
�¨­¨áâ¥àáâ¢® ®¡à §®¢ ­¨ï �®áá¨©áª®© �¥¤¥à æ¨¨
�®¢®á¨¡¨àáª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â

�.�. �¨å ©«¨ç¥­ª®

�®«¨¬¥âà¨ç¥áª¨¥ £¥®¬¥âà¨¨

�à¨«®¦¥­¨¥
�.�.�ëà®¢ 

�®¢®á¨¡¨àáª
2001

1



��� 181.15
�69

��� 514.1 + 512.816

�.�. �¨å ©«¨ç¥­ª®. �®«¨¬¥âà¨ç¥áª¨¥ £¥®¬¥âà¨¨.�§¤ â¥«ì-
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�®«¨¬¥âà¨ç¥áª¨¥ £¥®¬¥âà¨¨, â® ¥áâì £¥®¬¥âà¨¨ á ¡®«¥¥ ç¥¬ ®¤­¨¬
à ááâ®ï­¨¥¬, ¥áâ¥áâ¢¥­­® ¢®§­¨ª îâ ¢ â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà, ¢
ç áâ­®áâ¨, ¯à¨  ªá¨®¬ â¨ç¥áª®¬ ®¡®á­®¢ ­¨¨ â¥à¬®¤¨­ ¬¨ª¨. � íâ®©
â¥®à¨¨ ¬¥âà¨ª  ¯à®áâà ­áâ¢  ¯®­¨¬ ¥âáï ¢ á ¬®¬ ®¡é¥¬ á¬ëá«¥ ª ª
ç¨á«®¢ ï äã­ªæ¨ï ¯ àë â®ç¥ª,   ¯®  ªá¨®¬¥ ä¥­®¬¥­®«®£¨ç¥áª®© á¨¬-
¬¥âà¨¨ ¢á¥ ¢§ ¨¬­ë¥ à ááâ®ï­¨ï ¤«ï ­¥ª®â®à®£® ª®­¥ç­®£® ç¨á«  â®ç¥ª
äã­ªæ¨®­ «ì­® á¢ï§ ­ë. �®ç­ ï ¬ â¥¬ â¨ç¥áª ï ä®à¬ã«¨à®¢ª  ¯à¨­-
æ¨¯  ä¥­®¬¥­®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ ¯®§¢®«¨«  ãáâ ­®¢¨âì ¥¥ á¢ï§ì á
£àã¯¯®¢®© á¨¬¬¥âà¨¥© ¨ ¯à®¢¥áâ¨ ¯®«­ãî ª« áá¨ä¨ª æ¨î ­¥ª®â®àëå
¯®«¨¬¥âà¨ç¥áª¨å £¥®¬¥âà¨©. �­¨£   ¤à¥á®¢ ­  ­ ãç­ë¬ à ¡®â­¨ª ¬,
 á¯¨à â ¬ ¨ áâã¤¥­â ¬ áâ àè¨å ªãàá®¢, á¯¥æ¨ «¨§¨àãîé¨¬áï ¯® £¥®-
¬¥âà¨¨ ¨ â¥®à¥â¨ç¥áª®© ä¨§¨ª¥ (http://www.mixGG.narod.ru).

G.G.Mikhailichenko. Polimetric geometries. Novosibirsk State
University Publising, 2001.

Polimetric geometries, i.e, geometries with more than one distance,
emerge in a natural way in the theory of physical structures, in particular,
in axiomatic basing of thermodynamics. In this theory space metric is
understood, in the most general sence, to be a numarical function of a
pair of points, and according to the axiom of fenomenological symmetry,
all point-to-point distances for some �nite number of points are functionally
related. The exact mathematical formulation of the principle of the
phenomenological symmetry made it possible to establish its connection
with the group simmetry and to carry out a coplete classi�cation of some
polimetric geometries. The book is intended for members of sta� of scienti�c
body, post-graduate and undergraduate students specialazing in geometry
and theoretical physics (http://www.mixGG.narod.ru).
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�â§ë¢ ® ª­¨£¥ "�®«¨¬¥âà¨ç¥áª¨¥ £¥®¬¥âà¨¨"

�¥âà¨ç¥áª ï â®çª  §à¥­¨ï ­  £¥®¬¥âà¨î, ¢®§­¨ªè ï ¢ 19 ¢¥ª¥ ¢ à -
¡®â å �¥«ì¬£®«ìæ  ¨ �ã ­ª à¥, â¥á­® á¢ï§ ­  á £àã¯¯®¢®© ª®­æ¥¯æ¨¥©
£¥®¬¥âà¨¨ �«¥©­ . �à¨­æ¨¯¨ «ì­® ¢ ¦­ ï â¥®à¥¬   ¢â®à  ª­¨£¨ ãáâ -
­ ¢«¨¢ ¥â íª¢¨¢ «¥­â­®áâì ®¡®¨å ª« áá¨ç¥áª¨å ¯®¤å®¤®¢ ª £¥®¬¥âà¨¨.
�àã£®© âà ¤¨æ¨®­­®© ç¥àâ®© £¥®¬¥âà¨¨ ¢á¥£¤  ¡ë«  á¨¬¬¥âà¨ç­®áâì
à ááâ®ï­¨© (ª ª ¢ á«ãç ¥ ¥¢ª«¨¤®¢®©, ¯á¥¢¤®¥¢ª«¨¤®¢®© ¨ £¨¯¥à¡®«¨-
ç¥áª®© £¥®¬¥âà¨©) ¨«¨  ­â¨á¨¬¬¥âà¨ç­®áâì (ª ª ¢ á«ãç ¥ á¨¯«¥ªâ¨-
ç¥áª®© £¥®¬¥âà¨¨). �¥®à¨ï ä¥­®¬¥­®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ �.�.�ã-
« ª®¢ , á®§¤ ¢è ï ¤®áâ â®ç­® ®¡éãî ª®­æ¥¯æ¨î à ááâ®ï­¨ï, ¯®§¢®«¨« 
 ¢â®àã ¤®ª § âì, çâ® á â®ç­®áâìî ¤® ¥áâ¥áâ¢¥­­®© íª¢¨¢ «¥­â­®áâ¨ ¢á¥
¬¥âà¨ç¥áª¨¥ £¥®¬¥âà¨¨ á¨¬¬¥âà¨ç­ë ¨«¨  ­â¨á¨¬¬¥âà¨ç­ë.

� «¥¥, á â®çª¨ §à¥­¨ï â¥®à¨¨ �.�.�ã« ª®¢ , ¬¥âà¨ç¥áª¨¥ £¥®¬¥-
âà¨¨ ¢®®¡é¥ á®áâ ¢«ïîâ ç áâ­ë© á«ãç © ¥£® "ä¨§¨ç¥áª¨å áâàãªâãà",
®å¢ âë¢ îé¨å ¢á¥ "í«¥¬¥­â à­ë¥" § ª®­ë ä¨§¨ª¨. �à¨ íâ®¬ �.�.
�ã« ª®¢ § ¬¥â¨«, çâ® ¢ ®á­®¢ ­¨¨ â¥à¬®¤¨­ ¬¨ª¨ «¥¦ â ¤¢¥ ¬¥âà¨-
ª¨, ª ª®â®àë¬ �.�.�¨å ©«¨ç¥­ª® ¯à¨¡ ¢¨« âà¥âìî. �®«ãç¥­­ë¥ â -
ª¨¬ ®¡à §®¬ âà¨ ¬¥âà¨ª¨ ¯®§¢®«ïîâ ¤ âì £¥®¬¥âà¨ç¥áªãî  ªá¨®¬ â¨-
ªã â¥à¬®¤¨­ ¬¨ª¨, ¯à¨­æ¨¯¨ «ì­® ®â«¨ç­ãî (¨, ª ª ï ¯®« £ î, ¡®«¥¥
¯à®áâãî), ç¥¬ ¨§¢¥áâ­ ï  ªá¨®¬ â¨ª  � à â¥®¤®à¨.

�¢â®à ª­¨£¨, �.�.�¨å ©«¨ç¥­ª®, ¤ « ¢ á¢®¥ ¢à¥¬ï ¯®«­ãî ª« áá¨-
ä¨ª æ¨î "®¤­®¬¥âà¨ç¥áª¨å" ä¨§¨ç¥áª¨å áâàãªâãà, ¯à¥¤áâ ¢«ïîéãî
¢ë¤ îé¥¥áï ¤®áâ¨¦¥­¨¥ ¨áç¥à¯ë¢ îé¥© ¬ â¥¬ â¨ç¥áª®© ª« áá¨ä¨ª -
æ¨¨. �®«¨¬¥âà¨ç¥áª¨© á«ãç © £®à §¤® âàã¤­¥¥, ¨ ¯®ª  ¨¬¥îâáï «¨èì
¯¥à¢ë¥ à¥§ã«ìâ âë, á®áâ ¢«ïîé¨¥ ®á­®¢­®¥ á®¤¥à¦ ­¨¥ à áá¬ âà¨¢ -
¥¬®© ª­¨£¨: ¨§ãç îâáï ¯à®áâ¥©è¨¥ ¤¢ã¬¥âà¨ç¥áª¨¥ ¨ âà¨¬¥âà¨ç¥áª¨¥
áâàãªâãàë. �¤­  ¨§ ¯®á«¥¤­¨å á®áâ ¢«ï¥â «®£¨ç¥áªãî ®á­®¢ã â¥à¬®¤¨-
­ ¬¨ª¨.

�á¯¨à ­â �.�.�¨å ©«¨ç¥­ª®, �.�.�ëà®¢, ­ ¯¨á « ¯à¨«®¦¥­¨¥ ®¡
 «£¥¡à å �¨, á¢ï§ ­­ëå á âà¥å¬¥à­ë¬¨ £¥®¬¥âà¨ï¬¨.

�­¨£ã �.�.�¨å ©«¨ç¥­ª® ¬®¦­® á¬¥«® à¥ª®¬¥­¤®¢ âì ª ¨§¤ ­¨î
ª ª ¯® ¥¥ á®¤¥à¦ ­¨î, â ª ¨ ¯® ¬ â¥¬ â¨ç¥áª®¬ã ¬ áâ¥àáâ¢ã.

�®ªâ®à ä¨§¨ª®-¬ â¥¬ â¨ç¥áª¨å ­ ãª �.�. �¥â.
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�¢¥¤¥­¨¥

�«ï ¨««îáâà æ¨¨ ä¥­®¬¥­®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨© ¢ £¥®-
¬¥âà¨¨,   â ª¦¥ á¢ï§¨ ¬¥¦¤ã ­¨¬¨, à áá¬®âà¨¬ á­ ç «  ®¤­®¬¥âà¨ç¥-
áªãî ¯«®áª®áâì �¢ª«¨¤ . � ¤¥ª àâ®¢®© ¯àï¬®ã£®«ì­®© á¨áâ¥¬¥ ª®®à¤¨-
­ â (x,y) ª¢ ¤à â à ááâ®ï­¨ï �(ij) ¬¥¦¤ã «î¡ë¬¨ â®çª ¬¨ i = (x(i),
y(i)) ¨ j = (x(j),y(j)) § ¤ ¥âáï äã­ªæ¨¥©

f(ij) = �2(ij) = (x(i) � x(j))2 + (y(i) � y(j))2: (1)

�®§ì¬¥¬ ç¥âëà¥ â®çª¨ i, j, k, l ¨ § ¯¨è¥¬ ¤«ï ­¨å è¥áâì §­ ç¥­¨©
¬¥âà¨ç¥áª®© äã­ªæ¨¨ (1): f(ij), f(ik), f(il), f(jk), f(jl), f(kl). �®à®è®
¨§¢¥áâ­®, çâ® è¥áâì ¢§ ¨¬­ëå à ááâ®ï­¨© ¬¥¦¤ã «î¡ë¬¨ ç¥âëàì¬ï
â®çª ¬¨ ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ äã­ªæ¨®­ «ì­® á¢ï§ ­ë, ®¡à é ï ¢ ­ã«ì
®¯à¥¤¥«¨â¥«ì �í«¨-�¥­£¥à  ¯ïâ®£® ¯®àï¤ª :����������

0 1 1 1 1
1 0 f(ij) f(ik) f(il)
1 f(ij) 0 f(jk) f(jl)
1 f(ik) f(jk) 0 f(kl)
1 f(il) f(jl) f(kl) 0

����������
= 0: (2)

�¥®¬¥âà¨ç¥áª¨© á¬ëá« á®®â­®è¥­¨ï (2) á®áâ®¨â ¢ â®¬, çâ® ®¡ê¥¬
â¥âà í¤à  á ¢¥àè¨­ ¬¨, «¥¦ é¨¬¨ ­  ¯«®áª®áâ¨, à ¢¥­ ­ã«î. �® â¥à-
¬¨­®«®£¨¨�.�. �ã« ª®¢  [1] á®®â­®è¥­¨¥ (2), á¯à ¢¥¤«¨¢®¥ ¤«ï «î¡®©
ç¥â¢¥àª¨ <ijkl>, ¢ëà ¦ ¥â ä¥­®¬¥­®«®£¨ç¥áªãî á¨¬¬¥âà¨î ¥¢ª«¨¤®-
¢®© ¯«®áª®áâ¨.

�® ¬¥âà¨ç¥áª®© äã­ªæ¨¨ (1) ¬®¦­® ­ ©â¨ ¬­®¦¥áâ¢® ¥¥ ¤¢¨¦¥­¨©,
â® ¥áâì â ª¨å £« ¤ª¨å ¨ ®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨©

x0 = �(x; y); y0 = �(x; y) (3)

¯«®áª®áâ¨, ®â­®á¨â¥«ì­® ª®â®àëå íâ  äã­ªæ¨ï á®åà ­ï¥âáï. �¥©áâ¢¨-
â¥«ì­®, ¥á«¨ ¯à¥®¡à §®¢ ­¨¥ (3) ï¢«ï¥âáï ¤¢¨¦¥­¨¥¬, â® ¤«ï äã­ªæ¨©
� ¨ � ¯®«ãç ¥âáï äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥

(�(i) � �(j))2 + (�(i) � �(j))2 = (x(i)� x(j))2 + (y(i) � y(j))2 ;

¢á¥ à¥è¥­¨ï ª®â®à®£® ¬®£ãâ ¡ëâì ­ ©¤¥­ë ç¨áâ®  ­ «¨â¨ç¥áª¨:

�(x; y) = ax� "by + c;
�(x; y) = bx+ "ay + d ;

�
(4)
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£¤¥ a2 + b2 = 1, " = �1.
�­®¦¥áâ¢® ¢á¥å ¤¢¨¦¥­¨© (3) á äã­ªæ¨ï¬¨ (4) ¥áâì, ®ç¥¢¨¤­®, £àã¯-

¯ , ¢ëà ¦ îé ï £àã¯¯®¢ãî á¨¬¬¥âà¨î ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨. � ¤àã-
£®© áâ®à®­ë, âà¥å¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¯à¥®¡à §®¢ ­¨© (4) ª®®à¤¨-
­ â­®© ¯«®áª®áâ¨ (x; y) § ¤ ¥â ­  ­¥© ¯® �. �«¥©­ã [2] ¥¢ª«¨¤®¢ã £¥®-
¬¥âà¨î.

�ëïá­¨¬ â¥¯¥àì, ¨¬¥¥âáï «¨ á¢ï§ì ä¥­®¬¥­®«®£¨ç¥áª®© ¨ £àã¯¯®¢®©
á¨¬¬¥âà¨© ¤«ï ¯«®áª®© £¥®¬¥âà¨¨ á ¬¥âà¨ç¥áª®© äã­ªæ¨¥©

f(ij) = f(x(i); y(i); x(j); y(j)); (5)

®¡®¡é îé¥© ¢ëà ¦¥­¨¥ (1). �¥áâª ï ä¨£ãà  ­  ¯«®áª®áâ¨ ¯à¨ «î¡®¬
à §ã¬­®¬ ®¯à¥¤¥«¥­¨¨ ¯®­ïâ¨ï ¤¢¨¦¥­¨ï ¨¬¥¥â âà¨ áâ¥¯¥­¨ á¢®¡®¤ë.
�®§ì¬¥¬ ä¨£ãàã ¨§ ç¥âëà¥å â®ç¥ª i, j, k, l, ª ¦¤ ï ¨§ ª®â®àëå § ¤ ¥âáï
¤¢ã¬ï ª®®à¤¨­ â ¬¨,   ¢áï ä¨£ãà , á®®â¢¥âáâ¢¥­­®, ¢®á¥¬ìî. �¥áâì
§­ ç¥­¨© äã­ªæ¨¨ (5) ¤«ï íâ®© ä¨£ãàë ¤®«¦­ë ¡ëâì § ¢¨á¨¬ë, â ª
ª ª, ¨­ ç¥, ¯à¨ ¥¥ ¤¢¨¦¥­¨¨ ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë ¡ã¤¥â à ¢­® â®«ìª®
¤¢ã¬: 8 - 6 = 2. � ª¨¬ ®¡à §®¬, ¤«ï «î¡®© ç¥â¢¥àª¨ < ijkl > ¤®«¦­ 
áãé¥áâ¢®¢ âì äã­ªæ¨®­ «ì­ ï á¢ï§ì

�(f(ij); f(ik); f(il); f(jk); f(jl); f (kl)) = 0; (6)

¢ëà ¦ îé ï ä¥­®¬¥­®«®£¨ç¥áªãî á¨¬¬¥âà¨î ¯«®áª®© £¥®¬¥âà¨¨ á ¬¥-
âà¨ç¥áª®© äã­ªæ¨¥© (5).

�­ «®£¨ç­ë¥ ¯à®áâë¥ á®®¡à ¦¥­¨ï ¯à¨¢®¤ïâ ª ¢ë¢®¤ã ® â®¬, çâ®
¥á«¨ ¨¬¥¥â ¬¥áâ® á¢ï§ì (6), â® áãé¥áâ¢ã¥â âà¥å¯ à ¬¥âà¨ç¥áª ï £àã¯¯ 
¤¢¨¦¥­¨© ¬¥âà¨ç¥áª®© äã­ªæ¨¨ (5):

x0 = �(x; y; a1; a2; a3);
y0 = �(x; y; a1; a2; a3) ;

�
(7)

®â­®á¨â¥«ì­® ª®â®à®© ®­  ï¢«ï¥âáï ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬, ã¤®-
¢«¥â¢®àïï ãà ¢­¥­¨î

f(x0(i); y0(i); x0(j); y0(j)) = f(x(i); y(i); x(j); y(j)): (8)

�­®¦¥áâ¢® ¢á¥å ¤¢¨¦¥­¨© (7) ®¯à¥¤¥«ï¥â £àã¯¯®¢ãî á¨¬¬¥âà¨î ¯«®á-
ª®© £¥®¬¥âà¨¨ á ¬¥âà¨ç¥áª®© äã­ªæ¨¥© (5).

� ¬¥â¨¬, çâ® ¯à¨¢¥¤¥­­ë¥ ¢ëè¥ á®®¡à ¦¥­¨ï ® á¢ï§¨ ä¥­®¬¥­®«®-
£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨© ¯à¨¬¥­¨¬ë ­¥ â®«ìª® ¢ ®â­®è¥­¨¨
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¯«®áª®áâ¨ �¢ª«¨¤ , ­® ¨ ¢ ®â­®è¥­¨¨ ¤àã£¨å ¯«®áª¨å £¥®¬¥âà¨© (¯«®á-
ª®áâ¨ �®¡ ç¥¢áª®£®, ¯«®áª®áâ¨ �¨­ª®¢áª®£®, á¨¬¯«¥ªâ¨ç¥áª®© ¯«®áª®-
áâ¨, ¤¢ã¬¥à­®© áä¥àë ¨ â.¤.).

�.�¥«ì¬£®«ìæ ¢ ¥£® §­ ¬¥­¨â®© à ¡®â¥ "� ä ªâ å, «¥¦ é¨å ¢ ®á­®-
¢ ­¨¨ £¥®¬¥âà¨¨" [3] ¢ëáª § « ¯à¥¤¯®«®¦¥­¨¥, çâ® ¬¥âà¨ª  n{¬¥à­®£®
¯à®áâà ­áâ¢  ­¥ ¬®¦¥â ¡ëâì ¯à®¨§¢®«ì­®© ¥á«¨ ¢ ­¥¬ â¢¥à¤®¥ â¥«®
¨¬¥¥â n(n + 1)=2 áâ¥¯¥­¥© á¢®¡®¤ë. �® ¢ â ª®¬ á«ãç ¥ ¬¥¦¤ã ¢á¥¬¨
¢§ ¨¬­ë¬¨ à ááâ®ï­¨ï¬¨ ¤«ï n+ 2 â®ç¥ª â¢¥à¤®£® â¥«  ¤®«¦­  áãé¥-
áâ¢®¢ âìäã­ªæ¨®­ «ì­ ï á¢ï§ì, â ª ª ª ¯à¨ ¥¥ ®âáãâáâ¢¨¨ ç¨á«® áâ¥¯¥-
­¥© á¢®¡®¤ë (n+ 2)-â®ç¥ç­®© ¦¥áâª®© ä¨£ãàë á ®¡é¨¬ à á¯®«®¦¥­¨¥¬
â®ç¥ª, ¤¢¨¦¥­¨¥ ª®â®à®© ®¤­®§­ ç­® ®¯à¥¤¥«ï¥â ¤¢¨¦¥­¨¥ ¢á¥£® â¢¥à-
¤®£® â¥« , ã¬¥­ìè¨âáï à®¢­® ­  ¥¤¨­¨æã. �®íâ®¬ã ¥áâ¥áâ¢¥­­® ¡ë«®
¯à¥¤¯®«®¦¨âì, çâ® ¨ ä¥­®¬¥­®«®£¨ç¥áª ï á¨¬¬¥âà¨ï n{¬¥à­®£® ¯à®-
áâà ­áâ¢  ­¥¢®§¬®¦­  ¯à¨ ¯à®¨§¢®«ì­®© ¬¥âà¨ª¥. �«ï n = 1 ¨ n = 2
íâ® ¡ë«® ¯®ª § ­® ¢ à ¡®â å  ¢â®à  [4] ¨ [5],   ¤«ï n = 3 { ¢ à ¡®â¥
�.�.�¥¢  [6]. � ¬¥â¨¬ ¥é¥, çâ® § ¤ çã ®¯à¥¤¥«¥­¨ï ¢á¥å ¯«®áª¨å (n = 2)
£¥®¬¥âà¨©, ¢ ª®â®àëå "¯®«®¦¥­¨¥ ä¨£ãàë § ¤ ¥âáï âà¥¬ï ãá«®¢¨ï¬¨",
¢¯¥à¢ë¥ ç¥âª® áä®à¬ã«¨à®¢ « �.�ã ­ª à¥ ¢ ¥£® ¨§¢¥áâ­®© à ¡®â¥ "�¡
®á­®¢­ëå £¨¯®â¥§ å £¥®¬¥âà¨¨" [7]. �« áá¨ä¨ª æ¨ï â ª¨å £¥®¬¥âà¨© á
­¥¢ëà®¦¤¥­­®© ¬¥âà¨ç¥áª®© äã­ªæ¨¥© (5) ¡ã¤¥â ¯à®¢¥¤¥­  ¢ x6 ®á­®¢-
­®© ç áâ¨.

� ¤ ­¨¥ ¬¥âà¨ç¥áª®© äã­ªæ¨¨ ®¯à¥¤¥«ï¥â £¥®¬¥âà¨î ¯à®áâà ­-
áâ¢ . �¥©áâ¢¨â¥«ì­®, ¯® íâ®© äã­ªæ¨¨ ¬®¦­® ­ ©â¨ ¯®«­ãî £àã¯¯ã ¥¥
¤¢¨¦¥­¨©, ®â­®á¨â¥«ì­® ª®â®à®© ®­  ï¢«ï¥âáï ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨-
 ­â®¬. �àã¯¯®¢ ï ¦¥ á¨¬¬¥âà¨ï «¥¦¨â ¢ ®á­®¢¥ "�à« ­£¥­áª®© ¯à®-
£à ¬¬ë" �.�«¥©­  [1], á®£« á­® ª®â®à®© £¥®¬¥âà¨ï ¥áâì â¥®à¨ï ¨­¢ -
à¨ ­â®¢ ­¥ª®â®à®© £àã¯¯ë ¯à¥®¡à §®¢ ­¨© ¤ ­­®£® ¬­®£®®¡à §¨ï. �¥¬
á ¬ë¬ ¬¥âà¨ç¥áª®¥ ¨ £àã¯¯®¢®¥ ®¯à¥¤¥«¥­¨ï £¥®¬¥âà¨¨ ®ª §ë¢ îâáï
íª¢¨¢ «¥­â­ë¬¨, çâ® ®â¬¥ç¥­®  ¢â®à®¬ ¨ G.P. Wene ¢ à ¡®â å [8] ¨
[9] á®®â¢¥âáâ¢¥­­®. � ¤àã£®© áâ®à®­ë, ¢ £¥®¬¥âà¨¨ ®¡­ àã¦¨¢ ¥â á¥¡ï
â ª ­ §ë¢ ¥¬ ï ä¥­®¬¥­®«®£¨ç¥áª ï á¨¬¬¥âà¨ï, ­  ª®â®àãî ¢¯¥à¢ë¥
®á®¡®¥ ¢­¨¬ ­¨¥ ®¡à â¨« �.�.�ã« ª®¢ [1], á¤¥« ¢ ¥¥ ®á­®¢­ë¬ ¯à¨­-
æ¨¯®¬ á¢®¥© â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà [10]. �ãé­®áâì ¦¥ ä¥­®¬¥­®-
«®£¨ç¥áª®© á¨¬¬¥âà¨¨ n{¬¥à­®£® ¯à®áâà ­áâ¢  á®áâ®¨â ¢ á«¥¤ãîé¥¬:
¨¬¥¥âáï äã­ªæ¨®­ «ì­ ï á¢ï§ì ¬¥¦¤ã (n+ 1)(n+ 2)=2 ¢§ ¨¬­ë¬¨ à á-
áâ®ï­¨ï¬¨ ¤«ï «î¡ëå n+ 2 â®ç¥ª.

� áá¬®âà¨¬, ¤ «¥¥, ¬­®¦¥áâ¢® á®áâ®ï­¨© ­¥ª®â®à®© â¥à¬®¤¨­ ¬¨-
ç¥áª®© á¨áâ¥¬ë. � ¦¤®© ¯ à¥ á®áâ®ï­¨© < ij > á®¯®áâ ¢¨¬ ¤¢  ç¨á« 
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f1(ij) ¨ f2(ij), à ¢­ë¥ ¤¢ã¬ ª®«¨ç¥áâ¢ ¬ â¥¯«  QTS(ij) ¨ QST (ij), ª®-
â®àë¥ á¨áâ¥¬  ®â¤ ¥â ¢­¥è­¨¬ â¥« ¬ ¯à¨ ¥¥ ¯¥à¥å®¤¥ ¨§ á®áâ®ï­¨ï i
¢ á®áâ®ï­¨¥ j ¯® ¤¢ã¬ à §«¨ç­ë¬ ¯ãâï¬ TS ¨ ST , á®áâ®ïé¨¬ ¨§ à ¢-
­®¢¥á­ëå ¨§®â¥à¬¨ç¥áª®£® (T = const) ¨  ¤¨ ¡ â¨ç¥áª®£® (S = const)
¯à®æ¥áá®¢:

f1(ij) = (x(i) � x(j))y(i);
f2(ij) = (x(i) � x(j))y(j) ;

�
(9)

£¤¥ x = S | í­âà®¯¨ï ¨ y = T | â¥¬¯¥à âãà  á¨áâ¥¬ë.
�¢ãåª®¬¯®­¥­â­ ï ç¨á«®¢ ï äã­ªæ¨ï f = (f1; f2) á ¢ëà ¦¥­¨ï¬¨

(9) ¤«ï ¥¥ ª®¬¯®­¥­â § ¤ ¥â ­  ¯«®áª®áâ¨ (x; y) ¤¢ã¬¥âà¨ç¥áªãî £¥®¬¥-
âà¨î, ª®â®à ï, ¯®¤®¡­® ¥¢ª«¨¤®¢®© £¥®¬¥âà¨¨ ­  ¯«®áª®áâ¨ á ¬¥âà¨ç¥-
áª®© äã­ªæ¨¥© (1), ­ ¤¥«¥­  ä¥­®¬¥­®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥-
âà¨ï¬¨.

�®§ì¬¥¬ ­  ¯«®áª®áâ¨ âà¨ ¯à®¨§¢®«ì­ë¥ â®çª¨ i, j, k. �®£¤  ¤®¯®«-
­¨â¥«ì­® ª ¤¢ã¬ à ááâ®ï­¨ï¬ (9) ¬®¦­® ¢ë¯¨á âì ¥é¥ ç¥âëà¥: f1(ik),
f2(ik) ¨ f1(jk), f2(jk) ¤«ï ¯ à â®ç¥ª < ik > ¨ < jk >. �§ íâ¨å è¥-
áâ¨ à ááâ®ï­¨© ¬®¦­® ¨áª«îç¨âì ¢á¥ è¥áâì ª®®à¤¨­ â x(i), y(i), x(j),
y(j), x(k), y(k) âà¥å â®ç¥ª i, j, k, ¢ à¥§ã«ìâ â¥ ç¥£® ¯®«ãç îâáï ¤¢¥
äã­ªæ¨®­ «ì­ë¥ á¢ï§¨ ¬¥¦¤ã ­¨¬¨, § ¤ ¢ ¥¬ë¥ ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨
ãà ¢­¥­¨ï¬¨: ������

0 �f2(ij) �f2(ik)
f1(ij) 0 �f2(jk)
f1(ik) f1(jk) 0

������ = 0;

������
f1(ij) f1(jk) �f2(ik)
f1(ik) 0 �f2(ik)
f1(ik) �f2(ij) �f2(jk)

������ = 0:

(10)

�®®â­®è¥­¨ï (10), á¯à ¢¥¤«¨¢ë¥ ¤«ï «î¡®© âà®©ª¨ < ijk >,
¢ëà ¦ îâä¥­®¬¥­®«®£¨ç¥áªãî á¨¬¬¥âà¨î ¤¢ã¬¥âà¨ç¥áª®© £¥®¬¥âà¨¨
§ ¤ ¢ ¥¬®© ­  ¯«®áª®áâ¨ (x; y) ¤¢ãåª®¬¯®­¥­â­®© äã­ªæ¨¥© (9). �«®á-
ª®áâì â¥à¬®¤¨­ ¬¨ç¥áª¨å á®áâ®ï­¨© (S; T ) ï¢«ï¥âáï ®¤­®© ¨§ ¨­â¥à-
¯à¥â æ¨© â ª®© £¥®¬¥âà¨¨. �®§¬®¦­ë ¨ ¤àã£¨¥ ¨­â¥à¯à¥â æ¨¨.

�àã¯¯  ¤¢¨¦¥­¨© ¬¥âà¨ç¥áª®© äã­ªæ¨¨ (9) á®áâ®¨â ¨§ ¢á¥å â¥å ¯à¥-
®¡à §®¢ ­¨© (3) ¯«®áª®áâ¨ (x; y), ª®â®àë¥ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬
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¤¢ã¬ äã­ªæ¨®­ «ì­ë¬ ãà ¢­¥­¨ï¬:

(�(i) � �(j))�(i) = (x(i) � x(j))y(i);
(�(i) � �(j))�(j) = (x(i)� x(j))y(j) ;

�
(11)

ï¢«ïîé¨¬áï á«¥¤áâ¢¨¥¬ ¨­¢ à¨ ­â­®áâ¨ ¥¥ ª®¬¯®­¥­â. �¥è¥­¨ï íâ¨å
ãà ¢­¥­¨© «¥£ª® ­ å®¤ïâáï á ¯®¬®éìî ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨ ¯®á«¥¤ã-
îé¥£® à §¤¥«¥­¨ï ¯¥à¥¬¥­­ëå:

�(x; y) = ax+ b; �(x; y) = y=a; (12)

£¤¥ a 6= 0.
�­®¦¥áâ¢® ¢á¥å ¯à¥®¡à §®¢ ­¨© (3) á à¥è¥­¨ï¬¨ (12) ï¢«ï¥âáï

¯®«­®© £àã¯¯®© ¤¢¨¦¥­¨© ¬¥âà¨ç¥áª®© äã­ªæ¨¨ (9), ¢ëà ¦ ï £àã¯¯®-
¢ãî á¨¬¬¥âà¨î ¤¢ã¬¥âà¨ç¥áª®© £¥®¬¥âà¨¨, § ¤ ¢ ¥¬®© ­  ¯«®áª®áâ¨
(x; y) íâ®© äã­ªæ¨¥©.

�¥£ª® ãáâ ­®¢¨âì, çâ® ä¥­®¬¥­®«®£¨ç¥áª ï á¨¬¬¥âà¨ï «î¡®© ¤¢ã-
¬¥âà¨ç¥áª®© £¥®¬¥âà¨¨, § ¤ ¢ ¥¬®© ­  ¯«®áª®áâ¨ ­¥ª®â®à®© ¤¢ãåª®¬-
¯®­¥­â­®© äã­ªæ¨¥©

f(ij) = f(x(i); y(i); x(j); y(j)); (13)

£¤¥ f = (f1; f2), ¢ëà ¦ ¥âáï á®®â­®è¥­¨¥¬

�(f(ij); f(ik); f(jk)) = 0; (14)

£¤¥ � = (�1;�2). �àã¯¯®¢ ï ¦¥ á¨¬¬¥âà¨ï íâ®© £¥®¬¥âà¨¨ ¢ëà ¦ ¥âáï
¯®«­®© £àã¯¯®© ¤¢¨¦¥­¨© äã­ªæ¨¨ (3):

x0 = �(x; y; a1; a2); y0 = �(x; y; a1; a2);

§ ¢¨áïé¥© ®â ¤¢ãå ¯ à ¬¥âà®¢ (a1; a2), ¯à¨ç¥¬ ®¡¥ á¨¬¬¥âà¨¨, ª ª ¨
¢ á«ãç ¥ ¯«®áª®áâ¨ �¢ª«¨¤ , à áá¬®âà¥­­®© ¢ëè¥, ¢§ ¨¬­® ®¡ãá« ¢«¨-
¢ îâ ¤àã£ ¤àã£ .

�¥à¢ë¥ ¤¢  ¯ à £à ä  ®á­®¢­®© ç áâ¨ ¯®á¢ïé¥­ë ä®à¬ã«¨à®¢ª ¬
¤®áâ â®ç­® ®¡é¨å ¨ áâà®£¨å ®¯à¥¤¥«¥­¨© ä¥­®¬¥­®«®£¨ç¥áª®© ¨ £àã¯-
¯®¢®© á¨¬¬¥âà¨© ¯®«¨¬¥âà¨ç¥áª®© £¥®¬¥âà¨¨, ¢ à ¬ª å ª®â®àëå ¤®ª -
§ë¢ ¥âáï ¨å íª¢¨¢ «¥­â­®áâì. �â  íª¢¨¢ «¥­â­®áâì ¤ ¥â ¢®§¬®¦­®áâì
¯®áâà®¨âì ¯®«­ãî ª« áá¨ä¨ª æ¨î ¤¢ã¬¥âà¨ç¥áª¨å £¥®¬¥âà¨© ­  ¯«®á-
ª®áâ¨ (x3) ¨ âà¨¬¥âà¨ç¥áª¨å £¥®¬¥âà¨© ¢ ¯à®áâà ­áâ¢¥ (x5). �à¥¤¢ à¨-
â¥«ì­® ¤«ï à¥è¥­¨ï ¢â®à®© § ¤ ç¨ ¢ x4 ¡ë«¨ ­ ©¤¥­ë ¢á¥ âà¥å¬¥à­ë¥
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 «£¥¡àë �¨ ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢ . � ¯®áª®«ìªã ¯à¨ íâ®¬  ¢â®-
¬ â¨ç¥áª¨ ¯®«ãç «¨áì ¨ âà¥å¬¥à­ë¥  «£¥¡àë �¨ ¯à¥®¡à §®¢ ­¨© ¯«®á-
ª®áâ¨, ®ª § «®áì ¢®§¬®¦­ë¬ ­ ©â¨ ¢á¥ ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç-
­ë¥ £¥®¬¥âà¨¨ ­  ­¥© á ®¤­®ª®¬¯®­¥­â­®© ¬¥âà¨ç¥áª®© äã­ªæ¨¥© (x6).
�®á«¥¤­¨¥ ¤¢  ¯ à £à ä  ®á­®¢­®© ç áâ¨ ¯®á¢ïé¥­ë ¨§«®¦¥­¨î ­¥ª®-
â®àëå ¥áâ¥áâ¢¥­­ëå á«¥¤áâ¢¨© ¨¤¥¨ ä¥­®¬¥­®«®£¨ç¥áª®© á¨¬¬¥âà¨¨. �
x7 à¥è¥­® ¯à®áâ¥©è¥¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥

'(x; y) = '('(x; z); '(y; z));

çâ® ¯®§¢®«¨«® ­ ©â¨ à ááâ®ï­¨¥ ¤«ï ®¤­®¬¥âà¨ç¥áª®© ä¥­®¬¥­®«®£¨ç¥-
áª¨ á¨¬¬¥âà¨ç­®© £¥®¬¥âà¨¨ ­  ¯àï¬®©. � ¢ x8 ¯®áâ ¢«¥­ ¨ ¢ ­¥ª®â®à®¬
á¬ëá«¥ à¥è¥­ ¢®¯à®á ® á¨¬¬¥âà¨¨ à ááâ®ï­¨ï ¢ £¥®¬¥âà¨¨, ¥á«¨ ¯à¥¤-
¯®«®¦¨âì, çâ® à ááâ®ï­¨ï f(ij) ¨ f(ji) äã­ªæ¨®­ «ì­® § ¢¨á¨¬ë, â®
¥áâì

�(f(ij); f(ji)) = 0:

�á¥ à¥§ã«ìâ âë, ¨§«®¦¥­­ë¥ ¢ �á­®¢­®© � áâ¨ ­ áâ®ïè¥© ¬®­®£à -
ä¨¨, ®¯ã¡«¨ª®¢ ­ë  ¢â®à®¬ ¢ æ¥­âà «ì­ëå ¬ â¥¬ â¨ç¥áª¨å ¦ãà­ « å
(á¬. á¯¨á®ª «¨â¥à âãàë ¯¥à¥¤ �à¨«®¦¥­¨¥¬).

�à¨«®¦¥­¨¥ "�¥áâ¨¬¥à­ë¥  «£¥¡àë �¨ £àã¯¯ ¤¢¨¦¥­¨© âà¥å¬¥à-
­ëå ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ëå £¥®¬¥âà¨©" ­ ¯¨á ­® ¬®¨¬  á¯¨-
à ­â®¬ �.�.�ëà®¢ë¬. �® ¨§¢¥áâ­ë¬ ª ­®­¨ç¥áª¨¬ ¢ëà ¦¥­¨ï¬ ¤«ï
¬¥âà¨ç¥áª¨å äã­ªæ¨© f(ij) íâ¨å £¥®¬¥âà¨© ®­ ­ å®¤¨â ¡ §¨á­ë¥ ¨­ä¨-
­¨â¥§¨¬ «ì­ë¥ ®¯¥à â®àë X = �(x; y; z)@x + �(x; y; z)@y + � (x; y; z)@z
è¥áâ¨¬¥à­ëå  «£¥¡à �¨, à áá¬ âà¨¢ ï á®®â¢¥âáâ¢ãîé¨¥ ¤¨ää¥à¥­æ¨-
 «ì­ë¥ ãà ¢­¥­¨ï ¨­¢ à¨ ­â­®áâ¨ ¬¥âà¨ª¨ X(i)f(ij) + X(j)f(ij) = 0
ª ª äã­ªæ¨®­ «ì­ë¥ ãà ¢­¥­¨ï ­  ¨å ª®íää¨æ¨¥­âë �; �; � .
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�á­®¢­ ï ç áâì

�¡ëç­ãî ®¤­®¬¥âà¨ç¥áªãî £¥®¬¥âà¨î ¬®¦­® à áá¬ âà¨¢ âì ª ª ä¨§¨-
ç¥áªãî áâàãªâãàã ­  ®¤­®¬ ¬­®¦¥áâ¢¥, ­ ¤¥«¥­­ãî ®¤­®¢à¥¬¥­­® ä¥-
­®¬¥­®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨ï¬¨, á¢ï§ ­­ë¬¨ ¬¥¦¤ã á®¡®©,
ª ª §â® ¡ë«® ¯®ª § ­® ¢® �¢¥¤¥­¨¨ ­  ¯à¨¬¥à¥ ¯«®áª®áâ¨ �¢ª«¨¤ . �¥®-
¬¥âà¨ç¥áª¨¥ ä¨§¨ç¥áª¨¥ áâàãªâãàë ¤®¯ãáª îâ ¢á¥¢®§¬®¦­ë¥ ®¡®¡é¥-
­¨ï, ¥á«¨ ­  ¬¥âà¨ç¥áªãî äã­ªæ¨î ­¥ ­ « £ âì áâ ­¤ àâ­ëå  ªá¨®¬,
áç¨â ï ¥¥ ¯à®áâ® ­¥ª®â®à®© ç¨á«®¢®© äã­ªæ¨¥© ¯ àë â®ç¥ª, ­¥ ®¡ï§ -
â¥«ì­® ¤ ¦¥ ®¤­®ª®¬¯®­¥­â­®©. � ª¨¥ ®¡®¡é¥­¨ï ¬®£ãâ ¨¬¥âì á®¤¥à-
¦ â¥«ì­ë¥ ä¨§¨ç¥áª¨¥ ¨­â¥à¯à¥â æ¨¨, çâ® ¡ë«® ¯à®¨««îáâà¨à®¢ ­®
¢® �¢¥¤¥­¨¨ ¯à¨¬¥à®¬ ¯«®áª®áâ¨ á®áâ®ï­¨© â¥à¬®¤¨­ ¬¨ç¥ª®© á¨áâ¥-
¬ë, ¤¢ã¬¥âà¨ç¥áª ï £¥®¬¥âà¨ï ª®â®à®©, ¯®¤®¡­® ¯«®áª®áâ¨ �¢ª«¨¤ ,
­ ¤¥«¥­  ä¥­®¬¥­®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨ï¬¨. � ª¨¬ ®¡à -
§®¬, ¯®«¨¬¥âà¨ç¥áª¨¥ £¥®¬¥âà¨¨, ª ª ¥áâ¥áâ¢¥­­®¥ ®¡®¡é¥­¨¥ ®¡ëç­ëå
®¤­®¬¥âà¨ç¥áª¨å, ¨¬¥îâ ¯à ¢® ­  â®ç­®¥ ®¯à¥¤¥«¥­¨¥ ¨ ¯®¤à®¡­®¥ ¨á-
á«¥¤®¢ ­¨¥.

x1. �¥­®¬¥­®«®£¨ç¥áª ï á¨¬¬¥âà¨ï

¯®«¨¬¥âà¨ç¥áª®© £¥®¬¥âà¨¨

�ãáâì ¨¬¥¥âáï ¬­®¦¥áâ¢® M, ï¢«ïîé¥¥áï sn-¬¥à­ë¬ ¬­®£®®¡à §¨¥¬,
£¤¥ s ¨ n { ­ âãà «ì­ë¥ ç¨á« , â®çª¨ ª®â®à®£® ®¡®§­ ç¨¬ áâà®ç­ë¬¨
« â¨­áª¨¬¨ ¡ãª¢ ¬¨,   â ª¦¥ äã­ªæ¨ï f : Sf ! Rs, £¤¥ Sf �M�M,
á®¯®áâ ¢«ïîé ï ª ¦¤®© ¯ à¥ < ij > 2 Sf ­¥ª®â®àãî á®¢®ªã¯­®áâì
s ¢¥é¥áâ¢¥­­ëå ç¨á¥« f(ij) = (f1(ij); : : : ; fs(ij)) 2 Rs. �ã­ªæ¨î f =
(f1; : : : ; fs) ¡ã¤¥¬ ­ §ë¢ âì s-¬¥âà¨ª®©, ­¥ âà¥¡ãï, ®¤­ ª®, ¯®«®¦¨-
â¥«ì­®© ®¯à¥¤¥«¥­­®áâ¨ ¥¥ ª®¬¯®­¥­â ¨ ¢ë¯®«­¥­¨ï ¤«ï ª ¦¤®© ¨§ ­¨å
 ªá¨®¬ ®¡ëç­®© 1-¬¥âà¨ª¨. � ¬¥â¨¬, çâ® ¢ ®¡é¥¬ á«ãç ¥ Sf �M�M,
â® ¥áâì, ¢®§¬®¦­®, äã­ªæ¨ï f ­¥ ¢áïª®© ¯ à¥ ¨§ M�M á®¯®áâ ¢«ï¥â s
ç¨á¥«, ­® ¢ ¯®á«¥¤ãîé¥¬ ¨§«®¦¥­¨¨ ã¤®¡­® ¢ ï¢­®© § ¯¨á¨ s-à ááâ®ï­¨ï
f(ij) ¯®¤à §ã¬¥¢ âì, çâ® < ij > 2 Sf . �¡®§­ ç¨¬ ç¥à¥§ U (i) ®ªà¥áâ-
­®áâì â®çª¨ i 2 M, ç¥à¥§ U (< ij >) { ®ªà¥áâ­®áâì ¯ àë < ij > 2
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M 2 M ¨  ­ «®£¨ç­® ®ªà¥áâ­®áâ¨ ª®àâ¥¦¥© ¨§ ¤àã£¨å ¯àï¬ëå ¯à®¨§-
¢¥¤¥­¨© ¬­®¦¥áâ¢ M ­  á¥¡ï.

�«ï ­¥ª®â®à®£® ª®àâ¥¦  < k1 : : : kn > 2 Mn ¢¢¥¤¥¬ äã­ªæ¨¨ �fn =
�f [k1 : : : kn] ¨ ��fn = ��f [k1 : : : kn], á®¯®áâ ¢«ïï â®çª¥ i 2 M â®çª¨
(f(ik1); : : : ; f(ikn)) 2 Rsn ¨ (f(k1i); : : : ; f(kni)) 2 Rsn á®®â¢¥âáâ¢¥­­®,
¥á«¨ < ik1 >; : : : ; < ikn > 2 Sf ¨ < k1i >; : : : ; < kni > 2 Sf . � ¬¥-

â¨¬, çâ® ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï ¢¢¥¤¥­­ëå äã­ªæ¨© �fn ¨ ��fn ¬®£ãâ ­¥
á®¢¯ ¤ âì ¤àã£ á ¤àã£®¬ ¨ á á ¬¨¬ ¬­®¦¥áâ¢®¬M.

� ®â­®è¥­¨¨ ¯à®áâà ­áâ¢  M á s-¬¥âà¨ª®© f = (f1; : : : ; fs) ¡ã¤¥¬
¯à¥¤¯®« £ âì ¢ë¯®«­¥­¨¥ á«¥¤ãîé¨å âà¥å  ªá¨®¬:

I. �¡« áâì ®¯à¥¤¥«¥­¨ï Sf äã­ªæ¨¨ f ¥áâì ®âªàëâ®¥ ¨ ¯«®â­®¥ ¢
M�M ¬­®¦¥áâ¢®.

II. �ã­ªæ¨ï f ¢ ®¡« áâ¨ á¢®¥£® ®¯à¥¤¥«¥­¨ï ¥áâì ¤®áâ â®ç­® £« ¤ª ï
äã­ªæ¨ï.

III. � Mn ¯«®â­® ¬­®¦¥áâ¢® â ª¨å ª®àâ¥¦¥© ¤«¨­ë n, ¤«ï ª®â®-
àëå äã­ªæ¨ï �fn( ��fn) ¨¬¥¥â ¬ ªá¨¬ «ì­ë© à ­£, à ¢­ë© sn, ¢ â®çª å
¯«®â­®£® ¢ M ¬­®¦¥áâ¢ .

�®áâ â®ç­ ï £« ¤ª®áâì ®§­ ç ¥â, çâ® ¢ ®¡« áâ¨ ¥¥ ®¯à¥¤¥«¥­¨ï ­¥-
¯à¥àë¢­  ª ª á ¬  äã­ªæ¨ï f , â ª ¨ ¢á¥ ¥¥ ¯à®¨§¢®¤­ë¥ ¤®áâ â®ç­®
¢ëá®ª®£® ¯®àï¤ª . �« ¤ªãî s-¬¥âà¨ªã f = (f1; : : : ; fs), ¤«ï ª®â®à®© ¢ë-
¯®«­ï¥âáï  ªá¨®¬  III, ¡ã¤¥¬ ­ §ë¢ âì ­¥¢ëà®¦¤¥­­®©. � ¬¥â¨¬, çâ®
®£à ­¨ç¥­¨ï ¢  ªá¨®¬ å I, II, III ®âªàëâë¬¨ ¨ ¯«®â­ë¬¨ ¬­®¦¥áâ¢ ¬¨
á¢ï§ ­® á â¥¬, çâ® ¨áå®¤­ë¥ ¬­®¦¥áâ¢  ¬®£ãâ á®¤¥à¦ âì ¨áª«îç¨â¥«ì-
­ë¥ ¯®¤¬­®¦¥áâ¢  ¬¥­ìè¥© à §¬¥à­®áâ¨, £¤¥ íâ¨  ªá¨®¬ë ­¥ ¢ë¯®«­ï-
îâáï.

�ãáâì, ¤ «¥¥, m = n + 2. �¢¥¤¥¬ ¥é¥ äã­ªæ¨î F , á®¯®áâ ¢«ïï ª®à-
â¥¦ã < ijk : : : vw > ¤«¨­ë m ¨§ Mm â®çªã (f(ij); f(ik); : : : ; f(vw)) 2
Rsm(m�1)=2, ª®®à¤¨­ âë ª®â®à®© ¢ Rsm(m�1)=2 ®¯à¥¤¥«ïîâáï ã¯®àï¤®-
ç¥­­®© ¯® ¨áå®¤­®¬ã ª®àâ¥¦ã ¯®á«¥¤®¢ â¥«ì­®áâìî sm(m � 1)=2 à á-
áâ®ï­¨© ¤«ï á«¥¤ãîé¨å ¯ à ¥£® â®ç¥ª: < ij >;< ik >; : : : ; < vw >,
¥á«¨ ¢á¥ íâ¨ ¯ àë ¯à¨­ ¤«¥¦ â Sf . �¡« áâì ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ F
®¡®§­ ç¨¬ ç¥à¥§ SF . �ç¥¢¨¤­®, çâ® ®¡« áâìSF ¥áâì ®âªàëâ®¥ ¨ ¯«®â-
­®¥ ¢Mm ¬­®¦¥áâ¢®.

�¯à¥¤¥«¥­¨¥.�ã¤¥¬ £®¢®à¨âì,çâ® äã­ªæ¨ï f = (f1; : : : ; fs) § ¤ ¥â
­  sn-¬¥à­®¬ ¬­®£®®¡à §¨¨ M ¯®«¨¬¥âà¨ç¥áªãî ä¥­®¬¥­®«®£¨ç¥áª¨
á¨¬¬¥âà¨ç­ãî £¥®¬¥âà¨î (ä¨§¨ç¥áªãî áâàãªâãàã) à ­£  m = n + 2,
¥á«¨, ªà®¬¥  ªá¨®¬ I, II, III, ¤®¯®«­¨â¥«ì­® ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï
 ªá¨®¬ :
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IV. �ãé¥áâ¢ã¥â ¯«®â­®¥ ¢ SF ¬­®¦¥áâ¢®, ¤«ï ª ¦¤®£® ª®àâ¥-
¦  < ijk : : : vw > ¤«¨­ë m = n + 2 ª®â®à®£® ¨ ­¥ª®â®à®© ¥£® ®ªà¥áâ-
­®áâ¨ U (< ijk : : : vw >) ­ ©¤¥âáï â ª ï ¤®áâ â®ç­® £« ¤ª ï äã­ªæ¨ï
� : E ! Rs, ®¯à¥¤¥«¥­­ ï ¢ ­¥ª®â®à®© ®¡« áâ¨ E � Rsm(m�1)=2,
á®¤¥à¦ é¥© â®çªã F (< ijk : : : vw >), çâ® ¢ ­¥© rang� = s
¨ ¬­®¦¥áâ¢® F (U (< ijk : : : vw >)) ï¢«ï¥âáï ¯®¤¬­®¦¥áâ¢®¬ ¬­®¦¥áâ¢ 
­ã«¥© äã­ªæ¨¨ �, â® ¥áâì

�(f(ij); f(ik); : : : ; f(vw)) = 0 (1)

¤«ï ¢á¥å ª®àâ¥¦¥© ¨§ U (< ijk : : : vw >).
�ªá¨®¬  IV á®áâ ¢«ï¥â á®¤¥à¦ ­¨¥ ¯à¨­æ¨¯  ä¥­®¬¥­®«®£¨ç¥áª®©

á¨¬¬¥âà¨¨. �â   ªá¨®¬  ¢ëà ¦ ¥â âà¥¡®¢ ­¨¥, çâ®¡ë sm(m � 1)/2
à ááâ®ï­¨© ¬¥¦¤ã â®çª ¬¨ «î¡®£® ª®àâ¥¦  ¤«¨­ë m = n + 2 ¨§
U (< ijk : : : vw >) ¡ë«¨ äã­ªæ¨®­ «ì­® á¢ï§ ­ë, ã¤®¢«¥â¢®àïï á¨áâ¥-
¬¥ s ãà ¢­¥­¨© (1). �á«®¢¨¥ rang� = s ®§­ ç ¥â, çâ® ãà ¢­¥­¨ï � = 0
(â® ¥áâì �1 = 0; : : : ;�s = 0) ­¥§ ¢¨á¨¬ë.

�á«¨ x = (x1; : : : ; xsn) { «®ª «ì­ë¥ ª®®à¤¨­ âë ¢ ¬­®£®®¡à §¨¨ M,
â® ¤«ï s-¬¥âà¨ª¨ f = (f1; : : : ; fs) ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U (i) � U (j)
ª ¦¤®© ¯ àë < ij >2 Sf ¬®¦­® ¢ë¯¨á âì ï¢­® ¥¥ «®ª «ì­®¥ ª®®à¤¨-
­ â­®¥ ¯à¥¤áâ ¢«¥­¨¥

f(ij) = f(x(i); x(j)) = f(x1(i); : : : ; xsn(i); x1(j); : : : ; xsn(j)); (2)

á¢®©áâ¢  ª®â®à®£® ®¯à¥¤¥«ïîâáï  ªá¨®¬ ¬¨ II ¨ III. �®áª®«ìªã ¢ á®®â-
¢¥âáâ¢¨¨ á  ªá¨®¬®© III à ­£¨ äã­ªæ¨© �fn ¨ ��fn, à ¢­ë¥ sn, ¬ ªá¨¬ «ì-
­ë, ª®®à¤¨­ âë x(i) ¨ x(j) ¢å®¤ïâ ¢ ¯à¥¤áâ ¢«¥­¨¥ (2) áãé¥áâ¢¥­­ë¬
®¡à §®¬. �®á«¥¤­¥¥ ®§­ ç ¥â, çâ® ­¨ª ª ï «®ª «ì­® ®¡à â¨¬ ï £« ¤ª ï
§ ¬¥­  ª®®à¤¨­ â ­¥ ¯à¨¢¥¤¥â ª ã¬¥­ìè¥­¨î ¨å ç¨á«  ¢ ¯à¥¤áâ ¢«¥-
­¨¨ (2), â® ¥áâì ­¥ áãé¥áâ¢ã¥â â ª®© «®ª «ì­®© á¨áâ¥¬ë ª®®à¤¨­ â, ¢
ª®â®à®© ®­® ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥

f(ij) = f(x1(i); : : : ; xn
0

(i); x1(j); : : : ; xn
00

(j));

£¤¥ ¨«¨ n0 < sn ¨«¨ n00 < sn. �¥©áâ¢¨â¥«ì­®, ¥á«¨, ­ ¯à¨¬¥à, n0 < sn,
â® ¤«ï «î¡®£® ª®àâ¥¦  < j1 : : : jn > 2 (U (j))n ¤«¨­ë n ¨ ¤«ï «î¡®©
â®çª¨ ¨§ U (i) à ­£ äã­ªæ¨¨ �fn = �f [j1 : : : jn] ¡ã¤¥â § ¢¥¤®¬® ¬¥­ìè¥
sn, çâ® ¯à®â¨¢®à¥ç¨â  ªá¨®¬¥ III. � ¬¥â¨¬, ®¤­ ª®, çâ® áãé¥áâ¢¥­­ ï
§ ¢¨á¨¬®áâì ¯à¥¤áâ ¢«¥­¨ï (2) ®â «®ª «ì­ëå ª®®à¤¨­ â x(i) ¨ x(j) ­¥
£ à ­â¨àã¥â ¢ë¯®«­¥­¨ï  ªá¨®¬ë III.
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�á¯®«ì§ãï ¢ëà ¦¥­¨¥ (2), § ¯¨è¥¬ «®ª «ì­®¥ ª®®à¤¨­ â­®¥ ¯à¥¤-
áâ ¢«¥­¨¥ ¢¢¥¤¥­­®© ¢ëè¥ äã­ªæ¨¨ F :

f(ij) = f(x(i); x(j));
f(ik) = f(x(i); x(k));
: : : : : : : : : : : : : : : : : : : : :

f(vw) = f(x(v); x(w)) ;

9>>=
>>; (3)

¬ âà¨æ  �ª®¡¨ ª®â®à®©���������������

���������������

@f(ij)
@x(i)

@f(ij)
@x(j) 0 : : : 0 0

@f(ik)
@x(i) 0 @f(ik)

@x(k) : : : 0 0

: : : : : : : : : : : : : : : : : :

0 0 0 : : : @f(vw)
@x(v)

@f(vw)
@x(w)

���������������

���������������
(4)

¨¬¥¥â sm(m�1)=2 áâà®ª ¨ smn áâ®«¡æ®¢. �¤¥áì ç¥à¥§ @f=@x ªà âª® ®¡®-
§­ ç¥­  ¬ âà¨æ  �ª®¡¨ ¤«ï s-¬¥âà¨ª¨ f = (f1; : : : ; fs) ¯® ª®®à¤¨­ â ¬
x = (x1; : : : ; xsn):

@f

@x
=

����������

����������

@f1

@x1 : : : @f1

@xsn

: : : : : : : : :

@fs

@x1 : : : @fs

@xsn

����������

����������
(5)

�à¥¤áâ ¢«¥­¨¥ (3) § ¤ ¥âáï á¨áâ¥¬®© sm(m � 1)=2 äã­ªæ¨© f(ij),
f(ik); : : : ; f(vw), § ¢¨áïé¨å á¯¥æ¨ «ì­ë¬ ®¡à §®¬ ®â smn ª®®à¤¨­ â
x1(i); : : : ; xsn(i); : : : ; x1(w); : : : ; xsn(w) ¢á¥å â®ç¥ª ª®àâ¥¦  < ijk : : : vw >
¤«¨­ë m = n+ 2. �®áª®«ìªã ç¨á«® äã­ªæ¨© { ª®¬¯®­¥­â ¯®«¨¬¥âà¨ª¨
f { ¢ á¨áâ¥¬¥ (3) ­¥ ¡®«ìè¥ ®¡é¥£® ç¨á«  ª®®à¤¨­ â, ­ «¨ç¨¥ á¢ï§¨ (1)
ï¢«ï¥âáï ­¥âà¨¢¨ «ì­ë¬ ä ªâ®¬, ­¥ ¨¬¥îé¨¬ ¬¥áâ  ¤«ï ¯à®¨§¢®«ì­®©
á¨áâ¥¬ë (3).

�ã­ªæ¨ï F , á®£« á­® ¥¥ «®ª «ì­®¬ã ª®®à¤¨­ â­®¬ã ¯à¥¤áâ ¢«¥­¨î
(3), ®â®¡à ¦ ¥â ®ªà¥áâ­®áâì U (< ijk : : : vw >) � SF ¢ Rsm(m�1)=2.
�ã­ªæ¨®­ «ì­®© ¬ âà¨æ¥© íâ®£® ®â®¡à ¦¥­¨ï ï¢«ï¥âáï ¬ âà¨æ  �ª®¡¨
(4) á¨áâ¥¬ë äã­ªæ¨© (3),   ¥£® à ­£®¬ ­ §ë¢ ¥âáï à ­£ íâ®© ¬ âà¨æë.
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�¥®à¥¬ . �«ï â®£®, çâ®¡ë äã­ªæ¨ï f = (f1; : : : ; fs)), ã¤®¢«¥â¢®-
àïîé ï  ªá¨®¬ ¬ I, II, III, § ¤ ¢ «  ­  sn-¬¥à­®¬ ¬­®£®®¡à §¨¨ M
¯®«¨¬¥âà¨ç¥áªãî ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ãî £¥®¬¥âà¨î (ä¨-
§¨ç¥áªãî áâàãªâãàã) à ­£  m = n + 2, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®,
çâ®¡ë à ­£ ®â®¡à ¦¥­¨ï F ¡ë« à ¢¥­ sm(m � 1)=2� s ­  ¯«®â­®¬ ¢
SF ¬­®¦¥áâ¢¥.

�®ª ¦¥¬ á­ ç «  ­¥®¡å®¤¨¬®áâì ãá«®¢¨ï â¥®à¥¬ë ® à ­£¥ ®â®¡à -
¦¥­¨ï F .

�¥¬¬  1. � äã­ªæ¨®­ «ì­®© ¬ âà¨æ¥ (4) ®â®¡à ¦¥­¨ï F á ª®®à-
¤¨­ â­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ (3) ¨¬¥¥âáï ª¢ ¤à â­ ï ¯®¤¬ âà¨æ  ¯®-
àï¤ª  sm(m � 1)=2� s, ®¯à¥¤¥«¨â¥«ì ª®â®à®© ®â«¨ç¥­ ®â ­ã«ï.

�ë¤¥«¨¬ ¢ ¬ âà¨æ¥ (4) ª¢ ¤à â­ãî áâã¯¥­ç âãî ¯®¤¬ âà¨æã, ¤¨ -
£®­ «ì­ë¬¨ ª«¥âª ¬¨ ª®â®à®© ï¢«ïîâáï á«¥¤ãîé¨¥ ª¢ ¤à â­ë¥ ¬ -
âà¨æë �ª®¡¨: ¤«ï sn äã­ªæ¨© f(ik); : : : ; f(iw) ¯® sn ¯¥à¥¬¥­­ë¬ x(i),
¤«ï sn äã­ªæ¨© f(jk); : : : ; f(jw) ¯® sn ¯¥à¥¬¥­­ë¬ x(j), ¤«ï s(n � 1)
äã­ªæ¨© f(kl); : : : ; f(kw) ¯® s(n�1) ¯¥à¥¬¥­­ë¬ ¨§ x(k); : : : ; ¤«ï s äã­ª-
æ¨© f(vw) ¯® s ¯¥à¥¬¥­­ë¬ ¨§ x(v). �§  ªá¨®¬ë III, ®ç¥¢¨¤­®, á«¥¤ã¥â,
çâ® ¤«ï «î¡®£® r 6 sn ¢ ¬ âà¨æ¥ �ª®¡¨ äã­ªæ¨¨ �fn ®¡ï§ â¥«ì­® ­ ©-
¤¥âáï ¬¨­®à ¯®àï¤ª  r, ª®â®àë© ­¥ ®¡à é ¥âáï ¢ ­ã«ì. �®íâ®¬ã à ­£
¢ë¤¥«¥­­®© ¢ëè¥ áâã¯¥­ç â®© ¯®¤¬ âà¨æë ¤«ï ­¥ª®â®à®£® ª®àâ¥¦  ¨§
U (< ijk : : : vw >) ®ª §ë¢ ¥âáï à ¢­ë¬ sn + sn + s(n � 1) + � � � + s =
sn(n + 3)=2 = sm(m � 1)=2� s, £¤¥ m = n+ 2. �¥¬¬  1 ¤®ª § ­ .

�«¥¤áâ¢¨¥. � ­£ äã­ªæ¨®­ «ì­®© ¬ âà¨æë (4) ­¥ ¬®¦¥â ¡ëâì
¬¥­ìè¥ sm(m � 1)=2� s.

�®£« á­®  ªá¨®¬¥ IV ¢ «î¡®© ®ªà¥áâ­®áâ¨ ¯à®¨§¢®«ì­®£® ª®àâ¥¦ 
¨§ SF ­ ©¤¥âáï â ª ï ¥£® ®ªà¥áâ­®áâì U (< ijk : : : vw >), çâ® ¬­®¦¥-
áâ¢® §­ ç¥­¨© F (U (< ijk : : : vw >)) ¡ã¤¥â ã¤®¢«¥â¢®àïâì s ãà ¢­¥­¨ï¬
(1), ¯à¨ç¥¬ rang� = s ¢ â®çª¥ F (< ijk : : : vw >). �®áª®«ìªã äã­ªæ¨ï
� ¤®áâ â®ç­® £« ¤ª ï, ¬®¦­®, ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨, áç¨â âì, çâ®
rang� = s ¤«ï ¢á¥å â®ç¥ª ®¡« áâ¨ ¥¥ ®¯à¥¤¥«¥­¨ï E � Rsm(m�1)=2 ¨,
ª®­¥ç­® ¦¥, ­  ¬­®¦¥áâ¢¥ §­ ç¥­¨© F (U (< ijk : : : vw >)). �®£¤  ¬­®¦¥-
áâ¢® ­ã«¥© äã­ªæ¨¨ �, ­® ­¥ ®¡ï§ â¥«ì­® ¬­®¦¥áâ¢® F (U (< ijk : : : vw >
)), ¡ã¤¥â £« ¤ª®© ¡¥§ ®á®¡ëå â®ç¥ª ¯®¢¥àå­®áâìî ¢ Rsm(m�1)=2 ª®à §-
¬¥à­®áâ¨ s.
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�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (1) ¯® ª ¦¤®© ¨§ smn ª®®à¤¨­ â
x1(i); : : : ; xsn(i); : : : ; x1(w); : : : ; xsn(w) â®ç¥ª ª®àâ¥¦  < ijk : : : vw >. �
à¥§ã«ìâ â¥ ¯®«ãç ¥¬ smn «¨­¥©­ëå ®¤­®à®¤­ëå ãà ¢­¥­¨© ®â­®-
á¨â¥«ì­® sm(m � 1)=2 ¯à®¨§¢®¤­ëå ®â ª®¬¯®­¥­â äã­ªæ¨¨ � =
(�1; : : : ;�s):

@��

@f(ij) �
@f(ij)
@x(i) + � � �+

@��

@f(iw) �
@f(iw)
@x(i) = 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

@��

@f(iw) �
@f(iw)
@x(w) + � � �+ @��

@f(vw) �
@f(vw)
@x(w) = 0;

9>>>>>=
>>>>>;

(6)

£¤¥ � = 1; : : : ; s, @��=@f = jj@��=@f
1; : : : ; @��=@f

sjj,   @f=@x ¥áâì ¬ -
âà¨æ  �ª®¡¨ (5). � âà¨æ  ¦¥ á ¬®© á¨áâ¥¬ë (6) á â®ç­®áâìî ¤® âà ­á-
¯®­¨à®¢ ­¨ï á®¢¯ ¤ ¥â, ®ç¥¢¨¤­®, á ¬ âà¨æ¥© �ª®¡¨ (4) á¨áâ¥¬ë äã­ª-
æ¨© (3).

�¥¬¬  2. � ­£ ¬ âà¨æë á¨áâ¥¬ë ãà ¢­¥­¨© (6) ­¥ ¬®¦¥â ¡ëâì
¡®«ìè¥ ç¥¬ sm(m � 1)=2� s.

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, â® ¥áâì çâ® à ­£ ¬ âà¨æë á¨áâ¥¬ë (6) à -
¢¥­ sm(m�1)=2�s0 , £¤¥ s0 < s. �® â®£¤  á¨áâ¥¬  (6) ¡ã¤¥â ¨¬¥âì ¢á¥£® s0

«¨­¥©­® ­¥§ ¢¨á¨¬ëå ­¥­ã«¥¢ëå à¥è¥­¨©, ç¨á«® ª®â®àëå, ª ª ¨§¢¥áâ-
­®, à ¢­® à §­®áâ¨ ¬¥¦¤ã ç¨á«®¬ ­¥¨§¢¥áâ­ëå ¢ á¨áâ¥¬¥ (= sm(m �
1)=2) ¨ à ­£®¬ ¥¥ ¬ âà¨æë (= sm(m � 1)=2 � s0). �¤­ ª® ãà ¢­¥­¨ï
á¨áâ¥¬ë (6) ¨¬¥îâ, ¯® ªà ©­¥© ¬¥à¥, s â ª¨å à¥è¥­¨© ¢ ­¥ª®â®à®©
®ªà¥áâ­®áâ¨ U (< ijk : : : vw >), â ª ª ª ¯®  ªá¨®¬¥ IV rang� = s ¢ â®ç-
ª¥ F (< ijk : : : vw >). �áâ ­®¢«¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â «¥¬¬ã
2.

�§ «¥¬¬ë 2 ¨ á«¥¤áâ¢¨ï «¥¬¬ë 1 ®¤­®§­ ç­® ¢ëâ¥ª ¥â, çâ® à ­£ ¬ -
âà¨æë (4) ¤«ï ­¥ª®â®à®£® ª®àâ¥¦ < i1j1k1 : : : v1w1 > 2 U (< ijk : : : vw >
) ¡ã¤¥â à ¢¥­ sm(m � 1)=2 � s. �¥£ª® ¯®­ïâì, çâ® ¬­®¦¥áâ¢® â ª¨å
ª®àâ¥¦¥© ¯«®â­® ¢ SF , â ª ª ª ¯«®â­® ¢ SF ¬­®¦¥áâ¢® ª®àâ¥¦¥©
< ijk : : : vw >, ® ª®â®àëå £®¢®à¨âáï ¢  ªá¨®¬¥ IV. �  íâ®¬ § ¢¥àè ¥âáï
¤®ª § â¥«ìáâ¢® ­¥®¡å®¤¨¬®áâ¨ ãá«®¢¨ï â¥®à¥¬ë 1.

�¥à¥©¤¥¬ â¥¯¥àì ª ¤®ª § â¥«ìáâ¢ã ¤®áâ â®ç­®áâ¨ ãá«®¢¨ï â¥®à¥¬ë
1 ® à ­£¥ ®â®¡à ¦¥­¨ï F .
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�¥¬¬  3. �¨ ¤«ï ª ª®£® ª®àâ¥¦  ¨§ SF à ­£ ¬ âà¨æë (4), â®
¥áâì à ­£ ®â®¡à ¦¥­¨ï F , ­¥ ¬®¦¥â ¡ëâì ¡®«ìè¥ sm(m � 1)=2� s.

