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NMpeauncnosue

3a gonrme TOXABI CYNIECTBOBAaHMS MAaTEMAaTHYECKOTO aHaNM3a Kak
y4eOHON AMCLMIUIMHBI CO3[aHO HEMaJlo NMPEKPAacHBIX YYEOHHKOB IO 3TOMY
npeaMery. 31ech U KpaTKue 3cce, U MHOTOTOMHBIE JHIUKIIONEANYECKHE
TPyIbl. ABTOp OJHOTO M3 COBPEMEHHBIX Yy4eOHHKOB B.A.3opuu mnumier:
«Knaccuueckuii aHanm3, MOJOOHO KIIACCHUECKOMY MY3BIKAIBHOMY MpO-
W3BEICHUIO, MMEET M OyNeT WMETh MHOTO HCIIOJIHUTENEH, KakAOMY U3
KOTOPBIX B OONBIIEH CTEIIEHH JOpOTa Ta WM MHAs €T0 CTOPOHA WU JOPOTO
OIIPEZIETIEHHOE BOCIIPUSATHE €TO B LIEJOM.

IIpennaraemas gurtaTeno Opoiropa HamucaHa Ha OCHOBE JIEKIIWH,
YUTABIIMXCS aBTOPOM Ha pasmuYHbIX Qakynbretax MIY. KonkpeTHbIM
MOBOJIOM JUIS €€ CO3JaHHs CTajlo0 JKEeJIaHWE TOYHEE YYEeCTh HOTPEOHOCTH
HOBOTO (pakyipreTa yHHBepcuTeTa — BKHM — 1 OATOTOBUTE Takoe mocodue,
KOTOpOe OBbLTO OBI MOJCTIOPHEM B HEMOCPEICTBCHHOW paboTe CO CTYACHTAMH
atoro (akynerera. Bpomropa mpencraBiuser co00il MOMBITKY 3JIEMEHTAPHOTO
BBEJICHUSI, KOTOPOE JOJHKHO MO3HAKOMHUTH CTYAEHTA C UCXOIHBIMH MOHSATUSIMU
U MpocTeHmuMu (aKTaMH, Ha KOTOPBIC OMHPACTCS WU3yYCHHE MaTeMaTHUYeC-
Koro aHanu3a. Ee MOXHO cUMTaTh BBOJAHOW TJIAaBOM Kypca MaTeMaTH4YeCKOTO
aHanmm3a. Bmecte ¢ TeM oHa MOXKET OBITH IOJIE3HOW M KaK CaMOCTOSATEBHOE
CIpaBOYHOE TOCOOME — IOCTATOYHO CKa3aTh, YTO aj(aBUTHBIA yKa3aTelb,
TIPUBEICHHBIN B €€ KOHIIE, COICPIKUT OKOJIO CTa TEPMHUHOB.

OTMedy HEKOTOPbIC IPUHIIUITBL, KOTOPBIMH 51 PYKOBOJCTBOBAJICS B 3TOU
pabore.

1. Bpourtopa paccuuTana He Ha YHCTBIX MAaTEMAaTHKOB, a Ha CTYJEHTOB,
OpUEHTUPOBAHHBIX HA TPHUJIOKEHUS] MATEeMATHKHM B JPYrux 00JacTsax
HAYKH, KOHKpEeTHEe — B 00JacTH MeXaHHKH, GU3UKU, XuMud. [Ipu 3TOM MHE
OBl XOTENOCh, YTOOBI HM3JIOKEHHE OBUIO JOCTYIHO IIKOJIBHUKY CO CpeIHCH
MaTeMAaTHYECKOW MTOATOTOBKOW, KOTOPBIH, 00yJasch B IIKOJIC, MOXET OBITh, H
HE CUHTAT MaTeMaTHKY TJIaBHBIM IS Ce0s MPEAMETOM.

2. M3yyeHre MaTeMaTHYeCKOTO aHalu3a, Kak M BOOOIIC MaTeMAaTHKH,
HUMEeT LENBI0 He TOJNBKO Y3HATh HEKOTOPOE KOJMYECTBO MOHATHH, (PaKTOB H
NPUEMOB, HO ¥ BOCHHTAaTh B ceOC BBLICOKHMII CTAaHAAPT HAYYHOIO
JIOTHYECKOT0 MbIlLIeHUsI. Jloruueckas CTpyKTypa MpeaMera JOJKHA OBITh
a0COJIIOTHO SICHOW dYHUTaTeNnro. MaTeMaTHYecKuil aHamm3 — He COOpHHUK
OTIENBHBIX (PAKTOB W PELENTOB, CBAJCHHBIX, MOJOOHO Ipyae KHpIHYeH Ha



CTpOWKe, a CO3JaHHOE W3 STHX KHPIHUYCH IMPEKpacHOE CTPOWHOE 3JaHUC C
MPOYHBIM  (QYHIAaMEHTOM W HEBUAMMOW CHCTEMOH KOMMYHHKAIWHA, C
aHpMIaaMi TIOHATHH W TEOpeM H SPKUMH JIOTHYECKAMH BEpIIMHAMH,
BEHYAIOMINMH 3T0 31aHue. (K 4rcny Takux BepIIMH MOXHO OTHECTH (popMyITy
Tetinopa, dopmyny HeiotoHa-JIeiibHmIIa, TeOpeMy O HEIBHOM OTOOpaKCHHH,
teopemy Dyounm, o6y Gopmyny Crokca.)

3. ABTOp cuMTaeT HEOOXOJUMBEIM COBpPeMEHHBbIi YPOBEHb CTPOrocTH
m3noxkeHusi. IlogpoOHBIE [OKa3aTeNbCTBA TPUBOIATCS HE Be3de, HO
OTCYTCTBHE TAKOBBIX BCErJa YETKO OTMEYAeTCs, W HUTIC PaCIIBIBYATHINA
«KBa3U-BBIBO» HE BBIAACTCS 32 MOTHOILICHHOE JTOKA3aTeIbCTBO.

4. BMmecTe ¢ TeM KpONOTJIUBBIE JOKA3aTEJIbCTBA He SBJIAIOTCS
camonesiblo. YeMm Jnanmelie OT Havyala Kypca, TeM damie (DakThl MOTryT
coobmatecss 0e3 WX BBIBOAA. MHe KaXeTcs pa3syMHBIM —CJEIOBaTh
pexkomenmanuu (panirysckoro martemarnka Jlopana IllBapma: «M3ydats
MoapoOHO HYXXKHO JHIIb T€ IOKa3aTelIbCTBA, KOTOPHIC SBIAIOTCA HamOoiee
TUONYHBIMHU U IOYYUTENFHBIMIY. Bripouem, B TepBOM ceMecTpe YHUBEPCUTET-
CKOT0 0OydYeHHs, M0-MOEMYy, OCHOBHOH MaTepuan clexyeT Bcé Ke IaBaTh
C TIOJIHBIMH JI0Ka3aTEeIECTBAMHU.

5. ABTOp BCIOAY CTPEMHIICSA K MAKCHMAJIBLHON MPOCTOTE H3JI0KEHHS,
WCTIONB3YS yAa4HbIe TPUEMBI PAa3INYHBIX aBTOPOB, HEKOTOPHIE COOCTBEHHBIC
HaxonIkd. He Be3ze 3TO ymaBamoch — M3BECTHO, UTO «YCIOXKHATH — MPOCTO, a
yopomate — CIOXKHO». MoeT OBITh, KOe-4TO yJaacTCs CHenaTh IpHu
JIanpHeWmen paboTe Hamx KypcoM. A MOXeT ObITh, yIadyHas MBICTh TaKOTO
poJia MPHUJET B TOJIOBY YUTAIOIIETO Opommopy cTyaeHTa. [TompooyiiTe!

6. XoTts marematuka — crTporas (QopMain3oBaHHas HayKa, aBTOD
CTapaJicsl 0:KHBJISITH M3JI0KEHHe, TaM, T BO3MOXKHO, IPOCTO OecemnoBarth ¢
YyHUTaTEeIeM, U3J1araTh JHYHbBIC, MOXKET ObITh, CIIOPHBIE OILIGHKH TEX WIIM MHBIX
MOJXO0B, €CTECTBEHHO, HE MPETeHIys HAa TO, YTO €ro TOYKa 3pEHHs —
€/IMHCTBEHHO JIOIyCTUMASI.

7. MaTeMaTHUYCCKUI aHAIH3 110 CBOEMY MPOUCXOKICHUIO H OCHOBHOMY
CONICPKAHMIO — BeCchbMa MPHKJIAAHAsI TUCHUIIMHA. (MaleHpKIH BOTpoC K
gutaremo: @dwmsuk ckazan: «lIpomszBogHasg? DTO OYEHb MPOCTO, ITO —
ckopocTh!” Matematuk ckazan: “CkopocTh? DTO OYEHb TPOCTO, 3TO —
npousBogHas!» Kak mo-Bamemy, kto mpaB?) Ilo BBOAHOW YacTh CyIauTh O
MPUKJIAJIHON CTOPOHE Jiefia TPYIHO, OAHAKO MPHU AalbHEeHIIeM pa3BUTHH Kypca
MHE XOTEJIOCh OBI 3TO MPOIEMOHCTPHPOBATH.

8. M3noxkeHue CHaOXKEHO OOJIBIIMM KOJMYECTBOM mpuMepoB. OHHU
YacTo MpeCIelyloT MABOWHYIO Lelb — O5TO MWUIFOCTPALUS TONBKO 4YTO
PAacCKa3aHHOTO MaTepHala M OJHOBPEMEHHO — IIOATOTOBKA KaKOT'O-TO H3
CIIENYIOINX IIaroB; MOITOMY HEPEOKH CCBUIKM Ha 3TH HpHMepsl. To ke



OTHOCHUTCSI K 3aMeYaHHMsIM, MIPUBOJUMBIM IOCJIE BaXKHBIX pe3ynbTatoB. s
ymoOcTBa CCBUIOK BCE NMPHMEPHI, 3aMEYaHus, KaKk M BOOOIIE BCE CMBICIOBEIC
€AWHUIIBI TEKCTa, TPOHYMEPOBAHEI.

9. OpraHu4eckod 4YacThIO TEKCTa SBIAIOTCA ympaskHeHHsl. OObIYHO
OHHM HETPY/HBI, K TOMY X€ B psijJie CllydaeB cHaOXeHbl ykazaHusiMu. [IpodHoe
YCBOGHHE MaTepHaja MpeIoiaracT BHIIOJHEHUE €CIIM HE BCEX, TO XOTS Obl
OoJIBIIMHCTBA STHX YyHpakHeHWil. MHorma ympaxsHeHue — 3TO HEOOJBIION
(hparMeHT OJJHOTO W3 TOCJENYIOUINX NOKa3aTeIbCTB, MPU3BAHHBIH 00JIErYUTh
JanbHeHmui TekeT. CChUIKHM Ha YIPa)KHEHHUS Tak K€ OOBIYHBI, KAK U CCBUIKH
Ha IpeblIyIINe TEOPEMBI.

B koHIE mpemucioBus KOPOTKO PAcCKaxy O CTPYKType OpOouIopsl u
cHCTeMe HyMepaluH U CChUIOK. Bech MaTepuan pasieieH Ha mnaparpadsi,
MpOHyMepoBaHHbIe AByMs 1udpamu. IlepBas U3 HUX — HyJIb — O3HAYAET, YTO
naparpadg otHocutrcs K Beemenuro. Hymepamwsi ompexaenenuii, ¢dopmy,
TEOpPEM M APYIUX HPEIIOKEHHH — CaMOCTOSITENbHAas B KaXIOM Haparpade.
CuctemMa CCBUIOK sSCHa W3 IpUMepa: NepBas JeMMa W3 IIeCToro maparpada
Beenenust HazpiBacTcst JemMmoii 1 B sToM maparpade u Jemmoii 06.1 B
ocTalbHBIX naparpadax padoTel. UToOB! BBIAEINTH A0KA3aTEJNbCTBA TEOPEM,
JIEMM U JPYTHX IPEUIOKEHU, MBI Oy/IeM 3aKJII0UaTh UX B TPOMHBIC KaBBIYKH:

KL o PN, DTO 3HAYUT, YTO CHMBOJ KK OyneT 0003HAYaTh HAYAIO J0-
Ka3aTelIbCTBA, a CAMBOJI M) 3aMEHUT CJIOBA J0KA3aTEJIbCTBO 3aKOHYEHO.

YHnoMsHy HEKOTOpble M3 KHUT II0 MaTeMaTHYeCKOMY aHalu3y,
OKa3BIBABIINX BIMSHHE HAa aBTOpPa BO BpeMs paOOTHI HaJ STOH OpOLIIOPOIi.
DTO — TPEXTOMHHK KJIacCHKa MaTeMaThdeckoro ananusa [.M. ®uxteHroisiia
«Kypc muddepeHnnanrsHOT0 W HHTETPATBHOTO HMCYHCICHHA», JBYXTOMHHUK
B.AWnpuna, B.A.CagoBumuero u bin. X. CenmoBa «MareMaTHYECKUH
aHanu3», ABYXTOMHBIN Tpya B.A.3opuua nox TeM xe Ha3BaHUEM .

Mue npuatHo mobnmaromaputh gekama BKHM  akamemmka
10. 1. TpernsikoBa, COTPYTHUKOB dakynpTeTa  W.B.ApXaHTeibCcKoro,
N.B.Kazumupunk 1 H.O.KamyctuHy 3a momjaepKy 3Tod paOOTHI ; CTyICHTa
BKHM H.MwupuHna, oO0y4duBIiero MeHs padoTaTh B KOMIIBIOTEPHOH orepa-
nuonHoi cucreMe Windows 95, — mMeHHO B Hed W HabOpana Opormopa ;
Mo10 104yb OIBry, HEJaBHIOIO CTYACHTKY — IIEPBOTO YUTATENS U KPUTHKA 3TOH
paboThLI.



maBa 0. BBegeHue

§ 00. YTo Takoe
MaTemMaTudyecKmMn aHanus

TouHbIi 00BEM NOHATUSL «Mamemamuyeckuti anaauzy (U1l KpaTKOCTH
B 3TOM Taparpade Oymem mucatb MA ) 3aBHCHT OT TOTO, B KaKOW CUTYaIluu
OHO ymoTrpebmsercs. B mkomsHOM y4deOHWKE MaTeMaTHKH TOBOPHTCS, YTO
MA — 3T0 «4acTh MaTeMaTHKH, KOTOpas u3ydaeT AuddepeHnnaibHoe H
WHTETPAJIbHOE HCUUCIICHHWE». ABTOPUTETHBIH OOIIepOCCHIiCKH (a emme
HeJlaBHO O0IIEeCcOr03HbIH) pedepaTuBHbIi xypHan «PXX mMaremaTnka» OTHOCHT
K MA, kpoMe TOro, TEOpHIO (QYHKIHMH KOMIUIEKCHOTO IIEPEMEHHOTO,
muddepeHnnanpHbple  YpaBHEHHUS, BapHAllMOHHOE WCYHCIICHHE, (YHKIHO-
HaJIbHBIA aHAIN3 U PSII IPYTUX Pa3/iesioB.

CaMO CIIOBOCOYETAHUE «MameMamuyeckuti anaius» HeceT B cebe
O4YeHb MaJI0 MHYOpPMAIMK — CIOJa MPH JKETAaHUH MOXXHO OBUIO ObI OTHECTH,
HalpUMep, W aHAIWTHYECKYI0 TEOMETPHIO, M MaTeMaTH4ecKyio Joruky. C
JIPYTOf CTOPOHBI, MHTETPAIbHOE HMCYHCICHHE MOXKHO OBLTO ObI Ha3BaTh HE
aHaJIM30M, a CHHTE30M. BnpodeM, mOJOOHBIM 00pa3oM HETPYIHO
PaCKPUTHKOBATh TPOMATHOE YUCIO TCPMUHOB, U HE TOJBKO MAaTEMATHYCCKUX.
[TorrpoOyem Bce ke yCTaHOBHUTH, YTO B COBPEMEHHOH MaTeMaTHKe BBIACIACTCS
TepMuHOM MA.

Hymaro, riaBHOII ocoGeHHOCTBIO MA B CpaBHEHHMM C JpPYTUMH
00J1aCTIMH MaTEMATUKU SIBIISIETCS] METOA MPE/IENBHOTO MIEPEX0/1a U CBA3aHHBIN
C 3TUM aNNpPOKCUMATUBHBIM MOAXOJ (T.€. HMCIONBb30BAHUEC HPUOIMKEHHBIX
BBIPAKCHUH, JIOMyCKAIOIIUX JIIOOYIO CcTeneHb TouHocTH). Hemapom rpeueckas
OykBa & (DIICHIJIOH) — TOYHOCTH aNPOKCHMAIUU — 3aHUMAET TaKoe IMOYETHOE
mecto B MA. Nmest 510 B Buay, mornpoOyeM J1aTh KOPOTKOE U, pa3yMeeTcsl, He
WCUEPIBIBAIONICE, ONpPEICICHUE: MAMeMamuiecKull anaius — 5mo pazoei
Mamemamuxy, — UyYarowul U - NpUMeHAIowUl  (O4eHb  pazsHO0OPaA3HO
npumensowuil) nonamue npedena. He cimydaiiHo crapuHHOEe Ha3zBaHne MA
(6onee nHGOPMATHBHOE, HO TOXKE JaJeKoe OT Hieala) - «aHaIu3 0ECKOHEUHO
MajbIx». 9T0o — MA B €ro MMpPOKOM MOHUMAHHH.

