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Hpe,I[I/ICJ'IOBI/Ie K TperTbeMy MU3JaHNIO0 Ha PYCCKOM s3bIKe

Kuawnra, KoTopyto mepKUT B pyKax UATATEb,— OJHO M3 CAMBIX 3aMeda-
TeJIbHBIX BBEJEHUI B MATEMATHKY B PsLy T€X, YTO OOPAIIEHbI K MIUPOKOH 9n-
TaTeJbCKOI ayauTopun. Ee 3ambices BpipakeH B npemuciosun: «Her Hudero
HEBO3MOXKHOT'O B TOM, YTOOBI, HAYUHAS OT [IEPBOOCHOB U CJIEJLYSI II0 IIPSIMOMY
myTH, J100paThCs JI0 TAKUX BO3BBIMIEHHBIX TOYEK, C KOTOPBIX MOXKHO SICHO
0003peTh caMyIO CYITHOCTh U JBUXKYIIIUE CUJIBI COBPEMEHHOW MaTEMATHKU. »

ITepsbiii u3 asropos kuuru — Puxapn Kypanr (1888-1972) — opun u3
BEIYTINX MAaTEMATHKOB X X Beka, yaeHuk [I. ['manbepra, MHOCTpAHHBIN UIeH
Axkajnemun Hayk CCCP. Kauru Kypanra HeolHOKpaTHO U3/1aBajIuCch Ha PyC-
CcKOM s13bIKe. Ha HUX BBIPOCJIO He OJIHO IOKOJIEHWE MaTeMaTUKOB. Kro KHuru
«YpaBHEHHUsT MaTeMAaTUIECKO# (usukny, «Teopust pyHKIMit>, «YpaBHEHUST
B YACTHBIX NMPOU3BOAHBIX», U «lIpmumun dupuxies mo cux mop OoCTaioTcs
OCHOBOIIOJIATAIONIUMY 1P U3YIEHUN MATEMATHKH.

Hannyo xkaury KypanT 3ajymas Hanucarh B JpaMaTHYeCKHUil IIEPUO/T
ncTOpuu, oceHbio 1939 1., Kora paspasniack BTopasi MUpoBasi BoitHa. I1aTbio
rojiamMu panbire on okazajcs B Coequnenubix [IItarax AMepuku, u3rHaHHbIH
dammcramu co cBoeil poauubl — 'epMmanuu, rie OH paboTaj B MaTeMaTH-
9eCKOM HHTCTUTyTe [ETTHHIeHCKOro yHuBepcureTa. Henp3si HE OTMETHUTH
orpoMHyIo 3aciyry KypaHnra kak opraHmsaTropa B TOM, YTO STOT UHCTUTYT
CTaJjl MUPOBBIM MaTeMaTudeckuM 1eHTpoM. CoberBenHo ropopsi, KypaHT, Bo-
mrotus a0 Meary Pesmkca Kieitna, ocnosast aror uncruryr. B CIITA
KypanT coszzmau eine ojuH BblIaoOmuiics HHCTUTYT (HbIHE M3BECTHBIA KAk
«KYPaHTOBCKUI HHCTUTYT» ), KOTOPBIA UI'PAJI U UIPAET BaXKHYIO POJIb B pa3-
BUTUU IIPUKJIAJIHON MaTeMaTUKNA BO BCEM MHUDE.

JLJ1st OCyIIIeCTBIIEHHUSI CBOEIO 3aMbIC/Ia — HAIMCATH KHUTY, YATas KOTOPYIO
MOXKHO OBILIO OBbI «BOITH B COIIPUKOCHOBEHUE C CAMUM COJEPHCAHUEM JKUBOM
MaTeMaTUIecKoil HaykKn»,— KypaHT TPUBJIEK MOJIOJIOTO JIBaIATHIEThIPEX-
seraero tomojiora I'epbepra Pobtbunca. Kypant, mcrnons3ys cBoil TajanT
OpraHu3aTopa, CyMes J00BITh B T€ TPY/HbIE TOJbl HEMAJIble MaTepHaIbHbIE
CpeJICTBa JIJIsl U3J[aHUs TAKOro 00beMHOro Tpyma. OH J0aro KoJjiebasics, Bbl-
Oupast HazBaHUe JJIs CBOeil KHUTY, U OKOHYATEIbHO YTBEPIUJICS B HEM, JIUIITh
[IOrOBOPUB C BEJIUKUM HEMEIKAM ITHCATEJIEM, TaKKe JIUIMIEHHBIM POJIUHBI,
Tomacom ManuoMm.
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Kuura Kypanra u Pobbumca 6bl1a miepeBeieHa Ha PYCCKUN sI3bIK U IO/~
roropjeHa K nedaru B 1947 r. D1o ObLIO OYEHb TPYIHOE BpeMsl JJIsi HAIei
crpanbl. TosibKO uTO 3akoHumMIach Besmkast OredecrBeHHasi BOHA, OTpe-
6oBaBIlIasi HEMBICJUMOTO HalpsiKeHusi. Ho, HecMOTpsi Ha 9TO, 11e/1ecoo0pas-
HOCTB m3manus Tpyaa Kypanra u Po60utca Obl1a cOBEpITEHHO HECOMHEHHOMN
JJIs TPOHUIIATEHHBIX YIEHBIX, JIyMABIINX O OYIyIeM CTPAHBI.

OjtHaKO JJIsT TOTO, 9TOOBI KHHUTa BBHIILIA B CBET, MOTPEOOBAIOCH TIPEOJIO-
JIETH CYIIECTBEHHbBIE TIPEISATCTBUS: V HAC HAYAIACH OOPHOA ¢ KOCMOTIOIMTHAS-
MOM, KOIJIa PYCCKasl KyJIbTypa IIPOTUBOIOCTABJISIIACE MUDPOBOIi, 8 3HAYEHUE
oc/IeIHEN TPUHUKAJIOCH. JIJis BBIXO/a KHUTH OTPEOOBAJIOCH ITPEIUCIOBAE
«Ot1 m3mareabcTBay. OHO OBLIO BKJIEEHO B KaXKIBIA 9K3EMILIADP OTIHEYaTAH-
noro Tupazxa (15000 5K3eMIUIAPOB), MEXK Ly JIeCATONH U ONUHHAIIIATON cTpa-
HUIIAMH, 0e3 HOMEPOB CTpaHuIl 1 6e3 YKa3aHUs O HEM B OIVIABJIEHUU.

TpeboBayinch 0coOble apryMeHTBI JIjisl TOTO, YTOOBI YK€ HalledaTaHHbIM
TUpaxK He ObLT yHuuTOXKeH. [Ipeauciosue 66110 Hanucano Arjapeem Hukosa-
eBrdeM KOJIMOTOPOBBIM — OJIHUM W3 BEJUYANIIAX MATEMATHKOB yXOJAIIETO
BEKa, XOTs U He ObLIO IOJIIACAHO M.

DTO TPEUCTOBIE — IPUMEYATEIbHBI NCTOPUIECKHIA JOKYMEHT, B KOTO-
POM OTpaxKeHbI JIpaMaTUYIecKue epueTun Toro spemern. OHO HalledaTaHo
B J1006aBJIEHUU K 3TOMY U3JIAHUIO, HO MHE XOYeTCsl IPUBECTU 3/1eCh HEKOTOPbIE
dparmenTh! u3 Hero o 3Hadennn Kauru Kypanra u Po6outca. OHu akryaib-
HBI U B HAIIIE BPEMsI, KOTJ[a XKUBO 00CY K JAIOTCsT IIPOOIEMBI MATEMATHIECKOTO
obpazoBaHUsI.

IlepBbie Tpu ab3ara HIpeaUCIOBHUs OOpAIEeHbIl K TE€M OCHOBHBIM TI'DYII-
maM MOJIOJEXKH, JIIsi KOTOPBIX, 110 MHeHH KojMoropoba, KHUTa MOXKET
6bITH HamboJee mosie3Ha. [Ipexk e Bcero, 970 MIKOJBHUKM, HOO «CYIIECTBYET
GOJIBIIIOI PA3PBIB MEXKIY MATEMATHKON, KOTOpas IIPENOJAETCS B CpeIHEl
IIKOJIe, ¥ HAMOOJIee KUBBIMU M BaKHBIMU JIJI €CTECTBO3HAHUS W TEXHUKU
pasjieJlaMi COBPEMEHHON MaTeMATHIeCKON HayKu». 3aTeM, 3TO CTYJAEHTBI
WHXKEHEPHBIX, XUMUYECKUX, OUOJIOIMYECKUX U CEJIbCKOXO3SCTBEHHBIX BY-
30B, B KOTODBIX <«OCTABJISIIOT COBEPIIEHHO B CTOPOHE psijl OoJiee OOMUX U
HOBBIX Hujeil MareMaTuku... MexXmay Tem, 9Th maen CTaHOBATCHA Bce OoJiee
CYIIECTBEHHBIMU JJIsI BCEHl COBOKYITHOCTHA TOYHBIX U TEXHUYIECKHX HAYKY.
Hakomner, 310 «MO0J10/1€2Kb, N30paBIas CBOEHl CIIENNAIBHOCTHIO MaTeMaTHU-
Ky WJIN T€ pa3Jieibl €CTECTBEHHBIX HAyK (MEXaHWKa, aCTPOHOMUSI, (HDU3NKA),
n3ydeHre KOTOPBIX CBSI3aHO C IIPOXOXKJIEHUEM BIIOJIHE COBPEMEHHOI'O Kypca
MATEeMaTHKH... [1 KOTOpasi| 9acTO HYKJIAeTCsl B TOM, 4TOOBI €Ile HA CTAIUN
epexo/1a U3 CpeIHeil IMKOJIbI B BBICIIYIO B O0JIee JIETKOH U HATJISIHON hopMe
ITO3HAKOMUTBCS C PA3JINYHBIMU PA3/IEIAMI MATEMATHKH, BILIOTH JI0 CAMBIX
BaKHBIX U COBPEMEHHBIX>.

Tpyn Kypanrta nu Pob66unca y1oB/IeTBOpsIeT MOTPEOHOCTH STUX TPYIIIT MO-
sonexxu. Ho He TOJIBKO. DTa KHUTra MHTEPECHA BCSIKOMY UEJIOBEKY, KOTOPOMY
Hebe3pasmiHa Cyap0a HAayJIHOrO 3HaHWs. BHE BCAKOrO COMHEHUS, OHA BXO-
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JIAT B 30JI0TOH (POH IUTEPATYPHI IT0 MaTeMaTnke. KHura Oblia mepeBeieHa
HA MHOTUE SI3BIKH W Cpa3dy ke I0CJe ee U3JaHUS CTaJa MaTeMaTUICCKUM
becTcelIepoM.

* * *

OTa KHHUTa ObLIa HAIMCAHA IMECThecdT JjierT Hazad. C Tex mop BO BceM
MUpE U B MATEMATHYECKOI HAayKe MPOM3OILIM BEChbMa 3HAYUTEIbHBIE U3Me-
wenusi. Crpykrypa kauru Kypanra u PobbuHca BO MHONOM COOTBETCTBYET
CTPYKTyp€ MaTeMaTWKW, CJIOXKUBIIElcad B Hadajie Beka. llpenacraBjienne ob
9TOM CTPYKTYPE JaeT CIIMCOK OCHOBHBIX cekIuil Ha Bropom MaTemaTnaeckom
konrpecce (ITapuxk, 1900 r.): apudnmeruku u aurebpbl, reOMETPUM, AHAJIN-
3a, MeXaHUuKu u MaTeMaTHUIeCKOMn CI)I/ISI/IKI/I. HI)IHe, B JIOIIOJIHEHUE K 39THUM
9eThIpEM CEKIIMsIM, Ha COBPEMEHHBIX KOHIpeccax paboTaroT CEeKIIUA MaTe-
MaTUIeCKON JIOTUKK W OCHOBaHUI MATEMATUKU, TOTOJOTUN, aIredpandecKoit
reoMeTPHUH, KOMILJIEKCHOTO aHAJIN3a, TeOPUH Py JIu u Teopun mpecraBiie-
HUil, Teopun QYHKINH 1 PYHKIIMOHATIHHOTO aHaan3a, 1uddepeHnaabHbIX
YPABHEHUII ¢ YACTHBIMU MMPOM3BOJIHBIMHU, OOBIKHOBEHHBIX JIuhdepeHimaib-
HBIX yPaBHEHMUIA, YMCJIEHHBIX METOJIOB, JIMCKPETHON MaTEMATUKU U KOMOUHA-
TOPUKU, TEOPUU NHPOPMAINN U IPUJIOKEHUN MaTEMATUKU K HEPUIUIECKUM
HAyKaM.

Macrrab mpou3oIe X n3MeHeHn i He JaéT BO3MOKHOCTH B KOPOTKHUX
PeAKTOPCKUX IPUMEUAHUIX OTPA3UTh COJEPYKATETHLHO JIOCTUKEHUS B Ma-
TeMaTHKe 3a IOCJIeHIe JIBe TPeTH BeKa. [109ToMy Mbl OIpaHUYUIIUCE JIUIITH
CaMbIMU HEOOXOJMMBIMU KOMMEHTAPUSIMU K TEKCTY KHUTU, HO IIPA STOM
3HAYUTEIFHO MIEPECMOTPEIN U PACIIUPUIN CIUCOK JINTEPATYPHI, BKIIIOYUB
B Hero Hambojiee MHTEPECHble KHUTH, OPMEHTUPOBAHHDLIE HA IIKOJIbLHUKOB,
BBIIIEJIIIHE 38 TIOCJIEIHUE TPUJIIATH JIET,

B nob6asyienunn nmomemnien rakxke dpparment kauru K. Pug «Kypant B [éT-
tunrene 1 Heuro-Mopkes, mocBamennblit ncropun co3manust Kauru Kypanrta
u PoGbunca.

B. M. Tuxzomupos

Hpe[[I/ICJ'IOBI/Ie KO BTOPOMY M3JaHUIO HAa PYCCKOM A3bIKE

Kuura P. KypanTa u I'. Po66unca y»xe nznasaigack B CCCP B 1947 r. Ona
[I0JIb3YEeTCsl OOJIBIITIM YCIIEXOM Y JIFOOUTEIe MATEMATUKHI CAMBIX PAa3JIMIHBIX
BO3PACTOB U yPOBHEI [TOJITOTOBKY, HO JABHO y2Ke cTajia bubnorpaduaeckoit
penkocthio. B cepunm «MaremaTndeckoe MPOCBEIIEHNE OHa 3aiiMeT CBOe
TOYE€THOE MECTO.

IlepeBos1, BBITTOTHEHHBIN JJIsT TIEPBOrO M3JIAHUS IO PEIAKIIAN ITOKOM-
Horo npod. B. JI. [oryapoBa, ObLI BBIIPABJIEH W IIOMOJIHEH IO IIOCJIEIHIM
aarmiickomy (1948) u nemenxomy (1962) usganusam. Boceranosien Takzxke
peIMeTHRIH yKasaTeab. CIMCOK «PEKOMEHIOBAHHON JTUTEPATYPhI» CICIYET
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OPHUTMHAJTY JIUIIb B YACTH KHUT, IIEPEBEJIEHHBIX HA PYCCKUIA SI3BIK; PEJAKTOPDI
PYCCKOIO W3/IaHUS JOIOJHUIN €r0 PSIOM KHHUI, NMEIOIINXCS Ha DPYCCKOM
SI3BIKE.

[Tpumeyuanus peaKTOPOB PYCCKOrO U3IaHUS HEMHOTOYUC/IEHHBI (OHU 10~
MeYeHbI M PaMi, B TO BpeMs KaK [IPUMEUAHNS ABTOPOB 0003HAYEHBI 3BE3-
moukamu’.) PemakTopel, He Kejas HAPYIIATH TMEJIbHBIN W BIIETATIISIONINIT
CTWJIb KHUTHU, HE CTPEMUJIUCH UCIPABJIATH U JIONOJHATH JOBOJILHO CJIydaii-
HBIN BBIOOD UX yKA3aHUN HA MCTOPHUIO BOIPOCA W MPUHAIIKEHOCTD OT/IE/b-
HBIX PE3YJIbTATOB OIPEICTCHHBIM JIUTIAM.

Msr pagsr mobmarogapursk npod. P. Kypanrta 3a jo6e3noe BHUMaHUE,
OKa3aHHOE UM HOBOMY M3JIAHUIO KHUTH Ha PYyCCKOM si3bIKe. B cBoeM KOPOTKOM
obpaImennn K PYyCCKOMY YHTATENIO OH €Ile Pa3 IOAIePKUBAET PyKOBOJIHA-
IIYIO UJIEI0 CBOEH IeJJarOTMYeCKON JesTeIbHOCTH: IIPONATaHJ/y OpraHude-
CKOT'O €JMHCTBA MATEMATUKHU U €€ HEPA3PLIBHOW CBSI3U C €CTECTBO3ZHAHHEM
u texHukoi. [Ipu 3TOM mMeercs B Buiy He HpaBOydeHUsi 00 OOsI3aHHOCTHU
MAaTEeMaTUKOB OBITH TIOJIE3HBIMU, a HATJISITHAS JEMOHCTPAIUs TOTO, UTO KU-
Bble MCTOYHUKHA MATEMATHYIECKOTO TBOPYECTBA HEOTIEIMMBI OT WHTEPeca K
[TO3HAHUIO IIPUPOJIBI U 33/1a9aM YIIPABJIEHUS IIPUPOIHBIMH SBJICHISIMHU.

B HOBOM n31aHMK uCHOJIb30BaHbI 3aMedanus npod. K. JI. 3uress u mpod.
Orro Heiirebayspa, KOTOPbIM MBI BMECTE C aBTOPAMU BhIPAYKAEM UCKPEHHIOO
MIPU3HATETBHOCTb.

Mocksa, A. H. Koamozopos
12 nosibpst 1966 r.

B nacrosiimem uzgaHuu He COXPAHUIOCh. — IIpum. ped. nacm. uso.



K pycckomy umTaresiro

Brixos B cBeT BTOPOIO PYCCKOrO U3JAHUs Hallleli KHUI'M — BEChbMa IIpU-
SITHOE JIJI MeHs coObITre. 21 Beerya ¢ riry0OKUM BOCXMIEHUEM OTHOCUJICH K
3aMeUYaTE]IbHOMY BKJIAJy B HAIILY HAYKY, CJIEJAHHOMY MHOTUMU BbIJIAIONIH-
vucs maremarukamu CoBerckoro Coroza. Iloxkasyit, B 6osbIeil cremenu,
9eM B HEKOTOPBIX CTpaHaxX 3allaja, PyCcCKas MATeMaTHYeCKas TPaIUIUs
COXpaHMJIa Uieasl eIMHCTBa HAYKH M CIIOCOOCTBOBAJIA YIPOUYEHUIO POJIU Ma-
TEMATUKU B Hay‘{HbIX U TEXHUYECKUX IIpI/IJIO)KeHI/IHX. Ha MEH TaKzKe HpO-
U3BOJUT CUJIbHEHIIeE BIIEUATIEHUE aKTUBHOE YyUacTHe, KOTOPOE MPUHUMAIOT
kpynnble Maremaruku Coserckoit Poccnu B jiesie morbeMa MaTeMaTuaecKoro
obpazoBanus. 1 paj, 4TO CBOE MECTO B PYCCKOM Hay4HO-IIEAArOrMIeCKOR
JINTEPAType 110 MaTeMaTHKe 3aHsijIa W Hallla KHUTA.

Hacrositiiee nzianmne oTimdaeTcss OT IPebIIAYIIUX aHIJIMACKUX U HEMEII-
KUX U3JaHUi HEOOJIBITNMU UCIPABJIECHUSIMA U YTOYHEHUSIMU, KOTOPBIMU MbI
obst3aubl, B gacTtHOCTH, mpodeccopy K. JI. 3uremo, Orro Heiirenbayspy u
JIDYTEM CBOUM KOJIJIETaM.

Heio-Mlopkekwmit yauBepcuTer, P. Kypanm
9 mag 1966 r.



TIOCBSAIIAETCA
Ipnemy, Tepmpyde, Tancy u Jleonope Kypanm



IIpeaucioBue K repBoMy U3IaHUIO

Ha mporsikennn nByX ¢ JIMIMHAM ThICAYEE€THI 0DJIaJaHe HEKOTOPDI-
MU, HE CJIUIIKOM ITOBEPXHOCTHBIMU, 3HAHUSIMU B OOJIACTH MATEMATHKU SIB-
JISLTIOCH HEOOXOIMMOI COCTABHON YACTHIO MHTE/IEKTYAJILHOTO Harayka KaK-
JI0ro 00pa30BaHHOIO 4eJIOBEKA. B HAIU JIHW YCTAHOBJIEHHOMY TPaJIUIIAeit
BOCIIUTATEILHOMY 3HAYEHUIO MaTEMATHKU YI'DOXKAET Cephe3Hasi OMacHOCTh.
K coxasenuto, nmpodeccnonabHbIE TPEICTABUTEN MATEMATHIECKON HAYKHI
B JIAHHOM CJiydae He CBOOOJHBI OT oTBercTBenHoCcTH. OOydeHne MareMaTu-
Ke HEPEeJIKO MProbpeTaso XapakTep CTEPEOTUITHBIX YIIPAXKHEHUIT B PereHIn
3a/1a4 [MIAaOJIOHHOI'O COJIEPKaHUsl, YTO, MOXKET OBbIThb, U BEJO K PA3BUTHUIO
KOe-KaKUX (POPMAaJIbHBIX HABBIKOB, HO HE IIPU3BIBAJIO K IVIYOOKOMY ITPOHUK-
HOBEHUIO B M3yYaeMBbIil IIPeIMeT W He CIOCOOCTBOBAJIO PA3BUTHUIO ITOJJINH-
HO# cBOOOIBI MbIcsn. Hay4anbre ucciteioBannsi 0OHAPYKUBAJIM TEHIECHITUIO B
CTOPOHY YIpEe3MEepHOi abCTPaKIUy U crieruaan3anun. [IpuiokenusM u B3a-
MMOOTHOIIIECHUAM C NHBIMN O6.HaCTHMI/I HE YIe/14JI0Ch JOCTATOIYHO BHUMAHUA.
U Bce ke 51 MaI00IANONPUSATHBIE IIPEJIITOCHLIKKA HA B KAKOI Mepe He MOryT
MIOC/IY>KATH OINPABJIAHWEM [JIsi TMOJUTHKHU cladn nosuruit. Hamporus, e,
KTO yMEIOT MOHUMATH 3HAYEHNE YMCTBEHHOH KYJIbTYPbI, HE MOTYT HE BbI-
CTYIUTh — U y2Ke BBICTYIIAIOT — Ha ee 3amury. [IpernogaBarenu, yaammecs —
BCe, XOTsI ObI U HE CBA3aHHDLIE CO IKOJIONH, 0OpPa30BaHHDIE JIFOIUH — TPEOYIOT
HE UJITH 110 JIMHIUN HAUMEHBIIIErO COIPOTUBJIEHUSI, HE CKJIAJIbIBATH OPY KU, a
MPUCTYIIUTh K KOHCTPYKTUBHOI pedopme mpenojaBanusi. [lebio siBisiercst
[IO/JIMHHOE [TOHNMAHUE CYIIECTBA MATEMATHKYN KAK OPraHUIECKOTO IEJI0r0 U
KaK OCHOBBI HAYYIHOTO MBIIIJIEHUSI U JIEHCTBOBAHUSI.

Heckombko 6iecTsmmux KHUT 6MOTpaduaecKoro U UCTOPUIECKOTO COIEP-
JKAHUS U KOe-KaKue Iy IUIUCTHIeCKIe BBICTYILIEHUs] PAa30yIMIA B ITUPOKUAX
Kpyrax, Ka3aJjoch Obl, 6e3pa3/IndHbIX K MaTeMaTHKe, Ha, CAMOM JieJ1e HUKOIIa
He yracaBmmii K Heil mHTepec. Ho 3Hanme He MOXKeT OBITH JOCTUTHYTO C
IIOMOIIBIO OJIHUX JIUIIb KOCBEHHBIX CpeacTB. lloHmMmanuwe mMareMaTwku He
pUOOpeTaeTCss TOMBKO 6€300/IE3HEHHO Pa3BIeKATEIHLHBIMI CIIOCODAMN — TaK
JKe Kak, HAllpUMep, Bbl HE CMOXKeTe MMPUOOPECTH MY3BIKAJIBLHOU KYJIbTYDbI
IIyTeM YTEHMsl YKYPHAJIBHBIX cTaTeil (Kak Obl SpPKO OHU HU OBbLIM HAITUCAHDI ),
€CJIM He HayIUTeCh CAYWAMS BHUIMATEIBHO U cocpesoTodento. Hesb3st 000ii-
THCh 6e3 JEeHCTBEHHOI'O CONPUKOCHOBEHUS C CAMHUM COOEPIHCAHUEM JKUBOIA
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MaTeMaTndeckoii Hayku. C Ipyroifl CTOPOHBI, CIeI0BAJIO Obl N30eraTh BCEro
CJINIIIKOM TEXHUYECKOIO MJIM HCKYCCTBEHHOI'O, JieJiasi U3JIOYKEHHe MaTeMa-
THUKU B OJIMHAKOBOI CTEIeHU CBOOOJIHBIM OT JyXa IIKOJBHOW PYyTUHBI U OT
MEPTBSIIIEro JOrMaTu3Ma, OTKA3bIBAIOIIEr0CsT OT MOTUBUPOBOK U yKa3aHUSI
meJieit, — TOro camMoro JOrMaTH3Ma, KOTOPBIA IpecTaB/isieT coDOH CTO/h
HEIIPUSITHOE TPEISATCTBHE /I YeCTHOrO ycuius. Her Hudero HeBO3MOXKHOTO
B TOM, 9TOOBI, HAYUHAS OT IIEPBOOCHOB U CJIEMIYS 110 IIPSIMOMY IIyTH, I00PATh-
Ced IO TaKUX BO3BBLIMIEHHBLIX TOYEK, C KOTOPbIX MO2KHO sICHO 0603peTb CaMyIo
CYIIHOCTb U JBUXKYIIUE CUJIBI COBPEMEHHOM MaTeMaTUKHU.

Hacrosimast kaura negaer Takylo UMEHHO MOIBITKY. [locKOIbKY OHa He
MIPE/IITOIAraeT MHBIX CBEJEHUIl, KPOME TeX, KOTOPBbIE COODIIMAIOTCS B XOPO-
eM MKOJBHOM KypCe, ee MOYKHO OBbLITO ObI Ha3BaTh oy aspHoit. Ho oma —
HE YCTYIIKa OIIACHOW TEHJIEHIINN yCTPAHUTH BCAKOE HAIPSKEHUE MBICTH U
yupaxkaernne. OHa [IPeJITIoIaraeT U3BECTHBIN YPOBEHb YMCTBEHHOM 3PeJIOCTH
U 20MOBHOCTG YCEAUBGMb npedaazaemoe paccyscdenue. Knura Hamucana
JJIS HAGWHAONINX U JJIs HAYYIHBIX PAOOTHUKOB, IS YUIAIIAXCS U JJIS yIu-
Teneit, 1A GuIocodoB U I WHKEHEPOB; OHA MOXKET OBITH MCIIOJIb30BAaHA
Kak y4ae0Hoe mocobue B yIeOHbIX 3aBeeHus X 1 B OndnoTekax. Moxker ObITh,
HaMepeHre OOpPaTUTbCs K TAKOMY IIHPOKOMY KpPYyI'y dUTaTejeil siBJIsSeTCs
qepecuyyp CMeJIbIM U CAMOHa IesTHHBIM. HyKHO IpU3HATH, 9TO MO/ 1aB/JI€HUEM
WHOH pabOThI MBI BBIHYKJIEHBI ObLIN IPU IIyOJUKAINKA ITOW KHUTH HUCKATH
KOMIIPDOMUCCHI: TIOJTOTOBKA BEJACh MHOIHE T[OJbl, HO TaK W He ObLIa I0-
HaCTOsAIIEMY 3aKoHYeHa. Mbl Oy/eM pajbl KPUTHKE U TOTOBBI BBICJIYIIATH
IIO2KeJIaHN A .

Eciu orBeTcTBEHHOCTD 3a II1aH U BII0COMCKOE cojteprKanme 3TOoil mybsu-
KAIK JIOYXKUTCS HA HUKEITOJIICABINETrOCs, TO BO3/asHIE ee TOCTOMHCTBAM
(ecsin TakoBbIE MMEIOTCs) MHe 10H06aeT pasmenaurb ¢ Lepbeprom Po66um-
com. C caMOro MOMEHTa TPUCOEINHEHNsT K 3a/[yMaHHOM paboTe OH OTIAJICS
eif ¢ yBJIeueHHEM, KaK CBOel COOCTBEHHOM, M €ro COTPYTHUIECTBO CHIIPAJIO
PEIIAOILYI0 POJIb B OKOHYATETLHOM IIPUIAHUN KHUATE €€ HACTOAIIENH (POPMBI.

¢ mo/mKeH BBIPA3UTh CBOKO IVIYOOKYHO 0JIarofapHOCTH 38 IIOMOIIb MHO-
rouucyeHubIM 1py3baM. becensl ¢ Hunmbcom Bopom, Kyprom @puapuxom n
Orro HeiirebayspoM okazayin BJIUSHEE HA MOW MMO3UIUU B BOIIPOCaX (DUJIO-
CcOdCKOro U NCTOPUIECKOIO XapaKTepa. BoJIbIoe KOJImIecTBO KOHCTPYKTUB-
HBbIX KPUTHUYECKHX 3aMEUaHWil C TOYKHU 3PEHUsl Iejarora BbICKa3aJa JJIHa
Kpamep. Hasug ['myibbapr 3amucas JIEKIUHU, [TOJIOXKEHHBIE 3aT€M B OCHO-
By kuuru. dpuect Kypanr, Hopman desuic, Yapass ge [Ipuma, Anbbdpen
Topn, l'epbepr Muntnep, Bosbdranr Bazos u apyrue momorsiz B mouctune
bGeckonedHoi paboTe IO IeEperedYaTKe PYKOINCH U BHECIU B HeEe MHOXKe-
crBO yiyurienuii. Jonasy Pernepc BHEC MHOIO IEHHBIX IPEIJIOKEHUNH U
TIIATEbHO BhIBEPUI PyKonuch K medaru. Jxon Kuymncen, I'epra don I'ym-
neubepr, Upsunr Purrep u Orro Heiirebaysp msrorosuin geprexu. Jacrsb
VIPaXKHEHU JJIs MPUIOXKEHUsT B KOHIe KHuru ucxoauT oT [. Yuruu. Kyp-



1§IPEJNCJIOBUE KO BTOPOMY, TPETBEMY 1 YETBEPTOMY U3OAHUAM

Cbl JIEKIIWH M CTATbM, IIOJIOXKEHHBIE B OCHOBY KHWIM, OBLIM OCYIIECTBJIEHBI
Gstaromaps mieipoit moeprkke OTiena napogaoro obpazosanust Pokdeinie-
poBckoro doua. f Jo/KeH TakKe MO0JIaroJapuTh u3jarebctBo Waverly
Press, ocobernno r-ua I'posepa K. Opra, 3a 4pe3BblUaiiHO KBAIUPUITTPOBAH-
nyio pabory u nzgaresabcrBo Oxford University Press, ocobenno r-na @uianna
Boapena u r-na Y. Omana, 3a UHUIMATUBY U TOJJIEPKKY.

Heto-Pomtests, Horo-1opk, P. Kypanm
22 aprycra 1941 r.

IIpeaucioBue KO BTOPOMY, TPETHEMY U YETBEPTOMY
U3JaHUAM

B nmocneinuit rost, 1o BO3AEHCTBIEM COBEPIIAIONINKCS COOBITHI, BOSHUK
yCHJIeHHbeI CIIPOC Ha MaTEeMaTHUYIECKYIO I/IH(bOpNIaL[I/IIO n COOTBeTCTByIOL[LHfI
wHCTPYKTUBHBIN Marepuas. Ceiidac 6oJibllle 9eM KOTIA-JInO0 CYIIECTBYeT
OIIACHOCTD BBIXOJIAIIUBAHUS M PA30YaPOBAHMIL, €CJId TOJILKO ydamuecs (u
yuuTesisi) He CYyMEIOT YBUJIETb M CXBATHTb TO, YTO JIEXKUT 3a (HDOpMysiamu
U TpeoOpa30BAHUSMU, — UCTHHHOE CYIIECTBO W COJIEpXKaHNE MATEMATUKH.
menno JJId TeX, KTO BUJIUT I‘JIy6}K€7 ObljIa HAIICAHA 9Ta KHUT'a, 1 OTKJINKU
Ha IIepBOE€ U3JIaHUEe IIOJIEPXKUBAIOT B aBTOPpaxX HaJACXK/AY, 9TO OHa IIPpUHECET
OJB3Y.

BﬂaI‘O,ZLapI/HVI LIHT&Te.HefI, e KPUTUYICCKHE 3aMEYaH A ITIO3BOJINJIN BHECTHU
B HOBbIE€ U3/aHHA MHOI'OYHNCJICHHBIE IIOIIPABKU U YJIYYIIIIECHUA. 3& 60J'IbHIyIO
IIOMOIITH B IIOJATOTOBKE Y€TBEPTOI'O U3JaHUA CEPAECIHO 6J'IaFO,£LapI/IM -2y Ha-
Tamy Aprum.

Hero-Pomress, Hpio-Topxk, P. Kypanm
18 mapta 1943 1.

10 okTsi6pst 1945 1.

28 okTsI6pst 1947 1.



Kak noJsp3oBaTbcss KHUTOM

[Topsimok wm3stoKeHUsT B KHUTE — CACTEMATUYECKUl, HO 9TO HE 3HAYUT
HAKOMM 00pa30M, 4TO YUTATEIb O0A3aH UATATL €€ IOAP:A — CTPAHUILYy 3a
cTpaHuIeil, rjaaBy 3a riaaBoil. [1aBbl B 3HAYUTENHHON CTEIEHN HE3aBUCHMBbI
ojiHa or jpyroi. YacTo Hadajo pasjesia MMOKaXKeTcsi JIENKOIOCTYITHBIM, HO
IIOTOM JIOPOT'a TOCTEIEHHO TOWIeT BBEPX, CTAHOBSICH KPYyYe B KOHIIE TJIaBbI
u B jonosiHeHnsaxX K Heil. [losTomy umrarensb, HyKmaronmiics ckopee B 00-
meil mHpOpMAINN, YeM B TPHOOPETEHUHN CIENHUAIbHBIX 3HAHUN, MOCTYIIUT
MIPaBUJILHO, €CJIH YOBJIETBOPUTCS TAKUM OTOOPOM MaTepHuaJia, KOTOPBI MO-
2KeT OBITh OCYIIECTBJIEH 10 IPUHIUILY n3beranusi 6ojiee JeTAJIN3UPOBAHHBIX
paccMoTpeHuii.

Vaamuiicst ¢ OrpaHUIEHHON MATEMATHIECKOH TOJTOTOBKON IIyCTh BHIOU-
paeT 1o CBOEMY BKYCy. 3BE3J0YKAMU W MEJKAM MIPUMTOM OTMEYEHO TO,
9TO MOYKET OBITH OIYIIEHO ITPHU MEPBOM UTEHUH 0e3 Cephe3HOro yIiepoa st
MMOHUMAHUs MOCeayoIero. bosbiie Toro, 6eaul He Oy/IeT, ecIu Ipu u3yde-
HUW KHUTH 9ATATE]b OTPAHUYIUTCS TEMH Pa3Jie/IaMi WA TJIaBaAMU, KOTOPbIE
MIPEJICTABJISIOT JJIsi HEr0 HanbOJIbInii mHTEepeC. BOJIBIMMHCTBO yIpaskHEHU I
HE HOCHUT 4nCTO (DOPMATBLHOTO XapakTepa; 0oJiee TPYIHbIE OTMEYEHBI 3BE3-
noukoit. He mHamo cimmikoMm oropyarbcs, €Cim Bbl HE CyMeeTe BBIIOJHUTH
HEKOTOpPBIE U3 HUX.

[IpemnomaBaresu MIKOJI HANAYT B TJIaBaX, MOCBSIIIEHHBIX N€OMETPUIECKUM
MIOCTPOEHUSIM U MAKCHMyMaM U MUHUMYyMAaM, MaTE€PUAJ, TTOIXOISIINA JJTsi
KPY?KKOBBIX 3aHSATHAN WU JJI OTAE/IBHBIX TDYII yYIAIUXCS .

Mpbr1 HaIeeMCs, YTO KHUTA CMOXKET HOCTYKUTh U yIAIAMCS PA3HBIX KJIacC-
COB KOJLJIE/IKEH U JIUIAM TeX WJIM WHBIX Ipodeccuii, TeficTBUTEILHO WHTE-
pecytorumMcsi mpobieMamMu TOIHOro 3HaHusa. OHa MOXKeT ObITh IIOJIOXKEHA B
OCHOBY «CBODOIHBIX» KYPCOB B KOJLJIEIXKAX 10 OCHOBHBIM ITOHSITUSIM MaTe-
marukn. [naser III) IV n V moaxomar ajis Kypca reoMeTpuu, TOT/Ia KakK
rnaBel VI u VIII, BMecTe B3siTHIE, 00PA3YIOT 3AKOHYEHHOE U3JIOKEHIE OCHOB
aHaJu3a C OIOPOil CKOpee Ha NOHUMAHUE, YeM Ha JOCTUKEHUE TEXHIIECKOTO
coBepirniercTBa. OHU MOTYT OBITH HCIIOJIB30BAHBI B KAYECTBE BBOJHOTO TEK-
CTa IpernojaBaresieM, KOTOPBIA IOXKeyal Obl JOMOJHUTH yIeOHBIH KypC B
COOTBETCTBUM C TE€MH WU WHBIMU CIENuUIECKUMEU MOTPEOHOCTSMU, U B
ocobeHHOCTH — 000OTaTUTH €ro Oojee pasHOOOpa3HbIMU mpuMmepamu. MmHo-
TOYMCJIEHHBIE YIIPaKHEHUsS Pa30pOCAHBbI 110 BCEHl KHUTE; IOMOJHUTEIHHOE
cobpaHne yIpaKHeHUil B KOHIlE MOTJIO Obl, KaK MbI TOJIaraeM, O0JIerIuTh
ee WCIIOJIb30BaHUE B IIKOJIbHOIW 0OCTAHOBKE.

Mpb1 HajIeeMCst, 9YTO U CHEIUANCT OOHAPYKUT KOe-9TO WHTEPECHOE B Jie-
TajsgX W B UHBIX JIEMEHTAPHBIX PACCYKIEHUSX, COIEepKAIuX B cebe 3epHO
boJtee MUPOKUX UIEH.
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MaremaTuKa COIEPKUT B cebe IepThI BOJIEBOH JI€SITEIHLHOCTH, YMO3PH-
TEJILHOTO PACCYKICHUS U CTPEMJIEHHUS K SCTETHIECKOMY COBEpIIeHCTBY. Ee
OCHOBHBIE€ U B3aWMHO IIPOTUBOIIOJIOXKHBIE JIEMEHTHI — JIOTUKA ¥ WHTYUIIUS,
aHaJIn3 M KOHCTPYKIHS, OOIHOCTh U KOHKPETHOCTh. Kak Obl HU ObLIN pas-
JINYHBI TOYKU 3PEHUs, MUTAEMble TEMU HJIM UHBIMU TPAIUINASIMUA, TOJHKO
COBMECTHOE JIefICTBIE ITUX IOJISIPHBIX HavdaJs 1 60ppba 3a UX CHHTE3 obecIe-
YUBAIOT YKU3HEHHOCTH, IIOJIE3HOCTh U BBICOKYIO IIEHHOCTH MaTeMaTHYeCKON
HAyKU.

Bes comuenusi, nBukenne Brepes B 00JACTH MATEMATHKHU OOYCJIOBJIEHO
BO3HUKHOBEHNEM TOTPEOHOCTEH, B OOJBINEHl MM MEHBINEl Mepe HOCSIINIX
npakTudeckuit xapakrep. Ho pa3 BosHukIimnee, oHO HeM30€:KHO TPpUOOpETaeT
BHYTPEHHUII pa3Max W BBIXOJWT 3a TI'PAHUIbI HEIIOCPEJICTBEHHOM II0JIE3HO-
cru. CoBepIraioreecss TaKUM 00Pa30M I[IpEBpAIleHe MTPUKJIAHON HAyKH B
TEOPETUIECKYIO HADJIIOIAETCS B UCTOPUU JIPEBHOCTH, HO HE B MEHBIIEH cTe-
[IeHU TAKXKe U B HAIIU JHU: JOCTATOYHO MPUHATH BO BHAMAHUE TOT BKJIA],
KOTODBII C/IeJIAH B COBPEMEHHYIO MaTEMATUKy WHXKEHepaMU U (DU3UKAMU.

Camble paHHEE U3 JOIIE/IINX J0 HAC 0OPA3IO0B MATEMATHIECKON MBICJIN
MOSIBUJINCh Ha BOCTOKe: OKOJIO JIBYX THICAYE/IeTHIl JI0 Halleil 3pbl BaBU-
JIOHsSTHe coOpaJin OOIIMPHBIA MaTepuaj, KOTOPBIA MBI CKJIOHHBI ObLIH ObI
B HACTOsIIllee BpeMsi OTHECTH K 3jeMeHTapHOil anredbpe. Ho kak mayka B
COBPEMEHHOM CMBICJIE CJIOBA MATeMATHKa BO3HUKAET IIO3JHEee Ha I'PEeYecKOit
IOYBe, B ISITOM U Y€TBEPTOM CTOJIETHUSX JI0 Hallei 3pbl. Bee ycuauBatoreecs
COIPUKOCHOBeHME Mexk/y Bocrokom u I'permeii, nHadaBiieecsi BO BpeMeHa
Ilepcusckoit nMepun u JIOCTUTIIIEE AIIOTesT B IEPHUOJL, HEIIOCPEICTBEHHO CJle-
JIyIOIIHii 3a sKcreunusaMu Ajiekcanpa MakeIoHCKOTO, 06eCIIednIio rpeKamM
BO3MOXKHOCTD II€PEHSATH JIOCTUYKEHHUS BABUJIOHAH B O0JIACTH MATEMATHKHU U
actpoHomun. MaremaTuka He 3aMeIUIa CTATh O0BLEKTOM (DUITOCODCKUX
JIMCKYCCHIi, OOBIYHBIX B I'PEYECKUX IOpOJaxX-rocyrapcreax. Takum obpasom,
rpedeckre MBICJIUTE]N OCO3HAIN 3HAUUTENbHBIE TPYIHOCTH, CBI3aHHBIE C
OCHOBHBIMHM MATEMATHIECKUMU KOHIEIIUSIMU — HEIPEPBIBHOCTHIO, JIBUKE-
HUEeM, OECKOHEIHOCTHIO — U C ITPOOJIEMOI U3MEPEHUS TPOM3BOJILHBIX BETUINH
JTaHHBIMU 3apaHee equHuIaMu. Ho 00HAPYKUIIACH U PEITUMOCTD IIPEOJIOJIETH
[PENSITCTBYUSI: BO3HUKINAS B PE3yJIbTaTe BEJIMKOJIEITHOIO YCUJINS MBICJIH €B-
JIOKCOBA, TEOPUsl T€OMETPUIECKOr0 KOHTHHYYMa [PEJICTaBIsIeT coDON Takoe
JOCTUXKEHUE, KOTOPOe MOYKHO IOCTABUTH B OIWH DS/l TOJBKO C COBPEMEH-
HOI Teopueil uppanuoHaabHbiXx uncesi. Ot EBmokca mier akCHOMaTHKO-/1e-
IYKTHUBHOE HAIIPBJIEHNE B MATEMATHKE, [IPOsIBUBIIIEECS BIIOJIHE OTYETIIUBO B
«Hagamnax» EBkima.

XOTsI TEOPETUKO-TIOCTYIATUBHAS TE€HJCHIINS HE3BIOJIEMO OCTAECTCS OJIHOM
U3 CaMBIX SPKUX OCODEHHOCTEHl T'pEeYecKOil MaTeMAaTHKU M, KaK TaKOoBas,
oKa3aJia OeclipuMepHOe BJINSHUE Ha JaJibHelilee pa3BUTHE HAYKH, TEM He
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MeHee HeoOXOTUMO €O BCeil dHepTHeil yKa3aTh, ITO MPAKTUIECKIe TTOTPEOHO-
CTHU ¥ CBA3b C (PUBWIECKOI PeaIbHOCTHIO YIaCTBOBAIM HUKAK HE B MEHBITIEH
Mepe B CO3JIaHNKM AHTUYIHON MATEMATHKH U 9TO U3JI0XKEHUI0, CBOOOIHOMY OT
€BKJIMJIOBOI CTPOrOCTH, OYeHb YaCTO OTIABAJIOCH IIPEJIIIOYTEHNE.

He wuckmrodueno, 910 MMEHHO CJIAIIKOM DaHHEE OTKPBITHE TPYIHOCTE,
CBSI3aHHBIX C «HECOM3MEPUMBIMUY BEJIUINHAMHU, TOMEIAJI0 TPEKaM Pa3BUTh
UCKYCCTBO YHCJEHHBIX OIMEPAINil, Ce/IaBlliee B IIPEJIIIIECTBOBABIINE STOXU
3HAYUTEJIbHbIE yCIIeXI/I Ha BOCTOKe. BMeCTO 9TOI'O OHU CTaJIl UCKATh IIyTu B
1e0psIX 9UCTON aKCHOMATHIECKOH reoMeTpu. TaK HAYAJIOCh OJIHO U3 CTPaH-
HBIX OJIy2KTaHUI B ICTOPUU HAYKW, U, MOXKET ObITh, OBLIIN P 9TOM yITyIIIEHbI
GtecTsITe BO3MOXKHOCTH. [ouTH Ha ABa THICSIYIEIETHSI aBTOPUTET IPEIECKOIt
PeOMETPHUIECKON TPAIUITAHN 33,/1epKajl HeM30€KHY IO IBOJIIOIUIO UIEH TUC/Ia U
OyKBEHHOT'O MCUUCJICHUsI, TTOJIOXKEHHBIX BIOCJIEJICTUN B OCHOBY TOYHBIX HAYK.

ITocne mepuoma MeJJIEHHOIO HAKOIJIEHHSI CUJI — C BO3HUKHOBEHHEM
B XVII crojernn amHaauTHYIecKoil reomeTpur U AudhepeHnuaIbHOr0 1
MHTErPAILHOIO MCUYHUCIEHUI — OTKPBLIIACh OypHasl pPEeBOIONMOHHAS (Pa3a B
pasButun maremarukn u ¢pusuku. B XVII u XVIII BB. rpedecknii ugean ax-
CHOMATUIECKON KPUCTAJIM3AINA U CUCTEMATHICCKON JIEIYKITUU TTOTYCKHE
U yTepsiJl CBOE BJIMsIHUE, XOTsl AHTUYHAS FeOMETPHUsl MPOJI0JIKAJIa BBICOKO
pacuenuBarhbes. Jlormyecku Ge3ynpedHoe MBIIIIEHHEe, OTIIPABJISIONIEEC OT
OTYETIUBBIX OINPEICTICHUI U «OUYeBHUIHBIX», B3AaUMHO HE IPOTHBOPEUAITAX
aKCHOM, TIepecTaJo WMIIOHUPOBATHL HOBBIM IHOHEPAM MAaTEMATHICCKOTO
snanusd. [IpegaBImch MOAIUHHON OPrMU WHTYUTUBHBIX JIOTQJIOK, IE€peMe-
IIIBasgd HeOCHOpI/IMbIe 3aKJIIOYEHUA C 66CCI\’H)ICJI€HHI)H\/H/I IIOJIyMI/ICTI/IquKI/Il\II/I
YTBEPXKJIEHUSIMU, CJIETIO JOBEPsisiCh CBEPXUIEIOBEYECKO cuiie (pOpMasIbHBIX
MPOTIEyP, OHU OTKPBLIM HOBBII MaTeMaTWIeCKUl MUD, ITOJHBIIT HECMETHBIX
6orarcTB. Ho MaJio-moMasry 3KCTATHIECKOE COCTOSTHUE MBICN, YIIOEHHOI
TOJIOBOKPYKUTETbHBIMA yCIEXaMU, YCTYIHJIO MECTO IyXY CIep:KAHHOCTU
n kputunmsma. B XIX croserum oco3HaHWE HEOOXOJNMOCTH KOHCOJIH-
JMPOBaTh HAyKy, OCOOEHHO B CBSI3U C HYKJAMH BBICIIErO O0OPa30BaHUS,
niocsie PpaHILy3CKON PEBOJIIOIUH IOy YUBIIETO IITMPOKOE PACIIPOCTPAHEHUE,
1IOBEJI0 K PEBU3WM OCHOB HOBOH MATEMaTHKH; B YaCTHOCTH, BHUMAHUIE
OBLTIO HAITPABJIEHO K IuMPepeHITnaIbHOMY U HHTEIPATBHOMY UCIUCICHUSM
U K YSICHEHWIO IO/IPA3yMeBAEMOr0 AaHAJU30M IMOHATHSA IMpeaesa. Takum
obpazom, XIX Bek He TOJBKO CTaJ SMOXOW HOBBIX YCIIEXOB, HO U OBLI
O3HAMEHOBAH ILJIOJIOTBOPHBIM BO3BPATOM K KJIACCHYIECKOMY UJEAJy TOYHOCTU
U CTPOTOCTH JOKA3aTeJIbCTB. B 9TOM OTHOINEHUU I'peUecKUii obpaserr ObLT
maxke mpes3oitmen. Eme oana pa3 MasgTHUK KAdHYJICS B CTOPOHY JIOTH-
9eCKOl 0e3yNpevHOCTH U OTBJACUYEHHOCTH. B HacTosImee BpeMs MBI eIlle,
[TO-BUIMMOMY, HE BBIIILIN U3 TOT0 MEPHUO/Ia, XOTs IO3BOJUTETHHO HAACATHCH,
9TO YCTAHOBUBIIUNCS IPUCKOPOHBINA PA3PBIB MEXKJIy IUCTON MAaTeMaTHKON 1
ee KW3HEHHBIMU ITPUJIOKEHUSIMIA, HEeM30€XKHbBI, [MO-BUIMMOMY, BO BpPEMEHa
KPUTHYECKUX PEBU3WI, CMEHUTCs SPOii bostee TecHOro emmuenus. [Ipumobpe-
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TEHHBII 3aIac BHYTPEHHUX CHJI M, IIOMUMO BCErO IIPOYEro, Upe3BblYailHOe
YIIPOIIIEHNE, JJOCTUTAEMOE HA OCHOBE SICHOI'O TIOHUMAaHUS, [I03BOJIAIOT CEIO/THS
MaHUILYJIUPOBATH MATEMATHIECKON Teopueil TakuM 06pa3oM, ITOOBI IIPUIIO-
JKEHUsI He YIIYCKAJUCh W3 BUJY. YCTAHOBHUTH €Ille Pa3 OPraHUIECKYI0 CBSI3b
MEXK/Iy YHCTBIM W TPHUKJIAJIHBIM 3HAHUEM, 3J0POBOE DPABHOBECUE MEXKILY
abCTPAKTHOW OOIMHOCTHIO U ITOJTHOKPOBHOW KOHKPETHOCTBIO — BOT KakK
HaM IIPEJICTABJISAETCA 33/a4a MATEMATUKNA B HEIOCPEJICTBEHHO 0003PUMOM
OyLyIIeM.

31ech He MECTO BXOJUTH B MOAPOOHBIN (PHIOCOMCKUI MJIA MICUXOJIOTU-
9eCcKUil aHajM3 MaTeMaTUKWA. XOYeTCd OTMETHTh BCE YKe HEKOTODBIE MO-
MeHTBI. Upe3MepHOe MOIePKUBAHNE aKCHOMATHKO-IEIyKTUBHOTO XapaKTe-
pa MATEeMATHKH IIPEICTABJIAETCS MHE BeCbMa OmacHbIM. KoHedHO, HadIasI0
KOHCTPYKTHBHOI'O TBODYECTBA, UHTYUTUBHOE HAYAJIO, SIBJIAIONIEECH HUCTOY-
HUKOM HAIUX UJEd U JIOBOJIOB B UX IOJIb3Y, C TPYAOM YKJIAIBIBAIOTCS B
npocthie umocodekne (hoOpMyJINPOBKU; U TEM HE MEHEe MMEHHO TO Hada-
JIO €CTb IOJJINHHAS CYTh JIFOOOT0 MAaTEMaTHIECKOTO OTKPBITHUS, JAXKe eCJIn
OHO OTHOCHTCSI K CaMbIM abCTPAKTHBIM 00JiacTsM. ECan 1esIbio u sABIseTcst
qeTKas Jie/lyKTuBHast (popMa, TO ABUKYIIAS CHJIA MATEMATHKH — TO UHTY-
WK U KOHCTPYKIMK. B JIOIyIeHnn, 970 MaTeMaTHKa eCTh He 6ojiee 4em
CHCTeMa, CJIEJICTBUI, U3BJIEKAEMbIX U3 ONPEIEEHU U TOCTYJIATOB, KOTOPhIE
JOJIZKHBI OBITH TOJIBKO COBMECTUMBI MEXK/Ty COOOI, 8 B OCTAJILHOM SIBJISTFOTCSI
MIPOIYKTOM CBODOOIHOM (haHTA3MM MATEMATUKOB, TAUTCS Cephe3Has yrpo3a
JI7IsT CaMOT0 CyTIecTBOBaHUSA HayKu. Ecin 661 9TO ObLIO JIEHCTBUTENHHO TaK,
MaTeMaTUuKa 6])1.]'[& 6])1 3aHdATUeM, He)lOCTOfIHbIl\/I MBICJIAIIIETrO YeJIOBEeKa. OHa
ObLIa OBI IIPOCTO WMIPOIl € OIpPee/IeHUsIMUA, IPABUIAMUA W CHUJIJIOTU3MAaMHU,
HE UMeEIOIIeil HU NpuYuHbl, HU neu. [lpeacraBieHne, COTJIACHO KOTOPOMY
9eJIOBEYECKHIT MHTEJIJIEKT MOXKET TBOPUTD JIMIIIEHHbBIE KAKOT'O OBbI TO HU OBLIO
CMBICJIA CUCTEMBI IIOCTYJIATOB, €CTh OOMAaH, TOYHEE, TOJIYIIPABIA.

[Tony4yars pe3ysabTaThl, UMEOIINe HAYYHYIO I[€HHOCTH, CBOOOIHBIN pa-
3yM MOKET, TOJILKO [IOIYMNHSISICH CYPOBOil OTBETCTBEHHOCTH IIEPET TIPUPOJION,
TOJIBKO CJIelysl HEKOeil BHYTpeHHel HeoOXOIUMOCTH.

XoTs co3epriaTeIbHOE HAIIPABJIEHUE JIOTHIECKOTO AHAJIN3a U HE IIPE/ICTAB-
JITET BCell MAaTEeMATHKM, OHO CIIOCOOCTBOBAJIO DoJsiee TITyOOKOMY TOHUMAHIIO
MaTeMaTHIeCKnX (PaKTOB U UX B3AMMO3ABUCHMOCTH U OoJiee ICHOMY OBJIa/I€e-
HUIO CYIIIECTBOM MaTeMaTUYeCKUX HOHATHI. VIMEHHO U3 3TOro HallpaBJIEHUSI
BBIPOC/Ia COBPEMeHHAsI TOUYKa 3PEeHHs Ha MAaTeMaTHKy KakK Ha oOpasel yHU-
BEPCaJbHO MIPUJIOZKUMOTO HAYIHOTO METOJIA.

Kakux 651 dprtocodpckux mo3utuiit Mbl HU [IPUIEPKUBAJIICH, BCE 3a1a491
HaYYHOT'O WCCJIEIOBAHUS CBOAATCHA K HAIIEMY OTHOIIEHUIO K BOCIPUHUMAE-
MBIM 00bEKTaM U MHCTPYMEHTaM HccieioBanus. KoneyHo, BocupusTue camo
1o cebe eIlle He eCTh HU 3HAHUE, HU [TOHMMAHWE; HYXKHO eIlle COIJIacoBaTh
X MeXKJTy CODOil M MCTOJIKOBATH B TEPMUHAX HEKOTOPBIX JIEYKAIUX 33 HUMU
CYIIIHOCTEM, «BeIeil B cebey, He ABJSIONIXCA TPEIMeTaMU HETIOCPEICTBEHHO
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duU3nIIECKOro N3y deHns, a TPUHAIEKAIMIMI K MeTadusndeckoit cdepe. Ho
JJIsI HAY9HOT'O METO/Ia CYIIECTBEHHBIM SBJISIETCS OTKA3 OT MeTAa(MU3IMIECKUX
YMO3PEHUIi 1, B KOHEYHOM CUeTe, IIPeJICTaB/IeHIe BCceX HAaDJII0[aeMbIX (haKTOB
B popMe MOHATUN 1 KOHCTPYKIwil. OTKa3 OT MpeTeH3nn IOHUMAHUST ITPUPO-
ITbI «BeIIeit B cede», OT MOCTUKEHUsT «OKOHIATEIbHON UCTUHBI», OT PA3raKu
BHYTPEHHEH CyIIHOCTH MUAPA, OBITH MOXKET, Oy/IeT IICHXOJIOTTIECKH TATOCTEH
JJIsI HAUBHBIX YHTY3MACTOB, HO HAa CAMOM-TO JI€Jie 9TOT OTKa3 OKAa3aJiCd B
BBICIIIEH cTeleHn IIJIOTOTBOPHBIM JIJIf Pa3BUTULA COBpel\/IeHHOﬁ Hay‘{HOfI MBbIC-
JIN.

HekoropbiM u3 Bemmgaifiiiimx OTKPBHITUN (DU3UKU MBI OOS3aHBI CMEJIOMY
CJIeZIOBAHUIO MPUHIAIY yCcTpaHeHns MeTadusnkn. Kormga DHHIITEHH TONbI-
TaJICS CBECTH IIOHSITHE <OJHOBPEMEHHBIX COOBITHIl, TPOUCXOIAIINX B PA3HBIX
MecTax» K HabJII0JaeMbIM sBJIEHHSM, KOr/la OH IIOHSI, YTO Bepa B TO, YTO
9TO IOHSITHE CaMO [0 cebe HelPEeMEHHO JOJIXKHO MMETb KaKON-TO TOYHBIN
CMBICJI, €CTh IMOIPOCTY MeTa(pU3NIECKUl MPEIPACCYIOK, B 9TOM OTKPBITHH
y2Ke OBLIIO 3aKII0YEHO AP0 ero Teopun orHocuTeabHocTH. Korma Huse Bop
7 €r0 YIeHUKHU BAYMAJNCh B TOT PaKT, ITO J1000e PpU3mIecKoe HADTIOICHITE
CBSI32HO C B3aMMOJIEHCTBAEM MEXKJIy TPUOOPOM U HAOJIIOMaeMbIM 00 BEKTOM,
TO UM CTaJIO ICHO, YTO TOYHOE OJHOBPEMEHHOE OIPEJIEJICHHUE ITOJOXKEHUS
U CKOPOCTH YaCTUIIBI B TOM CMBICJIE, B KAKOM 3TO IMOHUMAETCsl B (PU3UKE,
HEBO3MOXKHO. Jla/leko uiayinme CjejCcTBUsi 3TOTO OTKPBITHS, COCTABUBIINE
COBPEMEHHYIO CHCTEMY KBAHTOBOM MEXaHUKH, XOPOIIO N3BECTHHI HbIHE KaK-
gomy dusuky. B XIX cromerun rocrnojcTBOBAJIa MJIes, COIVIACHO KOTOPOIt
MeXaHU1IeCKUe CUJIbI U IMePpeIBU2KEHUA YaCTHUI] B IIPOCTPAHCTBE CyTh BEIIU B
cebe, a IJEeKTPUIECTBO, CBET M MATHETH3M MOYKHO CBECTH K MEXAHUIECKUM
saBaeHusAM (Un «O0bACHUTbY B MEXAHUIECKUX TEPMUHAX), HOJOOHO TOMY
KaK 9TO0 OBLIO CAEJIAHO C TeOpHel TerI0Thl. Bblja BEIIBIHY T KOHIIEIIUS T~
IIOTETUIECKON CPeJIbl — TaK HA3BIBAEMOro «3dupay,— crrocoOHOI K He BIIOJIHE
MOHATHBIM MEXaHUYECKUM IE€PEJBUKEHUSIM, IPEJICTABIIAONINMCS HAM B Ka-
YecTBe CBETA UJIU 3JIEKTPpUIecTBa. [I0CTENIeHHO BBISICHIIIOCH, 9TO 3TOT I(DUP
MIPUHIUIINAIBHO HEHADJIIOIAEM, T. €. UTO 3TO IOHSITHE PUHAJJIEXKUAT CKOpee
Meradusnke, Hexkenn pusnke. Baadase ¢ coxkasienneM, a 3aTeM ¢ 00JIer1enn-
€M nJiest MEXAHMIECKOTO O0bsICHEHNSI CBETOBBIX U JIEKTPUIECKUX sIBJICHUI —
a BMecTe ¢ Hell u monaTue 3dupa — ObLIa OKOHIATETIHLHO OTOPOIIEHA.

[Tomobuas xke curyarust, u jaxke erie 6ojiee OTUETIMBAsI, CO3/IAJIACh U
B MareMaTuKe. B TedeHume crojieTuii MaTeMATUKU PACCMATPUBAJIM WHTEpPEe-
CyIoIue WX OOBEKTHI — UHCJa, IpIMble U T. JI. — KaK HeKue cyOcTaHmmm,
Bemu B cebe. ITocKobKY, O/IHAKO, 9TH «CYIIHOCTH» YHIOPHO HE IO/IABAJIUCH
MIOIBITKAM TOYHOT'O ONHCAHUS MX MPUPOIBI, MATEMATUKH JIEBATHAIIIATOIO
CTOJIETUS CTAJI IOHEMHOI'Y YKDPEILUIATHCS B MBICJHU, YTO BOIIPOC O 3HAYEHUU
9TUX IMOHATHI KAK CyOCTAHIUAIBHBIX OOBEKTOB B PAMKAX MaTEeMaTuKu (J1a u
ryie 661 TO HU OBLIO) IIPOCTO HE UMeeT CMbIC/a. MareMarundeckue yTBepKie-
HU$I, B KOTOPBIE BXOJSAT 9TU TEPMUHBI, OTHOCSTCS BOBCE HE K (DUBUIECKOIT pe-
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AJILHOCTH; OHU JIUIIh YCTAHABIUBAIOT B3aMMOCBSI3U MEXKJIY MATEMaTHIECKU
«HEOIPeJIeJIMMBIME 00bEKTaMI» ¥ ITPABHJIA OIIEPUPOBaHUs ¢ HUMU. Bompoc
0 TOM, YeM «Ha CAMOM JIeJIe» ABAAOMCHA TOUKHU, PSIMbIE U YNC/IA, HE MOYKET
U He JIOJKHA O0CYXKIaTh MareMaThdecKasl Hayka. JleficTBUTEIbHO cCytie-
CTBEHHBIMM U WMEIONIMMHI HEIIOCPEICTBEHHOE KaCcaTeJbCTBO K <«IIPOBEpsie-
MBIM» (haKTaM SABJISIOTCS CTPYKTYPa U B3AUMOCBSI3M MEXKJIY ITHMHU O0bEK-
TaMU: 9TO JIBE€ TOUKU OIPEJIEIIAIOT MPSIMYIO, 9TO U3 YHUCEJI TI0 OMPEIeICHHBIM
[paBUJIAM IIOJIyYaIOTCs JIPYTHe YHCJIa, U T. II. ZICHOe oco3HaHIe HEOOXOIMMO-
CTH OTKa3a OT IIPeJICTaB/IeHNns] 00 OCHOBHBIX MAaTEMATUIECKUX IMOHSITUIX KaK
0 peajibHO CYIIECTBYIOIMMUX IMPEIMETaX SBUJIOCH OJHUM M3 CAMBIX BaXKHBIX
¥ TJIOJOTBOPHBIX 3aBOEBAHUN COBPEMEHHOTO AKCHOMATHYIECKOTO PA3BUTHUS
MaTEeMATHKH.

K cuactbio, TBOpUecKasi MBICIL 3a0BIBAET O JOTMATUYIECKUX (puaocod-
CKUX BEPOBaHUSIX, KaK TOJBKO IPUBSI3AHHOCTH K HUM CTAHOBUTCS HA IIyTH
KOHCTPYKTUBHBIX OTKpbITUH. U jyisi criermasmcros, u Jyist JirobuTeseil He
dunocodus, a IMEHHO AKTUBHBIE 3aHATUS CAMOI MATEMAaTUKO| CMOTYT JIaTh
oTBeT Ha Bompoc: Urto Takoe Maremaruka’?



FTABA I

HarypaJjabHble uncia
BBenenune

Yucsio — 3T0 OCHOBHOE IIOHSITHE COBpeMeHHOﬁ maremaruku. Ho 4uro rakoe

1 1 1

qucio? Eciu Mbl roBopuM, 4T0 % t5= =1 a0 (-1)-(-1)=

2 2 4

=1, TO KakKOil CMBIC]T BKJIAQJIBIBAETCS B ITU YTBEPXKIeHWs! B IKoje MbI
U3y9aeM TEXHUKY AEHCTBUI C APOOSIMU U C OTPUNATEIbHBIMA UUCIAME, HO,
9TOOBI TPUOOPECTH MOJIMHHOE IIOHUMAHIE TOrO, KAK YCTPOEHA CUCTEMA HUr-
ceJl, HeJJIOCTATOYHO OI'DAHUYNBATHCH JIEMEHTAPHBIMU CBEJIEHUSIMU U HY2KHO
[MOWTH HECKOJIbKO Jiajibllie. 'peKU B JpeBHEE BpeMsi B OCHOBY CO3/IAHHOM
MMM MATEMaTUKU [TOJIOXKUJI INeOMETPUIECKIE KOHIIEIIIUA TOYKU U IIPSIMOIA;
PYKOBOZISIIIUM IIPUHIIAIIOM COBPEMEHHOI MATEMATUKHU CTAJIO CBEJIEHUE B KO-
HEYHOM CUYE€Te BCEX YTBEDPKICHWI K YTBEPXKICHUSM, KACAIOMIUMCS HAMY-
pasvhox wucen 1, 2, 3, ... «Bor co3masn HarypasbHbIe Yncia, BCe Ipovdee —
JIeJI0 PYK 9esioBeKay. dtumu cjaosamu Jleononsn Kponekep (1823-1891)
OIpeie/InJI TOT IPOYHBIN (DYHIAMEHT, HA KOTOPOM MOXKET OBITH IIOCTPOEHO
3/IaHNEe MATEMATUKH.

Yucsa cayKaT Jj1d TOTO, YTOOBI CINTATH OOBEKTHI, BXOILAIINE B COCTAB
TeX WM WHBIX O0beaumHeHuit man cobpanmit. Uncma permmTesbHO HUKAK He
CBsI3aHBI C MHUBU/IYAJbHON XapaKTEPUCTUKON CUUTAEMBbIX 00bEKTOB. Tak,
UCJIO «INECTb» €CTh PE3YJIBTAT aDCTPArNPOBAHNSI, IIPOM3BOAMMOIO IIPH PAC-
CMOTPEHUH BCEBO3MOXKHBIX COBOKYITHOCTEH, COCTOSIIUX M3 MIECTH IIPEIMe-
TOB: OHO HHCKOJIBKO HE 3aBUCUT HUM OT CHEIM(PUIECKUX CBOMCTB ITUX 00b-
€KTOB, HH OT ymnoTpebJisieMbIXx CUMBOJIOB (00o3Hauenuii). Ho aberpakrHbiii
XapakTep WJIEN YUCJIa CTAHOBUTCS SICHBIM TOJIBKO HA OY€Hb BBICOKOH CTyIIe-
HU MHTEJUIEKTYaJIbHOTO Pa3BUTHsA. B Iiiazax Jereil 9mcia BCErJa OCTAIOTCs
COEIMHEHHBIMU C CAMHUMH OCA3aeMbIMU OObEKTAMU — JIOMYCTUM, IaJIbIaMu
WIN KAMEIKAMI; B sI3bIKAX HAPOJOB UNCJIa TaK¥Ke TPAKTYIOTCH KOHKDPETHO:
11t 0D03HAYEHHS IIPEIMETOB PA3IUIHBIX THIIOB YIIOTPEOIIAIOTCS PASINIHBIE
COYeTaHUs YUCJIATEHHBIX.

MBI BOCTIONIB3yeMCsT T€M, 9TO MATeMATHK (KaK TAKOBOI) He 00s3aH 3aHU-
MaThCs HUI0COhCKOH TPOHIEMOI ITepexoia OT COBOKYITHOCTEH KOHKPETHBIX
MIpeIMETOB K ab0CTPAKTHOMY TOHSTHIO 4Yucjaa. MbI mpuMeM mo3TOMy HATY-
paJbHbIE YHCJIa KAK JaHHbIE BMECTE C JBYMsI OCHOBHBIMU OII€PAIMAMY, HAJ
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HUMH COBEPIITAEMBIMU: CJIO2KCHUEM U YMHOXKEHHEM.

§1. Onepanuu HAJ HEJbIMU YACIAMU

1. 3akonbl apudmMmeruku. MareMarndeckyo TEOPHUIO HAMYPAAOHOLL
(uHAYE, UEABIT NOAOHCUMENDHBIT) HUCEA HABBIBAIOT apudmemuroli. Ta Teo-
pusi OCHOBaHa Ha TOM (haKTe, UTO CJIOXKEHHE U YMHOXKEHHUE IEJbIX YUCeNT
MOINHEHBI HEKOTOPBIM 3aKOHAM. UTOOBI cHOPMYIUPOBATEH ITU 3aKOHBI BO
BCeii uX OOIIHOCTH, HEJIb3sl BOCIIOJIB30BaThCsl CUMBOJIaMu Bpoge 1, 2, 3, or-
HOCSIIIIUMUCS K OIPeJIeJIeHHBIM, KOHKPETHBIM YUCIaM. Y TBEPKICHIE

1+2=2+1

€CTb TOJILKO YaCTHBIN CJIy4ail 0DIIero 3aK0Ha, CoJIepKanne KOTOPOro 3aKJI0-
JaeTCs B TOM, UTO CyMMa JBYX YHCEJ HE 3aBUCHT OT IOPSIKA, B KOTOPOM
MBI PACCMATPHUBAaEM 3TU 4ucjia. ECIU MBI XOTUM BBIPDA3UTH Ty MBIC/b, YTO
HEKOTOPOE COOTHOIIEHUE MEXKJy IEJbIMU YUCJIAMHU UMeeT MeCTO (OUpaBJIbl-
BAETCsl, OCYIIECTBIIAETCS ), KAKOBBI Obl HU ObLIN PACCMATPUBAEMBIE YUCJIA, TO
Oymem 0003HAYATD UX CUMBOJIMIECKH, T. €. YCJIOBHO, OyKBaMu a, b, ¢, ... Pa3
TAKOro POJIa COIVIAIEHUE MPUHATO, C(OOPMYIUPOBATH IISTh OCHOBHBIX 3aKO-
HOB apuMETHKN — OUEBU/IHO, OJU3KO 3HAKOMBIX IHTATEIO — HE IIPEJICTABUAT
Tpya:
)a+b=b+a, 2) ab = ba, 3a+(b+c)=(a+0b) +ec,
4) a(be) = (ab)c, 5) a(b+ c) = ab + be.

JBa mepBhIX 3aKOHA — KOMMYMamMusHvil (TI€PEMECTUTENBHBIN) 3aKOH CJIO-
JKEHUsI 1 KOMMYTATHBHBIN 3aKOH YMHOYKEHUSI — F'OBOPSIT, ITO IPH CJIOXKEHIH
U [IPpU yMHOXKEHUH MOXKHO MEHATH HOPSIJIOK 9HCes, HaJl KOTOPBIMU COBEpIIa-
ercst geficteue. Tpernit — accoyuamuenvd (codeTaTesIbHbIN) 3aKOH CJIOXKe-
HUAS — [VIACUT, YTO IIPU CJOYKEHUHM TPEX YHCEJ HOJIyIAeTCs OIMH U TOT K€
pe3yJIbTaT HE3aBHCHUMO OT TOT'O, IIPUOABUM JIM MBI K IIEPBOMY YHCJIY CyMMY
BTOPOT'O U TPETHEro, WU HPHOABUM TPEThe K CyMME II€PBOIO U BTOPOLO.
YerBepThlit 3aKOH €CTh aCCOIMATUBHBIN 3aKOH yMHOXKeHus. llociennunit —
ducmpubymueroill (pacpeesuTe IbHbII) 3aKOH — YCTAHABIMBAET TO 06CTO-
ATEJILCTBO, YTO IPU YMHOXKEHUU CYMMbI HA HEKOTOPOE IIEJI0€ UUCJIO0 MOXKHO
YMHOXKHTDH HA 3TO YHCJIO KaXKJI0€ CJIAraeMoe U IIOJIydYeHHbIe IIPOU3BEIEHUS
CJIOXKUTD.

Ot apudMeTHIeCKHe 3aKOHBI COBCEM IIPOCTHI U, MOXKAJIYH, MOI'YT I0-
Ka3aTbCs OYeBUIHBIMEU. HO ciieryer Bce Ke 3aMeTHTBh, 9TO K WHOTO POJa
00beKTaM — He K IEJIBIM YUCJIaM — OHM MOTYT OKa3aThCs U HEIPUMEHUMbI-
mu. Hampumep, eciim a m b 0003HAYAIOT HE YNCIA, 8 XUMUYIECKHUE BEIe-
CTBA U €CJIH <«CJIO’KEHUE» IIOHMMAETCs B CMBICJIE OOBIYHOU pPEeYH, TO JIEFKO
[IOHSITH, YTO KOMMYTATHUBHBIN 3aKOH CJIOKEHUsI HE BCEIJIa OIPABJIBIBACTCS.
B camom gerte, ecsim, ckaxeM, K Bojie OyleM HpUOABIISATH CEPHYIO KHCJIO-
Ty, TO TOJyIUTCS Pa30aBJIEHHBII PACTBOP, TOI/A KaK MPUOABJIEHUE BOJIBI
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K 9IHCTOIl CEepHON KHCJIOTE MOMKET 3aKOHIUTHCS HEOJIATOIOJLYTHO JIS IKC-
nepumenTaropa. C IIOMOMIBIO TAKHX K€ MJUIIOCTPAIUH MOMKHO IIOKA3aTh,
ITO B XUMHUYECKON «apudMeTnke» WHOIJA HAPYIIAIOTCS U aCCOIMATUBHBIN,
U uCcTpUOY TUBHBIH 3aKOHBI CoxKeHusl. VITak, MOXKHO BOOODA3UTh U Takue
TUNBL apudMETHIECKIX CHCTEM, B KOTODBIX OJIMH WJIM HECKOJIbKO 3aKOHOB
1)-5) Tepsiior cmiy. Takne CHCTEMBI JEHCTBATEIBHO U3YYaJUCh COBPEMEH-
HOit MareMarnkoil. OcCHOBa, Ha KOTOPOI IOKOATCS 3aKOHBI 1)-5), maercs
KOHKDETHOI MOJIeSIbI0 It abCTPAKTHOI'O MOHATHS IIeJIOro 4mcia. Bmecro
TOro 4TO0BI MOJIb30BATHCST OOBIKHOBEHHBIMU 3HAKaMu 1, 2, 3 U T. JI., CTaHeM
0603HAYATH YUCJIO [PEJMETOB B JAHHONW COBOKYNHOCTH (HAlpumep, si6JI0K
Ha JJAHHOM JIEPEBE) CHCTEMOI TOUYEK B YETHIPEXYTOIBHOM <«SIIHUKE» — TAKIM
06pa3oM, ITOOBI KazKIOMY [IPEJMETY COOTBETCTBOBAJIO 110 OHOIT TouKe. Ore-
pUPYs THMHU ANMIKAME, Mbl CMOXKEM HCCIIEI0BATH 3aKOHBI apu(dMeTUKN
eJIbIX ancest. ITo6bl CIOKATH J(Ba NEJBIX IUCJA ¢ U b, MBI CJIBUTaeM BMe-
CTe COOTBETCTBYIONIME SIIUYKN M 3aT€M YHHUTOXKAEM I1ePeropojky. Irobsl

Puc. 1. Cinoxenune

YMHOXKUTH @ Ha b, MBI BBICTPOUM TOYKU B JBYX SIIUYKAX B P U 3aTEM
YCTPOUM HOBBIH AMUYEK, B KOTOPOM TOYKHU OYIYT PACIIOJOXKEHBI TaK, UTO
00pa3yIoT ¢ TOPU30HTAJIBHBIX U b BEpTUKAJIBHBIX PsiZIoB. Ul TOrIa sicHO BUJIHO,
40 npasuia 1)-5) BbIPaXKaloT HHTYUTUBHO OYEBUIHBIE CBOHCTBA BBEECHHDBIX
onepanuii ¢ AMuIKaMu.

.....‘X‘....

Puc. 2. YMmuoxkenune

ce e I x([ee]

Puc. 3. luctpubytusHbIit 3aK0H

Ha ocnoBe onpejie/ieHnst CJIOKEHHS JIBYX HEJIbIX IHCE] MOMXKHO TElephb
JIaTh OIIpeJiesIeHne Hepasencmea. KaxKioe U3 JByX SKBUBAJECHTHBIX yTBED-
JKJIeHUH, nMeHHO a < b («a MeHbIne, ueM b») u b > a («b Gosbiie, yeM a» ),
0003HAYAET, 9TO AMUIEK b MOXKET OBbITh IIOJIy9YeH U3 ANMYIKA @ MOCPEICTBOM
pubaBIEHAST HAJJIEXKAIIAM 00PAa30M BHIOPAHHOTO TPETHETO ANAYIKA, ¢ TAKAM
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Puc. 4. Borunranue

obpazom, ato b = a + c¢. Eciu 370 Tak, TO MBI HamUIIEM
c=b-—a,

YeM U OIpeeIseTcsl OTIEPAITAS 8blUUMAHUA.

CiioKeHre U BbIYMTAHUE HA3BIBAIOT 00PAMHVLMU ONEPAIUAME, TaK KaK
ecjiu, HAlpUMep, K YUCIy a HpUOaBUTh YHCJIO d, a 3aTeM U3 TOro, YTO
MIOJIYIUTCS, OTHSATD d, TO TOJIyIUTCsS CHOBA UCXOJHOE UUCTIO @

(a+d)—d=a.

Hy:xuo 3ameruth, 9T0o unciao b — a ObLIO OIPEIEIEHO TOJBKO IIPU YCIAOBUH
b > a. 3nadenue cuMBOJIa b — a KaK OMPUUAMEALHO20 TIEJOT0 JYUCJIA TIPU
yeosun b < a Gyzmer paccmorpeno ganee (ctp. 73 m cien.). Yacro GwiBa-
eT ymoBHO TOJIb30BaThCsl 0bo3HaUeHneM b > a («b GoJibllle WM PABHO a»)
um a < b («a MeHbIe win PaBHO b», «a He IPEBOCXOAUT by ), OHUMAS TIO
9THM HE YTO WHOE, KAK OTPUIAHUE TOrO, 4To ¢ > b. Takum obpazom, MOKHO
HAITUCATH 2 2> 2, 1 MOYXKHO TaKXKe HaIlCcaThb 3 > 2.

Mpb1 MO2KeM el1ie HECKOJIBKO PACHINPUTH 00JIACTH MTOJIOKUTEIBHBIX I[EIbIX
YucesI, KOTOPbIe Mbl U300pazkaeM siUIKaMU ¢ TOYKaMu. BBejeM 1iejioe duc-
JIO HYAb, N300paKaeMOe COBEPIIIEHHO ITyCThIM SIIIIUIKOM; YCJIOBUMCsT 0003HA~
9aTh TaKOH mycToil simmyek obbraabiM cumBosioM 0. Torma, cormacHo Hammemy
OIIPEICJIEHAIO CJIOXKEHUsT M yMHOXKEHHsI, KAKOBO ObI HU OBLIO I[€JI0€ 9HCJIO a,
[IOJIy9aI0TCs COOTHOIIEHMS

a+0=a, a-0=0.

HeticrBuTenbao, a + 0 obo3HataeT nmpubdaBIeHUE MyCTOTO SAMNYKA, K ATAYT-
Ky a, a a -0 obo3Hayaer sIMUYeK, B KOTOPOM BOBCE HET BEPTUKAJIbHBIX
PSJIOB, T. €. TycTo#l smuyek. Torma y»ke BIIOJIHE €CTECTBEHHO PACIIHPUTH
ompeJiesieHue BbIYUTAHUS, T0Iaras

a—a=20

pu J1I060M a. TakoBBI XapaKTepHbIE apUPMETHIECKUE CBOMCTBA HYJIs.

FeOMeTpI/IquKI/Ie MOJIeJIn BPO/Ie ANMUYIKOB C TOYKaMU (CIO)la OTHOCUTCHA
JIpeBHUil abak) IUPOKO NPUMEHSIINCH NPH apU(DMETHIECKUX BBIYMCICHUSIX
BILJIOTH JI0 KOHIA CPEIHEBEKOBbSI U TOJBKO MaJO-TIOMAaJIy YCTYIIUIH MECTO
ropaszo 0ojiee COBEPIIEHHBIM CHMBOJAIECKUM METO/IAaM, OCHOBAHHBIM Ha
JIECATUIHON CHUCTEME.

2. IIpeacraBJjieHHE LEJbIX YHACEJI C IOMOIILIO NNCHMEHHBIX 3Ha-
k0B (HyMmepanusi). HeobxoiumMo 09eHb TIIATEIbHO JAeIaTh PA3ININe MEXK-
Jly II€JIBIM YHCJIOM U TeM cuUMBOJIOM (Hampumep, 5, V # T. II.), KOTOPBIM
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MIOJIB3YIOTCS JIJIsi €r0 MICbMEHHOI'O BOCIIPOU3BeicHus. B Halleil JecsaTuaHoi
CHCTeMe HYJIb U JIEBATH IEJIbIX HATYPAJIBLHBIX YnCesI 0003HAYAIOTCs IudpamMu
0,1, 2, 3,...,9. Yucsa 60/bIIIeH BEJIUINHBI, KAK, CKayKEM, «TPUCTA, CEMbJIe-
CAT JBay, MPEJICTABISIOTCT B BUJE

300+70+2=3-10°4+7-10+2

U B JIECATUYIHON CHCTEME 3alMChIBAIOTCsE cuMBOJOM 372. CyliecTBeHHO B
JTAHHOM CJIy9dae TO, YTO CMBICI KaxKaoil u3 mudp 3, 7, 2 3aBuCHT OT ee
MIOJTOKEHUSA — OT TOTO, CTOUT JIX OHA, Ha MECTe €IWHHUII, TECITKOB WM COTEH.
Hcnonp3ys «nomecTHoe 3HaYeHUe» UMD ([IO3UIMOHHBII IPUHINN ), MbI IMe-
€M BO3MOKHOCTH U300pa3uTh JII000e HATYPAJbHOE UUCJIO C TTOMOIIBIO BCETO
JIMIIIG JIECSITH AP B UX PA3JINIHLIX KoMOnHanuax. O0Imee mpaBmuIo TaKoro
M300paskeHnst JAETCsI CXeMOM, KOTOpas MILTIOCTPUPYETCS IIPUMEPOM

z=a-10*+b-10>+c-10+d,

rae a, b, ¢, d mpencraBisA0T cOOO TeJIBIE YUCIA B MPEIEIaxX OT HyJs [0
JeBATH. JUCI0 2 B 9TOM CJIydae COKPAIIEHHO 0D03HATAETCS CHMBOJIOM

abced.

3aMeTnM, MeXKy POYrM, 4T0 KO3 dunuenTs! d, ¢, b, a SBJIAIOTCI HE YeM
HMHBIM, KaK OCTaTKAMH IIPU II0CJIeI0BaTeIbHOM AejaeHun aucia z Ha 10. Tax,
HaIpuMep,

372 |10
2 37 |10
7 _3[10

C 1IOMOIIBI0 HAIIMCAHHOI'O BBIIIE BbIPAXKEHUS JIJIs YUCJIa Z MOXKHO U300pa-
JKATh TOJIBKO Te YHCJia, KOTOPBIE MEHBINE JIECSTU ThICSIY, TaK KaK 9HCJIa
GoJIbIlIe, YeM JeCSTh THICSY, TPEOYIOT IsiTH Wi OOJIBIIEro Ynucja mnudp.
Ecin z ecTtp 1unciio, 3aKII0UEHHOE MEXKJIY JIECSATHIO THICTIAMA U CTA THICS-
YaMM, TO €r0 MOXKHO HPEJICTABUTD B BHUJIE

z=a-10*+b-103+¢-10°+d-10+¢

7 3aIUCATh CUMBOJIMYECKU Kak abcde. IlomobHOe ke yTBepKaeHne CIpaBe/i-
JINBO OTHOCUTEJIBHO YHCeJ, 3aK/IFOYEHHBIX MEXKJy CTa ThICIYaMU U OIHUM
MUJIJTHOHOM, ¥ T. JI. Upe3BhIYaiiHO BayKHO PACIIOJIAraTh CIOCOOOM, ITO3BOJIS-
IOIAM BBICKA3aTh PE3yJIbTaT, K KOTOPOMY MbI IIPUXOJUM, BO BCEil ero obIII-
HOCTH IIOCPEJICTBOM OJTHOM-€INHCTBEHHON (hOopMyJibl. Mbl MOXKeM T00UTHCs
9TOM T/, eCu ODO3HAYNM pa3audHble KOIMDPUITHEHTH! €, d, ¢, ... OJHOI
1 TOii ke OYKBOHl @ € PA3IUYHBIMU 3HAYKAMU (MHIEKCAMH) o, G1, Ao, - - .
a TO 0DCTOSTEIBLCTBO, UTO cremeHn 4ncjia 10 MoryT OBITH CKOJIb YI'OJIHO
GOJILIIAMHE, BLIPA3HM TeM, 9TO BBICHIYIO cTeneHb yncia 10 o6o3nadum ne 10°
i 10%, KaK B IpeIbIAyIINX IPHMepax, a CcTaHeM mucaTh 10", monmMas
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IO/ 1 COBEPIITEHHO MMPOU3BOJIHLHOE HATYPAJIbHOE IUCI0. B TaKOM ciIydae Jio-
0o0e 11eJ10€ YUCJIO Z B JIECATHIHON CUCTEME MOYKET ObITh MPEICTABICHO B BUIE

z=a, 10"+ a,_1-10""1+ ... +a; -10+a, (1)
U 3aIlMCAHO HOCPEJICTBOM CHUMBOJIA
ApQpy—1Qp—2 ...0710¢0.

Kak n B paccMOTpeHHOM BBIIITE€ TACTHOM MpUMEPE, MbI OOHAPYKUBAEM, TITO
Qg, A1, Ao, - .., Qp SBJISIOTCS OCTATKAME IPU TOC/IEI0BATEILHOM JICJIEHUH 2
Ha 10.

B mecstudHOl cucTeMe 9mCIIO «IeCsiThy UTPAET 0COOYIO POJIb KAK «OCHO-
BaHWe» CUCTEMBI. TOT, KOMy MTPHUXOJUTCS BCTPEUIATLCA JIUIIL C IPaKTHIe-
CKMMU BBIYHUCICHUSIMU, MOXKET He OTIaBaTh cebe OTYeTa B TOM, UTO TAKOe
BBIJIESIEHNE UNC/Ia JIECATH He SBJIIEeTCS CYIECTBEHHBIM U ITO POJIb OCHOBAHUST
CIIocoOHO OBLIO OBI UT'PATH JIFODOE IeJI0e YUCJIo, OoJIblnee equHUIbl. Hampu-
Mep, ObLiIa ObI BIIOJTHE BO3MOYKHA, CEMEPUIHAST CUCTEMA C OCHOBAHUEM CEMb.
B Takoii cucreme 1e/10€ 9HMCI0 TMPEACTABISIOCH ObI B BUIE

by T 4 byy T ...+ by T+ by, (2)

e Ko3(puimeHThl b 0003HAYAIOT YUC/IA B IIPeJesiaXx OT HyJIsl 0 MIECTU, U
OHO 3aIUCHLIBAJIOCH ObI IOCPEICTBOM CHMBOJIA,

bnbn_1...b1bo.

Tak, IHCJIO «CTO JIEBATH» B CEMEPHUIHOI crucTreMe 0003HAYMAIOCH ObI CUMBO-
sgoMm 214, moromy d9TO
109=2-7"4+1-7+4.

B kauecTBe ympakHeHUs duTATEb MOXKET BBIBECTH ODINEe TPABUIIO JIJIs
epexosa oT ocHoBaHus 10 K jr060MYy OCHOBAHWIO B: HY»KHO BBIIOJIHATH
[I0CJ/IeIOBATEIbHBIE JleJIeHusT Ha B, HauuHasi ¢ JAHHOIO YUCJIA Z; OCTATKU U
OynyT «mmdpamMuy IPU 3aIUCH YUCIa B cucTeMe ¢ ocHoBanmeM B. Hampu-

mep,
109 |7
4 157
12

20

109 (B mecsituaHoil cucreme) = 214 (B ceMepuYHON cHCTEME).

EcrecrBenno, Bo3HUKaeT BOMpPOC: HE OBLI Jin OBl OCOOEHHO XKEJIATE/Ih-
HBIM BBIOOD KAaKOro-ju00 CHEeNUaJbHOTO YUCIA B KAYeCTBE OCHOBAHUS CU-
creMbl cuncyenusi? Mbl yBUAUM JIAJIBINE, 9TO CJUIITKOM MaJjeHbKOe OCHOBa~
HUEe JOJI2KHO ObLIO OBbI BBI3BAThL KOe-KaKue Hey/100CTBa; C JAPYTroif CTOPOHBI,
CJIUIITKOM DOJIBIIIOE OCHOBaHUE ITOTPEO0OBAJIO OBl 3ayYNBaHUsT MHOTHX UMD U
3HAHUS PACHIMPEHHON TaOIUIbI YMHOXKeHUsI. BhICKa3bIBaIICh COOOPaXKEH ST
B II0JIb3Y CHCTEMBI ¢ OCHOBaHUEM 12 (<«JIBEHAIATUPUIHON ): YKA3BIBAJIOCD,
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qTo 12 menuTcs 6e3 ocTaTKa Ha JIBa, Ha TPHU, HA Y€ThIPE U HA IIECTh, U TIOTOMY
BBIUUC/IEHUS, CBSI3aHHbBIE C JICJICHUIMA U JPOOIMU, TPU OCHOBAHWHU 12 OBbLIN
OBl HECKOJIBKO IIporre. UToObl HAIIMCATH ITPOU3BOJIBHOE YHUCJIO B JIBEHA A~
TUPUYHON CHCTeMe, TIOHAI00OMINCH Obl JABe JIUITHUE IUdPbl — JJisi 0003HATe-
HUSI 9UCEJT «JIeCATb» W «OIUMHHAIIATH». LlycTh o 0003HAYAIO OBI JECSTh,
a 3 — oguuHannars. Torma B [IBEHAIIATHPUIHON CHCTEME <«IBEHAIIATDH»
MIPUIILIOCH OBl HamcaTh B Bue 10, «IBaamarTs gBay — B Buae 1o, «IBaaaTh
TpU» — B BUJE 1[3, a «CTO TpUALATH OAUH» — B BUJE O(B.

N306perenne MO3UIMOHHON HyMepalii, OCHOBAHHOI Ha ITOMECTHOM 3Ha-
qeHnu 1udp, TPUIUCHIBACTCS IIIyMEPUNAIIAM U BABUJIOHSTHAM; Pa3BUTa ObLIA
Takasg HyMepalus WHIyCaMd U WMeJsa HEeOIEHUMBIE TTOCTeCTBUS B HCTOPUN
9eJI0BEYEeCKOil muBuIn3anun. bojee IpeBHUE CUCTEMbBI HYMEPAITHN OBIIN TI0-
CTPOEeHbI UCKJIIOUNTEILHO Ha aJJiuTUBHOM npuHimie.” Tak, B PUMCKOI Hy-
Mepanun CXVII obozrauaeT «cTo + 1ecAaTh + IATh + OJUH + OMUH + OXUH».
Erunerckasi, eBpeiickasi 1 rpedeckasi CUCTeMbI ObLIM Ha TOM XK€ YPOBHE.
HeymobcTBOM 9neTO a1 UTUBHON CHCTEMBI SIBJISIETCSI TO OOCTOSITEIECTBO, ITO
C YBeJIUIeHNEM M300parKaeMbIX I1rCesl TPeOYeTCsT HEOIPAHMIECHHOE TUCTIO HO-
BBIX CcHMBOJIOB. HO IJIaBHEHTITMM HEJOCTATKOM JIDEBHUX CHCTEM (BpOJIe PHM-
CKoi1) BBIIIO TO, UTO cama IMPOIeypa cueTa Oblia 0O9eHb TPYIHA: JaKe caMble
[IPOCTHIE 33JIa9¥ MOIJIM PEIIaTh TOJBKO CIenuaucTh-iipodeccuonaibl. Co-
BCeM MHadYe OOCTOWT JeJI0 C PaCIPOCTPAHEHHON B HAIEe BPEMsi WHIYCCKOM
«IIO3UIMOHHOIY cucreMmoit. B cpennesekoBoit EBpore ona nosBuiach depes
ATAJbSIHCKAX KYIIOB, B CBOIO OYEpE/Ib 3aMMCTBOBABIIUX €€ V MYCY/JIbMAaH.
[Tosunnonnas cucrema 00/ AT TEM UPE3BBIYANHO BBITOJHBIM CBOMCTBOM,
9TO BCE YMCJIa, U Majible W OOJIBbIINE, MOI'YT OBITH 3allMCAHBI C IIOMOIIBIO
HEOOJIBIIIOTO YUC/IA PA3JIMIHBIX CUMBOJIOB; B JECATUYHON CHCTEME TAKOBBIMUI
apasgroTca «apabckue nmudpery 0, 1, 2, ..., 9. He MenbIee 3Havenne mveer
W JIETKOCTBH cdeTa B 3To# cmcreme. [IpaBmma meiicTBuit ¢ dumciaamu, 3amm-
CBHIBAEMBIMHU TI0 MTO3UITMOHHOMY IIPHUHIIAIY, MOTYT OBITH PE3IOMUPOBAHBLI B
BUJIE€ TAOJIUIL CJIOKEHUS U YMHOYKEHUST U MOTYT OBITH Pa3 HABCET/IA BBIYICHBI
Ha maMsiTh. CTApUHHOMY METOJy CUYeTa, KOTOPBIM DAaHbIIE BJIAJIEIN JIUITh
HeMHOTHe m30paHHbIe, Temeph 00yJaioT pa3Be JIUIIb B HAYAJbHBIX ITKOJIaX.
B umcropun KymabTyphl HaiiieTcs HEMHOTO MPUMEPOB TOTO, YTOOBI HAYIHBIH
MIPOrpece OKa3aJs Ha MPAKTUIECKYIO KU3Hb CTO/Ib TUIyOOKOe, CTOJIb 00/Ierda-
[olee BIIMSTHUE.

3. Apudmernyeckue aeiicTBUS B HEJECATUYHBIX CUCTEMAX CUUC-
JgeHud. VlckiounTesabHast POJib JiecsaTKa BOCXOUT K NCTOKAM ITUBUIN3AIIN
n 6e3 BCAKOIO COMHEHHUs CBS3aHA CO CYETOM IO HAJIbI[AM Ha JIBYX DPyKax.
Ho nammeHOBaHMSI YHCIMTEIBHBIX B Pa3HBIX d3bIKaX YKa3bIBaIOT W Ha

Ha camom zesie 971eMeHTBI «IIO3UIUOHHOCTH» €CTh U B PUMCKON HyMepaIuu, BO BCAKOM
ciIydvae, MOPsI0K PACIOJIOXKEHUST «Pa3psIOB» UI'PAET poJib; Tak, VI =V 4+ I, vo IV =
V-LLX=L+X, 80 XL=L—-Xur u — IIpum. ped.
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Hajuuue (B ObLIble BPEMEHA) MHBIX CHUCTEM CUHCJIEHHs, UMEHHO C OCHO-
BaHUSMU JBaJIATh W JBEHAIATh. B AHIVIMIICKOM M HEMEIKOM SI3BIKaX
cJjioBa, obosHavatomue 11 u 12, HOCTpOeHBI He 10 JeCATUIHOMY IIPUHITUILY,
COYeTaloeMy JIECITKU C €IMHUATIAMU: OHU JINHIBUCTUYECKU HE3ABUCHUMbBI OT
cioB, obozuavaromux dncio 10. Bo dpaniysckom s3bike ciioBa, 0b603HaTA-
fore 20 n 80, MO3BOJISIOT MPEANOJIAraTh NePBOHAYAIBHOE CYIIECTBOBAHUE
cucteMbl ¢ ocHOBaHHEM 20, UCIOJIB3YEMOI JJIsi T€X MJIA MHBIX HAJI0OHOCTEI.
B marckom si3pike cioBo halvfirsinds-tyve, obosnauaromiee 70, 6ykBajabHO
[IEPEBOJIUTCS «IIOJITYTH OT TPUKJBI JIBAJIATH JI0 YeTHIPEXKIbI JTBAJIIATH.
BaBujioHCKHE aCTPOHOMBI IOJIH30BAJUCH CHCTEMOM, SIBJISIBIIEHCS OTYACTH
nrecruiecarepudnoil (¢ ocHoBanuem 60), U MMEHHO B 3TOM OOCTOATE]b-
CTBE CJIEJIyeT MCKATh O0bscHeHHe TOro hakTa, 9TO Yac U YIVIOBOH rpaiyc
rojipa3jiesieHbl Ha 60 MUHYT.

B HesecsTUYHBIX cHCTeMax CUMCJIEHUs IIPaBujia apuMETUKN, KOHEYHO,
Te Ke caMble, HO TaDJIMIBI CJIOXKEHUsI U YMHOXKEHUsI OJIHO3HAYHBIX YHCEJT
OTJIMYHBI OT HAIWUX JIECATUYIHBIX. Byaydn mpuydeHbl K JeCATHIHON CHCTe-
M€ U CBS3aHbI HANMEHOBAHUSIMHU UNCJIUTEIbHBIX B HAIEM SI3bIKE, MbI, €CJIN
[IOIBITAEMCS CYNUTATHh 110 MHBIM CHCTEMAaM, CHAJYaJia HCIBITAEM H3BECTHOE
Hey106cTBO. ITompobyeM MOynpaskKHATHCA B YMHOXKEHUH 110 CEMEPUYHON Cu-
creme. llpexkiie yeM NPUCTYNHUTH K ITOMY, PEKOMEHJYETCsl BBINMKUCATH JBE
TabJIMIKN, KOTOPBIMU PUIAETCH M0JIH30BaATHCS.

Ciioxenue VYMHOXKEHHE

1 2 3 4 5 6 1 2 3 4 5 6
112 3 4 5 6 10 111 2 3 4 5 6
213 4 5 6 10 11 212 4 6 11 13 15
3|14 5 6 10 11 12 313 6 12 15 21 24
415 6 10 11 12 13 414 11 15 22 26 33
516 10 11 12 13 14 515 13 21 26 34 42
6 10 11 12 13 14 15 6|6 15 24 33 42 51

CraneM Terepb yMHOXKAThb 265 Ha 24, mpuyeM 3TU YHUCIa IPEIoJia-
raloTCs HAIMCAHHBIMEU B cemepuuHoii cucreme. (Ecim Hammcats dmcia 1o
JIECATUYHON cucTeMe, TO pedb uiuer 00 ymuoxennn 145 ma 18.) Haunem c
yMHOXKeHUus 5 Ha 4, 9T0, KaK MOKa3bIBaeT Tab/INIa yMHOXKeHUs1, 1aeT 26.

265
24

1456
_|_
563

10416

Mpbr numeM 6 Ha MeCTe €IUHUIIBI, 3aTEM IEPEHOCHM JIBOMKY B CJIEYIO-
mumit paspsan. asmee, naxomum, 910 4 - 6 = 33 n garo 33 + 2 = 35. [lumem B

X
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MIPOU3BEJEHUN D U IPOJOJ2KAEM TAKHM K€ 00Pa30M, IOKa YMHOXKEHHE He
3akoH4uTCs. Ilpn cooxkennn qucen 1456 u 5630 Ha MecTe enMHMUIL IOy~
em 6 + 0 =6, 3arem Ha MecTe ceMepok 5+ 3 = 11. Ilumem 1 u 1 neperHocum
Ha MECTO «COPOKaJIEBATOK», rje mosydaercss 1 4+ 6 + 4 = 14. Oxkonuaresib-
HBIN pe3ymbTar: 265 - 24 = 10416.

L1t IpOBEPKU IIPOIEIaeM TO Ke JeCTBUE B JIECATUIHON cucTeme. dTo-
651 mrepenucarh ancso 10416 Mo recaTUYIHON cucTeMe, IPUIETCH HAUTH CTe-
neHu 7 BILUIOTH JIO 4eTBeproii: 72 =49, 73 = 343, 7* = 2401. Orciona cie-
ayer, aro 10416 = 2401 + 4 - 49 + 7 + 6, npudeM mpaBasi JacTb PABEHCTBA
3ammcaHa yxke 1o gecsaTuaHoil cucreme. CKiajbIBas 9mcJia, Mbl HAXOIWM,
qro uncao 10416, 3anmcanHoe MO ceMepuvHO cucTeMe, paBHO uuciay 2610,
3aIMCAHHOMY II0 JIECATUYIHON. ¥ MHOKMM Tenephb 145 ua 18 B mecsaTwdHOR
cucTeMe: Tojrydaercd Kak pas 2610.

VYupaxkuenusi. 1) CocraBbre TabInIBI CJIOKEHUSI U YMHOXKEHUS B [IBEHAIIA-
TEPUYHOI CHCTEeMe 1 IIPoJiesIaiiTe HECKOIBLKO IIPIMEPOB BPO/Ie IPUBEJICHHOIO BBIIIE.

2) Hanummmre «TpUALATB» U «CTO TPUALATH TPU» B CUCTEMAX C OCHOBAHUSIMU
7,11, 12.

3) Yro obosmauaror cumBosbl 11111 n 21212 B 9TUX cucTremax?

4) CocraBbre Tab/IUIbl CIOKEHUS U YMHOMXKEHUS JJIsi CUCTEM C OCHOBAHUSIMU

5, 11, 13.

C TeopeTnyeckoil TOUKM 3PEHUsI CUCTEMa, TIOCTPOEHHAS 110 TO3UIIUOHHO-
MY MPUHITAITY C OCHOBAHUEM 2, BBIJEJISIETCS B TOM CMbBIC/IE, YTO 3TO OCHOBA-
HUe — HaMMEeHbIIIee BO3MOXKHOe. B aroil déoununotl (nuanuaeckoil, GuHAPHOIL)
crucTeMe UMeIOTCs JIUib e udpal: 0 1 1; BCsIKOe MHOEe IHC/I0 3aIIUChIBAETCS
KaK KOMOWHAIMS ITHX CUMBOJIOB. Tab/IHIbl CIIOKEHUS W YMHOXKEHUS CBO-
Jgrca K asym mpasuiam: 1 +1=10u 1-1=1. Ho HempakTUIHOCTH TaKOi
CHCTEMBI JIOCTATOYHO OYEBHUJIHA' | ITOOBI N300Pa3uTh y2Ke HeOOJIbINHE YA,
HYKHBI JIUIMHHBIE BBIPAYKeHUs. TakK, UHCIIO «CEMBIECST JIEBATH», KOTOPOE
npencrapiasgerca B puge 1-264+0-25 +0-24 +1-23 4122 +1-2 41,
3aluchIBaeTCs B aBoumyuHoil cucreme kax 1001111,

Y066l MPOUJLTIOCTPUPOBATH, HACKOJIHKO ITPOCTO IIPOU3BOJUTCS YMHO-
JKE€HUE B JIBOUYHOM CHUCTEME, TEPEMHOXKUM YHCJIa CeMb U TSATh, KOTOPbIE
3anuceiBaloTca cooTBeTcTBeHHO B Bujle 111 m 101. IIpunumas Bo BHEMAHUE,

Co Bpemenu Hanucanus kuuru (1941 r.; nocsiemnee aHrIUiiCKoe M3JaHHE, KOTOPHIM
MBI PaCHOJIaraju, BBIILUIO B 1948 I.) CTOIb «HENpPAKTUYIHAsA» JJisi OOBITHOTO CHUeTa
JBOWYHAsI CUCTEMA IOJIydHJIa IINPOKUE U OOINEN3BECTHBIE IIPUMEHEHNUS] B MAIINHHOMN
MaremaTuke (uzest KOTOPBIX — «KOJUPOBaHUE» JIIOGOro TEKCTa C IIOMOIIBIO aidaBuTa
13 JIByX 3HAKOB — IIPeJyrablBaeTCs B IPUBOAUMOIl Hike dpasze Jlammaca o Jleitbun-
ue). — ITpum. peo.
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qT0 B 3TO# cucreMme 1 + 1 =10, MbI nummem:

% 111
101

111
_|_
111

100011 =2° +2 41,

7 B UTOTe, KAK U CJIEOBAJIO OXKUJIATDH, [TOJIyIaeTCsd TPUNATH [IATh.

Tordpuz Busbreasm Jleiibuun (1646-1716), oqus u3 Beaudyafiimx yMoB
CBOEr0 BPEMEHU, PACIIEHUBAJI JIBOMYHYIO CUCTEMY YPE3BBIMAITHO BBICOKO. BoT
9TO TOBOPUT 110 3TOoMy noBoxay Jlamrac: «B cpoeit 6bunapHoii apudmernke
Jleitbuur, Bumen mpoobpa3 TBOpeHHs. KMy MpeICTaBisioCh, 9TO €IUHUIA
pecTaBisgeT OOXKECTBEHHOe Hadajo, a HyJb — HeDbITHe, W 9TO Boicmiee
CyIecTBo co3/aer Bee Cylee U3 HeOBbITHS TOYHO TAKUM Ke 00pa30oM, Kak
€JIMHUIA U HYJIb B €r0 CUCTEME BBIPAYKAIOT BCE TUCIIA».

VYupaxkuenwue. Vccienyiite B 00IeM BUe BOIPOC O MPEICTABICHUU UUCETT
B CHCTE€ME€ C OCHOBaHUEM @. UTOOBI HA3BIBATH YHCIA B ITOM CHCTEME, HYKHBI
HaMMEHOBAHUS JJIs OqHO3HAYHBIX dnces 0, 1, ..., a — 1 u Aj1g pa3iudHbIX CTele-
Heit a: a, a?, a3, ... CKOJIbKO UMEHHO YHC/IUTE/ILHBLIX oTpebyeTcs, 9To6bl Ha3BaTh
BCEe YHCJIa 7O OJHON TBHICAYM B CHCTEMaX C OcCHOBaHmeM a = 2, 3,4, 5, ..., 157
KakoBo f0JI2KHO OBITH OCHOBAHHE @, YTOOBI YHCJIO STUX UMEH YHC/IUTEIbHBIX ObLIIO
nanmenbmmm? ([Ipumepw: ecmu a = 10, TO HY?KHO JECATH TUCIUTETBHBIX JIJIST O
HO3HAYHBIX YUCEJI. 3aTeM ellle TPU YUCIUTEIbHbIX, 0bo3Hadatomumx 10, 100 u 1000,
Bcero — 13. Ilpu a = 20 Hy:KHO IBaAIATE YUCIUTEIbHBIX JJIsI OJHO3HAYHBIX IUCET
u eme uucaureabuble 1 20 u 400; Bcero — 22. Ilpu a = 100 momnamoburcs 101
YUCIUTESHLHOE. )

§ 2. BeCKOHEYHOCTh CHCTE€MbI HATYPAJIbHbIX YHUCEJI.
MaremaTuvdeckass MHIY KIS

1. IIpuanun mareMaTmdecKoit mHAYKmuu. llocienoBare/ibHOCTD
HATYpaJIbHBIX uucen 1, 2, 3,4, ... He WMeeT KOHIA: JIEHCTBUTEIHLHO, KakK
TOJIKO JIOCTUT'aeTCsl HEKOTOPOE YHCJIO M, BCJEJ 38 HUM cefdac »Ke MOKHO
HammcaTh O/Kaiiliiee K HeMy HATypasjbHoe uncio n + 1. ZKemasa kax-
HUOYJb HAa3BaThb ITU CBOICTBA IOCJIEIOBATEJHLHOCTH HATYPAJIBHBIX YH-
ceJl, Mbl TOBOPUM, UTO ITUX UUCEJ CYIIECTBYET OECKOHEUWHOE MHONHCECMEBO.
IlocienoBaTEILHOCTL HATYPAJBHBIX YHCEJI IPEJCTABJSET MPOCTEHIuil u
caMblii eCTeCTBEHHBII puMep GECKOHEYHOro (B MATEMATHUYECKOM CMBICJIE),
WUr'PAIOIEro TOCIOACTBYIONLYIO POJIb B COBpeMeHHOiI MaremaTruke. He pas B
9TOIl KHHUI'€ HaM IIPHJIETCA UMETHb JIeJI0 C COBOKYIIHOCTSAMH, COJlepzKallliMu
OEeCKOHEYHOE MHOXKECTBO O0'bEKTOB; TAKOBa, HAIIPUMEDP, COBOKYIIHOCTH BCEX
TOYEK Ha MPAMON JIMHUHU WJIM COBOKYITHOCTH BCEX TPEYTOJbHUKOB Ha IJIOCKO-
ctu. Ho GeckoHedHast IOC/Ie10BaTEIBHOCTD HATYPAJIbHBIX Yncesl Oe3yCJIOBHO
[IPEJICTABJIAET IPOCTENINil IpuMep GECKOHEYHO COBOKYITHOCTH.
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[TocnenoBarenbublil, mar 3a aroM, mepexoi oT n K n + 1, IopoxKaao-
it OECKOHEYHYIO 1TOCJIEI0BATEIbHOCTD HATYPAJIbHBIX YHCEJ, BMECTE C TEM
JIE2KUT B OCHOBE OJIHOTO M3 BaXKHEHIINX U TUMHIHBIX JIJIsI MATEMATHKHU Pac-
CyXKJIeHUi1, IMEHHO ITPUHIINAIE, MATEMATHIECKON MHIYKIINN. « IMIUPUIECKAsT
WHIYKIUs», TPUMEHSIeMAasi B €CTECTBEHHBIX HAYKAX, NCXOIUT U3 YACTHOIO Psi-
18 HAOJIIOEHN HEKOTOPOTO sIBJICHUS U IPUXO/IAT K KOHCTATAIINN OOIIEro 3a-
KOH&, KOTOPOMY TOUMHSIETCs SIBJIEHIE B €ro pa3indubix gopmax. Crernenpb
YBEPEHHOCTH, C KOTOPOIl 3aKOH TaKMM 00pa30M YyCTAHABJINBAETCS, 3aBUCHT
OT YHCJIa OT/EbHBIX HADJIIOIEHN U BHIBOIUMBIX U3 HUX 3aK/04ueHuii. Yacro
oI06HOTO POJIA UHIYKTUBHBIE PACCY 2K I€HUsI OBIBAIOT BIIOJIHE YOEIUTEIbHBI-
MWU; yTBEPKIEHUE, 9TO COJTHIIE B30IeT 3aBTPa C BOCTOKA, CTOJIb HECOMHEHHO,
HaCKOJIBKO 9TO BOODIIE BOSMOXKHO; U BCE K€ XaPAKTEP KOHCTATAINH B JAH-
HOM CJIy9ae COBCEM MHOIi, YeM B CJIydae TEOPEMBI, JI0KA3bIBAEMOIl HA OCHOBE
CTPOrOro JIOTUIECKOTO, T. €. MATEMATHIECKOTO, PACCYKICHUSI.

Yro kacaeTcsa mamemamuieckol uHdyKyuL, TO OHA IIPUMEHSIETCS HHBIM,
OTJIMYHBIM CIIOCOOOM C TIEJIBI0 YCTAHOBJICHUS UCTAUHHOCTU MaTEMaTHIeCKON
TeopeMbl B HECKOHEUHO II0C/IeI0BATEIBHOCTH CJIy4Yaes (IIepBOro, BTOPOrO,
TPeTBEro W TaK jajee — 6e3 Beskoro uckmouenus). O6osnadmm uwepes A
HEKOTOPOE YTBEP:KJICHUE, OTHOCAIIeeCs K MPOU3BOJLHOMY HATYPAJIHLHOMY
qucsay n. Ilycrs A Gymer xorst ObI Takoe yTBepxkjeHue: «CyMma yriioB B
BBIIIYKJIOM MHOTOYTOJBHUKE C N + 2 cTopoHaMmu paBHa 180° - n». Man eme:
obozHaumM 4gepe3 A’ yTBep:KJIEHWE: <«IIPOBOJS 7 MPSIMBIX HA TJIOCKOCTH,
HeJTb3sT pa3dbuTh ee 6osbITe YeM Ha 2" JacTeii». YToOBI 10Ka3aTh MOJ00HOTO
posia TeopeMy IS NPou3BoAbHO20 3HAYEHHUS N, HEJIOCTATOYHO JI0KA3aTh
ee ormesbHO Jyst mepBbix 10, wam 100, mm gaxke 1000 smadenuit n. Drto
KaK pa3 COOTBETCTBOBAJIO OBl IPHUHIUIY SMIMPUIECKON HHIyKIuu. Bme-
CTO TOrO0 HAM IPHUXOAUTCH BOCIOJIB30BATHCS CTPOTO MATEMATHIECKUM U
OTHIOZIb HE SMIIMPUIECKUM DPACCYKIEHUEM; MBI YsICHUM cebe ero XapakTep
HA YACTHBIX IIPUMepPax JI0KA3aTeJIbCTBA IIPEJJIOKEHHl, KOTOpble MBI 000-
suaumyim yepes A u A’. OcranoBumcs Ha nupesyioxkernun A. Ecim n =1,
TO pedYb UJET O TPEYTOJbHUKE, U Mbl 3HAEM W3 JJIEMEHTAPHOU TeOMETPHH,
910 CymMMa yryioB TakoBoro pasHa 180° - 1. B ciaydae derbipexyroJibHUKA,
(n = 2) MBI IPOBOAMM JMArOHAJIb, PA3JEJISIONIYI0 YETHIPEXYIOJIbHUK HA
IBa TPEYTrOJbHUKA, U TOIJAa Cefvac »Ke CTAHOBUTCH S$ICHO, YTO CyMMa
VIJIOB YeTBIPEXYTOJBbHUKA paBHA CyMMe YIJIOB B JIBYX TPEYTOJbHHUKAX,
nmMeHHO paBHa 180° 4 180° = 180° - 2. O6palasich K CIydaro IsaTHYTOJIbHIKA,
(n = 3), Mbl pa30buBaeM €ro TakKUM Ke 00pa30M Ha YEeTHIPEXYTOJbHUK
U TpeyrosbHUK. Tak KakK IepBblii M3 HA3BAHHBIX MHOIOYTOJIHHUKOB IIO
JOKa3aHHOMY mMeeT cymMMy yriioB 180° - 2, a Bropoit — 180° - 1, To Bcero
B CJIydYae NATUYTOJbHUKA MBI MojydaeM cymmy yriios 180° - 3. U Temepnb
HaM YK€ CTaHOBUTCSI sICHO, UTO PACCYyXKJEHUE MOXKeT OBbITh IIPOIOJIZKEHO
COBEPIIIEHHO TaKUM ke 00pa30M HeorpaHmdeHHO. Mbl JIOKaXKeM Teopemy
s caydas n = 4, 3areMm g caydad n =5, m T. 1. Kak u pamnbie,
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KaxK/JI0€ CJIEIyIOoIIee 3aKJI09eHrne Hem30€KHO BBITEKAET U3 MPEbIAYIIErO, U
TeopeMa A OKa3bIBAETCsl YCTAHOBJIEHHON MTPU MPOU3BOILHOM 3HAUEHUH M.

Taxk ke obcrout jeso u ¢ npepyoxkenueMm A’. IIpu n = 1 oHo, o4eBUIHO,
CIIpaBEJJINBO, TAK KaK BCsKasl MpsiMasi JIeJIAT IJI0CKOCTh Ha 2 dacTtu. [Ipose-
JieM BTOPYIO IpsaMyto. Kakas n3 IByX IPEKHUX JdacTeil pa300beTcsi B CBOIO
odYepenib HA JBE YACTH — IPHU YCJIOBHUH, YTO BTOPAs IPsiMast HelrapasleIbHa
nepsoit. Ho, kax 6561 TO HI OBLITIO, B CIyYae n = 2 BCEro okaxkercs He bosee 4 =
22 yqacreil. /TobaBuM eme TpeTbio HpaMyo. KaxKias U3 yKe MMEOIIuXCs
qacreil wim OyJeT pazdbuTa Ha J(Be YACTH, UJIM OCTAHETCS HETPOHYTOM. Takum
00pa30oM, YMCI0 BHOBb MOMYYeHHBIX YacTeil He npesbicuT 22 - 2 = 23, Cunras
9TO YCTAHOBJIEHHBIM, MbI TOYHO TaK K€ IepeiijieM K CJIEIYIONEeMY CJIyd9aio
" T. JI. — 0e3 KOHIIA.

CyIHOCTD MPEBIIYIIEro PACCYKICHNs 3aKII0YACTCS B TOM, UTO, YKeJIast
YCTAHOBUTH CIIPABEJIMBOCTH HEKOTOPOU 0011l TeopeMbl A TIpH JIIOOBIX 3HA-
YEHUsIX 71, MbI JJOKA3BIBAEM 3Ty TEOPEMY IOCJIEIOBATEIHHO JJisi OECKOHETHOTO
psia CrienuaabHbIX cay4daeB A;, Ay, ... BO3MOXKHOCTb 5TOM0 PACCY K ICHUS
[IOKOUTCsl HA JBYX HPEINOCHLIKAX: &) MMeeTcs OOIIuii MeToJ| JI0Ka3aTesb-
CTBa TOTO, 9TO €CAU CIIPABEJJINBO yTBEPXKIeHHe A,., TO CJIeJyIoliee 1o I1o-
DSIKY YTBEpKIeHue A, makoice CupasejinBo; 6) u36ecmto, ITo nepBoe
yTBepKaeHue A; cupaBeiuBo. B TOM, 9TO 9TH JiBa YCJIOBUSI JOCTATOYHBI
JIJIsT TOPO, 9TOOBI CIIPABEJINBOCTE 6Cer yTBep:KIAeHuit Ay, Ay, As, ... ObLIa
YCTaHOBJICHA, 3aKJII0YaeTCs HEKOTODBIl JIOTMYEeCKUY MPUHOWII, UMEIOIUi B
MaTeMaTHuKe CTOJIb Ke (DyHIaMeHTAJIbHOEe 3HAYeHHe, KaK U KJIACCHIECKUE
IIPABUJIa APUCTOTEJICBON JIOTUKU.

CdopmynupyeMm 3TOT TpUHOUI cieayromumM obpasoM. [Ipesmmooxum,
910 TpedyeTcsi YCTAHOBUTH CIPABEIIUBOCTH OECKOHETHOMN ITOC/IEI0BATE b=
HOCTU MATEMATHIECKUX IIPE/JIOXKEHUI

A17 A27 A37 R

KOTOPBIE BCE, COBMECTHO B34ATHIE, 00Pa3yIOT HEKOTOPOE ObIIee MpeioxKe-
uue A. Jonycmum, 4mo a) npoeedeno Mamemamuseckoe paccysicoerue, no-
Kazwvieatowee, wmo ecau eepro A,, mo eepro u A,y 1, Kax060 Ovi Hu GvLAO
HAMYPAAbHOE YUCAO Ty U 0) yemanosaeno, wmo A, eepno. Toeda ece nped-
NOHCEHUA HAWET, NOCAEOOBAMENDHOCTIU BEPHDL U, CACIOBAMEALHO, NPEOAO-
arcenue A dokasaro.

Mpb1 puMeM IPUHIUI UHAYKIWMKA Oe3 Kojebanuii (Tak ke KaK Mbl [IpH-
HUMAaeM BCe NPaBUJIa OOBIKHOBEHHOI JIOMMKHU) U OyleM ero paccMarpuBaTh
KAK OCHOBHOH NPHUHIMI, HA KOTOPOM CTPOUTCH MATEMATHIECKOE JOKA3a-
TEILCTBO. B caMoM Jies1e, Mbl MOYKEM yCTAHOBUTD CIIPABEJIMBOCTD KaXKJI0TO
yTBepKIeHust A, , MCXoag w3 JomyrieHus 6) o ToMm, uTo A; cupaseu-
BO, W, MHOTOKDATHO IIOJIb3YsCh JOIYIIEHNEM a), MOCJIE0BATEFHO yCTaHO-
BUM CIPABEJINBOCTD yTBepKAeHUl Ay, Az, Ay, U T. 1., TIOKA HE JOCTUTHEM
yreepxkaenus A, . [IpuHnmmn MareMaTmaecKoil WHIyKINU BBITEKAET, TAKAM
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obpazoM, 3 Toro ¢akxTa, 9To 33 KayKJbIM HATYPAJIHHBIM YHCJIOM 7° CJIELyeT
(HETOCPeICTBEHHO) IPYToe HATYPAJbHOE Iucyio © + 1 u 9TO, OTIpaBJIsIsACH
OT HATYPAJILHOI'O YKCJIa 1, MOXKHO ITOC/Ie KOHEYHOI'O YUCJIa TAKUX IIEPEXOJI0B
JIOCTUTHYTD JIIOOOT0 HATYPAJIBHOTO YUC/IA N.

YacTto mpUHIUN MATEMATHYECKOW WHIYKIUU MPUMEHSIOT 0e3 SIBHOrO O
TOM YIIOMUHAHUS WJIX K€ IPOCTO OH CKPBIBAeTCHA 3a (POPMYyJIOi «U Tak Ja-
nees. Takast ckpbITasg ¢popMa MPUMEHEHNUS TPUHIIATIA WHILYKITUNA B OCOOEHHO-
CTH CBOMCTBEHHA IIPEIOIABAHUIO 3JIeMEeHTapHOl MaremMaTuku. Ho npu jgoka-
3aTejIbCTBE MHBIX, O0JIee TOHKHUX U DoJjiee riIyOOKMX TeopeM TUM ITPUHIIAIIOM
Hen30eKHO MPUXOIUTCS TI0JIb30BAThCsI sIBHO. MBI mpuBeseM jiajiee HEKOTO-
pOe YHCJIO OTHOCSIIHUXCH CIOJIa IPOCTHIX U BCE 2K€ HE COBCEM TPUBHUAJIBHBIX
IPUMEPOB.

2. Apudmernyeckast nporpeccusi. Kaxo6o 6v, Hu 6bi.A0 3HAvEHUE T,
n(n+1)
2
Yro0bl J0KA3aTh 3TY TEOPEMY 110 IPHUHIUIY MATEMATHYECKON WHLYKIIUH,
MBI JIOJI?KHBI JIJIsI TIPOU3BOJILHOI'O 3HAYEHUsI 7 YyCTAHOBUTH CIIPABEIJINBOCTD

COOTHOIIIEHUSA A,,:

cymma 1+ 2+ 3 4 ... 4+ n nepeur N HAMYPAALHHIL YUCEA DABHA

n(n+1)
1+2+3+...+n:T. (1)
a) Fcau r — HEKOTOpOe HATyDaJbHOE YHCJIO ¥ €CAU W3BECTHO, |TO
yTBepKaeHue A, CupaBeJJInBO, T. €. €CJIH U3BECTHO, 9TO

1+2+3+...+r=’"(TT+1),

TO, IpUOABIIsAsi K 00EMM YaCTsIM ITOCJIETHEIO PABEHCTBA 1O 1 + 1, MBI Oy~
qaeM:

y

+
1+2+3—|—...—|—T+(7“+1)ZT(TT+(T+1):
D420+ (1) +2)
B 2 B 2 ’
a 9TO KaK pa3 u ecTh yTBepxkenne A, ;.
1-2
6) Yreepxkaenue A;, 094eBUIHO, CHPABEJINBO, TAK KaK 1 = -5 Urak, mo

MPUHITAILY MaTEeMATUIECKOW WHIYKIIMA yTBepkKeHue A, CrpaBejinBo mpu
JIOO60M 7, 9TO U TPeOOBAIOCH JOKA3ATh.

OOBIKHOBEHHO 3Ty TEOPEMY JHOKA3bIBAIOT MHBIM crIocoboM. ITurmyT cymmy
1+2+3+...4+n B AByX BIJaxX:

S,=14+2+...+(n=1)+n

Sp=n+n—-1)+...+2+1

CkJyapiBasi, Mbl BUJUM, 9TO YUCJIA, CTOLAIINE HA OJHON BEPTUKAJIU, BMECTE
cOCTaBJSAIOT N + 1, U TaK KaK BepTUKAJIell BCEro MMeeTcd N, TO OTCIOJIA
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CJIEJIyeT, 9To
25, =n(n+1),
¥ OCTAEeTCH €Ille pa3J/ieIuTh Ha 2.
N3 dopmyast (1) cpasy xke BbiTekaeT obmmast hopmylia Juist cyMmbl (1 + 1)
HepBLIX YICHOB JII000# apudMeTudecKoil IPOrPecCui:

Po=a+t(a+d)+(at2d)+...+ (a+nd=CFDEED )

B camom gerte,

1)d
Pn:(n+1)a+(1+2+...+n)d:(n+1)a+w:

_2(n+Da+nn+1)d  (n+1)(2a+ nd)

2 2

B caygae, xorma a = 0, d = 1, mocjieiHee COOTHOIIEHUE IIPEBPAIIAETCS B
coorHomenue (1).

3. T'eomeTpuyeckasa mporpeccusi. Takum Ke 00pPa3zoM MOXKHO pac-
CYKJaTh U IO MOBOJLY T€OMETPUYIECKON mporpeccun (B obmem suje). Mbr
MMOKaYKeM, 94TO, KAaKOBO ObI HU OBLIO 7,

1 _ qn+1

(MsbI npeamosnaraemM, 9To ¢ # 1: nHade mpasasi 9acThb (3) JIMIIEHA CMBICIIA. )
Hame yrBep:kieHne, HECOMHEHHO, CIPABEJINBO IPH N = 1, Tak Kak B
9TOM CJIydae

G.=a+aqg+ag>+...+aq" =a

a(l-¢*) _a(l+q)(1—-q)

Gi=a+aq - - a(l+q)
W ecau MBI JOIyCTHM, 9TO
1_qr+1
Grza—i—aq—l—...—&—aqrzali_q,

TO, KaK CJIeJICTBUE, OTCIO/[a HEME/IJIECHHO BbITEKACT:

Grp=(a+ag+...+aq") +ag' =G, +ag™ =

1—q*! (I-g¢*)+q¢ ™1 —-0q)

= —_— T+1: =
=a 1—q + aq a =g
_ liqr+1 +qr+1 7qr+2 _ liqr+2

1—gq 1—q °

Ho 1o xak pa3 u ectb yrBepxienue (3) upu n =r + 1. JJokazaregbCcTBO
3aKOHYEHO.
B snemenTapubIx yueOHUKAX TaeTCst APyroe J0Ka3aTeabcTBO. Ilomoxkmm

G,=a+aq+...+aq".
YmHOXKasg 00e 9acT Ha, ¢, TOJIYIIM

¢G,=aq+aq* + ...+ ag™".
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Breraurast 3aTem mocsegree paBeHCTBO U3 MIPEIIOCIETHETO, IOy IaeM TaJIee
1
C;’n_qC:n:a’_a“q”hL )
1
(1 - Q)Gn = CL(l - qn+ )a
1— qn+1
I—gq
4. Cymma n nepBbix KBajparToB. Clielyiolee HHTEPECHOE IIpUMe-
HEHUE MIPWHINIA MATEeMATHIeCKOH UHYKIIMH OTHOCUTCS K CyMME 7 TT€PBBIX

kBagparos. [lyrem npob Mbl yeranasiausaeM (10 Kpafinel Mepe J1jis HECKOJIb-
KUX HEOOJIBIINX 3HAYECHUI 1), 9TO

G,=a

nn+1)2n+1)

— (4)
IIOCJIe 9ero eCTeCTBEHHO BBICKA3aTh B BUJE JOTaJKU yTBEPIKIEHUE, ITO Ta
3amMevaresibHas POPMYyJIa CHPABE/JINBA LIPH 6CEL UECABIT NOAOHCUMENOHBIT
snaveruar n. ITobsl doka3amv 3TO, BOCHOIB3YEMCH OISTh METOIOM MaTe-
MATHYECKOI HHAYKINA. 3aMETUM IIPEXK/Ie BCETO, UTO ecAl yTBepKaeHue A,
KOTOPOE 3aKJII0UAETCsI KAk Pa3 B cOOTHONeHNN (4), ClpaBeyinBo Ipu n =1,
TaK 9TO

124224324+, . +n2=

12+22—|—32—|—...—|—7’2:—T(T+1)6(2T+1)’

To, mpubasyssa K o6emMm gactam no (1 + 1)%, Mb1 moyaaem

12+22+...+r2+(r+1)2:wq%rjulf:

Cr(r+D)@2r4+1)4+6(r+1)2  (r+1)r@r+1)+6(r+1)]

6 6
_(r+ D)@+ 7r+6) _ (r+1)(r+2)(2r +3)

6 6 ’
a 9TO U eCThb yTBepxkJeHue A, ;, TaK KaK OHO IIOJIyYaeTCsl U3 COOTHOIIe-
uug (4) mocpecTBOM noAcTaHoBKU T + 1 BMecTo n. IT00bI 3aKOHIUTH IOKA-
3aTeJIbCTBO, JOCTATOYHO OOPATUTH BHUMAHUE Ha TO, UTO yTBepKIeHue A,
KOTOpOE CBOJUTCH K PaBEHCTBY

o 10+DE+1)
6 )
crpaseymBo. VTak, coorHOmenne (4) BEpHO TP BCEX 3HAUEHUAX M.
ITonobroro ke poja OPMyJIbl MOMKHO HAIMCATHL ST CYMM TPeThUX
U 4eTBepThIX CTeleHell, BooOmme mjas cymMM Buga 1F + 2% + 38 + . + nk,
rae k — IPOM3BOJILHOE NEJIoe IMOJIOXKUTENbLHOe 9HCI0. B KadecTse yIIpask-
HeHHs YUTaTeIb MOXKeT JOKa3aTb C IOMOIIBIO MaTeMaTHIeCKONR HHIYKIIUH

dopmyy

2
13+23+33+...+n3_<n(”;1)> . (5)
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Heobxonumo 3aMeTuTh B 3aKJIIOYEHNE, UTO, XOTS IPUHITUIA MaTeMaTHIe-
CKON WHIYKITUU COBEPINEHHO JOCTATOYHO JJIst TOro, 9T00bl dokazams dop-
myity (5) — pa3 OHa y»Ke HAIMCAHA, OJHAKO JIOKA3ATEJbCTBO HE JIAET PeIlln-
TeJIbHO HUKAKWX YKA3aHWi, KaK MPUATH K caMmoil 3Toil dopmyse: modemy
WMEHHO HY?KHO JIOTJIBIBATHCS, ITO CyMMa 7l IEPBBIX KyOOB paBHA BbIpaXKe-

n(n+1)
o | ——— | , ame KaKOMY-HUOY/b MTHOMY B TAKOM 2K€ POJie, HaIlpUMeED,
2
1 2 _
(n(n;—)) JTH w, u T. . Beibop Bemuk! Tor daxt, yro

JIOKA3aTeIbCTBO TEOPEMbI 3aKJ/IF0YAETCsl B IIPUMEHEHUU TaKUX-TO ITPOCTHIX
JIOTMYIECKUX TPABUJI, HE OKA3BIBACT HU MAJICHIIIEr0o BJIUSHUS HA TBOPYECKOE
HaYajJ0 B MATEMATHUKE, POJIb KOTOPOI'O — JIEJATh BBIOOD M3 OECKOHEYIHOTO
MHOXKECTBA BO3HHMKAIOIIMX BO3MOXKHOCTei. Bormpoc o ToM, Kak BO3HHKAET
eunomesa (5), IPUHAJIEXKUT K TOH 067IaCTH, B KOTOPOH HET HUKAKAX OOIIHIX
[IPABILT; 3/I€CH JIEJIAIOT CBOE JIEJI0 SKCIIEPUMEHT, aHAJIOTUSI, KOHCTPYKTUBHAS
WHAYKIUs. Pa3 TOJIBKO MpaBujIbHAS TUMOTE3a COOPMYIUPOBAHA, TPUHITAIIA
MaTeMaTUIeCKON NHAYKIINA 9aCTO OBIBAET JOCTATOYHO, YTOOBI TeOpeMa ObLIa
Jnokazana. Ho Tak Kak caMo Takoe JI0Ka3aTeIbCTBO HUKAK He YKA3bIBAET Iy TH
K OTKPBITHIO, TO €ro JIydIle ObLI0 ObI HA3BIBATDL NPO8epKot.

*5. OaHO BakHO€ HEPaBEHCTBO. B ciemyromeil riiaBe HaM II0HAI0-
OUTCST HEPABEHCTBO
(L+p)" > 1+np, (6)
UMEIOITee MEeCTO MPU BCAKOM P, YJIOBJIETBOPSIONIEM YCJIOBHUIO p > —1, u mpu
JIOBOM IEJIOM TI0JIOKUTEILHOM 3HadeHnn 7. (Paju obmHoCTH MBI IPeIBOC-
XUIIAEM 371eCh IPUMEHEHUE OTPUIIATEIbHBIX U HEIEJIBIX YUCEJI, [IPE/IToIarasi,
9TO P MOXKET OBITHb JIIOOBIM dncjioM, GosbimuM veM —1. JlokazarenbcTBo
HEPABEHCTBA OJHO M TO XKe, He3aBHCUMO OT TOrO, KAKOBO 4HCJIO p.) Mbl
BOCIIOJTB3YEMCsI U Ha ITOT Pa3 MATEeMaTHIECKON WH Ty KITHEH.

a) Ecau BepHo, uT0 (1 + p)” > 1+ rp, T0, yMHOXKas 00e 4aCTU HepaBeH-
CTBa HA IOJIOXKUTEIbHOE YUCIO 1 + p, MBI [TOJIydaeM:

I+p) ™ 21+rp+p+rp’

OT6paCBIBaH BOBCE MOJIOXKUTEJbHBIN YJIeH TpQ, MbI TOJIBKO YCHUJIUM 3TO

HEpaBEHCTBO; UTAaK,
1+p)™ =14 (r+1)p.

TosryueHHBIN pe3ysbTaT OKA3bIBAET, 9TO HEpaBeHCTBO (6) umeeT MecTO U
mpu n =1+ 1.

6) Cosepmierno ouesuano, uTo (1 + p)' > 1 + p. Takum obpaszom, JAoKa-
3aTeJIbCTBO 3aKOHYEHO.

Orpanudenne, 3akjovarlleecs B ycaopuu p > —1, cymecrBerHo. Ec-
o p < —1, To 1 + p OTPUIIATEJILHO, U PACCYKIEHUE a) OTHAIAET, TaK Kak
IpU yMHOXKEHUHU 00ernx JacTell HEPABEHCTBA HA OTPUIIATE]HHOE YHC/IO 3HAK
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HEpPaBeHCTBa NOJKeH usMeHuTbed. (Hanpumep, ymuoxkas o6e dactu Hepa-
BeHCTBa 3 > 2 Ha —1, MBI mosyamIn 661 —3 > —2, a 9TO HEBEPHO. )

*6. BunoMmuasbHasi TeopeMa. Jacro ObIBaeT Hy>KHO HAIIUCATD B PAC-
KPBITOM BHJIE BbIpaxkenue jjig n-it cremenn Gunoma (a + b)™. Hemocpes-
CTBEHHOE BBIYUCJ/ICHHE ITOKA3bIBAeT, YTO

mpun=1 (a+b)'=a+b,
mpun=2 (a+b)?>=(a+0b)(a+b)=
=a(a+b) +bla+0b)=a®+ 2ab+ b,
mpun=3 (a+b)’=(a+b)(a+b)’=
=a(a® + 2ab + b*) + b(a® + 2ab + b*) = a® + 3a®b + 3ab® + b°,

u Tak jasnee. Ho Kakoi oBIuii 3aKOH CKPBIBAETCS 34 CJIOBAMHU <M TaK Ja-
nee»? Ipoanammsupyem nponecc Borancaenns (a + b)?. Tak kak (a + b)? =
= (a+0b)(a+0b), To MBI momyaHaK BeIpazkenue s (a + b)?, yMHOKAT KazkK-
JBL YIeH BBIpaXKeHust a + b Ha a, 3aTeM Ha b U CKJIAAbIBAS TO, UTO HOJLYyId-
sock. Ty 2Ke Ipoleypy NPUIIIOCH IPUMEHHUTD Ipu BbruucaeHnu (a + b)? =
= (a + b)(a + b)?. Tax xke Touno Beraucasorca (a + b)*, (a + b)° u rak
Jiasee 10 6eckoHeuHOCTH. Boipaxkenue Jyuisi (a + b)™ MbI Oy IuM, YMHOXKAs

BeIpazkenue (a + b)"~! cHauasa HA @, MOTOM Ha b, 3aTeM CKJIAJIBIBAS TO, 9TO
[IOJIyIUTCHA. DTO NPUBOIUT K CJIEILYIOIIEH JuarpaMMe:

a+b = a + b
PN
(a+b)?= a® 4+ 2ab + b
N N N
(a+0b)= a® 4+ 3a* 4+ 3ab*> + V®

SN N N SN
(a+b)*= a* + 4a®b + 6a?0* + 4ab®> + b,

[TO3BOJISTIONIEH cpa3y pa3obpaTbcsi B ODIEM 3aKOHE COCTaBJIeHHs KO0d(hdu-
ueHToB B pazJoxkenuu (a + b)™. Mbl ¢TPOMM TPEYrOJbHYIO CXeMy U3 Ha-
TYpPaJIbHBIX 4YnCes, HaunHasd ¢ Koaddunuentos 1, 1 nBywiena a + b Takum
006paszoM, 9TO KaxKJI0e YUCI0 B TPEYTOJIbHUKE SIBJISIETCST CYMMOI JBYX UHCeJT,
CTOSIIUX HaJT HUM B IPEJbLIyINell cTpoke (cieBa u cripasa). Takasi cxema
M3BECTHA 1101 HA3BAHUEM mpeyzoavhuka Ilackans.

1 1
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Kospuyuenmor 6 pasaoorcenuu (a + b)™ no ybwsarowum cmenewam a u
so3pacmaroujum cmenernam b cmoam 6 n-i cmpore amoti cremol.
Tak, Hampumep,

(a+0b)"=a" + 7a°b + 21a°b* + 35a*b* + 35a°b* + 21a®b° + Tab® + b".

C IOMOINIBI0 OYeHb CXKATHIX 0D03HAYEHMI, UCIIOIL3YIONINX HUXKHIE U BEPX-
HUE 3HAYKU (MHIEKCHI), 3aIUIeM YUC/IA, CTOSIINE B N-il CTPOKE TPEYTOJIb-
nuka [lackass, ciaemyrorum obpa3om:

cr=1, cr, Ccr, Cr, ..., Cr,, Cr=1.

n—12 n

Torma obrueit popmyiie mist passioxkenus (a + b)™ MOXKHO UPUIATH BUJ
(a+b)"=a"+Cra" b+ Cla™ by + ...+ C"_ab™ " +b". (7)

CoruracHo 3aKOHy, JIeXKallleMy B OCHOBE ITOCTPOeHUs! Tpeyroybauka [lackass,
MBI IMEEM COOTHOIIIEHUE

cr=crt+ort. (8)

B kauecTBe yrpaxKHeHUs: 9MTATE]b, UMEIOIIUI y?Ke HEKOTOPBIN OIBIT B IIPU-
MEHEHUU MaTEeMATHIECKON WHIYKINHA, MOXKET BOCIIOJIH30BATHCS STUM IIPUH-
munoM (u oueBumubiMu pasercTBamu Cj = C] = 1) jyia mokasaresbcTsa
ob1ieit hopMyIbI

nn—1)(n-2)...(n—i+1) n!

Cr = 1-2-3-...-i Tilln— i) (9)

(IIpu s1r060M 11€I0M IIOJIOXKUTEJNHHOM 3HAYeHUH 1 cuMBoJI n! (duraercs
«n~axTopra» ) 0603HATAET IPOU3BEJICHNE 1 TIEPBBIX HATYPAJbHBIX THCEJ:
nl=1-2-4-...-n. YnobHo noysiokurh 1o onpeienennto 0! = 1, arobb
dopmyia (9) onpasbiBasach Takxke u 1pu i, papaoM 0 uim n.)

BriBomy sToit packpbrToit dopmysibl s KO3(MOUINEHTOB OMHOMUAIH-
HOTO DA3JIOYKEHUsI WHOT/A JACTCsT HANMEHOBAHUE OUHOMUAALHOT Meopembl
(cM. Takzxe crp. 500).

VYopakHeHus. /[oka)kuTe ¢ IMOMOIIBIO METOJ[A MATEeMATUIECKOU WHJLYKIIUN
CJIeyIONIe PAaBEHCTBA!
1 1 1 n
2
2) 7+ +—+ o+ =2-"1
1—(n+1)q" +ng"*t!
(1—q)?

*3) 1+2q—|—3q2—|—...+nq"’1:

" 1— gn+1
) 1+q)1+¢>)A+q")...(1+¢? )zquq.
Haiinure cymMy CteIyIOnux reOMeTPUIECKUX ITPOTPECCUit:
e T arer T T ar e
2 s

R e AR e
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2,2 2 _ 212 2 _ 2\ n
P (RRY (R
) x2+y27L 22+ o +...t 22+ o2
IMonw3ysice dopmynamu (4) u (5), KoKaxKuTE PaBEHCTBA!

“8) 12482 4.+ (2n41)? = (n+1)(2n+1)(2n+3).
3

9) 13433 +...+2n+1)2=(n+1)2(2n%2+4n+1).
10) To ke camoe TOKaXKUTE HEIIOCPEICTBEHHO METOJIOM MaTeMaTHYeCKON WH-
JIYKITAA.

7. JanpHelilnye 3aMeYaHus IO MOBOAY METOAA MAaTEMaTHU4Ye€CKON MH-
ayknuu. [IpuHIMD MaTeMaTHYecKoil MHAYKIMM MOYXKET OBbITh CJerka 0600IneH
CJIEZYIONUM 00Pa30M: €CAU UMEETNCA NOCACIOBAMEABHOCTIL Yymeepocdernuli As,
Asi1, Asta, ..., 206 8 — HEKOMOPOE NOAOHCUMENDHOE YUCAO, U ECAU

a) NPU BCAKOM ZHAMEHUU T = S CNPasedsusocmv Ari1 caedyem us cnpasedsu-
socmu Ay, u

6) ussecmno, wmo As cnpasediueo,
mo ece ymeeporcdenun As, As+i1, Ast+2, ... cnpasedausn. Vuade rosops, A,
«CITPAaBEIMBO TPH JIIOOOM 1 > s». 10 Ke camoe pacCyKeHne, KOTOPOe IIPUBEJIO
HAC K OOBIKHOBEHHOMY IIPUHIIMIY MaTE€MATHYECKOW WHJIYKIUU, [IPUTOJHO U B
JAHHOM CJIydae, TOJIBKO IOCJIeJOBATEIbHOCTD 1, 2, 3, ... 3aMeHseTCs Ha 3TOT pa3
OZI00HOM €t TI0C/IeTIOBATEIBHOCTRIO S, S+ 1, s+ 2, s+ 3, ...

[Tonp3ysich NPUHIMAIIOM UHIYKIMKA B 3TON (OpMe, MBI MOXKEM YCHJIMTH Hepa-
BeHCTBO (6) Ha cTp. 34, HCKITIOYast BOSMOXKHOCTD 3HAKA PABEHCTBA. VIMEHHO: Kak060
661 Hu 6610 p#£ 0 u > —1 u KaK060 Gl HU GBLAO UeA0e HUCAO N = 2, UMEEM MECTO
HEPABEHCTNEO

1+p)" >1+np. (10)
JloKa3aTeIbCTBO MPEJOCTABIISETCS TUTATEIIO.

C TpUHIMIIOM MATEMATHIECKON WHIIYKIIMM TECHO CBSI3aH <«IIPUHITUI HAWMMEHBb-
LIEro TEJIOr0 YUCJIay, YTBEPAKIAIONINIA, UTO 80 8CAKOM Henycmom mmoocecmse C
HAMYDAADHBIT HUCEA UMEEMCA Haumenvuwee wucao. MuoxectBo C' MoxKer OBITH
KOHEYHBIM, KaK, HaIpuMep, MHOXKeCTBO 1, 2, 3, 4, 5, min 6eCKOHEYHBIM, KaK, Ha-
pUMeEP MHOXKECTBO BCeX YeTHBIX uncen 2, 4, 6, 8, 10, ... MuoxecTBo Ha3bIBaETCS
NYCMbLM, €CJIU OHO HE COIEPKUT HU OJHOIO JIEMEHTA; IPUMEPOM IIyCTOrO MHO-
KECTBA MOXKET CJIY’KUTh MHOXKECTBO BCEX KPYTOB, OJHOBPEMEHHO SIBJISTIOIIUXCS
NPSAMBIMU JIMHUASIMU, WJIM MHOYKECTBO HATYPAJILHBIX YHUCEJ 7, YIAOBJIETBOPSIOIIAX
COOTHOIIIEHUIO N > M. I10 TOHATHBIM MPUYUHAM MBI OrOBAPUBAEM B (DOPMY/TUPOBKE
«TIPUHITATIA HANMEHBIIETO IeJIOr0 UUCIa», ITO MyCThle MHOYKECTBA MCKTIOUAIOTCS.
Besikoe memycroe muoxkecTBO C' IIEJIBIX YUCEJT HEIIPEMEHHO COJEPXKUT XOTh OJIHO
YUCJI0, HAIIPUMED N, U TOTJa HAMMeHbIIlee U3 uncest 1, 2, 3, ..., n, IpuHa/ jIexKallee
mHO)KecTBY C, €CTh HAWMEHBIIEE IeJI0e YMCI0 MHOYXKECTBA.

YT006b! YSICHUTH 3HAYEHME ITOrO IPUHIMIA, CIEJAyeT YKa3aThb Ha TO, YTO OH,

B006me T'OBOPs, HEBEPEH JIJIsI MHO2KECTB, COCTOAIINX U3 HEeleJIbIX YUCeJI; HallpuMep,

1 1 1
MHOXKECTBO ITOJIOXKHUTEJIbHBIX APOOHBIX wucest 1, CRECRIVERER HE COIEP2KUT Hau-

MEHBIIIETO qUCIa.

C 41CTO JIOTMYECKON TOYKYU 3pEeHNsT HEOE3BIHTEPECHO OTMETHUTD TO OOCTOATEBC-
TBO, YTO C IIOMOIIBIO INPHWHIMIIA HAMMEHBINEro IeJIOT0 YNCJa IPUHIUII MaTeMa-
TUYIECKON MHIAYKINU JoKa3bieaemcs Kak TeopeMa. B camom jese, mycTb MMeETCs
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MIOCJIEOBATEILHOCTh TAKUX yTBEp:KIeHnit A1, A2, As, ..., 9TO

a) 1pwm JIIO0OM 7' CHPABEUIMBOCTD Ay 1 BBITEKAET U3 CHPABEIMBOCTH A,

6) m3BecTHO, 9TO A1 CpaBeIUBO.

Mp1 moKarkeM, 9TO MPEIIOJIOKEHHE O TOM, YTO XOTh OJHO U3 yTBepKIeHui A
HeCIIpaBeJINBO, TpHUAeTcs orbpocuth. [lelicrBuTeibHO, eciim 6Bl XOTh OJHO U3
yTBepKJIeHuil A ObLIO HEBEPHBIM, TO MHOXKECTBO BCEX HATYPAJbHBIX HUHUCE T,
ISl KOTOPBIX A, HeBepHO, He ObLIO Obl IycTBHIM. TOrma COIJIACHO IPUHIIUILY
HANWMEHBIIIErO IEJIOT0 YUCIA OHO COMEPXKajao Obl HAMMEHBIIEE YUCIO P, KOTOPOe
BeaeacTere 6) JOMKHO ObUIO 6Bl ObITh Gosbmme wem 1. Ho torma A, 6buto Gbr
HEBEPHO, & Ap_1 BEPHO. DTO MPOTUBOPEYNUT YCJIOBHUIO a).

[ToguepkueMm ere pas, YTO MPUHINAI MATEMATHIECKON WHIIYKIIMA PE3KO
OTJIMYAECTCA OT SMIMPUYICCKON WHAYKINN, CBOHCTBEHHON €CTECTBECHHBIM
naykam. llomrBeprkienme oOmero 3aKOHA HA KOHEYHOM YHCJE CJIydaeB
(kax 6Bl 3TO YMCJIO HU OBIIO BEJIUKO) HUKOMM OBPA30M He TPE/CTABISET
cobOIl JI0KA3aTeNbCTBA B MATEMATHIECKOM CMBICJIE, JayKe €CJIU HEeM3BECTHO
HU OJTHOrO HCKJoueHust. IIpu Takux OOCTOSITENBCTBAX PACCMATPUBAEMOE
YTBEPXKJIEHUE, UJIN «3aKOH», €CTh HE 9TO MHOE, KAK BIIOJIHE Pa3yMHAas 2UNo-
Me3a, KOTOPYIO MOT'YT BAJIOM3MEHUTD PE3YJIbTATHI OYIYIINX SKCIIEPUMEHTOB.
B maremaTrmke <«3aKOH» MOXKET CUATATHCH JIOKA3aHHBIM TOJBKO TOT/A,
KOI/Ia OH BBIBEJIEH KaK Hen30eKHOe JIOIMIeCKoe CJIeICTBUE U3 PEJIITOCHLIOK,
[IpU3HABAEMBIX clipaBe yinBbIMu. CYHIECTBYET HEMAJIO IIPUMEPOB MaTeMaTH-
9eCKUX YTBEPXKIEHUHN, KOTOPbIe ObLIN TPOBEPEHBI U OMPAB/IBIBAINCH BO BCEX
10 HACTOSIIIIEr0 BPEMEHHN PACCMOTPEHHBIX YACTHBIX CJIYUasiX, HO JIJIsT KOTOPBIX
eme He ObLIO HalijeHO OBINEro JoKazaTeabcTBa (CM. mpuMmep Ha crp. 49).
MoKHO n0do3pesams, ITO TeopeMa CIIPaBeJInBa BO BCeil OOIHOCTH, eCJin
OHA TIO/ITBEPK/IAETCST HA DOJIBITIOM JHCJIE TIPUMEPOB, U TOTJIA €CTh OCHOBAHHE
BITATHCH J0KA3GMb €e C IOMOIBI0 MaTeMaTUIecKol MHyKimn. Ecim mo-
MIBITKA y/IA€TCs, TO TEM CAMBIM CIIPABEJINBOCTD TEOPEMbI YCTAHABINBAETCS;
B IPOTUBHOM CJIy4Yae BOIIPOC O TOM, BEPHA MJIA HEBEPHA TEOPEMa, OCTAETCS
OTKPBITBIM, I OH& MOXKeT OBbITh JOKa3aHa WJIN OIIPOBEPIHYTa KOTJA-HUOYIH
B Oy/yIlleM y»Ke WHBIMU METOJIAMU.

[IpumMeHsiss TPUHIMII MaTEMATHIECKON WHIYKIAN, HEOOXOJMMO BCEra TINa-
TEJIBHO CJIEJIUTH 3a TeM, YTOObI yCJI0BUsI &) U 6) ObLIN JefCTBUTEIBHO BBIIOJIHEHBI.
WNuave moxkuHO MHOHN pa3d mpuiitu u K abcypmy. Mbl mpejjiaraeM 9uTaTesio pa3o-
6paTbes B ciemyomeM copusme. MBI «JI0KaxkeM» ceiidac, 4To 410006 064 UEADIT
NOAOHCUMENDHIT YUCAA PABHBL Medcdy coboli; nanpumep, 5 = 10. Haumem c
ompenesnenusi. Eciim a n b — qBa HEPABHBIX MEXKIY COOOI MENIBIX MOJIOKUTETHHBIX
qucia, To Yepe3 max(a, b) 6yaeM o6o3HaYATH @ WM b, CMOTPsI IO TOMY, KAKO€ U3
qucest GosibIe: a unm b; ecom ke a = b, To nogoxkum max(a, b) = a = b. Tak, max(3,
5) = max(5, 3) = 5, rorma kak max(4, 4) = 4. Hamee, vepes A, o603HaINM
cienymomiee yreepxkuenue: «Eciam a n b — 1Ba TaKMX IEJBIX OJIOKUATEJHHBIX
qucia, aro max(a, b) =n, To a = b».

a) Ilpeamonoxum, aro A, Bepno. Ilycth a m b — qBa TAKMX HEJBIX MOJIOKHU-
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TeNbHBIX Yncia, 9ro max(a, b) =r + 1. Paccmorpum gucia
a=a—1, B=b—-1,

rorma max(a, 3) = r. B rakom ciyuae o = 3, Tak kak A, Bepro. Ho orciona cienyer,
4qro a = b; 3HaUUT, BepHO U Ayi1.

6) A1, oueBnaHO, BepHO, Tak Kak ecan max(a, b) =1, To a u b (no npemmomno-
JKEHUIO — IeJIble MOJIOXKUTEJIbHBIE THC/Ia) JOJXKHBI OBITH KayK10€ B OTAEIbHOCTH
paBHBI 1.

Wrak, 0 MPUHIUAITY MATEMATHIECKONW MHIyKIUU A, BEpHO IpU JIO0OM n.

Ilycte Tenepb a u b — 1Ba NPOU3BOJBHBIX IIEJBIX IOJOXKUTEIBHBIX YHCIA;
mosokum max(a, b) = r. Beuto mokazano, o A, BepHO Tpu JIOGOM N; 3HAYTWT,
B vactHocTHd, BepHO A,.. CienoBaresnbHo, a = b.

JOITIOJIHEHUE K I'NTABE 1

Teopus aucen

Bseneunune

Mucrtudeckue U CyeBepHBIE IIPEJICTABJIEHUsI, CBS3bIBABIINECS IIEPBOHA-
9ajbHO C IEJBIMU YHCJIAMHU, MAaJIO-IIOMAaJIy U3IVIAJUINCh, HO CPEId MaTe-
MATUKOB MHTEpeC K 4mcjiaM He ociabeBas nukorga. Eskmuz (oxoso 300 r.
JI0 HalIeil 3pbl), IPOMKAag CJIaBa KOTOPOro OObICHAETCA TOH YaCTBIO ero
«Hauas», KoTopas IOCBAINEHA OCHOBAM IeoMeTpur (M3ydaeMbIM B IIKOJIE),
[IO-BUMMOMY, CZeJIajl OPUTHHAJIbHbIE OTKPBITHS B OOJIACTA TEOPHUH HHUCE,
TOrJa KaK ero reoMeTpHsl B 3HAYUTE/IbHON CTElEeHU IIPEJICTaBJIsieT COOOM
KOMITUJISITIMIO PAHEE MMOJIYYEHHBIX pe3ysibTaTos. Jluodant Asrekcanapuitckuii
(okos10 275 1. Haleil 9pbl), OJUH U3 [EPBBIX AJIreOPANCTOB, OCTABUII TAKIKE
cien, B Teopun uucen. [Ibep ®Pepma (1601-1665), xusmmii B Tyayse, mo
CIIeNUAJIbHOCTA IOPUCT, BMECTe C TeM 3aMedaTeIbHeHInii MaTeMaTuK CBoei
SII0XU, OJIOXKWJI HAYAJI0 COBPEMEHHBIM TE€OPETHUKO-UMCJIOBBIM U3BICKAHUSIM.
Aitep (1707-1783), HamGosee U3yMUTENbHBIH M3 MATEMATHKOB B CMBICIIE
borarcTBa MPOAYKIINUA, B CBOUX HMCCJIEIOBAHUSIX BECHhMa YaCTO YIIyOJIsICs
B obsactb Teopun umcesi. Ciofa Ke CjeayeT NpuOABUTH Psili WHBIX HUMEH,
3HAMEHUTHIX B aHHajax maremaruku: Jlexammp, Hupuxie, Puman. aycc
(1777-1855), BumHeHIMIt U3 MATEMATHKOB 0oJjiee OIM3KOM K HaM SIIOXH,
B PABHOU CTeIleHW OTIaBaBIINil ceOsl Pa3/jMIHBIM OTPAC/IAM MATEMATUKH,
CJIEYIOIIAMY CJIOBaMU OIIPEe/IIJI CBOe OTHOIIEeHWe K Teopun duces: «Ma-
TeMaTHKa — IAPUIA HAYK, TEOPUs IUCE] — IIAPUIA MATEMATHKI>.
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§ 1. IIpocTrie uucaa

1. OcHoBHble dakTbl. MHorne yTBepXKieHusi B 00OJACTH TEOPUU UU-
cesl, KaK W MaTEeMATHUKU BOOOIE, OTHOCATCH HE K OTIEJIbHLIM OOBEKTaM,
CKazKeM, K YHCJIIy D HJIH 9HUCiIy 32, a K IeJIOMY KJIacCy OOBbeKTOB, UMEOIINX
KaKoe-TO 00IIee CBONCTBO; MPUMEpaMU MOTYT CJIYKUTH KJIACC BCEX YETHDBIX
qucest

2, 4, 6, 8, ...,
WJIN KJIACC YHCeJI, JIeJIAIUXCA Ha 3,

3, 6, 9, 12, ...,
MJIN KJIACC KBJIPATOB IEJIBIX YUCEJ

1, 4, 9, 16,

U TaK JaJiee.

B Teopuwm umces ocobeHHO BaXKHYIO POJIb UTPAET KJIACC BCEX MPOCTILLT
yuces. OUeHb MHOTHE 9HCJIa MOTYT OBITH PA3JIO2KEHBI HA MEHbIINE MHOXKU-
remm: 10=2-5,111=3-37,144=3-3-2-2-2-2, u 7. . Yucsa, KoTopbie
TaKUM 00Pa30oM He pas3JaraioTcs, HOCAT Ha3BaHHE IPOCTHIX. TOodyHee, npo-
CMBIM HA3BBAEMCA TAKOE UEAOE HUCAO P, OoAbuwee eIUHUYDL, KOMOPOE He
UMEETN, UHBLE MHOdCUmMenetd, xpome edunuyv, u camozo cebs. (ducno a ecmo
MHONCUMEND, IITH JeAUNEAd, TUCTa b min deaum 9aucyio b, eciid CyInecTByer
Takoe yesoe Iucio ¢, uro b = ac.) Yucma 2, 3, 5, 7, 11, 13, 17, — upocrsie,
Torjla KakK, HallpUMep, Yucjao 12 He gBJIAeTCS TPOCTBIM, TaK Kak 12 =3 - 4.
3HayeHre KJIacca IIPOCTBIX YUCE]I 3aKJII0UYaeTCs B TOM, YTO KaHCAOE UHUCIIO
MOZKET OBITH IIPEJICTABJIEHO KaK NPou38edenue nNpocmyir: eCau JJAHHOE THC-
JIO He MPOCTOE, TO €ro MOXKHO IOCJIe/I0BATEIbHO PA3JjiaraTb Ha MHOXKUTEIN
0 TeX TOp, MOKA BCE MHOXKWTEIN HE OKAXKYTCS MPOCTHIMH; TaK, HAIIPU-
Mmep, 360 =3-120=3-30-4=3-3-10-2-2=3-3-5-2-2.-2=23.3%2.5.
Yucio, ornmanaoe ot 0 u 1 1 He ABJIAIONIEECS IPOCTHIM, HA3BIBAETCS COCMAB-
HBIM.

OpuH U3 TmEpBBIX BOIPOCOB, BO3HUKAIINAX 110 MTOBOJY KJIACCA MPOCTHIX
quceJ1, 3aKJII09aeTCS B TOM, CYIIECTBYET JIX TOJBKO KOHETHOE YUCJIO PA3JIAYI-
HBIX TPOCTBIX UUCEJ WM K€ KJIACC IIPOCTBIX UUCEsI COIAEPXKUT OECKOHETHOE
9HCJIO YJIEHOB ITOI00HO KJIACCY BCEX IIEJIBIX YHCEJI, YJACTHIO KOTOPOT'O OH SIBJISA-
ercst. OTBET TAKOB: NPOCMBLE YUCEA CYWECTBYEM DECKOREUHOE MHOIHCECTNGO.

Jannoe EBKIMIOM JI0KA3aTEIbCTBO CYIIECTBOBAaHUS OECKOHEYHOTO MHO-
2KECTBA, MPOCTBIX UUCE] TPEACTABIAET cOOOM TUIMUYHBIN 0obOpaser] MaTema-
TUYECKOrO PACCyKIeHUs. B OCHOBe ero JIeXKUT <«KOCBEHHBIH MeTomy (10-
Ka3aTeJIbCTBO OT IIPOTUBHOIO, NpHBeeHne K abcypay). CuenaeM HOIBITKY
JIOILYCTUTD, YTO PACCMATPUBAEMOE [IPEJJIOKEHNEe HEBEPHO. DTO 03HATAIIO ObI,
9TO CYIIECTBYET JIMIIb KOHEYHOE UUCJIO IIPOCTHIX YHCE]I, XOTs, MOXKET ObITh,
U OYEeHb MHOI'O — CKayKeM, OKOJIO MUJLINAPA; TOIMa JOMYyCTHM, YTO ITO
9UCJTO, TIPEJICTABIEHHOE B «00IIeiiy MIIN «HEOIIPEIeJIEHHOW» dhopMe, OymeT n.
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[Tonp3ysich 3HakaMu, Mbl MOXKeM ODO3HAYHUTDH BCE IIPOCTLIE YUCJIA U€PE3 Pi,
D2y -, Pn. BCIKOE MHOE YUCJIO TEM CAMBIM COCTABHOE U JIOJIPKHO JIEJINTHCSH
10 MeHbINel Mepe Ha OJHO U3 IPOCTBIX YUCEN Py, Pa, - - ., Pn- A TEIEphb MbI
NpUjieM K IIPOTUBOPEYMIO, & MMEHHO, [TOCTpouM ducjao A, Koropoe Oyier
OTJINYHO OT KAXKJIOT'O U3 YUCENT D1, Pa, --., Pp, TAK KaK Oymer OOJIbIIE WX
BCEX M Te€M He MeHee He Oy/eT JIeIUThCs HA Ha OFHO M3 HUX. BOT 9T0 4mciio:

A=pipy...pn+ 1.

Kak Bumamno, 0HO paBHO €IMHUIE ILIIOC [IPOM3BEIECHNE TEX YHCEJ, KOTOPbIE
06pa3yoT COBOKYITHOCTD BCEX MPOCTHIX duces. ducjao A 0oJiblie, yeM Jiroboe
U3 YuceJl p, U MOTOMY JIOJIZKHO OBITH cocraBHbIM. Ho mpu jejieHun Ha pi,
Ha Py U T. JI. A naeT BCAKUN pa3 ocTaToK 1, Takum o6pasom, A He JIeUuTCs
HU Ha O07HO u3 unces p. CaeaHHOe HAMU JIOIYIIEHNE, IYTO CYIIECTBYET JIUIIh
KOHEYHOE YHCJIO IPOCTBIX YUCEJI, MPUBOIUT, TAKUM O0pPa30M, K IIPOTHBO-
peunio, Tak YTO HPHUXOAUTCH 3AKJIOYUTb, 9TO ITO JOIYIIEHIE OIIHMOOYHO,
a CJIeJI0BaTe/IbHO, UCTUHHBIM MOYKET OBITh TOJIBKO IIPOTHBOIIOJIOKHOE €MY.
Hrak, Teopema JiokazaHa.

XOTs 9TO HOKA3aTEIbCTBO U «KOCBEHHOT'O» XapaKTePa, BCe Ke HeDOJIBIIIoe ero
BUJOM3MEHEHVE IIPUBOIUT, 10 KpailHeil Mepe TeOpeTUYEeCKH, K METO/TY IIOCTPOEHUS
OECKOHEYTHO MOCIeOBATETLHOCTH TPOCTHIX drcest. [Ipeamomoxum, 9T0, ncxo/ist u3
HEKOTOPOT'0 IIPOCTOr0 YHCJIA, CKaXKeM P1 = 2, MBI y2Ke HaIIJIM 7, IPOCTBIX YUCeJI D1,
P2, - .., Pn; 3daMETUM, JIaJiee, 9YTO YUCJIIO P1P2 . . . Pn + 1 WM IPOCTOE, NN COJIEPIKUT
MHOYXKHUTEJIEM MPOCTOE HUHCJIO, OTJINYHOE OT TeX, KOTOpbhIe yiKe HaiifeHbl. Tak Kak
TaKoil MHOXKHUTEJIb BCETJa MOXKET ObITh HalijieH (XOTs 6bl HENOCPEeJICTBEHHBIMU
npobami), ToO B 060X Ha3BAHHBIX CIy<asX MBI B UTOrE HOJIy<IaeM HOBOE IIPOCTOE
YHCIIO Pr41; TPOIOIXKAS TAKUM Ke 00pa3oM JaJIbIle, YOeKIaeMCsl, 9TO MOCTIeI0-
BaTeJIbHOCTb IIPOCTBIX YUCEJI, KOTOPbIe MBI JIEHICTBUTEJILHO MOXKEM IIOCTPOUTH, HE
uMeeT KOHIIA.

