Bubn1oteka
«MaTemaTHyecKoe NpocBeLLeHHe»

Bbinyck 1

B. M. Tuxommnpos

BEJIMKUE MATEMATHUKHU
NMPOLLIIOIO
U UX BEJIMKHUE TEOPEMDI

U3pnaHKne BTOpPOE€, UcnpasJZieHHOEe

U3paTenbCTBO MOCKOBCKOrO LIeHTpa
HenpepbIBHOro MaTeMaTM4YeCKoro obpasoBaHus
Mockea ¢ 2003



YIOK 51(09)
BBRK 22.1
T46

AHHOTauusa

B Gporrrope moxKasbIBalOTCA 3aMedaTeIbHbIE TEOPEMbI BEIUKUX
MaTeMaTUKOB Iporwioro — Apxumena (tTeopema o6 o6béme Imiapa),
depma (TeopeMa O IMMPEACTABICHUU IMIPOCTHIX UYKCEJI B BUAE CYMMBI
IBYX KBaJpaTOB HATYPAJIbHBIX UMceN), dilaepa (paBeHCTBO e =—1),
Jlarpamska (TeopemMa O IpeACTaBJIEHUU JOOOr0 HATYPAJIbHOTO UMCJIa
B BHJle CYMMbI YeThIPEX KBAJAPaTOB IeJbIX umncesa) u ['aycca (Teopema
0 IIOCTPOEHMHU IUPKYJIEM W JUHEHKOH MPaBUJIbHOTO CEeMHAAIIATH-
YTOJIBbHUKA).

TekcT OpOIIIOPHI IPEACTABIsAET CO00M 00pPabOTKY 3alKCU JIeK-
nuu, npoynTaHHoil aBTopoM 30 OKTAOpA 1999 roma ma Majom
mexMmare Iid IKoJAbHUKOB 9—11 Kiaccos (3anucek E. H. OcbmoBoii,
oopaborxa P. M. Kysuena).

Bpomropa paccumrana Ha IIMPOKUM KPYr uuTareseil, mHTEpe-
CYIOIUXCA MaTeMATHUKOM: IIKOJIbHUKOB CTAPIIMX KJACCOB, CTYAEH-
TOB MJIAAIIUX KYPCOB, YUUTEJEH.

ITepBoe usganue — HOAOPL 1999 roxa.

H3danue ocyusecmeneno npu noddepicke
I enapmamenma obpasoganus 2. Mockevl
u Mockosckoil 2opodckoil [ymbt.

ISBN 5-94057-110-7 © Tuxomupor B. M., 2003.
© MITHMO, 2003.

Baadumup Muxaiinosuy Tuxomupos.
Benvkue MaTeMaTHKYU MPOLLIOTO U MX BEJUKHNE TEOPEMBI.
2-e usm., UCIp.
(Cepus: «Bubauorera ,,MaremaTuueckoe mpocserienvie». Boi. 1).
M.: MITHMO, 2003. — 16 c.: ui.

Pepaxtop 0. JI. IIpumblKuH. Texu. pegaxrop M. FO. I1anos.

JIunensusa U Ne 01335 or 24/IIT 2000 roxa. Ilognucano k meuatu 8/VIII 2003 roga.
®opmar 6ymaru 60X88Y,,. Odcernas 6ymara Ne 1. Odcernas nmeuars. Pus. meu. . 1,00.
Vea. mey. a. 0,98. Vu.-msx. . 1,08. Tupask 3000 sx3. 3aras 3041.

WNsparenbctBo MOCKOBCKOTO I[EHTPa HEMPEPBIBHOIO MAaTeMaTUYECKOTO0 00pas3oBaHWUI.
121002, Mockga, I'-2, Bos. BiacbeBckuii mep., 11. Tex. 241 05 00.

OTmevaraHo C FOTOBBIX AHAIO3UTHBOB
B @I'VII «IIpousBoacTBeHHO-U3AATENAbCKUNE KoMOunaTr BUHUTHU ».
140010, r. JlwoGepiubsl MockoBcKo# 006i., OxkTaAOpbCcKuit mp-t, 403. Tex. 554 21 86.



s 9To# OpPOITIOPHEI M3 TBOPUECTBA BEJIMYAMIINX CPEIN BeJIU-
Kux — Apxumena, ®epma, ditnepa, Jlarpam:xa u 'aycca — a oTobpa
WJIN Te W3 WX BBICIINX TOCTUIKEHUI, KOTOPLIMU OHU OOJILIIIE BCETO
TOPAUJNCH cCaMU, WJIN Ke Te, 0Jaromaps KOTOPLIM OHU 0oJjiee BCETO
MIpPOCJaBUJINCh, B HayuHoM Mupe. §I mocrapaioch JOKasaTh STU BeJIU-
Kue TeopeMbl. Kakyio 1mesb g stum npecienyioo? OTBeuy Tak: g XOTeJ
6Bl BJOXHOBUTHL BAac, CBOMX UMTaTesel, Ha OGeccrparue. VI mycTh Ka-
JKIBIH, ITIOHAB 3aMbICJILI BOTOB HAallleli HAYKM, HPUASA B BOCXUIIIEHNE OT
TJIYOMHBI 9TUX 3aMBICJIOB, BOUAET B XpaM HayKu 0e3 pobocTu, He C CO-
3HAHUEM CBOET0 HUUYTOMKECTBA, HO C JKaKJOU IAep3aHUA.

APXMME[L U ETO dOPMYJIA AJ11 OBbEMA LLAPA

A 60pyz oOHApYH UL MANEHbKYIO KOJOHHY, 6ep-
wuHa Komopoi. no0rumanracy u3 3apocneii. Ha Heil
OblU U300padeHbl Wap U Yuaurop, Komopwle s Uc-
Kaa. A momuac xe cKa3aL conpogoioa8UUM MeHs,
umo neped HAMU, HECOMHEHHO, MOZUNbHLLL NaAMAM-
Huk Apxumeda.

ITunepon

Apxumen (ox. 287—212 no H. 5.) — Benuuanmuil yuénsiii [[peBHe-
ro Mmupa. VIMa ero oBesHO JiereHgaMu. MbI BOCKJIUIIaeM: «IBpHUKAaly, —
BbIpasKasi, Kak ApXuMeZ, BOCTOPT II0 IIOBOAY cBoeli ymauu. KasKmbrid
3HaeT, YTO OH MOKET IIepeBepHYyTh Bech Mup, ecim TOJIbKO HaWAETCA
HamEKHAA TOYKA OMOPBI. Y KAaKAOTO Ilepen IJia3aMMU CIleHa: yowuiira
c O0OHaA’KEHHBIM MEUOM U CHUIAINUKI cTapell, BocKJaunammuii: «He Tpo-
raii MoMXx uepTesKei!».

Apxumen oOIeNpU3HAHHO CUMUTAETCS OJHUM M3 BeJIUUYAMNIIHNX Te-
HUEeB B WMCTOPUU YeJsioBeuecTBa. Ero BKJag B MaTeMaTHUKy OTPOMEH.
Nmenuo oH npugyman GopMyay IJsd OIpeaesieHus IJIOMIAAN TPeYroJib-
HUKa II0 ero CTopoHaMm (oHa mM3BecTHa HaM Kak Gopmysa I'epona).
He xTO mHOII, Kak ApxXuMen, NMepBBIA AEP3HYJ HCUNCIUTH PasMepbl
okpy:katorero Hac Mupa. OH ompeesnna TPaHUIBl AJA YUCIA 7T, JO-
KasaB, UTO

10 1
SH <7T.'<3?.

BoioTHY!0 OH TOJOIIEN K MOHATHUIO OIPEAEJEHHOTO MHTErpaja, OIe-
penuB YeJIOBEUECTBO IOUTH HA JBa ThicaueneTusd. EmMy mepBoMy mIpu-
HaJJIe}KaT TOYHBIE (DOPMYJTMPOBKU 3aKOHOB IPUPOIBI, COXPAHUBIIUEC
B HEIPUKOCHOBEHHOCTHM Ha Bce BpeMeHa. Ho 6ojiee Bcero oH ropmuics
HalgeHHOI UM (popMyJioii 00bEMAa IIapa, W B IaMATb 00 3TOM IIOTOM-
KV M300pasuiay miap W IMUJINHAP Ha €r0 MOTUJIBHOM KaMHE.

