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IIpeaucaoBue
K IIeEpBOMY U3JIAHUIO

Kaxk cnenyer n3 HazBaHus«, 9Ta KHATA IOCBSIIEHA (DYHKIIMOHAJIBLHOMY aHa-
mu3y. TepMmuH «dYHKIMOHAJIBHBIN aHAIU3» OBLT U300PETEH B CAMOM HAYaJe
Tekymero Beka 2K. AjamMapoM, U3BECTHBIM BCEM MaTeMaTHKaM 10 (hopmy-
Jie JJisi BBIYMCIEHUST PAJIAYCa CXOMUMOCTH CTEIeHHOrO psama. DyHKIHOHATIL-
HBIM AHAJU30M CTAJIM HA3bIBATh HOBYIO BETBb BapHAIIMOHHOI'O HUCYHCJIEHHS,
KOTOPYIO MHTEHCHUBHO paspabarbiBaju B TO BpeMsi B. Boabreppa, Y. Apie-
na, II. Jleeu, C. [luakepsie u psii Apyrux OpeICTABUTENEH (DPAHILY3CKON U
ATAJbSIHCKON MATEeMAaTUIECKUX IIKOJI.

Bkaag 2K. Anamapa B co3zianve HOBOI JIMCHUIIMHBL HE CBOJIUTCS, Pa3y-
MeeTCsl, K n300peTeHHIo CJioBa (bYHKIMOHAJ (TOUHEe, K IPEBPAIIEHUIO COOTBET-
CTBYIOIIETO TIPUJIATATEILHOTO B UMs cymecTsuTenbroe). 2K. Amamap xopormo
IIOHUMAJI POJIb 3aPOXKIAIONIEr0CsT HAIIPABJIEHHNSI, MHTEHCUBHO paboTaI, IOCTO-
SIHHO IIPOIIaraHupOBaJl BHOBb BO3HUKAIOIIME IPOOJIEMBI, HIeN U MeTOonbl. B
YaCTHOCTH, OH TIOCTABUJI ITepesl cBouM yueHukoMm M. Dperre 3a1a9y mocTpoe-
HUSI TOTO, 9YTO BCE TEMEPb HA3BIBAIOT TEOPUEN METPUIECKUX MPOCTPAHCTB. B
9TOM K€ CBSI3U YMECTHO OTMETHUTDb, YTO OKPECTHOCTH, IPUMEHsieMble B (DYHK-
[IMOHAJILHOM aHaju3e B cMmblciie Aamapa — Bousbreppa, mocity»kuniu npejre-
el u3BecTHbIX pabor @. Xaycaopda, o3HamMeHOBaBIIMX OMOpMIIEHHE O0IIEit
Tomostoruu. JIjIs mabHENIero BayKHO MOIIYEPKHYTh, ITO OTHO U3 Hambojee
WHTEPECHBIX, TPYAHBIX W BarKHBIX HAIPABICHUN KJIACCUIECKOTO AHAIN3A —
BapUAIMOHHOE HUCYUCJIEHNE — CTaJIO IIEPBBIM HUCTOYHUKOM (DYHKIMOHAJILHOTO
aHaIu3a.

BropbiM mcTouHUKOM (DYyHKIIMOHAJIBHOTO aHAIN3a OBLIN MCC/IETIOBAHUS,
HaIpaBJIEHHbIE HA CO3/IaHne aaredpamdecKoit Teopun pyHKIIMOHAIBHBIX YPaB-
HEHUii, TOYHee TOBOpsi, HA YIPOIIeHHe U (POPMATUIAINIO MAHUILYIAPOBAHISI
«ypaBHEHUSIMU B (PYHKIUSAX» U, B YACTHOCTH, JIMHEHHBIMYU WHTETPATbHBIMEI
ypaBHenusimu. Teopus Takux ypasHenwuii, Bocxogamas K H. A6esmo u 2K. JTuy-
BUJLJTIO, TIOJIY9HJIa CyIIeCTBEHHOE pa3suTue B paborax . @penronsma, K. Heii-
mana, @. Hérepa, A. Ilyankape u ap. Tpyasl 3Tux MaTeMaTUKOB OATOTOBU-



IIpeucioBue ix

JIM TIOYBY 3HaMeHUTbIM ucciaemoBanusM . I'mapbepra mo Teopun KBaapaTud-
HBIX POPM OT OECKOHEYHOro uncjia nepemenubix. Mupen /1. I'uabbepra, pa3Bu-
teie @. Puccom, D. [IIMuaroMm u ap., HEMOCPEICTBEHHO MPEIIIIECTBOBAIN aK-
CHOMATHIECKOMY TIOCTPOEHUI0 TEOPUH TMJIbOEPTOBBIX MPOCTPAHCTB, JTAHHOMY
k. don Heiimanom u M. Croynom. Bosuukiuwmii pa3iesl MaTeMaTHKU OKa3aJl
U IIPOJIOJIZKAET OKa3bIBATh CUJIbHEIIIIIee BO3IEICTBIE HA TEOPETUIECKYIO (HDU3U-
KY ¥ TIPEXKJIe BCErO Ha KBAHTOBYIO MeXaHUKY. Hebe3bIHTEepeCHO U MOy YUTETHHO
B 9TO# CBA3U OTMETUTD, UTO TEPMHUH «KBaHT» BO3HUK B ToM ke 1900 1., 4TO N
TepMUH «)YHKITHOHAT.

TperbuM BaKHEHIINM MCTOYHUKOM (DYHKIIMOHAJIBHOIO AHAJIM3A IIOCIIY-
KuUau reoMerpudeckue ujen . MunkoBckoro. PasBuThlit uM ammapaTr KOHEU-
HOMEPHO# TeOMETPHY BBIMYKJBIX TEJI MOATOTOBUJ TOT KPYT MPOCTPAHCTBEH-
HBIX TIPEJICTABJICHN, B KOTOPOM OCYIIECTBJISIETCS COBPEMEHHOE PA3BUTHUE AHA~
sm3a. Wpest BbimyksiocTu, pazpaborannas . Xesumm, I. Xanom, K. Kapareo-
nopu, U. PajgoroMm u 1p., Jierjia BIIOCJEICTBUU B OCHOBY TEOPUU JIOKAJIBHO BbI-
IIyKJIBIX IIPOCTPAHCTB. B CBOIO 0Yepenb, 9Ta TeOpHsl CIOCOOCTBOBAJIA PACIIPO-
CTPaHEHUIO MeToa 000BIIEHHBIX IPOU3BOAHLIX, OTKpbITOro C. JI. CobosieBbiM
U KOPEeHHbIM 00pa30M H3MEHWBIIIErO alapar MareMaTudeckoi dusuku. B
MTOCJIEBOEHHBIE T'OJIBI TEOMETPUYIECKAsT KOHIIEIINS BBITYKJIOCTH 3aBOEBAJIA, JIJIsI
MaTeMaTUKN HOBYIO Cepy MPUIOXKEHWI — CONUMabHble HAyKH W OCOOEHHO
9KOHOMUKY. VICKIIOYUTENBHYIO POJIb IPHU 9TOM CBIFPAJIO JIHHEHHOE mpOorpam-
mupoBanue, orkpbiToe JI. B. KantopoBuyiem.

IlpuBeneHHBII TEpeYeHb JIMHUN  CTAHOBJEHUsI  (DYHKIMOHAJIBHOIO
AHAJIM3a CXEMATUYIEH, HEIOJOH W MpUOan3nTeIeH (TaK, OCTAJNCh HEOTMEYCH-
HBIME JInHUS TpuHnuna cynepnosuriun . Bepuymmu, aunus dysknmit MaO-
2KECTB ¥ TEOPUU WHTErpaJia, JIMHUs OMIEPAITMOHHOIO UCIUCIEHUS , TUHUST UCUNC-
JIeHVsI KOHEYHBIX PA3HOCTEN U APOOHOro qudHepeHInpoOBaHus, IUHUS «O0IIe-
ro aHaJaM3a» W MHOroe Apyroe). HecMmMoTpsi Ha 9TO, NEPEUUCIECHHBIE TPU HUC-
TOYHHUKA OTPaKAI0T OCHOBHYIO, Hambojee CyIIEeCTBEHHYIO 3aKOHOMEPHOCTb —
B (PYHKIIMOHAJILHOM AHAJIM3E OCYIIECTBJIEHbI CUHTE3 W PA3BUTHE UJIEH, Ipejl-
CTaBJIEHUIA M METOJOB KJIACCHYECKMX Pa3/eJI0B MaTeMAaTHKU: I'eOMETPHUH, aJ-
rebpbl 1 aHaMM3a. TakuM 06pas3soM, XOTs B OyKBaJILHOM CMBICJIE CJIOB (DY HKITHO-
HaJbHBI aHAIU3 — TO aHAJIU3 (QPYHKIWIA U (PYHKIMOHAIOB, JaXKe MOBEPX-
HOCTHBIN B3IJIsA)] Ha €ro HUCTOPUIO JIaeT OCHOBAHMS CKa3aTbh, YTO (DYHKIINO-
HaJIbHBIA aHAJIN3 — 9TO ajrebpa, reoMeTpusl ¥ aHajan3 MYHKIUNA U DYyHKIH-
OHAJIOB. bBostee riyboKoe M pPasBEepHYTOE Pa3bsiCHEHNE TOHSTHUS <«(YHKIU-
oHaJMbHBIA aHasm3y maer Coserckuii Durukioneaudeckuii Ciosapb: «DyHK-
[IMOHAJIbHBIN aHAJIM3, OJITUH U3 OCHOBHBIX Pa3/IeJIOB COBPEMEHHOI MaTeMaTUKU.
BosHuK B pe3ysibTare B3aMMHOIO BJIASIHUS, OObEIMHEHNST U 0DOOIIEHNS WIei 1
METOJIOB MHOTHX PA3/IeJI0B KJIACCHIECKOTO MATEMATUIECKOTO aHAIN3a. XapaK-
TEPU3YeTCs MCIOJb30BAHUEM IOHATHUHN, CBSI3aHHBIX C PA3JIUIHBIMA aDCTPAKT-
HBIMU ITPOCTPAHCTBAMHU, TAKUMHU, KAK BEKTOPHOE IIPOCTPAHCTBO 1 Jip. Haxomgur



X IIpenucnoBme

pa3Hoobpas3Hble TPUMEHEHNUSI B COBPEMEHHOI (busnKe, 0COOEHHO B KBAHTOBOM
MexaHuKe» (c. 1449).

OdopmiteHne QyHKIFOHAJILHOIO aHAIN3a KaK CAMOCTOSITEILHOIO pas/ie-
J1a MaremaTuku ces3ano ¢ kauroit C. Banaxa «Teopust muHeliHBIX oneparmiiy,
BBINIEAIIEN B CBET MOJIBEKa HA3a . BimsHue 9Toi KHUTM HA pa3BUTHE MaTeMa-
THKH OI'DOMHO — IipejicTaByieHHble B Heil KoHnennun C. Banaxa npoHusbiBaror
BCIO MaTEMaTHKY.

Brimarommiicst Bkytaz B pa3suTie QyHKIMOHAJILHOIO aHAJIN3a BHECIH CO-
Berckue yuenbie V. M. Tesibdang, JI. B. Kanroposu4, M. B. Kesgpi, A. H. Kos-
moropos, M. I'. Kpeiin, JI. A. Jlrocrepuuk, C. JI. Co6ones. st oreuecTBeH-
HOW IIKOJIBI XapaKTEPHO Pa3BUTHE WCCJIEJI0BAHUI B 06JIaCTH (DYHKIMOHAIIb-
HOT'O aHAJIN3a B CBA3U C KPYIHBIMU IPHUKIAJHBIME IPOOIEMaMu. DTU HUCCIIe-
JMOBaHUs PACIIMPIIN POJIb DYHKIIMOHAIBHOTO aHAJIN3a — OH CTaJl OCHOBHBIM
SI3BIKOM TIPUJIOXKeHn! MareMmaruku. llokasaresnen ciaenyromwmit haxt. XoTs
B 1948 r. camMo Ha3BaHMe mMUPOKO u3BecTHOU crarbu JI. B. Karroposmua
«DyHKIMOHAJIBLHBIA aHAIN3 U IPUKJIAIHAS MaTeMaTHKay, 3aJI02KUBIIEH OCHO-
BBl COBPEMEHHOI TEOPUH HMPUOIMKEHHBIX METO/IOB, BOCIPUHUMAJIOCH KaK Ia-
pajiokcasibHoe, yxke B 1974 r., o csiioBam C. JI. CobosieBa, TEOPUIO BHIYUCIEHUIT
CTaJIO «TaK »Ke HEeBO3MOXKHO cebe IpeJiIcTaBUTh 0e3 GaHAXOBLIX IIPOCTPAHCTB,
KaK 7 6€3 3JIeKTPOHHBIX BBIYUCIUTEIHHBIX MAITUHY.

Hapsinty ¢ mocTostHHBIM pOCTOM MOTPeOHOCTEN B METOMAX U MPEJICTaBJIe-
HUAAX QYHKIMOHAJBHOIO aHAIN3A B IIOCTIEIHEE BpeMs HAOJIIOIaeTCs SKCIIOHEH-
[aJIbHOE HAKOILIeHHE (PAKTHIECKOr0 MaTepuaJsia B paMKaxX CaMON 9TOM Iuc-
nuInHel. TakuM 06pa3oM, pa3pbiB MEXK Y COBPEMEHHBIM yPOBHEM aHAIN3a U
yPpOBHEM, 3a(DUKCUPOBAHHBIM B JIOCTYITHOM IITUPOKOMY YHTATEIO JIUTEPATYPE,
IIOCTOSIHHO yBesqnduBaeTcs. Hacrosrmas KHUra npecieayer 1eslb IPEOI0IeHIT
9TOIl HEraTUBHOI TEHIEHIIUU.



IIpeaucaoBue
KO BTOPOMY W3JIaHUIO

B Teuenune Gosiee niecsTKa JIET 9Ta KHUTA UCIOJIB3YETCS B KAadeCTBe
OCHOBBI 00s13aT€JILHOTO Kypca JIEKIHi 110 (PYHKIIMOHAIBHOMY AHAJIU3Y
B HoBocubupckom rocymapcTBeHHOM yHUBEpCHUTETE. BpeMsi moIrBepim-
JI0O 0OOCHOBAaHHOCTH IIPWHITUIIOB COCTaBJeHUsS MOHOrpaduu. B macros-
mee U3JIaHue BHECEHBI Pa3feibl, TPAKTYIOIINE OCHOBBI TEOPHH PACIIPE-
JIeJIeHN, JT00ABJIEHBI YIIPAYKHEHUsT TEOPETUIECKOr0 XapaKTepa U CyIe-
CTBEHHO OOHOBJIEH CIIMCOK JINTEPATYPhI. YCTPaHEHBI TAK:Ke HETOYHOCTH,
YKa3aHHbIE MHE KOJLJIETaMH.

[Tonb3aytock caydaem mobsrarogapuTh BCEX, KTO IIOMOT MHE B TIOJ-
roToBKe 31Ol KHUrH. MO# HpUATHBIN 10T 0000 OTMETUTH (DUHAHCO-
BYIO MOJIJIEP’KKY BO BpEMs ITOJITOTOBKYU U3JIaHMs CO CTOPOHBI UHCTHTYTA
maremaruku uMm. C. JI. CobosieBa Cubupckoro oruesienusi Poccuiickoit
akaJeMun HayK, Poccuiickoro don1a QyHIaMeHTaIbHBIX HCCIE0BAHNUIT,
Mex ryHapoaHoro HayqHoro (ouaa 1 AMepUKaHCKOrO MaTeMaTHIeCKO-
ro obIecrsa.
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DKCKYPC B TEOPUIO MHOXKECTB

1.1. CoorBercTBUA

1.1.1. OnPEAENEHUE. Ilycte A m B — mHOXKecTBa n F' — 1o-
MHO2KecTBO nipou3sBesiennst A X B. Torma F' Ha3bIBAIOT coomeemcmeuem
¢ obaacmuvio omnpasaenus A m obaacmoro npubvimus B wim, Kopode,
coorBercTBreM u3 A B B.

1.1.2. ONPEAEJEHUE. s coorBercrBust F' C A X B MHOXKECTBO
dom F:=D(F):={ac A: (3be B) (a, b) € F}
Ha3BIBAIOT 0bAacmblo onpedesenus F, a MHOXKECTBO
imF:=R(F):={beB: (3acA) (a, b) € F}

— obaacmvio 3navenut wau obpazom F.

1.1.3. IIPUMEPHI.
(1) Ecan F' — coorsercrsue n3 A B B, 10

Ft={(b,a)eBxA: (a, b) € F}

— coorsercTBue U3 B B A, HaszbiBaemoe obpamuvim K F. fcno, aro F
obpaTHO K cooTBeTcTBHIO F L.

(2) Omnowenue F B A — 310 coorBercrBue F' C A x A.

(3) IIycts F C A x B. Torga F Ha3bIBAIOT 00HO3HAYHDIM
COOTBETCTBUEM, ecjid i Kaxkuoro a € A u3 yciosuii (a, b)) € F u
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(a, bg) € F BwiTekaer, 9ro by = by. B wacraocru, ecsiu U C A u
Iy == {(a, a) € A2 : a € U}, to Iy — OIHOZHATHOE COOTBETCTBHE
u3 A B A, 0 KOTOPOM TOBOPST U KAK O MOHCICCMBEHHOM OMHOUEHUL
um mooicdecmee na U. Ornomenne U? HA3BIBAIOT NpoMUCKYUMEMOM
na U. CoorBercrBue F' C A X B Ha3bIBAIOT 0mMobpasicenuem MHOKECTBA
A B muoxkectBo B, ecau I ogaosnauno u dom F' = A. CoorsercrBue
Iy saBnsiercs orobpaxkenuneMm ToibKo npu A = U. B srom cayuae Iy
Ha3BIBAIOT Mmootcdecmeertvim omobpasicenuem. Orobpaxkenue F C A X
B obozuauaior cumBosiom F : A — B. CrouT MOAYepKHYThH, 9TO IPU
srom HenpeMenno domF = A u B To ke BpeMs o0pas im F moxker
ornudarhea or B. PapencrBo im F' = B BbimensoT ciaoBamm: «F —
omobpaotcernue A na B».

Haxkower, eciu coorsercrBue F~1 C B x A oka3bIBaeTCs OTHO3HAU-
HBIM, TO UCXOJHOE orTobpazkenue F' : A — B Ha3bIBAIOT 63aUMHO 00HO-
BHAUHDLM.

(4) Bmecro orobparkeHuil HHOTIA TOBOPAT O CeMeHCcTBax.
Tounee, orobpaxkenue F' : A — B npu KeJIaHUHM HA3BIBAIOT CEMEUCMEOM
ss1eMeHTOB B 1 0603Ha4aor 1pocto (by)aca, win a — b, (a € A), nan
maxe (by). Mmeercss B Bumy, 9to (@, b) € F B TOM M TOJIBKO B TOM
ciaydae, ecim b = b,. Jlomyckast BOJBHOCTD, HE PA3INYAIOT CEMENUCTBO U
€ro 00JIacTb 3HAYCHUI.

(5) IIycrs F C A x B — coorsercreue u U C A. CoorBer-
creue F'N (U x B) C U x B naspBator cyorcenuem F wa U wmn caedom
F na U n obozravator F'|y. Muoxecrso F'(U):= im F|y Ha3biBaloT 06-
pazom MHOXKecTBa U 1pm coorBercTBun F'. IIpmMeHAIOT ecTecTBEeHHBIE
cokparienus. Tak, eciu F' — orobpazkeHue, T0O JJisl 9JIEMEHTa, ¢ MUIILYT
F(a) = b, nogpasymenast F'({a}) = {b}. Crobku B cumBosie F'(a) gacro
OITyCKaIOT WJIM M300pakaloT B mHOM Hadepranun. OTMeTbTe, HAKOHEI,
qTo 00pa3 mpu 0OpPATHOM OTOOPaXKEHWHM HA3BIBAIOT Ipoobpazom. Tod-
nee Tosops, obpas F~1(U) muokectsa U B B npu coorserctsun F !
HA3BIBAIOT NPoobpasom MHOKecTBa U nipm coorsercTBum F.

1.1.4. ONPEAENEHUE. g FF C Ax Bu G C C X D MHO)KeCTBO
GoF:={(a, d) € AxD: (3b) (a, b) € F & (b, d) € G}

HA3BIBAIOT KOMNO3uyued nim cynepnosuyuet coorsercreuii F' u G. Ilpn
sTom G o F' paccmarpuBaioT Kak coorBercTBue u3d A B D.
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1.1.5. SAMEYAHUE. O0beM MOHATHS CYIEPIIO3UIIH, IO CYIIEeCTBY,
He yMeHbIHTCs, ecii B 1.1.4 3apanee cunrtars, yro B = C.

1.1.6. Ilycte F — coorBerctBue. Torga F o F~1' 5 Iiwr. Boaee
toro, F' o F —1 — J.uF B TOM U TOJIbKO B TOM ciay4dae, ecin Flaom p —
9TO oTobparkeHne. <I>>

1.1.7. Ilyctrb F C AXx B, G C BxC uU C A. Torga misa
coorBerctBust Go F C A x C Gyner Go F(U) = G(F(U)). <>

1.1.8. Ilycte F C Ax B,GC BxC, HCC x D. Torza coorBer-
crBusi Ho (GoF) CAXx D u(HoG)oF C Ax D coBuagaror. <Ii>

1.1.9. BAMEYAHUE. B cuy 1.1.8 pagymuo ompeesies cumBos H o
G o F u eMmy 1107100HBIE BBIPDAYKEHUSI.

1.1.10. Ilycrs F, G, H — tpu coorBercrBus. Torma

HoGoF = ) F7'(b) x H(o).
(b,c)eG

<d(a, d)e HoGoF < (3(b, ¢) €G) (¢, d) e H & (a, b) € F &
(3B, c)eG)ac F1(b) &de H(c) >

1.1.11. 3AMEYAHUE. IIpemmoxkenne 1.1.10 u BBIKJIaJKA, TPHBE-
JIEHHasi B Ka4eCTBE €ro JIOKa3aTe/IbCTBa, ¢ (DOPMAJILHON TOUKN 3pEHHSs
BOIUIONIE HEKOPPEKTHBI, IIOCKOJIBKY OCHOBBIBAIOTCS Ha HEOI'OBOPEHHOM
SIBHO WJIM HA JIBYCMBICJIEHHON uH(bopManuu (B YaCTHOCTH, HA OLIpEJeie-
aun 1.1.1). OublT 003B0JISIET CYUTATH YKAZAHHYIO KPUTHUKY [TOBEPXHOCT-
Hoii. TToaroMy B masibHeliIIeM aHAJIOMMIHOTO POJIa YI00HBIE (& Ha caMOM
Jesie 1 Hem30exKHble) HEKOPPEKTHOCTU OyJyT, KaK IIPABUJIO, MCIOJIb30-
BaTbhCsl 6€3 CHeNnuaIbHBIX OTOBOPOK U COYKAJICHUI.

1.1.12. Jlust coorBercrBuii G u F' BbimoieHO

GoF= [J F'(b) x G().

be imF

< B 1.1.10 nomaraem: H:=G, G:=I;wpu F:=F. >
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1.2. YnoopsigoueHHbIe MHOXXECTBAa

1.2.1. ONPEAEJEHUE. IlycTh 0 — oTHOIIEHNE B MHOXKecTBE X, T. €.
0 C X2. Pefaercusrocms o 03HAUAET BKIIOUEHIE 0 O Ix, mpan3umus-
HOCMb — BKJIIOYEHNE 0 0 0 C 0, AHMUCUMMEMPUYHOCTIL — BKIIIOYEHUE
ocNo~ ! C Ix u, HAKOHEI, CUMMEMPUYHOC® O O3HAMAET PABEHCTBO
oc=o0"L

1.2.2. OIIPEJEJIEHUE. PedJiekcuBHOE U TPaH3UTUBHOE OTHOIIIEHUE
Ha3BLIBAIOT omhowenuem npednopadka. CUMMETPUYHBIA IPEIIOPSIOK
HA3BIBAIOT 9KEUBAACHMHOCTNBI. AHTUCHUMMETPUIHBIN TPEJMOPSIIOK Ha-
3BIBAIOT NOPAJKOM.

Ecin X — MHOXKeCTBO, a 0 — nopsJiok B X, To nmapy (X, o) Ha3bI-
BAIOT YNOPAJOUEHHbBIM MHOHCECTNEOM U IMINYT T <, Yy BMeCTO Y € o(x).
JomyckaioT 0ObI9HBIE BOJBHOCTU CJIOBOYIIOTPEOICHUST M HATTMCAHUS: Ca-
MO X Ha3BIBAIOT YIOPSIOYEHHBIM MHOXKECTBOM, IHUINYT T < ¥ U TOBOPST
<« MEHBINE Y» W «Y OOoJibIIe T» W T. 1. AHAJOTUYHBIE COIJIAIICHUS
JIEHCTBYIOT U JIJIsT NPedynopadouertvir MHONCECME, T. €. MHOXKECTB C
OTHOIIIEHUSIME TIPEIopsifiKa. IIpu 5ToM B ciiydae OTHOIIEHUSI SKBUBA-
JIEHTHOCTU UCIOJIb3YIOT 3HAKU TUIIA ~, WU IPOCTO ~.

1.2.3. IIPUMEPHI.

(1) ToxkaecTBeHHOE OTHOIIEHUE; TOAMHOKECTBO X B X ¢
oTHoIeHueM og:= o N Xg X Xg.

(2) Ecim o — (npen)nopsiiok Ha X, To 0~ ! Takske (1rpe)io-
panok na X. Ilpu sToM oTHOMmEHHe 0~ 1 HABBIBAIOT NPOTMUGONOAOHCHBLM
K 0 (IIpes)nopsiiKoM.

(3) IIycrs f: X — Y u 7 — ornomenue B Y. Paccmorpum
B X caenyiomiee orHommenune: f~loro f. B cury 1.1.10

florof= U M) x (w2
(y1,y2)€T

3HAYUT, BBITOJTHEHO

(1, 22) € froTof e (f(x1), fxz)) €T

TakuM 06pa3oM, ecin T — 3TO IPEAIOPSIOK, To f 1 oTo f Toxe mpemo-
PSIIOK, HA3BIBAEMBIN npoobpasom T TIpu orobpaxkennu f. flcHO, 9TO TIpo-
0o06pa3 9KBHUBAJEHTHOCTHU SIBJISIETCS 9KBUBAJEHTHOCTHIO. B TO »Ke BpeMmst
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mpoobpa3 mopsijika He 00s13aH ObITH AHTUCHMMETPUIHBIM OTHOIIEHUEM.
B wacraocTn, Tak, KaxK mpaBusIo, OBIBAET JJIs CJIEIYIOIIEr0 OTHOIIEHUS
SKBHBaJIeHTHOCTH: f tof = f~loly o f.

(4) IIycre X — mpoOM3BOIbHOE MHOXKECTBO U W — SKBUBA-
nentaocts B X. Oupenenum orobpazkenne ¢ : X — 2% mpasmiom
o(z) = w(z) (3mecs 2% — 310 MHOICECMEB0 NOIMMOINICECTME X, 06O-
sHauaemoe Takxke n P (X)). Ilyers X := X/w = imp — Paxmop-
mroorcecmeo. OrobparkeHHe @, KAK H3BECTHO, HA3BIBAIOT KAHOHUMECKUM
(kaHOHMYECKO}T Tpoeknueil, (haKTOPHBIM OTOOpaXKeHHEM H T. II.). 3aMe-
THM, YTO (¢ CIUTAIOT JleficTByomuM Ha X . MuoxkecTso ¢(z) Ha3bIBAIOT
KAGCCOM IKBUBAAEHIMHOCTIU T KOMHOMHCECTNIE0M dleMeHTa ©. OTMe-
TUM €Ille, UTO

w=¢lop=J ¢l @x e (@)
TEX

IIyctb Teneps f : X — Y — orobpaxkenue. Torma f momyckaer chu-
oicenue f ma X, T. e. cymecTyer orobpazxkenue f : X — Y Takoe, 9TO
fow = fBToM 1 TOIBKO B TOM caydae, eciu w C f~ Lo f. <>

(5) Iycrs (X, o) u (Y, 7) — nBa IpeayIopsJOUeHHBIX MHO-
xkecrBa. Orobpaxenue f : X — Y gospacmaem (1. e. = <, y =
f(x) <; f(y)) B TOM 1 TOBKO B TOM ciy4ae, ecmm 0 C f~LoTo f. <>

1.2.4. OOPEAENEHUE. Ilycrs (X, 0) — ynopsiiovueHHOE MHOXKe-
crBo u U — moamuOXKecTBO B X. DuemenT x € X HaA3LIBAIOT 6eprHel
eparuyedi U, ecin U C o~ 1(x). Koporko mumtyr: x > U. B gactaoCTH,
T > . DnemeHT T € X Ha3bIBAIOT HudcHel epanuuets U, ecam T SBJis-
erca BepxHeil rpanuieil U B IPOTUBONOIOKHOM Iopsaake o~ L. KopoTko
mumyT: © < U. B wactooctu, x < &.

1.2.5. BAMEYAHUE. B jaJibHeiinem Mbl 6yj1eM JA0IYCKATH BOJBHO-
CTHU IIPU BBEJIEHUH [TOHSITU, [IOJIY YAIOIIUXC U3 JAHHBIX [IyTEeM IIePexo/ia
K IIPOTHBONOIOKHOMY (TIpes)mopsiaky. OTMETHM TakzKe, UTO OIpejIesie-
HUEe BepxHeil U HUXKHEH TPaHUI] OCMBICJEHO W B IIPE/YIIOPSsIOYEHHBIX
MHOYKECTBAaX.

1.2.6. ONPEJEJIEHUE. DJIEMEHT & HA3BIBAIOT HAUOOABUWUM B MHO-
xecrBe U, ecsim x > U nx € U. AHAJIOrTYHO OIPEIETAIOT HAUMEHBUUL
snement U.
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1.2.7. Ilycre 7,(U) — COBOKYHHOCTH BCeX BEpXHHX T'DAHHIL HOJI-
muoxkecrtBa U B ynopspodennom muoxkecrse (X, o). Ilycrs, nadee,
x € X — mambossmmuii saement U. Torma, Bo-mepBbIX, & — HAUMEHDBIITHIT
ssrement 7, (U), a Bo-Bropeix, o(x) NU = {z}. <>

1.2.8. BAMEYAHUE. Ilpemnmoxenne 1.2.7 siBisieTcsi OCHOBOI JIBYX
00ODITEHMI TTOHITHS HANOOJIBIIIETO JIEMEHTA.

1.2.9. ONPEAEJIEHUE. DjemedT x u3 X Ha3bIBAIOT MOYHOTU 6€pPT-
neti epanuyet Mmuoxkectsa U B X, ecyiu & — HaUMEHBIINH 3JIEMEHT MHO-
2KecTBa Bcex BepxHmX rpanur; U. llpm stom mumyT z = supy U niam,
kopoue, x = supU. Awnajorumuno (npu nepexose K HPOTHBOIIOJIOXKHO-
MY HOPSAIKY) OUPEAEISAIOT MOYHYI0 HUNCHION 2panuyy MHOXKecTBa U —
ssement inf U wiu, 6onee mosuo, infx U.

1.2.10. ONPEJEJ/IEHUE. DJIEeMEHT T YIIOPsIOYEHHOI'O MHOXKECTBA,
(X, 0) HA3BIBAIOT MAKCUMAALHOLM B TIOAMHOKecTBe U MHOXKecTBa X,
ecin o(2)NU = {x}. AHAJOTUYHO ONPEEISIIOT MUHUMAALHDLT HTEMEHT
MHOXKecTBa U.

1.2.11. 3AMEYAHUE. HeobxoamuMo OTYETINBO MPEIACTABIATEL cebe
pasaunyns 1 obIue YepThl MOHATHI HAMOOIBIIEro ¥ MaKCUMAJIHLHOTO 3J1e-
MEHTOB W TOYHON BEpXHEN I'PAHMUIILI MHOXKECTBA. B YaCcTHOCTH, CTOUT
«IKCIIEPUMEHTAJIBHO» YIOCTOBEPUTHCS, UTO Y «TUIIHIHOIO» MHOXKECTBA
HeT HanbOOJILIIIEro 3JIeMEeHTa, OJJHAKO MAKCUMAJILHbBIE 9JIEMEHTHI BCTpeva-
IOTCH.

1.2.12. OOPEAEJEHUE. YTOPSJI0YeHHOE MHOXKECTBO X HA3BIBAIOT
pewemxoti, eCJIu Jijisd JIOOBIX JIBYX 3JIEMEHTOB X1, To U3 X CYIIECTBYIOT
UX TOYHAsI BEPXHsisl TPAHUIA X1 V Tg:= SUP{Z1, T2} U TOUHAS] HIKHSIA
rpannna 1 A xo:= inf{z1, zo2}.

1.2.13. ONPEAEJEHUE. YIOpPSJI0YeHHOE MHOXKECTBO X HA3BIBAIOT
noAnol peuemrol, ecian Joboe MOJMHOKECTBO X MMeeT TOUHYIO BEPX-
HIOIO ¥ TOYHYIO HUKHIOIO TPAHMUIIHI.

1.2.14. VYmoopsimodeHHOe MHOXKECTBO sIBJISIETCS ITOJIHOH DEITeTKOH B
TOM H TOJIBKO B TOM CJIydae, €CJIH JII0O0E ero I0MHOKECTBO HMEET TOY-
HYFO BEPXHIOIO I'paHHILy. <>

1.2.15. ONIPEJEJIEHUE. YHopsjodeHHoe MHOXKeCTBO (X, o) Takoe,
aro X? = 0~ o0, maspBaior @uavmposanivim no cospacmanuro. Ana-
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JIOTHIHO OIPEIETSIOT (huabvmposaroe no ybwearuto MEOKecTBO. Herry-
croe (pUIBTPOBAHHOE IO BO3PACTAHHUIO MHOXKECTBO HA3bIBAIOT HANPAG-
AEHHDLM AU, KOPOYE, HANDAGAECHUECM.

1.2.16. ONIPEAEJEHUE. OToOpaskeHre HAITPpaB/JI€HHOIO MHOXKECTBA,
B JAHHOE MHOXKeCTBO X HA3bIBAIOT (0006wennoli) nocaedosamesvho-
cmovro i cemwvio B X. OrobpazkeHust (eCTeCTBEHHBIM 00pa3oM) Ha-
[PABJIEHHOIO MHOYKECTBa HaTypasbHbIX uncesl N B X HasbiBaroT (cuer-
HBIME) nocaedosamenvrocmamuy. (Crelys oxHON U3 Tpasuuuii, moJara-

for N:={1,2,3...}.)

1.2.17. Perrrerka sIBASI€TCST MOJIHOH B TOM U TOJIBKO B TOM CJIydUae,
ecsn Jri0boe (DHUIBTPOBAHHOE IO BO3PACTAHHUIO MHOXKECTBO B HEH HMEET
TOYHYIO BEPXHIOIO IPAHHUILY. <I>

1.2.18. BAMEYAHUE. Cwmbica 1.2.17 cocrout B TOM, 9TO JJIsi HAXO-
JKJIEHUs] TOYHOIN BepxHeil IpaHuIlbl JIFOOOro MoJMHOXKecTBa B X ciielry-
€T HAYIUTHCsS HAXOIUTH TAKUE IPAHUIIBL JJI JBYXIJIEMEHTHBIX 10 IMHO-
KecTB B X W JIIsi BO3PACTAIONIUX ceTeil 31eMeHToB X .

1.2.19. OnPEAEJNEHUE. Ilycrs (X, 0) — yuopsijodeHHoe MHOXKe-
crBo m X2 = o Uo !, Torma X Ha3BIBAIOT AUMEHO YNOPAIOUECHHDIM
MHOXKecTBOM. KEciu Xy — HelycToe JIMHEHHO yIOPSIJIOY€HHOE IIOMHO-
xKectBO X, To X Ha3bBaIOT uensvto B X. Hemycroe ymopsimouennoe
MHOKECTBO Ha3BIBAIOT UHAYKMUGHDILM, €CITH JIIOOAS Telb B HEM OTPAHU-
4eHa cBepxy (T. €. UMeeT BEPXHIOI TDAHMILY ).

1.2.20. Jlemma Kyparockoro — Ilopua. WugykTuBHOE MHO-
JKECTBO UMEET MAKCUMAJIbHBIIH 2JIEMEHT.

1.2.21. BAMEYAHUE. Jlemma Kyparosckoro — Iopaa ciyKut K-
BUBaJIECHTOM aKCHOMBI ]3])I6Opa.7 IIpI/IHI/IlVIﬁ.Gl\JOﬁ B Teopuu MHOXKECTB.

1.3. ®uabTpbI

1.3.1. OnPEAENEHUE. Ilycte X — MHOXKeCTBO U % — HeIycToe
IIOIMHOKECTBO HEIIyCTBIX 3J1eMeHToB 2% . MHOXKecTBO % Ha3bIBAIOT 0a-
sucom gusempa (B X), eciiu B buabrpoBaHo 110 yOBIBAHUIO IIPU BBEJIE-
HUM B MHOKecTBO 2% mojMHOKecTs X OTHOIIEHHs TTOPSIKA 110 BKJIIOUe-
HUIO.
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1.3.2. ITomumosxectso B B 2X apiserca Gasmcom ¢puiIbTpa B TOM
H TOJIBKO B TOM CJIydae, eC/id

(1) B+ 9, o¢ %
(2) Bl, BzG%é(HBE%)BCBlﬁBQ

1.3.3. OnPEAEIEHUE. Ilogmuoxectso . B 2% HasbBaoT @uan-
mpom (B X), ecn & upezcrasiser coboil COBOKYIHOCTh HAJIMHOXKECTB
HekoToporo 6asuca duisrpa £ (B X), T. €.

F =fil®.={Cec2¥:. 3BcB) BcC}

IIpu sTrom roBopsAT, uT0 B — ba3uc F wam 49ro F umeer B CBOUM
06a3ucoM u T. II.

1.3.4. IogmuoxkecrBo .F B 2% spisercs (pHIBTPOM B TOM U TOJIHKO
B TOM cJiydae, ecJii

(1) 740, 6dF;

(2) Ace #, ACBC X = Be %,

(3) A, Ave F=>A1NAy e F. <>
1.3.5. IIPUMEPHI.

(1) IIycre F C X x Y — coorBercrBue u B — GuiabTpo-
BaHHOE 10 yObIBaHMUIO TIomMHOKeCTBO 2% . Tlomokum F(A) := {F(B) :
B € #A}. Buuno, uro F(#) dbuwibrpoBano no yowsanuo. Jlomyckamor
HEKOTOPYIO BOJILHOCTH B 0003Ha4YeHusiX, cuuras F(A):= fil F(%). Ecan
F — bunbrp B X u BNdom F # & aus Besikoro B € %, to F(F) —
bunbtp B Y. DroT dDUAbTp HA3BIBAIOT 06pazom dusompa F NpU COOT-
Bercreuu F. B gacrhnocru, eciim F' @ X — Y — orobpaxkenue u B —
6azuc dunsrpa B X, 1o F(F) — dunsrp B Y.

(2) Iycrs (X, o) — manpasienne. HecomHeHHO, uTO JB:=
{o(x) : z € X} — s10 6asuc puasrpa. Ecim F : X — Y — Hekoro-
pas 06o0IIeHHAsT TOC/IE0BATEILHOCTL, To (uiabrp fil F(H) masbiBaior
Pusompom xeocmos .

Iycrs (X, @) u F : X — Y — ;Ipyrue HampaB/eHHe U CeThb dJie-
mentos Y. Eciu duistp xBocros F comepwxut buistp xBoctos F, To
F uaspisaior nodcemwvio (6 wupoxom cmwicae) cetn F. Ecmm xe cy-
nectByer nofceTs (B mmpokoM cmbicie) G X — X TOXKJIeCTBEeHHOI
cetn (T),ex d7MeMenToB Hampasaenus (X, o) Takad, aro F' = F o G, To
F maswBatoT nodcemwto F (mmorga rosopsar: F — nodcems Mypa min
ecmpozas nodcems F). Kazknast 0JCETh CIYKUT MOJACETHIO B MIUPOKOM
cMmbIcse. <>
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1.3.6. ONIPEAEJEHUE. Ilycrs % (X) — cOBOKYNHOCTH BeeX (Db
tpoB B MHOXKecTBe X. Eciu %1, % € F(X) u & D Fo, TO roBODAT,
q10 F1 monvwe Fo wiu Fi mascopupyem Fo (COOTBETCTBEHHO Fo
epybee F1 wu Fo munopupyem F1).

1.3.7. MuoxecrBo % (X) ¢ oTHONIEHHEM «TOHBIIIE» SBJISETCS YIIO-
PpsAgOIeHHBIM. <>

1.3.8. Ilycre A — nanpasienne B % (X ). Torgay A ecrb Tounasi
BepxHsis rpaHuia g := sup A . Ilpu srom

Fo=U{F: T e}

< HyzkHo ybeauTbcst TONBKO, 9TO %oy — 310 PUIBTP. SICHO, 9TO
@ ¢ Py u, B cuiy meycrorol A, Fo £ &. Eem A € Fou B D A,
TO, moxbupas &% us A, nus kKoroporo A € F, zakmouaem: B € & C
Fo. Ecm xe Ay, Ay € o, TO MOXKHO HaliTH 3JIeMeHT % B 4 Takoi,
uro Ay, Ay € F, ubo A — 370 Hanpasienuve. Ha ocuHoBamum 1.3.4,
AiNAy € F C Fy. >

1.3.9. ONPEAEJEHUE. MakcumaJibHble 3JIEMEHTBI B yIIOPSIOY€H-
HoMm MmHuoxkecTBe Z (X) Bcex buiabrpoB B X HA3BIBAIOT YAbMpPaduib-
mpamu.

1.3.10. Kaxkaprit puasTp rpybee HEKOTOPOIO YIbTPa(DUIBTPA.

<1 Buzy 1.3.8 MHOXKeCTBO (DUIBTPOB, COAEPIKAINAX TAHHBIHN, SIBJIs-
ercss mHAyKTUBHBIM. Ocraercs cocaarbes Ha JieMMy KyparoBckoro —
Hopaa 1.2.20. >

1.3.11. @uaprp ¥ sBIsIETCS YABTPApUIBTPOM B TOM H TOJBKO
B TOM ciy4ae, eciiu st Kaxkgoro A C X ymbo A € %, mbo X \ A € F.

d=:Mycts A¢ . F uB:=X\Ad&F#. Ormernm, uto A # S u
B # @. Tonoxum #; := {C € 2X : AUC € F}. Torna A ¢ F =
o ¢ .F uBeF = F + 3. Croab ke npocro nposeputsb 1.3.4 (2)
u 1.34 (3). Urak, .%; — dbuasrp. Ilo mocrpoenuto %, O .%. Paz F#
— yabrpaduibrp, o %, = %#. Ioayunnocs nporusopeune: B & % u
Be 7.

< Ilycrs € F(X)u F1 O .F. Ecm Ae 1 nuA¢g F, 10
X\A € Z# no ycaosuio. Orciona X\ A € Z1, 1. e. @ =AN(X\A) € F,
4ero ObITh He MOXKET. [>
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1.3.12. Ecin f — orobpazkernne uz X BY u F — yabrpachuabrp
B X, 10 f(F) — ynprpadumerp B Y. <>

1.3.13. IIyctp & = Xz, ={% € #(X): F C Fy} musa Heko-
toporo %y € ¥ (X). Torga & — nosnnas penierka.

< IousrHo, 9ro Fy — Haubosbmuii, a {X} — HaumMeHbIIHI dJ1e-
MenTsl B 2. Crajo ObITb, IIycTOE MHOXKECTBO B 2 HMeeT TOYHYIO
BEPXHIOI0 ¥ TOYHYIO HIXKHIOI rpanunpl: sup@ = inf 2" = {X} u
infg = supZ = . B cmay 1.2.17 u 1.3.8 mocraTrouHo ycraHo-
BUTH CyIIECTBOBaHue %1 V Fo s OObIX F#1, Fo € X . Pacemorpum
F={A1NAy: A € F, Ay € F}. Her comuenuit, uro F C %y u
F D F, F DO Fy. Ilosromy s npoBepku paBeHcTBa F = %1 V o
HY>KHO JIOKa3aTh, 9TO . — (QPUILTP.

Coornomtenus & # & u @ ¢ F odeBuaubl. fcuo takxke, aro (By,
By € . = BN By € &). Ilomumo sroro, eciiu C D Ay N Ag, rae
Ay € 911 Ay € Py, 10 C = {AlﬂAQ}UC = (A1UC)Q(A2UC>.
ITockonbky A1 UC € %1, a AoUC € Fo, BooguMm: C € 7. Anejuisanus
K 1.3.4 naer tpebyemoe. >

YanpakHeHust

1.1. TIpuBecTu npuMepbl MHOXKECTB U HE MHOXKECTB, T€OPETHKO-MHOXKECTBEH-
HBIX CBOMCTB U HE TEOPETUKO-MHOXKECTBEHHBIX CBOICTB.

1.2. Moxer s orpesok [0, 1| 6biTh anemenTom orpeska [0, 1]7 A orpesok
[0, 2]?

1.3. HaiiTu KOMIIO3UIINY IIPOCTERIITNX COOTBETCTBUI M OTHOIIEHNU]: KBaJpaToB,
KDYTOB M OKDY?KHOCTEH ¢ OBIIMME U C HECOBIIAIAIONMME IIeHTpaMu, mapos B RM x
RY nmpu pasnuansix gomycTuMbix Habopax M, N.

1.4. ys coorBercrBuit R, S, T yCTaHOBUTH COOTHOIIEHUS:

(RUS)'=R1us™;, (RNS)'=R1ns Y
(RUS)oT =(RoT)U(SoT); Ro(SUT)=(RoS)U(RoT);
(RNS)oT C(RoT)N(SoT); Ro(SNT)C (RoS)N(RoT).

1.5. Ilycre X C X x X. Jokazarp, uro X = .

1.6. BoisicHuTh yc/ioBus paspemuMocTu ypasuennit A = B u AZ = B otHo-
CHUTENBHO £ B COOTBETCTBUSAX, B (PYHKIUIX.

1.7. HaiiTu 9mc/i0 OTHOIIEHU SKBUBAJEHTHOCTH HA KOHEYHOM MHOYKECTBE.

1.8. Byzaer jiu 3KBUBaJIEHTHOCTBHIO IlepecedeHne SKBuBajieHTHOCTeH? Ob6beau-
HEHUE SKBUBaJIEHTHOCTEN?
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1.9. Haiitu ycjoBue KOMMYTaTHBHOCTH 9KBUBAJIEHTHOCTEH (OTHOCUTEIBHO KOM-
HO3UINN).

1.10. CkoJIbKO MOPSIIKOB U NIPEATIOPSIIKOB Ha JBYX- U TPEXJIEMEHTHOM MHOYKEe-
crBax? IlpeabsBurh ux. UTO MOXKHO CKa3aTh O YUC/IE MPEAIIOPSIKOB HAa KOHEYHOM
MHOXKeCTBe?

1.11. Ilycts F' — BO3pacraromiee, UAEMIOTEHTHOE OTOOParKeHNE YIIOPSITOIECH-
Horo MHoxKectBa X B cebs. Jomycrtum, uro F MaKOpUpyeT TOXKIECTBEHHOE OTOO-
paxkenmne: F > Ix. Takme F maspiBaior omneparopamu (aGCTPAKTHOTO) 3aMbLKAHUA
WM, KOpode, obosioukaMu. lcciienoBaTh CBOMCTBA HENOJBUKHBIX TOYEK OIEPATOPA
3aMBbIKAHUS.

1.12. Ilycrs X, Y — ynopsimouennbie muoxkectBa u M (X, Y) — MHOXKECTBO
BO3pacTamomux orobpaxkennit X B Y ¢ ecrecTBeHHBIM yrnopsinodenueM (kakum?). o-
Ka3aTb, YTO

(1) (M(X, Y) — pemerka) < (Y — perrerka);
(2) (M(X, Y) — nonnas pemerka) < (Y — mosHas pemerka).

1.13. YcTaHOBHUTH, 4YTO JJI yHOPSAOYEHHBIX MHOXKeCTB X, Y, Z cupaBeIuBbI
CJIeyIOIIye yTBEePKICHUI:
(1) M(X, Y x Z) nzomopduo M (X, Y)x M(Y, Z);
(2) M(X xY, Z) uzomopduo M(X, M(Y, Z)).

1.14. Ckoiabko GUILTPOB Ha KOHETHOM MHOXKECTBE?
1.15. Kak ycTpoeHBI TOYHBIE I'PAHUIIBI MHOXKECTBa (PUILTPOB?

1.16. Ilycts f orobpaxkaer X na Y. [lokazars, 4To KaxKIblil yIbTpaduIbTp B
Y ectn 06pa3 orHocuTenbHO f HEKOTOpOro yiabrpaduasrpa B X.

1.17. [JokazaTb, 9TO KaxKABIH yJIbTPadUILTP, Ma’KOPUPYIOUUN IE€pecedeHne
IBYX (PHJIBTPOB, TOHBIIE XOTs ObI OZHOIO U3 HUX.

1.18. JlokazaTb, 9TO KaXK/blii PUILTP IpeACcTaBjsieT cobOI0 ImepecedeHne Co-
JeprKaIUX ero yIbTPadUIbTPOB.

1.19. Ilyctes &/ — ynprpadunsrp B N, comeprkamiuii JOMOJHEHUST KOHEYHBIX
nogmuoxkects. i z, y € s:= RY nonoxum ¢ ~o y:= (JA € &) z|a = yla.
O6ozraunm *R:= RV~ Jlnsa t € R 3Hax *t CHMBOIU3UPYET KJIACC, COIEPKAIIUit
HOCTOSIHHYIO HOCJIe0BaTeIbHOCT t(n) := ¢t (n € N). lokasars, uto *R \ {t : t €
R} # . Beecrn B *R anrebpanveckue u NOPsAJKOBYIO CTPYKTYpbl. Kak cBsizaHbl
cpoiictBa R n *R?
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BekTopHbIe mpocTpaHCTBA

2.1. IIpocTpaHCcTBa U MOAIPOCTPAHCTBA

2.1.1. BAMEYAHUE. B ajrebpe, B 4aCTHOCTH, N3YyYAIOT MOJLYJIN HAJL
koJsibiiaMu. Modyav X Had xoavyom A onpenesisiior yKasaHueMm abejie-
Boit rpynust (X, +) u upexucrasienus A B Kousble su10MOpbu3MoB X,
3aJITAHHOTO 0TOOparkeHueM jieBoro ymuoxkenus - : A x X — X. Ilpu srom
3apaHee 0D6eCIeYnBaIOT eCTECTBEHHOE COTJIACOBAHNUE OTIEPAIINIT CIIOXKEHMST
n yMHOXKeHusi. C y9IeTOM CKa3aHHOTO TPAKTYIOT (bpasy: «Momyab X HaJ
KoJIbIIOM A omnmceiBaercs derBepkoit (X, A, +, -)».

2.1.2. ONPEJAEJIEHUE. Ilosie BemecTBeHHbIX Yuces R u 1mojie KoM-
nnekcHbIX uncenl C Ha3pIBAIOT ocnosHbIMU nosamu. ag obosHadeHms
OCHOBHOI'O IIOJISI UCHOJIB3YIOT Takxke cuMBos F. Cumraror, uto mone R
CTaHIAapPTHBIM (1 00IIen3BecTHBIM) criocoboM Bioxkeno B C.

2.1.3. OnPEAENEHUE. Ilycts F — ocroBhoe moste. Momyis X Has
nojeM F HaswBaioT exmoprbvim npocmpancmeom (mam F). Dyemen-
Tel F HA3BIBAIOT ckaAApamu, & dTeMEeHTbl X — eexmopamu. BexTop-
HOE IIPOCTPAHCTBO HaJ[ R HA3BIBAIOT GEULECTNEEHHBIM GEKMOPHbBIM NPO-
CMPaHCmMBoM, & BEKTOPHOE ITpocTpancTBo Hal mojeM C — xomnaexcrvim
BEKMOPHBLM NPOCTPAHCTNEOM. Y TOTPEOJISIOT COOTBETCTBYIOIIIE PA3Bep-
uyrete 3amucu: (X, F, +, ), (X, R, +, ) u (X, C, +, -). Bee xe, kax
[IPABUJIO, JIOIYCKAIOT OOJIBIIYI0 BOJBHOCTh, OTOXKJIECTBJIsIS MHOYKECTBO
BeKTOpOB X € OTBEYAIOIIUM €My BEKTOPHBIM IIPOCTPAHCTBOM.

2.1.4. IIPUMEPHI.
(1) Ocuosuoe nosie F — Bekroproe npocrpanctso uaj F.
(2) Hycrs (X, F, +, -) — BekTopnoe npocrpancrso. Pac-
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cemorpum Habop (X, F, +, ), tme -« : (A, &) m Nz qa As e Fux €
X, a \* — KOMILIEKCHO compsizkeHHoe K A uucjo. [logydennoe BekTop-
HOE IPOCTPAHCTBO HA3BIBAIOT Jyasviuim K X u obozHadator X,. Ilpm
F := R npocrpanctso X, coBnajnaer ¢ X.

(3) Bekroproe npocrpanctso (Xg, F, +, -) nHazpsaior nod-
npocmparcmeom BekTopHoro npocrpancrsa (X, F, + ), ecom Xy —
910 moAarpynna B X M YMHOXKEHHE Ha CKajsap B X( — 3TO CyKeHHe Ha
F x X¢ ymooxkenus Ha ckayagap B X. MuoxkectBo X Ha3bIBAIOT AUMHET-
Houm mroorcecmeom B X. Oderb yinoOHO, XOTs ¥ HE BIIOJTHE KOPPEKTHO,
paccMaTpUBaTh JTMHEHHOE MHOXKECTBO X KaK BEKTOPHOE ITOMIIPOCTPAH-
crBo B X. DBosee Toro, meifiTpajbHBIIl 3j1eMeHT — HyJb rpymmobl X —
cunuTaloT nojanpoctpancTBoM X u oboznadaoT cumBosioM 0. ITockosib-
Ky CBA3b HyJId ¢ X $IBHO He OTpakeHa, BCe BEKTOPHBbIE IIPOCTPAHCTBA,
BKJIIOYAsi M OCHOBHBIE ITOJIsI, MOYKHO BOCHPHHSATL KaK 3allellJIEHHbIE 33
OWH OOIWl HYJIb.

(4) IIycrs (X¢)ee — ceMeliCTBO BEKTOPHBIX IIPOCTPAHCTB
najg nojem F. Ilycrs, masee, 2 = ng X¢ — npoussedenue cooT-
BETCTBYIONX MHOXKECTB, T. €. COBOKYITHOCTb OTOOpaXkeHwmid = :  —

Uge Xe, Iyt KOTOPBIX ¢ := x(£) € X mpu kaxxaoM { € (B momoBHBIX
CHTYaIsIX BCErJia MOJYAINBO MOApasyMeBaioT, uro 7 &). Hamemum
2" HOKOOPIMHATHBIMHU OIIEPAIIUSIMU CJIOYKEHUS U YMHOYKEHH Ha, CKAJIAD:

(w1 +22)(€):=21(§) + 2(§) (21, T2€ X, £ € );

Nz)=A-2(&) (zeZ, \NeF, € )

(HMZKe, KaK IPABUIIO, BMECTO BBIPAsKEHUH THIIa A+ OyIeM MUCATh COKpa-
meHHo: Az u uspenka x\). IlosydeHHOE BEKTOPHOE IIPOCTPAHCTBO 2
uayt F Ha3pIBAIOT npousdsedenuem cemeticmen 6eKmopHLL NPOCmpParcms
(Xe)ee - Opr :={1,2,..., N} mumyt X1 x Xo X ... x Xy:= 2. B
cirydae, Korma X¢ = X ausa moboro £ € , WCHONB3YIOT 0DO3HAYEHUE
X = %. Ecrm x Tomy xe = {1,2,..., N}, nomarator XV := 2.

(5) IIycts (X¢)ee — CeMeHCTBO BEKTOPHBIX IPOCTPAHCTB
Has mosleM F. PaccMoTpnM mpsiMyro cyMMy MHOXKECTB 2y := de Xe,
T. €. NOAMHOXKeCTBO B npomssesenun 2 := [[.. Xe, cocrosumee us Ta-
KHX 3JIEMEHTOB I(, UTO Haiijercss (BOOOIIE TOBOPsI, CBOE JIsl KarXKIO0TOo
Zo) KOHEYHOE MOAMHOXKECTBO ( B Takoe, uto Zo( \ o) C 0. Bummo,



14 I'n. 2. BekTopHbBIE TPOCTPAHCTBA

gTo %y — JMHEHHOEe MHOXKeCTBO B npomssenennn £ . CooTBETCTBYIO-
IIee BEKTOPHOE IIPOCTPAHCTBO — HOANPOCTPAHCTBO MPOU3BEICHUS BEK-
TOPHBIX IPOCTPAHCTB (X¢)ee — HA3BIBAIOT NPAMOU CYMMOL cemeticmsa
sexmopHor npocmparcme (Xe)ee

(6) Iycrs (X, F, +, -) — BeKTOpHOE HPOCTPAHCTBO U 3314~
Ho noxnpocrpanctso (Xo, F, +, ) B X. Iomoxum

~xoi= {(w1, x2) € X2 1wy — a9 € Xo}.

Torna ~x, — sxBuBajgeHTHOCTh B X. Ilycts 2 := Xjvx, ng: X — 2
— KaHoHm4Yeckoe orobpazkenue. Omupemesnm B 2 omnepanuu

x1 +xoi= (o Hxy) + o Hx)) (x1, 20 € 2);

A= o\ H(z) (x€ X, NeT).

31ech, Kak 00bIYHO, JJIs MHOXKeCTB Sp, So B X, MHOXkecTBa B F 1
ssemenTa A € F camraercs, 9To

Sy + Syi= +{S; x Sy };

Sl = ( X Sl); /\Sl = {/\}Sl

Takum 0bpazom B 2 BBeJIeHA CTPYKTYPa BEKTOPHOTO ITPOCTPAHCTBA HAJ,
F. 9T0 mpocTpaHCTBO HA3BIBAIOT (HAKMOP-NPOCMPAHCTNGOM NPOCTPAH-
cmea X no nodnpocmparcmey Xo u obozunauaor X /Xj.

2.1.5. Ilycre X — BektopHoe npocrpanctso u Lat(X) — coBokyn-
HOCTb BCEX MOJIIPOCTPAHCTB B X C OTHOINEHHEM IIOPS/IKA ITO BK/IIOYEHHIO.
Torga ynopsiiouenHoe MHOKecTBo Lat(X) siBjisiercst MoJIHOM pereTkoi.

< Hcno, uro infLat(X) = 0 u supLat(X) = X. Ilomumo sro-
ro, IepeceveHrne HellyCTOr0 MHOYKECTBA ITOJIITPOCTPAHCTB TaAKKe ITOJIIPO-
crpancTBo. IlpuBnekas 1.2.17, mosydaem Tpebyemoe. >

2.1.6. 3AMEYAHUE. g X;, X5 € Lat(X) cupaseymso cooTHo-
menne X1V Xo = X1 + X5. CroJib K€ HECOMHEHHO, UTO JJjIs HEILyCTOIO
muoxkectBa & B Lat(X) seimosmeno inf & = N{Xy : Xo € &}. Ecm

K ToMy ke & buabTpoBaHo 1Mo BospacTanmio, To supé = U{Xp: Xg €
&} <>
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2.1.7. OnPEAEJEHUE. [lommpocrpanctea X7 u Xy JaHHOTO Bek-
TopHOro mpoctpancTBa X pasaazarom X 6 (aszebpauieckyro) npamyro
cymmy (cumBoimueckas zammch: X = X; @ Xo), ecmm X3 A Xy =
0u X7V Xy =X. Ilpu stom X5 HazbiBaloT (aszebpauneckum) donoare-
nuem X1, a X; — (anreGpamdeckum) monosHeHneM Xo.

2.1.8. JIoboe 1momipocTpaHCTBO BEKTOPHOI'O IIPOCTPAHCTBA HMEET
ajarebpamdeckoe OO THeHUE.

< Iyers X7 — nmomgnpocrpancTtBo X . Ilosroxkum
&= {XO € Lat(X) : XoNXq = 0}

OueBnno, 0 € & u Jy1st KaxK/I0i 1ienu &g B &, B cuity 2.1.6, X1 Asup &y =
0, . e. sup&p € &. Takum 06pas3om, & — MHJYKTUBHO, U HA OCHOBAHUU
1.2.20 B & ectb MakcumaJibHbLl s5eMeHT Xo. Ecm z € X\ (X7 + Xa),
TO

(X2+{)\!E: AeIF})/\Xlz().

B camom nene, ecniu st HekoTophix A € F u 21 € X1, x9 € X5 BbITION-
HEHO To + Ax = x1, To Ax € X1 + X9 u, crayo 6eiTh, A = 0. Orcioga
x1 = x9 = 0, u60 X1 AXo = 0. Cuenosarennuo, Xo+{A\x: A € F} = Xy
B cmty MakcuMasbHocTu Xo. Ilocmennee o3nagaer, aro © = 0. B 1o xke
Bpems siBHO T # 0. Oxonuaresnpo X1V Xo = X7 + X9 = X. >

2.2. JIuHneiinbie onepaTopsbl

2.2.1. ONPEAEJEHUE. Ilycts X, Y — BeKTOpHBIE POCTPAHCTBA
Hag F. Coorsercreue T C X X Y Ha3bIBaOT AuHelUHwM, ecin T —
JIMHEHOE MHOXKECTBO B IIPOM3BEIEHNN BEKTOPHBIX IpocTpancTB X X Y.
Orobpaxkenne T : X — Y, sgBisiomieecsd JIMHEHHBIM COOTBETCTBHUEM,
HA3BIBAIOT AUHElHbIM ONepamopom (AN POCTO ONEPATOPOM, €CJIU JIH-
HEHHOCTh $CHa U3 KoHTeKkcra). zKeymas ommuuTh Takoit T or jmHeil-
HBIX OJHO3HATIHBIX cooTBeTcTBHM S C X X Y ¢ 00/1aCThIO OIpeIe/IeHIsT
dom S # X, rosopsat: T — 6c10dy onpedesennviti INHEIHBIN OTIEPATOD
(m3 X BY) u S — smueiineiii oneparop u3 X B Y, win naxe S — ne
6c100y onpedeneHHvLll TMHEHHBINA OIEPATOP.

2.2.2. Oroopazkenne T : X — 'Y saBisiercst THHEHHBIM OMTEPATOPOM
B TOM H TOJIBKO B TOM CJIy4ae, €CJIH BBIIIOJIHEHO

T()\ll'l -+ )\ng) = MTx1 + AT xo ()\1, Ao €Ty 21, 20 € X) <>
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2.2.3. Muoxecrso £ (X, Y) Bcex ymneiinpix oneparopoB u3 X B
Y mpencrapisger cob6oit BEKTOPHOE HPOCTPAHCTBO — ITOJIIPOCTPAHCTBO
YyX. <

2.2.4. OnPEAENEHUE. Oneparopst u3 £ (X, F) naspizaor Auned-
HOUMU PYHKYUOHAAAMY HA X,

a mpoctpanctBo X7 = Z(X, F) — (anzebpaunecku) conpasicen-
MM npocmparcmeom. JluHelinble pyHKIMOHAIBI HA X, HA3BIBAIOT *-
AUHETHDMY PYyrKYUOHaAsaMY HA X .

Ecim xorsiT mog9epKHyTH IPUPO/Ly OCHOBHOTO 1oJjist [, TO roBOpsT
0 BEIECTBEHHO JIMHEHHBIX (DYHKIIMOHAIAX, O KOMILJIEKCHO COIPSXKEHHOM
npoctpancTBe u T. 1. IlousTHO, uTO ipu F = R TepMuH «*-IuHEHHBIH
GbYHKIMOHATY, KaK ITPABUIIO, HE YIIOTPEOJISAIOT.

2.2.5. ONPEJEJEHUE. Jluneitnbiii oneparop T € £ (X, Y) naspl-
BatoT (asnzebpauneckum) usomopdusmom, eciu coorsercrsue T L aBisa-
ercs suHeltHbM onieparopoM u3 £ (Y, X).

2.2.6. OIIPEJIEJIEHUE. Bekropubie mpocrpancTtea X u Y Ha3bIBa-
101 (anzebpausecku) usomopProimu u tunryT X ~ Y eciu CymiecTByer
n3oMoppu3M Mexkay X u Y.

2.2.7. IlpocrparcrBa X u Y sBiIsArOTCS M30MOP(HBIMH B TOM H
TOJIBKO B TOM CJIy4dae, ecau Haiinyrest oneparoppl T € (X, Y) u S €
Z(Y, X) takme, uro SoT = Ix T oS = Iy. Ilpu 5T0OM BBIIOJTHEHO
S=T1uT=5"1 <>

2.2.8. BAMEYAHUE. Ilycrs X, Y, Z — BeKTOpHBIE IPOCTPAHCTBA,
npuuem 3agaabl T € Z(X, YV)u S € Z(Y, Z). BeccuopHo, 910 €OOT-
BercrBue S o T — aro anement £ (X, Z). Oueparop S oT B najbHeii-
meM JJIsl IPOCTOTHI Oyier obo3Haden cumposiom ST. OrTmerum 371€Ch
ke, uro Kommosuiwo (S, T) — ST, Kak IpaBuiio, CUUTAIOT 0TOOpa-
xkernneMm o : Z(Y, Z) x L(X, V) - Z(X, Z). B gacrHOoCTH, ecin
ECZY, Z), aT e Z(X,Y), ro nomaraor & o T:= o(& x {T'}).

2.2.9. I[IPUMEPHI.

(1) Eciu T — muaneiinoe coorsercrsue, To T 1 Takke jiu-
HEHHOEe COOTBETCTBHEC.

(2) Eciu X; — noampocTpascTBO BEKTOPHOTO IIPOCTPAHCTBA
X n Xy — ero anrebpandeckoe jonosinenne, 1o Xo uzomopduo X/X;.
HeiicrBurensho, ecim ¢ : X — X/X; — kanonmueckoe orobpakeHue,



2.2. JIuneitapie oniepaTopbl 17

TO ero cyxenme Ha X, T. €. omeparop To — @(x3), Tae To € Xo,
OCYIIECTBIIsIET TpebyeMblit m3oMopdusM. <I>

(3) Hyers 27 := [[;c X¢ — npomssesienne cemeiicTa Bek-
TOpHBIX pocTpaHcTB (X¢)ee . Orobpaxkenne Pre : 27 — X, onpeje-
JIsieMoe COOTHOIEeHneM Pr¢ x := ¢, Ha3BIBAIOT K0OPOUHAMHBIM NPOEK-
mopom (= npoexyued). fcno, uro Pre — mmmeiinsrit omeparop: Pre €
ZL(Z, X¢). OrmernM, 9T0 aCTO ITOT OIEPATOP PACCMATPUBAIOT KaK
ssieMeHT npocrpancTBa L (2) = L (2, Z), uMest B BUJy eCTeCTBEH-
Hblil n3oMopdusm Ze u Xe, rae 2= [] Xy, aX,:=0mnpun #¢
u Xei= Xe.
(4) Hycrs X := X7 @ X,. IockoabKy orTobpaskenue + t
ocymmectsiisier n3omopdusm X u X1 X Xo, TO OmpejesieHbl JIMHEHHBIE
., . -1 ., — -1
omeparopsl Px, := Py, ||x, = Prio(+7"), Px,:= Px,||x, = Prao(+71"),
neticrByiomne n3 X B X. Omneparop Px, Ha3bBAIOT npoekmopom X
na X1 napasresvro Xo, a Px, — donoanumensvhoim npoexmopom K
Px,. B cBowo ouepens, Px, nomnosmnrener X Px,, a Px, ocymecTs-
sster mpoektupoBanne X Ha Xo mapasmieabHo X;. OTMeTnM Takke, 9TO
Px, + Px, = Ix. Kpowme Toro, P)Q(1 := Px, Px, = Px,, T. e. IPOEKTOp —
udemnomernmmuoili onepamop. Haobopor, jito60ii naeMIIOTEeHTHBI omepa-
top P € £ (X) apnsercs nmpoektopom Ha P(X) nmapasiensuo P~1(0).
Ecm T € Z(X), o Px,TPx, = TPx, B TOM U TOJbKO B TOM
ciyuae, ecain T'(X1) C X, 1 e. X1 unsapuarmmo ommnocumenvno T'. <1b>
Pasencrso TPy, = Px,T cupaBejjiiBO B TOM U TOJIbKO B TOM CJIy-
Jae, ecid Kak X1, Tak U JOMOJIHeHe X o NHBaPUAHTHBI OTHOCUTEIHHO 1.
B nociresiem ciydaae roBopsT, 9to padaoocenue X = X1 @ Xo npusodum
onepamop T
Co cireiom T ma X7 paboTaioT Kak ¢ 3jJeMeHTOM 1] MpOoCTpaHCTBa
Z(Xy). lpu srom T} HaswBator wacmoto T B X1. Eemn Ty € ZL(Xs) —

qacth 1 B Xa, TO oniepaTop T MBICJIAT KaK MaTPUILY

T~ (T 0.
0 Ty
Nnmenno, sstement x u3 X1 @ Xo paccMaTpuBaioT KaK «BEKTOP-CTOJIOEI>
c KoMIoHeHTaMu z1 € X, 3 € Xy, rme 1 = Prx, =, z2 = Prx, .
VMHOXKEHNE MaTPHUIL TPOBOJST OOBIYHBIM CIIOCODOM IT0 3aKOHY «CTPOKA

Ha CTOJIOEI», & Pe3yJIbTAT YMHOXKEHNS YKA3AHHON MATPUILI HA BEKTOP-
crosbery x, T. e. BeKTOp-cTos16er] ¢ Komuonenramu T1x1, Toxs (wim, 1ro

ne
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B JIAHHOM cJiydae TO ke camoe, Txy, Txs), eCTeCTBEHHO TPAKTYIOT KaK
asiemeHT 1'x.

WNubivu cmoBamu, T OTOXKIECTBISIOT ¢ oToOpaxkerueM Xi X Xo B
X1 X X, AeHCTBYIONNM TI0 TTPABUITY

X1 . T1 0 X1
) 0 T2 To ’
Ananormunnim O6pa3OM BBOJAT MaTPpHUYIHBIC IIPEJACTaBJICHUA O6IJ_LI/IX Oo11e-

patopoB T € £ (X1 & Xo, Y1 @ Y2). <>

(5) Koneunoe muoxkecrBo & B X Ha3bIBaIOT AUHETHO He3a-

BUCUMDBLM, CCITH U3 YCIOBUS ) o Ace = 0, 776 A\, € F (e € &), BBITe-
KaeT, 910 A\, = 0 juisg Beex e € &. MHOKeCTBO & HA3BIBAIOT AUNETHO
HE3ABUCUMDBLM, €CITH JTI000e KOHETHOE TOJIMHOXKECTBO & JIMHEHHO He3a-
BUCHMO.

MakcumaJsIbHOE 110 BKIIOUEHUIO JTHHEHHO HE3aBUCHMOE MHOXKECTBO B
X naswBaor 6asucom amens (mmm anzebpauvueckum 6asucom) B X. Jlo-
60€e JTMHEHHO HE3ABUCUMOE MHOXKECTBO COJIEPXKUTCS B HEKOTOPOM Oa3uce
Tamerst.

Y Bcex 6azucoB 'amesss B X oJMHAKOBasi MOIIHOCTb, Ha3bIBaeMasi
pazmeprocmovio X . Pasmeprocts X obosnagaror dim X.

Kaxmoe BekTOopHOE mpocTpanHcTBO X M30MOPQHO HPSMON CyMMe
cemeiictsa (F)ee , rme  mmeer mommocts dim X.

Ecim X1 — nogupocrpanctBo X, To pasmepHocTh X /X Ha3bIBaOT
rxopazmeprocmoro X1 n obozuadaior codim X;. Ecmu X = X7 & X5, To
codim X7 = dim X5 u dim X = dim X; + codim X7.

2.3. YpaBHeHUda B omeparopax

2.3.1. OnIPEAENEHUE. g oneparopa T € Z(X, Y) oupenes-
ior: kerT := T1(0) — adpo, coker T := Y/imT — xoadpo, coim T :=
X/kerT — xoobpas T.

Omneparop T HazwBatoT moromoppuzmom, ecau ker T = 0. Omnepa-
top 1" HA3BIBAIOT 2numoppusmom, ecau imT =Y.

2.3.2. Omeparop siBjsieTcsi ©30MOP(PU3MOM B TOM U TOJBKO B TOM
cIy4ae, eCJIH OH MOHOMOD(MHU3M U IMUMOPGU3M OJHOBPEMEHHO. <>
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2.3.3. SAMEYAHUE. B mampHeiimemM wHOTTa yHO0OHO MOJIB30BATH-
Csl I3BIKOM KOMMYMAMUSHHT duaepamm. HayduTbest UM 10JIB30BaTHCS
MOXKHO, pa300paB MOJAXONAIINIA IPUMeED.

Taxk, ¢dpaza «ciemyomast TuarpaMma,

oy
X ——Y

Q9 | &
as 2 4

VTS’W

KOMMyTaTHBHa» O3Hadaer, 410 a1 € L (X, V), ap € L(Y, W), a3 €
(X, W), aq € LV, Y) uas € L(V, W), upuuem asa; = ag
n 5 — p0g.

2.3.4. OUPEAEJNEHUE. narpammy X Ly 5 Z nasemaior mou-
not (B wiene Y) nocaedosamenvrocmoro, ecim ker S = imT. Tlocie-
JIOBaTEJIBHOCTD ... — Xp_1 — X — Xg41 — ... HaA3BIBAIOT MOYHOU
B ujeHe Xy, eCau TOYHA IOCIEIOBATEJBHOCTh Xg—1 — Xip — Xpi1
(HAMMEHOBaHMsI OLIEPATOPOB OILYIIEHbI). PaccMaTpuBaeMyto 0C/Ie[0Ba-
TeJIbHOCTH HA3BIBAIOT MO%HOU, €CJIU OHA TOYHA B KaXKJOM WieHe (KpoMme
[EPBOro U MOCJIEIHErO, €CJIU TAKOBbIE, PA3YMEETCs, €CTh).

2.3.5. IIPUMEPHI.

T \, S
(1) Tounas nocienosarenpHocts X — Y = Z noaymouna,
1. e. ST = 0. O6parHoe yTBEp:K/IEHIE HEBEPHO.

(2) THocnenoparenprocrs 0 — X LY rouna B oM 1 ToB-
KO B TOM ciaydae, ecam T — moromopdmsm. (31ech m B jJanbHeeMm
3amuce 0 — X — 9TO, KOHEYHO Ke, elle OXHO ODO3HAYeHWEe HYJIA —
eJIMHCTBEHHOrO dyteMenta npocrpancrsa £ (0, X) (em. 2.1.4 (3)).)

T
(3) Hocnenosarensaocrs X — Y — 0 To4HA B TOM U TOJIb-
KO B TOM cJrydae, ecin T — smumvopdusM. (IIoHATHO, 9TO O CUMBOIOM
Y — 0 TyT CHOBa CKPBIBAETCS HYJIb — €TAHCTBEHHBIH 3JIEMEHT POCTPAH-

crea .Z(Y, 0).)
(4) Omeparop T € Z(X, Y) saBuasiercss n30MOpdU3IMOM B

T
TOM U TOJBKO B TOM ciayd4ae, ecsiim 0 — X — Y — 0 — 3710 TOuHaAA
[IOCJI€/IOBATEIHLHOCTb.
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(5) Iycrs Xo — nomupocrpanctso B X. Cumsosom ¢ : X —
X obozHaINM onepamop (Mosrclecmeento20) BAOHCEHUA: LTg:= To s
Beex g € Xo. Ilycre memeps X/Xo — dakrop-ipocTpaHcTBoO U ¢ :
X — X/Xy — coorBercTByIOIEe KAHOHUYIECKOe oToOparxkenue. Torma
[IOCJIEIOBATEIHHOCTD

0-Xo 5> X5 X/Xq—0

sIBJIsIeTCsT TOIHON. (3HAKM ¢ M ¢ HUXKE B TOJOOHBIX CJIyvUasiX, KK [PaBH-
JIO, OIIYNIEHBL.) YKa3aHHas IOCJIeJI0BATE]bHOCTh B U3BECTHOM CMBICJIE
VHUKaJbHA. VIMEHHO, PacCMOTPUM IPOU3BOJBHYIO, KAK T'OBOPAT, <«KO-
POMKYI0» TOCIIEI0BATEILHOCTD

0-xZv2z_0

" JOIyCTUM, uTo oHa TouHa. [lonaras Yp:= im 7', Jerko mocTpouTsh U30-
MOPGU3MBI v, (3, 7y TaK, YTO IOJIYyIaeTCcs CJIELYIONasi KOMMYTaTHBHA
JUarpaMma;

T S

0O —mX—Y — 27 —0

o sl
0 —Yy——Y —Y/Yo— 0

MubiMu cyioBaMu, KOPOTKAasT TOYHAS TIOCJIE/IOBATEILHOCTD IO CYTH JIEJIa
TO 2K€, YTO IIOJIIPOCTPAHCTBO U (DAKTOP-IIPOCTPAHCTBO 10 HeMmy. <>

(6) Ilycrs T € (X, Y) — oneparop. C HUM CBA3aHA TOY-
Hasl IOCJICJOBATEILHOCTD

T
0—kerT - X -Y — cokerT — 0,
HA3bIBAEMAas KaHOHUMECKOT Mounol nociedosamenbrocmoio s T.
2.3.6. OnPEAENEHUE. Omneparop T HazbiBaoT npodossiceruem Ty
(mumryr T D Tp), eciiu KOMMYTATUBHA, JUarpamMMa

X04>X

T, T

Y

T.e. Tg =T, vie ¢t : Xg — X — BIoXKeHue.
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2.3.7. Ilyctp X, Y — BekTOpHBIE IpOCTpaHCTBA H Xo — IMOJIPO-

crparcrso B X. s mo6oro Ty € £ (X, Y) cymecrByer npogo/kenne
Te XX, Y).

< Ilpengbsasum T := Ty Px,, rne Px, — onepaTop IpOeKTUPOBAHHUA
Ha Xo. >

2.3.8. Teopema o pa3pemmmvoctu ypaBHeHus ZA = B.
Iycrs X, Y, Z — Bekropubie npocrpancrea; A € £ (X, Y), B €
Z(X, Z). Inarpamma

KoMMyTaTuBHA Jjisi Hekoroporo X € £ (Y, Z) B ToM H TOJBKO B TOM
caydae, ecom ker A C ker B.

< =: To, uro npu B = 2 A Bemouneno ker A C ker B, o4eBuiHoO.

«: Honoxum 2 := Bo A~!. Scuo, uro nia ¢ € X 6yger 2 o
A(z) = Bo (A7t o A)x = B(x + ker A) = Bx. Ilposepum, uto 2y :=
Z |im A — /mmeitnBI onlepaTop. Clielyer MTpOBePUTH TOMBKO OHO3HAH-
nocts 2. Ilyerh y € imA m 21, 29 € 2 (y). Torna z; = Bxy, 2o =
By, a Axy = Az = y. o yenosuo B(xy — z2) = 0. Suauut, 21 = 25.
IIpumensia 2.3.7, BO3bMEM Kakoe-1ub0 IpojoJkenue 2 omneparopa 2y
Ha MPOCTPAHCTBO Y. >

2.3.9. BAMEYAHUE. Eciu B ycioBusx 2.3.8 omeparop A — smu-
Mopdu3M, To oreparop £ eIuHCTBeH. <[>

2.3.10. JluneiHplit onepaTop AOMYyCKaeT €IUHCTBEHHOE CHUXKEHHE
Ha CBOIf Koobpas.

< dto caexcreue 2.3.8 u 2.3.9. >
2.3.11. Jluneiinblii oneparop T jomyckaer (KAHOHHYIECKOE) pa3Jjio-

JKeHHe B KOMITO3HIIHIO 1HMopgu3Ma p, uzomopdusma 1 u MoHOMOD-
usma 1, T. e. KOMMYTATHBHA CJEJYIOMAsT JHATDAMMA.
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coimT imT
o,
X Y

JIJIsT €THHCTBEHHOTO ollepaTopa 1. <>

2.3.12. Ilyctp X — HEKOTOPOE BEKTOPHOE MPOCTPAHCTBO U 38 JAHBI
fos fi,--., fn € X7 ®ynxmuonan fy apasercs mHeitHOl KoMOTHAIHCTT
N
fi:-.., [N B TOM 1 TOJBKO B TOM ciy4ae, ecan ker fo D ML ker fj.

< Myers (f1, ..., fv) : X — FN — jumeitaniit oneparop, 3a1anubIit
COOTHOIIEHUEM

(flw"va)x:: (f1($)7,fN({E))

Bugmo, uro ker(fi,...,fn) = ﬂé\f:l ker f;. Hcmons3ys reopemy 2.3.8
JUIST 381497

¥ (f1y--fN) FN

fo

U yUUTBIBAaA cTpoeHme mpoctpancTsa FN7 | momydaem TpeGyemoe. >

2.3.13. Teopema o paspemuvmoctu ypaBHeHuss A2 = B.
Hycre X, Y, Z — Bekropubie npocrpancrea; A € Z(Y, X), B €
Z(Z, X). JInarpamma

A
X +—Y

PN

VA

KOMMyTaTHBHA /I Hekotoporo 2 € £L(Z, Y) B ToOM H TOJBKO B TOM
caydae, ecoim im A D im B.
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<d=: imB=B(Z)=A(Z(Z) CAY)=imA.

«: Ilycrs Yy — anrebpamdeckoe porosnenue ker ABY u Ag:= Aly,.
Torma Ap B3auMHO OJHO3HA4YHO oTOOpaxkaer Yy Ha im A. Omneparop
X = Ay !B, oueBnmno, nckomblit. >

2.3.14. BAMEYAHUE. Ecau B yenosusx 2.3.13 oneparop A — mo-
HOMOPM)U3M, TO oreparop 2 eIuHCTBeH. <I[>

2.3.15. BAMEYAHUE. Teopewmsr 2.3.8 u 2.3.13 cBszanbl «hopMaib-
HOI1 JIBOICTBEHHOCTBIO». Kazkias u3 HUX IOJIydaeTcs U3 Jpyroil «obpa-
IIEHNEeM CTPEJIOK», «IIEPECTAHOBKOI sijiep W 00pa30B» U «IIEPEXOIOM K
IIPOTUBOIOJIO2KHOMY BKJIIOUEHUIO>.

2.3.16. Jlemma o cHexxkmuke. Ilycrs sagausr S € L(Y, Z) u
T € £(X, Y). CymecTByioT, u IPUTOM €JHHCTBEHHbBIE, OINEPATOPBI

Qay, ..., 0, I8 KOTOPBIX KOMMYTATHBHA JHATrPaMMa;
0 0
\ o /
ker S T > ker S
041 / \i‘&
T
0 ->-kerT cokerT— 0

\SA /s /

coker S <— coker ST

0/ \0

IIpu sTOoM (BBLAE/ICHHAS) HOCTIEHOBATEIBHOCTD

0 — ker T ker ST2% ker S22

23, coker T4 coker ST-=2 coker S — 0

SIBJISICTCS TOYHOH. <>
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YaopakHeHust

2.1. IlpuBecTu nmpuMepbl BEKTOPHBIX IIPOCTPAHCTB, & TAKXKe U HE BEKTOPHBIX
npocTpancTB. Kakue KOHCTPYKIMY IPUBOJAT K BEKTOPHBIM IIPOCTPAHCTBAM !

2.2. 3y4nTh BEKTOpHBIE IPOCTPAHCTBA HAJ| [ABYXJIEMEHTHBIM IOJIEM Z2.
2.3. Omucarb BEKTOPHOE IPOCTPAHCTBO CO CUYETHBIM Oasucom [amers.

2.4. Joka3arsb cymecTBOBaHNE pa3pbIBHBIX pemenuil f : R — R dyHKknnonams-
HOT'O ypaBHEHUS

flz+y) = fl@)+ fly) (=, y€R).
Kak npencrasurh Takue f rpadudeckn?

2.5. JlokazaTb, 4YTO IPOCTPAHCTBO, aJreOpamvyecKy COIPSKEHHOEe K IIPAMOI
CyMMe, peajin3yeTcsl KaK IIPsIMOe IIPOU3BEEHUE.

2.6. Ilycrb X D Xo D Xoo. Hoxazarb, uro X/Xoo u (X/Xo)/(Xoo/Xo) —
“30MOpP@HBIE IPOCTPAHCTBA.

2.7. IlycTb oTOOpakeHune «JIBOWHON JIM€3» ONPEJIEJIEHO IIPABUIIOM:
7 e (x| 2)  (z e X, &7 e XT).
YCTaHOBUTH, YTO 9TO OTOOPAXKEHHE OCYIIECTBIISIET BJIOXKEHHE BEKTOPHOI'O IIPOCTPAH-

crBa X BO BTOPOE CONPS?KEHHOE MTPOCTPAHCTBO X 7 77,
2.8. JlokazaTbh, 4TO ajredbpandecKu pedIeKCUBHBIMU SIBJISIOTCA KOHEYHOMED-
HBIE IIPOCTPAHCTBA U TOJIBKO OHH, T. €.

FH(X) = X7 o dim X < +oo.

2.9. Ecrp qm anasiorn 6a3ucos [amesnsi B o6mmx MOILyJIsix?
2.10. IIpu Kakux yCJIOBUAX CyMMa IPOEKTOPOB OYAET MPOEKTOPOM?

2.11. Ilycre T — sHIoMOpPGU3M HEKOTOPOr'O BEKTOPHOI'O IIPOCTPAHCTBA, IPU-
gem T"~1 #£ 0 u T™ = 0 m1s1 KAKOIO-TO HATYPAJBHOTO 7. JOKa3aTh, YTO OIEPaTOPHI
70, T,...,T" ! nuneiHO HE3ABUCHMBI.

2.12. Onmcarb CTpOEHHE JMHEHHBIX OIEPATOPOB, OMPEIEIEHHBIX Ha IPAMOMN
CyMMe IIPOCTPAaHCTB U JEHCTBYIOUIUX B IIPOU3BEIEHUE IPOCTPAHCTB.

2.13. HaiiTu ycioBus €UHCTBEHHOCTH PEIICHHI CJIEAYIONUX YPABHEHUN B OIe-
paropax ZA =B u AZ = B (31eCb HEU3BECTHBIM SIBJISIETCS OLEPATOp X ).

2.14. Kak yCcTpOEHO IPOCTPAHCTBO OUIIMHERHBIX OIEPaTOPOB?

2.15. OxapakTepu30BaThb BEKTOPHLIE IPOCTPAHCTBA, BO3HUKAIOIIUE B PE3Y/Ib-
TaTe OBEIIEeCTBJICHNs KOMIIJIEKCHBIX BEKTOPHBIX IIPOCTPAHCTB.
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2.16. [lyia cemeiicTBa JIMHEHHO HE3ABUCUMBIX BEKTOPOB (Ze)ec s NOABICKATD Ta~

KOe ceMeicTBO (DyHKIIMOHAIOB (:vf)eeg, 9TOOB! BBIIOJIHSAINCH COOTHOIIIEHUSI:
(@elal) =1 (e€ &)

<xe\xf> =0 (e, € €& ete).

2.17. [lnsa cemeiicTBa JIMHEITHO HE3aBUCUMBIX (DYHKIIOHAJIOB (:Ej)eeg TOIbIC-
KaTbh TaKOe CeMEHCTBO BEKTOPOB (Ze)ec &, ITOOBI BBIIOJIHSIACH COOTHOIICHUS:

(ze|zF) =1 (e€&);

<ze\xf£) =0 (e, e €& ete).

2.18. Haiitu ycnoBusi COBMECTHOCTU CHUCTEMBI JIUHEHHBIX yPABHEHUI U JIMHEH-
HBIX HEPABEHCTB B BEIIECTBEHHBIX BEKTOPHBIX IIPOCTPAHCTBAX.

2.19. Ilycrp JaHa KOMMYyTaTHBHas JuarpamMma

W—e Xy 2z
al Bl vl 6l

W—aXv—7Z

C TOYHBIMH CTOPOHAMH, IpUYIEM o — snuMopdu3M, a § — mMoHoMopdusm. Jokazars,
uro kery = T'(ker 8) u T~ (im~v) = im §.
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BoinmykJibrii anajan3s

3.1. MHuoxxkecTBa B BEKTOPHBIX IIPOCTPAHCTBAX

3.1.1. ONPEARJEHUE. Ilycts — mommmuoxkectso F2, a U — moa-
MHOZKECTBO BEKTODHOTO NPOCTpaHCTBa. MHoxkecTBO U HA3BIBAIOT -
mroocecmeom (i iyt U € (1)), eciin BBIIIOJIHEHO

()\1, )\2) e = MU+ XUCU

3.1.2. ITPUMEPHI.

(1) JIro6oe muOKecTBO BxoauT B (). (Takum obpasom, (&)
HE SIBJISIETCST MHOXKECTBOM. )

(2) IIpu  := F? HemycTble -MHOXKECTBA 3TO B TOYHOCTH
JIMHEHHBIE [I0/MHOYKECTBA BEKTOPHBIX IPOCTPAHCTB.

(3) Ecim = R?, To HemycTble -MHOMKECTBa B BEKTOD-
HOM IpOoCTpaHcTBe X HA3BIBAIOT 6EULECTIEEHHHLMU TLOONDOCTPAHCTNEAMU
B X.

(4) Ecom = R?, 10 HemycTble -MHOXKECTBA HA3BIBAIOT KO-
nycamu. VHBIMA CJIOBaMH, HEIYCTOE MHOXKECTBO K ABIISETCH KOHYCOM
B TOM H TOJIbKO B ToM ciydae, eciu K + K C K u oK C K upnu Bcex
a € Ry. Henycrsie R? \ O-MHOKecTBa (MHOIIA) HA3BIBAIOT HE3AOCIL-
PENHBIMU KONYcamu, a HemycTble Ry X (-MHOXKECTBA — HEGHNYKABIMU
xonycamu. (37ech U B naibHEIIEM UCHOIB30BAHO 0OBIYHOE 0003HAYe-
e R :={t e R: t > 0}.)

(5) Hycrs = {(A1, A2) € F2: X\ + Xy = 1}. Hemy-

CTBIE -MHOXKECTBA HA3BIBAIOT agdurHbiMUu MH02000pasusmu. Ecmm X
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— nomupocrpanctBo B X u x € X, 1o & + Xo:= {z} + Xo — addunnoe
muoroobpasue B X. Haobopor, ectu L — addunnoe maoroodbpasme 8 X
unzx €L, 0oL —x:=L+{—z} — nuneitnoe MmHOXKecTBO B X. <[>

(6) Ilycts = {(A\1, A2) € F2: |A\{| + |Xo| < 1}. Torma
HEIIyCTble -MHOXKECTBA HA3BIBAIOT AOCOAIOMHO 8bINYKABLMU.

(7) Iyere = {(\, 0) € F2: |A| < 1}. Torma -mMHONKecTBa
HA3LIBAIOT Ypashosewentvmy (pu F:= R roBopar Takxke 0 36e30nvix
MHOYKECTBAX; UCHOJIb3YIOT U TEPMUH «CHUMMETPHIHOE MHOXKECTBO», UTO
He BIIOJIHE OIIPABJIAHO).

(8) HyCTb = {()\1, )\2) € R2: A1 > 0, Ay > 0, AL+ A =
1}. Torma -MHOXKECTBA HA3BIBAIOT GbINYKABLMU.

(9) Ecmm == {(A\1, X2) €R2 : A1 + Ay < 1}, To HemycThIe

-MHOKECTBA HA3BIBAIOT KOHUMECKUMU Ompe3kamu. MHOXKeCTBO sIBIIsI-

€TCs KOHUYIECKUM OTPE3KOM B TOM U TOJIBKO B TOM CJIydae, €CJIM OHO
BBIIIYKJIO U CONEPXKUT Hysb. <|>

(10) Jns moboro  C F? m mpoumsBoIbHOTO BEKTOPHOTO
upocrpanctsa X ua F poimosnseno X € (). Ormerum emre, uro B 3.1.2
(1)-3.1.2 (9) MHOXKeCTBO  SIBJISIETCSl  -MHOXKECTBOM.

3.1.3. Ilycre X — BEKTOpHOE MPOCTPAHCTBO U & — HEKOTOPOE Ce-
MeifcTBo  -MHOXKecTB B 9roM npocrpancrse X. Torma N{U : U €
imé&} € (). Ecun, kpome Toro, im & (GHIBTPOBAHO 110 BO3PACTAHHUIO
(orHOCHTEIBHO BRJIIOUeHHst MHOXKecTB), To U{U : U € im&} € (). <>

3.1.4. BAMEYAHUE. Ilpennoxkenne 3.1.3, B 4aCTHOCTHU, O3HAYAET,
YTO COBOKYITHOCTb -MHOXKECTB JIAHHOI'O BEKTOPHOI'O IIPOCTPAHCTBa, Oy-
JIy9H YIIOPSIIOYEHA 0 BKJIOYEHUIO, CTAHOBUTCS TIOJTHONW PEIIETKOM.

3.1.5. Ilyctp X u'Y — BekTopHuble npoctpanctBa, aU C X u'V C
Y — mekoropsre -mHoxkectBa. Torma U x V € ().

<! Ecm omno m3 muOXKecTtB U mim Vo mycto, To U XV = @ n
JIOKa3bIBaTh Hevero. Ilycrs Tenepb uy, us € Un vy, v2 € V,a (A1, Ag) €

Torma Aui + deus € U, a A\va + dovq € V. 3Buauwr, (Ajug +
oo, A7 + )\27]2) cUxV.p>

3.1.6. ONPEAEJIEHUE. Ilycte X, Y — BeKTOpHBIE IIPOCTPAHCTBA
uT C X xY — coorgercreue. Ilycrb C F2. Ecm T € (), 1o T
HA3BIBAIOT  -COOMBEMCMEUEM.
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3.1.7. BAMEYAHUE. Eciau -muoxkecrsa (upu (hUKCUPOBAHHOM )
HOCAT CHEIUaJbHOE HA3BAHME, TO ITO HA3BAHUE COXPAHSIOT U JIsd -
COOTBETCTBUI. B 3TOM CMBICIIE TOBOPAT O AUHETHHIL B 8HINYKABIT COOMN-
6EMCMEUAT, aPPHUHHBLT 0MOOPANCEHUAT U T. TI. Y MECTHO IO[IEPKHYThH
0COGEHHOCTh TEPMHUHOJIOTUH: BBITyKJIasg (MDYyHKIMA OJHON IepeMeHHOM
He ABJISIETCS BBITYKJIBIM COOTBETCTBUEM, 38 HCKJIIOUEHNEM TPUBHAAJIBLHBIX
ciydaes (M. 3.4.2).

3.1.8. Ilycts T C X XY — mexoropoe 1-coorBerctBue, a U C X
— HekoTropoe o-MHOXKecTBO. Ecim o C 1, o T(U) € ( 2).

< Ecmu y1, y2 € T(U), To masg HEKOTOPBIX 1, Tz € U Oyuer
(.’L‘l, yl) €T n (.’L‘g, yg) eT. Hnsa ()\1, )\2) € 9 uMeeM ()\1, )\2) € 11,
suaunt, \1(z1, y1)+A2(22, y2) € T. Orcioga cienyer, 910 A1y1 + A2y €
TWU). >

3.1.9. Cymepmosuiiusi -COOTBETCTBHI — -COOTBETCTBHE.

AQlycrs FC X xVuGCWxYukF, Ge( ). Umeem
(x1, y1) € Go F & (3v1) (z1, v1) € F & (v1, 1) € G;
(T2, y2) E Go F & (Fva) (x2, v2) € F & (v2, 32) € G.

«YMHOXkKasl IEPBYIO CTPOYKY Ha A1, BTOPYIO — Ha Ag, vae (A1, A2) €
U CKJIaJIBIBasi pPE3YJIbTaThI», TOCIEA0BATEILHO MOMydaeM Tpebyemoe. [>

3.1.10. Ecru U,V — noamuosxkectsa X n U,V € ( ) ama  C F2,
T0 A1t obkIx o, § € F Boimonneno aU + BV € ().
<1 Cnenyer cocnarbest Ha 3.1.5, 3.1.8 m 3.1.9. >

3.1.11. OnPEAEJEHUE. Ilycte X — BEKTOpHOE IPOCTPAHCTBO,
— mogmHuO)kecTBo F2 u U — mommuoxKecTBO X. MHOXKECTBO

HU)={VcX:Ve() VDOU}
HA3BIBAIOT -00040uk0l U.

3.1.12. CupaBeJiuBbI yTBEPKICHUS:
(1) #H (U)e();
(2) H (U) — HauMeHbIIICe -MHOXKeCTBO, cozepKairee U;
8) U1 cUy=H (U1) C H (Uy);
4)Ue()sU=H (U);
(5) H (H (U))=H (U). <>
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3.1.13. Hwmeer mecro popmyma Mornkuna:
H (U)=U{H (Up): Uy C U, Up— KoHEIHOE HOAMHOMKECTBO}.

<1 ObozHaunM yepe3 V' MHOXKECTBO, CTOsIIIlee B MIPaBoil yacTu (Hop-
mysiel Monkuna. Tak xak Uy C U, o, o 3.1.12 (3), H (Uy) C H (U),
a noromy H (U) D V. B cuny 3.1.12 (2) meobxomumo (u, pasymeercs,
zocTaTouno) nposepurhb, uro V € (). Ho nocsennee caemyer uz 3.1.3
u toro dakra, uro H (Ug)UH (Uy) C H (UyUUy). >

3.1.14. 3AMEYAHUE. Popmyna MolKuHA ITOKA3BIBAET, YTO JIJIst
OINCAHUS TPOM3BOJIBHBIX -000JI0YEK CJIEIyeT HANTHU JIUIIb  -000I0UKN
KOHEYHBIX MHOXKeCTB. [lodepKHeM, 9TO 1P KOHKPETHBIX  UCIOJIb3Y-
0T Clenua/bable (HO eCTECTBEHHBIE) Ha3BaHuda Ijig  -00osodek. Tax,
mpr = {(A1, A2) € RZ : Ay + Ay = 1} roBOpAT 0 6bNYKABT 06040
xax u BMecto H (U) numyt co(U). Bmecto Hy2(U) mumyr £ (U) wim
lin(U), ecoiu U # &, kpome Toro, nosaraior s yaobersa £ (D) := 0.
Muoxkectso £ (U) HasbBaIOT AuneliHol 06040ukoti U (1 O BOSMOXKHO-
CTH HE IyTaIOT C NPOCMPArcmeom dndomoppusmos £ (X) BeKTOPHOro
upocrpascTBa X ). AHAJIOrMYHO BBOAAT HOHATUS aipunhol 06040uKU,
KoHuweckol 060a0uky n T. M. OTMETHM 37eCh K€, UTO BBIMYKJas 060~
JIOUKA KOHEYHOTO MHOXKECTBA TOYEK COCTABJIEHA U3 UX XKE BUNYKALLL
KOMOUHAUUT, T. €.

N
co({z1,...,zn}) = Z)\kxk: M >0, M+ Ay =13, <>
k=1

3.2. YnopsiZioueHHbIE BEKTOPHBIE ITPOCTPAHCTBA

3.2.1. OnPEAENEHME. Ilycrs (X, R, +, -) — BekTOpHOE mpo-
crpanctBo. Ilycrs, mamee, ¢ — mpemmopsnok B X. loBopsar, dro o
coznacosan ¢ 6exmoproti cmpykmypot, eciu o — Konyc B X2. B arom
ciydae TPOCTPAHCTBO X HA3BIBAIOT YNopAJOHEHHDIM GEKMOPHbIM TPO-
cmpancmeom. (Touree roBoputs 0 npedynopadowernom 6eKmMoOPHOM NPo-
cmpancmee (X, R, +, -, 0), coxpaHsg TEPMUH <«yIOPAIOIEHHOE BEK-
TOPHOE IPOCTPAHCTBO» I TE€X CUTYAIWil, KOTJa 0 — 9TO OTHOIIEHUE
HOPSIIKA. )

3.2.2. Ilyctp X — ymopsigodeHHOEe BEKTOPHOE IPOCTPAHCTBO U O
— coorsercrByiomuii npeinopsanok. Torma o(0) — komyc. Ilpu s10M
o(x) =z + o(0) mst Besroro x € X.
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< Muozxecrso o(0) — konye B cuiny 3.1.3. Ilomumo Toro, usz Toxe-
crBa (z, y) = (z, )+ (0, y—x) BeBOIUM (2, ¥) €0 = y—x € 0(0). >

3.2.3. Ilycte K — KoHyc B BekTOpHOM 11poctpancTse X . Iloyoxmm
o={(z, y) € X*: y—x €K}

Torma ¢ — OpeANOpsJIOK, COIVIACOBAHHBIH C BEKTOPHOH CTPYKTYPOH,
npriaeM K coBmamaer ¢ KOHycoM moJokuTenbHbx daemenTos o(0). Bo-
Jiee TOro, 0 SIBJISIeTCSI MOPSIIKOM B TOM H TOJIBKO B TOM CJIyYae, €CJIH
Kn(-K)=0.

< dcuo,auro 0 e K = Ix Cou K+ K C K = 000 C 0. Umeem
Takke Tipesctasienne o 1 = {(z, y) € X? : x —y € K}. 3naunr,
ocNo~tClIx & KN (=K) = 0. Ocrajsoch MpoBepuTh, 9TO 0 — KOHYC.
C s10it nenpio BosbMeM (1, Y1), (2, Y2) € 0 u ag, as € R.. Torma
a1y1 +agys — (1@ +oos) = ar(y1 — 1) +a2(y2 —22) € i K+ oK C
K. >

3.2.4. ONIPEJEJIEHUE. 3ajanubiii Konyc K Ha3bIBaIOT ynopadoyu-
sarowum 1 ocmpuim, ecan K N (—K) = 0.

3.2.5. BAMEYAHUE. Ha ocroanuu 3.2.2 u 3.2.3 3aaH1e B BEKTOP-
HOM TIPOCTPAHCTBE CTPYKTYPHI MPELYIHOPSITOUYEHHOIO BEKTOPHOTO ITPO-
CTPAHCTBA PABHOCUJILHO BBIJICJIEHUIO B HEM KOHYCA TTOJIO2KUTEILHBIX JIe-
MeHTOB. CTPYKTYpyY YIOPSIOIEHHOTO BEKTOPHOI'O IPOCTPAHCTBA CO3/Ia~
0T BBIJIEJIEHIEM OCTPOro KOHyca. B 310l ¢Bsa31 o (1Ipes)ynopsiioueHHOM
BEKTOPHOM IpocTpancTBe X dacro rosopar Kak o nape (X, X.), rue
X, — KOHYC ITOJIOYKUTEJIbHBIX 3JIEMEHTOB.

3.2.6. IIPUMEPHI.

(1) Ipocrpancreo dbyskmumit R ¢ komycom R, := (R})
dYHKIMH, TPUHAMAIOIINX TOJOXKUTETbHbIE 3HATCHUSI.

(2) IIycte X — ymopsiI0ueHHOE BEKTOPHOE MPOCTPAHCTBO
C KOHYCOM TOJIOKHUTETbHBIX djieMenToB X (. Ecan Xy — mommpocTtpan-
ctBO X, TO TOPSIOK, MHAyTUpyeMbIit B Xg u3 X, 3a7an KoaycoM X N
X .. B arom cmbicie Xy paccMaTpuBaiOT KaK YIIOPSI0YEHHOE BEKTOPHOE
[IPOCTPAHCTBO.

(3) IIycre X u'Y — (mpen)ynopsiio4eHHbIE BEKTOPHBIE PO~
crpamctBa. Oneparop T' € .Z (X, Y) Ha3bIBAIOT nosootcumenvroim (IIu-
myt T > 0), ecsin BoiosiHeno T'(X 1) C Y. MHO)KeCTBO BCex IOJIOXK-
TeJIbHBIX onepaTopoB obpasyer kouyc . (X, V). Jluneitnyio o6os0uky
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Z. (X, Y) oboznagator cumposioM .Z,. (X, V). Oneparopst n3 .%. (X, Y)

HA3BIBAIOT PE2YAADHHIMU.

3.2.7. OMPEJIEJIEHUE. YTOPsI0Y€HHOE BEKTOPHOE MPOCTPAHCTBO
HA3BIBAIOT GEKMOPHOT PeWemKotl, eci PEeNneTKON SABJISeTCS YIIOPsIOo-
YEeHHOE MHOXKECTBO BEKTOPOB PACCMATPUBAEMOIrO IIPOCTPAHCTBA.

3.2.8. OIPEJEJIEHUE. BekTOpHYIO pemerKy Ha3bIBAIOT NPOCmpaH-
cmeom Kanwmoposuwa wumm, Kopode, K-npocmpamncmeom, ecian iodoe
HEIIyCTOe OIPAHMYEHHOE CBEPXY MHOYKECTBO B HEIl MMEET TOYHYIO BEPX-
HIOIO TPAHUILY.

3.2.9. B K-mpocTpaHCTBe KaxKJ0€ HEIIyCTOe OrPaHHYCHHOE CHHU3Y
MHOXKECTBO HM€EET TOYHYIO HHXKHIOIO TDAHHUILY.

< Hycrs x < U. Torma —x > —U. 3maqnt, no 3.2.8 cymiecrByer
sup(—U). Ipu stom —x > sup(—U). OTcroma OueBHIHO CJeIyeT, 9To
—sup(=U) =infU. >

3.2.10. B K-npocrpaHCTBe JJIsSI HEIIYCTHIX OIPAHHICHHBIX CBEPXY
muoxkectB U n V' BpImosTHEHO

sup(U + V) =supU + sup V.

< B ciuyuae, xorjga mHOXKecTBO U I MHOXKECTBO V' COCTOHT U3
OJTHOTO 3JIEMEHTa, TpebyeMoe paBeHCTBO sicHo. Obmuil ciydail mosydaem
TElepb B CHJIy «aCCOIMATHBHOCTU TOYHBIX BEPXHUX IpaHUIly. VIMeHHO,

sup(U + V) =sup{sup(u+V): ve U} =

=sup{u+supV: ueU} =supV +sup{u: ueU} =
=supV +supU. >

3.2.11. BAMEYAHUE. Bwisox npemioxkenus 3.2.10 MOKHO cYATATH
CIPaBEJJIUBLIM B IIPOM3BOJIBLHOM YIIOPSJOYUEHHOM BEKTOPHOM IIPOCTPAH-
CTBe IIPH YCJIOBUH, YTO Y NCXOJHBIX MHOXKECTB UMEIOTCSI TOUHbIE BEDXHIE
IPaHUIBL. AHAJIOTUYHO TPAKTYIOT cooTHOImeHue: sup AU = Asup U s
AeR..

3.2.12. ONPEAEJ/IEHUE. Jljis 3/ieMeHTa T BEKTOPHOI PEIIeTKH BEK-
TOp T4 := x V 0 HA3BIBAIOT NOAOHCUMENDHOT HACMBIO T, ITEMEHT T_ 1=
(—x) — ompuyameavrol wacmovio, a |z|:= x V (—x) — modysem x.
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3.2.13. B BekTOpHOII penieTke JJist JIIOOBIX JIEMEHTOB T U Y UMeeT
MeCTO TOXKIECTBO
r+y=xVy+rAy.

Qrt+y—zAy=x+y+(—x)V(-y)=yVa>

3214. s =z, —x_; |z| =24 +2_.

< Ilepsoe paBencTBo moiydaercsa u3 3.2.13 mpu y := 0. Ilommmo
sroro, x| =xV (—z) = —z+ (22)V0 = —x+ 22 = (x+ —x_) + 22, =
T t+ax_. >

3.2.15. Jlemma o cymMmMe NIpPOME>KYTKOB. /[[/IsT MOJIOXKHUTEIbHBIX
9JIEMEHTOB T, Yy B BEKTOpHOI#I perierke X OyJer

[0, z+y] =10, 2] + [0, y].

(Kax obprawo, [u, v|:= o(u) No~t(v) — (mopsaxosrrit) npomescy-
MoK HJIH UHMEPEAA.)

< Bxumouenne [0, z] + [0, y|] C [0,  + y| necomuenno. Ecmau xe
0 <z < z+y, To nooxkuM 21 := z A x. Buumo, uro z; € [0, z|.
IIycts Tenepnb 29:= z — 2z1. Torma zo > 0. Ilpu stom 29 = 2 — 2 Ax =
24+ (=2)V(-z) =0V (z—2z)<0V(z+y—2z)=0Vy=y.>

3.2.16. Teopema Pucca — KanropoBu4a. Ilycts X — BekTOp-
Has pemietrka, a Y — Hekoropoe K-npocrpanctBo. IIpocTtpaHcTBO pery-
JsipHbIx omeparopos £, (X, Y) ¢ konycom £, (X, Y) nosoxxurenbHbIx
onepaTopoB sijsgercss K-npocrparcrBom. <I>>

3.3. IIpogoskeHue IMOJIOXKUATEIBHBIX (DYHKIIMOHATIOB U
oIlepaTopoB
3.3.1. KOHTPIIPUMEPHI.

(1) IIycre X — upocrpancrso B([0, 1], R) orpann4eHHbIX
semecTBenHbIX dynknuii a [0, 1], a Xo:= C(]0, 1], R) — noxupocrpan-
ctBo X, cocraBiieHHOe m3 HempepblBHbIX dyaknmit. [lomoxum Y := X
u nageuM Xo, X u'Y ecrecTBeHHBIMU OTHOIIEHUSAME HTOpsaka (cp. 3.2.6
(1) u 3.2.6 (2)). Paccmorpum 3a/ia4y O HPOJIOJIZKEHUA TOXK IECTBEHHOTO
oneparopa Ty : Xg — Y 10 nonoxuresnsuoro oneparopal € Z, (X, Y).
Ecau 651 9Ta 33aa1a nmesa perenne 1', TO y KaXKJI0I0 HEIYCTOTO Orpa-
HUYEHHOTO MHOXKeCTBa & B X HAILIACH OBl TOYHAsI BEPXHsisl IPAHUIA
supy, ¢, Berauciennas B Xo. Nmenno, supy, & = T'supy &, rie supx &
— To4YHAasl BepxHsisl rpanuiia & B X. B To ke BpeMsi HET COMHEHUIA, 9TO
Y ne aBnasercs K-mpocTpaHCTBOM.
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(2) Iycrs s:= RN — mpocTpaHCTBO TOCTeI0BATEIBHOCTEH,
HaJIEJIEHHOE €CTECTBEHHBIM IOpsAAKOM. 1lycTs, masee, ¢ — moxupocrpa-
CTBO B S, COCTABJIEHHOE M3 CXOJSIIUXCS MOCJE0BATENbHOCTEH. YcTa-
HOBHM, 4YTO IOJIOKUTEJNbHbIH dyHKImOoHaN fo : ¢ — R, onpejeneHHblit
coorHommenueM fo(z) := limx(n), He JOMYCKAET MOJOKHUTEILHOIO [IPO-
Jo/Kenus Ha 8. B camoM zene, myets f € 87, f>0wu f D fy. Ioso-
KuM Zo(n):=nu xx(n):=k An s k, n € N. dcno, aro fo(zg) = k.
ITomumo sroro, f(xg) > f(xk) > 0, Tak Kak xg > xf > 0. Ionyunan
[POTUBOpEYHE.

3.3.2. ONPEAENEHUE. logmpocrpancTso X yrIopsiJ09eHHOTO BEK-
TOPHOTO MPOCTPAHCTBA X € KOHYCOM IOJIO’KHTEJLHBIX 3JIeMEHTOB X i
HazbIBaIOT Mmaccushbim (B X), ecmn X + X = X.

3.3.3. IlogmpocrparcrBo Xy MaccuBHO B X B TOM H TOJIBKO B TOM
ciydae, ecam s BCIKOro x € X HaimyTcesl seMeHTHI Lo, x° € Xo
TaKHe, UTO BBIIOJHEHO Lo < = < z¥. <>

3.3.4. Teopema KauropoBuya. Ilycte X — ynopsinodeHHOE BEK-
TOPHOE MPOCTPAHCTBO, X( — MAaCCHBHOE MOIPOCTPaHCTBO B X mY —
uexkoropoe K-mpocrparctso. JIoboit mosoxkuTe bHbIH omepaTop Ty €
Z (Xo, Y) gomyckaer nosoxurenbHoe npogokenne T € £ (X, Y).

< 9TAIl L. Ilycrs cragana X := Xy @ X;, rme X7 — omHOMepHOE
noxaupocrparctso, X1 := {aZ : « € R}. Tak Kak moaupocTpaHcTBo
Xy MaccuBHO u orepaTop T MOJIOKUTEIEH, TO MHOXKeCTBO U := {Toato :
2% € Xo, 2° > 7} orpanuveHo CHU3Y W, 3HAYUT, OUPEJIEJICH 3JIEMEHT

y:=inf U. Ilonoxum
Tx:={Toxg + oy : =z + aZ, x9 € Xo, @ € R}.

OueBupnno, T — ogHO3HAYHOE JIMHEWHOE cooTBeTcTBHUE, IpmdeM 1 D Ty
n domT = X. Ocranock y6euThCsT B TOJIOKUTETHHOCTH 1.

Ecmu x = g+ ax u x > 0, To npu o = 0 ;10Ka3bIBaTh Hevero. Ecim
ke a > 0, 10 T > —x0/a. Orcroma caemyer, aro —Tozg/a < 7, T. e.
Tz € Y. Aunanoruuno npu o < 0 umeem T < —zg/a. Crano GbITb,
y < —Tpxzo/a u BaoBb Tx = Tozo + afy € Y.

drAn II. Ilycrs Tenepb & — COBOKYITHOCTH TAKHUX OJHO3HAYHBIX
sHeiinbix coorBerctBuil S C X X Y, uro S D Tp u S(X.) C Y.
B cuny 3.1.3 npu ynopsijjodeHud 10 BKJIIOYEHUIO & WHIYKTUBHO, W TIO
semMe Kyparosckoro — Iopaa B & ecThb MakKCUMAaJIbHBIA 3jeMeHT 1.
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Eciu T € X \ dom T, 70 MOXKHO IPUMEHHUTDH JIOKA3aHHOE Ha drare 1 K
ciaydaio X := domT @ Xy, Xog:=domT, Tp:=T u X;:= {ax: o € R}.
Bosaukaer mporuBopeune ¢ MmakcumaabHocThio 1. Utak, T — nckomMoe
IpoIoJI2KeHune. >

3.3.5. BAMEYAHUE. IIpu Y := R o0 3.3.4 unOra roBopsT Kax 0 meo-
peme Kpetina — Pymmana.

3.3.6. OIIPEJIEJIEHUE. DJIEMEHT & U3 KOHYCa IIOJIOKUTEJBHBIX JJIe-
MEHTOB Ha3bIBAIOT duckpemmoim, ecam [0, z] = [0, 1]z.

3.3.7. Ecum na npocrpancrse (X, X | ) umeercs AucKkpeTHbIil pyHK-
muonai, o X = X, — X .

< Ilyere T' — rtakoit dyukumonan u £ = X, — X . Bosbmem
f € X7. Jocrarouno nokaszars, uro ker f O 2" = f = 0. Io yciaosmio
T+ f €0, T], . e. nysa mexkoroporo « € [0, 1] 6yner T+ f = oT. Ecau
Tl =0,10 2T € [0, T]. Orcriona T =0 u f = 0. Ecou xxe T'(zg) # 0
JUTsT Kakoro-junbo g € Z°, to a = 1 u Buoes f = 0. >

3.3.8. Teopema Kpeiina — Pyrmana a1 AUCKpPETHOro pyHK-
nquonasia. Ilycre X — ymopsiioueHHOe BeKTOPHOE MPOCTPAHCTBO, X —
maccuBHOe rognpocrpadcTBo B X u 1y — AUCKpeTHBIH (DYHKIIHOHA HA
Xo. Torma cymecrByer muckperubiii ¢pyukmuonans 1 ua X, npomoska-
forrmit 1.

< «IToxmpapum» mokazareabcTBO 3.3.4.

ITAT L. Ipeabsasiaennstit byukuonaa T nuckperen. B camom je-
qe, ipu T € [0, T| msa nogxonamero « € [0, 1| mpu Beex z¢ € X Gyner
T (z0) = T (z9) u (T —T")(z0) = (1 — @)T(zp). Ouenunaem:

T'(Z) < inf{T"(z°) : 2° >z, 2° € Xy} = oT'(%);

(T -T")Z) <inf{(T-T) (") : 2°>7, 2° € Xo} = (1 — )T(7).

Takum obpasom, 77 = o1 u [0, T| C [0, 1]T. IIporuBonoIOKHOE BKIIIO-
JeHue crpaBeIuBo Beerga. Vtax, dyuknuonaa 1 AUCKpETeH.

ITAll II. Ilycre & — MHOXKECTBO, BBEJIEHHOE IPU JI0KA3ATEHCTBE
3.3.4. PaccMoTpuM MHOXKECTBO &y, COCTOSINEE M3 TaKUX IJIEMEHTOB S €
&, aro cael S|qom s UpeIcTaBisger coboi JIUCKPETHBIN (DYHKIMOHAJ HA
npocrpanctBe dom S. Ciegyer yCcTaHOBUTH MHJYKTHUBHOCTH &y. B co-
oreercteun ¢ 1.2.19 Bo3bMeM menb &y B &y. Iomoxum S := U{S) :
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So € &p}. OueBuupno, uro S € &. Ybemumcs B JUCKPETHOCTU S, UTO
U 3aBEPIIUT JOKA3ATEIbCTBO.

IIycrs S’ € (dom S)” Takos, uro 0 < S’(zg) < S(x) mnsa Beex
xo € (dom S) ;. Ecim S(xg) = 0 aust smoboro Takoro xg, o S’ = 0S5,
410 1 Hy:kHO. Ecim ke S(x0) # 0 s meroroporo g € (dom S)., To
BoIbepeM Sy € &y u3 yeaosus So(xg) = S(xp). Torma B cuity quckper-
HOocTH Sy MOkHO 3amucarh: S’ (2') = aS(z') ans Beex 2’ € dom Sy. Ilpn
sToM a = S'(x0)/S(zo), T e. « He 3aBucuT OT BBIGOPaA Sy. [lockombKy
&y — nenb, 3akmodaeM: S’ = aS. >

3.4. BoimykJibie QYyHKIUN U CyOIMHEHHbIE
b yHKITMOHAIIBI

3.4.1. OOPEAEJEHUE. [loaypacwupennoti wucao8oti npamot R’
HA3bIBAXOT MHOZKECTBO R C IIpI/ICOe)]‘I/IHeHHbH\/I Ha.I/I6OJ'H)HII/IM 9JIEMEHTOM
+o0o. Ilpm srom nomaraior a(+o00) := oo (a € Ry), +oo +z:=z +
(+00):= 400 (z € R).

3.4.2. OnPEAEJEHUE. Ilycts f : X — R’ — mekoropoe orobpa-
KeHne. MHOXKeCTBO

epifi={(z, ) e X xR: t> f(z)}
Ha3BIBAIOT Hadzpagurom [, a MHOXKECTBO
dom f:={z e X : f(x) < +o0}

— appexmueroti obaacmvio onpedesenus dyaknun f.

3.4.3. 3AMEYAHUE. HermocenoBaTelbHOCTh B MPUMEHEHUN CHM-
Bosta dom f xaxkymasics. Vimenno, acddekTuBHas 00/1aCTh OIPE/IEICHUS
dbyurnun f: X — R’ coBrnagaer ¢ 00J1aCThIO OIPee/IeHNs] OTHOZHAIHO-
ro coorBerctBusg f N X X R u3z X 8 R. B sroit cBasu npu dom f = X
OymeM, Kak u npexje, micarh f : X — R, omyckas Touky B R'.

3.4.4. ONIPEAEJEHUE. IlycTte X — BemecTBeHHOE BEKTOPHOE MPO-
crpancTBo. Orobpaxkenue f : X — R’ HazbBawOT 8uinyk.aol gyHkyued,
ecin HaJIrpaduk epi f — 9TO BBIMYKJI0E MHOXKECTBO.
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3.4.5. Orobpaxernne f : X — R’ sgpiastercss BbITyK/I0H (QyHKITHEH
B TOM H TOJIBKO B TOM CJIydae, €CJIH HMeeT MecTo HepaBeHcTBo eHcena,
T. e.

flarzr + azzs) < ar f(a1) + aa f(w2),
KaK TOJIBKO a1, ag > 0, a1 +as =1 wmxy, 9 € X.

< =: Ecau BeiOpans! unciaa o, as > 0, oy +as = 1 u 0IUH U3 BEK-
TOPOB 1, To HE BXomuT B dom f, TO JOKa3bIBATH HEYErO — HEPABEHCTBO
Mencena ouesuano. Ilycrs 21, x5 € dom f. Torma (z1, f(z1)) € epi f
u (z2, f(z2)) € epif. Cramo 6biTh, ¢ yaerom 3.1.2 (8), ay(z1, f(z1)) +
az(x2, f(x2)) €epif.