�¥©áâ¢¨â¥«ì­®, ¥á«¨ ¤«ï ­¥ª®â®à®£® ª®àâ¥¦  ¨§ SF à ­£ ¬ âà¨æë
(4) ¡ã¤¥â ¡®«ìè¥ ç¥¬ sm(m� 1)=2� s, â® ®­ ¢ á¨«ã £« ¤ª®áâ¨ äã­ªæ¨©
á¨áâ¥¬ë (3), ¡ã¤¥â ¡®«ìè¥ â®£® ¦¥ §­ ç¥­¨ï ¨ ¢ ª ª®©-â® ¥£® ®ªà¥áâ­®-
áâ¨ U � SF . �® â®£¤  ¢ íâ®© ®ªà¥áâ­®áâ¨ ­¥ ­ ©¤¥âáï ­¨ ®¤­®£® ª®à-
â¥¦ , ¤«ï ª®â®à®£® à ­£ ®â®¡à ¦¥­¨ï F ¡ë« ¡ë à ¢¥­ sm(m�1)=2� s,
çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë.

�ãáâì ¤«ï ª®àâ¥¦  < ijk : : : vw > ¨§ ¯«®â­®£® ¢ SF ¬­®¦¥áâ¢ , ® ª®-
â®à®¬ £®¢®à¨âáï ¢ ãá«®¢¨¨ â¥®à¥¬ë 1, à ­£ ®â®¡à ¦¥­¨ï F , § ¤ ¢ ¥¬®£®
á¨áâ¥¬®© äã­ªæ¨© (3), à ¢¥­ sm(m�1)=2�s. �§ «¥¬¬ë 3, ®ç¥¢¨¤­®, á«¥-
¤ã¥â, çâ® ¤«ï «î¡®© ®ªà¥áâ­®áâ¨ ª®àâ¥¦  < ijk : : : vw > à ­£ ¬ âà¨æë
�ª®¡¨ (4) ­¥ ¡®«ìè¥ sm(m�1)=2�s ¨ à ¢¥­ ¤«ï ­¥£® íâ®¬ã §­ ç¥­¨î. �®
¨§¢¥áâ­®© â¥®à¥¬¥ ¬ â¥¬ â¨ç¥áª®£®  ­ «¨§  ® äã­ªæ¨®­ «ì­®© § ¢¨á¨-
¬®áâ¨ ¤«ï ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U (< ijk : : : vw >) áãé¥áâ¢ã¥â â ª ï
¤®áâ â®ç­® £« ¤ª ï äã­ªæ¨ï � : E! Rs, ®¯à¥¤¥«¥­­ ï ¢ á®®â¢¥âáâ¢ãî-
é¥© ®¡« áâ¨ E � Rsm(m�1)=2, á®¤¥à¦ é¥© â®çªã F (< ijk : : : vw >), ¢ ª®-
â®à®© rang� = s, çâ® ¬­®¦¥áâ¢® F (U (< ijk : : : vw >)) ï¢«ï¥âáï ¯®¤¬­®-
¦¥áâ¢®¬ ¬­®¦¥áâ¢  ­ã«¥© äã­ªæ¨¨ �, â® ¥áâì ¨¬¥îâ ¬¥áâ® ãà ¢­¥­¨ï
(1) ¤«ï ¢á¥å ª®àâ¥¦¥© ¨§ U (< ijk : : : vw >). �®áª®«ìªã à ­£ ¬ âà¨æë
(4) ¤«ï ¨áå®¤­®£® ª®àâ¥¦  < ijk : : : vw > à ¢¥­ sm(m � 1)=2� s ¨ ¬ ª-
á¨¬ «¥­ ¢ ®ªà¥áâ­®áâ¨ U (< ijk : : : vw >), ¨§ â®© ¦¥ â¥®à¥¬ë ® äã­ªæ¨-
®­ «ì­®© § ¢¨á¨¬®áâ¨ á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â â ª ï ¥£® ®ªà¥áâ­®áâì
U 0 � U ¨ á®®â¢¥âáâ¢ãîé ï ®¡« áâì E0 � E, ¤«ï ª®â®àëå ¬­®¦¥áâ¢®
§­ ç¥­¨© F (U 0) á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ ­ã«¥© äã­ªæ¨¨ � ¢ E, ï¢«ïïáì
£« ¤ª®© ¡¥§ ®á®¡ëå â®ç¥ª ¯®¢¥àå­®áâìî ¢ Rsm(m�1)=2 ª®à §¬¥à­®áâ¨ s.
�¥®à¥¬  1 ¯®«­®áâìî ¤®ª § ­ .

x2. �àã¯¯®¢ ï á¨¬¬¥âà¨ï ¯®«¨¬¥âà¨ç¥áª®©

£¥®¬¥âà¨¨ ¨ ¥¥ íª¢¨¢ «¥­â­®áâì

ä¥­®¬¥­®«®£¨ç¥áª®© á¨¬¬¥âà¨¨

� áá¬®âà¨¬ â¥¯¥àì £àã¯¯®¢ë¥ á¢®©áâ¢  ¯®«¨¬¥âà¨ç¥áª®© ä¥­®¬¥­®«®-
£¨ç¥áª¨ á¨¬¬¥âà¨ç­®© £¥®¬¥âà¨¨, ¢¢¥¤¥­­®© ¢ëè¥ ®¯à¥¤¥«¥­¨¥¬ ¨§ x1.

17



�ãáâì U ¨ U 0 { ®âªàëâë¥ ®¡« áâ¨ ¢ ¬­®£®®¡à §¨¨M, ­¥ ®¡ï§ â¥«ì­®
á¢ï§­ë¥. �« ¤ª®¥ ¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥

� : U ! U 0 (1)

­ §ë¢ ¥âáï «®ª «ì­ë¬ ¤¢¨¦¥­¨¥¬, ¥á«¨ ®­® á®åà ­ï¥â s-¬¥âà¨ªã f =
(f1; : : : ; fs). �®á«¥¤­¥¥ ®§­ ç ¥â, çâ® ¤«ï «î¡®© ¯ àë < ij > 2 Sf ,
â ª®© çâ® i; j 2 U , ¨ á®®â¢¥âáâ¢ãîé¥© ¯ àë < �(i); �(j) >, ¥á«¨ ®­ 
¯à¨­ ¤«¥¦¨â Sf , ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

f(�(i); �(j)) = f(ij); (2)

¢ë¯®«­ïîé¥¥áï ¤«ï ª ¦¤®© ¨§ ª®¬¯®­¥­â f1; : : : ; fs s-¬¥âà¨ª¨ f .
�­®¦¥áâ¢® ¢á¥å ¤¢¨¦¥­¥© (1) ¥áâì «®ª «ì­ ï £àã¯¯  ¯à¥®¡à §®¢ -

­¨©, ¤«ï ª®â®à®© s-¬¥âà¨ª  á®£« á­® à ¢¥­áâ¢ã (2) ï¢«ï¥âáï ¤¢ãåâ®-
ç¥ç­ë¬ ¨­¢ à¨ ­â®¬. �á«¨ s-¬¥âà¨ª  f § ¤ ­  ï¢­® (­ ¯à¨¬¥à, ¢ á¢®-
¥¬ ª®®à¤¨­ â­®¬ ¯à¥¤áâ ¢«¥­¨¨ (2) ¨§ x1), â® à ¢¥­áâ¢® (2) ï¢«ï¥â-
áï äã­ªæ¨®­ «ì­ë¬ ãà ¢­¥­¨¥¬, à¥è ï ª®â®à®¥ ¬®¦­® ­ ©â¨ ¯®«­ãî
£àã¯¯ã «®ª «ì­ëå ¤¢¨¦¥­¨© (1). � ¬ ¦¥ ® s-¬¥âà¨ª¥ ¨§¢¥áâ­® â®«ìª®,
çâ® ®­  ­¥¢ëà®¦¤¥­  ¨ ã¤®¢«¥â¢®àï¥â ­¥ª®â®à®© á¨áâ¥¬¥ s ãà ¢­¥­¨©
(äã­ªæ¨®­ «ì­ëå á¢ï§¥©) (1) ¨§ x1. �® íâ®£® ®ª §ë¢ ¥âáï ¤®áâ â®ç­®
¤«ï ãáâ ­®¢«¥­¨ï ä ªâ  áãé¥áâ¢®¢ ­¨ï sn(n� 1)=2 { ¯ à ¬¥âà¨ç¥áª®©
£àã¯¯ë ¥¥ ¤¢¨¦¥­¨©.

�«ï ¡®«ìè¥© ïá­®áâ¨ ¯®á«¥¤ãîé¥£® ¨§«®¦¥­¨ï ¢®á¯à®¨§¢¥¤¥¬ ¢ ­ -
è¨å ®¡®§­ ç¥­¨ïå ®¯à¥¤¥«¥­¨¥ «®ª «ì­®© £àã¯¯ë �¨ ¯à¥®¡à §®¢ ­¨©,
á«¥¤ãï ¬®­®£à ä¨¨ �.�. �®­âàï£¨­  "�¥¯à¥àë¢­ë¥ £àã¯¯ë ¯à¥®¡à §®-
¢ ­¨©" (á¬. [11], á.435). �ãáâì Gr { r-¬¥à­ ï «®ª «ì­ ï £àã¯¯  �¨ ¨ U {
­¥ª®â®à ï ®¡« áâì £« ¤ª®£® ¬­®£®®¡à §¨ï M. �®¯ãáâ¨¬, çâ® ª ¦¤®¬ã
í«¥¬¥­âã a 2 Gr ¯®áâ ¢«¥­® ¢ á®®â¢¥âáâ¢¨¥ ­¥¯à¥àë¢­® § ¢¨áïé¥¥ ®â a
¨­ê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ �a : U ! U 0 ®¡« áâ¨ U ¢ ­¥ª®â®àãî ®¡« áâì
U 0 ¬­®£®®¡à §¨ï M, ®â­®áïé¥¥ ª ¦¤®© â®çª¥ i 2 U ­¥ª®â®àãî â®çªã
i0 2 U 0, â® ¥áâì i0 = �a(i) = �(i; a). �ã¤¥¬ £®¢®à¨âì, çâ® Gr ¥áâì «®ª «ì-
­ ï £àã¯¯  �¨ ¯à¥®¡à §®¢ ­¨© ®¡« áâ¨ U , ¥á«¨ ¢ë¯®«­¥­ë á«¥¤ãîé¨¥
âà¨ ãá«®¢¨ï:

1, �¤¨­¨æ¥ e £àã¯¯ë Gr á®®â¢¥âá¢ã¥â â®¦¤¥áâ¢¥­­®¥ ¯à¥®¡à §®¢ -
­¨¥ i0 = �(i; e) = i ®¡« áâ¨ U ­  á¥¡ï ¨ �(�(i; a); b) = �(i; ab), â® ¥áâì
¯à®¨§¢¥¤¥­¨î ab 2 Gr á®®â¢¥âáâ¢ã¥â ª®¬¯®§¨æ¨ï ¯à¥®¡à §®¢ ­¨©: á­ -
ç «  �a ¨ § â¥¬ �b (¢®§¬®¦¥­ ¨ ¤àã£®© ¯®àï¤®ª: �(�(i; a); b) = �(i; ba)).

2. �¢  ¯à¥®¡à §®¢ ­¨ï �a ¨ �b á®¢¯ ¤ îâ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  a = b (íâ® ãá«®¢¨¥ ¬®¦­® áä®à¬ã«¨à®¢ âì ¨­ ç¥, ¯®âà¥¡®¢ ¢,
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çâ®¡ë ¯à¥®¡à §®¢ ­¨¥ �a ¡ë«® â®¦¤¥áâ¢¥­­ë¬ «¨èì ¯à¨ ãá«®¢¨¨, çâ®
a ¥áâì ¥¤¨­¨æ  e £àã¯¯ë Gr).

3. � ª®®à¤¨­ â­®© ä®à¬¥ �(i; a) ¥áâì ¤®áâ â®ç­®¥ ç¨á«® à § ¤¨ää¥-
à¥­æ¨àã¥¬ ï äã­ªæ¨ï â®çª¨ i 2 U ¨ í«¥¬¥­â  a 2 Gr.

�¯à¥¤¥«¥­­ ï â®«ìª® çâ® £àã¯¯  ¯à¥®¡à §®¢ ­¨© ¯® ãá«®¢¨î 2 íä-
ä¥ªâ¨¢­  ¨ ¯®â®¬ã á ¬¨ í«¥¬¥­âë £àã¯¯ë Gr ¬®£ãâ áç¨â âìáï ¯à¥-
®¡à §®¢ ­¨ï¬¨. �® ¥áâì ¬®¦­® £®¢®à¨âì ® r-¬¥à­®© «®ª «ì­®© £àã¯¯¥
¯à¥®¡à §®¢ ­¨© ¬­®£®®¡à §¨ï M, ª®â®àãî ®¡®§­ ç¨¬ ç¥à¥§ Gr(�). � -
ª¨¬ ®¡à §®¬, ¢ ®¡« áâ¨ U § ¤ ­® íää¥ªâ¨¢­®¥ £« ¤ª®¥ ¤¥©áâ¢¨¥ £àã¯¯ë
Gr, ¯à¨ç¥¬ ãá«®¢¨ï 1, 2, 3 ¢ë¯®«­ïîâáï ¤«ï ­¥ª®â®à®© ¥¥ ç áâ¨, â® ¥áâì
­¥ª®â®à®©, § ¢¨áïé¥© ®â U , ®ªà¥áâ­®áâ¨ ¥¤¨­¨ç­®£® í«¥¬¥­â  e 2 Gr.

� ¯®á«¥¤ãîé¥¬ ¨§«®¦¥­¨¨ ã¤®¡­® áç¨â âì, çâ® ®¡« áâì U � M ­¥
®¡ï§ â¥«ì­® á¢ï§­ , ­ ¯à¨¬¥à, ¬®¦¥â á®áâ®ïâì ¨§ ¤¢ãå á¢ï§­ëå ®¡« -
áâ¥©: U = U1 [ U2, ¯à¨ç¥¬ U1 \ U2 = ?.

�¯à¥¤¥«¥­¨¥.�ã¤¥¬ £®¢®à¨âì,çâ® äã­ªæ¨ï f = (f1; : : : ; fs) § ¤ ¥â
­  sn-¬¥à­®¬ ¬­®£®®¡à §¨¨M ¯®«¨¬¥âà¨ç¥áªãî £¥®¬¥âà¨î, ­ ¤¥«¥­-
­ãî £àã¯¯®¢®© á¨¬¬¥âà¨¥© áâ¥¯¥­¨ sn(n + 1)=2, ¥á«¨, ªà®¬¥  ªá¨®¬ I,
II, III ¨§ x1, ¤®¯®«­¨â¥«ì­® ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï  ªá¨®¬ :

IV 0. �ãé¥áâ¢ã¥â ®âªàëâ®¥ ¨ ¯«®â­®¥ ¢ M ¬­®¦¥áâ¢®, ¤«ï ª ¦¤®©
â®çª¨ i ª®â®à®£® § ¤ ­® íää¥ªâ¨¢­®¥ £« ¤ª®¥ ¤¥©áâ¢¨¥ sn(n + 1)=2-
¬¥à­®© «®ª «ì­®© £àã¯¯ë �¨ ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U (i), â ª®¥, çâ®
¤¥©áâ¢¨ï ¥¥ ¢ ®ªà¥áâ­®áâïå U (i), U (j) ¤¢ãå â®ç¥ª i, j á®¢¯ ¤ îâ ¢ ¯¥à¥-
á¥ç¥­¨¨ U (i)\U (j) ¨ çâ® äã­ªæ¨ï f(ij) ¯® ª ¦¤®© ¨§ á¢®¨å s ª®¬¯®­¥­â
ï¢«ï¥âáï ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬.

�àã¯¯ë ¯à¥®¡à §®¢ ­¨©, ® ª®â®àëå £®¢®à¨âáï ¢  ªá¨®¬¥ IV 0, ®¯à¥-
¤¥«ïîâ «®ª «ì­ãî ¯®¤¢¨¦­®áâì ¦¥áâª¨å ä¨£ãà ¢ sn-¬¥à­®¬ ¯à®áâà ­-
áâ¢¥ M,  ­ «®£¨ç­ãî ¯®¤¢¨¦­®áâ¨ â¢¥à¤ëå â¥« ¢ ¥¢ª«¨¤®¢®¬ ¯à®-
áâà ­áâ¢¥. � ¬¥â¨¬, çâ® £«®¡ «ì­®© ¯®¤¢¨¦­®áâ¨ ¯à¨ íâ®¬ ¬®¦¥â ¨
­¥ ¡ëâì, â ª ª ª, å®âï «®ª «ì­ë¥ ¤¥©áâ¢¨ï £àã¯¯ë Gsn(n+1)=2 ®¯à¥-
¤¥«¥­ë á®£« á­®  ªá¨®¬¥ IV 0 ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ª ¦¤®© â®çª¨
®âªàëâ®£® ¨ ¯«®â­®£® ¢ M ¬­®¦¥áâ¢ , ¬®¦¥â ®ª § âìáï, çâ® ­  ¢á¥¬
íâ®¬ ¬­®¦¥áâ¢¥ ¤¥©áâ¢ã¥â â®«ìª® ¥¤¨­¨ç­ë© í«¥¬¥­â £àã¯¯ë. �­®-
¦¥áâ¢® ¯ à < ij >, ¤«ï ª®â®àëå s-¬¥âà¨ª  f ®¯à¥¤¥«¥­  ¨ ï¢«ï¥âáï
¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬, ®ç¥¢¨¤­®, ®âªàëâ® ¨ ¯«®â­® ¢ M � M.
�ã¤¥¬ £®¢®à¨âì â ª¦¥, çâ® s-¬¥âà¨ª  f ¤®¯ãáª ¥â sn(n+1)=2-¬¥à­ãî
«®ª «ì­ãî £àã¯¯ã �¨ «®ª «ì­ëå ¤¢¨¦¥­¨©.

�§  ªá¨®¬ë IV 0 á«¥¤ã¥â â ª¦¥, çâ® ­  ®âªàëâ®¬ ¨ ¯«®â­®¬ ¢ M
¬­®¦¥áâ¢¥ § ¤ ­® sn(n+ 1)=2-¬¥à­®¥ «¨­¥©­®¥ á¥¬¥©áâ¢® £« ¤ª¨å ¢¥ª-
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â®à­ëå ¯®«¥© X, § ¬ª­ãâ®¥ ®â­®á¨â¥«ì­® ®¯¥à æ¨¨ ª®¬¬ãâ¨à®¢ ­¨ï,
â® ¥áâì  «£¥¡à  �¨ ¯à¥®¡à §®¢ ­¨© (á¬. [11], x60). � ­¥ª®â®à®© «®ª «ì-
­®© á¨áâ¥¬¥ ª®®à¤¨­ â ¡ §¨á­ë¥ ¢¥ªâ®à­ë¥ ¯®«ï íâ®£® á¥¬¥©áâ¢  § ¯¨-
è¥¬ ¢ ®¯¥à â®à­®© ä®à¬¥:

X! = ��!(x)@=@x
�; (3)

£¤¥ ! = 1; 2; : : : ; sn(n + 1)=2,   ¯® ­¥¬®¬ã ¨­¤¥ªáã � ¯à®¨§¢®¤¨âáï áã¬-
¬¨à®¢ ­¨¥ ¢ ¯à¥¤¥« å ®â 1 ¤® sn. �®«¨¬¥âà¨ª  f = (f1; : : : ; fs) ¡ã¤¥â
¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬ «®ª «ì­®© £àã¯¯ë �¨ ¯à¥®¡à §®¢ ­¨© ­¥-
ª®â®àëå ®ªà¥áâ­®áâ¥© U (i) ¨ U (j) â®ç¥ª i ¨ j ¢ â®¬ ¨ â®«ìª® ¢ â®¬
á«ãç ¥, ¥á«¨ ®­  ¯®ª®¬¯®­¥­â­® ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ sn(n+1)=2 ãà ¢-
­¥­¨©

X!(i)f(ij) +X!(j)f(ij) = 0 (4)

á ®¯¥à â®à ¬¨ (3):

��!(i)@f(ij)=@x
� (i) + ��!(j)@f(ij)=@x

� (j) = 0;

£¤¥ ��!(i) = ��!(x(i)) = ��!(x
1(i); : : : ; xsn(i)) ¨  ­ «®£¨ç­® ¤«ï ��!(j) (á¬.

[12], á.229 ¨ 237).
�á«¨ ¢¥ªâ®à­®¥ ¯®«¥ X ­¥­ã«¥¢®¥, â® ¢ ®¡« áâ¨ ¥£® § ¤ ­¨ï ¥áâì

å®âï ¡ë ®¤­  â®çª  ¢ ª®â®à®© ®­® ®â«¨ç­® ®â ­ã«ï. �¤­ ª® ¢ ¤àã£¨å
â®çª å íâ®© ®¡« áâ¨ ¯®«¥ X ¬®¦¥â ®¡à é âìáï ¢ ­ã«ì. �á«¨ ¦¥ ¤«ï
á®®â¢¥âáâ¢ãîé¥© £àã¯¯ë �¨ ¯à¥®¡à §®¢ ­¨©,  «£¥¡à¥ �¨ ª®â®à®© ¯à¨-
­ ¤«¥¦¨â ¯®«¥X, s-¬¥âà¨ª  f ï¢«ï¥âáï ­¥¢ëà®¦¤¥­­ë¬ ¤¢ãåâ®ç¥ç­ë¬
¨­¢ à¨ ­â®¬, â® ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï «¥¬¬ :

�¥¬¬  1. �­®¦¥áâ¢® â®ç¥ª, £¤¥ ­¥­ã«¥¢®¥ ¢¥ªâ®à­®¥ ¯®«¥ X  «-
£¥¡àë �¨ «®ª «ì­®© £àã¯¯ë �¨ ¯à¥®¡à §®¢ ­¨©, ã¤®¢«¥â¢®àïîé¥©  ª-
á¨®¬¥ IV

0

, ®â«¨ç­® ®â ­ã«ï, ®âªàëâ® ¨ ¯«®â­® ¢ M.

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �ãáâì ­¥­ã«¥¢®¥ ¢¥ªâ®à­®¥ ¯®«¥X = a!X!,
£¤¥ a!, ! = 1; 2; : : : ; sn(n + 1)=2 { ¯®áâ®ï­­ë¥, ­¥ ¢á¥ à ¢­ë¥ ­ã«î ®¤-
­®¢à¥¬¥­­®, ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U (i) â®çª¨ i ®¡à é ¥âáï ¢ ­ã«ì
â®¦¤¥áâ¢¥­­®. �®«¥ X ­¥­ã«¥¢®¥, ¯®íâ®¬ã ¢ ª ª®©-â® ¤àã£®© â®çª¥ j,
  §­ ç¨â ¨ ¢ ­¥ª®â®à®© ¥¥ ®ªà¥áâ­®áâ¨ U (j), ®­® ®â«¨ç­® ®â ­ã«ï. �®-
áª®«ìªã ®¡« áâì Sf ®âªàëâ  ¨ ¯«®â­  ¢ M �M ¯®  ªá¨®¬¥ I, ¬®¦-

­® áç¨â âì, çâ® ¯ à  < ij > 2 Sf . �® â®£¤ , á®£« á­®  ªá¨®¬¥ IV
0

,
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s-¬¥âà¨ª  f(ij) ¡ã¤¥â ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬, ï¢«ïïáì à¥è¥­¨¥¬
á¨áâ¥¬ë sn(n + 1)=2 ãà ¢­¥­¨© (4). � ãç¥â®¬ â®£®, çâ® ¯® ¯à¥¤¯®«®-
¦¥­¨î X(i) = a!X!(i) = 0 ¨ X(j) = a!X!(j) 6= 0, ¨§ íâ®© á¨áâ¥¬ë
¯®«ãç ¥¬ ãà ¢­¥­¨¥:

a!��!(j)@f(ij)=@x
� (j) = 0; (40)

¢ ª®â®à®¥ ¢å®¤ïâ ¯à®¨§¢®¤­ë¥ â®«ìª® ¯® ª®®à¤¨­ â ¬ â®çª¨ j ¨ ®â íâ¨å
¦¥ â®«ìª® ª®®à¤¨­ â § ¢¨áïâ ª®íää¨æ¨¥­âë a!��! ¯à¨ ¯à®¨§¢®¤­ëå,
¯à¨ç¥¬, ¯® ªà ©­¥© ¬¥à¥, ®¤¨­ ¨§ ­¨å ®â«¨ç¥­ ®â ­ã«ï. �«¥¤®¢ â¥«ì­®,
ãà ¢­¥­¨¥ (40) ¬®¦¥â ¡ëâì à¥è¥­® ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª. �¨áâ¥¬ 
ãà ¢­¥­¨© å à ªâ¥à¨áâ¨ª ¤«ï ­¥£® ¨¬¥¥â ­¥ ¡®«¥¥ sn� 1 ­¥§ ¢¨á¨¬ëå
¨­â¥£à «®¢, ¨ ¯®â®¬ã ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (40) ¡ã¤¥â:

f(ij) = f(x1(i); : : : ; xsn(i);  1(j); : : : ;  n
0

(j));

£¤¥ n0 6 sn�1 ¨  (j) =  (x1(j); : : : ; xsn(j)). �® ¢ ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥
¤«ï s-¬¥âà¨ª¨ f sn ª®®à¤¨­ â â®çª¨ j ¢å®¤ïâ ­¥áãé¥áâ¢¥­­ë¬ ®¡à §®¬
ç¥à¥§ n0 < sn äã­ªæ¨©  1(j); : : : ;  n

0

(j), çâ®, ®ç¥¢¨¤­®, ¯à®â¨¢®à¥ç¨â
 ªá¨®¬¥ III ¨§ x1. � ª¨¬ ®¡à §®¬, ¢ ®ªà¥áâ­®áâ¨ U (i) ®¡ï§ â¥«ì­® ­ ©-
¤¥âáï â®çª , £¤¥ ¨áå®¤­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ®â«¨ç­® ®â ­ã«ï. �®áª®«ìªã
®¡« áâì § ¤ ­¨ï ¯®«ï X ¯«®â­  ¨ ®âªàëâ  ¢ M, ¬­®¦¥áâ¢® â®ç¥ª, £¤¥
®­® ®â«¨ç­® ®â ­ã«ï, â®¦¥ ¯«®â­® ¨ ®âªàëâ® ¢ M, å®âï ¬®¦¥â ¨ ­¥
á®¢¯ ¤ âì á ®¡« áâìî ¥£® § ¤ ­¨ï. �¥¬¬  1 ¤®ª § ­ .

�«¥¤áâ¢¨¥. �­®¦¥áâ¢® â®ç¥ª, £¤¥ ¡ §¨á­ë¥ ¢¥ªâ®à­ë¥ ¯®«ï X!,
! = 1; : : : ; sn(n + 1)=2,  «£¥¡àë �¨ «®ª «ì­®© £àã¯¯ë �¨ «®ª «ì­ëå
¯à¥®¡à §®¢ ­¨©, ã¤®¢«¥â¢®àïîé¥©  ªá¨®¬¥ IV 0, ®¤­®¢à¥¬¥­­® ®â«¨ç­ë
®â ­ã«ï, ®âªàëâ® ¨ ¯«®â­® ¢M.

�«¥¤áâ¢¨¥ ®ç¥¢¨¤­®, â ª ª ª ¯® ¤®ª § ­­®© ¢ëè¥ «¥¬¬¥ 1 ª ¦¤®¥
¡ §¨á­®¥ ¢¥ªâ®à­®¥ ¯®«¥ X! ®â«¨ç­® ®â ­ã«ï ­  ®âªàëâ®¬ ¨ ¯«®â­®¬ ¢
M ¬­®¦¥áâ¢¥. �¥à¥á¥ç¥­¨¥ ¦¥ ª®­¥ç­®£® ç¨á«  (= sn(n + 1)=2) â ª¨å
¬­®¦¥áâ¢ ®âªàëâ® ¨ ¯«®â­® ¢ M.

�¥®à¥¬  1. �«ï â®£®, çâ®¡ë äã­ªæ¨ï f = (f1; : : : ; fs), ã¤®¢«¥â¢®-
àïîé ï  ªá¨®¬ ¬ I, II, III ¨§ x1, § ¤ ¢ «  ­  sn-¬¥à­®¬ ¬­®£®®¡à §¨¨
M ¯®«¨¬¥âà¨ç¥áªãî £¥®¬¥âà¨î, ­ ¤¥«¥­­ãî £àã¯¯®¢®© á¨¬¬¥âà¨¥©
áâ¥¯¥­¨ sn(n + 1)=2, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë à ­£ ®â®¡à -
¦¥­¨ï F ¡ë« à ¢¥­ sm(m � 1)=2� s, £¤¥ m = n+ 2, ­  ¯«®â­®¬ ¢ SF

¬­®¦¥áâ¢¥.
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�®ª ¦¥¬ á­ ç «  ­¥®¡å®¤¨¬®áâì ãá«®¢¨ï â¥®à¥¬ë 1 ® à ­£¥ ®â®¡à -
¦¥­¨ï F .

�ãáâì < ijk : : : vw > 2 Mm â ª®© ª®àâ¥¦ ¤«¨­ë m = n + 2, çâ®
¥£® â®çª¨ i; j; k; : : : ; v; w ¯à¨­ ¤«¥¦ â ®âªàëâ®¬ã ¨ ¯«®â­®¬ã ¢M ¬­®-
¦¥áâ¢ã, ® ª®â®à®¬ £®¢®à¨âáï ¢  ªá¨®¬¥ IV

0

®¯à¥¤¥«¥­¨ï ­ áâ®ïé¥£®
¯ à £à ä . �á­®, çâ® ¬­®¦¥áâ¢® â ª¨å ª®àâ¥¦¥© ®âªàëâ® ¨ ¯«®â­®
¢ Mm,   ¥£® ¯¥à¥á¥ç¥­¨¥ á SF ®âªàëâ® ¨ ¯«®â­® ¢ SF . �®íâ®¬ã, ­¥
®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® < ijk : : : vw > 2 SF . �®-
£« á­®  ªá¨®¬¥ IV 0 áãé¥áâ¢ãîâ â ª¨¥ ®ªà¥áâ­®áâ¨ U (i), U (j); : : : ; U (w)
â®ç¥ª íâ®£® ª®àâ¥¦ , çâ® ¤¥©áâ¢¨ï ­¥ª®â®à®© sn(n + 1)=2-¬¥à­®© «®-
ª «ì­®© £àã¯¯ë �¨ ¢ ­¨å á®åà ­ï¥â s-¬¥âà¨ªã f , ®¯à¥¤¥«¥­­ãî ¢ ª -
¦¤®© ¨§ ®ªà¥áâ­®áâ¥© U (i) � U (j); U (i) � U (k); : : : ; U (v) � U (w) ¯ à
< ij >;< ik >; : : : ; < vw >. �®§ì¬¥¬ â¥¯¥àì ¯à®¨§¢®«ì­ãî m-â®ç¥ç­ãî
ä¨£ãàã, á®®â¢¥âáâ¢ãîéãî ­¥ª®â®à®¬ã ª®àâ¥¦ã ¤«¨­ë m ¨§ ®ªà¥áâ­®-
áâ¨ U (i)�U (j)� � � ��U (w) � SF . �¢¨¦¥­¨¥ íâ®© äã£ãàë ª ª ¦¥áâª®©
ª®­áâàãªæ¨¨ ®§­ ç ¥â, çâ® ¯à¨ ¤¥©áâ¢¨¨ £àã¯¯ë Gsn(n+1)=2 ¢ ®ªà¥áâ-
­®áâïå U (i); U (j); : : : ; U (w), â® ¥áâì ¨§¬¥­¥­¨¨ ª®®à¤¨­ â ¥¥ â®ç¥ª, ¢á¥
sm(m � 1)=2 à ááâ®ï­¨© ¢ ­¥©, ®¯à¥¤¥«ï¥¬ëå á¨áâ¥¬®© äã­ªæ¨© (3) ¨§
x1, á®åà ­ïîâáï, ï¢«ïïáì ¤¢ãåâ®ç¥ç­ë¬¨ ¨­¢ à¨ ­â ¬¨. �­¢ à¨ ­â-
­®áâì ¦¥ íâ¨å äã­ªæ¨© ¯à¨ «®ª «ì­ëå ¯à¥®¡à §®¢ ­¨ïå, § ¤ ¢ ¥¬ëå
¢¥ªâ®à­ë¬¨ ¯®«ï¬¨

X = ��(x)@=@x� (5)

¢ ®ªà¥áâ­®áâïå U (i); U (j); : : : ; U (w), ®§­ ç ¥â, çâ® íâ¨ äã­ªæ¨¨ ã¤®¢«¥-
â¢®àïîâ á«¥¤ãîé¥© á¨áâ¥¬¥ ãà ¢­¥­¨©,  ­ «®£¨ç­ëå ãà ¢­¥­¨î (4) á
®¯¥à â®à ¬¨ (3):

��(i)@f(ij)=@x� (i) + ��(j)@f(ij)=@x� (j) = 0;

��(i)@f(ik)=@x� (i) + ��(k)@f(ik)=@x�(k) = 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

��(v)@f(vw)=@x� (v) + ��(w)@f(vw)=@x�(w) = 0:

9>>>>>>>>=
>>>>>>>>;

(6)

�¨áâ¥¬  (6) ¯à¨ ¨§¢¥áâ­®© s-¬¥âà¨ª¥ f = (f1; : : : ; fs) ¬®¦¥â ¡ëâì
à áá¬®âà¥­  ª ª á¨áâ¥¬  sm(m � 1)=2 «¨­¥©­ëå ®¤­®à®¤­ëå ãà ¢­¥-
­¨© ®â­®á¨â¥«ì­® m(sn) ª®¬¯®­¥­â ¢¥ªâ®à­ëå ¯®«¥© (5) ¢ ­¥ª®â®àëå
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®ªà¥áâ­®áâïå â®ç¥ª i; j; k; : : : ; v; w. � ¬¥â¨¬, çâ® ¬ âà¨æ  íâ®© á¨áâ¥¬ë
á®¢¯ ¤ ¥â á äã­ªæ¨®­ «ì­®© ¬ âà¨æ¥© (4) ¨§ x1 ®â®¡à ¦¥­¨ï F . �«-
£¥¡àë �¨ ¢¥ªâ®à­ëå ¯®«¥© (5) sn(n + 1)=2-¬¥à­ë, â ª ª ª â ªãî à §-
¬¥à­®áâì ¨¬¥îâ á®£« á­®  ªá¨®¬¥ IV 0 «®ª «ì­ë¥ £àã¯¯ë �¨ ¯à¥®¡à -
§®¢ ­¨© ®ªà¥áâ­®áâ¥© U (i); U (j); : : : ; U (w). �¨áâ¥¬  (6), á«¥¤®¢ â¥«ì­®,
¨¬¥¥â à¥è¥­¨¥

��(i) = a!��!(i); : : : ; �
�(w) = a!��!(w); (7)

£¤¥ a! { ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë ¨ ¯® "­¥¬®¬ã" ¨­¤¥ªáã ! ¯à®¨§¢®¤¨â-
áï áã¬¬¨à®¢ ­¨¥ ¢ ¯à¥¤¥« å ®â 1 ¤® sn(n+1)=2, ¯à¨ç¥¬ äã­ªæ¨¨ ��!(x)
«¨­¥©­® ­¥§ ¢¨á¨¬ë ¯® íâ®¬ã ¨­¤¥ªáã á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨
¢ á®®â¢¥âáâ¢ãîé¨å ®ªà¥áâ­®áâïå ª ¦¤®© â®çª¨ ª®àâ¥¦  < ijk : : : vw >.

� ª¨¬ ®¡à §®¬, á¨áâ¥¬  (6) ¨¬¥¥â sn(n + 1)=2 «¨­¥©­® ­¥§ ¢¨á¨-
¬ëå á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ­¥­ã«¥¢ëå à¥è¥­¨©. �â¨ à¥è¥-
­¨ï ¬®¦­® ¢ë¯¨á âì ¯® ®¡é¥¬ã à¥è¥­¨î (7), ¡¥àï sn(n + 1)=2 «¨-
­¥©­® ­¥§ ¢¨á¨¬ëå ­¥­ã«¥¢ëå ¢¥ªâ®à®¢ (a1; : : : ; asn(n+1)=2), ­ ¯à¨¬¥à,
(1; 0; : : : ; 0); : : : ; (0; : : : ; 0; 1):

��!(i); �
�
!(j); : : : ; �

�
!(w); (70)

£¤¥ � = 1; : : : ; sn ¨ ! = 1; : : : ; sn(n+ 1)=2.

�¥¬¬  2. �¥è¥­¨ï (7') «¨­¥©­® ­¥§ ¢¨á¨¬ë ¯® ­¨¦­¥¬ã ¨­¤¥ªáã
! ­¥ â®«ìª® á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, ­® «¨­¥©­® ­¥§ ¢¨á¨¬ë
¯® ­¥¬ã â ª¦¥ ¨ á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, â® ¥áâì ¢ ®¡é¥¬
á¬ëá«¥.

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �ãáâì ­ ©¤ãâáï â ª¨¥ ¯¥à¥¬¥­­ë¥ ª®íä-
ä¨æ¨¥­âë c! = c!(< ijk : : : vw >), ! = 1; : : : ; sn(n + 1)=2, çâ® ¨¬¥îâ
¬¥áâ® á«¥¤ãîé¨¥ m � (sn) á®®â­®è¥­¨©

c!��!(i) = 0; c!��!(j) = 0; : : : ; c!��!(w) = 0; (8)

¢ëâ¥ª îé¨¥ ¨§ ¯à¥¤¯®« £ ¥¬®© «¨­¥©­®© § ¢¨á¨¬®áâ¨ à¥è¥­¨© (70),
ª®â®àë¥, ­ ¯®¬­¨¬, «¨­¥©­® ­¥§ ¢¨á¨¬ë á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­-
â ¬¨. �®íää¨æ¨¥­âë c! ¥áâì à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© (8) ¨ ï¢«ï-
îâáï ­¥ª®â®àë¬¨ äã­ªæ¨ï¬¨ ª®®à¤¨­ â â®ç¥ª ª®àâ¥¦  < ijk : : : vw >,
®¤­®¢à¥¬¥­­® ¢ ­ã«ì ­¥ ®¡à é îé¨¬¨áï ­¨ ¤«ï ®¤­®£® ¨§ â ª¨å ª®à-
â¥¦¥©. � ¬¥â¨¬, çâ® á¨áâ¥¬  (8) ­¥ ®¡ï§ â¥«ì­® ¨¬¥¥â ­¥­ã«¥¢®¥ à¥è¥-
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­¨¥, â ª ª ª ç¨á«® ãà ¢­¥­¨© ¢ ­¥© (= smn) ¡®«ìè¥ ç¨á«  ­¥¨§¢¥áâ­ëå
(= sn(n + 1)=2).

� áá¬®âà¨¬ ¤¢¨¦¥­¨¥ ¯à¨§¢®«ì­®© ä¨£ãàë < k : : :vw >, á®¤¥à¦ -
é¥© n â®ç¥ª, ¨ ä¨£ãàë < jk : : : vw >, á®¤¥à¦ é¥© n+ 1 â®çªã, ¯à¨ç¥¬
¯¥à¥å®¤ ®â ¯¥à¢®© ä¨£ãàë ª® ¢â®à®© á®áâ®¨â ¢ ¤®¡ ¢«¥­¨¨ â®çª¨ j.
�®áª®«ìªã ¯à¨ ¤¢¨¦¥­¨¨ ¢â®à®© ä¨£ãàë á®åà ­ïîâáï ¤®¯®«­¨â¥«ì­®
sn à ááâ®ï­¨© f(jk); : : : ; f(jw), ®â­®á¨â¥«ì­® sn ª®¬¯®­¥­â ¢¥ªâ®à­®-
£® ¯®«ï X(j), â® ¥áâì ¯®«ï (5) ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U (j) â®çª¨ j,
¥áâ¥áâ¢¥­­® ¢®§­¨ª ¥â á¨áâ¥¬  sn «¨­¥©­ëå ­¥®¤­®à®¤­ëå ãà ¢­¥­¨©:

��(j)@f(jk)=@x� (j) = ���(k)@f(jk)=@x�(k);

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

��(j)@f(jw)=@x�(j) = ���(w)@f(jw)=@x�(w):

9>>>>=
>>>>;

� ­£ ¬ âà¨æë íâ®© á¨áâ¥¬ë á®£« á­®  ªá¨®¬¥ III ¨§ x1 à ¢¥­ sn ¯®
ªà ©­¥© ¬¥à¥ ¤«ï ®¤­®£® ª®àâ¥¦  < k : : : vw > ¨ ®¤­®© â®çª¨ j ¨§ á®®â-
¢¥âáâ¢ãîé¨å ®ªà¥áâ­®áâ¥©. �¥è ï ãà ¢­¥­¨ï á¨áâ¥¬ë, ­ å®¤¨¬ ¢ëà -
¦¥­¨ï ¤«ï ª®¬¯®­¥­â ¢¥ªâ®à­®£® ¯®«ï X(j) ç¥à¥§ ª®¬¯®­¥­âë ¢¥ªâ®à-
­ëå ¯®«¥© X(k); : : : ; X(w):

��(j) = b�1��
�(k) + � � �+ b�n��

�(w);

£¤¥, ­ ¯à¨¬¥à, b�1� = b�1�(< ijk : : : vw >), ¯à¨ç¥¬ �; � = 1; : : : ; sn. �
á®®â¢¥âáâ¢¨¨ á à¥è¥­¨¥¬ (7) ¨ ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ ª®íää¨æ¨¥­â®¢
a! ¢ ­¥¬, ¨§ íâ¨å ¢ëà ¦¥­¨© ¯®«ãç ¥¬ «¨­¥©­ãî á¢ï§ì:

��!(j) = b�1��
�
!(k) + � � �+ b�n��

�
!(w): (9)

� ¯¨è¥¬ ¯®¤á¨áâ¥¬ã ¨§ sn2 ãà ¢­¥­¨© á¨áâ¥¬ë (8), ®â­®áïéãîáï ª
ãª®à®ç¥­­®¬ã ª®àâ¥¦ã < k : : :vw > ¤«¨­ë n:

c!��!(k) = 0; : : : ; c!��!(w) = 0: (80)

�®®â¢¥âáâ¢ãîé ï ¯®¤á¨áâ¥¬  á¨áâ¥¬ë (8) ¤«ï ª®àâ¥¦  < jk : : : vw >
¤«¨­ë n + 1 ¯®«ãç ¥âáï ¤®¡ ¢«¥­¨¥¬ ª ¯®¤á¨áâ¥¬¥ (80) sn ãà ¢­¥­¨©
c!��!(j) = 0. �® íâ¨ ãà ¢­¥­¨ï ¢ á¨«ã «¨­¥©­®© á¢ï§¨ (9) ï¢«ïîâáï
á«¥¤áâ¢¨¥¬ ãà ¢­¥­¨© ¯®¤á¨áâ¥¬ë (80). �® ¥áâì à ­£¨ ¬ âà¨æ ¯®¤á¨-
áâ¥¬ á¨áâ¥¬ë (8), ®â­®áïé¨åáï ª ª®àâ¥¦ ¬ < k : : : vw > ¨ < jk : : :vw >,
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á®¢¯ ¤ îâ. �ãáâì à ­£ ¬ âà¨æë ¯®¤á¨áâ¥¬ë (80) à ¢¥­ r. �á­®, çâ®
íâ®â à ­£ ­¥ ¯à¥¢ëè ¥â §­ ç¥­¨ï sn(n+ 1)=2,   ¯® á«¥¤áâ¢¨î «¥¬¬ë 1
­¥ ¬®¦¥â ¡ëâì ¬¥­ìè¥ ¥¤¨­¨æë. � á«ãç ¥ r = sn(n + 1)=2 ¢áï á¨áâ¥¬ 
(8) ¡ã¤¥â ¨¬¥âì â®«ìª® ­ã«¥¢®¥ à¥è¥­¨¥, çâ® ¯à®â¨¢®à¥ç¨â á¤¥« ­­®-
¬ã ¯à¥¤¯®«®¦¥­¨î. �á«¨ sn(n+ 1)=2 = 1, â® ®¡ï§ â¥«ì­® ¤®«¦­® ¡ëâì
r = sn(n+1)=2, ¯®íâ®¬ã ¡ã¤¥¬ áç¨â âì, çâ® sn(n+1)=2 > 1, â® ¥áâì çâ®
¨«¨ n > 1 ¨«¨ s > 1. �®£¤  ¢ ¬ âà¨æ¥ ¯®¤á¨áâ¥¬ë (80) ­ ©¤¥âáï â ª ï
ª¢ ¤à â­ ï ¯®¤¬ âà¨æ  ­¥­ã«¥¢®£® ¯®àï¤ª  r < sn(n+ 1)=2, ®¯à¥¤¥«¨-
â¥«ì ª®â®à®© ®â«¨ç¥­ ®â ­ã«ï. �®§ì¬¥¬ ®¯à¥¤¥«¨â¥«ì r + 1 ¯®àï¤ª ,
á®¤¥à¦ é¨© íâã ª¢ ¤à â­ãî ¯®¤¬ âà¨æã ¢ ª ç¥áâ¢¥ ¬¨­®à  ¯®àï¤ª  r
¨ ®¤­ã áâà®ªã ¨§ ¬ âà¨æë ¯®¤á¨áâ¥¬ë (8) ¤«ï ª®àâ¥¦  < jk : : : vw >, ¢
ª®â®àãî ¢å®¤ïâ äã­ªæ¨¨ ��!(j). �®áª®«ìªã ¯® ¤®ª § ­­®¬ã ¢ëè¥ à ­£
¬ âà¨æë ¯®¤á¨áâ¥¬ë á¨áâ¥¬ë (8) ¤«ï ª®àâ¥¦  < jk : : : vw > â®¦¥ à ¢¥­
r, ãª § ­­ë© ®¯à¥¤¥«¨â¥«ì r + 1 ¯®àï¤ª  ¤®«¦¥­ ®¡à é âìáï ¢ ­ã«ì.
� áªàë¢ ï íâ®â ®¯à¥¤¥«¨â¥«ì ¯® í«¥¬¥­â ¬ áâà®ª¨, á®¤¥à¦ é¥© äã­ª-
æ¨¨ ��!(j), ¤«ï ª ¦¤®£® ¨­¤¥ªá  � = 1; : : : ; sn ¯®«ãç ¥¬ á¢ï§ì

~c!(< k : : : vw >)��!(j) = 0;

£¤¥ ~c!(< k : : :vw >) ¥áâì  «£¥¡à ¨ç¥áª®¥ ¤®¯®«­¥­¨¥ ª ��!(j), § ¢¨áïé¥¥
®â ª®®à¤¨­ â â®ç¥ª ª®àâ¥¦  < k : : : vw > ¨ ­¥ § ¢¨áïé¥¥ ®â ª®®à¤¨­ â
â®çª¨ j. � ¬¥â¨¬, çâ® å®âï ¡ë ®¤­® ¨§ íâ¨å  «£¥¡à ¨ç¥áª¨å ¤®¯®«­¥­¨©
â®¦¤¥áâ¢¥­­® ¢ ­ã«ì ­¥ ®¡à é ¥âáï. �¨ªá¨àãï ¢ ¯®«ãç¥­­®© á¢ï§¨ ª®®à-
¤¨­ âë â®ç¥ª ª®àâ¥¦  < k : : :vw >, ¯® ª®â®àë¬ íâ  á¢ï§ì ¢ë¯®«­ï¥âáï
â®¦¤¥áâ¢¥­­®, ãáâ ­ ¢«¨¢ ¥¬, çâ® äã­ªæ¨¨ ��!(j) «¨­¥©­® § ¢¨á¨¬ë ¯®
­¨¦­¥¬ã ¨­¤¥ªáã ! á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �® íâ®â à¥§ã«ìâ â
¯à®â¨¢®à¥ç¨â ®á­®¢­®¬ã ãá«®¢¨î  ªá¨®¬ë IV 0, á®£« á­® ª®â®à®¬ã à §-
¬¥à­®áâì «®ª «ì­®© £àã¯¯ë �¨ ¯à¥®¡à §®¢ ­¨© ®ªà¥áâ­®áâ¨ U (j) à ¢­ 
sn(n + 1)=2, ¨ ¯®â®¬ã â ªãî ¦¥ à §¬¥à­®áâì ¨¬¥¥â á®®â¢¥âáâ¢ãîé ï
 «£¥¡à  �¨ ¢¥ªâ®à­ëå ¯®«¥© X(j) á ¡ §¨á®¬ X!(j) = ��!(j)@=@x

�(j),
£¤¥ ! = 1; : : : ; sn(n + 1)=2. �áâ ­®¢«¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â
«¥¬¬ã 2.

�â ª, ¯® â®«ìª® çâ® ¤®ª § ­­®© «¥¬¬¥ 2 á¨áâ¥¬  ãà ¢­¥­¨© (6) ¨¬¥-
¥â sn(n+1)=2 «¨­¥©­® ­¥§ ¢¨á¨¬ëå ¢ ®¡é¥¬ á¬ëá«¥ ­¥­ã«¥¢ëå à¥è¥­¨©
¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U (i)�U (j)�� � ��U (w) ª®àâ¥¦  < ijk : : : vw >.
�à¥¤¯®«®¦¨¬, çâ® ¢ íâ®© ®ªà¥áâ­®áâ¨ ­ ©¤¥âáï â ª®© ª®àâ¥¦ ¤«¨­ë
m = n+2, ¤«ï ª®â®à®£® à ­£ ¬ âà¨æë (4) ¨§ x1, â® ¥áâì à ­£ ¬ âà¨æë
á¨áâ¥¬ë (6), à ¢¥­ sm(m � 1)=2� s0, £¤¥ s0 < s { æ¥«®¥ ­¥®âà¨æ â¥«ì-
­®¥ ç¨á«®, ¨ íâ®â à ­£ ¬ ªá¨¬ «¥­. � á¨«ã £« ¤ª®áâ¨ s-¬¥âà¨ª¨ f à ­£
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¬ âà¨æë (4) ¨§ x1 ¡ã¤¥â à ¢¥­ sm(m�1)=2�s0 ¨ ¢ ­¥ª®â®à®© ®ªà¥áâ­®-
áâ¨ ãª § ­­®£® ª®àâ¥¦ , á®¤¥à¦ é¥©áï ¢ ®ªà¥áâ­®áâ¨ U (i)�� � ��U (w).
� ª ¨§¢¥áâ­®, ¬ ªá¨¬ «ì­®¥ ç¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëå (¤«ï á¨áâ¥-
¬ë (6) { ¢ ®¡é¥¬ á¬ëá«¥) ­¥­ã«¥¢ëå à¥è¥­¨©  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë
«¨­¥©­ëå ãà ¢­¥­¨© à ¢­® ç¨á«ã ­¥¨§¢¥áâ­ëå ¬¨­ãá à ­£ ¬ âà¨æë
á¨áâ¥¬ë. � ¯à¥¤¯®« £ ¥¬®¬ á«ãç ¥ ¤«ï á¨áâ¥¬ë (6) ®­® ¡ã¤¥â à ¢­®:
smn�sm(m�1)=2+s0 = sn(n+1)=2�(s�s0), â® ¥áâì ¬¥­ìè¥ sn(n+1)=2,
å®âï, ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨, ¯® «¥¬¬¥ 2 íâ  á¨áâ¥¬  ¨¬¥¥â sn(n+1)=2 «¨-
­¥©­® ­¥§ ¢¨á¨¬ëå ¢ ®¡é¥¬ á¬ëá«¥ ­¥­ã«¥¢ëå à¥è¥­¨© (70). � ª¨¬
®¡à §®¬, à ­£ ¬ âà¨æë (4) ¨§ x1 ¢ ®ªà¥áâ­®áâ¨ U (i)� � � ��U (w) ­¥ ¬®-
¦¥â ¡ëâì ¡®«ìè¥ sm(m�1)=2�s. � ¤àã£®© áâ®à®­ë, ¢ íâ®© ¬ âà¨æ¥ ¯®
«¥¬¬¥ 1 ¨§ x1 ¨¬¥¥âáï ª¢ ¤à â­ ï ¯®¤¬ âà¨æ  ¯®àï¤ª  sm(m�1)=2� s
á ®â«¨ç­ë¬ ®â ­ã«ï ®¯à¥¤¥«¨â¥«¥¬ ¤«ï ­¥ª®â®à®£® ª®àâ¥¦  ¨§ ®ªà¥áâ-
­®áâ¨ U (i)� � � ��U (w). �«¥¤®¢ â¥«ì­®, ¢ «î¡®© ®ªà¥áâ­®áâ¨ ¯«®â­®£®
¢ SF ¬­®¦¥áâ¢  ª®àâ¥¦¥© < ijk : : : vw >, ®¯¨á ­­ëå ¢ á ¬®¬ ­ ç «¥
¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, ­ ©¤¥âáï â ª®© ª®àâ¥¦, ¤«ï ª®â®à®£® à ­£
¬ âà¨æë (4) ¨§ x1, â® ¥áâì à ­£ ®â®¡à ¦¥­¨ï F , § ¤ ¢ ¥¬®£® á¨áâ¥-
¬®© äã­ªæ¨© (3) ¨§ x1, à ¢¥­ â®ç­® sn(n + 1)=2� s. �­®¦¥áâ¢® â ª¨å
ª®àâ¥¦¥©, ®ç¥¢¨¤­®, ¯«®â­® ¢ SF .

�  íâ®¬ ¤®ª § â¥«ìáâ¢® ­¥®¡å®¤¨¬®áâ¨ ãá«®¢¨ï â¥®à¥¬ë 1 ® à ­£¥
®â®¡à ¦¥­¨ï F § ¢¥àè¥­®. �¥à¥©¤¥¬ ª ¡®«¥¥ á«®¦­®¬ã ¤®ª § â¥«ìáâ¢ã
¤®áâ â®ç­®áâ¨ íâ®£® ãá«®¢¨ï.

�ãáâì ¤«ï ª®àâ¥¦  < ijk : : : vw > ¤«¨­ë m = n+2 ¨§ ¯«®â­®£® ¢ SF

¬­®¦¥áâ¢ , ® ª®â®à®¬ £®¢®à¨âáï ¢ ãá«®¢¨¨ â¥®à¥¬ë 1, à ­£ ®â®¡à ¦¥­¨ï
F á äã­ªæ¨®­ «ì­®© ¬ âà¨æ¥© (4) ¨§ x1 à ¢¥­ sm(m�1)=2�s. �¯¨à ïáì
­  «¥¬¬ã 3 ¨§ x1, ¬®¦¥¬ ¯®« £ âì, çâ® à ­£ ¬ âà¨æë (4) ¨§ x1 ¡ã¤¥â
à ¢¥­ sm(m � 1)=2 � s ¤«ï ¢á¥å ª®àâ¥¦¥© ¨§ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨
U (i) � U (j) � � � � � U (w) � SF ¨áå®¤­®£® ª®àâ¥¦ . �®áª®«ìªã ç¨á«®
áâ®«¡æ®¢ ¢ íâ®© ¬ âà¨æ¥, à ¢­®¥ smn, ¡®«ìè¥ ¥¥ à ­£ , ¬¥¦¤ã ­¨¬¨
áãé¥áâ¢ã¥â «¨­¥©­ ï á¢ï§ì, ª®â®àãî § ¯¨è¥¬ ¯® í«¥¬¥­â ¬ ª ¦¤®©
áâà®ª¨:

��[i]@f(ij)=@x�(i) + ��[j]@f(ij)=@x�(j) = 0;

��[i]@f(ik)=@x�(i) + ��[k]@f(ik)=@x�(k) = 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

��[v]@f(vw)=@x�(v) + ��[w]@f(vw)=@x�(w) = 0;

9>>>>>>>>=
>>>>>>>>;

(10)
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£¤¥, ­ ¯à¨¬¥à, ��[i] { ª®íää¨æ¨¥­â «¨­¥©­®© § ¢¨á¨¬®áâ¨ ¯à¨ áâ®«¡-
æ¥ á ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ¯® ª®®à¤¨­ â¥ x�(i), � = 1; : : : ; sn,   ¤«ï
¥£® ®â«¨ç¨ï ®â ª®¬¯®­¥­âë ��(i) ¢¥ªâ®à­®£® ¯®«ï (5) ¢ ®ªà¥áâ­®áâ¨
U (i), ¢å®¤ïé¥© ¢ ãà ¢­¥­¨ï á¨áâ¥¬ë (6), §¤¥áì ¨á¯®«ì§®¢ ­ë ª¢ ¤à â-
­ë¥ áª®¡ª¨.

�®®â­®è¥­¨ï (10) ¯à¨ ¨§¢¥áâ­®© s-¬¥âà¨ª¥ f = (f1; : : : ; fs) ¯à¥¤áâ -
¢«ïîâ á®¡®©  «£¥¡à ¨ç¥áªãî á¨áâ¥¬ã sm(m � 1)=2 «¨­¥©­ëå ®¤­®à®¤-
­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® smn ª®íää¨æ¨¥­â®¢ «¨­¥©­®© § ¢¨á¨¬®-
áâ¨ ��[i], ��[j]; : : : ; ��[w], ª®â®àë¥ ®¤­®¢à¥¬¥­­® ¢ ­ã«ì ­¥ ®¡à é îâáï
¢ ®ªà¥áâ­®áâ¨ U (i) �U (j) � � � � � U (w). � ªá¨¬ «ì­®¥ ç¨á«® «¨­¥©-
­® ­¥§ ¢¨á¨¬ëå (¢ ®¡é¥¬ á¬ëá«¥) ­¥­ã«¥¢ëå à¥è¥­¨© á¨áâ¥¬ë (10)
à ¢­® ç¨á«ã ­¥¨§¢¥áâ­ëå ¬¨­ãá à ­£ ¬ âà¨æë á¨áâ¥¬ë, â® ¥áâì à ¢­®
sn(n + 1)=2. �ë¯¨è¥¬ ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë (10):

��[i] = c!��!(i; < ijk : : : vw >);

��[j] = c!��!(j; < ijk : : : vw >);

: : : : : : : : : : : : : : : : : : : : : : : :

��[w] = c!��!(w;< ijk : : : vw >);

9>>>>>>>>=
>>>>>>>>;

(11)

£¤¥ c! = c!(< ijk : : : vw >) { ª®íää¨æ¨¥­âë ®¡é¥£® à¥è¥­¨ï ¢ ¥£®
¢ëà ¦¥­¨¨ ç¥à¥§ «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ ­¥­ã«¥¢ë¥ à¥è¥­¨ï íâ®© ¦¥ á¨-
áâ¥¬ë, ¯à¨ç¥¬ áã¬¬¨à®¢ ­¨¥ ¯® "­¥¬®¬ã" ¨­¤¥ªáã ! ¯à®¨§¢®¤¨âáï ¢
¯à¥¤¥« å ®â 1 ¤® sn(n + 1)=2. �¤­ ª® ¢ ®â«¨ç¨¥ ®â à¥è¥­¨ï (7)  ­ -
«®£¨ç­®© á¨áâ¥¬ë (6) §¤¥áì ãçâ¥­  ¢®§¬®¦­ ï § ¢¨á¨¬®áâì ¢ëà ¦¥­¨©
��[i], ��[j]; : : : ; ��[w] ­¥ â®«ìª® ®â ª®®à¤¨­ â â®© â®çª¨, ¯® ª®®à¤¨­ â¥
ª®â®à®© ¯à®¢®¤¨âáï ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¢ á®®â¢¥âáâ¢ãîé¥¬ áâ®«¡æ¥
äã­ªæ¨®­ «ì­®© ¬ âà¨æë (4) ¨§ x1, ­® ¨ ®â ª®®à¤¨­ â ¢á¥å â®ç¥ª ¨á-
å®¤­®£® ª®àâ¥¦  < ijk : : : vw >, ¢å®¤ïé¨å ¢ ª®íää¨æ¨¥­âë ãà ¢­¥­¨©
(10). �à®¬¥ â®£®, ¢ à¥è¥­¨¨ (11) «¨­¥©­ë¥ ª®íää¨æ¨¥­âë c! ï¢«ïîâáï,
¢ ®¡é¥¬ á«ãç ¥, äã­ªæ¨ï¬¨, â®£¤  ª ª ¢ à¥è¥­¨¨ (7) ª®íää¨æ¨¥­âë a!

¡ë«¨ â®«ìª® ¯à®¨§¢®«ì­ë¬¨ ª®­áâ ­â ¬¨.

�¥¬¬  3. �¡é¥¥ à¥è¥­¨¥ (11) á¨áâ¥¬ë ãà ¢­¥­¨© (10) ¬®¦¥â
¡ëâì § ¯¨á ­® ¢ â ª®© ä®à¬¥, çâ® ª®®à¤¨­ âë â®çª¨ i ¨ ª®®à¤¨-
­ âë â®çª¨ j ¢å®¤ïâ ï¢­® ¢ äã­ªæ¨¨ ��! â®«ìª® ¤«ï ¢ëà ¦¥­¨© ��[i]
¨ ��[j] á®®â¢¥âáâ¢¥­­®.
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�ãáâì á­ ç «  n = 1. �®£¤  ¢ á¨áâ¥¬¥ (10) ¡ã¤¥â 3s ãà ¢­¥­¨©:

��[i]@f(ij)=@x�(i) + ��[j]@f(ij)=@x�(j) = 0;

��[i]@f(ik)=@x�(i) + ��[k]@f(ik)=@x�(k) = 0;

��[j]@f(jk)=@x�(j) + ��[k]@f(jk)=@x�(k) = 0;

9>>>>=
>>>>;

(10�)

£¤¥ � = 1; : : : ; s. � ­£ ¬ âà¨æë íâ®© á¨áâ¥¬ë à ¢¥­ 2s ¢ ®ªà¥áâ­®áâ¨
U (i) � U (j) � U (k), ¯®íâ®¬ã ®­  ¨¬¥¥â â ¬ s «¨­¥©­® ­¥§ ¢¨á¨¬ëå ­¥-
­ã«¥¢¨å à¥è¥­¨©. �®  ªá¨®¬¥ III ¨§ x1 ¢ íâ®© ®ªà¥áâ­®áâ¨ ­ ©¤¥âáï
â ª ï âà®©ª  (ª®àâ¥¦ ¤«¨­ë 3), ¤«ï ª®â®à®© ®â«¨ç­ë ®â ­ã«ï ïª®¡¨-
 ­ë j@f(ik)=@x(i)j ¨ j@f(jk)=@x(j)j, £¤¥ @f=@x ¥áâì ¬ âà¨æ  �ª®¡¨ (5)
¨§ x1, ª®â®à ï ¤«ï á«ãç ï n = 1 ¡ã¤¥â ª¢ ¤à â­®© ¯®àï¤ª  s. �®áª®«ìªã
¯¥à¢ë¥ s ãà ¢­¥­¨© á¨áâ¥¬ë (10�) ï¢«ïîâáï á«¥¤áâ¢¨ï¬¨ ­¥§ ¢¨á¨¬ëå
®áâ «ì­ëå 2s ãà ¢­¥­¨©, ®¡é¥¥ ¥¥ à¥è¥­¨¥ § ¯¨è¥âáï, ®ç¥¢¨¤­®, ¢ á«¥-
¤ãîé¥¬ ¢¨¤¥:

��[k] = c!��!(k;< k >);

��[i] = c!��!(i; < k >);

��[j] = c!��!(j; < k >);

9>>>>=
>>>>;

(11�)

£¤¥ ! = 1; : : : ; s ¨ ç¥à¥§ < k > ãá«®¢­® ®¡®§­ ç¥­® ¢®§¬®¦­®¥ ¯à¨áãâ-
áâ¢¨¥ ª®®à¤¨­ â â®çª¨ k ¢® ¢á¥å ¢ëà ¦¥­¨ïå íâ®£® à¥è¥­¨ï.

�ãáâì â¥¯¥àì n > 2. �¡®§­ ç¨¬ ç¥à¥§ l â®çªã, á«¥¤ãîéãî §  â®çª®©
k ¢ ¨áå®¤­®¬ ª®àâ¥¦¥ < ijkl : : : vw >. �ë¤¥«¨¬ ¨§ á¨áâ¥¬ë (10) ¯®¤á¨-
áâ¥¬ã sn(n � 1)=2 ãà ¢­¥­¨© ¤«ï ãª®à®ç¥­­®£® ª®àâ¥¦  < kl : : : vw >
¤«¨­ë n = m � 2, ª®â®àë¥ ­¥ ¢ª«îç îâ ¢ á¥¡ï ª®íää¨æ¨¥­â®¢ á ª®®à-
¤¨­ â ¬¨ â®ç¥ª i ¨ j:

��[k]@f(kl)=@x�(k) + ��[l]@f(kl)=@x�(l) = 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

��[v]@f(vw)=@x�(v) + ��[w]@f(vw)=@x�(w) = 0:

9>>>>=
>>>>;

(100)

� ¬ âà¨æ¥ ¯®¤á¨áâ¥¬ë (100) ¨¬¥¥âáï ¬¨­®à ¯®àï¤ª  sn(n�1)=2, ­¥ ®¡à -
é îé¥©áï ¢ ­ã«ì ¯®  ªá¨®¬¥ III ¨§ x1. �®®â¢¥âáâ¢ãîé ï ª¢ ¤à â­ ï

28



¬ âà¨æ  áâã¯¥­ç â ï ¨ ¥¥ ¤¨ £®­ «ì­ë¬¨ ª«¥âª ¬¨ ï¢«ïîâáï á«¥¤ãî-
é¨¥ ª¢ ¤à â­ë¥ ¬ âà¨æë �ª®¡¨: ¤«ï s(n�1) äã­ªæ¨© f(kl); : : : ; f(kw)
¯® ­¥ª®â®àë¬ s(n�1) ¯¥à¥¬¥­­ë¬ ¨§ x(k); : : : ; ¤«ï s äã­ªæ¨© f(vw) ¯®
­¥ª®â®àë¬ s ¯¥à¥¬¥­­ë¬ ¨§ x(v) (á¬.  ­ «®£¨ç­ãî á¨âã æ¨î ¢ ¤®ª § -
â¥«ìáâ¢¥ «¥¬¬ë 1 ¨§ x1). �® ¥áâì à ­£ ¬ âà¨æë ¯®¤á¨áâ¥¬ë (100) à ¢­ï-
¥âáï á¢®¥¬ã ¬ ªá¨¬ «ì­®¬ã §­ ç¥­¨î sn(n�1)=2, ¯® ªà ©­¥© ¬¥à¥, ¤«ï
®¤­®£® ãª®à®ç¥­­®£® ª®àâ¥¦  ¤«¨­ë n ¨§ U (k)�� � ��U (w) ¨ ­¥ª®â®à®©
¥£® ®ªà¥áâ­®áâ¨. �® â®£¤  ¯®¤á¨áâ¥¬  (100) ¨¬¥¥â ¢ íâ®© ®ªà¥áâ­®áâ¨
sn(n�1)=2 ¨ ­¥ ¡®«¥¥ ¢ ®¡é¥¬ á¬ëá«¥ «¨­¥©­® ­¥§ ¢¨á¨¬ëå ­¥­ã«¥¢ëå
à¥è¥­¨©, ¯®áª®«ìªã ¬ ªá¨¬ «ì­®¥ ç¨á«® â ª¨å à¥è¥­¨© à ¢­® ç¨á«ã
¢å®¤ïé¨å ¢ ­¥¥ ­¥¨§¢¥áâ­ëå (= sn2) ¬¨­ãá ¥¥ à ­£ (= sn(n � 1)=2).
� ¬ âà¨æ¥ ¯®¤á¨áâ¥¬ë (100) ­¥â § ¢¨á¨¬®áâ¨ ®â ª®®â¤¨­ â â®ç¥ª i, j
¨ ¯®â®¬ã ¥¥ ®¡é¥¥ à¥è¥­¨¥ ¬®¦­® § ¯¨á âì ¢ â ª®© ä®à¬¥, ¢ ª®â®à®©
äã­ªæ¨¨ ��! ­¥ § ¢¨áïâ ®â íâ¨å ª®®à¤¨­ â:

��[k] = c!��!(k;< k : : : vw >);

: : : : : : : : : : : : : : : : : : : : : : :

��[w] = c!��!(w;< k : : :vw >);

9>>>>=
>>>>;

(12)

¯à¨ç¥¬ "­¥¬®¥" áã¬¬¨à®¢ ­¨¥ ¯® ¨­¤¥ªáã !, ª ª ¨ ¢ ®¡é¥¬ à¥è¥­¨¨
(11) ¢á¥© á¨áâ¥¬ë (10), ¯à®¨§¢®¤¨âáï ¢ â¥å ¦¥ ¯à¥¤¥« å ®â 1 ¤® sn(n +
1)=2.

�ë¤¥«¨¬ ¨§ á¨áâ¥¬ë (10) ¯®¤á¨áâ¥¬ã sn ãà ¢­¥­¨©, ª®íää¨æ¨¥­âë
ª®â®àëå á®¤¥à¦ â ª®®à¤¨­ âë â®çª¨ i:

��[i]@f(ik)=@x�(i) + ��[k]@f(ik)=@x�(k) = 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

��[i]@f(iw)=@x�(i) + ��[w]@f(iw)=@x�(w) = 0

9>>>>=
>>>>;

(1000)

¨ ¯®¤á¨áâ¥¬ã sn ãà ¢­¥­¨©, ª®íää¨æ¨¥­âë ª®â®àëå á®¤¥à¦ â ª®®à¤¨-
­ âë â®çª¨ j:

��[j]@f(jk)=@x�(j) + ��[k]@f(jk)=@x�(k) = 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

��[j]@f(jw)=@x�(j) + ��[w]@f(jw)=@x�(w) = 0:

9>>>>=
>>>>;

(10000)
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�â­®á¨â¥«ì­® sn ­¥¨§¢¥áâ­ëå ��[i] ¨ ��[j] ¢ë¤¥«¥­­ë¥ ¯®¤á¨áâ¥¬ë ­¥-
®¤­®à®¤­ë ¨ ¯®  ªá¨®¬¥ III ¨§ x1 ¨¬¥îâ à ­£ sn. �® â®£¤  ��[i] ¨ ��[j]
¬®£ãâ ¡ëâì ®¤­®§­ ç­® ¢ëà ¦¥­ë ç¥à¥§ ®¡é¥¥ à¥è¥­¨¥ (12) ¯®¤á¨áâ¥-
¬ë (100):

��[i] = c!��!(i; < k : : : vw >);

��[j] = c!��!(j; < k : : : vw >):

9=
; (13)

� ­£ ¯®¤á¨áâ¥¬ë á¨áâ¥¬ë ãà ¢­¥­¨© (10) ¡¥§ ¯¥à¢ëå s ãà ¢­¥­¨©

��[i]@f(ij)=@x�(i) + ��[j]@f(ij)=@x�(j) = 0 (14)

à ¢¥­ à ­£ã á ¬®© á¨áâ¥¬ë (10), ¢ ç¥¬ «¥£ª® ã¡¥¤¨âìáï, á®áâ ¢«ïï ¥¥
¨§ ¯®¤á¨áâ¥¬ (100), (1000) ¨ (10000). �®íâ®¬ã ¯¥à¢ë¥ s ãà ¢­¥­¨© á¨áâ¥-
¬ë (10), â® ¥áâì ãà ¢­¥­¨ï (14), ï¢«ïîâáï á«¥¤áâ¢¨¥¬ ¢á¥å ®áâ «ì­ëå
¨ ­¨ª ª¨å ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨© ­  à¥è¥­¨ï (13) ­¥ ­ « £ îâ.
�®¢®ªã¯­®áâì à¥è¥­¨© (12) ¨ (13) ¯®¤á¨áâ¥¬ (100) ¨ (1000), (10000) ¤«ï
n > 2,   â ª¦¥ à¥è¥­¨¥ (11�) á¨áâ¥¬ë (10�) ¤«ï n = 1 ¢ á®®â¢¥âáâ¢ã-
îé¥© ®ªà¥áâ­®áâ¨ ­¥ª®â®à®£® ª®àâ¥¦  ¨§ U (i) �U (j) � � � � � U (w) ¤«ï
«î¡®£® n > 1 § ¤ ¥â ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë (10), ¯à¨ç¥¬ ¢ íâ®¬ à¥-
è¥­¨¨ ª®®à¤¨­ âë â®ç¥ª i ¨ j ¢å®¤ïâ ï¢­® ¢ äã­ªæ¨¨ ��! â®«ìª® ¤«ï
¢ëà ¦¥­¨© ��[i] ¨ ��[j] á®®â¢¥âáâ¢¥­­®. �¥¬¬  3 ¤®ª § ­ .