C npyroil CTOpOHBI, CTyIEHTY 2 Kypca YHHBEPCHTETa, TOJBKO HTO
CHaBIIEMY MOCIETHUHA SK3aMEH IO 3TOMY MpeAMETy, MBI MOXEM CKa3aTb



§ 00. Ymo makoe mamemamuueckuii ananu3 9

ropaszuo 0osiee KOHKpeTHO: «MA — 3TO M €CTh Ta YaCTh MATCMATHKU, U3YICHUC
KOTOpO# BBI TOJIBKO 4TO OJaromoaydHO 3aBEPITUIII.

Tenmepr ke, co cruexmyromero maparpada, MBI — HadYWHAEM
CHUCTEeMAaTHUeCKoe W3ydeHue watepuana. I[lpum sTomM Omwkaidmue Tpu
naparpada, He OTHOCSICH B CGHOPMYIMPOBAHHOM CMEICIE kK MA, uMEIoT
obmemaTemarndeckoe 3HaYeHHWe, a ¢ § 04 HaunHaeTcsl COOCTBEHHO
MaTeMaTHYECKUH aHaJIN3.

§ 01. Jlornyeckas cumBonuka

dyHIaMEHTOM MaTeMaTHKH SIBJISETCS MaTeMaTHdecKasl JIOTUKa —
HayKa, W3ydJamomas 3aKkOHB MaTeMaTHYeCKHUX pacCyXIEHHUH, ycTaHaB-
JUBAIOMIAs WCXOJHBIE MAaTEMATHYCCKHE IOHATHA W TPaBWIA, C IIOMOIIBIO
KOTOPBIX M3 OJHUX MaTeMaTHYCCKHX (PaKTOB BBIBOAATCS Apyrue. M3ydeHue
MaTeMaTHYECKOH JIOTHKH HE BXOJHT 3/I€Ch B HAIly 3a1ady, HO MBI BO3EMEM U3
9TOM HayKu €€ OTJAEJIbHBIE JJIEMEHTHI, B 4YacTHOCTH, OyZeM HCIIOIb30BaTh
HEKOTOpble M3 €€ CHMBOJIOB. MBI OyneM paccMaTpuBaThb MX IPOCTO Kak
CHoco0 COKpallleHHs 3aliCH — CBOEOOpa3Hyl0 MaTeMaTH4ecKylo CTEHOrpa-
¢uro. OT0 1aeT BO3MOXKHOCTb KOPOTKO 3aIlUCHIBATH JIOBOJBHO TPOMO3IKHE
YTBEP)KACHHUS M, YTO OCOOEHHO Ba)KHO, C OJHOTO B3MJISIa CXBAaThIBaTh WX
cozeprkanue. J{ist cpaBHEHHUST BCIIOMHHM, Kak emie B XVI Beke ¢paHmy3ckuid
MatemaTuKk ®Ppancya Buer BBen OykBeHHBbIE 0003HaueHHUs I Kodpdu-
IIUCHTOB ypaBHEHHH, C/IeTIaB BO3MOXHBIMH HATJATHBIE 00mme (OopMyibl s
KopHei 3Tux ypaBHeHui. ([TonpoOyliTe, HanmpuMep, OMMcaTh KOPHH

_—b*+b’> —4ac

Xi2

‘ 2a
KBaJPaTHOTO YPABHEHUS ax’ +bx + ¢ = 0, ne ucnonw3ys 6yks a, b, c.)

n.1. IToxkanyii, rmaBHBIM CUMBOJIOM MaTE€MaTUKHU SIBISIETCS 3HAK (I
(Ha3bIBaeMbIl CHUMBOJIOM MMIUIMKAlUM), TIOCKOJBKY C €ro MOMOILBIO
3alUCBIBACTCA BaXXHEMIIMH THI MaTeMAaTU4YeCKUX MmpeanoxeHuidt. Ecmu
0603HaunTh A, B 1Ba kakux-1u60 yrepxaeHus, o A [ B uuraercs Tak :
«ecym BepHO A , To BepHO B », kopoue — «ecim A, To B ». Tak 00b1uHO
BBITIIAAAT (DOPMYJIMPOBKM MaTemaTuueckux Teopem. ®opmyna A [ B
MOXET YUTAThCs MHOTHMH JIPYTUMH PaBHOCHJIBHBIMH CIIOCOOaMH :
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Beeoenue

AU B

Ecmu A4, to B,

N3 A cnenyer B (u3 A BbITeKaeT B),
A nocrarouHo s B,
B neobxommmo mias A ,

B sBisieTcs CJIICACTBHUEM A.

ITpu 3ToM A OyzneM Ha3BIBATh MMOCBUIKOM WIIH YCa06UeM YTBEPKICHUS

AU B ,a B— 3axmouenuem 3TOT0 yTBEPKACHMUS.

m.2. Bropoii BaxHeMIINA CUMBOJI: <> — «PaBHOCHJIbHOCTBHY.

CDOpMyJ'IaA had B— KOpOTKad 3alucChb OHHOBpeMeHHOﬁ CIIPaBCAJINBOCTU

nByx yreepxacanii : A [0 B u B 4 .Ee MOXHO 9UTaTh TaK:

A< B

A paBHOCHUIBHO B,

A BepHO TOTJa U TOJILKO TOT/a, KOra BEpHO B ,
BEpPHO TOYHO TOTJIa, KOTJa BepHO B ,
HEOO0XOANMO U TOCTATOYHO I B ,
HEO0XOUMO U TOCTATOYHO JUIst 4 ,

ABJISICTCS KpUTEpHEM IS B |

(=~ I NG - VI NN

SABJIACTCS KPUTCPUEM U1 A.

n.3. Yacto MbI 6y,HeM HCII0JIB30BaTh JBa CHMBOJIA, Ha3bIBACMBIC

Keanmopamu — KEaHmop Cywecmeoeanusl |:| (HepeBepHyTaﬂ nepBas 6yKBa

AHIIMICKOro cioBa exist) u xeawmop obwrocmu L1 ( ot anrnmiickoro all).

OHH YUTAIOTCA TaK:

@Ox) 4
OxO0XxX 4
Oe>0 A
Ox A4
ONON B

quist mroboro x BepHo A ( IIpenmonaraercsi, 4to B
BBIpOKEHUU 4 KaKUM-TO O0pa3oM y4acTBYET X).
Yacto CKOOKM BOKpPYr KBaHTOpa MBI Oyaem
OITyCKaTh U mucaTh Kopoue: [Ix A.

JUTSL TFIOOOTO X U3 MHOKeCTBa X BepHO A ,
JUTsl IFOOOTO TIOJIOKHUTENILHOTO YHCIa € BEPHO A ,
CYIIECTBYET TAKOE X, JUIsl KOTOPOTO BEpHO A ,

cymectByer Takoe N u3 MHoxkectBa N, mis
KOTOPOTO BEpHO B .



§ 01. Jlocuueckasn cumeonuxka 11

(Kcratu, 3amerbTe, YTO OJHa M Ta e OyKBa, HaleyaTaHHAsS
pasnuuHbpIMH MIpU(TaMHU, UMEET pa3HOoe 3HA4YCHHE; CKaKeM, B 3TOM HpUMEpe
N u N — pazHbie CHMBOJIBIL.)

Hdust  o0o03HAueHHsi BBIPAXKEHHS «CYIIECTBYET H  EOUHCTBEHHO»
MPUMEHSETCS OJTHO U3 CIIEYIOIIUX coueTanuii cumBosoB: [ mmm [ .

EcrecTBEHHO, C MOMOIIBIO ATUX CHMBOJIOB MOT'YT COCTaBJIATHCS OoJjiee
JUTMHHBIE popMyiel. Hanpumep, popmyna

Oe>0 ONON On>N |r|<e

guTaeTcs Tak: «ls I000ro MOMOKUTEIHHOTO YHCIa € CYIIECTBYET Takoe N
u3 MHOkecTBa N, uTo 1715t BeeX n , 6OMBIINX, yeM N , abCOMIOTHAS BEJIUYHHA
YHUCcia X, MEHBIIE, 9YeM € ».

m.4. OTMeTUM eIe HECKOJbKO CHMBOJIOB (KOTOpbIe OyayT 371ech
YIOTPEOJISTHCS 3HAYUTEIILHO PEKE).

04 — Ttak obo3Ha4gaeTcs yTBEp)KIEHIE, BEpHOE TOTAa M TOJIBKO TOT/IA,
Korjga yTBepkIeHHe A JoxHo. Hampumep, /Ui OCWCTBUTEIBHBIX YHCET X
BelpakeHue [(x > 0) paBHocmimsHO BeIpakeHuro ( x < 0). Cumson [
Ha3bIBAIOT CUMBOJIOM OoTpuuanusi. Bmectro [04 MoxkHO ncmonb3oBaTh Oojee
HATJIITHYIO 3aMUCh. « He A ».

Aunu B, ALIB - nBa Bapuanta 0603HaueHUs yTBEPHKIEHUS, BEPHOTO
TOTJIa ¥ TOJIBKO TOT/A, KOTJa BEPHO XOTs ObI OJHO U3 ABYX YTBepXkKIcHU 4, B
(cmydaii, korga BepHBI 00a ITH YTBEPIKICHHUS, TaKXKe JOIyckaercs). Takoe
YTIBEp)KICHHE HA3plBAlOT B  MAaTEMaTH4eCKOH JIOTUKE  OuswloHKyueu
yTBepkaeHN 4, B. Bnipodem, 3alloMUHATh 3TOT TEPMHUH HE 00S3aTEIBLHO — s
MOJIF30BATHCS MM HE Oy1Iy.

A u B, A 0 B - nBa BapuanTa 0003HAYCHHS yTBEPKIACHUS, BEPHOTO
TOTJIa U TOJBKO TOT/A, KOrJa BepHBI 00a 3TH yrBepxacaus A , B . (Takoe
YTBEPKJCHUE HA3bIBAIOT KOHbIOHKYuUell yTBepxkaeHuit 4 , B.) Hepenko BMecTo
A O B s Oyay TpoCTO COCIUHATH 3TH YTBEPXKACHHUS 3amsaTol: «A , B».
AHAIIOTUYHO, BBIPAXKCHHUE

(4,B,C) 0 D

O3HAYaeT: eCJIM CIIPaBeINBEI Bce TpH yTBepxkaeHus A, B, C, TO CpaBeaINBO
u yTBepxaeHue D .

[TpuBeneM HECKOIBKO NMPHUMEPOB BEPHBIX YTBEPIKICHUH, 3aITMCaHHBIX
C TTIOMOIIBIO JJOTHUYECKOH CHMBOJINKH.

Mpumepl. x=2 0 x*=4.

Mpumep 2. x=2 0 (xX*=4 wmu x=3).

Mpumep 3. X’ =4 « (x=2 ww x=-2).

Ipumep 4. x>2 0O x>1.

Hpumep 5. x>2 [0 x22.
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Mpumep 6. x>2 [0 x >3 ( Horamaiitech , 9To B 3TOH (hopmyIe
03HAYaeT He BCTPEUABIIHUNCS y HAC CUMBOI [] ).

Mpumep 7. Ox DR x> =9 (R — MHOXECTBO IEHCTBUTENBHBIX YHCEII,
nogpoOHee cMm. §§ 02, 04).

Mpumep8. x>0 x* =9.

Mpumep 9. Cx DR x*+2x+2>0.

Mpumep 10. O(x* =4 O x=2).

B crenyrommx YeThipex YIPaXKHCHUSX ONpENeNnTe, Kakue U3
HAMUCAHHBIX YTBEPIKJICHUI BEPHBI, 4 KAKHe HET.

Yupaxkuenne 1. x <5 0 x<57?

Viupaxkuenne 2. [x>2 x*—3x+2 >0 ?

Vupaxuenne 3. xOR x* =16 ?

Vupaxuenne 4. OO xOR x> >0) 2
Ortsersl: Her, na, Her, na.

n.5. [IpuBenem emie qBa 0003HAYECHNUS, KOTOPbIE MBI OyJIeM IIPUMEHSITh
JUISL BBEJICHUSI HOBBIX NOHATHH. Ecii BBOIWTCS HEKOTOPBIA HO6bill 0OBeKkm
(amcno, MHOXKecTBO, QYHKIMS W T.II.), OyJeM HCIOJIb30BaTh CHMBOJN =
Harpumep,

>

1'2°3"...n =: n! (uuraercs <«H-(PaKTOpUAI)

Ecmu BBOmUTCA HOB0E coommouienue MEXIOy OOBEKTaMHU (paBEHCTBO,
HEpaBEHCTBO, BKIIOYEHHE OJHOTO MHOXXECTBAa B Jpyroe W T.JO.— CM.
crepyronui naparpad), OyaeM NpUMEHSTh CHMBOJI @ < , HAIIPUMEP

(x22) te (x>2 unu x=2),

(Ox04) xO0X) =: AOX.

3aMeTI/IM, YTO ABOCTOYUC (:) CTaBUTCS C TOU CTOPOHBI OT 3HAKOB =, <,

TIC HAXOOUTCA BHOBb BBOAMMOC ITOHATHC. O,III/IH 13 BApHUAHTOB YTCHHUA ITHUX
CHUMBOJIOB TaKOB :

=, = . I10 OIIPCACICHUIO PAaBHO,

ce, e IO OMPCACICHUIO PABHOCUIIBHO.

Yupaxkuenue 5. [Ipoutute ompenenenue: «DyHkuys [ (x) oepanu-
yenaHa otpeske [a;b] 1o (OMOR OxUO[a;b] OO M)».
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YnpaxHenue 6. 3anuinTe C MOMOIIBI0 CUMBOJOB MaTeMaTHYeCKON
JIOTUKHU CIEAYIOIIUH TeKkeT: «J[ys 1100010 MmojgoKuTeIbHOro YMciia € CyIecT-
BYeT TaKOoe 4YHCJIO0 N, 4TO Ui BCEX 4YuCeN n, OONbHIMX 4eM N, abCcomoTHas
BEJIMUMHA PA3HOCTH X,— d MEHBIIIE, YeM € ».

n.6. B 3axmouenue maparpada chopMmylMpyeM HECKOJIBKO NpaBHII
oOpalieHuss ¢ CHUMBOJIOM OTPHLAHHSA, KOTOphIE MBI OyIeM HEpeako
UCIIONIb30BaTh, KOTAAa IIOTpeOyeTcss yKa3aTh Ha JIO)KHOCTH HEKOTOPOTO
YTBEP)KACHHUSI.

1. (4) PaBHOCHUJIBHO A

2. XA unu B) PaBHOCUJIBHO 4 =« OB
3. X4 u B) PaBHOCHIIBHO 04 wau OB
4. (4 O B) PaBHOCHIIBHO A u 0B
5. 0Ox 4) PaBHOCHJIBHO Ox [4
6. O(Ox A4) PaBHOCHUIIBHO Ox [4

OOparuTe BHUMaHUE HA JBE TOCIeaHHe CTPOIKd. OHU 00eCTIeunBarOT
NPOCTOH  aNrOPUTM  TOCTPOSHUS  OTPUI@HUSL  JIorH4YeckuX  (opmy,
CollepXKalMX LEMOYKy KBAaHTOpPOB Hampumep, OTpUIIaHHME  YCIOBHSA
OTPaHUYCHHOCTH (YHKIMM Ha OTPE3KE MOXKET OBITh MOCICAOBATEIBHO
npeoOpa30BaHo TaxK :

0(OMOR 0 xO[a; b] )X M),
OMOR  O(OxO[a; 4] )X M),
OMOR OxO[a; ] OG0EM),
¥ HaKOHETI,
OMOR Ox0[ a; b] )= M.

[TomoOHBIMU TIPe0Opa3OBaHUSIMU KBAaHTOPHBIX (GOpMYyT MBI Oyaem
MOJIb30BATHCS HEOAHOKPATHO.

§ 02. MHOXecTBa

m.1. VIcXomHbIM, HayajgbHBEIM TIOHSTHEM MATCMATHKUH BOOOLIC U
MaTeMaTHYECKOTO aHalM3a B YaCTHOCTH OyJeM CYHTaTh IOHSATHE
«uHoMHcecmgoy. Kak eCTeCTBEHHO IS MCXOMHOTO TIOHSTHS, MBI HE MOXKEM
IaTb eMy (OpMaTbHOTO OINpPEAeiIeHUs, IMO3TOMY JIHIIb MOSCHHM €ro Ha
HarsiiHOM ypoBHE. CHHOHMMAMH «MHOJCECed» B PA3IMIHBIX KOHTEKCTaX
MOTYT OBITH CJOBA «COBOKYNHOCHbY, «2PYANAY», «HAOOPY, «KOLIEKYUs»,
«Komnaexcy W T. M.. Tak, MOXHO TOBOPHTh O TPYIIIE CTYICHTOB, Habope
OTKPBITOK C BUAaMH MOCKBBI, KOJUIEKIIMM MapoOK KaKOTO-TO (puiareinucra,



14 Beeoenue

TOYHO TaK >K€ MOKHO TOBOPHUTh O MHOXECTBE BCEX ICHCTBUTEIBHBIX YHUCEIL,
COBOKYITHOCTH BCEX KOpPHEH MJaHHOTO anreOpamdeckoro ypaBHEHUS,
MHOYECTBE BCEX aTOMOB 36€MHOT'O IIIapa U T. [I. .

m.2. HexoTopble BaXHEWIIE MHOKECTBA MMEIOT NPUHSTHIE BO BCEM
MHpE CTaHAapTHBIC 0003HAYCHUS:

N — MHO)eCTBO Beex HaTypanbHbix yucen (1,2, 3, ...),
Z — MHOXeECTBO Beex enbix uncen (0, £1, £2, £3, ...),
Q — MHOX€ECTBO BCEX PAI[HOHATIBHBIX YHCEI,

R — MHOK€CTBO BCEX NEHCTBUTENBHBIX YHCET,

C — MHOECTBO BCEX KOMIUIEKCHBIX YUCEIL.