VYupaxxkuenue. BroinosnnTte HaMedeHHOE TOCTPOEHNE, HAYMHAS C IPOCTBIX UU-
ceJl p1 = 2, p2 = 3; HAIUTE ellle IATh IPOCTHIX YUCEJI.

Eciin kakoe-HUOY b 9UCIIO TPEICTABIEHO B BUJE TPOU3BEIEHUST TPOCTHIX
MHOXKUTEJIE, TO 9TH MHOXKHTEJIN MOXKHO, KOHEYHO, paclojlaraTb B KaKOM
YTOJIHO TIOpsijIKe. 3aHUMASICh PA3JIOYKEHUEM YUCeJT Ha TPOCThIe MHOKUTEJIN,
MBI OY€Hb CKOPO IIPUXOJUM K 3aKJ/IIOYEHUIO, YTO C TOYHOCTBHIO JIO IIOPHAJIKA
COMHOXKUTeJIEN pa3JjioKeHne Jioboro vucia [N Ha IPOCTble MHOXKUTENIN 00-
JIaJIaeT CBOMCTBOM €JMHCTBEHHOCTH: Kaotcdoe namypanrvroe wucio N, 604v-
wee eJUHUYDL, MOIACEM, OBIMb PASAOHCEHO HG NPOCTIBIE MHOACUMENU TOAD-
KO 00HUM CNOCOGOM. DTO yTBEPKIEHUE KAYKETCS HA MEPBBIA B3TJIS TAKUM
O0YEBUIHBIM, UTO HECIEINAJINCT CKJIOHEH OOBIKHOBEHHO OTBEPraTh HEOOXO/I1-
MOCTB €r0 JI0Ka3aTeJIbcTBa. Bee 2Ke paccMaTpruBaeMoe IIPe/IJIOZKEHNE OTHIOIb
He TPUBHAJIBHO; C JAPYIO# CTOPOHBI, €ro J0Ka3aTeJIbCTBO, XOTS U COBCEM
3JIEMEHTAPHOT'O COjlepKaHusd, TpebyeT OoJsiee U MeHee TOHKHUX PaCCyK/Ie-
uwmit. Kitaccnaeckoe moka3aTesbCcTBO 9TOW «OCHOBHOW TEOPEMbI apudMeTH-
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Ku», ganHoe EBkiminom, 6asupyercs Ha MeTojie (<«alropuTMes ) HaXOXK JeHMUs
00111ero HanbOJIBIIIEro JAeJIUTENS ABYX YUCeJ. DTOT METOJ OYyJIeT HaMU pac-
cMoTpeH Ha cTp. 61. 31ech ke MbI IPUBEIEM JI0KA3ATEIHCTBO MEHEe IOYTEH-
HOI JAaBHOCTHU, KOTOPOE HECKOJILKO KOpOdYe, 4eM JI0Ka3aTelbCcTBO EBKiuia,
1 BMECTE C TeM BBITJIINT HECKOJILKO OoJsiee «codpuctuaeckumy. OHO Tak:Ke
SABJISIETCA TUIIMYHBIM 00Pa3I0M «KOCBEHHOIO» paccyKaenns. Mbl gomycrum,
9TO CYIIECTBYET TAKOE YUCJI0, KOTOPOE MOXKET OBITh Pa3JIOXKEHO Ha IIPOCTHIE
MHOZKUTEJIN LLByI\/IH CyIH‘eCTBeHHO paBJ'II/ILIHI)Il\H/I CIIOCO63,IVH/I7 " 9TO ):LOIIyHleHHe
[IPpUBEJIET HAC K IPOTUBOPEYNIO. BOSHUKHOBEHNE TPOTUBOPEYNs OYIeT CBHIe-
TeJIbCTBOBATH O TOM, YTO THIOTE3a O CYIIECTBOBAHUY YUCJIA, JOILYCKAOIIETO
JIBa, CYIIECTBEHHO PAa3JINIHBIX PA3JIOKEHUsT Ha MPOCTHIE MHOXKHUTEIN, HECO-
CTOSATEJIbHA; U OTCIO/A MBI 3aKJ/IFOYUM, UTO PA3JIOXKEHUE YMCEeJI Ha IIPOCTHIE
MHOKUTEIN 00J18/1a€T CBOKCTBOM €IUHCTBEHHOCTH.

* Ecim cymiecTByeT XOTb OJIHO YHCJIO, JOIMYCKAIoIlee JBa CyIIeCTBEeHHO
Pa3/IMIHBIX Pa3JI0YKEHUs] Ha IMPOCTbIe MHOXKUTEJM, TO CYIIEeCTBYET Herpe-
MEHHO U HAUMEHbWEE 9UCI0, 0bJaaionee TakuM cBoiicrBoM (cM. crp. 37),

M=piPs--.Pr=0q1G2- - qss (1)

rae 4epe3 p m ¢ 0DO3HAYEHBI MPOCThIe ducsia. Mensis, eciau morpedyercs,
MOPSIZIOK ITUX MHOXKUTEJEH, MBI MOXKEM JIOIYCTUTD, ITO

PLS<P2< ... <Py G << <G

3aMeTuM, YTO p; OTJAMYHO OT ¢p: WHA4e, Jeisd paseHcTrBo (1) Ha oOmmit
[IPOCTO MHOXKUTEJIb, MBI MOJIyYIHJIA OBl JIBa CYIIECTBEHHO DA3IUIHBIX Pa3-
JIOXKEHUsI Ha [TPOCThIEe MHOYKUTE/IN YUCJIa, KOTOPOe OBbLJIO ObI MEHbIIIE, YeM 171,
¥ 9TO IIPOTUBOPEYMIIO OBI IIPEJJIOZKEHUIO O TOM, UTO 777 — HAUMEHbIIIee JHCIIO,
obnajatoree TakuM cBoficTBoM. Clie10BaTe/IbHO, OIHO U3 JIBYX: WK Py < (1,
wm ¢, < p;. Hycrs py < ¢;. (Ecau 661 okazanoch ¢ < py, TO B JAJbHEIi-
[IeM PACCYKIEHUU JIOCTATOYHO OBbLIO ObI IOMEHATH MecTaMu GYKBbI P U ¢.)
PaccmoTrpum 1estoe umciio

m' =m— (p1gags - - - ¢s)- (2)

[Moxcrapiisis BMeCTO m JBa €ro BbIparKeHUsd, B3sdTble U3 paBeHcTBa (1), MbI
MOXKEM IIPEJCTAaBUTH YUCJIO M B JHOOOM M3 JIBYX BUJIOB:

m' = (pip2...pr) — (P102G5 - - @5) =P1(P2 - - Pr — Q2G5 - - - qs), (3)
m' =(qqz-.-q) — (116203 - - 4s) = (@1 — P1)G2G5 - - - Gs- (4)

U3 pasenctsa (4) cremyert, 9T0 ™M’ — MOJOKATEIBHOE TUCIIO0, TAK KaK P < 1}
u3 paBeHCTBa (2) ciejyer, ¢ APyroil cropoHsl, 4To m’ Menbuie yem m. Ho
pas Tak, TO pasjoxKeHue 1’ Ha MHOMKUTENN JOJKHO OBbITh eQUHCIMGEHHDLM
(¢ TouHOCTBIO N0 MOpsizika coMHOXKuTesel ). 13 pasencrsa (3) masee Buj-
HO, 9TO p; BXOJUT MHOXKHTEJEM B m'; 3HAYHUT, U3 paBeHCTBa (4) MOXKHO B
TAKOM cJlydae 3aKJII0YUTh, YTO P; BXOAUT MHOXKHTEIEM WIH B ¢ — Py, WIN
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B ¢2G3 - ..(s. (DTO BBITEKAET U3 €IUHCTBEHHOCTH DA3JIOXKEHUs M’ Ha LIPO-
CThle MHOXKUTEJIN; CM. PaccyzKjeHue B ciemyiomeM abzaie.) Ho mociennee
HEBO3MOXKHO, TaK KakK Bce ¢ OoJjibie uyeM p;. [loaroMy p; JIOJ2KHO BXOJIUTH
MHOXUTEJIEM B ¢ — D1, T. €. ¢ — P; JOJ/DKHO JeJUThbCs Ha p;. Apyrumum
CJIOBaMM, CYIIECTBYET TAKOE IEJI0e YUC0 i, 910
@ —pr=p1-h, wm q=p(h+1).

Ho 10 3HauuT, 4TO @ JEJNUTCH HA p;, YETO, OJHAKO, OBITH HE MOXKET, TaK
Kak, 110 IIPEJIOJIOKEHNIO, ¢; — YHUCJIO Ipocroe. IIpoTuBopedne, K KOTOPO-
My MbI IIPUIILIN, [IOKA3bIBAET HECOCTOATEIbHOCTD IEPBOHAYAJIBHO CJIIEJIAHHO-
ro JIOIYINEHUsI, YeM M 3aKaHIMBAETCsl JOKA3aTeJIbCTBO OCHOBHOI TEOpPEMBbI
apuPMETUKH.

Bor oxo BaxKHOE cjiencTBre OCHOBHOI TeopeMbl. Ecau npocmoe wucao p
srodum mHodcumenrem 6 npoudsederue ab, Mo 0HO HENPEMEHHO 6LOIUM
MHOIICUMENEM UAU 6 a, uau 6 b. B camoMm mese, ecau ObI p HE BXOIUIIO
MHOXKHATEJIEM HU B @, HA B b, TO, IEpEMHOXKAasl PA3JIOKEHUsI Ha IIPOCTHIE
MHOXKUTEJIN 9UCeT ¢ U b, MbI MOJIydmyin Obl PA3JIO2KEHUE Ha MPOCTHIE MHO-
KATeI ducia ab, ne codeporcausee muoocumens p. C Apyroil CropoHbl, Tak
KaK IIPeJIIOJIaraeTcsi, 4TO P BXOIUT MHOXKUTEJIEM B IIPOU3BEIEHNE ab, TO 3TO
3HAYUT, 9TO CYIIECTBYET TAKOE IEJI0€ YHUCJIO t, ITO

ab = pt.

ITosTomy, mepeMHOXKaA p M PA3JIOKEHUE HA TPOCTbIE MHOXKHUTEJN YHUCIA T,
MBI TIOJIy9IMM PA3JIOKEHUE Ha MMPOCThle MHOXKUTEJN duciia ab, codepoicawee
mroorcumens p. Takum oOpa3oM, MPUXOIUTCS MPU3HATH, 9TO CYIIECTBYET
JIBA PA3JIMYHBIX PA3JIOKEHUS YnCaa ab Ha MPOCTble MHOXKHUTEIIHU, & ITO IIPO-
TUBOPEYUT OCHOBHOI TeopeMe.

IIpumepsi. Eciiu ycranosiieno, uro 2652 nenmurcd Ha 13 u urto 2652 =
=6 - 442, To OTCIO/Ia MOYXKHO CJIeJIaTh 3aKJjdenne, 9o 442 nenurcs na 13.
C ppyroii croponsl, 240 neaurcs wa 6 u npurom 240 = 15 - 16, mo uu 15, uu 16
He JeJisITCst Ha 6. DTOT IpUMep MOKA3BIBAELT, YTO YCJIOBHE OCHOBHON TEOPEMbI
OTHOCUTEJBHO TOTO, ITO YUUCJIO P — IIPOCTOE, SIBJISETCS CYIIECTBEHHDBIM.

VYopaxkueuue. UTobbl HaWTH BCe HEJUTENNA YUCIA @, JOCTATOYHO PA3JI0-
KATHb @ B IIPOU3BEECHNE o o .
a=p1 Py ---Pr;
rJie BCe MHOXKUTEJIU P — MPOCTHIE U PA3JIMYHbIE, IPUYEM KAXKJbI U3 HUX BO3BO-
JWUTCsl B HEKOTOPYIO cTeleHb. Bee sesmresn aucia a UMeT B,
b=y,
IJ7ie TI0Ka3aTeJd [3 — IPOU3BOJIbHBIE IIeJIble YHCJIa, TIO[YNHEHHbIE YCIOBHSM
0<Br <o, 0<PBa<<az, ..., 0<Br <o
Hokarkure 5TO yTBep:KIeHNe. B KadecTBe CIeACTBUS YCTAHOBUATE, YTO UUCIO BCEX

nenureseit a (Bkaodas 1 1 caMo a) paBHO IIPOU3BEICHUIO

(a1 + D)oz +1)...(ctr +1).
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Tak, nanpumep,
144 = 2* . 37

umeet 5 - 3 mesmreneit. Bor onm: 1, 2, 4, 8, 16, 3, 6, 12, 24, 48, 9, 18, 36, 72, 144.

2. Pacnpepesienne npocTbix ynuces. MoKHO COCTABUTD CITUCOK BCEX
MIPOCTBHIX YUCEJI, HE MPEBBIMAIOIINX KAKOro-TO JaHHOro vucjiaa N, ciaemy-
omuM obpaszom. Hamwmimrem moapsii Bce HaTypasibHble Ynciaa orT 2 g0 N,
3aTeM BBIYEPKHEM BCEe UHCJIA, SIBJISIONIMECS KPATHBIME 2 (HE CUMTasl CAMOTO
quCcsIa 2), BCe YHCIa, sIBIISIFONMEcs: KPATHBIMK 3 (He cauTast 3), U T. JI., [IOKa
He OyJIyT BBIYEPKHYTHI BCE COCTABHBIE YHCJIA. DTa IPOIEILyPa, M3BECTHAST O]
Ha3BaHUEM «periera JpaTocdeHas, MO3BOJIUT BBIJIOBUTH BCE TIPOCTHIE YUCTIA
B npejsiesiax oT 2 10 N. YCOBEPIIEHCTBOBAHUS TOIO METOIA MAaJIO-IIOMAJLy
IpUBEIN K TOMY, UYTO B HACTOSIIIEE BPEMsI COCTABJIEHBI BIIOJIHE HAJIEXKHBIE
TabIUIBI TPOCTHIX unces npuMepHo g0 10000000. Oy npemsocTaBisioT B
HaIlle PACIOPsKEHUE ODIMUPHENITNI IMINPUIECKANA MATEPUAJL, TO3BOJISIO-
Uil CyINTH O PACIPENEJIEHAN U CBOMCTBAX MPOCTHIX unces. OCHOBBIBAasSChH
Ha 9TUX TAOJIUIAX, MBI MOXKEM BBICKA3aTh P/ B BBICIIEH CTEIEHU IPABIO-
TOJIOOHBIX TUIIOTE3 — COBEPIEHHO TaK, KaK OyITO Obl Teopus |mces ObLIa
IKCIIEPUMEHTAIBHON HayKo#. HacTo 10Ka3aTeJbCTBO 3TUX THIIOTE3 OKA3bl-
BaeTCs HEOOBIYAWHO 3aTPY/IHUTEHHBIM.

a. Popmyavt, daroujue NPOCvLE YUCAA

Bounu cieranbt TONBITKYA HAMTH S71€eMEeHTapHbIe apudMeTudeckne popmy-
JIbI, KOTOPBIE JIaBAJN OBl TOJBKO ITPOCTBIE YUCJIA, XOTs Obl 6€3 TpeboBaHUsI,
9T0OBI OHU JIaBaju 6ce NpOCThie dncjia. Pepma BBICKA3aJ MIPEJIITOJIOKEHNE
(He BBICTABJISAA €r0 B KAYECTBE IOJOXKHUTEJILHOTO yTBEDPXKJIECHHUS), 9TO BCE
quciia BUIA

F(n)=2* +1
ABJIAIOTCA IPOCThIMEU. B camom neste, mpu n = 1, 2, 3, 4 MbI TIOJIyIaeM
F(1)=2*+1=5,
2
F(2)=2" +1=2"+1=171,
3
F(3)=2% +1=2%+1=257,
4
F(4)=2* +1=2"%4+1=65537

— BCé mpocTeie uncia. Ho B 1732 1. Diljiep pas3iioKu Ha MHOXKUTEJA UHC-
710 22 + 1 =641 - 6700417; TakuM 06pasOM, THCIO F(5) — yxe He mpocroe.
[Tozanee cpean stux «amcen Pepmay yaaaoCch OOHAPYKUTH APYTHE COCTAB-
HbI€ YHCJIa, IPUYEeM BBU/Y HEIIPEOIOIMMBIX TPYIHOCTEMN, ¢ KOTOPBIMU ObLIN
CBSI3aHBI HEIIOCPEJICTBEHHDBIE TTPOOBI, B KaXKJIOM CJaydae OBbLIN BBIPaOOTAHDI
6oJiee TiyOOKTE TEOPETUKO-IUCIOBBIE METO/IbI. B HaCTOsIIIIEe BpeMsT OCTAeTCsT
HEU3BECTHBIM Jaxke TO, Jaer ju ¢popmysia Pepma GECKOHETHOE MHOXKECTBO
MIPOCTBIX quCe.
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Bor npyroe mpocroe u 3aMeuaTesbHOe BhIPAXKEHNE, TAIOIIEe MHOTO IIPO-

CTBIX 9UCEI:
f(n)=n?—n+41.

Ipu n=1,2,3,...,40 f(n) ecrb upocroe uucio; HO yxke npu n = 41
MIPOCTOTO YUCJIA HE TIOJIY IAETCS:
F(41) = 412,
Bripaxkenue

n? — 79n + 1601

JaeT IPOCThIe YHCJIa 10 N = 79 BKIIOYUTEIbHO; npu n = 80 moJydyaercs
COCTaBHOE YHUCJIO.

B urore MoxkHO cKa3aTh, YTO MOUCKU JIEMEHTAPHBIX (DOPMYJI, TAIOIIIX
TOJIBKO IIPOCTBIE UHCJIA, OKA3AJIUCh TIIeTHbIMU. Eire menee oOHaieKnBaIo-
IIedl e yeT CINTATh 3a/1a1y HaXO0XK/IeHNs TaKoi (pOpMYJIbI, KOTOpast JJaBaJia
OBbI TOJTBKO IPOCTBIE YUCJIA U IIPUTOM BCE IIPOCTHIE YUCIIA.

6. Ilpocmuie wucaa 6 apuPmemuneckur npoepecculs

Ecin 10ka3aresibcTBO TOro, 9TO B II0CJIEI0BATEIBHOCTH BCEX HATYPAJIb-
HBIX yncesi n =1, 2, 3, 4, ... coepKUTCs OECKOHETHOE MHOYKECTBO IIPOCTHIX
qucesi, HOCUT BIIOJIHE 3JIEMEHTapPHBIN XapaKTep, TO CJIEIYIONUI mar B CTO-
POHY TaKWX IOCJIeIOBaTeIbHOCTEN, KaK, Hanpumep, 1, 4, 7, 10, 13, ... wmm
3, 7,11, 15, 19, ..., nan, BoobIIe TOBOPs, B CTOPOHY IIPOU3BOJILHOI apudme-
TUYeCKOi porpeccun a, a +d, a + 2d, ..., a+nd, ... (rue a u d He umeroT
00X MHOYKHTEJIEI ), 0Ka3aJICsl CBS3AHHBIM C ropa3/0 OGJIBIINME TPY/HO-
cramu. Bee HAOIIIONEHNST TOJBKO HOATBEPIKIAIN TOT (PAKT, 9TO 6 Kadtcdoll
MaKol Npoepeccut, co0epAHcUMCEA BECKOHEWHOE YUCAO NPOCMBLT YUCEA, KAK U
B mipocreiimieii u3 uHux 1, 2, 3, ... Ho moramobuince Bengaiinime yCuaus 1ist
TOr0, 9TOOBI I0KA3ATH 3Ty OOIILYI0 TeopeMy. Ycex ObL JocTUrHy T JIexxkénom
Hupnxie (1805-1859), omHIM U3 BEAYIMX MATEMATUKOB IIPOIILIOTO CTOJIE-
THsI, KOTOPBIN IPUMEHUJI IIPY JIOKA3ATEILCTBE CAMbIE YCOBEPIIIEHCTBOBAHHBIE
CpeJICTBA MaTEMATUIECKOTO aHAJIN3a U3 U3BECTHBIX B TO BpeMsi. Kro 3ameda-
TesbHbIEe PAOOTHI B 9TOH 00JIACTH /TarKe JJIsi HACTOSAIIETO BPEMEHHU OCTAIOTCST
HEIIPEB30IeHHBIMI; IIPOIILIO OKOJIO CTa JIET, HO JoKa3arTeabcTBa Jlupuxire
BCe €eIlle He YIIPOIIEHbI HACTOJIBKO, IYTOOBI OHU MOIVIM OBITH IIOHSTHI TEMH,
KTO HE OBJIaJIEJI IOJTHOCTHIO TEXHUKOW MaTeMaTHIeCKOr0 aHAJIM3a U Teopueil
byHKIIMIA.

Msr He OymeM 3/1eCh MBITATHCST IPUBECTH JIOKA3ATEIHLCTBO O0ITEei Teope-
wmbt Jlupuxiie, a orpaHmYuMCcs paccMOTpeHneM OoJiee JIETKO 3amadn: 0000-
UM €BKJIMJIOBO JOKA3aTEIbCTBO O CYIIECTBOBAHUHN OECKOHEYHOI'O MHOXKe-
CTBA IPOCTBIX YUCEJ TAKUM 00Opa30M, YTOOBI OHO OXBATUJIO HEKOTODLIE Che-
YuasbHble TIporpeccun, Hanpumep 4n + 3 wiu 6n + 5. PaccMoTpuM miepByio
W3 9TUX IPOrpeccHii. 3aMeTuM IIPEeXKJe BCEero, 4TO BCSIKOE IMPOCTOE UHC-
Jio, GoJibliee 2, — HEIPEMEHHO HeYeTHOe (MHAYe OHO JeJUJIOCh Obl Ha 2)
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u, cienoBaresbHo, umeer Bux 4n + 1 wim 4n + 3 (upu umesom n). Hasee,
NIPOM3BENIEHNE JBYX YHCET Buaa 4n + 1 TakyKe €CTb YUCIO TOTO YK€ BHJIA,
TakK Kak

(da+1)(4b+1)=16ab+4a+4b+1=4(4dab+a+b) + 1.

HonyctuM Terepb, 9TO CYIIECTBYET JIUIIb KOHEUHOE UHUCJIO TTPOCTBIX THUCET
Buga 4n + 3; 0003HAUUM UX Py, Pa, - - -, Dp U PACCMOTPUM UHUCJIO

N=4(pipa...pn) —1=4(p1...pn — 1)+ 3.

OpHo U3 AByX: JinbO dncyio N — IIpocToe, JInhO OHO PA3jiaraercsi B IPOU3Be-
JIeHUe TMPOCTHIX YUCETI, CPEIN KOTOPBIX, OIHAKO, HE MOXKET OBITH HH OIHOTO
U3 9HUCeII Pq, P2y - - -, Pn, TAK KaK 3TU 4KCIIa gejdaT N ¢ ocraTkoMm —1.

3aMeTuM Jajiee, 9TO BCe MHOXKHUTENU, BXoJsinue B N, He MOI'YT OBbITbH
Bujia 4n + 1, Tak Kak camo [N He 3TOro BH/JIA, & Mbl BUJIEJIHN, YTO [IPOU3BEIEHIE
quces Buga 4n + 1 gBisieTcss YMCIOM TOTO ke Buja. VTak, XOTh OIUH U3
MHOXKATEJIEH, BXoAAmuX B IV, T0JKeH OBITh BuAa 4n + 3, a 9T0 HEBO3MOXKHO,
TaK KaK HU OJHO U3 YHCEI P He BXOAUT MHOXKHUTEIeM B [N, a YucjaaMu p BCe
[IPOCThIE YnCJIa BUAa 4n + 3 [0 IPEAOJIOKEHUIO NCUEPIbIBAIOTC. TakuM
06pa3oM, JOIycKasl, 9TO CYIIeCTBYeT JIMIb KOHEYHOE YUCJIO MPOCTHIX Yh-
ceJl BUAa 4n + 3, Mbl IPUXOAUM K IPOTUBOPEUMIO, W 3HAYUT, TAKUX YUCE]
GECKOHEYHO MHOTO.

VYupaxkuenue. /lokaKuTe COOTBETCTBYIOIILYIO TEOPEMY JJIsI Iporpeccuu 6n +

6. Teopema 0 pacnpedeseruu NPoOCMvLT YUCen

B nccnenoBanusx, CBA3aHHBIX C 3aKOHOM PACIIPE/IEIEHUS TPOCTHIX IUCEIT,
PeIuTEebHBINA MIar ObLI CIeJIaH TOTJA, KOIJa MaTeMaTHKN OTKA3AJIUCh OT
TIIETHBIX TONBITOK HAWTH 3JIEMEHTAPHYIO MATEMATUIECKYIO (DOPMYITY, KOTO-
pas JiaBajia Obl BCe IIPOCTBIE YMCJIA UJIH K€ TOYHOE UUCJIO HPOCTBIX TUCEJI,
COJIEPIKAIIIXCS CPEU 1 IEPBBIX HATYPAJJIbHBIX YUCEJI, I COCPEJOTOYNIN BMe-
CTO TOIO BHUMAHWE Ha PACIIPEIESIEHUN B cpedHem TPOCTHIX TIUCETI CPEIN BCEX

HaTypaJbHbIX.

[Ipu BesikoM 11e710M 1 0603HAYNM Yepe3 A,, TUCJIO MPOCTHIX THCE CPeJin
qucest 1, 2, 3, ..., n. Ecau MbI BbIJIEIUM CPEJIM IIEPBBIX YUCET HATYPAJIHHOTO
pana

12345678910 11 12 13 14 15 16 17 18 19 ...

Te, KOTOPBIE SABJISIOTCS MPOCTHIMU, TO HE COCTABUT TPY/A MOJCYUTATD Pl
3HadeHU A,,:

141:07 A2:1, A3:A4:2, A5:A6:3,
A7:A8:A9:A10:47 A11=A12:57
Apz=A,=A5=4,6=6, A;=A53=7 Ay=8 urng
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Bozbmem Temeps Kakymo-HEOYAb HEOIDAHUYIEHHO BO3PACTAIOILYIO MOCJIE-
J0BaTeJIbHOCTb 3HAYEHUN 1, HallpuMep

n=10, 10%, 10%, 10% ...;
TOrJIa COOTBETCTBYIONINE 3HAYCHUS A,
A107 A1027 A1037 A1047

Tak>ke OyJyT BO3pACTaTh 0e3rpaHudyHoO (X0Ts u Gosee MemieHHo). elicrBu-
TEJIbHO, MHOXKECTBO IPOCTHIX UUCEJI, KAK MBI y2K€ 3HaeM, OECKOHEYHO, U II0-
TOMY 3HaYeHus A, PAHO WM MO3/HO CTAHYT OOJIbIIE JIIOOOr0 HAZHAYEHHOTO
qucia. «IlnornocTsy pacupesenennss IPOCTHIX YUCET CPEIU N MEPBBIX UM-

CeJI HaTypPaJIbHOTO PdAJla JaeTCd OTHOIIEHUEM Tn; He IIpeJacTaBJideT ocoboro

A
Tpyda C IIOMOHIIbIO Ta6.J'II/IL[ OPOCTBIX YUCEJT IMOACYNTATh 3HaAYCHUA —= apu
n

JOCTATOYIHO OOJIBIINX 3HAYEHUSIX 70

An
n -
n

10° | 0,168
105 | 0,078498
10° | 0,050847478

Ilocnenusisi, ckakeMm, U3 BBIIUCAHHBIX CTPOYEK B IIPUBEJEHHON TabJn4dke
JIaeT 6EPOAMHOCTS TOTO, UTO YUCII0, CIydaiiHo BeixpadeHHoe u3 10° mepsoix
qUCe] HATYPAJbHOTO Psijla, OKAzKeTCs MPOCTBIM: Beero umeercs 10° Bo3MoOxK-
HBIX BBIOOPOB, U3 HUX A;g9 COOTBETCTBYIOT MPOCTHIM YUCTIAM.
Pacnpenenenne oTmebHBIX TPOCTHIX YHCEN OTIMYIAETCS IPE3BBITANHO
HEIIPABUJIbHBIM XapakTepoM. Ho 9Ta HEnpaBUIBHOCTD «B MAJIOM» HCUE3a€T,
ecJIn Mbl HAlIpABUM BHUMAaHUE K PACIPeJIeJIEHUIO «B CPeHEM», HAXOAIIeMY

CBO€ BbIpazK€HUE€ B USMCHCHUAX OTHOIICHUA == OIPpU HEOTPAHUYIECHHO PacCTy-
n

meM n. [IpocToit 3aK0H, KOTOPOMY MOJTYMHSIETCsT TOBEJEHIE TOr0 OTHOIIe-
HUs, CJIEJyeT OTHECTH K UNCJIY CAMBIX 3aMeYaTebHBIX OTKPBITHM, CIEIaH-
HBIX BO Bceit MaTemaTuke. /Iyt Toro 91obnt chopMyIupoBaTh mMeopemy o pac-
npedeseHu

NPOCMBIT wucen, K KOTOPOU MbI Telephb
HOJXOAUM, HEOOXOIUMO IIPEIBAPHTENL- Y
HO Pa3bsiCHUTH, YTO TAKOE «HATYDPAJIb-

HbIl Jorapudmy quciaa n. iis 9ol me-

JI1 BO3bMEM B IJIOCKOCTH [IBE€ B3AMMHO xy
HEPHEHUKY/IIPHbIE OCUH U PACCMOTPUM
reoMeTpPUYecKoe MeCTO TaKUX TOYEK Ha
ILUIOCKOCTH, JIJIsi KOTOPBIX IIPOM3BEIe-
HUE PACCTOAHUUA T W Y OT ABYX Oceil

X

Puc. 5. Ilnomaap 3amTpuxoBaHHOK

. P L
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paBHO efuHUIE. B TepMuHAX KOODIH-
HAT T W Y 3TO TEOMETPUIECKOE Me-
CTO €CTh PABHOCTOPOHHSISI T'UIepboIa,
ypaBHEHHE KOTOPOH WMeeT BUJ TY =
1. Mer ompenesmm Inn Kax naowads
(puc. 5) durypsl, orpanudeHHON ruepOOJIOH U JIBYMs BEPTUKAJIHHBIMU
upambiMu = 1 u & = n. (Bostee nerasnbho jorapudm u ero csoiicrsa GyayT
paccmorpens! B ritase VIIIL) Hucro ciryuaiiio, B ¢Bsi3u ¢ u3ydeHneM Tabimist

MPOCTBHIX 4Yncest, [aycc 3aMeTHI, 9TO OTHOLIEHNE —- MPUOJU3UTETHHO PaB-
n

1
HO 17 1 9TO TOYHOCTBH 3TOI'O l'[pI/I6J'[I/I)KQHI/ISI7 TIO-BUIUMOMY, YJIyHINaCTCHd IIPU
nn

Bo3pacTanuu n. HacKoJIbKO y/IOBJIETBOPUTEJHHO IIPUOJIMKEHNE, MOXKHO CY-

JIATH TI0 OTHOTIIEHUIO 7" t i, SHAUeHH: KOTOPOro NpH n = 1000, 1000000,

1000000000 mmoka3aHbl B CJAEIYIONIE TaOIMIKe:

Ap 1 A, 1
n —= — —_—
n Inn n Inn
10% | 0,168 0,145 1,159
10° | 0,078498 0,072382 1,084

107 | 0,050847478 | 0,048254942 1,053

OCHOBBIBasICH Ha TAKOTO po1a SMHI/IpI/I‘{eCKOﬂ O4Y€BU/IHOCTU, Faycc BbICKa3a.JI

B Ka4deCTBE IIPEAIIOJIO?KEHHLA, YTO OTHOIICHUEC == «aCHUMIITOTUYECKHU DpPaB-
n

1
HO» 17 CMBICII 3TOrO VYTBEPXKIACHUA 3aKJ/II0YIaeTCAd B CIIEAYIOMEM: €CJIN
nn

BO3bBMEM IIOCJIEI0BATEILHOCTD 3HAYEHUI 7, CTAHOBSIIIUXCS Bce OOJIbIE U
6oJIbIle, HAITPUMED,

10, 10%, 10°, 10°, ...
(KaK MBI JIeJIAJIM U PaHbIIe), TO OTHOIIEHUE
A, 1

n lnn’
BBIUHC/ISIEMOE JIJIsT 9TUX IOCJIEIOBATEILHO PACCMATPUBAEMBIX 3HAYEHUIA 11,
OyzeTr cTaHOBUTBHCS Bee Oojiee m OoJiee OIM3KUM K YUCITY 1, & MMEHHO, pas3-
HOCTb MEXIY YKa3aHHBIM OTHOIIEHUEM W €IUHUIEH OyIeT IeIaThbCs CTOIb
MaJIOH, CKOJIb Oy/IeT Ha3HAYEHO, JIMIIb Obl TOJIHKO MBI PACCMATPHUBAJIU J10-

CTATOYHO GOJIbIINE 3HAUEHUS 1. TaKoro poja COOTHOIIEHNE CHMBOJINYECKN
A 1

BBIPAXKAETCS 3HAKOM ~: —- ~ —— O3HAYaeT, 4TO —- : —— IIpU BO3pac-
n Inn n Ilnn

TaHuu n crpemurcd K 1. UTo 3HAK ~ He MOXKeT ObITh 3aMEHEH 3HAKOM
OOBIKHOBEHHOTO PaBeHCTBa (=), sICHO XOTsl 6bl M3 Toro dakra, uro A, —

n
HEIIPEMEHHO IIeJI0€ YMUCJIO, TOrda KaK 17 He dBJIA€TCA TAaKOBBIM.
nn
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To 06cTOATENHCTBO, UTO PACIpPEIEIEHIE TMPOCTHIX YHCE XOPOIIO OIH-
CBIBAETCsI C TIOMOIIBIO JIorapudpMuideckoit GyHKINN, HEIb3s He MPU3HATH
MIOUCTHUHE TIOPA3UTETbHBIM, TaK KaK 3/1eCh BCTYIAIOT B TECHOE COIPUKOCHOBE-
HUE JIBAa MaTeMAaTUIECKUX IMOHSITHsI, Ka3aJI0Ch Obl HE UMEOIINE JIPYT K JIPYTY
HUKAKOTO OTHOIIEHNUS.

XoTs1 CXBaTUTDH COEPKAHNE BBICKA3AHHOTO ['ayccoM TpearnooKeHns He
IpeICTaBIIsIeT 0CO00# TPYAHOCTH, OJJHAKO €r0 CTPOroe MATEeMATHIEeCKOe 10~
Ka3aTeJIbcTBO BO BpeMeHa [aycca ObLIO 3a mpejiesiaMu BO3MOXKHOCTEH Ma-
TEeMaTUIeCKON HayKu. /1 TOro 4To0BI JI0OKa3aTh TEOPEMY O PACIIPEJIeICHIN
MIPOCTBIX YUCEJI, TOBOPHAIILYIO JIUIIH O CAMBIX JIEMEHTAPHBIX MaTEMATHIECKIX
TMIOHATHUAX, HEN30EKHO HYXKHO MPUOETHYTh K CAMBIM MOIIHBIM METOIAM CO-
BpPEMEHHOI MaTeMaTwKu. [Ipunuioch »KaaTh MOYTH CTO JIET, MMOKA aHAJIN3
TOJTY IHJT JIOCTATOYHOE PasBUTHE JIst TOro, 9To0bl Aamap (1896) B ITapuxe
u Basne-Tlyccen (1896) B JlyBsHe CMOIIM JaTh MCUEPIIBIBAIOIIEE JI0KA3a~
TEJILCTBO TEOPEMBI O PACHPEJIEIEHUN MPOCTBIX YUCEJ. YIIPOINEHUT U BayK-
HBIE JOTMOJHEHNA ObLIN 3aTeM BHeceHbl ManroaparoMm u 9. Jlammay. 3amonro
10 AjamMapa 3HAUNTEIHLHOE IIPOABUYKEHHE B 3TOH 00JaCTH OBLIO CIEJIAHO
Pumanom (1826-1866) B ero smamenuroil pabore, HaMedYarOMEH OCHOBHBIE
cTpaTerunyeckue JUHUKM TpejacTodmeil arakn. CoBceM HEIaBHO aMepPUKaH-
ckuit Mmaremaruk Hopbept Bunep cymesn BUION3MEHUTH JTOKA3aTEIbCTBO Ta-
KM 00pa3oM, YT0OBI n30€2KaTh TPUMEHEHUsT KOMILIEKCHBIX IHCEJT B Y3JI0BBIX
MOMEHTaX IMPOBOAMMBIX paccyxKaeHuit. Ho Bce ke T0Ka3aTEIHCTBO TEOPEMBbI
0 pacIpeieIeHud TPOCTBIX YUCEJ OCTAETCs CJUIIKOM CJIOXKHBIM JIJIST TOTO,
‘{TO6I)I €I'o0 MOZKHO 6])1.)'[0 Hpe)]‘.HO}KI/ITb Ha‘{I/IHaIOHIel\ly. MI)I BepHeMCS{ K STOI\/Iy
Borrpocy Ha c¢Tp. H07 U clIe yIoNuX.

2. /[se ewe He pewennvie 3a064U 0 NPOCTNOIT YUCAALT

Ecsn npobisiema pacupezesieHusi IPOCTBIX 4uces («B cpeiHeM») Oblia
paspelieHa yJI0BJIeTBOPUTEIHHO, TO CIPABEJJIMBOCTD PsJia JAPYTHUX THIIOTE3,
SMIIUPUIECKH COBEPIIIEHHO HECOMHEHHAsI, BCE eIle He JIOKA3aHA.

Cro/la OTHOCHTCSI TpeXkKJie BCero 3Hamenutas eunomesa Ioavdbaza.
Tospabax (1690-1764) cam mo cebe He OCTABHJI HHUKAKOIO CJIE/Ia B UCTOPUH
MaTeMATUKU: OH IPOCIABUIICS TOJBKO IMPOOIEMOi, KOTOPYIO MPEIIOKILI
Ditepy B muchMe, oTHOCsAMEM s K 1742 r. O obparwyi BHUMAHUE HA TOT
dakT, UTo eMy BCerja yJIaBaJioch MPEJICTABUTD JI000e YeTHOE YUCI0 (KpoMe
2, KOTOpOe CaMO eCTh IPOCTOe YHCJIO) B BUJE CyMMBI JIBYX IpOCThIX. Ha-
mpumep, 4 =2+2,6=34+3,8=5+3,10=545,12=5+7,14=747,
16=13+3,18=11+7,20=13+7, ...,48=29+19, ..., 100=97+3
7 T. .

lonbpbax crnpammuBan y Disiepa, MOXKET JIX TOT J0Ka3aTb, YTO TaKO-
ro poJia INPEJICTABICHIE BO3MOXKHO JIJIsI BCSIKOTO YETHOTO UHCJIA, WJIH Ke,
HAIIPOTHUB, CMOXKET YKa3aTh IIPUMED, OIPOBEPIaIONIUil TAKOE IIPEJIII0I0XKe-
Hue. Diijiep Tak W HE JaJl OTBETAa; He JaJ ero HUKTO W B JaJIbHEHIIeM.
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DMIUPUYIECKAsT OUYE€BUIHOCTH IMUMOTE3bl [0Jb/10axXa, KaK JIEFKO IMPOBEPUTD,
BHOJIHE yOenuTenbHa. VICTOYHMK K€ BO3HUKAIOMINX 3aTPY/IHEHUN — B TOM,
YTO HOHSITHE [IPOCTOrO YKCJIa ONPEJIEISIETCS B TEPMUHAX YMHOMCEHUS, TOTIA
KaK cama IpobJieMa KacaeTcst cAoxcerus. BooOlIe, HaXOIUTh CBA3U MEXKLy
MYJIbTAILINKATUBHBIMA U aJ[IATUBHBIMU CBOUCTBAMM UHCE OYEHBb TPY/IHO.
o memaBHEr0 BpeMeHH! JI0KA3aTeIHLCTBO THIOTE3bI ['0/Tb10axa Ka3aaoch
3asageil copepiieHHo HernpucTymHo#. CerojHst Jeyi0 06CTOUT yKe He Tak.
Oqub 3HAYNTEJTbHbBIN yclex, oKa3aBHIniicd HEOXKHNJaHHBIM N IIOpa3uTeJIb-
HBIM JIJIT BCEX CITEIUAJIMCTOB 110 JJAHHOMY BOIIPOCY, ObLT gocTurayT B 1931 1.
HEU3BECTHBIM B TO BPEMsI MOJIOIBIM PycCKUM MaTeMaTukoM [[IHupeibManoM
(1905-1938), KOTODBIl JIOKA3AIL, YTO BCAKOE UEAOE NOAOHCUNENDHOE HUCAO
Mootcem Hvimsb npedemasaero 8 sude cymmu, He boaee wem 800000 npocmovi.
XoTd 9TOT pe3yJbTaT U IPOU3BOJIUT HECKOIHBKO KOMHYECKOE BIIEYATIIEHUE
(1o CpaBHEHUIO € TIEPBOHAYAJIBHO ITOCTABJIEHHON [EJBIO JOKA3ATh TUIIOTE3Y
Tonbabaxa), TeM He MEHEe OH CTAJI IEPBBIM IIAOM B JOJIKHOM HAIIPABJIE-
unn. /lokazarenscTBo [IIHUpEebMaHa — MpsiMOe W HOCUT KOHCTPYKTHUBHBIN
XapakKTep, XOTsd U He 0DeCIeYnBaeT MPAKTUIEeCKOrO0 METOMA I IPeICcTaB-
JIEHUs TTPOU3BOJIBHOTO II€JIOT0 YHCJIa B BUJE CYMMBI IIPOCTHIX. EIre mosnnee
PYCCKHMii yKe MaTeMaTUK BUHOrpajoB, MOJIB3YsCh MeTojamMu Xapmau, Jlurr-
JIByJJa ¥ WX IOUCTHHE BEJIMKOTO COTPYIHUKA 10 pabore mHjyca Pamany-
JKaHa, CyMeJI MOHU3UTh 9HCJIO cyiaraeMbix B (popmysauposke [[Iaupesrbmana
¢ 800000 70 4. 1o yxKe TOpazno bimke K pernennio mpobiembr [obadaxa.
Ho mexny pesynbraramu IIlaupenbmana m BurorpamoBa mmeeTcs OU€HD
pe3koe pazsutne 6ojiee pe3xoe, yeMm passutne Mexay duciaamu 800000 u 4.
Teopema Buwnorpajosa ObLia J0Ka3aHa UM JIUIIb JJIS BCEX <«JIOCTATOYHO
GOJIBIIUX» YHCEJI; TOYHEE TOBOPsi, BUHOTPAIOB YCTAHOBUII CYUW,ECTNEBOBAHUE
Takoro uncja N, 9To BCSIKOE IeJI0€e U0 n > N MOKeT ObITh IIPEICTABICHO
B BHJIE CYMMBbI 9eThIpeX IPOCcThIX dnces. Meron Bunorpamosa me no3sosser
HUKaK CYJIUTh O BeqndnHe [V; B IPOTUBOINOJIOXKHOCTH MeTony IITnupensma-
Ha, OH — CYyIIECTBEHHO <«KOCBEHHBIIl» M HEKOHCTPYKTuBHBIA. 1o cyriecrsy,
BunorpaioB mokazast ciemyroree: J0MyCKasi, YTO CYIIECTBYET beckoHeuHoe
MHONHCECTNBO HUCEA, He NPEICTNABUMBLT 6 ude CyMMmbL wemvper (Uuiu menee
M020) NPOCTNVLT HUCEA, MOXKHO IIOJyIUTh IIPOTUBOPEYNe. 3eCh Iepe]] HaMu
[IPEKPACHBII IPUMED, OKA3BIBAIOIINI I[VIyOOKOe Da3jndue MeXKIy IBYMsi
TUIIAME JIOKA3aTeJIbCTB — IMPSIMBIM M KOCBEHHBIM (CM. ofImee o6CysKieHne

sTOro Bompoca Ha crp. 40).
1 Ocnosnoit pesynbrar 1. M. Burorpagosa (1937) ycramapimBaeT CymiecTBOBAaHHE Ta-
KOro HaTypaJjbHOro N, 94To BCssKoe HevemHoe n > N IIPeJCTaBUMO B BUJIE CyMMBI TPEX
IIPOCTHIX YIUCEeJI:
n=p1 +p2 +p3, ()
13 4Yero, pasyMeeTCsl, BBITEKAET y»Ke IIPEJICTABUMOCTB 100020 HATYpPaJbHOIO n >
N + 2 B BuZe CyMMBI “emuipexr IPOCThIX dnces. Pe3ynbrar Bunorpanosa o HeYeTHBIX
YHCJIAX OKOHYATEJEH — YUCJIO CaraeMblx (Tpu) B ero (hbOpMyJIMPOBKE yMEHBIIUTH
Hesb3s. UTO Ke KacaeTrcs “emMbir 9YuCesl, TO U3 HPEJCTaBUMOCTU UX B Buie (k)
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Cueyromast mpobiiema, ere HoJiee JIOOOMBITHAS, YeM podsieMa [0Jib1-
6axa, HICKOJbKO He TPpUOIN3MIACh K CBOEMY pa3perreHuio. buiio moamete-
HO, YTO IPOCTHIE YHUCJIA HEPEJJIKO BCTPEUAIOTCS MapaMu B BUJE p U p + 2.
TakoBwr 3 u 5, 11 u 13, 29 u 31 u T. 1. [Ipeanosioxkenne o CyIIECTBOBAHUI
GECKOHEYHOTO MHOXKECTBA TAKUX «OJIM3HEIOB» KaXKETCs BECbMa ITPAaBJOIO-
IOOHBIM, HO JI0 CUX IIOP HE YIAJIOCH JlaXKe MPUOJIM3ATHCS K €0 JI0KA3aTel b
CTBY.

§ 2. CpaBHeHu#d

1. OOGmiue noHsitus. Beskuil pas, Korja MpuxoIuTcs TOBOPUTH O JIeJIN-
MOCTH T[eJIBIX YHUCEJI HA HEKOTOPOE OIIPEEIEHHOE TIEJI0e IUCTIO d, BCE PACCY K-
JIeHUS CTAHOBATCH siCHee U IIPOIIE, €CJIN II0JIb30BaThCA OTHOIIEHUEM CpaBHe-
HU¢, BBeJIEHHBIM ['ayccoM, 1 COOTBETCTBYIONMMU OD0O3HAYEHUSIMH.

YT00BI BBECTH MOHSATHE CPABHEHUS, PACCMOTPUM OCTATKH, IIOJIY YOI~
ecsl TIPU JICJIEHUN PA3JIUIHBIX YUCesI, HAIpuMep, Ha 5. MbI mosydaem:

0=0-540 7T=1-5+2 —1=-1-5+4
1=0-5+1 8§=1-5+3 —2=-1-5+43
2=0-5+2 9=1-5+4 —3=—-1-5+42
3=0-5+3 10=2-540 —4=-1-5+1
4=0-5+4 11=2-5+1 —5=-1-5+0
5=1-5+0 12=2.-5+2 —6=-2-5+4
6=1-5+1 a T. I " T. .

3aMerTuM, 9TO OCTATKOM IPHU JEJEHUH HA 5 MOXKET OBITH TOJBKO OJHO U3
ancen 0, 1, 2, 3, 4. ToBopsr, 4aro jBa dnuciaa a u b cpagHuMbdL 10 MOJYAI0 5,
€CJIM TIPU JIeJIEHWW Ha D OHU JA0T odum u mom oice ocmamok. Tak, Bce
qucna 2, 7, 12, 17,22, ..., =3, =8, —13, —18, ... CpaBHUMBI IO MOJIYJIIO 5,
TaK Kak I[IpU JIeJIEHUU Ha D BCe OHU JAIOT OCTATOK 2. BooOIe, roBopsiT, 4To
JBa "ucyaa a u b cpaghumvl no modyato d (rue d — HEKOTOpOoe HeJIoe YHCIIO),
€CJIN TIPU JIeJIEHUHU Ha d OHU JIAIOT OJWH U TOT K€ OCTATOK; JIPYTUMU CJIOBAMH,
€CJIH CYIIECTBYET TAKOE IeJI0e YHUCJIO 7 (LOJI0KUTEIHHOE, OTPUIIATEILHOE UK

BBITEKAJa Obl Cpa3dy U IPEACTABUMOCTH JIOGOrO YEeTHOrO N B BHJIE CYMMBI JIBYX
IPOCTBIX CJIaraeMbIX (T. K. B 9TOM ClIydae OJHO U3 cjaraeMbix pasHo 2). Oxnako
npu BCel HPAaBIONOMOOHOCTU THIIOTE3bI O MPEJACTABUMOCTH B TAKOM BHJE JIIOOOrO
geTHOro n > 3, mpobsieMa ee JOKa3aTeJbCTBA IPE3BLIUANHO TPYAHA M IPEBLIIIAET,
[IO-BUJYIMOMY, €IIe BO3MOXKHOCTU MATEMATHKOB.

Hesdbdexrusmnnrit xapakrep Teopemsr Bunorpanosa ycrpamen B 1939 . K. I'. Bopos-

41,96

JIMHBIM, [IOKA3aBIIMM, YTO B BHJE (*) IpeacTaBuMo Jroboe HedeTHoe n > C' = ec” ;
B 1956 . eMy »Ke yJaj0Ch CHU3UTH 3Ty OlLeHKy g0 C = e, Koneuno, ymenbienune
koHcTauThl C' 10 pa3syMHBIX TPEE/IOB MO3BOJIUIO Obl PEIIUTD THIIOTE3Y O MPEICTABU-
MOCTH B BUJE (*) HEYETHBIX 1, 6 < n < C, — U TeM caMbIM JII060r0 HEYETHOrO 1 > 6 —
[IOCPEJICTBOM IIPSAMOM BBIYUCIATEIbHOM nposepku. — [Ipum. A. H. Koamozoposa.
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HyJIb), yT0 @ — b = nd. Haupumep, 27 u 15 cpaBauMBbI 10 MOyJio 4, Tak Kak
27=6-443,15=3-4+3.

st oTHOIIIEHUsT CPaBHEHUS BBEJIEHO CIIEINAILHOE 0003HAMEHIE — €CJIH G
u b cpaHuMbl 10 Mogyao d, To mumyT: a = b (mod d). [Eciau ke a He
cpaBHUMO ¢ b 1o Mozyio d, To muiyT a Zb (mod d).] Eciu sicro, Kakoi
MOJIY/Ib UMEETCS B BHJY, TO NPUMHCKY «mod d» OIIyCKaioT.

CpaBHeHHsT 9aCTO BCTPEYAIOTCs B MTOBCETHEBHON Ku3Hu. Hanmpumep, da-
COBasl CTPEJKa YKa3bIBAET BPEMs O MOJY/0 12; aBTOMOOUIBHBIN CIETIUK
OTMeYaeT IpoieHHbIe paccTognus 1o MoLyso 100000 (Muib wim Kuiomer-
pOB).

[Ipexne gem mepeiitu K 6oJiee IETATBHOMY PACCMOTPEHHUIO CPDABHEHUIA
U WX CBOWCTB, I[yCThb YUTATE/b IIPOBEPUT, UTO CJIEIAYIOIINE YTBEPKICHUSA B
TOYHOCTH SKBUBAJIEHTHBI:

1) a cpaBauMO ¢ b 10 MOIYIIO d.
2) a=b+ nd, rue n— ueioe.
3) a—b memnurcs Ha d.

Bsenennnie 'ayccom obo3Hatdenns it CpaBHEHNH TOTIEPKUBAIOT TO 00~
CTOSITEJIbCTBO, YTO CPABHEHHUSI O0JIAJAIOT MHOIMMH CBOHCTBAME OOBIMHBIX
pasencts. HammomauMm 3T cBoiicTBa:

1) Beerna a=a.

2) Ecm a=0b, T0o b=a.

3) Ecma=bub=c,toa=c.
Kpowme Toro, eciin a=a’ u b="¥, To

4) a+b=d +V.

5 a—b=ad —V.

6) ab=ada'b'.
DTH Ke CBOHCTBA COXPAHSIIOTCS, €CM COOTHOIICHHE PABEHCTBA @ = b 3aMe-
HsAETCs COOTHOIIeHneM cpasHenns a = b (mod d). Mmenno:

1) Beerma a =a (mod d).

2"} Ecimm a=b (mod d), ro b=a (mod d).

3) Ecma=b (mod d) wb=c (mod d), To a=c (mod d).
(IIpoeepbre! — 310 HETPYAHO.)
Touno Tak ke, ecsiim a =a’ (mod d) u b="b" (mod d), To

4) a+b=d +V (mod d).

5) a—b=da — b (mod d).

6') ab=a't’ (mod d).
Takum 06pa30oM, CPAGHEHUA NO OOHOMY U MOMY e MOOYAIO MONCHO CKAG-
Jol6aMb, GUHUMAMY U YMHodCamy. B camMoM neste, u3

a=a +rd, b="b 4+ sd
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BBITEKAET
a+b=a +b+ (r+s)d,
a—b=d —b + (r —s)d,
ab=a't' + (a's + b'r + rsd)d,
YTO U IPUBOJUT K HY?KHBIM 3aKJIIOUYCHUIM.

CpaBHeHHsT JIOIYCKAIOT BEJIMKOJIEITHOE TE€OMETPUUIECKOE IIPEICTABIIE-
nre. Ecin XoTAT maTh reoMeTpPHUYECKOe IPEJCTABJIEHUE IEJIbIM YHCJIAM,
TO OOBIKHOBEHHO BBIOMPAIOT MPSIMOJUHEHHBIN OTPE30K €IMHUYIHON JITHHBI
U 3aTeM OTKJAJbIBAIOT KpaTHbIE OTPe3KH B 00e CTOPOHBI. TakuMm 06-
pa3oM, IJId KaKJIOrO IIEJIONO 4YHCJa IOJIyd9aeTCs COOTBETCTBYIOIIAS €My
TOYKa Ha HpaAMOil — uucioBoit ocu (puc. 6). Ho ecim npuxopurces umerh

-3 -2 -1 0 1 2 3
Puc. 6. I'eomerpuyeckoe npecraBieHme MeIbIX TUCET

[eJI0 ¢ YHCJaMU 10 JAHHOMY MOIYJIO d, Ba CPAaBHUMBIX YHCJIA — I0-
CKOJIBKY P€Yb HIET O HeJIMMOCTH Ha d — PAacCMAaTPUBAIOTCS KaK HEYTO
HEpa3InInuMoe, TaK KakK Jal0OT OJHA U Te Ke OCTATKU. UTOObI m300pa-
3UTh BCE ITO TEOMETPUUECKU, BO3bMEM OKPYXKHOCTH, pPa3JeJeHHYI0 Ha d
paBHBIX dYacreil. Bceskoe Ieioe 4WmcJio TpU JiejleHUd Ha, d JaeT B Kade-
crBe ocrarka omuo u3 umcen 0, 1,2, ..., d — 1; 5Tu umcyia Mbl U paccra-
BHM II0 OKDPY?KHOCTH HA DPABHBIX pPAaCCTOSHUAX. KaxKjgoe Ynucio CpaBHUMO
C OIHUM U3 ITUX UUCEJ [0 MOJIYJIO d U, CJre-
JIOBATEJIbHO, MPEJICTABISIETCS COOTBETCTBYIO-
el TOYKOi; ABa YUCIa CPABHUMBI, €CJIU H300-
paXKarTcsi OJiHOM m Toil ke Toukoit. Puc. 7
cnenan muis caydas d = 6. udepbiar gacos
MOXKET TaK>Ke CJIY2KHUTb MOJIEJIBIO.

4
9 I
8

B kauectBe npumMepa IpUMeHEHUS MYJIbTH-
[UIMKATUBHOTO CBOMiCTBA CpaBHEHWH 6') ompe-
JEeJINM OCTATKH, ITOJLYYafOIIecs Py JIeJIeHUN
Ha OHO W TO K€ YUCJO IOCJIETOBATETHHBIX
cremneneit ancia 10. Tak kak 10 = —1 + 11, To

10=-1 (mod 11).

cow ] .
w

VMHOXKAsS MHOMOKPATHO 9TO CPaBHEHUE CaMO 1 {
Ha ceds1, MOJIyIaeM TAJIbIIe :

2 _ _
10°=(=D(=1)=1 (mod 11), Puc. 7. TeomeTpudeckoe
10° = (-1) (mod 11), MIPEJICTABJIEHUE TIEJIBIX THUCEIT

10*=1 (mod 11) w T . no Mozymo 6

OTCIO,ZL& MO2KHO 3aKJIIOYUTH, YTO BCAKOE I1€JI0€ IHCJIO, 3aIIUCh 110 ,ZLeCHTH‘IHOﬁ
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crcTeMe KOTOPOTO MMeeT BT,
z2=ag+a;-10+as-10°+... 4+ a, - 107,

JaeT TOT 2Ke OCTATOK IIpu JIeJICHUUN HA 11, 9TO 1 CyMMa €ro I_[I/I(bp, B3dTad C
YepeayIOIMUMUCA SHaKaMM:

t:ao_al +as — ...
B caMoM jiefte, MBI IMeeM
z—t=a;-114ay(10° — 1) + a5(10° + 1) + a,(10* — 1) + ...

Tax Kak Bce BbIpazkerns 102 — 1, 10 4+ 1, ... cpaBHUMBI C HyJIEM IO MOJY-
gio 11, To z — t Tak)Ke CpaBHUMO C HYJIEM, U IIOTOMY z TIpH JiejeHnn Ha 11
JIAeT TOT Ke OCTaTOK, 4To U t. B wacTHOCTH, Yncjo jejnrcst Ha 11, T. e. maer
octaTok (0 Ipu JIeJIEHNN, B TOM B TOJILKO TOM CJIyYae, €CJIM 3HAKOIEePE Iy IOIa-
sics cymMa ero rudp genurces va 11. Hanpumep, aucno z = 3162819 nesurcst
Ha 11, fak kKak 3 — 1+ 6 —2+ 8 — 1 + 9 = 22 genwmrca va 11. Haitu rakum
2Ke 00pa30oM MPaBUIIO JIEUMOCTHU Ha 3 min Ha 9 erre mpoire, Tak Kak 10 =1
(mod 3 u 9), nu moromy 10" =1 (mod 3 u 9) npu sr06oMm n. OTcroaa cremyer,
9TO YHUCJIO Z JEJIUTCS HA 3 U HA 9 B TOM U TOJIBKO TOM CJIy4dae, €CJIU CyMMa,
ero mudp
S=ayg+a +ax+...+a,

JIeJIATCSI COOTBETCTBEHHO Ha 3 1 Ha 9.
Ecan B kavuecTBe MOJIy/Ist BO3bMEM 7, TO MOy UM

10=3, 102=2, 10°=-1, 10'=-3, 10°=-2, 10°

1.

Jasee ocraTkm HMOBTOPAOTCH. TakuMm 00pa3oMm, 2z [€JUTCs HA 7 B TOM U
TOJILKO TOM CJIy9ae, €CJIM BbIPasKeHUe

r=ay+ 3a; + 2a5 — a3 — 3a4 — 2a5 + ag + 3a; + . ..
JeJTATCS Ha 7.
VYupaxkuenne. Haiiniure momobHbIH 2Ke TpU3HAK IeJMMOCTH Ha 13.

CxkJiaibIBast 1 yMHOXKasl CPABHEHUSI 110 OIIPEIeJIEHHOMY MOJLYJIIO0, CKAXKeM
d = 5, MOXHO Bcerjia 006eCIedYnTb TO, YTOOBI BXOJSIIME YUCIa He CTaHO-
BUJIUCH CJIMIIKOM OOJIBIIIMME, 3aMEHsisI BCAKHAN Pa3 BCTPEYAOIIEECs] IUCIIO
OITHUM W3 UHUCEeJT

07 17 27 37 47

a UMEHHO TeM, C KOTOPbIM OHO CpPpaBHUMO. T‘aK7 BbITUCIAA CYyMMBI U IIPO-
U3BEJCHUA DPA3JIMIHBIX YUCEJI IO MOMIYJIIO 5, HY2?KHO TOJIBKO IIOJIb30BATHCHA
CJIe 1y IOInMmn Ta6J’II/IHal\’II/I CJIOZKEHUA 1 YMHO2KEHUA:
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a+b ab
b=0 1 2 3 4 b=0 1 2 3 4
a=0 0 1 2 3 4 a=0 0 0 0 0 O
11 2 3 4 0 1 01 2 3 4
2 2 3 4 01 2 0 2 4 1 3
33 40 1 2 30 3 1 4 2
4 4 0 1 2 3 4 0 4 3 2 1

13 BrOpOIi TAOMUIBI BUIHO, YTO MPOM3BEIEHNE ab CPABHUMO C HYJIEM IO
MOZYJIIO 5 TOJIKO B TOM cirydae, eciu a wia b =0 (mod 5). Dro nasoaur Ha
MBICJTb O CYNIECTBOBAHIH CJIEAYIOIIErO OOIIEro 3aKOHA!

7) ab=0 (mod d) TosbKO B TOM ciydae, eciu a =0 wiu b=0 (mod d),
YTO SBJISIETCS PACTIPOCTPAHEHUEM XOPOITIO W3BECTHOTO CBOMCTBA OOBIKHOBEH-
HOTO yMHOYKEHWSL:

ab =0 TospKO B TOM ciryuae, ecim ¢ = 0 mim b= 0.

Ho saxon 7) deticmeumener MoAbKO Npu MOM YCAOBUL, 4O MO0YAL d
ecmv mpocmoe wucao. JleficTBuTe IbHO, CDABHEHUE

ab=0 (mod d)

O3HAYAeT, 9TO ab jeaurcs Ha d, a MBI y2Ke BUJENN, 9TO Ipou3BejieHne ab je-
JINTCsI Ha TIPOCTOE d B TOM U TOJIBKO TOM CJIy4ae, eCJIM OJINH U3 MHOXKUTEEH ¢
win b jenuresd Ha d, T. €. ecyn

a=0 (modd) wmm b=0 (mod d).

C zpyroit CTOPOHBI, 3aKOH TepsieT CUIY HIPHU d COCTABHOM: MOYKHO TOLJIA
HamucaTb d =71 - §, Tjie 00a MHOXKUTEJISI T M § MEHbIIe 4eM d, TaK 9TO

r#0 (mod d), s#0 (mod d)

", OHAKO,

rs=d=0 (mod d).
Hanpumep, 2# 0 (mod 6) u 3#0 (mod 6), Ho 2-3=6=0 (mod 6).

VYupakuenus. 1) Ilokaxkure, 9T0 /71 CPABHEHUH 110 TIPOCTOMY MOJLYJTIO Me-
eT MEeCTO CJIEJIYIOIIee NPasuao coxpauerus: ecau ab=acu a#0, To b=c.

2) C xakuMm 4mcsioM B npefenax or 0 70 6 BKJIIOYMTENBHO CPABHUMO YHCIIO
11-18 x 2322 - 13 - 19 wo momysmio 77

3) C xakum 4ucioM B npezeiaax or 0 10 12 BKIIIOYMTEIHHO CPABHUMO UHCJIO
3.-7Tx11-17-19-23-29-113 mo momymro 137

4) C kakuM 9uCIOM B npeesnax oT 0 10 4 BKIIOUYATENHHO CPABHUMA CYyMMA
1+24+22+ ...+ 2" 1o monymo 57

2. Teopema ®epma. B XVII cromerun ®Pepma, ocHOBaTEb COBpE-
MEHHOH TEeOpHHU YnCesI, OTKPBLI YPE3BBIYAHO BaXKHYyIO Teopemy. Feau p —
NPOCMOE YUCAO, He JeAAULEE UYLAO20 YUCAA Ay TO

a*'=1 (mod p).
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Jpyruvm coBamu, (p — 1)-9 CTeneHb a TP TEIEHAN HA P JTA€T OCTATOK 1.

Hekoropble u3 panee IPOU3BEICHHBIX HAMHU BBIYUCJCHUE IIOITBEPKIa-
0T 9Ty TeopeMy: Tak, Mbl BuguM, uto 10° =1 (mod 7), 10> =1 (mod 3)
u 10'1° =1 (mod 11). Takum ke 06pasoM JIErKO MPOBEpUTH, 4To 2% =
(mod 13) m 5 =1 (mod 11). s 9Toiil mesm HET HEOGXOAUMOCTH HA Ca-
MOM JieJIé BBIYMCJIATH CTOJIb BBICOKHME CTEIECHH JAHHBIX YUCEJT; JTOCTATOYIHO
HCIIOJIB30BATh MYJIBTUIIMKATHBHOE CBOMCTBO CPaBHEHMIA:

2'=16=3 (mod 13), 5*=3 (mod 11),
2=9=—-4 (mod 13), 5'=9=-2 (mod 11),
92=_4.3=_12=1 (mod 13), 5°=4 (mod 11),

5°=3.4=12=1 (mod 11).

Obpammasicb K g0Ka3aTeabCcTBy Teopembl Depma, paccMOTPUM UUCTA,
KpaTHbBIE a:

mi=a, mMmy=2a, mz=3a, ..., my_1=(p—1)a.

Hukakune 1Ba U3 9THX 9HCe]T He MOIYT ObITh MeXKJy COOON CPaBHUMBI 11O
MOJLYJIIO p. B mpoTHBHOM citydae p JJOJIPKHO OBLIO ObI JIEIUTH PA3HOCTD M, —
ms = (r — s)a, e r, $ ObLIa ObI HAapa IEJBIX YNCEIT, OIIHHEHHBIX OIDAHU-
gennio 1 <r < s < (p—1). Ho u3 3akona 7) cireyer, 9TO 9TOrO HE MOXKET
CJIyUIUTbC: TaK KaK § — 7 MeHbIIle 4eM p, TO p He JeJUT § — 7'} C JIPpYyroi
CTOPOHBI, [I0 IPEJIIOIIOKEHHIO, P HE JeJNUT U ¢. TakuM 2Ke 00pa3oM Mbl yOexK-
JraeMcs, ITO HH OLHO U3 9HCe] M He cpaBHEMO ¢ mymeM. OTcioma cremyer,
9TO 9YHCTIA My, Mg, ..., M,y 1 COOTBETCTBEHHO CPABHUMBI C 9duCIaMA 1, 2,
., P — 1, B39TBIMU B HEKOTODOIl MX mepecTaHoBKe. Jlasbiie 3aKI09aeM:

mimsy...my, 1 =1-2-3...(p—1)a">'=1-2-3...(p—1) (mod p),
M e, mojiaras pagu kparkoctu K =1-2-3...(p—1),
K@ '—1)=0 (mod p).
Yucno K He jmenmTed Ha p, TaK KaK HU OJMH N3 BXOAANMX B HErO MHO-

JKUTEJIeHl He JIeJIUTCs Ha P; 3HAUUT, COTJIACHO 3aKOoHY 7) (aP~! — 1) moskHO

JICTATBCA HA P, T. €.
a’ ' —=1=0 (mod p).

D10 1 ecTb Teopema Pepma.
IIpoepum 3Ty Teopemy ere pa3. BozbmeMm p = 23 u a = 5; Tor/ja moJry-
qaeM 0 MOJIYJTIO 23

52=2, 5'=4, 55=16=-7, 5%=49=3, 5*=12, 5*?=24=1.
Ecnu BosbMeM a = 4 BMecTO 5, TO OyIeM UMETh, OIATH-TAKH IO MOJIYJIIO 23,
42=-7 42=-928=-5, 4*=-20=3, 44 =9, 4" =-45=1, 42 =1.

B upumepe, rae 6bu10 B3sa10 @ =4, p =23 (KaK 1 BO MHOI'UX MHBIX), MOXKHO
3aMETUTh, YTO HEe TOJILKO (p — 1)-s1 cremenb, HO u GoJiee HU3KAsl CTEIEHb d
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y2Ke OKa3bIBaeTCsd CpaBHUMOI ¢ enmuuieit. Hanmenbmas takas cremeHb —
B HAIlleM IIpUMepe cTeleHb 11 — HenpemenHo ecTh JieuTesb duciaa p — 1
(cM. HEKe, ynpaykHeHHe 3).

VYopaxkueuusi. 1) C nomoripo Nog06HBIX YKe BBIYUCIEHNN IPOBEPLTE, UTO
2°=1 (mod 17), 3*=—-1 (mod 17), 3"=—-1 (mod 29),
2"=—-1 (mod29), 4"=1 (mod 29), 5=1 (mod 29).

2) Ilposepbre Teopemy ®Pepma, B3aB p =5, 7, 11, 17 u 23 u npumasag aucty a

pa3auyHble 3HAYEHUS.

3) Hdokaxknure OOIILYI0 TEOPEMY: HAUMEHLWEE HUCAO €, OAf Komopozo a® = 1
(mod p), doavicro 6vims deaumenem p — 1. [ Vrkazanue: npomssenure memenme p — 1
Ha €, oJTyvas

p—1l=ke+r,

e 0 < r < e, U Jajbllle BOCHOJIb3yHTeCh TeM 0O6CTOATEIHLCTBOM, uTo aP ™1 = a® =1

(mod p).|

3. KBagparudyeckue Bbryernl. OOpalnasch CHOBa K IPUMEDPAM, UJ-
sgocTpupyomuM TeopeMy Pepma, MBI MOXKEM IIOJIMETHUTb, YTO HE TOJIHBKO
BCerjia CIpaBeinBo cpasHerne a?~ ' =1 (mod p), HO (IPeIOIOKIM, UTO P

€CTh [POCTOE YHCJI0, OTJIUYHOE OT 2, 3HAYUT, — HederHoe, p = 2p’ + 1) upu
’ p=1
HEKOTOPBIX 3HAYCHUAX a CIIpaBEJ/IMBO TaK2Ke CpaBHEHUE a?> =a 2 =1

(mod p). D10 0BCTOATENHCTBO BBHI3BIBAET Pl 3aC/LY KUBAIONINX BHUMAHUS
coobpaxxennii. Teopemy Depma MOXKHO 3aIIUCATDH B CJIEIYIONEM BU/IE:

At —1=a"* —1=(a" —1)(a” +1)=0 (mod p).

Tak Kak NpousBejeHUE JICJUTCI HA P TOJHKO B TOM CJIydYae, €CJU OJIUH W3
MHOXKUTEJIEH fejIuTCa Ha P, TO, 3HAYUT, OJHO U3 JHUCEeJ a? — 1 wm a” + 1
JOJIZKHO JIEJINTHCH Ha P; MOITOMY, KAKOBO ObI HU OBLIO IIPOCTOE YUCIIO P > 2
7 KaKOBO ObI HU OBLIO YUCJIO G, HE JIEJIAIIEeCs HA P, HEIIPEMEHHO JIOJI2KHO
IMeTh MECTO OJTHO U3 JIBYX CDaBHEHNI

p—1

-1
a2 =1 uim a7 =-1 (mod p).

Hauwrast ¢ caMoro BO3HMKHOBEHUsI COBPEMEHHOI TEOPHUM 9HCEJI, MaTe-
MaTUKK ObLIM 3aMHTEPECOBAHBI BBISICHEHHEM BOIIPOCA: JJI KAKUX YUCENT
OTIPABJILIBAETCS TIEPBOE CpaBHEHNUE, a Jiyist Kakux — Bropoe? Ilpemmonoxum,
YTO @ CPABHUMO II0 MOMYJIIO P C KBa/JIpaTOM HEKOTOPOIr'o 4HCIa T,

a=z> (mod p).
p—1
Torma a 2 = xP~!, u cornacuo Teopeme Pepma Npasasi, a CJ€I0BATEILHO,
U JIeBasi YaCTU CPABHEHMs JIOJIKHBI GBITH cpaBHUMBI ¢ 1 110 Mosystio p. Taxoe
ques0 @ (He sIBJISIIONIEECst KPATHBIM P), KOTOPOE 110 MOJYJII0 P CPABHUMO
C KBaJIPATOM HEKOTOPOTO YHCJIA, HAZBIBACTCS KE6AOPATNUNECKUM GbIMEMOM P;
HAIIPOTHB, YUCJIO b, He KPATHOE P, KOTOPOe He CPABHUMO HU C KAKUM KBaJpa-

TOM IIO MOIYJIIO P, Ha3bIBACTCA Ksaﬁpamu%ecwum HEBBLHEMOM P. Mgz1 ToIBKO
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YTO BUJEJIM, YTO BCAKNM KBaIPATUYECKUN BBIYET @ YHUCIIA P YAOBJIETBOPAET

p—1
cpagHernio a 2 =1 (mod p). JI0BOJBHO JIETKO YCTAHOBUTH, UTO BCSIKUIA
1

b
HeBbIYeT b umcia p yhoBierBopsier cpaBHenuio b 2 = —1 (mod p). Kpome
TOrO, MBI TI0KazKeM (HECKOJIBKO JIAJIbIIe), UTo cpeau aucen 1, 2, 3, ..., p—1
MMeeTcsl B TOYHOCTH p% KBaIPATHYECKIX BBIYETOB U p% HEBBIYETOB.

XOTsI C OMOINBIO IPSIMBIX IOJICYETOB MOXKHO OBIJIO COOPATh HEMAJIO M-
IUPHYECKUX JAHHBIX, HO OTKDPBITH CPa3y OOIIUe 3aKOHBI, PeryIHpyIOIIue
paclpefeleHre KBaIpaTUIeCKUX BBIYETOB, ObLIO Heserko. Ilepsoe riy6Go-
KO JiexKallee CBOMCTBO 3TUX BbIYETOB ObLIO noaMedeno Jlexanmpom (1752—
1833); mozmiee Taycc HA3BAT €10 3aKOHOM 63GUMHOCTIU. DTOT 3aKOH Kaca-
€TCd B3aMMOOTHOIIIECHUA MEKAY JABYM:A PAa3JIMYHBIMU IIPOCTHIMU YHUCIaMU D
u q. OH 3aK/II09a€TCA B CJIELYIOIEM:

getHoe. Torma q ecTb

-1 -1
1) ITpeamosioKuM, 9TO [IPOU3BEIEHUE P 4 5

2
BbIYET P B TOM U TOJILKO TOM CJlydae, eC/Ii P €CTb BbIYeT (.

2) TIpeanosoKumM, HAPOTUB, UTO YKA3AHHOE [IPOU3BEJIEHUE — HEYEMHOE.
Torna curyaliusi pe3KO MEHSIETCs: ¢ €CTh BBIYET P, €CJIU P €CTh Hesuuem ¢,
1 HaoOOPOT.

ITepBoe cTporoe m0Ka3aTENbCTBO 3aKOHA B3AWUMHOCTHU, J0JIIOE BpPEMs
OCTaBaBIIErOCsT THIOTE30i, JaHHoe [ayccom ere B MOJIOJIOCTH, SIBUJIOCH
OJHUM M3 KPYIHBIX ero joctmxkenunit. Jlokazareabcrso ['aycca nukonm obpa-
30M HEJIb3sl Ha3BaTh IPOCTHIM, M B HaIlle BPEMsl [IPOBECTU JIOKA3ATEHCTBO
3aKOHA B3aMMHOCTH CTOUT M3BECTHOI'O TPY/A, XOTS KOJIMIECTBO PA3JIMIHBIX
OmyOIMKOBAaHHBIX JTOKA3aTEIbCTB OYEHb BEJIUKO. VICTWHHBIN CMBICT 3aKOHA
B3aMMHOCTHU BCKPBLICHA JIAIIb B HEJIABHEE BPEMs — B CBA3U C HOBEHIITHM
pa3BUTHEM AJITeOPANIECKO TEOPUU THCEJI.

B kadecrBe npumMepa, WILIFOCTPUPYIOIIErO PACIIPEIE/IeHIE KBaJIpaTuye-
CKHX BBIYETOB, BO3bMeM p = 7. Tak Kak 1o MOJyJIio 7

0°=0, 1°=1, 22°=4, 3*=2, 4*=2, 5°=4, 6°=1

U TaK KaK JAJbHEHIINe KBAIPATHI MOBTOPSIOT 3TY IOCJIEI0BATEIBHOCTD, TO
KBaJIPATUIECKUMU BbIUETaAMU YHCJIA 7 SIBJISIIOTCS YUC/IA, CPaBHUMbIE ¢ 1, 2
u 4, a HeBbIYETAMHU — YKCJIa, CpaBHUMBIE ¢ 3, b u 6. B obmem ciayuae xkBaj-
pATUYECKUE BBIYETHI P COCTABISIOTCH M3 YHCEN, CPABHUMBIX € 9uCIaMu 12,
22 ..., (p— 1) Ho 3Tn mocjesHne MOMAPHO CPABHAUMBI, TAK KaK

2>=(p—2)° (mod p) (manpumep, 2° =5 (mod 7)).
Heficteurensuo, (p — x)? = p? — 2pr + 2 = 2° (mod p). 3HaunT, mojoBUHA
qucen 1, 2, ..., p — 1 mpezacraBisger coOO0 KBAIPATUIECKUE BBIYETHI HMC-
Jia p, a IpyTas IIOJOBHHA — HEBBIYeTHI.

YrobbI JAaTh WJIJTIOCTPaIlUuIO TaKzKe MW 3aKOHY B3aMMHOCTH, ITOJIO2KUM

p =25, ¢=11. Tak gak 11 = 1% (mod 5), To 11 ecTb KBaAPATHIECKUIX
5—1 ) 11-1
2 2

BBIUET IO MOJYJIO H, M TaK KaK, KPOMe TOTO, IMPOU3BE/ICHIE
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YETHOE, TO COIVIACHO 34KOHY B3aMMHOCTH b JOJKHO OBITH TAKXKE KBaJl-
PATUIECKUM BBIYETOM II0 MOAy/I0 11; W B caMoM Jiejie, MBI BHJHMM, YTO
5 = 4% (mod 11). C npyroii croporsl, mojoxkum p =7, ¢ = 11. Torma

2 2
no moaymio 7 (Tak kak 11 =22 (mod 7)), a 7— nesbruer 1o Moay/o 11.

IPOU3BeIeHIE HEYEeTHO, W B ITOM ciaydae 11 ecTb BbIUeT

Vupakuenus. 1) 62 =36 =13 (mod 23). fdeasierca mu 23 KBa[PaTHIECKAM
BBIYETOM 110 MO0 137

2) Mer1 Bugesn, uro 22 = (p — x)? (mod p). IlokaxkuTe, YTO UHOrO BUIA CPAB-
Henuit Mexky umcaamu 12, 2232, ... (p — 1)? GBITb HE MOXKET.

§ 3. IIudaropossl yncsaa u 6osabinasa teopema Pepma

Wurepecusit BOIpoc 3 001aCTH TEOPUH 9HCeST CBI3aH ¢ Teopemoit [Tuda-
ropa. Teopema 3Ta, Kak U3BECTHO, aIreOPAMIECKH BBIPAYKACTCS PABEHCTBOM

a’ + b =c?, (1)
rae a U b— IITUHBI KATeToB, a ¢ — JJIMHA TMIoTeHy3bl. [Ipobiema pas3bicka-
HUsI 6CEX TPSMOYTOJIbHBIX TPEYrOJIbHUKOB, CTOPOHBI KOTOPBIX BBIPAXKAIOTCSI
[EJILIMA 9UCJIAMHU, TAKUM 00Pa30M, SKBUBAJIEHTHA MPODJIEME HAXOXKIEHUsI
Beex pemnenuii (a, b, ¢) B neabix unciaax ypasuenus (1). Kaxxnas Tpoiika ne-
JIBIX gmcest (a, b, ¢), YIOBJIETBOPSIONIMX 3TOMY YPABHEHUIO, HOCUT HA3BAHUE
nugazoposoti mpotxu.

Bce nmudaropossl Tpoitku MOTyT ObITH HAIEHDBI TJOBOJIBLHO TPOcTO. IlycTh

1eJible 4mciia a, b u ¢ 06pasyor nudaropoBy TPOWKY, T. €. CBSI3aHBI COOTHO-
a b

menueM a’ + b2 = ¢®. Tlonoxxum pajm Kparkoctn — = x, — = y. Torma x
C C

U Y — palMoHAJbHbIE YHCIIa, CBA3aHHBIC paBeHcTBOM x2 + 3y = 1. U3 mo-

y _1-=x

14z Y
JBYX OTHOIICHUI B IOJIyYE€HHOH IPONOPIUHA €CThb YUCJIO0 T, KOTOPOE MOXKET
u
OBITH TIPEJICTABJIEHO KAK OTHOIIEHUE JIBYX IEJbIX TUCEJT o MoxHo, mamee,

caenuero caenyer: ¥ = (1 — z)(1 + x) wm . Obruee sHaueHue

Hammeatb: y =t(1 4+ x) u (1 — x) = ty, wm xe

te —y=—t, r+ty=1.
V3 noJryueHHOl cucTeMbl ypaBHEeHHUil HeMeJIeHHO CJIeLyeT, U9To
r— 1—1t2 2
T YTy
a b U
TlogcTaBasss — U — BMECTO T U Y | - BMeCTo t, OyJIeM UMeThb
R
a _ vi—u? b 2w
¢ u?+o0?’ ¢ u?+v?’
OTcroa BBITEKAET
a= (v’ —u®)r,
b= (2uv)r, (2)
c= (u® +v°)r,
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rje 7 — HEKOTODBI paIMOHAIBHBI MHOMXKHTEIL ITPOIOPIUOHAJLHOCTH.
Urak, ecim auciaa (a, b, ¢) obpasyior nudaropoBy TpOHKY, TO OHH COOTBET-
CTBEHHO IPOIOPIMOHAJILHLI YuciaaM Bujaa v? — u?, 2uv, u? + v?. O6paTHO,
JIEFKO TIPOBEPHUTBb, UTO BCsikue Tpu 4ucia (a, b, ¢), onpejiejieHHbIE DaBEeH-
crBamu Buza (2), obpasyror nudaropoBy TpOiiKy, Tak Kak U3 paBeHCTB (2)
cemyer

a® = (u* — 2u*v? +0v*)r?

2 2..2\,.2

b* = (du*v®)r?,

= (u* + 2u*v® +v*)r?

TaK 4to a? + b% = 2.

DTOT Pe3ysIbTAT MOXKHO HECKOJIBKO yIPOCTUTE. VI3 HEKOTOPOIT Trdaropo-
Boii Tpoiiku (a, b, ¢) JIerko BbIBOIUTCs GECKOHEYHOE MHOXKECTBO JIPYIHUX I~
daroposbIx Tpoek (sa, sb, sc), KAKOBO ObI HI OBLIO I[EJI0€ ITOJIOKUTEJIBHOE §.
Taxk, u3 (3, 4, 5) nonyuarorest (6, 8, 10), (9, 12, 15) u 1. 1. Takue Tpoiiku He
SIBJITFOTCSL CYITIECTBEHHO PA3JIMIHBIMU, TaK KAK COOTBETCTBYIOT IOIOOHBIM
TpeyroJbHuKaM. MBI yCJIOBUMCS TOBOPUTH O NPuMumueholi nudaropoBoii
TPOIiKe, €CJIU 9UCIIA G, b 1 ¢ He UMEIOT ODIero MHOXKHUTE . MO2XKHO ToKa3aTh,
qT0 PHOPMYADL ) )

a=v°—u”,

b= 2uw,

c=u’+ 112,
2de U, U — NPOUSBONLHBIE UEABIE NOAOKHCUMEAbHBIE Yucaa (U > u), HE ume-
ougue 0OWUT MHOHCUMENET, U He ABAAIOUUECSH 00HOBPDEMEHHO HEUEMHLMU,
0a10m HaM 8Ce NPUMUMUBHDLE NUPA2OPOSBL POTKU.

* pra)KHeHI/Ie. ﬂOKa)KI/ITe IocJjieiHee yTBepzK/ieHue.

BoT npumepbl HIPUMUTUBHBIX TTH(HAaropoBbIX TPOEK:
v=2, u=1 (3,4,5), v=4, u=3 (7,24, 25),
v=3, u=2 (5,12, 13), v =10, u=7 (51,140, 149) wu T x.

B cBasu ¢ paccmorpenneM mmdaropoBbIX duces 6oJiee MM MeHee ecTe-
CTBEHHO BOZHHKAET BOIPOC O BO3MOKHOCTH CJIEIYTOIIEro 0G0OIIECHUST 3, TaTH:
MOYKHO JIM HafiTH TaKhe IeJble MOJOXKHUTEIbHBIE YHCIa a, b, ¢, KOTOpbIE
yI0BJIeTBOpsin Obl ypasHenuto a® + b® = ¢, i ypasnenuro a* + b* = ¢*,
UJIH, BOOOIIE FOBODS, YPaBHEHHIO

a” +b" =", (3)
rie mokKasaresb 1 — Iejioe 9ucjo, doJibinee 27 OrBer ObL1 gan Pepma, Ko-
TOPBIH MpUIIES K HEMY YMO3PUTEILHLIM IyTeMm. PepMma m3ydas OFHO CO-
ynnenne JIuodaHTa, M3BECTHOrO MaTEMATHUKA, JIPEBHOCTH, 3aHUMABIIErOC

Teopueil ynces, u uMesl OOBIKHOBEHUE JIe/IaTh IPUMEYaHNs Ha MOJIIX KHUTH.
XoTs oH He 3aTPyAHSI cebsi TeM, ITOOBI IPUBOIUTD TYT K€ JT0KA3ATEHCTBA
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MHOT'UX BBICKA3aHHBIX M TEOPEM, HO BCE OHU IIOCTEIIEHHO B JAJIbHEIIeM ObI-
JIA JIOKA3aHbl — 33 OJHIM BEChbMa 3HAYUTEJHHBIM HCKJodeHneM. [lo moBomy
nmudaroposeix unces Pepma cJeaan MOMETKyY, 4To ypasHernue (3) Hepas-
DEWUMO 8 UEADT WUCAAT, €CAU T > 2, HO UTO HAMJIEHHOE MM OCTPOYMHOE
JIOKA3aTeILCTBO ITON TEOPEMBbI CJIUIIKOM JJIMNHHO, YTOOBI €r0 MOXKHO OBLIO
IIOMECTUTH HA, MOJISX KHATH, C KOTOPOil OH paboTaJ.

910 yrBepxkerne Pepma B ero obmeil bopMe HUKOI/IA U HUKEM BIIO-
CJIEJICTBUM He OBbLJIO HU JIOKA3aHO, HU OIPOBEPIHYTO, HECMOTPS Ha YCUJIUSI
[eJIOTo psijia KpylHeimux MareMaTnkos.” [Ipagia, Teopema ObLta JOKa3aHa
JIJIs OYeHb MHOT'UX 3HAYEHWI n, B YaCTHOCTHU, JJisi Bcex n < 619, HO He st
BCEX BO3MOXKHBIX 3HAYEHHUI 1; BMECTE C T€M He OBbLJIO0 YKA3aHO W IPUMEpPA,
OIIPOBEPTaIONIEr0 TeOpeMy. XOTs caMa 10 cebe TeopeMa U He MMEeT OYeHb
0OJIBIIIOTO 3HAYEHUS B MATEMATHYECKOM CMBICJIE, HO IIOIBITKU JI0Ka3aTh ee
[TOJIOYKUJIN HAYAJIO MHOTUM BaKHEHIITMM UCCJIEI0OBAHUSM B 00JIACTH TEOPUU
qucesi. [Ipobiema BbI3BasIa GOJBINON MHTEPEC U B DOJIeE MUPOKUX KPYrax —
oTuacTtu Osarogaps npemun pasmepoMm B 100000 mMapok, mpemHasHAYEHHON
JJIsI JIATIA, KOTOPOE BIIEPBBIE JACT PEIIeHne, TPUIEM IPUCYXKJIEHNEe TPEMUN
6b110 nIopy4eHo [errunarenckoit Akajiemun. [Toka mociieBoerHast HHJIAIUS
B [epMaHny He CBejla Ha HET JIEHEXKHYIO IEHHOCTH ITOU IIPEMUU, €XKEroJl-
HO IIPEJICTABJISJIOCHh I'POMAJIHOE YHCJIO <«PEIIeHUl», COAEPKAIINX OIIUOKU.
Jlaxke CIienuaJnCcThl-MaTeMaTUKA He pa3 ObLIN BBEIEHBI B 3a0JIyKICHUE U
MIPE/ICTABJISIIN WJIH IIyOJIMKOBAJIN IOKA3ATEIHLCTBA, KOTOPBIE 3aT€M OTIIAIAJIN
rocjie OOHAPYKEeHUsl B HUX MHOU Pa3 KaKUX-HUOY/b ITOBEPXHOCTHBIX HEJ0-
cmotpoB. Co BpeMeHN MmaJieHust Kypca MapKH aykKHOTaxK BOKPYT IPOOJIEMbI
DepMma HECKOJIBKO IIPUYTUX; U BCE YKe [IPecca He IepecTaeT BpeMsl OT BpeMeH!
OCBEJIOMJISITH HAC O TOM, YTO PeIlleHre HANIEHO KaKUM-HUOYh HOBOSIBJIEH-
HBIM <«T€HHEM>.

§4. Aaropurm EBkimma

1. O6mass Teopusi. Uurare/ib TPEKPACHO 3HAKOM C OOBIKHOBEHHOM
IPOIIETY POl «VIMHHOTO» JIeJIEHNsI OJTHOTO IIEJIOT0 YUCJIa @ Ha APYroe Ynucio b
U 3HAET, YTO Ty MPOIEAYPY MOXKHO MPOJOJKATH JIO TE€X IOP, IMOKA OCTATOK
HE CTaHeT MEHbINe, YeM JeJuTeab. lak, ecau a = 648 m b =7, 1o MBI
noJrydaeM JacTHoe ¢ = 92 u octaTok r = 4.

648 | 7

63 92 648 =792 + 4.
18

14

4

Teopema Depma 6buta jtokazana B 1995 r. [TogpobHyo nucTopuio J10Ka3aTe/IbCTBa STOR
TeopeMbl MokHO Haiitu B KHure: Cunrx C. Benukas reopema @epma. —M.: MITHMO,
2000. — ITpum. ped. nacm. u3o.
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ITo sToMy TOBOIY MOXKHO CHOPMYJIMPOBATEH CJIEAYIONIYIO ODIIYI0 TEOPEMY:
ecau a u b —yeavie wucaa, nputem b OMAUNHO OM HYAA, O MONCHO 6Ce2da
HATMU MAKOE UEA0E HUCAO ¢, YN0

a=b-q+r, (1)
2de r ecmb yeaoe wucao, yoosaemsoparwee nepasencmey 0 < r < b.

JlokazkeM 9Ty TeopeMy HE3aBHCHUMO OT IIPOLEILYPbl JJIMHHOrO Aesenus. Jlocra-
TOYHO 3aMETUTh, 9TO YHCJO @ WJIU CAMO €CTh KPATHOE UHCJa b, MU ¥Ke JIeXKUT
MEKJIy JIByMsl TTOCJIe/IOBATEIbHBIMUA KPATHBIMU b,

bg<a<blg+1)=bqg+b.
B nepsoM ciryuae paserctso (1) onpasapbiBaercs, npudeM 7 = 0. Bo Bropom ciryuae
W3 TIEPBOTO HEPABEHCTBA BBITEKAET, UTO
a—bg=r>0,
a M3 BTOPOTO — 9TO
a—bg=r<b,
TaK 9TO YHUCJO 7' B 3TOM CJIydae YJOBJeTBopseT ycjioBuio 0 < r < b.

U3 yka3aHHOTO 0OCTOATENHCTBA MOYKHO BBIBECTH OOJIBIIOE YUCJIO Pas-
JIMYHBIX BAYKHBIX cjieacTBuii. [lepBoe U3 HUX — 3T0 METOJ JJjIsl HAXOXK ICHUS
00ITIero HaubOJIBINETrO AEJIUTENS JIBYX IEJIBIX THCEJL.

[Iycth @ m b — nBa KAKUX-TO TEJIBIX YNCJIA, HE PABHBIX OJIHOBPEMEHHO
HYJIIO; PACCMOTPHUM COBOKYITHOCTH BCEX YHCEN, HA KOTOPbIE JEJIATCS U a
u b. DTa COBOKYIIHOCTH, HECOMHEHHO, KOHEUYHAsl, TaK KaK €CJId, HAIIPUMED,
a # 0, TO HUKAKOe 4YnCjIo, GOJIbIee YeM @, HE MOXKET ObITh JEJIUTEIEM d.
Orciofa cjeyer, 9To YUC/IO ODIUX JeuTeNel a U b KOHEYHO; yCTh Yepe3 d
0003Ha"eH HAMOOJIBINNIT U3 HUX. UHUCJIO d HA3BIBACTCS 00ULUM HAUOOADULUM
deaumenem a u b, u Mbl ycjoBuMcs oboznadars ero d = (a, b). Tak, eciu
a =8, b= 12, To HenocpeiCTBeHHAs IIPOBEPKa IOKa3biBaer, 4To (8, 12) =
4; eciu a =5, b=19, T0 MBI TOuHO Tak ke moaydaem (5, 9) =1. Ecm a
u b— nocrarouno GosibIue ducia, HapuMmep a = 1804, b = 328, To monbiTKI
Ha#TH OOIMNif HAMOOJIBINIIIA IEJTUTEb ¢ TOMOIIBIO HEIOCPEICTBEHHBIX P00
JIOBOJIbHO yTOMUTEJbHBI. KOPOTKHUII U BIOJHE HAJEXKHBIA METOJI BBITEKAET
u3 anzopumma Eexauda. (AJIropurMoM HA3BIBAIOT BCAKHN CUCTEMATU3UPO-
BaHHBL 11preM Bbluucsienns.) OH OCHOBaH Ha TOM OOCTOSITEIBCTBE, YTO W3

COOTHOIIIEHNS BUJIA
a=b-qg+r (2)

(a, b) = (b, r). (3)

B camom JeJjie, BCAKOEe YUCJIO U, KOTOPpOE€ OJHOBPEMEHHO JICJIUT U 4 U b,

HEOOXOIMMO CJICIYET, ITO

a = su, b = tu,
JIEJINT TaK¥XKe U 7', TaK Kak r = a — bq = su — qtu = (s — qt)u; u obpaTHO,
BCAKOE 9HCJIO U, KOTOPO€ OZHOBPEMEHHO JIeJUT b u 1,

b=s"v, r=t'v,
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JIeJIUT TaKXKe U a, Tak Kak a = bq + r = s'vqg + t'v = (s'q + t')v. 3naunur,
KasKJIpIil OOl JenTesib a U b ecTb BMecTe ¢ TeM OOIIuii AejnTesb b u r,
u obparHo. Ho pa3 coBOKyIHOCTh 6cexr obIIUX JiejiuTesieil a u b coBmaiaer ¢
COBOKYITHOCTBIO BCEX OOIIUX JiejuTe et b u r, To siCHO, 9T0 O0IIuit Hauboab-
wutl JeTATEIb a U b TOJ>KeH COBIAIATD C OOIINM HAUOOADULUM JETATETEM b
u r. A 910 u Beipaxkeno pasencrBoM (3). Mbl cefivac y6equmMcst B 10JI€3HOCTU
YCTAHOBJIEHHOI'O O0CTOSITEJIHCTBA.

st 9TOrO BEpHEMCH K IIPUMEPY HAXOXKJIEHUs ODINero HamboJIBIIero Je-
smarens ynces 1804 u 328. OOBIKHOBEHHOE «JJIMHHOE» JeJICHUE

1804 | 328
1640 5
164

MIPUBOJIAT HAC K 3aKJIOUEHUIO, UTO
1804 =5 - 328 + 164.
Orciona B cuity (3) caenyer, 94ro
(1804, 328) = (328, 164).

BameTuM, 9TO 3aja4a BbIUUCAEHUs 0o0mero naunbosbiero gemurensa (1804,
328) 3amMeHeHa Telepb AHAJOTUIHON 3aa4eii, HO Jyist MeHbIUX yucest. Mox-
HO TIPOJIOJIZKATH TY MPOIEAypy. Tak Kak

328 | 164
328 2
0

TO MBI moJryyaeM gaJbire 328 =2 - 164 + 0, tak uro (328, 164) = (164, 0) =
= 164. Suaunr, (1804, 328) = (328, 164) = (164, 0) = 164, u obmuit HANGOIL-
uii JeuTesb HallJIeH.

DTa caMasi IPOIIE Iy Pa HAXOXK JEHMs O0IIEero HaubOJIBIIEro JeIUTE sl JIBYX
qucesl B reoMeTpuveckoii ¢popme onucana B « Hauamax» Eskimma. Mbr gaamm
ee oOIIee omucanne B apudMeTndeckoir hopMe, UCXOAs U3 MPOU3BOJIbHBIX
[EJIBIX 9ucesl @ U b, KOTOpbIe 00a OJHOBPEMEHHO He PABHBI HYJIIO.

Tax Kak cpady sicHo, 4T0 (a, 0) = a, TO MOXKHO JOIIYyCTUTb, 4TO b # 0.
IlocnienoBare ibHbIe JejIeHNsT IPUBOIAT HAC K €U PABEHCTB

a:bq1 + 7y (O<T1<b)

b:T1QQ+T2 (O<T2<T1)
T =Ta(q3 + T3 (0 < T3 < 7'2) (4)
ro=r3qu+rs (0<ry<ry)

Jlenerne POIOJIKAETCsI, [TOKa, KAKOW-HUOY/Ib U3 OCTATKOB Ty, T'y, T'3, ... HE

obpaTuTcd B HyJb. PaccMarpuBas HEPaBEHCTBA, BBIIMCAHHBIE CIIPABA, MBI
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BUJIUM, 9TO [TOCJIEJIOBATEIHHO MMOJIyIaeMble OCTATKHA 00pa3yioT yObIBAIOIILY IO
[IOCJIEIOBATEIHHOCTD TTOJIOKUTEIHHBIX TUCEIT:

b>ry >ry>ryg>ry>...>0. (5)
Orcrofa sICHO, YTO HOCJE KOHEYHOIO YHCja JejeHuil (Hy»KHO ClesiaTb He
OoJtee b omeparuii, HO YACTO TOPA3/I0 MEHbIE, TaK KaK PAa3HOCTU MEXKIy
COCEZIHUMH I OOBIKHOBEHHO IIPEBBIIIAIOT €JMHUILY ) JOJIZKEH IIOJIy YUTHCST OCTa-

Tok (:
Tn—2 =Th-1qn + Tn,

Tn—1 = Tnqn+1 + O
Kaxk ToJIbKO 3T0 MOJIy9nIoch, MBI MOXKEM YTBEPKIATH, YTO
(aa b) =Tn;
dpyeumu caosamu, obwull naubosvwul deaumenv (a, b) pasen nocaedre-
My ocmamxy 6 nocaedosamenvhocmu (5). DTO clepyeT U3 MHOMOKPATHOIO

IpUMEHeHnsT paBeHCTBa (3) K cooTHomeHusIM (4); B caMoM Jiefie, U3 9THX
COOTHOIIIEHUI CJIeIyeT:

(a7 b) = (b7 7’1)7 (b7 7’1) = (7’1, T2)7 (7’1, TQ) = (7"27 7"3);
(ro, r3) =(r3y 1a)y ooy (Tho1, Tn) = (rn, 0) =1,
VYupaxkuenue. BruinosiauTe aaroput™m EBKInIa ¢ Membi0 HAXO0XK IEHUST OOIIETO

HanbOJIBIIETO AenuTens aucet: a) 187, 77; 6) 105, 385; B) 245, 193.

U3 paseHcTs (4) MOXKHO BBIBECTH OJIHO YPE3BbIYAHO BAXKHOE CBOWCTBO
obrero Hanbosbiiero geaurens (a, b): ecau d = (a, b), mo moorcro natimu
MAKUE YEADLE NOAONHCUMEADHBIE UM ompuyamensisie wucaa k u l, wmo

d=ka+ 1. (6)
Yrobbl ybeuThes B 3TOM, PACCMOTDPUM IIOC/IE0BATE/IbHbIE ocTaTku (5).
ITepsoe u3 paBencrs (4) Ham Jaer

n=a— Q1b7
TaK 4ro r; MOxker ObITh 3amucaHo B dopme kia + ;b (B mamuom ciydae
ki =1, 1, = —q). U3 caenyiomero paBeHCcTBa 1101y 9a€TCsI

Ty = b— 271 = b— qg(kla + llb) = (_Qle)a + (1 — qgll)b = ]fga + l2b

OueBUIHO, TAKOE JKe PACCYKJIEHIE MOYKHO 110 OYepeu IPUMEHUTDH KO BCEM
OCTATKaM '3, 'y, ..., HOK& MBI He [IPUJIEM K IIPE/ICTABIECHUIO

r, = ka + b,
KOTOPOE U KeJIAJIH IOy YUTh.
B xadectBe mpuMepa paccMOTpUM aJropuTM EBK/INIa B MPUMEHEHUHN K
HaxoxieHuto (61, 24): obmuit HanbGospmumil geuTess ecTh 1, 1 HHTEpECyo-
1ee Hac IpeJicTaBJIeHue Yucia 1 rmojiydgaeTcs U3 PaBEHCTB

61=2-24+13,  24=1-13+11, 13=1-11+2,
11=5-2+1, 2=2-1+0.
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[IepBoe n3 3TUX paBEHCTB JaeT
13=61—2- 24,

BTOpPOE —
11=24—13=24— (61 —2-24) = —61 + 3 - 24,

TpeThe —
2=13-11=(61—-2-24) — (—61+3-24)=2-61 —5-24
U, HAKOHEIl, I€TBEPTOE —
1=11-5-2=(—61+3-24) —5(2-61 —5-24) = —11-61 + 28 - 24.

2. IIpumenenune K OCHOBHOII Teopeme apudMeTuku. Tor daxr,
uro d = (a, b) Bcerga Moxker ObITh 3anucano B ¢hopme d = ka + Ib, nozsosur
HAM [PUBECTHU JOKA3ATEIHLCTBO OCHOBHOU TEOPEMbI apU(DPMETHKH, OTIHIHOE
OT TOro, KOTOpOe OBLIO U3JI02KeHO Ha cTp. 42. CHavyajia B Ka4eCTBE JIEMMBbI
MBI JJOKaXKeM CJIeJICTBUE, IIPUBEJIEHHOE Ha CTP. 43, a 3aTeM y2Ke U3 Hero BbIBe-
neMm Teopemy. Takum 0Opa3oM, X0 MbIC/IEl Oy/IeT Ternepb MPOTUBOIOJJIOXKEH
MIPEKHEMY.

Jlemma. Ecau npouseedenue ab desumcs Ha nmpocmoe wucao p, mo
ual a, uau b deaumes ma p.

IIpemmosoxKum, 9TO a He JeJuTcs Ha p; Torja (a, p) = 1, Tak Kak p uMeer
JINIIb JBa JejuTesisi: p u 1. B TakoM ciydae MOXKHO HallTH Takue IieJible
qucia k u [, aTo

1=ka+ Ip.
VmuOX)asg 00e 9acTh PABEHCTBA HA b, MOy IHM:
b= kab + Ipb.
Tak kak ab geauTCcs HA P, TO MOYKHO HAIMCATD
ab=npr,

TaK 4To
b= kpr + Ilpb=p(kr + 1b),
¥ OTCIOZa SICHO, 9TO b jmesmrest HA p. TakuM 00pa3oM, Mbl YCTAHOBUJIN, UTO
ecau ab nenmrTcs Ha p, HO a4 HE JEJIUTCs, TO b HEIMPEMEHHO JEJINTCA Ha P
3HAYUT, BO BCAKOM CJIydae, WIN a, WIN b JIeJuTcs Ha p, pa3 ab jiejuTces Ha p.
O6001menne Ha CIydail TPOU3BEIEHUsI TPEX WU OOJIBIIEro YUCJa MHO-
KuTesell He mpejictaBisieT Tpyda. Hampumep, eciau abe jenmres Ha p, TO
JIOCTATOYHO JIBAKJIbI IPUMEHUTD JIEMMY, YTOOBI TIOJIYYUTh 3aKII0YEHUE, ITO
110 MEHBINEl Mepe OJIMH U3 TpeX MHOXKUTeNeH ab u ¢ gemurcs Ha p. B camom
Jiejie, eCJiv p He JIeJUT HU 4, HU b, HU ¢, TO He JeJuT ab U, CJIeI0BaTebHO,
He jesut (ab)c = abe.

VYupaxkueHue. O6001ieHNe 3TONO PACCYKIACHUS Ha CIydail IPON3BEICHUS U3
MIPOU3BOJIBHOTO YUCJIA N MHOXKHUTEJEeH TpeOyeT SIBHOIO MJIM HESIBHOT'O IIPUMEHEHUsT
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NIPUHIINIIA MaTeMaTHIeCKo! HHAyKunu. Bocrponsseanure Bce geTau COOTBETCTBY-
IOINAX PacCy>KJICHUIA.

W3 noydeHnHoro pesynprara HEMEIJIEHHO II0OJIyYaeTCsl OCHOBHAS TEOPEMA
apudmernru. [IpenrmosokumM, 9T0 UMEOTCS J[Ba PA3JIOXKEHUs IEJI0r0 UUC-
Jgia N Ha TpPOCThIE MHOYKUTEJIN:

N=pips...pr =q1¢2-- - qs.

Tak Kaxk p; JEJUT JIEBYIO YaCTh PABEHCTBA, TO JOJI2KHO JICJIUTH U MIPABYIO U,
3HAYUT (CM. IPEIBIIYIIee YIIPAXKHEHUE), JOIKHO JEJIUTh OAUH U3 MHOKUTE-
seit q,. Ho g, — mpocroe duciio; 3Ha9uT, p; JTOMKHO PaBHATHCS ). CoKpaTun
PaBEHCTBO Ha OOIMUII MHOXKHUTEIb P; = (i, OOPATUMCH K MHOXKUTEJIO Py U
YCTAHOBUM MAKUM e 00pa3om, wmo on pagen nexomopomy q;. CoKpaTus
Ha Py = @y, TIEPEXOIUM, Jiajiee, K MHOXKUTEJIO Pz, U T. JI. B KOHIIE KOHIIOB
COKpATATCS BCe MHOXKUTEJHM P, U cjaeBa octaneTcs 1. Tak kak q — 1esbie
MTOJIOKUTEJIbHBIE UHCJIa, TO U CIPaBa He MOXKET OCTAThCA HUYIEro, Kpome 1.
Urak, gucna p u quciaa ¢ OyayT MONAPHO PABHBI, HE3ABUCUMO OT IMOPSJIKA;
3HAYNT, 002 PA3JI0KEHUsT TOXK/IECTBEHHBI.

3. ®yuknus ditnepa ¢(n). Emte pas o reopeme ®epma. T'osopsr,
9TO JIBA MEJBIX YUCTA 4 U b 63aUMHO NPocmbie, ecau ux 0bwuli naubosvwul
deaumenn pasen 1:

(a, b)=1.

Hampumep, uncia 24 u 35 B3auMHO TIPOCTHIE, HO 4ncaa 12 u 18 He B3amMHO
MIPOCTHIE.
Ecau a u b 63aummo npocmuie, mo MoHcHO nodobpams maxue ueavle

yucaa k u l, wmo
ka+1b=1.

1o caepyer u3 cpoiicra (a, b), ormedennoro Ha crp. 64.

VYupaxxkuenue. [lokaxkure teopemy: ecau npoudsedenue ab deaumcsa wa T,
npuvem T U a 63aummno npocmuie, mo b deaumca na r. (Vkasanue: ecma T u a
B3aMMHO IIPOCTBIE, TO MOXKHO HAMTH TaKue Iejble Juciaa k u [, 9to

kr +la=1.

BareM yMHOXKbTe 00€ JacTH paBeHCTBa Ha b). DTa Teopema 0606IIAET JIEMMY CO
cTp. 65, Tak KakK IIPOCTOE YUCJIO P B TOM M TOJIBKO B TOM CJIydae sIBJISIETCS B3aUMHO
IIPOCTBIM C @, €CJIA @ He JIeJINTCS Ha .

IIycTb m — HpOU3BOJIBHOE IEJI0E TIOJIOYKUTEIHHOE YUCII0; 0DO3HAYNM Ue-
pe3 ¢(n) KOIMIECTBO TAKHUX LEJILIX YHCENI B Ipedeax oT 1 o n, KOTopble
SIBJISIIOTCS B3AMMHO IIPOCTBIMHE C YHCJIOM 1. Belpazkenue ¢(n), BIepBble BBe-
JIeHHOE DIJIePOM, IIPeJICTABIIAET COO0I OUeHb BasKHYIO TEOPETHKO-IHCIOBYIO
dbyuxrmo. Jlerko mojcunTaTh 3HaUEHUSA Q(N) JJIst HECKOJBKHX MEPBBIX 3Ha-
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YeHU n:
¢(1)=1, rakkak 1 SIBJISIETCSI B3AUMHO TIPOCTOM ¢ 1
9(2)=1, > » 1 > > 2
9(3) =2, > » 1wm2  gBIAIOTCA B3AaMMHO IPOCTBLIMA C 3
o(4) =2, >» » 1u3 » » 4
¢(5) =4, » > 1,2,3,4 » » )
¢(6) =2, > » 1,5 » » 6
¢(7) =6, >» » 1,2,3,4,5,6 » » 7
¢(8) =4, > > 1,3,5,7 » » 8
¢(9) =6, > > 1,2,4,5, 7,8 » » 9
p(10)=4, » » 1,3,7,9 » » 10

u T I
Bamernm, 410 @(p) = p — 1, ecim p — IPOCTOE HHUCIO; B CAMOM Jeje, ¥

qHuCaa P HET JeIuTeleil, KpoMe 1 u p, u moroMmy Bce umcaa 1, 2, ..., p—1

ABJIAIOTCA B3aMHO IIPOCTBIMH C P. Ecaun n cocrasnoe u ero Pa3JIOZKEeHne Ha
IIPOCThIE MHOXKHUTE/IX UMEET BUL

— %1 02 (o
n=ppy...p.",
rae 9ucia p 0603HAYAIOT pa3IddHbIe MPOCThIE MHOXKHUTEIN, KAXKIbII U3 KO-
TOPBIX BO3BOJIUTCA B HEKOTOPYIO CTENEHb, TO TOTJIA

or=n(1- )1 1) (1- 1)

Hanpumep, u3 pasnoxkenus 12 = 22 - 3 ciemyer

s =12(1-1) (1-3) =2 (3) (2) =4

9TO JIETKO IIPOBEPUTH M HEMOCPEIACTBEHHO. Jl0Ka3aTebCTBO NMPUBEIEHHON
TEeOPEMbI COBEPIIIEHHO 3JIEMEHTAPHO, HO MBI €I'0 He IIPUBO/IIM.

Yupakuenue. Ilonbsyscs dynkupmeii diisepa ¢(n), o6obmmre Teopemy Dep-
Ma, IPUBEJIEHHYIO Ha cTp. 55. O6obueHHass TeopeMa HOPMYJINPYETCs CIIELYIONIM
06pa3oM: ecau N — YEAOE YUCAO U G B3AUMHO NPOCMO C N, MO

a”™ =1 (mod n).

4. HemnpepsoiBuble apobu. JInodaHToBbl ypaBHeHUsi. AJropurm
EBknunzna, cayxamuii 1718 HaX0K/IeHus 00Iero HanbOoIbINEro IEeJINTEN ABYX
[EJIBIX YUCEJI, CPa3y K€ IPUBOJUT K OYEHb BayKHOMY METOJLY IIPE/ICTABJIEHUST
OTHOIIIEHUsI JIBYX IEJIbIX YKCEJI B BHJIEe HEKOTOPOI CJIOXKHON 1pobu 0coboro
BHUIA.

Hampuwmep, B npumenennn k unciaam 840 u 611 anropurm EBkianna maer
PsiZl PABEHCTB

840 =1 - 611 + 229, 611 =2 229 + 153,
229 =1-153 + 76, 153 =276+ 1,
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KOTOpbIe, MEXKJIy IIPOYMM, IoKa3biBaooT, uro (840, 611) = 1. Ho u3 srux
PABEHCTB, ¢ APYTOH CTOPOHDI, Oy IAIOTCA CIIEAYIONTHE:

840 229 1
229
611 153 1
220 2t T2 (Y
153
229 76 1
e AR T A ()
76
153 1
20 9y
76 <76
KoMmbunupys mociename paBeHCTBA, MBI IPUXOAUM K CJIEIYIONEMY DPa3JIo-
0
ZKEHUIO YUuCJIa a
840 1
T e W
2+ 1
1
2+ 6
Bripaxkenue Buma 1
a=ag+ 1 ) (7)
o+ ——
az + -. 1
4 a

rJle BCe YHCJIa @ TeJIble TOJI0KUTE/IbHbIE, HA3BIBACTCS HENPEPbLeHot dpobvio.
Ausrropur™ EBkyria gaet MeTo JJIsT TIPEJICTABIEHUS BCSIKOTO PAITHOHAJIHHO-
0 YHUCJa B BUJE TAKON HEIPEPBIBHON IpOOH.

VYupaxxkuenue. Pasnoxure B HelpepbIBHBIE IpOOU PAIMOHABHBIE THUC/IA
2 43 169
5° 300 70°
* HenpepbIBHBIE IpOOH UTPAIOT BaXKHYIO POJIb B TOH 061acTH BBICIIEH apudme-
THKM, KOTOPYIO MHOI'/Ia HA3BIBAIOT MO aHTOBBIM aHau3oM. JJuoganmoso ypasre-
HUE — ITO aJredbpanvecKkoe ypaBHEHNE C OJHUM UJIN C HECKOJTbKUMY HEM3BECTHBIMU,
BCe KOI(PDUIINEHTH KOTOPOTO — YEAble TUCTIA, TPUIEM CTABUTCS 33/1a9a OTBICKA-
HU{ JINIIb Yeanx ero KopHeil. Takoe ypaBHeHHE MOXKET UJIM BOBCE HE NMETH Dellle-
HUI, WJTH IMETH UX KOHEYHOE YHCJIO0, WIN, HAKOHEI], MMETh OECKOHETHOE MHOYKECTBO
pemenntii. [Ipocreiiinee nnodanTOBO ypaBHEHNE — AUHEUHOE, C TBYMS HEM3BECTHDBI-
MH:
ar +by=c, (8)
rae a, b, c— maHHBIE TIeJIble YHUCa, U TPeOyeTcss HAWTH 1eble perenns x, y. [los-
HOE pellleHne YPaBHEHUs 9TOTO THIA MOXKET ObITh HAN/IEHO TOCPEACTBOM aJITOPHUT-
Ma, EBkimia.
Ipezkie BCero 3TOT AJIrOPUTM MO3BOJAT HAM onpeaeauTs d = (a, b); 3aTem, Kak
MBI 3HA€M, IIPU HA/JJIE’KAIEM BBIOODE IEJIbIX 4ucest k 1 | BBIIOJHAETCS PABEHCTBO

ak + bl = d. (9)
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Urak, ypasaenue (8) umeer 4acTHoe pelnenue & = k, y = | B TOM ciydae, ecu ¢ = d.
Boobirie, ecotut ¢ ecth KpaTHOE d,

c=d-q,
TO U3 paBeHCTBa (9) MBI BLIBOAUM
a(kq) +b(lg) =dq=c,

TaKk UTO B ITOM CJydae ypaBHeHHEe (8) MMeeT dYacTHOe perreHume r = r* = kq,
y = y* = lgq. O6parHo, eciin ypasHeHue (8) mmeer IpU JAHHOM C XOTh OJHO pe-
IeHne T, y, TO C JOKHO ObITh kpatubiM d = (a, b): meficrBurennno, d menut
W a ¥ b, clleIOBATE/IBHO, JOJIKHO JIETUTh ¢. MBI JOKa3a/u, TaKUM 00pa3oM, UTO
ypasHeHue (8) mMeeT (XOTb OJIHO) DEIEHHE B TOM M TOJIBKO TOM CIlydae, eCH C
kpartHo (a, b).

ITocmoTpuM Temeph, Kak, 3Hasl OJHO pelleHue T = x*, y = y* ypasHenus (8),
OlIpeJIesIUTh BCe Npoune pertenusi. Ilycts x = 2/, y = ¢y’ ecTb Kakoe-nbO HHOE
pemienue; Torma € = x' — x*, y =y — y* eCcTh peleHue «OJHOPOJHOrO» yPABHEHUST

azx + by = 0. (10)

HeficTBUTEIEHO, U3 PABEHCTB
ar'’ +by' =c u az*+by*=c
MOCPEJICTBOM BLIYUTAHUS MOJTYIaeM
a(z’ —z*) + by —y*) =0.

O6pamasce Tenepb K ypasaeruio (10), MBI BHEM, 9TO OBIIEe €ro PeIeHne nMeeT
BUJ T = ﬁ, y= f% rje r — npomusBosibHOe 1esoe uucio. (IIpemocrasisem
JIOKa3aTeJbCTBO YNTATEIIO B KAUeCTBe ylparkKHeHusl. Ykasanue: pasjesure Ha (a,

b) u Bocnosb3yiiTech ynpaskuerueM Ha cTp. 66.) 3areM oKoHUATEIBHO By1eM UMETh
ob1ee pemteHue ypasHeHust (8):

* ra

o x Tb _ _
TET A Gy VY Ty

Ilogsenem wroru. JIuueitHoe mmodaHTOBO ypaBHeHme ax + by = ¢, rae a, b
7 ¢ — TeJible 9HCiia, UMeeT ITeJible PENIeHUs B TOM U TOJIBKO TOM CJIydae, €CJIH C
kpaTHO (a, b). B aroMm ciydae dacTHOe perreHme T = T*, y = y* MOXKeT ObITb
HaiIeHO mocpeICTBOM ajropurMa EBkiua, a camoe obliee nMeeT BUJL
rb o ra
@o YTV T @y
rJe r — IMPOU3BOJIbHOE IEJI0e YHUCIO.

r=x" +

IIpumepsl. Ypasaenue 3z + 6y = 22 He MMeeT LEJbIX PEIIeHU, TaK Kak (3,
6) = 3 me memur 22.

Ypasuenune 7r + 11y = 13 umeer gactHoe pertenne x = —39, y = 26, KoTOpoe
HAXOIUTCS C IIOMOIIBIO CJIEAYIOMINX BBIYHUCJIEHUI:

11=1-7+4, 7=1-4+3, 4=1-341, (7,11)=1,
1=4-3=4—(7T-4)=2.4-7=2(11-7)—7=2-11-3-7.
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TJI.

Otcrona ciemayer:
7T-(=3)+11-(2)=1,

7-(=39)+11-(26) =13.
OcTrasibHBIE peleHust JA0TCsa (POPMYTIAMI
r=-39411r, y=26-—"Tr,
rJe 7 — IPOU3BOJIbHOE EJI0e UUCIIO.

VYupaxkuenue. Pemmre 1nodaHTOBbl ypaBHEHMSI:
a) 3z — 4y =29;

6) 1lx 4 12y = 58;

B) 153z — 34y =51.



Fr1TABA II

MaTremaTndeckasi YMCJIOBasi CUCTEMA

BBenenune

B nasbHeiiineM Mbl JOJKHBL B O9€Hb 3HAYNUTEJIHHON CTEIIeHN PACIIMPUTD
[IOHSITUE YHUCJIA, CBSI3bIBAEMOE IIEPBOHAYAJIBLHO C HATYPAJIbHBIM PSJIOM, JJIst
TOro 4TO0BI CKOHCTPYHPOBATH MOIIHBIN HHCTPYMEHT, CIIOCOOHBIN Y/I0BJIETBO-
PATH MOTPEOHOCTIM U MPAKTUKK, ¥ Teopuu. VlcTopuaeckn — B IIporiecce J10JI-
roif 1 HEYBEPEHHO MPOTEKABIIEH IBOJIONNH — HYJIb, II€JIbIE OTPUIATEILHBIE
qucia ¥ PaldoHaIbHBIE JIPO0OH IPUOOPENH IIOCTEIEHHO Te YK€ IpaBa, u4To U
quCJIa HATYPaJbHOIO Psifia, U B HAINM JHU [IPABUJIAMH JeHdCTBHIl CO BceMU
STUMHU YHCJAMH MPEKPACHO OBJIAJIEBAET CPEIHHUI PeOEHOK IIKOJIBLHOIO BO3-
pacra. Ho mist Toro 4robbl 06ecieduTsb MOJIHY0 CBOOOLY B ajredpamdecKux
omepanusx, HyKHO UIATA U JAJbIIE U OXBATUTH PACIINPEHHBIM TOHSATUEM
TaK>Ke UPPAIMOHATBHBIE U KOMILIEKCHBIE UNC/Ta. XOTS 3TH 0O0OIIEHNS TOHSI-
THSI YUACJIa YHOTPEOJISIINCE Y¥Ke CTOJIETHsI TOMY Ha3aJ U Ha HuUX Oasupyercs
BCsl COBPEMEHHasl MaTeMaTHKa, HO Ha, IIPOYHBIi JIorndecKuil pyHIaMEHT OHU
OBLIN TIOCTABJICHBI JIUIIL B HeJaBHee BpeMs. B HacTosIeil riaaBe Mbl 1a 1AM
0YepK OCHOBHBIX 3TAIIOB 9TOr'0 Pa3BUTHUSI.

§ 1. PammonajibHbIE YHucCJIa

1. PanuonajbHbIe YHCJIA KaK CPeJCTBO m3MepeHusi. Harypasb-
HBIE YNCJIa BOZHUKAKT KaK abCTPaKIUsl B IIporecce cueTa 00beKTOB, 0bpasy-
FOIUX KOHEYHbIE COBOKYTHOCTH. HO B MOBCETHEBHON YKU3HU HAM [TPUXOIUTCS
HE TOJIBKO CHUMAMb 00HEKTHI, WHINBUATyaTbHO OTJ/ICJICHHBIE OJJUH OT JIPYTO-
ro, HO U U3MEPAMb GEAUYUHL, HAIIPUMED TaKWe, KaK JJIMHA, IJIOMAb, BEC,
BpeMst. Eciim Mbl XoTuM 06ecrieduTh CBOOOMY Olepaluii ¢ pe3yabTaTaMy 13-
MEPEHMS TAKUX BEJIMYUH, MOTYIINX HEOTPAHUYEHHO JEJIUTHCI HA YACTH, HAM
HEOOXOJIMMO, He OIPAaHUYUBASICh HATYPAJbHBIM PSJIOM, PACIIUDUTD TPEIETbI
apudMeTUKH U CO3JaTh HOBBI Mup 4gucei. [lepBoiii mar 3akiodaercs B
TOM, 9TOOBI TPOOIEMY U3MEPEHUsT CBECTH K Tpobsieme cueta. Mbl BeIOMpaem
CHAYAJIA COBEPIIEHHO ITPOU3BOJIBHO euHUYY usmeperus — MyT, sapii, JTIouM,
¢yHT, TpaMM — CMOTPs IO CJIYYAI0, U ITON eJIUHUIE IIPUITACHIBAeM Mepy 1.
3areM MbI CUATAEM YUCJIO TAKUX EJUHUIL, BXOJSIINX B U3MEPSIEMYIO BEJIUIM-
Hy. MoXKeT CIIyduThCsi, 9TO JAHHBIA KYCOK CBHHIIA BECUT POBHO 54 dyHTA.
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Ho B obmem ciaydae, KaK MBI 3aMedaeM, IPOIECC CUETA <HE CXOIUTCS»:
JaHHAS BEJIMYNHA HE U3MepseTcs abCOJIFOTHO TOYHO BHIODAHHOW €IUHUIIEN,
He OKa3sbiBaeTcs eii kparHoil. Camoe GoJiblliee, 9TO MbI MOXKEM CKa3aThb B
3TOM CJIy4ae, — 9TO TO, YTO OHA 3AKJIOUEHA MEXKJLY JIBYMS OCJIEIOBATE b~
HBIMI KPATHBIMY ITOM €IWMHUIIBI, JOMyCTuM, MexK iy 53 u b4 dynramu. Ecan
TaK JIEUCTBUTEHHO IIPOUCXOIUT, TO MBI JIeJIaeM CJIEJIYIONMINIA Iar U BBOJIM
HOBBIE IObEIUHUIIBI, TOJIYYAIONUECH OT MOAPA3/e/IeHns IePBOHAYAIBHON
€JIMHUITBI HA HEKOTOPOe |HCJIO N PaBHbIX dacTeil. Ha 0OBIKHOBEHHOM $I3bIKE
9TU HOBBIE MObETUHUIIBI MOTYT UMETDh T€ WJIM WHbIE HA3BaHUsI; HAIPUMED,
dyT nonpasnaensiercs va 12 mioitmos, meTp — Ha 100 canTuMeTpOB, DyHT — Ha
16 yumwmit, vac — na 60 muayT, MUHYTa — Ha 60 cexynm, u 1. 1. OgHAKO B 00-
el MaTeMaTHIeCKO CHMBOJIUKE T0IbEeIMHIIA, TI0JIyIaeMas IPH [I0/IPa3/1e-

JIEHUU TIePBOHAYAJIBHON €IMHUIIBI HA N 9acTell, 0003HAYAETCST CUMBOJIOM —,
n
U €CJIH PacCMaTpUBaeMasl BeJIMINHA COJEPKAT POBHO 1M TAKUX IOIbEINHMAII,
m
TO ee Mepa TOrJia eCTh —. DTOT CUMBOJI HA3BIBAETCS Jpobblo WU omHouLe-
n

ruem (nHOTIA TIHIIYT M : n). [locseqauil, 1 caMblil CyIIeCTBEHHBIH, mar 6bLT
COBEPIIEH yXKe oco3HaHHO 110cJIe MHOTHX CTOJIETUN HAKOILJIEHUS OTHEJIbHBIX

YCUJIUN: CUMBOJI — ™ 6bin OCBODOXKJIEH OT €ro KOHKPETHOM CBA3MU C IIPOIECCOM
U3MepeHus u caMiMHT U3MepPSAEeMBbIMHI BEJIMYUHAMU U CTaJ PACCMaTPUBATHCS
KaK OTBJIEYEHHOE YUCAO, CAMOCTOATEbHAs CYITHOCTh, YPaBHEHHAA B CBOUX
paBaxX C HATYPAJBHBIM YnCIOM. Ecim m u n — HaTypaJibHble YHC/A, TO

m
CUMBOJI — HAa3BbIBACTCA PAUUOHANDHOIM YHYUCAOM.
n

YuorpebiieHre TepMUHA «UUCJI0» ([IEPBOHAYAJNBHO IO, «9UCJIAME» I10-
HUMAJIM TOJBKO HATYDAJBHBIE UUCJIA) MPUMEHUTEIBHO K HOBBIM CHMBOJIAM
OTIPAB/IBIBAETCS TeM OOCTOSTEIHLCTBOM, UTO CJIOKEHHE M YMHOYKEHUE ITUX
CHUMBOJIOB HOYIUHSAIOTCS TEM K€ 3aKOHAM, UTO M COOTBETCTBYIONIUE Olepa-
WY HAJ[ HATYPAJBHBIMEU IUCTAMEA. TTOOBI B 9TOM yOEIUThCs, HY>KHO CHAYA~
JIa OIIPEJIEJINTD, B YeM 3aKJIIOYAIOTCS CJIOKEHUE U YMHOXKEHIE PAINOHATBHBIX
9HUCelI, 8 TAKZXKe OIPEJIENINThH, KAKUe PAIMOHAJIBHDBIE YUCJIa TPU3HAIOTCS PAB-
HBIME MEXKJIy CODON. DTH OIpejiesieHus], KAaK BCeM M3BECTHO, TAKOBBI:

a,c_oadtbe a c_ac a_, ac_a (1)
b d bd ’ b d bd’ a > be b’
r7e a, b, ¢, d — npousBoJIbHbIE HATYpaJIbHbIE Yncaa. Hampumep,

4 2-5+3-4 10+12_22 2 4 2.4 8
**3 55 15 13 3 5 35 15
3_, 8 _24_2
3 ’ 12 34 37

ODTU caMble ONPEJESCHUsT MBI GbiHYIHCIeHb, TPUHSITH, €CJU UMeeM B BUJLY
HCIIOJIb30BaTh pPalliOHaJbHbIe YUC/Ia JJId U3MEPeHnus JJINH, IIJI0IIa el U T. II.
Ho ¢ Gostee cTporoii jlormveckoil TOYKU 3pEHUs] ITU IPABUJIA CJIOKEHUS U
YMHOXKEHUS U 3TO TOJKOBAHUE PaBEHCTBA 110 OTHOIIEHWIO KO BHOBb BBO/IU-
MBIM CHMBOJIAM yCTAHABIMBAIOTCA HE3aBUCUMO IO OIIPEIEIEHUIO, He Oy1yan
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00YCJIOB/IEHBI KAKOM-TO0 MHON HEOOXOMMMOCTHIO, KPOME B3aWMHONW COBMeE-
cTrMOCTH (HEPOTUBOPEYMBOCTH) U TPUTOJHOCTA K MPAKTUIECKUM TIPHIIO-
skeHusiM. Viexonst u3 onpegesenuit (1), MOYXKHO OKa3aTh, ITO OCHOBHVIE 3a-
KOHDL APUPMEMUKY HAMYPAADHBLL YUCEA NPOJOANCAIOM COTPAGHAMBCA U 6
0064aCTNU BCET PAUUOHAALHBIT HUCEN:

p+q=q+p (KOMMY TATHBHBIH 3aKOH CJIOXKEHN:),
p+(g+r)=(p+q +r (acconuaTHBHBIN 3aKOH CJIOKEHNUS),
pg=qp (KOMMYTATUBHBIN 3aKOH YMHOXKEHHUsI ), (2)
p(gr) = (pg)r (acconuaTuBHBII 3aKOH YMHOXKEHUS ),
p(g+7r)=pq+opr (mucTpUOY TUBHBII 3aKOH).

Taxk, Hampumep, JOKA3aTEIHCTBO KOMMYTATHBHOTO 3aKOHA CJIOXKEHUS B CJTY-
qae 1pobeil SICHO U3 CJIEIYIONNX PABEHCTB:

ad+bc _cb+da ¢ | a

bd db ~—d b’

a C
PR

3/leChb IIepBOe U IIOCJIeJHEe PABEHCTBA OIIPAB/IBIBAIOTCS OIpeJieIeHHEeM CJI0-
kenus (1), a cpejiHee eCTb CJIEICTBAE KOMMYTATHBHBIX 32KOHOB CJIOXKEHUS
U YMHOXKEHUS B 0DJIACTH HATYPAJIBHBIX UNUCET. JUTATEb CMOXKET, €CJIN I0-
2KEJIAeT, IPOBEPUTH TAKUM 2Ke 00PA30M YeThIPE OCTAJIBHBIX 3aKOHA.

2. Bo3HukHOBeHUE HAZOOHOCTU B PAIlMOHAJIBHBIX YHCJIAX BHYT-
pu camoii matrematuku. IIpuHIun ob6o6imenuns. Hesasucumo ot «1pak-
THYECKOTO» OCHOBAHWs JIJIsi BBEJEHUS PAIMOHAJBHBIX YHCEJ CYIIECTBYET
OCHOBaHUe 00Jjiee TUIyDOKOE U HOCHIIEe B H3BECTHOM CMBICJIE ele OoJiee
NIPUHYAUTEIbHBI XapakTep. Ty CTOPOHY Jeja MBI PACCMOTPUM 3IeCh
COBEPIIIEHHO HE3aBUCHUMO OT IIPUBEIEHHBIX BHIIIE paccykiaeHuii. B obbranoit
apudMeTrKe HATYPAJIbHBIX YHCEJ MBI BCET/Ia MOYKEM BBIIIOJIHATH OCHOBHBIE
npAmbvle OLEPAINU — CJOKeHne n yMHOXKeHue. Ho obpammnuvie onepanuu —
BBIUMTAHUE W JIeJIEHWE — He BCerJa BBINOJHUMBIL. PasHocTh b — a JByX
HaTyPAJIbHBIX YUCEJI ¢ U b €CTh 110 OIPEIeJIEHNIO0 TAKOE HATYPAJIbHOE YUCIO C,
910 @ + ¢ = b, T. e. 9TO ecTh pemenne ypasHerus a + r = b. Ho B obsactu
HATYyPAJBHBIX YHCEJ CHMBOJ b — @ WMeeT CMBICJ JIMINb I[IPA OUDAHIYIE-
Huu b > @, TaK KaK TOJBKO IIPU 3TOM YCJIOBHM ypaBHeHUe a + x = b umeer
pellieHreM HaTypajbHOe d9ucjo. Ha IIyTH K CHSITHIO 3TOINO OIPAHUYEHUs!
Cepbe3HBI mar ObLI ClIeJIaH yXKe TOrnaa, Korda ObuT BBemeH cumBos 0 Jiist
obosnauenusi a — a. Ho ermre Gosiee 3HAYUTEIHHBIM YCIIEXOM OBLIO BBEIIEHUE
CUMBOJIOB —1, —2, —3, ... ¥ BMecTe C TeM OIpeeeHUsI

(b—a)=—(a—b)

s caydasi b < a: mocJie 3TOro MOXKHO ObLIO yTBEPXKJaTh, UYTO W BBIYUTA-
Hue 00J1a1aeT CBONCTBOM HEOIDAHMYEHHON BLILIOJHUMOCTU 6 00AGCTMU 6CEX
UEADT — NONOAHCUMENOHHLT U OMPUYAMENLHBIT — “uces. BBOIS HOBBIE CHM-
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BOJIbI —1, —2, —3, ... U TeM CaMbIM PACIIUP:AA IUCIOBYIO 00JIACTH, MBI 005~
3aHBI, KOHETHO, ONPEJeAUMb 0NEPALUL CO BHOBb BBOIUMBIMU YUCIAMU TAKAM
06paszoM, 9TOOBI NEPEOHAUANDHBIE NPABUAL APUPMEMULECKUT ONEPAUUT, HE
oviau napywenst. Tak, HAIIpUMep, TPABIIIO

(=D -(=1) =1, 3)

KOTOPOE JIEYKUT B OCHOBE YMHOXKEHUSI OTPULIATEIBHBIX YHCEJI, ECTD CJIEICTBUE
HAIIIEro KeJAaHUs COXPAHUTh JUCTpUOyTUBHBIN 3akoH a(b + ¢) = ab + ac.
JeticTBuTeibHO, ecin Obl MBI, CKasKeM, JeKaapuposaiu, aro (—1) - (—1) =
—1, To, monarasg a = —1, b=1, ¢ = —1, noayunau 6pr (—1) - (1 — 1) =
—1 —1= -2, roryma kak Ha camoM Jeie (—1)- (1 —1)=(—-1)-0=0.

ITonamobuioch HemMaJsio BpeMEHHU, UTOOBI CPEIN MATEMATUKOB OBIIO XO-
POIIIO OCO3HAHO, UTO <IIPABHJIO 3HAKOB» (3) M BMeCTe ¢ HUM BCE NPOUHe
OIIpeieJIeH sl, OTHOCSIINECS KaK K OTPUIIATE/IbHBIM YUC/IaM, TaK U K JIPODSIM,
HUKAK HEe MOTYT OBITHb «Jj0Ka3aHbly». OHU co3daromcs, WiIn JeKIapUPYIOTCs,
HaMU CAMUMU C [IEJIbI0 00eCIeunTh CBOOO Iy OnepaInii U mpuToM 06e3 HapyIie-
HUS OCHOBHBIX apuMETHIEeCKHX 3aKOHOB. UTO MOXKET — M JOJIKHO — OBITH
JIOKa3bIBAEMO, TAK 9TO TOJIBKO TO, YTO €CJIM 3THU OIpPEJeJIeHNs IPUHATHI, TO
TeM CaMbIM COXPAHEHBI OCHOBHbBIE 3aKOHBI APU(PMETHKM: KOMMYTATHBHBIN,
aCCONMATUBHBIN 1 aucTpubyTuBHBbIA. Jlaxke Benmkuit Ditjiep MOIbL30BAJICS
COBEPINEHHO HEYOeAUTeIbHON apryMeHTaryeii, Kejas 1moka3arb, 41o (—1) -
(=1) «moskuo» paBsaTbCA +1. On rosopus: «Paccmarpusaemoe pousse-
JeHe MOXKET OBITh TOJBKO myd +1, mau —1; Ho —1 OBITh HE MOXKEeT, Tak
kak —1 = (+1) - (=1).»

CoBeplIiteHHO MOOOHO TOMY, KAK BBEJEHIE OTPUIATETbHBIX IEIbIX TUCE T
U HyJIs PaCYUINAET IMyTh s HEOIDAHUIEHHON BBITIOJHUMOCTU BBIYUTAHUS,
BBeJIEHUE JPOOHBIX YUCEST yCTPAHIET apUPMETHIECKHE IIPEIsiTCTBU, MEIa-

b
[OI€ BBIMOJIHATH Jeserune. OTHOINEHNe, NN 9acTHOe, T = — MABYX IIEJIBIX
a
YUCeJT ONPEJIEJISIeTCsT KaK PelleHne yPaBHeHUsT
ar=>5 4)
U CYIIECTBYET KaK UEA0E YUCAO TOJBKO B TOM CIIydae, eCJIH ¢ €CTh JIeJIH-
resb b. Ho ecsin 910 He Tak (Hanpumep, upu a = 2, b= 3), T0 MBI IPOCTO

, b , ,
BBOJIUM HOBBIM CHUMBOJI —, Ha3bIBa€MbIN ﬂpO6bIO 1 IIOTMMHEHHbIN yCJIOBUIO,
a

b b
BBIPAXKAIOIIEMYCsl PABEHCTBOM @ - — = b, Tak 4T0 — ecTb pernenue (4) «Io
a a

omnpe/iesennioy. Mzobperenne apodeil Kak HOBBIX YHCJIOBBIX CUMBOJIOB 0bec-
[IeYNBAET HEOTPAHUIEHHYIO BBIIIOJIHIMOCTD JEJIEHU, 304 UCKAIOUEHUEM Jese-
HUA HA HYAD, KOTOPOE UCKANOUAEMCA Pa3 Hasce20a.

1

00 o) o W T . OCTAHYTCA /A HAC CHMBOJIAMH, JIH-
MIEHHBIMU CMbIcTa. Fciam Ob1 Mbl monycruim fesnenue Ha (0, TO W3 BEpPHO-
ro pasernctBa (-1 =0 -2 BoBenu Ob1 HeBepHoe cieacteue 1 = 2. Unorma

Brrpaxkenus Bpoje
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ObIBaeT 1eIecO0OPa3HO 0003HAYTATL TAKWE BLIPAYKEHUsI CUMBOJIOM «OECKO-
HEIHOCTB», 00HAKO C YCAOBUEM, MO0 He 0eAaA0CH adice NONVIMKY One-
PUPOBAND IMUM CUMBOAOM MAK, KAK O6YOmo 6v, on NOOYUHAACH OOBLYHBIM
3AKOHAM APUPMEMUKY.

Tenepsb HaM sICHBI IPUHIIATIBI, COTJIACHO KOTOPBIM CKOHCTPYHUPOBAHA CHC-
TeMa 6CET PAUUOHAALHBIL YUCEA — TETBIX U JPOOHBIX, MOJIOKUTEIBHBIX U OT-
PHUIATEJbHBIX. B 9TOl pacuimpennoit 06J1acTi He TOJIBKO MOJTHOCTHIO OIPAB-
JABIBAIOTCA ¢)OpMaHbeIe 3aKOHbI — aCCOLLI/IaTI/IBHbeI, KOI\/IMyTaTI/IBHbII‘/JI n auc-
TpuOyTUBHBIN, — HO U ypaBHEHUsI ¢ + & = b u ax = b Bcerja uMerT pere-

b . .
HUSA T =b — a U T = — ¢ €IUHCTBEHHON OTOBOPKOIl, 9TO B CJIydae BTOPOIO
a

YPaBHEHUSI @ He JIOJKHO PaBHATHCsS Hy0. VHBIMEU ciioBamu, B 0bJiacTu
PAIMOHAIBHBIX UUCEJI TAK HA3BIBAEMbBIE PAUUOHAALHBIE ONEPAUUL — CIIOKE-
HU€e, BEIYUTAHNIE, YMHOXKEHUE U JIeJIEHNE — BBITOJIHIMbI HEOTPDAHUIEHHO U HE
BBIBOJSAT 3a Ipefesbl obsractu. Takme 3aMKHYTbIE YHCJIOBbIE ODJIACTH Ha-
3BIBAIOTCH N0AAMU. MBI TOBCTpEUaeMCs C JAJIbHEHININME IPUMepaMu TI0JIeit
HIKe, B 9TOM Ke TUiaBe, a TakxKe B ryiase II1.

Pacmupenune obsiactu mocpecTBOM BBeJIEHUsSI HOBBIX CHMBOJIOB, COBED-
aeMoe TaKMM 00pa3oM, UTO 3aKOHBI, KOTOPBIE WMEJIM MECTO B II€PBOHA-
qajbHOM 00JIACTH, COXPAHSAIOTCS M B PACIIAPEHHON, SIBJIAETCS TUIHIHBIM
MIPUMEPOM XapaKTEPHOTO I MATEMATUKH NpuHuuna obobuenus. Ilepexor
myTeM OOOOIIEHNsI OT HATYPAJIbHBIX YHCEJI K PAIMOHAJIBHBIM Y/I0BJIETBOPSI-
eT OJHOBPEMEHHO U TEOPEeTHYECKON MOTPEOHOCTU B CHSITUU OrPAHUYEHUN,
KOTOpBIE€ HAJIOXKEHBbI Ha BBIYUTAHWE U JeJIeHWe, U BMECTE€ C TeM — IIPaK-
THUYECKOI MOTPEOHOCTU B YHCJIAX, TPUTOIHBIX JJIsd (DUKCAIMU PE3yJIbTaTOB
n3Mmepennit. VImexHHo TOT (hakT, UTO pAIMOHAJIBHBIE YHCJIA UIYT HABCTPE-
4y cpa3y TEOPEeTHYeCKOW U NMPAKTUYIECKOH HOTPEOHOCTSAM, IIPHUIAET UM OCO-
Oy BaxKHOCTh. Kak Mbl BHUE/IM, PACIIUDEHUE IMTOHSTUS YHUCJIa COBEPIIU-

3
JIOCH IIyTeM BBEJIEHUsI HOBBIX aOCTPAKTHBIX CHMBOJIOB Bpome 0, —2 mim T

B mamre Bpemsi MBI omepupyeM STHMU CHMBOJIAMEH OEIJI0O W YBEPEHHO, He
BJYMBIBasICb B WX TPUPOJIY, U TPYIHO JaKe cebe PeCTaBUTDh, UTO eIe
B XVII crosiernn OHU TOJIB30BAJINCH JOBEPUEM IOpa3ji0 B MeHbIeil cre-
IIeHNW, YeM HATYPAJbHBIE YHCJIA, 9TO UMU €CJIH U IMOJb30BaJUCh, TO C W3-
BECTHBIM COMHeHueM u TperneroM. CBONCTBEHHOE TeI0BEICCKOMY CO3HAHIIO
CTpeMJIEHHE TIETIATHCS 38 «KOHKPETHOE» — BOILIOMIAEMOE B PAJIE HATYPATb-
HBIX YHCe — ODYCJIOBJIUBAET Ty MEJJIEHHOCTH, C KOTOPO# MpoTeKaa Heu3-
GexkHasi BoJTIOIUs. Jlormuecku be3ynpedHasi apudMeTndecKas CUCTEMa MO-
KeT OBITh CKOHCTPYUPOBaHA HE MHAYe, KAK B OTBJIEYEHUN OT JE€HCTBUTE b~
HOCTH.

3. I'eomeTpuyeckoe mpejcTaBJIeHE PAIMOHAJIbLHBIX YHCeJ. BbI-
pa3suTeIbHOE TeOMETPUYIECKOE IIPEICTABIEHNE CUCTEMBI PAIMOHAIBHBIX M-
CeJI MOXKET OBITH TIOJIYIEHO CJIEAYIONIAM 00Pa30M.



82 MATEMATNYECKAS{ YNCJIOBAS CUCTEMA ri. 1T

Ha mekoropoii nmpsiMoit JTUHUHU, «IUCIOBOI OCH», OTMETUM OTPe30K OT ()
no 1 (puc. 8). Tem cambIiM ycTaHaBIMBaeTCs JJIMHA €AUHUYHOIO OTPE3KA,
KOTOpas, BOOOIIe T'OBOpsi, MOKeT ObITH BbIOpaHa IPOU3BOJILHO. lloJioxku-
TeJIbHbIE ¥ OTPUIATEJIbHBIE TeJIble YUCJIa TOra N300PakatoTCsl COBOKYITHO-
CTBIO PABHOOTCTOSIINX TOYEK HA YHCJIOBOI OCH, MMEHHO, IOJOXKUTETHHBIE
9HCJIa OTMEYAIOTCs BIIPABO, & OTpUIATEIbHbIE — BJIeBO 0T TOYKHU (. HToObI
1300pa3UTh YUCJIA CO 3HAMEHATEJIEM 7, PA3/IEUM KaXKJIBII U3 IOy Y€HHBIX
OTPE3KOB €JIMHUYHOM JJIMHBI Ha M PaBHBIX YacTeil; TOYKHU JeJIeHHUs OyIyT
n300paxkaTh Jpobu co 3HaMeHaTeeM 1. Kcim ciiesars Tak Jijist 3HaYeHui 1,
COOTBETCTBYIOIINX BCEM HATYPAJbHBIM YHCJIAM, TO KaXKJI0€ PaIlMOHAJIHLHOE
quCI0 OyIeT m300parKeHO HEKOTOPOI TOYKON YUCIOBON OCH. DTU TOYKHA MBI
YCJIOBUMCsI HA3bIBATh «PAIMOHAJIBLHBIMUY; BOOOIIE, TEPMUHBI «PAIMOHAIIb-
HO€E YHCJIO» U «PallMOHAJIbHAs TOYKa» OyJieM yHOTPeOIATh KaK CHHOHUMBI.

-3 -2 —1 0 1 2 3

Puc. 8. Yucnosast ocb

B rnase I, § 1 610 onpeneneno coornotenue nepasenctsa A < B jist
HATypaJbHBIX unces. Ha 9Yuc/IoBO# OCH 9TO COOTHOIIEHWE OTPAXKEHO CJle-
JIyIOIIUM 06PAa30M: €CJIM HATYPaabHOE UYncjIo A MeHbIe, YeM HATypajbHOe
qucno B, To Touka A jiexkur siesee Touku B. Tak Kak yKa3aHHOE IeéOMET-
pPUYECKOe COOTHOIIEHUE yCTAHABJIUBACTCS JJIA 10001 NAPb, PAIMOHATBHBIX
TOYEK, TO €CTEeCTBEHHO IBITATHCSI OOOOIINTL APUPMETHIECKOE OTHOIIEHNE
HEPABEHCTBA TAKUM 00Pa30M, YTOOBI COXPAHUTD STOT T€OMETPUIECKU MTOPsT-
JIOK JIJIsl PACCMATPUBAEMBIX TOYEK. DTO YAETCsI, €CJU IPUHSITH CJIEAYIONIEe
OIIpeJIeJICHUE: TOBOPST, U9TO PAIMOHAJIBHOE YUCI0 A menvuie, 9eM paruo-
naabaoe uncyio B (A < B), unu garo uncno B Goavwe, yem quciao A (B >
A), ecim pazuocts B — A nosoxuresnbna. Orcioga cienyer (npu A < B),
4To TOUKM (ducia) meoscdy A u B — 310 Te, KOTOpbIE OJHOBPEMEHHO > A
u < B. Kaxjas takas napa touek A u B, BMecTe €O BCEMU TOYKAME MEXK-
Jly HUMW, Ha3bIBaeTCsl ceamenmom (Mim ompeskom) u obosHaqaercs [A, B]
(a MHOXKECTBO OJIHUX TOJIBKO IIPOMEXKYTOUYHBIX TOUEK — UHMEPEa.AoM (HIIH
npomestcymrom), obosHadaeMbiM (A, B)).

Paccrosinme nmponsBobHO#E ToukE A oT Havasa (), paccMaTpuBaeMoe Kax
MTOJIOXKUTETHLHOE IHCTI0, HAZBIBAETCS a0CoMomHuoll sesununoli A n obosHada-
€TCsl CUMBOJIOM

A

[TousTue «abcosroTHAS BEJIUIUHAY OIPEIESIETCs CJIeIYIONIM 00pa30M: ec-
mn A 20, 1o |A| = A; ecin A <0, o |A| = —A. dcno, uro ecsn uncia A u B
HMEIOT OJIMH U TOT 2Ke 3HAaK, TO CIPaBeInBo paseHcTso |A + B| = |A| + | BJ;
ecin ke A n B nmeror passble 3Haky, 10 |A 4+ B| < |A| 4 |B|. Coeauuss stu
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JIB& PE3YJIbTATa BMECTE, MBI IIPUXOIUM K OOIIEMY HEPABEHCTBY
A+ Bl < |A] + B,

KOTOPOE CIPABEJJINBO HE3ABUCUMO OT 3HAKOB A n B.

QarT dyHIAMEHTAILHON BaXKHOCTHU BBIPAYKAETCS CJIEIYIONIUM IIPEJII0-
JKEHUEM: PAUUOHANDHBIE TNOYKY DACTLOAONCENDL HA YUCAOBOT NPAMOT 6C100Y
naomuo. CMBICII 3TOTO YTBEPKIAEHUS TOT, YTO BHYTPU BCSKOTO MHTEPBAJIA,
Kak Obl OH HU OBLI MaJl, COEPIKATCS PAIMOHAJbHBIE TOYKH. 1TOOBI yOe-
IUTHCS B CIIPABEJJIMBOCTU BBICKA3AHHOI'O yTBEPIK/IEHNUs], JTOCTATOYHO B3ATH

1
9UCJIO M HACTOJIBKO OOJIBIIOE, YTO WHTEPBAJ (O, — ) Oyzer MeHbIe, 4eM
n

o . m
JaHHBIN nHTepBaa (A, B); TOrNa 110 MEHBINEH Mepe OjiHa U3 TOYeK BUa —
n

OKa»KeTCsl BHYTPH JIAHHOIO WHTepBaJja. MTtak, He CyIIecTByeT TaAKOrO UHTEp-
BaJla Ha YUCJIOBOH ocH (JarKe CaAMOrO0 MAJIEHBKOIO, KAKOW TOJBKO MOXKHO
BOOOPA3UTH), BHYTPHU KOTOPOrO HE ObLIO Obl PAIMOHAIBHBIX TOUeK. OTCio-
Ia BBITEKAET JaJjIbHENIee CJIeJCTBAE: BO BCIKOM HHTEDPBAJIE COIEPIKUATCS
OECKOHETHOE MHOXKECTBO PAIMOHATBHBIX TOYeK. JlefcTBUTEIbHO, ecoii OBl B
HEKOTOPOM HMHTEPBAJIE COJEPKAIOCH JIUIb KOHETHOE YHCJIO PAIMOHATIHHBIX
TOYEK, TO BHYTPU HMHTEPBaJA, OOPA30BAHHOIO JIBYMsI COCEJHUMH TaKUMU
TOYKAMHM, PAIMOHAJIBLHBIX TOYEK yKe He ObLIO Obl, 8 3TO IPOTUBOPEYUT TOMY,
9TO TOJIBKO YTO OBLIO TOKA3AHO.

§ 2. Hecomsmepumbie OTpe3KMU.
NppanuonajbHbie Yucja, Ipeiesbl

1. BBengenue. Eciu Mbl cTaneM CpaBHUBATH 10 BEJIMYHUHE JIBA MIPSIMO-
JIMHEHHBIX OTPE3KA @ U b, TO He UCKJIIOYEHA BO3MOYKHOCTD, UTO  COIEPAKUTCS
B b B TOUHOCTH 11eJ10€ Yucjo pa3 r. B TakoM ciydae JiyinHa oTpe3Ka b oueHb
IIPOCTO BBIPAYKAETCS Yepe3 JJIMHY OTPe3Ka a: JjauHa b B r pa3 0oJiblile, YemM
uHa @. MOXKeT CIyduThes U Tak, 9TO IEJI0r0 YUCIa 7', KOTOPOoe 00JIa1a/I0
OBl yKa3aHHBIM CBOWCTBOM, HE CYIIECTBYET; HO IIPU STOM BO3MOXKHO, YTO, Pa3-

JIeJINB OTPE30K @ Ha HEKOTOPOe YMCJI0, CKayKeM M, PaBHBIX dacTell | Karkjad

a .
JJIMHBI *) 1 B34B IIeJI0€ IUCJIO M TaKHUX YacCTeu, Mbl B TOYHOCTHU ITOJIYYINM
n

OTpe30K b: m
b=—a. (1)

n

Ecan ocymecrsisiercst coornorienue Buga (1), To roBopsT, 4ro jBa OTpes-
Ka a u b cousmepumo, TaK KaK OHH 00JIQIAI0OT HEKOTOPOI «00IIeit Mepoits:

., a ..
TAKOBOM SIBJISETCS OTPE30K JJIUHBI —, KOTOPBIA COMEPIKUTCA B OTPE3KE @
n
POBHO 1 pa3, a B oTpe3ke b poBHO M pa3. Hekoropswlii orpe3ok b comsme-

PUM WMJIM HECOM3MEPHUM C OTPE3KOM G B 3aBUCHUMOCTH OT TOTr'O, MOXKHO WJIU
HEJIb3s 1I000paTh JBa TAKUX HATYPaJIbHBIX ducjaa m un (n # 0), 9ro umeer
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Mmecro paencrso (1). Obpamasce K puc. 9, OPEIIIOJOXKUM, YTO B KAUECTBe
oTpeska a n30paH exuHUIHBIH oTpe3oK [0, 1], 1 paccMOTPUM BCEBO3MOXKHBIE
OTPE3KH, Y KOTOPBIX OJINH U3 KOHIOB coBmaaeT ¢ 0. Torma u3 3Tux oTpe3KoB
Te U TOJIBKO Te OyIyT COU3BMEPUMBI C eIMHUIHBIM OTPE3KOM, Y KOTOPBIX
BTOPOI KOHEI, COBIIaJaeT ¢ HEKOTOPOI palMoHaJIbHON TOYKOil o

2 3

e
e

—
ol

—2-2 1
Puc. 9. PammonaJsibabie TOYKH

it mpakTUYecKoil e M3MEepPEeHUsl PalMOHAJIBLHBIX YHCEJ BCErma CO-
BEPIIIEHHO J10CTAaTOYHO. Jlake ¢ TOYKHU 3peHUsi TEOPETUUIECKOil, MOCKOIbKY
paInroHAJIbLHBIE TOUYKH PACIIOIOKEHBI BCIOAY ILJIOTHO, MOIJIO OBl TOKA3aThCH,
9TO BCE TOYKHW Ha UMNCJIOBOH OCH — palmoHaJbHble. Ecam ObI memo 06CcTo-
SJI0 IMEHHO TaK, TO BCAKUI OTPE30K ObLI OBl COM3MEPUM C €TUHUYIHBIM.
Ho sesto obcrout He Tak MpOCTO, M B YCTAHOBJIEHUU STOTO OOCTOSITEJIBCTBA
3aKJII0YAETCsT OTHO U3 CAMBIX IIOPA3UTEILHBIX OTKPBITHI B MaTeMaTHKE: OHO
ObLIO CHeJIaHO yKe B jpeBHelimume Bpemena (B mkose ITudaropa). Cyuwe-
CMBYIOM HECOUMEPUMbIE OTNPE3KU, WA UHade (eCu Mbl JOILyCTUM, YTO
KaXKJIOMy OTPE3KYy COOTBETCTBYET HEKOTOPOE UMCJIO, BHIPAKAIONIEE €T0 JTH-
HY), CYWECMEYI0Mm uppayuonasvhve wucaa. OcozHanue sroro Qakra ObLIO
HayYHBIM COOBITHEM BeJIMJaiiliell 3HAaYNMOCTH, [TIOYTH OTKPOBeHneM. BecbMa
BO3MOXKHO, YTO MIMEHHO OHO TIOJIOXKIJIO HAYAJIO TOMY, YTO MBI TEIIEPh CAUTAEM
CTPOTUM MAaTEMATUIeCKUM METOIOM W pacCMaTpuBaeM KaK BKJIAI B Hay-
Ky, CIeJaHHBI IPEeBHUMHU IPEUYECKUMHU MaTeMaTuKamu. be3 comHeHus, 310
3aMevaTe/IbHOe OTKPBITHE TJIYOOKO MOBJMSIO HA BCIO MATEMATHUKY U JIaXKe
dpunocoduio oT APEBHUX BPEMEH U 10 HAIINX JIHEIA.

EBokcoBa Teopusi HECOM3MEPUMBIX BEJINYNH, U3JI0XKEHHAS B T€OMETPHU-
qeckoit popme B «Hagasmaxy EBkiauma, npencrapiser coboil ToHIaiimee 10~
CTUZKEHHE T'PEYeCcKoil MareMaTHKu (ee M3JI0KeHHe OOBIKHOBEHHO IIPOITYCKa-
eTcs B Pa3KIMKEHHBIX mmepeckasax EBKmIa, TpeaHa3HaIeHHbIX I MTKOTb-
HOro O0y4YeHnust). DTa Teopus IOJIyIHIa MOJODAOIIYIO elf BBICOKYIO OIeH-
Ky Juiib B KoHIe XIX crojerus — mocje Toro Kaxk ycuausamu Jlenexkuna,
KanTopa n Beiteprrrpacca 6bl1a co3mana cTporas TEOpHUs UPPaAITHOHATHHBIX
qucesn. Mbl U3T0KUM B JAJTbHEHIIEM 3Ty TEOPUIO B €€ COBPEMEHHOM apud-
METHUYIECKOM ACIIEKTE.

[Ipexie BCero ycraHoBUM: Jua2oHaAb KEGIPAMA HECOUSMEPUMG C €20
cmoponot. IlpeanosoXkumM, 9To CTOPOHa KBaIpaTa n3dbpaHa B Ka9eCTBE €JI1-
HUIB! JJIUHBI, JJIMHY K€ JUaroHaju obo3HaumM depe3 x. Torpga, cOryiacHo
teopeme [Iudaropa, Mbr moygaem:

?=124+1%2=2.
(Taxoe uncio x 0603HauaIOT cuMBOJIOM /2.) Eciu Gl & GBLIO COM3MEPHMO
C eIuHUIEel, TO MOYXKHO ObLTO ObI HANTH JBAa TAKUX IIEJIBIX 9HUCJIA P U ¢,
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qTo I = B, U TOTJIa MBI IIPUILIN Obl K PABEHCTBY
q
2 _ o2
p°=2q". (2)
MozKHO JIOIyCTUTh, 9TO APOOb L HeCOKpaTHMa, HHadYe MBI C CAaMOI'0 HavaJja
q

cokpaTuii Obl ee Ha ObIMit HanbobIHil AesmTessb duces p u q. C mpasoit
CTOPOHBI UMEETCA 2 B KA4ECTBE MHOXKUTEJIs, U IOTOMY p? €CTh 4eTHOE YHUCIIO,
U, 3HAYUT, CAMO P — TAKKe UeTHOe, TaK KaK KBAJIPAT HEYETHOTO UNCJIA €CTh
HEYEeTHOE YHCJI0. B TaKOM ciydae MOXKHO HOJIOKUTH p = 2r. Torma pasen-
cTBO (2) IpUHUMAET BUI:

4r* =2¢*, wm 2r° =g
Tak Kak ¢ JIeBOIl CTOPOHBI TeIeph UMEETCI 2 B KavUeCTBE MHOXKUTEJS, 3Ha-

4quT, ¢?, a cleIoBaTeNbHO, U ¢ — deTHoe. ITak, M p M ¢ — YeTHbIE 9HCa, T. €.

JAeJIdTCd Ha 2, a 9TO IIPOTUBOPEYUT JAOIIYIIIECHUIO, ITO ,ILpO6b P HECOKpaTu-
q

Mma. Nrak, paBeHCTBO (2) HEBO3MOXKHO, U T HE MOXKET OBITH PAIUOHAJILHBIM
YHUCJIOM.

Nmade 9TOT pe3yibrarT MOKHO C(OPMYIHPOBATEH, YTBEPIKIAL, ITO \/2
€CTb YHUCJIO UPpPAIMOHAJIBHOE.

TosibKO YTO IPUBEIEHHOE PACCY2K/IEHNE TIOKA3bIBAET, YTO HHOM pa3 caMoe
npocreiiiiee reoMeTpudecKoe IIOCTPOeHNe IPUBOIUT K OTPE3KY, HECOU3MePU-
MoMy ¢ enuuuteit. Eciin Takoit oTpe3ok OyIeT OTIOXKEH ¢ TIOMOIIBIO ITUPKYJIsT
Ha YHCJIOBONX ocu OT Touku (), TO mocTpo-
€HHasl TaKUM 00pa3oM TOYKa (KOHEI| OTpe3-

Ka) He COBIAJIAeT HU € KAKOH PAIMOHAJILHON

Toukoi. MTak, cucreMa payuoHasbHuir mo-

wek (XOTS U BCIOJY IJIOTHAs) HE NOKPLIGA-

em gcetl wucA0601 ocu. HanBHOMY COZHAHMUIO,

HECOMHEHHO, MOXKET I10Ka3aThCs CTPAHHBIM U 0 )
1apaJIoKCaJbHBIM, YTO BCIOAY IJIOTHOE MHO-

JKECTBO PallMOHAJILHBIX TOYEK He MOKPBIBaeT  Puc. 10. [TocTpoenne yncia v/2
Bcell mpsamoil. Hukakas Hama <«HHTyHIUS>

HE IIOMOXKEeT HaM <YBHU/IETb» UPPAIMOHAJbHbIE TOYKU WU OTJIUYUTH UX OT
paruoHa bHbIX. HeT HUYero yaIuBUTEIBHOIO B TOM, 9TO OTKDPBITHE HECO-
U3MEPUMOI'0 IIOTPACIO I'PEYECKUX MaTEeMaTHUKOB U MBICJIUTENIell U YTO ero
CYIIECTBOBAHUE U B HAIIU JHU IIPOJOJIXKAET IIPOM3BOIUTH BlledaT/leHUe Ha
JIIOZIEH, CKJIOHHDBIX K YIVIyOJIEHHBIM Pa3MBIIIICHUSIM.

He upejicraBuio 661 Tpy/ia CKOHCTPYHPOBATH CTOJIBKO OTPE3KOB, HECO-
U3MEPUMBIX C €INHUIEN, CKOJIBKO OBl MBI ITOXKejaan. KOHIBI BCEX TaKUX
OTPE3KOB — IIPU yCJIOBUU, UTO UX HAYAJA COBIAJAIOT ¢ TOYKOH 0,— obOpa-
3yIOT COBOKYITHOCTH MPPAIMOHAJIBHBIX TOUEK. 3aMETUM TeIephb, UTO HAIINM
PYKOBOJISIIIIAM IIPUHITUIIOM Y2Ke IIPU BBEJCHUN PAIHOHAJIBHBIX Jpobeil ObII0
JKeJIaHue 00ECNewUms B803MONCHOCTNG USMEPEHUA OAUN OMPE3KOE NOCPeO-
CMBOM “ucen, U TOT 2Ke IPUHIIAN IIPOJIoJI2KaeT PYKOBOJUTH HAMU M TOT/A,
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KOT/Ia pedb WJET O HEeCOM3MEPHUMBIX OTpe3Kax. Kcam mbl Tpebyem, dTOOBI
CYIIECTBOBAJIO B3ANMHOE COOTBETCTBUE MEXK/Iy UHUCJAMU, C OJIHON CTOPOHBI,
¥ TOYKAM¥ Ha, IPSIMOM JINHUK — C JIPYTOii, TO HEN30EXKHO IIPUXOIUTCSI BBECTU
B PACCMOTPEHUE UPPAUUOHAADHDBLE YUCAG.

[TosBosst UTOrM JIO CUX MOP CKA3aHHOMY, Mbl KOHCTATUPYEM, UTO UpPpPa-
[MOHAJILHOE YHCJIO 0D03HAYAET JJINHY OTPE3Ka, HECOM3MEPHMOrO C €/IMHIU-
neit. B ciemyromux pasjienax Mbl JIOJIZKHBI OyJIeM YTOYHUTH 9TO HECKOJBKO
CMYTHOE M BCEIIEJI0 NeOMETPUYECKOe OIIPEJIe/IEHNE U B pe3yJibrare IPUIEM
K OIpejlesieHnto, 6oJiee yIOBJI€TBOPUTEILHOMY C TOYKU 3DEHUs] JIOTUIECKOM
crporoctu. PaccmarpuBast 9TOT BOIPOC, MBI OyleM BHaYaJle MCXOJUTH U3
JECATUIHBIX JTPObeit.