� áá¬®âà¨¬, ¤ «¥¥, â ª®© ª®àâ¥¦ < p : : : q > 2Mn ¤«¨­ë n > 2, çâ®
«î¡ ï ã¯®àï¤®ç¥­­ ï ¯® ­¥¬ã ¯ à  ¥£® â®ç¥ª ¯à¨­ ¤«¥¦¨â Sf . �­®¦¥-
áâ¢® â ª¨å ª®àâ¥¦¥©, ®ç¥¢¨¤­®, ®âªàëâ® ¨ ¯«®â­® ¢ Mn. � ¯¨è¥¬ á¨-
áâ¥¬ã ãà ¢­¥­¨© (100) ¤«ï íâ®£® ª®àâ¥¦  ¨ ­¥ª®â®à®© ¥£® ®ªà¥áâ­®áâ¨
U (p)�� � ��U (q). �â  á¨áâ¥¬ , ª ª ¡ë«® ¯®ª § ­® ¢ëè¥, ¨¬¥¥â ­¥ ¡®«¥¥
sn(n + 1)=2 «¨­¥©­® ­¥§ ¢¨á¨¬ëå ­¥­ã«¥¢ëå à¥è¥­¨©. �¡é¥¥ ¥¥ à¥è¥-
­¨¥ ¬®¦­® § ¯¨á âì ¯® à¥è¥­¨î (12) ¯à®áâ®© § ¬¥­®© â®ç¥ª ª®àâ¥¦ 
< kl : : : vw > ­  á®®â¢¥âáâ¢ãîé¨¥ â®çª¨ ª®àâ¥¦  < p : : : q >:

��[p] = c!��!(p;< p : : : q >);

: : : : : : : : : : : : : : : : : : : : :

��[q] = c!��!(q;< p : : : q >);

9>>>>=
>>>>;

(12�)

¯à¨ç¥¬ ¤«ï á®¢®ªã¯­®áâ¨ â®ç¥ª ª®àâ¥¦  < p : : : q > ¨ ¢á¥å §­ ç¥­¨©
¢¥àå­¥£® ¨­¤¥ªá  � äã­ªæ¨¨ ��! «¨­¥©­® ­¥§ ¢¨á¨¬ë ¢ ®¡é¥¬ á¬ëá«¥
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¯® ­¨¦­¥¬ã ¨­¤¥ªáã !. �«ãç © n = 1 ¬®¦­® ¢ª«îç¨âì ¢ à¥è¥­¨¥ (12�),
¯®« £ ï ¯à®áâ® ��[p] = c!��!(p;< p >).

�ãáâì i { â ª ï â®çª  ¨§ M, çâ® ¢á¥ ¯ àë < ip >; : : : ; < iq > 2 Sf .
� ¯¨è¥¬ á¨áâ¥¬ã sn ãà ¢­¥­¨© (1000) ¤«ï ª®àâ¥¦  < ip : : : q > ¤«¨­ë
n+ 1 ¨ ­¥ª®â®à®© ¥£® ®ªà¥áâ­®áâ¨ U (i) �U (p) � � � � � U (q):

��[i]@f(ip)=@x�(i) + ��[p]@f(ip)=@x�(p) = 0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

��[i]@f(iq)=@x�(i) + ��[q]@f(iq)=@x�(q) = 0:

9>>>>=
>>>>;

(15)

�¥è¥­¨¥ íâ®© á¨áâ¥¬ë ¬®¦­® § ¯¨á âì ¯® à¥è¥­¨î (13):

��[i] = c!��!(i; < p : : : q >); (16)

£¤¥, ­ ¯®¬­¨¬, áã¬¬¨à®¢ ­¨¥ ¯® "­¥¬®¬ã" ¨­¤¥ªáã ! ¯à®¨§¢®¤¨âáï ¢
¯à¥¤¥« å ®â 1 ¤® sn(n + 1)=2.

�¥¬¬  4. �ã­ªæ¨¨ ��!(i; < p : : : q >) ¢ à¥è¥­¨¨ (16) á¨áâ¥¬ë ãà ¢-
­¥­¨© (15) «¨­¥©­® ­¥§ ¢¨á¨¬ë ¯® ­¨¦­¥¬ã ¨­¤¥ªáã ! á ª®íää¨æ¨¥­-
â ¬¨ a! = a!(< p : : : q >).

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, â® ¥áâì çâ® ­ ©¤ãâáï â ª¨¥ ª®íää¨æ¨¥­-
âë a! = a!(< p : : : q >), ! = 1; : : : ; sn(n + 1)=2, ­¥ ¢á¥ à ¢­ë¥ ­ã«î
®¤­®¢à¥¬¥­­®, á ª®â®àë¬¨ ¤«ï ª ¦¤®£® §­ ç¥­¨ï ¨­¤¥ªá  � = 1; : : : ; sn
¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ a!��!(i; < p : : : q >) = 0. �áâ¥áâ¢¥­­® ¯à¨
íâ®¬, çâ® å®âï ¡ë ¤«ï ®¤­®© ¨§ â®ç¥ª ª®àâ¥¦  < p : : : q > ¨ ­¥ª®â®à®-
£® §­ ç¥­¨ï ¨­¤¥ªá  � ¢ ®â­®è¥­¨¨ äã­ªæ¨© ��! à¥è¥­¨© (12�) ¡ã¤¥â
¢ë¯®«­ïâìáï ­¥à ¢¥­áâ¢® a!��! 6= 0, ­ ¯à¨¬¥à, a!��!(p;< p : : : q >) 6= 0.
�®¤áâ ¢¨¬ ¢ëà ¦¥­¨¥ (16) ¤«ï ��[i] ¨ ¢ëà ¦¥­¨¥ ¤«ï ��[p] ¨§ à¥è¥-
­¨© (12�) ¢ ¯¥à¢ë¥ s ãà ¢­¥­¨© á¨áâ¥¬ë (15). � ãç¥â®¬ ­¥§ ¢¨á¨¬®áâ¨
¯¥à¥¬¥­­ëå ª®íää¨æ¨¥­â®¢ c! ¨¬¥¥¬ ãà ¢­¥­¨ï

��!(i; < p : : : q >)@f(ip)=@x�(i) + ��!(p;< p : : : q >)@f(ip)=@x�(p) = 0;

£¤¥ ! = 1; : : : ; sn(n+ 1)=2, ¨§ ª®â®àëå ¯à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå
¯®«ãç ¥¬ ãà ¢­¥­¨¥:

a!��!(p;< p : : : q >)@f(ip)=@x�(p) = 0:
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� ¯®«ãç¥­­®¬ ãà ¢­¥­¨¨ ­¥§ ¢¨á¨¬ë¬¨ ¡ã¤ãâ áç¨â âìáï ª®¬¯®­¥­âë
s-¬¥âà¨ª¨ f = (f1; : : : ; fs). �¨ªá¨àãï ¢ ­¥¬ ª®®à¤¨­ âë ¢á¥å â®ç¥ª ª®à-
â¥¦  < ip : : : q >, ªà®¬¥ ª®®à¤¨­ â â®ç¥ª i ¨ p, ¯à¨å®¤¨¬ ¤«ï ¯ àë
< ip > ª ãà ¢­¥­¨î â¨¯  (40), á«¥¤áâ¢¨¥¬ ª®â®à®£® ï¢«ï¥âáï ­¥áãé¥-
áâ¢¥­­ ï § ¢¨á¨¬®áâì s-¬¥âà¨ª¨ f(ip) ®â ª®®à¤¨­ â â®çª¨ p, çâ®, ®ç¥-
¢¨¤­®, ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î á  ªá¨®¬®© III ¨§ x1. �­ ç¨â, ¤®«¦­®
¡ëâì à ¢¥­áâ¢® a!��!(p;< p : : : q >) = 0. �­ «®£¨ç­® ãáâ ­ ¢«¨¢ ¥âáï,
çâ® à ¢¥­áâ¢® a!��! = 0 ¡ã¤¥â ¨¬¥âì ¬¥áâ® ¨ ¤«ï ¢á¥å ®áâ «ì­ëå â®ç¥ª
ª®àâ¥¦  < p : : : q > ¢ à¥è¥­¨¨ (12�). �¤­ ª® íâ® ¯à®â¨¢®à¥ç¨â â®¬ã,
çâ® à¥è¥­¨¥ (12�) á¨áâ¥¬ë (10

0

) ¤«ï ª®àâ¥¦  < p : : : q > ®¡é¥¥ ¨ ¬ ª-
á¨¬ «ì­®¥ ç¨á«® ¥¥ «¨­¥©­® ­¥§ ¢¨á¨¬ëå (¢ ®¡é¥¬ á¬ëá«¥) ­¥­ã«¥¢ëå
à¥è¥­¨© à ¢­® sn(n+ 1)=2. �¥¬¬  4 ¤®ª § ­ .

�¥¬¬  5. �­®¦¥áâ¢® à¥è¥­¨© (16) à §«¨ç­ëå á¨áâ¥¬ (15), ®â-
«¨ç îé¨åáï ¤àã£ ®â ¤àã£  ¢ëà ¦¥­¨ï¬¨ (12�) ¤«ï ¬­®¦¨â¥«¥© ��[p]
; : : : ; ��[q], ®¡à §ãîâ «¨­¥©­®¥ á¥¬¥©áâ¢®.

�ãáâì �[i] ¨ ~�[i] ¤¢  à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© (15) á ¬­®¦¨â¥-
«ï¬¨ ��[p]; : : : ; ��[q] ¨ ~��[p]; : : :; ~��[q] á®®â¢¥âáâ¢¥­­®. �â¨ ¬­®¦¨â¥«¨,
¢ á¢®î ®ç¥à¥¤ì, ¯®«ãç îâáï ¨§ ¢ëà ¦¥­¨© ®¡é¥£® à¥è¥­¨ï (12�) ¯à¨
¯®¤áâ ­®¢ª¥ ª ª¨å-â® ª®íää¨æ¨¥­â®¢ c! ¨ ~c!. �®£¤  «¨­¥©­ ï ª®¬¡¨-
­ æ¨ï a�[i] + ~a~�[i], £¤¥ a ¨ ~a { ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥, â ª¦¥ ¡ã¤¥â
à¥è¥­¨¥¬ á¨áâ¥¬ë (15) á ¬­®¦¨â¥«ï¬¨ a�[p] + ~a~�[p]; : : :; a�[q] + ~a~�[q],
ª®â®àë¥ ¬®¦­® ¯®«ãç¨âì ¨§ ®¡é¥£® à¥è¥­¨ï (12�) ¯à¨ ¯®¤áâ ­®¢ª¥ ª®-
íää¨æ¨¥­â®¢ a�+ ~a~�. �¥¬¬  5 ¤®ª § ­ .

�®£« á­®  ªá¨®¬¥ III ¨§ x1 ¢ ®ªà¥áâ­®áâ¨ U (p) � � � � � U (q) � Mn

­ ©¤¥âáï â ª®© ª®àâ¥¦ < p0 : : : q0 > ¤«¨­ë n, çâ® à ­£ äã­ªæ¨¨ �fn =
�f [p0 : : : q0] ¡ã¤¥â à ¢¥­ sn ¤«ï ­¥ª®â®à®£® ¯«®â­®£® ¢M¬­®¦¥áâ¢  â®ç¥ª
i. � ¯¨áë¢ ï á¨áâ¥¬ë ãà ¢­¥­¨© (15) ¤«ï ª®àâ¥¦¥© < ip0 : : : q0 > ¤«¨­ë
n+1 ¨ ­¥ª®â®àëå ¨å ®ªà¥áâ­®áâ¥©, ¯®«ãç ¥¬ à¥è¥­¨ï íâ¨å ãà ¢­¥­¨©:

��[i] = c!��!(i; < p0 : : : q0 >) = c!��!(i); (160)

ª®â®àë¥ ¯® ¤®ª § ­­®© ¢ëè¥ «¥¬¬¥ 5 ®¡à §ãîâ «¨­¥©­®¥ á¥¬¥©áâ¢®,
¯à¨ç¥¬ â®çª  i ¯à¨­ ¤«¥¦¨â ­¥ª®â®à®¬ã ®âªàëâ®¬ã ¨ ¯«®â­®¬ã ¢ M
¬­®¦¥áâ¢ã.

� áá¬®âà¨¬ â ª®© ª®àâ¥¦ < ijk : : : vw > 2 SF , çâ® ª ¦¤ ï ¥£® â®ç-
ª  ¯à¨­ ¤«¥¦¨â ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï «¨­¥©­®£® á¥¬¥©áâ¢  (160). �­®-
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¦¥áâ¢® â ª¨å ª®àâ¥¦¥©, ®ç¥¢¨¤­®, ®âªàëâ® ¨ ¯«®â­® ¢ SF . �®£¤  ¢
­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U (i) � U (j) � � � � � U (w) � SF ®¯à¥¤¥«ï¥âáï
«¨­¥©­®¥ á¥¬¥©áâ¢®

��[i] = c!��!(i); : : : ; �
�[w] = c!��!(w): (17)

�®íää¨æ¨¥­âë (17) ï¢«ïîâáï ­¥ª®â®àë¬ à¥è¥­¨¥¬ á¨áâ¥¬ë (10),  ­ -
«®£¨ç­® â®¬ã, ª ª à¥è¥­¨ï (13) ¯®¤á¨áâ¥¬ (1000) ¨ (10000) ï¢«ï«¨áì ­¥ª®-
â®àë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨© (14), â® ¥áâì ¯¥à¢ëå s ãà ¢­¥­¨© á¨áâ¥¬ë
(10). �¥àï ¤«ï ª®íää¨æ¨¥­â®¢ (c1; : : : ; csn(n+1)=2) §­ ç¥­¨ï (1; 0; : : : ; 0)
; : : : ; (0; : : : ; 0; 1), ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ¬­®¦¥áâ¢® à¥è¥­¨© á¨áâ¥¬ë
(10):

��!(i); �
�
!(j); : : : ; �

�
!(w); (18)

£¤¥ ! = 1; : : : ; sn(n + 1)=2. �â¨ à¥è¥­¨ï, ª ª á«¥¤ã¥â ¨§ «¥¬¬ë 4, «¨-
­¥©­® ­¥§ ¢¨á¨¬ë ¯® ­¨¦­¥¬ã ¨­¤¥ªáã ! á ª®íää¨æ¨¥­â ¬¨ a! = a!(<
p0 : : : q0 >). �¤­ ª® ®­¨ ®ª §ë¢ îâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ ­¥ â®«ìª®
á íâ¨¬¨ ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, ­® ¨ á ¯¥à¥¬¥­­ë¬¨, â® ¥áâì ¢
®¡é¥¬ á¬ëá«¥, çâ® ¬®¦­® ãáâ ­®¢¨âì â®ç­® â ª¦¥, ª ª íâ® ¡ë«® á¤¥« -
­® ¢ ®â­®è¥­¨¨ à¥è¥­¨© (70) á¨áâ¥¬ë (6) ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2.
�®áª®«ìªã, á ¤àã£®© áâ®à®­ë, á¨áâ¥¬  (10) ¨¬¥¥â ­¥ ¡®«¥¥ sn(n + 1)=2
«¨­¥©­® ­¥§ ¢¨á¨¬ëå ¢ ®¡é¥¬ á¬ëá«¥ ­¥­ã«¥¢ëå à¥è¥­¨©, ¥¥ ®¡é¥¥
à¥è¥­¨¥ ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ä®à¬¥ (17) á ¯à®¨§¢®«ì­ë¬¨ ¯¥à¥¬¥­-
­ë¬¨ ª®íää¨æ¨¥­â ¬¨ c! = c!(< ijk : : : vw >).

� ¦¤®¥ ¨§ sn(n+1)=2 à¥è¥­¨© (18) ®¯à¥¤¥«ï¥â ¢ ­¥ª®â®à®© ®ªà¥áâ-
­®áâ¨ U (i)� U (j)� � � � �U (w) ¨áå®¤­®£® ª®àâ¥¦  < ijk : : : vw > ¤«¨­ë
m = n + 2 £« ¤ª®¥ ¢¥ªâ®à­®¥ ¯®«¥. �®¢®ªã¯­®áâì ¢á¥å à¥è¥­¨© (18)
®¡à §ã¥â ¡ §¨á sn(n + 1)=2-¬¥à­®£® «¨­¥©­®£® á¥¬¥©áâ¢  â ª¨å ¯®«¥©.
�î¡®¥ ¯®«¥ íâ®£® á¥¬¥©áâ¢  ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­­® ¢ ¡ §¨á¥ (18)
¢ëà ¦¥­¨ï¬¨

��(i) = a!��!(i); : : : ; �
�(w) = a!��!(w); (19)

£¤¥, ¢ ®â«¨ç¨¥ ®â  ­ «®£¨ç­ëå ¢ëà ¦¥­¨© (17), a! { ¯®áâ®ï­­ë¥ ª®íä-
ä¨æ¨¥­âë.

�¥¬¬  6. �¨­¥©­®¥ sn(n+1)=2-¬¥à­®¥ á¥¬¥©áâ¢® £« ¤ª¨å ¢¥ªâ®à-
­ëå ¯®«¥© (19) á ¡ §¨á®¬ (18) § ¬ª­ãâ® ®â­®á¨â¥«ì­® ®¯¥à æ¨¨ ª®¬-
¬ãâ¨à®¢ ­¨ï.
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�ãáâì ¢¥ªâ®à­®¥ ¯®«¥

��(i); ��(j); : : : ; ��(w) (20)

¥áâì ª®¬¬ãâ â®à ª ª¨å-«¨¡® ¤¢ãå ¢¥ªâ®à­ëå ¯®«¥© á¥¬¥©áâ¢  (19). �á-
­®, çâ® ª®¬¬ãâ â®à «î¡ëå ¤¢ãå ¢¥ªâ®à­ëå ¯®«¥© íâ®£® á¥¬¥©áâ¢  ¨¬¥-
¥â ä®à¬ã (20), ¢á«¥¤áâ¢¨¥ ­¥§ ¢¨á¨¬®áâ¨ ª®®à¤¨­ â, ®â­®áïé¨åáï ª
à §«¨ç­ë¬ â®çª ¬ ª®àâ¥¦  < ijk : : : vw >. � ¤àã£®© áâ®à®­ë, ª®¬-
¬ãâ â®à (20), ®ç¥¢¨¤­®, ï¢«ï¥âáï ­¥ª®â®àë¬ à¥è¥­¨¥¬ á¨áâ¥¬ë (10).
�®íâ®¬ã ª®¬¬ãâ â®à (20) ¬®¦¥â ¡ëâì § ¯¨á ­ ¯® ¥¥ ®¡é¥¬ã à¥è¥­¨î
(17):

��(i) = c!��!(i); : : : ; �
�(w) = c!��!(w); (21)

¢ ª®â®à®¬ ª®íää¨æ¨¥­âë c!, ¢®®¡é¥ £®¢®àï, ¬®£ãâ ¡ëâì ­¥ª®â®àë¬¨
äã­ªæ¨ï¬¨ ª®®à¤¨­ â â®ç¥ª ª®àâ¥¦  (< ijk : : : vw >). �¡¥¤¨¬áï, ®¤­ -
ª®, ¢ â®¬, çâ® ¢ à¥è¥­¨¨ (21) ª®íää¨æ¨¥­âë c!, ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨,
¯®áâ®ï­­ë. �«ï íâ®£® ¡ã¤¥¬ à áá¬ âà¨¢ âì á®¢®ªã¯­®áâì ¢ëà ¦¥­¨©
(21) ª ª á¨áâ¥¬ã smn «¨­¥©­ëå, ¢ ®¡é¥¬ á«ãç ¥, ­¥®¤­®à®¤­ëå ãà ¢-
­¥­¨© ®â­®á¨â¥«ì­® ª®íää¨æ¨¥­â®¢ c!, £¤¥ ! = 1; : : : ; sn(n + 1)=2. �ë-
¤¥«¨¬ ¨§ ­¥¥ ¯®¤á¨áâ¥¬ã sn(n + 1)=2 ãà ¢­¥­¨©, ®¯ãáª ï ¢ëà ¦¥­¨ï
��(i) = c!��!(i), £¤¥ � = 1; : : : ; sn. �â®«¡æ ¬¨ ¬ âà¨æë íâ®© ¯®¤á¨-
áâ¥¬ë ï¢«ïîâáï ­¥­ã«¥¢ë¥ à¥è¥­¨ï ��!(j); : : : ; �

�
!(w) ãà ¢­¥­¨© (100),

(10000) á¨áâ¥¬ë (10), «¨­¥©­ ï ­¥§ ¢¨á¨¬®áâì ª®â®àëå ¢ ®¡é¥¬ á¬ë-
á«¥ ãáâ ­ ¢«¨¢ ¥âáï â®ç­® â ª ¦¥, ª ª ¨ «¨­¥©­ ï ­¥§ ¢¨á¨¬®áâì ¢
®¡é¥¬ á¬ëá«¥ à¥è¥­¨© (70) á¨áâ¥¬ë (6) ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2. � -
ª¨¬ ®¡à §®¬, ¢ë¤¥«¥­­ ï ¨§ á¨áâ¥¬ë (21) ®¯ãáª ­¨¥¬ sn ¢ëà ¦¥­¨©
¤«ï ��(i) ¯®¤á¨áâ¥¬  sn(n + 1)=2 ãà ¢­¥­¨© ¨¬¥¥â à ­£ sn(n + 1)=2,
â®ç­® à ¢­ë© ç¨á«ã ­¥¨§¢¥áâ­ëå ª®íää¨æ¨¥­â®¢ c!, ¨ ¯®â®¬ã ¥¥ à¥è¥-
­¨¥ ¬®¦¥â § ¢¨á¥âì â®«ìª® ®â ª®®à¤¨­ â â®ç¥ª ãª®à®ç¥­­®£® ª®àâ¥¦ 
< jk : : :vw >, â® ¥áâì c! = c!(< jk : : :vw >). �®¤áâ ¢¨¬ íâ® à¥è¥­¨¥ ¢
®¯ãé¥­­ë¥ ¢ëà ¦¥­¨ï:

��(i) = c!(< jk : : :vw >)��!(i) (22)

¨ ¯à¥¤¯®«®¦¨¬, çâ® ¤«ï ­¥ª®â®à®£® ª®íää¨æ¨¥­â  c! ¥£® ¯à®¨§¢®¤­ ï
¯® ª ª®©-«¨¡® ¨§ ª®®à¤¨­ â â®ç¥ª ª®àâ¥¦  (< jk : : :vw >) ®â«¨ç­  ®â
­ã«ï. �¨ää¥à¥­æ¨àãï ¯à ¢ãî ¨ «¥¢ãî ç áâ¨ ¢ëà ¦¥­¨© (22) ¯® ãª § ­-
­®© ª®®à¤¨­ â¥,   § â¥¬ ä¨ªá¨àãï ¢á¥ ª®®à¤¨­ âë, ªà®¬¥ ª®®à¤¨­ âë
â®çª¨ i, ¯à¨å®¤¨¬ ª á®®â­®è¥­¨î a!��!(i) = 0, ¢ ª®â®à®¬ ª®íää¨æ¨¥­-
âë a! { ¯®áâ®ï­­ë¥ ¨, ¯® ªà ©­¥© ¬¥à¥, ®¤¨­ ¨§ ­¨å ®â«¨ç¥­ ®â ­ã«ï.
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�® â ª®© à¥§ã«ìâ â ¯à®â¨¢®à¥ç¨â «¥¬¬¥ 4, â ª ª ª, ¯® ®¡®§­ ç¥­¨î
¢ à¥è¥­¨¨ (16

0

) ��!(i) = ��!(i; < p0 : : : q0 >). �«¥¤®¢ â¥«ì­®, ¢ ¢ëà ¦¥-
­¨ïå (21) ¤«ï ª®¬¬ãâ â®à  (20) c! = const, ! = 1; : : : ; sn(n + 1)=2, â®
¥áâì ª®¬¬ãâ â®à (21) ¯à¨­ ¤«¥¦¨â á¥¬¥©áâ¢ã ¢¥ªâ®à­ëå ¯®«¥© (19),
ª®â®à®¥, â¥¬ á ¬ë¬, ®ª §ë¢ ¥âáï § ¬ª­ãâë¬ ®â­®á¨â¥«ì­® ®¯¥à æ¨¨
ª®¬¬ãâ¨à®¢ ­¨ï. �¥¬¬  6 ¤®ª § ­ .

�¨­¥©­®¥ á¥¬¥©áâ¢® £« ¤ª¨å ¢¥ªâ®à­ëå ¯®«¥© (19) á ¡ §¨á®¬ (18),
§ ¬ª­ãâ®¥ ¯® «¥¬¬¥ 6 ®â­®á¨â¥«ì­® ®¯¥à æ¨¨ ª®¬¬ãâ¨à®¢ ­¨ï, ï¢«ï¥â-
áï sn(n+1)=2-¬¥à­®©  «£¥¡à®© �¨ ¯à¥®¡à §®¢ ­¨© ­¥ª®â®à®© ®ªà¥áâ­®-
áâ¨ U (i)�U (j)�� � ��U (w) ª®àâ¥¦  < ijk : : : vw >, ¬­®¦¥áâ¢® ª®â®àëå
®âªàëâ® ¨ ¯«®â­® ­¥ â®«ìª® ¢ SF , ­® ¨, ®ç¥¢¨¤­®, ¢Mm, £¤¥ m = n+2.
� ®ªà¥áâ­®áâ¨ ¦¥ U (i) á®áâ ¢«ïîé¥© á¥¬¥©áâ¢  (19)

��(i) = a!��!(i) (23)

®¯à¥¤¥«ï¥âáï sn(n+1)=2-¬¥à­®¥ «¨­¥©­®¥ á¥¬¥©áâ¢® £« ¤ª¨å ¢¥ªâ®à­ëå
¯®«¥© á â¥¬¨ ¦¥ áâàãªâãà­ë¬¨ ª®­áâ ­â ¬¨ ª®¬¬ãâ æ¨®­­ëå á®®â­®-
è¥­¨© ¢ ¡ §¨á¥

��!(i); (24)

çâ® ¨ ã ¨áå®¤­®£® á¥¬¥©áâ¢  (19) ¢ ¡ §¨á¥ (18). �®íâ®¬ã á¥¬¥©áâ¢® (23)
ï¢«ï¥âáï sn(n + 1)=2-¬¥à­®©  «£¥¡à®© �¨ ¯à¥®¡à §®¢ ­¨© ®ªà¥áâ­®áâ¨
U (i), ¨§®¬®àä­®©  «£¥¡à¥ (19), ¯à¨ç¥¬ ¡ §¨áë (24) ¨ (18) á®®â¢¥âáâ¢ãîâ
¤àã£ ¤àã£ã.

�­®¦¥áâ¢® â®ç¥ª i, ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U (i) ª®â®àëå ®¯à¥¤¥-
«¥­ë ¢¥ªâ®à­ë¥ ¯®«ï ��(i), ®âªàëâ® ¨ ¯«®â­® ¢M. �®íâ®¬ã ­¥ ª®­ªà¥-
â¨§¨àãï ®¡®§­ ç¥­¨¥ â®çª¨ i, ¢¥ªâ®à­ë¥ ¯®«ï (23) ã¤®¡­® § ¯¨á âì ¢
®¡é¥ª®®à¤¨­ â­®© ®¯¥à â®à­®© ä®à¬¥ (5),   ¡ §¨á­ë¥ ¢¥ªâ®à­ë¥ ¯®«ï
(24) { ¢ ®¯¥à â®à­®© ä®à¬¥ (3). �¥ªâ®à­ë¥ ¯®«ï ��(i) ¨ ��(j), § ¤ ­­ë¥
¢ ®ªà¥áâ­®áâïå U (i) ¨ U (j) ¤¢ãå â®ç¥ª i ¨ j, á®¢¯ ¤ îâ, ®ç¥¢¨¤­ , ¢ ¯¥-
à¥á¥ç¥­¨¨ U (i)\U (j). �á«¨ ¯ à  < ij > ¯à¨­ ¤«¥¦¨â Sf , â® s-¬¥âà¨ª 
f(ij) = (f1(ij) : : : ; fs(ij)) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (14):

��(i)@f(ij)=@x� (i) + ��(j)@f(ij)=@x� (j) = 0; (25)

¨§ ª®â®à®£® ¢ á®®â¢¥âáâ¢ãîé¨å ¡ §¨á å ��!(i) ¨ ��!(j) ¯®«ãç ¥âáï á¨-
áâ¥¬  ãà ¢­¥­¨© (4).

�®£« á­® ¢â®à®© (®¡à é¥­­®©) â¥®à¥¬¥ �.�¨ (á¬., ­ ¯à¨¬¥à, [11],
á.438) sn(n + 1)=2-¬¥à­ ï  «£¥¡à  �¨ £« ¤ª¨å ¢¥ªâ®à­ëå ¯®«¥© (23)

35



á ¡ §¨á®¬ (24) ®¤­®§­ ç­® ®¯à¥¤¥«ï¥â íää¥ªâ¨¢­®¥ £« ¤ª®¥ ¤¥©áâ¢¨¥
sn(n + 1)=2-¬¥à­®© £àã¯¯ë �¨ ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ â®çª¨ i, ¬­®-
¦¥áâ¢® ª®â®àëå ®âªàëâ® ¨ ¯«®â­® ¢M, ¯à¨ç¥¬ ¤¥©áâ¢¨ï ¥¥ ¢ ®ªà¥áâ­®-
áâïå U (i) ¨ U (j) ¤¢ãå â®ç¥ª i ¨ j á®¢¯ ¤ îâ ¢ ¯¥à¥á¥ç¥­¨¨ U (i)\U (j). �®
¥áâì  «£¥¡à  �¨ ¢¥ªâ®à­ëå ¯®«¥© (23) (¢ ®¯¥à â®à­®© ä®à¬¥ { (5)) á ¡ -
§¨á®¬ (24) (¢ ®¯¥à â®à­®© ä®à¬¥ { (3)) ®¯à¥¤¥«ï¥â sn(n + 1)=2-¬¥à­ãî
«®ª «ì­ëî £àã¯¯ã �¨ «®ª «ì­ëå ¯à¥®¡à §®¢ ­¨© ­¥ª®â®à®£® ®âªàë-
â®£® ¨ ¯«®â­®£® ¢ sn-¬¥à­®¬ ¬­®£®®¡à §¨¨ M ¬­®¦¥áâ¢ , ¤«ï ª®â®à®©
s-¬¥âà¨ª  f = (f1; : : : ; fs), ã¤®¢«¥â¢®àïîé ï ãà ¢­¥­¨î (25),   ¢ á®®â-
¢¥âáâ¢ãîé¨å ¡ §¨á å { á¨áâ¥¬¥ ãà ¢­¥­¨© (4), ï¢«ï¥âáï ¤¢ãåâ®ç¥ç­ë¬
¨­¢ à¨ ­â®¬. �¥®à¥¬  1 ¯®«­®áâìî ¤®ª § ­ .

�­®£®¢ë¬ à¥§ã«ìâ â®¬ ¨§«®¦¥­­®£® ¢ x1 ¨ x2 ï¢«ï¥âáï ¢ë¢®¤ ®¡
íª¢¨¢ «¥­â­®áâ¨ ä¥­®¬¥­®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨© ¯®«¨¬¥-
âà¨ç¥áª®© £¥®¬¥âà¨¨, § ¤ ¢ ¥¬®© ­  sn-¬¥à­®¬ ¬­®£®®¡à §¨¨M äã­ª-
æ¨¥© f = (f1; : : : ; fs). �â  íª¢¨¢ «¥­â­®áâì ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ¤®-
ª § ­­ëå ¢ëè¥ â¥®à¥¬ë ¨§ x1 ¨ â¥®à¥¬ë 1 ¨§ ­ áâ®ïé¥£® ¯ à £à ä ,
­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ª®â®àëå ® à ­£¥ ®â®¡à ¦¥­¨ï F
á®¢¯ ¤ îâ.

�¥®à¥¬  2. �«ï â®£®, çâ®¡ë äã­ªæ¨ï f = (f1; : : : ; fs) § ¤ ¢ « 
­  sn-¬¥à­®¬ ¬­®£®®¡à §¨¨ M ¯®«¨¬¥âà¨ç¥áªãî ä¥­®¬¥­®«®£¨ç¥áª¨
á¨¬¬¥âà¨ç­ãî £¥®¬¥âà¨î (ä¨§¨ç¥áªãî áâàãªâãàã) à ­£  m = n+ 2,
­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë íâ  äã­ªæ¨ï § ¤ ¢ «  ­  M ¯®«¨-
¬¥âà¨ç¥áªãî £¥®¬¥âà¨î, ­ ¤¥«¥­­ãî £àã¯¯®¢®© á¨¬¬¥âà¨¥© áâ¥¯¥­¨
sn(n + 1)=2.

� ¬¥â¨¬, çâ® ãá«®¢¨¥ ® à ­£¥ ®â®¡à ¦¥­¨ï F ¬®¦­® áä®à¬ã«¨à®-
¢ âì ª ª ç¥â¢¥àâãî  ªá¨®¬ã ¢ ®¯à¥¤¥«¥­¨¨ ¯®«¨¬¥âà¨ç¥áª®© £¥®¬¥-
âà¨¨. � ª ï £¥®¬¥âàï ¡ã¤¥â, á ®¤­®© áâ®à®­ë, ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬-
¬¥âà¨ç­ ,   á ¤àã£®© áâ®à®­ë { ­ ¤¥«¥­  £àã¯¯®¢®© á¨¬¬¥âà¨¥©, ¯à¨-
ç¥¬ ®¡¥ á¨¬¬¥âà¨¨ ¢ á¬ëá«¥ â¥®à¥¬ë 2 ®ª ¦ãâáï íª¢¨¢ «¥­â­ë¬¨.

�¥®à¥¬  3. � §¬¥à­®áâì «®ª «ì­®© £àã¯¯ë «®ª «ì­ëå ¤¢¨¦¥­¨©,
¤®¯ãáª ¥¬ëå s-¬¥âà¨ª®© f = (f1; : : : ; fs), § ¤ îé¥© ­  sn-¬¥à­®¬
¬­®£®®¡à §¨¨ M ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ãî £¥®¬¥âà¨î à ­£ 
m = n+2, ¨«¨ £¥®¬¥âà¨î, ­ ¤¥«¥­­ãî £àã¯¯®¢®© á¨¬¬¥âà¨¥© áâ¥¯¥­¨
sn(n + 1)=2, ­¥ ¯à¥¢ëè ¥â íâ®© áâ¥¯¥­¨.
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�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, â® ¥áâì çâ® s-¬¥âà¨ª  f = (f1; : : : ; fs)
¤®¯ãáª ¥â £àã¯¯ã ¤¢¨¦¥­¨©, à §¬¥à­®áâì ª®â®à®© ¡®«¥¥ sn(n + 1)=2.
�®£¤  á¨áâ¥¬  ãà ¢­¥­¨© (6) ¡ã¤¥â ¨¬¥âì ¡®«¥¥ sn(n+1)=2 «¨­¥©­® ­¥-
§ ¢¨á¨¬ëå á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ­¥­ã«¥¢ëå à¥è¥­¨©. �â¨
à¥è¥­¨ï ¡ã¤ãâ â ª¦¥ «¨­¥©­® ­¥§ ¢¨á¨¬ë ¨ á ¯¥à¥¬¥­­ë¬¨ ª®íää¨-
æ¨¥­â ¬¨, â® ¥áâì ¢ ®¡é¥¬ á¬ëá«¥. �«ï â®£®, çâ®¡ë ã¡¥¤¨âìáï ¢ íâ®¬,
¤®áâ â®ç­® ¯®¢â®à¨âì à ááã¦¤¥­¨ï, á«¥¤ãîé¨¥ §  á¨áâ¥¬®© ãà ¢­¥­¨©
(8) ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2. �®áª®«ìªã á¨áâ¥¬  (6) ¢ ¯à¥¤¯®« £ ¥-
¬®¬ á«ãç ¥ ¨¬¥¥â ¡®«¥¥ ç¥¬ sn(n+ 1)=2 «¨­¥©­® ­¥§ ¢¨á¨¬ëå ¢ ®¡é¥¬
á¬ëá«¥ ­¥­ã«¥¢ëå à¥è¥­¨©, à ­£ ¥¥ ¬ âà¨æë, â® ¥áâì äã­ªæ¨®­ «ì­®©
¬ âà¨æë (4) ¨§ x1, ¤®«¦¥­ ¡ëâì ¬¥­ìè¥ sm(m�1)=2�s, £¤¥ m = n+2.
�¤­ ª® íâ® ¯à®â¨¢®à¥ç¨â á«¥¤áâ¢¨î «¥¬¬ë 1 ¨§ x1. �®«ãç¥­­®¥ ¯à®-
â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â â¥®à¥¬ã 3.

x3. �« áá¨ä¨ª æ¨ï ¤¢ã¬¥âà¨ç¥áª¨å

£¥®¬¥âà¨© ­  ¯«®áª®áâ¨

�¤­®© ¨§ ®á­®¢­ëå § ¤ ç â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà ï¢«ï¥âáï ®âëá-
ª ­¨¥ ï¢­®£® ¢¨¤  s-¬¥âà¨ª¨ f = (f1; : : : ; fs) ¢ ¥¥ «®ª «ì­®¬ ª®®à¤¨-
­ â­®¬ ¯à¥¤áâ ¢«¥­¨¨ (2) ¨§ x1, ã¤®¢«¥â¢®àïîé¥© ­¥ª®â®à®© á¨áâ¥¬¥ s
ãà ¢­¥­¨© (1) ¨§ x1. � ª ¡ë«® ®â¬¥ç¥­® ¢® �¢¥¤¥­¨¨, ¢ á«ãç ¥ s = 1 íâ 
§ ¤ ç  ¡ë«  à¥è¥­  ¯®«­®áâìî ¤«ï ¯àï¬®© (n = 1), ¯«®áª®áâ¨ (n = 2)
¨ ¯à®áâà ­áâ¢  (n = 3). �®íâ®¬ã ¢ ­ áâ®ïé¥¬ x3 ¨ á«¥¤ãîé¨å x4,
x5 ¡ã¤ãâ à áá¬®âà¥­ë á«ãç ¨ s = 2 ­  ¯«®áª®áâ¨ (n = 1) ¨ s = 3 ¢
¯à®áâà ­áâ¢¥ (n = 1), â® ¥áâì ¤¢ã¬¥âà¨ç¥áª¨¥ ¨ âà¨¬¥âà¨ç¥áª¨¥ ä¥­®-
¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ë¥ £¥®¬¥âà¨¨ ¬¨­¨¬ «ì­®£® à ­£ .

�¯à¥¤¥«¥­¨¥. �ã¤¥¬ £®¢®à¨âì, çâ® £« ¤ª¨¥ äã­ªæ¨¨ f : Sf !
Rs ¨ g : Sg ! Rs á ®âªàëâë¬¨ ¨ ¯«®â­ë¬¨ ¢ M � M ®¡« áâï¬¨
®¯à¥¤¥«¥­¨ï Sf ¨ Sg íª¢¨¢ «¥­â­ë, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ «®ª «ì­ë¥
¤¨ää¥®¬®àä¨§¬ë � : M ! M,  : Rs ! Rs, çâ® ¤«ï ®âªàëâ®£® ¨
¯«®â­®£® ¢ Sf ¬­®¦¥áâ¢  ¯ à < ij > ¯ à  < �(i); �(j) > ¯à¨­ ¤«¥¦¨â
Sg ¨ ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ f(ij) =  (g(�(i); �(j))).

�®£« á­® â¥®à¥¬¥ 2 ¨§ x2 s-¬¥âà¨ª  ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç-
­®© £¥®¬¥âà¨¨ à ­£  m = n + 2 ­  sn-¬¥à­®¬ ¬­®£®®¡à §¨¨ ¤®¯ãáª ¥â
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sn(n + 1)=2-¬¥à­ãî £àã¯¯ã ¤¢¨¦¥­¨©. � ª¨¬ ®¡à §®¬, 2-¬¥âà¨ª  ä¥-
­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­®© à ­£  3 £¥®¬¥âà¨¨ ­  ¤¢ã¬¥à­®¬ ¬­®-
£®®¡à §¨¨, ¤«ï ª®â®à®© s = 2 ¨ n = 1, ¤®¯ãáª ¥â ¤¢ã¬¥à­ãî £àã¯¯ã
¤¢¨¦¥­¨©. �ãáâì x; y { «®ª «ì­ë¥ ª®®à¤¨­ âë ¢ ¬­®£®®¡à §¨¨, ª®â®-
à®¥ ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ á¢®¨å â®ç¥ª ï¢«ï¥âáï ¯«®áª®áâìî. �®£¤ 
¤«ï 2-¬¥âà¨ª¨ f = (f1; f2) ¯® ¢ëà ¦¥­¨î (2) ¨§ x1 ¢ ­¥ª®â®à®© ®ªà¥áâ-
­®áâ¨ ¯ àë < ij > 2 Sf ¯®«ãç ¥¬ â ª®¥ ª®®à¤¨­ â­®¥ ¯à¥¤áâ ¢«¥­¨¥:

f(ij) = f(x(i); y(i); x(j); y(j)) (1)

¨«¨ ¢ ¡®«¥¥ ¯®¤à®¡­®© § ¯¨á¨ ¯® ª®¬¯®­¥­â ¬:

f1(ij) = f1(x(i); y(i); x(j); y(j));
f2(ij) = f2(x(i); y(i); x(j); y(j)):

�
(10)

� á®®â¢¥âáâ¢¨¨ á  ªá¨®¬®© III ¨§ x1 2-¬¥âà¨ª  (1) ¡ã¤¥â ­¥¢ëà®¦¤¥­­®©,
¥á«¨ ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ¤¢  ãá«®¢¨ï:

@(f1(ij); f2(ij))=@(x(i); y(i)) 6= 0;
@(f1(ij); f2(ij))=@(x(j); y(j)) 6= 0

�
(2)

¤«ï ®âªàëâ®£® ¨ ¯«®â­®£® ¢ M�M ¬­®¦¥áâ¢  ¯ à < ij >.
�á«¨ 2-¬¥âà¨ª  (1) § ¤ ¥â ­  ¤¢ã¬¥à­®¬ ¬­®£®®¡à §¨¨ M ä¥­®¬¥-

­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ãî £¥®¬¥âà¨î à ­£  3, â® ¤«ï «î¡®© âà®©ª¨
< ijk > ¨§ ¯«®â­®£® ¨ ®âªàëâ®£® ¢ M3 ¬­®¦¥áâ¢ , â ª®© çâ® ¯ àë
< ij >;< ik >;< jk > ¯à¨­ ¤«¥¦ â Sf , è¥áâì ¢§ ¨¬­ëå à ááâ®ï-
­¨© ¬¥¦¤ã â®çª ¬¨ i; j; k äã­ªæ¨®­ «ì­® á¢ï§ ­ë ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨
ãà ¢­¥­¨ï¬¨:

�(f(ij); f(ik); f(jk)) = 0; (3)

¨«¨, ¢ ¡®«¥¥ ¯®¤à®¡­®© § ¯¨á¨ ¯® ª®¬¯®­¥­â ¬:

�1(f1(ij); f2(ij); f1(ik); f2(ik); f1(jk); f2(jk)) = 0;
�2(f1(ij); f2(ij); f1(ik); f2(ik); f1(jk); f2(jk)) = 0:

�
(30)

�¥§ ¢¨á¨¬®áâì ãà ¢­¥­¨© (3) ®§­ ç ¥â, çâ® rang� = 2.
2-¬¥âà¨ª  (1), ª ª ã¦¥ ¡ë«® áª § ­® ¢ëè¥, ¤®¯ãáª ¥â ¤¢ã¬¥à­ãî

£àã¯¯ã ¤¢¨¦¥­¨©, â® ¥áâì â ª¨å íää¥ªâ¨¢­ëå £« ¤ª¨å «®ª «ì­ëå ¤¥©-
áâ¢¨© ¢ ¯«®áª®áâ¨ ­¥ª®â®à®© ¤¢ãå¯ à ¬¥â¨ç¥áª®© «®ª «ì­®© £àã¯¯ë
�¨ G2:

x0 = �(x; y; a1; a2); y0 = �(x; y; a1; a2); (4)
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£¤¥ a = (a1; a2) 2 G2, çâ® ª ¦¤ ï ª®¬¯®­¥­â  2-¬¥âà¨ª¨ á®åà ­ï¥âáï:

f(x0(i); y0(i); x0(j); y0(j)) = f(x(i); y(i); x(j); y(j)): (5)

� ¯¨è¥¬ ¡ §¨á­ë¥ ¢¥ªâ®à­ë¥ ¯®«ï X1, X2 ¤¢ã¬¥à­®©  «£¥¡àë �¨
«®ª «ì­ëå ¯à¥®¡à §®¢ ­¨© (4) ¤¢ã¬¥à­®£® ¬­®£®®¡à §¨ïM ¢ ®¯¥à â®à-
­®© ä®à¬¥:

X1 = �1(x; y)@x + �1(x; y)@y;
X2 = �2(x; y)@x + �2(x; y)@y;

�
(6)

£¤¥ @x = @=@x, @y = @=@y ¨, ­ ¯à¨¬¥à, �1(x; y) = @�(x; y; a1; a2)
=@a1ja1=a2=0, ¯à¥¤¯®« £ ï, çâ® ¯à¨ a1 = a2 = 0 ¨¬¥¥¬ â®¦¤¥áâ¢¥­-
­®¥ ¯à¥®¡à §®¢ ­¨¥ ¢ £àã¯¯¥ (4). 2-¬¥âà¨ª  (1), ¡ã¤ãç¨ ¯® à ¢¥­áâ¢ã
(5) ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬ £àã¯¯ë ¯à¥®¡à §®¢ ­¨© (4), ­¥®¡å®¤¨-
¬® ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (4) ¨§ x2
á ®¯¥à â®à ¬¨ (6):

X1(i)f(ij) +X1(j)f(ij) = 0;
X2(i)f(ij) +X2(j)f(ij) = 0:

�
(7)

� ®â­®è¥­¨¨ á¨áâ¥¬ë ¤¢ãå ãà ¢­¥­¨© (7), â ª ¦¥ ª ª ¨ ¢ ®â­®è¥-
­¨¨ ¡®«¥¥ ®¡é¥© á¨áâ¥¬ë (4) ¨§ x2, á®¤¥à¦ é¥© sn(n+1)=2 ãà ¢­¥­¨©,
ç áâ­ë¬ á«ãç ¥¬ ª®â®à®© ï¢«ï¥âáï á¨áâ¥¬  (7) ¯à¨ s = 2 ¨ n = 1, ­¥-
®¡å®¤¨¬® ®â¬¥â¨âì á«¥¤ãîé¥¥ ­¥®ç¥¢¨¤­®¥ ®¡áâ®ïâ¥«ìáâ¢®. �«£¥¡àë
�¨ ¯à¥®¡à §®¢ ­¨© ®ªà¥áâ­®áâ¥© U (i) ¨ U (j) ¨§®¬®àä­ë á â®ç­®áâìî
¤® á®¢¯ ¤¥­¨ï áâàãªâãà­ëå ª®­áâ ­â ¢ á®®â¢¥âáâ¢ãîé¨å ¡ §¨á å. �®
¡ §¨áë¥ ®¯¥à â®àë X1(i), X2(i) ¨ X1(j), X2(j) (¨«¨ X!(i) ¨ X!(j), £¤¥
! = 1; 2; : : :; sn(n + 1)=2 ¢ ®¡é¥¬ á«ãç ¥ á¨áâ¥¬ë ãà ¢­¥­¨© (4) ¨§ x2)
­¥ ®¡ï§ â¥«ì­® ¯¥à¥å®¤ïâ ¤àã£ ¢ ¤àã£  ¯à¨ ­¥ª®â®à®¬ ¤¨ää¥®¬®àä¨§¬¥
U (i)! U (j). � ç áâ­®áâ¨, íâ® ¬®¦¥â ¡ëâì â®£¤ , ª®£¤  â®çª¨ i ¨ j ¯à¨-
­ ¤«¥¦ â à §«¨ç­ë¬ ­¥á¢ï§­ë¬ ª®¬¯®­¥­â ¬ ¬­®£®®¡à §¨ï, ¢ ª®â®à®¬
¤¥©áâ¢ã¥â £àã¯¯  ¯à¥®¡à §®¢ ­¨©.

� á¢®¥ ¢à¥¬ï (1893) �®äãá �¨ ¤ « ¯®«­ãî ª« áá¨ä¨ª æ¨î ª®­¥ç­®-
¬¥à­ëå «®ª «ì­ëå £àã¯¯ ¯à¥®¡à §®¢ ­¨© ¯«®áª®áâ¨ [13], ª®â®à ï ¢®á-
¯à®¨§¢¥¤¥­  â ª¦¥ ¢ ¬®­®£à ä¨¨ [14] ­  áâà. 25 { 26. �§ íâ®© ª« á-
á¨ä¨ª æ¨¨ ¬®¦­® ¢ë¤¥«¨âì ¡ §¨á­ë¥ ®¯¥à â®àë (6) ¢á¥å ¤¢ã¬¥à­ëå
 «£¥¡à �¨ ¯à¥®¡à §®¢ ­¨© ¯«®áª®áâ¨. � ¬, ®¤­ ª®, ã¤®¡­¥¥ ¡ã¤¥â ¤«ï
¤¥¬®­áâà æ¨¨ ¬¥â®¤®¢, ®â«¨ç­ëå ®â á®®â¢¥âáâ¢ãîé¨å ¬¥â®¤®¢ �®äãá 
�¨, ¯à®¢¥áâ¨ íâã ¯à®áâãî ª« áá¨ä¨ª æ¨î ­¥§ ¢¨á¨¬®, à áá¬ âà¨¢ ï
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¤¢ã¬¥à­ãî  «£¥¡àã �¨ ¯à¥®¡à §®¢ ­¨© ¯«®áª®áâ¨ ª ª ¯à¥¤áâ ¢«¥­¨¥
¤¢ã¬¥à­®©  ¡áâà ªâ­®© ¢¥é¥áâ¢¥­­®©  «£¥¡àë ®¯¥à â®à ¬¨ (6). �â¨
¬¥â®¤ë ¡ã¤ãâ ¨á¯®«ì§®¢ ­ë ¢ á«¥¤ãîé¥¬ x4 ¤«ï ª« áá¨ä¨ª æ¨¨ ¢á¥å
«®ª «ì­ëå ¤¥©áâ¢¨© âà¥å¬¥à­®© £àã¯¯ë �¨G3 ¢ ¯à®áâà ­áâ¢¥, ª®â®à ï
­¥®¡å®¤¨¬  ¤«ï ª« áá¨ä¨ª æ¨¨ ¢ ­¥¬ ¢á¥å ä¥­®¬¥­®«®£¨ç¥áª¨ ¨­¢ à¨-
 ­â­ëå 3-¬¥âà¨ª à ­£  3.

�®à®è® ¨§¢¥áâ­®, çâ® á â®ç­®áâìî ¤® ¨§®¬®àä¨§¬  ¨¬¥îâáï ¢á¥£®
¤¢¥ ¤¢ã¬¥à­ë¥  ¡áâà ªâ­ë¥ ¢¥é¥áâ¢¥­­ë¥  «£¥¡àë �¨. � ­¥ª®â®à®¬
¡ §¨á¥ X1, X2 ª®¬¬ãâ â®à [X1; X2] «¨¡® à ¢¥­ ­ã«î, «¨¡® ®â«¨ç¥­ ®â
­ã«ï:

[X1; X2] = 0; (8)

[X1; X2] = X1: (9)

�¥¬¬ . � §¨á­ë¥ ®¯¥à â®àë (6) ¤¢ã¬¥à­®©  «£¥¡àë �¨ «®ª «ì­®©
£àã¯¯ë �¨ «®ª «ì­ëå ¯à¥®¡à §®¢ ­¨© ¤¢ã¬¥à­®£® ¬­®£®®¡à §¨ï, ¨¬¥-
îé¥© ¢ íâ®¬ ¡ §¨á¥ áâàãªâãàã ª®¬¬ãâ æ¨®­­ëå á®®â­®è¥­¨© (8),
(9), ¢ ­ ¤«¥¦ é¥ ¢ë¡à ­­®© á¨áâ¥¬¥ «®ª «ì­ëå ª®®à¤¨­ â (x; y) § -
¤ îâáï á«¥¤ãîé¨¬¨ ¢ëà ¦¥­¨ï¬¨:

X1 = @x; X2 = y@x; (8:1)

X1 = @x; X2 = @y; (8:2)

X1 = @x; X2 = x@x; (9:1)

X1 = @x; X2 = x@x + @y: (9:2)

�áãé¥áâ¢¨¬ ¢ ¢ëà ¦¥­¨ïå (6) ¤«ï ®¯¥à â®à®¢ X1, X2 ®¡à â¨¬ãî
§ ¬¥­ã «®ª «ì­ëå ª®®à¤¨­ â

� = '(x; y); � =  (x; y);
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£¤¥, ¢á«¥¤áâ¢¨¥ ¥¥ ®¡à â¨¬®áâ¨, @(';  )=@(x; y) 6= 0:

X1 = (�1'x + �1'y)@� + (�1 x + �1 y)@�;
X2 = (�2'x + �2'y)@� + (�2 x + �2 y)@�:

�

�á«¨ äã­ªæ¨¨ ' ¨  ¢§ïâì ¨§ à¥è¥­¨© ¨­â¥£à¨àã¥¬ëå ãà ¢­¥­¨©
�1'x+�1'y = 1 ¨ �1 x+�1 y = 0, ¢ ª®â®àëå �21+�

2
1 6= 0, â ª ª ª ¡ §¨á-

­ë© ®¯¥à â®à X1 ­¥­ã«¥¢®©, â® ¤«ï ­¥£® ¯®«ãç¨¬ ¬ ªá¨¬ «ì­® ¯à®áâ®¥
¢ëà ¦¥­¨¥: X1 = @�. �®§¢à é ïáì ª ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ª®íää¨-
æ¨¥­â®¢ ¨ ª®®à¤¨­ â,   â ª¦¥ ®¯ãáª ï áâ ¢è¨© ¨§«¨è­¨¬ ¨­¤¥ªá "2",
¬®¦¥¬ § ¯¨á âì:

X1 = @x; X2 = �(x; y)@x + �(x; y)@y: (10)

� ¬¥â¨¬, çâ® ¯®«ãç¥­­ë¥ ¢ëà ¦¥­¨ï (10) ¤®¯ãáª îâ § ¬¥­ã ª®®à-
¤¨­ â

� = x+ '(y); � =  (y) (11)

á  0 6= 0, ª®â®à ï á®åà ­ï¥â §  ®¯¥à â®à®¬X1 ¥£® ¬ ªá¨¬ «ì­® ¯à®áâãî
ä®à¬ã.

�®¤áâ ¢¨¬ á­ ç «  ®¯¥à â®àë (10) ¢ ª®¬¬ãâ â®à (8): �x@x+�x@y =
0, ®âªã¤ , ¢ á¨«ã «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ ®¯¥à â®à®¢ ¤¨ää¥à¥­æ¨à®-
¢ ­¨ï @x ¨ @y, á«¥¤ã¥â, çâ® �x = 0, �x = 0, â® ¥áâì �(x; y) = �(y),
�(x; y) = �(y), ¨ ¯®â®¬ã X2 = �(y)@x + �(y)@y . � íâ®¬ ¢ëà ¦¥­¨¨ ®áã-
é¥áâ¢¨¬ ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (11):

X2 = (�(y) + �(y)'0(y))@� + �(y) 0(y)@� :

�á«¨ �(y) = 0, â® X2 = �y@�, ¯à¨ç¥¬ �0(y) 6= 0, â ª ª ª ®¯¥à â®àë
X1 ¨ X2 «¨­¥©­® ­¥§ ¢¨á¨¬ë. �®« £ ï  (y) = �(y) ¨ ¢®§¢à é ïáì ª
¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â, ¯®«ãç ¥¬ ¢ëà ¦¥­¨ï (8.1) ¤«ï ¡ -
§¨á­ëå ®¯¥à â®à®¢ X1, X2 ¯¥à¢®£® ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (8). �á«¨ ¦¥
�(y) 6= 0, â® ¯ãáâì äã­ªæ¨¨ '(y) ¨  (y) § ¬¥­ë ª®®à¤¨­ â (11) ï¢«ïîâ-
áï à¥è¥­¨ï¬¨ ãà ¢­¥­¨© �(y) + �(y)'0(y) = 0 ¨ �(y) 0(y) = 1. � íâ®¬
á«ãç ¥ ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ª®®à¤¨­ â ¯®«ãç¨¬ ¢ëà ¦¥­¨ï (8.2)
¤«ï ¡ §¨á­ëå ®¯¥à â®à®¢ X1, X2 ¢â®à®£® ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (8).

�®¤áâ ¢¨¬ â¥¯¥àì ®¯¥à â®àë (10) ¢ ª®¬¬ãâ â®à (9): �x@x + �x@y =
@x, ®âªã¤  á«¥¤ã¥â: �x = 1, �x = 0 ¨ ¯®á«¥ ¨­â¥£à¨à®¢ ­¨ï: �(x; y) =
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x+ �(y), �(x; y) = �(y). �«ï ®¯¥à â®à  X2, á«¥¤®¢ â¥«ì­®, ¨¬¥¥¬ ¢ëà -
¦¥­¨¥ X2 = (x + �(y))@x + �(y)@y , ¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî
§ ¬¥­ã ª®®à¤¨­ â (11):

X2 = (x+ �(y) + �(y)'0(y))@� + �(y) 0(y)@� :

�á«¨ �(y) = 0, â® X2 = (x+�(y))@� . �®« £ ï '(y) = �(y), ¢ ¯à¥¦­¨å
®¡®§­ ç¥­¨ïå ª®®à¤¨­ â ¯®«ãç ¥¬ ¢ëà ¦¥­¨ï (9.1) ¤«ï ¡ §¨á­ëå ®¯¥-
à â®à®¢ X1, X2 ¯¥à¢®£® ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (9). �á«¨ ¦¥ �(y) 6= 0,
â® äã­ªæ¨¨ '(y) ¨  (y) ¬®¦­® ¢§ïâì ¨§ à¥è¥­¨© ãà ¢­¥­¨© �(y)�'(y)+
�(y)'0(y) = 0 ¨ �(y) 0(y) = 1. � íâ®¬ á«ãç ¥, ¢®§¢à é ïáì ª ¯à¥¦­¨¬
®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â, ¯®«ãç ¥¬ ¢ëà ¦¥­¨ï (9.2) ¤«ï ¡ §¨á­ëå ®¯¥-
à â®à®¢ X1, X2 ¢â®à®£® ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (9). �¥¬¬  ¤®ª § ­ ,

�¥§ã«ìâ âë «¥¬¬ë á®¢¯ ¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨ à¥§ã«ìâ â ¬¨
�.�¨, ¨§¢«¥ç¥­­ë¬¨ ¨§ ¥£® ¯®«­®© ª« áá¨ä¨ª æ¨¨ (á¬. ¢ëà ¦¥­¨ï 18,
30 ¨ 27, 29 ¯® á¯¨áªã  «£¥¡à, ¯®¬¥é¥­­®¬ã ­  áâà. 25 { 26 ¬®­®£à ä¨¨
[14]). � ¬¥â¨¬, çâ® â ª®£® á®¢¯ ¤¥­¨ï ¬®£«® ¨ ­¥ ¡ëâì, â ª ª ª á¢®î
ª« áá¨ä¨ª æ¨î �.�¨ ¯à®¢®¤¨« á â®ç­®áâìî ¤® ¯®¤®¡¨ï, ¤®¯ãáª îé¥£®
­¥ â®«ìª® § ¬¥­ã ª®®à¤¨­ â ¢ ¯«®áª®áâ¨, ­® ¨ ¯¥à¥å®¤ ª ¤àã£®¬ã ¡ §¨áã
á á®åà ­¥­¨¥¬ áâàãªâãà­ëå ª®­áâ ­â.

�¥®à¥¬ . � â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ áãé¥áâ¢ãîâ â®«ìª®
¤¢¥ ­¥¢ëà®¦¤¥­­ë¥ 2-¬¥âà¨ª¨ f = (f1; f2), § ¤ îé¨¥ ­  ¤¢ã¬¥à­®¬
¬­®£®®¡à §¨¨ M ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ãî £¥®¬¥âà¨î à ­£ 
3. � ­ ¤«¥¦ é¥ ¢ë¡à ­­®© á¨áâ¥¬¥ «®ª «ì­ëå ª®®à¤¨­ â x; y íâ¨ 2-
¬¥âà¨ª¨ ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥­ë á«¥¤ãîé¨¬¨ ¢ëà ¦¥­¨ï¬¨:

f1(ij) = x(i)� x(j); f2(ij) = y(i) � y(j); (12)

f1(ij) = (x(i) � x(j)) y(i); f2(ij) = (x(i) � x(j)) y(j): (13)

�®¬¯®­¥­âë 2-¬¥âà¨ª f = (f1; f2) ï¢«ïîâáï ­¥§ ¢¨á¨¬ë¬¨ à¥è¥-
­¨ï¬¨ á¨áâ¥¬ë ãà ¢­¥­¨© (7). �«ï ¡ §¨á­ëå ®¯¥à â®à®¢ (8.1) ¨ (8.2)
¯à¥¤áâ ¢«¥­¨©  «£¥¡àë �¨ (8), ãç¨âë¢ ï § ¬¥ç ­¨¥, á¤¥« ­­®¥ ¯®á«¥
ãà ¢­¥­¨© (7), ¬®¦­® § ¯¨á âì â®«ìª® âà¨ ¯à¨­æ¨¯¨ «ì­® à §«¨ç­ëå
á¨áâ¥¬ë:

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
y(i)@f(ij)=@x(i) + y(j)@f(ij)=@x(j) = 0;

�
(14)
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@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
@f(ij)=@y(i) + @f(ij)=@y(j) = 0;

�
(15)

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
y(i)@f(ij)=@x(i) + @f(ij)=@y(j) = 0;

�
(16)

à ­£ ª®â®àëå à ¢¥­ ¤¢ã¬. �®áª®«ìªã ¢ ãà ¢­¥­¨ïå (14) ¨ (16) ®âáãâ-
áâ¢ã¥â ®¯¥à â®à ¤¨ää¥à¥­æ¨à®¢ ­¨ï @=@y(i), ¨å ­¥§ ¢¨á¨¬ë¬¨ à¥è¥-
­¨ï¬¨ ¡ã¤ãâ äã­ªæ¨¨ y(i) ¨ '(ij). �® ¥áâì ¤«ï 2-¬¥âà¨ª¨ ¯®â«ãç ¥¬
¢ëà ¦¥­¨¥ f(ij) = f(y(i); '(ij)). �®áª®«ìªã ¤«ï ­¥¥ ­¥ ¢ë¯®«­ï¥âáï
¢â®à®¥ ¨§ ãá«®¢¨© (2), â ª ï 2-¬¥âà¨ª  ®ª §ë¢ ¥âáï ¢ëà®¦¤¥­­®©. �
¤àã£®© áâ®à®­ë, ¤¢  ­¥§ ¢¨á¨¬ëå à¥è¥­¨ï á¨áâ¥¬ë (15), ª®â®àë¥ «¥£-
ª® ­ å®¤ïâáï ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª, á®¢¯ ¤ îâ ¢ á¢®¥¬ ï¢­®¬ ª®®à¤¨-
­ â­®¬ ¯à¥¤áâ ¢«¥­¨¨ á ª®¬¯®­¥­â ¬¨ 2-¬¥âà¨ª¨ (12). �â  2-¬¥âà¨ª 
­¥¢ëà®¦¤¥­ , â ª ª ª ®¡  ïª®¡¨ ­  ¨§ ãá«®¢¨ï (2) à ¢­ë ¥¤¨­¨æ¥ ¤«ï
­¥¥, â® ¥áâì ®â«¨ç­ë ®â ­ã«ï. �¡é¨© ¢¨¤ 2-¬¥âà¨ª¨ ¢ â¥å ¦¥ ª®®à¤¨-
­ â å ¡ã¤¥â, ®ç¥¢¨¤­®, á«¥¤ãîé¨¬: f1(ij) =  1(x(i)� x(j); y(i)� y(j)),
f2(ij) =  2(x(i) � x(j); y(i) � y(j)), £¤¥  = ( 1;  2) { ¯à®¨§¢®«ì­ ï
£« ¤ª ï ¤¢ãåª®¬¯®­¥­â­ ï äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå à ­£  2.

�«ï ¡ §¨á­ëå ®¯¥à â®à®¢ (9.1) ¨ (9.2) ¯à¥¤áâ ¢«¥­¨©  «£¥¡àë (9)
â ª¦¥ ¨¬¥¥¬ âà¨ ¯à¨­æ¨¯¨ «ì­® à §«¨ç­ë¥ á¨áâ¥¬ë ãà ¢­¥­¨© (7):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
x(i)@f(ij)=@x(i) + x(j)@f(ij)=@x(j) = 0;

�
(17)

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
x(i)@f(ij)=@x(i) + @f(ij)=@y(i)+

+x(j)@f(ij)=@x(j) + @f(ij)=@y(j) = 0;

9=
; (18)

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
x(i)@f(ij)=@x(i) + x(j)@f(ij)=@x(j) + @f(ij)=@y(j) = 0;

�
(19)

à ­£ ª®â®àëå à ¢¥­ ¤¢ã¬. 2-¬¥âà¨ª¨, ï¢«ïîé¨¥áï à¥è¥­¨ï¬¨ á¨áâ¥¬
ãà ¢­¥­¨© (17) ¨ (19), ¢ ª®â®àëå ­¥â ®¯¥à â®à  @=@y(i), ®ç¥¢¨¤­®, ¢ë-
à®¦¤¥­ë. �¡é¥¥ à¥è¥­¨¥ f(ij) = �(x(i)� x(j); y(i); y(j)) ¯¥à¢®£® ãà ¢-
­¥­¨ï á¨áâ¥¬ë (18) ¯®¤áâ ¢¨¬ ¢® ¢â®à®¥: u�u + �y(i) + �y(j) = 0, £¤¥
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u = x(i) � x(j). �®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  ãà ¢­¥­¨© å à ªâ¥à¨áâ¨ª
du=u = dy(i) = dy(j) ¨¬¥¥â ¤¢  ­¥§ ¢¨á¨¬ëå ¨­â¥£à « : uexp(�y(i)) =
const, uexp(�y(j)) = const, ¯® ª®â®àë¬ ¬®¦­® ®¯à¥¤¥«¨âì ª®¬¯®­¥­-
âë 2-¬¥âà¨ª¨: f(ij) = (f1(ij); f2(ij)) = ((x(i) � x(j))exp(�y(i)); (x(i) �
x(j))exp(�y(j))). �à®¨§¢¥¤ï § â¥¬ ã¤®¡­ãî § ¬¥­ã ª®®à¤¨­ â x ! x,
exp(�y) ! y, ¯®«ãç ¥¬ 2-¬¥âà¨ªã (13), ª®â®à ï ­¥¢ëà®¦¤¥­ , â ª ª ª
¤«ï ­¥¥ ïª®¡¨ ­ë (2) ®â«¨ç­ë ®â ­ã«ï. �¡é¨© ¢¨¤ 2-¬¥âà¨ª¨ § ¤ ¥âáï
¢ëà ¦¥­¨¥¬ f(ij) =  (x(i) � x(j))y(i); x(i) � x(j))y(j)), £¤¥  { ¯à®¨§-
¢®«ì­ ï £« ¤ª ï ¤¢ãåª®¬¯®­¥­â­ ï äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå à ­£  2.
�¥®à¥¬  ¤®ª § ­ .

�®¬¯®­¥­âë 2-¬¥âà¨ª¨ (12) ¬®¦­®, ­ ¯à¨¬¥à, ¨­â¥à¯à¥â¨à®¢ âì
¯à®¥ªæ¨ï¬¨ ¢¥ªâ®à  ­  ª®®à¤¨­ â­ë¥ ®á¨. �®®â¢¥âáâ¢ãîé ï äã­ªæ¨-
®­ «ì­ ï á¢ï§ì (3) § ¤ ¥âáï ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ãà ¢­¥­¨ï¬¨

f1(ij) � f1(ik) + f1(jk) = 0;
f2(ij) � f2(ik) + f2(jk) = 0:

�

2-¬¥âà¨ª  (13) ¤®¯ãáª ¥â á®¤¥à¦ â¥«ì­ãî ¨­â¥à¯à¥â æ¨î ¢ â¥à¬®-
¤¨­ ¬¨ª¥, ® ç¥¬ £®¢®à¨«®áì ã¦¥ ¢® �¢¥¤¥­¨¨. � íâ®© ¨­â¥à¯à¥â æ¨¨
ª®¬¯®­¥­âë f1(ij) ¨ f2(ij) áãâì ª®«¨ç¥áâ¢  â¥¯«  QTS(ij) ¨ QST (ij),
ª®â®àë¥ â¥à¬®¤¨­ ¬¨ç¥áª ï á¨áâ¥¬  ®â¤ ¥â ¢­¥è­¨¬ â¥« ¬ ¯à¨ ¥¥ ¯¥-
à¥å®¤¥ ¨§ á®áâ®ï­¨ï i ¢ á®áâ®ï­¨¥ j ¯® ¤¢ã¬ ¯ãâï¬: TS ¨ ST , á®áâ ¢«¥­-
­ë¬ ¨§ à ¢­®¢¥á­ëå ¨§®â¥à¬¨ç¥áª®£® (T = const) ¨  ¤¨ ¡ â¨ç¥áª®£®
(S = const) ¯à®æ¥áá®¢:

f1(ij) = QTS(ij) = (S(i) � S(j))T (i);
f2(ij) = QST (ij) = (S(i) � S(j))T (j);

�

£¤¥ T ¨ S { â¥¬¯¥à âãà  ¨ í­âà®¯¨ï á¨áâ¥¬ë. �®®â¢¥âáâ¢ãîé ï äã­ª-
æ¨®­ «ì­ ï á¢ï§ì (7) § ¤ ¥âáï ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ãà ¢­¥­¨ï¬¨ (10)
¨§ �¢¥¤¥­¨ï.

