH-

HOCTH Mbl Ha30BeM B JaJibHeHIIeM KpusuaHol MJI0CKON
KPUBOH.

[Iycth maHa mnJockass kpuBasi L, B KaxXI0W TOUKe KOTOPOH CY-
lIeCTByeT KacaTeJibHass. Dynem B KaXHOH Todyke paccMaTpUBATh
HANPAasAeHHYO KacameabHyro. 3a HalpaBJeHHe KacaTeJbHOU MpH-
MeM TO, KOTOpPO€ COOTBETCTBYET HAINpaBJEHUIO JBHUKEHUS TOUKU
N0 KPUBOH, U OyneM oTMeuaTb ero ctpenkod. Ilycte My u M —
IBe TOUKU Ha KpuBo# L. O603HauWM uyepe3 Ay yroJ, Ha KOTOPBIU
MOBEepHETCS HaMpaBJieHHasi KacaTejbHasi TPU IBUXKEHHH 0 KPHUBOH
L w3 Touku My B Touky M (puc. 11.12). Bynem cuurats Ay > 0.
Uepes Al o6o3Hauum aauny ayru MoM. fc-
HO, UTO 4yeM OOJibllle UCKPHUBJEHHOCTb y4acT-
kKa MoM xpuBodl L, TeM Ha OOJIBLIHUA YTOJ
A TIOBEpHeTCsl KacaTeJsbHasi, U HA000POT, YeM
Gosibliie yroa Ay (TpH 3agaHHOH NJIMHE NyTH
MqyM), Tem 6oJibllle HCKPHUBJIEHHOCTh ydacTKa
KpuBod MoM . DTy HarasiHbIe NPENCTaBJIEHHUS
MOJIOXKUM B OCHOBY OINpeaeseHus: KPUBU3HBI
Puc. 11.12. KPHBOH.

Onpenenenmue. CpeAdHeLi Kpususroti yuyactka kpuBo MyM Ha-

Puc. 11.11.

3bIBA€TCA OTHOLIEHHE —QD .

Al

A
OGosuauenue: k,, ,, = Tc,lo

Kpususnoti kpusoti L 6 mouke My HaseiBaerca lim k,, ..
M— M, 0
MeL
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O6osnauenue: k(My) = lim k
M— M,
MeL
3ameuanmne. CorjiacHO HalleMy OTpefeJieHUI0 KPUBH3HA (Kak
CpelHsisi, TaK U B TOUKE) HeOTpUllaTesbHa (Tak Kak Ay > 0, Al > 0).
MHorna BBOASIT KPUBU3HY CO 3HAKOM, B 3TOM CJyuyae 3HaK OTpaxKaeT
HamnpaBJieHHe BHIMYKJOCTH KPUBOK.
IIpumepsi.
1) Ecniu L — npswmas, To aJs J0060ro ee

orpeska MyM umeem: Ap =0 (puc. 11.13), no- /
sToMy ko = 0, k(Mp) =0, 10 ecTb KprBH3HA T M
0

npsiMo# (Kak cpemHsisi, TaK W B KaxKJIOW TOYKe) L
paBHa HYJIO. Puc. 11.13.
2) Hnuna Al nmyru MoM OKpy»>XHOCTH pau-
yca R Bwipaxaercsi dopmysoi Al = R- Ay (puc. 11.14), nostomy
Ap 1
Mo = S = R k(My) = R TO €CTb KaK CPefHAs KPHBH3HA
JI0O0H NYTH OKPYXKHOCTH, TaK W KPHBH3HA B Ka)KIOH ee TOuKe,

MoM *

PaBHH —. OtmeTuM, uTo npu R — 00 KPHUBHU3HA OKPYKHOCTH CTpe-

MHUTCS K HYJIIO, U B 3TOM CMbICJIe AyTa OKPY>KHOCTH OU€Hb OOJIbIIOTO
pagydyca MaJjo OTJHWYaeTcss OT NPSAMOH. 3aMeTuM, 4TO npaAMas u
OKPYHHOCMb — KPUBbLE NOCMOAHHOU KPUBU3HDL.

A
QA% 1y

My Q "

V) T N
\

Puc. 11.14. Puc. 11.15.

3) PaccMoTpuMm asuIc, 3alaHHbBIH ypaBHEHHEM

_|_y_: 1, tne a>b (puc. 11.15).

2 2
b2

®w| 8

WHTYUTHBHO SICHO, UTO KPUBHM3HA 3JIMICA B TOUuKe M| MeHbllle, YyeM
B Touke My: k(M;) < k(My). Urobbl n0Ka3aThb 3TO CTPOro, HYXKHO
Hay4HTbCSl BBIUUC/SATE KPUBU3HY B TOUKe.
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BorunciieHne KpuBU3HbI KPUBOU

1) Ilyctb kpuBas L 3anaHa
SIBHBIM ypaBHeHueM y = f(z),
npuueM f(x) — [dBaXubl
nuppepeHuupyemas PyHKIHUA.
O603HauuM OYKBOH « yroJ
MEXXIy HalpaBJeHHOM Kaca-
TeJbHOH K KpuBOH L B TOU-
ke M (npu [ABUXKEHUH B
CTOPOHY BO3pacTaHUS T) H
oceio Ox (puc. 11.16). To-
™
2
ke 11.16 « > 0). 3nauenue « mast touku My(xg, f(x¢)) obo3HauuM
uepes ag. [losokuM Aa = o — g, Torna Ay = | Aal. Tlo ompenese-
HUIO CpelHel KPUBU3HLI

T
Puc. 11.16. rma —— < a < 5 (Ha pucyH-

_Ap A

MoM AT T | Al

b

a JJis1 KpUBU3HBI B Touke M) noJsydyaem:

Ao do
k(My) = lim k, . = Ii _(:‘_ .
(Mo) = B Fygpr = Jin 120 =]
MeL

Besnuuunsl « u [, roe | — HIMHA KPUBOM, OTCUMTBIBaEMasi OT TOYKH
My, siBAsitoTCs QYHKUHUSIME 2, a8 UMeHHO: « = arctg f/(x), MOCKOJIbKY

(=) dr:

_ !
tga = f'(x), mostomy da oy T 72(20)

L=y = J 1+ f2(s)ds (cm. §13 ra. 5), mostomy di =
Zo

=/ 1+ [2(xg) du.

CJoienoBaresibHO, AJ1S1 KPUBHU3HBl KPUBOH, 3aJlaHHOH ypaBHEHHeM
y = f(x), B Touke My(zo, f(z()) moayudaercs popmyna

do
k(MO) - dl

(o)
T=1x o [1 +f/2(3(3)0)}3/2. (11.11)

®opmyna (11.11) noxkassiaet, uto KpuBuaHa k(My) Tem GoJblile,
uem Gosbie | f”(zg)|. B cayuae npsiMmo#i, 3afaHHON ypaBHEHHEM Y =
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= kx + b, oyukuus f(zr) =kx +0b, f’(x) =0 u kpuBU3HA BO BCex
TOUYKAX paBHA HYJIO.

1
k(Mo)’
KoTopasi Kacaercsi KpuBoé L B Touke My(xg, f(xg)) U nmeeT B
OKPECTHOCTH TOUKH M) Takoe e HampaBJeHHe BbIMYKJOCTH, KaK U
kpuBasi L (puc. 11.17). dta oKpyKHOCTb Ha3blBaeTCs Kpyeom Kpu-
su3rnb. KpuBod L B Touke M, ee paguyc R HaswbiBaeTcs paduycom
Kpusu3Hsl, a IEHTP — UeHmpom KpususHol. KpuBoi L B Touke M.

MoxHo nokasath (cpenaiTe 3TO camo-

[Tycts f”(xg) # 0. [TocTpoum okpy»HOCT paguyca R =

CTOSITEJIbHO), UTO TMOPSIIOK KacaHHUsl yKa- \y

3aHHOW OKPYKHOCTH M KPHUBOU L B TOUKe M

M, He HUXe 2. L
DTa OKPY>KHOCTb Ha3biBaeTCs TakK-

Ke ConpuKacarouetics OKPY*#HOCmoio s

KpuBOH L B Touke M.
IIpumep. Paccmotrpu napaboay, 3a- 3

JAHHYI0 ypaBHeHHeM %y = x°, M TOUKY

My(0;0) na atoit mapa6ose (puc. 11.18). Puc. 11.17.

Tak kak B maHHOM npumepe f(z) = a2,

o f/(0) =0, f/(0) =2, u mo dopmyse (11.11) noayuaem:
k(My) = 2 — xpuBusHa mnapa6osbl B Touke M. CienoBaTesibHO,
R = (M) =5 — PalHyC KPHBHSHbI napabosbl B Touke My, a
ypaBHEHHEe CONPUKACAIOLIEHCS OKPYXKHOCTH [Jisl MapadoJsibl B TOYKE

My vumeeT BUL,
9 N2 1
7+ < - —> = .

2

3anaume. Jlokakute (MOJb3ysiCh
TeopeMod | WJM ompeleseHHEM), UTO Yy
MOPSIOK KacaHUsa mapabosbl y = 2 U
CONpPUKACAIOLIEHCH OKPYXKHOCTH B TOUKE y==x

My paBeH 2.
2) Tlyctb kpuBas L 3amana napamer-

pUYECKHU: 1/2

z=o(t), y=1(t), Mo(0;0) '

napaMeTp t U3MeHsieTCsl Ha HEKOTOPOM Puc. 11.18.
npomexyTke. Torna

_ ' . e P'(t)
dl = \/g02(t) + 2 (t) dt; tga = 0k o = arctg ()’

AS)
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do = VOO = OV 0)
(1) + (1)
[Tycts Touka My kpuBoit L umeer koopauHathl (p(tg), % (tp)).
s kpuBU3Hbl KpUBOH L B Touke My nonydaetcs dpopmyaa

dov "(to)¢' (o) — " (to)V' (¢
t=to [ (to) + 9" (to)]
IIpumep. Paccmorpum sagumnc (puc. 11.15), 3agaHHBIlA ypaBHe-
HUEeM ) )
£ Y
? —|‘ b—Q — 1, Fﬂe a > b

[Tepefinem K mapamMeTpUUECKHM YPaBHEHHSIM 3JIJIHIICA:
xr=acost, y=>bsint, 0 <t < 27.
3nech p(t) = acost, ¥(t) = bsint, moatomy
¢'(t) = —asint, Y'(t) = beost, ©"(t) = —acost, ¥"(t) = —bsint.
st touku M (p(t),1(t)) no dopmyne (11.12) nonyyaem:

kj(M) _ ‘absith—l—abcoth‘ ab

3/2
)

3/2°
(a2 sin?t + b2 cos® t ) /

(a2 sin®t + b? cos® t
Ha pucynke 11.15 touka M) cooTBetcTByeT t = 7/2, a Touka My —
t = 0. [ToaTomy

ab b
M) =5=2

a MoCKOJIbKY a > b, To k(M) < K(Mos).



[nmaBa 12
KPATHBIE UHTETI'PAJIBI

§ 1. IInomanp naockou (puUrypsl

[Ton niockoi urypoit Oyaem NOHUMAaTh J0O0e MHOXKECTBO TOYeK
TMJIOCKOCTH.

M3 kypca MIKOJIbHOH TreOMeTPUH M3BECTHO TMOHSITHE TJIOLIAIH
MHOroyrosibHUKa. [Ipy BBIOpAaHHOH eNMHHIIE M3MePeHHUs TIollaneH
MJIOLIaAb KaXKI0TO MHOTOYT'OJIbHUKA BbIPaXKaeTcss HEKOTOPBIM UHC-
JIOM.

PaccmoTpum OrpaHHUYEHHYIO
nnockyto Gurypy G. MHOroyrosbHUK
Qs OyneM HasblBaTb BMNUCAHHMbIM B
¢urypy (G, a MHOrOyroJbHUK (), —
onucarnHvim okoso Gurypel G, ecau
Qs C G CQ, (puc. 12.1). Uepes P; u
P, 0603HauuM mJomiagu BIIHCAHHOTO
M OMHWCAHHOTO  MHOTOYTOJIbHHUKOB.
OueBunHo, yto Py < P,. Puc. 12.1.

[Tycts {P;} — MHOXeCTBO IMJIO-
majned Bcex BMHUcaHHBIX B (urypy G MHoroyrojbHHKoB. OHO orpa-
HUUEHO CBepxy (MJoliaabio Jo60ro OMHCAHHOTO MHOT'OYTOJbHHKA)
W, CJIe0BaTebHO, cyllecTByeT sup{Ps;}, KoTopbiii o6o3Haunm P.
Ecniu B durypy GG Hesb3si BIHCATh HH OJHOI'O MHOTOYTOJIbHHKA, TO
nosoxkum P = 0.

Anasnoruyno, mHOXectBo {P,} mJonianeif BCeBO3MOXKHBIX OITH-
CAHHBIX MHOTOYTOJbHUKOB OIDaHHYEHO CHHU3Y (HalpuMep, UYHUCJOM
HyJIb) H, cJenoBatesbHo, cyiiectsyer inf {FP,} =: P.

Po
!

Uuncna P u P HaswlBaloOTCA HUMCHel |
sepxHell naouiadvto hurypnl G.
Yreepxaenne: P < P.
Ecnu  monyctutb, uto P > P (cM.
puc. 12.2), to Halimytcs takue P, H Puc. 12.2.
P,, nnisi KOTOPBIX BBIIIOJHEHO HEPABEHCTBO
P, < F;, yero He MoxkeT ObITb. TakuM oOpa3om, nJs Jwoobix Py u P,

Pg

P P
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BBITIOJTHATCA HEPABEHCTBA

Pa,<P<P<Ph. (12.1)

Onpepenenne. [lnockas ¢urypa G HaspiBaeTcsl KBaJpHPyeMOH,
ecain P = P. Ilpu atom unucno P = P = P HasbiBaeTcsi naou,advto
pueypor G (no 2Kopoany).

ITpumepni.

1. Besikuii MHOrOYTOMIBHUK SIBJISIETCS, OUEBUIHO, KBanpupyeMon (u-
TypoOH B CMBICJIe JAHHOTO OMpeesieH s, U ero miaoianb no 2Kopaany
paBHa MJIOLIAAHU, BBEAEHHOU B 3JIEMEHTAPHOU €OMETPUH.

2. Tlpumepom HeKBaipUPyeMOH (UI'YpHI SBJSETCS MHOMKECTBO TOUEK
G={(r,y): 0<x<1,0<y< 1, zuy— panroHajbHble Ynucja}.
Tak kak P =0, P = | (o6ocuyiiTe 370), To P # P, nostomy Qurypa
(G He KBaapupyema.

Teopema 1. a5 Toro, ytoObl mJjockas (urypa Oblia KBaapH-

pyeMoi, HeoOXOAMMO M JoCTaTo4HO, 4TobObl Ve > 0 cyliecTBoBau
TaKWe BIUCAHHBIM W ONMHWCAHHBIH MHOTOYTOJBHUKH, IJI5S KOTOPBIX
P,— P, <e.
HlokazarenbctBo. 1) Heobxodumocme. Ilyctb G — KBampupye-
Mas urypa, To ectb P = P = P. CoriacHO onpejeJeHHI0 TOUHbIX
rpaHell YHCJOBOro MHOXecTBa Ve > 0 HaliayTcs Takde BIUCAHHBIH
¥ OMHUCAHHBIH MHOTIOYTOJbHUKH, TMJIOLIAAH KOTOPBIX YIOBJETBOPSIOT
HepaBeHCTBaM

€
5
CkJazibiBasi 3TU HepaBeHCTBA, nojaydaem P, — Py < €, U, TeM caMbIM,
yTBepKAeHHe 0 HeOOXOOUMOCTH NOKAa3aHOo.

2)  Hocmamournocmo. IlycTb
Yy Ve > 0 cymecTBYyIOT Qg U (Q,, 151
KoTopbix P, — P; < . O1ciona u
13 HepaBeHCcTB (12.1) cnemyet, uTo
0 < P— P <e¢,aTaK KaKk € — Mpo-
M3BOJIbHOE I10JI02KUTEJIbHOE YHUCIIO,
To P— P =0, T0ects P=P. d10

B—g<§,a—ﬁ<

Kpusoaunetinasn

mpaneyus
¥ 03Hayaet (1Mo ompeneseHu0), 4YTo
ol ¢ p, =  Qurypa G kBagpupyema. YTBep-
XKJIEHHE O JIOCTAaTOYHOCTH J0Kasa-
Puc. 12.3. HO

[Tycte dyukuus y = f(x) HeoT-
pullaTe/ibHa ¥ HempepbiBHA Ha cermente [a,b] (puc. 12.3). Purypa,
orpaHdueHHasi rpa@UKOM 3To# (QyHKIMH, OTpe3KoM [a,b] ocu Ox u
NByMsI BEPTHKaJbHBIMU OTpPe3KaMu (z = a U & = b; KaXK bl U3 ITHX
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OTPE3KOB MOXKET BBIPOXKIAThCSl B TOUKY), HAa3bIBAETCS KPUBOAUHELL-
HOU mpaneyueu.

Teopema 2. KpuBosuHelHasi Tpaneuuss KBagpupyeMa U ee IJIO-
wanb P Bbipaxaercs gopmyJoi

b
P = Jf(:z:)d:l; (12.2)

HokasatenbcTBO. Tak Kak PyHKUUSA

f(z) HempepbIBHA Ha cerMeHTe [a, b], Y
TO OHa UHTErpHpyemMa Ha 3TOM Cer-
mente. [loatomy Ve > 0 Halimer-
st Takoe pasbueHHe cermeHTa [a, b),
st kotoporo S —s < ¢, tme S W
S — BEPXHSS U HUXKHSAS CYMMBbI 3TO-
ro pazbueHus. 3aMeTuM, 4To S —
M/I0MIa/lb OMHCAHHOTO OKOJIO KPHBO- o 7
JUHEHHOW Tpameuuu CTYNEeHYaTOro

MHoroyrosbHuka (S = P,), a s — Puc. 19.4.

MJIOLAAb BIUCAHHOTO CTYIIEHYATOr0

MHOTOyTOoJIbHUKA (s = P,) (puc. 12.4). Takum obpaszom, nas Ve > 0
CYLLIECTBYIOT TaKHe BIHUCAHHBIA W OMUCAHHBIH MHOTOYTOJBHUKH, IJIs
Kotopbix P, — P; < . CiiefoBaTesibHO, corjsiacHo Teopeme 1, KpuBo-
JUHelHas TpamneLuus KBaapupyema.

[Tyctp ee nsomansb paBHa P. Torma nist nwo6bix (g U (), BHI-
nosHsA0TCSl HepaBeHcTBa Py < P < P,, B yactHocTH, s < P < S.
[Tepeiinem B 3THX HepaBeHcTBax K mpemenay mpu A — 0 (A
MaKCHMaJbHas [JHHA qaCTHquro cerMeHTa pas3OueHUs] CerMeHTa

la,b]). Tak kak ilmos = hm S = ff )dx (nemma JapOy), To
_>

b
P = [ f(z)dz. Teopema 2 nokasa-

Ha. Y z?
. b y=bh/l-—
IIpumepsi. 1. Halitu naomanb a
(pUTypBl, OTPAHUUYEHHOW 3JIJUIICOM /
i y L — —
HUckomass nmoimans P B de-
ThIpe pasa OoJblle MJOWAAX 3a- -b

LITPUXOBAHHOU  (UIypbl, a ee
Puc. 12.5.
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MOXKHO BBIYMCJUTE 1O opmysie (12.2), B KOTOPOH HYKHO MOJIOXKHUTH
2

a=0,b=a, f(x)=0b 1—%.I/ITaK,

751 BeIYMCJEHUS] UHTerpasja MOXKHO CHesJaTh 3aMeHy IepeMeH-
o . ™
HOU = = asint, 0 <t < 5 B pesyabrate noayuum P = mab.

2. Ha puc. 12.6 uso6paxeHa njockas
¢urypa, orpanudyennas orpeskamu OA u
OB, a TakxXe HenpepbIBHOH KPHUBOH, 3a-
NIAHHOU B TOJIIPHBIX KOOpPAMHATax ypaB-
HeHUeM

r=r(p), o1 < p < Ps.

Takasi ¢urypa HasbiBaeTcs kpusoiuretl-
Hoim cekmopom. [lnomans P KpUBOJMHEHHOTO CEKTOPA BbIPaXKaeTCs

(hbopmyJion

Puc. 12.6.

P2

@1
O6ocHoBaHMe 3TOM opmyJibl OyHeT AAHO HUXKE.

§ 2. JIBOMHbIE UHTErPaAJIbI

Obaacmoro (omkpoimoil obaacmovro) 0OBIYHO Ha3BIBAIOT JH0GO0E
OTKpbITOe CBsI3HOe MHOXKecTBO B R"™. Ob6bennHeHue o06/JacTU U ee
TPaHULbl Ha3blBaeTCs 3amKHymotl obaacmoro. B nanbHelleM, ecu
3aMKHYTOCTb He CYLIeCTBEHHa, MO CJ0BOM 00/1aCTh OyaeM MOHUMATh
JUO0 OTKPBITYIO, JUOO 3aMKHYTYI0 06/acTb. Ecu e 3aMKHYTOCTb
CYLLleCTBEHHA, TO OylIeM TOBOPUTb «3aMKHYyTasi 00/1aCThb».

Beenem nousitne nuamerpa MHoxecTBa. [lyetb G — orpaHuueH-
HOe MHOXKeCTBO Touek B mpocTpaHcTBe R"™, B yacTocTH, Ha MJIOCKO-
cTH, U nyctb M; u My — nBe mpousBoJsibHble Toukd U3 (. Yuncio-
Boe MHOXecTBO {p(Mj, My)} orpaHudeHO CBEPXY H, CJeI0BATE/bHO,
MMeeT TOUHYIO BEPXHIOK rpaHb. Yucso

d = sup {p(M;, My)}
MIEG
MQEG
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HasblBaeTcs duamempom MHOXKecTBa G.
Ilpumepnl: nHaMeTp TNPSIMOYTOJbHHUKA paBeH €ro JHaroHaJH,
IMaMeTp 3JJIMICA PaBeH ero OOJIbIIEH OCH.
[lycte G — KBampupyemas
(u, cJenoBaTesbHO, OTpaHHUYeH- |Y
Hasi) oOsacTb (OTKpBITAs WJU 3a-
MKHyTasl) Ha TMJOCKOCTH (,Y) >

M nyctb B obaactu G ompe-
fleJileHa OrpaHhyeHHas (PyHKLHSA
2 = f(2.) = f(K) (K = (2,y)). [N

Paso6bem obsacte G Ha n KBau- />
n

&,

<\

pupyemslx dacreit Gi: G = |J G;
i=1

(puc. 12.7), tak uto J0OBIE NBE Puc. 12.7.

yactv G; 1 G, He UMeT 00LIHUX

BHYTPEHHHX TOUeK; B KaxKI0H uacTh (3; BO3bMEM MPOM3BOJIbHBIM

o6pasom Touky K;(&;,7;) ¥ COCTaBUM CYyMMY

I(G;, K3) Zf (G;), tne P(G;) — nomane G.

Yucno (G, K;) HasbiBaeTcss urmeepasvHoll cymmoti GpyHKIuU
f(z,y), cooTBeTCTBYWOIIEH TaHHOMY pa3bueHuio obacti G U JaHHO-
MY BbIOOpY MpPOMexKyTOUHbIX ToueK K ;. BBemem oGosHaueHue: d; —

nuamerp G, d = max d;.
1<ig<n

Omnpenenenve npedeaa urmeeparvrolx cymm npu d — O BBOOUT-
csl Tak »Ke, KaK JJIs ONpene/eHHOTO WHTerpasa. Ecau cylecTByer

lim I(G;, K;) = I, To uucno I HasbiBaeTcst 0BOUHbIM UHMESPALOM
d—0

oT pyHkuuu f(x,y) no odbmactu G 1 0603HaUYAETCS TaK:

I= JGJf(x,y)dxdy (unorna Taxzif(K)dS),

a pyuxuus f(x,y) HasbiBaeTcs urmeepupyemoti B obaactu G.
I'eomeTpruecKHii CMBICJ JBOMHOTO MHTErpaJsa
Ecmu f(z,y), (z,y) € G — HempepbiBHAsE HEOTpHUIIATENbHAS

(GyHKIHS, TO f(x,y) — obbeM Tesa, U300paXKEHHOTO Ha PUCYH-

G
ke 12.8. Eciu f(x,y) = 1, To s06ast uHTerpajbHasi CymMMa TaKo#H
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n
¢yukunu pasHa »y_ 1-P(G;) = P(G) — nyomanu obaactu G, u
i=1

nostomy | [ daxdy = P(G).
G

MHorue ¢u3sndeckue Be-
z z=f(z,y) 20 Ju4yMHB BHIPAXKAKIOTCH Uepes
IBOHHBIE HHTeTpaJsbl. Hampu-
Mep, ecau p(x,y) — MJOT-
HOCTb 3JIEKTPUYECKOrO 3a-
psna B ob6mactu G, TO

Jp(m,y)dmdy — BeJIMYHU-

G
Ha 3apsiia, coleprkallerocs B
_—T ™ Y  >r1o# obsacTy.

d G o
U S B s NBOWHBIX WHTErpa-
JIOB MOXHO pa3BUTb TaKylo
x //f(x,y)dxdy _ 06Bem Mead JKe TeopHIo, Kak IJis onpefe-
£ JIEHHbIX UHTErpasios.
7151 Ipou3BOJILHOTO pas-
Puc. 12.8. n

ovenns G = J G; BBemeM
i=1
BEPXHIOIO U HIXKHIOW cymMbl Jap6y ¢yHkuud f(z,y):

S = zn:MzP(Gz) s = zn:mip(Gi),

i=1 i=1
roe M; = sup f(x,y), m; = icr;lff(x,y), P (G;) — nnowans Gj.
G i

7
Cymmbl [lapOy o6mnanalT TakMMM »Ke CBOWCTBAMH, KakK W B
cllyyae ONpeJleleHHOr0 MHTerpafa, B YaCTHOCTH, CYLIeCTBYIOT [ =
=sup{s}, I = inf{S}, mpu atom I < I, lims =1, limS =1

d—0 d—0
(nemma lap6y).
Teopema 3. lna Toro, utoObl OrpaHudyeHHass B KBajapUpye-
Mol obgaactu G QyHkuus f(z,y) Obljla HHTErpUpPyeMod B 3TOM
06JIaCTH, HEOOXOAMMO M JOCTaTOuHO, uToOBl | = I. [Ipu stom

[ [z y)dady=1=1.
G

Teopema 4. s Toro, 4toObl OTpaHUYEHHAs] B KBaJApUPyeMOH
obsacti G dyHkuus f(x,y) Obla HHTErPUPYEMOH B 3TOH 00/1aCTH,
HeoOXO0AUMMO U 0CTaTOUHO, 4T0oO Ve > 0 cyliecTBOBano pa3breHue
ob6nactu GG, y KoToporo S — s < €.