Yupaxkuenus. 1) Jlokaxkure, 9T0 9ucIa Y2, V3, V5, ¥/3 mppanmonanbhsre.
(¥Yxasanue: Bocosnb3yitTech JeMMoit Ha cTp. 65.)

2) okaxknre, 9TO IUCIIA V24+V3uv2+ 2 upparponaibabe. ( YVkazarue:
ecau Obl, HAIPUMED, MEPBOE U3 ITUX UUCEJI ObLIO PAIMOHAJIBHBIM YUCJIOM T, TO,
HarmcaB /3 =7 — /2 ¥ BO3Beusl B KBaJPAT, Mbl 3aK/IIOUMIN Obl, 9T0 v/2 €CThb
palOHAJIbHOE YUCIIO. )

3) Jokaxkure, aTo “mcio v/2 + V3 4+ /5 uppammonansuoe. IonpoByiite mpu-
JlyMaTh ele 1o/00HbIe U 60Jiee 00IIMe MPUMEPHI.

2. HecarudyHble apobu: KOHeYHbIe U GecKoHedHble. UTOOBI mO-
KPBITh YUCJIOBYIO OCh Be3Jle IIJIOTHBIM MHOYKECTBOM TOYEK, HET HeOoOXOIu-
MOCTH HCIOJIB30BATH 6C10 COBOKYIIHOCTDH PAIMOHAJIBHBIX YHCEJI: JTOCTATOYHO,
HAIIPUMED, OIPAHUYUTHCS TOJBKO TEMU YUCIAME, KOTOPble BOSHUKAKOT IIPH
noapa3zjieJieHnu eauHuIHoro orpeska Ha 10, morom Ha 100, 1000 m T. 1.

PaBHBIX qacTel. Honyqafonmem Opr 3TOM TOYKH JAeJICHUA COOTBETCTBYIOT

1 2
«JTECATUIHBIM Jpo0sivy». Tak, umciy 0,12 = 10 + Tog COOTBETCTBYET TOWKA,

PacCIIOJIO?KEeHHadA B IIEPBOM €IMHUYIHOM MHTEPBaJI€, BO BTOPOM <«IIOAbIHTEPBa-
JIe» OJINHBI 1071, 1 IMEHHO OHa €CTh HaYaJIbHad TOYKa TPETHET'O «IIOAIIOIbIH-

1
TepBasay JAHbI 1072 (a‘" O3HAUAET —n) Ecum Taxoro poga decamuvias
a
0po6b COMEPIKUT N 3HAKOB IIOCJIE 3AIISITOM, TO OHA HMEeT BILI
f=z4+a-10"" +a,-102+a3-10*+... +a,-107",

re z — meJioe 9uciio, a kodddurmentsl a —mudpst 0, 1, 2, ..., 9, obo3Hada-
[OIIME YHCJIO JEeCAThIX, COThIX 1 T. 1. COKpaIleHHO Yrc/IO f 3alUChbIBAETCI B
JIECATUYTHON CUCTEME CJIETYIONIIM 00pa30M: 2,01 G503 . . . A, . MbI yOerKaemcst
HEIIOCPEJICTBEHHO, YTO TAKOT'O POJIa JECATUIHBIE IPOOU MOI'YT IIPE/ICTABJIEHBI
BUJIe OOBLIKHOBEHHBIX JpOOei g, rme g = 10™; Tak, HAIIpUMED,

1 4 1314

100 © 1000 ~— 1000°

Ecnmu okaxercs, 9ro p m ¢ uMeroT OOIMUIl MHOXKUTEb, TO IPOOb MOXKHO
COKPATUTh, U TOTJA 3HAMEHATENb Oy/IeT HEKOTOPBIM JenauTeseM duciaa 10™.

3
f=1314=1+ 5+
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C npyroif CTOpPOHBI, HECOKpATUMAasi JPOOb, y KOTOPOH 3HAMEHATE]h HEe eCTh

JleuTeN b HeKoTopoit crerniern 10, He MOXKeT OBITH IPECTABICHa B BHUIE Jie-
2 1 4

10 2250~ 1000

1
0,004; =HO 3 HE MOYXKeT OBbITh HAIMCAHA KaK JIECATUIHAS JPOOb ¢ KOHETHBIM

. 1
CATHIHOM Ipobm yKazaHHOTO THa. Hampunmep, B

YUCJIOM T JECATHUYIHBIX 3HaKOB, KaK OBl HU OBLJIO BEJIUKO 7. B CAMOM aeJie,
U3 paBEHCTBa BUIa

1_b

310"
CJ1€/10BaJIO OBl

10™ = 3b,

a TocjeJIHee PABEHCTBO HEBO3MOYKHO, TaK KaK 3 HE BXOJIUT MHOXKUTEJIEM HH
B KaKyIo cTerreHb yuciaa 10.

BosbMem Temeph Ha 9MCI0BOI OCH KaKylO-HHOYAL TOUKY P, KoTopas mHe
COOTBETCTBYET HUKAKON KOHETHOW JMeCATUIHON apobu; MOXKHO, HAIpUMeD,

1
B3ATh PALIOHANIPHYIO TOUKY o MM HPPallOHAJIbHYIO TOUKY V2. Torna B

MIPOIIeCCe TOCIEIOBATEIFHOTO TIOIPA3eJICHUs eIMHUTHOTO HHTepBaja Ha 10
paBHBIX YacTeil TOYKa P HUKOIr/a He OKAaYKeTCs B YUCJ€ TOYEK JIEJICHUS:
oHa OyIeT HAXOAUTHLCSI BHYTPH JIECATUIHBIX HHTEPBAJIOB, JJIMHA KOTOPBIX
Oy1eT HEOTPAHUMIEHHO YMEHDBIATHCS; KOHIBI 3TUX WHTEPBAJIOB COOTBETCTBY-
0T KOHEYHBIM JECATUIHBIM JIPOOSAM U TPUOJTUKAIOT TOUKY P ¢ Kakoit yroaHo
CTEIeHbI0 TOYHOCTU. PaccMOTPUM HECKOJIBKO IIOAPOOHEe STOT IIPOIECC IIPU-
OTMKEHUSsI.

[Ipeamonoxum, 9To TOUka P JjIeKUT B IEPBOM €IMHUYHOM HHTEPBAJIE.
CresaeM Tofipasiesienne 9Toro nHTepBaia Ha 10 paBHBIX dacTeil, KaxkJas
mmasl 107!, 1 npeAmnosozKuM, 9To TOUKa P Ionajaer, CKaskeM, B TpeTHii
U3 3TUX UHTEepBajaoB. Ha 3Tol cTajum MBI MOXKEM YTBEPXKJaTh, UTO P 3a-
KuroueHa Mexay gecatuaabivu apobsmvu 0,2 u 0,3. Ilomgpaznensem caoBa
uarepsaa or 0,2 1o 0,3 ma 10 paBHBIX 4acTeil, Kaxkiasg muHbl 1072, n
obHapyKUM, 9TO P momajaer, JOMyCTUM, B Y€TBEPTHINH U3 STUX HHTEPBAJIOB.
[Toxpasaenss ero, kKak paHbliie, BUIUM, IYTO TOUKa P momnajgaer B mepBbIil HH-
repsay gumubl 1073, Tenepb MOXKHO cKazaTh, YTO TOUKa P 3aK/IIOYeHa MEXK-
y 0,230 u 0,231. DToT mporecc MoKeT ObITH TPOIOJIKEH 0 OECKOHEYHOCTH U
MIPUBOIUT K OECKOHEIHON MOCJIEIOBATEILHOCTH UMD A1, Ag, A3y « - -y Gy - - -
0018 JaI0IEel TAKUM CBOMCTBOM: KAKOBO OBl HU OBLIO 1, TOUKa P 3aK/II0ueHa,
B uHTEpBaJe [,, y KOTOPOro HadajbHasg TOYKA €CTb 0,a1G203...0,_10,, &
koHeuHast — 0,a,a203 ... a,_1(a, + 1)7 npudeMm jnuna I, pasua 107". Ec-
JIM CTaHEM II0JIaraTh IO MOPAAKy n =1, 2, 3, 4, ..., TO yBUJIUM, UTO KaxK-
JbIl 13 UHTEPBAJIOB [y, Iy, I3, ... COMEPKUTCS B MPEABLIYINEM, TPUIEM UX
mmapsl 1071 1072, 1073, ... HeOrpaHHYEHHO yMEHBINAIOTCA. MBI CKazKeM,
6oJiee KpaTKo, YTO TOYKa P 3aK/II0UeHa B CMALUSGHOULYIOCA NOCACO0EAMEAD-

HOCTL decamudHbr unmepsanos. Hampumep, ecaun Touka P ecthb TO BCe

1
57
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uudpsl Gy, Go, a3, ... PaBHBI 3, U P 3akigiodyeHa B JioboMm uuTepBase [,
or 0,333...33 mo 0,333...34, 1 e. % 6osbmre wem 0,333 ...33 u MeHbIne

geMm 0,333 . ..34, cKOIbKO ObI HU B3ATH UMD MOCe 3anaToit. Mbl ckazkeM B
3TUX 00CTOATEILCTBAX, YTO N-3HAYHAA JecaTUIHas 1pobdb 0,333 ... 33 «cTpe-

1
MHTCA X », KOTJa IHCI0 nudp n HeorpaHudeHHO Bo3pacrtaer. 1 mbl ycio-
BUMCS TNCATH 1
3= 0,333...,

pUYeM TOYKH ODO3HAYAIOT, 9TO JAECATUYIHAsS ApOoOb MOXKET OBITH MPOIJICHA
« 10 BECKOHEYHOCTHU>.

UpparmonaibHas TOYKa /2, KOTopas OblIa PACCMOTDEHA B IyHKTE 1,
TaKk»Ke MPUBOAUT K OecKoHeuHO# mecaruunoii apobu. Ho 3akom, KOoTOpO-
My IOJYUHSIIOTCSI IIOCJIe/I0BaTe/IbHBIE IUMPHI JECITUIHOIO PA3JIOKEHNsI, Ha
9TOT pa3 J1ajieKo He odeBuieH. Mbl 3aTpyaHIeMCsT yKa3aTh (DOPMYJLY, KOTO-
past maBaja Obl 1udPY, CTOSIILYIO HA N-M MECTE, XOTS MOXKHO BBIUYUCIUTH
CTOJIBKO TP, CKOJHKO MBI TTOXKeJIaIn Obl cebe 3apanee HA3HAUNTD:

1?=1<2<2*=4
(1,42 =1,96 < 2 < (1,5)* = 2,25
(1,41)%> =1,9881 < 2 < (1,42)> = 2,0264
(1,414)? = 1,999396 < 2 < (1,415) = 2,002225
(1,4142) = 1,99996164 < 2 < (1,4143)> = 2,00024449 u . 1.

B kauecTBe 00111€r0 OlIpEIeIeHrs Mbl CKayKeM, 9TO TOYKa P, Koropasi He
MOXKET OBITH IIPEJICTABJIEHa B BUJIE JECATUIHON JPOOU C KOHEUYHBIM YUCJIOM
JECATUIHBIX 3HAKOB, IIPEICTABISETC B BUIE beckoneuHotll decamuunoti dpo-
0u z,a10503 ..., €CJIN, KAKOBO OBl HA OBLIO M, TOYKA P JIe2KUT B MHTEpBaJe
el 107" ¢ HaYaJIbHOU TOIKON 2,01 G203 . . . Ay, .

Takum 06pa3oM, MbI YCTAHABJINBAEM COOTBETCTBUE MEXKJIy BCEMU TOYKa-
MM YHCJIOBOH ocH M BCeMU (KOHEYHBIMU I GECKOHEUHBIMM) JIECATUIHBIMU
apobsimu. Termepb MBI TIONBITAEMCST BBECTH IIPEIBAPUTEIBHOE OIpeesie-
HHUE: <«9HCJIO» €CTh KOHEWHaA Ul bOeckonewnasn decamuynas 0pobo. Te
GeCKOHEYHbIE JIeCATUIHBIE JPOOU, KOTOPBIE HE TPEJCTABISIOT PAIMOHAb-
HOTO YHCJIa, HA3LIBAIOTCS UPPAUUOHANOHOMY wucramu. o cepemmabr XIX
CTOJIETUsT COOOParKeHUsl, MMOJI0OHBIE ITPUBEIEHHBIM BBIIIE, KA3aJUCh JIOCTa-
TOYHBIMU [IJIsi OO'bsICHEHUSI TOI'O, KAK YCTPOEHA CHCTEMa PAIMOHAJBHBIX U
UPPAIMOHAJIBHBIX YUCEST — “UCA060U Konmunyym. HeobObraaiiubie ycrmexu
MaTeMaTUKW, JTOCTUrHyThle HaumHas ¢ XVII croserms, B gacraoctu, pas-
BUTHE aHAJINTHYIECKON reoMeTpun U uddepeHuaIbHOr0 U HHTEMPATLHOTO
UCYMCJICHWI, TBEPJO0 0a3MpPOBAJIUCH, WMEHHO HA TAKOM IIPEJCTABICHUHA O
cucreme umcesi. OJHAKO B IEPHOJ, KPUTUYECKOI'O IE€PECMOTPa ITPUHITUIIOB
U KOHCOJIUIAINN PEe3YJbTATOB CTAJO OILYINAThCS Bce Oojiee u OoJiee siB-
CTBEHHO, YTO MOHSITAE UPPAIIHOHAIBHOTO YUCIA JIOJZKHO OBITH TO/IBEPIHYTO
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bostee ToaHOMY U TuTyOOKOMYy amanauzdy. Ho, mpexme deMm mepeiiTu K 0YepKy
COBPEMEHHOI TeOpHH YHCJIOBOIO KOHTHHYYMa, HAM IPHUJIETCS PACCMOTDETH
U pa3obpaTh — Ha OoJiee UM MeHee WHTYUTUBHOW OCHOBE — OJIHO U3 Ma-
TeMATUIECKUX IOHSATHI KAIUTAJbHON 3HAYUMOCTU — IOHSATHE npedead.

VinparkHeHue. Borancinre npubimKeHHo /2 1 /5 ¢ OMHIOKOI, He MpEBb-
mazommeit 1072,

3. IIpeneanl. BeckoHeuHble reomerpuiyecKue nporpeccumn. Kak
MBI BUJIEN B IPEBIIYINEM MYHKTE, HHOTJA CIYyIaeTCs, ITO HEKOTOPOE Pa-
[UOHAJILHOE YUCJIO § MPUOJIMKAETCS IIOCJIEI0BATEIbHOCTHIO APYTUX Palld-
OHAJILHBIX YHCEJ S,, IPUYEM HHIEKC N IPUHUMAET IIOCJIE€I0BATEIHLHO BCE

suagenns 1, 2, 3, ... Tak, Hanmpumep, MOYXKHO B3SATb: § = torma s; = 0,3,

)
s, = 0,33, s3 =0,333 u 1. 1. Bor eme mnpumep. Pa306be1\§ €JIMHUIHBII UH-
TepBaJl Ha JB€ paBHbIE YaCTHU, BTOPYIO IOJOBUHY — CHOBA HA JIBE PaBHDIE
9aCTH, BTOPYIO U3 MOJyIeHHBIX JIBYX JacTell — CHOBA HA JIB€ PaBHBbIE YaCTU
U T. J[., IOKA HAUMEHBIINI U3 MOJIyIEHHBIX TAKUM O0PA30M HMHTEDPBAJIOB He
CTaHeT PaBHBIM 2~ ", TJie N — CKOJIb YIOJHO OOJIBITIOE HAIepe. 33 aHHOe
quciio, Hanpumep, n = 100, n = 100000 u T. 1. 3areM, CKjaJbiBas BMeCTe
BCe UHTEPBAJIbI, KPOME CaMOTr'0 ITOCJIEIHEr0, MBI TIOJIyJaeM OOIIYIO JJIHHY

1 1 1 1 1
Sn—§+z+§+ﬁ+...+27. (3)

1 n
Jlerko IIOHATDH, 9TO S, OTJIN4YaeTCd OT 1 HA (5) 1 9TO 3Ta Pa3HOCTb CTaHO-

BUTCS CKOJIb YTOJHO MAJION, MJIM «CTPEMHUTCS K HYJIIO», IIP HEOI'DAHMIEHHOM
BO3pacTaHuu n. ['OBOPUTH, YTO 3Ta PaA3HOCTb PABHG HYJIO, KOTJIa 1. PaBHO
«BECKOHEYHOCTH», HE UMeeT HUKAKOTO CMbIC/IA. BeCKOHEeYHOe B MaTeMaTHKe
CBSI3BIBAETCS C HEKOTOPBIM NPOYUECCOM, HE UMEIONTUM KOHIIA, W HUKOT/Ia He
CBA3BIBACTCH C AKTYAJIBHOU 6eauyvunol. 2Kemass onucars moBeIeHne S, , MbI
TOBOPHUM, UTO CYMMG S, cmpemumcsa k npedeay 1, xoeda n cmpemumcs %
becxkorewHoCMU, U IUIIEM

1 1 1 1

1—§+Z+§+E+..., (4)
IIPUYIEeM TO, UTO BO3HMKAET CIIPaBa, eCTh beckoneunvii pad. Ilociennee «pa-
BEHCTBO» HE CJICAYET IIOHNMATb B TOM CMBICJI€, YTO HMEETCA B BUAY CJIOKUTH
BMecTe OECKOHEYHOE YHCJIO CJAAraeMbIX: 3TO TOJBKO COKPAGUWLEHHAA 3aIlIUCh
TOro rakTa, 9To 1 eCTh Ipee] KOHeYHBIX CyMM S,,, Oy Yaloluiicst, KOraa 1
CMPemMuUmcs K OECKOHEYHOCTH (I/I HU B KOEM CJjiydJae HE pa6HO OECKOHEYHO-
crn). Utak, paBeHCTEO (4), 3aKaHINBAIOIIEECS HEOMPEIETCHHBIM CAMBOJIOM
«+...», KaK Obl cTeHorpadpupyer HEKOTOPYIO TOYHYIO MBIC/Ib, BEIPAzKaeMyIo,

110 I‘IeI/I36e}I(HOCTI/I7 JJIMHHBIM PAJIOM CJIOB:
«1 paBna npezienty (Ipw 1, CTPEMAMEMCST K GECKOHETHOCTH ) BBIPAYKEHHUST

1 1 1 1
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Eme 6ostee kpaTko n 60J1€e BHIPA3UTETHHO MUIIYT CAETYIONAM 0Opa30M:
S$p—1 mpm n— oo. (6)

T'oBopst 0 ipenenax, paccmorpuM ere npumep. 1lycTs nepen Hamu nme-
eTcd 6€CKOHe‘IHaH IIOCJIEIOBATC/JIBHOCTD PA3JIMIHBIX CTelleHel YucIa q:
a, ¢, ¢ 4 ..., q",
4 n
=+ TO ¢" CTPEMHTCA K HYJIIO
[IpU HEOTPAHWYIEHHOM Bo3pacTtanuu n. IIpu 3rom ecim ¢ — orpuraresibHOe
9UCJIO0, TO 3HAKU ¢ YepeIyIoTCs: 3a + ClleLyeT —, U OOpaTHO; TAKUM 00pa-

1
Ecmn —1 < ¢ < 1, nanpumep, q = 3 W g = —

30M, @™ CTPEMUTCSI K HYJIO «C JIBYX cTOpoH». Tak, eciu q = 30 TO = 9
F= =L Lot

27’ 81’ 8’ 16’
Mu1 yrBepKIaeM, 9TO mpedes ", ko2da m cmpemumcs ¥ OeckoHeuHOCU,
paser HYA0, WU, CAMBOJIMIECKH,

. 1 2 1 3
+3 HO €CJT ¢ = — 5, TO " = 7, ¢° =

¢"—0 mpu n—oo, ecmm—1<g<l. (7)

(Mezkay npounm, ecian ¢ > 1w ¢ < —1, 10 ¢™ yKe HE CTPEMUTCS K HYJIIO,
a HEOIPDAHWYIEHHO BO3PACTAET IO aGCOOTHON BEJIMINHE. )

IMpusesem crporoe mokaszaTeabecTBo yTBepKiaenus (7). Mbl Bujenn Ha
cTp. 34, 9TO TpM JIOOOM IIEJOM HOJOKUATETHLHOM 3HAYEHUU 7. ¥ IPU YCJIO-
Bun p > —1 umeer mMecro HepaseHncTso (1 + p)™ > 1 + np. Ilycrs ¢ — kKakoe-To

IMOJIO2KUTEJIbHOE YUCJIO, MEHbIIICEe € IUHUIIBI, HAIIpUMED, ¢ = E TOI",ZL& MOZKHO

1

MOJIOXKUTh ¢ = o rae p > 0. Orcroma ciemyer
1 n

q——(1+p) > 1+ np>np,

i xe (cM. oupegenenue (4) ua crp. 74)
1

1
0<qg"<=-—=.
p n
. 11
3HauuT, ¢" 3aKJI0YEHO MEXKIY MOCTOSTHHBIM YUCJIOM () U YHCJIOM — - —, KO-
p n

TOpPOE CTPEMUTCSI K HYJIIO [IPH HEOIPAHUIEHHOM BO3paCTaHuu N (TakK Kak p—
nocrosirnoe). [locse sroro sicuo, uro ¢™ — 0. Eciin ¢ — orpunaresnsHoe 1mc-

JIO, TO MBI IIOJIOKUM ¢ = — , 1 TOrma ¢" OyIeT 3aKII0UEHO MEXKIy HMC-

1 1 1 trp
JaMI —— - — U — - —; PacCyzKJeHUe 3aKaH4INBaeTCsd TaK 2Ke, KaK PaHbIIIe.
p n p n
PaccymoTrpum Temepn 2eomempureckyio npozpeccuro
sn=1l4+q++¢+...+q" (8)

. . 1
(Yacrablit ciyyait ¢ = b} 611 paccMoTpeH Bhiie.) Kak yxke ObLIO TIOKA3aHO

(eMm. crp. 32), cymma s, MOXKeT ObITh IpeJCTaBjieHa B 0oJsiee MPOCTOH U
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ckaToil hopme. YMHOXKAS S, HA ¢, MBI TIOJIyIaeM

4. =q+q" +¢ +q" +...+¢"" (8a)
n, Boraurag (8a) m3 (8), ybexmaemcs, 9TO Bee €iaeHbl, Kpome 1 m g™

B3aMMHO YHUUITOXKAIOTCA. B pe3ysbrare Oy/ieM nMMeTh

(1—q)sn=1-q""",
WIN 2Ke, Jieyid Ha 1 — q,
1— qn+1 1 qn+1
1-¢ 1-¢q 1-¢
C moHsiTHeM TIpejiesia, MBI BCTPETHMCsI, €CJIH 3aCTABUM 7. HEOTPAHMYEHHO

BospacTaTb. MBI BUAEIU TOJILKO 9UTO, 94TO ¢"T' = ¢ - ¢" CTpeMnuTCs K HYJIIO,
ecn —1 < ¢ < 1, 1 OTCIO/Ta MOXKEM 3aKII0UYUTh:

S, =

1
S§n— 7 TPH 71— 00, ecm —1 < g < 1. (9)

Tor 2Ke pe3yIbTaT MOYKHO 3AIMCATD, IOIb3YACh OECKOHEUHbIM PAOOM

1+q+q2+q3+...=1%q7 ccmm —1 < g < 1. (10)
Hanpumep,
S WS B S SR
2 722 28 T, 1
2
B IIOJIHOM COOTBETCTBUM C PABEHCTBOM (4); HOJOGHBIM Ke 06pa3oM
9 1
+ 102 103 + 104 T 100, L =5
10
wim, uHade, 0,9999... = 1. CoBepireHHO Tak »Ke KOHeuHasi J1pobb 0,2374 u

6eckoneunas apobnb 0,23739999 ... mpeacTaBIsAIOT OIHO W TO YK€ UHCIIO.
B riraBe VI mb1 BepHEeMCcst K 0011IeMy 00CY 2K ICHATO TTOHSTHUS TIPEIesia, Pac-
CMAaTPUBasi BOIIPOC C COBPEMEHHOM, JIOTHIEeCKH 00Jiee CTPOToil TOYKY 3PEHMUS.

VYuopaxkueuusi. 1) Jlokaxkure, 9T0

2 3 4 _ 1
1l—qg+q¢ —q° +¢q =T ecam |q| < 1.
2) KakoB mpeies1 I0C/IeI0BATEIBHOCTH A1, A2, A3, .« - ., TAE Qp = ?7 (Vxa-
u obpaTuTe BHUMA-

n
3aHuUe: HallUIINuTe JJTaHHOE BbIpazKeHUe 1 B BUJ/ie 1—-
n n

+1
HHUE Ha TO, 4YTO BquHTaeMoe CTPEMUTCA K HyJIIo.)
n +n4+1

el 00? (Vkasanue: HAIUIIATE STO BBIPAXKE-

3) Kaxkos npeziert
HWE B BUJE

1
IR R
n n?2
1 1
Tht w2
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4) Tlpenmonaras ¢ 1o abGCOJIIOTHONM BeJMYMHE MEHBIIMM YeM 1, JOKaxKuTe,

gro 1+ 2q + 3¢% + 4¢3 + . .. !

= o (Vkasanue: BoCIONB3YHTECH PE3YIBTATOM

yupaxkaeHust 3 Ha cTp. 306.)
5) KaxkoB npejes 66CKOHEIHOrO psisia

1-2¢+3¢F —4¢+... ?
6) Borawmcamre mpeiesibl BHIpAsKEHHIA

14243+...4+n 12422432 4., +n? 13 4+23 433 4. 408

n2 ? TL3 ? 7’L4

(Vkasanue: Boconb3yiTech pe3ysIbTaTaMu, IOy I€HHBIMEA HA CTp. 31-33.)

4. PaHI/IOHaJII:HbIe qucJjia 1 mnepuoguvdeCKue JeCATUuIHbIe ,E[pOﬁI/I
Takue paloHaJIbHbIE YHCJI& B, KOTOpbIEC HE MOT'yT ObBITH IpejacTaBJ/IEHbI B
q

BUJI€ KOHEUHBIX JECATUIHBIX Ipobeii, pasiaraioTcsa B 6€CKOHEUHBIE JeCATUI-
HbIE IPOOU TTOCPEICTBOM OOBIKHOBEHHOTO TIPUEMa, «IJIMHHOTO» jejeHus. Ha
Ka2KJI0M CTYTIEHU TOTO MIPOIEeCCa BOSHUKAET OCTATOK, He PABHDIN HYJIIO, NHA~
ve JIpobb OKa3aJ1ach Obl KOHEYHO!. Pa3inyHbie BOSHUKAIOIIIE OCTATKHA MOT'YT
OBITH TOJBKO TEJABIMUA YUCJIaMu OT 1 70 ¢ — 1, Tak 9TO mMeeTcs Bcero ¢ — 1
BO3MOKHOCTEH JIJIsI 3HAYEHUH 3TUX OCTATKOB. DTO 3HAYHUT, UTO TOCJE ¢ JIe-
JIEHUIT HEKOTOPBIit 0OcTaTOK k MossBUTCA BO BTOpOit pa3. Ho Torma Bce ciremy-
IOTIFie OCTATKHA TaKXKe OYIyT MOBTOPATHCS B TOM K€ MOPSIKE, B KAKOM OHU
y2Ke MOSIBJISLINCH TI0C/Ie IIEPBOr0 BOSHUKHOBEHUsI ocTaTKa k. Takum o6pasom,
decamunHoe PA3A0AHCEHUE BCAKO20 PAUUOHANDHOZ0 “UCAA 06aadaem c80T-
CcmBoM NepuoduHOCMU; TTIOCTIE HEKOTOPOTO UHUCIIA IECATHIHBIX 3HAKOB OIHA,

1 Ta 2K€ I'pylla AECATUYIHBIX 3HAKOB HAYNHACT IIOBTOPATHCA OECKOHEYHOE

ameno pas. Hampmep, é — 0,166666666.. . .: % — 0,142857142857142857 . . .;
1 122 11
£ = 009090909 . ; o =0,1109090909. . ; ¢ =0,122222222 . w 1. 1,

(Bal\/IeTI/HVI 10 IMOBO/y TeX PallMOHAJIbHBIX YHCEJI, KOTOPbIE IIPEJICTaBJIAIOTCA
B BHJE KOHEYHOI JECATHIHON APOOH, UTO Yy ITON KOHEUHOU JPOOU MOXKHO
BOOOPA3UTH TIOC/IE TIOCTETHETO ee JIECATUIHONO 3HaKa OECKOHEYHO MTOBTOPSsI-
romyioca mudpy 0, u, TakuMm 0O6pa3oM, pacCMaTPUBAEMbIE DAIMOHAJIbLHBIE
4HC/Ia HE UCKJIIOYAIOTCS U3 JIAHHOM Bbline obieii dopMysmposku.) 13 upu-
BEJIEHHBIX IIPUMEPOB BHUJHO, YTO y HEKOTOPBIX U3 JECATUYHBIX PA3JIONKe-
HU#l, COOTBETCTBYIONINX PAIMOHAIHLHBIM TUCAM, TIEPUOTTIECCKOMY «XBOCTY»
MIPEJIIIECTBYET HEIEPUOINIECKAs «T0JI0BAY.

Ob6parHO, MOXKHO MOKa3aTh, 9TO 6ce nepuoduyeckue dpobu npedcmas-
AA0M c000T payuoHasvhble wucaa. PaccMoTpuM, HampuMep, OECKOHETHYIO
MIEPUOINIECKYIO JIPOOH

p=0,3322222. ..

MoxKHO HamucaThb: p = % +107%-2(1+ 107t 41072 +...). Bepaxennue B
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CKOOKaxX eCTh OECKOHETHAsT TeOMETPUIECKas ITPOTPECCUsT:

14107 4+1024103+.. . = —— = —.

3HaguT,

33 _3 10 2970+20 2990 299
P=150 71029 = 79718 = 9000 — 900°
B obmem ciytae m10Ka3aTeIbCTBO CTPOUTCS TAKUM K€ 00pa3oM, HO 3a-
TPYIHEHO HEOOXOIUMOCTHIO BEOJAUTH HECKOJIBKO TPOMO3JKNAE OO03HAYCHMUS.
Paccmorpum mepuojimieckyo 1pobb 00IIero Buia

p= 0,a1a2a3 e amblbzb3 e bnb1b2b5 e b'n. e

O6o3naunmM gepes B = 0,b,b5bs5 . . . b, IEPpHOANIECKYIO YaCTh HAIIErO Pa3JIo-
)
Kenud. Torna MoXKHO HAIIUCATh

p=0,a10205 .. .0y, + 107" B(1+ 107" + 102" +107°" +...).

Bripakenne B ckoOKax — OeCKOHEYHAs T€OMETPUYECKAs] IIPOrPECCUsl, IJIs
koTopoii ¢ = 107", Cymma 3710ii nporpeccun, corsacuo opmylie (10) npembi-

JAyHIero myHKTa, paBHa u 1oTomMy

1-10""’
10-™-B

p= O,alagag e QT+ m

VYupaxkuenus. 1) Pasjoxure B mecaTudnbie ApobH CIIeyIOMUe PAIAOHAb-
1 1 2 3 1 2
ﬁ7 Tg? E? T37 ﬁ? T77
*2) Ymcno 142857 o6amaer TeM CBOWCTBOM, YTO NMPH YMHOXKEHHH €r0 Ha 2,
3,4, 5 uau 6 B HEM COBEPIIAIOTCH TOJILKO repecTaHoBKH 1udp. ObbsicauTe 310

HbIC 9HCJIa: u OolIpeieJIiuTe Iepuo/ibl pa3JIO}KeHI/II7L

. 1
CBOUCTBO, UCXO/s U3 PA3JIO2KEHUA YHCIIa ? B J€CATUIHYIO ,ZL]Z)O6I>.

3) Pasnoxkure umncia, IpUBEJIECHABIE B yIPasKHEHNH 1, B 6eCKOHETHBIE JpOo6H ¢
OCHOBaHUSAMU 5, 7 1 12.

4) Pazsoxxure 4nciio % B JIBOUYHYIO JIPOOD.

5) Hamummure pasnoxenme 0,11212121 ... YcranoBuTe, KAKOE IHUCIO OHO TIPE-
CTaBJIsleT IIPY OCHOBAHUAX 3 WU D.

5. OOimee olpejiesieHNe UPPAIMOHAIBHBIX YHCEJ MOCPEICTBOM
CTATUBAIOIUXCA OTPe3KOB. Ha crp. 82 MbI BBejHM IIpeIBapUTEIbHOE
OIIpeJieJIeHNE: «UUCI0» eCTh KOHEUHasl I OECKOHEUHAS JIeCTUIHAS JIPOOb.
MBI yCIOBUJINCh BMECTE C Te€M JECATUIHBbIE IpOOH, HE MPEICTABJISIIONINE
PAIMOHAIBHOTO YUCJIA, HA3BIBATD WPPAIMOHAJBHBIME uncjaamu. Ha ocHose
pPe3y/IbTATOB, TOJIYY€HHBIX B IPEIBIIYIIEM IIYHKTE, MBI MOXKEM TeIepb MpeJl-
JIOYKUTD CJIELYIONLY IO (DOPMYITHPOBKY: «YUCAOBOT KOHMUHYYM, UL CUCTNEMA,
deticmeumenvroir wucen («IefCTBUTEIbHBIEY YUCIIA IPOTUBOIIOCTABIISIIOTCS
31€Chb «MHUMBIM», WJIH <KOMIUJIEKCHBIM», CM. § 5), €Ccmo CO80KYNHOCMb
6CEB03MONCHBL beckonewnvixr decamuynbix dpobety. ([lpunucbiBasg myiu,
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MOXKHO, KaK y2Ke ObLIO OTMEYEHO, KOHEUHYIO JIECATUIHYIO IPOOb HAINCATH
B BUJie OECKOHETHON, WM €CTh JPYTOi CIIOCOD: TOC/IEIHIONn ndpy aApodu a
3aMeHUTb Ha ¢ — 1 ¥ K Heil nmpunucarh 6€CYUCIeHHOEe MHOYXKECTBO JIEBSITOK.
Tax, Mbl Bugen, nanpumep, 9ro 0,999 ... =1, —cm. m. 3.)

Payuonanvrvie wucaa cymv nepuoduneckue dpodu; uppayuonasbHvle Yuc-
A6 cymod Henepuoduveckue dpobu. Ho 1 Takoe ompe/iesieHne He MpeicTaBIsgeT-
CsI BIIOJIHE YIOBJIETBOPUTEIbHBIM: JIEHCTBUTEIBHO, MBI BUIEJIN B TiaBe I, 4To
caMoOil IPUPOIOH BeIeil TeCATHIHAS CHCTEMa, HIIEeM 0COOBbIM HE BBIIESIETCS
73 JPYTUX BO3MOXKHBIX; TAKUM K€ 00pa30M MOXKHO OBLIO ObI OIIEPUPOBATH,
HaIpuMmep, aBondHOil cucremoit. [lo 3Toil npuunHe sIBJISIETCsT Ype3BblYaii-
HO JKeJIATeJIbHBIM JaTh 00Jiee 0DIee OIpe/iesieHne YUCI0BOI0 KOHTHHYYMA,
HE3aBUCHUMOE OT CIEIHAJBHOro Bhibopa ocHoBanus 10 nim goboro maoro. Be-
POSATHO, IPOCTENIITHIT METOJ, JIJIsI BBEJEHIS TAKOTO 00ODIIEHNs 3aKII0IAeTCs
B CJIETYIOIIEM.

PaccmoTpum Ha 9IMC/IOBONT OCH HEKOTOPYIO TMOCTEIOBATEIbHOCTD [1, o,
I3, ..., I,, ... OTPE3KOB C PAIMOHAJBHBIMU KOHIIAMU; MIPEIIOJIOKAM, ITO
KAXKJIBII CJIEYIOIINI OTPE30K COIEPXKUTCS B MPEBIAYIIEM U ITO JIJIMHA N-TO
orpe3ka [,, cTpeMUTCs K HYJIIO DU HEOTPAHUYIEHHOM Bo3pacTtaHuu n. Takyio
[10CJIe/IOBATEILHOCTD  «BJIOYKEHHBIX» JIDYI' B JIpyra OTPE3KOB MbI OyIem
HA3bIBATH NOCAECIOBAMEALHOCTIDIO CMAZUBAIOWUTCA ompe3kos. B ciaydae
JECATUIHBIX OTPE3KOB JyuHa [, paBHa 107", HO ¢ TAKHM K€ YCIEXOM OHA
MorIa Obl PaBHATHCH, CKaxKeM, 2~ ", WM MOYXKHO OTPDAHMYUTHCS XOTHA ObI

1
TeM TpeboBaHUEM, 9TOOBI OHA ObLIA MeHbITe —. J[a M Ternepsb CJeayonLyo
n

hOPMYIIMPOBKY, KOTOPYIO OYyeM pacCMaTPUBATH KaK OCHOBHOW MeoMeTpude-
CKUIT TIOCTYJIAT: KaK08a Obl HU GblAG NOCAEOOBAMEALHOCTND CINALUBAIOULULTCA
OMPE3K06, CYWECMEYEM 00HaA U TMOALKO 001G MOYKA YUCA060T 0CU, KOMOPAA
odnospemento codeporcumes 60 ecex ompeskax. (COBEPIIEHHO sICHO, YTO CY-
IIECTBYET He 6ojiee OIHON TaKOi TOUKM, TaK KaK JJIMHBI OTPE3KOB CTPEMATCS
K HYJIO, a JB€ Pa3JUYHbIe TOYKH HEe MOIJIA Obl COJIEPKATHCA B OTPE3KE,
JIJIMHA KOTOPOrO ObLjia Obl MEHBIIE, YeM PACCTOAHUE MEXKJy TOYKAMU.) DTa
TOYKa, 10 OIPEIEICHUIO, U HA3BLIBACTCS JetCmMEUmMesbHbLM YUCAOM; €CIIU
OHa HE FABJISETCA PAINOHAJIBHON, TO HA3ZBIBACTCH UPPAUUOHAALHDOLM YUCAOM.
C 1IOMOIIBIO TAKOI'O OIPEJIEIEHUs] Mbl YCTAHABIUBAEM IIOJTHOE COOTBETCTBUE
MEXKJy TOYKAMU U YUCJaMU. 371eCh He NMPUOABJIEHO HUYEro CyIIEeCTBEHHO
HOBOT'O: BCEr0 JIMIIL OIPEJEJICHUIO YHUC/Ia KaK OECKOHEYHON JecaTHIHOI
apobu mpumana 6oJiee obimas popma.

Bce oice wumamenas 6 amom MECME MO2YM OLEAMUMb U3EECTHBLE CO-
MHEHUSA, KOTOPBIE CJIeIyeT MPU3HATH BIOJHE OOOCHOBAHHBIMU. TO Ke Ha
CaMOM JIeJIe TIPEJCTABJIAET COOOH Ta «TOYKa» Ha UYUCIOBONH OCH, KOTOpAs,
KaK MBI JIOIIYCKAEM, COJEPIKUTCS OJHOBPEMEHHO BO BCEX CTATUBAIONIUXCS
OTpe3Kax IOCJIEI0BATEbHOCTH B CJIy4Yae, €CJIM OHA HEe COOTBETCTBYET pa-
nuoHaJbHOMY unciy? Hamm oTBer TakoB: CyIIeCTBOBaHME Ha, UHCJIOBONH OCH
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il * *

Puc. 11. Crarusaromuecs orpesku. [Ipemens mociegoBare/ibHOCTEH

(paccmarpuBaeMoil KaK reOMETPUYECKHI 00pa3) TOYKH, COJEpKAaIleiics BO
BCEX CTATHBAIOINNXCA OTPE3KaxX C PAIMOHAJIBHBIMA KOHIIAMH, €CTh OCHOBHOM
2eomempuyeckuts nocmyaam. Her nHagobHoCTH Je7aTh PEAYKIHUIO, IIPUBOIS
€ro K MHBIM MaTeMaTUYIeCKUM IIPEeIJIOZKEHUAM. Mgur IIpuHUMaeM €ero, Kak
IpUHUMAaEeM B MaTeMaTHUKE JPYI'Ue aKCUOMBI WJIU IIOCTYJIAThI, OCHOBLIBAACH
Ha €ro MHTYUTHUBHON MPaBIONOA00HOCTA M HA €ro MOJE3HOCTU, OOHADPYIKU-
Balomeica IIpu MOCTPOCHUH JIOTHYECKH ITOCJIeI0BATEeIbHON CHCTEMBI MaTe-
MaTUIeCKuX npesoxkennit. Yucro hopMagbHO MBI MOTJIA OBl UCXOJIUTH U3
YUCJIOBOM MPSAMON, KOTOPYIO MBICJIMINA Obl KAK COBOKYITHOCTb OJIHUX TOJIBKO
PaIlMOHAIBHBIX TOYEK, U 3aTE€M OIPEJICJININ Obl UPPAIMOHATBLHYIO TOUKY KaK
CUMBON, 0003HAMANOULT HEKOMOPYIO NOCACIOBAMEABHOCTND CIMALUBUIOULUL-
ca ompeskos. VpparmonaabHas TOYKa MOJTHOCTBIO OMPEJIEISIeTCs TTOCTIeI0-
BaTEJIbHOCTBIO CTATUBAIOIINXCA PAIMOHAJBHBIX OTPE3KOB, JJIMHBI KOTOPBIX
CTPeMSTCs K HyJII0. 3HAYUT, HAII OCHOBHOI IOCTYJIAT HA CAMOM JIeJIe CIIO-
coOeH CIYKHUTh onpejeseHneM. lIpuHATE Takoe onpejeseHue, IOCTIE TOTO
KaK MbI OBbLIM IIPUBEJIEHBI K II0CJIE0BATEIBHOCTU CTSATUBAIOIINXCS OTPE3KOB
UHTYUTUBHLIM OIIYINEHUEM, yTBEPXKIAIOIMNM «CYyIIECTBOBAHUE» HUpPPaIo-
HaJbHOM TOYKHU, — 3HAYAT OTOPOCUTH <«KOCTBLIA HHTYHUIUU», HA KOTOPHIE
OIIPAJIOCH HaIlle PacCy2KJIeHHe, U 0OCO3HATh, YTO BCE MAMEMAMUYECKUE C60U-
€M6aG UPPAIUOHAIBHBIX TOYEK MOI'YT OBITH IOHUMAEMbl U IIPEICTABJISIEMbI
KaK CBOWCTBAa IIOCJIEA0BATE/IBHOCTEH CTATUBAIOIIUXCA OTPE3KOB.

C uncro MaTeMATHYECKON TOYKHW 3PEHUs B JAHHOM CJIydae BajXKHO TO
00CTOATEILCTBO, UTO, MPHUHSIB OIPEIEeHIe UPPAIMOHAJIHHOTO UHCIa KaK
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[TOCJIEJIOBATEIHHOCTH CTSITHBAIOIIIXCST OTPE3KOB, Mbl TPHOOPETAEM BO3ZMOK-
HOCTB JIATh OIPEJICJICHIS CIIOXKEHIST, YMHOXKEHHS U T. JI., & TAKYKE OTHOIICHIA
HEPABEHCTBA, SIBJIAONIUXCSI HEIIOCPEICTBEHHBIM 0D0DIIEHNEM COOTBETCTBYO-
X OIPEJIEJIEHUIl B MOJIe PAIMOHAJIBHBIX YUCEJI, U IPUTOM C COXPAHEHUEM
BCEX OCHOBHBIX 3aKOHOB, JIEHCTBYIONIUX B IT0JI€ PAIMOHAJBHBIX YuCes. Tak,
HAIpUMep, ITO0BI OIPEJEIUTh CyMMY ABYX HPPAIMOHAJBHBIX 4dnCeT o U 3
HCXOJIS U3 IBYX TIOCJIEIOBATEILHOCTEH CTATUBAIONINXCS OTPE3KOB, OIIPe IeIs-
IOIIUX YMCJia A U B7 IIOCTPOUM HOBYIO ITOCJ/IEIOBATE/IBHOCTDL CTATNBAIOITUXCHA
OTPE3KOB, CKJIAJIbIBasi COOTBETCTBEHHO HAYAJIbHbIE WM KOHEYHBbIE TOYKH OT-
PE3KOB, BXOJSININX B COCTAB JAHHBIX IOCJenoBaTebHOCTel. T0 Ke MOXKHO
CIeNaTh ¢ mpousBeeHreM of, pasHOCTLIO o — 3 1 dacTHbIM o/f. 11 MoxKHO
[MOKA3aTh HA OCHOBE 9TUX OINpeJIeJIeHU, YTO apudMeTHIecKrne 3aKOHbI, Pac-
cMOTpeHHbIe B § 1 9T0i1 TJIaBbl, IPU MEPEXOJIe K UPPAIMOHAIBHBIM THCIAM
He HapymawTcs. 11o1pobHOCTH, CIOJIa OTHOCSIIIUECS, MBI OITyCKaeM.

[TpoBepka Bcex 3THX 3aKOHOB IIPOCTa, M ITPOU3BOIUTCS HEIIOCPEICTBEHHO
6e3 0cOOBIX 3aTPYIHEHU, HO MOTJIa OBl TIOKA3aThCS HECKOIBKO CKYJHOBATON
HAYUHAIOMIEMY IUTATEI0, KOTOPBIii, €CTECTBEHHO, HHTEPECYETCsI CKOPEe TEM,
9TO MOYKHO CJIEJIATH C [IOMOIIBI0 MATEMATHKY, 9€M AHAJIM30M €€ JIOTHIECKUX
ocHOB. Hepeniko ciiyuaercsi, 4To HOBeiilline y4eOHUKUA MaTEMATUKU OTTAJI-
KHUBAIOT YUTATEJs UMEHHO TeM, UTO C MEPBBIX YKe CTPAHUIL JIAI0T TIeJIaHTH-
4Jeckoe 060CHOBAHME CUCTEMBI JEHCTBUTEILHBIX YUCes. TuTare/ib, CIIOKOWHO
WTHOPUPYIONIUI 9TH CTPAHUIIBI, MyCTh YCIOKOUT CBOI COBECTH CO3HAHHEM
TOro (haKTa, 9TO BIJIOTH /10 KOHIIA XIX CTOJIeTHs BCe BEJTUKNE MATEMATHKU
JleJiaJin CBOU OTKPBLITHA Ha OCHOBE «HAUBHOM» KOHIECIINKY Y1CJIOBOI'O KOHTHU-
HyyMa, JOCTaB/IsIEMOIl HEIIOCPEJICTBEHHO MHTYUITHEIA.

Hakomnerr, ¢ ¢pusndeckoit TOUKU 3peHusi, OMpeeIeHIe UPPAIMOHAIBHOTO
YUCIIa TOCPEICTBOM IOCJIE0OBATETLHOCTH CTATUBAIONINXCS OTPE3KOB €CcTe-
CTBEHHO YTOODBJISIETCST ONPEIEJIEHUIO YHCIOBOIO 3HAYEHUsI HEKOTOPO J10-
CTYIHON HAOJIIOIEHIIO BEJTMIMHBI — IIyTEM Psijla U3MEPEHNUil, TPOU3BOINMBIX
[IOCJIEZIOBATENILHO CO BCE BO3PACTAIOINIEl TOUHOCTHIO. Besikast omeparust, co-
BepIllaeMasi, CKaXkKeM, C IIeJIbI0 OIIPEeJIeJIEHUs JIJIMHBI HEKOTOPOI'O OTPEe3Ka,
MPAKTUYECKH OCMBICICHA JIUIIb B [IPEJIEJaX HEKOTOPOH BO3MOXKHOI TOrperr-
HOCTH, BEJIMYUHY KOTOPOIi OIIpeJIesisieT TOYHOCTh HHCTPYMEHTa. Tak Kak pa-
[IMOHAJIFHBIE YHCJIA PACIOJIOKEHBI Ha MPSIMON BCIO/LY ILUIOTHO, TO HUKAKAS
dusnyueckast onepaliysi, Kak Obl TOYHa OHa HU ObLjIa, He TO3BOJIUT Pa3/InIUTh,
SIBJISIETCsI JIW JIaHHAsI JJINHA PAIMOHAJIBHON WJIN 2Ke UppaIruoHaabHOi. Takum
06pazoM, MOIJIO Obl TIOKA3ATHCsI, YTO B UPPAIMOHAIHLHBIX YHCIAX HET HUKA-
KOIT HEOOXOMMOCTH I 3JIEKBATHOIO onucanns pusndeckux spiennii. Ho,
KaK MBI YBUJUM B TJiaBe VI, Ipu MaTeMaTHIeCKOM OIMUCAHUU (PUITIECKUX
SIBJIEHUII UCTUHHOE IIPEUMYIIECTBO, TPHOOPETAEMOE TOCPEICTBOM IIPUBJIETE-
HUSI MPPAIMOHAJBHBIX YUCEJI, 3aK/IF0YAeTCs B UPE3BBIYAWHOM YIIPOIIEHUU
TOrO OIUCAHUSI — UMEHHO 0J1aro1apsi CBOOOIHOMY UCIIOIH30BAHUIO TOHSITUST
npejiesia, OCHOBOM KOTOPOTO SIBJISIETCS YUCJIOBON KOHTHHYYM.



§ 2HECONUBMEPVMBIE OTPE3KU. UPPAIIMMOHAJIBHBIE YNCJIA, ITPEJIEJIBI97

*6. Nnble MeTOAbI ONpe/ie/IeHUsI NPPAIMOHAIILHBIX yncesd. e-
JOEeKWMHIOBBI cedeHUusi. HeckosbKO MHOU IIyTh JIJIsi OIIPEJIeJIEHNsT UPPAIH-
OHAJIbHBIX vnces Obul u3bpan Puxapmom Henexungom (1831-1916), oqaum
W3 CAMbBIX BBIJAOIIUXCS OCHOBOIIOJIOXKHUKOB JIOTMYECKOTrO U (PUIIOCOCKO-
ro aHajm3a ocHOB Maremaruku. Ero crarbm — «Stetigkeit und irrationale
Zahlen»' (1872) m «Was sind und was sollen die Zahlen?»? (1887) — oka-
3a/i 1UIyOOKOe BJIMSIHUE HA, MCCJIE0OBAHNE OCHOBHBIX IPUHITUIIOB MAaTeMaTH-
ku. enexkuna mpeamoduTtas obmire abCTpaKTHBIE KOHIEHIINNA KOHKPETHBIM
IIOCTPOEHUSIM BPOJIE IOCJIEI0BATEILHOCTEN CTATUBAIOIINXCS OTPe3KOB. Ero
nporeaypa 0a3supyercss Ha UJee «CEUeHUsi»; Mbl CeHYac OIMINEM, UTO ITO
TaKoe.

IIpeamonokumM, 9T0 KAKUM-TO CIIOCOOOM YIAJI0Ch Pa30UTh COBOKYITHOCTH
BCEX PAIMOHAJIBHBIX YHCEs HA JiBa Kilacca A u B TakuM 06pa3oM, ITO BCIKOe
qucJio b Kiaacca B Gouibliie, 9eM BesiKoe 9rciio a Kiracca A. Besikoe pa3buenne
TaKOr'0 POJia Ha3bIBAETCS ceveruem B OOJACTU PAIMOHAJIBHBIX wuces. Ecim
MIPOU3BEJEHO CEYCHHE, TO JIOJIPKHA OCYIIECTBUTHCS OHA U3 CJICIYIOMNX TPEX
JIOTMIECKA MBICJIMMBIX BO3MOYKHOCTEIA.

1) Cywecmeyem nauboavwutd assemenm a* 6 xaacce A. Takoe noso-
JKEHUe Bellleil MMeeT MeCTO, HaIpUMEpP, B TOM Clydae, ecjiu K Kjaccy A
OTHECEHBI BCe pallMOHaJbHbIE uncia < 1, K Kjiaccy B — Bce paluoHaJ IbHBIE
qnciia > 1.

2) Cywecmsyem naumenvwul ssemenm b* 6 xaacce B. 1o npoucxoaur,
HAIpUMEpP, B TOM CJIydae, ecjii K Kyaccy A OTHeCeHBI BCe palMOHAIbHBIE
qucia < 1, K kjaaccy B — Bce panpoHasbHbIe ducyaa > 1.

3) Hem nu naubosvwezo asemenma 6 Kaacce A, MU HAUMENLUWEZ0 6
xaacce B. Cedenune 5TOr0 pojia MOIy9IUTCs, HAIIPUMED, B TOM CJIy4ae, €CJIn
K KJ1accy A OTHeCeHBI BCe PAIMOHAJBHBIE YUC/Ia, KBAJIPAT KOTOPBIX MEHBIIE
qeM 2, a K Kj1accy B — Bce palnoHaJIbHbBIE YNCIIA, KBAIPAT KOTOPHIX OOJIbIITE
qem 2. Kiaccamu A um B ucYepribIBaloTCsl BCe palMOHAJIBHBIE YUCTIA, TaK
KaK OBLJIO [IOKA3aHO, YTO TAKOI'O PAIMOHAJIBHOIO YHCJIa, KBaJIpaT KOTOPOI'O
paBeH 2, He CYIIECTBYET.

Takoit cryuait, Korja B Kiacce A ecTh HAUOOIBINNN 9JIEMEHT a* U BMECTe
c TeM B KJlacce B — HanMeHbImit 3jleMeHT b*, JIOrMYecKn HEMBICINM, TaK

KaK TOTIa PaIlMOHAJILHOE THUCIIO az b 3 *, 3aK/IIOYEHHOE KaK pa3 Mexiy a*
u b*, ObIO ObI GOJIbIIE, YeM HauOOJIbLINN 3jieMeHT B A, U MeHbIe, 4eMm
HAVMEHbIIHl 9JIeMeHT B B, 1, 3Ha4YnUT, He MOIJIO OBl IIPUHAJJIEXKATH HI K A,
HU K B.

B Tperbem ciyuae, Korma HeT HU HAMOOJIBIIErO PAIMOHAJIBHOIO UUCIIA
B KJacce A, HM HauMeHbllero B Kjacce B, torma, nmo Jenekunmy, cedenue
OIIpeNieJIsieT, Wn, JIydllle, NPpedcmasisem cobol, HEKOTOPOe MPPaIliOHAIIb-

1
2

«HenpepbIBHOCTD U MppaIMOHAJbHBIE YUCaa>. — [Ipum. peo.
«YTO Takoe 4nciia U 9YEeM OHH JOJIXKHBI ObITh?» — [Ipum. ped.
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noe uyucjio. He cocraBur Tpyaa mpoBeputhb, 9TO ompenesenue [lenexkunma
COTJIACYEeTCs C OIPEe/IeHNEeM, B OCHOBE KOTOPOI'O HAXOJATCSH BJIOYKEHHBIE
OTPE3KM: U3 BCAKON IMOCIEI0BATEILHOCTH BJIOXKEHHBIX OTPE3KOB [, I, I3,

. MBI TIOJIy9aeM CEeYeHne, eCJIM OTHECEM K KJIacCy A BCe Te paluoHAJbHBIE
qucJia, KOTOPBIE MEHBIIE, YeM JIEBBI KOHEIT XOTs Obl OJHOrO mHTepBaJa I,
K KJjaccy B — Bce mpodne paruoHaJbHBIE YUCIIA.

B dunocodckoM oTHOIIEHNN ompejiesieHne UppPalMOHAJILHBIX ducesa mo Jle-
JEKHUHJly HAXOIUTCA Ha 6ojiee BBICOKOM YPOBHE abDCTPAKIUU, TAK KaK OHO He
OrPaHUYMBAET HU B Y€M TOIO MaTEMATHYECKOI'O 3aKOHA, KOTODPBIA OIIpejesisieT
kiaccel A u B. JIpyroii, 60jiee KOHKPETHBIH METO [IJIsl OIPEIe/ICHUs KOHTUHYYMa,
JeficTBuTesbHbIX uncen npunaexur Leopry Kanropy (1845-1918). Ha nepsbrit
B3IVIsIZ, PE3KO OTJIMYHBIN KaK OT METO/a BJIOXKEHHBIX OTPE3KOB, TaK U OT METOIa
CeUYeHNI, OH, OJTHAKO, SKBUBAJEHTEH JIIOOOMY U3 HUX B TOM CMBICJI€, YTO UUCJIOBOM
KOHTHHYYM, MOJIyYAIOIUiCs HA OCHOBE BCEX TPEX METOJ0B, 06JIajlaeT OJHUMU
u Temu ke cpoiicrBamu. Mness Kanropa 6Gasupyercss Ha TeX OOCTOSITENBCTBAX,
aT0 1) MelCTBUTENbLHBIE IUCIa MOYKHO TPAKTOBATH KAK OECKOHEIHBIE JTECATUIHDIC
Jpobu, 2) GeCKOHEUHbIE JEeCATUIHBIE APOOM MOXKHO PACCMATPHUBATDL KAK IIPEIEIIbI
KOHEYHBIX JECATUYHBIX Jpobeii. YToObl HE CBS3BIBATH Ce0sI 3aBUCHMOCTBIO OT
JEeCATUYIHBIX Jpobeit, MbI, ciaeayss KauTopy, mpuHHMaeM, 9YTO BCAKAS <«CXOJs-
MIAsICA» TOCIEI0BATEIbHOCTh PAIMOHAJBHBIX YUCET G1, G2, 3, ... OIPEIEJIseT
neficrBuTebHOE YUCI0. [Ipu 3TOM «CXOAUMOCTB» MOHUMAETCSI B TOM CMBICJIE, UTO
PasHOCTh (G — Gn) MEXKIY ABYMS WICHAMH HOCJIEIOBATEILHOCTH CTPEMUTCI K
HYJIIO, €CJIM M U N OJHOBPEMEHHO M HE3aBUCUMO APYT OT JPYyra HEOrPAHUYIEHHO
Bospacraor. (Kak pa3 mocsesoBaTesibHbIE JECATUYIHbIE IPUOIIMIKEHISA 00JIa1aI0T
9TUM CBOWCTBOM: JIIOObIE JIBa U3 HUX IIOCJE€ N-TO OTJIMYAIOTCH MEHBIIE YeM
ma 107".) Tak Kak OmHO W TO Ke AeHCTBHUTEIbHOE YHMCIO 110 Merony Kanrtopa
MOXKeT OBbITh OIpEeIeIsieMO CAMBIMU PA3HOOOPA3HBIMH ITOCJIEI0BATEHLHOCTSIMUI
PAIMOHAJILHBIX YUCEJI, TO MPUXOAUTCS JOOABUTH, YTO JBE IOCJIEI0BATEIHLHOCTU
ai, a2, as, ... u b1, ba, bs, ... ONPENEIISAIOT OJHO M TO XKe JAEHCTBUTE/ILHOE YUCJIO,
€c/ii Pa3HOCTb @, — b, CTPEMUTCS K HYJIO NPU HEOTPAHUYEHHOM BO3paCTa-
uuu n. Uas no mytu, namedennomy KaHTOPOM, HETPYIIHO ONPEIE/IATh CIOXKEHUE
" T. 1.

§ 3. 3amMeuaHusi n3 00JIACTH AHAJIUTUIECKOI

reomerpum’

1. OcHoBHOIT tpuHIMN. Yxke HaunHas ¢ X VII B. gmcioBoit KoHTH-
HyyM, IPUHUMAEMbII KaK HEYTO caMoO cO00il pa3yMeronieecss WiIn JKe IIOJI-
BepraeMblii 0oJiee Wi MeHee TOBEPXHOCTHOMY KPUTUIECKOMY AHAIU3Y, CTAJ
OCHOBOIl MaTeMaTHUKH, B YaCTHOCTH, aHAJUTUIECKON reomerpun u mudde-
PEHITHAILHOTO U UHTETPAJILHOTO UCIUCTICHUN.

BBenenne 4HCIOBOrO KOHTHHYYMA JIA€T BO3MOYXKHOCTH COIOCTABUTH

Yuraresiro, He BIIOJIHE OCBOMBILIEMYCS C IIPEIMETOM 3TOT0 naparpada, PeKOMEH/1yeTC st
06paTUTHCA K YIPaXKHEHUsIM, KOTOPbIE MMOMEIIEHbl B IMPUJIOYKEHUU B KOHIE KHUTH,
cTp. 513 u masbire.
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Kaotcdomy ompesky npamoll B KAIECTBE €ro <« UIMHBI» HEKOTOPOEe OIIpe-
JeJieHHOe JeficTBuTesibHOe dncyio. Ho mMoxkuo moiitu n masbiie. He Tosbko
JUIMHA, HO U 6caxkuli soobwie zeomempuueckuli 06sexm, 6CAKAA 2e0MEM-
PUMECKAA ONEPAUUA MO2YM HAUMU Cc60e MEcmo 6 uyapcmee wucea. Pe-
[IUTEJbHBIE IMATH B HAIPABJICHUN apU(MeTH3aIuu reoMeTpun ObLT Cie-
Jganbl He noszahee 1629 r. ®epma (1601-1665) u B 1637 r. ekaprom
(1596-1650). OcHoBHAs Hjesd AHAJUTUYIECKON TE€OMETPHU 3aKJIOYACTCA B
HCIIOJIb30BAHUN <«KOOpAWHAT» — YHUCEJI, CBA3aHHBIX (KOOpLLI/IHI/IpOBa.HHbIX)
C JIAHHBIM 2€0MEMPUMECKUM OOBEKTOM U IIOJHOCTHIO ITOT OOBEKT Xa-
pakTepudyonux. BoJbIIMHCTBY uYmMTaTesell M3BECTHHI TaK Ha3bIBA€MbIe
MIPSIMOYTOJIbHBIE, WX JIEKAPTOBBI, KOOPJIUHATHI, CIyKAIHe IJIs TOrO, ITO-
ObI (PUKCHPOBATH TIOJIOKEHUE TPOU3BOJBHON TOYKW Ha ILIOCKOCTH. MBbI
UCXOJIUM W3 JIBYX HEIOJBIKHBIX B3aUMHO IEPHEHIUKYISPHBIX IIPAMBIX
Ha IJIOCKOCTH, «OCH T» W <OCH Y», W K HUM OTHOCHM KAaXKJyK TOYKY.
DT OCH PACCMATPUBAIOTCS KAaK OPHEHTUDOBAHHBIE UHCJOBBIE IIPSIMBIE,
pudeM W3MEpPEHUEe COBEPIIAETCs C I0-

MOIIBIO OJIHOTO M TOTO K€ €JMHUTHO- y
ro orpeska. Kaxoii Touke P (puc. 12)
COIIOCTABJIEHBI JIBE KOODJMHATBI & W . Qs P
OHu moIyvaoTCs CJICLYIOMUM 06PasoM.

(BekTOD), Miaymuii u3 «Hauasas O B TOY-
Ky P, m 3areM CIPOEKTHUPYEM OpPTOro-
HAJIBHO 3TOT BEKTOp Ha 00e oCH, IOJLy-
4yasi OPHEHTUPOBAHHBINA oTpe3oK OP’ Ha
ocu = 1 Takoii xke orpesok OQ) Ha OCU Y. Pyc. 12. IIpsmoyroapHbIe KOOPAU-
JBa qucna x Uy, U3MEPSIONIHE COOTBET- HATbI TOUKI
CTBEHHO OPHUEHTHPOBAHHYIO JJTMHY OTPe3-
koB OP’ u OQ)', HassiBatorcst xoopdunamamy touku P. O6partHo, eciau x
U Y — JIB& MPOU3BOJIHLHBIX HATIEPE] 3aJ[aHHBIX YHUCJIA, TO COOTBETCTBYOIIAS
Touka P onpejesnsercsd ognosnaqno. Eciu qucia x u y 0ba moJI0KUTETbHBIE,
o P nonajiaer B nepsuili keadpanm KOOpAMHATHON cucrembl (puc. 13); eciu
00a oTpUIATeNIbHBIE, TO B TPETHUIH; €CIIU T MOJIOKUTEILHO, & Y OTPUIATETHHO,
TO B YETBEPTHIN, U, HAKOHEI, €CJIU T OTPHUIATEIHHO, & Y HOJOKUTEIHHO, TO
BO BTOPOM.

Paccrosinme mex iy Toukoil P, ¢ KOOpIWMHATAMY T, Y; U TOUKOH P, ¢
KOOPJIUHATAMHU Ty, Yo JAETCA (HOPMYJIOi

d* = (21— 22)" + (1 — y2)"- (1)
D10 HeMeJIEHHO cJtejiyeT u3 mudaroposoii Teopemsl (puc. 14).

|
|
PaccmoTpum opumeHTHPOBAHHBIN OTPE30K y |
|
|
|

2. YpaBHeHus IpsAMbIX U KpUBbIX JuHuii. Eciau C' ecTb HemoaBmxK-
Has TOYKA C KOODAWMHATAMU T = @, Y = b, TO N€OMETPUIECKOEe MECTO BCEX
Touek P, Haxomamuxcs oT Touku C' HA JAHHOM PACCTOSIHUU T', €CTh OKPY K-
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Y Y
P (x2,Y2)
11 I 2
O X
Yrp-———<
11 IV SN |
! 1
0 X1 X2 X
Puc. 13. Hernipe kBagpanTa Puc. 14. Paccrosnme Mexay aAByMs

TOYKaMMA

HOCTH ¢ 1eHTpoM C' u pajmycom 1. VI3 hopMysibl Jiiisi pACCTOSTHUST MEXKJLY
aByMst Toukamu (1) cuemyer, 9TO TOYKH

Y 9TOIl OKPY2KHOCTUA MMEIOT KOODIWHATHI X,
Y, YIOBJIETBOPLAIONINE yPaBHEHUIO
R (r—a)+(y—b>=r" ()

D10 ypaBHEHNE HASBIBAETCS YPAGHEHU-
eM OKPYICHOCTMU, TAK KAK OHO BbIpaXKa-
er nostHoe (HeOBXOMMOE U JIOCTATOTHOE)
YCJIOBHE TOro, 4TO TOYKa P ¢ Koopau-
19} X HATAMU &, Y JIEXKUT Ha OKPYKHOCTH C
nearpom C u pamuycom r. Eciam ckobku
PACKPBITh, YpPaBHEHHE TPUHAMAET BHI

2® +9° — 2ax — 2by =k, (3)
rae k =1r? — a® — b%. O6paTHO, ecam 3aJaHO ypaBHEHHE Bunia (3), mpuaem
a, b u k — npousBoJIbHLIE TIOCTOsIHHBIE U cyMMa, k + a? + b? moJioxKuTenbHa,
TO ¢ IIOMOIIBIO AIre6PAMYIECKON TIPOIELYPhI «IOIOJIHEHH 0 KBAIPAaTay Mbl
MOZKEM HAITMCATDL TO YK€ ypaBHEHHe B (opMe

(x—a)*+(y—b)*=r*
rie r2 =k + a® + b U rorga sicHo, uTo ypasHeHue (3) OIpenesieT OKpy K-
HOCTBb paJiiyca T, IeHTP KOTopoii — B Touke C' ¢ KoOpAuHATAMU a, b.

Vpasuenne npsiMoii JImHui emie mpoine 1o ceoeit popme. Tak, Hanpumep,
ypaBHeHue ocu T uMeeT B y = (0, TaK KaK KOOPAUHATA y PABHA HYJIO JJIs
BCEX TOYEK STON OCU M HU JIJIs KAKUX WHBIX TOUEK. TOIHO Tak 2Ke OCh Yy UMeeT
ypastaenune x = 0. [IpsiMble, TPOXOSIITE YePE3 HAYAIO U JIETIAIINE TIOMOJIAM
YTJIbI MEXKJY OCSIMH, UMEIOT ypaBHEHUS T =y U T = —J. JIerko mokasaTh,
YTO BCAKAS NPsIMAasl JTMHUSI UMeeT ypaBHEHNe BHIA

ax + by =c, (4)

Puc. 15. Oxpyxu0oCcTh
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rae a, b, ¢ — mocTosiHHbIE, XapaKTePU3yIOIue 3Ty npsaiMyio. Kak u B apyrux
CJTy9asx, CMBICJ ypaBHEHUs (4) TOT, 9TO napbl AeHCTBUTEIBHBIX TUCEN T U Y,
V0OBJIETBOPSIIONINX STOMY YPaBHEHUIO, SIBJISIIOTCS KOODJIUHATAMU HEKOTOPOI
TOYKHU Ha TPSIMOU, M 0OPATHO.

BI

Puc. 16. Qe ¢ dokycamu

MozkeT ObITh, UMTATENb YIWI B IIKOJIE, YTO YPABHEHUE BUIA
L= o)
p q
upejcrapisier aaaunc (puc. 16). DTa Kpupas nepeceKaeT OCb T B TOY-
kax A(p, 0) u A'(—p,0) u ocs y B Toukax B(0, ¢) u B'(0, —q). (O6o-
snavenne P(x, y) wiu, eme Kopode, (, y), BBOAUTCS DA KPATKOCTH U
JIOJKHO ObITh pacum@poBaHO Tak: «Todka P ¢ KoopauHaTamMu & U Y».)
Eciu p > q, 10 orpe3sok AA’ myinHb 2p HA3BIBAETCS 60ALULOT 0CHIO IJLTUTICA,
a oTpe30Kk BB’ JiuHbl 2q — ero Maao0ll 0cb10. DIUTAIC €CTh TeOMETPUIECKOe
MecTo ToueK P, cymMMa paccTosiHmii KoTopbix or Touek F(1/p? — g%, 0)
u F'(—/p? — ¢2, 0) pasua 2p. durareb CMOXKET IIPOBEPUTH ITO B KAYECTBE
yupaxnenus, npumenss popmyay (1). Touku F u F' naspiBarorcs goxycamu

VP

9JUTUIICA, & OTHOINEHUE € = —————— HA3BbIBAETCS €TI0 IKCUEHMPUCUTNEMOM.
p
YpaBuenue BHUIA 9 9
€z Yy
ol | (6)
p q

MIPEJICTABIIAET 2unepboay. ITa KpUBasi COCTOUT U3 JBYX BETBEl, mepece-
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Y

F' JA' A\ F X

Puc. 17. T'unepbosta ¢ dpokycamu

KAIOIIX OCh X COOTBETCTBeHHO B Toukax A(p, 0) m A'(—p, 0) (puc. 17).
Otrpesok AA’ njuHbl 2p HaA3BIBAETCS <«delicmEumenvhotls 0cbio TUIEpOO-
gabl. ['umepbosta, yaassasach B 6€CKOHETHOCTD, TPUOIUKAECTCA K JBYM IIPsi-
MbIM gz + py = 0, HO TaK C HUMU U He [IEPECEKACTCs; ITU IPAMbIe HA3bIBa-
OTCS acuMnmomamy Tunepbosbl. ['nmepbosia ecTb TeOMETPHIECKOE MECTO
Touek P, pasHoCTb paccrosHuii KOTOpbIX 10 JByx Todek F(y/p?+ ¢2, 0)
u F'(—v/p? + ¢?, 0) no abcoroTHOl BeJIMIrHe paBHA 2p. DTU TOYKH B CILydae
rUnepOOJIbI TOXKE HA3BIBAIOTCS (POKYCAMU; TIOM, IKCUEHMPUCUMEMOM TATIEP-
Nz

p

60JIbI IOHUMAIOT OTHOIIECHUE € =
YpaBuenue
ry=1 (7)

TaK)Ke OIpejieisieT Tunepboy, HO TaKyio, JUisi KOTOPOW ACHMIITOTaMU
siBsIstioTCst JiBe ocu (puc. 18). YpaBHeHUWe 3TOH «paBHOCTOPOHHE(» rumep-
6OJIBI TEeOMETPUYECKH O3HAYAET, UYTO ILIONAJb npsiMoyroibauka OP'PQ’
(cM. puc. 12), cBazannoro ¢ Toukoii P, mig Beskoit Touku P kpusoii pasaa 1.
PaBrocroponnsst rumepboJia HECKOJIBKO Oostee 00Iero Buia

xy=c, (7a)

r7e ¢ — NOCTOSIHHAS, MPEJICTaBjseT cOo0OW YACTHBIN cirydail rumepOoJibl B
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TOM K€ CMBICJI€, B KAKOM OKPY?KHOCTH IPEJICTABJISIET COOOI YACTHBIA CJIy-
qait sumrca. OTanauTebHas XapaKTePUCTHKA PABHOCTOPOHHEH TUIIepOOJIhI
3aKJII0YAETCsI B TOM, UTO ee JiBe ACUMITOTHI (B HAIIEM CJIydae — JBe OCH)
B3aMMHO I€PIIEeH/IUKYJISIPHBI.

Puc. 18. PaBnocroponnsisi rumepboita. Ilmomanp npsimoyrosib-
HUKa, OlIpeJiesieHHoro Toukoit P(z, y), pasHa 1

Bo BceM 9TOM 17151 HAC CAMBIM WHTEPECHBIM SIBJISIETCST PYKOBOJISIIIIAST MJTEST:
reOMeTPUIECKHE OOBLEKTHI MOTYT HOJHOCTBIO OIMMCHLIBATHCS B apuMeTHIe-
cKoit mnm anrebpamtdeckoit ¢popme. To ke cmpaBeIINBO U OTHOCUTETHHO
reomerpuieckux onepanuit. Hanpumep, eciim Ham Tpebyercst HaflTH TOUKU
nepeceveHusl JIByX MPsSIMBIX, TO MBI PACCMATPHUBAEM JIBA UX yPaBHEHUS

axr + by = c, ()

adr+by=<c,

7 IS HAXOXKJIEHUsT OOIEH TOYKM 3THUX JBYX MPSMBIX JOCTATOYHO PENIUTH

cucremy (8); peleHne 1aeT HaM KOOPJUHATHI HCKOMO#T Touku. Takum ke 06-

Pa30M TOUYKH [IepecevdeH sl JBYX IPOU3BOJILHBIX KPUBBIX (CKayKeM, OKPYKHO-

cru 22 + y? — 2ax — 2by = k u npamoit ax + by = ¢) HAXOMATCS TTOCPEICTEOM
COBMECTHOTO PEITEeHUsS UX yPABHEHUH.
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§ 4. Maremarndeckuii aHajm3 6€CKOHEYHOT'O

1. OcHoBHble noHsATUsA. [loCIe0BATEBHOCTD HATYPAJIBHBIX TUCENT
1, 2, 3,...

npecTaBiseT coboil MepBbhlil U caMbIil BAXKHBIN TPUMED OECKOHEIHOI'O MHO-
kecTBa. He Hy»>KHO BHIETH HUYEro TAMHCTBEHHOTO B TOM, UTO OHA — Dec-
KOHEYHasl, 9TO y Hee <«HeT KOHIAa»: KAaK Obl BEJUKO HU OBLIO HATYPasIb-
HOE YMCJIO 7, MOYKHO IIOCTPOHUTBH JIPYroe, CJEAYIoNlee 3a HUM YHUCJIO, eIle
6osibiree — 1 + 1. Ho mpu mepexojie oT mpuiarare/ibHOrO «b6eCKOHEUHBI»,
O3HAYAIOIIETO TTPOCTO-HAIIPOCTO «HE MMEOIINii KOHIA», K CYIEeCTBATEILHO-
My «OECKOHEIHOCTh» HUKOMM OOPA30M HE CJIE/IyeT MPUBHOCUTH JIOIYIIEHNUS,
9T0 «OECKOHEYHOCThY, OOBIKHOBEHHO M300pazkaeMast 0COOBIM CUMBOJIOM OO,
MO2KET OBITh PacCMaTpuBaeMa KakK OObIKHOBEHHOe 4nciio. Hesb3s BKIIOYNTH
CHMBOJI 0O B YHCJIOBYIO CHCTEMY JIECTBUTE/IbHBIX YHCeJI, He Hapyllas Ipu
9TOM OCHOBHBIX 3aKOHOB apudmMeruku. Il Tem He MeHee njiesi GECKOHETHOCTH
MIPOHU3BIBAET BCIO MATEMATHKY, TAK KaK MaTeMATHIECKHEe OOBEKTHI M3yda-
I0TCsI OOBIKHOBEHHO HE KaK MHIUBULYYMBI — KaKIbII B OT/IEIbHOCTH, & KaK
JIEHBI KJIACCOB UJIM COBOKYITHOCTEM, CO/IEPKAIINX OECUNCIEHHOE MHOXKECTBO
3JIEMEHTOB OJIHOT'O U TOT'O YK€ THIIA; TAKOBBI COBOKYITHOCTH HATYPAJIBHBIX Ul-
ceJ, IefiCTBUTEIbHBIX YNCE]I WU K€ TPEYTOJIbHUKOB Ha IJIOCKOCTU. VIMeHHO
110 9TOH MPUYNHE BO3HUKAET HEOOXOIMMOCTDb B TOYHOM MAaTEMATHIECCKOM aHa~
sm3e Geckoneunoro. CoBpeMeHnHast TEOPUsi MHOXKECTB, CO3JaHHAs leoprom
KanTtopom u ero mrkoso#t B xoure XIX crosleTus, mpuCTYyIUB K pas3pelre-
HHUIO 3TOK 3a/1a491, JOCTUIJIa 3HAYUTEJIbHBIX YCIIEXOB. KaHTOpOBa Teopusd
MHOXKECTB IJIyOOKO MPOHUKJIA BO MHOI'HME O0JIACTA MaTEeMATHKU W OKa3aJia
Ha HUX OTPOMHOE BJIMSTHUE; OHA, CTaJIa, UI'PATh 0CO0O BBIIAOILYIOCS POJIb B
WCCJIEIOBAHUSX, CBA3AHHBIX C JIOTUIECKUM U (HmitocodckuM 0OOCHOBAHUEM
mareMaTukd. VICXOMHBIM B KAHTOPOBOW TEOPUU SIBJISIETCS ODIIee TIOHITHAE CO-
BOKYITHOCTH WK MHOXKecTBa. IIpu aToM mMmeeTcst B By cobpaHue 00bLeKTOB
(371€MEHTOB), KOTOPOE ONPEJIEIISIETCsI HEKOTOPBIM PABUIIOM, O3BOJISAIONINAM
C IIOJIHOI OIIPEJIE/IEHHOCTHIO CYJIUTh O TOM, BXOJUT JIM JAHHBIA OOBEKT B
9UCJIO IJIEMEHTOB CODOpaHUsi WM He BXOAWT. lIpmMmepaMu MOTYT CIIyKATH
MHO>KECTBO BCEX HATYPAJIBHBIX UHCEJ, MHOXKECTBO BCEX ITEPUOINIECKUX JIe-
CATUYHBIX JPO0eii, MHOYXKECTBO BCEX JIEACTBUTEIbHBIX YACEI NN MHOXKECTBO
BCEX IPSIMBIX B TPEXMEPHOM IIPOCTPAHCTBE.

Jjist TOro 9ToOBI CpaBHUBATH MHOXKECTBA C TOUKM 3PEHUST «KOJUIECTBAY
COJIEPKAINUXCS B HUX JIEMEHTOB, HY?KHO BBECTH OCHOBHOE B 3TOU TEOPUH
MOHSAITHE «IYKBUBAJIEHTHOCTH» MHOXKECTB. EC/N 971eMeHThI IByX MHOXKeCTB A
u B MoryTr OBbITh NPHUBEJEHBI B IIOMAPHOE COOTBETCTBHE TAKOTO POIA, UTO
KaKJIOMY 9JIEMEHTY MHOXKEeCTBa A COIMOCTaBIIeH OJMH U TOJIBKO OJIMH SJIEMEHT
MHOXKeCTBa B, a KaxKJIOMy 3JIEMEHTY MHOXKeCTBa B COIOCTaBJIEH OJUH U
TOJILKO OJIMH 3JIEMEHT MHOYKECTBa A, TO yCTAHOBJIEHHOE TAKUM 00Pa30M COOT-
BETCTBHUE HA3BIBACTCS 83AUMHO 0OHOZHAYHDIM, & O cAMUX MHOXKecTBax A u B
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TOT/[a TOBOPSAT, YTO OHU MeXK 1y coDoil sxeusasermmsi. IlonsTre SKBUBaI€HT-
HOCTH B CJIy4ae KOHEYHBIX MHOXKECTB COBIIAJIA€T C OOBIKHOBEHHBIM ITOHATHEM
YUCA0B020 PAGEHCMEA, TAK KaK JIBa KOHEYHBIX MHOXKECTBA B TOM U TOJIBKO
TOM CJIy9ae MOTYT OBbITh IPUBEIEHBI BO B3AMMHO OJIHO3HAYHOE COOTBETCTBUE,
eCcJIi cofiepzKaT OJHO M TO Ke YHCJIO 3jeMeHToB. Ha 3TOM M OCHOBBIBaeTCH,
HY2KHO 3aMETUTD, UJesl cueTa: KOTJa Mbl «CIUTaeM» 3JIeMEHTHI MHOXKECTBA,
TO IpPOIleCC cUYeTa KaK pPa3 M 3aKJII0YaeTCs B YCTAHOBJIEHUU B3aMMHO OJIHO-
3HAYHOI'O COOTBETCTBUS MEKTY SJIEMEHTAMU MHOXKECTBa U ynucjaamu 1, 2, ...,
n.

Hrobbl YCTaHOBUTH 3KBUBAJIEHTHOCTH ABYX KOHEYHBIX MHOXKECTB, MHOTJa HET
HeO6XO,HI/IMOCTI/I «CYUTATH» IJIEMEHTDHI. TaK, HallpuMep, He CUuTad, MOXKHO yTBEP-
KJaTh, YTO KOHEYHOE MHO?KECTBO KPYI'OB €/IJUHUYIHOI'O PANyCa IKBUBAJICHTHO MHO-
2KEeCTBY UX IIEHTPOB.

Ilepenocst monsTHE SKBUBAJIEHTHOCTH Ha OECKOHEYIHBIE MHOXKECTBa, KamH-
TOp UMeJI B BUJY CO3/1aTh «apudMeTUKy» OecKomedHoro. MHOXKeCTBO Jeii-
CTBUTEJIBHBIX YUCET M MHOXKECTBO TOYEK Ha IPSMOIl JIMHUU SKBUBaJIEHTHBI,
TaK KakK I10CJIe TOr0, KaK BBIOPAHBI HAYAJIO U €IUHUYHBIA OTPE30K, JaHHAsI
psIMasi CTAHOBUTCS «IUCIOBON MPSAMOiT», M KaxKJ0#l ee Touke P B KadecTBe
KOODJMHATHI B3AUMHO OJTHO3HATHO COIIOCTABJISETCsI HEKOTOPOE COBEPIIIEHHO
OIIPe/IeJIEHHOE JIEICTBUTEILHOE UUCTIO X'

P < x.

Yernble unciia 00pa3yloT MPaBUIBHOE MOIMHOXKECTBO MHOXKECTBa BCEX
HAMYPAALHOIT YUCEA, & BCE UEABE YUCAL OOPA3YIOT MPABUJIBHOE OIMHO-
JKECTBO MHOXKECTBA 8CET Payuonasvohoir “wucen. ([oBopst 0 «IpaBHIBLHOM»
[TOJIMHOYKECTBE HEKOTOPOI'O MHOXKECTBA S, MbI IMEEM B BHJLy MHOXKECTBO S,
COCTOSIIIIEE U3 IJIEMEHTOB MHOXKECTBA S, HO He U3 6Cer €ro 3JIeMEHTOB.)
COBEPIIIEHHO SICHO, UTO €CAU OAHHOE MHONCECTNBO KOHEYHO, T. €. COICPIKUT
KaKOe-TO UHCJIO 7 9JIEMEHTOB U He 0ojiee TOTO, Mo OHO He MOdHCem Ovbimb
IKBUBAACHMHO HUKAKOMY CBOEMY NPABUALHOMY NOOMHONCECTNEY, TAK KaK
BCSIKO€E MPABUJILHOE €r0 TIOJMHOXKECTBO COJIEPKaJIo Obl camoe Gosibiiee n — 1
asementT. Ho ecau dannoe mrooicecmao codepoicum 6eckonednoe wucao ane-
MEHMOB, TO, KAK 3TO HU MAPAJIOKCAIBHO, OHO MONCEM ObiMb IKGUBAAEHMHO
HEKOMOPOMY CEOEMY NPAEUALHOMY nodmHodicecmey. Hanpumep, cxema

1 2 3 4 5...n...

rr111 1

2 4 6 8 10...2n...
YCTAHABJINBAET B3AUMHO OJTHO3HAYHOE COOTBETCTBUE MEK/Ty MHOXKECTBOM Ha-
TYPAJIBHBIX YUCEJT U MHOYKECTBOM BCEX YETHBIX IEJIBIX MMOJIOXKUATEIbHBIX TU-
CeJl, ¥ STU JiBa MHOYKECTBA OKA3BIBAIOTCS SKBUBAJEHTHBIMH, XOTs BTOPOE
€CTh MPaBUJIbHOE IIOJIMHOXKECTBO IT€PBOro. Takoe MpOTUBOpedre C XOJsiueit
WCTUHOI «Ilejioe DOJIbIlle CBOEH YacThy IMOKA3BIBAET, KAKUE CIOPIIPU3BI HAC
KIYT B 001aCTH «apudMeTHKN OGECKOHEIHOTO.
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2. C4YeTHOCTHb MHO>KECTBA PAIIMOHAJIBHBIX YHMCEJI 1 HECYHETHOCTh
KouTuHyyMa. OjHO u3 mepBbix OTKpbITHII KanTopa B objactu aHamsa
OECKOHEYHOI'0 3aKJII0YAJIOCh B TOM, YTO MHOHCECME0 PAUUOHAALHBIT YUCEN
(comepzkalee B KauecTBe HPABUJILHOTO IMOJMHOXKECTBA OECKOHEYHOE MHO-
JKECTBO HATYDPAJIBHBIX YUCEI U IIOTOMY CaMO OECKOHEUHOE) IKBHBAJIEHTHO
MHOXKECTBY HAMYPANOHLT wucea. Ha mepBbIil B3IVIAL KayKeTCs CTPAHHBIM,
9TO BCIOJY IJIOTHOE MHOYKECTBO PAIMOHAJILHBIX YUCEs He OoJsiee OOraTo sJie-
MeHTaMM, 9YeM MHOYKECTBO HATYPaJIbHBIX YHCEJ, JIEMEHTHI KOTOPOT'O <«pac-
CesTHbI» PEJKO M CTOAT Ha 3HAYUTEJIHBHOM PACCTOSHUM OJIMH OT JIPYTOro.
1 B camom gerte, ¢ coxpaneruem nopadka 603pacmarus HEIb3sT PACIOJIO-
KUTH MOJIOKATETbHBbIE PAITMOHAIbHBIE TUCIa TaK, KaK 3TO MOXKHO C/IeJIaTh
C HATYPAJIbHBIMU: CAaMO€ MAJIEHHKOE YHCJIO G OYAeT IMEepPBBIM, CJIEILYIOIee
3a HUM II0 BeJu4duHe b BTOPBIM, U T. [I.; JI€JIO B TOM, YTO DaIlMOHAJIbHbBIE
YHCJIa PACIOJIOXKEHBI Be3Jle IJIOTHO, ¥ TIOTOMY HU JIjISl OJIHOTO U3 HUX HEJIb-
34 YKa3aTb «cjeayionero mo Beamduues. Ho KanrTop zamerwmsi, dro eciam
OTKA3aThCs OT TPEOOBAHUS «PACIIOJIATATH [0 BEJIUINHE, TO TOIA OKA3bIBaA-
eTcsl BO3BMOXKHBIM PACCTABUTH BCE PAIMOHAJIBHBIE UUCIA B DAL Ty, T'a, T3, T4,
..., IOJTIOOHBIH Psi/ly HATYPAJBHBIX YUCE. 1aKOe PACIIOJIOXKEHNE IIPEIMETOB
HEKOTOPOT'O MHOKECTBA B BHJIE TIOCJIEIOBATEIBHOCTH YaCTO HA3bIBAIOT Nepe-
cuemom («HyMepanueii» ) 9Toro MHOKeCTBa. MHOXKECTBa, J1Jisi KOTOPBIX 16~
pecueT MOXKET ObITh BBIIIOJIHEH, HA3BIBAIOTCS CHEMMHHMU WA UCHUCAUMBLMU.
VKa3biBasi OIWH U3 CIOCODOB Iepecdera MHOXKECTBA PAIMOHAIBHBIX TUCEs U
yCTaHABJINBasI, TAKIM 00Pa30M, €I0 CIeTHOCTh, KaHTOp TeM caMbIM ITOKa3aJI,
YTO 3TO MHOXKECTBO KBUBAJIEHTHO MHOXKECTBY HATYPAJIbHBIX YNCEJ, TAK KaK
cxeMa

Tm To T3 Tg...TH...

CO3/1aeT B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MEXKJIy JIBYMsI MHOYKECTBAMU.
Mgl onmineM ceffdac OAMH U3 BO3MOXKHBIX CIIOCODOB IIEPECYETa MHOXKECTBA,
PAIMOHAIBHBIX YUCE.

Kaxmoe parumonaibHOE YHUCJIO 3AIUCHIBACTCS B BHUJIE %, rme a u b—

IeJIble 9MCJIa; BCE 9TH UHUCJIa MOTYT OBITH PACIOJIOKEHBI B BUIE TaOJIMILHI,
a . 3
e 4ucJjo 3 CTOUT B a-M CTOJIOIE u B b-it crpouke. Hampumep, 1 CTaHeT

B TPETbEM CTOJIOIE W B UETBEPTON cTpouke Tabsurpl. [Ipeamomoxkum, ITO
BCe CBODOJIHBIE MECTa, UJIN «KJIETOYKM», B TADJINIIE 3aII0JJHEHBI COOTBETCTBY-
FOIUMU YUCJIAME, & 3aTeM IIPOBeJeM 110 TabJIUIe HelpPephIBHYI JIOMAHYIO
JINHWUIO, KOTOpasi MpOoijeT depe3 Bce KjeTodkn. Haumnas ¢ 1, MbI creraem
CHAYAJIa OJWH IIAr BOPABO M IOJIyYWM 2 B KadeCTBE BTOPOrO UJIEHA IIO-
CJIEIOBATEJILHOCTH; 3aT€M [0 JTUATOHAJN HAJIEBO W BHHU3 — ITOJIYIHUM TPETHii

1 . .
qJIeH 5, CIeAyromun mar mpaMoO BHU3 JaCT HaM 9Y€TBEPTHIN YJICH ; IOTOM

§7
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2
ABHIKeMCH 110 THATOHAH BIPABO U BBEPX ‘1epe3 o K 3; BopaBo — K 4; 10

3 2 1
JinaronaJii BJIEBO 1 BHU3 Ye€epe3 5 u g K Z, u T. J1., KaK IIOKa3aHO Ha PUC. 19.

B pe3ysibTaTe JABUXKEHUE I10 JJOMAHOW JIUHUN IIPUBO/IUT K II0CJIeI0BATEJIbHO-
CTU palluOHAJIBHBIX YHCEJI
1 1

2 3
725 57 ga 57 37 47 5;

1

2 4
737 27 75757

N
w|w

2
37

Eciiz Mmb1 BEIOpOCHM Ternephb Bce APOOH, Y KOTOPHIX IUCIUTEb U 3HAMEHATEb
WMEIOT OTJIMYHBIE OT 1 O0IIHe JIeTUTENH, TO OCTAHETCS TOCIe0BATEIHHOCTD,
B KOTOPO#1 KarKJ0e PAIMOHAJIBHOE YUCJIO BCTPETUTCS B TOYHOCTH OJIUH Pa3:

1 1
57 57

1

]-7 27 ] ga

3 2
3; 4; 53 gv 5;

N

Taxk ycTranaBImBaeTCs, 9TO MHOXKECTBO BCEX PAIMOHAIBLHBIX THCE SIBJISETCS
caeTHbIM. [IprHuMas BO BHUMaHME, ITO PAIMOHAILHBIE UMCJIa B3AUMHO OJT-
HO3HAQYHO CBA3aHbI C paL[I/IOHaJIbeIMI/I TOYKaAMU YUCJIOBOI HpHMOI‘/JI, MOZKHO
TaK>Ke CKa3aTb, YTO MHOHCECTIBO PAUUOHAALHLIT MOUEK HA YUCA060T NPA-
MOT CHemHo.

VYupaxkaenus. 1) Ilokaxkure, 9T0 MHOKECTBO BCEX IEJIBIX, TOJOKUATETHHBIX
¥ OTPUIIATEIbHBIX, YnceI cdeTHO. [ToKkaxKkuTe, 4T0 MHOXKECTBO BCEX PAIMOHAJIbHBIX,
MOJIOZKUTEBHBIX U OTPUIATETBHBIX, YUCE CIETHO.

2) Tlokaxwure, uro ecam S u T — cUeTHBIE MHOXKECTBA, TO MHOXKECTBO S + T’
(cMm. crp. 131) — Takke cuerHo. To 2Ke MOKaXKUTE JJIsi CYMMBI TPEX, YeTBIPEX H,
BOOOIIIE, 7 MHOXKECTB; IIOKayKUTEe, HAKOHEI, ITO MHOYKECTBO, COCTABJICHHOE II0CPE/I-
CTBOM CJIOYKEHHSI CIETHOTO MHOYKECTBA CUETHBIX MHOYKECTB, TAKKe CUIETHO.

1 2 3 4 5 6 7 -
L2 3 4 5 6 7
2 2 2 2 2 2 2
L2 3 4 5 6 7 .
3 3 3 3 3 3 3
12 3 4 5 6 7 .
4 4 4 1 4 1 1
L2 3 4 5 6 7 .
5 5 5 5 5 5 5
12 3 4 5 6 7 .
6 6 6 6 6 6 6
r 2 3 4 5 6 7 ...
7 7 7 7 7 71 7

Puc. 19. Ilepecuer parnoHaJbHBIX YHCEST
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Pa3z okazamoch, 9TO MHOXKECTBO PAIMOHAJIBLHBIX UHUCEJT CIETHO, TO MOTJIO
OBbI BOBHUKHYTDH IOJIO3PEHNE, 9TO U 6CAKOE DECKOHETHOE MHOXKECTBO TaKKe
CYETHO, U HA 9TOM, €CTECTBEHHO, 3aKOHYIHJICSA Obl BeCh aHAJIN3 OECKOHETHOTO.
Ho sto coscem ne Tak. Tomy ke KanTopy npuna ijie2KuT OTKPBITUE UCKJTIO-
YUTEJIHHON BAXKHOCTH: MHOJCECMBEO BCeT 0eUCmEumessholr (ParuoHaIbHBIX
U UPPAIMOHAJIBHBIX) “uces Hecuemmuo. IpyruMu cjioBamu, COBOKYIIHOCTH
BCEX JIefCTBUTENILHBIX YUCE] COBEPIIEHHO MHOrO (TaK CKa3arb 0oJiee BbI-
COKOI0) «THIIa GECKOHEYHOCTH», YeM COBOKYIIHOCTH OJHUX TOJIBKO II€JIBIX
WIN OJHUX TOJIbKO palmoHaJbHBIX umces. [Ipunasexariee Kantopy oct-
POYMHOE <«KOCBEHHOE» J0Ka3aTeJbCTBO ITOT0 (haKTa CTAJO MOJEJBIO JIJIst
MHOTUX WHBIX JOKa3aTeJIbCTB B MaTeMaThuke. Ulmest paccyKaeHnst TaKoBa.
MpbI ucxonauMm U3 JOMYINEHHSI, 9TO BCE JEHCTBUTEIbLHBIE UNCJIa, YAAJIOCH TIe-
peHyMepoBaTh, paclojiaras UX B BUJE MI0CJIeI0BATEILHOCTH, U IIOCJe 3TOr0
JIEMOHCTPUPYEM UUCJIO, KOTOPOE HUKAK HE MOYKET OBITH YUCJIOM TOM IOC/Ie-
noBarebHOCTA. OTCIO/Ia BOSHUKAET IIPOTUBOPEYHNE: BEJIb OBLIO IPEIII0JIOKe-
HO, 9TO BCe JIeHICTBUTEbHBIE HUCJIa BOILIN B COCTAB MOCJIE0BATEILHOCTH, 1
9TO TIPEIIOJIOKEHNE TOTKHO ObITh MPU3HAHO JIOKHBIM, €CJIH XOTSA ObI OJTHO
9HCJI0 OKa3BbIBAETCS 3a MPEJeaMU I0C/Ie0BATEILHOCTH. TakuM 006pa3om
0OHAPYKUBAECTCS HECOCTOATEIHLHOCTD YTBEPKIEHUsI, ITO BCE JEHCTBUTETb-
HbIE YHCJIa IOJJIAIOTCS <«II€pecdeTy», U HUYEro JPYyroro He OCTaeTcs, Kak
TOJILKO TPU3HATH BMecTe ¢ KaHTOpoM, UTO MHOXKECTBO JI€MCTBUTEBHBIX
JrCes HeCUETHO.

OxHako mpoBeseM 3TO paccyKieHne dakTudecku. Jlomycrum, 9To BCe
JefICTBUTE/IbHDBIE YUCTIA, TIPE/ICTABIEHHbIE B BUE OECKOHEYUHBIX JTECATUIHBIX
Jpobeii, PaCcIIoIOXKEHBI B TOPSIIKE TOCIEI0BATEIbHOCTH, WU CIICKA:

l-e yncio Nj,a,a-a3a405 . . .
2-e 9ucJ0 N2,b1b2b3b4b5 N
3-e aucyio  N3,c1CC3C4C5 . ..

rae OykBbI [V; 0003HAYAIOT TIEIYIO 9aCTh, & OyKBHI @, b, ¢, ... IPEICTABISIOT
c000It TeCATUYIHBIE 3HAKH, CTOSIIIE BIPABO OT 3amsiToil. MbI momyckaeM, 910
3Ta IOCJIEeN0BATENBHOCTD ApOoDeil OXBATHIBAET BCE JAEHCTBUTE/IbLHBIE YHCIIA.
CylIecTBeHHON 9acThiO JOKA3aTeIbCTBA SIBJISIETCS [TOCTPOEHUE C ITOMOIIBIO
«JIMarOHAJIBHOM IIPOIIELYPhl» TAKOI'O HOBOT'O YHUCJ/IA, OTHOCUTEIHFHO KOTOPOI'O
MOXKHO TI0Ka3aTh, YTO OHO HE BXOJIUT B HAII CIIUCOK.

[TocTpoum Takoe amciio. yist 9T0ro BO3bMeEM MEPBYI0 MUMPY HOCIIE 3allsi-
TOW @, KAKYIO YTLOJHO, HO OTJIMYHYIO OT d;, & Takxke or 0 u 9 (mociennee —
4TOOBI M30€KaTh 3aTPY/JHEHUH, BO3HUKAIOIIUX U3 PABEHCTB BPOJE CJIEJLy-
fomero: 0,999 -+ =1,000...); 3aTem Bropyo 1udpy b BO3bMEM OTJIMIHON
or by, a Takxke or 0 u 9; Tperbio nudpPy ¢ — owIUIHON OT ¢ u T. 1. (ya
6oJIbIITElt OIIPEIEIEHHOCTH MOYKHO YCJIOBUTBCS B CJIEIYIONIEM: MBI OepeM a =
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1, eciim TosIbKO a; # 1, a B ciydae a; = 1 Bo3bMeM a = 2; U AHAJIOTMYHO I
Becex pounx mudp b, ¢, d, e, ...) Teneps paccMOTpEM THCIIO

z=0,abcde . ..

DTO HOBOE YUCJIO 2 HABEPHSKA He BXOIUT B HAIIl CIIMCOK; JeHCTBUTEIHLHO, OHO
HE PaBHO [IEPBOMY YHCJIy, CTOSIIIIEMY B CIIMCKE, TaK KaK OT HEr0 OTJIMYIaeTCsI
mepBoil 1udpoil mocsie 3amsToil, OHO HE PaBHO BTOPOMY YHCJIY, TaK KakK
OT HEro OTJIMYAeTCS BTOPOl mudpoii mocje 3amsToil, U BOOOIIEe OTIMIHO
OT N-T0 YHUCJIa IO CIHUCKY, TAK KaK OT HEero orimdaercd n-ii mudpoii mocie
3ansaToit. ITak, B HAIlIEeM CITHCKE, COCTABJIEHHOM OYITO ObI M3 BCEX JMEHCTBU-
TEJIbHBIX YHCEeJI, HeT YUCJa 2Z. 3HAYUT, MHOYKECTBO BCEX JI€HCTBUTEIbHBIX
9HCeNT HECIETHO.

/

Puc. 20. Bzanmuo 0/1HO3HAYMHOE COOTBETCTBUE MEXKIY TOYKAMH COTHYTOI'O MHTED-
BaJjla ¥ TOYKAMU IPSIMON JIMHUU

Yurarejto MOXKET MPUATH B I'OJIOBY MBIC/Ib, 9YTO HECUETHOCTH KOHTUHY-
yMa 0OyCJIOBJIMBAETCST HEOTPDAHUYEHHOM MPOTSI>KEHHOCTHIO PSAMOIl JIMHUU U
9TO KOHEUYHBII OTPE30K MPSAMON OYIET COMEPXKATD JIUIIb CIETHOE MHO2KECTBO
ToueK. UT0ObI yOeIuThCs B JIOXKHOCTHA TAKOTO IIPEJIIIOIOKEHNA, JOCTATOTHO
YCTaHOBUTD, UTO BECHh YUCJIOBON KOHTHHYYM B [IEJIOM 9KBHUBAJEHTEH HEKOTO-
POMy KOHEYHOMY MHTEPBAJIY, CKaXKeM, eIuHUYHOMY mHTepBasy or 0 mo 1.
TlosryunTs HEOOXOMIMOE J1JTsT STOI eIl B3AUMHO OJIHO3HAYHOE COOTBETCTBUE

1 2
MO>KHO, Hallpumep, crudast HUHTEPBaJI B TOYKaX g nu g 1 3aTeM IIPOEKTUPys

Tak, Kak 1mokasano Ha puc. 20. OTcroga BUIHO, YTO JIarKe KOHEIHbII HHTEPBAJI
(4, KOHEYHO, OTPE30K) COMEPKUT HECUETHOE MHOYKECTBO TOUEK.

Yupaxkuenne. ITokaxure, uro m060# oTpe3ok [A, B] 4ucI0BOi IPsSMOi 9K-
BuBaJsIeHTeH Jobomy apyromy orpesky [C, D] (puc. 21).

CroutT mpuBeCTH elre JIpyroe JI0Ka3aTe/IbCTBO HECUETHOCTH KOHTUHYYMA,
HOCsIIIEe, oAy, 6os1ee MHTYUTUBHBIH xapakTep. Jlocrarouno (npunumas
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BO BHUMAHUE II0CJIEHEE JOKA3AHHOE [IPEJJIOKEHNE) COCPEIOTOYUTh BHUMA-
HUEe Ha TOYKax enuHudHoro orpeska or 0 mo 1. /lokazarenbcTBO, BIpOYeM,
KaK U paHblie, OyyieT «kocBeHHoe». [Ipesmoso-
KM, 9TO MHOXKECTBO BCEX TOYEK HA3BAHHOI'O
OTPE3Ka MOXKET OBITh PACIIOJIOKEHO B BUIE II0-
CJIeJIOBATETEHOCTI

i, A2, A3, ... (1)
HOKpoeM TOYKY 7 UHTEepBaJIOM, JJINHAa KOTOPO-

ro mycrtb OyJileT paBHa 10> TOUKY G2 — MHTep-

BAJIOM JIJIMHBI # u . g Ecam 6b1 BCe TOY-
KH €JHIYHOIO OTPE3KA BXOIIN B IIOCJIEIO-
BarebHOCTL (1), TO BeCh eIMHUYHBIH OTPE30K
OKa3aJICsA ObI HOKPLITHIM GECKOHETHBIM MHOXKE-
CTBOM TAKUX OTPE3KOB (MOXKET OBITh, YaCThIO

Puc. 21. Bzamvuo
OIHO3HAYHOE COOTBETCTBHE
MexK/1y TOYKaMU ABYX
OTPE3KOB Pa3IAIHOM HeperbIBafomI/IXCﬂ), JIJINHBI KOTOPBIX CYTh 1—10,
1 JIJITHBL
02 (BGILBI HEeT, €CJIM HEKOTOPbIe U3 HaJIO?KEHHBIX OTPE3KOB BBIMIAYT 32
peaesbl OCHOBHOI'O €IUHUYHOI'O OTpe3Ka.) CymMa Bcex JIJIMH HaJIOYKEHHBIX
OTPE3KOB paBHA
1 1 1 1 1

T, _ Lo

10
Wrax, JOIyIIeHre, 9To I0CIeI0BATeIbHOCTD (1) ComepKuT Bee JieficTBUTe b
Hble TOYKU €JIMHUYHOIO OTPe3Ka, IPUBOJUT K 3aKJIIOYEHUIO, YTO BECh 3TOT
OTPE30K, JIJIMHA KOTOPOro paBHA 1, MOXKHO HOKPBITH MHOYXKECTBOM ITPOMeE-

1
E+

JKYTKOB C OOIIeil JIJIHHOR 5; C UHTYUTUBHOM TOYKU 3PEHUST 3TO HEJIENOCTh.
DTO paccyzKeHne MBI IIO3BOIMM cebe PACCMATPHUBATEH KaK JI0KA3aTeIbCTBO,
XOTsI CTPOTO JIOTHIECKHU TYT ObLI ObI Hy»KeH 6oJiee ryOOKuUil aHam3.

IIpuBeieHHOE TOJIBKO 9TO PaCCy2KJEHUE, MEXKJy IPOYUM, ITO3BOJISET yCTAHO-
BUTH OJIHY TEOPEMY, UMEIOINLYI0 OOJIbIIOe 3HAYEHNE B COBPEMEHHON «TEOPUU Me-
pbI». 3aMeHsisl YIIOMSIHY ThIE BBIIIE IPOMEXKYTKI MEHBIIIMME TPOMEXKY TKAMU — JIJIV-

HBI TJe € — IIPOU3BOJIbLHO MaJIO€ IMOJIO?KUTEJIbHOE YHCJIO, MBI y6e‘,HI/IMC$I, qaTo

&
0™’
BCSIKOE CYETHOE MHOYKECTBO TOYEK Ha MPsIMON MOYKET ObITH HOKPBHITO MHOXKECTBOM
OTPE3KOB C 0DOIIEil JINHOM % Tak Kak € IPOU3BOJILHO MaJiO, TO U % MOKeT OBbITh
CIIEJTAHO CTOJIb MAaJIbIM, CKOJIb HaM yroauo. llomp3ysick dpaseosormeit «Teopuu

MepbI», MbI CKazKeéM, 9TO CHETHOE€ MHO2KECTBO TOYEK UMEET MEPY HYNAD.

pra)KHEHI/Ie. ,ZLOK&)KI/ITG AaHaJIOTUYHYIO TeopeMy /JijIgd CHETHOI'O MHO2KeCTBa
TOYEK Ha IIJIOCKOCTH, 3aMEHAA OTPE3KU IJIOIIAAAMA KBaApPaTOB.

3. «Kapaunanbable uynciaa» KawuTopa. Pesiomupyem mosydeHHbIE
pe3yabTaThl. YUCI0 3JIEMEHTOB KoHewH020 MHOXKECTBA A He MOXKET PaBHATH-
Csl YUCITY JIEMEHTOB JPYroro KOHEYHOro MHOXKecTBa B, ecaum A comepkur
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boavwe 3dnemenToB, deM B. Ho eciam Mbl 3aMeHMM MOHSTHE <«MHOYKECTB,
MMEIOIIUX OJTHO U TO YK€ KOHEIHOE JHCJIO JIEMEHTOB» 0oJiee OOIIIM TTOHSITH-
€M «3KBHUBAJIEHTHBIX MHOYKECTB», TO — B CJIyuae OECKOHEYHBIX MHOXKECTB —
MpeJbIIyIlee YTBEPXKIEHNE yXKe He OyleT CIpaBejjimBO: MHOXKECTBO BCEX
[EJIBIX IUCEJI CONEPIKUT «OOJIBINE» IJIEMEHTOB, 9eM MHOXKECTBO BCEX YE€THBIX
quCces, a MHOXKECTBO BCEX PAIMOHAJIBHBIX YHCEJ — «OOJIbIey 3IJIEMEHTOB,
9eM MHOYKECTBO BCEX IIEJIBIX UHCEJ; W, OJHAKO, KaK MBI BHJICJIM, BCE ITH
MHOKECTBa IKBHUBAJEHTHBI. MOXKHO OBIIO OBbI 3aI0/I03PUTH, UTO 6ce Oec-
KOHEUYHBIE MHOXKECTBa, MeXKJy 00Ol SKBHBAJIEHTHBI, HO KaHTOp ompoBepr
9TO MPEJITOJIOKEHNE: CYIIECTBYET MHOYKECTBO — KOHTUHYYM JI€ACTBUTETbHBIX
quces1, — KOTOPOe He SKBUBAJIEHTHO HUKAKOMY CIETHOMY MHOXKECTBY.

Uraxk, cymiecTByeT Mo MeHbIEHl Mepe JiBa PA3JUIHBIX «TUA OGECKOHEY-
HOCTH»: CUeTHass OECKOHEYHOCTh HATYDPAJIbHBIX UUCEJ U HecdeTHast GecKo-
HEYHOCTh KOHTHHyyMa. Eciu jaBa mHOXKecTBa A m B, KOHeYHble mwjim Oec-
KOHEUYHBIE, YKBUBAJEHTHBI, Mbl CKaYXe€M, 9TO UM COOTBETCTBYET OJHO U TO
Ke Kapdunaavroe wucao (wim mowsrocmy). B cilyuae KOHEUHBIX MHOXKECTB
KapMHAJIHHOE YUCJIO CBOJUTCSA K OOBIKHOBEHHOMY HATYDAJBHOMY YHCJTY, HO
MIOHATHE KapANHAJIBLHOTO 9MC/Ia HOCUT Oostee obmmumit xapakrep. lasee, ecan
CJLyYUTCS], ITO MHOYKECTBO A SKBUBAJIEHTHO HEKOTOPOMY IIOJIMHOYKECTBY (1a-
CTH) MHOXKeCTBa B, HO caM0 B HEIKBUBAJEHTHO HU MHOXKECTBY A, HU KAKOH
OBI TO HEU OBLIO €ro 9acTh, TO TOBOPAT, ciaemayst KanTopy, 4ro MHOXKecTBY B
COOTBETCTBYET HoAbULee KAPIUHAIBLHOE YUCTIO, 9eM MHOXKECTBY A. 910 ymo-
Tpeb/IeHrne TePMUHA, <«IHCI0» TaKXKe COIJIACYETCs C OOBITHBIM yIoTpebJie-
HHUEM B C/Iyda€e KOHEYIHBIX MHOXKECTB. MHO}KGCTBO IeJIbIX YMCeJI eCTb IIO/I-
MHOXKECTBO MHOXKECTBa BCEX JEHCTBUTEIBLHBIX YUCE, TOIa KAK MHOYKECTBO
JIeCTBUTE/IbHBIX YHCE/I He SKBUBAJEHTHO HU MHOXKECTBY IEJIBIX UUCE], HU
KaKoMY Obl TO HU OBLIO €ro MOJMHOXKECTBY (OHO HU CYETHOE, HU KOHEYHOE).
3HaYUT, 110 TAHHOMY OIPEJIEJIEHUIO, KOHTUHYYMY JeHCTBUTEHBHBIX THCEJT CO-
OTBETCTBYET OOJIbIIIee KapAMHAIHLHOE THCJIO, 9eM MHOXKECTBY HATYPAJIbHBIX
qUCE.

* KanTOp mokaszas (hakTUIecKu, KaK MOXKHO MOCTPOUTH BECKOHEYHYIO TIOCJIE-
J0BaTEJIbHOCTh OECKOHEYHBIX MHOXKECTB, KOTOPBIM COOTBETCTBYIOT BCe OOJIbIIIME
u 66JIbINMe KapIuHAIbHBIE YUCIa. TaK KaK MOXKHO MCXOJUTH U3 MHOYKECTBa HATY-
PaJIbHBIX IUCETT, TO JTJOCTATOYHO MOKA3ATh, 9TO, KAK0B0 Obl HU 6b1A0 GHHOE MHOIICE-
cmeo A, mootcro nocmpoums dpyzoe mmootcecmso B, y komopozo kapourasvroe
yucao bydem boavwe, vem y A. Beremcrsue GOJBINON OGITHOCTH ITOM TEOPEMBI
JIOKA3aTeJIbCTBO €€ MO Hem30eXKHOCTH HECKOJIBKO abcTpakTHO. MHOXKecTBO B MBI
ompejiesisieM KaK MHOXKECTBO, 3JIeMEHTaMU KOTOPOIO SIBJISIIOTCS BCE BO3MOXKHbBIE
moaMHOXKeCcTBa MHOKeCcTBa A. [0BOpst 0 «ToMHOXKeCTBaxX» A, MBI B JJAHHOM CJIydae
“MeeM B BHJIy HE TOJIbKO <«IIPABUJIbHBIE MOAMHOXKECTBa» A, HO He UCKJIIOYaeM U
CaMOro MHOXKECTBa A, a TaKXKe «ILyCTOr0» MHOXKECTBA &, HE COJIEPKAIIEI0 HUKAKAX
snementos. (Tak, eciim A cocrout u3 Tpex nenbix auces 1, 2, 3, o B comepxutr 8
pasymunbix a1ementos {1, 2, 3}, {1, 2}, {1, 3}, {2, 3}, {1}, {2}, {3} u @.) Kaxkuprit
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3JIEMEHT MHOXKeCTBa B caM ecTh MHOXKECTBO, COCTOSINEe U3 KaKUX-TO IJIEMEHTOB
MmHOXKecTBa A. Jlomyctum Tenepb, uTo B 3KBUBaJIeHTHO A MJIM HEKOTOPOMY IIOJI-
MHOXKECTBY A, T. €. 9TO CyIIECTBYET HEKOTOPOE MPABUJIO, IIPUBOIAIIEE BO B3AUMHO
OIHO3HAYHOE COOTBETCTBHUE 3JIEMEHTHI A MM HEKOTOPOro IMOAMHOXKeCTBa A co
BCEMM 3JIeMeHTaMu B, T. e. BceMu mOAMHOXKeCTBaMu A:

a <« Sa, (2)

rze depes S, 0603HAUEHO TO MOJAMHOXKECTBO A, KOTOPOMY COOTBETCTBYET 3JIEMEHT @
MHO>kecTBa A. MBI IpHAEM K IPOTUBOPEYNIO, €CJIM yKarXKeM HEKOTOPBIi djieMeHT B,
T. €. HEKOTOPOE MOJAMHOXKECTBO T’ MHOXKeCTBa A, KOTOPOMY HE MOXKET COOTBETCTBO-
BaTh HUKAKOM 3j1eMeHT a. UTOObI TOCTPOUTDH HOJMHOXKECTBO 1, 3aMETUM IIPEKIEe
BCEro, 4YTO JUIsl BCSIKOI'O 3JIeMEHTa T U3 A CyIeCTBYIOT JBeé BO3MOXKHOCTH: JINOO
MHOXKECTBO Sy, COIMOCTABJIAEMOE 3aBUCUMOCTBIO (2) 3JIEMEHTY T, COIEPXKUT IJIe-
MEHT T, 100 He conepzKuT. Mul onpenennm T’ Kak nodmmoscecmseo A, cocmoswee
U3 6CET MAKUT IAEMEHMOE T, 4mo Sy e codeporcum x. OupesieieHHOE TaKUM
00pa3oM MHOKeCTBO 1’ OTJIMYIAeTCsI OT BCAKOTO S, IO KpaifHeil Mepe 3JIEMEHTOM a,
TaK Kak ecju S, Couep:KuT a, To T He COIEepXKUT a, a ecyau S, He COIEPXKHUT a,
o T comepxut a. Utak, T He BKIOUeHO B coorBercTBHe (2). DTO U IOKA3BIBAET,
9TO HEBO3MOYKHO YCTAHOBUTH B3aMMHO OJTHO3HAYHOE COOTBETCTBHE MEYKY DJIEMEH-
tamu A (nam HeKOTOpOTO MOAMHOKECTBa A) 1 snementamu B. Ho coorHomenne

a < {a}
YCTAHAB/IMBAET B3AMMHO OJTHOZHAYHOE COOTBETCTBUE MEXKIy BCeMU djaemeHTamMu A
¥ TIOAMHOXKECTBOM B, COCTOAIIUM M3 OJHO3JIEMEHTHBIX ITOAMHOXKECTB A. 3HauwnT,

[I0 JAHHOMY BBIIIE ONPEEJEHUIO, MHOXKECTBY B COOTBETCTBYeT GOJblee Kap.Iu-
HAJIbHOE YHCJIO, 9eM MHOXKeCTBY A.

* Vnpaxkaenue. Ecim MHOXKeCTBO A COAEPXKUT 7 3JIEMEHTOB, TO OIPEJIE-
JIEHHO€E BBIIIE MHOXKECTBO B cofepkuT 2" sjemeHToB. Eciam A ecTb MHOXKECTBO
HaTYPAJIbHBIX UHCE], TO B SKBUBAJEHTHO KOHTHHYYMY J€HACTBUTEIBHBIX HUCEI,
zakmovenanix mexkay 0 u 1. (Vkasanue: comocTaBbTe KasKJ0My MOJMHOXKECTBY A
CHMBOJI, COCTOSIIINN U3 [TOCJIE0BATEILHOCTH — KOHEYHOI B IIEPBOM IIpHMepe, bec-
KOHEYHOI BO BTOPOM —

aijazas3 ...,
e an =1 mmm 0, cMOTpPs 110 TOMY, NIPUHAJJIEXKUT WU HE IPUHAJIEKHUT N-il
37eMEeHT A pPacCMaTpPUBAEMOMY MOJMHOMKECTBY. )

Morio 6B MOKa3aTHCsT JIETKOU 3ajavdeil MOCTPOUTH MHOXKECTBO TOYEK, 00Jjia-
naroree OOIBIMAM KaPANHAJIBHBIM YHUCJIOM, YeM MHOYKECTBO TOYEK €IUHUIHOIO
orpe3ka. Kazasoce Obl, 94TO KBaJ[paT CO CTOPOHOU 1, KaK «JAByMepHas» (GUrypa,
JIOJIZKEH COIEPKATH «OOIbIe» TOYEK, UeM «OJHOMEPHBIi» 0Tpe3ok. Ho, Kak 310 HI
CTPaHHO, JeJI0 OOCTOUT UHAYE: KAPOUHAADHOE HUCAO MOYEK KEAIPAMA 8 MOYHOCTU
PABHO KAPOUHANDHOMY HUCAY Moderx ompedka. s I0Ka3aTeIbCTBa JTOCTATOTHO
YCTaHOBUTH B3aMMHO OJTHO3HAYHOE COOTBETCTBUE MEXKJIy TOUKAMH KBaJIpaTa U TOY-
Kamu orpe3ka. [locrapaemcs sTo cmenaTs.

Ecnu (x, y) ecTh Kakas-HEUOY/Ib TOUKA €IUHUIHOTO KBaJpaTa, TO €e KOOPIUHA~
TBI £ U Y MOTYT OBITH NIPEJ/ICTABJIEHBI B BUJE JIECITUIHBIX PA3JIOKEHI

x:O,a1a2a3a4..., y:O,b1b2b3b4...,
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npuYeM MyCcThb OyaeT yciaoBiaeHo (paan u3berkaHWus BCAKAX COMHEHHIA), UTO, Ha-
puMep, IUCJI0 i Oyner 3anuceiBarbest B Buze 0,25000. . ., a e B Buge 0,24999. ..
Hassamnoii Touke kBajgpara (T, ¥) MBI COIIOCTABAM TOYKY €JMHUTHOTO OTPE3KA
z = O,a1b1a2b2a3b3a4b4 P

O4eBHUAHO, PA3IMYHBIM TOYKAM KBajapara (x, y) u (x’, y') ComoCTaBIsAIOTCS pas-
JINYHBbIE YK€ TOYKU OTpe3Ka 2z U z'; 3TO M 3HAYUT, UYTO KapJAUHAJIBHOE UHCJIO MHO-
2KeCTBA TOYEK KBAJPaTa HE MPEBBINIAET KAPJIUHAIBHOTO YHC/Ia MHOXKECTBA TOYEK
OTpEe3KA.

(CoberBeHHO TOBOPSI, B JAHHOM CJIydae IIOCTPOEHO B3aMMHO OJHO3HAYHOE COOT-
BETCTBUE MEXKJTy MHOYKECTBOM BCEX TOYEK KBAIPATa M HEKOTOPBHIM MOIMHOXKECTBOM
TO4YEK OTpe3Ka: HUKaKas TOYKa KBaJpaTa He Oy/leT COOTBETCTBOBATDH, HAIIPUMED,
Touke orpe3ka 0,2140909090..., Tak Kak MbI ycaoBuauch mucatb 0,25000...; a
ue 0,24999 ... Ho MOXHO cerka BUIOM3MEHUTH ITOCTPOCHIE TAKUM 0OPa30M, UTO-
OBl JIeICTBUTEIBHO OCYIIECTBJISAIOCH B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEXKIY
MHOKECTBOM BCEX TOYEK KBaJ[PaTa M MHOXKECTBOM BCEX TOYEK OTPE3Ka.)

Amnajioruunee paccyK/ieHue TOKA3bIBAET, YTO KAPAUHAJIbLHEE YUCJIO TOUEK Kyba
He IIPEBBINIAET KapIUHAJIBHOIO YHCJIa TOYEK OTPE3KA.

Bce aTm pesysnbrarhi, Ka3agsoch Obl, CTOAT B MPOTHUBOPEYUN C UHTYUTUBHBIM
TPeICTaBICHUEM O <«pa3MepHocTH». Ho HyKHO 0OpaTuTh BHMMAaHWE HA TO, UTO
BBOJIMMbIE HAMU COOTBETCTBUS HE SIBJISIOTCS <«HEIPEPBIBHBIMU»; KOIJIAa MBI IIepe-
MeraeMcs 1Mo oTpe3ky oT 0 K 1 HelmpepbIBHO, COOTBETCTBYIOIINE TOYKU B KBaJpaTe
He 00pa3yIOT HENPEPHIBHOM KPHUBOi, & OyAyT MOSIBISATHCS B MOPSIKE COBEPIIEHHO
«Xa0TUIEeCKOM». Pa3MepHOCTh MHOXKeCTBA TOYEK 3aBHUCUT HE TOJIBKO OT Kap/u-
HAJIHOT'O YHCJIa TOYEK, HO U OT TOr'0, KAK OHU PACHOJIOYKEHBI B TPOCTPAHCTBE. MbI
BEPHEMCSI K 9TOMY BOIIPOCY B TiaBe V.

4. KocBeHHBIIT MeTO/I f0Ka3aTeJIbCTBA. 1eopus KapIuHAJIbHBIX YU~
CeJI IPEJICTaBIsIeT cOOOI JIUIIh OMH U3 aCIEKTOB O0IIeil TeOPUN MHOXKECTB,
cosmanHoit KanTopoMm HECMOTps HA CypPOBYIO KPUTUKY CO CTOPOHBI HanboJiee
BBIJIAIOIINXCSA MATeMaTHUKOB TOro BpeMeHH. MHorve n3 KpUTHKOB, HaIpHU-
Mmep Ilyankape u Kponekep, Bo3zpazkaJin IPOTUB HEOIIPEIEJIEHHOCTH OOIIEro
MMOHSITUST «MHOYXKECTBa» U IPOTUB HEKOHCTPYKTHUBHOIO XapaKTepa PaccyiK-
JeHMIt, TPUMEHSIBIIIAXCSI TIPY OIIPEJICJIEHAN HEKOTOPHIX MHOYKECTB.

Bozpaxkenuns mpoTuB HEKOHCTPYKTUBHBIX PACCYKICHUI OTHOCATCS K T€M
JI0Ka3aTeIbCTBAM, KOTOPbIE MOXKHO ObLIO ObI Ha3BaTh «CYIIECTBEHHO KOC-
BeHHbIMI». CaMu 110 cebe «KOCBEHHBIE» JJOKA3aTeIbCTBA €CTh CaMbIil OOBIK-
HOBEHHBIN 3JIEMEHT MaTeMaTHIeCKOIO MBIIIIEHUS: KeJias YCTAHOBUTH WC-
TUHHOCTH MPEJJIOXKEHNs A, Mbl BHaUAJe JOMyCKAeM, YTO CIPABEJJIMBO UHOE
npejyioxkenne A’, IPOTUBOMOJIOXKHOE A; 3aTeM HEKOTOpasl IEelb PACCY¥KIe-
HUIl IPUBOIUT HAC K YTBEPXKJICHUIO, TpoTHBOpedarieMy A’, u Tem caMbiM 06-
HAPYKUBAETCsSI HECOCTOSITEILHOCTD Tpeioxkenust A’. Torna Ha 6a3e 0CHOB-
HOT'O JIOTUYECKOI'O MPUHIINIIA, «UCKJIIOYEHHOIO TPeThero» u3 JioykHocTu A’
cjiejlyeT UCTUHHOCTL A.

B pasmbix mMecTax 9TOH KHWTM YUTATEIh HANIET DAl TAKUX IIPUMEPOB,
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JJId KOTOPBIX KOCBEHHOE JJOKA3aTEJIbCTBO JIETKO MOXKET 6])ITI> IpeBpameHo
B TIPsSIMOE, HO <«KOCBEHHas» (opMa CO3/aeT MPEUMYINEeCTBa KPATKOCTUH U
0CBODOXKJIAET OT PACCMOTPEHUS TOAPOOHOCTEN, UMEIOIIUX BTOPOCTEIIEHHBIN
WHTEepeC ¢ TOYKW 3PEHUsl [OCTaB/IeHHOM Osmxkaiieii nesim. Ho nomagatorcst
U TaKWe€ TEOPEMBDbI, JJid KOTOPBIX J0 HAaCTOAIIEro BpeMEHN HEe YJIaJIOCh JT1aThb
WHBIX [OOKa3aTeJIbCTB, KPOME KOCBEHHBIX. O HEKOTOPBIX M3 3TUX TeopeM
MOXKHO JTazKe CKa3aTb, 9TO, IIO-BUIAUMOMY, IIO caMoi ux apupoae IpsMble,
KOHCprKTI/IBHbIe X JOKa3aTeJILCTBa IIpI/IHL[I/IIII/IaJ'H)HO HEBO3MOX>KHBI. CIO,ZLa
OTHOCHTCsI, HAIIPUMED, TeopeMa, npuBejeHHast Ha crp. 102. He pa3 6viBasu
CJiydyanm B HCTOPpUU MaTE€MaTUKHW, KOTJa BCE YCUINA MaATEMaTUKOB 6I)IJII/I
HAIPABJIEHBI B CTOPOHY NOcmpoenus («KOHCTPYKIUU») PEIICHUs TE€X WU
WHBIX TPOOJEM, Pa3penmMOCTh KOTOPBIX IPEJINOJIaraaoch YCTAHOBUTH, a
3aTeEM KTO—HI/I6y,HI> IpuUxXoauJI, eCjJin TaK MOXKHO BbIPa3UTHCA, CO CTOPOHBI U
JIMKBUJUPOBaJI BCE TPYJAHOCTU C IIOMOIIbIO «KOCBEHHOI'O» HEKOHCTPYKTUB-
HOr'o pacCyzKJIeHUA.

Korna peus nger o qoka3aTebCTBe CyIIECTBOBAHUSA 00HEKTa OIPEeIeIeH-
HOT'O THUTIA, TO UMEETCs CYIIECTBEHHOE PA3INTINE MEXKIY TeM, ITOOBI IIOCTPO-
UTH OCSI3aeMbIil TpuMep 00beKTa, U T€M, ITOOBI JOKA3aTh, UITO U3 HECYIIe-
CTBOBaHUA O6’b€KTa MOZKHO BbIBECTHU IIPDOTUBOPEYMNBLIC 3aKJIIOYCHUI. B iep-
BOM CJjIydae IOJIyYaeTCsl OCA3aeMbIfl 00BbEKT, BO BTOPOM — HUYEr0, KPOME
IIPOTUBOPEYIHA. He Tax JaBHO HEKOTOpBbIEC MaTe€MaTUKN (BGCI)M& 3aCJTy 2KE€H-
HBIe) IIPOBO3IJIACUJIN 60Hee i MeHee IIOJTHOE yCTPpaHCHHE N3 MaTeMaTUKH
BCEX HEKOHCTPYKTHBHBIX JOKa3aTeabCcTB. Jlaxke ecim ObI BBITIOJTHEHHE STOM
HpOFpaMMI)I IIpI/ISHaTb 2KeJlaTeJIbHBIM, HeO6XO}:LI/I1VIO yKa3aTb7 9TO 9TO ITOBJIEK-
JIO OBI 32 COOOI B HACTOSIIYIO IIIOXY YpE3BbIUAiTHbIE YCIOXKHEHUsI, M MOXKHO
OBLTO OBI JTazke OIACATHCS, UTO B IIPOIIECCE COBEPIITAIONTNXCS MTOTPICEHTI TI0I-
BEPIVINCh OBl PAa3PYIIEHUIO CYIIECTBEHHBbIE YaCTU OPraHW3Ma MATEMATHKH.
HO?TOMy HEYIEro yJIuUBJIATHCA, 9YTO MIKOJIa <«WMHTYHWUIIMOHUCTOB», IIPUHABIIAA
YHOMSIHYTYIO IIPOrpaMMy, BCTPETHJIa YIIOPHOE COIIPOTHUBJIEHUE, U UTO JlarKe
HaI/I6OJIe€ OPTOJIOKCAJIbHbIE MHTYUITUOHUCTBI HE BCET/a B COCTOAHUU 2KUThb
COIJIACHO CBOUM YOEXKIeHUsM. "

5. ITapamokchl 6€CKOHEYHOTO. XOTsi OECKOMIPOMUCCHAsT TO3UITHSI,
3aHsTass MHTYUIMOHUCTAMHU, C TOYKU 3PEHUsT OOJIBINUHCTBA MaTEeMATUKOB
SIBJISIETCSI CJIMIIIKOM SKCTPEMHUCTCKOI, BOJIEH-HEBOJIEH TIPUXOIUTCSI COTJIACUTh-
Csl, 9TO JIjIsl BHEIITHE [IPEKPACHOI Teopun GECKOHEYHBIX MHOYKECTB BO3HUKJIA
cepbe3Hasi yrpos3a, KOTja B IPeNejiaX caMoil 9TOW Teopuu OOHADPYKUINCH
COBEPIIIEHHO $IBHBIE JIOTHYEeCKHe Tapaokchl. OUeHb CKOpO ObLIO 3aMedeHO,
9TO HEOTPAHUIEHHAsT CBOOO/IA B MTOJH30BAHUY TIOHATHEM «MHOYKECTBO» HEU3-

O6 MHTYUIMOHM3ME M BBIPOCIIEM U3 HEro KOHCTPYKTHBHOM HAllPABJICHHU B MaTeMa-
THKE ¥ JIOTHKe, Ha NCIEePIBIBAIONIYIO XapaKTePUCTUKY KOTOPBIX HUKAK He MPeTeHIyIOT
3TH CTPOKH, CM., HanpuMep, 11| u [15] B crucke suTepaTypsl B KOHIlE KHUTH (HOMepa
10 KOTOPOMY BCIOJLy YKA3bIBAIOTCH B KBAJIPATHBIX CKOOKax). — IIpum. ped.
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6exKHO BeJIeT K TpOTUBOpednsiM. MBI pUBEJIeM 3/1eCh OJIMH U3 TapaIOKCOB,
obnapy:kennbiit beprpanom Paccenom. Bor B wem oH 3ak/ogaercs.

Kak mpaBujo, MHOXKeCcTBa He cojepxKar cebst B KadecTBe djiemenTa. Ha-
puMep, MHOXKeCTBO A Bcex IeJIbIX YHCesl COJIEPXKUT B KAJeCTBe 3JIEMEH-
TOB TOJIBKO TeJIble YHCJIa; TaK KakK camMo A He eCcTh Iejioe Yucjo, a eCThb
MHOIHCECTNBO TIEJBIX dnces, To A cebsl B KadecTBe JI€MEHTa He COJEPIKUT.
VceioBuMCesT HA3bIBATH TAKHE MHOXKECTBA <«OpJMHApHbIMU». Ho MoryT cy-
[[ECTBOBATh M TaKWe MHOXKECTBa, KOTOPbIE COJEpXKAT cedsi B Ka4ecTBe 3Jie-
MeHTa. PaccMorpum, Hammpumep, MHOXKECTBO S, OIPEIEIEHHOE CJIE Ly OITIM
obpazoM: «S COMEp:KUT B KadecTBe IJIEMEHTOB BCE MHOXKECTBA, KOTOPbBIE
MOKHO OTIPEJICJIUTH TIOCPE/ICTBOM TIPE/JIOKEHUS, COJIEPIKAIIEr0 MEHBIIE JTBa~
JnaTu cyioBy. Tak Kak caMO MHOXKECTBO S OIPEJIEISIeTCs PEJJIOKEHUEM,
COJIEPIKAIIMM MEHBIIE JBAJIIATH CJIOB, TO BBIXOJUT, 9YTO OHO SIBJISIETCS dJIe-
MeHTOM MHOXKecTBa S. Takue MHOXKECTBa HA30BEM <«3KCTPAOPIAHAPHBIME.
Kak 651 TO HE OBLITO, GOJIBITMHCTBO MHOYKECTB — OPINHAPHBIE; TIOIPOOYyEM He
UMETH JIeJIa C JIYPHO BEIyIIUMU CeOsl IKCTPAOPINHAPHBIMU MHOYKECTBAMU U
Oy/ieM PacCMaTPUBATH TOJBKO MHOMCECNGEO BCEX OPIUNHAPHBLL MHONHCECTNE.
O6o3uaanm ero Oykpoit C. Kaxprit smement C' eCTh MHOXKECTBO, IIPUTOM
OpJIMHApHOE MHOXKeCTBO. HO BOT BO3HMKAET BOIIPOC: G Camo MHoscecmseo C' —
opdunaproe uau axkcmpaopduraproe? HecOMHEHHO, OHO JTOJKHO OBITH WU
TeM, wm apyruM.’ Ecmu C — oppmHapHOE MHOXKECTBO, TO OHO COJIEPIKUT
cebs B KadecTBe 3jieMeHTa, TaK Kak C OIpeJieJIeH0 KaK MHOYXKECTBO 6Cex
Op/IMHAPHBIX MHOXKeCTB. Pa3 jieso obcrout tak, 3Hauut, C' — 3KCTPAOP/IU-
HAPHOE MHOXKECTBO, TaK KaK 9KCTPAOPIUHAPHBIMU, COTJIACHO OIIPEIEeJIEHHIO,
Ha3BaHBl MHOXKECTBa, cojlepxKaliue cebsi B KauecTBe vjieMeHTa. llosryuaercst
nporuBopedne. 3HauuT, C' HOJZKHO OBITH SKCTPAOPAUMHAPHBIM MHOYKECTBOM.
Ho torma muoxkectBo C' COMEPKUT B KAIECTBE I€MEHTa Ce0s, T. €. OHO €CTh
9KCTPAOPMHAPHOE MHOXKECTBO, & 3TO MPOTUBOPEUNT ornpejereHnio C' Kak
MHOYKECTBA BCEX OPJMHAPHBIX MHOXKECTB. VITak, MBI BHJUM, 9TO YK€ OJTHO
TOJIBKO JIOIYII[EHNEe CYIIeCTBOBaHMs MHOYKecTBa C' BHYTPEHHE IIPOTHBOPEYn-
BO.

6. OcHoBaHUs MaTeMaTUKH. [lapaJoKchl BPOE BBHIMIEIIPUBEIECHHOIO
nobymiin Paccesla M Apyrux IMOABEPIHYTH CUCTEMATUYECKOMY H3YUEHUIO
OCHOBAHHUS MaTeMATUKU U JOrMKH. KoHedYHas 1eb 9TUX MCCJIeIOBAHUNA 3a-
KJIFOYAEeTCs B CO3JAHWM JIJIsi MATEeMATHIECKUX PACCYXKIEHUN TaKOM JIOTH-
9eckoil 0a3bl, OTHOCUTEIBHO KOTOPOIl MOYXKHO OBLIO OBI JI0KAa3aTh, 9TO OHA
CcBOOOIHA OT BO3MOXKHBIX IIPOTUBOPETHIl, I KOTOpas BMECTe C TeM ObLia
OBbI JIOCTATOYHO OOIIUPHOIL, ITOOBI M3 HEee MOYKHO OBLIO MyTeM JIeIyKITHU

TTosmy4yaemoe majiee IPOTHUBOPEYNE MOXKET OBITH BBIBEICHO U 6€3 MCIOJIHL30BAHUS TaK
Ha3bIBAEMOT'0 3aKOHA UCKJIIOUYEHHOTO TPETHErO, TOIpa3yMeBaeMoro B 31oii dpasze. CM.,
nanpumep, Ppenkenb A. u Bap-Xunen V. OcnoBanust Teopun MmHOKecTB. — M.: Mup,
1966, ru. 1, § 2. — IIpum. peo.
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BBIBECTH BCE, YTO B MaTEMATHKe IIPU3HAETCSH CYIIECTBEHHBIM, HJIM XOTS ObI
MHOrOe m3 Toro. llockosibKy Takoil caMOHAJESHHON Ien JOCTUTHYTH He
YZIaBaJIOCh (& MOXKET OBbITh, €€ U HeJIb3sl JIOCTUTHY Th ), MATeMATHIeCKasl JIOT U~
Ka KakK OCOOBIN IIpejIMeT IPUBJIEKAJIa BHIMAHUE BCE BO3PACTAIONIETO HUUCTIA
uccaenoBareseit. MHOrne oTHOCSIUECsT CIO/Ia TPOOJIEMBl HEOOXOIUMO IIpU-
3HATH KpaifHe TPYAHBIMHU, XOTd (POPMYJUPOBKA UX BIIOJHE IPOCTHI. B Ka-
qecTBe IIpUMepa HA30BEM 2unomesdy KOHMUHYYMG, YTBEPKIAIONIYIO, YTO He
CYIIECTBYET MHOXKECTBA, JIJIsI KOTOPOTO KapJAMHAJILHOE YUCJIO OOJIbINe, deM
Kap/INHAJIBHOE YUCJIO MHOXKECTBA HATYPAJIbHBIX YHCEJI, HO MEHbIIIe, 9YeM Kap-
JWHAJBHOE YHCJIO MHOXKECTBA, JefCTBUTE/BHBIX unces. VI3 9Toil rumoresnt
MOXKHO BBIBECTH MHOT'O MHTEPECHBIX CJIEJICTBUI, HO CaMa TUIIOTE3a, 0 HAIINX
JHell He ObLIa HHU JOKa3aHa, HU OIPOBEPrHyTa. BIpodeM, He TaK JIaBHO'
Kypr I'é nesib 1okaza, 9o eciin cucTeMa OOBIMHBIX TOCTY/IATOB, JIEXKAINX B
OCHOBE TEOPUU MHOXKECTB, HE COJEPXKUT IIPOTUBOPEYUIl, TO B TAKOM CJIy-
Jae paCHIUpEeHHAs CHCTEMa IIOCTYJIATOB, MOJIyYaloIIascs IPH JT00aBICHUN
KOHTUHYYM-TUIIOTE3bl, TAKXKE HE COIEPXKUT IpoTuBopednii. Bompocer, pac-
CMaTpPUBaEMbIe B MATEMATHIECKON JIOTUKE, B KOHEYHOM CUETE YIIHUPAKOTCI B
OJIMH OCHOBHO#1 BOITPOC: YTO MIOHUMATD II0JL, CyIECTBOBAHUEM B MaTeMaTHuKe?
K cuacrbio, cymecTBoBaHue caMoil MATEMATHKH HE 3aBUCUT OT TOIO, HalIeH
JIN yJIOBJIETBOPUTEJIBHBIM OoTBeT Ha 3TOT Bompoc. IlIkosa «dopMaauctosy,
BO TJIaBe KOTOPOW CTOsiJI BeTUKUI MaTeMaTuk [ mipbepT, yTBepKIaeT, 910 B
MaTeMaTUKe «CYIEeCTBOBAHNME» O3HAYAET «CBOOOY OT MpoTUBOpedns». Ecan
MPUHSATH 3Ty TOYKY 3PEHUsI, TO OUEPETHON 1 HEOOXOTMMOI 3a1a1eil sTBISIeTCsT
KaK pa3 IIOCTpOeHUuEe CHUCTEMbI IIOCTYJ/IaTOB, U3 KOTOPLIX BCIO MaTe€MaTUKY
MOXKHO OBLJIO ObI BBIBECTH IIyTEM JIOTUYECKOU JEeYKIIUU, U JI0KA3aTEIbCTBO
TOrO, 9TO ITU MOCTYJIATHl HE MOTYT IIPUBECTH HU K KAKOMY IIPOTUBOPEUMIO.
Henasuue pesympraret [€menst u apyrux Kak OyarTo OblI ITOKA3BIBAIOT, UTO
Takas MporpaMMa, Mo Kpaitneir Mepe B To# ¢dopme, B KaKO OHa ObLIa Ha-
MedeHa caMuM ['mipbepToM, He MOXKET ObITh OCyIecTB/IeHa. BechbMa MHOTO-
3HAYUTEIHHO TO OOCTOSTEIHLCTBO, UTO T'MIIBOEPTOBA Teopusi (POPMAIUIUPO-
BAHHOT'O TIOCTPOEHNSI MATEMATUKHU CYIIECTBEHHO OITUPAETCs HA UHTYUTUBHBIE
MpOoIeAyphl. €M WM WHBIM IIyTEM, B OTKPBITOW WJIM B CKPBITOH (opMme,
JTake MPUKPBITAd CAMBIM 0€3yIpedHbIM (POPMATUCTHIECKAM, JIOTHIECKUM,
AKCHOMATHYECKUAM OJIesiTHUEM, KOHCTPYKTUBHAs HHTYHUIUS BCETJIA OCTAETCS
caMbIM KH3HEHHBIM 3JIEMEHTOM B MaTeMaTHKe.?

1940 r. A B 1963 r. amepukanckum maremarukom 1. KosHoM mokasaHa HE3aBUCUMOCTH
KOHTUHYYM-TUIIOTE3bI OT MPUHATON ['émeeM cucreMbl aKCHOM TEOPUH MHOXKECTB. —
ITpum. peo.

IonpoGuee 06 sTux Bompocax cM. [11] u [38]. — IIpum. ped.
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§ 5. KomMmmieKkcHbIe Yuca

1. Bo3HuKHOBEHUE KOMILJIEKCHBIX YnceJi. [1o psiiy nputnH BO3HUK-
Jla TIOTPEeOHOCTH B PACIIMPEHUM ITOHSITUs JHUC/a JayKe 38 I[PeJe/ibl KOHTU-
HyyMa JIefCTBUTEIbHBIX YHCE — IIOCPEJICTBOM BBEJEHUSI TaK HA3BIBAEMBIX
KOMILJIEKCHBIX dmncesl. HeobXoamMo SICHO IpeacTaBIaATh cebe, ITO Bee TMOI00-
HOTO POJIa PACIIUPEHUs] 1 HOBOBBEICHUS IIPUXOAT OTHIOND HE B PE3yJIbTaTe
YBUX-TO WHIUBUIYAJIbHBIX ycuauil. CKopee UX MOYXKHO PACCMATPUBATH KaK
UTOI' HEKOTOPOU IIOCTEIIEHHONW W UCIOJIHEHHOM KOJIeOaHUil SBOJIOIUH, B KO-
TOPOI He CJIelyeT MPeyBeJIMYNBATh POJIb OTAEIbHBIX JudHOoCcTeit. OHOl u3
[IPUYWH, KOTOpbIe 00YCJOBUJIN TIOSIBJIEHAE U yIOTPEOJIEHNe OTPUATETbHBIX
7 JIpOOHBIX dHCeJ, OBLIO CTpeMJIEHHE K O0JibIeit cBoOOme B (HOPMATIbHBIX
BbIUNCJIeHUsIX. TOTBKO K KOHILY CPEJIHEBEKOBbSI MATEMATUKU CTAJU TEPSITh
OIIyIeHne OEeCIOKONCTBA W HEYBEPEHHOCTH, C KOTOPBIM OHU OIEPUPOBAJIH
ITUMU [OHATUSIMU, TOIJA KAK HUYEro MOJ0OHOTO He HaOJIIOAJIOCh B OTHO-
[IEHUU TAKUX WHTYUTUBHO SICHBIX M KOHKDETHO BOCIIPUHUMAEMBIX ITOHATHUH,
KaK [MOHATHE HATYPAJBHOIO JUCJIA.

[Ipocreiimast mporeaypa, TpedyIoIas MIPUMEHEHNsT KOMIIJIEKCHBIX IHCeJT,
€CThb pewerue keadpamuux ypasrerutd. HamoMHIM, KAk 06CTOSIIO JIEJI0 C JIU-
HEHHBIM ypaBHEHUEM ar = b, KOTJIa HYy>KHO OBLIO OIIPEJIE/IUTh YIOBJIETBOPSI-

omee eMy 3HavdeHue HEU3BECTHOU BeJIMYUHBI Z. Pelrerune nmeer BUI r—= —,
a

U BBeJICHUE JPOOHBIX YHCENI KAaK Pa3 00yc/I0BIMBaeTCs TpeboBaHWEM, ITOOBI
BCKOE JIMHeliHoe ypaBHeHue ¢ 1esbivu Koaddurmenramu (ipu a # 0) 6pL10
pa3peniuMo. YpaBHEHUs BPO/Ie

x° =2 (1)

HE UMEIOT PellleHus] B 00JIACTU PaI[MOHAJIBHBIX YHCEJI, HO UMEIOT TaKOBOE B
paCIIIpPEHHOM TI0JIe BCeX MeHCTBUTENbHBIX umcesa. Ho maxke mose meficTBU-
TeJIbHBIX YUCE HEJOCTATOYHO OOIMUPHO, YTOOBI B HEM MOXKHO OBLIO IIOCTPO-
UTH MOJHYI0 W 3aKOHYEHHYIO TEOPHIO KBaJApaTHLIX ypasHeHuit. Hampumep,
CJIeIyIoIIee OYeHb IIPOCTOE YPaBHEHUE

?=-1 (2)

He UMeeT JEHCTBUTEIbHBIX PelIeHnil, TaK KaK KBaJApaT HAelCTBUTEILHOIO
YUCJIa, HUKAK He MOXKeT OBITh OTpUIaTebHBIM. Ham npuxonurcs uiam yJio-
BOJIBCTBOBATHCS TEM IIOJIO?KEHHEM, YTO TaKHe IIPOCTble ypaBHEHUs Hepas-
PeInMBI, UJIN CIeOBATh 10 yKe 3HAKOMOMY IIYTH — PACHIUPATH YUCJIOBYIO
00JIaCTh W BBOJUTH HOBBIE UHCJIA, C MOMOIIBIO KOTOPBIX VAACTCSA PEITUTh
ypaBHenue. VIMEeHHO 9TO caMoe U [eIaeTcs, KOTJIa BBOIAT HOBBIM CUMBOJI ¢ U
OPUHUMAIOT, 6 Kauecmee onpedeaenus, 9to i° = —1. Pazymeercs, aToT 06b-
KT — «MHUMAsl €JIMHUTIA» — HE UMEET HUIETO OOIIETr0 ¢ TUCIOM KaK OPYy/IHeM
cuema. ATO — OTBJICYCHHBI CUME0.A, TIOTIMHEHHBIII OCHOBHOMY 3aKOHY 12 =
—1, ¥ TIEHHOCTD €0 3aBUCUT UCKIIOIUTEHHO OT TOTO, OyIeT JIn JOCTUTHYTO
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B Pe3yJIbTaTe ero BBEIEeHUs JeCTBUTEILHO I0JIE3HOE PACIINPEHNE YUCIOBOI
CHUCTEMBI.

Taxk Kak MbI XOTUM CKJIAJBIBATH ¥ YMHOXKATh C IIOMOIIIBIO CUMBOJIA 7 TaK
Ke, KaK ¢ OOBIKHOBEHHBIMHU YUCJIAMU, TO €CTECTBEHHO II0JIb30BATHCS CHMBO-
Jamu Bpoge 2i, 3i, —i, 2 + 5i, Boobie, a + bi, e a u b— meficTBUTEIbHbIE
qucia. Pa3 3TH CUMBOJIBI JOIXKHBI MOTINHATHCST KOMMYTATHBHOMY, acCO-
[UATUBHOMY U JUCTPUOYTHUBHOMY 3aKOHAM, TO JIOJIXKHBI OBITH BO3MOKHBI,
HaIIpI/IMep7 TaKNe€ BbIYUCJICHUA:

2+3)+(1+4i)=24+1)+(3+4)i=3+T74
(2+430) - (1 +4i)=2+8i +3i +12i* = (2 —12) + (8 + 3)i = —10 + 11.

PykoBoacTBysICh 3TUMU COOOPasKEHUSIMU, Mbl HAYMHAEM CHUCTEMaTHYe-
CKO€ M3JIOXKEHUE TEOPUU KOMILJIEKCHBIX YHCEJI CO CJIELYIOIIEr0 0npedescHust:
cuMBoOJI Buzia a + bi, rie a u b— jiBa J1elicTBUTE/IBHBIX YUC/Ia, HOCUT HA3BaHUe
KOMNAEKCHO20 YUCAG € 0eTCMBUMENPHOUT HACTBIO0 G U MHUMOT 4acmbvio b.
Oneparuu CJI0KeHUsI U YMHOXKEHUsI COBEPIIAIOTCS HAJ[ STUMU YUCIAMU TaK,
Kak Oy/1To ObI ¢ OBLI0 OOBIKHOBEHHOE JEHCTBUTEILHOE YHCJIO, OJHAKO C YCJIO-
BHEM 3aMeHsSITh 12 Ha —1. TouHee roBopsi, CIOXKEHUEe U YMHOXKEHHE OIpeie-
JIAIOTCS TI0 POPMYIaM

(a+bi)+ (c+di)=(a+c)+ (b+ d)i,
(a + bi)(c+ di) = (ac — bd) + (ad + bc)i.

B JaCTHOCTU, MbI IIOJIyIaeM
(a + bi)(a — bi) = a® — abi + abi — b*i* = a® + b°. (4)

OCHOBI)IBaHCb Ha 9TUX OIIPpEeAeJICHUAX, JIETKO IIPOBEPUTH, YTO AJId KOMIIJIICKC-
HBIX 9HCeJI CIIPpaBEIINBbI KOMlVIyTaTI/IBHI)II;'I, aCCOIJ;I/IaTI/IBHbIﬁ n rZLI/ICTpI/I6yTI/IB—
HBIM 3aKOHBI. Jlajiee, He TOJBKO CJOKEHWE W YMHOYKEHUE, HO TAaKKe U Bbl-
YuTaHue u JjeJieHue, 6y)1yLII/I OpUMEeHEHbl K JBYM KOMIIJIEKCHBIM YHCJIaM,
IIpUBOJAT CHOBa K KOMIIJIEKCHBIM YHCJ/IaM TOI'O 2K€ BUJa G + bl, TaK 4YTO
KOMIUTEKCHBIE dnciia 06pa3yioT nose (cM. crp. 75):

(a+bi)— (c+di)=(a—c)+ (b—d)i,
a+bi  (a+bi)(c—di) (ac+bd) (bc—ad)z. (5)
c+di  (c+di)(c—di)  \c2+d? 2+d?)
(Bropoe pasencTBO TepsieT eMbica, ecan ¢ + di = 0 + 04, Tak kak Torma ¢ +

+ d? = 0. 3HaYnT, ¥ HA STOT PA3 HYHCHO UCKAOUUMDL JeACHUE HA HYAb, T. €.
Ha 0 + 0i.) Hanpumep,

(3)

(2+3i) — (1+4i) =1—14,
243 _ 2430 1-di _2-8i+3i+12_14 5
T+4i 144 1—-4i 1+16 7 1T
Tlosie KOMIJIEKCHBIX YHCEJT BKJIIOYAET I10JIe ,ZLeI;'ICTBI/ITeJIbHI)IX quceJl B Ka-

YECTBE «IIOAIIOJIA», TaK KaK KOMIIJIEKCHOE YHCJIO G + 02 OTOXKJECTBJIAETCA C
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[efCTBUTE/IbHBIM YUCIOM . 3aMETHM, C APYTOil CTOPOHBI, YTO KOMILIEKCHOE
qucyio Buaa 0 + bi = bi Ha3bIBAETCS «YMCTO MHUMBIM>.
1+9)(2+19)(B+1)
(1-1)
1, .v/3\3
(-5 +%)

B bopme a + bi.
3) Ilpencrasbre B dbopme a + bi CIeayIONmue BbIPAKEHAS:

141 1+i 1 1 (4 — 54)2

1—i" 2—47 %7 (=241 =307 (2-30)2
4) Berauciure /5 + 124, (Vrasanue: vamumure /5 + 12 = « + yi, Bo3Beaure

B KBJIPAT ¥ IPUPABHANTE JEHCTBUTEIHHBIC YACTH W MHUMBIE IACTH. )

VYupaxkuenus. 1) Ilpexcrasbre

B dopwme a + bi.
2) IlpexncraBbre

Beoms cumBOIT 4, MBI pacmmpuin OJ€ JEHCTBUTEIBHBIX YUCET U TOJIY-
9N TI0JIE CHMBOJIOB @ + bi, B KOTOPOM KBa/IpaTHOE ypaBHEHUE

x?=-1
MMeET JIBa PEelIeHus: & =1 U & = —i. B caMoM Jies1e, COrIacHO OIPEJIeICHHUIO,
i-1=(—i)(—i) =i> = —1. Hyxno cka3aTh, 9T0 MbI IPHOOPETN TOPA3I0

GOJIbIITe: MOZKHO JIETKO IPOBEPHTH, UTO Tellephb kasicdoe KBaJpaTHOe ypab-
HeHue
ar® +bx+c=0 (6)

cmanosumcs paspewumvim. B camMoM zese, BbIIOJHsS Hajl paBeHCTBOM (6)
P Ipeobpa30BaHUil, MBI IIOJIyYaeM:

3’]24’&1’:73,
a a
2, b p2o_ b e
r +am+4a2_4a2 a’
b\?2 b —dac
(x—F%) T 4a? 7
b +v/b2 — 4ac
r 4 o=
2a 2a
_ 3
- b:l:\/;; 4ac. (7)

3ameTuM Temepb, uTo ecan b? — 4ac > 0, To /b? — 4ac ecTb OOLIKHOBEH-
HOe JefiCTBATEIbHOE IMCJIO U KOpHU ypaBHenus (6) jneficTBUTEIbHBIE; ecim
ke b? — dac < 0, To Torma 4ac — b* > 0, m ciaemosarenabHO, Vb2 — dac =
= V—(4ac — 1?) = Vdac — % - i, Tak uro ypasmenue (6) uMeer B KauecTse
KOpHell MHUMBIe ducia. Tak, HalpuMep, ypaBHEHUE

22 -5 —6=0

54+425-24 5+1
2 2

nMeer ,H;eﬁCTBPITe.HbeIe KOpHU X =
KaK ypaBHEHHUE

=3 wm 2, Torja

22 —2x+2=0
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24A-8 242i
2 2

2. TeomeTpuyeckoe NpeacTaBJIEHNE KOMIIJIEKCHBIX YHCEJI. YKe
B XVI cromernn B MareMaTndeckux pabOTax TMOSBJISIIOTCS KBaJPAaTHBIE
KODHU U3 OTPUIATEHHBIX YHCET B (POPMYJIaX, JAIONUX PEIIeHUus KBaJl-
paTHbIX ypaBHeHwit. Ho B Te BpemMeHa MaTeMaTHKW 3aTPYIHWIACH Obl
OOBSICHUTh TOYHBIII CMBICJI 3TUX BBIPAXKEHWI, K KOTOPBIM OTHOCHJIUCH
moyTu ¢ cyeBepHbIM TpereroM. CamM TepMUH <«MHHMBIH» IO CHUX IIOp Ha-
IIOMUHAET HAM O TOM, UTO 9TH BBIPAXKEHUsI PACCMATPUBAJINCH KAK HEYTO
HUCKYCCTBEHHOE, JINIIEHHOE PeaIbHOro 3uadenus. V1 Toipko B Havasre XIX B.,
KOIJIa y?K€ BBISICHIJIACH POJIb KOMILIEKCHBIX YHCE B PAa3JIMIHBIX OOJACTIX
MaTeMaTUKU, ObLIO JAHO OYEHb IIPOCTOE IEOMETPUUYECKOE HCTOJIKOBaHUE
KOMIIJIEKCHBIX 9JHCEJI W OIEepaldii ¢ HUMH, W 3TUM OBLI IIOJIOKEH KOHEI|
COMHEHUSIM B BO3MOXKHOCTH UX 3aKOHHOTO yrioTpebsienusi. Konewno, ¢ coBpe-
MEHHOH TOYKHU 3peHus, POPMAJbHBIE OMEPAINNA C KOMIIJIEKCHBIMUA YHCJIAMA
[IOJIHOCTBIO OTPABJBIBAIOTCS Ha OCHOBE (DOPMAJIBHBIX OIpEJeJIEHUl, Tak
ITO TEOMETPUYIECKOE IIPEJICTABICHIE JIOTUIECKH HE SIBJISIETCST HEOOXOMMBIM.
Ho rakoe mpejcrabiienne, npejioXKeHHOe IMOYTU OXHOBpeMeHHO Beccesem
(1745-1818), Apranom (1768-1822) u Tayc-
y COM, TIO3BOJIUJIO PACCMATPUBATH KOMILIEKC-
z Hble YUCa U JIEHCTBUsI C HAUMU KaK HEYTO
} BIIOJTHE €CTECTBEHHOE C WHTYUTHUBHONW TOYKHU
} 3peHusl U, KPOMe TOT'0, UMEIee Ype3Bbluaii-
| HO OOJIBIIOE 3HAYEHWE B NPUJIOXKEHUSIX KOM-
0 i ¢ TJIEeKCHBIX 4hcesl KaK B CaMoil MaTeMaTHKe,

|

|

|

|

|

nMeeT MHUMbIe KOPDHH T = =2=14¢wmwm 1 — 1.

TaK U B MATEMATUIECKON (DU3UKe.
leomerpudeckas wuHTEpHpeTaIs KOM-
[JIEKCHBIX YHUCEJI 3aK/F0YaeTCss B TOM, YTO
KOMIIJIEKCHOMY YHCJIY 2 = & + Yi COIOCTaB-
JISIETCSI TOYKA HA IJIOCKOCTH C KOOP/IMHATAMU
x, y. Vmenno, meficTBUTEIbHAS 9aCTh UUCIIA
MBICJIUTCS KaK T-KOODIWHATA, a MHHUMAs —
KakK y-KoopjuHaTa. Takum oOpa3om ycra-
HaBJINBAETCS B3AUMHO OJIHO3HAYHOE COOTBET-
CTBHUE MEXKTy KOMILJIEKCHBIMU YUCJIAMU M TOYKAME «JIUCJIOBOH IJIOCKOCTHY,
0100HO TOMY KaK HaMé ObLIO YCTAHOBJIEHO paHblie (CM. § 2) cooTBeTCTBHIE
MEXK/y eACTBUTESbHBIMU YUCJIAMHA M TOYKAMHU <9HUCJIOBOH ocm». Todukam
Ha OCH T B YHCJIOBOH IIJIOCKOCTH COOTBETCTBYIOT J€HCTBUTEIbHBIE HHCJIA
z=x + 014, Torja Kax TOYKaM Ha OCH Y — YHUCTO MHUMBIe yucia z = 0 + yi.
Ecmu

Puc. 22. Teomerpuueckoe

[IPEJICTABJIEHUE KOMILIEKCHBIX

quces. Touka z uMeer psiMo-
YTOJIbHBIE KOOPIWHATHI &, Y

z=x+yi
€CTh KaKOe-TO KOMIIJIEKCHOE YHCJIO, TO MbI HA3bIBAEM YHCJIO

Z=x—yi
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CONPANCEHHBLM C TACTIOM Z. B UUCIIOBO# TIOCKOCTH TOYKA Z TIOJIyIaeTcs U3
TOYKHU Z TOCPEJCTBOM 3€PKAJBHOIO OTPayKeHUsI OTHOCUTEHHO ocu x. Kcym
MBI YCJIOBHMCs DACCTOsIHEE TOYKH 2z OT Hadaja 0003HAdaTh depes p, TO Ha
ocHoBaHuu TeopeMbl ITudaropa
= +y’=(z+yi)(z—yi)==2 %
HeiicrBurenbhoe 9ucio p = /2 + y? HA3BIBAETCS MOJYAeM 2 T OO03HATAET-
cst
o=zl

Ecnm z pexxut Ha AeficTBUTEIBLHONR OCH, TO MOIYJIb COBITAIAET C abCOTIOTHOMN
BemunHON 2. Komruiekcabie amcia ¢ Momysem 1 m306parkaioTcss TOIKAMH,
JIEXKAIMMU Ha «EJUHUYIHON OKPY>KHOCTH» C IIEHTPOM B HAdJaje U Pajiuy-
com 1.

Ecau |z] =0, mo z = 0. Dro cieyer U3 onpesieeHns |z| Kak pacCTOsHUs
TOUKH 2z OoT Havaga. Jlanee, Modyav npousdeedenusn 08YT KOMNACKCHOIT HUCen
pasen npoudsederuro modyaets:

|21 - 22| = |21] - |22]-

DTO BBITEKAET KaK CJeJCTBHE u3 Oojee 0OIeil Teopembl, KOTopas OyJer
JOKa3aHa Ha cTp. 117.

VYupaxkaenus. 1) JlokaxKure MOCIETHIO TEOPEMY, UCXOS HETIOCPEICTBEHHO
U3 OIpeesIeHUsT YMHOXKEHUsI JIBYX KOMILJIEKCHBIX UHMCes 21 = X1 + Y1t U 22 = X2 +

Yat.

2) Iomb3ysach TeM 0GCTOATENHLCTBOM, U9TO MPOU3BEICHHE ABYX 0elicmeumens-
HbLT TIUCEJI PABHO HYJIIO B TOM U TOJBKO TOM CJIydae, €CJIU OJUH U3 MHOXKHTe-
JIeil paser HYA10, TOKAYKUTE COOTBETCTBYIOILYIO TEOPEMY I KOMNAECKCHOIL YUCEA.
(Vkasanue: OCHOBBIBATECH TIPU JIOKA3ATEIBCTBE HA JIBYX IIOCIEIHUX TEOPEMAX.)

CorsiacHO OIIPE/IeJIEHUIO CJIOYKEHUS
JIBYX KOMIIJIEKCHBIX YHUCEJT 27 = L1 + Y1t Y
U 29 = To + Y2, MBI UMEEM

21+ 22 = (xl + $2) + (yl + y2)i' <2

\
|
Takum o6pazomM, TOYKa 2z + 2y W300- | }
pakaeTcs B YUCIOBOI ILIOCKOCTU YeT- S 2 |
BEPTOI BEPIIMHOI ITapaJsuiesorpaMma, y | |
KOTOPOT'O TPeMsl IIePBBIMU BepIINHAMU ) X
ABJIAOTCA TOUYKH 0, 21, 2Z5. DTO IPO-
CTOi cIrocod IOCTPOEHUsI CYMMBI JIBYX Puc. 23. CioxkeHue KOMIIJIEKCHBIX
KOMIIJICKCHBIX YHCEJI BeIEeT KO MHOTHMM  dHCeJ IO IIPaBUJIy NapaJsljieorpaM-
BaKHBIM CJjIecTBusM. VI3 Hero mbl 3a- Ma

KJIIOYAeM, 9TO MOOYAD CYMMbL OBYT KOMNAECKCHBLL “HUCEA HE NPESLIULAE
cymmovr modyaeti (cp. crp. 76):

|21 + 2za| < |21 + |22]-




122 MATEMATNYECKAS{ YNCJIOBAS CUCTEMA ri. 1T

JlocTaTo9HO COCIIATHCS HA TO, YTO JJINHA CTOPOHBI TPEYTOJIbHUKA HE IIPEBBI-
maeT CyMMBbI JJIMH JABYX JIDYTUX CTOPOH.

VYunpaksHenue. B kakux caydasx UMeeT MECTO PABEHCTBO |z1 + zo| = |z1] +

|22|?