�¥à¥å®¤ï, ¤ «¥¥ ª ª« áá¨ä¨ª æ¨¨ âà¨¬¥âà¨ç¥áª¨å ä¥­®¬¥­®«®£¨ç¥-
áª¨ á¨¬¬¥âà¨ç­ëå £¥®¬¥âà¨© à ­£  3 ¢ ¯à®áâà ­áâ¢¥, â® ¥áâì ª á«ã-
ç î s = 3, n = 1, § ¬¥â¨¬, çâ® ¯® â¥®à¥¬¥ 2 ¨§ x2 á®®â¢¥âáâ¢ãîé ï
3-¬¥âà¨ª  f = (f1; f2; f3) ¤®¯ãáª ¥â âà¥å¬¥à­ãî £àã¯¯ã ¤¢¨¦¥­¨© ¨
ï¢«ï¥âáï à¥è¥­¨¥¬ á¨áâ¥¬ë ãà ¢­¥­¨© (4) ¨§ x2, £¤¥ ! = 1; 2; 3.�®íâ®¬ã
¥áâ¥áâ¢¥­­® ¢®§­¨ª ¥â § ¤ ç  ¯à¥¤¢ à¨â¥«ì­®© ¯®«­®© ª« áá¨ä¨ª æ¨¨
âà¥å¬¥à­ëå £àã¯¯ �¨ ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢ . �¬¥ï ¢ ¢¨¤ã ®¡ê-
¥¬­®áâì â ª®© § ¤ ç¨,   â ª¦¥ á®¡áâ¢¥­­ãî §­ ç¨¬®áâì à¥§ã«ìâ â®¢ ¨
¬¥â®¤®¢ ¥¥ à¥è¥­¨ï, ¯®á¢ïâ¨¬ ¥© ¢¥áì á«¥¤ãîé¨© ¯ à £à ä.
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x4. �à¥å¬¥à­ë¥  «£¥¡àë �¨ ¯à¥®¡à §®¢ ­¨©

¯à®áâà ­áâ¢ 

� áá¬®âà¨¬ âà¥å¬¥à­ãî «®ª «ì­ãî £àã¯¯ã �¨ «®ª «ì­ëå ¯à¥®¡à §®-
¢ ­¨© ¯à®áâà ­áâ¢ , â® ¥áâì âà¥å¬¥à­®£® ¬­®£®®¡à §¨ï ¢ ­¥ª®â®à®©
¥£® ®ªà¥áâ­®áâ¨. �á«¨ (x; y; z) {«®ª «ì­ë¥ ª®®à¤¨­ âë ¯à¥®¡à §ã¥¬®£®
¬­®£®®¡à §¨ï ¨ a = (a1; a2; a3) { «®ª «ì­ë¥ ¯ à ¬¥âàë ¤¥©áâ¢ãîé¥©
£àã¯¯ë �¨ G3, â® ¯à¥®¡à §®¢ ­¨ï ¡ã¤ãâ § ¤ ¢ âìáï á«¥¤ãîé¨¬¨ ãà ¢-
­¥­¨ï¬¨:

x0 = �(x; y; z; a1; a2; a3);
y0 = �(x; y; z; a1; a2; a3);
z0 = � (x; y; z; a1; a2; a3);

9=
; (1)

¯à¨ç¥¬ @(�; �; � )=@(x; y; z) 6= 0 ¢á«¥¤áâ¢¨¥ ¨å ®¡à â¨¬®áâ¨. �à¨ á¯¥-
æ¨ «ì­®¬ ¢ë¡®à¥ ¯ à ¬¥âà®¢ ¤¥©áâ¢ãîé¥© ¢ R3 £àã¯¯ë G3, ª®£¤  ¨å
­ã«¥¢ë¬ §­ ç¥­¨ï¬ ¨, ¢á«¥¤áâ¢¨¥ íää¥ªâ¨¢­®áâ¨ ¤¥©áâ¢¨ï (1), â®«ìª®
¨¬ á®®â¢¥âáâ¢ã¥â â®¦¤¥áâ¢¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ x0 = x, y0 = y, z0 = z,
¡¥áª®­¥ç­® ¬ «®¥ (¨­ä¨­¨â¥§¨¬ «ì­®¥) ¯à¥®¡à §®¢ ­¨¥, ¡«¨§ª®¥ ª â®-
¦¤¥áâ¢¥­­®¬ã, § ¯¨è¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

x0 = x+ �1(x; y; z)a1 + �2(x; y; z)a2 + �3(x; y; z)a3;
y0 = y + �1(x; y; z)a1 + �2(x; y; z)a2 + �3(x; y; z)a3;
z0 = z + �1(x; y; z)a1 + �2(x; y; z)a2 + �3(x; y; z)a3;

9=
; (2)

£¤¥, ­ ¯à¨¬¥à, �1 = (@�=@a1)ja=0.
�¯¥à â®àë

X� = ��(x; y; z)@x + ��(x; y; z)@y + ��(x; y; z)@z; (3)

£¤¥ � = 1; 2; 3, @x = @=@x, @y = @=@y, @z = @=@z, «¨­¥©­® ­¥§ ¢¨á¨-
¬ë, ®¤­®§­ ç­® § ¤ îâ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï (2) ¨ á®-
áâ ¢«ïîâ ¥áâ¥áâ¢¥­­ë© ª®®à¤¨­ â­ë© ¡ §¨á âà¥å¬¥à­®©  «£¥¡àë �¨
¯à¥®¡à §®¢ ­¨© R3 á ª®¬¬ãâ â®à ¬¨

[X�; X� ] = C

��X
 ;

¯à¨ç¥¬ áâàãªâãà­ë¥ ª®­áâ ­âë C

��, ª ª ¨§¢¥áâ­®,  ­â¨á¨¬¬¥âà¨ç­ë

¯® ­¨¦­¨¬ ¨­¤¥ªá ¬ �, � ¨ ã¤®¢«¥â¢®àïîâ â®¦¤¥áâ¢ã �ª®¡¨:

C�
��C

"
�
 + C�

�
C
"
�� +C�


�C
"
�� = 0:
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�®«­ ï á â®ç­®áâìî ¤® ¨§®¬®àä¨§¬  ª« áá¨ä¨ª æ¨ï âà¥å¬¥à­ëå ¢¥-
é¥áâ¢¥­­ëå  ¡áâà ªâ­ëå  «£¥¡à �¨ ¡ë«  ¤ ­  �¨ ­ª¨ ¢ 1918 £. �à¨-
¢¥¤¥¬ ¥¥ §¤¥áì ¯® ¬®­®£à ä¨¨ [15], § ¯¨áë¢ ï á®®â¢¥âáâ¢ãîé¨¥ ¢ëà -
¦¥­¨ï ¤«ï âà¥å ¢®§¬®¦­ëå ª®¬¬ãâ â®à®¢ [X1; X2], [X3; X1], [X2; X3]
¡ §¨á­ëå ¢¥ªâ®à®¢ X1, X2, X3:

[X1; X2] = 0; [X3; X1] = 0; [X2; X3] = 0; (4)

[X1; X2] = 0; [X3; X1] = 0; [X2; X3] = X1; (5)

[X1; X2] = 0; [X3; X1] = �X1; [X2; X3] = X1 +X2; (6)

[X1; X2] = 0; [X3; X1] = �X1; [X2; X3] = pX2; (7)

[X1; X2] = 0; [X3; X1] = �X1; [X2; X3] = X2; (8)

[X1; X2] = 0; [X3; X1] = �X1; [X2; X3] = 0; (9)

[X1; X2] = 0; [X3; X1] = �X1; [X2; X3] = �X2; (10)

[X1; X2] = 0; [X3; X1] = �X2; [X2; X3] = �X1 + qX2; (11)

[X1; X2] = 0; [X3; X1] = �X2; [X2; X3] = �X1; (12)

[X1; X2] = X3; [X3; X1] = X2; [X2; X3] = X1; (13)

[X1; X2] = X3; [X3; X1] = X2; [X2; X3] = �X1; (14)

£¤¥ 0 < p2 < 1 ¨ 0 < q < 2.

�¥®à¥¬ . � §¨á­ë¥ ®¯¥à â®àë (3) âà¥å¬¥à­®©  «£¥¡àë �¨ «®-
ª «ì­ëå ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢ , ¨¬¥îé¥© ¢ ¡ §¨á¥ X1, X2, X3

áâàãªâãàã ª®¬¬ãâ æ¨®­­ëå á®®â­®è¥­¨© (4) { (14), ¢ ­ ¤«¥¦ é¥
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¢ë¡à ­­®© á¨áâ¥¬¥ «®ª «ì­ëå ª®®à¤¨­ â (x; y; z) § ¤ îâáï á«¥¤ãî-
é¨¬¨ ¢ëà ¦¥­¨ï¬¨:

X1 = @x; X2 = y@x; X3 = �(y)@x; (4:1)

X1 = @x; X2 = y@x; X3 = z@x; (4:2)

X1 = @x; X2 = y@x; X3 = @z; (4:3)

X1 = @x; X2 = @y; X3 = �(z)@x + �(z)@y ; (4:4)

X1 = @x; X2 = @y; X3 = @z; (4:5)

X1 = @x; X2 = y@x; X3 = �@y; (5:1)

X1 = @x; X2 = @y; X3 = y@x + �@y; (5:2)

X1 = @x; X2 = @y; X3 = y@x + z@y; (5:3)

X1 = @x; X2 = @y; X3 = y@x + @z; (5:4)

X1 = @x; X2 = y@x; X3 = x@x � @y; (6:1)

X1 = @x; X2 = @y; X3 = (x+ y)@x + y@y ; (6:2)

X1 = @x; X2 = @y; X3 = (x+ y)@x + y@y + @z; (6:3)

X1 = @x; X2 = y@x; X3 = x@x + (1� p)y@y ; (7:1)

X1 = @x; X2 = @y; X3 = x@x + py@y ; (7:2)
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X1 = @x; X2 = @y; X3 = x@x + py@y + @z; (7:3)

X1 = @x; X2 = y@x; X3 = x@x; (8:1)

X1 = @x; X2 = y@x; X3 = x@x + @z ; (8:2)

X1 = @x; X2 = @y; X3 = x@x + y@y; (8:3)

X1 = @x; X2 = @y; X3 = x@x + y@y + @z; (8:4)

X1 = @x; X2 = y@x; X3 = x@x + y@y ; (9:1)

X1 = @x; X2 = @y; X3 = x@x + �@y; (9:2)

X1 = @x; X2 = @y; X3 = x@x + z@y; (9:3)

X1 = @x; X2 = @y; X3 = x@x + @z; (9:4)

X1 = @x; X2 = y@x; X3 = x@x + 2y@y; (10:1)

X1 = @x; X2 = @y; X3 = x@x � y@y; (10:2)

X1 = @x; X2 = @y; X3 = x@x � y@y + @z; (10:3)

X1 = @x; X2 = y@x; X3 = xy@x + (1 � qy + y2)@y; (11:1)

X1 = @x; X2 = @y; X3 = �y@x + (x + qy)@y ; (11:2)

X1 = @x; X2 = @y; X3 = �y@x + (x + qy)@y + @z; (11:3)
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X1 = @x; X2 = y@x; X3 = xy@x + (1 + y2)@y; (12:1)

X1 = @x; X2 = @y; X3 = �y@x + x@y; (12:2)

X1 = @x; X2 = @y; X3 = �y@x + x@y + @z ; (12:3)

X1 = @x;
X2 = tgy sinx@x + cos x@y;
X3 = tgy cos x@x � sinx@y;

9=
; (13:1)

X1 = @x;
X2 = tgy sinx@x + cosx@y + sec y sinx@z;
X3 = tgy cos x@x � sinx@y + sec y cosx@z;

9=
; (13:2)

X1 = @x; X2 = sinx@x; X3 = cosx@x; (14:1)

X1 = @x;
X2 = sinx@x + cos x@y;
X3 = cos x@x � sinx@y;

9=
; (14:2)

X1 = @x;
X2 = �thy sinx@x + cosx@y;
X3 = �thy cosx@x � sinx@y;

9=
; (14:3)

X1 = @x;
X2 = �cthy sinx@x + cosx@y;
X3 = �cthy cosx@x � sinx@y;

9=
; (14:4)

X1 = @x;
X2 = sinx@x + cosx@y + exp y sinx@z;
X3 = cos x@x � sinx@y + exp y cosx@z;

9=
; (14:5)

£¤¥ 0 < p2 < 1 ¨ 0 < q < 2; �00(y) 6= 0, (�0(z))2 + (�0(z))2 6= 0, � { «î¡®¥
ç¨á«®.
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� ¯à®áâà ­áâ¢¥ R3 ¯à®¨§¢¥¤¥¬ «®ª «ì­® ®¡à â¨¬ãî £« ¤ªãî § ¬¥­ã
ª®®à¤¨­ â

� = '(x; y; z); � =  (x; y; z); # = {(x; y; z); (15)

¯à¨ç¥¬ @(';  ;{)=@(x; y; z) 6= 0. � ­®¢ëå ª®®à¤¨­ â å �, �, # ¤«ï ¨­ä¨-
­¨â¥§¨¬ «ì­ëå ®¯¥à â®à®¢ (3) ¡ã¤¥¬ ¨¬¥âì â ª¨¥ ¢ëà ¦¥­¨ï:

X� = (��'x + ��'y + ��'z)@� +

+(�� x+�� y + �� z)@� + (��{x + ��{y + ��{z)@#:
(16)

�ãáâì äã­ªæ¨¨ ',  , { ¢ § ¬¥­¥ ª®®à¤¨­ â (15) ï¢«ïîâáï ­¥§ ¢¨á¨-
¬ë¬¨ à¥è¥­¨ï¬¨ á¨áâ¥¬ë ãà ¢­¥­¨©

�1'x + �1'y + �1'z = 1;
�1 x + �1 y + �1 z = 0;
�1{x + �1{y + �1{z = 0;

9=
; (17)

¢ ª®â®à®©, ®ç¥¢¨¤­®, �21 + �21 + �21 6= 0. �®£¤  ¤«ï ®¯¥à â®à  X1 ¯®«ã-
ç ¥¬ ¬ ªá¨¬ «ì­® ¯à®áâ®¥ ¢ëà ¦¥­¨¥: X1 = @�. �®§¢à é ïáì ¢ (16) ª
¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ª®íää¨æ¨¥­â®¢ ¨ ª®®à¤¨­ â, ¬®¦¥¬ § ¯¨á âì:

X1 = @x;
X2 = �2(x; y; z)@x + �2(x; y; z)@y + �2(x; y; z)@z;
X3 = �3(x; y; z)@x + �3(x; y; z)@y + �3(x; y; z)@z:

9=
; (18)

� ¯®«ãç¥­­ëå ¢ëà ¦¥­¨ïå (18) ¨¬¥¥¬: �1 = 1, �1 = 0, �1 = 0. �¨áâ¥-
¬  ãà ¢­¥­¨© (17) á â ª¨¬¨ ª®íää¨æ¨¥­â ¬¨ §­ ç¨â¥«ì­® ã¯à®é ¥âáï:
'x = 1,  x = 0, {x = 0 ¨ ¥¥ ­¥§ ¢¨á¨¬ë¥ à¥è¥­¨ï

� = x+ '(y; z); � =  (y; z); # = {(y; z); (19)

¢ ª®â®àëå @( ;{)=@(y; z) 6= 0, ®¯à¥¤¥«ïîâ â ªãî § ¬¥­ã ª®®à¤¨­ â ¢
R3, ª®â®à ï §  ®¯¥à â®à®¬ X1 á®åà ­ï¥â ¥£® ¯à®áâ¥©èãî ä®à¬ã.

�® ª« áá¨ä¨ª æ¨¨ (4) { (14) ª®¬¬ãâ â®à [X1; X2] «¨¡® à ¢¥­ ­ã«î,
«¨¡® á®¢¯ ¤ ¥â á ®¯¥à â®à®¬ X3. � áá¬®âà¨¬ á­ ç «  ¯¥à¢ë© á«ãç ©:

[X1; X2] = 0: (20)

�®¤áâ ¢¨¬ ¢ ª®¬¬ãâ â®à (20) ¢ëà ¦¥­¨ï (18) ¤«ï ®¯¥à â®à®¢ X1

¨ X2. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ãà ¢­¥­¨ï �2x = 0, �2x = 0, �2x = 0 á
à¥è¥­¨ï¬¨ �2 = �(y; z), �2 = �(y; z), �2 = � (y; z) ¨ ¯®â®¬ã

X2 = �(y; z)@x + �(y; z)@y + � (y; z)@z :
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�áãé¥áâ¢¨¬, ¤ «¥¥, ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (19):

X2 = (�+ �'y + �'z)@� + (� y + � z)@� + (�{y + �{z)@#:

�à¥¤¯®«®¦¨¬ á­ ç « , çâ® �2 + �2 = 0. �®£¤  ­¥®¡å®¤¨¬® ¤®«¦­®
¡ëâì � 6= const, â ª ª ª ®¯¥à â®àë X1 ¨ X2 «¨­¥©­® ­¥§ ¢¨á¨¬ë. �®-
« £ ï  = �, ¤«ï ®¯¥à â®à  X2 ¯®«ãç ¥¬: X2 = �@� ¨, ¢®§¢à é ïáì ª
¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â, ¬®¦¥¬ § ¯¨á âì ¢ëà ¦¥­¨ï

X1 = @x; X2 = y@x;
X3 = �(x; y; z)@x + �(x; y; z)@y + � (x; y; z)@z;

�
(21)

á®åà ­ïîé¨¥áï ¯à¨ § ¬¥­¥ ª®®à¤¨­ â

� = x+ '(y; z); � = y; # = {(y; z); (22)

£¤¥ {z 6= 0.
�á«¨ ¦¥ �2 + �2 6= 0, â® äã­ªæ¨¨ ',  , { ¢ § ¬¥­¥ ª®®à¤¨­ â (19)

¢®§ì¬¥¬ ¨§ â ª¨å à¥è¥­¨© ãà ¢­¥­¨© �+�'y+ �'z = 0, � y+ � z = 1,
�{y + �{z = 0, ¤«ï ª®â®àëå @( ;{)=@(y; z) 6= 0. �ç¥¢¨¤­®, çâ® â ª¨¥
à¥è¥­¨ï áãé¥áâ¢ãîâ. �®£¤  ¤«ï ®¯¥à â®à  X2 ¯®«ãç ¥¬: X2 = @� ¨,
¢®§¢à é ïáì ª ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â, ¯à¨å®¤¨¬ ª ¢ëà ¦¥-
­¨ï¬

X1 = @x; X2 = @y;
X3 = �(x; y; z)@x + �(x; y; z)@y + � (x; y; z)@z

�
(23)

á ¤®¯ãáâ¨¬®© § ¬¥­®© ª®®à¤¨­ â

� = x+ '(z); � = y +  (z); # = {(z); (24)

¢ ª®â®à®© {0(z) 6= 0.
�â ª, ª®¬¬ãâ¨à®¢ ­¨¥ ®¯¥à â®à®¢ X1, X2 ¢ à áá¬®âà¥­­®¬ ¢ëè¥

á«ãç ¥ (20) ¯à¨¢¥«® ª ¤¢ã¬ ¢ëà ¦¥­¨ï¬ (21) ¨ (23) á ¤®¯ãáâ¨¬ë¬¨
§ ¬¥­ ¬¨ ª®®à¤¨­ â (22) ¨ (24) á®®â¢¥âáâ¢¥­­®.

�¡à â¨¬áï â¥¯¥àì ª® ¢â®à®¬ã ª®¬¬ãâ â®àã [X3; X1], ª®â®àë© ¤«ï
á«ãç ï (20) á®£« á­® ª« áá¨ä¨ª æ¨¨ (4) { (14) ¬®¦¥â ¡ëâì à ¢¥­ 0,
�X1 ¨ �X2.

�ãáâì

[X3; X1] = 0: (25)
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�«ï ®¯¥à â®à®¢ (21) ª®¬¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥ (25) ¯à¨¢®¤¨â ª
ãà ¢­¥­¨ï¬ �x = 0, �x = 0, �x = 0, à¥è ï ª®â®àë¥ ­ å®¤¨¬ ¢ëà ¦¥­¨¥
¤«ï ®¯¥à â®à  X3:

X3 = �(y; z)@x + �(y; z)@y + � (y; z)@z : (26)

�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à¥ (26) ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (22):

X2 = (� + �'y + �'z)@� + �@� + (�{y + �{z)@#:

�à¥¤¯®«®¦¨¬, çâ® �2+�2 = 0 ¨ �z = 0, â® ¥áâì �(y; z) = �(y). �®£¤ 
X3 = �(�)@� ¨ ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ª®®à¤¨­ â ¯®«ãç ¥¬ ¢ëà ¦¥­¨ï

X1 = @x; X2 = y@x; X3 = �(y)@x : (27)

¯à¨ç¥¬ �00(y) 6= 0, â ª ª ª ®¯¥à â®àë X1, X2, X3 «¨­¥©­® ­¥§ ¢¨á¨¬ë.
�á«¨ ¦¥ �2 + �2 = 0 ¨ �z 6= 0, â® ¯®« £ ¥¬ { = �. �®£¤  X3 = #@� ¨

¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ª®®à¤¨­ â ¯à¨å®¤¨¬ ª ¢ëà ¦¥­¨ï¬

X1 = @x; X2 = y@x; X3 = z@x: (28)

�à¥¤¯®«®¦¨¬, ¤ «¥¥, çâ® �2+�2 6= 0 ¨ � = 0. �ã­ªæ¨¨ ' ¨ { ¢®§ì¬¥¬
¨§ à¥è¥­¨© ãà ¢­¥­¨© � + �'z = 0, �{z = 1. �®£¤  ¤«ï X3 ¯®«ãç ¥¬
¢ëà ¦¥­¨¥ X3 = @# ¨ ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ª®®à¤¨­ â

X1 = @x; X2 = y@x; X3 = @z: (29)

�á«¨ ¦¥ �2 + �2 6= 0 ¨ � 6= 0, â® äã­ªæ¨¨ ' ¨ { ¢®§ì¬¥¬ ¨§ â ª¨å
à¥è¥­¨© ãà ¢­¥­¨© � + �'y + �'z = 0, �{y + �{z = 0, ¤«ï ª®â®àëå
{z 6= 0. �®£¤  X3 = ~�(�; #)@�. �®§¢à é ïáì ª ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬
ª®íää¨æ¨¥­â®¢ ¨ ª®®à¤¨­ â, ¯®«ãç ¥¬:

X1 = @x; X2 = y@x; X3 = �(y; z)@y : (30)

�à¨ ¯®¤áâ ­®¢ª¥ ®¯¥à â®à®¢ (23) ¢ ª®¬¬ãâ â®à (25)  ­ «®£¨ç­® ¯®-
«ãç ¥¬ ãà ¢­¥­¨ï �x = 0, �x = 0, �x = 0 ¨, á«¥¤®¢ â¥«ì­®, ¢ëà ¦¥­¨¥
(26) ¤«ï ®¯¥à â®à  X3:

X1 = @x; X2 = @y;
X3 = �(y; z)@x + �(y; z)@y + � (y; z)@z

�
(31)

á ¤®¯ãáâ¨¬®© § ¬¥­®© ª®®à¤¨­ â (24).

52



�ëïá­¨¬ â¥¯¥àì, ª ª¨¥ ¢®§­¨ª îâ ¤®¯®«­¨â¥«ì­ë¥ ®£à ­¨ç¥­¨ï ­ 
®¯¥à â®àë (27) { (31), ¥á«¨ âà¥â¨© ª®¬¬ãâ â®à [X2; X3] ®¡à é ¥âáï ¢
­®«ì:

[X2; X3] = 0: (32)

�«ï ®¯¥à â®à®¢ (27), (28), (29), á®¢¯ ¤ îé¨å á ®¯¥à â®à ¬¨ (4.1),
(4.2), (4.3), ª®¬¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥ (32) ¢ë¯®«­ï¥âáï  ¢â®¬ â¨-
ç¥áª¨. �«ï ®¯¥à â®à®¢ ¦¥ (30) íâ® á®®â­®è¥­¨¥ ¢ë¯®«­ïâìáï ­¥ ¬®¦¥â,
â ª ª ª [X2; X3] = ��@x,   � 6= 0.

�®¤áâ ¢«ïï ¢ ãá«®¢¨¥ (32) ®¯¥à â®àë (31), ¯®«ãç ¥¬ ãà ¢­¥­¨ï �y =
0, �y = 0, �y = 0 ¨, á®®â¢¥âáâ¢¥­­®, ¤«ï ®¯¥à â®à  X3 ¢ëà ¦¥­¨¥

X3 = �(z)@x + �(z)@y + � (z)@z:

�à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (24):

X3 = (� + �'0)@� + (� + � 0)@� + �{0@#:

�á«¨ � = 0, â® X3 = ~�(#)@� + ~�(#)@� ¨ ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå
ª®íää¨æ¨¥­â®¢ ¨ ª®®à¤¨­ â ¯à¨å®¤¨¬ ª ¢ëà ¦¥­¨ï¬ (4.4), ¯à¨ç¥¬,
(�0)2 + (�0)2 6= 0, â ª ª ª ®¯¥à â®àë X1, X2, X3 «¨­¥©­® ­¥§ ¢¨á¨¬ë.

�á«¨ ¦¥ � 6= 0, â® äã­ªæ¨¨ ',  , { ¢®§ì¬¥¬ ¨§ à¥è¥­¨© ãà ¢­¥­¨©
� + �'0 = 0, � + � 0 = 0, �{0 = 1. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ X3 = @# ¨ ¢
¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ®¯¥à â®àë (4.5).

�â ª, ¤«ï  ¡¥«¥¢®©  «£¥¡àë (4) ¯®«ãç¥­® ¯ïâì à §«¨ç­ëå, ­¥ á¢®-
¤¨¬ëå ¤àã£ ª ¤àã£ã ­¨ª ª®© § ¬¥­®© ª®®à¤¨­ â (15) ¯à¥¤áâ ¢«¥­¨©
®¯¥à â®à ¬¨ ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢  R3, § ¤ ¢ ¥¬ëå ¢ëà ¦¥­¨-
ï¬¨ (4.1) { (4.5) ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë.

�ãáâì, ¤ «¥¥, ®¯¥à â®àë (30) ¨ (31) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

[X2; X3] = X1: (33)

ª®â®à®¥ ¤«ï ®¯¥à â®à®¢ (27), (28), (29) ­¥ ¢ë¯®«­ï¥âáï.
�«ï ®¯¥à â®à®¢ (30) ¨§ ãá«®¢¨ï (33) «¥£ª® ¯®«ãç ¥¬: � = �1 ¨ X3 =

�@y, â® ¥áâì ¢ëà ¦¥­¨ï (5.1) ¡ §¨á­ëå ®¯¥à â®à®¢, ¯à¥¤áâ ¢«ïîé¨å
 «£¥¡àã (5).

�®¤áâ ¢«ïï ¢ ª®¬¬ãâ â®à (33) ®¯¥à â®àë (31), ¯®«ãç ¥¬ ãà ¢­¥­¨ï
�y = 1, �y = 0, �y = 0 ¨ ¤«ï ®¯¥à â®à  X3 ¯®á«¥ ¨å ¨­â¥£à¨à®¢ ­¨ï
¢ëà ¦¥­¨¥

X3 = (y + �(z))@x + �(z)@y + � (z)@z :
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�à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (24):

X3 = (y + �+ �'0)@� + (� + � 0)@� + �{0@#: (34)

�á«¨ � = 0 ¨ � = � = const, â®, ¯®« £ ï  = �, ¯®«ãç ¥¬ ¢ ¯à¥¦-
­¨å ®¡®§­ ç¥­¨ïå ¡ §¨á­ë¥ ®¯¥à â®àë (5.2) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (5),
¯à¨ç¥¬ ¯®áâ®ï­­ ï � ¬®¦¥â ¯à¨­¨¬ âì «î¡ë¥ §­ ç¥­¨ï. �®áª®«ìªã ¢
¢ëà ¦¥­¨¨ (5.2) ¤«ï ®¯¥à â®à  X3 ¯®áâ®ï­­ ï � ­¨ª ª®© § ¬¥­®© ª®-
®à¤¨­ â ­¥ ¬®¦¥â ¡ëâì ¨§¬¥­¥­ , á®®â¢¥âáâ¢ãîé¨¥ à §­ë¬ §­ ç¥­¨ï¬
íâ®© ¯®áâ®ï­­®© ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (5) ­¥ á¢®¤¨¬ë ¤àã£ ª ¤àã£ã.

�á«¨ ¦¥ ¢ ¢ëà ¦¥­¨¨ (34) � = 0 ¨ � 6= const, â®, ¯®« £ ï  = �
¨ { = �, ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ¯®«ãç ¥¬ ¢ëà ¦¥­¨ï (5.3) ¡ §¨á­ëå
®¯¥à â®à®¢ ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (5).

�á«¨ ¦¥, ­ ª®­¥æ, ¢ ¢ëà ¦¥­¨¨ (34) � 6= 0, â® äã­ªæ¨¨ ',  , { ¢®§ì-
¬¥¬ ¨§ à¥è¥­¨© ãà ¢­¥­¨© �{0 = 1, � + � 0 = 0, � + � + �'0 = 0, â®
¥áâì X3 = �@� + @# ¨ ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ª®®à¤¨­ â ¯®«ãç ¥¬ ¢ë-
à ¦¥­¨ï (5.4) ¡ §¨á­ëå ®¯¥à â®à®¢ ¯®á«¥¤­¥£® ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë
(5).

�ëè¥ ¡ë« ¯®«­®áâìî à áá¬®âà¥­ á«ãç © ª®¬¬ãâ¨à®¢ ­¨ï ¯® ãá«®-
¢¨î (25) ®¯¥à â®à®¢ X1 ¨ X3. �¥à¥©¤¥¬ ª® ¢â®à®¬ã á«ãç î ¨§ âà¥å
¢®§¬®¦­ëå, ª®£¤  ª®¬¬ãâ â®à [X3; X1] ¯® ª« áá¨ä¨ª æ¨¨ (4) { (14) ¯à¨
ãá«®¢¨¨ (20) ®â«¨ç¥­ ®â ­ã«ï ¨ à ¢¥­ �X1:

[X3; X1] = �X1: (35)

�®¤áâ ¢¨¬ ®¯¥à â®àë (21) ¨ (23), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (20), ¢
ª®¬¬ãâ â®à (35). �â¥£à¨àãï ¯®«ãç îé¨¥áï ¯à¨ íâ®¬ ãà ¢­¥­¨ï �x = 1,
�x = 0, �x = 0, ¯à¨å®¤¨¬ ª â ª¨¬ ¤«ï ­¨å ¢ëà ¦¥­¨ï¬ á®®â¢¥âáâ¢¥­­®:

X1 = @x; X2 = y@x;
X3 = (x+ �(y; z))@x + �(y; z)@y + � (y; z)@z ;

�
(36)

X1 = @x; X2 = @y;
X3 = (x+ �(y; z))@x + �(y; z)@y + � (y; z)@z ;

�
(37)

á ¤®¯ãáâ¨¬ë¬¨ § ¬¥­ ¬¨ ª®®à¤¨­ â (22) ¨ (24).
�¯¥à â®àë (36) ¨ (37) ã¤®¢«¥â¢®àïîâ ¤¢ã¬ ª®¬¬ãâ æ¨®­­ë¬ á®®â-

­®è¥­¨ï¬ (20) ¨ (35). �® ®¡é¥© ª« áá¨ä¨ª æ¨¨ (4) { (14) âà¥â¨© ª®¬-
¬ãâ â®à [X2; X3] ¬®¦¥â ¯à¨­¨¬ âì ¯à¨ íâ®¬ â ª¨¥ §­ ç¥­¨ï: X1 +X2;
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pX2, £¤¥ 0 < p2 < 1; X2; 0; �X2. � áá¬®âà¨¬ ®â¤¥«ì­® ¢á¥ íâ¨ ¯ïâì
á«ãç ¥¢.

�à¥¤¯®«®¦¨¬ á­ ç « , çâ®

[X2; X3] = X1 +X2: (38)

�®¤áâ ¢«ïï ¢ ãá«®¢¨¥ (38) ®¯¥à â®àë (36), «¥£ª® ­ å®¤¨¬: � = �1,
â® ¥áâì

X3 = (x+ �(y; z))@x � @y + � (y; z)@z ;

¯®á«¥ ç¥£® ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (22):

X3 = (x+ � � 'y + �'z)@� � @� + (�{y + �{z)@#:

�ã­ªæ¨¨ ' ¨ { ¢®§ì¬¥¬ ¨§ à¥è¥­¨© ãà ¢­¥­¨© � � ' � 'y + �'z =
0, �{y + �{z = 0 á {z 6= 0 ¨ â®£¤  X3 = �@� � @�. �®§¢à é ïáì ª
¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â, ¯®«ãç ¥¬ ¢ëà ¦¥­¨ï (6.1) ¡ §¨á­ëå
®¯¥à â®à®¢ ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (6).

�®¤áâ ¢¨¬ â ¯¥àì ¢ ª®¬¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥ (38) ®¯¥à â®àë
(37). �­â¥£à¨àãï ¢®§­¨ª îé¨¥ ¯à¨ íâ®¬ ãà ¢­¥­¨ï �y = 1, �y = 1,
�y = 0, ¤«ï ®¯¥à â®à  X3 ¯®«ãç ¥¬ ¢ëà ¦¥­¨¥

X3 = (x+ y + �(z))@x + (y + �(z))@y + � (z)@z ;

¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (24):

X3 = (x+ y + �+ �'0)@� + (y + � + � 0)@� + �{0@#:

�á«¨ � = 0, â® ¯®« £ ï ' = � � �,  = � ¨ ¢®§¢à é ïáì ª ¯à¥¦­¨¬
®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â, ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë (6.2) ¯à¥¤áâ -
¢«¥­¨ï  «£¥¡àë (6).

�á«¨ ¦¥ � 6= 0, â® äã­ªæ¨¨ ',  , { ¢®§ì¬¥¬ ¨§ à¥è¥­¨© á¨áâ¥¬ë
ãà ¢­¥­¨© ��'� + �'0 = 0, �� + � 0 = 0, �{0 = 1. �«ï ®¯¥à â®à 
X3 ¨¬¥¥¬ â®£¤  ¢ëà ¦¥­¨¥: X3 = (� + �)@� + �@� + @# ¨ ¢ ¯à¥¦­¨å
®¡®§­ ç¥­¨ïå ª®®à¤¨­ â ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë (6.3) ¯à¥¤áâ -
¢«¥­¨ï  «£¥¡àë (6).

� ¬¥â¨¬, çâ®  «£¥¡à  (6) ¨¬¥¥â âà¨ à §«¨ç­ëå ¯à¥¤áâ ¢«¥­¨ï, ª®-
â®àë¥ ­¥ á¢®¤ïâáï ¤àã£ ª ¤àã£ã ­¨ª ª®© ®¡é¥© § ¬¥­®© ª®®à¤¨­ â (15).

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ª®¬¬ãâ â®à [X2; X3] ¤«ï ®¯¥à â®à®¢ (40)
¨ (41) à ¢¥­ pX2:

[X2; X3] = pX2; (39)
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£¤¥ 0 < p2 < 1, â® ¥áâì p 6= +1; 0;�1.
�®¤áâ ¢¨¬ á­ ç «  ¢ ãá«®¢¨¥ (39) ®¯¥à â®àë (36). � à¥§ã«ìâ â¥ ¯®-

«ãç ¥¬: � = (1� p)y ¨ ¤«ï ®¯¥à â®à  X3 ¢ëà ¦¥­¨¥:

X3 = (x+ �(y; z))@x + (1� p)y@y + � (y; z)@z ;

¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (22):

X3 = (x+ �+ (1� p)y'y + �'z)@� + (1 � p)y@� +

+ ((1� p)y{y + �{z)@#:
(40)

�¥àï äã­ªæ¨¨ ' ¨ { ¨§ à¥è¥­¨© ãà ¢­¥­¨© ��'+(1�p)y'y +�'z = 0,
(1 � p)y{y + �{z = 0 á {z 6= 0, ¯®áª®«ìªã p 6= 1, ¨ ¢®§¢à é ïáì ª
¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â, ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë (7.1)
¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (7).

�®¤áâ ¢¨¬ ¢ ª®¬¬ãâ â®à (39) ®¯¥à â®àë (37). �­â¥£à¨àãï ¢®§­¨ª -
îé¨¥ ¯à¨ íâ®¬ ãà ¢­¥­¨ï �y = 0, �y = p, �y = 0, ¤«ï ®¯¥à â®à  X3

¯à¨å®¤¨¬ ª ¢ëà ¦¥­¨î

X3 = (x + �(z))@x(py + �(z))@y + � (z)@z;

¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (24):

X3 = (x + �+ �'0)@� + (py + � + � 0)@� + �{0@#: (41)

�á«¨ � = 0, â® ¯®«®¦¨¬ ' = �,  = �=p, ¯®áª®«ìªã p 6= 0, ¨ â®£¤ 
¡ã¤¥¬ ¨¬¥âì: X3 = �@� + p�@�. �®§¢à é ïáì ª ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬
ª®®à¤¨­ â, ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë (7.2) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë
(7).

�á«¨ ¦¥ � 6= 0, â® äã­ªæ¨¨ ',  , { ¢®§ì¬¥¬ ¨§ à¥è¥­¨© á¨áâ¥¬ë
ãà ¢­¥­¨© � � ' + �'0 = 0, � � p + � 0 = 0, �{0 = 1. �«ï ®¯¥à â®à 
X3 ¯à¨å®¤¨¬ ª ¢ëà ¦¥­¨î X3 = �@� + p�@� + @#,   ¯®á«¥ ¢®§¢à é¥­¨ï
ª ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë (7.3) ¯à¥¤áâ -
¢«¥­¨ï  «£¥¡àë (7).

�ãáâì, ¤ «¥¥, âà¥â¨© ª®¬¬ãâ â®à [X2; X3] ¤«ï ®¯¥à â®à®¢ (36) ¨ (37)
à ¢¥­ X2:

[X2; X3] = X2: (42)

�®à¬ «ì­® ª®¬¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥ (42) ¬®¦­® áç¨â âì ç áâ-
­ë¬ á«ãç ¥¬ á®®â­®è¥­¨ï (39), ¥á«¨ ¢ ­¥¬ ¤«ï p ¤®¯ãáâ¨âì §­ ç¥­¨¥,
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à ¢­®¥ ¥¤¨­¨æ¥. �®«®¦¨¬, ¯®íâ®¬ã, ¢ ¢ëà ¦¥­¨¨ (40) ¤«ï ®¯¥à â®à 
X2 p = 1:

X3 = (x+ � + �'z)@� + �{z@#:

�á«¨ � = 0, â® ¯à¨ ' = �, ¨¬¥¥¬X3 = �@�, ¨ ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå
ª®®à¤¨­ â, ¯®«ãç ¥â ¡ §¨á­ë¥ ®¯¥à â®àë (8.1) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë
(8).

�á«¨ ¦¥ � 6= 0, â® äã­ªæ¨¨ ' ¨ { ¡¥à¥¬ ¨§ à¥è¥­¨© ãà ¢­¥­¨©
� � ' + �'z = 0 ¨ �{z = 1 ¨ â®£¤  X3 = �@� + @#. �®§¢à é ïáì ª
¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â, ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë (8.2)
¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (8).

� ¬¥â¨¬, çâ® ¢ ¯®á«¥¤ãîé¨å ¯à¥®¡à §®¢ ­¨ïå ¢ëà ¦¥­¨ï (41) ¤«ï
®¯¥à â®à  X3 ãá«®¢¨¥ p 6= 1 ­¥ ¨á¯®«ì§®¢ «®áì, ¯®íâ®¬ã, ¯®« £ ï ¢ ®¯¥-
à â®à å (7.2) ¨ (7.3) p = 1, ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àã (8.3) ¨ (8.4)
¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (8).

�¥à¥©¤¥¬ ª à áá¬®âà¥­¨î á«ãç ï ª®¬¬ãâ¨à®¢ ­¨ï ®¯¥à â®à®¢ X2,
X3:

[X2; X3] = 0: (43)

�®à¬ «ì­® ãá«®¢¨¥ (43) ¬®¦­® ¯®«ãç¨âì ¨§ ª®¬¬ãâ æ¨®­­®£® á®®â-
­®è¥­¨ï (39), ¥á«¨ ¤®¯ãáâ¨âì ¢ ­¥¬ ­ã«¥¢®¥ §­ ç¥­¨¥ ¤«ï p. �®áª®«ìªã
¢ ¯®á«¥¤ãîé¨å ¯à¥®¡à §®¢ ­¨ïå ¢ëà ¦¥­¨ï (40) ®£à ­¨ç¥­¨¥ p 6= 0 ­¥
¨á¯®«ì§®¢ «®áì, ¯®«®¦¨¬ ¢ ®¯¥à â®à å (7.1) p = 0. � à¥§ã«ìâ â¥ ¯®«ã-
ç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë (9.1) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (9).

� ¯¨è¥¬ ¥é¥ ¢ëà ¦¥­¨¥ (41) ¤«ï ®¯¥à â®à X3, ¯®« £ ï ¢ ­¥¬ p = 0:

X3 = (x+ �+ �'0)@� + (� + � 0)@� + �{0@#:

�á«¨ � = 0 ¨ �0 = 0, â® ¯®«®¦¨¬ ' = �, â® ¥áâì X3 = �@�+�@� , £¤¥ �
{ ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �á«¨ ¦¥ � = 0 ¨ �0 6= 0, â® ¯®«®¦¨¬ ' = �,
{ = � ¨ â®£¤  X3 = �@� + #@�. �á«¨ ¦¥, ­ ª®­¥æ, � 6= 0, â® äã­ªæ¨¨
',  ¨ { ¢®§ì¬¥¬ ¨§ à¥è¥­¨© ãà ¢­¥­¨© � � ' + �'0 = 0, � + � 0 = 0.
�{0 = 1 ¨ â®£¤  X3 = �@� + @#. � ¨â®£¥ ¯®«ãç ¥ ¡ §¨á­ë¥ ®¯¥à â®àë
(9.2), (9.3) ¨ (9.4) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (9).

�ãáâì, ¢ § ª«îç¥­¨¥,

[X2; X3] = �X2: (44)
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�®¬¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥ (44) ä®à¬ «ì­® ¬®¦¥â ¡ëâì ¯®«ãç¥­®
¨§ á®®â­®è¥­¨ï (39), ¥á«¨ ¢ ­¥¬ ¯®«®¦¨âì p = �1. � ¤àã£®© áâ®à®­ë,
¯à¨ ¯à¥®¡à §®¢ ­¨ïå ¢ëà ¦¥­¨© (40) ¨ (41) ®£à ­¨ç¥­¨¥ p 6= �1 ­¥
¨á¯®«ì§®¢ «®áì. �®íâ®¬ã, ¯®« £ ï ¢ ®ª®­ç â¥«ì­ëå ¢ëà ¦¥­¨ïå (7.1),
(7.2), (7.3) p = �1, ¯®«ãç ¥¬ á®®â¢¥âáâ¢¥­­® ¡ §¨á­ë¥ ®¯¥à â®àë (10.1),
(10.2), (10.3) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (10).

�¥à­¥¬áï ª ®¯¥à â®à ¬ (21), (23), ¯®¤ç¨­ïîé¨¬áï ª®¬¬ãâ æ¨®­­®-
¬ã á®®â­®è¥­¨î (20), ¨ ¯®âà¥¡ã¥¬, çâ®¡ë ®­¨ ã¤®¢«¥â¢®àï«¨ â ª¦¥
á®®â­®è¥­¨î

[X3; X1] = �X2; (45)

¢å®¤ïé¥¬ã ¢  «£¥¡àë (11) ¨ (12).
�®¤áâ ¢¨¬ á­ ç «  ¢ á®®â­®è¥­¨¥ (45) ®¯¥à â®àë (21). �­â¥£à¨àãï

¢®§­¨ª îé¨¥ ¯à¨ íâ®¬ ãà ¢­¥­¨ï �x = y, �x = 0, �x = 0, ¯®«ãç ¥¬
¢ëà ¦¥­¨ï

X1 = @x; X2 = y@x;
X3 = (xy + �(y; z))@x + �(y; z)@y + � (y; z)@z

�
(46)

á ¤®¯ãáâ¨¬®© § ¬¥­®© ª®®à¤¨­ â (22).
�®¤áâ ¢¨¬ ¢ â® ¦¥ á®®â­®è¥­¨¥ (45) ®¯¥à â®àë (23). �­â¥£à¨àãï

¢®§­¨ª îé¨¥ ¯à¨ íâ®¬ ãà ¢­¥­¨ï �x = 0, �x = 1, �x = 0, ¯®«ãç ¥¬
¢ëà ¦¥­¨ï

X1 = @x; X2 = @y;
X3 = �(y; z)@x + (x+ �(y; z))@y + � (y; z)@z

�
(47)

á ¤®¯ãáâ¨¬®© § ¬¥­®© ª®®à¤¨­ â (24).
�¯¥à â®àë (46) ¨ (47) ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ (20), (45). �®-

âà¥¡ã¥¬ ¤«ï ­¨å ¢ë¯®«­¥­¨ï âà¥âì¥£® ª®¬¬ãâ æ¨®­­®£® á®®â­®è¥­¨ï,
¢å®¤ïé¥£® ¢  «£¥¡àã (11):

[X2; X3] = �X1 + qX2; (48)

£¤¥ 0 < q < 2.
�®¤áâ ¢«ïï ¢ á®®â­®è¥­¨¥ (48) ®¯¥à â®àë (46), «¥£ª® ­ å®¤¨¬;

�(y; z) = y2 � qy + 1; (49)

¯®á«¥ ç¥£® ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (22):

X3 = (xy + �+ �'y + �'z)@� + �@� + (�{y + �{z)@#:
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�®áª®«ìªã á®£« á­® ¢ëà ¦¥­¨î (49) � 6= 0, äã­ªæ¨¨ ' ¨ { ¬®¦­® ¢§ïâì
¨§ à¥è¥­¨© ãà ¢­¥­¨© � � y' + �'y + �'z = 0 ¨ �{y + �{z = 0, â®
¥áâì X3 = ��@� +(�2� q�+1)@�. �®§¢à é ïáì ª ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬
ª®®à¤¨­ â, ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë (11.1) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë
(11).

�®¤áâ ¢¨¬ â¥¯¥àì ¢ á®®â­®è¥­¨¥ (48) ®¯¥à â®àë (47). �­â¥£à¨àãï
¢®§­¨ª îé¨¥ ¯à¨ íâ®¬ ãà ¢­¥­¨ï �y = �1, �y = q, �y = 0, ¯à¨å®¤¨¬ ª
á«¥¤ãîé¥¬ã ¢ëà ¦¥­¨î ¤«ï ®¯¥à â®à  X3:

X3 = (�y + �(z))@x + (x+ qy + �(z))@y + � (z)@z ;

¢ ª®â®à®¬ ¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (24):

X3 = (�y + � + �'0)@� + (x+ qy + � + � 0)@� + �{0@#:

�á«¨ � = 0, â® ¯®«®¦¨¬  = ��, ' = q� + � ¨ â®£¤  X3 = ��@� +
(�+ q�)@� . �®§¢à é ïáì ª ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â, ¯®«ãç ¥¬
¡ §¨á­ë¥ ®¯¥à â®àë (11.2) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (11). �á«¨ ¦¥ � 6= 0,
â® äã­ªæ¨¨ ',  , { ¡¥à¥¬ ¨§ à¥è¥­¨© á¨áâ¥¬ë ãà ¢­¥­¨© �+ +�'0 = 0,
� � ' � q + � 0 = 0, �{0 = 1 ¨ â®£¤  X3 = ��@� + (� + q�)@� + @#.
�®§¢à é ïáì ª ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â, ¯®«ãç ¥¬ ¡ §¨á­ë¥
®¯¥à â®àë (11.3) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (11).

�à¥â¨© ª®¬¬ãâ â®à  «£¥¡àë (12): [X2; X3] = �X1 ä®à¬ «ì­® ¬®¦-
­® à áá¬ âà¨¢ âì ª ª ç áâ­ë© á«ãç © ª®¬¬ãâ â®à  (48), ¥á«¨ ¢ ­¥¬
¤«ï q ¤®¯ãáâ¨âì ­ã«¥¢®¥ §­ ç¥­¨¥. � ¤àã£®© áâ®à®­ë, ¯à¨ ¯®¤áâ ­®¢ª¥
®¯¥à â®à®¢ (46), (47) ¢ ª®¬¬ãâ â®à (48) ¨ ¯®á«¥¤ãîé¨å ¨å ¯à¥®¡à §®-
¢ ­¨ïå á ¯®¬®éìî § ¬¥­ ª®®à¤¨­ â (22), (24) ®£à ­¨ç¥­¨¥ q 6= 0 ­¥
¨á¯®«ì§®¢ «®áì. �®íâ®¬ã ¨§ ¡ §¨á­ëå ®¯¥à â®à®¢ (11.1), (11.2), (11.3)
¯à¥¤áâ ¢«¥­¨©  «£¥¡àë (11) ¬®¦­® áà §ã ¯®«ãç¨âì á®®â¢¥âáâ¢ãîé¨¥
¯à¥¤áâ ¢«¥­¨ï (12.1), (12.2), (12.3)  «£¥¡àë (12), ¥á«¨ ¯à®áâ® ¯®«®¦¨âì
¢ ­¨å q = 0.

�ëè¥ ¡ë« ¯®«­®áâìî à áá¬®âà¥­ á«ãç ©, ª®£¤  ¯® ª« áá¨ä¨ª æ¨¨
(4) { (14) ¯¥à¢ë© ª®¬¬ãâ â®à [X1; X2] ®¡à é ¥âáï ¢ ­ã«ì. �¥à¥©¤¥¬ ª
¨áá«¥¤®¢ ­¨î ¢â®à®£® ¢®§¬®¦­®£® á«ãç ï, ª®£¤  íâ®â ª®¬¬ãâ â®à ®â-
«¨ç¥­ ®â ­ã«ï:

[X1; X2] = X3: (50)

�à¨ ¯®¤áâ ­®¢ª¥ ®¯¥à â®à®¢ (22) ¢ ª®¬¬ãâ æ¨®­­®¥ á®®â­®è¥­¨¥
(50) ãáâ ­ ¢«¨¢ îâáï á«¥¤ãîé¨¥ á¢ï§¨: �2x = �3, �2x = �3, �2x = �3,
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¨á¯®«ì§ãï ª®â®àë¥ ¯¥à¥¯¨è¥¬ íâ¨ ®¯¥à â®àë, ®¯ãáâ¨¢ ¤«ï ã¯à®é¥­¨ï
§ ¯¨á¨ ¨­¤¥ªá "2":

X1 = @x;
X2 = �(x; y; z)@x + �(x; y; z)@y + � (x; y; z)@z;

X3 = �x(x; y; z)@x + �x(x; y; z)@y + �x(x; y; z)@z;

9=
; (51)

¯à¨ç¥¬ § ¬¥­  ª®®à¤¨­ â (19) ¯®-¯à¥¦­¥¬ã ®áâ ¥âáï ¤®¯ãáâ¨¬®©.
�ãáâì ¥é¥ ¤«ï ®¯¥à â®à®¢ (51) ¢ë¯®«­ï¥âáï ¢â®à®¥ ª®¬¬ãâ æ¨®­­®¥

á®®â­®è¥­¨¥  «£¥¡à (13) ¨ (14):

[X3; X1] = X2: (52)

¯à¨ ¯®¤áâ ­®¢ª¥ ¢ ª®â®à®¥ íâ¨å ®¯¥à â®à®¢ ¯®«ãç ¥¬ ãà ¢­¥­¨ï: �xx +
� = 0, �xx + � = 0, �xx + � = 0, à¥è¥­¨ï ª®â®àëå å®à®è® ¨§¢¥áâ­ë:

�(x; y; z) = �(y; z) sinx+ �(y; z) cos x;
�(x; y; z) = �(y; z) sinx+ �(y; z) cosx;
� (x; y; z) = � (y; z) sinx+ �(y; z) cos x;

9=
; (53)

£¤¥ �2+�2+�2+�2+�2+�2 6= 0, â ª ª ªX2,X3 { ­¥­ã«¥¢ë¥ ®¯¥à â®àë.
�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à å (51) á ª®íää¨æ¨¥­â ¬¨ (53) ¤®¯ãáâ¨¬ãî

§ ¬¥­ã ª®®à¤¨­ â (19). �ëà ¦¥­¨¥ ¤«ï ®¯¥à â®à  X2, ­ ¯à¨¬¥à, ¯®á«¥
­¥ª®â®àëå ®ç¥¢¨¤­ëå ¯à¥®¡à §®¢ ­¨© ¯à¨ â ª®© § ¬¥­¥ áâ ­¥â á«¥¤ã-
îé¨¬:

X2 = f[� sin'+ � cos' +
+ (� sin' + � cos')'y + (� sin'+ � cos')'z] sin � +
+ [� cos'� � sin'+
+ (� cos'� � sin')'y + (� cos'� � sin')'z] cos �g@� +
+ f[(� sin' + � cos') y + (� sin'+ � cos') z ] sin � +
+ [(� cos' � � sin') y + (� cos'� � sin') z ] cos �g@� +
+ f[(� sin' + � cos'){y + (� sin'+ � cos'){z] sin � +
+ [(� cos' � � sin'){y + (� cos'� � sin'){z] cos �g@#:

�ã­ªæ¨î ' ¢®§ì¬¥¬ ¨§ à¥è¥­¨© ãà ¢­¥­¨ï

� cos' � � sin' +
+ (� cos' � � sin')'y + (� cos' � � sin')'z = 0:
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�á«¨ �2+ �2+ �2+ �2 = 0 (¨ ¯®â®¬ã �2+�2 6= 0), â® ¢ ¯à¥¦­¨å ®¡®-
§­ ç¥­¨ïå ª®íää¨æ¨¥­â®¢ ¨ ª®®à¤¨­ â ¯®«ãç ¥¬ ¢ëà ¦¥­¨ï ¤«ï ®¯¥-
à â®à®¢ X1, X2, X3:

X1 = @x; X2 = �(y; z) sinx@x; X3 = �(y; z) cos x@x: (54)

�á«¨ ¦¥ �2 + �2 + �2 + �2 6= 0, ­® ¯à¨ íâ®¬ � sin' + � cos' = 0
¨ � sin' + � cos' = 0 (¨ ¯®â®¬ã, ®ç¥¢¨¤­®, � cos' � � sin' 6= 0
¨«¨ � cos' � � sin' 6= 0), â® äã­ªæ¨¨  ¨ { ¢®§ì¬¥¬ ¨§ ­¥§ ¢¨á¨¬ëå
à¥è¥­¨© ãà ¢­¥­¨©

(� cos'� � sin') y + (� cos' � � sin') z = 1;
(� cos'� � sin'){y + (� cos'� � sin'){z = 0

¨ â®£¤  ¤«ï ®¯¥à â®à®¢ X1, X2, X3 ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ¯®«ãç ¥¬
á«¥¤ãîé¨¥ ¢ëà ¦¥­¨ï

X1 = @x; X2 = �(y; z) sin x@x + cos x@y;
X3 = �(y; z) cos x@x � sinx@y:

�
(55)

�á«¨ ¦¥, ¤ «¥¥, �2 + �2+ �2+ �2 6= 0, ­® ¯à¨ íâ®¬ � cos'� � sin' = 0
¨ � cos' � � sin' = 0 (¨ ¯®â®¬ã, ®ç¥¢¨¤­®, � sin' + � cos' 6= 0
¨«¨ � sin' + � cos' 6= 0), â® äã­ªæ¨¨  ¨ { ¢®§ì¬¥¬ ¨§ ­¥§ ¢¨á¨¬ëå
à¥è¥­¨© ãà ¢­¥­¨©

(� sin' + � cos') y + (� sin'+ � cos') z = 1;
(� sin' + � cos'){y + (� sin' + � cos'){z = 0

¨ â®£¤  ¤«ï ®¯¥à â®à®¢ X1, X2, X3 ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ¯®«ãç ¥¬
á«¥¤ãîé¨¥ ¢ëà ¦¥­¨ï

X1 = @x; X2 = �(y; z) sin x@x + sinx@y;
X3 = �(y; z) cos x@x + cos x@y:

�
(56)

�á«¨ ¦¥, ­ ª®­¥æ, ¯à¨ �2 + �2+ �2+ �2 6= 0 ¨¬¥¥¬ � sin'+ � cos' 6= 0
¨«¨ � sin'+� cos' 6= 0 ¨ � cos'�� sin' 6= 0 ¨«¨ � cos'�� sin' 6= 0,
â® äã­ªæ¨¨  ¨ { ¢®§ì¬¥¬ ¨§ ­¥§ ¢¨á¨¬ëå à¥è¥­¨© ãà ¢­¥­¨©

(� sin' + � cos') y + (� sin'+ � cos') z = 0;
(� cos'� � sin'){y + (� cos'� � sin'){z = 1;
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ª®â®àë¥ ¢á¥£¤  ¨¬¥îâ ­¥§ ¢¨á¨¬ë¥ à¥è¥­¨ï. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ���
�� = 0, â® ­¥§ ¢¨á¨¬ë ®â«¨ç­®¥ ®â ¯®áâ®ï­­®© à¥è¥­¨¥  ¯¥à¢®£® ãà ¢-
­¥­¨ï ¨ «î¡®¥ à¥è¥­¨¥ { ¢â®à®£® ãà ¢­¥­¨ï. �á«¨ ¦¥ �� � �� 6= 0, â®
­¥§ ¢¨á¨¬ë ®â«¨ç­ë¥ ®â ¯®áâ®ï­­ëå à¥è¥­¨ï  ¨ {0 ¯¥à¢®£® ãà ¢­¥-
­¨ï ¨ ®¤­®à®¤­®© ç áâ¨ ¢â®à®£®. �®íâ®¬ã, ¥á«¨ à¥è¥­¨¥  ¨ ­¥ª®â®à®¥
ç áâ­®¥ à¥è¥­¨¥ {1 ¢â®à®£® ãà ¢­¥­¨ï ®ª ¦ãâáï § ¢¨á¨¬ë¬¨, â® ­¥§ -
¢¨á¨¬ë¬¨ ¡ã¤ãâ, ®ç¥¢¨¤­®, à¥è¥­¨ï  ¨ { = {0 + {1. �«ï ®¯¥à â®à®¢
X1, X2, X3 ¯®íâ®¬ã ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ¬®¦¥¬ § ¯¨á âì á«¥¤ãî-
é¨¥ ¢ëà ¦¥­¨ï:

X1 = @x;
X2 = �(y; z) sinx@x + �(y; z) cosx@y + (� (y; z) sin x+ cos x)@z;
X3 = �(y; z) cos x@x � �(y; z) sinx@y + (� (y; z) cos x� sinx)@z:

9=
;
(57)

�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à å (57) ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â

� = x; � =  (y; z); # = {(y; z): (58)

�«ï ®¯¥à â®à  X2, ¢ ç áâ­®áâ¨, â®£¤  ¨¬¥¥¬:

X2 = � sinx@� + (� z sinx+ (� y +  z) cosx)@� +
+ (�{z sinx+ (�{y + {z) cosx)@#:

�á«¨ � = 0, â® äã­ªæ¨¨  ¨ { ¢®§ì¬¥¬ ¨§ ­¥§ ¢¨á¨¬ëå à¥è¥­¨©
ãà ¢­¥­¨© � y +  z = 1 ¨ �{y + {z = 0, â® ¥áâì X2 = ~�(�; #) sin �@� +
cos �@� ¨ ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ¢®§¢à é ¥¬áï ª ¢ëà ¦¥­¨ï¬ (55).

�á«¨ ¦¥ � 6= 0, ­® � = 0, â® äã­ªæ¨¨  ¨ { ¡¥à¥¬ ¨§ ­¥§ ¢¨á¨¬ëå à¥-
è¥­¨© ãà ¢­¥­¨© � z = 1 ¨ {z = 0, â® ¥áâìX2 = ~�(�; #) sin�@�+(sin �+
~�(�; #) cos �)@�, ¨ ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ª®íää¨æ¨¥­â®¢ ¨ ª®®à¤¨­ â
¤«ï ®¯¥à â®à®¢ X1, X2, X3 ¯®«ãç ¥¬ â ª¨¥ ¢ëà ¦¥­¨ï:

X1 = @x;
X2 = �(y; z) sinx@x + (sinx+ �(y; z) cos x)@y;
X3 = �(y; z) cos x@x + (cos x� �(y; z) sinx)@y;

9=
; (59)

¯à¨ç¥¬ §¤¥áì � 6= 0.
�ãáâì â¥¯¥àì ®¤­®¢à¥¬¥­­® � 6= 0 ¨ � 6= 0. � ¡¥£ ï ¢¯¥à¥¤, ¯®¤áâ ¢¨¬

®¯¥à â®àë (57) ¢ âà¥â¨© ª®¬¬ãâ â®à  «£¥¡à (13) ¨ (14) [X2; X3] = "X1,
£¤¥ " = +1 ¨ " = �1 á®®â¢¥âáâ¢¥­­®. �à¨ íâ®© ¯®¤áâ ­®¢ª¥, ¢ ç áâ­®-
áâ¨, ¯®«ãç ¥¬ ãà ¢­¥­¨¥ ��z = 0, ¨§ ª®â®à®£® ¯à¨ � 6= 0 á«¥¤ã¥â �z = 0,
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â® ¥áâì �(y; z) = �(y). �®íâ®¬ã äã­ªæ¨¨  ¨ { § ¬¥­ë (58) ¢®§ì¬¥¬
¨§ ­¥§ ¢¨á¨¬ëå à¥è¥­¨© ãà ¢­¥­¨©  z = 0, � y = 1, �{y + {z = 0 á

{z 6= 0 ¨ â®£¤  X2 = ~�(�; #) sin �@� + cos �@� + ~� (�; #) sin �@#. �®§¢à -
é ïáì ª ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬, ¯®«ãç ¥¬ ¤«ï ®¯¥à â®à®¢ X1, X2, X3

á«¥¤ãîé¨¥ ¢ëà ¦¥­¨ï:

X1 = @x;
X2 = �(y; z) sin x@x + cosx@y + � (y; z) sin x@z;
X3 = �(y; z) cos x@x � sinx@y + � (y; z) cos x@z;

9=
; (60)

£¤¥, ®ç¥¢¨¤­®, � 6= 0.
�¯¥à â®àë (54), (55), (56) ¨ (59), (60) ã¤®¢«¥â¢®àïîâ ¯¥à¢ë¬ ¤¢ã¬

ª®¬¬ãâ æ¨®­­ë¬ á®®â­®è¥­¨ï¬ (50) ¨ (52)  «£¥¡à (13), (14). �à¥¤¯®«®-
¦¨¬, çâ® ®­¨ ã¤®¢«¥â¢®àïîâ âà¥âì¥¬ã ª®¬¬ãâ æ¨®­­®¬ã á®®â­®è¥­¨î
 «£¥¡àë (13):

[X2; X3] = X1: (61)

�®¤áâ ¢¨¬ á­ ç «  ¢ ª®¬¬ãâ â®à (61) ®¯¥à â®àë (54). �â­®á¨â¥«ì-
­® ª®íää¨æ¨¥­â  � ¯®«ãç ¥¬ ãà ¢­¥­¨¥ �2 = �1, ª®â®à®¥ ¢ ®¡« áâ¨
¤¥©áâ¢¨â¥«ì­ëå äã­ªæ¨© à¥è¥­¨ï ­¥ ¨¬¥¥â. �® ¥áâì ®¯¥à â®àë (54)
ª®¬¬ãâ æ¨®­­®¬ã á®®â­®è¥­¨î (61) ã¤®¢«¥â¢®àïâì ­¥ ¬®£ãâ ­¨ ¯à¨
ª ª¨å ¢ëà ¦¥­¨ïå ¤«ï ª®íää¨æ¨¥­â  �.

�®¤áâ ¢¨¬ â¥¯¥àì ¢ ª®¬¬ãâ â®à (61) ®¯¥à â®àë (55). �â­®á¨â¥«ì-
­® ª®íää¨æ¨¥­â  � ¯®«ãç ¥¬ ãà ¢­¥­¨¥ �y = �2 + 1, à¥è¥­¨¥ ª®â®-
à®£® «¥£ª® ­ å®¤¨âáï: � = tg(y + a(z)), £¤¥ a { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï
®¤­®© ¯¥à¥¬¥­­®©. �à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â � = x,
� = y +  (z), # = {(z), ¢ ª®â®à®© ¯®«®¦¨¬  (z) = a(z). �®§¢à é -
ïáì ª ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â, ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë
(13.1) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (13).

�®¤áâ ¬¨¬, ¤ «¥¥, ¢ ª®¬¬ãâ â®à (61) ®¯¥à â®àë (56). �â­®á¨â¥«ì­®
ª®íää¨æ¨¥­â  � ¯®«ãç ¥¬ ¤¢  ï¢­® ­¥á®¢¬¥áâ¨¬ëå á«¥¤áâ¢¨ï: �2 = �1
¨ � = 0. �® ¥áâì ®¯¥à â®àë (56) ª®¬¬ãâ æ¨®­­®¬ã á®®â­®è¥­¨î (61)
ã¤®¢«¥â¢®àïâì ­¥ ¬®£ãâ.

� ®¯¥à â®à å (59), £¤¥ � 6= 0, ¯à¥¤¢ à¨â¥«ì­® ¯à®¨§¢¥¤¥¬ ®¡éãî
¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (19):

X2 = f[� cos'+ (� sin'+ cos')'y] sin � +
+ [�� sin'+ (� cos' � sin')'y ] cos �g@� +

+[(� sin' + cos') y sin � + (� cos' � sin') y cos �]@� +
+[(� sin' + cos'){y sin � + (� cos'� sin'){y cos �]@#:
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�ã­ªæ¨¨ ',  ¨ { ¢®§ì¬¥¬ ¨§ à¥è¥­¨© á¨áâ¥¬ë ãà ¢­¥­¨© � sin' +
cos' = 0, (� cos' � sin') y = 1, {y = 0. �¨ää¥à¥­æ¨àãï ¯¥à¢®¥ ¨§
ãà ¢­¥­¨© á¨áâ¥¬ë ¯® y ¨ ¨á¯®«ì§ãï ãà ¢­¥­¨¥ � + �y = 0, ¢®§­¨ª -
îé¥¥ ¯à¨ ¯®¤áâ ­®¢ª¥ ®¯¥à â®à®¢ (59) ¢ ª®¬¬ãâ â®à (61), ãáâ ­ ¢«¨-
¢ ¥¬, ¤®¯®«­¨â¥«ì­®, çâ® (� cos' � sin')'y � � sin' = 0 ¨ ¯®â®¬ã

X2 = ~�(�; #) sin �@� + cos �@�. �®§¢à é ïáì ª ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬
ª®íää¨æ¨¥­â®¢ ¨ ª®®à¤¨­ â, ¯®«ãç ¥¬ ¤«ï ®¯¥à â®à®¢ X1, X2, X3 ¢ë-
à ¦¥­¨ï (55), ª®â®àë¥ ¢ëè¥ ã¦¥ ¡ë«¨ à áá¬®âà¥­ë.

�®¤áâ ¢¨¬, ­ ª®­¥æ, ¢ ª®¬¬ãâ â®à (61) ®¯¥à â®àë (60). �à ¢­¥­¨ï
�y = �2+1 ¨ �y ��� = 0, ¢®§­¨ª îé¨¥ ¯à¨ íâ®¬, «¥£ª® ¨­â¥£à¨àãîâáï
¨ ¨å à¥è¥­¨ï ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

�(y; z) = tg(y + a(z)); � (y; z) = � (z)= cos(y + a(z)); (62)

£¤¥ a(z) ¨ � (z) { ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ®¤­®© ¯¥à¥¬¥­­®©, ¯à¨ç¥¬
� (z) 6= 0.

�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à å (60) á ª®íää¨æ¨¥­â ¬¨ (62) ¤®¯ãáâ¨¬ãî
§ ¬¥­ã ª®®à¤¨­ â (24) á '(z) = 0. �«ï ®¯¥à â®à  X2, ¢ ç áâ­®áâ¨,
¯®«ãç ¥¬:

X2 = tg(y + a(z)) sin x@� +
(cos x+ � (z) 0(z) sec(y + a(z)) sinx)@� + � (z) sec(y + a(z)) sinx {0(z)@#:

�®« £ ï  (z) = a(z) ¨ � (z){0(z) = 1, ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ¯à¨å®¤¨¬
ª â ª®¬ã ¢ëà ¦¥­¨î:

X2 = tgy sinx@x + (cos x+ �(z) sec y sinx)@y + sec y sinx@z; (63)

£¤¥ �(z) { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©.
� «¥¥ ¢ ¢ëà ¦¥­¨¨ (63) ¯à®¨§¢¥¤¥¬ ®¡éãî ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®-

®à¤¨­ â (19):

X2 = f[tgy cos' + (sin'+ �(z) sec y cos')'y + sec y cos' 'z] sin � +
+ [�tgy sin' + (cos'� �(z) sec y sin')'y � sec y sin' 'z] cos �g@� +
+ f[(sin' + �(z) sec y cos') y + sec y cos'  z] sin � +
+ [(cos'� �(z) sec y sin') y � sec y sin'  z] cos �g@� +
+ f[(sin' + �(z) sec y cos'){y + sec y cos' {z] sin � +
+ [(cos'� �(z) sec y sin'){y � sec y sin' {z] cos �g@#:

�ã­ªæ¨¨ ',  , { ¢®§ì¬¥¬ ¨§ à¥è¥­¨© á«¥¤ãîé¥© á¨áâ¥¬ë è¥áâ¨
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ãà ¢­¥­¨©:

tgy cos' + (sin' + �(z) sec y cos')'y + sec y cos' 'z = tg ;

� tgy sin' + (cos'� �(z) sec y sin')'y � sec y sin' 'z = 0;

(sin'+ �(z) sec y cos') y + sec y cos'  z = 0;

(cos'� �(z) sec y sin') y � sec y sin'  z = 1;

(sin'+ �(z) sec y cos'){y + sec y cos' {z = sec ;

(cos'� �(z) sec y sin'){y � sec y sin' {z = 0:

(64)

�¥à¥¯¨è¥¬ á¨áâ¥¬ã (64) ¢ ¢¨¤¥, à §à¥è¥­­®¬ ®â­®á¨â¥«ì­® ç áâ­ëå
¯à®¨§¢®¤­ëå ®â ­¥¨§¢¥áâ­ëå äã­ªæ¨© ',  , {:

'y = sin' tg ;
'z = cos y cos' tg � �(z) sin' tg � sin y;
 y = cos';
 z = � sin' cos y � �(z) cos';
{y = sin' sec ;
{z = cos y cos' sec � �(z) sin' sec  :

�á¯®«ì§ãï íâ¨ ¢ëà ¦¥­¨ï, «¥£ª® ¬®¦­® ãáâ ­®¢¨âì, ¢®-¯¥à¢ëå, ®â-
«¨ç¨¥ ®â ­ã«ï ïª®¡¨ ­  @( ;{)=@(y; z) ¨, ¢®-¢â®àëå, à ¢¥­áâ¢® á¬¥è ­-
­ëå ¯à®¨§¢®¤­ëå: 'yz = 'zy ,  yz =  zy, {yz = {zy, çâ®, ª ª ¨§¢¥áâ­®,
ï¢«ï¥âáï ãá«®¢¨¥¬, ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬, ¨­â¥£à¨àã¥¬®áâ¨ á¨-
áâ¥¬ë ãà ¢­¥­¨© (64).