«<: Iyers f : X — R — dyskuus u (z1, t1) € epi f, (w2, t2) €
epi f, 1. e. t1 > f(x1) ute > f(x2) (B cayuae dom f = @ 6yuer f(z) =
400 (x € X) u epi f = @). Ipusiekas uepasencrso Mencena, BummM,
qT0 st iy, g > 0, ay + as = 1 cupasemymBo (121 + axa, aity +
052t2) S eplf >

3.4.6. ONPEAEJEHUE. Orobpaxkenue p : X — R’ HaszweBawT cyob-
AUHETHOM PYHKUUOHAAOM, eCTTT HAATPADUK epip — 9TO KOHYC.

3.4.7. IIpu dom p # 0 93KBHBAJICHTHBI Y TBEPKJCHHUSI:

(1) p stBAsIeTCsT CyOIUHEHHBIM DYHKITHOHAJTIOM;

(2) p — BbmykIas (YHKIHUS, YIAOBJETBOPSAIOMAS YCIOBUIO
MOJIOKUTENBHOH onHOponHOCTH; T. e. plax) = ap(z)
mpu Bcex a > 0 m x € dom p;

(8) st 06BIX @y, ag € Ry m x1, x5 € X BbIIOJIHEHO
pla1zy + aswo) < ayp(wy) + asp(zs);

(4) p — mosoxkHTENBHO OMHOPOAHBIH (DYHKIHOHAJ, YIOBJIE-
TBOpsIOIUE ycaoBuio cybammurusaoct: p(ry + ) <
p(z1) + p(x2) st Beex 1, x2 € X. <>

3.4.8. IIPUMEPHI.

(1) Jluneitnbiii byHKIOHAJ CyOJIUHEEH, B TO BPeMs KakK ad-
dunHbIl QYyHKIIMOHAT — BBIITYyKIas (OYHKIHI.

(2) IIycre U — seinykioe MHOXKecTBO B X . ITostoxknm

0, ecmu x € U,

()~ {

+o0, ecm x & U.

Orobpaxenue §(U) : X — R’ maspiBaior unduxamophot ¢ynrkyuet; MHO-
xkecrBa U. fcuo, uro §(U) — Beinykias Gyukuus. Eciau U — Konyc, 10
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0(U) — cybuuneiinbiit dyunkimonan. Eciu U — addunnoe MHOKeECTBO,
1o §(U) — addunnblii HyHKIMOHAL.

(3) CymMma KOHEYHOro 4mcja BBIIYKJIBIX (DYHKIHMH U TOY-
Hag BEPXHss MPaHuIa (MM BEpXHsis Orubaromias) ceMeliCTBa BbIILYKJIIbIX
bynxnmit (Buraucisemas motodedno, T. e. B (R)X) cyTh BBITyKIBIE
dyukipm. AnajorudHble CBONCTBA HAOIIONAIOT y CyOJUHEHHBIX (DYHK-
IIOHAJIOB.

(4) Cynepnosunust BbIIyKJIo# byHKIMU ¢ addurrvim one-
pamopom (T. €. €O BCIOLY OIIPeJIeJIeHHBIM OJJHO3HAUYHBIM adOUHHBIM CO-
OTBETCTBHEM) SIBJISIETCH BBIMYKJIOH (ynknueit. Cyneprosunus cy6Jin-
HEHHOrO (DYHKIIMOHAJIA C IMHEHHBIM OIEPATOPOM — CYOINHEHHBIN DYHK-
IHOHAJT.

3.4.9. OnPEAEJIEHUE. Ilycts X — BekTOpHOE TIpocTpaHcTBO, a U
u V — pBa moamuoxkectsa B X. loBopsar, aro U nozaowaem V, ecian
naiimerca n € N, masa xkoroporo V. C nU. MuoxectBo U Ha3bIBaIOT
nozaowaowum (B X), ecan U moryiomaer Kaxkiyo TOUKy B X, T. .
X = UpennU.

3.4.10. Ilyctp T C X x Y — jmHeliHOEe COOTBETCTBHE, IPUIEM
imT =Y. Eciu U nornomaromee (8 X ), To T(U) norsomaromiee (BY).
3.4.11. OnPEAEJNEHUE. [lycre U — IOAMHOXKECTBO BEKTOPHOIO
npocrpanctBa X. Touka x w3 U npunamiexur sadpy coreU MHOXKe-

crBa U (wmn aszebpauvecku enympennasn ¢ U), ecnin muOXKecTBO U — 2
— morJiomasoriee B X.

3.4.12. Ilycts f : X — R’ — mpowsBosibHAS BBITYKJIasT (DyHKITHST
u x € coredom f. Jlis Besikoro h € X cymjecrByer

al0 «Q a>0 «

IIpu srom orobpazkenue f'(x) : h — f'(x)h saBiasercs cybauHedHbIM
¢yukumonasiom f'(x) : X — R.

< Iyers p(a):= f(z+ah). B cury 3.4.8 (4) orobpaxkenue ¢ : R —
R — 10 BeIMyKIas dyskius. [Ipu stom 0 € coredom . Orobparkenne
a — (p(a) —¢(0))/a (o > 0) Bo3pacraeT U OrpaHUYIEHO CHU3Y, T. €.
umeerca ' (0)(1). Io onpenenenuio f/(z)(h) = ¢'(0)(1).
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Hna >0 u h € H nocire1oBaTeIbHO MOy IaeM

f'(x)(BR) = inf ﬂx*‘lﬁj) - f(z) _

f(z + aph) — f(z)
of

Kpowme Toro, myia hy, hy € X B cuiy yKe yCTaHOBJIEHHOI'O

, . f(z+sahy +ho)) — flx)
fi(@)(hy + ha) = 22% -

~ Bin — BF(@)(h).

= 21lim <
al0 (6]
o Sl ahy) —f@) Sl ahy) ()
~ al0 [e% al0 (0% N

= f'(@)(h) + f'(2)(ha).

Ccrinka Ha 3.4.7 3aBepInaer J0Ka3aTeJbCTBO. >

3.5. Teopema Xana — Banaxa

3.5.1. ONPEAEJEHUE. [lycte X — BemecTBeHHOE BEKTOPHOE MIPO-
crpancTBo, f : X — R’ — Bommykiasa dyukmus n x € dom f. MmoxkecTBO
O (f):={l e X7 : (Vy € X) I(y) —Il(z) < f(y) — f(x)} naseisaior
cybduppeperyuanom Gyarmmu f 6 movke x.

3.5.2. [IPUMEPHI.

(1) Hycre p: X — R" — cybauneitnstit dpynkuuonan. Ompe-
nenuM cybdudpepenyuan p coornomennem 0(p):= do(p). Torma

Ap)={le X" :(VzeX) Iz)<p)}
9:(p) = {l € ) : l(z) = p(x)}.

(2) Ilyers | € X7. Torma 9(1) = 9, (1) = {I}.
(3) Iycrs X — nomupocrpancrso X. Toraa

2(6(Xo)) ={le X" : kerl D Xy}
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(4) Hycrs f: X — R — Bolnykiias GyHKIUs U IPH 9TOM
BoItosiHeHo = € coredom f. Torma

0x(f) = 0(f'(x)). <>

3.5.3. Teopema Xana — Bamaxa. Ilycts T € £(X, V) — im-
reitupiii oneparop, f :Y — R' — Boimykiast gyuknusi, a Touka © € X
takoBa, 4ro Tx € coredom f. Torzga

Oo(foT) =0rs(f)oT.

<1 Ha ocuoBanmuu 3.4.10 3akimogaem, aro x € core dom f. Ilpumensis
3.5.2 (4), mmeem Oy (f o T) = O((f o T) (x)). Ilommmo vroro, gz h € X

(f o T (2)(h) — lim LoD+ ah) = (foT)(@) _

al0 o

~ lim f(Tx+aTh) — f(Tx)

i - — /(Ta)(Th).

IMonoxum p:= f/(Tz). Brosb anesmpys K 3.5.2 (4) u yanTsiBas, uTo,
B cuty 3.4.12, p — 310 cyOMHERHBIN (DYHKITMOHAJ, BBIBOIUM:

a(p) = (f'(Tx)) = Ora(f);
OpoT) =o((foT)(x)) = 0x(f o T).

Takum 06pa30M, OCTAJIOCh JOKA3ATH PABEHCTBO
O(poT)=0(p)oT.

Ecmm l € O(p)oT, T e. Il =110T, tne l; € (p), To l1(y) < p(y)
Jutst moboro y € Y. B wactaoctw, [(x) € [1(Tx) < p(Tx) = poT(z) upu
Beex T € X, r.e. [ €I(poT). Urak, (p) o T C d(poT).

ITycrs Teneps | € O(poT). Ecmu Tx = 0, 1o l(z) < p(Tz) =
p(0) =0, 1. e. I(x) < 0. To xe BepHO Ji71s1 dy1eMenHTa —2. OKOHYATEIHHO
I(x) = 0. dpyrumu ciosamu, kerl D ker T. 3mauut, no teopeme 2.3.8,
| =1y o T nnst mexoroporo l; € Y. Tlonaras Yy := T(X) u obosnauas
CHMBOJIOM ¢ BJIOXKeHHUE Y B Y, BuauM, 9TO (DYHKIIMOHAJ /1 O L BXOIUT B
Od(pot). Ecim mbl okaxkeM, 1to d(pot) C O(p) o, TO st TOAXOSIIETO
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ly € O(p) 6yuer lyor = lsor. Orciomal = 130T = lyotoT = lyoroT = [50T,
T.e. l€d(p)oT.

Takum 06paz3oM, JIJIsl 3aBEPIIEHUS JI0KA3aTEIHCTBA TEOPEMbl XaHa
— Banaxa ciemyer ycTaHOBUTD TOJBKO, aTo O(p o t) C O(p) o ¢.

BosbmewM sstement Iy u3 d(p o t) u B mogupocrpancrse o= Yy X R
npocrpancTBa Q) := Y X R pacemorpum dyuxmumonan Ty : (yo, t) —
t —lo(yo). Yuopsizmouum ) ¢ moMompio Kouyca ). := epip. 3ameTunm,
BO-TIEPBBIX, UTO TIOIIPOCTPAHCTBO ) SIBJIAETCSI MACCUBHBIM B CUJLY TOXK-
JIECTBA,

(y, ) = (0, t—p(y) + (y, p(y)) (y€Y, teR).

Bo-Bropeix, npu (yo, t) € Yo N Y, Ha ocuoanuu 3.4.2, t > p(yo)
u, crano 6eith, To(yo, t) = t — lo(yo) > 0, ™. e. Ty — HONOKUTEIH-
ublit dyukimonan Ha ). Ilo Teopeme 3.3.4 Haiifercs mMOM0OKUTETbHBIN
dyukumonan T ua ), upomoskaomuii Ty. omoxum I(y):= T(—y, 0)
st y € Y. dcno, uro [ o = ly. ITomumo sroro, T(0, t) = To(0, t) = t.
Canenosaresnbho, 0 < T'(y, p(y)) = p(y) — (y), 1. e. L € I(p). >

3.5.4. BAMEUYAHUE. YTBepXKJEHUE TeOPeMbl 3.5.3 IMEHYIOT TaKKe
Popmya0T AuHelinoT 3amenbl nepementoti nod anaxom cybduddeperyu-
aAa, TO/IpasyMeBasi OPOCAIOIILYIOC B IVIa3a CBSI3b CO CTAHJIAPTHBIM IIEI-
HBIM [TpaBmIoM juddepeHiuaabHoro ucanciaenns. OTMeTUM 371eCh XKe,
410 BKJodenue J(p o) C O(p) o ¢ 9acTo HA3LIBAIOT «TeopeMoil XaHa —
Banaxa B amaguTrdeckoit popMe» W BBIPAXKAIOT CJIOBAMM: <«JIUHEHHBIIM
bYHKIFOHA, 33/ IAHHBII HA HOAIIPOCTPAHCTBE BEKTOPHOT'O IPOCTPAHCTBA,
U MaXXOPUPYEMBIH TaM CyOJIMHEHHBIM (DYHKIITMOHAJIOM, JOMYCKAeT MPO-
JIOJKEeHMe Ha BCE IIPOCTPAHCTBO 1[0 JUHEHHOr0 (PYHKIINOHAJIA, MaXKOPH-
PYEMOro UCXOIHBIM CYOJIMHEHHBIM (DYHKIIMOHATIOM ».

3.5.5. CuencrBue. Ilycre X — BEeKTOpHOE IPOCTPaHCTBO, Xo —
moanpoctpanctBo B X u p : X — R — cybuuneiinbiit ¢pyHKIIHOHAJ.
Hueer mecro (mecummerpuyanasi) popmysna Xana — Banaxa:

d(p + 0(Xo)) = d(p) + 0(6(Xo)).

<1 BkJroyenue npagoil yactu uCKOMOR (hOPMyJIbI B €€ JIEBYIO 9acThb
oueBnHO. s J0KAa3aTENBCTBA IPOTUBOIIOJIOXKHOIO BKJIIOUEHUS BO3b-
meM [ € O(p + 6(Xp)). Torma ot € O(p o), tae ¢« — Bioxenue Xo
B X. Ilo 3.5.3,lot € d(p) o, . e. as nopxomdiero 1 € J(p) BbIIOJ-
veHo [ o v = [y ov. Tlomoxkum Iy := [ — [;. U3 onpenenenus: mosrydaem
lbor=(0=l)or=1lot—1100t=0, 1 e kerly D Xy. Kak ormeueno
B 3.5.2 (3), ar0 osHauaer, 4o ly € 0(d(Xop)). >
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3.5.6. CiuencrBue. Ilycre f : X — R° — Heroropast BBIIIyKJIas
¢yuknus u x € coredom f. Torma 9,(f) # .

< Iyers p:= f/(x),at: 0 — X — Bnoxenue. ZcHo, uro 0 € J(por),
T. e. d(pot) # . Io 3.5.3, d(p) # & (unaue GbuI0 661 & = J(p) 0L =
d(pot)). Ocranoce npusieds 3.5.2 (4). >

3.5.7. CaexcrBue. Ilycrto f1, fo : X — R' — Boirykibie pyHKIIN
u x € coredom f; Ncoredom fy. Torzga

aac(fl + f2) - a:c(fl) + ax(f2)-

< Hycers py = fi(x) u po:= fo(x). Hnsa x1, x2 € X nosioxnm
p(z1, x2):= p1(x1) + p2(z2) u (1) := (z1, 1). Ucnomssys 3.5.2 (4)
u 3.5.3, mocJje10BaTeIbHO BHIBOJIM:

Oz (f1 + f2) = 0(p1 +p2) = A(pot) =

=0(p)or=0(p1) +9(p2) = 0x(f1) + 0z(fo). >

3.5.8. BAMEUYAHUE. CnencrBue 3.5.6 MHOIIA HA3BIBAIOT MeEopemoti
o nenycmome cybdudepernyuana. C OHON CTOPOHBI, €€ MOXKHO YCTaHO-
BUTH HENOCPEJICTBEHHBIM IpuMeHenneM JjiemMbl Kyparosckoro — Ilop-
na. C gpyroii croponbl, uMes cieacrsue 3.5.6, MOXKHO J0Ka3aTh, 4TO
OpoT)=0(p)oT, cienyormum obpazom. [Tosoxum

pr(y):=inf{p(y + Tz) — l(x) : = € X},

rae | € O(p) u upunsarsl oboznadenus uz 3.5.3. fcuo, uro dynkuumonas
pr cybauHeeH u y060it snemenT 1 u3 J(pr) yAOBIETBOPsiET COOTHOIIe-
Huto | = [y o T. Urak, Henycrora cybauddepennuaia u reopemMa XaHa
— Banaxa B cy6muddepennuanbuoii dpopme 06pazyioT yaobublil (1 e
HOPOYHBII) KPYT.

3.6. Teopema Kpeitha — MuabmaHa st
cybnud depeHnaion

3.6.1. ONPEAEJEHUE. Ilycte X — BemecTBeHHOE BEKTOPHOE MIPO-
crpancTBoO 1 seg C X2 X X — COOTBETCTBHUE, JIEHCTBYIOIIEE O 3AKOHY

seg(z1, z2):={a1x1 + asme : ay, as >0, ay + as =1}
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IIycrs, masee, V — BBINYKJIOe MHOXKECTBO B X U segy — CyKEHHE Seg
na V2. Boimykiaoe MuoxecTso U, jexkamee BV, Ha3LIBAIOT KpaiiHuM
B V, ecin seg(/l(U ) C U? Kpaiinue MHOXKeCTBa MHOTJ]a HA3BIBAIOT
epamnamu. Touky x w3 V HaswBawor kpatned mouwkold V, ecom {x} —
Kpaitnee moaMHOXKecTBO V. MHOXKeCTBO KpaliHIX To4eK V' 00603HAIAIOT
cumBosioM ext (V).

3.6.2. MnuoxkecrBo U sBisiercst KpailHuM BV B TOM U TOJIBKO B TOM
ciaydae, ecju W3 YCJIOBHE Vi1, vo € V, a1, as > 0, a3 +as = 1 u
a1V + aovy € V BeITeKaer, uro vy € U mwvo € U. <>

3.6.3. IIPUMEPHI.

(1) Hycrp p: X — R — cybuunerinblii (hyHKIIHOHAT U TOY-
ka x 3 X Bxoxur B domp. Torga 0.(p) — KpaliHee mOAMHOXKECTBO
d(p).

< HeitcTBUTENBHO, €C/TN JIJTsT (1, (o > 0 1 iy +ao = 1 U3BeCTHO, YTO
aqly + asgly € 0, (p) u ly, I € (p), 10 0 = p(x) — (a1li(x) + aszle(z)) =
ar(p(z) =l (x)) +az(p(x) —l2(x)) > 0. Tomumo storo, p(x) — 1 (x) > 0
u p(z) — lz2(z) > 0. CrenosarenbHo, l1 € 0y(p) u lz € 0,(p). >

(2) Iycrp U — kpaiitnee maoxkectBo B V U, B CBOIO 04epeb,
V' — kpaitaee maoxkectBo B W. Torga U — kpaiinee muoxkectso B W. <>

(3) Iycrp X — ymopsmoveHHoe BEKTODHOE TPOCTPAHCTBO.
Omement v € X | SABIAETCS AUCKPETHBIM B TOM H TOJBKO B TOM CJIy9Iae,
ecm iy {ax : « € R, } mpercrapisier coboii KpaiitHee MHOXKECTBO
B KoHyce X ..
< < IIyers 0 < y < z. Torma z = 1/2(2y) + 1/2 (2(z — y)).
B cuny 3.6.2, 2y = az u 2(x — y) = Sz maa HeKOTOpHIX «, [ € R, .
Urak, 2z = (a + B)z. Ecim z = 0, T0 gokasbBarh Hedero. Ecaum ke
x # 0, To /2 € [0, 1] u, crano 6birs, [0, ] C [0, 1Jxz. OGparnoe
BKJIIOYMEHUE OIEBUTHO.
=: IIycrs [0, z] = [0, 1]z u mas ncen o > 0; aq, a2 > 0, ag +
a9 = 1 U 351eMeHTOB ¥y, Y2 € X BBIIOJHEHO QT = Y] + Qoye. Ecim
a =0, 10 a1y € [0, ] u azys € [0, x] u, crasno GBITh, Y1 U Y2 JEKAT
Ha paccMarpuBaeMoM Jiyde. Ecam xe a > 0, to (o1/a)y; = tx npu
noaxomameM ¢ € [0,1]. Hakonen, (ag/a)ys = (1 — t)z. >
(4) Tycrs U — BBIIYKJIOE MHOMXKECTBO. BBINYKJIOE MOIMHO-
xkectBo V' MmuOKecTBa U HasbiBator wankot U, ecau U\ V' — Bblirykiioe
MHOKECTEO.
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Touka x B U saBisiercsi KpaiiHeli B TOM U TOJIBKO B TOM CJLy4ae, €CJIHi
{x} — manka muox)ectBa U. <>

3.6.4. Jlemma o kpatineii Touke cybaugdpepenmnuaa. Ilycro
p: X — R — cy6uuneiinpii ¢pyuxnuonan u l € 9(p). Ilycrs, gasee,
X =XxR, Zi:=epipuT:(x,t) —t—Iz) (x € X, t €R).
Torga | — KpaifiHsist Touka O(p) B TOM H TOJBKO B TOM CJIy4dae, ecan T
— JMCKPETHBIH (byHKIHOHAL.

<1 =: Bosbmem dyukmmonan T’ € 27 rtaxoit, uro T' € [0, Tjl.

ITonoxum

t1:=T'(0, 1), li(z):=T'(~=, 0);
tyi= (T =T')(0, 1), la(w):= (T1 = T')(—x, 0).

dcuo, aroty >0, to >0, t1+to =151 € 6(t1p), Iy € (9(t2p) uli+ils =1.
Ecimut; =0, 1001 =0, ne. T/ =0uT €0, 1]7T;. Eciu xe ty = 0,
Tot; =1, e. T/ =T, u Baosb T’ € [0, 1]7T;. IIycrs Teneps tq, ta > 0.
Torma 1/t1 I € 6(])) n l/tQ Iy € ﬁ(p), npudeM [ = ty (l/tl l1)+t2 (l/tg lg)
IMockonbky mo yemosmio | € ext(9(p)), u3 3.6.2 BeiBomuM I = t1l, T e.
T — 4,7,

= HyCTbl = aqli+asly, raoe ll, Iy € 8(}7) nap,as >0, a1 +ay =1.

@Oynkunonanst 7' := a1T;, nu T = «sT), TOIOKUTENBHBI, TPUIEM
T € [0, T;], w6o T' +T" = T,. 3Buaunt, maiinerca S € [0, 1], mua
koroporo T = fBT;. Paccmarpusas touky (0,1), momyuaem a; = S.

Caenosarenbno, I1 = . Anajgornano I, = [. >

3.6.5. Teopema Kpetina — Mwuasmana ajs cyoaucgcgepeH-
nuasos. Ilycre p : X — R — cybuaunerinsiii ¢pyukmnuonas. s Bcs-
koro x € X maiinercs kpaiinuii ynkumonas | € ext(0(p)) rakoii, 4ro
I(z) = p(z).

< YcranosuMm cHadasia TeopeMy Kpeitra — MuniabMmaHa «B y3KOM
CMBICJIEY, T. €. JOKaxKeM, 9To B cyOauddepennuae Jr000ro cyomHeii-
HOro (yHKIMOHAJA P ecTh KpaiitHue Toukn: ext(d(p)) # 2.

Beesem B mpocrpancTBo 2 := X X R xonyc 2’y := epip u BbLIEIIM
mojipocTpancTBo Zp:= 0xR. Bamerum, uro 21 N2y = O0xR, = epi0.
IIpumensia 3.6.4 qa cayuas X := 0, [:= 0 u p:= 0, Bunum, uro Tj
— 9T0 JuCKpeTHbIN ¢yHkiuonan #Ha Zy. Ilommpocrpancrso Zg B 2
MmaccuBHOe (cp. JokazaresabcTBo 3.5.3). Anesuupys x 3.3.8, mozpliem
nmckperHoe npogomkenne I € 27 dynknuonana Ty. IlomarHo, |ro
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T =T, vue l(x) := T(—x, 0) upu x € X. Buosb upusiekas 3.6.4,
UpUXOAKUM K cooTHommenuto | € ext(9(p)).

YcranoBuM Terneph TeopeMy B rmoHOM oobeMe. Ha ocnoBanuum 3.4.12
U yKe JIOKa3aHHOro BblGepeM asteMeHT | u3 ext(0, (p'(x))). U3 3.5.2 (2)
u 3.5.2 (4) Beitekaer: | € ext(9,(p)). Io 3.6.3 (1), 0,(p) — kpaiinee
muoxkecTBo B O(p). Takum obpasom, B cuiay 3.6.3 (2) dyukumonas [
sABJIeTCs KpaitHeil Toukoit cyoauddepennnana d(p). >

3.6.6. Ciuencrsue. Ilycrs py, ps : X — R — cybiuneiinbie GpyHK-
nuonasl. Hepaserctso py > po (B RX) cnpaseammso B ToM m TOTBKO
B TOM cJy4ae, ecan O(p1) D ext(9(p2)).

< Beccniopro, uro p; > pa < 9(p1) D d(p2). Kpowme Toro, 1o 3.6.5,
p2(x) =sup{l(z) : | € ext(d(p2))}. >

3.7. Teopema Xana — Banaxa A TOJIyHOPMBI

3.7.1. OnPEAEJEHUE. I[Tycrs (X, F, +, -) — BekTOpHOE HPO-
crpanctso Han F. Bekroproe npocrpancrso (X, R, +, - |r xx ) Ha3biBa-
10T sewecmeennoti ochosoti mpocrpanctea (X, F, +, ) n oboszHagaoT
KOPOTKO CHMBOJIOM XR.

3.7.2. OUPEJAEJEHUE. Ilycte X — BeKTOpHOE IPOCTPAHCTBO U f €
X7# — ymmetnerit bynxmmonan. omoxum Re f @z — Re f(z) (v €
X). Bosmnkaiomee ortobpaxkennme Re : (X7)r — (Xg)” maspaior
06EULECTNBAEHUEM.

3.7.3. OsemecrBienne Re — 310 m3oMophu3M BerecTBEeHHBIX BEK-
Toprbix npocrpancts (X7 )g um (Xg)7.

< Cuemyer pazobpars Tosibko ciaydait F := C, ubo mpu F := R
oneparop Re — ToXKIecTBeHHOE OTOOPaYKEHHUE.

JIuneiinocTs omeparopa Re He BBI3BIBAET COMHEHWIA. Y 6eauMcs
B TOM, 4T0 Re — MoHOMOpDU3M U 31UMOPMU3M OJHOBPEMEHHO (CPp.
2.3.2).

Eciiz Re f = 0, To

0 = Re f(iz) = Re(if(z)) =
= Re(i(Re f(z) + ¢Im f(z))) = —Im f(x).

Orcioma f = 0 u Re — moHOMOpdu3M.
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Ecrmu teniepn g € (Xg)”, To momoxum f(z):= g(x) — ig(iz). Oue-
BusHO, uto f € Z(Xg, Cr) u Re f(z) = g(z) upu z € X. Ocranocs
nposepuTh, uto f(iz) = if(x), nbo Torma f € X7 . Ipsamoe Bbrancenne
fliz) = g(iz) + ig(x) = i(g(x) —ig(iz)) = i f(x) HO3BOJAET BAKIIOIUTD,
4uro Re — snumopdusm. >

3.7.4. ONPEJEIEHUE. Oneparop Re™! : (Xg)” — (X7)g nasbl-
BAIOT KOMNAEKCUPUKAMOPOM.

3.7.5. BAMEYAHUE. B cury 3.7.3 i1 KOMIIJIEKCHOTO TTOJIsT CKAJTsI-
poB
Re lg:z— g(x) —igliz) (g€ (Xr)", z € X).
B cayuae F:= R xommrexcuduxarop Re™! — ToxKaecTBeHHBIH onepa-
TOD.

3.7.6. OnPEAENEHUE. Ilycrs (X, F, +, ) — BekTOpHOE HpO-
crpancTtBo Hag F. Oyukmnmio p : X — R’ Ha3BIBAIOT NoAYHOPpMOU, ecIr
domp # @ u s £1, x2 € X u A1, Ay € F BbInosiHEHO

p(Mz1 + Agza) < [Ai[p(w1) + [A2p(z2).

3.7.7. BAMEYAHUE. Kaxk/ast oJIyHOpMa SIBJISIETCS CYOJIMHEITHBIM
dyukmonasmoM (Ha BEIIECTBEHHON OCHOBE PACCMATPUBAEMOI'0 IIPOCTPAH-
CTBA).

3.7.8. OPEAEJEHUE. Ilycts p: X — R* — nosynopma. Muoxke-
CTBO
10|(p):= {l € X* : |I(x)| < p(x) npu Becex = € X}

Ha3BIBAIOT CYOOUPPHEPEHUUAAOM TLONYHOPMDL D.

3.7.9. Jlemma o cyboaucpcepeniipaie moayHOPMbI. s Jjiio-
60it mosrynopmbl p : X — R cybuaudgepennuainnt |0|(p) u O(p) cesizanbt
COOTHOUICHUSIMH

01(p) = Re™'(8(p));  Re(|0](p)) = A(p)-

< ITpu F:= R ouesuyHo pasencrso |J|(p) = d(p). Ocranocs Benom-
HUTDH, 9TO B 9TOM CJIydae oTobopaxkenne Re — TOXKIECTBEHHOE.

ITycrs F:= C. Ecmu l € |0|(p), o (Rel)(z) = Rel(z) < |l(x)] <
p(z) s seex € X, 1. e. Re(|9|(p)) C 9(p). ycrs reneps g € 9(p)
u f:=Re lg. Ecm f(z) =0, To |f(x)| < p(z). Ecm xe f(z) # 0, To
nosoxkuMm 6:= |f(z)|/f(x). Torma |f(z)| = 0f(x) = f(6z) = Re f(0z) =
9(02) < p(0z) — 0lp(x) — plx). w60 6] — 1. Urax, € |](p).
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3.7.10. IIycte X — BekTOpHOE mpocTpaHCTBO, p : X — R — mouy-
HOpMa 1 X — nomupocrparcTso B X . Hmeer mecto (HecmMMeTpUIHAST)
dopmyna Xana — Banaxa qist HOJIyHOPMBI

10|(p + 0(Xo)) = 18](p) + [0](6(X0))-

<1 C momorsio 3.7.9 u 3.5.5, BEIBOAMM:

101(p + 6(Xo)) = Re™ (3(p + 8(X0))) = Re™ ! (A(p) + I(6(Xo))) =
=Re ' (9(p)) +Re™'(3(6(X0))) = |9](p) + 18] (6(X0)). >

3.7.11. IIycrs X, Y — Bekropable npocrparcrea, T € L(X, Y)
— JmmHeHbIH omeparop u p : Y — R — momymopma. Torma po T —
IIOJIyHOpMa, MPUYIEM

0|(poT) = |0|(p) o T.
< Ilpusnekas 2.3.8 u 3.7.10, mocjie10BaTEILHO UMEEM
0](poT) = [0|(p + 6(imT)) o T = (|8](p) + |0|(6(im T))) o T —

=10l(p) o T +10|(6(imT)) o T = |9|(p) o T'. >

3.7.12. BAMEYAHUE. B ciydae oreparopa BJIOXKEHUSI 1 KOMILIEKC-
HOTO ToJsT cKaJtsipoB 3.7.11 mazwiBator meopemoti Cyromaunosa — Bo-
nenbaocma — Cobuuxa.

3.7.13. Teopema Xana — Banaxa A1 mosyHopMbI. Ilycte X
— BEKTOpHOe NPOoCcTpaHcTBo, p : X — R — momymopma u Xy — moi-
npocrparctBo B X . Ilycrs, namuee, lg — qauHetiasiii pyukmoHa aa X,
atst koroporo |lo(zo)| < p(xo) npu xg € Xo. Torma cymectByer takoii
smHeinb Gyakmuonan | va X, gro |[(z)| < p(x) a1s Beskoro x € X m,
kpome Toro, l(xg) = lo(xzo), Kaxk ToIBKO T( € Xo. <I>

3.8. dyukimonas MUHKOBCKOTO U OTJIEJIMMOCTbD

3.8.1. ONPEJAEJIEHUE. Ilycrs R — pacimpeHHAs UHCIOBAsS IPsi-
Mast (T. e. R’ ¢ mpucoeiHEHHBIM HAMMEHBIINM 3JIeMeHTOM —00). Ecim
X — mpousBosibHOe MHOZKeCTBO I f : X — R — HekoTOpOe 0TobparkeHue,
TO HJjst t € R nosararor

{f<th={zeX: flz)<th
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{f=t}:= 1)
{f<ty={f<tp\{f =1t}

Muoxecrsa {f < t}, {f = t}, {f < t} massBalor sebezosvimu MHO-
orcecmeamu f. Tlomumo sroro, muoxkecrsa {f = t} HasbIBaOT MHOIICE-
CMBAMU YPOSHA.

3.8.2. Jlemma o 3azaauu (yHKIUH JT€6EroBbIMU MHOMKeE-
crBamu. Jlanoi T C R ut— U (t € T) — cemeiicrBo mogmuoxkects X .

CymecrByer ¢pynkmus f: X — R rakas, gro
{f<t}cUcCc{f<t} (teT)

B TOM U TOJIBKO B TOM CJIydae, ecjau orobpazxkenne t — U, Bo3pacraer.

< =: Ilycts T cOmEpKUT HE MeHee JIBYX 3JIEMEHTOB s U t (B mpo-
THUBHOM CJIydae Heuero JoKasbiBaTh). Ecin s < t, To

UsCc{f<s}c{f<t}cCU.

<: Tonoxum f(z):= inf{t € T : z € U;}. Tem campiM 3a1aH0
orobpaxkenne f : X — R. Ecam mis mekoroporo t € T MHOMXKECTBO
{f <t} mycro, To {f <t} C U;. Ecim e x € {f < t}, 10 f(x) < +00,
a 1oTOMYy Haiijerca 3jeMenT § € T, yIOBJIETBOPSIONIMN COOTHOIIECHUSIM
x €Usmus <t Urak, {f <t} C Us C U;. Ilomumo sroro, ecim z € Uy,
To 1o oupenesenuio f oyner f(x) <t, 7. e. Bomoaneno Uy C {f <t}. >

3.8.3. Jlemma o cpaBHeHUU (PYHKIUL, 3aJaHHBIX J1e0eroBbl-
mu MHo>kectBamu. Ilycrs ¢pyuxnun f, g : X — R onpenesennr ce-
mesicrBamu (Up)rer 1 (Vi)teT COOTBETCTBEHHO:

{f<tcU c{f <t}

{g<ttcVic{g<t} (teT).

Iycrs, nanee, T mrorro 8 R (1. e. (Vr, t€R, r<t) 3seT) (r<

s < t)). Hepapercrso f < g (B KX, T e f(x) <g(x) mmax € X) nmeer
MECTO B TOM H TOJBKO B TOM CJIy9ae, eCJIH

t1, tQET, t1 <t2:>‘/tl CUt2.
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< =: Crenyer u3 BKJIOYEHUN
Vi, C{g<ti} C{f <t1} C{f <t2} CU,.

<: Ilyers g(x) # +oo (unage 3asegomo f(z) < g(z)). Hua t € R
takoro, uro g(z) < t < +oo, BbibepeM t1, to € T u3 ycaosuii g(z) <
t1 <ty < t. meem

xef{g<ti}CVy, CU, C{f <t} C{f <t}

Urak, f(z) < t. U3-3a npousBosibHocTH ¢ nosydaem: f(z) < g(z). >

3.8.4. Caenactsue. Ilycrs T mmorno B R m cemeiictso t +— U,
(t € T) Bospacraer. CymecTByer, 0 OPUTOM €JIUHCTBEHHAsI, (DYHKIIHS
f: X — R, mis koropoit

{f<tycUcCc{f<t} (teT).
Jlist j1e6eroBbIX MHOXKECTB f BBIIIOJIHEHBI COOTHOIICHHUSI
{f<t}=U{Us: s<t, se€T}

{(f<t}=n{U,: t<r, reT} (teR).

<1 CymiecrBoBaHue u equHCTBEHHOCTHL f obecriedens! 3.8.2 u 3.8.3.
Ecm s <t,s €T, 1o U, C {f <s} C{f <t}. Ecmu xe f(z) < t, T0
B cuwiy wiornoctu T wmafinerca s € T rak, uro f(x) < s < t. 3nauwmr,
x € {f < s} C Us, uro jnokaseBaer dbopmyay misa {f < t}. Ilycrs
teneps r > t, 7 € T. Torma {f <t} C {f <r} C U,. B cBow ouepenp,
ecin x € U, gy r € T v > t, 1o 6yzner Boiosneno f(x) < r mis Bcex
r > t, orkyna f(x) <t. >

3.8.5. Ilycre X — BeKTOpHOE IPOCTPAHCTBO U S — HEKOTOPBIH KO-
uuvgeckuit orpe3ok B HeM. [l t € R nomoxxum Uy := &, ecmmt < 0, u
Up:=tS nput > 0. Orobpaxenne t — U, (t € R) Bospacraomiee.

9 Eum 0 <t < tamax €115, To x € (t1/t2)t2S. 3uaunr,
T € t2S. >
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3.8.6. ONPEAEJIEHUE. Dyukimonan pg : X — R Takoit, ato
{ps <t} CctSC{ps <t} (teRy)

u {p < 0} = @, HasBIBAIOT PyHKUUOHALOM MUHKO8CKO20 KOHIIECKOTO
orpeska S. (CymiecrBoBaHue M eJMHCTBEHHOCTb 3TOr0 (DYHKIMOHAJA
obecrieansaior 3.8.2, 3.8.4 u 3.8.5.) UubiMu ciioBamu,

ps(z) =inf{t >0: z €S} (xeX).

3.8.7. Teopema o ¢pyHkmmonase MuHkoBckoro. DyHKITHOHAT
MuHKOBCKOr0 KOHHYECKOI'0 OTpPEe3Ka CYOJINHEeEH U IPUHUMAET ITOJIOXKH-
TeJibHbIE 3HaYeHus. FEcim, B cBOIO odepenb, p — HEKOTODPBIH cybJH-
HEHHBII (DYHKIHOHAJ C MOJIOXKUTEIbHBIMA 3HAYCHHSIMH, TO MHOXKECTBA
{p < 1} u {p < 1} cyrp KoHmueckue orpesku. Ilpm 3TOM p sIBJISETCS
¢yHKIIOHAIOM MUHKOBCKOrO JIIOO0Oro KOHHYECKOI'0 OTPE3Ka S TaKoro,
gyro {p <1} Cc S C{p<1}.

< ITycrs S — HEKOTOPBI KOHUYIECKUIT OTPE30K U Pg — ero DYyHKIH-
onas Munkosckoro. Ilycrs 2 € X. Hepasencrso pg(z) > 0 oueBuHo.
Bospmem a0 > 0. Torma

ps(az) = inf{t > 0: ametS}inf{t>O: thS}
!

=inf{af >0: z€ S, >0} =
=ainf{8>0: z €8S} = aps(z).
s mpoBepku cyba AunTUBHOCTH Pg BO3bMEM T1, To € X W, 3aMETHB,

qT0 Jyist b1, to > 0 BbimosHeHo 1S + S C (t1 + t2)S (160 umeer Mecro
TOXKIECTBO

t t
tizy + tawo = (t1 + t2) ( ! 1+ 2 2>> ;

x x
t1 + 12 t1 + 12

IIOCJIeIOBATEJIBHO TIOJIyYaeM

ps(x1 +ax2) =inf{t > 0: 1 + 22 €15} <
< inf{t T t=11 +to; t1, 1o >0, 1 € tlS, To € tQS} =
=inf{t; >0: z1 € 4,5} +inf{ts > 0: x5 € t2S} = ps(z1) + ps(x2).
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IIycts Temeps p : X — R* — npousBosbHBIH CyOnHENHBIN bDyHKITMOHAIT
¢ mosioXKuTeabHbIMU 3HavYeHusiMu. Ilyers {p < 1} € S C {p < 1}.
Monoxum Vi:={p < t},Up:=tS mat e Ry u V;:=Uy:= S upun t < 0.
Acno, uro

{ps<tycUc{ps<t} {p<tycV,c{p<t}

st € R Eeomn 0 <ty <tg, 10 Vi, = {p<ti} =ti{p <1} C ;5 =
Uy, C U;,. Kpome toro, Uy, Ct1{p <1} C{p <t1} C{p < t2} C V,.
Suauur, B cuty 3.8.3 u 3.8.4, p = pg. >

3.8.8. BAMEYAHUE. Konndeckuit orpe3ok S B X sIBJIsleTCs [TOTJIO-
IIAIONTAM MHOXKECTBOM B TOM M TOJIBKO B TOM ciiydae, ecaun dompg = X.
Ecnn xe m3BecTHO, 9TO S abCOTIOTHO BBIIYKJIO, TO Pg — IOJIYHOPMA.
ITpu srom jyist jo6oit mosyHopMbL p MHOXKecTBa, {p < 1} u {p < 1}
SABJISIIOTCST ADCOTIOTHO BBITYKJIBIME. <I[>

3.8.9. ONPEAENEHUE. Iloanpocrpancreo H JaHHOINO BEKTOPHOIO
upocrpancTBa X Ha3bIBAOT 2unepnodnpocmpancmeom, ecau X/ H uzo-
MOPGHO OCHOBHOMY HOII0. diemeHThl X /H HA3BIBAIOT 2UNEPNAOCKO-
cmamu B X (napaanesvrowmu H). Tlon eunepnaockocmoio 8 X nouu-
MaroT addurHOoEe MHOrOOOpa3He, MapasieibHOe KAKOMY-JIub0 IUIepIIo/i-
npocrpanctBy X. Ilpm HeoOX0IMMOCTH THIIEPILIOCKOCTH B BEIIECTBEH-
HOW ocHOBe X POCTPAHCTBA X MMEHYIOT 8EUELCMBERHbBIMYU 2UNEPNAOC-
xocmamu B X.

3.8.10. I'mmepmiockoctu B X CyTh B TOYHOCTH MHOXKECTBA YPOBHSI
HeHyJIeBBIX 9J1eMeHTOB 13 X 7. <>

3.8.11. Teopema otaesumoctu. Ilycte X — BekTOpHOE MPOCT-
pancrBo, U — Herycroe Bbimykjoe MHOXKecTBO B X n L — agdunnoe
muoroobpasue B X. Ecoim LNU = &, To Hafigercs runepniaockocts H
B X takas, ytro H D L mw H NcoreU = @.

<1 He mapymas ofrmsocTu, MOXKHO cuuTaTh, 9T0 core U # & (unade
HEYero JI0KasbiBaTh) U, 6ojee Toro, uro 0 € coreU. Bosbmem TOUKy
x € L u nonmoxxkum Xy := L — x. PaccmoTpuM BEKTOP-IIPOCTPAHCTBO
X/ X, u coorBeTcTByIOIIEe KAHOHUYIeCKoe oroOpaxkenne ¢ : X — X/ X.
ITpussekas 3.1.8 u 3.4.10, Bugum, aro @(U) sABJIsIeTCS NOMVIOIIAOIIIM
KOHUYECKUM OTPE3KOM. 3Ha4uT, B cuity 3.8.7 u 3.8.8 dyuknmnonas Mun-
KOBCKOT'O P:= Py(y) Takos, uro domp = X/Xo u, Kpome Toro,

p(coreU) C corep(U) C {p < 1} C p(U).
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Otcioma, B gactrOCTH, CIeyet, ato p(p(z)) > 1 mbo ¢(x) & ¢(U).
Ha ocrnosamnuu 3.5.6 umeercs dyukiponan f u3 cydauddepennuaia
0z (p o ). YunreiBasg Teopemy Xana — Banaxa 3.5.3, BBIBOIUM

f€0a(pop) =y (p)oe.

Honoxxum H := {f = po p(x)}. Scno, uro H — 3T0 BemecTseHHas
rurnepiuiockocts B X. To, uto H O L, mecomuenno. OcTajioch COCIAThCH
na 3.5.2 (1), arobsr 3akmounts: H NcoreU = @. Ilycrs Temepn f:=
Re™'f u H:= {f = f(x)}. Her commenmit, aro L C H C H. Taxum

obpaszom, rumepiiockocts H — uckomast. >

3.8.12. 3AMEYAHUE. B ycnoBusx Teopembl otrjeaumoctu 3.8.11
MOXKHO cUHATaTh, 9T0 core U N L = &. OrMmeruM 371eCh Ke, 9TO TeopeMy
3.8.11 gyacro Ha3bIBaIOT Meopemoli Xanwa — Banaxa 6 2eomempuyeckots
popme nn ke meopemott Munkosckozo — Ackoau — Masypa.

3.8.13. OnPEAENEHUE. Ilycts U, V — muoxkectBa B X u H — Be-
IeCTBEeHHAas rumepiiockocts B X. T'oBopsr, yro H pasdeasem U u 'V,
€CJIN 3TH MHOXKECTBA JIE’KAT B PA3HBIX MOJIYIIPOCTPAHCTBAX, OIPEIEIIs-
embix H, T. e. ecim cymecrByer npencrasienne H = {f = t}, rtne f €
(Xg)" ut € R, nia koroporo V C {f <t}uU C {f > t}:={—f < —t}.

3.8.14. Teopema oraeaumoctu diigesapratirta. Ilycre U u' V. —
HEIyCThIe BBIMYKJble MHOXKECTBA, MpHIeM sApo V He IMycTo W He Iepe-
cekaercss ¢ U. Torma maimercst BEIeCTBEHHAST THIIEPIJIOCKOCTD, pa3/e-
gstioriast U u Vo u He cozeprkarast Todek siapa V. <1

Yrupa>kHeHust

3.1. yCTaHOBI/ITL, 9TO I'UIIePIIOCKOCTAMU CJIYy?KaT B TOYHOCTU MAaKCUMAaJIbHbIE
II0 BKJIFOYE€HHIO a(b(bI/IHHbIG MHO>KeCTBa, HE COBIIaJarolrnue Co BCeM IIPOCTPaHCTBOM.

3.2. Jokazarh, 94To Kaxkaoe addUHHOE MHOXKECTBO IIPEICTaBIsgeT coboil mepe-
CedeHre I'UIePIIOCKOCTEI.

3.3. JlokazaTp, 9TO B BEIIECTBEHHOM BEKTOPHOM IIPOCTPAHCTBE JIOIOJHEHUE I'H-
MEePIJIOCKOCTHA COCTOUT U3 JBYX BBIIYKJIBIX MHOXKECTB, KarK/J0€ U3 KOTOPBIX COBIIaJa-
eT co cBouM sAApoM. Takue MHOXKECTBA UMEHYIOT OTKPBITBIME IOJIyIIPOCTPAHCTBAMU.
O6beuHEHNE OTKPBITOIO IOJIYIIPOCTPAHCTBA C UCXO/HON MUIIEPINIOCKOCTHIO Ha3bIBa-
IOT 3aMKHYTBIM IIOJIyIpOoCcTpancTBOM. HalTu crocobbl 3afanus MOLyIPOCTPAHCTB.

3.4. HaiiTu BO3MOXKHBIE NPEICTABJICHUS 3JIEMEHTOB BBIIYKJIOH OOOJIOUKH KO-
HEYHOI'O YHC/Ia ToYeK. Kak y4ecTh KOHETHOMEPHOCTH IIPOCTPAHCTBA, B KOTOPOM Be-
JIeTCsl paccMOoTpeHue?
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3.5. ns muoxkects S u Sa nojaraior S = U0<>\<1 AS1N(1—X)S2. Hokasars,
4TO S BBINYKJIO IPU YCIOBHHM BBIMyKJgocTH S U So.

3.6. Borumcnurs dynkmuonass MUHKOBCKOTO MOIYIPOCTPAHCTBA, KOHYCA, BbI-
IIyKJIO# OOOJIOUKY OOBEIUHEHNUSI U IIEPECEUCHNsT KOHUTIECKIX OTPE3KOB.

3.7. Ilycre S:= {p+ ¢ < 1}, tme p, ¢ — dyrrnmOoHAIEI MUHKOBCKOrO KOHIYIE-
CKHX OTpPe3KOB Sp u Sq. Bripasurs S uepes Sp u Sy.

3.8. Omnucars cy6imneiinbie (byHKIMOHAIE, olpegeaeHabe Ha RY .

3.9. Boruuciuth cyomuddepeHnuas MaKCUMyMa KOHEYHOI'O YUCJIa JIMHEHHBIX
bYHKIMOHAIOB.

3.10. Ilyctb p, ¢ — cyOuuHeitHble DYHKIMOHAIbI, HAXO/IAIINECSH B ODIIEM ITO-
JIO’KEHUH, T. €. TAKHe, 94TO

domp — dom g = dom g — dom p.
Jokasars cumMerpuaHyo dopmyiry Xana — Baraxa (cp. 3.5.7)
d(p+q) = 0p+0q.

3.11. Ilyctb p, q: X — R — Bcroay onpejesiennble Ha X cybiuHeiinble dyHK-
uroHaJIbl. Torga BBITOJTHEHO PABEHCTBO

d(pV q) = co(dp U 9q).

3.12. Haiitu dyskmumonas MuUHKOBCKOrO mapa ¢ HeoOa3aTeIbHO HYJIEBBIM LIEH-
TPOM CHMMETPHUU B THMJILOEPTOBOM IIPOCTPAHCTBE.

3.13. CuMMeTpUYHYIO KBaJPATHYIO 2 X 2-MaTPUIy HA30BEM IIOJIOXKUTEJIbHOM,
eC/I y Hee IOJIOXKUTEeJIbHbIe COOCTBeHHBbIE dyncya. CoryiacoBaH JIu BO3HUKAIOIIUNA 110~
PsiJIOK B IPOCTPAHCTBE TAKUX MATPUIL C BEKTOPHOM cTpyKTypoit? Onpenessier jau OH
CTPYKTYpy npocrpancTBa Kanroposuua?

3.14. Ha xa>k/10M JIi yIIOPsIJOYEHHOM BEKTOPHOM IIPOCTPAHCTBE MOYKHO 33,/1aTh
HETPHUBUAJILHBII [TOJIO’KUTEJIBHBIH (DYHKIMOHAJ !

3.15. Kakumu criocobamu RY mozkmo mpesparuts B K-mpoctpancTso?

3.16. Ilpu kakux yc/JIOBUsIX 3aKJIIOYEHHE TeopeMbl XaHa — Banaxa B aHAIUTH-
4ecKOil (hbopMe BBITIOJIHEHO [IJIs HE BCIOJLY OIPEJIEJIEHHOTO CYOJINHEHHOrO (OyHKIIMOHA~
na?

3.17. Jlnst craHNapTHON HOPMBI B oo HAWTHU KpaiiHue TOYkU ee cybauddepen-
nuasa.

3.18. HaiiTu Bo3moxkHBIE 0000IIIEHUsT TeOpeMbl XaHa — Banaxa jij1s orobparke-
HUM, JefcTByOMUX B IpocTpanHcTBa Kantoposuya.

3.19. JIns muoxkectBa C' B mpocTpaHcTBe X ONpeIe/IuTh IpeobpasoBanue XeEp-
Mangepa H(C) coorHomennem

H(C)={(z, t) e X xR:z €tC}.

W3syuuts cBoiicrBa npeobpasoBanus XEpMaHaepa.



I'masa 4

DKCKYpPC B MeTpudecKue
IPOCTPaHCTBa

4.1. PaBHOMEPHOCTDb U TOIIOJIOTHUS METPUIECKOTO
IIPOCTPAHCTBA
4.1.1. OnPEAEAEHUE. Orobpazkenue d : X2 — R, Ha3LIBaIOT
mempukol Ha X, ecan
(1) dz, y) =0z =y;
(2) d(z, y) =d(y, z) (z, y € X);
(8) d(z, y) < d(z, 2) +d(z, y) (z, y, z € X).
Mapy (X, d) Ha3BIBAIOT Mempu“ecKuM NPOCMparcmeom. Beie-
crBeHHOe YncIo d(x, y) OOBIYHO UMEHYIOT PACCMOAHUEM MEXKIY T U Y.

ﬂOHyCKaH BOJIBHOCTH pe4u, CaMO MHO2KeCTBO X B 3TOI CUTYyallul TaK>Ke
Ha3bIBalOT METPUYICCKHUM IIPOCTPAaHCTBOM.

4.1.2. Orobpaxenne d : X? — R, sApasgercas MeTpHKOH B TOM H
TOJILKO B TOM CJIydae, eCJIi
(1) {d <0} = Ix;
(2) {d<tp={d<t}7' (teR.);
(3) {d<ti}o{d <t} C{d <t +ta} (t1, t2 € RY).
< Caoiictsa 4.1.2 (1)-4.1.2 (3) cyTs nepedopmymuposkn 4.1.1 (1)—
4.1.1 (3) coorBeTCTBEHHO. [>

4.1.3. OnpeAENEHUE. Ilycre (X, d) — merpudeckoe mpocrpas-
creo u € € Ry \ 0. MuoxkecrBo B, := By, := {d < ¢} naspBaor 3a-

o o
MEHYMOM YuAunOpom (TIOPAKa €), a MHOKEeCTBO B.:= By := {d < e}
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— omxpoimoim yuaundpom (nopsaika €). O6pas Be(x) Touku & upu coor-
BETCTBUU B, HA3BIBAIOT 3AMKHYMbLM WAPOM PAIHAYCA € C IEHTPOM B .

[e]
AHaJIOruYHO MHOXKECTBO B, () Ha3bIBAIOT OMKPLUMVIM WAPOM DAIAYCA
€ C TIEHTPOM Z.

4.1.4. OTKpbITHIE [IUJIHHJPBI, PABHO KAK U 3aMKHYTbHIE ITUJIUHIDbI
HEIyCTOr0 METPHIECKOI'O MPOCTPAHCTBA, COCTABJISIIOT OA3UCHI OJHOTO U
TOro ke ¢uiabrpa. <>

4.1.5. ONIPEJAEJIEHUE. PuIbTp, MOPOKIEHHBII IUJINHIDAMYI HEITY-
cToro MeTprdeckoro mpocrpanctsa (X, d) B MHOKecTBe X 2, HA3BIBAIOT
MEMPUHECKOT, PAGHOMEPHOCTIBIO 1 OO03HAYAIOT WUy , WU U, WU, HAKO-
HEIl, IPOCTO 7/, €CJIU HET COMHEHUI, O KAKOM MPOCTPAHCTBE UJIET Pedb.
IIpu X := @ nonarator Zx := {&}. DyeMeHTH paBHOMEpHOCTH Zx
HA3BIBAIOT OKPYHCEHUAMU (OUa2oHAAL).

4.1.6. Ilycrs % — merpudeckasi paBHoMepHOCTB. Torya
(1) % c il{Ix};
QUew =U'tew;
3) VUew)(3Vew)VoVCU;
@) {U: Ue#}=1Ix. <>
4.1.7. BAMEYAHUE. Csoiicrso 4.1.6 (4), cBsazannoe ¢ 4.1.1 (1), ga-

CTO HA3BIBAIOT Taycdopgosocmuvio U .

4.1.8. /list npocrparncTBa X ¢ PABHOMEDHOCTHIO % ITOJIOXKHM
T(x):={U(x): Uec}.

Torga 7(x) — ¢uabrp s kaxgoro x € X. Ilpu s10M
(1) (z) C fil {z};
(2) (VU € 7(x)) AV € 7(z) & V Cc U) Vy € V)
Ver(y). <>

4.1.9. ONPEAENEHUE. Otobpaxkenne 7 : x — 7() Ha3bIBAIOT
Mempureckoll monoaozuetl, a SIEMEHTEL T(X) — OKPECMHOCMAMY, TOUKH
x. s o6o3HAYEHHST TOMOJIOIMH UCHOJBL3YIOT TakxKe U 6oJiee IOJIHBIE
obosuavenus:: Tx, 7(%) u T. 1.
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4.1.10. 3AMEYAHUE. 3aMKHYyTbIE IIaphbl C IEHTPOM B HEKOTOPOI
TOYKE COCTABJSIOT 6a3uc (puiIbTpa OKpecTHOCTEH 5Toi Toukm. To xKe
BEPHO W JijIsl OTKPBITHIX IapoB. OTMeTHM eIe, 9TO y PasjMdIHBIX TO-
geK B X CyIIECTBYIOT HEIIEPECEKAIONMECS OKPECTHOCTH. JTO CBOHCTEO,
cazannoe ¢ 4.1.6 (4), HazpIBAIOT TaycdopPhosocmvio Tx .

4.1.11. ONPEAEJEHUE. MuoxectBo G B X Ha3bIBAIOT OMKDPLLMDBIM,
€CJI OHO SIBJISIeTCs OKPECTHOCTBIO KaXKJOH CBOeil TOYKH (CHMBOJIMYE-
ckm: G € Op(r) & (Vo € G) G € 7(x))). Muoxecrso F' B X Ha-
3BIBAIOT 3AMKHYMbLM, €CIIN €ro JIONOJHEHNE OTKPBITO (CHMBOJIMIECKH:

FeCl(r) & (X \ F € O0p(r))).

4.1.12. O6wbemunenwe J060r0 CeMEHCTBA H TEPEceIeHne KOHETHOTO
ceMeriCTBa OTKPBITHIX MHOXKECTB CyTh MHOXKEeCTBa OTKPBITHIE. 1lepecede-
HHe JIIobOro ceMeicTBa U 00'beJHHEHHEe KOHEYHOI'O CeMEHCTBA 3aMKHY ThIX
MHO>KECTB CYyTh MHOX>KECTBa 3aMKHYTbIe. <[>

4.1.13. OOPEAENEHUE. [list muoxecrsa U B X monaraior

it U U U{G € Op(rx): GCU};
AU:=U:=n{F e Cl(rx): FDU}.

MrmuozxectBo int U mazeBaoT enympennocmvio U, a ero sjgeMeHTbl —
snymperrumu mowkamu U. MuoxecrBo clU Ha3BIBAIOT 3aMbIKaHUEM
U, a ero saneMeHTBI — moukamu npukocrosenus U. BHyTpeHHOCTH J10-
nosHenust X \ U Ha3bIBaOT HewHocmvto U, a 3J1eMeHThI BHEIITHOCTH —
enewnumu mowkamu U. Touku mpocrpancTBa X, He SIBISMIONIAECT HU
BHEIIHUMU, HU BHYTpeHHUMH Jjist U, HA3BIBAIOT 2PAHUMHBLMYU MOYKAMU
U. CoBOKymHOCTH BCeX IPaHMYIHBIX TOYeK U HazbBawOT epanuuet U n
obozuadaior fr U unmm OU.

4.1.14. MuoxectBo U sIBIsIeTCSI OKPECTHOCTBIO TOYKH X B TOM U
TOJIBKO B TOM CJIydae, €CJIH & — BHYTPEHHsT Todka U. <>

4.1.15. SAMEYAHUE. B cBsi3u ¢ npemioxkenueM 4.1.14 MHOXKeCTBO
Op(7x) TakzKe 9acTO HA3BIBAIOT TOHOJOrHMel X, uMes B BUIY, 9TO Tx
OZHO3HAYHO BoccTanasuBaerca 1o Op(7rx). Iocneanee, pasymeercd,
orHocuTes U K coBokynHoctu Cl(Tx) Bcex 3aMKHYTBIX MHOMKECTB B X.

4.1.16. ONPEJAEJEHUE. Ilycrs & — 6asuc buibrpa B X. [oBopsr,
ar0 A cxodumces k mouke x u3 X wim 9ro & — 310 npedea B (U uuiryT:
P — 1), ecnu fil B Toubie dunbTpa OKpecTHOCTElH TOUKY T, T. €. fil B D

7(z).
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4.1.17. ONPEAEJNEHUE. Ilycrs (x¢)ee — 910 (060OmEHHAST) mO-
caenoBaresbHOCTh B X. ToBopdaT, 9To paccMmarpuBaeMasi nocaedosa-
MEALHOCD cTOJUMCA K

x (mmmyr: e — ), €M K & CXOMUTCs (DUIBTP XBOCTOB ITOM
[IOCJIEIOBATEILHOCTH.  VICTIOIB3yI0T U ApyTrHe paciupocTpaHeHHbe 000-
snadenns u oboporel. Hanpumep, « = limg z¢ u ¢ — upenen (x¢), korga
& mpoberaer

4.1.18. BAMEYAHUE. [Ipenes dunbrpa, Kak u mpeaes 0000IeHHOM
[TOCJIETIOBATEIbHOCTH, €JINHCTBEH. DTOT (aKT €CTh JIPYrOe BhIpaXKeHUe
XayctopdOBOCTH TOIOJIOTHH. <I[>

4.1.19. Mia vermycroro mHOXKecTBa U U TOYKH X pAaBHOCHJIBHBI CJTe-
JLYIOIIHE yTBEPXKICHHSI:
(1) roura x sBIsIeTCs TOUKOI npukocHoBeHUs U;
(2) cymecrByer puaprp F rakoi, yro F — x uU € F;
(3) cymecrByer mocaegoBATEILHOCTS (Te)ee  a€MeHTOB U,
CXOIAMAACT K TOYKE X.

< (1) = (2): Tak xak = He sBJIsieTcsl BHeNIHelH Toukoit U, To dbuib-
tpbl 7(z) u fil {U} umeror Tounyto BepxHiowo rpanuny % := 7(z) VAl {U}.

(2) = (3): Hycr F — x u U € %. IlpeBparum . B HalpasJe-
HH1E C IOMOIIBIO NOPsAJIKa, ITPOTUBOIIOJIO?KHOT'O MOPAJIKY I10 BKJIIOYEHHUIO.
Bosemem oy € VNU g V € %. dcno, uro zy — x.

(3) = (1): Ilycte V' — 3aMKHyTOe MHOXKeCTBO, (L¢)ee — MOCIENO-
BATEJILHOCTD 3JIEMEHTOB V 1 ¢ — . JI0CTaTouHO MOKA3aTh, 4TO B 9TOM
ciyaae x € V. Tocneanee oueBugno, u6o npu x € X \ V xors 6bl jjig
omuoro £ €  6bwI0 6B Tg € X \ V. >

4.1.20. SAMEYAHUE. B ycjioBusix MeTpUYECKOr0 IIPOCTPAHCTBA B
4.1.19 (2) MoxxHO cuuTaTh, YTO GUWILTD # HMeeT cueTHbI 6asuc, a B
4.1.19 (3) —uro := N. YkazaHHoe 06CTOATEIHCTBO HHOIIA BBIPAIKAIOT
CJIOBaMU: «MeTPHYECKHE IIPOCTPAHCTBA YIOBJIETBOPAIOT IIEPBOil aKCHOME
CYIETHOCTHU».

4.2. HenpepbIBHOCTb 1 paBHOMEpPHAasI

HeINpepbIBHOCTH

4.2.1. Ilycrs f: X — Y u7x, Ty — Tomosioruu B X u'Y coorBer-
CTBEHHO. DKBHBAJEHTHBI yTBEDIK ICHUSI:
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(1) G € Op(ry) = f~HG) € Op(7x);

(2) F eCl(ry) = f~YF) € Cl(rx);

(3) flrx(x)) > v (f(x)) npu Beex x € X;

(4) (ze X, F —z)= (f(F) — f(x) s pumbrpa F;

(5) f(xz¢) — f(x), kakoBbI ObI HE OBLIN TOUKA T U CXOSII}A-
scs K Hell IIOCJeZ0BATEIBHOCTD (¢ ).

< DxsBuBasentHocTh (1) < (2) BrTekaer u3 4.1.11. Ocraercs npo-
BepuTh, uto (1) = (3) = (4) = (5) = (2).

(1)=(3):Ecim V € 17y (f(x)), To W:=int V € Op(ry) u f(x) € W.
Otrciona f~1(W) € Op(rx) u z € f~1(W). Unaue rosopa, f~1(W) €
7x(z) (em. 4.1.14). Homuwmo storo, f~1(V) D f~Y(W) u, crenosaresn-
no, f~1(V) € 7x(z). Haxonen, V D f(f~1(V)).

(3) = (4): Ecin & — z, 10 fil.F D 7x(x) no onpexnesenuio 4.1.16.
ITpusnekast ycaosue, soiBoguMm f(F) D f(rx(x)) D 7v (f(x)). Hosrop-
Has ane/usinns K 4.1.16 naer f(F) — f(z).

(4) = (5): O6pas dhuIbTPa XBOCTOB HOCTIENOBATENLHOCTH (L¢)ec
npu orobpazkenuu f rpybee dbuibrpa xBoctoB (f(x¢))ee -

(5) = (2): Iycrs F — 3amkHyTOE OAMHOKeCTBO B Y. Ecim F = &,
to f~1(F) Takxke mycTo, a MOTOMY W 3aMKHyTo. llyctsh F' memycTo u
x — Touka npuxocHoserusi f~(F). PaccMOTpHM MOC/IeI0BATEILHOCTD
(z¢)ee Touek m3 fT1(F), cxomamyrtocss K x (ee cymecTBoBaHue 0Gec-
nedeno 4.1.18). Torma f(ze) € F' u f(x¢) — f(z). Buosb nmpumenss
4.1.18, Buytam, uto f(x) € F u, crano 6uith, x € f~1(F). >

4.2.2. ONPEAEJNEHUE. Orobpaxkenue f : X — Y, yioBjierBopsi-
fomee ofHoMy (& 3HAYMT, U JIOOOMY) U3 SKBUBAJEHTHBIX yTBEDPKICHUI
4.2.1 (1)-4.2.1 (5), (KaK XOpOIIO M3BECTHO) HA3BIBAIOT HENDPEPLIGHHM.
Econ nipu stom 4.2.1 (5) BBINONHEHO B bUKCHPOBaHHON Touke - € X,
TO TOBOpAT, 9TO f HempepwuisHo 6 mouke x. Crajno ObITb, f HempepbiB-
HO Ha X B TOM M TOJIGKO B TOM CJIydae, eCiau f HEIpPepBIBHO B KaXKJOM
Touke X.

4.2.3. Cynepnosunusl HeIPepbIBHBIX 0TOOpaskKeHHi HellpepbIBHA.
< Caenyer Tprzkabl npumennTs 4.2.1 (5). >
4.2.4. Ilycte f : X — Y u Ux, %y — paBHomepHoctd B X u Y
COOTBETCTBEHHO. DKBHBAJICHTHBI Y TBEPKICHHUSL:
(1) VVe%)3UeuUx) Vx, y)(z, y) eU =
= (f(2), f(y) €V;
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(2) (VVew) [T1oVofeUx;
(3) f*(%x) D U, tae f* : X? — Y jeitcTByer 1o npaBn-

ay f* (@, y) = (f(2), f(Y);
(4) (VV € OZ/y) fx_l(V) S %X; T. €. fX_l(%y) C Ux.

< HocraTouno 3ameTuTh, uto mo 1.1.10 gma U € X2 u V C Y?
BBITIOJIHEHO

froVor=|J  FHw) x f () =
(v1,v2)EV
~{(z,y) € X*: (f(x), f(y) eV} = (V)
foUof™ = |J  flua)x fluz) =
(u1,u2)eU

={(f(w), flu2)): (u1, up) €U} = f*(U). >

4.2.5. OUPEAEJNEHUE. Orobpaxkenue f : X — Y, ymoBierBops-
omee OfHOMY (& 3HAUMT, W MO60MY) N3 KBUBAJIECHTHBIX yTBEDIKJIE-
muit 4.2.4 (1)—4.2.4 (4), (kak XOpOIIO U3BECTHO) HA3BIBAIOT PAGHOMEDHO
HENPEPLIGHBIM.

4.2.6. Cyneprmosuiiusi paBHOMEPHO HEIIPEPBIBHBIX OTOODAXKEHHIT
PpaBHOMEDHO HEIIPEPHIBHA.

<Ilyers f: X =Y, 9:Y = Zuh:=go f: X — Z. dcuo, aro

>
X
—
&
<
~
I
—
>
—~
-
=
<
~—
~—
I
—~
=2
=
=
~—
)
—
s
—~
=
I

=g*(f(z), fly) =g" o f*(x, y)

Jutst Beex @, y u3 X . Suavur, b (Ux) = g” (f*(%x)) D g™ (%) D %z B
cuiy 4.2.4 (3). BroBb anesumpys K 4.2.4 (3), BuguM, 9r0o h paBHOMEPHO
HEIpEepLIBHO. >

4.2.7. PaBHOMEPHO HENpEepPbIBHOE OTOOPAXKEHHE HEMPEPBIBHO. <I[>

4.2.8. ONPEAEJEHUE. Ilycts & — MHOXKeECTBO oTOOpakeHuit uz X
BY u %x, %y — COOTBETCTBYyIOIHE paBHOMEpHOCTH. MHOXKeCTBO &
HA3BIBAIOT PAGHOCTNENEHHO (PASHOMEPHO ) HENPEPLIGHBIM, ECITH

VVe) (| f ' oVofeU.
fe&
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4.2.9. PaBHOCTEIIEHHO HENMPEPBHIBHOE MHOXKECTBO OTODParKeHHI CO-
CTOUT U3 PAaBHOMEDHO HEINPEPBIBHBIX oTOOparkeHuii. Konednoe MHOXKe-
CTBO PaBHOMEPHO HEINPEPBIBHBIX OTOOPa’KeHU pPaBHOCTEIIEHHO HEIpe-
PBIBHO. <>

4.3. TlosyHenpepbIBHOCTD

4.3.1. Ilycrs (X1, d1) u (Xo, d2) — Merpuueckue 1poCTpaHCTBA.
Iycre, ganee, X = X1 X Xo. s T := (z1, x2) u 7 := (y1, y2)
TTOJTOZKUM

d(T, y):=di(z1, y1) + da(z2, Yo).

Torgma d — merpuka vHa Z . Ilpu atom gist mo6oro T = (x1, x2) € X
CIIPABEJJINBO MIPEJCTABICHHIE

T (T) = il{U; x Uy : Uj € 7x,(x1), Us € 7x,(x2)}. <>

4.3.2. OUPEJAEJEHUE. Tomosoruio T2 HA3BIBAIOT NPou3sedeHu-
em monoaoeull Tx, U Tx, WIH monosoeuel npoudsedenus X1 u Xo U
0003HAYAIOT Tx, X TX,.

4.3.3. OnPEAENEHUE. Dynkmuo f : X — R’ HazpBaor noayre-
npepueHoti chudy, ecau ee Haarpaduk epi f — 3aMKHYTOe MHOMKECTBO
B Tomojiorun mnmpoussegenus X u R.

4.3.4. [IPUMEPHI.
(1) HenpepeiBras dbyrkuus f : X — R mosyHenpepbiBHa
CHHUBY.
(2) Eciu fe : X — R' — monynenpepsiBHas CHE3Y QYHKINST
Iuist Kazkzoro § €, 1o Bepxuss ormbaromas f(z) = sup{fe(z) : £ €
} (z € X) rakke nosyHenpepbiBHasi CHU3Y (YHKIHUs, TaK Kak epi f =
Nee epi fe.
4.3.5. Oyuknus f : X — R’ mosynenpepsiBHa CHU3Y B TOM U TOJIb-
KO B TOM CJIy9ae, €CJIH BBIIOJHEHO

z € X = f(x) = lim inf f(y).

y—x

31ech, Kak OOBIYHO,

lim inf f(y):= lim f(y):= sup inf f(U)

y—z y—x Uer(x)
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— nuotenul npedea dynryuu f 6 mouke x (no puavmpy 7(x)).

< =: Ecm z ¢ dom f, To (x, t) & epif mua xaxmgoro t € R.
Buauut, umeercs okpecraoctb Uy Touku z, rae inf f(Uy) > t. Orcio-
na BeITekaeT: limy .. inf f(y) = +oo = f(z). Ecau xxe z € dom f,
to inf f(V) > —oo must nopxopsimeit okpectHocTr V' TOUKM 2. Bbibe-
peM € > 0 u muga oboit U € 7(x), nexameit B 'V, HoupieM TOUKy
zy € U u3 ycnosus inf f(U) > f(xy) — €. Ilo nocrpoenuto xyy € dom f
U, KpoMe TOro, Xy — & (IIpU BBEJIECHUU €CTECTBEHHOTO MOPSJIKA B MHO-
JKeCTBO OKpectHOocTel Touku x). Ilosoxum ty := inf f(U) + €. cuo,
uro ty — t:= limy_,inf f(y) + €. Ilockoubky (zy, ty) € epif, To
(z, t) € epi f B cuny 3amuyroctu Hagrpaduka f. OKOHUATEIHHO

lim inf f(y) +¢& > f(x) > lim inf f(y).
y—z y—z
<: Eciu (z, t) € epi f, To

t < lim inf f(y) =sup inf f(U).
Yy—x Uer(x)
Taxkum obpasom, inf f(U) > t miuga mekoropoit okpecraoctu U TOUKY .
Orcrona BeiTeKaer, uro monoarerne (X x R) \ epi f orkpsrro. >

4.3.6. BAMEUYAHUE. CgoiicTBO, yKazaHHOe B mnpejjioxennn 4.3.5,
MOKHO IPUHSITH 32 OCHOBY OIIPEJIEJICHUS IOy HEIPEPBIBHOCTH CHU3Y B
TOYKe.

4.3.7. Oyukmus f : X — R HempepblBHA B TOM W TOJIBKO B TOM
ciay4dae, e f u — f mosiyHenpepbIBHBI CHU3Y. <I>

4.3.8. QOyuknus f : X — R’ mosyHenpepbIBHA CHU3Y B TOM U TOJIb-
KO B TOM CJIydae, eCJiu JJist BCIKoro t € R 3aMKHYTO j166€roBO MHOKECTBO
{f <t}

< =: Ecm z & {f < t}, ot < f(z). Ha ocnosanuu 4.3.5 B
nojxosieit okpecraoct U Toukn x 6yger t < inf f(U). Mnaue ropops,
nonosaerne X \ {f <t} orkpsiro.

«: Ilyctp gy kakux-uuOyap © € X u t € R BbIIOJHEHBI COOTHO-
menns lim,_,, inf f(y) <t < f(x).

BosbmeM € > 0 u3 ycsoBus t+€ < f(x) 1, HCHOIB3Ysl pACCy XKIeHUs
nokasaresnbersa 4.3.5, jaust U € 7(x) mainem Touky zp n3 U N {f <
inf f(U) + ¢}. Beccnopuo, zy € {f <t+¢e} n zy — x. Ilpuxomum k
IIPOTUBOPEYHIO. [>



4.4. KoMIIakTHOCTbH 61

4.4. KoMnakTHOCTb

4.4.1. ONPEAENEHUE. [lycts C' — muOXkecTBO B X. Muoxkectso C'
HA3BIBAIOT KOMNAKMHbLM, €CJIU s Kaxkaoro maoxkectsa & C Op(Tx)
takoro, uro C' C U{G : G € &}, cymecTByeT KOHEUHOE MOJMHOKECTBO
&y B &, ynosnersopsitomiee coorHomenno C' C U{G : G € &}.

4.4.2. SAMEYAHUE. Omupegnesnenne 4.4.1 9acTo BBIPAXKaIOT CJIOBa-
MU: «MHOYKECTBO KOMIIAKTHO, €CJIM U3 JIIOOOTO ero OTKPBITOTO MOKPBITHS
MOKHO BBIJIEJIUTH KOHETHOE TOJIIOKPBITHES .

4.4.3. 3aMKHyTOE MOJMHOXKECTBO KOMIAKTHOI'O MHOXKECTBA SIBJISI-
ercst koMnakTHEIM. KoMmnakTHOe MHOXKeCcTBO 3aMKHYTO. <>

4.4.4. BAMEYAHUE. B cBsi3u ¢ 4.4.3 UCIIOIB3YIOT MOHSITHE OTMHO-
CUMEALHO KOMNAKMHO20 MHOHCECMEA, T. €. MHOXKECTBA, 3aMbIKaHIE KO-
TOPOr0 KOMIIAKTHO.

4.4.5. Teopema Betiepmirpacca. Obpa3 KOMIAKTHOI'O MHOXKE-
CTBa MPH HEMIPEPHIBHOM OTOOPAKEHHH KOMIAKTEH.

<1 IIpoobpassl MHOXKECTB M3 OTKPBITOI'O IIOKPBITHS 00pa3a cocTaB-
JISIOT OTKPBITOE IMOKPBITUE MCXOIHOI'O MHOXKECTBA. [>

4.4.6. IlosynenpepbiBHast cHU3Y (QyHKIHS IPHHAMAET HA HEITYCTOM
KOMITAKTHOM MHOXKECTBE HauMeHbIIee 3Ha4denne (T. e. 06pa3 TaKoro MHO-
JKECTBA UMEeT HAUMEHBIIIUI 9JIEMEHT ).

< Bynem cuurars, uto f : X — R u X xommaktao. Ilycts tg:=
inf f(X). Ecuu ty = +00, T0o nokasbiBarh Hevero. Ecim ke tg < 400,
to momoxknm T := {t € R: ¢t > to}. Muoxkecrso U := {f < t} nna
t € T nenycro u 3amrayrTo. Jokaxkem, uro N{U; : t € T} memycro
(Torma J060it JTEMEHT T YKA3aAHHOIO HepecedeHus — UCKoMbIi: f(x) =
inf f(X)).

Ipeanonoxum nporusroe. Torga mHONKecTBO {Gr:= X \ U 1 t €
T} obpasyer OTKpbITOe MOKpbITHE X . BbImessist n3 HETO KOHEMHOE TIOJI-
nokpeitue {Gy @t € Ty}, soogum: N{U; : t € To} = @. Ilocaenuee
COOTHOIIIeHUE JIOYKHO, TOCKOJIbKY Uy, N U, = Uy, ae, Tipu 1, ta € T. >

4.4.7. Kpurepuii Bypbakwu. IIpocTpaHCTBO SIBJISIETCS KOMITAKT-
HBIM B TOM U TOJIBKO B TOM CJIydae, €CJIH KayKJIbli YIbTPahOUIBTD B HEM
cxomurest (cp. 9.4.4).
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4.4.8. IlpousBenerne KOMIIAKTHBIX IPOCTPAHCTB KOMIIAKTHO.

< HocTtaTodHO ABaXK/IbI IPUMEHUTHh KpuTepuii Bypbaku. >

4.4.9. Teopema Kaaropa. HemnpepsiBHOE 0TODpaskeHHe KOMIIAK-
Ta PABHOMEPHO HENpephIBHO. <I[>

4.5. IToauora

4.5.1. Ilycts B — 6aszuc ¢puastpa B X. Torna {B*: B € B} —
6azuc ¢puasrpa B* B X2

< (Bl X Bl)m(Bg X Bg) D) (Bl mBg) X (Bl ﬂBg) >

4.5.2. ONPEAENEHUE. [lycts & — dbunbrp B X u %x — paBHO-
MepHocTh B X. @uibrp F HazwBaior guasvmpom Kowwu, ecim F* D
Ux . Cerb B X HasbBaioT cemvito Kowu nmu gyndamernmanvrol cemyio,
ecau pUIBTP ee XBOCTOB ecTb (uiabTp Komu. AHAJIOTMYHBIN CMBICIT
BKJIAJIBIBAIOT B TEPMUH «HYHIAMEHMANOHAA NOCAEAOBATNEALHOCTDS.

4.5.3. BAMEYAHUE. Ecim V' — okpywxenne B X2, a U — MHOXe-
crBo B X, To rosopat, uto U mano nopadka V, ecma U2 C V. B wactHO-
crtu, U majo nopsaka B. B TOM U TOJIBKO B TOM CJIIydae, eCju JuaMemp
diam U := sup(U?) ne 6ombine €. B cBA3H ¢ yKa3aHHON TePMUHOJIOTHELT
ornpejiesienne buibrpa Komm BbIpakaiorT CI0BaMu: <«(OUILTP SBJISET-
cst duirbrpom Korm B TOM ¥ TOJBKO B TOM CJIy4ae, eCJIU OH COIEPIKHUT
CKOJIb YTOJHO MaJIble MHOXKECTBAY.

4.5.4. /1 MeTpHIecKOro mpOCTPAHCTBA IKBHBAJEHTHBI CJIEIYIO-
IHe yTBeP K ICHHS:
(1) raxkmpiii puaprp Kommn cxonurces;
(2) kaxkmgasi cerp Kommu nmeer npesei;
(3) Jmrobast pyHmAMEHTATBHAS TOCTET0BATEIBHOCTD CXOAUT-
csl.

< Mmmmukamun (1) = (2) = (3) oueBUJHBI, I09TOMY YCTAHOBUM
TOJIBKO UMILIIKanuo (3) = (1).

Iycre U, € % — MHOXKecTBO, Majoe Topsaka By/,. [lomoxum
Ve:i=UiN...NU, n Bo3pMeM z,, € V,,. Umeem, uto V3 D Vo D ... 1
diamV,, < 1/n. CrenoBarennno, (x,) — dyHmaMeHTAIbHAS TOCIEI0BA~
TEJBHOCTh. 3HAYUT, €CTh mpejen: & := limz,. [lokaxewm, uto & — x.
Iyist aroro Boibepem ng € N uz ycsosust: d(Zy,, ) < 1/2n upu m > ng.
Torma mst npomssossaoro n € N Gyuer d(zp, y) < diamV, < 1/2n u
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d(zp, x) < 1/2n, eciu Tompko p:=ng V 2n u y € V,. Orciona BoiTeKa-
er, uto y € V, = d(x, y) < 1/n, 7. e. V, C Byy(z). Oxonuarensno
sakirodaeM: F D 7(x). >

4.5.5. ONPEJIEJIEHUE. MeTpuieckoe MpOCTPAHCTBO, YIOBIECTBOPSI-
Iolee OJHOMY (& IIOTOMY U JIIOGOMY) U3 SKBUBAJICHTHBIX yTBEPIKICHHI
4.5.4 (1)-4.5.4 (3), (Kax XOpOIIO U3BECTHO) HA3ZLIBAIOT NOANVLM.

4.5.6. Kpurepuii Kaunropa. Merpudeckoe IpoCcTPaAHCTBO ITOJTHO
B TOM H TOJBKO B TOM CJIy9ae, €CJH BCSIKOe (DHIBTPOBAHHOE 110 yObIBa-
HHIO HEIIYCTOEe CeMEHCTBO ero HEIyCThIX 3aMKHYTBIX ITOIMHOXKECTB, JTHa-
MeTPbI KOTOPBIX CTPEMSITCS K HYJIKO, HMEET OOIIYI0 TOYKY.

< =: Eciin & — nmonobHoe ceMeficTBO MHOXKECTB, TO, IO OIpeie-
siernto 1.3.1, 8 — Gasuc dunbrpa. Ilo yciaoBuro B — Gazuc GpuibTpa
Komm, 1. e. cymecrByer upenen: £ — x. Touka x — uckomasi.

<: Ilycrs F — dunbrp Komu. IMonoxum Z:= {clV : V € F}.
JlnaMeTpbl MHOXKECTB U3 % crpemarcs K Hysro. CTajio ObITh, HANIeTCs
TOUKa X Takas, 4To x € clV npu xaxgaom V € F. dcuo, uro F — . B
caMoM Jiejie, IIyCTh V' — MHOXKeCTBO u3 % mMajioe nopsizika €/2 uy € V.
s wekoroporo y' € V 6ymer d(z, y') < /2 u, 3uauur, d(z, y) <
d(z, y') +d(y’, y) < e, T e., cnenosarennno, V C B.(zr) u, 3Haunr,
B.(z) e #. >

4.5.7. Merpudeckoe NpOCTPAHCTBO IOJHO B TOM H TOJBKO B TOM
caIydae, ecaIn Jiobast II0CIeI0BATEIbHOCTD BIOXKEHHbIX apoB Be, (1) D
...D B, (vn) D Be,  (Tni1) D ..., paguycsr (€,) KOTOPBIX CTPEMSITCS
K HyJIIO, HMeeT OOIIIyf0 TOYKY. <I[>

4.5.8. Obpa3s ¢puabrpa Komm npu paBHOMEPHO HETPEPBIBHOM OTO0-
paxxeann — puiaprp Korrm.

< Ilycts orobpakenme f meificTByeT m3 mpoCTpaHCTBa X C PABHO-
MEPHOCTBIO %x B NMPOCTPAHCTBO Y ¢ paBHOMEPHOCTBIO %y . IlycTh, ma-
nee, .F — bunpsrp Komm 8 X. Ecrm V € %y, o f~1 oV o f € Ux 1o
oupenenennio 4.2.5 (em. 4.2.4 (2)). Iockonsky % — dbunsrp Ko, To
npu nonxomameM U € .F 6ymer U? C f~1 oV o f. OkaspiBaeTcsd, uTo
f(U) maino nopsijka V. B camom gede,

FOP = | ) x flug) =
(u1,u2)€U?

— foU?of Cfo(f T oVof)of = (fof oVo(fof )V,

160, Ha ocuosamnu 1.1.6, fo f~! = imf ClIy. >
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4.5.9. Ilpoussenerne MOJTHBIX IPOCTPAHCTB — ITOJIHO.

< Cnenyer npumennuts 4.5.8 u 4.5.4. >

4.5.10. IIycts Xg miorno B X (. e. clXo=X) u fo: Xo =Y —
PaBHOMEDHO HeIpepbIBHOE 0TObpazkeHue u3 X B MOJIHOE IPOCTPAHCTBO
Y. Torma cymecTByeT, H NPUTOM E€IHHCTBEHHOE, PABHOMEDHO HEIIPE-
pbiBHOE oTobpazkernue f : X — Y | mponoskaromee fo, T. e. Takoe, 4TO
flxo = fo-

< g z € X dunerp Fp := {UN Xy : U € 7x(x)} ssusiercs
dwmwibrpom Komm B Xy. Crano 0biTh, u3 4.5.8 MOXKHO BBIBECTH, UTO
fo(Fx) — dmrerp Komm B Y. B cuity nosnsoTH Y cymmecTByer npeed
yeY, e fo(F;) — y. Bomee roro, sTor npenen eauHcTBEH (Cp.
4.1.18). Tomaraem f(z):= y. Ocraercst IPOBECTH HECTOKHYIO IPOBEPKY
PABHOMEDPHOI HEMPEPBIBHOCTH OTOOpakeHus f. [>

4.5.11. ONPEAENEHUE. OroGpaxenue f : (X, d) — ()/(:, cj) Ha-
3pIBAIOT udomempuet X 6 X (MM UBOMEMPUHECKUM BAONHCEHUEM), ECTT
d=do f*. Orobpazkenue f HazbIBAIOT uzomempueti X Ha X (kopoue,
uzomempuets), eciu f — uzomerpusg X B X 7, KpoMe Toro, im f = X.

4.5.12. Teopema Xaycaopgpa o monosaenun. Ilycrs (X, d) —
merpraeckoe npoctpanctso. ‘Torza CymecTByIOT IOJHOEe METPHYeCKOe
npocrparcrso (X, d) u mzomerpusi v : (X, d) — (X, d) ma mrorHoe
IIOJIIPOCTPAHCTBO B ()A( , d). Ipocrpancrso ()A( . d ) EIMHCTBEHHO C TOY-
HOCTBIO JI0 H30METPHHU B TOM CMBICJIE, YTO JII00asl JHATDAMMA

(X,d)$(273)

(X 1, dl)

rae v : (X, d) — (X1, d1) — uzomerpust X Ha MUIOTHOE IOJIIPOCTPAH-
cTBo nosiHoro npocrpanctsa (Xi, di), mocrpauBaercs Jj0 KOMMYTATHB-
HOll jguarpammbl ¢ nomorpio uzomerpun (X, d) — (X1, di) mpo-
crparcTBa X u npocrpancTBa Xi.

<l EanHCcTBEHHOCTD ¢ TOMHOCTBHIO /10 U30MEeTpUH BhiTeKaeT u3 4.5.10.
B camom geste, mycTh o:= t1 ot '. Torma o — M30METpPHUSI IJIOTHOIO
noxupocrpanctsa ¢(X) B X Ha miorHoe nomupocrpancTso t1(X) B X;.
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BosbMeM B KauecTBe  eIMHCTBEHHOE IpojoibKenne o Ha X. Coey-
€T TPOBEPUTH TOJIHLKO, UTO  JIEHCTByeT Ha )/(\'1. Bribepem T; n3 )?1.
DTOT 3TEMEHT €CTh TIpeieN mocienoBaTeabrocTn (11 (2, )), Tae z, € X.
IMonsitHO, uTO (2,,) dyHIaAMeHTaATbHAsL. CTasno GbiTh, dyHIaAMEHTAIbHA
nocsesosarensaocts (L(z,)) B X. Ilyers 7 = limu(z,), 7 € X. Ilpu
stom  (Z) = lim o(¢(xy,)) = limeg 07 (e(zy)) = limeq () = 71

Hamerum Temepnb cxemy J0Ka3aTesbCTBa CyIIECTBOBAHUS X. Pac-
CMOTPHUM MHOXKeCTBO 2~ Bcex (PyHAaMEHTAJbHBIX TIOCIeI0BATEILHOCTEH
B ipoctpancTse X . Onpesesnv B 2~ OTHONTEHIE SKBUBAICHTHOCTH TaK:
Ty ~ Te < d(T1(n), T2(n)) — 0. Iycrs X := 2/~ u d(o(T1), ¢(T2)) 1=
lim d(Z1(n), T2 (n)), e ¢ : 2 — X — KaHOHHYECKOE OTOOPAKCHHE.
Usomerpus ¢ : (X, d) — ()/(:, c?) crpoures Tak: () := p(n — x (n €
N)). >

4.5.13. ONPEAEJEHUE. IIpocrpancrso ()?, J), durypupyiomee
B 4.5.12, padBHO KakK U JiT000OE€ M30METPUYIHOE €My IPOCTPAHCTBO, HA3BI-
BAIOT nonoaneruem upocrpancrsa (X, d).

4.5.14. ONPEJAENEHUE. Muoxecrso Xy B (X, d) HassBaior noa-
HbLM, €CJIH HOJIHBIM siBJIsteTcs pocrpancTso (Xo, d| Xg) — IOAIIPOCTPAH-
creo (X, d).

4.5.15. 3aMKHYyTOE HOJMHOXKECTBO IOJIHOI'O IIPOCTPAHCTBA SIBJISICT-
ca monaeiM. IloHOE MHOXecTBO 3aMKHYTO. <ID>

4.5.16. Ilycts Xy — mOAIPOCTPAHCTBO HEKOTOPOTO IMOJHOTO MET-
pudeckoro npocrpanctBa X. Torpa momosnenne Xy H30MeTPUIHO 3a-
MbikaHnio Xog B X.

< Hyere X := clXp u ¢ : Xg — X — TOXIECTBEHHOE BJIOYKECHUE.
AcHOo, 9TO ¢ — M30MeTpHs Ha IIOTHOE IoAnpocTpanHcTBo. Ilpu stom X
mosteo B cuity 4.5.15. Ocrasocs cocmarbest Ha 4.5.12. >

4.6. KoMIIaKTHOCTh ¥ IIOJIHOTA

4.6.1. KommakTHOE IPOCTPAHCTBO IIOJIHO. <I[>

4.6.2. ONPEAENEHUE. [lycts U — muoxkectBo B X u V € Yx.
Mmuoxecrso E B X nazbBaor V-cemwvio qyist U, ecom U C V(E).

4.6.3. ONIPEJEJIEHUE. MHOXKeCTBO HA3BIBAIOT 8NOAHE 02PAHUYCH-
HbLM, ECIIH JIJIsT KaXKIoro V u3 %x y Hero mMeercst KOHedHas V-CeTb.
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4.6.4. Ecuu miist siro6oro V u3z Ux y muoxkecrsa U B X ecTb BriojiHe
orpannvennasi V -cerb, To U — BIIOJIHE OrpaHHIEHHOE MHOXKECTBO.

< Iycrs V € Ux u W € %x takoso, uro W o W C V. Bosbmem
BrosiHe orpanuueHHyo W-cets F mus U, 1. e. U C W(F). Tockonbky
F' BriosiHe orpaHmdeHo, TO Haiijgercss KoHeuHas W-cers E g F, T. e.
F C W(E). OkonuarejibHO

UCW(F)CWW(E)) =WoW(E)C V(E),

T. e. K — xomeunas V-cers mua U. >

4.6.5. MmuoxxkecrBo U B X sBJIsIeTCsT BIOJIHE OTPAHUYEHHBIM B TOM
M TOJIBKO B TOM CJIydae, eCJIH s BCsIKoro V uz Ux Haiizercss KOHeYHOe
cemeiictBo Uy, ..., U, mommuoxxectB U takoe, uro U = Uy U...UU, u
Kazxx0e u3 maoxectB Uy, ..., U, majgo nopsaka V. <>

4.6.6. SAMEYAHUE. Daxt, ormedenubiit 4.6.5, BBIpayKaOT CJIOBa-
MH: «MHOXKECTBO BIIOJIHE OIDAHMYEHO TOI/IA M TOJIBKO TOTJA, KOTJA y
HEro €CTh KOHEYHBIE MMOKPBITUS CKOJIb YTOHO MaJbIMUA MHOYKECTBAME ».

4.6.7. Kpurepuii Xaycaopga. MHOKeECTBO SIBISETCS KOMITAKT-
HBIM TOILJ[A U TOJIBKO TOIJIa, KOIJ[a OHO MOJIHO U BITOJIHE OTPAHUYIEHO. <[>

4.6.8. IIycro C(X, F) — npocrpancrBo HenpepbIBHbIX (DyHKIHiT
Ha kKoMmmakTe X €O 3HaYCHHSIMH B oCHOBHOM 1ioie B u ¢ mempukoti Ye-
bviuésa

d(f, g):= sup de(f(z), g(x)) = sup |f(z) — g(z)| (f, g€ C(X, F)).

zeX zeX

st 0 € Up 1oa0xKum
Ugp:= {(f, g)€EC(X, F)?: gof'c 9}.

Torma Uy = fil{Uy : 6 € Up}. <>
4.6.9. IIpocrpancreo C(X, F) moano. <>

4.6.10. Teopema Ackosiu — Apnena. Muoxecrso & B C(X, F)
OTHOCHTEJIHHO KOMITAKTHO B TOM H TOJBKO B TOM CJIydae, €CJIH & paBHO-
crererno menpepbisao u Muoxkecrso U{g(X) : g € &} Buosine orpanu-
geHo B rnpocrparcTse F.
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< =: To, aro U{g(X) : g € &} — 910 BHONHE OrpaHUICHHOE
MHOZKECTBO, He BBISBIBAET COMHeHHmil. /Jljis IMpoBepKM paBHOCTENICHHOI
HEIIPEPBIBHOCTH & BO3bMeM 0 € % u 1nojdepeM CUMMETPUIHOE OKPYKe-
nue 0’ u3 ycnosus 6’ o 0 o 0’ C 0. Tlo xpurepuio Xaycaopda Haiimercs
koreunasa Ug-cetb &' B &. Pacemorpnm okpysxkenne U € Uy, 3amaHHOE
COOTHOIIIEHUEM
U:= ﬂ [flolof

fes’

(cp. 4.2.9). st npoussosibHbix g € & u f € &' Takux, uro go f~1 C ¢,
BBLITIOJTHEHO

0 =0 D (gof )t =(f)togt = fogh.

IIoMumo 3TOrO, M3 CBOMCTB KOMIIO3UIINH COOTBETCTBUIl 1 u3 4.6.8 BbITe-
KaeT
—1 —1 / —1
g“(U)=goUog " Cgo(f "ol of)og " C

C(gof ol o(fog)yc® ot ot Co.

Bwmecre ¢ IpOn3BOJBHOCTBIO ¢ TIOCJIEIHEE O3HAYAET, 9YTO & PaBHOCTEIICH-
HO HENPEPBIBHO.

<: Ha ocuoBanunu 4.5.15, 4.6.7, 4.6.8 u 4.6.9 mocTaTovuHO TSt KaXK-
noro 0 € 4 nocrpoutsb Koneunyio Ug-cetsb B &. Iomwimem 0’ € %, nns
koToporo 6’ 0’ o’ C #, n HaiijileM OTKPBITOE CUMMETPUYHOE OKPY?KEHHE
U € %x, 9To06bl ObLIO

UcC ﬂg_loe’og
geE

(cymecrBoBanue U obeciiedeHO PaBHOCTEIIEHHON HEIIPEPBIBHOCTHIO & ).

Scno, uro cemetictso {U(x) : x € X} obpasyer OTKPBITOE IOKDPbI-
tue X. Mcnosp3ys KOMIIAKTHOCTL X, YKayKeM KOHEYHOE MOJIMOKPBITHE
{U(xo) : xo € Xo}. B wacrroCcTH, ¢ yyerom 1.1.10

IxC | Ulwo) x Ulxo) =
zo€Xo

= |J U M=) xUlwo) =Uolx,oU.

(zo,z0)€lX,
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Mmuoxectso {g|x, : g € &} Bromme orpanmeno & FX0. Cramo 6biTh,
B 9TOM MHOKECTBE eCTh KoneuHad 0'-cerb. Todmee rosops, umeercs Ko-
HedHOoe MHOKecTBO &’ B &, 0bsIajatoliee TeM CBOHCTBOM, UTO JIJId KaxK-
noro g € & upu nogxojsameM f € & crnpabeajuBo

golx,oftcéd.
HpI/IMeHHH OJIYy9Y€eHHbIEe OII€HKH, I10CJIeJ0BaTe/JIbHO BBIBOJINM
goft=golxoftCgo(Uolx,oU)of ' C

Cgolg o og)olx,o(f 0l of)of ' =
—(gog Mot o(golx,0f ol o(fof )=
= Iimgo0 o(golx,0f ol olimsC
CO oo Co.
Takum obpasom, B cuiy 4.6.8, & — aro koneunas Uy-cetb nis &. >

4.6.11. SAMEYAHUE. [lone3HbiM yTBEpPXKIECHUEM SIBJISIETCS II€PE-
BOJI JIOKa3aTeIhcTBa TeopeMbl Ackojin — Aprena Ha s3bIK «&-0». Bor
HeoOxomuMblii cjioBapb: «f, Uy — 310 €%, «8' — 310 €/3», a «d — 3ro
U». Crosb ke HOJIE3HO (M HOYUIUTEJILHO) HANTH OOOOIIEHNS TEOPEMBI
Ackomn — Aprena st oToOparkeHuit, JeHCTBYIONUX B TPOU3BOJILHBIE
[IPOCTPAHCTBA.

4.7. B3poBcKkue MpoCcTpaHCTBA

4.7.1. ONPEAEJNEHUE. MuoxkectBo U NpPUHSATO HA3BIBATL pPaspe-
JHCEHHDIM WU Hu2de He NAOMHbLM, €CJH B €ro 3aMbIKAHWHM HET BHYT-
peunux Touek, T. e. intclU = &. Muoxectso U Ha3bIBAIOT mMowjum
(nmm mmoorcecmeom nepeotl kamezopuu), eciin U conepKures B 06beu-
HeHVn (He Gojlee YeM) CUETHOTO UHCIA PA3PEXKEHHBIX MHOXKECTB, T. €.
U C Upen Uy, intcllU, = @. Hemouwue MHOXKeCTBa, T. €. MHOXKECTBA,
HE SIBJISIFOIIIUECS] TOIUMU, HA3BIBAIOT TAKXKE MHOHCECTNEAMU STOPOTL Ka-
mezopuu.

4.7.2. ONIPEAEJEHUE. [IpocTpaHCTBO HA3BIBAIOT 6IPOGCKUM, €CITH
J1000€e ero HEIyCTOe OTKPBITOE MHOXKECTBO HETOIIIEE.
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4.7.3. Cuexyrorue yTBeDXKICHHS SKBHBAJTCHTHBI:
(1) X — 69poBckoe IpoCTPAHCTBO;
(2) obbemuneHHEe CICTHOrO YUCIA 3AMKHY TBIX PA3PEXKCHHBIX
MHO>KEeCTB He nMeeT BHyTpeHHI/IX TOY€K,
(3) mepeceuenne cuernoro uucia JHOOGBIX BCIOAY ILIOTHBIX
(1. e. minoTHBIX B X ) OTKDBITHIX MHOXKECTB SIBJISIETCSI
BCIOY IJIOTHBIM;
(4) momosHEHHE JTFOGOTO TOMEr0 MHOYKECTBA BCIOJLY ILIOTHO.
< (1) = (2): Oycrs U:= Upen Uy, U, = clU,, npuuewm int U,, = @.
Torna U — Toree maOKkecTBO. Tak Kak int U C U u int U — oTKpbITOE
MHOZKECTBO, TO int U, ABJIASACh TOIMNM MHOXKECTBOM, 00A3aTEIHHO IIyCTO
B cuty GapoBoctu X .

(2) = (3): Iycrs U := NyenGn, e G, otkpoito u clG, = X.
Torna X\U = X\Npen G = Upen (X\G,). Ipu stom X \G,, 3aMKHyTO
u int(X \ Gp,) = @ (ubo clG,, = X). Cramo 6erre, int(X \ U) = @.
[Tocsiennee oznagaer, yro y U mycrast BHEITHOCTD, T. €. U BCIOJLY IIJIOTHO.

(3) = (4): IIycrs U Tomee 8 X, 1. e. U C UpenU, nintclU, = @.
Mozkuo cunrarh, aro U, = clU,. Torna G,,:= X \ U,, OTKPBITO U BCIOILY
wiorno. o ycnosuio Nyeny G, = X \ Unen Uy, Beropy mwiorsao. IIpu srom
yKa3aHHOe MHOXKeCTBO cojiepxkurest B X \ U u, 3HaunT, MHOXKecTBO X \ U
BCIOZY ILJIOTHO.

(4) = (1): Ecam U — menycroe oTKpbITOE MHOXKeCTBO B X, To X \ U
He sBJseTcd BCoLy IoTHBIM. Crenosarenbno, U Heroee. [>

4.7.4. 3AMEYAHME. B cBsi3u ¢ 4.7.3 (4) oTMeTuM, 49TO JONOJIHE-
HUsl TONMX MHOXKECTB (MHOIJA) HA3BIBAIOT GHIEMAMU UL OCTAMOY-
HOLMU MHONCECTNEAMU. BBIueTbl B 63pOBCKOM IIPOCTPAHCTBE — HETOIIUe
MHOYKECTBA.

4.7.5. Teopema Ocryma. Ilyctrb X — 63poBcKoe IPOCTPaHCTBO
1 (fe : X — R)ge — cemeticTBo HOIyHENPEPHIBHLIX CHHU3Y (DYHKIHI,
npudem sup{ fe(xz) : £ € } < 400 s kaxkaoro x € X. Torja Besikoe
Herycroe OTKpbIiToe MHOXKecTBO G B X CONEpKHUT HEIYyCTOe OTKPbITOE
nonmuoxkecTBO G, Ha KOTOPOM CeMelicTBO (f¢)ec PpPaBHOMEDHO OrpaHH-
YEeHO CBEPXY, T. €. BBIMOJIHEHO SUP, ¢, SUp {fe(x) : £ € } < 4o0. <>

4.7.6. Teopema Bapa. IlosHnoe MmeTpudeckoe mMpOCTPAHCTBO — 63-
DOBCKOE.

< ITycts G — HemycToe OTKPBITOE MHOXKECTBO U g € G. omycrum,
uro G romee, T. €. G C Upen Uy, tae int U, = @ u U, = clU,. Haiinem
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g0 > 0 u3 ycsoBust Be,(x9) C G. fcHo, uro U HE COIEPIKUT IETUKOM
map Be,/2(z0), T. €. mmeercs w1 € B, /2(w0) \ Ur. B ety samxnyTocTn
U1 MOKHO TIOJIBICKATD £1 Tak, 910 0 < &1 < &9/2 u B, (1) N Uy = @.
ITposepnm, uto B, (z1) C Bey(x0). HeiictBurensro, ecan d(zy, y1) <
€1, TO d(yl, 1‘0) < d(yl, 33‘1) -+ d(xl, JZQ) <e + 60/2, u6o d(xl, xo) <
0/2. Iap B, j2(x1) ne nexut nemmxom B Uy, IlosTomy cymecrsyior
Ty € B o(x1) \ U2 m 0 < g2 < £1/2 Takme, uro Be,(x2) N Uz = @.
BusHo, 90 BHOBB B, (22) C B, (z1). IIpogoikas HadaThIil Iporiecc no
UHJYKIUH, TOJIYIUM HOCIE0BATEIbHOCTD MAapoB Be, (z9) D Be, (z1) D
Be,(z2) D ..., upuuem e, 1 < &,/2u B. (x,)NU, = &. Ha ocHoBaHuUN
4.5.6 y IOCTPOEHHBIX MAPOB €CTh 00Ias Touka « = lim z,. [Ipu srom,
KOHEYHO XKe, T # Upen U, u, crano obith, © € G. C apyroii cTopoHsl,
x € B, (z9) C G. Ionyunnu nporusopeune. >

4.7.7. SAMEYAHUE. Teopemy Bspa wgacTto ncnosb3yioT Kak <«9u-
CTYIO TEOPEMY CYIIECTBOBAHUSI.
B kadecTBe KIacCHIeCcKol HILIIOCTPAIINN PACCMOTPHM BOIIPOC O CY-

[IECTBOBAHNY HENPEPHIBHBIX HUrje He juddepeHnupyeMbrx QyHKIHIA.
Hast f:]0,1] = R uz € [0,1) momoxxum

D, f(x):= %%inf w;
e fl@+h)— f(z)

D" f(x):= l}gr(}sup —

Suementsl D, f(r) m D f(x) w3 pacumpenHoif 4mcioBoit mpamoit R

Ha3BbIBAIOT HUMHCHEU Npasoli W COOTBETCTBEHHO 6epxHeli npagoti mpous-

600n0t Jlunu dyHKIMU f B TOUKe X.

ITycts D — 370 mMuokecTBO Takux dbyukuuit f € C(|0, 1], R), uro
I HekoTopoii Touku x € [0, 1) smementsr Dy f(x) u DT f(x) Bxomar
B R, 1. e. xoneunsl. Torga D — Tolee MHOXKeCTBO. 3HAYUT, PYHKIIUU,
He MMeIOIIHe IPOM3BOAHON HU B ofHOi Touke u3 (0, 1), BCIOLY IUIOTHBI
B C(]0, 1], R). B 70 ke BpeMsl KOHKPETHbBIE IIPUMEPHI TaKUX (DYyHKIuU
Jlauch He pocTo. Bor HamboJiee M3BECTHBIE U3 HUX:

o0 4.”
dyrxyus Baw dep Bapdena — Z <(47nm>>
n=0
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(3mecw ((z)):= (z — [z]) A (1 + [x] — x) — paccrostHue 0 OanKaiinero K
& TEJIOro 4HCIIa),

—+oo
1
dynxyus Pumana — Z ) sin (n?mz)
n=0

M, HAKOHEIl, ICTOPUIECKHN TIePBast
o0

dynxuyusa Betiepwmpacca — E b" cos (a"mx)
n=0

(31€CH 0 — HeveTHOe moJIOXKHATe bHOE Tesoe, 0 < b < 1 mab> 1+ 2T).

4.8. Teopema 2KopaaHa u mmpocTbie KapTUHbI

4.8.1. BAMEYAHUE. B Tomosiornn, B 94aCTHOCTH, YCTAHABIUBAIOT
ray6oKme U TOHKHEe (DAKTBI 0 MeTpHUecKoM mpocTpamcTse R?. Himmxe
[IPUBEJIEHBI UCIIOJIb3yeMbIe B JAJbHENHIEM Te U3 3TUX (PAKTOB, POJIb KO-
TOPBIX U3BECTHA, HAIIPUMED, U3 KOMILJIEKCHOTO aHAJIN3A.

4.8.2. ONPEJEJEHUE. Tomeomopdubiii (= B3aMMHO OIHO3HAYHBIN
U B3aMMHO HEIIPEpBIBHBII) 00pa3 0Tpe3Ka HA3bIBAIOT (9copdarosot) dy-
20ti. TomeoMOpdHBIH 06pa3 OKPYKHOCTH HA3BIBAOT Npocmoti (scopda-
H0601) nemaet. EcrecTBeHHBIH CMBICJ BKJIAJBIBAIOT B MOHATHs TUIIA
«TUIaJIKas JIyray u T. II.

4.8.3. Teopema 2Kopaana. Ilycts v — npocTast HeT/IsI B IJIOCKO-
cru R?. CymecTBylor Henepecekaromecss OTKpbITbIe MHOMKecTBa, G 1
G2 rakme, 4TO

G1UG2:R2\’Y; ’)/ZC{)G1:(9G2 <>

4.8.4. BAMEYAHUE. Oxuo u3 muOxkectB G7 u (o, durypupyio-
mux B 4.8.3, orpannyeno. ITomMuMo 3TOro, Kazkjioe u3 HUX C6A3HO, T. €.
HEIIPEeJICTABUMO B BUJle OObeIMHEHNs JBYX HEIYCTHhIX HellepeceKaroInX-
Csl OTKPBITBIX IOJAMHOXKECTB. B 5T0il cBsi3u Teopemy 2Kopgana dacto
BBIPaXKalOT TaK: <IPOCTasl IeTJisd pa3pe3aer IJIOCKOCTb Ha JBe 00JIacTu
U SIBJISIETCS UX ODIIEell rpaHuneiis.
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4.8.5. ONPEAEJEHUE. Ilycts D, Ds,...,D, — 3aMKHyTbIe KPyru
(= 3aMKHYTBIE mAPbBI) Ha IJIOCKOCTH, npudeMm D,, N Dy = & npu m # k
u Dy,...,D, Cint D. MuoxecTtBo

D\ | int Dy
k=1

HA3BIBAIOT pe3HbiM Juckom. Bcesikoe MHOXKECTBO B IIOCKOCTH, nuddeo-
MopdHOoe (= «rI1aJIKo roMeoMopdHOE» ) HEKOTOPOMY PE3HOMY JIUCKY, Ha-
3BIBAIOT CEAZHBIM IAEMEHMAPHBIM Komnarmom. ObbeIrHeHne HeIryCTo-
0 KOHEYHOTO CeMefCTBA MOMAPHO He TEPECEKAIOITIXCs CBSI3HBIX JIEMEH-
TAPHBIX KOMIIAKTOB HA3BIBAIOT IAEMEHMAPHBIM KOMNAKMOM.

4.8.6. BAMEYAHUE. ['panuna JF snementapHoro kommakra F' co-
CTOUT M3 KOHEYHOI'O YHCJIA HEIEPECEKAIONUXCS IJIAJKUX MPOCTHIX Tie-
Tesib. IIpu 3TOM BioXKenue F B (OpHEHTHPOBAHHYIO) IJIOCKOCTH R? 1H-
nyuupyer B F' crpykrypy (opuenTHpOBaHHOIrO) MHOrOO6pasus ¢ (opueH-
TupoBaHHbIM) Kpaem OF. Ormerum 3zech ke, 9410 B cuiy 4.8.3 umeer
CMBICJI TOBOPUTD O MOJIOKUTEILHON OPUEHTAINN [JIAIKOM IIeTJIH, opa-
3yMeBasi OPUEHTAINIO Kpasi KOMIIAKTHON YaCTH ILUIOCKOCTH, OTPAHUYIECH-
HOU 3TOH meTJeil.

4.8.7. IIycts K — KOMIAKTHOE MOJMHOXKECTBO MJIOCKocTH U G —
HeIycToe OTKPBITOe MHOXKeCTBO, coepkamiee K. Torma cymecTByer aJre-
MEHTapHbIH KOMIAaKT F' Takoif, 4To

KcCcintFCFCG. <>

4.8.8. OIIPEJIEJIEHUE. MHuoxecTBO F', Hajm4yue KOTOPOro OTMeYe-
HO B 4.8.7, HaspIBaOT npocmot kapmunot i napsl (K, G).

YnpakHeHust

4.1. IIpuBecTn npuMepbl METPUYECKUX IIPOCTPAHCTB. BBISCHUTH, KAKMMU CIIO-
cobaMy MOYKHO TIOJIy9aThb HOBbIE METPUYECKUE IIPOCTPAHCTBA.

4.2. Kakum gosmxen 6mb buabrp B X 2, COBHAJAONMil ¢ HEKOTOPOH MeTpH-
YeCKOH PaBHOMEPHOCTHIO B X 7

4.3. Ilycrs S — npocrpancTso uaMepuMbix dyskuuil Ha [0, 1] ¢ Mmerpukoit

1
l£(t) — g(t)]
aif, 9)= | ——F =~ ~dt (f, g€S)
' L+ |f(®) = g(®)l ’

0

(moxpasymeBaeTcs HEKOTOPasi €CTeCTBEHHas (PaKTOPU3alys — Kakas UMeHHO?). Bbi-
SICHUTBH CMBICJI CXOJMMOCTHA B 3TOM IIPOCTDAHCTBE.
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4.4. Ina a, B € NY nonaraior
d(a, ) =1/min {k € N: oy, # Br }.

Iposeputb, uto d — MeTpuka m uTo mpocTpancTBo NV romeomopdHO MHOMKECTBY
UppalMOHATIBHBIX YHCEJI.

4.5. MoXKHO JI1 METPU30BATH [IOTOYEUYHYIO CXOAUMOCTD HOC/IEIOBATEILHOCTEN?
A byukumit?

4.6. Kak ciemyer BBeCTH Pa3yMHYIO METPUKY B CYETHOE IIPOU3BEIECHUE METPU-
qecKux npocrpancTB? B npou3BoIbHOE NTPOU3BEJEHNE METPUYECKUX IIPOCTPAHCTB?

4.7. BpisicHUTb, KaKue KJIacChl (DYHKIMI OIMCHIBAIOTCH OUIMOOYHBIME OIIpeJe-
JICHUSIMYM HEIIPEPBIBHOCTU ¥ PABHOMEPHON HEIPEPBHIBHOCTH.

4.8. s HeIyCTHIX KOMIAKTHBLIX IoaMHOXkecTB A u B npocrpancrsa RY mo-
JIOZKAM

d(A, B):= | sup inf |z—y| |V | sup inf |z—y|
xcA YEB yEB z€A
YcraHoBUTH, 4TO d — MeTpukKa. Ee HaspiBatoT MeTpukoir Xaycaopda. Kakos cMbica
CXOIMMOCTH B 9TOH MeTpuke?

4.9. JlokasaTh, 4TO HEIYCTbl€ BBIIYKJIble KOMIIAKTHbIE IIOJIMHOYKECTBA BBIILYK-
Jjioro kommakTa B RV cocrapnsiior koMmakT orrocuTensao Merpukn Xaycmopda. Ka-
KOBa CBSI3b 9TOI'0 YTBEPXKJECHUS ¢ TeopeMoit Apuesa — Ackomu?

4.10. JlokasaTh, 9TO KasK[1as MOJyHeNnpepbiBHas cHu3y dyuknus za RY ecrs
BepXHsisl Orubaroast HEKOTOPOTO CeMeNCTBa HEIPEPBIBHBIX (DYHKIIHIA.

4.11. BBISCHUTD CBA3U MEXK/ly HEIPEPBIBHBIMY M 3aMKHYTHIMH (KaK MHOYKECTBA
B IIPOU3BEJEHUN) OTOOPAXKEHUSIMU METPUIECKUX IIPOCTPAHCTB.

4.12. BbisicHUTDB, KOI'/1a HEIPEPBIBHOE OTOOparKEHNE METPUYECKOrO IIPOCTPAH-
CTBa B IIOJTHOE METPUYECKOE IIPOCTPAHCTBO JOIYCKAET PACIPOCTPAHEHHE Ha IOIOJIHE-
HHE UCXOJHOI'O IIPOCTPAHCTBA.

4.13. Onucarh KOMITAKTHBIE MHOXKECTBa B IIPpOU3BEIECHUU METPHUYECKHUX IIPpO-
CTPaHCTB.

4.14. ITycrs (Y, d) — nosnoe Mmerpudeckoe npocrpancrso. Orobpakenue F :
Y — Y nassiBator pacumpsiommmMcst, ecu d(F(z), F(y)) > Bd(z, y) Ajst HEKOTOPOro
B >1ux, ye€Y. Ilycrs pacmupsomeecs: orobpaxkenue F' 'Y — Y neiicrByer Ha
Y. Hokazarb, 4To F' B3aMMHO OJHO3HAYHO U 00JIaJa€T €IMHCTBEHHON HEIOBUKHOMN
TOYKOIA.

4.15. JloxasaTb, IYTO KOMIIAKT HE OTOOParKaeTcsl M30METPUIHO Ha CBOIO COO-
CTBEHHYIO 9aCTh.

4.16. YCTaHOBUTH HOPMAJIBHOCTH IIPOU3BOJILHOIO METPUYECKOTO IPOCTPAHCTBA.

4.17. Ilpu KaKuUX YCIOBHUSX CUETHOE IIOAMHOYKECTBO IIOJIHOTO METPHUIECKOIO
[IPOCTPAHCTBA SIBJISETCS HETOLIUM !

4.18. MOXHO Jii OXapaKTepU30BaTh PABHOMEPHYIO HEIIPEPBIBHOCTD B TEPMIHAX
CXOMIANIUXCS TIOCTIEe0BATEIbHOCTEN?

4.19. Ha KaKux METPUYECKHUX IIPOCTPAHCTBAX JIi00as HelpepbIBHASA BEIeCTBEH-
Hasg PYHKIMSA JOCTUTAET TOYHBbIE IPAHUIBI MHOXKECTBa CBoMX 3HadeHuii? Orpanmde-
Ha?



I'maBa 5

MyabTUHOPMUPOBAHHBIE U
0aHaXoOBBI MPOCTPAHCTBA

5.1. TlomyHOPMBI 1 MYJBTUHOPMBI

5.1.1. ITycts X — BeKTOpHOE IPOCTPAHCTBO HAJ OCHOBHBIM IHOJIEM
Fup:X — R — noayropma. Torma
(1) domp — momnpocrpancrso B X;
(2) p(z) >0 st Beex x € X ;
(3) stapo mosynopmer kerp:= {p = 0} — moampocrpancTBo
X;

o]
(4) mmoxkecrBa By, := {p < 1} u By:= {p < 1} abcomorno
BBIMYKJIbIC, MPUIeM P sIBJASETCS pyHKIHoHaI0M MuH-
KOBCKOI'O JII060OIro abCOJIIOTHO BBIIYKJIONO MHOXecTBa B

[e]
Takoro, uro B, C B C B,;
o

(5) X = domp B TOM H TOIBKO B TOM ciydae, ecan B, —
MorJIoIaoiee MHOKECTBO.

< Ecmn z1, 22 € domp u a1, az € F, To BBugy 3.7.6 numeem
plarzr + azz2) < [ai|p(z1) + |az|p(z2) < +oo + (+00) = +oo.

Buauwur, (1) Bepro. JomyctuM, uto (2) HE BEPHO, T. €. JJIS HEKOTOPOTO
x € X copasemmuso p(r) < 0. Torma 0 < p(z) + p(—x) < p(—=x) =
p(z) < 0. Ilomyuaercsa uporusopeune. YrBepxkieHue (3) HeMeIJIEHHO
caenyer u3 (2) u cybammurusnocru p. Crpasemiusocts (4) u (5) ga-
CTUYHO y2Ke oTMedasach (cp. 3.8.8). Ocrapinascss HEOTMEYEHHON IaCTh
obocHOBBIBaeTcs TeopeMoit o dyukimonase Munkosckoro. >
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5.1.2. Ilyctb p, q : X — R — aBe moryropmbr. HepaserctBo p < q
(B Muozkectse (R')X) mMeer MecTo B TOM U TOTBKO B TOM CIIytae, eCJii
B, D B,.

< = dcno, uro {¢ <1} C {p < 1}.

<: Umeewm, o 5.1.1 (4), p = pp, u ¢ = pp,. Bosbmewm 11, to € R
rakue, 4ro t1 < ta. Ecmm t1 < 0, o {¢ < t1} = @ u, crano GbITh,
{g <t1} C {p < t2}. Ecom xe t; > 0, 10 t1 B, C t1 B, C t2B,. 3nauur,
B cuty 3.8.3, p < q. >

5.1.3. Ilyctp X, Y — BekrTopHble poctpanctBa, T C X XY —
sguHeitHoe coorBerctBue H p @ Y — R — momyropma. Ilycrs, nagee,
pr(z):=infpoT(x) mist x € X. Torma pr : X — R° — mosyHOopMa,
MHOXKeCTBO Brp:= T_l(Bp) abCOIFOTHO BBIITYKJIO, IPHYEM PT = PR -

< ng xq, o € X u ay, as € F umeem

pr(a1zy + agee) = inf p(T(aqx1 + asxs)) <
<infp(a1T(z1) + axT(x2)) <
< inf(|on[p(T' (1)) + [ez2|p(T(22))) =
= |oa|pr(z1) + |o2|pr(z2),

T. €. pp — IOJyHOpMA.
To, uro MHO)KeCTBO B abCooTHO BBILYKIIO, ciaemyer u3 5.1.1 (4)
u 3.1.8. Eciu z € By, T0 15 HEKOTOpPOro y € B, BbimosneHo (z, y) € T.
Orcrona pr(z) < p(y) < 1, . e. By C Bp,. Ecuu, B cBO0O 04epeny,
o
x € By, vo pr(z) = inf{p(y) : (x, y) € T} < 1. Buauur, Haiigercs y €

(o]

T'(x) Taxoit, o p(y) < 1. Crauo 6uits, © € T~1(B,) C T~'(B,) = Br.
Urak, By, C By C By,. IIpusnexas 5.1.1 (4), Bugum: pp, = pr. &>

5.1.4. OOPEAENEHUE. Ilomyropmy pr, mocTpoennyio B 5.1.3, Ha-
3BIBAIOT NPO0OPAZOM NOAYHOPMbBL P TIpU cooTBeTcTBUM 1.

5.1.5. ONPEAENEHUE. Ilycrs p : X — R — nosynopma (B cuiy
3.4.3 sra 3amuck osHauaer, uyto domp = X). Ilapy (X, p) HasbiBa-
0T NOAYHOPMUPOCAHHBILM NPOCIPAHCEom. TacTo, JOImycKas OOBIYHYTO
BOJILHOCTD, caMO X Ha3bIBAIOT IOJIyHOPMUPOBAHHBIM ITPOCTPAHCTBOM.

5.1.6. ONIPEAEJIEHUE. Hemycroe MHOYXKECTBO BCIOJLY OIPEJIETCHHBIX
nosyropm (B RX) maseisaior myavmunopmoti n obosnagatior My miu
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mpocro I, ecam sicHo, 0 KakoMm mpoctpancrBe X wuzer pedb. llapy
(X, Mx), pdBHO Kak U ucxomHoe X, HAZBIBAIOT MYALMUHOPMUDOSAH-
HOLM NPOCTNPAHCTMEOM.

5.1.7. Mnuozkectso noayropm MM B (R')X aprserca mymsranopmoit
B TOM H TOJIBKO B TOM cJydae, ecin (X, p) sBJISeTCs MOJLyHOPMUDPOBAH-
HBIM IIPOCTPAHCTBOM JIJIsI BCsIKOro p € 9. <>

5.1.8. ONPEAEJEHUE. Mynsrunopmy MMy HaA3BIBAIOT Taycdopdho-
6ot (wmm omdeaumoti), ecim mis soboro & € X, x # 0, cyuecTByer
nosyropMa p € Mx takast, aro p(z) # 0. B arom cayuae X Has3bIBAOT
2ayc0opPosvim (AU 0MOEAUMBLM) MYALTNUHOPMUPOSAHHBLM NPOCTNPAH-
cMBOM.