Vroa MexIy HOJOKATEIHHBIM HAIlPaBIeHHEeM ocu & 1 oTpe3koM Oz Ha-
3BIBAETCH apeymenmom z 1 obo3HadaeTcs OyKBoil ¢ (cM. puc. 22). Yncna z
U Z UMEIOT OJ[MH U TOT K€ MOJYJIb

2] = IzI,
HO UX apryMeHTBI IIPOTUBOIIOJIOXKHBI 110 3HAKY:
¢=-9
Koneuno, apryment z onpeesisieTcs He OJHO3HAYHO, TAK KAK K HEMY MOXKHO

pubaBIATh WK U3 HET'O BBIYUTATH JII000I yros, kparHsiit 360°, He n3MeHsist
Hanpasyienns: orpeska Oz. rax, yrib

©, @+360°, ¢+720°, ¢+ 1080°,
¢ —360°, @ —720°, ¢ —1080°,
rpadudecKn JAOT OJMH U TOT »Ke apryMeHT. Tak Kak, COTJIACHO OIpeielie-
HUIO CHHyCa W KOCHHYCA,
T=pcosp, y=psing,
TO JT000€ KOMIIIEKCHOE UHCTIO 2 BBIPAsKaeTCs depe3 ero MOIYJIb W apryMeHT
caeayomuM 00pa3om:

z=1x+yi=p(cosp +ising). (8)
Hampuwmep,
B Ccay4dae 2z =1 MBI UMeeM @ = 1, ¢ =90°,
> > z=1+1 » » p:\/§, @ = 45°,
» » z=1—1 » » p:\/i, ¢ = —45°,

> > z=—1++3i > » =2, @ =120°,

TaK 9TO

i=1(cos90° + isin 90°),
14 i=+2(cos45° + isin45°),
1 —i=/2(cos(—45°) + isin(—45°)),
—1+ v/3i =2(cos 120° 4 i sin 120°).
1:‘II/ITa,Te.HI) MOZKET IPOBEPUTH ITU YTBEPXKJIICHUA ITOCPEACTBOM IIOJICTAaHOBKNU
YUCJIOBBIX 3HAYEHUN TPUTOHOMETPUIECKUX (DYHKITHN.
TpuronomerpudeckuM npezcrasienneM (8) OYeHb II0JIE3HO BOCIOJIB30-

BATHCHA, YTOOBI YACHUTH ce0e TeOMETPUIECKIIT CMBICJT YMHOXKEHUS JIBYX KOM-
IIEKCHBIX uncest. Ecimu

z=p(cos + isineg)
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z'=p'(cosq’ +ising’),
TO
22" =pp'{(cos g cos ¢’ —singsing’) + (cos@sing’ + singcos¢’)i}.

Ho, B cuily OCHOBHBIX TEOPEM CJIOXKEHHSI CUHYCa U KOCHHYCA,

cos @ cos @’ — singsing’ = cos(p + ¢'),

cos@sin @’ + sin @ cos ¢’ = sin(g + ¢').
Nraxk,

zz' = pp'{cos(p + ¢') +isin(¢ + ¢')}. (9)
B mpapoii wacTu mocsieHero paBeHCTBa Mbl BUJIAM HAIMCAHHOE B TPHUIO-
HOMETPHUYECKOH (hopMe KOMIUIEKCHOE YHCIIO C MOJYJIEM pp’ U apryMeHTOM
¢ + ¢’. 3HAYNT, MBI MOXKEM OTCIOJA 3AK/IIOYUTD, YTO NPU YMHOHCERUY 08YT
KOMNAEKCHUL YUCEA UT MOOYAU nepe-
MHONCAIOMCA, 0 AP2YMEHMDL CKAGOL- , y
saromes (puc. 24). Takum obpaszom, <z
MBI BH/JIUM, 9TO yMHOKEHUE KOMILIEKC-
HBIX IHCEJT KAK-TO CBA3AHO C 6PAUEHU-
eM.

VeranoBuMm TOUHEe, B €M TYT Je- P2
Jo. HazoBeM HampaBJIeHHBIH OTPE3OK, k4
WAy 13 HAvagIa B TOUKY 2, 6€K-
MOPOM TOYKH Z; TOTIA MOJAYJIb p = |Z|
ectb ero jumHa. Ilycth 2/ — Kakas-
HuGy b TOYKA EIMHUYHON OKPY?KHO- 0 X
cti, Tak uro o’ = 1. B rakom ciyuae
YMHOXKEHHE z Ha 2z HpOCTO IOBOpa-
4UBaeT BEKTOP z Ha yroa @'. Ecmm  pyc. 24 Vumoxenme xommrexcrbrx
xKe o' # 1, TO, TOMUMO BPAIEHUs, - wpces: apryMeHTbl  CKJIQJIbIBAIOTCH,
Ha BEKTOpa JI0JI?KHa OBITH yMHOXKEHA, MOJTYJT! TIEPEMHOKATOTCS
Ha p’. PekoMeHsyem gmraTesro caMmo-

CTOSITENILHO TTPOUJLTIOCTPUPOBATL 3TH (DAKTHI, YMHOXKAS PA3JUIHbIE KOM-
IUIEKCHBIE 4mcia Ha z; = i (Bpamenue Ha 90°); 2, = —i (Toxke BpaleHue
ua 90°, HO B 06paTHOM HAIlIpaBJIEHHUN); 23 = 1 + 4 1 2, =1 — 4.

®opmyma (9) B 0COGEHHOCTH TPEJICTABISET UHTEPEC, €CIH 2 = 2’; B 9TOM

CIIydae uMeeM:

2% = p*(cos 2 + i sin 2¢).
YMHoxKasl CHOBa Ha 2z, OyJ/IeM NMeTh

2° = p”(cos 3¢ + isin 3¢);
u, BoOOIIE, JIJIs JIIOOOTO N, TTOBTOPSIsT OTIEPAIINIO, TTOJTYINM

2" =p"(cosng + isinng). (10)
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B wacTHOCTH, €c/i TOYKa 2 HAXOMUTCA Ha euHuMHOl 0KpYICHOCTIU, TaK
910 p = 1, MBI IpUXOANM K (HOPMYJIe, OTKPBITON (DPAHILY3CKIM MATEMATHKOM
A. ne Myaspom (1667-1754):

(cos ¢ +isin @)™ = cosng + i sinng. (11)

Dra dopMyJIa — OTHO U3 CAMBIX 3aMEYATEIbHBIX U [TOJIE3HBIX COOTHOIMEHUH
B 2JjieMeHTapHOU Maremaruke. [losgcamm 310 mpumepom. Bospmem n = 3 u
Pa3IOKUM JIEBYIO 9acTh 1O (GopMyse OuHoMa,

(u+v)? =u® + 3uv + 3uv® + v°.
Torna nosyunM:
cos 3¢ + isin 3¢ = cos® 3¢ — 3cos @sin® ¢ + i(3 cos® psing — sin® ¢).

O,ZLHO TaKO€ KOMNAEKCHOE PAGEHCME0 PABHOCUADHO deM paserncmeam, CEs-
3v6aA10UWUM deticmeumenvhvie wucaa. B camom JeJie, eCJn JBa KOMIIJIEKCHBIX
YuCJIa PpaBHBI, TO B OT/JAE/JBbHOCTU PaBHbI HX ILefICTBHTeJ'H:HbIe JacTu U HUX
MHHUMBIEC 9aCTH. I/ITaK, MO2KHO HalllCaTb

cos 3¢ = cos® ¢ — 3cos@sin® @,  sin3¢ = 3cos® psing — sin® g.
Io/b3ysICh 3aTeM COOTHOIMIEHHEM
cos’ g +sin’ g =1,
TOJIy MM OKOHYATEJIBHO:
cos 3¢ = cos® ¢ — 3cos (1 — cos® @) =4 cos® ¢ — 3cos @,
sin 3¢ = —4sin® ¢ + 3sing.

ITono6uoro pona dbopMyJIbl, BEIpazKalolye Sinng I cos Ng COOTBETCTBEHHO
Jepe3 sin @ u COS (¢, JIETKO IIOJIyYUTh IIPH KAKOM YT'OJIHO I[€JIOM 3HAYEHUH 7.

VYupakuenust. 1) Hanumure ananorudnasie popmysisr st sin 4¢ u cos 4¢.
2) Ilpeamonarasi, 9T0 TOYKa z HAXOIAMTCA HA CIUHUIHOM KDPyTe: Z = COS @ +

4 sin @, MMOKazKUTe, ITO % =cos @ — isin Q.
a+bi
a—bi
4) Hokaxkure: eCid z) U zz — JBa KOMIUIEKCHBIX YHCJIA, TO apIyMEHT 2] — 22
paBeH yTily MeXK/y IIOJI0XKMTEJILHBIM HalPaBJIeHUEM JeHCTBUTEIbHON OCH U BEK-
TOPOM, UIYIIAM OT 22 K 21.
5) aH TpeyroJbHUK C BEPIIMHAMHU 21, Z2, 23; YCTAHOBHTE I€OMETPHYECKUil
zZ1 — 22
z1— 23
6) [lokaxkure, 9TO OTHOIIEHUE JIBYX KOMIUIEKCHBIX YUCEJI C OJJMHAKOBBIM apry-

3) Bes BblunC/IEHUI yCTAHOBUTE, YTO MOJLYJIb UUCJIA PaBeH eJVHUIIE.

CMBICJI apryMeHTa YuCJIa

MEHTOM €CTb JAeHCTBUTELHOE YHCJIO.

z3 — 21 Z4 — 21

~=—"—= | —=———= paBHBI MEXIY
z3 — 22 Z4 — 22
coboit, TO UeThIpe TOYKU 21, 22, 23, Z4 JIEXKAT HA OKPYXKHOCTH WJIM HA TPIMOI

7) JlokarkuTe, 4TO €CJIM APTyMEHTBI YHCEJI

JIMHUAW, ¥ OOPaTHO.
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8) Jokakure: 4YeTbIpe TOUKHU 21, 22, 23, 24 JIEXKAT HA OKPY’KHOCTH WMJIA HA

OpAMOM JIMHUU, €CJIM YUACTIO0
23 —21 , 24— 21

23— 22  zZ4 — 22
JIefiCTBUTEIBHOE.

3. ®opmyna MyaBpa u KOpHU U3 eAUHHUIIBI. 1o KopHEM n-it cTe-
[IEHU U3 YUCJIa ¢ MBI IOHMMAEM BCSIKOe TaKoe 4ucJio b, uto b™ = a. B wacTHO-
ctn, yucgo 1 wmMeer  jgBa KBaJparHbIX  KopHs: 1 owm —1,
rak kak 12 = (—1)2 = 1. Yucmo 1 nme-
€T OJnH JeticmBUMENLHBIT KyOMIECKuit Ko-
peHb, UMEHHO 1, TOrJa KaK OHO JKe HMe-
€T YeTbIPe KOPHA YeTBEPTON CTeleHu: JIBa
JEeHCTBUTENbHBIX, 1 1 —1, U JIBa MHUMBIX: ¢
u —i. 9T PaKThl HABOIAT Ha MBIC/Ib, 9TO B
KOMILJIEKCHOM O0JIACTH JTOJI2KHO CYIIIECTBO- 1
BaTh e€Ine JBa KyOmdeckmx KOpHS u3 1
(a BCero Kybmueckmx KOpHeil Torma Oymer
tpu). C nomorpo Gopmyasl Myaspa Mbl
MMOKaYKeM, 9TO 3Ta JO0rajiKa CIIPABE/JINBA.

Mg ybemuMcst, 9TO B NOAE KOMNACKC-
HOLT MUCEA CYWECTRGYEM POSHO N KOPHET Py, 25. IIpemammars Kopmeit
cmenenu n u3 1. Omu xopru u300paNCA-  npeHANATON CTENCHN W3 eIHHH-
10MCA BEPUWUHAMY NPABUALHO20 N-Y20Ab- B
HUKG, BNUCAHH020 6 eJUHUMHBIL KpYye U umelouezo mouky 1 6 kawecmee
000U U3 GEPUIUH.

CkaszanHoe 1mouTH siCHO u3 puc. 25 (coorTBeTcTByIONmEro ciydan n = 12).
[TepBas BepmuHa MHOrOyTOIBHUKA ecTh 1. Cremyromast ecThb

oczcos@—i—isin@, (12)
n n

TaK KaK apryMeHT JOJI2KEH PaBHATHCA n-i dactu yria B 360°. Eme ciemy-

IOIas BEPHIMHA €CTh o - oL = o2, TaK KaK MbI HOJIY4IHM ee, Bpallas BeKTOp o
360°
Ha yroa ——. JaJblne mojaydaeM BEepHIMHY o W T. JI.; IIOCJI€ 7. MIAroB BO3-
n

BpaIaeMcst CHOBa K BepIimHe 1, T. e. Tmosrydaem
a” =1,
4TO cieiyer Takxke u3 dopmyist (11), Tak Kak

(cos S 4 isin %) — c0s360° + i 8in 360° = 1 + 07 = 1.
Wrak, o' = o ecrb KopeHb ypashenus " = 1. To ke crpaBeJjInBO OTHOCH-
TEJIbHO CJICAYIONIe BepIIUHbL

o? :COS% +isin@.
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Mg ybeauMcst B 9TOM, €CJIM HAIUTIIEM
(a2)n — 0(277, — (0(”)2 — 12 — 1’
WK YKe BOCIoJib3yemcst (hopmyitoit Myaspa

(a®)" = cos (n %) +isin (n 727? ) — o8 T20° 4+ isin720° =1 + 07 = 1.

TouHO Tak ke MBI 3aKJ/II09aeM, 9YTO BCE€ 1 YHCeJI

2 3 n—1
1, o, o, o, ...,

SIBJITFOTCA KOpHsiMmu crerteHn 1 u3 1. Ecim Oymem cremenu yBesmduBaTh
JaJjbllle UIN PACCMOTPUM OTpHUIIATEIbHbIE CTEIeHH, TO HOBBIX KOpDHeEH He
moyanM. B camowm gerte,

_ 1 o’ _
o 1:7:720(71 1;
o o
TOYHO TaK Ke
" =1, o"'=(a")a=1 -a=aq,

U T. ., TAK YTO paHee IIOJIy4YeHHble KOPHU IIOBTOPLAIOTCA. Jduraresio npemo-
CTaBJIsieM B Ka4eCTBe yIIPayKHEHUsI MIOKA3aTh, YTO UHBIX KOPHEli, KpOMe Iie-
PEUYNCIEHHBIX, PACCMATPUBAEMOE YPaBHEHUE HE UMEET.

Ecsu n gerHOE, TO 0/THA U3 BEPIIUH N-yTOJIHHAKA MOMAJAET B TOUYKY —1, B
COOTBETCTBUU C OOITEN3BECTHBIM aaredbpandeckuM HakToM: —1 eCTh KOPEHb
qeTHO cTeneHu u3 1.

VpaBHEHUE, KOTOPOMY YIOBJIETBOPSIIOT KOPHH N-ii creneHu us 1,

Z" —1=0, (13)

€CTh ypaBHEHUE N-ii CTEIeHU, HO JIETKO IMOHU3UTDh €r0 CTEIeHb Ha €IUHUILY.
Bocnonmb3yemcest anrebpamdeckoit popMyaoit

(" =D =(x—1)(z" ' +az" 2 +2" 3+ ... +1). (14)

Tak kak mpouwsBejieHUE JIBYX 4nces paBHO ) B TOM U TOJBHKO TOM CJIydae,
€CJIM OJIMH M3 MHOXKHUTEJEeH paBeH HyJo, TO Boipaxkenue (14) obpamaercsa B
HyJIb WINA IIPU T = 1, UJIW OIPHU YCJIOBUH, YTO YIAOBJIETBOPSETCSA ypPaBHEHUE

" "+ e+ 1=0. (15)

DTOMY ypaBHEHHIO YJIOBJICTBOPSIOT KOPHHU O, &2, ..., A" '; OHO Ha3bIBaeTCs

YUKAOMOMUMECKUM, IR YPasHEHUueMm deaenus okpyschocmu. Tak, Hampu-
Mep, MHAMBIEe KyOndecKne KOpHU u3 1

o = cos 120° 4 isin 120° = —1%@'\/3’
o? = cos 240° + i sin 240° = 71%5

ABJIAIOTCA KOPHSAMHU yPaBHEHUS

> +r+1=0,
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KaK 9IUTATeIb CMOXKET YOeINThCs, BBIMTOJHS MOJCTAHOBKNA. TakmM ke 00-
pPa30M KODHHM TSITOH cTereHn u3 1 (Kpome camoro umcna 1) ymoBiaeTBOpsioT

yDABHEHUIO
'+t 2P+ +1=0. (16)
Y106BI OCTPOUTH NPABUJIBHBIA HATHYTOJIBHAK, HAM IPUXOAUTCS DEIIUTDH
ypaBHeHHe 1eTBepToit crenenu. IIpocroe anrebpandeckoe yXUIpeHHe — 3a-
1 N
MeHa W = & + — — NPUBOJUT K YPABHEHWIO BTODON cTemeHu. Mpbl mesamnm
T

ypasHetne (16) Ha x? U mepecTaBsieM WIEHBL:

x2+%+x+l+1:0,
T T

1\2 1
u, IpUHIMag BO BHUMaHHUE, 9TO (m +=) =2*+ — + 2, moxydaem
T T
w4+ w—1=0.
ITo dopmyie (7) myHKTa 1 KOPHE 9TOr0 KBaIPATHOIO YPABHEHUs UMEIOT BHL
w. = —L+V6 w, — —L=6
1 — 2 — .
2 ’ 2
Hrtak, MHUMBbIE KOPHU TISATONH CTENEHU U3 1 ABISIOTCS KOPHSIMU CJIETYIONTIX
JBYX KBaJIpATHBIX YPaBHEHMIl:

x—|—%:w1, W7 I2+%(\/5—1)$+1:05

ac—i—%:wg, wm  z’ — %(\/5+1)x+1:0.
Yurareab CMOKET UX PEIIUTH 110 Toi ke dopmyie (7).

VYupakuenus. 1) Haiigure kopau 6-it crenenn u3 1.
2) Beruucsamre (1 + @)1t
3) Beruncsnre Bce pasiudHble 3HAYEHHs BbIPAXKEHUH

7 7 3/ 5 -
Vitid, Yr—4i, Vi, =i
1,. .

4) Bovrauciure Z(ﬂ —i77).

*4. OcnHoBHasg TeopeMa ajarebpbl. He ToaLKo ypasHeHnus Buja ar? +
+bxr+c=0 um " — 1 =0 pa3pemumMbl B I10Jie KOMIIEKCHBIX YHCEJI, HO
MOYKHO YTBEDXKJIATb TOpa3/i0 OOJIbINE: 6CAKOE GA2EOPAUMECKOE YPABHEHUE
cmeneny n ¢ 0etcmBuUmesbHHIMU UAY KOMNAEKCHbLMU KOIPHUUUEHMAMU

f@)=2"4a, 12" " +a, 22"+ .. +ax+a,=0 (17)

DPA3PEUWUMO 8 NOAE KOMNAEKCHUT “wucen. s cinydas ypaBHeHUil 3-it u 4-it
creneneil ata Teopema 6buta ycranosieHa B X VI B. Tapramweit, Kapnano u
JPYTUMH: OKa3ajI0Ch, YTO TAKUE YPABHEHUs PEIIAIOTCS IOCPEICTBOM (hop-
My, OMOOHBIX (OpMyJie KBJIPATHOTO YPABHEHUsI, HO 3HAYUTE/HHO OoJiee
CJIOXKHBIX. B TedeHne mouTn AByX CTOJIETUH JJINIOCh HACTONINBOE U3y I€HNE
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o0rero ypaBaenus 5-ii u 60J1ee BBICOKUX CTEIEHEH, HO BCE YCUITUS PA3PEIuTh
WX TeMH Ke MEeTOJ[aMU OKaz3aJnch HampacubiMu. Korma monogomy layccy B
€ro JIOKTOPCKOit jmeceprarmu (1799) y/amoch BIiepBbIe JIOKA3aTh, YTO Pelle-
HUSL CYWECTNBYIOM, TO ITO Y2Ke ObLIO KPYIHEHIITNM YCIIEXOM; IIPAB/Ia, BOIIPOC
0 BO3MOKHOCTH ODODOITUTH Ha CiIydail creneHeil > 5 KJjaccudeckue opmy-
JIBI, TIO3BOJISIIONINE HAXOUTH KOPHU € IMOMOIIBIO PAIMOHAIBLHBIX Olepariyii 1
u3BJIeUEHUsI KOPHEll, OCTaBaJICs B TO BpeMsl OTKPBITBIM (cM. cTp. 138).

Teopema T'aycca yTBepKIaeT, UTO, Kax080 Ov, HU ObLAO Ga2edpaUECKOE
ypasnenue euda (17), 2de n — yeaoe NOAOHCUTNEALHOE YUCAO, G KOIPPuLU-
enMbL @ — JeUCMBUMEAbHBLE UAU 0GIHCE KOMNAEKCHBIE YUCAQ, CYWECTNBYEM
no kpatinet mepe 0010 MaKoe KOMNAEKCHOE YUCA0 o = ¢ + di, 4mo

f(a)=0.

Yucsio o HazbiBaeTcsd xKophem ypasaenus (17). JJokazarejbeTBO 3TOMH Teo-
peMbl OyJIeT mpuBeeHo B 3Toi Kuure Ha crp. 289-291. IIpeamomoxum moka,
9TO TEeOpeMa JI0Ka3aHa, U BbIBEIEM U3 Hee NPYTYI0 TeOpPeMY, U3BECTHYIO IO
Ha3BaHUEM O0CHOSHOU Mmeopembv, aa2e6pv, (ObLIO ObI, BIPOYEM, IpaBUIIbHEE
HA3BATh €e OCHOBHOW TeOpeMOil KOMILJIEKCHOI YHCIOBON CHUCTEMBI): 8CAKULL
aN2e0PAUMECKUT, NOAUHOM CTNENERY T

f(x):xn+an71xn—l +...+a1x + ag (18)
Mootcem O6vimob npe@cmae/beH 6 eude np0u36€0€Huﬂ posrHO N MHOAHCUMENET]:
F@) = (@ — ) (@ — a3) . (2 — ), (19)

2de oy, Uy, ..., O, — KOMNAEKCHbIE “UucAq, Kopru ypasrernus f(xz) = 0. Taxk,
HAIpUMep, TIOJMHOM
flx)=2*—-1

passaraeTcsa Ha MHOXKUTENN CJIEIYIONAM 00pa3oM:
f@)=(z=1)(z—i)(=+i)(z+1).

Yro umcsa o SBISIOTCS KOpHsiMu ypapHeHusi f(z) =0, 310 04eBHJIHO U3

camoro pazsioxkenus (19), Tak Kak npu & = o, 0JuH U3 MuoxKuTesei f(x), a

CJIeJIOBATEBHO, U caM mojuHoM f(z), obpamaercs B HyJlb.

B unbIX Ciy4asx He BCe MHOXKHUTEIHM & — Oy, T — O, ... HojauHoMa f(x)
CTEIEHU 71l OKA3BIBAIOTCS PA3JIMIHBIMUA; TAK, B IPUMEDE

fley=2"-2x+1=(z—1)(x—1)

MBI IM€eeM TOJIBKO OMH KOPEHb, & = 1, «CUMTaeMblil ABaK/Ibl», WJIN «KpaT-
HocTHu 2». Bo BCAKOM ciiydae, OJIMHOM CTEIEHH 1 He MOXKET pa3JiaraTbCs B
pou3BejieHre Oojiee YeM N PA3JIMYHBIX MHOXKHUTEJIEl BUIa & — O, I COOTBET-
CTBYIOIllee YpaBHEHUE HE MOXKET UMETh DoJiee 1 KOpHeii.

[Ipu mokazaresbCTBE OCHOBHOM TEOPEMBI aareOpbl Mbl BOCIIOJIB3YEMCS —
HE B IEPBBIA pa3 — ajredpamdecKuM TOXKIECTBOM

o =(z—a) (2" fart T P P ), (20)
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KOTOPOE IpH oL = 1 CJIy?KUJI0 HAM JJIsl OIIPEJICICHAs CyMMbI T€OMETPHYIECKON
nporpeccun. Ilpeanonaras Teopemy Iaycca TOKa3aHHOM, JOITYCTUM, 9TO o =
o eCTh KOpeHb ypasHeHus (17), Tak aro

flon) = + ap 107 '+ ap_20] 2+ ...+ a0t +ap=0.

Boruuras 910 Bhipaxkenue u3 f(x) U neperpyniupoBbiBas YJI€HbI, Mbl [IOJIY-
UM TOXKJECTBO

flx)= f(z) = flay) = (2" —of) + an71($n71 - 0‘?71) +.otag(r—oy).
(21)
Tonb3ysick Tenepb dopmystodi (20), MbI MOXKEM BBIIEJINTh MHOXKHUTENb & —
o; W3 KaXKJOro UjeHa M 3aTeM BBIHECTH €ro 3a CKOOKY, IPUYEM CTEleHb
MHOTOUJIEHA, OCTAIOMIEroCss B CKOOKAaX, CTAHET y»Ke Ha eIUHUIy MEHbIIE.
[TeperpynmnupoBbiBasi CHOBa, YJIEHbI, MbI ITOJIyIUM TOXKIECTBO

f(@) = (@ — a)g(a),
rie g(x) — MHOTOWIEH cTeneHu n — 1:
g(x) ="+ by_ox™ %+ ...+ bz + by
(Boraucsenue koadbdurmenTos, 0603HaAYEHHBIX Yepe3 b, HAC 371eCh He UHTe-

pecyer.) Ilpumenum jasbine To ke paccyxkiuenue K Muorowieny g(z). ITo
reopeme ['aycca, cyecTByer KopeHb oy ypasaenus g(x) =0, Tak 4ro

9(x) = (x — az)h(),
rae h(z) — HoBbIl MHOrOWIEH crenenu yxke 1 — 2. IIoBTOpsig 3T paccyxK-
nenus n — 1 pa3 (mozpasyMmeBaercsi, KOHEYHO, IPUMEHEHNE TPUHIIUIA Ma-
TEMATUYECKOH UHJIYKIMN), Mbl, B KOHIE KOHIIOB, IIPUXOAUM K Da3JI0ZKEHUIO

fl@)=(r—o)(x—og)...(x —ay,). (22)

U3 roxkpecrBa (22) cieiyer He TOJBKO TO, YTO KOMILIEKCHBIE YUCJIA O, O,

., 0, CyThb KOpHU ypasHeHusi (17), HO U TO, 4TO UHBIX KODHEH ypaBHe-

uue (17) me umeer. JleiicrBuresbHo, eciu Obl YUCIO Y OBLIIO KOPHEM ypaBHe-
Hus (17), To u3 (22) cremosaso 6b1

fy)=W—a)ly—oz)...(y —a,) =0.
Ho wmbr Bugemu (crp. 115), 4To npousBeeHre KOMILIEKCHBIX YHCEJ PABHO
HYJTIO B TOM B MOAYKO MOM CIydae, eCJIU OJUH U3 MHOXKHUTEJIEH paBeH HYJIIO.
Urak, ogua u3 muoxureseil y — o, paser 0, T. e. y = o,., 9T0 U TPeOOBAIOCH
YCTQHOBUTb.

§ 6. Anrebpamyeckue u TPaHCIEHEHTHbIE YHNCJIA

1. OnpenesieHne u BOOPOCHI cylecTBoOBaHusA. Asnzedpauveckum
YUCAOM HA3BIBAETCS BCAKOE YHCJIO T, JeHCTBUTEIFHOE WM MHUMOE, YJIOBJIe-
TBOPSIIONIEE HEKOTOPOMY aJIredpanmiecKoOMy YPaBHEHUIO BUJA

ApT" + Q12" '+ a1+ ap =0 (n>1, a,#0), (1)
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e duciaa a; nesble. Tak, HaIpuMep, 9ucjao v/ 2 ajnredbpamdeckoe, Tak Kak
OHO YJIOBJIETBOPSIET yPABHEHUIO
x> —2=0.

Takum ke 06pa3oM AJIredPaAnIECKIM UHCJIOM SIBJISIETCS BCSIKUI KOPEHB JIHO-
60ro ypaBHEHUs C TEJbIMU KO3 dUImenTaMu TpeThel, 9eTBepToil, MsITOM,
KAKO yrOJIHO CTEIeH!, N HE3aBUCUMO OT TOI'O, BHIPA2KAETCH WU HE BBIPAXKA-
ercsd OH B pajukajax. [lonsaTue anredpanvyeckoro 4ucjaa ecTb eCTeCTBEHHOE
00600IIIeHNE TTOHSITUS PAIMOHAIBHOIO YUCJIA, KOTOPOE COOTBETCTBYET YaCTHO-
My ciydaio n = 1.

He Bcsikoe meficTBUTEIEHOE 9UCIIO SABJSETCH AIre0PAnIecKuM. DTO BbITE-
KaeT U3 CJeyIolell, BbicKa3anHoit KaHTopoM, TeopeMbl: MHO0IICECTIBO BCET
anzebpauveckux wucea cuemro. Tak Kak MHOYKECTBO BCEX JIEHCTBUTEIbHBIX
YUCcesI HECUETHOE, TO 0DsA3aTEIbHO JIOJIXKHBI CYIIECTBOBATD JEHCTBUTEIbHBIE
qUCJIa, HE SBJISIONINECs ajareOpandecKuMu.

VkarkeM OJIMH U3 METO/IOB TIePeCueTa MHOKECTBA AJIN€0PANIECCKIX TUCE.
Kaxnomy ypasrenuio Buja (1) comocraBuM Iiejioe NOJI0KUTEIHHOE UCIIO

h=lan|+ |an_1| + ...+ |as| + |ao| + n,

KOTOPO€ HA30BEM paJil KPATKOCTU <«BBICOTOI» ypaBHeHus. [ljis Kaxkoro
PuKCUPOBaAHHO20 SHAYEHUSI 7 CYIIECTBYET JINIIb KOHEYHOE IUCJIO YPaBHEHUN
Buga (1) ¢ Boicoroii h. Kaxmoe u3 rakux ypaBueHuii umeer camoe 6oJibIiee 1
kopueit. [losToMmy MOXkKeT CymecTBOBaTH JIUITHL KOHETHOE IUCIIO ajredpande-
CKUX YHCEJI, IIOPOK/IAEMbBIX YPABHEHUSIMU C BHICOTOU h; CJIe/IOBATEIHHO, BCE
aJiredpanvyecKre YUCjia MOXKHO PaCIOJIOXKUTh B BHUJE IOCJIEI0BATEILHOCTH,
[epevnc/isis CHavaja Te U3 HUX, KOTOPbIE TOPOXKIAI0TCS YPaBHEHUSIMU Bbl-
COTHI 1, 3aT€M — BBICOTHI 2 U T. JI.

DTO I0KA3aTEBCTBO CIETHOCTH MHOXKECTBA aJIre0paniecKux Iuces1 yCra-
HaBJINBAET CYIECTBOBAHME IEHCTBATE/ILHBIX YHCEJ, KOTOPbIE HE SBJISIIOTCS
anrebpanmdeckumu. Takue Umcsa HA3BIBAIOT Mmpakcuerdenmuovimy (0T Ja-
TUHCKOTO transcendere — I€PEXOJUTh, IIPEBOCXOJNTH); TAKOE HAMMEHOBAHUE
UM Jaji Dijep, IOTOMY YTO OHU <«IIPEBOCXOJST MOIITHOCTH AJre0pamdecKux
METOIOB»>.

KanTopoBo 10Kka3aTe1bCTBO CyIieCTBOBAHNS TPAHCIIEHIEHTHBIX INCE HE
MIPUHAJJIEXKUT K YUCJIy KOHCTPYKTUBHBIX. TeopeTnyiecku paccyk/iast, MOKHO
ObLIO OBl IIOCTPOWTH TPAHCIEHJIEHTHOE YHCJIO C IIOMOIIBIO JUATOHAJIBHOM
MPOIIEYPHI, IIPOU3BOAMMON HaJl BOOOPaXKAEMbIM CIIMCKOM JIECATUYIHBIX Pa3-
JIOZKEHUH BCEX aIredpandecKux InucesT; HO TaKas MPOIIE/LyPa JIUIIEHA BCTKOTO
MMPAKTUYIECKOr0 3HAYEHWS W HE NPUBEa Obl K UHCILY, PA3JIOXKEHHE KOTO-
poro B jecaruyHyio (Win Kakyio-HuOyjb WHYIO) ApOOb MOXKHO ObLIO GBI
HA caMoM Jesie HamnwucaThb. Hanbosiee mHTEepecHble IPOOJIEMBI, CBA3AHHBIE C
TPAHCIEHIEHTHBIMI JHC/IAMU, 3aKJII0YAIOTC B JIOKA3aTeJIbCTBE TOTO, UTO
OIIpEe/IeJICHHBIE, KOHKPETHBIE YUC/Ia, (CI0/[a OTHOCATCS YUCJIA T U €, 0 KOTOPhIX
cM. crp. 319-322) gBIMIOTCH TPAHCHEHICHTHBIMHU.
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**2. Teopema JInyBMJIsi M KOHCTPYUPOBaAHUE TPAHCIEHIEHT-
HBIX umcel. JloKa3aTeJbCTBO CyIIECTBOBAHUS TPAHCIEHIEHTHBIX YM-
cen eme g0 Kanropa 6buto gano 2K. JIuysmwitem (1809-1862). Ono naer
BO3MOXKHOCTb Ha, CAMOM Jiejleé KOHCTPYHUPOBATh IPUMEPBI TAKUX YUCEJ.
HoxkazarenbcrBo JluyBusas GoJtee TPyIHO, YeM JoKa3aTeabcTBO KaHTopa,
7 9TO HEYIWBUTEJIbHO, TAK KAK CKOHCTPYHUPOBATH IIPHUMED, BOODIIE rOBODS,
cJIOJKHee, YeM JI0Ka3aTh cymiecTBoBanue. [IpuBoisi HIRKe 10Ka3aTEIHCTBO
JII/IyBI/IJ'LHH7 MBI M€€eM B BUJ/LYy TOJIBKO IIOJATOTOBJIEHHOT'O YUTaTeJId, XOTd JIJIA
MOHUMAHMUS JIOKA3aTe/IbCTBA COBEPIIIEHHO JOCTATOYHO 3HAHUS /IEMEHTAPHON
MaTeMaTUKH.

Kak obnapyxwun JlnyBuiis, uppaimoHaabHbE ajredpandecKue Iucjia
00JT1aTAI0T T€M CBOWCTBOM, 9YTO OHU HE MOTYT OBITH NPHUOJMKEHBI PAITHO-
HAJIBHBIMU YHCJIAMU C OY€Hb OOJIBINOI CTEIeHbI0 TOYHOCTH, €CJIA TOJIBKO He
B34Th 3HAMEHATEJIN IPUOJINKAOINIIX JIp00eil Ype3BbIdailHO OOJIBITIME.

[Ipeamonokum, 9T0 YUCTIO 2 YAOBJIETBOPSIET aJreOpamvIecKoMy ypaBHE-
HUIO C TeJIbiMu KO3 dUImeHTaMn

f(x)Zao+a1x+a2x2+...+an$n=0 (an#o)v (2)

HO HE YJIOBJIETBOPSET TAKOMY K€ YpaBHEHHUIO Oojiee Hu3Koi crenenu. Torma
TOBOPSHT, UTO CAMO T €CTh ajiredpandecKkoe Iucao cmeneny n. Tax, Haupumep,
9neiIo z = /2 ecTh anreGpamdYecKoe YHCIO CTENeHH 2, TAK KAK Y/IOBJIETBO-
pser ypaBHeHHIO 2 — 2 = (0 crenenu 2, HO HE YJIOBJETBOPSAET yPABHEHHIO
IIEPBOIl CTENEHIT; YHCI0 7 = v/2 — CTeNeH: 3, TaK KaK Y/OBJIETBOPSIET ypaB-
HeHunio ¥ — 2 =0, HO He yuoBJIeTBOpsieT (KaK MbI IOKaxkeM B riase 111)
ypaBHeHHUIO 6oJiee HU3KOI cremeHn. Asrebpanmvyeckoe UHCIO CTEeHu 7 > 1

HE MOXKET OBIThb panuOoHaJIBHBIM, TaK KaK pPallMOHaJIbHOE YUCJIO 2 = L yao-
q

BJeTBOpsieT ypaBuenuio qxr — p = 0 crenenu 1. Kaxkjaoe mpparmoHabHOE
YUCJIO Z MOXKET OBITh C KaKO YI'OJIHO CTEIEeHbI0 TOYHOCTHU IIPHUOJIUZKEHO C
IIOMOTIBIO PAIMOHAJIBLHOTO YUCJIA; 9TO O3HAYAET, UYTO BCETJIa MOYKHO YKa3aTh
MIOCJIEIOBATEIHHOCTD PAIMOHAJIBHBIX YUCETT

b1 P2

@’ g
C HEOTPAHUYEHHO PACTYIIUMHU 3HAMEHATEJISIMHU, OOJIAJAONLYI0 TeM CBOIi-
CTBOM, 9ITO

)

pr
qr

— Z.

Teopema JInyBuiis yTBepKIaeT: KaKOBO ObI HE OBLIO ajrebpanmdecKoe

9UCJIO Z CTENeHu 1 > 1, OHO He MOXKeT OBITh TPUOJIMZKEHO TTOCPEICTBOM Pallr-
p o .

OHaJIBHOT'O 9UCJIa — C TOYHOCTBIO JIyYdIIIen 9eM W’ JApyrumMn Cja0oBaMu, IIpu

JOCTATOYIHO 6OJ'H)HH/IX 3HaMeEHaTeJIAdX HEIIPEMEHHO BBIIIOJTHACTCA HEPABEHCTBO

D 1
e -2|> = (3)
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Mp1 cobupaemcsi IPUBECTH JIOKA3ATEIHCTBO ITOW TEOPEMBI, HO PAHbIIIE
[IOKakeM, KaK C €e IIOMOIIBI0 MOXKHO CTPOUTH TPAHCIEH/EHTHbIE YHCJIA.
Paccmorpum wucsio

z=a,-107" +a5-107" + a3 - 1073 + ... +a,, - 100™ + ... =
= 0,a;a5,000a300000000000000000a4000. ..,

rjge a; 0603HAYA0T Ipou3BoJbHbIe nudpbl or 1 10 9 (upome Beero GbLIO
Obl IOJIOXKUTH BCe a; paBHbIME 1), a cumBou n!, Kak 066190 (cM. cTp. 36),
obosnagaer 1-2- ... n. XapaKTepHbIM CBONCTBOM JECATUIHOTO Pa3JIOkKe-
HUS TAKOTO YUCJIA ABJISETCH TO, YTO OBICTPO BO3PACTAIOIINE 110 CBOEH [IJInHe
CPYUIBI HYJIel YePeyIOTCS B HEM C OTJEIbHBIMA IU(PaMU, OTIIMYHBIMA OT
Hysst. O003HAYUM Yepe3 2, KOHETHYIO JECATUIHYIO IPO0h, Oy IafoILyocs,
KOIJIa B PAa3JIOXKEHHH BO3LMEM BCE WICHBI JIO0 G, - 107 BK/IIOYMTEILHO.
Torma nmosryanm HEPABEHCTBO

|z — 2,,| <10 - 1070V, (4)

IIpenmomoxkum, 910 2z OBLIO OBI AJTEOPANIECKUM YUCIOM cTerneHu n. Torma,

p _ _ b
nosiarast B nepasercrse Jluysuiuis (3) g = %m = gmi» MBI HOILKHBL HMeTH
|Z - Zm' > 10(n+1)m!

[IPY JIOCTATOYHO 6OJIbIINX 3HaueHuAxX M. COIOCTABIEHIE TOCIEIHEr0 Hepa-
BEHCTBa ¢ HepaBeHCTBOM (4) maer
1 10 1

10(n+1)m! < 10(m+1)! - 10(m+1)!71’

orkyza caenyer (n+ 1)m! > (m + 1)! — 1 npu mocrarouno Gosnbmux m. Ho
9TO HEBEPHO JIJIsl 3HAYCHUH 1M, GOJIbIIHNX YeM 1 ([IyCTh YUTaTelb IIOTPYIUTCH
JIaTh JeTaJu3MPOBAHHOE JOKA3ATEJbCTBO 9TOI0 yTBEPXKAeHus ). Mbl npunm
K IIPOTUBOPEYUIO. HTaK, YHUCJIO 2 — TPpaHCIEHIECHTHOE.

Ocraercsa nokazarh TeopeMy Jlmysusuis. [Ipeamioioxum, 9410 z — aared-
pamdeckoe 9UCJI0 CTenenu n > 1, yjosierBopsitomiee ypaBaenuio (1), Tak 4To

f(z)=0. (5)
_ P

IIycty 2, = o OCJIEJOBATEILHOCTD PAIIMOHAJIBHBIX YHCEJI, MTPUIeM

m

Zm — 2. Torma
F(zn) = fzm) = f(2) = a1(zm — 2) + as(22, — 2°) + ... + a, (2], — 2™).

Henst 0be wacTu Ha 2, — Z U MOJIB3YACHh aJIredbpantdecKkoit (hopmMyJIoi

u" —o" 1 2 3,2 2 1
— =u""T +u" v+ u" T w0
u—v
MBI TIOJIyIaeM:

%:al+a2(zm+Z)+a3(2’fn+2mz+32)+"'

vt a, (2. (6)
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Tak KaK z,, CTPEMHUTCH K 2, TO IPHU JIOCTATOYHO DOJIBIINX 1M PAIMOHAJIBHOE
9UCIIO Z,, OyIeT OTJINYaThCH OT z MeHbIlle 4eM Ha efuHuIly. [lostomy mpm
JIOCTATOYHO OOJIBIINX 1M MOYKHO CIeJIaTh CJIEIYIONIYIO I'PYOYIO OIEHKY:

TG | oy 4 2laal(f2] + 1) + Blasl (2] + 17 + ...

oot nla| (2] + D) =M, (7)

[IpUYeM CTOSINEee CIpaBa 9nucyio M — MOCTOsIHHOE, TAK KAK 2z He MEHSIeTCS B
MIPOIIeCCe JT0KA3ATEIHCTBA. BhibepeM Tereps m HACTOJIBKO DOJIBINNM, ITOOLI
y apobu z,, = P shamenarens ¢m OBLT GosbIie, uem M; Torma

q

m

If (zm)l  1f(zm)]
T e (8)

Paju kxpaTkocTu ycaoBuUMCS JIabIlle TUCATb P BMECTO P, U ¢ BMECTO ¢y, .
B Takom ciydae

|z — 2| >

aoq" +ai1q""'p+ ... 4 anp”
Zm)| = . 9
£ - ©)
Panmonasnsuoe yucno z, = L ye mosker GbITH KopueM ypastenus f(z) =0,

TaK KakK TOrJa MOXKHO 6buI0 Obl M3 MHOrowieHa f(I) BbLIEJIUTH MHOXKH-
Tesb (T — 2,), U, 3HAYNT, Z YIOBJIETBOPSIO Obl YPABHEHHIO CTEIICHU HU3IIEH
geMm n. Utak, f(z,,) # 0. Ho yucinrens B upasoit qactu paseHctsa (9) ectsb
LleJI0e 4YUCJIO H, CJIeI0BATEJILHO, 110 aOCOIIOTHON BeJIUYMHE OH II0 MEHbIIel
Mepe paBeH ejuHune. TakuM 0o6pa3oM, U3 COMOCTABJIEHUsI COOTHOMIeHuIT (8)
u (9) BBITEKAET HEPABEHCTBO
T = (10)
q4q q
KaK Pa3 U COCTaBJIAIONIee CONEPKAHNE YKa3bIBAeMOIl T€OPEMBI.

Ha npotrsikeHMH HECKOJIBKMX IIOCJIEIHUX JIECATHIIETUN HCCJIEJJOBAHUS,

|z — 2| >

KaCAIOIIecss BO3MOXKHOCTH IIPUOJINKEHNs ajreOpamvecKuX duces Daly-
OHAJIPHBIMM, IIPOJIBUHYJINCH I'Opas3jio jaJjblire. Hanpumep, HOpBeXKCKHii
maremaTuk A. Tys (1863-1922) ycranosui, uto B HepaeHcTse JInysuiwis (3)
oKasaresb 1 + 1 MokeT OBITh 3aMEHEH MEHBIIMM II0Ka3aTeseM 3+ 1.

K. JI. Buresb mokasasi, 4To MOXKHO B34Th U €Ille MeHbINuii (erie MeHbIIni
1pu 6OIBIINX 1) TTOKA3aTeNb 24/N.

Tpancuen/ieHTHBIE YNCTIa BCEria ObLIM TEMOM, IPUKOBBIBAIOIIEH K cebe
BHUMAaHINE MaTeMaTuKoB. HO 10 CpaBHUTE/SBHO HEIABHETO BPEMEHU CPEeIn
qucesi, KOTOPbleé MHTEPECHBI caMu 10 cebe, ObIJI0 M3BECTHO OYEHb HEMHO-
IO TaKWUX, TPAHCIEHJIEHTHBIN XapaKkTep KOTOPbIX ObL1 Obl ycraxossen. (M3
TPAHCIEHIEHTHOCTH YUCIA T, O KOTOpO#l moiijger pedub B ryase 111, ciemy-
€T HEeBO3MOXKHOCTh KBAJIPATYDBI KPYTa € MOMOIIBIO JIMHEHKH W IUPKYJIsL. )
B cBoem BbicTyIIeHNn Ha IlapmKckoM MeKIyHAPOIHOM MATEMATHIECKOM
rkourpecce 1900 r. Tasua ['uapbepT npeyiosKuil TPUIANATD MATEMATIHIECKAX
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pobJieM, JIOMYCKAIONMX MPOCTYI0 (DOPMYJIUPOBKY, HEKOTOPBIE — JIaXKe CO-
BCEM 3JIEMEHTAPHYIO U TOIMYJISIPHYIO, M3 KOTOPBIX HU OJIHA HE TOJIbKO He
ObLIa perieHa, HO Jlayke U He Ka3aJach CIIOCOOHOM OBITH pa3perneHHol cpe-
CTBAMM MaTEMaTUKU TOI 31oxu. DT «1podsiembt ['uanbepray OKa3am Cuib-
HOe BO30Yy2K1afoIlee BINSHIE HA POTIKEHIH BCErO TOCIEYIOIIEro Mepruoia
pa3BuTus MareMaTuku. llodTm Bce OHM MaJjO-TIOMAasy OBLIM pa3peIIeHsbl,
¥ BO MHOIUX CJIyYasiX WX peIllleHhe ObLIO CBS3aHO C $SICHO BBIPAYKEHHBIMU
ycrexaMu B CMbBIC/IE BBIPAOOTKU OoJiee oOIuX u Oosiee TIyOOKUX METO/OB.
Opna u3 mpobiieM, Ka3aBIIasiCsl JTOBOJILHO 0e3HAJIEXKHO, 3aK/II0YaIach B
JI0Ka3aTeJIbCTBE TOI'0, 9TO YUCIIO
9v2

SIBJISIETCSL TPAHCIIEHIEHTHBIM (/I XOTs Obl HPPAIMOHAJILHBIM ). Ha ipoTsike-
HUAU TPeX JECATUIETHH He ObLIO Jlayke HaMeKa Ha TaKOil MOX0 K BOIIPOCY C
9beii-HuOY b CTOPOHBI, KOTOPbI OTKPBIBAJI Obl HaJIeXK 1y Ha yciex. Hakowerr,
3uresb 1, HE3ABUCUMO OT HEro, MOJIONOl pycckuii maremaTuk A. lenndom
OTKPBLIM HOBbIE METOMBI JJId JIOKa3aTeJIbCTBA TPAHCIEHIEHTHOCTH MHOI'HX
qucesl, IMEONINX 3HAYEeHNEe B MaTeMaTnKe. B qacTHoCTH, ObLIa yCTAHOBJIEHA
TPAHCIEHIEHTHOCTh He TOJIBKO THIL0epTOBa umcia 2V2, HO U 1eJoro jio-
BOJILHO OGIIUPHOrO KJIAcca 4uces BUaa a’, rie a — aiarebpamdeckoe YUCIIO,
oraumunoe or 0 u 1, a b — upparmoHaIbHOE AJredpanIecKoe Iucyo.

JIOTIOJIHEHUE K TVIABE II
AJrebpa MHO>KeCTB

1. O6imas Teopusi. Ilouarue xaacca, BIn cOBOKYNHOCTU, I MHOHCE-
cmea 00BHEKTOB — OJIHO U3 CAMBIX (PYH/IAMEHTAJBHBIX B MaTeMaTuke. MHO-
JKECTBO OIPEJIENISIETCsI HEKOTOPBIM CBOHCTBOM («arpufyToM») A, KOTOPBIM
JOJIZKeH WU 00JIaJIaTh, WM He 00JIaJaTh KAkl pacCMaTpUBaeMblil 00b-
€KT; Te 0O'bEKTHI, KOTOPbIE 00JIaJAI0T CBOWCTBOM 2, 06pa3yIoT MHOXKECTBO A.
Tak, ecsim MBI paccMaTpUBAEM IIeJIbIE€ YHUCJIA U CBOHCTBO 2 3aKII0YAETCS B
TOM, YTOOBI «OBITH IMPOCTBIM», TO COOTBETCTBYIONIEE MHOXKECTBO A cocTouT
13 BCEX MPOCTHIX ducesa 2, 3, 5, 7, ...

MatremaTnyeckas T€OpUsI MHOXKECTB MCXOIUT U3 TOrO, YTO M3 MHOXKECTB
C TOMOIIBIO ONPEIEIEHHBIX OIepalnii MOXKHO OOpPa30BbIBATH HOBBIE MHO-
KecTBa (IIOO0OHO TOMY KaK M3 YHCeJ HOCPEICTBOM OIEPAIUil CJIOXKEHUs U
YMHOKEHUsI IIOJIyYalOTCs HOBbIEe 4ucia). VsydeHue omepaiuii HaJ MHOXKe-
CTBAMH COCTABJISIET IIPEIMET «ajreOpbl MHOXKECTB», KOTOpas UMEeT MHOI'O
00ITIero ¢ OOBIKHOBEHHOM YUCJIOBOIT ajrebpoii, XOTsI KOe B 9eM U OTJINIAETCsI
ot Hee. Tor dakt, yTo anredbpamdecKre METOIAbI MOT'YT OBITH IIPUMEHEHBI K
U3yYEHUIO HEUMCJIOBBIX 00bEKTOB, KAKOBBIMU ABJISIOTCS MHOXKECTBA, MJLIIO-
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CTpHUpPYET OOJIBITYIO OOITHOCTD M/IeH COBPEMEHHOM MaTeMaTuKu. B mocemnee
BpeMsI BBISICHUJIOCH, 9TO ajredpa MHOXKECTB OpocaeT HOBBI CBET Ha MHOTHE
006JIaCTH MaTEeMATHKH, HAIIPUMED, TEOPUI0 MEpPbI U TEOPHUI0 BEPOSITHOCTENR;
OHA I0JIE3HA TaKKe IIPU CUCTEMATH3AIUN MATEMATUIECKUX MMOHSTUN U BbI-
SICHEHUU WX JIOTUIECKUX CBsi3eil.

B nanpueitimem I Oymer 0603HAYATH HEKOTOPOE IMOCTOSIHHOE MHOXKECTBO
00BEKTOB, MPUPO/IA KOTOPBIX 0€3pa3jnvHa, U KOTOPOE MBI MOYKEM Ha3bl-
BATb YHUBEPCAALHOIM MHOHCECTNEOM (WA YHUBEPCYMOM PACCYHCOEHUR), a
A, B, C, ... bynyTr kakue-To nojgmuoxkectBa . Ecim [ ecTb COBOKYIHOCTB
BCEX HATYPaJbHBIX 4uces, TO A, ckaxkem, MOXKeT 0003HAYATDL MHOXKECTBO
BCEX YETHBIX JuCeJ, B — MHOXKeCTBO BcexX HeUeTHBIX duces, C — MHOXKECTBO
BCEX TPOCTHIX 4mces, u T. I. Eciam [ 0603HaTaeT COBOKYITHOCTh BCEX TOYEK
Ha IUIOCKOCTH, TO A MOYXKeT OBITb MHOYKECTBOM TOYEK BHYTPH KAKOI'O-TO
Kpyra, B — MHOXXeCTBOM TOYEK BHYTPH JPYroro Kpyra u T.II. B 9ucjio «Imoj-
MHOXKECTB» HaM yJI00HO BKJIIOUUTH caMo I, a TaK¥Ke «IIyCTOe» MHOYXKECTBO &,
HE COZepKalllee HUKAKUX 3JIeMeHTOB. 1leb, KOTOPYIO mpeciielyer Takoe Mc-
KYCCTBEHHOE PACIINDEHNE, 3aKJII0YAETCsI B COXPAHEHUU TOIO IOJIOXKEHUS,
9TO KaXKJOMY CBOHCTBY 2l COOTBETCTBYET HEKOTOPOE MHOXKECTBO IJIEMEHTOB
u3 I, obsrasiarorux 3TuM cBoiictBoM. B ciydae, eciim 2 ecTh yHUBEpCAJIbHO
BBIIIOJIHAEMOE CBOHCTBO, IIPUMEPOM KOTOPOI'O0 MOXKET CJLy?KUThL (eC/id pedb
UJET O YHUCJIaX) CBOWCTBO YIOBJIETBOPSITH TPUBUAJILHOMY DABEHCTBY T = X,
TO COOTBETCTBYIOITEe OAMHOXKECTBO I Oyer camo [, Tak KaK KaxK/IbIil dJ1e-
MeHT 00JIa/IaeT TAKIM CBONCTBOM; C APYTroil CTOPOHBI, eciau 2 ecTh KaKoe-TO
BHYTDEHHE [IPOTUBOPEUNBOE CBOWCTBO (BpOJE I # ), TO COOTBETCTBYIOIIEE
ITOJIMHOYKECTBO HE COJIEPXKUT BOBCE 3JIEMEHTOB, OHO — «IIyCTOE» U 0DO3HAYa-
€TCd CUMBOJIOM J.

ToopsT, 9TO0 MHOXKECTBO A €CTh nodMmHoscecmeo MHOXKECTBa B, Kopoue,
«A Bxomut B B», nimn «B coumepxur A», eciiu BO MHOKeCTBEe A HET Takoro
3JIEMEHTa, KOTOPbIN He ObLI ObI TaKXKe BO MHOXKeCTBe B. DTOMY COOTHOIIIE-
HUIO COOTBETCTBYET 3allUCh

ACB, wmm BDA.

Hanpumep, maOX)KecTBO A Beex 1esibix umcelt, jesisimuxcst Ha 10, ectsb moj-
MHOKECTBO MHOYKECTBa [ BCeX MEJbIX YHUCEs, JeAININXCsI Ha 5, TaK KakK
KazkJI0e 9uciio, jgessmieecs na 10, nequrcsa rakxke na 5. Coornomenne A C B
He uckodaer coornomenus B C A. Ecim umeer mMecTto u TO M JIpyroe, To
MBI IIHITIEM

A=B.

DTO 03HAYAET, YTO KaXKIbIl 3j1eMeHT A ecTh BMecTe ¢ TeM 3jeMeHT B, u
obpaTHO, Tak 4To MHOXKecTBa A m B cojepzKar Kak pa3 OJHU U Te XKe
3JIEMEHTHI.

Coornomenne A C B MeXy MHOXKECTBAMEU BO MHOTHUX OTHOINEHUSIX Ha-
IOMUHAET COOTHOMIeHne ¢ < b Mexx 1y duciaamu. B qacTHOCTH, OTMETHM CJte-
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Ayromue CBOICTBA 3TOI'O0 COOTHOIIEHUS:

1) AC A
2)Ecu ACBuBCA, 10 A=B.
3) Ecm ACBuBCC,10 ACC.

Ilo sroit mpuumnae cootHomenne A C B wHOrIa HA3LIBAIOT <«OTHOIICHHEM
IIOPAIKa». FﬂaBHOG OTJINYHE pacCMaTPUBACMOI'0 COOTHOIIIEHNA OT COOTHOIIE-
Hus a < b MeX Iy 9ucjaaMu 3aKII09aeTCs B TOM, ITO MEXKIY 8CAKUMU TBYMSI
3aJaHHBIMU (/tLeI'/’ICTBHTeJII)HBIMI/I) quCJIaMHU @ U b HEPEMEHHO OCYIIeCTBIIsI-
eTcs TI0 MEHbINet Mepe OJHO U3 cooTHorneHuit ¢ < b mwmm b < a, Torma Kak
AJIgd COOTHOIIECHU A A C B MeEXK/1y MHOXKECTBaMM aHAJIOTUIHOEC yTBEP2KJICHUE
mesepHo. Hampumep, eciin A ecTb MHOXKECTBO, COCTOsIIIEe U3 ducesn 1, 2, 3,

A=1{1, 2, 3},
a B — MHOXKeCTBO, cocTosIee n3 yucen 2, 3, 4,
B=/{2, 3,4},

TO He UMeeT Mecta Hu cootnomenne A C B, uu coornomenne B C A. Io sroit
IpUYIUHE TOBOPAT, 4To nogmuoxkectBa A, B, C, ... MHOXKecTBa [ SIBJISIIOTCS
«JACTUYHO YIOPSIOYEHHBIMU Y, TOTIA KAK JeHCTBUTEIHHBIE YUCIA a, b, ¢, . ..
00pas3yIoT «BIIOJIHE YIOPSIOYEHHYIO» COBOKYITHOCTD.

Bamernm, MeXKJIy MPOYUM, UTO U3 OIpeJesieHust coorHorienus A C B
cJIeslyer, 9To, KAaKOBO Obl HU OBbIIO MOJMHOXKeCTBO A MHOXKecTBa [

) oCA

5) AclI.

CBoiicTBO 4) MOXKET MOKA3aThCs HECKOJIBKO HapalOKCAIbHBIM, HO, €CJIH BILy-
MaThCsl, OHO JIOTMYECKHA CTPOrO COOTBETCTBYET TOYHOMY CMBICILY OIpeieJie-
Hus 3uaka C. B camom nene, cootHormenne & C A HApyIMIajaoch O6bI TOJBKO
B TOM CJIy4ae, eCJu OBl IyCTOe MHOXKECTBO & COAEPKAJIO JIEMEHT, KOTOPDIi
HE coslepKaJicss Obl B A; HO TaK KaK IIyCTOe MHOXKECTBO He COJIEP’KUT BOBCE
3JIEMEHTOB, TO 9TOr'0 OBITH HE MOXKET, KAKOBO Obl HU OBLIO A.

M1 onipejiesiiM Tereph JiBe oliepaliuu HaJl MHOYXKeCTBaMu, (POpMajbHO 00-
JIaJAOIIIE MHOTUME aJIre0panvaecKuMU CBOMCTBAMY CJIOYKEHUS U YMHOXKEHU ST
9HCeJT, XOTS [0 CBOEMY BHYTPEHHEMY COIEPXKAHUIO COBEPIIEHHO OTJINIHBIE OT
rux apudmerndeckux neicreuii. [Iycts A u B — Kakue-TO JBa MHOXKECTBA.
Ion o6sedunenuem, nau «JIOTUIECKON cymMMoii», A u B moHuMaercs MHO-
JKECTBO, COCTOSIIEE U3 TEX JIEMEHTOB, KOTOpPBIE cojiepKarcd uau B A, uau
B B (BKJIIOUAsl U Te 3JIEMEHTBI, KOTOpble cojepxkarcsad u B A u B B). Dto
MHOXKeCTBO obozHauaercsa A + B.' Tlog «nepecedenneM», WM «JIOTHIECKAM
npousBejicHreM», A 1 B MOHUMAETCsT MHOXKECTBO, COCTOSIIIEE U3 TEX IJIEMEH-
TOB, KOTOPHIe cojiepKarcs 4 B A u B B. 910 MHOXKecTBO o6ozHa4daeTcsas AB.?

1 Umu AU B. — IIpum. peo.
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Puc. 26. O6beaunenue u nepecevdeHne MHOXKECTB

[IpomumocTpupyeM IpUBEICHHBIE OIPEICTICHAS IPUMEPOM. BosbMeM onaTh
B KadecTse A nu B MHOXKeCTBa

A={1,2, 3}, B={2,3, 4}.

Torua,
A+ B={1, 2, 3, 4}, AB={2, 3}.
Cpenu BaxKHBIX ajrebpandeckux cBoiicTB onepanuii A + B u AB 1e-
pedncyuM cieayionme. duraresib CMOXKET IPOBEPUTh UX CIIPABEIJIMBOCTD,
UCXOJIsI U3 OIPEJIEJICHUs CAMUX OTIEPAIIHIA:

6) A+ B=B+ A. 7) AB = BA.

8) A+ (B+C)=(A+B)+C. 9) A(BC)=(AB)C.

10) A+ A=A 11) AA=A.

12) A(B+C)=AB+ AC. 13) A+ (BC)=(A+B)(A+C).
14) A+o=A. 15) Al = A.

16) A+1=1. 17) Ao =o.

18) Coornomrenne A C B 5KBUBAJIEHTHO KaXKJIOMY U3 JIBYX COOTHOIIEHU

A+B=B, AB=A.

IIpoBepka Bcex ITUX 3aKOHOB — JIEJIO CAMOM 3JIeMeHTapHOil joruku. Ha-
npuMmep, npaBusio 10) KOHCTATUPYET, YTO MHOXKECTBO 3JIEMEHTOB, COIEpIKa-
mmxest win B A, wim B A, ectb Kak pa3 MHOxkecTBO A; upasumio 12) kon-
CTATUPYET, UTO MHOXKECTBO TEX 3JIEMEHTOB, KOTOpbIE cojepxkarcs B A n
BMeCTe ¢ TeM cojepxkarcd wim B B, uaun B C, COBIIAeT CO MHOXKECTBOM
9JIEMEHTOB, KOTOPbIE MU COJEPKATCS OJJHOBPEMEHHO B A 1 B B, mim couep-
skarcs ogaopeMenno B A u B C. Jlormyeckue paccyzKIeHUsI, UCIOJIb3yeMble
MIpU JIOKA3aTeJIbCTBAX MOMOOHOrO POJia MPABWII, YIO0OHO WJTIOCTPUPYIOTCS,
€CJTM MBI yCJIOBUMCS n300paxkaTh MuoxkectBa A, B, C ... B BUJie HEKOTOPBIX
duryp Ha 1I0cKOCTH U Oy/I€M OU€Hb BHUMATEIbHBI B TOM OTHOIIEHUH, YTOObI
HE YIIYCTUTH HU OJHOW M3 BO3HUKAIOIINX JIOTUYECKUX BO3MOXKHOCTEH, KOT/Ia
peYb UjeT O HAJUYIUKM OOIMUX 3JIEMEHTOB JIBYX MHOXKECTB WJIM, HAIPOTHUB,
HAJINYUU B OJITHOM MHOYKECTBE 9JIEMEHTOB, KOTOPBIE He COIEPIKATCS B JPYIOM.

2 Wmm AN B.— Ipum. peo.



138 AJITEBPA MHO>KECTB ri. 1T

Yurarenb, HeCOMHEHHO, 00paTH/I BHIMAHUE Ha TO OOCTOSATE/IHLCTBO, UTO
3akonbl 6), 7), 8), 9) u 12) BHeIIHe TOXKIECTBEHHBI ¢ XOPOIIO 3HAKOMBIMHU
KOMMYTATHUBHBIM, aCCOIMATUBHBIM M JIUCTPUOYTUBHBIM 3aKOHAMU OOBIKHO-
BeHHOW aJyireopel. OTciofa cile/lyeT, YTO BCe NPaBUJIa OOBIKHOBEHHON aJ-
reOpbl, BBITEKAIONNE U3 ITUX 3aKOHOB, JEHCTBUTEIHLHBI TAK¥XKe B ajrebpe
MmuOo)kecTB. Hamporus, 3akons! 10), 11) n 13) He MMeIOT CBOMX aHAJIOIOB B
OOBIKHOBEHHO ajrebpe, ¥ OHU MPHUIAIOT ajaredpe MHOXKECTB 60j1ee TTPOCTYIO
cTpykTypy. Hampumep, dbopmyra 6urHoMa B anredbpe MHOXKECTB CBOJIUTCS K
[IPOCTENIIIEMY PABEHCTBY

(A+B)"=(A+B)-(A+B)...(A+ B)=A+ B,
KoTOpoe cyeyeT u3 3akoHa 11). 3axoner 14), 15) u 17) roBopsT o ToM,
9TO CBONCTBA MHOXKECTB & 1 I 11O OTHOIIEHWIO K OIEpaIiusM 00beIMHEHUsI
U TiepeceveHnsl MHOXKECTB BeChbMa TOXOXKHW Ha cBoiicTBa wmcea 0 u 1 mo
OTHOIIIEHUIO K OIEPAIUIM YUCJIOBBIX JTEHCTBUI CI0XKeHUs 1 yMHOXKeHust. Ho
3aKkoH 16) He uMeeT aHAJIOTa B YMCJIOBOI ajrebpe.

Ocraercst gaTh OIpeIeJIeHIE eIlle OJIHON Oollepaluy B ajredpe MHOXKECTB.
Ilycts A — Kakoe-HUOYIb MOJMHOKECTBO YHUBEPCAJIBHOTO MHOXKecTBa I. To-
raa moj, donoanenuem A B I TIOHUMAETCST MHOXKECTBO BCEX 3JIEMEHTOB [,
KOTOpBIe He copepxkarcsad B A. Jljs 5Toro MHOXKECTBA MBI BBEJIEM 0DO3HA-
qenne A’. Tak, ecsim I ecrb MHOXKECTBO BCeX HATYpaJbHBIX dmces, a A —
MHOYKECTBO BCEX IIPOCTHIX IUCE]I, TO A’ eCTh MHOYKECTBO, COCTOSINEE U3 BCEX
cocTaBHBIX unces u uncya 1. Omeparust mepexoma ot A Kk A’, jyist KoTopoit
HET aHAJIOTa B OOBIKHOBEHHOI ajrebpe, 00J1a aeT CJIeIyOIIMI CBOCTBAMMU:

19) A+ A =1 20) AA' =o.
21) @' =1. 22) I'=02.
23) A" = A.

24) Coornomterne A C B 3KBHBAJEHTHO COOTHOIIEHNIO B/ C A'.

25) (A+B)=A'B". 26) (AB))=A"+DB".
IIpoBepky THX CBONCTB MBI OISITH IIPEJOCTABIISIEM THTATEIIO.

Bakonbl 1)-26) siexkaT B ocHOBe ajrebpbl MHOXKecTB. OHI 00J1a1210T 38~
MedaTeabHbIM CBOMCTBOM «/[BOJICTBEHHOCTH» B CJIELYIOIIEM CMBbICIIE:

Ecau 6 odnom u3 3axonos 1)-26) samernums dpye na dpyea coomeem-
CMBEHHO CUMBONL

CcC un DO
g un I
+ m

(6 Kaoicdom ux 6xT0MCOEHUL), TMO 6 PEFYALINAME CHOBA TOAYUAEMCH 00UN
u3 amux orce 3axonos. Hanpumep, 3akon 6) mepexonnT B 3akoH 7), 12) —
B 13), 17) —B 16) u 7. 1. Orciona cieayer, 9To Kaorcdol meopeme, Komo-
pas moocem 6uimsb evieedena u3 3axonos 1)-26), coomeemcmeyem dpyeas,
«d6olicmeennans el Meopema, NOAYHAOUAACH U3 EPBOT NOCPEICMEoM YKa-
BAHNBIT NEPECTMAHOBOK CUMBE0A06. B caMOM Jiese, TaK KaK J0KA3aTEIbCTBO
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[IEPBOIl TEOPEMBI COCTOUT W3 II0CJIEIOBATEILHOIO IIPUMEHeHHs (Ha pas3jimd-
HBIX CTaJMdAX [IPOBOIMMOIO PACCY?KIEHHsI) HEKOTODPBHIX M3 3aKOHOB 1-26),
TO TPUMEHEHNE Ha COOTBETCTBYIOMIMX CTAJIUAX «JIBOHCTBEHHBIX» 3aKOHOB
COCTABUT JIOKA3ATEJILCTBO «JIBOHCTBeHHOI» Teopembl. (ITo moBoLy M07106HOM
K€ «JIBOMCTBEHHOCTH» B TeOMeTpUH CM. IyiaBy 1V.)

2. IlpumeHeHne K mareMaTmdecKoil Jjiormke. I[IpoBepka 3aKOHOB
aJIredpbl MHOXKECTB OCHOBBIBAJIACH HA AHAJIM3€E JIOTHIECKOI'O CMbBIC/IA COOTHO-
menust A C B u oneparuit A+ B, AB u A’. Mbl MOxkeM Tenepb 06paTuTh
9TOT [POIECC W PACCMATPUBATH 3aKOHbI 1)-26) kak 6aszy s <«ajurebpbl
sorukuy. CKaxkeM TOYHee: Ta YacTh JIOTMKU, KOTOPas KacaeTCsl MHOXKECTB,
WJIM, 9TO II0 CYIIECTBY TO K€, CBOHCTB PAacCMaTPUBAEMBIX OOBEKTOB, MO-
XKeT OBITh CBeJeHa K (POPMAaJIbHON aarebpamdeckoii cucreMe, OCHOBaHHOI
Ha 3akoHax 1)-26). Jlorudyeckasi «yCJIOBHAsI BCEJICHHAS» OIPEJIEJISET MHO-
xectBO [; kaoicdoe ceoticmeo 2 onpedeasem mmoocecmseo A, cocmoauee
u3 mex obsexmos 6 I, xomopwuie obaadarom smum ceoticmeom. Ilpasuia
[1epeBo/1a, OOBIYHO JIOTMYECKO TEPMUHOJIOTUU HA S3bIK MHOXKECTB SICHBI U3
CJIEJIYFOIIMX IIPUMEPOB:

«A nm B» A+ B
«A u B» AB
«He A» A
«Hu A, uu B» (A + B)’, wiu, uro To xe, A'B’
«Hesepno, uro u A, u B» (AB)', wnu, uro o ke, A+ B’
«Besikoe A
ecThb By,
nJjm
«Ecnn A, To B», ACB
nJin
«3 A cnenyer B»
«Kakoe-to A ectp B» AB# o
«Hukakoe A we ecrb B» AB=9
«Kakoe-to A me ectp B» AB # o
«Her aukakoro A» A=0o

B Tepmunax amredbpnsl MHOXKECTB cuytorn3M «Barbaras, obo3mauarorniuit,
qro «eciau Besikoe A ectb B u Besikoe B ectb C, 1o Besikoe A ects Cy,
MPUHUMAET [TPOCTOH BUI:

3) Ecm ACBuBCC,10 ACC.

AHAJIOTUYHO «3aKOH MPOTUBOPEYHs», YTBEPKIAIONINIL, YTO «OOHEKT HE MO-
JKEeT OJTHOBPEMEHHO 00JIaJIaTh U He 00J1aJaTh HEKOTOPBIM CBOHCTBOM», 3aIld-
CBIBAETCS B BUJIE:

20) AA' =2,

& «3aKOH MCKJIIOYEHHOTO TPETHEr0», TOBOPAIIA, 4TO «OOBEKT JIOJIXKEH MU
obJiaiaTh, Wi He 00JIaJaTh HEKOTOPBIM CBOMCTBOM», 3aIIUCHIBACTCS:

19) A+ A =1.



140 AJITEBPA MHO>KECTB ri. 1T

Takum 06pa3oM, Ta YACTH JIOTWMKH, KOTOPas BLIPA3WMa B TEPMUHAX CHMBO-
Jg0B C, +, - U ', MOXKET TPaKTOBaTbCAd Kak (bopMajibHAsA ajredpamdeckast
cucTeMa, TOJUNHEHHas 3akoHaM 1)-26). Ha ocHOBe ClMsIHUSI JIOTHYIECKOTO
aHaJM3a MATEMATHKU M MaTEMaTHIeCKOI'O aHajn3a JIOTUKU CO37aJiach HO-
Basl UCIUATLINHA — MAMEMAMUYECKAA A02UKG, KOTOPas B HACTOSIIEE BPEMsI
HaXOJIUTCsI B IIPOIECCe OYPHOTO Pa3BUTHSA.

C akcHOMaTHYIECKON TOYKY 3PEHUST 3aC/IyKIUBACT BHUMAHUS TOT 3aMeda-
TesbHBIH (baKT, 9To yTBEp:KAeHUs 1)—26), BMECTEe CO BCEMH IIPOYNMH TeOPe-
MaMU aJIredpbl MHOXKECTB, MOTYT OBITH JIOTMIECKU BhIBEIEHBI U3 CJIELYFOIINX
TpeX PaBeHCTB:

27) A+ B=B+ A,

(A+B)+C=A+ (B+ (),

(A/+B') + (A + B) =A.
Orciofa ciemyer, 9To aaredpa MHOXKECTB MOXKET ObITH IIOCTPOEHA KAK IUCTO
JIeIyKTUBHAST T€OPUsi, BPOJIe €BKJIMIOBOII reOMeTpun, Ha 6a3e 3TUX TPex I0-
JIOXKEHUH, TPUHIMAEMBIX B Ka9eCTBE aKCHOM. EC/IN 9T aKCHOMBI ITPUHSITHI,
to onepanust AB u ornomenne A C B onpedeasomes B Tepmunax A + B
u A"

AB o6osnauaer muoxectso (A’ + B')’,
A C B ob6osnagaer, uro A+ B = B.

CoBepIIleHHO WHOTO PO/ia IPUMEP MATEMATHIECKOW CUCTEMBI, B KOTOPOA
BBITIOJIHSIOTCS BCe (DOPMAJIbHBIE 3aKOHBI AJIreOphl MHOXKECTB, JTAETCS CH-
cremoit BocbMu [mcen 1, 2, 3, 5, 6, 10, 15, 30: 31ecs a + b obozuagaer, 1o
OIpeIe/IEHNIO, 00IIee HanMeHbIee KpaTHoe a n b, ab — obmumit HanbOIbLITHi

30
JeauTeNb a U b, a C b— yTBepxKaenne «b IeanTcsa Ha a» U a’ — IUCJI0 o Cy-

MMEeCTBOBAHNE TAKUX MPUMEPOB IMOBJIEKJIO 33 cO00# m3ydeHue obmmx aared-
PArYEeCcKUX CUCTEM, YAOBJETBODsIOmuX 3akonaMm 27). Takue cucTeMbl HA3bI-
BatoTCsl «OyseBbiMu ajrebpamu» — B uecTb Jxkopazka Bynsa (1815-1864), an-
IIMIACKOIO MaTeMaThKa M JIOTHMKa, KHATa KoToporo «An investigation of the
laws of thought» (MccmenoBanne 3aKOHOB MBITIJIEHWs]) TIOSIBUIACH B 1854 T.

3. OaHO U3 MpUMeHeHuil K Teopuu BeposaTHocTel. Arebpa MHOXKECTB
nMeer OimrKaiilliee OTHOIIIEHNE K TEOPUU BEPOSITHOCTEHN M MO3BOJISIET B3IVIHYTH Ha
Hee B HOBOM cBeTe. PaccMOTpmM TpocTeiiuii mpuMep: TpejcTaBuM cebe dKCIe-
PUMEHT C KOHEYHBIM YMCJIOM BO3MOYKHBIX HCXOJOB, KOTOPBIE BCE MBICJIATCH KakK
«PaBHOBO3MOXKHbBIE». DKCIIEPUMEHT MOXKET, HAIPUMED, 3aKJ/II0YaThCs B TOM, YTO
MBI BBITSTMBAEM HAYTal KapTy W3 XOPOIIO MTEPEeTACOBAHHON MOTHOM KOJIOAbI. Fc-
JII MHOXKECTBO BCEX MCXOJOB dKCIIEpUMEHTa 0bo3HadnMm 4depes3 I, a A obozHagaer
Kakoe-HUOY/Ib TOJIMHOXKECTBO I, TO BEPOSITHOCTH TOrO, UTO MCXOJ, SKCIEPUMEHTa,
OKAXKETCS MTPUHAIEXKAIIIM K TTOAMHOXKECTBY A, OIpeessieTcss KaK OTHOIIIEHIE

p(A) _ MUCA0 SNEMEHMOE A
YUCA0 anemenmos I -
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Eciu ycnoBuMcs 9UCIO 3JIEMEHTOB B KAKOM-HHMOyIb MHOXKecTBe A 0603Ha4YaTh
uyepes n(A), To HOCIeHEMY PABEHCTBY MOYKHO IIPUJATH BUJL

_n(4)
p(A) = @ (1)
B mamem upumepe, gomyckas, 4ro A €CTh HOJMHOXKECTBO Tped, MbI IIOJLY-
anm n(A) =13, n(I) =52 n p(A4) = g = i

Nnen ajrebpbl MHOXKECTB OOHAPY?KUBAIOTCsI ITPU BBIYUCJIEHUU BEPOSITHOCTEMN
TOTJa, KOTJA MPUXOIUTCH, 3HasT BEPOSITHOCTU OJHUX MHOYKECTB, BLIUHCJIATH Be-
poarrocTn npyrux. Hampumep, 3nas BepostHoctu p(A), p(B) n p(AB), MoxHO
BBIYMC/INTD BeposaTHOCTb P(A + B):

p(A+ B) =p(A) + p(B) — p(AB). (2)
Joka3aTh 9TO He COCTABUT TPpyaa. Mbl nmeem

n(A+ B) =n(A) +n(B) — n(AB),
TaK KakK 3JIEMEHTBI, COJIePXKAIUecs OJHOBPeMeHHO B A u B B, T. e. ajiemenTsl AB,
CUMTAIOTCH JBAXKbl Upu BbramcsieHun cyMmbl n(A) + n(B), u, 3HAYNAT, HY>KHO
Bbruects n(AB) nu3 sroit cymmbl, 9To6b! mozacuer n(A + B) Gbul IpousBeseH npa-
BusbHO. [esist 3areM o6e yactu pasercTsa Ha n(]), MBI Oy d4aeM COOTHOLIEHHE (2).

Bosnee unrTepecnasi dpopmysia mosiydaercs, €ciu pedb HJET O TPEeX MHOXKe-
crBax A, B, C u3 I. [lonb3ysick cooTHOIIEHnEM (2), MBI IMeeM

p(A+ B +C) =p[(A+ B) + C] = p(A + B) + p(C) — p[(A + B)C].

Bakon (12) u3 npeapiaymero nyukra naer Ham (A + B)C = AC + BC. Orciona
cilesLyer:

p[(A+ B)C)] =p(AC + BC) =p(AC) + p(BC) — p(ABC).
IMoxcraisisi B moJy9eHHOe paHble cooTHolenue 3Havenue p[(A + B)C| u 3nave-
uune p(A + B), B3aToe u3 (2), MBI IPUXOAUM K HY>KHOH HaMm (opmyie:
p(A+ B+ C)=p(4) +p(B) +p(C) — p(AB) — p(AC) — p(BC) + p(ABC). (3)
B kauecTBe mpuMepa paccMOTpPUM CJIeyONIINiA KcepuMenT. Tpu mudpsr 1, 2,
3 mUIIyTCS B KAKOM TIOTAJI0 mopsjake. KakoBa BEPOSTHOCTH TOTO, UTO IO KpaitHeit
Mepe ofHa u3 Iudp OKaxKeTcsd Ha HajyleXkalneM (B CMbICJe HyMepanuu) mecre?
Ilycte A ecTh MHOYKECTBO TIEPECTAaHOBOK, B KOTOPBLIX Iudpa 1 cTOMT Ha mepBoM
MecTe, B — MHOMKECTBO IMEPECTAHOBOK, B KOTOPBHIX mudpa 2 CTOUT HA BTOPOM
Mmecte, C' — MHOXKECTBO IME€PECTAHOBOK, B KOTOPbIX Imdpa 3 CTOUT HAa TPETHEM
mecre. Ham myx)H0 Bhramcsuts p(A + B + C). fcno, aro
p(A) =p(B) =p(C) = 2 = 1;
JeHCTBUTEIHHO, €C/I KaKasd-HuOyIb U pa CTOUT Ha HaJJIesKallleM MecTe, TO MMe-
FOTCSA JIBE€ BO3ZMOXKHOCTH TIEPECTABATH OCTAJbHBIE JBE MUMPBI U3 0OIIero Jucia 3 -
2 -1 =6 BO3MOXKHBIX II€PECTAHOBOK Tpex 1udp. Haee,

P(AB)=p(AC) =p(BO) =G,  p(ABC)= g

TaK KaK B KarKJIOM U3 3THX CJIydaeB BO3HUKACT TOJIBKO OJIHA BO3MOXKHOCTE. U Torma
dopmymna (3) maer mam

PA+B+C)=3-2 -3 ¢+ =1—1+<=06666...

(=N I=
[N
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VYupakuenue. Boiseaure coorsercrByomyio dopmyrny aus p(A + B + C +
D) n upumeHnTe ee K KCIEPUMEHTY, B KOTOPOM OyiyT y4acrsoBarh 4 1udpsl.

CoOTBETCTBYIOIIAsI BEPOSITHOCTH paBHA % = 0,6250.

Obmas popmysta st 00bEINHEHNST . MHOYKECTB UMEET BUJI
p(A1+As+ ...+ A,) =
=Y p(A) = > p(Aidy) + > p(AiAjAR) — .. £ p(AiAs ... Ay),  (4)
1 2 3

LJie CUMBOJIBL Y, >, >, ..., Y 0DO3HAYAIOT CyMMUPOBAHUE 10 BCEM BO3MOXKHBIM
T 2 '3 n—1
KOMOHMHAIIMAM, COJEPIKAIIIM OJIHY, ABE, TPH, . .., (n — 1) 6yks n3 uncna A1, As, ...

..., A,. Ota dbopmyna MOXKeT OLITH yCTAHOBJIEHA MOCPEICTBOM MaTeMaTHIECKOM
WMHIyKIINU — TOYHO TaK ke, Kak ¢gopmyna (3) 6buta BeiBeneHa u3 GhopMysl (2).
3 popmyuist (4) MOXKHO 3aKJIIOYUTD, 9TO ecau 1 iudp 1, 2, 3, ..., n HaIUCaHbI
B KaKOM yTOJIHO TIOPSIKE, TO BEPOATHOCTL TOTO, UTO TI0 KpaiiHeil Mepe OIHa U3
mmudp OKaxkeTcs Ha HAJJIeKAIIeM MeCTe, PaBHa
1 1
pn=1=gt 35
Ipu9eM Tepes] MOCIEHUM 9IEHOM CTOUT 3HAK + UJIH —, CMOTPSI 110 TOMY, SIBJISIETCST
JIU . 9eTHBIM WJIM HEYeTHBIM. B 9acTHOCTH, IIpU 1 = 5 3Ta BEPOATHOCTL PaBHA

1

YR (5)

n!

1
_I+"'i

-1ty 1 1 _19_
Ps=1—g + 5 — it =30 =06333...

B rnae VIII mbl yBusmM, 910, KOT/1a 1 CTPEMUTCS K OECKOHEIHOCTH, BBIPAarKeHUE
1 1 1

1
T TR TR ]

1 .
CTpEMUTCA K Npefely —, 3Ha4eHHe KOTOPOro, ¢ HAThIO 3HaKaMH IIOCjIe 3allAToH,
e

pasao 0,36788. Tak kak u3 dopmynst (5) BumHO, uTO P, =1 — Sy, TO OTCIOHA
CJIEJy€eT, UTO IIPU N — 0O 1
pn—1— = ~0,63212



FrTABA III

I'eomerpunyeckue mmocrpoeHuns. Ajrebpa
YNCJIOBBIX IIOJICI

Bsenenune

3ajlaun Ha MMOCTPOEHUE BCerjia ObLIN OJIHMM U3 CAMbBIX JIFOOUMBIX IPEJI-
METOB reoMeTpudeckux 3aHsTuil. C MOMOIIBIO TOJBKO IUPKYJIA U JIMHEHKY,
KaK IUTATEeIb 3HAET U3 MIKOJBHOIO KypPCa, MOXKHO BBIIIOJIHUTH O9€Hb MHOT'O
Pa3HOOOPA3HBIX MOCTPOEHUI: PAa3Ie/IUTh HOMMOJIaM OTPE30K WJIN YIOJI, IPO-
BECTU 4Yepe3 TOYKY IEepIeHIUKYNIdAp K JaHHONW IPAMOM, BIIMCATH B JIAHHBIA
KpyT' [PaBUJIbHBINA IIECTHYTOJBHUK U T. 7. BO BCeX 3THX IOCTPOEHUSIX JIU-
HelKa CJIy?KUT TOJIBKO JJIsl TOTO, YTOOBI IIPOBOJIUTH HPSIMYIO JIMHUIO, HO HE
JIJISE TOTO, YTOOBI U3MEPSATh WJIM OTKJIAJIbIBATH PACCTOsiHUS. T panIuiuoHHoe
OrpaHUYIEHNE — IIOJIb30BATHCS TOJIBKO ITUPKYJIEM U JIMHEHKON — BOCXOIUT K
rIyOOKOI IPEBHOCTH, XOTs Ha MPAKTUKE CaMU T'PeKu 0e3 Koebanus mpude-
rajd u K JPyruM UHCTPYMEHTaM.

OpHOit M3 caMbIX 3HAMEHUTBIX, KJIACCUYECKUX 33124 Ha IOCTPOEHUE siB-
Jigercs 3aaada Anosuronus (okosio 220 rofa 10 HaIIei Ipbl): JaHbI TPU KPY-
ra, TpedyeTcs MPOBECTU YeTBEPTHIi, KACATEJbHBIN K TPEM JTaHHBIM. B gact-
HOCTH, HE WCKJIIOYEHO, YTO OJUH WJIN OOJIbIIee YUCIO U3 JTAHHBIX KPYTOB
«BBIPOKJIAIOTCS» B TOUKY WJIA MPSIMYIO («KPYyT» € «HYJIEBBIM» WA ¢ «Gec-
KOHEUYHBIM» pajuycoM). Hanpumep, MOKET MJITH pedb O IPOBEJIEHUN KPyTa,
KacaTeJIbHOTO K JBYM JAHHBIM IIPSIMBIM U ITPOXOJSINEro Yepes JaHHYK TOY-
Ky. Eciin Takoro poja creruasibHble CIydan HE CBS3aHBI C 3aTPYIHECHUSIMU,
TO B OOIIEll TIOCTAHOBKE 3a/a49a TPUHAJIEKAT K YUCIIY BECbMAa TPY/IHBIX.

U3 Beex 3a1a4 Ha OCTPOEHKE 33/1a4a IOCTPOEHHs (C IOMOIIBIO IUPKYJLs
U JIMHEHKN) TPaBUJIBHOTO N-yTOJbHUKA IPEJICTABIsIET, MOXKeT ObIThb, HaU-
GoJibinuii uaTEpec. iist psina 3Hadenuit n, Hanpumep, n = 3, 4, 5, 6, pemrenue
OBLIIO M3BECTHO y2Ke B JIDEBHOCTU U M3JIAraeTCs B MKOJbHOI reomerpun. Ho B
cJlydae NpaBUJIbHOIO CeMUYIOJIbHUKA (1 = 7) mocTpoeHue, Kak ObLIo J10Ka3a-
HO, HEBO3MOXKHO. BOT errie Tpu KJacCuuecKue IpodsIeMbl, PEIlleHre KOTOPHIX
Pa3bICKABAJIOCH JOJr0 U 0e3pe3y/IbTaTHO: Pa3/Je/INTh HA TPU PABHBbIE YaCTU
JIQHHBIN [IPOU3BOJIBHBIN YTOJI, YIBOUTH JAHHBI Ky6 (T. €. IOCTPOUTH CTOPOHY
Kyba, 00beM KOTOpPOro BJiBoe OOJIbIlie, 4eM 0ObeM Kyba, CTOpOHA KOTOPO-
ro 3aJjaHa) U BBIIOJHUTH <«KBAaJPATypy» Kpyra (T. €. HOCTPOUTH KBaJpar,
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UMEIOIIHUi TAKYIO YK€ ILIOIA/lb, KaK U JaHHbI Kpyr). U1 B 9Tux npobsiemax
[IPE/IIIOIAraeTCs, YTO, KPOMe IUPKYJIsS U JUHEHKH, IPYrue NHCTPYMEHTHI He
[IPUMEHSTFOTCSI.

[Tpobsiembr 110/100HOTO POJia, HE TOJJIAIOIINECS PEIIEHNTO, IPUBEJIN K O]
HOMY W3 CAMBIX 3aMEUYATEIbHBIX U OPUTMHAJIbHBIX HAIPABJICHUI MaTeMaTu-
qeckoit Mbicsm. [lociie HECKOBKUX CTOJIeTHil OE3yCHeNHbIX TOMCKOB MaTe-
MaTUK{ yTBEPJIWIACH B [IOJIO3PEHNUN, YTO HATH pellieHne HeBO3MOKHO. Ha
oUepesib BCTaJ COOJIA3HUTE/IbHBIN IO CBOEH TPYIHOCTH HOBBIN BOIPOC: KAk
MOIHCHO DOKG3AMDb, WINO MG UMY UHASL TPOOAEMA He Modicem bbimb paspeuie-
Ha?

B obstactu anre6pst TOT 2K€ BOITPOC BO3HUK B CBSI3U € MIPOOJIEMOIT PEIIeHm s
ypaBHeHUil H-it u 60see BeICOKUX crerneneil. B reaenne X VI cronerus 6n110
YCTAHOBJIEHO, YTO aJjirebpamdecKrue ypaBHEHUs CTeleHH 3 u 4 perrarTcs
[IOCPEJICTBOM TOM 2Ke MIPOIIELyPhI, 9TO U KBaJIpaTHBIE. DTa IPOIELyPa MOKET
OBITH, BOODIIE TOBOPsi, OXapaKTEePU30BaAHA CJIEIYIONIUM OOpa30M: PelleHus,
WIN «KOPHW», YPABHEHUS IIPEJICTABJISIIOTCS B BHUJE BBIPAYKEHUIT, COCTABJIEH-
HBIX U3 KO3(DDUINEHTOB YPABHEHNS U COMEPIKAIIUX ONEPAIINU, U3 KOTOPHIX
KaxK/1as €CTh UJIM PAIMOHAJIbHAS — CJIOXKEeHUE, BHIYNTAHIE, YMHOXKEHHUE, J1e-
JIEHUE, — WJIN Ke W3BJjIeUYeHrne KOPHsI — KBaJ[PATHOI0, KyOMYEeCKOr0 MJIN YeT-
BepToii crereHu. ['0BOpsIT KOpoUe, YTO ajredpanvieckKoe ypaBHEHNe He BBIIe
YETBEPTOIl CTEleHU «pemaercd B pajukaiax» (radix mo-jaThlHE O3HAYAET
«KOpeHb» ). Kazanoch Kak Hesb3si 60jree eCTeCTBEHHBIM IBITATHC 0OOOIUTD
3Ty UPOILELYPY HA ypaBHEHUs 5-if i 60Jiee BBICOKUX CTeIeHell, T0Ib3ysICh, KO-
HEYHO, U PAJINKAJIAMHI COOTBETCTBYIONIUX cTereneit. Ho HI oHA U3 TOMBITOK
He yBeHJastach ycrexoM. B XVIII crosernu 6bLM cydan, KOT/Ia JaXKe BbIa-
OIUecs MaTEMATUKHU BIAJAIN B 3a0JIyKJEHUe, [IPEJIoJaras, 9T0 PelleHne
nvu Haiimeno. Ho tompko B magasme XIX crosnerus y wrasmbsuna Pydbdu-
nn (1765-1822) u y renmasbHoro nopsexckoro maremaruka H. I. AGens
(1802-1829) BO3HUKJIA MOMCTHHE PEBOJIOIMOHHAS JJIsl TOTO BPEMEHHU H/1es] —
00Ka3aMb HEBO3MONCHOCTNG PEWLEHUA 6 PAOUKAAAL 00UE20 AN2e0PAUECK020
ypasHeHus cmenenu 1. Hy»KHO MOHUMATB COBEPIIIEHHO OTYETIUBO, YTO PEYD
HE UJIET O CYW,ECTNB08AHUY PEIICHUS AJITeOPANIECKOTO YPABHEHUS CTEIIEHU T
CyIIIECTBOBAHUE PEIIEHUI ObLIO CTPOTO JI0KA3aHO ['ayccoM B €ro JOKTOPCKOM
nuccepraruu B 1799 r. Takum obpazom, yke He OBLIO HUKAKUX COMHEHUN
B TOM, 9TO KayKJioe ajirebpanveckoe ypaBHEHUE JeHCTBUTEILHO UMEET KOp-
HU, B OCOOEHHOCTH II0CJIe TOrO, KaK ObLIN YKa3aHbI IPUOJINKEHHBIE METO/IbI
IS WX BBIYUCJICHWS C KAKON YTOIHO CTEMEeHbI0 TOYHOCTHU. «JuceHHOoe»
pernenne aaredpaniecKnx ypaBHeHHIT, UMEIOIee IPOMA/IHOE 3HAUEHNUE B [IPU-
JIOXKEHUSIX, IIpeKpacHo paspaborano. [Ipobnema AbGenss u Pydpdunu ObLia
[IOCTABJIEHA COBCEM MHAYE: MOHCEM AU Obimb HA0EH0 pewenue ¢ noMouUbIO
O00HUT MOADKO PAUUOHGALHOLIT ONEPAuUT U onepayul u3eievenus Kopres?!
Vmenno crpemierre 1OOUTHCS TTOJHON SICHOCTH B 9TOM BOITPOCE TIOCTY 2KIJIO
TOJTYKOM JIJTsi BEJIUKOJIEITHOTO Pa3BUTHA COBPEMEHHOI ajreOpbl UM Teopuu
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rpyui, Hadaroro paboramu Pydbdunu, Abess u . Tamxya (1811-1832).

JlokazaTeabCTBO HEBO3MOXKHOCTH HEKOTOPBIX I'€OMETPUUYECKHUX ITIOCTPOE-
HUII OKa3bIBAETCS IIPUMEPOM, WJLIFOCTPUPYIOIIUM HalpaBjeHue B ajrebpe,
0 KOTOPOM TOJIBKO 49TO OBLJIO CKa3aHO. VIMEHHO omepupyst ajaredpaniecKuMu
MMOHSTUSIMU, MBI CMOZKEM YCTAHOBUTH B ITOH TJIABE€ HEBO3MOXKHOCTD U TPUCEK-
W yIJIa, U IIOCTPOEHUsI MPABUJIBHOIO CEMUYTOJbHUKA, U YIBOCHUS Kyba ¢
[IOMOIIBIO OJIHUX TOJIBKO IUPKYJist u jmHeiiku. (IIpoGiema KBaIpaTypsl Kpy-
ra 3HAYUTEHHO CJIOKHEE; CM. 110 3ToMy 110Boy crp. 160.) Tlomxost Gimzke K
WHTEPECYIOIIEMYy HAC BOIIPOCY, MBI COCPEJIOTOUYMMCSI HE HA €r0 OTPHUIIATE/Ib-
HOH CTOPOHE — HEBO3MOXKHOCTHU BBITIOJIHEHUS TE€X WJIA WHBIX [TOCTPOEHUM, a
MIPUIAIUM €My TTOJIOYKUTEHHBIN XapaKTeP: KAK MOT'YT OBIThH MTOJTHOCTBIO OXa-
paKTepu30BaHbI 3891 Ha TOCTPOeHNe, jorryckaoriue pemierne? [locse Toro
KaK OTBET Ha TOT BOIIPOC OyJIeT HallJIeH, HE COCTABUT TPYA YCTAHOBUTH, YTO
paccMarpuBaeMble HAMU ITPOOJIEMbI HE BXOJIAT B 3TY KATErOPHIO.

B Bospacre 17 net ['aycc nccreioBaa BO3MOKHOCTh TOCTPOEHUST TPABUTb-
HBIX «P-yTOJBHUKOB», TJe P — IPOCTOE YUCJ0. B TO BpeMsi ObLIN M3BECTHBI
IIOCTPOEHUsI TOJIBKO [IJIsi ciiydaeB p = 3 u p = 5. 'aycc ycranoBmi, 9To 1mo-
CTPOEHHUSI BO3MOXKHBI B TOM U TOJIBKO TOM CJIy4dae, €CJH P €CTb IIPOCTOe
«aucygo Pepmay:

p=2% +1.

Tepsoie yncia Pepma cytsb 3, 5, 17, 257, 65537 (cMm. cTp. 44). D10 OTKPHI-
THe mpom3Besio Ha ['aycca Takoe BliedaTIeHHE, YTO OH CPa3y OTKA3AJICS OT
duosornyeckoil Kapbepbl U PENInJI ITOCBATUTH CBOIO YKU3Hb MaTeMaTUKe
u ee upuioxenusM. OH U [MO37HEe CMOTPEJI HA 3TO [IEPBOE U3 CBOUX OT-
KpBITHi ¢ ocobennoit ropyiocteio. [locme cmeptu Iaycca B I'érTunrene Obuia
BOBJIBUTHYTA €ro OPOH30Basl CTaTysl, C MbeIeCTaJoM B (hOpMe MPABUILHOIO
17-yronpuauka. Tpymamno npumgymars 60jee JOCTORHYIO MOYECTh.

Korma peus mmer o reomerprdecknx MOCTPOEHUSX, HUKAK HE CJIEIYeT
VIYCKaTh U3 BUIY, YTO MpobJieMa 3aK/II0YaeTCs He B IIPAKTHUIECKOM BbI-
yepuuBaHUU (PUTYP C U3BECTHOI CTEIEHbI0 aKKyPATHOCTH, 8 B TOM, MOXKET
JIN TIOCTPOEHUE OBITh BBIMOJHEHO TEOPETUYECKHU, IIPEIoJarasi, IT0 HAIn
WHCTPYMEHTHI JTAIOT abCOIIOTHYIO TOYHOCTH. laycc J0Ka3aj WMEHHO IIPUH-
MUAMHAIBHYI0 BO3MOXKHOCTb PACCMOTPEHHBIX UM ITocTpoenuit. KEro Teopus me
KaCcaeTcs TOro, KaK BBIIIOJIHUTL IIOCTPOEHHUE HA CAMOM Jiejie, KAKUe CJIe/LyeT
UCII0JIB30BaTh IIPUEMbI, YTOOBI YIIPOCTUTH MIPOIIELYPY UJIU JaXKe YMEHBIITUTH
9UCJI0 HeOOXOIMMBIX KOHCTPYKTHUBHBIX oreparnuii. Bce 1o — Bompocer He
CTOJTb BBICOKOI'O TEOPETUIeCKOro 3uadeHusi. C MPaKTUIECKON TOYKYU 3PEHUSs,
TaKue MOCTPOEHUS HE JIAI0T CTOJIb YIOBJIETBOPUTEIBHOIO PE3yJIbTaTa, KaKoi
MOXKeT OBbITh JOCTHUTHYT IOCPEICTBOM XOPOIIEro TPAHCIOPTUPA. BeposiTHO,
NMEHHO HEIIOHMMAaHUEM TEOPETUYECKOI'o XapaKTepa BOIIPOCA O T'eOMeTpUYe-
CKUX TIOCTPOEHUSIX, C OJIHOM CTOPOHBI, a C JIPYIoil — YIOPHBIM HEYKeJIaHUEM
CYNTATHCS C IPEKPACHO YCTAHOBJIEHHBIMU HAYYIHBIMU (DAKTaMU HY2KHO 00b-
SICHATH TO OOCTOSITE/IBCTBO, UTO €IIIe IIPOJIOJIZKAIOT CYIECTBOBATH HECKOHIAE-
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MbI€ BEPEHUIIBI «TPUCEKTOPOB» U «KBaJPATYPIIUKOB». TeM U3 HIX, KOTOPbIe
CITOCOOHBI IIOHUMATD JJIEMEHTAPHYI0 MaTEMaTUKY, MOXKHO IIOPEKOMEH/IOBATH
3aHATHCS U3yYEHNEM STOM IJIABBI.

B 3akiitoueHme oTMeTMM, YTO B WM3BECTHOM OTHOIIEHWW HAIIA ITOCTa-
HOBKa& BOIIPOCA O T'EOMETPUYECKUX ITOCTPOCHUSX IIPEJICTABIISIETCS HCKYC-
crBernoii. llupkynp m JmHeika, KOHEYHO, MPOCTEHIne U3 TeOMETPUIe-
CKUX HMHCTPYMEHTOB, HO TpeOOBaHWE OIPDAHUYMBATHCS WMEHHO STUMH WH-
CTPYMEHTaMU IIPU IIOCTPOCHUAX HE BbITEKaeT N3 CYyIeCcTBa CaMON Ieo-
Merpun. Kak yxKe JaBHBIM-IABHO YCTAHOBUJIN TI'DEYECKHE MATEMATUKH,
HEKOTOpbIE MPOOJEMbI — CKayKeM, yJIBoeHHe Kyba — MOryT OBbITh perire-
Hbl, HAIPUMED, C I[IPUBJIEICHUEM YIOJbHHUKA (C HPAMBIM YIJIOM); MOK-
HO M300pecTH BCsKHE JAPYThe HHCTPYMEHTBI, IOMUMO MHUPKYJs, KOTODPbIE
MMO3BOIMIN OBl YUE€PTUTH IJIUICHI, TUIEPOOJBI U 0ojee CIOXKHBIE KpPHU-
Bbl€: TE€M CaMbIM 00J1acTh (UIYpP, JOIYCKAIOIINX IIOCTPOeHUe, Oblaa Obl
3HAYNTENHHO pacimpena. OmHAKO MbI OyJeM IIPUIEPKUBATHCS TPOIHO
YCTAHOBUBIIIETOCS TIOHUMAHWS BBITIOJHAMOCTH T€OMETPUIECKUAX ITOCTPOEHU,
o/Ipa3yMeBasi, ITO PA3PEIIEHO [T0Ib30BATHCS TOJIBKO ITUPKYJIEM U JTUHEHKOII.

YACTbB 1

Jloka3zaTesbcTBa HEBO3MOXKHOCTH M ajareodopa

§ 1. OcHoBHBIE TeOMeTPUYECKHE TIOCTPOEHUSI

1. ITocTpoeHue moJieit u u3BJIeUYeHNE KBAPATHBIX KOpHeii. B mo-
psiZiKe pa3BUTHUs OOIUX UJEil MBI HAYHEM C PACCMOTPEHUs HEOOJIBIIIOrO IICJIa
KJIaCCHYIecKuX rnocrpoennii. Bosee yrirybiennoe n3yverne BO3MOKHOCTH [€0-
MEeTPHYECKUX IIOCTPOEHMIT HEN30€KHO CBA3AHO C IIEPEBOIOM MeOMETPUIECKOH
3a/1a9M Ha S3bIK aJiredpbl. Besikast pobjieMa reOMeTpUYecKoro MOCTPOEHUsT
MOXKeT OBITh CXeMATH3UPOBAHA CJIE LY IOIINM 06Pa30M: JJAHO HEKOTOPOE UHCJIO
OTPE3KOB, CKa)XeM, a, b, ¢, ...; TpebyeTcss TOCTPOUTh OJMH WU HECKOJIBKO
OTPE3KOB T, ¥, ... Jlake ecsim Ha HePBBI B3IV IPOOEMA UMEET COBCEM
WHOW BHUJ, €€ BCErJa MOXKHO MepedOpMy/TUPOBATH TaKUM 00PA30M, UITOODLI
OHA BKJIIOYMJIACH B YKA3aHHYIO cxemy. MIckoMble oTpe3ku (pUurypupyroT Uin
B BHJIE CTOPOH TPEyrOJIbHUKA, KOTOPBI TpeOyercsi MOCTPOUTD, UJIN B BUJE
pauycoB KpPyroB, WIN KaK IPSMOYTOJbHBIE KOODIMHATHI KAKUX-TO HMCKO-
MbIX TOYeK (cM., Hampumep, crp. 145). IIpemonoKum mjist IPOCTOTHL, YTO
TpeOyeTcsi MOCTPOUTH KAKOH-TO oTpe3oK z. B Takom ciydae reomerputde-
CKOE€ TIOCTPOEHIE IIPUBOIUT K PEIIEHHIO aIredpaniecKoil 3aa4u: yCTAHOBUTE
cooTHorenne (B popMe ypaBHeHNs) MeXK/y NCKOMOH BEJIMINHON T U JIAHHBI-
MU BeJIMIUHAMUA @, b, ¢, . ..; 3aTeM, pellasi 9TO ypaBHEHHUe, HalTu hopMyJry
JJIs BEJIMYUHBI T W, HAKOHEIl, BBIICHUTH, MOYKHO JIU CBECTH BBIUUCJICHUE X
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K TakuM ajrebpandecKuM IIpolieAypaM, KOTOPbIE COOTBETCTBYIOT IIOCTPO-
€HHMAM, BBIIOJHUMBIM C HMOMOMIILIO IUPKYJId M JuHeiiku. Takum obpasom,
B OCHOBE Bceil paccMaTpHUBaeMOil TEOPHH JICXKUT IPUHIUI aHAJIUTHYECKOM
reoMeTpUH — KOJUYIECTBEHHAS XapPaKTEePUCTUKA FeOMETPUIECKAX OOBLEKTOB,
OCHOBaHHAs Ha BBEJCHUM KOHTHHYYMA, JICHCTBUTENbLHBIX TUCE.

3aMeTHM IpexKIe BCEro, 4To IpocTefmme ajaredpamdecKue OIEpPALlnn
COOTBETCTBYIOT 3JIeMEHTapHBIM I'€OMeTPUYECKUM IIOCTPOCHUSAM. Eciu gaHbl
JiBa OTpe3Ka, JJIMHBI KOTOPBIX PaBHbl a u b (M3MepeHWe NPOU3BOJUTCS
[OCPEJICTBOM  <EJIMHUIHOIO» OTPE3KA), TO OYEHb JIEKO HOCTPOUTHL ¢ + b,
a — b, ra (rae r — panuoHaJIbHOE YHUCIIO), % u ab.

a

0 T

a

B
Oa—b#bA

Puc. 27. lloctpoenne a +bu a —b Puc. 28. [Toctpoenne %

Yro6s1 OCTPOUTH @ + b (puc. 27), MBI IPOBOAUM IPSIMYIO JINHUIO U HA
Hell orkiiaibiBaeM nupkyiem orpesku OA =a u AB =b. Torna OB = a + b.
Touno Tak ke B ciiydae a — b Mbt orkyiagsiBaem OA = a u AB = b, vo Ha 3TOT
pa3 OTKJIaAbIBAEM b B CTOPOHY, IPOTUBOIIOJIOKHYIO TOI, B KOTOPYIO OTJIOXKIU-
g a. Torna OB = a — b. Yto6bI mocTpouTh 3@, MBI IIPOCTO CTPOUM @ + a + a;
AHAJIOTUYIHO TOCTYIIAeM, €CJIU HYKHO TIOCTPOUTH Pa, TJE P — IeJI0e TUCTO.
Orpesok % CTPOUTCST CJIEIYIONMM TIpreMoM (puc. 28): Ha IPOM3BOJIBHOI

npaMoil orkjagasiBaeM OA = a U 3aTeM IPOBOJUM JAPYLYIO HPSAMYIO Yepe3
touky O. Ha 3T0#t npsmoit oTKIaIpIBaeM IPOu3BOILHBIN oTpe3ok OC = ¢
u crpoum OD = 3c. Coenunsiem A u D upsiMoii JinHue# 1 MPOBOAMM 4Yepe3
Touky C' npsimyio, nmapajuiesbayio AD; mycrsh sTa npsmas mnepecekaer OA

B Touke B. Tpeyrospauku OBC u OAD 1ono0HbBI; 3HAYUT, o5 = % =

ocC 1 a a
oD -3 ™ OB = 3 Takum ke 00pa3oM MOXKHO BOODIIE ITOCTPOUTH —
q
rie ¢ — nesoe. CoBepiias 3Ty OLEPAINIO HAJT OTPE3KOM Pd, MBI IIOCTPOUM 7',
Ije 7 = = — KaKOe YI'OJHO PaIllOHaJIbHOE HYHCJIO.
q

)

Y1065l IOCTPOUTH % (puc. 29), orknanpiBaem OB =b u OA = a Ha cro-

pOHaX MPOU3BOJILHOrO yriia ¢ BepimuHoit O u Ha cropore OB oTKjaIpiBaeM
orpe3ok OD = 1. Yepes D npoBojuM npsiMyio, mapaJjuiesbuyio AB; mycTb
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ona nepecekaer OA B Ttouke C. Torma Gynem mmern: OC = %. ITocTpoe-

nue ab nokazano Ha puc. 30; 3mech AD — npsimasi, npoxojsmniast depe3 A u
mapasutenbaas BC.

Puc. 29. ITocrpoenne % Puc. 30. ITocrpoenune ab

W3 s1ux cooOparkeHuil BBITEKAET, UTO «PAUUOHAALHDIES GN2EOPAUMECKUE
0NepayuY, — CJIOKEHNE, BBIYUTAHNE, YMHOXKEHHE U JIeJIEHUE, — TPOU3BOTUMbIE
HaJ 3aJaHHLIMUA BEIUIUMHAME, MO2YM ObiMb  BHMOAHEHb, TOCPEICTNEOM
2eomempuneckur nocmpoenuti. VICXomst W3 JAHHBIX OTPE3KOB, H3MEpsi-

eMBIX JefICTBUTENIbHBIMU YUCJIAMHA a, b, ¢, ..., MBI MOXEM, IIOCJIE[OBa-~
TEJLHO BBITIOJIHSASL 3TU IPOCTbIE TOCTPOEHUS, IMTOCTPOUTDH JIOOYIO BEJIU-
qUHYy, KOTOpasi depe3 a, b, ¢, ... BbIpaXKaeTcsd pPaIMOHAJBHO, T. €. C II0-

MOIIBIO JIMIb IEPEYUCTEHHBIX BBINIE YeThIpeX OCHOBHBIX jeiicrBuii. Co-
BOKYITHOCTh BCEX BEJUYHMH, KOTOPbIE TAaKUM 00Pa30M MOLYT OBITH IOJTY-
YeHbl U3 a, b, ¢, ..., oOpa3yer TO, UTO HA3BIBAETCS HUCAOGHLM NONEM —
MHOXKECTBO 4HUCE], 00JIa/Iafolnee TeM CBOMCTBOM, UTO Jt0Dasi PaldOHAJb-
Hasl Olepalnys, COBEpIIeHHasl HaJ JByMs (mim 6Gojiee) JeMEHTaMU JTO-
ro0 MHOXKECTBA, NMPUBOJUT CHOBA K 3JIEMEHTY 3TOrO Ke MHOXKeCTBa. Mbl
HAIIOMUHAEM, 9YTO COBOKYITHOCTH BCEX PAIMOHAJLHBIX YHCEJ, COBOKYII-
HOCTH BCEX JIEHCTBUTEJbHBIX YHCEJ, COBOKYITHOCTH BCEX KOMILIEKCHBIX
qucesl oOpa3yioT Takume moJisi. B pac-
CMATPUBAEMOM HAMHU TEIephb CJIydae Io-
BODSIT, 9TO TIOJIE NOPOAHCOAEMCA TAHHBI-
MU YuCJIaMu a, b, ¢, ...

CyIecTBeHHO HOBOI  omepariueit,
BBIBOJIAIIEH HAC 32 MPeJeJIbl IIOJIy I€H-
HOTO TI0JI51, SIBJISETCS U3BJICUCHUE KBAJI-
parHoro KopHsi. Ecin 3a/1aH 0Tpe3oK a,
TO OTPE30K +/G MOYKET OBITH TTOCTPOEH C
[IOMOIIIBIO TOJBKO IUPKYJIS U JIMHEHKH.
Ha npowussosbroll npsimoii Mbl orkiagpiBaeM OA =a u AB =1 (puc. 31).
[IpoBomum, faitee, OKpyKHOCTE ¢ guameTpoM OB u u3 Touku A BocCTaBIIsieM
nepreHukyiaap k OB; MycThb OH IEpecekaeT OKPY»KHOCTH B Touke C.
Yron C B Tpeyroabauke OBC npsmoii (coryiacHO Teopeme, M3BECTHONH U3
9JIEMEHTAPHON MeOMETPHU: YIOJI, BIIMCAHHBIA B [OJYOKDPYZKHOCTD, IPIMO).

Puc. 31. ITocTpoenne /a
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Buaunt, ZOCA = LZABC, upsimoyronbibie tpeyronbianku OAC u CAB
110/106HbI, u, nojarass AC = x, MbI TIoJIy4aeMm
% = %, z?=a, z =+a.

2. IIpaBusbHBbIE MHOTOYTOJBHUKU. PaccMOTpuM Tenepb HECKOJIBKO
GoJtee CIOYKHBIE KOHCTPYKTHUBHBIE 3a7a4uu. HaduHeM ¢ mOCTPOEHUs npasuib-
H020 decamuyzorvrura. 1IpeamnosoKmM, 9T0 TPABUIBHBIN JECATIYTOTHLHUK
BIIHCAH
B Kpyr paguyca 1 (puc. 32); obosHauMM €ro
cropoHy depe3 z. Tak Kak IeHTpaJIbHBIN
YTOJI, TIOJT KOTOPBIM 3Ta CTOPOHA, T BUJIHA W3
IIEHTpa KPyTa, COAEPKUT 36°, TO OCTAJIbHbIE
IBa yTJia OOJIBIIOTO TPEYTOJIbHUKA CONEPIKAT
KasKJIpIil 110 72°, U 3HAYUT, IyHKTUPHAS JIU-
HUsI, JeJisiiiasi morojamM yrojg A, pasbupaer
TpeyroibHuK OAB Ha JBa paBHOOEIPEHHBIX
TPEYroJIbHUKA C PABHBIMEA OOKOBBIMU CTOPO-
HaMW JJINHBI . Paanyc Kpyra, TakuM obpa-
30M, COCTaBJISIETCS U3 OTPE3KOB & U 1 — x.
Tak kak Tpeyroybauk OAB 107100eH MeHb-

Puc. 32. IlpaBunbHbIi SITH-
meMy U3 JIBYX TPeYyrOJIbHUKOB, Ha KOTOpBIE c.3 paBnt aee

T YTOJIbBHUK

OH pa30MBaAETCs, TO MBI TIOJIyIaeM — = 1 .
x —x
DTa IponoOpIUs IPUBOANT K KBaIpaTHOMY ypaBHenuo 2 + x — 1 = 0, pere-

-1
5 (dpyroe pelienne HAC HE MHTEPECYET,

TaK KaK OHO COOTBETCTBYET OTPUIATEILHOMY 3HaYeHUIO x.) V3 nosydeHHon
bOPMYJIBI SICHO, 9YTO OTPE30K & MOXKET OBITH IIOCTPOEH reoMeTpudecku. Vmes
2Ke OTPE30K &, MBI CMO2KEM IIOCTPOUTDH IIPABUJIbHBIN ECATUYTOJIbHUK, OTKJIa-
JIBIBasl IO OKPY?KHOCTHU JeCATh pa3 xopay x. OTcioma yKe JIErKO MOJIyIUTh
U TIPABUWJIBHBIN MATHYTOJbHUK, COEJINHSS BEPIINHBI JIeCATUYTOJbHUKA Yepe3

OJIHY.

HHEe KOTOPOr'o uMeeT BUI T =

Bwmecro Toro urobsr crpouTnh V5 Tem METOOM, KOTOPBIi yKa3aH Ha puc. 31,
MBI MOYKEM ITOCTPOUTH TMIIOTEHY 3y IPAMOYTOJIBHOTO TPEYTOJbHUKA CO CTOpOHAMH 1
u 2. 3areM HY>KHO OTHSITH €IMHUYHBINH OTPE30K U TO, UTO IMOJIyYUTCsI, PA3/IE/IUTh
TIOTIOJIaM.

OB .
OrHomenne g B PaccMoTpenHoil sajiatie OBLJI0O HA3BAHO <«30JIOTBIM»,

TaK KaK, 10 MHEHUIO I'DEYECKUX MATEMATHUKOB, MPAMOYTOJIbLHUK, CTOPOHBI
KOTOPOT'O HAXOJSITCS B 9TOM OTHOIIEHHH, ICTETUIECKH OCODEHHO IPHUSTEH
JIs Tyla3a. 3HaYeHre OTHOIIEHUS TPUOIM3UTEILHO paBHO 1,62.

13 Bcex mpaBWILHBIX MHOTOYTOJILHUKOB JIETI€ BCETO TOCTPOUTDH ITIECTU-
yroabHUK. Tak Kax JjIMHA CTOPOHBI TaKOI'O IIECTUYTOJHHUKA, BIUCAHHOTO
B KPyT, PaBHA PAIAyCcy Kpyra, TO CaM MIECTAYTOJbHUK CTPOUTCA Oe3 3a-
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TPYJAHEHUI, €CIU Mbl OTJIOKHUM IIECThb Pa3 110 OKPY2KHOCTU OTPE30K, PaBHBI
pajuycy.

Wmest mpaBUIIBHBIN N-YTOJBHUK, MOXKHO cefidac Ke TOJIYIUTb W IIpa-
BUWJIBHBII 2N-YTOJIBHUK, JIeJIs TIONOJIaM JIyT'M MEXK/Iy COCEJHUMH BEPIIUHA-
MU n-yrojbHuka. Hauunas ¢ guamerpa Kpyra (IPaBUJIBHONO BIMCAHHOTO

«JIBYYTOJIbHUKA» ), MBI IIOCTPOMM II0CjaeaoBaresibuo 4, 8, 16, ..., 2™-yrojib-
Huku. Takum ke 06pa3oM, HaUUHAS C MEeCTUYTOJbHUKA, MBI TTOJyaum 12, 24,
48, .. .-yTrOJbHUKHA, & HAYUUHAS C Jgecaruyroyabuuka, — 20, 40, .. .-yroJbHUKH.
T~
D
A B
— E
Puc. 33. IIpaBunbHeIil mecTu- Puc. 34. YaBoenune gucia cropon
YTrOJIbHUK OPaBUJIBHOI'O MHOTI'OyT'OJIbHUKA

Ecnu s, obo3HadaeT MyIMHY CTOPOHBI IPABUIBLHOTO N-YTOJIHBHUKA, BIUCAHHOTO B
€MHUYIHBINA KPYT (T. €. KPYT ¢ PAIUyCcOM 1), TO CTOPOHA IPABUILHOTO BIMCAHHOIO
2n-yroJbHUKA Oy/1eT UMEeTh JIJINHY

Son = 2—\/4—8%.

JlokasbiBaeTcst 310 ciepyromum obpasom (puc. 34): nycrs s, = DE =2DC, sg, =

DB u AB = 2. [liiomanp npsiMoyrosbHOro Tpeyrosbauka ABD pasra éBD -AD,
WIH, C IPYTOil CTOPOHBI, %AB -CD. Tak xak AD =+/AB? — DB2, To, nojacras-

1 .
st AB =2, BD = sa,,, CD = 5 Sn W CPABHUBAs MEXKLy coboif J1Ba BBIPAYKEHUST
JJT5 TIJIOIIAJIU, MBI [IOJIY YaeM

_ / 2 2 2 2
Sn = Sony/4 —s3,, um S, =S3,(4— s3,).

Ocraercst permuTh KBaJpaTHOE ypPaBHEHHE OTHOCHTEJNbHO T = $3, W IIPU BbIGOpE
KOpHsI IIPUHATL BO BHUMAHHE, YTO T JIOJIPKHO OLITH MEHBIIe 2.

U3 sroit hopMyJIbI, TaK Kak JUTHHA 4 (CTOPOHa KBaJIpaTa) pasHa /2, cieiyer,
qTo

ss=V2—2, s1.6=V2—-V2+V2,

832:\/2*\/2+v2+\/§ W T. I
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B kavecTse 06mmeit popmysibl Mbl mosrydaeM (opu n > 2)

5271_\/2—\/2+~/2+...+\/§,

MmpuYeM B TPaBOMl YaCTH JOJKHO OBITH Bcero 1 — 1 pagukasioB. llepumerp
2™-yroJIbHUKA, BIMCAHHOTO B KpPyT paamyca 1, paBeH 2"syn. Korma n crpemurcs

K OECKOHEYHOCTH, 9TOT IEPUMETD B IIPEJiesie MEPEXOIUT B JUINHY OKPY2KHOCTH, 110
OIIpEeJIEJIEHUIO PABHYIO 2T:

2”
Son — 2T TpH N — OO.

Hesst HA ABA U MOACTABJISIS 1M BMECTO 7 — 1, MBI TIOJIyYaeM CJIEAYIONLYI0 POPMYILY

Qm\/Q—\/2+\/2+...+\/§—>K opu m — oo.

m paguKaJioB

IS T

VYupaxkuenwne. [loab3ysics Tem, 9To 2™ — 00, JOKAXKHATE, KAK CJIEICTBUE, ITO

\/2—|—\/2+...—|—\/§—>2 opu n — o0.

n paguKaJioB

Pestomupyem mosrydeHHbIE 3/1€Ch PE3YJILTATHI TAKHUM 00PA30M: CMOPOHb
BNUCAHHLIT 8 eQUHUYHbIT KPY2 NPABUALHUT 2™ -Y20AbHUK08, D - 2™ -y204bHU-
K08 U 3 - 2" -Y20ADHUKOB BLIMUCAAIOMCSA NOCPEICTNEOM DAUUOHAADHBLL ONePa-
YU — CAOACEHUSA, BHLYUMAHUA, YMHONCEHUSA, JeNeHUS — U ONEPAUUL U3BAe-
YeHUA KEadPammo20 KOpHA; CAed08AMENLHO, OHU MO2YM ObMb NOCMPOEHbl
€ MOMOULDIO MOAVKO UUPKYAA U AUHETKU.

3. IIpobaema Amnossionusi. Ipyras KOHCTpYKTHBHas mpobJsema, pe-
MTAIOIIASCST BEChbMa MMPOCTO, €CJU TOMONTH K Hell ¢ anredpamdecKoil TOIKU
3peHusi, — 3TO 3HAMEHUTAs U yKe YIIOMSHYyTasl BbIIe pobseMa ATIOIoHs
O IIPOBEJIEHUN OKPYXKHOCTHU, KACATEJIbHOW K TPeM JAHHBIM OKPYXKHOCTSIM.
B macrosiimem KOHTEKCTE HAM He MPEJCTABJISETCS HEOOXOMUMBIM UCKATH €€
0cobeHHO 3jteraHTHOE perienre. HaMm CyIiecTBeHHO JIAIIb yCTAHOBUTD [TPUH-
[UMUATBHO BayKHOE IMOJIOZKEHMe: TpobiieMa ATIOJIOHUST PEeIaeTcst ¢ MOMO-
MBIO TUPKYJIst U JinHeitkn. Mbl BKpaTIiie puBeieM COOTBETCTBYIOIIEE JTOKa-
3aTeJILCTBO; BOIIPOC YK€ 0 HAnboJIee JIEraHTHOM [TOCTPOEHNH Oy/IeT pa3obpan
ke (cMm. crp. 181).

[TycTb meHTPHI TPEX TaHHBIX OKPY?KHOCTEH MMEIOT COOTBETCTBEHHO KOOD-
nuHaThl (X1, Y1), (T, Y2) 1 (T3, Ys3), & PAIUYCHI DABHBIL T, T U 3. O603HaYMM
KOODJIMHATHI [IEHTPa UCKOMOl OKPYKHOCTH depe3 (I, ¥), a PAIyc 4epes 7.
Jlerko Hammcarhb ycjaoBHe KacaHUsl JIBYX OKDPYKHOCTEH, eCjii y9ecThb, UTO
paccTosiHIe MeXKJIy IIeHTPaMU JIOJ2KHO PABHATHCS CyMMe HJIH Pa3HOCTU Pa-
JIMYCOB, CMOTPsI I10 TOMY, UM€EET JIK MECTO BHEIITHeE WJIM BHyTPEHHee KaCaHUe.
3amnuceiBasg B ajredpamdeckoit hopMe TPHU yCJIOBUS 3aJ@<d, MBI [OJIyIaeM
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5e)
& o

Puc. 35. Okpyxuoctu Anosuionust

TPU YpaBHEHUS

(x—x)? + (y —)* — (r+£m)* =0, (1)
(37_952)2 + (y—y2)2 - (TiTQ)Q =0, (2)
(5_953)2 + (y_y;’,)g - (TiTB)QZOv (3)

KOTOPBIE TI0CJIe TPeoOPA3OBAHMI IPHHIMAIOT BT
P+ y? —r® = 2xx, — 2y, £2rr + 2+ Y+ =0 (1a)

U T I

B ka/10M 13 ypaBHeHuil Hy>KHO 6paTh 3HAK [UIIOC MJIH MUHYC, B 3aBUCH-
MOCTH OT TOTO, KAKOBO KacaHHe — BHEIHee WM BHyTpeHHee (puc. 35). Bee
ypasrenust (1), (2), (3) —BTOpO#i CTENEHU OTHOCUTEIHLHO HEU3BECTHBIX T, Y,
r, HO OHI OBJIAJIAIOT TeM CBOHCTBOM, UTO YJIEHBI BTODOIl CTENEHHM BXOJST B
OJIMHAKOBOJ KOMOMHAIMY, KAaK BUJIHO U3 pa3sepHyToil dopmer (la). Takum
o6paszoM, BerunTas (2) u3 (1), MBI MosTydaeM ypaBHEHHUE, JIMHEHHOE OTHOCH-

TeJIbHO T, Y, T
ax + by + cr =d, (4)

e a = 2(xy — 1) u T. 1. Touno Tak ke, Berauras (3) u3 (1), Gymem nmers
Jpyroe JUHeiHOoe ypaBHeHue

adr+by+cr=d. (5)

Pemas ypaprenust (4) u (5) OTHOCHTEJBHO HEM3BECTHBIX X U Y, KOTODBIE,
TaKUM 06pa3oM, BBIPA3ATCA JHUHEHHO dYepe3 r, W 3areM mojcrasiss B (1),
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npujieM K yPAaBHEHWIO, KBaJIPATHOMY OTHOCHTEJIBHO 7T, KAKOBOE MOYKET
OBITH PEIEHO C IIOMOINBIO PAIMOHAJIBHBIX OIEPAINi U W3BJIEYeHUs] KODHS
(cM. cTp. 143). D10 ypaBHeHUe, BOOOIIE rOBODsI, Oy/eT UMETh JBa PEIeHMs],
U3 KOTOPBIX JIMIIL OJIHO Oyjaer mojoxkuresbHbIM. Orpesenus r, Haiigem
JaJbllle 3HAYEHUsI T U Y, TOJCTABJSS T B paHee IOJIyIeHHbIe (HDOPMYJIBL.
OKpy2KHOCTB C HEHTPOM (', Y) U PAJUYCOM I JOJKHA ObITh KaCATeJbHON
K TPeM JAHHBIM OKPY2KHOCTsIM. Bo Bceil mporesype pelnreHusi y4acTBYIOT
TOJIBKO pallMOHaJIbHBIE OIlepallui 1 U3BJI€YCHUE KBa/JIPAaTHOTO KOPHI. OTCIO-
Jla CJIEJIyeT, 9TO HOCTPOEHUE T, Y U 7' MOXKET OBITH BBIIIOJIHEHO C IOMOIIBIO
TOJIBKO IUPKYJIS U JIMHEHKH.

B obmem ciygae Gyger mmerbes 8 perenuii mpobsieMbl ATOJUIOHUST B
COOTBETCTBHUU C BOSMOXKHBIMHE 2 - 2 - 2 = § KOMOMHAIIUSAMHA B BEIOOPE 3HAKOB +
u — B ypaerenusx (1), (2) u (3); BBIOOp Ke 3HAKOB HAJJIEXKUT J€JaTh B
3aBUCHMOCTH OT TOT'O, KAKOT'O POJia KacaHHe — BHEIHee WM BHYTPEHHee —
JKeJIaTeJIbHO MMETh 110 OTHONIEHWIO K KaKJOH M3 JIAHHBIX OKPYKHOCTEH.
Briosime Bo3MOXKHO, 9TO Halla ajredpamvecKas MpOIEeaypa He MPUBEIET K
IeMCTBUTEJILHBIM 3HAYEHUSIM &, Yy U r. TakoB Oy/er, HAIIPUMED, CIIydai,
KOTJIa BCe TPH JAHHbIE OKPYKHOCTH — KOHIIEHTPUYECKNE; TOI/ia, OYEBH/IHO,
HaIlla TeOMEeTPUYIeCcKas 3ajada He OyjerT uMeTh Hi ofHoro perrenust. Ciery-
€T TaKKe IPEJIBUJIETh BOBMOXKHOCTD U CJIYIAEB «BBIPOXKJICHUS» ; HALIPUMED,
€CJIM BCE TPU OKPYYKHOCTU <«BBIPOXKJIAIOTCS» B TOUKHU, JIEXKAIIME Ha OJHO
MIPSIMO#A, TOT/IA AIMTOJIJIOHUEBA OKPY?KHOCTDH TOYXKE «BBIPOXKIAETCSI» B ITY Ca-
MyI0 OpsMy[0. Mbl He BHIUM HEOOXOIMMOCTH PACCMATPHUBATL BOIPOC BO
BCEX IMOJIPOOHOCTSIX: ITO CIIETAET CAM TUTATEJb, €CJIH 00J1a/1a6T HEKOTOPBIMU
ayreOpandecKnMy HaBBIKAMH.

§ 2. Hucaa, Jomyckaroriye IOCTPOeHUeE,
U YUCJIOBBIE TOJISA

1. OGuias Teopus. B npeapiyiieM n3/I0XKEHUU Mbl TIOCTAPAJIUCH OXa-
pakTepu30BaTh OOIIHil, TAK CKa3aTh, aJredpandecKuii (OH reOMeTPUIECKUX
noctpoennii. Kak/ioe reomeTprdeckoe TOCTPOEHUE TPEJICTABILAET PsJI TO-
CJIEZIOBATENILHBIX TAIIOB U3 YHCJIa CJIEAYIONMX: 1) IpoBejieHre IPAMOIl Jiu-
HUM 4Yepe3 JBe TOYKHU, 2) HAXOXKJEHHE TOYKHU IIePeceveHus JABYX HPIMBIX,
3) mpoBejieHIe OKPY?KHOCTHU € JAHHBIM [EHTPOM M pajuycoM, 4) HaXoxKje-
HHUE TOYKHU IepecedyeHns] OKPYKHOCTH C JIPYTOMl OKPY?KHOCTBIO UJIN IIPSIMOI
JuHueH. DjieMeHT (TOYKa, HpsMasi, OKPY?KHOCTDL) CYMTAETCS U3BECTHLIM B
TOM CJIydae, €CJIM OH 3aJlaeTCd YCJIOBHEM 3aJa49il WU €CJIM OH IIOCTPOEH
Ha TpeIbIAymeil craann 3amaan. [IpoBois TeopeTnydeckuil aHAIN3 3329,
MbI OTHOCHM BCIO PacCMaTPUBAEMYIO KOHCTPYKIIAIO K HEKOTOPOU KOODJAUHAT-
HOlt cucreme x, y (cMm. crp. 92). Torma 3aJaHHBIE JIEMEHTHI H300PAKAIOTCS
B BHUJE TOYEK WU OTPE3KOB B ILUIOCKOCTU T, Y. Kciam 3ajaH TOJBKO OJUH
OTPE30K, €ro MOXKHO IPUHATH B KadeCTBE €JWHUYHOI'O, B Pe3yJbTaTe Yero
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durcupyercst Touka x = 1, y = 0. lnora B mporecce mocTpoeHust BO3HUKA-
FOT IIPOU3BOJIbHBIE SJIEMEHTBI: IIPOBOIATCS IIPOU3BOJIbHBIE IIPSIMbIE, CTPOATCS
npou3BoJbHbIe TOUKKM win Kpyru. (IIpumep HMpOM3BOIBHOIO SJEMEHTa MBI
“MeEeM IIPU HAXOXKJEHUU CEPEIMHBI OTPE3Ka: MBI IIPOBOJIMM JIBA Kpyra ¢
[EHTPAaMU B KOHI[AX OTPE3KA M C OJMHAKOBBIMH, HO IPOU3BOJBHBIMH Pa-
JIyCaMu, 3aTeM COEJUHsIeM TOYKU UX IiepecedeHus.) B 1mofo0HbIx ciydasx
BCerJla MOXKHO CUATATH IPOU3BOJIHHBIH 3JIEMEHT PAIMOHAIBHBIM: IIPOU3BOJIb-
HYIO TOYKY MOXKHO BBIODATh TaK, YTOOBI y Hee OBbLIM palliOHAJbHBIE KOOD-
JIMHATBI, IPOU3BOJIbHYIO NpAMYyIo az + by + ¢ = 0 Tak, 4Tobbl y Hee ObLIM
paruoHabHble KOI(MMUIUEHTHI a, b, ¢, TPOU3BOJIBHBII KPYT' — TaK, ITOObBI
paIMOHATBHBIMA OBLIN KOOPJWHATHI IIEHTPa U paauyc. Mbl ycaoBuMcs, 9TO
€CJIN B IIOCTPOEHUU yYIACTBYIOT IIPOM3BOJIHHBIE JJIEMEHTHI, MBI OyIeM BbIOU-
paTh UX PAIMOHAJBHBIMU: Pa3 9THU JIEMEHTHI B CAMOM JieJie IIPOU3BOJIBHBI,
TaKoi BLIOOD HE MOBJIASIET HA PE3YJIBTAT IIOCTPOCHHUS.

Pajin npocToTs! jronyctuM B OUIMzKaRIeM pacCyKJIEHHH, 9TO B YCJIOBUN
33,1291 33/1aeTC TOJIBKO OJUH 3jIeMeHT — 0Tpe30K JuHbl 1. Torma B coorBeT-
CTBUH C pe3yibTaTaMu § 1 MBI MOYKEM IIOCTPOUTD C ITOMOIIBIO TTUPKYJIsl U JIU-
HEIKU BCE YUCJIIA, TOJIyYAIONINecs U3 eIMHHUIbI TOCPEICTBOM PAIMOHAIBHBIX

. r
oTIeparnit, T. e. paroHAJbHbIE YHCJIa —, TJe 7 1 S — rnejble ancia. Cucrema
s

PAIMOHAJILHBIX YHCENT «3aMKHYTa» 110 OTHOIIEHHIO K DAIMOHATBHBIM OIIe-
panusM: CyMMa, Pa3HOCTh, TPOU3BEJICHNE, YaCTHOE (MCKIIIO9asi, KaK BCETJIA,
nenenne Ha () IBYyX DAITMOHANBHBIX IHCEN CHOBA ABJIIOTCS PAITMOHATIBHBIME
ncamu. Besikoe MHOXKeCTBO 1ucest, 06IaIaiomee TaKUM CBOfICTBOM 3aMKHY-
TOCTH 110 OTHOIIEHMIO K Y€THIPEM PAIMOHAJIBHBIM OIIEPAIsIM, Mbl HA3BAJIN
wucaogvm noaem (cTp. 75).

pra}KHeHI/Ie. HOK&)KI/ITG, YTO KazKJI0€ [YHCJIOBOE IIOJIE BO BCAKOM Clly4dae
COIEP2KUT BCE€ pallUOHAJIbHBIE YHCJIA. (Y’KZGSGHUEZ €CJIn a eCTb KaKOG-HI/I6yﬂb He

a
PaBHOE HYJIIO YUCJIO0 U3 1oJid F, To — = 1 Takyke IpUHAIEKUT K F', a 3 1 MOKHO
a

MOJIy U TH BCE PAIMOHABHbBIE YHC/Ia TIOCPEICTBOM PAITMOHAIBHBIX OMEPAITHiA. )

OTnpaBsisich OT €IUHUIIBI, MOYXKHO IIOCTPOUTH BCE PAI[MOHAJIBLHOE UHC-
JIOBOE IIOJIE W, CJIeIOBATEIbHO, BCE DAIMOHAJIbHbIE TOYKH (T. €. TOUKH, ¥
KOTOPBIX 06e KOOPMHATHI PAIMOHAJBHBI) B IJIOCKOCTH I, Y. Jlabie, ¢ mo-
MOIIBIO TTUPKYJIsT MOYKHO MOCTPOUTH HOBBIE, HPPAITMOHAJIBHBIE THCJIa, BPOJIE
quciia \/2, KOTopoe, Kak Mbl 3HaeM n3 riasbl 1, § 2, maxomures yxe 3a
Hpeie/IaMi PAIOHATLHOTO 1o/, Ho MocTpons /2, MOMKHO eIme JaJbiie ¢
[IOMOIIBIO «PAIMOHAJBHBIX> II0CTpoeHuii (§ 1) mosyuurs Bce ducia Buia

a+bv2, (1)

rae a n b panmuOHaJIbHbBIE U, CJIEIOBATE/JIbHO, CaMHi JOIIYCKalOT ITOCTPOEHHE.
Moo Takxke IIOCTPOUTH U YHUCJIa BUIa

% win  (a+ bv2)(c + dv2),
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rae a, b, ¢, d— panuonasnbube. OJHAKO 9TH YUCIA BCErJja MOXKHO HAIUCATH
B dopme (1). B camom geue,

a+bv/2 a+bv/2 c—dv2 ac—Zbd
= : = 5 5 \f p+qV2,
c+dvV2 c+dV2 c—dv2 < —2d 2d
rie p U ¢ paluoHaJbHbIE. (BHaMeHaTenb ¢® — 2d? oraMYeH OT HyJs, TaK Kak
u3 ¢ — 2d? = 0 cienoBao 661 /2 = =, 9TO HPOTHBOPEUNT (HAKTY HPPAIIO-

HAJIBHOCTH /2. 2.) Touno Tak xe

(a4 bV2)(c+ dv2) = (ac + 2bd) + (be + ad)V/2 =1 + sV/2,

rae r 1 S panuoHasbHble. MTak, BCe, ITO MBI MOYKEM ITOCTPOUTH MCXOIsI
13 \/2, 9T0 UncIa BUIA (1), rme @ u b—IPON3BOJIbHBIE PAIIMOHAIBHBIE THCIIA.

VYupaxkuenune. Hanummure B dopme (1) uncia
P 2 2\ q pqr p—gqr
g ptrs P T pE—E

/e MTOJOXKEHO

p=1+vV2, ¢=2-V2, r=-3+2.

Kak 1nokasbiBaeT mpejiiecTByomee paccyzkienne, duciaa (1) caosa 06-
pPa3yIoT ToJIe. DTO MoJie ODITUPHEee, YeM IT0JIe PAITMOHATBHBIX YHUCEJT, U BKJIIO-
JaeT ero Kak 4dacrtb («mognoses ). Ho, koneuHo, HoBoe mojie MeHee oBImup-
HO, UeM IoJie BeeX neficTBurenbubix uncesn. O6osnatdum deped Fy mose pa-
UOHAJLHBIX 4uces, a depe3 Fy — noje uucen Buga (1). Mol ycranosun
BO3MOKHOCTH ITOCTPOEHNsI KaKJOI'0 UUCJIa U3 «PACIIUPEHHOTro» mojst Fj.
MozKHO ¥ JaJIbIlle PACIIUPSATH ODJACTH UHCENI, JOIIYCKAIOIMINX HOCTPOEHHE,
HAIIPIMeD, TAKIM 00pa30M: BeIbepeM |nciIo u3 moutst Fy, ckaxeM k= 1 4+ v/2,
U, W3BJIEKAsl W3 HEro KOPEeHb, MOJIYIUM HOBOE JIOIYCKAIOIIee MMOCTPOEHUE

YUCJIO
V1+V2=

D10 YmcsI0, B CBOIO 04epeb, opoxaaer (§ 1) mose, cocrosiiiee u3 Beex

quces BUIA
p+qVk, (2)

TJie P U ¢ Telephb yKe dncyia u3 nojd Fi, T.e. Bujga a + b2, tie a, b u3 Fy,
T. €. palfuoHaJILHBIE.

VYupaxkuenune. [Ipencraspre unciaa
1 1
e VIV (1+\/E)-(27\/E)<«/§+ﬁ>

3
VB S (VR? -3’ 1+ 3k

B dopme (2).
Bce 911 uncsia 6bUIM OCTPOEHBI B IPEJIIONOKEHAN, YTO [EPBOHAYAIBHO ObLI

3aJaH TOJIBKO OJUH OTPe30K. Eciam 3a7aHO 1Ba OTpe3Ka, TO ONWH M3 HUX MOXKHO
NPUHSATH 33 equHUYIHbIN. [Ipeamosoxkmm, 9T0 BTOPOit OTPE30K BBHIPAYKAETCH Uepe3
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epBbIil B BHUze 4ncia o. Torma MoXKHO mocTpouTh mnosie (G, cocrosiinee U3 BCEX

qyuceJs BUJIA 1
amd™ + am_1a™ " + ...+ a1+ ag

bra™ + by 1™t 4+ bia+ bo
rae ag, ..., Gm 4 bo, ..., by — paroHaNIbHBIE, & M U N — IPOU3BOJILHBIE IEJIbIE
TIOJIOYKUATEJIbHBIE YUCIA.

Vpaxkuenane. Cuurast 33JaHHBIMA OTPE3KHU 1 U 0, BBIIIOJHUTE IIOCTPOEHUS
J1JIsT
1+a 0(3
1—a’ ’

1+oc+oc2,

Bynem ncxonurs Teneps u3 60s1ee 0OIIEr0 TPEIIOI0KEHS, YTO MbI yMe-
€M CTPOUTBH BCE YHCJ/Ia HEKOTOPOI'O YHCJIOBOTO mnojs F. Ybemumcs, 910 npu-
MeHenue 00nol aunetry ne sveedem nac 3a npedeav, noas F. YpaBHenue
MPsIMO#A, TIPOXOJISINEN Yepe3 JiBe TOYKU C KOODIUHATAMU G, by U as, by u3
nong F, umeer sun (b, — b))z + (as — a1)y + (@16, — azby) =0 (em. erp. 515
u jagee); K03 OUIUEHThI B 9TOM yPABHEHUY PAIMOHATIBHO 3aBUCST OT IUCEJT
u3 nosia F' u, cmemoBarennbHo, camu npuHaexkar moaio F. Jlanee, ecan y
Hac uMeroTcst jBe npsiMele ax + By +yv =0 u o'z + 'y + v =0 ¢ koapdpu-
nueHTamMu u3 F', TO KOOpJMHATBHI TOYKH [E€PECEUeHMUs], Oy YAIOIINEcs IPU
peIlleHN CUCTEeMBI STUX YPABHEHUH, CyTh

’ / !/ ’
g YB =By N
of’ — o’ of — o
Tak Kak m OHH TOXKE€ SABJIAIOTCS dUCIaMHU U3 F', TO SICHO, ITO MpUMEHEHHE
OJTHOM TOJILKO JIMHEHKHU He BBIBEJIET HAC 3a TIpeiesbl F.

Viopaxkuenue. Ipavbie 4+ 2y — 1 =0, 22 — y + v/2 = 0 umeor ko3¢-
dunuents!, npuHaexanme 1oy (1). Beraucaure K03(POUINEHTHI TOYKH UX
IepecedeHust W IpoBephbTe, uTo OHM Takxke Buma (1); coexmmure Touku (1, v/2)
u(v2,1— \/i) npsiMoit JimHueR ax + by + ¢ = 0 u mpoBepbTe, ITO KOIPDUIIIEH-
THI a, b, ¢ umetor Buz (1). To xe caeniite 0 OTHOMIEHMIO K NOJIO (2) JJIsT IPSMBIX

Vi+vV2z+v2y=1, (1+V2)x—y=1-V1+v2
1 JIJIs1 TOYEeK

V2, -1), (1+V2, V1++2).

Ho ¢ momorpio nmupKy/ist MOXKHO BBIOpPAThCs 3a mpejenbl mnousa F. Jlas
1001 1/ BBIGepeM B moste F Taxoe €mncio k, uro uncio Vk yxe He Gymer
npusayexkars F. Yucio vk MOXKHO IIOCTPOUTE ¢ HOMOIIBIO IIPKYJIS, TAK
JKe KaK U BCe JIUC/Ia BHUJIA

a+ bVE, (3)

rue a, b— mponsBosbHble uncaa u3 F. CyMMa I pa3sHOCTD ABYX TaKHX GHCEJI
a+WWk u c+dVk,
UX IIPOU3BEICHUE

(a+ bVE)(c+ dVk) = (ac + kbd) + (ad — be)Vk
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1 UX OTHOIIICHUHE

a+bvVk  (a+bVk)(c—dVk) ac— kbd bc—ad\f

c+dvk c? — kd? - k:al2 kd?

— croBa uncya Buga p + ¢Vk, rae p u ¢ npunagexar F. (3namenaTens ¢ —
— kd? ne obpalmaercs B Hy/b, TaK KaK ¢ U d OJHOBPEMEHHO He 06paIliaioTcs

B HyJIb: MHAYE MBI HOJTYYHan 661 Vk = %,
uro vk He npuHajuiexkur F.) Vrtak, MHOXKeCTBO 4ucea BHJIA a + Wk o6-
pasyer uekoropoe mojie F'. Ilone F' Bkiouaer mojie F Kak <«IIOZIOJE»
(mocrarouno nosoxuth b = 0). Bynem naspiBath F’ «paciimpeHHbIM» II0JIEM.

B kadecTBe mpuMepa paccMoTpuM moje F umcen Buma a + by/2, rue a,
b parmonaibHbe: BosbMeM k = /2. Torma umcsa pacimpenHoro mousi F’
HMEOT BHI P + ¢Vv/2, e p u ¢ npuHaexar F, p=a + bV/2, ¢ =da’ +
b2, aancna a, b, o, b’ — panmonasbusie. Beskoe wncsio u3 F/ MoxkeT GbITH
3aIUCAHO B 3TOH (bopMme, HATTpUMED,

1 V22 _V2-V2_ V2 V2
V2+ V2 (V2+V2)(V2-V2)  2-v2  2-Vv2 2-42
= PREVD RV v - (14 1v2) 2
_ 2 :

4-2 4

9TO MPOTUBOPEYUT JOIYIIEHUIO,

Vopaxkuenue. ITycrs F ecrs mose p+ gy 2 +v/2 , e p, ¢ — Buga a + byv/2,
1+V2++2
2-3V2+V2

Mpr y6eanimch, 9T0, OTIPABJISSICH OT HEKOTOPOro mojs F' amcest, momyc-
KaIOINX MMOCTPOEHNE, W BLIOPAB MPOU3BOIBLHOE TUCIO0 Kk M3 9TOTO TOJISA, MbI
MOZKEM C TIOMOIIbIO IUPKYJIS U JIMHEMKU IIOCTPOUTDH YUCJIO \/E7 a 3HAYUT, U
Bee uncia suna a + bv'k, rae a, b npunagexar F.

[Tokazkem Terepb, 0OPATHO, 9TO, MOJB3YSCh TOJIBKO IUPKYJIEM, MBI MO-
ZKeM TTOJTy IUTh YUCTIA MOoAbKO YKA3aHHOTO BrIa. B caMoM feie, B pe3yIbTaTre

a 9ucjia a, b paloHaJIbHbIE. Hpe,ﬂ\CTaBbTe B TaKOM 2Ke€ BHU/JIEC.

OJJHOKPATHOI'O IIPUMEHEHNA NUPKYJd MOXKHO CJ1eJ1aTh TOJIbKO OJTHO U3 JIBYX:
WIX HalTU TOYKY IlepecedeHus] OKPY2KHOCTU W IIPAMON, WU HAUTU TOYKY
[epeceveHnsl JBYX OKDYKHOCTeil (TO M Jpyroe PaBHOCUJIBHO IIOCTPOEHUIO
KOOpIHMHAT TOUKH Hepecedenus). OxpyzkuocTh ¢ mentpoM (&, 1) u panu-
ycom 1 mmeer ypasuenne (z — &) + (y — n)? = r?; nosromy, ecam &, n, 7
npuHaIeXkaT F'; To ypaBHeHNE OKPY?KHOCTH, 3allNCAaHHOE B BUJIE

z® +y® + 20 + 2By + v =0,

Oyner uMmeTh KodbdurmenTs! o, 3, v, npuHasexamue Takxke F. Ilpsvas
JIMHU S

ax +by+c=0,
COEJIMHSIOIIAsT JIBE TOYKHU ¢ KoopamHaTtamu F', nmeer Takke Ko3(hdUIMEHTHI
u3 F (cum. crp. 150). Uckiouas y u3 9TuxX JBYX YPaBHEHUI, MbI [IOJIy4aeM
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JI7IST KOODIMHATHI & TOUKH TepecedeHns] OKPYKHOCTH U IMIPAMOH KBaIpaTHOE
ypaBHeHIe BHUIa

Az + By+C=0
¢ koadpdurmenramun A, B, C u3s F (umenno, A = o>+ b? B = 2(ac +
b2a — abB), C' = c® — 2bcf3 + b?y). Pemmenne gaercsa Gpopmyiioi

_B+VB? —4AC
= 24 ’

KoTopas uMeer Bug, p + gv'k, rae p, ¢, k npunagaexkar F. Taxas ke dop-
MyJla TIOJIydaeTcsd U JIJ1d KOOPJAUHATHI Y TOYKHU IlepecedeHus.
C Jpyroit CTOPOHBI, €CJIN PEYb UJET O JIBYX OKPYKHOCTSIX

z® 4+ y° + 202 + 2By + v =0,
2 +y?+ 200+ 28y + v =0,
TO, BBIYUTAS OJJHO yDPABHEHHUE U3 JIPYTOTO, MBI [OJTy UM JIMHEHHOe YpaBHEHNe

(@—a)z+@E-Fy+-v)=0
KOTOpPOE MOXKHO PEIATh COBMECTHO C OJIHUM M3 yPABHEHUII IBYX OKPYKHO-
cTei.

B 06oux cirydasix mocrpoeHue jgaer Ham 06e KOOPIAUHATHI OHON WJIH JIBYX
HOBBIX TOYEK, ¥ STH HOBBIE BEJMYHHBI UMEIOT BUJ P 4+ ¢\ k, npudem p, ¢, k
npunaieskar F. B uacrioctn, vk MOXKeT caM OKA3aThCsl IIPHHAJIEKA-
muMm F', nanpumep, eciu k = 4. Ho, Boobiie roBops, sToro ne Oymer.

ynpa)KHeHne. PaCCMOTpI/IM OKPY2>KHOCTb C II€EHTPOM B HavaJie KOOpJAUHaT U

1

3 0), (4v/2,v/2). Onpenenure
noste F'| opoxkiaeMoe TOYKaMy MepecevdeHnst OKpyKHOCTH U npsimoii. Crenaiite
TO »Ke 0 OTHOMNIEHUIO K TOYKaM IepecedeHus JaHHOM OKPYXKHOCTH C OKPYIKHO-

pagIycoM 2v/2 U mpAMYIO, COSIMHSIONIYI0 TOYKH (

CTBIO, Y KOTOPOU pajanyc paBeH g, a nenrp ecrs (0, 2\/5)

[Momsenem eme pas uroru. OTHPaBIsisiChb OT HEKOTOPBIX 3aJ[aHHBIX BEJIU-
quH (OTPE3KOB MJIU YHCEJI), ¢ MOMOIIBIO OJHON TOJIBKO JITHEHKU MbI MOXKEM
IIOCTPOUTDH BCE BEJUYUHBI W3 MOJsA F', MOPOXKIAEMOIrO IJAHHBIMUA BEJIMYIU-
HAMH C [OMOINBIO PAIMOHAJILHBIX OIEPAINil, HO He BBIHJIEM 3a IIPEJIeIb
9TOro 1oJIsA. BOCIOIB30BaABIIMCH IUPKYJIEM, MBI PACIIAPSIEM I0JI€ BEJIMIHH,
JIOIYCKAIOIINX IIOCTPOEHMe, W IOJIydyaeM HOBOe paciiupeHHoe mojie F’) co-
crosimee u3 uncen suaa a + bv'k, rae a, b, k npunamiexxar F. Homne F ectsb
noamnosie nosist F': Beskoe wmeno u3 Fompunaagiexkur Takxke F') Tak Kak
B dopmyne a + bvk Moo monoxuTs b = 0. (Ilpepnomnaraercs, 9To VE
€CcTb HOBOE YHUCJIO, He NpuHaJiexaiee F'; unade F' cosuaso 6v1 ¢ F'.) Mbr
yOemInch, ITO B Pe3ysbraTe KasKIOro reOMeTPUIECKOro MOCTpoeHus (T. e.
[IPOBEJIEHNS TIPSIMOIT Yepes JIBe M3BECTHBIE TOUYKW; IIPOBE/IEHUsI OKPY?KHOCTH,
VMEOIEil M3BECTHBIN IEHTP U U3BECTHBIN PAIIYC; HAXO0XK ICHUS [I€PECEICHUsT
JIByX U3BECTHBIX IPAMBIX UJIM OKPYKHOCTEH) WM HOJIy9arOTCsd BEJIUIUHBI,
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[IPpUHAJJIEXKAIINE TEPBOHAYAILHOMY IIOJII0, UJIN YK€, IIPU IIOCTPOSHUH KBA/I-
PaTHOTO KOPHs, OTKPBIBAETCSI HOBOE, PACIINPEHHOE I10JI€ BEJINYNH, JI0IIYyCKa-
FOIIUX IIOCTPOEHNE.

M1 Teriepb B COCTOSTHUM TOYHO OXaPAKTEPU30BaTh COBOKYITHOCTH BCEX Be-
JIMYWH, JOITyCKAIOMIUX IOCTPOEHUE C TIOMOIIBIO TOJBKO IIUPKYJIs U JIUHEHKH.
Bynem ncxomnts n3 HeKOTOpOro moJist Fyy, OpeiesieMoro Be TN InHAME, BXO-
JSAIAMA B YCJIOBUE 33J[a41; HAIIPUMED, 3TO OYIET I0Jie PAI[MOHATIBHBIX TH-
ceJI, eCJIU 3aJIaH TOJILKO OJIUH OTPE30K, BBIOMPAEMbIil B KA4eCTBE €IMHUIHOTO.
Ianee, «mpucoeuHss» K nomo seuauny ko, (re ko npunaiexur Fy,
1o v/ky eMy He MPUHA/JIEZKUT), CTPOUM HOBOE Tiojie Iy |ucest, J10TyCKalommx
ocrpoenne Buga ag + bov'ko, THE ag, by mpuHamIexkar Fy. Eme gasbine,
nocpesicTBoM <«rpucoeunenns» vk, (rae ky npunagtexur Fy, wo vk, me
NIPUHAJJIEXKHT), TIoJTydaeTcss HoBoe Toste Fy uucen suga a, + byvky, tie a,
u b, npunayiexkar Fi. Iloropsiss 3Ty mporieaypy, IpUXoIuM BOOOIE K 10~
Jiro F,, Iocjie «IIpucoeinHeHusi» N KBaIPATHBIX KOpHEX. C' nomMouwbro moavko
YUPKYAA U AUHETKU JONYCKAIOM NOCMPoEHUE ME U MOALKO e YUCAG, KO-
MOPBLE NOCAE KOHEUHO20 YUCAG <«NMPUCOCOUHEHUTTS ONUCAHHO20 BHLUE MUNG
8KAI0UAI0MCA 6 pacuwuperroe nose F,, . Hucao n HeoOXOIUMbBIX «ITPUCOETNHEe-
HUli» He UMeeT 0COOEHHO DOJIBIIIOIO 3HAYEHNST; HO OHO JI0 HEKOTOPOU CTelleHn
XapaKTepu3yeT, HACKOJIBKO CJIOZKHA, paccMaTpuBaeMasl mpobJieMa.

WnnroctpupyeM ONmMCcaHHYO MPOIELYPY CJIEIyIONuM mpumepoM. HyxkHo

HOCTpOI/ITI) YUuCJI10
\/6+\/\/\/1+\@+\/§+5.

[Iycts Fy, — mosne pamumonasbHbix umces. [lomaras ko, = 2, mosydaem mo-
ne Fy, conepxkarree wucao 1 + V2. Bosbmewm 3areM k; =1+ 2 u ky = 3.
Yucno 3 comepKuTcs yKe B HAYAJIbLHOM IMoJsie Fj, 3HAYUT, U I[OJABHO B
nojie Fy, Tak 9ro mosioxkuTh ks = 3 BHOJIHE jomycTuMo. [loToM BO3bMEM

ks =1+ V2 +43 u, HakoHen, ks = \/ Vv 1+ V2 +3 +5. ITorygennoe
mocje 3Toro moje Fy yKe comep:KUT MHTEpeCcylolnee Hac JUCI0, TaK KakK
V6 B Hem COIICPZKATCA: NEUCTBATEIBHO, V2 u \/3, a CJIe[0BaTeJIbHO, U UX
pou3BeieHne, cojaepkarca yxke B Fi, 3nadut, n momasuHo — B Fj.

Vnpaxkueune. OTIpPaBIsAsACh OT PAIMOHAJIBLHOTO TOJIsI, TIPOBEPBTE, YTO CTO-
pOHa HPaBUJILHOrO 2™-yrosbHuUKa (CM. cTp. 145) momyckaer nocrpoenue (n=m —
1). IIpocienure 3a TeM, KAKOBa IIOCJIEOBATEILHOCTD [OCTEIIEHHO PACIIUPSIEMBIX
noJieit. CresaiiTe TO »Ke caMoe C IUCTIAMUA

V5 + V11
1 2 3 5 —_
V1+v2+V3+ 5, Y L

(\/2—1—\/5) Vi vV1+Ver o+ Vi vh
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2. Bce uywmcia, momyckaromiue mnocrpoeHmne — anredbpandeckue. Eciu
HauasbHoe 110j1e Fy ecTh panuoHaibHoe 1oJe (II0POXK1aeMoe €UHCTBEHHBIM OTPe3-
KOM), TO BCE IHCJIA, JAOIYCKAIONAE TOCTPOCHHUE, TPUHAJIEXKAT K IUCITy anrebpan-
geckux. (Onpeesenne agrebpandecknx duces 6pLI0 gaHo Ha crp. 123.) VMmenHo,
qucia 1mojist F sIBJISIFOTCS KOPHSIMU KBaJIPaTHBIX ypaBHEHWIA, ducjia mojs Fh —
KOPHSIMU yPaBHEHUII 4eTBepTOil cTemeHu, W BOOOIIEe, unciaa mosst Fj — xKopHsaMmu
ypaBHeHU# creneHn 2k ¢ panuoHaJbHBIMEU Kodddunmenramu. JokakeM 3To cHa-

vana [uist noist Fy, mpudeM HadHeM ¢ npuMepa. Ilyers @ = /2 + /3 4+ V2. Mu
momygaem (z —v2)2=3+2, 224+ 2 — 22z =3+ V2, wm 22 — 1 = vV2(2x +
1) — xBagparnoe ypasuenue ¢ xodddunmentamu u3 Fi. Bossenenune B KBajpar
MIPUBOJIUT K YPaBHEHUIO
(x® —1)* =202z +1)°
YeTBEPTON CTENEHN C PAIMOHAJIBHBIMEA KO3 PUITEHTAMY.
B obmem cityaae sroboe uncito nosnst Fr numeer BUT

r=p+qVw, (4)
TJe p, ¢, W IPUHAIJIEXKAT NOJI0 Fi 1, 3HAIHT, UMEIOT BUA p = a + b\/s, ¢ = ¢ + d\/s,
w=e+ f\/s,tne a, b, ¢, d, e, f, s — panuonaysbHble nciaa. U3 pasencrsa (4) Mbl
ToJTyJaem

2 2 2
x" = 2pr +p° =qw,

npudeM Bce KoahbUIMEHTH HpUHAAJIEXKAT HoTI0 Fj, HOPOXKIaeMOMY BeJIMYH-
Hoit /s. [losTOoMy mocJieiHee PABEHCTBO MOXKHO IIE€PEIUCATh B BUJIE

2 +ux +v=1/s(rz+1),
rae koaddunnenTst 1, s, t, u, v — paruoHaJbHbIe. Bo3BOAA B KBaJpart, HOJIy<INM
YPaBHEHHE YeTBEPTO CTEreHn

(2® + uz 4+ v)° = s(rz + t)° (5)
C palroHaJbHBIMU KO3 PUIMEHTAMU, KaK U TPebOBaIOCh.

VYupakuenus. 1) Ilocrpoiite ypaBHEHHs ¢ panuoHAIBHBIME K0dbduimen-
TaMU JIJTsT IUCET
24v3, 6) z=v2+3, B) o=t .
V543

2) IMocrpoiite TakuM ke 06pa30M ypaBHEHHsI BOCBMOI CTEIIEHN JJIsl IHCel

a) z=1\/2+V24+Vv2, 6 z=VvV2+V1+V3,
B) z=1+1/5+V3+ V2.

YT006b! 3aKOHYIUTD JI0KA3aTEILCTBO TEOPEMBI B OOIIEM CJIydae, KOTJa & IPUHAI-
JieskuT 1oJiio Fj, ¢ mpon3BOIbHBIM MHIEKCOM k, JIOCTATOYHO yCTAHOBHUTD, KaK BBIIIIE,
9TO T Y0BJIETBOPSIET KBaJIPATHOMY YPABHEHUIO ¢ KoddduimenraMu u3 moJrst Fj_q.
3areM, OBTOPsIs NPOIEAYPY JOKA3ATEIbCTBA, YOEXK IaeMCsl, 9TO & YI0BJIETBOPSIET
ypaBHeHHIO cTenenn 22 = 4 ¢ koadpdunuentamMu u3s moyusa Fy_o, U T. 1.

a)

VYuparkueHue. 3akoHuuTe 310 00IIEe JOKA3ATEIbCTBO, IIPUMEHsIsi METO, Ma~
TeMaTH9eCKOH WHIYKIIMT: JIOKAYKUTE, YTO T y/IOBJIETBOPAET ypaBHEHHUIO cTerneHn 2
¢ koabdunmentamu u3 mosst Fi_;, 0 <! < k. Ilpu | = k monydaercss okoHIATETH-
HBIA pe3yJIbTaT.
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§ 3. HepaspemmumocTb Tpex KJacCUYeCKHX npodJieMm

1. YaBoeHue kKy6a. Tenepb MbI yKe JOCTATOYHO MOATOTOBJIEHBI K UC-
CJIEJIOBAHUIO U3BECTHBIX €I C JPEBHOCTH MPOOJIEM TPUCEKIUH YIJIa, YIBOEe-
HUs KyDa U IOCTPOEHMUSs IIPABUIBHOIO CEMUYTOJIbHUKA. PaccMOTpuM Ipexk ie
BCero 1podseMy yIABOeHHsI Kyoa.

Ecin mamubiii kyd6 nmeer pebpo, paBHOE equHUIE, ero o0beM Oymer pa-
BeH KyOWdecKoil equnniie; Tpedbyercst HaiiTu pebpo x Kyba, 00beM KOTOPOTO
BBOe OoutbItie. Tak, mCKOMOe pedpo y/I0BIETBOPSIET IIPOCTOMY KYOUIeCKOMY
YPABHEHUIO s

x> —2=0. (1)

Hame mokazaresbCTBO HEBO3MOXKHOCTH TOCTPOEHHUS 9YHUCJIA T C IIOMO-
MBIO0 TOJBKO IUPKYJIS W JIMHEHKH OyJIeT HOCUTH «KOCBEHHBI» XapakTep.
HomycTuMm, ITO TaKoe IMTOCTPOEHNEe BO3MOXKHO. T0Tr/1a, COTVIaCHO IOy YeHHBIM
BBIIIIE PE3yJIbTaTaM, YUCJIO T JOJIZKHO IIPUHAJIEXKATh HEKOTOpOMY oJto F |
MTOJIy9eHHOMY TaK, KaK ObLIO 00bsICHEHO PaHbIIe, — U3 PAIMOHAJIHLHOTO TIOJIsT
IIOCPEJICTBOM IOCJIEIOBATEILHOTO «IIPUCOEINHEHNs > KBAJIPATHBIX KOPHEH.
Mpr ceifuac yb6euMcst B TOM, 9TO TAKOE JOIYIIEeHNe TIPUBEJIET K TPOTUBOPEe-
IHIO.