3amomMHHTE 3TH 0003HAUYCHHWS — OHHM OYAyT BCTpPEUaThCcs Y HAC Ha
KaKI0M miary!

OTMeTHM elie OJHO CTaHgapTHOe oOo3HadueHHWe: @ — TyCTOe
MHOXECTBO, T.€. MHOKECTBO, HE COJIEeprKalllee HUKaKUX 3JIEMEHTOB (HampuMep,
MHOXECTBO BCEX JCHCTBUTEIBHBIX KOPHEN ypaBHEHUA X¥+1=10 ).

WMHorma MHOXKECTBO 0003HAYarOT IPOCTO IEPCUMCICHHEM €TI0
3neMeHTOB. Hampumep, MHOKECTBO, COCTOsIIEE U3 TPEX IIIEMEHTOB 3, 4 1 5,
0003HayaeTcs ¢ MOMOMIBI0 (UrypHBIX CKOOOK: { 3, 4, 5} ; MHOXeECTBO,
CMHCTBCHHBIM AJIEMECHTOM KOTOPOTO SIBJISIETCS YUCIIO 7T , 0003HavaeTes { 7 } .

m.3. OZHUM W3 OCHOBHBIX TOHSITHH TEOPUHM MHOXXECTB SBIIACTCS
OTHOIIICHUE HPUHAOAEIHCHOCMY DJIEMEHTa X  MHOXecTBy X. D10 000-
3Havyaercs Tak: x [ X Uwraercs sta ¢dopMmMyna OJHHM H3 CICIYHOIIUX
CIOCOOOB: « X SGNAEMCS INEMEHMOM MHONCECMBA X», « X NPUHAONENCUM
mHoxcecmsy X». OTpHLIAaHHE 3TOTO YTBEPIKICHUSI OOBIYHO 3aIHUCHIBACTCS TaK.
x U X. Hanpumep,

30N, n0Q

DneMeHTHI JTIF000r0 MHOXKECTBAa X HEPEIKO Ha3BIBAIOT MOUKAMU, TAXKE
ectu X He sIBISETCS NPSMOM, IUIOCKOCTBIO HIJIM T'€OMETPUYECKUM TpeX-
MEPHBIM IIPOCTPAHCTBOM.

n.4. Iloustue noomnoscecmea . MHOXKECTBO A HA3BIBAETCS NOOMHO-
orcecmeom mHoxcecmea X, €CIU KaXIBIM DJIEMEHT MHOXECTBA A SBIAETCS
JJIEMEHTOM MHOXecTBa X. OT1o oOo3Hauaercss Tak: A [] X . Bapuantsel

4YTeHHS 3TOH QopMynbl: «4  graoueno 6 X», «A cooepacumcesi 6 X». ToT xe
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cmbict umeer opmyna X A4 (« X cooepocum A »). 3ameTum, 4TO BCeraa
BepHBl popmynsl QU X, X O X .

CumBousl 0 n [ we B3anmo3zamenseMs! ! Hampumep, N U N, mo
uesepHo, uto N [ N (T.e. MHOXECTBO HATYpaNbHEIX YUCE] HE SBIAETCS
HATypajIbHBIM YHCIIOM).

Ecmu mHOkectBa X M Y COCTOAT M3 OOHHUX M TEX K€ DICMEHTOB, X
Ha3BIBAIOT pasHuimy U uinyT X = Y. IHbIMU ciioBamu,

X=Y : - (XOY,YOX). (1)

m.5. Ombop noomuoxcecmea Mo 3agaHHOMY ycioBmio. Ilycte maHO
MHOXECTBO X W HEKOTOpPOE yCIOBHE S(X), KOTOPOMY MOTYT YAOBJIETBOPSTH,
a MOTYT U HE YJIOBJICTBOPAThH PAa3IMYHBIC 3JICMEHTHl X MHOxectBa X . Torma
MOJIMHOKECTBO MHOXECTBa X , COCTAaBICHHOC M3 BCEX TaKHUX 3JICMCHTOB
MHOXecTBa X , JUIE KOTOPOBIX 3TO YCIIOBUE BEITIOHSCTCS, OyeM 0003Ha4YaTh

{xOX; Sx)}.
Ecmm MHOKeEcTBO X SICHO M3 KOHTEKCTa, OyZeM MucaTh Kopode:
{x35 S}

Mpumep 1. Muoxectso { x 0 R; x* — 3x+2<0} paBnsiercs uHTep-
Bany (1;2).

n.6. Baxueiinme orepanru ¢ MHOKECTBAMU — 06’I>GILI/IHGHI/IG, nepe-
CCUCHUC, Pa3HOCTDb, JOIMOJTHCHHEC.

Ob6vedunenue nByx MHOXecTB X u Y o6osHauaetcs X UY u

COCTOUT TOYHO M3 TCX DJICMCHTOB, Ka)K,HLIﬁ N3 KOTOPBIX MPUHAMJICIKUT XOTHA
OBl OOHOMY M3 3TUX MHOKCCTB!

XUY = {x;x0X wau xO7Y}. 2)

Ilepeceuenue nByx MHOXECTB X Y - 3TO
XNY :={x0X u xOY}. 3)
(OOpatuTe BHHMaHHE, YTO B MOCIETHEM CIy4ae OIPEACICHUE HOBOTO

MOHATUS JaHO TOJILKO (opMyioi, 0Oe3 MNperBapUTEILHOTO CIOBECHOIO
nosicieHust. [IpuBBIKaiiTe K TAKOMY CIIOCO0Y pa3roBopa.)

Pasnocms MHOkecTB X B Y — 9TO MHOXKECTBO

X1y := {x;x0x,x0v}. )
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Ecnu, B uactHOocTH, ¥ [1.X, To MHOXKecTBO XY Ha3bIBAIOT dononnenuem
K MHOXXeCTBY Y B MHOXkecTBe X W 0003HA4arOT CyY , a ecnu X sCHO w3
KOHTEKCTa, TO Kopode: €Y. [ToHATHS 3TOTO IMyHKTa MPOMJLUTFOCTPUPOBAHBI Ha
pucynke 02.1.

g "~y
X r xXr Xr X
Xy XNY Xi¥ ey ¥
o ¥
Puec. 02.1

IMpumep 2. R1 Q =cgrQ = €Q —3T0 MHOKECTBO BCEX UPPAYUOHATLHBIX
yucesn (M3 MHOXECTBA [EWCTBHUTENIBHBIX YHCENl HYKHO BBIOPOCHTH BCE
paroHaJbHbIE).

Ecnu Ttpebyercst B3siTh OObEAMHEHHE WM MEPECEUYCHHE HE JBYX, a
GOJIBIIIETO YKCIa MHOXECTB X, TJe UHJAEKC 0 mpoberaetT MHOXECTBO A, TO
npuberaroT K 0003HAYCHUSIM

UX, := {x;000A x0X,},
alA
X, := {x;000A x0OX,}.
alA

B uactHoctH, ecniu A = N | mpUMEHSIOTCS Takue BapUaHThl 000-

3HAYCHUI:

00 0o

Ux, . N,

jAl j=l
Yupaxknenue 1. Bo3M0OXHO 11, 4TO

XyUr=xnNy 2 Q)

Pemenue. Jla, Bo3moxno. Hanpumep, Tak Oyner Bcerga, korna X = Y.
Jokaxem (xors ynpaxHeHue 1 atoro He Tpebyer), uto ycioBue X = Y He
TOJBKO JOCTaTOYHO, HO M HeoOxXoaumo Juid  crpaBeaiauBoctd  (5).
JoxazarenbcTBO mpoBeneM oOT mpotuBHOro. Ecnmu X # 7Y, 1O Halipercs
3JIEMEHT, MPUHAUIC)KAIINH OTHOMY M3 3TUX MHOXECTB U HE MPHHAATICKALINN
apyromy. Torna oH BXOOUT B 00bEANHENE 3TUX MHOXKECTB, HO HE BXOAUT B UX
nepeceueHue, T.e. JeBas U npasas 9acT B Gopmyse (5) He paBHEIL.
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Yupaxnenue 2. (IIpaBuia Moprana.) [lycte 4 1 B - nBa noaMHo-
kecTBa MHOXxecTBa X. JloKaxkuTe paBeHCTBa:
c(AUB) = eANeB, ¢(ANB) = cAUcB. (6)

n.7. IIpsamoe npousgedenue X XY wmHOxecTB X u Y. Tak Ha3pIBaeTCs
MHOXECTBO, JJIEMEHTaMH KOTOPOTO  SABISIOTCS «napv»  (x, y), T.e.

3allUCaHHBIC B OINPEICIICHHOM IMOPSAAKES TaKHE 3JICMEHTHI: Ha MEPBOM MECTE
anemeHT x[JX, a Ha BTopom y[]Y. IHBIMU ClIOBaMH,
XxY = {(xy);x0X, yOY}.

Mpumep 3. MuoxectBo R X R MOXHO T€OMETPUYECKH MPE-
CTaBHUTh KaK IUIOCKOCTh, CUMTAsl YUCNIA X, ) JCKAPTOBBIMH KOOPIHMHATAMH
TOYKH Ha IIOCKOCTH.

Yupaxkuenue 3. [IpencTaBpTe T€OMETPUYCCKH CICIYIOIIUEC YCTHIPE
MHOXECTBA!

[1;2] % [3;4], (1;2) x[3;4], [0;1] x[0;00), {5} x[3;4].

1.8. MHOXeECTBO, 3JIEMEHTaMH KOTOPOTO SBIISIOTCS BCE TOJMHOYKECTBA
JTAHHOTO MHOKecTBa X , Oynmem obo3Havats P(X), T.e.

PX) := {4; AUX}.

IIpumep 4. Ecmu X = {a, b, ¢}, (T.e. X COCTOHT U3 TPEX ICMCH-
T0B @, b, ¢ ), T0 MHOKecTBO P(X) coctonT m3 2° =8 s1eMeHTOB:
9, {a}, (b}, {c}, {a,b}, {a,c}, {bc}, {ab,c}.
Boo0iie, eciu B MHOKecTBE X KOHEUHOE YHUCIIO DIIEMEHTOB, PABHOE 7,
TO KOJIMYECTBO 3JIEMEHTOB B MHOXkecTBe P(X) pasusiercs 2" . [osTomy yacto
JUIsL  JIIOOBIX MHOXECTB, B TOM 4YHCIe W OeCKOHEe4YHbIX, BMmecTOo P(X)
IpUMeHsIeTCs 0003HadeHne 2 .

n.9. Ilpu jgoka3arenbCTBE HEKOTOPBIX TEOPEM IOJI€3HA eIle OJHA
npoleaypa TOCTPOCHUS MHOMXECTBA, KOTOpash pErjaMEHTHUPYETCS —Tak
Ha3bIBAEMOW akcuomoll evlbopa : 1l Mo0oro ceMmeicTBa MHOXKECTB { X, },
rae olJA , MOXXHO COCTaBHTh HOBO€ MHOXKECTBO Y , cojepiKaliee TOYHO TI0
OJTHOMY 2JIEMEHTY U3 KaXI0T0 MHOXeCTBa X, .

B 3axirouenue maparpaga — HemHoro ucropun. Korna B xonre XIX
Beka HeMmenkui matematuk ['eopr KanTop mokasan, 4To B €JUHBIX TEPMHUHAX
TEOpPUH MHOKECTB MOYKHO M3JIaraTh Camble Pa3JIMYHBIC pa3[ellbl MaTeMaTHKH,
3TO OBUIO BOCIPHHATO MHOTHMH YyYEHBIMH C DJHTY3Ma3MOM, TaK Kak
MOTICPKUBATIO EAMHCTBO MATEMaTHKH WM CO3IaBaloO psAx yAoOCTB I ee
Pa3BUTHA U €€ U3JI0KECHUS.

DTOT SHTY3Ma3M HECKOJIEKO ITOOCTBUI, Korja B Hadaie XX Beka
anTnuiickuii ¢mwrocod um marematnk bepTpan Paccenm ¢ momomnipio o4YeHB
MPOCTBIX PACCYXICHUN B TEPMUHAX TEOPHH MHOXECTB CyMeEIN MOJYYHTH JBa
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MPOTHBOpPEYANNX APYr APYTY pe3yibrata (YTO, KOHEYHO, HEIOMYCTHUMO B
mo0oi pazymHo# Teopun). OHH, MpaBaa. OBUTH TIOTYUYEHBI C UCIOJIE30BAHUEM
OYCHb YX HEOOBATHBIX (M HE HYKHBIX ISl TPAKTUKH) MHOXKECTB, Kak,
HampuMep, «MHOKECTBO BceX () MHOKECTBY.

Hayanuce nmoucku BbIXxoAa U3 3TOW MUKAaHTHOM cuTyalud. OHU BEIUCH
MO0 JBYM HAINPABJICHUSIM — BOOOIIC OTKA3aThCS OT TEOPUU MHOKECTB KakK
Oasuca Juis Bcell MaTEeMaTHUKU HITH OTKOPPEKTUPOBATE 3Ty Teoputo. [lociennee
0Ka3aJloch BO3MOXHBIM, €CJIM C TIOMOIIBI0 HEKOTOPOH aKCHOMATHKH
3alPETUTh HCIIOJIB30BAHKNE «CIUIIKOM OOJBIIMX» MHOXECTB. biaromaps
TOMY TEOpHUsS MHOXECTB CyMela COXPAaHHTh B MAaTeMaTHKE COJHUIHBIE
nmo3uiuu. «HUKTO HEe MOXKeT W3rHaTh HAac W3 pas, CO3JMaHHOTO MJIs Hac
Kantopom» - ckazan B 1930 roay Benukuii Mmarematuk dasum ['mimb0epTy.

He Oymem mokumath 3TOoro pas W MbI. YTO >ke Kacaercs 3amaca
WCTIONIb3YEMBIX MHOXECTB, TO HaM OyIeT IOCTaTOYHO  TeX, KOTOpbIE
MEPEUNCIICHBl B 1.2 W TeX, KOTOpPHhIE MOTYT OBITh W3 HHUX IIOJYYCHBI C
TTOMOIIBIO OTIepaIiii, OMMCAHHBIX B M. 5 — 9.

§ 03. OToGpaxeHusn

CJ'IC,ZIy}OH_[I/IM MOCJIe MHOXKECTBA Ba)KHECHIITUM ITOHATHEM MAaTEMAaTHKH
SABJISICTCA IIOHATUC 0m06pa9fceHuﬂ - 0606HIGHI/I€ MPUBBIYHOT'O CHIC M3 HIKOJIbL
HOHATUSA (byHKIII/II/I. He PUCKYd BIOACTb B CHUJIBHOC MNPCYBCINYCHUC, MOXKHO
CKa3aTb, YTO BCA MAaTEMaTHUKa U €€ IMPHUIIOKCHUA 3aHUMAIOTCA HU3Y4YCHUCM U
IIPUMEHCHUEM 3TOT'O ITIOHATHA.

Onpenenenue 1 (Omobpasicenue). IlycTh maHbl nBa JFOOBIE MHO-
xkectBa X u YV (omuHakoBble wiM pasimyHbie). [lycTh, ganee, HEKOTOPHIM
crocoboM (0003HaUMM A3TOT crocod OykBod f ) Kakmomy siemeHTy x[X
MOCTAaBJICH B COOTBETCTBHE ompeneneHHbd 3mement yUY. Torma Oymem
TOBOPHTH, YTO Ha MHOXECTBE X 3allaHo omobpadicerue f €O 3HAYCHUSIMU B
MHOXecTBe Y. Ilpm atoM X  Ha3BIBAIOT UCXOOHBIM MHOMCECBOM OTO-
Opakenust f (mpyrue TEpMHUHBI Ut X : obiacms onpedeienus, MHONCECMBO
onpeoenienusl, MHOJCeCmEo omnpagieHus omoopaxcenusi f); Y - xoneunoe
MHOJIcecmeo  oToOpaxeHus [ (WM o0bracmv  3HAYEHUU, MHONICECMBO
npubvimusi orodopakeHus f ).
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Otmeuy, 9TO 37€Cb W B JaNbHEHIIEM s Hepeako Oyay HpHUBOIUTH
pa3iUYHbIe BapHaHTHl TEPMHUHOB, TaK KaK B Ppa3HBIX KHHATAX BBl MOJXETE
BCTPETHUTHCSA C KAKIBIM U3 STHX BapHAHTOB.