HoxkaxeM xe, caenysa ugesam Apxumena, TOT Pe3yJbTaT, KOTOPHIHM
JOCTABUJI €My BBICIIIYIO TBOPUYECKYIO PaIOCTh.

I Teopema 1. O6BéM miapa pagzumyca 1 paBeH %n:.



HJorkasaTeanbcTBO. MbI OyZileM ONMMpPATHCSA Ha CJIEAYIOIINE BE
GopMyJBI CTEPEOMETPUU: O0BEM IUJIMHAPA C PaguycoM OCHOBaHUS R
u BeIcoTOii H paBen mR2H u 00B6M KOHycCa C PaglycoM OCHOBaHUA R

. 1
U BbICOTON H paBeH gnRzH . Jdra mocyaenHsaa GopMyJa TaKyKe MPUHAM-

JeKUT Apxumeny.

A Temeps mepeiiméM K JoKasaTeJabCTBY. I Hameioch, BBI eIé He 3a-
OBLIM JEeTCKUX HUTPYIIEeK, KOTOpble Ha3bIBalOT nupamudxamu. Bor rKak
OHU YCTPOEHBI: UMeeTCA IOACTABKA ¢ BePTUKAJILHON MaJIOUKOIl 1 HaOOp
KoJieueK pasHoro pasmepa. Hamo HaHM3aTh 5TU KOJIEUKM HA MMAJOUKY
TaK, 4TOOLI pPasMephl KOJIEUeK YBEJINUYHBAJINCL IO Mepe HPUOIMKeHNI
K moacraBke. Torga moayuuTcesa Gurypa, rmoxoskas Ha KOHYC.

Puc. 1

HoxrasaTtenbcTBO TeopeMbl Apxumena (mo Apxmmeny) OUeHb Jer-
KO TOHATH C IIOMOIBI0 MOAOOHBIX WrpymieK. ToJbKO Hago cHesiaTh
He OOHY — KOHUYECKYIO0, a TPU Pa3HBIX — IUJINHIPUUYECKYIO (Korza
KOJIeUKH OyayT MMeTh pamuyc 1, camMu OyAyT TOHEHbBKHUMU-IPETOHEHb-
KMMM, a €ecju cobpaTh WX BCe BMECTe, TO OHM OOpPa3yIOT IIUJIUHID
BBICOTHI 1), KOHMUYECKYIO (M3 TaKuX K€ TOHEHBKUX KOJEeUeK, HO pas-
HBIX PagUycOB, M3 KOTOPBIX MOJKHO COOPATh «IOUYTH» KOHYC BBICOTHI
W paguyca OCHOBAHWSA, PABHBIX 1), U «IIOJYIIAPOBYIO» (OMATHb-TAKU
13 TAKMUX K€ TOHEHbKUX KOJIeUeK, M3 KOTOPBHIX MOYKHO COOpaTh «IIO-
uytu» moaymiap pagumyca 1). IIpu sToM Bce KOJEUKHU OOJMKHBI OBITH
cleJaHbl U3 OOUHAKOBOT'O MaTepuaJa.

A Temepb, Bcaen 3a ApXuMenoM, BO3BMEM alTeKapCKue Bechl
C ILJIOCKMMM YalllaM{ U IIOCTABUM Ha OJHY YaIly COOpAHHYIO M3 KOJie-
YeK UTPYIIKY-IUJINHIP, a Ha APYTYI0 — KOHYC U TOJYIIap, MPUUYEM
KOHYC IIOCTaBMM OCHOBAHMEM Ha Yallly BeCOB, a IOJyIllap — «Ha ro-
JIOBY», UTOOBI IIJIOCKOE OCHOBaHMe IOJyIllapa ObLIO CBEPXY M PACIIOJIO-
JKeHO TOPM30HTaJIbHO (puc. 1).

IIycTs BBICOTHI KOJIEUEK ONUHAKOBBI M PABHBI §, rme 6 — OUYeHb
Majioe umcigo. lIloacumraeM, KakoB O0BEM KoOJeUeK, HAXONAIIUXCS
Ha OJHOM M TOM Ke BBICOTE A. ¥ IMUJINHIPUYECKOTO KOJEUKA 3TOT 00h-
éM paBeH 76, y KomHmueckoro n(l1—~h)25, a y «moaymapHOro» (a Kak
emé craszars?) m(1—(1—h)?)6 (ubo pagmyc Kojeuka y KOHYCa PaBeH

1—h, a y monymapa, o Teopeme Iludaropa, oH paseH )/ 1—(1—h)2).
CyMMapHBIZI 00BbEM Ha KasKJAOM M3 Ualll BECOB OKAa3ajCid OJMHAKOBBLIM.
Ho ecnu 6 ouenb Majnmo, TO KOHMYECKAs UTPYIIKA OyeT IMOUTU HEOTJIU-
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ymMa OT KOHyca, IOJyIIapoBas — OT IOJIyIlapa, a MUINHAPUYecKad —
BCerga IMUJINHAP.

B mpegene monyuaem, uto 00bEM mosymiapa pagmyca 1 paBeH 00b-
éMy IMUJIMHIPaA ¢ PaguycoM OCHOBAHUA W BBICOTOM, PaBHBIMU 1, MUHYC
00BEM KOHYyCa C PaguycoOM OCHOBAHUS W BBICOTOM, TaK:ke paBHbIMHU 1.
Orkyna u ciaexmyetr Teopema 1.

TEOPEMA ®®EPMA—3MIEPA O MPEACTABNEHUMM MPOCTbIX
YACEJ1 B BUAE CYMMbI IBYX KBAAPATOB

Buimb  moxcem, nomomcmeo Oydem npusHa-
MeNbHO MHe 34 MmO, ¥mo s NoKA3al emy, Umo
Ilpeenue 3Hanu He 6CE.

ITvep Pepma

JInuies oqUH MaTeMaTUK yAOCTOUJICS TOTO, YTO UM €ro CTaJ0 Hapu-
maTeJbHBIM. Ecau mpousHocUTCs CJIOBO «(PepMaTUCT», 3HAUUT, PeUb UAET
0 UeJIOBEKe, OIEPIKUMOM 10 0e3yMus KaKOH-TO HeCOBITOUHOI wupaeei.
Ho sT0 c10BO HM B KaKoil Mepe He MOKET OBLITh OTHECeHO K CaMOMY
ITrepy Pepma (1601—1665), ogHOMY M3 CAaMBIX CBETJILIX YMOB @paHITUN.

depma — UYeIOBEK YAMBUTEJIBHONU CYAbOBI: ONUH W3 BeJTUYANIIINX
MaTeMaTHKOB BCeX BpPeMEH, OH He ObLI, B COBPEMEHHON TePMUHOJIOTUH,
«upodeccrmoHaNILHBEIM» MaTeMaTukoM. I1o mpodeccun Pepma ObLIT I0pU-
croM. OH TOTyYUJI BEJIUKOJIETHOE TyMaHUTapHOe oOpa3oBaHME U OBLI
BBIJAIOIIMMCS 3HATOKOM MCKYCCTBa W JIUTEPATYPhl. BcClO KU3HL OH
mpopaboTas Ha TOCYAZapCTBEHHOU ciy:k0e, mocaenaue 17 jer ObLI co-
BETHUKOM MECTHOTO mapijaMenTta B Tyiyse.

K marematmke ero BiaekJa OeCKODPBHICTHASA W BO3BBIIIIEHHAA JIIOOOBH
(sTO MHOTHA cay4yaeTca C JIOOBMM), W MMEHHO 3Ta HayKa [qajia eMy
BCE, UTO MOJKET JaTh UeJOBEKY JIIOOOBh: YIOEHNE KPacoTOM, HacCJaKIe-
HHUe U CUacThbe. B Te roabl He OBLIO eIlé MaTeMaTHUeCKUX JKypHAaJIOB,
u PepMa TMOUTM HUYETO He Hamedvaras IpuW Ku3HU. Ho OH MHOrO Iie-
penuchIBaJICA CO CBOMMMU COBPEMEHHUKAaMU, W MOCPENCTBOM 3TOM Iepe-
MUCKYN HEKOTOPbI€ ero JOCTUYKEHHUS CTAHOBUJINCHL M3BeCTHBIMU. IIbepy
depma TOBE3JIO C MeTbMU: CHIH 00paboTajl apXWB OTIa U M3gaJl €ro.