Teopema 5. Eciu dyukuus f(z,y) HempepbiBHA B 3aMKHYTO#H
KBaZpupyeMod 00J1aCTH, TO OHa UHTerpupyeMa B 3TOH 00JaCTH.
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Onpenenennie. MHOXeCTBO TOYEK Ha MJOCKOCTH Ha3bIBAETCS
MHOMECMBOM nAOULa0U Hysb, ecan Ve > 0 cyliecTByeT KOHEUHOe
UHCJO MHOTOYTOJIbBHUKOB, COMIEpKAllMX B ceOe BCe TOUKH 3TOrO
MHO’KeCTBa U HMEIOLIUX CYMMY IMJOLIaAeH MEHbIIYIO, UeM &.

Teopema 6. Eciu dyukuus f(z,y) orpaHudeHa B KBajpupye-
Mo# o6sacth (G W HelpepelBHA B 3TOW 00/1aCTH, 3a HUCKJIOUYEHUEM
MHO’KeCTBa TOYeK MJOLIAaAH HYJ/b, TO 3Ta (PYHKUUS HHTErpUpyeMa B
obnactu G.

Teopembl 3-6 moKkasbiBalTCs Tak ke, Kak [/ ONpeneseHHOro
UHTerpaJa.

JIBoiiHble HHTerpasbl 00Jafal0T TaKWUMH JKe CBOHCTBaMH, Kak
onpefiesieHHble UHTErpasbl.

§ 3. BoiuuciieHUe IBOMHBIX MHTETrPajoOB C MOMOLIbIO
MOBTOPHOTO UHTETrPUPOBaAHUS

1) CHauana paccmoTpuM cayuai, Korna ¢yHkuus f(z,y) omnpe-
neseHa B npsimoyrogbHuke Q = {(z,y) :a < x < b,c <y < d}.

Teopema 7. [lycTs:
1. cyuiecTByeT QBOHHOH MHTErpal J Jf(x y)dxdy,

Q
d

2. Vx €]a, b] cyuectByet onpeneneHHbiit unterpanl(x) = Jf(x, y)dy.

C

Torpma cyuiectByeT onpenesenHbiil unterpan | I(x)dx (oH Ha3biBaeT-

f(x,y)dy) u cnpaBen-

Oeee— s R ——

b
CSl 1OBMOPHbIM W 3ATIHCHIBAETCS B BUE Jdaz
a

JIMBO PABEHCTBO

J me y)dudy = Td:cff(x, y)dy,
Q a ¢

TO €CTb JIBOMHOU HMHTErpasj paBeH MOBTOPHOMY.

JlokazaTesbcTBO. Pa3obbeM cerMeHT [a, b] Ha n YaCTHYHBIX CerMeH-
TOB TOUKAMH a = o < ] < ... < T, = b, a cermeHt [c,d] — Ha
M YaCTHYHBIX CETMEHTOB TOYKaMH ¢ = Yo < Y] < ... < Ym = d.
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\Y Yy
Ym :d y]
Yj 0
Yj-1 2 Yj—1
Y1
Yo =¢
a=1x9 11 Tio1 T Tp=0> T Li-1 é’;i Ti X
Puc. 12.9. Puc. 12.10.

[IpoBenem uepes TOYKM pa3bueHHUsT TPsIMble, TMapaJjjesbHble OCSM
KoopAuHaT (KoopauHaTHble JuHUM). [IpsimoyrosbHUK () pasobbercs
Ha Mmn YaCTUUHBIX TPSIMOYTOJNbHUKOB (puc. 12.9)

sz—{( ) Ti—] X xiayj—lgygyj}
(z:l L g =1, ...,m).

[Tonoxxum m;; = glff(m Y), M = sup flz,y). Ax; =z — z—y,
ij
Ay; = y; — yj—1, dij— nuametrp Qij, d = max d;j. OT™MeTuM, uTo

1<i<n
P(QU) = AZCZ . ij.

1<]<m
Ha kaxjom 4acTHUHOM cermMeHTe [T;_|, ;] BO3bMEM MPOU3BOJIb-
HbIM o6paszom Touky &; (puc. 12.10). Tak kak

Mij < f(f% ) < Mz’j IpH yj—l g Y < Yj, TO

Yj Yj Yj
J mgjdy < J f(& y)dy < J M;;dy
Yj—1 Yj—1 Yj—1
WITH
Yj
mi; Ay < J f&, y)dy < MjjAy; (i=1,...,n;5=1,...,m)

Yj—1

[Tpocymmupyem 3T HepaBeHCTBa Mo j OT 1 10 m npu KaxKaoM ¢:

. d
Zmz’jij < Jf & y) ZMUAZJJ
Jj=1 c
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3aMeTHM, UTO CpefHss YacTb HepaBeHCTB ecTb I(&;).
YMHOXKHMM 3TH HepaBeHCTBa Ha Ax; M NMPOCYMMHPYeM 1o i oT 1 jio
n:

n

ZZW;A%A% ZI &i)Ax; < ZZMiijiij.

i=1 j=1 i=1 j5=1

CpenHsisi 4acTb MOJIyUeHHbIX HEpPABEHCTB SIBJISETCS HWHTerpaJsbHOH
cymmo#t (yHkumu I(x), COOTBETCTBYIOILIEH pa30HeHHI0 CerMeHTa
[a, b] Ha yacTUUYHbBIE CErMEHTHI [T;_|,X;], @ JeBasi U MpaBasi YaCTH —
HUXKHEH U BepxHed cymMmaMu QyHKUHMH f(x,Yy), COOTBETCTBYIOIUMH
pasbHeHHI0 NPSIMOYTOJbHUKA () HA YaCTHUUHbIE NPAMOYTOJBbHUKH (Q;j
(nockosbky Az; - Ay; = P(Qij)).

[Tepeiinem x mnpemeny npu d — 0. Torma Bce Ax; — 0. U3
ycaoBuUs 1) B cuiy TeopeMbl 3 U ieMMbl [lapOy cienyeT, 94TO Mpefiesibl
JIEBOW M TPABOU YacTed HEPABEHCTB DAaBHBbl JBOMHOMY HHTerpaJfy

[ [ f(z,y)dxdy. CnenoBaresbHo, CyluecTByeT mpefes cpeiHed da-

Q
b

CTH, @ 3TO U €CTb 110 onpejeseHuio uurerpan [ I(x)dz. B pesynbrare

a
[1oJiydyaeM paBEHCTBO

J J F(a, y)dady = Jbl(a:)dx _ dexf Fay)dy.
Q a a c

Teopema nokasana.
3ameuanue. [lomeHsAB B ycCJOBUSIX TeopeMbl 7 MeCTaMU T H ¥,
MOJIYYUM PABEHCTBO

d b
| [ oty = | dy | st )aa
Q c a
IMpumep. [Tycts Q) = {(:U y): 0<2<1,0 < y < 1}
1 I

1 I
- J(& ~)de =

J Jxemydxdy = deJxemyd de e’
=0
Q 0

0 0

= (em—x)|0:e—1—1—e—

3aganue. [lonpoGyiiTe BBIUHCAUTL 3TOT JBOUHON MHTErpas, WH-
Terpupysl CHauaja 1o , a MoTOM T0 Y, ¥ OCMOTPUTE, UTO U3 ITOTO
MOJTYUHTCS.
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i Yy
77777 y = y2(x)
—
G
/\/
y=yi()
Cr— : :
0 a .SC b X
Puc. 12.11.

2) Ilycte temepb ¢yHKuus f(x,y) onpeneseHa B o006jacTy

G = {(z,y) yi(z) <y <yp(z),a <z <b}, rre yi(z) uoya(z) —
HerpepbiBHble (hyHKUMK (puc. 12.11).
Teopema 7’. IlycTs:

1. cyuiecTByeT QBOWHOH MHTErpals J Jf(a; y)dxdy,

G
Yo ()

2.Vz €a, b] cyuectByeT onpeneneHHbli nHTerpad I(x) :Jf(x, y)dy.

y1(x)
Torpa cyiiecTByeT MOBTOPHBIA HHTErpaJl

b b y(x)
Jl(az)da: = de J f(z,y)dy
a a yl(;(;)

WU OH paB€H I[BOIZHOMY UHTErpadJgy:

b Yo ()
”f<x,y>dxdy - J da j F(@,y)dy.
G a y1 ()
Teopema 7' nokasbiBaeTcsi MyTeM BBEeNEHHsS MPSAMOYTOJbHHKA

Q = {(r,y):a<zx<yc<y<d}, comepxauero ob6macte G
(puc. 12.11), u npuMeHeHHUsI TeopeMbl 7 K (PYHKLIHUU

x,y), (z, G,
Pay={ {0 00 GG
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Ilpumepsi.
1. O6aactb G orpaHuueHa mpsiMod y = x U mapaboJiod y = x
(puc. 12.12). Boruucants I = [ [zy*dxdy.
G

2

1-11 cnocob.

1 T

_ 2, _ 1 3 6Y 7. 1

I—deme dy—gjx(x —:z:)d:z:—g
2

o 40
0 0
L VY
2-1i cnocob. I = de J vylde = ... = %
Y
y y= y
| y=[f(z) 20
! /
I
y :
G/ G
I
l
I
0] x 1 x ol a x b =x
Puc. 12.12. Puc. 12.13.

2. O6nacte G — KpuBoOJMHeHHas Tpamnenus (puc. 12.13).

b f(x) b
P(G) = J dedy = Jdm J dy = Jf(:c)da:
G a 0 a

Ewe pa3 nosyuyuau (opmyay NJollaAd KPUBOJIMHEHHOH Tpa-
el H1H.

§ 4. 3ameHa nepeMeHHbIX B IBOMHOM HMHTerpaJe
Paccmorpum aBo#inoit unrerpan | [ f(z,y)dzdy. Tlepeiinem ot

nepemMeHHBIX (r,%y) K HOBBIM TepeMeHHbIM (u,v) mocpeacTBoM op-
MYJT

r=p(u,v), y=1vwu,v), (u,v)€y. (12.3)
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[Tpu HekoTOPBIX yC/OBHsIX Ha 0baacTh G, pyHKIHIO f(x,y) U DYHK-
uuu (12.3) umeer mecto dopmyia

[ [ oy = [ [ £ et v 0) | 52D dude, 124
G g ,

rze
Dlay) _ P ol sikoO6uaH GyHkuud (12.3) mo u u v.
Dlwv) |y, o,

Dopmyna (12.4) HasbiBaeTcss Qopmysoil 3amerbl nepemerHbLY 8
080liHOM urmezpae.

Paccmorpum (Hectporu#t) BoiBox ¢opmyasl (12.4). Iycte yHK-
nuu (12.3) ynoB/aeTBOPSIOT YCIOBUSIM:
[. Eciu rtouka (u,v) mpoberaer o6aacTb ¢, TO Todka (x,y) =
= (¢(u,v),¥(u,v)) npoderaer obaactb G, IpUYeM PA3JUUYHBIM TOY-
KaM (u,v) U3 06/JaCTH g COOTBETCTBYIOT pa3/uuHble TOUYKH (X, y) U3
obnactu G.
I[I. dyukuun p(u,v) U ¥(u,v) UMEOT B 00JACTH ¢ HENpepbIBHbIE
yacTHbIE MPOU3BOJHbIE TIEPBOTO MOPSIAKA.

/ /

D(z,y) Pu P

3aduKcupyeM MepeMeHHYIO u, MOJOXUB u = ug = const. Torna
U3 ypaBHeHu# (12.3) mosyuum:

z = ¢(ug, v), y = P(ug, v). (12.5)

YpaBuenus (12.5) sinsrores napa-
Yy MeTPUUECKUMHU yPaBHEHUSMU KpPHU-

BOH, Jiexkaled B obsactd G (poJib
u—uo nmapameTpa Wrpaet v). AnHasoruu-
‘ HO, TOJIOXKUB ¥ = Uy = const, Mo-
‘ JYYUM TapaMeTPHUeCKHe ypaBHe-

V = Vo

HUS IPYrOHM KPHUBOH, Jiexalled B
r  obmnactu G:

Puc. 12.14. z=o(u,vg), y = (u, vo), (12.6)

u — mnapametp. Kpusbie (12.5) u (12.6) nepecekaroTcss B TodKe
Mo (0, o), Tne zo = ¢(uo, vo), Yo = ¥ (ug,vo) (puc. 12.14).
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B cuny ycnosus [ Touka My(zg, 1Jp) COOTBETCTBYET TOJIBKO OTHOMU
Touke (ug, Vo) U3 obaactu g. Takum o6pasom, Touka My 0qHO3HAYHO
ompenessietcs nmapo# umcesn (ug,vg). [103TOMy 3TH 4YHCIa MOMXKHO
paccMaTpUBaTh Kak Hosvle Koopouramos. mouku M. KpuBas (12.5),
Ha KOTOPOHM KOOpAMHATA U TMOCTOSIHHA, a MeHsieTCs TOJbKO KOOpIH-
HaTa v, Ha3blBaeTCsl KoopouHamHoil v-aunueti, a KpuBas (12.6) —
Koopouramnoti u-aunuet. Tak Kak KoopauHaTHble JuHuu (12.5)
1 (12.6), BooOGI1e roBOpsi, KPUBbIE, TO YMCAA Uy U Uy HA3bIBAIOTCS
KpusosuHeiroimu Koopouramamu mouxu M.

Wrak, paBencrBa (12.3)
MOXKHO paccMaTpuBaTh KakK
(opMyJIBI, MOCPENCTBOM KO-
TOpBIX B 06JacT (G BBOASATCS
KPHUBOJIMHEHHbIE KOOPAUHATHL
TOYeK.

Paccmotpum  nBe mapwl
OJIU3KHX KOOPAUHATHBIX
JuHUHA B obmactu G. OnHu
OrpaHUUYHBAIOT KPHUBOJIMHEH-
HBIH YeTbIPeXyTroJbHUK () Puc. 12.15.
(puc. 12.15). Bbluncaum

HpI/I6JII/I}KeHHO [JIOIIaAb 3TOro 4YeTbIpeXyroJbHHKa, 3aMEHHUB €ro
- =

napaJJesorpaMMoM, MOCTPOEHHBIM Ha BeKTopax [ u lo.

u = const

u+Au = const

v+Av = const

v = const

b= {p(u+ Au,v) — o, v), (u+ Au,v) — (u,v)} =
_{gpu Au, wu Au}

l2— {cpv Av, 1, - Av}

/ / / /
TIe MPOU3BOAHBIE @, UV, ¥y, V¥, O€PYTCSI B HEKOTOPBIX NPOMEXKY-
TOUHBIX TOUKAaX.

P(Q) ~ Hl1><l2”—| gouAu wAu 0|l=
0. Av w,UAU 0
= | (¢l — o)) Au- A k\ ey s

(cuuraem Au > 0, Av > 0), (u,v) — Kakas-HUOYAb TOYKA KPHUBOJIHU-
HEHHOTr0 UeThIPeXyTroJbHHUKA.

Pa3o6beM 00/1aCTh g HA YaCTHUHBIE 00JIACTH ¢;; OTPE3KaMH Ips-
MBIX u=u; Hv=uv; (1=0,1,...,n;7=0,1,...,m) (puc. 12.16).
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v |y Uj—1

Um i \\

oy /g \
Gij ()

Vj—1 v

U1 ’

Vo —

Up U1 Ui—1 U Un, ﬂ x
Puc. 12.16. Puc. 12.17.

I[Ipn sToM ob6sacte G pasoObeTcs Ha yacTHuHble 00s1acTH G KOOp-
AMHATHBIMU ¥ U v-AuHUaAMH (puc. 12.17): G = | Gi;.
1,

[TostoxxuM Au@ = U; — Uj—1, Avj =V — Uj_lj.

B kaxno# uyacTHuHOH o6macth (;; BO3bMeM B KauyecTBe IpO-
MeXYTOUHOH TOUKM TOuKYy K;i(zij,yij), tae zij = @(ui, 05), yij =
= @Zj(ﬂi,’ﬁj), M COCTaBUM HHTerpasbHyt0 cymMmy GyHkuuu f(x,y) ams
MoJIydeHHOro pasbueHuss obsactu G. YUuThIBasi, UTO

)~ | Py) Au - Avs

P(Gij) ~ D(u,v) (.5) Au; - Avj,

rnoJiydaem
1(Gij, Kij) = 3 [(wij, yij) P(Gij) =
0
D (12.7)
~ ) f (plwi, 05), (ui, vj)) |Dgi i; . Au; - Avj.
3¥) ’ ui,vj

Tak kak Awu;Av; = P(g;j), T0 cymMMa B IIpaBOd 4acTH pa-

BeHcTBa (12.7) siBisieTcss WHTErpajbHOM CYMMOH [1Js1 (DYHKIMUU

D(z,y)

f(p(u,v), ¥ (u,v)) D(u, v)

g Ha 4acTH4Hble 00J1aCTH g; ; (B paMKax Hallero HeCTPOroro BbIBOLA

He ofpalllaeM BHHMaHHS Ha TO, UTO MPUMBIKAKIINE K I'DaHULE Ya-
CTHUHble 00JIaCTH ¢;; HE SIBJAIOTCS MPSMOYTONbHUKAMH).

[Tycte ¢ u G — 3aMKHYTble KBafipupyemble 00aCTH, a PYyHKIIUS
f(x,y) orpannuena B o6sactu GG U HempepbiBHA BCIOAY, KPOME, ObITh
MOXKeT, MHOXKECTBa TOYeK IJIoIaAd Hyab. Torma, mepelns B paBeH-
ctBe (12.7) x npeneny npu d — 0 (d — MakcuMaJ/JbHBIA IHAMETP
Gij), IoJy4nM paBeHcTBO (12.4):

L [ staody = [ [ £ ot o) |52

g

, COOTBeTCTBy'IOHLeIL/’I p336I/IeHI/IIO obJ1acTH

dudv.
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|V | Y
(11.3)
U T
Puc. 12.18.
3aMeuaHus.

1. PaBenctBa (12.3) MOXXHO paccMaTpuBaTh Kak (hOpMYJibI, 3aaa-
foll[e 0TOOpaXkeHue 06JIaCTH g Ha TIOCKOCTH (u, v) Ha 06J1aCTh
G Ha mjiockoctH (z,y) (puc. 12.18).
O6nacte g — mnpoobpas obsactu (G, obmacte G — obpa3
obsactu g npu otobpaxenun (12.3).

2. Tpu f(x,y) = 1 us popmyasl (12.4) caenyer:

Ldedy ~ P(G) = Jg”ggzzi

— (opmyna nioiany obaactu G B KpPUBOJIUHENHBIX KOOPAHHA-
tax. [IpousBenenue drdy MOKHO HA3BaTh 9AEMEHMOM NAOULA-
ou 8 dekapmosBoLx NPAMOYeoLbHbLX KoopouHamax: ds = dxdy,
D(z,y)
D(u,v)
HbLX KOOpOuHamax.

dudv

a ds = dudv — aremenm naow,adu 8 KpuBOAUHEL-

Puc. 12.19.

D(,y)
D(u,v)
aHa — KO3((PULUHUEHT pacTsAKEeHUS MJIOLIAAU NTPU 0TOOPaKEHUHN
(12.3) (puc. 12.19).

I'eomeTpuyeckuii cMbIca sKoOUaHa

. MONYJIb IKOOHU-
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3. Ecan ycaosus | uaum Il napywatoTcs Ha MHOXKeCTBe TOYeK
MJIoLIaAM HYJb (HarmpuMmep, B KOHEUHOM YHCJle TOYeK WM KPH-
BbIX), TO (hopmyna (12.4) octaercst B cuse.

4. Ecau obsacTb g — TMpPSIMOYTOJIbHUK, @ ¢ W 1 — JIMHeHHble
GYHKIHU % U V: @ = aj1u ~+ a1ov + by, ¥ = asu + agv + by,
TO TIPOBEJIeHHbIH BBIBOA (hopmysbl (12.4) cTaHOBUTCS CTPOTHUM
(Bce mpubIHKEHHbIE PABEHCTBA CTAHOBSTCS TOUHBIMH).

ITpumepni.

1. [loraproie koopourameot.
dopmysibl, CBA3bIBAKOLIKE NeKAPTOBbI MPSIMOYTOJbHbIE KOOPAUHA-
Thl (2,y) W TOJISIPHBIE KOOPAMHATHL (7, ©):

r=rcosp, y=rsing (r>0,0<p<27) (12.8)
Y » = o (r - unus)
/ Moy ?
\ T 2T
T =10 (p - TuHA)
0 T
Puc. 12.20. Puc. 12.21.
[Tapa wuwmcen (rg,po) — TMOJsPHBIE KOOpAMHATH TOuku M)

(puc. 12.20). C npyro#t ctopoHsl, paBeHctBa (12.8) s3anmaror
0TOOpaXKeHHe 3aliTPUXOBAHHOM MOJYMOJOCH HA MJIOCKOCTH (T, )
(puc. 12.21) Ha BCIO MIOCKOCTH (T, ).

D(,y)
D(r, ¢)
flko6uan paseH Hymo Ha otpe3ke [r = 0,0 < ¢ < 2w] — MHOXKeCTBe

TOYeK MJOLIAAH HYJb, Mo3ToMy dopmyay (12.4) MOXKHO MPUMEHSITE;
ds = rdrdp — 31eMeHT MJIOLAAN B MOJSPHBIX KOOPAMHATAX.

2. Beruueants [ = J J (2* + 2y°) dady, rue

cosp —rsing
siny rcosp

-

G
G = {(:L'y) caf <t + y2 < b2} — KoJblo (puc. 12.22).
3aMeHa MepeMeHHBIX: T = rcosp, y = rsing; (r,p) € g =
={(r,p) :a<r<b, 0< ¢ <21} — npsamoyrogbHuk (puc. 12.23).



4. Bamena nepemernolx 8 080UHOM uHmMezpaLe 127

¥ @ = const

\-

QD

Puc. 12.22. Puc. 12.23.

I = J J (7’2 cos? Y+ 212 sin? gp) rdrdy =
g
b 27
B 3 1 4 cos2¢ 1—(:0ng0> _ 3T 4 4
—Jdrr J<—2 —|—2—2 d(p—4(b a).
a 0
3. [1hou,ade Kpusosuretinozo cekmopa.
|y : _
r = r(sp) r= T(QO)
G
9
¥2
Y1
T P1 w2 ¥
Puc. 12.24. Puc. 12.25.
O6nacts (G Ha MJOCKOCTH (Z,Y) — KPHUBOJHHEHHBIH CEKTOP

(puc. 12.24). Ee npoo6pas Ha maoCKOCTH (7, ) — KPUBOJHHEHHAs
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Tpanenus g (puc. 12.25).

P(G) = J J dady —

(nesaemM 3amMeHy MEPEMEHHBIX T = T COS @, Yy = rsinp)

P2 r(¢) P2 () Y2
7“2 n 1 2
=Jerrd<p:Jdcerdr:Jdg0-§ :§Jr(g0)dcp.
9 ¥1 0 1 0 ¥1

4. Ha#itu nyiowanb urypsl, orpaHU4eHHOH KPHUBOU

r(gp)/:w/cosgosingo ) ~N
x Y _ oy
. (?H—Q) = (a>0,b>0).
¥
s P(G) = J Jd:ﬁdy.
G
3ameHa NNepeMeHHbIX:
Puc. 12.26.

xr =arcosy, y=>brsiny

(0606w eHHbLE NOASPHBLE KOOPOUHAMbL).