� ª¨¬ ®¡à §®¬, ¯à®¨§¢®«ì­ ï äã­ªæ¨ï �(z) ¬®¦¥â ¡ëâì ¨áª«îç¥­ 
¨§ ¢ëà ¦¥­¨ï (63) § ¬¥­®© ª®®à¤¨­ â (19) á äã­ªæ¨ï¬¨ ',  , {, ï¢«ï-
îé¨¬¨áï à¥è¥­¨ï¬¨ á¨â¥¬ë ãà ¢­¥­¨© (64). � à¥§ã«ìâ â¥ ¯®«ãç ¥¬
¡ §¨á­ë¥ ®¯¥à â®àë (13.2) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (13).

�®¤áâ ¢¨¬, ¢ § ª«îç¥­¨¥, ®¯¥à â®àë (54), (55), (56) ¨ (59), (60) ¢
âà¥â¨© ª®¬¬ãâ â®à  «£¥¡àë (14):

[X2; X3] = �X1: (65)

�«ï ®¯¥à â®à®¢ (54) ¯à¨ ¯®¤áâ ­®¢ª¥ ¢ ª®¬¬ãâ â®à (65) ¯®«ãç ¥¬
ãà ¢­¥­¨¥ �2 = 1 ¨ ¯®â®¬ã � = �1. �à¨ � = +1 ¯®«ãç ¥¬ ¡ §¨á­ë¥
®¯¥à â®àë (14.1) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (14). �á«¨ ¦¥ � = �1, â® § -
¬¥­  ª®®à¤¨­ â � = x+�, � = y, # = z ¯à¨¢®¤¨â ª â¥¬ ¦¥ ¢ëà ¦¥­¨ï¬
(14.1).
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�®¤áâ ¢¨¬ â¥¯¥àì ®¯¥à â®àë (55) ¢ ª®¬¬ãâ â®à (65). �®§­¨ª îé¥¥
¯à¨ íâ®¬ ãà ¢­¥­¨¥ �y = �2 � 1 ¨¬¥¥â ç¥âëà¥ à §«¨ç­ëå à¥è¥­¨ï:
� = �1, � = �th(y + a(z)), � = �cth(y + a(z)), £¤¥ a(z) { ¯à®¨§¢®«ì­ ï
äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©. �à¨ � = +1 ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®-
àë (14.2) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (14). �á«¨ ¦¥ � = �1, â®, ¯à®¨§¢®¤ï
§ ¬¥­ã ª®®à¤¨­ â � = x + �, � = �y, # = z, ¯à¨å®¤¨¬ ª â¥¬ ¦¥ ¢ë-
à ¦¥­¨ï¬ (14.2). �á«¨ � = �th(y + a(z)) ¨«¨ � = �cth(y + a(z)), â®
¯®á«¥ ¤®¯ãáâ¨¬®© § ¬¥­ë ª®®à¤¨­ â � = x, � = y+ (z), # = z, ¯®« £ ï
 (z) = a(z), ¯®«ãç ¥¬ á®®â¢¥âáâ¢¥­­® ¡ §¨á­ë¥ ®¯¥à â®àë (14.3) ¨«¨
(14.4) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (14).

�à¨ ¯®¤áâ ­®¢ª¥ ®¯¥à â®à®¢ (56) ¢ ª®¬¬ãâ â®à (65) ¯®«ãç ¥¬ ï¢­®
­¥á®¢¬¥áâ¨¬ë¥ á«¥¤áâ¢¨ï: �2 = 1 ¨ � = 0. �® ¥áâì ®¯¥à â®àë (56)
ª®¬¬ãâ æ¨®­­®¬ã á®®â­®è¥­¨î (65), â®ç­® â ª ¦¥, ª ª ¨ á®®â­®è¥­¨î
(61), ­¨ ¯à¨ ª ª®¬ ¢ëà ¦¥­¨¨ ¤«ï ª®íää¨æ¨¥­â  � ã¤®¢«¥â¢®àïâì ­¥
¬®£ãâ.

�®¤áâ ¢«ïï ®¯¥à â®àë (59) ¢ ª®¬¬ãâ â®à (65), ¯®«ãç ¥¬, ¢ ç áâ­®-
áâ¨, ãà ¢­¥­¨¥ � + �y = 0. � ª ¡ë«® ¯®ª § ­® ¢ëè¥ ¯à¨ ¨áá«¥¤®¢ ­¨¨
 ­ «®£¨ç­®£® á«ãç ï (61), ®¡é¥© ¤®¯ãáâ¨¬®© § ¬¥­®© ª®®à¤¨­ â (19),
á ãç¥â®¬ ãà ¢­¥­¨ï � + �y = 0, ¢ëà ¦¥­¨ï (59) ¬®£ãâ ¡ëâì á¢¥¤¥­ë ª
¢ëà ¦¥­¨ï¬ (55), ª®â®àë¥ ¢ëè¥ ã¦¥ ¡ë«¨ à áá¬®âà¥­ë.

�®¤áâ ¢«ïï ¢ ª®¬¬ãâ â®à (65) ®¯¥à â®àë (60), ¯®«ãç ¥¬ ãà ¢­¥­¨ï
�y = �2 � 1, �y � �� = 0, ª®â®àë¥ ¨¬¥îâ á«¥¤ãîé¨¥ ç¥âëà¥ à¥è¥­¨ï:

�(y; z) = 1; � (y; z) = � (z) exp y; (66)

�(y; z) = �1; � (y; z) = � (z) exp(�y); (67)

�(y; z) = �th(y + a(z)); � (y; z) = � (z)=ch(y + a(z)); (68)

�(y; z) = �cth(y + a(z)); � (y; z) = � (z)=sh(y + a(z)); (69)

£¤¥ a(z) ¨ � (z) { ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ®¤­®© ¯¥à¥¬¥­­®©, ¯à¨ç¥¬
� (z) 6= 0.

�à®¨§¢¥¤¥¬ ¢ ®¯¥à â®à å (60) á ª®íää¨æ¨¥­â ¬¨ (66) ¤®¯ãáâ¨¬ãî
§ ¬¥­ã ª®®à¤¨­ â

� = x; � = y; # = {(z):
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�«ï ®¯¥à â®à  X2, ¢ ç áâ­®áâ¨, ¯®«ãç ¥¬:

X2 = sinx@� + cosx@� + � (z){0(z) exp y sinx@#:

�®« £ ï � (z){0(z) = 1, ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ª®®à¤¨­ â ¯®«ãç ¥¬
¡ §¨á­ë¥ ®¯¥à â®àë (14.5) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (14).

�á«¨ ¢ ®¯¥à â®à å (60) á ª®íää¨æ¨¥­â ¬¨ (67) ¯à®¨§¢¥áâ¨ ¤®¯ã-
áâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â � = x + �, � = �y, # = {(z) ¨ ¯®«®¦¨âì
� (z){0(z) = �1, â® ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ª®®à¤¨­ â á­®¢  ¯®«ãç ¥¬
¡ §¨á­ë¥ ®¯¥à â®àë (14.5) ¯à¥¤áâ ¢«¥­¨ï  «£¥¡àë (14).

� ®¯¥à â®à å (60) á ª®íää¨æ¨¥­â ¬¨ (68) ¨ (69) ¯à¥¤¢ à¨â¥«ì­®
¯à®¨§¢¥¤¥¬ ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®®à¤¨­ â (24) á '(z) = 0. �®« £ ï
 (z) = a(z) ¨ � (z) {0(z) = 1, ¢ ¯à¥¦­¨å ®¡®§­ ç¥­¨ïå ¯à¨å®¤¨¬ ª â ª®-
¬ã ¢ëà ¦¥­¨î ¤«ï ®¯¥à â®à  X2:

X2 = �(y) sin x@x + (cos x+ �(z)� (y) sin x)@y + � (y) sin x@z; (70)

£¤¥ «¨¡® �(y) = �th(y), � (y) = ch�1(y), «¨¡® �(y) = �cth(y), � (y) =
sh�1(y),   �(z) { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©.

� «¥¥ ¢ ¢ëà ¦¥­¨¨ (70) ¯à®¨§¢¥¤¥¬ ®¡éãî ¤®¯ãáâ¨¬ãî § ¬¥­ã ª®-
®à¤¨­ â (19). �ã­ªæ¨¨ ',  , { íâ®© § ¬¥­ë ¢®§ì¬¥¬ ¨§ à¥è¥­¨© á«¥¤ã-
îé¥© á¨áâ¥¬ë è¥áâ¨ ãà ¢­¥­¨©:

�(y) cos ' + (sin'+ �(z)� (y) cos ')'y + � (y) cos' 'z = 1;

� �(y) sin' + (cos'� �(z)� (y) sin')'y � � (y) sin' 'z = 0;

(sin' + �(z)� (y) cos ') y + � (y) cos '  z = 0;

(cos'� �(z)� (y) sin') y � � (y) sin'  z = 1;

(sin' + �(z)� (y) cos '){y + � (y) cos' {z = exp ;

(cos'� �(z)� (y) sin'){y � � (y) sin' {z = 0;

(71)

ª®â®à ï ¢¯®«­¥  ­ «®£¨ç­  á¨áâ¥¬¥ (64). � §à¥è ï á¨áâ¥¬ã (71) ®â­®-
á¨â¥«ì­® ¯à®¨§¢®¤­ëå 'y, 'z,  y,  z, {y, {z, «¥£ª® ¯à®¢¥àï¥¬ ®â«¨ç¨¥
®â ­ã«ï ïª®¡¨ ­  @( ;{)=@(y; z) ¨ ¢ë¯®«­¥­¨¥ ­¥®¡å®¤¨¬®£® ¨ ¤®áâ -
â®ç­®£® ãá«®¢¨ï ¥¥ ¨­â¥£à¨àã¥¬®áâ¨: 'yz = 'zy,  yz =  zy , {yz = {zy.
� à¥§ã«ìâ â¥ á­®¢  ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë (14.5) ¯à¥¤áâ ¢«¥­¨ï
 «£¥¡àë (14). �â¨¬ ãâ¢¥à¦¤¥­¨¥¬ ¨ § ¢¥àè ¥âáï ¤®ª § â¥«ìáâ¢® â¥®à¥-
¬ë ­ áâ®ïé¥£® ¯ à £à ä , áä®à¬ã«¨à®¢ ­­®© áà §ã ¯®á«¥ ¯à¨¢¥¤¥­¨ï
á¯¨áª  (4) { (14) ¢á¥å âà¥å¬¥à­ëå ¢¥é¥áâ¢¥­­ëå  ¡áâà ªâ­ëå  «£¥¡à
�¨.
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x5. �« áá¨ä¨ª æ¨ï âà¨¬¥âà¨ç¥áª¨å £¥®¬¥âà¨© ¢

¯à®áâà ­áâ¢¥

�¥§ã«ìâ âë ¯à¥¤ë¤ãé¥£® x4 ¤ îâ ¢®§¬®¦­®áâì ¯à®¢¥áâ¨ ¯®«­ãî á â®ç-
­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ (¢ á¬ëá«¥ ®¯à¥¤¥«¥­¨ï ¨§ x3) ª« áá¨ä¨ª -
æ¨î ¢á¥å âà¨¬¥âà¨ç¥áª¨å (s = 3) ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ëå
£¥®¬¥âà¨© à ­£  âà¨ (n = 1), § ¤ ¢ ¥¬ëå ­  âà¥å¬¥à­®¬ (sn = 3) ¬­®-
£®®¡à §¨¨ M äã­ªæ¨¥© f : Sf ! R3, £¤¥ Sf �M�M.

�ãáâì (x; y; z) { «®ª «ì­ë¥ ª®®à¤¨­ âë ¢ M. �«ï 3-¬¥âà¨ª¨ f =
(f1; f2; f3) ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ¯ àë < ij > 2 Sf ¯® ¢ëà ¦¥­¨î
(2) ¨§ x1 ¯à¨ s = 3 ¨ n = 1 ¬®¦­® § ¯¨á âì á«¥¤ãîé¥¥ ª®®à¤¨­ â­®¥
¯à¥¤áâ ¢«¥­¨¥:

f(ij) = f(x(i); y(i); z(i); x(j); y(j); z(j)): (1)

�¥¢ëà®¦¤¥­­®áâì 3-¬¥âà¨ª¨ (1) á®£« á­®  ªá¨®¬¥ III ¨§ x1 ®§­ ç ¥â
­¥®¡à é¥­¨¥ ¢ ­ã«ì ¤¢ãå ïª®¡¨ ­®¢ âà¥âì¥£® ¯®àï¤ª :

@(f1(ij); f2(ij); f3(ij))=@(x(i); y(i); z(i)) 6= 0;
@(f1(ij); f2(ij); f3(ij))=@(x(j); y(j); z(j)) 6= 0

�
(2)

¤«ï ®âªàëâ®£® ¨ ¯«®â­®£® ¢ M�M ¬­®¦¥áâ¢  ¯ à < ij >.
�á«¨ ­¥¢ëà®¦¤¥­­ ï 3-¬¥âà¨ª  (1) § ¤ ¥â ­  âà¥å¬¥à­®¬ ¬­®£®-

®¡à §¨¨ (¢ ¯à®áâà ­áâ¢¥) ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ãî £¥®¬¥-
âà¨î à ­£  3, â® ¯®  ªá¨®¬¥ IV ¨§ x1 ­ ©¤¥âáï â ª ï âà¥åª®¬¯®­¥­â-
­ ï äã­ªæ¨ï � = (�1;�2;�3) à ­£  3 ®â ¤¥¢ïâ¨ ¯¥à¥¬¥­­ëå, çâ® ¤¥-
¢ïâì ¢§ ¨¬­ëå à ááâ®ï­¨© ¬¥¦¤ã â®çª ¬¨ ®âªàëâ®£® ¨ ¯«®â­®£® ¢
SF � M3 ¬­®¦¥áâ¢  âà®¥ª < ijk > äã­ªæ¨®­ «ì­® á¢ï§ ­ë âà¥¬ï
­¥§ ¢¨á¨¬ë¬¨ ãà ¢­¥­¨ï¬¨

�(f(ij); f(ik); f(jk)) = 0: (3)

�®£« á­® â¥®à¥¬¥ 2 ¨§ x2 3-¬¥âà¨ª  (1) ¤®¯ãáª ¥â âà¥å¬¥à­ãî «®-
ª «ì­ãî £àã¯¯ã �¨ «®ª «ì­ëå ¤¢¨¦¥­¨©, ¯à¥®¡à §®¢ ­¨ï ª®â®à®© § -
¤ îâáï ãà ¢­¥­¨ï¬¨ (1) ¨§ x4. 3-¬¥âà¨ª  (1) á®åà ­ï¥âáï ¯à¨ ¢á¥å ¯à¥-
®¡à §®¢ ­¨ïå íâ®© £àã¯¯ë:

f(x0(i); y0(i); z0(i); x0(j); y0(j); z0(j)) =

= f(x(i); y(i); z(i); x(j); y(j); z(j));
(4)
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â® ¥áâì ï¢«ï¥âáï ¥¥ ­¥¢ëà®¦¤¥­­ë¬ ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬.
�¡®§­ ç¨¬ ç¥à¥§

X1 = �1(x; y; z)@x + �1(x; y; z)@y + �1(x; y; z)@z;
X2 = �2(x; y; z)@x + �2(x; y; z)@y + �2(x; y; z)@z;
X3 = �3(x; y; z)@x + �3(x; y; z)@y + �3(x; y; z)@z

9=
; (5)

¡ §¨á­ë¥ ®¯¥à â®àë âà¥å¬¥à­®©  «£¥¡àë �¨ £àã¯¯ë «®ª «ì­ëå ¤¢¨¦¥-
­¨© (1) ¨§ x4 3-¬¥âà¨ª¨ (1). �á«¨ ¢ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (4) ¯®¤-
áâ ¢¨âì ¡¥áª®­¥ç­® ¬ «ë¥ (¨­ä¨­¨â¥§¨¬ «ì­ë¥) ¯à¥®¡à §®¢ ­¨ï (2) ¨§
x4, â®, ãç¨âë¢ ï ­¥§ ¢¨á¨¬®áâì ¯ à ¬¥âà®¢ £àã¯¯ë (a1; a2; a3), ¤«ï 3-
¬¥âà¨ª¨ (1) ¯®«ãç ¥¬ á¨áâ¥¬ã âà¥å «¨­¥©­ëå ®¤­®à®¤­ëå ãà ¢­¥­¨© ¢
ç áâ­ëå ¯à®¨§¢®¤­ëå:

X1(i)f(ij) +X1(j)f(ij) = 0;
X2(i)f(ij) +X2(j)f(ij) = 0;
X3(i)f(ij) +X3(j)f(ij) = 0;

9=
; (6)

á ®¯¥à â®à ¬¨ (5). � ¬¥ç ­¨¥, á¤¥« ­­®¥ áà §ã ¯®á«¥ § ¯¨á¨ ãà ¢­¥­¨©
(7) ¨§ x3, ¨¬¥¥â ®â­®è¥­¨¥ ¨ ª á¨áâ¥¬¥ (6): ®¯¥à â®àëX1(i),X2(i),X3(i)
¨ X1(j), X2(j), X3(j) ­¥ ®¡ï§ â¥«ì­® á¢®¤ïâáï ¤àã£ ª ¤àã£ã ­¥ª®â®àë¬
«®ª «ì­ë¬ ¤¨ää¥®¬®àä¨§¬®¬ U (i)! U (j).

� ª¨¬ ®¡à §®¬, § ¤ ç  ª« áá¨ä¨ª æ¨¨ 3-¬¥âà¨ª (1) á¢®¤¨âáï ª ª« á-
á¨ä¨ª æ¨¨ âà¥å¬¥à­ëå  «£¥¡à �¨ ¯à¥®¡à §®¢ ­¨© âà¥å¬¥à­®£® ¬­®-
£®®¡à §¨ï («®ª «ì­® ¯à®áâà ­áâ¢ ) á ¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨ (5) ¨ ª
¨­â¥£à¨à®¢ ­¨î á®®â¢¥âáâ¢ãîé¨å á¨áâ¥¬ ãà ¢­¥­¨© (6). 3-¬¥âà¨ª ,
ï¢«ïîé ïáï à¥è¥­¨¥¬ íâ®© á¨áâ¥¬ë, ¤®«¦­  ¡ëâì ¯®  ªá¨®¬¥ III ¨§
x1 ­¥¢ëà®¦¤¥­­®©, â® ¥áâì ã¤®¢«¥â¢®àïâì ¤¢ã¬ ãá«®¢¨ï¬ (2). �ëà®-
¦¤¥­­®áâì âà¨¬¥âà¨ª¨ ª ª á®¢®ªã¯­®áâ¨ âà¥å ­¥§ ¢¨á¨¬ëå à¥è¥­¨©
á¨áâ¥¬ë (6) ¢ ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ ¬®¦­® ãáâ ­®¢¨âì ¤® ¥¥ ¨­â¥£à¨-
à®¢ ­¨ï, ¥á«¨ ¨á¯®«ì§®¢ âì ¨§¢¥áâ­ë¥ ¯à¥¤áâ ¢«¥­¨ï ® âà ­§¨â¨¢­®-
áâ¨ ¨ ¨­âà ­§¨â¨¢­®áâ¨ £àã¯¯ ¯à¥®¡à §®¢ ­¨©. �àã¯¯  ¯à¥®¡à §®¢ -
­¨© ­ §ë¢ ¥âáï «®ª «ì­® âà ­§¨â¨¢­®©, ¥á«¨ ¤«ï «î¡ëå ¤¢ãå â®ç¥ª
¨§ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ®¤­®© ¨§ ­¨å áãé¥áâ¢ã¥â ¯à¥®¡à §®¢ ­¨¥, ­¥
®¡ï§ â¥«ì­® ¥¤¨­áâ¢¥­­®¥, ª®â®à®¥ ¯¥à¥¢®¤¨â ¯¥à¢ãî â®çªã ¢® ¢â®àãî.
�á«¨ ¦¥ â ª®¥ ¯à¥®¡à §®¢ ­¨¥ áãé¥áâ¢ã¥â ­¥ ¤«ï «î¡ëå ¤¢ãå â®ç¥ª,
â® £àã¯¯  ­ §ë¢ ¥âáï ¨­âà ­§¨â¨¢­®©.

� §¨á­ë¥ ®¯¥à â®àë (5) «¨­¥©­® ­¥§ ¢¨á¨¬ë á ¯®áâ®ï­­ë¬¨ ª®íä-
ä¨æ¨¥­â ¬¨ ¨ ®¤­®§­ ç­® ®¯à¥¤¥«ïîâ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ¯à¥®¡à §®-
¢ ­¨ï (2) ¨§ x4 âà¥å¬¥à­®© «®ª «ì­®© £àã¯¯ë �¨ (1) ¨§ x4.
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�¥¬¬  1. �«ï â®£®. çâ®¡ë âà¥å¬¥à­ ï «®ª «ì­ ï £àã¯¯  �¨ «®-
ª «ì­ëå ¯à¥®¡à §®¢ ­¨© á ¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨ (5) á®®â¢¥âáâ¢ã-
îé¥©  «£¥¡àë �¨ ¡ë«  «®ª «ì­® âà ­§¨â¨¢­®©, ­¥®¡å®¤¨¬® ¨ ¤®áâ -
â®ç­®, çâ®¡ë à ­£ ¬ âà¨æë







�1(x; y; z) �1(x; y; z) �1(x; y; z)
�2(x; y; z) �2(x; y; z) �2(x; y; z)
�3(x; y; z) �3(x; y; z) �3(x; y; z)







 (7)

¡ë« à ¢¥­ âà¥¬.

�®áâ â®ç­®áâì ®ç¥¢¨¤­ . �¥©áâ¢¨â¥«ì­®, ¥á«¨ à ­£ ¬ âà¨æë (7) à -
¢¥­ âà¥¬ ¨ ¥¥ ®¯à¥¤¥«¨â¥«ì ®â«¨ç¥­ ®â ­ã«ï, â® ¤«ï «î¡ëå ¤¢ãå â®ç¥ª
(x; y; z) ¨ (x0; y0; z0) ¨§ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U ((x; y; z)) âà¨ ãà ¢­¥­¨ï
¨­ä¨­¨â¥§¨¬ «ì­ëå ¯à¥®¡à §®¢ ­¨© (2) ¨§ x4 ®¤­®§­ ç­® à §à¥è¨¬ë
®â­®á¨â¥«ì­® ¯ à ¬¥âà®¢ (a1; a2; a3), ª®â®àë¥ ¨ § ¤ îâ ¯à¥®¡à §®¢ -
­¨¥, ¯¥à¥¢®¤ïé¥¥ â®çªã (x; y; z) ¢ â®çªã (x0; y0; z0). �®ª ¦¥¬ â¥¯¥àì ­¥-
®¡å®¤¨¬®áâì. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, â® ¥áâì çâ® à ­£ ¬ âà¨æë (7)
¬¥­ìè¥ âà¥å. � íâ®¬ á«ãç ¥ ¬¥¦¤ã ¥¥ áâ®«¡æ ¬¨ áãé¥áâ¢ã¥â «¨­¥©-
­ ï á¢ï§ì á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ � = �(x; y; z), � = �(x; y; z),

 = 
(x; y; z):

��1 + ��1 + 
�1 = 0;
��2 + ��2 + 
�2 = 0;
��3 + ��3 + 
�3 = 0;

9=
; (8)

¯à¨ç¥¬ �2+ �2+ 
2 6= 0. �¬­®¦ ï ãà ¢­¥­¨ï ¨­ä¨­¨â¥§¨¬ «ì­ëå ¯à¥-
®¡à §®¢ ­¨© (2) ¨§ x4 ­  ª®íää¨æ¨¥­âë �, �, 
 á®®â¢¥âáâ¢¥­­® ¨ áª« -
¤ë¢ ï ¨å, ¯®«ãç ¥¬ ¢ ª®®à¤¨­ â å (x0; y0; z0) ãà ¢­¥­¨¥ ¯«®áª®áâ¨

�(x0 � x) + �(y0 � y) + 
(z0 � z) = 0; (9)

¯à®å®¤ïé¥© ç¥à¥§ â®çªã (x; y; z). � ª¨¬ ®¡à §®¬, ¬­®¦¥áâ¢® â¥å â®ç¥ª
(x0; y0; z0), ¢ ª®â®àë¥ «®ª «ì­® ¬®¦¥â ¯¥à¥å®¤¨âì â®çª  (x; y; z), «¥¦ â
­  ¯«®áª®áâ¨, § ¤ ¢ ¥¬®© ãà ¢­¥­¨¥¬ (9). �® ¥áâì «®ª «ì­® £àã¯¯  ¯à¥-
®¡à §®¢ ­¨© á ¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨ (5) á®®â¢¥âáâ¢ãîé¥©  «£¥¡àë
�¨ ¡ã¤¥â ¨­âà ­§¨â¨¢­®©, â ª ª ª ­¨ª ª®¥ ¥¥ «®ª «ì­®¥ ¯à¥®¡à §®-
¢ ­¨¥ ­¥ ¯¥à¥¢®¤¨â â®çªã (x; y; z) ¢ âã â®çªã ®ªà¥áâ­®áâ¨ U ((x; y; z)),
ª®â®à ï ­¥ «¥¦¨â ­  ¯«®áª®áâ¨, § ¤ ¢ ¥¬®© ãà ¢­¥­¨¥¬ (9). �¥¬¬  1
¤®ª § ­ .
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�¥¬¬  2. �á«¨ 3-¬¥âà¨ª  ­¥¢ëà®¦¤¥­ , â® ¡ §¨á­ë¥ ®¯¥à â®-
àë X1(i), X2(i), X3(i) ¨ X1(j), X2(j), X3(j) ®¯à¥¤¥«ïîâ âà ­§¨â¨¢-
­ë¥ £àã¯¯ë �¨ ¯à¥®¡à §®¢ ­¨© ®ªà¥áâ­®áâ¥© U (i) ¨ U (j) ¢ «®ª «ì­®©
£àã¯¯¥ ¥¥ ¤¢¨¦¥­¨©.

3-¬¥âà¨ª  f = (f1; f2; f3) ï¢«ï¥âáï á®¢®ªã¯­®áâìî âà¥å ­¥§ ¢¨á¨-
¬ëå à¥è¥­¨© á¨áâ¥¬ë ãà ¢­¥­¨© (6), ¬ âà¨æ  ª®íää¨æ¨¥­â®¢ ª®â®à®©







�1(i) �1(i) �1(i) �1(j) �1(j) �1(j)
�2(i) �2(i) �2(i) �2(j) �2(j) �2(j)
�3(i) �3(i) �3(i) �3(j) �3(j) �3(j)







 (10)

á®áâ ¢«¥­  ¨§ ¬ âà¨æ (7) ª®íää¨æ¨¥­â®¢ ¡ §¨á­ëå ®¯¥à â®à®¢ X1(i),
X2(i), X3(i) ¨ X1(j), X2(j), X3(j).

�à¥¤¯®«®¦¨¬ á­ ç « , çâ® à ­£ ¬ âà¨æë (7) ¢ ®ªà¥áâ­®áâ¨ U (i)
à ¢¥­ âà¥¬,   ¢ ®ªà¥áâ­®áâ¨ U (j) { ¬¥­ìè¥ âà¥å. � íâ®¬ á«ãç ¥ ¯® «¥¬-
¬¥ 1 £àã¯¯  ¯à¥®¡à §®¢ ­¨© ®ªà¥áâ­®áâ¨ U (i) âà ­§¨â¨¢­ ,   £àã¯¯ 
¯à¥®¡à §®¢ ­¨© ®ªà¥áâ­®áâ¨ U (j) ¨­âà ­§¨â¨¢­ . � ®ªà¥áâ­®áâ¨ U (j)
¢¢¥¤¥¬ â ªãî á¨áâ¥¬ã ª®®à¤¨­ â, çâ®¡ë ¨­¢ à¨ ­â­ë¥ ¯«®áª®áâ¨ (9)
§ ¤ ¢ «¨áì ãà ¢­¥­¨ï¬¨ z(j) = const. � ¢ëà ¦¥­¨ïå (5) ¤«ï ®¯¥à â®-
à®¢ X1(j), X2(j), X3(j) â®£¤  ¨áç¥§­¥â ®¯¥à â®à ¤¨ää¥à¥­æ¨à®¢ ­¨ï
@=@z(j). � ­£ ¬ âà¨æë (10) à ¢¥­ âà¥¬ ¨ ¯®â®¬ã á¨áâ¥¬  ãà ¢­¥­¨©
(6) ¨¬¥¥â á«¥¤ãîé¨¥ âà¨ ­¥§ ¢¨á¨¬ë¥ à¥è¥­¨ï: z(j), '(ij),  (ij). �å
ç¨á«® à ¢­® ç¨á«ã ¯¥à¥¬¥­­ëå (= 6) ¬¨­ãá à ­£ ¬ âà¨æë á¨áâ¥¬ë (=
3). �¡é¥¥ ¢ëà ¦¥­¨¥ 3-¬¥âà¨ª¨, ¯®áâà®¥­­®¥ ­  íâ¨å à¥è¥­¨ïå, ¡ã¤¥â
á«¥¤ãîé¨¬: f(ij) = f(z(j); '(ij);  (ij)), £¤¥ f : R3 ! R3. �® â ª ï
3-¬¥âà¨ª  ­¥ ã¤®¢«¥â¢®àï¥â, ®ç¥¢¨¤­®, ¯¥à¢®¬ã ãá«®¢¨î (2) ¨ ¯®â®¬ã
¢ëà®¦¤¥­ .

�ãáâì â¥¯¥àì à ­£ ¬ âà¨æë (7) ¢ ®ªà¥áâ­®áâ¨ U (i) à ¢¥­ ¤¢ã¬,   ¢
®ªà¥áâ­®áâ¨ U (j) ¬¥­ìè¥ âà¥å, â ª ª ª á«ãç ©, ª®£¤  ®­ à ¢¥­ âà¥¬,
 ­ «®£¨ç¥­ à áá¬®âà¥­­®¬ã ¢ëè¥. � ®ªà¥áâ­®áâïå U (i) ¨ U (j) ¢¢¥¤¥¬
â ª¨¥ á¨â¥¬ë ª®®à¤¨­ â, çâ®¡ë ¨­¢ à¨ ­â­ë¥ ¯«®áª®áâ¨ (9) § ¤ ¢ -
«¨áì ãà ¢­¥­¨ï¬¨ z(i) = const ¨ z(j) = const. �® â®£¤  ¢ ¢ëà ¦¥­¨ïå
(5) ¤«ï ®¯¥à â®à®¢ X1(i), X2(i), X3(i) ¨ X1(j), X2(j), X3(j) ¡ã¤ãâ ®â-
áãâáâ¢®¢ âì®¯¥à â®àë ¤¨ää¥à¥­æ¨à®¢ ­¨ï @=@z(i) ¨ @=@z(j). � ¤àã£®©
áâ®à®­ë, à ­£ ¬ âà¨æë (10) à ¢¥­ âà¥¬. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¯à¥¤¯®-
«®¦¨âì, çâ® ®­ à ¢¥­ ¤¢ã¬, â® «î¡®© ®¯à¥¤¥«¨â¥«ì âà¥âì¥£® ¯®àï¤ª ,
á®¤¥à¦ é¨© âà¨ áâ®«¡æ  íâ®© ¬ âà¨æë, ¡ã¤¥â à ¢¥­ ­ã«î. �®áª®«ìªã
¯® ­ ç «ì­®¬ã ¯à¥¤¯®«®¦¥­¨î à ­£ ¬ âà¨æë (7) ¢ ®ªà¥áâ­®áâ¨ U (i)
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à ¢¥­ ¤¢ã¬, «¥£ª® ¯®«ãç ¥¬ á«¥¤ãîé¨¥ âà¨ á¢ï§¨ ¬¥¦¤ã ª®¬¯®­¥­â -
¬¨ ¬ âà¨æë (7) ¢ ®ªà¥áâ­®áâ¨ U (j):

c1(i)�1(j) + c2(i)�2(j) + c3(i)�3(j) = 0;
c1(i)�1(j) + c2(i)�2(j) + c3(i)�3(j) = 0;
c1(i)�1(j) + c2(i)�2(j) + c3(i)�3(j) = 0;

9=
;

¯à¨ç¥¬ c21+c
2
2+c

2
3 6= 0. �¨ªá¨àãï ª®®à¤¨­ âë â®çª¨ i, ¯®«ãç ¥¬ «¨­¥©-

­ãî á¢ï§ì áâà®ª ¬ âà¨æë (7) ¢ ®ªà¥áâ­®áâ¨ U (j) á ¯®áâ®ï­­ë¬¨ ª®íä-
ä¨æ¨¥­â ¬¨. �® â®£¤  ¡ã¤ãâ «¨­¥©­® § ¢¨á¨¬ë á ¯®áâ®ï­­ë¬¨ ª®íää¨-
æ¨¥­â ¬¨ ¡ §¨á­ë¥ ®¯¥à â®àë X1(j), X2(j), X3(j), çâ® ¯à®â¨¢®à¥ç¨â
¨å «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨. � ª¨¬ ®¡à §®¬, à ­£ ¬ âà¨æë (10) à ¢¥­
âà¥¬ ¨ á¨áâ¥¬  ãà ¢­¥­¨© (6) ¨¬¥¥â âà¨ ¨ â®«ìª® âà¨ ­¥§ ¢¨á¨¬ë¥ à¥-
è¥­¨ï: z(i), z(j), '(ij). �¡é¨© ¢¨¤ 3-¬¥âà¨ª¨ ¡ã¤¥â â®£¤  á«¥¤ãîé¨¬:
f(ij) = f(z(i); z(j); '(ij)), £¤¥ f : R3 ! R3. �® ¤«ï â ª®© 3-¬¥âà¨ª¨
­¥ ¢ë¯®«­ï¥âáï ­¨ ®¤­® ¨§ ¤¢ãå ãá«®¢¨© (2), â® ¥áâì ®­  ®ª §ë¢ ¥âáï
¢ëà®¦¤¥­­®©.

�à¥¤¯®«®¦¨¬, ­ ª®­¥æ, çâ® à ­£ ¬ âà¨æë (7) ¢ ®ªà¥áâ­®áâ¨ U (i)
à ¢¥­ ¥¤¨­¨æ¥, â® ¥áâì á¢®¥¬ã ¬¨­¨¬ «ì­®¬ã §­ ç¥­¨î. � ®ªà¥áâ­®áâ¨
U (j) ¯ãáâì íâ®â à ­£ â®¦¥ à ¢¥­ ¥¤¨­¨æ¥, â ª ª ª á«ãç ¨, ª®£¤  ®­
â ¬ à ¢¥­ âà¥¬ ¨«¨ ¤¢ã¬,  ­ «®£¨ç­ë à áá¬®âà¥­­ë¬ ¢ëè¥. �¥¦¤ã
áâ®«¡æ ¬¨ ¬ âà¨æë (7), ¥á«¨ ¥¥ à ­£ à ¢¥­ ¥¤¨­¨æ¥, áãé¥áâ¢ãîâ ¤¢¥
­¥§ ¢¨á¨¬ë¥ á¢ï§¨ (8). � íâ® ®§­ ç ¥â, çâ® ¬­®¦¥áâ¢® â®ç¥ª (x0; y0; z0),
¢ ª®â®àë¥ ¬®¦¥â ¯¥à¥å®¤¨âì â®çª  (x; y; z), «¥¦¨â ­  ¯¥à¥á¥ç¥­¨¨ ¤¢ãå
à §«¨ç­ëå ¯«®áª®áâ¥©, § ¤ ¢ ¥¬ëå ¤¢ã¬ï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ ãà ¢-
­¥­¨ï¬¨ â¨¯  (9), â® ¥áâì ­  ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã (x; y; z).
�¢¥¤¥¬ â ªãî á¨áâ¥¬ã ª®®à¤¨­ â ¢ ®ªà¥áâ­®áâ¨ â®çª¨ (x; y; z), çâ®¡ë
á®®â¢¥âáâ¢ãîé¨¥ ¥© ¨­¢ à¨ ­â­ë¥ ¯àï¬ë¥ § ¤ ¢ «¨áì ãà ¢­¥­¨ï¬¨
y = const, z = const. �® â®£¤  ¢ ¡ §¨á­ëå ®¯¥à â®à å (5) ï¢­® ¡ã¤¥â
¯à¨áãâáâ¢®¢ âì â®«ìª® ®¯¥à â®à ¤¨ää¥à¥­æ¨à®¢ ­¨ï @=@x,   ¢ ¬ âà¨-
æ¥ (7) ¡ã¤¥â ®â«¨ç¥­ ®â ­ã«ï â®«ìª® ¯¥à¢ë© áâ®«¡¥æ. �£® í«¥¬¥­âë �1,
�2, �3 ¤®«¦­ë ¡ëâì ®â«¨ç­ë ®â ­ã«ï ¨ «¨­¥©­® ­¥§ ¢¨á¨¬ë á ¯®áâ®ï­-
­ë¬¨ ª®íää¨æ¨¥­â ¬¨, ¯®áª®«ìªã ¨áå®¤­ë¥ ®¯¥à â®àë (5) ­¥­ã«¥¢ë¥ ¨
¡ §¨á­ë¥. � ¬ âà¨æ¥ (10) ¡ã¤¥â ¢á¥£® ¤¢  ­¥­ã«¥¢ëå áâ®«¡æ  { ¯¥à¢ë©
¨ ç¥â¢¥àâë©. �® ¥áâì à ­£ ¥¥ § ¢¥¤®¬® ¬¥­ìè¥ âà¥å. �¥£ª® ¢¨¤¥âì, çâ®
®­ à ¢¥­ ¤¢ã¬, â ª ª ª, ­ ¯à¨¬¥à, ®¯à¥¤¥«¨â¥«ì ¨§ í«¥¬¥­â®¢ ¬ âà¨æë
(10), áâ®ïé¨å ­  ¯¥à¥á¥ç¥­¨¨ ¯¥à¢®©, ¢â®à®© áâà®ª ¨ ¯¥à¢®£®, ç¥â¢¥à-
â®£® áâ®«¡æ®¢, ®â«¨ç¥­ ®â ­ã«ï ¢á«¥¤áâ¢¨¥ «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ äã-
­ãªæ¨© �1, �2, �3 á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �® â®£¤  á¨áâ¥¬ 
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(6) ¡ã¤¥â ¨¬¥âì á«¥¤ãîé¨¥ ç¥âëà¥ ¨ â®«ìª® ç¥âëà¥ ­¥§ ¢¨á¨¬ë¥ à¥-
è¥­¨ï: y(i), z(i), y(j), z(j),   ®¡é¨© ¢¨¤ 3-¬¥âà¨ª¨ ¡ã¤¥â § ¤ ¢ âìáï
¢ëà ¦¥­¨¥¬ f(ij) = f(y(i); y(j); z(i); z(j)), £¤¥ f : R4 ! R3, ¢ ª®â®-
à®¬ ®âáãâáâ¢ãîâ ª®®à¤¨­ âë x(i) ¨ x(j). �á­®, çâ® â ª ï 3-¬¥âà¨ª 
¢ëà®¦¤¥­ , ¯®áª®«ìªã ®­  ­¥ ã¤®¢«¥â¢®àï¥â ­¨ ®¤­®¬ã ¨§ ãá«®¢¨© ­¥-
¢ëà®¦¤¥­­®áâ¨ (2). �¥¬¬  2 ¤®ª § ­  ¯®«­®áâìî, â ª ª ª ¢ëè¥ ¡ë«¨
à áá¬®âà¥­ë ¢á¥ ¢®§¬®¦­ë¥ á«ãç ¨, ª®£¤  å®âï ¡ë ®¤­  ¨§ £àã¯¯ ¯à¥-
®¡à §®¢ ­¨© ®ªà¥áâ­®áâ¥© U (i) ¨ U (j) ¨­âà ­§¨â¨¢­ .

�áç¥à¯ë¢ îé ï ª« áá¨ä¨ª æ¨ï ª®­¥ç­®¬¥à­ëå «®ª «ì­ëå £àã¯¯
�¨ «®ª «ì­ëå ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢   ¢â®àã ­¥¨§¢¥áâ­ . �®äãá
�¨ ¢ 1893£. ­ è¥« ¢á¥ ª®­¥ç­®¬¥à­ë¥ «®ª «ì­ë¥ £àã¯¯ë ¯à¥®¡à §®¢ -
­¨© ¯«®áª®áâ¨ [13]. �¤­ ª® ¢ ®â­®è¥­¨¨ £àã¯¯ ¯à¥®¡à §®¢ ­¨© âà¥å-
¬¥à­®£® ¯à®áâà ­áâ¢  ¥£® à¥§ã«ìâ âë ¨ à¥§ã«ìâ âë ¥£® ¯®á«¥¤®¢ â¥«¥©
­®áïâ ¢ ®á­®¢­®¬ ¯à¥¤¢ à¨â¥«ì­ë© ¨ ç áâ­ë© å à ªâ¥à. �« áá¨ä¨ª -
æ¨ï ¦¥ âà¥å¬¥à­ëå «®ª «ì­ëå £àã¯¯ �¨ ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢ 
¡ë«  ¯à®¢¥¤¥­  ¢ ¯à¥¤ë¤ãé¥¬ x4. �®£« á­® «¥¬¬¥ 2 ­¥¢ëà®¦¤¥­­ë¥ 3-
¬¥âà¨ª¨ ï¢«ïîâáï à¥è¥­¨ï¬¨ á¨áâ¥¬ë ãà ¢­¥­¨© (6), ¤«ï ª®â®àëå ®¯¥-
à â®àë (5) ª ª ¢ ®ªà¥áâ­®áâ¨ U (i), â ª ¨ ¢ ®ªà¥áâ­®áâ¨ U (j) ®¯à¥¤¥«ïîâ
âà ­§¨â¨¢­ë¥ £àã¯¯ë ¯à¥®¡à §®¢ ­¨©. �ç¨âë¢ ï íâ® ®¡áâ®ïâ¥«ìáâ¢®,
ª« áá¨ä¨ª æ¨®­­ãî â¥®à¥¬ã ¨§ x4 ¢®á¯à®¨§¢¥¤¥¬ ­¨¦¥ ¢ á«¥¤ãîé¥¬
á®ªà é¥­­®¬ ¢ à¨ ­â¥, ¤®ª § ­­®¬ ¢ à ¡®â¥ [16]:

�¥®à¥¬  1. � §¨á­ë¥ ®¯¥à â®àë (5) âà¥å¬¥à­®©  «£¥¡àë �¨ «®-
ª «ì­®© £àã¯¯ë �¨ «®ª «ì­® âà ­§¨â¨¢­ëå ¯à¥®¡à §®¢ ­¨© âà¥å¬¥à-
­®£® ¬­®£®®¡à §¨ï (¯à®áâà ­áâ¢ ) á â®ç­®áâìî ¤® ¨§®¬®àä¨§¬  ¨ ¢
­ ¤«¥¦ é¥ ¢ë¡à ­­®© á¨áâ¥¬¥ «®ª «ì­ëå ª®®à¤¨­ â (x; y; z) § ¤ îâ-
áï á«¥¤ãîé¨¬¨ ¢ëà ¦¥­¨ï¬¨:

X1 = @x; X2 = @y; X3 = @z; (11)

X1 = @x; X2 = @y; X3 = y@x + @z; (12)

X1 = @x; X2 = @y; X3 = (x+ y)@x + y@y + @z; (13)

X1 = @x; X2 = @y; X3 = x@x + py@y + @z; (14)

X1 = @x; X2 = @y; X3 = �y@x + (x + qy)@y + @z; (15)
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X1 = @x;
X2 = tgy sinx@x + cos x@y + sec y sinx@z;
X3 = tgy cos x@x � sinx@y + sec y cosx@z;

9=
; (16)

X1 = @x;
X2 = sinx@x + cosx@y + exp y sinx@z;
X3 = cos x@x � sinx@y + exp y cosx@z;

9=
; (17)

£¤¥ �1 6 p 6 1, 0 6 q < 2.

�¡à â¨¬ ¢­¨¬ ­¨¥ ­  â®, çâ® ¢ â¥®à¥¬¥ 1 ¯ à ¬¥âà p ¬®¦¥â ¯à¨­¨-
¬ âì §­ ç¥­¨ï 0;+1;�1,   ¯ à ¬¥âà q { §­ ç¥­¨¥ 0, çâ® ¤«ï «®ª «ì­®
âà ­§¨â¨¢­ëå £àã¯¯ ¯à¥®¡à §®¢ ­¨© ®ª § «®áì ¢®§¬®¦­ë¬, ¢ â® ¢à¥¬ï
ª ª ¢ ®¡é¥© ª« áá¨ä¨ª æ¨®­­®© â¥®à¥¬¥ ¨§ x4 íâ¨ á«ãç ¨ ­ ¤® ¡ë«®
§ ¯¨áë¢ âì ®â¤¥«ì­®.

�¥®à¥¬  2. � â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ ¨ ¢ ­ ¤«¥¦ é¥
¢ë¡à ­­®© á¨áâ¥¬¥ «®ª «ì­ëå ª®®à¤¨­ â (x; y; z) 3-¬¥âà¨ª  f = (f1;
f2; f3), § ¤ îé ï ­  âà¥å¬¥à­®¬ ¬­®£®®¡à §¨¨ M ä¥­®¬¥­®«®£¨ç¥áª¨
á¨¬¬¥âà¨ç­ãî £¥®¬¥âà¨î à ­£  3, ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ®¤­¨¬
¨§ á«¥¤ãîé¨å á¥¬¨ ¢ëà ¦¥­¨©:

f1(ij) = x(i) � x(j);
f2(ij) = y(i) � y(j);
f3(ij) = z(i) � z(j);

9=
; (18)

f1(ij) = y(i) � y(j);
f2(ij) = (x(i) � x(j))y(i) + z(i) � z(j);
f3(ij) = (x(i) � x(j))y(j) + z(i) � z(j);

9=
; (19)

f1(ij) = (x(i)� x(j))2 exp
�
2 y(i)�y(j)
x(i)�x(j)

�
;

f2(ij) = (x(i) � x(j))z(i);
f3(ij) = (x(i) � x(j))z(j);

9>=
>; (20)

f1(ij) = (x(i) � x(j))p= (y(i) � y(j));
f2(ij) = (x(i) � x(j))z(i);
f3(ij) = (x(i) � x(j))z(j);

9=
; (21)

74



f1(ij) = ((x(i) � x(j))2 + (y(i) � y(j))2)�

�exp

�
2
arctg

y(i) � y(j)

x(i) � x(j)

�
;

f2(ij) = z(i) + arctg[(y(i) � y(j))=(x(i) � x(j))];
f3(ij) = z(j) + arctg[(y(i) � y(j))=(x(i) � x(j))];

9>>>>=
>>>>;

(22)

f1(ij) = sin y(i) sin y(j) cos(x(i) � x(j)) + cos y(i) cos y(j);

f2(ij) = z(i) � sign

�
@f1(ij)

@y(i)

�
�

�arcsin

 
sin(x(i) � x(j)) sin y(i)p

1� (f1(ij))2

!
;

f3(ij) = z(j) + sign

�
@f1(ij)

@y(j)

�
�

�arcsin

 
sin(x(i) � x(j)) sin y(j)p

1� (f1(ij))2

!
;

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

(23)

f1(ij) = (x(i) � x(j))y(i)y(j);
f2(ij) = z(i) + 1=(x(i)� x(j))y2(i);
f3(ij) = z(j) � 1=(x(i)� x(j))y2(j);

9=
; (24)

£¤¥ �1 6 p 6 1, 
 = q=
p
4� q2, ¯à¨ç¥¬ 0 6 
 <1, â ª ª ª 0 6 q < 2.

� ¡¥£ ï ­¥áª®«ìª® ¢¯¥à¥¤ ª à¥§ã«ìâ â ¬ á«¥¤ãîé¥£® ¯ à £ ä ,
®¡à â¨¬ ¢­¨¬ ­¨¥ ­  â ª®¥ «î¡®¯ëâ­®¥ ®¡áâ®ïâ¥«ìáâ¢®: ¯¥à¢ë¥ ª®¬-
¯®­¥­âë f1 3-¬¥âà¨ª (20) { (24) á®¢¯ ¤ îâ á â®ç­®áâìî ¤® íª¢¨¢ «¥­â-
­®áâ¨ ¢ á¬ëá«¥ ®¯à¥¤¥«¥­¨ï ¨§ x3 á ¯«®áª¨¬¨ 1-¬¥âà¨ª ¬¨ (4), (5), (7),
(9) { (13) ¨§ x6. �¨¦¥ ¯à¨¢¥¤¥­  â ¡«¨æ  á®¢¯ ¤¥­¨© á ®¯¨á ­¨¥¬ íª¢¨-
¢ «¥­â­®áâ¨, ª®â®à ï ¢ ª ¦¤®¬ á«ãç ¥ ãáâ ­ ¢«¨¢ ¥â íâ® á®¢¯ ¤¥­¨¥
(§ ¬¥­  ª®®à¤¨­ â ­  ¯«®áª®áâ¨: R2 ! R2 ¨ ¤¨ää¥®¬®àä¨§¬ ¬¥âà¨ª:
R! R).
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f1(ij) ãá«®¢¨¥ f(ij) R2 ! R2 R! R

(20) | (12) x! x, y ! y f1 ! f
(21) 0 < p2 < 1 (11) x! x� y, y ! x+ y f1 ! f2=(p�1)

(21) p = �1 (7) x! x� y, y ! x+ y f1 ! 1=f
(21) p = 0 ­¥â | |
(21) p = +1 (10) x! x, y ! y f1 ! 1=f
(22) 
 > 0 (13) x! x, y ! y f1 ! f
(22) 
 = 0 (4) x! x, y ! y f1 ! f
(23) | (5) x! x, y ! y f1 ! f
(24) | (9) x! x=y, y ! y f1 ! f

,

£¤¥ ¢ ¯¥à¢®¬ áâ®«¡æ¥ ãª § ­ ­®¬¥à ª®¬¯®­¥­âë f1(ij) 3-¬¥âà¨ª¨ ¨§ â¥-
®à¥¬ë 2 ­ áâ®ïé¥£® ¯ à £à ä ,   ¢ âà¥âì¥¬ { á®®â¢¥âáâ¢ãîé¨© ­®¬¥à
1-¬¥âà¨ª¨ f(ij) ¨§ â¥®à¥¬ë 1 á«¥¤ãîé¥£® è¥áâ®£® ¯ à £à ä .

�à¨áâã¯¨¬ â¥¯¥àì ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2. � ¯¨è¥¬ á­ ç « 
á¨áâ¥¬ã ãà ¢­¥­¨© (6) á ®¯¥à â®à ¬¨ (11):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
@f(ij)=@y(i) + @f(ij)=@y(j) = 0;
@f(ij)=@z(i) + @f(ij)=@z(j) = 0:

9=
; (25)

� ­£ á¨áâ¥¬ë (25) à ¢¥­ âà¥¬ ¨ âà¨ ¥¥ ­¥§ ¢¨á¨¬ë¥ à¥è¥­¨ï «¥£-
ª® ­ å®¤ïâáï ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª, ®¯à¥¤¥«ïï ª®¬¯®­¥­âë ­¥¢ëà®-
¦¤¥­­®© 3-¬¥âà¨ª¨ (18), ¤«ï ª®â®à®© ïª®¡¨ ­ë (2) à ¢­ë ¯® ¬®¤ã«î
¥¤¨­¨æ¥.

� ¯¨è¥¬ â¥¯¥àì á¨áâ¥¬ã ãà ¢­¥­¨© (6) á ®¯¥à â®à ¬¨ (12):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
@f(ij)=@y(i) + @f(ij)=@y(j) = 0;
y(i)@f(ij)=@x(i) + @f(ij)=@z(i)+

+y(j)@f(ij)=@x(j) + @f(ij)=@z(j) = 0:

9>>=
>>; (26)

�¡é¥¥ à¥è¥­¨¥ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© á¨áâ¥¬ë (26) «¥£ª® ­ ©â¨:

f(ij) = �(x(i)� x(j); y(i) � y(j); z(i); z(j)); (27)

£¤¥ � { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ç¥âëà¥å ¯¥à¥¬¥­­ëå. �®¤áâ ¢¨¬ íâ®
à¥è¥­¨¥ ¢ âà¥âì¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (26), ¯®« £ ï x(i) � x(j) = u,
y(i) � y(j) = v: v�u + �z(i) + �z(j) = 0. �®®â¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨ï
å à ªâ¥à¨áâ¨ª: du=v = dz(i) = dz(j) = dv=0 ¨¬¥îâ á«¥¤ãîé¨¥ âà¨ ­¥-
§ ¢¨á¨¬ë¥ ¨­â¥£à « : z(i) � z(j) = c1, vz(i) � u = c2, vz(j) � u = c3, á
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¯®¬®éìî ª®â®àëå ¬®¦­® ¢ëà §¨âì «î¡®¥ à¥è¥­¨¥ á¨áâ¥¬ë (26), â ª
ª ª à ­£ ¥¥ à ¢¥­ âà¥¬. �¢¥¤ï ¤®¯®«­¨â¥«ì­® ã¤®¡­ãî § ¬¥­ã ª®®à¤¨-
­ â: x ! �z, y ! x, z ! y, ¯®«ãç ¥¬ ª®¬¯®­¥­âë ­¥¢ëà®¦¤¥­­®© 3-
¬¥âà¨ª¨ (19), ¤«ï ª®â®à®© ïª®¡¨ ­ë (2), à ¢­ë¥ ¯® ¬®¤ã«î jy(i)�y(j)j,
®â«¨ç­ë ®â ­ã«ï.

� ¯¨è¥¬, ¤ «¥¥, á¨áâ¥¬ã ãà ¢­¥­¨© (6) á ®¯¥à â®à ¬¨ (13):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
@f(ij)=@y(i) + @f(ij)=@y(j) = 0;

(x(i) + y(i))@f(ij)=@x(i)+
+y(i)@f(ij)=@y(i) + @f(ij)=@z(i)+

+(x(j) + y(j))@f(ij)=@x(j)+
+y(j)@f(ij)=@y(j) + @f(ij)=@z(j) = 0:

9>>>>>>=
>>>>>>;

(28)

� ­£ íâ®© á¨áâ¥¬ë à ¢¥­ âà¥¬ ¨ ¯®â®¬ã ã ­¥¥ ¨¬¥¥âáï â®«ìª® âà¨
­¥§ ¢¨á¨¬ë¥ à¥è¥­¨ï, ª®â®àë¥ ®¯à¥¤¥«ïîâ ª®¬¯®­¥­âë 3-¬¥âà¨ª¨. �¡-
é¥¥ à¥è¥­¨¥ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© á¨áâ¥¬ë (28), § ¤ ¢ ¥¬®¥, ®ç¥¢¨¤-
­®, ¢ëà ¦¥­¨¥¬ (27), ¯®¤áâ ¢¨¬ ¢ ¥¥ âà¥âì¥ ãà ¢­¥­¨¥: (u+v)�u+v�v+
�z(i) +�z(j) = 0, £¤¥ u = x(i) � x(j), v = y(i) � y(j). �®®â¢¥âáâ¢ãîé¨¥
ãà ¢­¥­¨ï å à ªâ¥à¨áâ¨ª: du=(u + v) = dv=v = dz(i) = dz(j) ¨¬¥îâ
âà¨ ­¥§ ¢¨á¨¬ë¥ ¨­â¥£à « : v2 exp(�2u=v) = c1, v exp(�z(i)) = c2,
v exp(�z(j)) = c3, ¨§ ª®â®àëå ¯®«ãç¨¬ ª®¬¯®­¥­âë ­¥¢ëà®¦¤¥­­®©
3-¬¥âà¨ª¨ (20) ¯®á«¥ á«¥¤ãîé¥© ã¤®¡­®© § ¬¥­ë ª®®à¤¨­ â: x ! �y,
y ! x, z !�lnz.

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (6) á ®¯¥à â®à ¬¨ (14):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
@f(ij)=@y(i) + @f(ij)=@y(j) = 0;

x(i)@f(ij)=@x(i) + py(i)@f(ij)=@y(i) + @f(ij)=@z(i)+
+x(j)@f(ij)=@x(j) + py(j)@f(ij)=@y(j) + @f(ij)=@z(j) = 0;

9>>=
>>; (29)

£¤¥ �1 6 p 6 1.
�¡é¥¥ à¥è¥­¨¥ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© á¨áâ¥¬ë (29) § ¤ ¥âáï ¢ë-

à ¦¥­¨¥¬ (27), ª®â®à®¥ ¯®¤áâ ¢¨¬ ¢ âà¥âì¥ ãà ¢­¥­¨¥: u�u + pv�v +
�z(i)+�z(j) = 0, £¤¥ ¯®-¯à¥¦­¥¬ã u = x(i)� x(j), v = y(i)� y(j). �®®â-
¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨ï å à ªâ¥à¨áâ¨ª: du=u = dv=pv = dz(i) = dz(j)
¯à¨ «î¡ëå ¢®§¬®¦­ëå §­ ç¥­¨ïå ¯ à ¬¥âà  p ¨¬¥îâ âà¨ ­¥§ ¢¨á¨¬ë¥
¨­â¥£à « : up=v = c1, uexp(�z(i)) = c2, uexp(�z(j)) = c3. �à®¨§¢®¤ï
ã¤®¡­ãî § ¬¥­ã ª®®à¤¨­ â: x! x, y ! y, z ! �lnz, ¯®«ãç ¥¬ ¨§ íâ¨å
¨­â¥£à «®¢ ª®¬¯®­¥­âë ­¥¢ëà®¦¤¥­­®© 3-¬¥âà¨ª¨ (21).
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� ¯¨è¥¬ ¥é¥ á¨áâ¥¬ã ãà ¢­¥­¨© (6) á ®¯¥à â®à ¬¨ (15):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
@f(ij)=@y(i) + @f(ij)=@y(j) = 0;

�y(i)@f(ij)=@x(i)+
+(x(i) + qy(i))@f(ij)=@y(i) + @f(ij)=@z(i)�

�y(j)@f (ij)=@x(j)+
+(x(j) + qy(j))@f(ij)=@y(j) + @f(ij)=@z(j) = 0;

9>>>>>>=
>>>>>>;

(30)

£¤¥ 0 6 q < 2.
� ­£ íâ®© á¨áâ¥¬ë à ¢¥­ âà¥¬, ¯®íâ®¬ã ®­  ¨¬¥¥â â®«ìª® âà¨ ­¥-

§ ¢¨á¨¬ë¥ à¥è¥­¨ï. �¡é¥¥ à¥è¥­¨¥ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© á¨áâ¥¬ë
(30), ª ª ¨ ¢ ¯à¥¤ë¤ãé¨å âà¥å á«ãç ïå, § ¤ ¥âáï ¢ëà ¦¥­¨¥¬ (27). �®¤-
áâ ¢¨¬ ¥£® ¢ âà¥âì¥ ãà ¢­¥­¨¥: �v�u + (u + qv)�v + �z(i) + �z(j) = 0,
£¤¥ u = x(i)� x(j), v = y(i)� y(j). �®®â¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨ï å à ª-
â¥à¨áâ¨ª: �du=v = dv=(u + qv) = dz(i) = dz(j) ¤«ï «î¡ëå ¢®§¬®¦­ëå
§­ ç¥­¨© ¯ à ¬¥âà  q ¨¬¥îâ âà¨ ­¥§ ¢¨á¨¬ë¥ ¨­â¥£à « :

((2u+ qv)2 + v2(4� q2)) exp
2qp
4� q2

arctg
2u+ qv

v
p
4� q2

= c1;

z(i) +
2p
4� q2

arctg
2u+ qv

v
p
4� q2

= c2;

z(j) +
2p
4� q2

arctg
2u+ qv

v
p
4� q2

= c3:

9>>>>>>=
>>>>>>;

�à®¨§¢¥¤¥¬ ¢ íâ¨å ¨­â¥£à « å ¯¥à¥®¡®§­ ç¥­¨¥ ¯ à ¬¥âà : 
 =
q=
p
4� q2 ¨ ã¤®¡­ãî § ¬¥­ã ª®®à¤¨­ â: x! (y

p
4� q2�qx)=2

p
4� q2,

y ! x=
p
4� q2, z ! 2z=

p
4� q2. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ª®¬¯®­¥­âë

­¥¢ëà®¦¤¥­­®© 3-¬¥âà¨ª¨ (22), ¢ ª®â®à®© 0 6 
 <1, â ª ª ª 0 6 q < 2.
� ¯¨è¥¬ â ª¦¥ á¨áâ¥¬ã ãà ¢­¥­¨© (6) á ®¯¥à â®à ¬¨ (16):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
tgy(i) sin x(i)@f(ij)=@x(i) + cos x(i)@f(ij)=@y(i)+

+ sec y(i) sin x(i)@f(ij)=@z(i)+
+tgy(j) sin x(j)@f(ij)=@x(j) + cos x(j)@f(ij)=@y(j)+

+ sec y(j) sin x(j)@f(ij)=@z(j) = 0;
tgy(i) cos x(i)@f(ij)=@x(i) � sinx(i)@f(ij)=@y(i)+

+ sec y(i) cos x(i)@f(ij)=@z(i)+
+tgy(j) cos x(j)@f(ij)=@x(j) � sinx(j)@f(ij)=@y(j)+

+ sec y(j) cos x(j)@f(ij)=@z(j) = 0:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

(31)
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�¡é¥¥ à¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (31)

f(ij) = �(x(i)� x(j); y(i); y(j); z(i); z(j)); (32)

£¤¥ � { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¯ïâ¨ ¯¥à¥¬¥­­ëå, ¯®¤áâ ¢¨¬ ¢ ¥¥ ¢â®à®¥
¨ âà¥âì¥ ãà ¢­¥­¨ï, ¢¢¥¤ï ®¡®§­ ç¥­¨¥ u = x(i) � x(j). �®á«¥ íâ®£®
ã¬­®¦¨¬ ¢â®à®¥ ãà ¢­¥­¨¥ ­  cos x(j)(cos x(i)) ¨ ¢ëçâ¥¬ ¨§ ­¥£® âà¥âì¥,
ã¬­®¦¥­­®¥ ­  sinx(j)(sin x(i)):

tgy(i) sin u�u + cosu�y(i) + �y(j) + sec y(i) sin u�z(i) = 0;
tgy(j) sin u�u + �y(i) + cosu�y(j) � sec y(j) sin u�z(j) = 0:

�
(33)

�¬­®¦¨¬ ¯¥à¢®¥ ¨§ ¯®«ãç¥­­ëå ãà ¢­¥­¨© á¨áâ¥¬ë (33) ­  tgy(j)
¨ ¢ëçâ¥¬ ¨§ ­¥£® ¢â®à®¥, ã¬­®¦¥­­®¥ ­  tgy(i):

(tgy(j) cos u� tgy(i))�y(i) � (tgy(i) cos u� tgy(j))�y(j)+
+sec y(i)tgy(j) sin u�z(i) + sec y(j)tgy(i) sin u�z(j) = 0:

�®®â¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨ï å à ªâ¥à¨áâ¨ª: du=0 =
dy(i)=(tgy(j) cos u � tgy(i)) = �dy(j)=(tgy(i) cos u � tgy(j)) =
dz(i)= sec y(i)tgy(j) sin u= dz(j)=secy(j)tgy(i)sinu ¨¬¥îâ á«¥¤ãîé¨¥ âà¨
­¥§ ¢¨á¨¬ë¥ ¨­â¥£à « :

cos y(i) cos y(j) cos u+ sin y(i) sin y(j) = c1;

z(i) + signc1y(i) arcsin

 
sinu cos y(j)p

1� (c1)2

!
= c2;

z(j) � signc1y(j) arcsin

 
sinu cos y(i)p

1� (c1)2

!
= c3;

9>>>>>>=
>>>>>>;

ª®â®àë¥ ï¢«ïîâáï â ª¦¥ ¨­â¥£à « ¬¨ ¨ ¨áå®¤­®© á¨áâ¥¬ë (33). �®¤-
áâ ¢«ïï ¢ ­¨å u = x(i) � x(j) ¨ ¯à®¨§¢®¤ï § ¬¥­ã ª®®à¤¨­ â: x ! x,
y ! (��2y)=2, z ! z, ¯®«ãç ¥¬ ª®¬¯®­¥­âë ­¥¢ëà®¦¤¥­­®© 3-¬¥âà¨ª¨
(23).

79



� ¯¨è¥¬, ­ ª®­¥æ, á¨áâ¥¬ã ãà ¢­¥­¨© (6) á ®¯¥à â®à ¬¨ (17):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
sinx(i)@f(ij)=@x(i) + cos x(i)@f(ij)=@y(i)+

+ exp y(i) sin x(i)@f(ij)=@z(i)+
+ sinx(j)@f(ij)=@x(j) + cos x(j)@f(ij)=@y(j)+

+ exp y(j) sin x(j)@f(ij)=@z(j) = 0;
cosx(i)@f(ij)=@x(i) � sinx(i)@f(ij)=@y(i)+

+ exp y(i) cos x(i)@f(ij)=@z(i)+
+ cos x(j)@f(ij)=@x(j) � sinx(j)@f(ij)=@y(j)+

+ exp y(j) cos x(j)@f(ij)=@z(j) = 0:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

(34)

�¡é¥¥ à¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (34), § ¤ ¢ ¥¬®¥ ¢ëà -
¦¥­¨¥¬ (32), ¯®¤áâ ¢¨¬ ¢ ¥¥ ¢â®à®¥ ¨ âà¥âì¥ ãà ¢­¥­¨ï. �¬­®¦¨¬ § â¥¬
¢â®à®¥ ãà ¢­¥­¨¥ ­  sinx(i) (sinx(j)) ¨ á«®¦¨¬ á âà¥âì¨¬, ã¬­®¦¥­­ë¬
­  cosx(i)(cos x(j)):

(1� cosu)�u + ey(i)�z(i) + sinu�y(j) + ey(j) cos u�z(j) = 0;

(cos u� 1)�u � sinu�y(i) + ey(i) cosu�z(i) + ey(j)�z(j) = 0;

)
(35)

£¤¥ u = x(i) � x(j). �ª« ¤ë¢ ï íâ¨ ¤¢  ãà ¢­¥­¨ï, ¨áª«îç ¥¬ ¯à®¨§-
¢®¤­ãî �u:

sinu(�y(i) � �y(j))� (1 + cos u)(ey(i)�z(i) + ey(j)�z(j)) = 0:

�®®â¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨ï å à ªâ¥à¨áâ¨ª: du=0 = dy(i)= sin u =
�dy(j)= sin u = �dz(i)=(1 + cosu) exp y(i) = �dz(j)=(1 + cosu) exp y(j)
¨¬¥îâ âà¨ ­¥§ ¢¨á¨¬ë¥ ¨­â¥£à « : exp(�(y(i) + y(j))=2) sin(u=2) = c1,
z(i) + exp y(i)ctg(u=2) = c2, z(j) � exp y(j)ctg(u=2) = c3, ª®â®àë¥ ï¢«ï-
îâáï ®¤­®¢à¥¬¥­­® à¥è¥­¨ï¬¨ á¨áâ¥¬ë (35). �®¤áâ ¢«ïï ¢ ­¨å u =
x(i) � x(j) ¨ ¯à®¨§¢®¤ï ã¤®¡­ãî § ¬¥­ã ª®®à¤¨­ â: x ! 2arctgx, y !
�ln((1 + x2)y2), z ! z + x=(1 + x2)y2, ¯®«ãç ¥¬ ª®¬¯®­¥­âë 3-¬¥âà¨ª¨
(24), çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.

�®¬¯®­¥­âë 3-¬¥âà¨ª¨ (18) ¬®¦­®, ®ç¥¢¨¤­®, ¨­â¥à¯à¥â¨à®¢ âì ¯à®-
¥ªæ¨ï¬¨ ¢¥ªâ®à 

�!
ji ­  ª®®à¤¨­ â­ë¥ ®á¨. �®®â¢¥âáâ¢ãîé ï äã­ªæ¨®-

­ «ì­ ï á¢ï§ì (3) § ¤ ¥âáï á¨áâ¥¬®© âà¥å ­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨©:

f1(ij) � f1(ik) + f1(jk) = 0;
f2(ij) � f2(ik) + f2(jk) = 0;
f3(ij) � f3(ik) + f3(jk) = 0:

9=
;
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3-¬¥âà¨ª  (19) ¤®¯ãáª ¥â á®¤¥à¦ â¥«ì­ãî ä¨§¨ç¥áªãî ¨­â¥à¯à¥â -
æ¨î ¢ â¥à¬®¤¨­ ¬¨ª¥. �¥à¢ãî ¥¥ ª®¬¯®­¥­âã ¯à¥¤áâ ¢¨¬ ª ª à §­®áâì
â¥¬¯¥à âãà T (i) ¨ T (j) â¥à¬®¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë ¢ á®áâ®ï­¨ïå i ¨
j,   ¢â®àãî ¨ âà¥âìî { ª ª à ¡®âë ATS (ij) ¨ AST (ij) ¢­¥è­¨å â¥« ­ ¤
­¥© ¯à¨ ¥¥ ¯¥à¥å®¤¥ ¨§ á®áâ®ï­¨ï i ¢ á®áâ®ï­¨¥ j ¯® ¤¢ã¬ ¯ãâï¬ (TS
¨ ST ), á®áâ ¢«¥­­ë¬ ¨§ à ¢­®¢¥á­ëå ¨§®â¥à¬¨ç¥áª®£® (T = const) ¨
 ¤¨ ¡ â¨ç¥áª®£® (S = const) ¯à®æ¥áá®¢:

f1(ij) = T (i) � T (j);
f2(ij) = ATS(ij) = (S(i) � S(j))T (i) � U (i) + U (j);
f3(ij) = AST (ij) = (S(i) � S(j))T (j) � U (i) + U (j);

9=
;

£¤¥ S ¨ U - í­âà®¯¨ï ¨ ¢­ãâà¥­­ïï í­¥à£¨ï á¨áâ¥¬ë. �®®â¢¥âáâ¢ãîé ï
ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ ï äã­ªæ¨®­ «ì­ ï á¢ï§ì (3) § ¤ ¥âáï
¢ íâ®¬ á«ãç ¥ âà¥¬ï ­¥§ ¢¨á¨¬ë¬¨ ãà ¢­¥­¨ï¬¨:

f1(ij) � f1(ik) + f1(jk) = 0;
(f2(ij) � f3(ij))=f1(ij) � (f2(ik) � f3(ik))=f1(ik)+

+(f2(jk) � f3(jk))=f1(jk) = 0;
(f3(ij) � f3(ik) + f2(jk))f1(ik)� (f2(ik) � f3(ik))f1(jk) = 0:

9>>=
>>;

� â¥à¬®¤¨­ ¬¨ª¥ ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ¥é¥ ¨ ª®¬¯®­¥­âë 3-
¬¥âà¨ª¨ (21) ¯à¨ p = 0 à §­®áâìî â¥¬¯¥à âãà ¨ à ¡®â ¬¨ ¯® ¯ãâï¬
PV ¨ V P , £¤¥ P ¨ V { ¤ ¢«¥­¨¥ ¨ ®¡ê¥¬ á¨áâ¥¬ë. �®¯à®á ® ä¨§¨ç¥áª®©
¨ ¬ â¥¬ â¨ç¥áª®© ¨­â¥à¯à¥â æ¨¨ ®áâ «ì­ëå 3-¬¥âà¨ª ®áâ ¥âáï ¯®ª 
®âªàëâë¬. �å ­¥âà¨¢¨ «ì­ë¥ á¨¬¬¥âà¨¨, £àã¯¯®¢ ï ¨ ä¥­®¬¥­®«®£¨-
ç¥áª ï, ®¡ãá« ¢«¨¢ îé¨¥ ¤àã£ ¤àã£ , ¤ îâ ®á­®¢ ­¨¥ ­ ¤¥ïâìáï, çâ®
â ª¨¥ ¨­â¥à¯à¥â æ¨¨ ¡ã¤ãâ ­ ©¤¥­ë ¨ ¤«ï ¤àã£¨å 3-¬¥âà¨ª ¨§ â¥®à¥¬ë
2 ­ áâ®ïé¥£® ¯ à £à ä .