«§1 moraszas MHOTO MCKJIIOUMTEJNHHO KPACUBBIX TEOPEM», — CKasas
Kak-To Pepma. OcobeHHO MHOTO KPacuBHIX (paKTOB yaajaoch eMy OOHa-
PY’KUTHh B TEOPUU UUCEJI, KOTOPYIO, COOCTBEHHO, OH ¥ OCHOBAJI.

B 6ymarax u B mepenmucke ®epma ObLIO CHOPMYINPOBAHO HEMAJIO
3aMeyaTeJbHbIX YTBEPKIEHUH, 0 KOTOPBIX OH IIKCAJ, UTO PACIIojiaraer
UX JOKas3aTeJabCTBOM. V IOCTEIIeHHO, roj 3a TOJOM TaKWX HETOKasaH-
HBIX YTBEP:KIEHUHN CTaHOBUJIOCh BCE MEHBINIe M MeHbIle. M HakoHel
0CTaJIOCh TOJIBKO OJHO.

X0poIIIo M3BECTHO, UTO KBAAPATHI HEKOTOPBIX UMCEJ MOMKHO Pa3Jio-
JKUTh B CYMMY IBYX KBaapaToB. TakoB erumeTcKuil TPEyroJbHUK CO CTO-
poramu 3, 4 u 5: 32-+42=52, Mo:xHO oIUCaTh BCe IIEJOUNCIEHHbIE pe-
meHus ypasHenus x2-+y?=z2. 910 661710 cenano JuodhanToM, peuecKrM
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MaTeMaTUKOM, KUBITUM (BeposaTHO) B III B. H. 5., BO BTOPOIi KHUTE €T0
TpakTara «Apudmeruka» (o Hac gouwnio 6 kuur u3 13). Ha momax oxoso
pemtenus [unodanra @epma Hanucan: «Henrb3sa pasmoXuTh Ky0 Ha nBa
Ky0a, HM KBaapaTo-KBaapaT (T. €. YeTBEPTYIO CTeIleHb UKCJa) Ha ABa
KBaJpaTo-KBaJpaTa, HU BOOOIle HUKAKYIO0 CTeleHb BbIIlle KBaapara
¥ 10 OECKOHEUHOCTHU HEeJIb3s PAa3JIO’KUTDL Ha ABE CTEIIeHU C TeM Ke ITOKa-
3aresieM. I OTKPBII ATOMY IIOMCTUHE UyAeCHOEe JOKAa3aTeJIbCTBO, HO 3THU
MOJIsl VIS HEero CJIMINKOM y3Ku». VIHaue roBopsi, ypaBHeHue x"—4y"=
=2" mpyM HATYPAJAbHOM 71 >2 B HATYPAJIbHBIX UYHCJIAX HEPa3PEeIINMO.

B 6ymarax ®@epma ObLI0 HalifleHO JOKA3aTeJIbCTBO 3TOTO YTBEPIKIe-
HUA 0119 n=—4 (9TO eJUHCTBEHHOE IIOAPOOHOE TOKA3aTEeILCTBO TEOPEMbI
W3 Teopuu umces, obHapy:KeHHoe B Gymarax ®Pepma). Hiaa n=3 Teo-
pemy @Pepma nokasas Jimep B 1768 rogy. B rteuenme XIX Beka ajas
JIOKasaTeJabcTBa TeopeMbl Pepma ObLIN MPEANPUHATHI OrPOMHBIE YCH-
aus. OcobeHHBIX YCIIEXOB H00MJICA HeMeIlKuii MaremMaTuk Kymmep.
ITocie ero pabotr Teopema Pepma oKaszajgach JOKA3aHHOI MJIs BCeX MPO-
CTBIX n (a JOKasaTh €€ JOCTATOUYHO TOJBKO IJd HuX), MeHbinmux 100,
Kpome 37, 59 m 97. B XX Beke Teopema Pepma Oblaa JOKasaHa IJs
mpocThIiX uwmcesa, MeHbIEX 100 000, HO OKOHUATENbHOE peIlleHUe TaK
1 He OBLIO HalAeHO.

B 1908 roxy smobutens maTeMaTuku Boabdckens 3aBerian 100 000
MapoK TOMY, KTO JOKakeT Teopemy Pepma. ITo crTajmo OemcTBUEeM
I MaTeMaTHUKOB MHOTUX cTpaH. IIOTEKJM COTHM W TBHICAYU ITHUCEM
Cc ImoKasaTeabcTBaMu TeopeMbl Pepma. Kak mpaBuMiio, OHM COAep:Kaau
9JIeMeHTapHbIe OIMMOKM, HO Ha MX HAXOXKIEHNe TPaTUJINChL HeMaJible
CHJIBI MHOTHX MATe€MaTUKOB.

Bo Bpemsa IlepBoii MUpPOBOI BOMHBI 3Ta IpPeMUs 00ECIEHUJIACH.
IToToK TICeBIOIOKA3aTeIbCTB COKPATUJICA, HO HE MCCAK.

W y:xxe xasamoch, 4TO 9Ta IIpobJieMa IepPeraeT uepes HOBYIO I'PaHb
BEKOB, HO BCE-TaKW WATH JeT TOMY HasaJ aHTJINHACKUN MaTeMaTHK
Vaiisic «3ajarajg TOCIeOHIOK ABIPY» B CBOEM [JOKA3aTEJIbCTBE 3STOM
BEJIMKOIl TeOpeMbl, C KOTOPLIM OH BIIEPBBIE IIPEACTasl Iepel] MaTeMaTh-
yecKuM mMupom B 1993 roxy.

Mup npussan: Benukasa Teopema Pepma mokasanal

OpHako TeM, KTO MHTepecyeTca MaTeMaTHukKoii, nMsa Pepma roso-
PUT OUeHb MHOTOe He3aBUCUMO OT ero Besmkoit Teopembl. OH 6bLT, 6Ge3
BCSIKOT'O COMHEHHS, OJHUM K3 CAMBIX MPOHUIATEJBLHBIX YMOB CBOEro
BpeMeHu — BpeMeHu ['mranToB. Ero mo mpaBy CUMTAIOT OCHOBOIIOJIOMK-
HUKOM TEOPHWHU UKCeJ, OH BHEC OTPOMHBIN BKJAJ B 3apOKIAIONIHECS
HOBbBIe HAIIPaBJIEHUs, OIPeNeJUBIINE IIOCIenyIolllee Pas3BUTUE HAYKHU:
MaTeMaTUYeCKU aHaau3 ¥ aHAJIUTHUUECKYI0 reomerpuio. MbI mpusHa-
TeJbHBI PepMa 3a TO, UTO OH HPUOTKPBLI AJA HAC MUP, TOJHBIH
KpPacoThl U 3araJOYHOCTHU.

Crnenymoiasi TeopemMa, HeCOMHEHHO, IPUHAIJIEIKUT K UYUCIY BBIC-
mux poctm:keHuit marematuku X VII—XVIII Bexos.
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BarisgHuTe HAa HECKOJIBKO IIEPBBIX HEUETHBIX IIPOCTBHIX Yucel: 3, 5,
7, 11, 13, 17, 19, ... Yucna 5, 13, 17 mpencTaBuMbl B BHUIE CYMMbI
oByX KBagpaToB: b=22-412, 18=224+32, 17=12-}42, a ocranpHbIe
yucaa (3, 7, 11, 19) stum cBoiicTBOM He 00JamatoT. MoKHO Ju 06BsC-
HUTH 9TOT (peromMeH? OTBeT Ha 3TOT BOMIPOC AAET

Teopema 2. [ TOro 4TOOBI HEUETHOE ITPOCTOE UUCJIO OBIIO TIPe.-

CTaBMMO B BHJE CYMMbI IBYX KBaJpaTOB, HEOOXOAMMO U JOCTATOYHO,
uyTOOBI OHO NP JejieHnu Ha 4 JaBajio B octaTke 1.

Ha PoxpectBo 1640 roma B muckMe ot 25 nexadpsa IIrep Pepma
u3Beniayg sHamMeHuToro MepceuHa, apyra IlekapTa u TJIaBHOTO IIOCPe[-
HUKa B IIePerncKe YUEHBIX TOTO BPEMEHU, O TOM, UTO «BCSIKOE€ IIPOCTOE
YHCJIO, KOTOpPOe IIPU HeJIeHMM Ha JYeThIpe AT eIUHUIY, €IUHCTBEH-
HBIM CIIOCOOOM IPEeACTAaBMMO KaK CyMMa ABYX KBaJIpaTOB».