YpaBHeHHe KPHBOH B HOBBIX KOOPAHHATax: r* = r?cospsin g,
oTkyza r = y/cospsinp (0 < ¢ < g,w <o < 377T,p1/1(:. 12.26).
Tak kak (z.9) _ abr, To
(7, ¢)
m/2  \/cospsing ™/2
P(G)=2 J dy J abrdr = ab J cos @ sin pdy = %b.
0 0 0

§ 5. Tpoiinble MHTErpaJbl

TpoiiHele (M Tak)Ke n-KpaTHble) HHTErpajbl BBOASTCS aHAJO-
TMYHO JBOWHBIM HHTerpasam. [loHATHS KyOHpyeMOCTH M oObeMa
Tesa (006JacTH) B TPeXMEPHOM MPOCTPAHCTBE BBOAATCS aHAJOTHUHO
MOHATHUIO MJOLIAAM MJOCKOW (PUTYPBI C HUCIOJb30BAHHEM MHOXKECTB
BCEBO3MOXKHBIX BIIMCAHHBIX U OMHUCAHHBIX [JIS AAHHOTO TeJia MHOTO-
TPaHHUKOB.
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[ycts B KyGupyemoii obmactu T C R 3amaHa orpaHuueHHas
byukuus u = f(x,y,z) = f(M). Pazoobem ob6sactb T Ha n KyOUpy-
eMBIX qaCTef/’I 6e3 0OIIMX BHYTPEHHHX TOYEK Y JIOOBIX ABYX dacTed:

T = U T;, B KaJ0H 4yacth 1; BO3bMeM MPOHU3BOJIbHBIM 00pa3oM

Tquy M (&,mi, (i) ¥ COCTaBUM UHMEEPANLbHYIO CYMMY

I(T;, M;) Zf &, mi, G) - V(Th),

=1

rne V(T;) — o6vem T;. [lyets d; — nuamerp T;, d = max d;.

1<i<n
Hpene.}l HHTErpaJJibHbIX CyMM IIpH d — O HasbIBaercs mpOLLHbLM
UuHnmeepaiom OT (byHKU,I/II/I f(:l;,y,z) no oodsactu 1T u ob6o3HayaeTcs
TakK:

JTJJf(x,y,z)da:dydz Wi i FDaV.

ﬂ.]lﬂ TpOfIHbIX UHTErpaJoB UMEIOT MECTO TEOPEMbI, dHAJOTHYHbIE

TeopemaM 3 — 6 [/ ABOHHBIX WHTerpaJsos. Ecau f(x,y,z) =1, To
[ [ [dxdydz = V(T) — o6bem Tena T'.
T

Pdusnueckuit npumep: ecau p(x,y, 2) — MJIOTHOCTb MaTePHaJIb-
Horo Tena T B touke (x,y,2), 10 [ [ [p(x,y,2)dedydz = m —
T

macca teqa 1.
Tpoiinble HHTerpanbl 00aaOT TAKHMHU K€ CBOMCTBAMM, KaK U
[IBOVHBIE UHTErpaJbl.

BbrunciieHue TPOMHBIX MHTETPAJIOB C MOMOIBIO TOBTOPHOIO
WHTErpupoOBaHMS

1) PaccmoTtpum ob6sacThb

T={(z,y,2): (z,y) € G, z1(x,y) < 2 < 2(z,y)},

rie G — KBaapupyemasi o06jacTb Ha MJaOCKOCTH (z,y), 2z1(x,y) u
29(x,y) — HenpepbiBHBIE B o6sacTu G gpyHkuuu (puc. 12.27). [lyctsb
B o6sactu T 3afgaHa orpaHudeHHass ¢pyHkuus u = f(x,y, z).

5 B.®. byrysos
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| 2 z = ZQ(xay)
\—/
Y y = yo(x)

1o e o S P C )

Y

! IR
G__(zy) o i
T a b

Puc. 12.27. Puc. 12.28.

Teopema 8. Ilyctb
1) cyuiectByeT TpOHHOH HHTErpaJs JJ Jf(x, y, z)dzdydz;

2) ¥Y(z,y) € G cyliecTByeT ONpeaeeHHbIH HHTerpaJ

22(50,9)
I(z,y) = j F(2.9, 2)d=.

z1(z,y)

Torma cyuiecTByeT MOBTOPHBIA HHTerpal ff](x,y)dmdy (ero 3amu-
G
z9(z,y)

CBIBAIOT B BHJE dexdy J f(x,y,2)dz) u oH paBeH TpOHHOMY

z1(z.y)
MHTErpasy:
z9(,y)
J J Jf(x, Yy, z)drdydz = J Jd:):dy J f(x,y, 2)dz.
T G z1(z,y)

Teopema 8 nmokasbiBaeTCst aHAJOTMYHO Teopeme 7.
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Cneacreue. Eciu nn1s nBoitHoro unterpana [ [ I(z,y)dzdy Bel-

G
[NOJITHEHO YCJIOBHE TEOPEMBI 7,, TO €ro MOXKHO MpeacCTaBUTb B BHIE

MOBTOPHOTO HUHTerpasa (cm. puc. 12.28):

b Yo () b yo(z)  22(zy)
J JI(:I;, y)dzdy = de J I(x,y)dy = Jd:p J dy J f(z,y, z)dz.
G a  yi(z) a yi(z) z(zy)

Takum oO6pasom, BeIYMC/IE€HHE TPOHHOIO HHTErpasda CBOLUTCS B 3TOM
cJydyae K TPeXKPaTHOMY BBIUHCJIEHUIO ONpe/esieHHbIX HHTerpaJos.
IMpumep 1. O61acTs T’ orpaHuyeHa MOBEPXHOCTAMH 12 + 32 = 2
nz=1 (puc. 12.29). Boruncaurs I = [ [ [(2* 4+ y*)dzdydz.
T

2

V4
Z9 = 1

1 '1 |
i T : 1 = \/W
| G | -

(z,y)* 1 Y

1
X
Puc. 12.29.

l

I= Ljdxdjjjy(f? +y®) dz = Ljdxdy (2% + y2)<1 —\Jz2 + y2> ,

rie G — Xpyr paguyca | c LleHTpOM B Hauaje KOOpAMHAT Ha
MJIOCKOCTH (1, Y).

B nBo#iHoM uHTerpase mo ob6sactu G mnepeineM K MOJSPHBIM
KoopauHaTaMm: x* = rcosp, y =rsing, 0 <r <1, 0 < ¢ < 27,
[Tonyuum

5*
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) 2) Ilyctb B ceueHMM Ky-

\ oupyeMon obsiact 1’ MaoCKo-
T /x>': CTbIO T = const moJy4aeTcs
kBagpupyemast qurypa G(z),
a <z <b(puc. 12.30). Ilycth
’ B oOs1acTy ' 3anaHa PyHKLUSA

fz,y.2).
Puc. 12.30. Teopema 9. IlycTsb

1) cyuiecTByeT TpOHHOH HHTErpaJs JJ Jf(:c, Yy, z)dzdydz;

T
2) Vx € [a, b] cyuiecTByeT 1BOHHON MHTErpaJ

I(z) = J J (o, y, 2)dyds.

G(x)

b

Torna cyuiectByer uHterpasi [ I(z)dz (oH HasbiBaeTCsl MOBTOPHBIM

a
b

u sanuceiBaercst B Bune [dx [ [ f(x,y,2)dydz) u BemoaHsieTcs pa-

a G(x)
BEHCTBO

b
JTJ Jf(af Yy, z)dzdydz = ajde Jf(x y, 2)dydz,

G(x)

TO €CTb TPOMHOM UHTErpaJ/ paBeH [IOBTOPHOMY.
Caencreue. Eciu f(x,y,2) = 1, To no nanHo# dopmyse mosy-

| b b
U Jdmdydz —V(T) = ajd:pJ dedz - a[P(a:)dx,

rie P(x) — niowans qurypsl G(z).
IIpumep 2. ToT XKe MHTerpaJ, 4yto B npumepe 1:

1

I= JJJ J (2% + y*) dadydz = szJ J (2% + y*) dady (puc. 12.31).

0 G(»)
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Bo BHyTpeHHeM uHTerpase Ie- ¥
peiileM K TOJIIPHBIM KOOpAUHA-
TaM: & = rcosy, Yy = rsinp,
0<r<z 0< o< 2r. Tonyuum

J J (2% + ) dady = G (2)

G(z)

Y
(G (z)—xpye paduyca z

Puc. 12.31.

1
T 4 T
I =— dz = —.
CJieoBaTeibHO 5 Jz z 0
0

3amMeHa nepeMeHHbIX B TPOMHOM HHTeErpaJie

PaccmoTpuM TPOHHOH HHTErpaJ JJJf(x,y, z)dxdydz. Tlepei-

JIeM OT TepeMeHHbX (Z,y,2) K HOBBIM TMepPeMEHHBIM (U, v, w) ¢
NOMOLIBIO (POPMY.T

r=p(u,v,w), y =Y(u,v,w), z=x(u,v,w), (u,v,w) € g. (12.9)

[TycTh BBIMOJIHEHB! YCIOBHSI:
[. Ecau touka (u,v,w) npoGeraer 06JacTb g, TO COOTBETCTBYIOLILAS
Touka (x, ¥y, 2) = (i, 1, x) npoberaet o6aacTb T', mpuueM pa3ouUHBIM
TOuKaM (u, v, w) € g COOTBETCTBYIOT pa3jiuuHble TOUKH (x,y,2) € T
(MHaue roBopsi, Kaxkaas Touka (x,y, z) U3 obsactu T COOTBETCTBYET
TOJILKO OHOU TOuKe (u,v,w) U3 00JaCTH g).
[I. ®yukuuu @, 9, Y UMeT HemnpepblBHblE YACTHbIE MPOU3BOAHbBIE
nepBlo)ro nopsiika B 00J1acTH g.
I11. % £ 0VY(u,v,w) € g.
M3 ycaoBusi 1 cienyer, uto 3amaHue Tpodku uucesa (u,v,w)
ofIHO3Ha4HO onpenesnsieT Touky M (x,y,z) = M(p, 1, x) U3 obnactu
T. TlosTomMy TpOHKy uuces (u,v,w) MOXKHO Ha3BaTb HOBBIMH (Kpu-
BOAUHELHbIMU) KOODAUHATAMH TOYKH M.

3adukcupyeM 3HaueHHe KOOPAMHATHI U, TMOJOXKHB U = Uy =
= const. I3 ypaBHenuii (12.9) nonyuum:

xr = p(ug, v,w), y = P(ug, v, w), z = x(ug, v, w).



134 I[n. 12. Kpamnoie unmeepanol

ITU ypaBHEHUS SIBJSIOTCS napamempuiecKumu YypasHeHuamu HeKo-
TOpOU nosepxxocmu B ob6nactu T (B KauecTBe MapaMeTpPOB BHICTY-
MarT nepeMeHHble v U w). EcTecTBeHHO Ha3BaTh 3Ty MOBEPXHOCTh
KOOpOUHAmMHOL no8epxHOCMmbio.

AHaNMOrMUHO, MOJIOXUB ¥ = Vg, WIH W = wWq, TOJYUYHUM IPYyTHE
KOOpAWHATHbIE MTOBEPXHOCTH.

3adukcrupyeM Tenepb 3HauUeHUS ABYX KOOPAMHAT, MOJOXKHB U =
= ug, v = vy. Y3 ypaBHenu# (12.9) nonyuyum:

x = @(ug, vo, w), y = Y (ug, vg, w), z = x(ug, vy, w).

IT0 — mnapameTpuyeckue ypaBHEHUs] HEKOTOPOH KPUBOW B 00JACTH
T (mapameTpoMm sBJsieTCs TepeMeHHass w). EcTecTBeHHO Ha3BaThb
3TY KPUBYI0 KOOpOUHAMHOL w-AuKueti. AHAJIOTHYHO OTpenessioTCs
KOOpPAMHATHBIE U-JIMHUS U U-JIHHUS.

w z
11.9)

¥, X)

v Y
u T
Puc. 12.32.

Dopmyabl (12.9) MoxHO paccmaTpuBaTh Kak omobpascerue 00-
JaCTH ¢ B TPOCTPAHCTBE MepeMeHHbIX (u,v,w) Ha obaactb T B
MPOCTPAHCTBe MepeMeHHbIX (z,y, z) (puc. 12.32).

[Iycte g u T' — 3aMKHYyTble KyOHpyeMmble 00JaCcTH, a (yHKLUS
f(x,y,z) orpanndeHa B obsactu T ¥ HempepbiBHA BCIOAY B 3TOH
00J1aCTH, 3a HUCKJIOUEeHHEeM, ObITb MOXKET, MHOXKeCTBa TO4YeK oObeMma
Hysb. Torna crnpaBenJsuBa dopmyJa:

JTJ Jf(a:, y, 2)dxdydz =

(12.10)

= J J Jf(cp(u, v, w), Y(u, v, w), x(u,v,w)) - ‘M - dudvdw.

D(u, v, w)

9

Dopmyna (12.10) naswieaemces Gopmysoli 3amervl nepemeHHbLy 8
mpotiHom uxmezpaie.
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w z

(11.9)

dw| —]
du
dv

v Yy

dVi =du- dv-dw
AV — ' D(.y.2) | v
u i D(U,U,UJ
Puc. 12.33.

Eciu f(x,y,2) =1, o u3 dopmynsl (12.10) mosyuaem Bbiparxe-
HUe oObeMa TeJjia B KPUBOJUHEHHBIX KOOPAUHATAX:

JJdedde: V(T) :JJJ D(z,y, z)

D, v, w) dudvduw.
g

dV = dxdydz — snemeHT o6beMa B NPSAMOYTOJNbHBIX KOOPAHWHA-

Tax,
D(x,y, 2 .
dV = Diz.y,z) dudvdw — snemMeHT o0beMa B KPUBOJHHEHHBIX
D(u,v,w
KoopauHatax (puc. 12.33).
Monyab sikobuaHa — KO3(p(UIMEHT pacTsKeHUsi oObema Mpu

otobpaxenuu (12.9).

3ameuanue. [loHsiTHe MHOXecTBa TOYek oObeMa HyJb B MpoO-
CTPAHCTBE BBOIHUTCS aHaJOTHYHO TOHSITHIO MHOXECTBA TOUEK IJIO-
maau HyJab Ha miaockoctd. Popmyna (12.10) ocraercs B cujie, ecu
ycnosus | uan III HapymawoTess Ha MHOXKeCTBe TOueK 0ObeMa HyJib.

IIpumepbl HanboJiee BaXKHBIX KPUBOJUHEHMHBIX KOOPAUHAT
1) Huarundpuueckue Kkoopouramet.
Tpoiika umncen (r,p,z) Ha3bBa- 2z
eTcs UULUHOpUtLecKumu Koopou-
namamu Touku M (puc. 12.34). \M(%yaz)
KoopnvHatHasi moBepxHOCTb 1 =
= const — UWJWHIpPHYECKasi TIO-
BepXHOCTb. DPOpPMYJbI, CBSI3bIBAIO-
he JIeKapTOBbl TPSMOYTOJIbHbIE r Y
KOOPIHUHATHI (T,Y, z) U LUJIUHIPHU- 2 e
yecKHre KOOPAHUHATHI:

Puc. 12.34.

r=rcosp, y=rsing, z=2z (r=0,0<p <21, —00< 2z < +00)
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D
M =7r; dV = rdrdpdz — 3neMeHT ob6bemMa B LUUAUHIpPHYE-
D(r,p,z

CKHUX KOOpOHWHAaTax.

2) Coepuueckue Koopouramot.

z M(x,y,z) Tpoilka wuucen (r,0,¢) — coe-
yd puueckue xoopouxamor TouKu M
0 (puc. 12.35). Koopnunaruas nosepx-
HOCTb T = const — cdepa. Popmy-
0 JIbl, CBSI3bIBAIOIIME JIEKAPTOBBI Mpsi-
£ , MOYTOJIbHble KOOPAMHATH (,y, z) H

X M’ cheprueckre KOOpAUHATHI:

Puc. 1235 €r = TSiDQCOSSD, y p— TSiHQSinQO, z = TCOSQ,
<T>O’O<9<7T,O<CP<27T)

D(z,y,2)
D(r,0, )
cpepryecKux KOOpAHHATaX.

Ilpumep. Haiitu o6bem Tesna 1', orpaHUYeHHOrO MOBEPXHOCTHIO:

2 2 2 2 2 2
(w + gQ + ) =2+ z—g (puc. 12.36).
a

= r2sind, dV = r?sinfdrdfdy — »snemeHT o6beMa B

B ceyeHuMM TOBEPXHOCTH
rpueas 4emeepimozo

9 njaockocteio 2z = 0 mosyya-

nopAoxa an y2
/ 0TCA  IMIC  — + 5 = 1

a b
Q u touka 0(0,0,0). B ceue-
0 i m HUK TJ0CKocThlo x = 0 modary-
yaeTcss KpuBas 4-ro mnopsiika

22y v 2 v’

T oaaune — + 5 = 1 ™ —I— — | = ok [Ipu nosopo-
Puc. 12.36 TE BOprr ocu Oz 3Ta KpuBas

neopMupyeTcss KaKUM-To obpa-
30M, OCTaBasiCb 3aMKHYTOH KPUBOH, a Touka M NBUXKETCS IO 3JJUIM-
cy. B pesynbrare nonyudaercs «0yOauK» 0e3 IBIPKH.

V:Jqﬂdxdydz.

[Tepeiinem kK 00001IeHHBIM C(hepUYECKUM KOOpAWHATaM

x = arsinf cosy,
y=brsinfsiny, (0<0< 7 0<¢<27).
z = crcosb,
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YpaBHeHHe MOBEPXHOCTH B HO-
BbIX KOOpIMHATAX:

r* = r?sin?0 .

Ono paciiagaeTcd Ha OBa YpaBHE-
HUSA:

r=0wu r=sinf.

Teno g, orpaHnyeHHOe 3TUMH Puc. 12.37.
MOBEPXHOCTAMH, H300pakKeHo Ha
puc. 12.37. : )

D(x,y,z) 9 .

W = aber® sinf.

2 T sin 0
V= D@y 2) | geavdo = | do | do | aber? sinodr =
D(r,0,¢) 4 i

sin 0

0

K 2
df = gwabcjsin4 0do = Zabe.
3 4
0



[naBa 13
KPUBOJUHEWUHBIE UHTEI'PAJIBI

§ 1. JauHa kKpuBou

[TycTb Ha MJIOCKOCTH 3aJjaHa MPSIMOYTOJIbHAsK CHCTeMa KOOPAMHAT
Ozy. Paccmorpum MHOxecTBO TodeK {M(x,y)}, KoopAHHATBI KOTO-
PBIX 3aJAI0TCS ypaBHEHHUSIMH

r=(t), y=9(t), a<t<p, (13.1)

rae o(t) u ¥(t) — HempepbIBHBlE (DYHKIMH Ha CeTMeHTe [« f3].

Ecau HekoTopasi Touka M (x,y) U3 3TOr0 MHOXKECTBa COOTBET-
CTBYeT HECKOJIbKMM 3HaueHHsiM t € [a, (], TO TaKyio TOUKY Ha30BeM
Kpammotl.

[TycTb pasiuuyHBIM 3HauUeHUAM ¢ € [, 3] COOTBETCTBYIOT pasJuy-
Hole Toukd M (x,y), To ecTb MHOXecTBO M (x,y) He CONEPXKUT
KpaTHbiX Touek. Torma muoxectBo {M (p(t),v(t))}, roe a <t < S,
HAa30BeM npocmoli NAOCKOU HezamkHymot kpusoti. [lepeMeHHYIO
t HaszoBeM MapaMeTpoM U OylneM TOBOPUTb, 4To ypasHerus (13.1)
3adarom Kpusyro napamempusecKu.

Touku A (¢p(a),¥(a)) u B(p(B),¥(5)) HaszoBeM epaHuuHbLMU
moukamu W KoHuamu Kpusoil. CaMy KPHUBYIO HA3bIBAIOT TaK¥Ke
kpusoti AB wnu dyeoii AB. Ecau touku A uw B coBmapawoT, a
OCTaJibHble TOYKH He SIBJSIIOTCS KPAaTHBIMH, TO KPHBAsi Ha3bIBAeTCS
npocmot 3amMKHYmMot Kpusoil.

Ilpumepsl.

1) © = cost, y =sint;

a) ecin 0 <t < 7, TO KpUBasi — MPoOCTasi He3aMKHYTas (MOJyoKpyX-
HOCTB);

6) ecan 0 < ¢t < 27, TO KpUBasi — mpocTasi 3aMKHYTasi (OKPY>KHOCTB);
B) eciu 0 <t < 4w, To KpuBas — He mpocTtas (Bce ee TOUKH —
nByKpaTHble, Kpome Touku (1;0), KoTopasi siBJsieTCst TPeXKPaTHOH).
2) I'paduk HempepbiBHO#H (yHKUMH y = f(z), a < © < b MOXHO
paccMaTpuBaTh KaK TMPOCTYI0 HE3aMKHYTYI0 KpPHBYIO, 3allUCaB ee
napamMeTpUyecKHe ypaBHEHHUsI B BUIE

r=t, y=f(t), a<t<b.
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Paccmotpum mpoctyro (3a-
MKHYTYI0O HJHW He3aMKHY-
TYI0) KpPUBYIO, 3alaHHYIO
ypaBHeHnusimu (13.1). Paso-
ObeM cermMeHT [ov, 5] Ha n
4yacTed TOUKaMH

a=ty <t <..<t,=0.

Kaxgomy  3HaueHuo  t;
COOTBETCTBYET TOUKA
M; (¢(t;),(t;)) Ha KpuBOH
(puc. 13.1). Bnumewm B xpu-
Byto somanytwo AM;M;...B.
Inuna Al; i-ro 3BeHa joMaHoi paBHa (puc. 13.2)

Puc. 13.1.

Al; = \/(@(ti) —(tim1))” + (W(t:) — P(tim1))”,

a nnuua [(t;) Bcell JTOMaHOU BbIpaXkaeTcsi paBeHCTBOM

l(t) =) A=) \/(‘P(ti) — (i)’ + (W(t:) — p(tio1))*.
=1 =1

(13.2)
[Tycte At = max At;, rtne At; =t; —t;_1.
1<i<n
Onpenenenne. Yucnao [ Haswbl-
BaeTCsl MpeiesoM IJWH JoMa- M; (p(t:), 9(t:))

Hoix [(t;) nmpu At — 0, ec-
au Ve > 0 40 > 0, Ttakoe, 4Tto
IJ1s1 JII0OOOro pa3OueHUs CerMeH-
ta [a, 8], y KoToporo At < 6,
BBIIIOJIHSIETCS] HEPABEHCTBO M1 (p(ti1), ¥(ti-1))

0<I—1I(t;) <e. Puc. 13.2.

Ecnu cyuiectyer iimol(ti) = [, To KpWBasi HasbiBaeTCsl cnpsamisie-
%

MOUi, a 9YUCJIo | HasbiBaeTcsl OAUHOL Kpusoll (MHOTAA TOBOPST «IJIH-
HOH IIyTH KPHUBOWM»).

Teopema 1. Ilycts npocras kKpuBas 3ajaHa NapaMeTPUYECKUMHU
YPaBHEHUSAMHU

r=), y=9(t), a<t<p,
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1 nycTb (QYHKUMH @(t) U 1(t) UMEIT HermpepbiBHbIE MPOU3BOAHbBIE
¢'(t) u ¢'(t) Ha cermente [a, B
Torma kpuBasi crpsimyisiema, ¥ ee JIJuHa [ BeIpa)kaeTcst hopmyJioH

_ J \/¢2 + (1) (13.3)

a) JlokasaTeJbCTBO «Ha  TaJjbliax»

Yy (puc. 13.3).
B /
dz = dp(t) = ¢ (t)dt,
4/ dy dy = dip(t) = /' (t)dt,
dx = \/dx? + dy —\/(,0/2 ) + (1)
g I03TOMY
Puc. 13.3.

'
= idl _ l Vo) + w2 (t) dt

0) «AKKypaTHOe» NOKa3aTeJbCTBO.
Hy»xHO nokasaTb, 4TO

_ /2 /2
ilglol —J\/gp + ' ( (13.4)

IivHa snomano# [(t;) Bbipaxaercsi dopmynoit (13.2). Tlo dopmyie
JlarpaH»ka KOHEUHbIX TPUpAIIeHUH M0JydYaeM PaBeHCTBA:

o(ti) —o(tiz1) = @' (&) A, & € [timi, i),
U(ts) — h(tiy) = V() AL, & € [timy, ti].

CJienoBaTeJibHO,

=3 e e
1=1

Beenem dyukuuio f(t) \/cp’Q + 1'%(t) . OHa HempepLIBHA H, CJle-
JI0BaTeJIbHO, UHTErpUpyeMa Ha CermMeHTe [a,ﬁ]. HurerpanbHas cym-
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Ma 3TOH (DYHKIIMH, COOTBETCTBYIOLIAs pa3bueHUI0 cermeHTa [a, [
Ha YaCTHYHblEe CerMeHTH [t;_1,t;] W BBIGOPY TOuek &; B KauecTBe
MPOMEXKYTOYHBIX TOYEK, UMEET BHUJL

I(ti,&) = Zf&,Atz—ZW?& + 92 (E) At

[To onpeneneHuto onpeneseHHOro HHTerpasa

lim I(t;,&) :J\/gpﬂ +2(8) (13.5)

B cuny (13.5) nns o6ocHoBaHus paBeHcTBa (13.4) mocraToyHo no-

Ka3aTb, 4TO

lim (l(tl) — I(ti, fz)) =0

At—0
[nsi 3TOoro HaMm TMOHALOOWUTCS BCIIOMOraTe/bHOE aJjredpanyeckoe
HEPaBEHCTBO

‘\/a2+b2 V@t < (13.6)

[eomeTpuyeckoe noKasaTesb-
CTBO CIPAaBEIJUBOCTH 3TOrO Yy
HepaBeHCTBA TPEACTaBJEHO Ha b
puc. 13.4: corsacHo HepaBeH- |ph — ¢
CTB i | ’ \/ a? + b2
Yy TPEYroJibHHKA BHIMIOJIHE .
Ho HepaBeHcTBo (13.6). MHe-
noJib3ysi HepaBeHCTBO (13.6), a
Va2 + 2
TaKxKe BblpaxkeHUs mis [(t;) u

I(t;, &), nonyyaem: O a T

1(t;) — I(t;,&)| = Puc. 13.4.