5.1.9. ONPEAEJEHUE. XaycaopdOBy MyJIbTUHOPMY, COCTOSIIILYO
U3 OJIHOTO JIEMEHTA, HAZBIBAIOT HOPpMOU. EIMHCTBEHHBIH 3JIeMEHT HOp-
MBI B X (KaK XOpOITO M3BECTHO) TAKIKE HA3BIBAIOT Hopmol B X 1 060-
sHaualor || || wim (pexe) ||-||x, u maxe ||-| X||, eciu ecTb HEOGXOAUMOCTE
B yKazaHuu Ha npocrpasctso X. Ilapy (X, || -||) HasbBatoor wopmupo-
8anHbLM Npocmpancmeom. Kak nIpaBuio, Tak e Ha3bBalOT 1 X.

5.1.10. IITPUMEPHI.

(1) Houynopmuposannoe npocrpancTso (X, p) paccmarpu-
BaeTcsd Kak MyJspruHopmuposanuoe npocrpanctso (X, {p}). To xe or-
HOCHTCA K HOPMHPOBAHHOMY IIPOCTPAHCTBY.

(2) IIycrs M — MHOKECTBO BCeX (BCIOJLY OIPEIEIEHHBIX ) TIO-
aynopm Ha npocrpanctse X. Torma 99 — xaycmopdoBa MyIbTHHOPMA,
KOTOPYIO HA3LIBAIOT CUAbHETUULET MYALMUHOPMOT B X .

(3) Iycrs (Y, M) — MyAbTUHOPMUPOBAHHOE IIPOCTPAHCTBO
uT C X xY — ymneitnoe coorsercrBue, npuiem dom7 = X. B cu-
ay 3.4.10 u 5.1.1(5) gyist p € N mosyHOPMa pr BCIOALY OIpeJiesieHa H,
crano 6eith, M := {pr : p € N} — mynbruHOpMa B X. MysnbTHHOD-
My N Ha3BIBAIOT NP00OPA3OM MYALMUHOPMY, I 1ipu coorBercTBUU 1T’
u (unHorja) obosuagaror Nr. OrmernM, uro ecsin T € Z(X, Y), To
M={poT: pe N} B cBA3M ¢ ITUM HUCIOIB3YIOT €CTECTBEHHOE 000-
suaudenue Yo7 := M. Ocobo BbIjEIUM CiIyUaii, Korjga X — 3TO MOJIIPO-
crpancTBo Yy B Y u T — toxkmecTBennoe Biaoxkenne T:=1: Yy — Y. B
TaKoil curyanun Y, Kak IIPaBUIO, PACCMATPUBAIOT KaK MYJIBTHHOPMHUPO-
BaHHOE IIPOCTPAHCTBO ¢ MyJIbTUHOPMOI Mo ¢. Bosee Toro, HeKOppekTHO
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UCTIONIB3YIOT (bpasy «M — MysbTHHOPMA B Yp». DTy HEKOPPEKTHOCTH
HCIIOIB30BATh OU€Hb YI00HO.

(4) Ocuorroe nmose F HajiesreHo, Kak U3BECTHO, HOPMOIA | - |
F — R. Ilycrs X — BexTopHoe mpocrpamctso u f € X7. Tak kax
f: X — F, 10 onpefesnen mpooGpa3 HOPMBbI B OCHOBHOM IoJIe: Py (z):=
|f(z)| (x € X). Econ Teneps 2 — HEKOTOpPOE TIOITPOCTPAHCTBO B X 7,
to MmysnsTuHOpMy 0(X, Z):= {ps: f € &} HaszpBaIOT CAA60U MYADL-
munopmoti B X, HaBeJeHHON 2 .

(5) Ilycrs (X, p) — moyHOPMUPOBAHHOE ITPOCTPAHCTBO, X
— noxupocrpanctso B X u ¢ : X — X/Xo — KanoHudueckoe orobpazke-
mne. Jlumeiinoe cooTsercTBHE (! OIpeseseHo Ha BCEM IIPOCTPAHCTBE
X/Xo. Bnaunt, HMeeTCs MOTyHOPMA Py,—1, KOTOPYIO HA3BIBAIOT armop-
noAynopmoti p 1o moanpocTpancTBy Xop u 0003HAYAOT px/x,. lIpo-
crpanctso (X/Xo, px/x,) HA3BIBAIOT HaAKMOP-NPOCTPANCMEOM TPOCT-
parcrBa (X, p) no mogmpocrpanctey Xo. Ompenesnerne bakTop-mpo-
CTPaHCTBa OOIIEro MyJILTUHOPMAPOBAHHOTO TIPOCTPAHCTBA CBA3AHO C He-
KOTOPOI TOHKOCTBIO U BBEJIEHO B 5.3.11.

(6) Ilycts X — mexTopHoe mpoctpanctso u MM C (R)X —

MHOKECTBO [TOJIyHOPM Ha 3TOM MPOCTPaHCTBE. B 3Toi cuTyanum MOXKHO
rogoputhb 06 I Kak o0 MyabTHHOpPME Ha mpoctpancTBe X := N{domp :
p € M}. Bosee TouHO, TOAPa3yMeBasi MyJIBTUHOPMUPOBAHHOE MPO-
crpanctBo (Xo, {p, : p € M}), e ¢ — TOXKIAECTBEHHOE BJIOXKEHUE X(
B X, ymorpebusaior BbipaxKkeHus: <« — MyJIbTUHOPMA» WA «PACCMOT-
puM (MYJIBTHHOPMUPOBAHHOE) MPOCTPAHCTBO, TOpoxkaeHHOe M». Bor
TUIWIHBI 00pa3eIl: «CeMeiCcTBO MOJIYHOPM

{paﬁ(f): sup |z20° f(x)|: o, B — MyJIbTI/II/IH,HeKCI)I}
z€RN

3azaer (MyJIbTHHOPMUPOBAHHOE) IIPOCTPAHCTBO OeckoHedHO auddepen-
IIPYeMbIX H OBICTPO YOBIBAIOMINX Ha OGecKonewHOCTH (ByHKIWm Ha RY »
(rakue dDyHKIMU YACTO HABBIBAIOT ymepernbimu, cp. 10.11.6).

(7) Iycrs (X, ||-|]) m (Y, ||-||) — HOpMUpOBaHHbIE TPOCTPAH-
crBa (Hag oxHuM ocHOBHBIM nosieM F). i T € £ (X, Y) pacemorpum
<ONEPAMOPHYIO HOPMY>, T. €. BEJIMIUHY

T
ITl= sup {|Tall : = € X, ] <1} = sup 12
S el
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(3mech U B MaIbHEHIIEM B aHAJOTHTHBIX CIY9asiX TIPAHATO CIATATE, ITO
0/0:=0.)

Bugno, aro || - || : (X, Y) — R" — nonyrnopma. B camom jede,
nonoxkuB Bx == {|| " ||x <1}, ma Ty, Th € L(X, Y)uaq, ap € F
nMeeM

||011T1 + a2T2” = Sup H : ||061T1+a2T2 (BX) -

=sup || - [[((a1T1 + a2T2)(Bx)) < sup [|a1T1(Bx) + a2Ta(Bx)|| <
<l|aa|sup|| - [z, (Bx) + |aa|sup|| - ||, (Bx) =
= laa [ | T1]| + |z || T2]-

IMopupocrpancrso B(X, Y), asiusomieecs 3¢dbdeKTHBHON 061aCThIO
OIpEJIe/ICHUs BBEJEHHOM MTOJIyHOPMBI, HA3ZBIBAIOT NPOCTNPAHCINGOM 02Pa-
HUMEHHBIT ONEPATNOPOE, & €TI0 JJIEMEHTBI — 02PAHUMEHHHLMU ONEPATNOPa-
mu. fcno, uro BekTopHoe npocrpanctso B(X, Y) nopmuposano (ore-
paropuoii Hopmoii). Ormerum, uro oneparop T € £ (X, Y) orpanuuen
B TOM U TOJIbKO B TOM CJIy9ae, €CJIU JJIsl HErO CHPABEIJIABO HOPMAMUG-
HOE HEPABEHCMEO, T. €. €CJIM HANJIETCs CTPOro IOJIOKUATEIbHOE Incyio K
TAKOE, UTO

[Tzly < Kllz]x  (z € X).

ITpu srom ||T'|| ecrb Tounas HuzkHsisg rpanuna ducesa K, purypupyomumx
B HOpPMaTUBHOM HepaBeHCTBeE. <[>

(8) Iycre X — Bekropnoe npocrpancTBo Haj F u || - || —
Hopma B X. Ilycrs, mamee, X' := B(X, F) — conpastcennoe npocmpar-
€M60, T. €. BEKTOPHOE IIPOCTPAHCTBO OIPAHMYEHHBIX (DYHKIMOHAJIOB [ C
<« CONPAHCEHHOT, HOPMOTY :

171 = sup{lf @) lla <1} = sup /()]

vex |z

Pacemorpum mpocrparcrso X := (X') := B(X', F) — emopoe
conpasicennoe K X mpocrpancrso. g snementos x € X un f € X/
[TOJIOZKUM

2 i=u(z): f e f(2).

Hecomuenno, uro i(x) € (X')# = £ (X', F). Hommmo sTorO,

[l = lle(@)]| = sup {[e(z)(H] = [Ifllx <1} =
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= sup{|f(z)]: |f(2)] < |lzllx (z € X)} =
= sup{|f(z): felol(|-[Ix)} = ll=llx-

ITocnenmee paBeHCTBO citelyer, HAIIPUMED, U3 TeOpeMbl 3.6.5 u jgem-
Mol 3.7.9. Takum obpasom, t(z) € X" nua kaxzgoro x € X. Ilonsaruo,
g0 oneparop ¢ : X — X' meficrByomuii o npasuiy ¢ : x — i(x),
SABJIIETCS JIMHEHHBIM U OIPAHUYEHHBIM, IIPA 9TOM ¢ — MOHOMODP(U3M U
llex|| = |lz|| mas Becex x € X. Oueparop ¢ HA3BIBAIOT KAHOHUMECKUM
saootceruem X BO BTOpPOE COMPSI?KEHHOE MPOCTPAHCTBO mn, Oosiee 00-
pasHo, deoliHbiM WMPUTo8aruem. Bojee TOro, Kax MpaBuiIo, 3JIEMEHThHI
x u 2’ = 1z He pazsmvaor, T. . X pacCMaTPUBAIOT KAK MOAIPOCTPAH-
crBo X" HopMupoBaHHOE TIPOCTPAHCTBO X HA3BIBAIOT PEPACKCUCHDLM,
ecm X coenagaer ¢ X" (mpu ykasanHOM ByioxKeHWH). PediekcusHbIe
[IPOCTPAHCTBA 00JIAJIAI0T MHOIUME JIOCTOMHCTBaMu. (OQUeBUIHO, OJTHA-
KO, 9TO He BCe IPOCTpaHcTBa pedJieKCUBHBL. Tak, K COXKAaJEHUIO, He
pediekcusro npocrpancrso C([0, 1], F). <>

5.1.11. BAMEYAHUE. Ilocrpoenus, nposeaennbe B 5.1.10 (8), mo-
Ka3bIBAIOT U3BECTHYIO CUMMETPHIO (MM «JIBOHCTBEHHOCTB» ) MEXKIY X
u X’'. B aT0it cBasu s obo3HadeHns neiicTBusd sjemenTta x € X Ha
sstement f € X' (wu peiictBus f Ha ) UCHOIB3YIOT 3amuch (T, f):=
(x| f):= f(x). Hna nocruzkennsi HAnOGOJIBIIErO eIUHOOOPA3US FJIEMEHThI
X' obosznavator cumBosiamu THna &', T. e. (x|a’) = (z, a’) = 2/ (x).

5.2. PaBHOMEPHOCTb U TONOJIOTHSI
MYJbTUHOPMUPOBAHHOTO IIPOCTPAHCTBA

5.2.1. IIycrs (X, p) — H0JIyHOPMHPOBAHHOE POCTPAHCTBO. Bosb-
MeM 1, To € X u momoxuM dy(x1, x2):= p(x1 — x2). Torga
(1) dp(X?) CRy, {d <0} D Ix;
(2) {dp <t} = {dp < t}flv {dp < t} - t{dp < 1}
(te R\ 0);
(3) {dp <ti}o{dy <to} C{dy, <ty +1t} (t1, t2 €Ry);
(4) {dy, <t1}n{d, <ta} D{d, <t1 Ata} (t1, t2 € RL);
(5) p —HOpMa < d, — Merpura. <I>

5.2.2. ONPEAENEHUE. ®Ouibrp %, := fil{{d, <t}: t e R\ 0}
HA3LIBAIOT pagHomepHocmbio npocmparcmea (X, p).
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5.2.3. Ilycte %, — paBHOMEPHOCTH IIOJLyHOPMHPOBAHHOI'O HIPOCT-
pamcrtBa. Torzga
(1) %, c fil{ix};
(2) Ue=U""t cU,;
B) YVUe%,) BVet#) VoV CU. <>

5.2.4. ONPEAEJEHME. ITycrs (X, ) — MyJsruHOpMUPOBAHHOE
upocrpancrso. Puwibrp % = sup{%, : p € M} HA3BIBAIOT pasHOMED-
Hnocmubto npocrpancrea X (HCHOIB3yIOT Takke obosHavenus Zop, Ux
u T 1.). (D10 onpeseenue KoppekrHo B cuiy 5.2.3 (1) u 1.3.13.)

5.2.5. Ilycrp (X, M) — MyJbTHHOPMHUPOBAHHOE HPOCTPAHCTBO H
U — coOTBETCTBYIOmAsT paBHOMEPHOCTH. Torma

(1) 7 cfil{Ix};
QUew =U"'ew;
3) VUew)3Vew)VoVCU.

< IIposepum (3). Ecom U € %, to no 1.2.18 u 1.3.8 Haiiyres
HOJIyHOPMBI P1, - -« , P, € M Takue, uro U = Uy, py = Up, N .- NUp, -
IIpusnexas 1.3.13, nonpimem MmHOXKecTBa Uy € %, u3 ycnosus U D
Ui N...NU,. Ucnonssys 5.2.3 (3), sotbepeM Vi, € %, , Al KOTOPBIX
Vi o Vi, C Ug. dcuo, aTo

WMn..nVpy)oWin...nV,)cVioVin...NV,0V, C

cUin...nU,.
omumo sroro, ViN...NVy € U, NV ... N U, CU. >

5.2.6. Mynsruaopma I B X xayciaopgoBa B TOM H TOJIBKO B TOM
caIydae, ecii pAaBHOMEPHOCTH Yy Toxe xaycaopgosa, T. e. N{V 1 V €
%931} =1Ix.

< =: Hycrs (z, y) & Ix, ©.e. = # y. Torma mia HeKOTOPOi
HoJLyHOpMEL p € I Gyzmet p(z—y) > 0. Suauur, (z, y) & {dp < 1/2p(z—
y)}. Ho mocrentiee MHOMXKECTBO BXOOUT B %, & MOTOMY U B %by. Uraxk,
X2\Ix C X2\ {V : V € %p}. lomuno sroro, [x C N{V : V € Yy}

<: Iyers p(x) = 0 upu Beex p € M. Torma (z, 0) € V' s moboro
V € %m u, crano 6bite, (z, 0) € Ix 1o ycnosuio. CuieioBaTesbHO,
z=0.>
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5.2.7. /lnst mpocrparcTBa X ¢ paBHOMEPHOCTBIO XX TTOJIOXKHUM
T(x):={U(x): Ue%x} (ze€X).

Torga 7(x) — dpuabrp st kaxgoro x € X. Ipu atom
(1) 7(z) C fil{z};
(2) YUet(x) AVer(x) &V CU) Vye V)V er(y).
< Ouesnano (cp. 4.1.8). >

5.2.8. ONPEJENEHUE. Otobpaxkenue 7 : x +— 7T(Z) Ha3BIBAIOT
monoaozueli paccMaTpPUBAEMOro MyJILTHHOPMUAPOBAHHOI'O IIPOCTPAHCTBA
(X, M), a ssementsl busbrpa 7(x) — okpecmuocmamy Touku x. s
0603HaYeHNs] TOIIOJIOTUH UCIIOIL3YIOT TaKzKe 6oJee JleTaabHble CUMBOJIbL:
X, Tom, T(%m) u T. 0.

5.2.9. /It sioboro x € X BBITOJIHEHO
Tx (z) = sup{7p(x) : p € Mx}. <>

5.2.10. ITyctp X — MyJIbTHHOPMHPOBAHHOE IIpOCTpaHcTBo. Tormga
st x € X uMeeT MecTO COOTHOIICHHUE

Uer(x) e U—ze1x(0).

< B cumy 5.2.9 m 1.3.13 MOXXHO OTpaHUYINTHCA CIIydaeM IOJIyHOP-
MupoBaHHoro npocrpancrsa (X, p). Ilpu srom juis Besikoro € > 0 crpa-
BeyuBo npeacrasienue {d, < e}(z) = eB, + x, tne B,:= {p < 1}. B
camom Jieste, ecsn p(y—z) < e, 10y = (e (y—z))+rue ! (y—z) € B,.
B cBoto ouepens, ecm y € By +x, To p(y —x) =inf{t >0: y—z €
tBy} <e. >

5.2.11. BAMEYAHUE. W3 mokaszarenbcTBa 5.2.10 BUIHO, CKOJIb BAXK-
HYIO POJIb UI'PAET [IAp eJUHUTHOIO PAJIUYCa C IEHTPOM B HyJIe (II0JLy JHOD-
MEpOBaHHOIO pocrpancTBa (X, p). B oroil cBa3u 33 HUM 3aKpeIJIeHbI
Ha3BaHUE «eduHUNHbLG Wap npocmpancmes X » u obosnadenus By, Bx
U T I

5.2.12. Mynsrunopma My xaycaopcoBa B TOM H TOJIBKO B TOM
clIydae, eCcJId XaycJaopgoBa TOMOJIOrHSI Tx, T. €. €CJH JJIsl JIIOObIX pas3-
JIDYHBIX T1, To u3 X Haigyrcs okpecraocru Uy € 7x (x1) u Uy € Tx(x2)
rakne, yro Uy N Uy = .
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< = Iyerb 21 # x9 v gyt p € My BbIIOIHEHO € := p(x] —T2) > 0.
IMonoxum Uy := 1 +¢/3 By, Us:= 22 +¢/3 B,. Ilo 5.2.10, Uy, € 7x (z).
Yoemnmest, aro Uy N Uy = &. B camom meme, ecoim y € Up N Uz, TO
p(r1 —y) < e/3uplxe —y) < e/3. Orcrona p(r1 — z2) < 2¢/3 < e =
p(x1 — x2), 9€T0 GBITH HE MOXKET.

<: Ecu (1, x2) e {V : V€ Ux},roxs € {V(x1): V € Ux}.
Ilostomy x1 = x2 U, cTAIO OBITH, HA OCHOBAHUH 5.2.6 MyabTHHOPMA I X
xaycaopdosa. >

5.2.13. BAMEYAHUE. Haju4ane B MyJIbTHHOPMUPOBAHHOM ITPOCT-
PAHCTBE PABHOMEPHOCTH U COOTBETCTBYIOIIEN TOIIOJIOT AN ITI03BOJISIET, OYe-
BH/IHO, HCIIOJIB30BATh TaKue IIOHATHS, KaK PABHOMEPHAsI HEIIPEPBIBHOCTD,
II0JIHOTA, HEIPEPBIBHOCTb, OTKPBITOCTh U 3aMKHYTOCTb U T. II.

5.2.14. ITycrs (X, p) — moJyHOpMHPOBaHHOE IMPOCTPAHCTBO U X
— nomnpocrpancrso B X. Paxrop-npocrpancrso (X/Xo, px/x,) Xay-
¢10phbOBO B TOM M TOJIBKO B TOM CJay4dae, ecad Xo — 3aMKHyTOE MHOXKE-
CTBO.

< =: Iyers & ¢ Xo. Torma ¢(x) # 0, rue, kKak o6braHO, 1 X —
X/Xo — xanonmdeckoe orobpaxkenue. Ilo yciosuio Oymer 0 # € :=
Px/x,(@(x) = po-1(p(x)) = inf{p(x + z0) : w0 € Xo}. Smaunr, map
x + ¢/2 B, ue nepecekaercs ¢ X, T. . & — BHeIIHss Touka Xg. lTaxk,
Xo 3aMKHYTO.

<: Ilycrs T — nenysieBas To4ka (akrop-npocrpancrsa X/ Xo u
T = () sl TOIXOASIEro sjeMenTa T u3 upocrpanctsa X. Ecan
Px/x,(T) = 0, 10 0 = inf{p(x — 20) : 20 € Xo}, T. e. mmeerca mocire-
J0BaTeIbHOCTD (X,) B X, Ay KOTOpoit x, — x. CiemoBaTesbHO, 110
4.1.19, x € Xy u ¥ = 0. Iloyuunu nporuBopedne. >

5.2.15. 3amblkaHHe -MHOXKECTBA — -MHOXKECTBO.

< Myers U € () u U # & (unaue Bee sicro). B cmry 4.1.9 st
Touek z, y € clU maiinyres cetn (z), (yy) aeMentoB U Takme, ITO
Ty — T, Yy — y. Ecim (o, B) € , 10 ax,+ Yy, € U. BHOBB npuBiekas
4.1.19, BeBOmEM a2 + [y = lim(axy + By,) € clU. >

5.3. CpaBHeHUE MYJbBTUHOPM

5.3.1. ONPEAEJEHUE. Ilycts MM u N — nBe MyIBTHUHOPMBI B BEK-
TOpHOM mIpocTpaHcTBe. [oBopst, ato M cuavnee N, u mumryt M = N,
eciit Uy O Uy Eciu omaospemenno M = N u N = I, To rosopsr,
aro MM u N sxeusarenmmnoy, u numryt N ~ N.
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5.3.2. Teopema o cpaBHEHUU MYJIbTHHOPM. /JljisT MyJIbTHHOPM
M u N B BekTOpHOM npocTpaHcTBe X SKBHBAJEHTHBI Y TBEDIKICHHUS:
(1) M=
(2) st Besirkoro x € X BbinosaeHo Ton(x) D T (T);
(3) mn(0) D 7(0);
(4) (Vg €M) Gpry...,pn €M)
(Jer,...,en €RLNO) B, De1By, N...Nepy By, ;
(5) (VgeM) 3p1,...,pn €M) (Ft>0)qg<t(p1V...Vpy)
(mopsiiok B3aT m3 K-npocrpancrsa RX).
< (1) = (2) = (3) = (4): OueBunHO.
(4) = (5): Ucnonbzys Teopemy o dbyukimonaie MuukoBckoro (cp.
5.1.2), nmeem

q<pB V...VpB, ,. =

1 1 1 1
=|\—p | V... V|{—pn | S| —V...V—|p1V...VDp.
€1 En €1 En

(5) = (1): Hocrarouno nposepurb, 9ro MM = {¢} mia nosyHOpMBI
g €N EcmV € %, roV D {dy < e} nna nekoroporo ¢ > 0. Ilo
YCJIOBHIO

p1/e1

{dqga}a{dpl g%}m...m{dmgi}

JIST TIOAXOASAIINX P1,...,Pn € M u t > 0. MnoKecTBO, cTOsIEE B
IPABOIl YACTH IIOCJIEIHETO BKJIIOYEHHSI, — JIEMEHT %p, V ...V Up, =
Up,,....pny C Y. Bnaaur, V takxke sxomutr B %py. >

5.3.3. OPEAEJEHUE. Ilycts p, ¢ : X — R — mBe mosyHOpMBI
B X. ToBopsar, 4ro p cuavnee g, u mumyrt p > ¢, ecsim {p} > {q}.
AHAJIOTMYHO TPAKTYIOT 5K6UBAAEHMHOCTY TIOYHOPM P ~ (.

5.3.4. p-q& (3t>0) g<tps (3t>0) By D tBy;
qu<=>(3t1, to >0) top < q<tip& (Etl, to >0) tprCBq Cthp.

< Cnenyer n3 5.3.2 u 5.1.2. >

5.3.5. Teopema Pucca. Ilycrs p, q : FV — R — noaynopmsr na
roneunomepuoM rpocrpancrse FY . Torma p = q < kerp C kerq. <>

5.3.6. CiueacrBue. JIiobObie Be HOPMBI Ha KOHEIYHOMEDHOM IIPO-
CTPAHCTBE 3KBHBaJICHTHBI. <[>
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5.3.7. Iycrs (X, M) u (Y, N) — MyApTHHOPMHPOBAHHDBIE IIPO-
crparctBauT € £ (X, Y) — smneitnpri onepatop. Caenyromue yTBep-
JKJICHHST 9KBUBAJICHTHBI:

(1) NoT < M;

(2) T*(%x) D U, Txfl(?/y) C Ux;

B) ze X = T(rx(x)) D 1y (Tx);

(4) T(rx(0)) > 7v(0), 7x(0) > T~} (v (0));

(5) VgeM) @p1,.- s pn €M) goT <p1 V...V, <>

5.3.8. Ilycre (X, || ||x) u (Y, ||-|ly) — HOpMHpOBaHHBIE IPOCTPAH-
crBanT € £(X, Y) — ymneitnpiii oneparop. Crenyiomnue yTBepIKjie-
HUST 9KBHUBAJCHTHBIL:

(1) T orpanmuen (1. e. T € B(X, Y));
@) I lx = I Iy o T;

(3) T paBHOMEPHO HEIPEPBIBEH;

(4) T wenpepsiBen;

(5) T wempepsIBeH B HyJIe.

<1 Bce ckazannoe — wacTHBIM caydait 5.3.7. >

5.3.9. BAMEYAHUE. [Ipemioxenne 5.3.7 mokasbiBaer, 9T0 ObIBAET
VI00HO PacCMaTPUBATH BMECTO MCXOIHON MYJIbTUHOPMBI I KaKyio-1ub0
9KBUBAJICHTHYIO eii (PUIBTPOBAHHYIO 10 BO3PACTAHUIO (OTHOCUTEIBHO OT-
HOIEHUSI > WM »>) MyJLTHHOPMY. B KadecTBe Takoii MOXKHO B3fATb
myssTHHOPMY I0T:= {sup My : My — HemycToe KOHETHOE MOJMHOKECTBO
M}. B 10 Ke BpeMsi IPU pACCMOTPEHUN HEPUIBTPOBAHHBIX MYJIbTHHOPM
HEOOXOIMMa U3BECTHASI OCTOPOXKHOCTD.

5.3.10. KOoHTPIIPUMEP. Ilycte X :=F u Xy cocrour m3 mocro-
sauHbIX oTobpaxkenuit Xg := F1, rme 1 : £ — 1 (£ € ). Iouoxum
M= {pe: &€ }, rme pe(x) = [z(§)] (x € F ). Hcno, aro M —
mysnbruaopma B X. Ilycrs tenepn ¢ @ X — X/Xy — kanonumueckoe
orobpazkenue. Hecomuenno, aro M ,-1 cocront TOMBKO U3 Hyad. B To
7Ke BpeMsl MyJIbTHHOPMa ﬁqul xaycopdoBa.

5.3.11. ONPEAEJEHUE. Ilycts (X, 91) — MyJbTHHOPMUPOBAHHOE
npocrpancTBo u Xy — moampocrpancTBo B X. MysbTuHOPMY ﬁ@—17
rae ¢ : X — X/Xo — xaHoHndeckoe 0ToOpazKeHune, Ha3bIBAIOT PaKmop-
myavmunopmot u obozmagaior My x, . IIpocrpamncrso (X/Xo, Mx/x,)
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HA3BIBAIOT (HaKmop-npocmparcmeom TPOCTpancTBa X MO MOIIPOCTPAH-
ctBy Xo-

5.3.12. Dakrop-npocrpancrso X/Xo xaycuopdoBo B TOM 1 TOJIBKO
B TOM cJiy4ae, ecau Xy 3aMKHYTO. <I>

5.4. MeTrpusyemble 1 HOpMUpPYeEMbIE
MIPOCTPAHCTBA

5.4.1. ONPEJAEJEHME. ITycrs (X, M) — MyJabruHOPMUPOBAHHOE
upocrpatrcTso. Hazosem (X, IM) mempusyemoim, eciu cylecrByer Ta-
kast merpuka d Ha X, aro %m = . Eciu wa X cymecrByer HOpMa,
SKBUBAJIEHTHAS UCXOHOM MysbTuHOPME I, To X HA3BIBAIOT HOPMUPYE-
moim. Eciu ke Ha X cylmecTByer cueTHasi MyJIbBTUHOPMa, SKBUBAJIEHT-
Hasl UCXOHOM, TO X HA3BIBAIOT CUEMHOHOPMUPYEMBIM.

5.4.2. Kpwurepuii merpuszyemoctu. MyjasTHHOpMHUPOBAHHOE
MIPOCTPAHCTBO METPU3YEMO TOTJIa H TOJBKO TOIJA, KOT/Ia OHO CI€THOHOD-
MHPYEMO H XayCcI0pgoBo.

< = lycre %m = %4 llepexons, eciim Hy»KHO, K MyJBTHHOPME
M, GyeM CIUTATD, YTO JIJIsE BCAKOro 7 € N MOXKHO yKa3aTh TaKie HOTy-
HOPMY Py, € M u uwmcio t, > 0, mna koropeix {d < 1/n} D {d,, <t,}.
IMonoxkum N := {p, : n € N}. Hecomuenno, aro M > M. Ecmm
V € Umn, 1o V D {d < 1/n} nua sekoroporo n € N 1o onpejeneHnto
MeTPHYECKOil pABHOMEPHOCTH. 3HAYUT, II0 ocTpoenuto V' € %, C Yy,
1. e. M < N. Craenosarennuo, M ~ N. XaycmpopdoBocTs %, oTMeUdeHA
B 4.1.7. Tlpusiekasi 5.2.6, Bugum, 90 %y u Uy XaycaopdoBsI.

<: Tlepexojist, eciin Hy»KHO, K 9KBUBAJIEHTHONH MYyJIGTUHOPME, Oy1eM
CYUTATDH, YTO TPOCTPAHCTBO CIETHOHOPMHUPOBAHO U XaycaopdoBo: N :=
{pn : n € N} u M — xaycaopdosa MyIbTHHOPMA.

st ©1, xo € X momoxxuM

d( ii pr(®1 — 22)
(=1, =2) 1 1+ pr(zy — 2)

(psiz B IpaBOil 9acTH 9TOM (hOPMYJIBI MAXKOPUPYETCS CXOAIIIMCS PAOM
S e, 1/2%, rax uTo onpesenenne d KOPPEKTHO).

ITposepum, uro d — 310 Merpuka. JloCTATOYHO yOEAUTHCSI JIUIIb
B CIIPABEJIJIMBOCTH HEPABEHCTBA TPEYTObHUKA. lIpexkse Bcero, 1moso-
xum at) == t(1 +¢)~ (t € Ry). Sleno, uro o/(t) = (1 +¢)72 > 0.
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Crasto 6bITh, dyHKINS v Bo3pacTaer. [lpu atom a cybaanTuBHA:
a(ty +tg) = (b +t2)(1+ 1t + )~ =
=t (Ltty +Hto) b ta(L by Hte) P <t (L)t (1 t2) ™t =
= a(ty) + a(ts).

SuaunT, A7 &, Y, 2 € X BBIIOJIHEHO

d(z, y):Z%ka(pk (x—y Z%k a(pr(z — 2) + pr(z —y)) <
=1 k=1
<Y (aloela —2) + alpu(z ~ ) = d(z. 2) + d(z, v).
k=1

Ocrajoch ycTaHOBUTDH coBHajeHue %y u Uny.

ITposepum cHavamna, uro %y C % m. Bosbmem muwmnaap {d < e},
u nycrs (z, y) € {dp, <t}n...N{d,, <t}. Torma c yaerom MOHOTOH-
HOCTH (¢ TIOJTy4aeM

d(z, y):iiw+ i 1 -y

281 + pr(z —y)

k=1 k=n-+1
P o 1 =1 t 1
< — — — < — .
STriwmt X wS<Tiritam
k=1 k=n-+1

Tax xak t(1 + ¢)~! + 27" crpemurcst K Hymo, Korja n — oo u t — 0,
s nopxonsmux t u n oyuer (z, y) € {d < e}. Buauunr, {d < ¢} € Ym,
YTO U HYKHO.
Yeranosum tenepb, ato oy C Ug. st 9TOrO Ciepyer upn JaHHBIX
€ M u ¢t > 0 mompickarh € > 0 Tak, arodsel {d,, < t} D {d < ¢}.
OueBUIHO, MOXKHO B3STh
1t
Co2n 1t
IIOCKOJIbKY U3 COOTHOIICHUN

1 pu(z— 1t
pn(z —y) <dw, y) <e
2" 1+ po(z —y) RPN

JUIs JIIOOBIX @, Y BBITEKAET, 9T0 pp(z —y) < t. >
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5.4.3. ONPEJEJIEHUE. MuoxkectBo V' B MyJbTHHOPMUPOBAHHOM
upocrpancrse (X, ) nazpiBaor ozpanuvernvim, eciu sup p(V) < +o0o
npu Bcex p € M, T. e. ecam uncaosoe muHOKecTBO P(V) orpaHmueHO
cBepxy B R j1s Kaska0il noaynopMer p us .

5.4.4. s muoxkecrsa V B (X, 9N) 5KBUBAJICHTHBI yTBEPXKICHUSI:

(1) V — orpanudeno;

(2) st sro6oii mocenoBarenbHOCTH (T )neny B V 1 mocite-
JoBaTebHOCTH (Ap)neny B F Takod, uro A, — 0, BbI-
nosHeHo A\px, — 0 (r. e. p(Ayzy,) — 0 s Beskoi
nostyHopMbL p € M);

(3) V mornomaercs Kaxk/10ii OKPECTHOCTBIO HYJIS.

< (1) = (2) p()‘nxn) < |/\n|p(xn) < \)\n|supp(V) — 0.

(2) = (3): IIycrs U € 7x(0) u ne Bepuo, uro U normomaer V. Ilo
onpenenennto 3.4.9 sro suaunt, uro (Vn € N) 3z, € V) z, € nU. Ta-
KuM obpaszom, 1/nx, € U ngst Bcex n € N, 1. e. (1/nx,) He crpemurcst
K HYJIIO.

(3) = (1): Ilycts p € M. Haiinerca n € N, qya koroporo V C nB,.
Acno, aro supp(V) < supp(nB,) =n < +o0. >

5.4.5. Kpureputi KosmoropoBa. MysTHHOPMHPOBAHHOE ITPO-
CTPAHCTBO HOPMHPYEMO B TOM H TOJIBKO B TOM CJIydae, €CJIH OHO Xay-
¢Z0ppOBO U UMeeT OrpaHHIEHHYI0 OKPECTHOCTD HYJIS.

< =: OueBnano.

<: Ilyctp V — orpanumvennast OKpecTHOCTb Hyjs. He Hapymas
OOIHOCTH, MOXKHO CIHTaTh, 9T0 V = B, 11 HeKOTOPOHl MOTyHOPMBI P
n3 ucxoHoi MyabTuHopMbl IN. Hecomuernno, aro p < 9. Ecau Tenepn
U € m9n(0), To nU D V mua uwekoroporo n € N. Buauut, U € 7,(0).
[Tpusnekas Teopemy 5.3.2, Bugum, uro p = M. Takum obpasom, p ~
M u, cramo ObITh, B cuiry 5.2.12, p Takxke xaycaopdoBa MOJIyHOPMA.
[Mocsiegree o3uagaer, 9To0 p — HOpMA. >

5.4.6. SAMEYAHUE. IlonyTHO B 5.4.5 yCTAHOBJIEHO, YTO HAJUIHE
OTpaHIMYEHHON OKPECTHOCTH HyJs B MYJIBTHHOPMUPOBAHHOM IIPOCTPAH-
CTBEe PaBHOCHJIBHO €T0 IMOJTYHOPMUPYEMOCTH.

5.5. BaHaxoBBI IPOCTPAHCTBA

5.5.1. ONIPEAEJEHUE. [losHOE HOpMUPOBAHHOE TTPOCTPAHCTBO HAa-
3BIBAIOT OGHATOBHIM.
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5.5.2. SAMEYAHUE. HemocpencTBeHHBIM pacImpenneM Kiacca 0a-
HAXOBBIX IMPOCTPAHCTB CJIy2KAT IIOJIHbIE METPU3YEMbIE MYJIbTHHOPMUPO-
BaHHBIE IPOCTPAHCTBA — npocmparcmsea Ppewe. MoXHO cka3aTh, 9TO
npocrpancTBa Dperire COCTABISIOT HANMEHDINNIT KJIACC, COIepKaIuii Oa-
HAXOBBI IIPOCTPAHCTBA U 3aMKHYTBIII OTHOCUTE/IBHO 0OPA30BAHUS CUET-
HBIX IIPOU3BEIeHAN. <>

5.5.3. HopmupoBaHHOE IIPOCTPAHCTBO SIBJISIETCSI OAHAXOBBIM B TOM
M TOJIBKO B TOM CJLy4ae, ecjd JIo6o# abcomoTHO (= HOPMAJIbHO) CXOJsi-
IHECS PsiJT B HEM CXOJUTCSI.

< =: Hyers Y0 |lza|l < 400 a1s HEKOTOPO# CHeTHOIT mOCTEO-
BaTEJILHOCTH (). Torma mocsiesoBaTebHOCTD YACTHIHBIX CYMM Sp i=
x1 + ...+ x, dysgamentagbHa, n00 pu m > k CIpaBeIIUBBI COOTHO-
IIEHUST

m m
lom—stl = | 32 wall< 3 lzall 0.
n=k-+1 n=k-+1

<: Ilycrs (z,) — cderHasg QyHIaAMEHTAIbLHAS TIOC/IEI0BATEIBHOCTD.
BriGepeM BO3paCTAIONLYIO IIOCIEI0BATEILHOCTD (g )keN TAKYIO, YTOOBI
66110 |7y — T ||< 27% mpum n, m > ny. Torma pam ., + (Tn, —
Tny) + (Tng — Tn,) + ... aBCONIOTHO CXOAUTCSI K HEKOTOPOH CymMme I,
T. €. Tp, — ©. BUaHO, 9TO OMHOBPEMEHHO C ITUM Ty, — . [>

5.5.4. Ilycte X — 6aHAXOBO IIPOCTPAHCTBO U X — 3aMKHYTO€ IO/
npocrpancrso B X. Toraa gakrop-npocrpancrso X /X, 6anaxoso.

< Hycrs ¢ + X — Z = X/Xy — coorBercrByloliee KaHOHUIE-
ckoe orobpaxkernne. HecomueHHO, 9TO JJIs KaxKJOro 3jeMeHTa T € 2
cymectsyer ssiement = € ¢~ H(Z) Takoit, uro 2||Z|| > ||z|| > ||Z||. 3ua-
TUT, JUIS PAA Y | Ty, AOCOMIOTHO CXOASIIErOCs B 2, MOXKHO BBIOPATH
T, € ¢ 1(T,), obecreuns cxoquMOCTb psiga HOpM o ||z, ||. Ha ocro-
BaHnu 5.5.3 MMeeTcst cymMMa T:= »_ - | &y, Ilyers T:= ¢(x). Torma

n n

T—ka < x—Zxk — 0.

k=1 k=1
Buosb amesumupys K 5.5.3, BRIBOAUM, 9T0 £ OGaHAXOBO. >

5.5.5. SAMEYAHUE. [lorsarHO, 9T0 5.5.3 MOXKHO IIEPEHECTH HA I10-
JIYHOPMHPOBaHHbIE [IpocTpancTBa. B wacrnocru, ecim (X, p) — mosmoe
[I0JLy HODMHPOBAHHOE IIPOCTPAHCTBO, TO pakTop-nipocrpancTBo X/ ker p
banaxoBo. <>
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5.5.6. Teopema. Ilycrs X, Y — HOpMHpOBaHHBIE IPOCTPAHCTBA H
X # 0. IIpocrpanctBo orpanndenHbix oneparopos B(X, Y) spisercs
b6aHaXOBBIM B TOM H TOJIBKO B TOM CJIydae, ecau Y GaHaxoBO.

< <« Iycrs (T;,) — mocnenoBarensrocts Ko B B(X, Y). Ilo
HOPMATHBHOMY HEPaBEHCTBY JiIst BeeX & € X BBIIOJIHEHO || Tx — Tz || <
1T — Tkl l|z]] — 0, . e. (Thx) — dbyngamenTaabHas MOCIEIOBATEb-
HocTh B Y. Takum obpaszom, ectsb penen Tx:= lim T, x. Becciopuo, uro
BO3HUKaIOIee oToOparkenue T — JguHEHHDbINH onepaTop. B cuty orenkn
Tl = 1Tkl < | Tm — Tk|| nocnenosarensrocrs (||T5,]]) dynmamen-
tasbHa B R, mOTOMY 1M OrpaHudeHa, T. e. sup, [|Tn| < +oo. Orcrona,
nepexoig K npeneny B nepaencrse ||T,z|| < sup, ||T,| ||z]|, noxyga-
eMm: |T|| < +oo. Ocranocs nposeputs, uro |1, — T|| — 0. Bosbmem
JUIs 3ajaHaoro € > 0 HoMep ng Tak, 9Tobbl ObL10 |1 — Th|| < €/2
upu m, n > ng. llomumo sroro, mis x € Bx mogbepem m > ng, st
koroporo ||T,z — Tz|| < ¢/2. Torma [Tz — Tx| < ||Thz — Tzl +
Tz — Tzl < ||Th — Tl + [Tz — Tz|| < € npu n > ng. 3HadnT,
T, — T|| = sup{||Thx — Tx| : = € Bx} < € upu mocraTodHo GOJIb-
HIAX 7.

=: Ilycrs (y,) — nocaemosarensuocts Komu B Y. Ilo ycmoBuio
cymectByer aseMenT € X ¢ Hopmoii ||z|| = 1. IIpusnekast 3.5.6 u 3.5.2
(1), momprmenm saement x' € |0|(]] - ||), anst koroporo (z, z') = ||z| = 1.
OueBnjiHO, YTO OmHOMEDHBIH oneparop Ty, := &' @ y, : & — (z, )y,
sxomur B B(X, Y), ubo |T,.| = ||2'|| l|ynl|- Suaunt, |1 — Tk|| = ||z’ ®

Wm =y)ll= 12" lym =&l = llym —ykll, = e. (Tn) — pynnamenranpnas
nocienosarenbHocth B B(X, V). O6osnaunm T:= lim 7T,,. Torma | Tx —
Tzl = [Tz — yn|| < ||T — Tl ||z|| — 0. Nnaue rosops, Tx — upemesn
(yn) BY. >

5.5.7. Caexgcreue. ConpsixKeHHOe HPOCTPAHCTBO (¢ CONPSTYKEeHHOI
ropMoif) 6aHaxoBo. <I>

5.5.8. CuenacrBue. Ilyctb X — HOpMHPOBAHHOE MPOCTPAHCTBO,
t: X — X" — jgpoiiHoe miTpuxoBaHHe, OCYIIECTBJISIONICEC KAHOHHIE-
ckoe Baoxkenne X BO BTopoe colpsixkeHHoe 1pocrpancrso X''. Torma
sambikaane clo(X) — mononnenne X.

< B cuny 5.5.7, X" — 6anaxoso upocrpanctso. [To 5.1.10 (8) oTo6-
pazkenue  — 3ro uzoMerpua X B X”. Ocranoch cocnarbes Ha 4.5.16. >

5.5.9. IIPUMEPHI.

(1) «Ab6crpakTHbIE» IPUMEPBI: OCHOBHOE II0JIE, 3aMKHYTOE
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MTOAIIPOCTPAHCTBO OaHAXOBa MPOCTPAHCTBA, MMPOU3BEIEHNE OAHAXOBBIX
IIPOCTPAHCTB, 5.5.4-5.5.8.

(2) Iycrs & — Hemycroe muoxecrso. s x € F¢ nosoxum
|z]| oo := sup |x(&)|. IIpocrpascTBo loo (&) i= loo(&, F) = dom|| - ||co
HA3BIBAIOT NPOCMPAHCINGEOM 02PAHUNeHNT yrkyul na & . Ycnonssyor
u takue obosHadenus: B(&) wmm B(&, F). Ilpu & := N nomnaramor
M= loo:= lo(&).

(3) Hycrs # — dunbrp B &. Ilo oupenesnenuio cauraior
x €, F)e (v €lw(f) nax(F) — bunsrp Konw B F).

B ciayuae, korna & := N u . % — GuibTp J0N0JHEHIH KOHEUHBIX MHO-
kecTB B N, uuiyr c:= ¢(&, &) 1 roBOPAT 0 NPOCMPAHCMEE CTOOAUUTCS
nocaedosameavnocmet. B ¢(&, F) paccMarpuBaioT IOIIPOCTPAHCTBO
(&, F)={zxec&, F): z(F)— 0}

Ecmu % — buibTp J0N0HEHNH KOHEIHBIX MHOXKECTB B OECKOHEU-
HOM &, TO IPUMEHSIOT COKDAIlEeHHYIO 3amuch co(&) := co(&, F) u
TOBOPSIT O MPOCMPaHcMee PyrKyull, UCHe3a0UUT Ha GECKOHEUHOCTIU.
IIpu & := N numyr upocro ¢ := ¢o(&). IIpocrpancrso ¢y Ha3bIBaIOT
NPOCMPAHCMBOM CTOOAULUTCA K HYAt0 nocaedosamenvrocmet. Cremyer
[OMHUTH, 9TO BCE ITU IIPOCTPAHCTBA 6€3 0COOBIX OTOBOPOK HAJIEJISIIOT
HOPMOI, B3ATON U3 COOTBETCTBYIOIIErO IPOCTPAHCTBA o (&, F).

(4) Ilycrs S:= (&, X, [) — cucmema ¢ unmezpuposaruem.
Takum o6pasom, X — BeKTOpHas pemeTka B R | mpmdaem perreTodmbie
onepann 8 X n RY cosnazator, a [ : X — R — (nped)unmeepan, T. .
| € Xf u [z, | 0, Kak TonbKO T, € X u z,(e) | 0 st e € &. Ilycrs,
nanee, f € F¥ — usmepumoe (orHocuTenbHO S) oToGpakenue (MOKHO,
KaK 3TO OOBIYHO U IPHHATO, FOBOPHTH O IOYTH Be3J¢ KOHEUHBIX HOYTH
BE3JIE ONPEJIEJICHHBIX U3MEPUMBIX (DYHKIHSIX ).

Homowmm Ay (f) :== ([ |f|P)Y/P mna p > 1, tme [ — coorsercThy-
omee 1e6€2060 pacwupenue UCXOMHOrO nHTerpata [ (HCHob3oBaHIE
€JIMHOTO CUMBOJIA — TPAIUIUOHHAS BOJHHOCTD).

Quementol dom 4] HA3BIBAIOT UHMEZPUPYEMBLMYU WA CYMMUDPYE-
MOLMU DYHKITTAMHA.

Unrerpupyemocts f € FE pasnocunbna nmrerpupyemMoctu ee Berre-
crBennoii n MuuMoit acteit Re f, Im f € RY. [Ijist HOJIHOTHI HAIOMHEM,

aro N1 (f) = N(f), rae
N(g):=
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= inf {sup/xn (zn) C X, 2y <xpy1, (Ve &) |gle)| = lim mn(e)}

JIJ1sI IIPOU3BOJIBHOM g € Fe. IIpu F = R sicro, uro dom 4] mpejcraBiser
3ambikanue X B 10JyHOpMUpOBaHHOM IpocrpancTse (dom N, N).
Hwmeer mecto mHepaBercTBo I'ébaepa

Hi(Fa) < Mol )M () @+;Lp>0-

< 9ro HEPpaBEHCTBO €CTb CJICACTBUEC HEPAGEHCIMEA FOnea:

npmeriertioro k | /45 (f) 1 g1/ Ay (g) 5 cayac, xorma A (f) i Ay (g)
He paBHBI HymO oxHospeMmenHo. Ilpu A, (f) A4, (g) = 0 HepaseHcTBO
I'énpaepa necomuenuo. >

Munozxkectso %, := dom A}, ABIsIETCH BEKTOPHBIM IIPOCTPAHCTBOM.

< frgl” < (f1+1gh” < 2°(fIvIgh? = 2°([f[PVIgl?) < 2°(1f1P+gl?) &

DyHK1Hs A, — HOJIyHOpMa, HOO JJIs Hee CIPaBeIINBO HEPABEHCTBO
MpuHaKOBCKOrO

Mp(f +9) < M) + Ap(9)-

< IIpu p = 1 mepaserncrso Munkosckoro necomuenuo. IIpu p > 1
HEPaBeHCTBO MUHKOBCKOT'O CJIe/lyeT U3 IIPeCTaBJIeHUsI

Mp(f) = sup{M(f9)/ Ny (9) = 0 < Ap(g) < too} (f€Z),

B IPABOI YacTH KOTOPOI'O CTOMT BEPXHss Orubaiomast cemeficTsa HoJLy-
HODM.

J1s1 oKa3aTebCTBa HyKHOIO [PEJICTABIEHNs] B CHILy HEPABEHCTBA
Dénbiepa 0CTATOMHO 3aMeTnTh, ato npu A (f) > 0 misa g := |f[P/P
BBIIIOJIHEHO ¢ € %) u, KpoMe 1oro, A, (f) = M (fg)/ Ny (g).

B camowm gene, AH1(fg) = f|f|p/p/+1 = M (f)P, ubo p/p’ +1 =
p(1—1/p) +1 = p. Tommmo sroro, A (g)? = [lg|”" = [If]P =
N (f)P, max aro Ay (g) = Ay (f)P/P. Oxonaarensuo mosyaen

M9 [N (9) = MV [ A ()P =
— =/}1)(f)17—17/17/ _ %(f)p(l_l/p/) _ %(f%
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YTO U 3aBEPIIAeT J0KA3aTeIHLCTBO. [>

DueMeHTH dom .| HA3BIBAIOT UNMEZPUPYEMBIMU WA CYMMUPYE-
MoLmu PyHKIIIAMu. WHTerpupyeMocts f € F¢ PaBHOCWJIbHA WHTETPH-
PYEMOCTH BelecTBeHHOI n MuEMON 4acteit Re f, Im f € R®. Paan
[TOJTHOTBI, HAITOMHUM, 9TO

N(g):=

= inf{sup/xn D (zn) C X, 2y <zpi, (Vee ) |gle)] < limxn(e)}

JIJIsI TIPOU3BOJIBHOTO ¢ € F¢. Ecm F = R, To dom .4{, o4eBujHO,
npejicTaByster coboit 3ambikanne X B HOPMHUPOBAHHOM IIPOCTPAHCTBE
(dom N, N).

DaxTOp-IPOCTPAHCTBO .7,/ ker .4, HaJeIeHHOE COOTBETCTBYIOMIEH
axTOp-HOPMOIL |||, HABLIBAIOT NPOCTPAHCMEOM YHKYUL, CYyMMUPYe-
Mol (6MeECTE) € P-MOoTi cCenenvo, Il MPOCTPAHCTBOM P-CyMMUPYEMBIX
dynkuuit n oboznagaror L,. Konmedno, mcnonssyioT n 6oee pasBepHy-
Tole cuMBodtbl Tuna Ly (S), L,y(&, X, [)u . o

Hakomerr, eciiz cucrema ¢ HHTErpuUpyeMOCTHIO S BO3HUKAET U3 PAC-
CMOTDEHHUS CTYIEHYATBIX N3MEPUMBIX (DYHKIMI HA NPOCMpPaHcmee ¢ me-
pot (, o, p), ro mamyt L,( , <7, p), L,( , p) u gaxe L,(p), roe
OCTAJIbHBIE TAPAMETPBI PACCMATPUBAEMON CUTYAIIN SCHDBI U3 KOHTEKCTA.

Teopema Pucca — ®umepa. Ilpocrpancrso Ly, apisercs bana-
XOBBIM.

< Hamerum jokazarenberso. BosbMeM Kakoh-1u6o abCoIIOTHO CXO-
astmuiicst pag ti= Y oo Ap(fi), vae fi € L. Honoxum o= > 1 fx
M Sy = >y |fe]. Bmao, 4ro mocmemoBaTenbHOCTD (S;,) COCTOMT U3
HOJIOKUTEIbHBIX (DYHKIUI U gBJIsieTcsl BO3pacTamolieil. ITo Ke Bep-
HO JyIst nocsefosarensaocTn (sh). Bosee Toro, [s < P < +oo. Ilo
rTeopeme JIeBU O MOHOTOHHO(I CXOMMOCTH IIOYTH JJI KaXKJOro e € &
npezen g(e) ;= lim sP(e) KOHeYeH U MOYKHO CUMTATh, UTO BOIHUKAIO-
mag bynxmua g aexur B %, IHonaras h(e) := g'/P(e), suamm, gro
h € £, n sy(e) — h(e) mourn npu Bcex e € &. 113 HepaBeHCTB
lon] < sp, < h BBITEKAET, YTO MOYTH il JIHOOOrO € € & CXOUUTCS
pan S0 fele). Tl eysnast fole) Gymer [fo(e)| < h(e), u, cramo
OBITh, MOXKHO CUUTATh, 4T0 fo € .£),. Ilpumenssa reopemy JleGera o6
OTPAHWYIEHHON CXOMUMOCTH (= O TPENENBHOM MEPEXONE), 3aKJII0UAeM:
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1/p .

Np(on — fo) = (f |on — f0|p) — 0. HTak, abCOMIOTHO CXOIAIIMIiCS
PsLIL B [IOJIy HOPMHEPOBAHHOM IIPOCTpaHCTBe (£, ;) cxopuresa. Ocraet-
cs cocaaThCcd Ha 5.5.3-95.5.5. >

Eciin cucrema S — 310 «00BIYHOE CyMMUPOBaHuE» Ha &, T. €. B CJIy-
uae, Korga X := 3 .o R — npsmas cymma ocHOBHBIX mojieit R n [ 2:=
> cce T(€), mpocTpaHcTBO L, COCTOMT U3 CEMEUCMS, CYMMUPYEMDIT C
p-motl cmenervlo. DTO MPOCTPAHCTBO 0003HAIaOT [,(&). Ilpm srom

1/p

. p R
|zllp = (C.ce lz(e)|P)’". Hpn & := N mamyr npocro l, 1 rosopsar o
NPOCMPAHCNBE NOCAEAOEAMENLYHOCTNET, CYMMUPYEMBIT ¢ P-MoTi cmene-
HOI0.

(5) IpocTpancTBo Loy ONPEIETAIOT HA OCHOBE CJIeLyIomeil
KoHcTpyKiuu. Ilycth X — yIHopsioueHHOe BEKTOPHOe IIPOCTPAHCTBO U
e € X — TOJIOKUTENbHBIN 371eMeHT. [1oAyHopmoti Pe, aCCOUUUPOSAHHOT
¢ e, HA3BIBAIOT QYHKIMOHAT MUHKOBCKOTO MTPOMEKYTKa [—€, €], T. e.

pe(z):=1inf{t >0: —te <z < te}.

IIpocrpancrBo X, coBuajaromiee ¢ 3pHEeKTUBHON 00JIACTHIO OIpe/Iesie-
Hust dom pe, HA3BIBAIOT NPOCTMPAHCMBOM 02PAHUMEHHBIT MO OMHOUEHUIO
K € JAEMEHMOB, 8 CaM JIEMEHT € — CuAbHol edunuyeld B Xe. DIEMEHTHI
saapa ker p. Ha3bIBAIOT HeaPTUMedO8bLMU (II0 OTHOIIEHUIO K €).

daxkrop-ipocrpanctBo X,/ ker p. Hajensor GhakTop-1moyHOPMOit
U HA3BIBAIOT HOPMUDPOBAHHBIM NPOCTNPAHCINEOM 02PAHUMEHHBIT INCMEH-
mos, nopoocdennvim e (6 X). Tak, npocrpancreo C(Q, R) nmenpepbis-
HBIX BEIIECTBEHHBIX (DYHKIUH HA HEIyCTOM KOMITAKTe () eCTh HOPMUPO-
BaHHOE IPOCTPAHCTBO OIPAHUYEHHBIX 3JIEMEHTOB, MOPOKICHHOE (DYHK-
mueit 1:= 1g : ¢ — 1 (¢ € Q) (B cebe). B npocrpancree R Ta e
dbyHsKIms 1 TOPOXKIAAET TPOCTPAHCTBO lop (&).

st cucTeMbl ¢ MHTErpupoBaHueM S := (é” . X, ) B IIP€JIITOJIOXKe-
HUU U3MepUMOCTH 1 PaccMaTpUBAIOT MPOCTPAHCTBO TAKUX M3MEPUMBIX
byukuwmii u3z & B F, uro

Noo(f):=1nf{t > 0: |f] <tl} < +o0,

riae S O3Ha4vYaeT «MEHbIIIEe ITOYTH BE3/1e». 1o IIPOCTPAHCTBO Ha3bIBAIOT

IIPOCTPAHCTBOM CYULECTNBEHHO 02DAHUMEHHBLL GYHKUul U 0DO3HATAIOT
Lo



94 I'in. 5. MysnpruaopMupoBaHabie 1 6aHAXOBBI IIPOCTPAHCTBA

DakTOP-IIPOCTPAHCTBO %o/ ker A5, 0003HAUAIOT Low, & HOPMY B
HeM — ||+ |joo. DitemeHTBI Loo, JIONMYCKasi BOJBHOCTH PEUM, Ha3bIBa-
10T (KaK U JIEMEHTBI L) CYWECTNEEHHO 02PAHUNEHHOMU BYHKUUAMU.
IIpocrpancTBo Lo, saBAsieTCs GaHAXOBBIM. <I[>

ITpocrpanctBy Lo, Tak xe, Kak u npocrpancrsam C(Q, F),1, (&),
co(&), ¢, lp, L, (p > 1), mpucBoeno Ha3BaHUe <KJIACCHIECKOe GaHaXo-
BO IIPOCTPAHCTBO». B mocseanee BpeMst K IUCITY KJIACCHIECKUX OTHOCST
TakXKe npocmparcmsa Jlunderwmpaycca, T. €. TPOCTPAHCTBA, COIPS-
JKEHHbIE K KOTOPBIM M30MeTPUYHbl L1 (OTHOCHTE/IbHO KaKOH-HUOYIb CH-
CTEeMbI ¢ MHTErpupoBaHueM ). MoKHO 0Ka3aTh, 4T0 6AHAXOBO IPOCTPAH-
cTBO X SBJISIETCS KJACCUYECKUM B TOM M TOJBKO B TOM CJIydae, €CJIH
CONPSIZKEHHOE MTPOCTPAHCTBO X' M30METPUYIHO OJHOMY U3 IIPOCTPAHCTB
Ly, npu p > 1.

(6) IIycrs S:= (é?, X, f) — cHCTeMa C MHTEIPUPOBAHUEM U

p > 1. JomycTuM, 9T0 JIJIs KaXKJ0To € € & nMeeTcss 6aHaX0BO IIPOCTPAH-
crBo (Ye, |- |ly.). Bosbmem mmoboit amement f € [[.cp Ye n nomoxmm
1A e o £ (@)l Tyers, mazee, Ny(f)i— nf{Ap(g) : 9 € 2, g >
I £II}. fAcno, wro dom N,y — BeKTOpHOE IPOCTPAHCTBO C MOLYHOPMOit N,
®axrop-npocrpanctso dom N,/ ker N, ¢ coorBercrsyIomeit Hopmoit ||-||,
HA3BIBAIOT cymmol cemeticmsa (Ye)ece no muny p (Tounee, no Tuiy L,
B CHCTeMe C WHTeTpupoBanueM S).

Cymma 1o THIy p ceMeficTBa HPOCTPAHCTB — GaHAXOBO IPOCTPAH-
CTBO.

< Ilyers Yooy Np(fi) < +oo. Torma nmociesoBaTesbHOCTD 1acTHH-
HBIX CyMM (S5, := >, || f&]]) cxomures x HexoTOpOIt MOUTH Besne KoHew-
Holt mostoxkuTensHolt dyukmun g u N,(g) < +oo. Orcrona BEIHO, UTO
HOYTH sl KasKJIOTO € € & CXOIUTCS TIOCIIE0BATENBHOCTE (S, (€)), T. €.
pan > po || fr(e)||y, . Uz-3a momnorst Y, nomyaaem, aro pag Y, fr(e)
cxouTCd K HeKoTopoii cymme fo(e) B Y, mourn npu jmobom e € &. Ilo-
ckonbky || fo(e)lly. < g(e) mourn npu Beex e € &, MOXKHO CIUTATH, UTO
fo € dom N,,. Hakonen, Ny, (31 4 fx — fo) < > opeiq Np(fe) = 0. >

B ciayuae &:= N u «00bI9HOIO0 CyMMUPOBaHUSI» CyMMYy ) mocJieso-
BaTeJIbHOCTH H6aHAXOBBIX HPOCTPAHCTB (Y}, )neN 9acTo 0603HAYAIOT

?yI: (Yl@YQEB...)p,

[jie p — THUII CYMMUPOBaHUS. DJIEMEHT § IIPOCTPAHCTBA ) — 5TO HOCIIe-
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JIOBATEJIBHOCTD (Yp, )neN TAKasd, 9T0 Y, € Y, u

I~ 1/p
Il == | > lyal, < +oo.
k=1
B ciuyuae, korma Y, := X npm mobom e € &, rne X — HEKOTO-

poe GaHaxoBO mpocTpancTBo Hax F, momarator %), := dom N, u F), :=
Fp/ ker Np. DileMeHTBI 1IOJIyY€HHBIX IPOCTPAHCTB HA3BIBAIOT GEKIMOP-
HOLMU NOAAMY WITH X -3HaAuHOMY GyHKUusmy HA & (C HODMAMU, CyMMI-
pyeMbIMH ¢ p-Toii cTenenbio). HecoMHeHHO, 9TO IpOCTpaHCTBO F), ABIIs-
ercst 6GaHaXOBBIM. B TO »Ke BpeMsi €CJIN B HCXO/THOM CUCTEeME C HHTETPUPO-
BaHIEM eCThb HEM3MEPHMOE MHOYKECTBO, TO IIPOCTPAHCTBO Fj, comepKuT
Yepecdyp MHOIO 9JIEMEHTOB (TaK, JJig OOBIYHOM JIEGErOBOit CUCTEMBI C WH-
terpupoBanueM F), # L,). B 9Toil cBA31 B IPOCTPAHCTBE %), BLLIEISIOT
GYHKIMHM ¢ KOHEYHBIMU MHOXKECTBAMU 3HAYEHU, KayKJ0€ U3 KOTOPBIX
MPUHUMAECTCS HA U3MEPUMOM MHOXKECTBE. TaKue 3JIEMEHTBI, PABHO KaK
U OTBEYAIOIINe UM KJIACChI B Fj,, Ha3BIBAIOT NPOCIOIMU, KOHEYHO3HAY-
HOLMU, CMYNEHYAMBLMU WA PA3SMEULLHHBMU GYHKUUAMYU. 3aMbIKAHIE
MHOZKECTBa, TPOCTHIX dyHKImit B F, obosnaudator L, (6osee passepHyTO:
L,(%), Ly(S, %), Lp( , <, n), Lp( , p) 1 T 1.) U HA3BIBAIOT NPO-
cmpanemeom X-3naunolt GyHKyul, CYMMUPYEMuT ¢ p-motl cmenensvio,
WA K€ NPOCMPAHCNEOM P-CYMMUPYeMBLT X-3Haunbir dymnryud. cHo,
uro L,(%X) — 6aHaxoBO IPOCTPAHCTBO.

[IpomumiocTpupyem OJHO U3 JOCTOMHCTB 3TUX IPOCTPAHCTB B CIIy-
qae p = 1. 3aMeTuM IpexkJe BCEro, 4To HPOCTYI0 QYyHKIUIO f MOXKHO
3alCaTh B BUJIE «KOHEYHON KOMOWHAIIMU XAPAKTEPUCTUIECKUX (DyHK-

O :
f - Z Xf—1(x)T,
z€imf
e MEOMKecTBO f~!(x) m3mepumo npu o € im f. Bosee Toro,

Jin=[ ¥ el -

z€imf

~ [ X xwlel = X el [ xg <t

rz€imf z€imf
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Kaxkmoit mpocroit dyukiun f comocraBuM 3j7eMeHT B X [0 TPABUITY:

/fiz > /Xf*l(r)al

r€imf

IIpoBepKa MOKA3BIBACT, UTO BO3HUKAIOMIMIT HHTErpas [, OIpeIe/eHHbIIT
Ha IOAIIPOCTPAHCTBE MPOCTHIX (PYHKIWMIA, JuHeeH. BoJee Toro, on orpa-
HUYeH, nho

H/fH 2 /Xf’l(”)x <> /Xffl(x)Hl‘H:

r€imf z€imf

= [ 3 bl = [0

z€imf

B cuny 4.5.10 u 5.3.8 omeparop f JOIIyCKaeT €JIMHCTBEHHOE ITPOJI0JIKE-
HEE 710 d1eMeHTa upocrparctsa B(Li(X), X). Dror snement o6o3Ha-
9ajoT TeM Ke CHMBOJIOM [ (WM [, M T. 1) U HA3BIBAIOT UMMEZPAAOM
Boxnepa.

(7) B ciyuae «OOBIYHOIO CyMMHPOBAHHsS» NPHUHATHL T€ XKe
COLVIAIIIEHNS, YTO ¥ B CKAJIAPHOI Teopun. VIMEHHO, BMECTO MHTErPAJIOB
CYyMMUPYeMbIX (bYHKIUI TOBOPST O CYMMAL CYMMUPYEMULT CEMETCME U
UCIIOJB3YIOT COOTBETCTBYIONIME CTAaHIApTHBIC 3HaKH. IIpu sToM Gecko-
HEYHOMEPHOCTH IIOPOXKIAET CBOH MIPOOJIEMBI.

Mycrs () — ceMelicTBO 37eMeHTOB HaHAXOBA IPOCTPAHCTBA. Ero
CYMMHUPYEMOCTh O3HAYAET CyMMHPYEMOCTh (B CMbICJe MHTerpasia Box-
Hepa) IucyIoBoro ceMeitctsa (||zy ), T. €. abCOTIOTHYIO CXOAUMOCTD Dsijia
(). Tem cambiv cpemu () JUIIb CIETHOE TUCIIO HEHYJIEBBIX SJIEMEH-
TOB ¥ (%) MOKHO CIUTATH (CIETHOMN) MOC/IEIOBATEIBLHOCTHIO. [Ip1 aTOM

Yoo el < 400 (= pag x1 + xo + ... abeomorHO cxomurest). C yde-
TOM 5.5.3 JUId CyMMBI Psa T = Zf;l T, BBINOJHEHO: T = limy sy,
rae Sp = »,.c9Tn — (coorBercrByfOmas f) yacTmuHad cymma, a 0

poberaeT HAIpaBJIeHNE KOHEYHBIX ojMHOXKecTB N. B mocsesneit cu-
Tyallull & U3PeJIKa HA3BIBAIOT HEYnopadouennol cymmolt pana (x,), a
[OCJIEJIOBATEIBHOCTD (L) — Heynopadouerno cymmupyemotd x  (nu-
OyT: T = ), _yTp). B 3THX TepMHUHAX 3aK/TIO9aeM: CyMMHPYEMOCTb
BJIeYeT HEYNOPAJOYEeHHYI0 CyMMHUpyeMocTb (K Toil ke cymme). Ilpu
dim X < +o00 BepHO u obparHOe yTBepKieHue (= Teopema Pumana o
psagax). OOl cirydail pasbsacHseT cyeayomuil rry6okuii (akt.
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Teopema /IBoperikoro — Pom>kepca. B ka>xknom 6ecKOHETHO-
MepHOM 6aHaxXOBOM MpocTpaHcTBe X JIIsT JIIOOOH IMOC/IEeI0BATE/IHHOCTH
nosoxkutepHbIx nces (t,) Takoi, 4ro Y o 12 < +00, CYIIECTByeT
HEYHOPSIOYCHHO CYyMMHUDPYEMasl [I0CAeJ0BATEIbHOCTb 3JIeMEHTOB (Iy,), ¥
Koropoil ||z,|| = t, npn Bcex n € N.

B 3T0it cBA3M I ceMefiCTBa 3JIEMEHTOB MPOU3BOIBHOTO MYJILTH-
HOPMUPOBaHHOrO npocrpancrsa (X, 9) NpUHUMAIOT CIIEAYIONLYIO Tep-
MUHOJIOTHIO. [OBODSIT, UTO cemelicmneo (Ze)ecs CYyMmupyemo Wiu bes-
Ycao6no cymmupyemo (K CyMMe ) U IHIIYT T:= y . p Lo TPH YCIOBUM,
a0 x gBageTcsa mnpenenoM B (X, 91) cooTBeTCTByIOMmEH ceTH YacTH-
HBIX CyMM (Sp), The 6 — KOHEYHOe MOIMHOXKECTBO &, T. e. Sg — &
B (X, M). Ecmm qyia Kazkaoro p CymecTByeT cyMMa » ..o p(Te), TO
FOBODAT, YTO CeMEHCTBO (Z¢)ecs abOCOMOMHO cymmupyemo (nu, 910 60-
Jiee IPABUIIBHO, (HYHOGMEHMAABHO CYMMUPYEMO, WA JTaKe aOCOAIOMHO
Pyrdamenmanvho).

IIycts B 3aksmodenue ) — emme OnHO OAHAXOBO IPOCTPAHCTBO U
T € B(%, 2). Oneparop T ecrecTBeHHBIM CIOCOOOM DACIPOCTPAHI-
1ot j10 oneparopa u3 L1(X) B L1(2)), nmonaras jig npocroit X-3HaqHoii
dyukuun f, aro Tf : e — Tf(e) upu e € &. Torma pua f € Li(X)
oyner Tf € Li(Y) u [, Tf = T [, f. Tlocnenuuii baxr BbIparkaor
CJIOBAMH: <«HHTErpaj BoxHepa KOMMYTHPYET ¢ OTpaHUTIEeHHBIME OIepa-
TopaMuy». <|[>

5.6. Ajsirebpa orpaHUYEHHBIX OIEPATOPOB

5.6.1. Ilycrs X, Y, Z — HOpMHpOBaHHBIE IPOCTPAHCTBa, a 1 €
(X, Y)u S € LY, Z) — nuneitusie oneparoprl. Torga ||ST| <

IS |T||, T. e. oneparoprast HOpMa siBJIsI€TCST CYOMYIBTHILTHKATUBHOM.

<! B cuty HOpMATHBHBIX HEPABEHCTB it T € X BBIIOIHEHO
15Tl < [[S| IT2] < ISI T =] >

5.6.2. BAMEYAHUE. B asreGpe, B uacTHOCTH, M3y9aloT (accorua-
TUBHBIE) as2e0pv. Ha F. Tak Ha3bIBAIOT BEKTOPHOE HMPOCTPAHCTBO A
Has F, B koTopoM mMeeTcs (accOnIMATHBHOE) YMHOXKEHHE JIEMEHTOB O :
(a, b) — ab (a, b € A). Ilpennosaraercs, 9T0 yMHOXKEHHE O AUCTPUOY-
THUBHO OTHOCHUTEJIbHO cioxkeHus (T. e. (A4, +, o) — 3710 (acconuarusHoe)
K0AbY0) W, KPOME TOTO, ITO OMEPAIIUS O COZAACOEAHA C YMHONHCEHUEM HA
cKaAAp B TOM cMblcie, 910 A(ab) = (Aa)b = a(A\b) mpu Bcex a, b € A
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u A € F. Uapivu cioBamu, B 60j1ee pa3BepHYyTOM BHE ajaredpa — 3TO
unabop (A, F, +, -, o). B 10 ke Bpemsi, KaK U B APYrUX aHAJIOHMYHBIX
CUTYaIIUsIX, TOBOPST IIPOCTO 00 ajredbpe A.

5.6.3. ONPEJEJEHUE. Hopmuposarnas aszebpa (Has OCHOBHBIM
HOJIEM) — JTO ACCOIMATUBHAs ajrebpa (Haj 3THM I0JIEeM), HaJeJeHHAs
CyOMyJIBTUILINKATUBHOM HOPMO#. Banarosa anzedpa — 3TO OTHAST HOP-
MUPOBaHHAs aaredpa.

5.6.4. Ilycts B(X):= B(X, X) — npocTpaHCTBO OrpaHUIe€HHBIX
9HJOMOPGHU3MOB HOPMHPOBaHHOIO npocrpanctsa X . C onepanmeii cy-
[IEPIIO3HUIMH ONIEPATOPOB B KAYECTBE YMHOXKEHHsI H C OIIEPATOPHON HOD-
Moif npocrparcrso B(X) npezicrapisier co60ii HODMHPOBAHHYIO aJare6py.
IIpu X # 0 B B(X) ecrb equannbli saement Ix u ||Ix|| = 1. Aarebpa
B(X) siBastercst 6aHaXoBOH B TOM H TOJBKO B TOM Ciydae, ecad X —
b6aHaXOBO MPOCTPAHCTBO.

< Ecm X = 0, to Bce oueBumno. FEcim ke X # 0, TO HyKHO
BOCIIOJIb30BaThCS 5.5.6. >

5.6.5. BAMEYAHUE. B cBsi3u ¢ 5.6.4 3a astemenToM A\ x, rie A € F,
yI0OHO 3aKPEIUTH TOT ¥Ke caMblit cumBost A. (B wactaoctu, 1 = Iy = 0!)
ITpu X # 0 onucanHyto TPOIEAYPY MOXKHO MBICJUTH KAK OTOXKIECTBIIE-
HU€e OCHOBHOrO moJist I u ogHOMepHOTO nogmpocrpancTsa Fly.

5.6.6. ONIPEJEJIEHUE. Ilycts X — HOpMUPOBaHHOE IPOCTPAHCTBO
uT € B(X). Yncio r(T):= inf {|T"||"/" : n € N} nasbisator cnex-
mpaavrom paduycom T. (EcTecTBEHHOCTH 9TOr0 TEPMUHA CTAHET SICHOM
HECKOJIbKO T103ke (cp. 8.1.12).)

5.6.7. r(T) < ||T.
< HeiicrBurenbHo, B cuy 5.6.1, || T < ||T)|". >

5.6.8. CupasemmnBa ¢opmysa Lenbgpanga
r(T) = lim ¥/||T"||.
< Iyers € > 0 u s € N rakosbl, uro |T%|| < (r(T) + €)°. Hus
kaxkgoro n € N B ciaygae n > s umeercs npencrasienue n = k(n)s—+1(n),

riae k(n), I(n) e Nu 0 <lI(n) <s— 1. 3uauunr,

T = | T T | < e H ) | T <
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< VATV oV T H) TS = e,

CirenoBaresbHO,
r(T) < T/ < MY T R/ <

< Ml/n(T(T) +€)k(n)s/n _ Ml/n(T(T) +E)(n—l(n))/n-

Tak kak MY/" — 1 u (n—1(n))/n — 1, To r(T) < limsup||T"||'/" <
r(T) + e. Coornomenme liminf ||[77||*/" > r(T) ouesmmmo. B cury
POU3BOJIBHOCTH € TOJIyuaeM Tpebyemoe. >

5.6.9. Teopema o cxogumoctu psaa Heiimana. Ilycte X —
6anaxoBo npocrparctso u'T € B(X). DKBUBAJICHTHbBI yTBEPXKICHHSL:
(1) psg Heiimama 1+ T +T? + ... cXoauTcs B omepaTopHOi
nopme npocrpancrsa B(X);
(2) |T*|| < 1 g mexoroporo k uz N;
3) r(T) < 1.

Ipu semonnennn oxnoro w3 yciosuii (1)—(3) Gymer Y oo T
(1-T)"1.

< (1) = (2): Ecim pan Heiimama cxomures, To obmmit amen (1)
CTPEMUTCH K HYJIIO.

(2) = (3): OueBnamo.

(3) = (1): Ha ocroanuu 5.6.8 npu mopxozsmeM & > 0 mis Bcex
nocrarouno Gombmmux k € N 6yger r(T) < ||TF||VF < »(T) + ¢ < 1.
Unbivu ciioBamu, XBocT paga e [T Maskopuposan cxomsmmmes
pszoM. YuurbiBas nosHory B(X) u kpurepwmit 5.5.3, 3aKiodaeMm, 4ro
pa Y pe o T* cxomures B npocrpancrse B(X).

ycrs teneps S:= Y 02 T% u S,:= Y}, T*. Torna

k

SA1—T)=1mS,(1-T)=lm(1+T+...+T")(1-T) =

= lim(1 —7"") =1;
(1-T7)S =1lim(1 = T)S, =lim(1 -T)1 +T +... + T") =
=lim (1 -7"") =1,

6o T" — 0. Urak, B cuny 2.2.7, S = (1 - T)~ L. >
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5.6.10. CaegcrBue. Ecmu ||T|| < 1, To omeparop (1 —T') (mempe-
DPbIBHO) obparuM (= HMeeT OrpaHHYeHHbIHi 0OpaTHBIH), T. €. 06par-
HOE€ COOTBETCTBHE — OIPDAHHYCHHBIH JIHHEHHDbIH omeparop. Ilpu sTom

IA-T) < @—Tih~"

< Psn Heiimana cxomuTesi, IpuydeMm
oo (oo}
M=) <D ANTHI <Y ITIF = =T~ >
k=0 k=0

5.6.11. CaegcrBue. Ecmu |1 —T|| < 1, ro T obparum u

- 1T
nory < =T
1— 1=
<1 ITo Teopeme 5.6.9,
1) -1 => -1 =1-01-7)"=7""
k=1 k=0
Orcrosia BHIBOIUM:
1T =1 = D= <D e - <Y -1 >
k=1 k=1 k=1

5.6.12. Teopema Banaxa 06 obparuMmbix oneparopax. Ilycrto
X uY — 6anaxossr npoctpaHcTBa. MHoxkecTBo (HempepbiBHO) obparh-
MBIX OIIepaToOpOB OTKPBITO. Ilpu 3TOM omeparust 0OpaljeHust OIepPaTopa
T +— T~ sgpisiercss HeIpepbIBHBIM 0TOBPasKeHHEM.

< Iycrs onepatopwt S, T € B(X, Y) taxoswr, uto T € B(Y, X)
u, kpome Toro, |71 ||S — T|| < 1/2. Paccmorpum oneparop T~ 1S €
B(X). Nmeem

1
=TS = [T T = T1 S| < T[T = 8] < 5 < 1.

B cuny 5.6.11, (T=15)~! — sr0 smement B(X).
osnoxum R:= (T~1S)~*T~1. Scno, uro R € B(Y, X) u, xpome
TOTO,

R=S§ Y=Y 7=t = g1
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ITommumo 3ToTO,

ISTH =T < Is7H =T =

_ _ _ _ Lo
= 87HT = ST < ISTHHT = ST < 5 1S7I-
Orciona ||S~| < 2||T71||. Okonuarennno
IS=H =T < ISTHHIT = SIHT=H < 2T PIT = S|l >

5.6.13. ONIPEJAEJIEHUE. Ilycrs X — 6aHaxoBO pocTpaHCcTBO HaL F
uT € B(X). Ckansp A\ € F Ha3bIBAIOT PE2YAAPHLIM U DEZONLEEHM-
nowm anavenuem T, ecm (A — T)~1 € B(X). Ilpu stom mnojarator
R(T, )\):= (A — T)~! u naswBator oneparop R(T, \) pesoaveernmoti
(omeparopa T' B Touke \). MHOXKECTBO PE30JIbBEHTHBIX 3HAUYEHUIT 06O-
suavaior res(T). Orobpaxkenue \ — R(T, \) u3 res(T) B B(X) rakxe
Ha3bIBAIOT pezoavsenmoti oneparopa 1. Muoxecrso F \ res(T) nasbl-
BatoT cnexmpom T u obosnauator Sp(T) nmm o(T). DyeMeHTHI CrieKTpa
HA3BIBAIOT CNEKMPAALHOMU 3HAYEHUAMU.

5.6.14. BAMEYAHUE. Eciau X = 0, TO ClIeKTp €JUHCTBEHHOI'O OIle-
paropa T = 0 € B(X) paBeH mycTOMy MHOXKECTBY. B 9TOli CBSI3U B CIIEK-
TPaJILHOM aHAJU3e MOJYaJUBO mpeamnosaraiot, aro X # 0. B ciayuae
X # 0 upu F:= R cnekrp takxke 6biBaer mycrbiM, a npu F:= C — ne
6eBaer (cp. 8.1.11). <>

5.6.15. Muoxecrso res(T) orkpsiro, npuaem ecin Ay € res(T'), 1o
B HEKOTOPOI OKPECTHOCTH A\ BBIITOJTHEHO

R(T, \) = i(—nku —X0)*R(T, Xo)FL.
k=0

Ecomu |\ > ||T||, To A € res(T) u umeer MecTo paszioxKeH#He

Tk
Va

K

R(T, \) — %

B
Il

0

npuaeMm ||R(T, A)|| — 0 opu |A| — +oo.
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< HMockomebky [[(A —T) — (Ao — T)|| = |A — Ao|, TO OTKpPBITOCTH
muoxkecTBa res(T') caeayer u3 5.6.12. Kpome Toro,

AN—T = (>\—>\0)+()\0—T) = (Ao—T)R(T, )\0)()\—>\0)+()\0—T) =

= (Ao =T)(A=X0)R(T, Xo)+1) = (Ao—T)(1=((=1)(A=X0) R(T, Xo)))-

SHAYUT, B IOIXOJIAIIEN OKPECTHOCTH TOYKU Ao B cuity 5.6.9 Gyer
RT, \)=(A—T)"' =

= (1= (DA =) R(T, X)) (Mo =T)7" =

= i(—l)k()\ — M)PR(T, No)*L.
k=0

Ha ocuosarmmu 5.6.9 upu || > ||T|| mmeercs onepazop (1 — T/X) ™",

[IPEeJICTABJISIONMIT coboit cymmy psma Heiimana, T. e.

1 ™' 1 & Tk
T N=-(1-=) =% 2_.
R(T, \) A( )\) Py

OueBugHO

1 1

IR(T, M| < =5 77y &
(AL L= T]/IA

5.6.16. CuekTp Jir060ro orpaHHYeHHOro ornepatopa 1 KOMIIaKTeH.

5.6.17. SAMEYAHUE. Ilojie3HO IIOMHUTH, YTO HEPABEHCTBO |A| >
r(T) upezncrasiser coboli HEOOXOAUMOE U JOCTATOYHOE YCJIOBUE CXOIU-
mocru psga Jlopana R(T, N)= Y 7 T*/A*1 naomero pasnoxenne
PE30JILBEHTHI B OKPECTHOCTH GECKOHETHO YIAJEHHON TOUYKH (CM. TaKiKe

8.1.12).

5.6.18. Omeparop S kommyTupyer ¢ orieparopom T’ B TOM U TOJBKO
B TOM cJydvae, eciu S KOMMYTHDYeT ¢ pe30ojbBeHTor T

Q= ST=TS=8\A\-T)=AS—-ST=XS5-TS=\N-T)S =
R(T, N)SA\=T)=8= R(T, \)S=SR(T, \) (A €res(T)).

<: SR(T, Xo) = R(T, X)S =S =R(T, \)S(h—T) = (Mo —
T)S=SXN—-T)=TS=5T. >
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5.6.19. Eciu A\, p € res(T'), 7o uMeeT MecTo epBOe Pe30JIbBEHTHOE
ypasrerue (= toxaectBo I mibbepra)

R(T7 )‘) - R(T’ M) - (,LL - )‘)R(Tv N)R<T7 )‘)

< «YMHOKast ToxRAeCTBO (b — A = (u—T) — (A = T) cHavana Ha
R(T, X\) cupasa, a 3arem Ha R(T, p) cieBa», I0CI€J0BATEILHO IIPUXO-
JIUM K TpebyeMoMmy. >

5.6.20. Eciim A\, p € res(T), o R(T, MR(T, p) = R(T, p) o
R(T, ). <>

5.6.21. s A € res(T') BrmmosHEHO

dk

WR(T, ) = (=DFEIR(T, N)FL <

5.6.22. Teopema o crnekrpe npoussegenusa. Cuexrpsr Sp(ST)
u Sp(T'S) MoryT OT/IM9aTHCS JIHIID HYJIEM.

< JocraTodHo ycraHoBUTh, uro 1 & Sp(ST) = 1 ¢ Sp(T'S). B ca-
MoM Jiesie, Torga upu A € Sp(ST) u A # 0 Gyuer

1¢ %Sp(ST) =1¢Sp (iST) =1¢&Sp (}\TS) = X ¢ Sp(TS).

Urak, pacemorpum ciaydaii 1 ¢ Sp(ST). Popmasibhble pa3iokKeHus
tuna psijaa Hefimamna —

(1= 8T)"' ~ 1+ 8T + (ST)(ST) + (ST)(ST)(ST) + ... ,

T(1—ST)"'S ~TS +TSTS +TSTSTS +...~(1-TS)' -1

— HaBOIAT Ha MBICJIb, 9TO CIIPABEIJINBO IIPECTABJICHUE

(1-T8) ' =1+T(1-ST)"'S
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(koropoe obectieunt coorrorerne 1 ¢ Sp(T'S)). Cueayronue npsiMble
BBIKJIAIKH:

(1+T(1—-ST)"'S)(1-T8) =
=1+T(1-ST)*'S—-TS+T(1—-ST)"(-ST)S =
=1+TA-ST)*'S-TS+T(1—-ST)'(1-ST—-1)S =
=1+TA—-ST)*S—TS+TS—-T(1—ST)*S =1;

(1-TS)(1+T(1—ST)™'S) =
=1-TS+T(1—8ST) 'S +T(-ST)(1 - ST)™*S =
=1-TS+T(1—-ST)*'S+T(1—-ST—-1)(1-ST)"'S =
=1-TS+T(1—-ST) *'S+TS—-T(1—-ST)'S=1

JIOKa3bIBAIOT MCKOMOE IIpeJicTaBjJIeHue, a BMeCTe ¢ TeM U Teopemy. >

Yaupa>kHeHust

5.1. JlokasaTb, YTO HOPMUPOBAHHOE IIPOCTPAHCTBO KOHEYHOMEPHO B TOM U TOJIb-
KO B TOM CJIy4ae, eCJIH JII0OOW JIMHEHHbIN DYHKIMOHAJ Ha HEM OI'DAHMYEH.

5.2. IIpoBepuTh, YTO B KarkJ[OM BEKTODHOM IIPOCTPAHCTBE MOXKHO OIIPEIETUTH
HOPMY.

5.3. YCTaHOBUTH, YTO BEKTOPHOE IIPOCTPAHCTBO KOHEYHOMEDHO B TOM U TOJIBKO
B TOM CJly4dae, €CJIM BCE€ HOPMBI B HEM 3KBUBAJICHTHBI.

5.4. JlokazaTb, 4YTO OTJE€JIMIMblE MYJbTUMETPHUKHU 3aJAI0T OJHY U Ty K€ TOIIO-
JIOTUIO KOHEYHOMEPHOI'O IIPOCTPAHCTBA.

5.5. Kasxkayio iu Hopmy B RN MOMKHO HCIIO/IB30BATH /1St HOPMEPOBKH ITPOM3-
BeneHus: N HOPMUPOBAHHBIX IIPOCTPAHCTB?

5.6. BBISICHUTB yCJIOBUSI HENIPEPBIBHOCTH KOHEYHOMEDHOI'O OIIEPATOPA, JIEUCTBY-
IOIIEr0 B MYJIBTUHOPMHUPOBAHHBIX IIPOCTPAHCTBAX.

5.7. OmnucaTh omepaTopHbIE HOPMBI B IPOCTPAHCTBE KBaAPATHBIX MaTpul. Ko-
Ia TaKue HOPMBI CPABHUMBI?

5.8. HaiiTu paccrossHue Mexk/ly T'MIIEPIIOCKOCTSIMUA B HOPMHUPOBAHHOM IIPOCT-
paHCTBe.

5.9. BpisicHUTH 001U BUJI HENIPEPBIBHBIX JIMHERHBIX (DYHKIIOHAJIOB B KJIACCH-
YEeCKUX IIPOCTPAHCTBAX.

5.10. V3yuurs BOHpOC O pedJIEKCUBHOCTU KJIACCHYECKUX OAHAXOBBIX IIPOCT-
PaHCTB.
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5.11. BriAcHUTH B3aMMOPACIIOIOXKEHHE IPOCTPAHCTB lp u lg, Ly u Lge. Korma
JIONIOJIHEHUE OJHOIO M3 3JIEMEHTOB KarKJIOH IIapbl IJIOTHO B OCTAaBIIEMCS !

5.12. HaliTu crleKTp U pe30JIbBEHTY oneparopa Bosbreppa, poekTopa, OmHO-
MEPHOT'O OIIepaTopa.

5.13. IlocTpouTs omeparTop, CHEKTP KOTOPOro — HAIepe] 3aJaHHbIA HEIlyCTOR
xommakt B C.

5.14. Jlokasarb, 4TO TOXKJECTBEHHBIH onepaTop (B HEHYJIEBOM IIPOCTPAHCTBE)
HE MOXKET OBITb KOMMYTATOPOM JBYX SHIOMOP(MU3MOB.

5.15. Kak ompemenuTh CIeKTp onepaTropa B MyJbTHHOPMHPOBAHHOM ITPOCTPAH-
cree?

5.16. Kaxnoe u 6anaxoBo mpocrpancTBo Haj F pomyckaeT m3oMeTpudeckoe
BiozkeHue B npocrpanctso C(Q, F), rae Q — KOMIIAKTHOE IIPOCTPAHCTBO?

5.17. Boisicuuts, B Kakux ciay4dasx Lp(X)" = Ly (X'), rne X — Gamaxoso
IPOCTPAHCTEO.

5.18. Ilycrs (X,) — HOCIEAOBATEIHHOCTS HOPMUPOBAHHBIX TPOCTPAHCTB H

Xoi=Swe [[ Xn:lenlx, =0
neN

— ux cyMMa 1o THmy ¢o (¢ Hopmoit ||z||:= sup{ ||z || : » € N}, B3saT0it m3 cymmer 110
Tuny loo). Jokasars, uyto X( cemapaGesbHO B TOM M TOJIBKO B TOM CJIydae, KOTJa
cenapabesIbHO KarK[0e U3 IPOCTPAHCTB Xp .

5.19. /loka3arp, 4TO IIPOCTPAHCTBO c®) [0, 1] npencrasisier coboii cymmy Ko-
HEYHOMEPHOI'O IIOIIPOCTPAHCTBA B IIPOCTPAHCTBa, nsomopduoro C[0, 1].
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I'mnpb6epTOoBBI IpOCTPaHCTBA

6.1. DpmMutoBbl POPMbI U CKAJISIPHBIE
MpOU3BeaEHUST

6.1.1. OnPEAENEHUE. [lycts H — BEKTOPHOE MPOCTPAHCTBO HAT
ocuoBHEIM TosieM F. Otobpaxkenne f : H? — F Ha3BIBAIOT 2pMUmosot
Popmoti, ecan

(1) orobpaskenme f(-, y) : x — f(x, y) nexur 8 H" s
Bcex y € Y

(2) fl(z, y) = f(y, )" upn mobbix z, y € H, tue A — A* —
ecTecTBeHHast HHBOJONNS B F, T. €. mepexo/i K KOMIIJIEKCHO COIPsI?KEH-
HOMY 9HCJTY.

6.1.2. 3AMEYAHUE. Kak BumHOo, jisi 9pMuToBOit bopmbl f 1ipu
kaxkjoM x € H orobpaxenwe f(x, -):y— (z, y) aexxur B HY , tne H,
— nyanbHoe K H BekTopHOe mpoctpaHcTBO (eM. 2.1.4 (2)).

Takum obpazom, npu F := R spmuroBa dhopma busuretina, T. e.
JIMHeWHA 0 KaxKJIoMy aprymenty, a npu F := C — noaymopaaunetina,
T. €. JINHEHA 110 IEePBOMY apryMEHTY U *-JIMHEeHHa 110 BTOPOMY.

6.1.3. /list ka>k 105 9pMUTOBOE (popMbI f BBIIOJIHEHO IIOJISIPU3AIH-
OHHOE TOKJIeCTBO:

fle+y, v+y)—fle—y, —y) =4Ref(z, y) (v, y€ H).

4 flety z+y)=flz, o)+ flz, y) + fly, ©) + fly, v)
f(x—y,x—y):f(x,x)—f(x,y)—f(y,x)+f(y,y)
2(f(z, y) + fly, x)) >
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6.1.4. ONPEAEJEHUE. DpMuToBy GopMy f HA3BIBAIOT NOA0HCU-
meabrol, WIK CKaAApHbIM npouseedenuem, ecau f(xz, x) > 0 mis Juo-
Goro x € H. Ilpu srom mumyr: (z, y):= (z|y):= f(z, y) (=, y € H).
CkaJisipHOe IPOM3BEJIEHNE HA3BIBAIOT HEELIPONHCIeHHbIM, ecu (T, T) =
0=x=0(zeH).

6.1.5. Nmeer mecTo HepaBercTtBo Komm — ByHskoBCcKoro

Iz, )| < (z, z)(y, y) (z, y € H).

< Ecmu (z, ) = (y, y) =0, 10 0 < (x + ty, v +ty) = t(z, y)* +
t*(x, y). Boibupasg t:= —(z, y), nomyuaem —2|(z, y)|*> > 0, T. e. B 3TOM
Cllydae Hy’KHOE yCTAHOBJICHO.

Eciu, k ipumepy, (y, y) # 0, TO BBU/LY OIEHKU

0< (z+ty, +ty) = (z, ©) +2tRe(x, y) +t2(y, y) (tER)

sakmodaem: Re(x, y)? < (z, z)(y, y).
Ecmu (z, y) = 0, To nokassBarh Hevyero. Eciau xe (z, y) # 0, To
nostoxxum 6:= |(z, y)| (z, y)~! u Z:= Ox. Torma || = 1 u, Kpome TorO,

(T, T) = (0z, Oz) = 00 (x, x) = |0)*(x, 2) = (z, x);

‘(l‘, y)' - 9(x7 y) - (933, y) - (jv y) - Re(f7 y)
Taxum obpazom, |(z, y)|* = Re(Z, v)? < (x, z)(y, y). >

6.1.6. Ecan (-, -) — crauaspHoe npoussenenne Ha H, To orobpa-
sxerne || - || 2 @ — (x, £)Y/? — nomyrnopma na H.

<1 Curetyer mpoBepUTh TOJIBLKO HEPABEHCTBO TPEYroJbHUKa. [Ipume-
Hesa HepaBeHCTBO Komn — ByHAKOBCKOrO, mMeeMm

lz +yl* = (z, =) + (y, y) +2Re(z, y) <

< (@, @)+ (y, v) + 2l Iyl = (=l + lyl)?. >

6.1.7. ONPEAEJEHUE. [IpocrpancTtBo H €O CKaJISIpDHBIM ITPOU3BeE-
JieHueM (-, +) ¥ COOTBETCTBYIOMIEH TOJyHOPMOii |- || Ha3bIBaOT npedeusv-
bepmosvim. [IpenrnindbeproBo nmpocTtpancTBo H HA3BIBAIOT 2uAbOepPMO-
6bLM, €CJIH TIOJIyHOPMUpPOBaHHOe IpocTpancTso (H, || -||) 6anaxoso.
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6.1.8. B mpearmibbeproBoMm npocrpaHcTBe H copaBeminB 3aKoH
napadJiiesiorpaMma

Iz +l* + llz = ylI* = 20l + lyl*) (2, y € H)

— cyMMa KBa/I[paToB JJINH JuaroHaJell napadJiiejiorpaMma paBHa CyMMe
KBa/IPATOB JIJIHH BCEX €0 CTOPOH.

Qe +yl? = (@ +y, z+y) = llzl* + 2Re(z, y) + Iyl
lz = yl* = (z —y, @ —y) = [|2l* = 2Re(, y) + [ly|* >

6.1.9. Teopema ¢pou Heitimana — I;Iop,aaHa. Ecn B moJstyHOp-
mupoBanHOM 1pocrparcrBe (H, || - ||) copaBemimne 3akoH mapaJiteso-
rpamMa, To H — mpearmabbeproBo mpoCTpaHCTBO, T. €. HAHIETCS, U
[IPHTOM €JHHCTBEHHOE, CKaJIsipHOoe 1poussedenue (-, -) B H Takoe, 4To
lz|| = (z, ©)Y/? mns Beex x € H.

< Paccmorpum BemectBennyo ocaoBy Hgr mpocrpanctBa H u st
x, y € Hg nojoxum

(lz +l? = llz = 1?) -

| =

(l’, y)]R::

ITpumeHsis 3aKOH TApPAJUIEIOTPAMMA, JIJIS OTOOpayKeHus (-, y)g IMOCJIe-
JIOBATEIHHO BBIBOJIM

(z1, Y)r + (22, YR =

(w1 +yl?) = (lzr =yl + lloz + yll* = o2 — yl*) =

-

(s + gl + llzz + l%) = (lo = yl® + llz2 = y]?)) =

-

1

T (;(H(xl +y)+ (@2 )P flan - mz) B

5 (@ =)+ @ =9I + ller — 22])) =

1/1 1
— 5 (Gllex #2007 = Jlln 0 = 201?) =
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= 5 (1 22)/2 4 91~ s — 2)/2 ) =

=2((z1 +22)/2, Y)g -

B uactHOCTH, IpH T3 := 0 Gyumer (z2, y)r = 0, ™ e. 1/2(z1, y)r =
(1/2x1, y)g. CooTBeTCTBEHHO HPH X := 2T1 U T := 2T9 UMeEEM

(x1 + 22, Y)r = (1, Yr + (22, Y)R-

B cuiy oueBuiHOli HenpepbIBHOCTH OTOOparkeHus: (-, Y)r MOXKHO Clie-
naTh BBIBO, UTo (-, y)r € (Hr)™. Tomommm

(LU, y) = Re_l((' ) y)R)(‘T)?
rie Re™! — xommekcudukarop (em. 3.7.5).

B cayqae F:= R sacno, uro (z, y) = (z, y)r = (y, z) u (x, x) =
|lz||?, T. e. nokaspiBaTh Hewero. Eciu ke F:= C, To

(ZC, y) - ((ﬁ, y)]R - ’L(ll’, y)]R
OTciofia BBITEKAET, 9TO
(y, ) = (y, 2)r —i(iy, 2)r = (z, Y)r —i(z, WY =

- (JJ, y)R +Z(’L.T, y)lR - (377 y>*7
TTOCKOJIBKY

; 1 . )
(@, iy)e = 5 (lz+iyl* = llz —iy|*) =

1. . o .
= 7 (il lly =il = =il lliz + yll?) = —(iz, y)r.

ITomumo sToOTO,
(.CC, .I) - (i, m)R - Z(va x)R -
= o2l = 5 (liw + 2l = iz — 2[*) =

ol (1= § (146 = 1= ) ) = ol

YTBepxKaeHne 06 eIMHCTBEHHOCTH caemayer u3 6.1.3. >
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6.1.10. IIPUMEPHI.

(1) Ipumepom ruib6epTOBa HPOCTPAHCTBA CJLy?KUT HPOCT-
paHCTBO Lo (OTHOCHTENILHO KAKOH-HUOY/b CUCTEMBI C MHTErPUPOBAHY-
em). Ilpu srom ckansipHoe mpouseenenue Beogsar tax: (f, g):= [ fg*
nna f, g € L?. B wactroctn, ans lo(&) momygaem (x, y):= Yoecs Tyl
npu z, y € l2(8).

(2) Hycrs H — upearuibbepToBo IpOCTPAHCTBO U (- -)
H? — F — cxansproe npoussejenue B H. $IcHO, YTO BellecTBeHHA
ocroBa Hg co ckanstpabIM nipoussenenueM (-, <)r : (z, y) — Re(zx, y) saB-
JIIeTCS PEIrMmILOEPTOBBIM TPOCTPAHCTBOM, IIPUYEM HOPMA 3JIEMEHTa B
H He 3aBuCHT OT TOTO, BEIYUCIAOT ee B H nin B Hg. IIpearninbeproso
npocrpanctso (Hg, (-, -)r) HA3BIBAIOT 06eUECMBAEHUEM TPOCTPAHCTBA
(H, (-,-)). B cBowo ouepeup, eciu BelecTBeHHAs OCHOBA HEKOTOPOI'O
MOy HOPMUPOBAHHOTO MTPOCTPAHCTBA ABJISIETCS MTPEITIIB0EPTOBBIM TIPO-
CTPAHCTBOM, TO MPOIECC KOMILJIEKCU(DUKAIIAN TPUBOIUT K €CTECTBEHHOMN
PEeArnIb0ePTOBON CTPYKTYPE B UCXOJAHOM IIPOCTPAHCTBE.

(3) IIycte H — upenrnibbeproBo mpocTpaHcTtso u H, —
nyasbaoe K H BekTopnoe mpocrpanctso. na x, y € H, nomoxum
(z, y)s:= (x, y)*. Hcuo, uro (-, -)x — ckagsapHoe npoussejenue B H,.
[Monyuennoe npeArnIbGEpPTOBO MPOCTPAHCTBO HA3BIBAIOT JYaAbHviM K H
U COXPaHSIOT 32 HUM obo3Hadenue H,.

(4) TIycte H — mpearmisbepToBo mpocTpancTBo u Hy :=
ker || - || — stapo mosyHopMSt || - || 8 H. IlpuBnekasi nepaseHcrso Ko
— Byunskosckoro, Teopemy 2.3.8 u 6.1.10 (3), Bumum, uro B axTop-
npocrpasctse H/Hjy ecTecTBEHHBIM 06Pa30M BO3HUKAET CKAJISIPHOE [IPO-
u3BejieHue: ecyu T1:= p(r1) u To:= @(x9), THe 1, x2 € Hu ¢ : H —
H/H, — xanonunveckoe orobpaxkenue, 10 (T1, T2) := (x1, x2). Ilpu
9TOM NPeArmIb6epToBo pocTpancTso H/Hy MOXKHO paccMaTpuBaTh Kak
dakTop-npocTpaHCTBO MOTyHOPMUpOBaHHOTO mpocTpanctea (H, |- )
1o sipy noiayHopMsl || - ||. Takum o6pazom, H/Hy — xaycuopdoBo npo-
CTPAHCTEO, KOTOPOE HA3BIBAIOT XayCA0P(OBBIM IPErLIL0EPTOBBIM TIPO-
CTPAHCTBOM, accouuuposarmsim ¢ H. TlomosHsst HOpMUpOBAHHOE IIPO-
crparctso H/Hy, nosyyaeM rusibGepToBO IIPOCTPAHCTBO (HAIIPUMED, B
cuty Teopemsl don Heitmana — Moppamna). ITocrpoennoe rumbs6eproso
IPOCTPAHCTBO HA3BIBAIOT ACCOUUUPOGAHHbLM C UCXOTHBIM TIPEATAIBOED-
TOBBIM IIPOCTPAHCTBOM.

(5) IIycre (He)ecs — HEKOTOPOE CEMEHCTBO MMIBLOGEPTOBBIX
npocrpancTBs u H — cymma sToro cemeiicrsa no tumy 2, T.e. h € H B
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TOM U TOJIKO B TOM ciryuae, eciid h:= (he)ecs, vie he € H, misi e € &,
U IIpU 3TOM

1/2
[[]]:= (Z IIhe||2> < +oo0.
ecé

B cuny 5.5.9 (6), H — 6anaxoBo npocrpancTso. s saementos f, g €
H, npuMeHsisi OCIeI0BATEIHHO 3aKOH MAapaIIeIOrpaMMa, NTMEEM

(IF +gl* 1S = gll*) =

1
(S 1l s - a?) -
ecé&

ecé

N | =

1
=3 S (e gl e —gel?) =

e€s

=2 (ell? + llgel®) = 1A17 -+ llgli?,

ecé

Tak uro, o Teopeme ¢don Heitmana — Moprana, H — 910 THap6epTOBO
npoctpanctBo. IlpoctpancrBo H HaA3BIBAIOT 2uAbOEPMOBOT CYMMOT Ce-
MeiicTBa rUaBOEPTOBBIX TPOCTPAHCTB (He)ecs M 0003HAMAIOT Becs H.
IIpu &:= N numyT takxke H:= Hy @ Ho & .. ..

(6) IIycrb H — ruibpbepToBo HpOCTPAHCTBO H S — HEKO-
Topasi cucreMa ¢ uHTerpupoanueM. IIpocrpanctso Lo(S, H), cocras-
JteHHOe n3 H-3HAYHBIX (DYHKIHI, CyMMUDYEMBIX C KBa[PATOM, SIBJISETCS
ruIb0epTOBBIM. <I[>

6.2. OpTonpoeKTOpbI

6.2.1. Ilycto U — BbIIyKJIO€ HOJMHOYKECTBO HEKOTOPOI'O IMAPOBOTO
caost (r+¢€)By \rBg, rme 0 < e < r, B rusibbeproBoM npoctparcrse H.
Hwmeer mecto caenyromast orerka quamerpa: diam U < +/12re.

< Hna z, y € U, yunrsBasg, uro 1/2(x + y) € U, u npusiekas
3aKOH HapaJsilIe/orpaMMa, BLIBOIMM

lz = yl* = 2 (] + lylI*) = 41l + y)/2]* <
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<A(r+e)? —4r? = 8re +4e® < 12re. >

6.2.2. Teopema JleBu o npoekimuu. llycte U — Hermycroe BbI-
IIyKJIOe 3aMKHYTOe MHOX>KECTBO B I'HJIbOEpTOBOM mpocrpanctBe H um x €
H\ U. Torza cymecrByer, u IPATOM €JIHHCTBEHHBIH, eMeHT ug € U
TaKoi, 4TO

|z — uo|| = inf{||lx — u|| : weU}.

< Honoxknm Ug:= {u € U : ||z —ul| <inf ||[U — x| + e}. B cuny
6.2.1 cemeiictBo (Us)eso obpasyer 6azuc dbuabrpa Komu B U. >

6.2.3. ONPEAEJIEHUE. DJjieMeHT ug, purypupymomuii 8 6.2.2, Ha-
3BIBAIOT HAUAYYWUM NPubaudicenuem T B Muoxkectse U uan npoexyue
 Ha MHOXKecTBO U.

6.2.4. Ilycto Hy — 3aMKHyTOE MOAIIPOCTPAHCTBO B I'HJIBOEPTOBOM
npocrpancree H u x € H \ Hy. Duement xg € Hy siBisiercss npoeknuei
x wa Hy B ToM m Tosbko B TOM ciyyae, ecau (x — xg, hg) = 0 mus
Kazkjoro hg € Hy.

< Hocrarouno paccmorperhb opemiectienue (Hy)g mpocrpaHcTsa
Hy. Ha (Hy)r onpenenena Boinykias dbyukuns f(ho):= (ho—z, ho—1).
IIpu stom xo € Hy ciykuT nipoeknueir x vHa Hy Torga u TOJBKO TOTJA,
korga 0 € 0., (f). B cessu ¢ 3.5.2 (4) nocsesHee BXOXK/IEHIE O3HATAET,
qro (x — o, ho) = 0 upu mobom hy € Hy, ubo f'(xg) = 2(xg — x, -). >

6.2.5. ONPEJEJ/IEHUE. DJieMeHThI T, y € H Ha3bIBaroT 0pmozo-
nasvrvmu u mamryT v Loy, ecn (x, y) = 0. Cumsostom UL oboznava-
IOT COBOKYITHOCTH JIEMEHTOB, OPTOIOHAJIBHBIX KO BCEM TOYKAM JAHHOIO
vuokectsa U, T.e. Ut:={y€ H: z €U = z 1 y}. Muoxectso Ut
HA3BIBAIOT 0PMO2OHAALHYM donosrenuem MHOXKecTBa U.

6.2.6. Ilycrs Hy — 3aMKHyTOE IOAIIPOCTPAHCTBO B THJIBOEPTOBOM
npocrparctBe H. Torma ero oproronassroe goroiHeHne H, Ol — 3aMKHY-
TO€e moIpocTpancTBo, npudem H = Hy & HOL.

< Bamknytocts Hg B H ouesumna. Slcno Taxske, uro Ho A Hg- =
Ho N Hy = 0. Ocranocs nposeputh, uto Ho V Hy = Ho + Hy =
H. Bosbmewm anement h € H \ Hy. Ha ocuoBanuu 6.2.2 cymecrByer
npoextust hg € Ho, a, B cuty 6.2.4, h — hg € Hg-. Urak, h = ho + (h —
ho) € Hy + Hd‘ >
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6.2.7. ONPEAEJEHUE. IIpoekTop Ha 3aMKHYTOE HMOIIPOCTPAHCTBO

Hy napamensao Hy maswisatoT opmonpoexmopom Ha Hy n o6oznadaior
Py, .
0

6.2.8. Jlemma Ilucparopa. = L y = ||z +y|* = |z|* + [Jy|* <>

6.2.9. CiaeacrBue. Hopma opTONpOEKTOpa HE IPEBOCXOJUT €IH-
auner: H #0, Hy # 0 = || P, || = 1. <>

6.2.10. Teopema 06 opronpoekTope. s KaxkJgoro onmeparopa

P € #(H) rakoro, uro P? = P, 95KBUBAJICHTHBI yTBEPKICHU:
(1) P — oprompoekrop ua Hy:= im P;
(2) [Ipl <1 =|Ph] <1;
(3) (Pz, Ply)=0,rme P*:=Ig —Puz, yc H;
(4) (Pz, y) = (x, Py) npux, y € H.

< (1) = (2): Ormeueno B 6.2.9.

(2) = (3): Ilycts Hy := ker P = im P%. Bosbmem z € Hi-. Tlo-
ckonmbky = = Pz + Plr u z L Plx, 1o ||z]|® > |Px|? = (x — Pz, = —
Piz) = (x, ) —2Re(x, Plz)+ (Plx, Pizx) = |z|? + | Pz|? Orciona
Plz =0, 1 e x € imP. U3 coornomenuit H; = ker P u Hi- C im P
¢ yaerom 6.2.6 BesomM: Hit = im P = Hy. Urak, (Px, Ply) = 0 aua
mobbIx z,y € H, wbo Px € Hy, a Ply € Hy.

(3) = (4): (Px, y) = (Px, Py + P%) = (Pz, Py) = (Pz, Py) +
(P?z, Py)= (z, Py).

(4) = (1): IIpoeepum cHauama, 9r0 H)y — 3aMKHYTOE IIOAIPOCTPAH-
crBo. Ilycrs hg:= limh, u h, € Hy, 7. e. Ph,, = h,. Ilpu mo6om
x € H u3 senpepsiBHOCTH (DyHKIHOHAIOB (-, =) u (-, Px) nocienosa-
TEJIbHO BBITEKAET

(ho, ) = lim (hy,, z) = lim (Ph,, z) = lim (h,,, Pz) = (Pho, ).

Orcrona (hg — Pho, ho — Pho) =0, 7. e. hg € im P.

Tenepn st npousBosibhbix * € H u hy € Hy BeiBoguM (r —
Pz, hy) = (x — Pz, Phy) = (P(z — Px), hy) = (Px — P%z, hy) =
(Px — Pz, hg) = 0. Takum o6pazom, npusiekas 6.2.4, mosydaem
Px = Pg,x. >

6.2.11. IIycrs P, P> — oprompoekTopsl, npuiem Py Po = 0. Torma
PP = 0.

<4 PP,=0=imP, Cker P, = im P, = (ker P})* C (im )t =
ker P, = PP, =0 >
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6.2.12. OOPEAEJEHUE. Opronpoektopsl Py u P, Ha3bBamoT 0p-
mozonaavhoimy (u numryt Py L Py win Py L Py), eciiu Py Py = 0.

6.2.13. Teopema. Ilycre Pi,..., P, — opronpoexropbl. Onepa-
top P:= P) +...+ P, sBIsIeTcst OpTOIPOEKTOPOM B TOM H TOJIBKO B TOM
cayyqae, ecoim P 1 Py, nupul # m.

< =: 3aMeTUM MpeXKJe BCEro, YTo JJIsi KayKJIOro OPTOIPOEKTOpa
Py 1o teopeme 6.2.10 Bomosseno || Poz||? = (Pox, Pox) = (Pix, x) =
(Pox, z). Cuenoarensso, npu « € H u | # m cupaseingo

1P| + | Procel|* <

n

<Y 1P))? =) (Per, 2) = (P, @) = ||[Palf* < =]
k=1 k=1

B wactrOCTH, TONarasa z:= Pz, noxydaem
1Pz||* + | P Prz]|* < || Piz|® = | PPl = O.

<: IIpsimoil ojicyeT moKa3bIBaeT, 9T0 P — UJIeMIIOTEeHTHBIN orepa-
Top. B camowm nerne,

n 2 n n n
P? = ZPk :ZZPIPm:ZP,f:P.
k=1 =1 m=1 k=1

ITomumo storo, B cuiny 6.2.10 (4), (Pyx, y) = (z, Pry) u, crano ObITh,
(Pz, y) = (z, Py). Ocranocs BHOBb cociarbes Ha 6.2.10 (4). >

6.2.14. 3AMEYAHUE. Teopemy 6.2.13 HasbIBaOT kKpumepuem op-
MO20HAALHOCTIU KOHEUH020 MHOIHCECTNEA OPMONPOEKMOPOG.

6.3. 'masbepToB Gaszuc

6.3.1. ONPEJAEJIEHUE. CeMeiCTBO (Z¢)ecs IIEMEHTOB HEKOTOPOI'O
ruab0EepPTOBa MPOCTPAHCTBA H HA3BIBAIOT 0PMO20HAALHbIM, €CIIU €1 7
€3 = Tey, L Ze,. COOTBETCTBEHHO MHOXKECTBO & B I'HMJILOEPTOBOM IIPO-
crpancTtBe H Ha3LIBAIOT 0PMO20HAALHDLM, €CJIA OPTOTOHAJILHO CeMeri-

CTBO (€)ccs-



6.3. 'mibbeproB 6aszwmc 115

6.3.2. Teopema IIuchbaropa. Oproronajpaoe ceMefcTBO (Te)ecs
9JIEMEHTOB I'MIIBOEPTOBA IPOCTPAHCTBA (6E3YCIOBHO) CyMMHPYEMO TOT/IA
U TOJBKO TOIjia, Korja cymmupyemo duciopoe ceMeicTso (||Te||?)ees-

IIpm sTOM
2

3w =3 ™

ecs e€&

< Ilyers sg:= ) o Te, TAe § — KoHeunoe moamuOKecTB0 &. Ha
ocuosanmn 6.2.8, [|sgl|? = 3",y [|@e]|?. Bnaunt, a5 KoHEIHOrO MHOKE-
ctBa 6’ comepxkariero , BLITOJIHEHO

Isor = soll* = llsonall® = > el

eco’\6

Wubivu cioBamu, DyHIAMEHTAILHOCTD ceTh (Sg) paBHOCUIIbHA QyHIa-
MEHTaILHOCTH CeTH YaCTHIHBIX cymMM cemeiictBa (||7¢]|?)ces. Ipubie-
kasi 5.5.3, mojrygaeM Tpebyemoe. >

6.3.3. TeopemMma 0 cCyMMHPOBAHHUU OPTOMNPOEKTOPOB. llycTo
(P.)ece — ceMelicTBO MONAPHO OPTOrOHAIBHBIX OPTOIPOEKTOPOB B I'HJIb-
6eprosom npocrpancree H. Torma mis kaxporo x € H (6esyciosno)
cymmupyemo cemeiictBo (Pex)eces. IIpu sTom oneparop Px:= ) o Pex
SIBJISIETCST OPTOIIPOEKTOPOM Ha, IIOIPOCTPAHCTBO

S = Z Te: Te € He:=1im P, Z llze|l® < +o0

ecé ec&

< s KOHEYHOro MOAMHOXKECTBA 0 B & IIOJIOXKUM Sg :— Zeeo P..
IIo Teopeme 6.2.13, sy — aTo oprompoekTop. lloatomy, ¢ yaerom 6.2.8,
[sozl|*> = Y .cp |Pex|?< ||lz]|* npum xaxmom x € H. Cuemosarens-
o, cemeiictBo (||P.x||?)cce cymmmpyemo (ceTh 4acTHYHBIX CyMM BO3-
pacraer u orpanudena). 1lo reopeme Iudaropa umeerca cymma Px:=
Y ece Pex, T e. Px = limg spx.

Orcrona P2z = limy sg Pz = limg sg limgr sgrx = limg limy sgsg z =
limg limgr sgng-z= limg spx = Px. Oxonuarensho | Pz|| = ||limy sgz|| =
limgy ||sgz|| < ||z|| 1, xpome Toro, P? = P. Anemmupys x 6.2.10, 3axmo-
qaeM, uTo P — oprompoekTop Ha im P.

Ecm x € imP, 1.e. Pr =2, To z = Zeeg P.x un o Teopeme
Mudaropa Y .0 [|[Pez|? = ||z||* = [|[Pz]|* < +oo. ockonsky Pz €
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He (e € &), 10z € A#. Ecm xe xc € He m Y cp||lze|? < +o00
TO JUI T:= ), .z Te (CYIIECTBOBAHME CIIC/yeT U3 BCE TOIi JKe TEOPEMBI
Iudaropa) Oymer © = Y coTe = ey Pee = Pr, T. 6. x € im P.
Urak, im P = 5. >

6.3.4. 3AMEYAHUE. [lpuBeneHHyio TeopeMy MOXKHO TPaKTOBATh
KakK yTBepxKjenne 06 nzomopdusme 7 ¢ rmbbepToBoil CyMMO cemeii-
crBa (H,)ece. HysKHOE OTOXKECTBIIEHHE TIPH 3TOM OCYIIECTBIISET, KaK
BUJIHO, UHTErpaJj BoxHepa, IpeCTaB/ISIONINi B JJAHHOM CJIydae IIPOIect
CyMMUDOBAHMUS.

6.3.5. BAMEYAHUE. Ilycrs h € H — HOpMUDOBAHHBIN 3JIEMEHT:
Ih]] = 1. Ilycrs, namnee, Hy:= Fh — omHOMEpHOE HMOIIPOCTPAHCTBO B
H, nargnayroe Ha hg. lns xaxmgoro sjmementa © € H © IpoOM3BOJBHOIO
ckassipa A € F cupaseyimso

(2 — (@, h)h, Ab) = X*((z, h) — (2, h))(h, h) = 0.

Buauut, no npemioxenuo 6.2.4, Py, = (-, h) ® h. jna obosnadenus
5TOrO OPTOIPOEKTOPA YIOGHO HCIOoJb30BaTh cuMBoa (h). Hrak, (h)
x+— (x, h)h (x € H).

6.3.6. ONPEAEJEHUE. CeMeiicTBO 3JIeMEHTOB T'MJIBLOEPTOBA TPO-
CTPAHCTBA HA3BIBAIOT OPMOHOPMANLHbIM (AT OPMOHOPMUDOSIHHVLM),
€CJIN, BO-TIEPBBIX, 3TO CEMEHCTBO OPTOTOHAJIBLHO, & BO-BTOPBIX, €CJIU HOP-
MBI BXOJIAIIMX B HENO BEKTOPOB PABHBI eIuHUIE. AHAJOIUIHO OIpejie-
JISTFOT OPTOHOPMAJIbHBIE MHOYKECTBA.

6.3.7. /[t 106010 opTOHOPMAJILHOTO MHOXKECTBa & B H m npous-
BoJsIbHOIO 25iemenTa x € H cemericrBo ({€)x)cce (6€3ycaoBHO) CyMMupYy-
evo. Ilpu sTom mmeer mecto HepaBercTBo Becceirs:

Izl =) (=, e)f.

e€é

<1 JJocTaTo4uHO COCIATHCSA HA TEOPEMY O CyMMUPOBAHUK OPTOIIPOEK-
TOpPOB, 10O

2 2

Iz > 1> (@a| = |I> (@ eel| = li(z, e)el. >

ecé e€s e€es
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6.3.8. OPEJAEJEHUE. OpTOHOPMAJbHOE MHOYXKECTBO & B IUILOED-
TOBOM pocTpancTBe H Ha3bIBAIOT 2uabbepmosovim basucom (B H), eciau
JUIg BCAKOTo T € H BBINOMHEHO T = Y »(e)r. OpToHOpMaIbHOE Ce-
MEHCTBO JIEMEHTOB T'JILOEPTOBA MIPOCTPAHCTBA HA3BIBAIOT T'HJIHLOEPTO-
BBIM 0a3UCOM, ecjii 00JIACTh 3HAYEHUN ITOTO CEMENCTBa, sIBJISIeTCS THJIb-
6epTOBBIM 0A3MCOM.

6.3.9. OproHOpMaJIbHOE MHOXKECTBO & SIBJISIETCSI THILOEPTOBBIM Oa-
3ucoM B H B TOM U TOJIBKO B TOM CJIy9ae, ecid JHHelHast o6oa0uka L (&)
miaorHa B H. <>

6.3.10. OTIIPE/IEJIEHUE. ['0BOpSAT, 9TO MHOXKECTBO & y/I0BJIETBODSI-
er yeaosuro Cmeknosa, ecmn &+ = 0.

6.3.11. Teopema CrekyroBa. OpTOHOPMAJJIBLHOE MHOXKECTBO SIBJIsI-
ercsi ruJibbepTOBBIM 6A3UCOM B TOM H TOJBKO B TOM CJIydYae, €CJId OHO
yaoBJierBopsier yciaosuio CTEKJIOBA.

< =: Iyers h € &+ Torma h = Y co(e)h = X cp(h, e)e =
Y ecs0=0.

< Jnar € H,peuny 6.33u624, 2> _clelzeé&t >

e€é

6.3.12. Teopema. B Ka>k10M THIb0€pTOBOM IIPOCTPAHCTBE €CTh
rupbepToB 6as3muc.

< Ilo nemme Kyparosckoro — lopaa B rusibbepTOBOM HIpPOCTPAH-
ctBe H nMeercs MaKCHMAJbHOE IO BKJIIOYEHUIO OPTOHOPMAJILHOE MHO-
xkecrBo &. Ecmu ecrs h € H \ Hp, rne Hy := cl.Z(&), To smement
hi := h — Pg,h oproronayies Jaro00My 3JieMeHTY u3 & U, 3HAYWUT, LIPH
H # 06yner &U {||h1||"*h1} = &. Homyunmm nporusopeune. B ciydae
H = 0 nokaswiBaTh HEedero. >

6.3.13. SAMEYAHUE. MoKHO TOKa3aTh, 9TO y ABYX I'UJIBOEPTOBBIX
6a3mCOB OJIHOTO U TOTO 2Ke THIK0EePTOBa MpocTpancrBa H omHa u Ta xKe
MOIITHOCTb. DTY MOITHOCTH HA3BIBAIOT 2UAbOepMO080Tl pasmeprocmuvio H.