Hamee, x 0O X HA3bIBACTCS  He3d6UCUMOU nepemeHHou (WIn
apeymenmom) OTOOpakeHUs [, KOKABIH (PUKCUPOBAHHBINA JIIEMEHT (TOYKa) X
HA3bIBACTCS 3HAYEHUeM HE3ABUCHMON MEePEeMEHHOU, COOTBETCTBYIONIHHA eMy
anemeHT y[1Y Ha3pIBaeTCs 3HaueHueM OTOOpakeHUs f B TOUKE X , WIH
0b6pa3zom TOYKU X TIPH OTOOpaskeHUH [, OH o003Ha4aercs f(x).

IIpu 3ToM X Ha3BIBAIOT NPOOOPA30M TOUYKH )y . 3HAUCHHUEC X HeE3a-
BUCUMOH TEPEMEHHOW COBMECTHO C €ro o0pa3oM y TpH OTOOpakeHHH f
MOJKET OBITh 3aIUCAHO TaK:

fixy.

Jlnis o6o3HaueHUs OoTOOpakeHHUs [ HW €ro 3Ha4eHWH MBI OyIem
MPUMEHSTH TAKUC BAPUAHTHI 3aITUCH:

fX—> Y,

xod v,
y=fx @X-",
X f(x) X-70.
3ameuanne 1. B pa3nmuuHbIX 00JacTAX MAaTEMAaTUKU YaCTHBIC CIIydau
OTOOpaKEHUI HA3BIBAIOTCS Pa3HOOOPA3HHIMA CHHOHUMAMU: HOCAEO08AMeENb-
Hocmb, (yurkyus, onepamop, yukyuonan, ¢gopma u 1.1. HekoTopbie aBTOpbHI
UCTIOJNIb3YIOT CJIOBO (YYHKYUsI KAK TOUHBIA CHHOHUM HAILIETO «OMOOPANCEHUSD.
Mpl ycIIOBUMCSI B AajIbHEHIIIEM UCTIONb30BaTh TEPMHUH (DYHKYUsL TOJIBKO B TOM
citydae, Korja 001acTh 3HAUCHUH Y SIBJIICTCS OJHUM U3 YUCIIOBBIX MHOXKECTB —
HE3aBUCHMO OT TOTO, YTO MPEICTABIACT OO0 X .
HMpumep 1. llycte X=R, Y=R, y =f(x) = sin x. Torna MOKHO
HCIIOJIb30BaTh TaKUE 00O3HAYCHUS:

sin:R- R, ROM R,
sin:EHl, E\Dﬁ l, sinE=l.
6 2 6

Omnpenenenne 2 (O0mee mnoustne ecpaguxa). [paguxom  T(f)
orobpaxenuss f : X - Y Ha3pIBaeTCs MOJAMHOXKECTBO MHOXeCTBa XXY,
cocrosmiee u3 nap suaa (x, f(x)), T.e.

L(f) = ) DXXY;5 y =75
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3ameuyanne 2. OuyeBHIHO, YaCTHBIM CllydaeM OOIIEro IOHSTHS Tpa-
(uKa sBISETCS MIKOJBHOE MOHATHE C TEM jke Ha3BaHuMeM. Hampumep, rpaduk
cunyca ['(sin) 0 R x R w3 npumepa | uMeeT XOpOLIO W3BECTHBIA BHUI,
n3o00paxxeHHbIi Ha puc 03.1.:

¥
—Zﬂ/—\—ﬂt UT/-\R Iny,
g N N °

FPue 03,1

Omnpenenenne 3 (Ob6paz mHOxecTBa). IlycTh 3amaHO oTOOpakeHHe
f:X - Y nnogmuaoxectBo A [1X. Obpazom MHOXKeCTBa A TIpH OTOOpaxke-

HUU f HaszpBaeTcs MHOXeCTBO f4) := {y0OY;0Ox0A4 y=f(x)}.
Mpumep 2. Ecmu fix) = X’ (R- R), 4 = [-1;2],10 fid) = [ 0; 4].
mT 11
In ep 3. si -———=1)=[-==].
pumep 3. sin ([ 5 6]) [ 22]

3ameuanne 3. BospMeMm B omperneneHnH 3 B KadyecTBE MHOXKECTBa A
Bc€ X. MuoxectBo f( X) (uMeHHO ero, a He BC€ Y ) eCTECTBEHHO HA3bIBAaTh
MHOdIcecmeom 3navenuil otobpaxenus f. Hanpumep, sin (R) = [-1; 1].

Onpenenenue 4. (Ilonnvii npoobpas) . llycte B O Y . Hoaneim npo-

obpaszom MHOXeCTBa B mipu oToOpaskeHNH f: X — Y Ha3pIBaeTcs CIeAyIomee
-1

MOJMHOXECTBO MHOXeECTBa X : f B :={x0X; fxOB}.

IMpumep 4. s_zln (E—%%E) = U E—%+nn;%+nn§.
nZ

-1
Vnpaxuenne 1. sin ([0;1]) = ?

VYupaxkuaenne 2. [Tycts /- X - Y, AUX B :=f4A4).
-1
a) doxaxwure, uto Bcerna f (B) O 4.
-1
6) TlpuBenute mpumep, korma f (B) # A . CyllecTBOBaHUE TaKHUX
MPUMEPOB OOBSICHSET, TOYEMYy B OINpeAelieHUH 4 WCIONb3yeTCs CIOBO
«NOaHBLIUY - OBIBAIOT U «HETIOJIHBIE» TIPO0Opa3kl !
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Onpenenenue 5 (Cyocenue). Cyocenuem otobpaxernus f: X » Y Ha
noaMHOokecTBO A [ X Ha3wiBaeTcst otroOpaxkenue f |, : A —» Y, nedicTByromiee
0 TIPEKHEMY 3aKOHY:

Ux04 fla:x = fx)

WupiMU clTOBaMH, IPOU3BOIUTCS YMCHBIICHHE MCXOJIHOTO MHOXKECTBA
X no OGonee y3koro MHOkecTBa A . IIpy 3TOM MOXHO TaKkKe yMEHBIIHTh
MHOXXECTBO Y 10 MeHbIero MHOkectBa B [ Y, takoro uro f{4) I B . Takoe
cyxenue Oynem obosHauats f| 4 p.

Ipumep 5. Ecnu B34Th CyXKeHUE - -~
otobpakeHus sin : R — R Ha MHOXeCTBO

PR
H2 2H _
U MHOX>XKECTBO u
B=[-1;1],

k)=

= (r2]E

T.€. OTOOpayKeHue
dm mgd
Sinlq p: —,—m- [-1;1],
“* H2af L )

TO ero rpaduk OymeT Tako#, Kak Imokasa-
HO Ha pucyHke 03.2.: Pue. 03.2

Omnpenenenne 6 (Komnosuyus). Ilycte f: XY , g : Y- 7.
ITocTpoum orobpaxenue 7 : X — Z no popmyie

h(x) = g(flx)) .

OtoOpaxxeHue /i Ha3bIBACTCS KOMnozuyueld OTOOpakeHW#l f, g n
o0o3Hauaercss go f (MMEHHO B TAKOM IIOPSIKE: CIpaBa HAJIEBO - TAKOH MOPSI-
JIOK CJIOKHIICS MCTOPUYECKH; BIIPOYEM, HEKOTOPbIE aBTOPHI MEHSIOT 3TOT
MOPSIOK M TUIIYT fo g ). UHBIMU cTTOBaMU, KOMIO3HIUSA g o f 0TOOpakeHU# f
U g - 9TO MOCJE0BATEIbHOE BBHIIIOJIHEHUE JBYX OTOOpaXKCHUI — cHavyanma f;
a 3areMm g.

Ipumep 6. IIycte f:[0; 1] - [0;2], fx)=2-x%,
g:[0;2] - R, g0 =y

Torna h=gof: [0;1] - R, h(x) = V2-x*.

Onpenenenne 7  (Toocoecmsennoe  omobpasicenue).  Otobpa-
xenue f: X — X, ocraBisioniee Kaxapii ameMeHT x[1X Ha mecre, T.e. Takoe,
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mpu kotopom [ x X Ax) =x, obo3nawaercs ¥ "
. N
idy ¥ Ha3bIBACTCS MONCOECMBEHHbIM OTOOpaXKe-

HHEM MHOXecTBa X Ha cels: T

idX:X—>X, idX:xI—>x, idX(x):x.

Mpumep 7. Eciu X = R, 10 idy umeer
XOPOIIIO U3BECTHBIN Tpaduk — pucyHok 03.3 :

H'Ir

3ameuanme 4. Ilycte b O Y — duxcu-
poBaHHBIH dnemMeHT W3 Y . OrtoOpaxeHwue
fix—>b , TnpuHUMaANONIEE OAHO HU TO IKE Puc 03.2
3HaUYCHWE TIPH  BCEX x X , wMB
He OyneM Ha3bIBaTh TOXKIECTBEHHBIM OTOOpa-
KEHUEM,Ha3BaHUE [T HETO — HOCMOSIHHOE OMObpadicenue, W KOHCMAanmd.

Omnpenenenue 8 (cropvexkyus , UHbeKyus , OUeKyus).
a) Orobpaxenue f : X — Y HaspBaercs cropvekmuguvim  (WIH

cropveryuel ) , ecnma f(X) = Y, UHBIMU CIIOBaMU, €CIIH KXl aneMeHT yY
MMeeT XOTsI ObI OMH MPO0Opa3 B MHOKECTBE X , T.€. €CITH

yOY xOX f(x)=y

6) OtobOpaxenue f: X — Y HazpiBaeTcs unvekmusHviM (UHbeKyuell),
€CJIM OHO «HE CKJICUBAET TOUCK), T.C. CCIIH

Ox,x0X (xiZ2x 0 f(x)# f(x2))

B) Orobpaxenue f : X — Y HaspiBaeTcs Ouexmugnvim (Ouexyueir),
€CJIM OHO OJHOBPEMEHHO CIOPBEKTHBHO M MHBEKTHBHO, T.€. €CIIH

OyO0Y OxO0X f(x)=y. D

3ameuanue 5. B03MOXXHBI Ipyrue, paBHOCUJIBHBIE ONPENEICHUS 3TUX
TpeX CBOMCTB OTOOpaKeHU:

a) f CIOpBEKTHBHO, €CIH KaXablii y[1Y WMeeT mpu 3TOM OTOOpaKeHUH
HEe MeHee OJHOTO Ipoobpa3a (1o KpaiftHel Mepe OJ1H Mpoodpas),

0) f WMHBEKTHBHO, eclu KaxAbld y[1Y MMeeT mpu 3TOM OTOOpaKEHUH
He 6osiee oHOTO TIpooOpa3sa,

B) f OMEKTHUBHO, eClM KaXIblii y[1Y MMeeT TOYHO OJMH MPooopas.

IMpumep 7. Ortobpaxenue y = arctg x (R — R) WHBEKTHBHO — IpH

g :
yOO-—,;—0 umMeercst eTMHCTBEHHBIN Mpoo0pa3 X = g y , IPU OCTAIBHBIX
d
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y0 R mpoobpa3oB HET (BCIIOMHHUTE OMPEACICHUE apKTAaHICHCA); TEM CaMbIM
3TO 0TOOpaKCHHE HE CIOPHEKTUBHO (2 3HAYHT, HE OMEKTUBHO).

Npumep 8. Orobpaxkenne mo opmyre y = x ( R - R)
CIOPBEKTUBHO U HHBEKTUBHO (T.€. OHEKTHBHO) , TaK Kak Kaxapii y 0 R umeer
POBHO OJIMH TPOOOpa3 x = %/; .

MNpumep 9. Orobpaxenne mo dopmyre f (x) =x* (R~ R) wme
SIBJISIETCSL HU CIOPBEKTHBHBIM, HU UHBEKTHBHBIM ( mipoBepbte ! ). Eciu B3sITH
Y=[0740)=:R", 0 orobpaxenue f(x) =x* (R - R") cranoBurcs
CIOPBEKTUBHBIM (MBI yOpamu U3 MHOXECTBa TIPUOBITHS OTOOpaKEHUS
«HEHYXHBIE» JJIeMeHTHI). Ho OHO, Kak M paHblie, He HHBCKTHBHO. Ecmu ke
Cy3HTh 310 oToOpaxkerne 10 R™ — R™, To 0HO CTaHOBUTCS GMEKTHBHBIM.

Ipumep 10. OroOpaxenue sin : E—g%ga [—1;1] OUEKTUBHO

(MMEHHO TIpU TaKUX MHOXKECTBaxX OTIPAaBIECHUS W MPHOBITHs). IMEHHO 3TOT
rpaduk u3o0pakeH Ha pucyHke 03.2.

3ameuyanue 6. B nurepaType BCTpeuaroTCs HHBIE TEPMHHBI ISt
0003HaYCHHS ONUCHIBAEMBIX CBOMCTB:

a) f CIOPBEKTHBHO <« : [ sBIsieTCsl omobpadicenuem X Ha Y (obpa-
TUTE BHUMaHHE Ha MPEJIOT «HA ),

0) f WHBEKTHBHO <« : f SBISETCA 63AUMHOOOHOZHAYHBIM OMO-
opasicenuem X ¢ Y (31eCh — MPEIIOT «BY),

B) f  OHWEKTHBHO =  f SBIAETCA 83AUMHOOOHOZHAUHBIM OMO-
opasicenuem X na Y.

Yupaxkuenue 3. YcTaHOBHTE, KAKMMHU M3 CBOWCTB a), 0), B) oOiagaer
KaXJI0€ U3 CICAYIONINX OTOOPaKCHUH :

y=x' (R -R), y=x (R =R,
T Om md
=t -—— - R , =Si -, _’R:
y=igx (( 5 2) ) y =sinx (H_Z >H )
y:\/; (R" - R"), y=x-x (R-R).

Yupaskaenne 4. B Tex ciygasx u3 ynpakHeHHs 3, KOTZia 0TOOpaxeHne
HE SBIISICTCS OMEKTUBHBIM, IIOCTPOWUTE €0 OMEKTUBHOE CYXKCHUE.
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Omnpenenenne 9, nocnenHee B 3toM naparpade (Oopamuoe omoopadicerue).
IMycts f: X - Y - OuextuBHOE oTOOpakeHue. Kak BugHo u3 dopmynsr (1),
mo kKaxxaoMy y []Y OJHO3HaYHO BOCCTaHABIMBAETCS €ro mpoobpas x . Jrta
ornepanys — BOCCTaHOBJIEHHE IpooOpas3a Mo ero obpasy - W Ha3bIBaeTcs
otobpaxxeHueM, oopamuvim K f, oHa odo3Havaercss [ . Takum oOpasom, f
SIBJISIETCSI OTOOpaXkeHHueM u3 Y B X, IpHu 5TOM

yf—)x - X y.

3ameuyanune 7. Bbl 3amerwiy, 4To BEpXHUH HMHIEKC B 0003HAUYECHHU
obpaTHoro oToOpakeHHs (Kak M B O0O3HAaUYCHWH TIOJHOTO TipoobOpasa B
orpeziesieHuH 4) HalKcaH TOYHO HaJl CUMBOJIOM OTOOpakeHHs, 0e3 CMEIeHHs
€ro HampaBoO, YTOOBI HE CMEIIMBATH €r0 C CHMBOJOM OOpaTHOW BENTHYHHBI
gucna (cm. § 04). S moHMMAaro, YTO 3pUTENBFHO 3Ta pa3HUIA TPYAHO
pa3nuauMa, HO HaJIeloCh, YTO M3 KOHTEKCTa BCETAA M TaK OyJeT SCHO, |TO

HUMECTCA B BUAY.

Ipumep 11. OroOpaxenue arcsin : [—1;1] - E—g%% SABJIETCS

00paTHBIM K OMEKTUBHOMY OTOOPaKCHHIO

Sin E—g%g—» [—1;1],

ero rpaduk n3odpaxen Ha puc. 03.4.

k3=
-

Ynpaxknenue 5. 3Hakomo s Bam
oToOpaxkeHHe, 00paTHOE K TAKOMY:

i (RTSRY)?

Kak ero 066140 0003Ha4aroT?

Yupaxnenune 6. Jlokaxure, YTO
UL TI000TO0 OUEKTUBHOTO OTOOpaKeHUS
f:X - Y cnpaBemuBHI paBeHCTBA

-}l‘of:id,\/ fo‘}l‘:l'dy PHC- ﬂ.;.-if
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§ 04. MHoxecTBO R

Kak yxe Obuto ckazaHo B § 02, MHOXKECTBO BCEX JCUCTBHUTEIBHBIX
gucen obo3HadaeTcss OykBoii R . HapaBHe ¢ TepMHHOM OelicmeumenvHule
YHCia YIOTPEOISACTCS TAKKE TEPMUH BeujecmaeeHHble YUCTA.

[ToHsiTHe NEHCTBUTENBHOTO YKCA Mbl, KOHEYHO, CYUTAEM H3BECTHBIM.
Hanmomaum  Bc€ e  HEKOTOPHIM  KOMIUIEKC  OCHOBHBIX  CBOMCTB
JNEHCTBUTENBHBIX dHcell. B KoHme maparpada cTaHeT $ICHO, MOYEeMY MBI
TOBOPUM 37€Ch UIMEHHO 00 3THX CBOMCTBAX.

CBoiicTBa, OTHOCSIINECS] K ONMePANUHU cI0xKeHus. lIx o0o3HaueHme
Oyner HaumHATBCs ¢ OykBbl A (aHrnmiickoe addition - croocenue). Jns
KPaTKOCTH 3allCH MBI He OyleM KaXIbli pa3 yKasblBaTb, YTO MPUBOANMOE
CBOMCTBO BEPHO JJIsl BCEX BELIECTBEHHBIX YKCEI, 0003HAUYAEMBIX X, V, Z.