�« áá¨ä¨ª æ¨¨ ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ëå à ­£  âà¨ ¤¢ã-
¬¥âà¨ç¥áª¨å £¥®¬¥âà¨© ­  ¯«®áª®áâ¨ (â¥®à¥¬  ¨§ x3) ¨ âà¨¬¥âà¨ç¥áª¨å
£¥®¬¥âà¨© ¢ ¯à®áâà ­áâ¢¥ (â¥®à¥¬  2 ­ áâ®ïé¥£® ¯ à £à ä ) ®¯ã¡«¨-
ª®¢ ­ë  ¢â®à®¬ ¡¥§ ¤®ª § â¥«ìáâ¢  ¢ à ¡®â¥ [17].
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x6. �« áá¨ä¨ª æ¨ï ®¤­®¬¥âà¨ç¥áª¨å £¥®¬¥âà¨© ­ 

¯«®áª®áâ¨

�¤­®¬¥âà¨ç¥áª¨¥ (s = 1) £¥®¬¥âà¨¨ ­  ¯«®áª®áâ¨ (x; y) § ¤ îâáï ®¤­®-
ª®¬¯®­¥­â­®© £« ¤ª®© äã­ªæ¨¥© f , ª®®à¤¨­ â­®¥ ¯à¥¤áâ ¢«¥­¨¥ ª®â®-
à®© § ¯¨è¥¬ ¯® ¢ëà ¦¥­¨î (2) ¨§ x1:

f(ij) = f(x(i); y(i); x(j); y(j)): (1)

�á«¨ íâ  1-¬¥âà¨ª  § ¤ ¥â ­  ¤¢ã¬¥à­®¬ ¬­®£®®¡à §¨¨ («®ª «ì­® {
¯«®áª®áâ¨) ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ãî £¥®¬¥âà¨î à ­£  4 (n =
2; sn = 2), â® ¯®  ªá¨®¬¥ IV ¨§ x1 è¥áâì ¥¥ §­ ç¥­¨© ¤«ï ç¥â¢¥àª¨
< ijkl > äãªæ¨®­ «ì­® á¢ï§ ­ë:

�(f(ij); f(ik); f(il); f(jk); f(jl); f(kl)) = 0: (2)

�¥¢ëà®¦¤¥­­ ï 1-¬¥âà¨ª  (1) ¯®  ªá¨®¬¥ III ¨§ x1 ¤®«¦­  ã¤®¢-
«¥â¢®àïâì á«¥¤ãîé¨¬ ¤¢ã¬ ãá«®¢¨¨ï¬:

@(f(ik); f(il))=@(x(i); y(i)) 6= 0;
@(f(kj); f(lj))=@(x(j); y(j)) 6= 0

�
(3)

¤«ï ®âªàëâ®£® ¨ ¯«®â­®£® ¢ M3 ¬­®¦¥áâ¢  âà®¥ª < ikl > ¨ < klj >.
�«®áª®áâì �¢ª«¨¤  á ¬¥âà¨ç¥áª®© äã­ªæ¨¥© f(ij) = (x(i)�x(j))2 +

+(y(i)� y(j))2, ª®â®à ï ¢® �¢¥¤¥­¨¨ ¡ë«  à áá¬®âà¥­  ¢ ª ç¥áâ¢¥ ¯à¨-
¬¥à , ï¢«ï¥âáï ®¤­®© ¨§ â ª¨å £¥®¬¥âà¨©. �® áª®«ìª® ¨å ¬®¦¥â áãé¥-
áâ¢®¢ âì? �â  § ¤ ç  ¡ë«  à¥è¥­   ¢â®à®¬ ¨ à¥§ã«ìâ âë ®¯ã¡«¨ª®¢ -
­ë ¢ à ¡®â¥ [5].

�¥®à¥¬  1. � â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ ¨ ¢ ­ ¤«¥¦ é¥ ¢ë-
¡à ­­®© á¨áâ¥¬¥ «®ª «ì­ëå ª®®à¤¨­ â (x; y) 1-¬¥âà¨ª  f(ij), § ¤ î-
é ï ­  ¤¢ã¬¥à­®¬ ¬­®£®®¡à §¨¨ M ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ãî
£¥®¬¥âà¨î à ­£  4, ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ®¤­¨¬ ¨§ á«¥¤ãîé¨å
¢ëà ¦¥­¨©:

f(ij) = (x(i) � x(j))2 + (y(i) � y(j))2 ; (4)

f(ij) = siny(i) sin y(j) cos(x(i)� x(j)) + cos y(i) cos y(j); (5)
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f(ij) = shy(i)shy(j) cos(x(i) � x(j)) � chy(i)chy(j); (6)

f(ij) = (x(i) � x(j))2 � (y(i) � y(j))2 ; (7)

f(ij) = chy(i)chy(j) cos(x(i) � x(j)) � shy(i)shy(j); (8)

f(ij) = x(i)y(j) � x(j)y(i); (9)

f(ij) =
y(i) � y(j)

x(i)� x(j)
; (10)

f(ij) = ((x(i) � x(j))2 � (y(i) � y(j))2) �

� exp

�
2�ar(c)th

y(i) � y(j)

x(i) � x(j)

�
;

(11)

f(ij) = (x(i) � x(j))2 exp

�
2
y(i) � y(j)

x(i)� x(j)

�
; (12)

f(ij) = ((x(i) � x(j))2 + (y(i) � y(j))2) exp

�
2
arctg

y(i) � y(j)

x(i) � x(j)

�
; (13)

f(ij) = ((x(i) � x(j))2 + "iy
2(i) + "jy

2(j))=y(i)y(j); (14)

£¤¥ � > 0 ¨ � 6= 1, 
 > 0, "i = 0;�1, "j = 0;�1, ¯à¨ç¥¬ ­¥ ®¡ï§ â¥«ì­®
"i = "j.

�ëà ¦¥­¨ï (4) { (9) ®¯à¥¤¥«ïîâ ¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨ å®à®è® ¨§-
¢¥áâ­ëå ¯«®áª¨å £¥®¬¥âà¨©: (4) { ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨, (5) { ¤¢ã¬¥à-
­®© áä¥àë, (6) { ¯«®áª®áâ¨ �®¡ ç¥¢áª®£®, (7) { ¯«®áª®áâ¨ �¨­ª®¢áª®£®,
(8) { ¤¢ã¬¥à­®£® ®¤­®¯®«®áâ­®£® £¨¯¥à¡®«®¨¤  ¢ âà¥å¬¥à­®¬ ¯á¥¢¤®-
¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥, (9) { á¨¬¯«¥ªâ¨ç¥áª®© ¯«®áª®áâ¨. �¥âà¨ç¥-
áª¨¥ äã­ªæ¨¨ (10), (11), (12), (13), ¯®-¢¨¤¨¬®¬ã, ¤® ­ áâ®ïé¥£® ¢à¥¬¥­¨
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¢ £¥®¬¥âà¨¨ ­¥ à áá¬ âà¨¢ «¨áì. �ëà ¦¥­¨¥ (14) ®¯à¥¤¥«ï¥â ¬¥âà¨ç¥-
áªãî äã­ªæ¨î ­  ­¥á¢ï§­®¬ ¤¢ã¬¥à­®¬ ¬­®£®®¡à §¨¨, ­  á¢ï§­ëå ª®¬-
¯®­¥­â å ª®â®à®£® ¡ã¤¥â «¨¡® á¨¬¯«¥ªâ¨ç¥áª ï ¯«®áª®áì ("i = "j = 0),
«¨¡® ¯«®áª®áâì �®¡ ç¥¢áª®£® ¢ ¬®¤¥«¨ �ã ­ª à¥ ("i = "j = 1), «¨¡®
¤¢ã¬¥à­ë© ®¤­®¯®«®áâ­®© £¨¯¥à¡®«®¨¤ ("i = "j = �1). �¢ã¬¥à­ãî £¥®-
¬¥âà¨î á ¬¥âà¨ç¥áª®© äã­ªæ¨¥© (13)  ¢â®à ­ §¢ « ¯«®áª®áâìî �¥«ì¬-
£®«ìæ , â ª ª ª ®ªàã¦­®áâìî ¢ ­¥© ï¢«ï¥âáï «®£ à¨ä¬¨ç¥áª ï á¯¨à «ì,
® ç¥¬ �¥«ì¬£®«ìæ ªà âª® á®®¡é ¥â ¢ á¢®¥© à ¡®â¥ "� ä ªâ å, «¥¦ é¨å
¢ ®á­®¢ ­¨¨ £¥®¬¥âà¨¨" [3].

�à®ä¥áá®à �.�.�¨à®ª®¢ (ª ä¥¤à  £¥®¬¥âà¨¨ � § ­áª®£® ã­¨¢¥à-
á¨â¥â ) ®¡à â¨« ¢­¨¬ ­¨¥  ¢â®à  ­  â®, çâ® á â®ç­®áâìî ¤® íª¢¨¢ -
«¥­â­®áâ¨ âà¨ ¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨ (11), (12) ¨ (13) ¬®¦­® § ¯¨á âì
¥¤¨­®®¡à §­®, ¨á¯®«ì§ãï âà¨ â¨¯  ª®¬¯«¥ªá­ëå ç¨á¥« z = x+ ey:

f(ij) = (z(i) � z(j))(z(i) � z(j)) exp 2
Arg(z(i) � z(j));

£¤¥ �z = x � ey, e2 = +1, e2 = 0 ¨ e2 = �1 ¤«ï ¢ëà ¦¥­¨© (11), (12) ¨
(13) á®®â¢¥âáâ¢¥­­®, 
 > 0 ¨, ¤®¯®«­¨â¥«ì­®, 
 6= 1, ¥á«¨ e2 = +1, â ª
ª ª 1-¬¥âà¨ª  (11) áâ ­®¢¨âáï ¯à¨ 
 = 1 ¢ëà®¦¤¥­­®©.

� ¯®¬­¨¬, çâ® ¡®«ìè ï ç áâì 1-¬¥âà¨ª (4) { (14), ªà®¬¥ (6), (8) ¨
(14) ¯à¨ "i 6= 0 ¨«¨ "j 6= 0, á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ á®¢¯ ¤ ¥â
á ¯¥à¢ë¬¨ ª®¬¯®­¥­â ¬¨ 3-¬¥âà¨ª (20) { (24) ¨§ ¯à¥¤ë¤ãé¥£® x5. �á«¨
¦¥ "i = "j = 0, â® 1-¬¥âà¨ª  (14) ¯¥à¥å®¤¨â ¢ ¯¥à¢ãî ª®¬¯®­¥­âã
f1(ij) 3-¬¥âà¨ª¨ (24) ¨§ x5 ¯à¨ § ¬¥­¥ ª®®à¤¨­ â x ! x, y ! 1=y2 ¨
¤¨ää¥®¬®àä¨§¬¥ f ! (f1)2.

� à ¡®â¥ [5] à¥§ã«ìâ âë (4) { (14) ¯à¨¢¥¤¥­ë ¡¥§ ¤®ª § â¥«ìáâ¢ ,
¯®íâ®¬ã ­¨¦¥ ¬ë ªà âª® ¨§«®¦¨¬ ¥£® áå¥¬ã. �¥­®¬¥­®«®£¨ç¥áª ï á¨¬-
¬¥âà¨ï ¯«®áª®© (¤¢ã¬¥à­®©) £¥®¬¥âà¨¨ ®§­ ç ¥â, çâ® è¥áâì ¢§ ¨¬­ëå
à ááâ®ï­¨©

f(ij) = f(x(i); y(i); x(j); y(j));
f(ik) = f(x(i); y(i); x(k); y(k));
f(il) = f(x(i); y(i); x(l); y(l));

f(jk) = f(x(j); y(j); x(k); y(k));
f(jl) = f(x(j); y(j); x(l); y(l));
f(kl) = f(x(k); y(k); x(l); y(l));

9>>>>>>=
>>>>>>;

(15)

á®®â¢¥âáâ¢ãîé¨å ¢á¥¬ ã¯®àï¤®ç¥­­ë¬ ¯ à ¬ ¢ ª®àâ¥¦¥< ijkl >, äã­ª-
æ¨®­ «ì­® á¢ï§ ­ë, â® ¥áâì ã¤®¢«¥â¢®àïîâ ­¥ª®â®à®¬ã ãà ¢­¥­¨î (2).
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�¥áâì äã­ªæ¨© (15) § ¢¨áïâ ¢ ®¡é¥© á«®¦­®áâ¨ ®â ¢®áì¬¨ ª®®à¤¨-
­ â x(i), y(i), x(j), y(j), x(k), y(k), x(l), y(l) ç¥âëà¥å â®ç¥ª ª®àâ¥¦ 
< ijkl >, ¯®íâ®¬ã á¢ï§ì ¬¥¦¤ã ­¨¬¨ ¢®§¬®¦­  ­¥ ¢á¥£¤ . �®£« á­® â¥-
®à¥¬¥ ¨§ x1 ¤«ï â®£®, çâ®¡ë è¥áâì ¬¥âà¨ç¥áª¨å äã­ªæ¨© á¨áâ¥¬ë (15)
¡ë«¨ äã­ªæ¨®­ «ì­® á¢ï§ ­ë ª ª¨¬-«¨¡® ãà ¢­¥­¨¥¬ (2), ­¥®¡å®¤¨¬®
¨ ¤®áâ â®ç­®, çâ®¡ë ®¡é¨© à ­£ ¬ âà¨æë �ª®¡¨ ¤«ï ­¥¥:
































@f(ij)

@x(i)

@f(ik)

@x(i)

@f(il)

@x(i)
0 0 0

@f(ij)

@y(i)

@f(ik)

@y(i)

@f(il)

@y(i)
0 0 0

@f(ij)

@x(j)
0 0

@f(jk)

@x(j)

@f(jl)

@x(j)
0

@f(ij)

@y(j)
0 0

@f(jk)

@y(j)

@f(jl)

@y(j)
0

0
@f(ik)

@x(k)
0

@f(jk)

@x(k)
0

@f(kl)

@x(k)

0
@f(ik)

@y(k)
0

@f(jk)

@y(k)
0

@f(kl)

@y(k)

0 0
@f(il)

@x(l)
0

@f(jl)

@x(l)

@f(kl)

@x(l)

0 0
@f(il)

@y(l)
0

@f(jl)

@y(l)

@f(kl)

@y(l)


































(16)

¡ë« à ¢¥­ ¯ïâ¨. � íâ® ®§­ ç ¥â, çâ® «î¡®© ®¯à¥¤¥«¨â¥«ì è¥áâ®£® ¯®-
àï¤ª , ¯®«ãç¥­­ë© ¨§ ¬ âà¨æë (16) ¢ëç¥àª¨¢ ­¨¥¬ ª ª¨å-â® ¤¢ãå ¥¥
áâà®ª, ¤®«¦¥­ ®¡à é âìáï ¢ ­ã«ì.

� áá¬®âà¨¬ ®¯à¥¤¥«¨â¥«ì, ¯®«ãç¥­­ë© ¨§ ¬ âà¨æë (16) ¢ëç¥àª¨¢ -
­¨¥¬ ¯®á«¥¤­¨å ¤¢ãå áâà®ª. �®áª®«ìªã ¯® ª®®à¤¨­ â ¬ â®ç¥ª ª®àâ¥¦ 
< ijkl > ®­ â®¦¤¥áâ¢¥­­® ®¡à é ¥âáï ¢ ­ã«ì, § ä¨ªá¨àã¥¬ ¢ ­¥¬ ª®-
®à¤¨­ âë â®ç¥ª k, l ¨ à §«®¦¨¬ ¥£® ¯® í«¥¬¥­â ¬ ¯¥à¢®£® áâ®«¡æ . �
à¥§ã«ìâ â¥ ®â­®á¨â¥«ì­® äã­ªæ¨¨ f(ij) ¯®«ãç ¥¬ «¨­¥©­®¥ ®¤­®à®¤­®¥
¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå ¯¥à¢®£® ¯®àï¤-
ª , ª®â®à®¥ ¯®á«¥ ¢¢¥¤¥­¨ï ã¤®¡­ëå ®¡®§­ ç¥­¨© ª®íää¨æ¨¥­â®¢ ¯à¨
¯à®¨§¢®¤­ëå ¬®¦­® § ¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

A(i)
@f(ij)

x(i)
+B(i)

@f(ij)

y(i)
+A(j)

@f(ij)

x(j)
+B(j)

@f(ij)

y(j)
= 0;

£¤¥, ­ ¯à¨¬¥à, A(i) = A(x(i); y(i)). �®«ãç¥­­®¥ ãà ¢­¥­¨¥ ¨­â¥£à¨àã¥-
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¬®, â ª ª ªA 6= 0, B 6= 0, ¨ ¬®¦¥â ¡ëâì à¥è¥­® ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª:

f(ij) = �('(i) � '(j);  (i);  (j));

£¤¥ �(u; v; w) { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï âà¥å ¯¥à¥¬¥­­ëå,   äã­ªæ¨¨ '
¨  ­¥§ ¢¨á¨¬ë. �®á«¥ ¥áâ¥áâ¢¥­­®© § ¬¥­ë ª®®à¤¨­ â ' ! x,  ! y
íâ® à¥è¥­¨¥ § ¯¨è¥âáï ¢ ¡®«¥¥ ¯à®áâ®¬ ¢¨¤¥:

f(ij) = �(x(i) � x(j); y(i); y(j)): (17)

�®¤áâ ¢¨¬ à¥è¥­¨¥ (17) ¢ ¬ âà¨æã (16) ¨ à áá¬®âà¨¬ ¤¢  ®¯à¥¤¥-
«¨â¥«ï è¥áâ®£® ¯®àï¤ª , ¯®«ãç¥­­ë¥ ¢ëç¥àª¨¢ ­¨¥¬ ¯¥à¢®©, ¢â®à®© ¨
¯¥à¢®©, ç¥â¢¥àâ®© áâà®ª. �â¨ ®¯à¥¤¥«¨â¥«¨ ®¡à é îâáï ¢ ­ã«ì â®¦¤¥-
áâ¢¥­­® ¯® ¢á¥¬ ¢®áì¬¨ ª®®à¤¨­ â ¬ â®ç¥ª ª®àâ¥¦  < ijkl >. �¨ªá¨àãï
§ â¥¬ ª®®à¤¨­ âë x(k), y(k), x(l), y(l), ¯à¨å®¤¨¬ ª á«¥¤ãîé¨¬ ¤¢ã¬ á®-
®â­®è¥­¨ï¬:

�w(ij)=�u(ij) = �(j) + �(j)(�(i) � �(j))=(�(i) � �(j));
�v(ij)=�u(ij) = ��(i) � �(i)(�(i) � �(j))=(�(i) � �(j)):

�
(18)

�®®â­®è¥­¨ï (18) ¯à¥¤áâ ¢«ïîâ á®¡®©, ¯à¥¦¤¥ ¢á¥£®, á¨áâ¥¬ã ¤¢ãå
äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® äã­ªæ¨© �, �, �, �, â ª ª ª
¢ «¥¢ë¥ ¨å ç áâ¨ ª®®à¤¨­ âë x(i) ¨ x(j) ¢å®¤ïâ ¢ ¢¨¤¥ à §­®áâ¨ x(i)�
x(j). �¥è¨¢ íâ¨ äã­ªæ¨®­ «ì­ë¥ ãà ¢­¥­¨ï ¨ ­ ©¤ï ï¢­ë¥ ¢ëà ¦¥­¨ï
¤«ï �, �, �, �, ¯à¥¢à â¨¬ á®®â­®è¥­¨ï (18) ¢ á¨áâ¥¬ã ¤¢ãå ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® äã­ªæ¨¨ �(u; v; w). �¥è¥­¨¥ íâ®©
á¨áâ¥¬ë ¨ ®¯à¥¤¥«ï¥â ®¤­ã ¨§ ä¥­®¬¥­®«®£¨ç¥áª¨ ¨­¢ à¨ ­â­ëå ¬¥-
âà¨ç¥áª¨å äã­ªæ¨© (4) { (14) ­  ¯«®áª®áâ¨. � ¨¡®«¥¥ á«®¦­ë© íâ ¯ {
­ å®¦¤¥­¨¥ ï¢­ëå ¢ëà ¦¥­¨© ¤«ï äã­ªæ¨© �, �, �, � ¨§ äã­ªæ¨®­ «ì-
­ëå ãà ¢­¥­¨© (18), â ª ª ª ®­¨ ¨¬¥îâ ¡®«ìè®¥ ç¨á«® à¥è¥­¨©.

�®£« á­® â¥®à¥¬¥ 2 ¨§ x2 ª ¦¤ ï ä¥­®¬¥­®«®£¨ç¥áª¨ ¨­¢ à¨ ­â­ ï
¬¥âà¨ç¥áª ï äã­ªæ¨ï (1) ¤®¯ãáª ¥â âà¥å¯ à ¬¥âà¨ç¥áªãî «®ª «ì­ãî
£àã¯¯ã ¤¢¨¦¥­¨©, â® ¥áâì â ª¨å £« ¤ª¨å ¨ ®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨©:

x0 = �(x; y; a1; a2; a3);
y0 = �(x; y; a1; a2; a3)

�
(19)

á @(�; �)=@(x; y) 6= 0, ª®â®àë¥ ¥¥ á®åà ­ïîâ:

f(x0(i); y0(i); x0(j); y0(j)) = f(x(i); y(i); x(j); y(j)): (20)
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� ª¨¬ ®¡à §®¬, ¬¥âà¨ç¥áª ï äã­ªæ¨ï ï¢«ï¥âáï ¤¢ãåâ®ç¥ç­ë¬ ¨­-
¢ à¨ ­â®¬ £àã¯¯ë ¥¥ ¤¢¨¦¥­¨©. �á«¨ ¨§¢¥áâ­® ï¢­®¥ ¢ëà ¦¥­¨¥ (1)
¤«ï ¬¥âà¨ç¥áª®© äã­ªæ¨¨, â® ãá«®¢¨¥ (20) ¯à¥¤áâ ¢«ï¥â á®¡®© äã­ªæ¨-
®­ «ì­®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® £àã¯¯ë ¥¥ ¤¢¨¦¥­¨© (19). �á«¨ ¦¥,
­ ®¡®à®â, § ¤ ­  âà¥å¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¯à¥®¡à §®¢ ­¨© (19), â®
ãá«®¢¨¥ (20) ¬®¦­® à áá¬ âà¨¢ âì ª ª äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ ®â-
­®á¨â¥«ì­® ¬¥âà¨ç¥áª®© äã­ªæ¨¨ (1).

�á­®¢­®© æ¥«ìî ­ áâ®ïé¥£® x6 ï¢«ï¥âáï ¢®á¯à®¨§¢¥¤¥­¨¥ à¥§ã«ìâ -
â®¢ â¥®à¥¬ë 1 á ¯®¬®éìî ª« áá¨ä¨ª æ¨¨ âà¥å¬¥à­ëå £àã¯¯ ¯à¥®¡à -
§®¢ ­¨© ¯«®áª®áâ¨ (19), ª®â®àãî, ®ª §ë¢ ¥âáï, «¥£ª® ¯®áâà®¨âì ¯® ¨§-
¢¥áâ­®© ¨§ x4 ª« áá¨ä¨ª æ¨¨ âà¥å¬¥à­ëå £àã¯¯ ¯à¥®¡à §®¢ ­¨© ¯à®-
áâà ­áâ¢ .

�ãáâì ­ã«¥¢ë¬ §­ ç¥­¨ï¬ ¯ à ¬¥âà®¢ a = (a1; a2; a3) á®®â¢¥âáâ¢ã¥â
â®¦¤¥áâ¢¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ ¨§ £àã¯¯ë (19). �®£¤  ¡¥áª®­¥ç­® ¬ «®¥
(¨­ä¨­¨â¥§¨¬ «ì­®¥) ¯à¥®¡à §®¢ ­¨¥, ¡«¨§ª®¥ ª â®¦¤¥áâ¢¥­­®¬ã, § ¯¨-
è¥âáï ¢ â ª®¬ ¢¨¤¥:

x0 = x+ �1(x; y)a1 + �2(x; y)a2 + �3(x; y)a3;
y0 = y + �1(x; y)a

1 + �2(x; y)a
2 + �3(x; y)a

3;

�
(21)

£¤¥, ­ ¯à¨¬¥à, �1 = @�=@a1)ja=0.
�¯¥à â®àë

X1 = �1(x; y)@x + �1(x; y)@y;
X2 = �2(x; y)@x + �2(x; y)@y;
X3 = �3(x; y)@x + �3(x; y)@y;

9=
; (22)

£¤¥ @x = @=@x, @y = @=@y, ®¤­®§­ ç­® § ¤ ¢ ¥¬ë¥ ¯à¥®¡à §®¢ ­¨ï¬¨
(21), «¨­¥©­® ­¥§ ¢¨á¨¬ë á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨ ®¡à §ãîâ
¡ §¨á âà¥å¬¥à­®©  «£¥¡àë �¨ ¯à¥®¡à §®¢ ­¨© ¯«®áª®áâ¨ á ª®¬¬ãâ â®-
à ¬¨ [X1; X2], [X3; X1], [X2; X3].

� x4 ¯à¨¢¥¤¥­  ¯® ¬®­®£à ä¨¨ [15] ª« áá¨ä¨ª æ¨ï âà¥å¬¥à­ëå ¢¥-
é¥áâ¢¥­­ëå  ¡áâà ªâ­ëå  «£¥¡à �¨ (4) { (14), á ¯®¬®éìî ª®â®à®© ¡ë« 
¯®áâà®¥­  ¯®«­ ï ª« áá¨ä¨ª æ¨ï âà¥å¬¥à­ëå  «£¥¡à �¨ ¯à¥®¡à §®¢ -
­¨© ¯à®áâà ­áâ¢ , § ä¨ªá¨à®¢ ­­ ï ¢ â¥®à¥¬¥ íâ®£® ¯ à £à ä . �á­®,
çâ® ¨­âà ­§¨â¨¢­ë¥ âà¥å¬¥à­ë¥ £àã¯¯ë �¨ ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­-
áâ¢  á ¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨ (5) ¨§ x5 á®®â¢¥âáâ¢ãîé¥©  «£¥¡àë �¨,
¤«ï ª®â®àëå ¬ âà¨æ  (7) ¨§ x5 ¨¬¥¥â à ­£ ¬¥­ìè¥ âà¥å, ¨ ¥áâì £àã¯-
¯ë ¯à¥®¡à §®¢ ­¨© ¯«®áª®áâ¨. �à¨ íâ®¬, ª®­¥ç­®, ­ ¤® ®¯ãáª âì â¥
âà¥å¬¥à­ë¥  «£¥¡àë �¨ ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢ , ¤«ï ª®â®àëå
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¡ §¨á­ë¥ ®¯¥à â®àë X1, X2, X3 ­  ¨­¢ à¨ ­â­®© ¯«®áª®áâ¨ «¨­¥©­®
§ ¢¨á¨¬ë á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨.

�à®¨««îáâà¨àã¥¬ áª § ­­®¥ ¢ëè¥ ­  ¯à¨¬¥à¥  «£¥¡à (4.1) { (4.5)
¨§ x4. �à ­§¨â¨¢­®© ¡ã¤¥â â®«ìª  â  £àã¯¯  ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­-
áâ¢ , ª®â®à®© á®®â¢¥âáâ¢ã¥â  «£¥¡à  (4.5). �á¥ ®áâ «ì­ë¥ ¡ã¤ãâ ¨­-
âà ­§¨â¨¢­ë. �«£¥¡à  (4.1) ¥áâì  «£¥¡à  �¨ ¯à¥®¡à §®¢ ­¨© ¯«®áª®áâ¨
z = const. �  íâ®© ¦¥ ¯«®áª®áâ¨ «¨­¥©­® § ¢¨á¨¬ë ®¯¥à â®àë (4.2) ¨
(4.4),   ®¯¥à â®àë (4.3) «¨­¥©­® § ¢¨á¨¬ë ­  ¨­¢ à¨ ­â­®© ¯«®áª®áâ¨
y = const. � ª¨¬ ®¡à §®¬, ¨§ ¯ïâ¨  «£¥¡à (4.1) { (4.5) â®«ìª®  «£¥¡à  á
¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨

X1 = @x; X2 = y@x; X3 = �(y)@x; (23)

£¤¥ �00(y) 6= 0, ï¢«ï¥âáï âà¥å¬¥à­®©  «£¥¡à®© �¨ ¯à¥®¡à §®¢ ­¨© ¯«®á-
ª®áâ¨.

� ááã¦¤ ï  ­ «®£¨ç­® ¢ ®â­®è¥­¨¨ ¢á¥å  «£¥¡à �¨ ¯à¥®¡à §®¢ ­¨©
¯à®áâà ­áâ¢ , ¯® à¥§ã«ìâ â ¬ â¥®à¥¬ë ¨§ x4 ¯®«ãç ¥¬ ¯®«­ãî ª« áá¨-
ä¨ª æ¨î âà¥å¬¥à­ëå  «£¥¡à �¨ ¯à¥®¡à §®¢ ­¨© ¯«®áª®áâ¨:

�¥®à¥¬  2. � §¨á­ë¥ ®¯¥à â®àë (22) âà¥å¬¥à­®©  «£¥¡àë �¨ «®-
ª «ì­®© £àã¯¯ë �¨ «®ª «ì­ëå ¯à¥®¡à §®¢ ­¨© ¤¢ã¬¥à­®£® ¬­®£®®¡à -
§¨ï (¯«®áª®áâ¨) á â®ç­®áâìî ¤® ¨§®¬®àä¨§¬  ¨ ¢ ­ ¤«¥¦ é¥ ¢ë¡à ­-
­®© á¨áâ¥¬¥ «®ª «ì­ëå ª®®à¤¨­ â § ¤ îâáï á«¥¤ãîé¨¬¨ ¢ëà ¦¥­¨-
ï¬¨:

X1 = @x; X2 = y@x; X3 = �(y)@x; (24:1)

X1 = @x; X2 = y@x; X3 = �@y; (25:1)

X1 = @x; X2 = @y; X3 = y@x + �@y; (25:2)

X1 = @x; X2 = y@x; X3 = x@x � @y; (26:1)

X1 = @x; X2 = @y; X3 = (x+ y)@x + y@y ; (26:2)

X1 = @x; X2 = y@x; X3 = x@x + (1� p)y@y ; (27:1)
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X1 = @x; X2 = @y; X3 = x@x + py@y ; (27:2)

X1 = @x; X2 = y@x; X3 = x@x; (28:1)

X1 = @x; X2 = @y; X3 = x@x + y@y; (28:2)

X1 = @x; X2 = y@x; X3 = x@x + y@y ; (29:1)

X1 = @x; X2 = @y; X3 = x@x + �@y; (29:2)

X1 = @x; X2 = y@x; X3 = x@x + 2y@y; (30:1)

X1 = @x; X2 = @y; X3 = x@x � y@y; (30:2)

X1 = @x; X2 = y@x; X3 = xy@x + (1 � qy + y2)@y; (31:1)

X1 = @x; X2 = @y; X3 = �y@x + (x + qy)@y ; (31:2)

X1 = @x; X2 = y@x; X3 = xy@x + (1 + y2)@y; (32:1)

X1 = @x; X2 = @y; X3 = �y@x + x@y; (32:2)

X1 = @x;
X2 = tgy sinx@x + cos x@y;
X3 = tgy cos x@x � sinx@y;

9=
; (33:1)

X1 = @x; X2 = sinx@x; X3 = cosx@x; (34:1)

X1 = @x;
X2 = sinx@x + cos x@y;
X3 = cos x@x � sinx@y;

9=
; (34:2)
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X1 = @x;
X2 = �thy sinx@x + cosx@y;
X3 = �thy cosx@x � sinx@y;

9=
; (34:3)

X1 = @x;
X2 = �cthy sinx@x + cosx@y;
X3 = �cthy cosx@x � sinx@y;

9=
; (34:4)

£¤¥ 0 < p2 < 1, 0 < q < 2, �00(y) 6= 0, � { «î¡®¥ ç¨á«®.

�«£¥¡à  (30.2) ¥áâì  «£¥¡à  ¤¢¨¦¥­¨© ¯«®áª®áâ¨ �¨­ª®¢áª®£®,
(32.2) - ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨, (33.1) - ¤¢ã¬¥à­®© áä¥àë, (34.2) - á¨¬-
¯«¥ªâ¨ç¥áª®© ¯«®áª®áâ¨, (34.3) - ®¤­®¯®«®áâ­®£® ¤¢ã¬¥à­®£® £¨¯¥à¡®-
«®¨¤  ¢ âà¥å¬¥à­®¬ ¯á¥¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥, (34.4) - ¯«®áª®áâ¨
�®¡ ç¥¢áª®£®, â® ¥áâì ¤¢ãå¯®«®áâ­®£® ¤¢ã¬¥à­®£® £¨¯¥à¡®«®¨¤  ¢ â®¬
¦¥ ¯à®áâà ­áâ¢¥, (25.1) - ¯«®áª®áâ¨ � «¨«¥ï, (30.1) -  ­â¨¯á¥¢¤®¥¢ª«¨-
¤®¢®© ¯«®áª®áâ¨ ¨ â.¤. �à¨¢¥¤¥­­ë¥ ¢ â¥®à¥¬¥ 2 à¥§ã«ìâ âë ¨áç¥à¯ë-
¢ îâ ¢á¥ âà¥å¬¥à­ë¥ «®ª «ì­ë¥ £àã¯¯ë �¨ «®ª «ì­ëå ¯à¥®¡à §®¢ ­¨©
¯«®áª®áâ¨, ®¯à¥¤¥«ïîé¨¥ ­  ­¥© ¢á¥ ¤¢ã¬¥à­ë¥ £¥®¬¥âà¨¨, ã¤®¢«¥â¢®-
àïîé¨¥ ¤¢ã¬ £¨¯®â¥§ ¬ �ã ­ª à¥ [7]. �¥¢ïâì ¯«®áª¨å £¥®¬¥âà¨© �í«¨-
�«¥©­  (á¬., ­ ¯à¨¬¥à, [18]) ¥áâ¥áâ¢¥­­® ¢å®¤ïâ áî¤  ª ª ç áâ­ë© á«ã-
ç ©.

� ¬¥â¨¬, çâ® ¡ §¨á­ë¥ ®¯¥à â®àë (25.1) ¨ (25.2) á à §«¨ç­ë¬¨
§­ ç¥­¨ï¬¨ �, â ª ¦¥, ª ª ¨ ¡ §¨á­ë¥ ®¯¥à â®àë (29.2) á à §«¨ç­ë¬¨
§­ ç¥­¨ï¬¨ �, ­¥ ¬®£ãâ ¡ëâì á¢¥¤¥­ë ¤àã£ ª ¤àã£ã ­¨ª ª®© «®ª «ì­®
®¡à â¨¬®© § ¬¥­®© ª®®à¤¨­ â ­  ¯«®áª®áâ¨. �® ¥áâì ®­¨ ®¯à¥¤¥«ïîâ
¨§®¬®àä­ë¥ á â®ç­®áâìî ¤® á®¢¯ ¤¥­¨ï áâàãªâãà­ëå ª®­áâ ­â ¢ á®®â-
¢¥âáâ¢ãîé¨å ¡ §¨á å, ­® à §«¨ç­ë¥ ¤¥©áâ¢¨ï ®¤­®© ¨ â®© ¦¥ âà¥å¬¥à-
­®© £àã¯¯ë G3 ­  ¯«®áª®áâ¨. � ª« áá¨ä¨ª æ¨¨ ¦¥ á ¬®£® �.�¨ [13],
¯à®¢¥¤¥­­®© ¨¬ á â®ç­®áâìî ¤® ¯®¤®¡¨ï, ¤®¯ãáª îé¥£®  ¢â®¬®àä¨§¬,
â® ¥áâì ¯¥à¥å®¤ ¢ ®¤­®© ¨§ á®¯®áâ ¢«ï¥¬ëå  «£¥¡à ª ¤àã£®¬ã ¡ §¨áã
á á®åà ­¥­¨¬ áâàãªâãà­ëå ª®­áâ ­â, íâ¨  «£¥¡àë ®â®¦¤¥áâ¢«ïîâáï ¨
®áâ îâáï â®«ìª®  «£¥¡àë (25.1) ¨ (29.2) á � = 0.

� §¨á­ë¥ ®¯¥à â®àë (34.2), (34.3), (34.4) ¨§®¬®àä­ëå  «£¥¡à �¨
¬®¦­® § ¯¨á âì ¥¤¨­®®¡à §­®, ¥á«¨ ¢ ¢ëà ¦¥­¨ïå ¤«ï ­¨å ¯à®¨§¢¥áâ¨
á®®â¢¥âáâ¢¥­­® á«¥¤ãîé¨¥ § ¬¥­ë ª®®à¤¨­ â:

� = sinx=(cos x+ 1); � = exp y=(cos x+ 1);
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� = sinx=(cosx� thy); � = 1=(cosx� thy)chy;

� = sinx=(cosx� cthy); � = 1=(cosx� cthy)shy

¨ ¢®§¢à â¨âìáï ª ¨å ¯à¥¦­¨¬ ®¡®§­ ç¥­¨ï¬:

X1 =
1

2
(1 + x2 � "y2)@x + xy@y;

X2 = x@x + y@y ;

X3 =
1

2
(1 � x2 + "y2)@x � xy@y;

9>>=
>>; (35)

£¤¥ " = 0 ¤«ï (34.2), " = �1 ¤«ï (34.3) ¨ " = +1 ¤«ï (34.4). �¥§ã«ìâ âë
â¥®à¥¬ë 2 ®¯ã¡«¨ª®¢ ­ë  ¢â®à®¬ ¢ à ¡®â¥ [19].

�®¤áâ ¢¨¬ ¢ ãà ¢­¥­¨¥ (20) ¡¥áª®­¥ç­® ¬ «ë¥ ¯à¥®¡à §®¢ ­¨ï (21)
®ªà¥áâ­®áâ¥© U (i) ¨ U (j) ¨ ¯à®¤¨ää¥à¥­æ¨àã¥¬ ¥£® ®â¤¥«ì­® ¯® ª ¦¤®-
¬ã ¨§ ­¥§ ¢¨á¨¬ëå ¯ à ¬¥âà®¢ a1, a2, a3, ¯®« £ ï § â¥¬ ¢ à¥§ã«ìâ â å
¤¨ää¥à¥­æ¨à®¢ ­¨ï a1 = a2 = a3 = 0. � à¥§ã«ìâ â¥ ®â­®á¨â¥«ì­® ¬¥-
âà¨ç¥áª®© äã­ªæ¨¨ (1), ª®â®à ï ï¢«ï¥âáï ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬
£àã¯¯ë ¯à¥®¡à §®¢ ­¨© (19), ¯®«ãç ¥¬ á¨áâ¥¬ã âà¥å «¨­¥©­ëå ®¤­®-
à®¤­ëå ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå ¯¥à¢®£® ¯®àï¤ª :

X1(i)f(ij) +X1(j)f(ij) = 0;
X2(i)f(ij) +X2(j)f(ij) = 0;
X3(i)f(ij) +X3(j)f(ij) = 0;

9=
; (36)

á ®¯¥à â®à ¬¨ (22), £¤¥, ­ ¯à¨¬¥à, X1(i) = �1(x(i); y(i))@=@x(i) +
�1(x(i); y(i))@=@y(i). �®£« á­® ¨­ä¨­¨â¥§¨¬ «ì­®¬ã ªà¨â¥à¨î ¨­¢ à¨-
 ­â­®áâ¨ (á¬. [20], á.77) ¢á¥ à¥è¥­¨ï á¨áâ¥¬ë (36) ï¢«ïîâáï â ª¦¥ à¥-
è¥­¨ï¬¨ ¨áå®¤­®£® äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï (20).

� §¨á­ë¥ ®¯¥à â®àë X1(i), X2(i), X3(i) § ¤ îâ «®ª «ì­ë¥ ¯à¥®¡à -
§®¢ ­¨ï ®ªà¥áâ­®áâ¨ U (i),   ®¯¥à â®àë X1(j), X2(j), X3(j) { ®ªà¥áâ­®-
áâ¨ U (j). �à¨ ­ å®¦¤¥­¨¨ ¬¥âà¨ç¥áª®© äã­ªæ¨¨ f(ij) ¯® ãà ¢­¥­¨î
(36) à áá¬ âà¨¢ îâáï ¯à¥®¡à §®¢ ­¨ï ®ªà¥áâ­®áâ¨ U (i) � U (j), § ¤ -
¢ ¥¬ë¥ ®¯¥à â®à ¬¨ X�(ij) = X�(i) + X�(j), £¤¥ � = 1; 2; 3. �®áª®«ì-
ªã ®¯¥à â®àë X�(i) ¨ X�(j) ª®¬¬ãâ¨àãîâ ¬¥¦¤ã á®¡®©, á®®â¢¥âáâ¢ã-
îé¨¥  «£¥¡àë ¨§®¬®àä­ë  «£¥¡à¥ á ¡ §¨á®¬ X�(ij) á â®ç­®áâìî ¤®
á®¢¯ ¤¥­¨ï áâàãªâãà­ëå ª®­áâ ­â. �¤­ ª® íâ® ¢®¢á¥ ­¥ ®§­ ç ¥â, çâ®
®¯¥à â®àëX�(i) ¨X�(j) ¯¥à¥å®¤ïâ ¤àã£ ¢ ¤àã£  ¯à¨ ­¥ª®â®à®¬ «®ª «ì-
­®¬ ¤¨ää¥®¬®àä¨§¬¥ U (i) ! U (j). �®íâ®¬ã, ¥á«¨, ­ ¯à¨¬¥à, ¨¬¥îâáï
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¤¢¥ ¨§®¬®àä­ë¥, ­® à §«¨ç­ë¥ âà¥å¬¥à­ë¥  «£¥¡àë �¨ ¯à¥®¡à §®¢ ­¨©
¯«®áª®áâ¨, â® ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â f(ij) ­¥®¡å®¤¨¬® ¨áª âì ¤«ï
¢á¥å âà¥å ¯à¨­æ¨¯¨ «ì­® à §«¨ç­ëå á®ç¥â ­¨© ¡ §¨á­ëå ®¯¥à â®à®¢
X1(i), X2(i), X3(i) ¨ X1(j), X2(j), X3(j) ¢ á¨áâ¥¬¥ ãà ¢­¥­¨© (36).� -
¬¥â¨¬, çâ® ¢ ¤¢®©­®© ­ã¬¥à æ¨¨ à¥§ã«ìâ â®¢ â¥®à¥¬ë 2 (â ª ¦¥, ª ª ¨
â¥®à¥¬ë ¨§ x4) ¯¥à¢ë¥ æ¨äàë ®¤¨­ ª®¢ë ¤«ï ¨§®¬®àä­ëå  «£¥¡à, ¡ -
§¨á­ë¥ ®¯¥à â®àë ª®â®àëå ­¥ á¢®¤ïâáï ¤àã£ ª ¤àã£ã ­¨ª ª®© «®ª «ì­®
®¡à â¨¬®© § ¬¥­®© ª®®à¤¨­ â x! '(x; y), y !  (x; y).

�¥¬¬ . �á«¨ £àã¯¯  ¯à¥®¡à §®¢ ­¨© ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U �
M § ¤ ¥âáï  «£¥¡à®© �¨ á ¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨ X1, X2, X3 ¨§
ª« áá¨ä¨ª æ¨®­­®© â¥®à¥¬ë 2, ¯à¨ç¥¬ X1 = @x, X2 = y@x ¨«¨ X1 =
@x, X2 = sinx@x, â® «î¡®© ¥¥ ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â f ¢ëà®¦¤¥­.

� ¯¨è¥¬ ¯¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï á¨áâ¥¬ë (36) á íâ¨¬¨ ®¯¥à â®à ¬¨:

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
y(i)@f(ij)=@x(i) + y(j)@f(ij)=@x(j) = 0;

�

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
sinx(i)@f(ij)=@x(i) + sinx(j)@f(ij)=@x(j) = 0:

�

�¡¥ á¨áâ¥¬ë ¨¬¥îâ à ­£ à ¢­ë© ¤¢ã¬, ¯®íâ®¬ã @f(ij)=@x(i) = 0,
@f(ij)=@x(j) = 0 ¨ ¨å à¥è¥­¨¥ ­¥ § ¢¨á¨â ®â ª®®à¤¨­ â x(i) ¨ x(j):

f(ij) = �(y(i); y(j)):

�á­®, çâ® â ª®© ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â ¢ëà®¦¤¥­, â ª ª ª ­¥ ã¤®-
¢«¥â¢®àï¥â ­¨ ®¤­®¬ã ¨§ ãá«®¢¨© (3). �¥¬¬  ¤®ª § ­ .

� ª¨¬ ®¡à §®¬, ¯à¨ ­ å®¦¤¥­¨¨ ¤¢ãåâ®ç¥ç­ëå ¨­¢ à¨ ­â®¢ âà¥å-
¯ à ¬¥âà¨ç¥áª¨å £àã¯¯ ¯à¥®¡à §®¢ ­¨© ¯«®áª®áâ¨ ª ª à¥è¥­¨© á¨áâ¥¬
ãà ¢­¥­¨© (36) â¥  «£¥¡àë �¨ ¨§ ª« áá¨ä¨ª æ¨®­­®© â¥®à¥¬ë 2, ã ª®-
â®àëå «¨¡® X1 = @x, X2 = y@x, «¨¡® X1 = @x, X2 = sinx@x, â® ¥áâì
 «£¥¡àë (24.1) { (32.1), (34.1) ¬®¦­® ­¥ à áá¬ âà¨¢ âì.

�¥®à¥¬  3. �¥¢ëà®¦¤¥­­ë¥ ¤¢ãåâ®ç¥ç­ë¥ ¨­¢ à¨ ­âë âà¥å¯ à -
¬¥âà¨ç¥áª¨å £àã¯¯ �¨ «®ª «ì­ëå ¯à¥®¡à §®¢ ­¨© ¤¢ã¬¥à­®£® ¬­®£®-
®¡à §¨ï á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ á®¢¯ ¤ îâ á 1-¬¥âà¨ª ¬¨
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(4) { (14) ¨§ â¥®à¥¬ë 2, § ¤ îé¨¬¨ ­  ­¥¬ ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬-
¬¥âà¨ç­ë¥ £¥®¬¥âà¨¨ à ­£  4.

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (36) á ®¯¥à â®à ¬¨ (25.2):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
@f(ij)=@y(i) + @f(ij)=@y(j) = 0;

y(i)@f(ij)=@x(i) + �@f(ij)=@y(i)+
+y(j)@f(ij)=@x(j) + �@f(ij)=@y(j) = 0:

9>>=
>>; (37)

�§ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© «¥£ª® ­ å®¤¨¬:

f(ij) = �(x(i) � x(j); y(i) � y(j)); (38)

£¤¥ �(u; v) { ¯à®¨§¢®«ì­ ï £« ¤ª ï äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå

u = x(i)� x(j); v = y(i) � y(j): (39)

�®¤áâ ¢«ïï à¥§ã«ìâ â (38) ¢ âà¥âì¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (37), ¯®«ãç ¥¬
v�u(u; v) = 0, â® ¥áâì �u(u; v) = 0 ¨ �(u; v) =  (v), £¤¥  { ¯à®¨§¢®«ì-
­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©. �¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â (38) á â ª®©
äã­ªæ¨¥© �(u; v) ï¢­® ¢ëà®¦¤¥­, â ª ª ª ¢ ­¥¬ ­¥â § ¢¨á¨¬®áâ¨ ®â
ª®®à¤¨­ â x(i) ¨ x(j):

f(ij) =  (y(i) � y(j)): (40)

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (36) á ®¯¥à â®à ¬¨ (26.2):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
@f(ij)=@y(i) + @f(ij)=@y(j) = 0;

(x(i) + y(i))@f(ij)=@x(i) + y(i)@f(ij)=@y(i)+
+(x(j) + y(j))@f(ij)=@x(j) + y(j)@f(ij)=@y(j) = 0:

9>>=
>>; (41)

�¡é¥¥ à¥è¥­¨¥ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© á¨áâ¥¬ë (41) § ¤ ¥âáï ¢ëà ¦¥-
­¨¥¬ (38). �®¤áâ ¢«ïï ¥£® ¢ âà¥âì¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (41), ¯®«ãç ¥¬
ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ �(u; v):

(u+ v)�u(u; v) + v�v(u; v) = 0;

à¥è¥­¨¥ ª®â®à®£® «¥£ª® ­ å®¤¨âáï ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª:

�(u; v) =  (v2exp(�2u=v)); (42)

93



£¤¥  ¥áâì ã¦¥ ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©. �® à¥è¥­¨ï¬
(38), (42) ¨ ®¡®§­ ç¥­¨î (39) ¯®«ãç ¥¬ ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â

f(ij) =  ((y(i) � y(j))2exp(�2(x(i) � x(j))=(y(i) � y(j))); (43)

ª®â®àë© ¢ á«ãç ¥  0 6= 0 ­¥¢ëà®¦¤¥­, â ª ª ª ¤«ï ­¥£® ¢ë¯®«­ïîâáï
ãá«®¢¨ï (3). �­¢ à¨ ­â (43) íª¢¨¢ «¥­â¥­ 1-¬¥âà¨ª¥ (12), ¯¥à¥å®¤ïé¥©
¢ ­¥£® ¯à¨ «®ª «ì­®¬ ¤¨ää¥®¬®àä¨§¬¥ f !  (f) ¨ § ¬¥­¥ ª®®à¤¨­ â
x! y, y !�x. � ¬¥â¨¬, çâ® ¯«®áª®áâì á â ª®© 1-¬¥âà¨ª®© ¢ £¥®¬¥âà¨¨
­¥ à áá¬ âà¨¢ « áì.

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (36) á ®¯¥à â®à ¬¨ (27.2):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
@f(ij)=@y(i) + @f(ij)=@y(j) = 0;

x(i)@f(ij)=@x(i) + py(i)@f(ij)=@y(i)+
+x(j)@f(ij)=@x(j) + py(j)@f(ij)=@y(j) = 0;

9>>=
>>; (44)

¯à¨ç¥¬ 0 < p2 < 1. �¡é¥¥ à¥è¥­¨¥ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© á¨áâ¥¬ë
(44) § ¤ ¥âáï ¢ëà ¦¥­¨¥¬ (38). �®¤áâ ¢«ïï ¥£® ¢ ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥
íâ®© á¨áâ¥¬ë, ¯®«ãç ¥¬ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ �:

u�u(u; v) + pv�v(u; v) = 0;

ª®â®à®¥ «¥£ª® ¨­â¥£à¨àã¥âáï ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª:

�(u; v) =  (up=v); (45)

£¤¥  { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©. �® à¥è¥­¨ï¬ (38),
(45) ¨ ®¡®§­ ç¥­¨î (39) ¯®«ãç ¥¬ ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â

f(ij) =  ((x(i) � x(j))p=(y(i) � y(j))); (46)

ª®â®àë© ¯à¨  0 6= 0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (3) ¨ ¯®â®¬ã ­¥¢ëà®¦¤¥­.
�­¢ à¨ â (46) íª¢¨¢ «¥­â¥­ 1-¬¥âà¨ª¥ (11), ¢ ª®â®àãî ®­ ¯¥à¥å®¤¨â
¯à¨ § ¬¥­¥ ª®®à¤¨­ â x! x� y, y ! x+ y, ¢¢¥¤¥­¨¨ ­®¢®£® ¯ à ¬¥âà 
� = (1 + p)=(1 � p), ¯à¨ç¥¬ � > 0 ¨ � 6= 1, ¨ á«¥¤ãîé¥¬ «®ª «ì­®¬
¤¨ää¥®¬®àä¨§¬¥: f ! ( �1(f))2=(p�1), ¥á«¨ j(y(i)�y(j))=(x(i)�x(j))j <
1 ¨ f ! ((�1)(p+1)=2 �1(f))2=(p�1), ¥á«¨ j(y(i) � y(j))=(x(i) � x(j))j >
1. � ¯¥à¢®¬ á«ãç ¥ ¢ ¯®ª § â¥«ì íªá¯®­¥­âë ¢ëà ¦¥­¨ï (11) ¤«ï 1-
¬¥âà¨ª¨ ¢å®¤¨â £¨¯¥à¡®«¨ç¥áª¨©  à¥ â ­£¥­á { arth,   ¢® ¢â®à®¬ {
£¨¯¥à¡®«¨ç¥áª¨©  à¥ ª®â ­£¥­á { arcth.

94



�«®áª®áâì á 1-¬¥âà¨ª®© (46) ¢ £¥®¬¥âà¨¨ à áá¬ âà¨¢ « áì â®«ìª®
¤«ï p = 1=2 ¨  (t) = 1=t2, ª®£¤  ®­  áâ ­®¢¨âáï ä¨­á«¥à®¢®©: df =
dy2=dx, ¯à¨ç¥¬ ¯à¨ dx ! �dx, dy ! �dy ¨¬¥¥¬ df ! �df , â® ¥áâì
«®ª «ì­® ¢ë¯®«­ï¥âáï âà¥¡®¢ ­¨¥ ®¤­®à®¤­®áâ¨ ¬¥âà¨ª¨.

�¨áâ¥¬  ãà ¢­¥­¨© (36) á ®¯¥à â®à ¬¨ (28.2) ¬®¦¥â ¡ëâì ¯®«ãç¥-
­  ¨§ á¨áâ¥¬ë (44), ¥á«¨ ¢ ­¥© ¯®«®¦¨âì p = +1. � ¤àã£®© áâ®à®­ë,
¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ãà ¢­¥­¨© íâ®© á¨áâ¥¬ë ãá«®¢¨¥ p 6= +1 ­¥ ¡ë«®
¨áá¯®«ì§®¢ ­®. � à¥§ã«ìâ â¥, ¯®« £ ï ¢ à¥è¥­¨¨ (46) p = 1, ¯®«ãç ¥¬
­¥¢ëà®¦¤¥­­ë© ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â

f(ij) =  

�
x(i) � x(j)

y(i) � y(j)

�
: (47)

�­¢ à¨ ­â (47) íª¢¨¢ «¥­â¥­ 1-¬¥âà¨ª¥ (10), ¯¥à¥å®¤ïé¥© ¢ ­¥£® ¯à¨
«®ª «ì­®¬ ¤¨ää¥®¬®àä¨§¬¥ f !  (f�1). �«®áª®áâì á 1-¬¥âà¨ª®© (10)
¢ £¥®¬¥âà¨¨ ­¥ ¨§ãç « áì.

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (36) á ®¯¥à â®à ¬¨ (29.2);

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
@f(ij)=@y(i) + @f(ij)=@y(j) = 0;

x(i)@f(ij)=@x(i) + �@f(ij)=@y(i)+
+x(j)@f(ij)=@x(j) + �@f(ij)=@y(j) = 0:

9>>=
>>; (48)

�­â¥£à¨à®¢ ­¨¥ á¨áâ¥¬ë (48)  ­ «®£¨ç­® ¨­â¥£à¨à®¢ ­¨î á¨áâ¥¬ë
(37), â ª¦¥ á®¤¥à¦ é¥© ¯®áâ®ï­­ãî � ¢ âà¥âì¥¬ ãà ¢­¥­¨¨. � à¥§ã«ì-
â â¥ ¯®«ãç ¥¬ ¢ëà®¦¤¥­­ë© ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â (40).

�¨áâ¥¬  ãà ¢­¥­¨© (36) ¤«ï  «£¥¡àë (30.2) ¬®¦¥â ¡ëâì ä®à¬ «ì­®
¯®«ãç¥­  ¨§ á¨áâ¥¬ë (44), ¥á«¨ ¢ ­¥© ¯®«®¦¨âì p = �1. �® ¯à¨ ¨­â¥£à¨-
à®¢ ­¨¨ íâ®© á¨áâ¥¬ë ãá«®¢¨¥ p 6= �1 ­¥ ¡ë«® ¨á¯®«ì§®¢ ­®. �®« £ ï
¢ à¥è¥­¨¨ (46) p = �1, ¯®«ãç ¥¬ ­¥¢ëà®¦¤¥­­ë© ¤¢ãåâ®ç¥ç­ë© ¨­¢ -
à¨ ­â;

f(ij) =  

�
1

(x(i)� x(j))(y(i) � y(j))

�
: (49)

�­¢ à¨ ­â (49) íª¢¨¢ «¥­â¥­ 1-¬¥âà¨ª¥ (7), â ª ª ª ®­  ¯¥à¥å®¤¨â ¢
­¥£® ¯à¨ «®ª «ì­®¬ ¤¨ää¥®¬®àä¨§¬¥ f !  (f�1) ¨ § ¬¥­¥ ª®®à¤¨­ â
x! (x+y), y ! (x�y). � ¯®¬­¨¬, çâ® 1-¬¥âà¨ª  (7) ï¢«ï¥âáï ¬¥âà¨ç¥-
áª®© äã­ªæ¨¥© ¯á¥¢¤®¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ { ¯«®áª®áâ¨ �¨­ª®¢áª®£®.
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� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (36) ¤«ï ®¯¥à â®à®¢ (31.2):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
@f(ij)=@y(i) + @f(ij)=@y(j) = 0;

�y(i)@f(ij)=@x(i) + (x(i) + qy(i))@f(ij)=@y(i)�
�y(j)@f(ij)=@x(j) + (x(j) + qy(j))@f(ij)=@y(j) = 0;

9>>=
>>; (50)

¯à¨ç¥¬ 0 < q < 2. �¡é¥¥ à¥è¥­¨¥ ¯¥à¢ëå ¤¢ãå ãà ¢­¥­¨© á¨áâ¥¬ë (50)
§ ¤ ¥âáï ¢ëà ¦¥­¨¥¬ (38). �®¤áâ ¢«ïï ¥£® ¢ ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ íâ®©
á¨áâ¥¬ë, ¯®«ãç ¥¬ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ �:

�v�u(u; v) + (u+ qv)�v(u; v) = 0;

à¥è¥­¨¥ ª®â®à®£® ­ å®¤¨âáï ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª:

�(u; v) =  (ln((2u + qv)2 + (4� q2)v2)+

+
2qp
4� q2

arctg
2u+ qv

v
p
4� q2

); (51)

£¤¥  { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©. �® à¥è¥­¨ï¬ (38),
(51) ¨ ®¡®§­ ç¥­¨î (39) ¯®«ãç ¥¬ ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â

f(ij) =
=  fln[(2(x(i)� x(j)) + q(y(i) � y(j)))2 + (4� q2)(y(i) � y(j))2]+

+
2qp
4� q2

arctg
2(x(i) � x(j)) + q(y(i) � y(j))

(y(i) � y(j))
p
4� q2

g;

(52)

ª®â®àë© ¯à¨  0 6= 0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (3) ¨ ¯®â®¬ã ­¥¢ëà®¦¤¥­.
�­¢ à¨ ­â (52) íª¢¨¢ «¥­â¥­ 1-¬¥âà¨ª¥ (13), ¯¥à¥å®¤ïé¥© ¢ ­¥£® ¯à¨
«®ª «ì­®¬ ¤¨ää¥®¬®àä¨§¬¥ f !  (f), ¯¥à¥®¡®§­ ç¥­¨¨ ¯ à ¬¥âà : 
 =

q=
p
4� q2 ¨ ã¤®¡­®© § ¬¥­¥ ª®®à¤¨­ â: x! (y

p
4� q2� qx)=2

p
4� q2,

y ! x=
p
4� q2. 1-¬¥âà¨ª  (13) ®¯à¥¤¥«ï¥â ¬¥âà¨ç¥áªãî äã­ªæ¨î ¯«®á-

ª®áâ¨ �¥«ì¬£®«ìæ  (â¥à¬¨­  ¢â®à ), £¥®¬¥âà¨î ª®â®à®© ¥é¥ ¯à¥¤áâ®¨â
¨áá«¥¤®¢ âì.

�¨áâ¥¬  ãà ¢­¥­¨© (36) á ®¯¥à â®à ¬¨ (32.2) ¬®¦¥â ¡ëâì ¯®«ãç¥­ 
¨§ á¨áâ¥¬ë (50), ¥á«¨ ¢ ­¥© ¯®«®¦¨âì q = 0. �à¨ ¥¥ ¨­â¥£à¨à®¢ ­¨¨
ãá«®¢¨¥ q 6= 0 ­¥ ¡ë«® ¨á¯®«ì§®¢ ­®. �®íâ®¬ã á®®â¢¥âáâ¢ãîé¨© ­¥¢ë-
à®¦¤¥­­ë© ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â ¬®¦­® ¯®«ãç¨âì ¨§ ¢ëà ¦¥­¨ï
(52) ¯à¨ q = 0:

f(ij) =  [ln(4(x(i)� x(j))2 + 4(y(i) � y(j))2)]: (53)
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�­¢ à¨ ­â (53) íª¢¨¢ «¥­â¥­ 1-¬¥âà¨ª¥ (4) ¯«®áª®áâ¨ �¢ª«¨¤ , ª®â®-
à ï ¯¥à¥å®¤¨â ¢ ­¥£® ¯à¨ «®ª «ì­®¬ ¤¨ää¥®¬®àä¨§¬¥ f !  (ln(4f)).

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (36) á ®¯¥à â®à ¬¨ (33.1);

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
tgy(i) sin x(i)@f(ij)=@x(i) + cosx(i)@f(ij)=@y(i)+

+tgy(j) sin x(j)@f(ij)=@x(j) + cos x(j)@f(ij)=@y(j) = 0;
tgy(i) cos x(i)@f(ij)=@x(i) � sinx(i)@f(ij)=@y(i)+

+tgy(j) cos x(j)@f(ij)=@x(j) � sinx(j)@f(ij)=@y(j) = 0:

9>>>>=
>>>>;

(54)

�¡é¥¥ à¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (54) § ¤ ¥âáï, ®ç¥¢¨¤­®,
á«¥¤ãîé¨¬ ¢ëà ¦¥­¨¥¬:

f(ij) = �(x(i)� x(j); y(i); y(j)); (55)

£¤¥ �(u; v; w) { ¯à®¨§¢®«ì­ ï £« ¤ª ï äã­ªæ¨ï âà¥å ¯¥à¥¬¥­­ëå. �®¤-
áâ ¢¨¬ íâ® ¢ëà ¦¥­¨¥ ¢® ¢â®à®¥ ¨ âà¥âì¥ ãà ¢­¥­¨ï á¨áâ¥¬ë (54). � -
â¥¬ ã¬­®¦¨¬ ¢â®à®¥ ãà ¢­¥­¨¥ ­  cosx(i) (á®®â¢¥âáâ¢¥­­®, ­  cosx(j))
¨ á«®¦¨¬ á âà¥âì¨¬, ã¬­®¦¥­­ë¬ ­  � sinx(j) (á®®â¢¥âáâ¢¥­­®, ­ 
� sinx(i)). � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ á¨áâ¥¬ã ¤¢ãå ãà ¢­¥­¨© ¤«ï äã­ª-
æ¨¨ �(u; v; w):

tgv sinu�u + cosu�v +�w = 0;
tgw sinu�u +�v + cos u�w = 0;

�
(56)

£¤¥, ­ ¯®¬­¨¬,

u = x(i)� x(j); v = y(i); w = y(j): (57)

�¬­®¦¨¬, ¤ «¥¥, ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (56) ­  tgw ¨ á«®¦¨¬ á®
¢â®àë¬, ã¬­®¦¥­­ë¬ ­  �tgv:

(tgw cosu� tgv)�v � (tgv cosu� tgw)�w = 0:

�â® ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ à¥è ¥âáï ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª:

�(u; v; w) = �(u; cos v cosw cosu+ sinv sinw);

£¤¥ �(s; t) { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå. �®¤áâ ¢¨¬ ¯®«ã-
ç¥­­®¥ à¥è¥­¨¥ ¢ ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (56): �s(s; t) = 0, â® ¥áâì

�(u; v; w) = �(cos v cosw cos u+ sin v sinw); (58)
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£¤¥  { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï â®«ìª® ®¤­®© ¯¥à¥¬¥­­®©. �® à¥è¥­¨ï¬
(55), (58) ¨ ®¡®§­ ç¥­¨î (57) ­ å®¤¨¬ ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â

f(ij) =  (cos y(i) cos y(j) cos(x(i) � x(j)) + sin y(i) sin y(j)); (59)

ª®â®àë© ¯à¨  0 6= 0 ­¥¢ëà®¦¤¥­, â ª ª ª ¤«ï ­¥£® ¢ë¯®«­ï¥âáï ãá«®-
¢¨¥ (3). �­¢ à¨ ­â (59) íª¢¨¢ «¥­â¥­ 1-¬¥âà¨ª¥ (5), ª®â®à ï ¯¥à¥å®¤¨â
¢ ­¥£® ¯à¨ «®ª «ì­®¬ ¤¨ää¥®¬®àä¨§¬¥ f !  (f) ¨ § ¬¥­¥ ª®®à¤¨­ â
x! x, y ! (��2y)=2. � ¬¥â¨¬, çâ® 1-¬¥âà¨ª  (5) ®¯à¥¤¥«ï¥â ¬¥âà¨ç¥-
áªãî äã­ªæ¨î ¤¢ã¬¥à­®© ¥¤¨­¨ç­®© áä¥àë ¢ âà¥å¬¥à­®¬ ¥¢ª«¨¤®¢®¬
¯à®áâà ­áâ¢¥.

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (36) á ®¯¥à â®à ¬¨ (34.2):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
sinx(i)@f(ij)=@x(i) + cosx(i)@f(ij)=@y(i)+

+ sinx(j)@f(ij)=@x(j) + cos x(j)@f(ij)=@y(j) = 0;
cos x(i)@f(ij)=@x(i) � sinx(i)@f(ij)=@y(i)+

+ cosx(j)@f(ij)=@x(j) � sinx(j)@f(ij)=@y(j) = 0:

9>>>>=
>>>>;

(60)

�§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (60) ¯®«ãç ¥¬ ¢ëà ¦¥­¨¥ (55). �®¤áâ -
¢¨¬ ¥£® ¢® ¢â®à®¥ ¨ âà¥âì¥ ãà ¢­¥­¨ï á¨áâ¥¬ë. � â¥¬ ã¬­®¦¨¬ ¢â®à®¥
ãà ¢­¥­¨¥ ­  sinx(i) (á®®â¢¥âáâ¢¥­­®, ­  sinx(j)),âà¥âì¥ - ­  cos x(i)
(á®®â¢¥âáâ¢¥­­®, - ­  cosx(j)) ¨ á«®¦¨¬ ¨å:

(1� cos u)�u + sinu�w = 0;
(1� cosu)�u + sinu�v = 0;

�
(61)

�§ á¨áâ¥¬ë (61) «¥£ª® ¯®«ãç ¥¬ ãà ¢­¥­¨¥ �v � �w = 0, à¥è¥­¨¥ ª®-
â®à®£® ¥áâì

�(u; v; w) = �(u; v +w); (62)

£¤¥ �(s; t) { ¯à®¨§¢®«ì­ ï £« ¤ª ï äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå

s = u; t = v + w: (63)

�®¤áâ ¢¨¬ ¢ëà ¦¥­¨¥ (62) ¢ ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (61):

(1� cos s)�s + sin s �t = 0

¨ à¥è¨¬ ¥£® ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª:

�(s; t) =  

�
exp

�
�
t

2

�
sin
�s
2

��
; (64)
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£¤¥  { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©. �® à¥è¥­¨ï¬ (64),
(62), (55) ¨ ®¡®§­ ç¥­¨ï¬ (63), (57) ¯®«ãç ¥¬ ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â

f(ij) =  

�
exp

�
�
y(i) + y(j)

2

�
sin

�
x(i)� x(j)

2

��
; (65)

ª®â®àë© ¯à¨  0 6= 0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (3) ¨ ¯®â®¬ã ­¥¢ëà®¦¤¥­.
�­¢ à¨ ­â (65) íª¢¨¨¢ «¥­â¥­ 1-¬¥âà¨ª¥ (9), ª®â®à ï ¯¥à¥å®¤¨â ¢ ­¥-
£® ¯à¨ «®ª «ì­®¬ ¤¨ää¥®¬®àä¨§¬¥ f !  (f) ¨ § ¬¥­¥ ª®®à¤¨­ â x !
exp(�y=2) sin(x=2), y ! exp(�y=2) cos(x=2). � ¬¥â¨¬, çâ® 1-¬¥âà¨ª  (9)
®¯à¥¤¥«ï¥â ¬¥âà¨ç¥áªãî äã­ªæ¨î á¨¬¯«¥ªâ¨ç¥áª®© ¯«®áª®áâ¨, £¥®¬¥-
âà¨ï ª®â®à®© ¨§ãç¥­  ¢ ¤®áâ â®ç­®© ¯®¤à®¡­®áâ¨.