(V 2(E) +U(E) — e (E) + () ) At,
i=1

le (&)l - Ati.
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3amanum Terephb mpousBojbHOe € > 0. Tak kak dyHkuus ¢ (t) mo
YCJIOBHIO HelpepbiBHA Ha cermeHTe [«, 3], To 36 > 0, Takoe, 4TO NpH
At; < 0 6yneT BBHITOJHEHO HEPABEHCTBO

()~ (€)] < 7

«

CanenoBaresbHo, npu At; <9, 1= 1,2,...,n (to ectb pu At < §),
BBITIOJIHSIETCST HEPABEHCTBO

(L) = I(Li, &)

E At; = ¢,
a 3TO U 03HAYaeT, YTO

li N I(t &)) =

Aim (U(t;) = I(t:,&)) =0

Teopema 1 nokaszana.

Caenctus.
1. Bosbmem Ha kpuBo#t AB npousBoJib-
B(t=p) #Hywo touky Cle(y),¥(7)), 7 € [a, b]
(puc. 13.5). Has naun xpussix AC, CB
Ot = ) U AB cripaBel/iMBbl paBeHCTBa

Ar=a) e = [\ + @ a

Puc. 13.5.

; g
- J \/ PP () + 7 (t) dt, 1, = J ¢ P2 (1) + ¢ (t) dt

g
v BB
Tak kak J—FJ = J 10 l, +lop = 1,;. DTO CBOHCTBO Ha3bIBaeTCH

(67 [0
adaumueﬁocrzzbfo OAUHbL KPUBOL.
2. Ilycth KpuBasi 3amaHa B IMPSIMOYTOJIbHOH CHCTEME KOODAMHAT
ypaBHenuem y = f(x), a < x < b, npuueM ¢yHkuus f(xr) uMeer
Ha cermente [a,b] HenpepwiBHYIO mpoussoaHyio f'(xz). Tlepefinem K
napaMeTpUUECKUM YpaBHEHHSIM KPHBOH:

r=t, y=f(t), a<t<b.
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[To dopmysne (13.3), B KOTOpO# HYKHO MOJOKUTHL (t) =t, ¥(t) =
= f(t), monyyaem:

b b
Z:J\/l +f’2(t)dt:J\/l + () d.

3. IlycTb KpuBasi 3ajaHa B MOJISIPHBIX KOOPAMHATAX ypaBHEHHEM
r=r(p), v1 < @ < o (puc. 13.6), npuuem dyHxuus r(p) UMeer

Ha cermMeHTe [¢|, po| HempepbiBHYIO MpousBoanyio 1’ (). [epexons K
NIEKapTOBBIM KOOpAHHATAM, MOJYYUM YpaBHEHHsI KPUBOU B Mapamer-
puuecko# Qopme (¢ — mapamerp):
z=r(p)cosp, y=r(p)sing, 1 <@ <@
Tak kak
() =1'(p) cos o — (i) sinp,
Y () =1'(¢) sing + r(p) cos g,
10, npuMensis popmyay (13.3), nonydaem S
o)) %‘ Y1
l=J\/x’2(<ﬁ)+y’2(<ﬁ)d<ﬁ= O

¥1 Puc. 13.6.
¥2

= J V@) + 2 (e) de.

®1

4. Ecaiu KpuBasi 3ajaHa B IOJSAPHBIX KOOPAHHATAX ypaBHEHHEM
©=p(r), r1 <r<re, TO

T2
| = J \/1 + r2¢%(r) dr
T

(BeIBeIUTE 3Ty (hOPMYJy CaAMOCTOSITENBHO).

IIpumepsl.

1) x = Rcost, y = Rsint, 0 <t < 27 (okpyxHOCTb paguyca R ¢
[IEeHTPOM B HauaJie KOOPJAHHAT).

27 27
[ = J \/(—Rsint)Q + (Rcost)?dt = R J dt = 27 R.
0 0
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2) r=R=const > 0,0 < ¢ <27 (Ta Ke OKPY>KHOCTb, HO 3aJJaHHaS
ypaBHEHUEM B MOJSIPHBIX KoopauHatax: 1 = 1(p) = R).

27 27
l:J\/TQ(go)+r’2 dcp—J\/RQ O0dyp = RJdgo—QwR
0

3) y=22, 0< 2 <1 (vactn napaboJibl).

1 1
1 1 1
_ 2 Jp — I 24 - =
Z—J 1 + (27) daz—[x\/x +4+4ln<x—l—\/x +4)]o
0

:%§+im(2+ﬁﬂ.

3aMeyaHHe O TPOCTPAaHCTBEHHOH KPHBOH.

[Ipocrast mpocTpaHCTBeHHAsi KpHBasi ONpefiesisieTcss Kak MHOXKe-
ctBo Touek {M(x,y,2) 1z = p(t), y =¢(t), z=x(t), a <t < S},
rae o(t), ¥(t) u x(t) — HempepbiBHble (DYHKLHU Ha cermMeHTe [a, f3],
npuyeM MHOXecTBO {M (z,y, 2)} He CONEPKUT KPaTHBIX TOUEK.

[ToHsiTHe NJMHBI KDUBOH BBOMUTCS TAKUM 2Ke 00pa3oM, Kak U s
MJIOCKOU KPUBOM, U IJHMHA KPUBOU BbIpaxKaeTcs (GopMyJiou

:J¢¢2 + () + X7 (t) dt.

Ilpumep. r = Rcost, y = Rsint, z = ht — BuHTOBasA JuHus. [lycTb
0 <t <27 (oguH BUTOK), TOTrzAa

2
[ = J VRZ+ h2dt =27/ R?2 + h?.

0

§ 2. KpuBogvHellHble UHTErpaabl EPBOro poaa

[Iycts L — mpocras cnpsmJjsieMasi KpUBasi Ha MJAOCKOCTH, 3a/laH-
Hasl mapaMeTpUYeCcKH:
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A= My Puc. 13.7.

(to ecTb (t) 1 1(t) — HempepbIBHbIE (PYHKIUU Ha cerMeHTe [, (], U
pasJMYHBIM 3HAUYEHHsIM ¢ U3 cerMeHTa |cv, 3] COOTBETCTBYIOT pas/ny-

uete Touku M (po(t),(t)); ecnn A (p(a),¥(a)) = B (o(B),%(8)),

TO KpuBasi — 3aMKHyTas.) [lycTb Ha KpuBoO# L 3agaHa orpaHHueHHasI
ynkuus z = f(x,y). PasoObeM cermeHT |, 5] Ha n yacTeil TouKaMu
a=1y <t <..<t,=p. Ilpu atom kpuBasi L pazoObeTcss Ha N
yacte#t Toukamu A = My, My, ..., M,, = B (puc. 13.7). Touxka M;
MMeeT KOOPIHUHATHI (gp(ti),w( i)). O6o3Hauum uepe3 Al; mjauHy ua-

ctu M; | M; xpuBo# u nmojoxkuM Al = max Al;. Beibepem Ha Kax-
1<i<n

nout nyre M;_1M; kakyo-Hubynb Touky K;(&;,n;) (em. puc. 13.7) u
COCTaBMM HHTErpajibHyI0 CYMMY

I(M;, K;) Zﬁ&%

[Ipenen unrterpanbubix cymm I (M;, K;) npu Al — 0 (ecau oH cy-
ILIECTBYET) Ha3blBAETCS KPUBOAUHELIHOIM UHMeePALOM Nep8oeo pooa
oT pyHkuuu f(x,y) mo KpuBod L u 0603HAUaeTCs Tak:

J fay)dl J F(ay)dl.

L AB

W3 atoro omnpefnesieHus ciaenyer, 4to Jf(x y)dl He 3aBUCHT OT TOTO,

L
B KaKOM HaIlpaBJIEHHH HpO6€FaeTCH KpHuBagd L, TO €CTb

mewmzjfwwﬂ

AB BA

Ecau f(z,y) =1, to Jdl = | — nJvHa KpuBOH L.

L
dusznuecknit npumep: eciu p(x,y) — JuHeHHAas MJOTHOCTb B

Touke (x,%y) MaTepuaJbHOH KpUBOH L, To m = Jp(m,y)dl — Macca

. L
KpuBOH L.
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BblunicieHue KPUBOJMHEHNHBIX MHTErpPajoB MepBOro poaa ¢
MOMOIIbIO OTpeAeJeHHbIX HHTErPaJjoB.
Teopema 2. Ilyctb
1) mpocras KpuBasi L 3agaHa napamMeTpUyecKyd ypaBHEHUSIMH

r=p(t), y=1v(t), a<t<p,

1 nycTb QyHKUUH (1) u ¢( ) MMEIOT Ha CerMeHTe [, 3] HempephiB-
Hble TIPOHU3BOJHbBIE go’(t) Y'(t), OIHOBPEMEHHO He paBHble HYJIO,
10 ectb /7 (t) +¢/*(t) # 0 (B TakoM cayuae Kpubas L HasbiBaeTcst

ena0Koll);
2) ¢yukuus f(x,y) HempepblBHA BAOJIb KPHUBOH L.

Torna KpuBOMMHEHHBIH HWHTeTpas Jf(x,y)dl CYILleCTBYeT, W CIpa-

L
BE€OJHUBO PaBEHCTBO

SN2+ (13.7)

JlokazatenbcTBo. PasobbeM cer-
MeHT |a, ] Ha n YaCTHUYHBIX Cer-
MEHTOB TOYKaMH « = tg < 1] <
< ... <ty = p. llpu aTom KpuBas
L pazobbeTrcsi Ha n yacTell Touyka-
mMu A = My, My, ..., M, = B, rne
M; = (o(ti), ¥ (t;)) (puc. 13.8).
BBenem o603HaueHud:

_ At; =t; —t;_1, At = max At;,

A=Mo 138 . I<i<n

t;
Al; = J \/gp’Q(t) +)'?(t) dt — nJMHA i-0H YaCTH KPHBO,

ti
Al = maix Al;.

I<i<n
Otmetum, uto Al — 0 npu At — 0 (3T0 04eBHUAHO), U 0OpaTHO,
At — 0 mpu Al — 0 (310 caenyeT U3 TOro, UTO

\/90 (t) + 9" () mm\/tp’2 +42(t) =m >0,
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u mnoatomy Al; = m - At;; caeno-
Al; b AL < Al)
m
Ha «xaxnoir nayre M;_1M; BO3b-
MeM TPOU3BOJbHBIM 00pa3oM TOUYKY
Ki (¢(7:),¥(7)) (puc. 13.9) u cocra- M1 (o(tiz1),¥(ti-1))
BUM UHTErPaJbHYI CyMMY Puc. 13.9

M; (p(ti), (L))
Ki (o(mi),¢¥(7i))

tic1 <7 < U

BaTesbHO, Atf; <

=, J Y(Ti)) \/30’2 WQ

Tpebyercst nokasate, uto lim I (M;, K;) npu Al — 0 (usu, 4T0 TO 2Ke
camoe, pu At — 0) CylLIecTBYeT ¥ paBeH ONpeaeJeHHOMY HHTerpasy

B
1= [ £ (o v0) Vo0 + v (0 d

(07

[IpencraBum unterpan I B BUfE

1=Y | £l ot + v

=17,

U PAaCCMOTPUM Pa3HOCTb

(M, K;)— 1=
t.

= J Lf ((r), (7i)) — \/¢/2 () dt(13-9)

=147,

Ham HyXHO n0KasaTb, 4TO Alimo (I (M;,K;)—1I) =0, to ecTb
t—
Ve >0 30 > 0, takoe, 4to mJs a060ro pasbueHus cermenra |«, [,

y kKotoporo At < §, u mwb6oro BeiGopa Touek K; BBHIOJHSETCS
HepaBeHCTBO
’I(MZ,KZ) — I| < E.

dyukuns f(p(t),1(t)) HenpepblBHA Ha cermeHTe |o, 5] W, ciemno-
BaTesJbHO, PAaBHOMEPHO HeMpepbiBHA Ha 3TOM cermeHTe. [losTomy
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Ve >0 36 > 0, Ttakoe, uto ecan At < §, 10 V1, u t € [t;_1, t;]
BLIIIOJIHAETCS HEPABEHCTBO

[ (p(mi), (7)) = £ ((t), d(B))] < 7,

g
rae | = J\/@’Q +'3(t) dt — nnuna xpusoit L. Vs (13.8) noay-

yaem, qTo ecau At < 9, 0

(M, ;) — 1) < ZZ J o)+ (1) de =

1= lt

WUrak, ecmu At < 6, 1o |[(M;, K;) —I| < €, uto u TpeboOBasoCh
JI0Ka3aTh.
3amMeyaHus.

1. Boipaxenue dl = \/gp’Q w’Q( t) dt mpencraBisieT co60l IU}-

depenuman GyHkuuu [(t J\/Q@’Q +1'%(s) ds, koTopas Hasbi-

BAeTCsl nepemerHotl 0yaotl H MpU KaxaoM t € |«, ] paBHa HJnHe

kpusoit AM, rie A(p()), (), M(p(t)), ¥(t)).

Ecnu kpusas L 3anmana ypaBHenueMm y = y(z), a <b (B
JIEKapTOBBIX KOOPAMHATAX), MpHUyeM (HDYHKUHUS y(x) UMeeT HereprB
Hyt0 npousBoaHyw y'(r) Ha cermente [a, b], TO

dl = /1 +y?(x) dx,
b

Jf(w, y)dl = jf(:z;, N1+ 2 (@) d.

L a
Ecau kpuBasi L 3amaHa B MOJSPHBIX KOOpPAHUHATaX ypaBHEHHEM
r=r(p), ¢1 < < pg, npuueM GYHKUHUS () HMEET HEMPEPBIBHY O

npousBoaHyio 1’ (), To dl = \/7“2(@) +1'2(¢) dy u
Y2

[ Haaar = | £ (roreos e.re)sing) \/r2(e) + 120 do

L ©1
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2. HenpepriBHasi KpuBas, cocTosillasi U3 KOHeu- I
HOTO YHCJa TJaJKUX KPUBbIX, HA3bIBAETCH KY-
courno enradkoti (puc. 13.10). Ecau kpuBas L —

KYCOUHO riankas, a gyukuus f(z,y) — Kycou- Puc. 13.10

HO HemnpepblBHAs BAOJb KpUBOH L, TO opmy.a o
(13.7) ocraercs B cuue.

3. KprBo/siMHeliHble HHTerpaJjbl MepPBOro poiaa 06/ManalnT TaKUMHU XKe
CBOHCTBaMH, KaK U ONpefiejieHHble MHTerpasbl (NHHEHHOCTb, aalu-
TUBHOCTD, OLIEHKA 110 MOMYJI0, (POpMyJa cpelHero 3HaUeHwUs ).

4. KpuBo/sMHelHble HHTerpasbl IepBOro poia B NPOCTPAHCTBE BBO-
ASITCS aHAJIOTUUHO TOMY, KaK 3TO CAeJNaHO Ha MJI0CKOoCTH. Ecan

L={(z,y,z):x=0(t), y=9), z=x(t), a<t<p}—

KYCO4YHO TJyiagKasl KpHuBad B IIPOCTPAHCTBE, TO

g
Jf(a:, y, z)dl = Jf (p(t), 9 \/cp’Q +2(t) + x'2(t) dt.
L o
IIpumepsl.

1. Beluncanutbs HHTerpan del, roe kpuBas L 3agaHa ypaBHEHHEM
L

y:x2,0<x<1.

|

del:Jm\/lJrélde:E:

L 0

51
13 (1 +4:z:2)§

:ﬁ(m_l).

0

2. BpruucauTe nHTErpasn nydl, rne L. — nyra
L

Y
2 P b
9JI.HI/IHC21—-|—b—:1 x>0,y >0 (puc. 13.11). \
SannmeMaypaBHeHHH Ls napaMeTqueCKOM BU-
ne: r =acost, y = bsint, O<t<— Torna 0 @z
Puc. 13.11.

abcost smt\/a2 sin?t + b2 cos2 t dt =

o_,wm

J xydl =

L
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5
2, 12 12 2
_ab sin2t\/a HO L sordr —
2 2
0

ab(a® — b3)

= ([IpOBE€AUTE BBIUHCJIEHHUA) — .
(p ) 3 1)

§ 3. KpuBosnHeiiHble UHTErpaJbl BTOPOro poaa

[ycts L: = p(t), y =9(t), a <t < P — npocrasi He3aMKHY-
Tasi CripsiMJisiemMast KpUBasi, Ha KOTOpOH 3ajaHbl aBe GyHkuuu: Pz, y)

uQ(z,y).

Pazo6bem cerment [a, ] Ha

N YaCTUYHBIX CErMEeHTOB TOUKa-
MU a = tg < 1 < ... < tp =
= (. KpuBas L pasobbercsi mpu
5TOM Ha N YacTed TOUYKaAMHU
A = MO,Ml,---,Mn = B B Ha-
npaBienud ot A k B (puc.
13.12). O6o3HauuM KOOPAMHATHI
tToukn M; wuepes (x;,y;), rHe
Puc. 13.19. x; = @(ti), yi = ¥(t;), ¥ NOJOKHUM
Ax; =z — @i, Ay = Yi — Yi—1,

Al; — nnuHa yactd M; | M; xpuBol, Al = 1maX Al;. Ha gaxnoi
<i<n

nyre M;_M; Bo3bMeM MpOH3BOJBHBIM 06pasoM Touky K;(&;,m;) #
COCTaBUM [IB€ UHME2PALbHbLE CYMMbL CJAEAYIOLUIEr0 BUAA:

Iy (M;, K;) = ZP(&,U@')A% Iy (M;, K;) = ZQ(&,U@')A%-
=1

1=1

Ecau cymiectsyer Al}mo I (M;, K;) = I, (k=1,2), To o1 Ha3biBa-
_)

eTCsl KPUBOAUHELHbIM UHMEe2PaLoM 8MmOopoco poda W 0003HAUaeTCs
TaK:

h:JP@wM,b:Jwaw
AB AB

Cymma I =11 + Iy = J P(z,y)dx + Q(x, y)dy HasbiBaeTcs ob6ujum

AB
KPUBOAUHELHbIM UHMeSpALOM 8MOpPo20 poda.



3. Kpusoaunetinole unmeepaiv. 8mopo2o pooa 151

3 onpenenenus cjenyer, 4To KpU- y
BOJINHEHWHBIH HWHTErpaj BTOPOTO PO-
Ja 3aBUCHUT OT TOrO, B KaKOM Ha-
npaBJeHHH Tnpoberaercss kKpusas L, B
TO €CTb OT TOro, Kakas M3 Touek A d . .
u B cuntaercs HauambHOH, a Kakas | A dl = dzi + dyj
KOHeuHoU. Ecau pBuratbcd ot B K -
A, to Bce Ax; u Ay; B HHTerpaJb- )

HBIX CYMMaX H3MeHSIT 3HaK H, CJe- Puc. 13.13.
JI0BaTeJIbHO, MHTErpaJsibl TaKxkKe H3-

MEHSIT 3HaK, TO eCTh

AL Pdz = — J Pdz, J Qdy = —BL Qdy.

BA AB

F=Pi+Qj

X

®Pusnuyeckud npumep. [lyctb wMaTepuanbHass TOUKa JBUXKET-
ci no KpuBoH AB wu3 Touku A B TOuky B mnop [nedcTBH-

—

em cunel F(z,y) = P(x,y)i + Q(z,y)j (puc. 13.13). Torna
(F’cil) = Pdx + Qdy — pabora cu/bl NpU MepeMelleHHHd TOYKH

Ha BEKTOp dl —dr-i+dy-j, a J (ﬁcfl) = J Pdx + Qdy —
AB AB

paboma cuavl npu nepemewjeHul mouky no kpusoii AB u3 mouxu

A 8 mouky B.

Bbrunciienne KPUBOJIMHENHBIX WHTErPajoB BTOPOro poga C mo-

MOIIbIO OMpPENEIEHHbIX NWHTErPAJIOB.

Teopema 3. Ilyctb

1) rnankasi HesaMKHYyTasi KpuBasi AB 3anana ypaBHeHUsIMH = = @(t),

y=1(t), a <t < B

2) dyukuuu P(z,y) u Q(x,y) HenpepbiBHbI BAOJIb KPHBOH AB.

Torma KpuBOJIMHEHHBIE WHTErpajbl BTOPOro poaa OT (QyHKIMH

P(z,y) u Q(x,y) CyLeCTBYIOT, U CIpaBeIJHBbl PaBEeHCTBA

. o
P(z,y)dx = | P(p(t),(t)) ¢ (t)dt,
AB . (13.9)
Q(z,y)dy = | Q (p(t),¥(t)) ¥ (t)dt.

QL

J

AB
JlokazaTesbCTBO TeopeMbl 3 aHAJOTUYHO J[0Ka3aTeJbCTBY Teope-
MBI 2.




152 I[n. 13. Kpusoauneiinole urnmeepaiol

3aMeyaHus.

1. Ecnu rnankass kpuBasi AB 3amgaHa B JeKapTOBBIX KOOPAHHATaX
ypasrenuem y = y(z), a <z < b, A = (a,y(a)), B = (b,y(b))
(cmoBo «riagkas» o3HauaeT, 4to (yHKuMS y(x) umeer Ha |[a, Db
HempepbIBHYI0 MPoUsBoAHy0 4 (1)), TO

b
| P.ye+ Qs = | (Pl y(e) + Q. y(a)y' (@) da
AB a

(13.10)
2. Ecnmu L — 3amkHyTas KpuBas (3aMKHYTHIH KOHTYp), TO €CTb
TOYKH A W B coBmajaioT, TO KPUBOJHWHEHHBIH WHTErpas BTOPOTO
pola 1o KpuBOH L BBONWTCS TaK »Ke, KaK U JJs HE3aMKHYTOH KpH-
BOM, HO TOJIbKO Tenepb B 0603HaueHuu | Pdz + (Qdy He oTpakeHo,

AB

B KaKOM HarpaBJjeHUU mpoberaetcss Kpusas. JloroBopuMcsi CUUTATh
NOAOHUMENbHbIM TO HallpaBJaeHHe 00X0/a 3aMKHYTOT'0 KOHTYpa, MpH
KOTOpPOM 00J/1acTh, Jexallas BHYTPU KOHTYpa, OCTaeTCs CcJjeBa 110
OTHOIIEHHIO K JBYXKYILIEHCS 10 KOHTYpy Touke (puc. 13.14). Un-
Terpas 1o 3aMKHYTOMY KOHTYPYy L B MOJIOXKHTEJbHOM HarpaBjeHUH
0003HauaeTcs Tak:

#Pdw—#@dy.
L
3. KpuBosinHeliHble HMHTerpajibli BTOPOTO poja B
R — POCTPAHCTBE BBOAATCS aHAJOTMYHO WHTErpajam

Ha mockoctH. Ecaiu kpuBasi AB 3anaHa ypaBHe-
HUsIMH © = @(t), y = ¥(t), z = x(t), a <t < [,

TO
I
Puc. 13.14. I = J P(z,y,z)dx+ Q(z,y, z)dy + R(z,y, 2)dz =
AB
8

_ J[P(90,¢,X)g0’(t) + Q. 1, )W (8) + R, 1, X)X (8)] dt.

(0%

Murterpan I 3anucbiBaeTcs Tak»ke B BUE:

= J (ﬁcﬁ)
AB
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me F=P-i+Q-j+R-k,dl=dz-i+dy-j+dz-k, <ﬁcﬁ> —
CKaJIsIPHOE MPOH3BeleHHe BEKTOPOB F u dl, u nasbiaetcs UUPKYAS-
yueil BeKTOpHOTO moJisi F' Bnosib kpuBod AB.

Ilpumepsl.
1
1. Beluucantb uHTerpaJ —5 ii;ydx — xdy, rone L — »sanumnc
L
2P
— + = = 1. Ilepefinem K napameTpuuecKUM ypaBHEHUSIM 3SJJIMIICA:

a’ b?
xr=acost, y=>bsint, 0<t<2m,

¥ BocroJsibayemesi hopmyaamu (13.9):

27
—é %yda: — xdy = —% J [bsint(—asint) —acost(bcost)] dt =
L 0

2w
_ %ab J dt = rab = Ssy
0

(mmomanb (QUTYpPBI, OTPaHUUYEHHOH 3JI-
JIUTICOM). Yy

B caenytwouiem naparpade OyneT Bbl- L
BeleHa (opmyna ['puHa, n3 KoTOpoH, B
YaCTHOCTH, CJeLyeT, YTO eCJIM MJIOCKas
¢urypa GG orpaHuueHa KyCOYHO TJIaJKUM
KoHTypoMm L (puc. 13.15), To

S(G) = %%xdy—ydaz. O v
Puc. 13.15.