Al. x+y =y+x (kommymamusHoCmb CIOXKECHUS),
A2. (xty) +z=x+ (y+2) (accoyuamuenocms CIOKCHHS),
A3. 00OR OxUOR x+ 0 =x (cymecTBOBaHHE HYJICBOTO 3JIEMCHTA),

A4. OxOR OyOR x+y=0 (cyuecTBoBaHHE MPOTHBOMOJIOXK-
HOTO DIIEMEHTA, €0 0003HAYAT ( -X ) ).

3ameuanne 1. HamomHiO oaHO Tmoje3HOe oOo3HaueHue. Eciou
TpeOyeTcsl 3amucaTh CYMMY OOJBIIOTO YHCIA CJaraeMbIX, MOJb3YIOTCS
CIENUATLHEIM CHMBOJIOM % , TIPOMCXOJSIIUM OT IPEUYECKOM OYKBBI «CHTMA ».
Hanpuwmep,

20
XO+ X1+Xz+ X3+ ...+X20 = Z)C
J=0

CBoiicTBa, OTHOCSIIIIHECS K ONepanui yMHOkeHHs. O003HaUCHNUS - C
oyksoit M (multiplication - ymnoocenue )
M1. xy =yx (KommymamugHocms YMHOXXEHHS),

M2. (xy)z =x(yz) (accoyuamusrnocms yMHOKECHHS),

M3. 01 #0 OxOR  x'1 =x (cymecTBOBaHHE €IUHMIIBI),
M4. Ox# 0 OyOR xy =1 (cymecTBoBanue yrcia, 00OpaTHOTO K X,

1 1
o0o3HavaeTcs — WIH X ).
X
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CBoiicTBO, CBSI3bIBaIOIIEE CI0KEHHE H YMHOXKEHHe.

AM1. (x+y)z =xz +yz  (Qucmpubymuenocmsv CIOXESHUS OTHOCH-
TEJIHHO YMHOXKCHHUS).

VYupaxkaenune 1. Vcrnons3ys TONBKO CHOPMYIHPOBAaHHBIE K 3TOMY
MOMEHTY 9 CBOHCTB (Tak, Kak OyJATO HUYET0, KpOME HHX, O JCHCTBHUTEIHHBIX
YHCcIaX BB HE 3HAETE), TOKAXKUTE, UTO

(cty)’ =% + 2xp + )7,

EcTecTBEeHHO, 371€Ch MCMOIb30BaHBl 0003HAYCHHS X’ : = xx, 2:=1+1.

3adukcupyiiTe, Kakue KIMEHHO CBOWCTBA BBI HCITOJIB30BAIIH.

3ameuanmne 2. Tonpko 4TO mosrydeHHas GpoOpMyIa, KOHEYHO, H3BECTHA
BaM W3 MIKOJBI. YTIpaXHEHHEM | s TONBKO XOTeJN IMOKa3aTh, Kak Mayo, B
CYITHOCTH, HY>KHO 3HATh O YHCJaX, YTOOBI BEIBOAUTH MOAOOHEIE (opMyisl. K
COKaJICHUIO, B MIKOJAX HE U3ydaeTcs 00O0OIIeHUE STOH (hOPMYJIBI, H3BECTHOE
Kak 6urom Hviomona. TlpuBeny ee: mpu Jr000M HaTypalbHOM IOKa3aTelie
CTCTICHU 7 W JIIOOBIX YHCIAX X, )y CHPaBEIJIUBO PABCHCTBO

(x+p)" - ZE:EXW (1)
j:

rae E;E— TaK Ha3bIBa€Mble OUHOMUATbHBIE KOIPDDuYuenmbl, KOTOPble MOXKHO

BBIYUCIUTH 110 (hopMyIie

n!
i jdn—jb
Bompoc musi oraprxa. OIUMH TEpCOHAX COBETCKOM KIACCHYECKOM
JTUTEPaTyphl Mpou3HOCUT ciioBa: «Ilogymaents, 6uaom HeroTona!». Kto 310?

Kak BbI nymaere, kakoe OTHOIICHHE K 3TOH (popMyre XOTell OH BHIPa3HUTh?
[Tpenebpexenne? YBaxenue?

CBoiicTBa, OTHOCAIMeCS] K cpaBHeHHI0 4ucen. OOo3HaueHHsI — C
oyksoii C ( comparison — cpagnenue).

Cl. x<x,

C2. x<y wau y<x (T.c. moObIC IBa NCHCTBUTECIHHBIX YHCIIa MOXKHO
CPaBHUTH 110 BEJIMYUHE),

C3. (x<y u y<x) U x v,

C4. (x<y u y<z) O x £ z.

CBoiicTBa, CBS3bIBAIONINE CJIOKEHHE M YMHO)KEHHE C omepauueii
cpaBHeHHsI.

ACl. x<y d 0zOR x+z £ y+z,

MCL1. (x <y, z20) O xz < yz.
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3ameyanme 3. Ecnu npuHSATh CUMBON < 3a OCHOBHOIl 3HaK cpas-
HEHHA, OCTaJbHBIC 3HAKA CPAaBHEHHS MOTYT OBITH OIPEAEIICHBI Yepe3 Hero Mo
TakuM popmymam:

X2y 1o y<x, x<yie (xL pyxZy), x>y i=y<ux.

YnpaxHenue 2. He wucmome3yst Hukakoii wuHGpOpMamuum o

JEHCTBUTENBHBIX YHCIIaX, KpOME MOSBMBIICHCS € Hadaja 3TOro maparpada,
JTIOKQKUTE:

a x>0 < (-x)<0,
0) x <y < (0 2 (),
) 1 >0.

3ameuanue 4. IlepeuuciieHHble K 3TOMY MOMEHTY CBOMCTBa HE
OMpeJIeTISIIOT OJHO3HAYHO MHOXecTBO R . Hampumep, Bce 3TH CBOiiCTBa
CIpaBEe/TUBbI, €CIIM OIPAHUYUTHCS MHOXKECTBOM Q (HE HAMOMUHAIO CMBICIIA
obo3nauenuss Q, moutnute B § 02). OgHAako MOXHO J00aBUTH €Ile OJHO
CBOHCTBO MHOXecTBa R |, B pe3ynbraTe yero HTOroBas CUCTEMa CBOMCTB
CTaHEeT XApaKmepucmuyeckoi, T.e. HUKaKoe MHOXeCTBO, kpome R , aroit
CHUCTEME He YAOBIETBOPHUT (TIOApoOHEEe 00 3TOM CM. JaNbllle, B 3aMeYaHUH 6).
[Ipexne, wem chopMyaHpoBaTh 3TO TOCIEAHEE CBOMCTBO, BBEAEM JUIA
ya00CcTBa 071HO (HEOOIEenpuHITOe) 0003HAUCHHE.

Onpeneaenne 1. Ilycte A O R, B[O R, ¢ O R (ue 3abbuu 0
pasmuunu cumBosioB [ u [ 7). BBegem creayromue 0003HAYCHUS:

A<c = [xO04 x<c
c<B := [UOB c=<y
A<B := [xU4 Oy0OB x<y.

AHaNOTUYHBIA CMBICT OyaeT mnpuaaBatbes (GopMmynaam Cco 3HaKaMHu
2,<, > . (HeoObiyHOCTH 3THX 00O3HAYEHWH B TOM, HYTO IO CBOEMY
PAacIOI0KEHHIO Ha JIEHCTBUTEIbHOM OCH CPABHUBAIOTCS] HE TOJILKO OT/ICIIbHBIC
YKCIIa, HO U MTOJJMHOKeCcTBa U3 R'.)

CsoiictBo C5 ([lormmoma muoxectBa R ). Ilycts A, BOR, A% O,
B# ©@. Torma

04 0B (A<B O [OcOR A<c<B).

OO6pa3Ho ToBOps, dTO O3HauaeT cienyiomee: Ecim 4, B — nBa
HEIYCThIX TOJIMHOXECTBA Ha JEHUCTBUTENBHOW NpPsIMOM, U MHOXeCTBO B
HaXOIUTCS  TpaBee MHOXeCTBa A, TO  00sA3aTENBHO  CYHICCTBYET
JNEHCTBUTENFHOE YHCIO ¢, pa3felsdioliee STH MHOXKECTBa (HA JCHCTBU-
TENBHOW TPSAMOW HET  «IBIPOK», OTCIOJIa M CJIOBO «IONHOTa»). [Ipmmep
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B3aUMHOI'O PACIIONIOKCHUS MHOXKECTB 4, B ¥ TOYKHM ¢ , ONHCAHHBIA B
cBoiictBe C5, BB MOXeTe yBHACTh Ha pucyHke 04.1.

A c B
~he e

=

Puc. 04. 1

3ameuanne 5. MoXHO mOKa3aTh, 4TO MHOXecTBO Q He obmamaer
ceoiicteom CS . Hampumep, myctsb
4= {x0Q;x*<2},
B={x0Q; ¥*>2,x>0}.

3meck 4 < B, HO HE CYIIECTBYET PAallHOHAJIBHOIO YHCIIA, pa3aelis-

OIIETO 3TH MHOKECTBA (BCIIOMHUTE, YTO V2 - HppaMOHATIHHOE YUCIIO).

3ameuanne 6. MOXHO J0Ka3aTh, YTO MOJHBEIM HaOop m3 16 CBOHCTB
Al1-A4, M1-M4, AM1, C1-C4, AC1. MC1, C5 0JIHO3HaYHO OMpeAeIsieT
MHOKecTBO R . TouHee roBopsi, eciiu HailieTcss Apyroe MHOXeCTBO R ¢
TEMH K€ CBOMCTBAMH, TO OHO 00S3aTENBHO UzoMOppHO MHOKECTBY R, T.e.
cymiecTByer Takast ouekimst - R - R, uro ecnmu x— xi, y yy, TO

xty=>xty, Xy xy, XSy = x5y

ITosToMy, maske ecmm OBI MBI JO 3TOTO MOMEHTa HE 3HAJH, YTO TaKOE
«WMHOHCECMB0 OeliCMBUMEeNbHbIX Yiiceny, MBI MOTIIH OBl ceiidac cka3aTh — 3TO,
MO OmnpeaeeHHI0, TaKOE MHOXECTBO, B KOTOPOM BBEICHBI OIEpaluu
CIIOKEHUSI, YMHOXKEHUSI W CPaBHEHUS, YJOBJIECTBOPSAIONINE BCEM IEPEUUCIICH-
HbIM cBoicTBaM. [Ipu TakoM Mmoaxoae HaOOp ASTHUX CBOWCTB Ha3bIBAETCS
cucmemou akcuom (aKCUOMamuKol) MHOXKECTBA JCHCTBUTCIHHBIX YHCEI.

Bonpoc nisi pa3mbluiieHusi. 3BecCTHO, YTO COBpPEMEHHBIE KOM-
MBIOTEPHI PEIIAIOT CIOKHEHITNEe MaTeMaTHYeCKHe W IPHUKIAJHBIC 3agad,
MOJIB3YSICh MIPH STOM TOJBKO PAIlMOHAIFHBIMHU YHCIIaMH (1a U TO HE BceMH). B
TaKOM Ciydae, OBITh MOXET, 0ojiee CIIOKHOE IOHATHE HPPALHOHATLHOTO
gucna (B TEpeBOJE C JIATHHCKOTO CJIOBO «UPPAYUOHANbHBIL) O3HAYAET
«HaxXOISIIUIiCA 3a TpeneiIaMH pa3yMHOTO») BOOOINE HE 3acCiTy>)KHBAacT BHU-
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MaHHS MPHUKIATHUKOB — IYCTh €r0 U3Y4YaloT TIe-HUOY/b B a0CTPaKTHOM MaTe-
Matuke? OmgHaKo ToMymaiTe, ymOOHO JM C TPAKTHUYECKOH TOYKH 3PEHUS,
4YTOOBI JMArOHANIL KBaJpaTa CO CTOPOHOM 1 He MMerna JIMHBbI (BEPHUTECH K
3amedaHuio 5).

§ 05. BepXxHAA1 1 HUKHAA rpaHn

B sToMm u cnenyromeM maparpadax BBIBOASTCS TEPBBIC CICACTBHS U3
AKCMOMATHKHU JCWCTBUTCIBHBIX YHCEN. BaXXHYyI poJb NpH 3TOM HIpact
coiictBo C5 u3 § 04 — nonuora mHOX)ectBa R.

Onpenenaenue 1. Bymem roBoputs, uro Hemycroe muoxectso AR
02PAHUYEHO CepXy, ECIH

OcO R A<c.

[Ipu 5TOM ¢ Ha3BIBAETCS Madcopanmou sk MHOXKECTBA A, oyeHkou
céepxy Uil MHOXKECTBa A , MHOTJIa Ha3bIBAIOT @epXHell epanuyeti MHOXKecTBa A.
(EctecTBeHHO, Yy OrpaHHYEHHOTO CBEPXY MHOXECTBA HMEETCS MHOTO
Ma)KOpaHT.) AHAJOTUYHO, HO CO 3HAKOM = BMECTO < , OmNpeJeisieTCs
MOHSATUE MHOXECTBA, 02paHuyeHHo2o cHu3y. COOTBETCTBYIOLINE TEPMUHBI -
MUHOPAHMA, OYEHKA CHU3Y, HUJCHAS 2PaAHUYA.

Ipumep 1. [dns otpeska A = [0; 1] MaxkopaHTaMu SBISIOTCA
n .
yucna 2, 3, ?, 4 1,1 ¥ MHOrO APYrux, a UMEHHO — IIFOOOE AECHCTBUTENBLHOE

qucIio, OoJbliee Wiv paBHoe 1. MUHOpPAHTBI ATOTO OTpe3Ka — JIT00bIe JeHCTBH-
TENbHBIC YHCIIa, MEHBIINE WK paBHbE 0 .

VYnpaxuenne 1. Haiinute Bce MaXOpaHTbl M MUHOPAHTHI IS
uatepsana (0; 1) u s MHOXkecTBa ( 3;+00 ).

Omnpenenenue 2. Ilycte MHOXkecTBO 4  OrpaHMYEHO CBEPXY.
Hanmenbnias u3 MaXopaHT (€CJIM OHa CYIIECTBYET — 3TOTO MBI II0Ka HE 3HAEM)
HA3bIBACTCSl GepXHell epaHvbio MHOXecTBa A , oHa o0Oo3Haudaerca sup A
(cokpamieHre OT JIATUHCKOTO Supremum - HAWBBICIINKN). AHAJIOTHYHO,
HanOoJbpIIas U3 MUHOPAHT OIPaHMYCHHOTO CHH3Y MHOXECTBA A Ha3bIBaeTCS
HudiCHel 2panbio MHOXKecTBa A , o0o3HavaeTcst inf'A (infimum — HANHU3ILIHNN).

Ipumep 2. sup [0; 1] =1, inf [0;1] = 0 ;
sup (0;1) =1, inf (0;1) =0 .
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ITpumep 3. Bozsmem MHOKecTBa 4 1 B u3 3amedanns 04.5 (Hagerock,
BBI He 3a0bIIH, UTO 3Ta HyMepalus o3HadaeT «3amedanue 5 u3 § 04»).
Paccmotpum ux Kak noamuoskecta B R. Torma

supA = infB = \/E

CpoiictBo 1. U3 ompeneneHust BepxXHEW TpaHU JETKO BBITEKACT
CIIeyIOIee XapaKmepucmuieckoe CBOMCTBO BEpPXHEH I'paHH — oHa 00O03Ha-
4yeHa 37ech OyKBOH M :

0. OxO4 xX<M, 0

A=M - .
Sup B 0e>0 k04 x>M-¢

(3nech, kak 0OBIYHO, (PUTYpHBIE CKOOKH, O0BEIUHSIONINE ABA YCIOBUS,
03HAYAIOT JIOTHYECKOE «HU», T.€. OTHOBPEMEHHOE BBIITOJIHCHHE 3TUX YCIOBHIA).

Teopema 1 (CymecrtBoBanue BepxHed rpanu). Beskoe Hemycroe
OrpaHUYEHHOE CBEPXY MHOXECTBO A4 HMEET BEPXHIOIO TpaHb sup A W mpH-
TOM €JIMHCTBEHHYIO.

««« OO6o03HaYMM B COBOKYIMHOCTb BCEX Ma)KOPaHT MHOXecTBa A.
OueBnaHO, B — Hemmyctoe MHOXKecTBO U A < B. Ilo cBoiictBy C5 cymiecTByeT
pazzensmolee uX ASUCTBUTEIbHOE YUCIO ¢. SICHO, UTO ¢ - Ma)kOpaHTa U 4YTO
3TO HAMMEHBINAg U3 MaXOPAHT, T.€. 3TO M €CTh BEPXHSSA I'paHh MHOXKECTBA 4 .
Jiobas apyras W3 MakopaHT OymeT Oomiblle 4eM ¢ , a 3TO O3Ha4aeT

€MHCTBEHHOCTb BEpXHEU TpaHUu. MM

3ameuanne 1. AHaNOTHYHOE YTBEpXKAECHHE MOXHO C(HOPMYIHPOBATH
JUIS MHOXCECTB, OTPaHMYCHHBIX CHHM3Y M WX HWKHeEH rpanu. [IpemocraBum
YUTATENIO CAENATh 9TO CAMOCTOATEIBHO.