6.3.14. BAMEYAHUE. Ilycrb (2,)peny — CUYETHAS MOCITEIOBATENb-
HOCTb JIMHEITHO HEe3aBUCUMBIX 3JIEMEHTOB THILOEepPTOBa IIpocTpaHcTsa H.
TTosoxkum erre zg:= 0, eg:= 0, u ycTh

n—1

Yn = Tp — Z(ek>xn, eni— Yn_ (n € N).
2 Tal
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Buggo, aro (Y, er) =0 mia 0 < k < n — 1 (manpumep, u3 6.2.13).
Crouib yKe HeCOMHEHHO, 9TO Y, 7 0, BBUy 6Geckoneanomepuoctu H. IIpo
OPTOHOPMAJILHYIO TIOCIEIOBATENLHOCTD (€5, )peN TOBOPSIT, YTO OHA HOJLy-
YeHA NPOUECCOM OPMOLOHAAUGUUL, AT npoyeccom I'pama — Imuo-
ma, U3 HOCJEN0BATELHOCTU (X )pneN- 1IPUBIIEKAsT OPOLECC OPTOrOHA-
JIN3AIUU, HETPY/HO II0Ka3aTh, YTO B I'MJILOEPTOBOM IIPOCTPAHCTBE ECTH
CYeTHBIN rUIb0epTOB 6Aa3MC B TOM U TOJILKO B TOM CJIydae, €CJu B HEM
HMEEeTCsl CUeTHOE BCIOJLY IIJIOTHOE MHOYKECTBO, T. €. €CJIA TO IPOCTPAH-
CTBO cenapabesvro. <I>

6.3.15. OPEAEJEHUE. Ilycrts & — ruibbepToB 6a3uc B MpOCTPaH-
cre H u x € H. YucioBoe ceMeicTBO T:= (Te)ecs B F?, zamammoe co-
OTHOIIIEHNEM T, := (X, €), HA3bIBAIOT npeobpadosaruem Pypve syeMeHTa
x (OTHOCHTENLHO THIBOEpPTOBA Gasuca &).

6.3.16. Teopema Pucca — @uirrepa 06 nzomopgusme. Ilycro
& — rumpbepros 6asuc B H. Ilpeobpasopanue ®@ypore F : x — T (or-
HOCHTEJIBHO 6a3uca &) ects nzoMerpudeckuii m3omoppusm H na la(8).
O6patnoe npeobpazosarue — cymmuposanne Oyppe F 1 1 lo(&) — H
— geiictayer o upasuy F N x):= Y e p Tee A L= (Te)ecs € l2(E).
Ilpu sTom srst smiobbIx T, y € H umeer mecto paerctso IlapceBaJist

(JZ, y) - Z i‘\e{y\e*'

ecé

< ITo reopeme ITudaropa npeobpazosarue Pypobe neiicrayer B I3 (£).
ITo Teopeme 6.3.3, = — 310 snumopdusm. Ilo Teopeme Crexnosa, ~ —

—

monomopdusm. To, uto F 1% = x g x € H uw F-1(x) = z nua
x € lo(&), necomuenno. Pasencrso

2l =Y IZell® = |12ll5  (z € H)
ecé

caeayer u3 reopembl [ludaropa. Ilpu srom

(Iv y) = Z 3:\667 Z @\ee = Z Ee?/\e*’(ev 6/) = Z C/E\e{g\e*' >

e€es eces e, e’ €S e€s

6.3.17. SAMEYAHUE. Papencrsa [lapceBaJisi IOKa3bIBAIOT, YTO IIpE-
obpazoBanne Pypbe COXpaHsieT CKaJsipHbIe IIPOU3Be/eHUsi. TakuMm 00-
pPa30M, 9TO MMPEOdPA3ZOBAHNE — YHUMAPHDIT ONEPAMOp WA 2UAbOEPMOE
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u30MOpPuU3M, T. €. U30MOPPU3M, COXPAHAIOMINN CKAJISPHBIE IIPOU3BE-
nenust. B aroit cBasu Teopemy Pucca — Durepa mHOTIa HA3LIBAIOT
TEOPEMOil O «IMJILOEPTOBOM U30MOPdU3Me I'HIbOEPTOBBIX IIPOCTPAHCTB
(omHOl rUILOEPTOBOIT pa3sMepHOCTH]) .

6.4. DPpMUTOBO CONPSI>KEHHBI OIIEpaTop

6.4.1. Teopema Pucca o mrpuxoBauuu. Ilycre H — ruibbep-
toBo npocrpancrso. s ¢ € H nonoxum x' := (-, x). Torma orobpa-

JKeHHe IITPHXOBaHHS I — I’ OCYIeCTBJISeT H30MeTPUYeCKHIl H30MOp-
cpusm H, na H'.

< dceno, aro x =0 = 2’ = 0. Ecom xe x # 0, TO

'l = sup |(y, )| < sup [ly|| [|l]] < [l
lyl<1 llyll<1

&'l = sup [(y, @) = |(=/[|=], z)| =[]
lyl<1
Takum obpasom, x +— z' — msomerpua H, B H'. Ilpoeepum, 4To 3TO
oTOOpasKeHne SIBJISETCA SMUMOPMOUIMOM.
ITycrs | € H' w Hy:= kerl # H (ecsn Takux [ HET, TO JIOKA3BIBATH
newero). Bribepem smement |le]| = 1 Takoit, uto e € Hy-, u mosoxmm
gradl:=l(e)*e. Eciu x € Hy, TO

(gradl) (z) = (x, gradl) = (z, l(e)*e) = l(e)**(x, €) = 0.

CirenoBaresibHO, st HeKoToporo o € F u Bcex ©x € H B cuny 2.3.12
soeinosieno (gradl) (z) = al(z). B wacrHocTH, Iipu & := € moJIydaeMm

(grad 1)’ () = (e, gradl) = I(e)(e, ¢) = al(e),
T.e. a=1 >

6.4.2. BAMEYAHUE. U3 Teopembr Pucca cieiyer, 94To COIpsizKEeH-
Hoe TpocTpancTBo H' 06amaer ecTecTBEHHON CTPYyKTYpOil raiboepTo-
Ba IIPOCTPAHCTBA U OTOOPArKEHHE IMTPUXOBAHUSA X + o’ OCYIIECTBJIAET
rus6eproB nzomopdusm H, wma H'. OGpaTHbIM 0TOOpasKeHHEM IIpH
9TOM CJIY?KUT HOCTPOEHHOE B JIOKA3ATEJILCTBE 2paduermmoe omobpasice-
nue [ — gradl. B sroit cBasu 6.4.1 Ha3BBaOT TeopeMmoit «00 o0IIeM
BHJIe JIUHEHHOrO (DYHKINOHAJIA B FUJIBOEPTOBOM IIPOCTPAHCTBEY.
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6.4.3. ['mip6epTOBO IPOCTPAHCTBO PEDIEKCUBHO.

< Ilycrs « : H — H' — npoiinoe mTpuxoBaHue, T. €. KAHOHUYECKOE
Bioxkenne H Bo BTopoe conpsizkennoe npocrpancrso H' | onpenesnennoe
coornomenunem z'' (1) = (z)(l) = l(z), tne x € Hul € H' (cm. 5.1.10
(8)). IIposepum, urto ¢ — suumopdusm. Ilycrs f € H'. Paccmorpum
orobpaxkenue y — f(y') mua y € H. ZcHo, 910 310 OTOOparkenue
— JmHelHbIN dyukimonaa uag H, u, cramo 6biTh, 1o Teopeme Pucca
naitnerca snement ¥ € H = H,, takoii, uro (y, =)« = (z, y) = f(y')
g kaxgoro y € H. Umeem o(2)(y') = y'(z) = (z, y) = f(y’) upn
Beex y € H. Tak xak mo Teopeme Pucca y — y’ — orobpaxkenne na H',
nosnydaeM (z) = f. >

6.4.4. Ilycto Hy, Hs — mpowusBojbHDIE THIEOEPTOBHI MPOCTPAH-
crBa u T € B(Hy, Hs). Torma cymecTtByer, 0 OPUTOM €IHHCTBEHHOE,
orobpazkenme T* : Hy — Hy takoe, uro gjs qo6bix x € Hy, y € Ho
BBIIIOJIHEHO

(T:E, y) - (1‘, T*y)

IIpu stom T* € B(Ho, Hy) u |[|T*|| = ||T|-

< Ilycrs y € Hy. Orobpaxkenue x — (T'x, y) ecrb KOMIIO3UIUS
y' oT, T. e. mnpexacrapisier coOOIl HEIPEPBIBHLIN JTUHEHHBIA (DyHKIM-
ouman na H;. Ilo teopeme Pucca mmeercss B TOYHOCTH OIWH 3IJIEMEHT
x € Hy, nna xoroporo ' = y' o T. Tlomaraem Ty := z. fcno, uTo
T € ¥(Hy, Hy). Tlomumo sroro, npusiekas nepaBencTBo Komn —
ByHSIKOBCKOrO 1 HOPMATUBHOE HEPABEHCTEO, BBIBOIMM

(T, T y)l = (T, »)| < ITTyl llyll < 1T Tyl lyll-

Buaunr, [|[T*y|| < ||T|| ||ly|| m1s Becex y € Ha, 1. e. |[T*|| < ||T||. B 1o xe
Bpemss T = T**:= (T*)*, v. e. ||T|| = || T < || T*]]. >
6.4.5. ONPEAEJEHUE. Oneparop T* € B(Hs, Hi), nocrpoeHHbrit
B 6.4.4, Ha3pIBAIOT 9pMUMOG0 conpsoicennvim K T € B(Hy, Ho).
6.4.6. Ilycto Hy, Hy — ruis6epTOBBI IPOCTPAHCTBA H, KPOME TOTO,
S, T € B(Hy, Hy) u A € F. Torna
(1) T = T;
(2) (S+T)=8*+T%;
(3) (\T)* = X°T*;
(@) || — |7
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< (1)-(3) — oueBmanble cpoiicTBa. Ecin ke ||z]] < 1, To
|IT2|? = (Tw, Tz) =|(Tz, Tz)| = |(I"Tz, )| <
< | T*T|| [l < [T

Kpome Toro, B cuiny cyOMyILTHILIMKATHBHOCTH OMEPATOPHON HOPMBI 1
npeiozkenus 6.4.4, | T*T|| < [|T*|| ||T|| = ||T||?, aro nokazwisaer (4). >

6.4.7. Ilycto Hi, Hy, H3 — Tpu ruinbepTOBBIX IPOCTPAHCTBA, U
saganel T € B(Hy, Hy) u S € B(Hs, Hs). Torga (ST)* = T*S*.

< (STx, 2) = (Tx, S*2) = (x, T*S*2) (x € Hy, z € H3) >
6.4.8. OIIPEJEJIEHUE. PaccMorpum mpocTeiiniyto — 3JjieMeHTap-
T T
Hylo — guarpammy H; — Hy. dwmarpammy H; «— Hy Ha3BIBaIOT 9p-
MUMO60 conpastcennoll K ucxogaoit. Ecim B mpon3BospHON quarpaMme,
COCTABJIEHHON M3 OTrpaHWYEHHBIX JIMHEHHBIX OTOOPArKEHWiH TMIn0epTo-
BBIX IIPOCTPAHCTB, KaxKJas 3dJeMeHTapHas o/ iMarpaMMa 3aMeHeHa Ha

SPMHUTOBO CONPSI?KEHHYIO, TO BO3HUKIIYIO JUATPAMMY Ha3BbIBAIOT 2PMU-
MO0 CONPANCERHOT, K MUCXOTHOI.

6.4.9. IlpuHIun 3pMUTOBA COIMPs>KeHUs auarpaMm. Jluar-
paMMa KOMMYTATHBHA B TOM H TOJBKO B TOM CJIydae, €CJH KOMMYTa-
THBHA 3DMHUTOBO COIIPsi)KEeHHasi K Hel jguarpaMma.

< Crenyer u3 6.4.7 u 6.4.6 (1). >
6.4.10. Crexncrsue. Ilycro T € B(Hy, Hy) u T* € B(H,, Hy).

Omneparop T obpaTuMm B TOM U TOJIBKO B TOM CJIydae, ecau ooparum T*.
IIpu srom T*71 = T, <>

6.4.11. Cuaegcreue. /s T € B(H) Bepuo A € Sp(T) & A\ €
Sp(T™*). <>

6.4.12. IIpuHIHII 3PpMHUTOBA COMNPSI>KEHUST MOCJIEI0BATE/Ih-
HOCcTed (cp. 7.6.13). IlociesoBarebHOCTS

T Tkt
e Ho Do, M, —

TOYHaA B TOM U TOJIBKO B TOM CJIy4dae, €CJIH TOYHa 9DMUTOBO CONIPsA>KEHHAaAd
rocJjie10BaTeJIbHOCTD

Ty T 41
e—Hy 1 — Hy «— Hpi 17— .... <>
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6.4.13. ONIPEAEJIEHUE. Hneoatomusnol aazebpoti Nan *-an2ebpoti
(nay ocHoBHBIM TosieM IF) HasbBator anrebpy A ¢ uneoarouyueld *, T. e.
¢ orobpaxkeHueM a — a* B A TakuM, 9TO

(1) a** =a (a € A);

(2) (a+b)*=a*+b* (a, be A);

(8) (Aa)* =Xa* (AeT, ac A);

(4) (ab)* =b*a* (a, be A).
BanaxoBy anrebpy A ¢ mHBOIIONHeEl *, it KoTopoit |a*al = ||a||? mpu
Bcex a € A, nazwpiBaior C*-an2e6poti.

6.4.14. IIpocrpancrso B(H) sHxoMopdu3MoB ruibbepToBa mpoct-
pancrBa H upencrasisier coboii C*-arebpy (oTHOCHTENIbHO onepariuii
IIPOU3BEIEHHUSI OIIEPATOPOB U MEPEX0[a K SPMHTOBO COIIPSI?KEHHOMY OIle-
paTopy B KadyecTBe I/IHBOJHOHHH). <>

6.5. DpMUTOBBI OIIEPATOPDI

6.5.1. ONPEAEJEHUE. Ilycts H — ruibbepTOBO TPOCTPAHCTBO HAJ,
nosieM F u T € B(H). Oneparop T Ha3bIBaIOT IpMUMOstiM (I camo-
conpsaotcenmvim), ecim T = T*.

6.5.2. Teopema Pajesi. /I sapmuroBa onieparopa T umeer mecTo

DaBEHCTBO

17| = sup |(Tz, z)].
o<1

< Iyers t:= sup{|(Tz, z)| : |z|| < 1}. dcuo, uro |(Tx, x)| <
ITz| |||l < ||T], xax Tosbko ||z|| < 1. Cramo 66T, t < ||T|.

Tak kak T' = T, T0 (Txa y) - (l’, Ty) - (Tyv x)* - (y, T‘r)*v
T e. (z, y) — (Tx, y) — spmurosa dopma. 3uadut, B cuiry 6.1.3 u 6.1.8

4Re(Tz, y) = (T(x+vy), v +y)— (T(x—y), z—y) <
< t(llz +yl? + z = ylI*) = 2t([|z])* + [ly]]*).

Ecimu Tx = 0, 1o aBuo ||Tz| < t. IIycrs Tx # 0. Torma npu ||z <1
st y:= ||Tx|| "1 Tz 6yaer

Tx Tx
I T = | T ( , ) -
|Tal|” Ta]
1 2 2
= (T, y) = Re(Tw, y) < o ¢ (|l2]* + |Tz/|Ta| |*) <1,

T e. ||T|| =supf{||Tz| : ||z <1} <t >
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6.5.3. SAMEYAHUE. Kak ormedeno B jokasaresbcTBe 6.5.2, KaxK-
JIbIit 5pMUTOB ortepaTop 1’ B rusibbepToBOM IpocTpancTBe H mopoxpaer
spmuroBy dbopmy fr(x, y):= (Tx, y). Iycrs, B cBOWO 04epenp, f —
spmuToBa dbopma, mpudueM st Kaxkaoro y € H dynxkmmonan f(-, y)
uernpepbiBer. Torma B cuity Teopembl Pucca maiijercss asement Ty u3
H rakoit, uro f(-, y) = (Ty). Ouwesmmmo, T € L (H) u (z, Ty) =
flz, y) = fly, ©)* = (y, Tx)* = (Tz, y). Moxkuo ybeaurbesi, 91O
B otoM cayyae T € B(H) u T = T*. Kpowme toro, f = fr. Takum
obpaszom, B ompezenernn 6.5.1 yciaosue T € B(H) MOXKHO 3aMEHUTH
yeaosuem T € £ (H) (reopema Xesummarepa — Témwuna, cMm. 7.4.7).

6.5.4. Kpurepwuii Betiasa. Yuciao )\ jilekur B CIIEKTPe SPMHTOBA
omeparopa T B TOM U TOJBKO B TOM CJIy9ae, eCJId

inf |[Axz —Tz| = 0.

llzll=1

< =:Iycrs t:= inf{||\e—Tz|| : € H, ||z| =1} > 0. Ycranosuwm,
aro A ¢ Sp(T). Hna kaxnoro z € H semonneno |[Ax — Tx| > t||z].
Crajo 6oiTh, Bo-1iepBbIX, (A — T') — MoHOMOpMU3M, BO-BTOPBIX, Hy :=
im(A—T) — samrHyTOE OAIPOCTPAHCTBO (160 ||(A—=T) T —(A=T)xzk|| >
t||zm — k||, T e. «upoobpas nociegosarensaoctn Komu dynnamenTa-
Jien» ) u, Hakomer, B-tperbux, (A —T)~! € B(H), xak Tonbko H = Hy
(B rakoii curyarmmu ||R(T, A)|| < t71). lomycrum, BOupekH J0Ka3bl-
Baemomy, uro H # Hy. Torma cymecrByer y € HOL7 JJIsT KOTOPOTO
llyll = 1. Ilpu Bcex = € H Gyner 0 = (Az — Tz, y) = (z, Ny—Ty), T e.
ANy = Ty. Hanee, \* = (Ty, y)/(y, y) u u3 spmurooctu T’ BHIBOAUM
A* € R. Orciona \* = A u y € ker(A — T'). Ionyunnu nporusopedne:
1= Jlyll = fol] = o.

<: Ecin A ¢ Sp(T), To mmeercst pesoabsenta R(T, \) € B(H).
Hostomy inf{||A\x — Tz| : ||z| =1} > |R(T, )|~ >

6.5.5. Teopema o rpannnax cuekrpa. Ilycrs T' — spMmuTOoB ore-
paTtop B ruibbepToBoM mpoctparncTse. Ilogoxmm

mr:= inf (Tz, ), Mp:= sup (Tx, z).
[lz||=1 lz||=1

Torga Sp(T) C [m7, Mr| u my, My € Sp(T).
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<1 YuuTsiBas 3pMUTOBOCTH ortepaTopa I —Re A B paccmarpuBaemom
npoctpancTse H, u3 ToxKecTBa

([Az — TJ,‘HZ = |Im )\|2Hﬂc||2 +||Tz — Re )\33||2

Ha ocHoBanuu 6.5.4 nonxygaem Brimodenue Sp(7T) C R. Eceau A < mr,
TO JIsA 31eMenTa ¢ € H ¢ eqummanoit HopMoit |z|| = 1 o HepaseHCTBY
Komm — Bynsakosckoro 6.1.5

Az — Tzl = ||Ae — T|| [[z]| > [(Ax — Tz, z)| =
=|A=(Tz, z)| =Tz, z) = A>mp — A > 0.

Anennanus k 6.5.4 gaer: A € res(T). Ecam ke A > My, 10 aHagornd-
HBIM 00pa30M

e—Tz| > |(Az—Tx, z)| = | A= (Tz, )| = A= (Tx, x) > A= Mg > 0.

Buosb A € res(T'). Oxonuarensno Sp(T) C [mr, Mr|.
IMockonsky (Tz, ) € R upu x € H, To B cuiy 6.5.2

|17 = sup{[(Tz, )| : [l«] <1} =
=sup{(Tz, )V (—(Tz, z)): ||z <1} = My V (—mq).
Homyctum cuavaina, aro A:= |T|| = My. Ecau ||z|| = 1, 10
Az — Tx||? = A2 = 2X\(Tz, =) + ||T=|* < 2||T|? - 2|T||(Tz, z).
uate roBopsi, ClpaBe/InBa OLEHKA

int [\ = Tl < 20T it (7] - (T, 2) = .
ITpusiekas 6.5.4, 3akimouaem: A € Sp(T).

Paccmorpum tenepn omeparop S := T — myp. dcno, aro Mg =
My —mp > 0umg = mp —mp = 0. Takum obpazom, ||S]| = Mg u
no yxke gokaszaaaomy Mg € Sp(S). Orcrona cienyer, uro Mr BXOIAT B
Sp(T), ubo T' = S + mr, a My = Mg + my. Ocragocs 3aMeTUTh, YTO
my = —M_p uSp(T) = —Sp(-T). >

6.5.6. Cuencreue. Hopma spMHTOBa omeparopa paBHa DPauyCy
ero crekTpa (d CIeKTpajbHOMY paguycy). <>

6.5.7. CiaeacrBue. DpMUTOB OIIEpaTOP SIBISETCS HYJIEBBIM B TOM
U TOJIBKO B TOM CJIydae, €CJIH Yy Hero HyJeBOH CIeKTp. <>
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6.6. KoMmakTHbIE SPMUTOBBI OIIEPATOPHI

6.6.1. ONPEAE/IEHUE. Ilycte X u Y — GaHaxOBbI IIPOCTPAHCTBA.
Ouneparop T € Z(X, Y) naspBaior xomnaxkmmvim (IIPU 9TOM HUILYT
Te X (X,Y)), eciu obpas T'(Bx) equaugnoro mapa By B X oTHOCH-
TEJIbHO KOMIIAKTEH B Y .

6.6.2. SAMEYAHUE. IlompobHoe mccmemoBaHne KOMIAKTHBIX OIIe-
pPaTopoB B OAHAXOBBIX ITPOCTPAHCTBAX COCTABJISIET COJIEPYKAHUE TEOPUU
Pucca — Ilaynepa. DTa Teopusi pacCCMOTPEHA B TJI. 8.

6.6.3. IIycrs T' — KoMHaKTHBIH 3pMUTOB orteparop. Ecam 0 £ X\ €
Sp(T), To A — coberBennoe qncao T, 1. e. ker(A —T') # 0.

< ITo xpureputo Beisst i1t HEKOTOPO#A TOCIEI0BATENBHOCTH (L7 )
takoil, 4ro ||x,|| = 1, Bemonseno Az, — Tx, — 0. He napymas
obuiHoCTH, OyIeM CYMTaTb, 4TO HocjenoBaresabHOCTh (1'T,) cXomuTcs
K y:= limTz,. Torna us roxuecrsa Az, = (Az,, — T'z,,) + Tx,, nomy-
qaeM, 4To cymectsyer npeien (Ar,) u y = lim Ax,. CuenosaresnbHo,
Ty = T(lim Azy,) = Alim Tz, = Ay. Tax kak |ly|| = |A|, 3akmouaem,
9TO Yy — CcOOCTBEeHHBIN BeKTOp 1. >

6.6.4. Ilycre A\, Ao — pasymdHble COOCTBEHHBIE YHCJIA SPMHUTOBA
omeparopa 1, a x1, To — oTBeYaroIHe \1 H Ay COOTBETCTBEHHO COO-
cTBeHHbIE BEKTODBI (T. . g € ker(As — T), s:= 1, 2). Torma x1 u o
OPTOI'OHAJIbHBI.

1 1 Ao
< (JCl, 1‘2) = f(TLEl, JCQ) = 7(1»1’ T.’L’Q) = 7($17 1‘2) >
A1 A1 A1
6.6.5. [lis Besikoro € > () BHE IPOMEXKYTKA |—€, €] MOXKer JiexKaTh
JIHIIb KOHEYHOE THCJI0 CODCTBEHHBIX THCE/T KOMIIAKTHOTO 9PMHTOBA, OITe-
paropa.

< IIyerb (An)nen — HOCIIEIOBATENLHOCTD MIOHAPHO PA3JIUYHBIX COO-
crBeHHbIX dnces T, upudeM |\, | > e. Ilycrs, nasee, x,, — cobcTBeHHbII
BEKTOP, OTBEUAIONIUH A, U Takoil, uro |z,|| = 1. B cuny 6.6.4 umeem
(T, Tm) =0 upu m # k. 3uauwur,

T2 — Tag|* = | Twm|* + | Taxl® = X5, + AR > 262,

T. e. 1OCaeH0BATENbHOCTD (T Ty )peN HE SBJISETCS OTHOCHTEILHO KOM-
nakTHoi. [losy4ynian nporuBopeune ¢ KOMIaKTHOCTBIO 1. >
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6.6.6. Jlemma o pazbuennun crnektpa. Ilycts T — KoMmakTHBIH
9pMUTOB oneparop B ruiasbepropoM npocrparcrse H u 0 #£ A € Sp(T).
Homoxkum H)y := ker(A — T'). Torma H) KOHEYHOMEPHO H DPAa3JIOXKEHHE
H=Hy&H /{- npusogut 1. Ilpu sTOM HMeeT MeCTO MaTPHIHOE TIPEJ-

craBJIEHHe
A0
T~ (0 TA> ’

e omeparop 1y — dacts T B H f\- — 5PMHUTOB H KOMITAKTEH, IIPHIEM
Sp(Tx) = Sp(T") \ {A}-

< TommpocrpamcTtBo H) KOHEIHOMEPHO BBHIY KOMIIAKTHOCTH 1.
ITomumo sToro, H, MHBApPMAHTHO OTHOCUTEJBbHO 1. 3HAYUT, OPTOro-
HaJbHOEe Jorosnenne H )J\- mompocTpancTBa Hy) — mHBapMaHTHOE TOI-
upoctparctso T*(= T'), u6o somosneno (Y € Hy)(z, h) =0= (Vz €
H))(T*h, z) = (h, Tx) = 0.

Yacts onteparopa T' B Hy — 310 siBHO A. KOMITaKTHOCTH U 3PMUTO-
BocTh vactu 1y oneparopa T B H Al HecomHeHHBbI. CTOJIb K€ 0YEBUIHO,
9TO TIPH [t 7 A OIepaTop

_N,u—)\ 0
net (0 uTA)

o0paTuM B TOM U TOJIBKO B TOM ciy4ae, eciau obparum pu — Ty. HAcuo
TaK>Ke, YTO A He SBJISETCS COOCTBEHHBIM 4ucjom 1h. >

6.6.7. Teopema I'mipbepra — Illmusara. [lycre H — ruisbep-
TOBO MPOCTPaHCTBO U T — KOMOAKTHBII 9pMuTOB orteparop B H. Ilycrs,
naamee, P\ — opronpoektop ma ker(A — T) mms A € Sp(T). Torma BeI-

ITOJTHEHO
T = Z APy.
AESP(T)

< Ilpusnekas nyxxuoe gncyo pa3 6.5.6 u 6.6.6, 111 11000TO KOHEU-
Horo nogmuozxkecrsa 6 B Sp(T') nosydaem

HT - Z)\P,\

A€l

=sup{|A|: A€ (Sp(T)U0)\ 0}

Ocraerca cocinarbed Ha 6.6.5. >
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6.6.8. SAMEYAHUE. Teopema ['mibbepra — Illmuara comepkut
HOBYO MH(POPMAIIUIO [T0 CPABHEHUIO ¢ KOHEYHOMEPHBIM CJIy4aeM 110 CyTH
JleJia JIMIIh TOTJa, Korja omeparop 1 «0eCKOHEYHOMEDEH», T. €. UMEeEeT
6eCKOHEeIHOMEePHBIIH 06pa3 WM, |4To TO e camoe, ecm Hg — Geckoneu-
HomepHoe npocrpanctso (Hg:= kerT'). eficTBuTesbHO, €Cm oneparop
T KOHEYHOMEpEH, T. €. MMeeT KOHEYHOMEPHBIN 00pa3, TO MOIIPOCTPAH-
crBo Hy- m3omopdmo 3ToMy 06pasy u, CTano GuITh,

T = Z)\k<ek> = Z)\ke;C & e,
k=1 k=1

rae Ai, ... , A\, — HEHYJIEBbIE TOUKHU CIIeKTPa ', «B3sIThIE C yIETOM KPAT-
HOCTH», & {e1,...,e,} — OpTOHOpMaLHBI Gasuc B Hy, BHIGpAHHDIT
JIOJIPKHBIM 0Opa30M.

Teopema I'manbepra — IlIMuaTa mOKa3bIBaET, ITO C TOYHOCTHIO 10
3aMEeHBI CYyMMBI PSIIOM OECKOHETHOMEPHBIE KOMIIAKTHBIE SPMUATOBBI OITe-
paToOpBbI YCTPOEHBI TaK Ke, KaK U KOHEeYHOMepHbIe. B camom jese, mipu
A % p, Te A, [4 — HEeHyJIeBble TOYKH creKTpa 1', cOBCTBEHHBIE TOIITPO-
crpancrsa Hy n H, KoHeYHOMEPHEI H OpTOroHaIbHEL IIpn sTOM rub-
bepToBa cymMa Dxesp(r)\0HA PaBHa Hy = climT, u6o Hy = (imT)> .
Crpost «110 TIOpsiJIKY» 6a3KCHl B KOHEYHOMEDHBIX IpocTpancTBax H)y (me-
PEHYMEpPOBBIBasi COOCTBEHHDBIE UHMCA «B MOPSIKE YOBIBAHUS MOJIY/IEH 1
C yYeTOM KPATHOCTH», T. €. TMOJaras Ay := Ag = ...:= >\dimH;1
A1 Adim Hyy 1 1= o= Adim Hy, +dim Hy, = A2 U T. J.), HOJdydaeM pas3-
soxenne H = Hy ® Hy, ® Hy, ® ... u upejcrasjeHue

T = Z)\k<€k> = Z)\kek X €k,
k=1 k=1

rjae p4l CYMMHUPYETCs B OllepaTOpHON HopMe. <I>

6.6.9. Teopema 06 ob6IrieM BHEe KOMIAKTHOTO oleparopa.
Hycre T € # (Hy, Hy) — 6eckoHeYHOMEPHDIT KOMIAKTHBIH OEepaTop,
JeiicTByforuii U3 rujapbepropa npocrpancrea Hy B ruibbepToBo mpo-
crparcrBo Hy. CymectByror oproHopMaJsibHbie cemeiicrBa (ex)gen B Hi,
(fx)ken B Ha 1 cemeticrbo uncen (pg)ren B R\ 0, py | 0, ju1st KoTophix
CIIPABEJIABO TIPEJCTABICHHE

)
T = Z/.Lkegc ® fi-
k=1
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< HMonoxum S:= T*T. Iougaruo, aro S € B(H;) u S KOMIAaKTEH.
Homumo storo, (Sz, z) = (T*Tx, z) = (Tx, Tz) = ||Tz|*. 3nauwnr,
B cuity 6.4.6, S spmuroB u Hy:= ker S = ker T. OTmerum Takke, 910
Sp(S) € R 1o Teopeme 6.5.5.

ITyctdb (ex)ken — OPTOHOPMAJIBHBIN 0asuc B HOl 13 COOCTBEHHBIX
BEKTOPOB S U (Ag)keNy — COOTBETCTBYIOINAsi yOBIBAOIIAS HOC/IEI0BA-
TEJIbHOCTH MOJIOXKUTEJIbHBIX COOCTBEHHBIX 3HaueHuit A > 0, k € N (cp.
6.6.8). Torna ssement x € Hy MOXKHO paziokuTh B psij Dypbe

o0

x — P, = g (z, ex)eg.
k=1
Taxkum obpasom, yunrsiBasi, uro 1T Py, = 0, u nosaras p VA 1
fro:= ,u,;lTek, [TOJIy 9aeM
oo oo
Tx:E(m ekTekfg x, eg) Tekfg we(x, er) fr.
k=1 k=1 k=1

CewmeiicTBo (fi)ren OPTOHOPMAJIBHO, UGO

Te, Ten, 1
(fnv fm) - <7 ) - (Tena Tem) —
1229 Hm Mo fom,
1 1
= (T*Tey,, en) = (Sen, em) =
[infbm T
1

fin
- ()\nena em) - (ena em)~

Hny Hm Hm
[Tpusnekas Teneps nocsaenoBarensbHo TeopeMy [ludaropa n HepaBeHCTBO
Beccesnst, BeiBOIIM:
2

00 2

> (s en)fi

k=n-+1

o-fymies)

oo o0

= D il el < x|l e < Al

k=n+1 k=n+1
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OxkoH4YaTeIbHO, YAUTBIBas cOOTHOIIEHNE A, | 0, mveem

n
T—Zuw@@fk < ppyr — 0. >
k=1

6.6.10. SAMEYAHUE. Teopema 6.6.9 o3Hadaer, B 9aCTHOCTH, YUTO
KOMIIAKTHBIE ONEPATOpbl (M TOJLKO OHU) CYThb TOYKK HPUKOCHOBEHUS
MHOXKECTBA KOHEYHOMEPHBIX OIIEPATOPOB. DTOT (PaKT BHIPAYKAIOT eIlle
U TakK: «IUJIbOEPTOBO IPOCTPAHCTBO 00JIAAaeT CBOMCTBOM aIllIPOKCUMA-
I ».

YapaxkHeHust
6.1. HaiiTu KpaiiHue TOYKHU I1apa ruib0epTOBa MPOCTPAHCTBA.

6.2. BoisicHUTBH, Kakue U3 KJIACCHYECKUX OGAHAXOBBIX IIPOCTPAHCTB I'MJILOEPTO-
BBI, & KaKie — HeT.

6.3. Bymer u runb6epToBbIM (haKTOP-IMIPOCTPAHCTBO THILOEPTOBA IIPOCTPaH-
crea?

6.4. Kaxkjoe jiu 6aHAXOBO IMPOCTPAHCTBO BKJIAJIBIBAETCS] B MMJILOEPTOBO IIPO-
CTpPaHcTBo?

6.5. Moxker a1 ObITH rMJILOEPTOBBIM IPOCTPAHCTBO OTPAHUYEHHBIX SHIOMOP-
bu3MoB rupbepToBa pocTpancTsa’

6.6. Onucarnb BTOpPO€ OPTOTOHAJIbHOE JOIIOJTHEHNE K MHOXKECTBY.

6.7. JlokazaTb, 4TO HU OJMH I'MJILOEPTOB 6a3MC GECKOHEYHOMEPHOIO I'MJIbbep-
TOBa IIPOCTPAHCTBA HE ABJIAETCA ba3ucoM [amess.

6.8. IlocTpouTh Ha OTpE3Ke HaUJIydlllee IPUOJIIKEHNE B MeTPpUKe Lo mosimHOMA
creneHu n + 1 HOJIMHOMAMU CTEIEHH He BBIIIE M.

6.9. JlokasaTh, 9To | y B TOM M TONBKO B TOM ciaydae, eciu |z + y||? =
el + llyll? m flz +ayll* = ll=lI® + [lyll*-

6.10. /Inst orpanudeHHoro omneparopa 1’ yCTaHOBUTH COOTHOIIIEHUSI
(kerT)*: =climT*, (imT)’ = ker T*.

6.11. BbIsiCHUTH CBSI3M MEXK/1y SPMHUTOBBIMU (pOPMaMH M SPMHUTOBBIMHU OIlEpa-
TOpaMU.

6.12. HaiiTu 3pMUTOBO COIPsiz?KEHHBIE OIIEPATOPHI K OllepaTOpaM CJIBUTa, YMHO-
JKEeHUsl, K KOHEYHOMEPHOMY OIepaTopy.

6.13. JlokasaTb, YTO OIEPATOP B I'MJbOEPTOBOM IPOCTPAHCTBE KOMIIAKTEH B
TOM ¥ TOJIBKO B TOM CJIydae, €CJIM KOMIAKTEH SPMUTOBO COIPSI’KEHHBIM K HEMY OIle-
parop. Kak cBsI3aHBI COOTBETCTBYIOINE KAHOHUYECKNE IIPEJCTABJIEHUs 9TUX Olepa-
TOpOB?
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6.14. Ilyctp u3BecTHO, yTO omeparop 1 — m3omerpusi. Byuer ju nsomerpueit
omeparop 17

6.15. Hacmuwraa usomempus — STO ONEPATOP, SABJISIOIIUICT U30MeTpUell Ha
OpPTOrOHAJBbHOM JOIOJIHEHUU CBOero siipa. Kak ycTpOeH 3pMHUTOBO COIPSI’KEHHBIA K
YaCTUTIHON N30METPHUHU OLepaTop?

6.16. KaxoBbl KpaifHue TOYKH eIUHITHOrO [Iapa B IPOCTPAHCTBE SHI0MOPdU3-
MOB T'UJIL0EPTOBA TPOCTPpaHCTBA?

6.17. JloxasaTb, ITO IPHU Cy?KEHHUU Ha II1ap cyabas TOMOJIOrus cernapadbesibHOro
ruapbepToBa MPOCTPAHCTBA CTAHOBUTCS METPU3YEMOI.

6.18. JlokazaTbh, 4TO MAEMIIOTEHTHBINH onepaTrop P B ruibGEpTOBOM IIPOCTPAH-
CTBE sIBJISIETCsI OPTOIPOEKTOPOM B TOM M TOJIBKO B TOM CJIydae, ecjii P KOMMYyTHUDY-
er ¢ P*.

6.19. Ilycrs (akl)k 1eN — 6ecKOHeYHasl MaTpUIla Takas, U4To ag; > 0 [ Bcex
k, | m, KpomMe TOro, NUMEIOTCS TakxXKe P u B, v > 0 Takue, ITO

oo oo

Z apipr < Bpi; Z appr < vpr (K, LEN).

k=1 =1

Torza cymecrsyer oneparop T € B(l2) Takoit, uro (e, e;) = ap u ||T|| = /B (rze
e — KaHOHHYECKUil 6a3uc B l2, COCTABJIEHHBIN XapaKTEPUCTUIECKUMU (DYHKITHMSIMUA
Touek u3 N).



I'maBa 7

ITpuHIIMIIbI 0aHAXOBBIX
IIPOCTPAHCTB

7.1. OcHoBHoli ipuHIMO Banaxa

7.1.1. JIemMma 0 TOIOJIOrH9€CKOM CTPOE€HHUH BBIITYKJIOIO MHO-
s>kectBa. Ilycrs U — BBIIYKJIOE€ MHOXKECTBO C HEILyCTOH BHYTPEHHOCTBIO
B (MysibTH)HOpMEpOBaHHOM HpocTparcTse: int U # &. Torma

1) 0<a<l=adU+(l—-a)intU CintU;
(2) coreU = intU;
(3) clU =clintU;
(4) intclU =intU.

< (1) Jast ug € intU B cuny 5.2.10 muOXKecTBO int U — ug — or-

KpbITasi OKpecTHOCTDb Hysisi. Orctoma mpu 0 < o < 1 mosmyuaem

aclU CcaU Cc aU + (1 = a)(int U — up) =

=aU+(1—-a)intU — (1 —a)up C
CaU+(1—-a)U—-(1—-a)up CU — (1 — a)ug.

Takum obpaszom, (1 — a)ug + aclU C U wu, crano 6eirb, U comep-
KuT (1 —a)intU + aclU. Ilocieanee MHOXKECTBO OTKPBITO, HOO IIPE]T-
cTaBJisieT coboit pe3yabrar caoxkenus acllU ¢ OTKPBITHIM MHOYKECTBOM
(1—a)intU.

(2) Hecomnuenno, uro int U C coreU. Ecim xe ug € intU n u €
core U, 1o ayist nekoropsix u; € Un 0 < a < 1 6yzer u = aug+(1—a)ug.
IMTockosbky uy € clU, na ocnoBanuu (1) 3akmodaem: u € int U.
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(3) HonsrHo, uro clintU C clU, ubo intU C U. Eciu, B cBOMO
ouepenb, u € clU, 1o, BeIGpas ug € int U u HoJI0KuB U, := atg+(1—a)u,
BUIUM: Uq — U Ipu @ — 0 uy € intU, xorma 0 < a < 1. Urak, mo
noctpoenuto u € clint U.

(4) U3 Brmouenuit int U C U C clU soltekaer, uro int U C intclU.
Ecsu teneps w € intclU, To, B cuny (2), u € coreclU. 3uagur, BHOBb
BBIAEAS Uy € int U, momeimem w1 € clU n 0 < a < 1, 1/19 KOTOPBIX U =
aug + (1 — @)uy. Ipusnekas (1), okoH9YaTETBHO BBIBOAUM: U4 € int U. >

7.1.2. BAMEYAHUE. B ciydae KOHEYHOMEPHOCTH PACCMATPUBAE-
MOTO TIpocTpaHCcTBa yciosue int U # & B mynkrax 7.1.1 (2) u 7.1.1 (4)
MOYKHO OITYCTHTH. B 6€CKOHETHOMEPHON CUTyaIllny HAJIIMYINEe BHY TPEHHEIH
TOYKH, KaK IIOKa3bIBalOT MHOI'OYNCJ/IEHHbIC IIpI/Il\/Iepr7 — 9TO CyIILeCTBeH—
Hoe TpeboBanue. B gacraocTH, Tak obcrout meso upu U:= B., N X, rue
Co — TIPOCTPAHCTBO CXONAIIUXCS K HYJIIO HOCaeqoBareabHocTel, a X —
ITOAIIPOCTPAHCTBO (PUHUTHBIX MTOCTEI0BATEILHOCTER B Cg, T. €. TpsMas
CyMMa CYETHOI'O YHCJIa IK3EMILISIPOB OCHOBHOTO TOJIA. B camowm jere,
6eccriopso, coreU = @ n B 10 xKe BpeMms clU = B,,. <>

7.1.3. OUPEJAEJEHUE. Muoxectso U B (MyJIbTH)HOPMUPOBAHHOM
mpocTpancTBe X HA3BIBAIOT UJCAAbHO BbINYKAbLM, e U BbIJIEpKUBa-
eT 00pa30BaHUE CUEMHLIL SLNYKABL Kombunauutl. Tounee rosops, U
UJIEAJIBHO BBIMYKJIO, €CJIM, KaKOBBI Obl HU OBLIU II0CJIE0BaTEIbHOCTU
(n)nen 1 (Un)nen, Tae ay, € Ry, S i a, = 1uu, € U, s ko-
TOPBIX PSZL Y 4 Ol cxoauTes B X K JIEMEHTY U, BBIIOIHEHO u € U.

7.1.4. IIPUMEPHI.

(1) Hapasiensubiii (Ha BEKTOp ug) IEPEHOC T +— T + Ug
«COXPAHSIET> UJCAJNBHYIO BBIIYKJIOCTD.

(2) BamKHYTOE BBIUIYKJIOE MHOXKECTBO HJI€AJIHHO BBIILYKJIO.
(3) OrkpbiTOE BBILYKJIOE MHOXKECTBO HJI€AJIBHO BBIILYKJIO.

< B camom gene, mycts U oTkpbITO 1 BRITyKI0. Ecmm U = &, To
JIOKa3bIBaTh Hedero. Ecmm xe U # &, mo no 7.1.4 (1) MoXHO c4n-
tath, aro 0 € U m, smaunt, U = {py < 1}, tme py — dyukumo-
Hast Munkosckoro muOXkectBa U. Ilyerh (Up)neny U (Qp)pen — TO-
creposarensroct B U u B R. Takme, 9ro Y ° o, = 1 u siement
wi= Y ° apu, #e monan B U. B cury 7.1.4 (2), u nexur B clU =
{pv < 1} u, crano 6eirh, py(u) = 1. C apyroii CTOpOHBI, SCHO, YTO
pu(u) < 3 anpu(u,) <1 =35 a, (cp. 7.2.1). Urax, 0 =
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o0 o0
Yoo —anpu(un)) = >0 1 an(l — py(uy)). Orcioma oy, = 0 maa
Bcex n € N. Tlosyuman nmporuBopeune. >
(4) ITepeceuenmne mpou3BOJIBHOIO CeMeHCTBA HIEAJIbHO BbI-
IIYKJIBIX MHOYKECTB HJI€AJIHHO BBILYKJIO.

(5) Bprirmykoe HOJMHOXKECTBO KOHETHOMEPHOT'O IMTPOCTPAHCT-
Ba maeaJIbHO BBIITYKJIO. <[>

7.1.5. OcHoBHo¥i npuanun Banaxa. B 6aHaxoBoM IpocTpaH-
CTBE HJIeaJIbHO BBIIIYKJIOE MHOXKECTBO C IIOIJIOIIAIOIINM 3aMbIKAHHEM SIB-
JISIETCST OKPECTHOCTBIO HYJISI.

< IIycrs U — Takoe mHOXKecTBO. 110 yC/I0BUIO /1151 paccMaTpuBaeMo-
ro banaxoBa npocrpancTa X BbimogHeHO X = UyennclU. Ilo Teopeme
Bspa X — meromee MHOXKeCTBO U, CTaIo0 OBIThH, HalijeTcss n € N, s
koroporo intnclU # &. Takum obpazom, intclU = 1/n intncllU # @.
Ham usBecrHo, uro 0 € coreclU. 3uaunt, Ha ocHoBanuu 7.1.1 3aKiiro-
qaeM: 0 € intclU. Uupivm cimoBamu, cymecrsyer 6 > 0 Takoe, 9To
clU D §Bx. CnenoBareabHO, UMEET MECTO COOTHOIIEHHE:

1 )
e>0=cl-U D -Bx.
19 13

C moMompo NpUBEIEHHON MMILIUKaIUK 11posepumM, 9to U D §/2 Bx.

IMycrs g € §/2 Bx. Tonaras €:= 2, Boibepem y; € 1/e U u3 ycio-
Bus ||y1 — xo|| < 1/2¢4d. Ioayuaem smement uy € U, mjis KOTOPOro
11/2uy — xo|| < 1/266 = 1/406. Ilonaras teneps xg:= —1/2uy + zo 1
€:= 4 ¥ UpuMeHss IpeAbLIYIIHe PACCy KICHUsI, OOHAPYKUBAEM 3JICMEHT
ug € U rakoit, 9to ||1/4uz + 1/2u; — x| < 1/2¢6 = 1/86. Ilpomon-
JKasl TPUBEJICHHBIN ITPOIECC M0 MHIAYKIMH, CTPOUM IOCJIEI0BATEILHOCTD
(tn)nen B U, 06181a10ILYI0 T€M CBOHCTBOM, 9TO sz » o 1/2™ u,, cxo-
aurest K xo. Ilockomeky .o 1/2" = 1 n muO)ectBo U nieasbHO
BBIIIYKJIO, BEIBOIUM: Tg € U. >

7.1.6. B 6anaxoBoM IMPOCTPAHCTBE Y UJEAJIBHO BBIITYKJIOIO MHOXKE-
CTBa COBHaAAIOT AP0, BHYTDEHHOCTD, AP0 3aMbIKaHU U BHY TDEHHOCTD
3aMbIKaHUA.

< dcuo, uro int U C coreU C coreclU. Ecam u € coreclU, To
cl(U — u) = clU — u — noryomiaromiee MHOKeCTBO. [Ipu mapasiieabHoM
[IePEeHOCe UJeaIbHO BBITYKJIOE MHOXKECTBO [T€PeiIeT B MJIeaIbHO BhIITYK-
sgoe mHOXKecTBO (cM. 7.1.4 (1)). 3naumr, U — u — OKPECTHOCTb HY-
JIs 110 OCHOBHOMY mnpunnuiy banmaxa 7.1.5. B cmiry 5.2.10, u BxomuT
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B intU. Urak, intU = coreU = coreclU. IlpuBnekas 7.1.1, umeem
intclU =intU. >

7.1.7. dnpo m BHyTpeHHOCTh 3aMKHYTOI'O BBIIIYKJIOI'O MHOXKECTBA
B baHAXOBOM IPOCTPAHCTBE COBIAJIAIOT.

<1 3aMKHYTO€ BBIMYKJIOE MHOYKECTBO HJICAJTHHO BBITYKJIO. [>

7.1.8. BAMEYAHUE. Ananm3 7.1.5 mokasbIBaer, 94To ycjaoBue GaHa-
XOBOCTH B 7.1.7 UCTIOIL30BAHO He B IOJIHON Mepe. CyIecTBYIOT IPUMEPHI
HETIOJTHBIX HOPMUPOBAHHBIX ITPOCTPAHCTB, B KOTOPBIX SJIPO M BHYTPEH-
HOCTB Y JIIOOOIO 3aMKHYTOI'O BBIIIYKJIOTO MHOXKECTBa coBHAIaioT. IIpo-
CTPAHCTBA, 00JIa IAIONNE YKA3AHHBIM CBOMCTBOM, HA3BIBAIOT H04EYHLMU.
[Tousite 609€YHOCTH, KAK BHUJHO, UMEET CMBICJ U B MYJHLTHUHOPMUPO-
BaHHBIX ITPOCTPAHCTBaX. 3BECTHBI IMUPOKHE KJIACCHI OOUETHBIX MYJIb-
TUHOPMHUPOBAHHBIX MPOCTPAHCTB. B 9aCTHOCTH, TAKOBBI MIPOCTPAHCTBA
Operrre.

7.1.9. KOHTPIIPUMEP. B Ka>kj0M 6€CKOHETHOMEPHOM ODAHAXOBOM
IIPOCTPAHCTBE CYIIECTBYIOT abCOIIOTHO BBIILYKJIBIE IIOIVIOMIAIONIHE, HO HE
H[eAJIBHO BBIITYKJIBIE MHOXKECTBA.

< Ucnonwsyst, HanpuMep, 6asuc lamestsi, BO3bMeEM Da3pbIBHBII JI1-
ueitupnit dynxmponan f. Torga muoxectso {|f| < 1} — nckomoe. >

7.2. IIpyHIUIIBI OTPAHUYEHHOCTH

7.2.1. Ilycte p: X — R — cybuunerinsii (pyHKIIHOHAJ HA& HODMH-
posanzoMm npocrpanctse (X, || -||). Cuenyromue yrBepkieHust SJKBUBa-
JIGHTHBI:

(1) p paBHOMEpHO HENpEpHIBEH;

(2) p HempepbiBeH;

(3) p mempepbiBen B HyuIe;

(4) {p <1} — okpecrHOCTH HYIST;

(5) |Ipll:==sup{|p(z)|: ||z|| <1} < +o0, T. €. p orpanmdeH.
< Mmnmmkanuu (1) = (2) = (3) = (4) oueBuHbL

(4) = (5): Haitmerca t > 0, mia xoroporo t !By C {p < 1}.
IMostomy mpu ||z]] < 1 6yger p(x) < t. Kpome Toro, u3 HepaBeHCTBa
—p(—z) < p(z) BuiTeraer, uro u —p(z) < ¢ upu x € Bx. OKOHYATEIBHO
Pl <t < +oo.

(5) = (1): U3 cybamnurusnocru p i , y € X noiaydaem

p(x) —p(y) <plx—y); ply) —plx) <ply — ).
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Otciona [p(z) —p(y)| < p(z —y) Vply —z) < |p| [z —y|. >

7.2.2. Teopema I'eabgpanga. llonyHnenpepbIBHBIH CHH3Y CyOJIH-
HEeHHbBIH (DYHKIHOHAJI, OIIPEJIeJICHHBII Ha OAHAXOBOM IIPOCTPAHCTBE, He-
IIPEPBIBEH.

< Iycrb p — rakoit dynknuonan. Torma muOo)kecTBo {p < 1} 3a-
MKHYTO (cM. 4.3.8). TTockosibky domp — 9TO BCe IPOCTPAHCTBO, TO, II0
3.8.8, {p < 1} — wmorsomaroiee MHOXKecTBO. 10 OCHOBHOMY HPHHIHILY
Banaxa {p < 1} — okpecrrocts Hyas. Ocranocs nmpumernts 7.2.1. >

7.2.3. BAMEYAHUE. Teopemy [esbbanga MoxkHO OoJiee pa3BepHYy-
TO bopMyIHUPOBATH CieayomuM obpazom: <«ecan X — OAHAXOBO IMPO-
CTPAHCTBO, TO 9KBUBaJIeHTHBIE ycyosus 7.2.1 (1)-7.2.1 (5) paBHOCHIBLHBL
BBICKA3BIBAHMIO: P TOJYHEIPepbIBeH cHu3y». OTMeTruM 31ech XKe, 9TO
TpeboBanne domp = X MOYKHO HECKOJIBKO OCJIA0OUTH M CUUTATH, UTO
dom p — HeToIIIEE JTUHEHHOE MHOXKECTBO, HE IIPEJIIIoIaras Ipu 3TOM I0JI-
HOTBI X .

7.2.4. IIpunnun paBHOCTEMEHHOH HenpepbiBHOCTHU. [lycts X
— 6aHaxoBO NPOCTPaHCTBO 1Y — (10JIy )HOPMHPOBAHHOE MIPOCTPAHCTBO.
Jlist J1F060r0 HEImycToro MHOXKECTBa & HEIMPEPBHIBHBIX JIHHEHHBIX Ollepa-
TopoB u3 X B Y 9KBHBAJEHTHBI yTBEPXKICHUSI:
(1) & morodedno orpanmdeHo, T. e. A BCAKOro ¥ € X
orparndeno B'Y muoxkecto {Tx: T € £};
(2) & paBHOCTENIEHHO HENPEPBIBHO.
< (1) = (2): Homoxum g(z) := sup{p(Tz) : T € &}, tne p
— mosayHopMa B Y. HecoMmHEHHO, YTO ¢ — TOJyHENPEPHIBHBINA CHU-
3y cyOJIMHENWHBIN (DYHKIMOHAJ U, CTAJIO OBITh, 1O Teopeme leabdanaa
llall < 400, T e. p(T(x —y)) < |q|| ||z — y|| npu Becex T' € &. Bnaunr,
T ({dp < e}) D {dy < ¢/llqll} nnsa xaxmoro T € &, tae e > 0 —
pon3BoJIbHOE uncyo. IlocieiHee 03HaMaeT PABHOCTEIIEHHYTIO HEITPEPhIB-
HOCTB &.
(2) = (1): OueBnuHo. >

7.2.5. IIpuninun paBHOMEpHOI orpaHudeHHocTu. Ilyctp X —
6aHAXOBO MPOCTPAHCTBO W Y — HOPMHPOBAHHOE HPOCTPAHCTBO. Jlist
Jsoboro Hemycroro cemeiicrsa (Te)ee OrpaHHYCHHBIX OIIEPATOPOB SKBU-
BAJICHTHBI Y TBEPIKICHUS:

(1) z € X = supge |[|Tex| < +o0;
(2) supee [|Te]l < +oc.
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< Jocrarouno 3aMeTuthb, 4ro 7.2.5 (2) — 910 Apyras sanuch 7.2.4
(2). >

7.2.6. Ilycte X — 6aHaxoBo npocrpaHcTBO u U — MHOXeCTBO B
X'. Toria sKBHBAJEHTHBI Yy TBEPK JICHUS:
(1) mmoxkecrBo U orpanmieno B X';
(2) g xkaxmoro x € X umcnosoe muOXKectBO {(T|2')
x' € U} orpanmgeno B F.

<1 D710 YacTHBIN caydait 7.2.5. >

7.2.7. Ilyctb X — HOpMupoOBaHHOE NpocTpaHcTBo u U — MHOXKe-
crBo B X. Torsia 9KBUBAJICHTHBI YTBEPIKJICHUS:
(1) muOX!)CECTBO U OrpannyeHo B npocrpaHcTse X ;
(2) s kaxxnoro @' € X' unciosoe muoxkecrso {(x|z') :
x € U} orpannieno B F.

< Cuaenyer nposeputb Tobko (2) = (1). IMockosbky X' — Gana-
XOBO TpocTpancTBO (eM. 5.5.7), a X msomerpudecku BjoxKeHO B X' ¢
HOMOIIIBIO JiBoitHOrO mTpuxoBanus (M. 5.1.10 (8)), To TpeGyemoe BbITe-
Kaer u3 7.2.6. >

7.2.8. 3AMEYAHUE. BoickazbiBanue 7.2.7 (2) MoxkHO nepedopmy-
JINPOBATH TAKUM 00pa30M: «MHOXKeCTBO U OrpaHUYeHO B IMIPOCTPAHCTBE
(X, o(X, X")» mm xe, B cBasu ¢ 5.1.10 (4), Tak: <«mHO)KeCcTBO U
ciabo orpanmdeno». JlBoiicTBeHHOCTD Ipesoxkenunit 7.2.6 u 7.2.7 6ymer
ITOJTHOCTBHIO BCKpbITa B 10.4.6.

7.2.9. Teopema Banaxa — Illretinraysa. Ilycrp X, Y — bana-
xoBbl npocrpanctBa u (T, )nen, T € B(X, Y), — nocienosarebHoCTD
orpannyeHHbIX oneparopos. Ionoxum E:= {x € X : FlimT,x}. Cre-
JYIOIHE YTBEPXKICHUS IKBUBAJICHTHBI:

(1) B=X;

(2) sup, ey | Th|| < +00 # E mumorno B X.
Ilpu BbimosHeHN SKBUBaeHTHBIX ycaoBuii (1), (2) orobpaxkenne Tp :
X — Y, onpenenernnoe coornomernem Tox := lim T, x, mpeacrapiser
c060it orpanmdeHublii mHelinbi oneparop u ||Tp|| < liminf ||T,].

< Ecim E = X, 1o, Komeuno ke, clE = X. Kpowme Toro, mams
kaxgoro ¢ € X nocuenosarenbrocts (1),x),cn orpanudena B Y (u6o
OHA CXOAUTCs). 3HAYUT, [I0 IPUHIUILY PABHOMEDHON OIpAHHMYEHHOCTH
sup, ey [ Tn]| < +o0 u (1) = (2) moxasauo.
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Ecsin Bomosineno (2) u x € X, ro myiga T € F u m, k € N cupases-
JIUBBI COOTHOIIEHUS

|Tmx — Trx| = || Tmax — Tin@ + Tin@ — 1@ + 13T — Tra|| <

<Nz — T Z|| + [|Tm® — THZ|| + | ThT — Trz|| <
<N Tl |z = || + | Tz — ToZ|| + | Tk T — 2| <

< 2sup | Tu|l |z — Z| + |Tm@ — TkT||-
neN

Bosbmem € > 0 u moabepeM, BO-TIEPBBIX, JEMEHT T € F,| /st KOTOpPOro
2sup,, ||Tx] [l — Z|| < €/2, a Bo-BTOPBIX, N € N Takoii, uro ||T,,T —
TyZ|| < /2 mpu m, k > n. B cury yxke ycranosieHHoro ||T,x —
Tezl <&, 1. e. (Thx)nen — dyHIAMEHTATBHAS NOCIEI0BATEIBHOCTD B
Y. Iockosbky Y — 6aHaxX0BO IMIPOCTPAHCTBO, 3aKkaiovaem: ¢ € F. Utaxk,
(2) = (1) nokazamo.

Ocranoch OTMETHTD, 9TO JJIg KasKI0ro & € X BEepHO

[Tox|| = Tim | Tz]| < liminf [T, [|2[],

nbo HOpMa — HelpepbIiBHAsT (DYHKIMS. [>

7.2.10. SAMEYAHUE. B ycioBusx teopembr banaxa — Illreiinray-
3a U3 CIPaBE/YIMBOCTU OJHOIO U3 SKBUBAJCHTHBIX yTBEpKIeHui 7.2.9 (1)
u 7.2.9 (2) MOXKHO ¢ZiesIaTh BBIBOJ, 9TO IOCIeI0BaTebHOCT (T),) €¢X0-
qurca K Ty paBHOMEPHO Ha KOMITAKTHBIX ITOJAMHOXKecTBax X. HMHbIMEI
CJI0BaMu, sl BCAKOTO (Hemycroro) KoMmmnakTa (Q B X BBIIOJIHEHO

sup ||Thz — Tozx| — 0.
z€EQ

<1 B camom nesne, o Teopeme lenpdanma cybauneiabit dyHKIN-
oHan py(z) := sup{||Tmz — Toz|| : m > n} HenpepwiBen. Ilpu sToM
pn(z) > prii(x) u pp(xr) — 0 s xaxxgoro x € X. 3HA4MT, Tpe-
OyeMoe BBITEKAET W3 meopemst Junu: <«yOBIBAIOMIAS IIOCTEI0BATE /b
HOCTH HEIIPEPBIBHBIX BEIIECTBEHHBIX (PYHKIIHIA, TOTOYECTHO CXOAIASICS
HA KOMITAKTe K HEIIPEPBIBHOM (DYHKIINHU, CXOAUTCS K 9TON (DYHKIUH PaB-
HOMEPHO». >
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7.2.11. Ipunanun ¢pukcamuu ocobernroctu. Ilycte X — bana-
XOBO IPOCTPAHCTBO 1 Y — HOpMupoBanHoe ripocrpanctso. Eciu (T),)nen

— mocJenoBareabHOCTh onepaTopoB u3 B(X, Y) u sup, [|T,] = +oo,
TO Haijgercss To9ka x € X, JIJIsT KOTOPOH BBIITOJIHEHO sup,, || Thx| = +00.

MrmoxkecTBO TaKHX «(UKCHPYIOMIAX 0COOEHHOCTb» TOYEK — BBITET.

<l IlepBast 9acTb yTBEPXKIEHUS COMEPAKUTCA B IPUHITUIIE PABHOMED-
HOI orpanndeHHOCTH. Bropas dacTs Tpedyer ccbuioK Ha 7.2.3 u 4.7.4. >

7.2.12. Ilpuanumn cryiieauss ocobennocreti. Ilycte X — bana-
XOBO MPOCTPAHCTBO U Y — HOPMHPOBaHHOE MpocTpancTBo. Eciwm jgaxo
cemeiictBo (Thy, m)n,men cemeiicrso B B(X, Y) takoe, aro sup,, ||Tnm|| =
400 ars kaxxgoro m € N, To cymectByer TouKa x € X, JIJIsT KOTOPOIt
sup,, || Tn,mz|| = +o0o0 npu Becex m € N. <>

7.3. IlpuHIINTO UI€aJTLHOTO COOTBETCTBUS

7.3.1. Ilycte X u'Y — BekropHble npocrpadcTtBa. CoorBercrBHE
F C X XY BbIITYKJIO B TOM H TOJILKO B TOM CJIy4ae, €CJIU JJIsT T1, To € X
n oy, ag € R. raknx, 910 0 + a9 = 1, IMeeT MecTO BKJIIOYEHHE

F(Oélﬂ?l -+ 01212']2) D OllF(l'l) -+ OZQF(IL'Q).

< <: Ecim (21, 91), (22, y2) € Fuag, ag >0, a1 + as = 1, 10
a1y + asys € F(anxy + agxe), nockonbky y1 € F(x1) u yo € F(z2).

=: Ecmm z1 mwm x5 He BxomuT B dom F, TO JOKa3BIBATL HEYErO.
Eciu xe z1, 29 € dom F u y; € F(x1), y2 € F(x2), T0o a1(x1, y1) +
as(x9, y2) € Fupu aq, ag >0, a1 +as =1 (em. 3.1.2 (8)). >

7.3.2. BAMEYAHUE. Ilycts X, Y — 6amaxoBsl mpocTpaHcTBa. flc-
HO, 9TO B mpocTpancTBe X X Y ymaeTcsd MHOTUMH CIOCOOAMU 3aaTh
HOPMY TaK, 9TOObI COOTBETCTBYIOINIAs TOIIOJIOTUSI COBIAJANA C IPOU3Be-
JleHueM TOIoJIOruii Tx U Ty . Hampumep, moxuo nosoxuts ||(z, y)||:=
lzllx + |lylly, T e. BBecTm B X X Y HOpMY Kak B CyMMy HMPOCTPAHCTB
X nY no tumy 1. OrMerum 37€Ch 2Ke, 9TO TOHATHE <UIEAJBHO BbI-
[YKJIOE MHOXKECTBO» UMEET JIMHEHHO TOIOJIOIMYECKU XapakTep, T. e.
BBIJIE/ISIEMBIH 9TUM MOHATHEM KJIACC O0BEKTOB HE 3aBUCHT OT CIOCOba
3a/laHUsl TOIOJIOrMU (B YACTHOCTH, HE MEHSETCS LIPU [epexoje K dKBU-
BaJICHTHOI1 (MysibTu)HOpME). B 9T0il CBSI3M KOPPEKTHBIM SIBJISETCS CJie-
JLyTOIIee OIIPEIEIEHNE.
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7.3.3. OnPEAEJAEHUE. CoorBerctBue F' C X XY, tme X n Y —
0aHAXOBBI TPOCTPAHCTBA, HA3BIBAIOT UOEAALHO GHINYKAbIM, WA, KOPOUE,
Uaeaﬂ’bﬁbLM, ecJjin F — NJICaJIbHO BBIIIYKJIOE€ MHOXKECTBO.

7.3.4. Jlemma 06 mmeasabHoMm coorBercTtBumu. Obpa3 orpaHu-
YEeHHOT'O UJI€AJTBHO BBILYKJIOrO MHOYKECTBA IIPU H€AJTbHOM COOTBETCTBHH
— HJeaabHO BBIIIYKJIOE MHOXKECTBO.

< Ilyets FF C X X Y — paccmarpuBaemoe coorBercTBue m U —
OTPaHMYEHHOE HJI€AJIbHO BBIIYKJI0e MHOXKecTBO B X. Ecsim UNdom F =
@, 10 F(U) = @ u 10Ka3pBaTh HUYEro He HAJO. [IpeIio/IoKuM Terneph,
910 (Yn)nen C F(U), T. €. yn, € F(xy,), tne x, € U un € N. Ilycrs,
HakoHel, (qv,) — HOCJEeIOBATEIHHOCTD MOJIOKUTEIBHBIX YHUCE TaKas,
uto Y ° o, = 1 u, Kpome TOro, B Y CyIIeCTByeT CyMMa psiia y =
>0 | anyn. Hecomuenno, aro

00 0o 0o
S lanzall = Y anllanl < 3" awsup [U] = sup U] < +o0
n=1 n=1 n=1

BBUy orpanundersoctu U. Ilockompky X 1mosHO, TO Ha OCHOBaHUU 5.5.3
o0

B X €eCTb 3JIEMeHT T := Y | QpZy. CileloBaTeIbHO, B IIPOCTPAHCTBE

X XY BbINOJIHEHO

({,C7 y) - Zan(xna yn)'

HNcnonp3yst OCIeI0BATEFHO HICATBHYIO BBITYKIOCTE F 1 U, BRIBOIUM:
(z, y) € Fux € U. Crano 6bi1h, y € F(U). >

7.3.5. Ilpuninn ngeaabHOro coorBercrBusi. Ilycte X n'Y —
banaxoBbl mpocrpaHctBa, F' C X X Y — mmeanpHOEe cOOTBETCTBHE U
(z, y) € F. Coorsercrsue F orobpazkaer OKpeCTHOCTH TOYKH X HA
OKDECTHOCTH TOYKH Y B TOM H TOJBKO B TOM CJydae, ecaun y € core F(X).

< =: OueBuaHo.

«<: C yuerom 7.1.4 moxnuo cuntarh: ¢ = 0 u y = 0. Ilockosbky
KaxKzass okpecTHocTh HyJIs U comep:xkut €eBx mjs mekoroporo € > 0,
JIOCTAaTO4YHO paccMoTpers ciaydait U:= Byx. Tak kak U — orpannyenHoe
MHOXKeCTBO, Ha ocHoBanuu 7.3.4, F(U) uneanbuo Boirykio. s 3aBep-
HIEHUsI JJOKA3aTeJIbCTBA MOXKHO IpoBepuThb, uro F(U) — noruomaroriee
MHO2KECTBO U cocyiaThbcs Ha 7.1.6.
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Bozbmem mpoumsBosibHBIM semenT § € Y. Pa3z mssectHo, uTo 0 €
core F((X), To Hafiercs o € R, jyisi Koroporo o € F(X). Nuave
roBopst, Jyis noaxoasmero T € X cupaseyuso o € F(X). Ecmu ||7]| <
1, To mokasbiBaTh Hedero. Ecmm ke ||Z] > 1, To A= ||7]7! < L.
Orcrona, nmpusiekas 7.3.1, BIBOIMM:

aXg = (1—=X)0+Xag € (1 - ANF(0) + A\F(Z) C
C F((1— N0+ %) = F(\T) € F(Bx) = F(U).
3xech Mbl yuin, uro |[AZ|| =1, . e. AT € Bx. >

7.3.6. SAMEYAHUE. CsoiictBo F, ommceiBaeMoe B 7.3.5, UMEHYIOT
omxpwumocmyio F' 6 mouke (x, y).

7.3.7. BAMEUYAHUE. ['oBopst (hopMasibHO, TPUHIIAIT UEATHHOTO CO-
oTBeTCcTBUs ciabee ocHOBHOro mpuHinna bamaxa 7.1.5. Tem me menee
COOTBETCTBYIOIINY 3a30p HEBEJIUK U JIETKO yCTpaHUM. VIMEHHO 3aKJIio-
JeHne 7.3.5 OCTAHETCS BEPHBIM, €CJIM CYMTaTh, uro y € corecl FI(X),
noTpefoBaB JOIOJHUTEIBHO UaeatbHoil Boirykiaoctu F(X). Tlocaenuee
TpeboBaHue HE CIUIIKOM OOPEMEHUTEIHHO U B CHILY 7.3.4 3aBeIOMO BbI-
ITOJTHEHO, ecyu 3ddekTuBHOe MHOXKecTBO dom F' orpanunydeno. YkKas3an-
Has He3HauuTeabHas Moaudukarus 7.3.5 comepxkur 7.1.5 B KadecTBe
YACTHOTO ciiydasi. B 31oil cBa3u 7.3.5 OOBIYTHO HA3BIBAIOT OCHOGHHIM
npunyunom Banazxa das coomsememeud.

7.3.8. ONPEJAENEHUE. [lycts X u Y — GaHAXOBBI IPOCTPAHCTBA U
F C X xY — coorBerctBue. CoorBercTBue F' HA3BIBAIOT 3GMKHYMOIM,
ecmn F' — 3aMKHyTO€ MHOXKECTBO.

7.3.9. SAMEYAHUE. Ilo MOHATHBIM IPUYUHAM O 3aMKHYTOM COOT-
BETCTBHUM YACTO I'OBOPAT KaK O COOTBETCTBUU C «3aMKHYTHIM I'DAUKOM ».

7.3.10. CoorsercrBue F' 3aMKHYyTO B TOM H TOJIBKO B TOM CJIydae,
ec/u JuIst JmobbIx nocenoarenbHocreii (ry) B X u (y,) BY rTakux, 4ro
T, € domF, y, € F(x,) u x, — x, Yy, — Yy, Bemosnero x € dom F'
ny € F(x). <>

7.3.11. Ilycte X u Y — bamaxoBbr npocrpancrea u F' C X xY
— 3aMKHyTOe BbILyKJjoe coorBercrBue. Ilycrs, najee, (x, y) € F u
y € coreim F. Coorsercreue F oTobpakaeT OKpeCTHOCTH TOYKH X Ha
OKPECTHOCTH TOYKH Y.

< 3aMKHYTO€ BBIIIYKJIO€ MHOYKECTBO HJIEAJIBHO BBIIYKJIO, TaK YTO
BCE conepKuTCd B 7.3.5. >
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7.3.12. OniPEAEJNEHUE. CoorercrBue F' C X X Y HaswsBaior om-
KPoimsim, €CJIU 00pa3 OTKPBITOTO MHOXKECTBA B X — OTKPBITOE MHOYKE-
cTBO B Y.

7.3.13. IIpuumun orkpbitoctu. Ilycts X, Y — 6anaxoBbl mpo-
crpanctBa u F' C X XY — wmueanbaoe coorBercrBme, npuiem im F —
OTKpBITOE MHOXKecTBo. Torga F' — oTkpbiToe coorBeTcTBHE.

< Ilycte U — orkpbitoe mHOxkecTBO B X. Ecim y € F(U), 1o
Halinercst ¢ € U, amna koroporo (x, y) € F. fcHo, ato y € coreim F.
IMockonbKy BbIIOMHEHBI yeaosus 7.3.5, o F(U) — okpectHOCTD Y, 160
U — okpectHocts 2. Iociennee oznauaer, uro F(U) — oTKpbiTOE MHO-
JKeCTBO. >

7.4. Teopemsbl 0 roMmoMopduU3Me U 3aMKHYTOM
rpacdpuke

7.4.1. ONIPEAEJEHUE. Oneparop T u3 2 (X, Y) HasbBAIOT 20M0-
moppusmom, ecin T € B(X, Y) u T — OTKPBITOE COOTBETCTBUE.

7.4.2. Ilycto X — 6aHaxoBO IPOCTPAHCTBO, Y — HOPMHUPOBAHHOE
mpocrparctBo u T — romomoppusm u3 X BY. TormaimT =Y Y —
6aHaXOBO IIPOCTPAHCTBO.

< To, uro imT =Y, oueBuymno. Ecyiu 3apanee usBectHo, uro T —
monoMopdusM, To Bemosaeno T~ € £ (Y, X). Usz-3a orkpuitoctun T
oneparop T~ sxomur B B(Y, X), uro obecnieansaer nosHory Y (rpoo6-
pa3 nocienosaresbrocTu Komu — nocsenoBarensnocts Komu B 1poo6-
pasze). B obmem ciaygae pacemorpum koobpas coim T:= X/ ker T, naje-
siennbiit pakrop-aopmoii. Ha ocnoBanuu 5.5.4, coim T — 6aHaxoBO mpo-
crpancTBo. Kpowme toro, B cuity 2.3.11 umeercs e ITMHCTBEHHOE CHUYKEHUE
T oneparopa T ua coimT. YunrbiBas onpejeierne hakTOp-HOPMBI I
5.1.3, 3ak/moudaeM, uTo omeparop 1 — romomopdusm. Monomopdmus-
MOM 3TOT OIEPATOP SIBJISIETCS 10 TOCTPoeHu0. OCTaioch 3aMETUTD, 9TO

imT =imT =Y. >
7.4.3. 3AMEYAHUE. OrHOocuTesbHO cHkenus 1 : coimT — Y

oneparopa T MoxHO yTBep:KaaTh, aro | T|| = ||T|. <>

7.4.4. Teopema Banaxa o romomopgusme. OrpaHndeHHbIi I1TH-
MOpgu3M 0THOTO baHAXOBA TPOCTPAHCTBA HA JIPYTOE SIBJISIETCSI TOMOMOD-
uzmMom.
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< IMyers T € B(X, Y) uimT =Y. Ilpumenss UPUHIUI OTKPBI-
TOCTH K COOTBETCTBUIO T', moTy4aeM Tpebyemoe. [>

7.4.5. Teopema Banaxa 06 nzomopcusme. Ilycre X, Y — 6a-
maxosbl ipocrpancrBa uT € B(X, Y). Ecau T — uzomopusm BekTop-
mpix mpoctparcts X Y, t.e. kerT =0uimT =Y, o T~ ! € B(Y, X).

<l Hacruertit cayyait 7.4.4. >

7.4.6. BAMEUYAHUE. Koporko Teopemy 7.4.5 dopMyaupyor Tax:
«HEIPEPBIBHBI N30MOpGU3M OAHAXOBBIX TPOCTPAHCTB SBJISIETCS TOIO-
JIOTUYIeCKUM n30MOphU3MOMy. OTMETHM 3/1eCh K€, UTO 3Ty TeOpeMy
WHOTJIA, HA3BIBAIOT «IIPUHITMIIOM KOPPEKTHOCTU» U BBIPAYKAIOT CJIOBAMHU:
«eciau ypasuenune Tx = y, tne T € B(X, Y), a X, Y — Ganaxosbl
MIPOCTPAHCTBA, OJHO3HAYHO PA3pEIINMO MpU JIOOON TpaBoil 4acTh, TO
pellleHne & HEeMPEPHIBHO 3aBUCUT OT TPABOM YACTH Y.

7.4.7. Teopema Banaxa o 3amkHyTOM rpacgpuke. Ilycrs X, Y
— banaxosbl npocrparcrBa u'T € £ (X, Y) — 3aMKHyTbIii JiHHEHHDI
oneparop. Torma T HenpepbiBeH.

<1 Coorsercreue T wneanvro, u T-1(Y) = X. >

7.4.8. CiaencrBue. Ilycto X, Y — 6aHaxoBbl IPOCTPAHCTBA U 3a-
gar T € (X, Y). Cuegyromue yTBep»KIeHAS] SKBUBAJICHTHDIL:
(1) Te B(X, Y);
(2) ast smro6oii mocsenoBaTeabHOCTH (Ty)neny B X nx € X
TaKWx, 970 Ty, — T 0 1x, — y, nae y € Y, BBIIIOJTHEHO
y=Tx.

< (2) ectb nepedopmysIMpoBKa 3amMkHyTOCTH T >

7.4.9. ONPEAENEHUE. IlogmpocrpancTo X7 6aHaxoBa IPOCTPaH-
crBa X Ha3BIBAIOT 00NOAHAEMbIM (DEIKE — TONOA0ZUNECKU JONOAHAE-
Motm), ecan X1 3aMKHYTO M, KPOMe TOTO, HAIETCsT 3aMKHYTOe MOJIIPO-
crpaHcTBO X5 Takoe, uto X = X1BXs (1. e. X1AXy =0, X3V X, = X).

7.4.10. IIpunnun gomnoJiasiemMocTu. /lis moamnpocrpancTsa X
6aHaxOBa IPOCTPAHCTBA X JKBUBAJIEHTHDBI YTBEDIKICHUSI:
(1) X, momonmsiemo;
(2) X1 ecrp obsacts 3HAYEHHI OrPAHHYEHHOI'O MPOEKTOPA,
T. e. Haiercs omepatop P € B(X) raxoit, uro P? = P
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< (1) = (2): Iycrs P — mpoektop X Ha X7 napauresnsHo Xo (CM.
2.2.9 (4)). Iycrb (zp)nen — mociegoBaTeNbHOCTh B X U Ty, — T, A
Px, — y. dcuo, uro Pz, € X1 nna n € N. B cuny 3amgayToctn X1,
no 4.1.19, y € X;. Anajoruuso u3 ycaosus (z, — Px, € X5 qysn € N)
BBITEKAET, 910 & — y € Xo. 3maunt, P(z — y) = 0. Ilommmo 3TOTO,
y = Py, 1. e. y = Px. Ocraercs cocnarbes na 7.4.8.

(2) = (1): Cuemyer npoBepuTh TOIBKO, 9YT0 X1 = im P 3aMKHYTO.
BosbMeM 110CI1e10BaTeNIbHOCTD (I )neN B X1 TaKyto, 910 &, — = B X.
Torna Pz, — Px BBumy orpanmdennoctu P. WUmeem Px, = x,, ubo
Tp € im P, a P unemnorentren. Okonuarensho x = Pz, 1. e. © € Xy,
9TO U HyKHO. >

7.4.11. IIPUMEPHL.
(1) KoneunomepHoe moJIipocTpaHCTBO JOHOJIHsIeMO. <I>
(2) IIpocrparcrBo ¢y HE JOHOJIHAEMO B .

< s npocrorsr 6ygem paborarh ¢ X := 1o (Q) u Y := ¢o(Q), rue
Q — MmHOXKECTBO panuoHaIbHLIX duceda. s t € R nmogbepeM mocieno-
BATEILHOCTD MOIAPHO PA3JIXIHBLIX OTJIMIHBIX OT ¢ PAIMOHAILHBIX YUCEIT
(t,) Taxyto, aro t, — t. lycts Qi := {t, : n € N}. Iloguepkuem, urto
Q¢ N Qyr — KOHEUHOE MHOXKECTEO Tipu ¢ £ t.

IIyctb x¢ — KJ1acc, cofleprKalluii XapaKTePUCTUIECKYI0 (DYHKIIUIO
Q: B dakrop-npocrpanctee X/Y u V := {x; : t € R}. IlockoiabKy
Xt 7 X, ipu t' #£ ", MaOXKecTBO V' HECUETHO.

BospmeM f € (X/Y) nnmonoxum Vy:={v € V: f(v) # 0}. Bunmo,
aro Vi = UpenVi(n), toe Vi(n) := {v € V : |f(v)| > 1/n}. Ecmn
méeN, vy,...,0, € Vy(n) nonapuo pasnuussle, v1,...,V, € Vi(n) n
aj = [f(v)|/f(vk), To noa & = 37 awy Oyzer [lzf] < 1m [If]| =
@) = [0 arf@ol = IS5 1F@ll > m/n. Taxmne obpasou,
V§(n) — KoHedIHOE MHOKECTBO.

Crenosarennro, Vy cuerso. OtTcioma caemyer, ITO LI KasKIOTO
cuerHoro MHoXkectBa F C (X/Y)' cymecrsyer snement v € V, mist
koroporo (V f € F) f(v) = 0.

B 1o e BpeMst CUeTHBIH HAGOP KOOPJUHATHBIX IPOEKIHIT §y : & —
z(q) (¢ € Q) Toranen Ha [(Q), T.e. (Vg€ Q) dy(x) =0=2=0

upu € 15 (Q). Ocranoch conocraBuTh ¢eIanuble HabIoAeHus. >

(3) Kaxoe 3aMKHYTOE HOIIPOCTPAHCTBO TUIILOEPTOBA IIPO-
cTpaHcTBa 1onoHAeMo (110 6.2.6). Oka3bIBaeTCs, YTO €CJIH B HEKOTOPOM
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b6amaxoBoM mpocrpaHcTBe X TakoMm, dro dim X > 3, KaxKjoe 3aMKHY-
TOE MOJIIPOCTPAHCTBO — O0JIACTh 3HAYEHUIN HEKOTOPOro MpoekTopa P u
IP|| < 1, To X uzomerpuduHO ImibbepTOBY IPOCTPAHCTBY (= TeopeMa
Kakyranu). Bosee riuy6ok ciemyronmii dbaxr:

Teopema JIuageramtpaycca — Ilagpupu. Kaxkioe barmaxoBo
IIPOCTPAHCTBO, B KOTOPOM Jif060€ 3aMKHYTO€ IOAIIPOCTPAHCTBO OO
HsIeMO, (JIMHEITHO U TOHOJIOTHIEeCKH ) H30MOPMHO THIEOEPTOBY IPOCTPAH-
CTBY.

7.4.12. Teopema Capaa o6 ypaBuenuu ZA = B. Ilycrp
X, Y, Z — 6anaxossr npocrpancrsa; A € B(X, Y), B € B(Y, Z).
Ilycrs, gaaee, im A — gomosasieMoe moanpocTpancTso B Y. /luarpavma

A

X Y

Z

goMMyTaTuBHa 15 Hekoroporo 2 € B(Y, Z) B ToM u TOJIBKO B TOM
caydae, ecom ker A C ker B.

< Ciemyer mpoBepuTh TOJBKO <=. Ilpm sToM B ciaydae im A =
Y emuncreenuniii oneparop 2y € Z(Y, Z) rakoii, uro ZpA = B,
HerpepbiBeH. B camom fese, Jjisi OTKpBITOrO MHOXKecTBa U B Z uMeeM
2y ' (U) = A(B~Y(U)). Muoxecrso B~'(U) OTKpPBITO B CHJTy Orpamu-
wennoctu B, u A(B~(U)) orkpsiTo 1o Teopeme Bamaxa o romomopdus-
Mme. B obuiem ciryuae ciaenyer nocrpouth 2o € B(im A, Z) u B KagecTse
Z B3satb P, rie P — Kakoil-HUOy/Ib HEIIPephIBHBIN ITPOEKTOP Y HAa
im A. CymecTBoBaHIE ITOrO IPOEKTOPa 00ECIIEYNBAET IIPUHITUIT JTOIOJI-
HAEMOCTHU. >

7.4.13. BAMEYAHUE. IlosmHoTa Z B ToKasaTesbeTBe Teopembl Cap-
Jla, He UCIIOJIb30BAHA.

7.4.14. Teopema @uanurnca o6 ypasaeanu AZ = B. Ilycrp
X, Y, Z — 6anaxosbr npocrpancrea, A € B(Y, X), B € B(Z, X).
Ilycrs, najee, ker A — pomoJiHsIEMOe MOANPOCTPAHCTBO B Y .
Jlmarpamma
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Z

KOMMyTaTHBHa JJIs HekoToporo X € B(Z, Y) B ToM H TOJIBKO B TOM
cay4ae, ecom im A D im B.

<1 BHOBD cJiejiyer IpoBepuUTh TOIBKO <. Bocmosb3yemest onpeee-
HUEM JIONOJHSIEMOCTH W MPEeJCTaBuM Y B BHJE NIPsSIMO# cymMMbl ker A u
Yo, rue Yy — zamkuyToe momupocrpancrso. Ilo 5.5.9 (1), Yy upencras-
JisieT coboit 6aHaxoBO MPOCTPAHCTBO. PaccMorpum cies Ay oreparopa
A Ha Yy. Hecomuenno, uro im Ag = im A D im B. 3Suauur, 1o 2.3.13 u
2.3.14 ypasuenue Ay Zy = B uMmeer, 1 IPUTOM €JUHCTBEHHOE, DEIIEHUE
2o = Ay !B. Hawm nocrarodno jokasarh, 9To omeparop 2y, SBISIO-
muiicst s1eMeHTOM TpoctpancTa £ (Z, Yy), orpaHudeH.

Omneparop 2y 3amkHyT. B camom meme (cp. 7.4.8), ecomm z, —
zu Angzn — y, T0 Bz, — Bz, nockonbky B orpanmaen. Kpome
TOrO, B CUILy HelpepbIBHOCTU Ao cooTBeTcTBHE A 1'c X x Y, samknyTo,
u, cTajio 6bITh, 1o 7.3.10 crpaBeInBO paBeHCTBO ¥ = Ay 'Bz. >

7.4.15. BAMEYAHUE. Ilonmora X B moKazaTeabcTBe TeOpeMbl Ouii-
JIMIICA HE HUCIIOJIb30BAHA.

7.4.16. SAMEYAHUE. Teopembr Capaa u @uummiiica HaxomATCs B
«POPMAILHOI JIBOHCTBEHHOCTU», T. €. MOTYT OBITH IMOJIYYEHBI OJHA U3
JIPYTOit C TTOMOIIBIO OOPAITEHNsT CTPEJIOK ¥ BKJIOYEHUH U 3aMeHBI siep
obpaszamu (cp. 2.3.15).

7.4.17. Ilpuanun AByx HOpM. IlycTh BEKTOpHOE MPOCTPAHCTBO
IIOJTHO OTHOCHTE/ILHO KaKJIOH M3 JIBYX CPABHHMBIX MEXKITY COOOH HODM.
Tora 9TH HOPMBI 9KBUBAJICHTHDI.

< Iyers pys onpenenennocru || - |l2 > || - |1 B npocrpancree X.
PaceMoTpuM jrarpamMmy
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I
(X, ) —— (X1 )

a7
(- )

ITo Teopeme @uJiiniica HEKOTOPbIN HEIPEPBIBHBIN olepaTop 42 IpeBpa-
AT ATy AUarpamMMmy B KOMMyTaTuBHYI0. Ho Takoil onepaTop eIuHCTBEH
—o310 Ix. >

7.4.18. Ilpunamun Hopmbl rpacguka. Ilycre X, Y — baHaxoBbI
npocrpancrsa u oneparop T € £ (X, Y) zamruyr. Ounpegesum nopmy

epagura ||z||g 7= ||zl x + |Tz|ly m12 « € X. Torza BoimonueHo || -
lgrr ~ 1 llx-

< Caenyer samerurs, uto (X, ||« |lgr 7) — nosimoe npocrpancTso.
ITomumo 31oro, ||+ ||lgr 7 > || - | x. Ocramocs cocnaTbest Ha IPUHIUI ABYX
HOpM. >

7.4.19. OPEAENEHUE. HopmupoBanuoe mpoctpancTtBo X Ha3bI-
BaIOT OAHATO8bIM 00pa3om, ecau X CIIyKHUT 0Opa30oM HEKOTOPOro Orpa-
HUYEHHOTO OIIEPaTOpa, OIPE/IEJIEHHOIO0 HA KAKOM-JHO0 GaAHAXOBOM IIPO-
CTPaHCTBE.

7.4.20. Kpurepuii Karo. Ilyctrb X — 6aHaxoBo IPOCTPAHCTBO
u X = X1 ® Xy, tme X7, Xo € Lat(X). Hogupocrpancrsa X1 u Xo
3aMKHYTbI B TOM U TOJIbKO B TOM CJiIy4ae, €CJIu KaK/I0€ U3 HUX fABJISAE€TCs
baHaXOBBIM 00pPa30M.

< =: CiefcTBUe IPUHIMIA JOMOJIHAECMOCTH.

<: llycts Z — kaxkoit-imbo banaxoB 00pas, T. €. JJjisg HEKOTOPOro
6anaxosa npocrpanctBa Y u T € B(Y, Z) somonneno: Z = T(Y'). Ilepe-
XOJIs1, €CJIM HY?KHO, K CHUXKEHHUIO Ha KOOOpa3, MOXKHO CYUTATH, 4TO T —

uzomopduzm. Oboznaunm ||z||o:= [T z|ly. Scno, uaro (Z, | - |lo) —
6anaxoso mpoctpanctso u ||z|| = [|[TT 12| < [ITIT 2| = IT||#]los
T e | ]lo = |||z IIpumenss onucanHyo KOHCTpYKImIO K X1 1 Xo,
upuxoiuM K 6axaxoBbiM npocrpancTsaM (X1, ||+ ]]1) u (Xa, ||+ |]2). Ipu
sroM || - ||k > || - [|x Ha Xj mpu k:=1,2.

,ZLJIH 1 € Xq u 29 € X9 MOJIOZKIM ||171 + $2||0 = Hlel —+ ||£L'2||2
Tem cambim B X BO3HHKaeT HOpMa || - || Gosee CruibHast, WeM UCXOIHAS
I x. ITo mocrpoeruto (X, |-|lo) — 6armaxoBo mpocrpancrso. Ocramaocs

cocsarbed Ha 7.4.17. >



7.5. Ilpuaniun aBTOMATHIeCKOH HETIPEPHIBHOCTH 147

7.5. IIpuHIUII aBTOMAaTUYECKOI HENMPEPBHIBHOCTU

7.5.1. Kpurepuii HempepbIBHOCTH BBITYyKJ0iH pyHKITUu. Pac-
cMmoTpuM BblIyKiyio dyukmuio f: X — R’ B (Mysbru)HOpMHPOBAHHOM
npocrparcree X . Creayromue yTBEPXKICHHS] IKBUBAJICHTHBI:

(1) U:=intdom f # @ u fly — wenpepbisHas ynKmms;
(2) cymecrByer HemycToe OTKpbITOe MHOXKECTBO V Takoe,
aro BemosHerHo sup f(V) < +oo.

< (1) = (2): Ouesngno.

(2) = (1): fdcno, uro U # @. Ilpusnekas 7.1.1, serko ybex gaemcs
B TOM, UTO y KaxKJ10i Toukm u € U nmeercss okpectHOcTh W, B KOTOPOIi f
orpanudena csepxy, T. e. t:= sup f(W) < +o0o. He napymas obmnocru,
MOXKHO c9uTarh, 910 © = 0, f(u):= 0 mw ato W — 310 abCcosoTHO
BBIIYKJIOE MHOXKECTBO. B culy BBINYKJIOCTH f JjIsi BCAKOTO o € R
Takoro, 4ro & < 1, u mpou3BoIbHOTO v € W ciipaBeiyIuBbl COOTHOIIEHUSI:

flav) = flav + (1 = a)0) < af(v) + (1 =) f(0) = af (v);
flav) + af(-v) = f(aw) + fla(-v)) =

1 1
—2(5flan) 1 3i-av)) 2 27(0) 0.
Takum 06paszom, BbinosaHeHo |f(aW)| < at, OTKy/Ja U BbITEKAeT Helpe-
poeiBHOCTH f B TOouke u:= 0. >

7.5.2. CrexgcrBue. Ecin x € intdom f u f nenpepsiBua B TOUKe
x, To cybaupdepennmarn 0, (f) comepkuT TOJIBKO HEIPEPhIBHBIE (DyHK-
ITHOHAJIBI.

< Eemn 1 € 0.(f), o (VT € X) l(z) < l(x) + f(T) — f(z) n,
cTaJi0 ObITh, | OrpaHUYEeH CBEPXY HA HEKOTOPON OKPECTHOCTU TOYKH .
CremoBarenbHo, | HenpepbIBeH B 9Toi Touke 1o 7.5.1. Ilpusnekas 5.3.7,

ybOexmaemcsi, 9TO | HelmpepbIBeH. >

7.5.3. Ciuencreue. Ka>kmass BoliyK/iast (QyHKIIUS B KOHEIHOMED-
HOM HPOCTPAHCTBE HEIPEPBIBHA BO BHYTPEHHOCTH CBOEH 3(PPEKTHBHOH
obJtactu onpezereHus. <I>

7.5.4. ONPEAENEHUE. @yukmuio f: X — R’ maspBaor udeaavro
soinyKkA0l, ecin ee HaIrpaduK epi [ — uueaabHOE COOTBETCTBUE.
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7.5.5. Ilpuniiun aBToMaTHIeCcKOl HerpepbIBHOCTH. Karkmas
HJIeAJIbHO BBIMYKJIAS (PYHKIUS B OAHAXOBOM IIPOCTPAHCTBE HEIIPEPHIBHA
Ha si/Ipe cBO€eH 3(DEKTHBHOMH 00JaCTH ONMPEACTCHHSI.

< Iycre f — rakas dyskmus. Eciau coredom f = &, 1o moka-
3piBaTh Heuero. KEcemm xke x € coredom f, To nomoxum ¢ := f(x) u
F:= (epi f)™' € R x X. IlpuMensst MPUHIUI HJIEATBHOTO COOTBET-
crBusd, Haiigem § > 0 u3 ycuosust F(t + Br) D = + dBx. Orciona, B
9aCTHOCTH, BbITeKaeT oneHka f(z + dBx) < ¢+ 1. Ha ocnoBanuu 7.5.1,
f memnpepoiBaa Ha int dom f. ITockosbky K Tomy ke z € int dom f, To,
o siemme 7.1.1, coredom f = intdom f. >

7.5.6. SAMEYAHUE. Wcnons3ys 7.3.6, MOYXKHO MOKa3aTh, ITO UIE-
AJIbHO BBIMyKJas MYHKIU f, OpereIeHHAsS Ha MHOKECTBE C HEIIYCTHIM
A7POM B OAHAXOBOM IIPOCTPAHCTBE, ABJISETCH A0KANDHO AMUNWULEEOT HA
int dom f. MupiMu cioBamu, Jijist BCIKO# TOUKM X € int dom f HaiimyT-
¢, BO-TIePBLIX, Yucjo L > 0, a BO-BTOPBIX, OKpeCcTHOCTL U 9TOi TOUKH,
st koropeix || f(x) — f(xo)|| < L||lx — xo]|, kax Tonbko = € U. <>

7.5.7. CaeacrBue. Ilycte f : X — R' — wmrneanbpHO BBIITyKJIas
¢yukmus B 6anaxopom npocrpancrse X n x € coredom f. Tormga mpo-
u3BOJHASI 10 HanpasJjeHusiM [ () — HenpephIBHBI CyOInHeHbI (DyHK-
muoHasr u 0, (f) C X'.

< HyKHO JBa’KIbI BOCHOJIH30BATHLCS MPUHIIUIIOM aBTOMATHIECKO
HEIPEPBIBHOCTH. [>

7.5.8. BAMEYAHUE. B cBsi3u ¢ 7.5.7 npu u3ydennu 6aHAXOBBIX TPO-
crpaHcTB B cyoauddepenimas joboi dyakuun f : X — R’ B Touke x
BKJIFOYAIOT TOJIBKO IIOJIXOJISIIIE HElpepbiBHbIE (DYHKIIMOHAIBI HA X, T.
€. 1ojIararmoT

0.(f)=0.(f)n X".

AmnanornusbIM 06pa3oM MOCTYNAIOT U B (MYJIBTH)HOPMUPOBAHHBIX [IPO-
cTpaHcTBaxX. Ecim HEOOXOMUMO OTJIMUATH «CTapbiii» (Gosee MupPOKMiA)
cybmucdbdepenman, texkammii B X7, oT «HOBOro» (607Iee y3KOro) cy6-
muddepennuana B X', TepBBIi HA3BIBAIOT A.42e0pAUMECKUM, & BTOPOI
— monoao2udeckum. YKazaHHble B 7.5.2 u 7.5.7 GaKTbl B 9TOM CMBIC-
JIe 9aCTO HA3BIBAIOT NPUHUUN COBNGIEHUS GNA2eOPAUYECKO20 U MONOAO-
2unecko20 cybdugppepenyuanos. OTMeTHM, HAKOHEI], ITO 1O TOIOOHBIM
JKe TpUYdHAM B cjiydae, Korjga f := p — ToJayHopMma B X, CYUTAIOT:

10|(p):= [0|(p) N X".
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7.5.9. Teopema Xanma — bBanaxa a1s1 6aHaxoBbIX HPOCT-
paHcTB. Ilycrs f 1Y — R' — maeaspHo BhlykIass QyHKIHS Ha OaHa-
xoBoM mpoctpaucTse Y. Ilycts, naree, X — HOpMHPOBAHHOE TIPOCTPAH-
creouT € B(X, Y). Eciu touka © € X rakopa, yro Tx € coredom f,
TO

Oo(foT) = 0rs(f)oT.

< IIpasas gacTb moOKa3biBaeMoOil (OPMYJIBI BKJIIOUEHA B €€ JIEBYIO
9aCTh 10 OYeBUIHBIM 00cTOsgTebeTBaM. Ecu ke | uz X' sexur B 0, (f o
T), To no reopeme Xana — Banaxa 3.5.3 MOXKHO MOJBICKATD 9JIEMEHT [ U3
ajrebpanveckoro cyomuddepenruasa f B Touke 1z, yI0BIeTBOPSIONIAI
coorHomrenuto [ = [y o T. Ocrajoch 3amMeTuTh, 9T0, B cuiy 7.5.7, [y
ABJISIETCST 3JIeMeHTOM Y’/ M, cTajio ObITh, 3JIEMEHTOM TOIIOJOTHIECKOrO

cybmuddepentmana Or,(f). >

7.5.10. Teopema Xana — Banaxa AJjisd HelIpepbIBHOI IOJIY-
sopwmbl. Ilycrs X, Y — wopmuposanmbie npocrpancrsa, T € B(X, Y)
up:Y — R — menpepriBuas noiayuopma. Torzaa

0|(poT) = 10|(p) o T.

<9 Ecmul € 9| (poT), ol =1y 0T amst HeKoTOpOTO 11 U3 ared-
panveckoro cybmuddepenimana nosynopMer p (em. 3.7.11). N3 7.5.2
BBITEKAET, 4T0 [ HenpepobiBer. Utak, |0|(poT) C |9 (p) o T. ObparHoe
BKJIIOYeHne H6eccropHo. >

7.5.11. Ilpuanun HenpepbIBHOrO npogoJkenust. Ilycre Xg —
nogipoctparcTBo B X u lg — HelpepbIBHBIH JUHEHHBIH (PyHKIIHOHA HA
Xo. Torma cymecrByer HempepbIBHBIH JUHEHHBIH pyHKImoHa | Ha X |
npogoskaromyuii ly. (IIpu arom MoxxHO cuntars,aro ||I|| = ||lo]|.)

< Bosemewm p:= |||l || - ||, # mycts ¢ : Xg — X — ToxzmecTBeH-
Hoe Bioxkenne. C yuerom 7.5.10 6ymer lp € |0] (pot) = |9| (p) o =
o]l 121(Il - ||) © ¢t. Ocranoce 3amerutrs, uro |J] (|| - ||x) = Bx. >

7.5.12. Teopema otTgeuMOCTH B TOHOJIOTHUYECKOM BapHaH-
Te. Ilycrs U — BBIIYKJI0€ MHOXKECTBO C HEILYCTONH BHY TDEHHOCTBIO B ITPO-
crparcrBe X. Ecim L — agppurnoe maOroobpasme B X u LNintU = &,
TO CyIIecTByeT 3aMKHyTas runepriockocts H B X, s koropoit H O L
n HNintU = @. <>
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7.5.13. BAMEYAHUE. [lpu npumenennn 7.5.12 moie3H0 nMeTh B BU-
Jly, 9TO 3aMKHYTBIE TUIIEPIIOCKOCTHA CYTh B TOYHOCTH MHOXKECTBA YPOB-
Hsl HEHYJIEBBIX HEIIPEPBIBHBIX JIMHEWHBIX (DyHKIMOHATIOB. <I[>

7.5.14. CaencrBme. Ilycre X — nomupocrparcrso B X. Tora
cdXo=n{kerf: fe X' kerf DXy}

< Hcno, uro (f € X', ker f D Xo) = ker f D clXy. Ecam xe
xo ¢ cl Xp, To Halizercs OTKPbITAas BBILYKJas OKPECTHOCTb Xg, HE CO-
nepxkairast Touek cl Xg. Ha ocnoBammm 7.5.12 u 7.5.13 umeerca dbyHK-
monan fo € (Xg)' Takoit, aro ker fo O cl Xy u fo(z9) = 1. U3 croiicTs
KOMILTTeKCubUKATOpa, BLIBOAUM, uTo dyrKImonaa Re~! fi obpamaercs B
HyJIb HA X U HE paBeH HYJIIO B TOYKe To. HeCOMHEHHO TakKe, YTO STOT
byHKIMOHAJ HETIPEePhIBEH. [>

7.6. IIpuHIUNIBI IITPUXOBAHUS

7.6.1. Ilycre X, Y — (MyJibTs)HODMUDOBAHHBIE BEKTODHBIE IIPO-
crpaHcTBa (Ham omamM m TeM ke ocHoBHBIM motem F) m X' Y — co-
npsKeHHbIe pocTpaHcTBa. Ilycth, namee, T — HeIPEPbIBHBILH THHEHHDIH
omeparop uz3 X BY . /lnay’ € Y’ semoaneno y'oT € X' u orobpazkenne
y' vy’ oT — ymunerinpiii oneparop. <>

7.6.2. ONPEJENEHUE. Oneparop T’ : Y’ — X', mocrpoenusrit
B 7.6.1, HAa3BIBAIOT conpasicermnuim K omepatopy 1 : X — Y.

7.6.3. Teopema. Ortobpaxxenne mrpuxosamus T +— T’ ocymects-
Jsier JiHEiHyo u3oMerpuio npocrpancrsa B(X, Y) B mpocrpancrso
B(Y', X').

<1 To, aTo OoTOGparkeHNe MTPUXOBAHWS — JIMHEHHBINH OIIepaTop u3

B(X,Y)s 2Z(Y', X'), ouesngno. Ilommmo storo, pas ||y|| = sup{|l(y) :
Le lol(l- 1)}, mo

1Tl = sup{lIT"y"[l : lly"ll <1} =

=sup{ly’(T=)| : [ly"[ <1, [zl <1} =
=sup{[|T| : [zl <1} = [T,

9TO U Hy2KHO. >
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7.6.4. IIPUMEPHI.

(1) IIycre X, Y — ruasbepToBbl IPOCTPAHCTBA, U 33JaH
T € B(X, Y). Ormerum npexjie BCero, 4To B O4€BUIHOM cMbicie T €
B(X,Y) & T € B(X., Y.). O6osnaunm renepb uepe3 (-)y : X, —
X' mrrpuxoBanne B X, n.e. v — 2’ = (-, z)u () Y. = Y —
mrpuxoBanue B Y, T. e. y — y = (-, y).
CBsi3b 9pMuTOBO conpsizkertoro oneparopa T* € B(Y, X) u coups-
sxkennoro T7 € B(Y', X') 3azaercs KoMMyTaTHBHOI JHAIDAMMOIL:

x, Oy,
Ox L 10Oy
X'y
< B camom mene, Hago ybeanThes, UTO it Yy € Y BBINOJHEHO
T'y' = (T*y)'. Oust x € X 10 ONpEJIEJIEHIIO UMeeM

T'y'(x) = y'(Tz) = (Tx, y) = (z, T"y) = (T"y)'(2).
B cuny nmpousBosibHOCTH X TTOJTydUaeM Tpedbyemoe. >
(2) Iycrp ¢ : Xo — X — Baoxennme Xo B X. Torma
X — X{, mpuaem ¢/ (2")(zo) = 2’ (zo) gnst Bcex g € Xoua' € X' mi —
;v !
snumop@musm, T. e. X' — Xy — 0 — To4Hadg nocaenoBaTe/bHOCTD. <>

7.6.5. ONPEJIEJIEHUE. [lycrh maHa HEKOTOpAas SJieMeHTapHasT JHa-

rpamma X Ly, Juarpammy Y’ T, X' nasmmaior NOAYUEHHOTE UWMPU-
To68aHUEM UCXOTHON NUarpaMMBl HIIN conpadicennot; nuarpaMmoit. Ecan
B IIPOM3BOJIBHOI JiarpaMMe, COCTaBJICHHONH W3 OIPDAHUYEHHDBIX JIMHEH-
HBIX 0TOOpaXkKeHuit 6aHAXOBBIX IPOCTPAHCTB, IPOU3BEIEHO IITPUXOBAHNE
BCEX JIEMEHTAPHBIX MOJrarpaMM, TO BO3HUKIIYIO JUarpaMMy Ha3blBa-
IOT CONPANHCENHOT, K ACXOTHOM UJIN IOy Y€HHON U3 UCXOJHOI ¢ ITIOMOIIBIO
IITPUXOBAHUSI.

- T//
7.6.6. Jlemma o gBorinom mrpuxoBaHumn. Ilycrs X" — Y —
o T
JHarpaMMa, HOoJIydeHHas JBOHHBIM IITPHXOBAHUEM JHarpaMMbl X —
Y. Torja koMMyTaTHBHA AHATPAMMA,

x Ly

" l l//

n T n
X'"—Y
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me " : X —-X"un":Y —Y" — coorsercrByromme nBoiHbIC INITPHAXO-
BaHust — KaHoHmdeckue paoxkennss X B X" uY BY" (em. 5.1.10(8)).

< Iyers x € X. Hyxuo nokasars, uro T"z"” = (Tx)”. Bosbmem
y' € Y’'. Torna

T"2"(y") = 2"(T"y") = T'y'(x) = y'(Tz) = (T=)"(y').

B cuny npoussosibaocTH Yy’ € Y/ mMeem Tpebyemoe. >

7.6.7. IlpuHIINTT HITPUXOBaHUS AuarpamMm. /lumarpaMma KOM-
MyTaTHBHA B TOM H TOJBKO B TOM CJIydYae, €CJTH KOMMYTATHBHA COIIDSI-
JKEHHAs JTHArPDaMMa.

< HocraToyHo yOeauThCs, YTO TPEYTOJIbHUKH

x Ly x oy
RN\, /S R\ /4
A YA
KOMMYTATHBHBI WJIM HET OJHOBpeMeHHo. Tak kak R = ST = R =

(ST) = T'S’, TO KOMMYTATHBHOCTB JIEBOTO TPEYTOJBHUKA BJIEUET KOM-
MYTaTHBHOCTb NPAaBOro. Kcjm »Ke NMpaBblil TPEyroJbHUK KOMMYTATH-
BeH, TO O yxke nokazannomy R’ = S"T". Tlpusnekas 7.6.6, nmeem
(R:L,)// — R//:L,// — S//T//:L,// — S//(T//x//) — S//(Tx)// — (ST.’I;)N ,ZLIIH BCeX
z € X. 3naunr, R = ST. >

7.6.8. ONPEJAEJEHUE. [lycrs Xy — mommpocrpancrtBo B X, a 2y
— nogupocrpanctso B X'. ITosoxkum

Xg = {f e X't ker f 5 Xo} = [0](6(X0):

Y2 ={zeX: feZ=flx) =0y =nikerf: fec 2}

HommpocTpancTBo X HAa3BIBAIOT (npAmoti) noaspoti Xo, a TOIIPOCT-
pancTBO 2y — (06pammnoti) noaapoti Zy. VCIOMB3YIOT TakiKe MeHee
TOYHBIH TEPMUH «AHHYJIATOD.

7.6.9. OPEAEJIEHUE. Ilycre X, Y — 6GaHaxoBBI IIPOCTPAHCTBA.
Omneparop T € B(X, Y') HA3BIBAIOT HOPMAALHO PA3PEULUMbLM, €car im T’
— 3aMKHYTO€E IIOJIIPOCTPAHCTBO.
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7.6.10. Omeparop T € B(X, Y) HOpMaJbHO pasperiuM B TOM H
TOJIBKO B TOM cJjydae, ecan 1, paccmMarpuBaeMblii Kak onepaTop u3 X
Bim T, siBJIsIeTCSI rTOMOMOP(U3MOM.

<1 =: Teopema Banaxa o romomopdusme.
<: Cyreyer cociiatbes Ha 7.4.2. >

7.6.11. JIlemma o nmoasipax. Ilycre T € B(X, Y). Torua
(1) (imT)* = ker(T");
(2) ecom T HOpMAJIBHO pAa3peImuM, TO

imT = T ker(T"), (kerT)* =im(1").

A1)y eker(T) Ty =0 Ve e X) Ty'(z) =0 (Va €
X)y'(Tz) =0&y' € (imT)*.

(2) Pagsenctro climT = + ker(T") cocrasaser conep:kanme 7.5.13.
ITomumo 3TOr0, MO yemoBuio im 1" 3aMKHYTO.

Ecim o' = T'y' u Tax = 0, 1o 2'(z) = T'y'(z) = y'(Tz) =0, . e.
7' € (ker T)*. Buaunt, im(T") C (ker T)*. Iycts Teneps 2’ € (ker T)*.
Cuwuras, aro oneparop T zeiictByer B im T, o Teopeme Capja, mpume-
HEHHOI K JIeBOi 4acTu [uarpaMmbl

XL imT —Y

N Ly JY
F

HaiineMm y( € (im7')’, ana koroporo y, o T = 2. Tlo npuHnumy Hempe-
PBIBHOTO Npojoszkenus cymecrsyer y' € Y/ rakoii, aro y’ D y(. Cramno
Oeith, ' = T'y’, 1. e. o’ € im(T"). >

7.6.12. Teopema Xaycaopdpa. Ilycre X, Y — baHaxoBbI 1IpO-
crpancrsa. Torna oneparop T € B(X, Y) HopMmasibHO pa3pemumM B TOM
H TOJBKO B TOM CJydae, eCJH HOPMAJbHO paspertum omeparop T’ €
B(Y', X').

< =: B cuny 7.6.11 (2), im(T") = (kerT)*. TloampocTpancTBO
(ker T+, oueBUHO, ABJIACTCS 3AMKHYTHIM.

«: Ilyers cragama clim T =Y. Slewo, ato 0 = Y+ = (clim T)+ =
(im7T)+ = ker(T") B cuiy 7.6.11. Ilo Teopeme Bamaxa 06 mzomopdus-
Me MOXKHO nogpickath S € B(im(T”), Y'), nust koroporo ST’ = Iy.
Cayuait r := ||S]| = 0 tpusnanen. Ilo9TOMy MOKHO CYHTATH, UTO
[T"y"|| > 1/7 qlly’|| mpu Beex y” € Y.
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Y6eaumest B oM, uro clT'(Bx) D 1/2r By. Ecan sto npogenaso, To
BBHLy HjieasbHOM BbiyK/octu 1'(By ) Beimosmeno Briovenne T'(Bx) D
1/4r By . CaenoBaresbno, T — romoMopdusm.

ITycrb y ¢ clT(Bx). MoXKHO yTBEPKIATD, UTO Y HE JIEXKUT U B HEKO-
TOPOM OTKPBITOM BBIIYKJIOM MHOXKECTBe, cogepxkainem T(Bx ). Iepexo-
JIsT, €CTIM Hy?KHO, K BEIECTBEHHBIM OCHOBAM TPOCTpaHcTB X u Y, Gymem
cuntath, 9To F:= R. IIpumennm Teopemy ormesmmoctu 7.5.12 u Haiizem
Henysesoit y' € Y’/ rakoii, uto

1
'l 1yl = ' (y) > sup y'(Tz) = | T"y'|] > =[ly'|.
Iz <1 r

Otrcioma |ly|| > 1/r > 1/2r. Taxum obpazoM, TpeGyeMoe BKJIIOUEHHE
YCTaHOBJIEHO 1 oriepaTop 1’ B HAINNX MPEIIIOJIOKEHUSIX HOPMAJIBLHO Pa3-
PpermmM.

Pacemorpum Temeps obmumit corygait.  [losoxxum Yy := clim T, u
mycrs ¢ : Yy — Y — roxzgecrsennoe Bioxenne. Torma T = (T, rae
T:X — Yy — oneparop, jeiicTByiomuii o npasuiny 1z — Tz mig x €
X. Kpowme toro, im(7") = im(T"/) = T'(im(¢")) = T' (YY), u6o /(Y') =
Y] (em. 7.6.4 (2)). Urax, T' — HOpMAJBHO Pa3permuMblii omepaTop.
Crayto 6bITh, TI0 yKe JokaszaHHoMy 1 HOpMaJibHO pazpemmm. OcTaioch
3aMeruTb, uTo im T = imT. >

7.6.13. IIpuHIun MITPUXOBaHUS MOcJegJ0oBaTebHOcTei. Ilo-
CJIEIOBATEIBHOCTH

T, Tk+1
— X =5 X —5 Xpr1 — ...

TOYHa B TOM H TOJIbKO B TOM CJiy4dae€, €C/JId TOYHa COIIPpA?KeHHasl I10CJIe-
JloBaTeJIbHOCTDb

Ty,

T
.<—X,;_1<—X,'€<—+1X,'N1<—....

<l =: Tak kak im Ty 11 = ker Tg 9, T0 T} +1 HOPMAJIBHO PA3PEIINM.
[Tpusiiekasi jieMMy O IOJIIpaxX, UMeeM

ker(T}) = (imTy)* = (ker Tjoq)™ = im(T}, ;).
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<: Ilo Teopeme Xaycmopda Ti.1 HOPMAJBHO pa3penuM. BHOBB
aneuupys K 7.6.11 (2), BeIBogEM

(im Tp)* = ker(T}) = im(T} ) = (ker Tj1)*

Ilockonbky T} HOpMAJIBLHO pa3peruM 1mo Teopeme 7.6.12, to im Ty —
3aMKHyTOe TTogmpocTpancTBo. [IpuBnekas 7.5.14, mosxydaem

imT* = +((imT})*) = L ((ker Ty 1)4) = ker Ty 1.

3mech yareno, uro ker Tj, 1 — 9TO TOXKe 3aMKHYTO€ IO IITPOCTPAHCTBO. [>

7.6.14. CaeacrBue. s KaXK0ro HOpMaJIbHO Pa3PEITIUMOro oIre-
paropa T mmeror mecro caenyromme uzomopdusmer (ker T')' ~ coker(7”)
u (cokerT') ~ ker(T”).

< B cuny 2.3.5 (6) nocsenoBarebHOCTD

OerrTﬂXgYﬂcokerTHO

touHa. V3 7.6.13 BBIBOAMM, UTO MOCJIEI0BATEILHOCTD
T/
0— (cokerT) =Y = X' — (kerT)" — 0

TOYHA. >
7.6.15. CaencrBue. T — uzomopgpusm < T' — uzomopguzm. <I1>
7.6.16. Caezxcreue. Sp(T) = Sp(T"). <>

YnopakHeHus
7.1. BI)IHCHPITI)7 KaKue JIMHEUHbIe ornepaTopbl NJeaJTbHbI.

7.2. YcTaHOBUTH, 4TO pa3JeIbHO HelpepbIBHas OuynHeiiHass dopma Ha OaHa-
XOBOM IIPOCTPAHCTBE HEIIPEPBHIBHA 10 COBOKYITHOCTH II€PEMEHHBIX.

7.3. Byzer sin paBHOMEPHO OrpaHUYEHHBIM Ha IIape CEMENCTBO Oy HEIIPEPHIB-
HBIX CHHU3Y CYOJIMHEHHBIX (DYyHKIMOHAJIOB Ha OGAHAXOBOM MPOCTPAHCTBE?

7.4. Ilycts X, Y — Ganmaxosbl npocrpaucrsa u 1" : X — Y. Jlokasarb, 4T0
nuist Hekotoporo t € R 6yner || Tz|y > t||lz||x B Tom u TobKO B TOM Ciyuae, ecan
kerT = 0 u im T — mojHOE MHOKECTBO.

7.5. BBISICHUTB yCJIOBUS HOPMAJIBHON Pa3pelInMOCTH ONEpPATOpPa yMHOXKEHUS
Ha (PYHKIMIO B IPOCTPAHCTBE HENPEPHIBHBIX HA KOMIIAKTe (OYHKIIHIM.
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7.6. Ilycte T — orpanudeHHbIN 3nuMoOpdu3M OGaHaxoBa NnpocrpancTBa X Ha
11(&). Ycranosurs gonosmHsieMocTs ker T

7.7. YcTaHOBHUTB, 9TO PABHOMEPHO 3aMKHYyTOe moanpocrpancTso B C([a, b)), co-
craBiienHoe 13 HenpepsBHo Auddepennupyembix bynxuuii — snemenros C(1 ([a, b]),

KOHEYIHOMEPHO.

7.8. Ilycte X n Y — pagznuunble 6aHAXOBBI IPOCTPAHCTBA, IpudeM X Helpe-
PBIBHO BJIOZKEHO B Y. YCTaHOBHUTBH, 4TO X fBJISE€TCH TOIIUM MHOXKECTBOM B Y .

7.9. Ilycre X1, X9 — HeHyJIeBble 3aMKHYTBIE IIOIIPOCTPAHCTBa OaHAXOBa IIPO-
crpancTBa, npudeM X1 N X2 = 0. [Jokazars, uro cymma X1 + X2 3aMKHYTa B TOM U
TOJIBKO B TOM CJIytIae, €CJIH CJIELYIOINas BEJININHA

inf {”:El — 332”/”:)31” cx1 #£0, 1 € X1, 2 € XQ}

CTPOT'O IIOJIO?KHUTEJIbHA.

7.10. Ilyctb (@mn) — cYeTHast JBOHHAs IOCJEJIOBATEILHOCTD, OOJIAJAIONIAs
TeM CBOMCTBOM, UTO MMeeTcs mocyenoBarenbocts (")) smementos Iy, a/1s KOTOPO
o (m)
pagst 3 %) amnn
- oo
JIOBATEJILHOCTD T U3 11, JJIsi KOTOPOH psiJibl an1 AmnTn HE cxouaTcs (abCOIOTHO)
npu Bcex m € N.

He cxonarcsa (abcomoTHo). Jlokasarb, YTO HaNAETCs Mocye-

7.11. Ilycts T — omeparop B ruiapbepToBoM mpocrpancTBe H Takoii, 4To pa-
BercrBo (Tx | y) = (x| Ty) umeer mMecTo JJisi Bcex &, Yy € H. YCTaHOBUTH OrpaHUYEH-
nocts 1.

7.12. Ilycrs 3aMKHYTBIE KoHyc X T B 6aHAXOBOM IPOCTPaHCTBEe X HABJIAETCS
BocrpousBogamum: X = X T — X1, Jlokasarn, uro maiimerca koucranta t > 0
Takas, UTO /st JF06oro ¥ € X W TpeJCTaBIeHus T = T1 — T2, TAe o1, T2 € X1,
somonneno: [z || < tl|zll, (=2l <tz

7.13. Ilyctp nmosyHenpepbIBHbIE CHU3Y CyOJiMHEIHble DYHKIMOHAJBI D, ¢ B Oa-
HaxXOBOM IpocTpaHcTBe X TaKOBbI, YTO KOHyCbl dom p u dom ¢ 3aMKHYTBI U ITOIIPO-
crparctBo domp — dom g = dom g — dom p gonosasiemo B X. [lokasarh, 4To Juist
Tonosiornyeckux cyouddepennuanos BeinonaaeHo (cp. ynpaxkuenue 3.10)

O(p+q) = 9p+ 0q.

7.14. IlycTb p — HenpepBIBHLIN CyOIMHERHDIN (DYHKIIMOHAJ, OMPEIEICHHBIH Ha
HOPMHMPOBAHHOM IpocTpaHcTBe X, u 1 — HempepbiBHBbINA 3HI0MOpdu3M X. [o-
MyCTUM, 9TO CONpsizKeHHbI# oreparop T’ mepesoauT B cebs cybauddepennuan Op.
VeraHOBUTE, 9TO Op COJEPKUT HENMOABHXKHYIO TOUKy T7.

7.15. dna dyskmun f : X — R Ha HOpMHpoBaHHOM mpocTpaHCTBe X IIOJIO-
2KUM
(@)= supl(z]a) — f(z): w €dom f} (o) € X');

()= sup{{z|2’) — f*(2') : 2’ € dom(f*)} (z€ X).

BrbisicHuTb, Ipu KakKuX ycjaoBUsiX Ha f BbIOJHEHO f = f**.
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7.16. YcTaHOBUTDB, YTO loo JOIOJHAEMO B JIIOODOM COJIEPKAIIEM ero DaHAXOBOM
MIPOCTPAHCTBE.

7.17. BanaxoBo npocrpancTBo X Ha3bIBAIOT IPUMapHBIM, €CJIu J10boe ero bec-
KOHEYHOMEPHOE JIOIIOJIHSIEMOE ITOAIIPOCTPAHCTBO u3oMmopduo X. Ybenurbcs, 4TO Co
ulp (1 <p < +00) npuMapHsL.

7.18. Ilycrb X u Y — GanaxoBbl nmpocrpancrsa u oneparop T € B(X, Y)
TakoB, 4To im T — Heromee MHOXKecTBO. Torga T HOPMaJILHO Pa3pPEeIuM.

7.19. Ilycts Xg — 3aMKHYTO€ IOANPOCTPAHCTBO HOPMHPOBAHHOIO IIPOCTPAH-
crBa X, npuuem Xo u X/Xo — GanaxoBbl npocrpancTBa. Torma X Tak:ke GaHAXOBO
IPOCTPAHCTBO.