B Ty mopy maTemMaTu4eCcKMX KYPHAJIOB eIIé He CYyIIeCTBOBAaJIO, WH-
dopmarreii 0OMEHMBAJINCh B IMHChbMAaX ¥, KAK IIPABUJIO, PE3YJIbLTATHI
JIUIIT, AHOHCUPOBAJINCH, HO HE CONPOBOKIAINCH MeTaJIbHBIMU TOKAas3a-
TeJILCTBAMMU.

IIpaBma, cmycTa TWOUTHM OBAAIIATH JIET IIOocje MucbMa MepceHHY
B muchbMe K KapkaBu, oTmpaBieHHOM B aBrycre 1659 roma, ®epma
MIPUOTKPBLIBAET 3aMbICeJI JOKa3aTeJIbCTBA chOPMYIUPOBAHHOM BhIIIIE TEO-
pembl. OH TTHIIIET, YTO OCHOBHAA UAeA JOKA3aTeJIbCTBA COCTOUT B Memode
CNYCKa, TO3BOJIAIOIIEM U3 TPEAIOIOMKEHUS, UTO JIA KAKOTO-TO IIPOCTOTO
uncia Buga 4n-+1 s3akjroueHue TeopeMbl HEBEPHO, HOJYUYUTb, UTO OHO
HEBEPHO U AJIA MEHBIIIero uucja TOTo JKe Bumga, U T. I., IoKa MBI He J0-
GepéMcs 0 umcia 5, KOrZa OKOHUYATENHHO MPUAEM K IIPOTHUBOPEUUIO.

IlepBrie moxasaTebCTBa, KOTOPhIE BIIOCJEACTBUM OBLIN OIIyOJIMKO-
BaHbI, HaligeHb! JiepoM Mexkay 1742 u 1747 rogamu. ITpuuém, xeaas
yTBepauTh mpuopurer ®epMa, K KOTOPOMY OH MWCIILITHIBAJ YYBCTBA
raybouaiInero yBaskeHus, JuUjiep NpuayMa JOKasaTeJbCTBO, COOTBET-
CTBYIOIIlee OIMCAHHOMY BBIIIIE 3aMbIcay Pepma.

BosgaBaa mosskHOoe 000MM BeIUKUM YUEHBIM (00 Jiliepe peub erré
BIIepenln), Mbl Ha3bIBAaeM 3Ty TeopeMy TeopeMoii Pepma—itiaepa.

EcTh CcBOICTBO, IpHUCYyINlee MOUTH BCAKOMY IIPEKPAacHOMY MaTeMa-
TUYECKOMY Pe3yJbTaTy, PaBHO KaK U IIOYTH BCAKON HEIPUCTYITHOH
¥ MPEeKPacHOM TOPHOI BepINHWHE: ero MOMKHO IIITYPMOBATH C PasHBIX
CTOPOH U BCe IYTHU JOCTABJSIOT HACTaKAeHNEe TOMY, KTO He YCTPaIuT-
cA UM IIOCJIeIO0BATb.

B cBoeit cratbe B «KBaHTe» [2] 1 mpuBén Tpu COBEpPIIEHHO pas-
JUYHBIX AOoKasaTeabcTBa. OmHo M3 HuUX (IpuHALJIeKalee Jlarpamxy)
o6pL10 mpuaymano B XVIII Bexe, mpyroe — I'epmana MUHKOBCKOTO —
B XIX Beke, a Tperbe — HamuMm coBpeMeHHUKOM J[amom Ilarmpowm.
Ho 3mech HeT BO3MOKHOCTYH BOCIPOW3BECTH WX BCE, M S OTPAHUUYChH
JIUIIb TEPBBIM M3 Ha3BAHHBIX.

HoxrasaTenbcTBO Jlarpam:ka omupaeTrcs Ha CJIeIYIONTYIo JeMMy Buib-
COHA: €CJW p — MPOCTOoe umcyo, To umeyao (p—1)+1 menurca Ha p.
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YTo0BI HE OTBJIEKATHCS HA JOKA3aTEIBCTBO STOT0 BCIIOMOTATEILHOTO
daxTa, IPOAEMOHCTPUPYIO JUIIIL OCHOBHYIO U0 3TOT0 JOKA3aTeJIbCTBA
Ha mpuMepe npoctoro uuciaa 13. [[na sgroboro uncia x, 2< x< 11, naiigér-
cd TaKoe 4mucto Y, 2<y< 11, uro xy upu nenenuu Ha 13 maér B ocraTKe 1.
Heticturensuo, (13— 1)=12!=(2-7)-(3-9):(4-10)-(5-8)-(6-11)-12,
¥ TIPU 9TOM BCe IIPOU3BEJeHNA B CKOOKAaX Ipu JeaeHun Ha 13 matoT B oc-
Tatke 1, a sHaunut, 12! mpu genenuu Ha 13 mact B octaTke 12, oTkyna (masa
BbIOpaHHOTO HaMm; yucyga 13) ciegyeT yTBep:KIeHHUe JieMMbl BuiabcoHa.

W3 nemmul Buibcona usBiieuém Takoe ciefctBue: ecau p—4n-|+1,
rae n — HaTypaabHOe umcao, To ((2n)!)2-+1 memurca ma p. IeiicTBu-
TeJIbHO, W3 JieMMbl BuibcoHa ciemyer, uro (4n)!-+1 menurcsa Ha p, u
Telepbh HeOOXOAUMOE YTBEP K AEHIE BEITEKAEeT U3 CIeAYIOMel BhIKIaTKI:

4n)+1=2n)! 2n+1)2n+2)-...-(4n)+1=2n)! (p—2n)(p—2n-+1)-...
verr(p—1D+1=02n)! (—1)?"Cn—p)@2n—1—p)-...-(1—p)+1=
=((2n)})*+1 (mod p).
O6osHaunM (2n)! uepes N. Mul gokaszanu, uro N2=—1 (mod p).
Tenmeppr HaM HOPEACTOUT IIPEOAOJIETH OCHOBHYIO TPYIOHOCTh. Pac-
CMOTPHM BCe Hapbl IeJbIX uywucea (m, s), Takme UTO O<m<[1/f)],
0<{s<[yPpl], uepes [,/p] obosHaueHa mejad YacTh YMCIA /p — HAWU-
GoJsiblllee IleJI0€ YWCJIO, He IpeBocxojsmiee /p. Uucnao Taxkux map
([1/1_7]—|—1)2 >p. 3HauuT, IO KpaliHeill Mepe AJS OBYX Pas3JHUdUHBIX
nap (m, s;) u (m,, S,) ocTaTKuU OT feneHud m,+Ns, u m,~Ns, Ha p
ONVWHAKOBEI, T. €. uucio a-+Nb, rae a=m,—m,, b=s;—s,, Oyner
menutbess Ha p. IIpu asrom [a|<[y/pl, |b|<[/p]. Ho morma umcmo
a®?—N2?b?=(a-+-Nb)(a—Nb) pmenurcas Ha p, U B3HAUUT, YUUTHIBALA,
gyto N2=—1 (mod p), momyumm, uro a’--b2 nemurca HA p, T. e.
a?+b2=rp, rme r — HarypanrbHOoe umciao (rs+0, m6o MHAUe HaAPHI
(my, s;) u (m,, s,) 6611 GBI oguHAKOBEL). C APyroii cTopoHsl, a+b%<
<2[ypPP<2p, 1. e. r=1, u suaunr, a®?+4b*>—p. Teopema 2 KoKasaHa.
Bompoc o mpejicraBieHuy 4YmMces B BHAE CYMMBI ABYX KBaJpaToB
HUCUEPIIBIBAETCS CJAEAVIOIIUM YTBEPIKACHUEM.

HarypaibHoe uKMCIO MpencTaBUMO B BHIE CyMMBLI ABYX KBaJIpaToB
[eJBIX YKMCEeJ TOT[Ja M TOJbKO TOT/a, KOrJa BCe IPOCTHIE COMHOMKI-
Teau Buza 4k-+3 BXOAAT B PA3OKEHWE ITOTO UYKUCJIA HA IIPOCTHIE
COMHOMKUTENU ¢ YETHBIMU ITOKaszarenamu (cMm. [3, c. 45]).