Omnpenenenne 3. B psge ciayyaeB ynoOHO paccMaTpUBaTh paciuupeH-

HOe MHOJCEeCm8o Oelicmeumenvhblx duces. Tak Ha3bIBalOT MHOXeCTBO R,
KOTOpOE ToJly4daeTcs, ecin K R NpUCOeIUHUTH Ba CUMBOJIA: -0 U +00,
T.C.

R := RU{—OO,+00}.

Apudmernueckux orepaluidi ¢ y4acTHEM  HOBBIX CHMBOJIOB MOKa
BBOJIUTh He OyJeM, a OTHOILICHHWE cpaBHeHHs BBemeMm. Craemaem 3T0 ¢
TTOMOTITBI0 (POPMYITBI

OxOR -0 < x < +o00,

T.e. OyJIeM CYMTaTh , 4TO JI0OOE AEHCTBUTEIHHOE YHCIO CTPOTO OOJIbIIe,
4eM —00 , HO CTPOrO MCHBIIE, YeM + 0o .
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Onpenenenue 4. Eciin mHOoxecTtBOo 4 [ R He OorpaHHYeHO CBEpXY,
OymeM cuuTath, uT0 Sup A = +00, a ecaM OHO HE OTPAHHUYCHO CHU3Y, TO
inf A = — oo, 3aMeTUM, YTO HIKHIOI ¥ BEPXHIOIO TPAHU ITyCTOTO MHOXECTBA
MBI HE OTIpe/IeIIsieM.

Yupaxnenue 2. JoKaxure, 4T0 s JI000T0 HEMYCTOTO MHOXKECTBA
A O R BemmonuseTcs HepaBeHCTBO infA < sup A .
MoXeT JI1 B 3TOM COOTHOIICHHUHU OBITH PAaBEHCTBO ?

Yupaxkuenue 3. Jlokaxure, uto uro sup N =+ oo .Eciu Bel 3a0bu1H,
gyto Takoe N, 3arasamte eme pa3 B § 02. (YroObl HE IOBTOPSTH B
YIPOKHEHUSIX KX Pa3 CIOBO «IOKAKUTE», YCIOBUMCS, YTO OHO HMEETCS
B By KaXKJIBI pa3, KOTJa TaM MPOCTO HaIMcaHa Kakas-miubo Gpopmyna).

Yupaxkuenue 4. Oe>0 ONON [On >N l<8.
n

Yupaxuenue 5. Ua>0 Ob>0 OnON na>b. Dro yrBepxne-
HUC HA3BIBAIOT NpuHyunom Apxumeoa :

Cxoib 06l MaJIBIM HU ObLT Bamr miar ¢ u xak Obl JyiMHeH HU ObLI Bam
nyte b , Bel mpeoponeere ero, eciam creliacTe B BEPHOM HAINpaBICHUH
JIOCTATOYHO OOJIBIIOE YHCIIO IIAroB 7 .

ONTUMUCTHYHBIA IPUHIINIL, HE TIpaB/a Jin ?

Yupaxkuenue 6. Ja >0 [0b>0 OnrON m-1)a £ b < na.

3ameuanmne 2. VI3 yripakHeHHS 6 JIETKO BHITEKAET, YTO
OxOR O nOZ n<x<n+tl.

Uucno n , ompenensemoe - -
n3 JTod  (QOpMyJBI, MOXHO ¥
0XapaKTepU30BaTh CIIOBaMH Iy
« HauboJIbIIIee IIeJI0e YUCIIO, HE 2
npesocxogsamee x ». Bro mase- | fTTT7 :—"':
BAaIOT YeJI0ll 4acmpvio 4yucia x W | I |
00BIYHO 0003HAYAIOT 32 1 0 | \ |
n=:EXwm n=:[x]. | | | 1 2 3 x
I'paduk pynxmum E(x) BB : : —11
MOJKET€ YBHAETh HA PHCYHKE | :_h:_ _1a
05.1. Crpenku Ha MpaBbIX ! !
KOHIIaX HApPHCOBAHHBIX OTPE3KOB — - - - {3
03HAYaAIOT, YTO OTH KOHIBI K
rpaduKy HE OTHOCATCS (B IIKOJIE ™ o’
3TOT (PaKT WHOTJA H300paxkaroT
Puc. 05, 1

IIYCTBIM KPYKKOM).
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IMpumep 4. £ (3,14) =3, E(-3,14)= —-4.
Yupaxuenue 7. Bepro nmu, uto Ox, yOR E(x +y) =E(x) + E(y) ?
Yuopaxuenne 8. a0 R [Ob>a [O¢UOQ a<g<b. (Mexny

JHOOBIMU IByMsI ISHCTBUTENBbHBIME YHCIAMUA MOKHO BCTaBHUTh PAI[HOHATIBHOE
9HUCIIO.)

§ 06. Tpu BaXHbIX neMmbl ana R

CpoiictBo CS5 — moNHOTa MHOXKECTBA AEHCTBUTENBHBIX YHCEN , KaK
y’K€ TOBOPHJIOCH, UTPAET B MAaTEMATHYECKOM aHAIIN3€ BECbMa CYIIECTBECHHYIO
posb. OJHaKO HEMOCPEICTBEHHO OHO MOSBIISCTCS HE 4acTo, HE3pUMO paboTas
C IOMOLIBI0 yXke Jnoka3aHHON Hamu Teopembl 5.1 o BepxHell rpaHu U ¢
MOMOUIBIO TEX TPEX JIEMM, KOTOpbIe OyIyT JIoKazaHbl B 3ToM maparpade. Hano
CKa3aTh, YTO CKPOMHOE UX HA3BaHUE - « JIEMMbl » - 3TO JaHb UCTOPUUECKOU
TPaaMLNK, O WX 3HAYCHUIO OHHU JOJDKHBI ObIIM OBl HOCHTH OOJiee BBHICOKHE
3BaHMS | «TEOPEMBI», «IPUHIUIBD MM YTO-HHUOYIb NOI00HOE.

Cuauaja — JBa onpeacjacHus.

Omnpenenenne 1 (Broowcennvie ompesxu). IlycTe s Kaxmoro
HATypaJbHOTO YKCcia 7 3a/laH OTPE30K

D,= [a,;b,], tnea,<b,.

Mgl OymeM TOBOPHTB, YTO OTH OTPE3KH OOPa3yIOT — B10JCEHHYVIO
cucmemy, eCiu

OnON Dn O Dn+l’ (1)
YTO PAaBHOCHJIIBHO CUCTEMEC HCPABCHCTB
OnON a, < a4 < b,y < b,.

Omnpenenenne 2 (Cmaeusaowascs cucmema ompe3kog). BroxxeHHast
cHCTeMa OTPE3KOB HAa3bIBACTCSA CMsAcUBAIOWelicsl, €CIIM B JIOTIOJHEHHE K
ycioButo (1) BEITIOTHEHO yCIOBUE

Oe>0 OsnON b,- a,< ¢, 2)

T.€. BO BJIO)KCHHOW CHCTEME UMCIOTCS OTPE3KHU CKOJIb YT'OJHO MaJjou JJINHBI.
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Yupaxknenue 1. Ecnu ans B10oKeHHON CUCTEMBI OTPE3KOB BBIIIOJIHEHO
yCIIOBHE

OnON bn+1*an+1 = u,
TO OHA SIBJISIETCS CTATHBAIOIICHCS.
Jlemma 1 (JIeMMa 0 CTATHBAIOLIUXCS OTPE3KaX).

a) Bceskas cumcremMa  BIOXKCHHBIX — OTPE3KOB  HMEET  HEIMYCTOC
nepecedeHue (T.e. CyIeCcTBYET TOUKa, 00IIast A BCEX OTPE3KOB).

6) Eciin cBepx TOrO, 9Ta CHCTEMA SIBIISIETCS CTATHUBAIONIEHCS, TO o0Iast
JUISl BCEX OTPE3KOB TOYKA €AMHCTBEHHA.

««« a) Bocnonp3yemcst o0o3HaueHUsIMU U3 omperencHus 1. [anee,
obosHaunm A4 = {a,; n ON} — MHOXeCTBO BCEX JICBbIX KOHIIOB OTPE3KOB
U3 BIIOKCHHON CUCTEMBI, U B - TO e st mpaBbix KoHIoB, B = { b,; n[1 N }.
O4eBuIHO, A < B (Ecim 3a0plim CMBICT CHMBOJIA HEpPaBEHCTBA B
MPUMEHEHWH K  MHOXeCTBaM, TocMoTpute  ompeneneHue  04.1).
CrnenoBatenpHO, IO CBOMCTBY OS5 CymecTBYeT TOUKa ¢ , pa3feiionas 3TH
MHOXECTBA, T.€.

OrON a,<b,
OTKYy/Ia [TOJIy4aeTCs IepBas 4acTh JIEMMBI, IIOCKOJIBKY, KaK JIETKO YBHUIETh,

cO ﬂDn.
nON

6) JlokaxkeM eIWHCTBEHHOCTh OOINEH TOYKH IS CTATHBAIOIICHCS
cucTeMbl (0T MPOTUBHOTO). IIycTh ¢; M ¢, — JIBE 00IIHE TOYKU BCEX OTPE3KOB,
npudeM ¢; < c¢,. Torma mpu Jro00M HaTypaJlbHOM 7 JITMHA oTpe3ka D,
OyZeT yIOBIETBOPATH HEPABEHCTBY

onD,=b,-a, 2 c-c;.
Eciu Teneps MOJM0KHUTE € : = - €, TO HOJIYYHUTCS IPOTHBOPEUHE C

ycioBueM (2) . MMM

VYupaxkuaenne 2. [Iycts [a,; b,] — cTATHBaromascs cucremMa OTPE3KOB,
¢ - CIOUHCTBCHHas oOIIas Touyka 3Toi cuctembl . Ecmu uumcna B, y
YIOBJICTBOPSIIOT HEpaBeHCTBaM § < ¢ <y, TO

On [aysb, O [Bv] 3
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Yupaxnenue 3. Ocranercs 11 BepHOH JiemMa 1 (viu XoTs ObI 0/1Ha U3
JIByX ee JacTei), ecii B ee (GOPMYJIUPOBKE 3aMEHHTh OTpE3KH [ a, ; b, | Ha
nHTepBaIsl (@, ; b, ) ?

OtBer: Her, B KauectBe Kowmpnpumepa (T.€. OIPOBEPraIOMIETO

1
NpUMepa) MO>KHO pacCMOTpPETh cucTeMy uHtepBaioB (0; — ).
n

Onpenenenne 3. IlycTs nana cucreMa MHOXKECTB S = {Ya} , Tae

MHIEKC 0. caM Tpo0eraeT HeKOTOpOe MHOXECTBO A — kopoue OyaeM 3To
3aIUChIBATh TAK:

s={1}.n. @

OTta cucrteMa Ha3bIBaeTCA NOKpbimuem MHOXecTBa X (noxpuvieaem X ),

ecmn X [ U Y, , T.e.ecmm
alJA

OxO0X OouOA x0OVY,.

[lyct, nanee, B [0 A . Cucrema MHOXECTB {Ya} « 0B Ha3bIBaeTCs

noonoxpeimuem TMOKpbITHS (4), ecnu OHA cama HoKpbiBaeT X . IlokpbiTHe
HA3BIBACTCS KOHEYHbIM, €CIIA B HETO BXOJAUT KOHEYHOE YHCIIO MHOXKECTB Y, .

Ipumep 1. Cucrema S; BceX UHTEPBAJIOB KOHEYHOH AJTUHBI IOKPBIBAET
Bc€ R . DTO e OTHOCHTCS K CHCTeME S, , COCTOSIIECH M3 BCEX MHTEPBAJIOB
JUIMHBL 1 , U K cucteMe S3 BCEX MHTEPBAJIOB C PALIMOHAIBHBIMHA KOHIIAMHU.
OuyeBuaHO, cUCTEMBl S, U S3 SBISIOTCS MOJAMNOKPBITHSMH CUCTEMBI S| .
OTBeThTE CaMU Ha BONPOC, SIBISIETCA JIM S, MOAMOKPBITHEM g S; ? A
HA000pOoT ?

Jlemma 2 (o koHeuHoM mnoanokpeituu). Ilycte [a; b ] O R -
HEKOTOPBIA OTPE30K HA JCHCTBUTENBHON MpsMOi. Toraa Beskoe MOKpeITHE S

= { U, },0a, 3TOTO OTpPE3Ka, COCTABJICHHOC W3 MHTCPBAJIOB, HMCET KOHCYHOC
MOAMOKPBITHE,T.€.

oy, ay, ..., OA UUD,/ O.a;b].
j=1

«KK Bynem nokaspiBaTh 3Ty JleMMy OT NpOTHBHOrOo. Pazgenum
a+b

OTpe30K [ a; b | mormonaM TOYKOH . Ecim Bech otpe3ok [ a; b | He nmeer

KOHCYHOI'0 NOAIOKPLITUA MOKPBITUA S , TO IO KpaﬁHeﬁ MEpe OJilHa U3 JABYX
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a+b

a+b
MOJIOBUH 3TOTO OTpe3ka — [ a; T ] vma | ; b ] — He uMeeT TaKoro

HOANOKPBITHA. BbiOepeM Takyio nosnoBuHy, 0003HaunM ee D). [loBropum c
HEH Takoe ke IMOCTPOEHUE, MOIYyYUM €€ MOJOBUHY D, , A KOTOPOH Takxke
OTCYTCTBYeT TpeOyemoe KOHEYHOE MOJNOKphITHE. IIpomoikas Takum
00pazoM, IOJIy4HM BIOXXEHHYIO CHCTEMY OTPE3KOB

D,/UdD,0...0D,0 ...,

KOTOpas 1o yemMMe | mMeeT oOmIyro TOUKy ¢ . JTa TOYKa €AWHCTBEHHA, TaK
Kak 1o ymp.l Hama cucteMa OTpe3KOB — cTsruBaromasics. Ho 3ta Touka (kak

¥ Jo0as Touka otpeska [a; b ] ) mokpbiTa HEKOTOPBIM HHTepBanoM U, u3

nepBOHavyanbHOTo NMOKpbITUs S . Torga mo ymp.2 XoTs Obl OJMH M3 OTPE3KOB
D, uMmeeT MOKpHITHE, COCTOSIEE U3 €IUHCTBEHHOIO MHTEpBaia, T.C. UMEET

KOHe4YHOe NokpeIiTHe. [lomyueHHOe MPOTUBOpEYHE AOKA3bIBAET JIEMMY. D))

Ynpaxnenne 4. OcraHeTcss 1M BepHOM semMma 2, eciu B e€
hopmynHpoBKe 3aMEHHUTD :

a) Otpesok [a ; b | Ha uHTEpBaN (a;b)?
6) UnrepBansl U, Ha oTpe3ku U_a ?

(OtBetsl B obOomx ciyuasx orpuuaresnsHele. [loctpoiite
COOTBETCTBYIOIINE KOHTPIIPHMEDEIL. )

Onpenenenue 4. Oxpecmuocms Toukd alJ R — 370, 10 onpeneneHuro,
moboit nHTepBan ( ¢; d ) , KOTOPOMY NPHHAIUICKUT TOUka a . Takylo
OKpPECTHOCTh MBI Oyaem o6o3Ha4aTh U(a). OKpecTHOCTh TOYKA a BHIA
(a—9,a+06) mnpu mobom 6 > 0 OymeT Ha3BIBATBCA CUMMEMPUUHOU
$-OKpeCTHOCTBIO TOUKH a | 0603Hadathest Us(a). [Ipoxoromas OKpeCTHOCTh
TOYKH d - 3TO OKPECTHOCTh, U3 KOTOPOM BHIOPOIIIEHA camMa TOYKa a:

Ua): = Ua)\ {a} Us (@) 1= Us(a)\ {a}.

Omnpenenenne 5. Touka c¢[J R Ha3biBaeTCsl npedenvbHoti TOUYKOM
muoxectBa 4 [0 R, ecnmu

du (c) U@NA # 0, %)
PaBHOCHIIBHO: dU (c) 0d0U ()N 4,

TaK)Ke PaBHOCHJIBHO: O Us (a) Us @N4# 0.
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COBOKyHHOCTI) BCEX IMPCACIIBHBIX TOYCK MHOXKXCECTBA A 6yﬂ€M
o6o3Hauate A'. MHoxectBo A ¢ MPpUCOCANMHCHHBIMU K HEMY NPCACIbHBIMU
TOYKAMHM Ha3bIBACTCS 3aMbIKaHUeM MHOecTBa A 1 0003HadaeTrcs A :

A:=4U4

Hpumep 2. Tlycts 4 =(0;1). Torma A'=[0;1], 4 =[0;1].
Ecrn A=1{0,1,2}, o A=0, A=4.
A4=Q O 4=R, 4 =R.

Yupaxuenue 5. Touka ¢ [J R sBisiercs mpeaeiabHOW TOYKOW st
MHOXecTBa A = mo0bast €€ OKPECTHOCTh COEPIKUT OECKOHEUYHO MHOTO
TOYEK MHOKecTBa A .