Mps1 y2ke 3HAaeM, YTO YKCJIO T He MOYKET IIPUHAJJIEXKATH PAI[HOHAJLHOMY
noso Fy, Tak Kak V/2 ecTh UHC/IO HppaIoHaIbHOe (CM. yrpaskHenne 1 Ha
crp. 80). 3HauuT, UpPUIETCA JOIYCTUTH, YTO OHO MPUHAJJIEKUT OJHOMY K3
pacImupenHbix noJeit Fy, rae k — 1esoe moJoKUTeNbHOe 9ucao. Mbl nmeem
[IPABO JIOMYCTUTD, 9TO k €CTh HANMEHBIIIEE M3 TAKUX MEJIbIX TUCE, T. €. ITO &
npuHaIexkuT Fj, HO He npuHajeXkar F_;. DTo 3HAYUT, YTO T MMeeT BH]L

r=p+qJ/w,

rjue p, ¢ ¥ w IPUHAIEKAT KAKOMY-TO MO0 F)_1, HO /W eMy He IpHHAJ-
sexxuT. OCHOBBIBAsACH, JaJjee, Ha JOBOJLHO IPOCTOM aIrebpamdecKoM pac-
cyxjieHnn (NoJoOHbIE PACCY2K/ICHUS TPUXOUTCS IPUMEHATE HEPEJIKO), MBI
ybemmmest, aTo ecam p + ¢/w ecTh pemenne ypasHenust (1), To y =p — ¢/w
ecTh TaKzKe ero perrenne. Tak Kak & IPUHAIICKUT momro Fy, 1o 2° u 23 — 2
TOKe MpHUHAJJIekKAT F), U, 3HAYNT,

7* —2=a+ byw, (2)

rie a u b npunagnexar Fy,_;. Herpyano nogcanrars, 9to a = p* + 3pgiw —
2, b= 3p?q + ¢*w. Ecau nosoxnm

y=p—qJw,

TO Cpal3dy BUJJIHO, 9TO

Yy —2=a— byw. (29
Tax Kak Mbl IIPEINOJIOKIIN, YTO & €CTh KOpeHb ypasuenus (1), To

a+ byw=0. (3)
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Ho u3 nocisiennero paBeHcTBa cjelyer (3TO OCHOBHON MOMEHT DAaCCyzKJIle-

nus!), uro oba uncsia a u b paBubl Hymmo. leiicrBuresnbho, eciu 661 b GbL10
a

b )
THBOPEYUT JOMYIIEHUIO, ITO /W HE MPUHAIEKUT oo Fy,_,. Urtax, b =0,
u Torga u3 (3) caexyer, uro a = 0. Ho pa3 mbl ycranosusu, uro a = b =0,
TO y»Ke M3 paBeHCTBa (2') HEMEIEHHO BBITEKAET, UTO Y = P — ¢1/W €CTh
perierne ypasHenust (1), taxk kak y* — 2 = 0. Hanee y # z, r.e. © — y # 0, Tax
KaK 9UCI0 T — Y = 2¢+/w MOIO Obl 00palaThCsa B HyJIb TOJIBKO 1pu q = 0,
a B 3TOM CJIydae T = p IPUHAJIEKATIO OBl 00 Fj_;, 9€ro Mbl HE IIPEJIIo-
JIArAJIN.

MBI yCcTaHOBIIIH, 9TO €CJIU T = P + ¢1/W €CTh KOPeHb KyOUIEeCKOTO ypaB-
uerust (1), T0 y =p — ¢/w ecTh APYTOW, HE PABHBII €My, KODEHb TOrO ¥Ke
ypasHeHusa. Ho 9T0 HeMeIJIEHHO NPUBOIAT K IIPOTHUBOPEUHIO: Y = D — /W
€CThb, OUEBHJIHO, JEHCTBUTENbHOE THC/I0, TAK KaK TUCHIA P, ¢, /W JeHCTBU-
TeJIbHBbIE, ypaBHenue ke (1) umeer TOJIBKO OJUH JEHCTBUTEIbHbI KOPEHb, a
J1Ba — MHUMBIX (cM. cTp. 119).

Hame nepsoHavasbHOe JOMYINEHNE IPUBEIO K MPOTUBOPEUNIO, 3HAUUT,
OHO OIHUOOYHO; TTO9TOMY KOPeHb ypabHeHUs! (1) He MOXKeT NpHHAJJIEKATH
nukakoMmy 1oiio Fy. Urtak, yasoenue Kyba ¢ MOMOIIBIO TOJBKO IUPKY/IA U
JIMHEHKN HEeBO3MOXKHO.

OTJIMYHO OT HyJIsi, TO U3 (3) MOIy4nsIoch Obl PABEHCTBO /W = ——, 9TO IPO-

2. OgHa Teopema O KyOMYECKHX ypPaBHEHUSIX. 3aKJIOUUTEIbHA
YaCTh TOJIBKO YTO IPUBEIECHHOIO aJIre0pPamdecKoro PacCyKIeHus ObLIa IPH-
CHoCO0IeHA K CIIEIMAJIBHOMY YPABHEHMIO, KOTOPBIM MBI 3aHHMAJHCh. Ho
€c/Ii MBI XOTHM HCCJIE0BATH JIBE IPYTHe IPOOJIEMBI APEBHOCTH, TO Keja-
TeJIbHO OCHOBBIBATHCS HA HEKOTOPOiT TeopeMe 0b1ero xapaxkrepa. C anrebpa-
WYIECKOU TOUKHU 3PEHUsT BCE TPHU IPODJIEMBI CBSI3aHBI C PEIIEHIEM KyDOUTIeCKOro
ypaBHeHus. OTIMYHO H3BECTHO, YTO €CJIH X1, Lo, L3 — TPU KOPHA KyOUIecKo-
TO ypaBHEHUsI

2>+ a2’ +bz+c=0, (4)
TO OHHU CBSI3aHBI MeXK/Iy COOOH COOTHONIEHHEM
T+ T+ x3=—a. "’ (5)

Paccmorpum kybudeckoe ypasuernue (4), B KoropoMm KoabUIuenTst a, b, ¢
MyCTh OYIyT PAIMOHAJIBHBIMEU ducJIaMu. MoxKeT, KOHEIHO, CIYIUThCS, 9TO
L Muorounen 23 + az? + bz + ¢ MOMXKHO TpPEJCTABUTL B BUJE IPOUSBEJICHUS TPEX
muoxkureneit (z — x1)(z — z2)(z — x3), rOe w1, T2, *3 — KOpHU ypaBHeHus (4)
(em. crp. 122). OTcrona ciieyer TOXKIECTBO

B4+ az2+bz+c=2%— (1 + 22 + :E3)Z2 + (z122 + T23 + T123)2 — T1T2T3,

U TaK Kak KO3(M@MUIMEHTHI NIPU OJIMHAKOBBIX CTEIEHSIX JOJIXKHBI ObITh PABHBI MEXKLY
coboii, To

—a=x1 +x2+x3, b==x172+ X203 +2x123, Cc=—x1T2x3. — Ilpum. peo.
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O/IH W3 KOPHEHl yPAaBHEHUS €CTh PAIMOHAJILHOE YHCJIO: HAIPUMED, yDaBHEe-
nue z° — 1 = 0 uMeer oJuH KOpeHb 1 — pallMOHAJLHBIH, TOr/Ia KaK JBa JIpy-
I'UX, YJOBJIETBOPSIOIMUX KBaJpaTHOMY ypaBHeHuto 2 + x + 1 =0, — mHu-
mble. Ho MBI ceifgac JIoKaXXeM Takyl ODIILYI0 TeOpeMy: ecau Kybuueckoe
YPABHEHUE C PAUUOHAADHHMY KOIPHUUUEHMAMY HE UMEEM PLUUOHAALHBILT
Kophetl, mo Hu 00uH U3 e20 Kophetll He Modcem 6vms NOCMPOeH ¢ NOMOULBIO
YUPKYAA U AUHETKY, UCTOOA U3 PAUUOHAALHO20 NoAs Fy.

HoxkazaTenbcTBo Oy/ieM BecTH, KaK paHbllie, KOCBEHHBIM MeTosioM. Jlory-
CTHM, 9TO YUCJIO &, SBJISTIONIEeCs: KODHEM ypaBHeHust (4), JI0IMyCcKaeT mocTpo-
enne. Torma x TO/KHO MPUHAJIE)KATH HEKOTOPOMY OO F},, ocaeHeMy B
[IeTH TTIOCTETEHHO pacmupsaeMbIX moneit Ly, Fy, ..., Fj.

Mp1, KaK paHbIlle, IMEEM IPABO JAOIIYCTUTH, YTO HUKAKON KOPEHb ypaBHe-
Hust (4) He npuHAeKUT oo Fy,_ 1. (Uro k He ecThb HysIb, CIIeIyeT KakK pa3
U3 yCJIOBHs TEOPEMBI: T He MOXKET ObITh PalMOHAJbHBIM 9ucjoM.) VTak, x
MOXKeT OBITH 3aIUCAHO B BUJE

r=p+qJw,

pu4eM p, ¢, W IPUHAJJIEXKAT o0 Fy,_ 1, HO y/w He nmpunamiexxut Fj,_;. Ta-
KOE€ K€ CaMOe PacCyzK/ieHne, Kakoe ObLIO IIPOBEIEHO B IIPEIBIAYIIEM IYHKTE,
IIPUBOJUT K 3aKJIIOYEHHUIO, YTO YUCJIO

y=p—qJw,

TaK>Ke NpuHaJexkaliee Fy, siBisiercst KopHeM ypasHeHust (4). Mbl Bugnm,
KakK pambIie, 910 ¢ 7 0; 3Ha9uT, T 7 Y.

U3 paBencrsa (5) Mbl Telepb 3aKJIOYaeM, 9TO TPETH KOPEHb ypaBHe-
nug (4) naerca dopmysoit w = —a — x — y. Ho tak kak x + y = 2p, 7o,
SHAYUT,

u=—a—2p.

Pagukas 1/w 31ech Ucues3, Tak 9TO OKA3BIBAETCs, UTO U IPUHAJJICKUT I10-
g0 Fj,_ . DTO MPOTUBOPEUNT CACTAHHOMY JOIYIIEHNIO, COTJIACHO KOTOPOMY K
€CTh HaWMeHBIee IIeJI0e YHUCIO0 TaKoe, UYTO HeKoTopoe moJie F) comep:kuT
kopenb ypasHenus (4). Ilpugercst orBepruyTh clejaHHoe JOIYyIIEHUe, Pa3
OHO IIPUBEJIO K IIPOTUBOPEYNIO, U IIPU3HATH, YTO HU OJUH U3 KOPHEH ypas-
Henusi (4) He npuHaUIEKUT HUKakomy moro Fj. Teopema jokasana. Ha
OCHOBAHUU 3TOH TEOPEMBI MOXKHO YTBEPXKJATb, 9TO HEKOTOPOE YHCJIO He
MOKET OBITH IIOCTPOEHO C TIOMOIILIO TOTHKO IUPKYJIS U INHEHKH, KaK TOJIHKO
YCTAHOBJIEHO, ITO 3TO YUCJO SBJISETCS KOPHEM KYOHMIECKOTO YPaBHEHUs C
paInnoOHAJIBHBIMU KO DUITMEHTAMH, HE UMEIONIEr0 PaIlnOHAIHLHBIX KOPHEI.

Teneps MBI MOXKEM IMEPEHTH K PACCMOTPEHUIO JBYX IPYTUX IIPOOJIEM
JPEBHOCTH; 3aMETUM, 9TO KayKJias M3 HUX ODJIEKAaeTCd B ajJreOpamdecKyro
dopMy He CTOJb HEMOCPEICTBEHHO, KAK y?Ke PacCMOTpPEHHASI.
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3. Tpucekuusa yruaa. IlokaxkeM, 9TO TpPHUCEKIINA YTJIa C TOMOIIHIO
TOJIBKO IUPKYJId M JIMHEHKH B obwem cayuae HEBO3MOXKHA. KoHedHO,
CYIIECTBYIOT yIJibl, Hampumep yribl B 90° miam B 180°, 1j1s1 KOTOPBIX
TPUCEKIIUS BBINMOJHAETCA. HO MBI JIO/KHBI MOKA3aTh, YTO HE CYIIECTBYET
MIPOTIEYPHl MTOCTPOEHUs], MPUTOMHON IJIs 6CAKO020 yria. 1ak Kak obuwuil
METOJI, OJIZKEH OBIT ObI OTHOCHTHCS KO 6CeM yIJIaM, TO Hallla Ieab OymeT
JOCTUATHYTA, €CJIM MBI YKaXXKeM XOTs Obl OIUH KAKOW-HUOYIb YTOJ, [JIst
KOTOPOT'O TPHUCEKITNS HEBO3MOXKHA. VTak, HeCyIecTBOBaHIe ODIIEro MeTo/1a,
TPHUCEKIMK OYJIeT yCTAHOBJIEHO, €CJIM Mbl YOEIUMCsi, UTO, HAIPUMED, yTOJI
B 60° He MOXKeT OBITH pa3/ie/ieH Ha TPHU PABHBIE YACTU C ITOMOIIBIO TOJIBKO
IUPKYJIA U JIMHEHKH.

Asrebpandeckuil 9KBUBAJEHT PACCMATPUBAEMON MPOOIEMBI MOYXKHO II0-
JIyIUTDH PA3HBIMU CIIOCODAMM; CAMBIN ITPOCTOH CIIOCO0 — CIUTATH, YTO yroJ
3aJ1aH cBouM KocuHycoM: cosB = g. Torna npoGsiema CBOIUTCS K BHIYHCIIE-

HHIO BEJIMHHDBI T = COS . Wurepecyroriue Hac KOCUHYCHI CBSI3aHBI MEXKTY
coboit pocToit TpUroHOMeTpUYecKoii dhopmysioii (cMm. crp. 118)

Ao B 8
cos B = 4 cos 3 3 cos 3

Hpyrumu csioBamu, npobiema rtpuceknuu yria 6 (rakoro, yro cosf = g)
PaBHOCHJIbHA IIOCTPOEHUIO KOPHS KyOU4eCKOro ypaBHEHUs
42° — 32— g=0. (6)
Tak Kak 110 IpebIIyIeMy Mbl IMeeM IIPaBO MOJI0XKUATEL § = 60°, g = cos 60° =
= %, TO ypaBHeHue (6) HpUHUMAET BUIL
82% — 6z = 1. (7)
B cumy Teopembl, [10Ka3aHHOW B UPEIBLAYINEM IIYHKTE, IJIs HAIIEH IeIn

JIOCTATOYHO ITOKa3aTh, YTO 3TO ypaBHEHUE He UMeeT PallOHAJbHBIX KOPHEH.
Tlonoxkum v = 2z; ypaBHeHHE TPUMeET ere 60J1ee TPOCTOM BU/T

v —3v=1. (8)
T

Ecin 6bI CymiecTBOBAIO PAIMOHAIBHOE YHCIIO ¥ = —, YJIOBJIETBOPSIIONIEe 3TO-
S

My ypaBHEHUIO, TJIe 7' U § — LeJible uucia 6e3 obiero Muoxkurens (> 1), To
MBI JIOJIZKHBI ObLIH ObI ©MeTh paBeHcTBO 7° — 3s%r = 53, OTciona cienoBaso
661, aTO Ymcso s* — r(r? — 3s?) AeauTest HA T, U TOTJA MO IUIOCH OBI, 9TO T
U 8 IMEIOT OOIMuil MHOKHUTEb, eCIH TOJILKO T He paBHO £1. CoBepIenHo Taxk
7K€ MBI 3aKJIIOUUHA GBI, 9T0 uucyio r° = s?(s + 3r) menmres Ha s%, a 3TO 3Ha-
4ms10 GBI, 9TO 7" U $§ UMEIOT OOIIHiT MHOKHTE/Ib, eCJId TOJILKO S He paBHo 1.

r
Ho Tak kak 1pobb — 10 IPeIIIoa0KeHNI0 HECOKPATHMA, TO, 3HAYNT, OCTACTCsI
S

3aKJIIOYHUTD, UTO YKCaa U S paBHbl +1, T.e. v = £1. Ho moacrasiss v = +1
u v = —1 B ypasaenue (8), Mbl BUJUM, YTO B 000X CJIydasX ypaBHEHUE He
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yaoBiersopsiercs. Urak, ypasuenue (8), a cieoBaresibno, u ypasaenue (7)
HE MMEIOT PAIMOHAJILHBIX KOPHEH; TeM CaMbIM HEBO3MOMKHOCTH TPHCEKIAN
yIyIa J0Ka3aHa.

Dra Teopema JIOKa3aHa B IPEJIIIOJIOXKEHIH, YTO JIMHEHKA PACCMaTPUBAETCH KaK
WHCTPYMEHT, CJIyKaIllMil JIJIsi IPOBEJIEHUS NPSMOIl 4Yepe3 [Be JaHHBbIE TOYKHU, U
HUKeKX uHave. B camMoMm Jeste, KOrga MBI JaBajid OOIIYIO XapaKTEPUCTUKY UWCEI,
KOTODBIE JIOMYCKAIOT TIOCTPOEHNE, MMEIOCh B BHUJY TOJIBKO TaKOe yIOTpebeHne Jin-
Heliku. Ecii 1omycTuTh WHBIE IPUEMBI TT0JIL30BAHUs JIMHEHKOMN, TO COBOKYITHOCTDH
BBITTOJTHUMBIX ITOCTPOEHUH YPE3BBIYAIHO PACIIUPAETCS. XOPOIINM IPUMEPOM SBJISI-
eTcsl CJIeLY IOV METO] TPUCEKITUY YIJla, yKa3bIBAEMbIl B COUNHEHUAX Apxumesa.

A O

Puc. 36. [Ipuem Tpuceknuu yria, yKazaHHbli ApXumeoM

ITycrs man yrou 2 (puc. 36). [Ipogo/KuM ropu30HTAIBHY IO CTOPOHY YIVIA BJIEBO
¥ 3aTeM IIPOBeJIeM MOJIYKPYT ¢ IieHTpoM O U IPOU3BOJILHBIM pasuycoM 7. Ormernm
Ha camoti aunetixe Takue Touku A u B, aro AB = r. 3arem npuBeieM JIMHEHKY
B Takoe IOoJIOXKeHHe, ITOObI Touka A JinHeiiKu OblLia HA MPOJOJIKEHHON CTOpPOHE
yIya, Todka B Ha IIPOBEIEHHOM IIOJyKpyre M BMeCTe C TeM JIMHeilKa IPOIIIa Obl
Yyepe3 TOUKY IepeceveHrs BTOPOIl CTOPOHBI yIVIa ¢ MOJyKPYroM. B 3ToM moJioxe-
HUU JIMHEHKU IPOBEJAEM 110 Hell MpsSAMYIO JIMHUIO, OOPa3yIOILyIO C IIPOJIOJIXKEHHOM’
CTOPOHOIi JJAHHOT'O yIJIa yIOJI, KOTOPBLIN 0603HAYNM UYepes Y.

VYupaxkuenwne. [lokaxure, 910 Yy = %

4. IlpaBuabHBIl ceMuyroJibHUK. llepeiigem teneps K mpobseme mo-
CTPOEHUS CTOPOHBI X MPABUJIBHOIO CEMUYTOIbLHUKA, BIIUCAHHOTO B €IMHUAY-
eIt Kpyr. [Ipore Bcero crnpaBUTHCS € 3TOM MPOOIEMOit, ecin TPUOETHYThH
K KOMILTEKCHBIM dncsiaM (eM. riasy 11, § 5). Mbl 3HaeM, 94TO BEPIIUHBI IIpa-
BUJIBHOTO CEMUYTOJIbHUKA CJIy?KAT KOPHSIMU yDPaBHEHUsI

2T —1=0, 9)

npuYeM KOOPIMHATHI X, Y Ka¥KJOW BEPIIUHBI SABJISIOTCS JEeHCTBUTEILHON 1
MHMMOMR 4aCTMM KOMILJIEKCHOIO Yncia 2z = & + 4y. O IuH u3 KOpHeii ecThb 2 =
1, a ocTaJIbHBIE YAOBIETBOPSIOT YPABHEHUIO

27T —1

Z_1:26+z5+z4+23+22+z+1:0 (10)
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(cm. crp. 120). Jemst ma 2%, momyuaeM HOBOe ypaBHEHWE
23+i2+z2+i2+z+1+1:0. (11)
z z z
[Ipoctoie anredbpantdeckue MpeodpPa30BAHUS TPUBOIIT €r0 K BUITY
1\3 1 1\2 1
(s + 1) =3(z+5)+(3+5) -2+ (:+5)+1=0. (12)
z z z z
IlosoxxuB Tenepb .
z+ ; =Y,
MBI TIPUXOJIUM OKOHYATETHBHO K YPABHEHUIO TPEThel CTerneHn
vy —2y—1=0. (13)

MEe1 3Ha€eM, 4TO 2z, KOPeHb CeIbMOli CTelleHN U3 eIUHUIIBI, TaeTcst PopMy-
JIoit
z =cos @+ ising, (14)
o

raoe ¢ = T €CTH YTOJI, IOJT KOTOPBIM U3 IIEHTPpa Kpyra BUJIHa CTOPOHa

CEMUYTOJIbHUKA; KPOMe TOro, U3 yIpakHeHus 2 Ha cTp. 118 caeayer, 9To

— =cos¢ — ¢sin¢Q, TaK 4TO
z

y:z—i—%:Qcoscp.

Ecsm MBI cyMeeM IOCTPOUTB Y, TO CyMeeM IMOCTPOUTH U COS ¢, 1 0OpaTHO.
Nrak, pas 6ymer yCTaHOBJIEHO, UYTO BEJIUINHA Y HE MOXKET ObITh IIOCTPOEHA,
TO TEM CAMBIM OYZEeT YCTAHOBJIEHO, YTO HE MOTYT OBITH IIOCTPOEHBI HU BEJIN-
“IHHA COS (P, H BEJIMYIHHA Z; CJIE/IOBATEIHHO, HEBO3MOXKHO Oy/IeT IIOCTPOeHIe
CeEMUYToOJIbHUKA.

Takum 06pa3oM, B CHJIy TEOPEMBI IIYHKTa 2, OCTAeTCs I[OKa3aTh, UTO
ypasuenue (13) He uMeer panmoOHAIBHBIX KOPHEH. DTO TOXKE JOKA3LIBAETCH
KOCBEHHBIM MeTonoM. Jlomycrum, uro ypasuenue (13) umeer panuoHabHbINH
KOpPEHb g, TJIe T U S — IeJible 1nciia 6e3 oommmx MHoKuTe e, B Takom ciryyaae
JIOJIZKHO yJIOBJIETBOPSITHCSI PABEHCTBO

¥ 4 ris — 2rs® — 5% =0 (15)

OTCIOfA SICHO, UTO T° JeJnTCs Ha S, a §° —Ha 7. Tak Kak 7 U § — B3aUMHO
[IPOCTHIE YUCIIA, TO OTCIO/A CJIE/IyeT, YTO KaxK10e u3 HuxX paBHo +1. naqnr,
U Y, €CJIH TOJIBKO 3TO YHCJO PAIMOHAJIBHOE, JIOJ?KHO DPABHATHCA WM +1
umu —1. Ho noxcranoska B ypasuenue (13) nokassisaer, 9to uu +1, uu —1
He ABJIAIOTCS KOPHAMHU ypaBHeHUd. VTaK, HeIb3sd MOCTPOUTH BEJIUYIUHBI Y, a
CJIEJIOBATEIBHO, M CTOPOHBI CEMUYTOTbLHIKA.

5. 3aMmevyaHus 0 HOBOAY KBaApaTypbl Kpyra. CpaBHUTEILHO dJ1e-
MeHTapHbIE METOJIbI [TO3BOJIMJIM HaM JIOBECTU JI0 KOHIIA WCCJIEIOBAHME IIPO-
6s1eM yaBOeHUs Ky0a, TPUCEKIMM YIJIa W IIOCTPOEHUS MPABUJIBHOIO CEMU-
yrosbpauKa. Ho mpobisiema KBagpaTyphbl Kpyra ropaszio CIoXKHee u TpedyeT
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TEXHUKA MATEMATHIECKOrO aHajanm3a. 1akK Kak KPyI PaJlyca I UMeeT ILJIO-
maab %, To mpobJeMa IOCTPOEHUs KBaJipaTa, IJIONa/b KOTOPOro paBHA
IJIOIAM KPYTa ¢ PAJIUYCOM 1, pABHOCUJIBHA MMOCTPOCHUIO YHUCIA /T, PABHO-
r0 CTOPOHE MCKOMOIO KBaJpaTa. TUC/I0 /T JOMyCKAeT MOCTPOCHUE B TOM
U TOJBKO TOM CJIydae, €CJIM JIOIMyCKaeT HmocTpoeHue dmcio n. Vexoms us
JTAHHOW HAMU OOINell XapaKTePUCTUKHU UHCEsI, JIOIMYCKAIONINX IIOCTPOEHUE,
MBI YCTAHOBIWJIA ObI HEPA3PEIINMOCTh MPOOJIEMBI KBAIPATYPLI KPYTa, €CJIH
6])1 IIOKa3aJikd, 9TO T HE COAEPZKUTCA HU B KaKOM IIOJIE Fk7 BO3HUKaIOIIIEM
W3 TOJIST PAIMOHAIBHBIX YHCEN TIOCPEJICTBOM IOC/IEI0BATEILHBIX TPUCOETN-
HEHUIl KBaJpaTHBIX KOpHeil. Tak Kak Bce YuC/Ia, MPUHAIEXKAIIAE TAKUM
TIOJISIM, SIBJITFOTCS aJIreOpanvIecKuMu, T. €. YIOBJIETBOPSIONINMHA ajaredpande-
CKUM yPaBHEHHUAM C IeJIbIMEU KO3(hMUImEeHTAME, TO HEPA3PEIINMOCTh KBA/I-
paTyphl Kpyra 6b11a Obl JI0Ka3aHa, ecjid Obl ObLJIO YCTAHOBJIEHO, UTO YUCJTIO TU
He asrebpanveckoe, a TPAHCIEHEHTHOe (cM. cTp. 124).

Texawdecknii ammapar, HEOOXOIUMBIN JJIsi JOKA3aTEIbCTBA TPAHCIIEH-
JerTHOCTH Yncia T, 6bu1 coznan [Ilapaem Dpmurom (1822-1905), koropbiii
JI0KA3aJI BMECTE C TeM TPAHCIEHIEHTHOCTb 4Yncja e. HecKoJbKO ycoBep-
mencrsoBaB Merox dpmura, D. Jlungeman (B 1882 1.) cymesn Jokazarb
TPAHCIEHIEHTHOCTD YHUCJIa T M TeM CAMBbIM OKOHYATEJIbHO MCUYEPIIA BOIIPOC,
ocTaBaBIIuiicss 0e3 OTBETAa HA MPOTSKEHUU Thicadeernii. JlokazarebecTBo
Jluugemana — BHe Tpee/ioB, HAMEUEHHBIX It 9TOW KHWUTH, XOTS OHO W TIO
IUIeYy yYalleMycs, HECKOJIbKO 3HAKOMOMY C MATEeMATHIECKUM AHAJU30M.

YACTD 2

Pa3zanunblie MeTOAbl BbIITIOJIHEHUA HOCTpOQHI/Iﬁ

§ 4. 'eomeTpuyeckue npeodbpazoBanus. IuBepcus

1. O6mue 3amedanusi. B mHacrosmieil, BTOpOil YacTH ITON TJIABBI
MBI CHCTEMATUYIECKA PACCMOTPUM HEKOTOpbIE OOIHe IIPUHITUIBL, KOTO-
pble MOr'yT OBITh IPHUJIOXKEHBI K KOHCTPYKTHBHBIM IIpobsiemaM. Muorue
u3 3Tux pobjeM 0003peBarOTCs TOpa3/o Jerde, eCcju CMOTPETH Ha HUX
¢ OOIeil TOYKM 3peHnsl «MeOMeTPUIECKUX IpeobpasoBanmii». Bmecto To-
ro 4ToOBl M3ydYaTh OTJEJIHHOE IMMOCTPOEHUE, MBI 3alMeMCsl Cpa3y IEeJIbIM
KJIACCOM TIPOOJIeM, CBSI3aHHBIX MEXKJy COOOH TeMH WM WHBIMU IIPOIIE/Ty-
pamu 1peobpasoBanuii. CriocobHOCTE OpocaThb SIPKHUil CBET Ha CYIIECTBO
Bellleil, MpUCYINasl ujee KJAcCa IeOMEeTPUUYECKUX Ipeo0pa30oBaHmil, HU-
KOMM O0pa30M He OrpaHUYeHA KOHCTPYKTHUBHBIMU IIPOOJEMAMU, HO WMe-
er O/mmkaiflliee OTHOIIEHWE KO BCeil reomerpum B mesoM. B mraBax IV
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pPOJIb T€OMETPUYECKUX I1Peo0pPa30BaHMl B
sroM OoJjiee mmpokoMm aciekre. Iloka ke
/  Mbl IOJIBEPTHEM U3YYEHUIO OJIMH U3 HYacT-
HBIX THUIIOB IIPEOOpa30BaHUl — UHBEPCUIO
NAOCKOCNU OMHOCUMEADHO OKPYIHCHOCTNU,
Sp! IIPEJICTABJISIONTYIO cOD0I 0600IIeHne 0OBIK-
HOBEHHOI'0 3€PKAJIbHOIO OTPaKeHUsI OTHO-

Puc. 37. Orpaxenue TOUKH OT-  cpTeIbHO MPSAMOI JTMHUM.
HOCHTEJTBHO MPAMOH Tosopst o0 mpeobpasosaruu  (0mob-
pagicenuu)  IUIOCKOCTH — CaMOil B ce-
051, MBI WMEeM B BHIY HEKOTOPOE NPABHUJIO, COIOCTABJISIONIEE KaXK-
Joit Touke P TJI0CKOCTH HEKOTOPYIO Jpyryio Touky P’ Toit xe
mwrockoctu. Touka P’ HaseiBaercss obpazom touku P, touka P —
npoobpaszom Touku P’. Ilpocreitmmit mpumep Takoro mpeobpas3o-
BaHUS — 3epkaavroe ompadtcenue (OceBas  CUMMETPHsI)  ILIOCKOCTU
OTHOCUTEJIBHO JTaHHON mpsiMoit jimHun L: TO4-
Ka P 1o omHy cropony L mmeer cBomM 0Opa3oM
TOuKy P’, pacrojioXKeHHYIO 10 JIPYI'YH CTOPO-
Hy L takum o6pazom, 9ro L siBJISIeTCsI TIEPIIeH-
JUKYJASPOM K oTpe3ky PP’ BoccTaB/ieHHBIM U3
ero cepenmubl. IIpeobpazoBanme MOXKET OCTaB-
JIATH HEKOTOPbIE TOYKHU IIJIOCKOCTU HEIIOIBUAK-
HbIMHU; B HallleM IIpuMepe TaKOBbI TOYKN caMoit

npsimoit L.

JanpHeiimyu  ipuMepaMu  IIpeodbpa3oBa-
HUN SABJISIOTCH 8PAULEHUA TIJIOCKOCTH OTHOCH-
TEJIbHO HeNmoJBIKHONW ToukM O, 3aTeM napan-
NEADHBLE NEPEHOCH, TIEPEMEIIAIONTNE KaXKIyIO
TOYKY B JAHHOM HAaIlPpaBJIeHWM Ha OJHO W TO
Ke paccrosaue (310 npeobpa3oBaHue HE UMEET
HENOJBUKHBIX TOYEK), M, HAKOHEIl, B KA4eCTBE HECKOJBbKO 0oJiee OOIIero
npuMepa CJIejlyeT Ha3BaTh 0GUIMCEHUSA TIOCKOCTU, KOTOPBIE MOXKHO IPEI-
CTaBJIATH cebe COCTABJIEHHBIMU U3 BPAIIEHUN U MapAJLIESILHBIX IIEPEHOCOB.

Ho B manHBI MOMEHT HAC MHTEpeCyeT WHO, YaCTHBIN KJiacc Ipeobpaso-
BaHUil, — UMEHHO, UHEEPCUL OTHOCUTEJLHO OKpyKHOCTel. (HOorma nx Ha3bl-
BAIOT KPYTOBBIMU OTPAXKEHUSIMU, BCJIEICTBUE HAJIUIUS MPUOIU3UTEILHOTO
CXOJICTBa € OoTpazkeHueM B cdepudueckoM 3epkadjie.) Ilycrb B HenoaBUKHOMN
IJIOCKOCTHU 3ajlaHa HekoTopast oKpyxkHocTb C' ¢ neaTpoM O (Ha3bIBAEMBIM
UEHMPOM, I NOAOCOM, uHBepcuu) U pamuycoM r. O6pas Touku P ompe-

oP n V Mbl OygeM uMeTh Caydail OIEeHUTH
|
|
|
|
|
T
|
|
|
|
|

Puc. 38. Unsepcusi Toukn
OTHOCHUTEJIbHO OKPY2KHOCTH
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JleJisieTcst Kak Touka P’ jexkarmas na npsimoit O P 1o Ty ke cropony ot O,
qro u P, u Takasi, 910

OP-OP' =r* (1)

U3 sroro onpenesenus ciexyer, uro ecau P’ ecrs obpas P, to u P ectb (B
JIAHHOM TIpeobpazoBanun) 06pa3 P’. 9To maer npaso Ha3bBaTh TOUku P u P’
83aUMHO 06PaMHLMY OTHOCUTETBHO OKpy2KHOcTH C. HBEpCHus mpespaimaer
BHYTPEHHIOIO 00JTACTH OKPYKHOCTH BO BHEITHIOIO, M OOPATHO: B CAMOM JIeJIe,
u3 mepasernctBa OP < r ciemyer uepaserncrBo OP’ > r u, HAIPOTHB, U3
mepaBerctBa OP > r — mepasenctBo OP’ < r. HenoJABMKHBIME TOUYKAME
IJIOCKOCTH SIBJISIFOTCSI TOYKU camMoii okpyzkuocTu C'.

Ipaswio (1) me oupenensier HuKaKoro obpasza mis nearpa O. Ho scuo,
9TO KOTJa JBUXKYyInasicss Touka P mpubimkaercs k O, ee obpaz P’ yxomur
HEOI'PAHUYIEHHO JaJieko. [1o 9Toil mpudnHe WHOT/IA TOBOPSAT, YTO IPU WHBEP-
cun 06pa3oM ILEHTPa sABJISAETCS beckonewHo ydanrennas mowka. IloslesHoCcTh
9TOIl TEPMUHOJIOTHH BBITEKAET U3 TOIO OOCTOSITE/ILCTBA, YTO OHA JIaeT HaM
[IpaBO YTBEPXKJIaTh, YTO WHBEDPCHUsl YCTAHABJIMBAET B3aUMHO OJIHO3ZHAYHOE
COOTBETCTBHE MEXK Iy BCEMHU TOYKAMHU ILIOCKOCTU 0€3 MUCK/II0UYEHUs U uX 00-
pasaMm: KaxkJiasi TOYKa IJIOCKOCTA UMEET OJIUH U TOJIHKO OJInH 00pa3 u cama
SIBJISIETCST 00PA30M OJTHON W TOJIBKO OfiHONW TOYKH. OTMETHM, YTO ITO IO-
CJIeJTHEee CBOWCTBO MIPUHAJJIEXKAT TAKYKE W PAHBIIE IIPUBEIEHHBIM IIPUMEPAM
reoOMeTPUYECKUX ITPeoOpPa30BaHUIA.

2. CsoiicTtBa naBepcuu. Camoe Ba2KHOE CBOICTBO MHBEPCHUH 3aKJII0Ia~
€TCsI B TOM, 9TO OHA NPEodPA3Yem NPpAMve AUHUL U OKPYHCHOCTU 6 NPAMDBLE
AUHUY U oKpyotcnocmu. Todnee, MBI ceifaac OOHAPYXKUM, UTO B PE3YJIbTATE
WHBEPCUU

a) npsMas, Ipoxojgmias yepe3 O, CTaHOBATCS IIPSMOI, IPOXOSIIEH Je-
pe3 O,

6) upsimas, He npoxo/ginas depe3 O, CTAHOBUTCs OKPYZKHOCTBIO, IIPOXO-
nameit gepes O,

B) OKPY?KHOCTb, IPOXoJsiias depe3 O, CTAHOBUTCsI TIPSIMOM, He TPOXO-
nastieit gepes O,

I') OKPYZKHOCTb, He HPOXojdias depe3 O, CTAaHOBUTCS OKPYYKHOCTBIO, HE
npoxosrieit gepes O.

VreepxKuenue a) He TpebyeT I0KA3aTeIbCTBA, TAK KaK M3 CAMOIO OIpe-
JIeJICHUs] MHBEPCUH sICHO, UTO KayKJasi TOUKA HA PACCMATPUBAEMOU MPSIMOIL
rMeeT B KadecTBe 00pas3a JAPYryl TOYKY Ha TOI Ke IPsiMOii, TaK 9TO XOTsI
OTJe/IbHBIE TOYKHU HA MPSIMOil TEPEMEIIAIOTCsI, HO MIPSIMas B IEJIOM OCTAETCsI
HEN3MEHHOM.
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Hoxaxkem yrBepxkienue 6). 13 O omycrum neprneHuKyjsdp Ha JIaH-
Hylo npamyio L (puc. 39). Ilycte A — OCHOBaHWE 3TOTO TIEPIIEHIUKYJIS-
pa, A’ —touka, obparHasi Touke A. Bosbmem npoussosibHyt0 TOuky P Ha L
u obozHauuM depe3 P’ Touky, eit obpar-
myto. Tak kak OA - OA’ =OP - OP' =12,
TO OTCIO/IA CJIEYeT, 9TO

OA" OP

OP' ~ OA’
ITosromy Tpeyronbauku OP'A" u OAP
o100HbBI U, 3Ha4IUT, yroja O P’ A’ npsmoii.
B TakoMm ciaydae u3 Teopem 3s1eMeHTAPHON
TeOMETPHUU BBITEKAET, ITO P’ JIeXKUT Ha
okpyxkuoctu K ¢ jpuamerpom OA’; 3ta
OKPY?KHOCTb U SIBJISIETCSI, CJIEIOBATEJb-
HO, obpazom mpsimoii L. WTak, yrBepxK-
JieHne 6) JIOKa3aHo. Y TBEPXK/CHHE B) CJie-
JyeT m3 Toro, 4ro ecau obpasd L ectp K,
TO 0bpa3z K ectn L.

Ocraercst okazaTh yrBepxieHue r). [lycrb K — OKpy>KHOCTb, HE IIPO-
xomgmas uepe3 O, ¢ nearpom M u pamuycom k (puc. 40). YToObl 101y 9uTh
ee 06pas, nposegeM depe3 O mpsmyio, mepecekamonyio K B Toukax A u B,
U 3aTeM IIOCMOTPHUM, KaK U3MEHSIOTCs 00pa3bl A’ u B’, Korna HalpaBJeHue

Puc. 39. nBepcus npsiMoii oTHO-
CHATEIBHO OKPYKHOCTHU

psIMOl M3MEHsIeTCsl U OHa IepecekaeT K caMbIMU DPa3HOOOPA3HBIMU CIIO-

Puc. 40. NaBepcust okpyKHOCTHU

cobamu. O6oznaunm paccrosaus OA, OB, OA’, OB’, OM uepes a, b, a’,
b, m, u mycrh t ecTh JyinHA KacaresbHONU K K, mpoBenennoil u3 touku O.
ITo ompeieleHNIO UHBEPCUH, MBI UMeeM aa’ = bb' = 72, a 10 3JIeMeHTapHOMY
reOMeTPUYECKOMY CBOMCTBY OKpyzkHOocTH ab = t2. Ecim pasmenum nepsble
pPaBEHCTBa Ha BTOPOE, TO IIOJIYIUM

a’ _ b . ,r2 5

Y oa 2 @



§ 4 TEOMETPUYECKUE ITPEOBPASOBAHIA. MHBEPCHU A 171

rzie ¢ 3aBUCHT TOJIBKO OT 7' U t M, 3HAYAT, HE 3aBUCUT OT MOJIOXKEHUSA TOYECK A
u B. Teneps nposesiem yepes A’ npsimyro, napaJuieibayo BM; mycts () ecTb
Touka ee nepecedenus ¢ OM. Iomoxxum OQ = g, A'Q) = p. Torga

’

4 _a _ P
m b k’
HITH 2Ke ,
k/
g=2% —me, =50 — e

b

DTO O3HAYAET, UTO IIPU BCEBO3MOXKHBIX IOJIOXKeHUsiXx A u B Touka () Ha

npsimoit OM Bcerjia OyeT ojHa U Ta »Ke U 4TO paccrosinue A'() Takxke He
! /

a
OyzmeT MeHATbCA. Touno Tak ke B'() = p, Tak Kak 34 Nraxk, obpaza-
a
vmu Touek A m B Ha K OyayT TOYKH, PACCTOsIHUsSI KOTOPBIX OT () paBHBI
[IOCTOSTHHON BeJIMYMHE p, T. €. 00pa3 K ecTb OKPY>KHOCTB. Y TBEPIKJICHHE T)
JIOKA3aHO.

3. Teomerpuueckoe mocTpoe-
Hue obpaTHbIx TOodek. Ciesyo-
mas TeopemMa OyIeT MoJie3Ha B IIyHK-
Te 4 »3Toro maparpada: mouka P’,
obpammnas dannoti mouxe P ommo-
cumenvho oxpyotcnocmu C, mootcem
ObMB NOCMPOEHA 2E0MEMPUYECKY C
NOMOULBLIO 00H020 MONDKO UUPKYAS.
PaccmorpuM caavasia TOT CiIydaii, Ko-
ria ToYKa P HAXOJUTCS BHE OKPY¥K-
woctu C. Pagumycom O P onwutreM Kpy-
TOBYIO JIyTy € TleHTpoM P, mepeceka-
omyto C B Toukax R um S. 3arem
U3 9TUX TOYEK KaK IEHTPOB OIUIIEM
KPYTOBbIE JIyI'H PaJIUyCcOM 7T, PaBHBIM pajuycy Kpyra C; 3Tu Jyru Ie-
pecekytcas B O um eme B Toure P’ ma mpsmoit OP. B paBHOOenpeHHBIX
tpeyrosbaukax ORP u ORP’

ZORP=/POR=ZOP'R,

Puc. 41. VuBepcusi Touku, BHeII-
Hell OTHOCUTEIBHO OKPY?KHOCTH

TaK YTO TPEYIOJbHUKH ITOIOOHBI,  IOTOMY
OP _ OR
OR~ OP"
Suaunt, P’ ectp nuckomas touka P.

Ecmn nanmas trouka P jexur BuyTpu C, TO MOCTPOEHUE U JIOKA3ATE b
CTBO OCTalOTCs B CHJIe, JIUIIb Obl OKPY2KHOCTH pajuyca OP c¢ nearpom P
repecekaJja okpyxkHOoCcTh C B JIByX TOYKaxX. Fcim ke mepecedeHuii He I0-
JIyIAeTCsi, TO MOYKHO PEeyIMPOBAThH IOCTPOEHNE K MPEIbIAYIIEMY CJIy9ai0
IIOCPEJICTBOM CJIEYIOIIErO IPOCTOrO IPUEMA.

T.e. OP-OP =12
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[Ipexie Bcero 3ameTumM, 9T0 Ha MPSAMOIL, COETUHSIONIEH J1Be JTAHHBIE TOY-
Kk A u O, MOXKHO C IOMOIIBIO OJTHOTO IIMPKYJIs TOCTPOUTH Takyio To4uky C,
qro AO = OC. 1151 5T0OT0 JIOCTATOYHO IIPOBECTU OKPYKHOCTH € IIeHTpoM O 1
pajguycom rr = AQ. 3areM, HAUMHAS OT TOYKHU A, OTMETUTH TIOCJIEI0BATEIHLHO
Ha 9TOi OKpyXHOCTH Takue Touku P, Q, C, uyro AP = PQ = QC = r.
Toryma C' ecTh Kak pa3 UCKOMasi TOYKA: ITO sICHO U3 TOTO, YTO TPEYTOJIbHU-
ku AOP, OPQ, OQC — paBrocroponuue, tTak 4ro yroa mexiay OA u OC
costepxkut 180° u OC = OQ = AO. TloBropsisi yKa3aHHYIO MPOIELYPY, MbI
MMEEM BO3MOXKHOCTH OTJIOKUTHL OTPe30K AQ 110 MPSIMOI CKOJIBKO YIOTHO pas.
Kcraru, tak kax aymma orpeska AO papHa rv/3 (Kak 4uTaTesh HPOBEPHT
6e3 BCAKOTO TPY/IA), TO HAM YIAJI0Ch IIOCTPOUTH \/3, HCXO/s U3 €IMHITHOIO
OTpe3Ka, He IOJIb3ydACh JTUHEHKON.

P @
o
o PR | R P
A o
C
Puc. 42. YaBoenme orpeska Puc. 43. luBepcusi TouKM, BHyTpEHHEIH

OTHOCHUTEJIbHO OKPY2?KHOCTHU

Teneps MBI MOXKEM MOCTPOUTH TOUKY, OOPATHYIO TOUKe P OTHOCHTEIHHO
okpyzxuoctu C, kak 661 Touka P uu 6bu1a pacrnosoxkena saytpu C. [Ipexie
Bcero Ha upsimoit OP Haiigem Takyio Touky R, uro OR ectb KpaTHoe OP,
u BMecTe ¢ TeM R jiexkut yxke BHe C'

OR=n-0OP.

151 3TOr0 TOCTATOYHO MOCTIEI0BATEILHO OTKIAABIBATEH paccrosHue O P 1o-
CPEJICTBOM IUPKYJIs, TOKa MBI He BbiOepemcs u3 Kpyra C'. 3aTeM ¢ OMOIIBIO
y2Ke M3BECTHOI'O NOCTpoeHust HafiieM Touky R, obparnyio Touke R. Torma
OyaemM mMeThb

r?=0R -OR=OR'-(n-OP)=(n-OR')-OP.

Ocranercs mocrpouts 109Ky P’ 1o yejosuio OP' =n - OR’, u 3ama4da Gyer
3aKOHYEHA.

4. Kak pa3zaejuThb OTPE30K MOIIoJiaM U KaK HAWTHU MEeHTP JaHHOM
OKPY>KHOCTH C IIOMOIIILIO OJTHOTO IMUPKYJIda. [locie Toro Kak Mbl Hay\In-
JINCb HAXOJWUTh TOUYKY, OOPATHYIO JAHHOM, MOYXKHO C ITOMOIIBIO OHOIO IIAP-
KyJisd BBIIIOJTHUTD JaJbHENIe HHTepecHble TocTpoenns. Hanpumep, ceitvac
MBI HaiiileM cepeauHy OTPe3Ka, KOHIbI KOToporo A u B 3a1aHbl, ¢ IOMOIIBIO



§5 ITOCTPOEHUS C IIOMOIIIBIO APYI'NX UHCTPYMEHTOB 173

OJIHOTO TUPKYJIsl — He TPOBOJIsi CAMOTO OTpe3Ka. Bor perrenue 3Toit 3a1a4u.
OrnurieM OKPY>KHOCTD pajinycoM AB ¢ 1ieHTpoM B u Ha HEM, OTIIPABJIAICH
or A, Kak paHbllle, OTMEPHM IIOCJIEJI0BATEIHHO TPH Jyru pajuycom AB.
Ilocnemusst rouka C' OyzeT jgexarh
Ha npsamoit AB, npudem Mbl Oy-
nem umerh: AB = BC. 3arem onu-
meM OKPY2KHOCTb pajuyca AB ¢
neaTpoM A u nocrpoum Touky C’,
obpatHyto Touke (C' OTHOCHUTEJIb-
HO 3T0it OKpyKkHOCTH. Toraa mosy-
qUM:

AC" - AC = AB?,
AC" - 2AB = AB?,
9AC" = AB.

Suaunt, C’ ecTh UCKOMAas CepeIuHa,
OTpe3Ka. Puc. 44. Haxoxnenve cepeuHbl OTPE3KA
pyroe mocTpoenne ¢ TOMO-

MBI0 OXHOTO IUPKYJsI, TaKXKe WCIOJIb3yIoNee OOpaTHbIe TOYKH, 3a-
KJ/IIOYAEeTCSI B HAXOXKJEHUU IEHTPa JTaHHON OKPYKHOCTH, KOTJAa HatTep-
YeHa TOJIbKO CaMa OKpYKHOCTh, a IIeHTP Heus3BecTeH. DBepem mpo-
W3BOJIBHYIO TOYKY P Ha OKPYXKHOCTH ¥ OKOJIO Hee KakK I[eHTpa
OIUCHIBAEM KPYyT ITPOU3BOJBLHOTO PaJINy-
ca, TIePeCeKAOMNICS ¢ JaHHBIM KPYTOM B
Toukax R m S. M3 3Tux mocjaeanmx To-
9eK KaK IEHTPOB OMWCHIBAEM JIYyTH Pajiv-
ycom RP = S P, nepecekamwluecs, KpoMe
Toukn P, eme B Touke (). CpaBHMBas TO,
9TO TOJYIWJIOCh, ¢ puc. 41, MBI BUINM,
9TO HEM3BECTHBLIH LEeHTp (' ecTh TOYKa,
obpaTHas TOYKe () OTHOCUTEIBHO OKPYK-
HOCTH C IIeHTpoM P, u ()’ MoKeT ObITh, Kak
Puc. 45. HaxoxaeHue LeHTPa MBI BUJIEH, IOCTPOEHA C IIOMOIILIO OJTHOIO
nupKyJIsg. — KPyra

§ 5. IlocTpoenusi ¢ MOMOIIbIO JAPYTUX MHCTPYMEHTOB.
IlocTpoenunss MackepoHu ¢ IIOMOIIbIO
OJTHOTO IUPKYJIs
*1. Knaccuyeckasi KOHCTPYKIIMs, CIy Kalliasl AJisl yABOCHUSA Ky-
63. Mur paccMaTpuUuBaJIid 10 CUX IIOP TOJIBKO HpO6,HeMbI reOMeTPpUICeCKHUX I10-

CTpPOeHMiT 6€3 NCIIOIb30BAHNSI MHBIX HHCTPYMEHTOB, KPOME IIUPKYJIsd U JINHE-
ku. Ecim nomyckaorcst n Apyrue HHCTPYMEHTBI, TO, PA3yMeEeTCs, pa3Hoo0pa-
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Puc. 46. acTpyM™MeHT, ciry»Kaluil /uist yaABOeHUs Kyba

3Me BO3MOXKHBIX MMOCTPOEHUN CHJIBHO yBesunuauBaercs. Cireayronuii mpumep
MOXKET CJIy?KUThb 00pa3I0M TOr0, KAaK I'PEKU PeIaJin IpobJieMy YIBOEHUS Ky-
6a. Pacemorpum (puc. 46) kecrkuii npsamoit yron M ZN v noABUXKHON Npsi-
moyroabubiit Kpect VW, PQ. IBym monosHutenbHbIM crepxkuaam RS u TU
[IPEIOCTaBJIEHA BO3MOXKHOCTH CKOJIB3UTH, OCTABASCH ITE€PIEHINKYJISIPHBIMI
K CTOpoHaM MpsiMoro yria. Ha Kpecte mycTh BbIOpaHbl (DUKCUPOBAHHDLIE
toukn F u G, npuuem paccrosiauss GB = a u BE = f 3ananbsl. Pacniosarast
KpecT TakuM 06pa3oM, 9Tobbl ToukM E 1 G cooTBeTCTBEHHO Jiexkasu Ha N Z
u MZ, n nepemernas crepxkan TU u RS, MOXXKHO BeCh anmmapar MPUBECTH
B TakKoe IIOJIOXKeHWe, 4TOOBI JIyueBble nepekiaanasl kpecta BW, BQ, BV
npoxoauin depe3 Bepmmabl A, D, E npsmoyronbanka ADFEZ. Ykazannoe
Ha YepTeke PACIIOIOKEHUE BCETIa BO3MOXKHO IpH ycaoBun f > a. Mbl Bugnm
cpasy, 4To a: x =T :y =y : f, OTKy/a, B YaCTHOCTH, €CJIU M0JIoXKeHo [ = 2a,
noaydaerca 3 = 2a3. 3HauuT, T ecTh pebpo Kyba, 00beM KOTOPOro BIBOE
boutbirre, YeM 0b6beM Kyba ¢ pebpom a. Takmm 06pa3oM, ocTaBIeHHA 3a/1a9a
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permexa.

2. ITocTpoeHust ¢ IMOMOIIBIO OAHOTO MUPKYJIisi. FEciu BroJiHe ecre-
CTBEHHO, UTO C JOIyIIeHreM OOJIBIIIEr0 pa3HOOOpa3usi HHCTPYMEHTOB OKa3bl-
BaeTCsl BO3MOYKHBIM PeIaTh 60Jiee OOIMIMPHOE MHOXKECTBO 33189 Ha, MOCTPO-
€HHe, TO MOXKHO ObLIO OBl MIPEJIBUIETH, YTO, HAIPOTUB, [IPU OIPAHIUIEHUSIX,
HAJIATAEMbIX HA WHCTPYMEHTBI, KJIACC PA3PENIUMbIX 33/1a49 OyIeT CyKUBAThH-
CH. Tel\I 60J'Iee 3aMevdaTeJIbHbIM HY2KHO CHUTATb OTKPBITHE, CAEJIaHHOE UTa-
sbgraieM Mackeponu (1750-1800): sce zeomempureckue nocmpoenus, 6oi-
NONHUMDLE C NOMOWDBIO UUPKYAA U AUHETKU, MO2YM Obimb SbINOAHENDL €
NOMOULBLIO 00H020 MOALKO YupKYyss. Cremyer, KOHEIHO, OTOBOPUTD, 9TO PO~
BECTH HA CAMOM JleJie IPSIMYIO JIMHUIO Yepe3 JIBe JaHHbIe TOYKH 0e3 JIMHeHKn
HEBO3MOYKHO, TaK ITO 3TO OCHOBHOE IIOCTPOEHHE HE TOKPBIBAETCS TeopHeit
Mackeponu. BmecTo TOro nmpuxoauTcs CUMTAaTh, YTO MpsMas 3aJaHa, eCJIn
38JIaHBI JBE ee TOYKHU. HO ¢ TIOMOIIBIO OJJHOTO JIUIID IUPKYJIsS YAAETCA HARTH
TOYKY TepecedeHusl JIBYX MPSIMbBIX, 3aJaHHBIX TAKUM OOpPa30M, WU TOUYKY
repecevdeHust MpsiMOil ¢ OKPY?KHOCTBIO.

Bepositro, mpocreifimuM npuMepoM mocTpoenHusi MacKepoHU sIBJISIETCsT
yiBoeHune gaHHOro orpe3ka AB. Pemenue Ob110 y2Ke gaHo Ha crp. 166. da-
Jiee, Ha ¢Tp. 167 Mbl HAYYMJIUCH JIETUTH JAHHBIN oTpe3ok nomnosam. [TocmoT-
PUM Ternepb, Kak pasjesiuTh momnojam ayry okpyxuoctu AB ¢ nearpom O.
Bor
OIIICAaHNe ITONO HOCTpoeHHst (puc. 47).

Paguycom AO muposogum JiBe jyru c R

nearpamu A u B. Ot touku O oTKJjia- X

JIBIBaeM Ha 9TUX Jiyrax JIBe TaKue Jiy-

ru OP u OQ, uro OP = 0Q = AB. 3a-

TeM HAXOJUM TOYKY R mepecedeHns ry- /%\7

ru ¢ neaTpom P u paguycom PB u nyru A B

c eaTpoMm @ u pajuycom QA. Hakonerr,

B3$IB B KavuecTBe pajumyca orpe3ok OR, PWQ
omnwmIeM JIyry ¢ neHtpoM P wmu @ o

repecedenns ¢ ayroit AB — Touka 1e-
pecevdeHusT M SIBJISIETCS MCKOMOM Cpejl-
Helt Toukoit jyru AB. Jloka3areibCTBO
[IPEJOCTABJISIEM YUTATEIO B KAYECTBE yIPAXKHEHUS.

Bouto 661 HEBO3MOXKHO JI0Ka3aTh OCHOBHOE yTBepKjenume Mackeponu,
yKa3bIBas JUIsl KaXKJIOT'O MOCTPOEHUS, BBITOJHAMOIO € TMOMOIIBIO TTHPKYJIS
U JINHEWKH, KAK ero MOXKHO BBIMIOJHUTH C TOMOIIBIO OJTHOTO IUPKYJIS: BEJIb
BO3MOXKHBIX ITOCTPOEHUil HecunciieHHoe MHOXKecTBO. HO MBI JlocTUrHEM TOit
JKe TIeJIM, €CJIU YCTAHOBHUM, 9TO KaXKJI0e M3 CJIEAYIOINX OCHOBHBIX IIOCTPOE-
HUI BBIMOJIHUMO C IIOMOIIBIO OJIHOIO IUPKYJIS:

1. IIpoBecTr OKPYKHOCTD, €CIU 3aIAHBI IIEHTD U PAJINYC.

Puc. 47. Haxoxnenne cepeauusbl my-
ru 6e3 JIMHEHKHU
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2. Haiiti ToUukn mepecevennss ABYyX OKPYKHOCTEI.

3. Haiitu Touku repecedenns: IpsIMON M OKPY2KHOCTH.

4. Haiit TOUKY mepeceveHns JIBYX MPSIMbIX.

JTio6oe reomeTpudeckoe nocTpoeHue (B OOBIYHOM CMBIC/IE, C Oy IIEHAEM
[UPKYJIsl U JIMHEHKHU) COCTABJSIETCH U3 BBIIOJHEHUsI KOHEYHON IOC/IeI0Ba-
TEeJILHOCTH 9THUX 3JIEMEHTAPHBIX TOCTpoenuit. UTo nepBble 1Ba U3 HUX BBIIOJI-
HUMBI C TIOMOIIIBIO OJIHOTO IIUPKYJIs, SICHO HEIOCPeACTBeHHO. Bosee TpyiHble
MOCTPOEHUsT 3 1 4 BBITIOHAIOTCS C UCIIOJIH30BAHNEM CBOWCTB MHBEPCHUH, PaC-
CMOTPEHHBIX B IIPEABIIYIIEeM IIYHKTE.

Puc. 48. Ilepeceuenue okpy>KHOCTHU Puc. 49. Ilepeceuenune OKpy>KHO-
U IpsMOH, He NPOXOAdIIed dYepes CTH U HPAMOM, IIPOXOIdINeil depe3
[EHTD IEHTD

Ob6paTumcst K TOCTPOEHUIO 3: HaiIeM TOUKH [TepecedeHusl TAHHOM OKPY K-
wocru C' ¢ mpsamoit, mpoxoggieit depe3 ganabie Toukn A u B. Tlposenem
ayru ¢ nenrpamu A u B u pajguycamu, coorBercrBeHHO papabiMu AO u BO;
kpoMe Touku O, OHM HEepeceKyTcs B Touke P. 3areM IOCTPOMM TOYKY @,
obparuyio Touke P oTHOCHTEIHO OKpY2KHOCTH C' (CM. TIOCTpOEHHE, OIUCAH-
Hoe Ha crp. 167). Hakonen, nposejeM OKPYy>KHOCTb ¢ IEHTPOM () U pajmy-
com QO (ona menpemenno nepecedercs ¢ C): ee rouku nepecedenus X u X'
¢ okpyxuoctbio C' u OyayT nckombivu. Jljist moKa3aTeIbCTBa JIOCTATOYHO
YCTaHOBUTD, YTO KaxKjas u3 To9ek X u X’ HaAXOJAUTCd Ha OJUHAKOBBIX Pac-
crogauax ot O u P (9o kacaercst Touek A u B, TO aHAJIOIMYIHOE UX CBOHCTBO
Cpa3dy BBITEKAET U3 IOCTPoeHnus ). JefcTBUTEIbHO, JOCTATOYHO COCIATHCS Ha,
TO OOCTOATENILCTBO, UTO TOYKA, OOparHas TO4YKe (), OTCTOUT OT TOUeK X
u X' Ha paccrosinue, paBHoe pajuycy okpyzkuoctu C' (em. crp. 165). Crour
OTMETHUTD, YTO OKPYKHOCTD, IPOXoisiias depe3 Touku X, X' u O, sapisiercs
obparHoii mpsimoli AB B mHBepcuum oTHocuTeIbHO Kpyra C, Tak Kak 3Ta
OKPY2KHOCTb 1 TpsiMast AB nepecekaiorcs ¢ C' B OJHUX M TeX YK€ TOYKAX.
(Ilpu uHBEpCHE TOYKU OCHOBHON OKPY?KHOCTHU OCTAIOTCS HENOBUZKHBIMU. )
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VYKazaHHOe [MOCTPOEHNE HEBLIIIOJIHUMO TOJHLKO B TOM CJIy4ae, €CJIU IIPsi-
masi AB mpoxojut depes rieatp C. Ho Torja Toukn nepecedenust MOTyT ObITE
Haii/IeHbl TIOCPEJICTBOM IIOCTPOEHHUSI, OIIUCAHHOTO Ha cTp. 169, Kak cepeuHbI
ayr C, oIy JarommXcsi, KOrjia Mbl IIPOBOJIMM ITPOU3BOJIBHYIO OKPY2KHOCTD C
nenTpoM B, mepecekaromytocs ¢ C' B Toukax B, u B,.

Metos ipoBeieHUST OKPYKHOCTH, 0OpATHOI TIPSIMOit, COeIUHSIONIEH TBe
JaHHBbIE TOYKY, HEMEJJIEHHO JaeT U II0CTPOoeHune, pemaomiee 3aga4y 4. Ilycrs
upsivble jganbl Toukamu A, B u A’; B’ (puc. 50). IIpoBeieM npon3BoJIbHY IO
OKPY2KHOCTb C' U C IIOMOIIBIO YKA3AHHOI'O BBIIIIE METOA IIOCTPOUM OKPYKHO-
cTH,
obparubie npsambiM AB u A'B’. Dtn
OKPY?KHOCTH TIepeceKatoTcst B Touke O
u eme B ojHOM Touke Y. Touka X, 00-
paTHast TOUKe Y, U eCTh HUCKOMasl TOY-
Ka IepeceveHns: KaK ee IMOCTPOUTH —
yKe ObLIO pa3bsicHeHO Bbime. dro X
€CTh MCKOMAasi TOYKa, ITO SICHO U3 TO-
ro ¢daxra, 9o Y eCcThb €JIWHCTBEHHAs
TOYKa, 0OpaTHAs TOYKE, OJHOBPEMEHHO
npuHajiexkaneit obenm mpsimbiv AB
u A’'B’; cnenoBaresibHO, TOuKa X, 00-
patHas Y, JOJ2KHA JIEZKATH OIHOBDE-
MenHo u Ha AB, n na A'B’.

STI/H\H/I JABYMd IIOCTPOECHUAMU 3a-
KaHYMBaeTCA JIOKA3aTelbCTBO IKBUBA-  Pyc. 50. Ilepeceuenue AByX IPsMbIX
JIEHTHOCTH M€Ky IOCTpoeHusimu Mac-

KEPOHU, IIPU KOTOPBIX PA3PEIIAeTCs ITOJIb30BATHCA TOJBKO MHUPKYIEM, U
OOBIKHOBEHHBIMI '€OMETPUIECKIMU IIOCTPOSHUSAMHY C IUPKYJIEM U JTHHEHKOII.

Mpbr He 3ab0TH/INCH 00 M3AIMIECTBE PEIIeHusT OTASIbHBIX MPOOeM, HAMU
3J1eCh PACCMOTPEHHBIX, TAK KAK HAIIE IeJIbI0 ObLIO BBISICHUTH BHYTPEHHU
cMbica moctpoenuit Mackeporu. Ho B Kade-
CTBE IIPUMEPA MBI €IIle YKAXKEM [SITHYTOJIbHI-
K&; TOYHEee [OBOPsl, Pedb HJET O HAXOXKJIEHUN
KaKHUX-TO IISATH TOYEK HA OKPYKHOCTH, KOTO-
pble MOI'YT CJIy?KUTb BEPIIUHAME [TPABUIBLHO-

r'o BIUCAHHOIO MATHYTOJbHUKA.

[Tycrs A — mpou3BosIbHAST TOYKA OKPY K-
moctu K. Tak Kak CTOpOHA NPABUILHOTO
BIIMCAHHOTO TIECTUYTOJHLHIKA PABHA PAIINYCY
Kpyra, TO HEe IPEJICTABUT TPYJa OTJIOKHUTH
va K takwme touku B, C, D, uro — AB =
— BC = —CD =60° (puc. 51). IIposenem
ayru ¢ neatpamu A w D pammycom, pas-

Puc. 51. Ilocrpoenue tpa-
BUJIBHOTO MSITHYTOJIBHUKA,
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wbiM AC; mycThb OHU TIEPecEeKaloTCs B TOY-

ke X. Torma, ecsim O ectb nenTp K, jayra c

nentpoM A m pagmycom OX mnepeceder K B
rouke F, apisonieiics cepeaunoii gyru BC' (em. crp. 169). 3arem pauycom,
paBHBIM pajmycy K, ommmmeM JayTru ¢ meHTpoM F', mepecekalomuecs ¢ K B
toukax G u H. Ilycts Y ecrsb TOuKa, paccrosaus KOTopoii or Touek G u H
pasabl OX u Koropast oriesneHa ot X nerarpom O. B Takom ciaydae orpe-
30K AY Kak pa3 u eCTb CTOPOHA MCKOMOI'O IISTHYToJIbHUKA. JloKa3aTeibeTBO
[IPEIOCTABJISIETCS] YUTATEIO B KQUeCTBe yIpaykHeHusi. IHTepecHO OTMEeTHUTh,
9TO TP IMOCTPOEHUN UCIOJIB3YIOTCsI TOJBKO TPU PA3IUIHBIX PAJIAYCA.

B 1928 r. marckwmit Mmaremarnk EjabmciaeB Halmes B KHUXKHOI JIaBKe B
Kormenrarene sxzemmissp kauru o HazsarnueM Euclides Danicus, omy6smmko-
BaHHOIt B 1672 . HUKOMY He m3BecTHBIM aBTopoM [. Mopom. Ilo TutynrbHOMY
JINCTY MOXKHO OBLIO CJIeJIaTh 3aKJ/IFOYeHHe, U4TO 9TO — IIPOCTO OIUH U3 Ba-
praHTOB eBKJIUIOBbIX «Hauasrs, cHaOXKEHHBII, MOXKET OBITh, PEIAKTOPCKUM
rommeHTapreM. Ho mpu BHUMAaTEIbHOM PACCMOTPEHUN OKA3aJI0Ch, 9TO B HEl
COJIEPIKUTCS TIOJTHOE perenne mpodembl MacKkepoHu, HallIEHHOE 3a/I0JIT0 J10
Mackeponu.

VYupaxkuenusa. B npanbreitmem maercs onmcanme moctpoenmit Mopa. IIpo-
BepbTe UX MPABUILHOCTD. [loueMy MOXKHO yTBEPKIaTh, YTO OHU PEIIAIOT IIPOBJIEMY
Mackeponu?

1) K orpesky AB mmunbt p Boccrasure nepnenukyisap BC. (Ykasanue: mpo-
nosxure AB 110 Touku D Ttakum obpasoM, uro AB = BD. IIposeaure npousBoib-
HBIM paauycoM ayru ¢ ueHrpamu A u D u takum obpasom onpenenure C'.)

2) B mrockocTH HaHBI KaK YrOJHO DPACIOJIOKEHHBIE OTPE3KH JJIMHBL P H ¢,
npudeM p > q. Ilocrpoitte ¢ moMouBIo 1) 0TPe30oK AmHbL & = /p? — ¢2.

3) To 3amanHOMy OTDPE3KY a MOCTpOiiTe 0Tpe3ok av/2. (Vkasanue: obparure
BrEManme, 90 (av/2)2? = (av/3)? — a2.)

4) Ilo naHHBIM OTPE3KaM p U ¢ IOCTPOiTE OTPE30K T = /P2 + ¢2. (Vkasanue:
NpUMAUTE BO BHEMaHHe, uTo 2 = 2p? — (p? — ¢?).) Ilpumymaiite camu aHagOTHd-
HbBIE IOCTPOEHUSI.

5) Ilosb3ysCh NpeabULyIIUMH PE3YJIbTATAMHI, IOCTPOITE OTPE3KU P + ¢ U P — ¢,
MpeJroaras, 9T0 OTPE3KU JJIUHBI P U ¢ 38JaHbI KAK-TO Ha IJIOCKOCTH.

6) Ilposepbre m mocrapaiiTech OGOCHOBATH CJIEMYIONIECE TOCTPOEHUE CEPEII-
vel M panHoro orpeska AB jumnbl a. Ha npomomkenun orpeska AB Haiigem
takue Touku C' u D, uro CA = AB = BD. IlocrpouMm paBHOCTOPOHHUI TPEYTOJIb-
unk FCD cornmacuo ycaosuio KC' = ED = 2a u onpenenmnm M Kak mepecedeHune
okpy2kHOCTeili ¢ quamerpamu EC u ED.

7) Haiinure npsiMmoyrosbHyro npoekiuo toukun A Ha orpesok BC.

8) Haiigure = 10 yCioBUIO Z:a=p: g, 7€ G, P U ¢ — JAHHBIE OTPE3KH.

9) Haiigure z = ab, rae a 1 b — gaHHbBIE OTPE3KU.

Bnoxuosasisice pesysnbratamu Mackeponu, ko6 Ireiinep (1796-1863)
IPEJITPUHS HONBITKY UCCJIEJOBAHUS IIOCTPOEHU, BBIIIOJTHUMBIX C IIOMOIIBIO
OIHOM TOJMBKO JuHeiikn. KoHedHo, oaHa TOJBKO JUHEHKA HE BLIBOIAT 33
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IpeJiesibl JAaHHOTO YUCA0BOTO 10JIs, ¥ HOTOMY OHa HeJOCTATOYHA /ISl BBIIOJI-
HEeHMsl BCeX IeOMEeTPHYECKUX IOCTPOEHHUil B KJIACCHYECKOM HMX NOHUMAHHM.
Ho Tem Gosee 3ameuarenbHbBl pe3yJbrarThbl, nosrydennbie IllTelinepom 1pu
BBEJICHHOM WM OI'PAaHMYEHHU — II0JIb30BATLCS IUPKYJIEM TOJBKO OJMH Pas.
OH moKa3aJI, 9TO BCe IOCTPOCHHUS Ha ILIOCKOCTH, BLIIOJHUMBIE C IOMOIILIO
OUPKYJId W JUHEHKN, BBITOJHAMBI TaKXKe C IIOMOIIBIO OJHON JIMHEHKH IIpH
YCJIOBUH, YTO 3aJaH eJMHCTBeHHLIH HelloJBUKHLIA KPYyT' BMECTe C IeHTPOM.
OTH OCTPOEHUS TI0/Ipa3yMeBalOT IPUMeHeHne TPOeKTUBHLIX METOJI0B 1 Oy-
JIyT OIMCAHBI 1o3aHee (cM. crp. 217).

* Bes Kpyra, U IPATOM C IIGHTPOM, OOOWTHCHL Hesb3s. Hampumep, ecim man
KpYT, HO HEe YKa3aH €ro UEeHTDP, TO HAalTh HEHTP C IIOMOIIBIO OJHON JIMHEHKHU HEBO3-
MO2kHO. MBI ceff4ac JoKakKeM 3TO, CCHLIAsACH, OJHAKO, Ha (PaKT, KOTOPBIH Oyrer
yCTaHOBJIeH nosnaHee (cM. crp. 240): cymecTByer Takoe IpeobpasoBaHue IIOCKOCTH
camMoil B cebs1, 9TO &) 33JaHHAs OKPY’KHOCTH OCTAETCsl HENOJBHXKHOM, 6) BCsakast
psiMast JIMHUSA IEPEXOJUT B IPAMYIO, B) IIEHTD HEIIOABUKHON OKPY?KHOCTHU HE OCTa-
€TCsT HENOJIBIKHBIM, a cMeraercsi. CaMo CyIecTBOBaHME TAKOTO Mpeo0pa3soBaHUsI
CBHJETEJIBCTBYET O HEBO3MOXKHOCTH IIOCTPOUTD LIEHTP NJAHHONH OKPY2KHOCTH, IOJIb-
3ysICh OJHO JInHeNKo. B camoMm neste, kakoBa 6bI HU OBbLIa IIPOIELYPa IOCTPOEHNUS,
OHa CBOJUTCH K DALY OTHEJIbHBIX 3TAIIOB, 3aKJ/IIOYAIOIINXCA B IIPOBEACHUN IPAMBIX
JIAHAI 1 HAXOXKICHUU UX IIepEeCeYeHu APYT ¢ APYTrOM WA C JAHHOU OKPY2KHOCTBIO.
IIpencraBum cebe Teneps, 9YTO BCs DUTYyPaA B I[EJIOM — OKPY?KHOCTB U BCE IIPSIMBIE,
IIPOBEIEHHBIE IIO JIMHEKe IIPU BBIIIOJHEHUU IIOCTPOEHHd ILEHTPa — IIOABEPTHYTA
IpeobpPa30BAHMIO, CYIECTBOBAHNE KOTOPOTO MBI 3/1€Ch JTOMYCTH/IN. 1orma sICHO,
4TO (hUrypa, MoIydeHHas II0CsIe IPeoOPa30BAHNS, TAKKe Y/IOBJIETBOP:Ia ObI BCEM
TpebOBaHUSIM ITOCTPOEHNST; HO yKa3bIBAEMOe 3TOH (PUTYPOIl TOCTPOEHNE TTPUBO/IAIIO
Obl K TOYKE, OTJIMYHOW OT IEHTPA JAHHOW OKPYXKHOCTU. 3HAYUT, IIOCTPOEHUE, O
KOTOPOM HJET pPedb, HEBO3MOXKHO.

3. UepueHue C NOMOIIBIO PA3JIUYHBIX MEXaHUYECKUX IPUCIO-
cobsiennii. Mexanndeckue Kpuble. Ilukigounabi. 3o06perenne pas-
JIMIHBIX MEXAHU3MOB, [IPEIHA3HAYEHHBIX JIJIsI TOTO, YTOOBI YEPTUTH PA3INI-
Hble KPUBbIE, IOMUMO OKDY?KHOCTH U TIPSMOIl JIMHUHU, IPE3BbIYAlHO paciiu-
psieT obstacTb PUryp, JOMYCKAIOIMX mocTpoenne. Hamnpumep, eciu nMeercst
WHCTPYMEHT, II03BOJISIIOIINI 9€PTUTh TUIEePO0JIbl Ty = k, U JPYyroil HHCTPY-
MEHT, BbIMepunBatomuit mapabonst y = ax? + br + ¢, To mobas mpobiema,
MPUBOJISATIAS K KYOUIECCKOMY YPABHEHUIO

ax® + bx® + cx =k, (1)

MOKEeT OBITH penieHa KOHCTPYKTUBHO, C IIOMOIIbIO TOJIBKO 3TUX MHCTPYMEH-
TOB. B camomMm JieJie, penieHue ypaBHEeHN A (1) PaBHOCUJIBHO PEIEHUIO CUCTEMbI

ry=k, y=ax®+br+c (2)

TOYHee, KOPHU ypaBHeHusl (1) SABJISIOTCA T-KOODIMHATAMYU TOYEK Iepecede-
Hug TUnepbosIbl U apabodibl, NpezcTaBigeMblx ypaBuenusmu (2). Takum
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Puc. 52. I'pacduyeckoe perenne Kyom4eckKoro ypaBHEHHs

0bpasom, pemenus ypaBHeHus (1) JOMyCKAOT HOCTPOEHUE, €CJid pa3pera-
€TCsl MIOJIb30BATHCA HHCTPYMEHTAMH, C IIOMOIIBIO KOTOPHIX MOXKHO HAYEPTUTH
KPUBBIE (2).

Vke mareMaTUKaM JIPEBHOCTH ObLIM W3BECTHHI MHOI'ME WHTEPECHBIE
KpUBBIE, KOTOPbIE MOTLYT OBITH OIpEJeeHbl W HAYEPUYEHBI C IIOMOIIBIO
MIPOCTBIX MEXaHUYECKNX MHpucrocobiennit. Cpequ TakmX <«MEXaHUIECKUX»
KPHBBIX OCOGEHHO BU/IHOE MECTO 3aHUMAIOT yuk.A0udv. IITosemeit (okoso 200
roja J0 Hameil 3pbl), OOHAPYKHUBas HEOOBIYANHYIO IPOHUIATEIHHOCTD,
CyMeJI HCIIOJIb30BaTh 3TU KPUBBIE JJIsl ONMUCAHUS IIJIAHETHBIX JIBUKEHMIA.

Hukion1a caMoro mpocToro BUJa IpeICTaB/IsgeT coboil TPAeKTOPHUIO JTBU-
KeHust TOUKu P, (hUKCHUpOBaHHON HA OKPYKHOCTH JUCKA, KATAIErocs 6e3
CKOJIb2KeHUs 110 IpsamMoii juann. Ha puc. 53 n306parkeHsl 9eThIpe TOT0KEHUST
Touku P B pazmuanbie MOMEHTHI Bpemenu. [1o ¢popme nmukon1a HATOMAHAET
P apOK, ONHPAIONIUXCS HA TOPU30HTAJILHYIO IPAMYIO.

PasHoBuiHOCTH 9TO# KPUBOI TOJIyYalOTCsI, €CJIM BO3bMEM TOYKY P mym
BHYTpHU Jucka (KaK Ha CHOUIE KOJIeCA), WM HA IPOJOJIKEHUH DPajuyca 3a
MIPEJIEIIbI IUCKA.
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Puc. 54. [Mukyonasr obiero Buaa

OTHu 1Be KpUBbIE [TOKa3aHbI Ha puc. H4.

Janbuaeie pa3HOBUIHOCTH MUKJIOWILI BO3HUKAIOT, KOTJA HAIl JICK
KATUTCS He TI0 MPsIMOii, & Mo Jyre OKPYKHOCTH. ey mpu 9TOM KaTsIIIiics
JIHCK C PAJIAYCOM 7" OCTAETCs BCE BPEMsI KACAIOIUMCS U3HYMPU TOH OOJIBIION
okpyxkuoctu C pamuyca R, 110 KOTOPOil OH KaTUTCsI, TO TPAEKTOPUS TOYKH,
bUKCHPOBAHHON Ha OKPYKHOCTU JUCKA, HA3BIBAETCS 2UNOUUKAOUAOT.

—
Puc. 55. Tpexporas rumonukion- Puc. 56. Ilpamonuneitnoe 1Bu-
na JKEeHUMEe TPU KAYeHWHW Kpyra Io

KpyTy ABOMHOrO paamyca

Korga nuck mpokarbiBaercs 1o Beeit okpykuocTu C' POBHO OJIUH pa3, TO
Touka P BO3BpallaeTcs B MCXOTHOE IIOJIOXKEHNE TOJIBKO B TOM CIIydae, eCiu
pamuyc C sBistercst KpaTHBIM paaunyca c. Ha puc. 55 m300parkeHna 3aMKHyTast
TUTIOIMKJION/IA, COOTBETCTBYIOIIas mpemnosokennto R = 3r. B 6onee obmem
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m
citydae, ecau R = — r, TO THIIOIUKJION 18 3aMKHETCsI IIOCJIe TOT0, KaK JIUCK C
n

IIPOKATHUTCH 110 OKpyKHOCTH C' POBHO N pa3, U OyIeT COCTOATH U3 M apOK.
SacirykuBaer ocoboro ynomuHanust ciaydait R = 2r. Jliobas touka P Ha
OKPY?KHOCTH JIMCKa OyJIET OIMCHIBATH B ITOM CIIydae OJUH M3 JHAaMETPOB
6ouibioii okpyzxuocru C' (puc. 56). IIpemocrasisieM ynrareio goKa3aTh T0
B Ka9IEeCTBE 331a4H.

Erme ofuH THI UKIIONJ IOy 9aeTcsl, KOTJa JUCK ¢ KATUTCS 110 OKPY K-
moctu C, Kacasgchb ee Bce BpeMs usene. llomydalomueca nmpu 9ToM KpPUBBIE
HOCAT HA3BaHUE INUUUKAOUO.

*4. IMlapaupsable mexaansmbl. UaBepcopbl IlTocenwe m Tapra.
OcraBuM Ha BpeMs B CTOPOHE BOIPOC O IMKJIOUJAX (OHU IOSIBATCH EIIe
pa3 B 3TOil KHHUIe — JOBOJBHO HEOKUJAHHO) U OOPATHMCS K WHBIM METO-
JIaM MEXaHUIeCKOTO BOCIIPOU3BEIeHNsT KpUBBIX mHuit. MbI 3aiimemcs ceiraac
UWAPHUPHDIMY METAGHUSMAMU.

MexaHU3M 3TOr0 THIA IPEJCTABISET COO0M CUCTEMY COYMJIEHEHHBIX MEXK-
J1y cODOM TBEP/IBIX CTEPrKHEl, 00J1a/IAI0INX TAKON CTEIIEHBIO CBOOO/IbI, YTOOBI
KaxKJiasl ero TOYKa Obljia CrIocOOHA OIUCHIBATE ONPEIEIeHHY 0 KpuByto. [up-
KYJIb TaK2Ke dABJIdeTcs IPOCTEeRINM IITapHUPHBIM MEeXaHU3MOM, 110 CyIIEeCTBY
COCTOZAIIIAM U3 OJTHOTO CTEPKHS C 3aKPelJIeHHBIM KOHIIOM.

Puc. 57. [IpeobpazoBanne psSMOTHHEHHOTO NBUKEHUS] BO BPAIATEILHOE

[TapHupHbIE MeXaHU3MBbI M3/[aBHA HaXOIsT cebe IIpUMEHEeHHe KaK CO-
craBaple yacTu Marmud. OJHAM M3 CaMbIX 3HAMEHUTBHIX (B MCTOPUYECKOM
OTHOIIEHNH ) IPUMEPOB SABJISETC TAK HA3BIBAEMBIil «IIapaJjuieiorpaMM Yar-
Tay. 1O HpucHocobienue 660 n300peTeHo J2xeMcoM YaTToM IIpU penteHnn
CJIeIYIONIel TPOBJIEMBL: KaK CBSI3aTh IOPIIEHb € TOYKOM MaXOBOTIO KOJIEca
TaKUM 00Pa30M, ITOOBLI BpaIlleHUEe KOJIeCa COODIAJIO TIOPIITHIO TPIMOIUHEH-
Hoe jiBuykeHne? Perenne, jaHHOEe YaTTOM, OBLIO JIUIIL TPUOJIMKEHHBIM, U,
HECMOTPsI HA YCUJIsI MHOTUX IIEPBOKJ/IACCHBIX MATEMATHKOB, MIPObJIeMa, KOH-
CTPYUPOBAHUST MEXaHU3Ma, COODIAIONIETO TOUYKE B MOYHOCTNU TPAMOJIAHEH-



§5 ITOCTPOEHUS C IIOMOIIIBIO APYI'NX UHCTPYMEHTOB 183

HOe JIBUKEHIeE, JI0JIT0e BPEMs OCTaBaJjach HepeleHHoil. Bruio naxe cuesmano
[IPE/IITOJIOYKEHNEe, 9TO TAaKOH MeXaHHW3M HEOCYIECTBAM: 3TO OBIJIO KakK pa3
TOI/Ia, KOI/1a BCSIKOI'O POJIA «/I0Ka3aTeIbCTBa HEBO3MOXKHOCTH» IIPUBJIEKJIN K
cebe BceoOIiee BunManue. Tem Oouibliiee n3yMmieHne ObLJIO BBI3BAHO B KPyTax
MaTeMaTHKOB, Koria (gpaniy3ckuii Mopckoii odurep [locesne (B 1864 1.) Bee
2Ke m300pesT HeCJIOKHBI MeXaHU3M, JeHCTBUTEIFHO PA3PEINAONIuii IpobdIre-
MY B IIOJIOXKUTEJLHOM CMbICJIe. B cBs131 ¢ BBe/leHnEM B yIOTpebJIeHne XOPOIIO
JEeMCTBYIOIINX CMA304YHBIX BEIIECTB TeXHUYECKas IIPobJeMa I0Tepssa CBOe
3Ha4YEHNe I TaPOBBIX MAIIIIH.

S

Rd

Puc. 58. Uusepcop Ilocenne, mpeobpazyroriuii BpamaTeIbHOe TBUKEHIE
B IIPAMOJIMHENHOE

Haznagenune mexanm3ma Ilocenbe 3akmodaeTcss B TOM, ITOOBI TIpEBpPa-
maTh KPyroBoe JBUKeHHe B IpsMoJinHeitHoe. B ocHOBe aTOro Mexanmzma
JIEXKUT Teopusi WHBepcun, uajioxkenHas B § 4. Kak BujgHo u3 puc. 58, mexa-
HU3M COCTOUT M3 CEMU YKECTKUX CTePXKHEH, /1Ba U3 HUX — JJIUHBI {, 9eThIpe —
JUIMHBI § W OJUH — IPOU3BOJIbHON bl Toukn O u R 3akpernsieHbl u
pacrosiozkenbl TakuM obpaszom, uro OR = PR. Bech ammapar Moxker ObITH
[IPUBEJICH B JIBUXKEHYE, Oy Iy 9IH TOIMUHEH yKa3aHHBIM ycaoBusM. Mbr ceitaac
ybemumcst, 9To, kozda mouka P onucwvieaem dyey okpyschocmu ¢ yenmpom R
u paduycom RP, mouxa QQ onucweaem npamosunelinuli ompedox. Obo3Ha-
qast OCHOBaHUE ITEPIIEHINKYJISIPA, OIYIIEeHHOro u3 Touku S Ha npsamyio OPQ,
gepe3 1, MbI 3aMedYaeM, 9TO

OP-0Q = (OT — PT) - (OT + PT) = OT* — PT* =
= (OT? + ST?) — (RT* + ST?) = > — s%. (3)

Benmauna t? — s mocrosHHas; noaoxkuM t2 — s? = r?, Tak kak OP - OQ =
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r2, 70 Toukn P 1 (Q B3aMMHO 0OpaTHBIE OTHOCHTEJLHO OKPYKHOCTH C IICHT-
pom O u pajguycom 7. B TO Bpemsi kak P onmceiBaeT Jyry OKpYZKHOCTH,
npoxoJisiieii gepe3 O, () onuchBaeT KpuBYyIo, 0OpaTHyto 91oit ayre. Ho kpu-
Basi, 0OpaTHasi OKPYKHOCTH, POXojsieil dyepe3 O, ecTb, KaK Mbl BHIEJIH,
HE YTO WHOE, KaK IpsiMas JuHusl. VTak, TpaeKTOpusi TOYKH () eCTh IpsiMasi,
u uusepcop [locenne geprur 3Ty npsamyio 6e3 JuHEHKH.

pyroit MexaHm3M, peramoImit Ty e mpodbeMy, ecTh wHBepcop lapTa.
OH COCTOUT BCeEro JIMIIb U3 IIAdTHU CTep}KHeI‘/'I7 COYJIEHEHNE KOTOPBIX ITOKa3aHO
Ha puc. 59. 3nece AB =CD, BC = AD. Yepes O, P u () 0603HaYeHbI TOYKH,

cOOTBETCTBEHHO 3adukcupoBannbie Ha crepxkusx AB, AD u CB, npurom
A0 AP CQ m
TakuM 00pa3oM, 4T0 —— = —=— = —= = —, Touku O u S 3aKpeIIeHbl
PASOM, OB~ PD QB n b
Ha TJIOCKOCTH HENOJBUXKHO, ¢ cobmogenuem ycaosus OS = PS. Boabie
CBsi3ell HeT, 1 MeXaHu3M criocobeH jipurarhest. OueBuamo, npsamas AC Bcerna

Puc. 59. Uusepcop T'apra

napaJutesibaa npsimoit BD. B takom ciydae Touku O, P u () jiexkat Ha OHOI
npsamoii, u npsmast OP napautensaa npsamoit AC. TIpoBenem nepreHiuky-
asipet AE u CF k upsimoit BD. Mbr umeem

AC-BD=EF-BD=(ED + EB) - (ED — EB) = ED*> — EB>.

Ho ED? + AE? = AD? u EB? + AE? = AB?. 3nauur, ED? — EB? =
AD? — AB?. Jlanee,

oP _ 40 _ m 0Q _oB_ =
BD  AB m+n AC  AB  m+n’
CiietoBaTEIBHO,
—__mn_ . —__mn 2 _ 2
OP OQ_(m+n)2 BD - AC (m+ 1) (AD? — AB?).

Tlocnenasist motydeHHas BeJIMUMHA HE M3MEHSETCsI DY JIBUXKEHUU MEXAHMI3-
ma. [losromy Touku P u () ABASIOTCS B3aMMHO OOPATHBIMH OTHOCUTEIHHO
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HEKOTOPOTO Kpyra ¢ nearpom O. Ilpn jaBmkennn mexanusma Touka P onm-
CBhIBaeT OKPY?KHOCTD C TIEHTPOM S, TPOXOJIsAIy o Yepe3 O; 3HAUUT, 0OpaTHAs
TO4UKa () ONUCHIBAET NPSMYIO JITHHIO.

MOoKHO MOCTPOUTHL — MO KpaiiHeil Mepe TeOpeTHYecKH — Jpyrue Iap-
HUPHBIE MEXAHU3MbI, KOTOPbIE Oy/IyT I€PTUTD 3JIIAIICHI, TUIEPOOJIBI U JIazKe
JuoOYI0 Hallepe/| 3aaHHy 10 ajrebpandeckyto Kpusyio f(z, y) = 0, kakoBa 6bl
HU ObLIIA €€ CTeleHb.

§ 6. Eme o6 nHBepcuu u ee IpUMEHEHUIX

1. NMuBapuantHocTth yrioB. CewmeiicTBa oOKpy2kHOCTei. XoTs
KpPyroBasi WHBEDPCHSI €CTh IpeobpasoBaHue, JOBOJIHHO PE3KO MEHSIONee
BHEIIHUN BWJ T€OMETPUYECKHX (UTYD, BCE 2K€ BECHMa 3aMEYATETHHBIM
SABJISETCSI TO O0DCTOATEIHCTBO, YTO BHOBb IOJIydYaeMble (DUTI'YPHI COXPAHSIIOT
HEKOTOPBIE CBOHCTBA NEPBOHAYAIBHBIX (DUTYD. DTU CBONCTBA, HE TEPSIONIH-
ecsl 1IpU 1IPeobPA30BAHUY, HA3BIBAIOTCS UHBGPUAHMHNbLMY. MBI yKe 3HaeM,
9TO IPU WHBEPCHUH OKPY?KHOCTH WJIU MPsiMasi IEPEXOJIUT B OKPYZKHOCTb UJIN
npsimyto. [IpubaBumM Termepb ere OIHO BayKHOE CBOMCTBO WHBEPCHH: Y204
MeHCOY 0BYMA NPAMBIMY UAU KPUBHIMU NPU UHBEPCUY HE USMEHAECMC.
loBopsi mosmpobuee, 3TO O3HAYAET, UTO WHBEPCUS IMIPEOOPA3OBBHIBAET JIBE
IepeceKaroIIyecss KpUBble B JIBE JIpDYI'Ue KPHUBBIE, KOTODBIE II€PECEKAIOTCSI
oy, TeM ke yryioM. [loj yryiomM Mexky KpHUBBIMHU IIOIPAa3yMeBAeTCsl yTOJI
MEXK/Iy X KaCATEeJThbHBIMU.

o) P\ P L
c c

Puc. 60. uBapunanTHOCTD yIJIOB IIpU WHBEPCHH

JlokazaTeabCTBO MOMydaeTcs MpU paccMorperuu puc. 60, rme mmeercs
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B BUJIy YACTHBII cJIydail mepecedenusi B ToUKe P npousBosbHON Kpusoit C
¢ npsMoMHERHBIM oTpe3koM O L, npoBeneHHBIM U3 neHTpa mHBepcuu O.
Kpusas C’, obparnasi kpupoit C, nepecekaercsi ¢ OL B Touke P’ obpar-
ot P, Tak kak P, Tak x)e kak u P, jexur #Ha OL. [lokaxkem, aro yrom x,
mexny OL m kacarenbuoit kK C' B Touke P 1o BejndnHE paBeH YIVIY Yo
mexkay OL u kacarenbnoit K C' B Touke P’. [Ijst aT0r0 Bo3bMeM TOUKy A
na kpusoit C' BOsm3u P u npoBeneM cekymiyio AP.

Touka, obparnast A, ectb A’; Tak Kak OHa HaxomuTcsd Ha mupsiMoii OA
u Ha KpuBoit C') TO sBJsieTcs WX TOYKOI mepeceuenusi. I[IpoBemem Takxke
cexymyto A’ P'. Tlo onpenenennto uasepcuu, 2 = OP - OP' = OA - OA’, wim

e OP _ OA
OA ~ OP”

1. e. Tpeyrojbaukn OAP u OA’'P’ nonobubl. 3HaunT, yroja & paBeH yr-
ay OA’P’, koropblii Mbl 0603Ha4YuM 1depe3 y. [locaenuii mar B HaleM pac-
CYKJIEHUU 3aKJI0YaeTCsl B TOM, YTOOBI 3aCTABUTh TOYKY A mpHOIMKATHCSH
o kpuBoii C' kK Touke P. [Ipu sTom cekymast AP 1mepexoauT B KacaTeIbHYIO
K kpuBoili C' B Touke P, U yroj & crpeMuTcst K xo. B To x)e Bpems A’ Oyjer
npubsmkatbes K P’ u npsamas A’ P’ nepeitner B KacarebHyo K Kpusoit C’ B
Touke P’, a yroJ y OymeT CTPEeMUTHCS K ¥Jo. 1aK KaK P BCIKOM TTOJIOKEHUT
TOYKH A MBI IMeeM PABEHCTBO & = ¥, TO OHO COXPAHUTCS U B IIPEJIEIIe Ty = Y.

Harme mokasaresibCTBO ellle He 3aKOHYEHO, TaK KaK Mbl PacCMOTPeJIN
IOKa, TOJILKO CJIydail mepecevuenust Kpuoit C' ¢ mpsiMoii, mpoxoisitieil aepe3
neatp O. Ho paccmorpers obmiumii cirydail mepecederust AByX MTPOU3BOJIbLHBIX
kpuBbix C' u C* Tenepb yKe coBceM Jierko. [IycTh 3Tu KpUBbIE MepeceKarTes
B Touke P um obpasyior mexay coboit yroa z. Torma npsimas OPP’ nesnr
9TOT YroJI Ha J[Ba, yIJia, U3 KOTOPBIX KaXKJIblii B OTIEJIbHOCTU HE M3MEHSeTCsI
[IpY UHBEPCUMU.

CnenoBasio 661 OrOBOPUTD, YTO, XOTsI MHBEPCHUS HE U3MEHSIET BeAUNUHbL YIJIA,
OHA, OJTHAKO, U3MEHSIET HANPABAEHUE ET0 OTCUETA: eCJI BOOOPA3UM, UTO IIPU TTOCTO-
SHHOM yBEJIMYEHHH YIJIa To OJHA CTOPOHA €ro HEINOJBHKHA, & JIPyras BPAIIAeTCs
IIPOTHUB YacOBOU CTPEJIKHU, TO IOJBUXKHAsI CTOPOHA COOTBETCTBYIOIIETO «OOPATHO-
TO» yIJIa BPalllaeTCs IO 9aCOBOIl CTPEJIKE.

YacTHBIM CJIEJICTBUEM WHBAPUAHTHOCTU YIJIOB [IPU WHBEPCUU SIBJISIETCS
TO, UTO J(BE OPTOTOHAJIbHBIE (T. €. MEePEeCEeKAIONINecsl MO HPSMBIM YIJIOM)
OKPY2KHOCTHU WJIM TIPsIMBIE ITOCJIE MHBEPCUY COXPAHSIIOT ITO CBONCTBO, U €CJIn
JIBE€ OKPY?KHOCTH B3aUMHO KACAIOTCHA (<«IEPECEKAIOTCS TI0J] yIJIOM, PABHBIM
HYJIIO» ), TO KACAIOTCH U 00PATHBIE UM OKDYZKHOCTH.

PacecmorpuM cemeiicTBO OKpYKHOCTE, IIPOXOJISAIIIX Yepe3 EHTD HHBEpP-
cun O U elne 4Yepe3 OJHY U Ty K€ HEMOJIBHXKHYIO TOUKY 1tockoctu A. Mbr
sraeM (§ 4, OyHKT 2), 9TO 9TO ceMeliCTBO Mpeobpasyercsi B ceMefcTBO Tpsi-
MBIX, IPOXOJISINUX Yepe3 TouKy A’, apjsonryiocs obpazom A. B to ke Bpe-
MsI CEMENUCTBO OKPYKHOCTEH, OPTOTOHAJIBHBIX IIEPBOHAYAILHOMY CEMEHCTBY,
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IIpeBpalaeTcs B CEMeMCTBO OKPY?KHOCTeH, OPTOrOHAJIbHBIX YIOMAHYTOMY
cemeiictBy npsimbix. (Ha puc. 61 oproroHanbHBIe cemeiicTBa M300parKEHBI
IyHKTUPOM.) BHelrHe ceMefcTBO MPsIMBIX, MPOXOJSINUX YEPE3 OJIHY U TY
2Ke TOYKY, MaJjl0 HAllOMHHAET CeMEeNHCTBO OKPY2KHOCTe#l, HO 3TU ceMeiicTBa
CBsI3aHBI TECHEHINM 00pPA30M — C TOYKHU 3PEHUs] TEOPUU WHBEPCUU OHU, TAK
CKa3aTbh, BIOJHE SKBUBAJICHTHBL.

Bor ngpyroit npumep TOro, Kk KaKuM Pe3yJIbTaTaM IIPUBOJIUT HWHBEPCHSI.
[Iycth mamo cemMeiicTBO OKPYKHOCTEMH, IPOXOISIIIX depe3 IeHTP WHBEPCUN U
MMEIINX B 9TOI Touke 00Ny KacareabHyto. [locie nHBepcun 1oJry4aercst
CEeMeNCTBO MapaJsIebHbIX MPIMbIX. [lefiCTBUTEIEHO, TaK KaK OKPY?KHOCTH
poxoaaT depe3 O, TO OHU IPEBPAIAIOTCS B MIPSIMbIE, M TAK KAK OKPY2KHOCTH
HE UMEIOT TOYEK Tepecederunst Kpome O, TO TOJIydaeMble MPSMbIe TTapaslIe/b-
HBL.

Puc. 61. IIpeobpazoBanue JByX CHCTEM OPTOTOHAJIBHBIX OKPYIK-
HOCTeH ¢ IOMOIIBIO HHBEPCUN

@ 4

Puc. 62. IIpeobpazoBanue Kacaromuxcs OKPYKHOCTeH B
napaJijieTbHbIE TPSIMbIE

2. IIpumenenue K mmpobdbsieme AnosutoHus. IIpexkpacHoil niaocTpa-
nueit TOro, HACKOJIBKO MOJIE3HA, TeOPUsi MHBEPCUH, SIBJISIETCS CJIEIYTOIIee Ipo-
CTOe TeoMeTpUuYIecKoe perrenne npobiaembl Anosutonus. Ilpu nasepcuu oTHO-
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CUTEJIbHO KakKoro 6bl TO HU ObLIO IeHTpa IpobieMa AIOJIOHU i TPex
JAHHBIX OKPY2KHOCTeHl TpaHcOPMHUPYeTCs B COOTBETCTBYIONLYIO IIPObJIEMy
JUISL TPEX JPYTUX OKPYKHOCTE: IIyCTh YNTATEb BHUMATEJHHO IIPOJIyMAET,
o4YeMy 3TO TaK.

Orcrona JIerko MOHATh, YTO €CJIU TPOOIeMa PeIeHa JIisi HEKOTOPOi TPOii-
KU OKPYZKHOCTEl, TO TeéM CaMBbIM €€ MOXKHO CUIATATh PEIICHHON 1 JJId BCAKON
TPOMKU OKPY?KHOCTEH, KOTOpas U3 MepBOil TPONKN MOXKET OBITH IMOJIy<IeHa
nyTeM mHBepcuu. MbI cymMeeM HCIIOJIB30BATH 3TO OOCTOSITENILCTBO, BbIOUpAS
13 BCEBO3MOXKHBIX «IKBUBAJIEHTHBIX» TPOEK TaKyIO, JIJIsT KOTOPOil mpobJieMa
peraercsi 0COOEHHO MPOCTO.

Puc. 63. [Toaroroska mocrpoenus, pemaromero npobiseMmy AmosioHus

[Ipeamonoxum jist ONpPEIEIEHHOCTH, YTO TPHU JAHHBIE OKPYXKHOCTU C
nearpamu A, B, C B3aMMHO He NEPECEKAIOTCsl U JIeKAT KarKJjias BHE JBYX
JIpYTUX, ¥ JOIYCTUM, 9TO PedYb UJET O HAXOXKJIEHUU OKpYyKHOCTH U ¢ IeHT-
pom O u paamycoM p, KaCalolleicsi TPeX JAHHBIX OKPY’KHOCTEH BHEIITHHM
obpazoM. 3aMeTHM, 9TO €CJIU MBI YBEJTUIIM
paJmyc BceX TPeX JIaHHBIX OKPYXKHOCTEH Ha
OJIHY W Ty K€ BeJIMIUHY d, TO OKPY?KHOCTH
¢ mearpoM O m pagumycoM @ — d, O4YeBHJ-
HO, OBLT ObI pelreHneM BUION3MEHEHHOM Ta-
KM obpa3oM mpobsembl. [lomb3ysch saTum
00CTOSATEIHCTBOM, YBEJIUYIUM PAJUYCHI JIaH-
HBIX OKPY?KHOCT€Ii Ha TAKyI0 BEJIUIUHY, ITO-
OBl JIBe W3 TpeX OKPYKHOCTEHl OKa3aJnCh
B3aMMHO KAaCaIONUMUCS B HEKOTOPO# TOY-
Ke, KoTopyto oboznaunMm K (puc. 63). 3arem
POU3BEIEM MHBEPCHUIO BCeil (PUTYPBI OTHOCUTEIHHO KAKON-HUOY/Ib OKPYK-
voctu ¢ nentpoM K. OkpyxuHoctu ¢ meHTpamu B u C craHyT mapaJi-
JIEJIbHBIMU HPSMBIMIA b M ¢, & TPeThsi OKPYKHOCTH IIPEBPATUTCSI B HEKO-
TOpYI0 OKpy:KHOCTb a (puc. 64). Mbr yxe 3mHaem, 4ro a, b, ¢ Mmoryr

Puc. 64. Pemenne mpobsiembr
Anosutonust
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OBITH IIOCTPOEHBI C IIOMOIIBIO IUPKYJIA U JinHefiKu. UTo Kacaercs MCKOMOIA
okpykHocT U, TO OHa Ipeobpa3yercss B OKPYKHOCTb U, KaCAIOILYIOCS
npaMBIX b, ¢ M OKpyXHOCTH a. Ke pamuyc r, O4eBUIHO, JOJIKEH paB-
HATHCS I[TOJIOBUHE PACCTOSTHUS MEXKIYy UPsMBIMU b u ¢; meHtp ke ee O
JIOJIZKEH COBIIQJIaTh C OJHOM M3 TOYEK Iepece-
YeHHsI CpeJHell JIMHUM MeXKJy b U ¢ ¢ OKpyXK-
HOCTDBIO, KOHIICHTPUYECKON OKPY?KHOCTH @, HO ———:7 —————— I
umerorneil pajuyc za 1 6ospimuit. Ocraercs: mpu-
MEHUTb 00PATHYIO HHBEPCUIO K OKPYKHOCTH U, U

TOLJA HOJIYIUM HCKOMYIO allOJUIOHHEBY OKPYXK- — ~~~ 7~~~ 7~ -
Hocts U. j
|
|
3. IloBropHuble orpaxkenus. Kaxmomy —__*1* x
* | % | * | %

U3 HAC IPUXOAUIOCH HAOJIIONATL CTPAHHLIE sB- | | |
JIEHUSI OTPAsKeHUsl, BOSHUKAIOIIUE, eCJIU MMeeT-

ca Gosee ofHOTrO 3epKaja. Ecim gerbipe crenpr  Puc. 65. ITosroproe orpa-
MIPSIMOYTOJIBHOM KOMHATBI IIPEJICTABJISIOT coDoit — ZKEHHME OTHOCHTE/ILHO IIpsi-
ujealbHble 3epKaja, HA B MaJoil CTeleHd He MOJIHHEHHELX CTeH
HOTJIONIAIONINE CBETA, TO HAXOMASIIAACA B ITOM

KOMHATe OCBEIlleHHas TOYKa CO3/IaeT OEeCKOHed-

HOE MHOYKECTBO OTPaXKeHHUil, 110 OJHOMY Ha KaXKIYI0 U3 IIPAMOYTOJIbHBIX
KOMHAT, BOSHUKAIOMNX W3 MEPBON MOCPeICTBOM oTpazkennit (puc. 65). [Ipn
MeHee HPaBHJILHON (bOpMe COCIMHEHHs 3epKaJl, HAIIpUMEP IIPH TPEX 3€p-
KajlaX, CO3JIaeTcs 0oJiee CJIOXKHAs CUCTeMa OTpaykeHwil. Ilosydarontyrocs

KOH(UI'YPAIUIO JIETKO OIMCATH TOJBKO B TOM CJIydae, eCJId OTPaskeHHbIe Tpe-
YTOJIbHUKY, He MePEKPBIBast APYT APYyTa, MOJHOCTHIO TOKPHIBAIOT IIJIOCKOCTh.
Takum cBoficTBOM 00J18/1AI0T TOJBKO MPSIMOYTOIBHBIN PABHOOEIPEHHBIN Tpe-
YTOJIbHUK, PABHOCTOPOHHUN TPEYTOJBHUK U IPAMOYTOJIbHBIA TPEYTOJIbHUK,
[PEJICTABIAIONMI cOB0K0 MOJOBUHY PABHOCTOPOHHEro (puc. 66).

Eme Gosiee Kypbe3Hble 0OCTOSATEIHCTBA BO3HUKAIOT, €CJIM MBI CTaHEM
paccMaTpuBaTh IOBTOPHBIE WHBEPCHUU OTHOCUTEIBLHO ITaphl OKPYZKHOCTEM.
[TomecTuBmIMCh MeXKYy JIByMs KOHIIEHTPHUYIECKUME C(HEPUIECKUME 3€p-
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KajJlaM#, Mbl YBUJIaJIA Obl OECYMCIEHHOE MHOXKECTBO KOHIICHTPUYIECKUX

Puc. 67. IloBropHOE oOTpazke-
HUE OTHOCUTEJIbHO JBYX ccepu-
YEeCKUX JyT

orpaxenuii. OJiHa MOCJIEIOBATEIBHOCTD
OoTpakeHuit yxoauaa Obl B OECKOHEYTHOCTD,
Jpyrasi — COCpeJ0TOYnBajach OBl OKOJIO
neraTpa. Ciaydail IByX OKpYyKHOCTEIA, pac-
TIOJIO’KEHHBIX OJIHA BHE JPYTO#, HECKOJIb-
KO CJIOXKHEe: OKPYKHOCTH U HUX OTpazKe-
HHUs MOCJIe0BATEJIBHO OTParKaroTCsl OHA
B JIPYTOli, yMeHBINAasiCh IIOCJIe KazKJIOTO
OTpakeHUd U TECHSACh K JIBYM IIpeneJib-
HBIM TOYKaM, IO OJHOI B KaxKJOH U3 JaH-
HBIX OKPY2KHOCTef. (DTH TOUKHM 0671a/1a10T
CBOMCTBOM B3aWMHOM OOPATHOCTUA OTHOCH-
TEJILHO KaKJI0# 13 JIAHHBIX OKPYKHOCTEI!. )
Bce sro mokazamo ma puc. 67. Yro mo-
JIYIUTCST B CJIydae TpexX KPyrow, 00 3TOM
YUTATEJb MOXKET COCTABUTH BIICUATIICHUE,

B3IVISTHYB Ha y30D, N300pakeHHbI# Ha puc. 68.

Puc. 68. OrparkeHne OTHOCUTEJILHO TPeX CheprUIecKux 3epKaJ
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HpOGKTI/IBHa,SI reomMeTpud. Axcuomaruka.
HeeBK.TII/I,ZI;OBI)I reomMeTpun

§ 1. BBenenue

1. Knaccudukanuss reomerpudyeckux cBoMcTB. VIHBapuaHT-
HOCTBH IPU Npeobpa3zoBaHUsIX. B reomerpun paccMaTpuBarOTCsA CBOMCTBA
duryp Ha IJIOCKOCTH W B MPOCTPAHCTBE. IDTU CBOICTBAa CTOJH MHOIO-
9UCJIEHHBI W CTOJIb DPA3HOOOPA3HBI, 9TO HEOOXOAUM KAKON-TO IPUHITUI
KJIacCcuUKAIMHI JJIsT TOr0, ITOOBI BHECTU TOPSIOK B OOIMIMpHOE coOpaHme
HAKOIIJIEHHBIX 3HaHWil. MOXXHO OBbLJIO ObI, HAIpUMEp, IIOJIOKUTH B OCHOBY
KJTaccu(UKAIUU METOJI, IIPUMEHSIEMbI IIPY BBIBOJIE [TOJIYy9aeMbIX YTBEPK e~
uuit. C 9T0#1 TOYKM 3peHUsi OOBIKHOBEHHO DPAa3JIMYAIOTCS «CHHTETHIECKUE»
U <«aHaJuTH4IecKue» mporeaypbl. CHHTETHYECKHE JOKA3aTeIbCTBa CyIIe-
CTBEHHO CBSI3aHBI C KJIACCMYECKAM AKCHOMATHYIECKUM METOIOM, WJLYIIIM
or EBkimna: paccyKjeHue CTPONUTCH HA YHCTO IeOMETPUYECKOIl OCHOBE,
HE3ABUCHUMO OT CPEJICTB aJIreOPhl U KOHIIEIINH YACIOBOIO KOHTHHYYMa, U BCe
TeopEeMbI BBIBOISTCS (DOPMAJIBHO JIOTHIECKUM ITyTEM, UCXO/s U3 HEKOTOPOT'O
9UCJIa HAYAJbHBIX MMOJIOYKEHHH, HA3BIBAEMBIX aKCHOMAMU WJIA TOCTYIATAMH.
Hpyroit MeTom moipa3yMeBaeT BBEICHNE UMCI0BOH KOOPANHATHOW CHCTEMBbI
U UCIIOJIH3YeT TeXHUIECKUii ammapar ajrebpbl. DTOT METOJL IPOU3Be Tiryho-
KUe U3MEHEHUs B CaMOil MaTeMaTUIeCKOl HayKe, CJIUB B OJIHO OPraHMYeCKOe
[I€JI0€ TEOMETPHIO, aHAJIN3 U AJIredpy.

B s7oit ritaBe, onpako, Hac OymeT MHTEPECOBATH HE CTOJIBKO KJIACCUMU-
KAl METOJIOB, CKOJIBKO KJIACCUMDUKAIMN COJEPKAHUS, T. €. caMu 1o cebe
YTBEDP2K/IeHUsI TEOPEM, a HE CIIOCODBI MX JI0KA3aTe/IbCTBA. B 3sieMenTapHOit
reOMETPHUH IIJIOCKOCTH PE3KO Pa3/IMYaroTCsl JIBe I'PYIIIbI TEOPEM; B OJIHUX
ujger pedb O paBeHCcTBe GUryp, 00 M3MEPEHUU OTPE3KOB M YIJIOB, B JIPY-
rux — 0 moobun Guryp, st KOTOPOro CyIIECTBEHHO W3MEPEHHE YIJIOB, HO
HE OTPE3KOB. YKA3aHHOE DPa3jIMdhe He CTOJb yXK CYIIECTBEHHO, TaK KakK
JJIMHBI OTPE3KOB U BEJUYUHBI YIJIOB JOBOJBHO TECHO CBI3aHBI MEXKIY CO-
Goit M pa3zessTh UX — HECKOJBbKO nckyccrBeHHo. (M3yuenme 310ii cBsA3m
cocTaBisieT TJIABHBIM 00pa3oM IpejaMer Tpuronomerpun.) OTMeTnm nHyo
CTOPOHY geJia. B aseMeHTapHON TeOMETPHH MBI IMEEM JIEJIO0 C 6EAUNUHAMU:
OTpe3KaMu, yIyiaMu, IiomaaaMu. JIBe hurypsl TaM CIUTAIOTCS SKBABAJIEHT-
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HBIMU, €CJIU OHU KOH2PYIHMHbL, T. €. MOTYT OBITH MEPEBEJIEHBI OJIHA B JIPYTYIO
[TOCPEJICTBOM JIBUYKEHHSI — ITPE0OPA30BAHNSI, MEHSIIOIIErO TOJIHKO ITOJIOXKEHHE
durypsl, HoO He JHUCJIOBbIE 3HAYEHUsI BEJIMYNH, C Hell CBsI3aHHBIX. Bo3HUKaer
BOIIPOC: SIBJISIETCsI JIU 3HAYEHNE BEJIMYMH — U BMECTe C TeM KOHI'PYIHTHOCTh
i oobue pUryp — 9eM-TO CyIEeCTBEHHO HeM3MEeHHbIM B Teomerpun! n
2K€ UMEIOTCsl MHbIe, OoJiee TIyOOKO JIeKalle CBOWCTBA T€OMETPUIeCKuX -
I'yp, KOTOpPbIE COXPAHSIIOTCS TaKKe W IpU IpeoOpa3oBaHmsaX 0oJiee OOIIero
THIA, YeM JIBUKeHus! Mbl yBUIMM, 9TO TAKHe CBOWCTBA CyIIECTBYIOT.

Puc. 69. CxkarTue oKpyKHOCTH

[IpencraBum cebe, 9TO HA TPAMOYTOIBHON TOCKE, N3TOTOBJIEHHON U3 MAT-
KOT'O 9JIACTUYIHOTO MaTepraJia, HAPUCOBAH KPYT C MApOil B3aUMHO [EePIIeH/ 1~
KyJISIDHBIX jiamMerpoB (puc. 69). Eciu MBI IOJIOKHUM 9Ty JOCKY B THCKU U
COXKMEM JI0 ITOJIOBHHBI €€ IT€PBOHAYAJIBHON IIUPUHBI, TO OKPY?KHOCTh IIpe-
BPATUTCS B JIJIUIC U YIVIBI MEXKJIy JAMAMETPaMU y2Ke He Oy/IyT HPSMBIMHU.
OKpy2KHOCTH 00JIAJIA€T TeM CBONCTBOM, YTO BCE €€ TOYKHM HAXO/SITCS Ha
OJIHOM W TOM YK€ PACCTOSTHUU OT TIEHTPA, HO SJUIMIIC TAKUM CBOWCTBOM He
obtasaet. Mormo 661 TOKa3aThCsI, 9TO CXKATHE YHUITOXKAET BCE T€OMETPHIe-
CKUe CBOMCTBa IepBOHAYAIbHON KoHurypamuu. Ho u 310 npenosioxKenue
JAJIEKO OT MCTHUHBI: HAIIPUMED, YTBEPXKIEHUE, UTO MEHTP IEeJUT JUaMETPhI
[IOTI0JIAM, OMHAKOBO CIIPABEJIMBO U JJIs OKPYXKHOCTH, W JJIsI SJUINIICA; B
JIAHHOM CJIy9ae Mbl BCTPEYAEMCsT C TAKUM CBOHCTBOM (DUTYDPBI, KOTOPOE CO-
XpaHsieTCsl TP BECbMa PE3KOM H3MEHEHUH B Pa3Mepax ee OTJETbHBIX 3JIe-
MeHTOB. Crle/laHHbIE 3aMedaHUsl HABOJSIT HA MBICJb O BO3MOXKHOCTU KJIac-
cudUIPOBaTh TEOPEMbI, OTHOCSIIUECS K TOW WMJIM MHOW IeOMEeTPUYECKON
durype, B 3aBUCHUMOCTH OT TOT'O, COXPAHSIIOT JIH OHU CUJIy WJIU TEPSIOT €e
[IpY PAaBHOMEPHOM czkaTuu (miu pacrszkenun). MoxHO mocraBuTh u 6oJiee
00IIIMiT BOIIPOC, UCXO/IsT U3 HEKOTOPOTO TAHHOTO KJIACCa ITpeodbpa3oBanmii (pu-
rypsl (TAKOrO pOjia KJIACCHL, HAIIPUMED, TOPOXKIAIOTC COBOKYIIHOCTBIO BCEX
JIBIKEHUI, WM coKaTuii, nin, ckaxkeM, KPYrOBbIX MHBEPCUIT U T. J1.); MOXKHO
IMIOMHTEPECOBATHCST TEM, KAKHMe CBOUCTBA (PUTYPBI OCTAIOTCS HEU3MEHHBIMU,
KOr7a pUrypa moIBEPraeTCs PA3JIMIHBIM IPEOOPA30BAHUIM JAHHOTO KJIACCa.
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Cucrema TeopeM, YTBEPKIAIONINX TAKHE CBOWCTBA, COCTABIISET 2COMEMPUIO
DPACCMAMPUBAEMO20 KAGCCE npeodbpasosaruti. Vnes kiraccudukamy pasimy-
HBIX OTPacJjeil TeOMETPUU B COOTBETCTBUU C KJIACCAMU [IPe0OPa30BaHMUIl [TpU-
nagyiexut Pemkcy Kneitny (1849-1925); ona 6blia Brickazana um B 1872 1.
B €r0 3HAMEHUTOM BBICTYILJICHUH, TIOJIyIUBIIEM IMTUPOKYI0 U3BECTHOCTDH IO
Ha3BaHUEM <«DPJAHTEHCKOM mporpaMMbliy. C Tex mop 3Ta uiest oKa3ajaa pe-
[IAIOIIee BIIUSHIE HA HAIIPABIEHUE MHOIMX I'€OMETPUYECKUX UCCIIEOBAHUII.

B rraBe V Ham 1mpeicTaBUTCS CIIydail yCTAHOBUTH BEChMa YIUBUTEIHLHOE
00CTOSATEILCTBO, 3AKJIIOYAIONIEEC B TOM, YTO HEKOTOPBIE CBOCTBA I'eOMET-
putecKnx (UTYp 3aJ0KEHBI HACTOJILKO TVIyOOKO, 9TO HE HCUYE3aI0T JayKe
[I0CJIe COBEPIIEHHO IIPOU3BOJIBHBIX fedopMaruii: Tak, bUrypbl, HApUCOBAH-
HblE€ Ha KYCKE PE3WHbI, He OTEPSIOT KOe-KAKNX XapPAKTEPUCTUIECKUX UePT
IIPpU CAMBIX Pa3HOOOPA3HBIX U CAMbBIX Pe3KuX jedopmarusax. Ho B nacrosimeit
rJIaBe Mbl 3aifiMeMCsl TEMH CBOHCTBAMU, KOTOPBIE COXPAHSIIOTCSI, « AHBAPUAHT-
HBI» [IPU HEKOTOPOM CIEeNHUaILHOM KJracce IpeobpaszoBanuil, bosiee MupoKoM,
9eM BeChMa OIDAHMYEHHBIN KJIACC JABUXKEHUI, HO OoJjiee y3KOM, YeM CaMbIit
00Nt KJIacC MPOMU3BOJIBHBIX Jedopmarmii. MbI TOBOpEM 0 Kjacce <«IIPoeK-
TUBHBIX ITPEOOPABOBAHUIL».

2. IIpoekTuBHbIe npeobpa3oBanus. ll3ydeHune OTHOCSIIUXCS CIOIA
TeOMETPUYECKNX CBONCTB OBIJIO BBIIBUHYTO II€PE] MATEMATUKAMU B JIaBHEE
BpeMsI MpODJIEMaMU NEePCNeKmuedl, KOTOPbIE M3YUYAINCh XYIOKHUKAMHI, B
toMm umcie Jleonapmo jga Bununm u Assbpextom [lropepom. Mzobpaxkenue,
CO3/1aBaeMoe XYJI0KHUKOM, CJIEyeT PacCMaTPUBATh KaK IPOEKIMI0 OPUIU-
HaJia Ha IJIOCKOCTh KAPTHUHBI, IIPUYEM IIEHTD TPOEKIMH IIOMEIAeTCsl B IJIa3y
XyJI0KHUKA. [Ipy IpOeKTUpOBaHUN — B 3aBUCUMOCTH OT OTHOCHUTEIHHBIX I10-
JIOZKEHUI PA3IMIHBIX N300PaKAEMBbIX O0BEKTOB — JIJIMHBI OTPE3KOB U YTJIbI
Hen30€eKHO [TO/IBEPTAIOTCS NCKaKeHusIM. Vl TeM He MeHee HA KAPTUHE OOBITHO
HE IIPEJICTABJIAET TPY/ia PACIHO3HATH M€OMETPUUECKYIO CTPYKTYDPY OPHUIHHA-
sga. Kak 06bsichuTh 310 06cTOsITE/IbCTBO? Hesb3st 00bsSCHUTH WHAYE, Kak
YKa3aB HA HAJMINE Te€OMETPUIECKUX CBONCTB, «HMHBAPUAHTHBIX OTHOCUTE b~
HO MIPOEKTHUPOBAHUS»,— CBOICTB, COXPAHSIONNXCS HA KAPTUHE U JIEJIAIOIINAX
BO3MOXKHBIM y3HABAHUE HAPUCOBAHHOrO opuruHajia. OTHICKAHUE W aHAJHI3
THUX CBOMCTB COCTABJISIOT IPEIMET IIPOEKTUBHONU I'€OMETPUH.

CoBepIIIeHHO $ICHO, YTO B 9TOIl OTPAC/M IeOMETPUU HE COJIEPIKUTCS I10-
JIOXKUTEJIbHBIX YTBEPKIEHUN, OTHOCAIIUXCS K JJINHAM OT/E/IbHBIX OTPE3KOB
WIN K BeJIMYMHAM OT/IEJbHBIX YIJIOB; HE WJET PE€Yb U O PaBEHCTBe (uryp.
Hexkoropnie m3osimpoBanuble (HhaKThl, KACAIONIAECH MTPOEKTUBHBIX CBOMICTB,
Ob1Tr m3BecTHHI y2Ke B X VII B., a nHOTIa, KaK B ciiydae «TeopeMbl Menemasty,
naxke B apesHocTH. Ho cucremarmdeckue mcciie/oBaHusl B 00JIACTH IIPOEK-
TUBHOU NeOMETPUHN PA3BEPHYJIHUCH BIepBble Jullb K KoHIy X VIII cromerust,
korja 3uamenntas Ecole Polytechnique B Ilapuzke OTKpbIIa HOBYIO CTPAHN-
Iy B UCTOPUM MaTEMATHKU, B YACTHOCTUH T€OMETPUU. DTa IIKOJA, CO3AH-
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Hast QpaHITy3CKOIl PeBOJIONNEH, MOATOTOBUIA OOJIBINIOE YUCTIO O(UIEPOB,
OKa3aBIINX Ha BOEHHOH CJIy2KOe BBIIAIOIIecsd YCJIyIu CBOeil peciybiiuke.
B uncie ee turomues 661 2Kan-Bukrop Iorcese (1788-1867), Hanucasimmii
cBoit «TpakTar 0 MpOeKTUBHBIX CBOlcTBax uryp» B 1813 r., Oyayun B 1ieHy
B Poccun.

B XIX B. nox Bimsnunem Ireitnepa, tayara, lans u apyrux mpoek-
THUBHAs F€OMETPHs CTaJIa OJHUM U3 U3JIIOOJEHHBIX IIPEIMETOB MaTeMaTHIe-
ckux uccieopanuii. CBoeil MOIyJISPHOCTBIO OHA 00s13aHa OTYACTH IIPUCY eI
el 0COOEHHON CTETUIECKON PUBIIEKATEIBHOCTH, OTYACTH YKe CIOCOOHOCTH
MIPOJIMBAThL CBET HA TNEOMETPUYECKYI0 HAyKYy B IIEJIOM, a TaKXKe TJIyDOKOI
BHYTPEHHEH CBA3U C HEEBKJINJIOBOM reOMeTpHeil u ¢ ajaredpoit.

§ 2. OcHOBHBIE IOHATUS

1. I'pynmna mpoeKTUBHBIX npeobpa3zoBaHwmii. [Ipex e Bcero ompee-
JIUM KJIacC, WA «TPYIILy» ', IPOEKTUBHBLIX mpeobpasopanmii. IlycTh B mpo-
CTPaHCTBE 3aJ[aHbI JBE IJIOCKOCTU T U T, MapaslIeJbHbIE WM HEIapaJjljie/b-
Hble MeXK 1y co00it. MBI BBIIOTHIEM U4eHMPasbHYI0 NPOEKYU0 T HA T C JaH-
HBIM TleHTpoM O, He JIeXKAIUM HHU Ha T, HA HA T, COMOCTABJIsIS KaXKJIOi
Touke P mjockocTtu T Takyio Touky P’ mmockoctu 1/, uto P u P’ mexar
Ha OJHON M TOH »Ke NPsAMOIi, mpoxondieii yepe3s O. AHaJOrMIHO MBI BbI-
MOJTHSIEM TIOJOOHBIM Ke 00pPa30M NapasiesbHYyl0 MPOEKUUIo, TIPEroaras,
9TO TMPOEKTUPYIONIUE MPsIMbIE MapaJuIebHbl MeXK Ty coboit. Touano Tak xe
OIPENIEJIseTCS MPOEKIIAs IPSAMOI WJIM KPUBOHM JMHUHU [ B IUIOCKOCTH T Ha
HEKOTOPYIO JIMHUIO !’ B IUIOCKOCTH T, IPUYEM U B STOM CJIydae IIPOEKIIUs
MOXKET OBITH IEHTPAJIBHON UJIU TIapaJLIe/IbHOM.

Besikoe orobparkeHnue oHOM (pUTYPBI HA JPYTYIO, IIOJIY YAIOIIEecs ITOCPeI-
CTBOM MPOEKTUPOBaHUS (IEHTPAJIBHOIO WU IAPAJIIEIHHON0) UM Ke II0-
CPeICTBOM KOHETHON MOC/IEI0OBATEIbHOCTH TAKUX MPOEKTHPOBAHNI, HA3BIBA~
eTcst npoekmusHovLM npeobpazosaruem®. IIpoexmuehas 2eomempus TLIOCKOC-
TH WIN IPSAMOI COCTABJIAETCS U3 CUCTEMbBI T€OMETPUYECKUX TEOPEM, COXPAHS-

Tepmun «rpymnma» B IpHMEHEHHH K KJIACCy NpeoOpas3’oBaHUil MOAPA3yMEBAET, UTO
[I0CJIEIOBATEILHOE BBIMOJIHEHUE NBYX MPEOOPA30BAHUN U3 PACCMATPHBAEMOrO KJacca
eCTh TakK»Ke IpeoOpa30BaHUE ITOrO KJacca W YTO MIpeobpasoBaHUe, «O0OpaTHOE» II0
OTHOIIIEHUIO K IPEOOPA30BAHUIO U3 PACCMATPUBAEMOrO KJIAcCa, TAKYKE IIPHHAIEIKAT
9TOMy KJaccy. ['pynmoBbie CBOWCTBA MaTeMaTUYECKUX OIEPAIUil UIPAU U MPOIOJI-
JKAIOT UIPATh OYEHb OOJIBIIYIO POJIb BO MHOIUX OBJIACTSIX, OJHAKO IO OTHOIIEHWIO K
reOMETPHUY 3HAYEHHE MOHATUS «IPYIIbI» B CBOE BPEMsl, BO3MOXKHO, OBIJIO HECKOJIBKO
[peyBeJInIeHO.

Ecnu nBe durypsl cBs3aHbI TOJBKO OJHUM MPOEKTUPOBAHUEM, TO T'OBOPAT OOBIYHO,
9TO OHM IEPCIEKTUBHBI. Takum obpas3om, eciu cka3aHo, 4ro durypa F B pesyib-
TaTe TMPOEKTUBHOTO NMpeobpa3oBaHus NepexomuT B durypy F’, To 3T0 3HAYUT, 4TO
umu burypsl F u F/ nepcrHeKTHBHBI, WU YK€ MOYKHO yKa3aThb IOCJEI0BATETbHOCTE
takux buryp F, Fy, Fa, ..., Fy,, F', aTo mo6ble aBe psIoM CTOAIIME B Heit (DUTyph
[IEePCIEKTUBHBI.
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Puc. 70. HenTpambHas mpoekitust

Puc. 71. TlapannenbHast mpoekIust
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IOIIUXCSl IPY TPOU3BOJILHBIX ITPOEKTUBHBIX IPEOOPA3OBAHUIX COOTBETCTBYIO-
mux buryp. IIpoekTuBHOI reoMeTpUn IPOTUBOIIOCTABIIAETCI MEMPUUECKAA
2e0MeMPUA, KOTOpas MOHUMAETCS KaK CHCTeMa TeOpeM, yCTaHABJIMBAIOIINX
CBSI3W MEXK/JIy BeJIMYMHAMU B PACCMATPUBAEMbBIX (DUTI'ypaxX, WHBAPUAHTHBIE
TOJIBKO OTHOCUTEJIBHO KJIACCA JBUKEHUI.

HexkoTopsie mpoekTuBHBIE CBONCTBA MOYXKHO (DOPMYJIUPOBATH HEIIOCDE]I-
crBeHHo. Touka, pa3ymeercs, IPOEKTUpPYyeTcs B TOUKY. lasee, npamas aunus
NPOEKMUPYEMCA 8 NPAMYI0O: B CAMOM Jiejie, ecjid IpsiMasi | B IJIOCKOCTH T
MIPOEKTUPYETCsl Ha IIOCKOCTh T, TO JIMHWS IepecedeHus: !’ IJIOCKOCTH TU
¢ ILIOCKOCTBIO, mpoxonsameil depes O u [, — obazaTenpro npamag'. Ecim
Touka A u npsMas [ MHIUAEHTHLI?, To Touka A’ u npsamas [’, BOZHUKAOIIHE
U3 HUX IPHU [IPOEKTUBHOM NPeOOPA30BAHUM, TAKXKe HHIMIACHTHBI. Jlpyru-
MU CJIOBAMH, UHUUIEHMHOCTD MOYKY U NPAMOT ecmb C80TUCME0, UHBAPU-
anmmoe OMHOCUMENDHO 2PYNNLL NPOEKMUBHHIT npeobpasdosanudi. I3 sToro
00CTOATEILCTBA BBITEKAET Psijl IIPOCTHIX, HO BEChbMa BAXKHBIX CJIEJICTBUI.
Ecin tpu Touku (mym Gosiee TpeX TOYEK) KOMAAUHEAPHDL, T. €. WHIUIEHT-
HBI C OZHON M TOMU Ke MPSAMOM, TO UX OTOOPAKEHUsT TAKKE KOJITHHEAPHBI.
AHaJsornuHO, €cauM B INIOCKOCTH T TPU TpsiMble (Mim GoJiee TpeX MPSIMBIX)
KOHKYPPEHMHDL, T. €. UHIUJICHTHBI C OJHOW M TOI Ke TOYKOH, TO MX OTOD-
paKeHusi — TakKe KOHKYPPEHTHBIE TpsIMble. B TO BpeMs KakK 3TH IPOCTbIE
CBOMCTBA — UHIIAIEHTHOCTD, KOJJIMHEAPHOCTh, KOHKYPPEHTHOCTD — SBJISIIOT-
¢ npoexmusHuMu ceolicmeamu (T. e. CBOHCTBAMU, MHBAPUAHTHBIMU OTHO-
CHUTEJIBHO IIPOEKTUBHBIX [IPEOOPA30BAHMIA), BEJUUUHBI OTPE3KOB U yIJIOB, a
TaK>Ke 1 OTHOIIEHUs ITUX BEJINYUH, BOO6IIL€ IrOBOPsA, UBMEHAIOTCHA IIPpU IIPO-
eKTupoBaHuU. PaBHOOEIpEHHBIE WM PABHOCTOPOHHUE TPEYTOJbHUKN MOTYT,
HaIIpUMep, CIPOEKTUPOBATBHCA Ha TPEYT'OJbHUKH C TPeMsl Pa3/IMIHBIMU CTO-
poramvu. OTCIO/Ia CIEIYeT, 9TO XOTs MOHSITHAE «TPEYTOJIHHUKY TPUHAIJIEKUT
NPOEKTUBHON IeOMETPUM, HOHATHE «PABHOCTOPOHHUII TPEYyrOJbHUK» €l He
NPUHA/JIEKUT, & IIPUHAIC?KAT TOJIBKO METPUIECKON I'eOMEeTPHUU.

2. Teopema [de3apra. OpauM U3 caMbIX PAHHAX OTKPBITUN B 001aCTH
[IPOEKTUBHON IeOMETDHH sIBJIsIeTCs 3aMedaTeibHas Teopema lesapra (1593—
1662): ecau na naockocmu dsa mpeyzoavnuka ABC u A’B’'C" pacnoaootcerivs
MAKUM 00pa30M, 4MO NPAMDLE, COCOUHAIOULUE COOMBEMCMBEHHBLE BEPUUNDL,
KOHKYPPEHMMDL, O MPU MOYKU, 8 KOMOPLLIT nepecexaomcs, 6ydyywu npo-
0ADICEHDBL, MPU COOMBEMCMEEHHBLE CIMOPOHDL, KOAAUHEAPHBL. DTA TEopeMa
311€Ch WUIIOCTPUPYETCsl 9epTezKoM (puc. 72), HO IMyCTh YUTATENb IIPOBEPUT

ee CIPaBEJJIMBOCTD, SKCIIEPUMEHTHPYS Ha CAMOCTOSATEIbHO IOCTPOEHHBIX
1 3a uckmodenumem TOro ciydas, Korma npsmas OP (WM IUJIOCKOCTb, MPOXOJANIAs
gepe3 O u |) OKa3BIBAETCHA MAPAJJICIIBHON ILIOCKOCTH T. Takue UCKIIOYeHHs! OymyT
ycrpaHeHsl B § 4.

Touka u npsiMas HA3bIBAIOTCS MHIMIEHTHBIMH, €CJIM NIPSMAasi IIPOXOAUT Yepe3 TOUKY
WJIA TOYKA JIEXKHUT Ha IPSAMON. DTOT «HEHTPAJIbHBIN» TEPMUH IOLYEPKIBAET B3aMM-
HOCTb PacCMaTPUBAEMOIO OTHOIIEHHUS.
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qeprexax. Jl0oKa3aTeIbCTBO TEOPEMBI HE SBJISIETCS TPUBHAJIBHBIM, HECMOTDS
Ha BCIO IIPOCTOTY YepTerKa, COCTOAIIETO TOJIBKO U3 IPAMBIX JuHuil. Teopema
SBCTBEHHO WPUHAJJIEKUT MPOEKTUBHON TeOMETPHUH, TaK KAK IPU IMPOEK-
TUPOBAHUU PACCMATPUBAEMbBIN YEPTEK HE TEPsieT CBOWCTB, YIIOMSHYTBHIX B
TeopeMe. B masibHeiiemM Mbl ere BepHeMcst K 310ii Teopeme (crp. 207). B ma-

R Q P

Puc. 72. Koudurypanus: /lesapra Ha miockocTu

CTOSITIMIA YK€ MOMEHT MBI XOT€JU Obl IPUBJIEYh BHUMAHUE UUTATEJSI K TOMY
JIIOOOTIBITHOMY OOCTOSITETLCTBY, ITO TeopeMa, Jle3apra crpaBeijinBa TakKe 1
B TOM IIPE/IITOJIOKEHUN, YTO PACCMATPUBAEMBIE TPEYTOJbHUKHI PACIIOTIOXKEHBI
B JIBYX pa3AausHbix (HEIapasiebHbIX) [JIOCKOCTIX U 9TO IOJ00HOrO poja
«TpexXMepHasi», WA «IIPOCTPAHCTBeHHAs» Teopema Jlesapra JOKa3bIBaeTCs
6e3 madteitnux 3arpyaaenuii. [lo npemmosnoxennto, npsimbie AA’, BB' u CC’
repecekalTcst B ofHoil u Toit ke rouke O (puc. 73). B rakom ciyuae
npsimbie AB u A’B’ nexar B OJHOH IJIOCKOCTH W, 3HAYNT, IIEPECEKAIOTCS B
HEKOTOpOit Touke R; mycTsb, Takum xke obpazoMm, AC u A’C’ nepecekatorcs B
touke ), a BC u B'C" — B touke P. Tak kak Touku P, Q) u R HaxomaTcs Ha
MIPOJTOJIZKEHUSIX CTOPOH TpeyroibHukoB ABC u A’B’C’, To Bce OHE JiexKaT
B IUIOCKOCTH KaXKJIOTO M3 3TUX TPEYTOJHHUKOB W IOTOMY — Ha MPSIMOIA
nepecedenns 3TUX JABYX ILIockocTeidl. 3uauur P, () u R Ko/IMHeapHbl, 9TO
u TpeboBaJIOCh JI0Ka3aTh.

DTO TPOCTOE JOKA3ATEJHCTBO HABOJUT HA MBICJIb, YTO MOYKHO TOIbI-
TaThCS JIOKA3aTh «JIBYMEPHYIO» TeopeMy Jle3apra, Tak cKa3aTh, ¢ TOMOIIHIO
epexojia K IpeJIesry, TOCTEIIeHHO CILTIONINBAas BCIO MTPOCTPAHCTBEHHYIO KOH-
CTPYKIIMIO TAKAM 00Pa30M, 9TOObI JIBE IIJIOCKOCTH B IIPEJIesie COBIIAJIN B OIHY,
U B 9TOW IOCJEIHEeH, BMeCTe C JIPYTMMH, OKasajach U Touka O. Beimos-
HUTH, OJHAKO, YKA3AHHDLIN MpeJeNbHbI Iepexo/ He TaK IIPOCTO, TaK Kak
npsiMast iepecevderns PQR pu COBMEIEHNN ILIOCKOCTEH He ONpeIe/isieTcs
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0]

Puc. 73. Kouduryparus lesapra B mpocTpaHcTBe

OJIHO3HAYHO.

Tem ne menee koHbuUryparus, n300paKeHHasT HA PUC. 72, MOYXKET OBITH
HCTOJIKOBaHA KAaK TEPCHEKTHBHOE M300paskeHne MPOCTPAHCTBEHHON KOHMU-
rypanuu puc. 73, u 5T0 00CTOSTEIHCTBO MOYKHO UCIIOJIH30BATH IPH JIOKA3a-
TeJIbCTBE <ILJIOCKOI» TEOPEMBI.

Ecrp cymecrBenHoe paziumdme Mexky Teopemoir /lesapra Ha IINIOCKOCTH U B
npocTpaHcTBe. Harre 10Ka3aTeIbCTBO, OTHOCSIIEECS K CIIYYal0 TPEX U3MEPEHUIt,
OIMPAJIOCh TOJILKO Ha I'eOMETPUYECKHE COOOPAXKEHUsI, OTHOCSIIMECS K MHIIMAIEHT-
HOCTH TOYEK, MPSIMBIX U IJIOCKOCTeH. MOXKHO MOKa3aTh, 9TO JOKA3aTEThCTBO JIBY-
MEPHOH TEOPEMBI — NPU JONOAHUMEALHOM MPEOOBAHUL He 8bLroduMb U3 JaHHoU
nAockocmu — Hen36€KHO JIOJPKHO OIMPAThbCs HA HEKOTOPbIE CBOWCTBA 110JI00HBIX
GbuUryp, IpuHaJIeXKAIINX yKe He TPOEKTUBHON, & METPUIECKON T€OMETPHUH.

Teopema, obparmasi Teopeme Jle3apra, yTBEp:KAaeT, ITO €CJIU TPU TOYKHU, B
KOTOPBIX IEPECEKaIOTCsl COOTBETCTBEHHBIE CTOPOHBI, KOJUIMHEAPHBI, TO IPsMBIE,
COEIMHSIIONINE COOTBETCTBEHHBIE BEPIINHBI, KOHKYPPEHTHBI. J[0Ka3aTeIbcTBO 9TOMH
TEOpEMBI — B CJIy4ae, KOIJ/Ia TPEYTOJbHUKHU JIEXKAT B HEMAPAJUIETBHBIX IJIOCKO-
CTsIX, — IPEJOCTABJISETCS YNTATEIO B KAYECTBE YIPAYKHEHUSI.

§ 3. /IBoitHOe oTHOIIEHUE

1. OmnpeneneHnue u JOKa3aTeJIbCTBO UHBapuaHTHOCTU. Eciu mim-
Ha, OTPE3Ka MPSMOM MPEJICTABISIET CODOM CBOEro Poja KJI0Y K METPUIECKOM
reoMeTpHUH, TO CYIIECTBYeT U B IIPOEKTUBHOU I'eOMETPUH OJTHO OCHOBHOE IIO-
HSTHE, C IIOMOIIBI0 KOTOPOI'O MOT'YT OBITh BBIPAXKEHBI BCE OTIMIUTEIbHBIE
MIPOEKTUBHBIE CBOWCTBA (QUTYP.
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[peanomoxum, aro Tpu Touku A, B u C' pacnosioyKeHbl Ha OTHOM Tpsi-
Mmoii. [IpoekTupoBanme, BOOOIIE rOBOPsi, M3MEHsIET He TOJILKO paccrosiuusa AB

u BC, HO u ux OTHOIIEHUE % B camom gene, ar06vie Tpu Touku A, B,
C wa upsimoit [ MoryT ObITH mepeBesieHbl B Atobwbie Tpu Touku A, B, C'
Ha [PSAMOIT ! MOCPEICTBOM JIBYX MOCJIEJIOBATEHHO TPOU3BOINMBIX TPOEK-
TupoBaHuit. YTobbl B 3TOM yOeAUTHCs, CTAHEM BpaIlaTh IPAMY0 ' OKOJIO
rouku C’, moka oHa He IpuMeT nojioxkenus I, napaJsutesbuoro | (puc. 74).
3arem, npoektupys ! Ha " mapasurenbro npsmoit C'C’, mosryauM Tpu TOY-
ku A”, B" u C" (= (C"). llpambie A’A” u B'B” uepecekyrcst B Touke O,
KOTOPYIO MBI U30epeM B KaIecTBe MeHTpa BTopoil mpoekiuu. [TociemoBarensb-
HO BBINOJIHEHHDBIE YKA3aHHbIE JIBE ITPOEKINU JAI0T TpeOyeMblil pesyabrar’.

\
"
Puc. 74. TlpoekTupoBanne Tpex ToOUeK

W3 1oka3aHHOTO BBITEKAET, YTO HUKAKAs BEJIMIUHA, OLpeesiseMasl TOIb-
KO TpeMsI TOYKaMU Ha, IPSIMOil, He MOYKeT ObITh MHBAPUAHTHON IPU ITPOEKTH-
poBarmu. Ho — B 3TOM 3ak/ro9aeTcs perrainee OTKPhITHE B MPOEKTUBHON
PEeOMETPUU — eCJIN Ha, MpAMOil mano wemwipe Touku A, B, C, D, xoTopbie
pu npoekTupoBanuu nepexonsat B rouku A', B', C’', D’ npyroii npsmoit, To
HEKOTOpasi BEJUYMHA, Ha3bIBaeMas J80UHbBLM OMHOWEHUEM ITUX TETHIPEX
TOYEK, IIPU MPOEKTUPOBAHWM HE W3MEHsIeT YHUCJIOBOTO 3HadeHusi. B sroMm
3aKJ/IF0YEHO MATEMaTUIeCKOe CBOICTBO CHCTEMBI YeThIPeX TOYEK Ha IIPSIMOIA,
KOTOpOe HOCHAT WHBAPUAHTHBIA XapaKTep M KOTOPOE MOXKHO OOHADYKHUTH
BO BCSIKOM TPOEKIINM pacCMATpUBAaEeMOil TpsMoii. J[BoitHoe oTHOIeHUE He
€CTb HU PAcCCTOsIHUE, HU OTHOIIEHNE PACCTOSHUIL, & omuowerue 08YT makxux

omnouLerut: eCJu Mbl COCTAaBUM OTHOIIICHUS

CA DA

ce " DB

Iloxymaiite, uTo genaTh, eciu npambie A’ A" u B’ B" napaJsienbHbl.
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TO UX OTHOIIIEHUE B CA ) DA

Y= CB DB
[0 OIIPEJIEJIEHUIO eCTh JBOIHOe oTHomreHue 4erbipex Touek A, B, C, D,
B3SITBIX B YKA3AHHOM BBIIIIE TIOPSIIKE.
VYoemumcst Temepb, ITO 060TUHOE OMHOWEHUE YEMBPET MOUEK UHBAPU-
anmmuo npu npoekmuposanuu, T.e. aro ecau A, B, C, Du A’, B', C', D' —
JIBE YeTBEPKU TOYEK HA JIBYX IIPs-
0 MBIX M MEXK]Iy HUMHU YCTAHOBJIEHO
MIPOEKTUBHOE COOTBETCTBHUE, TO TO-
T2 CIIPABEJINBO PABEHCTBO
CA DA C'A DA
CB DB C'B' DB
Jloka3aTebCTBO BIIOJIHE 3JIEMEH-
TapHO. BCIOMHEM, €TO ILJIONIAIb
TPEyroJIbHUKA ~ PaBHA  IIOJIOBUHE
MIPOM3BECHNs OCHOBAHUSI HA BbI-
COTY W, C JIPYroil CTOPOHBI, PaBHA
Puc. 75. MuBapuanTHOCTh IBOMHOrO or- OJIOBHUHE  IIDOUSBEACHHA  ABYX
HOIIIEHUs! IIPU IEHTPAJIbHOM IpoeKTupo- CTOPOH Ha CHHYC 3aKJ/II09CHHOI'O

A B c D

BaHUU Me}Kﬂy HUMN yrﬂa. TOF,Ha, HO.Hy‘{I/H\/I
(puc. 75):
momagns OCA =L h.CA= %OA .OCsin ZCOA,
momaas OCB =~ h-CB = %OB .OC'sin Z/COB,
1

wiomaas ODA = 3

—LoB.0Dsin/DOB.

h-DA=~0A-ODsin ZDOA,
B 2

mwiomaas ODB =
Orcrona cienyer:

CA DA _CA DB _OA-OCsin/COA OB-ODsin/DOB _
CB" DB CB DA OB-OCsin/COB OA-ODsin/DOA
_ s§in/COA sin /DOB
" sinZCOB sin/DOA’
Taxum obpaszom, aBoitHoe oTHomeHue Touek A, B, C', D 3aBUCHAT TOJIBKO
oT yryioB, obpazoanHbIX B Touke O orpeskamu OA, OB, OC, OD. Tax kak
9TH YIJIbI — OJHU U Te 2Ke, KAKOBbI Obl HU ObLu uerbipe Touku A', B', C',
D', B xoTopbie pu TpoekTupoBanun nepexogar A, B, C, D, to scHo, 4To
JBOMHOE OTHOIIEHUE HEe U3MEHSIETCH IIPU IIPOEKTUPOBAHNIM.

YTo nBOitHOE OTHOIIIEHNE HE U3MEHSIETCS IIPU [TapaJIeIbHOM IIPOEKTUPOBAHUH,
CJIeJlyeT W3 3JIEMEHTApHBIX CBOWCTB TMOJOOHBIX TPEYTOJBHUKOB. JloKazaTenbcTBO
IPEJIOCTABIISIETCS. YUTATEIO B KAIeCTBe ynpakaenus (puc. 76).
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Jlo cux mop, TOBOps O JABOWHOM OTHOIIEHHH dYeThipex Todek A, B, C,
D, pacrosioXKeHHBbIX Ha NPSAMON [, MBI IPEIIOIATAIN, YTO ITO OTHOIIEHNE
COCTaBJIEHO M3 MOJIOXKUTEIBHBIX OTpPE3KOB. 1lenecoobpasHo BHIOU3MEHUTH
9TO OIpe/IesIeHNe CJIeAyomuM obpasom. [IprumeM ojiHO U3 ABYX HAIIPABJICHUN
MIPSAMOIA | 38 TTOJIO?KUTENHLHOE U YCJIOBAMCS, UTO BCE OTPE3KH, OTCIATHIBAEMBIE
B 9TOM HAIPABJICHUH, Oy/yT CUATATHCS
MTOJIOXKUTEIBHBIMA, & OTPE3KU, OTCUUTHI-
BaeMble B IPOTUBOIOJIOXKHOM HAaIpPaBJe-
HUW, — OTpHUIaTeIbHbIME. Tenepnb ompe/ie-
JuM fBoitHoe orHomenne Todek A, B, C,
D (B34TBIX B yKa3aHHOM ITOPSIJIKE) COTTIAC-
HO opmyte

(ABCD)

_CA DA
~ OB’ DB’

npudem 3uaku ancen CA, CB, DA, DB
OGepyTcsi B COOTBETCTBUU C yKa3aHHBIM
BBIIIe ycjaoBueM. Tak Kak IpU M3MeHe- D
HUU HAIIPABJIEHUS Ha IPAMOM [, IPUHATO-
ro 3a MOJIOKUTEHHOE, MEHSIIOTCH TOJBKO
3HAKU BCEX YeTBhIPEX OTPE3KOB, TO 3Ha-
genne (ABCD) He 3aBUCHT OT BBIOO-
pa nanpasienus. Jlerko nousarb, yro (ABCD) umMmeer oOTpHIATeIbHBIN
WJTU TIOJIOXKUATEJIbHBIN 3HAK, CMOTPSI 110 TOMY, pa3/iesieHa Jin napa Todek A, B
napoit Touek C', D nin He paszjesena. Tak Kak CBOHCTBO «Pa3JIeIsAThCA» UH-
BapUAHTHO OTHOCUTEJHHO IPOEKTUPOBAHUS, TO TOHUMAEMOE B HOBOM CMBICJIE
(kaK BesiMYMHA, CIIOCOOHAS UMETDH TOT UJIK

Puc. 76. luBapunanTHOCTH IBOIi-
HOT'O OTHOIIIEHUSI TIPHU TaPaJIIeTh-
HOM ITPOEKTUPOBAHUM

(ABCD) >0 HHOI 3HaK) JgBoiiHoe oTHOIIeHne (ABCD)

A B C D TaKk»Ke WHBapUAHTHO. BbibepeM HavaIb-
Hyto TouKy O Ha IPsIMOIl | M comocTaBuM

( ABC D) < 0 KaxKJI0i1 TOUKe Ha MPsAMOii [ B KadecTBe KO-

)i & 5 ? opauHATHI T ee paccrosgaue or (O, B3sTOE
C HaJJTeXKAIIIM 3HAKOM; TOIIa, 0003HaUas
Puc. 77. 3nak asoiiHoro orsHome- KOOPJIWHATHI A, B, C, D cooTBeTcTBeHHO

HUS qepes Xy, Ty, Tz, L4, TOIYIIM POPMYITY
_CA .D7A7x3f:v1 T4 —T1 X3z — X1 T4 — T2
(ABCD)icB'DBilg—l‘Q.l‘4—1‘27$3—$2 334—331'
CA DA
Ecmn (ABCD) = —1, Tak 410 CE = —pp’ TO TouKH C u D nensr

0Tpe30K AB BHyTpEHHE W BHEIIHE B OJHOM W TOM K€ OTHOIIEHHHU. B 3ToM
cJlydae IpUHATO ToBOpuTh, 9T0 C' u D mear orpe3ok AB zapmonuyecku, n
kaxag u3 Todek C' u D cuuTaercs 2apmMoHuMecky conpastceninoti ¢ Ipyrom
TOUKOl oTHOCUTENHHO 1apbl ToueKk A, B. Eciu (ABCD) =1, 1o Touku C
n D (wmm A u B) coBraJaior.



202 IMTPOEKTUBHAA TEOMETPIA. AKCUOMATUKA . IV

HeobxoaumMo He yIycTuTh U3 BULY, 9TO IIPU OIPEIEJIEHUN JBORHOTO OTHO-
menus (ABCD) cyliecrBeHHYIO POJIb UIPaeT HOPsJIOK, B KOTOPOM Gepyrest
roukn A, B, C, D. Hanpumep, ecim (ABCD) =\, 10 JBOiiHOE OTHOIIE-

uue (BAC D) paBHo %, torja kak (DACB) =1 — X, B ueM guraresb yoeauT-

cst 6e3 Tpyna. Yerbipe Touku A, B, C'; D MoryT ObITH IIepecTaB/IeHbI MEXK LY
coboit 4 -3 -2 -1 =24 pa3auuHbBIMU CHOCODAME, M KaXKIOH IepecTaHOBKE
COOTBETCTBYET HEKOTOPOE 3HAYEHWE JIBOMHOIO OTHOINEHUsS. HeKoTophIM ITe-
PECTaHOBKAM COOTBETCTBYET TO K€ JHCJIOBOE 3HAYEHUE JIBOWHOTO OTHOIIIE-
HUs, 9TO U HadasbHON nepecranoBke A, B, C, D; waupumep, (ABCD) =
(BADC). YuraTesto NpeoCTABISETCS B KAUeCTBE YIPAYKHEHUsl JI0Ka3aTh,
9TO IpU 24 BO3MOXKHBIX [IEPECTAHOBKAX YETHIPEX TOUYEK IIOJIyYIAETCSA BCETO
JINIIB MIECTh PA3JIMIHBIX 3HAYEHHU JTBOMHOTO OTHOIIEHUSI, & UMEHHO

1 A—1 1 A
)\7 1- 7\7 30 ) ) .
A A 1—-A rA—1
OTHU mecTsb BeJINYUH, BOO6I_U,e TOBOpP«, pa3JIUIHbI, HO TP HEKOTOPBIX 3Ha4e-
HUSIX A MOT'YT U COBIIAJIATH II0 JIBe, HAIIPUMED [IpH 3HaueHuu A = —1 B ciydae
TapMOHHNYECCKOI'O ICJICHUA.
0 A B C D
X
éj
X2
X3
X4

Puc. 78. KoopaunarHoe BblpaskKeHUe I JBOMHOIO OTHOIIEHUST

Mpb1 MOKeM TaKKe OLPEJIETUTD J80UHE OMHOUEHUS YEMBLPET KOMNAG-
Haphour (T. e. JIEKAIUX B OJHOM IUIOCKOCTH) U KOHKYPPEHMMHBIL NPAMBOIEL 1,
2, 3, 4, KaK ABOIHOE OTHOIIIEHNE YeThIPEX TOUEK IIePECEUEHUS] ITUX IPSIMBIX C
HEKOTOPOH TPSMOii, Jiexkarreit B Toit ke 1mockoctu. Ilomoxkenue 3Toit msaToi
MIPSIMOY HECYTIIECTBEHHO BCJICICTBUE WHBAPUAHTHOCTU JIBOMHOTO OTHOITICHUST
[IpY TIPOEKTUPOBAHUU. DKBUBAJIEHTHBIM 3TOMY OIPEIEJICHIIO SIBJISETCs CJIe-

JIyIoIee:
sin(1, 3) sin(1, 4)

sin(2, 3) " sin(2, 4)’

IJIe Hy>KHO B3Th 3HaK ILIIOC, €CJIM Mapa MpsAMBIX 1, 2 He pas3jessiercs Ia-
poit 3, 4, u 3uak MuHyc, ecau paszeisercs. (B aroii dpopmyse (1, 3), maupu-
Mep, 0003HaUaeT yroJ Mexkay upsambivu 1 u 3.) Hakorerr, MOXKHO onpeiesiuThb
JIBOIHOE OTHOIIEHNE YETBIPEX KOGKCUAALHHIT NAOCKocmel (TeThIPEX MI0C-
KOCTell, IepecekaroIuxcs M0 OJHON IPsIMOM, miau «ocuy ). Ecian Hekoropast
psMas MepeceKaeT IIOCKOCTH B YETBIPEX TOYKAX, TO JBOHHOE OTHOIICHHE
3TUX TOYEK Beersia OyJeT MMETh OJHO M TO K€ 3HAYEHHE, HE3aBHCUMO OT

(1234) = +
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BBIOOPA HPAMON (JIOKA3ATENBCTBO MPEIATACTCA B KAYECTBE yIPAKHEHHU).
Takum 06pa3oM, NOJIy9eHHOE 3HAYCHHE MOXKHO HA3BATH JBOMHBIM OTHOLIE-
HUEM PAaCcCMATPUBAEMBIX YeThIPEX IIocKocTeli. VHaue, MOXKHO Ha3BATH JBOMH-
HBIM OTHOIIIEHUEM YeTHIPEX KOAKCUAJIBHBIX IIJIOCKOCTEHl JIBOIIHOE OTHOIIEHNEe
YeThIpeX MPSMBIX, 110 KOTOPBIM OHM IEPECEKAIOTCs IIPOM3BOJILHOM ISATOM
IJIOCKOCTBIO (puc. 79).

—

Puc. 79. /IBoitHOE OTHOIIIEHME YETHIPEX MIOCKOCTEH

[TonsiTre JBOWHOrO OTHOIIEHUS YETHIPEX JIOCKOCTEH TOOYKIaeT mocTa-
BUTH BOIIPOC O TOM, HEJIb3sl JIU JATh OIPeIeJIeHe TPOEKTUBHOTO Ipeodpa30-
BaHUS MPETMEPHO20 TTPOCTPAHCTBA caMoro Ha cebsi. OmnpesesieHue ¢ moMo-
MIBIO EHTPAJIBHOI TPOEKINH, OYEBHIHO, He 0000IIAeTCsl HEOCPEICTBEHHO
OT CJydas JIByX U3MepeHuil Ha ciaydail Tpex mamepenwuii. Ho MOXKHO moKa-
3aTh, YTO KaxKJi0e HEelPEPbIBHOE Mpeodpa3oBaHme MIOCKOCTH CaMoii Ha, cebst,
B3aMMHO OJTHO3HAYHO TIEPEBO/ISIIEE TOYKY B TOUYKHU U [IPSIMBIE B IIPSIMbBIE, €CTh
[IPOEKTUBHOE. DTO OOCTOSITETHLCTBO HABOAUT HA MBICJIbL BBECTU CJIEJIYIONIEe
OTIpeJIeJIeHUE IS Cydasl TPEX U3MEPEHMIA: IPOEKTUBHBIM IPeodpa3oBaHueM
[IPOCTPAHCTBA HA3BIBACTCH HEIIPEPBIBHOE B3aMMHO OJIHO3HAYMHOE IIPeodpa30-
BaHUe, TEPEBO/ISIIEe MPSMbIE JIMHUU B IIPsIMble JTUHIA. MOXKHO TTOKa3aTh, YTO
Takue Ipeodpa30BaHusl OCTABJISIOT 3HAYEHUST IBONHBIX OTHOIEHUH HEM3MEH-
HBIMU.

HobaBuM K IpeabIIyIeMy ere Koe-Kakue 3amedanus. [IycTs Ha mpsamoi
naHbl Tpu pasymdable Toukn A, B, C' ¢ KoopauHaTaMu T, Ty, Tz. Lpedy-
ercsd HaflTH 4eTBepTyIo TOUKy D TakuM o6pazoM, 4ToObI YIOBJIETBOPSIOCH
pasernctBo (ABCD) =\, rue A\ 3amano. (Hacrueiil ciaygail, korma A = —1
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7 33/1a9a 3aKJI0YAeTCsl B IMOCTPOEHUU YETBEPTON IapMOHHYECKONW TOYKH,
OyJer 110/[poGHO PACCMOTPEH B cieylonieM nyHkTe.) Boobiie rosops, 3aia4a
MMeeT OJIHO U TOJIbKO OJIHO PeIlleHHe; JefiCTBUTEILHO, €CIH T — KOOPIUHATA
UCKOMOI Toukm D, TO ypaBHEHUE

r3 — T . r — T2 :>\

r3 — T2 r — 21
“MeeT POBHO OjtHO perrtenne. CUuTast T,, Ty U T3 38JaHHBIMA U TOJIATAsT PAJIH

Tr3 — X1
KPaTKOCTH ———— = k, MBI IIpUOaJAM PEIICHUIO BU/I
xr3 — T2
o kl}z — )\:1’1
k—2X

Hampumep, ecimm Touku A, B, C' HaxoaaTcst Ha PABHBIX PACCTOSHUSIX JIPYT

OT JIpyTa ¥ UMEIOT COOTBETCTBEHHO KOOPAHHATH 1 = 0, 25 = d, &3 = 2d, TO
TOT, ak:—zd;o—2nx—2—d
A= —ad RPN

ll

Al B’ c

Puc. 80. IIpoexTuBHOE COOTBETCTBHE MEXKIY TOUKAME JIBYX IPSIMBIX

Eciin npsimasi | cipoekTupoBaHa u3 AByX pa3indHbix meaTpos O u O”
Ha JBe pasjumdHble npsMbie [ u I, To momxydaercs coorBercrBue P «— P’
MeXKIy TOUIKaMu TIpsaMbIX [ m I’ m coorBercTBHe P «— P” MeXKmy TOUKaMu
npaMbix [ u [”. DrumM yecraHaBimBaeTcst cooTBeTcTBHE P« P’ MeX 1y TOY-
KaMM IpsSIMbIX [ 1 [”, 1 IpuTOoM Takoe, 9To Kazxible yerbipe Touku A', B', C',
D’ na |’ umeroT TO ¥Ke caMoe JIBOIHOE OTHOIIEHUE, YTO U COOTBETCTBYIOIINE
rouku A", B”, C”, D" na [". Beakoe B3aMMHO OJHO3HAYHOE COOTBETCTBUE
MEKJYy TOYKAME JIBYX MPSIMBIX, 00JIaaI0IIee 3TUM CBOHCTBOM, HA3LIBAETCS
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npoexmueHdLM COOMBEMCMBUEM, HE3ABUCUMO OT TOI'O, KaKNM CII0cOO0M 3TO
COOTBETCTBHE yCTaHOBJIEHO.

VYupaxkuenuns. 1) Jlokaxkwure, 9TO €CJIM JAHBI [BE MPSMBIE BMECTE C TIPOEK-
THUBHBIM COOTBETCTBUEM, YCTAHOBJIEHHBIM MEKJIy HUMH, TO MOXKHO IOJIBEPIHYTbH
OJIHYy W3 NPAMBIX TaKOMY IHapaJlJIeJIbHOMY IePEHECEeHUIO, YTO 3aJaHHOE COOTBET-
cTBUE OyJIeT MOy IaThCs MTOCPEJCTBOM MPOCTOH poeKnun. ( YKasanue: COBMECTHTE
KaKyIO-HUOY/b apy B3aMMHO COOTBETCTBYIOIINX TOYEK HA JAHHBIX IPSMBIX.)

2) IMonb3ysCh NPeBLAYIIM PE3YIBTATOM, IOKAYKHUTE, ITO €CJIU MEXKJLY TOUKa-
MU JIBYX TIPSMBIX [ 1 |’ yCTAHOBJIEHO COOTBETCTBHE MTOCPEACTBOM KOHEYHOTO UHCJIA
M0CJIEJOBATE/ILHBIX IPOEKTUPOBAHUIN Ha PA3IUIHBIE TTPOMEXKYTOYHBIE ITPSAMBIE TIPA
MMPOU3BOJIbHBIX IEHTPAX IMPOEKIUil, TO TOT K€ Pe3yJIbTaT MOMKET ObITH IMOJIyYEH
TIOCPEJICTBOM BCETO JINIb 06YT MPOEKTUPOBAHMIA.

E

Puc. 81. [lonHbIit 9€TBIPEXCTOPOHHUK

2. TlpumMeHeHME K MOJTHOMY YeThIPEXCTOPOHHUKY. B KauecTse wH-
TEPECHOTO TPUMEHEHNsI THBAPUAHTHOCTH JIBOMHOTO OTHONIEHUS MBI JIOKAsKEM
OJIHY TIPOCTYIO, HO BAXKHYIO TE€OPEMY NPOEKTHBHOMH reoMerpum. Peunb wmuer
0 NOAHOM “YEeMBPELCMOPOHKHUKEe — PUTYpe, 0OPA3OBAHHON POU3BOJILHBIMU
YETBIPbMSI NIPSIMBIMU, U3 KOTOPHIX HUKAKUE TPU HE SABJIAIOTCS KOHKYPPEHT-
HBIMU, U IIECTHIO TOYKAMU UX Iepecedenus. Ha puc. 81 HazBaHHbIE YeThIpe
npambie cytb AE, BE, BI, AF. Ilpsmbie AB, EG u IF sasnsiorcs dua-
20HAAAMU FIETHIPEXCTOPOHHUKA. PaccMOTpUM OJIHY W3 JUAroHaJjel, HAIPU-
mep AB, u ormernM Ha Heit Toukn C' u D, Tjie OHA IepeceKaeTcst ¢ JABYMS
JIDYTUMU JAuaroHasisiMu. Torja TeopemMa yTBEPXKIaeT CyleCTBOBAHIE PDABEH-
crBa (ABCD) = —1; cinoBaMu 9TO BBIPAXKAETCs TaK: MOYKYU NEPECEUEHUA
00noti duazonaay ¢ 08Yyma Opyaumu 0esam Ompe3or MedHcdy GEPUWUHAMU
YEMBPETCMOPOHHUKA 2aPMOHUYECKU. IS moKa3aTeIbCTBa JOCTATOIHO 06-
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pPATUTH BHUMAHHE HA TO, ITO
x=(ABCD)= (IFHD) (upoekrupyem u3 E),
(IFHD)= (BACD) (mpoektupyem u3z G).

Kak mam msBecTHO,
1

TakuM 0Opa3oM, T = é, z? =1, z = £1. Ho tak kak C, D pasnensior A, B,
TO JBOWHOE OTHOINEHUE & OTPUIATEIBHO U IIOTOMY OHO JIOJI2KHO OBITH PABHO
UMEHHO —1, YTO MBI U XOTEJIH JI0KA3aTh.