I'maBa 8

OnepaTopbl B 6aHAXOBBIX
IIPOCTPAHCTBaX

8.1. TomomopdHubie PYHKIIUU U KOHTYPHbBIE
WHTErpaJIbl

8.1.1. ONPEAEJEHUE. Ilycts X — 6anaxoBo npocrpancrio. I1oj-
MHOXKECTBO  IIapa By/ B CONPSKEHHOM IpocTpaHcTBe X' Ha3bIBaioT
nopmupyrowsum (mys X ), ecou st KaxKJ0r0 3JIeMeHTa & n3 X BBINOJ-
HeHo ||z|| = sup{|l(z)|: I € }. Ecum, nomumo sroro, mist Besikoro U
B X Takoro, uro sup{|l(u)| : u € U} < +oco mpu l € , cupaBeJJIUBO
sup ||U]| < +00, TO  HA3BIBAIOT 6NOAHE HOPMUPYIOUUM MHOXKECTBOM.

8.1.2. I[TPUMEPHI.

(1) ITap Bx’s — BIOJHE HOPMUPYIOIIEE MHOKECTBO B CHILY
5.1.10 (8) u 7.2.7.

(2) Ecim ¢ — (BHOJIHE) HOPMUPYIOIIEE MHOXKECTBO 1 o C
1 C Bx/, T0o 1 TakxKe (BIIOJIHE) HOPMUPYIOIIEE MHOXKECTBO.

(3) MHuozkecTBo KpaiiHuX TOUeK ext(Bx) sIBJIsSI€TCS HOPMU-
pytomumM 1o Teopeme Kpeitna — Munbmana s cybanddepenuaios
3.6.5 u HecomHenHoro paBercTBa Bx: = |0|(]|-||x ), KoTOpoe yxKe HEOMHO-
KpaTHO ObLI0 nenosb30Bano. OHAKO BIOJHE HOPMUDYIONHAM 9TO MHO-
JKECTBO OBITH He 00s513aHO (TaK, B 9ACTHOCTH, OGCTOUT JI€I0 B POCTPAH-

cree C([0, 1], R)). <>

(4) IIycre X, Y — GaHAxoBBI IPOCTPAHCTBA (HAJ, OJHUM U
TeM ke 1osieM F) u  y — Hopmupyioriee MuOXKecTBO st Y. Tosoxkum

B:= {5(y§x) : y/ € vy, TE Bx},
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rie Oy 2)(T):=y' (Tx) pmay' €Y, re X uT € B(X, Y). fcno, uro
10¢y1) (T = ly"(To)| < ly'| 1Tl < lly'I| 1T ],
T. €. O(y1q) € B(X, Y)". Ilomumo aroro, s T' € B(X, Y) Bbimosmeno
1T = sup{||Tz| : ||zl <1} =sup{|y’(Tz)|: y" € v, [zl <1} =

= sup{[0(y;2)(T)] = byia) € B}

Takum obpaszom, p — HOopMupyioniee MHOxKecTBO (i B(X, Y)). Ecau
DU 3TOM  y — BIIOJIHE HOPMUPYIOIIEE MHOKECTBO, TO g TAKYKE BIIOJIHE
HOPMUPYIOIIee MHOXKECTBO. B camom geie, eciin U TaKOBO, 9TO YUCIOBOE
muoxkecTBo {|y’(Tx)| : T € U} orpannveHo npu JioObix © € Bx u
y' € 'y, 10 o ycuosuto muOXKecTBo {Tx : T € U} orpanudeHo B Y
15 Besikoro © € X. B cuiry npuHImna paBHOMEpHOH OrpaHUYeHHOCTH
7.2.5 aro ozmavaer, ato sup |U]| < +oo.

8.1.3. Teopema Jlaungopaa — Xuste. Ilycrb X — KOMILIEKCHOE
6aHaXOBO MPOCTPAHCTBO U — BIIOJIHE HOPMHUPYIOIIEEe MHOXKECTBO JJIsT
X. Ilycre, namee, f : 9 — X — orobpazkeHHe MOAMHOXKECTBa ¥ B
C B npocrpanctso X, npmaem 9 orkpreito (B Cr ~ R2). Crexyrongie
VTBEPKIeHUS] SKBHBAJIEHTHBI:

(1) jurst Kaxks0r0 29 € 9 CyecTByeT npeaest

L FE) o)
25z z2—29

(2) s kaxkapix 290 € P wl €  cymecrByer npeses

lim lof(2) flof(zo)7

zZ—20 zZ— 20

1. e. ¢pynknusilo f: P — C romomopgua npu | €

< (1) = (2): OgeBugmo.

(2) = (1): IIpocrorsl paju GyjeM cauTarTh, 910 2o = 0 1 f(z) = 0.
Pacemorpum map paguyca 2¢, mesaukoM Jexaimit B 2, 1. e. 2¢D C 2,
rae D := B¢, Kak npuHATO B KOMILIEKCHOM aHAJmM3e, Oy/JIeM CUUTATD
kpyT €D (opreHTUPOBAHHBIM) KOMIAKTHBIM MHOrooOpasueM ¢ KpaeM T,
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rae T — (mosmkabiM 06pa30M OPHUEHTUPOBAHHAS) €AMHUYHAS OKDYIK-
Hocth T:= {z € C: |z| = 1}. Ilpu z1, 22 € €D\ 0 gna romomopduoit
dbyuxyn lo f (byHKImMOHAN [ JIEKUT B ) UMEIOT MECTO IIPEICTABJIEHNUS
nurerpajgoMm Kormmm:

Lo fla) _ 1 /Lﬂz) dz (k=1 2).

2 2mi ) 2(z— )
2eT

SHauuT, IpU 27 F 29, yuuTbIBas, 9T0 1y z € 2T BBIIOJHEHO
|z — zx| > e (k:=1, 2), a Takxke uro byHKIHUs [ 0 f HempepwBHA B 2,

II0JIy9aeM
‘l( 1 <f(21) f(@)))‘
Z1 — %9 Z1 z92

e [0 e )

2eT

1 1
T or /lof(z)z(z—zl)(z—ZQ)dZ =

2eT

< M sup |lo f(z)| < 400
2€2eT

st ogxomgamtero M > 0. Ilockoabky — — BIIOJIHE HOPMUPYIONIEE MHO-
2KECTBO, 3aKJII09IaEM:

sup
217#22;21,227#0 |Zl - Z2|
[21|<e,|z2|<e

1 Hf(zl) f(22)

Z2

‘<+oo.

IlociieiHee HEpaBEHCTBO 0OECIIEUMBAET CYNMIECTBOBAHUE HYKHOTO IIPeie-
Ja. >

8.1.4. OOPEAEJEHUE. Otobpaxkenue f : 2P — X, yIOBIETBOPSIO-
mee 8.1.3 (1) (usm, garo To xKe camoe, 8.1.3 (2) juist KaKOro-1ubo BIOJHE
HOPMUDPYIOIIEr0 MHOXKECTBA ), HA3BIBAIOT 2040MODPHHVLM.
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8.1.5. 3AMEYAHUE. MHorma ncrosb3yoT n3JIUIIHE JeTAIbHY IO T€P-
munoJoruio. Vmenno, ecam f yaosiersopsier 8.1.3 (1), o f masbiBator
cuavHo 2osomopprot byurnueit. B ciayaae, ecoau nyist f Boimosaeno 8.1.3

(2) upu := Bx/, roBOpaT 0 cAaaboti 2osomopdrocmuy f. B ycroBusax
813 (2)u812(4), r.e.upn f: 2 — B(X,Y), vy:= By ucoorser-
CTBYIOIIEM = g, TOBOPAT O CAGG0 ONEPAMOPHO 20A0MOPPHOIT DYHK-

Usix. Y YUThIBasi TPUBEIEHHYIO TEPMUHOJIOIMIO, TeopeMy Jlandopaa —
Xuiie 9acTo HA3BbIBAIOT MEOPEMOT 0 20A0MOPHHOCTIU U BBIPAKAIOT CJIO-
BaMU: «CJ1abo rosioMopdHas QYHKIWS CUJIBHO IOJIOMOPdQHAS.

8.1.6. BAMEYAHUE. B gampmeiineM yao0HO HCIOIBL30BATH WHTE-
rpaJibl pocTeimux riaakux X-3aadubix Gopm f(z)dz mo npocreitimmm
OPMEHTHPOBAHHBIM MHOTO00ODA3UsIM — IO KPasiM JIEMEHTAPHBIX KOM-
nakToB B miockoctu (cM. 4.8.5), COCTABIEHHBIM N3 KOHEYHOIO UHCJIA
HEMePeCeKAIOIINXCs TIPOCThIX TeTeIh. B Takme WHTEerpasbl BKJIa IbIBa-
FOT OYEeBUJIHBIN CMbIC/I. VIMeHHO, Jjisi TIeT/In -y BBIOUPAIOT MO IXOISIILY IO
(rmaakyio) napamerpusamuio ;T — ~y (¢ y4eTOM OpUEHTAIU) U 110~

JIaraioT
W/f(Z)dZ:%T/fO d ,

rJie MOCIeAHUI HHTErPaJ HOHUMAIOT, HAIPAMED, KaK MOJAXOIANIMHA HHTe-
rpas Boxuepa (cm. 5.5.9 (6)). HecomuenHna KOPpeKTHOCTH 9TOrO OIpe-
JIeJIeHNs, T. €. CYIIeCTBOBaHUE Hy>KHOI'O MHTerpaJja BoxHepa u ero nesa-
BHCHMOCTH OT BBEIGOpa apaMeTpH3aIn

8.1.7. Teopema Komru — Bunepa. Ilycro 9 — Herycroe OTKpbI-
TO€e MOJMHOKECTBO 1Iockocta u f : 9 — X — rogomopraOe orobparke-
uue B baraxoBo npoctparctBo X. Ilyctp, gasree, F' — mpocrast kKapTHHA,
Jutst mapst (&, 9). Toraa

8 { F(2)dz — 0.

Ilpu srom ajist zg € int F' BbITOJTHEHO

f(z0) = 1 Mdz.

21 )
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<! B cuny 8.1.3 meoOxommmbie MHTErpaJibl BoxHEpa CyIIeCTBYIOT.
Tpebyemble paBeHCTBA, OYEBHUIHO, CJIELYIOT U3 CIPABEITUBOCTH UX CKa-
JIAPHBIX BEPCHil, COCTABJISIONINX COJEPXKAHME KJIACCUYECKOH TeopeMbl
Ko, ckazannoro B 8.1.2 (1) u ormedenHoit B 5.5.9 (6) nepecraHoBOY-
HOCTHU MHTErpasioB BboxHepa ¢ orpanmdeHHbiME DYyHKINOHAJAME. [>

8.1.8. BAMEYAHUE. Teopema Kommu — Bunepa nozsosser mo xo-
POITIO U3BECTHBIM 0OpAa3IaM BBIBOIUTE JIsT X -3HATHBIX TOJJOMOPQHBIX
GYHKIWMIT aHAJIOTH TEOPEM KJIACCHIECKOTO KOMILJIEKCHOT'O aHAJIN3A.

8.1.9. Teopema o pazmaoxxenuu Teiiaopa. Ilycto f: 9 — X
— rosiomopcpHast GyHKIWs u zg € 9. B jrobom kpyre U := {z € C :
|z — 20| < €} Takom, uyro clU Jjexkur B &, HMeET MECTO Pa3/IOXKEeHHE
Tesisropa (B paBHOMEPHO CXOJSIIHICS CTENeHHOI PsiT)

[e.°]

1) =3 enlz = 20)",

n=0

r71e K03(OPHUIIHEHTHI €y, BBIYHCJISIIOT IO (POpMYJIaM

A g, g
/( I

z—z2o)"t1 T pldzn

(20)-

Cp = -
"o
ouU

< JlokazaTeIbCTBO OCHOBAHO HA CTAHJIAPTHOM DPA3JIOKEHUH sIJIPa

u s (u—2z)~! B bopmyse

1 (u)
=— | —=d 1U
1) 2mi u—z " (z € dU)
au
IO CTEIeHAM 2z — 20, T. €.
1 1

N R e

Iocnennnii psaj cxonurces pasaomepso o u € QU’. (Buecy U/ = U + gD
JUIst Kakoro-mbo g > 0, takoro uro clU' C 2.) VYwuurbBasi, [To
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sup || f(OU")|| < +00, 1 IpoU3BO/Ig UHTEIPUPOBAHUE, IPUXOIAUM K TPeOy-
emoMy mipezicraiennio f(z) npu z € clU. Ilpumensist nokasanuoe K U’
7 mpuBJeKad 8.1.7, BUIUM, UTO UCCIETyeMbIH CTEEHHOU DI CXOIUTCS
B Kax10i1 Touke U’'. OTCioa BbITEKAeT €ro paBHOMEpPHASA CXOJUMOCTD
Ha KOMIIAKTHBIX IOJMHOKecTBax U’ a moromy u Ha U. >

8.1.10. Teopema JIuysusis. Ecin ¢pyukmus f : C — X romo-
mopua u sup || f(C)|| < 400, To f — mocrosHHOE OTOGPAXKEHHE.

< Hnsa e > 0, paccmarpuBas quck €D u yautbiBas 8.1.9, nmeem
[enll < sup [If(2)[| - &7 < sup | f(C)]|-e™™
zceT

mpu Becex n € N u ¢ > 0. Takum obpazom, ¢, = 0 mrst n € N. >

8.1.11. Kaxkaplit orpaHHIeHHBIH SHIOMOPDH3IM HEHYJIEBOIO KOMII-
JIEKCHOTO OaHaXO0Ba MPOCTPAHCTBA UMEET HEIYCTOH CIIEKTD.

< IIycrs T — Takoit sugomopdusm. Eciu Sp(T') = &, To pe3osib-
serra R(T, -) rosmomopdua Bo Beeii miockocru C, manpumep, mo 5.6.21.
Kpowme toro, va ocnoBannu 5.6.15, ||R(T, A)|| — 0 upu |A\| — +oco0. B
cuy 8.1.10 sakmouaem, aro R(T, -) = 0. B 1o e Bpewmsi, IpuBJIeKasi
5.6.15, Bumum, gro upu |A| > ||T|| Bbmoareno R(T, A\)(A —T) = 1.
[omyuaercss mporuBopedne. >

8.1.12. Hwmeer mecro popmyna bBépymara — lenpgana:
r(T) =sup{|A|: X € Sp(T)}

autst gioboro oneparopa T € B(X), rge X — KoMiuiekcHoe 6aHAXOBO
MIPOCTPAHCTBO, T. €. CIEeKTPAJbHBIN PaJNyC OIIEPATOPa COBIIAJAET C Pa-
JILYCOM €ro0 CITEKTPA.

< To, uro cuekrpasbHblil paguyc r(T') GoJblie pajuyca CIeKTpa,
ormedeno B 5.6.16. Taxum obpaszom, npu (1) = 0 10Ka3BIBATH HAYETO
He Hajo. Ilycrs Tenepp r(T) > 0. Bosemem A € C tak, uro |\ >
sup{|u| : p© € Sp(T)}. Torma kpyr pamuyca |\~ menuxom nexur B
obsactu rosiomopduoctu dGyakmuu (M. 5.6.15)

= { 0 (ZT’ZO.I)’ 270, 27 exes(T),

[pusyexas 8.1.9 u 5.6.17, saxmouaem, ato |A|~1 < 7(T)~L. Cnenosa-
reabHo, || > r(T). >
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8.1.13. IIycrs K — memycroii komnakt B C u H(K) — MHO)KecTBO
rojgomopubix B okpecraoctu K ¢ynkuuii, . e. (f € HK) & f :
dom f — C — romomoppuas ¢pyukuus, dom f D K). Hus fi, fa €
H(K) moaoxum fi ~ fo, eciiu cymecrByeT OTKPBITOE IIOJMHOXKECTBO 9
B dom f; Ndom f5 takoe, uro K C P u f1|9 = f2|9. Torma ~ sBiasercs
orHoIeHneM sKkpuBajienTHoctd B H(K). <>

8.1.14. OTNPEAE/IEHUE. B ycnosuax 8.1.13 nonoxum J2(K) =
H(K)/~. Daemenr f € ' (K), comepxamuit dbyukuuo f € H(K),
HA3BIBAIOT pocmkom [ Ha KommakTe K.

8.1.15. Ilycrs f, g € #(K). Ilycrs, KpoMe TOro, BHIACICHBI
fi, f2€f, g1, g2 € 9. Homoxxum

z € dom f1 Ndom g1 = p1(x):= fi(x) + ¢1(x),

x € dom fo Ndom g3 = wa(x):= fa(x) + go(x).

Torna @1, @2 € H(K), npuaem @1 = 93.
<1 Beibpas oTkpbiThie MHOXKecTBa K C 27 C dom fiNdom fo u K C

95 C dom g1 Ndom gy, B KOTOPBIX COBHAMIAIOT f1 U fo U COOTBETCTBEHHO
g1 U g2, BUJUM, 9TO B &1 N D5 COBIAJAIOT (1 U (pg. [>

8.1.16. OnPEAEJEHUE. Kitace, BBemenubiii B 8.1.15, Ha3bBaroT
cymmoti pocmxos fi u fo m obozuadaior fi + fo. AHaJIOrMYHO BBOISAT
npouseederue PoCmKo8 U YMHOHCEHUE POCTNKG HA KOMNACKCHOE YUCAO.

8.1.17. J(K) ¢ oneparnusivu, BBeseHHbIMEU B 8.1.16, siBisiercst aJr-
rebpoii. <>

8.1.18. ONPEAEJIEHUE. Bosuukarwomyio anrebpy 5 (K) na3bia-
10T aa2e6poti pocmKkos 20A0MOpPHHIT GyrKkyul Ha KoMnakre K.

8.1.19. ITycre K — komuaxr BC, a R : C\K — X — rosomopguasi
¢dyHKIHSA co 3HAYeHHsIMH B 6aHaxoBoM npoctpancrse X . Ilycrb, maiee,
f € HK)ufi, fo € f. Ecm Fy — mpocras kKapThHa J/Is Tapbl
(K, dom f1), a F» — npocras kapruuna gis napsl (K, dom fs), 0

/ FU(2)R(2)dz — / F2(2)R(2)dz.

8F1 6F2
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< Hycrs K C 2 C int Fy Nint Fy, tae 2 otkpwito u fi|lg = falg.
Bozbmem mpocryo kapruny K C F C 2. YuurbiBasi roJIoMOPQHOCTD
dyukuun f1 R wa dom f; \ K u rosomopduocrs foR na dom fo \ K,
BBIBOJIUM PaBEHCTBA

/fl(z)R(z)dz: /fl(,z)R(z)dz7
oOF

OF,

/fg(z)R(z)dz: /fg(z)R(z)dz
oF

OF3

(13 HETPUBUAJIBHOTO (hbaKTa CIPABEIMBOCTH WX CKAJSPHBIX AHAJIOTOB).
Beusy cosnasienus f1 u fo Ha 2 umeem Tpebyemoe. >

8.1.20. ONPEJEJEHUE. Pukcupya h € ' (K), B yciaosugx 8.1.19
KOHMYPHOBIM UHME2PaAoM h ¢ IpoM R Ha3BIBAIOT 3JIEMEHT

7{h(z)R(z)dz::/f(z)R(z)dz7
OF

rie h = f u F — npocrag Kapruna aia napsl (K, dom f).

8.1.21. BAMEYAHUE. O6osnadenue h(z) B 8.1.20 Hecayvaiino. Oxo
O00DbSICHAETCS TEM, UTO JJIs KaXKI0i TOYKHU 2z € K U JI00BIX ABYX IIPeJ-
craBuresieil fi, fo pocrka h Bomosneno w = f1(z) = fa(z). B aroi
CBsI3M 00 3JIEMEHTe W TOBOPAT KakK O 3HaA%eHuu pocmka h 6 mouke z n
numyT h(z) = w. Ormerum 3xaech ke, uro B 8.1.20 dbyHkumio R MOXKHO
cunTarh 3ajanHol b B U \ K, tae int U D K.

8.2. TonomopdHOe DYHKIIMOHAIIBHOE UCYNCIIEHTE

8.2.1. OnPEAENEHUE. Ilycts X — (HeHyseBoe) KOMILIEKCHOE Ga-
HAXOBO IIPOCTPAHCTBO U T — OrpaHudeHHblil sndomopdpusm X, T. e.
T € B(X). Oust h € 7 (Sp(T)) xouTypHbIii naTerpa ¢ siapom R(T, -)
— pesosbBenToi oneparopa T — 0603HAYAIOT

1
RArh:= 57 fh(z)R(T, z)dz
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u HasbBalOT unmezpasom Pucca — Hangopda (pocrka h). Ecau f —
dbynxust, ronomopdnast B okpecrrocru Sp(T'), o momarator f(T) :=
Py f:= X7 f. Ucnonas3yior Takxke 6osee o6pasHble 0603HATEHNST THITA

f(r) = i Mdz
2me J z2—=T

8.2.2. BAMEYAHUE. B asre6pe, B 9aCTHOCTH, U3YyYIAIOT PA3JIAIHBIE
[IPeJICTABJICHNAs] MATEMATHIECKUX 0ObeKTOB. HaM yjI00HO M0JIb30BATHCS
HEKOTOPBIMH JIEMEHTAPHBIMU MMOHATHSIMUA TEOPUU MPEICTABICHAN HAU-
boJsiee «ajrebpandeckux» o0bEKTOB — ajredbp. BcermomuuMm npocreiimime
U3 HUX.

ITycrs Ay, Ay — aBe anreGpw! (Has OJHUM U TeM Ke mogeM). Mop-
Pusmom Ay B Ag wiu npedcmasaenuem anredpbl Ay B anrebpe As (pe-
7K€ TOBOPAT «B are6py As») Ha3BIBAIOT MYALMUNAUKGMUESHVLT AUHET-
nouli onepamop R, T. e. orobpakenue R € F(A;, As) takoe, 4To
R(ab) = R(a)R(b) musa Becex a, b € A;. Ilpencrasienme R Hasbl-
BaOT movhoim, ecan kerR = 0. Haymume TOYHOro mpeacTaB/ICHUS
R: A1 — Ay nosBossier paccmaTpuBaTh A; Kak mogaiarebpy As.

Ecimn Ay siBnstercs (mog)anre6poit sugomopdusmos £ (X ) HeKoTO-
POro BeKTOPHOro mpocrpancTsa X (HaJl TeM Ke oJIeM ), TO 0 Mopdusme
A; B Ay roBopsT Kak o (nmHEHHOM) npedcmasaeruu Ay B npocmpan-
cmee X umu o6 onepamoprom npedcmasaenuu Ai. Ilpocrpancrso X
HA3BIBAIOT B 9TOM CJIyYae NPOCMpPaHCmMEom npedcmasicHus airedper Aj.

Eciu B npocrpancree X npejcrasienust R anrebpsl A ecTb moampo-
crpaHcTBO X1, MHBAPHAHTHOE OTHOCUTEIHHO BCeX orepaTopos JR(a) npu
a € A, TO ecTeCTBEHHBIM 0OpPa30M BO3HHMKAET Ipejcrasienue Ry : A —
Z(X4), neitcrByromee o mpasuity Ri(a)r; = R(a)ry g x; € Xy u
a € A, naspiBaemoe nodnpedcmasaenuem R (mopoxkaerubM X1 ). Ecan
X = X1 ® X5 u 910 pasjiokeHne NPUBOAUT KazKiblii orieparop R(a) s
a € A, T0 roBOpAT, 9TO npedcmasaenue R npusedeno k npamol cymme
(nod)npedcmasaernuis Ry v Re (nopoxkaenunix X u Xo COOTBETCTBEH-
HO). OTMeTHM BayKHOCTH 33J[@4U M3YYCHUS IPOU3BOJILHBIX HENPUGodu-
Moz npedemasaenuti (= IpeIcTaBIeHuil, He CONEePKAINUX HETPUBUAID-
HBIX IIOJ(IPE/ICTABJICHHUIA).

8.2.3. Teopema lI'erpparnga — Jancgopaa. HNarerpas Pucca —
Jlarpopia X ciy>KAT HpeicTaBIeHHeM ajredpbl POCTKOB I'OJIOMOP-
HBIX (pyHKIUI Ha crekrpe omeparopa 1 B mpocrpancrBe X — objia-
cru onpenenenus: omeparopa T. Ilpu srom ecan f(z) = Y00 cpz"
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(8 oxpecrrocrn Sp(T)), to f(T) = 3" o cn T™ (cymmmpoBanne Begercst
OTHOCHTEJIBHO OII€PATOPHOH HOPMBI B B(X ).

< To, uro %1 — JMHEHHBIH OIEPATOP, HECOMHEHHO. YCTAHOBUM
MYJIBTATTHKATHBHOCT Z. i storo BosbMeM fi, fa € S(Sp(T))
u BbIGEpEM IpocThble Kaprunbl Fj, Fy takume, uro Sp(T) C int F; C
Fi CintFy, C Fy C 2, upuuem bynxumn fi € f1, fo € fo sABIsIOTCS
roJioMOp(HBIMU Ha Z.

IIpusnekass odeBmaHBIE CBONCTBa MHTerpaia Boxmepa, Kiaccmde-
ckyio Teopemy Ko u Ttoxnecrso ['mnsbepra 5.6.19, mociaenosarenbHO
HOJTy 9aeM

RrfroRrfa = f1(T)f2(T) L fl(zl)dzlo/ fz(Zz)dZ _

T omidni | w7 S
OF; OF,
1 1
omiom [ | [ EOR@ s | peRE 2z -
211 27
OF; OF,
Qm omi / /fl 21) f2(22)R(T, z1)R(T, z9)dzadz; =
OF) OF,
R(T — R(T
/ /fl z1) f2(22) R, 21) - R(T, Z2)d22d21 —
"~ omiomi 2 — 21
OF, OF,
fa(z2)
27rz/f1 Tm Hdzé R(T, z1)dz
OF; HFs
1 J1(21)
——dz T dze —
271'2 /f2 27'['2 Zo — 21 21 R( ) ZQ) Z2
OFs OF,

= %Z-/fl(zl)fz(%)R(T, 2)dzy — 0 = fLfo(T) = Br(Fr f2).
ol

Bribepem okpykHOCTD 7y := €T, jexkantyto Kak B res(T), Tax U BHYT-
pu Kpyra cxogumoctu psaga f(z) = Y 0 ¢,2™. Yunresas 5.6.16 u 5.5.9
(6), nmeem
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o 1 - —n—1gqm o
271_Z/f(z)nzzoz T"dz =
—n 1pn o
ZMZ /f T"dz =
ol

_Z 2m z”“ dz Z nT"

B cumy 8.1.9. >

8.2.4. BAMEYAHUE. Teopewmy 8.2.3 4acTo HA3BIBAIOT 0CHOGHOU Mme-
opemoti 20A0MOPPHO20 PYHKUUOHANDHOZO UCHUCAEHUS.

8.2.5. Teopema 06 orobpa>keHuu crektpa. /lis jar000ii QyHK-
nquu f € H(Sp(T)), romomopgnoii B okpecrHocTu criekrpa omneparopa T
n3 B(X), BbIIOIHEHO

f(Sp(T)) = Sp(f(T))-

< Iyers cragana mano, aro A € Sp(f(T)) u f~1(\) N Sp(T) = @.
Hna touxu z € (C\ f~1(\)) N dom f monozkum g(2) := (A — f(2))~ !
Torma g — rosomopduas dbyuxius B okpecraocru Sp(T'), npudem (X
f) = (A= f)g = TIc. Ilpusnekas 8.2.3, sumum, arto A € res(f(T)).
Iocteaee mpoTuBopednt yeaosmio. 3uaunt, f~1(A) N Sp(T) # @,
Sp(f(T)) C (Sp(T)).

IMycrs reneps A € Sp(T'). Ilosoxum

A7z o) TG o) oy,

E'Dvl

IMousitHo, uT0 g — rosomopduas GyHKIUsT (0COGEHHOCTD «yCTPAHEHA ).
N3 8.2.3 nosmyuaem

g(MA=T) = (A=T)g(T) = f(A) = £(T).
Buauur, eciim f(A) € res(f(T)), ro oneparop R(f(T), f(A))g(T) sBus-

erca obparabiM K A — T. Mubivu cioBamu, A € res(T), 910 HEBEPHO.

Urax, f(A) € C\res(f(T)) = Sp(f(T)), = e. f(Sp(T)) C Sp(f(T)). >



8.2. I'osiomMopHOE PYyHKIMOHATIBHOE HCIUCICHHE 169

8.2.6. Ilycte K — memycroii kommakt; g : domg — C — roso-
vopHas yurums, npuiem domg D K. s f € H(g(K)) nomoxum
5(?) .= fog. Torma g — upexcrapienue are6por H (9(K)) B asarebpe
H(K). <>

8.2.7. Teopema Jlarucgopma. lis Besikoit pyaKmm g : dom g —

C, rosomopcpuoii B okpecraocru dom g criekrpa Sp(T') omeparopa T €
B(X), KoMMyTaTHBHA CJIEAYIOMAsT JUATDAMMA IPEJCTABIEHHL:

o

S (Sp(T))~L-7(Sp(9(T)))

Ry
pa 9(T)

B(X)

< Ilyers f € (g(Sp(T))) u f : 9 — C rtaxoswl, 4t0 f € f
u 2 D g(Sp(T)) = Sp(g(T)). Hycrs F} — npocrasi KApTUHA JJIs TIaph
(Sp(g(T)), 2) u Fy — npocras kapruna s napst (Sp(T), g~ (int F)).
Scno, uro upu arom g(0F;) C int Fy u, Kpome Toro, GyHKIus 22 —
(21 — g(22)) ! onpenenena u roomopdna B int Fy ayist z; € OF;. Takum
obpaszom, 1o 8.2.3

R(Q(T), Zl) - QLM / deQ (Zl € 8F1)
OFs

YaursiBas 3TO COOTHOIIEHHUE, IIOC/IeA0OBATE/IbHO NMEeeM

_ 1 f(z1) -
Ko f = i o —o(T) dz =
oF,
= 1 1 R(T7 22) -
- 2mi 2mi / f(z1) / 2 — g(zz)dZZ dz; =
OF OF,
11 f(z1)
= 2mi2mi T T -
2mi 2mi / 2 _9(22)d21 R(T, z)dz

OF, OFy
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1
2w

/ Fg(22))R(T, 2)dzs = Z25(F)
OF>

(rak Kak g(z2) € int Fy jyist zo € OF% 110 IOCTPOEHMIO, TO HA OCHOBAHUU
KJIaccuieckoir TeopeMbl Ko

fla) = 5 [ L e

OF
8.2.8. SBAMEYAHUE. Teopemy /Jandopma BecbMa 9acTO HA3BIBAIOT
Meopemoti 0 CAONCHOT GYHKUUL U CUMBOJIMYECKH 3aIUCHIBAIOT TakK: f o

9(T) = f(g(T)) ana f € H(g(Sp(T))).

8.2.9. ONPEAEJEHUE. IlogmuokecTtBo ¢ B Sp(T') HA3BIBAIOT Cnek-
MPAALHOM MHONHCECTNEOM U U30AUPOSAHHOT wacmbvio cnexmpa T', ec-
JIML KaK 0, Tak 1 ero jgonosaenne o’ := Sp (T') \ o ABIAIOTCH 3aMKHY THIMA
MHOYKECTBAMU.

8.2.10. Ilycth 0 — CHEKTPATIbHOE MHOXKECTBO H ¥y — 9TO (Kakas-
auOyab) QyHKIHs, pABHAs €JIUHHUIE B HEKOTOPOH OTKPBITOIH OKPECTHO-
CTH 0 W HYyJIIO B HEKOTOPOiT OTKPBITOI okpectHocTH o' . Ilycrs, masee,

1 75(2)

= — dz.
211 z—TZ

P, = 3,(T):

Torpma P, — upoekrop B X u (3amkmyToe) nogupocrpancrso X, := im P,
HHBAPHAHTHO OTHOCHTEIBHO T .

< Tockombky 52 = 5., To, M0 8.2.3, 3,(T)? = 3,(T). Hommmo
sroro, T' = Zrlc, tne Ic : z + z, orkyna TP, = P,T (ubo Ic 7, =
%, Ic). 3uaunt, B cuny 2.2.9 (4), X, uHBApHAHTHO OTHOCHTEIBHO T'. [>

8.2.11. OnPEAEJEHUE. Oueparop P, u3 8.2.10 HazbIBaAOT npoek-
mopom Pucca nimm ke cnexmpasvoHbim NpoeKmopom, OTBEIAIOIIM CIIEK-
TPaJIbHOMY MHOYXKECTBY O .

8.2.12. Teopema o pazbuenuu cunekrpa. Ilycrs 0 — crekTpaJib-
roe muoxkectso oneparopa T nz B(X). Torpma umeer Mecto pasiiozKeHne
X B OpsAMyIo cymMMy HHBapHaHTHBIX rognpoctpanctB X = X, & X4,
npusossitiee 1 K MATPUIHOMY BHITY

T, 0
(5 )
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e yactb 1, oneparopal B X, u gacts T, oneparopa’l’ B X,/ TAKOBBI,
9TO
Sp(Ta) -0, Sp(Ta’) =a.
< IockonbKy 35 + 357 = Zsp(T) = 1c, To BBHOY 8.2.3 u 8.2.10
CJIeJIyeT YCTAHOBUTDH TOJILKO yTBEPKJEHUE O crieKTpe 1, .
W3 8.2.5 u 8.2.3 nonyvaem

o U0 = 5,1c(Sp(T)) = Sp (3¢,1c(T)) = Sp (%1 (3¢, 1c)) =
= Sp(%T%g o %TI(C) = Sp(P(TT)

IIpu sTOM B MaTpudHOM BHIE

T, 0
P, T ~ g .
IIycts A — memyseBoe KomIIekcHoe uncyo. Torma

AT, 0
)\—P(,Tw( 0 A),

T. e. omneparop A — P,T HeoOpaTuM B TOM KU TOJIBKO B TOM CJIydae,
ecrm meobparum onepatop A — T,,. Urax, Sp(T,) \ 0 C Sp(P,T)\ 0 =
(cU0)\0Co.

Homuycrum, aro 0 € Sp(T,,) u 0 ¢ 0. Boibepem oTKpbITHIE HElepece-
KAIOIIeCss MHOXKeCTBA Py U Dy TaK, 9T0 0 C Dy, 0 ¢ Dy v 0/ C Dy,
U HOJIOKHUM

)

2 € Dy = h(z):=

W |

2 € Dy = h(z):= 0.

Ilo 8.2.3, h(T)T = Th(T) = P,. Bonee Toro, pas h%, = %, h, To pas-
soxenne X = X, @ X, nupusogur h(T) n nyst wactu h(T'), oneparopa
h(T) B X, Bepuo h(T),T, = Toh(T), = 1. Takum obpazom, T, 06-
patum, 1. e. 0 ¢ Sp(T,). Ioayuwin uporuBopedne, O3HAYAONIEE, UTO
0 € 0. Nubivu coBamu, einosaero Sp(7,) C o.

Bamernm terepb, uro res(T) = res(T,) Nres(T,s). 3Hauut, 10 yxKe
JIOKA3aHHOMY

Sp(T) = C\res(T) = C\ (res(Ty) Nres(Tyr)) =
= (C\ res(T,)) U (C\res(T,)) = Sp(T,) USp(T,/) C o Uc’ = Sp(T).

YuauTeiBas, uro o N o’ = &, mosydaem Tpebyemoe. [>
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8.2.13. Teopema o pazsioxkenuu uHrerpaga Pucca — /lan-
dopaa. Ilycrs 0 — cuekrpasibHoe MHOX)eCTBO oneparopa T € B(X).
Paznoxkenne X = X, ® X, HpuBOIUT HpeicTaBjicHue X aareopbl
A (Sp(T)) B X & npsimoii cymme npejcrapiaennii £y n Xy . pu s170M
KOMMYTATHBHBI CJIEYIONIHE JHATPAMMBI [IPECTABIECHHI:

’

H(Sp(D)—"2wH(0)  A(Sp(T))—"Z (")
%, R, 7. R,
B(XU) B(Xa’>

Bnech %, (f):= %o f, %y (f):= st f mra f € H(Sp(T)) — npeacran.e-
HUSA, TTOPOXKJICHHDBIE CYXKEHUSAMY [ Ha 0 H 0’ COOTBETCTBEHHO. <[>

8.3. N nean KOMOaKTHBIX OIIEPATOPOB U mpobiiema

alllIpoOKCManumn

8.3.1. Ilyctp X, Y — 6amaxoBbl mpocTpaHcTBa. Jlist jrHeiHOro
oneparopa K € £ (X, Y) sKBUBAJICHTHDBI CJI€IYIOIIHE YTBEPXKICHUS:

(1) omeparop K xommakren: K € # (X, Y);

(2) cymecrBytor okpecrrocts Hyas U B X W KOMIIAKTHOE
muoxkectBo V' BY rtakme, uro K(U) C V;

(3) ob6pas npu orobpazkennu K j11060ro orpaHu9eHHOrO MHO-
>kectBa B X OTHOCHTEJIbHO KOMIAKTEH B Y ;

(4) obpa3s soboro orpanmderHoro B X MHOXKecTBa (IIPH OTO-
6pazkenuu K ) Buosne orpanuder BY ;

(5) .t KaXKIOH MOCTENOBATENBHOCTH (X )neN TOUEK €1U-
auunoro mapa Bx nocienoBaresbnocrs (K, )nen co-
JIEPKAT HEKOTOPYIO (PYHJAMEHTAJIBHYIO MOJIIOCTEI0BA-
TeJIbHOCTh. <[>

8.3.2. Teopema. Ilycty X, Y — b6anaxoBsl npocrparncrba. Torma
(1) # (X, Y) — samkHyTOe nognpocrpancreo B(X, Y);
(2) st s1r06BIX GaHAXOBBIX IpOocTpaHCTB W M Z BBIIIOJHEHO

B(Y, Z)o X (X, Y)o B(W, X) C # (W, Z),
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e eum S € BW, X), T € B(Y, Z), a K €

H(X,Y), ToTKS € (W, Z);

(3) Ir € H(F):= ¥ (F, F) aus ocaosroro noist F.

< To, uro (X, Y) — nomupocrpancrso B(X, Y), caexyer us
8.3.1. Ecu K,, € # (X, Y)u K,, —» K, to nyist € > 0 upu gocrarod-
HO Gosbiux 1 umeeM |[Kz — Kyx| < [|[K — K, || ||z]| < €, kKak ToibKO
x € Bx. Takum obpasom, K, (Bx) ciayxur e-cemvto (= B.-ceTbio) myst
K(Bx). Ocraerca cocnarbes Ha 4.6.4, 9T0ObI 3aKOHYUTH JIOKA3ATE b~
crBo 3amuyroctu J£ (X, V). Ilpoune yrBep:KeHusl T€OPEMbI SICHBL. [>

8.3.3. BAMEYAHUE. Teopemy 8.3.2 4acTO BBIPAXKAIOT CJIELYIOIIU-
MU CJIOBAMU: «KJIACC BCEX KOMIIAKTHBIX OIIEPATOPOB IIPEJICTABIIAET CO0Oi
onepamoprwill udeany. IIpu 9TOM MMEIOT B BUJLY OYEBHIHYIO aHAJOIHIO
tomy, uro £ (X):= 2 (X, X) upencrasisier coboii (IBycTOPOHHUI 3a-
MKHYTBIH) niean B anrebpe B(X), v e. (X))o B(X) C #(X) u
B(X)o X (X) C #(X).

8.3.4. Teopema Kankuna. Uneanst 0, # (l2), B(lz) cocrasisior

[IOJIHBIH IIepeveHb 3aMKHYTBIX JBYCTODOHHHX mieajoB ajaredpsr B(ly)
OrpaHUYEHHBIX SHJOMOPGU3MOB I'HIF0EPTOBA IIPOCTPAHCTBA [ .

8.3.5. BAMEYAHUE. B cBsi3u ¢ 8.3.4 SICHO, YTO OIIPeJIeJIEHHY IO POJIb
B TEOPUHM OIIEPATOPOB J0JKHA urparh aarebpa B(X)/# (X), nasnisae-
Mag aazebpoti Kaaxuna (B X). DTy pojib 0OTYACTH MOXKHO BUIETH B 8.5.

8.3.6. ONPEAENEHUE. Oneparop T € £ (X, Y) nasbiBaior xoney-
nomepuvim, ecin T € B(X, V) uimT — KoHeYHOMEPHOE HOAIPOCTPAH-
crBo. Ilpu srom mumyr T € F(X, Y).

8.3.7. KoneuHnomepHbIe orlepaTopbl COCTABJISIOT JIUHEHHYTO 000704~
KY MHOXKECTBa OI'PAHHIEHHBIX OJJHOMEPHBIX OITEPATOPOB:

TeFX,Y)s

n
<:>(3x/17"'7$'ln€Xla yl7,yn€Y)T:Z$§c®yk <>
k=1

8.3.8. ONPEAENEHME. Ilycts @ — (Hemycroit) kommakt B X. st
T € B(X, Y) noaoxxum

1Tl := sup [T(Q)]-
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CoBokymHOCTD Beex TOIyHOPM BuIa || - || B B(X, Y') nasniBaior my.io-
munopmoti Aperca B B(X, Y') n obosnauaior xp(x,y). Coorercrsyio-
ILYIO TOIIOJIOIHIO HA3BIBAIOT MON0A02UET PAGHOMEPHOT CTOOUMOCTIU HG
KOMNAKMAL.

8.3.9. Teopema I'porenauka. Ilycte X — 6amHaxoBo mpOCTpaH-
crBo. Clenyromiue yTBepK A€HUST IKBUBATECHTHBI:

(1) s kaxapix € > 0 B KoMImakTHOro MHOXecTBa (Q B X
naiigercs oneparop T € F(X):= F(X, X) rakoii, 4ro
|Tx — x| < e gms Bcex x € Q;

(2) gz smoboro 6anaxosa npocrparcTta W momnpocrpaH-
creo F'(W, X) mnorao B B(W, X)) oTHOCHTEIBHO MYJ/Th-
THHOPMBI ApeHca xpw,x);

(3) st Jr0Goro GaHaxoBa HMpoCTpaHCTBa Y MOANPOCTPAH-
creo F(X, Y) mmorno B B(X, Y) orHOCHTEIBHO MYJ/IH-
THHOpMBI ApeHca »p(x,y)-

< dcno, uro (2) = (1) u (3) = (1). IMosromy ycranosum, uro (1)
= (2)u (1) = (3).

(1)= (2):Eciu T € B(W, X)u @ # Q C W — gomnaxr B W, 10,
no reopeme Beiiepmrpacca 4.4.5, T(Q) — xomuaxt B X u, ¢Tajio ObITD,
st € > 0 mo ycesosuto cymecrsyer oneparop Tg € F(X) Takoii, uro
ITo — Ix||l7@) = [IToT — T|q < e. Hecomnenno, aro TyT € F(W, X).

(1) = (3): Uycrs T € B(X, Y). Ecm T = 0, 10 J0Ka3bIBAThH
uudero we Hao. Ilycrs T # 0, € > 0 u ) — HemycTOit KOMIIAKT B X.
ITo ycmosuio cymecrsyer onepatop Ty € F(X) Takoit, uro | Ty —Ix| g <
TN Tova |TTo — Tlg < ITI| |To — Ixllq < e Kpowe toro,
TThe F(X,Y). >

8.3.10. ONIPEJEJEHUE. BaHaxoBo mpOCTPAHCTBO, y/IOBJIETBOPSIIO-
miee opHoMy (a 3HAUUT, U JIOOOMY) U3 SKBUBAJEHTHBIX ycsoBuil 8.3.9
(1)-8.3.9 (3), HasbIBAIOT OOJIAJAIOMINM CEOUCNEOM ANNPOKCUMAYUUY.

8.3.11. Kpurepuii I'porerauka. Banaxoso npocrpancrso X 06-
JIaIAaeT CBOIMCTBOM ANIIPOKCHMAIMA B TOM H TOJBKO B TOM CJy4ae, eC-
Jm It Kakoro banaxosa npocrparcrsa WoBbimosneno cl F(W, X) =
A (W, X), rae 3aMblKaHH€e BIYHCJIEHO OTHOCHTEIHLHO OLEPATOPHOI HOD-
MBI.

8.3.12. 3AMEYAHUE. Hosro cuuranu (4, pasymeercs, He MOLJIH
JIOKa3aTh), 4TO BCe GAHAXOBBI IPOCTPAHCTBA OOJIAJAIOT CBOMCTBOM all-
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npokcumaruu. [lostomy naiinernsrit [I. udao HA OCHOBE TOHKHX pac-
CyXKJeHuil mpuMep 6aHaxXOBa IIPOCTPAHCTBA 0e3 CBOWCTBA aIlIPOKCUMAa-
1u ObLT BOCIIpUHAT B KoHIle 70-X ro/I0B KaK CeHCAIIMOHHBIH. B Hacros-
Imee BpeMsi U3BECTHBI MHOTHE KOHTPIPUMEPBI TAKOrO POJia.

8.3.13. KoHTPITPUMEP IITAHKOBCKOTO. IIpoctparcrso B(ly) He
obJ1aTaeT CBOHCTBOM aIlIIPOKCHMAIIIH.

8.3.14. KOHTPOPUMEPHI /I3BU — QPUrEld — HIAHKOBCKO-
ro. Ilpocrpancrsa l, npu p # 2 u ¢y HMEIOT 3aMKHYThIE IIOJIIPOCTDAH-
CTBa, HE 00JIaAI0NIHe CBOHCTBOM AIIIPOKCHMAIUH.

8.4. Teopus Pucca — Illaynepa

8.4.1. Jlemma 06 e-nmepreHaukysape. Ilycts Xy — 3aMKHyTOE
noanpocrpancTBo banaxoBa npocrpancta X u X # Xg. /Jlns sro6oro
e > 0 B X nmeercs e-neprneHauKysap K Xo, T. e. Takoif sjemenT . € X,
aro ||| = 1 md(z., Xo):=inf dj. ({zc} x Xo) > 1—e.

< Iycrs 1 > e mz € X\ Xy. Iousarno, uro d:= d(z, Xo) > 0.
B nognpocrpancrse X noapiimeM &', st koroporo |z —a'|| < d/(1—¢)
(sTo BozmOxkHO, 160 d/(1 —¢) > d). Tonoxum x.:= (z — 2')||z — 2’| L.

Torma ||z.|| = 1. Hakonen, mis xg € X( BbIIOJHEHO
xz—x
[0 — 2|l = T — | ‘ -
1 d(l‘, X())

= o llz = allzo + ') — 2| = >l—c >

" — || = e — =]

8.4.2. Kpurepuii Pucca. Ilycte X — 6aHax0BO HPOCTPAHCTBO.

Tox necrBenHbIi onepaTop B X KOMIAKTEH B TOM U TOJIBKO B TOM CJIydae,
ecm X KOHEYHOMEDHO.

<1 Hyxkmaercst B mpoBepKe Juilb cTpesika =. Ecau n3pectHO, uto X
He SIBJISIETCST KOHEYHOMEDPHBIM MIPOCTPAHCTBOM, TO B X MOYKHO yKa3aTh
MOCJIEIOBATENLHOCTE KOHETHOMEPHBIX ITOAIPOCTpancTB X1 C Xo C ...
TaKkyio, 4to X, 1 7# X, upu Bcex n € N. Ha ocuHoBannnu 8.4.1 cyrecrBy-
eT II0CJIeOBATENIbHOCTD (Xy,), A KOTOPOi Tpi1 € Xpi1, ||[Znt1] = 1
ud(xni1, Xp) > 1/2, T e. mocie0BaTeabHOCTD 1/2-N€pIeH UK YISPOB
K X, B Xp11. Hcno, uro d(xy,, xr) > 1/2 naa m # k. Uabmvua cio-
BaMU, II0CJIEJOBATEJILHOCTD (Iy,) He COIePKUT PyHIAMEHTAIBHON 1101
[IOCJIEIOBATEILHOCTH. 3HA4UT, 110 8.3.1 omeparop [x He SIBJISIeTCS KOM-
NaKTHBIM. >



176 I'in. 8. Onmeparopsr B 6aHAXOBBIX MPOCTPAHCTBAX

8.4.3. IIycro T € ¥ (X, Y), rue X, Y — 6aHaxoBbl IPOCTPAHCTBA.
Omneparop T HOpMaJILHO pa3peruM B TOM H TOJBKO B TOM CJIyUae, eCJIH
T KoHeYHOMeEpEH.

< Hyxmaercst B mpoBepKe JIMIIb UMIUIMKAIN =>.

IIycts Yy := imT — 3amrHyTOE mOmampocTpancTBo B Y. Ilo Teope-
Mme Banaxa o romomopdusme 7.4.4 obpas emununanoro mapa 1'(Bx) —
OKpecTHOCTDb HyJsd B Yy. Kpome Toro, B cuiy KommakTHOCTH 1’ MHOKe-
crBo T'(Bx) orHOCHTENBHO KOMIAKTHO B Yy. Ocraercs npuMeHUTSH 8.4.2
K YQ. >

8.4.4. IIycrp X — 6anaxoBo npocrpaucreo u K € J(X). Torza
omreparop 1 — K HOpMaJIbHO pa3perumM.

< Honoxum T := 1 — K. Ilycts X; := ker7T. HecomuenHo,
qro X7 KOHeuHOMepHO no 8.4.2. B coorsercreum ¢ 7.4.11 (1) xoHedu-
HOMEPHOE ITIOJIIPOCTPAHCTBO somosHsgeMo. O603uHadnM Xo TOHOJIOrHYE-
CKOe JIoNoJTHeHne Xj. YUHTBIBadg, 4To X9 — 0aHAXOBO IPOCTPAHCTBO
u pasercrBo T(X) = T(X3), ciefyer yCTaHOBUTb, YTO JJis HEKOTO-
poro t > 0 Bemosueno ||Tz| > t||z|| mia Bcex © € X3. B nporus-
HOM CJIydae HaliJIeTcsl mOC/Ie0BATEBHOCTD (Xy,) TAKUX JIEMEHTOB, UTO
lznll =1, @, € X2 u Tz, — 0. Vcnonb3syst KOMIAKTHOCTD K, MOXKHO
canrarh, uro (Kx,) cxomurca. Ilonoxkum y:= lim Kx,,. Torma mocse-
JIOBATENBHOCTD (X,) cxomures K y, ubo y = lim(Tx, + Kx,) = lima,.
IIpu stom Ty = limTz, = 0, 1. e. y € X;. Kpome Toro, HECOMHEHHO,
y € Xo. Urak, y € X1 N Xy, 7. e. y = 0. Ilosxyuuaun mpoTuBopeune
Iyl = tim [lz, ]| = 1). &

8.4.5. /It Besikoro € > (0 BHe Kpyra pajaHyca € ¢ IIEHTPOM B HYJIe
MOXKeT JIeyKaTh JIHIIb KOHEYHOE MHOXKECTBO COOCTBEHHBIX UHCEJI KOM-
MAKTHOI'O OIEPATOPA.

< HorycTuM, 9TO BOIPEKH YTBEPKIAEMOMY €CTh IIOC/IEI0BATE b~
HOCTh (An)neN PA3IMYIHBIX COOCTBEHHBIX umces omnepartopa K, Takmx
aro |A,| > € miua Becex n € N. Ilycrs, ganee, 0 # x, € ker(\, — K)
— COOCTBEHHBII BEKTOD, OTBEYAIONINN COOCTBEHHOMY UHCILY A,. YCTa-
HOBUM IIpEKJIe BCErO, UTO MHOXKeCTBO {x, : n € N} snHeliHO He3aBu-
cumo. B camom neste, mycTh yKe M3BECTHO, UTO JIMHEWHO HE3ABUCHMO

n
MHOXKeCTBO {Z1,...,Zn}. IIpeanonoxum, 4ro T, 1 =y, apZi. To-
rma 0 = (M1 — K)oy = > opy oAt — Ag)ag. CorenosaresnsHo,
ap =0 gua k:=1,...,n. Orcioga BBITEKaeT 3aBEIOMO JIOXKHOE PaBeH-

CTBO Zp+1 = 0.
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Monoxum X, := L({z1,...,2,}). o onpenenenuio X1 C Xo C

., IpUYeM, KaK yxKe JoKa3aHo, X, # X, mis n € N. B cuny 8.4.1

UMeeTCsl TI0CIIeI0BATEIbHOCTD (Ty, ) TaKasl, UT0 T i1 € Xpi1, [Tl =

1 ud(@pi1, Xn) > 1/2. Ilpu m > k upsamoil nojgcuer nmokasblBaer, ITo
z2i= (Ami1 — K)Tpmy1 € X u 2+ KT, € X, + X C X,p. 3Hauwmr,

[KZmi1 — KZg|| = || = Am1Tms1 + KZmi1 + A 1T — KTk || =

= [ A i1Tmi1 — (2 + KTk)|| = A 1[d(@ i1, Xim) >

| ™

Nubivu ciioBamu, nocsenoBarebHoctb (KT, ) He couepKuT QyHIaMeH-
TAJILHON MOAIOCIEIOBATEILHOCTH. [>

8.4.6. Teopema Illaynepa. Ilycrs X, Y — 6aHaxoBbl IpOCTpaH-
crBa (Haj ojgHUM U TeM ke ocHoBHbIM mojeM IF). Torpa

KexX(X,Y)s K ecx (Y, X).

< =: 3aMeTHM IpexKJe BCEro, YTO OTOOparKeHHWe CyKeHusl T’ +—

2’| g, ocymectBasier mzomerpuio X' B lo(Bx). IosToMmy myist yecTaHOB-

JIEHUsI OTHOCHTENIbHON KommakTHOCcTH K'(By/) cliefyeT j0Ka3aTh OTHO-

cuTesbHYI0 KoMIakTHocTh MHOXKectBa V := {K'y'|g, : vy’ € By/}.

Beumy Toro, uto mist x € Bx u y' € By Bemomraeno K'y'|p, (x) =

y' o K|py(z) = y'(Kz), pacemorpum komnakt @ := cl K (Bx) u orobpa-
[e]

[e]
xernne K : C(Q, F) — l(Bx), onpesiesienroe cootHoenneM Kg : ¢ —

g(Kx). Hecomuenno, uro oneparop K orpanuden, a cJeI0BATEIbHO, U

wenpepbiBer. Ilycrs temeps S := {y'|g : y' € By/}. fcuo, uro S —

PaBHOCTEIIEHHO HENPEPLIBHOE U B TO K€ BpeMsl OIPaHMYeHHOE HOJMHO-

xkecrBo C(Q, F). 3uauur, no reopeme Ackonmu — Apuena 4.6.10, S or-

HocutessbHO KOMIakTHO. Ilo Teopeme Beitepmirpacca 4.4.5 3akimodaem,
[e]

YTO OTHOCHUTEJIbHO KOMIIAKTHO MHOXKECTBO K(S) Ocrajocn 3aMETUTD,

[e] o
uro gna y’' € By Bomonueno Ky'|g = K'y'|gy, T e. K(S)=V.
<: Ecmn K' € (Y, X'), T0o 10 yKe JOKA3aHHOMY BBITIOJHSIETCS
K" € (X", Y"). B cuiy seMMbl 0 nBOifHOM ImrpuxoBaHuu 7.6.6,
K"|x = K. Orciona BbiTekaer, 9To oneparop K KOMIAKTHbIHA. [>

8.4.7. HeHysieBble TOUKH CIIEKTPa KOMIIAKTHOT'O OII€PATOPA U30.JIH-
poBaHbI (T. €. BCsIKasl TaKasi TOYKa COCTABJSET CIEKTPAJbHOE MHOXKE-
CTBO).
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< YuurbiBag 8.4.4 U NIPUHIAI IMTPUXOBAHUS IIOCJIEI0BATETBHOCTEN
7.6.13, Bummm, 9To JTI00ast HEHYJIEBas TOYKA CIIEKTPA KOMIIAKTHOTO OIIe-
paTopa sBJisieTcs Jub0 ero COOCTBEHHBIM YHCJIOM, JINOO COOCTBEHHBIM
YHICJIOM CONpsKeHHOro oneparopa. llpusnekas 8.4.5 m 8.4.6, 3akmova-
€M, 9TO BHE KPyTa HEHYJEBOrO PaJInyca MOXKET JIeXKATh JIUIb KOHETHOE
YHCJIO TOYEK CIEKTPa PACCMATPUBAEMOTO OleparTopa. >

8.4.8. Teopema Pucca — Illaygepa. Crekrp KOMIIAKTHOI'O OIle-
partopa, 33JJaHHOIO B OECKOHETHOMEDHOM ITPOCTPAHCTBE, COJEPIKUT HYJIb.
HenysteBble ToUKH crieKTpa — COOCTBEHHBIE TUCIA, KAXKJIOMY H3 KOTOPBIX
0TBEYaeT KOHEYHOMEPHOEe cOOCTBEHHOE MoIpocTpancTBo. Ilpu srom BHe
JII060r0 Kpyra HEHYJIEBOTO PAJINyCa ¢ IIEHTPOM B HYJIE JIEXKHUT KOHEUHOEe
MHOXKECTBO TOYEK CIIEKTPA PACCMATPHBAEMOTO OIEPATOPA.

< Hust oneparopa K € J# (X)) ciiefiyer yCTaHOBUTH TOJIBKO UMILIH-
KAIIIIO

0# X € Sp(K) = ker(A — K) £ 0.

Pazbepem cuauasa caydait F:= C. Ormerum, uro {A\} — cuexk-
TpasbHOe MHOXKecTBO. Ilosarast ¢g(z) := 1/z B HEKOTOPOil OKpPECTHO-
crtu A u g(z) := 0 gua z B noaxougmeit okpecraoctu {A}, Bummm:

EN glc. Crano 6bITh, Ha ocHoBanuu 8.2.3 u 8.2.10, Py = 9(K)K.
B cuy 8.3.2 (2), Ppyy € #/(X). Us 8.4.3 BuiTexaer, uto im Py — Ko-
HEYHOMEPHOE IPOCTPaHCTBO. OCTaNoCh IPUBJIEYh TEOpEMy O pa3bueHun
criekTpa 8.2.12.

B cayuaae F:= R ciemyer npoBecTr IPOLECC «KOMNAEKCUPUKGUUUS .
VIMeHHo, Hy>KHO PacCMOTPETh B IMPOCTPAHCTBE X 2 YMHOMKEHHE Ha, dJIe-
ment C, nopoxkzaennoe npasmwioM i(z, y):= (—y, x). [loaydennoe xom-
IUIEKCHOE BEKTOPHOE IpocTpancTBo obosnadaior X @ ¢X. B mpocrpan-
cree X ©iX cremyer sectu onepatop K (v, y):= (Kx, Ky). Hagenas
X @ iX momxomgmieit Hopmoit (cp. 7.3.2), BummM, 9To omepaTop K KoM-
makTen, pmdeM A € Sp(K). 3nagut, A — cobeTBenHoe "ncyao K 1o yxke
nokazasHoMy. OTCIOZIa BBITEKAET, ITO A — COOCTBEHHOE YHUCJIO OIEPATO-
pa K. >

8.4.9. Teopema. Ilyctp X — KOMILIeKCHOE GAHAXOBO MPOCTPAaH-
crBo, a f : C — C — rosomopprast pyHKIUsI, 0bpalaromasicsi B HyJIb
JIAIIb B Hy/Jle U Takas, 4r0 Jus Hekoroporo T € B(X) bimosneHo
f(T) € #(X). Torma mobas ormmdaHas or Hyjas Touka \ cuekrpa T
H30JIHpOBaHa M HpoeKTop Pucca Py} KoMIaKTeH.
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<1 JTomycTrM IPOTUEBHOE, T. €. MyCTh HAHIETCS TTOCIET0BATETHBHOCTD
(An)nen pasmmuaabix Todek Sp(7T') Takas, ato A, — A # 0 (B wacTHO-
cru, X Geckoneunomepno). Torma f(A,) — f(A\), mpuuem f(A) #£ 0
no ycuosuto. Ilo Teopeme 06 orobpaxkenun cuekrpa 8.2.5, Sp(f(T)) =
f(Sp(T)). Takum obpaszom, o 8.4.8 jyIsi BCeX JOCTATOYHO BOJIBIIUX 7
BeiosiHeHo f(A,) = f(A). Orcroma Boitekaet, uro f(z) = f(A) s Beex
z € C u, cramno 6bite, f(T) = f(A). Ilo kpurepuio 8.4.2 B 3TOM CILy-
qae X KoHeunoMmepHo. Ilojyumim nmporumBopedne, O3HAYAOIIEE, YTO A
— uzosmposannast Touka Sp(7T). Homarast g(z):= f(2)~! B mekoropoit
He CojiepKaIleil HyJisi OKPECTHOCTH A, UMeeM, ITO y? = H[r}- Caenosa-
TesbHO, 1o Teopeme lenmbdanma — Hdandopna 8.2.3, Pray = g(T) f(T),
T. e. B cuty 8.3.2 (2) mpoektop Pucca Ppy) kommaxTem. >

8.4.10. BAMEYAHUE. Teopemy 8.4.9 nnorja HA3BIBAIOT «0OOOIIEH-
noit Teopemoit Pucca — Ilaymnepas.
8.5. HérepoBbl u dpearoabMOBbI OTIEPATOPDI

8.5.1. ONPEAENEHUE. Ilycts X, Y — 6GaHaxoBbl MpOCTPaHCTBA
(Hay ofHUM U TeM ke ocHOBHBIM TosieM FF). Omeparop T € B(X, Y)
HazbIBaIOT HéMeposvim u umyT T € A (X, Y'), ecsu ero anpo ker T:=
T71(0) u xosyipo coker T:= Y/ im T KOHETHOMEPHBI, T. €. €CJIH KOHEeTHBI
BEJINYUHBI

a(T):=dim kerT; B(T):= dim cokerT.
Iesoe aucio ind T:= «(T) — B(T) masbBaoT undexcom oneparopa 1.

8.5.2. ONPEAEJIEHUE. Hérepos oleparop HyJIEBOI'O MHIEKCA Ha-
3BIBAIOT (hpedz20abMOBVIM.

8.5.3. Kakaplit HETEpOB ormepaTop HOPMAJBLHO Pa3PEeITuM.

<1 Cnenyer u3 kpurepust Karo 7.4.20. >
8.5.4. s oneparopa T € B(X, Y') Bbinosxeno

TeN(X,Y)aT e VY, X).

Ilpu sTtom ind T = —ind T".

< B cuy 2.3.5 (6), 8.5.3, 5.5.4 u upunnuna mrpuxoBanus 7.6.13
CJIEJTYIONIHE TAPBI CONPSAYKEHHDBIX MTOCIEI0BATEILHOCTE:

0—>kerT—>X£>Y—>cokerT—>0;
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0« (kerT) « X' Ty (coker T')" « 0;

0

OJHOBPEMEHHO
7.6.14). >

)

0 — ker(T") —» Y’ Tx - coker(T") — 0;

— (ker(T")) — Y £ X « (coker(T")) < 0

rounbl. IIpu stom «(T) = S(T") u 5(T) = a(T") (cp.

8.5.5. Oneparop ppearojbsMoB B TOM H TOJIBKO B TOM CJLY4ae, €CJIH

¢pearoabrMoB

COIPsI’KeHHDIH K HEeMy OIIepaTop.

<1 D710 YacTHBIH cayqait 8.5.4. >

8.5.6. AuprepHaruBa ®Ppearosbma. lis pearoabpmosa orre-
paropa T umeer MecTo OHa U3 CJAEAYIONUX JBYX B3AUMOUCKIIOIAIOIUX
BO3MOXKHOCTEH.

(1)

(2)

Oamopognoe ypasueaue Tx = 0 uMeeT TOJIBKO HYJIEBOE
pemrerne. OpHOpOsHOE conpszKeHHoe ypapuenue T'y' =
0 umeer TosIbKO HysieBoe penienue. HeomropogHoe ypas-
Herue Tt = y UMeET, U IPUTOM €JUHCTBEHHOE, DEIIEHHE
mpu Jioboit mpaBoit gactu. HeogHOpOIHOE CONMPSI>KEHHOE
ypasaeane 1"y’ = 2’ mMeeT, m IpUTOM e€IUHCTBEHHOE,
perrierre npu 000k MPaBOH JaCTH.

Opxnopozuoe ypasuenue Tx = 0 umeer HeHyseBoe pe-
menune. OpHOpOAHOE colpsiKeHHoe ypasHenue T'y' =
0 mmeer HeHysieBoe penienue. OJHOPOJHOE ypaBHEHHE
Tx = 0 uMeer KOHEUHOE YHCJIO JIHHEITHO HE3aBHCHMBIX

pemenusi Ty, ...,Tn. OAHOPOIHOE CONPS>KEHHOE YPAaB-
merne T'y' = 0 umeeT KOHETHOE YHCJIO JTHHEITHO HE3ABH-
cHMBIX perrieHuii y', . .., y, . HeonHoponHoe ypaBHeHue
Tx = y pa3peniuMo B TOM W TOJBKO B TOM CJLy4ae, €CJIHI
yi(y) = ... =yl (y) = 0. IIpu srom obimee penrerne x

€CTh CyMMa 4aCTHOI'O PEIeHHs Ty HEOHOPOJHOT'O yPaB-
HeHHsI U ODIIlero pereHust OJJHOPOJHOIO YPaBHEHHSI, T. €.
uMeeT BHUJ]

$:$0+Z ATk (/\k E]F).
k=1
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Heonroponnoe conpszkennoe ypasaerne 1"y’ = ©’ pas-
DEIIMO B TOM H TOJBKO B TOM cJIy4ae, ecan z'(xy) =

. = 2/(x,) = 0. Ilpu 310M 0bmee pemrenne y’ ecrhb
CyMMa 9aCTHOI'O PEINEeHHS Y (, HEOIHOPOJHOIO CONIPSI?KEH-
HOI'O ypaBHEHHS U OOIIero peIleHus OHOPOJHOIO COIPs-
JKEHHOI'O ypaBHEHHS, T. €. HMEeT BHJ

v =yt > myk (€T
k=1

< IlepedopmynupoBka 8.5.5 ¢ yueToM JieMMBbI 0 Tiosistpax 7.6.11. >

8.5.7. [IPUMEPHI.

(1) Ecnu T obparum, To T dpearosbMos.

(2) Iycrs T € L(F™, F™). Ilycrs rank T := dim im T —
pane T. Torna a(T) = n—rankT; B(T) = m —rank T. CienosaresbHo,
Te NEF™ F™)uind T =n —m.

(3) IIycrs X = X7 & Xo u T € B(X). HomycruMm, 9ro

YKa3aHHOe pazjoyKeHue X B IPAMYIO CyMMY IPUBOAUT 1’ K MATPUIHOMY

BUJTY
(B0
0 T
Hecomuenno, aro T HéTEpOB TOT/Ia U TOJHKO TOTJIA, KOT/Ia HETEPOBBI

ero yacru. IIpu srom a(T') = a(T1) +a(T3), B(T) = B(T1) + B(Tz), . e.
ind T = ind T + ind T5. <>

8.5.8. Teopema ®Ppearoabma. Ilyctro K € #(X). Owneparop
1 — K ¢pearosasmos.

< B camom gene, pasbepem crauana ciaydait F:= C. Ecam 1 ¢
Sp(K), o 1 — K obparum u ind (1 — K) = 0. Eciu ke 1 € Sp(K),
To B cuty Teopembl Pucca — Ilaynepa 8.4.8 u Teopembl 0 pa3buenun
criekTpa 8.2.12 nHaiimerca pazioxenne X = X; @& X, Takoe, uro X,
KoneunoMmepHo, 1 ¢ Sp(Ks), rue Ko — gacrs K B Xo, upu 3T0M

1-K; 0
1_K"( 0 1—K2)'

ITo 8.5.7 (2), ind (1 — Ky) = 0. IIo 8.5.7 (3) Bbmosrero ind (1 — K) =
ind(1 — K;)+ind (1 — K3) = 0.
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B caygae F:= R nposemem mporece «KOMILIEKCHDUKAINNT» TAK ¥Ke,
KakK u B jokazaresnnbcTse 8.4.8. Vmenno, B mpocrpanctse X & X pac-
cmorpum omeparop K(z, y) := (Kz, Ky). Ilo yxke ycranoBieHHOMY

ind (1 — K) = 0. Ocraercst 3ameTuth, uT0 ¢ yderoM pasmmaus R n C
Bomoyeno a(1—K) = a(l—K) u f(1- K) = (1 - K). Oxonvareiasao
ind(1-K)=0.>

8.5.9. OnPEAENEHUE. Ilycrs 3aman T € B(X, Y). Oueparop L €
B(Y, X) nasbBaior sesvim peeyaspusamopom T, ecim LT —1 € 2 (X).
Oueparop R € B(Y, X) nasbiBaior npasovwm pezyaspuzamopom T', eciu
TR—1¢€ #(Y). Oueparop S € B(Y, X) Ha3BIBAIOT Nowmu o0pammvim
kT € B(X, Y), ecim S siBIsieTcsi OJJHOBPEMEHHO JIEBBIM H IIPABBIM
perynsapuzaropoMm 1. Eciu y onepatopa T' ecTb moutu obpaTHbIit, TO T'
HA3BIBAIOT NOYMU 00PATUMbBLM.

8.5.10. Ilycts L mw R — cOOTBETCTBEHHO JIEBBII U MPABBIH PEryJis-

pusaropsr T. Torna L — R e # (Y, X).

QLT =1+Kx (Ky € #(X))= LTR = R+ KxR;
TR=1+Ky (Ky € #(Y)) = LTR=L+ LKy

8.5.11. Eciu L — sesblii peryisipusarop T u K € # (Y, X), 1o
L + K Ttak>ke JieBbiit perymaspuzarop 1.

Q(L+K)T-1=(ILT-1)+KTeX(X) >

8.5.12. Omeparop modru 06paTuM B TOM H TOJBKO B TOM CJIydae,
ecJIl y Hero eCTh IPaBbIH U JIEBBIH DEryasapu3aTophI.

<! Hyxmaerca B mposepke juimb nMmiumkarnus <. I[lycts L, R
— COOTBETCTBEHHO JIeBBII m mpaBbiil peryssipm3aropsl 1. Ilo 8.5.10,
K:=L—-Re ¥, X). 3uaunur, no 85.11, R = L — K — JeBblit
perynspusarop 1. Urtak, R — nmouru obparusrii k T >

8.5.13. 3AMEYAHUE. U3 npuBemennoro BujHO, 910 ipu X = Y
omepaTop S ABJSIETCS MOYTU OOPATHBIM 1jit I B TOM M TOJBKO B TOM
ciyuae, ecin p(S)p(T) = o(T)e(S) = 1, tne ¢ : B(X) — B(X)/#(X)
— KaHOHHUYIecKoe orobpaxkenne B anredpy Kankmna. WuabiMu cioBamm,
JIEBBIE PETyISIPU3ATOPHI — ITO IMPOOOPA3BI JIEBBIX OOPATHBIX B aJredpe
Kankuna n 1. 1.
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8.5.14. Kpurepuii Hérepa. Omeparop sB/sieTcss HETEPOBBIM B
TOM H TOJIBKO B TOM CJIy4ae, €CJIM OH IIOYTH OOPATHM.

< =: ycrs T € A(X, Y). IIpusiiekast NPUHIKUIL JIOIOTHIEMOCTH
7.4.10, paccmorpuMm pasnoxernsds X = kerT & X; u' Y = imT & Y
u KoHeuHoMmepHble poekTopsl P € B(X) ma kerT mapasutenbuo X
u Q € B(Y) na Yq mapawiensuo im7T. fcuo, uro cyxenue 17 := T|x,
— obparuwmsrii omeparop T : X; — imT. Tomoxum S:= Ty (1 — Q).
Omneparop S MoxKHO cunTarh 3sementom npocrparcrsa B(Y, X). Ilpn
3TOM HecoMHeHHO, 410 ST + P =1uTS+Q = 1.

<: Ilycre S — mouru obparubiii K T, 1.e. ST =1+ Kx uTS =
1+ Ky 1 moaxoadamnX KOMIAKTHRIX ormeparopoB Kx n Ky . 3uaqdnr,
kerT' C ker(1+ Kx), 1. e. ker T' KOHEUHOMEDHO B CUJLy KOHETHOMEPHOCTH
ker(1 + Kx), obecneuennoii 8.5.8. ITomumo storo, im T D im(1 + Ky),
T. e. u3-3a ppearoabmMoBoctu 1 + Ky obpa3 T mMmeeT KOHETHYIO KOpa3-
MEPHOCTb. >

8.5.15. CreacrBue. EcmuT € A (X,Y)uS € B(Y, X) — mouru
obparusiii st T, o S € A (Y, X). <>

8.5.16. CiaeacrBue. Ilpoussenenune HETEPOBBIX OMEPATOPOB — ITO
HETEPOB 0IIepaTop.

< Cymepriosuyst o9t 0GpaTHBIX ONMEPATOPOB (B IOJZKHOM MOPSIJI-
Ke) — I0YTU OOPATHBINA ONEPAaTop K CyNepHO3ulud. [>

8.5.17. Ilycrp 3amana TOYHAS IOCJEA0BATETBHOCTD
0-X1—-Xg—...2X, 12 X,—0

KOHEYHOMEDPHDBIX BEKTOPDHBIX IIPDOCTPaAHCTB. TOF,Z(& HMeeT MeCTo TOXKJge-

crBO Diiepa
n

> (=1)* dim X, = 0.
k=1
< IIpu n = 1 Tounocts mocienoBareabuoctn 0 — X7 — 0 o3nagaer,
aro X1 = 0, a npu n = 2 Tounoctb 0 — X7 — X9 — 0 5KBUBaJIEHTHA
mzomopdrocTr X1 n Xy (em. 2.3.5 (4)). Takum o6pasom, TOXKIECTBO
Oitsepa mpu n:= 1, 2 HECOMHEHHO.
Homyctum Tenepb, ato misg m < n — 1, toe n > 2, Tpebyemoe yxe
ycTanoBsieHO. To4YHYIO TIOC/IEIOBATEIHHOCTD

0—-X1—-Xo—...— X9 % X1 L X,—0



184 I'in. 8. Onmeparopsr B 6aHAXOBBIX MPOCTPAHCTBAX

MO2KHO CY3HUTDb 10 TOYHOMN II0CJIEJOBATEJIbHOCTHU

0—-X1—=Xo—...— X, o Loz, kerT,,_1 — 0.

ITo JOIIYIIEHWUIO BBIIIOJIHEHO

n—2
> (=1)Fdim X + (1) dimker T,,_; = 0.
k=1

ITomumo 3TOTO, IOCKOBKY T}, 1 ABISETCS SMUMOPGUIMOM, UMEEM
dim X,,_; = dimker7T;,_; + dim X,,.

OKoHYaTEIHbHO HOJIydaeM

n—2
0= (-1)*dim X}, + (—1)" ! (dim X,,_; — dim X,,) =
k=1

= (-1Fdim X >
k=1

8.5.18. Teopema ATkuHcoHa. UHeKC MTpOU3BEICHUST HETEPOBBIX
OIIepaTOPOB PABEH CyMMe HHJIEKCOB COMHOXKHUTEIEH.

JMyers T € /(X, Y)u S € (Y, Z). B cuny 85.16, ST €
A (X, Z). Ilpusnekas jemMmy o cHekuHKe 2.3.16, MMeeM TOYHYIO IIO-
CJIEJIOBATEIFHOCTh KOHETHOMEPHBIX ITPOCTPAHCTB

0 — kerT — ker ST — ker S — coker T' — coker ST — coker S — 0.
Ha ocnosanun 8.5.17
o(T) — a(ST) + a(S) — B(T) + B(ST) — B(S) = 0,

orky/a ind (ST) =ind S +ind T'. >
8.5.19. CueacrBue. Ilyctes T — HéTepoB w S — modTH 0OPATHBIH
kT. Tormaind T = —ind S.

< ind (ST) = ind (1 + K) 1y1st HEKOTOPOr0 KOMIIAKTHOTO OIIEPaTOpa
K. Ilo teopeme 8.5.8, 1 + K — dpearosbmoB oneparop. >
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8.5.20. Teopema 0 KOMIAKTHBIX BO3MYIIleHus1x. HéTepoBoCcTh
H HHJIEKC COXPAaHSIIOTCS IIPH KOMIIAKTHBIX BO3MYIIEHUX: €CJu JaHbl 1 €
N X, YV)uKeX(X,Y), oT+Ke NX,Y)n nd(T+K) =
ind T.

< Iyers S — moutu obparaeiit kK T, T. e. jua Kx € ' (X) u
Ky € 2 (Y) BblIonHEHO

ST =1+Kx; TS=1+Ky
(cymecrBoBanue S obecriednsaer 8.5.14). fcuo, uTo
ST+ K)=ST+SK=1+Kx +SKecl+2(X);

(T+K)S=TS+KS=1+Ky+KSelt+#(Y),

1. e. S — nouru obparubiii K T+ K. B cuny 8.5.14, T+ K € #/ (X, Y).
ITpu srom u3 8.5.19 caexyior pasercrsa ind (T+K) = —ind Suind T =
—ind S. >

8.5.21. Teopema 06 orpaHum4eHHbIX BO3MyIHeHusx. Hérepo-
BOCTh M HHJIEKC COXPAHSIIOTCS HPH JJOCTATOYHO MAJIBIX OTDAHHYEHHBIX
Bosmymenusix: muoxectso A (X, Y) orkpeITo B mpocTpaHcTBE Orpa-
HUYeHHBIX oneparopos, npuieM uugekc ind : A (X, Y) — Z — wemnpe-
PbIBHAsT (DYHKIIHSI.

< Hyers T € A(X, Y). Ilo 8.5.14 naitjnyrcss oneparopsl S €
B(Y, X),Kx € #(X) u Ky € #(Y) Takue, aro

ST:1+KX7 TS:1+KY

Ecmu S = 0, o npocrparcrBa X n Y KOHETYHOMEDHBI 110 KPUTEPUIO
Pucca 8.4.2, 1. e. moKa3bIBATh HETEr0 — JOCTATOUHO COCTATHLCS Ha 8.5.7
(2). Ecau xxe S # 0, To upu Bcex V € B(X, Y), mia xkoropsix ||V <
1/||S||, n3 repasencrsa 5.6.1 Buirekaer: ||SV| < 1wu ||V S| < 1. 3uaunr,
B cuity 5.6.10 omeparopst 1+ SV n 1+ V.S obparumer B B(X) u s B(Y)
COOTBETCTBEHHO.

Nmeem

A+SV) ST +V)=1+SV) Y1+ Kx +SV) =

=1+(1+SV)'Kx €1+ .#(X),
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T. e. (1+ SV)™1S — neswriit perynspusarop T + V. Amnamormdano mpo-
sepsierca, aro S(1 -+ V.S)~! — npaswrit peryaspuzatop T+ V. B camom
Jere,

(T+V)SA+VS) ™ =1 +Ky +VSA+VS) =

=1+ Ky(1+VS)tel+#(Y).

Ilo 8.5.12, T 4+ V moutu obparum. Ha ocnoBanum 8.5.14, T+ V €
A (X, Y). Drum nokazana orkpeirocth A (X, V). YuureiBas, 9to pe-
CYJISIPU3ATOPBI HETEPOBA, OlIEePATOPa 0UTH 06paTHbI K HeMy (cp. 8.5.12),
3 8.5.19 u 8.5.18 nmosygaeMm

ind (T + V) = —ind (1 + SV)™18) =

= —ind(1+8V) ™' ~ind S = —ind S = ind T

(u6o (1 + SV)~1 dbpearommos o 8.5.7 (1)). Tlociaemnee n oznavaer
HEIPEPLIBHOCTD HHIEKCA. >

8.5.22. Kpurepwuii Hukosbsckoro. Oneparop ppearojibMoB B TOM
H TOJIBKO B TOM CJIy9ae, eCJIH OH MPEACTABIISIET CODOH CyMMy 0OpaTHMOTrO
M KOMITAKTHOI'O OIEPATOPOB.

<4 =:Myecrs T € A(X, V) uind T = 0. Paccmorpum pasiio-
JKEHUsI B IIpsiMble CyMMbI OaHaxoBbiX mpocrpancTtB X = X; @ kerT u
Y =imT & Y;. Hecomuenno, uro oneparop 17 — ciaen oneparopa 1’ Ha
X, — ocymectBisier u3omopdusm X1 um im 7. Ilomumo storo, B cury
8.5.5, dimY; = B(T) = a(T), ™ e. CyIECTBYeT €CTECTBEHHBIN H30-
mopduam Id : kerT — Y;. Taxum obpasom, T momyckaeT MaTpUIHOE
[IpeJICTaBJIeHNE

7, 0\ (T, 0 0 0
TN(O 0><0 Id)+<0 —Id>'
< BEemT:=S+ K, e K e #(X, Y)uS~!eB(Y, X), to, no
8.5.20m 8.5.7 (1), ind T =ind (S + K) =ind S = 0. >

8.5.23. BAMEYAHUE. IIycrs Inv(X, V) — MmuOXKeCTBO 06paTUMbIX
oneparopoB u3 X B Y (970 MHOXKECTBO OTKDBLITO 1O TeopeMe Banaxa
06 obpartumbIx omneparopax 5.6.12). O6osmaunm Z (X, Y') MHO)KECTBO
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Bcex (bPeroIbMOBBIX OIIEPATOPOB, AeficTByiomux u3 X B Y. Kpurepnit
Huxkosibckoro Termepb MOXKHO IE€peIncaTh B Ciieyroleil hpopme:

F(X,V)=Inw(X, Y)+2(X, V).
Kak BusHO U3 j10KazaTenbeTBa 8.5.22, MOYXKHO YTBEDKJIATH TAKKe, UTO
F(X,V)=Inwv(X, V) + F(X, Y),

rie, Kak o6prano, F(X, Y) — moaupocTpancTBO KOHEYHOMEDPHBIX OIle-
paropos B npocrparcree B(X, Y). <>

YapakHeHust

8.1. Nsyunts unrerpan Pucca — landopia B KOHEYHOMEPHOM IPOCTPAHCTBE.
8.2. Omnucars siapo unarerpana Pucca — Hlandopza.

8.3. Ilycre (frn) — dyukuuu, ronomopdusie B okpectHoct U criekTpa onepa-
Topa T. Jlokasarb, 4T0 M3 paBHOMEpHOIl cxomumoctu (frn) K Hymo Ha U BbITeKaeT
cxonumMocTs (frn (7)) K HymIIO B OIIEPATOPHOI HOPMe.

8.4. [lycTh 0 — M30/MpOBaHHAs YaCTh CIeKTpa oneparopa 1. lomyctum, 9TO
gactb 0’ := Sp(T) \ o oTHessieTcst OT 0 OKPY’KHOCTBIO C LIEHTPOM B @ B PagUyCOM T
TakuM obpasom, uro o C {z € C: |z—a| < r}. Jokasars, urTo ajsa npoekropa Pucca
P, BBIIIOJIHEHO

)

Py =lim (1 —2z""(T —a)")"1;
n

z € im(Py) < limsup||(a — T)"J:”le <.
n

8.5. BoIsicHUTB, IPU KaKUX yCJIOBUSIX KOMIIAKTEH IIPOEKTOP.

8.6. /lokasarp, 9TO KarK/i0€ 3aMKHYTOE IIOJIIPOCTPAHCTBO, COJIepIKaIlleecs B 00-
JIACTU 3HAYEHUs] KOMIIAKTHOI'O OlepaTropa B 6aHAXOBOM IPOCTPAHCTBE, KOHETHOMED-
HO.

8.7. JlokasaTe, 4YTO JIMHEWHBIH OllepaTop IIePEBOAUT KarK/I0e 3aMKHYTOe JIMHEH-
HO€e TOAIIPOCTPAHCTBO B 3aMKHYTO€ MHOXKECTBO B TOM U TOJILKO B TOM CJlydae, eCJIi
3TOT OIlepaTOP HOPMAaJILHO Pa3pelIrM U €ro 1p0 KOHEYHOMEPHO UJIA KOKOHEeYHOMEP-
HO (MMeeT KOHEIHOMEPHOe ajrebpaniecKoe JOIOTHEHHE).

8.8. Ilycte 1 < p <7 < +o0. JlokazaTb, 4TO KarK/Iiblii OrpaHUYEHHBIN onepa-
TOp U3 I B lp 1 U3 cg B lp ABIAETCA KOMIIAKTHBIM.
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8.9. Ilycre H — cenapabesbHOe rmyibbepTOBO IIpocTpaHcTBo. [ljis omeparopa
T w3 B(H) u rmisbeprosa 6a3uca (en) nopmy I'mibbepra — IlImuara onpeesnsior

COOTHOIII€EHUEM
oo
ITl2:= (D ITenll?
n=1

(IIposeputs koppekTHOCTB!) OnepaTops! ¢ KoneuHoit nopmoii 'minbbepra — Muara

Ha3bIBAOT onepamopamu uavbepma — I[lmudma. YcraHoBUTbH, 4TO omeparop 1

siBJisieTcst oneparopoM ['mibbepra — IlIMuara B TOM U TOJIBKO B TOM CJLy4Yae, €CJIM OH
Y

KOMIIAKTEH U IIPU 3TOM anl Az < 400, rae (An) — COGCTBEHHBIE YHCIIA OEPATOPA

(T*T)1/2.
8.10. Ilycte T — Hekoropsiil 3aH0MOpdu3M. Torma
im(7T°) > im(T!) > im(7T?) > ....

1/2

Ecnu cyniecTByer HoMmep n Takoit, ato im(T™) = im(T™1), o rosopar, uro T umeer
roneunwnli cnyck. HanMenbiuii HoMep n Hadasa cTabUIIU3aIMi HA3bIBAIOT CIIyCKOM
T u o6oznavator d(T). AHAIOrUYHO IS SAEP

ker(T°) C ker(T') C ker(T?) C ...
BBOJAT NOHATHE nodsema u obozHadenue a(T'). YcranoBuThb, 9TO y omeparopa 1 ¢
KOHEYHBIMU CILyCKOM U mogbemoM Beqmuaunbl a(T) u d(T') coBnagaior.

8.11. Omneparop T HazbiBatoT onepamopom Pucca — Illaydepa, ecniu T HETEPOB
¥ UMeeT KOHEYHBIE CIYCK U moabeM. Jlokazars, uTo oneparop 1’ siBjsieTcst orepaTo-
pom Pucca — IIlayaepa B TOM ¥ TOJIBKO B TOM CJIydae, €CJIU €r0 MOYKHO IIPEJICTABUTH B
Buge T' = U+V, rae U obparuM, V KoHeYHOMEPEH (MM KOMIIAKTEH) U KOMMYTUPYeT
cU.

8.12. Ilycts T — orpaHudeHHBIN 3HI0MOPGhU3M GaHaxoBa HpocTpaHcTBa X C
KOHEYHBIMU CIIyCKOM u nogbemoM 1 := a(T) = d(T'). oka3arb, 4TO IOJIPOCTPAH-
crBa im(T") u ker(T") 3aMKHYTBI, Pa3JIOKeHHIE

X =ker(T") @ im(T")
npusogut T’ u ciex oneparopa T Ha im(7") obpatum.

8.13. Ilycrs T — HOpMAaJIbHO pa3pelmMblii oneparop. Eciu koneuna ogHa us
BEJIMIUH
a(T):=dim ker T, B(T):= dim coker T,

To T Ha3BIBAIOT noayppedzoavmosvim (pezke noayrémeposvim). Ilomoxnm
+(X)={T € B(X): im T € CI(X), a(T) < +oo};
_(X):={T € B(X): imT € CI(X), B(T) < +oo}.

Hokazarb, 4T0
Te +(X)eT e _(X')
Te _(X)eT e (X
8.14. Ilycts T — orpanuveHHbI 3HH0MOpdu3M. JlokazaTh, uro T BXOAUT B
+(X) B TOM ¥ TOJILKO B TOM CJIyHae, eCJIH J1jisl JII060ro OrpaHHue€HHOrO, HO He BIIOJIHE

orpaHudeHHoOro MHoxectBa U ero obpa3 T'(U) ne GyaeT BHOJIHE OMPAHMYEHHBIM MHO-
>KecTBOM B X.
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8.15. Orpanunuenubiit sumomopdusm 1’ 6anaxosa NIPOCTPAHCTBA HA3BIBAIOT ONe-
pamopom Pucca, ecnu [yt KaXKI0ro KOMILJIEKCHOTO HeHyseBoro A omeparop (A — T)
uérepos. Jlokasarb, yro T sBIIsIeTCs OIlepaTopoM Pucca B TOM U TOJIBKO B TOM CJIy-
4qae, ecau gt goboro A € C; A # 0 BbIIOIHEHO:

(a) oneparop (A — T') umeeT KOHEYHBIE CIIYCK U IIOLBEM;

(6) smpo (A — T)* xomeunomepno s kaxoro k € N;

(B) o6paz (A — T)* umeer komeunsrit gedext mpu k € N,
M, KpOME TOrO, HEHYJIEBBbIe TOYKH CHEKTpa 1 SBJISIOTCS COOCTBEHHBIMU YHCJIAMH,
a HyJIb CJIyKUT €JIMHCTBEHHO BO3MOXKHON TOYKON Hakomenus crnekrpa 1T (= Bue
KarKJIOTO KpyTa € HEHTPOM B HyJIe JIE?KAT KOHEIHOE UHCJIO TOYEK CIIEKTPA).

8.16. YcramosuTh m3omerputeckue uzomopdusmer: (X/Y) ~ YLt u X/ /YL ~
Y’ nna Takux 6anaxoBbix npocrpancts X u Y, uro Y Bioxkeno B X.

8.17. JlokazaTb, YTO Jjisi HOPMAaJBHOro omeparopa 1 B rujibbepTOBOM IIPO-
crparcree u rogomopduoit dyrkuuu f € H(Sp(T)) oneparop f(T') HOpMaJEH.

8.18. YbenuThCsi, YTO HENPEPBIBHBIN IHIOMOPGU3M I'HILOEPTOBA IIPOCTPAH-
CTBa $BJISIETCsl OllepaTopoM Pucca B TOM M TOJIBKO B TOM CJIy4dae, €CJIM OH IIPeJl-
craBysier cobOl CyMMy KOMIIAKTHOTO U KBA3WHHUJIBIIOTEHTHOI'O ONEPATOPOB (KBa3u-
HUJIBIIOTEHTHOCTH O3HAYAET TPUBHAJILHOCTD CIIEKTPAJIBLHOIO PAJIAYCA).

8.19. Ilycts A, B — nBa néreposa oneparopa B B(X, Y). Ecimind A = ind B,
TO MMeeTCs }KOpAAHOBa Ayra, coeauHsomas A u B B npocrparctee B(X, Y).



I'masa 9

DKCKYypC B OOIIyI0 TOHOJIOTUIO

9.1. Ilpearomosioruu M TOIOJIOTUU

9.1.1. OUPEAEJEHME. Ilycrs X — mekoTopoe MHOXKecTBO. OTOO-
paxenue 7 : X — P (P (X)) nassBator npedmononozuet Ha X, eciu

(1) z€ X = 7(z) — dbunstp B X;
(2) z€ X = 7(x) C fil{z}.
OnemenTsl T(x) HasbBaOT (nped))oxpecmmuocmamu x. Ilapy (X, 7)

(a gacro u MHOXKeCTBO X ) HA3BIBAIOT NPEIMONOA0LUMECKUM NPOCTPAH-
CMBOM.

9.1.2. ONIPEAEJEHUE. Ilycts 7 (X) — COBOKYITHOCTH BCEX TIPEJI-
ronosoruit Ha X. Ecmu 71, 72 € (X)), TO TOBOPAT, UTO T| CUAbHEE To
(1 nuIIyT 7| > T2) UpH BBIIOJHEHHH yeaoBus: ¢ € X = 71(x) D 1o (x).

9.1.3. MuoxkecrBo .7 (X) ¢ OTHOIIEHHEM «CHJIBHEE» IIPEJICTABJISET
CO0OIT MOJIHYIO DEIIeTKY.

< Ecm X = @, 10 7(X) = {@} u goKka3pBaTh HUYETO HE HAJIO.
Ecmm xe X # @, To cienyer cociarbes Ha 1.3.13. >

9.1.4. ONPEJAEJEHUE. MuoxectBo G B X HA3BIBAIOT OMKPbHIMbLM,
eCJIM OHO sIBJIsIeTCs (IIPeJ])OKPECTHOCTBIO KaxKJOH CBoell Touku (CuMBO-
mmueckn: G € Op(r) & (Vo € G)(G € 7(x))). Muoxecrso F B X
HA3BIBAIOT 3AMKHYMbLM, €CIIA €rO JONOJHEHUE OTKPBITO (CUMBOJUYECKU:

F eCl(r) & X \ F € Op(r)).

9.1.5. O6beaunenue J0bOro ceMeicTBa U epecedeHne KOHETHOIO
CeMeCTBa OTKPBITBIX MHOYKECTB CyTh MHOYKECTBA OTKpbIThIe. Ilepecede-
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HHe JII060ro ceMeHcTBa U 00bEJHHEHIEe KOHETHOTO CEMEHCTBA 3aMKHY ThIX
MHO>KECTB CYyTh MHO>KECTBa 3aMKHYTbIe. <[>

9.1.6. IIycrs (X, T) — mpegronosoruyeckoe npocTpaHcTo. Ecim
x € X, TO NOJIOXKHUM

Uet(t)(z) 3V eOp(r)) zeV&UDV.

Orobpaxkenne t(7) : x — t(7)(xz) — npearomosiorus: Ha X. <>

9.1.7. OOPEAEJEHUE. Ilpegromosoruio 7 Ha X Ha3BIBAIOT mMonNo-
nozueti, ecin 7 = t(7). Hapy (X, 7) (a gacro u MHO)KecTBO X ) B 3TOM
CJIydae HA3bIBAIOT TMONOAORUNECKUM NPOCTPAHcMeom. MHOXKeCTBO Beex
tonostoruit Ha X obosznadaror cumsosom T(X).

9.1.8. [IPUMEPHI.

(1) Merpudeckas TOHOJIOTHSI.

(2) Tomonorusg MyJILTUHOPMUPOBAHHOTO IPOCTPAHCTBA.

(8) Iycrb 76 := inf T (X). Hcno, uro 7o(x) = {X} mua
x € X. 3Buaunr, Op(7,) = {&, X} u, ciaenosareibHo, T, = (7o),
T. €. T, — TOIOJIOTHsA. DTy TOIOJOTUIO HA3BIBAIOT MPUBUAALHOU I
aHMUIUCKPEMHOT.

(4) IIycrs 7°:=sup .7 (X). fcuo, uro 7°(x) = fil{z} aua
x € X. 3nauur, Op(7°) = 2% u, caemosarensuo, 7° = t(7°), T. e. 7° —
TOIOJIOTUA. DTy TONOJIOTUIO HA3LIBAIOT QUCKPEMHOTU.

(5) Iycrs Op — coBoKymHOCTD HOAMHOXKECTB B X, BbLIED-
JKHBaloIrast obpa3zoBaHme 00beJMHEHHST JI0O0T0 U IEePECEeICHUT KOHETHO-
ro cemeiict. Torna cymecTByer, U IPATOM €IUHCTBEHHAS, TOIIOJIOTHSI T
ma X rakas, aro Op(r) = Op.

< Homoxum 7(x) := fil{Ve€Op: z €V} qna z € X (B ciyuae
X = @ nokasbBaTh Hevyero). Ormernm, uro 7(x) # & B CUILy TOrO, 4TO
nepecedeHue Iwycroro cemeiicrsa cosuagaer ¢ X (cp.: inf @ = +00). Us
nocrpoenust BeiBoguM, 4ro (1) = 7 u upu arom Op C Op(7). Ecinm xe
G € Op(r), 7o G=U{V: V €Op, VC G} u, crano 6oirs, G € Op 1o

YCJIOBUIO. Y TBEPKIeHNE 00 €IMHCTBEHHOCTH HE BBI3BIBAET COMHEHUIA. [>

9.1.9. Ilycre orobpaxenne t : 7 (X) — 7 (X) onpeneseHo npapu-
aom t : 7 t(1). Torma
(1) imt=T(X), e 7€ T(X)=1t(r) e T(X);
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(2) 11 < =t(n) <t(r) (11, 12 € T(X));

(3) tot=t;

4) re T X)=tr)<T;

(5) Op(7) = Op(t(r)) (1 € T(X)).

< Brunouenune Op(7) D Op(#(7)) cupasemiuBo 1moToMy, 9TO OBITH

OTKPBITBIM MHOXKECTBOM OTHOCUTENIbHO T Jsierde. O6paTHOe BKIIOUEHHe
Op(7) C Op(t(7)) cremyer n3 onpenenenns (7). Pasencrso Op(7) =
Op(t(7)) nenaer Bce OUEBUAHBIM. [>

9.1.10. IIpearomosiorust T sABasIeTCs Tomosorueit B X B TOM H TOJIb-
KO B TOM CJIy4dae, eciu Jyis1 € X BbBIIOJIHEHO

MU er(z)AVer(x)& VCU) Vy)lyeV=Ver(y).
< Beirekaer u3 9.1.9 (5). >

9.1.11. Ilycre 11, 7o € T(X). Cuexnyromue yrBep:KieHus S5KBUBa-
JICHTHBI:
(1) 71 > 7
(2) Op(71) D Op(72);
(3) Cl(r1) D Cl(12). <>

9.1.12. 3AMEYAHME. Kak Bugso n3 9.1.8 (5) u 9.1.11, Tomoso-
sl IPOCTPAHCTBA OJHOZHAYHO ONPEE/IEHa COBOKYITHOCTBIO BCEX CBOUX
OTKPBITBIX MHOXKecTB. Ilostomy muOkecTBO Op(T) Tak:Ke HA3BIBAIOT
monoaoeueti npocrpancta X. B 4acTHOCTH, COBOKYITHOCTH OTKPBITHIX
MHOYKECTB TIPEJITOTIOJIOTAIECKOr0 TpocTpancTBa (X, 7) onpenensier B X
CTPYKTYPY Tonojiorudeckoro upocrpancrsa (X, t(7)) ¢ TeM xke 3amacom
OTKPBITBIX MHOXKECTB. B 3T0ii ¢Bsi3u Tonosornio ¢(7) 0o6bIYHO HA3BIBAIOT
monoao2uetl, accoyuuposarHot ¢ npedmonono2uetl T.

9.1.13. Teopema. Muoxecrso T(X) ronosornii Ha X ¢ orHOmIIE-
HHEM «CHJIbHEE» IpeJCcTaBJsier coboii momyto pemerky. Ipu srom st
soboro maoXxkectBa & B 'T(X) BblosHeHO

supp(x) & = Supg(x) &-
< HNwmeem
t(supg(x) &) > SUp 7 (x) (&) > SUp g (x) & > t(supg(x) &).

Takum obpasom, T 1= supg(x) & sxomur B T(X). fcno, aro 7 > &.
ITomumo srtoro, eciu 79 > & u 19 € T(X), To 79 > 7 U, cTAIO OBITH,
T = supp(x) &. Ocranoch cocnarbes Ha 1.2.14. >
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9.1.14. 3AMEYAHUE. s TOYHON HIKHEH T'paHUILI SBHAsS (HOp-
MyJIa CJIOXKHEE:

infT(X) & = t(infg(x) é")

B 1o xe Bpems, ecoim B coorBercTBUM ¢ 9.1.12 TomoJsiorum 3aJaHBI YKa-
3aHUEM CHCTEM OTKDPBITBIX MHOXKECTB, TO CUTYAIUs YIIPOIIAETCSI:

U e Op(infT(X) @@) = (VT S éa) U e Op(T).

NubivMu citoBamu,

Op(infr(x) &) = (7] Op(7).

TEE

B 5T0it ¢BSI3M YACTO FOBOPAT U O Mepecederul monoaozud (a He TOIBKO
006 MX TOYHOI HUKHEl rpaHure). <l

9.2. HenpepbIBHOCTH

9.2.1. BAMEYAHUE. Hajmmame Tomosioruu B mpoCTpaHCTBE, OI€BH/I-
HO, TIO3BOJISIET TOBOPUTH O TAKUX BEIaX, KAK BHYTPEHHOCTb U 3aMbIKa-
HI€ MHOYKECTB, CXOJUMOCTh (DUJIHTPOB 1 ODOOIIIEHHBIX TIOC/IEI0BATE/IEHO-
cTell U T. 1. DTUM OOCTOSITEIHCTBOM MBI YK€ MOJIb30BAJIUCH [TPU 3HAKOM-
CTBe C MYJIBTHHOPMHUPOBAHHBIMEU IpocTpaHcTBaMu. OTMETHM MOJHOTHI
pajiy, UTO B TOIOJOTMYECKOM IIPOCTPAHCTBE CIIPABEJJIUBBI CJIEIYIONINE
anasiorn 4.1.19 u 4.2.1.

9.2.2. Teopema Bupkroda. Ljis HEIyCTOr0 MHOXKECTBA H TOIKH
TOIMOJTIOTHIECKOTO MPOCTPAHCTBA dKBUBAJICHTHBI Y TBEPIK TCHHSI:
(1) »maHHast TOUKa €CTh TOYKA IPUKOCHOBEHUST MHOXKECTBA;
(2) cymecrByer HEKOTODBIH (DUIBTD, COMEPIKAIIUIT MHOMXKE-
CTBO U CXOAANIANCA K JJAHHOH TOYKE;
(3) cymecrByer 0606GIIEHHAS MTOCIENOBATEIBHOCTD SJIEMEH-
TOB MHOXKECTBA, CXOJSIIAsICSI K JAHHOH TOYKe. <I>>

9.2.3. /lirst orobpaxkerusi f OZHOrO TOIOJOTHIECKOrO MPOCTPaH-
CTBa& B JAPYTO€ S9KBUBAJIEHTHBI Y TBEPIK ICHUSI:
(1) mpoobpas OTKPBITOrO MHOYKECTBA OTKDHBIT;
(2) mpoobpasz 3aMKHYTOr0 MHOYKECTBA 3aMKHYT;
(3) obpa3 uibrpa OKpecTHOCTEH HPOU3BOJIBLHONH TOYKH X
TOHBbIIIE YeM (pHIBTDP OKpecTHOCTel To4Yku f(x);
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(4) st IPOM3BOILHONH TOYKH T KaXKJbIi (DHIBTD, CXOJsi-
muiicst K x, orobpakenue [ 1epeBOAuT B (PUJIBTP, CXO-
Jsuiicst K f(x);

(5) obobmeHHbIE TOCIEA0BATENBHOCTH, CXOASIAECS K TIPO-
H3BOJIBHOI TOYKe T, oTobpakeHne f mepeBogur B 00606-
IEHHbIE I0CIEJ0BATEIBHOCTH, cxojsiuecs K f(x). <>

9.2.4. ONPEJAEJIEHUE. OrobpazkeHue, JIeiiCTBYIOIIEe U3 OJHOI'O TO-
HOJIOTMIECKOTO IPOCTPAHCTBA B JPYTOE, YAOBJIETBOPSIONIee OmHOMY (a
3HAUUT, U JIIOOOMY) M3 SKBUBAJEHTHBIX yeiaosuit 9.2.3 (1)-9.2.3 (5), Ha-
3BIBAIOT HENPEPLIGHHM.

9.2.5. BAMEYAHUE. Ecmm f : (X, 7x) — (Y, 7v) n 9.2.3 (5) BBI-
HOJIHEHO it (DUKCUPOBAHHOM TOukM € X, TO MHOIJa I'OBOPSAT, YTO
f menpepvisno 6 mouke x (cp. 4.2.2). HyxHO BuzmeTb, 4TO OTIHYME
HOHSITHsI HENPEPBIBHOCTH B TOYKe OT OOIIEro MOHSTUSI HEIPEPBIBHOCTU
ycroBHO. VIMeHHO, econ TONOXKUTH T, (x) = Tx (z) u 74(T) := fil{Z} nna
T € X, T # x, TO HEIPEPBIBHOCTH [ B TOUKE & (OTHOCUTEIHHO TOIIOJIOTUH
Tx B X) paBHOocmibHa HenpepbiBHOCcTH f @ (X, 72) — (Y, 7v) (B KAK IO
TOYKe [IPOCTPAHCTBA X C TOIOJIOTHEen Tm). <>

9.2.6. Ilycrp 11, 72 € T(X). Torga 71 > To B TOM H TOJIBKO B TOM
ciay4dae, ecn Ix : (X, 71) — (X, T2) HempepbiBHO. <[>

9.2.7. Ilycrs f : (X, 7) — (Y, w) — HenpepsiBHOE 0TOGpAaskeHue
urn € T(X) uw € T(Y) rakoBbl, uro 71 > 7 1 w > wi. Torma
f: (X, 1) — (Y, w1) HEpepbIBHO.

<l ImeeM KOMMYTATUBHYIO JUATDAMMY

x,7) L (v
IxT l,IY
(X,m) L (V)

Ocrajoch OTMETUTD, YTO CYTIEPIIO3UIUSI HEIIPEPHIBHBIX 0TOOPasKeH Uil He-
npepbiBHA. >

9.2.8. Teopema o npoo6pase romosoruu. Ilycrs f: X — (Y, w).
Iomoxmm

To:={reT(X): f:(X, 7) — (Y, w) HenpepbIBHO}.

Torna Tomosorus f~1(w):= inf Ty Bxomut B T)).
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< 13 9.2.3 (1) BBITEKAET
reTye (reX = fHw(f(z)) C 7(x)).

Iycrs 7(x) := f~Yw(f(z))). Hecommenno, uro t(7) = 7. Ilomumo

sroro, f(T(z)) = f(f~H(w(f(x)))) D w(f(z)), ™ e. T € Ty o 9.2.3 (3).

Taxum o6pazoM, BeimoaHeno: f~ 1 (W) = 7. >

9.2.9. ONPEAEIEHUE. Tonosormo f~!(w) maseiBator npoobpasom
MONOAORUY W TIPA OTOOpazKeHuu f .

9.2.10. 3AMEYAHUE. Teopemy 9.2.8 4acTo BBIpazKarOT CJIOBaMU:
«IIpOOOPA3 TOMOJIOIUY MIPU JAHHOM OTOOPaXKEHUU — ITO CjiabeiInast To-
MOJIOTHST B OOJIACTHU OIPENIEIEHNs], B KOTOPOH OTOOPAYKEHNE HEIPEPHIB-
HO». Ilpu sTOM, Kak BUjHO, Hampumep, u3 9.1.14, OTKpPBITbIE MHOXKe-
CTBa B mpoo6pasze TOMOJIOTHHA — ITO MPOOOPA3bl OTKPBITHIX MHOYKECTB.
B uacrnocry, (z¢ — z B f71(w)) & (f(z¢) — f(z) B w); ananornano
(Z w28 f~Hw) & (f(F)— flr) Bw) g bursrpa F. <>

9.2.11. Teopema 06 o6pa3ze ronosoruu. Ilycrs f: (X, 7) =Y.
Honoxknm  o:={w € T(Y): f: (X, 7) — (Y, w) menpepnisruo}. Torza
rorosiorust f(T):=sup (¢ BXOZUT B .

< B cuny 9.1.13 nna y € Y BeIOTHEHO

f(T)(y) = (supryy 0)(y) = (Supzyy o)(y) =sup{w(y): we o}
Ha ocnosanuu 9.2.3 (3)
we & (zeX = f(r(z)) Dw(f(2))).

Corocraiisis npuBeieHHbIE (DOPMYJIBI, BUAUM, 910 f(T) € (. >

9.2.12. OnPEAEJEHUE. Tonosoruo f(7) HaspiBaoT 06pazom mo-
nosceuy T IpKU oToOparkenuu f.

9.2.13. 3AMEYAHUE. Teopemy 9.2.11 gacTo BBIpaskaioT CJIOBAMH:
«00pa3 TOMOJIOrHY IPH JAHHOM OTODPaKEHUU — ITO CUJIbHEHIIAsT TOIIO-
Jiorust B 06/1acT TpUOBITHSI, B KOTOPOIl OTOOparkeHne HEIPEePHIBHO».

9.2.14. Teopema. Ilycte (fe : X — (Ye, we))ee — cemeiicTBoO
orobpazennit. Ilycts, jpanee, T = supec fg l(wg). Torma T — cia-
Getimrast (= mamMenbmasi) Tonogorus B X, B KOTOPOIl HENPEPHIBHBI BCE
orobpazkenns fe (£ € ).
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<l IlpuBnekas 9.2.8, mmeem
(fe : (X, T) = (Ye, we) HempepbIBHO) < T > fgl(wg). >

9.2.15. Teopema. Ilycts (fe : (Xe, Te) — Y)ee — cemeiicTBo
orobpaxkennii. Ilycrs, manee, w = infee fe(¢). Torma w — cuib-
meiinmias (= Hamnbosibiiasi) Tornosorusi B'Y | B KOTOPOil HEIPEPBIBHBI BCe
orobpazkenns fe (£ € ).

< Anennmupys k 9.2.11, 3akiodaem:
(fe : (Xe, 1¢) — (Y, W) mempepniBHO) < W < fe(7e). D

9.2.16. 3AMEYAHUE. YtBepxKjenus 9.2.14 u 9.2.15 gacro Ha3bl-
BaIOT MEOPEMAMY O 3a40GHUL MONOA02UL TPEOOBAHNEM HEIPEPLIBHOCTH
ceMelicTBa OTOOPaXKeHUiA.

9.2.17. IIPUMEPHI.

(1) IIycrs (X, 7) — romosorudeckoe pocTpancTBo u Xg
— moamuoxkectBo B X. O6o3maunm ¢ : Xg — X Biaoxkenne Xy B X.
[Iycth 70:= ¢~ (7). Tomomoruio 7y Ha3BIBAIOT UHIYYUPocarnot (T B Xg),
a npocrpanctso (Xo, 79) — nodnpocmparcmeom (X, T).

(2) IIycrs (X¢,Tg)ge — ITO CeMEHCTBO TOMOTOIUIECKUX
npoctpancts. IlycTs, mamee, X:= ng X¢ — npoussesnenue ceMeicTBa
muOKecTB (X¢)ee - Iomoxmm 7 := supge Prgl(Tg), e Pre + X —
X¢ — xoopmuHaTHEBIH HpoekTop, Prex = z¢ (£ € ). Tomomormio T
Ha3LIBAIOT MON0AO2Uel NpPou3sedenus, WA NPou3sedenuem monoao2utl
(Te)ee , mmm muzonosckol monosozuet. IIpocrpancrso (X, T) Ha3bIBa-
0T TMUTOHOBCKUM NPOU3BEJEHUEM DACCMATPUBAEMBIX TOINOJIOMMYECKIX

npocrpancTB. B wacraocru, ecim X¢ := [0, 1] must Bcex £ €, TO
X:=[0, 1] (c TEXOHOBCKOI TOMOJIOrHEl) HA3BIBAIOT MUTOHOBCKUM KY-
oom. Ilpu = N roBopgaT 0 2uavbepmosom Kupnue.

9.3. Tunsl TONOJIOTUYECKUX MPOCTPAHCTB

9.3.1. /Iirst TomoIormaecKoro mpocTpaHCTBa SKBUBAJECHTHBI CJIEIY-
[OLIHE YTBEPK ICHUSL:
(1) oxmHOTOYEUHBIE MHOXKECTBA 3AMKHYThI;
(2) nmepeceuenne Bcex oKpecTHOCTEH KaxkJOi TOYKH IPOCT-
PaHCTBa COCTOUT TOJIHKO U3 9TOH TOYKH;
(3) vy raxkjo0if U3 JrOOBIX JBYX TOYEK HMPOCTPAHCTBA €CTh
OKPECTHOCTB, HE COJEp KaIlast APYroi TOUKH.
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< s mokasaTeabCTBa TOCTATOTHO 3aMETHTD, ITO
yecfz} & (VVer(ly) zeVerzen{V: Ver(yl,

rJie T, Yy — TOYKU TOMOJOTHIECKOro mpocrpancrsa (X, 7). >

9.3.2. ONIPEAEJEHUE. Tomojgorndeckoe MpocTpaHCTBO, YIOBIETBO-
psiforiiee OJfHOMY (& 3HAYHUT, U JIFOOOMY) U3 SKBUBAJIEHTHBIX yca0Buii 9.3.1
(1)-9.3.1 (3), masbBaror omdeaumvim nin Ti-npocmparcmeom. Tomoso-
ruio T}-pocTpaHcTBa Ha3bIBaIOT omdeaumot (pexke — T1-monosoeued,
ete pexke — docmudtcuMmoli TOOJIOrueit).

9.3.3. BAMEYAHUE. Hacro o6pa3Ho roBopsT: <«T1-IPOCTPaHCTBO
— 3TO MPOCTPAHCTBO C 3AMKHYTBIMUA TOYKAMU>.

9.3.4. /[y1s1 TOMOJIOTHYIECKOro MPOCTPAHCTBA SKBUBAJJICHTHDBI CJIETY-
FOIIIHE YTBEPIKJICHHUS:

(1) xakgprii puabTp HMeeT He GoJIee OMHOTO MPETEIA;

(2) mepeceuenne Bcex 3aMKHY ThIX OKPECTHOCTEE IIPOU3BOJIb-
HOI TOYKH NPOCTPAHCTBA COCTOHUT TOJBKO U3 ITOH TOY-
KH;

(3) y J106bIX JBYX TOYEK IPOCTPAHCTBA UMEIOTCS HEIlePece-
KAaIOIIHEeCsT OKPECTHOCTH.

< (1) = (2): Ecmm y € Nyer(a) LU, To 1uia Beaxoro V- € 7(y) Gyrer,
qyro U NV # @, kak Tonsko U € 7(x). Takum obpa3oM, ecTb TOYHAS
BepxHad rpanuna 7 := 7(z) V 7(y). Hecomnenno, % — z u # — y. Ilo
YCJIOBUIO UME€EM T = .

(2) = (3): Iycrs 2z, y € X, x # y (ecsm TakWx TOYEK HET, TO
6o X = &, mu60 X COCTOUT U3 OIHOI TOYKH U JOKA3BIBATH HUYETO HE
uano). Haiinercsa okpecraocrs U € 7(x) Takas, uro U = clU n y # U.
Suauut, gomosiHenne V. MmHOXKecTtBa U ;10 X orkpeiTo. [lomMumo sTorO,
unv =g.

(3) = (1): lycre % — bunbrp B X. Econ F — 2 u F — vy,
to F D 7(x) u .F D 7(y). Cramno 6bith, qia U € 7(z) u V € 7(y)
semmosiHero U NV # &. Tlocnennee o3navaer, 9ro © = y. >

9.3.5. OIIPEJAEJIEHUE. Tomosornueckoe mpoCTPaHCTBO, YAOBIETBO-
psonee oHOMY (& HOTOMY U JIIOOOMY ) U3 S9KBUBAJIEHTHBIX ycjioBuit 9.3.4
(1)-9.3.4 (3), nazpiBator zaycdopposvim uiu Tr-npocmparcmeom. Ecre-
CTBEHHBII CMBICJI BKJIQ/IBIBAIOT B TEPMUH <«XayCA0PQ0Ba TOMOJIOIHS.
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9.3.6. SAMEYAHUE. YacTo 06pa3HO TOBOPAT: «1-IIPOCTPAHCTBO
— 9TO MPOCTPAHCTBO, B KOTOPOM IIPEJIEST €JMHCTBEH.

9.3.7. ONPEAEJEHUE. Ilyctes U, V — MHOXeCTBa B TOIOJIOIHYe-
ckoM rpocTpancrBe. Losopst, uro V' — oxpecmnocmos U, ecnm int V' D

U.

9.3.8. /[i1s1 TOMOTOTHYIECKOro MpOCTPAHCTBA SKBUBAJICHTHBI CJIETY-
TOIIHE YTBEPK ICHHS:

(1) mepeceuenme Beex 3aMKHY TBIX OKPECTHOCTEH MPOU3BOJTh-
HOI'O 3aMKHYTOI'O MHOYKECTBA COCTOHT TOJBKO H3 3JIe-
MEHTOB 3TOTO MHOXKECTBA;

(2) uabrp okpecrHOCTEI MPOU3BOILHON TOUKH HMeeT Ga-
3HC, COCTOSIMMIT U3 3aMKHYTBIX MHOXKCCTE;

(3) y Jsr060it TOUKH H y JIFOGOr0 3aMKHYTOI'O MHOXKECTBA, HE
coZlepKaNIero ToH TOYKH, HMEIOTCS HEIIePECEKAIOUIHEC s
OKDECTHOCTH.

4(1)=(2):Ecmze X uUEer7(x), 0 V:=X\intU 3aMKHyTO
uzx ¢ V. Io ycnoBuio naiinerca muoxecrso F € Cl(7), mis koroporo
x¢ FuintF O V. Ionoxum G:= X \ F. dcuo, uro G € 7(z). Ilpu
sroM G C X \int F = cl(X \int F') C X\ V CintU C U. Caenosareins-
no, clG C U.

(2)= 3):Ecimuz € X u F € Cl(r), npuuem z ¢ F, ro X\ F € 7(x).
Crano 6bITh, uMeercsa okpecrnocrb U = clU € 7(x), comepxkamascsa
B X \ F. Takum o6pazom, X \ U — okpecrHOCTb F', HE NIEpECEKAIOIIAsICS
cU.

(3)=(1):Ecmu F € Cl(r) mint G D F = y € ¢l G, 10 /1 KaxJ10ro
U € 7(y) u Besikoit okpectHoctn G MHOXKecTBa F' Boimonaeno UNG # @.
Tlocnennee o3mataer, uto y € F. >

9.3.9. ONIPEAEJIEHUE. Tomosornueckoe mpoCTPAHCTBO, YAOBIETBO-
psoriee oJHOMY (& 3HAYUT, W JIOOOMY) M3 SKBHBAJIEHTHBIX YCJIOBHI
9.3.8 (1)-9.3.8 (3), mazsBaror T5-npocmparcmeom. Otnenumoe T3-11po-
CTPAHCTBO HA3BIBAIOT PE2YAAPHOIM.

9.3.10. MaJjasgz jssjemMmMma YpbICOHA. /I/IsT TOMOJIOrHIE€CKOTO IPO-
CTPAHCTBA 9KBUBAJCHTHBI Y TBEPKICHHSI:
(1) puabrp OKpecTHOCTE KaXKIOro HEIyCTOr0 3aMKHYTO-
o MHOXKecTBa uMeeT 6a3uc, COCTOSIIHI U3 3AMKHYTHIX
MHOXKECTB;
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(2) y mpom3BOJIBHBIX JBYX HEHNEPECEKAIOIUXCS 3aMKHYTHIX
MHOXKECTB €CTh HEIIEePECEKAIOIIHECST OKPECTHOCTH.

< (1) = (2): Hyers Fy, F> — 3aMKHyTble MHOXKECTBa IIPOCTPAH-

crBa X, upudaem Fy N Fy = @. Iycrs G:= X \ Fy. OueBunno, G OTKpbI-

rou G D Fy. Ecim Fo = &, TO J0Ka3bIBaTh HUYErO HE HAJI0. 3HAUWT,

MOXKHO CcYUTaTh, 9r0 Fy # &. Torma Haiimercst 3aMKHYTOE MHOYKECTBO

Vs makoe, ato G D Vo D int V4 D Fy. Tomoxum Vi := X \ V5. dcno, uto

Vi orkpeiro, Vi NVe = @. Ilpusrom V) D X\ G =X\ (X \ Fy) = F}.

(2) = (1):Ilyctb F = cl F, G = int Gu G D F. Tonoxum Fy:= X\

G. Torma Fy} = cl F} u, craimo ObITh, UMEIOTCA OTKPBIThIE MHOYXKecTBa U

n Uy, ans xotopeix U NU; = @, nmpuuem F C U u Fy} C U;. Hakomner,
dUcCX\UyCcX\F=G. >

9.3.11. ONPEAEJEHUE. Tomojornyeckoe mpoCTPaHCTBO, YIOBJIE-
TBODPSIOIIEe OTHOMY (& TOrAa M APYroMy) M3 SKBUBAJEHTHBIX YCJIOBUiL
9.3.10 (1), 9.3.10 (2), massator Ty-npocmparcmeom. Otaerumoe Ty-
IIPOCTPAHCTBO HA3BIBAIOT HOPMAADHDIM.

9.3.12. Jlemma o HempepbIBHOCTHU (DyHKIIUH, 3aJaHHOMN JIe-
6erosbiMu MHOXKecTBamu. Ilycts muoxectso T mrorao BR ut — Uy
(t € T) — cemericTBO HOJMHOXKECTB TOHOJOIHIECKOTO MPOCTPAHCTBA X .
CyecTByerT, u IPUTOM €IUHCTBEeHHAsI, HenpepbiBHast pyHKnus f : X —
R rakas, 4ro

{f<ttcU cCc{f<t} (teT)

B TOM H TOJIBKO B TOM CJIydae, eCJIH
t, seT, t<s=clU; CintUs.

< =:IIput < s BBUmy 3aMkHyTOCTH { f < t} M oTKpBITOCTH { f < 8}
CIIPABEJIJIUBBI BKJIIOYEHUST

U, c{f <t} c{f<s}CintUs.

«<: Tak xaxk U; C clU; C intUs C Us ipu t < s, TO cemeficTBO
t — U, (t € T)) Bospacraer. I[Tosromy cymecrsosBanue f cieayer u3 3.8.2
(a exquncrBenHocTs — u3 3.8.4). Pacemorpum cemeiictsa t — Vi:= clU;
t — W= int U;. DTu cemeiicTBa BO3pacTAOT. 3HAYUT, BHOBb IIPUMEHSIsI

3.8.2, maiinem dynkmuu g, h : X — R rmakwme, yro nnsg Bcex t € T
BBITIOJTHEHO

{g<ttcVic{g<t}, {h<t}CcW,C{h<t}
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Ecm t, seT, t <s, o BBUy 3.8.3

Wt:intUtCUtCUsﬁfSh;
Vi=clU, CintUs =Wy = h < g;
UcUsCcUs=Vy =g < f.