Jlemma 3 (o mpenensHOH Touke). Besikoe orpannueHHoe OeckoHEUHOE
MHOXKecTBO A [1 R umeer XoTs Obl OAHY MPEACIBHYIO TOUKY.

««« Ot nporuBHOTO. MHOXKECTBO A OTpaHHYEHO, CIIEOBATEILHO,
CyIIecTBYeT OTpe3oK [a; b], comepxkamuii 370 MHOXECTBO. C MOMOIIKIO
otpunanus hopmysl (5) 3anuinem, 4to HU ofHa Touka ¢ [J R He siBisieTcs
MpeneabHON AJi1 MHOXKECTBa A :

0cOR DU U(@NA=0.

Ecim B xaxnmylo u3 BbIOpaHHBIX TakuM o00pa3oM HPOKOJIOTHIX
OKPECTHOCTEH BEpHYTh € TOUKY ¢ , TO Kaxnaasd u3 U(c) MOXKeT colepiarh He
Oonee OmHOW TOYKM MHOXecTBa A (MMEHHO: ¢), a B COBOKYIHOCTH OHH
HOKPBIBAIOT BCIO NEHCTBUTENBHYIO IPSIMYIO, @ 3HAYHUT, NOKPHIBAIOT OTPE30K
[a; b]. Tlo memme 2 W3 3TOro IOKPBITHS MOXXHO BBIOpAaTh KOHEYHOE
TIOATIOKPBITHE OTpE3Ka [a; b], M TeM caMbIM KOHEYHOE MTOKPHITHE MHOXECTBA A.

Ju(e;) O 4.
j=

Kak ye ObUIO CKa3aHO, KaJbIi n3 uHTEpBanoB U (¢;) COAEPXKHUT He
Ooistee ogHOil Touku MHOXxecTBa A.  CremoBaTelnbHO, B MHOXKECTBE A HE
MOXET OBITh OCCKOHCYHOTO 4YKCIa TOYECK. DTO MPOTHBOPECYUT YCIOBHIO

JIEMMBL. W)»»

Yupaxuenue 6. [Ipusectu npumep Oeckoneunoro muoxkecrsa 4 [l R,
HE MMCIOIICTO HU OJTHOM MPECTbHON TOUKH.
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§ 07. MHoxecTBO C

B kypce mareMaTHdecKOoro aHaiam3a Mbl OyZeM, B OCHOBHOM, MMETb
JIeNno ¢ JAeHCTBUTENbHBIMU yuciaamMu. OfHako BO MHOTMX AMCHUIUIMHAX —
¢ depeHIMalIbHbIC YPaBHEHUS, P pas/eoB GU3UKH — TpeOyeTcs BilaJleHue

Oosiee IIMPOKMM TOHATHEM — KOMHAeKcHoe uucio. IlepBoHavanbHOE
3HAKOMCTBO C 3THUM IOHSTHEM IIPOMCXOIUT B airedpe, Mo3ke OHO Oyaer
n3ydatecsi B cnenuanbHoM npeamere: TOKII —  «reopus dyHKImi

KOMIIIEKCHOTO TIepeMeHHOT0». OTHaKO €CTh BEId, KOTOPBIe (DOPMYyTHPYIOTCS
W JIOKa3bIBAIOTCS MPAKTHYECKH OJWHAKOBO KaK IS NEHCTBUTENBHOTO, TaK H
JUTS KOMIUIEKCHOTO CITydasi, 1 MHE KaXXeTCs [eIeco00pa3sHBIM TOBOPHUTH O HUX
cpazy B Ooiyiee MIMPOKOM CMBICHE. VIMes 3TO B BHIY, KOPOTKO MEPEUHCIHM
HEKOTOPHIE CBOWCTBA KOMIUIEKCHBIX YHCEII.

Omnpenenenne 1. dopmanbHO KoMMIEeKCHOe uucio -  3TO Iapa
JIEHCTBUTENBHBIX UKcen z = (Xx; ), 3alMchiBaeMast Kak
x + yi. )
. v o 2
3nech i - mMHUMas eOuHuya, TIABHOE CBOMCTBO KOTOPOH : i~ = — 1.

MHO0KeCTBO BCeX KOMIUIEKCHBIX uncen o0o3Havaerca C.

Yucno x Ha3bIBaeTCS JICHCTBUTEILHONW YacThI0 KOMIUICKCHOTO YHUCIA Z,
a YUCIO0 ) - €r0 MHUMOW 4acThi0. MIX 0003HAYAIOT C MOMOIIBIO COKPAIICHHIMA
OT  (paHIy3CKUX CIOB reel
(Oeticmeumenvhoii ) U imaginare .
(MHUMDBLIT):

JIJL
=: Rez, y=:Imz.

3ameuanne 1. Kommiekc- BF----o - ]
HBble 4YHcia YNOOHO W300paxkaTh |
TOYKAMU Ha IUIOCKOCTH, CTaBsi B !
COOTBETCTBHE  KaXIOMYy  YHCITY !
z = x + yi TOYKY IUIOCKOCTH, [
AMEIONYI0 KOOpAWHATH ( X; V) B |
HEKOTOPOI (MKCHPOBAHHOI :
JICKapTOBOM CHCTEME KOOpAWHAT o a
(cMm. puc.07.1). Nnorma cyuTarorT,
YTO KOMIUIEKCHOE YHUCIO Z — 3TO
BEKTOp, COEMMHAIOMMUN  Hayajuo Prue. 071

:":1"-
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KoopauHaT ¢ Toukoi ( x; y) . IlmockocTh, Ha KOTOPOH H300paKEHBI
KOMIUIEKCHBIE YHUCIIa, HA3BIBAIOT KOMNAEKCHOU NAOCKOCHbIO. DTHM KE NMEHEM
4acTO HA3bIBAIOT U CAMO MHOKECTBO KOMIUIEKCHBIX YHCEII.

KommnekcHoe uncimo x + 0 i OTOXAECTBISIETCS € ACHCTBUTEIHHBIM
YUCJIOM X , TaKUM 00pa3oM, NeHCTBUTENbHBIC YHCIA - YACTHBIA CIIydai
KOMIUIEKCHBIX. Ha KOMIUJIEKCHOMW TIJIOCKOCTH JIeWCTBUTENIbHBIE YHCTa
pacmonoxxeHs! Ha ocu Ox . Uucia, pacTioyioxXeHHBIE Ha OCH Y, Ha3bIBAIOT YLUCHIO
MHUMbBIMU WA TIPOCTO MHuUMbIMY. (JIerkuil Bompoc: MOMKET JM KOMILIEKCHOE
YHUCIIO OJTHOBPEMEHHO OBITh ICHCTBUTEIFHBIM M MHUMBIM ?)

Omnpenenenne 2. Crosicenue KOMIUIEKCHBIX uncen. Ecnu
z1 = xptyid, 2 =xtni,
TO
zZ1tzy = (gt x) (Ot )i

Ymnoorcenue KOMIIIIEKCHBIX YUCEI: TIPH TEX kK€ 0003HAYCHIUSIX :
z1zy t= (xix—yiym) + (1t x00)i.

3ameuyanne 2. Crnoxenue u ymHoxkenne B8 C |, kak u B R
yaoBIeTBopsieT cBoiictBaM Al-A4, M1-M4, AM1 wu3 § 4. Beuurtanue u
JICTICHHE KOMIUIEKCHBIX YHCEN, KaK OOBIYHO, OMNPENENSIOTCS KaK OIepaluH,
0o0paTHBIE COOTBETCTBEHHO K CIIOKEHUIO U YMHOKEHHIO.

3ameuyanne 3. Kak BugHO H3 ompeneneHus 2, CIOXKEHHIO JABYX
KOMIUICKCHBIX YHCENI COOTBETCTBYET CIIOKCHHE BEKTOPOB, H300paKAIOIIUX UX
Ha KOMIUIEKCHON MIOCKOCTH.

Yupaxkaenne 1. [IpencraButs B Buae x + yi  pe3yabTaThl CIETYIONIINX
apuPMETHIECKUX NSHCTBUH :

Lo 1+ =2

(3-i)(2-6i)=2 (1+i) =2 T

3ameuanne 4. Oneparmio cpaBuenuss < B C  He BBOmAaT. Jleno B
TOM, 4TO BBeCTH cpaBHeHUEe B C Tak, 4T00OBI coxpaHmwinch cBoiictBa ACI1 u
MC1, HeBO3MOXKHO, a 0e3 3TOro OT Olepally CpaBHEHHI Mayio Ipoky. Ecim
I7Ie-TO B CIEAYIOIIEM TeKcTe OyAeT cKa3aHo, YTO , HalpHMep, OJHO YHUCIIO
OoJbIe qpyroro, 3To Bceraa OyAeT o3Havath (0€3 IMPsSAMOro MOSCHEHHS), Y4TO
peYb UIIET O NCHCTBUTEIBHBIX YHCIAX

Omnpenenenue 3 (Mooyns u apeymenm KOMIUIEKCHOTO 9HCia). Mooynem
(W abcoaromuoll 8eauuuHol) KOMITIEKCHOTO YHCla z = X + yi Ha3bIBaeTCs

HEOTPHUIATEIBHOE YHCI0 |z | = 4 X2+ y2 . F'eomeTprUdecKu 3TO YUCIIO
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03HAYACT PACCTOSIHUE » OT TOYKH z JI0 Havaja KOOPAHMHAT WJIH, O-IPyroMy,
JUIMHY BEKTOpa Z . Apeymenm 4ucia z — 3TO U3MEPEHHBIN B pajHaHax yroiu ¢
MEXIy OCBI0 X U BekTopoM z. Obo3HaueHme: Arg z . Ecnm u3BecTHB MOIYNb
M apryMEHT YUCla z, TO CIPABEAJIMBO PABEHCTBO

z = |z| (cos ¢ +isin ¢).

[IpaBasgs wacTh 3TOrO0 pPaBEHCTBA HA3BIBACTCS MPUSOHOMEMPUYECKOL
(hopmoii KOMIUIEKCHOTO YHCTIa Z .

3ameuyanme 5. AprymeHT uymcia z  ONpeleNieH HEOTHO3HAYHO-
HampuMep, apryMeHToM ducia 1+ i sBisercs yucio /4 +27n 1ipu Jr00om
nl] Z Jlis OJHO3HAYHOCTH BBOJST KaKOe-TUOO OrpaHHYEHUE, HAMpHUMeEp,
CUMTAIOT, YTO apryMEHT HAXOAuTCs B monyuHTepBase (-m; 7]. Takyio Bemu-
YUHY apryMEHTa Ha3bIBAIOT €TO 2ld6HbLM 3HaueHuemMd 0003HAYAIOT arg z .

CeoiictBo 1 (VmrHoocenue uucen 6 mpueoHomempuueckou gopme).
Ecnu
zi=ri(cos @i+isin@y), z,=ry(cos@ytisin@,),
TO
2123 = 11 1o cos(@rt @)t i sin(o1+ ¢2)),
T.e. NPU YMHOKCHHH KOMIUIEKCHBIX YHCENl MX MOJYJIH IEPEeMHOXKAITCS, a
apryMEHTBI CKJIa/[bIBAIOTCSI.

1 1 1
Yupaxnenne 2. |—|=—, Arg—=-Argz
z |Z| z
CaoiictBo 2. I3 reoMeTpUYeCKUX CBOHCTB TpPEYrOJIbHUKOB Ha
IUTOCKOCTH BBITEKACT HECKOJBKO BaXXHBIX HEPaBEHCTB IS KOMIUICKCHBIX
YHUCeT:
|Re z| < |z, Imz| < lz|, |z| £ |Rez|+|Imz] €Y

|21t 2| < |z +] 2] 2zl 2 |- )

Onpenesenue 4 (Conpsowcennoe uucno). [lyctb nano uucno z = x +yi.
Komnnexcro conpsisicennbimM K 3TOMY YUCITy Ha3bIBACTCS YUCIO z =X — Vi .
Ha xoMIuIekCHO MIOCKOCTH YUCIO Z PACHOJOKECHO CUMMETPUYHO YHCIY Z
OTHOCHTEJIFHO OCH X .

Ynpaxknenne 3. z)+zp; =z +zp . JIOKaKHTe 3TO PaBEHCTBO H
aHaJOTUYHBIE PABEHCTBA I BBIYUTAHUS, YMHOXKCHUS U JICIICHHUS.
Bonpoc ausi pa3mbinnuiennsi. M3BecTHBIA pyCCKHH pesIMTHO3HBIN (u-

J'IOCO(i) IlaBen qDJ'IOpeHCKHfI, HMMEBILHMI JOBOJIbHO COJIMAHBIC MAaTECMAaTHYCCKHUC
IIO3HaHus, B pa60Te «MHHMOCTH B TeoOMETpUN» NPCIITOKUIT CIocoo I/I306pa-
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JKCHHS KOMIUICKCHBIX YHCEN HE Ha TUIOCKOCTH, a Ha IpsMoii. BoT kparkoe u3-
JIO)KEHHE 3TOro crocoba. BeIenuM Ha MPSIMOi €€ «BEePXHION» U «KHUICHIOI»
CTOpOHBI (Kak OBl CKJIEMM BMeCTe aABe NpsAMbIX). OOpa3 umcia z =x + yi
Oynem crpouth Tak. OTIIOKHM OT Hadajga KOOPIHHAT IO 6€pXHell CTOPOHE
MPSAMOMN JCHCTBUTEIHHYIO YaCTh YHCHA z, TO eCcTh X (cM. puc. 07.2). 3aTtem u3
MOJY4YSHHOW TOYKH CIYCTHMCSI Ha HIDKHIOIO CTOPOHY TPSIMOi M, MPOJIODKUB
JBIDKCHUE 110 HEH, OTJIOKHMM 371eCh BEIMYMHY ) . [lony4HBIIyIOCS TOYKY U
MpeJUIaraeTcsi CYMTATh U300paKCHUEM KOMILICKCHOTO yucia z . [logymaiire,
B UEM 3aKJIFOYAETCs Cephe3HOe HEYH0OCTBO TaKoro crocoda.

Puc.07.2

§ 08. NMoHATHE 0O MOLLHOCTU MHOXeCTBa

Korja mMbl MMeeM Jelno ¢ MHOXECTBAMH, COJCPXKALIMMH KOHEYHOE
YHCJIO JJIEMECHTOB, MbI IIOHAMAacM, 4YTO O3HAYAIOT CJIIOBOCOYCTAHHUS «B
MHOXecTBe X CTOJBKO K€ DJIEMCHTOB, CKOJBKO B Y », «B MHOXeCTBe X
0oJIbIIe 371EMEHTOB, YeM B Y ». FIMCIOT JTU CMBICIT 3TH BBIPAYKCHUS, KOT/Ia MBI
TOBOPHUM 0 OECKOHEUHBIX MHOXeCcTBaxX ? O0 3TOM — ouepeHoi maparpad.

Onpenenenne 1 (pasnomowrnocms). Ilyctb nanel 1Ba MHOXecTBa X, ¥
(xoHeuHble uiaM OecKOHeuyHbIe). ByJaeM TroBOpPHTH, 4YTO 3TH MHOXXECTBA
pasHomowmbl (WA UMEIOM  OOUHAKOBYI0 MOWHOCMD), €CIIA CYIIECTBYET
OuekTnBHOE OTOOpaxkeHne h : X — Y . B aTom ciydyae OyneM NpUMEHSATh
obo3HaueHne X~7Y.

Ipumep 1. {10 mopxoBok }  ~ {10 670K } .

N~ {11,12,13,...}, ouekius . n — n+10.
N ~ { Bce uetHbIe uncna }, Oouekuus : n — 2n.
Ynpaxuenne 1. Jlokazarts:

a)[ 0;1]~[a; b] npu mr00OBIX NEHCTBUTENBHBIX @, b, THe a < b,

0)[0; 1]~[0; 1) ~(0; 1).
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Cpoiicreo 1. B cnenyromux ¢opmynupoBkax X, Y, Z - moOble
MHOXKECTBA.
a) X~X (BcsIkoe MHOXKECTBO PaBHOMOIITHO cebe caMmomy),
0) X~Y O Y~Xx ,
) (X~Y,Y~Z) 0O X~Z.

Ynpaxknenue 2. Jlokaxure Bce MNYHKTBI CBOMCTBa 1, mocTpous
COOTBETCTBYIOIIUC OUCKIIHH.

3ameuyanne 1. B MaTemaTuke Hepenko BCTPEUAIOTCSl OTHOILEHHS
MEX1y TEMH WM HHBIMH 00BbEKTaMH, YIOBIETBOPSIONINE YCIOBUSIM a), 0), B).
TakoBbl , HampuMmep, OTHOLIEHHE DPaBEHCTBA YHCEJN, PAaBEHCTBA MHOJXKECTB,
momobust ¢uryp (HampuMep, TpPEYTOJNBHHKOB). OTH YCIOBHA HUMEIOT
CrelUabHble Ha3BaHUS @ d) pe@reKCUBHOCmb, 0) CUMMEmPUYHOCHDb,
8) mpanzumugnocms. J1000E OTHOIICHHE, YJOBIETBOPSIOIIEE 3TUM TPEM
YCIIOBUSIM, TPHUHITO HAa3bIBATh OTHOIICHHEM OKGUGALEHMHOCHYU (TaKUM
00pa3oM, CyIIECTBYIOT MHOTO Pa3HbIX OTHOILICHHUH SKBUBAJICHTHOCTH).