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (36) á ®¯¥à â®à ¬¨ (34.3):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
�thy(i) sin x(i)@f(ij)=@x(i) + cos x(i)@f(ij)=@y(i)�

�thy(j) sin x(j)@f(ij)=@x(j) + cos x(j)@f(ij)=@y(j) = 0;
�thy(i) cos x(i)@f(ij)=@x(i) � sinx(i)@f(ij)=@y(i)�

�thy(j) cos x(j)@f(ij)=@x(j) � sinx(j)@f(ij)=@y(j) = 0:

9>>>>=
>>>>;

(66)

�§ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (66) á«¥¤ã¥â, çâ® ¢ ¤¢ãåâ®ç¥ç­ë© ¨­¢ -
à¨ ­â f(ij) ª®®à¤¨­ âë x(i) ¨ x(j) ¢å®¤ïâ ¢ ¢¨¤¥ à §­®áâ¨ x(i)� x(j).
�¡é¥¥ à¥è¥­¨¥ íâ®© á¨áâ¥¬ë ã¤®¡­® ¨áª âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

f(ij) = �(chy(i)chy(j) cos(x(i) � x(j)) � shy(i)shy(j); y(i); y(j)); (67)

£¤¥ �(u; v; w) { ¯à®¨§¢®«ì­ ï £« ¤ª ï äã­ªæ¨ï âà¥å ¯¥à¥¬¥­­ëå

u = chy(i)chy(j) cos(x(i) � x(j)) � shy(i)shy(j);
v = y(i); w = y(j);

�
(68)

¯®áª®«ìªã ¢ëà ¦¥­¨¥ ¤«ï ¯¥à¢®© ¨§ ­¨å ï¢«ï¥âáï, ª ª ­¥âàã¤­® ¯à®-
¢¥à¨âì, ®¤­¨¬ ¨§ ¥¥ à¥è¥­¨©. �®¤áâ ¢¨¬ ¢ëà ¦¥­¨¥ (67) ¢® ¢â®à®¥ ¨
âà¥âì¥ ãà ¢­¥­¨ï á¨áâ¥¬ë (66):

cosx(i)�v + cos x(j)�w = 0;
sinx(i)�v + sinx(j)�w = 0;

�

®âªã¤  á«¥¤ã¥â, çâ® �v = 0, �w = 0 ¨ ¯®â®¬ã

�(u; v; w) =  (u); (69)
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£¤¥  { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©. �® à¥è¥­¨ï¬ (67),
(69) ¨ ®¡®§­ ç¥­¨î (68) ­ å®¤¨¬ ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â

f(ij) =  (chy(i)chy(j) cos(x(i) � x(j)) � shy(i)shy(j)); (70)

ª®â®àë© ­¥¢ëà®¦¤¥­ ¯à¨  0 6= 0, â ª ª ª ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (3).
�­¢ à¨ ­â (70) íª¢¨¢ «¥­â¥­ 1-¬¥âà¨ª¥ (8), ª®â®à ï ¯¥à¥å®¤¨â ¢ ­¥£®
¯à¨ «®ª «ì­®¬ ¤¨ää¥®¬®àä¨§¬¥ f !  (f) ¡¥§ § ¬¥­ë ª®®à¤¨­ â. � -
¬¥â¨¬, çâ® 1-¬¥âà¨ª  (8) § ¤ ¥â ¬¥âà¨ç¥áªãî äã­ªæ¨î ®¤­®¯®«®áâ­®-
£® ¤¢ã¬¥à­®£® £¨¯¥à¡®«®¨¤  ¢ âà¥å¬¥à­®¬ ¯á¥¢¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­-
áâ¢¥. �¥®¬¥âà¨î â ª®£® £¨¯¥à¡®«®¨¤  ¬®¦­® à áá¬ âà¨¢ âì ª ª ®¡ê-
¥¤¨­¥­¨¥ ¤¢ãå ¯«®áª¨å £¥®¬¥âà¨© �í«¨-�«¥©­  (á¬. [18]),   ¨¬¥­­® £¨-
¯¥à¡®«¨ç¥áª®© ¨ ¤¢ ¦¤ë £¨¯¥à¡®«¨ç¥áª®©.

� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (36) á ®¯¥à â®à ¬¨ (34.4):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
�cthy(i) sin x(i)@f(ij)=@x(i) + cos x(i)@f(ij)=@y(i)�

�cthy(j) sin x(j)@f(ij)=@x(j) + cos x(j)@f(ij)=@y(j) = 0;
�cthy(i) cos x(i)@f(ij)=@x(i) � sinx(i)@f(ij)=@y(i)�

�cthy(j) cos x(j)@f(ij)=@x(j) � sinx(j)@f(ij)=@y(j) = 0:

9>>>>=
>>>>;

(71)

�¨áâ¥¬  (71) à¥è ¥âáï ¬¥â®¤®¬, ¢ ¤¥â «ïå á®¢¯ ¤ îé¨¬ á â¥¬, ª®â®-
àë© ¡ë« ¨á¯®«ì§®¢ ­ ¢ ®â­®è¥­¨¨ ¯à¥¤ë¤ãé¥© á¨áâ¥¬ë (66). � à¥§ã«ì-
â â¥ ¯®«ãç ¥¬ ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â

f(ij) =  (shy(i)shy(j) cos(x(i) � x(j)) � chy(i)chy(j)); (72)

£¤¥  { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©. �­¢ à¨ ­â (72) ¯à¨
 0 6= 0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ­¥¢ëà®¦¤¥­­®áâ¨ ¨ íª¢¨¢ «¥­â¥­ 1-
¬¥âà¨ª¥ (6), ª®â®à ï § ¤ ¥â ¬¥âà¨ç¥áªãî äã­ªæ¨î ¯«®áª®áâ¨ �®¡ ç¥¢-
áª®£®, à¥ «¨§ã¥¬®© ­  ®¤­®© ¨§ ¯®«®áâ¥© ¤¢ãå¯®«®áâ­®£® ¤¢ã¬¥à­®£®
£¨¯¥à¡®«®¨¤  ¢ âà¥å¬¥à­®¬ ¯á¥¢¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥.

�«ï à áá¬®âà¥­¨ï á¬¥è ­­ëå ¢ à¨ ­â®¢, ª®£¤  «®ª «ì­ë¥ ¯à¥-
®¡à §®¢ ­¨ï ®ªà¥áâ­®áâ¥© U (i) ¨ U (j) ¬®£ãâ § ¤ ¢ âìáï ¨§®¬®àä­ë¬¨,
­® à §«¨ç­ë¬¨  «£¥¡à ¬¨ �¨ á ¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨ (34.2), (34.3),
(34.4), ã¤®¡­® ¤«ï ¯®á«¥¤­¨å ¨á¯®«ì§®¢ âì ¥¤¨­®®¡à §­ãî ä®à¬ã (35).
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� ¯¨è¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© (36) á ®¯¥à â®à ¬¨ (35):

(1 + x2(i)� "iy
2(i))@f(ij)=@x(i)+

+2x(i)y(i)@f(ij)=@y(i)+
+(1 + x2(j) � "jy

2(j))@f(ij)=@x(j)+
+2x(j)y(j)@f (ij)=@y(j) = 0;

x(i)@f(ij)=@x(i) + y(i)@f(ij)=@y(i)+
x(j)@f(ij)=@x(j) + y(j)@f(ij)=@y(j) = 0;

(1� x2(i) + "iy
2(i))@f(ij)=@x(i)�

�2x(i)y(i)@f(ij)=@y(i)+
+(1 � x2(j) + "jy

2(j))@f(ij)=@x(j)�
�2x(j)y(j)@f(ij)=@y(j) = 0;

9>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>;

(73)

£¤¥ "i = 0;�1; "j = 0;�1, ¯à¨ç¥¬ ­¥ ®¡ï§ â¥«ì­® "i = "j . �«®¦¨¬ ¯¥à¢®¥
¨ âà¥âì¥ ãà ¢­¥­¨ï á¨áâ¥¬ë (73):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;

®âªã¤  á«¥¤ã¥â, çâ® ª®®à¤¨­ âë x(i) ¨ x(j) ¢å®¤ïâ ¢ ¨­¢ à¨ ­â f(ij) ¢
¢¨¤¥ à §­®áâ¨ x(i)� x(j). �¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë (73) ¡ã¤¥¬ ¨áª âì ¢
á«¥¤ãîé¥¬ ¢¨¤¥:

f(ij) = �

�
(x(i)� x(j))2 + "iy

2(i) + "jy
2(j)

y(i)y(j)
; y(i); y(j)

�
; (74)

¯®áª®«ìªã ¤à®¡­ë©  à£ã¬¥­â á¯à ¢ , ª ª «¥£ª® ¯à®¢¥à¨âì, ï¢«ï¥âáï
®¤­¨¬ ¨§ ¥¥ à¥è¥­¨©, �(u; v; w) { ¯à®¨§¢®«ì­ ï £« ¤ª ï äã­ªæ¨ï âà¥å
¯¥à¥¬¥­­ëå

u = ((x(i)� x(j))2 + "iy
2(i) + "jy

2(j))=y(i)y(j);
v = y(i); w = y(j):

�
(75)

�®¤áâ ¢¨¬ ¢ëà ¦¥­¨¥ (74) ¢ ¯¥à¢®¥ ¨ ¢â®à®¥ ãà ¢­¥­¨ï á¨áâ¥¬ë (73):

x(i)y(i)�v + x(j)y(j)�w = 0;
y(i)�v + y(j)�w = 0;

�

®âªã¤  á«¥¤ã¥â, çâ® �v = 0, �w = 0 ¨ ¯®â®¬ã

�(u; v; w) =  (u); (76)
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£¤¥  { ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©. �® à¥è¥­¨ï¬ (74),
(76) ¨ ®¡®§­ ç¥­¨î (75) ¯®«ãç ¥¬ ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â

f(ij) =  [((x(i) � x(j))2 + "iy
2(i) + "jy

2(j))=y(i)y(j)]; (77)

®ç¥¢¨¤­®, ­¥¢ëà®¦¤¥­­ë© ¯à¨  0 6= 0. �­¢ à¨ ­â (77) íª¢¨¢ «¥­â¥­ 1-
¬¥âà¨ª¥ (14), ª®â®à ï ¯¥à¥å®¤¨â ¢ ­¥£® ¯à¨ «®ª «ì­®¬ ¤¨ää¥®¬®àä¨§¬¥
f !  (f). �á«¨ ¤«ï «î¡ëå ¤¢ãå â®ç¥ª i; j ¬­®£®®¡à §¨ï "i = "j = ", â®
1-¬¥âà¨ª  (14) íª¢¨¢ «¥­â­ : 1-¬¥âà¨ª¥ (9) á¨¬¯«¥ªâ¨ç¥áª®© ¯«®áª®áâ¨
¯à¨ " = 0; 1-¬¥âà¨ª¥ (6) ¯«®áª®áâ¨ �®¡ ç¥¢áª®£® ¯à¨ " = +1; 1-¬¥âà¨ª¥
(8) ®¤­®¯®«®áâ­®£® £¨¯¥à¡®«®¨¤  ¯à¨ " = �1. �á«¨ ¦¥ ¬­®£®®¡à §¨¥M
­¥á¢ï§­® ¨ ¤«ï ­¥ª®â®àëå ¥£® â®ç¥ª i, j ¨¬¥¥¬ "i 6= "j , â® 1-¬¥âà¨ª  (14)
®¯à¥¤¥«ï¥â "à ááâ®ï­¨¥" ¬¥¦¤ã â®çª ¬¨ ¥£® à §«¨ç­ëå ª®¬¯®­¥­â, ¢
â® ¢à¥¬ï ª ª ­  ª ¦¤®© ¨§ ¥£® ª®¬¯®­¥­â à¥ «¨§ã¥âáï ®¤­  ¨§ âà¥å
£¥®¬¥âà¨© - á¨¬¯«¥ªâ¨ç¥áª ï, �®¡ ç¥¢áª®£® ¨«¨ ®¤­®¯®«®áâ­®£® £¨¯¥à-
¡®«®¨¤ .

�¥®à¥¬  3, ¤®ª § â¥«ìáâ¢® ª®â®à®© â®«ìª® çâ® ¡ë«® § ¢¥àè¥­®,
ï¢«ï¥âáï ç áâ­®© ¨««îáâà æ¨¥© à ¢­®á¨«ì­®áâ¨ (íª¢¨¢ «¥­â­®áâ¨) ä¥-
­®¬¥­®«®£¨ç¥áª®© ¨ £àã¯¯®¢®© á¨¬¬¥âà¨©, ãâ¢¥à¦¤ ¥¬®© â¥®à¥¬®© 2 ¨§
x2 ¯à¨ â®ç­®¬ ¨ ª®àà¥ªâ­®¬ ®¯à¥¤¥«¥­¨¨ íâ¨å á¨¬¬¥âà¨©.

� à ¡®â¥ [21]  ¢â®à®¬ ¡ë«¨ ­ ©¤¥­ë ¢á¥ ¤¢ãåâ®ç¥ç­ë¥ ¨­¢ à¨ ­âë
ª ª à¥è¥­¨ï á¨áâ¥¬ë (36) ¤«ï ¢á¥¢®§¬®¦­ëå ¨§®¬®àä­ëå  «£¥¡à �¨ á
¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨ X1(i), X2(i), X3(i) ¨ X1(j), X2(j), X3(j). �­®-
£¨¥ ¨§ â ª¨å á¨áâ¥¬ ¢ ­ áâ®ïé¥¬ ¯ à £à ä¥ ­¥ à áá¬ âà¨¢ «¨áì ¯®
ãá«®¢¨ï¬ «¥¬¬ë ® ¢ëà®¦¤¥­¨¨ ¤¢ãåâ®ç¥ç­®£® ¨­¢ à¨ ­â , ¤®ª § ­­®©
¯¥à¥¤ â¥®à¥¬®© 3. � ¯à¨¬¥à, á¨áâ¥¬  (36) á ®¯¥à â®à ¬¨ (30.1) ¨ (30.2):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
y(i)@f(ij)=@x(i) + @f(ij)=@y(j) = 0;

x(i)@f(ij)=@x(i) + 2y(i))@f(ij)=@y(i)+
x(j)@f(ij)=@x(j) � y(j))@f(ij)=@y(j) = 0;

9>>=
>>; (78)

¨¬¥¥â ®¡é¥¥ à¥è¥­¨¥

f(ij) =  [(x(i) � x(j) � y(i)y(j))=
p
y(i)]; (79)

¢ â® ¢à¥¬ï ª ª ®­  á ®¯¥à â®à ¬¨ (30.1):

@f(ij)=@x(i) + @f(ij)=@x(j) = 0;
y(i)@f(ij)=@x(i) + y(j)@f(ij)=@x(j) = 0;
x(i)@f(ij)=@x(i) + 2y(i)@f(ij)=@y(i)+

x(j)@f(ij)=@x(j) + 2y(j)@f(ij)=@y(j) = 0;

9>>=
>>; (80)
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¨¬¥¥â à¥è¥­¨¥

f(ij) =  (y(i)=y(j)); (81)

¢ ª®â®à®¬ ®âáãâáâ¢ãîâ ª®®à¤¨­ âë x(i) ¨ x(j). �¨áâ¥¬  ¦¥ (36) á ®¯¥-
à â®à ¬¨ (30.2) ¡ë«  à áá¬®âà¥­  ¢ëè¥ (á¨áâ¥¬  (44) ¯à¨ p = �1) ¨
¥¥ à¥è¥­¨¥

f(ij) =  [1=(x(i)� x(j))(y(i) � y(j))] (49)

®¯à¥¤¥«ï¥â 1-¬¥âà¨ªã ¯«®áª®áâ¨ �¨­ª®¢áª®£®.
�ãáâì ¬­®£®®¡à §¨¥ M ­¥á¢ï§­® ¨ ¯à¥®¡à §®¢ ­¨¥ ¥£® à §«¨ç­ëå

ª®¬¯®­¥­â § ¤ ¥âáï ¨§®¬®àä­ë¬¨, ­® à §«¨ç­ë¬¨  «£¥¡à ¬¨ �¨ á ¡ -
§¨á­ë¬¨ ®¯¥à â®à ¬¨ (30.1) ¨ (30.2). �®£¤  ¢ æ¥«®¬ ¤¢ãåâ®ç¥ç­ë© ¨­-
¢ à¨ ­â ¯à¥¤áâ ¢«ï¥âáï á®¢®ªã¯­®áâìî âà¥å à¥è¥­¨© (81), (49), (79) ¨
®ª §ë¢ ¥âáï ¢ëà®¦¤¥­­ë¬, â ª ª ª ­¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (3) ¤«ï
â®© ª®¬¯®­¥­âë ¬­®£®®¡à §¨ï, ¯à¥®¡à §®¢ ­¨¥ ª®â®à®© § ¤ ¥âáï  «£¥-
¡à®© �¨ á ¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨ (30.1),   á ¬ ¨­¢ à¨ ­â - à¥è¥­¨¥¬
(81). � ¬¥â¨¬, çâ® ¢  ­ «®£¨ç­ëå ãá«®¢¨ïå ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨ ­â
(77) ¢áî¤ã ­¥¢ëà®¦¤¥­,â ª ª ª ¤«ï ­¥£® ãá«®¢¨¥ (3) ¢ë¯®«­ï¥âáï ¨
"¢­ãâà¨" ª ¦¤®© ª®¬¯®­¥­âë ¬­®£®®¡à §¨ï, ª®£¤  ®¡¥ â®çª¨ ¯à¨­ ¤-
«¥¦ â ¥©, ¨ "¬¥¦¤ã" ­¨¬¨, ª®£¤  íâ¨ â®çª¨ ­ å®¤ïâáï ¢ à §­ëå ª®¬¯®-
­¥­â å.

x7. �¥®¬¥âà¨ç¥áª®¥ äãªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥

� áá¬®âà¨¬ ¯à®áâ¥©èãî ®¤­®¬¥âà¨ç¥áªãî ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬-
¬¥âà¨ç­ãî £¥®¬¥âà¨î à ­£  3. �ãáâì ¨¬¥¥âáï ®¤­®¬¥à­®¥ ¬­®£®®¡à -
§¨¥ M ¨ äã­ªæ¨ï (1-¬¥âà¨ª ) f : M �M ! R, á®¯®áâ ¢«ïîé ï ¯ à¥
< ij > 2 M �M ­¥ª®â®à®¥ ç¨á«® f(ij) 2 R. �à¥¤¯®«®¦¨¬, çâ® äã­ª-
æ¨ï f £« ¤ª ï ¨ ¨¬¥¥â ®â«¨ç­ë¥ ®â ­ã«ï ¯à®¨§¢®¤­ë¥. �à®©ª¥ < ijk >
äã­ªæ¨ï f ¥áâ¥áâ¢¥­­® á®¯®áâ ¢«ï¥â â®çªã (f(ij); f(ik); f(jk)) ¢ R3.
�®£« á­® ®¯à¥¤¥«¥­¨î ¨§ x1 äã­ªæ¨ï f § ¤ ¥â ­  ®¤­®¬¥à­®¬ ¬­®£®-
®¡à §¨¨M ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ãî £¥®¬¥âà¨î à ­£  3, ¥á«¨
¢á¥ â ª¨¥ â®çª¨ «¥¦ â ­  ­¥ª®â®à®© ¤¢ã¬¥à­®© £¨¯¥à¯®¢¥àå­®áâ¨ ¢ R3,
§ ¤ ¢ ¥¬®© ãà ¢­¥­¨¥¬

�(f(ij); f(ik); f(jk)) = 0; (1)
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¯à¨ç¥¬ grad� 6= 0.
�à¥¤áâ ¢¨¬ ãà ¢­¥­¨¥ (1) ¢ ¢¨¤¥, à §à¥è¥­­®¬ ®â­®á¨â¥«ì­® ®¤­®£®

¨§  à£ã¬¥­â®¢, ­ ¯à¨¬¥à ¯¥à¢®£®:

f(ij) = '(f(ik); f(jk)); (10)

£¤¥ '(u; v) { £« ¤ª ï äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå u ¨ v á ®â«¨ç­ë¬¨
®â ­ã«ï ¯à®¨§¢®¤­ë¬¨ 'u ¨ 'v, çâ® á«¥¤ã¥â ¨§  ªá¨®¬ë III ¯¥à¢®£®
¯ à £à ä .

�®§ì¬¥¬ â¥¯¥àì.ã¯®àï¤®ç¥­­ãî ç¥â¢¥àªã â®ç¥ª < ijkl > ¨ § ¯¨è¥¬
ãà ¢­¥­¨¥ (10) ¤«ï âà®¥ª < ijk >;< ijl >;< ikl >;< jkl > ¨§ ­¥¥:

f(ij) = '(f(ik); f(jk));
f(ij) = '(f(il); f(jl));
f(ik) = '(f(il); f(kl));
f(jk) = '(f(jl); f(kl)):

9>>=
>>; (100)

�§ ç¥âëà¥å á¢ï§¥© (100) «¥£ª® ¯®«ãç¨âì á®®â­®è¥­¨¥

'['(f(il); f(kl)); '(f(jl); f(kl))] = '(f(il); f(jl));

¢ ª®â®à®¬,®ç¥¢¨¤­®, ­¥§ ¢¨á¨¬ë ¢á¥ âà¨ ¯¥à¥¬¥­­ë¥ f(il); f(jl); f(kl).
�á«¨ ¤«ï ­¨å ¢¢¥áâ¨ ®¡®§­ ç¥­¨ï x = f(il); y = f(jl); z = f(kl), â® ¤«ï
äã­ªæ¨¨ '(u; v) ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã äã­ªæ¨®­ «ì­®¬ã ãà ¢­¥­¨î:

'('(x; z); '(y; z)) = '(x; y): (2)

�à ¢­¥­¨¥ (2) ï¢«ï¥âáï ¥áâ¥áâ¢¥­­ë¬ á«¥¤áâ¢¨¥¬ ¯à¨­æ¨¯  ä¥­®¬¥-
­®«®£¨ç¥áª®© á¨¬¬¥âà¨¨, ¨¬¥¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥, á®¤¥à¦ â¥«ì-
­®¥ ª ª ¢ ä¨§¨ç¥áª®¬, â ª ¨ ¬ â¥¬ â¨ç¥áª®¬ á¬ëá« å, ¢ ç áâ­®áâ¨,
£¥®¬¥âà¨ç¥áª®¬.

�¥®à¥¬  1. �¡é¥¥ à¥è¥­¨¥ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï (2) § ¤ -
¥âáï ¢ëà ¦¥­¨¥¬

'(u; v) =  �1( (u) �  (v)); (3)

£¤¥  { ¯à®¨§¢®«ì­ ï £« ¤ª ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®© á  0 6= 0,  �1

{ ®¡à â­ ï ª ­¥© äã­ªæ¨ï.

�à ¢­¥­¨¥ (2) ï¢­® ¢ëà ¦ ¥â § ¢¨á¨¬®áâì âà¥å äã­ªæ¨© '1, '2, '3,
¢ ª®â®àë¥ âà¨ ¯¥à¥¬¥­­ë¥ x; y; z ¢å®¤ïâ ®á®¡ë¬ ®¡à §®¬: '1 = '(x; y),
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'2 = '(x; z), '3 = '(y; z). � âà¨æ  �ª®¡¨ ¤«ï äã­ªæ¨© '1, '2, '3 ¯®
á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬¥ ¬ â¥¬ â¨ç¥áª®£®  ­ «¨§  ¨¬¥¥â à ­£ ¬¥­ì-
è¥ âà¥å. � âà¨æ  íâ  ª¢ ¤à â­ ï ¨ ¯®â®¬ã ¥¥ ®¯à¥¤¥«¨â¥«ì - ïª®¡¨ ­
@('1; '2; '3)=@(x; y; z) - ¤®«¦¥­ ®¡à é âìáï ¢ ­ã«ì:������

'u(x; y) 'v(x; y) 0
'u(x; z) 0 'v(x; z)

0 'u(y; z) 'v(y; z)

������ = 0: (4)

�ã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (4) ï¢«ï¥âáï á«¥¤-
áâ¢¨¥¬ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï (2) ¨ ¯®â®¬ã «î¡®¥ à¥è¥­¨¥ ¯®-
á«¥¤­¥£® ¥áâì â ª¦¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4). �¡à â­®¥ ¦¥ ­¥ ¢á¥£¤  ¢¥à-
­®. �® ¥áâì ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4) ­¥®¡å®¤¨¬® ¥é¥ ¯®¤áâ ¢¨âì ¢
¨áå®¤­®¥ ãà ¢­¥­¨¥ (2) ¤«ï ãáâ ­®¢«¥­¨ï ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨©
­  íâ® à¥è¥­¨¥.

� §«®¦¨¬ ®¯à¥¤¥«¨â¥«ì ãà ¢­¥­¨ï (4) ¯® í«¥¬¥­â ¬ ¯¥à¢®© áâà®ª¨
¨ à §¤¥«¨¬ ¢ ­¥¬ ¯¥à¥¬¥­­ë¥ x; y:

'u(x; y)'v(x; z)='u(x; z) + 'v(x; y)'v(y; z)='u(y; z) = 0:

�à ¢­¥­¨¥ (2) ¨ ¢á¥ ¥£® á«¥¤áâ¢¨ï ¯à¨ ¯®¤áâ ­®¢ª¥ à¥è¥­¨ï ¤®«¦­ë
®¡à é âìáï ¢ â®¦¤¥áâ¢  ¯® ª ¦¤®© ¨§ ¯¥à¥¬¥­­ëå x; y; z. �®íâ®¬ã ¢
¯®á«¥¤­¥¬ à¥§ã«ìâ â¥ ¬®¦­® § ä¨ªá¨à®¢ âì ¯¥à¥¬¥­­ãî z, ¢¢¥¤ï ã¤®¡-
­®¥ á®ªà é îé¥¥ ®¡®§­ ç¥­¨¥ 'v(x; z)='u(x; z)jz=const = A(x). �¥à¥å®-
¤ï § â¥¬ ª ¯¥à¥¬¥­­ë¬ u ¨ v, ¯®«ãç ¥¬ ¤«ï ¨áª®¬®© äã­ªæ¨¨ '(u; v)
«¨­¥©­®¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå:

'u(u; v)A(u) + 'v(u; v)A(v) = 0; (5)

¯à¨ç¥¬, ®ç¥¢¨¤­®, A(u) 6= 0, A(v) 6= 0. �à¥¤¯®«®¦¨¬, çâ® ¢ ãà ¢­¥­¨¨
(5) á à §¤¥«¥­­ë¬¨ ¯¥à¥¬¥­­ë¬¨ u ¨ v ª®íää¨æ¨¥­âë A(u) ¨ A(v) ¥áâì
¯à®¨§¢®«ì­ë¥ á®¢¯ ¤ îé¨¥ ­¥­ã«¥¢ë¥ äã­ªæ¨¨. � ª®¥ ãà ¢­¥­¨¥ «¥£ª®
à¥è ¥âáï ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª:

'(u; v) = �( (u) �  (v)); (6)

£¤¥ � ¨  { ¯à®¨§¢®«ì­ë¥ £« ¤ª¨¥ äã­ªæ¨¨ ®¤­®© ¯¥à¥¬¥­­®© á ®â-
«¨ç­ë¬¨ ®â ­ã«ï ¯à®¨§¢®¤­ë¬¨ �0 ¨  0, â ª ª ª, ­ ¯à¨¬¥à, 'u(u; v) =
�0( (u) �  (v)) 0(u) 6= 0 ¨  0(u) = 1=A(u) 6= 0. �¥è¥­¨¥ (6) ãà ¢­¥­¨ï
(5), ¢ ç¥¬ «¥£ª® ã¡¥¤¨âìáï, ï¢«ï¥âáï â ª¦¥ à¥è¥­¨¥¬ äã­ªæ¨®­ «ì­®-
¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (4). � ª¨¬ ®¡à §®¬, ¢ ¤¨ää¥à¥­æ¨ «ì-
­®¬ ãà ¢­¥­¨¨ (5) ª®íää¨æ¨¥­âë A(u) ¨ A(v) ¤¥©áâ¢¨â¥«ì­® ï¢«ïîâáï
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¯à®¨§¢®«ì­ë¬¨ á®¢¯ ¤ îé¨¬¨ ­¥­ã«¥¢ë¬¨ äã­ªæ¨ï¬¨,   ¥£® à¥è¥­¨¥
(6) ¥áâì ®¡é¥¥ à¥è¥­¨¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï
(4).

�®¤áâ ¢¨¬ à¥è¥­¨¥ (6) ¢ ¨áå®¤­®¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (2)
¤«ï ãáâ ­®¢«¥­¨ï á¢ï§¨ ¬¥¦¤ã äã­ªæ¨ï¬¨ � ¨  . �â  á¢ï§ì ¨ ï¢«ï¥âáï
â¥¬ ¤®¯®«­¨â¥«ì­ë¬ ®£à ­¨ç¥­¨¥¬ ­  à¥è¥­¨¥, ® ª®â®à®¬ £®¢®à¨«®áì
¢ëè¥:

�( ('(x; z)) �  ('(y; z))) = �( (x) �  (y)):

�®áª®«ìªã ¯à¨ �0 6= 0 äã­ªæ¨ï � ¬®­®â®­­ , ¨§ íâ®£® à ¢¥­áâ¢  á«¥¤ã¥â

 (�( (x) �  (z))) �  (�( (y) �  (z))) =  (x) �  (y)

¨ ¯®á«¥ ¯à®áâëå ¯à¥®¡à §®¢ ­¨©

 (�( (x) �  (z))) � ( (x) �  (z)) =

=  (�( (y) �  (z))) � ( (y) �  (z)) = c = const;

â ª ª ª  (x)� (z) ¨  (y)� (z) ï¢«ïîâáï ­¥§ ¢¨¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë-
¬¨. � ª¨¬ ®¡à §®¬,  (�(t)) = t+ c, â® ¥áâì �(t) =  �1(t+ c) ¨ ¯®â®¬ã
¯® à¥è¥­¨î (6) ¯®«ãç ¥¬

'(u; v) =  �1( (u) �  (v) + c); (7)

£¤¥  { ¯à®¨§¢®«ì­ ï £« ¤ª ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®© á  0 6= 0,
 �1 { ®¡à â­ ï ª ­¥© äã­ªæ¨ï,   c { ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. �â®¡ë
¥¥ ¨áª«îç¨âì ¨§ à¥è¥­¨ï, ¢¢¥¤¥¬ á«¥¤ãîéãî § ¬¥­ã: ~ (u) =  (u) � c.
�«ï ®¡à â­®© äã­ªæ¨¨ ~ �1(u) ¨¬¥¥¬ â®£¤  â ª®¥ ¢ëà ¦¥­¨¥: ~ �1(u) =
 �1(u+ c). �¥©áâ¢¨â¥«ì­®, ~ �1( ~ (u)) = ~ �1( (u)� c) =  �1( (u)� c+
c) =  �1( (u)) = u ¨ ~ ( ~ �1(u)) = ~ ( �1(u + c)) =  ( �1(u + c)) � c =
u+c�c = u. �® ¥áâì ¢ ¢ëà ¦¥­¨¨ ¤«ï à¥è¥­¨ï (7) ¯®áâ®ï­­ ï c ¬®¦¥â
¡ëâì ®¯ãé¥­ :

'(u; v) = ~ �1( ~ (u)� ~ (v));

£¤¥, ª ª ¨ à ­ìè¥, ~ { ¯à®¨§¢®«ì­ ï £« ¤ª ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©
á ~ 0 6= 0, ~ �1 { ®¡à â­ ï ª ­¥© äã­ªæ¨ï, ¯®áª®«ìªã ~ =  � c. �®§¢à -
é ïáì ª ¯à¥¦­¥¬ã ®¡®§­ ç¥­¨î äã­ªæ¨¨  , ¯®«ãç ¥¬ ®¡é¥¥ à¥è¥­¨¥
(3) äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï (2). �¥®à¥¬  1 ¤®ª § ­ .
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�®¤áâ ¢¨¬ à¥è¥­¨¥ (3) ¢ ãà ¢­¥­¨¥ (10):

f(ij) =  �1( (f(ik)) �  (f(jk))); (8)

®âªã¤  ¯®«ãç ¥¬ äã­ªæ¨®­ «ì­ãî á¢ï§ì

 (f(ij)) �  (f(ik)) +  (f(jk)) = 0; (9)

ª ª®â®à®© ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥­® «î¡®¥ ãà ¢­¥­¨¥ (1), ¥á«¨ äã­ªæ¨ï f
§ ¤ ¥â ­  ®¤­®¬¥à­®¬ ¬­®£®¡à §¨¨M ®¤­®¬¥âà¨ç¥áªãî ä¥­®¬¥­®«®£¨-
ç¥áª¨ á¨¬¬¥âà¨ç­ãî £¥®¬¥âà¨î à ­£  (3).

�®®à¤¨­ â­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï 1-¬¥âà¨ª¨ ¬®¦­® ¯®«ãç¨âì ¨§
ãà ¢­¥­¨ï (8), ¥á«¨ ¢ ­¥¬ § ä¨ªá¨à®¢ âì â®çªã k:

f(ij) =  �1('(x(i)) � '(x(j))); (10)

£¤¥ '(x(i)) =  (f(x(i); x(k))), ¯à¨ç¥¬ '0 6= 0.

�¥®à¥¬  2. � â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ ¨ ¢ ­ ¤«¥¦ é¥ ¢ë-
¡à ­­®© á¨áâ¥¬¥ «®ª «ì­ëå ª®®à¤¨­ â x 1-¬¥âà¨ª  f , § ¤ îé ï ­ 
®¤­®¬¥à­®¬ ¬­®£®¡à §¨¨ M ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ãî £¥®¬¥-
âà¨î à ­£  3, ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  á«¥¤ãîé¨¬ ¢ëà ¦¥­¨¥¬:

f(ij) = x(i) � x(j): (11)

�¥©áâ¢¨â¥«ì­® 1-¬¥âà¨ª  (11) ¯¥à¥å®¤¨â ¢ 1-¬¥âà¨ªã (10) ¯à¨ «®-
ª «ì­®¬ ¤¨ää¥®¬®àä¨§¬¥ f !  �1(f) ¨ § ¬¥­¥ ª®®à¤¨­ â x ! '(x).
�®à¬  § ¯¨á¨ ãà ¢­¥­¨ï (9) ¯à¨ íâ®¬ §­ ç¨â¥«ì­® ã¯à®é ¥âáï:

f(ij) � f(ik) + f(jk) = 0: (12)

�¥§ã«ìâ âë (11), (12) ¤®¯ãáª îâ ¥áâ¥áâ¢¥­­ãî ä¨§¨ç¥áªãî ¨ £¥®¬¥-
âà¨ç¥áªãî ¨­â¥à¯à¥â æ¨¨. �á«¨ ¬­®£®®¡à §¨¥ M ï¢«ï¥âáï ­ ¯à ¢«¥­-
­®© ¥¢ª«¨¤®¢®© ¯àï¬®©, â® 1-¬¥âà¨ª  f ¥áâì ®¡ëç­®¥ à ááâ®ï­¨¥ L ¬¥-
¦¤ã ¤¢ã¬ï â®çª ¬¨ á ãç¥â®¬ ¨å ¢§ ¨¬­®£® à á¯®«®¦¥­¨ï,   á¢ï§ì âà¥å
à ááâ®ï­¨© ¤«ï ¯à®¨§¢®«ì­ëå âà¥å â®ç¥ª < ijk > § ¤ ¥âáï á«¥¤ãîé¨¬
ãà ¢­¥­¨¥¬:

L(ij) � L(ik) + L(jk) = 0: (13)
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� ®¡é¥¬ á«ãç ¥ 1-¬¥âà¨ªã f ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ª¢ §¨à á-
áâ®ï­¨¥, ¨§¬¥àï¥¬®¥ «¨­¥©ª®© á ¯à®¨§¢®«ì­®© èª «®©. �¤­ ª® áãé¥-
áâ¢ã¥â â ª ï äã­ªæ¨ï  , ®âà ¦ îé ï á¢®©áâ¢  «¨­¥©ª¨, çâ® ãà ¢­¥-
­¨¥ (9) § ¤ ¥â á¢ï§ì (13) âà¥å ¨áâ¨­­ëå à ááâ®ï­¨© L(ij) =  (f(ij)),
L(ik) =  (f(ik)), L(jk) =  (f(jk)). � ª¨¬ ®¡à §®¬, ª¢ §¨à ááâ®ï­¨¥ f
§ ¤ ¥â ­  ®¤­®¬¥à­®¬ ¬­®£®®¡à §¨¨ áâàãªâãàã ­ ¯à ¢«¥­­®© ¥¢ª«¨¤®-
¢®© ¯àï¬®©: L(ij) =  (f(ij)) = x(i)� x(j).

�ãáâì, ¤ «¥¥, ¬­®£®®¡à §¨¥ M ¯à¥¤áâ ¢«ï¥â á®¡®© ¬­®¦¥áâ¢® ®¤-
­®¬¥áâ­ëå á®¡ëâ¨©. �®£¤  1-¬¥âà¨ª  f ¥áâì ¯à®¬¥¦ãâ®ª ¢à¥¬¥­¨ T
¬¥¦¤ã ¤¢ã¬ï á®¡ëâ¨ï¬¨,   á¢ï§ì âà¥å ¯à®¬¥¦ãâª®¢ ¢à¥¬¥­¨ ¤«ï âà¥å
¯à®¨§¢®«ì­ëå á®¡ëâ¨© < ijk > § ¤ ¥âáï ãà ¢­¥­¨¥¬

T (ij) � T (ik) + T (jk) = 0: (14)

� ®¡é¥¬ á«ãç ¥ 1-¬¥âà¨ªã f ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ¯à®¬¥¦ãâ®ª
ª¢ §¨¢à¥¬¥­¨, ¨§¬¥àï¥¬ë© ­¥à ¢­®¬¥à­® ¨¤ãé¨¬¨ ç á ¬¨. �® ¤«ï ­¥-
ª®â®à®© äã­ªæ¨¨  , ª®àà¥ªâ¨àãîé¥© ­¥à ¢­®¬¥à­ë© å®¤ ç á®¢, ãà ¢-
­¥­¨¥ (9) § ¤ ¥â á¢ï§ì (14) âà¥å ¯à®¬¥¦ãâª®¢ ¨áâ¨­­®£® ¢à¥¬¥­¨ T (ij) =
 (f(ij)), T (ik) =  (f(ik)), T (jk) =  (f(jk)) ¤«ï âà¥å ¯à®¨§¢®«ì­ëå á®-
¡ëâ¨©. � ª¨¬ ®¡à §®¬, ª¢ §¨¢à¥¬ï f ¢ëï¢«ï¥â ­  ¬­®¦¥áâ¢¥ á®¡ëâ¨©
áâàãªâãàã ®¤­®¬¥à­®£® ¨áâ¨­­®£® ¢à¥¬¥­¨, ¨§¬¥àï¥¬®£®, ª ª ®¡ëç­®
£®¢®àïâ, à ¢­®¬¥à­® ¨¤ãé¨¬¨ ç á ¬¨, áãé¥áâ¢®¢ ­¨¥ ª®â®àëå ­¥ ®ç¥-
¢¨¤­® [22].

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¬¥â®¤ à¥è¥­¨ï äã­ªæ¨®­ «ì­®£® ãà ¢-
­¥­¨ï (2) ¯à¥¤«®¦¥­  ¢â®à®¬ ¢ à ¡®â¥ [4], ¢ ª®â®à®© ¨ ¯®«ãç¥­ à¥§ã«ì-
â â, § ä¨ªá¨à®¢ ­­ë© ¢ â¥®à¥¬ å ¤ ­­®£® ¯ à £à ä . �á«¨ ¬­®¦¥áâ¢®
M ¯à®¨§¢®«ì­®© ¯à¨à®¤ë,   ­¥ â®«ìª® ®¤­®¬¥à­®¥ ¬­®£®®¡à §¨¥, â® à¥-
è¥­¨¥ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï (2), ª ª ¯®ª § «¨ ¨áá«¥¤®¢ ­¨ï �.�.
�¨¬®­®¢  (ç áâ­®¥ á®®¡é¥­¨¥), § ¤ ¥â ­  ­¥¬ á â®ç­®áâìî ¤® ¨§®â®¯¨¨
®¯¥à æ¨î £àã¯¯®¢®£® ã¬­®¦¥­¨ï.

x8. � ¢®¯à®áã ® á¨¬¬¥âà¨¨ à ááâ®ï­¨ï ¢

£¥®¬¥âà¨¨

�¡ëç­® à ááâ®ï­¨¥ L(ij) ¬¥¦¤ã â®çª ¬¨ i ¨ j ¯à®áâà ­áâ¢ M ®¯à¥¤¥-
«ï¥âáï á ¯®¬®éìî ­¥ª®â®à®© äã­ªæ¨¨ L : M � M ! R, ã¤®¢«¥â¢®-
àïîé¥© ¨§¢¥áâ­®© á¨áâ¥¬¥ ¬¥âà¨ç¥áª¨å  ªá¨®¬: 1) L(ij) > 0, ¯à¨-
ç¥¬ L(ij) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  i = j; 2) L(ij) = L(ji);
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3) L(ik) + L(jk) > L(ij). �®£« á­® ¢â®à®©  ªá¨®¬¥ ¤«ï «î¡ëå â®ç¥ª
i; j 2 M ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® L(ij) = L(ji), â® ¥áâì ¯à¥¤¯®« £ ¥â-
áï, çâ® à ááâ®ï­¨¥ á¨¬¬¥âà¨ç­®. �¤­ ª® ¢ £¥®¬¥âà¨¨ ­¥«ì§ï ¨áª«î-
ç¨âì ¨§ à áá¬®âà¥­¨ï â ª ­ §ë¢ ¥¬ë¥ á¨¬¯«¥ªâ¨ç¥áª¨¥ ¯à®áâà ­áâ¢ ,
¤«ï ª®â®àëå à ááâ®ï­¨¥ ¬¥¦¤ã â®çª ¬¨ ®¯à¥¤¥«ï¥âáï á ¯®¬®éìî  ­â¨-
á¨¬¬¥âà¨ç­®© äã­ªæ¨¨, â ª çâ® L(ij) = �L(ji). � å®âï â ªãî äã­ª-
æ¨î ­¥ ­ §ë¢ îâ ¬¥âà¨ç¥áª®©, ­® ¢ ­¥ª®â®à®¬ ¡®«¥¥ è¨à®ª®¬ á¬ëá«¥
®­  ï¢«ï¥âáï â ª®¢®©. �­ «®£¨ç­® á¨¬¬¥âà¨ç­ë© ¨­â¥à¢ « S(ij) ¬¥-
¦¤ã ¤¢ã¬ï á®¡ëâ¨ï¬¨ i ¨ j ¢ ¯á¥¢¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥-¢à¥¬¥­¨
�¨­ª®¢áª®£®, ­¥ ã¤®¢«¥â¢®àïîé¨©  ªá¨®¬ ¬ 1) ¨ 3), ¥áâì ¬¥âà¨ª  ¢ ­¥-
ª®â®à¬ ¡®«¥¥ è¨à®ª®¬ á¬ëá«¥. �áâ¥áâ¢¥­­® ¢®§­¨ª ¥â ¢®¯à®á: ¯®ç¥¬ã ¢
£¥®¬¥âà¨¨ ¤®¯ãáª îâáï â®«ìª® á¨¬¬¥âà¨ç­ë¥ ¨«¨  ­â¨á¨¬¬¥âà¨ç­ë¥
à ááâ®ï­¨ï. �ª §ë¢ ¥âáï, çâ® ¥á«¨ ¯à¥¤¯®«®¦¨âì á®£« á­® ¨¤¥¥ ä¥­®-
¬¥­®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ áãé¥áâ¢®¢ ­¨¥ ª ª®©-«¨¡® äã­ªæ¨®­ «ì­®©
á¢ï§¨ ¬¥¦¤ã à ááâ®ï­¨ï¬¨ L(ij) ¨ L(ji), â® ¡ã¤ãâ ¢®§¬®¦­ë â®«ìª® â -
ª¨¥ ¤¢  â¨¯  á¨¬¬¥âà¨¨. �¥à¥©¤¥¬ ª ¡®«¥¥ â®ç­ë¬ ä®à¬ã«¨à®¢ª ¬.

�ãáâì ¨¬¥îâáï ¬­®¦¥áâ¢® M = fi; j; k; : : :g ¯à®¨§¢®«ì­®© ¯à¨à®-
¤ë,   â ª¦¥ äã­ªæ¨ï L : GL ! R, £¤¥ GL � M �M, á®¯®áâ ¢«ïî-
é ï ã¯®àï¤®ç¥­­®© ¯ à¥ < ij > 2 GL ­¥ª®â®à®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®
L(ij) 2 R. �ã­ªæ¨î L ¡ã¤¥¬ ­ §ë¢ âì ¬¥âà¨ç¥áª®© ¢ ­¥ª®â®à®¬ ¡®«¥¥
è¨à®ª®¬ á¬ëá«¥, ­¥ âà¥¡ãï ®â ­¥¥ ¢ë¯®«­¥­¨ï ®¡ëç­ëå  ªá¨®¬ ¬¥âà¨-
ª¨. � ®¡é¥¬ á«ãç ¥ ®¡« áâì ®¯à¥¤¥«¥­¨ï GL äã­ªæ¨¨ L ­¥ ®¡ï§ â¥«ì­®
á®¢¯ ¤ ¥â á® ¢á¥¬ ¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ M �M. �¤­ ª® ¥áâ¥áâ¢¥­-
­® ¯à¥¤¯®«®¦¨âì, çâ® ¥á«¨ < ij > 2 GL, â® ¨ < ji > 2 GL, â® ¥áâì
à ááâ®ï­¨ï L(ij) ¨ L(ji) ®¯à¥¤¥«¥­ë ¨«¨ ­¥ ®¯à¥¤¥«¥­ë ®¤­®¢à¥¬¥­­®.

�¯à¥¤¥«¥­¨¥. �ã¤¥¬ £®¢®à¨âì, çâ® ¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨ L ¨ L0

íª¢¨¢ «¥­â­ë, ¥á«¨ á®¢¯ ¤ îâ ¨å ®¡« áâ¨ ®¡à¥¤¥«¥­¨ï GL ¨ GL0 ¢M�
M ¨ áãé¥áâ¢ã¥â áâà®£® ¬®­®â®­­ ï äã­ªæ¨ï  : L(GL)! R â ª ï, çâ®
¤«ï «î¡®© ¯ àë < ij > 2 GL ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® L0(ij) =  (L(ij)).

�áå®¤ï ¨§ § ¬¥ç ­¨ï ¢ à ¡®â¥ �.�. �ã« ª®¢  [1],  ªá¨®¬ã á¨¬¬¥-
âà¨¨ ¡ã¤¥¬ ä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬ [23]:

A.S. �«ï «î¡ëå ¤¢ãå â®ç¥ª i; j 2M â ª¨å, çâ® ¯ àë < ij > ¨ < ji >
¯à¨­ ¤«¥¦ â GL, à ááâ®ï­¨ï L(ij) ¨ L(ji) á¢ï§ ­ë á®®â­®è¥­¨¥¬

L(ij) = �(L(ji)); (1)

£¤¥ � { ­¥ª®â®à ï áâà®£® ¬®­®â®­­ ï äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®©,
®¡« áâì ®¯à¥¤¥«¥­¨ï ¨ ®¡« áâì §­ ç¥­¨© ª®â®à®© á®¢¯ ¤ îâ á ®¡« áâìî
§­ ç¥­¨© L(GL)) ¨áå®¤­®© ¬¥âà¨ç¥áª®© äã­ªæ¨¨.
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�¥®à¥¬ . �á«¨ à ááâ®ï­¨¥ ¬¥¦¤ã â®çª ¬¨ ¯à®áâà ­áâ¢  M,
®¯à¥¤¥«ï¥¬®¥ ¬¥âà¨ç¥áª®© äã­ªæ¨¥© L : GL ! R, £¤¥ GL � M �M,
ã¤®¢«¥â¢®àï¥â  ªá¨®¬¥ á¨¬¬¥âà¨¨ A.S., â® íâ® à ááâ®ï­¨¥ ¬®¦¥â
¡ëâì «¨¡® á¨¬¬¥âà¨ç­ë¬, «¨¡®, á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨,
 ­â¨á¨¬¬¥âà¨ç­ë¬.

�§ á®®â­®è¥­¨ï (1) ¤«ï «î¡®© ¯ àë < ij > 2 GL ¯®«ãç ¥¬ â®-
¦¤¥áâ¢® �(�(L(ij))) = L(ij), ®§­ ç îé¥¥, çâ® äã­ªæ¨ï � ï¢«ï¥âáï
à¥è¥­¨¥¬ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï

�(�(x)) = x; (2)

£¤¥ x 2 L(GL) � R. �® ¯à¥¤¯®«®¦¥­¨î äã­ªæ¨ï � áâà®£® ¬®­®â®­­ ï
¨ ¯®íâ®¬ã ¨¬¥¥â ª á¥¡¥ ®¡à â­ãî. �á«¨ äã­ªæ¨ï � ¬®­®â®­­® ¢®§à -
áâ ¥â, â® �(x) = x ¨ à ááâ®ï­¨¥ ®ª §ë¢ ¥âáï á¨¬¬¥âà¨ç­ë¬. �á«¨ ¦¥
äã­ªæ¨ï � ¬®­®â®­­® ã¡ë¢ ¥â, â®, ¯¥à¥©¤ï ª íª¢¨¢ «¥­â­®© ¬¥âà¨-
ç¥áª®© äã­ªæ¨¨ L0 =  (L), £¤¥  (L) = L � �(L), ¨¬¥¥¬ ¢ á¨«ã (1):
L0(ij) = L(ij) ��(L(ij)) = L(ij) � L(ji) = �L0(ji), â® ¥áâì  ­â¨á¨¬¬¥-
âà¨ç­®¥ à ááâ®ï­¨¥. �¥®à¥¬  ¤®ª § ­ .

�¨¬¬¥âà¨ï ¨«¨  ­â¨á¨¬¬¥âà¨ï à ááâ®ï­¨ï ¢ £¥®¬¥âà¨¨ ¯à¨ ­ -
«¨ç¨¨ á¢ï§¨ (1) ¡ë«¨ à ­¥¥ ãáâ ­®¢«¥­ë  ¢â®à®¬ ¢ à ¡®â¥ "�¥ª®â®-
àë¥ á«¥¤áâ¢¨ï £¨¯®â¥§ë ® ¡¨­ à­®© áâàãªâãà¥ ¯à®áâà ­áâ¢ " [24] ¤«ï
â®£® á«ãç ï, ª®£¤  íâ® à ááâ®ï­¨¥ ®¯à¥¤¥«ï«®áì á ¯®¬®éìî äã­ªæ¨¨
f : Gf ! R, £¤¥ Gf � M � N, § ¤ îé¥© ­  n-¬¥à­ëå ¬­®£®®¡à §¨-
ïå M = fi; j; k; : : :g ¨ N = f�; �; 
; : : :g ä¨§¨ç¥áªãî áâàãªâãàã à ­£ 
(n+ 1; n+ 1), ¨ ­¥ª®â®à®£® «®ª «ì­®£® ¤¨ää¥®¬®àä¨§¬  ' :M! N:

L(ij) = f(i; '(j)): (3)

�«ï à ááâ®ï­¨ï (3) á®®â­®è¥­¨¥ (1) ¯à¨ ¨§¢¥áâ­®© äã­ªæ¨¨ f áâ -
­®¢¨âáï äã­ªæ¨®­ «ì­ë¬ ãà ¢­¥­¨¥¬ ®â­®á¨â¥«ì­® äã­ªæ¨¨ � ¨ ¤¨ä-
ä¥®¬®àä¨§¬  ':

f(i; '(j)) = �(f(j; '(i))):

�¥è ï íâ® ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨© ¨§ [25]:

f(i�) = x1(i)�1(�) + � � �+ xn(i)�n(�);

f(i�) = x1(i)�1(�) + � � �+ xn�1(i)�n�1(�) + xn(i) + �n(�);
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£¤¥ x1; : : : ; xn ¨ �1; : : : ; �n «®ª «ì­¢¥ ª®®à¤¨­ âë ¢ ¬­®£®®¡à §¨ïåM ¨
N, ¬®¦­® ­ ©â¨ ®¤­®¢à¥¬¥­­® ¨ ¤¨ää¥®¬®àä¨§¬ ' ¨ äã­ªæ¨î �, ®¯à¥-
¤¥«ïîéãî â¨¯ á¨¬¬¥âà¨¨ à ááâ®ï­¨ï (3). � ­ ¤«¥¦ é¥ ¢ë¡à ­­®© ¢
¬­®£®®¡à §¨¨M á¨áâ¥¬¥ «®ª «ì­ëå ª®®à¤¨­ â ¢ëà ¦¥­¨ï ¤«ï à ááâ®-
ï­¨ï L(ij) á â®ç­®áâìî ¤® «®ª «ì­®© íª¢¨¢ «¥­â­®áâ¨ ¬®¦­® § ¯¨á âì
¢ á«¥¤ãîé¥¬ ¢¨¤¥:

L(ij) = g��x
�(i)x�(j);

L(ij) = h��x
�(i)x�(j) + xn(i) + axn(j);

�
(4)

£¤¥ a = +1;�1; g�� = ag��, �; � = 1; : : : ; n; h�� = ah��, �; � = 1; : : : ; n�
1, ¯à¨ç¥¬ ¤«ï a = �1 à §¬¥à­®áâì n ¬­®£®®¡à §¨ï M ç¥â­  ¢ ¯¥à¢®¬
¨§ ¢ëà ¦¥­¨© (4) ¨ ­¥ç¥â­  ¢® ¢â®à®¬.

�§ ¢ëà ¦¥­¨© (4) ¯à¨ ­¥ª®â®àëå ¥áâ¥áâ¢¥­­ëå ¤®¯®«­¨â¥«ì­ëå
ãá«®¢¨ïå ¢ á«ãç ¥ a = +1 ¬®¦­® ¯®«ãç¨âì á¨¬¬¥âà¨ç­ë¥ ¬¥âà¨ª¨
à¨¬ ­®¢ëå ¨ ¯á¥¢¤®à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ ¯®áâ®ï­­®© ªà¨¢¨§­ë. �
á«ãç ¥ ¦¥ a = �1 ¢ëà ¦¥­¨ï (4) ®¯à¥¤¥«ïîâ  ­â¨á¨¬¬¥âà¨ç­ë¥ ¬¥-
âà¨ç¥áª¨¥ äã­ªæ¨¨ á¨¬¯«¥ªâ¨ç¥áª¨å ¯à®áâà ­áâ¢ ç¥â­®© ¨, ®¡à â¨¬
¢­¨¬ ­¨¥, ­¥ç¥â­®© à §¬¥à­®áâ¨.
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� ª«îç¥­¨¥

�« áá¨ä¨ª æ¨ï ¯®«¨¬¥âà¨ç¥áª¨å ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ëå
£¥®¬¥âà¨© ¥é¥ ­¥ § ¢¥àè¥­ . �®íâ®¬ã ¨¬¥¥â á¬ëá« ¯à¥¤áâ ¢¨âì ¢ ®¡®-
§à¨¬®¬ ¢¨¤¥ ¯¥à¥¤ ç¨â â¥«¥¬ ¯¥à¥ç¥­ì ¢á¥å § ¤ ç, ª ª à¥è¥­­ëå, â ª
¨ ­¥ à¥è¥­­ëå. �®£¤  ª ¦¤ë©, ã ª®£® ¯®ï¢¨âáï ¨­â¥à¥á ª £¥®¬¥âà¨-
ç¥áª¨¬ ä¨§¨ç¥áª¨¬ áâàãªâãà ¬ ¨ ¢®§­¨ª­¥â ¦¥« ­¨¥ ¨á¯ëâ âì á¢®¨
á¨«ë ¨ á¯®á®¡­®áâ¨, á¬®¦¥â «¥£ª® á®à¨¥­â¨à®¢ âìáï ¨ ¢ë¡à âì ¤«ï á¥-
¡ï «î¡ãî ¨§ ­¨å ¯® ¤ãè¥ (¢ â®¬ ç¨á«¥ ¨ à¥è¥­­ãî { ¤«ï à §à ¡®âª¨
­®¢ëå ¬¥â®¤®¢ ¨áá«¥¤®¢ ­¨ï ¨ ¯à®¢¥àª¨ ã¦¥ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢).
�à¨¢¥¤¥¬ íâ®â ¯¥à¥ç¥­ì ¢ ¢¨¤¥ á«¥¤ãîé¥© â ¡«¨æë:

�« áá¨ä¨ª æ¨ï ¯®«¨¬¥âà¨ç¥áª¨å £¥®¬¥âà¨©
ü s n sn m = n+ 2 sn(n+ 1)=2 à¥è. ¨áâ.
1 1 1 1 3 1 + x7; [23]
2 1 2 2 4 3 + x6; [5]
3 1 3 3 5 6 + [6]
4 1 4 4 6 10 | |
5 1 > 5 5; 6; : : : 7; 8; : : : 15; 21; : : : | |
6 2 1 2 3 2 + x7; [16]
7 2 > 2 4; 6; : : : 4; 5; : : : 6; 12; : : : | |
8 3 1 3 3 3 + x5; [16]
9 3 > 2 6; 9; : : : 4; 5; : : : 9; 18; : : : | |
10 4 1 4 3 4 | |
11 4 > 2 8; 12; : : : 4; 5; : : : 12; 24; : : : | |
12 > 5 > 1 > 5 > 3 > 5 | |

� ¯®¬­¨¬, çâ® s { ç¨á«® ª®¬¯®­¥­â ¯®«¨¬¥âà¨ª¨ f = (f1; : : : ; fs),
ª®â®à ï ­  sn-¬¥à­®¬ ¬­®£®®¡à §¨¨ § ¤ ¥â ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥-
âà¨ç­ãî £¥®¬¥âà¨î à ­£ m = n+2, £àã¯¯  ¤¢¨¦¥­¨© ª®â®à®© § ¢¨á¨â
®â sn(n+1)=2 ¯ à ¬¥âà®¢. � ¯®á«¥¤­¨å ¤¢ãå áâ®«¡æ å â ¡«¨æë §­ ª®¬
¯«îá á¤¥« ­  ®â¬¥âª  ® à¥è¥­¨¨ ¤ ­­®© § ¤ ç¨ ¨ ãª § ­ë á®®â¢¥âáâ¢ã-
îé¨¥ ¨áâ®ç­¨ª¨, ¯à¨ç¥¬ ¯ à £à äë { ¯® ®á­®¢­®© ç áâ¨ ­ áâ®ïé¥£®
¨§¤ ­¨ï,   ááë«ª¨ [5], [6], [16], [23] { ¯® á¯¨áªã «¨â¥à âãàë ¯®á«¥ � -
ª«îç¥­¨ï ¢ ­¥¬ ¦¥ (¯¥à¥¤ �à¨«®¦¥­¨¥¬).

�â ª, ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ë¥ ¯®«¨¬¥âà¨ª¨ ï¢«ïîâáï ­¥-
¢ëà®¦¤¥­­ë¬¨ ¤¢ãåâ®ç¥ç­ë¬¨ ¨­¢ à¨ ­â ¬¨ ­¥ª®â®àëå £àã¯¯ ¯à¥-

112



®¡à §®¢ ­¨© ¨áå®¤­®£® ¬­®£®®¡à §¨ï. � ¤ ç  ¨å ª« áá¨ä¨ª æ¨¨ ¥áâ¥-
áâ¢¥­­® ¯à¥¤¯®« £ «  ¯à¥¤¢ à¨â¥«ì­ãî ¯®«­ãî ª« áá¨ä¨ª æ¨î £àã¯¯
¯à¥®¡à §®¢ ­¨© á ®¯à¥¤¥«¥­­ë¬ ç¨á«®¬ ¯ à ¬¥âà®¢. �¤­ ª® à áá¬®-
âà¥­­ë¥ ¢ �á­®¢­®© ç áâ¨ ¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® á à®áâ®¬ ç¨á« 
ª®¬¯®­¥­â ¯®«¨¬¥âà¨ª¨ ¨ à ­£  ä¥­®¬¥­®«®£¨ç¥áª®© á¨¬¬¥âà¨¨ ¯à®-
¢¥¤¥­¨¥ ¯®«­®© ª« áá¨ä¨ª æ¨¨ £àã¯¯ ¯à¥®¡à §®¢ ­¨© áâ ­®¢¨âáï â¥å-
­¨ç¥áª¨ á«¨èª®¬ á«®¦­®© § ¤ ç¥©, ª®â®à ï ¢àï¤ «¨ ¬®¦¥â ¡ëâì ¤®-
¢¥¤¥­  ¤® ª®­æ , �¥¬ ¡®«¥¥ çâ® ®âáãâáâ¢ã¥â ª« áá¨ä¨ª æ¨ï r-¬¥à­ëå
 ¡áâà ªâ­ëå  «£¥¡à �¨ ã¦¥ ¤«ï r > 6. �®íâ®¬ã ¥áâ¥áâ¢¥­­® ¢®§­¨ª -
¥â ¢®¯à®á: ï¢«ï¥âáï «¨ ¯à¥¤¢ à¨â¥«ì­ ï ¯®«­ ï ª« áá¨ä¨ª æ¨ï £àã¯¯
¯à¥®¡à §®¢ ­¨© ¤¥©áâ¢¨â¥«ì­® ­¥®¡å®¤¨¬®©. �¥¤ì ¤«ï ¬­®£¨å ¨§ ­¨å
¤¢ãåâ®ç¥ç­ë¥ ¨­¢ à¨ ­âë ¢ëà®¦¤¥­ë. �«¥¤®¢ â¥«ì­®, ¨¬¥¥â á¬ëá«
¯à¥¤¢ à¨â¥«ì­® ãáâ ­®¢¨âì, ª ª¨¬ ¤®¯®«­¨â¥«ì­ë¬ ãá«®¢¨ï¬ ¤®«¦­ 
ã¤®¢«¥â¢®àïâì £àã¯¯  ¯à¥®¡à §®¢ ­¨©, çâ®¡ë ¥¥ ¤¢ãåâ®ç¥ç­ë© ¨­¢ à¨-
 ­â ¡ë« ­¥¢ëà®¦¤¥­­ë¬. � ¯à¨¬¥à, ¯à¨ ª« áá¨ä¨ª æ¨¨ âà¨¬¥âà¨ç¥-
áª¨å £¥®¬¥âà¨© ¢ ¯à®áâà ­áâ¢¥ â ª¨¬ ãá«®¢¨¥¬ ®ª § «®áì âà¥¡®¢ ­¨¥
âà ­§¨â¨¢­®áâ¨ £àã¯¯ ¯à¥®¡à §®¢ ­¨© («¥¬¬  2 ¨§ x5). � ¨áá«¥¤®¢ ­¨-
ïå �.�. �¥¢  [6] ¤«ï á«ãç ï s = 1; n = 3 á®®â¢¥âáâ¢ãîé¨¥ ®£à ­¨ç¥­¨ï
¢®§­¨ª«¨ ¢ ¯à®æ¥áá¥ ª« áá¨ä¨ª æ¨¨ ¬¥âà¨ç¥áª¨å äã­ªæ¨©, ­® ®­¨ ­®-
á¨«¨ ç áâ­ë© å à ªâ¥à ¨ ­¥ ä®à¬ã«¨à®¢ «¨áì ¢ ¢¨¤¥ «¥¬¬. � æ¥«®¬
¢®¯à®á ®¡ ®¡é¨å ®£à ­¨ç¥­¨ïå ­  £àã¯¯ë ¯à¥®¡à §®¢ ­¨©, á«¥¤ãîé¨å
¨§ ­¥¢ëà®¦¤¥­­®áâ¨ ¤¢ãåâ®ç¥ç­®£® ¨­¢ à¨ ­â , ®áâ ¥âáï ®âªàëâë¬.

�â¬¥â¨¬ ¥é¥, çâ® ¢á¥ ®¯à¥¤¥«¥­¨ï ¨ à¥§ã«ìâ âë �á­®¢­®© ç áâ¨
«®ª «ì­ë. �å £«®¡ «¨§ æ¨ï âà¥¡ã¥â ª ç¥áâ¢¥­­® ­®¢®£® è £  ¢ à §-
¢¨â¨¨ ¬¥â®¤  ¨áá«¥¤®¢ ­¨ï ¨ ï¢«ï¥âáï ­®¢®© ¯à®¡«¥¬®©, §­ ç¨¬®áâì
ª®â®à®© ®¡ãá« ¢«¨¢ ¥âáï á®¤¥à¦ â¥«ì­®© ¨­â¥à¯à¥â æ¨¥© ¯®«¨¬¥âà¨-
ç¥áª¨å £¥®¬¥âà¨© ¨ ­¥ â®«ìª® ¢ á ¬®© £¥®¬¥âà¨¨, ­® ¨ ¢ ä¨§¨ª¥.
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�à¨«®¦¥­¨¥

�¥áâ¨¬¥à­ë¥  «£¥¡àë �¨ £àã¯¯ ¤¢¨¦¥­¨©

âà¥å¬¥à­ëå ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ëå

£¥®¬¥âà¨©

�.�. �ëà®¢

x1. �¢¥¤¥­¨¥

�.�. �¨å ©«¨ç¥­ª® ¢ à ¡®â¥ [1] ¯®«ãç¨« ¯®«­ãî ª« áá¨ä¨ª æ¨î ¬¥-
âà¨ç¥áª¨å äã­ªæ¨© ¢á¥å ¤¢ã¬¥à­ëå ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ëå
£¥®¬¥âà¨©. � á¨«ã â¥®à¥¬ë ®¡ íª¢¨¢ «¥­â­®áâ¨ ä¥­®¬¥­®«®£¨ç¥áª®©
¨ £àã¯¯®¢®© á¨¬¬¥âà¨© ª ¦¤ ï ¨§ â ª¨å £¥®¬¥âà¨© ¤®¯ãáª ¥â âà¥å-
¯ à ¬¥âà¨ç¥áª¨î £àã¯¯ã ¤¢¨¦¥­¨©. �­ ï íâã ¬¥âà¨ç¥áªãî äã­ªæ¨î
¬ë ¢®ááâ ­ ¢«¨¢ ¥¬ £àã¯¯ã ¤¢¨¦¥­¨©,   ®â ¯®á«¥¤­¥© ¢®§¢à é ¥¬áï
ª ¬¥âà¨ª¥. �.�. �¥¢ ¢ á¢®¥© ¤¨áá¥àâ æ¨¨ [2] ¯®«ãç¨« ª« áá¨ä¨ª æ¨î
¬¥âà¨ç¥áª¨å äã­ªæ¨© âà¥å¬¥à­ëå ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­ëå
£¥®¬¥âà¨©, ª®â®àë¥ ¤®¯ãáª îâ è¥áâ¨¬¥à­ãî £àã¯¯ã ¤¢¨¦¥­¨©. �¥«ìî
íâ®£® ¯à¨«®¦¥­¨ï ï¢«ï¥âáï ­ å®¦¤¥­¨¥ ¡ §¨á­ëå ¨­ä¨­¨â¥§¨¬ «ì­ëå
®¯¥à â®à®¢ è¥áâ¨¬¥à­ëå  «£¥¡à �¨ íâ¨å £àã¯¯ ¤¢¨¦¥­¨©.

�®£« á­® [1] ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­®¥ ¤¢ã¬¥à­®¥ ¬­®£®-
®¡à §¨¥ F ¯à¥¤áâ ¢«ï¥â á®¡®© ¬­®¦¥áâ¢® â ª¨å â®ç¥ª i = (xi; yi) ¤¢ã-
¬¥à­®£® ¬­®£®®¡à §¨ïM, çâ® «î¡®© ¯ à¥ < ij > ¨§ ®âªàëâ®£® ¨ ¯«®â-
­®£® ¢ F � F ¬­®¦¥áâ¢  Sf á®¯®áâ ¢«ï¥âáï ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®

f(ij) = f(xi; yi; xj; yj); (1)

¯à¨ç¥¬ ¤«ï ¯à®¨§¢®«ì­®£® ª®àâ¥¦  ç¥âëà¥å â®ç¥ª < ijkl > â ª¨å, çâ®
¯ àë < ij >; : : : ; < kl >2 Sf , è¥áâì ¢§ ¨¬­ëå à ááâ®ï­¨© f(ij); : : : ;
f(kl) äã­ªæ¨®­ «ì­® á¢ï§ ­ë. � x1 �á­®¢­®© ç áâ¨ ­ áâ®ïé¥© ¬®­®£à -
ä¨¨ ¯®áâã«¨àã¥âáï «®ª «ì­ ï ­¥¢ëà®¦¤¥­­®áâì ¬¥âà¨ç¥áª®© äã­ªæ¨¨
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(1). �.�. �¨å ©«¨ç¥­ª® {  ¢â®à®¬ �á­®¢­®© ç®áâ¨ { ¢ x6 ¡ë«¨ ­ ©¤¥-
­ë á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨ ¢á¥ ¯«®áª¨¥ ¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨
((4) { (14) ¨§ x6). � x2 ¤®ª §ë¢ ¥âáï, çâ® ä¥­®¬¥­®«®£¨ç¥áª ï á¨¬¬¥-
âà¨ï à ­£  4 íª¢¨¢ «¥­â­  £àã¯¯®¢®© á¨¬¬¥âà¨¨ áâ¥¯¥­¨ 3, â® ¥áâì
ª ¦¤ ï ­¥¢ëà®¦¤¥­­ ï ¬¥âà¨ç¥áª ï äã­ªæ¨ï (4) { (14) ¨§ x6 ¤®¯ãáª -
¥â âà¥å¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¢¨¦¥­¨©, ®â­®á¨â¥«ì­® ª®â®à®© ®­ 
ï¢«ï¥âáï ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬. � ­¥¥ [3] ®­ ¦¥ ­ è¥« âà¥å¬¥à-
­ë¥ £àã¯¯ë ¯à¥®¡à §®¢ ­¨©, ª®â®àë¥ ®áâ ¢«ïîâ ¨­¢ à¨ ­â­ë¬¨ íâ¨
¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨. � §¨á­ë¥ ®¯¥à â®àë  «£¥¡à �¨ á®®â¢¥âáâ¢ãî-
é¨å £àã¯¯ ¢ë¯¨è¥¬ ¨§ â¥®à¥¬ë 2 x6, ãç¨âë¢ ï ª ­®­¨ç¥áªãî ä®à¬ã
§ ¯¨á¨ ¬¥âà¨ç¥áª®© äã­ªæ¨¨. �­¨ ¡ã¤ãâ ¨¤â¨ ¢ â®¬ ¦¥ ¯®àï¤ª¥, çâ® ¨
¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨ (4) { (14) ¨§ x6:

X1 = @x; X2 = @y; X3 = �y@x + x@y; (2)

X1 = @x;
X2 = tgy sinx@x + cosx@y;
X3 = tgy cosx@x � sinx@y ;

9=
; (3)

X1 = @x;
X2 = �thy sinx@x + cosx@y;
X3 = �thy cosx@x � sinx@y;

9=
; (4)

X1 = @x; X2 = @y; X3 = y@x + x@y; (5)

X1 = @x;
X2 = �cthy sinx@x + cosx@y;
X3 = �cthy cosx@x � sinx@y;

9=
; (6)

X1 = y@x; X2 = x@y; X3 = x@x � y@y ; (7)

X1 = @x; X2 = @y; X3 = x@x + y@y; (8)

X1 = @x; X2 = @y; X3 = (y � �x)@x + (x� �y)@y ; (9)
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X1 = @x; X2 = @y; X3 = x@x + (y � 2x)@y; (10)

X1 = @x; X2 = @y; X3 = �(y + 
x)@x + (x� 
y)@y ; (11)

X1 = @x; X2 = x@x + y@y ; X3 = (x2 � "y2)@x + 2xy@y; (12)

£¤¥ 
 > 0, � > 0 ¨ � 6= 1, " = 0;�1.
�§ [1] á«¥¤ã¥â, çâ® ä¥­®¬¥­®«®£¨ç¥áª¨ á¨¬¬¥âà¨ç­®¥ ¯à®áâà ­áâ¢®

F ¥áâì ¬­®¦¥áâ¢® â ª¨å â®ç¥ª i = (xi; yi; zi) âà¥å¬¥à­®£® ¬­®£®®¡à §¨ï
M, çâ® «î¡®© ¯ à¥ < ij > ¨§ ®âªàëâ®£® ¨ ¯«®â­®£® ¬­®¦¥áâ¢  Sf �
F � F á®¯®áâ ¢«ï¥âáï ç¨á«®

f(ij) = f(xi; yi; zi; xj; yj; zj): (13)

�¥âà¨ç¥áª ï äã­ªæ¨ï (13), á®£« á­® x1 ¤®«¦­  ¡ëâì ­¥¢ëà®¦¤¥­­®©,
¯à¨ç¥¬ ¢á¥ ¤¥áïâì à ááâ®ï­¨© ¬¥¦¤ã ¯à®¨§¢®«ì­ë¬¨ ¯ïâìî â®çª ¬¨
äã­ªæ¨®­ «ì­® á¢ï§ ­ë. �.�. �¥¢ [2] á â®ç­®áâìî ¤® íª¢¨¢ «¥­â­®áâ¨
­ è¥« ¢á¥ âà¥å¬¥à­ë¥ ­¥¢ëà®¦¤¥­­ë¥ ¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨ (13). �à¨-
¢¥¤¥¬ íâã ª« áá¨ä¨ª æ¨î

f(ij) = (xi � xj)
2 + (yi � yj)

2 + (zi � zj)
2; (14)

f(ij) = (xi � xj)
2 + (yi � yj)

2 � (zi � zj)
2; (15)

f(ij) = [(xi � xj)
2 + (yi � yj)

2]e
2(
arctg

yi � yj
xi � xj

+ zi + zj)
; (16)

f(ij) = [(xi � xj)
2 � (yi � yj)

2]e
2(�Ar(c)th

yi � yj
xi � xj

+ zi + zj)
; (17)

f(ij) =
yi � yj
xi � xj

ezi+zj ; (18)

f(ij) = (xi � xj)
2e

yi � yj
xi � xj

+ zi + zj
; (19)
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f(ij) = xiyj � xjyi + zi � zj; (20)

f(ij) = sinzi sinzj(sinyi sinyj cos(xi � xj) + cosyi cosyj ) + coszi coszj ;
(21)

f(ij) = chzi chzj(sinyi sinyj cos(xi � xj) + cosyi cosyj)� shzi shzj ;
(22)

f(ij) = chzi chzj(chyi chyj cos(xi � xj)� shyi shyj) � shzi shzj ; (23)

f(ij) = shzi shzj(sinyi sinyj cos(xi � xj) + cosyi cosyj)� chzi chzj;
(24)

£¤¥ 
 > 0, � > 0 ¨ � 6= 1.
�®£« á­® â¥®à¥¬¥ ®¡ íª¢¨¢ «¥­â­®áâ¨ ä¥­®¬¥­®«®£¨ç¥áª®© ¨ £àã¯-

¯®¢®© á¨¬¬¥âà¨© (x2 ­ áâ®ïé¥© ¬®­®£à ä¨¨) ¬¥âà¨ç¥áª¨¥ äã­ªæ¨¨ (14)
{ (24) ¤®¯ãáª îâ è¥áâ¨¬¥à­ë¥ £àã¯¯ë ¤¢¨¦¥­¨©, ¯à¨ç¥¬ ¨å  «£¥¡àë
�¨ ¨¬¥îâ á«¥¤ãîé¨© ¡ §¨á:

X� = ��(x; y; z)@x + ��(x; y; z)@y + ��(x; y; z)@z; (25)

£¤¥ � = 1; 2; : : : ; 6. �ç¥¢¨¤­®, çâ® ¯à®¨§¢®«ì­ë© ®¯¥à â®à íâ®©  «£¥¡àë
§ ¤ ¥âáï ¢ëà ¦¥­¨¥¬

X = �(x; y; z)@x+ �(x; y; z)@y + � (x; y; z)@z; (26)

£¤¥

� = a��� ; � = a��� ; � = a���;

¯à¨ç¥¬ a� = const ¨ ¯® "­¥¬®¬ã ¨­¤¥ªáã" � ¢¥¤¥âáï áã¬¬¨à®¢ ­¨¥ ®â 1
¤® 6. �¥áâ¨ ­¥§ ¢¨á¨¬ë¬ ¯ à ¬¥âà ¬ a� ¬®¦­® á®¯®áâ ¢¨âì í«¥¬¥­â
(a1; : : : ; a6) ¢¥é¥áâ¢¥­­®£® «¨­¥©­®£® ¯à®áâà ­áâ¢  V 6 â ª, çâ® ¡ §¨áã
¨§ V 6 ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ¡ §¨á  «£¥¡àë �¨ ®¯¥à â®à®¢ (26).