2. Bpiuucautb wunHterpan I = Jmedeerdy o TpeM KpHu-

A
BbIM, coenuHsitomium Touku A(0,0) u B(1,1) U uzobpaxkeHHbIM Ha
puc. 13.16. Bocrosnbsyemcsi hopmyaoit (13.10).
1 1

1
1) y=x; I :JQm-xdx+:v2dx:J3m2dx: :1:3‘0 = 1;
0 0
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1 1

1
JQx-dem—l-:CQ-Qxdx = J4x3da: = :134’0 = 1;
0 0

2)y=a% I

1 1
3) nomanas ACB; I3 = JQm - 0dz + J 12 dy = 1.
0 0
Takum obpasowm, I} = Iy = Is.
(] B(1;1) IT1o He cayydaiiHo! MoXHO 10Ka3aTh, UTO
3HaueHHe HHTerpana I He 3aBUCUT OT
KPUBOH, coenuHsomed Touku A u B.
Kak 3To moKazaTb M B KakKHUX Caydasix
UHTEerpa/j He 3aBUCUT OT MyTH UHTErpHU-
) poBaHUsI — 00 3TOM MOUAET peub B §O.
y=x CB43b MexXay KpI/IBOJmHef/’IHbIMI/I
_ . X ~ UHTerpaJjamMu MepBOro M BTOPOTro po-
A(0;0) C(1;0) aa. H}II)CTb maﬂKe?ﬂ KpHBast Ag 3a11£1)Ha
Puc. 13.16. B 1€KapTOBbIX KOOPAMHATaX YpaBHEHHEM
y=vy(z), a <z <b O603HaUMM yepes
a(r) yronm Mexay HampaBJeHHOH KacaTesJbHOH K KPUBOH B TOUKE
M (z,y(x)) u ocbto Ox. Hanpap/eHue KacaTe/bHOH BbiGepeM B CO-
OTBETCTBHH C HalpaBJieHHWeM JBHKeHHs Mo KpuBoH (puc. 13.17):
MpH ABUXKeHUHU 0T A K B:

s ™ / .
-5 <a<g, tga=1y'(x), cosa= , sina = ————

Mpu ABUXKeHUHU oT B K A:

s 3T /
—<a< —, tea = xT),
5 5 3 BO=Y ()
cosaq = — ,
I +y?(x)
/
sina = — y(z) .
, I +y*(x)
€T
PaccmoTpuM 1Ba KPHUBOJNMHEHHBIX HHTE-

KPUBOJIMHEHHBI HHTerpaJs BTOPOro poja
b

J Pla,y)dz = JP(:C, y(z))dz

AB a
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U KPUBOJIMHEHHDBIM UHTErpaJl epBoro poaa

P(x,y) cosadl =

b b
- j p(:p,y(x))m 1 +y2de = JP<x,y<x>>dx.

M3 HanucaHHBIX PaBEHCTB CJIEAYET, UTO

J P(z,y)dz = J P(x,y) cos adl.
AB AB

AB

AnaJsioruyto [IOJIy4aeTCsl PaBeHCTBO

J Q(z,y)dy = J Q(x,y) sin adl.
AB AB

Takum obpazowm,

J P(x,y)dx + Q(z,y)dy = J (P(z,y)cosa+ Q(x,y) sina) dl
AB AB

— opmyna, cBsi3biBaOlIash KPUBOJUHEHHbIE HHTETPaJbl IEPBOTO H
BTOPOT0 poja.

Ecaiu  BBectu  Bektopn  F(x,y) = {P(z,y),Q(x,y)} mu
7 = {cosq, sin a} — eIMHUUYHBIA BEKTOpP HAMpPaBJEHHOH KacaTeJbHOH
K KPUBOH, TO TOJYYEHHYIO (DOPMYJTY MOXKHO 3aMHCaTh TaK:

J P(z,y)dx 4+ Q(z,y)dy = J <ﬁ : F) dl.
AB AB

Ananoruunbsle (HOPMYJIbl UMEIOT MECTO /I KPUBOJHHEHHBIX HHTe-
rpaJioB IO MPOCTPAHCTBEHHOH KpUBOH AB:

Pdx + Qdy + Rdz =
AB

J (Pcosa+ Qcosf+ Rcosvy)dl = J (ﬁ%’) dl,
AB AB

rne ' ={P,Q, R}, T = {cosa,cos3,cosy} — eIUHUUHBII BEKTOP
HalpaBJ/IeHHOW KacaTeJbHOU K KPUBOH.
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§ 4. Popmyaa I'puna

[yets y = y1(z) 1 y = yo(x) (@ < & < b) — ypaBHeHHs ABYX Ky-
COYHO IVIaJIKMX KPHUBBIX B €KapTOBLIX KoOpAHHaTax, yi(z) < yo(x).
Oo6nactb

G ={(z,y):a<z<b yi(z) <y <y(r)}

Ha30BeM «y-TpaneuneBunHoM» (puc. 13.18). Ananoruuno onpenesns-
eTcd «T-TpaneureBUHas» 00J1aCTh.
3aMKHyTyl0 o6Jsactb (G Ha30BeM

Yy y=y,(x) npocmoti, ecau ee MOXHO pa3OUTh Kak
Ha KOHEYHOe YMCJO0 «T-TpaneluueBuI-

G HBIX» 00JlacTel, TaK U Ha KOHEeUYHOe YHUC-

JIO «y-TpareuneBUAHBIX» obsacTel (6e3

| U=yi(x) | OOLIMX BHYTPEHHUX TOYEK Y JIIOOBIX
a L 1  JAByX obnactel).

Ilpumepbl npocThIX obOJacTel: MpsiMO-
YTOJMIbHUK, KPYyT, KoJblo (puc. 13.19).

Puc. 13.18.

Yy Y

T xr

Puc. 13.19.

['panuny obsactu G 0603HauuM OyKBOH

L. OHa M0XKeT CcOCTOSITb U3 KOHEUHOT'o 4HcJa

L 3aMKHYTBIX KOHTYpoB (puc. 13.20). Kak 6bis0

\ OrOBOpPEHO paHee, HampaBJeHHe 00Xoda KOH-

Typa CUUTAETCSl NOAOHCUMENbHbIM, €CNU TIPU

3TOoM 00x0me obsacTb (G ocTaeTcst cJjeBa OT
IBUXKYILEHCS 10 KOHTYPY TOUKH.

Teopema 4. Ilyctb HKuuu P U
Puc. 13.20. p yeTb  (QyHKL (g’?@c 5
Q)(x,y) ¥ UX 4aCTHble MPOU3BOIHBIE 8—
Yy
0Q(z,y) N )
M ——~—72 HempepblBHBI B MPOCTOH oOsactd (G ¢ KyCOUHO-TJIaAKOH

ox
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rpanuueit L. Torna

“(%‘%) dfﬂdy:ﬁd“@dy (13.11)
L

G

rIe WHTerpaJs o rpaHuue L OepeTcs B MOJIOXKUTEJbHOM HampasJe-
HUH.

Dopmyna (13.11) nasviBaetcs gopmyroil [puna.

JlokasatenbcTBO. PaccmoTpum cHavana caydad, kKorma G —
«y-TpanenueBunHasg» obsacte (puc. 13.21) u moxkaxkem, 4To

Yy Y= y2($) C
JJa_Pda;dy:—J;de. 13.12) |D
oy G B
A! U=y1(z) |
CBoasi NBOHHOM HMHTerpas K MOBTOPHO- a b =
MYy, MoJiydyaeM: Puc. 13.21.
5 b Y2 () p
P P
|| G ey = |ao | iy =
a  y(z)
= Jdm - P(z,y) = JP(J;, yo(x))dr — JP(ac, y1(x))dz, (13.13)
a yi(z) @ a

OnpeneneHHble HHTerpasbl B npaBod yactu (13.13) Beipasum uepes
KPUBOJIMHEHHble HHTErPaJibl COOTBETCTBEHHO 0 KpuBbiM C'D u AB:

b
ajp(x, yo(2))da: = DJC Pla, y)dz = —CL Pla,y)da,

b
a[P(a:, o (2))dz: = JB Pla,y)da.
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Mcnosb3yss  mosyueHHble — paBeHCTBA, a  TakXke  paBeHCTBa
J P(z,y)dx =0 u J P(x,y)dx = 0, 3anuuewm (13.12) B BULE:
BC DA

oP
J Ja—y(l’ y)dzdy =
G

= — J Pdx — J Pdx — Jde— J de:—{;de.
CD DA AB BC

Tem cambiM, cripaBennBoCcTh paBeHcTBa (13.12) mokasaHa aJis
«Y-TpaneureBUIHON» 00JaCTH.

[Tycte Tenmepp G — mpoctasi 06-
Ly JacTb. Pa3obbem ee Ha KOHe4yHOe
/ Gy Gy \\L2 YUCJIO «Y-TPaTelHeBUIHBIX» %6.]121-
—_— —_— creit Gi, (1=1,2,..,n): G=J G;
e — i=1
\ G Gn// (puc. 13.22). Hanumem pas Kax-
L; L, no#t obmnactu GG; paBeHctBo (13.12):
Puc. 13.22.
oP
J Ja—yda:dy = — # Pdzx.
i L;

CyMMHpysl 3TH paBeHCTBaA 10 ¢ OT 1 10 m, MONYUYUM B JIeBOH 4acCTH

P .
UHTerpasn Jjﬁ—ydwdy’ a B MPaBOM 4aCTH — HWHTerpaJ —#Pd:p, TaK
o . L
KaK KPUBOJIMHEUHBIH HHTerpasj MO KaXJI0¥ BHYTPeHHEH pa3jiesiu-
TeJIbHOW JIMHUU OepeTcs NBaxKbl, MIPUUEM B MPOTHUBOINOJIOKHBIX Ha-
NpaBJeHUsSX, U IOTOMY CyMMa TaKMX UHTerpaJoB paBHa HyJw. Hrak,
IJ1s1 KaXKJI0W MpOCTOH 06J1acTH CripaBefinBo paBeHCTBO (13.12).
AHaOrMuyHO MOXKHO J10Ka3aTh, HUCIOJb3ysl pa3dueHus G Ha «x-
TpanelydeBUHbIe» 00JaCTH, YTO

LJ g—gdxdy _ f@dy. (13.14)

Beruuras (13.12) us (13.14), nonygaem dopmyay (13.11):

00 P B
J J (% . 8—y> dady = %Pdw + Qdy.
G

L
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Teopema 4 nokaszana.

3ameuanue. MoxHO 10Ka3aThb, 4To opmysaa [puHa cripaBensivBa He
TOJILKO JJIsI TIPOCTHIX o6JiacTel, HO U 1Js1 JEoOoH 06JIacTH, TPaHHUIA
KOTOPOH COCTOMT M3 KOHEUHOTO UHCJIA KYCOYHO-TJIAAKUX KPUBBIX.
Canenctue. Ilonaras B (13.11) Q@ =z, P =0, a 3arem = 0,

P = —y, nonyuaewm:
J Jdmdy = %xdy u J Jdazdy = —%ydaz,
G G L
TO €CThb
S(G):f{)xdy u S(G):—§yd$, (13.15)
L L

rae S (G) — nyomwanb obmactu G.

[Ilycts ¢ ¥ 8 — mpou3BOJIbHBIE UKCJIa, Takue, uTo a + 3 = 1.
YMHoxkasi nepBoe paBeHcTBO (13.15) Ha «, a BTOpoe Ha 3, U CKJa-
ObIBasl, TPUXOAUM K popmyJie

S(G) = i{)axdy — Bydr (a+p=1).

L
Haubosaee ynorpedutenbHa 3ta dbopmyna npu a = 3 = %:
S(G) = %{)mdy—ydm. (13.16)

L
ITpumepsni. 1) Boiuucanuts uHTErpads

Izj@(aﬁQ—y)dw—l—(:c—l—yQ)dy,

L
rae L — okpyxHocTb (2 — 29)2 + (y — yo)? = RZ.
py ( 0) 2<8P_0)_1 90

— 2 _ — - — =
3nece P=z°—y, Q x+y,8y 5 1. ITo dpopmyie

['puHa

2Q  oP
I= J J (8_3 - a_y> drdy = Hng;dy = 25(G) = 27 R?.
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2) Haditu nuomanab o06JacTH,

OFPaHUYEHHOU aCTPOUAON
2 2

2
x3 +y3 =a3 (puc. 13.23).
Hanuem napameTpuyecKue
ypaBHEHUS aCTPOUMBL:

L LL’:CLCOSSt, y:asin3t,

0<t< 2.

[To dpopmyne (13.16)Haxonum:

S:%?ﬁmdy—ydm:

L

Puc. 13.23.

2

= % J [acos3t-a-BSiHthost—asin3t(—a-3cos2tsint)} dt =
0

2w 2w
= §a2 sin? t cos® tdt = §a2 sin? 2tdt = §7raQ.
2 8 8
0 0

§ 5. YcnoBusg He3aBUCUMOCTH KPHUBOJUHENHOTO
HMHTerpaJja BTOPOro poia OT NMyTH UHTerpupoOBaHUS

B §3 6bl1 paccMoTpeH mpuMep, B KOTOPOM KPUBOJHUHEHHBIA HH-
TerpaJj BTOPOTO pPoJa MO TPeM PAa3JUUHBIM KPUBBIM, COEIUHSIOLIUM
[IBe NaHHble TOYKH, UMeJ OHO U TO Ke 3HadeHue. B aTom naparpade
Mbl YCTAaHOBUM YCJIOBHUS, NPHU KOTOPBIX KPUBOAUHEUHbLL UHmMe2par
8Mopo2o poda He 3a8UCUM OM NYMu UHMeSpUupoB8arHus, TO eCTb
OJ51 ABYX NaHHBIX TOYEK 3HAYeHWe HMHTerpasa OfHO U TO XKe MJA
JII0O0W KPUBOHU, COENUHSIOUHUNA 3TO TOUYKH.

Ham nonapobutcs moHsithe o00HOC8:a3HOU 06aa-
cmu. Obaacmoro Mbl Ha3blBaeM OTKPbITOE CBSI3HOE
MHOkKecTBO. OObenuHeHHe 00JaCTH U ee TI'paHU-
1Bl HasbIBaeTcs 3amkHymoti obacmoro. Obaacts G
Ha MJOCKOCTH Ha3blBaeTCSl OJHOCBSI3HOM, €CJIM OHA
oOJiafiaeT CJAeAyKUMMU CBOUCTBOM: [Jis JI0OOro
3aMKHYTOro KOHTypa L, sexaiiero B obJsactu G,
Puc. 13.24. JacTb IJIOCKOCTH, OTpaHHYeHHasi 3THUM KOHTYPOM,
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IeJJUKOM MpHUHaANeXUT G.

IIpumepsl. OTKpBITBIE KPYT U MPSIMOYTOJbHUK — OTHOCBSI3HBIE 00-
JIACTH.

Kosb1io, Kpyr ¢ BBIKOJIOTOH TOYKOH (puc. 13.24) He sBASIOTCS OQHO-
CBSI3HBIMU OO0JIACTSIMH.

Teopema 5. I. Ilyctb ¢yHkuuu P(z,y) u Q(z,y) HenpepbiBHH B
ob6nactu . Torma cienyiomive TpU yTBepKIeHHUSI SKBUBAJEHTHBI (TO
eCTb M3 Ka)KJOro M3 HUX CJEAYIOT JBa APYyTHE):

1. Hdns nwo60oro 3aMKHYTOro KyCO4YHO-Tyaakoro koHtypa L C G BbI-
TIOJTHSIETCSI PABEHCTBO

?ﬁPd:c + Qdy = 0.
L

2. Jlnst mo6bIX ABYX PUKCHPOBaHHBIX ToYeK A U B € G KpUBOJMHEH-
HbI UHTEerpasn J Pdz + QQdy He 3aBUCUT OT MyTU UHTETPUPOBAHUS

AB
(To ecTb OT KpWUBOH, coenuHswlEed TOYKM A W B U Jexalied B

obsactu G).
3. Buipaxxenue Pdx + Qdy sBasietcs noanvim ougdeperyuaiom, To
ecTb cyulectByet (yHkuus u(x,y) = u(M), Takas, 4uto

du(z,y) = P(x,y)dx + Q(x, y)dy.

[Ipu aTom nJs 060U KycouHo-raakod kKpuBod AB C (G BBITOJHS-
eTCsl PaBEHCTBO

J Pdx + Qdy = u(B) — u(A). (13.17)
AB

[I. Ecou, kpome Toro, o6aacte (G — OQHOCBSsI3HAs, a %HKU,I/IH P u

0
() vMetoT B o6sactu (G HempepbiBHbIE TPOU3BOJHBIE B 51 8_Q TO
y X
KaXkJ10e U3 YCJOBUH 1-3 3KBUBAJIEHTHO YCJOBUIO
OP 0
4, — = -~ B obsactu G.
oy ox

ﬂOKaSaTeJIbCTBO [IpOoBEAEM 10 CXEME!

.L1-2—-3—1; II.3—4—1.

6 B.®. byrysos
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D i [. a) 1 — 2. IlycTb BBIMOSTHEHO ycsoBue 1. Pac-
CMOTPUM JBe TIPOU3BOJIbHBIE TOUKH A 1 B € G
M JBe TPOU3BOJbHbIE KPHBBIE, COEIMHSIOIINE

C 3TH Touku: ACB u ADB (puc. 13.25). B cuay
ycJoBus 1
A
Puc. 13.25. Pdx 4+ Qdy =0, T0 ecTb
ACBDA
Pdx + Qdy + J Pdx + Qdy = 0,
ACB BDA

OTKYZa

Pdx + Qdy = — J Pdz 4+ Qdy = J Pdzx + Qdy.

ACB BDA ADB

Taxkum o6pasom, BBIIOJNIHEHO yCJ0BHE 2.
0) 2 — 3. Ilyets My(xg, yg) — urcHpoBaHHas Touka obgactd G,
a M(x,y) — mnpousBoJibHas TOuKa. B cHJy ycJoBUsS 2 HHTerpas

Pdx 4+ QQdy ne 3aBucut ot BblOOpa KpuBod MyM, a 3aBUCHUT

My M
TOJILKO OT TOYKH M (x,y), TO ecThb siBsieTCs (QYHKIMEH OT X U Y.
O603HauuM 3Ty QyHKUHIO u(x,y):

u(zx,y) = J Pdx + Qdy.
MoM
JlokaxxeM, 4TO

ou ou

5 = Ply) w 5—y=Q(fv,y)-

Orciona, Tak Kak P u () — HenpepbiBHblE (DYHKIIMHU, TTOCAEIYET, UTO
u(x,y) — nuddeperunpyemasi GyHKIHUS, TPUYEM

ou ou
du = %dm + a—ydy = Pdx + Qdy,

TO ecTb BblpaxkeHue Pdx + (Qdy sBJsercss nmoJHbIM AuddepeHLna-
JIOM.
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3adukcupyem Touky M (x,y) U nagum npupaiiende Ax nepeMeH-
Holt = (puc. 13.26). ®yukuus u(x,y) NOJYYUT YACTHOE MpUPALIEHHE

Ayu=u(r+ Azx,y) —u(z,y) = J Pdx + Qdy — JPd:IH—Qdy =

MoM, MyM
z+Azx
— J Pdz + Qdy = J P(z,y)dz = P(§,y)Ax,
M M, L

rie € € [x,z + Azx] (nocjenHee paBeHCTBO TMOJYYEHO C MOMOLIbIO
Gopmysbl cpenHero 3HayeHust). OTciona ciaenyer, 4yTo

Agj — P(¢,y) — P(z,y) mpu Az — 0,

TO eCThb (PYHKUHUS u(x,y) UMeeT

B Touke M (x,y) yacTHy mpo- Y M (z;y)

U3BOAHYIO MO IEePeMeHHOHU T W

o ARy P My(z+Ax;y)

o P(z,y). Ananoruuno mno-

ou
Ka3blBaeTCsl, U4TO 9y Q(x,y).
JlokaxkeM, 4TO BepHa hopMy- Mo (zg;10)

na (13.17): x

Puc. 13.26.

J Pdx + Qdy = J Pdx 4+ Qdy+
AB AM,

+ J Pdx + Qdy = J Pdx + Qdy — J Pdx 4+ Qdy = u(B) — u(A).

MyB MyB My A

B) 3 — 1. IlycTh BHIMOJIHEHO YycJaOBHE 3, H,

cegoBatenbHo, BepHa ¢opmyra (13.17). Bosp- A

MeM MPOU3BOJIbHBIA 3aMKHYTbIH KoHTYyp L C G

(puc. 13.27, A = B). Ilo popmyne (13.17) nony-

qyaeM: L

3€Pd:€ + Qdy = u(B) — u(A4) =0, Puc. 13.27.

L

TO €CTb BBIMIOJIHEHO ycJoBuUe 1.
II. r) 3 — 4. IlycTb BbIMOJHEHO YCJOBHE 3, TO €CTb CYIIECTBYeET

6*
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GyHKUHS u(z,y), Takas, 4To % = P(z,y) u g—z = Q(z,y). Torna
Fu _ OP U O'u_ 0Q Tax kak or u 0@ _ HerpepbIBHbIE
dydx Oy oxdy  Ox’ Oy Ox pep
QYHKIMH, TO Ou _ O TO €CTh op _ ¢ W, 3HAYUT, BHINOJ-
YHEEHH, oyox — Oxdy’ oy oz’ ’

HEHO ycJoBHe 4.
3ameyanue. OnHoCBA3HOCTL 06JacTh (G 31ech He UCIO0JIb30BaJaCh.
n) 4 — 1. [lycTh BHIMOJHEHO ycjoBHE 4, TO
OP

GQ eCThb o 8—? B obmactu G, u G — on-
HOCBsi3Hast 06JiacTb. Bo3bMeM MPOM3BOJIbHBIH
%L 3aMKHYTBIH KoHTyp L C G (puc. 13.28). B

CUJy OmHOCBsI3HOCTH objactu G obmacts D,
OrpaHHUYeHHasl KOHTYpoM L, LleJJUKOM MpUHaL-
aexut obsactu G. I[lo dopmyne [puna

}Pdﬁ@dy:“(% - ‘z)—];) dady = 0,
L D

Puc. 13.28.

TO €CTb BBIIIOJIHEHO YCJIOBHe 1.

Teopema 5 nokasana.

3ameuanue. AHaJoruyHas TeopeMa MMeeT MECTO /sl KPHUBOJHHEH-
HBIX MHTErpa/joB BTOPOrO poAa B NPOCTPAHCTBE, TO €CThb MAJS HH-

TerpaJsjoB BHA J Pdx 4+ Qdy + Rdz, tne P,(Q), R — QyHKUHUH OT

AB
x,1, z. B yacTHOCTH, yc/ioBUe 3 PUHUMAeT BUM: CYLIeCTBYyeT (DyHK-

uus u(x,y, z), Takas, uro du = Pdxr + Qdy + Rdz, a ycnosue 4
COIEPKUT Telepb TPH PABEHCTBA:

oP 0Q 0Q OR OR 0P
oy Oz’ 0z Oy’ Oxr 0z’

YrBepxaeHus 1 — 2 — 3 — 1 u 3 — 4 nokasbIBalOTCS TaK XKe,
KaK ¥ B TeopeMe O, a JJs JOKa3aTeJbCTBa yTBepXKIeHUs 4 — 1
Hy>Ha opmysa Crokca. O Hell peub MoijaeT B cjaeaylolled raBe.
IIpumepsni. 1) Bepuemcs k npumepy us §3:
B(1,1)
I = J 2xydr + 22dy.
A(0,0)
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Tak xak 2zydz + x>dy = du, rie u = 2%y, To UHTerpas I He 3aBUCUT
oT nyTtH uHterpupoBanusi: I = u(l,1) —u(0,0)=1-0=1.
2) Ecau obaacte G He siBJsieTCs ONHOCBSI3HOH, TO U3 ycjoBuUsI 4
MOXKET He cJiefloBaTh ycJoBue 1. HpHBeHeM npumep.
Ecaun P——L in TO
J: —I—y x +y Yy

oP 0Q y? —

= = 5, TO €CTb BbI-
Oy Oz (+y) G
nosHeHo ycjaosue 4. Ilpu stom P,

oOP 0Q R
Q, 9 o onpejiesieHbl U Hempe-

i
peiBHBI  Bciomy, Kpome Toukd (0,0). &/L T

Paccmotpum  o6mactb G ¢ BBIKOJO-
toii Toukoit (0,0). Owa wHe s6asem-
¢ 00HOC8:3HOU. Bo3bMeM OKpPY>KHOCTb
L: z=Rcost, y= Rsint, 0 <t < 2r Puc. 13.29.
(puc. 13.29). Tak kak

2m 2m
%Pdm + Qdy = J[— sint(—sint)dt + cost costdt] = J dt =27 # 0,
L 0 0

TO ycJoBHe 1 He BBIMOJIHEHO.
d d
3) Bbluncautsb J TAT ¥ Yoy

Vit y
KpHuBasi, pacnono;EeHHaﬂ B KOJIbIIE MEXKIY
KOHIEHTPUYECKUMH OKPY2KHOCTSAMHU pPaauy- A
coBaubc HEHTPOM B HaydaJie KOOPAHHAT (f\
7

(puc. 13.30).
B nanHom mpumepe \&J
P x, y — L, Q x, y — y

( ) Va2 + 2 ( ) Vo2 + y? Puc. 13.30.

[IpoBepuM, BBITIOJIHEHO JIU YCJ0BHE 4 TeopeMbl O:

rne AB —

oP 0 x 1 9 2\~ Y
— == |—— | = —zz(2°+ 2y =——
dy — dy (\/x2+y2) 1Y) (@2 +17)

Q 9 Y oy 2, 9
8&:_896( )_ ( oty # 0.

Va2 +y? 2% +y?)
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oP 0
Hrak, By = 8_Q mpu 2 +y° # 0, To ecTb yciaoBHe 4 TeopeMbl 5
) L . .
BBIMIOJTHEHO B JIIOOOW OJHOCBSI3HOM 00J1aCTH, He colepXKalleld HadaJna
KOOPJIHHAT, W, CJe0BaTeJIbHO, B JI0OOH TaKOH 00/1aCTH CYIIECTBYET

yuxuus u(x,y), Takas, 4To

Y

B(x;y) Ou _ Ou _
Kak waiitu  wu(z,y)? B  nanHOM
MpUMepe ee HEeTPYAHO «yraiaTb»:
A(xo; :
r — u(A) =b—a. Ho MoxHo Haii-
™ u(x,y) U 06e3 yraabiBaHUs (CM.
Puc. 13.31. DHC. 13.31):
T Yy
u(z,y) = J Pdz + Qdy = J P(z,y0)dx + J Qz,y)dy =
ACB Z Yo

dy+ C =

J x2+y0da:—l—J\/7
=g |+ ﬁ

= /22 + 5 — /g + 5 + /22 \/:1:2+y0 +0 =
\/5132 — 1/ —I—yo
ECJH/IBSHTI:C—\/ y,Tou_ _|_y

4) Pusnueckui npnmep [Iycte B obsactu G 3amaHo gexkmopHoe
nose, TO eCTh B Kaxao# tTouke M obmactu G 3anan Bektop F (M).