Omnpenenenne 2. bynem roBoputh, 4To MowHOCms MHOXeCTBa X He
Oonvuie, Y€M MOIIHOCTh Y, €CJIM CYIIECTBYET MHBEKTHBHOE OTOOpaKeHHE
g:X - Y (tem cambiM cymiecTByeT Omekius Mmexny X u Y, = f(X) ). Eciu
IpH 3TOM HE CYLIECTBYeT MHBEKIHMU M3 Y B X, TO OylneM roBOPHUTH, YTO
mowrocms X cmpoeo menvuie (WIN IPOCTO MeHbULe ), YeM MowHocmy Y .

3ameuanue 2. DopmanbHO roBOPs, UMEIOTCS YETHIPE BOSMOMXKHOCTH!

1 O uapekmua X — Y u 0 uabekius ¥ —» X,
2. O mapexkmust X — Y u He U mabekiusa ¥ - X,
3. He Ounvexuus X —» Y u [ uasekius ¥V —» X,
4. He O napeknusa X —» Y u ne ] unveknus ¥ - X.

Bce nu w3 3THX BapuaHTOB Ha caMOM Jielie peanu3yroTcs ? JTo uc-
cienyeTcs B ciexyromeii Teopeme bepHITeitHa, KOTOPYIO MBI IpuBeaeM 0e3
JIOKa3aTenbCTBA.

Teopema 1. Ecnu Bemonasercs Bapuadt 1, To X ~ Y. Bapuanatsr 2 u
3 BO3MOXHBI. BapuaHTt 4 HEBO3MOXKEH.

Jpyrumu ciioBamw, Jisi JIIO0BIX JBYX MHOXeCTB X, Y BBINONHAETCS
OJTHO U3 TpeX:

X u Y paBHOMOIIIHHI ,
MOITHOCTh X CTPOTO MEHbIIIE, Y4eM MOIIHOCTG Y,
MOIIHOCTh Y CTpPOTO MEHbIIIE, YeM MOIIHOCTH X .
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3ameuanne 3. OOpaTuTe BHUMAHWE, YTO YNOTPEOISs BBIPAKEHHUS C
Y4YaCTHEM CIIOBA MOWHOCHIb, MBI HE TABAJIN OIPEICIICHHS OTACIHLHO 3TOMY CIIOBY.
D70 HE TPYAHO OBLTO OBI ClIeNIaTh, HO IOTPEOOBAIO OB M3JUIITHEH, HA MOM B3TJISI,
dhopmammzanum. OrpaHndych He(OPMAaIbHBIM OMTUCAHUEM : MOWHOCHL MHOMKECT-
Ba X ( ec Ha3bIBAIOT €IIe KAPOUHATLHbIM YUCIOM MHOXKECTBA X W 0003HAYAIOT
Card X') — 9370 TO OOIIIEE, YTO €CTh Y MHOXKECTBA X M Y BCEX PAaBHOMOIIHBIX MY
MHOXXECTB. JTOT TEPMUH SBIAETCS OOOOIICHHEM TIOHATHS «KOJHMIECTBO
3JIEMEHTOBY, IPUBBIYHOTO, KOT/Ia PEYb HIIECT O KOHCYHBIX MHOXKECTBAX.

§ 09. CyeTHble MHOXecTBa. KOHTUHYYM

Mpbl 3HaeM, 4TO CpeAr KOHEYHBIX MHOXKECTB CYIIECTBYIOT HEpaBHO-
MOIIIHBIE, T.€. COCTOSAMINE U3 PA3HOrO YHCJIA JIEMEHTOB. A Kak 0OCTOUT AEJI0
y OeckoHeYHBIX MHOXecTB ? MoxkeT OBITh, BCE OHHM pPaBHOMOIIHBIE ?
Oka3biBaeTcs, HET, B KoHIle maparpada 3to craner sicHo (Teopema 1). Ho
CHavaJia TIOrOBOPUM O HAUMEHBIICH Cpeii OCCKOHEUYHBIX MOIIIHOCTEH.

Omnpenenenne 1. MHoxecTBO X Ha3bIBACTCA CuemubiM, €CIU OHO
pasaomorntHo N, X~N. TlockoabKy 3TO 03Ha4daeT Hanmnuue ouekuuu X — N,
TO TEM CaMbIM KaXIbIi DJJEMEHT MHOXecTBa X  TOJIydaeT HOMeEp
(HaTypalbHOE YHCIIO), TMPUYEM BCE HATypallbHBIC YHUCIA MPH 3TOM OyIyT
WCTIOJIB30BaHbl M pa3HbIC JCMEHTHl MHOXKECTBAa X MOJyYaT pa3HbIe HOMEpa.
KopoTko 3TO BBIpaXKarOT TaK: DJIIEMEHTHI MHOXecTBa X MOKHO
3aHyMepoBaTh. MOIITHOCTH CYETHOTO MHOXKeCTBa X Oynem 0003HA4YaTh V :

Card X = CardN = v.

Ipumep 1. Koneuno, N — cuetHoe MHOKecTBO. CUCTHBIMH SIBISIFOTCS
MHOkecTtBo { 11, 12, 13, ... } , MHOXECTBO BCE€X YETHBIX YHCEI.
CooTtBeTcTBYyIOIME OMEKIMK OBLITH TpuBeaeHBI B ipuMepe 08.1.

Ynpaxuenue 1. Jlokaxxute, YTO MHOKECTBO Z BCEX LIENBIX YHCEN
cuetHo. ([Ipuaymaiite mist Z MOAXOMANTYIO HYMEPAIIHIO. )

CpoiictBo 1. Bcskoe OeckoHEYHOE MHOXKECTBO COJECP)KUT CUETHOE
MTOJTMHOKECTBO.

««« Beibepem B X TpOU3BONBHBIM 00pa3oM OAHMH JJIEMEHT M
0003HauuM ero x; (T.e. maguM emy Homep 1). 3aTem BBIOEpEM eIIe OJUH
3JIeMEHT U3 X, He COBIANAIOIINI C MEePBBIM, U 0003HAYUM €ro X, . [anee Tak
JKe BbIOEpEM X3, X4 M T.J4. DTOT NPOLECC HE MOXKET 3aKOHYHMTHCS Yepe3
KOHEYHOE YMCJIO IIaroB, T.K. X — OeckoHeuHo. [ToryyaeTcss MHOXKECTBO

{xls X2, X35 eee }’

KOTOPOE B CHITY IPOU3BEICHHON HyMEpPAIIMH — CYETHO . MM
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3ameuanne 1. CoiictBo | Moxer OBITH 3ammcaHo Kopoue : «Ecmm
MHOXecTBO X OeckoHeuHno, To Card X = v ». DT0o W 3HAYUT, 4TO CpEIH
OCCKOHEYHBIX MOIIHOCTEH CUeTHas
SIBJIIETCSI HAMMEHBIIICH.

CpoiictBo 2. O0benuHeHHe

o o X X+ X
KOHEYHOI WIH CUETHOH 11 ™12 413 14
COBOKYITHOCTH CHYETHBIX MHOKECTB l -

CYETHO. Xo Xog Xog Xa4 .

««« O06o03HaunM X,, MHO- X5 Xiy Xa3 Xag

JKECTBO C HOMEPOM M U3 3TOH CO- l
BOKYITHOCTHU U MYCTb X, — DJIIEMEHT M x x x
MHOECTBa X,,, UIMEIOLLIUNA HOMEpP 71 4l 4 43 44

Mpu BBEJIEHHOW B X, HyMmepaiuu.
PacronoxuM 3TH 3J€MEHTH B BUIC
tabmunbl — cM. puc.09.1. IlpoBenem r
HYMEpaluio BCEX ATHX 3JIEMEHTOB, Puc 09.1

HauWHAs C X|; , CIEAys HapHCo-

BaHHBIM B TabJMIe cTpesikaMm. Takoi

CHoco0 NPUroJeH M INpHU KOHEYHOM, M NIpPH OCCKOHEYHOM 4YHCIIE CTPOK B
Tabnuue. SICHO, 4TO IpU ATOM BCE AJIEMEHTHI BCEX MHOXECTB X, HOJIyyar
Homepa. (IIpmmymaiite, Kak yTOYHHTH HyMEpalMIO, KOTAA pa3IUYHbIC

MHOXECTBa X, IMCIOT OOIIME JIEMEHTBL.) . MMM

Ynpaxuenue 2. JIOKaKuTe, YTO NPSAMOE MPOU3BEIEHHUE IBYX CUETHBIX
MHOXecTB cueTHO. (IIpencraBbTe ero kKak cdeTHOE OOBEIMHEHHWE CUETHBIX
MHOJKECTB)

CaoiictBo 3. Card Q = v . Bor u Bcsa ¢dopmysnuposka. Ecnun Bac
CMYILAET €€ KPaTKOCTh, IPOUTHTE OoJIee AIMHHBIN BApHAHT : MHOKECTBO BCEX
panMOHAIBHBIX YHCEN CUETHO.

««« I KasKI0ro paroHaIbHOTO YHCIa CYIIECTBYET €AMHCTBCHHOEC
Mpe/ICTABIICHUE B BHJE HECOKPATHUMOW ApOOU p/q , TAE p, ¢ — Uelble 4YKcia,
npuueM ¢ > 0. OueBuano, otoOpakenue p/q — (p,q) 0 Z x N smusercs
MHBEKTHBHBIM O0TOOpaXkeHueM MHOkecTBa Q B cueTHoe MHOKeCTBO Z X N,
nostomy Q - He OoJiee, YeEM CUETHO, a TaK KaK OHO OECKOHEYHO, TO OHO M HE

MeHee, 9eM CUeTHO (CM. 3ameuanue 1). »»»

Yupaxkuenue 3. Ilpuaymaiite KOHKpPETHYI0 HyMEpalHUIO BCEX YHUCEN
MHOXeCTBa Q .
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3ameuanmne 2. MOXHO J0Ka3aTh, YTO MHOXECTBO BCEX aireOpanyec-
KUX umrcel, 6osee obmmpHoe, veM Q, Toxe cuerHo. HamomHro, 9T0 ymcimo x
Ha3bIBACTCS aleeOpauyeckum, eCiu

2
Oay,a,,as,...a,0Z ay tax+tax +.+a,x" = 0.

Onpenenenne 2. byaeM TroBOpuUTh, YTO MHOXECTBO X  umeem
MowHOCmb Kowmumnyyma, ecau X  paBHomouiHo otpe3ky [ 0; 1] . Orto
3aIUCHIBAIOT TaK:

Card X = Card[0;1] = ¢,

BBO/Js TCM CaMbIM 0003HaUYEeHKE C JJI1 MOITHOCTHU KOHTHUHYYMa.

Teopema 1. ¢ > v . Omsate KopoTkas popmynupoBka. C y4eToM TOTO,
YTO MOIIIHOCTh KOHTHHYyMa HE MEHbIIIE, YeM V (CBOWCTBO 1), 3TO HEepaBeH-
CTBO O3HAYACT, YTO HE CYIIECTBYET OMEKTHBHOTO oToOpaskenusst N — [0; 1].

«««K« [IpennonoxuM, 4TO Takoe OTOOpa)KCHHE CYIIECTBYET, T.C.
MOXXHO TiepeHyMepoBaTh Bce (!) uncia orpeska [ 0; 1], 0603HaYMB nx

X1 3 X23X3 5 aees Xy aun s (1)

Bribepem otpezok Dy [ [ 0; 1], He coxeprkarmmii uncia x; (ICHO, 4TO
TaKOW OTPE30K CYyIIECTBYET). 3aTeM BeiOepeM otpe3ok D, [ D;, He comepika-
mmi X, , 3aTeM - otpe3ok D; [0 D, , He coumepamuii x; ¥ Tak Jainee.
INonyyaem cuctemy BiOXeHHBIX oTpeskoB D; U D, UO... OO D, ... .Ilo
nemme 06.1 3Ta cucreMa HMMEET HEMYCTOE IMEpPEeceueHue, T.€. CYLIECTBYET
yucio ¢ u3 orpeska [ 0; 1], mpunagiexaiee BceM D, , a cieloBaTeNIbHO, HE
COBMAJAMOIICE HU C OJHUM M3 X, . DTO MPOTUBOPCUUT HAIIEMY IMOCTPOCHUIO,

0 KOTOpOMY Bce uciia u3 orpeska [ 0; 1] mpoHymMepoBaHBL. MM

Yunpaxnenue 4. OIUH CTY/CHT, BBICJIYLIaB TOJIBKO YTO MPUBEICHHOE
JIOKa3aTeJIbCTBO, BO3pas3uil Tak : «C MOMOIIBIO 3TOrO MOCTPOCHUSI Mbl HAIILIH
OTHO HE3aHYMEpOBaHHOE 4mciIo ¢ . Ho, oueBHIHO, MO0OaBMB K CUETHOMY
MHOXecTBY (1) eme OOWH dJIEMEHT ¢ , MBI TOJIYYMM CHOBa CYETHOE
MHOXKECTBO . [loyeMy jke MbI CUMTaeM, 4YTO JIOKa3ajld HECUYETHOCTh
otpeska? » OTBEThTE TOMY CTYACHTY.

Yupaskuenue 5. [Ipu mr00b1X a < b 0Tpe3ok [ a; b] WMeeT MOIIHOCTh
KOHTHHYYMA.

YupaxHenue 6. KoHeuHoe wim cueTHOe OOBCIMHCHHE MHOXKECTB
MOIIIHOCTH € TaKKe MMeeT MOIMHOCTE ¢ . (Pacmonokure Bce 3TH MHOXKECTBa
BHYTPH HEKOTOPOTO OoTpe3ka [ a; b]. )

Yupaxuenue 7. Card R=c.
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Bompoc ans pasmbimuienns. MOXHO JIM TPUHSITH 32 ONpENEIeHUE
HppalMOHAJIHFHOTO YHCcia TO 0OBSICHEHHE, KoTopoe mpuBen Bmagmvup lans B
cBoeM «ToIKOBOM cioBape»: 3TO «BENWYMHA, KOTOPYIO HENb3sl BBIPA3UTh HH
LEeNBIM, HHU JAPOOHBIM YHCIOM, a JHIIb KOpHeM creneHm»? [lomckaska:
COCIMHUTE PEe3yIbTATHI YIIPAKHEHNUA 7 U 3aMEUYaHHA 2.

3ameuanne 3. Moxuo nokasars, uto Card(R x R) = ¢. D70 03Hauaer,
YTO «HA BCEH IIIOCKOCTH TOYEK CTOJBKO K€, CKOJBKO Ha oTpe3ke». CTOIBKO
XK€ TOYEK W B TPEXMEPHOM IPOCTPAHCTBE. A CYIIECTBYIOT JIH MOIIHOCTH,
oonbmne, yeM ¢ ? OkaspiBaeTcs, 1a. bojee Toro, s 1r000ro MHOXKECTBA X
cylecTByeT MHOXkecTBO Y , Takoe yto Card ¥ > Card X ( UMCHHO, MOKHO
B31Th Y = P (X) — cM. obo3nHauenue B 1.02.8).

Ynpaxnenue 8. BcrmoMHMM, uYro QopMambHOTO  OHpenesCHHs
KapJMHAJIBHOTO YHcia y Hac He Obut0. [loaToMy nepedopmynupyiite Bee (nnn
XOTsI OBl HEKOTOpHIe) yTBepxkaeHus naparpados 08 u 09 6e3 ncronb30BaHUA
CJIOB MOWHOCMb W KApOUHAAbHOE yucao (MPU30BUTE HA MOMOIIb TEPMHHBI
UHBbEKYUL U OUeKYUsl).

Bot BBl 1 3akoHUMIN HU3y4cHUe BBGHCHI/IH B MaTeMaTHYECKHH aHAJIN3.
HOH}ITI/IH, C KOTOpPBIMH BbI 34€CHh ITO3HAKOMHWJINCH WA BO300HOBHIIN
3HAKOMCTBO, UCIIOJIB3YIOTCA B MAaTCMATUYCCKOM aHAIU3€C, 1a U B MATCMATUKE
BOO6III€, O4YCHb MIUPOKO. HOSTOMy MHE XOTEIOCh OBl NpeAJIOKUTL BaM
CJICAYIOUICC UTOTOBOC 3aaHUC!

3akJII0YHTeNIbHOE yIpaxKHeHHe. B KoHIe 5Toi OpoIIIopbl HAXOIUTCS
AnaBUTHBIN yKa3aTelb, COJACPKAIIU OCHOBHBIE TEPMHHBI, PACCMOTPEHHEIE
B Hell. BriOepure B aTOM ykazaTtene ciydaiiHbIM oOpazom 10-12 crpok un
MPOBEPHTE, MOXKETE JI BBl OOBSICHUTH Ha3BaHHbBIC B HUX MOHATHA (2 JIydlle —
JaTe STHM MOHSATHSAM TOYHBIE ONpE/ENIEHHs). YCTaHOBUTE IPaBUILHOCTD
BalllUX OTBETOB C MOMOIIBIO CCBUIOK YKazarens. Ha ocHoBe sToro recra
OLIEHUTE, HACKOJBKO XOPOIIO Bbl YCBOWJIM MPOYUTAHHOE M, KAaK CIEACTBUE,
HACKOJBKO BBl TOTOBBI K JajJbHEHIIEMY HW3YyYCHHIO MaTEMaTH4YECKOTO
aHaIn3a.
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