�®áª®«ìªã ¬¥âà¨ç¥áª ï äã­ªæ¨ï (13) ï¢«ï¥âáï ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ -
à¨ ­â®¬ £àã¯¯ë ¤¢¨¦¥­¨© á ¡ §¨á®¬ (25) á®®â¢¥âáâ¢ãîé¥©  «£¥¡àë
�¨, ¯® ¨­ä¨­¨â¥§¨¬ «ì­®¬ã ªà¨â¥à¨î ¨­¢ à¨ ­â­®áâ¨

X(i)f(ij) +X(j)f(ij) = 0
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¨«¨ ¢ à §¢¥à­ãâ®© ä®à¬¥:

�(i)
@f(ij)

@xi
+ �(i)

@f(ij)

@yi
+ � (i)

@f(ij)

@zi
+

+�(j)
@f(ij)

@xj
+ �(j)

@f(ij)

@yj
+ � (j)

@f(ij)

@zj
= 0:

(27)

� ­ è¥¬ á«ãç ¥ ¬¥âà¨ç¥áª ï äã­ªæ¨ï f(ij) ¨§¢¥áâ­ , ¯®íâ®¬ã (27)
¯à¥¤áâ ¢«ï¥â á®¡®© äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ ­  ª®íää¨æ¨¥­âë ¯à®-
¨§¢®«ì­®£® ®¯¥à â®à   «£¥¡àë �¨ £àã¯¯ë ¤¢¨¦¥­¨©. �¯à ¢¥¤«¨¢  á«¥-
¤ãîé ï ®á­®¢­ ï

�¥®à¥¬ . � §¨á­ë¥ ®¯¥à â®àë (25) è¥áâ¨¬¥à­ëå  «£¥¡à �¨ £àã¯¯
¤¢¨¦¥­¨© ¯à®áâà ­áâ¢ á ¬¥âà¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨ (4) { (14) ¢ ­ ¤«¥-
¦ é¥ ¢ë¡à ­­®© á¨áâ¥¬¥ «®ª «ì­ëå ª®®à¤¨­ â § ¤ îâáï á®®â¢¥â-
áâ¢¥­­® á«¥¤ãîé¨¬¨ ¢ëà ¦¥­¨ï¬¨:

X1 = @x; X2 = @y; X3 = @z; X4 = �y@x + x@y;

X5 = �z@x + x@z; X6 = �z@y + y@z ;
(28)

X1 = @x; X2 = @y; X3 = @z; X4 = �y@x + x@y;

X5 = z@x + x@z; X6 = z@y + y@z ;
(29)

X1 = @x; X2 = @y; X3 = �(y + 
x)@x + (x� 
y)@y ;

X4 = (
y � x)@x � (y + 
x)@y +
1 + 
2

2
@z;

X5 = (�x2 + y2 + 2
xy)@x � (
(x2 � y2) + 2xy)@y + (1 + 
2)x@z;

X6 = (
(y2 � x2)� 2xy)@x + (x2 � y2 � 2
xy)@y + (1 + 
2)y@z ;

(30)

X1 = @x; X2 = @y; X3 = (�x � y)@x + (�y � x)@y;

X4 = (�y � x)@x + (�x � y)@y +
1� �2

2
@z;

X5 = �(x2 + y2 � 2�xy)@x + (�(x2 + y2) � 2xy)@y + (1� �2)x@z;

X6 = (�(x2 + y2)� 2xy)@x � (x2 + y2 � 2�xy)@y + (1� �2)y@z ;

(31)
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X1 = @x; X2 = @y; X3 = x@x + y@y ;

X4 = x@x � y@y + @z; X5 = x2@x + x@z; X6 = �y2@y + y@z ;
(32)

X1 = @x; X2 = @y; X3 = x@x + (y � 2x)@y;

X4 = �2x@y + @z; X5 = �x2@y + x@z;

X6 = �x2@x+ 2(x2 � xy)@y + y@z ;

(33)

X1 = y@x; X2 = x@y; X3 = x@x � y@y ;

X4 = @z; X5 = @x + y@z ; X6 = @y � x@z;
(34)

X1 = �@x; X2 = �ctgy cosx@x � sinx@y;

X3 = ctgy sinx@x � cosx@y;

X4 = ctgz sin�1y cosx@x + ctgz cosy sinx@y + siny sinx@z;

X5 = �ctgz sin�1y sinx@x + ctgz cosy cosx@y + siny cosx@z;

X6 = �ctgz siny@y + cosy@z ;

(35)

X1 = �@x; X2 = �ctgy cosx@x � sinx@y;

X3 = ctgy sinx@x � cosx@y;

X4 = thz sin�1y cosx@x + thz cosy sinx@y + siny sinx@z ;

X5 = �thz sin�1y sinx@x + thz cosy cosx@y + siny cosx@z;

X6 = �thz siny@y + cosy@z ;

(36)

X1 = �@x; X2 = thy cosx@x + sinx@y ;

X3 = �thy sinx@x + cosx@y;

X4 = thz ch�1y cosx@x � thz shy sinx@y + chy sinx@z;

X5 = �thz ch�1y sinx@x � thz shy cosx@y + chy cosx@z;

X6 = thz chy@y � shy@z ;

(37)
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X1 = �@x; X2 = �ctgy cosx@x � sinx@y;

X3 = ctgy sinx@x � cosx@y;

X4 = cthz sin�1y cosx@x + cthz cosy sinx@y + siny sinx@z ;

X5 = �cthz sin�1y sinx@x + cthz cosy cosx@y + siny cosx@z;

X6 = �cthz siny@y + cosy@z ;

(38)

£¤¥ 
 > 0, � > 0 ¨ � 6= 1.

�§ íâ®© â¥®à¥¬ë ¢ëâ¥ª ¥â á«¥¤ãîé¥¥

�«¥¤áâ¢¨¥. �«£¥¡àë �¨ £àã¯¯ ¤¢¨¦¥­¨© á ¡ §¨á­ë¬¨ ®¯¥à â®à -
¬¨ (28) { (38) ã¤®¢«¥â¢®àïîâ á®®â¢¥âáâ¢¥­­® á«¥¤ãîé¨¬ ª®¬¬ãâ æ¨-
®­­ë¬ á®®â­®è¥­¨ï¬:

[X1; X2] = 0; [X1; X3] = 0; [X1; X4] = X2;

[X1; X5] = X3; [X1; X6] = 0; [X2; X3] = 0;

[X2; X4] = �X1; [X2; X5] = 0; [X2; X6] = X3;

[X3; X4] = 0; [X3; X5] = �X1; [X3; X6] = �X2;

[X4; X5] = �X6; [X4; X6] = X5; [X5; X6] = �X4;

(280)

[X1; X2] = 0; [X1; X3] = 0; [X1; X4] = X2;

[X1; X5] = X3; [X1; X6] = 0; [X2; X3] = 0;

[X2; X4] = �X1; [X2; X5] = 0; [X2; X6] = X3;

[X3; X4] = 0; [X3; X5] = X1; [X3; X6] = X2;

[X4; X5] = �X6; [X4; X6] = X5; [X5; X6] = X4;

(290)

[X1; X2] = 0; [X1; X3] = �
X1 +X2; [X1; X4] = �X1 � 
X2;

[X1; X5] = 2X4; [X1; X6] = 2X3; [X2; X3] = �X1 � 
X2;

[X2; X4] = 
X1 �X2; [X2; X5] = �2X3; [X2; X6] = 2X4;

[X3; X4] = 0; [X3; X5] = �X6 � 
X5; [X3; X6] = X5 � 
X6;

[X4; X5] = 
X6 �X5; [X4; X6] = �
X5 �X6; [X5; X6] = 0;

(300)
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[X1; X2] = 0; [X1; X3] = �X1 �X2; [X1; X4] = �X1 + �X2;

[X1; X5] = 2X4; [X1; X6] = 2X3; [X2; X3] = �X1 + �X2;

[X2; X4] = �X1 �X2; [X2; X5] = 2X3; [X2; X6] = 2X4;

[X3; X4] = 0; [X3; X5] = �X6 + �X5; [X3; X6] = �X5 + �X6;

[X4; X5] = �X6 �X5; [X4; X6] = �X5 �X6; [X5; X6] = 0;

(310)

[X1; X2] = 0; [X1; X3] = X1; [X1; X4] = X1;

[X1; X5] = X4 +X3; [X1; X6] = 0; [X2; X3] = X2;

[X2; X4] = �X2; [X2; X5] = 0; [X2; X6] = X4 �X3;

[X3; X4] = 0; [X3; X5] = X5; [X3; X6] = X6;

[X4; X5] = X5; [X4; X6] = �X6; [X5; X6] = 0;

(320)

[X1; X2] = 0; [X1; X3] = X1 � 2X2; [X1; X4] = �2X2;

[X1; X5] = X4; [X1; X6] = �2X3; [X2; X3] = X2;

[X2; X4] = 0; [X2; X5] = 0; [X2; X6] = X4;

[X3; X4] = 0; [X3; X5] = X5; [X3; X6] = X6 � 2X5;

[X4; X5] = 0; [X4; X6] = �2X5; [X5; X6] = 0;

(330)

[X1; X2] = �X3; [X1; X3] = 2X1; [X1; X4] = 0;

[X1; X5] = 0; [X1; X6] = �X5; [X2; X3] = �2X2;

[X2; X4] = 0; [X2; X5] = �X6; [X2; X6] = 0;

[X3; X4] = 0; [X3; X5] = �X5; [X3; X6] = X6;

[X4; X5] = 0; [X4; X6] = 0; [X5; X6] = �X4;

(340)

[X1; X2] = �X3; [X1; X3] = X2; [X1; X4] = �X5;

[X1; X5] = X4; [X1; X6] = 0; [X2; X3] = �X1;

[X2; X4] = �X6; [X2; X5] = 0; [X2; X6] = X4;

[X3; X4] = 0; [X3; X5] = �X6; [X3; X6] = X5;

[X4; X5] = �X1; [X4; X6] = �X2; [X5; X6] = �X3;

(350)
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[X1; X2] = �X3; [X1; X3] = X2; [X1; X4] = �X5;

[X1; X5] = X4; [X1; X6] = 0; [X2; X3] = �X1;

[X2; X4] = �X6; [X2; X5] = 0; [X2; X6] = X4;

[X3; X4] = 0; [X3; X5] = �X6; [X3; X6] = X5;

[X4; X5] = X1; [X4; X6] = X2; [X5; X6] = X3;

(360)

[X1; X2] = �X3; [X1; X3] = X2; [X1; X4] = �X5;

[X1; X5] = X4; [X1; X6] = 0; [X2; X3] = X1;

[X2; X4] = �X6; [X2; X5] = 0; [X2; X6] = �X4;

[X3; X4] = 0; [X3; X5] = �X6; [X3; X6] = �X5;

[X4; X5] = X1; [X4; X6] = X2; [X5; X6] = X3;

(370)

¯à¨ç¥¬ ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï ¤«ï  «£¥¡àë �¨ (38) ¨ (36) á®-
¢¯ ¤ îâ.

�§ áâàãªâãàë ª®¬¬ãâ æ¨®­­ëå á®®â­®è¥­¨©  «£¥¡à �¨ £àã¯¯ ¤¢¨-
¦¥­¨© á ¡ §¨á­ë¬¨ ®¯¥à â®à ¬¨ (28) { (38) ¨ áâàãªâãà­ëå ¯à¨§­ ª®¢
¯®¤ «£¥¡à [3] á«¥¤ã¥â, çâ® ®¯¥à â®àë X1, X2, X4  «£¥¡à �¨ (28) { (29)
¨ X1, X2, X3  «£¥¡à �¨ (30) { (38) ®¡à §ãîâ âà¥å¬¥à­ë¥ ¯®¤ «£¥¡àë
�¨, ª®â®àë¥ ¡ã¤¥¬ ®¡®§­ ç âì á¨¬¢®«®¬ A3.

�ãáâì L { ¯à®¨§¢®«ì­ ï  «£¥¡à  �¨. �®¬¬ãâ ­â®¬  «£¥¡àë �¨ L
­ §ë¢ ¥âáï ¥¥ ¨¤¥ « L(1) = [L;L], ª®â®àë© á®áâ®¨â ¨§ í«¥¬¥­â®¢ ¢¨¤ :
[u; v], £¤¥ u; v 2 L. �â®à®© ª®¬¬ãâ ­â ®¯à¥¤¥«ï¥âáï â ª: L(2) = [L1; L1]
¨, ­ ª®­¥æ, ¯® ¨­¤ãªæ¨¨ L(k+1) = [Lk; Lk]. �áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¯à¨-
å®¤¨¬ ª àï¤ã ª®¬¬ãâ ­â®¢  «£¥¡àë �¨ L:

L � L(1) � L(2) � : : : � L(n) � : : : (38)

�«£¥¡à  �¨ L ­ §ë¢ ¥âáï à §à¥è¨¬®©, ¥á«¨ ¥¥ àï¤ ª®¬¬ãâ ­â®¢ (38)
§ ª ­ç¨¢ ¥âáï ­ã«¥¢ë¬ ¨¤¥ «®¬.

�¥£ª® ¯à®¢¥àï¥âáï, çâ® ¯®¤ «£¥¡à  A3  «£¥¡à �¨ á ®¯¥à â®à ¬¨ (28)
{ (33) à §à¥è¨¬ ,   á ®¯¥à â®à ¬¨ (34) { (38) ­¥à §à¥è¨¬ .
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x2. �®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë ¤«ï  «£¥¡à

�¨ á à §à¥è¨¬®© ¯®¤ «£¥¡à®©

�à¨áâã¯¨¬ ª ¤®ª § â¥«ìáâ¢ã ®á­®¢­®© â¥®à¥¬ë ¤«ï £àã¯¯ ¤¢¨¦¥­¨© á
®¯¥à â®à ¬¨ (28) { (33).

�«ï ¬¥âà¨ç¥áª®© äã­ªæ¨¨ (14) äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) ¯à¨-
¬¥â á«¥¤ãîé¨© ¢¨¤:

�(i)(xi � xj) + �(i)(yi � yj) + � (i)(zi � zj)�

� �(j)(xi � xj)� �(j)(yi � yj)� � (j)(zi � zj) = 0:
(39)

�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (39) ¯® ª®®à¤¨­ â ¬ â®çª¨ i,   à¥-
§ã«ìâ âë ¤¨ää¥à¥­æ¨à®¢ ­¨© ¯® ª®®à¤¨­ â ¬ â®çª¨ j

�x(i) + �x(j) = 0; �x(i) + �y(j) = 0; �x(i) + �z(j) = 0; (40:1)

�y(i) + �x(j) = 0; �y(i) + �y(j) = 0; �y(i) + �z(j) = 0; (40:2)

�z(i) + �x(j) = 0; �z(i) + �y(j) = 0; �z(i) + �z(j) = 0: (40:3)

� §¤¥«ïï ¯¥à¥¬¥­­ë¥, ®â­®áïé¨¥áï ª ª®®à¤¨­ â ¬ à §«¨ç­ëå â®ç¥ª, ¢
á¨áâ¥¬ å (40.1) { (40.3) ¨ ¨­â¥£à¨àãï ¯®«ãç¥­­ë¥ ãà ¢­¥­¨ï, ¯à¨å®¤¨¬
ª ¢ëà ¦¥­¨ï¬:

�(x; y; z) = �a1y � a2z + a4;
�(x; y; z) = a1x� a3z + a5;
� (x; y; z) = a2x+ a3y + a6:

9=
;

� ª £®¢®à¨«®áì ¢® ¢¢¥¤¥­¨¨ ª®àâ¥¦ (a4; a5; a6; a1; a2; a3) ¯à¨­ ¤«¥-
¦¨â ¢¥é¥áâ¢¥­­®¬ã «¨­¥©­®¬ã ¯à®áâà ­áâ¢ã V 6 ¨ ¯®íâ®¬ã ¡ -
§¨áã (1,0,0,0,0,0), (0,1,0,0,0,0), (0,0,1,0,0,0), (0,0,0,1,0,0), (0,0,0,0,1,0),
(0,0,0,0,0,1) á®®â¢¥âáâ¢ã¥â ¡ §¨á (28).

�®¤áâ ¢¨¬ ¢ ãà ¢­¥­¨¥ (27) ¢ëà ¦¥­¨¥ (15)

�(i)(xi � xj) + �(i)(yi � yj) � � (i)(zi � zj)�

� �(j)(xi � xj)� �(j)(yi � yj) + � (j)(zi � zj) = 0:
(41)

�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (41) ¯® ª®®à¤¨­ â ¬ xi, yi, zi, ¯®á«¥
ç¥£® à¥§ã«ìâ âë íâ¨å ¤¨ää¥à¥­æ¨à®¢ ­¨© ¯® ª®®à¤¨­ â ¬ xj , yj , zj :

�x(i) + �x(j) = 0; �x(i) + �y(j) = 0; �x(i) � �z(j) = 0; (42:1)
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�y(i) + �x(j) = 0; �y(i) + �y(j) = 0; �y(i) � �z(j) = 0; (42:2)

��z(i) + �x(j) = 0; ��z(i) + �y(j) = 0; �z(i) + �z(j) = 0: (42:3)

� ááã¦¤ ï, ¤ «¥¥, ¢ ®â­®è¥­¨¨ á¨áâ¥¬ë (42.1) { (42.3) â®ç­® â ª¦¥ ª ª
¨ ¢ ®â­®è¥­¨¨ ª á¨áâ¥¬¥ (40.1) { (40.3), ¯à¨å®¤¨¬ ª ¡ §¨á­ë¬ ®¯¥à â®-
à ¬ (29).

�à¨áâã¯¨¬ â¥¯¥àì ª ­ å®¦¤¥­¨î ¡ §¨á­ëå ®¯¥à â®à®¢ è¥áâ¨¬¥à-
­®©  «£¥¡àë �¨ £àã¯¯ë ¤¢¨¦¥­¨©, ¤®¯ãáª ¥¬®© ¬¥âà¨ç¥áª®© äã­ªæ¨¥©
(16). �®áª®«ìªã

@f(ij)

@xi
= [(xi � xj)� 
(yi � yj)]�;

@f(ij)

@xj
= �[(xi � xj) � 
(yi � yj)]�;

@f(ij)

@yi
= [(yi � yj) + 
(xi � xj)]�;

@f(ij)

@yj
= �[(yi � yj) + 
(xi � xj)]�;

@f(ij)

@zi
= [(xi � xj)

2 + (yi � yj)
2]�;

@f(ij)

@zj
= [(xi � xj)

2 + (yi � yj)
2]�;

£¤¥ � = 2exp[2
arctg yi�yj
xi�xj

+2zi+2zj ], 
 > 0, â® ¨áå®¤­®¥ äã­ªæ¨®­ «ì-

­®¥ ãà ¢­¥­¨¥ (27) ¯à¨¬¥â á«¥¤ãîé¨© ¢¨¤:

[(xi � xj) � 
(yi � yj)]�(i) � [(xi � xj) � 
(yi � yj)]�(j) +

+[(yi � yj) + 
(xi � xj)]�(i) � [(yi � yj) + 
(xi � xj)]�(j) +

+[(xi � xj)
2 + (yi � yj)

2]� (i) + [(xi � xj)
2 + (yi � yj)

2]� (j) = 0:

(43)

�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (43) á­ ç «  ¯® ª®®à¤¨­ â ¬xi; yi; zi
â®çª¨ i,   à¥§ã«ìâ âë ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® ª®®à¤¨­ â ¬ xj; yj ; zj
â®çª¨ j

� �x(i)� �x(j) � 
�x(i) � 
�x(j) � 2� (i) � 2� (j) �

� 2(xi � xj)�x(i) + 2(xi � xj)�x(j) = 0;
(44:1)


�x(i) � �y(j) � �x(i)� 
�y(j) � 2(yi � yj)�x(i) + 2(xi � xj)�y(j) = 0;
(44:2)
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��z(j) � 
�z(j) + 2(xi � xj)�z(j) = 0; (44:3)

��y(i) + 
�x(j) � 
�y(i)� �x(j) � 2(xi � xj)�y(i) + 2(yi � yj)�x(j) = 0;
(44:4)


�y(i) + 
�y(j) � �y(i) � �y(j) � 2� (i)� 2� (j)�

� 2(yi � yj)�y(i) + 2(yi � yj)�y(j) = 0;
(44:5)


�z(j) � �z(j) + 2(yi � yj)�z(j) = 0; (44:6)

��z(i) � 
�z(i)� 2(xi � xj)�z(i) = 0; (44:7)


�z(i) � �z(i) � 2(yi � yj)�z(i) = 0: (44:8)

�¨ää¥à¥­æ¨àãï ãà ¢­¥­¨ï (44.1) ¨ (44.2) ¯® ª®®à¤¨­ â¥ xi,   § â¥¬
¯® xj, (44.2) ¨ (44.5) { ¯® yi,   § â¥¬ ¯® yj, (44.3) { ¯® xi, (44.7) { ¯® xj,
¯®«ãç ¥¬ á«¥¤ãîé¨¥ â®¦¤¥áâ¢ :

�z(i) = �z(j) = 0; �z(i) + 
�z(i) = �z(j) + 
�z(j) = 0;


�z(i) � �z(i) = 
�z(j) � �z(j) = 0; �xx(i) + �xx(j) = 0;

�yy(i) + �yy(j) = 0; �xy(i) + �xy(j) = 0:

� §¤¥«ïï ¢ íâ®© á¨áâ¥¬¥ ¯¥à¥¬¥­­ë¥, ®â­®áïé¨¥áï ª ª®®à¤¨­ â ¬ à §-
«¨ç­ëå â®ç¥ª, ¨ ¨­â¥£à¨àãï ¯®«ãç¥­­ë¥ ãà ¢­¥­¨ï, ¯à¨å®¤¨¬ ª äã­ª-
æ¨ï¬:

�(x; y; z) = �(x; y); �(x; y; z) = �(x; y); � (x; y; z) = a1x+ a2y + a3:

�§ ãà ¢­¥­¨© (44.1), (44.5), (44.2), (44.4), à §¤¥«ïï ¯¥à¥¬¥­­ë¥, ¯®«ã-
ç ¥¬

�x + 
�x + 2� = 0; 
�y � �y � 2� = 0;


�x � �x � 2a1y + 2a2x = a4; �y + 
�y � 2a1y + 2a2x = a4;
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¨«¨, à §à¥è ï ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå �x, �y, �x, �y:

(1 + 
2)�x = 2a1(
y � x)� 2a2(y + 
x) � 2a3 + 
a4;

(1 + 
2)�x = �2a1(y + 
x) + 2a2(x� 
y) � a4 � 2
a3;

(1 + 
2)�y = 2a1(y + 
x) � 2a2(x� 
y) + a4 + 2
a3;

(1 + 
2)�y = 2a1(
y � x)� 2a2(y + 
x) � 2a3 + 
a4

¨ ¯®á«¥ ¨­â¥£à¨à®¢ ­¨ï:

�(x; y; z) =
a1

1 + 
2
(�x2 + y2 + 2
xy) �

a2
1 + 
2

(
(x2 � y2) + 2xy)�

�
2a3

1 + 
2
(x� 
y) +

a4
1 + 
2

(y + 
x) + a5;

�(x; y; z) = �
a1

1 + 
2
(
(x2 � y2) + 2xy) +

a2
1 + 
2

(x2 � y2 � 2
xy) �

�
2a3

1 + 
2
(y + 
x) �

a4
1 + 
2

(x� 
y) + a6;

� (x; y; z) =a1x+ a2y + a3:

� à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ¡ §¨á­ë¥ ®¯¥à â®àë (30).
�«ï ¬¥âà¨ç¥áª®© äã­ªæ¨¨ (17):

@f(ij)

@xi
= [(xi � xj)� �(yi � yj)]�;

@f(ij)

@xj
= �[(xi � xj) � �(yi � yj)]�;

@f(ij)

@yi
= [�(xi � xj)� (yi � yj)]�;

@f(ij)

@yj
= �[�(xi � xj)� (yi � yj)]�;

@f(ij)

@zi
= [(xi � xj)

2 � (yi � yj)
2]�;

@f(ij)

@zj
= [(xi � xj)

2 � (yi � yj)
2]�;

£¤¥ � = 2exp[2�Ar(c)th yi�yj
xi�xj

+ 2zi + 2zj ], � > 0, � 6= 1, ¨ ¯®â®¬ã äã­ª-

æ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) ¯à¨¬¥â â ª®© ¢¨¤:

[(xi � xj) � �(yi � yj)]�(i)� [(xi � xj) � �(yi � yj)]�(j) +

+[�(xi � xj)� (yi � yj)]�(i)� [�(xi � xj)� (yi � yj)]�(j) +

+[(xi � xj)
2 � (yi � yj)

2]� (i) + [(xi � xj)
2 � (yi � yj)

2]� (j) = 0:

(45)
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�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (45) ¯® ª®®à¤¨­ â ¬ xi, yi, zi,   à¥-
§ã«ìâ âë { ¯® xj, yj , zj

� �x(i) � �x(j) � ��x(i) � ��x(j) � 2� (i)� 2� (j) �
� 2(xi � xj)�x(i) + 2(xi � xj)�x(j) = 0;

��x(i) � �y(j) + �x(i) � ��y(j) + 2(yi � yj)�x(i) + 2(xi � xj)�y(j) = 0;

��z(j) � ��z(j) + 2(xi � xj)�z(j) = 0;

��z(j) + �z(j) � 2(yi � yj)�z(j) = 0;

��y(i) + ��x(j) � ��y(i) + �x(j) � 2(xi � xj)�y(i) � 2(yi � yj)�x(j) = 0;

��y(i) + ��y(j) + �y(i) + �y(j) + 2� (i) + 2� (j) +
+ 2(yi � yj)�y(i) � 2(yi � yj)�y(j) = 0;

��z(i) � ��z(i) � 2(xi � xj)�z(i) = 0;

��z(i) + �z(i) + 2(yi � yj)�z(i) = 0:

� «¥¥, à ááã¦¤ ï â®ç­® â ª¦¥, ª ª ¯à¨ à¥è¥­¨¨ äã­ªæ¨®­ «ì­®£® ãà ¢-
­¥­¨ï (43), ¯à¨å®¤¨¬ ª äã­ªæ¨ï¬:

�(x; y; z) =�
a1

1� �2
(x2 + y2 � 2�xy) +

a2
1� �2

(�(x2 + y2)� 2xy)�

�
2a3

1� �2
(x� �y) +

a4
1� �2

(�x � y) + a5;

�(x; y; z) =
a1

1� �2
(�(x2 + y2) � 2xy) �

a2
1� �2

(x2 + y2 � 2�xy) +

+
2a3

1� �2
(�x � y) �

a4
1� �2

(x� �y) + a6;

� (x; y; z) =a1x+ a2y + a3;

®â ª®â®àëå ª ¡ §¨áã  «£¥¡àë �¨ (31).
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�à¨áâã¯¨¬ â¥¯¥àì ª ­ å®¦¤¥­¨î ¡ §¨á­ëå ®¯¥à â®à®¢  «£¥¡àë �¨
£àã¯¯ë ¤¢¨¦¥­¨©, ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬ ª®â®à®© ï¢«ï¥âáï ¬¥-
âà¨ç¥áª ï äã­ªæ¨ï (18). �®áª®«ìªã

@f(ij)

@xi
= �

yi � yj
(xi � xj)2

�;
@f(ij)

@xj
=

yi � yj
(xi � xj)2

�;

@f(ij)

@yi
=

1

xi � xj
�;

@f(ij)

@yj
= �

1

xi � xj
�;

@f(ij)

@zi
=
yi � yj
xi � xj

�;
@f(ij)

@zj
=
yi � yj
xi � xj

�;

£¤¥ � = exp(zi+ zj), â® äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) ¯à¨­¨¬ ¥â ¢¨¤:

� (yi � yj)�(i) + (yi � yj)�(j) + (xi � xj)�(i) � (xi � xj)�(j) +

+(xi � xj)(yi � yj)� (i) + (xi � xj)(yi � yj)� (j) = 0:
(46)

�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (46) ¯® xi; yi; zi,   à¥§ã«ìâ âë ¯®
xj; yj ; zj

��x(i) � �x(j) � (yi � yj)�x(i) + (yi � yj)�x(j) = 0;

�x(i) � �y(j) � � (i) � (xi � xj)�x(i) � � (j) + (yi � yj)�y(j) = 0;

��z(j) + (yi � yj)�z(j) = 0; �z(j) + (xi � xj)�z(j) = 0;

�x(j) � �y(i) � � (i) � (yi � yj)�y(i)� � (j) + (xi � xj)�x(j) = 0;

�y(i) + �y(j) � (xi � xj)�y(i) + (xi � xj)�y(j) = 0;

��z(i) � (yi � yj)�z(i) = 0; �z(i) � (xi � xj)�z(i) = 0:

� ááã¦¤ ï  ­ «®£¨ç­®, ¯à¨å®¤¨¬ ª äã­ªæ¨ï¬:

�(x; y; z) = a2x
2 + (a3 + a4)x+ a5;

�(x; y; z) = �a1y
2 + (a3 � a4)y + a6;

� (x; y; z) = a1x+ a1y + a3;

9=
;
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  ®â ­¨å ª ®¯¥à â®à ¬ (32).
�, ­ ª®­¥æ, ¤«ï ¬¥âà¨ç¥áª®© äã­ªæ¨¨ (19):

@f(ij)

@xi
= [2(xi � xj)� (yi � yj)]�;

@f(ij)

@xj
= �[2(xi � xj)� (yi � yj)]�;

@f(ij)

@yi
= (xi � xj)�;

@f(ij)

@yj
= �(xi � xj)�;

@f(ij)

@zi
= (xi � xj)

2�;
@f(ij)

@zj
= (xi � xj)

2�;

£¤¥ � = exp[ yi�yj
xi�xj

+ zi + zj ], ¯®íâ®¬ã äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27)
¯à¨­¨¬ ¥â â ª®© ¢¨¤:

[2(xi � xj)� (yi � yj)]�(i) � [2(xi � xj) � (yi � yj)]�(j) +

+ (xi � xj)�(i) � (xi � xj)�(j) +

+ (xi � xj)
2� (i) + (xi � xj)

2� (j) = 0:

(47)

�à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (47) ¯® xi, yi, zi,   ¯®«ãç¥­­ë¥ à¥-
§ã«ìâ âë ¯® xj, yj , zj

� 2�x(i) � 2�x(j) � �x(i) � �x9j) � 2� (i) � 2� (j) �
� 2(xi � xj)�x(i) + 2(xi � xj)�x(j) = 0;

�x(i) � 2�y(j) � �y(j) + 2(xi � xj)�y(j) = 0;

�2�z(i) � �z(i)� 2(xi � xj)�z(i) = 0;

�2�z(j) � �z(j) + 2(xi � xj)�z(j) = 0;

��y(i) � �y(j) = 0; �z(i) = �z(j) = 0;

�2�y(i) � �x(j) � �y(i) � 2(xi � xj)�y(i) = 0:
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� ááã¦¤ ï â ª¦¥, ª ª ¨ ¯à¨ à¥è¥­¨¨ äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï
(43), ¯à¨å®¤¨¬ ª äã­ªæ¨ï¬:

�(x; y; z) = �a1x
2 + a2x+ a3;

�(x; y; z) = (2a1 � a5)x2 � 2a1xy � 2(a2 + a6)x+ a2y + a4;
� (x; y; z) = a1x+ a5y + a6;

9=
;

  § â¥¬ ª ¡ §¨á­ë¬ ®¯¥à â®à ¬ (33).
�â¨¬ ¤®ª § â¥«ìáâ¢® ¯¥à¢®© ç áâ¨ ®á­®¢­®© â¥®à¥¬ë ¤«ï  «£¥¡à �¨

á à §à¥è¨¬®© ¯®¤ «£¥¡à®© A3 § ¢¥àè ¥âáï.

x3. �®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë ¤«ï  «£¥¡à

�¨ á ­¥à §à¥è¨¬®© ¯®¤ «£¥¡à®©

� íâ®¬ ¯ à £à ä¥ ¯à®¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ¤«ï  «£¥¡à �¨ £àã¯¯ ¤¢¨-
¦¥­¨©, ¤¢ãåâ®ç¥ç­ë¬¨ ¨­¢ à¨ ­â ¬¨ ª®â®àëå ï¢«ïîâáï ¬¥âà¨ç¥áª¨¥
äã­ªæ¨¨ (20) { (24),   ¯®¤ «£¥¡à  �¨ A3 ­¥à §à¥è¨¬ .

� ãç¥â®¬ ¢ëà ¦¥­¨ï (20) ¤«ï ¬¥âà¨ç¥áª®© äã­ªæ¨¨ f(ij) ¨áå®¤­®¥
äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) ¯à¨­¨¬ ¥â â ª®© ¢¨¤:

yj�(i) � xj�(i) � yi�(j) + xi�(j) + � (i) � � (j) = 0: (48)

�à®¤¨ää¥à¥­æ¨àã¥¬ â®¦¤¥áâ¢® (48) ¯® ª®®à¤¨­ â ¬ xi, yi, zi,   à¥-
§ã«ìâ âë ¯® ª®®à¤¨­ â ¬ xj, yj , zj :

��x(i) + �x(j) = 0; �x(i) + �y(j) = 0; �z(i) = �z(j) = 0;

�z(i) = �z(j) = 0; �y(i) + �x(j) = 0; �y(i) � �y(j) = 0:

� §¤¥«ïï ¯¥à¥¬¥­­ë¥, ¨­â¥£à¨àãï, ¢®§¢à é ïáì § â¥¬ ¢ â®¦¤¥áâ¢® (48)
¨ á­®¢  à §¤¥«ïï ¯¥à¥¬¥­­ë¥, ®ª®­ç â¥«ì­® ¯®«ãç ¥¬:

�(x; y; z) = a1x+ a2y + a4;
�(x; y; z) = a3x� a1y + a5;
� (x; y; z) = �a5x+ a4y + a6:

�âà®ª¨ (a2; a3; a1:a6; a4; a5) ¯à¨­ ¤«¥¦ âè¥áâ¨¬¥à­®¬ã «¨­¥©­®¬ã ¯à®-
áâà ­áâ¢ã V 6, ¯à¨ç¥¬ ¥£® ¡ §¨áã (1,0,0,0,0,0,), (0,1,0,0,0,0), (0,0,1,0,0,0),
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(0,0,0,1,0,0), (0,0,0,0,1,0), (0,0,0,0,0,1) ¡ã¤¥â á®®â¢¥âáâ¢®¢ âì á¨áâ¥¬  ¡ -
§¨á­ëå ®¯¥à â®à®¢ (34).

�à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ¤«ï ®áâ ¢è¨åáï ¬¥âà¨ç¥áª¨å äã­ªæ¨©
f(ij) ¡ã¤¥â ¯à¨¬¥­ïâìáï ®¤­  ¨ â  ¦¥ ¬¥â®¤¨ª . �®íâ®¬ã ¯®¤à®¡­ë¥
à ááã¦¤¥­¨ï ¡ã¤ãâ ¢¥áâ¨áì â®«ìª® ¢ ®â­®è¥­¨¨ £àã¯¯ë ¤¢¨¦¥­¨© á
¬¥âà¨ç¥áª®© äã­ªæ¨¥© (21).

�®ª ¦¥¬ á¥©ç á â¥®à¥¬ã ¤«ï £àã¯¯ë ¤¢¨¦¥­¨© á ¬¥âà¨ç¥áª®© äã­ª-
æ¨¥© (21). �«ï ã¤®¡áâ¢  ¯®á«¥¤ãîé¨å ¢ëç¨á«¥­¨© íâã ¬¥âà¨ç¥áªãî
äã­ªæ¨î § ¯¨è¥¬ ¢ á«¥¤ãîé¥© ä®à¬¥:

f(ij) = �xi �xj + �yi �yj + �zi �zj + �wi �wj ; (49)

£¤¥ ¢¢¥¤¥­ë ®¡®§­ ç¥­¨ï

�x = sinx siny sinz; �y = cosx siny sinz;
�z = cosy sinz; �w = cosz;

�
(50)

¯à¨ç¥¬ �x2+ �y2 + �z2+ �w2 = 1. � ¤ «ì­¥©è¥¬ ã¤®¡­® ¢¢¥áâ¨ ¯¥à¥®¡®§­ -
ç¥­¨¥ ª®®à¤¨­ â: �x! x, �y ! y, �z ! z, �w! w. �®£¤ 

f(ij) = xixj + yiyj + zizj +wiwj: (490)

�®áª®«ìªã

@f(ij)

@xi
= xj �

xi
wi
wj;

@f(ij)

@xj
= xi �

xj
wj
wi;

@f(ij)

@yi
= yj �

yi
wi
wj ;

@f(ij)

@yj
= yi �

yj
wj
wi;

@f(ij)

@zi
= zj �

zi
wi
wj;

@f(ij)

@zj
= zi �

zj
wj
wi;

äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) § ¯¨è¥âáï ¢ ¢¨¤¥:

�(i)
xjwi � xiwj

wi
+ �(i)

yjwi � yiwj

wi
+ � (i)

zjwi � ziwj

wi
�

� �(j)
xjwi � xiwj

wj
� �(j)

yjwi � yiwj

wj
� � (j)

zjwi � ziwj

wj
= 0:

(51)

�à®¤¨ää¥à¥­æ¨àã¥¬ íâ® ãà ¢­¥­¨¥ ¯® ª®®à¤¨­ â ¬ xi, yi, zi,   à¥-
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§ã«ìâ âë ¯® ª®®à¤¨­ â ¬ xj, yj , zj

�x(i)
�
1 +

xixj
wiwj

�
+ �(i)

xj(1� y2i � z2i )

w3
iwj

+ �x(j)
�
1 +

xixj
wiwj

�
+

+ �(i)
xi(1 � y2j � z2j )

wiw3
j

+ �x(i)
yixj
wiwj

+ �(i)
xiyixj
w3
iwj

+

+ �x(j)
yjxi
wiwj

+ �(j)
xiyjxj
wiw

3
j

+ �x(i)
zixj
wiwj

+ � (i)
xizixj
w3
iwj

+

+ �x(j)
zjxi
wiwj

+ � (j)
xizjxj
wiw3

j

= 0;

(52:1)

�x(i)
xiyj
wiwj

+ �(i)
yj(1 � y2i � z2i )

w3
iwj

+ �y(j)
�
1 +

xixj
wiwj

�
+

+ �(j)
xixjyj
wiw3

j

+ �x(i)
�
1 +

yiyj
wiwj

�
+ �(i)

xiyiyj
w3
iwj

+ �y(j)
yjxi
wiwj

+

+ �(j)
xi(1� x2j � z2j )

wiw3
j

+ �x(i)
ziyj
wiwj

+ � (i)
xiziyj
w3
iwj

+

+ �y(j)
zjxi
wiwj

+ � (j)
xizjyj
wiw3

j

= 0;

(52:2)

�x(i)
xizj
wiwj

+ �(i)
zj(1� y2i � z2i )

w3
iwj

+ �z(j)
�
1 +

xixj
wiwj

�
+

+ �(j)
xixjzj
wiw3

j

+ �x(i)
yizj
wiwj

+ �(i)
xiyizj
w3
iwj

+ �z(j)
yjxi
wiwj

+

+ �(j)
xiyjzj
wiw3

j

+ �x(i)
�
1 +

zizj
wiwj

�
+ � (i)

xizizj
w3
iwj

+

+ �z(j)
zjxi
wiwj

+ � (j)
xi(1� x2j � y2j )

wiw3
j

= 0;

(52:3)
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�y(i)
�
1 +

xixj
wiwj

�
+ �(i)

xiyixj
w3
iwj

+ �x(j)
yixj
wiwj

+

+ �(j)
yi(1� y2j � z2j )

wiw3
j

+ �y(i)
yixj
wiwj

+ �(i)
xj(1� x2i � z2i )

w3
iwj

+

+ �x(j)
�
1 +

yiyj
wiwj

�
+ +�(j)

yixjyj
wiw3

j

+ �y(i)
zixj
wiwj

+ � (i)
yizixj
w3
iwj

+

+ �x(j)
zjyi
wiwj

+ � (j)
yixjzj
wiw

3
j

= 0;

(52:4)

�y(i)
xiyj
wiwj

+ �(i)
xiyiyj
w3
iwj

+ �y(j)
yixj
wiwj

+ �(j)
yixjyj
wiw3

j

+

+ �y(i)
�
1 +

yiyj
wiwj

�
+ �(i)

yj (1� x2i � z2i )

w3
iwj

+ �y(j)
�
1 +

yiyj
wiwj

�
+

+ �(j)
yi(1� x2j � z2j )

wiw3
j

+ �y(i)
ziyj
wiwj

+ � (i)
yiziyj
w3
iwj

+

+ �y(j)
zjyi
wiwj

+ � (j)
yiyjzj
wiw3

j

= 0;

(52:5)

�y(i)
xizj
wiwj

+ �(i)
xiyizj
w3
iwj

+ �z(j)
yixj
wiwj

+ �(j)
yixjzj
wiw3

j

+

+ �y(i)
yizj
wiwj

+ �(i)
zj(1� x2i � z2i )

w3
iwj

+ �z(j)
�
1 +

yiyj
wiwj

�
+

+ �(j)
yiyjzj
wiw3

j

+ �y(i)
�
1 +

zizj
wiwj

�
+ � (i)

yizizj
w3
iwj

+

+ �z(j)
zjyi
wiwj

+ � (j)
yi(1� x2j � y2j )

wiw
3
j

= 0;

(52:6)
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�z(i)
�
1 +

xixj
wiwj

�
+ �(i)

xizixj
w3
iwj

+ �x(j)
zixj
wiwj

+

+ �(j)
zi(1� y2j � z2j )

wiw3
j

+ �z(i)
yixj
wiwj

+ �(i)
yizixj
w3
iwj

+ �x(j)
ziyj
wiwj

+

+ �(j)
zixjyj
wiw3

j

+ �z(i)
zixj
wiwj

+ � (i)
xj(1� x2i � y2i )

w3
iwj

+

+ �x(j)
�
1 +

zizj
wiwj

�
+ � (j)

zixjzj
wiw3

j

= 0;

(52:7)

�z(i)
xiyj
wiwj

+ �(i)
xiziyj
w3
iwj

+ �y(j)
zixj
wiwj

+

+ �(j)
zixjyj
wiw3

j

+ �z(i)
�
1 +

yiyj
wiwj

�
+ �(i)

yiziyj
w3
iwj

+ �y(j)
yizj
wiwj

+

+ �(j)
zi(1� x2j � z2j )

wiw
3
j

+ �z(i)
ziyj
wiwj

+ � (i)
yj (1� x2i � y2i )

w3
iwj

+

+ �y(j)
�
1 +

zizj
wiwj

�
+ � (j)

ziyjzj
wiw

3
j

= 0;

(52:8)

�z(i)
xizj
wiwj

+ �(i)
xizizj
w3
iwj

+ �z(j)
zixj
wiwj

+

+ �(j)
zixjzj
wiw

3
j

+ �z(i)
yizj
wiwj

+ �(i)
yizizj
w3
iwj

+ �z(j)
ziyj
wiwj

+

+ �(j)
ziyjzj
wiw

3
j

+ �z(i)
�
1 +

zizj
wiwj

�
+ � (i)

zj(1� x2i � y2i )

w3
iwj

+

+ �z(j)
�
1 +

zizj
wiwj

�
+ � (j)

zi(1� x2j � y2j )

wiw3
j

= 0;

(52:9)

�¬­®¦¨¬ (52.1) ­  wiwj=xixj, (52.2) { ­  wiwj=xiyj , (52.3) { ­ 
wiwj=xizj , (52.4) { ­  wiwj=yixj, (52.5) { ­  wiwj=yiyj, (52.6) { ­ 
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wiwj=yizj, (52.7) { ­ wiwj=zixj, (52.8) { ­ wiwj=ziyj , (52.9) { ­ wiwj=zizj:

�
1 +

wiwj

xixj

�
�x(i) +

1� y2i � z2i
xiw2

i

�(i) +
�
1 +

wiwj

xixj

�
�x(j) +

+
1� y2j � z2j

xjw2
j

�(j) +
yi
xi
�x(i) +

yi
w2
i

�(i) +
yj
xj
�x(j) +

yj
w2
j

�(j) +

+
zi
xi
�x(i) +

zi
w2
i

� (i) +
zj
xj
�x(j) +

zj
w2
j

� (j) = 0;

(53:1)

�x(i) +
1� y2i � z2i

xiw2
i

�(i) +
wiwj + xixj

xiyj
�y(j) +

xj
w2
j

�(j) +

+
wiwj + yiyj

xiyj
�x(i) +

yi
w2
i

�(i) + �y(j) +
1� x2j � z2j

yjw2
j

�(j) +

+
zi
xi
�x(i) +

zi
w2
i

� (i) +
zj
yj
�y(j) +

zj
w2
j

� (j) = 0;

(53:2)

�x(i) +
1� y2i � z2i

xiw2
i

�(i) +
wiwj + xixj

xizj
�z(j) +

xj
w2
j

�(j) +

+
yi
xi
�x(i) +

yi
w2
i

�(i) +
yj
zj
�z(j) +

yj
w2
j

�(j) +

+
wiwj + zizj

wiwj
�x(i) +

zi
w2
i

� (i) + �z(j) +
1� x2j � y2j

zjw2
j

� (j) = 0;

(53:3)

wiwj + xixj
wiwj

�y(i) +
xi
w2
i

�(i) + �x(j) +
1� y2j � z2j

xjw
2
j

�(j) +

+ �y(i) +
1� x2i � z2i

yiw
2
i

�(i) +
wiwj + yiyj

yixj
�x(j) +

yj
w2
j

�(j) +

+
zi
yi
�y(i) +

zi
w2
i

� (i) +
zj
xj
�x(j) +

zj
w2
j

� (j) = 0;

(53:4)
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xi
yi
�y(i) +

xi
w2
i

�(i) +
xj
yj
�y(j) +

xj
w2
j

�(j) +

+
�
1 +

wiwj

yiyj

�
�y(i) +

1� x2i � z2i
yiw2

i

�(i) +
�
1 +

wiwj

yiyj

�
�y(j) +

+
1� x2j � z2j

yjw
2
j

�(j) +
zi
yi
�y(i) +

zi
w2
i

� (i) +
zj
yj
�y(j) +

zj
w2
j

� (j) = 0;

(53:5)

xi
yi
�y(i) +

xi
w2
i

�(i) +
xj
zj
�z(j) +

xj
w2
j

�(j) +

+ �y(i) +
1� x2i � z2i

yiw
2
i

�(i) +
wiwj + yiyj

yizj
�z(j) +

yj
w2
j

�(j) +

+
wiwj + zizj

yizj
�y(i) +

zi
w2
i

� (i) + �z(j) +
1� x2j � y2j

zjw2
j

� (j) = 0;

(53:6)

wiwj + xixj
zixj

�z(i) +
xi
w2
i

�(i) + �x(j) +
1� y2j � z2j

xjw
2
j

�(j) +

+
yi
zi
�z(i) +

yi
w2
i

�(i) +
yj
xj
�x(j) +

yj
w2
j

�(j) +

+ �z(i) +
1� x2i � y2i

ziw2
i

� (i) +
wiwj + zizj

zixj
�x(j) +

zj
w2
j

� (j) = 0;

(53:7)

xi
zi
�z(i) +

xi
w2
i

�(i) +
xj
yj
�y(j) +

xj
w2
j

�(j) +

+
wiwj + yiyj

ziyj
�z(i) +

yi
w2
i

�(i) + �y(j) +
1� x2j � z2j

yjw
2
j

�(j) +

+ �z(i) +
1� x2i � y2i

yiw2
i

� (i) +
wiwj + zizj

ziyj
�y(j) +

zj
w2
j

� (j) = 0;

(53:8)

xi
zi
�z(i) +

xi
w2
i

�(i) +
xj
zj
�z(j) +

xj
w2
j

�(j) +

+
yi
zi
�z(i) +

yi
w2
i

�(i) +
yj
zj
�z(j) +

yj
w2
j

�(j) +
�
1 +

wiwj

zizj

�
�z(i) +

+
1� x2i � y2i

ziw2
i

� (i) +
�
1 +

wiwj

zizj

�
�z(j) +

1� x2j � y2j
zjw2

j

� (j) = 0;

(53:9)
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�à®¤¨ää¥à¥­æ¨àã¥¬ (53.1) á­ ç «  ¯® yi ¨ yj ,   § â¥¬ ¯® zi ¨ zj,
(53.5) { á­ ç «  ¯® xi ¨ xj,   § â¥¬ ¯® zi ¨ zj, (53.9) { á­ ç «  ¯® xi ¨
xj,   § â¥¬ ¯® yi ¨ yj :

�x(i) �
w2
i

yi
�xy(i) + �x(j) �

w2
j

yj
�xy(j) = 0;

�x(i)�
w2
i

zi
�xz(i) + �x(j) �

w2
j

zj
�xz(j) = 0;

9>>=
>>; (54:1)

�y(i) �
w2
i

xi
�yx(i) + �y(j) �

w2
j

xj
�yx(j) = 0;

�y(i) �
w2
i

zi
�yz(i) + �y(j) �

w2
j

zj
�yz(j) = 0;

9>>=
>>; (54:2)

�z(i) �
w2
i

xi
�zx(i) + �z(j) �

w2
j

xj
�zx(j) = 0;

�z(i) �
w2
i

yi
�zy(i) + �z(j) �

w2
j

yj
�zy(j) = 0:

9>>=
>>; (54:3)

� §¤¥«ïï ¢ á¨áâ¥¬ å (54.1) { (54.3) ¯¥à¥¬¥­­ë¥, ®â­®áïé¨¥áï ª ª®®à¤¨-
­ â ¬ à §«¨ç­ëå â®ç¥ª, ¯®«ãç ¥¬:

�x �
w2

y
�xy = 0; �x �

w2

z
�xz = 0; �y �

w2

x
�yx = 0;

�y �
w2

z
�yz = 0; �z �

w2

x
�zx = 0; �z �

w2

y
�zy = 0:

�­â¥£à¨àãï íâã á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ­ å®¤¨¬:

�x =
c1(x)

w
; �y =

c2(y)

w
; �z =

c3(z)

w
: (55)

�à®¤¨ää¥à¥­æ¨àã¥¬ (53.2) ¯® yi ¨ xj, (53.3) { ¯® zi ¨ xj, (53.4) { ¯®
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xi ¨ yj , (53.6) { ¯® zi ¨ yj , (53.7) { ¯® xi ¨ zj , (53.8) { ¯® yi ¨ zj:

�y(j) �
w2
j

xj
�yx(j) + �x(i) �

w2
i

yi
�xy(i) = 0;

�z(j) �
w2
j

xj
�zx(j) + �x(i)�

w2
i

zi
�xz(i) = 0;

�y(i) �
w2
i

xi
�xy(i) + �x(j) �

w2
j

yj
�xy(j) = 0;

�z(j) �
w2
j

yj
�zy(j) + �y(i) �

w2
i

zi
�yz(i) = 0;

�z(i) �
w2
i

xi
�zx(i) + �x(j) �

w2
j

zj
�xz(j) = 0;

�z(i)�
w2
i

yi
�zy(i) + �y(j) �

w2
j

zj
�yz(j) = 0:

� §¤¥«ïï ¯¥à¥¬¥­­ë¥, ¯à¨å®¤¨¬ ª ãà ¢­¥­¨ï¬:

�y �
w2

x
�yx = a1; �x �

w2

y
�xy = �a1; �z �

w2

x
�zx = a2;

�x �
w2

z
�xz = �a2; �z �

w2

y
�zy = a3; �y �

w2

z
�yz = �a3:

�ç¨âë¢ ï (55), ®â ¯®á«¥¤­¥© á¨áâ¥¬ë ¯à¨å®¤¨¬ ª á«¥¤ãîé¥©:

�y = a1 +
y

x

c1(x)

w
; �z = a2 +

z

x

c1(x)

w
;

�x = �a1 +
x

y

c2(y)

w
; �z = a3 +

z

y

c2(y)

w
;

�x = �a2 +
x

z

c3(z)

w
; �y = �a3 +

y

z

c3(z)

w
;

¨­â¥£à¨àãï ª®â®àãî, ¯®«ãç ¥¬

�(x; y; z) = a1y + a2z �
c1(x)

x
w + c4(x);

�(x; y; z) = �a1x+ a3z �
c2(y)

y
w + c5(y);

� (x; y; z) = �a2x� a3y �
c3(z)

z
w + c6(z):
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�¨ää¥à¥­æ¨àãï � ¯® x, � ¯® y, � ¯® z ¨ ãç¨âë¢ ï (55), ¯®«ãç ¥¬ c04 =
c05 = c06 = 0, (c1=x)

0 = 0, (c2=y)
0 = 0, (c3=z)

0 = 0 ¨ ¯®íâ®¬ã

�(x; y; z) = a1y + a2z + a4w + a7;
�(x; y; z) = �a1x+ a3z + a5w + a8;
� (x; y; z) = �a2x� a3y + a6w + a9:

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥­¨ï ¢ ¨áå®¤­®¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (51),
ãáâ ­ ¢«¨¢ ¥¬, çâ® a7 = a8 = a9 = 0 ¨ ¯®á«¥ ¢®§¢à é¥­¨ï ª ¯à¥¦­¨¬
®¡®§­ ç¥­¨ï¬ ª®®à¤¨­ â �x, �y, �z, �w, ®ª®­ç â¥«ì­® ¯®«ãç ¥¬:

�(�x; �y; �z) = a1�y + a2�z + a4 �w;
�(�x; �y; �z) = �a1�x+ a3�z + a5 �w;
� (�x; �y; �z) = �a2�x� a3�y + a6 �w;

£¤¥, ­ ¯®¬­¨¬, �x2+�y2+�z2+ �w2 = 1. �®íâ®¬ã ¬ë ¨¬¥¥¬ â ª¨¥ ®¯¥à â®àë:

X1 = ��y@�x + �x@�y; X2 = ��z@�x + �x@�z;
X3 = ��z@�y + �y@�z ; X4 = �w@�x; X5 = �w@�y; X6 = �w@�z:

� íâ¨å ®¯¥à â®à å ¯¥à¥å®¤ï ª ª®®à¤¨­ â ¬ x, y, z, ¯®«ãç ¥¬ ¢ëà ¦¥­¨ï
(35).

� ¬¥­  ª®®à¤¨­ â

�x = sinx siny chz; �y = cosx siny chz;
�z = cosy chz; �w = shz;

�
(56)

£¤¥ �x2+�y2+�z2� �w2 = 1, ¯®§¢®«ï¥â ¬¥âà¨ç¥áªãî äã­ªæ¨î (22) § ¯¨á âì
¢ ª®¬¯ ªâ­®¬ ¢¨¤¥

f(ij) = �xi �xj + �yi �yj + �zi �zj � �wi �wj: (57)

�áå®¤­®¥ äã­ªæ¨®­ «ì­®¥ ãà ¢­¥­¨¥ (27) ¯à¨¬¥â â®£¤  â ª®© ¢¨¤:

�(i)
�xj �wi � �xi �wj

�wi
+ �(i)

�yj �wi � �yi �wj

�wi
+ � (i)

�zj �wi � �zi �wj

�wi
�

�(j)
�xj �wi � �xi �wj

�wj
� �(j)

�yj �wi � �yi �wj

�wj
� � (j)

�zj �wi � �zi �wj

�wj
= 0:

(58)

� «¥¥, ¯®¢â®àïï à ááã¦¤¥­¨ï, ¨á¯®«ì§®¢ ­­ë¥ ¯à¨ à¥è¥­¨¨ äã­ªæ¨®-
­ «ì­®£® ãà ¢­¥­¨ï (51), ­ å®¤¨¬ äã­ªæ¨¨:

�(�x; �y; �z) = a1�y + a2�z + a4 �w;
�(�x; �y; �z) = �a1�x+ a3�z + a5 �w;
� (�x; �y; �z) = �a2�x� a3�y + a6 �w;
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£¤¥, ­ ¯®¬­¨¬, �x2+ �y2 + �z2� �w2 = 1. �®£¤  ¬ë ¯à¨å®¤¨¬ ª ®¯¥à â®à ¬

X1 = ��y@�x + �x@�y; X2 = ��z@�x + �x@�z;
X3 = ��z@�y + �y@�z ; X4 = �w@�x; X5 = �w@�y; X6 = �w@�z:

� íâ¨å ®¯¥à â®à å ¯¥à¥å®¤ï ¯® ä®à¬ã« ¬ (56) ª ¯à¥¦­¨¬ ª®®à¤¨­ â ¬
x, y, z, ¯®«ãç ¥¬ ¤«ï ­¨å ¢ëà ¦¥­¨ï (36).

�à¨áâã¯¨¬ â¥¯¥àì ª ­ å®¦¤¥­¨î ¡ §¨á­ëå ®¯¥à â®à®¢  «£¥¡àë �¨
£àã¯¯ë ¤¢¨¦¥­¨©, ¤¢ãåâ®ç¥ç­ë¬ ¨­¢ à¨ ­â®¬ ª®â®à®© ï¢«ï¥âáï ¬¥-
âà¨ç¥áª ï äã­ªæ¨ï (23). �¢¥¤¥¬ ­®¢ë¥ ª®®à¤¨­ âë

�x = sinx chy chz; �y = cosx chy chz;
�z = shy chz; �w = shz;

�
(59)

£¤¥ �x2+�y2� �z2� �w2 = 1. �®£¤  ¬¥âà¨ç¥áª ï äã­ªæ¨ï (23) ¯à¨¬¥â â ª®©
¢¨¤:

f(ij) = �xi �xj + �yi �yj � �zi �zj � �wi �wj: (60)

�«ï ¨áå®¤­®£® äã­ªæ¨®­ «ì­®£® ãà ¢­¥­¨ï (27) ¨¬¥¥¬:

�(i)
�xj �wi � �xi �wj

�wi
+ �(i)

�yj �wi � �yi �wj

�wi
� � (i)

�zj �wi � �zi �wj

�wi
�

� �(j)
�xj �wi � �xi �wj

�wj
� �(j)

�yj �wi � �yi �wj

�wj
+ � (j)

�zj �wi � �zi �wj

�wj
= 0:

(61)

� ááã¦¤ ï â ª ¦¥, ª ª ¯à¨ à¥è¥­¨¨ ãà ¢­¥­¨ï (51), ¯à¨å®¤¨¬ ª á«¥¤ã-
îé¨¬ ¢ëà ¦¥­¨ï¬ ¤«ï ª®§ää¨æ¨¥­â®¢ �, �, � :

�(�x; �y; �z) = �a1�y + a2�z + a4 �w;
�(�x; �y; �z) = a1�x+ a3�z + a5 �w;
� (�x; �y; �z) = a2�x+ a3�y + a6 �w:

�®íâ®¬ã

X1 = ��y@�x + �x@�y; X2 = �z@�x + �x@�z;
X3 = �z@�y + �y@�z; X4 = �w@�x; X5 = �w@�y; X6 = �w@�z:

�¥à¥å®¤ï ¯® ä®à¬ã« ¬ (59) ª ¯à¥¦­¨¬ ª®®à¤¨­ â ¬ x, y, z, ¡ã¤¥¬ ¨¬¥âì
®¯¥à â®àë (37).
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� ¯®¬®éìî § ¬¥­ë ª®®à¤¨­ â

�x = sinx siny shz; �y = cosx siny shz;
�z = cosy shz; �w = chz;

�
(62)

£¤¥ �x2 + �y2 + �z2 � �w2 = �1, ¬¥âà¨ç¥áª ï äã­ªæ¨ï (24) § ¯¨áë¢ ¥âáï ¢
¡®«¥¥ ã¤®¡­®¬ ¤«ï à¥è¥­¨ï ­ è¥© § ¤ ç¨ ¢¨¤¥

f(ij) = �xi �xj + �yi �yj + �zi �zj � �wi �wj: (63)

�®£¤  ãà ¢­¥­¨¥ (27) ¯à¨¬¥â â ª®© ¢¨¤:

�(i)
�xj �wi � �xi �wj

�wi
+ �(i)

�yj �wi � �yi �wj

�wi
+ � (i)

�zj �wi � �zi �wj

�wi
�

� �(j)
�xj �wi � �xi �wj

�wj
� �(j)

�yj �wi � �yi �wj

�wj
� � (j)

�zj �wi � �zi �wj

�wj
= 0:

(64)

�¥è ï ãà ¢­¥­¨¥ (64) â®ç­® â ª ¦¥, ª ª ¨ ãà ¢­¥­¨¥ (51), ¯®«ãç ¥¬
ª®íää¨æ¨¥­âë:

�(�x; �y; �z) = �a1�y � a2�z + a4 �w;
�(�x; �y; �z) = a1�x� a3�z + a5 �w;
� (�x; �y; �z) = a2�x+ a3�y + a6 �w

¨ á®®â¢¥âáâ¢ãîé¨¥ ¡ §¨á­ë¥ ®¯¥à â®àë:

X1 = ��y@�x + �x@�y; X2 = ��z@�x+ �x@�z;
X3 = ��z@�y + �y@�z; X4 = �w@�x; X5 = �w@�y; X6 = �w@�z:

�¥à¥å®¤ï ª ¯à¥¦­¨¬ ª®®à¤¨­ â ¬ ¯® ä®à¬ã« ¬ (62), ¯®«ãç ¥¬ ®¯¥à -
â®àë (38).

�â¨¬ ãâ¢¥à¦¤¥­¨¥¬ ¯®«­®áâìî § ¢¥àè ¥âáï ¤®ª § â¥«ìáâ¢® ®á­®¢-
­®© â¥®à¥¬ë.

�¨â¥à âãà 

1. �¨å ©«¨ç¥­ª® �.�. �¢ã¬¥à­ë¥ £¥®¬¥âà¨¨//�®ª«.�� ����. 1981.
�.260,ü4. �. 803-805.

2. �¥¢ �.�. �à¥å¬¥à­ë¥ £¥®¬¥âà¨¨ ¢ â¥®à¨¨ ä¨§¨ç¥áª¨å áâàãªâãà//
�ëç¨á«¨â¥«ì­ë¥ á¨áâ¥¬ë. �®¢®á¨¡¨àáª: �� ���� ����, 1988. �ë¯.
125. �.90-103.

3. �¢áï­­¨ª®¢ �.�. �àã¯¯®¢®©  ­ «¨§ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-
­¨©. �.: � ãª , 1978.

143



�â§ë¢ ® ¬®­®£à ä¨¨

"�®«¨¬¥âà¨ç¥áª¨¥ £¥®¬¥âà¨¨"

�®­®£à ä¨ï �.�.�¨å ©«¨ç¥­ª® ¯à¥¤áâ ¢«ï¥â á®¡®© à áè¨à¥­­ë©
¢ à¨ ­â ¯¥à¢®© ç áâ¨ ¥£® ¤®ªâ®àáª®© ¤¨áá¥àâ æ¨¨, § é¨éñ­­®© ¢ 1993
£®¤ã ¢ á¯¥æ¨ «¨§¨à®¢ ­­®¬ á®¢¥â¥ �­áâ¨âãâ  ¬ â¥¬ â¨ª¨ �����. �
¬®­®£à ä¨¨ ãçâ¥­ë ¢á¥ à¥§ã«ìâ âë,¯®«ãç¥­­ë¥  ¢â®à®¬ ¯®á«¥ § é¨-
âë,   â ª¦¥ (¢ ¯à¨«®¦¥­¨¨) à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¥£®  á¯¨à ­â®¬
�.�.�ëà®¢ë¬.

�®«¨¬¥âà¨ç¥áª¨¥ £¥®¬¥âà¨¨ ¥áâì £¥®¬¥âà¨¨ á ¡®«¥¥ ç¥¬ ®¤­¨¬ à á-
áâ®ï­¨¥¬, ª®â®àë¥ ¤®¯ãáª îâ á®¤¥à¦ â¥«ì­ãî ä¨§¨ç¥áªãî ¨­â¥à¯à¥-
â æ¨î. �¢â®à ¤ ñâ áâà®£®¥ ®¯à¥¤¥«¥­¨¥ â ª¨å £¥®¬¥âà¨©, ¨å ä¥­®¬¥­®-
«®£¨ç¥áª®© (å®«®âà®¯­®©) ¨ £àã¯¯®¢®© á¨¬¬¥âà¨© ¨ ¤®ª §ë¢ ¥â íª¢¨-
¢ «¥­â­®áâì íâ¨å á¨¬¬¥âà¨©. �  ®á­®¢¥ íâ®© íª¢¨¢ «¥­â­®áâ¨ ®áãé¥-
áâ¢«ï¥âáï ¯®«­ ï ª« áá¨ä¨ª æ¨ï ­¥ª®â®àëå ¯®«¨¬¥âà¨ç¥áª¨å £¥®¬¥-
âà¨©, ¢ ç áâ­®áâ¨, ®¤­®¬¥âà¨ç¥áª¨å ¨ ¤¢ã¬¥âà¨ç¥áª¨å £¥®¬¥âà¨© ­ 
¯«®áª®áâ¨ ¨ âà¨¬¥âà¨ç¥áª¨å £¥®¬¥âà¨© ¢ ¯à®áâà ­áâ¢¥.

�¥§ã«ìâ âë ¬®­®£à ä¨¨ ¯à®è«¨ ª¢ «¨ä¨æ¨à®¢ ­­ãî  ¯à®¡ æ¨î ¨
®¯ã¡«¨ª®¢ ­ë ¢ æ¥­âà «ì­ëå ­ ãç­ëå ¦ãà­ « å. �®­®£à ä¨ï, ®¡ê¥¤¨-
­ïï ¨å ¢á¥, ¯à¨¤ ñâ ¨áá«¥¤®¢ ­¨ï¬ ­®¢ãî ¯¥àá¯¥ªâ¨¢ã. �¥â®¤ ¨áá«¥¤®-
¢ ­¨ï, à §à ¡®â ­­ë©  ¢â®à®¬, ¤®áâ â®ç­® ®à¨£¨­ «¥­, ®á®¡¥­­® ¬¥â®¤
ª« áá¨ä¨ª æ¨¨ £àã¯¯ ¯à¥®¡à §®¢ ­¨©. �®­®£à ä¨ï  ¤à¥á®¢ ­  ­ ãç-
­ë¬ à ¡®â­¨ª ¬,  á¯¨à ­â ¬ ¨ áâã¤¥­â ¬ áâ àè¨å ªãàá®¢ ¯® ¯à®ä¨«î
£¥®¬¥âà¨ï ¨ â¥®à¥â¨ç¥áª ï ä¨§¨ª .
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