Teopema Pepma—OIitiepa 0OUeHb KPACHUBO JOKAa3hIBaeTCS, €CJIU HC-

M0JIb30BATh TEOPUIO JEJMMOCTH IEJBIX KOMILIEKCHBIX uucesa n-mi,
n, m — mesabie (cM. 06 9TOM B 3aMedaTesbHOU KHuUre [4, cc. 28—29]).

SUNEP U ETO ®OPMYJIA e™=—1

Ezo [Jiinepa) meopuecmeo usymumesibHo U 68 HaA-
yKe OecnpumepHo.
A. H. Kpsuios.

OpmHasKabl, KOTJa A YYUJICS B BOCBMOM KJacce, MOUM APYr U OTHO-
KJIACCHUK HamucaJ MHe (QopMyJy Oiiiepa, KOTOPOH fA MOCBAIIAI0 STOT
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pasgen. Torma s yke 3HAJ, UTO € — BTO YMCJIO: ABE IeJBIX, CEMb Jecd-
TBIX, TOn poskaenus Toscroro, rox poxkaenus ToscToro u maabiie —
IpyTue NecATUUYHbIE 3HAKW, 3alIOMUHATH KOTOPBIE yiKe Heo0A3aTeJIbHO
(e=2,718281828...). { sHax Tax:ke, UTO

. 1)\

e=1lim [1—|——] .

n—oo n
Pasymeercsi, 1 uMeJ mpeacTaBieHUe O YHUCEe T, O TOM, UTO TaKoe CTe-
TIeHb, W CJIBIIIAJ O TOM, UTO i — 3TO KaKOe-TO MUCTHUYECKOe UMCJO,
KBaZpaT KoTtoporo paBeH —1. @opmysa Idiijiepa moTpsAcja MeHS, Kak,
MOXKANYH, HUYTO MaTeMaTHYecKoe He MOTPSACAJO HU [0, HU IIocje. ITa
dopmyna BocxuIajga He OJHOTO MeHs. Harm 3HaMeHUTHIN aKaJeMUK,
MaTeMaTHK u KopaOisectpouTenb Amnexceit Hukonaesuu KpbLioB, cio-
Ba KOTOPOTO s IOCTAaBUJ SOUTrpadoM K 3TOMY pasnieay, BUAEJI B ITOH
dopmyse CUMBOJI eAWHCTBa BCell MaTeMaTHKu, n60 B Helr «—1 mmpen-
cTaBasgeT apuPMeTury, i — aaredpy, T — TeOMETPUIO U ¢ — aHAJIMU3».

MosxHO OueHb MHOTOE CKas3aTh O TBOpPIle 3Tol (hopmynasl JleoHapzme
Aitnepe (1707—1783) — reHmaJJbHOM MaTeMaTuUKe, (pu3uKe, MeXaHUKe
M acTPOHOME, IPOKUBIIIEM 3HAUNTEJIbHYIO YacTh CBoeill :Kus3uHu B Poc-
cuu u nmoxopouenrHoMm B Caukrt-Ilerepbypre.

JleoHapn Oiijep — OAWH U3 BEJUUANIINX TPY:KEHUKOB B MCTOPUU
Hayku. Emy npunHamie:xxutr 865 mcciaemoBaHuii o caMbIM pas3HooOpas-
HBIM npobiemam. B 1909 roxy miBeiiliapckoe ecTeCTBEeHHOHAYYHOE 00-
IIIECTBO IPUCTYIUJIO K M3JaHUIO IOJTHOTO cOOpaHusa COUMHEeHUH Jitiepa.
C Tex IOp IPOIIEJ CPOK, OOJNBINNI, YeM BCS KU3Hb Jillepa, MU3IaHO
OKOJIO CEMUIECATN TOMOB €TI0 COUNMHEHU, a U3JaHue eIlé He 3aKOHUYEHO.

ITepenmcka Oiinepa sanumaer cBwime 3000 mmcem. Y:Ke OZHO
9TO — CBUIETEJbCTBO HEOOBIKHOBEHHOIO HPAaBCTBEHHOT'O 00JIMKAa YUEHO-
TO: AYPHBIM JIOOAM IIMCEeM He NHUIITyT. Bce yuéHbIe, COBPEeMEeHHUKU
Jitnepa, OeJUINUCHL C HUM IJIOJAAMU CBOUX PA3MBINIJIEHUH, TPOCUIU BhI-
CKas3aThb CBOE Cy:KIeHNe II0 MHTePecYIoINIMM KX IIpobJjieMaM U Bcerga
HaXOAWJIU OTKJIUK U TONIEPIKKY.

HeoObIKHOBEHHEBIE IIIEAPOCTh M OGJIATOPOACTBO Jiljiepa OTPa3UIINCH
B U3BECTHOI IIyTKe, Kacarollelcsa caMoro ompeesieHnuss — KOTro Cleay-
eT Has3bIBaTh MareMaTukoM. OmpeneseHre MaTeMaTHKa (COTJIACHO 3ITOM
uryTKe) mHAYKTUBHO. OCHOBaHME MHAYKIIMU COCTABJSAET YTBEP)KAEHUE:
ditnep — wmaremMaTukK. VM gajiee: MaTeMaTHMKOM Ha3bIBaeTCs UeJOBEK,
KOTOPOTO MaTeMaTUK Has3bIBaeT MaTeMaTHUKOM¥).

HymeBHad Kpacora Jiigepa 0Tpa3uaach BO MHOMKECTBE €r0 MOCTYII-
KoB. B mpegpigyiiiem pasgesie s pacCKasbIBall O TOM, Kak OHJep crTa-
panics yrBepauTh npuoputer ®epma. Korma mosomoit Jlarpam:xk (o HEM
peuyb BIepeAu) IMOCBATUI OJiljiepa B CBOM WHCCJIEIOBaHUSA B obJacTu

*) IIpu 9TOM MOXKHO OBITH IIOUTH YBEPEHHBIM, UTO UEJIOBEK, CAEJABIINNA B MaTeMaTUKe
4TO-TO COZEep:KaTejbHOe, OyZeT MaTeMaTMKOM B CMbICJe 3Toro ompegeaerus. Ho eciau
B KauyeCcTBe OCHOBAHWUA OpaTh APYTMX YUYEHBIX, TO HEJIb3sA HCKJIIOUUTH CJIydas, KOorga
CIIMCOK MAaTEMAaTHKOB COCTOSAJ OBbI TOJBKO M3 OJHOTO JIUIA...



BapMaIlMOHHOTO WCUYMCJEHUA, OWjIep HampaBuJ eMy nuckMo (or 2 me-
kKabpa 1759 roma, Jlarpam:ky Onlio Torma 23 roma), U A He MOTY
He IIPUBECTH €r0 CJI0Ba, CJIOBA BBICOKOTO IYXOBHOTO O0JIaTOPOJCTEA.

«TBOé aHanMUTUYECKOE peIlleHNe M30IEePUMETPUUECKON ITPOOJIEMBI
COIEePIKUT, HACKOJBKO S BUKY, BCE, UTO TOJHBKO MOKHO KejaTh B 3TOU
obsacTu, U g YPE3BBIUYANHO Paj, UYTO dTa TEOPUA, KOTOPOI IIOCJIe MOUX
TIEePBBLIX IONBITOK A 3aHUMAJICS e€IBa JU He OAWH, NOBeleHa [0 BeJU-
YyalInero copepileHcTBa. BasKHOCTL Bompoca mobyauia MeHsS K TOMY,
YTO A C IIOMOII[BI0 TBOETO OCBEIIIEHUA CaM BBLIBEJ aHAJIUTUYECKOE pellle-
HUe; A, ONHAKO, PEIINJ CKPHIBATH 3TO, OKA THI He ONYOJIUKYEIlbh CBOU
pe3yJbTaThl, TaK KaK A HUKOUM 00pa3oM He X0Uy OTHMMATDL YacTb 3a-
CJIYKEeHHOM TOOOIO CJIAaBBI».
I Teopema 3. e=—1.

HJokasdaTeabcTBO.