Oxonuaresbo f = g = h. Yuntsaz 3.8.4 u 9.1.5, myst t € R umeem

{f<t}={h<t} =U{Ws: s<t, s€T} e Op(rx);
{f<tt={g<t}=n{Vs: t<s, se€T} e CClrx).

Vka3zaHHBIE BXOXK/IEHUSI OYEBUIHO OOECIIEUMBAIOT HEIIPEPBIBHOCTD f. [>

9.3.13. BoJbmraa jgemvma YpbicoHa. Ilycte X — HeKoTopoe
Ty-mpoctpamctBo. Ilycts, namree, F' — 3aMKHyTO€ MHOXKECTBO B X W
G — ero okpecruocts. Torja cyimecrByer HenpepbiBHast QyHKIus f
X — [0, 1] rakas;, aro f(x) =0npux € F u f(z) =1 npu xz ¢ G.

< Tonoxkum Uy := @ uput < 0uw Uy := X nmpu t > 1. Cuenyer
onpesiemTh U; Il TOYEK M3 MHOMKECTBA 1 «IBOMYHO-PATIHOHATBHBIX
touex orpeska [0, 1]», T. e. T := UpenTy, tae Ty, := {k27"H : k=
0, 1,...,2" 71} max, 9robbr myist cemeiictsa t — Uy (t € T:= T U (R\
[0, 1])) 6butn BeImoaHenb! yemosus 9.3.12. CooTBeTCTBYIOLIEE TOCTPOE-
HU€ IPOBEJIEM IO WHLYKITHH.

Ecim t € Ty, . e. ¢t € {0, 1}, To nonaraem Uy := F, Uy := G.
HomyctuMm Teneps, urto jisa t € T, mpu n > 1 mHOXKecTBO U; IOCTPOEHO,
npuueM clU; C int U, xak Tonpko t, s € T,, ut < s. Bozpmem t € T},
u HaiigeM Osmkaiimme K ¢ Touku B T, T. €.

tir=sup{s €T, : s <t}
t:=inf{s e T, : t <s}.

Ecmu t = t; wim t = t,., To Uy yxe ectb. Ecim xe t £t u t £ t,., To
t; < t < t, u no npeanosiozkenuto clU;, C int Uy,.. B cury 9.3.11 numeerca
3aMKHYTOE MHOXKeCTBO U; Takoe, 4To

ClUtl cintU; C Uy = clU; C int Utr-

Ocrajoch mMoKa3aTh, 9TO BO3HUKAIOIIEE CEMENCTBO YIOBJIETBOPSET Tpe-
OyeMBbIM YCJIOBUSIM.
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Urak, mycrb t, s € T, 1, npuaem t < s. Ecim t,. = s;, To ipu s > 55
10 TIOCTPOEHUIO

clU; C clU;, = clUs, C int Us.

Awnajiornuno npu t < t, = §; BBIITIOJIHEHO
clU; C int Uy, = inf Us, C int Us.

Ecmn xke t,. < s;, TO, yIUTBIBasI CAETAHHOE JTOMYIIEHUE, BHIBOINM
clU, C clU;, CintUs, C int U,

YTO U HY>KHO. >

9.3.14. Teopema ¥YpbicoHa. Tomosoradeckoe MpoCcTPaHCTBO X
siBjisiercst Ty-IpOCTPAHCTBOM B TOM H TOJIBKO B TOM CJIYYae, €CJIH KAKOBBI
ObI HH OBLTH HEImEepeCceKaroluecs: 3aMKHyTbie MHO)KecTBa Fy, Fy» B X
Haligercst HenpepbiBHast pyrknus f @ X — [0, 1] rakas, uro f(x) = 0
g x € Fy u f(x) =1 g ¢ € Fs.

< =: Cunepyer upumenutsb 9.3.13 upu F:= Fy u G:= X \ Fb.

<: Eciu FiNFy, = @ u Fy, F3 3aMkHYTHI, TO MHOXKecTBa G := {f <
1/2} u Go:= {f > 1/2} nua coorsercrByoreil GyHKuuu f OTKPBITHL U
He nepecekatorcst; G1 D Fy, Go D Fy. >

9.3.15. ONPEAEJEHUE. Tomnosiorndeckoe mpocTpaHcTBO X Ha3bi-
sarom Ty 1 -NPOCMPANCIEOM, €CTH IJIsl IIPOU3BOJIBHOMN TOUKM T € Xu
3aMKHYTOIO MHOXKeCTBa, F', He COJepzKalllero T, UMeeTCsl HelpepbIBHA
dysxuust f : X — [0, 1] rakas, uro f(z) = 1luy € F = f(y) = 0.
Otnenumoe Ty 1-IPOCTPAHCTBO HABBIBAIOT TULOHOGCKUM W 6TONHE Pe-
2YAADHBIM.

9.3.16. HopmaJibHOE IIPOCTPAHCTBO SIBJISIETCSI THXOHOBCKHM.
< Cnencrsue 9.3.1 u 9.3.14. >

9.4. KoMIIakTHOCTH

9.4.1. Ilycre B — 6a3zuc ¢puabrpa B TOIIOJOIHIECKOM HPOCTPaH-
crBe n clB:= N{clB: B € $B} — MHOXKeCTBO €ro TOYEK IPHKOCHOBE-
aus. Toraa

(1) 1B = clfil Z;
(2) Z—-z=zcclB;
(3) (B — ymprpadpuibtp, x € clB) = B — .
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< Cuestyer mIpoBepuTh TOJBKO (3), Tak Kak crnpaBeuBocTh (1)
u (2) scua. Jua U € 7(z) uw B € 9 somonnero U N B # @. Nnave
roBops, ectb Guibrp F = 7(x)VA. dcuo, uro F — x. Ilomumo sToro,
F = B, ubo B — ynvrpadpunasrp. >

9.4.2. ONUPEJEJEHUE. MHOXKECTBO MPUHATO HA3BIBATD KOMNAKM-
HblM, €CTTU U3 JIIOOOT0 €ro OTKPLITOrO MOKPBITUS MOYKHO BBIJIEIUTD KO-
HeuHoe nouokpoitue (cp. 4.4.1).

9.4.3. Teopema. Ilycrb X — ronosorndeckoe npocrpanctso u C
— mHOXkecTBo B X . Ciesyroinue yTBep K /IeHUsT SKBUBAJECHTHBIL:

(1) muOM)CECTBO C' KOMIAKTHO;

(2) ecun 6azuc puibrpa B ne umeer B C' TOYEK MPUKOCHO-
Benwus, To Habgercs B € A, nist koroporo BNC = &;

(3) kaxkmprii 6asuc dpuaprpa, comepxammii C, uveer B C
TOYKY IPUKOCHOBEHHSI;

(4) xaxkzprii ynbrpadpuabtp, comepxkamuit C, umeer B C
npeJedr.

<1(1)= (2:PazclBNC =g, 10 C C X\ clAB. Urak,
CcX\n{clB: Be B} =U{X\cB: Be 3.
SHAYNT, MOXKHO BBIIEIUTH KOHEYHOE MHOMKECTBO HBy B X, st KOTOPOI'O
CcU{X\clBy: Boe %} =X \n{clBy: By € %y}

IIycrs B € % takoso, uto B C N{By : By € %o} C N{clBy: By €
Po}. Torna

CﬂBCCﬂ(m{CIBoi B()E%o}):g.

(2) = (3): Eciin C' = &, 10 nokasplBaTh HUUEro He Hayo. Ecam ke
C # @, 1o g B € % no ycnosuio BN C # @, ubo C € AB. Takum
obpazom, clBNC # @.

(3) = (4): Cnenyer npusieds 9.4.1.

(4) = (1): Mozkno cunrarh, uro C' # & (MHAYE HEUETO JIOKA3BIBATH).

Homycrnm, aro C mekommaxrtao. Torja Haiiiercs MHOXKeCTBO &
OTKPBITHIX MHOXKeCTB Takoe, uro C' C U{G : G € &}, u B 10 xKe Bpems
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IS JIIOOOT0 KOHEYHOIO IOAMHOXKeCTBa &y B & He BepHo, uro C' C U{G :
G € 6p}. Ionoxum

B .= m X\ G: & — KoHe4HOE HOIMHOXKECTBO &
Geéby

dcuo, uro B — 6azuc puibrpa. [lomumo 3Toro,

cdB=n{clB: Be #}=n{X\G: Ge &} =
=X\UWG: Ge&tCcX\C.

ITycrs Tenepsb .# — yubrpaduibTp, cogepKaimit Z (ero cyiecTBoBaHne
rapanTuposano 1.3.10). Tak Kak 110 JONyIIEHUIO KazK0e MHOXKECTBO U3
P conepXKUT HEKOTOpble Touky u3 C;, MOXKHO obecrieunthb, uro C' € F.
Torna # — x s wekoroporo x € C wu, crajo ObTh, no 9.4.1 (2),
cl.FNC # @. B 1o xe Bpems cl F C cl B. Tlonyuuin nporusopeune. >

9.4.4. BAMEYAHUE. DkBusasenrnocts (1) < (4) B Teopeme 9.4.3
HA3BIBAIOT kpumepuem bypbaxu n Beipaxkator npu X = C' cjaoBamu:
«IIPOCTPAHCTBO KOMIAKTHO B TOM U TOJBKO B TOM CJIydae, €CJIU KazK bl
yiabTpaduiIsTp B HeM cxomurcsy (cp. 4.4.7).

Vavmpacemsio HaA3BIBAIOT CETh, (DUIBTP XBOCTOB KOTOPOU SIBJISIETCST
yibrpadunasrpom. Kpurepuii Bypbakun MOXKHO BBICKA3aTh TaK: <«KOM-
MAKTHOCTh PABHOCHJIbHA CXOJMMOCTH yjbrpacereii». Ha si3bike cereit
MOKHO IOJIyIUTDh U UHBIE TOJIE3HbIE NPU3HAKN KOMIakTHOCTH. Hampu-
Mep, «IIPOCTPAHCTBO KOMIIAKTHO B TOM U TOJIbKO B TOM CJIy4ae, €CJIu
JE06ast CeTh €ro UMeeT CXOJISIIILYIOCS TI0JICETh.

9.4.5. Teopema Beiiepmrpacca. Ob6pa3 KOMIAKTHOIO MHOXKe-
CTBa [IPH HEIIPEPBIBHOM OTOOpaXkeHHH KoMmmakTeH (cp. 4.4.5). <>

9.4.6. Ilycrs Xy — moampocTpadCTBO TOHOJIOIHIECKOrO MPOCTPaH-
crea X u C' — moamuoxkecrBo Xy. Torma C kommaktHo B Xg B TOM
H TOJIBKO B TOM cjy4ae, ecau C KoMmakTHO B X .

< = Crenyer u3 9.4.5 n 9.2.17 (1).

<: Illycrs # — 6a3uc duisrpa B Xy. Ilycrs, namee, V= clx, & —
MHOKECTBO TOYEK [IPUKOCHOBeHUsI A, Haiinentoe B Xg. Jlonycrum, uaro
VNC = @. Tak kak B — 310 6asuc puibTpa U B X, TO UMEET CMBIC]I
TOBOPHUTH O MHOYKECTBe TOYeK npukocHoBenust W := clyx A, naiijieHaoM
B X. Hdcuo, uto V = W N Xy u, 3saunr, W N C = @. N3-3a KoMIaKkT-
voctu C' B X ma ocHoBanun 9.4.3 MoxkHO Hajitu B € %, njst KOTOPOro
BNC = @. Buosb npusnekas 9.4.3, Bunum, aro C' koMmnakTao B Xg. >
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9.4.7. SAMEYAHUE. Ilpemroxkenne 9.4.6 9acTo BBIPAYKAIOT CJIOBA-
MHU: «KOMITAKTHOCTB — 3TO abCOJIIOTHOE MOHSIITHE», T. €. CBOMCTBO MHO-
2KeCTBa OBITh KOMITAKTHBIM 3aBHUCUAT TOJBKO OT WHJIYIIHPOBAHHOI B HETO
TOIIOJIOTHH, & He OT OOBEMJIIONIEr0 MPOCTPAHCTBA. B 3TOoit ¢BsA3M 00OBIU-
HO OTPAHMYUBAIOTCS PACCMOTPEHUEM KOMNAKMHLLL NPOCMPAHCMNG, T. €.
MHOKECTB, «KOMIIAKTHBIX B Ce0e».

9.4.8. Teopema TuxonoBa. THXOHOBCKOE IIPOU3BEJEHHE KOMIIa-
KTHBIX IIPOCTPAHCTB KOMITAKTHO.

< Ilycrs X:= H5 ¢ X¢ — Ipou3BeJieHNe PACCMATPUBAEMOr0 ceMeii-
crBa. Ecmm xoTs 661 omHO B3 X¢ mMycTo, To X = & U IOKa3BIBATH HEJETO.
ITycrs X # @ u % — ynwrpacdunbrp B X. o 1.3.12 npu xkaxaom & €
JTsl KOOPAMHATHOrO HpoekTopa Pre : X — X, Bbmmosnmeno, uro Prg (%)
— yabrpabuisrp B X¢. 3Hauut, B cuity 9.4.3 naiinerca ze € X¢, nia
koToporo Pr¢(F) — x¢. Ilyers « @ § — x¢. IlomsitHO, uro F —
(cp. 9.2.10). Eme pa3 ameumupys k 9.4.3, BbiBoguM, 4T0 X KOMIIAKT-
HO. >

9.4.9. BaMKHyTO€ HOJMHOXKECTBA KOMIIAKTHOI'O IIPOCTPAHCTBA KOM-
IAKTHO.

< IMycrs X xomnaxkrao u C' € Cl(X). Ilycrs, nanee, # — yabrpa-
bunstp B X u C € %. Tlo Teopeme 9.4.3 8 X umeercs npejen: F — .
Ilo Teopeme Bupkroda 9.2.2, x € clC = C. Buosb npusiekas 9.4.3,
3akiogaeM, 910 C' KOMITAKTHO. [>

9.4.10. KommaxTHOE ITOMHOXKECTBO XayCA0p(OoBa TOIOJIOTHIECKO-
o MPOCTPAHCTBA 3aMKHYTO.

< Ilycrs C romnakTHO B Xaycuopdosom X. Eciu C' = &, To m0-
kazbpiBaTh Hedero. Ilycrs C # @ u x € clC. B cuny 9.2.2 naiinercs
bunbTp Fo Takoii, uro C' € Fg u Fg — x. llycrs F — ynaprpaduasrp,
copepxammii %g. Torma % — x u C € %. Ha ocuosanun 9.4.3 y &
ectb tipegsien B C. Ho o 9.3.4 sror nipesen equacrsed. 3uaunt, € C. >

9.4.11. Iycrs f : (X, 7) — (Y, w) — HenpepbiBHOE B3aHMHO OJI-
Hozuaunoe orobpazkenue, npudeM f(X) =Y. Ecim T — KoMuakTHAs
TOIIOJIOTHS, & W — Xaycaoposa Tonosorust, To f — roMmeoMop@usm.

< Crexyer ycTanoBuTh, uro f~! mempepersro. s 3Toro HeobXo-
Mo yoemureest, aro F' € Cl(1) = f(F) € Cl(w). Bosbmenm F € Cl(7).
Torma F' xommaxkTHO B cuny 9.4.9. Ilpumensas nocimenosarensHo 9.4.5
u 9.4.10, Bugum, uro f(F') 3aMKHyTO. >
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9.4.12. Ilycts 71 W Ty — JBE TOMOJOTHH Ha OJHOM MHOXKeCTBe X .
Ecsn npocrpancrso (X, 1) komnakrho, a (X, T3) xaycaopgoso u 1 >
To, TO T1 — To. <[>

9.4.13. 3AMEYAHUE. YTrBepxkKaeaue 9.4.12 9acTo BBIPaXKAKOT CJIO-
BaM# «KOMITAKTHas TOIIOJIOTHSI MUHUMAJLHAS.

9.4.14. Teopema. XayciopgoBo KOMIAKTHOE IIPOCTPAHCTBO HOD-
MaJIbHO.

< IIycrs X — paccmarpuBaeMoe MpOCTPAHCTBO U B — KaKOW-HUOY/Ib
6azuc ¢puasrpa B X. Ilycrs, manee, U — okpecrroctb cl A. dcuo, uro
X \int U gommakraO (cM. 9.4.9), npnaem cl ZN (X \int U) = @. Ilo reo-
peme 9.4.3 maiigerca B € # rakoe, uro BN(X \intU) =@, 1.e. BCU.
IMonarasi, ecm Hy:kHO, B:= {cl B : B € %}, MOXKHO yTBEPXKIATb, UTO
cdBCU.

Mycrs g navana x € X u B := 7(x). B cuny 9.3.4, clZ# =
{z} u, suauur, bunbrp 7(r) uMeer Gazuc, COCTOAMMUI U3 3aMKHYTBHIX
MuO)KecTB. CTasio 66T, X peryJsipHo.

IIycts Teneps F' — memycToe 3aMKHYTOEe MHOXKeCTBO B X. B kaue-
crBe # Bo3bMeM uiibTp okpectHocTel F. 110 9.3.8, cl # = F, u 1o yxe
YCTAaHOBJIEHHOMY 8 mMeeT 0a3uC, COCTOSINNIA U3 3aMKHYThIX MHOXKECTB.
B coorercTBum ¢ 9.3.9, X — HOpMaBHOE TPOCTPAHCTBO. >

9.4.15. CueacrBue. C TOYHOCTBIO /IO IT'OMEOMOP(U3Ma XayCIOD-
pOBBI KOMIAKTHBIE IPOCTPAHCTBA CYTh 3aMKHYTBIE MOJMHOXKECTBA TH-
XOHOBCKHX KYyOOB.

<1 To, 9T0 3aMKHYTOE MOJMHOYKECTBO TUXOHOBCKOI'O Ky0a KOMITAKT-
Ho, cieayer u3 9.4.8 m 9.4.9. XaycmopdoBocTs Kyba, a MOTOMY U €ro
TTOIIIPOCTPAHCTB OECCIIOPHA.

IIycts X — HEKOTOpOEe KOMIAKTHOE XaycI0p¢dOBO MPOCTPAHCTBO.
ITycrs eme @@ — coBoKymHOCTH HenpepbiBHBbIX dyHKImi n3 X B [0, 1.
Onpeieium orobpaxenne  : X — [0, 1|9 npasumom  (z)(f):= f(z),
rmex € X u f e Q. Uz 9414 u 9.3.14 BeiBOgUM, 9TO  B3AWMHO
onnozHauno orobpaxkaer X ma (X). Ilomumo sroro,  HenpepbIBHO.
Ocrasoch npumennts 9.4.11. >

9.4.16. SAMEYAHUE. Cnencraue 9.4.15 npencrapisier coboil 9acThb
6oJtee 0bIIEr0 yTBEPKIACHUS. VIMEHHO, THXOHOBCKHE MPOCTPAHCTBA CYTh
(¢ TOUHOCTBIO 710 roMeOMOpPMU3MA) IIOIIPOCTPAHCTBA TUXOHOBCKUX KY-
60oB. <>
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9.4.17. 3AMEYAHUE. XaycaopdOBbl KOMIIAKTHBIE MTPOCTPAHCTBA,
KaK IPABUJIO, HA3BIBAIOT 00Jiee KOPOTKO — Komnakmamy (cp. 4.5 u 4.6).

9.4.18. Jlemma /Ipegonne. Ilycto F' — 3T0 3aMKHYyTO€ TIOJMHO-
xkecrBo, a G1,...,Gy, — OTKDBITBbIE TOJMHOXKECTBA HOPMAJIBHOI'O TOIIO-
JIOTHYIECKOr'0o mpocTpancTBa, npuiem F C G1 U ... U G,,. Haiigyrcs 3a-
MKHYyTBIe MHOXKecTBa FY ... F, rakue, uro FF = F1U...UF, u F}, C Gy
(k:=1,...,n).

< Hocrarouno paccmorpers ciydait n:= 2. Ilpu k:= 1,2 mHOXKe-
crBo Uy := F \ G, zamxuayTo u Uy N Uy = @. C yuerom 9.3.10 umerorcst
otkpoiThie V] u Vo, mysa koropeix Uy C Vi, Uy C Vo u VNV, = &. Tlosto-
kuM Fy:= F\ V. dcuo, uro F) samxuyro u Fy, C F\U, = F\(F\Gy) C
Gy ns k:=1,2. Ilpu stom F1 UFy, = F\ (ViNVy) = F. >

9.4.19. 3BAMEYAHUE. Ilo 9.3.14 3akmouaem, 4to B yciaoBusx 9.4.18
TSl PACCMATPHBAEMOrO IIPOCTPAHCTBa X HallLyTCs HeIPePIBHBIE (DYHK-
wun by, ... hy 0 X — [0, 1] Taxue, uto hy|g, = O0n Sonoihi(z) =1 naa
ToUeK ¥ u3 HekoTopoil okpectroctr F. (Kak obbrumo, G, := X \ Gy.)

9.4.20. ONPEAEJEHUE. TomoJioruio, B KOTOPOl KaxKasi TOYKa, 00-
J1a/1aeT KOMIIAaKTHOIf OKPECTHOCTBIO, Ha3bIBAIOT A0KAALHO KOMNAKMHOU.
JI0KaAvHO KOMNAKMHLM NPOCTMPAHCMEOM HASBIBAIOT MHOXKECTBO, CHAb-
2KEHHOE JIOKAJIBHO KOMITAKTHOM XaycaopdoBoil Tomoorueii.

9.4.21. Tonosorataeckoe MpoCTPAHCTBO JOKAJIbHO KOMIIAKTHO B TOM
H TOJIBKO B TOM CJIydae, eCJIH OHO TOMEOMOP(MHO MPOKOJIOTOMY KOMIIAKTY
(= KOMITAKTY ¢ BBIKOJIOTOH TOYKOIl), T. €. JOHOJHEHHIO OJHOTOYEIHOIO
TIOJIMHOYKECTBa KOMIIAKTA.

< «<: C yuerom teopembl Beiteprirpacca 9.4.5 mocrarodHo 3ame-
TUTb, 9TO KaXKJasi TOYKA ITPOKOJIOTOTO KOMIIAKTa 00JI1a/1aeT 3aMKHYTON
(B cHIIy PEryJIsIPHOCTH KOMIIAKTA) OKPECTHOCTHIO. OCTaloch NpUBIIEYDb
yrBepKaenud 9.4.9 u 9.4.6.

=: ITomectum ucxopuoe npocrpancrso X B X := X U {oco}, upu-
coemmaUB K X B3ATYIO CO CTOPOHBI TOUKY 00. Baszmc okpecTHOCTEN 00
COCTaBUM U3 AOTOJHEHNH B X~ KOMITAKTHBIX TOoAMHOXKeCTB B X. OKpect-
HocTaMu TOUKK U3 X B X OOBbSIBUM HAJIMHOXKECTBA €€ OKPEeCTHOCTEeMH
B X. Ecim A — ynprpacduinsrp 8 X u K — kommakT B X, To 2 cxoauT-
cs K Touke u3 K, kak Tonbko K € 2. Ecan ke B 2 jie2KUT JI0MOTHEHNE
sioboro kommnakta K C X, To 2 cxomures K 00. >
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9.4.22. 3AMEYAHUE. Eciin JOKAJIBbHO KOMITAKTHOE MTPOCTPAHCTBO
X He KOMHIAKTHO, TO IpocTpaHcTBo X ', durypupyioriee B 9.4.20, Ha3bI-
BaIOT 00HOMOUEewHOU W GAEKCAHIPOBCKOT Komnarmudurayuet X .

9.5. PaBHOMepHBIE U MYJIbTUMETPUIECKUE
MIPOCTPAHCTBA
9.5.1. OPEAEJEHUE. Ilycrs X — Hemycroe MHOXKECTBO U Ux —
burbTp B X2, @uabtp %x HA3BIBAIOT PAGHOMEPHOCTBIO B X, eCin
(1) ux cfil{lIx};
(2) UeuUx=U""'eUx;
(3) WUex)3VeuUx) VoV CU.
PaBHOMEpHOCTBIO TIycTOTO MHOXKeCTBa X HasbiBaloT Zx := {@}. Iapy

(X, %x) (a9acTo n MHOKECTBO X ) HA3BIBAIOT PAGHOMEPHLLM NPOCTPAH-
cmeom.

9.5.2. Jlis pasromeproro npocrpanctsa (X, Ux ) moaoxum
reX=71(x)={U(z): Ue€Ux}

Orobpazkerue 7 : x — T(x) — Tonosorus Ha X.

< To, uro T — 3T0 TpejTONIOJIOrHs, sicHo. Eemum W € 7(z), 1o
W =U(z) pna wekoroporo U € %x. Boibepem V € %x Tak, 4robbl
VoV CU. Ecmm y € V(x), 1o V(y) C V(V(z)) = VoV(x) C U(x)
C W. Mapmvu cnoBamu, MHOXKeCTBO W SIBJISI€TCS OKPECTHOCTBIO Y JIJIs
Besikoro y € V(z). CaenosarenbHo, MHOXKeCTBO V() JIeXKUT BO BHYT-
peunocru int W. 3uagut, int W — okpectrocts x. OcTajioch mpuBjedsb
9.1.6. >

9.5.3. ONPEAEJEHUE. TonoJsoruio 7, dpurypupyioryio B 9.5.2, na-
3BIBAIOT TOIOJIOIHEi pABHOMEPHOrO IpocTpancTsa (X, %x ) Wi pasHo-
meprotli monosoeued n 06o3HavaroT T(%x ), Tx U T. 1.

9.5.4. ONPEJEJEHUE. Tomnosorunyeckoe npocrpancreo (X, 7) Ha-
3BIBAIOT PAGHOMEPUSYEMbLM, €CJIU CYIIECTBYET PABHOMEPHOCTH % B X
Takasi, YTO T COBIAJAET ¢ PABHOMEPHOI Tonosorueii 7(% ).

9.5.5. I[IPUMEPHI.

(1) Merpudeckne IpOCTPAHCTBA (CO CBOMMHU TOIOJIOTUSIMH)
pPaBHOMEPH3YeMbl (CBOMMU PABHOMEPHOCTSIMH).
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(2) MyabrUHOPMUPOBAHHBIE [IPOCTPAHCTBA (CO CBOUME TO-
MOJIOTHUSIMA ) PABHOMEPU3YEMBI (CBONMU PABHOMEDHOCTSIMH ).

(3) Hycrs f: X — (Y, %) u f~ XUy ):= f* Y %), re,
Kax o6brano, f* (w1, x2):= (f(x1), f(x2)) ans (w1, x2) € X2. Slcno,
aro f~Y(%y) — pasromeprocts B X. Ilpu aTom

(N w%)) = [ ().

Pasromeprocts f~1(%y) maspiBatoT npoobpasom pacnomepnocmu Uy
npu omobpascenuy, f. Takum o6pasom, mpoobpas3 paBHOMEPHON TOIO-
JIOTMM PaBHOMEPHU3YEM.

(4) Tlycrs (X¢,%)ece — 9TO HEKOTOPOE CEMEHCTBO paB-
HOMEPHBIX TpocTpaHcTB. llycTh, manee, X := ng X¢ — npousseje-
HEe 9TOTO cemeiictsa. llomomum %x := supge Prgl(%g). PasHOMeD-
HOCTb %/ Ha3bIBAIOT MUIToHo6ckol. HeT coMHeHHil, 94TO paBHOMEp-
Hast Torosorust 7(%x) — 9TO TUXOHOBCKAasl TOIIOJOTUS MPOU3BEEHUs
(Xe, 7(%))ee - <>

(5) XaycmopoBo KOMITAKTHOE IPOCTPAHCTBO PABHOMEDHU3Y-
€MO, B IIPATOM €IHHCTBEHHBIM 00Da30M.

<1 B cuty 9.4.15 Takoe npoctpancTBo X MOYXKHO PACCMaTPUBATH KaK
HOJIIIPOCTPAHCTBO THXOHOBCKOro Kyba. M3 9.5.5 (3) u 9.5.5 (4) cureny-
er paBHoMepusyeMocTb X . IToCKOJIbKY, Kak BUIHO, Ka¥KJI0€ OKPYKEHHE
JIMArOHAJIM B PABHOMEDHOM IIPOCTPAHCTBE COJEPIKUT 3aMKHYTOE OKPY-
JKeHIe, TO M3 KOMIIAKTHOCTU MHOXKeCTBa [x BBITEKAET, UTO BCSKAs €ro
OKPECTHOCTb BXOJUT B Xx. C Jpyroii cTopousl, Ji060e OKpy KeHne BCe-
[J1a OKPECTHOCTD JIUATOHAJA. [>

(6) Ilycrs X, Y — Hemycrble MHOXKECTBA, %y — PaBHOMED-
HOCTB B Y U % — GUIBTPOBAHHOE 110 BO3PACTAHHUIO HOIMHOKECTBO 2% .
Hna B € Z u 0 € %y 1nonoxxum

Upe:=1{(f, 9) € YX xY¥: golgof~'cCo}.

Torna % := fil{Upg: B € B, 0 € U} — pasnomepnocTs B Y X | nme-
foliast HemssHoe (HO TOYHOE) Ha3BaHMe: <«PABHOMEPHOCTH PaBHOMEp-
HOI CXOIUMMOCTH Ha MHO)KecTBax u3 %B». Takopa, HallpuMmep, PaBHO-
MEpHOCTH MyJabTHHOPMBI Apenca (cm. 8.3.8). B ciy4vae, eciiu % ecth
COBOKYIIHOCTH KOHEYHBIX MOJAMHOXKECTB X, TO %/ COBIIQJIAET C TUXOHOB-
CKOil PAaBHOMEPHOCTBIO B Y X, DTy paBHOMEPHOCTDL B JIAHHON CHTyaIIN
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HA3BIBAIOT a0, & COOTBETCTBYIOILYIO TOIIOJIOTHIO — MONoA02uet no-
moveunot crodumocmuy, (pexxke — npocmoti cxodumocmu). Eciau xe LB
COCTOWT U3 €JIMHCTBEHHOrO aJjieMenTa — u3 {X}, T0 paBHOMEpHOCTH %
HA3BIBAIOT CUAbHOL, & COOTBETCTBYIONIYIO Torosormo 7(% ) 8 Y X — mo-
noaozuets pagHoOMepHOT cTOOUMOCTU.

9.5.6. BAMEYAHUE. fcHO, 4T0 B paBHOMEPHBLIX (U PABHOMEPH3Ye-
MBIX) [IPOCTPAHCTBAX MMEIOT CMBICI TaKhe IHOHATHs, KaK PaBHOMEpHAsI
HEIPEPBIBHOCTD, MAJOCTb JIAHHOTO IOPsJKa, MOJTHOTa U T. I. B 3rmx
IIPOCTPAHCTBAaX, KaK BUJHO, COXpaHeHbl anajorn 4.2.4-4.2.9,4.5.8, 4.5.9,
4.6.1-4.6.7. Ilone3npIMM yIPa’KHEHUSIMU SIBJISIIOTCS OCMBICIBAHIE BO3-
MOXKHOCTHU TIOTIOJTHEHUSI PABHOMEPHOI'O MTPOCTPAHCTBA, JIOKA3ATETHCTBO
Kpurepus Xaycaopda, aHaau3 J0Ka3aTeIbCTBa TeopeMbl Ackosim — Ap-
Iejga u T. 1.

9.5.7. ONPEAENEHUE. ITycts X — muoxectso, R’ := {z € R :
x > 0}. Orobpaxkenne d : X2 — R, Ha3BIBAIOT NOAYMEeMPUKOt WIH
omxaonenuem Ha X, ecim

(1) d(z, z) =0 (z € X);

(2) dz, y) =dly, ) (z, y € X);

() d(z, y) <d(z, 2) +d(z, y) (z, y, z € X).
IMapy (X, d) HA3BIBAIOT NOAYMEMPUHECKUM NPOCTPAHCTNEOM.

9.5.8. [list nostymerpudeckoro npoctpascrsa (X, d) momoxnm
Ug:=1fil{{d <e}: e >0}.

Tora %; — paBHOMEPHOCTD. <I>

9.5.9. ONIPEAENEHUE. IIycrs 9T — (Helycroe) MHOXKECTBO IIOJIY-
merpuk Ha X. Torma mapy (X, 90) HA3BIBAIOT MYALMUMEMPUECKUM
NPOCMPAHCINEOM, & MHOKECTBO M — myavmumempukoti. Pasromep-
HOCTNL MYADTNUMEMPUHECKO20 NPOCTPAHCMEA, OTPEIESIOT COOTHOIIE-
HEEM

Uyn = sup{ % : d € M}.

9.5.10. OIIPEJIEJIEHUE. PaBHOMEpHOE IIPOCTPAHCTBO IPUHSITO Ha-
3BIBATb MYALMUMEMPUSYEMDBIM, €CITH €r0 PABHOMEPHOCTH COBIQJIAET C
PaBHOMEPHOCTHIO HEKOTOPOT'O MYJIbTUMETPUUIECKOTO MpocTpancTsa. llo
AHAJIOTUN OUPEJIE/IAIOT U MYJIbTUMETPHU3yeMble TOIOJIOIHYeCKUe IPOCT-
paHCTBA.
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9.5.11. Ilycte X,Y, Z — mHOXKECTBA, T — ILJIOTHOE MIOAMHOXKECTBO
R u (Up)er, (Vi)ter — BO3pacTaromme ceMeiicTBa MHOMKECTB, JICHKAITHX
coorBerctBeHHO B X X Z W B Z X Y. 'lTorma cyiecTByroT, © OPHUTOM
€/IHHCTBEHHbIE, (DYHKI[UU

f:XxZ—->R, ¢g:ZxY—->R, h:XxY—>R

TaKue, 4To

{f<tyctic{r<t}, {g<t}cVic{g<t}
{h<tycUoVic{h<t} (teT).

HpI/I 9TOM HMeeT MeCTO IIpe/CTaBJICHUEe

h(z, y) = inf{f(z, 2) Vyg(z, y): z€ Z}.

<1 CymecrBoBanue Tpebyembix dyHKImit obecrreveno 3.8.2. Eaun-
crBerroctb — 3.8.4. IlpencraBienne byukuum h gepes f u g Geccrop-
HO. >

9.5.12. ONPEAEIEHUE. Ilyers f: X x Z - R, g: ZxY — R.
OyukIwio h, 3ajaHayo ¢ noMoripo 9.5.11, HazeBaOT V-KoHE0AMUUET
f m g u oboznagaroT

fOvg(z, y):=inf{f(z, 2)Vg(z, y): z€ Z}.

AHaJOrMIHO ONpeNeNSIoT +-KoH60A0UU0 f U ¢ TIO TIPABUITY

fOy g(z, y):=inf{f(z, 2) +g(z, y): z€ Z}.

9.5.13. ONPEAEJEHUE. OroGpaxkenue f : X? — R’ HasbBamor
K-yavmpamempurot (K € R, K > 1), ecin
(1) fz, =) =0 (z € X);
(2) f(x7 y) - f(y7 $) (iL', ye X)7
(3) xflw, u) < fla,y)V fly, 2)V fz,u) (2,9, 2, u € X).
9.5.14. BAMEYAHME. Yciosue 9.5.13 (3) unor/ia Ha3bBAIOT (CUIIb-

HBIM) YALMPAMEMPUHECKUM HEPABEHCTNEOM. DTO HEPABEHCTBO MOYKHO
B ety 9.5.12 nepermcats B Buge K1 f < fO, fOf.
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9.5.15. JIemma o 2-ysiprpamerpuke. [Lis Kaxkaoi 2-yapTpaMer-
pukn f: X2 — R’ cymecrByer nomymerpuka d taxas, aro 1/2f < d <
f.

< Oyers f1:= f; foe1:= fn04f (n € N). Torma

fn+1(w7 y)gfn(xa y)+f(ya y):fn(xa y) (ZL’, yGX)

Taxum obpasom, (f,) — yObIBaIOmAag IOCIEIOBATEILHOCTD. [10I0KIM
d(l’, y):: lim fn(x, y) = inf fn(xv y)
neN
ITockonbky a7t n € N BbIOSIHEHO

d(z, y) < fon(z, y) = fu0 fulz, y) < fulz, 2) + fulz, ),

to d(z, y) < d(z, z)+ d(z, y). Cupasenmmsocrs 9.5.7 (1) u 9.5.7 (2)
HECOMHEHHA.

Ocranocs ycranosuth, 9to 1/2 f < d. dja sToro ybeaumcst, 9To
fn=>1/2f nnan €N,

ITpu n := 1,2 TpeGyeMble HEpPaBEHCTBa OYeBUAHBL. JlOmycTHM Te-
uepb, uro f > f1 > ... > f, > 1/2f u B 10 ke Bpems fni1(z, y) <
1/2 f(x, y) ans nexkoropwix (z, y) € X2 un > 2. Ilo nmocTpoennto mpu
MOAXONSANINX 21, ..., 2y, € X Oymer

t:=f(x, 21)+ f(z1, 22) + ...+ f(2n_1, 2n)+
(o) < 5, )

Ecmu f(x, z1) > t/2, r0t/2 > f(z1, 22) +...+ f(zn, y) > 1/2 f(21, v).
IMonygaem, aro ¢ > f(x, 21) u t > f(z1, y). Ha ocuoBanum 9.5.13
(3), 1/2 f(z, y) < f(z, z1)V f(z1, y) < t. OTcrona BITEKAET JIOXKHOE
coorHomenue: 1/2 f(z, y) >t >1/2 f(z, y).

Uraxk, f(x, z1) < t/2. Haiinem m € N, m < n, ajs Koroporo

)

DO | =

f(xa Zl)+"'+f(zm—17 Zm) <

N |+

flz, z21)+ ..o+ f(Zm, Zme1) >
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D70 OCymECTBIMO, NGO TUIIOTE3A 1M = 7 BJIEIET HEBEPHOE HEPABEHCTBO
f(zn, y) > t/2. (B camom jene, 6buto 6b1 t/2 > f(x, 2z1) + ...+
f(zn=1, zn) > 1/2 f(x, z,) n nosromy 1/2 f(x, y) >t > f(x, 2™)V
[, y) 21/2f(z, y).)

Nmeem

F(Zmit, Zme2) + oo+ flznm1, 20) + f(2n, y) <

N | o+

HpI/IB.HeKa.H NHAYKIIUOHHOE IIPEJ/III0JIO2KEHNE, 3aK/II0TaeM:

[y zm) <2(f(2, 21) + .o+ fZm—1, 2m)) <t
f(zm7 Zm+1) S t;
J(zmi1, ¥) S2(f(Zmets Zmez) Tt flzn, y) <t

CienoBaTeIbHO, B CHIIY OMpPEIEICHNUs 2-yIbTPAMETPUKH

S ) S @ ) V Gy 2 )V TG, 9) S 1< 55, )

ITonyumnan nporrBopevne, 3aBepIialee JOKa3aTeaIbCTBO. >

9.5.16. Teopema. Kaxkioe paBHOMEDHOE HMPOCTPAHCTBO MYJIBTHU-
MeTpH3yeMO.

< IMyers (X, %x) — paccMaTpuBaeMOe PABHOMEDHOE IIPOCTPAH-
cro. Bospmem V € %x. Ionoxum Vi := V NV~ Ecmu tenepn
V,, € Ux, TO HaiimeM CHMMETPHYIHOE OKpyKemme V = V_l, V € Ux
Takoe, ato V o V o V C V,,. Ilomaraem V;,,1:= V. Tak Kak 10 mocTpoe-
oo V, D V1o V1oV D Vyprolxolx D Vi, TO (an)neN -
yOBIBAIOIIEE CEMEHCTBO.

Hns t € R 3amamum MmHOXKecTBO U COOTHOIIEHTEM

2, t<0,
Ix, t=0,

U= ‘/inf{neN:t22*"}a 0<t<l,
1, t=1,

X2 t> 1.
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o ompenernermo ¢t +— Uy (t € R) — Bospacraromee cemeiictso. Pac-
CMOTDPHM eIuHCTBeHHYI0 (yHKIHO f : X2 — R, yIOBIETBOPSIONLYIO
coorHomenusM (cp. 3.8.2, 3.8.4)

{f<tycU c{f<t} (teR).
Ecma Wy:= Uy nna t € R, To npu s < t Gyner
USOUSOUS CWt.

CnenroBarensho, B cuity 3.8.3 n 9.2.1 orobpazkenue f sBJsieTcs 2-yiabTpa-
METPHUKOIA.

IMpusnekas 9.5.15, Haitmem mosymerpuky dy Takyio, uro 1/2 f <
dy < f. dcuo, aro %y, = fil{V,, : n € N}. HecomHeHHo Takxe, 9410
qutst mysbTuMerpuku M = {dy : V € %x } seimonneno Yy = Ux. >

9.5.17. CuexncrBue. IlpocTpaHcTBO SIBJISIETCS PABHOMEDH3YEMBIM
B TOM H TOJIBKO B TOM CJIydae, ecau OHO 1, 1-IpOCTPaHCTBO. <Ib>

9.5.18. CaeacrBue. TuxoHOBCKHE IIPOCTPAHCTBA, CYTh OTICTHMBIE
MYJIBTHMETPUYIECKHE [POCTPAHCTBA,. <I>

9.6. IlokpbITus 1 pa3bueHns eTUHUAIIHI

9.6.1. ONIPEAENEHUE. [lycrs &, .F — nBa nokpouimus MHOXKECTBA
UsX,re & FC2XuUc (U&)N(UF). Toopar, uro & enucaro
B .Z nma & uamesvuaem F, eC KasKI0e MHOXKECTBO U3 & TOIaJaeT B
onuH u3 sjeMentoB .7, 1.e. (VE€ &) (IF € F)ECF.

9.6.2. ONPEAEJEHUE. TlokpeiTne & mHOXKecTBa X HA3BIBAIOT A0-
KaAABHO KOHEewHbLM (OTHOCHTENBHO TOMOJOTUH T B X ), eciin y KaxKoi
TOYKHA u3 X MMeeTCsl OKPECTHOCTD (B CMBICIE T ), TIEPECEKAIOIIAsICST JIUIIE
C KOHEYHBIM YHCJIOM 3JIeMeHTOB &. Takoe NOKpbITHE B Cydae Juc-
KPETHOI TOTIOJIOIMH HA3BIBAIOT MoveyHo Konewnoim. Haxroner, ecim X
PACCMATPUBAIOT C MPEIBAPUTENBHO BBIJIEJIEHHON TOMOJIOTHER T, TO IO
JIOKAJIbHON KOHEYHOCTBIO €ro MOKPBITHSI [0 YMOJTIAHHUIO TIOHUMAIOT CBsI-
3aHHBIA ¢ T BapuUaHT.

9.6.3. Jlemma Jledirenia. Ilycrs & — T09€9HO KOHEIHOE OTKDBI-
TOe MOKpBITHE HOpMaJbHOTO npocrpancTBa X. CyliecTByeT takoe OT-
kpbiToe mokpeitne {Gg : E € &}, uro clGg C E npu Beex E € &.
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< CocraBuM MHOXKecTBO S u3 orobpaxkenuii s: & — Op(X), mia
koropbix Us(&) =X u npu FE € & Gyner s(E) = E wm cls(E) C E.
Iis nomobubix pyHknuit s1, sp nogaraT: 1 < s9 = (VE € &)
(s1(E) # E = s3(F) = s1(F)). Buaso, uro (S, <) — ymnopsijodeH-
HOEe MHOXKECTBO, npudeM Ig € S. YcTaHOBUM UHIYKTUBHOCTD S.

st nern Sp B S nosmoxkuM so(E) := N{s(E) : s € So} (E € &).
Eciun so(E) = E, 1o s(E) = E upu Bcex s € Sp. Ecim xe so(F) # E,
To so(E) =N{s(E): s(E)# E, s€ Sp}.

C yuerom smHeiiHOCTH TIOpsifKa B Sp BbiBopuM: so(E) = s(E) mus
s € Sy rakux, 9r0 $(E) # E. Orciona so(€) C Op(X) u sg > Sp. Ocra-
JIOCh YJIOCTOBEPUTBCS, YTO So — HOKpbITHe X (U, CTalo ObITh, So € S).
[To ycnoButo Touednoit Koneunocru jyist © € X umeiorcs Fy, ..., E, B &
rakue, yro € F1N...NE,ux ¢ F nyua uasix E B &. Ecau so(Ey) = Ey,
JJIsL KAKOro-nubo u3 k, To mokasbiBaTh Hedero — x € Usp(&). B cayuaae,
Korya npu KaxkaoMm k oyuer so(Ey) # Ej, waiiayrca sq,...,8, € S u3
yenosus sk (Ey) # Ey (k:=1,2,...,n). Paz Sy — 1ienb, MOXKHO CUUTATD,
910 S5 > {81,...,8,_1}. lpu stom z € s, (E) C E a1 OAXOSAIETO
E € &. Scno, uwro E € {Ey,...,E,} (u6o z ¢ E nna npyrux E). Pasz
s0(E) = s,(E), 0 x € 50(E).

ITo nemme Kyparosckoro — Hopua 1.2.20 B S ecTh MakcuMa IbHBINA
ssieMeHT 5. Bospmem E € &. Ecin F:= X \Us(&\{E}), o F 3amKHyTO
u $(E) — okpecrnocrs F. Ha ocuosanuu 9.3.10 npu noaxozngamem G €
Op(X) 6yner F C G C clG C 5(E). Tonoxum s(E):= Gus(E):= 5(E)
g B+ E (E € &). Scno, uro s € S. Ecom s(E) = E, 10 s > 5 u,
sHaunT, s = S. Ilpu atom $(F) C clG C s(E) = E, 1. e. cls(E) C E.
Ecmu xe s(E) # E, 10 cl5(E) C E no onpegenenno. Hrax, § — nCKoMoe
HOKpBITHE. >

9.6.4. ONPEAENEHUE. Ilycts f — ckaasaphas (= wucarosas) GyHK-
IUsl Ha, ToIoJiornyeckoM npocrpancree X, 1. e. f: X — F. MuoxkecTBo
supp(f) = cl{z € X : f(x) # 0} naswBator nHocumeaem f. Ecam
supp(f) — KOMIIaKTHOE MHOXKECTBO, TO f HA3BIBAIOT purummols @yrx-
yueti. Mnorma nomarator spt (f) := supp(f).

9.6.5. Ilyctb (fe)ece — HEKOTOPOE CEMEHCTBO CKAIAPHBIX (DyHK-
muif na X u &:= {supp(f.) : e € &} — cemeiicrso ux Hocureseit. Ecin
& — roueqno KonedHoe moxpbirue U, To ceMeicTBO (fe)ecs mMOTOUCTHO
cymmupyemo. Econ kK ToMy ke & JIOKaJbHO KOHEUHO, a (fe)ecs Hempe-
PBIBHBI, TO CyMMa. ) . fe TAKXKe HEIPEPBIBHA.
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< HocTaTo4HO 3aMETHTb, YTO B IMOAXOJSINEH OKPECTHOCTA TOYKHU
u3 U s KoHewHoe unciio dyHKuii cemeiicTsa (fe)ecs He obpammaercs
B HYJIb. [>

9.6.6. ONPEAEJNEHUE. Cewmeiicrso dyukuuit (f : X — [0, 1])fecp
[peJIcTaBIIsIeT pasbuenue edunuyv, Ha MHOXKecTBe U B X, ecim HOCHTe-
JIX 3JIEMEHTOB 3TOrO CEeMEHCTBa COCTABJISIOT TOYEIHO KOHEUYHOE MOKPBI-
tne U, u upn 9tom ) p f(2) = 1 iz seex @ € U. Ilycroe cemeit-
CTBO (DYHKIIUI B [TOIOOHOM KOHTEKCTE CIUTAIOT CYMMUPYEMBIM K €HHIU-
1e. EcrecTBeHHBIM 00pa30M TPAKTYIOT TEPMUH « HENPEPbIEHOE Pa3bueHue
eJUHUYDLL> W €ro aHAJIOIU.

9.6.7. ONPEJAEJEHUE. [IVCTh & — nokpeiTie Mmuoxkectsa U B TO-
[TOJIOTUYIECKOM TIPOCTPAHCTBE, a F' — HempepbIBHOE pa30ueHne eimHAIIbI
Ha U. Eciu cemeiicrBo Hocureneit {supp(f): f € F} suucano B &, 10
F nazpiBaior pasbuenuem edunuybl, noduunerhowm &. Hammame takoro
F ns & BuIpazkaroT cjoBaMU: «& JONYckKaem HENPePwusHoe paddueHue
eQUHULBL.

9.6.8. Kako0e J0KaIbHO KOHEIHOE OTKPBHITOE MOKPHITHE HOPMAJTh-
HOTO IPOCTPAHCTBA JOMYCKaeT pa30HeHne eIuHUIIbI.

< ITo Teopeme Jledmena 9.6.3 B pacemarpusaemoe nmokpsitue { Uy :
£ € } MOXHO BOMCATh OTKpbITOe HmOKpbiTHe {Ve : & € }, mus xoto-
poro cl Ve C U mpu Beex £ € . Ilo Teopeme Ypricona 9.3.14 umeercs
HenpepoiBHas yukius ge : X — [0, 1] takas, uro ge(r) = 1 mpn
z € Veuge(r) =0mnpu & € X \ Ue. 3uaunr, supp(ge) C Ue. Ha ocmo-
BaHUT 9.6.5 CeMENCTBO (g )¢e IMOTOUETHO CYMMHPYEMO K HEIPEPBIBHO
dyuknun g, Ipu srom g(z) > 0 st Becex £ € X 10 IOCTPOEHHUIO.
IMomaraem fe:=ge/g (6 € ). CemeiictBO (fe)ee — mCKOMOE. >

9.6.9. OIPEAEJEHME. Tomomormdeckoe mMpoCTPAHCTBO HA3BLIBAIOT
NAPAKOMNAKMHBLM, €CITH B JIIOOOE €ro OTKPHITOE MOKPHITHE MOYKHO BITH-
caTh JIOKAJIbHO KOHEYHOE OTKPBITOE MOKPBITHE.

9.6.10. SAMEYAHUE. Teopusi mapakKOMIAKTHOCTUA COJIEPXKUT TIIy-
OoKue 1 HeTPpUBHAJIbHBIE (DAKTHI.

9.6.11. Teopema. Merpuueckue IpOCTPAHCTBA MAPAKOMIIAKTHEIL.

9.6.12. Teopema. XaycnoppoBO TOIOJOTHIECKOE ITPOCTPAHCTBO
mapaKOMIAKTHO B TOM U TOJIHKO B TOM CJIyIae, €CJIU KaxKJI0e ero OTKPbI-
TO€ MOKPBITHE JIOIYCKAET HEMPEPLIBHOE Da30MeHHe €TUHUIIBI.
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9.6.13. 3AMEYAHME. Merpuueckoe npocrpanctso RY o6ramaer
PSIJIOM JIOTIOJTHUTEBHBIX CTPYKTYD, OOECIeIUBAIONINX 3amac KBaJIndu-
UPOBAHHBIX — 24a0kur (= GeckoHeuHO nuddepeHupyeMbix) — QyHK-
it (cp. 4.8.1).

9.6.14. ONPEJAEJEHUE. Yepednarowum adpom B RY npunaro ma-
3BIBATH JIIOOYIO BEIECTBEHHYIO IVIaIKYI0 (QYHKIHIO @ ¢ eJUHAIHBIM (J1e-
6eroBbiM) MHTErpaIoM H Takyio, 4ro a(z) > 0 mpu |z| < 1 u a(z) = 0
nis x| > 1. Hpu stom supp(a) = {z € RY : |z| < 1} — epunnanbrit
eBKInJI0B map B:= Bgw.

9.6.15. ONPEAEJIEHUE. /leabmoobpasdtotli nocaedosamesbHocmvlo
HA3BIBAIOT TAKOE CeMeNCTBO BenecTBeHHbIX (raakux) dyuakuuii (be)eso,
9TO, BO-TIEPBHIX, lirr(l)(sup | supp(be)|) = 0 u, Bo-BTODBIX, fRN be(z)dx =1

E—

(¢ > 0). Hcuoub3yior TakzKe TEPMUHBL -N0CAe008aMEALHOCb U -
0bpasrasn nocaedosamenvrocms. JacTo OrpaHUIUBAIOTCS CIETHBIMU T10-
CJI6JTOBATEILHOCTSIMU.

9.6.16. ITPuMEP. IlomynstpHoe ycpemusomnee siapo — 3T0 MYHKIHA
a(z) := texp(—(|z|?> — 1)~1), moonpenenennas mysnem BHe mmapa int B,
IJle KOHCTaHTa t 3aJaHa yCJIOBUEM fRN a(z)dx = 1. Bceskoe ycpesms-

IOIee PO [OPOXKIAET JIeJIBTOOOPA3HYIO TIOCIIEI0BATENBHOCTD . (1) :=
e Na(z/e) (v € RN).

9.6.17. ONPEJAEIEHUE. Ilyers f € Ly j0c(RY), T. e. f — mexo-
TOpast A0KAALHO unMepupyemas (= UHTErpUpyeMas IIPU Cy?KEHUH Ha
JII000IA KOMHaKT) byarumst.  Jlns Kaxxaoit (GUHUTHON WHTErPUPYeMOii
byHKIUN ¢ ONpenessiior c6épmky [ * g COOTHOIEHUEM

fxg(x)= /f(x —ygy)dy (zeRN).
RN

9.6.18. SAMEYAHUE. PoJib ycpeaHsionux s/iep u 1eJIbT000pa3HbIX
HOCJIEIOBATEIBHOCTEH (ac)e>0 HPOSCHSIETCS AHAIU30M NMPOUECC C2Aa-
orcusanus f— (f * ac)eso byukuun f € Ly 10c(RY) u ero nocaencrsuii
(cp. 10.10.7 (5)).

9.6.19. CupaBe/JinBbI yTBEPXKICHUS:
(1) mus kKazxgoro KoMnakTHoro Muoxkecrsa K us npocrpan-
crea RV n kakoii-mb6o ero okpecrnocrn U cymecTByer
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cpesbiBaTess (= cpesbiBaomas QyHKIHI) ¥ = Yk u,
T. e. Taxoe riajKoe otobpazkenne v : RN — [0, 1], uro
K Cint{e) = 1} umsupp(y) C U;

(2) mycrs Uy, ...,U, € Op(RY), npuaem Uy U ...UU, —
okpectHocTh KomnakTa K. CymecTByroT riajkue (yHk-
o Py, ..., p, - RY — [0, 1], yzosrersopsrontue ycio-
Busv supp(Yx) C U 1y p_ Yx(x) = 1 st © u3 meko-
Toport okpectHOCTH K.

< (1) Oycrs e:= d(K, RN\U):= inf{|z—y| : € K, y ¢ U}. Slcno,
aro € > 0. s > 0 o6o3HAHM X3 XapaKTEPUCTHIECKYIO (DYHKIIUIO
muO)kecTtBa K + €B. BozbmeM m1e1bT000pa3HYIO MOCTIEI0BATEIHHOCTD
HOJIO?KUTEIBHEIX DYHKIUH (D )y>0 B HOT0KUM ¢ := Xg%b,. [Ipu 7 < G,
B +7 < e, roe 7:= sup | supp(b,)|, dyHKIUA 1) — HCKOMASL.

(2) Ho nemme Tpemonne 9.4.18 umerorcs 3amkuyToie Fy, C Uy, co-
crapisionue nokpeitue K. Ilomoxkum Ky := Fy N K u paccMoTpuMm
cpespiBarenn Yy = Y, v,. PyEruun /> o Y, (k= 1,...,n),
onpesenennsle Ha {Y ,_; ¥ > 0}, mocie pacupocTpaHeHHs! HyJleM Ha
{3 % 1 ¥k = 0} u yMHOKEHHSI HA CPE3bIBATEJIb MOAXOMAMIEH OKPECTHO-
ctu K CTaHOBSTCS UCKOMBIMU. [>

9.6.20. Teopema o paszbuenuu emuauisl B RY. Ilycre & —
cemeiicTBo oTKpHITHIX MHOKecTB B RY = U&. CymecrByer cuernoe
paszbueHne eJJMHHUIIBI, COCTABICHHOE IVIAJKAMH (PUHUTHBIME (DYHKI[HSIMHA
na RY u nogumnernoe mokpeITHIO & MHOXKECTBA

< Brmmem B & Takoe cueTHOE JIOKAJIHHO KOHEYHOE MOKPLITHE A 13
KOMIIAKTHBIX MHOYKECTB, YTO CEMENCTBO (& := int ),ea Takxke obpasyer
OTKpBITOE TIOKpbITHE . Ilonbepem oTKpbiTOoe NOKPBITHE (V)aea U3
yeaosust clV, C @ npu o € A. Ha ocrosannu 9.6.19 (1) umerorcs

cpespBaresn ¥, = Yav, a 1lomaras ¥q(z) = o (2)/ Y pcn Val@)
mpn z € " Pu(z) = 0 mra x € RY \ | npuxomum K TpeGyemomy
pasbuenuio. >

9.6.21. 3AMEYAHUE. CTOUT MOIYE€PKHYTH, 9YTO MOCTPOCHHOE Pa3-
6uenne enuHUIBL (Vo )aeca 00JATAET TEM CBOHCTBOM, UTO JJIsl KazKIOIO
KoMIakTa K| jieXkaIrnero B, MMEIOTCs KOHETHOE MTOJIMHOXKECTBO Ay B A
n okpectHocTh U KommakTa K raxme, 910 Y, Ya(z) = 1 m1a Beex

z €U (cp. 9.3.17, 9.6.19 (2)).
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YaopakHeHust

9.1. IIpuBecTn mpUMEpPHI IPESTONOJIOIHIECKUAX U TOIOJOTHIECKUX IIPOCTPAHCTB
1 KOHCTPYKIMHU, K HUM IPUBOJIAIIMIE.

9.2. Mo2KHO Jii 33/1aTh TOIIOJIOIUIO, YKa3bIBasl CXOJsAInecs: PUIbTPLI UIH I0-
CJIeIOBATEILHOCTA !

9.3. YcTaHOBUTH B3aMMHBIE CBA3H Me2Ky TOIIOJOTHUAMU U IIPpEANOPpAIKaMU Ha
KOHEYHOM MHOXKeCTBE.

9.4. OnmcaTh TOMOJIOTUYIECKHUE IPOCTPAHCTBA, B KOTOPHIX OObeUHEHHE JTIOOOTO
ceMelicTBa 3aMKHYTBIX MHOXKECTB 3aMKHYTO. KaKOBBI HeNpepbIBHbIE OTOOpaYKEeHUs!
TaKUX IMPOCTPAHCTB?

9.5. Ilycrs (fe : X — (Yz, T¢))ee — cemeiicrBo orobpaxxenuii. Tomosmoruio
o B X Ha30BeM JIOIyCTHMOH (B JAHHOM CHTyaluu), €cju JJisd JII0O6Oro TOIOJIOrHYe-
CKOTO IpoCTpaHcTBa (Z, w) U MPOU3BOJIBHOIO OTOOpaykeHus ¢ : Z — X BBIIOJIHEHO
yrBepxkaenue: g : (Z, w) — (X, o) HENIPEPBIBHO B TOM U TOJBKO B TOM CJIydae, €CJIu
HelpepsIBHO oTobpazkenue feog (£ € ). Hokasars, uro ciaabeiimas Tomonorus X, B
KOTOPOii HelpepbIBHLI Bee f¢ (§ € ), mpeacraBiiger coboil CHIBHEMIITYIO SOy CTUMYIO
(B maHHOI cHUTyaIMu) TOMOJIOTHIO.

9.6. Ilycrs (fe : (X¢, 0¢) = Y)ee — cemeiicTBo orobpaskenuit. Tomosoruio
T B Y Ha3oBeM JOIyCTUMOi (B JaHHON CUTyaluu), ecim JJisl JIOGOro TOIOJIOornye-
CKOTO IpOCTpaHcTBa (Z, w) U NPOU3BOJIBHOTO OTOGparkeHusi g : Y — Z BBIIIOJHEHO
yreepxkaenne: ¢ : (Y, 7) — (Z, w) HEUPepBIBHO B TOM M TOJILKO B TOM CJIydae,
ec HenpepbIBHO orobpazkenue g o fe (£ € ). Jlokasarb, 4TO CHJIbHEHAIIAA TOMO-
sorus B Y, B KOTOPOii HelpepsIBHBI Bee f¢ (§ € ), npencrapiseT coboil caaberiyio
monycrumyto (B JAHHON CHTyaIln) TOIOJIOTHIO.

9.7. Jlokasarb, YTO B TUXOHOBCKOM IIPOU3BEIEHUN IIPOU3BOIBHBIX TOIIOJIOTHYE-
CKUX IIPOCTPAHCTB 3aMbIKaHUEe IIPOU3BEICHUA MHOXKECTB, JIe2KAIIIUX B COMHOXKUTEJIAX,
€CTb IIPOU3BEJEeHNE 3aMbIKAHUN:

oaf [T4e) = [ 4e
cc

£e

9.8. IIpoBeputrs, 9TO THXOHOBCKOE IIPOU3BEIEHIE XayCIOP(OBO B TOM U TOIHLKO
B TOM CJIydJae, €CJId XaycIopdOoB KarKIbIil COMHOXKUTEJIb.

9.9. YcTraHOBUTH KPUTEPUU KOMIIAKTHOCTA MHOXKECTB B KJIACCHYECKUX OaHAXO-
BBIX IIPOCTPAHCTBAX.

9.10. XaycmopdoBo mpocrpaHcTBo X Has3biBalOT H-3aMKHYTBIM, eciau X 3a-
MKHYTO B JIIOOOM obbemirromeM X xaycaopdoBoMm mnpocrpancTse. Jlokasars, 4To
perynsipaoe H-3aMKHYTO€ MPOCTPAHCTBO KOMIIAKTHO.

9.11. M3y4uTh BO3MOXKHOCTH KOMITAKTUMHUKAIMH TOIOJOIMYECKOI'O IIPOCTPAH-
cTBa.

9.12. Jloka3aTbh, YTO TUXOHOBCKOE IIPOU3BEJIEHIE€ HECHETHOI'O YHCJIa MIPSIMBIX HE
SABJISIETCS HOPMAaJIbHBIM IIPOCTPAHCTBOM.
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9.13. JlokazaTb, 4TO KaxKJas HelpepbiBHAs (DYHKIMS Ha IIPOU3BEIEHUU KOM-
MAKTHBIX MPOCTPAHCTB B OYEBUJHOM CMBICJIE (KakoM?) 3aBHCAT OT He GoJsiee deM
CYETHOT'O YHUCJIa KOODJIUHAT.

9.14. Ilycts A — KOMIakTHOE, & B — 3aMKHYTOE€ MHOXKECTBA B PABHOMEPHOM
npocTpancTse, npuaeM A N B = . Jloka3zaTh, 9TO [Jisi HEKOTOPOTO OKpy KeHust V'
6yner V(A)NV(B) = .

9.15. /Toka3aTb, 94TO HOIOJIHEHHE (B COOTBETCTBYIOIIEM CMBIC/IE) IPOU3BEACHUS
PaBHOMEDPHBIX IIPOCTPAHCTB U30MOP(MHO MPOU3BEIEHUIO IIOTIOJTHEHUN COMHOXKUTEIIEH.

9.16. MHOXXeCTBO B OTJEJIMMOM PAaBHOMEDHOM IIPOCTPAHCTBE HA30BEM IIPE]I-
KOMITAaKTHBIM, €CJIM €O IOIOJIHEHNE KOMIIAaKTHO. JloKa3aTh, YTO MHOXKECTBO sIBJISIET-
Csl IPEIKOMIIAKTHBIM B TOM U TOJIBKO B TOM CJIydae, €CJIM OHO BIIOJIHE OIPDAHUIEHO.

9.17. Kakue Tonosoru4eckue IpOCTPAHCTBA METPU3YEMBI?

9.18. Jlnsi paBHOMETPU3YEMOI'O IIPOCTPAHCTBA OIMUCATH CHUJIBHEMIIIYIO DaBHO-
MEPHOCTD, 3aJAIONUIyI0 UCXOTHYIO TOIIOJIOTHIO.

9.19. Y6enuTbcsi, YTO MPOU3BEIEHNE MAPAKOMIIAKTHOTO M KOMIIAKTHOIO IIPO-
cTpaHCcTB napakoMnakTHO. CoXpaHseTcs Jid MapakKOMIIAKTHOCTD IIPH OOIIUX MPOM3-
BEJICHUSAX !



T'masa 10

BoilicTBEHHOCTD U ee
MPUJIOXKEHU ST

10.1. BekTopHbIe TOIOJIOTUA

10.1.1. OnpPEAEJEHUE. Ilycrs (X, F, +, :) — BekropHOe 1pO-
CTPaHCTBO Ha/[ OCHOBHBIM IIOJIEM F. TOHOJIOFI/IIO T B X Ha3bIBaIlOT CO-
24GC08AHHOT €O cMPYKMYpPol 6eKMOPHO20 NPOCMPAHCMBEa NN, KOPOUe,
B8EKMOPHOTL MONOAO2UET, €CJTA HEIIPEPBIBHBI CJIEIYIOIINE OTOOPaYKEHUsI:

+: (X x X, 7x7)—> (X, 1),
c(Fx X, mxT)— (X, 7).
O upocrpancrse (X, 7) B 9TOM CJIydae FOBOPAT KaK O MONOA0LUHECKOM

GEKMOPHOM NPOCMPAHCMEE.

10.1.2. Ilycre Tx — BekTOpHasi Torojorusi. OTobpakeHust
x—x+xy, xr—axr (xg€X, acF\0)

CyTBb TOMEOMOP(HU3MBI (X R TX). <>

10.1.3. 3AMEYAHUE. HecomueHHO, YTO BEKTOpHAsI TOIIOJIOTUS T
B npocTpancTBe X 00J1a/1aeT CJIEIYIOMIIM CBONCTBOM «JTUHEHAHOCTU :

T(ax + By) = ar(z) + Br(y) (o, BEF\0; 2, y € X),

rJie B COOTBETCTBHHU ¢ obmmumMu coryamenusmu (cp. 1.3.5 (1))

Uax+ﬁy S O[T((E) + BT(y) And
& (3Uz er(x) & Uy €1(y)) aUy + Uy C Ungrpy-
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B 37100t cBSI3U BEKTOPHYIO TOIOJOTHIO YACTO HA3BIBAIOT AUHEUHOU, & TO-
ITOJIOTHIECKOE BEKTOPHOE IMTPOCTPAHCTBO — AUHETHDIM TMON0A02UMECKUM
NPOCMPAHCMEoM. DTy TEPMUHOJOTHUIO CJIEIYeT YIOTPEDJISITh JIUIID M0~
HUMasl, 9TO TOIOJIOIUSI MOXKET 00JIaJaTh CBONCTBOM «JIMHEHHOCTU», HO
He ObITh JinHelHO#. TakoBa, HAIpUMeEp, MUCKPETHAs TOIIOJIOI sl HEeHYJIe-
BOI'0 BEKTOPHOI'O IIPOCTPAHCTBA.

10.1.4. Teopema o cTpoeHuru BEKTOpPHOI TomoJioruu. Ilycts

X — BekrToproe npoctpaactBo u AN — duaprp B X. CyiecrByer Bek-
topuasi ToroJiorus T Ha X takas, uro A = 7(0), B TOM U TOJIBKO B TOM
cIydae, eciu

Q) /¥ + A=A

(2) A cocTonT M3 MOTMIOMAIOIIIX MHOXKECTE;

(8) A mmeer 6asuc m3 ypaBHOBEIIEHHBIX MHOXKECTB. Ilpm

srom 7(z) = x + A g Becex x € X.

< = Ilycts 7 — BekTopHas Tomosorus u 4 = 7(0). 13 10.1.2
nostydaeM, 4ro 7(x) = x + A jgua ¢ € X. fcno Takxke, 9ro (1) ecthb
JIpyTas 3alliCh HENPEePLIBHOCTH CJIOMKeHHs B Hyse (mpocTpancTba X 2).
VYeaosue (2) moxkuo 3anucars B Bujie 7r(0)x D A st Kaxkoro © € X,
T. €. KaK YCJIOBUE HEIPEPBbIBHOCTH OTOOpaxKeHuil o — ax B Hyse (1po-
crpancTBa R) npu kax oM dukcuposannoM x u3 X . Yeiaosue (3) ¢ yue-
ToM (2), B CBOIO 0Yepeib, MOXKHO 3anucarh B Buje 1r(0)4 = A, T e.
KaK yCJIOBHE HENPEPBIBHOCTU YMHOYKEHUs Ha CKaJIsIp B Hysle (IpOCTpaH-
crea F x X).

<: Ilycrs A — dunbrp, ynosaersopsiomuii (1)—(3). Bumgso, urto
A C fil{0}. Tomoxum 7(z):= x + A . Torma T — IPeNTONOIOTHSI.
W3 onpenenennst 7 u (1) BBITEKAET, ITO T — TOMOJIOIHsI, IPUIEM CABUTH
HEIPEPBIBHBI, a CJIOYKEHUE HENPEPLIBHO B Hyse. Takum o6pa3oM, CJIo-
JKEeHHe HelpephIBHO B Kaskjoft Touke X 2. Cnpasemmusocts (2) u (3)
ozHavaer, 4To orobpaxkenue (A, x) — AT HEIPEPHIBHO B HYJIE 11O COBO-
KYIIHOCTH TI€PEMEHHBIX M HEIIPEPLIBHO B HYJIE 1O IEPBOMY HEPEMEHHOMY
npu pukcupoBaHHOM BTOpOM. B cmity ToxkmecTBa

A\x — )\01‘0 = )\0(.%‘ — 370) + ()\ — )\0).230 + ()\ — )\0)(1‘ — 370)
OCTaJIOCh YCTaHOBUTH HENPEPLIBHOCTL 3TOI'O OTO6pa}KeHI/IH B HYJIE IIO

BTOPOMY TIEPEMEHHOMY TpH (PUKCUPOBAHHOM TI€pBOM. VIHBIMEU ClIOBa-
MU, HYy>KHO YCTAHOBHUTB, 9T0 AN D A mra A € F. i nposepkn
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naitnem n € N, jyia koroporo [A| < n. Ilycte V € A/ u W € A 1ako-
BbI, uTo W ypaBuosermeno u Wy + ...+ W, C V, rne Wy := W. Torna
MW =nAnW)CcnW W, +...+4 W, CV.>

10.1.5. Teopema. Muoxectso VT (X) Bcex BEKTOPHBIX TOMOJIOTHET

na X sBisercss nosHOH pernierkoi. Ilpwm srom sist 1106010 MHOXKECTBA
& B VT(X) BrimosHeHO

supVT(X) o supT(X) &.

< Iyers 7= Sup(x) &. Taxk Kak g T € & CABUT X +— X + Xg
ectb romeomopdusm (X, 7) Ha (X, 7), To 370 0TOOpaKEHNE — IOMEO-
mopdusm (X, 7) ua (X, 7). Ipusnekas 9.1.13, ybexqaemcst B TOM, 9TO
1utst bunbrpa 7(0) BeimosHens! yeaosus 10.1.4 (1)-10.1.4 (3), mockonbky
ouu BbIOJIHEHBI i buiabrpos 7(0) npu 7 € &. Ocraercs cociarbes
Ha 1.2.14. >

10.1.6. Teopema o mpoobpa3e BeKTOpHOI TomoJioruu. IIpo-
006pa3 BEeKTOPHOMH TOMOJIOIHH IIPH JIMHEHHOM OTOOPa’KeHUH — BEKTOPHAST
TOIIOJIOTHSI.

<Iyers T € (X, V) nuw € VI(Y). Honoxum 7:= T~ (w). Ec-
mz, —cuy, — ys (X, 7), 10, Bcmiy 9.2.8, Tz, — Tz, Ty, — Tyu,
craiio 6eith, T' (x4 +yy) — T'(x +y). Hocrennee B cuiry 9.2.10 o3nadaer,
910 &y + Yy — ¢ +y B (X, 7). Takum obpasom, 7(z) = « + 7(0) mus
Beex ¢ € X u, kpome Toro, 7(0) +7(0) = 7(0). IIpumenss x nuneitnomy
coorserctuio 1T~ ! mocnenosarensro mpetoxenus 3.4.10 u 3.1.8, mo-
ayuaem, aro buastp 7(0) = T (w(0)) cocTout us norsomaomMuUx MHO-
JKECTB U MMeeT 06a3uc U3 yPABHOBEIIEHHBIX MHOXKECTB, Tak Kak 1o 10.1.4
takumu cBoiicrBamu obanaer duwibtp w(0). BroBL npuBIekas 10.1.4,
sakiodaeM: 7 € VI(X). >

10.1.7. IlpousBeneHne BEKTOPHBIX TOMOJIOTHI — BEKTOPHAS TOIO-
JIOT S
< Cnenyer u3 10.1.5 u 10.1.6. >

10.1.8. ONIPEAENEHUE. [lycts A, B — MHOXKeCTBa B BEKTOPHOM

npocrpancTtee. lopopsit, uro A sBisiercs B-ycmotuwusvim, ecim A +
B C A
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10.1.9. /Ins kaxk7g0if BeKTOpHOH Tomosoruu T Ha X CyIIECTBYET,
W IPHTOM €JUHCTBEHHAs, PABHOMEDHOCTh %, uMmeromast 6azuc u3 Ix-
VCTOHYHBBIX MHOXKECTB H Takasi, YTo T = T(%Uy ).

< Hna U € 7(0) monoxum Vi == {(z, y) € X?> : y—x € U}
OTrMmeTnM OUY€BH/IHBIE CBONCTBA:

Ix CVy; Vu+ix=Vy; (Vo) ' =V_y;
Vorrv, € Vo, NV Vo, o Vu, C Voo,

qutst mobeix U, Uy, Us € 7(0). Ipusnekast 10.1.4, BeiBOIUM, 9TO
U= fil{Vy: Uer(0)}

— 9TO PABHOMEPHOCTD, npudeM T = 7(%; ). Hecomuenno rakxke, 4ro %,
nmMeeT 6a3uc u3 [ x-yCTONINBBIX MHOYKECTB.

Ecsn Tenepp % eme onHa paBHOMEPHOCTBH Takasl, uto T7(%) = T,
u W — mexoropoe Ix-ycroitunsoe okpyxkenue %, 10 W = Vi (). OT-
CIOZ]a U BBITEKAET TpebyeMasi e MHCTBEHHOCTD. [>

10.1.10. OnPENENEHUE. Ilycre (X, T) — TOMONIOIHYECKOE BEK-
TOPHOE MPOCTPAHCTBO. PaBHOMEpHOCTH %, mocTpoernyio B 10.1.9, na-
3BIBAIOT PABHOMEPHOCTNBIO PACCMAMPUBGEMO20 Npocmparcmsea X .

10.1.11. 3BAMEYAHUE. B npasbHeiinem mpu pacCMOTPEHUH TOIIO-
JIOTUYECKUX BEKTOPHBIX IIPOCTPAHCTB OY/IEM CYUTATH WX HAJIEJEHHBIMU
COOTBETCTBYIOIIMMI PABHOMEDHOCTSIMH.

10.2. JIokaJabHO BBIOYKJIbIE€ TOIIOJIOTHUU

10.2.1. OIPEJEJIEHUE. BeKTOpHYI TOIOJIOIUI0 IPUHSATO HA3bI-
BaTh A0KAABGHO 6LINYKA0U, €Cn (PUIBTDP OKPECTHOCTEH KaXKI0M TOUYKH
nMeeT DA3MUC, COCTOSINNIN U3 BBIIYKJIBIX MHOYKECTB.

10.2.2. Teopema o cTpoeHUHU JIOKAJIbHO BBIIMYKJIOH TOIOJIO-
run. Ilycrs X — Bekroproe nnpocrpasctBo u A — puiprp B X . Cyire-
CTBYyeT JIOKAJBHO BHIIyKJasi Tormosorust T Ha X takas, aro A = 7(0),
B TOM H TOJBKO B TOM CJIy9ae, €CJIH

(1) 34 =A;
(2) A mmeer 6asuc, cocrosmuii H3 a6GCOJIOTHO BBILYKJIBIX
IONJIOIAIONIIUX MHOXKECTB.
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<l =: B cuy 10.1.2 orobpaxkenue x +— 2x — romeoMopdusm. ITO
u osHavaer, uro 1/2.4 = A". Bosbmewm Tenepr U € A . Tlo ycio-
BUIO MMEETCSI BBIMYKJI0e MHOXKecTBO V € A Takoe, uro V C U. Ilpu-
mengsa 10.1.4, maiizem ypaBHoBenenHoe MHOXKecTBO W, 1jisi KOTOPOTo
W C V. Ilpusnekas dopmyny Morkunua 3.1.13 u 3.1.14, ybexxmaemcs
B TOM, 9UTO BBITyKJIast obomouka co(W) abecomorHo Beinmyka. [Ipu srom
W Cco(W)CV CU.

<: AGCOJIIOTHO BBIIIYKJIO€ MHOXKECTBO YPABHOBEINIECHO. 3HAYUT, A~
yaosnergopsier 10.1.4 (2), 10.1.4 (3). Ecim V € A u W Bbinykio,
WeNuWcCV,101/2W € 4. Ilomumo storo, 1/2W +1/2W C
W C V uz-3a Beinykyioctu W. Ilocinenuee oznagaet, uro A + A4 = A .
Ocraercs cocnarbest Ha 10.1.4. >

10.2.3. Caeacreue. Muoxecrso LCT (X) Bcex JIOKaJIbHO BBILYK-
JbIx TomoJsioruii Ha X mpejcrapiser coboil moaHyro pererky. IIpu srom
Jutst moboro muokectBa & B LCT (X)) BRIMONTHEHO

Supr,ct (X) & = supT(X) &. <>

10.2.4. CuaencrBue. IIpoobpa3s JIOKaJIbHO BBHIILYKJIOH TOMOJOTHH
1IpH JIMHEHHOM OTOOPAa’KeHUU — JIOKAJIBHO BBIIIYKJIAST TOIIOJIOTHS. <I[>

10.2.5. CaeacrBue. IlpousseseHne JOKAJIBHO BBIILYKJIBIX TOMOJIO-
ruff — JIOKAJIbHO BBIIIYKJIas TOHOJIOrHd. <>

10.2.6. Torosorust MyJIbTHHOPMHPOBAHHOI'O MPOCTPAHCTBA SIBJISI-
eTCs JIOKAJIbHO BBIITYKJIOH. <I[>

10.2.7. ONPEAEJIEHUE. Ilycrs T — JIOKAJIBHO BBIIYKJIAs TOIIOJIO-
rusg Ha X. MHOXKecTBO BCeX BCIOAY ONPEEIEHHBIX HEITPEPBIBHBIX MTOJTY-
HOpM Ha X HAa3BIBAIOT 3epKaaom (Dexke cnekmpom) TOIOJIOTHH T 1 000-
suavaior M. Mynbrunopmuposannoe rpocrpanctso (X, I.) nasbisa-
0T accoyuuposarnvim ¢ (X, 7).

10.2.8. Teopema. JIokaJbHO BBITyKJIas TOIOJIOTHsI COBIIATaeT C
TOITOJIOTHEH aCCOMMUUPOBAHHOTO MYJIBTHHOPMHAPOBAHHOI'O IPOCTPAHCTBA.

< Ilycrs T — paccMmaTpuBaeMasi JIOKAJIbHO BBIMYKJAas TOIOJIOTHUST
BX uw:=7(MPW,) — 3T0 TOOJIOIrUs aCCONUMPOBAHHOIO [IPOCTPAHCTBA
(X, M;). Bosemem V € 7(0). B cuny 10.2.2 maiijercss aGCONIOTHO
BBIIIYKJIasl OKPeCTHOCTH Hynst B € 7(0) Takas, uro B C V. Ha ocHoBa-

Hum 3.8.7
{rp <1} C B C {pp < 1}.



10.2. JIokaJIbHO BBIMYKJIBIE TOIOJIOTHT 225

OueBuyHo, 4T0 pp — HenpepbiBHBI (ynkmmonan (cp. 7.5.1), T e.
pp € M, u, crano 6birh, {pp < 1} € w(0). Cuenoparenbho, V € w(0).
Taxum obpaszom, npussekas 5.2.10, nmeem w(x) = x+w(0) D x+7(0) =
7(z), 1. e. w > 7. Ilomumo 310rO, T > W 1O OLIpE/IEIICHUIO. [>

10.2.9. ONIPEAEJEHUE. BekTopHOE IPOCTPaHCTBO, HAJEIEHHOE OT-
JEeJIMMOM JIOKAJIbHO BBIITYKJIOH TOIIOJIOTHEl, HA3BIBAIOT A0KAADHO GLINYK-
ABLM TPOCTPAHCTIEOM.

10.2.10. BAMEYAHUE. Teopemy 10.2.8 B HECKOIBKO CY?KEHHOM BH-
Jie 9acTO (POPMYTUPYIOT CJIOBAMU: <IIOHSTHE JIOKAJIHLHO BBIITYKJIOTO IIPO-
CTPAHCTBa U MOHATHE OTJEJMMOTO MYJHBTHHOPMUPOBAHHOTO ITPOCTPAH-
CTBa PaBHOOOHLEMHBI».

B sT0it cBA3M py M3y4YeHNN JIOKAJIBHO BBITYKJIBIX IIPOCTPAHCTB UC-
IIOJIB3YIOT 10 MePe HaJ00HOCTH TEPMUHOJIOIHIO, CBA3AHHYIO C ACCOIMH-
POBAHHBIM MYJIBTHHOPMUDPOBAHHBIM IIPOCTPAHCTBOM (cp. 5.2.13).

10.2.11. ONPEAEJEHUE. IlycTh T — JIOKAJIBHO BBIILYKJIAs TOIIOJIO-
rust B X. Cnmsosom (X, 7) (mmm, xopoue, X') 0603HAUAIOT 1O/IPO-
crpancTBO X7, COCTOSAIEE U3 HEIPEPLIBHBIX JIHHEHHBIX (DYHKIHOHATIOB.
IMpocrpancrso (X, 7)' HA3BIBAIOT conpasicenivim (WU T-CONPAANCEHHBIM)
K (X, 7).

10.2.12. (X, 7)Y =U{|9|(p): pe M, }. <>

10.2.13. Teopema. Orobpakenne mrpuxopauns 7 — (X, 7),
geitcreyfomee 3 LCT (X) B Lat(X7), coxpanser TownbIe BepxHme rpa-
Hunpl, T. e. s moboro maoxecrsa & B LCT (X) BbuiosHeno

(X, sup&) =sup{(X, 7)': 7€ &E}.

< Ecim & = &, To sup& — 9TO TpUBUAJLHAsI TOIOJIOrUs 7o B X
u, crano 66, (X, 70) = 0 = infLat(X*) = supp,x+) @. B cu-
gy 9.2.7 orobparkenne IMTPUXOBAHUS BO3pacTaeT. ¥ uuTbiBas 2.1.5, mis
HEILyCTOro & nMeem

(X, sup&) >sup{(X, 1) : 7€ &}

Eciu f € (X, sup&)’, To seugy 10.2.12 u 9.1.13 cymecTByoT TO-
HNOJIOTHA Ti,...,T, € & Takue, uto f € (X, 1 V...V 7). C no-
mompio 10.2.12 u 5.3.7 maiinem p; € M, ,...,pp € M, , Jag KOTO-
poix f € |9|(p1 V...V py,). Hpusnekas 3.5.7 u 3.7.9, yGexgaemcst, 4To0
[0|(p1 + - .. + pn) = 10|(p1) + ...+ |9|(pn). OxoHuaTENLHO

feX, n)+...+X, ) =X, n)V..v(X, 7). >
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10.3. JIBOiicTBEHHOCTb BEKTOPHBIX IIPOCTPAHCTB

10.3.1. ONPEAEJEHUE. Ilycts X, Y — BekTOpHBIE TPOCTPAHCTBA
HaJl OJHUM U TeM ke OCHOBHBIM mosieM F. Ilycrw, masee, samana 6u-
Aunetnas Popma (MM, KAK HHOTJA MOBODST, bpakemuposarue) (- |-) u3
X xY BT, 1. e. orobparkenue, JUHEHHOE 110 KaxKJIOMY II€PEMEHHOMY.
Hna x € X ny €Y nomoxum

@iy (ely), (| X —>F, (X|cY
) ie s (ely), |-):Y —FY |Y)c X%,

Bosuukaromue orobpakenust (-| u |-) Ha3pIBAIOT COOTBETCTBEHHO Opa-
omobpastceruem U Kem-omobpasceruem. AHAJIOrMIHO PYHKINOHABI U3
(X | masbiBator Opa-gpynryuonasamu, a u3 |Y) — xem-dynxyuonasamu.

10.3.2. Bpa-orobpazkeHue u KeT-0TobpazKeHne — JITHEHHBIE ollepa-
TOpBL. <[>

10.3.3. ONIPEAEJIEHUE. BpakerupoBanuve X u Y Ha3bIBAIOT 0601~
cmeenHocmuvlo, ecim 6pa-oTodparkeHrne U KeT-0ToOparkKeHue CyTh MOHO-
Mopdusmbl. B atom ciaydae roBopsat, uto X u Y NTPUBEICHBI B JIBOM-
CTBEHHOCTb, WJIM COCTABJISIOT JIBOMCTBEHHYIO APy, WU 4TO Y IBOIi-
crBeuno K X u T. 1m., u numyt X <« Y. DBpa-orobpakenne um Ket-
0TOOpaXKeHwe HA3BIBAIOT B ITOI CUTyaIu 0YaAu3auuAMU.

10.3.4. IIPUMEPHI.

(1) IIycre X < Y u (-|:) — coorBercTByOImAs IBONCTBEH-
Hocth. st (y, x) € Y x X nonoxum (y | z):= (z|y). Bugso, uro BoO3-
HuKIee OGpakeTnpoBaHue — 3To ABoiicrennocTh Y n X. Ilpu sTom mya-
JIM3AIU B UCXOJHOM M BO BHOBb BOZHUKIIEH JBOACTBEHHOCTSIX OHU U T
»xe. B 3Toil cBsI3M yKazaHHBIE JBONCTBEHHOCTH, KaK IIPABUJIO, HE Pa3JIi-
qaror (cp. 10.3.3). Takum o6pazom, MOKHO CKa3aTh, 4TO Y JBOHCTBEHHO
K X B TOM U TOJLKO B TOM ciydae, ecau X JpoiicTeenHo K Y. OTme-
TUM 3/1eCh XKe, 9To oTobpakenne (x| y)g := Re(z |y) npusomur B nsoii-
CTBEHHOCTDH BEIeCTBEHHBbIE OCHOBBI XR U Yg. Jlomyckasi BOJIbHOCTD, Jijist
0003HaYIeHNsT BOSHUKAIOIIEH TBOMCTBEHHOCTH XR > YR U3PEIKA UCIIO/Ib-
3YIOT TIpesKHee 0003HavYeHre, T. €. moJaraior (| y):= (x| y)r, ©Mest B BU-
Jly, 9TO X U Y TIPUHAJJIEIKAT BENECTBEHHBIM OCHOBAM PACCMATPUBAEMbIX
IPOCTPAHCTB.
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(2) IIycre H — runnbeproso mnpocrpancTBo. CkassipHoe
IPOM3BEJICHNEe NPHUBOIUT B aBoiictBennocth H um H,. Orobpakenue
NITPUXOBAHUSA IIPU STOM COBIIQJIAET C KeT-OTOOPasKEHUEM.

(3) IDycrs (X, 7) — JIOKAJBHO BBIMYKJIOE IPOCTPAHCTBO U
X' — conpskeHHOE MPOCTPAHCTBO. DBpakeruposanue (x, z') — x'(x)
npusoguT X u X' B IBOIICTBEHHOCTD.

(4) TIycrs X — BEKTOPHOE IIPOCTPAHCTBO U, KAK OOBIYHO,
X7#:= £(X, F) — conpszKeHHOe TIPOCTPAHCTBO. $ICHO, 4TO OTOGparKe-
uue (v, x7) +— o7 () NPUBOIUT STH MPOCTPAHCTBA B JIBOCTBEHHOCTD.

10.3.5. ONPEAEJNEHUE. Ilycte X « Y. IIpoobpas B X TUXOHOB-
cxoit Tonosiorau B FY mpu 6pa-0To6parkeHnH HA3BIBAIOT OpPa-1Monoa02u-
et uau caabotli monosozueti 6 X, HABEJIEHHON TBOWCTBEHHOCTHIO C Y,
u obosuavaior o(X, Y). Bpa-ronosoruio o(X, Y) aya nsoiicrBennocTu
Y < X HaswBaoOT kem-monoaozueti 1jist aBoiictBeHHOCTH X > Y min
caaboti mononozueti 8 Y, HaBEIeHHOI IBOMCTBEHHOCTHIO ¢ X .

10.3.6. Bpa-Tomosorusi — 3TO CJAa0OEHIIAST TOIMOJOTHSI, B KOTOPOLH
HeINpepbIBHBI Bce KeT-pyHKImoHabl. Ker-ronoorust — sto ciaabetimmas
TOITOJIOTHST, B KOTOPOI HEIPEPBIBHBI BCe Opa-(DyHKITHOHAIBL.

Qzy =z (Bo(X, ))& (v = (@ (B8F) & (YyeY) (x| (y) —
(z|(y) & (Vy eY) (zy|y) — (z]y) & Yy €Y) [y)(zy) — [y)(z) &
(VyeY)a, —z(s|y) () >

10.3.7. 3AMEYAHME. O6Goznavenne o(X, Y), KaKk BUjHO, cOraco-
BaHO ¢ 0003HavMeHneM ¢1ab0i MynbTHHOPMBI 5.1.10 (4). Nmenno o (X, V)
ecTb Tonosorus MyabTuHOpMBL {[(- |y)| 1 y € Y}. Ananornuno o(Y, X)
ecThb TonosIorust MyabTuHopMbl {[(z | )| 1 z € X}. <>

10.3.8. IIpocrparcrea (X, o(X, Y)) u (Y, o(Y, X)) J0kanbHO
BBIITYKJIBL.

< Cnenyer u3 10.2.4 u 10.2.5. >

10.3.9. Teopema o gyanu3sanusix. lyanusamnuum cyTh H30MOD-

pu3MBI JBOHCTBEHHBIX MPOCTPAHCTB HA COOTBETCTBYIOIIHAE CJ1a00 COIPsI-
JKEHHBIE MPOCTPAHCTBA.

< Ilyctp X < Y. HyKHO yCTaHOBUTH TOYHOCTDH MOC/IEIOBATEIHHO-
creit

0—x-"Ly, oy, X)) -0,

0— Y L(X, o(X, V) —o0.
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ITockonbKy Ker-oTOOpaxkeume st aBoiictBeHHOCTH X < Y ecTh Opa-
oTobOpakeHue /I JBoiicTBeHHOCTH Y <« X, JI0CTaTOYHO IIPOBEPUTH
TOYHOCTH IIEPBOY TOCIEI0BATEIbHOCTA. Bpa-oTobparkeHne — MOHOMOD-
dusm 1o onpenesennio 10.3.3. Ilomumo sroro, uz 10.2.13 u 10.3.6 BBI-
TEKAET, 9TO

(Y, o(Y, X)) = (Y, sup{(z| () : z€X}) =
=sup{(Y, (z|'(mr)): v € X} =
=2, f~' ) fe (X)) = (X],

Tak Kak 10 5.3.7 u 2.3.12 BBIIOJIHEHO
Y, f7Ymw) ={\f: AeF} (feY?). >

10.3.10. 3BAMEYAHUE. Teopemy 10.3.9 wacTo Ha3BIBAIOT «TeOpe-
MOii 06 0bIeM BHjie €1ab0 HEepepbIBHOrO (hyHKIMOHAIA». B 3TOM mpo-
ABJISIETCsT YA00HOE 00ITee TpaBuao — J00ABIATH CJIOBO «C1abo» MIpH UC-
[I0JIb30BAHUN OOBEKTOB U CBOHCTB, CBA3AHHBIX CO CJIAOBIMU TOIOJIOIHSI-
mu. Ormerum 3xech xe, uro B cuiy 10.3.9 npumep 10.3.4 (3) ucuep-
IBIBAET, [0 CYTH JI€JIa, BCE BO3MOXKHBIE JIBOHCTBEHHOCTU. B 3T0il cBsA3M
B coorBercTBHN ¢ 5.1.11 B gasbHeiineM (Kak 1 MpeK/ie) 9acTo UCIOJIb30-
BaHO obo3Havenue (z, y):= (x| y), HOCKOJIBKY ITO HE JOJIKHO [IPUBECTU
K HejopasyMenusM. [1o Tem ke mpudnHaM He Pa3/IndaioT JBORCTBEHHOE
1 cj1ab0 COMPsIKEHHOE TIPOCTPAHCTBA. JIpyruMu cjioBaMu, IPU PACCMOT-
pernn hukcnpoBaHHOil JBoficrBeHHOCTH X = Y HMHOTJ[A HE OTIMYAIOT
X or (Y, oY, X)),aY or (X, o(X, Y)), aTo nm03BOJISIET IPUMEHATH
samuen X' =Y nY' = X.

10.4. Tomosioruu, corjiacOBaHHbIE C
JBOMICTBEHHOCTBLIO
10.4.1. OnPEAEJNEHUE. Ilycte X < Y u T — JIOKAJIBHO BBIIYKJIasi
rorioiorust B X. ToBopsT, 9TO T co2aaco8ana ¢ d80GCMBEHHOCTNDIO, €C-
m (X, 7) = |Y). ToBopsT, 9TO JIOKAJBHO BBIIYKJIasl TOIOJOIUs W B Y
corsiacoBana ¢ jBoiicTBeHHOCTHIO (X < Y ecim w coryiacoBaHa ¢ J(BOIi-
crBerHOCTBIO Y <> X, T. e.) mpu BeimosiHenun pasercTsa (Y, w) = (X|.

10.4.2. Cuabpie TOIOJIOrHU COIVIACOBAHBI C HABOJSIICH HX JBOH-
CTBEHHOCTBIO.

< Cuenyer u3 10.3.9. >
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10.4.3. Ilycrs 7(X, Y) — Tounas BepxHsis IDaHUIA MHOXKECTBA
BCEX JIOKAJIBHO BBILYKJIBIX TOHOJIOTHE B X , COTVIACOBAHHBIX C JABOHCTBEH-
wocrsio. Torga romosorus 7(X, Y) rakzke corsiacoBana ¢ JBOHCTBEHHO-
CTBIO.

< IIycts & — muOXkecTBO Takux Tonosoruii. [To Teopeme 10.2.13

(X, 7(X, Y)) = (X, sup&) =
=sup{(X, 7)': T€ &} =sup{|Y): 1€} =|Y),
u6o & ue mycro o 10.4.2. >

10.4.4. OPEAEJEHUE. Tonosoruo 7(X, Y'), durypupyiomyio B
npemyoxkennn 10.4.3, T. €. CHJIBHEHITYIO JIOKAJILHO BBIMYKJIYIO TOIOJIO-
ruto B X, COIVIACOBAHHYIO C JBOMCTBEHHOCTHIO X <« Y, HA3BIBAIOT 1MO-
noaoeuetd Maxxu (B X, naBejennoit gsoiicreennoctoio X < Y).

10.4.5. Teopema Makku — Apenca. JIokajgbHO BBIILYKJIas TO-
noJtorust T B X coryiacoBaHa ¢ JgBoHcTBeHHOCTBIO X <> Y B TOM H TOJIBKO
B TOM CJIydae, eCJId

oX,Y)<7<7(X,Y).

< ITo 10.2.13 orobpaskenne 7 — (X, 7) coxpaHsieT TOUHBIE BEPX-
HUe TPAHUILI U, CJIEI0BATENHHO, Bo3pacraer. Takum obpasom, Hjs T,
JieKaIreil B pacCMaTpUBAEcMOM ITPOMEXKYTKE TOMOJIOTUM, HA OCHOBAHUHI
10.4.2 u 10.4.3 cripaBesIuBO

V)= (X, o(X, V) C (X, 7)) C(X, 7(X, Y)) =|Y).
OcTraBImasgcst 4acThb TeOPeMbl OYEBHIHA. [>

10.4.6. Teopema Makkun. OrpaHudeHHbIE MHOXKECTBA, BO BCEX TO-
IIOJIOTHSIX, COIVIACOBAHHBIX C JIBOHCTBEHHOCTBHIO, OIHH U T€ JKe.

<1 [Ipu ycusreHU# TOIOJIOIMH KOJIMYECTBO OMPAHUYEHHBIX MHOXKECTB
yMmenbimaercsa. [lostomy BBuay 10.4.5 HyKHO yO€IuTHCHA JIUIIL B TOM,
g0 ecau MuOXKecTBO U ciabo orpanndeno B X (= orpanmveno B Opa-
Torosoruu ), To U orpanudeHo B Torosoruu Makku.

BosbMeM moyHOPMY p 13 3epKajia Tonojaornu MakKu U IIOKazKeM,
uro p(U) orpammyeno B R. Tlonmoxum Xo:= X/kerp u po = px/kerp-
YuureiBas 5.2.14, BuguM, 4TO p9 — 370 HOpMa. Ilycts ¢ : X — Xy —
KaHOHWYECKOe oTobpazkenue. Beccropro, uro muoxkecrBo ¢(U) ciabo
orparnvero B (Xo, po). U3 7.2.7 BeiTekaer, uro ¢(U) orpanudeHo mo
HopMme pg. [ockoubKy po o ¢ = p, To U orpanuueno B (X, p). >
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10.4.7. CiuencrBue. Ilyctb X — HOpMHPOBAHHOE IPOCTPAHCTBO.
Tonosmornss Makku 7(X, X') coBmamaer ¢ mexomnoit Tomosormeti, mo-
DOKJICHHOIT HOPMOI B IpocTpaHcTBe X .

<1 HocrarouHo cociarbes Ha Kpurepuit Kosmoroposa 5.4.5, 1o Ko-
tropomy Tonogorus 7(X, X'), comepKaas NCXOHYIO TOIOJOTUIO, HOP-
MEUpyeMa, U TPUBJEYDb Ipejioxkenue 5.3.4. >

10.4.8. Teopema crporoii oraeaumoctu. Ilycrs (X, T) — Jio-
KaJIbHO BBIIYKJIO€ MPOCTPaHcTBO, K m V — HelycThle BBITYKJIbIE MHO-
kecrBa B X, npuiem K kommnakrtao, V 3amrayro u K NV = &. Torxa
cymecrByer ¢gyuakmnuonan f € (X, )" rakoit, 4ro

supRe f(K) < inf Re f(V).

<1 JIokaJabHO BBIMYKJIOE TPOCTPAHCTBO, KOHEYHO K€, PEryJIsiPHO.
Orciofa ¢ yaeroM KOMIAKTHOCTH K CJIeyeT, 9To Jijisi TOAXOIAIIEH Bbl-
mykJoit okpectHocTH Hysinsg W muOXKecTBO U := K + W He mepecekaer-
et ¢ V' (mocrarodHo paccMoTperh 6a3uChl, IIOPOXKJCHHBIE MHOXKECTBA-
v suga K+ W u V + W, rie W — 3aMKHyTast OKPECTHOCTD HYJIs).
Ha ocuoBanum 3.1.10 3akmouaem, urto U Bwimykso. Ilomumo 3Toro,
K C intU = coreU. Ilo Teopeme ormesnmocTn iimenbraiira 3.8.14
naiizerca dynkmmonan | € (Xg)”, obiaJafomuii TeM CBOHCTBOM, 9TO
runepmiockocth {I = 1} B Xy pasgenser V u U u He COAEPKHUT TO-
gek siapa U. OueBupnOo, 9To | orpanuden cBepxy Ha W u, crajo ObITh,
l € (Xg,7) mo xpurepmio 7.5.1. Ecmu f:= Re 1, To, B cBszm ¢ 3.7.5,
fe (X, 7). dcno, uro byHKIMOHAT [ — UCKOMBIH. [>

10.4.9. Teopema Ma3ypa. BbInyK./ibie 3aMKHYThI€ MHOKECTBA BO
BCEX COIVIACOBAHHBIX C JIBOHCTBEHHOCTBIO TOIOJIOTHSIX OJHH H T€ JKe.

< IIpu ycuiennn TOIOIOTUY KOJTUIECTBO 3aMKHY ThIX MHOYKECTB yBe-
JmunBaercs. 3HauuT, BBuay 10.4.5 Hy>KHO yOeIUThCS JIUIIL B TOM, 4TO
ecsi U BBIIYKJIO U 3aMKHYTO B Tonosiorun Makku, To U c1abo 3aMKHY-
to. Ilociennee necomuenno, nbo, mo reopeme 10.4.8, U ectb mepecedenne
cabo 3aMKHYTBIX MHOXKecTB Tuna {Re f < ¢}, tne f — (cmabo) Hempe-
PBIBHBIN JIuHElHBI dyHKIMOHAI, a t € R. >

10.5. Tloasipbl

10.5.1. OnPEAEJEHUE. Ilycte X, Y — HekoTOpBIE MHOXKECTBA
n FF C X xY — coorBerctBue. s muoxkectB U B X u V B Y mo-
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JlararxT

r(U):=7pU):={yecY: Fy) DU}
(V) =a (V)i={r e X: F(u) DV}

[Ipu srom 7(U) mazwBatoT (npamoti) nosapoti U, a muoxectso 7 1 (V)
— (o6pammoti) noaspot V.

10.5.2. lmeroT MeCcTO yTBEDIKIEHH:
(1) m(u)=n({u}) = F(u), m(U) = Nuevm(w);
(2) m(Uge Ue) = Nee m(Ue);
(3) 7' (V) =mpa(V);
(4) U, CcU; = 7T(U1) D) 7T(U2),'
(5) UxVCcF=Vcn),Ucr Y V);
(6) UcCr(x(U)). <>

10.5.3. Kpurepuii AxknsioBa. Muoxecrso U B X siBisercs 1o-
JISIPOIf HEKOTOPOTO MHOXKeCTBa B Y B TOM H TOJIBKO B TOM CJIy9ae, €CJIH
st kaxxgoro ¢ € X \ U maiigercs y € Y, a1 KoToporo

Ucr Hy), xz¢r '(y).

< =: Eem U = 77 Y(V), To 6yner U = Nyeyn~ ! (v) ma ocHoBammm
10.5.2(1).

<: Bxmouenue U C 7 !(y) osmagaer, uto y € n(U). Urax, mo
yeaosmio U = Nyeranm H(y) = 7 Hx(U)). >

10.5.4. Caeacrue. Muosxecrso = (m(U)) — 910 HamMeHbImAsT
(o BrIIIOUEHHIO) HOJISIpa, colepxKaias MHOKecTBO U. <I>>

10.5.5. OTIPE/JEJEHUE. Muoxectso 5" (77 (U)) Hasbmaior 6uno-
Aapol MHOKecTBa U (OTHOCHTENBHO cooTBeTcTBUA F').

10.5.6. IIPUMEPHI.

(1) TIycrs (X, o) — ynopsimodeHHOe MHOXKecTBO, a U —
noamuozkectBo X . Torma 7, (U) — 9T0 COBOKYIHOCTH BCEX BEPXHUX I'Da-
mur U (cp. 1.2.7).

(2) Ilycrs (H, (-, -)m) — ruiabbepTroBO NIPOCTPAHCTBO U
F:={(z, y) € H*: (2, y)g = 0}. Torna mnsa scex U B H BbIIOI-
neno w(U) = 7~ Y(U) = U*. Bunonspa U B 3TOM ciTydae COBAAET C
3aMbIKaHUeM JIMHeHoi 0bostouku U.
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(3) Ilycrs X — mopmMupoBaHHOE IPOCTPaHCTBO U X' — co-
upsi2keHHoe npocrpancrso. Ilycrs F:= {(z, 2’) : 2/(z) = 0}. Torma
m(Xo) = Xg u 7 H(20) = L2 mnst momnpocrpanctea X B X 1 MOJ-
npocrpancta 2y B X' (em. 7.6.8). Ilpu srom 71 (7(Xp)) = cl X
B cuity 7.5.14.

10.5.7. OPEAENEHUE. Ilycts X « Y. Ilonoxkum

pol:={(z, y) € X xY : Re(z|y) <1};
abspol := {(z, y) e X xY : |{z|y)| <1}

st mpsiMoit 1 0OpaTHOM MOJISIP OTHOCUTEIHHO COOTBETCTBHsT pol wuc-
HOJIB3YIOT €JIMHOE Has3BaHue <«Hoysapbl» u obosuadenusa w(U) u w(V);
B CJIydae cOOTBeTCTBUs abs pol ToBopsAT 00 abcoaommbir noAAPAT U TIH-

myrU°u Ve (mma U CXuVCY).

10.5.8. Teopema o 6umnousipe. Bunoaspa m(U):= n(x(U)) —
9TO HAUMEHbBIIHI CJ1a60 3aMKHYThIHl KOHHYECKHUI OTPE30K, CONEPKAINHIT
mHOXKecTBO U.

< Cnenyer w3 10.4.8 u kpurepusi Akujosa. >

10.5.9. Teopema 06 abcosroTHO! GurnoJspe. AbcosorHas 6u-
mosisipa U®° := (U°)° — aro HanMmeHbliee caabo 3aMKHYTOE abCOTIOTHO
BBIITYKJIO€ MHOYKECTBO, coJeprKaliee MHOKecTBO U.

< JlocTtaTodno 3aMeTHTb, UTO HOJISPA YPABHOBEIIEHHOI'O MHOXKE-
CTBa COBIIAJIAET C ero abCOJIIOTHON 10JIsApoii, n npuMeHuTs 10.5.8. >

10.6. C1ab0 KOMMOAKTHBIE BbIMYKJbIE MHOXKECTBA

10.6.1. Ilyctp X — BermiecTBeHHOE JIOKAIBHO BBIITYKJIO€ IIPOCTPAH-
crBo u p : X — R — HenpepsIBHDBIH CyOuHeiHbIH (pyHKIHOHAT Ha X .
Torga (Tomosioruaeckuii) cybnudpepernnan O(p) KOMIAKTEH B TOHOJIO-
run o(X', X).

< Tonoxnm Q:= [[,c x[-p(—2), p(x)] n nagemm Q TuxoHOBCKOIH
ronosiorueit. fcuo, uro d(p) C @ U TUXOHOBCKAS TONOJIOTHUA B () MHTY-
nupyer B O(p) Ty xke Tonosioruo, uro u o(X’, X). Hecomuenno, uro
MHOXKeCTBO O(p) 3aMKHYTO B () U3-3a HEIPEPBIBHOCTU p. Y YUTHIBas Te-
nepb Teopemy Tuxonosa 9.4.8 u 9.4.9, 3akirouaem, uro O(p) aABjsAeTCS
o(X’, X)-KOMIAKTHBIM MHOXKECTBOM. [>
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10.6.2. Cyb6auddepenimar 0005 HEIPEPHIBHOH IOJIYHOPMBI CJIa-
60 KommakTeH. <>

10.6.3. Teopema o crpoeauu cybaucpgepennuamna. Ilycre X
— BelecTBeHHOE BeKTOpHOe mpocrparcTBo. Muoxkecrso U B X sapirs-
ercs cyonugdepennuasom (BCIOAy OIPEAEICHHOrO U IPHTOM €JHHCTBEH-
HOro) cybsmneitHoro ¢yaknuonana sy : X — R B TOM # TOJIBKO B TOM
cayuaae, ecmn U merrycro, seitykso n o( X X)-koMmaxTHO.

< =: Hycrs U = 9(sy) ayist HEKOTOpOro sy. EAMHCTBEHHOCTDL Sy
obecrieuena 3.6.6. B cBazm ¢ 10.2.12 mOHATHO, 9TO 3€PKAJIO TOIOJIOTUN
Maxkku 7(X, X#) — 310 cuibmeiimmas myasTuropma B X (eM. 5.1.10
(2)). Orciona BEIBOEM, uTO DYHKIMOHA Syy Henpepbiser B 7(X, X 7).
Ha ocroanmu 10.6.1 muoxectso U xommakTto B (X7, X). Boiyk-
JIOCTH U HemycToTa U OYeBHIHEL.

<: Monoxum sy(x) := sup{l(z) : | € U}. BeccnopHo, uto sy
— cybsmneitabiit dyukimonan u dom sy = X. Ilo onpenenenuto U C
O(sy). Ecmm ke l € O(sy) ul ¢ U, 10 0 TeopeMe CTPOroit OT/IEJIMOCTH
10.4.8 u teopeme o myanmzarusx 10.3.9 misa mekoroporo z € X Oymer
sy(x) < l(z). Homyuaem nporusopeune. >

10.6.4. ONIPEAENEHUE. CyOauHeinblil OyHKIMOHAT Sy, TOCTPO-
ennbiii B Teopeme 10.6.3, HA3BIBAIOT 0nopHol ynryuel muoxectsa U.

10.6.5. Teopema Kpetina — Mwuiabmaaa. Kaxkmgoe KoMIIaKTHOE
BBIILYKJIOE MHOYKECTBO B JIOKAJIBHO BBIIIYKJIOM IIPOCTPAHCTBE SIBJISIETCS
3aMbIKAHUEM BBIILYKJIOH 0OOJIOYKH MHOXKECTBA CBOUX KPaHHUX TOYEK.

< IIycts U — takoe muO)kecTBO B mpocrpanctee X. MoxkHo cun-
TaTh, 9TO HpocTpaHcTBO X — BemectBeHHoe n uro U # @&. B cw-
ay 9.4.12, U xommnakrao B Tonosorun o(X, X'). Tockomsky o(X, X')
uHynupyerca B X TOMoJIOrueit O'(X/#, X')B X’#7 ro U = 9(sy). 3uech
(em. 10.6.3) sy : X' — R neiicrByer no npasmwry sy (¢'):= sup 2’ (U). Ilo
teopeme Kpeitna — Munbmana ajs cybanddepennuasios 3.6.5 MHOXKe-
cTBO Kpaitaux Touek ext(U) He mycTo. 3aMbIKaHUEe BBITYKJIOH 000I09KN
muoxkecrBa ext(U) apiserca cybnuddepennuaiom no reopeme 10.6.3.
Kpome Toro, 370 MHOKECTBO mMMeeT Sy CBOeH OMOpHOit (pyHKImei u,
craso 6biThb, coBunazaer ¢ U (cp. 3.6.6). >

10.6.6. Ilycre X < Y u S — komwmueckuii orpesok B X. Ilycrs,
Jgasee, ps — ¢ynknuonas Munkosckoro S. Iouspa w(S) cuayxur npo-
0bpa3om 1pu KeT-orobparkeHun (ajarebpandeckoro) cybauggepenimaia
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A(ps), T e.
w(S) = |9(ps) ) -

Ecin S — abcoJiroTHO BBIITyKJIOE MHOXKECTBO, TO aOCOIIOTHAST MOJIsIpa, S°
SABJIIeTCST IPOOOPA30M IIPDH KET-0TOOpasKeHHU (ajarebpamdeckoro) cy6-
auggepentuana nogynopmsr |0|(ps), T. e.

S° =110l(ps))~".

< Ecmn y € Y Takos, uro y € |9(ps))z's TO |y)r BXOMMT B
0d(ps). Buaunt, ;s x € S Bomonneno Re(x |y) = (x| y)r = |y)r(z) <
ps(z) <1, w60 S C {ps < 1} mo reopeme o dyrrrmonamse MUHKOBCKO-
ro 3.8.7. CrenoBatensuo, y € m(5).

Eciu, B cBOIO 04epesp, y € 7(S), To aseMeHT |y)r BXOIUT B O(ps).
B camom zene, jgis soboro sementa x u3 Xg upu « > pg(x) umeem
1> ps(a™tz), . e. a7tz € {ps < 1} C S. Orciona (o 'z|y)r =
Re(a~tz|y) = a ! Re(r|y) < 1. Oxonuarensuo noayuaem |y)g(x) <
«. U3-3a mpon3BOIBHOCTH BBIOOPA (x TIOCJIE/HEE HEPABEHCTBO O3HAYACT,
aro |y)r(z) < ps(r). Unaue rosops, y € |0(ps))g - Tem cambiv pasen-
crBo (S) = |9(ps))g " yeranosieno. OcraBmiasics 9acThb yTBEPIKICHHs
cJielyer u3 CBOHCTB KomILiekcudukaropa 3.7.3 u 3.7.9. >

10.6.7. Teopema Agaoriiy — Bypbakwu. Ilosisipa oxkpecrHOCTH
HYJIsT JTIOOOH COIrVIACOBAHHOH C JIBOHCTBEHHOCTHIO TOIIOJIOTHHU SIBJISIETCS
cJ1a60 KOMITAKTHBIM BBIITYKJIBIM MHOXKECTBOM.

< Ilyers U — okpecrrocts Hysns B upocrpanctse X u ww(U) —
nossipa U (B mpoiicreennoctn X «— X'). Tak xak U D {p < 1}
JJTsl HEKOTOPOH HENpPEepPBhIBHOM MOJIYHOPMBI p, Ha ocHoBanmu 10.5.2 (4),
m(U) C 7({p < 1}) = n(B,) = B;. lpusnexas 10.6.6 u yuurnisas,
410 p ecTb (ynxuuonan Mumkosckoro By, suaum, aro w(U) C |0|(p).
B cuiy 10.6.2 ronosorudeckuii cy6muddepennuan mosynopmsl |0](p)
apistercst o (X', X)-komnakrusim. o onpenesennto m(U) — ciabo 3a-
MKHyTOe MHOXKecTBO. Ocraercs cociarhes Ha 9.4.9, 4ro6bl yoeuThes B
(X', X)-gkommakrraoctn m(U). Bemmykmocts 7(U) HecomHeHHa. >

10.7. PedieKcuBHBIE IPOCTPAHCTBA

10.7.1. Kpurepuii Kakyrauu. HopmupoBanHoe mpoCTpaHCTBO
pedJIeKCHBHO B TOM U TOJIBKO B TOM CJIydae, €CJaH €JUHHIHBIH IIap B
HeM €J1ab0 KOMITaAKTEH.
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< =: Ilycrs X pedaekcusno, 1. e. " (X) = X”. Nubivu ciioBamu,
obpaz X mpu japoitHoMm mTpuxoBanun coblajgaer ¢ X”. Tax kak map
Bx» — 310 nonsipa mapa By npu asoiicreennoctu X < X' to Bxn
—at0 o(X”, X')-koMImakTHOE MHOKECTBO IO Teopeme Amaoriay — Byp-
6aku 10.6.7. Ocraercs samerutb, uro Bx/ ectb (06pa3 mpu aBOHHOM
mrrpuxoBanuu) By, a (X, X') ectb (1poobpa3 npu JBOKHOM MITPUXO-
Barun) o(X", X').

«: Paccmorpum gsoiicteennoctb X «— X', Tlo onpemenenuio map
B upejcrasisier coboii bunonspy Bx (Tounee roBopsi, GULOJISIPY MHO-
xkecrBa (Bx)"). Ilpusnexkas teopemy 06 abcosorHoii 6unosspe 10.5.9
u yuurbiBag, 910 cjabas romnosorus o(X, X') unaynuposana B X To-
nomorueit o(X”, X'), sakmouaem, uro Bx» = Bx (u3-3a GeccnopHoit
abCOJIIOTHON BBIILYKJIOCTU U 3aMKHYTOCTH 9TOI0 MHOYKECTBa, 00eCIIedeH-
HOI1 yCJIOBHEM ero KOMIIaKTHOCTH). TakuM obpasom, X pedJieKCuBHO. [>

10.7.2. CiaenacrBue. HopMmupoBaHHOE IPOCTPAHCTBO OYAET pege-
KCHBHBIM B TOM H TOJIBKO B TOM CJIydae, eCJIH JIF000e OrpaHHIeHHOe 3a-
MKHYTO€ BBIIIYKJI0€ MHOYKECTBO B HEM CJ1ab0 KOMIIAKTHO. <I>

10.7.3. CiueacrBue. Kazknoe 3aMKHYTOE MOJIPOCTPAHCTBO peh-
JIEKCUBHOI'O IIPDOCTPAHCTBA PeDIEKCUBHO.

< Ilo Teopeme Magypa 10.4.9 paccmaTpuBaemMoe MOITPOCTPAHCTBO,
a moroMy u map B HeMm cyiabo 3aMKHYTHI. Crajio 6bITh, JOCTATOYHO
JIBaXKJIbI TPUMEHUTH KpuTepuit Kakyranu. >

10.7.4. Teopema IlerTuca. BaHaxoBo IPOCTPAHCTBO U CONIPSTXKEH-
HOE K HeMY IIPOCTPAHCTBO pedIeKCHBHBI (WIH He PedhIeKCHBHBI) OJHO-
BPEMEHHO.

< Ecmn X peduaekcusro, 1o o(X’, X) cosnagaer ¢ o(X', X"),
cTajio 6bITh, yauTbiBas Teopemy Astaorsy — Bypbaku 10.6.7, 3akiroda-
eM, uro Bxs — 310 (X', X")-koMnaxTHoe MHOXKecTBO. 3Hauut, X'
pednrekcusno. Ecam ke pediexcnBro X', TO 1o yKe JOKa3aHHOMY pe-
duexcupao X”. Ho X, Oymyunm 6aHaxoBLIM IPOCTPAHCTBOM, SABJISET-
¢ 3aMKHYTBIM TtommpocrpanctBoM X', Urak, X pedJieKCUBHO B cH-
ay 10.7.3. >

10.7.5. Teopema /JI>keiimMca. BaHaxoBO IPOCTPAHCTBO DPeQJIeK-
CHBHO B TOM U TOJIBKO B TOM CJIy4ae, eCJi JI0O0H HelnpepbIBHbL (Bemie-
CTBEHHO) JIMHEHHBIH (DYHKIIHOHAJ IPUHUMAET HAHOOJIbIIICE 3HAYCHUE HA
€JIMHUYHOM IIape 3TOr0 IPOCTPAHCTBA.
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10.8. IIpocrpaucreo C(Q, R)

10.8.1. 3AMEYAHUE. Bcrony B Tekymiem mnaparpade () — Herry-
CTOIl KOMIIAKT (= HEIycTOe KOMIAKTHOE XaycJopdOoBO MPOCTPAHCTBO),
a C(Q, R) — 970 MHOKECTBO HEIPEPBIBHBIX BEIIECTBEHHBIX (DYHKIWI
Ha (). Muoxecrso C(Q, R) 6e3 0ocobbix Ha TO yKa3aHU PACCMATPUBA-
IOT C €CTECTBEHHBIMHU <«IIOTOYEIHBIMA» AJreOPAMIeCKUME OIEPAIUAMA
U OTHOIIEHNEM TOPSIJIKA, a TakkKe ¢ Tonosorueil HopMsel || - [|:= || - [|co,
orseuaromeil Merprke Yebpmména (cM. 4.6.8). B sTOM cMBICITE TpaKTYy-
fo1 BbickasbBanus: «C(Q, R) — sro BekTopHas pererkay, «C(Q, R)
— 910 GaHaxoBa aarebpa» um um 1ojobuele. Eciu B C(Q, R) BBOAAT
KaKne-nb0 MHbIE CTPYKTYPBI, TO 3TO 00s13aTEILHO OrOBAPUBAIOT SIBHO.

10.8.2. OIPEAENEHUE. Iommuoxkectso L B C(Q, R) HasbBator
nodpewemxot, ecmu 1ys f1, fo € L Bemmosaeno f1V fa € L, fi A fa € L,
rae, Kak OOBIYHO,

f1V f2(q) = fi(q@) V f2(9),
fiAfa)= filg) A falg) (€ Q).

10.8.3. BAMEYAHUE. CiefyeT uMeTh B BHJLY, YTO OBITH TO/IPEIIET-
koii B npocrpanctse C(Q, R) — 310 6osbine, yeM GbITH PEIIETKON OT-
HOCHUTEJIBHO MOPsIKa, nHyrmuposarHoro u3 C(Q, R).

10.8.4. IIPUMEPHI.

(1) 25 C(Q, R); 3aMbIKaHue OAPENIETKY.

(2) Ilepeceuenue n060ro MHOXKECTBA HOPEIIETOK — CHOBA
HOJpeIIeTKA.

(3) IIycre L — mexoropast mogpenieTka u (o — IOJMHOKE-
crBo Q. Iosoxum

Lq,:={f€C(@Q, R): 3geL)glq)=flg) (g€ Qu)}

Torna Lg, — moapemetka. Ilpu stom L C L, .

(4) Ilycrp Qo — xoMuaxTHOE MOAMHOXKeCTBO (. s nmos-
pemerku L B C(Q, R) nosoxum

L, = {flg, : feL}
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Taxum 06pa3oM, BBITOJIHEHO
Lo, ={f€C@Q R): fl|, €L}

dcno, uTo L’Qo — noapemierka B C(Qq, R). Eciu upu srom L —

sexmopnas nodpewemka B C(Q, R), T. e. BEKTOPHOE MOANPOCTPAHCTBO
u omHOBpeMeHHO nojpenierka C(Q, R), To L‘ Qo ~ BEKTODHAsl IOJpe-

metka B C(Qo, R) (pasymeercsa, eciiu Qo # ).
(5) Iycrs Q := {1, 2}. Torma C(Q, R) ~ R% Jliobas

HeHyJIeBasl BEKTOpHas mozapeiterka B R? 3amaercsa B Buie
2. _
{(z1, 22) €R*: az1 = asxa}

JUIT HEKOTOPBIX ap, ag € Ry

(6) Ilycts L — Bexropnast nompemerka C(Q, R). Ecam
q € Q, To BOBHMKaeT anmbrepHaThBa; oo Ly = C(Q, R), mibo Ly, =
{f eC@, R): f(q) =0} Ecmu xe q1, ¢o — [iBe PA3INIHBIE TOUKH
Qu L‘{ql,qz} # 0, To B cuny 10.8.4 (5) mafixyrcsa ducna ag, as € Ry
TaKHe, 9TO

L{lh,!m} - {f € C(Q’ R) : alf((h) - a2f(QQ)}' <>

10.8.5. Ilycrs L — nmoapemerka B npocrpancrse C(Q, R). @ynk-
masg [ € C(Q, R) Bxogur B 3ampikanue L B TOM H TOJIBKO B TOM
caydae, econ Juis obbix € > 0 n (xz, y) € Q? cymecrsyer gynkums

f= foye € L, yaopiersopsiomasi yCiIoBUAM

f@) = fl@)<e, fly) = fly) > =

< =: OueBnmHo.