[Tony4ennoe 3amedaresibHOE CBOHCTBO IIOJIHOTO YeTHIPEXCTOPOHHUKA J1a-
eT HaM BO3MOXKHOCTB C TIOMOIIBIO OJIHO JIUIIh JIMHEHKU MMOCTPOUTH TOUKY,
rapMOHUYECKH COIIPsI?KEHHYIO ¢ Toukoil C oTHOCuTebHO napsl A, B (ecim A,
B, C xojunneapnsbl). HyKHO TOJIBKO, BBIOPAB IIPOU3BOJILHYIO TOUKY F BHE
JIaHHO mpsiMoit, mpoBectu npsimbie KA, EB; EC; 3atem, B3SB IIPOU3BOJIBLHO
touky G wa EC, mposectu npsimbie AD u BD, nepecekatomue EB u EA,
cKaxkeM, B Toukax F' u I; mpoBecTHu, HaKOHeIl, ipsiMyto [ F', koTopast u miepe-
CcevYeT UCXOIHYIO MPSIMYI0 B HCKOMON Touke D).

Puc. 82. IIpoBenenue npsiMoil 4epes3 IPENATCTBHE

Bapgada. Ha nuockocru 3ajzan orpe3ok AB u obsacth R, Kak 1oka3aHO Ha
puc. 82. 2Kemarenpno npogoikuth npsmyio AB Bupaso or R. Kak 3ro moxuHO
CIIENIATD C TIOMOIIBIO O/THOM JTMHEHKH U IPU YCJIOBHUH, YTOOBI B IIPOIIECCE TIOCTPOEHUST
He MOKPBIBATH JMHEHKON Hukakoil dactu obsactu R? (Vkasanue: Bbibepure Ha
orpeske AB nBe npounssosbHble Touku C' u C, 3aTeM IOCTPONUTE CONPSI?KEHHBIE C
HuMu rapMorudeckue D u D’ oTHOCHMTENBHO TApbl ToYeK A, B; mpu mocrpoeHun
BOCHOJIL3y#ATECh YeThIPe pa3a TEOPEMO O HOJHOM YeThIPEXCTOPOHHUKE. )

§ 4. ITapaieabHOCTh U OECKOHEYHOCTH

1. «AgeanbHbie» GeCKOHEYHO yAaJIeHHbIE TOYKHU. BHMMAaTE/bHOE
paccMOTpEHre U3JI0KEHHOTO B IIPEIbIIyIeM Haparpade o0HApYKUBAET, 9TO
BO MHOI'HX CJIydasdX IIpUBeJCHHad apryMeHTaIud TepseT CHUJIy — HMEHHO,
TOT/1a, KOIJIa IPsAMble, TOYKa IlepecedeHns KOTOPBIX Hy?KHa JIJIS IIOCTPOEeHU,
OKa3bIBAIOTCA IapaJiebHbIMu. Hampumep, mocrpoenune 4eTBepToil rapmo-
HUYECKON TOUKM [) CTAHOBHUTCS HEBBITOJHUMBIM, ecau npsMas [ F mapaJ-
sgenbHa AB. Teomerpudeckue pacCy KJI€HUs Ha KarXKJIOM IIary 3aTpPy/IHEHbI
TeM 00CTOSITEILCTBOM, 9TO IMapaJLIebHbIE IIPsIMbIE HE NMEIOT O0Ieil TOYKH,
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U TIOTOMY BCSIKHUil pa3, KOrjia pedb WJIET O MEPECEUCHUH TPIMbIX, TPUXOIAT-
Cs1 OTJIEJIBHO PAacCMATPUBATH U 0cOD0 OroBapuWBaTh CJIydail mapasiiesin3Ma.
C JIpyroit CTOPOHBI, €CJIM IIPOM3BOJIUTCS TPOEKTUPOBAHME, Mbl BBIHYZKJIE-
HBI Pa3JIMYaTh W TPAKTOBATH HE3ABUCHUMO DSIJIOM C IIEHTPAJIHHON TaK>Ke W
nmapaJuIeJbHY0 MpoeKIuio. Kcm Obl U3 TAKOTO MOJIOXKEHUsT He OBLIO BBIXO-
1, TO IPOEKTUBHAS N€OMeTPHs, Oy/lydn BBIHYKIEHA BHUKATD B JE€TAJIHHOE
WCCJIEIOBAHUE KAaXKJIOTO BCTPEUYAIONIErocsl UCKJIIOUEHUT U 0CODOro CiIydast,
Hen30eKHO ObLIa OBl YPe3BbIYAiiHO ycaoKHeHa. Bee 310 moby»K1aeT nckaTh
BBIXOJ/Ia B MHOM HAIPAaBJIEHUH, UMEHHO, HA IYTH MaK020 0600wenus 0chos-
HOLT NOHAMULT, KOOPOE YCMPAHANO Ol B03ZMONHCHBLE UCKAIOUEHUA.

TyT HAM TOMO2KET reOMeTpUIecKasi HHTEPIIPETAIINST; MbI BUIMM, 9TO €CJIN
psiMast, epeceKarolasi APYyryio IpsiMy o, MeJIJIEHHO BPAIaeTcs, IpuOJInKa-
SICh K IOJIOKEHUIO TaPAJIIEIbHOCTH, TO TOYKA IIEPECEUEHUs JBYX HMPIMbIX
HEOT'PAHUYEHHO YIAJSETCs. JTO JAET [OBOJ K HAMBHOMY YTBEDK/ICHUIO: JIBE
[IpsIMbIE TIEPECEKAIOTCST «B OECKOHEYHO yjiasieHHoi Toukey. [logobHoro poja
GOpPMYJIMPOBKE CYIIECTBEHHO MPUIATH TOYHBIA CMBICI C TAKUM PacIeTOM,
9TO0OBI ¢ «OECKOHEYHO yIAJeHHBIMU», W, KAK WHOT/IA TOBOPST, C «HIeaIb-
HBIMH» TOYKAMU MOXKHO OBLIO IPOBOJUTH TOYHBIE U HAJIEIKHBIE PACCYIK/IE-
HUsl, KAK C OOBIKHOBEHHBIMU TOYKAMHU Ha IJIOCKOCTU WJIU B IPOCTPAHCTBE.
MupiMu ciioBaMu, MBI 2Kejiaau Obl, 9TOOBI BCe IPAaBUJIA IIOBEJIEHUS TOYEK,
MPSIMBIX, TIJIOCKOCTEH OCTABAJIUCH B CUJIE W JJI «HUIEaJbHBIX» Te€OMeTpHUIe-
CKUX JIEMEHTOB.

B maremarnaeckoM cMbICIE CYIIECTBOBaHNE «OECKOHETHO YIAJeHHBIX TO-
YeK» 0DECIIedeHO, eCIM OTIETJINBO U 0e3 B3aMMHBIX [IPOTHBOPEUHA YCTAHOB-
JIEHBI MaTeMaTUYIECKNEe CBONCTBA STUX BHOBb BBOJMMBIX 3JIEMEHTOB, T. €. UX
B3aMMOOTHOINEHHSI C «OOBIKHOBEHHBIMUY» TOYKAMH M MeXKJy coboii. OObIK-
HOBEHHO CHCTeMa IeOMETPUYECKUX AKCUOM (HAIpUMED, B €BKJIMJIOBOI reo-
MeTpUM) BBbITEKAeT IyTeM abCTpakiuy u3 HabJogeHuil Haj (usnuecKuMu
00'beKTaMU: TAKOBBI CJIEIbI TPIKOCHOBEHUI KApaH ala K OyMmare Wil MeJja K
JIOCKE, HATSHYThle HUTHU, CBETOBBIE JIyud, TBEp/ble cTepKHuu u T. 11. CBoiicTBa,
[IPUNACHIBAEMbIE AKCHOMAMU MAaTEMATHIECKUM TOYKAM U IHPSMBIM, IIPEJI-
CTaBJISIOT CODOM B BBICIIIEN CTENIEHN YIIPOIIEHHDBIE U HeaIN3UPOBAHHBIE OIU-
CAHUsl MOBEJIEHUST COOTBETCTBYIONUX MM (DU3UIECKUX «IBOHHUKOB». Uepes
JIIOOBIE J[Ba KAPAHJAIIHBIX ISTHBINKA MOXKHO IIPOBECTH HE OJHY, & MHO-
ro KapaHJAIIHBIX <«IIPSMbIX». KCJIM ISITHBINIKN CTAHOBSITCS BCE MEHBIIE 110
JMaMEeTPY, TO BCE TaKhe <«IIPSIMbI€» CTAHYT TPYIHO OTJIMIUMBIMU OJHA OT
npyroit. Bor 4To MbI, COOCTBEHHO T'OBOps, UMEEM B BUJY, BBICKA3bIBas B
KaJeCcTBe I'eOMETPUIECKON AKCHOMBI, 9TO <«depe3 JIIOOble JIBE TOYKU MOXK-
HO MPOBECTH OJIHY W TOJIBKO OJIHY MPSIMYIO»: MBI IIPU ITOM TOBOPUM 00
«abCTPAKTHBIX», YHCTO YMO3PUTEIbHBIX, T€OMETPUYECKUX TOUKAX U IIPs-
MbIX. ['eoMeTpudeckue TOYKH U IPsIMbIe 00J1a1al0T TOPa310 0oJiee TPOCTHIMU
cBoOficTBaMU, YeM KakKue Obl TO HU ObLIO (pu3ndeckue OObEKTHI. Y IPOIEHNE
SIBJISIETCSI CYNIECTBEHHBIM YCJIOBUEM, ITO3BOJIAIONIAM CTPOUTH MT€OMETPHUIO KaK
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JIEJIyKTUBHYIO JTUCIIATLIIAHY.

Kak y:ke 6b110 oTMeEYM€HO, OOBIKHOBEHHASI T€OMETPHUsT TOUEK U PSIMbBIX
BECbMa, OCJIOKHEHA TeM OOCTOATEILCTBOM, YTO JIBE MapaJulejbHbIe IPIMbIe
HE WMEIOT TOYKHU TepecedeHnsi. DTo MOOYKIaeT HAC CJeJIaTh JajbHelinee
YOPOIEHHE B CTPYKTYPE NEOMETPUU, PACIIUPSAS MOHSITHE TeOMETPUIECKOI
TOYKHM TAKUM OOpPA30M, 9TOOBI YCTPAHUTH YKA3AHHOE MCKJIIOUYEHUE — COBEP-
MMEHHO TaK ’Ke, KAK Mbl PACIIUPSIIA MOHITHE YHUCIA C MEJIbI0 YCTPAHEHUS
OrpaHUYEHUl IPU BBIYUTAHUN U JieJieHnu. B reomerpun, kak u B apudmern-
Ke, Mbl 03a0609€HbI HEYKOCHUTEJIBHO COXPAHEHHEM B PACIIUPEHHON obJjacTu
TeX 3aKOHOB, KAKUE PEryJIMPOBAJIU OTHOIIEHUs] B MEPBOHAYAJBHON 001aCTH.

Urax, mMbr Ycaa8AuBaemMcs 68 MoM, Mo K 00bKHOBEHHBIM TOUKAM BCA-
K0t Npamotl dobasasem ewe 00HY, <UJeasbHYI0», MOYKY U OYOeM CHUMamo
MY MOUKY NPUHAOLEIHCAULET OOHOBPEMEHHO BCEM NPAMBIM, NAPAALEALHBIM
darnoti, u nukxakum opyeum. CieICTBUEM TAKOTO YCJIOBUS SIBJISIETCS TO, UTO
6CAKAA TTAPA MPSAMBIX Ha IJIOCKOCTH TEIEPhb yIKe MePECEKACTCS B €JIMHCTBEH-
HOI TOYKE: €CJIU MpsIMble He MapAJUIEIbHBI, TO B «OOBIKHOBEHHON» TOYKE;
€CJIM TApaJIJIeIbHBI, TO B UM ODEMM MPUHAJJIEXKAINEH «UIeaabHOU» TOUKe.
[To mpuYmHAM WHTYUTHBHOTO MOPSIKA 3T WJIAJbHAS TOYKA HA IPSIMOM
HA3BIBAETCsl beckonewHo ydanenHotli moukot Ha STON MPSMOI.

MNurynruBHOE NpejcTaBieHne 0 TOYKe, YIAJISIONeHcs: B 66CKOHEYHOCTD I10 IIPsi-
MOW JIMHUY, MOTJIO ObI HABECTU HA MBIC/Ib, UTO CJEIyeT JO00ABUTh 06€ UIEAbHBIE
TOYKM Ha KaXKJION MPsMOM — 10 OJHOMN JJIsi KarkKJOro HallpaBjieHus. KCau MbI
n1006aBJIsIeM TOJBKO OJHY, TO JIUIIb IIOTOMY, YTO Mbl 3aMHTEPECOBAHBI B COXPaHEHUHU
3aKOHA: Yepe3 KK/ Ible JIBe TOYKHU IIPOXOIUT 00HA U MOAKO 00Ha npamas. Kcan 6br
psiMasi CoZIeprKasIa ABe OECKOHETHO y/IaJIe€HHbIE TOYKH BMECTE CO BCEMU, €l mapaJi-
JIETBHBIMM, TO BBINLIO ObI, YTO Yepe3 JIBe TaKHE «TOYKU» IMPOXOIUT OECKOHETHOE
MHOXKECTBO IIPAMBIX.

Mol YeaaBAUBAEMCA MAKHCE 8 TOM, YMO K 00bIKHOBEHHDLM NPAMBLM HA
naockocmu dobasasem euje 00Ky <UdeasvHy10», Mak HA3bIBAEMYIO «Oecko-
HEYHO YOUNEHHYIO» NPAMYIO, COJIEPIKAIIYIO BCe OECKOHETHO y/IaJIeHHbIE TOY-
KU IJIOCKOCTH W HUKAKUX JPYTUX. MBI BBIHYKIEHBI IPUHSITH UMEHHO TaKOe
yCJIOBHE, €CJI XOTUM COXPAHUTH IEPBOHAYAIBHBIN 3aKOH — «9€pPe3 BCIAKNE
JIBE TOYKM [IPOXOJIUT OJTHA TPSIMasi» M BHOBb yTBEPXKJIEHHBIN 3aKOH — «BCsI-
KUe JIBe MPsIMbIe IEPECEKAI0TCsI B OJHOI Toukey. B camoM Jiesie, Bo3bMeM JiBe
Kakue-HUOy/Ib HieasibHble TOYKHU. EJIMHCTBEHHAs! MPsSIMasi, KOTOpas JIO0JIK-
Ha IPOXOJUTH 4Yepe3 TU TOYKHU, HE MOXKET ObITh OOBIKHOBEHHOI IIPSIMOIA,
TaK KaK 0 IPUHSTOMY YCJIOBHUIO KarKIasi OOBIKHOBEHHAST IPsIMast COIEPIKUT
TOJIBKO OHY HIeaJbHyI0 To4Ky. C APyro#l CTOPOHBI, 9Ta MPAMas HE MOYKET
COJIep’KaTh OOBIKHOBEHHBIX TOUYEK, TaK KAK Yepe3 OOBIKHOBEHHYIO TOUKY W
OJIHY U3 HJICAJIbHBIX TOYEK HEIIPEMEHHO MPOILIa Obl OOBIKHOBEHHAST IIPSIMAs.
Hakowner, paccmarpuBaeMast IpsiMasi HEIIPEMEHHO COJIEPKUT 6ce HileasIbHbIE
TOYKHU, TAK KAK MbI XOTHM, 9TOOBI OHA UMEJIa OIHY ODIILYI0 TOYKY CO BCSKOM
OOBIKHOBEHHO# mpsimoii. VTak, mpsMasi, 0 KOTOpPO#l MAeT pedb, Hem30e:KHO
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JIOJIKHA 00J1aIaTh KaK pa3 BCEMU TeMH CBONCTBAMM, KOTOPBIMY Mbl HAJIEJH-
JIA WJICAJIBHYIO NPSIMYIO B HAIIEH TJIOCKOCTH.

CorsiacHO TPHUHSITHIM YCJIOBUSIM, KaXKjasi OECKOHEYHO YIAJIEHHAs TOY-
K& OIPEJIesISeTCsl WK IIPEJICTABIISIETCS CEMECTBOM TIaPAJIIe/IbHBIX IIPSIMBIX,
TOYHO TaK K€ KaK HPPAIMOHAJBHOE UUCJIO OIPEIEISIeTCS MTOCIEI0BATE b~
HOCTBIO <«BJIOXKEHHBIX» DAIMOHAJBHBIX OTPE3KOB. TAKOro pojia yCJIOBHBIN
CIoco0 OMMCHIBATH MAPAJIIETHLHOCTD C MOMOIIBI0O TEPMUHOB, [MEPBOHAYAIb-
HO IIpeJITHa3HaAYCHHbIX /I MTHTYUTUBHO OTJIMYIHBIX O6’beKTOB, e,/:LI/IHCTBeHHOI‘/JI
CBOeil IeJIbI0 MMeeT CesiaTh W3JIUIIHUM I€pPeduC/IeHre NCKIF0UNTETbHBIX
CJIy9aeB; 9TU MOCIEHUE Teleph ABTOMATUIECKHU TIOKPBIBAIOTCS TEMU K€ TeP-
MuHaMu (1 060pOTaMU Pedn ), KOTOPbIE IIEPBOHAYAIBHO YIOTPEOISINCE JIJIs
«ODBIKHOBEHHBIX» CJIYYIAEeB.

Pestomupyem: HaIM yCJIOBHSI, KACAIOIIMECS OECKOHETHO Y/IAJCHHBIX JJIe-
MEHTOB, ObLIN BHIOpAaHBI TAKMM OOpPA30M, YTOOBI 3aKOHBI, PEryJIUPYIOIINe
OTHOIIIEHUE WHITUIEHTHOCTH MEXK Ty OOBIKHOBEHHBIMH TOYKAMU U MPSMBIMHU,
COXPAHSIIUCH U B PACIINPEHHON 00JIaCTH, YTOOBI OTIepaIius HAX0XK IeHUST TOU-
KU TIepeceveHns JIByX MPsIMBIX, paHee BO3MOXKHAs TOJBKO B CIydae Hela-
pPaJUIEILHOCTH, MOTJIa OBIThH BbINOJHEeHA 6e3 orpanmdeHuii. CoobparkeHwus,
KOTOpPBIE IIPUBEJIM HAC K (POPMAaJIbHOMY VIIPOINEHUIO B OTHOIIEHUSIX UHIU-
JIEHTHOCTH, CITOCOOHBI ITOKA3aThCsl HECKOJIbKO abcTpakTHbiMU. Ho unraresnb
yOeInTCst Ha CJIEAYIONIUX CTPAHUIAX, UTO OHU OYIyT BIIOJIHE OIMPABIAHBI
pe3yJIbTaTaMu.

2. NneanbHble 3JIeMEHTHI M IIPOEKTHUPOBaHueE. BpeneHnue Gecko-
HEYHO YJAJIEHHBIX TOYEK W OECKOHEYHO YJIAJIEHHOM IPSIMON Ha ILIOCKOCTHU
[MO3BOJINT HAM Tropa3io 0oJiee yIOBJIeTBOPUTEIHHBIM 00pa30M PacCMOTPETH
[IPOEKTUPOBAHNE OJHOI IJIOCKOCTH Ha APYryio. IlycTh IIOCKOCTH T IPOEK-
Tupyercd Ha 1wiI0ckocTb ' u3 nerrpa O (puc. 83). D1a HpOEKIUs yCTaHAB-
JINBAET COOTBETCTBUE MEXKJy TOYKAMU MW IPSIMBIMUA T UM TOYKAMEH U IIPsi-
MbiMu . Kaxkoit Touke A Ha T COOTBETCTBYET €JIMHCTBEHHasi Touka A’
Ha T CO CJIEJYIOMUME HUCKIIOYEHUSIMU: €CJIU BbIXOAsmmit u3 O IpoeKkTu-
pyomuii JIyd napassener IJIOCKOCTH T, TO OH IIepeceKaeT T B Touke A,
KOTOpO#l He COOTBETCTBYET HUKaKasl OOBIKHOBEHHAs TOYKA ILIOCKOCTH T'.
Takne HMCKJIIOYNTEbHbIE TOYKM IIJIOCKOCTA T PACIIOJIOXKEHBI Ha IPAMOI [,
KOTOPOIl HE COOTBETCTBYET HUKaKas OOBIKHOBEHHAsl MpPsiMasl ILJIOCKOCTH T'.
Ho oroBapuBarh 3T1 NCKITIOUEHMST CTAHOBUTCS U3JIUIITHUM, €CJIA MbI yCJIOBAM-
¢ TOUKe A COMmOCTABIATH ODECKOHEUHO VJIaJIeHHYI0 TOYKY Ha MJIOCKOCTH T,
B34TYIO B Hanpasjenuu mpsimoit O A, a nmpsimMoit [ — conocTaBisiTh 66CKOHEYHO
VIAJEHHYI0 HPSMYIO B IJIOCKOCTH 7. AHAJIOTMYHO, HEKOTOPYIO OECKOHed-
HO yJIaJIEHHYIO TOYKY B ILJIOCKOCTH T MbI COIIOCTaBJIsIEM KaXKJoii Touke B’
Ha TakKOi NpsiMoit M’ B IUIOCKOCTH T, Yepe3 KOTOPYIO MPOXOIST BCe JIydH,
BeIxozsIme n3 O u mapaJsuiesbHble miaockocT t. Camoil mpssMoit m’ coor-
BETCTBYET OECKOHEYHO yIajeHHasl MpAMas IJIOCKOCTA T. Takmm 00pasoM,
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[IOCPE/ICTBOM BBEJIEHUS B IIJIOCKOCTH OECKOHEYHO YIAJIEHHBIX TOYEK U IPAMOI
JIOCTUTAETCS TO, UTO NPOEKUUSL 00HOU NAOCKOCTU HA OPY2Yr0 YCmaHa8AUGa-
em Mmakoe COOMBEMLMEUE MeNCIY MOYKAMU U NPAMBMU 06YL Naockocme,
KOMopoe 63aumHo 00nosrauno 6e3 scaxur uckamovenut. (Tak ycrpansiores
UCKJIIOUEHUs, YIOMSHYThe B CHOCKe Ha crp. 193.) lasee, jierko HoHSITD,
9TO U3 IPUHSITHIX COTVIAIEHNN BHITEKAET CJIEJICTBHE: MOUKA AEHCUM HA NPA-
MOT, €CAU NPOEKUUSL MOYKU AEHCUM, HA NPOeKUUL npamot. OTCIoa BUIHO,
9TO BCE€ TEOPEMBbI, OTHOCAIINECA K KOJIJIMHEapHBIM TOYKaM, KOHKYPPEHTHBIM
MIPSIMBIM € T. JT. U TOBOPSIIUE TOJTBKO O TOUKAX, TPSIMBIX U OTHOIIEHUIX UHITH-
JEHTHOCTH, WHBAPUAHTHBI OTHOCUTEJIBHO IMPOEKTUPOBAHUS B PACIIHPEHHOM
CMBICJIE. DTO JAaeT BO3MOXKHOCTB OIEPUPOBATH C OECKOHEUHO y/IAJEHHBIMUI
TOYKAaMH IIJIOCKOCTH T, 3aMeHsIsl WX COOTBETCTBYIONIMMU IOy JAIOITIMUCS
IPU TPOEKTUPOBAHUY OOBIKHOBEHHBIMI TOYKAMHU IIJIOCKOCTH T .

Puc. 83. BosuukHoBeHnE GECKOHEYHO YAaJIEHHBIX 9JIEMEHTOB IIPDU IIPOEKTUPOBaAHUU

* MOKHO BOCHOJIB30BATHCSA UHTEPIIPETAUeil GECKOHETHO YIAJEeHHBIX TO-
YeK IIJIOCKOCTH T C I[OMOINBI0 IIPOEKTUPOBaHUs U3 BHemHeil Touku O Ha
OOBIKHOBEHHbBIE TOYKHU JPYTOil IJIOCKOCTH T, YTOOBI TOJIyIUTh KOHKPETHYIO
€BKJINJIOBY <«MOJIeJIb» PAaCIIUpPEHHO#N mmockoctu. st aroro me Oymem 06-
pamarh BHUMAHUA HA IJIOCKOCTH T, & COCPEIOTOYMMCH HA IJIOCKOCTH T U
npsaMbBIX, mpoxoadamux depe3 O. Kax ot 0ObIKHOBEHHON TOYKE T COOTBET-
CTByeT IpsiMasi, Ipoxoisiias depe3 O, HermapaJsiesbHas T; KayKI0i 6ecKo-
HEYHO yJIaJIeHHON TOYKe T — IpsiMasi, Ipoxojsdmas depe3 O, mapasiiesib-
Has 1. VTak, COBOKYITHOCTH BCEX TOYEK T, OOBIKHOBEHHBIX M WEaJbHBIX,
COOTBETCTBYET COBOKYITHOCTD IIPSIMBIX, ITPOXOAATNX depe3 O, i 9TO COOTBET-
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CTBUE B3AWMHO OJIHO3HAYHO 0€3 BCAKUX HUCKJIIOUeHui. Touku Ha HEKOTODPOI
NPAMOU B ILJIOCKOCTU T IEPEXOIAT B NPAMbIE HA MAOCKOCTU, TPOXOMSAIIEN
gepe3 O. Touka u mpsiMasi B IUIOCKOCTU T WHIMJIEHTHBI B TOM U TOJIBKO
B TOM CJjIydae, eCJid WHIMIEHTHbI COOTBETCTBYIOIINE MIPsiMasi U IJIOCKOCTh,
npoxogsriue depe3 O. Jlpyrumu cjioBamu, reOMeTpHsl WHIAIEHTHOCTA TOYEK
U IPSIMBIX B PACIIUPEHHON IJIOCKOCTU COBEPIIIEHHO PABHOCUIHLHA T€OMETPUN
MHIUIEHTHOCTA OOBIKHOBEHHBIX HMPSMBIX U IJIOCKOCTEH, IIPOXOIAIINX Yepe3
PUKCUPOBAHHYIO TOYKY IIPOCTPAHCTBA.

[Tosoxkenue Beleil B TpeXMEpHOM IIPOCTPAHCTBE BIIOJIHE AHAJIOTUYHO,
XOTsI OTHAJIAET BO3MOYXKHOCTH I0JIb30BATHCsT HATVISIAHBIM AIIapPATOM TPOEK-
THUPOBAaHUs. 3I€Ch TOYXKE MBI BBOJMM OCOOYIO0 OECKOHETHO YIAJEHHYIO TOUKY,
CBSI3AHHYIO C KA2K/IbIM CEMENCTBOM IapPAJLIeIbHBIX IPAMBIX. B KaK 10 1710C-
KOCTHU UMeeTCs OECKOHETHO YaJeHHas psMast. 3aTeM BBOJUTCS HOBBIN 3J1e-
MEHT — OECKOHETHO yJaJIeHHAsI IIJIOCKOCTh, COCTOSINAs U3 BCEX OECKOHETHO
YJIQJIEHHBIX TOYEK IIPOCTPAHCTBA M COJEpIKAINas BCe OECKOHEUTHO Y/AJI€H-
uble npsmbie. C OECKOHEYHO YIAJIEHHOM IJI0OCKOCTHIO KaXKast OOBIKHOBEHHAST
IJIOCKOCTD TIEPECEKAeTCsI IT0 CBOEit COOCTBEHHOI OECKOHETHO yIATEHHON Tpsi-
MOii.

3. BoitHoe oTHOHIeHWEe ¢ BECKOHEYHO YyJaJIEHHBIMU dJI€MEeHTa-
mu. Eme o/iHO 3aMevanue ciaeayer ¢Ie/IaTh 110 TOBOLY JIBOMHBIX OTHOIIEHU
¢ OECKOHEYHO YIAJEHHBIMU dJIeMeHTaMu. BymeM 00603HAYaTh CHMBOJIOM OO
OECKOHEYHO VHAJIEHHYIO TOUKY Ha mpsiMoit [. ITocmoTpum, Kax ompemess-

A B C P

Puc. 84. /IBoitHoe oTHOIIEHNE C ydacTHeM OECKOHEYHO YIAJE€HHON TOYKN

erca cumBosl (ABCoo), eciiu A, B, C'— Tpu OObIKHOBEHHBIE TOYKH Ha .
ITycrs P — nekoropas touka Ha [; Torna (ABCoo) paccMarpuBaercs Kak
upenes (ABCP), korna P ynansiercs B 6eckonednocts 1o . Ho

CA PA

PA

U, Korjia P HeorpaHudeHHO yJIaJIsieTcs, B CTPeMuTCa K 1. Orcioma BbITE-
KaeT OIpeJIesIeHune: oA
B wacraocTH, eciin (ABCoo) =1, To C' ecth cepeuna orpeska AB: cpeduas
MouKa OmpPe3xra u OECKOHEUHO YIANCHHAA MOUKA, 63AMAA 6 HANPAGAEHUU
ompesxa, 0eAAm 0MPE30K 2aPMOHUYECKU.
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Yopaxkueuue. Uro npejcrasiisieT coOOil IBOHOE OTHOIIEHUE YeThIpeX IpPsi-
MbIX l1, l2, I3, l4, eciin orm mapasuiesabHbl? YTO HOJIyYHTCS, B YACTHOCTH, C STHM
JBOMHBIM OTHOIIIEHWEM, €CJTH B KadecTBe l4 OymeT B3siTa, GECKOHEYHO yIajieHHAs
npsiMasi?

§ 5. Ilpumenenus

1. IlpeaBapuresnbHble 3aMedaHuda. llocie BBeeHus OECKOHETHO
VIaJeHHBIX 3JIEMEHTOB y»Ke HeT HeOOXOIMMOCTU sIBHO OIOBApUBATH BCE
HUCKJIIOYNTEJIbHBIE CIIyYad 11apaJIeIbHOCTH, BO3HUKAIOIINE IIPU ITIOCTPOEHUAX
7 JIOKA3aTeIbCTBAaX TeopeM. JloCTaATOIHO IIOMHUTD, YTO €CJIU TOYKA SABJISAETCS
GECKOHEYHO YIAJIEHHOW, TO BCE IIPOXO/ISAIIIE Yepe3 Hee MPSMble apasliiesIb-
upl. OTnajaer u HEOOXOJUMOCTD JIeJaTh PAa3/IMdne MeXKJy IeHTPAIbHOI
¥ TapaJuIeIbHON IPOEKINSAMHU, TaK KaK IapaJllesibHasl IPOEKIHs eCTh He

C

> 00

P

Puc. 85. /lesaprosa kouduryparus ¢ meHTpOM B OECKOHEIHOCTH

9TO WHOE, KaK IPOEKIWs W3 OeCKOHEYHO yJaJjieHHo#t Toukm. Ha pwuc. 72
Touka O wm upsamas PQR MoryT oka3arbcs OECKOHEYHO YIAJTEHHBIMU
(puc. 85 m306parkaeT IEPBbIil U3 yIOMSIHYTHIX CJIy9aeB); MbI IIPEIOCTABIISIEM
YUTATENIO B KAYeCTBE yIParkKHeH!s! cDOPMYIHPOBATh B «DUHUTHBIX> (T. €. He
CoJlepKaIyX YIOMUHAHUST O GECKOHEUHOCTH) TEPMUHAX COOTBETCTBYIOIINE
YTBEPXKJIEHUsI J€3aPrOBOil TEOPEMBI.

He Tonbko dpopmynmupoBka, HO U T0KA3ATEIHCTBO TEOPEMBI, IIPUHAJIEYKA~
el TPOEKTUBHON T€OMETPHN, HEPEIKO YIIPOIIAIOTCH B PE3YJIbTATE BBEICHUST
6GEeCKOHEYHO yIaaeHHbIX 3jieMeHTOB. OOIuii TPUHITUIT 3aKII0YAETCS B CJIe/Ty-
IOIIEM. YCJIOBUMCS TOJ] «IIPOEKTUBHBIM KJIACCOM» HEKOTOPOIl reoMeTpHhde-
ckoii urypsl F' moHHMMAaTh KJIacc Bcex (DUryp, B KOTOpbie F' MoxKeT ObITh
IepeBeJIeHa MPOEKTUBHBIME 1TpeobpasoBanusmMu. [IpoekTuBHbIE cBoOiicTBa F'
HAYEM He OTJIMYAIOTCS OT MPOEKTUBHBIX CBOMCTB JIIO0OOI (PUTYPHI ee MPOeK-
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TUBHOIO KJIACCa, TAK KaK [0 CAMOMY OIIPEJIEJIEHUI0 TPOEKTUBHBIE CBOMCTBA
COXPAHSIOTCS TP MPOEKTUPOBAaHWHU. Takum oOpa3om, Jirobast TPOEKTUBHAS
TeopeMa (T. €. TeopeMa, TOBOPSIIIAs TOJBKO O IPOEKTUBHBIX CBOMCTBAX ), KO-
TOpasi BepHa i Gurypbl F', Oyjaer TakKe BepHA JJisl JIFOOOrO <«IIPEJCTa-
BUTEJIsI» MPOEKTUBHOIO KJjacca 3Toi dpurypsl, u obparso. [losromy, aToObI
IOKA3aTh TAKyl TeopeMy st F', mocrarodHo moKa3aTh ee JJisi HEKOTOPO-
IO «IpeJICTABUTEIST» MPOEKTUBHOrO Kiiacca F'. Mbl MOXKeM BOCITOJIB30BATH-
Cd YKa3aHHbIM O6CTOHT€HBCTBOI\I n BbI6paTb TaKOI'o «IIpeacTaBUTesd», IJId
KOTOPOTO JIOKA3aTeIbCTBO IIPOIle, ueM s camoil ¢urypsr F'. Hanpuwmep,
[IPOU3BOJILHBIE JBE TOYKU A, B IJIOCKOCTH T MOTYT OBITh CIIPOEKTUPOBAHbI
B DECKOHEYHOCTH U3 JAaHHOTO IeHTpa O, eCiu MPOEKTUPOBATH HA IIJIOCKOCTD,
apaJjuleJibHyI0 IJIOCKOCTH, MpoXojsieit gepes Touku O, A, B; mupsmbie,
mpoxojisimue depe3 A wiam depe3 B, mpu 9TOM IPEBPATATCS B ceMeicTBa
napaJiieJIbHbIX MPsMbIX. VIMEHHO Takoe Ipe/iBapuTe/IbHOE IIpeodbpa3oBaHue
MbI BBIIIOJIHAM IIPU JOKA3aTEIbCTBE MIPOEKTUBHBIX TEOPEM, KOTOPHIMU 3aii-
MeMCsI B 9TOM Taparpade.

Puc. 86. [Togobue TpeyrosbHUKOB, 06pa30BAHHBIX TAPAJIIETBHBIMU MTPSIMBIMA

B nmaspmeiinmem HaMm mpueTcs BOCIOIB30BATHCS CJIETYIOITIM 00CTOATE b
CTBOM, OTHOCSIIIIAMCSI K TTapaJIeIbHBIM MpAMBIM. [lycTh J1Be mpsiMble, TIpo-
xojsiue 4epe3 TouKy O, 1epecekarorcs npsiMbiMu [; u I, B Toukax A, B,
C, D, kak nokasano Ha puc. 86. Eciau upsimbie [; u [, mapaJieibHbI, TO

OA OB

oc=op ™ 0OpaTHO, €C/IM BBIMOJHEHO TOCIeIHee COOTHOINEHNE, TO Tpsi-
Mble [ U |, mapastenbabl. JIoka3aTebCTBO, BBHITEKAOIIEE U3 SJIEMEHTAPHBIX
CBOICTB MOOOHBIX TPEYrOJIbHUKOB, [IPEI0CTAB/ISIETCS YATATEJIIO.

2. JIByMepHOe noka3arejabCTBO Teopembl Jlesapra. [lokaxkem Te-
ephb, HE NPube2as K NPOCMPAHCMBERHOMY NPOEKMUPOBAHUIO, ITO €CIIU IBA
tpeyrosbauka ABC u A’ B’C’ pacnojioxeHbl Ha MJIOCKOCTH TaK, KaK H300-
paXKeHo Ha PHUC. 72, T. €. eCJU HPSMbIE, COCIUHSIONINE COOTBETCTBYIOIIHE
BEPINUHBI, BCTPEYAIOTCS B OJHON M TOH Ke TOYKE, TO TOYKHU IIEPECEUCHUS
COOTBETCTBYOIUX cTOPoH P, ), R jexar Ha omHoii mnpsiMoit. st sToro
[IpeK/JIe BCErO CIIPOEKTUPYEM UepPTeXK TaKuM 00pa3oM, 9ToObl TOUku Q) u R
yiui B 6eckonednocTb. [lociie Takoro mpoektupoBanus npsiMas A'B’ cra-
Her napaJjulesibHa npsamoit AB, a upamaa A'C’ — npamoit AC (puc. 87).
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Kak 6b1710 oTMedeno B myHkTe 1 HacTosmero maparpada, 9Todbl 10Ka3aTh
TeopeMy /lesapra B obmiem cirydae, JOCTATOYHO JOKA3ATH €€ TOJBKO st

A'e

Puc. 87. lokazarenbctBo Teopemsl Jlezapra

clydasi pacCMaTpUBaeMOll 37eCh JacTHOU KoHdurypamun. VIMeHHO, mocTta-
TOYHO TIOKa3aTh, ITO TouKa P mepecedenusi cropon BC u B'C’ takxke yiizger
B GECKOHEYHOCTD, T. €. 4T0 npsiMas B'C’ mapasnensaa npsmoit BC: Torga
rouku P, ), R Oyayr koJumMHeapHbl (TaK Kak BCe TpU OyJyT JIeXKarb Ha
GeCKOHETHO yJIasIeH ol npsivoii). O6paTnM BHUMAHUE Ha TO, ITO

T

AB||A'B' Brewer = =1,
v S

AC | AC" Bnewer Z =T,
Yy S

[Toaromy =2 aorcona cneayer BC || B'C’, uro u TpeboBajioch I0Ka-
3aTh. Y

Ciiejyer OTMETHTD, 9TO IIPUBEJIEHHOE J0KA3aTeIbCTBO TeopeMbl le3apra
OIMpaeTcs Ha MaTEMaTHIECKOe IMOHSITHE JJIMHBI OTpe3Ka. Takum o0pasom,
MIPOEKTUBHAS T€OPEMa JOKA3aHA B JTAHHOM CJIYYIae METPUIECKUMU CPEICTBA~
mu. [Ipyroe 3aciyKuBaroniee BHIMAHNS 00CTOSATEIbCTBO 3aKJIIOIAETCH B CJIe-
nymoreM. Mbl ykasbiBasiu pabiie (cTp. 198), 94To HOHATHUIO IPOEKTUBHOIO
npeobpasoBaHUsl MOMKET OBITh JIAHO <«BHYTPEHHee» OIpeJieJieHre (<«IIPOeK-
THBHOE [IPe0OPA30BaAHNE IJIOCKOCTH — TaK0e, KOTOPOE OCTABJISIET NHBAPUAHT-
HBIMHU BCe JIBOMHBbIE OTHOIIEHHUsI» ): OTCIO/A BbITEKaeT, 4To Teopema Jlesapra
crrocobna ObITh CHOPMYIUPOBAHA U J0Ka3aHa 0e3 BBIXOIA B IPOCTPAHCTBO,
T. €. 6€3 UCIOJIL30BAHUS TPEXMEPHBIX IIPEJICTABIEHUI 1 ITOCTPOEHUIA.

VYopaxkuenue. /lokaxkure moJo0HBIM Ke 00pa3oM TeopeMy, OOpaTHYIO Jie3-
aprosoit: eciiu Tpeyrosibiuku ABC u A’ B’C’ takossl, yTo P, (), R KoJInHeapH®I,
To upsimbie AA’, BB’, CC’ KOHKyppEHTHBI.
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3. Teopema ITackasia '. Dra Teopema HOPMyTHPYETCA TaK: €CAU Gep-

WUHDL WECTNUY20AbHUKA AEHCATN, NOOUEPETHO HA 08YT NEPECERANOULULCH NPA-
Mmuix, mo mouwku P, Q, R mepecevenus npomusonosoHCHUT CMOPoH 9mo-
20 WECTMUY20ALHUKG  KOAAUHEADHDL
(puc. 88). (KoHTyp mIecTHyrobHHUKA
MOKET OBITH CAMOIIEPECEKAIONTIMCS.
Yro Takoe  <«IIPOTUBOIOJIOXKHBIE>
CTOpPOHBI, MOKHO JIEIKO IOHSATH W3
cxeMbl Ha puc. 89.)

Brinosnmss npegsapuTeasHoe Tpo-
E€KTUPOBAHKE, MOYKHO JIOIYCTATH, ITO
P u @ ynumn B 6eckoneganocts. Ocra-
ercsl MoKa3aTh, 94T0 R Takxke yiijer
B GeckoHeuHOCTH. CuTyarus WJLIIO-
crpupyercs puc. 90, e 23 || 56 u 12 ||
45. Hy»kno nokasars, aro 16 || 34. Mer
nMeeM

a _ bty
at+z b+y+s’
b a4z
b+y at+zxz+r Puc. 88. Kouduryparus Ilackais
[Tosromy
e_aotz+r
b bty+s’

Tak 910 16 || 34, 9T0 M TpebGoBaAIOCH
JIOKA3aTh.

b 1 Y 5 S 3

Puc. 89. Hymeparus sep- Puc. 90. JokazarenscTso Teopemsl Ilackans
IMUH MIeCTUYTOJLHUKA

1 Ha crp. 230 6ymer paccmoTpena Gosiee obIas TeopeMa 3TOro ke Tuma. Hacrosmmmit

YaCTHBIN Ciyuail cBs3bIBaeTcst Takyke ¢ umeneM Ilamnma Asekcangpuiickoro (IIT cro-
JleThe 10 Haei spbl).



216 IMTPOEKTUBHAA TEOMETPIA. AKCUOMATUKA . IV

4. Teopema Bpuanmiona. Dta teopema (GOPMYJIUDPYETCS TaK: ECAU
CMOPOHBL WECTNUY20ALHUKA NPOTOIAM, NOOUEPEIHO uepes3 d6e JanHvle MOoY-
xu P u Q, mo mpu duazonaru, coedunaoujue npomusonoi0ACHbLE EPULLNDL
wecmuyeosvruka, Konkyppermuss (puc. 91).

Q

Puc. 91. Koudwuryparus Bpuanmona

IlocpesmcTBOM TIpEIBAPUTETHHOTO MPOEKTUPOBAHUS MOYKHO OTIIPABUTH
B OECKOHEYHOCTHh TOYKY P W TOYKY, B KOTOPOH HEPECEKAIOTCH JIBE KaKMe-

Hubyap nuaronasu, nanpumep 14 u 36. Ilonydennas curyanus m3obpakena

Ha puc. 92. Tak kax 14 || 36, To %: % Ho Bmecre ¢ Tem %:% u
u

r T r
— = —. Buauur, — = — u nosromy 36 || 25, TaK ITO BCe TPU AMATOHAIN
v s Y s

napaJuIe/bHbBL U, CJIEIOBATETLHO, KOHKYPPEHTHBI. DTOr0 JOCTATOYHO, YTOOBI
CUNTATH TEOPEMY TOKA3aHHON M B OOIIEM CJIydvae.

5. 3amMevyaHue 1O MOBOJAY JIBOWCTBEHHOCTU. JuTaresb, BEPOSTHO,
y?Ke 3aMeTIII 3aMedaTebHoe cxoacerso TeopeM Ilackans (1623-1662) u Bpu-
anmoHa (1785-1864). Dro cxoncTBO 0cOGEHHO Gpocaercst B ryasa, ecian obe
bOPMYJITMPOBKY TIOCTABUTH PSIIIOM:

Teopema Ilackamns Teopema Bpuanmona
Ecau sepuwumns, wecmuy2onvhu- Ecau cmopons, wecmuyzorvhu-
Ka AEHCAM MOOYUEPEIHO HaA 08YT KA NPOTOOAM NOOYEPEIHO Yepe3
NPAMBIT, MO MOYKU NEPECeHeHUA dse MOYKU, MO NPAMbLE, COCOUHA-
NPOMUBONOAOHCHBIL CIMOPOH KO- 10UWUE NPOMUBONONONCHBIE BEPULU-
AUHEAPHDL. Hbl, KOHKYDPPEHNMHDL.

He Tompko Teopemnr Ilackans u Bpuanmiona, Ho Bce BOOOIE TEOpEeMbI
[IPOEKTUBHOI TreoMeTpHUH TPYIIUPYIOTCS HOMaPHO TAKUM 00pa3oM, YTO JBe
TeopeMbI OJTHOI U TOM K€ Mapbl CXOMHBI MEXKY CODOI U, TaK CKA3aTh, UJIEH-
TUYIHBI TIO CBOEIT CTPYKTYpPE. DTO sIBJIEHUE HOCUT Ha3BaHUE 0601UCMEeHHoCM.
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B reomerpunm miockocTm TOYKa U MpsiMasi IPEACTABIIAIOT CODOU 63aUMHO
dsoticmeennie anemernmat. IIpoBeCTH IPIMYIO Yepe3 TOYKY U OTMETUTH TOY-
Ky Ha IPsIMOil — oleparuu 83aumHo deoticmeerHoie. JIBe pUrypbl B3anMHO
JIBOVMCTBEHHBI, €CJIN OJIHA, MOXKET OBITh [IOJIyYeHa U3 JIPYTOi TOCPEICTBOM 3a-
MEeHBI KarKJIOTO 3JEMEHTa W KarKJI0# omeparnuu JBORCTBEHHBIM 3JIEMEHTOM U
JIBOMICTBEHHOM

oneparueii. JIBe TeopeMbl B3aMMHO
JIBONCTBEHHDI, €CJIU OJHA IPEeBpAIla-
eTcd B JPYIYIO IIPU 3aMeHEe KaXKJIOTro
3JIEMEHTa U KazKJO0U ouepaluu IBOW-
CTBEHHBIM 3JIEMEHTOM U JBONCTBEHHON
omepartueit. Hanmpumep, Teopemsnr ITac-
KaJisi M DpuraninoHa B3amMHO JBOIi-
CTBEHHBI, TOTJIA KaK TEOPEMOit, JBO-
cTBeHHON TeopeMe Jlezapra, sBiseT-
cag Teopema, eif obparHas. fBiaeHue
JBOMCTBEHHOCTH PE3KO OTJIMYAET IIPO-
€KTUBHYIO I'€OMETPUIO OT 3JIeMeHTap-
HO# (MeTpuveckoit), B KOTOPOil HUKa-
KOl JIBOMCTBEHHOCTH HE HAOJIIOIAeT-
csi. (Hanpumep, 661710 661 6€CCMBICIICH-
HO MCKATh KAKOe-HUOY/Ib «IBOICTBEH-
HOe» yTBePKJEHNEe II0 OTHOIIEHUIO K
TOMYy aKTy, 4TO HAHHBIA yroJ co-
JepKUT 37° WM YTO JAHHBIA OTpe- Puc. 92. /lokazarenbcTBO Teope-
30K paBeH 2 JIMHEHHBIM G,ZLI/IHI/ILLaM.) mbl Bpuanmona
Ipunyun deoticmeennocmu, COTIACHO

KOTOPOMY Kaocdoti 8epHOTL meopeme NPoeKmusHOT 2e0MEMPUL CONOCTNAE-
Asemes dgoticmeennasn e, Mmaxotce 6EPHAA MeoPeMa, BO MHOTUX yIEOHIKAX
[TO/[YEPKUBAETCS T€M, UTO (POPMYJIMPOBKU B3aHMMHO JIBOWCTBEHHBIX TEOPEM,
BMECTE€ CO B3aMMHO JIBOMCTBEHHBIMU WX JIOKA3ATEJTLCTBAMH, ITPUBOIATCS
PSIOM, KaK MBI 9TO CIeJaJi Bbillie. BHYTpeHHSIST TPUYINHA SIBJIEHUS JTBOL-
CTBEHHOCTHU OyJIeT u3ydueHa B cieiyronieM naparpade (cM. Takxke crp. 228).

§ 6. AHajimTHYECKoOe ITpeJiCTaBJIEHUEe

1. BBoauble 3ameuanusi. B panHem mepuojsie pa3BuTus MPOEKTUBHON
TeOMETPHUH CYIIEeCTBOBAJIA HACTONIMBO IPOBOAUMAs TEHICHIINS BBIIOJIHATH
BCE TIOCTPOEHUS HA CHUHTETHIECKOH MJIN, KAK TOBOPHWJIOCH, «IHUCTO T'eOMeT-
pUUECKO» OCHOBE, BOBCe n30erasi MPUMEHEHHs] YHCeI U ajaredpamdecKux
MeTO0B. BhIojiHeHrE 9T0# IporpaMMbl BCTPETHIIO HA CBOEM IIyTH OOJIbIITIE
3aTPYyJHEHUs, TAK KaK BCErJa OCTaBaJUCh KAKWEe-TO IIYHKTBHI, B KOTOPBIX
anrebpandeckue (GOPMYJIUPOBKU Ka3ajnCh Hen30exkHbIMu. [losHbIN yemex



218 IMTPOEKTUBHAA TEOMETPIA. AKCUOMATUKA . IV

B IIOCTPOEHUH YUCTO CHUHTETUIECKOW MPOEKTUBHOM reoMeTpuu ObLI JOCTHUT-
HYT TOJBKO K KOHIY XIX B. U TOJBKO IEHON 3HAYUTETHHBIX OCJIOKHEHMIT.
B sTOM OTHOIIEHNN METO/bI AHAJIUTHIECKON MeOMETPUH OKA3AJNCH TOPa3io
Gosiee MIOAOTBOPHBIMU. JljIst COBpEMEHHOI MaTeMaTWKN XapaKTepHa HHas
TEHJIEHINS — MMOJIOXKUTh B OCHOBY MOCTPOEHUsI TIOHSATHE YUCTA, U B TeOMET-
pun 3ra TeHjeHnus, uaymas or Pepma u Jlekapra, Bo3bIMEsa PEITUTE b
HBIA TpuyM®. AHaauTHUECKas] TeOMETPUs [IePecTaa ObITh MOJCOOHBIM All-
[IapaToOM, UTPAIOIINM CJIY2KEOHYIO POJIb B TEOMETPUIECKUAX PACCYK/ICHUIX,
U CTaja CaMOCTOSITEIHHON 00JIaCThIO, B KOTOPO# MHTYUTUBHAS T€OMETpUtIe-
CKasl MHTEPIIPETAINs OIlePAlnil 1 Pe3yJIbTATOB YrKe He SBJISeTCs OCIeTHel
U OKOHYATEJLHOM MEIbI0, a TPUHUMAET Ha cebs (DYHKIUIO PYKOBOJSIIETO
[IPUHITAIIA, [TOMOTAIONIET0 yrajblBaTh U IMOHUMATH AHAJATHIECKHE (DAKTHI.
Takoe n3MeHeHne 3HAYEHNS] TEOMETPUN €CTh [TOCJIE/ICTBUE TOCTEIIEHHOI'O Pas3-
BUTHSI T€OMETPUU B UCTOPUIECKOM IIJIAHE — PA3BUTHUs, IMHPOKO PA3/BUHYB-
IIero paMKé KJIACCHYECKUX KOHIENINN; OHO 2Ke O00YCJIOBMJIO BMECTE C TeM
[IOYTH OPraHUYECKOe CJAUSHUE NeOMETPUU U AHAJU3A.

B anammTHyecKoil reoMeTpuUM II0J, «KOOPAMHATAMHU» I'€OMETPUIECKOrO
00beKTa ITOHUMAETCH KGKAA Y200HO COBOKYITHOCTH HHCEJI, TO3BOJISIIOIIAST
OIIPEJICIATH ITOT OOBEKT 00H03HauHO. Tak, TOUKa OIPEEsSeTCs] CBOUMU
MPSIMOYTOJIBHBIMU KOOPJAMHATAMU X, Y WX CBOUMU IOJISIPHBIMU KOOPJIU-
matamu p, 0; ¢ gpyroit CTOpOHBI, HAIDHMED, TPEYTOJBHHUK OIIPEIeJIsieTCs
KOOD/IMHATAMU TPEX BEPIIUH, YTO B IEJOM COCTABJISIET IMECTh KOOPIIMHAT.
Mpbr 3HaeM, 9TO TpsiMas JIMHUS B IWUIOCKOCTH X, Y IPEJCTABJSIET COOOM
reOMEeTPHIECKOe MeCTO Beex Touek P(x, y) (06 obosnadeHusx cM. crp. 92),
KOOP/IMHATHI KOTOPBIX Y/OBJIETBOPAIOT HEKOTOPOMY JIMHEHHOMY YPaBHEHHIO

az + by +c=0. (1)

TlosToMy MOXKHO Tpu UmCIIa @, b, ¢ HA3BaTh «KOOPIUHATAMU» ITON IIPSIMOIi.
Hanpumep, a =0, b =1, ¢ =0 onpenesnsitor npsmyio y = 0, T. e. och ;
a=1, b= —1, ¢ =0 onpemeasior UPsAMyI T = Yy, KOTOPas JEJNAT ITOIOJIAM
YIOJI MEXIY IOJIOXKUTEIBHON OCBhI0 T U IOJIOXKUTEJIHHOW OChio . Takum
2Ke 0o0pa3oM CJIe/IyIOIue YPaBHEHUs OIPENEJIAIOT «KOHUYECKHNE CEUEHUS > :
z? + y? = r? — OKpy’KHOCTb Pajinyca T C HEHTPOM B Hadase KOOp,HI/II;IaT,

(r —a)? + (y — b)? = r? — okpyXkHOCTb pagmyca r ¢ neaTpoM (a, b), % +

v =1—»sJnunc u T. 1
= i

Bonee nim Menee HAMBHBIN TMOIXOI K AHAJUTHIECKON MeOMETPHH 3aKJII0-
qaeTCsl B TOM, YTOOBI, OTIPABIIASICH OT YNCTO «TEOMETPUICCKUX» PEICTAB-
JIEHU — TOYKa, MpsAMas U T. JI., — [IePEBOAUTh UX 3aTeM Ha HA3bIK YUCEJ.
CoBpeMeHHasi TOYKA 3PEHUsI [IPOTUBOIIOJIOXKHA. MBbI OTIIpaB/ISIEMCS OT MHO-
IHCECTNBA, BCEBO3MONCHVIT NAP HUCEA T, Y U HG3VIGAEM KAXKIYIO TAKYIO [apy
MOYwKoU, TaK KaK MOYXKEM, €CJIU ITOXKEeJIAeM, HATJISIHO UHMEPNPEMUPosamb

TaKyIo Tapy YUCeJ C IIOMOIIBIO ODIIEIOCTYITHOIO MOHATUS T€OMETPAIECKON
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Touku. ToUHO Tak 2Ke IpsMasi JIUMHUS SIBJIAETCS T€OMETPUIECKUM IIPEICTaB-
JIEHUEM WJIM WHTEPIPeTalneil JMHEHHOIO YPaBHEHNUsI, CBA3BIBAIONIETO T 1 Y.
VKa3aHHBII [IEPEHOC AKIEHTa OT WHTYUTHUBHOIO ITOHMMAHUsI NEOMETPHH K
AHAJIUTUYIECKOMY OTKPBIBAET BO3MOXKHOCTb, B YACTHOCTH, IIPOCTOI U BIIOJIHE
CTPOTOil TPAKTOBKM OECKOHEYHO y/IAJIEHHBIX TOYEK B ITPOEKTUBHON IeOMeT-
puwn; OH )Ke HeoOXOnuM J1j1st O0Jiee TIIyOOKOrO IIPOHUKHOBEHUS B 9Ty 00JIACTh.
st Tex gmraresnei, KOTOpbIE 00JAAI0T JTOCTATOTHON IIpeIBapUTeIbHOMI
MaTeMaTUYeCKON MOATIOTOBKOM, MbI JaJIUM Tellepb HEKOTOPBLIA O4YepK HIpu-
MEHEHUsI aHAJIUTUIECKUX METOJIOB B IIPOEKTUBHOM MeOMETPHH.

*2. OmHopoaHble KOOPAMHATEI. AJirebpandecKue OCHOBbBI JBOMU-
CTBEHHOCTHU. B OOBIKHOBEHHO!N AHAJIMTHUYIECKON TE€OMETPHUH IMPSMOYTOJIb-
HBIME KOOD/JIMHATAMU TOYKU HA IJIOCKOCTH SIBJISIIOTCsSI CHAOXKEHHBIE 3HAKA-
MU PACCTOsIHUsI TOYKU OT JIBYX B3aMMHO IEpPIEeHIMKYJISpHbIX oceit. Ho B
TaKOl cuCTeMe KOODJMHAT He HAXOMUTCS MeCTa Ijis OECKOHEUHO YIIAJIeH-
HBIX TOYEK PACIINPEHHON MPOEKTUBHOU miockocTu. [losromy, ecianm Mbr x0-
TUM [OJIb30BATHCS AHAJUTHIECKIME METOJIAMU B IIPOEKTUBHON T€OMETPHH,
TO HEOOXOIMMO HAWTH TAKYI0 KOODIMHATHYIO CHCTEMY, KOTOPasi CMOTJIA Obl
BKJIFOUYUTH HjleajIbHble TOYKU HapaBHE C OOBIKHOBEHHBIMU. Jlerde Bcero jarhb
OIMCAHUE TAKOW KOODIAMHATHOI CHCTEMbI, €CJIU IPEeJCTaBUThL cebe TaHHYIO
wiockoctb X, Y (koropyio GyieM 0003HAYATH Yepe3 T) PACIIOJIOXKEHHON B
TPEXMEPHOM IPOCTPAHCTBE C MPAMOYIOJIbHBIMU KOOPAUHATAMUA T, Y, 2 (911
OyKBBI 0003HAYAIOT CHAOXKEHHBIE 3HAKAMU PACCTOSIHUSA TOUKNA OT TPEX KOOP-
JIMHATHBIX IUIOCKOCTEH, 06pa30BaHHBIX ocsMU T, Yy U z). [Ipencrasum cebe,
9TO IJIOCKOCTH T MapaJlie/ibHa KOOPIAUHATHON IJIOCKOCTH X, Y W HAXOIUTCS
Ha paccTosHuUU 1 OT Hee, TaK YTO TPEXMEpPHBbIE KOOPAMHATH TOYKU P B
wiockocru T Oyayr (X, Y, 1). Ilpunumas wagano O KOOpAUHATHOI cucTe-
MBI 3a I[EHTD ITPOEKTUPOBAHUS, 3aMETHM, 4TO 8cakol mouwke P 63aummno
00Ho3HawHo coomeememeayem nexkomopas npamas OP, npoxodawas wepe3
Hauaao Koopdurwam (cM. crp. 98). B wacTHOCTH, GECKOHEUHO Y/IAIEHHBIM
TOYKAM ILJIOCKOCTH T COOTBETCTBYIOT IpsIMble, Ipoxojsiue depe3 O u ma-
paJjiebHbIE T.

[TocmoTpum Tenepb, 9TO Ke MpeJcTaBisieT coboil CHCTEMa OTHOPOTHBIX
KOODJMHAT JIJIsI TOYEK IJIOCKOCTH T. UTOOBI HAWTH OJHOPO/IHBIE KOODIMHATHI
OOBIKHOBEHHOI TOYKH P B 3TOM IIJIOCKOCTH, BO3bMeM IipsiMyto O P u Ha Heil
BbIGEpEM NPOU3EOALHYI0 TOUKY @, orimanyio or O (puc. 93). O6biKHOBEH-
HBIE TPEXMEPHBIE KOODJWHATHI T, Y, 2 TOUYKHA () CUUTAIOTCS 00HOPOOHBLMU
Koopdunamamu Touku P B mwiockoctu 1. B wactnoctu, koopaunaret (X, Y,
1) camoit Touku P sBIISIOTCS ee OMHOPOIHBIME KoopauHaramMu. Ho Bmecre
C TeM ee JKe OJHODOJHBIMK KOOpAMHATAMU aABATCH Jiobble uncia (tX, tY,
t), tme t # 0, Tak Kak KOOpAMHATHI Bcex Touek mpsimoit OP (kpome O)
uMeIoT Kak pa3 takoil Bux. (Mbr uckiouaem Touky (0, 0, 0), moromy 4To
OHA JIEXKUT HA BCEX MPSAMbBIX, TPOXoadArux depe3 O, m HEe MOXKET CIIYKUTh
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JLJIST UX PA3JIMYEHUSL. )

CucreMa OHOPOIHBIX KOODJMHAT, KOHEYHO, MPEJICTABIISET HM3BECTHOE
Hey100CTBO B TOM OTHOINEHHUH, YTO HY2KHBI TP YHCJIA BMECTO JIBYX JJIsI OIIpe-
JeJICHUsI TOYKH, U, CaMOe IJIaBHOE, KOODJHUHATBHI TOYKU OIPEIC/IAIOTCA He
OHO3HAYHO, & C TOYHOCTBHIO JIO TTOCTOSHHOTO MHOXKUTeNsA. Ho oHa nmeeT TO
6e3yCJI0BHOE IIPENMYIIECTBO, YTO OHA OXBATHIBAET U UJI€ATHHBIE, OECKOHETHO
y/iaJeHHble TOYKY IIJIOCKOCTH T. JleficTBUTEIbHO, TAKON nieabHoit Touke P

e

(tx, ty, 12)

Puc. 93. OpHOpOIHBIE KOOPAUHATHI

COOTBETCTBYET HEKOTOPas IpsaMasd, Ipoxoadamasa depe3 O 1 napajueIbHas T
BCsKasd TOUKa () Ha Takoil mpsaMoil umeeT KoopauHaTsl Buga (x, y, 0); Takum
0bpazoM, 00HOPodHbIE KOOPIUHAMBL UICANDHBIT MOUEK NAOCKOCTIU T UMEIOM,
6ud (x, y, 0). Herpyano Hanucarh B OJHODPOIHBLIX KOODAMHATAX YDABHEHUE
IpAMOA JMHWKM Ha IUIOCKOCTH T. JJIsl 3TOro JOCTATOYHO 3aMETHTh, 9TO
npaMble, coemuHaAomme O ¢ TOYKAMHI 3TOH HPSAMOI, JIE2KAT B ILIOCKOCTH,
npoxonamein depes O. B amaJuTHdUecKoil reoMeTpun IOKA3BIBAETCH, 9TO
ypaBHEHUE TAKOH ILIOCKOCTH MUMEET B/

ax + by + cz =0. (1)

DTO K€ eCTh U ypaBHEHUE JIAHHON MPSIMOI B OJHOPO/IHBIX KOODIMHATAX.

Teneps, Korya reoMeTpudecKas MOJIeJb, N300PaXKAIOMasl TOYKHU IIJIOCKO-
CTM T B BHJIE IPSIMBIX, NPOXOAsmuX 4depe3 (O, OTCIIyXKWJjia CBOIO CJIyKOYy,
MOKHO €€ OTOPOCUTD U JIATh CJIE/LYIOIIee YHCTO aHAJUTUYECKOE OlIpeIe/IeHIe
PacCIIIPEeHHON IIJIOCKOCTH:
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Touwka ecrb He YTO UHOE, KAK TPOIKA JeHCTBUTENIbHBIX ducel (T, Y, z),
U3 KOTOPBIX He Bce paBHbI Hyio. JIBe Takue Tpoiiku (1, Y1, 21) U (T2, Ya, 22)
OIIPEJEJISIOT 00HY U Y e TOUKY, €C/IH CYIIECTBYET TaKoe IncJIo t # 0, 4To

Ta=1tx, Yo=1ty, 22=121.

JpyruMu cioBaMu, MOYXKHO, He MeHsIl caMOil TOYKH, YMHOXKATh ee KOOp-
JIMHATHI HA [TPOU3BOJILHBIA MHOXKHUTENb, OTAMYHbI oT Hysst. ([lotomy sTm
KOODJMHATHI U HA3BIBAIOTCH 00HOpodhbimu.) Touka (x, y, 2) obviknosenas,
ec/Id z OTJIMYHO OT HYyJId, U U0eaAbHas, eCJd Z PaBHO HYJIO.

IIpsamasn aurus B IIIOCKOCTH T COCTOUT U3 BCEX TOYEK (I, Y, Z), YAOBIIET-
BOPSIONIUX JINHEHOMY ypaBHEHUIO BUA

ar + by +cz=0, (1)

e a, b, c— IMOCTOSHHBIE YHUCa, He BCe paBHBIE HY/IIO. B 9acTHOCTH, 6ECKO-
HEYHO yJIaJIeHHbIe TOYKH ILJIOCKOCTH T YIOBJIETBOPSIOT YPABHEHHIO

z=0; (2)

COTJIACHO OTIPEJIIEHUIO, ITO — TaKyKe ypaBHEHUE MpSMOil, UMEHHO — bec-
KoHewHo Yydasennol npamot TIOCKOCTH T. Tak Kak MpsiMasi OIpPeIesIseTcs
ypasaerneM Buza (1), To Tpoiika uucen (a, b, ¢) MOXKeT GBITH paccMaTpu-
BaeMa Kak 00nopodnvie koopdunamu, npamot (1'). Hanee ciaemyer, 9ro npu
npousBosbHOM t # 0 Tpoiika aucesn (ta, tb, tc) nupeacrabiser cobol KOOPIU-
HATBI TOU K€ IPAMOIl, TaK KaK ypPaBHEHUE

(ta)x + (tb)y + (tc)z =0 (3)

YZOBJIETBOPSIETCS B TOTHOCTU TEMH YK€ KOOPAMHATHBIME TpOiKaMu (T, y, 2),
4yro u ypasaenue (1).

B sTux onpezenenusax 00HAPYKUBACTCH IOJIHAS CAMMETPHSI MEXKLy TOY-
KOft ¥ IpAMOIi: U Ta U APYTas OIPeeIA0TCs TPOHKOHM YrcesT — OTHOPOIHBIMI
KoopauHaTaMu (u, v, w). YCJOBUE TOr0, 9TO TOYKA (X, Y, 2) JIEXKUT Ha Ipsi-
Moit (a, b, ¢), BBIDAYKAETCsI PABEHCTBOM

ax + by 4+ cz =0,

U 3TO K€ eCTh BMECTe C TeM YCJIOBHE TOrO, 9TO TOYKA € KOOpJIUHATA-
vu (a, b, ¢) Jnexur Ha upsaMoii ¢ koopauaaramu (z, y, z). Hampuwmep,
apudMeTUIECKOe TOXKIECTBO

2-341-44(-5)-2=0

o3Havaer, 9ro To4Ka (3, 4, 2) jexkur Ha upamoit (2, 1, —5), u B paBHOU
Mepe, uro Touka (2, 1, —5) sexkur Ha npamoii (3, 4, 2). dra cuMMmerpus u
IPEJICTABSIET COOOit OCHOBY JBOMCTBEHHOCTH MEXKJIY TOYKONW M TPSIMON B
IIPOEKTUBHOI IeOMETpUH, TaK KaK BCAKOE COOTHOIIEHUE MEXKJy TOUYKAMH U
NPSMBIMH CTAHOBHUTCSI HEKOTOPBIM COOTHOITEHIEM ME2KJLy MPAMBIMA M TOIKA-
MU, €CJIN KOOPJAUHATHI TOYEK CIATATH KOOPINHATAMY MPAMBIX, 8 KOODIAHATHI
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MPSIMBIX — KOOPJAUHATAMHI TO4Y€EK. TOJIKysl II0-HOBOMY T€ 2Ke ajiredpamdecKkue
olepaliii U pe3y/abTaTbl, MbI IIOJIy4aeM TeOPEMbl, COOTBETCTBYIOIINE IIep-
BOHAYAILHBIM B CMBICJIE JBOicTBeHHOCTH. Heobxomumo 3aMeTuThb, ¢ Ipyroi
CTOPOHBI, 9TO B OOBIKHOBEHHOM T10cKOCTH X, Y HU O KaKOil JBOICTBEHHO-
CTH HE MOXKET OBITh pPeYHd, TaK KAK ypPaBHEHHE NPAMONl B OOBIKHOBEHHBIX

KOOp/IHATAX
aX +bY +¢c=0

HECUMMEeTPHUIHO OTHOCHTETbHO X, Y 1 a, b, c. TobKo BKJIIOUEHNE B paCCMOT-
peHre GECKOHEUHO YJIAJIEHHBIX JIEMEHTOB (TOYEK U IpsAMOii) obecreunBaer
[IPUMEHUMOCTD TIPUHITAIA JIBONCTBEHHOCTH.

YrobbI mepeiTi OT OJIHOPOJIHBIX KOOPJHWHAT I, Y, 2 OOBIKHOBEHHOU TOYKH P
B IJIOCKOCTH T K OOBIKHOBEHHBIM IIPSIMOYTOJIbHBIM KOOP/IMHATAM, MbI IIPOCTO TIO-

x
gJaraeM X = =, Y = Y Torma X , Y 0003HavYaIOT paccTOsHUsS TOYKU P oT IByX
z z

IEePIEHTUKYJISIPHBIX OCEHl B INIOCKOCTH T, IAPAJIJIEIbHON - U Y-OCSIM, KaK IIOKa3aHO
Ha puc. 93. MbI 3HaeM, YTO ypaBHEHUE

aX +bY +¢c=0

x
IpeCTaBAsgeT TPAMYIO B TmockocTu 1. [lomarags X = =, Y = Yoy YMHOXKas Ha 2,
z 4

MBI HaiJIeM, YTO ypaBHEHME TON Ke MPsIMOIl B OJTHOPOJHBIX KOOPJUHATAX OyIeT
axr + by + cz =0,

KakK 9TO y2Ke 6bL10 yKazaHno Ha crp. 214. Tak, ypasuenne upsamoit 2 — 3y + 2z =08
OOBIKHOBEHHBIX IIPSIMOYTOJIBHBIX KoopauHaTax X, Y npumer Buyg 2X — 3Y + 1 =0.
Pasywmeercs, mociteineMy ypaBHEHHIO OECKOHETHO yAAJEHHAS TOYKA PACCMATPUBA~
eMOil IPsAMO¥ ¢ OMHOPOAHBIMEU KoopAauHaTaMu (3, 2, 0) y2Ke He OTBEYaET.

Ocraercsa cka3arh eme ogHo. HaMm yamoch MOIyYdTh YHCTO AHAJIUTHYIECKOE
OIpeJIeJIeHne TOYKHM W MPSIMOi; HO YTO MOXKHO CKa3aTh O BAXKHOM TTOHSATHU TIPO-
E€KTUBHOIO IpeodpazoBanus! MoKHO yCTAaHOBUTD, 9YTO IIPOEKTUBHOE IIPeobpa3oBa-
HUe, IOHNMAaeMOe B TOM CMBICJIe, KaK 9TO ObLIO pa3bsiCHEHO Ha cTp. 197, 3amaercsa
aHAJIMTUIECKN CUCTEMON JIMHEHHBIX ypaBHEHUA

¥ =a1x+biy+ ez
y' =asx +boy +caz p, (4)
2 =asx + b3y + c32

CBA3BIBAIOIINX OJIHOPOJIHBIE KOOPAUHATEI ', ', 2’ TOYEK B INIOCKOCTH T’ C OJTHOPO/I-
HBIMHU KOODJIMHATAMU T, Y, 2 TOYEK B IJIOCKOCTH T. C aHAJIOIMYHON TOYKYU 3PEHUSI
MOYXKHO onpedesumdb TPOEKTUBHOE MPEOOPa30BaHUe KaK TaKOe, KOTOPOe 3a/1aeTCsI
cucremoii ypasHenuit Buma (4). Teopembl IPOEKTUBHON reOMETPHH TOTZA CTAHO-
BSATCsI TEOPEMaMU, TOBOPSIIMMHI O IOBEIEHUU YNUCJIOBBIX TPOEK (X, Y, 2) IPU TAKUX
npeobpazoBanusax. Hampumep, M0Ka3aTebCTBO MHBAPUAHTHOCTHU JIBOWHOTO OTHO-
II€HNs TPHU IPOEKTUBHBIX TPe0OPA30BAHUAX IPEBPAIIAETCS B JIETKOE YIIParKHEHUE
u3 obJsracTu aJireOpbl JUHEHHBIX mpeobpazoBanunit. He Oymem BHHUKATH B JleTaim
3TOH aHAJIMTUIECKON NPOLEeLyPhl U BEPHEMCS BMECTO TOrO Ha3a [ — K IPOEKTUBHOMI
reoMeTpun B ee 60JIee HATVISTHOM ACIEKTe.
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§ 7. Bagaum
HA MOCTPOEHNE C IMTOMOMIIbIO O/ITHOMN JINHEUKH

B creayomux mocTpoeHnsIX MpeInoaraeTcsi, YTO e JMHCTBEHHBIM WHCTPYMEH-
TOM CJIy2KAT JIAHEHKa.

Sanaun 1-18 3anmcrBoBanbl 13 oxHoit paboret . Ilreitnepa, B KOTOPOI OH 110~
Ka3bIBaeT, 4TO IIPU MeOMETPUYECKHUX ITOCTPOEHUSAX MOXKHO 060#THCH 6€3 IUpKyJIs,
ecsin 3a/1aH (PUKCUPOBAHHBIN KPYT ¢ neaTpoM (cm. rmasy 111, crp. 173). Ynraremo
PEKOMEHIYETCs TIPOIENIaTh 9TU 33/Ia49 B YKA3aHHOM IOPSIIKE.

YerBepKa NMpsiIMBIX a, b, ¢, d, TPOXOISIIUX Yyepe3 TOUKY P, Ha3bIBaeTCs 2apMo-
Huueckot, ecmu asoitnoe orHomenue (abed) pasno —1. B arom ciyduae ropopsr,
970 ¢, d 2GPMOHUNECKY, coOnpAadicerd, C a, b 1 obpaTHO.

1) Jlokaxkute, 9TO €cii B TapMOHMYECKOIl YeTBepKe a, b, ¢, d upsiMast a JAeJInT
TIOITOJIAM yTOJI MEXKY ¢ U d, TO IpsAMas b MepHeH UKy IsIpHA K IPSIMOH a.

2) IlocrpoiiTe UeTBEPTYIO TAPMOHUYECKYIO K TPEM JAHHBIM IPIMBIM, MPOXO-
JSIIUM 9epe3 OfHy TOUKY. (Ykasanue: BOCIONBb3YHTECH TEOPEMOIL O IIOJIHOM Y€ThI-
PEXCTOPOHHWUKE. )

3) IlocrpoiiTe 4eTBEPTYIO FapMOHUYECKYIO K TPEM JAHHBIM TOYKAM HA OIHOMN
IPAMOIA.

4) JTaubl IpAMOi yroJ W MPOW3BOJBHBIA yToJI ¢ OOIIEl BEPIMMHON M OJHOM
ob1ieit CTOPOHO. Y/1BOiiTe MaHHBIN IPOU3BOJIBLHBIN YIOJI.

5) Han yroua u ero 6uccekrpuca b. [Tocrpoiite nepreHukyssp K b B BepuinHe
JAHHOTO yTJIa.

6) okakure, 9TO €C/IM HPOXOJsNIMe 4Yepe3 TOuKy P upambie li, lo, ..., Iy
MepecekaroT MPsAMYIo a B Toukax A1, Az, ..., A, unpsmyio b B Toukax By, Ba, ...,
B, T0 BCe TOUKM mepecedenns map npambix A; By u Ay B; (i#£k;k=1,2,...,n)

JIe’KaT Ha OJIHOM INPAMONA.

7) Hokaxkute, 94ro ecau B TpeyrojsHuke ABC upsiMasi, napajulesibHasi CTO-
poue BC, nepecekaer AB B Touke B’ u AC' B Touke C', TO npsiMasi, COEMHSIONIA
Touky A ¢ roukoii D nepeceuenus: upsmbix B'C u C'B, nesur nonosam BC.

7a) Cdopmynupyiite n JjoKakute TeopeMy, OOpaTHYIO 7.

8) Ha npsimoit | maner Tpu Takme Toukum P, ), R, aro @) ecTb cepeamna OT-
peska PR. Tlocrpoiite npsiMmyio, mapaJulebHyIO | U IPOXOSIILYIO Yepe3 JaHHYIO
TOUKY S.

9) Hanbl nBe mapaJjulesibHbIE MpaAMbBIE [1 U l2; pasfenure MONojgaM JaHHBINR
orpe3ok AB Ha npsiMoii .

10) Yepes jganHy0 TOUKY P IpOBECTH HPSIMYyIO, HAPAJUIEIBHYIO ABYM JIAHHBIM
NapaJUIeIbHBIM MEXKITy co0oi npsambiM 11 u 2. (Ykaszanue: ncnonwsyiite 7.)

11) Ilreitnep mpejjaraeT CIeAyIOIIee PEIleHne 3aa49u 00 YABOCHUH JaHHOIO
orpe3ka AB mpu yciioBum, 9TO 3aJaHa mpsiMasi |, mapaJjutebHas AB: depe3 To4-
Ky C, He JieXallyo HE Ha NpaMoi [, Hu Ha npsamoit AB, nposectu npsimbie C'A
u CB; uyctb A1 u Bi — COOTBETCTBEHHO TOYKHU WX IIepecedeHusi C HPsSMOi [.
Barem (cm. 10) nposectu uepes C' HpsiMyIo, IapasulesbHyIo [; mycts D — Touka ee
nepecevenns: ¢ BA;1. Ecim E — Touka nepecevenns AB u DBy, to AE =2 - AB.

Jlokazkure TOCIe/Hee yTBEPXK IeHNUE.

12) Paspesnure orpesok AB Ha n paBHBIX 4acrelf, eciau 3azaHa npsiMasi [,
napasutenpaas AB. (Vkaszanue: nonp3ysacs 11, orioxkunTe CHAYATA N PA3 JAHHBIN
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OTPE30K Ha MPSMOIL [.)

13) Han napasenorpamym ABCD. Yepes jnannyro Touky P uposeaure Ipsi-
MyI0, TapaJUIeJIbHYIO JaHHONW npamoii [. (Vxasanue: npuvernre 10 K merTpy ma-
pasIesIorpaMmMa U BOCIIOJIb3y#Tech 8.)

14) Jlan mapaJuresiorpaMM; yBeJIn4bTe JAHHBIA OTPe30oK B 1 pa3. (Vkasanue:
npumenure 13 u 11.)

15) Jan napaJuresiorpaMm; pasaesauTe JaHHBIA OTPE30K Ha 1 PABHBIX YaCTeH.

16) JlaH HeHOIBWIKHBIA Kpyr ¢ IeHTpoM. lIpoBenuTe 4epe3 JaHHYIO TOUKY
IPSIMYIO, HAPaJUIEIbHYIO JaHHOH npamoit. (Ykaszanue: npumennte 13.)

17) JJaH HENOABUKHBIA KPYr C HEHTPOM. YBEJINYIbTE U YMEHBIINTE JAHHBII
oTpe3oK B 1 pas. (Ykasanue: npumennte 13.)

18) /lan HemoABHMKHBIA KpPyr ¢ HEeHTpoM. IIpoBemuTe Wepe3 JaHHYIO TOUKY
HEePIEeHUKYIAD K JaHHON npamoil. (Ykasanue: BOCIONB3YHATECH IPSMOYTOJbHH-
KOM, BIIMCAHHBIM B JIAHHBIA KPYT, C ABYMsI CTOPOHAMH, MAPaJLIETbHBIMU JAHHON
PSAMOIi, ¥ CBEJIUTE K TIPEJIIECTBYIOMNM 3aa9aM. )

19) Ilepecmorpes 3amaun 1-18, nepeuncinre, KaKue OCHOBHBIE 3a/Ia9H Ha, I10-
CTPOEHIE MOYKHO BBIIIOJIHUTD € TIOMOIIIBIO IBYCTOPOHHE!N JIMHEHKY (¢ ABYMsI TIapaJ-
JIEJIbHBIMU CTOPOHAMM).

20) Be namuble npsMblie [1 1 lo mepecekaloTcst B TouKe P, Haxoxsiedicsa 3a
npedesamu geprexa. [locTpoiiTe nMpsamMyro, COEIUHSIONIYIO JAHHYIO TOUKY () € TOU-
koit P. (¥Yxazanue: nononnuTe 33 JaHABIE SJIEMEHTBI TAKAM 00Pa30M, ITOOBI TIOJTy-
YmIach KOH(UIrypalus IJIOCKOCTHON Teopembl Jlesapra, npudem P u () crajum Ob
TOYKAMHU [I€PECEUEHNUS] B3AUMHO COOTBETCTBYIOIINX CTOPOH JIBYX TPEYIOJIbLHUKOB. )

21) IlpoBemmre NMpsAMYIO 9€pe3 JBE TOIKA, MEXK/Ly KOTOPBIMH PACCTOSTHAE GOIb-
e, deM jyinHa jauHeiku. (Vxasarnue: npumenure 20.)

22) IIpsimbie 11 u l2 mepecekaroTcst B Touke P; mpsimMble mq u ma — B ToUKe Q)
obe Toukn P u () — 3a npemenamu deprexka. [locrpoiite Ty dacts mpsamoint PQ),
KOTOpasl HAXOAUTCH B Ipefeaax deprexa. (Vxasarue: 9To6bI O IATH TOUKY IIPsi-
Mot PQ, moctpoiite kordurypamuio Jlezapra Takum o6pa3om, 9TOOBI 1B CTOPOHBI
OIHOTO TPEYTOJbHIKA, JIE2KAJIN COOTBETCTBEHHO HA 1 U M1, IBE€ CTOPOHBI APYTOrO —
COOTBETCTBEHHO Ha l2 U M2).

23) Pemmre 20 ¢ nomompio reopemst Iackamst (crp. 209). (Vkasanue: nocTpoii-
Te koudurypanuo Ilackans, paccmarpusas [1 u l2 Kak mapy TPOTHBOIIOIOKHBIX
CTOPOH IIECTUYTOJIbHUKA, & () — KaK TOYKY IIepeceveHusl JIPyroil mapbl IPOTUBO-
IIOJIOXKHBIX CTOPOH. )

*24) Kaxxzas u3 AByX NPsAMBIX, IIEJMKOM JIEXKAIMX 33 MPEJIEIAMU IePTEeXKa,
3aJjaHa JBYMs ITapaMU IPSMBIX JIMHUM, [I€PECEKAIONNXCS 33 MIPeIesIaMU YepTeXKa
B TOYKaX COOTBETCTBYIOIIEH npsimoit. OmipeiesinTe TOUKY UX MEPECEUEHUsST C TTOMO-
MIBIO ABYX MPSIMBIX, MIEPECEKAOINXCS 38 MPEEIAMHI IePTEKA.

§ 8. KoHunveckue cedyeHust 1 KBaJAPUKH

1. SﬂeMeHTapHaﬂ MeTpuveckKasda reomMeTrpmd KOHMYIEeCKUux cede-
HUM. ILO CHUX IIOP MbI 3aHUMAJIUCHh TOJIBKO TOYKaMM, IIPAMBIMU, IIJIOCKOCTA-
MU 1 CbI/IpraMI/I, COCTABJICHHBIMU 13 KOHEYHOT'O YHCJIA ITUX 3JeMeHTOB. Kcin
OBl IPOCKTUBHaA I€OMETPUA OI'PaHHYIMNBaJIACh PACCMOTPEHHUEM TaKHUX <«JIA-
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HEWHBIX> (puryp, ona ObLIa OBl CpaBHUTEIHLHO MajgowHTepecHa. Ho dpaxTom
[IEPBOCTENIEHHOIO 3HAYEHUS SABJISIETCS TO OOCTOATENIHCTBO, YTO IIPOEKTUBHAS
reoMeTpHsl STHM He OlPAHMYMBAETCs, 8 BKJIIOUAET TaKKe OOIIMPHY0 00J1aCTh
KOHUYECKUX CEUYEeHUIN U X MHOTOMEPHBIX 0000IIeHuil. AoJJIOHIEBA METPH-
qecKasi TPAKTOBKA KOHMYIECKUX CEUEHUH — JUIUIICOB, TUIEPOOJT 1 Tapadosr —
ObLIa OTHIM U3 BBIIAIONINXCS YCIIEX0B aHTHIHON MaTeMaTnkn. EiBa jm Mox-
HO IIEPEOIEHUTH 3HAYEeHNEe KOHMYECKUX CeYeHUl KaK JJIsi YUCTON, TaK U JJIst
[PUKJIAIHON MaTeMaTuKu (HanmpuMep, OpOUTHI IIJTAHET U OPOUTHI 3JIEKTPOHOB
B aToMe BOJOPOJia SIBJISIOTCS KOHHUECKMMH cedeHusivu). He npuxomurcs
VAMBJISTBCS TOMY, 9YTO KJacCHdecKas, Bo3HukInasi B JIpesneit ['peruu, Teo-
pUs KOHUYECKUX CEYEHUIl W B HAINKA JIHA COCTABJISIET HEOOXOIUMYIO YACTh
MaTeMaTHIecKoro obpasoBanns. Ho rpedeckast reoMeTpust HHKOUM 00pa3oM
HE CKa3aJia II0CJIeTHErO CJIOBa. epe3 JiBe ThICAYM JIeT OBLIN OTKPBLITHI 3a-
MeuaTejIbHbIE ITPOEKTUBHBIE CBOWCTBA KOHWYECKUX cedeHwit. Hecmorpsi Ha
MIPOCTOTY W U3SIIECTBO TUX CBOWCTB, aKaJIeMUYeCKasi WHEPIUs 0 HACTO-
AIEr0 BPEMEHU CJIY2KUT TPENSTCTBUEM WX [MPOHUKHOBEHUIO B INKOJIBHOE
[IPEIO/IABAHIIE.

Hagrewm ¢ Toro, 4To HAIIOMHUM METPHUYECKUE OIIPE/IEIEHNS KOHUIECKIX
Tedennii. Takux onpejieieHnii HECKOJIBbKO, U UX SKBUBAJIEHTHOCTb JIOKa3bl-
BaeTCs B 3JIeMeHTapHOIl reomerpun. Hanbojiee pacrnpocTpaHeHHBIE OIIpejie-
JIEHUsI CBSI3aHBI C (JOKYCAMU KPUBBIX. DAAUNC ONPENEISIETCS KaK TeOMETPU-
9eCKOe MECTO TAKMX TO4YeK P Ha IJIOCKOCTH, 9TO CyMMa UX PACCTOSHUIA Ty
u 75 OT JABYX JAHHBIX TOUeK F; m Fj, Ha3bIBaeMbIX (DOKYCAMU, UMEET TI0-
crostaHoe 3HaveHne. (Ecim GOKychl COBIAIAIOT, KpuBas NMPEBPAIAETCS B
OKDYXKHOCTb.) [unep6oaa OIpeNessieTcss KaK TeOMETPUIECKOe MECTO TaKUX
Touek P Ha mI0CKOCTH, 9TO abCOTIOTHAS BEJIMYNHA, PA3HOCTH T'; — Ty PABHO
OJTHOI W TOH 2Ke TMOCTOsiHHO# Besnmumue. [lapaboaa onpenensercss Kak reo-
METPHUYECKOEe MECTO TOUYeK P, pacCTosiHme KOTOPBIX I OT JAHHOW TOYku F'
PaBHO PACCTOSTHUIO OT JIAHHON TPsAMOif [.

B anajmTHueckoii reoMeTpUN 9TH KPUBBIE MPEJICTABIISIIOTCS YPaBHEHUsI-
MU BTOPOii CTEITEHU OTHOCUTEJILHO ITPSIMOYTOJIBHBIX KOOPAUHAT T, y. HeTpy-
HO J0Ka3aTh, OOPATHO, UTO BCAKAs KPUBAsi, IMPEICTAB/IAEMAast yPaBHEHUEM
BTOPOI'O TOPSIIKA

ar® + by’ +cry+dr+ey+ f=0,

€CThb WJIN OJHO U3 TPEeX HA3BAHHBIX BbIIIE KOHUYECKUX CEYEHU, NN IIPIMast
JIMHUS, WIA TIapa IPAMBIX, WM CBOJIUTCA K OJIHONW TOYKe, UJIN HOCUT YHUCTO
MHEUMBIH xapakrep. Kak mokaspiBaeTcss BO BCAKOM KypCe AHATUTAIECKON
reOMETPHUH, /s JIOKA3aTeIbCTBA JTOCTATOYHO CJIEJIATh HAJJIEXKAIIAM 00pa-
30M I10I00paHHYIO 3aMEHY KOODIUHATHOU CHCTEMBI.

YKazaHHBIE BBIIIE OMPEICTIECHNUs] KOHUYECKUX CEUECHUN — CYIIECTBEHHO
MeTpHUYEeCKHe, TaK KaK IMOJb3YIOTCs MOoHATHEeM paccroguus. Ho BoT mapyroe
ompeJiesieHe, yCTaHABINBAIOIee MeCTO KOHNYECKNX CeYeHNN B IPOEKTUBHOMN
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TEOMETPHUH: KOHUMECKUE CEYEHUA CYMb HE YMO UHOE, KAK NPOEKUUL OKPYIIC-
HOCMU HA NAOCKOCMb. ECI MBI CTaHEM IPOEKTHPOBATH OKPYKHOCTH C' U3
HeKoTOpoi#t Touku O, TO NMPOEKTUPYIOIIKE IIPsiMble 00pa3y0T OECKOHEYHBII
JIBOIHOI KOHYC, U IEPECeYeHne ITOr0 KOHYCA C IJIOCKOCTBIO T OYIeT MPOeKITH-
eit okpyx)uoctu C. KpuBasi nepecevuenus 6yaeT 3JuUmcoM mwim rurnepOosioi,
CMOTPS TI0 TOMY, II€pPeceder JH ILI0C-
KOCTh TOJIBKO OJHY <IIOJIOCTb» KOHYC&
i 06e. Bo3MozkeH 1 TPOMEKYTOYHBIH
ciydail 1apaboJibl, €CJIM ILIOCKOCTb T
mapaJuieJibHa, OJHON U3 MPOEKTUPYIO-
IUX TPSAMBIX, TPOBEIEHHBIX Uepe3 O
(puc. 94).

IIpoekTupyrormuii KoHyc He 00s3aH
OBITH <IIPSIMBIM KPYTOBBIM» C BEpIIIU-
vO#t (), pACIIOJIOKEHHON BEPTUKAJIBLHO
HaJI TIeHTPoM OKpy2KkHOcTH C': OH MOXKeT
OBITH M «HAKJIOHHBIM». HO BO Bcex ciry-
4yagx (KaK Mbl IIPUMEM 3/1eChb, He IIPH-
BOJIsl JIOKA3aTEIbCTBA) B IEepeceYeHun
KOHYCa C IJIOCKOCTBIO TIOJIyYIAeTCsl KPU-
Bagd, ypaBHeHHe KOTOPOHA — BTOPOA cTe-
eHn; U 0OPATHO, BCIKas KPUBAs BTOPO-
ro TOpsiIKa MOYKET OBITH IIOJIyYeHa U3
OKPY>KHOCTHU IOCPEICTBOM IPOEKTUPO-
Bauusi. [lo 3TOif MMEHHO TpUYMHE KpU-
BbI€ BTOPOI'O TIOPSIJIKA MHAYE HAZBIBAIOT-
¢ KOHMYIEeCKUMU CEYEeHUSIMU.

Mps1 y2ke OTMETH/IN, YTO €CJIA ILIOC-
KOCTh IIepPECEKAET TOJBKO OJIHY <IIO-
JIOCTb» TIPSIMOIO KPYTOBOT'O KOHYCa, TO
nepecedenne F mpejcTaBjser coboit 3.1
siatic. HerpysHo yctaHoBuTH, 9TO KpH-
Basg F ymoBaeTBOpsieT OOBIKHOBEHHOMY (POKAJIBLHOMY OIIPEIETEHUTO JJIIATICA,
KOTOpOE 061710 chopMyIupoBaHoO BhIte. [IpuBeeM oteHb MPOCTOE U U3ATTHOE
JI0Ka3aTeJbCTBO, JaHHOe B 1822 1. Gesrbruiickum MaTeMaTukoM JlaHpeseHoM.
TIpeacrasum cebe ase cdepnt S; u Sy (puc. 95), KOTOPBIE KACAIOTCH ILJIOCKO-
CTH CE€YEHUs T COOTBETCTBEHHO B TOUKax F); m F, m, KpoMme TOro, KacarTcs
KOHYCa BJIOJIb MAPaJIIeIbHbIX OKpy)KHOcTel K u K,. B3as mpousBosbHyio
touky P kpusoit F, nposeiem orpesku PFy u PF,. 3arem paccmorpum
orpe3ok PO, coemunsitoniuii Touky P ¢ BepiuHoii KoHyca O; 3TOT 0TPE30K
[IEJINKOM JIEZKUT Ha MOBEPXHOCTH KOHycCa; 0003HAUYUM 4depe3 (; u (Jy TOUKU
ero nepecedenus ¢ okpyxuoctsmu K, u K,. Tak kak PF} u PQ; — nse

Puc. 94. Kounueckne ceueHus
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KacaTeJbHbIe, IIPOBEIEHHDbIE U3 TOYKN P K 0/HOi u Toit ke cdepe S;, TO
PF1 - PQl'

Touno Tak xe

PFQ == PQQ.
CKHaﬂbIBaH 9TH PaBEHCTBa, MBI IIOJIyYaeM:
PF1+PF2:PQ1+PQ2

Ho PQ, + PQ, = Q,Q> ecTb paccTosiHIE MEXK/Ty TaPAJLIeIbHBIMI OKPY2KHO-
cravu K, n K, Ha TOBEPXHOCTH KOHYyCa: OHO HE 3aBUCHUT OT BHIOOpa TOIKU P
na kpusoit E. Orciofa ciieyer, 9To, KakoBa Obl HE ObL1a TouKa P Ha E, nme-
er

MECTO PaBEHCTBO

PF, + PF, = const,

a 9TO U eCThb (POKAJTBLHOE OIPEICICHHE 3T~
jqmrca. Utak, E ects surnc, a Fy u Fy, —
ero (boKychI.

VYupaxxkuenne. Eciu miockocts nepe-
cekaeT 00e «II0JIOCTH» KOHyCa, TO KpHUBas
nepecevyennss — rurepbosa. Jlokaxkure 3TO
yTBepK/eHIe, IOMelas [0 OJHOI cdepe B
KazKJIOM M3 <ITOJIOCTEH» KOHYyCA.

2. IIpoekTuBHBIE CBOIiCTBA KOHU-
qyeckuX cedeHmuil. OCHOBBIBasICh Ha I10-
JIOXKEHUSAX, yYCTAHOBJIEHHBIX B IIPEIBIIY-
meM IIyHKTe, IPUMEM Tellepb BPEMEHHO
CcJleJLyIolIiee OlIpe/iesIeHne: KOHUYIECKOe ce-
YeHHe €CThb IIPOEKIUsI OKPY?KHOCTH Ha
IIJIOCKOCTb. DTO olpenejeHue B 00JIb-

el CTelleHn OTBEYAET JIyXy IPOEKTUBHOM
reoMeTpuu, UeM OOIIEenpUHATHIE (DOKAIH-
HBIE OIpEJIeJICHNs, TaK KaK ITH IOCJIE/I-
HUE BCEIEJI0 OIMUPAIOTCS HA METPHIEeCKOe
nonsTue paccrosiausi. HoBoe ompesedte-

Puc. 95. Cdepnr dannenena

HUE TOYKE HE BIIOJIHE CBOOOIHO OT 3TOrO
HEJO0CTaTKa, TOCKOJIBKY «OKDPY2KHOCTB» —
Tak)ke MeTpudieckoe moustre. Ho depes
MT'HOBEHHE MBI IPUJIEM K YACTO IIPOEKTHUB-
HOMY OIIpeJIeJICHUIO KOHUYEeCKUX CeYeHUIA.
Pa3 ™Mbl IpuHSIN, 9TO KOHUYECKOE CEUYEHHNE €CTh HEe YTO MHOE, KaK IIPO-
eKIUS OKPYXKHOCTU (JIPYIHMU CJIOBAMH, IIOJ TEPMHUHOM <KOHUYECKOE Ce-
qeHre» Mbl MOHUMaeM JIIOOYI0 KPHUBYIO, IPUHAJIEXKAILYIO ITPOEKTUBHOMY
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KJIaccy OKpyzKHoCTH; cM. cTp. 206), To oTCIOna cefiuyac »Ke CJeiyeT, YTo
BCSIKOE CBOHCTBO OKDPY>KHOCTU, WHBAPUAHTHOE OTHOCHTEIHHO MPOEKTUBHBIX
1peobpa3oBaHmii, JOJIZKHO TaK-
JKe MPUHAJIEXKATh JTIOO0MY KO-
HUYECKOMY CEYeHUIO. BCrnoMHUM
Ternepb CJEAYIONEee XOPOIIo U3~
BECTHOE — METPHUYECKOe — CBON-
CTBO OKPY2>KHOCTU: «BIIMCaHHbLIE B
OKPYZKHOCTb YIJIbI, OIUPAOIITe-
Ccs Ha OJIHY W Ty Ke Jyry, paB-
HBI Mexay coboit». Ha pumc. 96
yron AO B, onmparoruiicst Ha JTy-
ry AB, He 3aBUCHT OT [TOJIOXKEHU ST
touku O Ha OKpyx)HOCTH. CBsI-
JKeM, JaJIbIlle, YKa3aHHOe 0OCTO-
SITEJILCTBO € TPOCKTUBHBIM TIOHSI-
THEM JIBOWHOTO OTHOIIEHWUSI, BBO-
Puc. 96. [Ipoiinoe OTHOIIEHNE HA OKPY?KHO-  JIs1 Ha OKPY’KHOCTU y¥Ke He JIBe

crH touku A, B, a gernipe: A, B, C,
D. Yernipe mupsimbie a, b, ¢, d, coenuHsitornue 3T TOoUKu ¢ Toukoit O Ha
OKPY2KHOCTH, UMEIOT JIBOHHOe oTHOmenue (a, b, ¢, d), 3aBucsiee TOJbLKO OT
yriioB, ommpatomuxcsa Ha ayru CA, CB, DA, DB. Coemuusia A, B, C, D
¢ KakoUW-HUOY/b JIpyroii Toukoit O’ Ha OKPYKHOCTH, IOJIYIUM MpsMbIe a’,

O, ', d. I3 orMe4eHHOIO paHee CBOHCTBA OKPYXKHOCTU BBITEKAET, U4TO JIBE
YETBEPKU IMPAMBIX «KOHIPYSHTHBI»'. TlosTomy y HEUX GyZeT OIHO U TO Ke
nsoitnoe ornomtenve: (a'b'c’d’) = (abed). CrnpoekTupyem OKpPY:KHOCTb HA
HEKOTOPOe KOHMIECKOoe ceuenne K: Torma Ha K MOJyqnTCsT 9eTBEPKa TOYEK,
KOTOpBIe MBI CHOBa, obo3na4dum depe3 A, B, C, D, nse trouku O u O' u ;iBe
qeTBEPKU HPSAMBIX @, b, ¢, d u @', b', ¢, d'. DTu 1Be YeTBEpKM NPSIMBIX yIKe
He 6y/IyT KOHIPY HTHBI, TAK KK YIJIbI IPU IIPOEKTUPOBAHIM, BOOOIIE TOBOPSI,
He coxpaHstorcst. Ho Tak Kak JBOIfHOE OTHOIIEHNE IPU MPOEKTHPOBAHUN HE
usMensiercs, To pasencrBo (abed) = (a'b'¢’d’) no-upexnemy mmeer MecTo.
Mpr npummin, Takum 00pasoM, K CJIEIYIONEd OCHOBHON TeOpeMe: ecAu ue-
mupe mouku Konuueckozo cewerus K, nanpumep A, B, C, D, coedunervy
¢ namoti moukold O Mmoz20 oce cevenua npamovmu a, b, ¢, d, mo deotitoe
omnowenue (abed) ne sasucum om noaoorcernus O na kpueot K (puc. 97).

D10 — 3aMedaTeNbHBI pe3yabrar. Kak HaM yKe U3BECTHO, €CJIM UeThIpe
rouku A, B, C, D B34TbI Ha IPSIMOIA, TO JBOWHOE OTHOIIEHUE, COCTABICHHOE

N3 COCIUHAIOIMMNX 9THU TOYKH C IITON TOYKOI O IPAMBIX, HE 3aBUCUT OT
1 Yerpepka npsiMbIX a, b, ¢, d cunTaeTCss KOHIPYSHTHOM Apyroii gersepke a’, b, ¢/, d’,
eCJIM yIVIbI MEXKJy KaxKJ0il Iapoil NpsiMbIX B IIEPBOI YE€TBEPKE PABHbI KaK I10 BEJIU-
qpHe, TaK U 10 HAIIPABJIEHUIO OTCYETA YIJIaM MEXKJy COOTBETCTBYIOIIMMHU IIPSIMBIMU
BTOPO# YeTBEPKU.
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BBIOOPA ITOH MATON TOYKU. DTO — UCXOTHOE MTOJIOKEHHE, JIEYKAIIEe B OCHOBE
[IPOEKTUBHOM reoMeTpuu. Tenepb Mbl Y3HAJN, YTO AHAJOTUIHOE YTBEPIK/IE-
HU€ CIIPaBeJIMBO U OTHOCUTE]bHO YeThIPEX TOYEK, B3STHIX Ha HEKOTOPOM
KOHMYECKOM cedeHnr K, OJHAKO C CyIIECTBEHHBIM OIDAHUYEHUEM: IISITasi
Touka O yKe He MOXKeT CBOOOJHO JIBUTATHCs 1O BCEH TIOCKOCTH, a8 MOYKET
TOJIBKO MEPEMEIAThCS 10 KOHNIECKOMY cedeHuio K.

He npeacrasister ocoboro Tpyaa T0Ka3aTh U 00PATHYIO TEOPEMY B CJIELY-
romieit popme: ecau na kpusot K umeromes dee mouku O u O', obaadaroujue
mem ceotCmeom, 4¥mo Karxoea 6w wu bv.aa wemsepka movex A, B, C, D na
Kpusol K, deotinvie OmHOWeEHUA, COCMABAEHHDIE U3 NPAMBIT, COCOUHAIOULUT
amu mouxu ¢ O, u u3 npamuz, coedunsouur smu mowky ¢ O, pasro
meotedy cobol, mo kpusas K ecmv wonuueckoe ceuenue (a y:xK TOrIa, IO
IpsIMOl Teopeme, JIBOWHOE OTHOIIEHUE, COCTABJIEHHOE U3 MPSIMBIX, COEIH-
HSIIOIUX YeThIpe JAHHbIE TOYKU C IPOM3BOJIbHON Toukoil O Ha K, Oyrer
UMeTh OJIHO U TO K€ IOCTogHHOe 3Hadenue). Ho JoKkasareibcTBa Mbl 3/1€Ch
MIPUBOIUTH HE OyIeM.

N3iokeHHble TPOEKTUBHBIE CBOMCTBA KOHUYIECKUX CEYEHUN HABOIAT HA
MBICJIb 00 ODINEM MeTO/Ie TOUEYHOI'O HOCTPOEHUS STHUX KPUBBIX. YCJIOBUMCS
[OJ, NYUKOM NPAMYHLT TTOHUMATH COBOKYIIHOCTH BCEX IPSMBIX ILJIOCKOCTH,
MIPOXOJISAIINX Yepe3 JaHHYH TOY-
Ky O. PaccMOTpUM Iy 9Ky TPSIMBIX,
MpOXOJANUX depe3 nBe Touku O
u O, pacnoJioKeHHble Ha KOHU-
yeckoM ceveHuun K. Mexny mnps-
MbIMU TTy9dKa O U IPAMBIME ITyd-
ka O MOXKHO YCTAHOBUTH B3aMM-
HO OJIHO3HAYHOE COOTBETCTBUE, CO-
[IOCTABJISAST TPSIMOU @ U3 TEPBOro
My9Ka MPAMYI0 ¢’ W3 BTOPOTO BCs-
KWii pa3, Kak ¢ U a' BCTPEeYaroTcst
B HekoTOpoil Touke A Kpmsoit K. Puc. 97. /IBoiiHOe OTHOIIEHNE Ha dJLIAIICE
Torya mobast YeTBepka MPIMBIX «,

b, ¢, d n3 myuka O OyJaeT WMeTh TO K€ JBOHHOE OTHOIIEHWE, ITO U CO-

oTBeTcTBYyIONas derBepka a’, b, ¢’, d' u3 nyuka O’. Begkoe B3amMHO OJ1-
HO3HAYHOE COOTBETCTBUE MEXKJy JBYMs IIyJIKAMHU IPAMBIX, 00JIaIaroree
STHM IIOCJIEJHUM CBOHCTBOM, HA3BIBAETCH NMPOEKMUSHIM COOMBEMCMEUEM.
(910 ompenesnenne IBORCTBEHHO IO OTHONIEHUIO K OIPEJIEIEHUIO IPOCKTUB-
HOI'O COOTBETCTBUS MEXKJly TOYKAMHU HA JBYX UPAMBIX, cM. cTp. 198-198.)
[Tonp3ysich 9TUM OmpejeleHreM, MOYXKHO TEIEPh YTBEPKIATH: KOHUUECKOE
cevenue K ecmv 2eomempureckoe mMecmo moyex nepeceverus 83aUMHO Co-
OMBEMCMBYIOWSUT NPAMBLE U3 08YT NYYKO8, HATOOAUUICA 8 NPOEKMUBHOM
coomeemcmeuu. llomydennas TeopeMa IOJABOIUT (DYHIAMEHT IOJ CJIEIy-
OI[ee IUCTO MPOEKTUBHOE OMpEe/IeHne KOHMIECKAX CEUCHUIT: KOHUYECKUM
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ceueHUCM HAZDIBALMCSA 2COMEMPUIECKOE MECTNO MOYEK NePEeCeeHUs 63AUM-
HO COOMBEMCMEBYIOULUT NPAMBLE U3 08YT NYUK0S8, HATOOAUWUICA 8 NPOEK-
muerom coomeememeuu’. Kak HE cOBJIa3HUTEIBHO NPOHUKHYTH B TJIyOb
TEOPUN KOHUYECKUX CEUEHUil, CTPOSIIEics Ha TAKOM ONPEJIEJICHUN, OJTHAKO
MBI BBIHYKJIEHBI OPPAHUIUTHCS HEMHOIUME 3aMEYAHUSMU 110 STOMY [TOBOJLY.

[Tapsr mMyYKOB, HAXOJSIIUXCS B MPOEKTUBHOM COOTBETCTBUU, MOYKHO II0-
JIyIUTH CIeayionmM obpaszom. CripoekTupyeM Bce TOUKU P nipsimoit jinHun [
u3 JAByX pasHbiX 1MeHTpoB O u O U ycTaHOBHM MEXKJIy POEKTUDYIOIMUMI
Iy 9IKaMF B3aHMHO OJIHO3HAYHOE COOTBETCTBUE, COIIOCTABIISIS JIPYT JAPYTY Te
[IpsIMbIE, KOTOPBIE IIE€PECEKAIOTCS Ha HPAMOii [. DTOro JI0CTATOYHO, YTOOBI
[IOJTy9€HHBIE ITyIKU HAXO/IMJINCH B IPOEKTUBHOM COOTBETCTBHUU. 3aTEM BO3b-
meM mydok O u mepeHeceM ero «kKak HedTO TBEpJOe» B IIPOU3BOJIBHOE
nosioxkenne O’. Uro HOBBIN mydok O OyJeT HaXOJUTHCS B IPOEKTHBHOM
cooTBeTCTBHA € IydkoM (O, 3TO coBepieHHO oueBujHO. Ho 3amedaresnbHO
TO, YTO JIO0O€ IIPOEKTUBHOE COOTBETCTBHE MEXK/Iy JBYMS IIyYKAMU MOXKHO

OI

Puc. 98. K mocTpoeHnIo TpOEKTUBHBIX Ty 9IKOB MIPSIMBIX

[OJIy9ATh UMEHHO TaKuM 06pasoM. (DTO 0BCTOSITEIBCTBO JBOMCTBEHHO IO
orHOIIEHNIO K ynpaxkuenuto 1 wa crp. 199.) Eciu nyuku O u O’ kourpy-
SHTHBI, IOJYIAETCsI OKPY2KHOCTb. ECIU yIJIbI MEXIY COOTBETCTBYIOITUMUI
JiydaMd B JIBYX IIyYKaxX PaBHBI, HO OTCUYUTHIBAIOTCS B MPOTUBOITOJIOXKHBIX
HAIPABJIEHUSX, TO [I0JIYYaeTCsl PABHOCTOPOHHsIsA runepbosia (puc. 99).
Cretyer erie 3aMeTHUTb, 9TO YKA3aHHOE OIPEIESIeHHEe KOHUYIECKOrO Ce-
YeHUsl MOXKET, B YACTHOCTH, J1aTh U MPSMYIO JIMHUIO, KaK 9TO IOKA3aHO Ha
puc. 98. B srom ciyuae npsimas OO” coorBercTByeT cama cebe, m Bce ee
TOYKU JIOJIZKHBI OBITH PACCMATPUBAEMbBI KAK ITPUHAJJIE2KAIIIE HCKOMOMY I'€0-
METPUIECKOMY MecTy. TakuM 06pa3oM, KOHUIECKOEe CeUEHIE BBIPOKIACTCS B

DTO reoOMeTPUIECKOE MECTO, IIPH U3BECTHBIX 0OCTOSTEIHLCTBAX, MOYKET BBIPOXKIATHCS
B IIPSAMYIO JIMHHUIO; CM. puc. 98.
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mapy IpsSMBIX: 9TO OOCTOATEHCTBO BIIOJIHE COIVIACYETCS C TeM (PaKTOM, UTO
CYIIECTBYIOT CEU€HHsI KOHyCa, COCTOsIIUe U3 JBYX IPSMBIX (€cim cekylas
ILJIOCKOCTD IIPOXOJIUT Y€PE3 BEPIIUHY KOHYCA).

Puc. 99. ObpazoBanne OKpy»KHOCTHA U PABHOCTOPOHHEH I'UIEpOOJIbI C IIOMOIIBIO TPOEKTUBHBIX
Iy 9KOB

Yupaxkuenus. 1) Boraeprure 3/u1ancel, runep6osibl 1 napabosibl ¢ OMOIIBIO
IIPOEKTUBHBIX Iy4KoB. (YUTaTeso HACTORINBO PEKOMEH/YETCs SKCIEPUMEHTHAPO-
BATh C TMOOOHOTO POJIa MOCTPOEHUSIMU. DTO B BBICIIEH CTEIEHU CIOCOOCTBYET IO~
HUMAHUIO CYTH JIEJIA. )

2) Hano usate touek O, O, A, B, C' HEKOTOPOro KOHHYeCKOro ceuenust K.
Haiinure Toukn mepecedenusi D npomsBosbHON mpsimoit d myuka O c¢ kpusoit K.
(Ykasanue: aepes O nposeaure upsambie OA, OB, OC u nazosure ux a, b, c.
Yepes O’ nposenure npsmeie O'A; O’'B, O'C n nazosure ux a’, b’, ¢’. IIposenu-
Te wepe3 O npamyio d m mocTpoiite Takyo npaMyo d myuka O, aro (abed) =
(a’b/c’d’"). Torga Touka nepecedenus d u d’ upuHaIeKuT KpuBoi K.)

3. KoHuyeckue cedyeHUs KakK «JIMHeiidyaTble KpuBble». l[longarue
KacaTeJIbHON K KOHMIECKOMY CEYEHUIO MPUHAJIEKUT MPOEKTUBHON TeOMeT-
puH, TaK KaK KacaTeJbHas K KOHIIECKOMY CEIE€HUIO €CTh IPsSIMasi, MeIOIIast
C caMOif KpUBOI TOJILKO OJHY ODIIYIO TOYKY, & 9TO — CBOWCTBO, COXPAHSIIO-
1eecs pu npoekTrupoBanuu. [IpoekTuBHBIE CBOICTBA KacaTeJbHBIX K KOHU-
YEeCKUM CEUYCHUSIM OCHOBBIBAIOTCS HA CJIEJIYIONIEH TeopeMme:

sotinoe omuowenue movex nepeceverus Yemuper GurcuposaHHT Ka-
CAMENDHIT K KOHUMECKOMY CEMEHUIO C NPOUBOALHOT NAMOT KACAMEALHOU
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He 3a6UCUM 0M 8b00pa IMoti NAMOU KacamesbHoTl.
JokazaTembcTBO 3TOH TEOPEMBI BECHMA
mpocTo. Tak Kak Jir000e KOHHIECKOe CeUeHIe

€CTb ITPOEKITNS OKPY2KHOCTH U TaK KaK B T€O- / \
peMe UJIeT pedb TOJIBKO O TAKUX CBOWCTBAX, - ™~
KOTOpbI€ MHBAPUAHTHBI OTHOCUTEJIbHO IIPO-

€KTHPOBAaHUs, TO, 9TOOBI JI0KA3aTh TEOPEMY

B 00IIEM cjydae, JTOCTATOTHO JOKA3aTh €e
JIJTSL 9aCTHOTO CJIydasl OKPYKHOCTH.

1 9TOrO K€ YacTHOTO Ciydas Teope- - |
Ma JOKa3bIBAETCS CPEACTBAMU 3JIEMEHTAP- " /

noit reomerpun. [lycrs P, ), R, S—dersipe

TOYKHU Ha OKpyxKHOCTU K a, b, ¢, d — Kaca-

TeJIbHBIE B 9THX TodkKax; 1 — eme Kakag- Pwuc. 100. OkpyxKHOCTS Kak co-
HuOY/Ib TOYKA HA OKPYXKHOCTH, O — Kaca- BOKYIIHOCTE KacaTe/JbHBIX
TeJIbHas B Heill; mycTh, nanee, A, B, C, D —

TOYKH TepecedeHnsi KacaTeabHOW 0 ¢ KacaTeJbHbIMEA a, b, ¢, d. Ecom M —

1
[EHTP OKPY¥KHOCTH, TO, odeBuano, /TMA = 3 ZTMP, u nocnentee BbI-
pazkeHue IpeJicTaBIAeT yroj, BIUCaHublil B K, ommpartomuiica na ayry 1T'P.
Takum xe obpazom LT M B upencrasiser yroj, Buucanusii B K un onmpa-
foruiics Ha ayry T'Q). CireoBaresbHO,

JAMB = % — PQ,

1 . .
re 5 — PQ obozuadaeT yros, BOUCAHHBIH B K ¥ omumparommics Ha JIy-

ry PQ. Orcrona Bujso, uro A, B, C', D upoekrupytorcst u3 M 4deTbIpbMs
NPAMBIMA, YTJIbI MEXKJy KOTOPHIMEU MMEIOT BEJUYUHBI, 3aBUCSIIUE TOJHKO
or nosoxkenust Touek P, Q, R, S. Ho Torga nsoiinoe ornommenue (ABCD)
3aBHUCUT TOJHKO OT YeThIPEX KAcaTebHBIX a, b, ¢, d, HO HE OT KacaTeJIbLHOM O.
Kak pa3 310 1 Hy>KHO OBLTIO YCTAHOBUTb.

A

Puc. 101. CpoiicTBO KacaTesbHON K OKPY?KHOCTH
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B mpeabiayinem myHKTe MbI UMeJH CIydail yoenThCsl, YTO KOHUIECKOe
CeYeHne MOXKET OBITH IOCTPOEHO «II0 TOYKAM», €CJIU CTAHEM OTMeYaTh TOUKH
repecedeHns] B3aMMHO COOTBETCTBYIOIIMX IPSMBIX JIBYX IIyYKOB, MEXKIY KO-
TOPBIMU YCTAHOBJIEHO ITPOEKTUBHOE cooTBeTCcTBHE. TOJIBKO UTO JOKa3aHHAsS
TeopeMa JaeT HaM BO3MOXKHOCTB C(hOPMYJIUPOBATH JTBOMCTBEHHYIO TEOPEMY.
Bosbmewm sBe kacaresnpuble a 1 a’ K KoHmYIecKkoMmy cevennio K. Tperbs kaca-
TeJIbHas t IIyCTh IIepecekaeT a U @&’ COOTBeTCTBEHHO B Toukax A u A’. Eciu t
OyzieT nepeMeraThbCsl BIIOJIb KPUBOiA, TO YyCTAHOBUTCS COOTBETCTBHUE

A A

MEXK/Iy TOYKAMHU ¢ M TOYKAMH ¢’'. DTO COOTBETCTBUE OYIET IMPOEKTUBHBIM,
TaK Kak I0 JOKA3aHHON TeopeMe IIPOU3BOJIbHAS YeTBEPKA TOYEK HA a OyIeT
HEIIPEMEHHO WMETH TO K€ JIBOIHOE OTHOIIEHHE, YTO U COOTBETCTBYIONIAS
geTBepka To4YeK Ha a’. OTciofa ciefyer, 9ro koHuueckoe cevenue K, pac-

D

Puc. 102. IIpoexkTuBHbBIE PSABI TOUEK HA JBYX KACATEJIHHBIX K JJIIUICY

CMaTPUBaeMOe KaK «COBOKYITHOCTH CBOMX KaCaTeJbHBIX», «COCTOUTY U3 NPA-
MBLT, COCOUHANUUL B3AUMHO COOMBEMCMEYIOULUE MOYKY 08YL MOUEUHDIT
pAdo6' na a u 1a a’', HaXOISIUXCs B IPOEKTUBHOM COOTBETCTBHH. Y KA3aHHOE
00CTOATETLCTBO TI03BOJISIET BBECTH HOBOE OITpeIeJIeHIe KOHMIEeCKUX CeIeHN,
paccMaTpUBAaEeMBIX Ha 9TOT pa3 KakK <«JIMHehidaTble KpuBbies. CpaBHUM 3TO
OIpeJieJIeHe C MPEXKHUM MPOEKTUBHBIM OIIPEJIeIeHIEM KOHHMYIECKOT'O ceve-

COBOKyHHOCTb TOYEK Ha HpHI\IOﬁ Ha3bIBae€TCA TOYCIHBIM PAIOM. DTo TOHATHE ;LBOI’I—
CTBEHHO IIO OTHOIIEHUIO K ITYy4IKYy NIPAMBIX.
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HUA, JJAHHBIM B IIPEJbIIYIIEM IIyHKTE:

I
Konndaeckoe cedeHnune, paccMmaT-
puBaeMoe€ KaK COBOKYIIHOCTH Mmo-
wex, COCTOUT U3 Mmouex mnepece-
YEHUA 63AUMHO COOMBEMCIMEBYI0-

II
Konudeckoe ceuenme, paccmar-
puBaeMoe KaK «COBOKYITHOCTb Np-
MDIT», COCTOUT U3 NPAMBIT, COEOU-
HANOWUL 63AUMHO COOMBEMCMBYI0-

WUT NPAMBT B IBYX TPOEKTUBHBIX
NYYKAX.

wue MoKy B JBYX NMPOEKTHBHBIX
pada.

Ecim MBI cTaneM cauTaTh KacaTeJbHYI0 K KOHUIECKOMY CEYeHHUIO B HEKO-
TOPOM €ro TOYKe ABOVCTBEHHBIM 3JIEMEHTOM II0 OTHOIICHUIO K CaMOl TOUKE U
YCJIOBUMCsI, KDOME TOIO, «JIMHEHYATYIO KPUBYIO» (0OPA30BAHHYIO COBOKYII-
HOCTBIO KACATEIbHBIX) Ha OCHOBE JIBOWCTBEHHOCTH CONOCTABIIATH «TOYEIHOM
KpuBOii» (06pa30BAHHON COBOKYITHOCTBIO TOUEK ), TO IIPEIBIIAYIIHE (GOPMYIIn-
poBKU OymyT 6€3yIpedHbl ¢ TOUYKA 3PEHrsl TPUHIUIA JBOiicTBeHHOCTH. [Ipn
«I1epeBojie» OMHON (DOPMYJIMPOBKU B IPYTYIO C 3aMEHON BCEX MOHSTUN COOT-
BETCTBYIOIINMU JBONCTBEHHBIMH ITOHATHAMHI, «KOHIIECKOE CEUeHNE» OCTAET-
Cs1 HEU3MEHHBIM; HO B OJTHOM CJIydae OHO MBICJIUTCS KaK «TOUedHas KPUBAS»,
ompeJiesisieMasi CBOMMU TOYKAMU, B JIDYT'OM — KakK «JUHevaTas KpPUBAas»,
ompeJieisieMasi CBOUMH KacaTeTbHBIMU.

W3 npeapbiayimnero BHITEKAET BayKHOE CJICJACTBHE: IIPUHIIAI JTBOACTBEHHO-
CTH, II€PBOHAYAJIHHO YCTAHOBJIEHHBIM B IIPOEKTUBHON T'€OMETPUU IIOCKOCTHU
TOJIBKO JIJIT TOYEK U MPSIMBIX, OKa3bIBAETCs, MOXKET OBITh PACIIPOCTPAHEH U
Ha KOHIYECKHe cedeHust. Feau 6 hopmyaruposre 410601 meopemol, Kacarouyeti-
CA MOYEK, NPAMBLT U KOHUYECKUT CEHeHUl, 3aMEHUMD KaHcOul sremenm
emy deoticmeennvim (He yIyCKasi U3 BUJY, 9YTO TOYKE KOHUIECKOIO CEYEHUs
JIOJIKHA OBITH COLIOCTABIISIEMA KACaTeIbHasl K 9TOMY KOHUYECKOMY CEYEHUIO),
Mo 6 Pe3yAbMame MAKHCE NOAYHUMCH cnpagediusas meopema. IIpumep
,HeﬁCTBHH 9TOI'O IPUHIUIIA MbI BCTPETHUM B ITYHKTE 4 HaCTOodIIero Haparpacba.

IlocTpoenre KOHUYIECKUX CEUEHU, TOHMMAEMBIX KaK «JIHHEHYIaTbIe KPU-
BbIe», MMoKa3aHo Ha puc. 103-104. B wacTHOCTH, eciin B IBYX IMPOEKTUBHBIX
TOYEYHBIX PSaX OECKOHEYHO Y/IAJIEHHBIE TOYKH COOTBETCTBYIOT B3AWMHO
onHa Apyroil (Tak GymeT HeIPEMEHHO, eCJIM TOYEUHBIE Psifbl KOHI'DYIHTHBI
WA TIOJOOHBI' ), TO KOHMYECKOe cedeHne OyJerT napaboJioii; crpaBeyinBo u
obpaTHOe yTBEPXKIEHUE.

VYupaxkuenwne. /lokaxkure o0paTHYO TEOpeMy: Ha JBYX HEIOJIBUKHBIX Ka-
caTesIbHBIX K HapaboJie JBUXKYINAsCs KacaTejabHas K HapaboJie OnpejessierT [1Ba
MOMOOHBIX TOYEUHBIX PSIIA.

4. Teopewmsr Ilackans u Bpuanuiona aisti obiero ciyd4dasi mpo-
U3BOJIBHBIX KOHUYECKUX cedeHuii. OHOI U3 JIydImuxX WLIIOCTPAIA

1 Yro Takoe «KOHTDY9HTHBIE» U ((HO,HO6HI>I€>> TOYE€YHbIC PAAbI, JOCTATOYHO IIOHATHO Ge3

0O'bIICHEHUIA.
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Puc. 103. ITapa6oJia, onpejiesieHHasT KOHI'PYSHTHBIMIA TOYEUHBIMU DsIIAMHU

Puc. 104. ITapabosa, onpeseseHHast TOJOOHBIMU TOYETHBIMU PSATAMU
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[IPUHIIATIA, [IBOUCTBEHHOCTH IPUMEHUTEIHHO K KOHUIECKAM CEICHUSAM SIBJISA-
eTCsl B3aMMOOTHOIIIEHIE MexK 1y oOrumu Teopemamu [lackasst u Bpuantona.
IlepBast u3 mux ObLia OoTKpbITa B 1640 1., BTOopas — B 1806 r. U, omxHako,
KaXkKJiash U3 HUX €CTh HEIOCPEJICTBEHHOE CJIEJICTBUE JIPYTO#l, TAK KaK BCIKas
Teopema, pOPMYJINPOBKA KOTOPOH YIIOMUHAET TOJHKO KOHMYECKUE CEUEHUs,
MIPsIMbIE ¥ TOYKH, HEITPEMEHHO OCTAETCS CIIPABE/JINBOI IIPU N3MEHEHNH (DOp-
MYJIIPOBKY II0 IPUHIUIY BOWCTBEHHOCTH.

Teopewmbl, jI0Ka3aHHbIE B § b 110/l TEMU K€ HANMEHOBAHUSIMU, [IPEJICTAB-
JISIIOT CODOM «CJIydan BBIPOXK/JICHU» CJIEYIONUX Hosiee OOIIIX TEOpeM.

Teopema Ilackans. IIpomueonoaosichvie cmopoHsL ULECTNUY20ADHUKA,
BNUCAHHO20 6 KOHUYECKOE CEYEHUE, MEPECEKAIOMCA 68 MPET KOANUHEAPHBIT
MOYKaL.

Puc. 105. O6mas xoudurypanusa Ilackans. [lokazanbl asa ciaydasi: OOMH JIJIst
mectuyronabHuka 1, 2, 3, 4, 5, 6, apyroit gjs mectuyroasuuka 1, 3, 5, 2, 6, 4

Teopema Bpuanmona. Tpu Juazonaiu, coedunaowee npPoOMUGO-
NOAOACHDBIE GEPULUHDL WECTIUYLONLHUKA, ONUCAHHO20 OKOAO KOHUHECKO20
ceenus, KOHKYPPEHMHDL.

OGe TeopeMbl MMEIOT OYEBHJIHOE NMPOEKTHBHOE comep:kanme. VX mBoii-
CTBEHHOCTDL OpOCAEeTCs B IVI1a3a, ecu CPOPMYIUPOBATH UX CJIEILYIONIM 00-
pa3oM:

Teopema Ilackansa. /lamo mects Todex 1, 2, 3, 4, 5, 6 HA KOHUIECKOM
cevernn. CoeMHUM TOCTIEI0BaTEIbHBIE TOUKH Tpsimbivu (1, 2), (2, 3), (3,
4), (4, 5), (5, 6), (6, 1). OrmeTu™M TOUKH Iepecevenust npsMbIX (1, 2) u (4, 5),
(2,3) u (5,6), (3,4) u (6, 1). DTu TpH TOUKH JIezKAT HA OJTHON HPSAMOIL.
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Teopema Bpuanmiona. /lano mrects Kacarenbubix 1, 2, 3, 4, 5, 6 K KO-
HUYECKOMY cedeHuio. IlociieioBareIbHble KACATEIbHBIE IEPECEKAIOTCS B TOY-
kax (1, 2), (2, 3), (3, 4), (4, 5), (5, 6), (6, 1). [IpoBeseM npsIMBIE, COEMUHSI-
ronme Touku (1, 2) u (4, 5), (2, 3) u (5, 6), (3, 4) u (6, 1). DT Tpu HpsimbIe
IPOXOJAT 9epe3 OfHYy TOYKY.

Puc. 106. O6mas koudurypanus Bpuanmo-  Puc. 107. JokazaresbcTBo Teope-
Ha. [loka3aHBI TOJIBKO JBa CIIydast bl [Tackasist

JlokazaTrebCTBa IIPOBOISITCS C IIOMOIIBIO CIIEIUAJIM3AIINI TAKOTO JKe POo-
J1a, KaK ¥ B pACCMOTPEHHBIX PaHbIIle CJIy4asX BbIpoxKieHus. JlokaxkeMm Teo-
pemy Ilackass. Ilycrs A, B, C, D, E, F'— BeplIuHbBI NIeCTUYTOJbLHAKA, BIU-
canHOrO B KOHm4eckoe cederne K. IlocpemcTBoM mpoeKTHpPOBaHUST MOXKHO
cuesiarh napaJuiesibupiMu npsivble AB u ED; FA u CD (u rorpa nosyaurcs
KoHbUryparus, n3obpakennas Ha puc. 107; paju ya100cTBa IIECTHYTOJIHBHUK
Ha YepTerke B3sIT CaMOIIEPECEKAIOIMIMMCsI, XOTsI B 9TOM HET HHKAaKON Heob-
xomumocTu.) HaM Hy»KHO Temepb J0oKa3aTh TOJBKO OJHO: uTO npsamas C'B
napaJuiesibHa npsaMoit F'E; apyrumu cjoBaMu, 9TO TPOTHBOIIOJIOXKHBIE CTO-
POHBI II€PECEKAIOTC HA OECKOHEYHO yIaJIeHHO# mnpsmoit. [lisa mokazaresb-
CTBa paccMOTpuM 4erBepky Touek F, A, B, D, Koropas, KaK Mbl 3HaeM,
[IPU IIPOEKTUPOBAHUK U3 JII00OH TOUKM K COXpaHseT OJHO U TO Ke JIBOIHOe
oTHOIIIeHUE, cKaxKeM, k. Ctanem npoekrTuposarh u3 Touku C Ha npsamyo AF"
moJiyguM 4deTBepky Touek F', A, Y, co, mpudem

YF

k:(F,A7Y,OO):ﬁ

(em. crp. 205).
Cranem Temepb HPOEKTUPOBATH M3 TOUYKH F Ha npsamyio BA; moaydnm
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AN

Puc. 108. ITocTpoenne npsiMbIX, IEPECEKAIONUX TPU JAHHBIE
NpsIMbIe ODIIEro MOJIOYKEHUS

gerBepky Todek X, A, B, 0o, npuuem

BX
k_(X7 Aa 37 OO)_ﬂ
Urak,
BX _YF
BA YA’

4TO KaK pa3 u o3uadaetr, uro Y B || FX. JlokazaresnbcrBo Teopemsl [lackasis
3aKOHYEHO.

Teopema Bpuanmona, Kak ObLIO YKa3aHO, CJIELyeT U3 TeopeMbl [lackasis
[0 TPUHIAITY JBOWCTBEHHOCTH. HO €e MOXKHO JIOKa3aTh M HEMOCPEICTBEH-
HO — IIyTEM PaCCy’KJeHUsI, JBONCTBEHHOIO OTHOCUTENHHO TOJBKO UTO MPH-
BeZIeHHOTO. IIpoBeCTH 3TO pacCyzKICHHE BO BCEX JIETANAX OYIET IPEKPACHBIM
YIIPAXKHEHUEM JIJIs IUTATEJI.

5. T'unep6osiona. B TpexMepHOM IIPOCTPAHCTBE MBI BCTPEIAEMCSI C TAK
HA3BIBAEMBIMU k6adpukamy (HOBEPXHOCTSIMU BTOPOIO MOPAIKA), KOTOPBIE B
JIAHHOM CJIydae UIPAIOT Ty ¥Ke POJib, YTO «KOHUYECKUE CeueHust» (KpUBble
BTOPOI'O IIOPsI/IKA) Ha IJIOCKOCTH.

IIpocrefimumu U3 HUX ABJIAIOTCS cdepa U dyuincons. Ksaapuku 60-
Jiee pasHoOOpa3Hbl, YeM KOHUYECKUE CEYEHWs, U U3YyUEeHUEe UX CBI3aHO C
66bmuMu TpyaHOCTAME. MBI paccMoTpuM 6eryio u 6e3 J0Ka3aTeIbCTB O/IHY
73 CaMBIX HHTEPECHBIX TTOBEPXHOCTEN ITOIO TUTIA: TAK HA3BIBAEMBII CBA3HBIIM
(MM OJTHOTIOJIOCTHBIN) TUIEPOOJION .

DTa MOBEPXHOCTb MOYKET OBITH TIOJIyY€eHa CJIe Iy IomuM 06pazom. Boszbmem
B IIPOCTPAHCTBE TPHU HpsiMble 1, Iy, l3, Haxomdammecs: B 0DIIEM TIOJIOKEHUH.
[Tocyieree o3HaYAET, UTO HUKAKWE JIBE U3 HUX HE TMapaslIe/IbHbI U BCE TPU
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HE SBJIAIOTCH HapaJjjielbHbIMUA OIHOM M TOMH ke IUIocKocTu. MozKeT IoKa-
3aThCsl yJIMBUTEIbHBIM, YTO CYIIECTBYeT HECKOHEYHOE MHOXKECTBO IPSMbBIX B
[IPOCTPAHCTBE, U3 KOTOPBIX KaKJasl IIePeCceKaeTcsl CO BCEMU TPEMsl JAHHbBI-
MU TPSMBIMH. YOeauMcs B STOM.
IIycrs T — nponsBo/bHAS ILIOCKOCT,
cozepxKalast UpsAMyo [i; 3Ta IIoC-
KOCTDH TIepeceKaeT TpsiMble [, U [3 B
JABYX TOYKaxX, U IIpAMad m, IIpPOBe-
JIeHHasl Jepe3 9TU JBe TOYKHU, Ode-
BHUHO, IEPECEKAETCS CO BCEMU IIPsi-
MbIME [y, I, 1 3. Korga mmockocTs 1t
BpAIAETCsT OKOJIO TPSAMOit [y, mpsi-
Mast m Oyjer U3MEHSATb CBOE II0JIO-
JKEHUE, OJIHAKO BCE BpeMsl IPOJIOJI-
2Kasl IepPeceKaThCs C TPEMsT TAHHBIMU
npsaMbIMy. [Ipu aBM>KEeHUU M BO3HU-
KaeT IIOBEPXHOCTh, HEOIPAHUYEHHO
yXOudIas B OECKOHEYHOCTHb, KOTO-
pasi U Ha3bIBAETCSI OHOIOJIOCTHBIM
runepboiongom. OHa comep:KuT Hec-
KOHEYHOE MHOXKECTBO IPSMBIX TH-
ma m. Jliobble Tpu Takwe mpsiMbIle,
CKaXKeM My, My U M3, TAKKe OyIyT
HaXO/IUTHCA B O6HL€1\/I IIOJIO2KEHN U, U

Te IIpAMbI€ B IIPDOCTPAaHCTBE, KOTOPhbIE

Oy/lyT TepeceKaTbCs C TPEMsl IIpsi- Puc. 109. I'nep6omonsy
MBIMHA My, My U M3 OTHOBPEMEHHO,

TakxKe OyJIyT JierkaTh Ha paccMaTpuBaeMoil nmosepxHoctu. Orcioma cieyer
OCHOBHOE CBOIICTBO FI/IHep6OHOI/I,D;aZ OH COCTaBJIAEeTCdA N3 ABYX Pa3JIMYHbIX
ceMeiicTB IIPAMBIX JII/IHI/IP'I, KazKJible TpU JIMHUAU OJIHOI'O U TOTI'O 2Ke ceMeli-
CTBa HaXOIOdATCA B O6H_[el\’1 IIOJIOZKEHNH W KazKJagd IIpsAMad OJHOI'O ceMeiicTBa
epeceKaeTcs CO BCEMU MPSIMBIMUA APYTOTO.

Baxxmroe mpoekTuBHOE CBOMCTBO TUIIEPOOJION T 3aK/II0YAETCA B TOM, UTO
,HBOﬁHOQ OTHOIIEHNE TEX YEeThbIPEX TOYEK, B KOTOPBIX JIaHHAA YeTBEPKa IIPA-
MBIX OJHOI'O ceMeiicTBa IepecekaeTcda C HeKOTOpOfI HpHI\/IOﬁ BTOPOT'O ceMei-
CTBa, He 3aBUCHUT OT BBIOOPA 9TOil MOC/IeiHENH. DTO yTBEPKIEHNE BHITEKALT U3
METO/Ia TIOCTPOEHUST TUIIEPOOIONIa C TTOMOIIBIO BPAIIAIONIEHCsT IITOCKOCTH, 1
quTarejab MOXKeT y6e,ZLI/ITbCH B €TI0 CIIPAaBEAJINBOCTH U Ka9€CTBE YIIPDA2KHECHUA.

OrMeTuM elle OJHO 3aMeYaTesIbHOE CBOWCTBO I'MIIEPOOJIONIA: XOTS OH
COIEP2KUT JBa ceMeiicTBa IPSIMBIX JIMHHUIL, HO CYIIeCTBOBaHWE 3TUX IIPs-
MBIX HE€ IIPEIATCTBYET I/ISFI/I6aHI/IIO IIOBEPXHOCTU — HeE JIleJlaeT ee JKECTKOM.
Ecmu ycrpouts momens rumepbosionga U3 CTepKHEH, CIIOCOOHBIX CBODOIHO
BpaliaTbCdA OKOJIO TOYEK B3aMMHBIX HepecequI/H/“I, TO IIOBEPXHOCTH B IEJIOM
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MOKeT OBITh HEMPEPBIBHO JedOpMHUpyeMa, mpoderas OECKOHEUTHOE MHOXKEe-
CTBO Pa3JINIHBIX COCTOSTHUIA.

§ 9. AKcmoMaTuka M HEeKJIMJ0Ba TeoOMeTpus

1. AkcuomaTuveckuii MeTozZ. AKCHOMATHYECKHUI METOJ B MaTema-
Tuke Oeper cBoe Hada/0 MO MeHbIneil mepe or EBkiuma. Bouio 661 coBep-
III€HHO OIIII/I60‘{HO noJjiaraTb, 9TO aHTHUYHasd MaTeMaTUKa Pa3BUBaJlaCb HUJIN
M3JIarajiach UCKJIIOYUTEBHO B CTPOrO ITOCTYJIATUBHOI (bopMe, CBONHCTBEHHOM
«Haganmam». Ho Brieuariienne, mpou3BeIeHHOE STUM COUYMHEHUEM Ha TOCJIe-
JIyIOIINeE TOKOJIeHNs, OBIJIO CTOJIb BEJIMKO, ITO B HEM CTAJIN UCKATH 00PA3IOB
JJIs BCAKOI'O CTPOrOT0 JI0KA3aTeIbCTBA B MaTeMaTuke. VHO# pa3 naxe duiro-
codbl (Hanpumep, Cnuuosza B ero «Ethica, more geometrico demonstrata»)
[BITAJINCh U3JIaraTh CBOM PACCYXKJIeHHs B (pOpMe TeopeM, BBIBOIUMBIX U3
OmpesieJIeHNi U aKCHOM. B cOBpeMeHHOIT MaTeMaThKe, IOCIe MEPUOJA OT-
X0JIa, OT €BKJIMJOBOM TPAJUINM, TPOJIOJIZKABIIErocss Ha MpoTsxkennn XVII
u XVIII BB., cHoBa 00HAPYKUJIOCH BCE YCUJINBAIOIIEECS IPOHUKHOBEHHE aK-
CHOMATUYIECKOTO METOJIa B pa3ananbie obacti. OHIM U3 CAMBIX HEJIABHUX
MIPOJIYKTOB ITOJI0OHOTO POJa yCTPEMJIEHHS MbBICJIU SIBUJIOCh BO3SHHUKHOBEHUE
HOBOM JIUCIUILINHBI — MAaTEMATUIECKON JIOT UK.

B 0bmux ueprax akcmomarmdeckasi TOUKA 3PEHUS MOXKET ObITh OXapak-
Tepu30BaHa CIeIyIommM obpa3om. Jloka3ars TeopemMy B HEKOTODOH JeIyK-
THUBHOH CHCTeMe — 3HAYUT YCTAHOBUTH, UTO ITA TEOPEMA €CTh HEOOXOIIMOe
JIOTMYECKOe CJIEJCTBHE U3 TeX WM MHBIX paHee JOKA3aHHBIX I[1PE/JIOKEHUI;
[IOCJIe/IHAE B CBOIO OY€peb JOJIXKHBI OBITh JOKa3aHbl U T. 1. [Iporecc mare-
MaTHIeCKOro 0DOCHOBAHUST CBOJUJICS OBI, TAKUM 00pPa30M, K HEBBIIOJHUMON
3aj1ade «OECKOHETHOTO CIIyCKa», €CJIA TOJIHFKO B KAKOM-HAOYIb MECTE HEJIb3sl
66110 OB OcTaHOBUTHCA. HO B TaKOM ciydae [IO/2KHO CYIIECTBOBATH HEKOTO-
PO€ YUCJIO0 YTBEPKIEHUN — NOCMY.AAMO8, WA GKCUOM, KOTOPbIE IPUHUMAIOT-
Csl B KAUeCTBe MCTUHHBIX U JI0KA3aTe/IbCTBO KOTOPHIX He Tpebyercs. M3 Hux
MOXKHO TBITATHCA BBIBECTU BCE JIPYTUE TEOPEMBI IIyTeM YHCTO JIOTHIECKOM
aprymenTaruu. Kcim Bce DakThl HEKOTOPO HAy9IHON 00IACTH TPUBEIEHBI
B IMOJOOHOTO PO/ JIOTHIECKUN MOPSIOK, & MMEHHO TaKoif, 4TO JI000# u3
HUX <BBIBOAMTCHA» U3 HECKOJIBKUX OTOODAHHBIX MPEJJIOZKeHUN (IPeodTy-
TeJIbHO, YTOObI TaKOBBIE OBLJIM HEMHOTOYHUCJIEHHBI, IIPOCTHI U JIEI'KO YCBa-
UBAJIMCh), TO TOLJA €CTh OCHOBAHUE CKA3aTh, 9TO O0JIACTH IPEICTABAMA
B «aKCHOMATHUYIECKON (hopMes MM «JIOIyCKAeT aKCHOMATU3AIMIO». BBIOOD
PEJJIOKEHU-aKCHOM B IIIMPOKOIL cTenenn mpou3BosieH. OTHAKO MAJIO MOJIb-
3bI, €CJIM HAIU [OCTYJIATHI HEJIOCTATOYHO IPOCTHI WA €CJIU UX CJIUIIKOM
muOro. Jlasee, cucTeMa IMOCTYJIATOB JOJIZKHA OBITH cosmecmumots (Henpo-
MUBOPEUUBOT,) B TOM CMBICJIE, UTO HUKAKUE JBE TEOPEMbI, KOTOPLIE U3 HUX
MOI'YT OBITHb BBIBEJIEHBI, HE JOJKHBI COJIEPYKATH B3AUMHBIX ITPOTHBOPEYUIA,
U NoAnol B TOM CMBICJIE, YTO BCSAKAs TeOPEeMa, MMEIOIasi MECTO B pacCMaT-
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puBaemoit 0061acTH, M3 HUX MOXKET OBITH BbIBeJeHA. zKeraTelbHO TaKiKe,
9TOOBI CHUCTEMA TIOCTY/JIATOB OBLIA HE3a48UCUMOTU, T. €. 9TOObl HU OJUH U3
HUX He ObLI JIOTMYECKUM CJIEJICTBUEM OCTAJIbHBIX. BOIIpoCc 0 HEmpOTHBOpE-
YUBOCTH U IIOJIHOTE CUCTEMBI aKCHOM OBLI IIPeIMETOM OOJIBIINX JTUCKYCCHI.
Pazmmanrpie dunocodckne B3Il HA UCTOYHUKU YUEIOBEYECKOTO 3HAHUS
00yCJIOBIIIN PA3JIMIHbBIE, [TOT9aC HECOBMECTAMbBIE TOYKHU 3PEHUS HA OCHOBA-
HUAd MaTeMaTuKd. Ecm mMareMarwmdecKue MOHSTUS PACCMATPUBAIOTCH KakK
cybcraHIagbHble 0ObEKTHI B cPepe «IUCTOI MHTYHUIUN», HE3ABUCUMbBIE OT
OIIPeJIeJIEHNI U OTJIEJIbHBIX aKTOB MBICJIMTEILHON JeSTeIbHOCTH Ye/I0BEKa,
TOI/[a, KOHEYHO, B MATEeMATHIECKAX PE3yJIbTaTaX He MOXKET ObITh HUKAKUIX
MIPOTUBOPEYHil, MOCKOJIbKY OHHU IIPEJCTABJSAIOT CO00U OOBEKTHUBHO HCTUH-
HbIE [IPEJJIOZKEHIST, ONUCHIBAIOININE PeaabHblit Mup. Ecian ncxonnts u3 Takoit
«KAHTHUAHCKOW» TOYKHU 3PEHUs], TO HUIKAKOil IIPOOJIeMbl HEIPOTUBOPEINBOCTU
BoobOmie HeT. Ho, K cokaJjieHuIo, JIefICTBUTEILHOE COJIEPyKAHIE MATEMATHKH
HE yJIaeTcsl yJIOXKWUTh B CTOJIb MpocThie (umocodekue pavru. [IpencraBu-
TeJIM COBPEMEHHOTO MATEMATHYECKOrO MHTYUIIMOHU3Ma He IIOJIAraloTCA Ha
YUCTYI0 WHTYHUIUIO B €€ TOJHOM KAaHTOBCKOM MoHUMaHud. OHU IIPU3HAIOT
CYeTHYI0 OECKOHEYHOCTHh B KadeCTBE 3aKOHHOIO JETUINA UHTYUIIAUA, HO JO-
[IYCKAIOT WMCIIOJIb30BAHKE JIMINb KOHCTPYKTUBHBIX cBOiCTB. Takue ke dyH-
JIAMEHTAJIbHBIE TOHSITHS, KAK YHCJIOBOM KOHTUHYYM, CJIEIYEeT, C UX TOYKHU
3peHNUsi, UCKIIOYUTh U3 yIOTPEOJIEHNUsI, TOKEPTBOBAB MDA 9TOM BayKHBIMU
pasiesiaMu CyIIECTBYIOMEH MareMaTHKu (& TO, 9TO IOCJE ITOrO OCTAET-
Csl, OKA3bIBAETCs IPE3BBIYANHO CJIOKHBIM, ITpudeM 6e3 0coboit HaIeXkK bl Ha
YTIPOIIEHNE).

CoBepIIeHHO JIPYTYIO MO3UINIO 3aHsIN «(popMaaucTbly. OHU He TPUIIH-
CHIBAIOT MATEMATUIECKUM IOHSTUSIM HUKAKONH MWHTYUTUBHOI DPEAJIbHOCTH U
HE YTBEPXKJAIOT, YTO AKCHOMBI BBIPAXKAIOT KAKNE-TO OObEKTUBHBIE UCTUHBI,
OTHOCsIIUECH K 06 beKTaM YUCTON UHTYuImn; oHu ((DOpMAIMCThI) 3a60TATCH
JIUITh 0 (POPMAIHLHOM JIOTHIECKON MPABUILHOCTU IIPOIECCA PACCYKJICHMUIT,
basupyromuxcs Ha moctynarax. [lo3urus sta obajgaer 6€3yCJIOBHBIMUA TIpe-
WMYIIECTBAMU 10 CPABHEHUIO C MHTYUIIMOHUCTCKON, TaK KaK OHA IIPEI0CTaB-
JIsTeT MaTeMaTUKe TIOJIHYIO CBOOOIY AefiCTBUIl, HYKHYIO KaK JJIsi TEOPUH, TaK
u j1st nputoxkenuii. Ho ona BmMecrte ¢ TeM BoinyK1aeT (DOPMAIICTOB TOKA3BI-
BaTh, YTO NIPUHATHIE UMHU AKCAOMBI, BBICTYIIAIOIINE TEIePh B KAYECTBE IIPO-
JIyKTa CBOOOJTHOT'O TBOPYECTBA U€JIOBEYECKOIO NHTEJIIEKTa, He MOTYT IIPUBe-
cru K
npoTuBOpednio. Ha IpOTsKeHnn NOCTeHAX IBAINATH JeT' IIpeIpuHIMa-
JINCh MHOTOYHUCJICHHBIE W HAIIPs?KEHHBIE IOMNBITKA IMOUCKA TAKOTO POJA J0-
Ka3aTeJIbCTB HEIIPOTUBOPEYMBOCTH, OCOOEHHO IO OTHOIIEHUIO K AKCHOMaM
apudMeTUKH 1 aJareOpbl ¥ K HOHATHIO YUCJIOBOIO KOHTHHYYMa. Pe3yinprarsl,

1 Hamucamo B 1941 r. O mambueiinmx pabotax B 9Toit 06/IaCTH, & TAKYKe 0 MOBOLY BCeit

OOIIMPHON TPO6IEMATHKH OCHOBAaHMIl MaTeMATHKH UM XapaKTEPUCTUKU DPA3JIUUHBIX
Hanpasienuit, cM. [11], [15], [38]. — IIpum. ped.
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[IOJIy9€HHBIE B 9TOM HAIIPABJIEHUN, UMEIOT UCKJIIOYATEIHHYIO Ba2KHOCTD, HO
3ajla4a B LEJIOM elle JaJeKo He BhINojHeHa’. Bosee TOro, mosjgydeHnble B
[IOCJIe/IHAE TOJ(bI PE3YJIbTaThl CBHUJIETEJILCTBYIOT O TOM, YTO TAKOI'O pOJa
MOIBITKA U HE MOTYT IPUBECTU K IIOJIHOMY YCIEXY — BBISICHUJIOCh, 9TO JIJIsi
HEKOTOPBIX CTPOTO ONPEIEJEHHBIX U 3aMKHYTBIX CHUCTEM IMOHATHUI BOOOIIE
HEJIb3s J0Ka3aTh, 9YTO OHA HEIPOTUBOPEYUBBI U B TO Ke BpeMst oJIHbL. Oco-
OGEHHO 3aMeYATEIHHO TO 00CTOATEIHCTBO, YTO BCE TAKOT'O POJIa PACCY K /IEHNUS,
KacaroIrmecs: TpobsieM 060CHOBAHUSI, TPOBOJATCS IOJTHOCTHIO KOHCTPYKTUB-
HBIMU U WHTYUTHUBHO YO UTeIbHBIMA METO/IAMHU.

Crop Mexk /Iy MHTYUITMOHUCTAMHU U (DOPMAJIUCTAME, OCOOEHHO 000CTPUB-
mmiics B CBA3M C NapajioKcaMu Teopud MHOKecCTB (cM. crp. 108-109), nopo-
JIJI MACCy CTPACTHBIX BBICTYILIEHNN YOEXK IEHHBIX CTOPOHHIKOB 00EUX IITKOJI.
MaTtemaTudyecKnit MUP ITOTPSICAJIN BO3IJIACHI O «Kpu3uce ocHOB». Ho atu cur-
HaJIbl TPEBOI'M HE BOCIIPUHUMAJIUCH — /I8 ¥ HE CJIeJI0BAJIO UX BOCIIPUHUMATH —
CJIAIITKOM y2K BCepbes. [Ipu BceM yBakeHNM K JIOCTHXKEHUSIM, 32aBOEBAHHBIM B
60pbOe 3a MOJIHYIO ICHOCTDb OCHOB, BBIBOJI, UTO 9TH PACXOXKICHUS BO B3TJVISIIAX
WA 7K€ TTaPaJIOKChHI, BLI3BAHHBIE CIIOKOWHBIM U IPUBBIYHBIM UCIIOJIH30BAHUEM
MMOHATUN HEOTPDAHWMYEHHON OOIIHOCTH, TAasAT B cebe CEPhE3HYIO Yrpo3y [Ist
CAMOTO CYIIECTBOBAHUS MATEMATHKH, [IPEJICTABIISIETCST COBEPIIIEHHO HEODOC-
HOBaHHBIM.

CoBepIIteHHO HE3aBUCUMO OT KaKuX Obl TO HU ObLIO GUI0COMCKUX pac-
CMOTpEHUil U uHTepeca K MpobeMaM OCHOBAHUN AKCHOMATHIECKUN TOIXOT
K IPeIMeTy MAaTEMATHUKU — CAMbIl €CTECTBEHHBII c1oco0 pa3obpaTbcs BO
BCEX XUTPOCIIJIETEHUSX B3aUMOCBS3€H MEXK/Iy Pa3IuIHbIMU (DAaKTaMU U BbI-
SICHUTH 32KOHOMEPHOCTH JIOTUYECKOTO CTPOEHUST OO0beUHSTIOIINX UX TEOPHil.
He pas ciyuasocsk, 9To Takoe cocpefoToueHne BHUMaHUS Ha (DOPMAJIbHON
CTPYKTYypE€, & He Ha WHTYUTUBHOM CMbICJIE€ [TOHATHUH, 00JIerdaao OThICKAHUE
00001IeHnit 1 TPUMEHEHH, KOTOpPbIE JIETKO OBII0 ObI YIIYCTUTH Tpu OoJee
UHTYUTHUBHOM IIOJXOAe K Jeiy. Ho Bblmaromuecss OTKPBITUS U IIOJJIMHHOE
[MIOHUMAHKE JIUIb B UCKJOYNATEJBHBIX CJIyYasX OKa3bIBAJUCh PE3YJIETaTOM
MIPUMEHEHUsT IUCTO aKCHOMATHIEeCKUX MeTOM0B. [0 IMHHbBIi NCTOYHUK pas3-
BUTHUsT MATEMATUKHI — 9TO TBOPUECKAS MBIC/Ib, [IO/[JIEPKIUBACMAsT HHTYHUITUEH.
W ecnn nmaxke cuuTarh aKCHMOMATHU3AIMIO TEM HIEAJTIOM, K KOTOPOMY CTpe-
MHTCSI MATEMATUKa, OBLI0 ObI HEIIPOCTUTEILHOI OIMMOKON yBEpOBaTh B TO,
YTO aKCHOMATHUKA caMa 10 cebe sIBJISeTCsl CYThI0 MaTeMaTHKH. 1 BOpYeCcKas,
KOHCTPYKTHUBHAsI WHTYUIIAsI MATEMATHKa I[IPUBHOCUT B MATEMATHKY Heje-
IYKTUBHBIE W UPPAIMOHAJIBHBIE MOMEHTHI, YIIOIOOJISIONIE €€ My3bIKe WJIN
JKUBOIIACH.

Co Bpemen EBkimma reomerpusi HEM3MEHHO ObLIA IMPOTOTHUIIOM AKCHO-
MaTHU3UPOBAHHON JUCIUIIINHBL. Ha IpoTsKeHuu cToIeTuil cucreMa eBKJIU-
JIOBBIX IIOCTYJIATOB OBLIa IIPEJMETOM HAIPSI?KEHHOTO u3ydeHus. Ho TOJIBKO

Cwm. npeapiayinee npumedanue. — IIpum. peod.



§9 AKCUOMATUKA 11 HEEKJ/IMJIOBA TEOMETPUA 243

CPaBHUTEJIHHO HEIABHO CTAJIO COBEPIIEHHO $ICHO, YTO 3TH MOCTYIATHI JOJIK-
Hbl OBITH M3MEHEHBI U JIONOJIHEHBI, /I TOTO YTOOBI M3 HUX MOIJIA OBITH
BBIBEJIEHA JIEJlyKTUBHO COBOKYITHOCTD IIPEJIJIOXKEHUI JIEMEHTAPHON reoMeT-
puu. Hampuwmep, B KoHile mponuioro crojeruss [lam obHapyKui, 910 mpu
PaCCMOTPEHUN MOPSIKA PACIIOJIOXKEHUsT TOYEK Ha MPsIMOif, T. €. COOTHOIIIe-
HIi, XapaKTePU3yeMBbIX CJIOBOM «MEXKIy», TpedyeTcss 0coObIit mocTymat. ITarm
BBIJIBUHYJI B Ka4ECTBE IIOCTYJIATA CJEIYIONIee HPEIJIOKEHNE: eCAlU NPAMGHA
nepecexaem CmopoHy MPEY20AbHUKG 8 MouKe, HE ABAAWEUCA 8ePUUHOT,
mo ona nepecexaemcs u ewye ¢ 00Hol cmoponol mpeyzosvnuka. (HepHu-
MaTe/IbHOe OTHOIIEHUE K TOH JeTai MPUBOJIUT K Py sIBHBIX MAPAIOKCOB:
abCyp/IHbIE CJIEJICTBHUS — HAIIPUMED, ODIIEN3BECTHOE «I0KA3ATEIBCTBO» TOTO,
9TO BCE TPEYTOJHHUKH PaBHOOEIPEHHDbIE — KaK OYATO ObI CTPOTO «BBIBO-
JIITCSI» W3 €BKJIMJIOBBIX AKCHOM. DTOT <«BBIBOJ» OCHOBBIBAETCS HA HETOU-
HOM BBIIIOJTHEHUH YepTeXKa, IIPUIeM HEKOTOPbIe IPsSIMbIe IIePEeCEeKaOTCsl BHE
TPEYTOJIbHUKA WU KPYyTa, TOTJa KaK Ha CaMOM Jejie JOI?KHBI TepecedbCs
BHYTDH. )

B cBoeit 3namenuroii kuure «Grundlagen der Geometrie» (uepsoe us-
nanue ee nosgBuiaoch B 1899 r.) I'mubsbepr /an BIOJIHE YI0BJIETBOPUTEILHO
IIOCTPOEHHYIO CUCTEMY aKCHOM T'€OMETPUM U BMECTE C TeM IIPOU3BEJT UCHTED-
MBIBAOIIUI aHAIN3 UX B3AMMHON HE3ABUCHUMOCTH, UX HEIPOTUBOPEYUBOCTU
7 TIOJTHOTHI.

Bo Beskyio cucremy akcnom Hen36e:KHO BXOAAT HEKOTOPDIE HEOIIPE eI~
Mbl€ ITOHSTHUS, HAIIPUMED, «TOYKa» WJIN <«IpsiMasy B reomerpun. VIx «3Ha-
yeHne» (WU CBsI3b € O0BEKTAMHI PEATTBHOTO MUDPA) 0Ad4 MAMEMAMUKY HECY-
MIECTBEHHO. DTU IOHSITHUS JIOJXKHBI OBITH IIPUHUMAEMBI YHCTO abCTPAKTHO,
¥ UX MaTeMaTHIeCKue CBONCTBA B IIPEJEIax /e lyKTUBHON CUCTEMbI BCEIEJIO
BBITEKAIOT M3 TeX COOTHOIIEHWI MEXKJy HUMH, KOTOPbIE yTBEPXKIAIOTCS B
akcnomax. Tak, B IPOEKTUBHON r€OMETPUHU €CTECTBEHHO HAYATH C OCHOBHBIX
MOHATHUI «TOYKa» M <«IpsIMasy U OTHOIIEHHUS <«HHIUIEHTHOCTH» U chOp-
MyJIIPOBATh JIBE JIBOWCTBEHHBIE aKCHOMBI: «KaKJIbIE JBE PA3JIUYHBIE TOIKHU
VHIWJIEHTHBI C OJTHOM U TOJIBKO OJIHOM MPSIMOii» U «KaXKJIble JIBe PA3JINIHbIE
MpsAMble MHITIIECHTHDI C OTHOM 1 TOIHLKO OTHOM TOUKOIt». B akcrmoMaTnaeckoit
crcTeMe TPOEKTHBHONW IeOMETPHH JIBOHCTBEHHOCTH B (DOPMYJIMPOBKE aKCH-
OM 00yCJIOBJIMBAET JBOWCTBEHHOCTH B CAMOM IOCTpOeHUH. Bcesikoit Teopeme,
cojiepaKarteit B cBoeit GopMyTUpPOBKeE U B JOKA3ATETIHCTBE TOJBKO JTBOHCTBEH-
HBIE 3JIEMEHTBI, HEIIPEMEHHO COOTBETCTBYET JBOICTBEHHAsI TeopeMa. B camom
JeJie, JTOKA3aTebCTBO MCXOJHON TEOPEMbl 3aKJ/IIOYAETCS B IOCIEI0BATEb-
HOM NPUMEHEHHH HEKOTOPBIX AKCHUOM, U IPUMEHEHHE B TOM K€ IIOPSIKE
JBOVCTBEHHBIX aKCUOM COCTaBUT JOKA3aTeJIbCTBO JBOMCTBEHHON TEOPEMBIL.

COBOKYITHOCTb AKCHOM M€OMETPHUH COCTABIISIET HEAGHOE OnpedeseHue BCex
«HEOIIPEIEJISIEMBIX» T€OMETPUIECKUX MOHATUI: «TOUKa», «IIPsMasi», «AHIIM-
JEHTHOCTh» W T. 1. Jljis mpuMeHeHuil reoMeTpun BaXKHO, ITOOBI OCHOBHBIE
MOHSATUST W AKCHOMbBI T€OMETPHUM HAXOIWJINCH B XOPOIIEM COOTBETCTBHUH C



244 IMTPOEKTUBHAA TEOMETPIA. AKCUOMATUKA . IV

JOCTYHIHBIMU (DU3UIECKON MPOBEPKE YTBEPKICHUSIMH, KACAIONUMUCT <«Pe-
AJIBHBIX», 0CS3aeMbIX IIpeMeToB. PusnyecKas peasibHOCTb, CTOANA 38 110~
HSTHEM <«TOYKH», €CTh KaKO-TO OYeHb MaJIEHbKUil 0ObEKT, BPoje HEDOJIb-
IIOT'0 TISITHBIIIKA, [TOJIy9aeMOoro Ha OyMmare npu IIPUKOCHOBEHUN KapaH alla,
U TAKNM K€ 00pa30M «IIpsiMasi» IIPEJICTaBJIsieT CO00 abCTPAKIIUIO TYrO Ha-
TSHYTOH HUTH WK CBETOBOTO Jiyda. CBOHCTBa 9TUX (DUBMUECKUX TOUYEK W
MPSIMBIX, KAK MOXKHO YCTAHOBHUTH IIyTEM IIPOBEPKU, Oojiee MM MeHee COOT-
BETCTBYIOT (POpPMaJbHBIM aKCHMOMaM reoMeTpuu. Jlerko cebe mpejcTaBUTD,
qr10 60jIee TOYHO IMOCTABJIEHHBIE SKCIEPUMEHTHI MOI'YT BBI3BaTh HEOOXOJIU-
MOCTb B U3MEHEHUN aKCHOM, €CJIM Mbl XOTUM, YTOOBI OHU JIABAJIN AJEKBATHOE
onmcanne uzmdeckux sipyiennit. Hamporus, ecm ObI CyIECTBOBAJIO 3aMeT-
HOE OTKJIOHEHHE (POPMABHBIX aAKCHOM OT (DU3MIECKUX CBOUCTB IIPEIMETOB,
TO reOMeTpPHsl, IIOCTPOEHHAs HA ITHX aKCHOMAaX, IIPEJICTABIAIa Obl OrpaHu-
JeHHbI nHTepec. Takum 00pa3oM, JlaXke C TOYKHU 3peHus (POPMAJIUCTA, €CTh
HEUYTO, 9YTO OKA3bIBAeT OOJIbIIee BIIMSHIE HA HAIIPABJICHUS MATEMaTHIECKON
MBICJIA, HEXKEJIA 9eJIOBEYECKUNl Pa3yM.

2. T'unepbosmyeckasa HeeBKJIU0Ba reoMeTpusd. B cucreme EBkin-
JTa UMeeTCsl OJIHa aKCUOMa, OTHOCUTEJIBHO KOTOPOI — Ha OCHOBE COIIOCTABJIE-
HUSI C SMIMPUIECKUMH JIAHHBIMU, C IIPUBJIEYEHNEM TYrO HATSHYTBIX HUTEN
WIA CBETOBBIX JIy4ell, — HUKAK HeJIb3s CKA3aTh, SBJSIETCS JIH OHA <UCTUH-
HO». DTO 3HAMEHUTHIH NOCMYAAM 0 NAPAAAEADHVIT, YTBEPAKIAIONIHN, ITO
gepe3 JIAHHYIO TOYKY, PACIIOJIOXKEHHYIO BHE JAHHOW MPSIMOIl, MOXKHO IIPO-
BECTH O0HY U MOADKO 00HY TIPIMYIO, HapaJjuiesbHyto jgaHHoi. CBoeobpas-
HOM OCODEHHOCTBIO ITOI AKCHOMBI SIBJISIETCSI TO, UTO COJIEPXKAIEeCs: B Hell
YTBEPKJIeHNEe KAaCAeTCsl CBOICTB INPSIMON Ha 6CeM €€ MPOMAHCEHUU, TPHU-
9eM IpsMasi IIPEJIIOJIAraeTCs HEOTPAHNIEHHO IIPOJOJZKEHHON B 00€ CTOPOHBI:
CKa3aTh, UTO JiBe MPSIMbIE IMapasjieIbHbl, — 3HAYUT YTBEPKIATH, 9TO § HUX
HEeJIb3sT OOHAPYKUTH OOIEefl TOUKM, KaK Obl JIaeKO WX HHU IPOJIOIKATD.
Brioste o4eBHIHO, UTO B IpejieiaX HEKOTOPOH 02paHuveHHot IacTH ILIOC-
KOCTH, KaK Obl 9Ta YacTh HU ObLIa OOMIMpHA, HAIIPOTHB, MOYKHO ITPOBECTHU
Jepe3 JAHHYI0 TOYKY MHOXKECTBO TPSIMBIX, HE MEPECEKAIONIUXCs C JIAHHOM
npsamoii. Tak Kak MaKCHMMaJjbHO BO3MOXKHAs JJIMHA JIMHEHKM, HUTH, JayKe
CBETOBOI'O JIy4a, U3y9aeMOro C HOMOIIBIO TEJECKOIa, HEIIPEMEHHO KOHETHA,
U TaK KaK BHYTPU KPyra KOHEYHOI'O PAJMYCa CYIIECTBYET MHOI'O IPSMBIX,
MIPOXOJISAIINX Yepe3 JaHHYI0 TOYKY W B IpejesiaX Kpyra He BCTPEUYAOIIAXCsT
¢ JTAHHOH TPSMOM, TO OTCIONA CJEIAYeT, YTO MOCTyJaT KBK/IMIa HUKOTIA He
MOKeT OBITh IIPOBEPEH IKCIEPUMEHTAJIbHO. Bee mpoune akcmombr EBrimma
MMEIOT KOHEYHBII XapakTep, T. €. KACAIOTCsl KOHETHBIX OTPE3KOB IIPSIMBIX HJIH
KOHEJHBIX JacTeil paccMarpuBaeMbix iockux ¢uryp. Tor dakrt, UT0 ak-
croMa TapaJijie/IbHOCTH He JOIyCKAeT SMIMPUIECKON ITPOBEPKY, BbIJIBUTAET
Ha TEPBBI IJIAH BOIIPOC O TOM, SIBJISIETCs JIX OHA HE3A468UCUMOT OT TPOUUX
akcrnoM. Ecan 661 oHa ObLTa HEM30EXKHBIM JIOTUIECKUM CJIEICTBAEM JIPYTUX
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AKCHOM, TO TOTJA HYKHO OBLIO OBI IPOCTO BBIYEPKHYTH €€ U3 CIINCKA AKCHOM
U JOKA3bIBaTh KaK TEOPEMY C IIOMOIIBIO MHBIX €BKJIUIOBBIX akcuom. Muo-
0 CTOJIETHIl MAaTEMATUKU MBITAJNCH HAWTU TAKOEe JIOKA3aTEJHLCTBO; STOMY
CHOCOOCTBOBAJIO IMIUPOKO PACIIPOCTPAHEHHOE CPE/IU BCEX, KTO 3aHUMAJICS €0~
MeTpueil, CMyTHOE CO3HAHUE TOTO, UITO AKCHOMAa MAPAJIIEJBHOCTH IO CBOEMY
XapaKTePy CYIIECTBEHHO OTJIMIAETCA OT OCTAJIBHBIX, 9TO €if HeJ0CTaeT TOM
yOeK A0l HAT/ISTHOCTH, KOTOPOIt, Ka3aJI0Ch ObI, JOJI?KHO OBLIO 00/18/1aTh
BCSIKOE MeOMETPUYECKOE IIPEJJIOZKEHIE, BO3BO/INMOE B PAHI' AKCHOMBI.