3.1. Ilpu nokasaTeabCTBE MBI OyJeM WKCIIOJB30BATh CJIEAYIOIIVIO
dopmyny (oHa HocuT HazBaHue 6uHOM HbIOTOHA):

(a+b)y"=a"+Cla"1b+C2ar—2b2 +...+-Cr2a2br 2 4-CrLabr 1 b,

n!
rfle n — HaTypaJIbHOEe UHCIIO, Cﬁ=m.

n—oo

3.2. Kak usBecTHO, e=lim [1—|—%]n. IIpumenum popmysay 6uHOMA

Hpyrorona:
1\ n 1l nnh—1) 1 n(n—1)(n—2) 1
14+ =14+="4—-—"4+——=—4...
[ +n] +1! n+ 21 n? 3! n3+
(3mech MBI BBIIIMCAJIU TOJBKO HECKOJIBKO MEPBBIX UJEHOB PABJIOKEHUS).
Ilepeiiném B 06emx yacTsaX paBeHCTBa K MpeAesly OpU n—oo U IO-
JYYUM CcJIeAyIollee pasjioKeHue B PAMI:

e=1+3+g+g+-

Koneuno, ¢ TOUKM 3peHUA COBPEMEHHOTO MaTeMaTHKa JTOT IIPeAesb-
HBIHA IIepexol, HeoO0XOAUMO CTpPoro obocHoBaTh. Ho Bo Bpemena Jiiiaepa
K BOIIPOCY O IIPABOMEPHOCTH NPeoO0pPasOoBAHUM IOAXONWJIN HOBOJILHO
cBoboguo. Cam 9Oiijep B MOAOOHBIX CJAyYasdX IIOCTYIIaJ OUYEHb CMeJO
¥ MPaKTUYECKU BCEerja OKasbIBaJICA IIPaB.

Paccy:xmada aHaIornuHO, MOKHO IOJIYUUTh PA3JIOKeHUE

. x ) x2 | 8 S
e*=1lim [1+;] =1—|—x—|—2—!—|—§—|—...=}§) 2

ITo pasjioKeHUe BIEPBbIe OBLIO IIOJYYEeHO HMEHHO OiiaepoM,
M B €r0 UeCTh UYMCJIO e IOJYYMJIO CBOE 0o0O3HAUeHWe: e eCTh IiepBas
oykBa pamuauu Euler.

dyuriusg e* obiagaeT MHOTMMU 3aMeuaTeJIbHBIMH CBONCTBaMWU.
B uactHOCTH, BCce €€ mpousBogHbIe B Touke 0 paBHEBI 1.
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3.3. Bocmonwsyemca ¢opmymoit Teitmopa ¢ mernTpom B Touke 0
0 (0 Z0)
=)+ L Qs @2 'Oy

YTOOBI PA3JIOKUTL B PAN MYHKIIMH Sin X W COS X.

ITockonpky (sin x)'=cos x, (cos x))=— sin x, mosyuaem, dUTO
3 5 2 4
. x| x x| x
sin x= x——3'—|——5!—..., cosx—l——2! T

3.4. lennanbHas ugesa Jijgepa COCTOUT B TOM, UTO GopmMyJry Aasd e*
MOKHO MPUMEHSATh He TOJbKO K AeHfCTBUTEJIbHBIM, HO U K KOMILIEKC-
HBIM UKCJIAM:

2 3 4 5
e=ltzt+ S +o+ 55+

TJle 2 — TPOMBBOJLHOE KOMILJIIEKCHOE UMCJIO.

ITopcraBuMm B aTy dopmysy z=ri (rge i — MHUMaA eIUHUIA, T. €.
i2=—1):

3 4 )5 2 3 4

1+m+(’”) +(’;’,) +EL DT Ty

r® r® .
—|—§l— [1—— = ]—I—l[n:—— 5+ |=cos 7+i sin 1=—1.

Teopema 3 mokasaHa.

ITosgHee, Korma IOABHUJIACH CTPOrasl TEOPUSA MPENeJOB U PANOB,
1oZ[06HBIe BHIBOJBI, BOCXOAAIIME K Jilyiepy, ObLIN MOATBEPIKAEHbI, a Bce
npeo0pas3oBaHus IPU3HAHBI 3aKOHHBIMHU.

NATPAHX U ETO TEOPEMA O YETbIPEX KBAAPATAX

Ima meopema [0 vemuvipéx rKeadpamax] do cux
nop éxodum 6 YUCA0 6eULAUWUX O0CMUNICEHUL Ma-
memamuxu.

M. Kam, C. Yiam

Hozed Jlym Jlarpanxk (1736—1813) pomuaca B Typune, a ymep
u moxopoHeH B Ilapmxe. B ero :xmmax TekJyia ¢paHIly3cKas U HTa-

JbAHCKAsS KPOBb, U IIOITOMY 00€ HaIlU¥ MOTYT TOPAUTHCS UEIOBEKOM,
KoTophwlii (mo cimoBam Tamneiipana) caesajg CBOMM TeHHMEM UYECTb BCEMY

YeJI0BEUYECTRY.
ITo cBouM HayuHBIM ycTaHOBKaM Jlarpam:x oTjuyajcad OT CBoOe-
TO cTapIlllero BeJHKOro coBpeMeHHMKa — Jleomapga Oitimepa. Oitiep

B TeueHUe CBOell KM3HM pelnaj U PeIiuJ OrpoMHeliliee, HeBUIaH-
HOe, HM C YeM He CPaBHMMOE YKCJIO OTAEJIbHBIX, KOHKPETHBLIX 3aj1ad,
1 B OOJBIITMHCTBE CBOEM KaKAYI0 3aJjauy OH peIlajl CBOUM, OCOOBIM,
VHANBUAYAJILHBEIM ONPUEMOM. JlarpaHiX ’Ke cTapajicd OTBICKATh 0O0IIue
3aKOHOMEPHOCTH Y PA3HOPOAHBIX SBJIEHUM, HAWUTH IIOTAEHHLIE CBA3U
MEKIy OTAeJIbHBIMU OOBEKTaMU, BCKDBITH EIWHCTBO Kasajloch Obl
HecoefuHUMOTo. Ho TpM BCEM IIpM TOM €My NTPUHAAJIEKUT TaKiKe
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¥ MHOJKECTBO 3aMeUaTeJbHBIX KOHKDETHBIX pesyabTaToB. 00 oxHOM
U3 HUX — O IPEACTaBJIeHUU HATyPaJbHBIX UMCEJ B BHUJE CyMMBI Ue-
THIPEX KBAAPaToB — M OyIeT ceiluac paccKasaHo.

Jlarpam:x ocrasica B OsarofapHO maMATH BCETO UEeJIOBEYECTBAa Kak
cBeTJiasd, OJiaropogHas JUYHOCTh. BOT Kak xapaxrtepusyeT ero ®@ypne:
«JlarpaH:K OBLT CTOJBKO Ke (puimocod, cKoabKo Marematuk. OH mo-
KasaJl dTO CBOeH JKU3HbIO, YMEPEHHOCTHIO JKEeJaHWil 3eMHBIX OJar,
TJIyOOKOM IIpeJaHHOCTHIO OOIIIMM HHTepecaM uYeIOBeUecTBa, 0Jaropom-
HOII TPOCTOTOM CBOMX IIPUBBIUEK, BO3SBBLIMIEHHOCTHIO AVIIH U TJIyOOKOM
COPAaBEAJINBOCTHIO B OIleHKE TPYZOB CBOMX COBPEMEHHUKOB».

A Temeps mepeiiiéM K (POPMYJIHPOBKE U JOKA3ATEJILCTBY TEOPEMbI
Jlarpam:xa.

Teopema 4. Bcsakoe HaTypaJibHOE UHMCJIO €CTh CyMMa YETHIPEX KBa-
I IPaTOB IeJBIX YMCEJI.

HJoxasaTeabCcTBO.

4.1. Jlemma. IIpousBeneHune umces, MPEICTABUMBIX B BHIE CYMMBI
YeTBIPEX KBaJPaToOB, €CTh CyMMa UYeTBhIPEX KBaJIpPaTOB.

Jorkas3aTeabCTBO J€MMBI.