Ecnu F (M) — BeKTOp CHJIbl, TO TOBOPSIT O CULOBOM BEKMOPHOM

noJue.
HpI/IMepr CHJIOBBIX BEKTOPHBIX roJied: MmoJie TATOTEHUS TOUYeyHOH

m
MacCChbI (M) = —7—3?, 9JIEKTPOCTATHYECKOE I10JI€ TOUEHHOI'0 3a-

psiza ﬁ(M) = k_;a? (cM. § 6 raBel 9).
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BekTopHOe moJie Ha3bIBAETCS NOMEHYUANbHLIM, €CITH CYLIECTBY-
et takasg gpyHkuus u(M), uto F' (M) = grad u(M) (noHsitve norex-
[IMaJIbHOTO TOJISI YK€ YIOMHHAJIOCh paHee — B TyaBe 9). DyHKUuUA
u(M) nasbiBaetcsi nomeuyuasom BektopHoro mnoasi F(M). Ilyctb

(M) =P(M) - T+ QM) - 7 + R(M) - k — noTeHuHaNbHOE
CHJIOBOE MOJie B MpocTpaHcTBe. Toraa

_Ou —»  Ou —  Ou

F(M) = grad u(M) i+,

" O dy 0z
U, CJel0BaTesbHO,
ou ou ou
P - 8_37, Q - a_yv - E
Mostomy Pda + Qdy + Rdz = 2%da + Ly + 2%dz = du — noa-
Y 4 - Oz dy Y oz

HBIU AU PepeHLnall.
KpuBosnHelHBIH UHTETpaJ

JPda:—i—Qdy—l—Rdz: J (?ﬁ)

AB AB

eCTb paboTa CHUJIOBOTO MOJIS ?(M) MPY NepeMelleHUH MaTepUaJJbHOH
TOYKH 10 KpuBod AB u3 Touku A B Touky B. Tak kak Pdx + Qdy +
+ Rdz = du — nonHbléi nuddepeHIidan, To Mo Teopeme o

J Pdx + Qdy + Rdz = u(B) — u(A),

AB
TO €CTb paGoTa MOTEHIHANbHOTO CUJIOBOTO MOJISi HE 3aBUCHUT OT MY TH,
M0 KOTOPOMY MarepHajbHasi TOYKa IepeMeliaeTcs W3 TOUKH A B

TOYKY B, a 3aBUCHT JIMIIb OT HayaJbHOH W KOHEYHOH Todyek A W B:
OHa paBHA Pa3HOCTH MOTEHIHMAJOB B TouKax B u A.

m
B vactHocTH, econ F' (M) = —7—3? — T0J1e TATOTEHHUS Touey-

o m

HOU MaccCel m, TO F = gradu(M), roe u(M) = y— — HbBIOTOHOB-
o r

CKHIl TOTeHUMas], U AJs paboTbl 3TOr0 CHUJOBOTO TMOJsI MOJyYaeMm

BbIPAKEHHe J (? | EZ) o (é _ %) .

AB

3pecb 7,, — paccTosiHMe OT TOYKM M 10 TOYKH, B KOTOPOH HAXO-
IUTCS Macca m.



[nasa 14
IIOBEPXHOCTHBIE UHTEI'PAJIBI

§ 1. IInomanp moBepxHOCTHU

B oTaiMune oT KpUBOH, AJMHA KOTOPOU ONpefessuach Kak Mpefaed
IJUH BIIUCAHHBIX B Hee JIOMaHbIX, IJIOLLA[b [OBEPXHOCTH HeJIb3
ONpeesNIUTh Kak Npenes MJoLafeld BIMCAHHBIX B [TOBEPXHOCTb MHO-
rorpaHHukoB. [lonTBepxxaeHreM 3TOMY CJYKUT M3BECTHBIH NpUMEp
[MIBapua (cm. [1]).

[IycTe nmoBepxHOoCcTh P 3anaHa ypas-
HeHUeM

z= f(z,y), (z,y) € G,

u nyctb QyHkuus f(z,y) auboe-
peHuupyema B obsnactu G. Torna B

KaXKJI0H TOUKe TOBEPXHOCTH CYlile-
CTBYIOT KacaTeJibHasl IJOCKOCTb U
HOpMaJlb.
Pazobbem noBepxHOCTb P ¢ mo-
MOIIbIO KYCOUHO-TJIAIKUX KPHUBbIX
n

Ha n yacteil: P = (J P;. [Ipoekuuto
i=1

n
P; na naockocts Oxy o6o3Haunm G; (puc. 14.1): G = U G;.

Ha «xaxnodt uactu FP; Bo3bMeM I'IpOI/ISBOJIbZHleO TOYKY
M;(x;,yi, zi) (zi = f(x;,y;)) 1 npoBeneM Yepe3 Hee KacaTeJbHYIO
naocKocTb K mnoBepxHocTu P. Ilycts S; — mnsowanb To# 4yacTu
KacaTeJbHOH TMJIOCKOCTH, TPOeKIMed KOTOPOH Ha TMIocKocTb Oxy
saBJasieTcs obJsacts Gj.

CocTaBUM CyMMY

S(Pi, MZ) = i S;.
i=1
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[Iycts d; — nuamerp P;, d = max d;.
1<i<n

Onpenenenne. Yucno S HaseBaercs npepenom cymm S(P;, M;)
npu d — 0, ecaiu Ve > 0 36 > 0, Takoe, uTo nJs J060ro pazdueHus
noBepxHOCTH P, y KoToporo d < 4, U ajs jawoboro Beibopa Touek M;
BBITIOJIHSAETCS] HEPABEHCTBO

‘S(PZ,MZ) — S‘ < E.

Ecan cymecrsyer cliiH(l) S(P;, M;) = S, 1o uncno S HasbiBaeTcs
—

naoujadvro nogepxrocmu P, a cama noBepxHOCTb P Ha3biBaeTcs
Keadpupyemoli.
Teopema 1. [Iycts noBepxHoCTh P 3aiaHa ypaBHeHHEM

z= f(x,y), (z,y) €G,

rie G — orpaHduyeHHass 3aMKHyTas 00/1acTb, W MYCThb (DYHKIHS
f(z,y) umeer B obsmactu (G HempepbiBHble YaCTHbIE MPOU3BOAHbIE
fz(x,y) u fy(z,y) (Takyio NOBEPXHOCTb HAa30BeM 2Aa0KOLL).

Torna moBepxHOCTh P KBajpupyema u ee MJollalb BbIPAXKaeTcs

hopmyJion

S = JJ\/I + f2(w,y) + f7(x,y) dxdy. (14.1)
G

HokasatenbcTBO. Pazobbem nmoBepxHOCTb PP KyCOUHO-TJIaAKUMHU KPH-

n
BbIMU Ha n uyactell: P = | J F;. Ilpu atom ob6nacts G pasobbercs Ha
i=1
n yacred G; (1 =1, 2, ..., n), tne G; — npoekuusi P; Ha MJOCKOCThb
Ozxy.

Ha kaxpo#t dyacth F; BOo3bMeM TPOU3BOJBHYIO  TOUKY
M;(x;,yi, zi), tne z = f(x;,y;), ¥ npoBeneM dyepe3 TOUKy M;
KacaTeJbHYI0 MJOCKOCTb K MOBepXHOCTH P. YpaBHeHHe KacaTeJbHOH
MJOCKOCTU HMeeT BH]

z— 2 = fo(@i, yi) (@ — 25) + fy(@i,vi) (Y — yi).

Bexrop 7; = {—fz(xi, yi), —fy(xi,yi), 1} ABAsleTC BeKTOPOM HOpMa-
Ju K 1oBepxHOCTH P B Touke M;. O603HauuM uepe3 7y; yroa Mexmy
BeKTOpoM 7; U ocbio Oz (puc. 14.2). Torna

1
\/1 + i (@i, yi) + £ (i, vi) |

cosy; =
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[Tycts S; — mJomanb TOW YacTH Kaca-
TEJIbHOH MJIOCKOCTH, KOTOpasi MPOEKTHPY-
eTCsi Ha YacTHUYHYt0 obsacth G;. Bocmosib-
gyemcsi TeM, uto miowans S(G;) obaacTu
G; v nJjomanb S; CBsA3aHbl PaBEHCTBOM

S(G;) = S; - cosi,

O Y
OTKyla CJeayeT, YyTo

Puc. 14.2.
Si = \/1 + fE (@i, yi) + £ (i, vi) - S(Gi)-

CymMMHpYsT BeJTHUMHBI S; 10 ¢ OT 1 10 n, mojydyaeM:

n

S8 =852 M;) Z\/Hf? (i, 05) + f2(x0,yi) - S(G).

1=1

(14.2)
[To ompemesieHHI0 TJIOLIAAL TTOBEPXHOCTH P — 3TO TMpefes CyMM
S(P;, M;) npu d — 0, rne d = max d;, d; — nuamertp P;.
N

[TpaBast yacTb B paBeHCTBe (14 2) sBJsieTCs UHTErpasbHOU CyM-
MOH 1Jis1 IBOMHOT0 MHTerpaJsa no ooaactu GG OT HempepbIBHOH (PYyHK-
10207

\/1 + f2 (2, y) + [ (,y) .

[Ipuy d — O wmakcuMmanbHbIH nuaMetp obOgaactedr () Takxke
cTpeMuTcss K Hyawo. [loaTomy mnpemen mnpaBoil 4YacTH paBeHCTBA
(14.2) mpu d — 0 cymecTByeT M paBeH JABOWHOMY HWHTerpafy

ff\/l + f2(w,y) + f7(x,y) devdy. CnenosarenbHo, —cyiiecTsyer

CliIH(l) S(P;, M;), T0 ecTb MOBEPXHOCTh P KBajpupyema U ee MJoILaab
_)

Beipaxkaetrcst popmyson (14.1). Teopema 1 mokasana.

Ilpumep. Halitn nuomanb 4yacTu napabosionia BpALLEHUS 2 =
= 22 4 y®, oTceKaeMoii muockocThio z = 1 (puc. 14.3).

[To dpopmyne (14.1) nosmyuaem:

:JJ\/1+4xQ+4y2 dxdy.

G
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J11s1 BBIYKCJIEHUS BOMHOTO HHTErpaJa 1o 2
Kpyry G mepeimeM K TOJSIPHBIM KOOpAMHA-
TaM'x—rcosgo, y=rsiny (0< ¢ <27, 41

0 <r < 1). INonyuum

27

1

J(ﬁpJ 1 +4r2 - prdr = G =7
0
_|_

= 22 (1+4r2)"". 2’ =2 (sv5 —1). ’

310 Puc. 14.3.

BbluucieHrde MIomany MOBEPXHOCTH, 3aJaHHOW IMapamMeTpuye-
cKuM. 3agaHue noBepxHocTH P ypaBHenuem z = f(z,y) (u Takxe
ypaBHeHueM y = f(z,z) unu ypaBHeHueM x = f(y, 2)) HasbiBaeTCs
ABHLIM 300AHUEM.

[loBepxHOCTE MOXKET OBITH 3aJaHa ypaBHEHHEM BHUIA

F(z,y,z) =0,

He paspellleHHbIM OTHOCHUTENbHO HU OJHOH U3 TMepeMeHHBIX X, Y U 2
(nesiHoOe 3adanue).
Hanpumep, ypaBHeHue

2 +yt+ 22 - R =0

(smech F(x,y,2) = 2?2 + y?> + 22 — R?) sanaer cohepy paauyca R c
LIEeHTPOM B HayaJie KOOpIHHAT.

[loBepxHOCTh MOXKeT ObITh 3aJaHa napamempuieckyu ypaBHEHU-
MU

r=o(u,v), y=1vu,v), z=x(u,v), (u,v) €g. (14.3)

[lepemeHHble © M v Ha3bBAOTCA napamempamu. Kaxmou Touke
(u,v) u3 obaactu ¢ coorBeTcTBYeT Mo Qopmynaam (14.3) Touka
M (z,y, z) noBepxHocTH. [lycTh pa3iuuHbBIM TOYKaM (u,v) COOT-
BETCTBYIOT pasjuuHble Touku M (x,y,z). Torna nmapy uucen (u,v)
MOXHO Ha3BaTb KPUBOAUHElUHbIMU KoopOuHamamu Toukn M Ha mo-
BepxXHOCTH. JIMHUK u = const U v = const — KOOPIUHATHbIE JIUHUH
Ha MOBEPXHOCTH.

IIpumep. x = Rsinucosv, y = Rsinusinv, z = Rcosu (R =
=const >0, 0 <u<m 0<v<27) — 370 MapaMeTpUuecKHe
ypaBHeHHsi cdepbl pagMyca R ¢ LEHTPOM B Hayaje KOODPAHHAT.
KprBosrnHelHble KOOPAUHATE © U v TOUKH M Ha chepe — 3TO «IIH-
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poTa» M «JI0Jrota» TOUkH M (c TeMm OTJIMUHEM OT reorpapHuecKux
IIUPOTHl M JOJITOTHI, UTO reorpaduyeckas MIUPOTa OTCUUTHIBAETCS
OT 3KBaTOpa, a B HallleM MNpPUMepe «IIHPOTa» U OTUYHUTHIBAETCS OT
ocu Oz, reorpauueckasi J10JroTa OTCUHUTHIBAeTCsl OT [ PHBHUCKOrO
MepHJIHaHa, a B HalleM IPUMepPe <«JO0JroTa» v OTCUHMTHIBAETCS OT
njockoctu Oxz).

KoopauHaTHble JIMHHH u = const U

B z v = const — 3TO MapaJjjesd U Me-
U = const punranbl (puc. 14.4). ITapameTpsl u
—— - U U B ypaBHEHUSAX cdepbl 4acTo 000-
7 3HauawT OyKBaMu 0 u .
0 | Beprnemcest K ypaBHeHusm (14.3),
|
UM MoBepxHocTh FP. BBenem
= m 3a1a1011L OBEPXHOC ene
B BEKTOP
|
| — - S -
x v = const r=0M=x-14+y-j+2z-k—
Puc. 14.4.

pagMyc—BeKTop Touku M (z,y, 2)
(puc. 14.5). Torna ypaBuenus (14.3) moBepxHoctn P MOxHO 3anu-
caTh B BHJE OJHOI'O BEKTOPHOTO ypaBHEHHS

7= o(u,v)i + ¥(u, v)j + x(u,v)k = 7(u, v).

YacTHble TPOU3BOJAHBIE I1€PBO-

z n ro mopsiika BeKTOP-(DYyHKUHUU 7(u, V)

BBIDAXKAIOTCS  CJAEAYIOUUMU  (HOpMY-

JaMu (TpU yCJOBHH, 4TO PYHKIIHH (,

PM(2,y,2) 1) M Y UMEIOT YacTHble MPOU3BOAHbIE
epBOro MOpsiKa):

r
/Fu — - —
/ Ty = QOUi‘I' ¢ul + Xulj,
0 w-sunus Y Ty = ©ut + Py] + Xok-
4 (v = const)
Puc. 14.5. M3 reomerpuueckux (M Takxke

(pusnyeckux) CcooOpakeHWH SCHO,
UTO BEKTOpP 7y (U, V) SIBASETCS KacaTeJbHbIM BEKTOPOM K JIMHHH
v = const B Touke M (p(u,v),¥(u,v), x(u,v)) (cMm. puc. 14.5), a
BEKTOp 7 (u, v) — KacaTeJbHbIM BEKTOPOM K JIMHHH U = const B TOY-
ke M. Iloatomy BekTOpbl 7y (u,v) U Ty(u, v) J€XKaT B KacaTeJbHOH
MJIOCKOCTH K moBepxHocTH P B Touke M (¢(u,v), ¥ (u,v), x(u,v)) u,
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CJIeI0BATEJIbHO, BEKTOP 71 = [Ty X T SIBJISIETCST BEKTOPOM HOPMaJIH K
noBepxHocTH P B Touke M. BekTop 7 3anuieM B BUfe

Z_.; —
o v Xo
Xu Pu | 7 Pu Yu | -
+ ‘ Xv Pu ]+ Oy Yy
=: A(u,v) - i+ B(u,v) - j + C(u,v) - k.
PaccmoTpum Ha

NoBepxXHOCTH P nBe maphl
ONIM3KUX  KOOPAUHATHBIX
quHui (puc. 14.6). Onu
OTFPaHUUYMBAIOT KPHUBOJIU-
HEWHBIM  YeThIPeXyroJib-
HUK ~ MM MsMy,  —
«3JIeMeHT»  TOBEPXHOCTH
P. Beluucaum npubau-
KEHHO ero miowanb ds,
3aMEeHUB KPUBOJIMHEH-
HBId  4eThIpexyToJbHHUK
napaJijieJlorpaMMOoM,

MOCTPOEHHBIM Ha BEKTO-

—
pax MM; =7, -du n

v = const

v+dv = const

Puc. 14.6
MMy = 7, - dv (cuntaem
du >0, dv > 0):
dS = |[Fudu X Fydv] | = |[Fy X 7] | dudv =

- )Aﬂ Bj + CE‘ dudv = /A2 + B2 + C? dudv.

CyMMHUpYsl 10 BCEM «3JeMeHTaM» MOBEPXHOCTU P, mpuxoaum K (op-
MyJle TJIOLLaAu MOBEPXHOCTH, 3aaHHON MapaMeTPUYeCcKH:

S:JJ\/A2+BQ+CQ dud.

g

(14.4)

(ormetum, uto A, B u C' — GhyHKUHUH epeMeHHBIX U H V).
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3anumem ¢opmyay (14.4) B npyrom Bume. C 3TOH 1eabl0 000-
3HaYUM OYKBOH < YTOJl MEXJy BEKTOPaMH 7T, U T,. Torma

VA2 + B2+ C2 = |[fy x )| =

= |7y| - |7 - sina = |7y] - |7 - V1 —cos?2a =

- \/|Fu‘2 ' ‘Fv|2 o ‘FU|2 ’ ‘FU|2 -cos? o = \/F’U? ’ FUQ - (Fu : FU)Q

BBenem 00603HaueHU4:

72 =02+ 2+ x2 = E(u,v), 72 = o2 + 92 +x2 = G(u,v)
(Fu ) Fv) = Pupv + %% + XuXv = F(u, U).

Torna A% + B> + C? = EG — F?, u dopmyna (14.4) npuauMaeT BUJ

S:JJv%ETF%mm. (14.5)

3ameuanus. 1) @opmyas (14.4)
u (14.5) uMer0T MecTO MPHU CJe-
AYIOIIKX YCJIOBHUAX: DYHKLHHU (,
) W X HMEWT HelpepbiBHbIE
YyacTHBIE MPOHU3BOJHBIE TEPBOTO
nmopsiika B 3aMKHYTOH OrpaHu-
YeHHOH 00J1aCTH ¢, Pa3JUYHBIM
BHYTPEHHHUM ToYkaMm (u,v) 00-
JIACTH g COOTBETCTBYIOT pasJjiny-
Hble TOYKH (¢, ), X) MOBEpPXHO-
cTd, a koopauHatel A, B u C
BEKTOpa HOpMaJk 7. He oOpariia-
IOTCSI OJIHOBDEMEHHO B HYJb HH

B OlHOH Touke (u,v) obaacT g (npu atoMm 7, # 0 u 7, # 0). B Takom
cjlydae MOBePXHOCTb P HasbiBaeTcsi 24a0Kol.

Dopmyasl (14.4) u (14.5) ocratoTes B CHJe U B TOM CJydae,
korna A, B u C' onHOBpeMeHHO paBHBI HY/IO Ha MHOXKECTBE TOYEK
MJIOLIAAX HYJb, B YaCTHOCTH, B KOHEUHOM dYMcJie Todek. B ciyuae
cheppl A=B=C=0npu u=0uu=7 (Ha norocax chepsl).

2) PaccmorpuMm Ha noBepxHocTH P nBe G6suskue Touku M (u,v)
u M (u+ du,v + dv) (puc. 14.7), uepe3 KOTOpble MO MOBEPXHOCTH
MPOXOOUT KpUBasi. BHIYMCIUM NpUOMHXKEHHO IJIHHY dl «3jeMeH-

Puc. 14.7.
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o —,
Ta» KPHUBOH, 3ameHHB ero BektopoM M M| = 7(u + du,v + dv) —
— 7 (u, v) = Fydu + Tydv:

_ ‘MMi = |Fudu + 7do| = V (Fadu + 7dv)? =

= \J72(du)? + 27, - 7,)dudv + 72 (dv)? =
= \/E(du)? + 2F dudv + G(dv)’

KBanparuunas gpopma
E(du)? 4 2Fdudv + G(dv)?

Ha3blBaeTCs nepsol KeaodpamuuHou
Gopmoil nosepxrocmu. YTJa0Bble MUHO-

E F . ]
pbl MaTpUlbl | o~ | 3TOH KBajpa

TI/I‘{HOI/I g)OprI paBubl F =72 > 0 u
A% + B? + C? > 0. Cne-

ILOBaTeJH:HO, 3Ta KBaapaTuuHas (opma

TMOJIOKUTENBHO OTIpefiesieHHas!.

C TmoMoIlbl0 MEepBOH KBaJpPAaTHUHOH (DOPMBI BBIYHCJASIOTCS Ha
noBepxHoCTH miomany (popmyna (14.5)), a Takke HOJUHBI KPUBBIX
M yTJbl MeXIy KpuBbIMU. Ecau kpuBas AB Ha NMOBepXHOCTH 3aja-
Ha mapaMeTpUyecKH ypaBHeHUsiMU u = u(t), v =v(t), a <t < f
(puc. 14.8), To ee nauHa BhIpaXkaetcst (GOPMYJI0H

Puc. 14.8.

lap = J\/E(u’)2 + 2Fu'v' + G(v')? dt.

['oBopsiT, uTO MepBasi KBaApaTUUHasi popma ONpenessieT MempuKy
TIOBEPXHOCTH.

Cyl1lecTByeT ellle Tak Ha3blBaeMasi mopas Kkeaopamuuras Gop-
ma nosepxrnocmu. OHa TO3BOJSIET BBIYUCAUTD KPUBU3HY MOBEPXHO-
ct (em. [1]).

Ilpumep. Paccmotpum cdepy, 3agaHHyi0 MapaMeTpUUECKU:

x = Rsinucosv, y = Rsinusinv, z = Rcosu
O0<u<m 0<v< 27,
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Tak kak

7, = Rcosucosv - i+ Rcosusinw - ]—Rsmu k,
r, = —Rsinusinv - Z—l—Rsmucosv j,

TO

E=72=R?> G=72?=R’sin’u, F= (T - 7)) =0,
EG — F? = R*sinu.

[To dpopmyne (14.5) Haxomum myowanb chepsr:

2 s 2w T
S = JdUJduvR4sin2u — R? J vasinudu:RQ-Qﬂ-Q — 47 R?.
0 0 0 0

§ 2. IloBepxHOCTHBIE MHTErPaJibl IEPBOTrO poaa

[Tycts P — KBagpupyeMasi MOBEpXHOCTD, 3afiaHHasi sIBHbIM ypaB-
HeHHWeM HJIM MapaMeTPUUecKH, U MYyCTb Ha MoBepxHocTH P ompene-
neHa orpanudenHas ¢hyukuus f(M) = f(x,y,z). Pasobbem noBepx-

n

HOCTb P Ha n kBajapupyeMbix yacteil: P = |J P;, Ha KaxXX10# yacTu
i=1

P; Bo3bMeM mNpou3BoOJIbHYI TOUKy M; U COCTaBUM HHTErpaJjbHYIo

CyMMYy

I(P;, M;) Zf P;),

=1

rie S(P;) — nyowans P;.

[lycts d; — nuamerp P;, d = max d;.
1<i<n

Ecau cyumecrtsyer Cliin%)I(Pi,M) = I, To yucao I HasbBaeTcs
%

NOBEPXHOCMHMbIM UHMeepasom nepsozo poda ot GpyHkiuu f(M) mo
noBepxHocTH P U 0003HauaeTcsl Tak:

. LJf(M) ds wm = Uf(:c, v, ) ds.

[ToBepxHOCTHBIN MHTerpaJ MepBOro poaa siBjasercss 0600leHNeM T0-
HATHS NBOMHOTO HMHTEerpasa Ha cJaydyau, Korga o0JiacTb UHTETrPUpo-
BAHUSl — He IJIOCKAsl, a IPOM3BOJIbHAS [TOBEPXHOCTD.
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Mpumepsr. 1) Ecin f(M) =1, to [ [ds = S(P) — niomanb
P

noBepxHoctu P.
2) Eciu P — 3apsikeHHasi moBepxHocTh U p(M) — MoBepXHOCTHAs

MJIOTHOCTh 3apsiga B touke M, To [ [p(M)ds = g — cymmapHbId

P
3apsp noBepxHoctu P.