OpHa ¥3 MepBBIX MONBITOK B yKAa3aHHOM HAIpaBJIEHUN ObLIa CliejiaHa
B IV cronerun H. 3. KommernTaTopom EBriymma [Ipoksiom, KoTopsiit, 9To0bI
n36eKaTh HEOOXOAMMOCTH BBOIUTDH CIENUAJIBHBIA IIOCTYJIAT O MapaJLIeIb-
HBIX TIPSIMBIX, BBEJT onpedesenue, CONIACHO KOTOPOMY IIPsiMast, mapaJiiesbHast
JAHHOH IIPSAMOI, €CTh I€OMETPHYECKOe MECTO TOYEK, PACIOJIOXKEHHBIX OT
Hee Ha OJHOM W TOM Ke 3aJlaHHOM paccrosguuu. [Ipm srom IIpokn yrry-
CTUJI W3 BHUJY, YTO TAKUM ODOPA30M TPYIHOCTb HE YCTPAHSETCs, & TOJIBKO
[IePEeMeIAeTCst, TaK KaK IIPU €ro XOJe MBICJIEeH OCTaeTCsd HEIOKA3aHHBIM,
9TO HA3BAHHOE M€OMETPHIECKOE MECTO JIEHCTBUTEIbHO €CTh HPSIMAasi JUHUS.
Tax kak nocsemauero IIpoks mokazaTh He MOT, TO UMEHHO 9TO IIPE/JIOKEHNE
€My IPUILIOCH ObI TPUHSATH B KAYECTBE aKCUOMBI TapaslJIeIbHOCTHA, U HUITO
He ObLIO OBl BBIMI'PAHO, TAK KAK MbI MOXEM JIETKO yCTaHOBHUTH, UTO 00e
YIIOMSIHY ThIe AKCHOMBI 9KBUBaJIEHTHBI Mexk 1y coboit. Caxkkepu (1667-1733),
a 3arem JlamGepr (1728-1777) mesiaju MOUBITKY JOKA3aTh AKCHOMY HapaJi-
JIEJIbHOCTA KOCBEHHBIM IIyTEM, JIOIYCKasl IIPOTUBOIIOJIOXKHOE yTBEDPXKJIEHUE
U BBIBOJISI M3 HEro abCcypjHble ciejcTBusi. Ho BbIBeeHHBIE UMU CJIE/ICTBUS
OKa3aJINCh JIAJIEKO He abCypP/HBIME: 3TO ObLIM TEOPEMbl HEEBKJIMJIOBOH I'eo-
MeTpHUH, TOJIyIUBIIEi O3 Hee ajbHelimee pa3surue. Kcim Obl Ha3BaHHBIE
JINIIa PACCMATPUBAJIN CBOU PE3YJIbTATHI HE KAK HEJIEIIOCTH, & KaK YTBEPXKIe-
HUs, CBODOJHBIE OT BHYTPEHHUX IPOTHBOPEYNii, TO HE KOMY HHOMY, KaK MM,
[IPUHA/IEXKAa ObI 3aC/Iyra OTKPBITHS HEEBKJINJIOBOH M€OMETPHH.

Ho B Te Bpemena 11006yI0 reOMETPHYECKYIO CUCTEMY, HE HAXO/IANLYIOCA B
abCOJTIOTHOM COIVIACHU C €BKJINJIOBOI, HEIIPEMEHHO CTaJM ObI PACCMATPUBATH
KaK OYeBHJHYI0 HejenocTb. KanT, Hambosee BimsATe bHBIN duaocod Toit
SII0XU, BBIPA3UJI CBOE OTHOIIEHUE K BOIIPOCY, YTBEPKIAs, ITO aKCHOMBI EB-
KJIAJIa — He 9TO MHOe, KaK Hen30exKHble (POPMBI Y€JI0BEYECKOTO MbINIJIEHNUS,
JeM, TI0 er0 MHEHUIO, U O0bACHAETCS UX O0bEKTHUBHAS 3HAYUMOCTD IO OTHO-
[IEHUIO K «PeaIbHOMY» IIPOCTPAHCTBY. DTa Bepa B aKCHOMbI EBKJMIa, Kak
B He3bIOJIEMBIE WCTUHBI, CYIIECTBYIOMIE B cdepe YNCTOM MHTYWUrmu, ObLIa
OJIHUM W3 IVIABHBIX JOIMATOB KaHTOBOH (usocodun. OgHAKO ¢ TeueHueM
BPEMEHHM HU NPUBBIYHBbIE HABBIKM MBIIIJIEHUS, HU BJIUSHIE (PUIOCOMCKAX
aBTOPUTETOB HE CMOIVIA IIOJIABUTH DPACTYIIErO YOeXKJeHUs, YTO Hen3MeH-
HbIe HEYJIAYM B IMOUCKAX JOKA3aTEIbCTBA AKCUOMBI MAPAJIIETHLHOCTH UMETN
CBOEHl HIPUYMHOIM HE CTOJIHKO HEJIOCTATOK M300PETATESILHOCTH CO CTOPOHBI
TeOMETPOB, CKOJIBKO TOT OCHOBHOH (DAKT, 9TO 9TOT MOCTYJIAT HA CAMOM JIeJIe
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nesasucum or apyrux. (IlogobubiM ke 00pa3zoM HeyJadu B PEIICHUU IPU
IIOMOIIY PAJUKAJIOB OOINEro ypaBHEHUs IIATON CTEIeHN MaJIO-IIOMAJIy IIPU-
BeJIN K IIOJIO3PEHUIO, [TO3/IHEE OIPABJABIIEMYCs, ITO TAKOE PEIIeHne HeBO3-
MoxkHO.) Benrepckuii maremaruk Boiisin (1802-1860) n pycckunii MaTeMaTnk
JlobaueBcknit (1793-1856) MOIOKNIN KOHEII COMHEHUSIM, [IOCTPOUB BO BCEX
[eTajigX TeOMETPHYECKYIO0 CHCTEMY, B KOTOPOIH aKCHOMa IapaJLIeIbHOCTH
ObL1a orBepruyTa. Korma Mosonoit reHnaabHBI dHTYy3uacT Boitau mocitan
CBOIO paboOTy <«KOPOJII0O MaTeMaTHuKu» [ayccy, oT KOTOPOro ¢ HeTepIeHHeM
JKJIaJ1 TOIEPXKKH, TO MOJIyYMJI B OTBET yBeJIOMJIEHHE, 9TO camuM layccom
OTKDPBITHE OBbLIIO C/eJIAHO PAaHbIle, HO OH BO3JEPXKAJICS B CBOE BPEMs OT
MyOJIMKAITNY PE3YJIbTATOB, ONACAACH CIUIITKOM IIIYMHBIX O00CYXKICHH.

[TocmoTpum, 4TO 2Ke O3HAYAET HE3ABUCHMOCTH AKCHOMBI ITaPAJLIEIHHO-
CTH. DTy HE3ABUCHUMOCTH CJIEJIYET MOHUMATH B TOM CMBICJIE, ITO BO3MOXKHO
CBODOJIHOE OT BHYTPEHHUX IIPOTHBOPEYUN IOCTPOEHHE <«IE€OMETPUIECKUX>
MIPEJTOKEHUI O TOYKAX, MPSIMBIX W T. J[., UCXOMs W3 CUCTEMbI aKCHOM, B
KOTOPO#l aKCHOMa ITapaJuIeIbHOCTH 3aMEHEeHa, IPOTUBOIIOJIOKHON. Takoe 1mo-
CTPOEHNE HA3bIBAETCHA HEEeBKJIMIOBOI reomerpueii. HyKHO ObLIO MHTE/IEK-
TyasnabHoe 6eccTparue [aycca, Boitsin u JIobadueBcKoro, 9T00BI 0CO3HATD, UTO
reoMeTpHsi, OCHOBaHHAs He Ha €BKJIMJIOBOI CHCTEMe aKCHOM, MOXKET OBITh
abCOJIFOTHO HEIPOTUBOPEYUBOIA.

Yro6b1 yOeIuThCsl B HEIPOTUBOPEYNBOCTH HOBOM reOMeTPHH, HET Ha 100~
HOCTH PA3BUBATH BO BCEX IOIPOOHOCTSIX MHOTOYMCJIEHHBIE T€OPEMBI HEEB-
KJINJIOBO# reoMeTpuu, Kak 9T0 jesnanu Boitsu u Jlobadesckuit. Mb1 ymeem
Tellepb CTPOUTH IIPOCTBIE <«MOJEJIN» TAaKOU I'e€OMETPUH, YIOBJIETBOPAIONINAE
BCceM akcmomaMm EBK/na, KpomMe akCHOMBI mapaJuiesibHocTu. [Ipocreiinast
Mozenb Obuia ykazana @esmkcom KieitHom, paboThl KOTOPOro B 3TO# 006-
JIACTH CTUMYJIMPOBAJIUCEH UesIMU aHrmniickoro reomerpa Kamu (1821-1895).
B Takoit Momenn depe3 JaHHYIO TOUKY, JEKAILYIO BHE JTAHHON MPIMO, MOXK-
HO TIPOBECTU OECUUCIIEHHOE MHOXKECTBO <IIPSIMBIX», <«IIapAJIICIbHBIX» JTaH-
HOi1 npsimoii. [logobHOrO pojia reoMerpust Ha3bIBaeTCsl reoMmerpueit bBoiisim—
Jlobauesckoro, wim «runepbosmdeckoit» reomerpueil. (OcHoBanue st 1o-
CJIEJIHEr0 HAUMEHOBaHUs OyJieT IpuBeieHo Ha crp. 246.)

IIpu mocrpoennu momenn KieitHa cHadama paccMaTpUBAIOTCSI OODHEKTHI
OOBIKHOBEHHOI €BKJINJ/IOBOI '€OMETPHUH; U 3aT€M HEKOTODbIE U3 00BHEKTOB U
OTHOIIEHUNT MEXKJyY HUMHU NEPEeUMEHOGHIGBAIOMCS TaKUM 00OpPa30M, UTO JJIsd
WX OIMCAHUsI OKA3bIBAETCS IPUTOJHON y»Ke HEEBKJIMJIOBA I'eOMEeTpHs. IJTa
MIOCJIe/IHSIsI, TEM CaMbIM, HE B MEHBIIIEHl Mepe HEIIPOTUBOPEUIMBA, €M IIePBO-
HaYaJIbHAS €BKJIMI0BA TeOMETPHs, TaK KaK M3J1araeTcs (ecju MoCMOTPETD ¢
JIPYroil TOYKM 3peHHsl U OIUCHIBATH JIPYTUME CJIOBaMH) KaK COBOKYIHOCTH
¢dakTOB OOBIKHOBEHHON €BKJIMI0BOI reomerpuu. C 5TOil MOIEJbIO MOXKHO
JIETKO OCBOWTBCsI, IPUBJIEKAsl KOe-KAKKe IOHSITHS U3 IIPOEKTUBHOI reoMeT-
pun.

[Tpu npoexkTrBHOM ITPEOOPA30BAHNN OMHON IIJIOCKOCTH HA APYTYIO WX HA
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camy cebst (MOXKHO OCJIe OTOOPaYKeHHsI COBMECTUTD 00€ ILIIOCKOCTH ) OKPY K-
HOCTB, BOOOIIE TOBODs#, IIEPEXOIUT B HEKOTOpOe KoHmdeckoe cedeHue. Ho
MOZKHO JIETKO TI0Ka3aTh (JIOKA3aTeIbCTBA Mbl HE IIPUBOJIIM ), ITO CYIIECTBYET
Gecunc/IeHHOe MHOXKECTBO TAKHUX ITPOEKTUBHBIX MPe0OPa30BaHUIl ILIIOCKOCTH
Ha caMmy cebsi, IpU KOTOPBIX JTAHHBII KPYT, BMECTE CO BCEMU 3aKJIIOUEHHBIMUI
BHYTPH TOIKAMH, TIEPEXOAUT caM B cebst. [Ipn Takux mpeobpa30oBaHUsSX BHYT-
peHHUe TOYKH, KaK U TOYKU KOHTYDPa, MEHSIOT, BOODIIlE TOBOPs, CBOU MeCTa,
HO BHYTPEHHUE TOYKHN OCTAIOTCA BHYTPEHHHUMU, a TOYKU KOHTYPa OCTarOTCHA
na xoutype. (IleHTp Kpyra, KaK JIerko yOeAuThCs, MOXKHO IIEPEBECTH B JIIO-
Oy10 Hamepe]| 33JaHHYI0 BHYTPEHHIOIO TOUYKY.) PaccMOTpUM COBOKYIIHOCTD
Bcex Takmx mpeobpasoBanuii. Koneuno, oru He Oy/yT OCTaBIATH OYEPTa-
Hus UTYyp HEM3MEHHBIMU U [TIOTOMY HE SABJISIOTCS JBU2KEHUSIMU B OOBITHOM
cMmbiciie. Ho MBI Teneps ciesiaeM pemaromuii mar U Ha306em X «HEEBKJIN-
JIOBBIMH JIBH2KEHUSIMA» B TOI reomerpuu, KOTopyto crpoum. llocpeacrBom
ITUX «JIBUKEHUIT» MOYKHO JIAJIBIIE ONPEIEUTh U «PABEHCTBO» : JIBe (DUTYPhI
HA3VL6AIOMCSA PABHBIME, €CJIA CYIIECTBYET «HEEBKJIAIOBO JIBUKEHUE», IIE€pe-
BOJIsAIIIEe OHY (DUTYPY B IAPYTYIO.

Ilepeitmem Temepb K OMUCAHWIO YIOMSHYTON BBIIIE KJICHHOBON MOe N
rurnepbomyeckoil reomerpun. «IIJI0CKOCTE» COCTOUT TOJIBKO U3 BHYTPEHHUX
TOYEK KPyTa, BHEIIHNE TOYKHU IIPOCTO 0TOpackiBaroTcsi. KaxKiast BHy TpeHHsIst
TOYKA
HA3BIBAEMCA HEEBKINJIOBOU «TOYKON», KaxKJIad
XOpZia KPYyra Ha3vi8Gemcs HEeBKIUIOBON «IIpsi-
MOIi»; «IBUKCHUA» U «PABEHCTBa» YK€ OllpeJie-
JIEHBI BBIIIIE; IPOBEJIEHUE <IIPSIMOIi» Yepe3 JIBe
«TOYKH» W HAXOXKJEHWE <«TOYKH» IePeceueHust
IBYX <«IPSMBIX» COBEPIMAIOTCH, KAK B €BKJIM-
noBoii reomerpun. Jlerko ybemurThbcs, UTO HO-
Basl KOHCTPYKIIUS YJOBJIETBOPsIET BCEM IIOCTY-
JlaTaM eBKJIUJIOBOW TeOMETPUH, C €IMHCTBEHHBIM
WCKJTIOYEHUEM — TIOCTYJIATOM O IapaslIeIbHBIX
IPSMBIX. UTO 9TOT HOCTYJIAT 3/1€Ch HE BBIIOJIHSI- Py, 110. Mozens

eTcd, [ACHO BHIHO U3 TOLO, YTO 4epe3 «TOYKY», HeeBKJUIOBOH IJIOCKOCTH
HE JICXKAIIYI0 Ha <«IIPAMOI», MOXKHO IIPOBECTH Kneitna
0ecunc/IeHHOE MHOXKECTBO <IIPSIMBIX», HE UMEIO-

mux o0Ieil «TOYKu» ¢ JIaHHON IpsiMoil. JlaHHast «IpsiMasi» eCTh €BKJIMJIOBa
XOpJa, TOra KaK B KAYeCTBE BTOPOHl «IIPAMOIT» MOXKET OBITH B3ATa JI00ast
U3 XOPJl, IPOXOIANINX Yepe3 JAHHYIO0 «TOUYKY» U He IMePEeCEKAIONNX [IePBOi
«psiMoity BHyTpu Kpyra. Ommcannasi mpocTasi MOJIEIb COBEPIIIEHHO JIOCTa~
TOYHA JJIs TOrO, YTOOBI IOKOHYHUTH C OCHOBHBIM BOIPOCOM, IIOPOIUBIIHM
HEEBKJINJIOBY T€OMETPHUIO: OHA MIOKA3BIBAET, YTO AKCUOMA IapPAJIIeIbHOCTH He
BBIBOJIUTCS M3 OCTAJIbHBIX aKCHOM €BKJIUIOBOI reomerpun. JleiicTBUTEIBHO,
ecsin ObI OHA BBIBOJIMJIACH M3 HUX, TO TOT/a Oblja ObI BEPHOIT TEOPEeMOil 1 1o
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OTHOIIECHUIO K MO/JIEJIN KneﬁHa, a Mbl BUIUM, 9TO 3TO HE TaK.

CTporo roBopsi, NpeblAyIIas apryMeHTAIds IOCTPOEHA HA JOIYIIEHUU, ITO
MoJiesib KiteliHa HEPOTUBOPEYMBA, T. €. UTO HEJIb3s JJOKA3aTh BMECTE C HEKOTOPBIM
YTBEPXKACHUEM TaKzKe U IIPOTUBOIIOJIOZKHOTO YTBEP2KJACHUA. HO, BO BCAKOM CJiy4dae,
reoMeTpus Mojesn KireitHa HEIIpOTUBOPEUYMBa B TAKOH »Ke CTEIeHHU, KAK U OOBIKHO-
BEHHAsl €BKJINJI0BA T€OMETPUsI, TAK KaK TEOPEMBI O «TOYKAX» M <«IPSIMBIX» U T. JI.
mozenu KieitHa mpencTaBisioT coboil TOTBKO CBOEOOPA3HO CHOPMYTIMPOBAHHBIE
TEOpPEMBI €BKJINJIOBOIl TeOMeTpUU. Y IOBJIETBOPUTEIHLHOIO JOKA3ATEIHCTBA HEIPO-
THBOPEYNBOCTH aKCHOM EBKJIMOBON MEOMETPHH JaHO He OBbLIO, €C/Id HE CYUTAThb
CBEJIECHUA K AHAJIUTUIECCKO TeOMEeTPUN U B KOHEIHOM CYETEe K YUCIOBOMY KOHTUHY-
YMY; & HEHPOTHBOPEIUBOCTE KOHIETIINY KOHTUHYYMa — TaKsKe BOITPOC OTKPBITLIH .

* Mbl nipuBjieYeM BHUMAHHUE YUTATE/Id €Ile K ONHOM jerasu (BOpodeM,
crosiieil 3a HpeeJaMu HEHOCPEJCTBEHHO IOCTABJIECHHBIX HAME 3aJa4) —
MMEHHO, K OIIPeJIeJIEHUIO HEEBKJINI0BA «PACCTOSHUA» B Mojesin Kutelina. 91o
«PaCCTOSHUE» JIOJ?KHO OBITh WHBAPUAHTHO OTHOCHTEIHHO HEEBKJIMIOBBIX

«JIABUZKCHUI»,

TaK KakK OOBIKHOBEHHOE JIBMKEHHE HE H3MEHs-
eT OOBIKHOBEHHOT'O paccTosiinsg. MbI 3HaeM, 910
JIBOITHOE OTHOIIIEHNE €CTh WHBAPUAHT ITPOEKTUB-
HOrO TipeobpazoBaHus. ECTeCTBEHHO BO3HUKAET
MBICJIb O TOM, YTODOBI IIPU ONPEJIEIEHUN «PACCTO-
SHUST> MEXKJY JBYMs Pa3jUIHBIMU TOYKamMu P
u () BHYTPH HAIIEr0 Kpyra BOCIOJb30BATHCS
qBoitaeiv orHoterneM (OSQP), rme O n S —
TOYKH, B KOTOPBIX IPOJIOJIKEHHBIN B 06e cTOpO-
HBI 0TPe30K P() BCTpedaercss ¢ OKPYKHOCTBHIO.

Puc. 111. OTO JBOWHOE OTHOINEHWE, B CAMOM Jiejie, €CTb
HeeBkinnoso ITOJIOXKUTEIBHOE IUCJIO; HO B3sITh 9TO OTHOIIEHUE
paccrosiHue HEIIOCPEICTBEHHO B KAYECTBE «paccTogausy PQ)

He TIPEJICTaB/IAETCS YA00HBIM. lelicTBUTETHHO, B
MPEJIIIOJIOKEHUH, 9TO Tpu TOYKH P, @), R JjiexKaT Ha OIHOIM IPSIMOM, MbI
JIOJIZKHBI ObLTH ObI UMeTh paBeHCcTBO PQ) + QR = PR, HO, BOODIIIE TOBOPSI,

(OSQP) + (OSRQ) # (OSPR).
Hamporus, cupaBemyinBo HECKOIBKO MHOE PABEHCTBO

(OSQP) - (OSRQ) = (OSPR); (1)

B CaMOM JieJie,

QO PO RO QO _ RO PO _

1 Tlonpobuee 06 uccie0BaHUsAX B 9TOH OBJACTH CM. yHOMSHYTYO Ha cTp. 109 KHHTY

A. @penkens u 1. Bap-Xusuiena, cogepKalilyo Tak»Ke oOIUpHY0 6ubanorpaduio. —
ITpum. peo.
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CgoiictBo (1) mosBosisieT oupeeauTh «paccroguue»> PQ Kak sozapugpm
dsotinoz0 omnowenus (4 He KaK CaMO JBOIHOE OTHOIIEHHUE), C TaAKUM Dac-
JeTOM, UTOGEI OGECIIEUNTh A INTUBHOCTh PACCTOSHUS: P() = HeeBKJIUIOBO
«paccrogauey PQ =log(OSQP). 910 «paccrosHue» eCTh HOJOKUTEIHLHOE
qucno, tak Kak (OSQP) > 1 upu P # Q.

U3 ocuoBuoro cpoiicrea Jiorapudma (cm. crp. 467) caenyer, B cuy (1),
gro PQ + QR = PR. Ilo KakoMy OCHOBaHMIO OpaTh JorapudMbl — Hecy-
IeCTBEHHO, TaK KaK IIpI/I U3MEHECHHNN OCHOBaHMA MEHACTCA JIUIIb €IMHUIA
n3Mepennsi. Mexk /1y IIpounM, ecJid 0/THa U3 TOYeK, CKaxkeM (), IpubJInKaeTcs
K OKPY?KHOCTH, TO HEEBKJIMJIOBO paccTosinue P() HeOrpaHNmIEHHO BO3PACTAET.
DTO 03HAYAET, YTO <«IPSAMast» HaIIEel HEeBKJUIOBONH MOJEIN MMEeT OECKO-
HEYHYIO HEEBKJINJIOBY <«JJIUHY», XOTS B €BKJUIOBOM CMBICJIE MIPEICTABIISAET
0060t KOHEUHBIN OTPE30K.

3. 'eomeTrpuss m peanbHocTb. Monens Kieitna mokaspiBaer, 4TO
rurepboImyecKas reoMeTpus Kak (POpMaIbHO-IEIYKTHBHOE ITOCTPOEHUE
HEIIPOTUBOPEYNBa B TAaKON K€ CTelleHHW, KaK W KJlacCHUIecKasl eBKJIMJI0Ba
reomerpusi. Bo3HukaeT BOIPOC: KOTOPOi 2Ke U3 JBYyX I'€OMETPHUil ClIe/yeT
OTJIATH MPEJNOYUTEHNE, KOrJa PeYb HJAET 00 OINUCAHUU TeOMETPUIECKUX
OTHOIIIEHUH, CYIIECTBYOMUX B (pusndeckom mupe! Kak MbI y2Ke oTMeTuu,
9KCIIEPUMEHT HUKOUM O0pa30M He MOXKET PEIIUuTh, IPOXOAUT JIU {epe3
JAHHYIO TOYKY TOJIBKO OJIHA MIpsIMasd, MapaJjiielbHas JAHHONW IPAMOM, WIn
GecunciienHoe MHOXKeCTBO. OJIHAKO B €BKJIMJIOBON M€OMETPUHU CyMMa YIJIOB
TpeyroyibHuKa pasHa 180°, Torga Kak B rurnepOOJUTIECKOl TeOMETPHH,
KaK MOYXKHO IIOKa3aThb, OoHa MeHbIme 180°. [aycc mpeanpuHsii ONBITHOE
HCCJIeJIOBAHUE BOIPOCA O TOM, KaK OOCTOUT JeJI0 C CyMMO#l YTIJIOB Tpe-
YTOJIbHUKA C (DU3MIECKOW TOYKU 3PEHUs: OH OYEeHb TINATEJHHO HU3MEPUI
VIVIBI B TPEYrOJIbHUKE, OOPA30BAHHOM TPEMsi JIOCTATOYHO VIAAJIEHHBIMU
APYr OT Jpyra TODHBIMU IHKAMH, W B IIPEJejiaX BO3MOXKHBIX OIINOOK
U3MepeHnii cyMMa yIJjioB okasasjach pasHoit 180°. Eciu 661 pe3ynbTaT ObLT
3ameTHO MeHbIe 180°, TO OTCIOZa CJaedoBajio ObI, UTO THUIepOOJIMIecKast
reoMeTpHs JIydIlle TOJIXOIUT I ONMHMCAaHWdA BHemHero mupa. Ho skcire-
PUMEHT He PeIH HUYEro, TaK KaK JId HeOOJIBINX TPEYTrOJHHUKOB CO
CTOPOHaMU JIJIMHOM BCEro B HECKOJIBKO MHJb OTKJIOHeHHEe oT 180°, KoTopoe
MPEIBUIAT TUIEPOOIUIECcKass TeOMETPHUsI, MOTJIO OBITH CTOJb HUITOXKHBIM,
9TO TayCCOBBI MHCTPYMEHTHI €ro He oOHapyKuau. Takum obpas3oM, He JaB
PEIIalonuX pPe3yIbTATOB, IKCIIEPUMEHT BCE 2Ke MOKa3aJ, YTO €BKJUJOBA U
ruepboImYecKas TeOMeTPHUH, PA3JINIAIONINECS TOJBKO B OY€Hb OOWUPHOIL
qacTAX MPOCTPAHCTBA, JJIsI CPABHUTEJHLHO MAaJbIX (QUIYD OKa3bIBAIOTCS
HPAKTUYIECKN OJMHAKOBO IIPUIONHBIME i yrnorpebsenus. [losromy econ
paccMaTpUBAIOTCS TOJBKO A0KAGALHLE CBOMCTBA MPOCTPAHCTBA, TO BBIOOD
MEXKJIy JBYMS F€OMETPUSIMU OCTAETCH JIeJIATh JIUIIb 10 TPUHIIAILY ITPOCTOTHI.
Ho Tak xak paborarh ¢ €BKJIHIOBOIl T€OMETPHeil TOpa3o Jjierde, IeM ¢ I'i-
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11epOOJIMIECKOIl, TO MBI U IIOJIb3yEeMCsI UMEHHO €10, TOKYa PACCMATPUBAIOTCS
HeGosbIe (MOPSIKA HECKOJIBKAX MUJUIHOHOB MuJib!) paccrosaust. OmHako
HET OCHOBAaHUIl OXKHUJATh, YTO OHA HABEPHOE OKa3aJlach OBbI IOJXOMAIIEit
[pyU ONUCAHUU (PU3NIECKOIO0 MUPA B IIEJIOM, BO BCEX €ro OOIIUPHBIX IIPO-
crpancrBax. Ilomoxkenne Bemieil B reoMeTpUN COBEPIEHHO TaKOe K€, KaKoe
cymecrByer u B (usnKe, rie cucreMbl Hblorona u DUHIITEHHA IAIOT
Hepa3JInduMble pe3yJIbTaTbl IIPU MAaJIbIX PACCTOAHUAX U CKOPOCTSAX, HO
00HAPYKUBAIOT PACX0OXK IEHIE, KOI'/Ia PACCMATPUBAIOTCS OOJIBINNE BEJIUINHBI.

Hay1Ho-peBostionmonHoe 3HavMeHne OTKPBITAST HEEBKJIUJIOBOI TeOMETPUU
3aKJIIOYAETCSI B TOM, UTO OHO Pa3pyIInjIo IpejcTaBieHne o6 akcnmomax Es-
KJIHJ1a KAK O HETIOKOJIEOMMON MATEeMATHIECKOH CXeMe, K KOTOPOU ITPUXOIATCS
MIPUCITOCODJISATD HAIH IKCIEPUMEHTAJIbHbIE 3HAHUS O (DU3UIECKOI PeabHO-
CTH.

4. Mogenb Ilyankape. MaremaTtnk BOJIEeH BUJIETH «I€OMETPHIO» BO
BCSIKOU HEITPOTHBOPEYUBON CHCTEME AKCHOM, TOBOPSIIUX O «TOUKAX», «IIPs-
MBIX» U T. [I.; HO €0 UCCJIEI0BAHUS TOJIHKO B TOM CJIydae Oy/LyT IMOJIE€3HbI [JIst
dusnKa, eciau cucremMa akCHOM HAXOUTCH B COOTBETCTBUU C ITOBeJleHNEM (Du-
3UYECKNX O0BEKTOB B peasibHOM Mupe. Mbl xoTesn Obl Tenepb, ¢ 9TO TOUKU
3peHusi, pa30bpaTbCsi B CMbIC/Ie yTBep:KaeHusi: «CBeT pacipocTpaHsieTcs Mo
psIMOit JTuHUT». KCIM B 9TOM yTBEPXKJIEHUN COIEPIKUATCS Pu3uueckoe onpe-
deaenue

<IIPSIMO¥ JIMHUHY, TO CACTEMY TI€OMeT-

PUYECKUX AaKCHOM CJeJlyeT BBIOMPATH

TaKuM 00pa30M, YTOOBI IMOJIY IUIOCH CO-

OTBETCTBUE C ITOBEJICHIEM CBETOBBIX JIY-

qeit. Boobpazuwm, cirenys [lyankape, ato

MHUP COCTOUT U3 BHyTpeHHOCTH Kpyra C'

U YTO BO BCAKOW TOYKE CKOPOCTH CBETA

MIPOIIOPITNOHAJIFHA PACCTOSTHUIO TOUKU

oT okpyKHOCTH. MOXKHO TOrJa JoKa-

3aTh, 9TO CBET Oy/IeT PACIPOCTPAHSITH-

Cs O KPYTOBBIM JIyraM, OOpa3yIouM

psIMbIE YIJIbI ¢ OKpy2KHOCTHIO C'. B Ta-

KOM MHpPEe TEeOMeTPUYIeCKUe CBOMCTBA

«IPAMBIX JINHAN> (OIPEIETEHHBIX KAK

Puc. 112. Mojesib HeeBKIUIO- CBETOBbIE JIy4H) OyJyT OTIMYIATLCS OT
Bo#t mockocru [lyankape CBOICTB €BKJIMJIOBBIX IPsAMBIX. B gact-
HOCTH, He OyIeT eBKJIUIOBON aKCHOMBI

apaJsyIeJIbHOCTH, TaK KaK Yepe3 NaHHYIO TOYKY IIPOiiIeT OeCUYrcIeHHOe MHO-
2KECTBO «IIPAMBIX JIUHUAN», HE IIepeCEKAIOINUXC C JAHHON «IIpaAMO JImHuei».
MoKHO OOHADPYKUTH, UTO <«TOYKH» W <IPsIMbIe JIMHUW> B OIMCHIBAEMOM
Mupe O6yayT 001a1aTh B TOYHOCTH TEMU K€ CBOHCTBAMU, KAKAMHA O0IAIAI0T
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«TOYKN» U «IpsaMble» B Monesn Kieiina. Jpyrumu cioBamMu, Mbl HOJIY IUIH
HOBYIO MOJeJIb rurepbosmdeckoit reomerpun. Ho eBK/IMIOBY reoMeTpuio
TaKKe MOXKHO ITPUMEHSTH B 9TOM MHPE: TOIJIa BBIMJIET, YTO CBETOBbBIE JIYYH,
KOTOpBIE yKe He OYIyT €BKJIMIOBBIMU <IIPSMBIMU JIMHUSIMI», PACIIPOCTPA-
HSIOTCsI TTO KPYyraM, IePIeHInKyIapHbiM K okpykuOoCcTH C. Takum o6pazom,
OJIHA U Ta XKe (PU3NIeCcKasi CHTYAIUsI MOXKET ObITh OIMCAHA PA3JIMIHBIMU [€0-
METPUYECKAMU CHCTEMAMHU, €CJIH [PEIIOJIOKNUTD, YTO (pU3nIecKne 00bEKThI
(B HAIIEM CJTyuae — CBETOBBIE JIYUN) CBS3aHbBI C PA3JMIHBIMUA MOHATHSIMA B
9TUX CHCTEMAaX:

CBeToBOIl Jiyd — «IIpsiMast JINHUS» — MUIMEePOOIMIecKas TeOMeTPUst
CBeToBOI1 JIyd — «OKPYKHOCTb» — €BKJIMJIOBA T€OMETPHs

Tak Kak B €BKJIMJIOBOIl TEOMETPUU TIOHITHE IIPIMON JIMTHUU COITOCTABJISI-
eTcd C IOBeJeHUeM CBETOBOIO Jyda B OJHOPOIHOH cpele, TO IOBOPs, YTO
reoMeTpus B onucaHuu Mupa BHYTpu C' rumepboImdeckast, Mbl YTBEPAK AN
OBI TOJIBKO TO, YTO (DU3UIECKHE CBONCTBA CBETOBBIX JIydeil B 9TOM MHUpPE Te
2Ke caMble, UYTO U CBOHCTBA «IIPSAMBIX» TMIIEPOOINIECKON T€OMETPHUN.

5. DuummnTudeckasi, WM PUMAaHOBAa, reoMeTpusda. B eBKINI0BOI
reoMeTpuu, Kak W B rumepbosimdeckoil reomerpun boiisim—JlobadeBckoro,
MOJTIAJIUBO JIOIYCKAETCA, YTO BCAKAs NpsAMasg GecKoHeuHa (GeCKOHEYHOCTH
MIPSIMO#A CYTIECTBEHHO CBS3aHA C OTHOIIEHUEM <«OBITh MEXKIY» U aKCHOMaMU
nopsizika). Ho, mocsie Toro Kak runepbosindeckas reOMerpust OTKPbLIA Iy Th K
CBOOOTHOMY
[IOCTPOEHUIO T'€OMETPUIA, €CTECTBEHHO BO3-
HUK BOIIPOC O TOM, HEJIb3sl JIN OCYIIECTBUTH
IIOCTPOEHNE TAKUX HEEBKJIMIOBBIX I'€OMET-
puii, B KOTOPBIX IMPAMBIE JIMHAA KOHEYIHBI
7 3aMKHYTBI. Pa3ymeercs, B TAKUX T'€OMET-
pUSAX TEpSAOT CHJIy HE TOJIBKO IOCTYJIaT
0 TMapaJuleJIbHBbIX, HO U AKCHOMbI ITOPSiJI-
ka. COBpeMeHHbIE UCCJIEIOBAHUST BBISICHILII
3HaAYCHWE STUX IeOMeTpHil JJId HOBEHIINX
dusnaecknx Teopuii. BrepsBble Takme reo-
MeTpHUH OBbLIN IMOABEPIHYTHI PACCMOTPEHHIO
B peun, npousHecennoii B 1851 r. Puma-
HOM IIPHU BCTYILIEHUU €r0 B JOJIZKHOCTD ITPU-
BaT-JIOT[EHTa, [ €TTUHIEeHCKOrO yHUBEPCHUTE-
Ta. ['eomeTpun ¢ 3aMKHYTHIMU KOHETHBIMEI
MPSIMBIMU MOTYT OBITH TIOCTPOEHBI 6€3 KAKUX ObI TO HU OBIJIO TPOTUBOPEUMIA.
Boobpasum jaByMepHBIl MUP, COCTOSAIINN U3 TOBEPXHOCTHU S cepbl, IIPUIeM
[OJT, «IIPSMBIMUY YCJOBUMCS TIOHUMATh OOJIbINNE KPYyTH CPepbl. DTO ObLI
OBbI CaMblil €CTECTBEHHBIN CIOCOO OMUCHLIBATH «MUD» MOPEILIABATENS: JIyTU
GOJILIUX KPYTOB SIBJISIOTCH KPATIANUINMA KPUBBIMU, CBSI3BIBAIONIAMA JBE

Puc. 113. «IIpambre gunnm»
B reomeTpun Pumana
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TOYKH Ha cdepe, a 3TO KaK pa3 U eCTh XaPAKTEPUCTUIECKOE CBOWCTBO
MPSIMBIX Ha IJIOCKOCTH. B paccMaTprBaeMOM JBYMEPHOM MUPE GCAKUE JTBE
«IIPSIMBbIE» II€PECEKAIOTCS, TaK YTO U3 BHEIIHEN TOYKU HEJIb3s MPOBECTU HU
000l «IpsIMOii», HE IEpeceKaloNelcs ¢ TaHHol (T. e. el mapaJuIebHOl).
T'eomeTpust «IPsAMBIX> B 3TOM MHUPE HA3BIBACTCS IAAUNMUYECKOT 2€0MEM-
pueti. Paccrostine MexkIy AByMsI TOYKAMHU B TaKOW TE€OMETPUN HU3MEPSIETCsT
MMPOCTO KaK JITMHA KpaTdaiIieil Jyru OOJIbIIIOro Kpyra, MPOXOIsIero Iepe3
JaHHbIEe TOYKHM. yFJ'II:.I U3MeEPAI0TCA TaK 2Ke, KakK U B eBKHHﬂOBOﬁ reoMeTpun.
CaMbIM XapaKTEPHLIM CBOMCTBOM SJIIUIITHYECKON IeOMeTPUU MbI CUHTAEM
HECYIIEeCTBOBAHUE ITapaJlIe/IbHBIX.

= /{”/&

=

Puc. 114. Dununruyeckas To49Ka,

Cneqtyst Pumany, Mbl MOXKeM OOOOIIATH 3TY T€OMETPHIO CJIEIYIOIINM 00-
pa3oM. Paccmorpmm «Mups, cocrodammuii n3 HEKOTOPOH KPHUBOH IIOBEPXHO-
CTH B IpOCTPaHCTBE (HE 00A3aTeNIbHO ¢(DEPbl) U ONPEJE/UM «IPAMYIO JIH-
HUIO», IIPOXOJILAIIYIO Yepe3 JIBe TOUKH, KaK Kpamualiwyto kpusyto («reoaesu-
YECKYIO» ), COEJMHSIONLYIO 9TH TOYKH. TOUKM [MOBEPXHOCTH MOXKHO PasbuTh
Ha aBa Kiacca: 1°. Touku, B OKPECTHOCTH KOTOPBIX ITOBEPXHOCTH I10/100HA
chepe B TOM OTHONIEHHH, YTO OHA BCs JIEXKUT II0 OJIHY CTOPOHY OT Kaca-
TeJIBHON TJIOCKOCTH B 9TOH Touke. 2°. Toukm, B OKPECTHOCTH KOTOPBIX IO-
BEPXHOCTH CeJI000pa3Ha — JIEYKUT 110 00e CTOPOHBI KACATEJILHOI! IIIOCKOCTH.
Touku 1epBOro Kjacca Ha3bIBAIOTCS SJUIMIITHYECKIMH TOYKAMH IIOBEPXHO-
CTU — II0 TOI IPUYMHE, YTO IPU HEOOJIBIIOM IIapaJljie/IbHOM IepeMeIleHnn
KacaTeJIbHOI IJIOCKOCTH OHa IlepecedeT NOBEPXHOCTh IO KPHUBOU, MMeoIeit
BH/L, 9JUINIICA; TOYKH K€ BTOPOr'0 KJIacca HOCAT HA3BAHUE UIIEPOOTMIECKIX,
TaK KaK NPH aHAJOTWYHOM IIePEMENIeHNN KacaTeJbHONH IJIOCKOCTH IOJIy-
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qaeTcd IepeceveHne ¢ MOBEPXHOCTHIO, HAOMUHAOIIee runepbosry. ['eomer-
pUs FeOJIE3NIECKUX «IPSMBIX» B OKPDECTHOCTH TOUYKH IIOBEPXHOCTU SIBJISETCS
SJUTUIITUIECKON WM THIIEPOOJIMIECKOi, CMOTpsI [0 TOMY, Oy/eT Jin cama
TOYKA JIJINITUIECKON UM rUIepOoInvIeckoil. B 9Toit Mo/1esi HeeBKIINI0BOIA
FEOMETPHUH YIUIBI H3MEPSIIOTCs, KAK B OOBIKHOBEHHOMN €BKJIMJIOBON IT'€OMETPUN.

Wsznoxennas npiest 6pu1a pa3sura PUManoMm JasibIine: OH PACCMOTPEN T'eo-
MEeTPHH [IPOCTPAHCTBA, AHAJOTUIHBIE TOJHKO 9TO PA300PAHHBIM [€OMETPUM
noBepxHocTH. [lo Pumany, «kpuBrusHas IpoCTpPaHCTBa, MEHSASCH OT TOYKU K
TOYKE, OIpEJe/IsieT XapaKTep I'eOMeTPUNM B OKPECTHOCTU TOUKHU. «IIpsimbre
gunun» y Pumana — reojiesnveckne kpusble. B sftnnrreiinoBoit obireit Teo-
pUM OTHOCUTEIBHOCTH F€OMETPHUS IPOCTPAHCTBA €CTh PUMAHOBA T€OMETPHS;
CBET PaCIPOCTPAHSIETCs IO IeOJE3MIECKUAM JIMHUASAM, & KPUBU3HA IPOCTPAH-
CTBa B KaXJIOH TOYKe OIIPENEJIAeTCS B 3aBUCUMOCTH OT CBOIICTB MaTepuu B
OKPECTHOCTU TOYKH.

Puc. 115. T'unepbosinvaeckast Touka

BosuukHyB M3 YHCTO aKCMOMATHYECKMX U3BICKAHUIl, HEEBKJINIOBA I'e0-
MeTpHUs B Hallld JIHU CTajla YPe3BbIYaiiHO IIOJIE3HBIM allllapaToM, JOIyCcKa-
OIUM pa3/IMdHble NMPUMEHEHUsI [PU U3yJYeHUH (DU3NIECKON pPeajbHOCTH.
B Teopum orHOCHTENBHOCTH, B ONTHKE, B 00IIeil Teopun KoJiebaHUil HeeB-
KJIMJIOBO OIACAHVE SIBJCHUI OKA3BIBAETCH B Psifie CAYyJaeB ropasio Oosiee
aJIeKBATHBIM (DU3NIECKON PEATHHOCTU, YEM €BKJIHIO0BO.
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I[TPUJIOZKEHUE

I'eomeTpus B mpocTpaHcTBax
OoJiee yeM Tpex M3MepeHuii

1. BBegenue. To «peanbHOE» TPOCTPAHCTBO, KOTOPOE CIYKUAT Cpe-
JIO HaImero (pu3mvIecKoro OmbITa, UMEEeT TPU U3MEPEHUSsI, IJIOCKOCTh NMeeT
JABa I/I[?.I\/IepeHI/ISI7 IIpS{MaH*OJ_IHO. Hama, B O6I>ILIHOM CMBICJIE€ IIOHUMaeMadd,
OPOCTPAHCTBEHHAs MHTYUIUA PEIINTEIbHO OIPAHUYEHA TPeMsl N3MepEeHUsI-
MU — U JTAJIBITIE He MpocTupaeTcs. TeM He MeHee BO MHOTHX CJIydasiX BIIOJHE
YMECTHO TOBOPHUTH O «IIPOCTPAHCTBAX», NMEIOIIUX JIeThIpe WIu OoJiee m3Mepe-
Huit. B KakoM 2Ke CMBICTIe IOIyCTUMO TOBOPUTH 00 N-MEPHOM ITPOCTPAHCTBE,
rje n > 3, W JJI 9ero MoryT ObITh IIOJI€3HBI Takue rpocrpancrsa’ OrTser
MO2KHO /[1aTh, CTaB NI Ha aHAJIUTUYECKYIO, UJIU Ha T€OMETPUUECKYIO TOUKY
3peHus. TepMUHOJIOTHIO N-MEPHOTO IPOCTPAHCTBA J03BOJIUTEHFHO PACCMaT-
puBaThH TOJBKO KaK OOPa3HBIi SA3BIK, CIYXKAIUil I BbIpArKeHUs MaTe-
MATUIECKUX WIEi, HAXOMSIIUXCI 3a IpeaeaMi OOBITHON TeOMEeTPUIECKOit
UHTYUIAN.

2. Aunanurmyeckuii moaxon. Mol yxke o0palian BHUMAHAE YUTATEIIsT
HA M3MEHEHUE POJIM AHAJUTHYECKON NeOMeTpUHU, MPOUCINEIINee Ha TPOTs-
JKeHun ee pa3BuThs. TOYKHU, TpsiMble, KPUBBIE JIMHUM W T. JI. IE€PBOHAYAIb-
HO PACCMATPUBAJINCH KAK YUCTO T€OMETPHYIECKHe O0BEKTHI, U 3aJadeil aHa-
JINTUYECKON reoMeTpun OBbLJIO BCErO-HABCEIO, COIOCTABJISAS MM KOO IMHATHI
WM ypaBHEHUs, THTEPIPETUPOBATH W PA3BUBATDH JIAJIbIIE T€OMETPUIECKYIO
TEOPUIO AJNredpanvyecKuMu WM aHaJuTHdeckuMu merojamu. Ho ¢ Teuenu-
€M BpPEMEHH TOCTEINEHHO HAYAJIA YTBEPKIATHCS MPOTUBOIOJIOXKHAS TOYKA
3pennsi. Hucsiao x, win napa 4ucesa T, Y, WIA TPOWKA YUCEN X, Y, Z CTAJIH
paccMaTPUBATHCS KaK UCXOJIHBIE, OCHOBHBIE OOBEKTHI, U 9T AHAJUTHICCKIE
00'bEKTHI Jlajiee KOHKPETU3UPOBAJINCE, UJIH, €IIe JIYHUIIe CKa3aTh, «BH3yaJsIu-
3UPOBAJIMCh> B BHJIE TOYEK Ha MPSIMOii, Ha IIJIOCKOCTH, B TpocTpaHcTse. U
TOTJIa TEOMETPUUECKUN SI3BIK CTAJI CJYXKUTH JJIS TOrO, YTOOLI KOHCTATHPO-
BaTh HAJMYUE TE€X WU WHBIX COOTHOIIEHUH MeKy duciamu. [Ipu aToM MbI
JINIIIAEM TeOMETPUIECKHEe OOBEKTHI UX CAMOCTOSTEIHHOIO U HE3ABHCHMOIO
3HAYEHUsT U TOBOPHUM, UTO ITIapa HUUCEJ T, Y eCMb TOUYKA Ha MIOCKOCTH, CO-
BOKYIIHOCTb BCEX Hap &, Y, YAOBJIETBOPSIOIUX JUHERHOMY ypaBHeHuo L(z,
y) =ax + by + ¢ =0 (rue a, b, ¢c— naHHbIe TOCTOAHHBIE YUCJIA), €CMb IPIMAa
JmHus U T. 1. Takue e onpejiesieHust yCTAaHABIUBAIOTCS U JIJIsT TPEXMEPHOTO
IPOCTPAHCTBA.

Haxxe B TOM cilydae, KOIJIa MBI 3aHUMAEMCsl COOCTBEHHO aJirebpamte-
CKOH 1IPO0JIEMOIA, SI3BIK T'€OMETPHH HEPEJIKO MPEJICTABISIETCS BIIOJIHE Y100~
HBIM JIJIsi KPATKOI'O ¥ COBEPIIIEHHO TOYHOI'O OMHUCAHUS (DAKTOB, U M€OMETPH-
JecKas WHTYUIHS HAYUHAET PaboTaTh, MOJICKA3bIBas TPABUIbHBIE ajrebpan-
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gecKue Mmporelypbl. Hampumep, perras cucreMmy Tpex JIMHEHHBIX ypaBHEHMIA
C TpeMsi HeU3BECTHBIMU X, Y, 2
L(z,y,z)=ax+by+cz+d=0
L'(z,y, z)=dz+Vy+cz+d =0 , ,

L”(IL’, v, Z) :a//x+b//y+cuz+du :0
MBI MCTOJIKOBBIBAEM CTOSIIIYIO IE€pej] HaMU 33Ja9y I'eOMeTPUIEeCKU W T'OBO-
pUM, 9TO B TPEXMEPHOM IpOoCTpaHCTBe Rz Tpebyercst HAWTH TOYKY Iepe-
CedYeHMs TPeX ILIOCKOCTel, 3amanabix ypasuenusvu L =0, L' =0, L" = 0.
Jpyroit mpuMep: paccMaTpuBasi BCe TaKHe YHCJIOBBIE TIAPHI &, Y, 9TO & > 0,
MBI CKaKeM, 9TO UMEEM JIeJI0 C MOJIYIIOCKOCTBIO, PACIOJIOXKEHHO BIPABO
oT ocu y. B Gosiee obImeM ciyvuae COBOKYIHOCTDL YHCJOBBIX AP X, Y, JJIs
KOTOPBIX BBITIOJIHSIETCSI HEPABEHCTBO

L(z, y) =ax + by +c>0,

UHTEPIIPETUPYETCH KaK IOJIYIIJIOCKOCTD, JIeKaIlad 110 OJHY CTOPOHY IIPSAMOI
L =0, a COBOKYIIHOCTb TAKUX UUCJIOBBIX TPOEK X, Y, Z, 9TO

L(z,y, z)=ax + by + cz+d >0,

— KaK <«IIOJIyIIDOCTPAHCTBO», OIIPe/iesisieMoe IjIockocThio L = 0.

Ilocite 3TUX pa3bsCHEHWIT HAM COBCEM JIETKO TEPENTH K <«UeThIPpEXMep-
HOMY» WJIN JIaKe K «N-MEPHOMY» IIPOCTPAHCTBY. PacCMOTpUM YeTBEPKY 4n-
cen x, y, z, t. CkaykeM, 9TO TaKas UeTBEPKA IPEJICTABISIET COOOI TOUKY,
WJIH, eIle IPOIIE, ecMb TOYKA B YeThIpeXMepHOM pocTrpanctse R,. Boobire,
IO OIIpPEJIEJIEHUIO, TOYKa N-MEPHOro IPOCTpaHCTBa R, €cTh HE YTO WHOE,
KaK CHUCTeEMa U3 7 JEACTBUTEJIBHBIX YHUCETl X1, Lo, ..., Ty, SAINUCAHHBIX B
ompeJies;leHHOM Topsyike. He Tak BasKHO, YTO MBI HE «BHUJIUM» ITOH TOUKH.
leomerpudecknii si3bIK HE IEPECTAET OBITH BIIOJIHE TIOHSATHBIM B CJIyYae, €CJIH
uaeT pedb 00 aaredbpamtdeckux CBOMCTBaX M IepeMeHHbIX. Jlego B ToM, ITO
MHOTHTE ajredpandecKre CBONCTBA JUHENHBIX YPABHEHUN U T. 1. COBEPIIIEHHO
HE 3aBUCAT OT YUCJa BXOJIANINX IIEPEMEHHbBIX, WIN, KaK IPUHATO IOBOPUTH,
OT Pa3MEpPHOCTHU IIPOCTPAHCTBA TUX IMePEMEHHBbIX. Mbl HA30BEM, TAKUM 00-
pPa3oM, «TUHEPIIOCKOCTHIO» COBOKYIIHOCTDH BCEX TAKUX TOYEK L1, Lo, ..., Tp
B M-MEPHOM IPOCTPAHCTBe R,,, KOTOPBIE y/IOBJIETBOPSIOT JIMHEHHOMY ypPaB-
HEHUIO

L(zy, gy oo, ) =121 + apZo + ... + apz, + b=0.

Touno Tax >ke ocHOBHasI ajrebpamyeckas 3aJada PEIeHus] CUCTEeMBI N JIi-
HEWHBIX YpaBHEHUI C 1 HEU3BECTHBLIMU
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HUCTOJIKOBBIBAETCS HA M€OMETPUIECKOM $I3bIKEe KaK HAXOXKJEHHE TOYKU IIepe-
cevenus n runepitockocreit Ly =0, L, =0, ..., L, =0.

Ipeumyuecmeo maxozo 2eomempuseckozo cnocoba ONUCAHUA MAMEMA-
MUNECKUT PAKMbL 34KAIONGEMCA 8 MOM, YN0 OH NOJUEPKUBAET, HEKOMODHLE
06CMOAMEALCMBA AN2EOPAUNECKO20 TAPAKMEPQ, KOMOPBIE HE 3ABUCAM O
YUCAG UBMEPEHUT T U BMECTNE C MEM 8 CAYYUGE N < 3 Mo2ym 6bimb Ha2AA0H0
UHMEPNPEMUPOBAHDL. BO MHOIMX HPUJIOKEHUSX YHOTPEOJIEHIEe IeOMeTPH-
JecKOi TEPMHUHOJIOTUN HMeEeT TaKzKe IIPpENMYIIeCTBO KPaTKOCTH, U BMeCTe
c TeM 00JIerdaeT aHAJUTUYECKUE PACCYXKJEHUsl, & UHOTJA PYKOBOIUT WUMU
¥ HAIPABJISET UX B JOJIKHYIO CTOPOHY. Teopusi OTHOCHUTEIBHOCTH CHOBa
MOXKeT OBITH IPHUBEIEHA 37IeCh B KadeCcTBe MpuMepa 00JIACTH, B KOTOPOI
CYIIECTBEHHBIH ycrexX ObL JOCTUTHYT II0 TOH IPUYUHE, YTO TPU IIPOCTPAH-
CTBEHHbIE KOOD/IMHATHI T, Y, Z 1 BPEMEHHAas KOOPJAUHATA ¢ «COOBITHA> ObLIN
0O'beIMHEHBl B OJIHO «IIPOCTPAHCTBEHHO-BPEMEHHGE» YETHIPEXMEPHOE MHO-
roobpasue z, ¥y, z, t. llogunHss, TakuM 00pa3s0OM, <«IIPOCTPAHCTBO-BPEMSI»
3TON aHAJUTUUECKON cXeme M Hajledd ero, KpoMe TOro, CBOMCTBaMHU HeEeB-
KJIAJIOBO# T€OMETPHH, Y/IAJ0Ch ONICATH MHOTHE BECHMA CJIOXKHBIE CHUTYAI[UN
¢ 3aMedaTesIbHON TpocToToi. CTOJIb Ke IMOJIE3HBIMUA OKA3AJIUCH N-MEpPHBIE
[IPOCTPAHCTBA B MEXaHUKE, B CTATHCTHUYECKON (PHU3MKEe, He TOBOPs yXKe O
caMoO#l MaTeMaTuKe.

[IpuBenem eme Koe-Kakme 9MCTO MaremMarwdeckue mpumepbl. COBOKYII-
HOCTBH BCEX KPYI'OB Ha IJIOCKOCTH 0Opa3yeT TpeXMEpHOe MHOroobpasue, Tak
KaK KPYT C IEHTPOM I, Y U PAIUycoM ¢ MOXKeT ObITh M300pakeH TOYKOI ¢
KOODJIMHATAMH T, ¥, t. Tak Kak paJjuyc Kpyra ecTh IOJIOXKUTEJIHLHOE YUCIO,
TO COBOKYITHOCTH PacCMATPUBAEMBIX TOYEK 3aITOJIHSIET IIOJIyIIPOCTPAHCTBO.
Takum ke 0O6pa30M COBOKYITHOCTH BCeX cdep B OOBIKHOBEHHOM TPEXMEDHOM
MIPOCTPAHCTBE 00pa3yeT YeThIpeXMEPHOe MHOrooOpasme, Tak KaK KarKiast
cdepa ¢ EHTPOM T, Y, Z U PAIUYCOM ¢ MOYXKET OBITH IIPEJCTABIEHA TOIKON
C KOOpJHMHATAMU T, Y, 2, t. Kyb B TpexMepHOM IIPOCTPAHCTBE C IEHTPOM B
HadvaJjie KOOpIWHAT, pedpaMu JUIMHBI 2 U TPaHsMU, IapaJjijlelbHBIMU KOOp-
JIMHATHBIM IJIOCKOCTSIM, COCTOUT M3 COBOKYIIHOCTH BCEX TOYEK Iy, Lo, T3,
IUIg KOTOPBIX |21| < 1, |zo] < 1, |x3] < 1. Tak ke T09HO «Ky6» B N-MEPHOM
npoctpancrse R, C IEHTPOM B HaJYaJie KOODIUHAT, «pedpaMuy JINHBI 2
U «I'DAHAMU», HaPAJJIEJIbHBIMUA KOODIUHATHBIM ILIOCKOCTSIM, OIIPEJIeJIsieT-
Csl KaK COBOKYIIHOCTH TOYEK T1, Ty, ..., Ly, JJI KOTOPBIX OIHOBPEMEHHO
crpaBeyIuBbl HepaBeHCTBa |21 < 1, |22 <1, ..., |2,| < 1. «IloBepxHOCTH>
TaKOro Ky0a COCTOUT W3 BCEX TOYEK, JJIsd KOTOPBIX XOTsS ObI B OJHOM WU3
9TUX COOTHOIIEHU MMEET MECTO 3HAK PABEHCTBA. | [0BEPXHOCTHBIE 9JI€MEHTDI
Pa3MePHOCTU N — 2 COCTOSAT U3 TOYEK, JIJIsi KOTOPBHIX 3HAK PABEHCTBA CTOUT
10 MEHBIIIel Mepe JiBa Pa3a; u T. JI.

VYupaxxkuenue. [laiiTe onucanue IIOBEPXHOCTH TAaKOro Kyba B TPEXMEDHOM,
YEeTBIPEXMEPHOM, N-MEPHOM IIPOCTPAHCTBAX.
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*3. T'eomerpuyeckuii, nin KOMOMHATOPHBINA, IMOAXO. XOTd aHa-
JIMTUYIECKUH TTOIXO0/, K N-MEPHOIf TeOMeTPUN IPE3BBIYANiHO MPOCT U YI00EH
JIJIs MHOTHX TIPUJIOXKEHUIT, BCE YKe CJIe/lyeT YHOMSIHYTh U O JPYIOM METO/IE,
HOCSIIIIEM YHCTO TeoMerpuueckuii xapakrep. OH OCHOBAH Ha PEJYKIUU OT
N-MEPHBIX JAHHBIX K (1 — 1)-MepHBIM U TeM OTKPBIBAET BOZMOXKHOCTH OIIPe-
JIEJISITH MHOTOMEPHBIE TEOMETPHUU ITOCPEJICTBOM MATEMATHIECKON WH LY KITHH.

Haunem ¢ toro, uro paccmorpum KoHTyp Tpeyroibuuka ABC B aByx
n3Mepenusix. Paspesast ero B Touke C' u 3areM mnoBopaduBas croposr AC
u BC coorBeTcTBeHHO OKOJIO A M B, MBI BBIIPSIMUM KOHTYP B IPSIMOJIV-
Helinblil orpe3ok (puc. 116), ma xoropom Touka C Oymer durypupoBarTh
aBazkel. [losyyennast ogHOMepHast GUrypa JIaeT UCUYEPIBIBAIOIIEE IIPE/I-
cTaBJIeHNEe KOHTYPa IByMepHOro Tpeyrosbanka. Crubast hburypy B Toukax A
u B u jgo6uBmuch coBHajeHus JABYX ToueK C'; MBI MMeeM BO3MOXKHOCTH
BOCCTAHOBUTH TPEyroJbHUK. HO BaykKHO TO, UTO Ccrubarh BOBCE M HE HYXK-
HO. JI0CTATOYHO YCJIOBUThLCs, 9TO MbI <uueHTudumupyem» (T. e. He Oyiaem
passimuarh) 06e Touku C, HECMOTPS HA TO YTO ITHU JBE TOYKU M HE COBIIA-
JIAIOT B OOBITHOM CMBbICsIe. MOXKHO CJIeJIaTh elle CJIe YOl mar: pa3pesast
durypy takxke u B Toukax A m B, mbr mosyunm tpu orpeska CA, AB,
BC', KoTopble 1P KeJIAHUKA MOXKHO OIISITh CJIOXKUTH TAKUM 00pa30M, ITOObI
ObLJI BOCCTAHOBJIEH <«HACTOSINUN» TpeyroibHuk ABC, npudeM mapbl ujeH-

C
A B

C A B C
A B
B C
c A

Puc. 116. Onpenesienne TpeyroibHUKA 10 CTOPOHAM € COIIOCTABJIEHHBIMU
JIpyT APYTY KOHIAMU

TUDUIIPYEMBIX TOYEK COBIAIYT MeXIy coboit. Mnes mmenTudumpoBars
pa3/MYHbIE TOYKW B JAHHON COBOKYIIHOCTH OTPE3KOB, YTOOBI M3 HUX IIO-
CTPOUTH MHOIOYTOJIbHBIA KOHTYD (B HAIIEM CJIydae — TPEeyrOJbHUK), IIPAK-
THUYECKH MHOTJA OKa3bIBAETCS OYeHb I0JIe3HON. Eciam Hy»KHO OTIpaBUTH B
JaJibHee Iy TellecTBUe KAKoe-HUOY/Ib COeIMHEeHNe U3 MeTaJlJINIeCKuX 6aJjIoK,
HaIIPUMEDP, MOCTOBYIO (bepMy, TO yIA00HEe BCEro yIAKOBATH CJIOXKEHHBIE BMe-
cTe, TPEIBAPUTEILHO Pa3beINMHEHHbIE OaJIKd, ODO3HAYUUB OJHUMU W TEMU
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JKe 3HAKAME T€ KOHITbI PA3IMIHBIX HAJIOK, KOTOPbIE JOJIZKHBI OBITH COeINHE-
Hbl BMecTe. Takoe cobpanme 6a0K ¢ pa3sMedeHHBIMUA KOHIIAMU COBEPIITEHHO
9KBUBAJIEHTHO IIPOCTPAHCTBEHHOI KOHCTpyKImu. llpenbrayinee 3amedanue
MPUBOJUT K MBICJIA O TOM, KAK MOYKHO «Pa3HsITh» JIBYMEPHbI MHOTOI'PAHHUK
B TPEXMEPHOM IPOCTPAHCTBE, 3aMEHssT €ro (PUIypaMy HU3IINUX U3MEPEHUH.
BosbmewM, Hanpumep, noBepxuoctb Kyba (puc. 117). Ee ceituac ke M0OxKHO
CBECTHU K CHCTEME 3 IEeCTH KBaPATOB, CTOPOHBI KOTOPBIX HAJJIEKAIIAM 00-
pazoM HAeHTUMUIUPOBAHDI; CJIEIYIONINAM AT OYIeT COCTOSATH B TOM, ITOOBI
3aMEHUTD 3Ty CUCTEMY KBaJIPATOB CUCTEMOI 13 12 IpsIMOJIMHEHBIX OTPE3KOB
¢ HaJIeXKaImM 00pa30M HACHTH(DUIIMTPOBAHHLIMI KOHIIAMH.

Boobrrie, s11000it MHOTOrpaHHUK B TPEXMEPHOM MPOCTpaHCcTBe Rz mpuBo-
JIUTCS. TAKUM 00Pa30M WJIM K CHCTEME IUIOCKUX MHOTOYTOJIBHUKOB, WM K
cUCTEMe TPSIMOJIMHEIHBIX OTPE3KOB.

VYuparkueHue. BrinonHure yKasaHHYIO PEAYKIMIO JJIsi BCEX IPABUJIBLHBIX
MHOTOI'DAHHHUKOB (CM. cTp. 257).

Teneps yke SICHO, YTO MBI MOXKEM OODATUTH XOJ HAIIUX PACCyKIECHMUIA,
onpedesss; MHOTOYTOJIbHUK Ha, MJIOCKOCTHU C IIOMOIIBIO CUCTEMBI IIPSIMOJTTHE -
HBIX OTPE3KOB M MHOTOTDAHHWK B IIPOCTPAHCTBE K3 — C IMOMOIIBIO CUCTEMBI
MHOT'OYTOJIbHUKOB B R, miin 2Ke, IPHU yCJIOBUU JaJIbHENIENl PeIyKINH, C 0~
MOIIIBIO OISATH-TAKU IPSIMOJIMHEHHBIX OTpe3KOB. Ho Torma coBepIlieHHO ecTe-
CTBEHHO OIPEJIEJIUTh «MHOIOIPDAHHHUK> B Y€TBIPEXMEPHOM IIPOCTPAHCTBE R,
C TIOMOIIBIO CUCTEMBI MHOTOTDAHHWKOB B Rj mpu HaJyiexkaeil naeHTudu-
KAl JIBYMEDPHBIX I'DAHENl; «MHOTOI'DAHHUK» B R — C IMOMOIIBIO «MHOIO-
TPaHHUKOB» B R, u T. 1. B KOHEYHOM CeTe BCAKUiT «MHOTOT'PAHHUK» B IR,
CBOJUTCSI K CHCTEME OTPE3KOB.

OcranaB/IMBATLCS Ha TOM BOIIPOCE IMOAPOOHEE MBI JIMIIIEHBI BO3MOXK-
voctu. JlobaBuM JHINTE HECKOJIBKO 3aMeJaHUil, He MPUBOIS JOKA3ATEIbLCTB.
«Ky6» B R, orpannden 8 TpeXMePHBIMEU KyDaMu, U3 KOTOPBIX KAXK Il TMEeT
CO CBOUMU <«COCEIIsIMUA» 110 MACHTU(DUINPOBAHHON JBYMEPHOH rpaHu. ¥ Ta-
Koro Kyba 16 BepiinH, B KarXKJ0il BEPIINHE CXOJATCS 110 YeThbIpe pebpa; BCETo
pebep umeerca 32. B R, cyIiecTByeT mecTb NMpaBUIbHBIX MHOTOI'DAHHUKOB.
Kpome «kybay, nmeercs OJuH MHOTOIDAHHUK, OTPAHUYEHHBIA 5 MPABUIIb-
HBIMH TETPA3IPAMU, OJINH, OTPAHUYIEHHBIH 16 TeTpasmapaMu, OIWH, OrPAHU-
YeHHBIN 24 OKTadapaMu, OJWH, orpaHmdeHHbIH 120 j1o0jIeKasIpaMu, W eIe
onuH, orpanndeHuniit 600 Terpasppamu. Hokazano, uro B R,, upu n > 4,
CyIIECTBYeT TOJIBKO 3 IPaBUJIbHBIX MHOTOIPAHHUKA: OIUH € 7 + 1 Bepiu-
HaMU, OrpaHUYEHHBbIH n + 1 MHOrOrpaHHukamu u3 R, _;, UMEIOIMMHA 110 7
(n — 2)-MepHBIX Ipaneii; ouH ¢ 2" BEPIIUHAMU, OTPAHMYCHHBIA 271 MHOIO-
rpanaukamu u3 R, ;, umeromumvu 1o 2n — 2 (n — 2)-MepHBIX TpaHeil; u
elre OWH C 21 BEPIIMHAMA, OTPAHUYEHHBIH 2" MHOTOrpanHukamu n3 R, i,
UMEIONIMME 110 12 (1 — 2)-MepHBIX IDaHeil.

VYupaxkuenue. CpaBuure onpejienenne «kKybas u3 R4, jmanHoe B myHKTE 2, C
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Puc. 117. Oupenesnenne Kyba 1o COIOCTaBIECHHBIM JIPYT IPYTY BEPIIUHAM U pebpam

OIpe/IeJIeHNEM, JTJAHHBIM B HACTOSIIEM IIYHKTE, U YyCTAHOBUTE, UTO IPEXKHEee «aHa-
JINTUYIECKOE» OIpeJiesieHre Kyba PaBHOCHIIBHO HACTOSIIEMY «KOMOMHATOPHOMY ».

Co cTpyKTypHO#, MJIN «KOMOMHATOPHOW», TOUYKH 3PEHUST ITPOCTEHIITHMEI
reomerpudeckumu durypamu pasmepunoctu 0, 1, 2, 3 sABIAIOTCA COOTBET-
CTBEHHO TOYKA, OTPE30K, TPEYrOJbHUK, TeTpadap. Panu equrnoobpasus cuM-
BOJIMKK 0603HaUUM UrypHI 3TOro Tuta coorsercreerno Ty, T, Ty, Ts. (V-
JIEKCBI YKa3bIBAIOT Ha pa3MepHOCTh.) CTpyKTypa Kaxkioil u3 stux Guryp
XapaKTepU3yeTcs TeM, UTO Kaxkjas ¢purypa tuma 1), nmeer n + 1 BeprwH u
KaxKJI0e TOAMHOXKeCTBO u3 i + 1 Bepiun durypet tuna T, (=0, 1, ..., n)
onpenenser Hekoropyio durypy tuna 1;. Hampumep, Tpexmepusrit TeTpa-
31ap Ty mmeer 4 Bepiunbl, 6 pedep u 4 rpanu.

dcuo, kak Gymer nasibine. Mbl ompesie/inM YeTBIPEXMEPHbBI «TeTpa-
37p» T, KaK MHOYKECTBO, COCTOSIIEe U3 O BEPIITUH, TPUIEM KaXK0€ TOJIMHO-
2KECTBO 13 4 BepINuH nMopoxkaaer Gurypy tumna 13, KaXKa0e MOAMHOXKECTBO U3
3 Bepiun — burypy tuna 1 u . 1. Purypa tuna T cxeMaTHIecKu IIOKa3aHa
Ha puc. 118: MbI BuguM, 4To y Hee 5 BepiiuH, 10 pebep, 10 TpeyroabHBIX
rpaHeil u 5 TETPadIPOB.

Obob1enne Ha 1 U3MepeHuit He TpejcTaBiser Tpya. 13 Teopun coemu-

7!

i (r —1i)!
MTOIMHOYXKECTB TI0 { 0OBEKTOB, KOTOPBIE MOTYT OBITH COCTABJIEHBI M3 MHOXKE-

HEeHU U3BECTHO, YTO CyHIeCTBye€T POBHO C: = TaKUX Pa3JINIHBIX
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T
A g 7, 7,

Ty

Puc. 118. Ilpocreiimue ssnements! B 1, 2, 3, 4 u3aMmepeHusIx

cTBa T 00beKTOB. 1103TOMY N-MEPHBIl «TeTPasap» COMEPIKUT

Oyt =n+1 Bepum (buryp Tuna Tp),
e % pebep (buryp tuna 1),

cptt = % TpeyrobHukoB (buryp Tuna T5),
el 7457(1;—_1;!)! dburyp tuna Ts,

ot=1 urypy mama T,

Vnpaxkxuenune. Hapucyiite cxematudecku ¢dpurypy Tumna Ts W oIpejennTe
aucso dburyp tuna T;, B meit comepxammxcsa (1 =0, 1, ..., 5).



FrTABA V

TomoJstoruga

BBenenne

B cepeaune XIX croseTusi BOSHUKJIO COBEPIIEHHO HOBOE TE€UEHUE B T'€O-
METPHUH, KOTOPOMY OBLIO Cy?KJIEHO BCJIEJ 38 TE€M CTAaTh OJHOI U3 TVIABHBIX
JIBIKYIIUX CUJI COBpeMeHHOI MaTemaTuku. [IpejsmeroM HOBOM oTpaciu, Ha-
3bIBaEMOii Tonostorueit (miu analysis situs), sBiisgercs u3ydeHue CBOWCTB reo-
MeTpUYeCKnX (BUTyp, COXPAHSIIOMNXCH JTaXKe TOTIA, KOTIa 3T (DUTYPHI 01~
BEPraroTCs TAKUM IIPeoOpPa30BAHUSAM, KOTOPblE YHUYTOXKAKT BCE UX U MET-
puYeckue, U MPOEKTUBHBIE CBOICTBA.

OpHuM U3 BEIMKUX TeOMeTpoB 3Toi smoxu Obur A. @. Mébuyc (1790
1868), 4esioBeK, He CJMIIKOM IIPEYCHEBIINI U3-3a CBOEl 4pe3MepPHON CKPOM-
HOCTHU B HAYYHON Kapbepe: OH 3aHUMAaJ JOJIKHOCTb aCTPOHOMA B OJHON U3
BTOPOPA3PAIHBIX HeMenKnux obcepBaropuii. B Bo3pacTe IecrumecaTu BOCh-
MU JieT oH npejcrasui [lapurkekoit AkajgemMun Mmemyap 00 «OJIHOCTOPOHHIX»
[TOBEPXHOCTSIX, COJIEPKAITUI KOe-KaKie n3 HanboJree N3yMUTEIHbHBIX (haKTOB
B HOBOIl oTpacyin reomerpuu. [10m00HO MHOTUM NPYTUM BayKHBIM HAYIHBIM
paboTram, ero pyKOIHICh HECKOJIBKO JIET BaJISIaCh HA MOJKAX AKaJIEMIH, TOKA
00CTOSITETHCTBA HE CJIOXKHUJINCH TaK, ITO ee OIyOJIMKOBAJT caM aBTop. Hezasm-
cumo ot Mébuyca rérrunrenckuii acrporom U. Jluctuar (1808-1882) caeman
110/100HbBIE K€ OTKPBITUS |, 10J] BiaustaueM laycca, B 1847 r. uzmasn Heboib-
mryio kaury «Vorstudien zur Topologies. Korna Bepurapn Puman (1826-
1866) npubbur B TerTunren, 9To6bl CTATh TaAM CTYJIEHTOM, MATEMATHIECKAs
aTMocdepa 3TOro YHUBEPCUTETCKOTO Iropoja yrke ObLIa HACKHIIIEHA OCTPBIM
JIFOOOIIBITCTBOM II0 OTHOIIIEHUIO K HOBBIM U CTPAHHBIM I'€OMETPUYECKUM HJIe-
sM. CKOpPO OH OCO3HAJ, YTO UMEHHO B HUX HYXKHO MCKATh PA3raJKy CAMBIX
IyOOKHUX CBOMCTB aHAJUTUYECKUX (DYHKINN KOMIJIEKCHOT'O [E€PEMEHHOrO.
Tlozaueiiniee pa3BuTHE TOMOIOTUH, BEPOSATHO, €IBA JIU 00A3aHO IeMy-I100 B
TaKOI CTEIeHN, KAK BEJIMKOJIEITHOMY 3/IAHUIO PIMAHOBOI Teopuu (DyHKIHI, B
KOTOPO#I TOIIOJIOTUYECKIE KOHIIENIINN UMEIOT caMoe DyHIaMEeHTAIbHOE 3HA-
JeHHe.

Ha nepBrix mopax cBoeobpasme MeTOJI0B, KOTOPBIMHU ITPUXOIUIOCH Jei-
CTBOBATh B HOBOI 00JIACTHU, BOCIPEISITCTBOBAJIO TOMY, UTOOBI IIOJIyI€HHbBIE
3/1eCh PE3yJIbTATHI ObLIN W3JIOXKEHBI B TPAIUIIMOHHON JI€yKTUBHON (hopMe,
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TUIIMYHOU JIJ1d 3JI€MEHTAPHOI I'€OMEeTPHU.

IIpoucxomumo wHedTo coBcem mHOe: Tak, llyamnkape, fiesas cMesible Iia-
M BIiepell, ObLI BBIHYXKJEH IMAPOKO M OTKPOBEHHO OIMPAThCS HA Ieo-
MeTPUYEeCKyto uHTyunuio. /lake B Hamm JHA U3YYarONUil TOIOJIOTUIO
SIBCTBEHHO OIIYIIAET, YTO IIPHU CJHUIIKOM OOJIBIION 3a00Te 0 (hopMabHOMI
6e3yIPEeIHOCTH CYNIECTBEHHO I'€OMETPUIECKOE COMEPYKAHUE YIIYCKAETCS U3
BUJy W TOHET B Macce jgerajeii. Brmpouem, Kax Obl TO HU OBLIO, HY?KHO
paccMaTpuBaTh KakK 0co00e JIOCTHUYKEHHE TO OOCTOSITEIHCTBO, UTO CAMbIe
HeJIaBHUE PabOTHI IO TOIOJIOTUN BKJIIOUHIINA 3TY OTPAC/Ib T€OMETPUU B KPYT
BIIOJIHE CTPOrO MOCTPOEHHBIX MATEMATHYECKHUX IUCIUILINH, JJIsi KOTOPBIX
WHTYUIUA ObLIa M OCTAETCS WMCTOYHHKOM, HO HE KOHEYHBIM KPHUTEPUEM
uctunbl. [lo mMepe pa3Burus nporecca «HopMaIU3anuuy TOMOJJIOIHH, Y-
mero or JI. 9. 4. Bpayspa, ylejbHBIl BeC TOIOJOTMH IIO OTHOIIEHHIO
K MaTeMaTHKe B IIeJIOM HeNpepbhlBHO BospacTasi. CylniecTBEeHHBIE YCIie-
XH B YKA3aHHOM HAIIPABJIEHUM [PUHAJJIEXKAT aMEPUKAHCKUM MaTeMaTh-
kaMm, B uacrtaocru, O. Bebmeny, [Ix. V. Amekcannepy u C. Jledmery.

XOTS TOIOJIOTHIO MOXKHO C ITOJTHON OIPEeIEeHHOCThIO HA3BAaTh IIPOJIyK-
TOM IIOCJIE/ITHET'O CTOJIETUS, HEOOXOIMMO BCE YK€ OTMETHUTD, UTO €Ie U PAHbIIIE
OBLIO CJIEJIAHO HECKOJIBKO OTKPBITHN, KOTOPbIE, KAK BBITEKAET U3 COBPEMEH-
HOI CHCTEMaTUKU MaTeMaTHIYeCKUX 3HAHWI, UMEIT OJimKaiiiiee OTHOIIEHNE
K Tomojioruu. V3 HUX caMbiM KPYIHBIM, HECOMHEHHO, SIBJISIETCS YCTAHOB-
Jtenne (GOPMYJIbI, CBA3BIBAIONIEN YHC/Ia BEPIINH, pebep U rpaHeil IpocToro
MHOTOI'DAaHHUKA: OHa ObLta mojaMedeHa yxke lekaprom B 1640 1., mo3mamee
[EPEOTKPBITA U UCIOJIH30BaHa JitjiepoM B 1752 I.; XapaKTepHbIE 9ePThI TO-
[TOJIOTUYECKOTO yTBEPKJICHUSI B 9TOM (POPMYJIe CTAIH OUYE€BUIHBIME [OPA3/IO0
o3 1Hee — 1ocJie Toro kak Ilyankape B «opmysie Ditytepas u ee 0000IIEHISIX
YCMOTDEJI OJIHY U3 EHTPAJIbHBIX TeopeM Torojoruu. tak, mo mpuanHaM Kak
UCTOPUYIECKOI0, TAK U BHYTPEHHErO MOPsIKA Mbl HAYHEM HAIe 3HAKOMCTBO
C TONOJIOTHEH MMeHHO ¢ (POpMyJIbl Distepa. Tak Kak NMpU MEPBBIX Iarax B
HEU3BEIAHHOI 001acTu njieas 6e3yIpetHOl CTPOrOCTH BOBCE He 00si3aTesIeH
7 JlazKe MaJIo 2KeJiaTeseH, TO Mbl Oy/ieM nHorta 6e3 KoebaHuil alnesimpoBTh
HEIIOCPEICTBEHHO K WHTYUINA IATATEJIS.

§1. ®opmysia Dilsiepa a9 MHOTOTPAHHUKOB

XoTs B aHTUYHON reOMeTprUr M3yYeHne MHOTOI'PAHHUKOB 3aHUMAJIO OJTHO
U3 IEHTPAJBHBIX MECT, TOJIbKO Jlekapry m Ditjepy ObLIO CyKIEHO OTKPHITH
CTIEIIYTOIee PEIJIOKEHNE: NYcms V — 4uUcao 6EPUWUH NPOCTIO20 MHO202DAM-
nuxa, £ —wucao pebep, F — wucao epaneti: moada

V-E+F=2 (1)
HO,H MH0202PAHHUKOM 31E€CH TTOAPA3yMEBACTCA TEJIO0, IIOBEPXHOCTH KOTO-

pOro COCTOUT M3 KOHEYHOI'O YUCJIa TpaHeil, uMemux (GopMy MHOTOYTOJIb-
HUKOB. B ciydae npaguabHbiz MHOTOIPDAHHUKOB BCE MHOTOYTOJIBHUKHU KOH-
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Puc. 119. IlpaBusibHbIe MHONOTDAHHUKH
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TPYSHTHBI U BCE IJIOCKHUE YTJIBI DA BEPIIMHAX PABHBI MEXKIYy coboit. Mmo-
TOIrpaHHUK Ha3bIBAETCA MPOCMbLM, €CJIA B HEM HeT «JbIP», TaK 4YTO IIOCPe/I-
CTBOM HEIIPEPBIBHOM jTepopMaIiny ero moBepXHOCTb MOYKET OBITH IIepeBeIeHa,
B moBepxHOCTb cdepbl. Ha puc. 120 m3o0pakeH MpOCTO MHOIOTDaHHUK,

KOTODBII HE sIBJIsI€TCS TPABUJILHBIM; Ha puc. 121 n306pakeH MHOTOTDaHHUK,

HE HBJ’IHIOH.[HfICH IIPOCTHBIM.

Puc. 120. Ilpocroii  MHOrOrpaHHHK:

V-E+F=9-18411=2

Puc. 121. Henpocroit MHOrorpas-
ouk: V —E+ F=16—-324+16=0

IIpemmaraem anTaTes o mpoBe-
PUTH CIIPABEJJINBOCTD (POPMYJIbI
Diijiepa 1y BCEX MHOIOIDaHHU-
KOB, TIPEJICTAaBJIECHHBIX Ha puc. 119
u 120; HO TIyCcTh OH yOeauTcs Tak-
2Ke, 9TO JJjIs MHOTOI'DAHHUKA HA
puc. 121 sta dpopmyna HeBepHA.

ITepexonst K Jg0Ka3aTEIBLCTBY
dopmysier  Ditsepa, BoOOOpasUM,
9TO HAIl MHOTOTDAHHUK — BHYT-
PU OYCTOH W 9YTO IIOBEPXHOCTH
ero cjeJlaHa U3 TOHKOH pe3u-
ubl. Torma, BbIpe3aB IIpejBapu-
TEeJILHO OJ[HY U3 I'paHeil IyCTOro
BHYTPH MHOTOTDAHHUKA, MOXKHO
OCTAaBIITYIOCs TTOBEPXHOCTH 1eop-
MHUPOBaTh TaKHM O0pPa30M, UYTO
OHA PACCTEJIETCS 110 ILJIOCKOCTH.
Koneuno, npu 3T0M U rpaHu MHO-
TOTPAHHUKA U YIJIbI MEXKJy peo-
pPaMHU UCHBITAIOT PE3KHUE M3MeHe-
must. Ho «cerkay», cocraBiieHHAas
13 BePINUH U pedbep Ha MI0CKOCTH,
OyIeT coiepxkKaTb TO Ke YHCJIO0
BepiiuH u pebep, 9TO W IEepBO-
HaYaJbHBI MHOTOIDAHHUK, TOTA
KaK 9UCJIO TPaHell CTaAHeT Ha OJIHY
MeHbIIIe, TAaK KaK OIHA I'DaHb Obl-
Ja BbIpe3aHa. Mbl yOeauMmcst Te-
[epb, YTO JJisi IOJIYIEHHOU Ha-
MU CETKM Ha IIJIOCKOCTH Oyjer
crpaBeInBO paBeHcTBO V — E +
+ F = 1; Torma, mobaBJisis BBI-
PE3aHHYIO0 I'DaHb, JJI IIE€PBOHA-
YaJIbHOIO MHOTOIDAHHHUKA ITOJIy-
quM paBeHcTBO V — E + F = 2.

IIpexkne Bcero «Tpuanryupy-
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eM» IUIOCKYIO CeTKy ciefyiomum obpaszom. Ecim B ceTke MMEOTCS MHO-
TOYTOJIBHUKU C YHUCJIOM YTIJIOB OOJIBIIIMM TPEX, TO, BbIODAB OJIMH U3 HUX,
IIpOBEJIEM B HEM KaKyIO-HHOY/b JMaroHaJb. B pe3yibprare KaxKjoe U3 4u-
cesl ' u F yBesmuuTcs Ha €IUHUILY, HO 3HAYEHUE BbIpaxKenus V — FE 4+ F
OT 9TOr0 HEe U3MEHUTCs. By/eM u masibiire TpOBOIUTD [INATOHAJM, COEIAHSIST
napbl Touek (puc. 122), HoKa ceTka He OKazKeTCs COCTOsAIIEeH U3 OJHUX TOJIBKO
TPEYIOJILHUKOB (B 4eM M 3aKJ/Io4YaeTcs Hara Oukaiimas neias). B rpuan-
I'yJIMpPOBaHHO ceTke BeqmunHa V — F + F umMeer TO Ke 3Ha4YeHUe, Kakoe
UMeJla U JI0 TPUAHTYJISINN, TaK KaK IIPOBEJIeHNe KarKJ0i HOBOW JMaroHajIn

Puc. 122. JTokasaresbcuBo TeopeMmbl Jiijiepa

9TOro 3HavYeHus He MeHsieT. HekoTopble M3 TPEYroJbHUKOB, J1ajiee, UMEIOT
pebGpa (IpoIte CKa3aTh — CTOPOHBI), IIPUHAJIJIEIKAIINE K «TDAHUIE> TPUAHTY-
smpoBaHHO# ceTku. Hekoropele n3 stux TpeyronbHukos (Hanpumep, ABC)
WMEIOT JIUITh OJIHO pebpo Ha TpaHwulle, APyrue — IO JBa. Bo3bMeM OJUH U3
TaKOIr'0 POJIa «PAHUYHBIX» TPEYTOJBHUKOB M YIAJIUM U3 HEro BCE TO, YTO HE
MIPUHAJIEXKUT KAKOMY-HHOYb JIPYIOMY TPEYTOJIbHUKY. TakK, B TPEYTrOIbHU-
ke ABC ynamum pebpo AC u camy rpanb, octasiss Bepiumabl A, B, C u
pebpa AB u BC, Ho B Tpeyrosibauke DEF ynajauMm rpasb, jgsa pebpa DF
u FE u Bepuuny F. Ilpu «ynmaroxenuuns tpeyroibuuka ABC uucina E
u F' ymenbmatorcsa Ha 1, a V He m3mensercsd, tak aro V — E + F' takxe
ne m3Mmensiercs. Ilpm ymmaroxkenunm tpeyrombuuka tuna DEF wucio V
yMmenbiuTea Ha 1, F #a 2 mw F wa 1, Tak uto omarb-Taku V — F + F me
u3menutcs. IlociieoBarebHOE OCYIECTBIIEHNE TAKUX YAAJIEHUN I'DAHUIHBIX
TPeyroJIbHUKOB (IIpHYeM BCAKHI pa3 MeHsIeTCs M caMa PAHNIA) [IPUBOJINT,
HaKOHEI[, K OJIHOMY-€/INHCTBEHHOMY TPEyTrOJIbHUKY, MMEIOIIEMY, OUEBHJIHO,
Tpu pedpa, TPU BEPIIUHBI U OJHY I'panb. [l obpa3yeMoii M coBceM IpOCTOit
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cerku V — F+ F =3 — 3+ 1= 1. Ho mbI Buziesn, 9T0 IpH yIAJEHUU U3 CET-
KU KaxKJ10ro Tpeyroibanka V — F + F we uamensuiock. 3uaunt, V — E + F
JIOJIZKHO OBLJIO PaBHSITHCS €JIMHUIE U JIJIsI [IEPBOHAYAJIBHON IIJIOCKON CETKH,
a Tak»Ke U JjIs TOrO MHOTOI'DAHHUKA C BBIPE3aHHOW I'PAHbBIO, M3 KOTOPOIO
ObLIa MMoJIy4YeHa TIocKas cerka. OTCoa CJIeyeT, ITo JiJisi UCXOJHOTO MHO-
rOrpaHHUKa (/10 BbIPE3aHUs [PAHU) JIOJKHO ObLIO UMETh MECTO PABEHCTBO
V — F 4+ F =2. 9TuM 1 3aKaHINBAETCsl JIOKA3ATEILCTBO TEOPEMbI Ditiepa.

C noMoIpio TeopeMbl Diljepa JIerko MoKa3aTb, 9TO CyIIecTByeT He 6oiee msaTu
TUIMOB TPABUJIBHBIX MHOTOIDAHHUKOB. [IpemosiosKmM, YTO MPaBUIBHBIA MHOIO-
rpaHHUK nMeeT [’ rpameil, u3 KOTODPBIX KaXKJasl €CTh IPABUJIBLHBIN N-yTOJIBHUK,
¥ 9ITO Y KaXKJOH BepHINHBI cxoauTcs T pebep. Cunras pebpa oauH pa3 1o I'DaHsIM,
JPYroil — IO BEPIIMHAM, IOJIyYUM, BO-IIEPBBIX,

nF =2E (2)
(Tak KaK Kaxk10e pebpo LIPUHAJIEXKUT JBYM IPaHsIM U, CJI€A0BATEIBHO, CIUTAETCS
JBaXKJIpI B IpoU3BeneHnu nF'), u, BO-BTOPBIX,

"V =2F (3)
(Tak Kax KaxJ;0e pebpo ynupaercs B ABe BepmmHbl). Torga pasencrso Diinepa (1)
HaM JaeT

2828 p_o
n
njan
T (4)

3ameruM mpexkjie Bcero, obpamasichb K paCCMOTPEHHIO IIOCJIEHEIO COOTHOIIEHHUSI,
9ro N > 3 U r > 3, TaK KaK MHOTOYIOJIbHUK MMEET He MeHbIIle TPeX CTOPOH U B
KaXKJ0i1 BepIIMHE CXOIUTCA He MeHee Tpex rpaneit. C apyroit ctoponsl, 06a ducia n
U r He MOTYT OBITH Oonee 3, TAK KaK B IPOTUBHOM CJIydae JIeBasl JacThb DaBEH-

1
CTBa (4) He IIpeBbINIaJIa ObI 5 U paBE€HCTBO ObLII0 ObI HEBO3MOXKHO HU Ipu KakKoOM

MOJIOXKUTENIbHOM 3HadeHnn E. Tak, HaM oCTaeTcsl BBISICHUTH, KaKHe 3HAUCHUS
MOKET MPUHATH 7', €CJIM N = 3, U KaKWe 3HAYCHWUS MOYKET NPHUHATDH 7, €CJIA T = 3.
[TofcunTaB Bce BO3HUKAIONIME BO3MOXKHOCTH, MbI TIOJIy9MM YUC/IO THUIIOB MPaBUJIb-
HBIX MHOTOTPAHHUKOB.

IIpu n = 3 paBencTBO (4) IPUHUMAET BH/T

1_1_ 1.
r 6 E’
7 MOXKET 3/1eChb PaBHATHCA 3, 4 mu 5 (6 mim Gosiblliee 3HAUEHME HCKIIIOUAETCH,

1
TaK Kaxk — nonoxkuTesbHo). IIpu 9TuX 3HAYEHMSIX N U T OKa3bIBAETCs, 4TOo F

COOTBETCTBEHHO paBHO 6, 12 myn 30. Tak mosyyaroTcss MHOTOTDAHHUKN: TETPAdIP,
OKTa3]Ip U UKOCASIP.
Takwm ke 06pa3oM mpu © = 3 paBeHCTBO (4) IPUHUMAET BU/T

1o1_1

n 6 E’
U3 KOTOPOro cjaeayeT, aTto n = 3, 4 mwim 5 u, coorBercTBeHHO F = 6, 12 mn 30.
[TosrygaroTcss MHOTOTPAHHUKY: TETPAIAP, KyO U TOIEKAIIP.
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IMoxcrasiisist HoLydeHHble 3HadeHus: n, 7 U E B coorHomenust (2) u (3), MbI
YCTAHOBUM YHUCJIO BepinH V U 9uciio rpaseii F' COOTBETCTBYOIMX MHOIMOIDAHHH-
KOB.

§ 2. Tomosioruyeckue cBoiicTBa duryp

1. Tomosoruvyeckue cBoiicTBa. Mbl ycraHoBUIH, 9TO (hOpMy/Ia Jil-
Jiepa CIIpaBeInBa Il CIydast JIo00oro mpocToro MHororpaHauka. Ho srta
dopMyJia He TepsieT CMBIC/IA U 3HAYUMOCTH TaKKe U IPUMEHUTEILHO K MHBIM,
ropas/1o 6oJiee 00IIUM CJIyIasiM: BMECTO MHOIOIDAHHUKOB 3JIEMEHTAPHOIT I'eo-
METPHUH C IJIOCKUMHU IPAHSAMU U MPSIMBIMUA PeOpaMé MOXKHO B3STh IIPOCTHIE
«MHOTOIDAHHUKH», ¥ KOTOPBIX «TPaHAMU» OyIyT KPHUBBIE IOBEPXHOCTH, a
«pebpaMuy — KPHUBbBIE JIMHAN, WJIK MOXKHO HAPUCOBATH «TPAHU» U «pebpay Ha
[MOBEPXHOCTH, HAIIPUMED, Iapa. BoJibIe Toro, BOOOpa3uM, 4TO IOBEPXHOCTH
MHOTOI'PAHHHMKA WK COEPHI Cle/IaHa U3 TOHKOTO CJI0sl PE3UHBI; TOTIa (DOPMY-
Jta Dilyiepa COXPAHUTCH, Kak Obl HU ObLIa 1ebOPMUPOBAHA, PACCMATPUBAEMAST
MMOBEPXHOCTH — IIyTE€M U3TUOAHUI, CXKATHUH, PACTSIKEHUN U T. J.,— JIUIIH ObI
pe3uHOBLIH cjoit He ObL1 nopsaH. [leiicrBuresibHO, opmysna Ditgepa or-
HOCHUTCSI TOJIBKO K WUCAY BEPINUH, pebep U TpaHeil; JJIMHBI Ke, ILIOIaIH,
JIBOHBIE OTHOIIIEHUsI, KDUBU3HA U T. II., KAK U WHBIE IOHSITUs JJIEMEHTAPHON
WM TIPOEKTUBHOM M€OMETPUH, B JIAHHOM CJIydae HUKAKON POJIM HE UI'DAIOT.

Mpr1 y2Ke yKa3bIBajIu, 9TO dJIeMEeHTapHas NeOMETPHUs UMEeT JIeJI0 C BeJIu-
qpHaMU (PaCCTOAHYSI, YIVIbL, IUIOIIA/IH ), KOTOPBIE He MEHSIOT CBOMX 3HAYCHUN
IPU JIBM2KEHUSIX PACCMATPUBaEMbIX (DUTYD, TOr/1a KaK IPOEKTHUBHAS I'eOMET-
pUS 3aHUMAETCST TAKUMY IOHATUAME (TOYKA, IPsIMasi, OTHOIICHNE HHIIUICHT-
HOCTH, JBOHOE OTHOIIEHWE), KOTOPbIE COXPAHSIOTCs IIpU 0OJjiee MIMPOKOH
rpyImme TpoeKTUBHBIX mpeobpaszoBanuii. OMHAKO U JBUKEHUsI, U TPOEKTUB-
HbIE TTPe0OPA3OBAHUS — TOJHKO OUYEHDb YACTHDIE CJIydIan Topas o bosee 00X
MONOA0UNECKUT NPe0dPa308aHUL; TOIMOJIOITIECKOe TPeoOPa30BAHNE OTHOMN
reoMeTpuyeckoit purypsr A B ipyryio A’ onpejessiercss Kak MpOU3BOJIBHOE
COOTBETCTBUE P «— P’ MeXK1y TOYKamu p purypsl A u roukamu p’ purypsr A’
obJtaTaroree Cae Iy oMMy CBOCTBaMU:

1. Bzaumuoit oiHO3HAYHOCTEIO. (DTO 3HAUUT, YTO KAXKION TOUKe p PuUry-
pbl A coliocTaBiieHa OJHa U TOJIBKO OfHa Touka p’ dburypsl A’, u obparHo.)

2. B3auMHOI HENPEPBIBHOCTHIO. (DTO 3HATUT, UTO €CJIU MBI BO3bMEM JIBE
TOYKH P, ¢ PUrypsl A U cTaHeM JBUrATh P TaK, YTOOBI PACCTOSTHUE MEXKILY P
¥ ¢ HEOTPAHWUYIEHHO YMEHBIIAJIOCh, TO PACCTOSTHAE MEXKIY COOTBETCTBYIOIIIN-
My TouKamu p’ u ¢’ ¢urypsl A’ Takzke OyZeT HeOrpaHMYEHHO YMEHbIIATHCS,
u 0bpaTHo. )

Besikoe cBoiicTBO reomeTputeckoii purypsl A, KOTOpoe COXpaHseTcs TaK-
xKe u st Toil purypsr A’ B KOTOpyro A IepexojuT IPU TOIMOJOrHIECKOM
peoOpa30BaHUN, HA3BIBAETCS MONOA0ZUYECKUM C80TUCME0M DUTYDPHI A; mo-
NO0A02UA YKE — ITO Ta OTPAC/Ib T€OMETPHUH, KOTOpas PACCMATPUBAET MCKJIIO-
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9UTETHHO TOMOJIOTIYIeckne cBoiicTBa duryp. [Ipeacrasbre cebe, 9T0 HEKOTO-
pasi dburypa JoKHa OBITH CKOMMPOBAHA OT PYKU COBEPIIEHHO MAJIOOIBIT-
HBIM, HO OY€Hb JIOOPOCOBECTHBIM YE€PTEXKHUKOM, KOTOPBIl HEBOJIBHO UCKPUB-
JISIeT MPsiIMble JINHUU, UCKAYXKAET YIJIbI, PACCTOSIHUSI W ILJIOMIAJIM; TOTJa Ha
CJIEJIAHHON MM KOIUHU, XOTs METPUYECKUE U MPOEKTUBHBIE CBOHCTBA QuUry-
pPbI, MOXKeT OBbITh, U HE COXPAHSITCS, HO TOIMOJOIMYECKUE CBOWCTBA BCE Ke
OCTAHYTCSI B HEIIPUKOCHOBEHHOCTH.

Haubosnee HaryisgHBIME IpUMEpPAMH TOIIOJIOTMYECKUX IIPeoOpa30BaHMI
MOT'YT CJIyKUTb deghopmaruu. Boobpasure, uro dpurypa Bpoje cdepbl Wl
TPEYIOJIbHUKA CIIEJIAHA U3 TOHKOIO CJIOF PE3UHBI (UM HAPUCOBAHA HA TAKO-
BOM), U 3aT€M DaCTAruBaiiTe U KPyTUTE PE3UHY CAMBIME DA3HOOODPA3HBIMU
criocobamu, JIAIb ObI HEe PBATh €€ U He TPUBOJUTH JIBYX PA3JIMYHBIX TOYEK B

Puc. 123. IToBepxHocTH, TOMOIOTNYECKN SKBUBAJICHTHDIE

cocrosinue buzmueckoro copuagenus. ([Ipusesenne NByx pasandHbIX TOYEK
B COCTOSTHUE (PU3MIECKOTO COBIIAIeHNS HAPYIUIO ObI yeaoBue 1. Paspbis pe-
3UHOBOI'O CJIOsI IIPOTUBOPEUMII ObI YCJIOBUIO 2: JEfICTBUTEILHO, pACCMaTPUBAsI
JIBE TOYKM, JIe?KAIIIe TI0 Pa3Hble CTOPOHbBI JIMHUKA Pa3pbiBa, Mbl BUJIUM, UTO
paccTosiHue MeXK/Iy HUMHU MOXKET OBITh HEOIDAHWYEHHO MaJIbIM, TOTJa KakK
[OCJIe Pa3pbiBa ITOrO y2Ke He OyJIeT. )

Qurypa B OKOHYATEJIHLHOM €€ TOJIOYKEHUU — I0CIe YKA3aHHBIX Ollepa-
nuit — Oy/IeT HAXOJUTHCS B TOIOJOIHIECKOM COOTBETCTBUU ¢ (PUTYDOIL B ee
[IEPBOHAYAJILHOM IIOJIOXKEHUHU. 1 PeyroJIbHUK MOYKHO J1e(DOpMHUPOBATH B JIPY-
roif TPEyroJbHUK, WU B OKPYKHOCTh, WX B SJIJIUIC, U TOTOMY Ha3BAaHHBIE
durypnt
00J1aJTAI0T COBEPIIEHHO OJIMHAKO-
BBIMH TOIOJIOTHYIECKUMU  CBOI-
crBamu. Ho HUKaK HeJb3s Jie-
dopMuUpOBaTE KPYr B OTPE30K
MpsIMO#l WJIM TTOBEPXHOCTH Ce-
pbl B ODOKOBYIO TOBEPXHOCTH 11U~
JIMHJIPA.

Ho o61iee nonsiTre Tomosaoru-
YeCKOro mpeoOpa30BaHus IIHPe,
qeM mnoHsTHe Jgedopmanun. Ha-
npumMep, ecau durypa paspesana ;0 gedopManud U CKJIEEHa [0 TEeM Ke

Puc. 124. TloBepxHOCTH, TONOJOTHYECKU
HEIKBUBAJIEHTHbBIE
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JIMHUAM 10cje AedOpMaIui, TO B UTOre, HECOMHEHHO, MTOJIy9IaeTCs HEKOTO-
pO€e TOIOJIOTUYeCKOe IIPeodpa30BaHue IIePBOHAYAIBHON (DUTYDPBI, XOTS ITO
npeobpa3oBaHue MOXKeT U He ObITh Jecbopmanueit. Tax, jgBe KpuBble, U300-
paxennble Ha puc. 134 (crp. 275), TOIOJOrMYECKH SKBUBAJEHTHBI APYT
JPYTY U 9KBUBAJEHTHBI KazK 1asl OKPY2KHOCTH, TAK KaK UX MOXKHO Pa3pe3aTb,
paciyTarh U CHOBa CKJienTh. Ho mpeaBapuTebHo He pa3pe3as, HEBO3MOXKHO
OJIHY KPUBYIO JeDOPMHUPOBATH B JIPYTYIO.

Tomosornueckne cpoiicTBa duryp (Bpojie TOro CBOHWCTBa, KOTOPOe Ja-
eTcst TeopeMoit Dilsiepa, WM JPYruX, KOTOpble OYJIyT PacCMOTPEHBI HUXKE)
MIPEJICTABIISIOT BEJIMYANUIINN WHTEPEC BO MHOTHX MATEMATHYECKHX WCCJIe-
noBaHUAX. B M3BeCTHOM CMBICJIE 9TO — caMmble IVIyOOKHE, caMble OCHOBHBIE
reoMeTpUYeCKHe CBOMCTBA, TAaK KaK OHHU COXPAHSIIOTCS IIPU CaMBIX «PE3KUX»
peobpa30BAHUSIX.

2. CgoiicTBa CBsSI3HOCTH. B KadecTBe CJeAyIONEro mpumepa uryp,
TOIOJIOTUIECKN HEIKBUBAJEHTHBIX, PACCMOTPHUM JBE IJIOCKHE O0JIACTH Ha
puc. 125. TlepBasi cocTouT M3 BCeX BHYTPEHHUX TOYEK KPyra; BTOpasi — U3
BCEX TOYEK, PACIIOJIOKEHHBIX MEXKJy IBYyMsi KOHIEHTPUIECKUMU KPYTAMHU.
JIiobast 3aMKHYTast KpUBasi, JIeXKAIasi B 00IaCTH ¢, MOXKET OBITh HEIIPEPHIBHO
J1eOPMUPOBAHA, W «CXKATA», B OJIHY TOUKY, He 800 U3 9mot 0baacmu.
ObutacTb, 06J1aIAI0As TAKUM CBONCTBOM, Ha3bIBAETCH 00HOCEA3HOU. dTO
KacaeTcs: 00J1acTH O, TO OHA He OJHOCBsI3HA. Tak, OKPY?KHOCTh, KOHIIEHTPU-
qeckasi C JIByMs IPAHUYHBIMUA OKPY>KHOCTSIMU W JIeYKAIasi MEXKJy HUMH, HE
MOXKeT OBITh CXKaTa B TOUYKY, HE BBIXOJIsS U3 OOJACTH, TAK KaK BO BPEMs
nedopmarny KpuBas JOKHA OyaeT MpOiTH depe3 OOIMuit MEeHTP KPYroB,
a OH He NPUHAJJIEKUT paccMarpuBaemoil obsmacru. Obsiactb, KOTopas He
SIBJISIETCST OJTHOCBSI3HOM, HA3BIBAETCA MH020¢6A3101U. FEcim deyceasnyro o6-
JIACTh Pa3pe3aTh BJIIOJIb OJHOTO U3 PAJIyCOB, KaK 3TO CleJIaHo Ha puc. 126,
TO TIOJIyUeHHAsT 00/IACTh CTAHOBUTCS OTHOCBSI3HOIA.

Puc. 125. OpmocesizHast u JABy- Puc. 126. Tlocsie paspesa
cBa3Has obs1acTu JByCBsi3Has1 00J1aCTb CTa-
HOBUTCHA OJTHOCBSI3HOM

Boobrie, MOXXHO TOCTPOUTH OOJIACTH C JBYMSI, TPEMsI UJIH OOJIBIITHUM KO-
JITIeCcTBOM «JIbIp». O6IacTb ¢ AByMsl «IIbIpaMi» U300parkeHa Ha puc. 127,
qTOOBI IPEBPATUTL €€ B OJHOCBA3HYIO, HY>KHO CeJaTh JABa paspesa. Ecau
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HYXKHO CJIeJIaTh 1 — 1 B3aUMHO He ITePEeCEeKaONINXC Pa3pe30B OT I'PAHUIILI
K TpaHure, 9ToObl MPEeBPATUTh JAHHYIO MHOTOCBSI3HYIO OOJIACTH B OJHO-
CBSI3HYIO, TO TOBOPST, YTO 00JIACTb UMEET nopsadox cesdnocmu n. Ilopsiiok
CBSI3HOCTH ILJIOCKOI 00JIACTH IPEICTABIISET CODOM BaXKHBINA TOIOJOMMIECKHIA
WHBAPUAHT 3TOU OOJIACTH.

§ 3. dpyrue npumepbl TONOJOTUIYECKAX TEOPEM

1. Teopema 2Kopaana o 3amKHYTO# KpuBoii. Ha mockoctu napu-
COBaHa IPOCTas 3aMKHyTasl KpuBas (Hurzge cama cebs He IepeceKaromast).
[TocmorpuMm, Kakoe CBOMCTBO 3TO QUIYPBI COXPAHAETCS HEM3MEHHBIM
ayke B TOM CJIydYae, €CJIH IIOCKOCTh OYJEeT IOJBEPraTbCs KAKUM YTOIHO
nedopmarusaM, Kak OyaTo Obr
OoHa ObLIA ClejlaHa W3 TOHKO-
ro cjos pesuwHbl. J[ymHa Kpn-
BOW WM IUIOIIATb OrDAHUYIEH-
HOH €10 YaCTH IIOCKOCTH IIpHU
nedopMaIuax He COXPAHIETCH.
Ho y paccmarpuBaemoii KOH-
durypanum ecTb U TOIMOJIOrUYe-
CKOE€ CBOICTBO, CTOJIb IIPOCTOE,
9TO MOXKET IOKA3aTbCs TPUBU-
anpHbIM. IIpocmas 3amxnymas
xpusas C' na naockocmu deaum
NAOCKOCMb POGHO Ha d8e 004a-
CMU, BHYMPEHHION U BHEULHION.
Tounee rOBOpsE, MBI yTBepK/Ia-
eM CJIeJIyIONIee: TOYKH IIJIOCKO-
cTH pa3bMBalOTCS Ha JIBA KJac-
ca— A (BHemHue TOYKN) U B (BHyTpeHHHE TOUKM) — TaKUM 0OPa30M, UTO
Jirobasi mapa TOYeK, MPUHAIJIEXKAIINX OJHOMY M TOMY YK€ KJIACCY, MOXKET
OBITH CBsi3aHA KPUBOIl, He mMeronieil oommx Todek ¢ C, Torga Kak BCsiKast
KpUBasi, COEIUHSIONAs JBe KaKWe-HUOYy/Ib TOYKNA PA3HBIX KJIACCOB, HEIpPe-
MeHHO mepecekaercs ¢ C. DTo yTBeprKJeHre BIIOJIHE OYEBUJIHO, HAIIPUMED,
JIJISL CJIydasi OKPY?KHOCTH WJIU JIIUIICA, HO YK€ UyTh MEHee OYEeBUIHO JIJIst
TaKOl CJIOXKHOI KPUBOM, KaK MPUIYJINBONA (POPMBI MHOTOYTOJIbHUK, U300~
pakKeHHbIN Ha puc. 128.

Buepsoie sta Teopema Obuna chopmynmuposana Kavmmmtom 2Kopmamom
(1838-1922) B ero mupoko umssecroM «Cours d’analyse», u3 KOTOpOro
[[EJIOe IIOKOJIEHHE MATEMATUKOB IIOYEPIIHYJIO COBPEMEHHYIO KOHIIEIIIIIIO
MaTeMaTu4IecKoil crporoctu. Kak 310 HE CTpaHHO, JIOKA3aTEIbCTBO, JAHHOE
camuMm 2Kopmanom, He OBLIO HM KpPaTKHM, HH IPOCTBIM IO CBOEH wujee,
HO B OCOOEHHOCTH YJMBUTEIHHO TO, UTO, KAK OKA3aJI0Ch, OHO W HE OBLIO

Puc. 127. Penykuus TpexcBsasHoit obmacT
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BIIOJIHE KCYEPIBIBAIONINM, W HOHAJIOOMINCH 3HAYUATE/IbHBIE YCUJIUS, 9TO-
OBbI BOCIOJTHUTH ero mpobesnbl. IlepBbie cTporme g0Ka3aTEIbCTBA TEOPEMBbI
2Kopsiana ObLIM O4YeHb CJIOXKHBIMH U TPY/HO BOCIPUHHUMAJIUCH JayKe JIIO-
JIbMH C XODOIIefl MaTeMaTHdecKoil 1oaroroBkoil. CpaBHUTEIHHO HPOCTHIE
JOKA3aTeIbCTBA OBLIM NpUIyMaHbl Jmllb HemaBHO. OIHO ©U3 3aTpyaHe-
HUI 3aKJI09aeTCd B OOJIBIION ODITHOCTH IIOHSITUS <IIPOCTOM 3aMKHYTON»
KPUBOH, 3HAYUTEIHLHO OO0Jiee IIMPOKOro, YeM IIOHATHE MHOTOYTOJILHIKA
NI <IJIQJKOW» KPUBOHM: IO OIPEIeJIeHUIO, <«IPOCTasg 3aMKHyTas Kpu-
Basl» eCcTh J00asi KpUBas, TOIMOJOTMYECKN SKBUBAJEHTHASI OKPYXKHOCTH.
C Jpyroit CTOpPOHDI, HEOOXOIMMO TAaKUM TEPMHHAM, KaK <«BHYTpH» WJIN
«BHE» (CTOJIb SICHBIM MHTYUTHBHO), JATh JOIMIECKUE OIIPEIeJIeHHs], IIPEXKIe
9eM CTPOroe JI0KA3aTeJIbCTBO CTAHET BO3MOXKHBIM. lIpoamanmsmposarh B
UX IIOJIHOW OOIIHOCTH BO3HUKAIOIIWE B CBA3M C STUM OTHOIIEHHUS U KOH-
eI  €CTb TeopeTHuYecKas 3aJada

IICPBOCTEIICHHOIO 3HAYCHUA, pa3pellle-

HUIO KOTOPO# B GOJBINOM CTETIeHN CITy- I_‘/\
JKAT COBpeMeHHasi Tomosorusi. Ho, ¢
Jpyroit cTOpoHbl, cjejlyeT UMeTb B BU-
Ay U TO 0OCTOSATEIBCTBO, YTO, 3aHU-
MasACh M3Yy4YCHHEM KOHKDETHBIX SABJIC-
HUIl B 00JIACTH T'€OMETPUM, B I'DOMA/I-
HOM OOJIBITUHCTBE CJIy9Ia€B MAaJIOyMeCT-
HO BBOJIUTL IIOHATUSA, HeOIpaHUYEHHAd
O6HLHOCTI) KOTOPBIX CO3/aeT UI3JINIIHUEe
3aTpy/IHeHus. Tak, BO3BpaIasch K Teo-
peme 2KopmaHa, CyIIECTBEHHO TO, YITO
IS CJIy4as <«XOPOIIO BEIyIMNX ceDsi»
KPUBBIX — HAIIPUMED, [JIA MHOTOYT'OJIb-  Puc. 128. Kakne Touku HaxomsaTCS
HUKOB WMJIM JJId KPUBBIX C HeIPepbIB- BHYTPH 9TOI'O MHOTOYT'OJIbHUKA !
HO MEHSAIOIIEHCs KacaTe/IbHOH (KOTOpbIe

TOJIbKO W BCTPEYAIOTC B HamboJiee BasKHBIX 3aJa9aX) — JOKA3aTeJbCTBO
9TOIl TeOpeMbl MOXKET OBITH IPOBEIEHO COBCeM IpocTo. jist caydas MHO-
TOyTOJIbHUKOB MBI yKaXKeM JI0Ka3aTeJIbCTBO B JIOIIOJIHEHUN K 3TOM IJiaBe.

2. IIpobisiema dyeTbipex KPacoK. lIpumMep TOJIBKO 9TO PACCMOTPEHHOM
Teopembl 2Kop/iasa criocobeH, 1moXKaJiyii, HAaBeCTH Ha MBIC/Ib, YTO TOIIOJIOTHUSI
3aHNMAETCS TIPUIYMBIBAHUEM CTPOIUX JIOKA3aTE]bCTB IJIs TAKWUX WUCTUH, B
KOTOPBIX HE CTAHET COMHEBATHCS HU OIUH 3/IPABOMBIC/IAIIHIHI demoBek. Ho aTo
COBCEM HE TaK: CyIEeCTBYeT MHOT'O BOIPOCOB TOIIOJIOTHYIECKOTO XapaKTepa, B
YUCJIe KOTOPBIX UHbIE (DOPMYJIUPYIOTCS UPE3BBIYAHO IIPOCTO U HA KOTOPHIE
WHTYWUIMS HE JAeT YJIOBJIETBOPUTEJBHBIX OTBETOB. IIpuMepom MoxKeT CiIy-
JKATH 3HAMEHUTAsT «IIPODJIEMa IETHIPEX KPACOK».

PackpammBasi reorpaduieckyo KaprTy, OOBLIKHOBEHHO CTAapalOTCS Pac-
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[IPEJIESINTh [IBETA MEXKJy CTPAHAMU TAaKAM 00Pa30M, YTOOBI JBE CTPAHBI,
UMEIOTIIE OOIILY IO IPAHUILY, OBLITM OKPAIIIEHBI TO-Pa3HoOMy. BblI0 00HAPYKEHO
Ha OIbITE, YTO JiIobas KapTa, CKOJbKO Obl HU OBbLIO M300pa’keHo Ha Heil
CcTpaH M Kak Obl OHU HU OBLIM PACIIOJIOXKEHBI, MOXKET OBITh pPaCKpalleHa
¢ CcOOJIIOJIeHNEeM YKA3aHHOI'O IIPABUJIa He Dojiee UeM “YembvipbMsA KPACKAMU.
Jlerko ybeauTbCs, YTO MEHBIIEE YUCJIO JTOCTATOYHBIM JJIsi BCEX CJIyIaeB He
apistercs. Ha puc. 129 nzobpakeH oCTPOB IOCPEIN MOPsi, KOTOPBI HUKAK
HEJIb3d PpaCKpaCUTb MeHee 9eM YeTbIpbMAd KpaCKaMH, TaK KaK Ha HEeM uMe-
eTCsl YeThIpe CTPAHBI, U3 KOTOPBIX KaXKjasi COIPUKACAETCSI C OCTAJIbHBIMU
TpeMs.

Tor dakT, 9TO 10 HACTOSAIIETO BpeMEHHU He OBLIO HANIEHO TAKON KapThI,
JI7IsT paCKpaIlIMBaHUs KOTOPOH MOTPeboBaIoch ObI H0JIee TeThIPeX KPACOK,
MPUBOJUT K MBICJIA O CIIPABEJJIMBOCTU TAKOW TEOPEMBL: Npu A1000M JaHHOM
pa3bueHUY NAOCKOCTU HA 06AGCTIU, HE NOKpusalowue dpye dpyea MU NOAHO-
CMBI0, HU YACTNUYHO, B8Ce20a BO3MONCHO NomMemums ux yugppamu 1, 2, 3, 4
MaxuM 00pa3om, ¥mobvl «NPULEHCAUWUES 00AACTU OBLAY 00O3HAMEHBL PA3HDL-
Mmu yugpamu. Tlop «mpusexRamummy 00JaACTIMEA TOHUMAIOTCS TaKHe, KOTO-
pble UMEIOT IIeJIbIi OTPE30K IPAHUIIBI OOIINM: J[Be 00JIACTH, MMEIOIINe JIUIIh
OJIHY

o0m1yIo TOuKy (uim Jaxke KOHEYHOE HUUCJIO 00-
HIUX TOYEK) — KaK, HAIpuMep, mrarsl Kojopa-
0 u Apuzona,— He OYIyT HA3LIBATHCS <IIPH-
JIEZKAIUMI», TaK KaK HUKAKOI'O CMEIEeHUs WJIN
HEYJ00CTBa HE BO3HHUKAET, €CJIN MX PACKPACUTH
OJIMHAKOBO.

Ectb ocHOBaHUsI OJIAraTh, YTO BIIEPBBIE IIPO-
6eMa YeThIpeX KPacok ObLaa mocTaBjeHa Mé-
6mycom B 1840 r.; mo3zmuaee ee GopMyInpOBAIA
1e Mopran B 1850 1. u Kanm B 1878 1. «/loka3za-
TeJIbCTBO» ee ObLI0 o1y0ImKoBaHo B 1879 1. Kewm-
e, Ho XuBy B 1890 1. HaIes omubKy B paccy k-

Puc. 129. Packpamupanume /CHAH Kewmme. IlepecmaTpuBasa J10Ka3aTeILCTBO
KapThI Kewmme, XuBym obHApPYKWUI, UTO NAMU KPACOK

Beerga gocraroduo. (JlokasaresbCTBO TEOpEeMBI

0 UATH KPacKax JAHO B NPUJIOXKEHWH K 3Tod riase.) Hecmorpst Ha yensus
MHOI'MX BBIJIAIONINXCS MATEMATHKOB, IIOJIOYKEHIE BILJIOTh 0 HAIErO BPEMEHU
OCTaeTCs B CYIHOCTH HEM3MEHHBIM. BBI10 dokasaro, ITO MATH KPACOK T0CTa~
TOYHO /IS BCEX KAPT, U UMEEMCA NPEINONOHCEHUE, ITO JTOCTATOTHO TAKIKE
gerbipex. Ho, Kak u B ciryuae 3namenuroii reopemsl Pepma (em. crp. 60), Hu
JI0Ka3aTeIbCTBA ITOIO IIPEJIITOI0XKEHN, HI IIPOTHBOPEYAIIEr0 eMy IIPIMepPa
[IPUBEJICHO He OBLIO, M YKA3aHHOE IIPE/IIIOJIOKEHNE OCTAETCsl OJTHON M3 Hepe-
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IIEHHBIX «OOJIBIINX> MATEMATHIECKUX MPobieM’ . 3aMeTnM, MeK Ly IPOInM,
4910 1pobJieMa YeThIpeX KPacOK OblIa PeIleHa B II0JI0KUTEJIHHOM CMBICJIE
JUIsl 9ACTHBIX CJIydaeB, KOIJa Yucjao obJacTeil He MpeBBbIIaeT mpudyamu
socomu. OTciofa sICHO, YTO ecyii B OOINEM CJIydae TeopeMma HeBEpHa, TO
OIIPOBEPTAOIINI TPUMED JIOJIYKEH OBITH He OCOOEHHO ITPOCTHIM.

B paccmarpuBaemoit mpobsieme UeThIpeX KPACOK IIPEIIOJIAraeTCsi, 9ITO
KapTa HapHCOBAHA WM Ha IJIOCKOCTH, WU Ha cdepe. DTu jiBa ciIydast K-
BUBaJIeHTHBI. B camoMm Jieste, KaxkJasi KapTa, 3ajJaHHas Ha cdepe, MOXKeT
OBITH ITEPEHECEHA T1a [IJIOCKOCTh, €CJIU IIPOJIEIAeM JIbIPOYKY BHYTPH OIHON U3
obyacreii A n 3aTeM PACIUTIONIUM OCTABINYIOCS YaCTh Cephl MO MIOCKOCTH,
KaK MBI 9TO J€JAJIA IIPU JOKA3aTeIbCTBE TeopeMmbl Ditnepa. [lomyuernast
KapTa Ha IJIOCKOCTHU TOKAXKeT HAM «OCTPOB», COCTOSIIUN M3 BCEX HETPOHY-
TBIX ObJiacTeil, U «Mope», cocrosilee u3 oxHoit obsactu A. C apyroii cro-
POHBI, IIPOJIEJIBIBAS BCIO 9Ty IPOIEAYPY B OOPATHOM HAIPABJIEHUU, MOXKHO
JIF00YI0 KapTy Ha IJIOCKOCTH MPEBPATUTh B Kapry Ha cdepe. Urak, BMecTo
KapT HAa IJIOCKOCTH MOXKHO OIPDAHMYHMTHCS PACCMOTPEHHEM KapT Ha cdepe.
Bonbmre Toro, Tak xax medopmariun obsacTeil M WX TPAHUIL CYIIECTBEHHO
He BJIUSIOT HA Hally OpobJieMy, TO MOYXKHO IPEIIOJIOXKUTH, YTO I'PAHUIA
KazKJ10#1 06JIaCTU €CTh IIPOCTON 3aMKHYTBIII MHOIOYI'OJIBHUK, COCTOSIIUN U3
ayr 6osbmux KpyroB. Ho jraxke Takum 0Opa3oM  «pErysspU3UpPOBaHHAS»
npobjieMa He PeIleHa; TPYAHOCTH B JAHHOM cjlydae (He B OPUMED Teopeme
ZKoppana) 3aBucar He 0T OOIIHOCTH IIOHATHs O0JIACTH ¥ KPUBOIL.

B cBst3u ¢ mpobiiemoit 4eThIpex KPacoK CTOUT OTMETHTDH TO 3aMeYaTe b
HOE OOCTOSITEILCTBO, YTO JIJIsi HEKOTOPBIX IOBEPXHOCTEN 0O0Jiee CII0KHOTO
THIIA, YeM IIJIOCKOCTh Wi chepa, COOTBETCTBYIOIINE TEOPEMBI JIEHCTBUTE b-
HO OBLIM JIOKA3aHbI, TAK YTO, KaK 3TO HU IapaJOKCAJIbHO, aHajIn3 OoJiee
CJIOKHBIX (B F€OMETPUIECKOM OTHOIIEHHMHU) IIOBEPXHOCTEH B JAHHOM CJIydae
MPOBOJINTCA JIerte, deM 6ojtee mpocThiXx. Hampumep, ObII0 yCTAHOBIEHO st
cilydasi IIOBEPXHOCTH TOpa, uMerorneil Buj «Oybimkas (cM. puc. 123), uro
BCsiKasl HAPUCOBAHHAs HA HEHl <«KapTay MOYXKeT ObITh PACKPAIIEHA CeMblo
KpacKaMU M 9TO, C JPYroil CTOPOHBI, Ha Hell MBICIUMBI TAKHE <KAPTHI»,
COCTaBJIEHHbIE U3 CeMU O0JIacTeil, 9TO KaxK7as O0JACTb COIPUKACAECTCH C
OCTAJIbHBIMHA IIECTHIO.

*3. Ilousitne pasmepHOCTH. [IOHATHE O «YUC/IE U3MEPEHUIT», MU O «pa3-
MEPHOCTH», He TIPEJICTABIISIET OCOOBIX 3aTPYAHEHUN, TIOKA PEUYb UJIET O TAKUX IIPO-
CTBIX T€OMETPUYIECKUX 00pa3ax, KaK TOYKHU, JINHUK, TPEYTOJIbHUKH WJIH MHOTOTDaH-
aukn. OThenpHas TOYKa Win J1I000e KoHewHoe MHOXKECTBO TOUYEK MMEET pa3Mep-
HOCTH HYJIb, OTPE30K — PA3MEPHOCTH 1, TOBEPXHOCTHb TPEYTOJIbHUKA MU CHEPhI —

1 TIIpobmema uwersipex Kpacok Geita pemnrena B 1976 1. Ee penrenue cBesoch K mpoBepke

1482 kapTt u nepebopy pa3MYHbIX KOMOMHAIMI pacKpacoK Kaxk1oi n3 Hux. Ilepebop
ObLI OCYIIECTBJIEH C IOMOIIBIO KOMIIBIOTE€PA; MHOTME MATEMATHUKHU IOJIAraiOT, 9ITO
paccyzKIeHne, OIUPAIOIIeecs: Ha KOMIIBIOTEPHBII IIepebop, HeIb3sI CINTATh yOeInTe /b
HBIM. — [Tpum. ped. nacm. uso.
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pasMepHocThb 2. MHOXKeCTBO Bcex Touek Kyba mmeer pasmepHocTb 3. OqHaKo npu
JKeJIaHUU 0600IIUTE MMOHSITHE PA3MEPHOCTH HA TOYEYHBIE MHOXKECTBa OoJiee obImx
TUIMIOB BO3HUKAET HEOOXOAMMOCTH B TOYHOM oOmpejeeHnu. Kakyoo pasMepHOCTh
CJIe/IyeT, HAIIPUMED, IIPUMIICATH MHOXKECTBY R, COCTOAMIEMY U3 BCEX TOUYEK MPAMOIL,
Y KOTOPBIX KOOPJAMHATHI — PAUUOHAAbHbe ducsa? MHOXKEeCTBO paIliOHAJIbHBIX TO-
Y€K Ha MPSIMON BCIO/LY IJIOTHO, M TIOTOMY, Ka3aJI0Ch ObI, €My, KaK 1 CAMOMY OTPE3KY
NPSMO, HaJJIeXKaJjio Obl mpunucarh pasMepHocTb 1. C Apyroil CTOPOHBI, MeXKIy
BCAKMMU JIBYMsI PAIIMOHAJBHBIME TOYKAMH CYIIECTBYIOT WPPAIMOHAJIBHBIE <JIbI-
PBI», KAK MEXKy BCAKUMH JIBYyMsi TOYKAMHM KOHEYHOTO MHOYKECTBA, M 9TO TOBOPUT
B 110J1b3Y pa3MepHocTH (.

Eme zamyrannee o6CTONT JeJI0 C Pa3MEPHOCTBIO JIIOOOIBITHOTO MHOYKECTBA,
BIIEPBBIE PACCMOTPEHHOT0 KaHTOPOM, TOCTPOEHHOTO CiIeaytonuM obpasom. V3 eau-
auanoro orpeska 0 < x < 1 yanuM cpeHIon Tperh (MHTepBas), T. €. BCe TOYKH &,

1 2
YAOBJIETBOPAIOIIIUE HEPABEHCTBY g <x < g OcraBleecss TOYeYHOE MHOMKECTBO

obozraunMm depe3 C. MuoxkectBo C'i COCTOUT M3 JIBYX OTPE3KOB; YIAJINM TENEph
M3 KaXKJIOr0 OTPEe3Ka €ro CPEJHIOI TPETb, U TO MHOXKECTBO, KOTOPOE OCTAHETCs,
obozHaunM uepe3 C'2. IToBTOpUM ONSATH 3TY MPONELYPY, yAassis CPEIHIO TPETh
y BCexX dYeThIpex oTpe3koB; mosyamm (3. anbime Takum Ke 00pa3oM MOIYIHM
Cy, Cs, Cs, ... Oboznaunm depe3 C' MHOXKECTBO TOYEK, KOTOPOE OCTAHETCsI, KOIIa
BCe CpeJlHMe TpeTu OyayT yaaseHbl; Apyrumu ciaoBaMmu, C' eCTh MHOXKECTBO TOYEK,
MPUHAIEXKAIIX OqHOBpeMeHHO BeceM MuOXKecTtBaMm Ch, Ca, Cs, ... B mepsoii ome-

paruu ObLT yiajeH MHTEPBAJ JJINHBI —; BO BTOPOW ONEpaIuyd — JIBa UHTEPBAJIA,

1
3 )
KaXK/JIBIA JIJIMHBI é U T. JI.; CyMMa JJIMH BCEX Y/IAJIEHHBIX MHTEPBAJIOB PABHA
1 1 2 1 1 2 2\?
1lyo b2 L ...=7<1 2 (7) )
3 + 32 + 3 + 3 + 3 + 3 +
Beckoneunblit psiji B OOJIBITAX CKOOKAX €CTh TeOMEeTPUYECKas IPOrPeCcChsi, CyMMa

KOTODOII paBHA = 3; UTaK, CyMMa JJINH YJAJEeHHBIX IIPOMEXKYTKOB COCTABJIS-

_2

3
er 1. U Bce-Taku majieko He BCe TOYKU OTPE3Ka yaajeHbl: MHO2KecTBO C' He IycToe.

HaHpI/IMep7 BCe TO‘IKI/I7 ABJIAIOIITUECA KOHITaMU yﬂaHeHHBIX I/IHTepBaHOB —_—

1 2 1 2 7 8

3 3 9 9 9 9
— eMy HpI/IHa,[L.He)KaT. MO}KHO JIETKO y6e‘,HI/ITBC9I7 9YTO MHOZXKECTBO O COCTOUT B
TOYHOCTH U3 BCEX TE€X YUCEJ T, PA3JIOKEHHsS KOTOPBHIX B OECKOHEUHYIO JpOOL IO
OCHOBAHMIO 3 MOT'YT OBITH HAIIMCAHBI B pOpMe
%1 g%+§%+...+§% e,
e BCAKOE a, €CThb O nJjaimn 2 TOTrJa KaK B aHAJOTMYIYHOM pa.3J'IO)KeHI/H/I JJIA BCHKOﬁ
VIAJIEHHON TOYKH CPEJU YUCeN Uy, XOTh Pa3 BCTpeTuTCs 1.

Kakosa ke pasmepHocTh MHOKecTBa C'7 JImaroHaabHBIN IPOIECC, C MTOMOIIBIO
KOTOPOFO 6bIJIa JOKa3aHa HECYETHOCTHh MHOXKECTBa BCEX ﬂeﬁCTBHTeJI])HLIX ‘II/ICe.TI,
MOZKeT 6])ITI> BHUJOU3MEHEH TAKUM O6pa3OM7 LITO6])I TOT 2Ke pe3yJILTaT HOHy‘H/IJ'ICH )48
JJId MHOZKECTBA C OTCIO,Ha 61:1.)'10 61)1 €CTEeCTBEHHO 3aKJ/IIOYUTh, 9YTO MHOXKECTBY C
HaJJIE’KAT TPUNUCaTh padMepHocTb 1. C apyroit croponsl, C' He CONEpXKHUT HU-
KaKOro, JaykKe CaMOr0 MAaJiorO, MPOMEXKYTKa, KaK U JII000e KOHEYHOe MHOYKECTBO;
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sro commkaer C' ¢ mHoKectBamu pasmeproctu 0. Takum ke 06pa3om, BOCCTABUB
B MAOCKOCMU T, Y U3 KaXKJ0M pAIMOHAJBHON TOYKM WM U3 KasKJIONH TOYKM KaH-
TOPOBa MHOKECTBA MEPIEH/UKY/IAD JHHBI 1 K ocu = (HAIPABJISIA €r0 B CTOPOHY
[IOJIOXKUTEJIbHBIX 3HAYEHUH YY), MBI [IOJYIUM MHOXKECTBA, OTHOCHUTEIHHO KOTOPBIX
MOXKET BO3HUKHYTb COMHEHUE — IIPUIUCATH JIU €My pa3MepHOCTb 2 min 1.

Brepsoie Ilyankape (B 1912 r.) o6patnn BHEMaHue HA HEOOXOAMMOCTH GoJiee
rJIyOOKOro aHaJjn3a u 0oJiee TOYHOrO olpejesneHus: padMepHoctu. [lyankape 3ame-
THUJI, 9TO MpsiMasi WJIK KPUBasi UMEET Pa3MEepPHOCTD 1, Tak Kak JIOObIe JIBE TOYKU Ha
Hell MOXKHO Pa3JIeuTh, YA OJHY-€JINHCTBEHHYIO TOUKY (MHOKECTBO PA3MEPHO-
ctu 0); IIOCKOCTH K€ UMeeT PA3MEPHOCTD 2 10 TOH NPUYHUHE, UTO JJIs PA3/IeIeHHs
JIBYX TOYeK Ha IJIOCKOCTH HY>KHO YIAJIHUTh LEJY0 3aMKHYTYIO KPUBYIO (MHOXKECTBO
pasmepHOCTH 1). DTO IPUBOJMT K MBICJH O TOM, 9TO HOHATHE PA3MEPHOCTHA UMEET
«UHJyKTUBHYIO» [IPUPOJLY: HEKOTOPOMY <«IIPOCTPAHCTBY» CJIEJyeT [PUIUCATH Pa3-
MEPHOCTH M, €CJIU JIBE TOUYKHW B HEM Da3esIsliOTCs MPHU VIAJEHUN OJIMHOYKECTBA
TOUEK pasMepHOCTH 1 — 1 (HO yIAJeHUsI MOJAMHOXKECTBA MEHBIIEH Pa3MEPHOCTH
y2Ke He 6bUI0 OBl IOCTATOYHO). B cyImHOCTH, TAKOro PO/ HHIYKTUBHOE OLpPeesie-
HIe HesSIBHO COJEPXKUTCSI y2Ke B eBKINI0BBbIX «Hadamaxs», rie omHOMEpHBI 06pa3
TOJIKY€TCsI KaK HEYTO, TPAHUIIA 9e€r0 COCTOUT M3 TOYEK; JBYMEPHBI 00pa3 — Kak
HEYTO, PAHUIIA Y€r0 COCTOUT U3 JIMHUIT; HAKOHEIl, TPEXMEPHBbI 06pa3 — KaK He4To,
TpaHUIA Yero COCTOUT U3 ITOBEPXHOCTE.

e A

e S iy Iy

Puc. 130. KanTopoBo MHOXKECTBO

3a mocyeqHue TOABI ObLIa PA3BUTA OOIMIMPHAST TEOPHUS — TEOPUsS PA3MEPHOCTH.
OrnpejiesieHre pa3MepHOCTY HAYUHAETCS C TOTO, UYTO Pa3bsCHSIETCs] CMBICJ T€PMU-
Ha «TO4YedHOEe MHOXKecTBO pasmepHoctu 0». Jlioboe konewroe TOUETHOE MHOMKE-
CTBO 00OJIaZIa€T TE€M CBOMCTBOM, YTO KaK/as €ro TOYKa MOXKET ObITh 3aKJIIOYEHA
B CKOJIb YI'OJIHO MaJjIyio 06JIaCTh IPOCTPAHCTBA, [IPUYEM Ha IDAHHUIEe 00JIacTH HeT
TOYEK MHOXKECTBA. DTO CBOICTBO IIPUHUMAETCS Telepb 3a OLpeesieHne pa3Mep-
voctu 0. YcmoBuMcst pan yaoO0CTBA TOBOPUTD, UTO IIYCTOE MHOYKECTBO MMEET Pas3-
MepHOCTh —1. B Takom ciyuae mHoxkecTtBo S mMmeer pasmepHOcTb 0, €cjau OHO
He mMmeeT pasMmepHocTH —1 (T. e. ecam S CONEPXKUT XOTh OFHY TOUKY) U €CJId
KaXK7asl TOUKa S MOXKET OBITh 3aKJII0YEHA B TPOM3BOILHO MAJYIO 00IaCTh, TPDAHUIIA
KOTOPOIi 1epecekaer S 110 MHOXKECTBY padMepHocTH —1 (T. e. COBCEM He COIEPIKHUT
HU onHON Toukm S). Tak, HATpUMEp, MHOXKECTBO PAIMOHAJIBHBIX TOYEK Ha TIPAMON
nMeeT padMepHOCTh (), TaK KaK KarK/7asl PAIMOHAJIbHAST TOYKA MOYKET OBITh pac-
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CcMaTpUBaeMa KakK IEHTD MMPOU3BOJIBHO MAJIOr0 IIPOMEXKYTKA C UPPAIMOHATIbHBIMU
korunamu. KanropoBo mMuOxkecTBo C' Takxke paszMmepHoctu 0, Tak Kak, MOI0OHO
MHOYKECTBY PAIMOHAJIBHBIX TOYEK, OHO MTOJIYyYaeTCsl TOCPEICTBOM y/IAaJeHUs Be3e
IUIOTHOT'O MHOKECTBA TOYEK IIPSIMOIi.

Wrak, MBI y2Ke OIpeIe/TuIn MOHSATUsI «Pa3MEPHOCTb —1» U «pa3mMepHOCTb 0.
Temeps JierKO MOHSTH, 9TO TAKOE «PA3MEPHOCTH 1»: TOBOPST, 9TO MHOXKECTBO S
UMeeT «Pa3MepHOCTD 1», eCIM OHO HE eCTh HU pa3MepHocTH — 1, Hu pasmepHocTtH 0,
¥ eCJIU KaXKJasl TOYKa S MOYKeT ObITh 3aKJII0YEHA B MMPOU3BOJIBHO MAJIYIO 00JIaCTh,
TpaHUIa KOTOPOil mepecekaeTcs ¢ S 1mo MHOKeCTBY pasmepHocTH 0. OTpe3ok mpsi-
MOt 06/18/1a€T STUM CBONCTBOM, TaK KaK I'PAHUIEH KayKJI0r0 ITPOMEXKYTKA sIBJISIETCS
mapa TOYeK, T. €. MHOXKECTBO pas3MmepHocTH ( IO MPeIbIAyINeMy OIpeIeIeHuIO.
Hambime, TpooKasi TAKUM 2Ke 00pa3oM, MbI MOXKEM ITOCJIE/IOBATEIFHO OIIpeIe-
JIUTh, YTO TAKOE PA3MEPHOCTH 2, PA3MEPHOCTD 3 U T. [I., IPUYEM KaXKJI0€ CJIe/IyIoIee
OIpeJIeJIeHne OCHOBBIBAETCSI Ha, TPEIBILYIIEM.

Takum 06pa3oM, TOBOPST, 9TO MHOXKECTBO S MMeeT Pa3MEePHOCTH 7, €CJIU OHO
HE UMEET MEHbIIEHl PAa3MEPHOCTU U €CJIU KaXKasi TOYKa S MOXKET ObITh 3aKJII0YEHA
B [IPOM3BOJILHO MAaJIyI0 00JIaCTh, FPAHUIIA KOTOPOI IIEPECEKAETCS C S 110 MHOXKECTBY
pasmepuoctu n — 1. Hampumep, mrockocTs nMeeT pa3MepHOCTD 2, TaK Kak J0bast
TOYKa IIJIOCKOCTH MOKET OBIThH 3aKJ/II0YeHa B KPYKOK IIPOU3BOJIBHO MAJIOrO pa-
Jyca, TPaHMIA KOTOPOH MMeeT pa3MepHOCTh 1.! B 0OBLIKHOBEHHOM HPOCTPAHCTBE
HUKAaKO€ MHOXKECTBO TOYEK HE MOYKET MMETh Pa3MEePHOCTH OOBIIYyI0 UeM 3, Tak
Kak Jiro0asi TOYKa IPOCTPAHCTBA €CTh IIEHTD IIPOU3BOJIBHO MaJjoil cdepsl, rpa-
HUI[a KOTOpPOil mMeeT pasmepHOCTh 2. Ho B cOBpeMeHHON MaTeMaTHKe TepMUH
«IIPOCTPAHCTBO» yHMOTPeOJIsieTcss B H6ostee 00IIeM CMBICTE; OH 0003HAYAET JIIO0YIO
cucreMy OOBEKTOB, JJII KOTOPOU BBEJIEHO IIOHATHE <«PACCTOSHUSA» MJIA <OKPECT-
HOCTH», ¥ TAKOTO POJIa abCTPAKTHBIE «IIPOCTPAHCTBA» MOTYT UMETh PA3MEPHOCTh
6oustbryto geMm 3. IIpocThiM mpuMepoM sABISIETCS dexapmoso n-meproe Npocmpat-
CcMB0, «TOYKH» KOTOPOT'O CyTh CHUCTEMBI U3 N JeHCTBUTEJBHBIX UNCEJI, B3ATHIX B
OIPEJIEJIEHHOM TOPSIIKE:

P=(z1, x2, ..., Tn),
Q: (ylv Y2, -y yn),
a «paccrosinue» Mexy P u @) onpezesnsiercs o dpopmysie
d(P, Q) =/ (z1 —y1)? + (w2 — 92)> + ... + (Tn — yn)®.

MoxkHO mOKa3aTh, YTO TO MPOCTPAHCTBO WMeET pa3dMepHOCTh n. [Ipocrpan-
CTBO, KOTOPO€E He MMeEeT Pa3MEPHOCTH N1, KaK ObI BEJINKO HU ObLIO N, HA3bIBAETCS
IIPOCTPAHCTBOM GECKOHEYHOM pa3MePHOCTH. MI3BECTHO MHOTO IPUMEPOB TAKUX ITPO-
CTPAHCTB.

B Teopun pazmepHOCTH yCTaHABINBAETCS OJIHO YPEIBHIYANHO HHTEPECHOE CBOM-
CTBO JBYMEDHBIX, TPEXMEPHBIX M BOOOIIE n-MepHbIX ¢uryp. Haunem c gsymep-

1 CkazanHOe He O3Ha4YaeT, 4TO J0Ka3aTe/JIbCTBO TOI'O, YTO IIJIOCKOCTH UMeEeT pa3Mep-

HOCTb 2 B CMBICJIE HAIIEro OIpeJeJIeHUs, y»Ke 3aKOHUYEHO: OCTAeTCdA J0Ka3aTb, YTO
rpauna Kpyra (OKpy»KHOCTb) MMEET DPa3MEPHOCTb 1, W 9TO cama IUIOCKOCTH He
umeer pasMepHocTd 0 wiam 1. DTU yTBEPXKIEHUST MOXKHO JOKa3aTb, KaK M aHAaJo-
TUYHBbIE YTBEPXKJEHUs! JJIsi BBICIIUX pasMepHocTeil. Bce mpeapiayiinue paccyKaeHust
MMOKAa3bIBAIOT, YTO MPUBEIEHHOE BBIIIE OOIIEee OIpeJie/IeHNe Pa3MEepPHOCTU He CTOUT B
IIPOTUBOPEYUH C OOBIYHBIM €I0 IIOHUMAHUEM.
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HOTO ciydas. Eciim Kakasg-ToO mpocras JByMepHasi (bUrypa HoJpasiiesieHa Ha J0-
CTATOYHO MAaJIEHbKHE <«sUeifiKu» (IpHYeM IMPEeAIoaraercsi, 4To KarKjaas sdeiika
COZIEP?KUT CBOIO TPAHMUILY ), TO HEIIPEMEHHO HANJIyTCS TAKUE TOYKH, KOTOPBIE MTPH-
HaJJIeXKAT Cpa3y no Mmenvwet mepe mpem avwetkam, kaxosa 6v, nu 6viaa Pop-
Mma 6vopannoir aveex. Bmecre ¢ TeM cywecmsylom makue pasdbueHnsi Urypbl
Ha S9efiKW, 9TO HUKaKas TOYKa (DUTYPHI HEe MPUHAJIEKUAT Cpasdy 0Ooavuie “em
mpem saeiikam. Tak, ecin paccmarpuBaeMasl AByMepHas (DUIypa eCcTb KBaJpar
(puc. 131), TO HENpEMEHHO UMEIOTCS TOYKM BPOZE TOMH, KOTOpasi cpasy HPUHAJ-
JIEXKUT TpeM sidefikam 1, 2 m 3, HO [IsT YKAa3aHHOTO Ha PHUCYHKe Da30ueHus He
CYyIIECTBYeT TOYKM, KOTOpas Cpa3y IpHUHAJJIeXKaja Obl OOJIBbIIEMY YUCITYy SUeeK.
TouHO Tak Ke B TPEXMEPHOM CJIydae MOYKHO JIOKa3aTh, YTO €CJIU HEKOTOpas 00b-
emHas durypa (Teso) pazbura Ha JOCTATOTHO MAJEHBKHE STIEHKH, TO HABEPHIKA
CYIIECTBYIOT TOYKH, [PUHAJJIEKAIIUE [0 MEHb-

el Mepe dYeTbIpeM sidefKaM, U BMECTe C TeM ‘ ‘ ‘
MOXKHO BBIOpATh TAKHE MOJAPA3/EJIeHUsI, YTO HU- ‘ ‘ ‘
Kakas TOYKa He Oyjer NIpUHAJJIEXKATh CPasy

OOJIBIIIE YeM YETBhIPEM STUEHKaM. ‘ ‘ ‘

Bce 3T coobparkeHust IPUBOJAT HAC K CJIe- 1 ‘ 2
nyrormeil Teopeme, BbickazaHHoi A. Jleberom wu
Bpayspom: ecau n-mepraa dueypa pazbuma ma ‘
00CMAMOYHO MANEHBKUE AUETKU, O HENPEMEHHO ‘ ‘ ‘
cywecmeyrom mowku amol duaypv, npunadie- ‘ ‘ ‘
orcawue cpasy no menvuwets mepe n+ 1 avetixam; \ \ \
8MeECTME C TeM B03MOIHCHO YKA3AMD U MAKUE PA3- ‘ ‘ ‘
bueHuA, 4Mo HU 00HG Mowka duypv. He bydem
npuHadsescams cpady bosee wem n + 1 auwetikam. Puc. 131. Teopema o moKpbI-
OTa TeopeMa XapaKTepPU3yeT pPa3MEePHOCTL pPac- THI
cMaTpuBaeMoil purypsl: Bce GUryphI, st KOTO-

PBIX TeopeMa BEPHA, SIBJISTIOTCS NM-MEPHBIMH, BCE MPOYMe WUMEIOT HUHYK pa3Mep-
HOCTE. 1o 970l npuyYnHe ykaszaHHas TeopeMa MOXKeT ObITh B34Ta 33 Olpee/IeHne
pasMepHOCTH (TaK U JIeJIAI0T HEKOTOPbLIE aBTOPHI).

PasmepHOoCTh DUTYypHI OTHOCUTCSI K 9HCILy TOMOJOTHYIECKUX €€ CBONCTB: HUKa-
ke jBe (pUrypbl pa3jIndHbIX PA3MEPHOCTEH He MOTYT ObITh TOMOJIOTHYECKHU IKBU-
BaJIeHTHBIMU. B 9TOM 3aK/II0o9aeTcs 3aMedaresbHas TeopeMa 06 « MTHBAPUAHTHOCTU
Pa3MepHOCTH»: YTOOBI OIEHUTH €€ JIOJIKHBIM 00pa30M, CTOUT HAIIOMHUTE JIPYTYIO
Teopemy (nokazannyto Ha crp. 106), COrIaCHO KOTOPOH MHOXKECTBO TOYEK KBA[paTa
HUMeEET Ty K€ MOIIHOCTH, YTO U MHOXKECTBO TO4YeK orpe3ka. CooTBeTCTBHE MEXKIY
TOYKaMH, YCTAHOBJIEHHOE IIPU JI0KA3aTEIbCTBE ITOU TEOPEMBI, He TOITOJIOIMIECKOE,
Tak Kak TpeOOBAHUE HENPEPLIBHOCTH HAPYIIACTCH.

4. Teopema o HEOABUKHOII TOoUKe. B mpuiokeHWsxX TOMOJOTUA K
JIDYTEM OTPACISM MATEMATHKU UTPAIOT BaXKHYIO POJIb TEOPEMBI O «HEIO-
JIBI2KHOM TOUKe». THUIMIeCKIM IPUMEPOM SIBJISIETCS M3JIaraeMasi HUXKe Teo-
pema Bpayspa. Ona ropasmgo MeHee «OYEBUIHA» B WHTYUTHUBHOM CMBICJIE,
9eM JIPyTHe TOIOJOTHIECKUE TEOPEMBI.

Pacemorpum kpyribrit auck Ha mockoctd. [lof TAKOBBIM MBI IOHU-
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MaeM BHYTPEHHOCTb HEKOTOPOI'O Kpyra BMeCTe C ero rpaHuieil (OKpyzK-
HOCThIO). IIpennosoxkumM, 9To BeCh 9TOT JWCK HOJABEPraercs HEKOTOPOMY
TOIOJIOTMYECKOMY ITPe0Opa30BaHmIo (Jlazke He 00A3aTebHO B3AUMHO OJI-
HO3HAYHOMY ), IIPU KOTOPOM BCsKasi TOYKA JUCKA OCTAETCS TOYKOI JMCKA,
XOTsl M MEHsieT CBOe mmoJyiokeHme. Hampumep, mpejcraBiss cebe 3TOT JIUCK
CIEIAHHBIM W3 TOHKOW PE3WHBI, MOXKHO €ro CKAMaTb, PACTATHBATH, BpPa-
AaTh, H3rU0ATH — OJHUM CJIOBOM, ;1e(bOPMUPOBATH KaK YIOJHO, JIHUIIb
6])1 €ro TOYKM H€ BBIIIJIN 3a IIpeJieJibl IIePBOHAYaJIbHOT'O IIOJIOZKEHUA JIHUC-
ka. VHade eme MOXKHO IpEJICTABUTH cebe, UYTO KUJKOCTh, HAJUTasl B
CTaKaH, TPHUBEJIEHA B JIBUYKEHHE TAaKUM OOpa30M, YTO YACTHIIbI, HAXO-
JUWBIIHECs] HA I[OBEPXHOCTH, OCTAIOTCA Ha Hefl W BO BpEMs JIBUKEHUS;
TOrZa B KAXK/BIl OIPE/IEJIEHHBIII MOMEHT BDPEMEHU IIOJIOKEHHE YACTHI
HA IIOBEPXHOCTH OIIPEJIeIieT HEKOTOPOe TOIIOJIOIUYecKOoe IIpeodpa3oBa-
HUE WJIH TPAHC(POPMAIINAIO IEPBOHAYAJ b~
Horo ux pacrpejenenus. Teopema Bpay-
9pa YyTBEPKIAET: Kadtcdoe HenpepuieHoe
npeobpasosarue maxoz20 poda 0CMABATA-
em Henodsuscholi no kpatinet mepe 00-
HY MOYKY; JPYTUMH CJIOBaMU, CyIle-
CTBYeT 110 MEHbINEll Mepe OIHAa TOYKA,
ITOJIOXKEHNE KOTOPOil mociie mpeobpaszo-
BAaHUsI COBIIAJIAET C IIOJIOXKEHHUEM €€ JI0
upeobpazosanus. (B npumepe ¢ xujko-
CTBHIO HEIIOJABHUZKHBIC TOYKHN 3aBUCAT OT
n30paHHOINO MOMEHTa BPEMEHH; B YACT-
HOCTH, €CJIA [IBUYKEHNE CBOJIUTCS K IIPO-
Puc. 132. BekTops! npeobpazosanuss CTOMY KPYTrOBOMY BPAILECHUIO, TO HEIO-

JBUYKHONU TOYKOHN B JII000M MOMEHT B-

Jstercd neHTp.) Mznaraemoe pasiee J0Ka3aTesbCTBO CYNIECTBOBAHUS HEIIO-
JBU2KHOU TOYKM — OYeHb XapaKTepHBIU NpUMep pacCyzK/ieHuil, mpuMeHsie-
MBIX B TOIIOJIOTHH.

Pacemorpum mHam auck 1o u mocste mpeobpa3’0BaHUsS U JOIMyCTUM, UTO,
BOIIPEKHU YTBEPKJICHUIO TEOPEMBI, Hli 00HA TOYKA HE OCTACTCS HEITO/IBUYKHOI,
TaK 4TO JII00asl TOYKA JIMCKA I0CJEe IIPeoOpPa30BaHUs IPEBPAIIAETCS B HEKO-
TOpYIO dpyeyto TOUKY jaucKa. Kaxkoit Touke P auckKa B €ero mepBOHaYaIbHOM
ITOJIOYKEHUH COIIOCTaBUM CTPEJIKY WJIN «BEKTOp IpeobpasoBanusi> PP’ nipu-
geM P’ ecTh Ta TOYKa, B KOTOPYIO mepexoauT P mocie mpeobpa3oBaHus.
Takas crpeska OymeT BBIXOIUTD M3 KAaXKIOW TOYKH JHCKA, TAK KAK BCIKAs
TOYKa KY/Ia-TO IIepeMeInaeTcs. PacCMOTpUM Telepb BCE TOYKH TPAHUIHON
OKPY2KHOCTHU BM€ECT€E C COOTBETCTBYIOIIMMI BEKTOpaMu IIpeobpa3oBanus. Bee
9TH BEKTODPHI HallpaBJIeHbI BHYTPh KpPyra, TaK KaK IO IIPEIIIOJIOXKEHUI0 HU
OJIHA, TOYKA HE BBIXOJWT 3a ero mnpejesbl. Haunem ¢ kakoi-HuOy b TOUKu P,
JeXkalmeil Ha IPDaHWYHON OKPYXKHOCTH, W TOHJIeM II0 3TOH OKPYZKHOCTH B
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HaIPaBJIEHUH, ITPOTUBOIOJIOKHOM JIBIKEHUIO JacOBOU cTpeiku. [Ipu srom
HalpaBJIeHHe BEKTOPa IIPeodpPa30Banust OyIeT N3MEHATHCs, TAK KaK Pa3JInd-
HBIM TOYKAM T'PAHUIBI COOTBETCTBYIOT DPA3JINYHO HAITPABJIECHHBIE BEKTOPHI.
Bce 9T BEKTOPBI MOXKHO TaKzKe IIPEJICTaBUTH cebe (II0JBEPrHYB UX HapaJi-
JIEJIBHOMY Hepeﬂocy) BBIXOIAIIIUMU U3 HEKOTOPOI OJHON M TOU 2Ke TOYKHU
wiockoctu (puc. 133). Jlerko momsrh, 4ro, Korja Mbl 000iijeM OAMH Da3
BECh KPYT, BEKTOD II0CJIE PsiJia IOBOPOTOB BEPHETCS B IIEPBOHAYAIBLHOE II0JIO-
2KeHue. L:[I/IC.]'IO IIOJIHBIX ITIOBOPOTOB, CAEJIAHHBIX IIPU 9TOM HalllUM BEKTOPOM,
MbI Ha30BEM UHJEKCOM PACCMATPUBAEMO TPAHUYHON OKPYKHOCTH; TOYHEE
TOBOpsi, MBI OIPEIEUM HHIEKC KaK a42e0PaUYECKYI0 CYMMY PASIMIHBIX
U3MeHEeHU!l B yIVIe BEKTOPOB, YCJIOBJIHUBASICH, UTO BCAKOMY YaCTHOMY IIO-
BOPOTY IIO YaCOBOU CTPeJIKe IPUIHICHIBAETCS 3HAK MHUHYC, IPOTHB YaCOBOI
CTPEJIKH — 3HaK IUTIoC. VIHIEKC eCTh UTOTOBBIN PE3y/IbTaT, KOTOPHIN & priori
paBeH ojHOMY M3 umcesn 0, £1, £2, +3, ..., COOTBETCTBYIOIUX UTOIOBBIM
noBoporam Ha 0°, £360°, 720°, ... MbI yTBepKaeM Telepb, YTO WHJIEKC
TPAHUYHON OKPY2KHOCTHU PaBeH €JIMHUIIE, T. €. YTO UTOTOBBII MMOBOPOT BEK-
TOpa IPeodPaA30BAHNUS COCTABJISET OJUH IIOJIHBII IIOBOPOT B ITOJIOXKUTETHHOM
Hanpasyennu. IIpekie Bcero HAITOMHUM ellle pa3, YTO BEKTOP IIpeodpa3oBa-
HUSI, UMEIOINH HAYAJ0 B TOUYKE I'PAHUIHOTO Kpyra, HAIPABJICH HEITPEMEH-
HO BHYTPb Kpyra, a He 0 KacareJbHOi. Kciam JonycTuTh, 9TO UTOTOBBIN
IOBOPOT BEKTOPA MpeoOpa30BaHMsl OTJINIAETCH OT UTOTOBOTO TOBOPOTA Ka-
cameavrozo eexmopa (a 9TOT MOCJAEIHUI IOBOPOT B TOYHOCTU paBeH 360°,
TaK KakK KacaTeJbHbIl BEKTOD, 0YEBUIHO, JeJIAeT OJHH IIOJIHBIA II0BOPOT), TO
Pa3HOCTD MEXK/Ty UTOTOBBIMU TTOBOPOTAMU KACATETHHOTO BEKTOPA U BEKTOPA
npeobpasoBanus OyjaeT paBHa KpaTtHoMy 360°, HO HuKak He Hysr0. OTCroma
CJIeyeT, 9TO BEKTOP Ipeobpa3oBaHus pu 00XO/e Kpyra JIOJKEH DyIeT 1Mo
KpaliHeil Mepe pa3 cZie1aTh IOJIHBINA II0BOPOT BOKPYT KacaTeJIbHOI'O BEKTODA,

Puc. 133. K mokasarenbcTBy TeopeMmbl Bpayspa
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a Tak Kak 00a BEKTOpa M3MEHSIOTCS HEIPEPLIBHO, TO B HEKOTOPOU TOYKE
OKPY2KHOCTHU HAIIPABJIEHUS JIBYX BEKTOPOB coBmayT. Ho 9T0, KaK MbI BHjIe-
JIM, HEBO3MOKHO.

Paccmorpum Tenepb OKPY2KHOCTD, KOHIIEHTPUIECKYIO TPAHUIIE JUCKA, HO
C MEHBIIINM PaJUyCOM, a TaKyKe COOTBETCTBYIOIIUE BEKTOPHI Ipeobpa3oBa-
uus. Jljs 9To#t HOBOI OKPY2KHOCTH WHJIEKC TAKXKE HEIIPEMEHHO DAaBEH €JIr-
nuie. B camoMm gneste, nipu mepexoze OT I'PAHUYHON OKPYKHOCTH K HOBOM
OKPY2KHOCTHU MHJIEKC JI0JI2KEH MEHATHCA HEIIPEPbIBHO, TaK KaK HallpaBJIEHUA
caMHUX BEKTOPOB IIPeoOpa30BaHus MEHSIOTCS HenpepbiBHO. Ho mHIeKe MoKeT
[IPUHUMATH TOJIBKO IIeJIble 3HAYEHUs] U ITOTOMY OCTA€TCsl PABHBIM €JIUHUIIE:
IEMCTBATENIHHO, TIEPEX0, OT eIMHUIBI K KAKOMY-HHOYIb IPYTrOMY IEJIOMY
quCTy 003aTEILHO OBLT OBbI CBSI3aH CO CKAYIKOM, T. €. HAPYIITeHNEeM HeIpepPhIB-
Hocru. (OdeHb XapakTepHOe MaTeMaTHYeCKOe PACCYKJIeHUe: BeJInIrHA Me-
HSI€TCsI HEIIPEPBIBHO, HO MOYKET IIPUHUMATH TOJIBKO IeJIble 3HAYEHNSI, 3HAUNT,
oHa nocrostHHa.) MTak, Mbl MOXKeM HAfiTh OKPYKHOCTh, KOHIEHTPUIECKYIO
TPAHUYHOI, TPUTOM CKOJIb YTOTHO MAJIYIO, /I KOTOPO# MHIEKC Oy/1eT paBeH
enunuite. Ho 9T0 HEBO3MOXKHO, TaK KaK, B CHJIY HEIPEPBIBHOCTH IIpe0o0Opa-
30BaHMsA, BEKTOPHI IIPEOOPA30BAHUS B JOCTATOYHO MAJIOM KPyTe IOJIZKHBI
BeCbMa MAJIO OTJINYATBCS OT BEKTOPa B IeHTPe Kpyra. M moTomMy MTOroBBIif
IIOBOPOT TAKOI'O BEKTOPA IPU 00X0jie KPYra MOXKET OBbITh CJIeJIaH, CKAXKeM,
menbIre 10°, eciin TOJIBKO pajuyc Kpyra Oyzer mocrarouno masi. Ho orcroma
CJIeJlyer, 4TO MHJIEKC TAKOro Kpyra (00s3aTesbHO IEeJI0e YUCII0) He MOXKET
6BITH OTyIM4deH OT HyJis. [losryuenHoe mpoTUBOpEtne MOKA3BIBAET, UTO CIEIAH-
HO€ HaMU JIOIIylIeHnue 06 OTCYTCTBHUHN HEIOJABUXKHbBIX TOYCK IIpeO6pa30BaHI/IH
JIOJIZKHO OBITH OTBEprayTo. TakuM oOpasoMm, TeopeMa JI0Ka3aHa.

Teopema 0 HEMOABUKHBIX TOYKAX MMEET MECTO HE TOJIBKO JJjis KPYTOBO-
o JIWCKa, HO, KOHEYHO, W /I TPEYTOJIbHUKA, KBaJpaTa M BCIAKOU IPyTOit
buUrypni, B KOTOPYIO JUCK MOYXKET OBITH MEPEBEIEH TOMOJOTUIECKUM TTPEod-
pa3oBanueM. B camoM jelte, ecsin Obl HeKoTOpas (urypa A, moJrydaroasicst
13 KPYroBOI'O JINCKA IIOCPEJICTBOM TAKOI'O PO/ia Ipeodpa3oBaHmsl, MOTJIa OBITh
npeobpasoBana caMa B cebst 6€3 HEIOABMKHBIX TOYEK, TO TEM CAMBIM OBLIO
OBI OIIPEIEJIEHO U TOMMOJIOTUIECKOE MPeodPa30BaHe KPYTOBOrO IUCKA CAMOTO
B cebst 6e3 HeMmOABMKHBIX TOYEK, a 9TO, KAK Mbl BUIEIN, HEBO3MOXKHO. Teo-
pema 0000IIaeTCsT TaKXKe Ha CIydail TpeXMEepHBIX pUryp — cdep uin Kyoos,
HO JIOKa3aTe/IbCTBO HE CTOJIb IIPOCTO.

* Xors Teopema Bpayspa 0 HENOJBUIKHBIX TOYKAX B CIydae KpyTa He siBJISIeTCst
BIIOJIHE OYEBHUIHOW B WHTYUTHBHOM CMBICJIE, OJHAKO JIETKO YOEIUTHCs, ITO OHA
SIBJISIETCSI HEITOCPE/ICTBEHHBIM CJIE/ICTBUEM TAKOM JOCTATOYHO OYEBHIIHON TEOPEMBI:
HEBO3MOIICHO HENPEPHLEHO 0MOOPA3UMD KkPY2060T JUCK 8 00HY MOADKO €20 2PAHUM~
HYIO OKPYHCHOCTD MaKUM 00pazom, 4mobv, Kadtcdas mMowka amol 0KPYAHCHOCTIU
0CMABaANACL HENO0OBUICHOY. YOEIUMCsI, YTO CYIIECTBOBAHUE HEIPEPBIBHOTO OTOO-
pakeHusi 1uCKa B cebsi 6e3 HEMOIBUKHBIX TOYEK MTPOTUBOPEUYUT ITOHN MOCeTHEN
Teopeme. llpenmomokum, 4TO yKa3aHHOrO PoOJia HEMPEPBIBHOE oTOOparkenne P —
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P’ cymecryer. Torma njs BCakoil Toukm P HaIlero AUCKa MPOBEIEM BEKTOP C
HaJaJioM B Touyke P’ mpoBois ero 4depes P u 3akaHumBasi B Touke P*) rme oH
BCTPETHUTCS C TPAHUIHON OKPYyKHOCTBHIO. Torma mpeobpazosanme P — P* Gymer
HEINIPEPBIBHBIM OTOOPA’KEHWEM BCErO IUCKA B I'DAHUYHYIO OKPY?KHOCTH, OCTaBJIfA-
FOIIMM HEIOJBUKHBIMU BCE TOYKHU 3TON OKPYXKHOCTH, BO3MOXKHOCTH 4Yero ObLia
orBeprayTa. [lomobHOE paccyKaeHne MOXKHO MPUMEHUTb W IPHU JTOKA3aTeThCTBE
TeopeMbl Bpayspa B TpexmepHOM cirydae cdepbl nim Kyba.