<: Ha ocuoBanuu 3.2.10 u 3.2.11 moxkHO cuntarh, 4ro f = 0. Bo3b-
MeM € > 0. Sadukcupyem € () 1 paccMOTPUM BYHKIHIO Gy i= [z y o €
L. Tycrs V= {q € Q : gy(q) > —¢}. Torma V,, — OTKpBITOE MHOXKE-
crBo u y € V. B cuny xommakrnoctu (Q HalayTCs yi, ..., Yn € Q, LI
koropeix @ = V,, U... UV, . Ilonoxum fp := gy, V...V gy,. fcno,
aro f, € L. Tomumo sroro, f.(z) < e u f,(y) > —e upu Becex y € Q.
IMycrs Teneps U, := {q € Q : f.(q) < €}. MuoxkecrBo U, OTKpPBITO U
x € U,. BHOBB UCIIOJIb3YsI KOMIAKTHOCTD (), IMOJABIIIEM X1, ..., Tm € Q
rakue, 9To ) = Uy, U.. . UUy, . IlomoxkuMm, Hakoren, [:= fu AL A fq .
Hecomuenno, uro l € L u ||l|| <e. >
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10.8.6. SAMEYAHUE. Ilpemroxenune 10.8.5 Ha3bIBAIOT 0600WEHHOT
meopemots Junu (cp. 7.2.10).

10.8.7. JIemma Kakyrauu. s mo6oit mogpemerku L 8 C(Q, R)

BBIIIOJIHEHO
cL = ﬂ cl (L{qL(IQ}) :
(q1,92)€Q?

< Bxkurrouenne cl L B cl(L{qlm}) ISt Kaxkoro (g1, gz) € Q? 6ec-
cunopuo. Ecmm xe f € CI(L{quqz}) IpH BCeX TaKUX (i, G2, TO, B CUITY
npeoxkenus 10.8.5, f € cl L. >

10.8.8. CieacrBue. /s m0b0it BEKTOpHOI moaperrneTku L B mpo-
crparcree C(Q, R) cupasemiuso npeicrapiienue

ClL = ﬂ L{q1,q2}'
(q1,92)€Q?

< B nannom ciyuae MHOKECTBO Lyg, 4,1 3aMKHYTO. [>

10.8.9. ONPEJAEJEHUE. [oBopsT, uro muoxkectso U B F @ pazdens-
em mouxu (), ecim 1Jist TOOBIX TOYEK ¢1, g2 € () TaKuX, 9T0 q1 # (2, Cy-
mecTByeT GyHKIus u € U, IpuHUMAOIIas Pa3JInIHble 3HAYEHUST B STHX

roukax: u(qy) 7# u(gz).

10.8.10. Teopema Croyna. Conep:kaliast IOCTOSTHHbBIE (DYHKIHH,
pasJiesironiasi TOYKH BeKTOpHast nojpenierka B npocrparcrse C(Q, R)
miorHa B C(Q, R).

<l Ecau L — paccmaTpuBaemasi IOJPEIIeTKa, TO

L{Qth} - C(Qv R){QI;QQ}

11t Beakoit napet (g1, g2) € Q% (em. 10.8.4 (6)). Ocrasoch mpusiednb
10.8.8. >

10.8.11. Ilycrs u € C(Q, R)'. IHomoxum

N (p):=A{f € C@Q, R): [0, |f]] € ker u}.

Torga cymecTByeT, H OPUTOM €JHHCTBEHHOE, 3aMKHYTOe HOIMHOXKECTBO
supp(p) B Q Takoe, uro

feAN(w e fl

supp(p) 0.
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< ITo srlemme o cymme mpomekyTKOB 3.2.15

[0, 1711+ 10, [gll = [0, [f] + lgl]-

Takum obpasom, f, g € A () = |f| + |g9] € A (1). IockombKy A (1)
— nopadrosuil udean, 1. e. (f € A (u) & 0 <|g| < |f| =g € A (1)),
3aKJr0YaeM, 4To A () — 3T0 BEKTOPHOE MOIPOCTPAHCTBO. BoJtee Toro,
A (p) 3amkuyTo. B camom gene, nycrs f, > 0, fn — fu fr, € A ().
Torna myis g € [0, f] Bommoseno g A fr, = gu gA f, € [0, fr]. Orciona
cemyer, uto u(g) =0, . e. f € A (u).

B cuiry 10.8.8, yuntsiBas, uto A4 (1) — NOPSIIKOBBIHA Ujeall, nMeeM

N () = () A (W) g}
q€Q

Oupesiesm MHOXKECTBO SUPP(/4) CIEAYIOMUM O6PAa30OM:

q € supp(p) & A (1)(qy # C(Q, R) & (f € A (n) = f(q) = 0).

Hecomuenno, uro supp(p) — 3aMkHyTOE MHOXKECTBO. IIpu sTOM Crpa-
BEJJINBbI COOTHOIIIEHUS

N = () A =
g€supp (1)

={feC@ R): f| 0}

supp(p)

YrBep:kieHne 06 €MHCTBEHHOCTH BBITEKAET U3 HOPMAJbHOCTH (Q (CM.
9.4.14) u Teopembl Ypeicona 9.3.14. >

10.8.12. ONPEAEJEHUE. Muoxkecrso supp(u), dpurypupyoiiee B
upenoxkennu 10.8.11, HaspiBalor Hocumenem f (cp. 10.9.4 (5)).

10.8.13. SAMEYAHUE. Eciau dyHKImonas p mogoKuTeseH, To

N () ={f € C(@Q, R) = p(lf]) = 0}.

CanenoBarenbho, eciu npu stoM p(fg) = 0 aust Beex g € C(Q, R)
Q

, TO
f‘supp(“) = 0. Amnasormuno supp(pu) = @ & A(p) = C(Q, R) &
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p = 0. Takum obpazom, oOpAIATHCS ¢ HOCHTEJSIMU ITOJIOKUTETbHBIX
GbYHKITMOHAJIOB yI00HEee.

IIycts F' — 3amrHyTOE mogaMuO2KecTBO (. T'oBOpsT, 9T0 F' HEcém
wim uaro B X \ F wem [, eciu JJist BCSKOH HenpepblBHOH dyHKIun f,
y koropoii supp(f) C @ \ F, semonueno u(|f|) = 0. Hocurens supp(pu)
HECET [1, TIPU ITOM JII000E HecyIee [t 3aMKHYTOe MHOXKECTBO B () cojep-
skut supp(p). VHbIME cioBamu, HOCHUTENb ft — 9TO JOIOJIHEHUE HAW-
GOJIBIIEr0 OTKPBITOrO MHOXKECTBa, B KoTopoM Her g (cp. 10.10.5 (6)).

[Tonesno yscaurph, aro B cmity 3.2.14 u 3.2.15 ¢ KaxKIpIM OrpaHu-
YeHHBIM (DYHKIMOHAJIOM [i MOXKHO CBSI3aTh IIOJOXKHUTEJbHBIE (& IOTO-
My M OIpaHUYeHHbIe) (DYHKIMOHAJDBL [y, f—_, |u|, oupenesennbie mis
f€C(Q, R), oueBUIHBIMU PABEHCTBAMU:

p(f) =suppl0, fl; p(f) = —infpl0, fI; - |pl = pr + pe
Boasee toro, C(Q, R) asuserca K-upocrpancrsoM (cp. 3.2.16). <>

10.8.14. Hocuresn p u || coBuazgaror.

< Ilo oupenenennio A () = A (|p]). >

10.8.15. IIycrb 0 < a < L map : f — plaf) upu f € C(Q, R)
up € C(Q, RY. Torga |ap| = aly|.
< Hna f € C(Q, R); ectb oreHka

(ap)+(f) = sup{u(ag) : 0<g< f} <suppl0, af] =
= py(af) = api (f).

ITomumo sToOTO,

py = (ap+ L= a)p)y < (ap)y + (L —a)p)+ < ape + (L —a)pr = piy.
Buauut, (ap) . = ajiy, OTKyJa U BhITeKaeT Tpedyemoe. >

10.8.16. Jlemma ge Bpanxka. Ilycrte A — coxepkaliasi IOCTOSIH-
mpre ¢pynrmun noganredbpa C(Q, R) m u € ext(A+ N Beg,ry). Torma
cy>keHne Jiobor pyHKIMU U3 A Ha HOCUTEJIb [i — IMOCTOSIHHAS (DY HKIHSI.

< Eciin 4 = 0, 1o supp(p) = & u J0Ka3bIBATH HUYErO HE HAJO.
Ecin ke p # 0, 10, KOHEUHO, ||pt]| = 1. Bosbmem a € A. TTockonbKy no-
nmanrebpa A CONEPKUT IOCTOSHHBIC (PYHKIUH, JOCTATOYHO PACCMOTPETh
cay4ait, korja 0 < a < 1 u npu 3ToM

g € supp(u) = 0 < a(q) < 1.
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Monoxum py:= ap u pg:= (L — a)u. Scno, aro py + pg = p, npudem
byHKIMOHAIIBI (1] U 1o HEHYJIeBble. Bosee Toro,

Nl < lpall + 2l =
= sup plaf)+ sup p((L—a)g) = sup  plaf+ (1 —a)g) < |pl,
IflI<1 lgl<1 I£1I<1, gl <1

10O 0YEBUTHBIM 0OPA30M BBITIOJTHEHO

CLBC(Q’R) + (]l — a)BC(Q’R) C BC’(Q,]R)-

Uraxk, |||l = [|pa]l + ||pz2l]. CremosarenbHo, u3 npepcTaBieHus
M1 M2
= lpall el ==
([l (2|

YUUTBIBAA, 9TO fi1, f2 € AL, sakmouaem: u; = ||py]|u- B cmry 10.8.15,
alp| = lap| = |p| = [lpl [pl. Braanr, |pl((a = llp([1)g) = O as Beex
g € C(Q, R). Ucnonbzya 10.8.13 u 10.8.14, BeiBoMM, 4T0 DYHKIHS O
IIOCTOAHHA Ha HOcUTEIe (4. >

10.8.17. Teopema Ctoyna — Beiiepirrpacca. Kaxxias conep-
JKaljasi HOCTOsIHHBIE (hyHKIHU paseisionas Touky mojairebpa C(Q, R)
mirorHa B asarebpe C(Q, R).

<1 ITo Teopeme 06 abcomornoit 6unosspe 10.5.9 B ciaydae, ecaun pac-
cMmarpuBaeMas nojasrebpa A me mwioraa B C(Q, R), nommpocrpascrso
A+t (ono xe — A°) B C(Q, R) nemymesoe.

IIpusnekas Teopemy Amaormy — Byp6axu 10.6.7, sumum, ato AL N
B (q,r)y, — 3TO HelycToe abCOIOTHO BBINYKJIOE ¢1a00 KOMIIAKTHOE MHO-
2KECTBO, a IOTOMY Ha ocHoBaHuu TeopeMbl Kpeitna — Muibmana 10.6.5
B HEM HUMEETCsl KpaliHas TOYKa L.

Hecomuenno, uto 1 — HeHyneBoil dyHKImoHaN. B TO Ke BpeMst 1mo
JieMMe Jie Bpamika HOCHTEIDb [ HE MOXKET COJEP:KATh JBYX PA3JIHIHBIX
Touek, ubo A paszmensier Ttouku (). Hocurennb p He siBjisieTcst OTHOTO-
YEYHBIM MHOXKECTBOM, IIOCKOJIBKY fi OOpAIaeTcss B HYJIb HA ITOCTOSH-
HbIX yHKIEsx. Crano 6Tk, supp(i) — 970 mycroe MHOXKeCTBO. Ilo-
ciennee ozHadaer (cm. 10.8.13), uro p — mysesoit pyakuuonas. [losy-
YU TPOTUBOPEYNe, MOKA3bIBAIOIIEe, 9TO MOIMPOCTPAHCTBO A IIOTHO

B C(Q, R). >
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10.8.18. CuexacrBue. Bambikanue joboii nogaaredpsr B C(Q, R)
— BekropHas noapererka B C(Q, R).

< TTo Teopeme Croyna — BeiiepmTpacca MOKHO MOIBICKATH MHOTO-
“WIEH p,, Takoil, uro npu Beex t € [—1, 1] Gymer

1
n(t) — [t ] < —.
palt) ~ 1111 < 5
Torga |p,(0)| < 1/2n. Ilosromy i MHOrOUYJIEHA

Py (t):= pn(t) = pn(0)
BeiosHeno [p, (t) — |t|| < 1/n opn —1 < ¢t < 1. Ilo nmocrpoenuio y B,

HET CBOOOIHOrO WieHa. Kcju Temepb MYHKIMS @ JEKHUT B Hojaredpe

Aw C(Q, R) ulla] < 1,70

(1€ Q).

S

Py (alq)) —la(g)] | <

ITpu sToM 3ement q — P, (a(q)), KoHEUHO XKe, comepRuTcs B A. [>

10.8.19. 3AMEYAHUE. Cuencreue 10.8.18 (Bmecre ¢ 10.8.8) maer
HOJTHOE OIIMCAaHUe BeeX 3aMKHYyThIX nopairebp B C(Q, R). B croro oue-
pedpb, Kak BHJIHO U3 JioKa3aTesbecTBa, 10.8.18 Jjierko ycTaHOBUTH, HETO-
CPEJICTBEHHO TIPEIbABIIAST KAKYIO-TM0O0 MOCJIEI0BATEILHOCTD MHOTOUIIE-
HOB, PABHOMEDHO CXOJAILYIOcs K GyHKimu ¢ — [t| Ha orpeske [—1, 1].
Boisectn 10.8.17, onmpasicy mna 10.8.18, He cocTaBiseT Tpya.

10.8.20. Teopema Turme — ¥Ypbicona. Ilycts )y — KOMITaKT-
roe noamuoxkectBo Q u fo € C(Qo, R). Torma cymecryer ¢dyHKims
f € C(Q, R) rakasi, uro f|Q0 = fo.

< Ilyers Qo # @ (unade Hevero moKasbBaTh). PaccMorpum Bio-
xKenue ¢ : Qo — (Q U BOBHUKAIOIIUI OrpaHNYeHHbIN JTMHEHHBINH OlepaTop
L C(Q, R) — C(Qo, R), neitcrBytonuii 110 npaBuiry if:= fou Tpe-
Oyercst yCTaHOBUTBH, YUTO - saumopdusM.  [lockoabKy HECOMHEHHO,
4TO im . — 9TO pasielsiomas TOUKH, COLEPrKAILAs IOCTOSHHBIE dyHK-
mun nogasredpa C(Qp, R), B crury 10.8.17 nocrarodno (u, pasymeercs,

o

HEeOOXO/IMMO) [IPOBEPUTH, YTO i L — 3aMKHYTO€E IIOJIIPOCTPAHCTBO.
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—_ o -
PaccMOTpUM CHUZKEHHE [ OllepaTopa . Ha COGCTBEHHBIH KoOGpas
. o o
coim¢:= C(Q, R)/ker ¢ n coorBercTByoOIee KAHOHUIECKOE OTOOPasKe-
aue p. g f € C(Q, R) monoxum

g:= (f Asup[f(Qo)[1) V (= sup [f(Qo)I1).

ITo onpenmenennio f|Q0 = g’QO, T. e fi=o(f) = ¢(g9). Bnaunt, ||g|| >
| £]|- Homumo 3toroO,

I = mf{[|hl e = i(h—f) =0} =
= inf{[|hllcomr) : h|Q0 = f|QO} =
> inf{ ||k, le@m © hlo, = flo,} =
= sup | £(Qo)| = llgll > I 7.

Taxum 06pa3oM, BBIIOJIHEHO

[ZF11 = Nlegll = llegllc o =
= llg o tlle@or) = suplg(Qo)l = llgll = I£1I,

T. e. ¢ — usoMerpusi. [Ipumensis ocienoparenbao 5.5.4 u 4.5.15, BbI-
. o
BOJIMM CHAYAJ A, ITO cOim ¢ — 6AHAXOBO MPOCTPAHCTBO, & 3aTEM — YUTO

. — . o . —
im7 samkuyTo B C'(Qo, R). Ocrasocs 3ameruts, uto im ¢ = im7. &>

10.9. Mepoi Pagona

10.9.1. OIPEAEJEHME. Ilyctb  — 3T0 JIOKAJIHHO KOMIAKTHOE TO-
noslorndeckoe npocrparcTBo. Ilomararor K( ) := K( , F):= {f €
C( , F): supp(f) — xommaxr}. Ecim Q — KkoMmakr B, TO cuu-
rator K(Q) := K (Q):= {f € K( ) : supp(f) C Q}. IIpocrpan-
crBo K(Q) magensiior HOpMO# || - ||o. Ilpm E € Op( ) unosmarator
K(E):=U{K(Q): Q € E}. (Banucs @ € F s nonmuoxectsa E B

O3HAYAET, ITO () KOMIIAKTHO U () JIEZKAT BO BHYTPEHHOCTH F, Bbrdmc-
JIHHOIl B IPOCTPAHCTBE  .)

10.9.2. CnpaBeminBpl yTBEPKICHUS:
(1) mz Q& wufeC(Q,F) sepro

Tloo =04 (Boe K@ gl, = 1)
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ITpu srom K(Q) — 6aHaX0BO IIPOCTPAHCTBO;

(2) mycrs Q, @1, Q2 — KOMIAKTHbIC MHOXKeCTBa u () €
Q1 X Q2. Jlubeitnas obomouka B C(Q, F) cueqos Ha
Q dynxnmit Buga uy - uz(qu, q2) = ui ® ua(qi, go) =
u1(q1)u2(qe) s us € K(Qs) mmorna B C(Q, F);

(3) ecim — kommakt, To K( ) = C( , F). Ilycrs
He KommakTHO. TOrja IpH eCTeCTBEHHOM BJIOXKCHHH B
C( ", F),pge := U {oo} — amexcanapoBckas KOM-

nakrucukanus , npocrparcrso K () miorHo B rumep-
miaockocru {f € C( °, F): f(o0) = 0};

(4) orobpaxkenme E € Op( ) — K(E) € Lat (K( )) co-
XpaHsIeT TOYHbIe BEPXHHE I'DAHHIIBI;

(5) mus E', E” € Op ( ) To4Ha cieayomast mocjae/j0BaTe b=
HOCTb:

L(E’ E") U(E’ E')
e

0— K(E'NE") K(E') x K(E") K(E'UE") -0,
rae ug gy fi= (f, —f);, o en(f, 9):=f+g.

< (1) I'panuna 0Q — s1o u rpanuna saemuocTy int( \ Q).

(2) Uccnenyemoe MHOXKeCTBO — nozpairebpa. 3aKJIOUEHHE CIIeyeT
u3 9.3.13 u 10.8.17 (cp. 11.8.2).

(3) MoxHo cunrarh, yro F = R. YVunrsBas, uro K( ) — nopsako-
BbIii uieas, B cuay 10.8.8 sakimouaem Tpebyemoe (ubo K( ) pasmessier
roukn ) (cp. 10.8.11).

(4) dcuo, uro K(sup@) = K(@) = 0. Ecmm & C Op( ) u &
dunbrpoBano 1o Bospacranuio, To jd f € K(U&) Gymer: supp(f) C
E g mekoroporo E € & (B cuny kommaxktaocru supp(f)). Orcioma
K(U&) = U{K(E): E € &}. Ilycrs, nakonen, Eq,...,E, € Op( ) un
f e K(E1U...UE,). B coorBercreun ¢ 9.4.18 umerorcsa ¢, € K(E})
Takme, 90 y ., b = 1. Ilpm srom f = >} ¢ f u supp(fipx) C
Ep (k:=1,...,n).

(5) memeyenno ciaemyer us (4). >

10.9.3. ONPEJAEAEHUE. @yukmuonan y € K( , F)¥ maspmsaior
mepoti (6osnee nosno, F-mepoti) Padona wa — w mmmyr p € A ) :=
A, F), ecomn u|K(Q) € K(Q)', xak tonpko Q € . Ucnosssyor
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0003HaYeHNA

[ tan= [ rau= [ f@duty=utr) (7€ K.

Benmauny u(f) waspiBator unmeepasom f no mepe p. B aroil cBazm
MEDPY (i UMEHYIOT UHMEZPAAOM.

10.9.4. IIPUMEPHIL.

(1) Jast g € wmepa Hupaxa 64 : f — f(q) (f € K( ))
ciyxut Mepoit Pagona. Ee wacTo 0603Ha4a10T CHMBOIOM 0y U HA3BIBAIOT
deavma-@pyHryuet 8 movke q.

IlycTh  JONOHUTENBLHO HAJEIEHO CTPYKTYPOW TPYIIIbI, IPUYEM
obpamenne ¢ € + ¢! € urpymmoBoe yMHOXKeHUE (S, t) € X
St €  HENPEPBIBHBL, T. €.  — A0KAADHO KomMnakmuas 2pynna. CumMso-
JIOM § 0603HAYAIOT O, T/e € — exuauna . g abesieBbix (KOMMyTaTHB-
HBIX) TPYIII HCTIOJIB3YETCsl TAKYKE CUMBOJIMKA, CBA3AHHAS CO CJOKEHUEM.

BK( )miga € HMEIOTCS 0nepamops (46020 U npacozo) cdeuzos

(a7 ) (@)= af(q):= f(a"q),

(Taf)<Q) = fa(Q) = f(qa_l)
(f € K( ), q € ) (cnpuraerca f B x F). Slcuo, 4t0 (T, T, €
Z(K( )). Baxubm 1 1iayboKuM 00CTOSITEILCTBOM SIBJISIETCS HAJIMYAE
HETPUBHAJILHON MHBAPUAHTHON OTHOCHTEJILHO JIEBBIX (COOTBETCTBEHHO,
npasbix) casuros Mepel u3 Z( , R). (JIeBo)unpapuaHTHble Mepbl Pa-
JoHa npornopimonabhbl. (Kaxkayo) HeHyIeByO (JIeBOMHBAPHAHTHYO)
HOJIOKUTENbHYI0 Mepy Pasiona HasbiBaioT (wesoti) mepoti Xaapa (pexe
unmeezpasom Xaapa). B ciayuae mpaBbIX CIABATOB UCHOJIB3YIOT TEPMUH
(npasas) mepa Xaapa. st abesieBbIX IPYIIL BCEIJIA TOBOPAT O MEPAT
Xaapa. B npocrpancree RY rtaxoit Mepoit ciy:Kut obbranas mepa Jlebe-
2a. B cBa3m ¢ aTum 17151 0003HAMEHNsT OOIMUX Mep Xaapa U WHTErpaJioB
10 HUM UCIIOJNB3YIOT CUMBOJIAKY, AHAJOTHIHYIO IIPUHATOM J71sT MephI Jle-
Gera. B gacTHOCTH, yCIOBUE JICBOMHBAPUAHTHOCTH 3AIMCLIBAIOT B BUJIE

/f(a_lx)dm:/f(m)dx (FEK( ) ac )

(2) Iycre M( )= (K( ), || leo)’- Dmementsr M( ) na-
3BIBAIOT KOHEWHbIMU WU 02panuvennumu mepamy Padona. fcuo, uro
orpanudeHHble Mepbl B3aThl u3 npocrpancrea C( 7, F)’ (em. 10.9.2 (2)).



246 I'n. 10. /IBoficTBEHHOCTD W €€ MPHUIOKEHUS

(3) Mnza p € A ( ) momarator p*(f) = p(f*)*, rae f*(q):=
fl@* maqe wufe K( ) Mepy pu* HA3BIBAIOT 9PMUMOBO CONPsi-
otcennoti k¥ p. Pazmmume p* u p Bosamkaer jminp npu F = C. Ecam
= p*, To roBopar o eewecmeennoti C-mepe. fcuo, aro p = py + ipe,
rJe i1, (2 — €JIUHCTBEHHBIM 0OPa30M OIpe/esIeHHbIe BemmecTBeHnbie C-
Mepbl. B cBoo ouepesn, BemecrBerHass C-mepa MOPOXKIAETCA JIBYMS
R-mepamu (sewecmeenmvimu mepamu uz A ( , R)), nbo K( , C) —
sro Kommutekcudukaiua K( , R)@iK( , R). Bemecrsenunsie R-mepoi,
OYEBUIHO, COCTABIAIT K-npocTpancTBo. IIpu 3TOM HHTErpasl 1o Me-
pe cayRutT (IpeJ)MHTErPAJOM M BO3HUKAET BO3MOYKHOCTH 6e3 0COOBIX
OrOBOPOK PacCMATPHBATBH COOTBETCTBYIONIUE JIEOETOBbI PACIIUPEHUS W
CBSI3aHHBIE C HUMHU TIPOCTPAHCTBA CYMMHUPYEMBIX (B TOM 9HCJIE BEKTOD-
Ho3HAuHBIX) GyHKuuit (cp. 5.5.9 (4), 5.5.9 (5)).

C kax10i Mepoit PaJioHa (i CBSI3BIBAIOT MOJIOKUTEIBHYIO Mepy |,
onpenenernnyto misa f € K( , R), f > 0, coorHOmeHneM

lul(f):=sup{|p(g)| : g€ K( , F), |9 < f}.

TacTo moJL CJIOBOM MEPBI IOHUMAIOT TIOJI0KAUTEILHBIE MEPBI, TIPOYUE Me-
PBI B 9TOM CJIy9ae HA3bIBAIOT 3aPAJAMU.

Mepsl (4 1 ¥ HA3BIBAIOT QUSBIOHKINHOLMY HIIA HE3AGUCUMbLMU, €CIIH
|| AJy| = 0. Mepy v HasBIBAIOT aBCOMOMMHO HENDEPLIEHOT OTNHOCU-
MEALHO [, €CIIU V HE 3aBUCAT OT Mep, HE3aBUCUMBIX OT . Takyro Mepy
v MOXKHO 3a1aTh B Buge v = fu, tne f € Lijoc(p) u Mepa fu (¢ naom-
nocmuto f omuocumenvro ) meficteyer no npasuiy (fu)(g) := p(fg)
(9 € K( )) (= meopema Padona — Huroduma).

(4) Ecmm ' € Op( ) u p € A( ), TO oupeneneno cyoice-
Hue p 1= ,u|K( y: Onepamop oepanusernusn p— p +u3 H( )M ')
YZAOBJIETBOPSET YCA06ul0 cozaacosanus: nua " C ' C mp € H( )
BepHO 4 » = (p /) ». DTy CHTYaIUIO BBIPAsKAIOT CJOBAMH: OTOOpasKe-
wne /4 : E € Op( ) — #(F) u oneparop orpannverns (= gpynrmop
M) 3a1210T npednyvox (BeKTOPHBIX npocTpaHcTs). Ilosesno ybeaursbes,
9TO OTOOpazkeHne orpanndenus Mep Pamona me 06s3aHO OBITH SMIMOP-
duzmom.

(5) Ilycte E € Op( ) u p € #( ). Tosopsr, uro B E
nem p wim aro  \ E necém p, ecnin pp = 0. Ha ocnosanun 10.9.2 (4)
CYIIECTBYeT HAMMEHbIIee 3aMKHYTOe MHOXKECTBO Supp(p), HecyIee (i, —
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HOCUMEAb Mepby . YcTaHaBauBaeTcs, uTo supp(u) = supp(|u|). Bse-
JIeHHOe ompe/iesienne coryiacoano ¢ 10.8.12. Mepa /lupaka d, — eaun-
CTBEHHAs C TOYHOCTBIO JI0 MHOXKUTeJst Mepa Pajona ¢ Hocuresem {q}.
(6) IIycre j — JIOKAJIBHO KOMIIAKTHOE IIPOCTPAHCTBO U [, €
A k) (k:=1,2). Ha npousBemenun 1 X o CyIIECTBYET, ¥ [IPUTOM
eJIMHCTBEHHASI, MePa, i TaKast, 970 Jyisd Uy € K( k) BBIIOJIHEHO

[ w@uw iy ~ [ @ dne [ o).

Ucnonb3yior o6o3Hadenus py X po = 1 Qe := p. [pusiekas 10.9.2 (4),
BujaM, 9ro st f € K( 1 X o) 3Ha4YeHne p1 X o (f) MOXKHO BBIUUCINTE
HOBTOPHBIM MHTerpupoBanueM (= meopema Pybunu 0as mep).

(7) Ilycrs G — J10KaIbHO KOMIAKTHAs IPYIIIA U 33/aHbI
p, v € M(G). Ona f € K(G) bynkmua f(s, t):= f(st) nenpepbisra n
[(e < V) (O] < Nl 2] [ f]loo- Tenm cambiv ompenenena mepa Pajoma p *
v(f):= (uxv)(f) (f € K(Q)), naseiBaemas ceépmrod p u v. Mcnonssys
BEKTOPHBIE MHTETPAJIBI, TIOJIyIaeM PEICTABICHS:

kU = /53*5td,u(s)d1/(t):
GxG

:/68*ydu(s) :/M*5th(t>-
& G

IIpocTpaHCTBO OrpaHUIEHHBIX MEP OTHOCUTEIHHO CBEPTKY IIPEJICTa-
BJIgET co0O0i GaHaxoBy anrebpy — ceépmounyio anrzebpy M(G). Dra an-
rebpa KOMMyTaTUBHA B TOM M TOJIBKO B TOM ciIydae, Korja G — abesesa
rpyuna. B mazsanuoM ciaydae npocrpadcrso Li(G), nocrpoeHHOe OTHO-
CUTEJIBHO MePBI Xaapa m, TakxkKe 00/1aJIaeT eCTeCTBEHHON CTPYKTYpPOii
cBéprounoil anrebpol (nmoganrebpsl M(G)). Ee nHazbiBaoTr 2pynnosot
aneebpoli G. Takum obpasom, ms f, g € L1(G) oupenenenus cBEPTOK
dbyukuuit u mep cornacosanst (cp. 9.6.17): (fxg)dm = fdmxgdm. Auna-
JornaHo onpegensitor ceépmiy € M(G) u f € L1(G) coorHomeHneM
(u* f)dm := p* (fdm), T. e. Kak IVIOTHOCTH CBEPTKU OTHOCUTEJHHO
Mepbl Xaapa. [Ipu aTom, B 9acTHOCTH,

fw:/%wM@MM@:/n@ﬂ@%M)

G G
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Teopema Bengeisi. Ilycte T € B(L1(G)). Toryia sKkBHBAJIEHTHBI
CJIEJIYIOIIHE YTBEPIKICHHSL:
(i) cymecrsyer mepa p € M(G) raxas, uro Tf = p* f upu
f € Li(G);
(ii) T nmepecranopouen co casuramu: 171, = 7,1 s a €
G, rie T, — €JHHCTBEHHOE OIPAHHYEHHOE TIPOJIOJIXKEHHE
oneparopa casura ¢ K(G) wa L1(G);
(iii) T(f xg) = (T'f)*g npnu f, g € L1(G);
(iv) T(fxv)=(Tf)*v gmav € M(G), f € L1(G).

10.9.5. ONPEAENEHUE. IIpocrpancrea K( ) u .#( ) upuseje-
HBl B JIBOHCTBEHHOCTb (MHJyIMPOBaHHYIO JBoficTBeHHOCTBIO K( ) <
K( )7). Tlpu sTom npocTpancTtso 4 ( ) HANEIAIOT JOKATHLHO BBITYK-
Jqioit Torostorueit o( A ( ), K( )), KOTOpy10 OGBIYHO HA3BIBAIOT WUPO-
xot. IIpocrpancrso K( ) B cBOW0O 0ouepesb cHabXkawoT TomnoJorueii Maxk-
ki T )= T(K( ), #( )) (mosromy, B wacruoctn, (K( ), 7k ) =
A ( ). HpocrpancrBo orpanndeHabix Mep M () paccMaTpuBaloT, KaK
IpaBuIo, ¢ compsizkennolt mopmoit: ||u||:= sup{|u(f)|: ||fllc <1, f €

K( )} (peM()). -

10.9.6. TomoJiorus Ti( ) — CHJIbHEHINass U3 TaKUX JIOKAJbHO BbI-
IyKJIbIX TOnoJIorui, aro piaoxkenne K (Q) B K( ) HeIpepreIBHO 1IpH Bcex
Q, s KOTOophIX Q € (T. e. Tg( ) — TONOJIOIrHs HHJYKTHBHOIO IIpE-
agera (cp. 9.2.15)).

!

< Ecau 7 — ronosorust uHAyKTHBHOTO Npesena u pu € (K( ), 7)/,
TO 110 onpesenenuio (1 € A ( ), ubo 1 0 Lk () HENPEPBIBHO Ipu @ €
B cBoto ouepenp, muas p € #( ) muoxkectBO Vo = {f € K(Q) :
|u(f)] < 1} — okpecrHocT Hyas B K(Q). YuurbBas oupejeseHue T,
suguM, ato U{Vp: Q€ }={fe K( ): |u(f)| <1} — okpecrHoCTH
uyiasa B 7. Crano 6eite, 4 € (K( ), 7)’ u 7 cornacosBana ¢ JBOHCTBEH-
nocThio. Hosromy 7 < 7T ).

C npyroif CTOPOHBI, €CIM P — IOJYHOPMA U3 3€pKaJjia TONOJIOTHH
Makku, To p — onopuas Gyuknus cyoauddepennnana B 4 ( ). Cie-
JIOBATEJIBHO, €e CyzKeHne q:= p o Lk (@) Ha K(Q) Bo BcaKoM ciydae Iio-
siynenpepbiBao cHu3y. [To Teopeme Tespdanma 7.2.2 (u3-3a 6oueunocTu
K(Q)) momyropma ¢ HempepbiBHA. 3HAYHUT, BIOXKEHHE Lk () @ K(Q) —
(K( ), Tk( )) HEIPEPBLIBHO U T > Tg( 11O ONPEJICTCHUIO UHIYKTHBHOIO
npenesna. >
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10.9.7. Muoxxectso A B K(RY) orpanmaero (5 Tomosornm nrmyk-
THBHOIO 1Ipejjea,), ec/in sup || Alloc < +00 I, KpoMe TOro, HOCHTEIH J.JTe-
MerTOB A J1exkaT B 06ImeM KOMIaKTe.

< Iycrs Bonpexn mokaszeiBaemomy i @ € RY me pepro, uro A C
K(Q). Unaue rosops, mycts mia n € N mverorest ¢, € RN na, € A, nia
KOTODBIX ap(qn) # 0 1 |gn| > n. Baas B:= {nla,(qn)|"'d,, : n € N},
BH/UM, 9TO 5TO MHOXKECTBO Mep PajioHa MUPOKO OrpaHHYeHO U, CTajo
6errh, mosyHopMma p(f) := sup{|p|(|f]) : © € B} menpepsiBua. Ilpu
stoM play,) > nlan(gn)| ™14y, (lan]) = n, aTo nporHBOpeuUnT OrpanUeH-
Hoctu A. >

10.9.8. 3AMEYAHUE. [lycrs (f,) C K(RY). IMumyt f, — 0, ec-
m (3Q € RY)(Vn) supp(fn) C Q & || falloo — 0. W3 10.9.7 Hemetenno
crenyet, aro pu € K(RN)? apasercs mepoit Pagona, ecam u(f,) — 0,
KaK TOJbKO fp, —» k0. OTMeTuM Tak:Ke, UTO ITO COXPAHACTCHA JIJIs
JIIOGOTO JIOKAJTBHO KOMITAKTHOTO — , CUEMHO020 6 OECKOHEWHOCTU, T. €.
[PEJICTABIISIONIEr0 o060l O0ObeINHEHNE CIETHOTO CEMEHCTBA KOMIIAKT-
HBIX IIPOCTPAHCTB.

10.9.9. SAMEYAHUE. Ha R cymecrByoT mocsieJoBaTeIbHOCTH Be-
IIECTBEHHBIX IIOJOXKUTEIbHBIX MHOIOWIEHOB (P, ) TaKHe, 9TO MePHI P, dx
IITIPOKO CXOMATCA K § Ipu 1. — +00. PaccMaTpuBast mpousBeIeHusT Mep,
IPUXOAMM K TaKUM HoJHHOMaM P, Ha npocrpanctse RY, uro P,dz mu-
POKO cxosTest K O (3/71eCh, Kak 00bIuHO, dx:= dx1 X ... X dry — Mepa
JleGera na RY).

[ycrs Tereps f € K(RY) u f npunamiexur knaccy C™) B meko-
TOpOil OKpecTHOCTH KOMIakTa @ (T. €. UMeeT TaM COOTBETCTBYIOIIUE
HelpepbIBHbIE TPOU3BOHbIE). Paccmarpusas cBéprku (f * P,), BuauM,
YTO HTO MOCJIEI0BATEIBHOCTh MHOTOYJIEHOB, PABHOMEDPHO AIIPOKCUMU-
pyomas Ha () Kak f, TaK ¥ ee IPOU3BOJHBIE JIO HOPSJIKA 1M BKJIIOUH-
TEJILHO.

BosMoxKHOCTB TI07I00HOI peryJsisipu3anuy IPUHATO Ha3bIBATH 0000-
wennoti meopemoti Betiepwmpacca 8 RN (cp 10.10.2 (4)).

10.9.10. Teopema o JiokaJabHOM 3agaHuu mepbl. 1lycrs & —
OoTKpbITOE TOKpbiTHe U (uE)Epcs — cemeiictBo mep Pajona: pp €
M (E), npuaem mist moboit maper (E', E") smementos & cykerust Mep
wer g #Ha E' N E" conagaror. Torma cyiiecTByeT, H IPHTOM €IHH-
CTBEHHAs1, Mepa |1 Ha , Cy’KeHue KoTopoii Ha E pasro pp mas mo6oro

Eeé.
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< Ipusaekas 10.9.2 (5), mocTpouM moc/I€10BATEIHLHOCTD

> K(E'NE") > Y K(E) = K( )—0,
(EIE"} Eeé
E!E"c&E'+E"

TJie ¢ TIOPOKJIEHO CyMMHUPOBaHHEM «KOODJUHATHBIX» BIIOYKEHUH L(f/ prry,
a 0 — obbruHOe citoykerue. [IpsiMble CyMMBI 110 OOIIEMY TPABUJLY TOIO-
JIOTM3UPOBAHBI KaK WHIYKTUBHBIE TIpejiedsl (cp. 10.9.6).

Y6eumcst B TOTHOCTH ITOCTPOEHHOM moce0BaTeabHOCTH. [ocKoIb-
Ky BeinosHeHO K ( ) = Uge K(Q), ¢ yiaerom 10.9.2 (4), MokHO orpanu-
YUTHCS CJIyIaeM KOHEYHOTO MOKPBITHSI U YCTAHOBUTH TOYHOCTH BO BTO-
POM dJIeHE.

Wrak, mycrsb jyist HOKpbITHit u3 1 31ementos {Fq, ..., E,} (n > 2)
JIOKA3aHO, ITO TOTHA MOC/IeI0BATETHHOCTD

K, [ K(Ex) = K(BEyU...UE,) —0,
k=1

rie t, — «cyxenme» ( Ha K,, a orobpakeHue o,, — CyYMMUPOBaHUe U
n ns n

K.= ] KENE).
k<l
kJlef{l,...,n}
Ilo pomymenuto im¢, = kero,. Ecmm Un+1(f, foy1) = 0, Tme f::

(fiyoosfn)ym0oonf=—fni1 18 fni1 € K(E1U...UE,) N Epi1).

Ha ocnoBanuu sunmopduocru o, obecriedennoit 10.9.2 (5), cyue-
creyior 0 € K(Ex N E,i1) Takue, uro mig 6 := (0y,...,60,) Gyner
onb = — fni1. Orciona (f— 0) € ker o, u IO JOIYIIEHUIO MOKHO IIOJI0-
opatb » € K,,, Uil KOTOPOIO Ly, = f, 0. dcno, aro

n
Ko = Kp x [[ K(Be 0 Enia)
k=1
(¢ TounocTbIO 10 u30MOpbuU3Ma), 32:= (3¢, O1,...,60,) € Ky g Uty 132 =
(f7 fn+1)'
ITepexons K coupsizkenHoit quarpamme (cp. 7.6.13), uMeeM TOUHYIO
HOCJIEIOBATEIHLHOCTD

0 ) [l aE) S~ I #(ENE".

Ecé& {E/,E“}
E',E”Eéa,E/#E”

910 U TPeHOBAIOCH YCTAHOBUTD. [>
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10.9.11. BAMEYAHUE. B Tomosiornn mpeamnyaku, TOIyCKaIOIne Ta-
Ky BO3MOXKHOCTH JIOKAJILHOTO 3aJIaHKs CBOUX SJIEMEHTOB, HA3BIBAIOT
nyukamu. B sroit cBasm yrsepxkaenne 10.9.10 BbipakaioT cioBaMmu:
npeanydok mep Pajgona  — #( ) — 910 mydok wiu, Gosiee Kare-
ropu4no, ¢pyukrop A — nywox (cp. 10.9.4 (4)).

10.10. IIpocrpaucrea 2 () u 2'(°)

10.10.1. OUPEAEJEHUE. OchosHotl nau npobHoti Ha3bIBAIOT pu-
mnTHy0 Tiankyio dymkmmio f @ RN — F. Ilpum srom mumyr f €
PRY):= RN, F). Ina Q e RN u € Op (RY) nomararor 2(Q):=
{fe2®Y): supp(f) CQ}m2( ):=U{2(Q): Qe }.

10.10.2. CupaBemyiuBbI yTBEPXKIACHUSI:

(1) 2(Q) =0 intQ = &;
(2) nyers Q €RYN

=D 10*fllcw@ =

lal<n

=Y swp (070 Q)
@ )N
ay+...+an<n
ist 1Kot (B okpecraocru Q) dyukmun | (kak 06brd-
Ho, Z1 = NU {0}). Mymsruropma Mg = {|| - ||ln.q :
n € N} npespamaer 2(Q) B upocrpancrso Pperne;
(3) mpocrpancreo ruagkux dyaknuit Coo( ) := &( ) Ha
€ Op (RY) ¢ mymbrunopmoit M = {|| - |lng: n €
N, @ € } — npocrparcreo @pemrte. Ilpu srom P( )
mwiorHo B Coo();

(4) myerp Q1 € RY, Q; € RM nw Q € Q1 x Qy. JIn-
Heiinast obosouka B 9(Q) caenos Ha Q yHKIUI BU-
ma fife(q, @)= fi ® f2(q1, @2) = fi(q1)f2(q2), tae
qk € Qr, fx € 2(Qk), miorna B 2(Q);

(5) orobpaxkenne E € Op () +— Z(F) € Lat (2( )) coxpa-
HsIeT TOYHbIe BePXHHE I'DAHHIIBL:

9(E'NE") = YN 2(E"),
P2(E'UE") = )+ 2(E");
2(0&) = L(U{2(E): Ec&}) (£cOp( ).

2(E'
2(E'
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HpI/I 9TOM TOYHOI SIBJISIETCST ciaeayromiasd I10cjie10BaTe/Ib-

Hoctb (cp. 10.9.2 (5)):

BB T(BE)
—_

0— 9(E'NE") D(E') x D(E") D(E'UE") - 0.

< (1) u (2) oueBHHBL

(3) Boibupaem nocsieoBaTeabHOCTb (Qumn )meN, A KOTOPOi @, €

Qi € Quuir Unen@n — . Tpi 5108t seycastiiopata {| - .o

n € N, m € N} cuyerna n sksusasnentHa 9 . Ccouika Ha 5.4.2 006-
OCHOBBIBAET METPH3YeMOCTh. I1lOJHOTa COMHEHHMI He BBI3LIBaeT. [ljs
ycranosiernst WIoTHOCTH Z( ) B Coo( ) PACCMOTPUM MHOMKECTBO Cpe-
sweamenet Tr ( ):={¢Y € 2( ): 0 <1 <1}. Ipespamaem Tr( ) B
nanpasaerue, nojarag ¥ < g < supp(yy) C int{yy = 1}. fcno, aro
st f € Coo( ) cetd (Y f)yety () ANMPOKCHMUPYeET f HY’KHBIM 06PasoM.

(4) Tycrs a(q’, ¢"):=d'(¢")a"(¢"), e a’, o’ — ycpenusitompe sapa
B RY u B RM coorsercrienno, a ¢ € RN u ¢ € RM. Jlna f € 2(Q),
m € N u e > 0 monbepem x u3 ycnosust ||f — f*ay|m,@ < /2. Yaursr-
Basl PABHOCTEIIEHHYIO HEIPEPBIBHOCTD ceMeiicTBa .Z 1= {0% f(q)14(ay) :
la] < m, ¢ € Q1 X Q2}, HalimeMm KoHeuHble MHOKecTBa ' C Q1,

' C Qo Tax, 9TOOBI MHTErpa] KazxKJo#t (PYHKIUN U3 .# C TOUHOCTBIO

10 1/2 (N + 1)"™e annpoKCUMHUpPOBaJCs CyMMOl PumaHa, oTsevaromedi
tToukam w3 ' x /. BosHukatomas npu stom dbyukims f uz 2(Q)
tpeGyemas, T. e. ||f — fllm.o < &

(5) ycranasnusaror kak 10.9.2 (4) ¢ 3amenoit 9.4.18 na 9.6.19 (2). >

10.10.3. 3AMEYAHUE. [Tust nposepku 10.10.2 (4) MoKHO mpuMe-
HUTH 0000ITIeHHYI0 TeopeMy BeitepiiTpacca, COeIMHEHHYIO CO Cpe3bIBa-
HUEeM, 00eCTIeIrBaIoNuM (GUHUTHOCTD KOHCTPYUPYEMBIX TPUOINKEHUH.

10.10.4. ONPEAENEHUE. @ynxuumonan v € Z( , F)? uaswbsa-
0T 0600wentol Pynkyuelt, nam pacnpedeseruem (MHOTAA TOGABISIIOT
cchlIKy Ha npupony noisa F) u numyr v € 2'( ) := 2'( , F), ecom
ulgQ) € 2'(Q):= 2', xak Tompko QQ € . Hcnonbsyior obbranbie 060-
suavenns (u, f):= (f|u):= u(f), a unora u HanGoIee BHIPA3UTENLHBIH
€JIMHBII CUMBOJI

/}umumW:wﬁ (fe2( )
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10.10.5. IITPUMEPHI.

(1) Hycts g € L1 10c(RY) — HEKOTOpas JIOKAJILHO MHTErpH-
pyemas ¢pyuknusa. Torma orobparkeHne

ug(f) = / f@)g(x)dz (f € 2( )

3a/1aeT pacupeesienue ugy. O60061eHHbIe PYHKIMN TAKOIO BU/Ia HA3bIBa-
0T pe2yaapHuimu. Jjist 0603HaUeHNST PEry/IsipHON 0000IeHHOM (hbYHKIUN
Ug NCTIONB3YIOT OoJlee yIOOHBIN cHMBOMI g. B aToil cBA3M, B 9acTHOCTH,
mmryr: Z( ) C 2'( ) uug =|g).

(2) Kaxmas mepa Pajona — pacupenesenue. Besikoe no-
aootcumenvroe pacnpedeaenue u (T. e. takoe, uro f > 0 = u(f) > 0)
3aJaHO0 IIOJIO?KUTEJIbHOU MepOoil.

(3) ToopsiT, uTo pacupejesenue u 06aadaem Nnopaokom He
sviue m, ecan aaa moboro Q € RY cymecrsyer uncio tg Takoe, 9TO

[u(Hl <tollfllma (f € 2(Q)).

EcrecTBeHHBIM 00pa30M BBOJISIT TIOHATHUSI NOPAJKA pacnpedenerus U pac-
npedeaenus Koneunozo nopadka. Pasymeercs, He KaxKJ0e pacrpeieiie-
HUe 005132HO UMETh KOHEUHBINH TOPSIIOK.

(4) Ilycers a — mymsrumagexc: « € (Z )N n u — pacmpene-
nerne: u € P'( ). Iaa f € 2( ) momaraior (0%u)(f):= (—1)1*lu(0*f).
Bosuukaromee pacupezenenne 0%u Ha3bIBAIOT NPou3sodnoti u (mops-
ka «). [oBopsaT Takxke 06 ob6obwernnom Juddepenyuposanuu, 0 npous-
BOOHVIT 8 CMBICAE MEOPUL pacnpedeaenus W T. 1., TPUMeHsist OObITHBIE
CUMBOJIBI.

ITpousBosiHast (HeHysIeBOro mopsijika) Mepbl Jlupaka — 3T0 HE Mepa.
B To xe Bpems § € 2'(R) cayxut npomssomHON Pyrkuuu Xesucatida
6V := H, tne H : R — R — xapaxTepucTHdecKas (yHKIHsI R.. Ec-
JI IPOM3BOIHAs (perysspHoil) 0600meHHol MYyHKIMU U — PeryJsipHoe
pacupeJieJIeHIE Ug, TO ¢ HA3LIBAIOT Npou3eodnoti u 6 cmouicae Coboaesa.
17151 OCHOBHOU (DYHKIMU TaKasi MPOU3BO/IHAST COBIIAIAET C OOBITHOIA.

(5) dust w € 2'( ) monarator u*(f) := u(f*)*. BosHuxa-
IOIee pacIpesiesieHne u* HA3BIBAIOT (IPMUTNOG0) CONPANCEHHLIM K U.
Hanuume uaBOMIOIMY * TO3BOJIsieT, Kak o0braHO (cp. 10.9.3 (3)), roso-
PHTB O BEULLCMEEHHDIT PACTPEEACHUAT U O TIOPOXKJIEHAH C MX ITOMOIIBIO
KOMNAEKCHOIX 0000WEHHBT GYHKUUT.
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(6) Ilycte E € Op( )nuu € 2'( ). Ona f € I(E), oue-
BUJIHO, onpeiesien ckajsap u(f). Tem caMbIM BOZHUKAeT pacrpejiesieHue
up € 9'(E), naseisaemoe cyorcenuem u wa E. Ouesnnno, uro dbyHK-
TOp 2’ — 3TO NPEITYIOK.

Mpuu e 2'( )uE € Op( ) rosopar, uro B E nem u, eciu ug = 0.
B cmry 10.10.4 (5), pacupe/esieHust © HET U B OObEIUHEHAN TE€X OTKDbI-
THIX TIOMIMHOXKECTB B, B KOTOPHIX u oTcyTcTByeT. Jlomommernne (10 RY)
HanOOJIBINEr0 OTKPLITOrO MHOYKECTBA, B KOTOPOM HET U, HA3LIBAIOT HOCU-
mesaem u u 0bozHagaoT supp(u). Ormernm, aro supp(9®u) C supp(u).
Kpowme Toro, pacupeneeane ¢ KOMIAKTHBIM HOCUTEIEM HMEET KOHCIHBII
MOPSAJIOK.

(7) Oycrb w € 2'( )u f € Coo( ). Hua g € 2( ) byner
fg€ 2( ). Honaraor (fu)(g):= u(fg). Bosuukaromiee pacupe/eneHne
fu HazwBatOT Npoussederuem f wa u. Ilycrs Tenepp Tr( ) — Hanpas-
nenue cpespiBarenei. Ecmu cymecrsyer mpenen limyery () u(fy), 1o
TOBOPSAT, UTO U npumenumo ¥ dynxyuu f. dcHo, aro pacupenerenue u
C KOMITAKTHBIM HOCHTEJeM MpuMeHuMO K jroboit dyukmun u3 Coo( ).
ITpu stom u € &'( ) := Coo( ). B cBOW0O 0Ouepenb, KasKplil 3JIeMeHT
u e &( ) (em. 10.10.2 (3)), 0UeBUAHO, OJHOZHAYHO ONIPEIEIIACT PAC-
upezenenne u € 2'( ) ¢ KOMIIAKTHBIM HOCHTEJIEM.

Ecmm f € C( ) m Bo‘flsupp(u) = 0 mpu Beex «, JyIst KOTOPBIX |ar| <
m, TIe U — PACIpPeeSIeHne ¢ KOMIIAKTHBIM HOCUTEIEM TIOPSAIKA He BhIIIe
™, TO, KaK MOXKHO ymoctoseputhes, u(f) = 0. B wacrhocru, orcioma
CcJIeLyer, 4To TOYEYHBIN HOCUTEJIb UMEIOT TOJILKO JIMHEHbIE KOM6I/IH3J_[I/H/I
Mmepnl Jlupaka u ee mpOM3BOIHBIX. <[>

(8) Ilycts 1, 2 € Op(RY) mw uy, € 2'( ). Ha mpous-
BEIEHUU 1 X o CYIIECTBYET, W IPUTOM €IUHCTBEHHOE, DPACIIPEIENIe-
HEe U Takoe, 9To Juist fi, € P( ) BemomnHeHo u(fifa) = u1(f1)uz(fa).
9To pacnpejenenre 0603HATAIOT U1 X Us WA Ke U] & Us. lIpuBaekas
10.10.2 (4), Bugum, aro miasa f € P( 1 X o) 3Hadenue u(f) MOKHO
HAWTH TOCTIEIOBATEILHBIM TIPUMEHEHUEM U] U Us. TOTHEe TOBODA,

u(f) =u2(y € 2~ u(f(-, v))) =
=ui(z € 1= u2f(w, )

B 6GoJtee 06pasHbIX 0603HAYEHUAX UMEEM meopemy Pyouru das pacnpe-
denerudi:

J[ 1w x wa) e, gy oy -
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- / / Fa, y)ui() da | us(y) dy —

2

~ [ [ e vy | w .

1

Ilonesno ormeTnTh, YTO

supp(u1 X uz) = supp(u1) x supp(uz).
(9) Iyers u, v € 2'(RN). Hna f € 2(RY) nmonomum
+

+
f = fo+. dcno, uto f € Coo(RYN x RN). TosopsaT, uTo pacmpe-
JIEJICHUST U U U CEEPMBIEAEMbL, KOHGOMOMUGHDL TIA CEOPAHUBLEMDbL, ECII

npouseederue u X v IPUMEHIMO K JII000# hyHKIIN ]? C Coo (RN x RY)
ana f € 2(RN). Jlerko suzers (cp. 10.10.10), 9ro Bo3HMKAIOUIHiT JIHi-

Heitublit dyrknnonan f — (u x v)( Jj) (f € 2(RY)) smaserca pacrpe-
nenerneM. KEro HaswBaioT c¢gépmkol u u v U 0003HAYAIOT U * v. Heco-
MHEeHHO, 9T0 cBEpTKH dynkmmit (cm. 9.6.17) m mep na RY (cm. 10.9.4
(7)) UpeACTaBIAOT YACTHBIE CJlydand CBEPTKU pacupezesieHuil. B Hexko-
TOPBIX MHOXKECTBAX JIiobast apa pacipee/enuii ceopaunsaema. Harpu-
mep, npocmparicmeo &' (RN) pacnpedenenuti ¢ xomnaxmmvimu nocume-
AAMU C OIE€panyell CBEPTKU B KAYECTBE YMHOXKEHHUS IMPEICTABJIACT CO-
Goit (acconmaTuBHy0, KOMMYTATHBHYIO) aJrebpy ¢ eJuHuIei — jesnpra-
dyukuueii §. Ipu srom 0% = 0% * u, 0%(u x v) = 0%u *x v = u * I%v.
Kpowme Toro, numeer MecTo 3amevaTesbHOE paBeHCTBO (= meopema Jlu-
OHCA 0 HOCUNEAAT):

co (supp(u * v)) = co (supp(u)) + co (supp(v)).

IMoguepkHeM, 9TO MONAPHAs CBOPAYUBAEMOCTH PACIIpeIe/IeHnil He 06ec-
nednBaet, BooOIe ToBops, accormaruBrocTH cBEpTKE ((1%40')*5(—1) =0
(6 x60Y) =1, rae 1:= 1g).

Kazxioe pacrpesenenne u CBopaduBaeMo ¢ OCHOBHOM dbynkimeir f
1o peryssipaoro pactupegesenns (ux f)(x) = u(7, (7)), rue f:= f — om-
paotcenue f, 1. e. fz):= f(—x) (z € RY). Oneparop ux : f + uxf neii-
eryer m3 Z2(RY) B C (RY), HenpepriBer 1 iepecTaHOBOYEH CO C/TBATA-
M (uk)T, = Tpuk g @ € RV, Jlerko BujieTh, 9T0 Ha3BaHHBIE CBOHCTBA
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xapakTepuctadeckue, T. e. ecim omepatop 1 ms L (2(RY), Cx(RY))
HeIPEepPbIBEH U II€PECTAHOBOYEH CO CJBUIAMHU, TO CyIIECTBYeT, U IIpH-
TOM €JMHCTBEHHOE, pacIpelesieHue U Takoe, 910 T = u% — MMEHHO

u(f):= (T"0)(f) nna f € 2(RY) (cp. ¢ reopemoit Benyes).

10.10.6. OPEAEJEHUE. IIpocrpanctea Z( ) u 2'( ) cumraor
[PUBEJICHHBIME B JIBOACTBEHHOCTD (MH/LyTUPOBAHHYIO JIBOACTBEHHOCTDHIO
9( ) <« 2( )"). Ilpu srom npocrpanctso 2’'( ) HajeaA0oT Mono-
aozueti npocmparncemea pacnpedesenut — o(2'( ), 2( )), a 2( ) —
MONOA02UET MPOCMPAHCMEA OCHOGHHLT PynKyul — Tomosorueil Makku

Tg:=Tg( yi=1(2( ), 2'( )).

10.10.7. IIycts € Op (RY). Torza

(1) romosorust T — cuibHeHIIAS U3 TAKUX JIOKAJHHO BbI-
IyKJIBIX TomoJI0rHi, dTo Biaoxenne 2(Q) B P( ) Henpe-
pbIBHO 1IpH () € (T. €. T — TOHOJIOTHsT HHIYKTHBHOI'O
npesesa);

(2) muOM)ECTBO A B P( ) OrDAHHYEHO B TOM H TOJIBKO B TOM
cJIydae, ecJ JIsi HeKoToporo () €@  MHo»KecTBO A mo-
magaer B 2(Q) u orpannieno B 7(Q);

(3) mocnenoparenbrocts (f,) cxonures k f B (2( ), T9)
B TOM H TOJBKO B TOM CJIydae, €CJIU UMEETCSI KOMIIAKT
Q € rakoit, uro supp(fy) C Q, supp(f) C Q u (0% fn)
paBHOMepHO Ha () cxomurcst K 0% f J1jist BceX MYJIbTHHH-
JieKcoB « (cumBosmiaecku: fn, — f);

(4) omeparop T € L(P( ), Y), rne Y — jloKaJIbHO BBIILYK-
JIO€ IPOCTPAHCTBO, HEIPEPBIBEH B TOM H TOJBKO B TOM
ciayqae, ecou T f, — 0, kak Tosbko f, — 0;

(5) kaxkmgas geaproobpasHast Mocaea0BaTebHOCTD (by,) Ciiy-
KUT (CBEPTOYHOI) alllPOKCUMATUBHOI ¢IUHUIICH KaK B
P(RN), Taxk u B ' (RN), 7. e. gua f € IRY) u
u € 2'(RN) Bepro: by x f — f (B Z2(RN)) mb, xu — u

(8 2'"(RY)).
< (1) ycranasnusaercs kak 10.9.6, a (2) — no anagoruu ¢ 10.9.7
C yd4eroM IpeJCcTaBieHust B Buje obbeaunenus = UpenQn, 1€

Qn € Qn+1 anan € N.
(3) Crejtyer 3aMeTHTD, YTO CXOJSIMIASICH TTOCIE0BATEIBHOCTD OTPa-
HUUeHA, a 3areM npusieds 10.10.7 (2) (cp. 10.9.8).
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(4) B cury 10.10.7 (1) menpepbiBaocTb T paBHOCHIIbHA HEIPEPHIB-
HOCTH CyZKeHHI T|@(Q) mig Q € . B cuny 10.10.2 (2) upocrpancrso

2(Q) merpusyemo. Ocrasock cocnarbes Ha 10.10.7 (3).

(5) dcuo, uro nocurenu supp(b, * f) Jexkar B HEKOTOPOH KOM-
nakTHO# okpectHocTH supp(f). ITommmo storo, aaa g € C(RYN) oue-
BHJIHO, 9TO b, * ¢ — ¢ PABHOMEPHO Ha KOMIAKTHBIX IMOJIMHOMKECTBAX
RY. TlpuMenss mocnemmee yTeepskaenue K 0% f n yuutwas (3), Bu-
gum: by, x f — f.

C yuerom 10.10.5 (9) mst f € Z(RY) nmeem

u(f) = (ux f)(0) = lim(u * (by * /))(0) =
= lim((uxby) * £)(0) = Lim(by * u)(f). >

10.10.8. 3AMEYAHUE. B cBszu ¢ 10.10.7 (3) ma € Op (RY)

um € 7, 4acto BBIIeAAIOT TpocTpancTso 2 () 1= Cém)( ), co-
craBjieHHOe U3 (PUHUTHBIX (DYHKIUHA f, Bce IPOU3BOjHBIE KOTOPBLIX 0% f
npu |a| < m menpepwisubl. [Ipocrpancrso 2™ (Q):= {f € 2™ ( ) :
supp(f) C Q} nis Q €  cuabxkaioT HOPMOIA || - ||, @, IpeBpalmas ero
B GanaxoBo. IIpm stom 2™ ( ) HajeIsAI0OT TOMOIOTHEH HHIYKTHBHOIO
npesena. Takum obpasom, 20 ( ) = K( ) u 2( ) = Npmen2™( ).
Cxommmocts B 2™ () nocienoaresbocTH ( f,,) K HYJIO O3HAYAET PAB-
HOMEPHYIO CXOIUMOCTD C IIPOU3BOIHBIME JI0 MOPAAKa m Ha @ € , e
supp(fn) C @ g Bcex mpocrarodno Gosbmumx n. Iloggepkhem, 49To
2™ () cocraBieno pacnpederenuamu nopadka ne éviwe m. Coorser-
CTBEHHO
7%()=U 2™

meN

— NPOCMPAHCMEO BCET 060OULLHHBT PYHKUUL, UMEIOUWUT KOHEWHBIL NO-
PAJOK.

10.10.9. Iycrs € Op (RY). Torza
(1) mpocrpanctso Z( ) 6odedno, T. €. Kaxkjoe abCOTIOT-
HO BBIIYKJIOE 3aMKHYTOE HOIVIOINAIOIEE MHOXKECTBO (=
60YKa) B HEM — OKPECTHOCTD HYJISI;
(2) Jmoboe orpanmyeHHOE 3AMKHYyTOE HOAMHOMXKECTBO D( )
KOMIIAKTHO, T. €. 9( ) — MOHTEJI€BO IPOCTPAHCTBO;
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(3) Besikoe abcoIIOTHO BHIIYKJI0€ MHOMXKECTBO B (), HO-
IVIOHIAOINEE KaXK/[0e OrPAaHUI€HHOE MHOXKECTBO, SIBJISIET-
€s1 OKPECTHOCTBIO HyJIst, T. €. Y( ) — GOPHOJIOrHIecKoe
TIPOCTPAHCTBO;

(4) ocHoBHbBIe PyHKIHH ILUIOTHBI B IIPOCTPAHCTBE OGOGINEH-
HBIX (DYHKIIHIL.

< (1) Bouka V B Z( ) taxosa, uro Vg:= VNZ(Q) — 6ouka B 7(Q)
upu @ € . Craso 6birb, Vg — okpectHOCTH Hy1d B 2(Q) (eMm. 7.1.8).

(2) Takoe MHO)KeCTBO JIeKUT B Z((Q)) Ji71s1 HEKOTOpOro () € B CHITY
upenoxkerns: 10.10.7 (2). Ha ocrosaruu 10.10.2 (2), 2(Q) merpusyemo.
YunreiBasg 4.6.10 u 4.6.11, moce1o0BaTENHHO TPUXOINM K TPEOYEMOMY.

(3) caenyer u3 Gopuosorugnoctu Z(Q) upu Q €

(4) Iycrs g € | 2( ))°, rue yKa3aHHAs MOJSAPA BBIUUCIAETCH JJIsT
npoiicrsennoctu Z( ) <« 2'( ). fcuo, uro s f € Z( ) BbiosHEHO
ur(g) =0, n e. [g(z)f(z)de = 0. Urax, g = 0. Ocraercs cocnarbes
nHa 10.5.9. >

10.10.10. Teopema IIlBapua. ITyctb (uk)ken — HOCIEIOBATEND-
HOCTH paciipejeseHull u st Kaxiaoro [ € 9( ) umeercs cymma

o0
k=1
Toryia u — pacipee/ieHue, IpudeM
oo
0% = Z 8auk
k=1

JIsI BCAKOI'O MYJIBTHHHIIEKCA (k.

< Hemnpepoierocts u obecneuena 10.10.9 (1). ITomumo sToro, npu
f € 2( ) no oupenenenuto (cm. 10.10.5 (4))

O u(f) =
—u ((—1)\ala@f) = i“k ((_1>\alaaf) _
k=1

=3 0"uk(f). >
k=1

10.10.11. Teopema. ®@yuxrop P’ — my4ok.
< Ouesnzmo (cp. 10.9.10 1 10.9.11). >
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10.10.12. 3AMEYAHUE. Bo3MOXHOCTH 3a/IaHUS pPaCIPEIe/IeHUsT
JIOKAJIbHBIMU JAHHBIMH, T. €. NPUHUUN A0KAAUSGUUY OAA 0600ULEHHBLT
Ppynxyud, koucrarupoBanubiit 10.10.11, gomyckaer yrouneHue BBULY T1a-
paxomnaxTHoctn RY. VmenHo, ecu & — OTKDBITOE IIOKDBITHE U
u € P'( ) — pacupeyieiieHne ¢ JIOKAJbHBIMU JAHHBIMU (UEg)pes, TO
MOXKHO B3$ITh IIOJUHHEHHOe & CUeTHOe (JIOKAJHHO KOHEYHOe) pasbue-
Hue exuHuubl (V) )ken. Buano, 9to u = Y 5o | Ypuk, TAE U, 1= Up, U
supp(¢Yrug) C By (k € N).

10.10.13. Teopema. Ob6obiennast (pyHKIHS u HA  HOPSJIKA HeE
BBIIIIE M, JIOIYCKAET ITIPEJICTABJICHHE B BHJ[E CYMMBbI IIPOH3BOJHBIX MeEp

Pasona:
U = Z aa:uou

la|<m

e po € A ).

< Tlycrs crawanma u o6JajaeT KOMIIAKTHBIM HoOcuTeIeM supp(u)
u () € — KoMmmakTHasi oKpecTHOCTh supp(u). Ilo yeaosuio Gyzer (cp.
10.10.5 (7) u 10.10.8)

(A<t D 110°flle (f € 2(Q))

la|<m

pu HeKoTOpoM ¢ > 0.
IMpusnekas 3.5.7 u 3.5.3, ¢ yuerom 10.9.4 (2) umeem

u=t Z Ve00% =t Z (—1)llgay,

le|<m lo|<m

VTSI TIOIXOJIATIETO ceMeficTBa (Vo )|a|<m, € Va € [O[(] - [loo)-

IMepexois Temephb K OBIIEMy CJIy9aio, PACCMOTPUM HEKOTOPOe pa3tu-
enue equHUIBL (Y )peN, 0Opa3oBanHOe TakuMu P € Z( ), 9TO OKpecT-
HOCTH Q) HOCHTENEl Supp(1)g) COCTABISIOT JIOKAILHO KOHETHOE TIOKPDI-
tue  (em. 10.10.12). dnsa pacupenesnenuii (¢pu)keN HA OCHOBAHUM yKe
JIOKA3aHHOTO MMEEM

Yku = Y 0%k a;

la|<m

rIe [tk o — Mepbl Pagona na , npudeM supp(pir,q) C Qk.
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ITpusnekas Teopemy IIBapma 10.10.10, cpasy Bummm, ITO OIpee-
JIeHa cyMMa

,uoc(f) = Z,uk,oc(f)
k=1

mist f € K( ) m BO3HHWKAIee paclpejiesieHue i, — Mepa Pajona.
Buosb anemumupys x 10.10.10, nosrydaem:

T ST S S T o aa(zuk,a> LY o
k=1 k=1

k=1 |a|<m jal<m lal<m

9T0 1 TPeOOBAIOCH. >

10.10.14. 3AMEYAHUE. YtBepxaenue 10.10.13 gacro HasbiBaioT
meopemoti 06 obuem sude pacnpedeseruti. OHa JOMyCKaeT pa3sHOOOpa3-
Hble 0000OIEeHNs U yTouHennsa. HampumMep, MOXKHO yOeIUTHCS, ITO MEpa
Pajiona ¢ KOMIAKTHBIM HOCHUTEJIEM CJIyKHT OOOOIIEHHON ITPOU3BOIHOMN
(OAXOAIIEro HOpsijiKa) HEKOTOPO# HeNpepbIBHOW (DYHKIUU, YTO 1103-
BOJISIET JIOKAJIHHO PacCMaTPUBATH JIIOOYI0 OOOOIEHHYIO (DYHKITHIO KaK
pe3yabraT 06001eHHOr0 JuddepeHInpPOBaHus OOBIYHON (DYHKIIUN.

10.11. IIpeobpasoBanme Pypbe yMepeHHBIX
pacnpeaeneHui

10.11.1. ITyctp x — HeHy/seBOH (DyHKIIHOHAJ, 3aJaHHBIH HAa IIPO-
crpanctse L1(RN):= L (RN, C). OkxBuBajeHTHbI yTBEPKICHUS:
(1) x — xapaxrep rpymmosoii amre6per (Li(RY), *), T e.
X#0,x € Li(RYN) u

X(f*9) =x(Hxlg) (f, g€ Li(RY))

(cumpomraeckn: x € X(L1(RY)), cp. 11.6.4);
(2) cymecrsyer, n npurom emurcTBenHbIH, BekTop t € RY
rakoit, aro s kaxgoro f € Li(RY) semosmerno

~

X() = F0)i= (Fr )= [ fla)e da,
RN

< (1) = (2): Iyers x(f)x(g9) # 0. Ecm x € RN, 10
X(6z % f * g) = x(8z * f)x(9) = x(2 * g)x(f)-
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onoxkum (x) := x(f) " 1x(0z * f). Tem caMbIM KOPPEKTHO OTIPeJIeIeHO
HerrpepbiBHOe oToGpaskenne v : RY — C. Ilpm srom aus z, y € RY
Oymer

Y@ +y) =
x(f 9)” IX(5x+y «(fxg) =
= x(f)""x(9) ™" x(6s *f*5 *g) =
= X)X (00 F)x(g) " x(8y * g) =
= (z)Y(y),

T. e. 1) — rpymmosoii (yEurapmbri) xapaktep: ¥ € X(RM). Anamms
HOKAa3bIBAET, UTO ¥ = € JJis HEKOTOPOro (0YeBUIHO, €IMHCTBEHHOIO)
t € RN, IlIpu sT0oM ¢ yueToM cBoiicTB mHTerpasa BoxHepa

x(f)x(g) = x(f *g) = x ( /(6:1; x9)f(z) dm) =

- / (6 * 9)f(z) dz = / F@)x(g)b(e) dz =
RN
9) / F@)(z) d
]RN

Takum obpazom,

/f z)dr (f € Li(RY)).

(2) = (1): PaccmarpuBast f, ¢ U f * g KAk pacupesiesIeHus], st
t € RN BpommM:

—

Frg(t) =upegler) =

://f(x)g(y)et(ery)dxdy:/f(w)et(x)dx/g(y)et(y)dy:

RN RN RN RN

~

=uy(e)ug(er) = f(t)g(t). >
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10.11.2. 3AMEYAHUE. IIpoBemennbie paccyKaeHusl B CYIECTBEH-
HOM COXPAHSIIOTCS JJIsi JII0OO# JTIOKAJIbHO KOMITAKTHON abesieBoil TpyI-
bl G. Xapakrtepsl rpymmnosoii anre6psl u3 X(Li(G)) oqHO3HAYHO CBsI-
3aHBL C (YHUMAPHLMU) 2DYnnosumu rapakmepamu G, T. €. ¢ HelpepbIB-
HbIMI OoTOOparkerusmu ¢ : G — C, 11t KOTOpBIX

(@) =1, ¢z +y) =P@)ly) (z, yed).

OTHOCHTEILHO TIOTOMETHOrO YMHOKEHHs MHOKECTBO (1= X(G) rakux
XapaKTEpOB MPECTABIAET KOMMYTATUBHYIO IPyIIy. II0CKOJbKY 110 T€o-
peme Anaorny — Bypbaku X(L1(G)) 0KaIbHO KOMIIAKTHO B ¢J1aboil TO-
nosormu o((L1(G))', L1(G)), 10 G MOKHO pACCMATPHBATE KAK JIOKAIb-
HO KOMITAKTHYIO abesieBy rpyiiy. Ee HasbBaior 2pynnot crapaxkmepos G
win deoﬁcineemwﬁ x G epynnoti. Kaxplit sjement q € G onpejesisiet
xapakTep ¢ : § € G — q(q) € C aBoiicTBeHHOI IPYIIIbI G. Bosuuxaio-

mee Bioxkenne G B G — n30MopdU3M JOKAJTHHO KOMIAKTHBIX abe/IeBBIX

rpyunt G u G (= meopema deoticmsennocmu Honmpsazuna — ean Kam-
nena).

10.11.3. ONPEAEAEHUE. [na bysaxkman f € Li(RY) orobpaze-
uue f: RN — C, onpeesennoe mpasuom

F@&)=f(t):= (f * ) (0),

HA3BIBAIOT npeobpaszosaruem Pypve f.

10.11.4. BAMEYAHUE. Tepmun «upeobpazobanue Oypbes TpakTy-
IOT PACIIUPUTEBHO, JIOMYCKasl YJI0OHYI0 BOJBHOCTBIO. Bo-TIepBbIX, €ro
COXPaHSIOT Kak s omeparopa % : Lij(RMN) — CRY, JIefiCTBYIOTIIE-
ro 1o mpasmwity Zf = f, Tak M 715 MOMUHKALMI STOrO OINEPATOPA
(cp. 10.11.13). Bo-BTOpBIX, Npeobpa3soBaHue & OTOXKIECTBIISIIOT C OIle-
paropom Fyf = fo 0, rae 0 — asmomopdusm (= uzomoppusm na ce-
65) RN, Ocobenno 1gacto ucnomssytor bynkmum: 0(z) == (z) = —x,
0(x) = on(x) = 212 u O(x) := _op(x):= =272 (v € RY). Unbivu co-
Bamu, npeobpasoBanne Oypbe BBOJST OTHOM U3 CeAyOmuxX GopMyt:

Fft)= [ flx)e ™D dz,
/
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</27rf /f 271'1 (z,t) dZIZ’

9_27Tf / f —271'2(m t) dr.

[TockobKY IpyTIIbI XapaKTepOB U30MOP(HBIX IPYIIT H30MOP(MHBI, €CTh
OCHOBAHUS, JIONMYCKasi BOJBHOCTH, NMPUMEHATH €JUHOe Obo3HaueHue f
JUIst, BOOOIIE roBopst, pasiaudubix Gyukuuit F f, F.f, Fionf. Boibop
cuMBOJIa | Jid Fonp (Wnm F_on) JUKTYET MOAXOjsdIee 0003HAYCHUE
st F oy (cooTBeTCTBEHHO, NSt Far) (cp. 10.11.12).
10.11.5. [IPUMEPHL.

(1) Iyers f(x) =1mpu —1 <z <1wu f(zr) =0 misa uHBbIX

r € R. Tlpm stom f(t) = 2t~ Lsint. Ormernm, wto mpu k7 > to > 0

Oymer
[ iFo= [ ifoa- z / o)l dt >

[to,+o0) [k, +00) [nﬂ' (n+1)m

oo

2|smt| 1
> E dt =4 E —_— = .
/ — (n+1)m oo

[n7r (n+1)7‘r]

Takum obpaszom, f% Li(R).
(2) nsa f € L1(RY) ¢pynxmus f HenpepbisHa, mpuyeM Bbl-
mostHeHO HepaBeHCTBO || f|loo < | fll1-

< HemrpepbiBHOCTD 00ectietena Teopemoit Jlebera o mpesebHOM Tie-
pexoje, a OrpaHUYeHHOCTh — OYE€BUJIHON OIEHKOMN

o< [If@lde =7l (teRY). >
RN

(3) s f € Ly(RY) mpn [t| — +oo Gyzer |f(t)] — 0 (=
reopema Pumana — Jle6era).

<l Tpebyemoe oueBmaHO jisi (DUHUTHBIX CTYIEHYATHIX DYHKITHI.
Ocraercs cocnarbes na 5.5.9 (6) u To, urto # € B(L1(RY), I (RY)). >
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~ (4) Iyers f € Li(RN), e > 0 m f.(x) = f(ex) (z € RY).
Torna f-(t) = e Nf(t).) (t € RY).

< R - / fex)er(w)do — e N / f(ex)esse (cx) dew =

~(1
ey
€
(5) () = (Fuf)s (raf) = euf, (euf) =Tf.
(f € Li(RY), z e RY))
< IIposepum TosbKO nepsoe pasercTBo. Ilockosbky a*b = (ab*)*

it a, b € C, To, npuBjiekasi Hy>KHbIE CBONCTBa COIPSYKEHUSI U WHTE-
rpana, i t € RY BooguM

Fo) = [ et i ([ ey a) -
RN RN
= (RZ fla)e =D dx) = (Z.H). >

(6) drst f, g € L1(RY) Bpmrosrmero

(fxg9) =7F3 /fg:/ﬁ
RN RN

< ITepBoe pasencrso ouesunao B cst3u ¢ 10.11.1. Bropoe — «dgop-
MYAG YMHOHCEHUAY — ODECIIEICHO CJICYIONUM IIPUMEHEHIEM TE€OPEMBI

OyouHM:
[Fo= [ [ 1@ew s a-
RN

RN RN

/(/g(t)et(x)dt)f(x)dx /fg. >
2

RN RN

(7) Ecin f, f, g€ Li(RY), To (fg)A = fTxg.
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< Ipn x € RY mveem

(Fo) (@) = / o() Ft)eu(x) dt / / o) F()er()en() dydt

//f (t)er(z + y) didy =

RN RN

/f 3z +1) dy—/f 23 dy = 7 g(a). >

(8) dusa f € 2(RN) u o € (Z.)N Bpmosnmeno

FOf) =i Ff, 0NF[) =i F (@)
Far(0°f) = 2mi)lo For £, 0% (Far f) = (270)1| For (2 f)
(3TM paBeHCTBa MCHOJB3YIOT MHUPOKO PACIPOCTPAHEHHYIO BOJBHOCThH B
oboznadennax = t:= ()* 1y € RNV syt - Lo yqY).
< Hocrarouno (cp. 10.11.4) ycranoBuTH (hOPMYJIBI U3 EPBOI CTPO-
ku. ITockosbky 0%, = il%lt%e;, To
F(07f)(t) = (er x0°f)(0) =
= (8%er % £)(0) = i1t (e, + £)(0) = il Fa).

Amnajiornuno, quddepeHnupys 1Mo, 3HAKOM UHTerpaJia, BBIBOIMM
0 0 ;
—(F)t) = — z)e! ™ dy —
5 (FH0 =5 [ 1@)
RN

= /f(x)ia:lei(‘”’t) de = F (iz 1 f)(t). >

(9) Ecan fn(z):= exp (—1/2|z|?) npu x € RY, 10 BBIIOI-

HeHo [y = (2m)N/2 .
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<l Hcno, uro

N

Int) = H /eithke—%lwli dvy  (t € RY).

k=1 R

CireoBaresibHO, j1eyio cBoguTcs K ciay4daro N = 1. Ilpu srom mis y € R
nMeeM

hy) = /e—%“eiw dz — /e—%(x—w)?—%(y?)dx _

R R

-~ h) / e~ bl gy

R

JI71s1 BBIYHCIIEHHs HHTepecyiommero uarerpasia A paccmorpum B Cr ~ R2
(0ZMHAKOBO OPMEHTUPOBAHHBIE) MAPAJIIENbHBIE BEIIECTBEHHON OCH TIpsi-
Mble \1 1 Ao. [Ipumensis kitaccudaeckyto Teopemy Kormu k rosromopdHOit
dyukuun f(z):= exp (—22 / 2) (z € C) u upgAMOyroJIbHIKAM C BepIIUHA~
MU Ha A1 U Ag U [IPOU3BOJISI MTOJIXOJISAIINI TIPEJIETBHBII TIEePeX0/l, 3aKJI0-
qaem: [, f(z)dz= [, f(2)dz. Orcrona sesommm:

A= /e*%(x*iy)z dr = /efé(ﬁ)dx: Vor., >

R R

10.11.6. OOPEAENEHUE. [Ipocmpancmeom Illsapuya mpunsTo Ha-
3BIBATH MHOXKECTBO 0bicmpo yoviearowus (MHOTIA TOBOPAT YMEPEHHDIT,
cp. 10.11.17 (2)) Pyrryud

LSRN :=
={f € Cu®Y): (Va,B € (Z:)V) || — +00 = 270" f(z) — 0}

(paccmaTpuBaemoe Kak smemenT pemrerkn dbynkmmit w3 RY 5 C) ¢ myims-
TiiopMoit {Pa,s ¢ @, B € (Z1)V}, tae pa,s(f):= [|270° f o

10.11.7. CupaBeyiuBbl Yy TBEPKICHHSI:
(1) Z(RY) — npocrpancrso @pere;
(2) omeparopbl ymMHOMXKEHHST HA MHOIOYJICH U uchbepeniin-
poBaHus — HenpephIBHETe HgoMopdusmb . (RN );
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(3) Tomonoruo . (RY) samaer criemyromas (sxsupamenTaas
HcxoHOM) MyapTHHOPMa {py, : n € N}, rae

pa(f)= D N+ )"0 flee (f € LRY))

lal<n

(xkax Bcera, || — esxmmoBa qnHa BexkTopa T € RY);
(4) npocrpancrso 2(RY) mrorro 5. (RY); nommmo sroro,
proxxerne P(RY) B .7 (RY) menpeprsro u .7 (RY)' C
7' (RY);
(5) L(RYN) C Li(RV).
< Yeranosum (4), n60 npoune yTBepKIEHUs IPOIIIE.
Iycts f € .7 (RN) u 1) — cpespBarens 3 Z(RY) takoit, aro B C
{¢p = 1}. Ona x € RN u € > 0 nonoxkum

Ye(@):=(Ex),  fe = et
Ouesnmpo, fe € 2(RY). Bosbmem ¢ > 0 u o, 3 € (Z.)Y. Buamo,
gro mpu 0 < & < 1 semomneno sup{[|07(¢Ye — 1)||eo : ¥ < B, v €
(Z )N} < +o0. Yuurwsas, uro x29° f(z) — 0 npu |z| — +00, Haitem
r > 1 takoe, uto |2%0°((e(z) — 1)f(x))| < e, Kak ToabKO |T| > T.
Kpowme toro, fe(z) — f(z) = (¢(&x) — 1) f(x) = 0 mpu |z| < 1. Taknm
obpazom, pu & < r~! Byzner
Pap(fe = f) = sup 2707 ((ve(x) — 1) f(x))] <

lz[>€~1

< sup 2207 ((ve(2) — 1) f(2))] <.

|z|>r
Crasno 61Th, pos(fe — f) — Oupun &€ — 0, . e. fe — f B S (RY).
TpeGyemast HEIPEPBIBHOCTD BJIOYKEHUsT GECCIOpHA. [>

10.11.8. IIpeobpaszoBarne Pypbe — HEIPEPBIBHBIH SHIOMOPGU3M
S (RN).
< na f € 2(RY) B cuy 10.11.5 (8), 10.11.5 (2) n nepasencTsa
I'énbaepa 5.5.9 (4)
2% flloo = [1(0%F) lloo < 0% fll1 < K[0%f|0o-
Craso 6bITh,
18907 Flloo = [t (@7 f) lloo < K"0%(2" f)]oo-

Orciofa BUAHO, 9TO | € S (RN) u cyxenne .# na 2(Q) npn Q € RY
uenpepbiBHo. Ocraerca cocaarbes Ha 10.10.7 (4) u 10.11.7 (4). >
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10.11.9. Teopema. Ilosropmoe npeobpazoBarmne Oypbe, paccMar-
pusaemoe B ipocrpanctse Ilpapra .7 (RY), nporopruonamsro otpasie-
HHIO.

< Hycers f € S(RY) u g(z):= fn(z) = exp (—1/2]z[*). C yuerom
10.11.8 u 10.11.7 BumumMm, 4TO f, f, g € Li(RY) u, crano 6bith, Ha

ocnosarmu 10.11.5 (7), (fg) = f ™ *g. Tonoxnm ge(z) == g(ex) mus
r € RN me > 0. Torga npu Tex xe x n3-3a 10.11.5 (4)

/ g(et) Ft)en () dt —

A
o [ =05 (Y) dy— [ ey -3t
RN RN

Ucnonbayst 10.11.5 (9) u npussekas reopemy JleGera o mpeesbHOM Iie-
pexogie ipu € — (), moJsrydaem:

4(0) / e () dt = f(~a) / d(y) dy =

RN

= 0¥ @) [P do = (2m) f ().
RN
Oxomuarensno F2f = 2m)N 7 >
10.11.10. CueacrBue. 3. — orpaxenne u (Fap) ' = F_on.
< Jna f € S(RY) ut € RY nveem

f(=t) = (@2m)V / ei(m’t)f(x) dx = /ezm(m’t)f(%m‘) dx =
RN RN
= (Z2r(F2r ))(1).

YuaurbiBasi, 910 Fon [ = F_on f, moydaem Tpebyemoe. >

10.11.11. Crexcrbue. . (RY) — cpéprounas amrebpa (= amreo-
D& OTHOCHTEJIBHO CBEPTKH).

< s f, g € (RY) nponssenenue fg — snement . (RY) u, crano
6b1Th, f g € L (RY). C yuerom 10.11.5 (6) Bummm, ato For (f * g) €

S (RN) u, snaunrt, ma ocnosanun 10.11.10, f *x g = F_ o (For(f x g)) €
S (RM). >
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10.11.12. Teopema obpariienusi. IIpeobpazoBanne Pyppe § :=
For CIHYKHT TOIOJOIHIECKHM aBTOMOpgu3MoM npocrpancrsa Ilap-
na .7 (RN). Ilpm stom cBéprra mepexonut B npomssegenne. ObpaTHoe
npeobpazopanme § 1 copnajgaer ¢ .F_o, W IEPEBOJHUT IIPOU3BEICHHE B
cBéptKy. Kpome Toro, umeer mecto paerctBo IlapceBaJisi:

/fg*:/fﬁ* (f, g € S (RY)).
RN RN

<0 B cBasu ¢ 10.11.10 u 10.11.5 (5) Hy2KHAIOTCS B IIPOBEPKE JIMIIIb
UCKOMBIe paBeHcTBa. 1Ipu aToM, Ha ocHoBarum 10.11.5 (7) n 10.11.7 (4),

(]?g) (0) = (f *9)(0) must pacemarpuBaembix f u g. [IpuBiekast ycTanos-
sennoe B 10.11.5 (5), 3akioyaem:

/ fo = BE N (0) = (315 397)(0) =
RN

- / §/(30%) dx — / 33 (g") do = / 3/(39)". &
RN RN RN

10.11.13. BAMEYAHUE. B cBs13u ¢ meopemoti 10.11.9 o nosmoprom
npeobpazosanuu Pypve, HOTIA HAPSIIY C § PACCMATPUBAIOT CJIETYIOITNE
B3aMMHOOOPATHBIE OIIEPATOPHIL:

~ _ 1 i(z,t) .
10 (%)QR[ F@)e e da;

3 () = (2;) / F(H)e="= dt.
RN

IIpu sTom mmeer Mecto anasor 10.11.12 mpu yc/i0BUE TIepeoIpe/ie/IeHusT
ceépreu f¥g:= (21)"N2fxg (f, g € L1(RY)). Ynobersa § u 3!
cBsA3aHbI ¢ HEOoUIbIMMY yipoineHusyu Gopmya 10.11.5 (8). B cayyae §
AHAJIOPHYHYIO IeJIb JOCTHTAOT BBegenneM aua o € (Z. )N ciemylomero
nuddepeniuaboro omeparopa: D := (27i) 119>,

10.11.14. Teopema IlnanumrepeJisi. Ilpogorkernne mpeobpa3oBa-

mnsg Pypwe B .7 (RYN) 10 mzomerpmdeckoro asToMopgusMa IPOCTpaH-
cra Ly(RY) cymecrsyer, n npurom emumcrsenHo.

<1 O6ecrieuerno 10.11.12, 4.5.10 u mnotnocteio .7 (RY) B Lo(RY). >
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10.11.15. BAMEYAHUE. 3a mpojo/nKeHneM, 00eCIIedeHHbIM TeOpe-
Mot 10.11.14, coxpaHSIOT IpeXKHHEe Ha3BaHue u oOO3HadeHus. Pexe
(Ipu 2KeJIAHWU TOAYEPKHYTh PA3JIUddsl U TOHKOCTH) TOBOPAT O Npeod-
pasosaruu Pypve — Ilaarnwepeas nau xe 06 Lo-npeobpazosaruu Dy-
pve U YTOYHSIOT IIOHUMAHHE HHTErPaJbHBIX dopmyn mis §f un F L f
pu f € Ly(RY) Kax pesysbTaToB TOIXO/IAMEro PeIebHOTO Mepexoia
B Lg (RN)

10.11.16. ONPEAEAEHUE. Ilycts u € /(RY) := .Z(RV). Ha-
UMEHOBAHUE U — MEJAEHHO pacmyuiee pacnpedeserue (BApUAHTBL: 0600-
WeHNAA PYHKUUAL YMEPEHHO20 DOCTNA, YMEPEHHOE pacnpedeaenue U T. I1. ).
IIpocrpancrso ./ (RY), cocraBiennoe u3 Beex yMepeHHBIX 0600IIEHHBIX
bynkmmit, magensor caaboit Tonosorueit o (' (RY), 7 (RN)) u mnorma
HasbIBatoT npocmparcmeom Ilsapuya (xkax n .7 (RV)).

10.11.17. IIPUMEPHI.
(1) L,RY) c ' (RYN) npu 1 < p < +oc.
< Ilyers f € L,(RY), v € S(RY), p < +oou 1/qg+ 1/p = 1.
C momompio HepasencTsa [émbaepa 5.5.9 (4) mua nomxomammx K, K,
K" > 0 nocjieoBaTeIbHO BLIBOIMIM:

Il <

1/p 1/p
<< IQZJI”) +( |1+ 2N+ [2?) N ()| dx> <

IB/ RN/\B
! 2\N d:L' 1/p
<KWl 101 Pl [ o) S
RN\B
< K'"pi(¢).

Buosb npusnekas mepasenctso ['énbraepa, nveem

g ()] = || £)] = ] [ o q\ <l [9lle < Kpr ().
RN

Citygait p = 400 He BBI3BIBAET COMHEHHA. [>
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(2) L RY) mrorso 8 ' (RVY).
4 Crenyer us 10.11.7 (4), 10.11.17 (1), 10.11.7 (5) u 10.10.9 (4). >
(3) Iycrs p € A4 (RN) — mepa Padona ymepennozo pocma,
T. €. TaKas, ITO Jisi HEKOTOPOTo n € N BBIIOJIHEHO

dlp|(z)
/O+mm”<+m
RN

Mepa p — 310, OEeCCIOPHO, YMEPEHHOE PaCIIpeIe/IeHuE.

(4) Ecmue S'RY), fe SYRY)ua € (Z,)N, 10 fue
S'RN) u 0%u € ' (RY) B cumy 10.11.7 (2). ITo mOXOKIM TIpHYIHAM,
nonaras Du(f):= (=1)®luDf npu f € L (RY), sumum, aro D%u €
' (RN) u Dy = (2mi) "1l gow.

(5) Kaxkoe pacrpenesienne ¢ KOMIAKTHBIM HOCHTEIEM yMe-
PEHHO.

<1 Takoe u € 2'(RN) B coorsercTsum ¢ 10.10.5 (7) MOKHO OTOXK-
nectuTh ¢ anementoM &' (RYV). TTockobKy TOMOMOTHA B TPOCTPAHCTBRE
S (RY) cumbree mnmymuposannoit BiaoxenneM B Co (RY), sakmmodaen:
u €. (RY). >

(6) Ilycts u € ' (RY). Ecrm f € Z(RY), o u cBopaun-
Baemo ¢ f, mpuuem u * f € (RY). MoxKHO IpPOBEPUTE, UTO U CBO-
paumBaeMo TakKe W ¢ JToObIM pactpeserenuem v u3 &' (RY), mpuaem
uxv e S (RY).

(7) lyerbu € 2'(RY), z e RN urpu:= (7_)'u = uor_; —
COOTBETCTBYIOIUIl cdeuz u. Pacmnpemenerne u HA3BIBAIOT nepuoduye-
ckum (C TIEPHOJIOM ), €CJIU TzU = U. llepuojuyecKue pacipeeieHust
MMeIOT yMepeHHblit pocT. [lepuoauaHocTs coxpansercs npu auddepeH-
IUPOBAHUN ¥ CBEPTHIBAHUM.

(8) Ecmm u, € ' (RY) (u € N) u qyia kazkoro f € % (RY)
umeercst cymma u(f):= > 07 u,(f), To u € . (RY) u npu srom 9%u =

Yoo 0%y, (cp. 10.10.10).

10.11.18. Teopema. JIroboe ymepeHHOE paclpeieeHHe — CyMMa
IIPOU3BOJIHBIX YMEPEHHBIX Mep.

< Myers u € ' (RY). C yuerom 10.11.7 (3) u 5.3.7 1151 HEKOTOPBIX
n € Nu K > 0 umeem

(<K D+ |- Procf|,  (feSRY)).

lal<n
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[Ipusnexas 3.5.3 u 3.5.7, 11 HEKOTOPHIX i, € M (RN) momyaaem

u(f) = D pa (L+]-[)"0f)  (f € Z(RY)).

la|<n

ycrb vy = (= 1)1+ |2)" tto. Torma v, — ymepennast mepa, nputem

u = Z 0%vy. >

la|<n

10.11.19. OUPEJENEHUE. IIpeobpasosaruem Pypve (nim, nosHee,
Dypve — Illsapua) ymepennoro pacrpeaesnenns v u3 . (RY) mazpisaior
pacupeneaeHne §u, JeHCTBYIOEe 110 IPABIILY

(fI5u) = @flu) (f €S RY)).

10.11.20. Teopema. IIpeobpaszosanue Pypre — IlIBapra § — 310
eJIMHCTBeHHOe pojTospKenne npeobpasosanns Oypoe 5. (RN ) g0 Tormo-
Jormaeckoro apromoppusma . (RY). O6parnoe orobpaskenne 1 —
€JIMHCTBEHHOE HEIPEPBIBHOE MPOJIOJIXKEHHE 0OPATHOrO 1peobpa3oBAHUS
®ypre 5.7 (RY).

<1 ITpeobpazosanne @ypoe — IBapia npeacrasisier coboil compsi-
JKEeHHBIT orteparop K npeobpaszosannio Pypee B mpocrpancTse [1IBapra.
Ocraercst Tosibko anesuuposars K 10.11.7 (5), 10.11.12, 10.11.17 (2) u
4.5.10. >

YnpakHeHust

10.1. IlpuBecTu npuMepsl JUHEHHBIX TOIOJOIUMYECKUX IIPOCTPAHCTB U JIOKAJIb-
HO BBIIIYKJIBIX IIPOCTPAHCTB UM KOHCTPYKIIMM, IIPUBOIAIINX K HUM.

10.2. /Ioka3arb, 4TO XaycIopdOBO TOIOJOTHYECKOE BEKTOPHOE IIPOCTPAHCTBO
KOHEYHOMEDHO B TOM M TOJILKO B TOM CJIy4ae, €CJIM OHO JIOKAJIbHO KOMIIAKTHO.

10.3. OxapakTepu3oBaTh C1ab0 HENPEPLIBHBIE CYOIUHENHbIE (DYHKIIMOHAJIBL.

10.4. /Iokasarb, 9TO HOPMHUPYEMOCTb WJIM METPU3YEMOCTH CJIA0OM TOIOJIOIUU
JIOKaJIBHO BBIILYKJIOTO IIPOCTPAHCTBAa PABHOCHJIbHA €0 KOHEYHOMEDPHOCTH.

10.5. BoisicHUTBH CMBICIT CIa00H CXOAMMOCTH B KJIACCHIECKUX OAHAXOBBIX IIPO-
CTPaHCTBax.

10.6. [lokazaTb, ITO HOPMHPOBAHHOE IIPOCTPAHCTBO KOHEIHOMEPHO B TOM U
TOJILKO B TOM CJIy4ae, €CJIU CJ1ab0 3aMKHyTa eAuHIYHast cepa (= CuibHas TPAHUIA
€JIMHUYIHOTO Iapa).
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10.7. Ilycre oneparop 1T nmepeBoauT cj1abo CXOJSAIINECS CETU B CETH, CXOISAIIU-
ecsi o HOpMe. Jlokazarh, uTo T KOHEYHOMEDPEH.

10.8. Ilycrs X, Y — Ganaxossl nmpocrpanctBa u T € £ (X, Y) — suHelHbIi
omneparop. Jlokazarb, uTo 1" OrpaHUYeH B TOM U TOJIBKO B TOM cJiy4ae, eciau 1’ ciaabo
HelpepbIBeH (T. . HempepbIBeH Kak orobpaxkenme (X, o(X, X)) B (Y, o(Y, Y'))).

10.9. Ilycrs || - ||1 u || - |]2 — &Be HOpMBI, npeBpamnaomme X B GaHAXOBO IIPO-
crpanctso, npudeM (X, |- ]1)’ N (X, || - ||2)’ pasnenser roukun X. [okasarb, 4To
HCXOJHbIE HOPMbI 3KBHBAJIEHTHBI.

10.10. Ilycts S geiicteyer u3 Y/ B X’'. Korga S cily>KUT CONPSI?KEHHBIM OTIe-
paTopoM K HEKOTOpOMy oTobpaxkenuio X B Y7

10.11. Kaxosa Tornosorus Makku 7(X, X#)?

10.12. Ilycrs (X¢)ee — 9TO HEKOTOPOE CEMECTBO JIOKATBHO BBIIYK/IBIX PO~

crpauctB. IlycTs, nasnee, X :=
BEJJINBBI IIPEJICTABJIEHNS

ce X¢ — ux npoussesenue. Jlokasars, uTo crpa-

o(X, x) = [ [ o(Xe, X0
e

(X, X) = [ [ 7(xe, x0).

£e
10.13. Ilycrs X u Y — GanaxoBbl npocrpancrsa, 1 — smement B(X, Y)
uimT =Y. Jlokasarp, uro pediaekcuBHOCTL X obecmeunBaeT pedIIeKCUBHOCTH
Y.

10.14. oxazarb, uro npocrpanctsa '/ (X’) u (" X)’ cosnanaior.

10.15. JlokazaTb, 94TO B IIPOCTPAHCTBE C) HET OECKOHEYHOMEDPHBIX PEdJIEKCUB-
HBIX [TOJIPOCTPAHCTB.

10.16. Ilycrs p — HempepbIBHBINA cyOJsmHelHbl dyHKIpoHA Ha Y, a T €
% (X, Y) — HeupepbIBHBI JIMHEHHBIN ONEpaTOp. YCTAHOBUTH, UTO [JIS MHOYKECTB
KpallHUX TO4eK crupabeubo prirouenue ext(T”(0p)) C T” (ext(dp)).

10.17. Ilycrs p — HenpepbiBHAsA moJiyHOpMa Ha X U 2 — HOAIIPOCTPAHCTBO X .
Hokazarb, uro f € ext(2 ° N Ip) B TOM U TOJIBKO B TOM CJIydae, €CJU CIPABEIJINBO
PaBEHCTBO

X=dZ+{p-f<1}-{p-f<1}

10.18. JloxaszaTb, IYTO aGCOIIOTHO BBIIYKJIAs OOOJIOUKA BIIOJIHE OIPDAHUYIEHHOI'O
ITOJIMHOKECTBA JIOKAJIBHO BBIIIYKJIOTO IIPOCTPAHCTBA TaK’Ke BIIOJIHE OIDAHHYEHA.

10.19. YcraHoBUTBH, 9TO GOPHOJIOIMYHOCTH COXPAHSIETCS IPU IEPEXO]e K HH-
AyKTUBHOMY mpejeiy. Kak o6cTosT nesia ¢ MHBIMY JIMHEHO TOIOJIOTUYECKUMU CBOM-
cTBamMu?
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BanaxoBbl aaredopni

11.1. Kanonu4deckoe orepaTopHoe
npeJjicTaBjIeHre

11.1.1. ONIPEAEJEHUE. DJieMeHT € anreOpbl A Ha3bIBAIOT edunu-
HoLM WA edunuyed aaredpol, ecan € #£ O U npu 9ToM ea = ae = a Jjis
Bcex a € A.

11.1.2. 3AMEYAHUE. Kak mpasuso, 6e3 0cobbIX Ha TO yKa3aHUA,
MBI HyJIEM PACCMATPUBATEH TOJIBKO AJTeOPhI C eIMHUIAME HaJ[ OCHOBHBIM
mosieMm F. Ilpu 3TOM mpOCTOTHI pajin, ecju sIBHO He OrOBOPEHO ITPOTUB-
Hoe, Oyjem canrarh, ato F:= C. Ilpu uzydeHnun mpejcTaBieHmil TAaKIX
ajiredp eCTeCTBEHHO YCJIOBUTBHCSI, YTO €JIUHUILI COXPaHSOTCsl. VHbIMU
cJ0BaMU, B JaJibHElIeM npejcrasienue aareopsl A; B anredbpe As —
9T0 Takoil MOpU3M (= MyJbTHIUIMKATUBHBIN JUHEHHBIH omepaTop) Ag
B Ao, KOTOPBIi eIuHUILy ajredpbl A; MepeBoauT B eUHUILY aareopbl As.

s anredpbl A 6e3 eJUHUIIBI TPOBOJIAT «NPOUECC NPUCOCOUHEHUS,
edunuyvy. Vimenno, mpocrpancTBo 7, := A X C npepparator B ajaredpy
¢ enununeii, nomarag (a, A)(b, p):= (ab + pa + Ab,A\u), vae a, b €
Au X p € C. B HOpMHDOBAHHOM CJIydae JIONOJHUTEJHHO CUUTAIOT
(@, Ml := llalla + |Al.

11.1.3. ONIPEJEJIEHUE. DjeMeHT a, € A Ha3bIBaIOT Npasvim 00-
DAMHbLM K G, €CITA aad, = €. DJIEMEeHT a; € A Ha3bIBAIOT Ae8blM 00PamM-
HOLM K @, €CTTH )G = €.

11.1.4. Eciwu y sjiemeHTa ecTh JI€BbIe U MIpaBble 0OpaTHbIE, TO OHH
COBIIIAIOT.

< a, = (ala)ar = al(aar) =aqe=a >
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11.1.5. OUPEJAEJEHUE. DJjieMeHT a aiareOpbl A Has3bIBaIOT 006pa-
mumvim 1 Ayt a € Inv(A), ecoim y a uMeercs JieBblii U IpaBblii 00-
parupiit. Iomaraior a~':= a, = a;. Daement a~! HasBIBAIOT 06PAMHBLM
K a. Iomanrebpy (¢ enununeii) B anrebpsl A HasbBaIOT cepganmmoli
(mmm wucmot, unu nanoanennot) B A, ecin Inv(B) = Inv(A) N B.

11.1.6. Teopema. Ilyctrb A — 6anaxoBa aJrebpa. Jlust a € A
nosoxuM L, : x — ax (x € A). Torma orobpaxkerue

Ly:=L:a— L, (a€A)

SIBJISIETCST TOYHBIM OHEPATOPHBIM TIpejcTapaenneM. IIpm stom L(A) —
cepBaHTHas 3aMKHyTasi iogaarebpa B(A) u L : A — L(A) — ronosorn-
YeCKHET H30MOPQU3M.

< ns x, a, b € A nmeem
L(ab) : x — Lgy(x) = abx = a(bx) = Ly (Lpx) = (La)(Lb)x,

T. e. L — npencrasienue (u6o quneiinocrs L oueBuana). Eciu La = 0,
to 0 = La(e) = ae = a, Tak yro L — Tounoe npejcrasienue. s
JI0Ka3aTesIbcTBa 3aMKHyTOoCcTH ob6pasa L(A) paccmorpum anrebpy A,
COBHAJIAIONILYIO ¢ A «KaK C BEKTOPHBLIM IIPOCTPAHCTBOM» M C IIPOTUBOIIO-
JIOXKHBIM ymHO)KeHueM ab:= ba (a, b € A).

IIycts R:== L4, , 1. e. Ry:= Ra:x — xa q1a a € A. Ilposepum,
aro L(A) coBnasmaer ¢ yenmpaausamopom obpasa R(A) — ¢ 3aMKHYTOM
ogaJIredpoii

Z(imR):= {T € B(A): TR, = R,T (a € A)}.

B camom nene, eciiu T € L(A), v. e. T = L, nist Hekoroporo a € A,
TO At Kaxkjaoro b € A 6ymer Lo Ry(x) = axb = Ryp(Lg(z)) = RpLa(x)
uT € Z(R(A)). Ecau, B cBowo ouepens, T € Z(R(A)), o upu a:= Te
HOJIy4aeM

Loz = ax = (Te)x = Ry (Te) = (R,T)e = (TRy)e =
=T(Rge) =Tx

Juist Beex © € A. 3uaunt, T = L, € L(A). Takum obpasom, L(A) —
H6anaxosa mojasrebpa B(A).
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[Tycts Teneps s T = L, maiinerca T—1 8 B(A). Husa b:= T te
mveeM ab = Lob = Tb = TT e = e. Kpowme Toro, ab = e = aba =
a = T(ba) = Lyba = aba = a = L,e = Te. Orcrona ba = e, u6o T —
moromopdusm. Urak, L(A) — ceppanTHas nogairebpa B A.

B cuity onpenenennst 6anaxoBoii aareopsl 5.6.3 BBIIOTHEHO

IL]| = sup{|[La]| : [la] <1} = sup{flad]| : [lal] <1, [ <1} <1.

[Ipusnekas Teopemy Bamaxa 06 m3omopduszme 7.4.5, 3akimodaeM, 9TO
L — rononoruaeckuii nzomopdusm (1. e. L ™! — HernrpepbIBHbIi orrepaTop

u3 L(A) na A). >

11.1.7. OnPEAEJEHUE. [lpencrasienue L 4, mocrpoennoe B 11.1.6,
HA3LIBAIOT KAHOHUNMECKUM (A€6VIM) ONEPAmOPHbIM NPedCNABAEHUEM AJl-
rebpor A.

11.1.8. BAMEYAHUE. KaHoHndeckoe onepaTopHOE IMpeICTaBIeHIe
MO3BOJISIET OIPAHUIUTHLCA B JAIbHEHIIEM PacCMOTPEHnEM OAHAXOBBIX aJl-
rebp, B KOTOPBIX €MHAIHBIE 9JIEMEHTHI HOPMUPOBAHBI — UMEIOT €JINHI-
Hyio dopmy.

s anre6pol A yKa3aHHOTO THIIA KAHOHUYECKOE OIIEPATOPHOE MIPE]I-
craByienue L 4 ocyiecTsiger uzomerpudeckoe ioxenue A 8 B(A) niu,
KOpOYe rOBOps, udomempuueckoe npedcmasaerue A B B(A). B aroii
e cuTyanuu L4 9acTO HA3BIBAIOT USOMEMPUUECKUM USOMOPPHUIMOM
amrebp A u L(A). Ty ke ecrecrBeHHYIO T€PMUHOJIOIHIO YIOTPEOJISIIOT
U IIpU PACCMOTPEHUN MpeJICTaBIeHNI IIPOU3BOILHBIX OaHAXOBLIX aJareop.
OTMeTuM 3J1eCh Ke, 9TO CyIIeCTBOBAHNE KAHOHUIECKOrO ONePaTOPHOrO
npeacTaBiaenust L4, B 9aCTHOCTH, OIPABJBIBAET NCIOJIb30BaHIE 0003HA-
genus A BMecTo Ae st A € C, rie e — eqununa A (cp. 5.6.5). Vubivu
cioBamu, B gasnbHeitimem C oroxkaecTsieno ¢ nmoganredpoit Ce anrebpb
A 1I0CpeJICTBOM U30METPUIECKOr0 MIPEJICTABIEHUS \ — AE.

11.2. CoekTp 3jJeMeHTa ajaredpbl

11.2.1. ONIPEAENEHUE. Ilycte A — GanaxoBa anrebpa u a € A.
Cranap A € C Ha3BIBAIOT PE30ALEEHMHbIM SHANEHUEM G (BAIUCHIBAIOT:
A € res(a)), ecim cymectsyer pesoaveenma R(a, )= = (A—a)™".
MHuozkectBo Sp(a) := C\res(a) HA3BIBAIOT CNEKMPOM INEMEHMA A, & TOU-
ku u3 Sp(a) — cnexmpasvhomy shavenuamu a. Ecam ects HeoGxomu-
MOCTB, UCHOJIL3YIOT Gostee 10pobHbIe 0603HAUEHUs TUIIA SP 4 (a).
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11.2.2. Jlns ssemenra a € A cupaBeIaBO:

Spa(a) = Spr(a)(La) = Sp(La);
LR(a, \) = R(La, A) (A €res(a) =res(L,)). <>

11.2.3. Teopema I'enpcpanga — Mazypa. Ilose KOMILIEKCHBIX
YHceq — 9TO eQUHCTBEHHOE (C TOYHOCTBHIO JJO H30METPUIECKOIO H30MOD-
¢uzma) 6anaxopo Tesio (T. e. KaxKias KOMILUIEKCHAas OaHaXOBa ajrebpa
C HOpMHPOBAHHOH €JUHUIICH, B KOTOPOH HEHYJEBbIe 9JIeMEHTHI 0OpaTH-
MBI, HMeeT u3oMerpuieckoe npezacrapiaenne B C).

< Iyers 1 A +— Xe, tme e — equanna A u A € C. dcno, uro

— mpejcraienne C B A. Bozbmem a € A. B cuny 11.2.2 u 8.1.11,

Sp(a) # @. Buaunt, Haiigerca unucio A € C rakoe, 9ro s1ement (A — a)

HEOOpATUM, T. €. IO YCJIOBHUIO TeopeMbl a = Ae. CiefoBaTenbHO,  —

samumopdusm. Ilpu stom || (A)|| = || Ael| = |l |le]| = |A|, Tak aTo  —
nu3oMeTpus. >

11.2.4. Teopema IlluaoBa. Ilycrs A — 6anaxoBa ajrebpa u B —
saMKHyTas nogajirebpa A (c exuuuteii). st ssementa b € B Bbiiosr-
HEHO:

Spp(b) O Spa(b), 9Spa(b) O OSpp(b).

< Ecmn b:= A — b € Inv(B), 1o Tem 6osee b € Inv(A). Orciona
resp(b) C resy(b), T e.

Spp(b) =C\ rgs(b) O C\ rgs(b) = Sp,(b).

Ecrm sxe A € 9Spg(b), To b € dInv(B). Tostomy Haitmercs mo-
ciieioBaresabHocTb (by), b, € Inv(B), cxongmascs K b. Tlosoxus ¢ :=
sup, || by ||, mmeenm coorromenme

7" = b | = o (1 = bub )| =
5 o = B < 22— b
Nnbmvu cioBamu, ecii t < +00, To B B cymecTsyet npesert a:= lim b, L.

YuuThIBasg OYEBUIHYIO HENPEPBIBHOCTH YMHOXKEHHUSI 110 COBOKYIIHOCTH
[lePEMEHHBIX, BLIBOAUM, 9TO B 9TOM ciydae ab = ba = 1, . e. b € Inv(B).
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IMockonbky Inv(B) orkpeiTo 110 Teopeme Banaxa 06 06paTuMbIX Orepa-
topax 1 11.1.6, TpuxoEM K MPOTHBOpednio ¢ BXoxaerneM b € 0 Inv(B).

Takum 06pa30oM, MOXKHO CYUTATH (IIEPEXOJisl, €CJIM HY?KHO, K II0-
CJIEJIOBATENLHOCTH ), ITO Hb;lu — +o00. Iosmoxum a, := Hbng_lbgl.
Torma

[Bacll = 165~ be)an + o | <
< 15l Haall [ et = 0

Orcrona BeITEKAET, 9TO dj1eMeHT b HeobparuMm. B camowm seste, B mpoTus-

HOM CJIy4ae IJId a:— 5_1 MOJTy IUJIOCH OB
1= |lan|| = HaganH < al| ||5an|| — 0.

OKOHUYATEJIFHO 3aKJII0YaeM, YTO JIEMEHT A — b He JieskuT B Inv(A),
T. e. A € Spy(b). ITockoabpKky A — rpannmdHas TO4YKa GOJIBIIETO MHOXKE-
crBa Spp(b), mpuxoauMm K coornomenuio A € 0 Sp4(b). >

11.2.5. Caencreue. Ecou Spg(b) HE nMeeT BHYTPEHHHX TOYEK, TO
Spp(b) = Spa(b)-
<1Spp(b) = 9Spp(b) C 9Spp(b) C ISpa(b) C Spa(b) C Spp(b) >

11.2.6. 3AMEYAHUE. Teopemy IIInyioBa 9acTo Ha3bIBAIOT Meope-
MOTL 0 NOCMOAHCMEE 2PAHUYD, CNEKMPa U BBIPAXKAIOT CJIOBAMH: <I'Da-
HIYHOE CIEeKTPaJbHOE 3HAYEeHHe — HEyCTpaHMMAas CIeKTpajbHas TOY-
Kay.

11.3. TonomopdHOE DYyHKIIMOHATIBLHOE
ncYucjeHne B ajrebpax

11.3.1. ONIPEAEJIEHUE. IlycTb a — 3/1eMeHT OGaHaxoBoii ajredpbr A
u h € #(Sp(a)) — pocrok rojomopdHoil hyHKIME Ha cekTpe a. Ilo-
JIOKHAM

Roh:— 1 hz)

dz.
211 z—a i

QuieMeHT X, h u3 A mazeBaor unmezpasom Pucca — angopda pocr-
ka h. Ecmu, B wacruocru, f € H(Sp(a)) — dyukuus, rosomopdHas
B OKDECTHOCTHU CIEKTDPa a, T0 nosaraior f(a):= X, f.
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11.3.2. Teopema I'enbgpanga — /larngpopaa aasa aarebp. Un-
rerpaJ Pucca — /langopaa X, siBJISIETCS NPEICTABIEHHEM aJreOpbl POCT-
KOB TOJIOMOP(HBIX (DYHKIUH HA CIEKTpe jieMeHTa a u3 A B aareo-
pe A. Ilpu srom ecan f(z):= > " c,2™ (B okpecraocru Sp(a)), To
fla):=3"0° o cna™

<1 U3 onpenenennit 11.2.3 u 8.2.1, npusiekas 11.2.2, numeem

(LZqh)(b) = Log,nb = (Zoh)b = QLm h(z)R(a,z) dzb =
= QLT('Z ]{h(z)R(a,z) bdz = 2%72 j{h(z)R(La,z) bdz =
= % h(z)R(Lq,2) dzb = %1, h(b)

Juist Beex b € A. B uacrrocTH, nosy4aem, uro oopas Zr, (7€ (Sp(a)))
sgexut B im L. Takum obpazom, u3 yxke JTOKA3aHHONW KOMMYTATUBHOCTH

JuarpaMMbl

Ocraercs npusseds 11.1.6 u Treopemy l'enbdanna — Haudopaa 8.2.3. >

11.3.3. BAMEYAHUE. B naJibHeiineM B CHIy y2Ke yCTAHOBJICHHO-
0 B IPOU3BOJILHBIX OAHAXOBBIX ajaredpax MOXKHO HCIIOIB30BATh (PaKThI



280 I'n. 11. BanaxoBbl ajredbpbr

roJoMopdHOTO (DYHKITMOHAIBHOTO UCIHUCIEHUS, JTOKA3aHHBIE B 8.2 I
anrebpsl B(X), rae X — 6aHaXOBO POCTPAHCTBO.

11.4. VIgeasbl B KOMMYTATUBHBIX ajiredopax

11.4.1. OUPEAEJEHUE. [lycts A — HEKOTOpasi KOMMYTATHUBHAS
asrebpa. [TommpocrpancrBo J B A maseiBaioT udeasom A n mamyT J <
A, ecim AJ C J.

11.4.2. MuoxecrBo J(A) Bcex mieanoB B A, ymopsijjoueHHOE IO
BKJIIOYCHUIO, IIPEJICTABJISIET COO0H 1oHyTo pemeTKy. Ilpm sTom s mo-
6oro muOXxKecTBa & B J(A) BpImosHEHO

SUp y(4) & = SUPLag(A) &, infja) & = infraga) &,

T. e. J(A) Bioxkeno B nosnyio pererky mognpocrpancts Lat(A) ¢ co-
XpaHeHI/IeM TOYHbBIX BerHI/IX U TOYHbBIX HUXKHUX FpaHI/IH HpOI/IS’BO.HbeIX
MHO>KECTB.

< Scno, uro 0 — 3170 HaUMeHbIINH, & A — 3T0 HAUOOILIINI UAeA kL.
ITomMuMo 3TOrO, IEpEcedYeHre UIEAJOB U CYMMa KOHEYHOI'O MHOXKECTBA,
naeanos — uaeas. Ocraercsa cocaarbed Ha 2.1.5 m 2.1.6. >

11.4.3. Ilycrs Jy < A. Ilycrs, Jranee, o : A — A/Jy — kanonuve-
ckoe orobpazkenne A Ha pakrop-airebpy A:= A/Jy. Torga

J<A=p(J) <
JaA= 1(7)

I:r>

<1 Hockombky 1o onpesenennto ab:= p(¢~ (@)1 (b)) niaa, b € A,
TO ollepaTop ¢ MyJbTHUILIHKaTUBEH: @(ab) = ¢(a)p(b) ansd a, b € A.
3HaunT, MOTyUaeM IOC/IE[OBATEILHO

@(J) C Ap(J) = p(A)p(J) C ©(AJ) C o(J);
e '(J) C Ap~H(J) C o M p(A)) = o~ (AT) C o' (J). >

11.4.4. Ilycre J << A u J # 0. DKBUBAJIEHTHDBI yTBEPIK ICHUSL:
(1) A#J;
(2) 1¢J;

(3) ssemenTEI M3 J HE HMEIOT JIEBBIX OOPATHBIX. <I[>
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11.4.5. OUPEJAENAEHUE. Unmean J B A Ha3bIBAIOT coOCMEEHHbIM,
ecu J orimmuern or A. MakcuMmajibHbIE 3JIEMEHTBI B MHOXKECTBE COD-
CTBEHHBIX UJEAJIOB, YIIOPHAIOYCHHOM IO BKJIIOYEHUIO, HA3BIBAIOT MAKCU-
MAALHOMY UIEANAMU.

11.4.6. KomMyTaruBHast aarebpa siBJISETCS MOJEM B TOM H TOJIBKO
B TOM cJjIydae, ecjii B HeHl HeT COOCTBEHHBIX HJIEAJIOB KPOME HYJIEBO-
ro. <>

11.4.7. Ilycrs J — coberennbiii uiean B A. Torna (J — makcu-
maJgen) & (A/J — mose).

< =: Iyers J < A/J. Torma, no 11.4.3, o= 1(J) < A. Tax
KaK, mecomnenno, J C ¢ H(J), To mubo J = o 1 (J) u 0 = ¢(J) =
plp~!(J) = J, mbo A = ¢~ (J) u J = (¢~ '(J)) = p(A) = A/J B
cuwiry 1.1.6. 3uagur, B A/J Her OTJIMYHBIX OT HyJis COBCTBEHHBIX WUJI€a-
s0B. Ocrasock npusseds 11.4.6.

<: Ilyers Jo < A u Jy C J. Torma, no 11.4.3, ¢o(Jy) < A/J.
Ha ocnosanuu 11.4.6 mu6o ¢(Jy) = 0, smbo ¢(Jy) = A/J. B nepsom
ciayaae Jg C ¢ Lo p(Jy) C 9 1(0) = J u J = Jy. Bo Bropom ciyuae
(,D(J()) = gD(A), e A=Jy+J C Jyg+Jy=Jyg C A Urak, J —

MaKCUMaJIbHbIIT ujaeas. >

11.4.8. Teopema Kpysasi. Kazkiblii cobcTBeHHBIH HjeaJs coiep-
JKHTCST B HEKOTOPOM MAKCHMAJIHLHOM HJICAJIE.

< Iycrs Jy — cobersennsrit nipean anredbpet A. Ilycrs, manee, &
COCTOUT W3 COOCTBEHHBIX HyeaJioB J anredpbr A takux, yro Jy C J.
Besikas mens 8y B & umeer B cuity 11.4.2 TOYHYIO BEPXHIOKO I'PAHHUILY:
sup& = U{J: J € &}. o 11.4.4 uneasn sup &y cobcrBeHHblil. Takum
obpa3oM, & UHIAYKTUBHO U TpebyeMoe obeciieueno jemmoii KyparoBcko-
ro — lopna 1.2.20. >

11.5. N neasun B anrebpe C(Q, C)

11.5.1. Teopema o MmuruMaabHOM uaeaJse. llycrs J — npous-
BostbHbIH upeas B airebpe C(Q, C) menpepbIlBHbIX KOMILIEKCHO3HATHBIX
¢yaknuii Ha komiakte Q. Ilycrb, naJiee,

Qo:=n{f1(0): feJ}
Jo:={f € C(Q, C): int f71(0) D Qo}.
Toryma Jo < C(Q, C), upuuem Jy C J.
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< Hyers Qp := cl(Q \ f71(0)) ana bynkmuu f € Jo. Ipubnexas
yeaoBust, BUUM, 910 Q1 N Qo = . s jroka3aTesibCTBa BXOXKIEHUS
f € J ueobxomumo (M, pasymMeercsi, JOCTATOYHO) HOCTPOUTDH (DYHKIHIO
u € J rakyo, uro u(q) = 1 muga Beex ¢ € Q1. eilcrBuTeibHO, B 3TOM
cayaae uf = f.

g nocrpoernsi GYHKIMHA 9% 3aMETHM CHAYaJa, 9To Uit g € (1
naitnercsa bynknus f, € J, nia xoropoit f(q) # 0. Honaras g,:= f; fq,
r7ie, KaKk OObrHO, f, @ T +— fq(x)* — KOMIITIEKCHO compsiKeHHAS K fy
dbysknus, nmeem g, > 0 u, kpoMe TOro, gqe(q) > 0. fcHo Takke, UTO
gq € J nns g € Q1. Cemeiictso (Uy)geq,, tae Uy:= {z € Q1 : g4(x) >
0}, obpasyer oTkpbiToe MOKpbiTHE (1. VCIob3ysi KOMIIAKTHOCTD Q1,
BBIOEpEM KOHETHOe MHOXKECTBO {q1,. .., ¢y} B (1 Taxoe, uro Q1 C Uy U
...UU,,. Obosnauum g:= gq, + ...+ gq,. Hecomnenno, g € J, nupuiem
g(q) > 0 na ¢ € Q1. Homoxum ho(q) = g(q)~! mma ¢ € Q;. Tlo
reopeme Turie — Ypoicona 10.8.20 naiinercs dyukuus h € C(Q, R),
JI7IsT KOTOPOit h’Ql = hg. Ilycre, Hakower, u:= hg. dra OyHKIUIT U —
HCKOMASI.