Teopema 2. Ilyctb: 1) mnoBepxHocTh P 3amaHa ypaBHeHHEM
z=2z(x,y), (z,y) € G, rne G — KBagpupyemasi 3aMKHyTast 06J1aCTb,
a pyHkuus z(z,y) umeer B obaacti (G HempepbIBHbIE YACTHBIE MPO-
M3BOAHBIE 2z (x,y) U zy(x,y) (TOo ecTb P — ryiagxasi NOBEPXHOCTB);
2) pyukuus f(M) = f(x,y, z) HenpepbBHA Ha TOBEPXHOCTU P,

Torna mMOBepPXHOCTHBIM HHTErpasj MepBOro poaa OT (YHKIHH
f(M) no noBepxHoCTH P cylilecTByeT, U CHpaBenBO PABEHCTBO

JPJ fle 2= JGJ Py 22, 9) 1+ 23(y) + 23(0,y) dody.

(14.6)
HokasatenbcTBO. Pazobbem moBepxHOCTb P Ha KBajpHpyeMble ya-

n
cti: P = |J P;. Tlyets G — mpoekunss P; Ha nmockocts Ozy,

=1

tak uto G' = |J G;. Bbibepem Ha Kaxkaoil 4acTd P; Npou3BOJIbHBIM
i=1
o6pa3oM Touky M; U COCTaBUM HHTErpPasbHYI0 CYMMY

I(P, M;) Zf (14.7)

JIBOHHON HWHTerpas B MpaBoi yacTdh paBeHcTBa (14.6) o6o3HauuM
OykBOH [ W 3anuiileM B BUJE

I= ZJJ x,y, 2)\/ 1+ 22 + 22 dady.

Kaxnoe csnaraemoe B MpaBoi 4acTH HAMHCAHHOTO PaBEHCTBA Mpeod-
pasyeM 1o (opmyJsie CpefiHero 3HaueHHs:

I:Zf(Ki)“,/Hngrzg dzxdy,
=1 GQ

i



178 I'n. 14. [losepxnocmmuole unmeepanol
re K; € P;. Tak kak [ [ (/1422 + 22 dedy = S(P;), 10
G;

=Y f(K:)S(P). (14.8)
1=1

Beruurasi (14.8) us (14.7), nonyuaem:

n

I(P, M;) = T =" [f(M;) — f(K:)]S(Pi). (14.9)

1=1

3ananum npousBosbHoe € > 0. Tak kak ¢hyHukuus f(M) HempepbiBHA
Ha TOBEPXHOCTH P, KOoTOpasi sIBJSETCS OTPAHHUEHHBIM 3aMKHYTBIM
MHOXKECTBOM B CHJy ycjoBusi 1) Teopembl, To f(M) paBHOMEpHO
HerpepbiBHA Ha moBepxHocTtu P. Tlostomy 36 > 0, Takoe, uTo ec/u
d; = nuamerp P; < J, To nas moObX AByX Touek M; u K; Ha
MOBEPXHOCTH F; OyeT BbINOJHEHO HEPABEHCTBO

€

|f(M;) — f(KG)| < S(P)’

rae S(P) — mJoiianb noBepxHocTH P.
CuienoBaTesibHO, A/ JI0OOT0 pazbueHUsi MoBepxXHOCTH P, y Ko-
Toporo d < 0, u3 paBeHctBa (14.9) cnenyer:

1(P, M) — 1] < g5 ;Sm) =e.

DTO 03HAYaeT, YTO Cllirr(l) (I(P;, M;)—1)=0, 10
_>
- eCThb CYILECTBYeT 6liim I(P;, M;) =1, a Tak KaK

B¢l lim I(P;, M;) — 3TO M eCTb TOBEPXHOCTHbIN
d—0
: B : uuterpan [ [ f(z,y,z)ds, a I — nBoiiHOl
1 P

| o | WHTEerpasJ U3 npaBoi yactu paBeHcTBa (14.6),
1Y  TO TeMm caMbIM JIOKa3aHa CMpaBeJMBOCTb pa-

1 BeHcTBa (14.6). Teopema 2 nmokasaHa.

T

HMpumep. Bouncauts [ (2% 4+ y?)ds, rme
P

Puc. 14.9.
P — FpaHI/ILLa TeJia, 3adJaHHOT'O HepaBEHCTBa-

MU /22 +y? <z < 1.
DT HepaBeHCTBA 33/al0T KOHYC, OTPaHHYEHHbIH OCHOBaHHEM
Py, nexamwyM B NJIOCKOCTH 2z = 1, U OOKOBOW NOBepXHOCTbIO o
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(puc. 14.9). Bbluncaum oTHeJbHO MOBEPXHOCTHBIE HHTErpPaJibl IO
noBepxHocTaMm P u FPs.

P z=1, (2,9) € G={(z,y): 2> +1y> < 1}. Ilo popmyse (14.6):

J J(SEQ +1%)ds = LJ(:U2 +4y*)V1+0+0 dedy =

Py
27 1
P
— 2. — « —_— —_—
—Jdcpjr rdr =27 i, "2
0 0

JJeen i (i) s () o
:\/§JJ(:U2+y2) dady = 2 x
HTaK,L :LJ—FLJ': <1 —|—\/§> g

3ameyanue. Ecau rmagkas nosepxHocTh P 3agaHa napaMmeTtpuue-
CKH

r=¢(u,v), y=1P(u,v), z=x(wv), (u,v)€g,

TO TOBEPXHOCTHBIH HHTerpas mepsoro poga ot ¢GyHKuuu f(x,y,2)
10 MOBEPXHOCTHU P BblUMCASeTCH MO (popmy.Jie

Uﬂx,m ds = J Jf(go(u,m,zp(u,v),x(u,v))m dudv.

g
(14.10)

§ 3. IloBepxHOCTHBIE MHTErpaJjbl BTOPOro poaa

IlonsaTue cTOpOHBI MOBEPXHOCTHU. EciM MOBEPXHOCTb 3ajaHa
ypaBHeHueM z = f(z,y), (x,y) € G, TO Ha OCHOBe HATJISIAHBIX TPe.-
CTaBJIEHUH MOXKHO Pa3/juuaTh y Hee BEpXHIO U HUNHIOI CTOPO-
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Hbl. Y TOBEPXHOCTH, OTPAaHUUMUBAIOIIENH HEKOTOpPOe TeJ0, Harpumep
y cdepbl, MOXKHO pa3/JUuaTh BHEULHIOI W BHYMPEHHIOK CTOPOHHI.
BBenem MoHsITHE CTOPOHBI MOBEPXHOCTH.

PaccmoTpum nosepxHocTh P, B Kaxa0Hi Touke M KOTOpo# cylie-
CTBYeT KacaTeJibHasi MJOCKOCTb. BeKTOp HOpMasu K MOBEPXHOCTH B
Touke M o6o3nauum 7i(M). [TycTh B Kaxkaoé Touke M TMOBEPXHOCTH
P moxHO 3amath BekTop 77(M) Tak, uto BekTOp-GyHKuMs 71(M),
M € P Oypner HenpepblBHOHM Ha BCEH MOBEPXHOCTH, TO €CTb B KaX-
I0H TOYKe MOBEPXHOCTH HeNpepbiBHbI KOOPAHMHATHl BEKTOP-(DYHKIHH
n(M). B takoM ciaydyae OyneM TOBOPHUThb, YTO Ha MOBEPXHOCTH P
3allaHo HenpepvieHoe BeKkmopHoe nose Hopmareti n(M), wu mon
cmopoHoll nosepxrHocmu OyfeM MOHUMAaTb MHOXKECTBO BCEX ee TOUeK
C 3aJaHHbIMK B HHUX BEKTOpaMH HOpMaJ/u, 00pas3yoLIUMU Hermpe-
pBIBHOE BekTOpHOe moJje 7i(M). 3ameTHm, UTO B 3TOM CJydae
BekTOp-pyHKuns —n (M), M € P takxke 3anaeT HelnpepblBHOE BeK-
TOpPHOE ToJie HopMaJel Ha noBepxHocTh P. ByneM cuutath, 4Tto 3TO
noJie HopMmaJiell OTHOCHUTCS K APYrod CTOPOHE MOBEPXHOCTH.

Takum o6pasom, eciud Ha TMOBEPXHOCTH P cyllecTByeT Herpe-
pBIBHOE BEKTOpHOe TmoJie Hopmasted 7(M), To 3Ta MOBEPXHOCTb
MMeeT JIB€ CTODOHBI: Ha ONHOW CTOPOHE I0Jie HOpMaJed 3alaeTcs
BekTOp-(pyHkuued (M), M € P, a Ha Opyroii — BeKTOP-(YHKLHeH
—1(M), M € P. Takasi mOBepXHOCTb Ha3blBaeTCsl 08YCMOPOHHeEL.

Ecnn ke Ha noBepXHOCTH P He cyllecTByeT HelpepbIBHOIO BeK-
TOPHOTO T0JIs HopMaJied (NMpU HAJMUHUK BEKTOPa HOPMaJU B KaxKA0H
TOYKEe MOBEPXHOCTH), TO TOBEPXHOCTb P TPHUHATO HA3bIBaTb OOHO-
CMOpPOHHeL.

[Tpumepom nByCTOpOHHEH MOBEPXHO-
CTU sBJseTcs cepa. Ha onHol ee cro-
poHe BekTop 7(M) B KaxIOH TOUKe
HarnpasJieH BHYTPb 1Iapa (3TO BHYTpeH-
HsIsT CTOpOHa cdeprl), a Ha APYTOH CTO-
pOHe — HapyXy (3TO BHEIIHsIS CTOPOHA
cepsl).

JIByCTOpOHHSASI MOBEPXHOCTh P Xxa-
paKTepusyeTcsl CJedyIOLHMM CBOWCTBOM:
I 6o Touku M € P u nas Jrobdoro
3aMKHYTOTO KOHTYpa, MPOXOASILIEro IO

Puc. 14.10. noBepxHOCTH P uyepe3 Touky M U He
nepeceKarolllerocss ¢ rpaHullieil noBepx-

HOCTH, 3alaHHbId B Touke M BekTop HopMasau 7i(M), HempepbiBHO
U3MEHSSICh MPU ABUKEHHWHW TOUKH MO KOHTYPY, HE H3MEHHUT CBOEro
HanpaBJeHUs: (Ha TPOTHBOMOJOXKHOE) IMPHU BO3BpAlLlEHHH TOUYKH B
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rcxonHoe nojsoxkenue (puc. 14.10). Ha omHocTOpOHHEH MOBepXHOCTH
CYIeCTByeT TaKOH KOHTYp, TPH 0OXOHe KOTOPOrO W BO3BpAIlEHHH
TOUKH B UCXOJHOE TOJIOXKEHHe HaTpaBJ/ieHHe BeKTOpa HopMaJsu u3Me-
HUTCS1 HA TIPOTHUBOIIOJIOXKHOE.

[IpumepomM onHOCTOPOHHEH MO-

BEPXHOCTH fIBJIsIeTCSl JIUCT MEOHy- B ¢
ca. Ero MOXXHO M3roTOBUTb U3 Mps-
MOYTOJIbHOE MOMOCKH Oymaru, mo- A D

KOHIIAaMU ONHOU U TOH Ke nuaroHa-
au (to ectb Touku A u C, Bu D,
puc. 14.11). Puc. 14.11.

[nankasi MOBepXHOCTb, 3ajaH-
Has ypaBHeHuem z = f(x,y), siBasercss nByctopoHHe#. Ha on-
HOH CTOpOHE MOBEPXHOCTH HeNpepbiBHOE BEKTOPHOE T0Jie HopMasiei
MOXKHO 3ajaTh BekTop—¢yHKuued (M) = {—fr(z,v), — fy(z,y), 1}
(BepxHsisi CTOpPOHa T[OBEPXHOCTH), a Ha JPYrod CTOpOHE —
BekTop-pyHKumed —ii(M) = {f.(z,y), fy(x,y), —1} (Huxuaa cro-
pOHa MOBEPXHOCTH).

Ecnu riankasi IByCTOPOHHSSI MOBEPXHOCTb 3ajlaHa MapaMeTpuye-
CKH:

BEPHYB €€ y3KHe CTOPOHBI U CKJIEHUB
UX TaK, 4ToObl COBMajAanud BepLIU- B
HbI MPSIMOYTOJIBHUKA, SIBJSIONIAECS

A '

r = p(u,v), y=1vu,v), z=x(u,v), (u,v) € g,

TO Ha OJHOU CTOPOHE HeNMpepblBHOE BEKTOPHOE MOoJie HOpMaJied MOX-
HO 3anath BekTop-hyHkuued 77(M) = {A, B,C}, a Ha apyro# cro-
poHe — BekTop-®yHKuuedt —n(M) ={—A,—B,—C}.

JIBYCTOpPOHHSISI TOBEPXHOCTb HA3bIBAETCS TaKKe Opuexmupye-
MOLi, a BHIOOp OMpefeJeHHOH CTOPOHBI Ha3bIBAETCS OpueHrmauuerl
nosepxXHoCmu.

[ToHsiTHS OBYCTOPOHHEH W OZHOCTOPOHHEH MOBEPXHOCTH MOXKHO
BBECTH M [JI KYCOUHO-TJIAJIKUX TOBEPXHOCTEH (TO €CTb MOBEPXHO-
CTel, COCTaBJEHHBIX H3 HECKOJIbKUX TJIaIKHX ToBepxHocTed). [Ipu-
MEpPOM KYCOUHO-TJIaAKOH JBYCTOPOHHEH MOBEPXHOCTH SIBJISIETCS TO-
BEpPXHOCTh MapaJijiesenumesa.

OnpenesneHne MOBEPXHOCTHBIX HMHTErPaJoB BTOPOro poaa.
[Tycts P — ryiagkasi 1ByCTOPOHHSISI MOBEPXHOCTh. BuibepeM Ha Hel
OIHY M3 CTOPOH, TO €CTb (DUKCHPyeM HeMpepbiBHOE ToJie HOpMa-
neit n(M). Ob6osnaunm uyepes (M), B(M), v(M) yrael Mex-

y BekTopoM 7i(M) u ocsamu kKoopauHat. Ecmm [7(M)| =1, 1O

—

n(M) = {cos a, cos 8, cosy}.
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[Tycts Ha moBepxHocTu P ompenenensl Tpu ¢yHkuuu: P(M),
Q(M), R(M). PaccMOTpHM MOBEPXHOCTHbIE HHTErpPaJibl MEPBOrO Po-

na

I = J J P(M) cosa(M) dS, T = J JQ(M) cos B(M) dS,
P P

I = J JR(M) cos (M) dS.
P

OHU HA3BIBAIOTCS NOBEPXHOCMHbIMU UHMEEPaAAaAMU 8MOPO2O PO-
da coomsemcmeenrno om ¢ynkyuti P, (), R no evibparnHoii cmo-
pore nosepxrocmu P. J{J5 HAX UCIOJIb3YIOTCS TaKxKe CJeqyIolliue
0003HAUEHUS:

I :JJdedz, Iy :JJdeda:, I3 :JJRdasdy
P P P

(cMBICaT 3THX 0603HAYEHWH COCTOUT B TOM, 4TO dydz = dS - cosa —
MJoMlanb TPOEKIHH 3JeMeHTa MOBEepPXHOCTH C TJomlanbio dS Ha
niockocTb Oyz, u Takxke dzdxr = dS - cos S u dxdy = dS - cosvy).

Ecau BeIOpaTh APYry0 CTOPOHY MOBEPXHOCTH, TO BekTOp 7i(M)
BO BCeX TOUKAX U3MEHHUT HampaBJieHHe, MO3TOMY €ro KOOPAWHATHI
{cos v, cos B, cosy} U3MEHSIT 3HAK U, CJEOBATEIbHO, UHTErpasbl 1],
Iy, I3 usMeHsIT 3HaK. B 3TOM OTHOUIEHHWH MOBEPXHOCTHBIE UHTETPAJIbI
BTOPOTO pOJa aHAJOTHYHbl KPUBOJUHEHHBIM HHTerpasaM BTOPOTO
pozia, KOTOpble U3MEHSIIOT 3HaK MPU HM3MeHeHWHW HarpaBJeHUs [BU-
JKEHHUS 110 KPUBOU.

Cymma

I'=1+ 1+ I3 :JJdedz—Fdedaz—dea:dy:
P

= J J(Pcosoz—l—QcosB—l—Rcosv) dsS
P

Ha3bIBAETCS OOUUM NOBEPXHOCMHbIM UHMESPALOM 8MOPO20 pooa.
Ecnu BBectn Bexktop-yHkuuio a(M) = {P(M),Q(M), R(M)},
TO OOUIMKA WHTerpas I MOXKHO 3amucaTb B BUJE

JZH(a-ﬁ)ds.

P
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Pusnueckuii npumep. Ecau d(M) =
= (M) — ckopocTh B Touke M
TeYeHHs] KHUAKOCTH, 3aroJHSIOLIEH
KaKyl-TO 4YaCTb MPOCTPAHCTBA, TO

[ [(¥-7)dS mnpencraBaser coGoi
P
NOMOK HUOKOCMU 4Yepe3 OPUeHTH- dS

POBaHHYIO TOBEPXHOCTb P, TO ecThb
KOJIN4ecTBO (06BbeM) >KUAKOCTH, MPO-
TeKawlled 3a eIUHHIly BpPeMeHH ye- P
pe3 MoBepxHOCTb P ¢ BbIOpaHHBIM Ha
Hell HerpepbIBHBIM BEKTOPHBIM T10JIEM
eMHUYHBIX HOpMaJIeH:
(U- 1) dS — moTOK HAKOCTH ye-
pe3 3JIeMeHT MOBEPXHOCTH ¢ mJjomaneio dS (puc. 14.12);
[ [(¥-17)dS — noTok KMAKOCTH 4epe3 OPHEHTHPOBAHHYIO MO-
P

Sy
1]

Puc. 14.12.

BEpPXHOCTb P.
B obmewm ciyuae unterpan | [(d@- 1) ds HaswiBaeTcs nomokom
P

gexmoproeo noas a(M) uepes opuermuposarHyro nogepxxocms P.
BbluucieHre MOBEPXHOCTHBIX UHTETPAJOB BTOPOro poja my-
TeM CBedeHHs K IBOWHBIM MHTErpajam.
1) IlycTh rnagkasi moBepxHOCTh P 3amaHa ypaBHeHUEM

z= f(z,y), (z,y) € G.

Bribepem, Hanpumep, BEPXHIOIO CTOPOHY MOBEPXHOCTH P, Ha KOTOPOH

(M) = {—fe(z,y), —fy(z,y), 1}.

_fa:

1+ f2+ f2
Sz

Ha HUXKHel CTOpOHe MoBepXHOCTH cos a(M) = ;

1+ f2+ 12
1

,M+ﬁ+ﬁ.

Torna cosa(M) =

cos B(M) = —fy ; cosy(M) =

1+ 2+ f2
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[Tycte dynkuuu P, (), R HenpepriBHbI Ha noBepxHocTH P. Ilo
dopmyne (14.6) mosmyuaem:

I = J JP(:U, y, 2) cos a(M) dS =

P
- _f:I: 37 y .
—UP(ac,y,f(x,y)) YRy U B dady =

JP(w,y,f(x,y))fx(w,y) dudy,

Q—

I :”Q(x,y,z)cosﬁ(M) ds = (14.11)
P

= — JGJ Qz,y, f(z,y)) fy(z,y) dzdy,

L= | [ By cosy (40 dS = | | Ry f(o.) dody.

P G

2) ITlyctb rmagkasi IBYCTOPOHHSISI MTOBepXHOCTh P 3ajaHa mapa-
MeTPUYECKH:

z=p(u,v), y=1v(u,v), z=x(u,v), (u,v) €g.

BriGepem Ty cTopoHy moBepxHocTH, Ha kotopoit 1 = {A, B,C'}.
Torna

A A
cosq = = :
VA2 + B2 +C2  \EG - F?
B C
cos f(M) = ———, cosy(M) = ——.
(M) VEG — F? (M) VEG — F?
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[To dpopmyne (14.10) nonyyaewm:

I = J JPcosads _ J JP((p(u,v),w(u,v),x(u,v))x

P g
A
X——r \/EG— F? dudv:JJP 0, v)A(u, v) dudw,

o g (14.12)
Iy = | | Q. v, x)B(u, v) dudv,

ugup
Iy =] | R(e, ¥, x)C(u,v) dudv.

J J

g

Bce 3Tu Qopmynabl BepHbl M TOrAa, KOrga IMOBEepXHOCTh P —
KYCOYHO-TJIafikasl, TO €CTb COCTABJEHA M3 KOHEYHOr0 YUC/a IVIaAKHX
noBepxHocTel, a GpyHkuun P, (), R — KycOuHO HempepbiBHble Ha
noeepxHoctu P.

Ilpumep. BeryucauTh NOBEPXHOCTHBIM UHTErpaJ

3
P

I = lJJflzdydz—l—ydzd:z:—l—zdflzdy

M0 BHELIHEH CTOpOHe 3Jjaunconna P:

Qm| S,
+
+

Qw| Nw

TO ecThb BeKTOp 7(M) B Kaxmo# Touke M ajsuncouaa HampabieH
HapyXKy, a He BHYTpPb TeJia, OrPaHMYEeHHOTO 3JJIUIICOUIOM.
[lepefineM K mapaMeTpHUYeCKUM YpaBHEHHSM 3JIIHIICOMIA:

asinucosv, y = bsinusinv, z = ccosu,
v)€g={(u,v):0<u<m,0<v<2r}

)

(u



186 I'n. 14. [losepxnocmmuole unmeepanol

Beluncaum KoopauHAaThl BEKTOpa HOpPMaJH

— — —

vt

ﬁZ[FuXﬁ,]Z Ou Yy Xu = Ai+ By + Ck :
Vv Yy Xv
bcosusinv —csinu .
A= Yu Xu = . — besin® u cos v,
Yy Xo bsin u cos v 0
—csinu  acosusinv : )
B = Xu Pu | _ . . — acsin? USINV,
Xv Pu 0 —asinusinv
acosucosv bcosusinv .
O — | Pu bu = : . . = absinu cos u.
Oy Wy —asinusinv bsinucosv

I[JIH BHEIIHeH CTOPOHBI 3JIJIHUIICON A

() n={A,B,C},
YTO JIErKO YCTAaHOBHUTb MO TIEPBOMY OKTAHTY
T T
{0<u< ok 0<v< 5}, JLJIsT KOTOPOTO YTJIbI
Y a, B, v — octpele (puc. 14.13).
x [To dopmynam (14.12) monyyaem:
Puc. 14.13. 1
I = gjj(mA+yB—|—zC)dudv:
g
_ 1 .3 2 39 : 2 _
=3 (abc sin®wu cos“v + abesin®u sin“v + abe sin u cos u) dudv =
g
2 T
| ) | ) 4
= gach Jsmududv = gabc J vasmudu = gﬂabc —
g 0 0
00beM TeJsla, OTPAHUYEHHOTO SJJHUIICOMAOM. DTOT pe3ysabTaT — He

caydyadHbid. B crenyrouiem naparpade OyneT mnoJydeHa ¢opmysa
Ocrtporpanckoro—laycca, u3 Kotopo#t nocsenyer, 4to 06beM JOO0ro
TeJa, OrPAaHUYEHHOTO KYCOUHO-TJIaJAKOHW MOBEPXHOCTbIO P, BblUHC-
JISIeTCs C TMOMOILLbI0 TAKOIr0 Ke MOBEPXHOCTHOrO MHTerpasna, Kak B
pPacCMOTPEHHOM TpUMeEpE:

3
P

V = lJdeydz—l—ydzdx—l—zdmdy.
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§ 4. ®opmyaa Ocrporpaackoro—I'aycca

[Tycts dyHkumu z(x,y) U 2o(x,y) OmpeneseHbl W HEMpepbIB-
Hbl B OrpPaHWYEHHOW CBSI3HOM 3aMKHyToW ob6sactu D, npuyem
z1(2,y) < 22(2,y), (€,y) € D.

O6anacts G = {(z,y,2) : (z,y) € D,z 1(z,y) < z < 2z9(x,y)} Ha-
30BeM «z-yururopuueckoti» (puc. 14.14). AHajsoruuHo onpenessior-
Csl «X-UUJUHAPUYECKass» U «y-IUJIUHIPUYeCcKass» 00acTH.

Ob6nacTb G Ha30BeM

npocmoti, eciu ee MOXKHO Py

pa30bUThb Ha KOHEYHOe YHCJO Z

«T-UUJUHIPAYECKUX» oOJa- Py

CTel, U TakKe Ha KOHEYHOe

YUCJAO  «YY-UHAJUHAPUUECKUX» |P |

objsacTeli, U Ha KOHEUHOe i | 7

YUCJI0 «Z-UUJUHAPUUECKUX»

o0J1acTel. L

Ilpumep: napansnenenunen u Pz =z1(2,y), P2tz = 2(z,y),

map — MnpocTble 00JIACTH. Ps— yuaundpuyeckan
[panuny ob6mactu G, TO no6eEPTHOCMND

eCTb OI'PpaHWYHMBAOILYIO ee TO- Puc. 14.14.

BEPXHOCTb, OyneM 0003HayaThb

O6ykBod P.

Teopema 3. [lycts dynkuun P(z,vy, 2), Q(z,y,2), R(x,y,z) n ux
p ) K 8Q( 8R) ( ), R( )

YaCTHbIE TPOU3BOJHBIE HelpepblBHBl B NPOCTOH 00-

ox’ 0y’ 0z
jgactu (G, orpaHMYeHHOH KYCOUHO-TJIaAKod moBepxHocTbio P. Torma
CIIpPaBeNJINBO PaBEHCTBO

([ (/0P  0Q  OR B
J(ax-l—ay-l-aZ)d:z:dydz—

[&

rr

= | |(Pcosa+Qcos 3+ Rcosy)ds = (14.13)

J

hUC

= J Jdedz + Qdzdx + Rdxdy,
P

e TIOBEPXHOCTHBIH WHTErpajs BTOPOro poia OepeTcs MO BHeELIHeH
CTOpPOHE MOBepXHOCTH P (To ecThb «, [3, ¥ — YIJIbl MeXAy BHeIlHEeH
HOPMaJIbl0 K TIOBEPXHOCTH P ¥ OCSIMH KOOPAMHAT).