(W3 n-n3-H )i+ mE - ) —
=(nymy+nymy+ngmg+n,my)?4-(—nymy+nym; —ngm,+n,ms)*+
+(—nymy+ngm,—n,my,~+n,m,?+(—n;m,+n,m, —n,my~+nym,)>.
Jlemma 4.1 moxasaHa.
4.2. Jlemma. Ins a:060r0 mMpoOCTOro umceaa p >2 HANAETCS YUCIIO
meN, m<p, takoe uro mp=a?>+b2+4+c?, a, b, c=Z.
HJoxasaTeabcTBO JeMMBI. PaccMOTpuM JBa MHOXKECTBa

_ 2
—— K={0,1,4,...,[1’Tl] } L={—1—0,—1—1,—1—4,...

—1)2
ces —1—[pT] } B kakmoM M3 MHOKECTB UYMCJa IIOIapHO HE CpaB-

HUMBI 110 MOAYJIIO p. B camom nerne, BosbMéM kZ=~kZ us muo:kectBa K
(unn, skeuBameHTHO, —1—Fk?5~—1—Fk2 us wmHOmectBa L), rxe

1 Ecim k2=k2 (mod p), to (k,+Ey)X

o<k, <231, o<k, <Pt
X(ky—Fky)=0 (mod p). Ho 0<_k;+k,<p u 0<|k; —ky|<p, mOCKOIH-
Ky B, <p/2, ky<p/2 u k,+k,. IIpoTuBopeune.

Bcero B aTux ABYyX MHOecTBax p—-+1 umnces, ciaeIoBaTeabHO, Cpeau
HUX HaHAyTCA CPaBHUMBIE II0 MOAYJIO p, T. €. TaKue 4yuciaa x> U3 mep-
Boro MHOXecTBa u —1—A2 u3 Broporo, uro x2=-—1—A2 (mod p).
Orryna x2-+A24+1=mp nnsa mexoroporo m=N.

Temepb, HOCKOIBKY x<p/2 umw A<p/2, momyuaem mp=x2-4+212-+
+1<p?/4+p%/4-+1<p?, a smaunr, m<p. Jlemma 4.2 poxasaHa.

4.3. HokaxxeM, 4TO J000E MPOCTOE YMCJIO IPEACTABIMO B BUJIE CYM-
MBI UeTHIPEX KBAJpPATOB IeNbIX uucena. Hiaa p—2 umeem 2=12-}124
-+024-0%. Ina p>>2, no mpensigylieii JeMMe, HaigéTca Taxoe m<p,

12



YTO UHCIIO MP MOXKHO IIPEACTABUTD B BuAe mp=ni—+ni-+ni-+n2 (n, mox-
HO mOJIOKUTHL paBHBIM (). BpiOepem Temeph MU HHUMAaJbHOE HaATy-
pajibHOe m, obJamaioIiee TaKUM cBoiicTBoOM. ITokaskeM, UTO OHO paBHO 1.

IIycte m uérmo. Torga amGo Bce n; NMeOT OJUHAKOBYIO YETHOCTE,
aubo cpenu HUX eCTh ABAa YETHBIX W JIBA HEUETHBIX (HyMepalnus 9THUX
yuces He BasKHA, IIOBTOMY IYCTb 1y =n, (mod 2), a ng=n, (mod 2)).
n,+n, n,—n, ns+n, n;—n,

2 b

5 5 5 ABJIAIOTCA

B o6oux cayuaax uwmciaa
neasiMu. meem:

) o 9 N2 2021 21 2
e R e R e N L

3HAUUT, Mp/2 TaKKe IPENCTABIAETCA B BUAE CYMMBI UETHIPDEX KBaapa-
TOB meJbix uyuced. Ho m/2<m, a m, 10 NPeAIOI0KEHN0, MUHUMAJb-
HOe YHCJI0O C TAaKUM CBOMCTBOM. IIpoTuBOpeume.

IIycte m meuérso. Torma umcia n, MOKHO NPEACTAaBUTHL B BUJE
n,=q,m—+m,; (q;, m;=72), npuuém |m;|< m/2. Torma

mp=ni+ni+ni+ni=sm-+mi4+mi-+mi+m2,

IrZie s — HeKOTopoe Ienoe uncao. CiefoBatensHo, mi+ms-+mi—+mi—=
=nm, rie n — HeOTPHUIATeIbHOe Hesoe ucio. Ecin n=0, to m;=0,
n,—q,m pna Bcex i, u toraa mp=n2+ni+4ni+ni=m2k, roe k —
HATypaabHOe, T. €. p—=mk, m<p, a 8To o3HauaeT, uro m=1. IIpexro-
JIOKUM Tellepb, 4To n>1.

Wz nemmsbl 4.1 momyuaem:

(13-4 m3 - n2) 3+ 3 m3 - m3) —s3+s3+-s3-+ 53,

rae
sy= nym;+nymy+tnsmg+n,m,, Sg=—n,mgtnsm;—n,my~+n,m,,
Sg=—MN My+Nym;—ngm,~+n,mg, S,=—n;m~n,m—nymg—+ngsm,.

— — 2 2 2 2__
ITo ompenenenuio m,=n;, (mod m), T. e. s;=mi+ms+ms+mij=
=0 (mod m), u sHauwur, s;/m=7Z. AHAJOrUIHO AOKA3BIBAETCS, UTO
s;/me=Z upu i=2, 3, 4. Ho Torga (8 cury HepaBeHCTB |m,|<m/2) mo-
nygaem: nm=mi+mi4+mi4+m2<m?, r. e. n<m, u B wurore
mp-nm=—s2+sZ-+s24s2, orkyzsa
2 2 2 2
S S S S
1 2 3 4
np=|— 2 A 4
P [m] +[m] _I_[m] _I_[m] ’
YTO NMPOTUBOPEUYUT MUHUMAILHOCTH M.
WUrak, BCAKOE IIPOCTOE YMCIO MOYKHO IIPENCTABUTH B BUAE CYMMBI
YeTBIPEX KBAAPATOB IeJbIX uucej. Torga, mo Jjgemme 4.1, um Jaro6oe

COCTaBHOE YHCJO IIPEACTABAMO B TakoM Bume. Haxomer, 1=12-1024
-+024-02. Teopema 4 mokaszaHa.
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ITocsie Teopembr @epma—Iityiepa MBI OIIKMCAJN BCE UMCJA, IPECTA-
BUMBIE B BHJ€e CYMMBbI ABYX KBaaparoB. Teopema Jlarpan:ka yTBep:kia-
€T, UTO BCe HAaTypaJbHbIe UMCJA IIPEACTABUMBI B BUAE CYyMMbBI UETHIPEX
KBagpaToB. YUmcia, TpeAcTaBUMbIe B BHUIe CYMMBI TPEX KBaJIpaToB,
onucaa I'aycc B 1801 roxgy. O HEM — cJeayOIIUII paccKas.

FTAYCC U ETO TEOPEMA O CEMHA[ALLATUYTOJIbHHUKE

ITodo6Hno Apxumedy I'aycc evipasun xenanue,
umobbL. HA ez0 mozuJe Oblll Y8eKo8eueH cemHadyamu-
Y2OJbHUK.

T'. Be6ep

Taxk :xe Kak B suTeparype I'omep, [Haure, lllekcrup, I'éte, TomcToit
u JlocToeBcKUil, Tak B MaTeMaATHUYECKOM eCTeCTBO3HAHUU Apxumen,
Hgioron, ditnep, 'ayce, Puman u Ilyankape — BbIcouaiiliie BepIINHEI,
coelHEHNe MeHUAJTbHOCTH M BCEOXBATHOCTMU.

Kapa @pugpux T'ayce (1777—1855) — maTemMaTuk, 4Ybé mMA, Kak
u uMsa Apxumena, oBesiHO JiereHaamMu. MHorue ero BbICKa3bIBaHUSA BO-
IIIJIX B IIOTOBOPKY. YacTo BcmomuuaooT ero gesus: «Nilactum reputans
si quid superesset agendum»*). B 3T0if IMYHOCTU CUACTIUBO CILJIEJICH
MOTYUMil HMHTEJJIEKT, CUJILHBIN XapaKTep W JII0003HATEJILHOCTH ecTe-
crBoucmbiTaTenda. [Ipu :xkusuau 'aycc ObLI HpU3HAH BeJIUUYAHUIIIUM U KO-
pouoBaH TurysnoMm «Mathematicorum Princeps»**). XBaja ero reHuio
u OsmcraTenbHBINT 0030p TBOpuecTBa I'aycca comepskarcss B KHure [1].