Nrax, ycranosneno, urto Jo C J. Kpome Toro, Jy — umean B
C(Q, C) mo oueBnAHBIM 0OCTOATEIHCTBAM. [>

11.5.2. /Ins kaxmgoro 3amkHyToro uaeana J B aarebpe C(Q, C)
HaI;'I,HeTCH, U IIPUTOM €IMHCTBEHHOE€, KOMIIaKTHO€ IIOAMHO>KECTBO QO Ta-
Koe, UTO

J = J(Qo):={feC@ C): g€ Qo= flg) =0}

< Emmacreennocts obecriedena teopemoit Ypbicona 9.3.14. Ompe-
neM Qo Tak ke, kak u 11.5.1. Torma 3aemomo J C J(Qp). Bosbmenm
f € J(Qo) n nast n € N nosoxxum

1 1
e {I1< 5 = i1z 2},

BHoBb mpuBiekast Teopemy Ypoicona 9.3.14, maiinem h, € C(Q, R) Taxk,
aro 0 < h, < 1mu h"’Un =0, h”‘vn = 1. Paccmorpum f, := fh,.
ITockombKy

int £,1(0) D int U,, D Qo,

to B cuity 11.5.1 cipaBemguso f,, € J. Ocramnocs 3ameruts, aro f, — f
110 IIOCTPOEHUIO. >
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11.5.3. Teopema o mMakcumMaJIbHOM ujgease. Kaxkipiii Makcu-
masbabId aeas B aarebpe C(Q, C) umeer Bus

J(q):=J({q}) ={f€C@, C): f(g) =0},

e ¢ — HeKoTopas TOJKa (.
< Cnenyer u3 11.5.2, nbo 3aMblKaHue uieaaa — UIea. >

11.6. IIpeo6pasoBanue I'enbdanga

11.6.1. Ilycrp A — komMyTaTuBHAsI baHaxoBa aJjrebpa, a J <1 A —
9TO 3aMKHYTHI mieas, He pasabli A. Torma ¢axrop-anarebpa A/J, Ha-
JleJIeHHasi (paKTOp-HOPMOH, siBJIsteTcss baHaxoBoil ajrebpoii. Ecanm mpwm
srom ¢ : A — A/J — KaHOHHYecKoe orobpaxkenue, 1o p(1) — exuHHUIA
B A/J, oneparop ¢ MyabrummkaTuseH U ||| = 1.

< Ins a, b € A uveem, yanreisast 5.1.10 (5),

lp(a)p®)ays = inf{[la’d]|a: @(a’) = p(a
< inf{[la"|allt'l|2 = ¢(a) = @(a), (b
= llea)llayslle®)lay-

Nubivu cioBamu, Hopma B A/J cybmynbruinimkarusaa. CiiegoBare/ib-
Ho, Oyzer ||¢(1)]| > 1. THomumo 3TOTO,

le(Wllays = nf{llalla = ¢(a) = (1)} < [[1a =1,
T. e. [|p(1)|| = 1. Tlocnenmee, B 4acTHOCTH, 00ECIEUNBAET PABEHCTBO
llpll = 1. OcraBuinecss yTBepKaeHns HECOMHEHHBI. >

N>
|
S
—
=
=
=
|

11.6.2. BAMEYAHUE. [Ipesyoxenue 11.6.1 ocraercst BEpHBIM Jjist
HEKOMMYTATUBHON 6aHaXoBO# aysrebpbl A mpu JONOJTHUTETHHOM JIOIY-
mennn, 9o J — deycmoponnut udeas A, T. e. J — HMOANPOCTPAHCTBO
A, ynosierBopsitoriee ycsiosuio AJA C J.

11.6.3. Ilycre x : A — C — HeHy/1eBOIH MyJIbTHILIMKATHBHBIH JIH-
weitnprii pynknuonas na A. Torma y menpepeisen u || x|| = x(1) = 1
(B wacrHOCTH, X — Hpescrapiaenne A B C).

< Tlockonbky x # 0, To jyist HEKOoTOpOro @ € A BBIMOTHEHO 0 #£
x(a) = x(al) = x(a)x(1). 3naunr, x(1) = 1. Ecau reneps a € A u
A € C rakoBbl, 410 |[A| > |laf|, To A — a € Inv(A) (cm. 5.6.15). Vmeem
1= x(1)x(A —a)x((A —a)™!). Orciona x(A —a) # 0, 1. e. x(a) # \.
Craso Gurre, (@) < llall n Jxl) < 1. Yeresasi, w0 x|l = Il 1] >
[x(1)] = 1, sakmouaem: ||x| = 1. >
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11.6.4. ONIPEAEJIEHUE. HenyseBble My/JbTHUILUINKATUBHBIE JIMHEN-
Hble (QYHKIMOHAJBI Ha ajrebpe A HasbBaroT rapaxmepamu A. Muo-
JKeCTBO Beex xapakrepoB A obosuauaor X(A), caabxaior Torosiorueit
noToueuHoOH cxomumMoctn (uHyrmmuposanHoi B X(A) cnaboit Tomosorneit
o(A’, A)) u HABBIBAIOT NPOCMPAHCNEOM TAPAKMEPOS anredpbl A.

11.6.5. IIpocTtpaHCTBO XapaKTE€pPOB — KOMITAKT.

< Xaycaopdosocrs X(A) ne Bb3biBaer comuenuii. B cuty 11.6.3,
X(A) — aro o(A’, A)-3amKHYTOE TOIMHO)KeCTBO Imapa Bas. Ilocseaumit
o(A’, A)-kommnakren mo Teopeme Asaoriay — Bypbaku 10.6.7. Ocranocs
cociaTtbes Ha 9.4.9. >

11.6.6. Teopema o6 mmeasax m xapaktepax. MakcumaabHbe
IeasIbl KOMMY TATHBHOI GaHAXOBOH aareOper A CyTh B TOYHOCTH SIIPA €€
xapakTepoB. Ilpu sTom orobpazkerme X — ker x, JefcTByroiree u3 mpo-
crpancTBa xapakTepoB X(A) Ha MHOKecTBO M (A) BCex MakcHMAaJbHBIX
nigeasioB A, sSIBISIeTCS B3AUMHO OJJHO3HATHDBIM.

< Ilyers x € X(A) — aro xapakrep anrebpbt A. OgeBuzno, 4TO
ker x <« A. U3 2.3.11 BhiTekaer, uro cHmkenne X : A/ ker y — C — mo-
Homopdusm. B csazu ¢ 11.6.1, X(1) = x(1) = 1, . e. Y — uzomopdusm
A/ ker x u C. Cnenosaresnbho, A/ ker x — sro nose. ITpusiekas 11.4.7,
JleJ1aeM BBIBOJI, UTO uieall ker Y MakcumadgieH, T. e. ker y € M(A). Ilycrs
reniepb m € M(A) — kaxoii-HUOY(b MAKCUMAJIBHBIN njeas aareGpsr A.
fcno, aro m C clm, clm < A u npu srom 1 ¢ clm (u6o 1 € Inv(A), a
IIOCJIe/THEee MHOYKECTBO OTKPBITO 1O TeopeMe Banaxa 06 06paTuMBbIX OTie-
paropax 5.6.12 u 11.1.6). Takum obpa3zom, uzgeasn m 3aMkuyT. Paccmor-
puM darTop-anredpy A/m n KaHOHHIECKoe oToOpaxkenue ¢ : A — A/m.
Ha ocnosanuu 11.4.7 u 11.6.1 dbaxrop-anrebpa A/m — 310 6aHAXOBO 1O~
se. Ilo Teopeme I'esibdbania — Mazypa 11.2.3 umeeTcss n3oMeTpudecKoe
upezcrasienue ¢ : A/m — C. Tlomoxum x := 1 o . Buano, [uro
X € X(A) u npu arom ker x = x71(0) = o 1 (471(0)) = ¢ 1(0) = m.

st 3aBepinieHust 10Ka3aTeIbCTBA OCTAJIOCH TTPOBEPUTH B3AUMHYIO
OJTHOBHAYHOCTEL oTobOpaxKkenus X — ker x. Utak, mycts ker xy; = ker x»
s x1, X2 € X(A). B cuny 2.3.12 mia mekoroporo A € C Boinodiie-
HO X1 = Axz. Ilomumo 3toro, mo 11.6.3, 1 = x1(1) = Ax2(1) = A
OxkoHYaTEBHO X1 = X2. D>

11.6.7. SAMEYAHUE. B cBsi3u ¢ Teopemoit 11.6.6 muoxecrso M (A)
9aCcTO HAJEJsIOT Tonojorueii, nepenecennoit 8 M (A) uz X(A) ykazan-
HBIM OTOGPayKEHUeM X — Ker X, 1 TOBOPSIT O KOMIIAKTHOM NPOCTPAHCMEE
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MAKCUMANOHOT Udeanoe A. VHbIMHA clioBaMM, IPOCTPAHCTBO XapaKTe-
POB U ITPOCTPAHCTBO MAKCUMAJJIbHBIX UEAJIOB OTOXKIECTBIIAIOT TaK, KaK
310 cjaesano B 11.6.6.

11.6.8. OPEJAEJEHUE. Ilycrs A — koMMyTaTuBHAs GaHAXOBaA aJ-
rebpa u X(A) — ee npocrpancTso xapakrepos. g a € A u x € X(A)
nosoxkuM a(x) := x(a). Bosuukarmoryo dbyHkuo a : x — a(y), oupe-
nestennyio Ha X(A), Ha3bIBAOT npeobpasosaruem Ieavdarnda ssemernma
a. Orobpaxkenue a — a, Tae a € A, Ha3bIBAIOT npeobpasosaruem Ienv-
Parda anzebpo. A u obosnavaor ¥4 (mmm 7).

11.6.9. Teopema o npeobpazoBanuu I'enabcgpanga. Ilpeobpa-
soBanme leabpannga G, : a — @ ecTh IPeICTaBJCHHE KOMMYTATHBHOM
banaxoBoii anrebpol A B anrebpe C(X(A), C). Ilpu srom

Sp(a) = Sp(a) = a(X(4)),

[all = r(a),

rze r(a) — CHeKTpaJbHBIH PAJIHYC SJEMEHTa a aare6psr A.

A To,uroa € A=deCX(A),C),T=1ua be A= ab=—
a@, obecrieyeno onpegesnenusymu u 11.6.3. Jluneiinocts ¥4 He BBI3BIBAET
comuenuii. CrreoBaTesIbHO, OTOOpaXKeHue ¥4 JeHCTBUTENBHO SIBJISIETCS
[Ipe/ICTaBIEHAEM.

IMycte A € Sp(a). Torma snement A — a HeoOparum, a HOTOMY
unean Jy_q := A(A — a) — cobersennniit B cuiry 11.4.4. Tlo reopeme
Kpymnst 11.4.8 cymecTByeT MakCUMAJIbHBIN uieaa m <I A, yIOBJIE€TBO-
pstornnit yesioBuio m DO Jy_,. Ilo Teopeme 11.6.6 myis momxo/isiiero
xapakrepa x Oyzer m = kery. B wgacrmoctu, x(A —a) = 0, 7. e.
A=Xx(1) = x(A\) = x(a) = a(x). 3uauur, \ € Sp(a).

Ecsu, B cBOO ouepesp, A € Sp(a), To (A — @) — HEOOpATHUMBIH
sstementT npocrpanctsa C(X(A), C), 1. e. maiigercs xapakrep x € X(A4),
st koroporo A = a(y). Uuabmvum caosamu, x(A — a) = 0. Craso GbiTb,
nponymieane A — a € Inv(A) npuBoauT K NPOTUBOPEYUHUIO:



286 I'n. 11. BanaxoBbl ajredbpbr

IMpusinekas dopmyny Bépmunra — lenbdanna (em. 11.3.3 u 8.1.12),
BUJIAM:

r(a) = sup{|A\|: XA € Sp(a)} =sup{|A\|: A € Sp(a)} =
=sup{[A| : A €a(X(A4))} =sup{la(x)|: x € X(4)} = [[all,

9TO U Hy>KHO. >

11.6.10. IIpeobpaszopanne Ienbgpansa KOMMYTaTHBHOH 6aHAXOBOH
ayreOpsr A SIBJISI€TCST H30METPHIECKUM BJIOXKEHHEM B TOM U TOJIBKO B TOM
cayqae, ecm ||a?|| = ||a||? s Besxoro a € A.

< =: YunThbiBag, 4To oTobparkenue t — 12, paccMarpuBaeMoe Ha
R, BO3pacraer u mMeeT Bo3pacraroliee odOparHoe, onpejesieHHoe Ha R,
B cmry 10.6.9 momygaem

la*|| = [[@*loxcay,c) = sup [a*(x)| sup |x(a®)| =
XEX(A) XEX(A)
= sup [x(a)x(a)] = sup |x(a)]® =
XEX(A) X€EX(A)

2 ~
= ( sup |x(@)))” = [[al* = lla]*.
XEX(A)

«<: TTo dopmyne Tenpdanma 5.6.8, r(a) = lim|ja”||'/™. Hwmeewm,
B wacrnocrn, ||a®”"|| = |lal|?", r. e. r(a) = ||a||. TIo 10.6.9, momumo sTOTO,
r(a) = [[al]. >

11.6.11. BAMEYAHUE. MHorja MHTEPECYIOTCS HEe CBOHCTBOM H30-
MEeTPUIHOCTH peobpasoBanus [ebdania, a ero TO4HOCTHIO. 1 1po mpe-
obpazoBanus [esnbdanma ¥4 — 5TO mepecedeHne BCeX MAKCHUMAJbHBIX
uIeayioB, T. e. padukan aareoper A. Takum obpazom, ycjaoBme TOY-
HOoCTH mpejcTaBienus ¥, amrebper A B anrebpe C(X(A), C) moxuO
dopmysmposars cioBamu: «airebpa A noaynpocma (1. e. pajgukan A
TPHUBHUAJIEH) ».

11.6.12. Teopema. /List simemeHTa @ KOMMYTATHBHOI OAaHAXOBOH
ajreObpbl A KOMMYTaTHBHA CJIEJYIONAST JHATPAMMA, IIPEJCTABICHHI:
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H (Sp(a)) = A (Sp(a))

%, Ka

A

ITpu srom f(a) = foa = f(a) g f € H(Sp(a)).
< Bosbmewm x € X(A). st Kaxxa0ro z € res(a) BBIIOJIHEHO

(chaea)1=ih) e

NubivMu cmoBamu,

C(X(4),C)

Rla, )00 = 720 = 7505 = 7500 = @ ).

Taxum 06paszoM, yuuThBas cBoiicTBa nHTerpasa Boxuepa (cm. 5.5.9 (6)),
st f € H(Sp(a)) nomyuaem

f?a)%o%f%(l.ffz}za, z dz>
27”%]0 J9a(Rla, 2) 2m%f

~ 51 PIOR@, 2)dz = %a1) ~ 1@,

MHMO 9TOTO, TPUBJIEKAS KJIACCUIECKYIO T M 11, BUJAM, 9T
ITo 0 9TOTrO, eKa accmyeckyio Teopemy Korrm, , 9TO
st X € X(A) crpaBeynBBI COOTHOIIECHNUS

foalx) = fla(x )):f(x(a))
e f ety ()

1 X( >d> F@(0) = @) >
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11.6.13. 3AMEYAHUE. Teopuio npeobpazoBanus lenbdanma ode-
BUJTHBIM 00Pa30M MOXKHO PACIIPOCTPAHUTH HA CJIyYail KOMMYTATHBHBIX
banaxoBbix ajredp A 6e3 equaunipl. Oupegesenust 11.6.4 u 11.6.8 coxpa-
HUM JIocjoBHO. Xapakrep x € X(A) mopoxaer xapakrep X, € X ()
no npasminy: Xe(a, A):= x(a) + A (a € A, X € C). Muoxecrso X () \
{xe : x € X(A)} cocrouT U3 €AUHCTBEHHOI'O ITEMEHTA Xoo(a@, A):= A
(a € A, A € C). Takum o6pasom, npocTpatcTBO X(A) JIOKAIBHO KOM-
naxTHO (cp. 9.4.19), ubo orobpaxkenne x € X(A) — xe € X() \ {Xoo}
sBJisieTcss romeoMopdusmom. IIpu srom ker xoo = A x 0. Cuenosa-
TesIbHO, TpeobpasoBanue [embdanma KoMMyTaTHBHON OAHAXOBOI aIred-
pbI 6€3 eIMHUIIBI CIIY’KUT €€ MPEJICTABIEHNEM B aJareOpe ONpeIeIeHHbIX
HA JIOKAJBHO KOMITAKTHOM IPOCTPAHCTBE HENPEPbIBHBIX KOMIIJIEKCHBIX
QYHKIWAHA, «CMPeMAWUTCA K HYMO Ha beckonewnocmuy. st rpytimo-
Boit anmre6pnr (L1 (RY), *) ma ocmopammm 10.11.1 u 10.11.3 mpeo6paso-
Banne Oypue coBnagaeT ¢ npeobpazopanueM | enbdanga 1 TPUBEICHHOE
YTBEPKIEHUE COIEPKUT Kak Teopemy Pumana — JleGera 10.11.5 (3), tak
u dopmyry ymuaoxkenust 10.11.6 (3).

11.7. Coektp saemeHTa C*-anreGpbl

11.7.1. ONIPEAEJIEHUE. DJIEMEHT a UHBOJIIOTUBHON aiareOpsr A Ha-
3BIBAIOT IPMUMOBbHLM, €CITA @* = . DJIEeMEHT a 3 A HA3BIBAIOT HOPMANb-
HoLM, ecau a*a = aa®. Hakowmer, 37eMeHT @ HA3BIBAIOT YHUMAPHBIM,
ecm aa* = a*a =1 (1. e. a, a* €lnv(A) ua=! =a*, a*~! = a).

11.7.2. DpMHTOBBI 370€MEHTHI HHBOJIIOTUBHOH ajrebpol A obpasy-
for BerecTBeHHOE T1onpoctparctBo A. Ilpu srom mirst smioboro a € A
CYIIECTBYIOT, H IPUTOM €JUHCTBEHHbIE, SPDMHTOBBI 3JIEMEHThI T, Y € A
TaKwe, ITO a = x + 1y. VMmenHoO,

1 1
= =(a+a"), = —(a—a").
Sa+a), y=5(a—a)
Ilpwu sTtom a* = x — 1y.
< Cnexyer IpOBEPUTH TOJILKO YTBEDXKJEHHE 00 €IUHCTBEHHOCTH.
Ecmu a = x1+iy1, To B cuity cBoiicTs unBostionuu (cM. 6.4.13) BeinosHeHo
a* =i+ (iy1)* = o7 —iyf = 1 —iy;. Crano 6bITh, T1 =T U Y1 = Y. >
11.7.3. Eauauiia — >pMUTOB 9JI€MEHT.
Q1P =1"1=1*"1"=(1*"1)*=1" =1 >
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11.7.4. a € Inv(A) & o* € Inv(A). IIpu sroM uHBOJIONUS H 06Pa-
[{eHHe — KOMMY TUDYIOIHE OMEPAIHH.

< Umeem aa™! = a7la = 1 aoa a € Inv(A). 3mauur, a~*a* =
a*a™' = 1*. Vuureag 11.7.3, Bumum, uro a* € Inv(A) u a*~! =
a~!*. TlosTOpssi NpUBeJEHHOE pacCy’KJIeHHE NPH a := a*, ToJydaeMm

Tpebyemoe. >

11.7.5. Sp(a*) = Sp(a)*. <>
11.7.6. Cuekrp ymmrapraoro sjaemenra C*-ajarebpbl — MOJMHOXKE-
CTBO €JIHHUIHON OKPY>KHOCTH.

<1 B cuny onpenenenus 6.4.13 1151 IPOU3BOJIBHOIO SJIEMEHTA @ UMe-

em ||a?]| = |la*a|| < ||a*| ||la]|. Unaue rosops, |la|| < |la*|. Taxum o6pa-
30M, HOCKOJILKY a = a**, zaxmouaem: |la|| = ||a*||. Ecim a* = a™ !, 1. e.
a — yEmTApHBI 37eMenT, To ||al|? = ||a*a|| = |la~ta|| = 1. CrenosaTemns-
no, |la|| = ||a*|| = |la~!|| = 1. Orcioma BhiTekaer, uro Sp(a) u Sp(a™?)

JIeKaT B eIMHIIHOM Kpyre. Ilomumo storo, Sp(a~!) = Sp(a)~!. >

11.7.7. Cuektp spmuroBa sgementa C*-ajarebpbl BEIECTBEH.

< Ilycrs a € A. Tlo teopeme Tesbdanma — Handopna s am-
rebp 11.3.2 BBITIOJTHEHO

n=>0 n=0 n=0

Ecmu Teneps h = h* — spMuToB sjieMeHT A, TO JIJIs 3JIEMEHTa a :=
exp(ih), BHOBb IpuBJIeKasi rosloMopdHOe (DyHKINOHAILHOE UCUUCIICHUE,
[I0JTy IaeM

a* = exp(ih)* = exp((ih)*) = exp(—ih*) = exp(—ih) = a™'.

Suaunt, ¢ — yHuTapHbI 31emenT C*-anredbpsr A, u o 11.7.6 cnekrp
Sp(a) — 1o mogmuoxKecTBO exuHuYHON okpykuocTu T. Ecim A €
Sp(h), To o Teopeme 06 oToOparkeHnn crekTpa 8.2.5 (eM. Takke 11.3.3)
exp(iA) € Sp(a) C T. Urak, 1 = |exp(i)\)| = |exp(iReX — Im \)| =
exp(—Im A). Oxonuarespro ImA =0, . e. A € R. >

11.7.8. ONPEAENEHUE. [lycrs A — mekoropas C*-anredpa. Ilo-

nmanrebpy B anrebpsr A mazwiBaior C*-nodaszebpotit A, ecmu b € B =
b* € B. Ilpu arom B paccMaTpuBaIOT ¢ HOPMOIi, HH Ly ITUPOBaHHON n3 A.
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11.7.9. Teopema. Kaxknas zamkxayTas C*-mogaarebpa C*-areb-
Dbl CePBAHTHA.

< Ilycte B — a10 3amkuyTas C*-nonanrebpa (¢ exununeii) C*-
anre6bpel A u b € B. Ecau b € Inv(B), To Hecomuenso, uro b € Inv(A).
ITycrs remeps b € Inv(A). Ha ocnoBanum 11.7.4 mmeem: b* € Inv(A).
Bnauut, b*b € Inv(A) u npu stom snement (b*b)~1b* apnsercs seBbiM
obparubiM K b. B cuity 11.1.4 sto ozmauaer, aro b~! = (b*b)~1b*. Cure-
JIOBATEIbHO, JIJIS 3aBEPIICHNUS JI0KA3aTeIbCTBA HYKHO YCTAHOBATH TOJIb-
Ko, uto sement (b*b)~! Bxomur B B. Tak Kak seMent b*b 3pMUTOB B
B, To BemosnHeHo coorHommenue Spp(b*h) C R (em. 11.7.7). Ilpusie-
Kasi 11.2.5, BuauMm, uro Sp 4 (b*b) = Spy(b*b). Iockonbky 0 ¢ Sp 4 (b*b),
to b*b € Inv(B). Okonuarensho b € Inv(B). >

11.7.10. CraeacrBue. Ilycrs b — snement C*-amrebpsr A u B —
Kakas-HuOYIb 3aMKkHyTas C*-nogajirebpa A, npuyem b € B. Torga

Spp(b) = SpA(b). <>

11.7.11. BAMEYAHUE. B cBsizu ¢ 11.7.10 Teopemy 11.7.9 yacro Ha-
3BIBAIOT TEOPEMO#l «O mocTodHCcTBe ciekTpa B C*-aarebpax». Mwmeercs
B BUJIy TO, YTO IOHSITHE CIEKTpa 3djiemerTa C*-aaredpbl «abCOIOTHOY,
T. €. He 3aBUCHUT OT BbIOOpa C*-momaaredbphl, cojepKalieil JaHHbIi dJ1e-
MeHT paccMmarpuBaemoit C*-ajareopsi.

11.8. KomMmyTaTuBHasa TeopemMa
T'enpdanma — Haiimapka

11.8.1. Banaxosa asarebpa C(Q, C) c¢ ecrecrBenHoii mHBOJIIOIUEIH
fe f* rme f*(q):= f(q)* must q € Q, aBasercs C*-aurebpoii.

QS = sup{[f(@)*f(@)l : a € Q} = sup{|f(q)I*: ¢ €Q} =
(sup [£(@))* = IfIIP & >

11.8.2. Teopema Croyna — Beiiepmrpacca misa C(Q, C).
Jobast C*-nonanrebpa (¢ eqununueii) B C*-aarebpe C(Q, C), pasuess-
forrast Toukn @, miorHa B C(Q, C).

< IIycrs A — takast nojanrebpa. Ilockosnbky f € A = f* € A,
o f € A = Ref € A u, crano 6bitb, muoxkectBo Re A := {Re f :
f € A} upencrasmisier coboit BemecTseHHyo nogaaretpy B C(Q, R).
Hecomuenno, uro Re A copepkut nocrosinabie (bYHKIUH U Pa3iesisieT
touku ). Ilo teopeme Croyma — Beitepmrrpacca 10.8.17 momairedpa
Re A wiorna B C(Q, R). Ocranocs npusseus 11.7.2. >
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11.8.3. ONPEAEJIEHUE. [Ipeacrasienne *x-aaredbp, COTIACOBAHHOE
€ MHBOJIIOIHEH *, HA3BIBAIOT *-npedcmasaeruem. VIHBIMU CIOBaAME, €CJIN
(A, %) u (B, %) — uHBOIOTHBHBIE anrebphl u R : A — B — MyJIbTHIIIN-
KATUBHBII JINHEHHBIN Omeparop, TO A HA3BIBAIOT *-NpedcmasieHuem B
CJIy9ae KOMMYTATHBHOCTHU JIMATDAMMBI

Z
A—B
* | | *
i
A—B

Ecin upu s3ToMm R — usoMopdusm, To R HA3LIBAIOT *-U30MOPPHUSMOM A
n B. Ilpn Hammyum HOPM B PaCCMATPUBAEMBIX ajaredpax HCIOJIb3YIOT
TaKXKe TEPMUHBI «U3OMEMPUUECKOE *-NPEICTABAEHUEY T <U3OMEMPU-
yeekutll *-u30MopPhuam», BKIaIbIBas B HUX OYEBUIHOE COJEPIKAHYE.

11.8.4. KomMmyTatuBHast Teopema lenbgpanmga — Hatimap-
ka. IIpeobpasopanne lenbanga kommyrarusroit C*-aarebpor A ocy-
mecTBJsteT n3oMerpudeckuii x-uzomoppusm A u C(X(A4), C).

< s a € A umeem
la2|| = [|(a®)*a?||'/> = [la*aa*a||'/* = ||a*a|| = ||a*.

Ha ocnosanuu 11.6.10 npeobpasosanue Lenbdania 44 — 910 nsomerpus
anre6bpel A u 3amkHyTOl nonanre6pel A B C(X(A4), C). HecomuerHo,
qro A pasiensier TOUKH X(A) u conepxkuT NOCTOSHHBIE (DYHKIUN.
 Benny 11.6.9 u 11.7.7 aya spuutosa snementa b = h* B A umeem
h(X(A)) = Sp(h) C R. Ilycrb Temepb a — UPOU3BOJILHBIN djieMeHT A.
IIpusnexkas 11.7.2, 3amumemM: a = x + 1y, TJ€ JIEMEHTHI &, Y SPMUTOBBI.
YauTeiBas, 9TO /I IPOM3BOJIBHOTO Xapakrepa X u3 X(A) BbINOJIHEHO
x(z) € R, x(y) € R, mocienoBaTe/ibHO MOy 9aeM

Ga(a)"(x) =a"(x) =a(x)" = x(a)" = x(z +iy)" =
= (x(@) +ix(y))" = x(@) —ix(y) = x(z —iy) = x(a*) =
=a"(x) = %ala”)(x) (x € X(4)).
Taxum obpasom, npeobpasosanue L'ebdania ¥4 apisercs «-npejcras-

JlenueM u, B gacraocru, A — sro C*-noganrebpa C'(X(A), C). Ocramocn
upusaeds 11.8.2, arobs sakmounts: A = C(X(A), C). >

@
§§
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11.8.5. Ilycrs R : A — B — 310 *-upeacrapienne C*-ajrebpor A
B C*-amrebpe B. Torna ||Ral| < ||al| a1s a € A.

< Hockoseky R(1) = 1, To R(Inv(4)) C Inv(B). 3vauwur, s
a € A cupasejymso Brioderne Spz(R(a)) C Spy(a). Orcrona B cuiry
dopmynbr Bépaunra — lenbdanma i1 CIEKTPAIBbHBIX PAJINYCOB BbITE-
Kaet, 910 14(a) > rp(R(a)). Ecnu a — spmuros snement A, o R(a) —
spmuToB sseMeHT B, u6o R(a)* = R(a*) = R(a). Ecam remepp Ay —
HauMeHbInasi 3aMKHyTas C*-momaaredbpa, comepxkaiast a, u By — aHa-
JIOTHIHBIM 06pa30M MOCTpoeHHast mojairebpa, comepxamas R(a), To Ag
u By — kommyrarusabie C*-anredopsl. Takum obpasom, u3 reopem 11.8.4
u 11.6.9 monygyaem

[R(a)[| = [R(a)ll B, = 198, (R(a))l] = B, (R(a)) =
=r5(R(a)) <rala) =ra,(a) = [|9a, ()| = ||l

st TpOU3BOJILHOTO 3JIeMEHTa @ € A BUJIHO, UTO 3JIEMEHT a*a SPMUTOB.
CraJto OBITB, C YIETOM y2Ke JIOKA3aHHOTO MMEEM

1%(a)]|* = [|%(a) R(a)]| = [R(a*a)|| < [la*al| = [al/*. >

11.8.6. Teopema o HennpepbIBHOM (bYyHKITHOHAJIBHOM HUCYHC-
geHun. Ilycrs a — nHopmasbublii saement C*-amarebper A u Sp(a) ero
crekrp. CyIecTByeT, U IPATOM €IHHCTBEHHOE, H30METPHIECKOE *-IIPEJI-
crapnenne R, anreoper C(Sp(a), C) B A taxoe, uro a = Ry (Igp(a))-

< Ilycre B — HamMeHnbiast 3amkHyTast C*-momasrebpa A, comep-
Karas a. flcHo, aTo anrebpa B KOMMyTaTHBHA B CHJIY HOPMAJILHOCTH G
(sTa anrebpa upezcrasiger coboii 3aMbIKAHIE AJIre6pbl MHOIOYJIEHOB OT
a u a*). IIpu srom ua ocuoBanuu 11.7.10 Boimosneno Sp(a) = Sp4(a) =
Spg(a). IIpeobpasosanue Tenbdanna a:= Y (a) smeMenTa a JefcTByeT
u3 X(B) ua Sp(a) B cuny 11.6.9 1, HECOMHEHHO, B3aUMHO OJTHO3HATHO.
ITockonsky X(B) m Sp(a) — KommakTsl, npusiekas 9.4.11, 3akmoda-
eM, 9T0 @ — 310 romeomopdusm. OTCI0/a HEMOCPEJICTBEHHO BBLITEKAET,

o

gTo oTobpaxkenwme R : f +— f 0@ OCYIMECTBIASET M30METPUIECKUN *-
uzomopduszm anrebpor C(Sp(a), C) u anrebper C(X(B), C).
Ucnone3ys Teopemy 11.3.2 u cBsA3p npeobpazosanus lenbdanaa
u unrerpaia Pucca — Haudopaa, ycranosiennyio B 11.6.12, mist Tox-
JIECTBEHHOTO OTOOPAYKEHHS TIOJIyIaeM
a - %&I@ - IC Oa - LC‘[J,(X(B)) Oa -

= Itgp ) © @ = Ispa) 0@ = R(Isp(a))-
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[Tostoxxum Termepnb
1 o
Rao:= Y5 oA

Buano, uro SR, — 3TO m30MeTpUIECKOE BJIOKEHUE U *-IIPEICTABJICHIE.
Kpowme Toro,

E)QCL(ISp(u,)) - gB_l o 9r‘i(ISp(a)) - gB_l(a) = a.

Enuncrsennocts Takoro mnpejacrapiaenust R, obecmedena 11.8.5 u Tewm,
410, 110 Teopeme 11.8.2, C*-anrebpa C(Sp(a), C) — 310 cBOS HAUMEHD-
nras 3amMKHyTasg C*-nogasredpa (¢ equnmmeit), comepxamas Igyq). >

11.8.7. ONPEAENEHUE. IIpeacrasienue R, : C(Sp(a), C) — A,
ocrpoernHoe B 11.8.6, HA3BIBAIOT HENPEPLIEHLIM PYHKUUOHAALHBIM UC-
wucaenuem (JJIs HOPMAJILHOIO 3JIeMeHTa a ajareOpbl A).

Ecmu mpu stom f € C(Sp(a), C), o anement R,(f) obosnaua-

ot f(a).

11.8.8. SBAMEYAHUE. Ilycts f — romomopdHuas dyHKIUS B OKpe-
CTHOCTH CIIEKTPa HOPMAJIBHOI'O 3jIeMeHTa a HeKoTopoil C*-ajrebpnr A,
T. e. f € H(Sp(a)). Torma ¢ nomonipio rooMopdHoro dbyHKIMOHATb-
HOI'O MCYMCJIeHHs oupe/iesieH djieMenT f(a) aarebpsr A.

Eciu coxpanuts cumBost f 3a cyxkenmem DyHKIHH [ Ha MHOXKe-
cTBO Sp(a), TO ¢ MOMOIIBI0 HENPEPHIBHOIO (DYHKIMOHAIIBHOIO UCIHCIIE-
Husl onpesesier ssieMeHT R, (f) := R, ( f ‘Sp(a)) asrebper A. Tocstemamit

9JIEMEHT, KaK oTMedeHo B 11.8.7, o6oznavator f(a). Vcrmosnb3oBanue ou-
HaKOBBIX 0003HaYeHUil 3/1eCh HE CAyUIaiiHO M KOPpPeKTHO B cuiry 11.6.12
u 11.8.6. B camom nese, crpaHHO OBLIO OBl 00s3aTEIBHO 0OO3HAYATH
PA3HBIMU CHMBOJIAMU OJIAH U TOT K€ JJIEMEHT. YKa3aHHOe 0OCTOsITe b-
CTBO MOYKHO BBIPA3UTh B HarisaaHoil dopme. Vmenno, mycrs - ’ Sp(a)
oroGpazkeHne, COOCTaBJIsIoIIee pocTky h u3 J(Sp(a)) ero cy>kenue Ha
Sp(a), 1. e. mycThb h|Sp(u) B TOYKE z — 3TO 3HAYEHUE POCTKa h B TOUYKe 2

(cm. 8.1.21). Hcno, uro - |Sp(a) : #(Sp(a)) — C(Sp(a), C).
OTMEeUeHHYIO BBIIIE CBSI3b HEMPEPHIBHOTO U roIoMopdHOTO hyHKIH-

OHAJIBHBIX MUCYUCJIEHUN JJIs HOPMAaJIbHOI'O 3JIEMEHTa 0 PaCCMaTpPUBAEMOMI
C*-anrebpbl @ MOYKHO BBIPDA3UTh TAK: «CJIEYIONIAs JHarpaMma
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KOMMYTaTHUBHa».

11.9. Omneparopsubie *-nipeacraBjgeHus C*-aarebp

11.9.1. OnprEAEJNEHUE. [lycte A — GanaxoBa anrebpa (¢ exuHu-
neif). Duement s € A’ nasbBaoT cocmoanuem A (mmamyr s € S(A)),
ecin ||s|| = s(1) = 1. Hust snementa a € A muoxkectso N (a):= {s(a) :
s € S(A)} HasBIBAIOT “UCAOBVLM 06PA3OM .

11.9.2. Yucuosoii obpaz nosoxurensnoii gyaknun u3z C(Q, C)
aexut B R .

< Iyers a > 0 u ||s|| = s(1) = 1. Hyxkno nokaszars, aro s(a) > 0.
Bosbmem z € C u € > 0 rakue, uro kpyr B.(z) := z + €D comepxkur
a(Q). Torma |la — z|| < e u, cregoparenbho, |s(a — z)| < . 3Haunt,
[s(a) — z| = |s(a) — s(2)| < &, . e. s(a) € B(2).

Bamernum, 4TO

N{B.(2): B.(2) > a(Q)} = cleo(a(Q)) C R..

Takum obpasom, s(a) € Ro. >

11.9.3. Jlemma o yucsioBoM obpas3e 3pMHUTOBaA 3jdeMeHTa. [Lis
9PMHUTOBA dJIeMeHTa 6 B 1000k C*-arebpe HMEIOT MeCTO Yy TBEPIK ICHHSI:
(1) Sp(a) C N(a);
(2) Sp(a) CRy < N(a) CR,.
< Ilycts B — namMenblnas 3amkHyTas C*-mogasiaredbpa paccMar-
puBaeMoii ajredpel A, cojeprkaliasi 3JIeMeHT a. BujaHo, 9T0 ajreod-
pa B xommytaruBHa. B cuny 11.6.9 mis npeobpasosanus [erbdanga
a = 9p(a) semonneno a(X(B)) = Spg(a). Ha ocroBanum 11.7.10,
Spg(a) = Sp(a). Nuave roeops, mist A € Sp(a) umeercss xapakrep X
anreObpel B, ynossersopsiomuit yciaosuio x(a) = A. Ilo 11.6.3, ||x|| =
x(1) = 1. Tlpusnekas 7.5.11, maiimem upogmoszkenue § (yHKIMOHA-
gqa x Ha A c coxpanenmem HOpMBbI. Torma s — cocrosinme A u 1pwm
sroM s(a) = A. Oxomuarensno Sp(a) C N(a) (B wacrHOCTH, ecin



11.9. Omreparopunre x-npeacrapiacaust C*-aarebp 295

N(a) € Ry, To Sp(a) C R,). IlycTp Temeph S — HMPOU3BOJBHOE CO-
crosinne aJiredpbl A. fcHo, uTo cyKeHue s| p — cocrosHue anredpsr B.
HectoxkHO yeTaHOBUTH, UTO @ B3AMMHO OJIHO3HAUHO oToGpaxkaer X (B)
Ha Sp(a). Crenoaresbho, anrebpy B MOXKHO paccMaTpuBaTh KakK ajl-
rebpy C(Sp(a), C). 13 11.9.2 BeBoguM: s(a) = s|B(a) >0 upu a > 0.
Urak, Sp(a) C Ry = N(a) C Ry, 4ro u 3aBepuiaer J0OKa3aTeIbCTBO. >

11.9.4. ONIPEJEJIEHUE. jiemenT a B C*-ajrebpe A Ha3bIBAIOT Nn0-
Aootcumenvrovim, ecan a spMuToB u Sp(a) C Ri. MuoxkecTBO BCex HO-
JIOKUTEJBHBIX 37IeMEHTOB B A obo3Hagaor A .

11.9.5. MuoxecrBo Ay — sro ynopsprounBarmomuii koayc B C*-
asrebpe A.

< Iousitao, uro N(a + b) C N(a) + N(b) u N(aa) = aN(a) upu
a, be Aua e Ry. ITosromy 11.9.3 obecreunBaer BKIodeHne 1 A +
agAy C Ay mias g, ag € Ry. Crano 6bith, A, — Konyc. Ecmn
a€ A, N(—A,), o Sp(a) = 0. YuuTsiBas, 94TO JEMEHT @ SPMUTOB, 11O
teopeme 11.8.6 3akmouaem: |lal| = 0. >

11.9.6. /List siroboro spmuroBa astementa a u3 C*-aarebpor A cy-
IMECTBYIOT 9JIEMEHTHI 4., a_ u3 A Takwe, 4TO0

a=ar—a_; ara_ =a_ar =0.

<1 Bce memenenno cireryer u3 TeOpeMbl O HEIIPEPBIBHOM (DY HKITHO-
HaJIbHOM ucuucijienuu 11.8.6. >

11.9.7. Jlemma Kanauackoro — @ykamusi. DJIEeMEHT @ IPOU3-
BostbHOH C™*-asrebpbl A MOJIOXKUTEJICH B TOM H TOJBKO B TOM CJIydae,
ecin a = b*b jy1st HEKoTOporo b € A.

g =:IIycrba € A, 1 e. a=a*uSpla) CR,. Torga (cm. 11.8.6)
numeercst Koperb b:= \/a. Ilpu arom b = b* u b*b = a.

<: Eciiz @ = b*D, 10 3s1eMeHT @ 3pMHUTOB U ¢ TOMOIIBIO 11.9.6 MoxK-
HO 3anucarb: b*b = u — v, tae uv = vu = 0uwu > 0, v > 0 (B yno-
psijioueHHOM BeKTOpHOM mpoctpancTBe (Ag, A.)). IlIpocroit moacuer
[TOKA3BIBAET:

(bv)*bv = v*b*by = vb*bv = v(u — v)v = (vu — v*)v = —v®,
[Mockonbky v > 0, To v3 > 0, 1. e. (bv)*bv < 0. Ilo Teopeme o criek-

Tpe npousseseHus 5.6.22 muoxkecrsa Sp((bv)*bv) u Sp(bv(bv)*) moryT
OTINYATLCH JHIIL HyteM. Tosromy bu(bv)* < 0.
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Ha ocmoBanum 11.7.2, bv = ay + ia A/ TOAXOIANINX IPMUTOBBIX

3JeMEHTOB a1 U ay. Ouesnjno, uto a?, a3 € A, u (bv)* = a1 — ias.

HBaxk el uconb3ysa 11.9.5, mpuxoauM K OIEeHKaM:
0> (bv)*bv + bv(bv)* = 2 (af + a3) > 0.

Ilo 11.9.5, a1 = as = 0, . e. bv = 0. 3Bmaunt, —v> = (bv)*bv = 0.
Bropuunas anemsinust k 11.9.5 maer v = 0. Hakorern, a = b*b = u—v =
u>0,Te a€ A, >

11.9.8. B C*-aarebpe A KaxKjoe COCTOSIHHE S 9PMUTOBO, T. €.
s(a*) = s(a)" (a € A).

< o smemmam 11.9.7 u 11.9.3 upu Beex a € A 6yger s(a*a) > 0.
Ilomarast a:=a + 1 u a:= a + i, TOCIEAOBATEIBLHO TOTYIaEM

0<s((a+1*(a+1)=s(a*ata+a*+1)=
= s(a) +s(a*) € R;
0<s((a+i)*(a+1)) =s(a*a—ia+ia" +1)=
= i(=s(a) +s(a”)) eR.

Nubivu cmoBamu,
Im s(a) + Ims(a*) = 0;

Re(—s(a)) + Res(a™) = 0.
OTcrona BLITEKaeT

s(a*) = Res(a™) + iIms(a”) = Res(a) —iIm s(a) = s(a)”*. >

11.9.9. Ilycrp s — cocrostane C*-amrebper A. st a, b € A 060-
suaqunM (a, b)s:= s(b*a). Torma (-, -)s — crasIsipHOE npousBejeHue B A.

< U3 11.9.8 BBIBOAUM

(@, b)s = s(b"a) = s((a"0)) = 5(a”)" = (b, a);.

CaenioBaresibho, (-, -)s — 910 3pmuToBa opmMa. Tak Kak s a € A,
B cuny 11.9.7, a*a > 0, 1o, no 11.9.3, (a, a)s = s(a*a) > 0. 3uaunr,
(-, )s — mosIOXKKTENIbHAS SpMUTOBa dopma. >
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11.9.10. Teopema o cocrosuauu C*-ajrebpspi. /[irs Kaxkmgoro
cocTosiHust § Mpou3BoIbHOH C*-ajarebpor A umerorcst ruibbepToBO MPo-
crparctBo (Hg, (-, -)s), o71emenT 25 € Hs n x-npencrapaenne Ry : A —
B(H,) rakne, uro s(a) = (Rs(a)zs,xs)s 41 Bcex a € A U MHOXKECTBO
{Rs(a)xs : a € A} miorno B H,.

< Ha ocrosanun 11.9.9, nomnaras (a, b)s := s(b*a) qyst a, b € A,
noJtydaeM pelruibbeproBo npocrpancrso (A, (-, +)s). Ilycrs ps(a):=

(a, a)s — HmoOJyHOpMA B 9TOM IIPOCTPAHCTBE, & s : A — A/kerps —
KaHOHMYEeCKoe oTobparkenne A Ha XaycmopdoBO MpeJrnibbepToBoO Ipo-
crpancTBo A/ ker ps, accouumposannoe c¢ stum A. Ilycrs, masee, s :
A/kerps — Hs — Biioxenue (Haupumep, ¢ HOMOIIBIO JIBORHOIO IITPU-
xXoBaHusl) npocrpancTsa A/ ker ps B KauecTBe BCIOMLY IJIOTHOTO IIOIIPO-
CTPaHCTBa B TMJILOEPTOBO MPOCTPAHCTBO Hg, acCOMUpOBAHHOE C TIPO-
crparctBoM (A, (-, +)s) (cm. mpumep 6.1.10 (4)). Cransiproe nponsse-
JleHre B npocTpaHcTse Hy 0003HAMMM NPEXKHUM CAMBOJIOM (-, +)s. Ta-
KIM 00pa3oM, B YaCTHOCTH,

(Ls(Psa; Ls@sb)s = <a7 b)s = S(b*a’) (a> be A)

Hns snementa a € A pacemorpuM (06pa3 Mpu KAHOHUYECKOM OTIe-
paTtopHOM mipescTaBienun) Lo : b +— ab (b € A). YcranosuM mpexe
BCErO, YTO CYIIECTBYIOT, U IIPUTOM €IMHCTBEHHbIE, OrPAHIICHHBIE OIle-
paropsl L, u R,(a), npespamaoomye B KOMMYTATHBHYIO CJIEILYOILYTO
JIHarpaMMy:

A5 A ker - H,
La | I La 1 Rs(a)
A&A/ ker ps—H,

HWckomprit onepaTop L, CIyKUT perenneM ypaBHeHUS X@s = @gL,.
IIpusnekast 2.3.8, BuauM, YTO HEOOXOIUMOE U JIOCTATOTHOE YCJIOBUE Pa3-
PEIIINMOCTH YKA3aHHOIO yPABHEHUS B KJIACCE JTMHEHHBIX OIIEPATOPOB CO-
CTOUT B MHBAPUAHTHOCTU MOJIIPOCTPAHCTBA Ker ps OTHOCUTETBHO L, .

Nrak, npoeepum Britouerne L,(ker ps) C kerpg. ast sToro Bosb-
MeM asieMeHT b u3 kerpg, 1. e. ps(b) = 0. Icnosnb3sys oupejesienust
n HepasencTBo Komm — Bynakosckoro 6.1.5, mosrydaem

0 < (Lgb, Lyb)s = (ab, ab)s = s((ab)*ab)
= s(b*a”ab) = (a*ab, b)s < ps(b)ps(a*adb) =0,

1. e. Lg,b € kerps. Emuncreennocts L, obecrneuena 2.3.9, ubo ¢ —
saumopduzm. OTMETHM TakKe, 9TO Qs — ITO OTKPBITOE OTOOpaskKeHue
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(cp. 5.1.3). Orciona HEMEJIEHHO CJIeJyeT HEIPEPLIBHOCTH OIepaTopa
L,. Taxum o6pasoM, B cury 5.3.8 cooTsercTsre Lg 0 L, o (15) ™! MoxHO
paccMaTpuBaTh KaK OTpaHUIEHHbI JIMHEeHHBIH onepaTop u3 ts(A/ ker ps)
B banaxoso npoctpanctso H,. B cBasu ¢ 4.5.10 Takoii omrepaTop Jo1yc-
KaeT, U IPUTOM €IUHCTBEHHOe, IPOJOJIKEeHNEe JI0 oneparopa Rg(a) u3s
B(H,).

Ycranosum Tenepb, uro R, : a — Re(a) — 10 Tpebyemoe upes-
crapyieane. B cuiry 11.1.6 Bwimosineno: Ly, = LoLy s a, b € A.
SHauwur,

SosLab — LpsLaLb — E@sLb — fafb¢s~

ITockonbKy Lgp — eIWHCTBEHHOE pelleHue ypaBHeHHd X@, = @sLgp,
IpUXOAUM K COOTHOIMEHuo Lo, = L, Ly, obecrednBaoniemMy MyIbTH-
ImKaTuBHOCTD Re. To, uro Ry — JUHEHHBI ollepaTop, MPOBEPSETCs
anasiornano. [Tommmo 3Toro,

Lips = psL1 = psla = ps = IA/kerps(Ps = lys,

T. e. R(1) = 1.

O603Ha9NM JJ15T yI00CTBA 5 1= Lsps. TOrma ¢ yaeToM onpeieeHuin
ckaJsisipHoro npoussejsiennsi B Hy (em. 6.1.10 (4)) u unBosonun B B(Hy)
(cM. 6.4.14 n 6.4.5) muist 27€MeHTOB a, b, y € A nmeem

(ms(a*)d}sxa wsy)s - (¢3La*z7 wsy)s —
= Lo+, y)s = (a’z, y)s = s(y"a"x) = s((ay)*z) = (v, ay)s =
= (LL', Lay>s - (¢s$> "/JsLay)s - (1/}5537 ERs<a‘)/¢}sy)s =
- (%s(a)*djsxa wsy)s«
Orciofa u3-3a mwiorHoctu ime, B Hg BeITeKaer, uto R,(a*) = Ry(a)*

JUIS KazKaoro a € A, T. e. Ry — 3TO *-IIpeiCcTaBIeHue.
TTomoxkum Temeps xs:= 1. Torma

Rs(a)zs = Rs(a)sl = YsLyl = sa  (a € A).

CrnenoBarenbho, MuOXKecTBO {R;(a)zs : a € A} wiorHo B Hy. IMommmo
3TOTO,

(Rs(a)zs, z5)s = (Ysa, ¥sl)s = (a, 1)s = s(1%a) = s(a). >

11.9.11. 3AMEYAHUE. Ilocrpoenne u3 g0Ka3aTeIbCTBA TEOPEMBI
11.9.10 naseiBator IT'HC-xoncmpykyued (nim pasBepHYTO: KOHCMPYKUU-
eti Teavgarda — Hatimapra — Cueana).
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11.9.12. Teopema I'enppanga — Haiimapka. Kaxmas C*-a-
rebpa mMeeT H30MeTpHIecKoe x-mpeacrapiacHaue B C*-airebpe 3HI0MOp-
(pU3MOB TOAXOISINEr0 THILOEPTOBA IPOCTPAHCTBA.

< ITycrs A — pacemarpuBaemast C*-ajirebpa. Cireyer HANTH IAIb-
6epTOBO MTPOCTPAHCTBO H 1 m30MeTputiecKoe *-mpejcrasiaeHne R aured-
pol A B C*-anrebpe B(H). C 310i Ieibl0 pacCMOTPUM TUJILOEPTOBY
cymmy H cemeficTa rustb6epToBbIX TpocTpancTs (Hy)geg(4), CyMecTBo-
BaHME KOTOPBI rapaHTUPOBAHO TeopeMoii 0 cocrosauu C*-aarebpsl, T. €.

H= o6& H,=
seS(A)

=< h:= (hs)SES(A)e H H,: Z ||hs||%{3<+oo

s€S5(A) s€5(A)
OTmeTnm, 9TO CcKangpHOe Mpoussesienne cemeicTs h := (hs)ses(a) U
9= (9s)ses(a) B H Bprancngercs no npasuiy (cp. 6.1.10 (5) u 6.1.9):

(h’ g) = Z <h57 gS)S'

s€S(A)

IIycrs, manee, Ry — s10 *-mpejcrasienne A B mpocrpancrse Hy,
coorBercrBymomee cocrosanio s u3 S(A). Tak xak B cuwry 11.8.5 s
KazkJ10ro a € A umosmena onenka ||Rq(a)| g,y < |lall, To g h € H
CIPaBEITIBO

> IR@hslz, < Y 1R (@),
)

seS(A) sES(A

IhsllZr, < llall* Y- Al
sES(A)

Orciofa BBITEKAET, uTO cooTHomeHue R(a)h : s — Ry(a)hs oupe-
neisier snemert R(a)h 3 H. Bosaukarommii oneparop R(a) : h —
R(a)h — snement npocrpancrsa B(H). Bosee Toro, orobpaxenue R :
a — R(a) (a € A) — 370 UCKOMOE H30METPUUYECKOE *-IIPEJICTABJICHUE
ayredbpsr A.

B camom merne, u3 onpezenerns R u ceoiicts R, 11st s € S(A) smerko
BbIBeCTH, 4T0 R — 310 *-upezacrasienue A B B(H). Ybenumcsi, Hanpu-
Mep, 4To R coryiacoBaHo ¢ uHBoJonueil. st 9Toro BO3bMeM 3JeMeHTh
ac€Auh, ge H. Torna

(m(a’*)h’ g) - Z (%s(a*)ha gs)s =

s€S(A)
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— Z (ms(a)*hw gs)s - Z (h37 9Lis(a)gs)s -

sES(A) s€ES(A)
= (h, R(a)g) = (R(a)"h, g).

W3-3a npoussosnbrocTH h, g € H nonydaem R(a*) = R(a)*, uTo u HyXK-
HO.

OCTanocs IpOBEPUTD TOIHKO M30METPHIHOCTD *-TIpeICTaBaeHns R,
T. e. pasecrsa ||R(a)|| = ||a|| opu Bcex a € A. Ilycrn nua Hadaia
@ — 9TO MOJIOXKUTEJILHBIN d1eMeHT. VI3 HenpepblBHOrO (hyHKIMOHATILHO-
ro ncumucyIeHns: u reopeMsl Beitepmrpacca 9.4.5 caienyer: ||a]| € Sp(a).
Ha ocrosanuu 11.9.3 (1) cymecrsyer cocrosiane s € S(A), miast KoTo-
poro s(a) = ||al|. YuuTeBas cBOMiCTBA BEKTOpA I3, COOTBETCTBYIOIIETO
x-nipegcrasienuto Ry (em. 11.9.10), u upusiekas nepaBencTso Komm —
Bynsakosckoro 6.1.5, momyvyaem

”aH - 5((1) = (ms(a)xmxs)s < ||£Rs(a)ms||Hs

zsllm, <

< HmS(Q)HB(Hs) iUs”%{S - H%S(G)HB(HS)@&mS)S =
= [Rs(a)l| par,) (Rs(D)zs, 5)s = [|Rs(a)llBm,)s(1) = [|Rs(a)l| pa,)-

Uenomssys onenxn [|R(a)[| = [Rs(a)llpm.) u llall = [R(a)l, nep-
Bas U3 KOTOPBIX OYEBHUJIHA, & BTopas yKazaHa B 11.8.5, BerBOmMM:

lall = 1R(@)]] = [R5 (@) 5. = lla]-

BosbMmem, HakoHerr, npou3BosibHbIl aemenT a u3 A. ITo nemme Kamran-
ckoro — Pykamusa 11.9.7 ssemenT a*a nomoxkuresien. Takum obpasoM,
MOYKHO 3aKJIIOYNTD:

1%(a)]* = [|%(a) R(a)|| = |R(a")R(a)]| = [R(aa)|| = [la*all = |la]*.
HanbHeiimee He TpebyeT 0COOBIX pa3bsCHEHM. [>

YapaxkHeHust
11.1. IlpuBectu npumepbl baHAXOBBIX ajredp u He HaHAXOBBIX aJrebp.

11.2. Ilycrs A — Ganaxosa amrebpa u X € A# Taxos, uro x(1) = 1 u upu sToM
X(Inv(A)) C Inv(C). dokaszars, 9T0 X My/JIbTUIUINKATUBEH U HEIPEPHIBEH.

11.3. Ilycrs cuexrp Sp(a) siemenTa a 6aHaxoBoOil anrebpbl A JIEXKUT B OTKPBI-
Tom mHOX)ecTBe U. [lokasaTh, uTo mMeercsa ducyo € > 0 takoe, aro Sp(a + b) C U
npu Bcex b € A, nus koropsix ||b]| < e.
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11.4. Ommucarh IPOCTPAHCTBA MaKCUMAJIbHBIX HieasoB B aarebpax C(Q, C),

CcM([0, 1], C) ¢ MOTOYEHHBIM YMHOKEHHEM, B AIreBpe ABYCTOPOHHUX CyMMEDYEMBIX
nocienoBaresnbHocTed U1 (Z) co CBEPTOYHBIM yMHOXKEHHEM

(oo}

(axb)(n):= Z Qp— k-

k=—o0

11.5. Ycranosurb, 4To B GaHaxopoil anrebpe B(X) snement T mMeer JieBblIii
obpaTHBIE B TOM U TOJBKO B TOM ciydae, korga 1 — MoHOMOpdu3M u obpas T
noroaHsieM B X .

11.6. YcranosuTb, uTo B GaHaxopoil anrebpe B(X) snement T nmeer npasblit
o6paTHBIf B TOM M TOJBKO B TOM ciydae, ecau 1 — snumopdusMm u sapo T gonol-
HsieMo B X.

11.7. B 6anaxooii anare6pe A eCTb 3JIEMEHT C HECBA3HBIM ClIeKTpoM. Jlokazars,
4T0 B A HaiieTcss HeTPUBUAJIBHBII NJIEMIIOTEHT.

11.8. Ilycts A — kKoMMyTaTuBHAA GanaxoBa ajaredbpa ¢ equauneit u £ — neko-
TOpOE MHOXKECTBO €€ MaKCHMaJIbHBIX HeasoB. MuoxkecrBo E Ha3bIBalOT 2panuyed
A, eciu [Jis1 BCAKOrO @ € A BBIIOJIHEHO

llalloo = sup |a(E)].

JlokazaThk, 4TO IepecedeHne BCeX 3aMKHYTBHIX IPDAHUIl A TakKe CIIy>KUT rpaHurieii A.
Ee naspiBator epanuueti [unrosa anrebpor A.

11.9. Ilyctes A, B — KoMMyTaTUBHBIE HAHAXOBBI AJIre€OpbI C €AUHULEH, IPUYEM
B CAulpg =14. [dokasars, 4T0 BCAKUI MaKCUMaJbHBIN ueas rpanuisl [1lnrosa
are6pol B CONEpKUTCS B HEKOTOPOM MAKCUMAJILHOM Hjeaje A.

11.10. Ilycre A mw B — e C*-anrebpsr (¢ emuuuneit) u T — mopdusm A B
B. Ilycrs, nanee, a — HOpPMaJbHbI 1eMeHT A u f — HenpepbiBHas (yHKIHs Ha
Sp 4 (a). Yeranosurs, uro Spg(Ta) C Spy(a) u Tf(a) = f(Ta).

11.11. Ilycrs f € A’, tne A — kommyTaTuBHas C*-anrebpa. YCTaHOBHTD, 9TO
f — nonoxurenbHas dopma, T. e. f(a*a) > 0 a1 a € A, B TOM ¥ TOJBKO B TOM
ciayuqae, ec || f|| = f(1).

11.12. Omnucarhb KpaifHue JIy9u MHOXKECTBa IOJIOKHUTENBbHBIX (POPM B KOMMY-
TaTuHOM C*-asrebpe.

11.13. Jlokazarb, ato anre6psr C(Q1, C) nu C(Q2, C) nzomopdHubl B TOM 1
TOJILKO B TOM CJlydae, eCIM KOMIAKTBI Q1 1 Q2 roMeoMOpGhHBI.

11.14. Ilycrs HeKOTOpPBLI HOPMAIBHBIH dj1eMeHT C™*-aareOpbl UMeeT BemeCTBEeH-
HbII crekTp. JlokasaTsk, 9TO OH SPMHUTOB.

11.15. Pa3BuTh CIeKTPaJIbHYIO TEOPUIO HOPMAJIBHBIX OIIEPATOPOB B I'MJILOEPTO-
BOM IIPOCTPAHCTBE C TIOMOIIBIO HEIIPEPHIBHOIO (PYHKIMOHAJIBLHOrO ucuncjienus. Omu-
caTh KOMIIAKTHbIE HOPMaJIbHbIE OIIEPATOPBI.
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11.16. IIycre T — anrebpandeckuii mopbusm C*-anrebp, npuuem ||| < 1.
Torpa T'(a*) = (Ta)* nns Beex a.

11.17. Ilycrs T — HOpMaJIBHBIN OllepaTOp Ha I'MJILOEPTOBOM IpocTpaHcTBe H.
Y6enurbcs, 9TO CyMIECTBYIOT 3pMUTOB omneparop S Ha H u menpepbiBHas dyHKIHA
f:Sp(S) — C Takme, aro T = f(S). CupaBeIMBO /M AHAJOTHYHOE yTBEPKICHHE B
C*-anrebpax?

11.18. Ilycts A, B — aBe C*-anrebpsl u p — 310 *-MoHOMOpdU3M u3 A B B.
JokazaTh, 4TO p — U30METPUYIECKOe BjoKeHne A B B.

11.19. Ilycre a, b — spmuToBs! smemenTsl C*-anrebpsl A, npudem ab = ba u,
kpome toro, a < b. okasarb, uro f(a) < f(b) nisa moaxomsAmmx cy»KeHuit aro6oit
BO3pacCTaIOIlell HeIIPePHIBHOM cKarspuoil dyukmuu f ma R.
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distribution applies to a function,
10.10.5 (7)

Distribution Localization
Principle, 10.10.12

distribution of finite order,
10.10.5 (3)

distribution size at most m,
10.10.5 (3)

distribution of slow growth,
10.11.16

distributions admitting
convolution, 10.10.5 (9)

distributions convolute, 10.10.5 (9)

division algebra, 11.2.3

domain, 1.1.2

Dominated Extension Theorem,
3.5.4

Double Prime Lemma, 7.6.6

double prime mapping, 5.1.10 (8)

double sharp, Ex. 2.7

downward-filtered set, 1.2.15

dual diagram, 7.6.5

dual group, 10.11.2

dual norm of a functional,
5.1.10 (8)

dual of a locally convex space,
10.2.11

dual of an operator, 7.6.2

duality bracket, 10.3.3

duality pair, 10.3.3

dualization, 10.3.3

Dualization Theorem, 10.3.9

Dunford—Hille Theorem, 8.1.3

Dunford Theorem, 8.2.7 (2)

Dvoretzky—Rogers Theorem,
5.5.9 (7)

dyadic-rational point, 9.3.13

effective domain of definition,
3.4.2
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Eidelheit Separation Theorem,
3.8.14
eigenvalue, 6.6.3 (4)
eigenvector, 6.6.3
element of a set, 1.1.3 (4)
elementary compactum, 4.8.5
endomorphism, 2.2.1, 12; 8.2.1
endomorphism algebra, 2.2.8,
13; 5.6.5
endomorphism space, 2.2.8
Enflo counterexample, 8.3.12
entourage, 4.1.5
envelope, Ex. 1.11
epigraph, 3.4.2
epimorphism, 2.3.1
e-net, 8.3.2
e-perpendicular, 8.4.1
e-Perpendicular Lemma, 8.4.1
Equicontinuity Principle, 7.2.4
equicontinuous set, 4.2.8
equivalence, 1.2.2
equivalence class, 1.2.3 (4)
equivalent multinorms, 5.3.1
equivalent seminorms, 5.3.3
estimate for the diameter of
a spherical layer, 6.2.1
Euler identity, 8.5.17
evaluation mapping, 10.3.4 (3)
everywhere-defined operator, 2.2.1
everywhere dense set, 4.7.3 (3)
exact sequence, 2.3.4
exact sequence at a term, 2.3.4
exclave, 8.2.9
expanding mapping, Ex. 4.14
extended function, 3.4.2
extended real axis, 3.8.1
extended reals, 3.8.1
extension of an operator, 2.3.6
exterior of a set, 4.1.13
exterior point, 4.1.13
Extreme and Discrete Lemma,
3.6.4
extreme point, 3.6.1

extreme set, 3.6.

face, 3.6.1

factor set, 1.2.3 (4)

faithful representation, 8.2.2

family, 1.1.3 (4)

filter, 1.3.3

filterbase, 1.3.1

finer cover, 9.6.1

finer filter, 1.3.6

finer multinorm, 5.3.1

finer pretopology, 9.1.2

finer seminorm, 5.3.3

finest multinorm, 5.1.10 (2)

finite complement filter, 5.5.9 (3)

finite descent, Ex. 8.10

finite-rank operator, 6.6.8,
97; 8.3.6

finite-valued function, 5.5.9 (6)

first category set, 4.7.1

first element, 1.2.6

fixed point, Ex. 1.11

flat, 3.1.2 (5)

formal duality, 2.3.15

Fourier coefficient family, 6.3.15

Fourier—Plancherel transform,
10.11.15

Fourier—-Schwartz transform,
10.11.19

Fourier series, 6.3.16

Fourier transform
of a distribution, 10.11.19

Fourier transform of a function,
10.11.3

Fourier transform relative to
a basis, 6.3.15

Fréchet space, 5.5.2

Fredholm Alternative, 8.5.6

Fredholm index, 8.5.1

Fredholm operator, 8.5.1

Fredholm Theorem, 8.5.8

frontier of a set, 4.1.13

from A into/to B, 1.1.1
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Fubini Theorem for distributions,
10.10.5 (8)

Fubini Theorem for measures,
10.9.4 (6)

full subalgebra, 11.1.5

fully norming set, 8.1.1

Function Comparison Lemma,
3.8.3

function of class C™, 10.9.9

function of compact support, 9.6.4

Function Recovery Lemma, 3.8.2

functor, 10.9.4 (4)

fundamental net, 4.5.2

fundamental sequence, 4.5.2

fundamentally summable family
of vectors, 5.5.9 (7

gauge, 3.8.6
gauge function, 3.8.6
Gauge Theorem, 3.8.7
-correspondence, 3.1.6
-hull, 3.1.11
-set, 3.1.1
Gelfand-Dunford Theorem in
an operator setting, 8.2.3
Gelfand-Dunford Theorem
in an algebraic setting, 11.3.2
Gelfand formula, 5.6.8
Gelfand—Mazur Theorem, 11.2.3
Gelfand-Naimark—Segal
construction, 11.9.11
Gelfand Theorem, 7.2.2
Gelfand transform of an algebra,
11.6.8
Gelfand transform of an element,
11.6.8
Gelfand Transform Theorem,
11.6.9
general form of a compact
operator in Hilbert space,
6.6.9
general form of a linear functional
in Hilbert space, 6.4.2

general form of a weakly
continuous functional,
10.3.10

general position, Ex. 3.10

generalized derivative in the
Sobolev sense, 10.10.5 (4)

Generalized Dini Theorem, 10.8.6

generalized function, 10.10.4

Generalized Riesz—Schauder
Theorem, 8.4.10

generalized sequence, 1.2.16

Generalized Weierstrass Theorem,
10.9.9

germ, 8.1.14

GNS-construction, 11.9.11

GNS-Construction Theorem,
11.9.10

gradient mapping, 6.4.2

Gram—Schmidt orthogonalization
process, 6.3.14

graph norm, 7.4.17

Graph Norm Principle, 7.4.17

greatest element, 1.2.6

greatest lower bound, 1.2.9

Grothendieck Criterion, 8.3.11

Grothendieck Theorem, 8.3.9

ground field, 2.1.3

ground ring, 2.1.1

group algebra, 10.9.4 (7)

group character, 10.11.1

Haar integral, 10.9.4 (1)
Hahn—Banach Theorem, 3.5.3
Hahn—Banach Theorem

in analytical form, 3.5.4
Hahn-Banach Theorem

in geometric form, 3.8.12
Hahn-Banach Theorem

in subdifferential form, 3.5.4
Hamel basis, 2.2.9 (5)
Hausdorff Completion Theorem,

4.5.12
Hausdorff Criterion, 4.6.7
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Hausdorff metric, Ex. 4.8
Hausdorff multinorm, 5.1.8
Hausdorff multinormed space,
5.1.8
Hausdorff space, 9.3.5
Hausdorff Theorem, 7.6.12
Hausdorff topology, 9.3.5
H-closed space, Ex. 9.10
Heaviside function, 10.10.5 (4)
Hellinger—Toeplitz Theorem, 6.5.3
hermitian element, 11.7.1
hermitian form, 6.1.1
hermitian operator, 6.5.1
hermitian state, 11.9.8
Hilbert basis, 6.3.8
Hilbert cube, 9.2.17 (2)
Hilbert dimension, 6.3.13
Hilbert identity, 5.6.19
Hilbert isomorphy, 6.3.17
Hilbert—Schmidt norm, Ex. 8.9
Hilbert—Schmidt operator,
Ex. 8.9
Hilbert—Schmidt Theorem, 6.6.7
Hilbert space, 6.1.7
Hilbert-space isomorphism, 6.3.17
Hilbert sum, 6.1.10 (5)
Holder inequality, 5.5.9 (4)
holey disk, 4.8.5
holomorphic function, 8.1.4
Holomorphy Theorem, 8.1.5
homeomorphism, 9.2.4
homomorphism, 7.4.1
Hoérmander transform, Ex. 3.19
hyperplane, 3.8.9
hypersubspace, 3.8.

ideal, 11.4.1

Ideal and Character Theorem,
11.6.6

ideal correspondence, 7.3.3

Ideal Correspondence Lemma,
7.3.4

Ideal Correspondence Principle,
7.3.5
Ideal Hahn—Banach Theorem,
7.5.9
ideally convex function, 7.5.4
ideally convex set, 7.1.3
idempotent operator, 2.2.9 (4)
identical embedding, 1.1.3 (3)
identity, 10.9.4
identity element, 11.1.1
identity mapping, 1.1.3 (3)
identity relation, 1.1.3 (3)
image, 1.1.2
image of a filterbase, 1.3.5 (1)
image of a set, 1.1.3 (5)
image of a topology, 9.2.12
image topology, 9.2.12
Image Topology Theorem,
9.2.11
imaginary part of a function,
5.5.9 (4)
increasing mapping, 1.2.3 (5)
independent measure, 10.9.4 (3)
index, 8.5.1
indicator function, 3.4.8 (2)
indiscrete topology, 9.1.8 (3)
induced relation, 1.2.3 (1)
induced topology, 9.2.17 (1)
inductive limit topology, 10.9.6
inductive set, 1.2.19
infimum, 1.2.9
infinite-rank operator, 6.6.8
infinite set, 5.5.9 (3)
inner product, 6.1.4
integrable function, 5.5.9 (4)
integral, 5.5.9 (4)
integral with respect to
a measure, 10.9.3
interior of a set, 4.1.13
interior point, 4.1.13
intersection of topologies, 9.1.14
interval, 3.2.15
Interval Addition Lemma, 3.2.15



I'noccapmit

335

invariant subspace, 2.2.9 (4)
inverse-closed subalgebra, 11.1.5
inverse image of a multinorm,
5.1.10 (3)
inverse image of a preorder,
1.2.3 (3)
inverse image of a seminorm, 5.1.4
inverse image of a set, 1.1.3 (5)
inverse image of a topology, 9.2.9
inverse image of a uniformity,
9.5.5 (3)
inverse image topology, 9.2.9
Inverse Image Topology Theorem,
9.2.8
inverse of a correspondence,
1.1.3 (1)
inverse of an element
in an algebra, 11.1.5
Inversion Theorem, 10.11.12
invertible element, 11.1.5
invertible operator, 5.6.10
involution, 6.4.13
involutive algebra, 6.4.13
irreducible representation, 8.2.2
irreflexive space, 5.1.10 (8)
isolated part of a spectrum, 8.2.9
isolated point, 8.4.7
isometric embedding, 4.5.11
isometric isomorphism of algebras,
11.1.8
isometric mapping, 4.5.11
isometric representation, 11.1.8
isometric *-isomorphism, 11.8.3
isometric *-representation, 11.8.3
isometry into, 4.5.11
isometry onto, 4.5.11
isomorphism, 2.2.5
isotone mapping, 1.2

James Theorem, 10.7.5
Jensen inequality, 3.4.5
join, 1.2.12

Jordan arc, 4.8.2

Jordan Curve Theorem, 4.8.3
juxtaposition, 2.2.

Kakutani Criterion, 10.7.1
Kakutani Lemma, 10.8.7
Kakutani Theorem, 7.4.11 (3)
Kantorovich space, 3.2.8
Kantorovich Theorem, 3.3.4
Kaplansky—Fukamija Lemma,
11.9.7
Kato Criterion, 7.4.19
kernel of an operator, 2.3.1
ket-mapping, 10.3.1
ket-topology, 10.3.5
Kolmogorov Normability
Criterion, 5.4.5
Krein—-Milman Theorem, 10.6.5
Krein—Milman Theorem
in subdifferential form, 3.6.5
Krein—-Rutman Theorem, 3.3.5
Krull Theorem, 11.4.8
Kuratowski-Zorn Lemma, 1.2.20
K-space, 3.2.8
K-ultrametric, 9.5.13

last element, 1.2.6
lattice, 1.2.12
lear trap map, 3.7.4
least element, 1.2.6
Lebesgue measure, 10.9.4 (1)
Lebesgue set, 3.8.1
Lefschetz Lemma, 9.6.3
left approximate inverse, 8.5.9
left Haar measure, 10.9.4 (1)
left inverse of an element
in an algebra, 11.1.3
lemma on continuity of a convex
function, 7.5.1
lemma on the numeric range
of a hermitian element,
11.9.3
level set, 3.8.1
Levy Projection Theorem, 6.2.2
limit of a filterbase, 4.1.16
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Lindenstrauss space, 5.5.9 (5)

Lindenstrauss—Tzafriri Theorem,
7.4.11 (3)

linear change of a variable under
the subdifferential sign, 3.5.4

linear combination, 2.3.12

linear correspondence, 2.2.1,
12; 3.1.7

linear functional, 2.2.4

linear operator, 2.2.1

linear representation, 8.2.2

linear set, 2.1.4 (3)

linear space, 2.1.4 (3)

linear span, 3.1.14

linear topological space, 10.1.3

linear topology, 10.1.3

linearly independent set, 2.2.9 (5)

linearly-ordered set, 1.2.19

Lions Theorem of Supports,
10.10.5 (9)

Liouville Theorem, 8.1.10

local data, 10.9.11

locally compact group, 10.9.4 (1)

locally compact space, 9.4.20

locally compact topology, 9.4.20

locally convex space, 10.2.9

locally convex topology, 10.2.1

locally finite cover, 9.6.2

locally integrable function, 9.6.17

locally Lipschitz function, 7.5.6

loop, 4.8.2

lower bound, 1.2.4

lower limit, 4.3.5

lower right Dini derivative, 4.7.7

lower semicontinuous, 4.3.3

Lo-Fourier transform, 10.11.15

Mackey—Arens Theorem, 10.4.5
Mackey Theorem, 10.4.6
Mackey topology, 10.4.4
mapping, 1.1.3 (3)

massive subspace, 3.3.2

matrix form, 2.2.9 (4)

maximal element, 1.2.10
maximal ideal, 11.4.5
maximal ideal space, 11.6.7
Maximal Ideal Theorem, 11.5.3
Mazur Theorem, 10.4.9
meager set, 4.7.1
measure, 10.9.3
Measure Localization Principle,
10.9.10
measure space, 5.5.9 (4)
meet, 1.2.12
member of a set, 1.1.3 (4)
metric, 4.1.1
metric space, 4.1.1
metric topology, 4.1.9
metric uniformity, 4.1.5
Metrizability Criterion, 5.4.2
metrizable multinormed space,
5.4.1
minimal element, 1.2.10
Minimal Ideal Theorem, 11.5.1
Minkowski—Ascoli-Mazur
Theorem, 3.8.12
Minkowski functional, 3.8.6
Minkowski inequality, 5.5.9 (4)
minorizing set, 3.3.2
mirror, 10.2.7
module, 2.1.1
modulus of a scalar, 5.1.10 (4)
modulus of a vector, 3.2.12
mollifier, 9.6.14
mollifying kernel, 9.6.14
monomorphism, 2.3.1
monoquotient, 2.3.11
Montel space, 10.10.9 (2)
Moore subnet, 1.3.5 (2)
morphism, 8.2.2, 126; 11.1.2
morphism representing
an algebra, 8.2.2
Motzkin formula, 3.1.13 (5)
multimetric, 9.5.9
multimetric space, 9.5.9
multimetric uniformity, 9.5.9
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multimetrizable topological
space, 9.5.10
multimetrizable uniform space,
9.5.10
multinorm, 5.1.6
Multinorm Comparison Theorem,
5.3.2
multinorm summable family
of vectors, 5.5.9 (7)
multinormed space, 5.1.6
multiplication formula, 10.11.5
multiplication of a germ
by a complex number, 8.1.16
multiplicative linear operator,
8.2.2

natural order, 3.2.6 (1)

negative part, 3.2.12

neighborhood about a point,
9.1.1(2)

neighborhood about a point
in a metric space, 4.1.9

neighborhood filter, 4.1.10

neighborhood filter of a set, 9.3.7

neighborhood of a set, 8.1.13 (2),
124; 9.3.7

Nested Ball Theorem, 4.5.7

nested sequence, 4.5.7

net, 1.2.16

net having a subnet, 1.3.5 (2)

net lacking a subnet, 1.3.5 (2)

Neumann series, 5.6.9

Neumann Series Expansion
Theorem, 5.6.9

neutral element, 2.1.4 (3), 11;
10.9.4

Nikol skii Criterion, 8.5.22

Noether Criterion, 8.5.14

nonarchimedean element,
5.5.9(5)

nonconvex cone, 3.1.2 (4)

Nonempty Subdifferential
Theorem, 3.5.8

non-everywhere-defined operator,
2.2.1

nonmeager set, 4.7.1

nonpointed cone, 3.1.2 (4)

nonreflexive space, 5.1.10 (8)

norm, 5.1.9

norm convergence, 5.5.9 (7)

normable multinormed space,
5.4.1

normal element, 11.7.1

normal operator, Ex. 8.17

normal space, 9.3.11

normalized element, 6.3.5

normally solvable operator, 7.6.9

normative inequality, 5.1.10 (7)

normed algebra, 5.6.3

normed dual, 5.1.10 (8)

normed space, 5.1.9

normed space of bounded
elements, 5.5.9 (5)

norming set, 8.1.1

norm-one element, 5.5.6

nowhere dense set, 4.7.1

nullity, 8.5.1

numeric family, 1.1.3 (4)

numeric function, 9.6.4

numeric range, 11.9.1

numeric set, 1.1.3 (

one-point compactification, 9.4.22
one-to-one correspondence,
1.1.3 (3)
open ball; 4.1.3
open ball of RY, 9.6.16
open correspondence, 7.3.12
Open Correspondence Principle,
7.3.13
open cylinder, 4.1.3
open half-space, Ex. 3.3
Open Mapping Theorem, 7.4.6
open segment, 3.6.1
open set, 9.1.4
open set in a metric space, 4.1.11



338

I'noccapmit

openness at a point, 7.3.6

operator, 2.2.1

operator ideal, 8.3.3

operator norm, 5.1.10 (7)

operator representation, 8.2.2

order, 1.2.2

order by inclusion, 1.3.1

order compatible with vector
structure, 3.2.1

order ideal, 10.8.11

order of a distribution, 10.10.5 (3)

ordered set, 1.2.2

ordered vector space, 3.2.1

ordering, 1.2.2

ordering cone, 3.2.4

oriented envelope, 4.8.8

orthocomplement, 6.2.5

orthogonal complement, 6.2.5

orthogonal family, 6.3.1

orthogonal orthoprojections,
6.2.12

orthogonal set, 6.3.1

orthogonal vectors, 6.2.5

orthonormal family, 6.3.6

orthonormal set, 6.3.6

orthonormalized family, 6.3.6

orthoprojection, 6.2.7

Orthoprojection Summation
Theorem, 6.3.3

Orthoprojection Theorem, 6.2.10

Osgood Theorem, 4.7.

pair-dual space, 10.3.3

pairing, 10.3.3

pairwise orthogonality of finitely
many orthoprojections,
6.2.14

paracompact space, 9.6.9

Parallelogram Law, 6.1.8

Parseval identity, 6.3.16, 89;
10.11.12

part of an operator, 2.2.9 (4)

partial correspondence, 1.1.3 (6)

partial operator, 2.2.1

partial order, 1.2.2

partial sum, 5.5.9 (7)

partition of unity, 9.6.6

partition of unity subordinate
to a cover, 9.6.7

patch, 10.9.11

perforated disk, 4.8.5

periodic distribution, 10.11.17 (7)

Pettis Theorem, 10.7.4

Phillips Theorem, 7.4.13

Plancherel Theorem, 10.11.14

point finite cover, 9.6.2

point in a metric space, 4.1.1

point in a space, 2.1.4 (3)

point in a vector space, 2.1.3

pointwise convergence, 9.5.5 (6)

pointwise operation, 2.1.4 (4)

polar, 7.6.8, 116; 10.5.1

Polar Lemma, 7.6.11

polarization identity, 6.1.3

Pontryagin—van Kampen Duality
Theorem, 10.11.2

poset, 1.2.2

positive cone, 3.2.5

positive definite inner product,
6.1.4

positive distribution, 10.10.5 (2)

positive element of a C*-algebra,
11.9.4

positive form on a C*-algebra,
Ex. 11.11

positive hermitian form, 6.1.4

positive matrix, Ex. 3.13

positive operator, 3.2.6 (3)

positive part, 3.2.12

positive semidefinite hermitian
form, 6.1.4

positively homogeneous
functional, 3.4.7 (2)

powerset, 1.2.3 (4)

precompact set, Ex. 9.16

pre-Hilbert space, 6.1.7
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preimage of a multinorm,
5.1.10 (3)
preimage of a seminorm, 5.1.4
preimage of a set, 1.1.3 (5)
preintegral, 5.5.9 (4)
preneighborhood, 9.1.1 (2)
preorder, 1.2.2
preordered set, 1.2.2
preordered vector space, 3.2.1
presheaf, 10.9.4 (4)
pretopological space, 9.1.1 (2)
pretopology, 9.1.1
primary Banach space, Ex. 7.17
prime mapping, 6.4.1
Prime Theorem, 10.2.13
Principal Theorem of the
Holomorphic Functional
Calculus, 8.2.4
product, 4.3.2
product of a distribution and
a function, 10.10.5 (7)
product of germs, 8.1.16
product of sets, 1.1.1, 1; 2.1.4 (4)
product of topologies, 9.2.17 (2)

product of vector spaces, 2.1.4 (4)

product topology, 4.3.2, 44;
9.2.17 (2)

projection onto X; along Xo,
2.2.9 (4)

projection to a set, 6.2.3

proper ideal, 11.4.5

pseudometric, 9.5.7

p-sum, 5.5.9 (6)

p-summable family, 5.5.9 (4)

punctured compactum, 9.4.21

pure subalgebra, 11.1.5

Pythagoras Lemma, 6.2.8

Pythagoras Theorem, 6.3.

quasinilpotent, Ex. 8.18
quotient mapping, 1.2.3 (4)
quotient multinorm, 5.3.11
quotient of a mapping, 1.2.3 (4)

quotient of a seminormed space,
5.1.10 (5)

quotient seminorm, 5.1.10 (5)

quotient set, 1.2.3 (4)

quotient space of a multinormed
space, 5.3.11

quotient vector space, 2.1.4 (6

radical, 11.6.11

Radon F-measure, 10.9.3

Radon-Nikodym Theorem,
10.9.4 (3)

range of a correspondence, 1.1.2

rank, 8.5.7 (2)

rare set, 4.7.1

Rayleigh Theorem, 6.5.2

real axis, 2.1.2

real carrier, 3.7.1

real C-measure, 10.9.4 (3)

real distribution, 10.10.5 (5)

real hyperplane, 3.8.9

real measure, 10.9.4

real part map, 3.7.2

real part of a function, 5.5.9 (4)

real part of a number, 2.1.2

real subspace, 3.1.2 (3)

real vector space, 2.1.3

realification, 3.7.1

realification of a pre-Hilbert
space, 6.1.10 (2)

realifier, 3.7.2

reducible representation, 8.2.2

refinement, 9.6.1

reflection of a function, 10.10.5

reflexive relation, 1.2.1

reflexive space, 5.1.10 (8)

regular distribution, 10.10.5 (1)

regular operator, 3.2.6 (3)

regular space, 9.3.9

regular value of an operator,
5.6.13

relation, 1.1.3 (2)

relative topology, 9.2.17 (1)
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relatively compact set, 4.4.4

removable singularity, 8.2.5 (2)

representation, 8.2.2

representation space, 8.2.2

reproducing cone, Ex. 7.12

residual set, 4.7.4

resolvent of an element
of an algebra, 11.2.1

resolvent of an operator, 5.6.13

resolvent set of an operator,
5.6.13

resolvent value of an element
of an algebra, 11.2.1

resolvent value of an operator,
5.6.13

restriction, 1.1.3 (5)

restriction of a distribution,
10.10.5 (6)

restriction of a measure,
10.9.4 (4)

restriction operator, 10.9.4 (4)

reversal, 1.2.5

reverse order, 1.2.3 (2)

reverse polar, 7.6.8, 116; 10.5.1

reversed multiplication, 11.1.6

Riemann function, 4.7.7

Riemann-Lebesgue Lemma,
10.11.5 (3)

Riemann Theorem on Series,
5.5.9(7)

Riesz Criterion, 8.4.2

Riesz Decomposition Property,
3.2.16

Riesz-Dunford integral, 8.2.1

Riesz—Dunford Integral
Decomposition Theorem,
8.2.13

Riesz—Dunford integral
in an algebraic setting, 11.3.1

Riesz—Fisher Completeness
Theorem, 5.5.9 (4)

Riesz—Fisher Isomorphism
Theorem, 6.3.16

Riesz idempotent, 8.2.11
Riesz—Kantorovich Theorem,
3.2.17
Riesz operator, Ex. 8.15
Riesz Prime Theorem, 6.4.1
Riesz projection, 8.2.11
Riesz—Schauder operator,
Ex. 8.11
Riesz—Schauder Theorem, 8.4.8
Riesz space, 3.2.7
Riesz Theorem, 5.3.5
right approximate inverse, 8.5.9
right Haar measure, 10.9.4 (1)
right inverse of an element
in an algebra, 11.1.3
R-measure, 10.9.4 (3)
rough draft, 4.8.8
row-by-column rule, 2.2.9 (4

salient cone, 3.2.4
Sard Theorem, 7.4.12
scalar, 2.1.3
scalar field, 2.1.3
scalar multiplication, 2.1.3
scalar product, 6.1.4
scalar-valued function, 9.6.4
Schauder Theorem, 8.4.6
Schwartz space of distributions,
10.11.16
Schwartz space of functions,
10.11.6
Schwartz Theorem, 10.10.10
second dual, 5.1.10 (8)
selfadjoint operator, 6.5.1
semi-extended real axis, 3.4.1
semi-Fredholm operator,
Ex. 8.13
semi-inner product, 6.1.4
semimetric, 9.5.7
semimetric space, 9.5.7
seminorm, 3.7.6
seminorm associated with
a positive element, 5.5.9 (5)
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seminormable space, 5.4.6
seminormed space, 5.1.5
semisimple algebra, 11.6.11
separable space, 6.3.14
separated multinorm, 5.1.8
separated multinormed space,
5.1.8
separated topological space, 9.3.2
separated topology, 9.3.2
separating hyperplane, 3.8.13
Separation Theorem, 3.8.11
Sequence Prime Principle, 7.6.13
sequence space, 3.3.1 (2)
Sequence Star Principle, 6.4.12
series sum, 5.5.9 (7)
sesquilinear form, 6.1.2
set absorbing another set, 3.4.9
set in a space, 2.1.4 (3)
set lacking a distribution,
10.10.5 (6)
set lacking a functional, 10.8.13
set lacking a measure, 10.9.4 (5)
set of arrival, 1.1.1
set of departure, 1.1.1
set of second category, 4.7.1
set supporting a measure,
10.9.4 (5)
set that separates the points
of another set, 10.8.9
set void of a distribution,
10.10.5 (6)
set void of a functional, 10.8.13
set void of a measure, 10.9.4 (5)
setting in duality, 10.3.3
setting primes, 7.6.5
sheaf, 10.9.11
shift, 10.9.4 (1)
Shilov boundary, Ex. 11.8
Shilov Theorem, 11.2.4
short sequence, 2.3.5
o-compact, 10.9.8
signed measure, 10.9.4 (3)
simple convergence, 9.5.5 (6)

simple function, 5.5.9 (6)

simple Jordan loop, 4.8.2

single-valued correspondence,
1.1.3(3)

Singularity Condensation
Principle, 7.2.12

Singularity Fixation Principle,
7.2.11

skew field, 11.2.3

slowly increasing distribution,
10.11.16

smooth function, 9.6.13

smoothing process, 9.6.18

Snowflake Lemma, 2.3.16

space countable at infinity, 10.9.8

space of bounded elements,
5.5.9 (5)

space of bounded functions,
5.5.9(2)

space of bounded operators,
5.1.10 (7)

space of compactly-supported
distributions, 10.10.5 (9)

space of convergent sequences,
5.5.9 (3)

space of distributions of order
at most m, 10.10.8

space of essentially bounded
functions, 5.5.9 (5)

space of finite-order distributions,
10.10.8

space of functions vanishing
at infinity, 5.5.9 (3)

space of X-valued p-summable
functions, 5.5.9 (6)

space of p-summable functions,
5.5.9 (4)

space of p-summable sequences,
5.5.9 (4)

space of tempered distributions,
10.11.16

space of vanishing sequences,
5.5.9(3)
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Spectral Decomposition Lemma,
6.6.6
Spectral Decomposition Theorem,
8.2.12
Spectral Endpoint Theorem, 6.5.5
Spectral Mapping Theorem, 8.2.5
Spectral Purity Theorem,
11.7.11
spectral radius of an operator,
5.6.6
Spectral Theorem, 11.8.6
spectral value of an element
of an algebra, 11.2.1
spectral value of an operator,
5.6.13
spectrum, 10.2.7
spectrum of an element
of an algebra, 11.2.1
spectrum of an operator, 5.6.13
spherical layer, 6.2.1
x-algebra, 6.4.13
k-isomorphism, 11.8.3
x-linear functional, 2.2.4
*-representation, 11.8.3
star-shaped set, 3.1.2 (7)
state, 11.9.1
Steklov condition, 6.3.10
Steklov Theorem, 6.3.11
step function, 5.5.9 (6)
Stone Theorem, 10.8.10
Stone—Weierstrass Theorem for
c(Q, C), 11.8.2
Stone—Weierstrass Theorem for
c(Q, R), 10.8.17
Strict Separation Theorem, 10.4.8
strict subnet, 1.3.5 (2)
strictly positive real, 4.1.3
strong order-unit, 5.5.9 (5)
strong uniformity, 9.5.5 (6)
stronger multinorm, 5.3.1
stronger pretopology, 9.1.2
stronger seminorm, 5.3.3

strongly holomorphic function,
8.1.5

structure of a subdifferential,
10.6.3

subadditive functional, 3.4.7 (4)

subcover, 9.6.1

subdifferential, 3.5.1

sublattice, 10.8.2

sublinear functional, 3.4.6

submultiplicative norm, 5.6.1

subnet, 1.3.5 (2)

subnet in a broad sense, 1.3.5 (2)

subrepresentation, 8.2.2

subspace of a metric space, 4.5.14

subspace of a topological space,
9.2.17 (1)

subspace of an ordered vector
space, 3.2.6 (2)

subspace topology, 9.2.17 (1)

Sukhomlinov—Bohnenblust—Sobczyk
Theorem, 3.7.12

sum of a family in the sense
of Ly, 5.5.9 (6)

sum of germs, 8.1.16

summable family of vectors,
5.5.9 (7)

summable function, 5.5.9 (4)

superset, 1.3.3

sup-norm, 10.8.1

support function, 10.6.4

support of a distribution,
10.10.5 (6)

support of a functional, 10.8.12

support of a measure, 10.9.4 (5)

supporting function, 10.6.4

supremum, 1.2.9

symmetric Hahn—Banach formula,
Ex. 3.10

symmetric relation, 1.2.1

symmetric set, 3.1.2 (7)

system with integration, 5.5.9 (4)

Szankowski Counterexample,
8.3.13
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tail filter, 1.3.5 (2)

7-dual of a locally convex space,
10.2.11

Taylor Series Expansion Theorem,
8.1.9

tempered distribution, 10.11.16

tempered function, 5.1.10 (6),
58; 10.11.6

tempered Radon measure,
10.11.17 (3)

test function, 10.10.1

test function space, 10.10.1

theorem on Hilbert isomorphy,

6.3.17

theorem on the equation AZ = B,
2.3.13

theorem on the equation Z°A= B,
2.3.8

theorem on the general form
of a distribution, 10.10.14
theorem on the inverse image
of a vector topology, 10.1.6
theorem on the repeated Fourier
transform, 10.11.13
theorem on the structure
of a locally convex topology,
10.2.2
theorem on the structure
of a vector topology, 10.1.4
theorem on topologizing
by a family of mappings,
9.2.16
Tietze—Urysohn Theorem,
10.8.20
topological isomorphism, 9.2.4
topological mapping, 9.2.4
Topological Separation Theorem,
7.5.12
topological space, 9.1.7
topological structure of a convex
set, 7.1.1
topological subdifferential, 7.5.8
topological vector space, 10.1.1

topologically complemented
subspace, 7.4.9

topology, 9.1.7

topology compatible with
duality, 10.4.1

topology compatible with vector
structure, 10.1.1

topology given by open sets,
9.1.12

topology of a multinormed
space, 5.2.8

topology of a uniform space, 9.5.3

topology of the distribution
space, 10.10.6

topology of the test function
space, 10.10.6

total operator, 2.2.1

total set of functionals, 7.4.11 (2)

totally bounded, 4.6.3

transitive relation, 1.2.1

translation, 10.9.4 (1)

translation of a distribution,
10.11.17 (7)

transpose of an operator, 7.6.2

trivial topology, 9.1.8 (3)

truncator, 9.6.19 (1)

truncator direction, 10.10.2 (5)

truncator set, 10.10.2

twin of a Hilbert space, 6.1.10 (3)

twin of a vector space, 2.1.4 (2)

Two Norm Principle, 7.4.16

two-sided ideal, 8.3.3, 132; 11.6.2

Tychonoff cube, 9.2.17 (2)

Tychonoff product, 9.2.17 (2)

Tychonoff space, 9.3.15

Tychonoff Theorem, 9.4.8

Tychonoff topology, 9.2.17 (2)

Tychonoff uniformity, 9.5.5 (4)

Ti-space, 9.3.2

Ti-topology, 9.3.2

Ty-space, 9.3.5

Tz-space, 9.3.9

T;1/,-space, 9.3.15
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Ty-space, 9.3.11

ultrafilter, 1.3.9

ultrametric inequality, 9.5.14

ultranet, 9.4.4

unconditionally summable family
of vectors, 5.5.9 (7)

unconditionally summable
sequence, 5.5.9 (7)

underlying set, 2.1.3

Uniform Boundedness Principle,
7.2.5

uniform convergence, 7.2.10,
105; 9.5.5 (6)

uniform space, 9.5.1

uniformity, 9.5.1

uniformity of a multinormed
space, 5.2.4

uniformity of a seminormed
space, 5.2.2

uniformity of a topological vector
space, 10.1.10

uniformity of the empty set, 9.5.1

uniformizable space, 9.5.4

uniformly continuous mapping,
4.2.5

unit, 10.9.4

unit ball, 5.2.11

unit circle, 8.1.3

unit disk, 8.1.3

unit element, 11.1.1

unit sphere, Ex. 10.6

unit vector, 6.3.5

unital algebra, 11.1.1

unitary element, 11.7.1

unitary operator, 6.3.17

unitization, 11.1.2

unity, 11.1.1

unity of a group, 10.9.4 (1)

unity of an algebra, 11.1.1

unordered sum, 5.5.9 (7)

unorderly summable sequence,
5.5.9(7)

Unremovable Spectral Boundary
Theorem, 11.2.6

upper bound, 1.2.4

upper envelope, 3.4.8 (3)

upper right Dini derivative, 4.7.7
upward-filtered set, 1.2.15
Urysohn Great Lemma, 9.3.13
Urysohn Little Lemma, 9.3.10
Urysohn Theorem, 9.3.14
2-Ultrametric Lemma, 9.5.15

vague topology, 10.9.5

value of a germ at a point, 8.1.21

van der Waerden function, 4.7.7

vector, 2.1.3

vector addition, 2.1.3

vector field, 5.5.9 (6)

vector lattice, 3.2.7

vector space, 2.1.3

vector sublattice, 10.8.4 (4)

vector topology, 10.1.1

Volterra operator, Ex. 5.12

von Neumann—Jordan Theorem,
6.1.9

V-net, 4.6.2

V-small, 4.5.

weak derivative, 10.10.5 (4)
weak multinorm, 5.1.10 (4)
weak topology, 10.3.5
weak™ topology, 10.3.11
weak uniformity, 9.5.5 (6)
weaker pretopology, 9.1.2
weakly holomorphic function,
8.1.5
weakly operator holomorphic
function, 8.1.5
Weierstrass function, 4.7.7
Weierstrass Theorem, 4.4.5,
46; 9.4.5
Well-Posedness Principle, 7.4.6
Wendel Theorem, 10.9.4 (7)
Weyl Criterion, 6.5.4

X-valued function, 5.5.9 (6)
Young inequality, 5.5.9 (4)

zero of a vector space, 2.1.4 (3)
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— mopsaka 1.2.2

— npeanopsiaka 1.2.2

— — COIVIACOBAHHOE C BEKTODHOU
cTpyKTypoit 3.2.1

— npomuckyurera 1.1.3 (3)

— pedaekcuBnoe 1.2.1

— cuMmMerpuyHoe 1.2.1

— toxkzaecrsennoe 1.1.3 (3)

— 3KBHUBaJIeHTHOCTH 1.2.2

Orobpaxenne 1.1.3 (3)

— Boapacraoree 1.2.3 (5)

— xaHoHMYeckoe 1.2.3 (4)

— HenpepsiBHOe 9.2.4, 4.2.2

— paBHOMEPHO HenpepbiBHOe 4.2.5

Orpazxenne 10.10.5 (9)

Ilerost 4.8.2

IToganrebpa cepBanTHast 11.1.5

C*-noganrebpa 11.7.8

ITonmokpeitue 4.4.2

ITognpocTpaHCTBO BEKTOPHOIO
npocrpancrsa 2.1.4 (3)

— — — ynopsanouensoro 3.2.6 (2)

— — — — maccuBHOe 3.3.2

— TOIIOJIOTUYECKOrO IIPOCTPAHCTBA
9.2.17 (1)

Ioacers 1.3.5 (2)

IToxportue 9.6.1

— JIOKaJIbHO KOHeuHoe 9.6.2

— oTkpsIToe 4.4.2

— TO4YEeYHO KOHedHoe 9.6.2

ITonymerpuka 9.5.7

ITomynopma 3.7.6

ITosnst ocHoBHbIE 2.1.2

ITonspa nmonmpocrpancrBa 7.6.8

— obparnas 10.5.1

— npsimas 10.5.1

ITonosinenne 4.5.13

ITopsiiok 1.2.2

— nporusonosoxkseri 1.2.3 (2)

— pacupenenenns: 10.10.5 (3)

ITocnenosarenbuocts 1.2.16

— pmesnbroobpasnas 9.6.15

— kaHoHu4YecKas 2.3.5 (6)

— koporkas 2.3.5 (5)

— nosyrounas 2.3.5 (1)

— cyerHas 1.2.16

— ToyHad 2.3.4

— dysnamenranbaas 4.5.2

IIpenen 6aszuca dunbrpa 4.1.16

— mnocsenoBaresibuoctu 4.1.17

IpenunaTerpan 5.5.9 (4)

IIpemokpecrrocTs 9.1.1

IIpeamnopsiok 1.2.2

— nporuBononoxkHb 1.2.3 (2)

TIpeany4ox 10.9.4 (4)

IIpencrasnenue 8.2.2

— KaHoHmveckoe 11.1.7

— omepaTopHoe 8.2.2

— To4HOe 8.2.2

*-T1IpejcTaBseHne 11.8.3

IIpenronomorust 9.1.1

IIpeobpazosanue l'esibdanga 11.6.8

— Dypoe 10.11.3

— — OTHOCHUTeJbHO Oa3uca 6.3.16

— — — Ilnanmepesns 10.11.15

— — — IlIsapua 10.11.19

ITpusnun aBrOMaTHYeCKOR
HemnpepbIBHOCTH 7.5.5

— Banaxa ocnosnoii 7.1.5

— naByx HOpM 7.4.17

— ponostasiemoctu 7.4.10

— HAeaJbHOIO COOTBETCTBUA 7.3.5

— KoppekTHOCTH 7.4.6

— JokaJsmm3aruu Mep 10.9.10

— — pacnpegnenennit 10.10.11

— HEINPEPBIBHOIO IIPOIOJIZKEHUST
7.5.11

— HOpMBI rpaduka 7.4.18

— orkpbiTocTH 7.3.13

— PaBHOMEPHOI OrPaHUYIEHHOCTHU
7.2.5

— PaBHOCTEIIEHHOW HENPEPBIBHOCTU
7.2.4

— crymenusi ocobenHocrei 7.2.12

— dukcamuu ocobennocru 7.2.11

— IITPpUXOBaHusA guarpamm 7.6.7

— — mocJiefgoBaresabHOCcTER 7.6.13

— SPMHTOBA CONPSIXKEHUsI TAArPAMM
6.4.9

— — — mocyenoBaTenabHocTel 6.4.12

IIpucoeunenne equunnpsr 11.1.2

TIpoekrop 2.2.9 (4)

— koopamHATHBIT 2.2.9 (3)

— Pucca 8.2.11
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IIpoekiust Ha MHOXKecTBO 6.2.3

IIponsBenenne BEKTOPHBIX
npocrpancTs 2.1.4 (4)

— PaBHOMEPHBIX IIPOCTPAHCTB
9.5.5 (4)

— craJisgpuoe 6.1.4

— TuxoHoBcKoe 9.2.17 (2)

— Tomnosioruit 9.3.2, 9.2.17 (2)

IIponsBonnas pacnpenesieHust
10.10.5 (4)

— B cmbicare Cobonesa 10.10.5 (4)

IIpoobpaz mosynopmsr 5.1.4

— npennopsgka 1.2.3 (3)

— pasHoMepHOCcTH 9.5.5 (3)

— Tomnosoruu 9.2.9

IIpocrasi kapTuna 4.8.8

IIpocrpancrBo 6anaxoso 5.5.1

— — kJjaccudeckoe 5.5.9 (5)

— Gopuosorudgeckoe 10.10.9 (3)

— Goueunoe 7.1.8

— Oaposckoe 4.7.2

— BexkTOopHOe 2.1.3

— — ymnopsodeHHoe 3.2.2

— ruabbeproso 6.1.7

— — accouunposannoe 6.1.10 (4)

— ayasnbHaoe 2.1.4 (2)

— Kanroposuua 3.2.8

— komnakTHoe 9.4.4

— Jluagenmrpaycca 5.5.9 (5)

— JIOKaJIbHO BbINyKJoe 10.2.9

— MaKCHUMaJIbHBIX #ujeaaoB 11.6.7

— merpudeckoe 4.1.1

— — noJsiHoe 4.5.5

— monTeseso 10.10.9 (2)

— MyabTEMeTpudyemoe 9.5.10

— mysbTUMeTpudeckoe 9.5.9

— MyJIbTHHOpMHpPOBaHHOE 5.1.6

— — accoruupoBannoe 10.2.7

— — Merpusyemoe 5.4.1

— — moJiHoe 5.2.13

— HOpMHpOBaHHOEe 5.1.9

— — pedutekcusnoe 5.1.10 (8)

— — conpsikennoe 5.1.10 (8)

— HOpMUpyemoe 5.4.1

— mapaxommakTHoe 9.6.9

— IHoJiyHOpMupoBaHHOe 5.1.5

— npearuiasbeproso 6.1.7

— — nyasbHoe 6.1.10 (3)

— mnpepxronojiorndeckoe 9.1.1

— pasuomepaoe 9.5.1

— cenapabesbHoe 6.3.14

conpsikennoe 10.2.11

CO CBOMCTBOM AIIIPOKCHMAIINU
8.3.10

cueTHOHOpMUpyeMoe 5.4.1

TonoJsiorndeckoe 9.1.7

— BexkTopHoe 10.1.1

— BHoJIHE peryJsspHoe 9.3.15

— Jsmnueitnoe 10.1.3

— JI0KaJIbHO KomnakTHoe 9.4.20

— HopMaJibHoe 9.3.11

— oraesmumoe 9.3.2

— peryssipaoe 9.3.9

— TuxoHoBckKoe 9.3.15

— xaycaopdoso 9.3.5

xapakTepoB 11.6.5

ODpemte 5.5.2

IIIBapma pacupegemennit 10.11.16

— dyukmuit 10.11.6

K-npocrpancrso 3.2.8
ITygok 10.9.11

PagencrBo IlapceBasisi 6.3.16,

10.11.12

PasaomeprocTs 9.5.1

merpudeckas 4.1.5

MYJIBTUMETPUIECKOTIO
npocTpaHcTBa 9.5.9

MYJIBTUHOPMHUPOBAHHOTO
npocrpaHcTBa 5.2.4

TOJIYHOPMUPOBAHHOI'O
npocTrpaHcTBa 5.2.2

PaBHOMEPHOI CXOIUMOCTH
9.5.5 (6)

cunbHasg 9.5.5 (6)

cnabas 9.5.5 (6)

TuxoHOBcKad 9.5.5 (4)

TOIOJIOTHYIECKOI'O BEKTOPHOI'O
npocrpancrsa 10.1.10

Pagukam 11.6.11

Panuyc cnexrpa 5.6.16
Pazbuenune enmuunbr 9.6.6
Pacnpenenenune 10.10.4

KoHeuHoro nopsazaka 10.10.5 (3)

MeuteHHO pactyiee 10.11.16

nepuomaeckoe 10.11.17 (7)

nonoxurenasaoe 10.10.5 (2)

peryasproe 10.10.5 (1)

C KOMIIAKTHBIM HOCHTEJIEM
10.10.5 (9)

ymepennoe 10.11.16



350

IIpeamerHblil yKazaTesn

— SPMHTOBO COIIPSI?)KEHHOE
10.10.5 (5)

Perynspusarop sesbrit 8.5.9

— mpasblif 8.5.9

Pezosnbenta oneparopa 5.6.13

— sJyieMeHTa aJyrebpsr 11.2.1

Pemerka 1.2.12

— BeKTOpHas 3.2.7

— nosHasg 1.2.13

Psan Heiimana 5.6.9 (1)

Ceéprra mep 10.9.4 (7)

— pacnpegenennii 10.10.5 (9)
— dyukmuit 9.6.17

— — n mep 10.9.4 (7)

— — — pacnopegesternit 10.10.5 (9)

Cemeiicrso 1.1.3 (4)

— cymmupyemoe 5.5.9 (7)

— — abcosmorHo 5.5.9 (7)

— — Heynopsgodento 5.5.9 (7)

Cers 1.2.16

— Komn 4.5.2

— dyuaamentanbaasa 4.5.2

V-cerb 4.6.2

e-ceThb 8.3.2

CucreMa ¢ HHTErpUpOBaHHEM
5.5.9 (4)

Cumxenne 1.2.3 (4)

CoberBennoe yucio 6.6.3

CoorsercrBue 1.1.1

— BBIIyKJIO€E 3.1.7

— 3amMkKHyTOE 7.3.8

— umgeanapHoe 7.3.3

— JmHeitHoe 2.2.1

— obparnoe 1.1.3 (1)

— oxnosnaunoe 1.1.3 (3)

Cocrosane 11.9.1

Coekrp omeparopa 5.6.13

— syieMeHTa ayrebpor 11.2.1

Crekrpanbublit paguyc 5.6.6

CpessiBarens 9.6.19 (1)

Cy6muddepennman 3.5.1

— HOJIyHOPMBI 3.7.8

— TomoJioruyecknit 7.5.8

Cyxenne 1.1.3 (5)

CyMMa BEKTOPHBIX IIPOCTPAHCTB
2.1.4 (5)

— ruisbeprosa 6.1.10 (5)

— Heynopsipodennas 5.5.9 (7)

— no Tumy p 5.5.9 (6)

paza 5.5.9 (7)

CymMMupoBaHue OOGbIKHOBEHHOE

5.5.9 (4)

Teopema Anaorny — Bypbaku 10.6.7

— Ackonmu — Apnena 4.6.10

— Arkuncona 8.5.18

— Banaxa o romomopdusme 7.4.4

— — 0 3aMKHyTOM rpaduke 7.4.7

— — 06 uzomopdusme 7.4.5

— — 006 obpaTUMBIX OmepaTopax
5.6.12

— Banaxa — Illreituraysa 7.2.9

— Bupkroda 9.2.2, 4.1.19

— Bopa 4.7.6

— Beitepmrpacca 4.4.5, 9.4.5

— — obobmennas 10.9.9

— Bengensa 10.9.4 (7)

— Tenbdanma 7.2.2

— Tenmpdanna — Haudopna 8.2.3

— — — — gy anrebp 11.3.2

— Tleabdanga — Mazypa 11.2.3

— Tenpdanna — Haitmapka 11.9.12

— — — — KoMMyTaTuBHasa 11.8.4

— TINunbbepra — HIMmuara 6.6.7

— I'porenuka 8.3.9

— Haudopaa o c/I0KHOI DyHKIMU
8.2.7

— Haudopma — Xuute 8.1.3

— npoiicrBennoctu [lonTpsaruaa —
BaH Kammnena 10.11.2

— JBopeuxoro — Pomxepca
5.5.9 (7)

— xeiimca 10.7.5

— Hunn 7.2.10

— — obobmennas 10.8.6

— 2Koppgana 4.8.3

— Kakyranun 7.4.11 (2)

— Kasnkuna 8.3.4

— Kamnropa 4.4.9

— Kanroposuua 3.3.4

— Komu — Bunepa 8.1.7

— Kpeitna — Muibmana 10.6.5

— — — — s cybauddepennuaion

3.6.5

— Kpeitna — Pyrmana 3.3.8

— Kpymna 11.4.8

— JleBu o mpoekiun 6.2.2

— Jlungenmrrpaycca — Hadpupu
7.4.11

— JInonca o mocuresnax 10.10.5 (9)

— JInyBua 8.1.10



IlpeameTHblil yKa3aTesnb

351

— Magypa 10.4.9

— Maxkku 10.4.6

— Maxkku — Apenca 10.4.5

— Munkosckoro — Ackomn —
Masypa 3.8.11

— o 6unossipe 10.5.8

— o rpaHunax crekrpa 6.5.5

— o ayasmzanusx 10.3.9

— O KOMIIAKTHBIX BO3MYIIECHUSIX
8.5.20

— O JIOKAJIbHOM 3aJIJaHUU MePbI
10.9.10

— — — — pacupegenenus 10.10.11

— 0 MakcuMaJbHOM maease 11.5.3

— 0 MUHHMaJIbHOM ujaeaje 11.5.1

— O HEIPEPBIBHOM (DYHKIMOHAJILHOM
ucunciennu 11.8.6

— O MOBTOPHOM IIPEOOPa30BAHUU
®ypse 10.11.9

— O HOCTOAHCTBe crekTpa 11.7.9

— o0 npeobpazoBaunu lenbdanga
11.6.9

— o mpoobpase Tomosoruu 9.2.8

— — — — BekTopHoit 10.1.6

— o pa3buennu criekrpa 8.2.12

— 0 pa36buenun enuHUBI 9.6.20

— O pa3JIOXKEHUU MHTErpaJja
Pucca — daudopaa 8.2.13

— — — Teiopa 8.1.9

— O pa3pelIuMOCTH yPABHEHUS
AZ = B 2.3.13

—— — — ZA=B 2338

— o cocrosinuu C*-anrebpsr 11.9.10

— 0 cuekTpe npousBeneHus 5.6.22

— O CTpO€HUuU BeKTOpHOI‘;I TOIIOJIOTUN
10.1.4

— — — JIOKaJIbHO BBIIIYyKJIOH
Torosioruu 10.2.2

— — — cybmuddepennuaiia 10.6.3

— O CpaBHEHUH MYJIBTUHOPM b5.3.2

— O CYMMHPOBAaHHUH OPTOIIPOEKTOPOB
6.3.3

— 0 cxomuMocTu psimza Heiimana
5.6.9

— 0 dysknuonasge MUHKOBCKOro
3.8.7

— 06 abcomrorHoil H6unossape 10.5.9

— 06 ngeasax u xapakrepax 11.6.6

— 06 obpasze Tonosiorun 9.2.11

— 06 0b1ieM Bule KOMIIAKTHOTO
oneparopa 6.6.9

— 06 0b11eM BHJle paclipejiesieHuit
10.10.13

————— ymepenubix 10.11.18

- 06 OI'PaHUYEHHBIX BO3SMYIIEHUAX
8.5.21

— 06 opronpoekTope 6.2.10

— 00 orobpakenuu criekrpa 8.2.5

— obpamenust 10.11.12

— Ocryna 4.7.5

— otaenumoctu 3.8.11

— — B TOIIOJIOTUYECKOM BapuaHTE
7.5.12

— — crporoit 10.4.8

— — Diigenbraiira 3.8.14

— IlerTuca 10.7.4

— IMudaropa 6.3.2

— Ilnanmepens 10.11.14

— Panona — Hukoguma 10.9.4 (3)

— Pumana — Jlebera 10.11.5 (3)

— Pumana o pagax 5.5.9 (7)

— Pucca 5.3.5

— — o mrrpuxoBanuu 6.4.1

— Pucca — Kanroposuua 3.2.16

— Pucca — @umepa 5.5.9 (4)

— — — — 006 usomopdusme 6.3.16

— Pucca — Ilayznepa 8.4.8

— Poantes 6.5.2

— cnekrpajbHas 11.8.6

— Cappa 06 ypaBuennu ZA=DB
7.4.12

— Crexknosa 6.3.11

— Croyna 10.8.10

— Croyna — Beiiepmrpacca 10.8.17

— — — — =z C(Q, C) 11.8.2

— CyxomsimHoBa — Bonenbrocra
— Cobunka 3.7.11

— Twurne — Ypsicona 10.8.20

— Tuxonosa 9.4.8

— ymHoxenus 10.11.5 (6)

— VYpsicona 9.3.14

— Oumwumnnca 06 ypaBHEHHH
AZ = B 7.4.14

— ¢ou Heiimana — Mopnana 6.1.9

— @pearonabpma 8.5.8

— @y6unn s mep 10.9.4 (6)

— — — pacupegesennii 10.10.5 (8)

— Xana — Banaxa 3.5.3

— — — — B aHAJUTHUIECKOMH
dopme 3.5.4

— — — — B I'€OMETPHYECKON

dbopwme 3.8.12
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— — — — B cybauddepeHnnaabHOM
dopme 3.5.3

— — — — ays1 6aHAXOBBIX
poCTpaHcTB 7.5.9

— — — — JJIs TOJIyHOPMBI 3.7.13

777777 HenpepbIBHOK 7.5.10

— Xaycmopda 7.6.12

— — o nonoJinenuun 4.5.12

— IMTaynepa 8.4.6

— IIsapma 10.10.10

— Ilunosa 11.2.4

Toxnecrso 'mibsbepra 5.6.19

— nosgpusaruonsoe 6.1.3

— Diyiepa 8.5.17

Tomonorust 9.1.7

— anruauckpernas 9.1.8 (3)

— BexkTopHaxa 10.1.11

— nuckpernas 9.1.8 (4)

— MHAYKTHUBHOrO mpezesa 10.9.6

— Jsmueitnas 10.1.3

— JIOKaJIbHO BbIImykKjaag 10.2.1

— Maxkku 10.4.4

— Merpuyeckas 4.1.9

— MYJIBTUHOPMUPOBAHHOTO
IIpocTpaHcTBa 5.2.8

— moroueuHol cxomumoctu 9.5.5 (6)

— IPOCTPAHCTBa OCHOBHBIX (DYHKIU
10.10.6

— — pacnpeaenenuit 10.10.6

— — — ymepensbix 10.11.6

— — dyukiumit ymepenubix 10.11.6

— paBHoMepHad 9.5.3

— pPaBHOMEDPHOU CXOIMMOCTHU
9.5.5 (6)

— cuabas 10.3.5

— COIVIacOBaHHAs C
nBoricrBeHHOCTBIO 10.4.1

— mupokas 10.9.5

— 11 9.3.2

— T5 9.3.5

— T3 9.3.9

— T31, 9.3.15

— Ty 9.3.11

Touka Buemnss 4.1.13

— BHyTpeHH#AA 4.1.13

— — ajrebpandecku 3.4.11

— rpanuyHasa 4.1.13

— Kpaitaas 3.6.1

— NIPUKOCHOBeHMs MHOXKecTBa 4.1.13

— — dubrpa 9.4.1

Yabrpamerpuka 9.5.13
VYabrpadunasrp 1.3.9
Ycaosue Crekiosa 6.3.10

®PaxTop-anredbpa 11.4.3

Pakrop-mHOXKecTBO 1.2.3 (4)

DaxTop-mysabTrHOpMa 5.3.11

Paxrop-nonynopma 5.1.10 (5)

Pakrop-npocrpancTso 2.1.4 (6)

Puisrp 1.3.3

— Kommn 4.5.2

— xBocros 1.3.5 (2)

®opma OusmHeitnas 6.1.2

— mosioykuTespHaA 6.1.4

— moJstyTopaJsuHeitnas 6.1.2

— spmuToBa 6.1.1

®Popmyna Bépiunra — lenbdanna
8.1.12

— Tenpdanga 5.6.8

— Mouxkuna 3.1.13

— Xana — Banaxa 3.5.5

— — — — pas= nosyHopMsr 3.7.10

Dyukrop 10.9.4 (4)

Oyukiponasn guHeHHbIN 2.2.4

— x-JINHeHbIN 2.2.4

— Munkosckoro 3.8.6

— IOJIOYKUTEJILHO OJ{HOPOHBII
3.4.7 (2)

— nosnoxkuresbHbi 3.2.6 (3)

— cybanaurusnblii 3.4.7 (4)

— cybuinneitnbiit 3.4.6

DyHKINOHAJIBHOE MCYNUCIEHNE
rogomopduoe 8.2, 11.3

— — uenpepbiBHoe 11.8.7

Oyukiua adpdunnaa 3.1.7

opicTpo yoniBaromas 10.11.6

BbITyKJas 3.4.4

— rnagakas 9.6.13

— roJiomopdHas 8.1.4

— mHankaropHas 3.4.8 (2)

— uHTerpupyemas 5.5.9 (4)

— — JIoKaJbHO 9.6.17

— 0bobmiennas 10.10.4

— — KoHe4HoOro nopsaka 10.10.5 (3)

— — MezgreHHO pactymas 10.11.16

— — nepuoxndeckas 10.11.17 (7)

— — nonoxurenbHas 10.10.5 (2)

— — perynspuaaga 10.10.5 (1)

— — C KOMIIAaKTHBIM HOCHTEJIEM
10.10.5 (9)

— omnopuas 10.6.4
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— ocuoBHag 10.10.1

— mnosyHenpepbiBHas 4.3.3
— npobuasi 10.10.1

— upocras 5.5.9 (6)

— ckaJiapHada 9.6.4

— cpesbiBaromias 9.6.19 (1)
— ymepennas 10.11.6

— ¢unurnas 9.6.4

— Xesncaiiga 10.10.5 (4)
— ynciioBast 9.6.4

Xapakrep 11.6.4
— rpynnosoit 10.11.1

Ilens 1.2.19
HMumuagp 4.1.3

Yacts omeparopa 2.2.9 (4)
— 3JIeMeHTa oTpunarejabHas 3.2.12
— — noJiokKuTesabHas 3.2.12

IMTanka 3.6.3 (4)

Ilap 4.1.3

— eAuHUYHBIA 5.2.11
IITpuxoBanue jgsoitnoe 5.1.10 (8)
— auarpammsl 7.6.5

— omneparopa 7.6.3
— romnosrorun 10.2.13
— smemenTa 6.4.1

DjeMeHT AUCKpeTHHIH 3.3.6
— eamuuynbiii 11.1.1

— JeBblit obparHbi 11.1.3
— MakcumaJibHbI 1.2.10

— MuHHMaJbHBIA 1.2.10

— naubosbimit 1.2.6

— HauMeHbIuii 1.2.6

— HOpMaJibHBIH 11.7.1

— obparumsbrit 11.1.5

— OpTOroHaJbHbIH 6.2.5

— IMOJIOXKHUTeNbHbIH 3.2.5, 11.9.4
— mnpaBblii obparabiii 11.1.3
— yHuTapssii 11.7.1
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