Dopmyna (14.13) HaswiBaeTcss (opmysoir  OcTporpaackoro—
[aycca. Ona 6b1i1a nosnyyena M.B. Ocrtporpaackum B 1827 r. B ¢Bsi3H
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C paccCMOTpPeHMEM 3aJayd O pACIpOCTPaHEHWH TeIjaa B TBEPIOM
tesie. [aycc mosyuns 3Ty opmy/ay paHee B 4YAaCTHOM cjydae, KOraa
P=z Q=y, R=z.

JlokazarenbcTBo. a) PaccmoTpum cHauaja caydai, korna G —
«z-IUJUHApPHUYecKasi» 00JIaCTb, U JOKa)KeM CIPaBeIJUBOCTb paBeH-
CTBa

J J Jg—fu, y, 2) dedydz = LJR(QZ, y, z) cosy ds. (14.14)

CBons TPOMHOH MHTErpaJsl K MOBTOPHOMY, MOJYyUYaeM:

zo(zy)
OR OR
JJJE(x,y,z)da:dydz—JJdajdy J Edz—
G D ( Z])(Q?,’y)
zo(x,y
:JJdmdy- R(x,y, 2) 2( | = (14.15)
Z1\T,Yy

— J JR(&S, Y, zix, y)) drdy — J JR(CC, Yy, z1(x,y)) dedy.

[lepBbiii 13 NBOMHBIX MHTErpasioB B mpaBod yacTu (14.15) Beipasum
yepes MOBEPXHOCTHBIH MHTErpas Mo BepXHe# CTOPOHE TOBEPXHOCTH
Py (z = z9(x,y)), a BTOpOH — uepe3 MOBEPXHOCTHBIH HHTErpaJ
Mo H¥XKHe# cTopoHe noBepxHocTH P (2 = zi(x,y)) (cM. dopmysy
(14.11)):

| [ Ay (e dody = | [ R p.) cos as,

Py

J JR(;U, v 21 (2 y)) dady = — J JR(,@, . 2) cosy ds.

Py

O603HaunM yepe3 P3 GOKOBYIO (LIMJWHIPUUECKYIO) NTOBEPXHOCTh 00-
Jgactd (G. Tak Kak B Toukax 3To# noeepxHoct 1 L Oz, T0 cosvy = 0,
¥ T03TOMY

J JR(m y,z)cosyds = 0.
Py



4. ©opmysra Ocmpoepadckoeo—Ilaycca 189

PaBenctBo (14.15) MOXXHO Tenepb 3amUcaTh B BHIE

Jjj%dxdydz :J JRcosyds —I—J JRcosvds +J JRcosvds =
G

Py Py P

= J JRcosvds,

P

Te TOBEPXHOCTHBIM HMHTerpas OepeTrcs MO BHELIHeX CTOpPOHe II0-
BepxHOCTH P. Tem cambiM, cripaBefsnBoCTb paBeHcTBa (14.14) nis
«Z-UANUHIPUYECKOH» 00J1aCTH 0Ka3aHa.

6) Ilyctb Tenmeps G — mpocras o6saacTb. Paszo6bem ee Ha Ko-
HeuHOoe YHCJO0 «2Z-UUJUHAPHYeCKHX» obsacted (; ¢ rpaHuuamu bP;
(t=1,2,3, .., n) 3anumeM I Kaxaod odmactd (G; paBeHCTBO

(14.14):
J J J g—f drdydz = J JR(&: Y, z) cosy ds.

7 [
CyMMHpysi 3TH paBeHCTBA Mo ¢ OT | A0 m, TMOJydUM B JIeBOH

OR .
4acTU HHTerpaJg 5dmdydz, a B INpPaBOM YaCTH HHTerpal

[ [ R(z,y, z) cosy drdy, nocKo/pKy MOBEPXHOCTHBIE HHTErPasbl [0
P

BCIIOMOTATeJbHBIM TIOBEPXHOCTSIM, pa3iensiioliuM obmnactb (G Ha ya-

ctu (G;, OepyTcsl ABa)KAbl, NMPUUEM OAMH pa3 MO OAHOH CTOpOHE

KaXKJI0M TaKOW IMOBEPXHOCTHU, a APYroH pa3 — IO APYrOH CTOPOHE

(puc. 14.15), 1 mosTOMYy CyMMa ABYX TaKHX UHTErPaJjioB PaBHA HYJIIO.
Urak, nas npoctoéi obsactu G cripaBelJiiBO PaBeHCTBO

J J J g—f drdydz = J JR(w, Y, z) cosy ds.
¢ P

AnasioruyHO BHIBOASITCS paBeHCTBa (myTeM pasbuenus obaactu G Ha
«T-UMWJUHIPUUECKHE», a 3aTeM Ha «Yy-IUJWHAPUYEeCKHEe» 00/1acTH):

rror "
8_Pdajdydz = P(Qf,y, Z) COSOédS, (1416)
J JJ Ox JoJ
G P
cror NS
g_g drdydz = | | Q(z,y, z) cos B ds. (14.17)

Qe
e
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CkaanbiBass (14.14), (14.16) u (14.17), npuxoguM K pPaBEHCTBY
(14.13):

JJJ<8$ i aaQ 5’2)dmdyd'z_JJ<PCOSO‘+QC055+RC087)ds,
G P

Teopema 3 nokasaHa.
3ameyanus. 1) Beemem BekTOp-yHKIHIO @ =
~~ N = {P,Q,R} u cxanapuyo (YHKIHI, KOTO-

~ pasi HasblBaeTCs 6ucaegeem4ueu BEKTOPHOIO II0-

A a. diva = + + 0 . Torma d¢opmyay

p 89[: oy 0z
w Octporpaackoro—laycca MoKHO 3amucaTbh B BUJE

G
,———+—1~\ JJJdivd’dxdydz:JJ(d’-ﬁ)ds.
L_/ G P

Puc. 14.15. 2) MoxHo 10Ka3aThb, 4To dopmyna
Ocrporpaackoro—I'aycca BepHa ajs J060d obgacTu
(3, rpaHulla KOTOPOH COCTOUT M3 KOHEUHOTO YHCJa KYCOUHO-TJIAJKHUX
[IOBEPXHOCTEH.
CaenctBue. Ecau dynkuuu P, (), R TakoBbl, 4TO

P 0Q OR _
8x+8y+8z_1’

T0 U3 Qopmynsl OcTtporpanckoro-I'aycca mosyunM BbipaxkeHue /15
o6bema obsacTu (G uepe3 MOBEPXHOCTHBIA HHTErpaJ:

V(G) = J J dedydz = J J(Pcosoz + Q cos B + Rcos7y) ds.
G P

_ 1 L, oP | 0Q B
B vactHoCTH, ecau P = 37 Q= Y R = 3% 10 5 + 3 + 5 =

=1, u pas o6wvema V(G) moayuaercs: opmy.ia:

V(G) = %JJ($COS&+QCOS§+ZCOSV) ds =

P
_ %ijdydz—i—ydzdx-l-Zdﬂ?dy,

P
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T1ie IOBePXHOCTHBIH UHTerpaJ 6epeTcs Mo BHELIHEH CTOPOHE MOBepX-
HocTH P. DTy opMyny MOXHO 3anucaTb B BUJE

V(G):éJJ(F-ﬁ)ds, e 7= {zy 2}

P

IIpumep. Beruucaute

I= J J (2% + fi(y, 2)) dydz + (cosy + fo(z, 2)) dzdz+

} (2 + fy(a.y)) dady,

rie P — BHewHss cropoHa coepsl z2 + y® + 22 = R?. 3pech

P =2+ fi(y,2), Q =cosy + fo(z,2), R =z + f3(x,y), nostomy
oP 0

5 = 2z, o = —siny, -- = 1. ITo dopmyne Octporpanckoro—
[aycca
B oP 0Q . OR B
I—JJJ<&U t 82) dedydz =

= J J J (22 —siny + 1) dzdydz = %ﬂ'RB.
G

§ 5. Popmyna Crokca

[lyctb P — nOBYCTOpOHHSISI MOBEPXHOCTb, OTPaHHWYEHHAs] KOHTY-
poM L. BribepeM omHY M3 CTOPOH TIOBEPXHOCTH, TO €CTh OPHEHTHPYEM
MOBEPXHOCTb. BBenem nososxcumenvroe nanpasarerue 06x00a KoH-
mypa L, coomeemcmsyoujee opuenmayuu no8epxHoCcmu, Caeayo-
UM 006pa3oM: ecsid HabJi01aTe/lb HAXOAUTCSl HAa BBIOPAHHOH CTOPOHE
TOBEPXHOCTH (TO eCcTb HampaBJieHWe OT HOT K T'0JIOBE COBMAgaeT C
HampaBJeHUeM BeKTOpa HOPMaJH), TO NP 06XOle KOHTypa B TOJO-
XKUTEJbHOM HalpaBJeHHUH OH OCTaBJIsieT MOBEPXHOCTb CJieBa OT ceOs
(puc. 14.16).

Ecsu rpaHuiia moBepxXHOCTH COCTOUT M3 HECKOJBKHX KOHTYPOB,
TO AJISl KAaXKJIOTO M3 HUX MOJIOXKHUTEbHOE HanpaBJ/eHrne 00Xoia orpe-
nessieTcss TakUM ke obpasom (puc. 14.17). Beibop mosoxuTebHOro
HarpaBJjieHUs 00XOla KOHTypa Ha3blBaeTCs TaKXKe CO2AACOBAHUEM
opuexmayuu KOHmMYpa ¢ opuexmayueti N08ePXHOCMLU.

Omnpenenenue. Hazosem noBepxHocTh P «xyz-npoekmupyemoils,
ecd OHa B3aWMHO OJHO3HAYHO TPOEKTHPYeTCs Ha KaXIylo
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S 7
=N
Puc. 14.16. Puc. 14.17.

St
St
St

il

(P

KOOPAHHATHYIO TIJIOCKOCTb TPSIMOYTOJIBHOH CHCTEMBI KOOPAHHAT
Oxyz.

Takyio MOBEpPXHOCTb MOXKHO 3aJaTh JIIOOBIM H3 TpPeX ypaBHEHHH
BUIA:

z= fi(z,y), (z,y)€ Dy;
x=fo(y.2), (y.2) € Dy (14.18)
y = f3(z,7), (z,7)€ Ds.

[IpocTeiiiumM npuMepoM  TakoH
MIOBEPXHOCTH SIBJSIETCS MJOCKUH Tpe-
C p yronbHuk ABC, u3o6pakeHHBIH Ha
pucyHke 14.18. B panbHeliem mnop
rMafKoH «Tyz-NPOEKTHPYeMOii» To-
BEPXHOCTbIO OyleM MOHHMaTh TaKYIO
MOBEPXHOCTb P, KOoTOpas yAOBJETBO-
pSeT CJAEAYIOUIUM YCJIOBHUSIM:

A ysuan fi, fo u f3 us ypas-
Henud (14.18) nMMelT HenpepbIBHbBIE
YyacTHBIE TPOMU3BOJHBIE TEPBOrO TO-
Prc. 14.18. psiiKa B 3aMKHYTbIX OrpaHHUYeHHBIX
obnactsix Dy, Dy u Ds, a rpanulei
NoBepXHOCTU P fBJseTCS 3aMKHYTBIH KyCOUHO-TJIaAKUH KOHTYp, B3a-
UMHO OHO3HAUYHO MPOEKTUPYIOIIMHUCSA Ha TPAaHULY KaxKA0H 06sacTH
D; i=1,2,3).

Teopema 4. [IycTb
1) pyukuuu P(z,y,2), Q(z,y,2), R(r,y,z) U UX 4acTHbe MPOU3-
BOJHbBIE TIEPBOrO MOpPsiiKa HenpepblBHBEI B 0bsactu G}

2) rnagkas «ryz-TPOeKTHpPyeMas» MOBEPXHOCTb I, orpaHUueHHas
KOHTYypoM L, pacmnoJjioxkeHa BHYTpU obJacTtu G.

N
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Torpa cnpaBeniMBo paBeHCTBO

%Pdm + Qdy + Rdz = JJ Kg—cj — (?)—P> coS Y+
. / (14.19)

L
oRrR  0Q oP OR
+ <8—y %> COS + <$ %) Cosﬁi| ds’

rae «, 3, 7 — YIJIbl MeXJy BEKTOPOM HOPMaJid Ha BBIODAHHOM CTO-
poHe noBepxHocTH P u ocamu Oz, Oy, Oz, a opueHTalHs KOHTYypa
L coryiacoBaHa ¢ opveHTalMeld MOBepXHOCTH P.

dopmyna (14.19) HasbiBaetcs

gopmyroii Cmoxca. OHa BbIpaxa- n
€T KPUBOJIMHEUHBIM UHTEerpaJ 1o 3a-
MKHYTOMY KOHTypy L uyepes3 1io- L
BEPXHOCTHBIK MHTErpaJs BTOPOro Po- 4
Ja Mo MOBepXHOCTH P, orpaHUyeH- | T/ I
HOH KOHTypoM L. | |
JloKasaTesbCTBO. 3anuuem O I I
ypaBHeHHe MoBepxHOCTH P B BUIe / | .y
o >
z = f(x,y), (x,y) € D, T —
Puc. 14.19.

roe D — npoekuus noBepxHocTH P
Ha nockocTh Oxy.

O603HaunM OyKBOH [ mpoeKIuio KoHTypa L Ha miockocTb Oxy.
Kontyp [ siBnsiercst rpanuneit obaactu D (puc. 14.19).

PaccmoTpuM KpHBoJMHeRHBIH HHTerpan ¢ P(x,y, z) dx. Tpeo6-

L
pasyeMm ero B MHTerpaJ 1o noBepxHocTH P mo cienytolleil cxeme:

At Aag it}

[lns onpenesneHHocTH OyleM pacCMaTpUBATh BEPXHIOI CTOPOHY
noepxHocTH P. Ilpu atom koHTyp L mpoberaercs B COOTBETCTBYIO-
ILIeM TOJIOXKHUTEJbHOM HamnpaBJjeHuu (cM. puc. 14.19).

(1) Ilycts mapamerpryeckue ypaBHeHUS] KOHTypPa [ UMEIOT BHUI

z=¢(t), y=v(t), a <t <P,

¥ KOHTYp [ mpoberaercss B MOJOXKHUTEJbHOM HaNpaBJEeHHH TPH BO3-
pacTaHu# t OT « 10 3.

7 B.®. ByrysoB
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Torna mapamerpuueckue ypaBHeHHUS] KOHTYpa L MOXKHO 3amucaThb
B BU/E

z=o(t), y =1(t), 2= fle(t). (1), a <T LB

[losatomy

8
%P(ﬂf, Y fx,y)) de = JP ((8), 9 (t), (1), 9(2))) ' (2) dt,

l

OTKyJa cJeayeT PaBeHCTBO

jEP(x, y, ) da = %P(az, y, F(z, ) dz.

L l

(2) CornacHo dopmyne I'puna

3§de +Qdy = J J (g—g - (Z—];) drdy
l D

ClipaBeaJMBO PAaBEHCTBO

3€P(az y, f(z,y)) dr = —J J a% P(z,y, f(z,y)) dedy =

l D

__|[[(or  or of
= ”(ay T oz a;,)dxdy'
D

7= [ 0f 0f _
(3) Bektop 7w = { B 8y’1} SIBJISIETCST BEKTOPOM HOpMa

JU Ha BepxXHeHd CTOPOHe MOBEPXHOCTH P, MO3TOMY €ro KOOpAHHA-
Thl MPONOPLUOHANBHBEI KOOPAMHATAM €IMHUYHOIO BEKTOpPa HOPMAaJIH
{cos v, cos B, cosy}, B uacTHOCTH

of
oy 1 of _  cosp

= , OTKygla —— = :
cosf3  cosy e dy Cos 7y
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CayienoBaTesibHO,
OP 0P Of
_JJ<5—y+E 8y>d vdy
o oP oP 1
= cos B — — cos dxdy =
J | ((92 B dy 7) cosy Y
D
— (apcosﬁ——PCOSfy> \/1+f2 + f7 drdy =
J J \ Oz
D
[ [ /0P oP
=| (82 cos 8 — a—ycosv) ds (cMm. dpopmyny (14.6)).
P
Hraxk,
i)Pd:c:JJ@P sﬁ—a—Pcom)d (14.20)
0z dy
L P
AHaOrMuHO MOXKHO J0Ka3aTh, 4TO
(0@ 0
3€Qdy = <8x CoS7Y — -~ cosa) ds, (14.21)
P
Rdz = <8—R cosa — or cos 6) ds. (14.22)
J J \oy ox
L P

CknaneiBasi paBenctsa (14.20), (14.21) u (14.22), npuxonum K pa-
BeHCTBY (14.19). Teopema 4 nmokasana.
3ameuanns. 1) Baemem Bektop-dynkumio @ = {P,Q,R} u
]%GKTOP-prHKU,I/IIO, KOTOpasi Ha3blBAETCS POMOPOM BEKMOPHO20 NOAS
(M):

- = o
7k

I‘Otﬁ: g g E —
or 0Oy 0z
P @ R
_(OR _0Q\7 (9P R\ (0Q 0Py p
- <8y 8z> ! +<8z 8513) +<8x 8y> g

Torna ¢opmyny CTokca MOXKHO 3alucaTh B BUAE
%
jﬁ(ﬁ-dl) :JJ(rotﬁ-ﬁ)dS.
L P

7*
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dta hopmysa YUTAETCS TaK: UUPKYAAYUS BEKMOPHOEO NOAA 7(M)
80046 3aMKHYmMo20 Koumypa L pasHa nomoKy 8eKkmopHo20 NnoAs
rotﬁ(M ) uepes nosepxHocmo, HamaHymyro Ha KoHmyp L.

2) Ecau noBepxHocTh P He SIBISIeTCS «TYZ-TIPOEKTHPYEMOM»,
HO JIonycKaeT pa3breHre Ha KOHEYHOEe UHCIO0 «TYZ-TPOEKTHPYEMBIX»
noBepxHocTei, To opmysna CTokca ocTaeTcsi B CHUJE.

[Tpumepom Takoill TMOBEPXHOCTH sIBJIseTCs moJgycdepa, pacrosio-
»KeHHast B nmoaynpoctpaHcTBe z > 0 (puc. 14.20). Ee M0oXkHO pa3ouTh
Ha 4 «xyz-TPOEKTUpPyeMble» YaCTH.

3) Ecau nosepxHocth P mpenctas-

2 JfeT CcoBOH TMJOCKYl0 06/1acTb, PacroJo-
’KeHHYI0 B IJIOCKOCTH, TepreHAHKYJIspHOM

1N K OCH KOODPAMHAT, TO OHa He sABJseT-
7 e «xyz-npoekTHpyeMoi». OnHaxo, (opmyJa

Y Crokca BepHa W B 3TOM cJjydae. bojee Toro,
IJ51 Takod mnoBepxHOCTH opmyna CTokca mne-
pexonuT B (opmyay I'puna. [lycTb, Hanpumep,
MJ0CKasi MOBEPXHOCTb P TMeprneHIuKy/asipHA K
ocu Oz. Torma cosa = cosfB =0, cosy = 1,

$ Rdz = 0 u us popmynsl CTokca mosyyaem:
L

i

Puc. 14.20.

%Pdm + Qdy = J J (% — %—5) dxdy (popmyna ['puna).
L P

4) ®opmyna Ctokca ocTaeTcs B CHJe, eC/d IpaHHIlA MTOBEPXHO-
CTU P COCTOUT M3 HECKOJbKUX 3aMKHYTBHIX KOHTYpoB. [Ipu stom B
JIeBOH YyacTH (hOpMYJbl HY2KHO HaNHUCaTh CYMMY KPHUBOJHHEHHBIX HH-
TerpaJsoB 10 BCEM 3TUM KOHTypaM, MpoOeraeMbiM B MOJOKHUTEJTbHOM
HamnpaBJIeHHUH.

5) Ins 3anomunanus (gopmyabsl CTOKca MOJE€3HO 3aMETHUTh, UTO
MepBOe cJlaraeMoe IMojl 3HAaKOM HHTerpasa B MPaBod 4acTH (pOpMYJibl
(14.19) saBasiercs mnpousBedeHHEM MOAUHTErPANbHOH (QYHKLIUU U3
npaBoil yacTu (opmy/abl [puHa Ha cos<y, a IBa CJeYIOLIUX CJarae-
MbIX MOJYYaIOTCs U3 MEePBOro UUKJAUUECKOH MepecTaHOBKOH:

P
AN

- Q x* = y o = f
VAN 5 N v
R z Y
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§ 6. YciaoBus He3aBUCUMOCTH KPUBOJUHENHOTO
MHTerpaJjga BTOPOro poaa OT MyTH UHTErpUpOBaHUSA B
MPOCTPAHCTBE

[lyctb G — o6sacTe B mpocTpaHcTBe R3, To ecThb OTKphITOE
CBSI3HOE MHOXKeCTBO. DyzneMm HasbiBaTh 00JacTb G nogepxHOCmHO
00HOC843HOLL, ecan [Jis N1000T0 3aMKHYTOTO KOHTypa L, Jexaliero
B o6sacTu (5, CyIllecTBYeT MOBEPXHOCTh, OTPAaHHYEHHAs] KOHTYpOM L
U LIeJIMKOM Jexaulas B obaactu G.

Ilpumepsi. [llap, napannenenunen, o6aacTb MeAy ABYMS KOH-
LIeHTPUYEeCKUMHU cdepaMud — IMOBEPXHOCTHO ONHOCBSI3Hble 00./1aCTH,
TOp He SIBJISIETCS] TOBEPXHOCTHO OAHOCBSI3HOW 06JIACThIO.

Teopema 5. . Ilycts dyuxkuuu P(x,y, 2), Q(z, v, 2), R(x,y, 2)
onpenesieHbl U HempepeiBHBI B obsactu (. Torma ciemyroiue TpH
YCJIOBUSI SKBHUBAJIEHTHBI:

1. Ing jawo60ro 3aMKHYTOr'0 KYyCOUHO-TJIafiKoro koHtypa L, pac-

noJioxkeHHoro B obJiactu (G, cripaBeJIMBO PaBEHCTBO

%de + Qdy + Rdz = 0.
L

2. Mg mobbix nByx Touek A u B obnactu G KPUBOJUHEHHbIH

unterpan [ Pdx 4 Qdy + Rdz He 3aBUCHUT OT MyTH HHTErPH-

AB
pOBaHHsdA, paCloOJJOXKEHHOT'O B obsactu G.

3. Boipaxenue P(x,y, z)dx + Q(z,y, 2)dy + R(z,y, 2)dz sBaser-
csl TIOJTHBIM TH(epeHIInanom, To ecTb B 00aacTu G CyIIecTBy-
eT GpyHkuus u = u(x,y, z), Takas, 4To

du = Pdx + Qdy + Rdz.

[Ipu sTom nsist TF060N KyCOUHO-TJIaKON KpUBoH AB, jexariei
B o6sactu (G, HMeeT MeCTO PaBEHCTBO

J Pdz + Qdy + Rdz = u(B) — u(A).
AB
[I. Ecau obsacte (G — MOBEPXHOCTHO OAHOCBSI3HAS, a (DYHKIHH
P, @), R umetor B obsactu (G HempepbiBHbIE YaCTHblE MPOU3BOAHbIE
MepBOTO MOPSIAKA, TO KaxKa0oe U3 YCJAOBUH 1-3 3KBUBANE€HTHO YCJIO-
O op 0@ 9Q  OR OR 9P

4. o o’ 9. 0y 9z 0 BO BcexX Toukax obJsactu G.
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Eciu BBecTH BeKTOp-q)yHKU,Hg @ = {P,Q, R}, To ycioue 4

MOJKHO 3arHcaTh B Biie rotd = 0.

[oxkazareabcTBa yTBepxaeHui I u Il npoBoasTcs mo To# xe cxe-
Me, UTO U B aHAJOTMYHOH TeopeMe [/ KPUBOJUHEHHBIX UHTErpaJsioB
Ha MJOCKOCTH:

l]—-2—2-3—=1 u 3—4—1.

OT/auuMe COCTOUT JIMIIb B TOM, YTO TPHU J0Ka3aTeJbCTBE YyTBep-
X)aeuusi 4 — | HyKHO BocCHoJb30BaThcsd He Qopmynod ['puHa, a
¢dopmymsoit CTokca.

3ameuanue. PyHKuUs u(z,y, 2) U3 YCAOBUS 3 MOXKeT OBbITb Hak-
neHa 1o gopmyJie

(z.y,2)
u(z,y, z) = J Pdx + Qdy + Rdz =

(QTO,ZUO,ZO)
Y

xT z

= J P(x,yo, 29) dx + J Q(x,y, z0) dy + J R(z,y,z)dz + C,
Lo Yo 20

rie (o, Yo, 20) — Kakasi-HUOYIb GUKCHpOBaHHast Touka, C' — Tpous-

BOJIbHAsA IIOCTOAHHAA, 4 B KaUeCTBe KpI/IBOfI HHTErprupoBaHHA B35dTa
JIOMaHasd, OTPE3KH KOTOpOIL/’I [apaJijieJibHbl OCAM KOOPIAHHAT.
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