«MartemaTtueckas [JgeATedbHOCTHL I'aycca, — mumer Penukc
Kieiin, — mavajach OOHUM KPYOHBIM OTKDPBITHMEM, KOTOPOE IIPUBe-
JO ero K TBEpAOMY YyOe:KIeHHIO HaBceTJa IOCBATUTHL ce0s HaykKe...
30 mapra 1796 roga emy — mIeBATHAAIATHUICTHEMY — YyIAaJOCh HOKAa-
3aTh, UTO NPABUJILHBIA CEMHAMIIATUYTOJBHUK MOXKET OBITh IIOCTPOEH
C MOMOIIBI0 IUPKYJIA U JUHEHKW», T. €. COBEPIIUTh IPOPLIB B IPO-
6sieMe, TIe He OBIIO HUKAKOTO Iporpecca B TeueHue cBiimre 2000 jer.

IToToMKUu TocTapasiich BBITIOJHUTH 3aBelllaHne BeJIUKOI0 yUEHOTO.
OHU BO3ABUIJIMN eMy NaMATHUK (Ha poAuHe, B BpayHIiiBeiire), KOTOpLIii
CTOUT Ha IIOCTaMEHTe, SBJSIONIeMCS IPaBUJILHBIM CeMHAIIATHUYTOJb-
HUKOM. Ho ecim He 3HATh 5TOT0, TO WM He 3aMETUINb: MPABUILHBIN
CeMHAAITaTUYTOJbHUK IIOUTH HEOTJIUYUM OT Kpyra.

Teopema 5. IIpaBUJBHLIN CEeMHAAIATUYTOJBHUK MOKET OBITH IIO-
I CTPOEH C HMOMOIIBIO ITUPKYJIA U JIUHENKU.

ITpuBogmMOE JOKa3aTeIbCTBO — JININb HEe3HAUUTEJIbHAs 00paboTKa
IOKasaTeabcTBa caMoro l'aycca.

HJoxasaTeabCcTBO.

5.1. Hnsa mocTpoeHUA MPABUJIBHOTO CEMHAAIATUYTOJbHUKA, BIIU-
CaHHOTO B OKDY'KHOCTBb pamuyca 1, JOCTaTOUHO IIOCTPOUTH OTPE3OK
oauHbl cos 2rw/17 (puc. 2). [anbHeiiInas IocjieqoBaTeIbHOCTh mei-

*) Yrto He 3aBepIlIEHO, He CIEJaHO BOBCE — JAM.
*%) KopoJib MaTeMaTHUKOB — Jiam.
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CTBUI He BBI3BIBAeT TPyAHOocTed. OmHAKO mJs
STOTO IIOCTPOEHMUSA HAM IIOTPEOYIOTCA HEKOTOpbIEe
COOTHOIIIEHUA B KOMILIEKCHBIX YMCJIaX.
5.2. O6o3HaUUM Uepe3 £ OMWH U3 KOMILIEKC- AM\
HBEIX KOpHei ceMHa,zmaTon CTelleHU U3 eqUHUIILL:

e—"Y1—e27/17T—cog ——|—l sin ii;
Beeném o6osHaueHums: z,=e—+fe ! g 22—
:E4+€_4’ (1252—1—8_2, (2_58—'_5 » Y1
_ZI_I_ZZ’ Y3=2129, Y= ¢1+¢2, Ys= {1{21 xX,= Puc. 2

—yl—l—y2, Xg= y3—|—y4 3aMeTuM, UYTO BCE 3THU
yucJsa gedicrBuresabHble. B camom fee,

bt oh (oo 27k | . . 21k —2k | . . —an]z 21k
ei+e¢ cos —|—L 17 ]—I—[cos —7 tisin ——— 2 cos 7

2r
Ilockonbry 2, =2 cos 17> HaM JOCTATOYHO OCTPOUTD OTPE3OK /JIUHBI 2; .

5.3. JJemma. e —¢l"t* mpu menbix k.
JokxasdaTeabCcTBO JeMMBEI. [leficTBUTeNBHO,

2n(17—|—k)+ oy 2PATHE)
17

=cos [27‘:—|—1—7]—|—i sin [27‘5—|—

1Tk —cos

lSlIl - —€&".

2nk]_c . 2rnk k
17

16
5.4. JIlemMma. k§0 ek=0.

HorasartenbrcTBO deMMbl. [Io ¢hopmMysae cymMMBI TeOMeTpPH-

YecKo# mporpeccuu (KoTopas, KOHEUHO, BepHa U AJA KOMILIEKCHBIX
17
elf—1

16
ypces) moaydaeM: > f=-"—-=0.
k=0 e—1

6
CaemcrBue. ¥ ci=—1.
=1

,HORaBaTeJII:CTBO caeagCTBHUA.

25—25]—5 —1.

Caencraue. % (e"’—I—e_k):—l.
5.5. JIeMMa Y1Y,=Yysy,——1.
lokasaTeabcTBO JeMMBL Yy y,=(cFe 14ette )X
X2t 244 B) =Bt e e T el fe 3T 490
—|—52—|—512—|—5*4—|—E*2—|—E*6—|—54—|—5*12=ké1(sk—|—5*k)=—1.
TakuM ke 00pa3oOM JOKASBIBAETCS, 4TO Yzy,=——1.
15



5.6. Jlemma. x, +x,=—1, x,x,=—4.

5.7. HamoMHUM, 4YTO ec/jIM 3aJaHbl OTpPe3Ku IauHbl 1, |p|, u |q|,
TO IUPKYyJIeM M JUHEWKON MOXKHO IIOCTPOUTH OTPE3KMU, IJIUHBI KOTO-
PBIX paBHBI abGCOJIIOTHOM BeJMYMHE KOPHEH KBaJApPaTHOTO YpPaBHEHUSA
x24-px-+q=0 (ecau KOPHHU STOrO ypaBHEHUA AEHCTBUTENBHEI).

ITockoabry x,-+x,=—1, x,x,=—=—4, T0o no Teopeme Bumera x,
U X, — KOPHH ypPaBHEHHUA x?+x—4=0, a 3HAUUT, MBI MOKEM IIO-
CTPOUTH OTPE3KH JJIUHEL |X;| T |X,).

Temeps, Tak Kak Y, +Y,=X; U Y;Y,=——1, MOXKHO IIOCTPOHUTHL
OTpe3Ku JJUHEH |y,| u |y,|. I3 paBercTB Y34y, =%, U ygy,——1 Ho-
JydaeM OTPe3KH IJIMHHI |ys| u |y,|. VI HaKoHeI], MCHONB3ys PaBEeHCTBA
2,+t2z,=Yy, U 2,2,=Y3, MBI MOJKEM IOCTPOUTE OTPE3OK JUTHHBI 2y,
a cJIefloBaTeJbHO, W MPABUILHBIA CEeMHAAIIATUYTOJIbHUK.

BocCop30BaBINNCH ATUM PACCYKASHUEM, MOYKHO MOJYUUTH CJIELY-

2
IoIIlee BBIPpAKeHUeE OJIA COS 1—7:

cos f—’;=1—16[—1+1/ﬁ+1/34—21/ﬁ+
—|—]/68—|—121/1_7—16]/ 34-+-2/17—201—y17)Y 34—21/1_7].

BrocaencTBuu OBLIO JOKa3aHO, UTO IPABUIBHBIN 11-YyTOJBHUK MOMK-
HO TOCTPOUTH ITUPKYJEM M JIMHEHMKOW TOrJa M TOJBKO TOTma, Korja
n=2'F F,-...-F,, rae Bce F, — mpocrsle uncia Buga 2% |1 (uucia
®epma). Y Pepma 65LI0 IOZ03PEHHE, UTO Bee umcaa suga 2% -1 — mpo-
cThle. Diljep OMPOBEPT 3TO YTBEP:KAEHUE, YKasaB, UTO UMCJIO 225—|—1=
=4 294 967 297 mmeer mpocThIM gAeautesem 641. B Ham KoMIibio-
TEePHBIA BEK CTAJ0 BO3MOXKHBIM HCCJIENOBATH HA IPOCTOTY HAOCTATOUYHO
6oJIbIITME UMCJa, HO IMOKa HU OJHOT0 IIpocToro umciaa Pepma, Kpome
3, 5, 17, 257 u 65 537, He HaiimeHO.
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