Jlerko y6euThCsi, ¢ IPyroil CTOPOHBI, UTO JJIsi HEKOTOPBIX (PUTYDP HEMPEPBIB-
HbIe Tpeobpa3oBanusa B cebsi 6€3 HEMOIBUKHBIX TOYEK BO3MOXKHBI.

Hampumep, KoJibiieobpasnast 00J1acTh MEXKTY JABYyMsI KOHIIEHTPUIECKUMHU OKPY K-
HOCTSIMA MOXKET OBITH TOJIBEPTHYTA BPAIIEHUIO OKOJIO IEHTPa Ha YroJl, He SIBJIsI-
fommiicss kpaTHbiM 360°, 1 3TO Kak pa3 Oy/eT HempepbIBHBIM IPEOOPa30BAHHEM
obsacTu B cebsi 6e3 HENOABMKHBIX TOUYEK. Takoe ke mpeobpa3oBaHe MOXKHO IIPO-
W3BECTU HAJI IOBEPXHOCTHIO CepPhl, COTIOCTABIIsIsT BCIKON €€ TOYKE JTUAMETPAIBLHO
MPOTUBOMOJIOKHYI0. Ho, mpuMeHsisi TOT Ke METOM, YTO W B CJIydae JUCKa, He
NIPEACTAaBUT TPy/Ja JO0Ka3aTh, YTO HEIPEPBHIBHOE IIpeoOpasoBaHue chepudecKoil
MMOBEPXHOCTH, HE TIEPEBOJISAIIEE HU OJHON TOYKU B JIUAMETPAIBHO MTPOTUBOIIOJIONK-
Hyo (Hampumep, Bedkas Masias nedopManus), HETPEMEHHO UMEET HETIOJIBUKHBIC
TOYKH.

TeopeMbl 0 HEMOABUAKHBIX TOYKAX BPOJE MMEPEUNC/IEHHBIX BBIIIE JOCTABIISTIOT
MOTYIIECTBEHHBI METOJ[ JJIsI JIOKA3aTEIbCTBA MHOTUX «TE€OPEM CYIIECTBOBAHUSI»
B Pa3HBIX 00JIACTIAX MATEMATHKH, IPUIEM I'€OMETPHYECKHUI XapaKTED ITUX TEOPEM
YacTo MAJIEKO He OYEBHJIEH. 3aMedaTe/IbHBIM ITPUMEPOM MOXKET CJIYKUTh TEOpeMa,
[Iyamkape, BbICKa3aHHaS UM HE33I0JIT0 10 cMepTH, B 1912 r., 6e3 moka3aTeabCcTBa.
W3 s10it TEOpEMBI HETIOCPEJCTBEHHO BBITEKAET CYIIIECTBOBAHUE OECUNCIEHHOIO MHO-
2KeCTBa MEPUOIMIECKNX OpOUT B OrpaHUYeHHOI mpobieme Tpex Ten. [lyankape me
cyMeJs1 0O0OCHOBAThH CBOEH JIOTaJIKU, JTOKA3ATEIbCTBO ITOTO 3aMEYATEIBHOrO (haKTa
noJtyyunii depes rog amepukanckuii Maremaruk 1. 1. Bupkrod. C rex mop romoso-
rUYeCcKre MEeTO/Ibl HEOJIHOKPATHO U € OOJIBIINM YCIIEXOM MTPUMEHSIIACH K U3y IEHHIO
Ka4eCTBEHHOTO TOBEICHUS NUHAMUIECKIX CUCTEM.

35mm

Puc. 134. Tomosorndaeckn SKBUBAJIEHTHBIE Y3JIbI, HE TEPEBOSINMECS IPYT B APYyTa

5. ¥Y3abl. B kadecTBe mocjaeHero mpuMepa OTMETUM, YTO TPY/IHBIE Ma-
TeMATHIECKHEe MPOOIEMBI TOIOJOTUIECKOTO XapaKTePa BO3HUKAIOT B CBA3U
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C W3yYeHHEeM Y3JI0B. Y3es o0pa3yercs, KOrjJa U3 OTPe3Ka BEPEBKHU Jlejia-
0T TETJIH, 3aTeM CKBO3b HUX IIPOIIYCKAIOT KOHIIbI BEPEBKH M, HAKOHEII, J[Ba
KOHIIa, COEJIMHAIOT BMecTe. V3roToB/IeHHAs U3 BEPEBKM 3aMKHYyTasl KpUBasi
rpeJicTaBjsieT coboii TeOMeTpUIecKyo (pUrypy, CymnecTBeHHbIEe CBONCTBa KO-
TOpO#l HEe M3MEHSIOTCs, KaK Obl B JAJbHEHIIeM HU ME€PETITMBATH WM HU
repekpyIuBaTh BepeBkKy. Ho kak BO3MOXKHO ObLIO ObI 1aTh BHYTPEHHIOIO Xa-
PaKTEPUCTUKY, KOTOPast O3BOJINIIA OBl PA3IHIUTh TEM HJIH UHBIM CIIOCOOOM
«3ay3JIeHHbIe» KPUBbIE MeXKJIy CO0OW M OTJIUYATh UX OT <«HE3ay3JIEHHBIX»
Bpoje kpyra? OTBer JaJIeKO He IIPOCT, U eIlle MEHee IIPOCT NUCUYEPIIbIBAIOITUI
MaTeMaTUIeCKuil aHau3 y3JI0B PAa3HBIX THUIIOB. 3aTPYIHEHUsS BCTPEYAIOT-
csd Jake TIPHW CaMbIX IEPBBIX ITaraXx B 3TOM HaIlpaBjeHuu. B3risHure Ha
JIBa y3J1a, HAIIOMWHAIOIINE TPUJIMCTHUKH, n300pakenubie Ha puc. 134. Oun
COBEPIIIEHHO CUMMETPHUYHBI JIPYT JIPYTY, SABJISIOTCA B3ANMHO «3€PKAJIbHBIMU
0TOOPaXKEHUSIMU», OHU TOTIOJIOTMYECKHU SKBUBAJIEHTHBI I BMECTE C T€M HEKOH-
TPYHTHBI JpyT Apyry. BosHukaer mpobJsiema: MOXKHO U J1ehOpMUPOBATH
HEIIPEPBIBHBIM JIBIUKEHUEM OJWH y3ei B japyroit! OTBeT oTpUIATesIeH; HO
JIOKA3aTeILCTBO MOTPEOOBAIO ObI 3HAYUTENHHO OOJIBIIETO BJIAJEHUS TOIO-
JIOTUYIECKOW TEXHUKOW M OOJBINMUX 3HAHWM U3 00JIACTH TEOPUH TPYIIN, TeM
[PEJIIOJIAaral0T PAMKY 9TON KHUIH.

§ 4. Tomonornydeckasi Kjaaccudukalius IIOBEPXHOCTEN

1. Pox nmoBepxHocTtu. Muorue mpocrble, HO BeCbMa CyIIECTBEHHbIE
06CTOSITETHCTBA BBISICHSIIIOTCS TP W3YYEHUHU JIBYMEPHBIX MOBEPXHOCTEIN.
CpaBHEUM, HAIPUMED, TOBEPXHOCTDH C(EPHI € MOBEPXHOCTHIO TOPa. BaryisHyB
Ha puc. 135, cpa3y MOXKHO OOHAPYKUTH pasjm4ne: Ha cdepe, KaK U Ha [LJI0C-
KOCTH, 3aMKHYyTasi KpuBasi Bpojie C' pas3/iesisieT IOBEepXHOCTh Ha, JIBE 9aCTH; HO

HA TOpE CYIECTBYIOT U TaKUe 3aMKHYThbIe KpUBbIe, HarpuMep C’| KOTOpBIE He
paz/iessaioT

ITIOBEPXHOCTH HA JiBe YacTu. Ec-
JI MBI TOBOpUM, 9TO KpuBast C'
pasmesisier cdepy Ha 1aBE dUa-
CTHU, TO 9TO O3HAYAET, IPYTUMU
CJIOBAMU, YTO IIPU Pa3pe3aHun
TIOBEPXHOCTU C(depbl MO KpHU-
Boit C 3Ta IIOBEpXHOCTH pac-
ImaJlaeTcss Ha JiBa HE CBA3aH-
HBIX MEXKJy CODOI KyCKa, WJIu
erle, MHavYe, YTO MOXKHO Hali-
TH JB€ TaKWe TOYKH CGephl,
4YTO BCsiKasi KpuBasi Ha cdepe,

Puc. 135. Paspess! na cdepe u Ha Tope uX CoeuHAIomad, HEIIPEMEHHO
mepecedercst ¢ kpusoit C. Ha-
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MIPOTHB, €CJIU pa3pe3aTh TOp 1o kpusoit C’, To mocjie pa3pesa MOBEPXHOCTH
He PaCIaIeTcs: JTII00bIe JIBe ee TOYKN MOYKHO COEJIMHUTH KPUBOI, HE NMeIOIIeit
06mmux Touek ¢ C’. YKazaHHOe pa3jinine CBUJIETEBCTBYET O TOM, UTO cdepa
U TOP B TOIIOJIOTMYECKOM CMBICJIE HE IPUHAJIEKAT OJHOMY B TOMY K€ KJIacCy
MTOBEPXHOCTEN: TOP HEJIb3sl TOIIOJIOTUIECKH 1Tpeo0pa3oBaTh B cepy.

Paccmorpum Temepnb MOBEPXHOCTD C IBYMS «IbIPAMUY, N300PAKEHHYIO HA
puc. 136. Ha 3T0if mOBEPXHOCTH OKA3BIBAETCS BO3MOYKHBIM IIPOBECTU CPA3y
JiBe 3aMKHYTBbIe KpuBble, A n B, KOTOpble He DPa3JeJISiOT TOBEPXHOCTH HA
qactu. 1op, HATPOTUB, IPU IPOBEJIEHUN JIByX TAKUX KPUBBIX HEITPEMEHHO
pazjenurcs Ha dactu. C apyroif cToponbl, J100ble TpU 3aMKHYTbIe KPUBBIE
pPa3/eJIAoT HAILY MOBEPXHOCTH C JIBYMS JIBIPAMU.

Bee 310 10/1CKA3BIBAET MBICJIH BBECTU HOHSTHE POJG TTOBEPXHOCTH, II0O-
HUMasI 10T POJIOM ITIOBEPXHOCTU HAMUOOJIbIIIEE BO3MOXKHOE YHCJIO B3aNMHO He
IIEPECEKAIONTUXCS TTPOCTBIX 3aMKHYTBIX
KPUBBIX, KOTOPbIE MOYKHO IMPOBECTU Ha,
[MOBEPXHOCTHU, HE pa3/eiisdsi ee Ha da-
ctu. Pox cdepnr pasen 0, pox Topa pa-
BeH 1, POJI TOBEPXHOCTHU, N300PAKEHHOM
Ha puc. 136, paBen 2. Takas ke 10-
BEPXHOCTH C P «JIbIPAMU» UMEET POJ P.
Pox ectb TOmosormueckuit MHBapuUaHT
ITOBEPXHOCTHU: OH HE M3MEHSIeTCS DU JIe-
dopmuposannn nosepxuoctu. O6paTHO, Puc. 136. ITosepxnocTs poma 2
MOZKHO J1O0Ka3aTbh (HO MbI HE IIPUBOJIUM
3JIECH ITOT'O JIOKA3ATENIbCTBA), UTO €CJIU J(BE 3aMKHYThIE IOBEPXHOCTH UMEIOT
OJIMH W TOT K€ POJ, TO OJHY MOYXKHO Je(hOpMHUPOBATH B JIPYIYIO; TAKUM
obpazom pox p =0, 1,2, ... 3aMKHYTOIl TOBEPXHOCTH MOJHOCTBIO XapaK-
TepHU3yer TONOJOIMYECKU KJIACC, K KOTOPOMY OHA NPHHAJJIEXKUT. (31ech
[IPEJIIIoJIATaeTCs, YTO Mbl PACCMATPUBAEM TOJIBKO OOBIKHOBEHHBIE «JIBYCTO-
poHHUEe» 1oBepxHOCTU. B myHKTe 3 9TOTO Iaparpada Mbl PACCMOTPUM TaKKe
U «OJHOCTOPOHHHUE» MOoBepxHOCTH.) Hampumep, TOJBKO 9TO PACCMOTPEHHAA
MMOBEPXHOCTh C JIBYyMsl NIbIpaMu U cdepa ¢ AByMsi «DPyKOATKaMU», n300pa-
JKeHHas Ha puc. 137, aBJsioTcs 006e 3aMKHYTHIMIA OBEPXHOCTSAMA POJIA 2, U
MBI BHJIUM, 9TO KaK/IyI0 U3 3TUX IIOBEPXHOCTEH yraercs nedOpMUPOBATH B
apyryio. Tak Kak IOBEPXHOCTH C D JAbIPAMU HJIM €€ SKBUBAJIEHT — cdepa C p
PYKOSITKAMU — IIOBEPXHOCTH POJIA P, TO JIIOOYIO U3 ITUX [TOBEPXHOCTEH MOXK-
HO B3Th B KaUECTBE «TOMOJOTMYECKOTO MPEJICTABUTENST» BCEX 3aMKHYTBIX
HOBEPXHOCTER poaa p.

*2. DilylepoBa XapaKTEepPUCTUKA IOBEPXHOCTH. [IpeIosoKuM, 4To
3aMKHYTasl [IOBEPXHOCTH S Pojia p pasdbuTa Ha HEKOTOPOEe YUCIO 0bJiacTeil:
TaKoe IOJIPA3/Ie/IEHNE OJIyIaeTCs, eCJIU Mbl OTMETUM Ha S psij «BEpIITuH»
7 COEMHNM WX 3aTe€M MeXKy co00i myramMu KpuBBIX. MBI ITOKaXkeM, 9TO B
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TaKOM CJIydae

V-E+F=2-2p, (1)
rae V —uucno BepmnH, ' —aucio ayr u F'—aucno obiacreit. Yucso 2 — 2p
Ha3bIBaeTCsd 9UAEPO8OT Taparmepucmukotl moBepxHOCTH. Kak MBI yKe BU-
nenu, myist eaydaga cdepot V — E + F =2, gro cornacyerca ¢ popmyiioii (1),
Tak Kak cdepa UMeeT POJ P, PABHBIN HYJIIO.

ZKesas nokazars oburyto dopmyiay (1), Boobpasum, uaro S ectsb cdepa ¢ p
pykosaTkamu. Kak Mbl oTMeTn/iu, J1obast TOBEPXHOCTD POJia P MOXKET OBITh
HeIpePBIBHOI jtedhopMaliueii IpuBeieHa K 9TOMY BHJLY, U BO BpeMs jehopma-
uuu #u V — E + F, v 2 — 2p ve usmensitorcsi. HenpepbiBHYyO edopManiuio
MBI BEIOEpEM TaKuM 00pa30M, YT00ObI 3aMKHYThIe KpuBble A, As, By, Bs, ...,
110 KOTOPBIM PYKOSITKH COEIMHAIOTCA O cepoil, IPUIINCh KAaK Pa3 Ha JIyTU
nansoro nogpaszaenenus. (Puc. 138 wurocTpupyer OHMCHIBAEMYIO JaJiblile
IpOIEypy B ciydae p = 2.)

[Ipopexem Tenepb MOBEPXHOCTH S 110 KPUBBIM Ay, By, ... U BBIIPIMUM
PYKOSTKHA. Y KaxKJI0i PYKOSTKHU MOSBUTCS CBOOOMHBIN Kpail, OrpAHUIEeHHbII
HOBOIT KpuBoit A*, B*, ... npudeMm Ha MOSIBUBIIEMCsI Kpae OY/IeT CTOJBKO Ke
BEPIIIH U CTOJIHKO XK€ JIYT, CKOJIBKO UX OBLIO COOTBETCTBEHHO Ha Ay, Bs, ...

Yucno V — F + F npu npope3blBaHUN HE M3MEHUTCs, TAK KaK HOBBIX
obJracTeil He BO3HUKHET, & YMCJIO BHOBb BO3HUKIIHMX BEPIIUH YPABHOBEIIIN-
BAETCs YMCJIOM BHOBb BO3HUKIINX JyT. 3aTeM 1edOpMHUPYEM IIOBEPXHOCTh
JIAJIbIIIe, CIUIIONIMBAs TOPYAIIUE PYKOATKY (BKJIIOUAsd UX B IIOBEPXHOCTD che-
pbi). B urore nosyuaerca cdepa ¢ 2p orBepcrusimu. Tak xkak V — E + F|
KaK HaM M3BECTHO, PABHO 2 JJIs BCAKOIO Pa30MeHus MOJIHOH cdepbl, TO /I
Hareit cdepsl ¢ 2p oTBepcTUAMU MbI nosiydaem V — E 4+ F =2 — 2p, u 310
PaBEHCTBO, OYEBUJIHO, CIPABEIINBO TAKXKe W JJIsl IIePBOHAYAIBLHON cdepbl
¢ p pykositkamu. Harre yrBepKienne q0Ka3aHo.

Puc. 121 wunocrpupyer npumenenue dbopmysbl (1) K mosepxuoctu S,
COCTABJIEHHON U3 IJIOCKUX MHOTOYTOJBHUKOB. DTY MTOBEPXHOCTH MOYKHO TO-
MTOJIOTUIECKH J1e(hOPMUPOBATH B IOBEPXHOCTH TOPA, TAK UTO €e POJI p paBeH 1,
u noromy 2 — 2p =2 — 2 =0. Kak u tpebyerca 1o dopmyse (1), Mbl moJIy-
qaeM

V-E4+F=16-324+16=0.

VYupaxkuenwne. [Ipoussenure kakoe-HHOyAb pa3bueHne Ha TOBEPXHOCTH C
JByMsI JbIpaMu, u300parkeHHoi Ha puc. 137, u nposepbre, uto V — F 4+ F = —2.

Puc. 137. IloBepxuocTu poja 2
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Puc. 138. K »sitytepoBoit xapaKTepuCTUKEe HOBEPXHOCTEH

3. OgHOCTOPOHHME MMOBEPXHOCTHU. ¥ KaXKJOi 13 OOBIKHOBEHHBIX 110~
BEPXHOCTE MMEETCs TI0 JIBE CTOPOHBI. DTO OTHOCHATCS W K 3aMKHYTBIM II0-
BEPXHOCTSIM BpOjie ¢hephbl miim TOpa, U K MOBEPXHOCTSAM, HMEIOITUM T'DAHUIIHI,
KaKOBBI, HaIIpUMEP, JUCK WU TOP, U3 KOTOPOI'O yJaJjeH KyCOK IIOBEpXHO-
ctu. YT0ObI JIerKO pa3/ndarh /1B CTOPOHBI OJHOW U TOl K€ IIOBEPXHOCTH,
WX MOXKHO OBLIO ObI pacKpacUTh Pa3HbBIMH KpackKaMu. Kcjum MOBepXHOCTh
3aMKHYyTasl, JIBe KPACKH HUT/IE He BCTPETATCd. Ec/in MoBepXHOCTh MMeeT rpa-
HUYHBIE KPUBBIE, TO PA3HbIe KPACKH BCTPEYAIOTCS 110 3TUM KpuBbIM. [Ipesmo-
JIO2KHM, 9TO [0 TAKUM IOBEPXHOCTSIM II0J13aJI OBbI KJIOI U 9TO-HUOY/Ib MEIIaJIo
OBl eMy IlepeceKaTh I'PaHUYHbIe KPUBBIE; TOI/Ia OH OCTaBaJICs OBl BCErJla Ha

Puc. 139. Jlucr Mébuyca: a, 6, 6 — nmepekpydInBaHne U CKJICUBAHUE JICHTBI; 2 —
OpHEHTAIMs «CTOPOH»
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OJIHOI CTOPOHE IOBEPXHOCTH.

Mébuycy npruHAIIEKUT YECTh OIIEJIOMIISIONIET0 OTKPBITHS: CYIIECTBY-
FOT IOBEPXHOCTHU, ¥ KOTOPBIX UMEETCS TOJBKO OjHA cTOpoHa. IIpocreiiniast
U3 TAKUX IIOBEPXHOCTEH eCTh TaK HasbiBaeMas JjeHTa (uwau juct) Mébuyca.
YT006BI €€ TOCTPOUTH, HY?KHO B3AThb JINCT OyMaru, uMmernuii hpopMy OUeHb
BBITSIHYTOTO IIPSIMOYTOJIbHUKA, W CKJIEUTH €r0 KOHIIBI IIOCJIE MOJIyIIOBOPOTA,
KaK IOoKazaHo Ha puc. 139 (a, 6, 6). Kiom, KoTopslil Oyier HOI3TH 10 9TOMH
IIOBEPXHOCTH, JepzKaCb BCE BpeMd CEpeIMHbI <«JICHTbI», BEPpHYBIIUCH B HC-
XOJIHYIO TOUKY, OKaxkeTcsl B IlepeBepHyTOM mosioxkennn (puc. 139, 2). Ecan
KTO-HUOY/Ib B3JyMaeT PaCKPACUTb <«TOJIBKO OJHY» CTODOHY ITOBEPXHOCTHU
MEOMYCOBOI JIEHTHI, IIyCTh JIyUIlle CPa3y MOIPY3UT ee BCIO B BEIPO C KPACKOIA.

Jpyroe zamevaTenbHOE CBONCTBO MOBEpXHOCTH MEOMyca 3aKTIOTAETCS
B TOM, YTO y Hee TOJBKO OJIMH Kpail: BCA I'DAHUIA COCTOUT U3 OJIHOH
3aMKHYTOI KpuBoii. OOBIKHOBEHHAS! JIBYCTOPOHHSISI IIOBEPXHOCTD, IIOJIyYa-
FOINAsICS TPU CKJIEMBAHUK KOHIIOB JIEHTHI 0€3 BCSKOIO IOBOPOTA, SIBCTBEHHO
“MeeT IB€ pa3/IMdHble TPDAHWIHBbIE KpWBbIE. ECIM 3Ty IOCIEIHIO II0-
BEPXHOCTH Pa3pe3arTh IO [EHTPAJIbHON JIMHUH, OHA PACIaJeTCS Ha JBE
IIOBEPXHOCTH TOrO ke Tumna. Ho ecin paspe3aTh TakuMm 2Ke 00pasoM IO
IeHTpasbHON JuHuK JieHTy MEGuyca (cm. puc. 139), To MBI yBUIMM, 4UTO
pacmajienust Ha jBe dactu He Oymer. Tomy, KTO He YIParXKHsIJICsI C JIEHTOM
Mébuyca, TPyIHO WPEICKAa3aTh ITO OOCTOSTENBCTBO, CTOJb IIPOTUBODE-
qaliee HAIMM HWHTYATHBHBIM MPEJACTABICHUAM O TOM, 9YTO <IOJ2KHO»
ciygnTbes. Ho ecium HOBEPXHOCTH, IOJYyYEHHYIO IIOCJI€ OIMCAHHOI'O BbI-
e pa3pe3aHus JieHTbl MéOmyca, CHOBa pa3pe3aTh II0 ee IEHTPAJIbHOIM
JINHUM, TO Y HAC B PYKaX OKaXKyTCs JIBe He CBI3aH-
HbIE, HO MeperJIeTeHHbIe MeXK 1y co0Oit JieHTbI!

OdeHb WHTEPECHO pa3pe3aTb TaKue JIEHTHI 110
JIMHUSAM, TTaPAJLIEIHHBIM TPAHUIIE U OTCTOSIIAM OT

Hee Ha %, % u T. 7. mupuHb! JieHTh. [loBepxHOCTH
Mébuyca, 6e3 COMHEHUSI, 3aCIyKUBAET YIIOMUHA~
HUsl ¥ B IIKOJBHOM KypCe.

I'panuma nosepxuoctu Mébuyca npezcraiis-
eT co0oif MPOCTYIO <«HE3ay3JEHHYIO» 3aMKHYTYIO
KPDUBYIO, I €e MOXKHO J1e(pOPMUPOBATH B OKDPYK-

Puc. 140. Kpocc-kam Hoctb. Ho mpujercss OmMycTUTh, ITO B IpOIEcce
nedopMaI IOBEpXHOCTh Oymer cama cebsi mepe-

cekaTb. llosiygaromasicss Ipu TOM CaMOIIEPECEKAIOIIAICA OIHOCTOPOHHSIS
MOBEPXHOCTh M3BECTHA TOJ HA3BaHWEM <«Kpocc-kam» (pue. 140)'. Jlunrwmio
IepecevdeHns 3/1eCh CAeAYeT CINTATh JIBAXK/IbI, OJINH Pa3 OTHOCS K OJHOMY U3
[IepeCceKarOIXCs JIUCTOB IIOBEPXHOCTH, APYTOil pa3 — K jpyromy. Kpoce-kai,
KaK U BCSIKYO OJITHOCTOPOHHIOK TIOBEPXHOCTD, HEJIb3sI HEITPEPBIBHO J1e(hOpMU-

1 Cross-cap — «IepeKpenuBaiomasics IisAna» (aHr.).
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POBaTh B JBYCTOPOHHIOK (TOIOJOIUIECKOe CBOMCTBO).

JIiobombiTHO, WTO JIeHTy MEOMyca MOXKHO, OKA3bIBAETCS, TaK J1ePOPMU-
poBaTh, YTO €e TpaHuIa Oyjer IJIOCKOH JIOMAHON (& MMEHHO, TPeyroJib-
HUKOM), IIPHYEM JIEHTa OCTaHeTCsl HecaMolepecekaromieiicst. Takasi MOjieJb,
Haiiiennas a-pom bB. TykkepmanoMm, moka3ana Ha
puc. 141, a; rpaHunEil JIEHTHI CIYKHUT TPEYTOIb-
uuk ABC, orpaHuYuBaiomuil TOJOBUHY JHArO-
HAJILHOTO KBAJIPATHOIO CEUEHNUST OKTAPa (CUMMET-
PUYHOIO OTHOCUTENBLHO 3TOro cedenus ). Cama jien-
Ta COCTOUT MPHU ITOM W3 IIECTU I'paHENl OKTadIpa
¥ 9eTBIPEX MPSAMOYTOJbHBIX TPEYTOJHHUKOB — JeT-
BepTeil BEPTUKAJIBHBIX UArOHAJIBHBIX ILIOCKOCTEH
okTaszpa’.

Jpyroit JiroOOIBITHBIA TTPUMEP OJIHOCTOPOHHE
MOBEPXHOCTU — TaK Ha3biBaeMas «OyTblaka Kireii-
Ha». DTO — 3aMKHyTas IIOBEPXHOCTHb, HO OHA, B
IPOTHBOTIONIOXKHOCT M3BECTHBIM HaM 3aMKHYTHIM TIOBEPXHOCTAM fie JenT

AC
A P 0] Q !
B
D Ty
c" 6 A

Puc. 141. Jlenra Mébuyca c npsimonuHeiiHsIM kpaeM (a) u ee pa3seprka (6)

IIPOCTPAHCTBO Ha «BHYTPEHHIOIO» U «BHEIHIO» JaCTH. TOI0JOrniecKn OHa
9KBUBAJIEHTHA ITape KPOCC-KAIIOB CO CKJICEHHBIMH MEXKTy COOOM IPaHUIHBIMU
KPUBBIMU.

MozkHO TOKa3aTh, 9TO BCsIKasi 3aMKHYTasi 00HOCTOPOHHASA TTOBEPXHOCTD
poma p=1, 2, ... TOMOJOTUIECKHN SKBUBAJICHTHA cdepe, N3 KOTOPO BBIHY-
TBI p JUCKOB W 3aMeHEHBbI Kpocc-Kamamu. OTCiofa JIerKO BBIBOJUTCS, UTO

1 U3 noeepxHOCTH OKTasapa BhIpe3atorcst rpaan ABP u BCQ. K ocTaBmmnMcs rmecTu

rpaHsiM IPUKJIEUBAIOTCs 4deThIpe Tpeyrombauka OAP, OBP, OCQ u OBQ. Ha
puc. 141, 6 npuBeneHa pa3sBepTKa ONMCAHHON IMOBepXHOCTH. 1o jnHuM, coequHsIomEl
Touky O ¢ TOYKOii, nmomedeHHoit aBymst OykBamu A u C, Hano caesaTh paspes, a
[TIOTOM CKJIEUTH COOTBETCTBYIOIINE OTPE3KHU Kpas pa3BepTKHU. 2KHUPHBIMU OTpe3KaMu
obozHaven Kpaii Jientst (nepumerp tpeyronbaaka ABC). — I[Ipum. ped.
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sitstepoBa xapakTtepuctuka V — E + F' Takoil MOBEPXHOCTH CBA3aHA C PO-
JIOM P COOTHOITIEHUEM

V-E+F=2—p.

JloKa3aTe/IbcTBO 3TOr0 NPEJJIOKEHUsI TaKOe Ke, KaK M Jijisl JBYCTOPOHHUX
noBepxuocreil. [Ipexxme Bcero ybemmmcsi, 9ro DitstepoBa XapaKTEPUCTHUKA KPOCC-
Kama wiau jgeaTsl Mébuyca pasua 0. [I1s sToro 3amernm, 4To, epepesast mMomnepex
sienTy Mébuyca, mpeaBapuUTe/IbHO IOJpa3IeeHHYI0 Ha OOJACTH, MbI IOJIYYHM
MPsIMOYTOJIBHUK, y KOTOPOro OyayT 1Be
JINIIIHAE BEPIIUHBI U OJHA JIMINHAS IyTa,
4uCI0 JKe obJsiacTeil OCTaHeTCsi TO JKe Cca-
Moe, 4TO 1 Jyisi jJeHTbl Mébuyca. Mbr Bu-
nesmm Ha cTp. 260, 9TO YIS TPSIMOYTOJIb-
nuka V — E + F = 1. CiienoBaTebHO, JIJIs
nenrsr Mébuyca V — E + F = 0. Ilpegna-
raeM dYHTATETI0 B KadeCTBE YIIPAKHEHUS
Puc. 142. ByTbuika Kieitna BOCCTaHOBUTH 3TO JI0Ka3aTEJIbCTBO BO BCEX

1O IPOOHOCTSIX.

W3zy4enne TOMOIOruYecKoil CTPYKTYPHI IIOBEPXHOCTEN, IOOOHBIX TeM,
KOTOPBIE TOJIBKO YTO OBLIM OIMCAHBI, IIPOBOIUTCA OoJiee y/I00HO, eciii BOC-
[IOJIb30BATHCS IJIOCKIMU MHOTOYTOJIbHUKAMH C MIOMIAPHO UIEHTUMDUIUPOBAH-
upiMu croponamu (cm. . IV, Tlpunoxkenue, nyakr 3). Tak, Ha cxemax
puc. 143 cTpesKHn MOKa3bIBAIOT, KaKne M3 NapaJuIeJbHBIX CTOPOH W B Ka-
KOM HAIIPABJIEHUHU JOJIKHBI OBITH MJIEHTUMOUIINPOBAHDLI: €CJIH BO3MOXKHO, TO
dusnydecku, ecam HEBO3MOXKHO, TO
XOTsi ObI MBICJIEHHO, abCTPaKTHO. A A A A

Meron, umeHTHMUKAIIT — MOXK-

HO TMPUMEHUTDH U JIJIST ONPEJIeIEHIST

TPEXMEPHBIX 3aMKHYTBIX MHOI000-
pa3uii, aHaJOIMYHBIX JBYMEPHBLIM

3aMKHYTBIM IIOBepXHOCTsIM. Hamnpu- B I 3 B A . A
UAUH 0

Mep, OTOXKJECTBJIsIS COOTBETCTBYIO- P P

mye TOYKM B3amMHO mpoTmsomo- A B A A

JIOXKHBIX TpaHeil Kyba (puc. 144),
MBI IIOJIy9aeM 3aMKHYTOE TPeX-
MepHOe MHOT000pasue, Ha3bIBAEMOE
TpEeXMEpPHBIM TOpOM. Takoe MHO-
roobpasue TOIOJOTUIECKH SKBUBA-

B AA A

. Jlucm Mébuyca  Bymoeiaka Kieiina
JIEHTHO TIPOCTPAHCTBEHHOI 06J1acTH,

3aKJIIOUYCHHON MeKIy JABYMdA KOH- Pwmc. 143. 3aMKHYTBIE TTOBEDXHOCTH,
[EHTPUIECKUMU TTOBEPXHOCTSIMU TO-  OIpeJesIeHHble IIOCPEICTBOM UAEHTUDU-
pa (o,qHa BHYTPH ,upyroﬁ)7 C UJEH- Kalnuy CTOPOH KBaJZipaTa

tudukanueii coorsercrByomux rouek (puc. 145). JeficTBUTesbHO, ITO 1O-
cJIeiHee MHOTO00OpAa3ue MOy IaeTcs 3 Ky0a, eCiu IPUBECTH B «(PU3NIECKOE»
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Puc. 144. Onpenenenne TpexMepHO-
ro TOpa MOCPeJICTBOM UIeHTUDUKAIMN
rpaneit Kyba

COBIIa/ICHUE JIB€ IIapbl «MBICJIEHHO OTOXKJIECTBJICHHBIX» B3aMMHO IIPOTUBOIIO-
JIO?KHBIX T'DaHeil.

Puc. 145. JIpyroe npeacraBiieHre TPEXMEPHOTO TOPa
(pa3pesnbl MOKA3LIBAIOT UAECHTH(MDUKAIMIO)
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I[TPUJIOZKEHUE

*1. IIpobGiema nATH KPAcoK. J[0Ka3aTeJbCTBO TOrO, 9TO BCAKASA Kap-
Ta Ha cdepe MOXKeT ObITH IPABUIBLHO PACKPAIEHa C TIOMOIIBIO He boJiee deM
AT Pa3JUYHBIX KPACOK, OCHOBbIBaeTCst Ha hopmyse Ditiepa. (B coorser-
CTBHH C T€M, ITO OBIJIO CKA3aHO Ha CTP. 265, KapTa CINTAeTCA PACKPAIIEHHOMN
NIPaBUJILHO, €CJIM HUKAKHE JBe 00JIACTU, COIPUKACAIONINECs IO IIEJIOH JIyTre,
He OKpallleHbl OJIMHAKOBO.) Mbl OrpaHnvIuMcs pacCMOTPEHHEM TaKUX KapT, Ha
KOTOPBIX BCE 00JIACTH SIBJISIIOTCS ITPOCTBIME 3aMKHYTBIMI MHOTOYTOJTbHUKA~
MU, OTPAaHUIEHHBIMU KPYroBbIMU JAyramu. He ymeHbimass oOITHOCTH, MOXKHO
JOIYCTUTb, YTO B KaXKJOU BEPIMNHE CXOJUTCS POBHO IO TPU JIYTH; KapTy,
YJIOBJIETBOPSIIOIILYIO TAKOMY YCJIOBHIO, OyJIeM HA3BIBATH PEryJIsIpHOI. 3ame-
HUM KaXK/IyI0 BEPIINHY, B KOTOPOil BcTpedaeTcs Oojiee TpexX AyT, MaJE€HbKUM
KPY?KKOM U IIPUCOEJIMHUM BHYTPEHHOCTD 3TOT'0 KPY2KKa K OJ[HOI M3 IIPHUJIera-
01X 00JIacTeil: TOrIa Oy IUTC HOBasl KApTa, B KOTOPOH «KPATHBIE» BEP-
IIUHBI 3aMeHeHbl 00bIKHOBeHHBbIMI. HOBast kKapra OyZeT comep:KaTh CTOJIBKO
2Ke obacTeil, CKOJIbKO U cTapas, u oHa Oyzaer perymaspuoit. Ecian ee ymacres
MIPaBUJIBHO PACKPACUTH, TO, C?KUMasl IIOTOM KPY?KOK U CBOJISI €10 B TOUKY, MBI
MIOJIy9NM TpeOyeMyIo PacKpacKy IlepBOHA4YaIbHOM KapThl. TaxkuMm oOpasoM,
JIOCTATOYHO YOEUTHCS, UTO KayKJYIO PEryJsipHYIO KapTy Ha cdepe MOXKHO
MPABUJIBHO PACKPACUTD MATHIO KPACKAMU.

[Ipexnme Bcero mokarkeMm, 9TO BCsKasi PerysspHas KapTa COJIEPXKUT II0
Kpaiineil Mepe 0JIMH MHOTOYTOJILHUK C 9UCJIOM CTOPOH MeHbIuM tiectr. O60-
3Ha4YUM 4epe3 F), 4uCJIO N-yroJbHBIX obJlacTell Halleil peryaspHOil KapThl;
Torjia, obo3Hadast depe3 F' auciio Bcex obsacTeil, MoJIydinM PaBEHCTBO

F=F+F;+F,+... (1)
V Kaxk10#1 yru JIBa KOHIIA; B KaXKJI0# BEpIUHE CXOIUTCs Tpu myru. [Tosromy
eciau E obo3Hauaer 4ucio ayr, a V — 4uciio BepuInH Ha Halleil KapTe, TO
2F = 3V. (2)
Jlasiee, Tak Kak 00JIaCTh, OTpAHUYEHHAS 1, J{yTaMU, UMeeT 7. BEPIITUH U KaXK-
Jasi BEPIIUHA, IPUHAJJIEIKUT TPEM O0JIACTIM, TO
2E =3V =2F, +3F; +4F, + ... (3)
ITo dopmysie Ditepa Mbl UMeeM
V—-FE+F=2wnm 6V —-—6FE+6F=12.

U3 coornomenust (2) caenyer, uro 6V =4FE, rak uro 6F — 2E = 12. Torna
coorHomenus (1) u (3) HAM maroT

nJIn
(6—2)F,+ (6—3)Fs+ (6 —4)Fy + (6 — 5)F5 +
+(6—-6)Fs+ (6—7)F, +...=12.
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Tak xax x0T ObI OMWH W3 UJIEHOB CyMMBI CJIEBa JIOJKEH ObITH MOJIOXKH-
TeJIbHBIM, TO OTCIO/Ia SICHO, YTO YeThbipe wucaa Fh, Fi, F, m F5 He MOTyT
OJIHOBPEMEHHO PaBHSATHCsI HY/0. HO 3TO M ecTh TO, 4TO HaM HYXKHO OBLIO
JI0Ka3aTh.

Ilepeitnem Temeps K TeopeMe o naTu kKpackax. [lycts M — kakas yrojiHo
peryisipHas Kapra Ha cdepe, n — 9uCia0 Bcex ee obsacreir. Mbl 3HAeM, 910
MMeeTcsI XOTh OJHa 00JIacTh € JHC-

JIOM CTOpOH MEHBbIINUM IIIECTHU. /
Cayuait 1. M copepxur 00-
gactb A ¢ 2, 3 wm 4 cropoHa- A
mu (puc. 146). B arom ciaygae yua-
JIUM JIyTY, OTJAEISIONIyI0 A oT omHOi N
yry, y o 7

u3 npuiekamux obmacreit. (3mech
HEOOXO/IMMO  CJIJIYIOlee [IpUMeda-
uue. Eciu y obiactu A geTwipe cTo-
POHBI, TO MOXKET CJIYUIUThCS, ITO OJI- A
HA U3 OpUJIeKANUX 00JacTel, ecyu
ee 0DOMTH BOKPYT, OKAXKETCsT TAKIKe
npuiiexkaieii K A ¢ MpOTUBOIIOJIOXK-
HOI cropoHbl. B sTOM ciiydae, Ha
ocuoBanuu teopeMbl 2Kopjana, jase
obnactu, npuseraonye K A ¢ aByx M M
OCTAJILHBIX CTOPOH, Oy/yT pa3Jind-
HBIMU, U MbI CMO2KEM YIAJUTH OJHY  Puc. 146-147. K moka3aresbCcTBYy TEOpE-
U3 9TUX JBYX CTOPOH.) BHOBB mouy- MBI O TIATH KPacKax
qenHas kaprta M’ Oymer Takxke pe-
TYJISIPHOM, HO cojepzkareil y»ke Togbko n — 1 obmacreit. Ecau xapmy M’
MOIHCHO NPABUALHO PACKPACUMD NAMBIO KPACKAMU, MO MOHCHO PACKPACUND
u xkapmy M. B camom neste, Kk objiactu A ripuiieraer camoe 0oJiblliee YeThipe
obJractu KapThl M, u oromy Juist A Bcerja Haiijiercs msarasi Kpacka.
Cuyuait 2. M conep:kut o6yacTh A ¢ IATHIO cTOpoHaMu. PaceMaTpuBast
naTh obJacreit, mpuieraromux K A, oboznaynm ux yepes B, C, D, E u F.
MOoKHO BCerjia Cpejiil 3TUX IATH 00JIacTell HATH JIBe, KOTOPbIe He MPUJIera-
0T JPYT K JAPYTY: AeHCTBUTENHHO, ecjin, HarpuMep, B u D mpureraior ojHa
K JIPYTOii, TO oTCIo/a BbITeKaeT, uro C' He npujeraer Hu K F, Hu K F', Tak Kak
B IIPOTUBHOM CJIy4ae BCSIKUil myTh, uaymmii u3 C' B E unn F, mojkeH ObLI
6bl HpoiiTu 110 Kpaiineii mepe depes onny u3 obsacreit A, B unn D (puc. 147).
(fcHo, uro 91O yTBEpKIAEHUE CYNIECTBEHHO 3aBUCUT OT TeopeMbl 2Kopiana,
CIPAaBEJJIUBO JIJIsT TJIOCKOCTH U Jijist cepbl. Jist Topa, HAIIPOTHB, BCE 9TO
paccy»KjieHne ornanaer.) tak, MOXKHO JOIyCTUTh, 4T0, Hanpumep, C' u F He
[IPUJIETAIOT JAPYT K JAPYTY. YIaJuM Te JIBE CTOPOHBI A, KOTOpBIE OT/IesoT A
or C u F, u Torja noiay4dnM HOByIO Kapty M’ ¢ n — 2 obyacTsaMu, TakKe pe-
rynspuyio. Ecau nosyro kapmy M’ mootcho npaguivbho packpacums namovio
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KPACKAMU, MO MOICHO PACKPACUMD U Nepeonavarvryto kapmy M. B camom
JieJie, ToCJIe BOCCTAHOBJICHHS YIAJIeHHBIX CTOPOH 00s1acTh A Oyier npuierarhb
K AT 00JIACTSIM, OKPAIeHHBIM He Gojiee YeM JeThIpbMsi KpacKaMu (Tak
kak C u F okpalleHbl OJJMHAKOBO), 1 oToMY 1ig A Beerja Haiimercs nsras
Kpacka.

Taxum 0b6pa3om, BO Bcex Caydasix BCAKUU perysspuoit kapre M ¢ n ob-
JIACTSIMU MOYKHO COIIOCTABUTH TAKYI0, TaKKe peryisipayio, kaprty M’ cn — 1
un n — 2 obnactaMu, 9To ecan M’ MOXKHO PaCKPaCHUTh IMSTHIO KPACKAMH,
1O M — TakKe. DTO pacCyxXK/IeHHe MOYXKHO IMOBTOPUTH it KapThl M’ u T. 1.
B pesysbrare Mbl HOJIyYUM I10CJIE0BATEIHLHOCTD KapT, B KOTOPOW I€PBBIM
wreHoM saBuTcs M:

M, ]\4/7 M//’

Ml

00JIaTATONIY IO TEM CBOMICTBOM, UTO KarXKJas KapTa ITOI IMOC/IeI0BATEILHOCTH
MO2KeT OBITh PaCKpAIlleHa MATHI0 KPACKAMU, €CJIM MOXKET ObITH pacKpalleHa
ciesytoniad 3a Heil. Ho Tak Kak 4umcio obsiacTeil B KapTax 3TOH MOCIIEI0BaA~
TEJLHOCTH HEM3MEHHO YOBIBAET, TO PAHO WJIU TO3JIHO B HEil HaeTCd KapTa
¢ narbio obacTaMu (WM MEHBIIUM YrCjIoM). Takyio KapTy BCerga MOXKHO
packpacuTb He Oojiee UeM MATHIO KpacKamu. Bo3Bpalasich Mo MOCJIeI0Ba-
TEJILHOCTH KapT, Iar 3a I1aroM, oOpaTHO, 3aKJIOYAM OTCIO/Ia, YTO U CaMa
kapTa M MoXKeT ObITh paCKpaIleHa IAThI0 KPACKAME. DTUM JOKA3aTeJIbCTBO
U 3aKaHYNBAETCS.

Ocraercst 3aMEeTHTD, UTO ITO JIOKA3ATEJLCTBO UMEET «KOHCTPYKTHBHBIN»
XapaKTepP: OHO AT MPAKTUIECKHU OCYIIECTBUMBIN, XOTs, MOXKET OBITh, U yTO-
MUTEJIbHBIN, METOJ HAXOXKIeHUsA TpeOyemMoi pacKpacKu JaHHoil kapTer M,
COCTaBJIEHHO M3 N 00JIacTell, TOCPEICTBOM KOHEYHOI'O YHCJIa IIaroB.

2. Teopema 2KopmaHa ajisi cirydasi MHOTOYTOJIBHUKOB. Teopema
2Koppmana yTBepKaaeT, 910 BCsiKasl pocTasi 3aMKHyTast Kpuast C pasjie-
JIIET TOYKM IUIOCKOCTH, He mpuHasiexammue C, Ha Takue jBe objactu (He
uMeroIme OBIMX TOYEK), MO OTHOIIEHHI0 K KOTOPbIM cama Kpusast C siB-
Jistercst obmeit rpanutieii. Mbl JToKaXKeM 3/1eCh 9Ty TeOpeMy JJisi 9aCTHOI'O
caydasi, korma C' ecTb 3aMKHYTBHIIT MHOTOYTOJbHUK P.

MpbI mokaxkeM, 9TO TOYKHU ILUIOCKOCTH (KPOME TOYEK, HAXOIANIUXCI Ha
caMOM MHOIOYIoJIbHOM KOHType P) pasbusatorca Ha apa Kiacca A u B,
006JIa/IAONIIEe CITEIYIOIUMA CBOficTBaMU: 1) JIBe TOYKM OJHOTO U TOTO ¥Ke
KJIacca MOT'YyT OBITH COEIMHEHBI JIOMAaHO! JINHUEH, He MMeFOIIeil 00X TOUeK
¢ P; 2) ecyu JiBe TOYKY NPUHAIJIEXKAT PA3HBIM KJIACCAM, TO JIH00asi JOMaHAs
JIMHUSI, UX COeNUHSIONAast, uMeer obmpe Touku ¢ P. OauH n3 Ha3BAHHBIX
KJIACCOB 00pa3yeT <«BHYTPEHHOCTb» MHOTOYTOJIBHWKA, JPYTOH COCTOUT W3
TOYEK, HAXOIAIINUXCST «BHE» MHOIOYIOJIbHUKA.

[Ipucrymass K J0Ka3aTeIbCTBY, BBIOEpEM KaKOe-TO (PUKCHPOBAHHOE Ha-
[IpaBJIeHNe B HaIlell IIJIOCKOCTH, He IapaJljieJIbHOe HU OJHON nu3 cTOpoH P.
Tak kak P mMeeT KOHEYHOE UUCJIO CTOPOH, TO 3TO BCET/Ia BO3MOXKHO. 3aTeM
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onpenesnM Kjaacchl A u B ciieayionmM o6pa3oM.

Touka p npuHaUIEKUT Kaaccy A, ecym Jiyd, IPOBEIEHHBIN Yepe3 Hee B
duKcHpoBaHHOM HAIpaBJeHnu, epecekaer P B wemnom ducie Todek (0, 2,
4,6 u . 1.). Touka p npuHAIIEKUT KIaccy B, eciu Jiyd, HPOBEICHHbBIH U3 P
B (DUKCHPOBAHHOM HAIIPABJIEHUH, IepecekaeT P B Hewemmom IuCie TOIeK
(1,3, 5u T ).

K sromy my»>kHO 106aBUATH, YTO €CJIM PACCMATPUBAEMBIH JIyd IIPOXOIUT
Jepe3 KaKyo-HUOY/Ib BEPIINHY, TO 3Ta BEPIIUHA HJET B CUET KAK TOUYKA
repecedeHns Jiyda ¢ P wiaum He uuer, CMOTPs IO TOMY, PaCIOJIOXKEHBI JIU
MIPUJIEXKAIIE CTOPOHBI MHOTOYTOJIbHUKA P 10 pa3Hble CTOPOHBI JIyda WJIN
110 OJIHY U TY K€ €ro CTOPOHY.

Vcii0BUMCS TOBOPHUTD, YTO JIBE TOYKH P U ¢ UMEIOT OJIHY U Ty K€ «JeT-
HOCTb», €CJIU OHU [IPUHAJJIEZKAT OJHOMY M TOMY Ke U3 JByX KJjiaccoB A u B.

3aMeTHM IMpeK/Ie BCEro, 4To BCe TOYKU JIFOOOTr0 OTPE3Ka, IIPSIMOii, He Iepe-
CEKAIOIIerocsi ¢ P, UMerT OHY U Ty Ke 9YeTHOCTh. JleficTBUTEIbHO, 9eTHOCTD
TOYKU P, IBUKYIIEHCS 110 TAKOMY OTPE3KY, MOXKET U3MEHUTHCS HE NHAYE, KAK
[IpU IIEPEeCeYeHnN COOTBETCTBYIOIIETO JIyda C OJIHOM u3 Bepiiud P; Ho, IpuHn-
Masl BO BHUMAaHHE Hallle COIJIAIIIEHNE O CYeTe TOUYEK [IEPeceveHnsl, JIerko ybe-
JTUTHCSI,
9TO B KaXKJIOM U3 JIBYX BO3-
MOXKHBIX CJIy9a€B YETHOCTH
Bce ke He Memnsiercs. U3 cka-
3aHHOIO CJIEJIyeT, UTO ECAU
HeKkomopas mouka p; 06aa-
cmu A coedunena AoMaHOT
AUHUET € HeKomopol moy-
kot py obaacmu B, mo ama
AUHUA  HENPEMEHHO nepece-
xaem P. Vnade deTHOCTH pe
BCEX TOYEK JIOMAHOU JIMHWH, \/\/

B YACTHOCTHU, TOYEK P; U Do,

6bl1a 6bI OnHHAKOBOH. Jlaiih- Puc. 148. Cuer nepecevennii

1€, IIOKaXKeM, 9TO d6e mouKu

00n020 u Mo20 oce u3 deyxr kaaccose A u B moeym 6wmu coedurenvl
Aomaroti suruet, He nepecexarouwetcs ¢ P. Obo3HaunM JBe JaHHBIE TOYKH
qepe3 p u ¢. Eciin npsMoJIMHEHHBI OTPEe30K pPg, COEIUHSIIONUN p U ¢, He
epecekaercs ¢ P, TO J0Ka3bIBaTh OOJIbIIE HEYEro. B MpOTUBHOM Ciiydae
myctb p’ — mepBasd, a ¢’ — MOCJeIHsiS TOYKA IepecevdeHusl OTPe3Ka pg ¢
mHoroyrossaukoM P (puc. 149). ITocrpoum JIOMaHYIO JIMHUIO, HAYMHAIO-
IIYIOCS OT TOYKU P HPSMOJIMHEHHBIM OTPE3KOM, PACIIOJIOKEHHBIM II0 Ha-
[IPaBJIEHUIO Pq, HO 3aKAHUYMBAIOIILYIOCS HEIIOCPEJICTBEHHO Iepejl TOYKOil p':
orcIoNa JioMaHad noiger BHosib P (6e3pa3indHo, B KaKOM U3 JBYX BO3-
MOKHBIX HAIIpaBJeHuit) u OyJer Tak WITH, IIOKA He IPUIET CHOBa Ha
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npsaMyIo pq — oKosio Toukn ¢'. Bech Bompoc B TOM, mpowmsoitmer Ju Ire-

pecedenne ¢ mpsaMOi pq Ha oTpe3ke p'q’ wiam Ha OTpe3Ke ¢'q: MbI ceidac

yOeIMCsI, 9TO CIIPaBeJINBO UMEHHO HOCJe/Hee, U Torja Oy/IeM UMeTh BO3-

MOXKHOCTH 3aKOHUYNTDH JIOMAHYIO, COEJMHST TIOCJIE/IHIO U3 MOJIyIeHHBIX TO-

Y€K C TOYKOI ¢ MPSMOJIMHEHBIM OTPE3KOM, CHOBA JIEYKAIIMM Ha OTPE3KE Pq.

Ecsn

JIBE TOYKH T U § paclo-

JIO’KEHBI O4YeHb OJIM3KO OJI-

Ha OT JIPYTOii, HO L0 pa3HbIe

CTOPOHBI OIHOI U3 CTOPOH

MHOTOyTOJIbHUKA P, TO oHn

T\ MMEIOT PA3JINIHYI0 YETHOCTD,

TaK KaK BBIXOJAINNE U3 HUX

4 (B dbuKCUPOBaHHOM HAIpaB-

\ JIEHUW) JIyuu OYJyT TAKOBBI,

9TO HA OJHOM U3 HHUX OyJer

Puc. 149. K nokasarenscrsy Teopemsl sKopua- 08 OHY TOUKY Gospmme To-

Ha 4eK Iepecedenust ¢ P, 4eM Ha

gpyrom. OTcroga sICHO, 4TO

YeTHOCTHb MEHSIeTCsl, KOTJa, JIBUTAsiCh 110 PG, MbI IIPOXOJIUM Yepe3 TOUYKY ¢ .

3HAYUT, JIOMAHBI <«IIyTh», HAMEUEHHBII HA YepTEXkKe IIyHKTAPOM, BEPHETCS

HA pg MeXAy ¢ ¥ ¢, TaK Kak p u ¢ (c/esoBaTe/bHO, BCe TOUYKHM Ha PACCMaT-
PUBAEMOM <ILyTH») UMEIOT OJIHY U TY K€ YEeTHOCTb.

Taxum obpazom, Teopema zKopaana Jijis cirydasi MHOIOYTOJIbHUKA JIOKa-
3aHa. «BHeIHUMYY 110 OTHONIEHUIO K MHOTOYIOJBbHUKY P OyiIyT Te TOYKWH,
KOTOpble MpUHAJIE)KAT Kjaccy A: HeHCTBUTENBbHO, NBUTAsCh MO KAKOMY-
HUOYIB JIy1y B (DUKCUPOBAHHOM HAIIPABJIEHUN JIOCTATOYHO JAJIEKO, MBI, HECO-
MHEHHO, IPHJEM K TO4YKe, 33 KOTOPOii mepecedennii ¢ P yxke He Oyner, u
BCE TaKWe TOYKH OyJIyT MPUHAJIEKATH Kyaccy A, Tak 9YTO WX YETHOCTH
oyner 0. Torma yxke npujercs 3aKIIOYUTH, YTO TOYKAME <«BHYTDPEHHIMI>
O6yayT Touku Kiacca B. KakuMm Obl 3ammyTaHHBIM HI OBLIT 3aMKHYTBIN MHOTO-
yroJibHUK P, Bcerga O9eHb JIETKO Y3HATH, PACIIOJIOXKEHA JIN JAHHAS TOYKA P
BHYTPHU WJIM BHE €r0: JOCTATOYHO U3 P IPOBECTH JIyd U IIOCUUTATH IUCJIO
ero Touek mepecedenns ¢ P. Eciu 310 9ncio HeweTHOE, 3HAYMUT, P «CUIUTS
BHYTDH U He CMOXKET BBIOpAThCs HapyXkKy, He mepecekass P. Ho ecam sto
YHUCJI0 9EeTHOE, TO TOYKA P — BHE MHOIOyrosibHuka P (nonpobyiite npoBepuTh
9T0 Ha puc. 128).

Bor naest gpyroro nokasareabCcTBa »KOPJIAHOBOM TEOPEMBI JJIsl CIydasi MHOTO-
yrobHUKOB. OmpeseanM nopadox TOYKH Py OTHOCUTETBHO 3aMKHYTON Kpusoit C'
(He npoxoxsieil Yepes pp) KaK UUCJIO MOJIHBIX [OBOPOTOB!, COBEpIIAEMBIX CTpeI-

DTO YHCJIO HY?>KHO, KOHEYHO, OpaTh B ajarebpamvIecKoM CMBICIIE, T. €. C YIeTOM HAIIPaB-
JIEHUsI BPAII[EHUS.



ITPUJIO?KEHNE 295

KOl (BEKTOPOM), IIPOBEJEHHBIM OT P K Po, KOTZa TOYKA P JeIaeT OIUH 00XOJ 1o
kpusoit C'.

3arem mycTh A €CThb COBOKYIMHOCTH TOYEK po (He Ha P) wemmozo mopsaka
orHOCUTENLHO P, a B ecTh COBOKYIIHOCTDb TOUEK po (He Ha P) mewemnozo mopsaka
oTrHOcuTeIbHO P. B TakoMm ciiydae A u B, ompejiesieHHbIE YKa3aHHBIM CIIOCOOOM,
MIPEJICTABJISIOT COOOH COOTBETCTBEHHO OOJIACTH «BHEIIHIO» M «BHYTPEHHIOIO» OT-
HocuTesbHO P. Ynraresb MOKET B KadeCTBE YIPA’KHEHUsI BOCIIPOM3BECTU BCE Jie-
TaJIl JOKa3aTeJbCTBA.

*3. OcHoBHasi Teopema airedpbl. OcHoBHas Teopema anreGpbI
yTBepXKIaer, 9ro eciau MyHKiws f(z) umeer Buj

f(R)=2"4+an 12"+ a, 22" 7+ ...+ a2 + a, (1)

rnen=>1lua, 1, o, ..., a1, Gy — KaKH€ YTOJHO KOMILIEKCHBIE UUCJIA, TO
CYIIECTBYET TaKOe KOMILIEKCHOe 4ucio o, uro f(o) = 0. JApyrumu cioBamu,
8 NOAE KOMNAEKCHHIT YUCEA BCAKOE GA2EOPAUMECKOE YPAGHEHUE UMEEM, KO-
penw. (OCHOBBIBAsICH Ha 9TOH TeopeMe, Mbl Ha C¢TP. 122 cuesiann najbHeiiinee
3aKJIIOUEHHE: TOJUHOM f(2) MOXKeT OBITH PA3JIOXKEH Ha 7 JIMHEHHBIX MHOXKY-

Teteii F2)= (2 —o)(z —as) ... (2 — o),

rie o, oo, ..., O, —Hyan f(z).) 3amedaresbHO, 4TO 3Ty TEOPEMY MOXKHO
JIOKA3aTh, NCXO/A U3 COOOPAKEHHH TOIIOJIOTUIECKOTO XapaKTepa, KaK U TEO-
peMy Bpayspa 0 HenoaBuKHOI TOUKe.

[TycTh 4mTaTes b BCIOMHUT, 9TO KOMILIEKCHOE YHCJIO €CTh CHMBOJI BUJA
T+ yi, Tme © u Yy — AefiCTBUTE/IbHBIE YUC/IA, & CHMBOJ i 00JaJaeT CBOIi-
crom % = —1. Kommuekcnoe qucsio o + yi uzobpaxkaercs TOUKOH (T, y) B
IJIOCKOCTU TPSAMOYTOJMBHBIX KOOPAUHAT. EcIm Mbl BBEIEM B 3TOH K€ ILIOC-
KOCTH TIOJISIPHBIE KOOPAMHATHI, MPUHUMAA HAYAJIO KOOPAMHAT 3a IOJIOC, a
MOJIOKUTEIHHOE HAIPABJIECHAE OCH X 3a IIOJISPHYIO OCh, TO MOXKHO Oyzer

HAIUCATD
z=x+yi=r(cosb+isinbh),

rae r = /22 + y2. Uz dopmynsr Myaspa caeiyer, uro z" = r"™(cosnf +
+ isinnB) (cm. crp. 118). Orciofa sCHO, YTO €CIM KOMILJIEKCHOE HHCIIO 2
OLIMCHIBAET KPYI pajuyca ' ¢ LHEHTPOM B Hadaje KOODAMHAT, TO 2" ONU-
IeT POBHO N pa3 Kpyr ¢ pajguycoM r". Hamomuum ere, 9TO MOJIy/Ib 2
(obosHavaemblil vepes |z|) npencrasisier coboit paccrosiaue z or 0 u 9TO
eciu z' =a’ + iy, To |2 — 2/| ecrb paccrosaue mexay z u z'. Ilocae srux
HAIOMUHAHUIT MOZKHO NEPEITH K JTOKA3ATEIBCTBY TEOPEMBI.

Homycrum, aro mosmuom (1) He mMeer KOpHEH, Tak UTO HPH JIEOOOM
KOMILJIEKCHOM 2

f(z) #0.

IIpu sTOM nOmyIEeHnn, eciu z OMUCHLIBAET HEKOTOPYIO 3aMKHYTYIO KPUBYIO
B ILUIOCKOCTH &, Y, TO f(2z) omuimer HEKOTOPYIO 3aMKHyTyI0 KpuByio I, He
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Puc. 150. Jloka3aresbcTBO OCHOBHON TEOPEMBI aJIredphl

[IPOXOJISINIYIO Uepe3 Hauao KoopjauHar (puc. 150). MoxHO onpenesuTs no-
padox roukn O juist byHkunu f(z) oTHOCHTENBHO 3aMKHYTOH Kpusoii C
KaK YUCAO NOAHDIT NOB0POMOE, COGEPULAEMBLL BEKMOPOM, udywum om O
x mouxe f(z) na xpusot I', koeda z deaaem noanwili 06x0d no xpusot C.
BosbmMem B KadecTBe KpuBoit C' OKpY»KHOCTB ¢ NeHTpoM O U pajuycoMm t u
o6ozHamnM depe3 ¢(t) nopsaox Touku O st hyukmun f(z) OTHOCUTEIBHO
okpyxkuoct ¢ mearpom O u pammycoM t. Ouesuzamo, ¢(0) =0, Tak Kax
Kpyr pagamyca 0 cBOaUTCS K OJHON TOYKE W KpuBas I TaK»Ke CBOJATCS K
onuoii Touke f(0) # 0. Ecau Mbl JoKazKeM, 9TO IPU JOCTATOYHO GOJIBINAX
sHaveHnax ¢ dbyHknusa ¢(f) paBHA n, TO B 9TOM yKe OyJeT 3aKJIIOYaThb-
csl IPOTHBOpEYNE, TaK KaK, C OJHON CTOPOHBI, MOPsIOK ¢(t) moKeH GBITH
HenpepbiBHOH dyukimeii ¢ (10ckobKy f(2) ecTh HEeNpepbiBHAad DYHKIUA 2),
a ¢ Opyroit cTopoHbl, dbyHKms ((t) MOXKET IPUHUMATD TOIBKO LeJIble 3Ha-
YEHWsl W IIOTOMY HHUKAK HE MOXKET mepeiitm or 3Hadvennst 0 K 3HAYECHHIO N
HETIPEPBIBHO.
Hawm ocraetcst oka3aTh, 9TO MPHU JOCTATOYHO OOJBINTNX 3HAUYEHUSAX t

o(t) =n.
L7151 9TOrO 3aMETUM, 9TO €CJIU PAJINYC Kpyra t YI0BJIETBOPsET HEPABEHCTBAM

t>1 un t>|a0|+|a1|+...+\an_1\,
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TO
If(2) = 2" = |an_12""" + an_ 22"+ ...+ ao| <

Slana] - 12" + lan—af - 2" + ... + lao| =

|an—2|
t

e a
—t 1{|an—1|+7+~~+!n3” <

< |ana| + lan—al + ...+ Jaol] <" = |2"].

Tak Kak BbIparkKeHUE CJI€Ba €CTh HE YTO WHOE, KAK PACCTOSHUE MEXKIY TOY-
kamu 2" u f(z), a BoIpakeHue B CaMoil IIPABOIl 4aCTH HEPABEHCTBA — PACCTO-
sSHUE TOYKHU 2" OT Hadaja KOOPJUHAT, TO MbI BUJUM OTCIO/A, 9YTO OTPE30K,
coeuHsAIONMA ToukK 2" u f(z), He NPONIET Uepe3 HAYAIO KOODJIUHAT, eC-
JIL TOJIbKO 2z OyJIeT HAXOAUTLCA Ha Kpyre pajuyca t ¢ IEeHTPOM B Hadajle.
B takom ciydae mmeeTcst BO3MOXKHOCTB Jeopmuposams KPUBYIO, OIMUCHI-
BaeMyl0 TOYKON f(t), B KPHUBYIO, OLHUCHIBAEMYIO TOYKOH z™, 6e3 mpoxoia
yepe3 Havaso, CMeIlasi HelPEpPBIBHBIM JIBUKEHHEM Kaxkaylo Touky f(z) K
COOTBETCTBYIOMIEH TOUKE 2" 10 NPAMOYTOJIBHOMY OTpe3Ky. IIpu 3ToM mops-
JIOK HaJdaJia MOXKET IPUHUMATH TOJIHKO IeJIble 3HAUYEHUSI U BMECTE C T€M BO
BpeMsi JilechbopManuu MOXKET MEHSThCS He MHA4Ye, KAK HEIPEPbIBHO; 3HAYUT,
muist obenx yHKIwmit f(2z) U 2™ OH OJAMHAKOB, M TaK KAaK Jyis 2™ OH PaBeH n,
TO MMeeT TO Ke camoe 3HaueHue u i f(z). JlokazaTeabcrBo 3aKOHUEHO.






TTTABA VI
DOyHKIIUU U ITPeJIesTbl

BBenenune

Backneiiue pa3zjesibl COBPEMEHHOII MaTeMaTHUKH COCPEIOTOUNBAIOTCS
BOKDPYT HOHATHI DyHKIMHN 1 1npejesa. B 3Toit ryiaBe Mbl 3afimMeMcs cucreMa-
TAYECKUM aHAJIU30M 3TUX HOHATHI.

Taxwe BbIpaXkeHUs, KaK, HAIIPIMED,

x4 22 — 3,

He UMEIOT OlIpeJIeIeHHOr0 YU CJI0BOI0 3HaUYeHUs, [I0Ka He YKa3aHO 3HaUeHHe T.
loBopsT, 9TO 3HAYEHWE ITOrO BBHIPAXKEHUsI €CTh (PYHKUUA 3HAYEHUS T, U
MUY T

2* 42z — 3= f(z).

Hanpumep, ecim =2, 10 22 + 2 -2 — 3 =5, tak uro f(2) = 5. Takum xe
00pa3oM HEIOCPeICTBEHHO ITOICTAHOBKON MOYXKHO HaiiTh 3Ha4YeHHe (DYyHK-
mn f () upu J060M 1esIoM, JPOGHOM, UPPAIMOHATIBHOM 1 JIazKe KOMILIEKC-
HOM 3HAYEHUH .

KosnmuecTBo pocThix 4uces, MEHBIIUX 9eM 7, eCTh (DYHKIMA TT(1) [e10ro
quciaa n. Korma 3ajaHo 3HaveHue 4ucsia n, TO 3HadeHue QyHKuuu 1(n)
OTIPEJIEIEHO, HECMOTPs HA TO YTO HEM3BECTHO HHUKAKOIO AJIreOpam<decKoro
BBIpaKeHUs JJIsl ero mnojcydera. I1iomaap TpeyrojpHuKa ecThb OYHKIMS JJIHH
TpexX ero CTOPOH; OHa MEHSIETCS BMECTe C HUMM W JIeJIaeTCsl (DUKCHPOBAH-
HOIi, ecyin 3aUKCHPOBAHBI JJIMHBI CTOPOH. KC/IM TJI0CKOCTH IMO/BEpraet-
€S TIPOEKTUBHOMY WJIM TOMOJIOTMYECKOMY MPeO0OPA30BAHUIO, TO KOODIMHA~
ThI TOYKH TOCJIE MPe0dPA30BAHUs 3aBUCAT OT MEPBOHAYAIBHBIX KOODIUHAT
TOYKH, T. €. ABJAIOTCA UX (PyHKIUAMA. loHaTne «(pyHKIMA» BHICTYIIAET
KaXKJIplil pa3, KaK TOJIBKO BEJIMUUHBI CBI3aHBI KAKUM-HUOYIb OIIPE 1€/ IEHHBIM
dusnaeckum coornormenneMm. Qb6beM raza, 3aKJIIOYEHHOTO B IUJIXHID, €CTh
dyHKIMS TeMIepaTyphl U JABJICHNUs, OKA3BIBAEMOr0 Ha MOPIIEHD. 3aMeIeHO,
9TO JaBJieHre AaTMOChEPhI HA BO3LYIIHBIH MIap ecTh (DYHKIUS BHICOTHI IIapa
HaJT ypoBHeM Mopsi. llesiasi 06s1acTh MEPUOJMIECKUX SIBJICHUN — JIBUYKEHUE
[IPUWJINBOB, KOJIEDaHUE HATSHYTOW CTPYHBI, PACIIPOCTPAHEHNE CBETOBBIX BOJIH,
HCITyCKAEMbIX HAKaJEHHON IMPOBOJIOKON, — «PEryJIUPYeTCs» MPOCTBIMU TPU-
POHOMETPpUYECKUME (DYHKIUSIMUI SiN T U COS T.
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Hist camoro Jleitbuuna (1646-1716), KoTOpbIii BIEpBble BBEJ TEPMUH
«byuknusay, n gisg mMaremMarukoB X VIII B. maes dyHximonaabHOM 3aBU-
cuMocT 60Jiee WM MeHee WJIEHTUMDUINPOBAJIACH C CYIMECTBOBAHUEM IIPO-
CTOM MAaTeMaTH4ecKoil (OpMyJsIbl, TOYHO BBIPAYKAIONIEH 3Ty 3aBUCUMOCTb.
Takasi KOHIIEIIUSI OKA3aJach CJIUIIKOM y3KOW IO OTHOIIEHHWIO K TPeboBa-
HUSIM, TIPEIbABIEHHBIM MATEMATHIECKON (DU3MKON, U TOHSATHE «(DYHKITUST>
BMeCTE C YIIOMSIHYTBIM BBIIIIE TOHIITHEM <IIPEJIET» BIOCJIEICTBUN JIJIHTEIHLHO
I10/IBEPraJIoCh 0000IEHNAM U MITH(OBKE.

B sToit riaBe MBI 18 iMM KPaTKUl OYePK TOTO, KAK MPOTEKAJ STOT MPO-
1ecc.

§ 1. HezaBucumoe nnepemMenHoe n QyHKIIUS

1. Onpenenenuss u npuMepbl. Hepeako mpuxoanTcs UMETb 10 C
MaTeMaTUIeCKUMU 00bEeKTaMM, KOTOPble MBI BbIOMpaeM CBOOOIHO, IO Ha-
meMy cOGCTBEHHOMY BBIGODPY, U3 HEKOTOPOH COBOKYIHOCTH (MHOXKECTBA) S.
M36upaeMblii 00HEKT B TAKUX CIydasdx HOCUT Ha3BaHUE nepemenioz2o (umm
nepementoli), a COBOKYIHOCTE S — obaacmu e2o (ee) usmenenus. Ilepemen-
HBbIE TIPUHATO 0003HAYATH MOCeTHIMET OyKBamu ajidasura. Hanmpumep, ecian
O6yKBOi1 S 0003HAYEHO MHOXKECTBO BCEX IIEJBIX UUCEJI, TO IMepeMeHHoe X u3
obnactu S 0603HAYAET HEKOTOPOE MMPOU3BOJILHOE TIEJIoe IHCI0. [oBOpAT, UTO
«rrepeMenHoe X IpoberaeT MHOXKECTBO S'», [TOJIpa3yMeBasi [0/l 9TUM, YTO IIe-
peMenHOe X MBI MOXKEM OTOXKJIECTBUTH C JIFOOBIM 3JIEMEHTOM MHOXKECTBa S.
Tlosb30BaThCS OHATHEM MEPEMEHHOIO YIAO0OHO, €CJIM MBI XOTUM BBICKA3aTh
YTBEDP2K/IeHNEe OTHOCUTEIHHO IJIEMEHTOB, KOTOPbIE MOXKHO IIPOU3BOJIBHO BbI-
6upaTh u3 1esoro MHOXkecrBa. Hampumep, ecim S obo3nadaer, Kak OBLIO
YKa3aHO, MHOXKECTBO IeJIbIX dncesl, a X u Y — IepeMeHHble U3 00jacTu S,
T0 bopmya

X+Y=Y+X
HPEeJICTaBIIAET yIOOHOE CHMBOJIMYECKOE BBIPAXKEHUE TOIO OOCTOSTEIHCTBA,
9TO CyMMa, JIFOOBIX JIBYX IEJIbIX YHCEJI He 3aBUCUT OT IOPSIIKA CJIAraeMbIX.
YHacTHBII ciIydail 9TOro BEIpaXKeH PaBEeHCTBOM

24+3=3+2,

B KOTOPOM (DUT'YPUPYIOT MOCTOSIHHBIE YUCJIa; HO JIJIsI TO'O YTOOBI BHIPA3UTH
001Ul 3aKOH, CIIPpaBEJJIUBBIN JJIsl BCEX Iap YHCeJI, Hy?KHO IIPUMEHUTH CUM-
BOJIbI, UMEIOIINe 3HAYEHINE [T€PEMEHHBIX.

Her nukakoit HeoOX0IUMOCTH B TOM, 4TOOBI 00J1ACTh S U3MEHEHUs Iepe-
mennoro X Obuta MHOXKecTBOM unces. Hampumep, S MoxkeT ObITh MHOMXKe-
CTBOM BCEX KPYTOB Ha IJIOCKOCTHU; TOTaa mepeMenHoe X OymeT 0ob603HAIATH
J11000#1 MHIMBU Ly a IbHBIH KPYT. Vi S MoXKeT ObITh MHOXKECTBOM BCEX 3aMK-
HYTBIX MHOT'OYTOJIbBHUKOB ILJIOCKOCTHU, 1 TOorJaa X — JIF0OOH WHIMBUTYaIbHBII
MHOroyroJibHuK. He siBjisiercst Tak:ke HeOOXOIUMBIM, 9TOOBI 00JIACTH M3MEHe-
HU$ TIEPEMEHHOTO COojlepKajia OECKOHeTHOe Iucyo djiemenToB. Hampumep, X
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MOXKeT 0003HAYATH JIIOOOr0 OT/IEIBHOTO YeJI0BeKa U3 HaceJeHus S JTAHHOTO
ropojia B OIpejie/IeHHbIl MoMeHT Bpemenu. Wam ke X moxker 0603HAYATH
JII000#1 M3 BO3MOXKHBIX OCTATKOB IIPHU JIEJIEHUU IIEJIOT0 YHCJIa Ha D; B 9TOM
rocjieiHeM caydae obJsracts S cocrout w3 nsitu uucen: 0, 1, 2, 3, 4.

Haubosee BaxKHBIM OKa3bIBAETCS CJIyUIail YUCTOBOIO IIEPEMEHHOT0; B 9TOM
citydae yrnorpedisercss OObIIHO MaJjieHbKasi OyKBa X — 9TO TOT CJIydail, Korma
00J1aCTBIO M3MEHEHUs S SIBJISIeTCsl HEKOTOPBI HHTEpBaJl (IIPOMEKYTOK) G <
< = < b JgefictBuTeIbHOM 4nciIOBOM ocu. B 3TOM ciydae roBopdAT, 4TO X
ecTb Henpepvisroe (U detcmeumesvHoe) nepementoe B PACCMaTPUBAEMOM
nureppasie. O6/1aCTh U3MEHEHUSI HEIPEPLIBHOIO II€PEMEHHOIO0 MOYKET IIPO-
CTUPATHCS U JT0 OECKOHETHOCTH. TaK, HAIIPUMED, S MOXKET OBITh MHOYXKECTBOM
BCEX ITOJIOYKUTEJIHHBIX JIEHCTBUTEIbHBIX dnces & > 0 mim gayke MHOKECTBOM
6cex JTeHCTBUTENbHBIX dncesl 6€3 BCAKOrO MCKJIIOYEHUs. AHAJOTUIHBIM 00-
pa3soM MBI MOXKEM PacCMaTpHUBATH IepeMeHHoe X, 3HaYeHUSIMH KOTOPOTrO
SABJISIIOTCS TOYKHU IIJIOCKOCTH HJIM HEKOTOPOH JIAHHO# 00JIaCcTH ILIOCKOCTH,
110106HO BHY TPEHHOCTH MIPSIMOYTOJIFHUKA WJIN KPYTa. Tak Kak KaxKas TO9-
Ka IUIOCKOCTH OIIPEJIEJIAeTCs CBOUMHE JIBYMsl KOODJAMHATAME (T, Y), B3ATHIMU
OTHOCUTEJHBHO HEKOTOPOH (DUKCHPOBAHHON Mapbl OCeif, TO B 3TOM CIIydae
YaCTO TOBOPSIT, UTO UMEIOT JIEJI0 ¢ Napoll deldcmeumensvHo (HEnpepusHviL)
NEPEMEHHDIL T T Y.

MozkeT CIyduThes TaK, 9TO KaXKJIOMYy 3HAYEHWIO rmepeMeHHOro X co-
ITOCTABJIAETCST HEKOTOPOE OIpPeJIeJIeHHOE 3HAYEeHre JPYToro mepemeruoro U.
Torya nepemennoe U nasbiBaercs @ynkyued nepementoro X . Crocob, mo-
cpesictBoM KoToporo U cBsizano ¢ X, BbIparkaeTcsi cuMBOJIOM Bpojie U =
F(X) (unraercs «pasuo F or X»). Eciim X npoGeraer MHOXKecTBO S, TO
nepemennoe U mpoberaer HEKOTOPOE JIpyroe MHOXKeCTBO, ckaxkem, 1. Ha-
puMep, ecjii S eCTb MHOYXKECTBO TPEYTOJBHUKOB X HA IIJIOCKOCTH, TO IO
dyukuuein U = F(X) MOXKHO NOAPa3yMeBaTh JJIMHY [EPUMETDPA PACCMAT-
puBaemoro tpeyrosbuuka X; T Oymer, cjieIoBaTeJIbHO, MHOXKECTBOM BCEX
[TOJIOYKUTEJIbHBIX 9ucesi. OTMeTHM, 9TO J[Ba Pa3UYHBIX TPEyroJibHUKa X
u X, cBOOOHO MOT'YT UMETh PABHBIE IO JJINHE MEPUMETPBI, TAK UTO PABEH-
crBo F(X,) = F(X,) BO3MOXKXHO U B TOM citydae, eciint X; # X,. IIpoexTus-
HOE Tpeobpa3oBaHue OJHOW IIJIOCKOCTH S B HEKOTOPYIO JApyryio 1’ craBuT
B COOTBETCTBUE KaxKJI0# TOYKe X INIOCKOCTH S €JMHCTBEHHYIO TOYKYy U
IJI0CKOCTH 1’ COTJIACHO OIPEJIETIEHHOMY TIPABUILY, KOTOPOE MOXKHO BBIPA3UTH
dyukuuonanmbapiM cumsosiom U = F(X). B sToM npumepe, B IpOTHBOIO-
JIOXKHOCTH TIPEJIBIIYIIEMyY, MBI MMeeM Bcerja HepaBeHcTBO F(X)) # F(X,),
eci TOMBKO X; # Xo, U MBI TOBOPDUM B CBSI3U C ITHUM, UTO OTODparKeHUe
mwrockocTa S Ha IIOCKOCTh T’ — 63aumHo 00nosnawnoe (cM. crp. 204).

OYHKIN HENPEPHIBHOIO IIEPEMEHHOI'O YaCTO OIPEIENISIOTCS C ITOMOIIBIO
ajiredpanvyecKuxX BblpakeHuil. llpuMepamMu MOLYT CIIY2KHTH CJIEIYIOIIIE
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byHKITHN:
) 1 1
u=x, u=—, U=-—7.
T 1+
B nepBoMm u B mocsieiHeM U3 STUX BBIPAXKEHUN & MOKET IPODEraTh MHOXKe-
CTBO BCEX JI€fICTBUTEJIbHBIX YHCEJI, B TO BpEMsl KaK BO BTOPOM IIpUMEpE T

MOXKeT IpoberaTh MHOYKECTBO BCeX JEHCTBUTEIBHBIX UNCENT 38 MCKIIOYeHH-
1
em 0 (3Hauenne 0 UCKIIIOYAETCS, TAK KaK CHMBOJI 7 He ects YHCITIO).

Yucao B(n) npocTbix MHOXKHATEEH YUCIa 1 €CTh (DYHKIWS 7, IPUYIEM 7
npoberaeT MHOXKECTBO HATYPAJIbHBIX dnces. Boobiie, by mociieIoBa-
TEJILHOCTD YUCEJT Gy, g, A3, ... MOKHO PACCMATPUBATH KaK MHOYKECTBO 3Ha~
4yeHuit HekoTopoil dbyHkmy u = F'(n), npudyeM 06/1acThIO N3MEHEHUsI He3aBY-
CHMOTI'O ITEPEMEHHOIO IIPH TOM SIBJISIETCSI MHOYKECTBO HATYPAJIbHBIX UUCE].
TosbKO paji COKpAIeHns 3aIIUCH IPUHSATO 0003HAYATH N~ YJIEH [TOCIIE0BaA~
TEJILHOCTH CUMBOJIOM @, , BMECTO TOT'O YTOOBI YIIOTPEOIATE O0JIee OTUETIINBOE
dyukuuonanbuoe obozunauenne F(n). Ciemyromnye BbIpaXKeHUs, O KOTOPBIX
TOBOPUJIOCH B Ty1aBe I:

Sl(n)=1+2+...+n:w7
Sa(n) =17 +2% + 2o M@+l
- 7
=1°+2° s _n(n+ 1)
S3(”)—1 +2°4...+n°= I ,

ABJISIOTCA (DYHKITUSIMHE 1eJI0T0 TIEPEMEHHOTO 7.

ITycrs nano coorromenune U = F(X); npunsTo nepemMerHoe X Ha3bIBATH
HE3ABUCUMDILM NEPEMEHHBIM, & TTepeMeHHOoe U — 3a6UCUMDIM, TIOCKOIBKY €0
3HAYEHUs 3aBUCAT OT BBIOOpA 3HaueHusS X .

MozkeT CIlydnuThCs, YTO BCEM 3HAYEHUSIM [T€PEMEHHOrO X COOTBETCTBYET
O/IHO W TO Ke 3HadeHue nepemeHHoro U, T. e. 9TO MHOXKecTBO 1 cocToOUT
U3 OJTHOTO-€IMHCTBEHHOTO 3jeMeHTa. MBI TOrja BCTpedaeMcsl C TIacTHBIM
cJlydaeM, IpU KOTOPOM TnepeMenHoe U B CyImIHOCTH He MeHsieTcs, T. e. U
€CTb [OCTOSTHHOE (NOCMOoAHHAA W Konemanma). Mbl BKIIOYAM 9TOT CJIy-
qaii B oOriee moHsTHE (DYHKIUN, HECMOTPS HA TO YTO HAYUHAIOMIEMY 3TO
MO2KET IIOKa3aThCS CTPAHHBIM, TAK KaK OH CKJIOHEH I10JIaraTh, YTO OCHOBHOE
B caMoii ujee MYHKINN JIEXKUT Kak pa3s B U3MeHeHnu nepemernoro U (mpu
n3MeHeHnnu nepementoro X ). Ho Gezbl He Ipou3oiiieT — a Ha caMOoM JIeJie 3TO
OKAaKeTCsl BEChbMa, TIOJIE3HBIM, — €CJIM MBI TIOCTOsTHHOE OyIeM paccMaTpUBATH
KaK JaCTHBIH CIydail IePEeMEeHHOr0, «00/IaCTh N3MEHEHUs > KOTOPOI'O COCTOUT
13 OJIHOT0-€JIMHCTBEHHOI'O YJIEMEHTA.

[Tonarve pyHKIIMOHAIBHON 3aBHCUMOCTH NMEET UCKJIIOUATEIFHOE 3HAYE-
HHE He TOJIBKO B CAMOl «UHCTOM» MaTeMaTUKe, HO TAKYKE U B MPAKTUIECCKUX
ee npunoxkennsax. Ouzmyeckue 3aKOHBI SIBIFIOTCA HE YeM WHBIM, KaK BbI-
paXKeHueM Crocoda, MOCPEJICTBOM KOTOPOTO HEKOTOPBIE BEJIMYUHBI 3aBUCIT
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OT JIPYTHUX, CIIOCOOHBIX M3MEHSITHCS TaK WIN WHade. Tak, HAIIPUMEp, BBICOTA
3BYyKa, MPOU3BOANMOTO KOJIEOJIIONIEHCs CTPYHOI, 3aBUCUT OT €€ JITUHBI, OT ee
BeCa U OT CTEIIEHN ee HATSI>KEHUSI; JaBJIeHne aTMOCQePhl 3aBUCUT OT BBICOTHI;
SHEPrusl IyJIM 3aBUCUT OT €€ MACChl U CKOPOCTH. 3aJ1a4a (DU3UKU COCTOUT B
TOYHOM WJIM TPHUOJTUKEHHOM OIPEICJICHIN IIPUPOIBLI BCEX MMOA0OHOTO Poja
3aBUCUMOCTEN.

C noMoIpio MoHATUS (PyHKIIUU MOXKHO JaTh TOYHYIO B MaTEMaTHIECKOM
CMBICJIE XapaKTEPUCTUKY JBUKeHus. Kcam mpeacraBuM cebe, UTO JIBUKY-
mascsd 4acTHUIla COCPEJIOTOYEHA B HEKOTOPOU TOYKE IMTPOCTPAHCTBA C IIPIMO-
YTOJBbHBIMA KOODJUHATAMU T, Y, 2, A €CJIU IIepeMeHHoe ! u3MepdAeT BpeMd,
TO JIBUZKEHHUE YACTUIIBI HOJIHOCTBIO ONPEJIeJICHO 3aJJaHueM KOOPAUHAT L, Y, 2
KakK (GyHKIUH BpeMeHH:

x = f(t), y=g(t), z = h(t).
TIpuMepoM 3TOro MOMKET CIYKUTH CBOOOJHOE IaJieHue YaCTHIILI 110 BepTH-

KaJiu 10/ rZ[(BI'?’ICTBI/IQI\/I O,HHOI;'I JIAIIb CUJIBI TA2KECTU: Mbl UMEEM B 9TOM CJIy4dae

COOTHOIIEHUS 1
x =0, y=0, z:fgth,

rje g 0D03HAYMAeT YCKOPEHUE CHUJIbI TsKeCTH. ECiau JacTuiia paBHOMEPHO
BPAIAETCS MO €IMHUIHON OKPYYKHOCTU B IJIOCKOCTU T, Y, TO JIBUKEHUE €€
xXapakTepusyercs OyHKIUAMA

T = cos wt, Yy = sin wt,

rJie o — IIOCTOSIHHOE YHCJI0 (TaK Ha3blBaeMasl yIjIoBas CKOPOCTh BPAIIEHYs ).

Ilon maremaruueckoit yHKIMEHR CJelyeT MTOHUMATH ITPOCTO 3aKOH,
VIPABJISIONNN B3aUMHBIMU 3aBUCUMOCTSIMHU IT€PEMEHHBIX BEJIUYUH — U
we Oosee Toro. llomsTme dyHKIUE He MOOAPaA3yMEBAET CyIIECTBOBAHUS
9ero-mnb0 OJU3KOr0 K <IPUYUHE U CJIEJACTBUIO» B OTHOIIEHUSIX MEXKILY
HE3aBUCUMOM 1 3aBUCUMOI TIEPEMEHHBIMU. XOTS B OOBIIEHHON PEYIN TEPMUH
«(DYHKIIMOHAJIbHAS 3aBUCUMOCTD» CILJIONIb U PSIJIOM YIOTPEOISIETCS MMEHHO
B 9TOM IIOCJIEJHEM CMBICJIE, MbI Oy/ileM u30eraTb TaKoro poja puiocopCKux
uHTepIpeTanuii. Tak, HanpuMep, 3akoH Boitis, oTHOCATIIHIICS K ra3y, 3aKII0-
YEeHHOMY B HEKOTOPYIO 3aMKHYTYIO 000JIOUKY IIPH ITOCTOSTHHON TeMIIepaType,
YTBEP2K/IAeT, 9TO IMPOU3BEJECHIE ABJIEHUS ra3a p Ha €ro o0beM v eCThb
BEJIMUMHA TOCTOSIHHASI, paBHasi ¢ (HOCJIeHee 3HAUEHWE, B CBOK OUEDEJlb,

3aBHUCHUT OT TEMIIEPATYDHI):
pv=c.

ITO COOTHOIIEHUE MOXKHO PemnTh KaK OTHOCUTE/JIBHO P, TaK 1 OTHOCHUTECIIb-

HO :
=5 wm v=5;
p=- %

[P 3TOM He CJIe/IyeT MOApa3yMeBaTh HU TOTO, UTO IepeMeHa 00beMa eCTh
«IIpUYIWHAa» W3MEHEHWs TaBJIEHNS, HU TOTO, 9YTO M3MEHEHWE IABJIEHUS €CTh
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«IIpUYInHay u3MeHenns oobema. J1s MaTeMaTnKa CyIeCTBEHHa, JTUITL POp-
Ma coomsememeus (C6A3u) MEXKIY IBYMS TIEDEMEHHBIMY BEJMIMHAMHU, KO-
TOpBIE OH PacCMaTPUBAET.

Cremyer 3aMeTUTD, 9TO MOAXOM, K HMOHATUIO (DYHKIUUA HECKOJILKO OTIUIACTCS
y MaTEMATHUKOB U y PpU3UKOB. MareMaTuku OOBIYHO TOLIEPKUBAIOT 3AKO0H COOM-
6€MCMEUA, MATEMATHIECKYIO OIIEPAIMIO, KOTOPYIO HY>KHO IIPUMEHUTH K 3HAYEHUIO
HE3aBUCUMOT'O TIEPEMEHHOI0 &, YTOOBI Oy YUTh 3HAYCHUE 3aBUCUMOIO TIEPEMEHHO-
ro u. B aToMm cmbicsie f( ) eCTb CUMBOJI Mamemamuseckol onepayut; SHa9eHAE U =
f(z) ects pesynbrar npumenenust onepanuu f( ) K auciy x. C apyroii cropoHst,
busuk gacTo 6oJiee 3ANHTEPECOBAH B CAMOT 6EAUNUHE U KAK TAKOBOM, YeM B KAKOM-
TO MaTEeMATHIECKON IPOIe/lype, C IOMOIILI0 KOTOPOi 3HAYEHUE U MOXKET ObITh
MOJIy9€HO W3 3HA4YeHWs T. 1aK, HAPUMEDP, CONPOTHUBJICHHE U BO3JyXa JIBUKEHUIO
[pEeMEeTa 3aBUCUT OT CKOPOCTU ¥ JBUMKEHUSI U MOXKET ObITh HAMJIEHO KCIIepU-
MEHTAJIbHBIM IIyTeM, HE3aBUCUMO OT TOI'O, U3BECTHA JIM SIBHAsl MaTeMaTHYecKast
dopmyia st BeraucieHus u. Pu3Mka Ipexkje BCero MHTepecyeT (haKTHIECKOoe
CONPOTHBJICHUE, & HE CIENUAJbHAS MareMaTuaeckaa dpopmyna f(v), ecau TOIbKO
sTa HPopMyJIa He TIOMOTAEeT MPU aHAJIU3E MTOBEJIEHUs] BEJIUIUHDBI 4. TaKOBO OOBITHO
OTHOIIIEHUE TEX, KTO NPUMEHAE MATEMATUKy K (DU3MKE MJIM MHIKEHEPHOMY JIeJIy.
B HekoTOpBIX BBICIINX pa3fieiax MaTeMATHIECKOTO aHATN3a, YTOOBI N30eXKATh IIy-
TaHUIIbI, MHOI/IA ObIBaeT CYIIECTBEHHO PAa3/IMYaTh COBEPIIEHHO OTYETJIMBO, OyeT
Jm oz, cumBosioM u = f(z) noxpasymesarbces onepanusi f( ), IpuMeHsieMasi K &
J1J15 TIOJTy YeHU S U, WJIH JKe CaMa BeJIMYUHA U, KOTOPas, B CBOIO 0YePE/lb, MOXKET Pac-
CMaTpPUBATHCS KaK 3aBUCHMAasi, U COBCEM JIPYTMM 06pa30M, OT HEKOTOPOW JIpyTroii

nepemenHoit z. Hanpumep, miomaas kKpyra 3ajgaercs gynknueit v = f(z) = nx?,

z
rJie T — paJuyc Kpyra, HO MOXKHO Tak»Ke HamucaTb: u = g(z) = I HoHMMAs 1oz 2
T
JUIMHY OKPY2KHOCTH.

[Moxkauyit, HanboJIee TPOCTHIM TUIIOM MATEMATHIECKON (DYHKIIUNA OIHOTO
HE3aBUCUMOIO [IEPEMEHHOTO SIBJISIOTCI MHO20HAEHb (NOAUHOMbL), IMEIOIIIE
BUJL

u=f(z)=ao+ a1z +ax®+... +a,z",

C TIOCTOSTHHBIMU «KO3MDDUIMEHTAMAS A, Gy, - - -, Gyp. 38 HAME CJIEIYIOT pa-
YUOHAAbHBLE GYHKUUY, TAKAE KAK
L L yo 1 Lo a1
x’ 1+ 22’ 24+ 32245’

KOTOPbBIEC ABJIAIOTCA OTHOINCHUAMHA MHOI'OYJICHOB, U 3aTEM MMPU2OHOMEMPU-

. sinx
yeckue PYHKYUY COST, Sinr u tga =
cosx

BCErO € IOMOIIBIO €JAMHUYHOrO Kpyra B mwiockoctu &, n: &2 4+ n? = 1. Ecin
touka P (&, 1) ABUKETCs 10 9TOH OKPYKHOCTU U €CJIU & €CTh HAIPABJICHHBI
yroJj, Ha KOTOprfI HY2>KHO IIOBEPHYTBH IOJO2KUTEJIbHYIO OCb T, ‘ITO6BI OHa
copnaJjia ¢ paauycoMm O P, To cos x U Sin & SBJISIOTCS KOOPAUHATAMEI TOYKH P:
cosx =&, sinz =,

, KOTOpBIE ONPENeAI0TCs JIydIle
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2. Paguannass Mepa yriioB. Bo Bcex TpakTHYECKMX ITPUMEHEHUSX
YIJVIBI U3MEPHAIOTCH C MOMOIIBIO €IMHHUI], [TOJyI€HHBIX OT JIeJIEHUs IIPSIMOIO
yIVIa Ha HEKOTOpOe paBHOe 4mcJo yacreil. Eciam sro umecno pasuo 90, To
eJINHUTIENl U3MEPEHUsI SIBJIsIeTCsT OOBIUHBIN «rpajrycy. lemenue va 100 gacreit
MOAXOIMITO OBbI OJIM3KO K HAINeH [AeCATUIHON CrCcTeMe, HO IMPUHITUI M3Mepe-
HUS TIPU 9TOM OCTaBAaJICs ObI MpeKHUM. B TeopeTrndecknx Ke MPUMEHEHHUIX
BBIT'OJIHEE UCIIOJIH30BATH 110 CYIECTBY COBEPIIEHHO JPYIOil METOJ OIIpeje-
JICHU BEJINYUHBI yIVIa, & UMEHHO, TaK Ha3bIBa€MO€ Da/JMaHHOE€ U3MepEeHHne.
Mmuorue BaxKHBIE (DOPMYJIBI, COJEpPXKAIIE TPUTOHOMETPpHUIEeCKUe (OyHKITII
YIJIOB, UMEIOT B JTOU CHCTEMEe W3MepeHusi Oojiee MPOCTON BHJ, Ue€M IIpU
U3MEPEHNN yTJIOB B IPAJIyCax.

Iist Toro 4To0bl HANTH PAIUMAHHYIO MEPY HEKOTODPOTO YIVIA, OIHIIEM U3
BEPIINHBI 3TOrO yIJla KaK U3 IeHTpa KPyr pajauyca 1.

ey nyrm s Toi YacTu HaIleill OKPYKHOCTHU, KOTOPas PACIIOJIOKEHA,
MEKJIy CTOPOHAMHU yrIuia, Ha3oBeM paduantoli mepot yria. Tak Kak JinHa
BCeil OKPY?KHOCTH €JIMHIIHOTO paJlyca paBHA 27, TO «IOJHBIH» yroa B 360°
nMeeT pajguannyio Mepy 2n. OTciona ciejyer, 9To ecau 4epe3 & 0603HAIUTH
PaJUaHHyIO MEPY YIJIa, & YePes3 Y ero BEJIUINHY B I'PAJLyCcax, TO T U Y CBI3aHbI

x
COOTHOIIIEHTEM 3%0 = g5, WM
ny = 180z.
o . o 90w s
Tax, nanpumep, yroa B 90° (y = 90) umeer paauanHoil Mepoit & = 0= 2

u 1. 1. C apyroit croponsl, yrou B 1 paguan (yros, paauanHoil Mepoil KoTo-
poro siBjisiercss & = 1) ecTb IEeHTPAJLHBIA yroj, CIaruBaeMblii Jyroi, JjuHa
KOTOPOIf paBHA PaJINyCy OKPYZKHOCTH; I'paJlyCHas Mepa TaKOoI'o yIJja cojep-
KAT y = — = 57,2957 ... rpajgycos. s Toro 9Tobb OT paHMAHHON MepbI
T
yIjia T IepeiTh K ero rpalyCHOU Mepe ¥y, Hy?KHO BeJIMYUHY T YMHOXKNATH Ha
180
IUCIO0 —.
I
Pajimannas Mepa & HEKOTOPOrO yrIjia paBHa TakyKe JBOWHOM momaaun A
CEKTOpAa, BBIPE3aeMOT'0 9TAM YIJIOM U3 Kpyra ¢IUHATIHOIO PAJNAyCa; B CAMOM
JeJsie, 3Ta IJIOA/ b OTHOCUTCA KO BCeil IJIOMa i Kpyra Tak, KaK JJINHA JIyT'u

. T A
OTHOCHTCH K JITHHE BCEH OKPYKHOCTH: o = —; HTaK, T = 2A.
7Y T

Bynem Bupenn mos yriiom x mogpasyMeBaTh YroJl, paJdaHHAs Mepa KO-
TOPOro €CThb . YTOJ, I'PajyCHOe U3MEpEeHHe KOTOPOro paBHO I, OyjeM B
JaJbHENIeM, 9TO0bI YCTPAHUTD BCAKYIO HESICHOCTH, 0003HAYATh depe3 T°.

[Tozaaee cramer COBEPIIEHHO OYEBUIHBIM, HACKOIBKO BBITOIHO IOJIB30-
BaTbCd paJIMaHHBIM U3MePEeHHeM IIPU Pa3HOI'o Po/la aHAJUTUYECKUX ollepa-
musx. OJHAKO ciie/lyeT MPU3HATH, YTO ISl IPAKTUIECKOrO YIOTpeOsIeHust
OHO CKOpee HeyJI00HO. B camoMm Jiesie, Tak Kak T — HUPPAIMOHAIBHOE UHCIIO,
TO, CKOJIBKO Pa3 Mbl HU OTKJIAJBIBAJIN OBl 110 KPYTy €IUHUIHBIA yroJ, T. €.
YTOJI ¢ paJuaHHoOi Mepoil, paBHON 1, MbI HUKOT/Ia He BEPHEMCS B HAYAJIHLHYIO
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TouKy. OOBIYHOE YKe U3MEPEHHEe TAKOBO, 9TO TOC/Ie OTKJIIbIBaHus 1 rpajyca
360 pa3 unu 90 rpajiycoB 4 pa3a MBI BO3BpAIaeMCsl B NCXOTHYIO TOUKY.

3. I'padbuk dysknuu. Ob6parsubie dyHKIuu. YacTto xapakrep
GYHKIMKI 9pe3BBIYAHO SICHO BBIPAYKAETCSI C MOMOIIBIO TTPOCTOr0 rpaduKa.
Ecin (x, ) — KOOpIMHATBI Ha IUIOCKOCTH OTHOCUTEJIBHO JBYX B3aHMHO
HEePIEH/IUKYIISPHBIX 0Cell, TO JUHeHHbIe (DYHKIIH

u=ar+b
M300parKAIOTCS MPSIMBIMU JIMHUSIMU; KBaApaTUIeCKue (DYHKIUU
u=ax?+bxr+c

— mapabosamu; QYHKITA

U= —
xT

— runepboJioit, u 1. 1. Ilo onpemenenuto, 2pagux HEKOTOPOH bDyHKIUT U =
f(x) cocrour u3 Beex TeX TOYEK IUIOCKOCTH, KOOPAUHATHI KOTOPBIX (T, 1)
cBsa3anbl ypaBHenueM u = f(z). Qyukuuu sinz, cosz, tgx UpeicTaBIeHbl
rpadudeckn Ha puc. 151 u 152. DTu rpaduku HArISITHO TOKA3BIBAIOT, KaK
BO3PACTAIOT WJIA YOBIBAIOT (DYHKIINU [P U3MEHEHHUN .

Puc. 151. I'padukn dbyuknumit sinx u cos

OHUM U3 BasKHBIX METOJIOB, CJIyKAIlUX JIJIsi BBEJIEHUS HOBBIX (DYHKIIUMH,
siBJIsieTCst cateytonuit. Viexozst u3 Hekoropoil mssectHol dyHkuun F(X),
MOKHO TIONBITAThCs permuTh ypasaenue U = F(X) orHocurensno X — Taxk,
a1o0br X OBLIO BBIpaXKeHO Kak (yHKIus oT U:

X =G(U).

Torna dyukims G(U) HasbBaercst o6pamuoti orHocuTenbHo GyHkmu F(X).
DTOT IPOIECC MPUBOIUT K PE3yJIbTaTy OIHO3HAYHO TOJBKO B TOM CIIydae,
ecsiu dyukuua U = F(X) onpezessier B3aMMHO OJHO3HAYHOE OTOOparKe-
nue obsiacTu m3MmeHenus X Ha o0JjacTh m3Menenusi U, T. e. eciaum Hepa-
BercTtBo X, # X, Bcerma Bieder 3a coboit mepasencrBo F'(X;) # F(X5).
Tombko mpu 3TOM yeaoBUUM KaxkjaoMmy 3Hadenuio U Oy/ieT COOTBETCTBO-
BaTh €IMHCTBeHHOe 3HadeHme X. 3jech OyjeT KCTaTW BCIIOMHUTH IIPUBE-
JIEHHBII BBIIIE [IPUMEpP, B KOTOPOM POJIb HE3aBUCHMOTO IepeMeHHOro X
urpajs 000l TPEeyTrOJbHUK HA ILIOCKOCTH, a B KadecTBe ¢yHrimun U =
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u

Puc. 152. u=tgx

F(X) paccmarpuadics ero nepumerp. O4YeBHIHO, 4TO TAKOe OTOOpPaKEHHe
MHOXKECTBa S TPEYroJbHUKOB Ha MHOXKeCTBO 1 IIOJIOKUTEJIBHBIX YUCET

He fABJIdeTCd B3aMMHO O/JHO3HAYHBLIM, TaK KaK HMeeTCsd OECKOHEYHOE KO-

JIMIECTBO PA3JIMYHBIX TPEYTOJIbHUKOB C OJHHM H TeM K€ IIepUMETPOM.

Urak, B srom ciayvae coormomenune U =
F(X) He MOXKeT CILy?KUTb JIJIsI OJIHO3HAYHOI'O
omnpe/iesienns obparaoit dyukiuu. C apyroit
CTOPOHBI, (DYHKIWMs M = 21, TJIe N Ipoderaer
MHOKECTBO .S BCEX IIEJTBIX YUCEJT, & 1M — MHO-
2KeCTBO 1 9eTHBIX YHCes, HAIPOTHB, JIAeT
B3aMMHO OJTHO3HAYHOE COOTBETCTBUE MEXKTY
JBYMsI MHOXKECTBaMHU, W oOpaTHas QyHK-

m
s no= o Oymer ompemenena. B kadecTse
JIDYTOro MpuMepa JTAHHOTO OJHO3HAYHOTO
0TOOpasKeHNsT TpUBEIEeM (PYHKITHIO

u=a .

Korma x mpoberaer MHOXKECTBO Bcex jieii-
CTBUTEJIBHBIX UHCEJI, U TOXKE IIpoberaeT MHO-

u

Puc. 153. u =23

2KECTBO BCEX JIeMCTBUTEJIBHBIX YUCes, IPUHUMAA KaxKJ0e 3HaYeHHe OJUH U
TOMBKO ofuH pa3. OHO3HAYHO OHpese/ieHHass B 9TOM IpuMepe obparHast

dyHKIIA UMeeT BU/L
z = Yu.

B ciaygae dpynkiun
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obparHas QYHKIIN He OIpeIeeHa OHO3HAaIHO. B camMoM mese, B CHIIy TOTO,
aro u = 22 = (—2)?, KaXKJIOMy TOJOKUTETHHOMY 3HAYEHWIO U COOTBETCTBY-
0T 06a pasHBIX 3HaveHHs1 («mpoobpasa») x. Ho ecam moj cuMBoJIOM +/u
nopasyMeBarh (Kak 9TO YaCTO U JIEJIACTCS) NOAOHCUNEALHOE TUCIO, KBAJ-
paT KOTOPOro ecTh &, TO oOpaTHasi (pyHKIUs

z=u

CYIIECTBYET, €CJU TOJBKO MBI YCJIOBUMCS, 9TO OyJeM pacCMaTpPUBATH JIUIIb
[TOJIOKUTEbHBIE 3HAYEHUS T U U.

CymectBoBanue 06paTHOM (DYHKIMH MOXKET OBIThH Cpa3y yCTAHOBJIEHO
pu B3rJIsije Ha rpaduk mpaHHOR dyHKnnn. OOpaTHas QYHKIUs CYIIECTBY-
€T, OIPEJIEIAACH OJIHO3HAYHO, B TOM CJIydae, €CJIM KaXKJIOMy 3HAYEHUIO U
COOTBETCTBYET TOJBKO OJ[HO 3HAYEHUE X. | eOMETPUYECKH 5TO 03HAYAET, UTO
HET TakKoil TpsSMOii, mapaJiebHON OCH T, KOTOpas IepeceKkasa Obl rpaduk
GoJiee yeM B ojHOIM Touke. CaMo coboii pasymMeercs, YTO Tak OyIerT B TOM
ciyuae, ecyn byHKus 4 = f() MOHOTOHHAsI, T. €. WIN BCE BpeMsl BO3-
pacraormasi, Wi, HaobopOT, BCe BpeMsl yObiBaommas (IIpy BO3PACTAHUM ).
Hanpuwmep, ecin dyukius u = f(x) Bciogy Bo3pacrarolias, TO IPH &y < Lo
MbI Beerjia umeeM u; = f(z,) < up = f(x,). CiemoBaresbHo, s JAHHOTO
3HAYEHUs U CYIIECTBYET He 60jiee OJJHOrO 3HAUEHUs & TaKoro, uto u = f(x),
u obpaTHasi GYHKIUs OY/IeT OpeaessaThCs OMHO3HAYHO. |'paduk obparTHOit
dbyukuuu x = g(u) nosydaercs u3z JaHHOro rpaduka IIPOCTO CUMMeTpHUeit
OTHOCHUTEJIBHO IIYHKTHDHOM IpsiMoii (puc. 154); 1pu 9TOM OCH & ¥ U MEHsI-

Puc. 154. Bzaumuo obpaTHble pyHKINN

forcs Mectamu. HoBoe mosoxkenne rpaduka m3obparkaeT T Kak (DyHKIIIIO
OT u. B OCHOBHOM MOJIO’KeHNY rpadUK yKa3bIBAET 3HAUYEHUE U KAK BBICOTHI
HaJ| TOPU30HTAJIBLHON OChIO T, B TO BPeMs KaK IOCJ€ CHMMETPUNA BHOBB I10-
JIyI€eHHBI TpadrK yKa3bIBAET 3HAYCHNE & KAK BBICOTHI HAJT TOPU3OHTAIBHON
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OCBIO U.
Paccyxnenus storo maparpada MOXKHO HILUIIOCTPHUPOBATH HA IIPHUMEDE

byHKINN
u=tgw.

Dr1a QyHKIUS MOHOMOHHG B TPOMEXKYTKE —g <z< g (puc. 152): suage-
HUsI U, BCE BPEMsI BO3PACTAOIIME BMECTE C T, U3MEHSIIOTCSI 0T —00 J0 +00;
OTCIOfa SICHO, 9TO ObpaTHasi (OyHKITHS

x=g(u)
ompesiesieHa I BCeX 3HAYeHU u. Iy DyHKmuio obozuadaor arctgu. Ta-
kuM obpazom, arctg(l) = %, MTOCKOJIBKY tg% = 1. I'padwmk arctgu uzobpa-
2KeH Ha puc. 155.

Puc. 155. z = arctgu

4. Craoxkable QyHKIUU. BTOPHIM Ba’KHBIM METOIOM CO3/IaHUS HOBBIX
dyHKIMT U3 ABYX WM OOJIBINErO YUCIA JIAHHBIX SIBJISIETCSH COCMABAEHUE
caootenoir pynryud («xomnosuyusy ). Tak, nanpumep, GyHKIUs

u= fz)=v1+a?

«COCTaBJIEHA» U3 JIBYyX MPOCTHIX (DyHKIM
z=g(x)=1+2% u=h(z)=Vz

U MOXKeT ObITh 3aIUCAHa TaK:

u= f(x) = h(glz])
(anraercs «h or g or x»). Anasoruuno, dbyHKIH

1

u=f(z)= Nl

COCTaBJIEHA, U3 TPeX (DYHKIIHH
z=g(x)=1-2% w=h(z)=Vz u=k(w)=

TaK 9TO MO2KHO HaIlUCaTb
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DyHKIUA

COCTaBJICHA U3 ABYX (PYHKIHI

z:g(m):%, u=h(z) =sinz.

o1 1
Oyuknus f(z) = sin — He onpejiesiena npu & = 0, Tak kak npu & = 0 BeIpaXkeHue =
He mMeeT cMbIcia. I'paduk 3Toi 3aMedaTenbHON (PyHKINU HAXOANUTCA B HEKOTO-
poit cBsizm ¢ rpadukoM cuayca. Mbl 3HaeM, arto sinz =0 mpu z = kn, toe k —
IPOU3BOJILHOE IOJIOKUTEJILHOE WM OTPUIATEIBHOE TeJIoe 9ncio. Kpome Toro,
'
1 upm z= (4k + 1)5,

sinz = n
—1 upwm z= (4k — 1)5,

rae k— IIPOU3BOJIBHOE I1€JI0€ IUCJIO. OTCIOJI& nMeemM
1

0 mpmzx= T
1 . 2
sin =9 1 mpur =
1 mpumr— -2
P = e~ D
Ecnu mb1 mocienoBarensHo ctaneM nosarath k =1, 2, 3, 4, ..., 3HaMeHATEN ITHX

apobeil OyIyT BO3pacTaTh HEOIPAHMYEHHO M, CJIEOBATENIbHO, 3HAYEHHS X, IPU
KOTOPBIX PYHKIWMs Sin — mmeeT 3Hadenusi 1, —1, 0, OyayT crymarbest Bce 6obIie
x

u 6osbiite 0ko10 Toukn & = 0. Mexkay KaxKo#t Takoil TOYKON M HaYagIoM OyaeT
Bcerjia 0€CKOHEYHOEe KOJIMYecTBO KoJiebaHuit. ['paduk sroit pyHKIUM MMOKa3aH Ha
puc. 156.

Puc. 156. u = sin 1
X

5. HenpepbiBHOCTB. ['paduku yke paccCMOTPEHHBIX (DYHKIUN Tal0T
WHTYUTUBHOE IIPEJICTABJIEHNE O CBOWCTBE, HA3BIBAEMOM HEIPEPBIBHOCTHIO.
Tounoe ompeesieHne 3TOrO MOHATHsST MbI JaguM B § 4, mocjie TOro Kak Imo-
HATHE Tpejiesia OyIeT IOCTABIECHO Ha CTPOTO JIOTUIECKUil hyHIaAMEHT. 37eCh
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JKe, OTPAHUINBASICDH OIUCATEILHON (POPMYJIMPOBKOI, MBI CKazKeM, ITO DyHK-
[Usi HEIPEPBIBHA, eciu ee TpaduK ecTh IUIaBHAs, HUTJE HE <«IPEPhIBAIO-
masicsi» Kpusas. ITobbl ysicHUTH cebe, siBasercs jm yHKims u = f(z)
HEIPEPLIBHOW 6 mMmowke & = x;, 3aCTaBUM

HE3ABUCUMYIO MEPEMEHHYI0 T TPUOJIMKATE- y
Ccs HENpPEpBLIBHO CIpaBa W CJieBa K 3HAYe-
Huio x;. llpm sToM 3HaveHums QyHKINM U =
f(z) mensrores, ecam TONbKO dTa MYHKIHUS
He SIBJISIETCS IIOCTOSIHHON B OKPECTHOCTU TOY-
ku x;. Eciin oka3biBaeTcs, 9To 3HavUeHne (hyHK-
mur  f(x) HeorpaHUYEeHHO NPUOIIUKAETC K
suavenuto f(x;) sroil GbyHKIUHU B BHIOPAHHOI
TouKe T = x; («crpemurcs K upexneny f(x;)»),
U IPUTOM HE3A6UCUMO OM, MO20, TPUOINIKAET-
CAJIU T K Ty ¢ 000G CMOPOHvL Ul ¢ 0py2ot,
TO TOrga ropopat, uro dbyukius f(x) nenpe-
puieHa 6 mowke xy. Eciam 5T0 mMeer MecTo B
KayKJIOW TOYKE T, M3 HEKOTOPOro MHTEPBAJIA,
TO TOBOPST, IYTO (DYHKIIS HENPEPHIGHA 8 IMOM
uHmMeEpsane.

Xorst Kaxiasg (PYHKIUsI, TPEJICTaB/IsgeMast JIABHBIM rpaUKOM, Herpe-
PBIBHA, OYEHb JIETKO OIPEJIETUTDh U Takue (byHKIHH, KOTOPbIE He Be3J1e Hellpe-
poiBabl. Hanpumep, dyukiusa na puc. 157, onpenesienHas jist BCEX 3HAUe-
HUM T C TTIOMOIIBIO POPMYJT

f@y=1+=z npu z > 0,

flz)=-14x npu z < 0,
pa3pbiBHa B Touke x; = 0, B KOTOpOil oHa mMeeT 3Hadenune —1. Ecim mbl
CTaHeM YePTUTh KapaHJIAIoM rpaduk 3Toi (byHKIUH, HAM TPHJIETCS B 9TON
TOYKE OTOPBATh KapaHmail oT Oymaru. Korma Mbl mpubsmKaeMcs K 3HATE-
Huto x; = 0 cupasa, 10 f(x) crpemurcst K +1. Ho 3HaueHme 310 OTiIMuaeTcs
OT 3HaUYeHUs (PYHKIUUA B CAMOI 3TOI TOUKe, MMEHHO —1.

Oxno To obcrosTennerBo, uro dbyukimsa f(z) crpemurca Kk —1, Korga x
CTPEMUTCS K HYJIIO CAEBA, €Ie HEJOCTATOYHO JJis YCTAHOBJICHUS HEIIPEPHIB-
HOCTH.

@ynknus f(z), onpeseseHHas JUIs BCEX 3HAUEHUH & ¢ MOMOIBI0 (HOPMYJT

f@)=0 mpu z#0, [f(0)=1,
npu x; = 0 mMeer pPa3pbIB JAPYroro BUAA. 3JE€Ch CYIIECTBYIOT IIPEIEIbI U
CIIpaBa W CJieBa, U OHU PABHBI MEXKJIy COOOM, HO 3TO 00Iee MmpeaeabHOoe
snaderne oramaao or f(0). Eme wmuoro tuma paspeis maercs dyHKIHe,
rpaduk KOTOpoit m306parkeH Ha puc. 158,

w=f(r) =

Puc. 157. Pa3pbIiB «ckaukoM»
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B Touke * = 0. Ecsiu mbr 3acraBuM = crpemutbess K 0 ¢ J1i000# CTOPOHBI,
TO % HEM3MEHHO OYIET CTPEMUTHCS K OECKOHETHOCTH, HO TpaduK PYyHKITUU
«IIPEPBIBAETCS» B ITOM TOYKE, IPUYEM MAaJIbIM M3MEHEHUsIM HEe3aBUCHMOI'O
[IEPEMEHHOI0 & B OKPECTHOCTH TOYKM & = () MOI'yT COOTBETCTBOBATH OYEHb
GoJIbIlIe M3MEHEHUsI 3aBUCUMOTrO mepemeHHoro u. CTporo roBopsi, 3Hade-
Hre pYHKINA HE onpeeeHo npu & = 0, TOCKOJBKY MbI HE CIUTAaEM OECKO-
HEYHOCTb YUCJIOM, U II09TOMY HEJIb3sl TOBOPUTH, 4T (byuKuus f(z) pasha
6eckoneunoct npu x = 0. tak, Mbl TOBOpUM TOJIBKO, 4T0 GyHKIWMs f(2)
«CTPEMUTCH K OECKOHEUHOCTU», KOTIA & MPUOJIUKACTCI K HYJIIO.

CoBceM MHOIT XapakTep pa3pbiBa, HAKOHeIl, y MYHKIUKA U = Sin — B TOY-
ke x =0 (puc. 156). v

[IpuBeierHbIe TTPUMEPHI TTOKA3BIBAIOT HECKOJIHBKO PA3JIMIHBIX THITAYE-
CKHUX CJIy49aeB, Korja (DyHKIMs epecTaeT ObITh HEIPEPBIBHONW B HEKOTOPOI
TOYKE T = T;.

1) Mozxker ciryunrbes, 910 DyHKIMs CTAHET HEIPEPLIBHON B TOUKE T = X
[IOCJIe TOTO, KaK HaJJIeXKaImuM 00pa3oM OyIeT OIpeeieHo WIh OyIeT m3mMe-
HEHO y’Ke OlpeJIE/ICHHOE SHAEHHE ee U T = I, Hanmpuwmep, dyuxims u =

x
MOCTOSIHHO paBHa 1 mpu x # 0;

oHa He omnpejieseHa npu x = 0, mo-
CKOIIBKY o+ — JIMIIIEHHBIA CMBICTIA

cumBoJs1. Ho ecoim B aTOM mpuMepe

MBI YCJIOBUMCS CUUTATH, UTO 3HA-

qeHne u = 1 COOTBETCTBYET TAKXKe

n 3nadenunio r = 0, To QyHKIINA,

«pacIllupeHHas> TaKuM 006pa30oM,
X CTAHOBUTCS HEPEPBIBHON BO BCEX
@ TOuKax 0e3 MCKJoUeHns. 10T xKe
pe3yabTaT OyAeT JOCTUTHYT, €CJIn
Puc. 158. Pa3peiB ¢ yxomom B Geckoned- MBI U3SMEHUM 3HaYCHUE dyHKIIIN

HOCTD npu x = (0 BO BTOPOM W3 IpUBE-

JIeHHBIX Bbirie npumepos, u BMecto f(0) = 1 momoxum f(0) = 0. Paspbissl
9TOrO POJA HABBIBAIOTCS YCIMPAHUMDBIMU.

2) OyHKIMs CTPEMUTCs K PA3JIMIHBIM OPeJieaM B 3aBUCUMOCTU OT TOrO,
CIIpaBa WJIU CJIeBa & NPHUOJIMKAETCd K X1, KaK Ha puc. 157.

3) He cyuiecrByer mpejesna HU € OJ(HOI, HU C JPYIoil CTOPOHBI, KAK HA
puc. 156.

4) OyHKUs CTPEMUTC K OECKOHEYHOCTH, KOTJIa T NPUBIMIKAETCI K T
(puc. 158).

PaspeiBel Tpex mOCIETHUX THUIIOB HA3BIBAIOTCI CYWECNBEHHLIMUY TN
HEYCMPAHUMDLMU, OHI HE MOT'YT OBITH YCTPAHEHBI C TIOMOIIBIO Ha IJIE?KAIIETO
ompejiesieHnsi 3HaYeHNsT (PYHKIIUU B OJHOM JIUIIb TOYKE T = I;.
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-1 z2-1 T

Vnpaxnenus. 1) Hamersre rpabuxu byHximi =
P ) padukn dymnrimit ~—; Il E D@D
¥ HaluTe TOYKUA pa3pbiBa.

.1
2sin > IPOBEPBTE, <ITO HEMPEPbIB-

. o1
2) Hawmernre rpadukn dbysknuii z sin — u x
X
HOCTb He HapylleHa B Touke x = (), ecin NpUHATH, uTo © = 0 pn = 0 B oboux
CITyIasax.
* 1
3) Tlokaxwure, uro dbyHKIMs arctg — MMeeT paspblB BTOPOro THIA (CKAHOK)
xr

npu z = 0.

*6. MyHKIUM HECKOJbKHUX IePEeMEHHbIX. BepHemcs K cucremaru-
YEeCKOMY PACCMOTPEHUIO MOHATHUs (DyHKIHUU. Kcan He3aBUCUMBIM IepeMeH-
HBIM P dABJIsieTcsl TOYKA TJIOCKOCTH C KOODJIMHATAMU T, Y U €CJIHM KaKJIOh
Takoii Touke P COOTBETCTBYeT €IUHCTBEHHOE YMCJIO U (HAIPUMED, U MOXKET
ObITh paccTogHueM TOYKM P or Havyasa), TOrJa IPUHATO HHCAThH

u= f(z, y).

D10 0603HAUEHNE YIIOTPEDIISIETCS TAKXKE U B TOM CJIydae, eCJIN, KaK 9TO 9acTO
OBIBAET, JBE BeJUIUHLI T U Y IBHO YKA3bIBAIOTCS CAMUMM yCJIOBUSIMA 302491
KaK He3aBHCHMEBIe IlepeMennble. Hanpumep, Japienne u raza ectb (pyHKIHAA
o0beMa T W TeMIIEpaTyphl ¥; ILIOMAh U TPEYTOJbLHUKA €CTh (DYHKINS U =
= f(x, y, z) JyIUH TPEX ero CTOPOH X, Y, Z.

Puc. 159. Ilonycdepa Puc. 160. I'unepbouyeckuii mapaboIouT

Tax ke kKak rpaduk JaeT T€OMETPUYIECKOE TpeicTaBjieHne (OyHKIUN
OJIHOT'O TI€PEMEHHOI'0, MOXKHO IIOJIYYUTh U IeOMeTPHYeCKOe IIpe/ICTaBJICHIe
dyukuun u = f(x, y) ABYyX I€PEMEHHBIX B BUJIE IOBEPXHOCTH B TPEXMEPHOM
IIPOCTPAHCTBE C II€PEMEHHBIMHU &, Y, U B KadecTBe KoopauHaT. Kazkmoii
TOYKE T, Yy B IUIOCKOCTH I,y MblI COIOCTABJISEM TOYKY ITPOCTPAHCTBA C

koopgunatamu x, y u u = f(x,y). Takum obpasom, u = /1 —x? —y?
IPEJCTABIACTCA TIOBEPXHOCTRIO cdepbl ¢ ypaBHeHmeM u? + x2 + 3% = 1,
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auHeitHag QyHKIua u = ar + by + ¢ — MWIOCKOCTHIO, DYHKINA U = TY —
runepOoTUIeCKUM apabOIONIOM, U T. [I.

MoxHo nath u gapyroe mpejcrasienne byHkunn u = f(z, y), upu-
TOM HE BBIXOJIS 3a IPEJEJIbl IJIOCKOCTH &, Y, UMEHHO C IMOMOINBIO AUHUL
yposnsa (2opusonmaneti). BmecTo TOro 4robbl paccMaTpuBaTh TPEXMep-
Hblil «tanmmadTy noBepxHocru v = f(x, y) B TPEXMEPHOM [POCTPAHCTBE,
MBI BBIYEPUYMBaEM, KaK TO HHOIJA JeJIal0T Ha reorpaduyecKnx Kaprax,
«JIMHUMU YPOBHSA» Cl)yHKH‘I/II/I7 ABJIAIOINECA IIPOEKIUAMU Ha IIJIOCKOCTb &I,
1 BCEX TOYEK IOBEPXHOCTH, HAXOMIMAIIUXCsI HA OJHOM M TOM K€ pPacCTo-
SHAW U IO BEPTUKAJU OT ILUIOCKOCTHA &, Y. IDTH JIMHUA YPOBHS HMMEIOT
ypaBrenus Buga f(z, y) = ¢, e ¢ HOCTOSHHO i Kaxkzoii kpusoil. Tak,
nanpumep, GyHKIuA u = ¢ + y xapakrepudyercd puc. 163. Jlunun ypoBHs
MIOBEPXHOCTU C(MeEPBI IPEJCTABIAIOT COOOH CeMefICTBO KOHIEHTPUIECKUX
okpyxHocreit. @ynxiusa u = x? + y?, KOTOPOil COOTBETCTBYET MapabOJIOn,I
BpAIEHUsI, XapPaKTEePU3yeTcsd TakxKe OKpyxKHocrsamu (puc. 165). Yucsa-
MM, OTHECEHHBIMHU K KAayKJOil KPHUBOW, MOXKHO yKa3bIBATH BBICOTY U = C.

<

Puc. 161. IloBepxnocTts  BHzA Puc. 162. Jlunuun ypoBHSA NHOBEPXHO-
u= f(z,y) cTH, n300pakeHHol Ha puc. 161

OYHKIMN HECKOJbKUX II€PEeMEHHBIX BCTPEUYAIOTCS B (DU3MKE IIPU OIIW-
CaHWU [BUKEHUA HENPEPBIBHON Cpeabl MM KaKUX YILOJHO HPOTSKEHHBIX
00beKTOB. PaccMoTpuM XOTst ObI CTPYHY, HATSIHYTYIO MEXK/Ly ABYMsI TOIKAMUI
Ha OCH & ¥ 3aTeM J1e(POPMUPOBAHHYIO TAKUM 00PA30M, ITO YACTHUIA C KOOD/IU-
HaTOH T OTOABUHYTa Ha HEKOTOPOE OIIpEJe/IeHHOE PACCTOSHUE HePIIeHIUKY-
JISIpHO K ocu. Ecyin cTpyHa OyIeT OTIyIeHa, TO OHa IIPUJIET B JIBUKEHUE, T. €.
HAYHET KOJ1e0aThCsd; TOrJa TOUKa, (YaCTULA) CTPYHBI ¢ HAYAIbHON KOOPIUHA-
TOW & B MOMEHT BpeMeHH ¢ OyeT HAXOAUThCs Ha paccroguun u = f(x, t) or
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ocu x. JIBmKeHne CTpyHbI Oy/I€T MOJTHOCTBHIO OIIPEIEIEHO, €CJIN TOTBKO OyIeT
usBecra Gyuruus u = f(x, t).

Onpejiesienre HEIPEPBIBHOCTH, JaHHOe JJIs (DYHKIMHA OJHOIO IepeMeH-
HOT'O, pacIpOCTPaHsIeTCs HENOCPEJACTBEHHO W Ha (DYHKIMH HECKOJIBKHX IIe-
pemennbix. ToBopsar, uro dyuknus v = f(x, y) HEIpPEPbIBHA B TOYKE T = X1,
Yy = y1, ecsu 3uadenue f(x, y) Bcerga crpeMurcd K 3uadeHuio f(i, y;), KO-

riua TOYKA T,y
npubInAKaeTcsd K TOYKE X1, Y IO JIIO-

6OMY HAIPABJIEHUIO UJIU JIFOOBIM CITOCO- Y

OOoM.

Bupoduem, nmeeTcst 0JTHO CyIIeCTBEH-
HOE pasjimdue Mexkry (QyHKIUIMU Off-
HOT'O U HECKOJIbKUX IIepEMEHHBIX. B 11o-
CJIeIHEM CJIydae IOHATHE ODOpaTHOM
bYHKIINK TepsieT CMBICT, TAK KAK MbI HE X
MOKeM peruThb ypasaenue u = f(x, y),
HAIIpUMeEpP U = & + ¥, TaK, ITOOBI KaHC-
doe 13 He3aBUCUMBIX [IEDEMEHHBIX T U Y
OBLIO OBbI BBIPAYKEHO C IIOMOIIBIO TOJIb-
KO ojiHOrO nepeMenuoro u. Ho sTo pas-
Juane MeXIy (QYHKIUSIMU OJHOTO U
HECKOJIbKUX ITEPEMEHHBIX HCUIE3AET, €C-
JIN MBI TIepeiijieM, Jiajee, K pacCMOTpe-
HUIO MPeoOpa30BaHuil njn 0TOOpaYKEHM’it.

Puc. 163. JIuaun ypoBHS IOBEPXHO-
CTU U =2 + Y

X Y X Y
Puc. 164. Tlapabomoun Bparie- Puc. 165.
HUST CooTBeTcTBYIOINE  JIHHUN

YPOBHSH
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*7. ®yaknyuu u npeobpazoBanusi. COOTBETCTBHE MEXKJIy TOYKAMU
HEKOTOPO# MpsiMOii [, XapaKTepu3yeMbIMI KOOPANHATON & Ha STOH MPIMOit, 1
TOYKAMK HEKOTOPOI JPYTOil psiMoii [, XapaKTepu3yeMbIMU KOOPIUHATON ',
€CTh HE 9TO UHOE, Kak Hekoropada dbyukiua ' = f(x). B ciaydae Bzaumuo
OJJHO3HAYHOIO COOTBETCTBUS UMeeM TakKe u obparuyio dyukimio x = g(z').
[Ipocreiinmum mpuMepoM SIBJISIETCS MTPOEKTUBHOE MPEOOPa30BaHUe, KOTOPOE
3a71aeTCA B caMOM OOIIEM CJIydae JIpOOHO-TNHEHHON (yHKIMEH BuIa
axr+b
cr+d’
rue a, b, ¢, d — nocrosiHuble (Mbl 9TO YTBEPKIAEM 37eCh 0€3 I0Ka3aTe b
cTBA).

—dz’ +b
cr' —a

B cayuae, ecam ycranaBimBaercsi 0TOOpazkKeHne IJIOCKOCTH T C KOOPIIU-
HATHOM CUCTEMOI &, Y HA APYTYIO IIOCKOCTH T’ ¢ KOOPMHATHON CHCTEMOM &,
19y/, COOTHOITIEHNE MEXK/Ty TOUYKAMHU HE MOXKeT OBITH 3aJI[aHO OIHON (PyHKITHEH
x' = f(x); 31eCh IPUXOJUTCSI UMETH JIEJIO € JBYMs (DYHKIUSME JBYX Hepe-

B sTom nmpumepe obpaTHas GYHKIUSI UMEET BUI & =

MEHHBIX ,
v = f(z, y),
y' =gz, y).
Hampumep, mpoekTuBHOE Tpeodpa3oBaHue 3aTaeTCs CUCTeMON by KTt
, _ar+by+c
gr+hy+k’
r_ de +ey+ f
gr+hy+k’
rae a, b, ..., k—mocrosinable, a x, y u T, Yy, KAK CKa3aHO, — COOTBETCTBEH-

HbI€ KOOPJIMHATHI B JIBYX IJIOCKOCTsIX. Terepb uiest 00paTHOrO 0TOOPAXKEHU ST
CHOBa IPUOOPETAET CMBICJI. MBI TPOCTO JOJIKHBL PEWUMb 0GHHYIO CUCTIEMY
ypaBHEHHUIl OTHOCUTEHLHO X U Y, BbIpa3uB ux depe3d x’ u y'. [eomerpuyecku
9TO CBOAMTCS K OCYIIECTBICHUIO OOPATHOTO OTOOpayKeHUsl IIJIOCKOCTH T Ha
IJIOCKOCTD T.. DTO oTOOpazkeHue OyJIeT OJHO3HAYHO OIIPEJIEIEHO, €CIH COOT-
BETCTBUE MEXKJIy TOYKAMU ODEUX ILIOCKOCTEH B3aUMHO OIHO3HAYHOE.
[IpeobpazoBanust IIOCKOCTH, U3yIaeMble B TOTIOJIOIHH, 3aIAI0TCSI HE TIPO-
CTBIMU aJIrebpanvecKNMi YPaBHEHUSIMU, a [MPOU3BOJILHON CHCTEMOI JIBYX

byHKIIIT )
' = f(z,y),

/
v =gz, y),
HpI/I yC.HOBI/II/I, tITO6I:»I UMMN OHpe,ZLe.HHJ'IOCI) B3auMHO O,ZLHO3H&'—IHO€ N B3aMHO
HEIpepBhIBHOE TTPeodpa30BaHue.

VYupaxkuenuns. *1) Ilokaxkure, uro mpeobpasoBanme wmuHBepcHm (cTp. 162
x

A
165) B eAMHUYHOM Kpyre AHAIUTHYECKH 3a/Ia€TCsl ypaBHEHUAMHU &' = m,

! Haiinure obpartHoe mnpeobpasoBanme. JlokaxkwTe aHAJIUTHIECKH,

_ Y
y = 22 +y2°
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9TO IIyTEeM HHBEPCHUM COBOKYIHOCTH IPSMbBIX M OKPYKHOCTE# mpeobpa3yercs B
COBOKYITHOCTB OIISITh-TaKU IPSMBIX U OKPY2KHOCTEN.
ar +b
cr+d
HEPEBOJUTCS B YETBEPKY TOYEK HA OCHU T C TeM K€ JIBOMHBIM OTHOIIEHUEM (CM.
crp. 216).

2) Hokaxwure, uro nmpeobpasoBanueM r’ = YeTBEepKa TOYEK Ha OCH T

§ 2. IIpenenst

1. IIpenesn nocjenoBaTeIbHOCTU a, . OmpeaeneHne HEMPEPHLIBHOCTH
GYHKINN, KaK MBI 9TO Y2Ke BUIE/N B § 1, OCHOBBIBAETCS Ha TOHSITHH IIPEIETIA.
Jo cux mop MBI MOJB30BAJINCH ITUM IOHATHEM B 0OJiee MJIM MEHee WHTY-
uTuBHOI (opme. B HacTosiIieM U TOCJIEAYIOMNX pa3jesaX Mbl BBEIEM €ro
6oJtee cucremMaTndecKuM myTeM. [ToCKO/IbKY 10OC/Ie10BaTeIbHOCTH HECKOJIBKO
mpoite, 4eM (QYHKINN HEIIPEPHIBHOTO ITEPEMEHHOTO, MBI HAYHEM C U3y IeHUsT
OCJIEIOBATEIbHOCTEIA.

B rirase II Mbl uMmesm 71€J10 ¢ YMCJIOBBIMHA IIOCJIEI0BATEILHOCTAMA A, U
U3yYaJu UX Mpeesbl PU YCIOBUU, 9TO 1 HEOTPAHUYIEHHO YBEJIUIUBACTCS
WIN «CTPEMUTCsI» K OGeckoHedHocTH. Hampumep, mocieqoBaTeIbHOCTb ¢ 00-

1
UM 4JIEHOM Q,, = —:
n

1 1 1

17 57 §7 ) E7 ... (1)

[[PY HEOTPAHUIEHHOM BO3pACTaHUH N UMeeT mpemest 0:
1
— —0 upu n— oo (2)
n

ITocTapaemMcs BBIpa3UTh TOYHO, UTO TOJ 3TUM Nojipa3yMeBaeTcs. [Ipm mpo-
JBUXKEHUU TI0 TIOCJIE/IOBATEILHOCTH BCE JAJIbINE U JIAJIBINE Mbl BUJIUM, YTO
qJIeHBI CTAHOBATCSA BCe MeHbIne n Menbine. [locme 100-ro wieHa 9IeHb yiKe

MeHbITIe nocsie 1000-ro — MeHbIIIe u T. . Hu ogun u3 9jieHoB e

1 1
100” 1000’
pasen B sieiictBuresibroctr 0. Ho ecin MbI ipojisuaemcst docmamowho danexo
1o nocsieoBaTebHOCTH (1), TO MbI MOXKEM ObITH YBEDEHBI, UTO KaXKIbli 13
ee 4IeHOB Oyzer oTmdarhes oT 0 cKoAb Y200H0 MaAAO.

B sTOM 00bsicHEHNE MOXKET CMYIIATH €IUHCTBEHHO TO, UYTO CMBICJ HOI-
YEePKHYTHIX CJIOB HE BIIOJIHE siICEH. UTO 3HAYUT «JIOCTATOYHO JIAJIEKO» U UTO
3HAYUAT «CKOJIb YIOJHO MaJjio»? Ecjaum Mbl cymMeeM NpPUIATH TOYHBIH CMBICTT
9TUM BBIPAXKEHUsIM, TO ITUM CAMbIM OyJI€T YCTAHOBJIEH TOYHBINA CMBICJI II0-
HATUS TpeJIesia MOCIeI0BATETHHOCTH.

leomerpudeckas nHTEpIIpETAIS TOMOYXKET HAM PA300PATHCS B MHTEPECY-
ommeM Hac Bonpoce. Eciiu Mbl m306pa3uM 4iieHsbl nocsezoBaresnsbHoctu (1) B
BH/JI€ COOTBETCTBYIOIINX UM TOYEK HA UNCJIOBON OCH, TO 3aMETUM, UTO UJIEHBI
TIOCJIETOBATE/ILHOCTU B HAIIIEM MPUMEPE «HAKOIISIOTCI» WA «CTYIIAIOTCS»
okos10 Touku 0. Beibepem Ha YMCIOBOI OCH HEKOTOPBI MHTEpBAJ I C IEHT-
poMm B Touke 0 m 0oOImIeil JytnHOM 2€, TaK YTOOBI MHTEPBAJI IMPOCTUPAJICS Ha
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paccrosame € ¢ Kaxkoit cropoubl or Touku 0. Eciaum mbr Bospmem € = 10,

TO, KOHEYHO, 6C€ YJICHbI 4, — — HaIen IIOCJIEJOBATECJIBHOCTH 6y,ILyT JIe2KaThb
n

BHyTpHu uHTepBasa I. Eciu ke Mbl Bo3bMeM € = TO HECKOJIbKO II€PBBIX

1
10’
9JIEHOB OKaXKyTCd JIe2KalllUMU BHE NHTEPBaJIa I, OJHAKO BCE YJICHbI, HAYNHaA

C G171, & UMEHHO
1 1 1 1

ﬁa Ea Ea ﬁa cee

oynyT exarh BayTpu . Jlaxe npu € = JIUITB TIepBasl ThICAYa UJI€HOB

1
1000
[IOCJIeIOBATEILHOCTU HE MOMAJIET BHYTPb MHTEpBaJja I, Torma Kak OecKoHed-
HOE MHO2KECTBO YJICHOB, HAMUHALA C Q1g01,

A1001, @1002, @1003;

OKaKeTCsl BHYTPH HEro. ZICHO, UTO 9TO PaCCyKJIeHre CIIPABE/JINBO JJIst JIIO-
6Oro MOJIOKUATEIHHOTO YHC/IA € €CJIH MOJIO2KUTEIbHOE € BHIOPAHO, TO HE3a-
BHCHMO OT TOrO, KAK OHO MaJiO, MBI BCETJa MOYKEM MOJ00paTh HACTOJBKO
boutbItoe 1esioe Iucao N, ITo

+<e
N .

Otcioma ciiefiyeT, 9TO BCE WIEHBI ¢, ITOC/IEIOBATEIBHOCTH, I KOTOPBIX
n > N, OyayT jexkaThb BHYTPHU UHTEpBaJa [, 1 TOJILKO KOHEYHOE YHCJIO HJjIe-
HOB @y, dg, ..., Gx_1 MOXKeT JiekaTh BHe ero. OCHOBHBIE MOMEHTBI 37€Ch
TAKOBBL: 60-NeP6bIT, JUINHA WHTEepBaJa I ompejessieTcss MPOW3BOJIBHO I10-
CpeJICTBOM BbIOODA €. 3amem MOXKET OBITh HOJ0OPAHO IOJIXOJIAIIEE IEeJIoe
qncao N. DTOT IpOoIece MePBOHAYAILHOIO BBIOOpA UHCIA € U IOCIE/LyIo-
mero mombopa 1mesnoro qncia N MoKeT OBbITh OCYIIECTBJIEH MPH JTFOOOM II0-
JIO)KUTEJILHOM € HE3ABUCUMO OT €r0 MAJIOCTU; TEM CAMBIM yCTAHABIHBACTCS
TOYHBIN CMBICJI yTBEPKIEHNUS, UTO «BCE WIEHBI TocieoBaTeabrocTn (1) or-
sgugaiorcss oT 0 CKOJIb yTOJHO MaJIO, €CJIH TOJIBKO MBI JJOCTATOYHO JTAJIEKO
[IPOJIBUHEMCS TI0 ITOCJIET0BATEIHLHOCTH Y.

[TomBenem uroru: mycTh € — KAKOe-HUOYIb MTOJIOKUTEIbHOE IUCI0. Torma
MBI MOXKEM TI0/I00paTh TaKoe TeJIoe TOJOKUTEIbHOe 9ucao N, 94To Bee diie-
HBI @, nocsiegoBaresabHoctd (1), mist KoTopbix 1 2 N, OyIyT JeKaTh BHYTPU
uHTepBaJjia I JIUHBI 2€ C NEHTPOM B TOYKe €. TaKOB CMBIC/ IIPEIEIBHOIO
cooTHoImenus (2).

Ornmpasich Ha 3TOT TPUMEP, MBI MOYXKEM TeIepPh IaTh TOYHOE OMPEeICHIE
CJIEJIYIONIEro obIero yreepx aenust: «IlocaenoBarelbHOCTD IeHCTBATETbHBIX
GUCENT Ay, Uy, A3, ... AMEET IIPEJIeJT a». TUCII0 a MBI 3aKJII0YAEM BHYTPb HEKO-
TOPOro UHTEpBaJa I YUCIOBOI OCH: €C/IM 3TOT UHTEPBAJ MaJl, TO HEKOTOPbIE
9UCTIa @, MOIYT J€XKaTh BHE 9TOTO MHTEPBAJA, HO KAaK TOJBKO 7 CTaHO-
BUTCS JOCTATOYHO OOJIBININM, CKayKeM, OOJIBIUM WX PABHBIM HEKOTOPOMY
qucity N, TO BCe IUCTA ,,, AJIg KOTOPBIX 1 > [N, TOJKHBI JIE2KATb BHYTPHU
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naTepBasia . Komeano, MOXKeT CJIyInThCs, ITO MPUIAETCI OpATh OYeHDb OO0Th-
1roe 1esioe 9ucyo N, ecau uHTepBaJj I BIOpaH 0YeHb MaJIbIM; OTHAKO, KaK ObI
MaJI HU OBLI 9TOT UHTepBaJI I, Takoe 1eJsioe 9ucjio N JOJIZKHO CYIIECTBOBATD,
pa3 IpeJoiaraeTcs, YTo MoCje0BaTe/IbHOCTh UMeeT PeIe.

Tor dakT, 9TO MOC/IETIOBATEILHOCTD G, WMEET IIPENEJSI ¢, BBIPAXKAECTCH
CHMBOJIMIECKU CJIETYIOMNIEH 3aIIChIO:

lima, =a mnpun—oo, lim a,=a,
n"oo
I TIPOCTO
G, — G TPHU N — 0O

(«1pegnen a,, paBeH a», WIN «a, CTPEMUTCS K Ipeieny a»). Ecam mocsemo-
BaTEJIBLHOCTDL UMEET IIPeJiesl B YKA3aHHOM CMBICJIE, OHA Ha3bIBAECTCS CTO0A-
wetica. Oupeesenne CXOMMMOCTH TOCJIEIOBATEILHOCTH G,, MOXKHO CPOPMY-
JIMPOBATH OOJIee CXKATO, & UMEHHO CJIEIYIONINM 00Pa30oM:

Hocaedosamenvrocmsv ay, Gz, Az, ... UMEET NPEJEA G NPU HEOPAHUYEH-
HOM B03PACTNAHUY T, €CAU KANCOOMY CKOAb Y200HO MAAOMY NOAOHCUMEND-
HOMY YUCAY E MONCHO NOCTNABUMDG 6 COOMBEMCMBUE TAKOE UEA0E NOAOAHCU-
meavroe wucao N (3asucswee om €), 4mo HepaseHcmeo

la —a,| <t (3)
BUINOAHACTNCA OAA BCET 3HAUEHUT
n>N.

TaxoBa ob1as, «abcTpakTHAs> (HOPMYIUPOBKA ITOHATHS IIPeeia IocIe-
noBaTebHOCTUH. HeMyIpeHo, ecjin TOT, KTO BCTpedaeTcs C Heil BIIepBbIE, HE
MOXKET Cpa3y CXBATUTh M UCUYEPHATh ee cojepxkanme. K HecyacThio, aBTOpBI
HEKOTOPBIX PYKOBOJICTB, CTOSINNE HA [MO3UINY, TPAHIIAINE CO CHOOU3MOM,
MIPEIIOIHOCAT YUTATEIO 9TO OIpejiesieHne 6e3 TIATeTbHOM OIIOTOBKH, KaK
OYATO CHU3OUTH JI0 Pa3bsCHEHUI HUXKE JJOCTOMHCTBA MATEMAaTUKA.

OrpejieieHne peJIoIaraeT CBOEro pojia JUCKYCCUIO MEXKJLY JIBYMSI JIH-
namu A u B. A BbyiBuraer TpebOBaHUE: 3aJJAHHAS BEJIUYUHA G JOJIZKHA
OBITH IPUOJIMKEHA, YUCIAMA @, TaK, ITOOBI OMMOKA He MPEBBINIAIA IPAHU-
1Bl € = €;; B oTBevaeT Ha 3T0 TpeboOBaHME yKA3aHUEM, YTO CYIIECTBYET TAKOE
nesnoe N = N;, 94TO BCe WIEHBI @,,, CIICAYIOIINE 38 Ay, , YAOBICTBOPAIOT 3TOMY
yesoButo. Torma A cranoButcst 60j1ee TpebOBaTEIbHBIM U MIPEJJIaraeT HOBYIO,
MEHBIIIYI0 I'PAHUILY € = €,; B CHOBa BCTpedaeT 5TO TpebOBaHUE MOJI00POM
HEKOTOPOTO, MOYXKET OBITh 3HAYUTEJHHO 0OJibiero, resoro umncia N = N,
00JIaTAIONIEr0 AHAJOTHIHLIM CBOMCTBOM, W T. . Feau B moowcem ydosae-
meopums A HE3ABUCUMO OM MO020, KAKYIO MAAYIO 2DAHuLY Hadhavaem A,
MO Mbl UMEEM OEAO € NONOIHCEHUEM, KOMOPOE KPATKO BbLPAAHCAETNCA COOM-
HOWLEHUEM: Ay — G.

Nmeercst onpesiesierHas ICUXOJIOTHYIECKAsT TPYIHOCTh B TOM, 9TOOBI CO-
CTABUTH IPABUJIHLHOE IIPEICTABIECHUE O MOHATUU peesa. Harmma mHTyums
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MIPEIOIAraeT «JINHAMUYIECKYIO» HIEI0 TPEAeIa KaK pe3yabTaT IIPOIecca
<JIBUKEHUS»: MBI IIPOJIBUTAEMCS IO PsIIy IedabIx umcesa 1, 2,3, ..., n, ...
U TIpU 9TOM HaOJIIOaeM 3a TOBEJICHUEM TI0CJIE/IOBATETLHOCTH G, . MBI 2KJIeM,
9TO YUCJIA a4, JOJI2KHBI BCE MEHbIIe ¥ MEHbIIEe OTJINYaThCst OT duciaa a. Ho
9Ta «ECTECTBEHHAs» TOYKA 3PEHMsS He TOIIAETCS sICHOI MaTeMaTHIeCKOit
dopmysmpoBke. UToObI TPUIITA K TOYHOMY OIPEIEICHIIO, HAI0 OOPATUTH
XOJT PACCY?KJIEHHS: BMECTO TOTO UTOODBI ITPEXKJIE BCErO OOpAIAThCS K HE3a-
BI/ICI/H\’IOl\ly IIepeMeHHOlVIy n, a 3aTeM y>Ke K IIepeMeHHOl\ly Ay, MBI JIOJIZKHBI
OCHOBBIBATH HAIIIE OIPEJeICHUE HA TOM, UTO CJIEIYeT JIeJIaTh, €CJIU MBI I10
CYIIECTBY XOTUM IIPOKOHTPOJIMPOBATEH YTBEPXKIEHNE a,, — a. lIpu Takoi mo-
CTAHOBKE BOIIPOCA MBI ITPEKIE BCETO JTOJI2KHBI BEIOPATDH ITPOM3BOJIBHO MAJIBIH
WHTEPBAJI OKOJIO G W 3aTEM PEITUTh: MOYKEM JIU MBI JIOOUTHCS, ITOOBI d, C
[IOMOIIBIO BBIOOPA JIOCTATOYHO OOJIBIIIOIO 7. B HErO IOIAJI0. 3aTEM, BBOJIS
cuMBOJIbL € 1 N 1151 0003HAUEHUsT <[TPOU3BOJIBHO MaJIOr0 MHTEPBAJIA» U «I0-
CTATOYHO OOJIBIIIOTO 7%, MBI IIPUXOIUM K TOTHOMY OIPEIETIEHUIO ITPEJIEIA.
Obparmasick Tenepb K JAPYyromMy MIPUMEDPY, PACCMOTPHUM IOCIEI0BATEI b

HOCTD 1 2 3 4 n

23 T8 a1

rie a, = . 4 yrBepkiato, uro lim a,, = 1. Ecau BBl BbiOepeTe nHTEpPBAJI
b

_n
n+1

C HIEHTPOM B TOYKE 1 1 Bo3bMETE € = TO d CMOTY yAOBJIETBOPDUTH BallleMy

1
10’
rpebosanuio (3), Boibpas N = 10; B camom Jiere,

n _n+l-n_ 1 1

0<1_n+17 n+1 7n+1<ﬁ

upu n > 10. Ecau BbI ycuinre Bamre tpeboBanue, BbIOUpas € = TO 4

1
1000’
CHOBa MOI'Yy eMy yAoBjerBopuTb, BbiOupas N = 1000; u Ttak majiee — s
JIF000T0 TIOJIOKUTETHHOTO YUCTIA €, KOTOPOE BbI IIOXKEJIAeTe BbIOPATH, HE3a-

BUCHMO OT €r0 MAaJIOCTU: JIEHCTBUTEJHHO, MHE TOJBKO HYXKHO OyJIeT BbI-
1 "

6pars s000e 1iesioe N, Gosbiliee 1eM —. DTOT MPOIECC, 3aAKJIIOYAIOIINIACS,
€

BO-IIEPBBIX, B BHIOOPE IIPOU3BOJILHO MAJIOIO MHTEPBAJIA JJIMHBI 2€ BOKPYT
9UCTIa G W, BO-BTOPBIX, B JIOKA3aTEJbCTBE TOrO, UTO BCE HJIEHBI IIOCJIEI0BA~
TEJILHOCTH @, HAXOMIATCS HA PACCTOSHUY, MEHBIIEM 9eM € OT &, Pa3 TOJIBKO
MBI TPOJBUHEMCSI JIOCTATOYHO JIAJIEKO IO IMOCJIE0BATEILHOCTH, U €CTh He
9TO WHOE, KaK MOJIpoOHOe OmHcanme TOro axra, 4To a, — a. Kcam <re-
HBI TI0CJIE0BATEbHOCTH Gy, (o, (3, ... [PEJICTABJIEHBI B BHje OECKOHEYHBIX
JECSITUYIHBIX JIpo0eil, TO yTBep:KIeHne

lima, =a

0003HaYAET MOMPOCTY TO, 9TO JJIsI JIFODOTO IEJION0 MOJIOXKUTEILHOTO 171 TIep-
Bble M IU@P UUCIa G, COBIAJAIOT C IMEPBLIMU M IUdpaMu 6ECKOHEIHOTO
JECATUIHOTO PA3JIOKEHUST TUCTIA A, PA3 TOJIBKO 7 BBIOPAHO JOCTATOTHO H6OJTH-
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M, CKaxKeM, OOJIBIINM HeKoToporo 3uadenns N (3aBucsmiero or m).! 9o
IIPOCTO COOTBETCTBYET BbIOODPY € B opme 107,

CymrecTByeT Japyroe, m O4YEHb BBIPA3UTEJIBHOE, OIPEIETEHUE TOHSITHUS
npenena. Ecan lima, = a u ecim Mbl 3aKJIIOYMM YUCJIO @ B UHTEpBaa I,
TO, HE3aBUCHMO OT MAJIOCTH WHTepBaja [ Bce wmcia a, npu n, O6IbIIEM
HEKOTOpOro mejioro yuciaa N, OyayT JiexkaTh B mHTepBajie I, Tak 9TO He
GoJbItie YeM KoHedHOe Yucyio N — 1 9IeHOB U3 YUCIa CIIeAYIONIHX:

a;, Qo, A3, ..., AN_1,

MOTYT JiekaThb BHe mHTepBasa [. Ecim wunrepBan I ovyeHp masi, TO dmC-
g0 N MOXKeT OBITh OUeHDb OOJIBINM, cKazkeM, paBubiM 100 min maxxke 1000
OMJITMOHAM, U BCE K€ JIUIIb KOHEYHOE YHCJIO UJIEHOB ITOCJIE/I0BATEILHOCTU
Oyzer JiexkaTh BHe MHTEpBaja I, B TO BpeMsl KaK OECKOHEYHOEe MHOXKECTBO
OCTABIIIAXCs WIEHOB monaieT B nHTepBaJj 1. MOKHO yCIOBUTHCST TOBOPUTH O
“IeHAX HEKOTOPOH OECKOHETHOI MTOCJIEI0OBATEIbHOCTH, IYTO «IIOYTH BCE» OHU
00J1aJIAI0T HEKOTOPBIM CBOMCTBOM, €CJIU JIUIIb KOHEYHOE YUCJO UX (HEBaXK-
HO, KaK OHO OyJIeT BeJIMKO) He obyagaer stuM cBofictBoM. Tak, Hampumep,
«IIOYTH BCE» IIeJIble MOJIOKUTEIbHbIe ynciaa 6osbire 1 000 000 000 000. HMc-
MOJIB3Ys Ty TEPMUHOJIOTHIO, Mbl BUJIAM, 9TO YTBEDXKICHNE

lima, =a

9KBUBAJIEHTHO CJIEIYIOMEMY YTBEPKIACHUIO: ecau I ecmb 410001 unmepsan ¢
UEHMPOM 8 MOYKE @, MO NOYMU 8CE YUCAA G, NEHCATN, 6 IMOM UHMEPBANE.

He memaer MUMOXO/JOM OTMETHUTH, UTO HET HEOOXOJIMMOCTH ITPEJIITOJIa-
raTh, YTO BCE WIEHBI @, TIOCJIEIOBATETLHOCTH HEIIPEMEHHO UMEIOT PA3TMIHbIE
3HaYeHUs. B 9aCTHOCTH, COBEPIIEHHO AOMYCTUMO, 9TOOBI HECKOIBLKO N3 HUX,
nan OECKOHEYHOE YHNCJI0, WJIN JlayKe, HAKOHEIl, BCe UNUCJa @, ObLIN PaBHBI
peJiesIbHOMY 3HatdeHuto a. Hampumep, BIIOJIHE 3aKOHHO PACCMATPUBATD IO~
caesioBaTesibHOCTh a; =0, a; =0, ..., a, =0, ..., 1 ee IpeJieJ1 eCTh, KOHEY-
HO, 0.

Kak yxke ykazaHo, mMOC/I€I0BaTEILHOCTD @, C MPEIEJIOM ( Ha3bIBACTCS
cxodswetica. IlocaenoBareIbHOCTD, HE UMEIOLIAs IIpeiesia, Ha3bIBaeTCs Pac-
TOOAWETCA.

n
Vupaxkuenusi. [lokaxure: 1) ITocieoBaTesbHOCTD ¢ OBIIUM YJIEHOM Gy, =

n?4+1
. 1 1
nmeer npejes, pasubiit 0. ( Ykasarue: a, = —— MeHbIIe — ¥ 6ouibiire 0.
n-+ — n
n
nZ+1
21 ITociiemoBarensoCcTs A = Bl nMmeer tpegen 0. (ynasauue: n =
14+ 5 n
T~ JICXKHAT MEXLy Om E)
n
n+ —
n

1 D710 yTBepKIeHue He BIOJHE TOYHO. — IIpum. ped. nacm. uso.
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3) IocnenosarenbuocTsb 1, 2, 3,4, ..., a TakKe «KOJEOIIOIUECT» TOCIEI0BaA~

TeJIbHOCTU
1,2, 1,2 1,2 ...,

-1, 1, =1, 1, =1, 1, ... (me. an=(-1)"),

1 1
17 57 17 gv 17
HE UMEIOT 1IPe/IeJIOB.

Ecin B mocietoBaTe IbHOCTH @, 9JIEHBI BO3PACTAIOT TAKAM 0OPa30M, UITO
paHO WX TO3HO CTAHOBATCs OOJIbINE JIIOOOrO HAIepe HA3HAYECHHOTO HMC-
sa K| TO IpUHSATO TOBOPHUTD, 9TO @, CMPEMUMCSH K OECKOHEUHOCMU, U TOTIA
mumyT: lim a,, = 0o wm a,, — oo. Hanpumep, n? — co u 2" — 00. Ta TepMu-
HOJIOTHUsI yJI00HA, XOTsI U He BIIOJIHE IIOCJIEI0OBATE/IbHA, TAK KaK CUMBOJI 0O HE
[IPUHSTO PACCMATPUBATDL KakK 4nCi0. [locaedosamenvrocmsb, cmpemau,aacs
K OECKOHEUHOCTU, CHUMGEMCH PACTOOAULETCA.

n?+1
ynpa)l(HeHne. ,ZI;OK&)KI/ITG7 9TO IIOCJIe0BATECJIBHOCTD Oyn — T CTpeMUuTCHA
K
6eCKOHe“IHOCTI/I; AQHAJIOTUYHO B CJ/Iy4dae
n?+1 nd3 —1 n"

MELIT Ty Ty

Hauunarorue 1acTo BoagarmoT B OMUOKY, AyMasi, 9TO IEPEXOJ K IPEIETy
IPU N — 0O MOYKET OBITH BBIMOJJHEH COBEPIIEHHO MIPOCTO MIYTEM IOICTAHOB-

1
KA 1 = 00 B BBIpaykeHue oOINero d4jeHa a,. Hampumep, — — 0 moromy,
n
1
aro — = 0. Ho cumBon o0 He sBjsieTcs YuCIOM, U €ro yrnorpebieHnune B
(o.)

1
BBIpAsKEHNU — He3aKOHHO. llomnbITKa mpejicTaBuTh cebe mpees mocyieI0Ba-
o)

TEJIbHOCTU KaK «HOCJIG,B;HI/IfI» 9JIEH II0CJIe10BaTEeJIbHOCTU G, IIpHU N = OO HE
Iorma/iaeT B IIeJIb U 3aTEMHAET IIPpaBUJIbHOE IIOHUMaHUe CYIIleCTBa JieJla.

2. MoOHOTOHHBIE TOCJIeIOBATEJILHOCTH. B 00111eM o1peie/IeHnu CxXo-
JUMOCTH U TIpeJiesia Ha ¢Tp. 313 He comep:KuTcs TpebOBaHUiA, TaK UIN MHAYE
CTECHSAIONNX XapaKTep MPUOINKEHNS CXOMAIIEHCs T0CIeI0BaATEIbHOCTH 1,
as, as, ... K CBOEMy Tpezeny a. IIpocreitmuii THII TpUOINKEHUsT OCYIIIECTB-
JISETCS TaK HAa3BbIBAEMBIMU MOHOMOHHLMY TOCIEI0BATEILHOCTMI, [IPUMe-
POM KOTOPBIX MOKET CJIY?KUTh CJIELYIOIIAsL:

1 2 3 n

203 T A
Kazxaprit waeH 3To#t mocie1oBaTeIbHOCTHA OOJIBITIE TpeabLyIero. JleficTBu-
TEeJIbHO,

= > — —
n+ 2 n+2 n+1 n+1
IlocnenoBaresbHOCTE TAKOTO POJia, B KOTOPOH G411 > G,, HA3BIBAETCA MO-
HOMOHHO 603pacmaowel. AHAJOIIYIHO, TOCJIEI0BATEILHOCTD, IJIs KOTOPO

n—&—l_1 1 1 n

Apy1 = Ay, .



§ 2 [IPE/IEJIBL 323

Puc. 166. MonoToHHasT OrpaHUYIEHHAS TOBEPXHOCTH

Gy, > Gy 1, HAIIDUMED TAKas, KakK 1, ., HA3BIBAECTCS MOHOMOHHO YObi-

1
57 57 ..
saroueti. [locaenoBaTebHOCTH ITUX ABYX THUIIOB MOIYT IPUOJIMAKATHCH K
CBOEMY MpeJey JIUIIb C OJHOM CTOPOHBI: «CJIeBa» WU <«CIIpaBay. B mpo-

TUBOIIOJIO?KHOCTDb 9TOMY CYHICCTBYIOT ITOCJI€JOBATEJIBHOCTU KO.HQ6J'IIOH_II/IQCSI7

Hampumep, —1, .. DTa I0Cje10BaTe/IbHOCTD MIPUOJINKAETCA K

27 3747
cBoemy npezeny 0 «c obenx cropon» (cm. puc. 11, crp. 89).

MOHOTOHHBIE TIOCJIEAOBATEIHLHOCTH 00IATAI0T OCOGEHHO MTPOCTBIMA CBOI-
crBaMu. Takoro posia TOCIeI0BATEIFHOCTh MOYKET HE MMETDH TIPEJIEJIa U BO3-

paCTaTb HeOFpaHI/ILIeHHO, HO,HO6HO II0CJIe JOBATECJIbHOCTH
1, 2, 3, 4, ...,
rae a, = Tl, MJIN II0CJIEJ0BATEJIbHOCTU
2, 3,5, 7, 11, 13, ...,

J71s1 KOTOPOU @,, €CTb N-€ MMPOCTOe THUCJO P,,. B 3TOM citydae mocaenoBaTesb-
HOCTb CTPeMHUTCsi K Oeckoneunoctu. Ho ecsin 4ieHbl MOHOTOHHO BO3DacTa-
IOIIEHl 110CJIeI0BATEIBHOCTU OCTAIOTCS OIPAHUYEHHBIMU, T. €. €CJIM KK IbII
“JIEH MEHbIIIe HEKOTOPOI BepXHel rpaHuIlbl B, 3apanee u3BeCTHON, TO UHTY-
UTUBHO $ICHO, YTO MOCJIEIOBATEIHHOCTD JIOJI?KHA, CTPEMUTHCS K HEKOTOPOMY
OIIpesieJIEHHOMY TpeJiesly @, He npeBbimatomemMy ancia B. Mbr chopmysin-
pyeM 3TO TOJIOKEHHE KAK NPUHUUN MOHOMOHHLL NOCAed08aAMEALHOCTEN:
MOHOMOHHO BO3PACNAIOWLAS NOCAEIOBAMEALPHOCTL, 02PAHUNEHHAL CEEPTY,
crodumes x nexomopomy npedesy. (AHAJIOIMYHOE yTBEPXK/CHUE UMEET Me-
CTO OTHOCHUTEJILHO MOHOTOHHO yOBIBAIOIIEH ITOCIEI0BATEIHLHOCTH, OTPAHU-
YEeHHOI cHU3Y.) 3aMedaTe/IbHO TO, 9TO 3HAYCHUE IIPEJIeNa ¢ He JOJIXKHO ObITh
M3BECTHBIM 3apaHee; TEOPEMA YTBEPXK/IAET, YTO IIPU BBITOJTHEHIN YKA3AHHBIX
ycoBumit mpefien cywecmeyem. Komedno, sTa TeopemMa CIPaBeJINBA JIUIIb
[IpA YCJIOBUH, YTO IPEABAPHUTEIHLHO BBEJEHBI UPPAIMOHAJILHBIE YNACIA, U B
MIPOTUBHOM CJIydae He Bcerja Obl OIpaB/IbIBAIACh: B cCaMOM Jefie, B ryiase 11
MBI BUJIEJIU, YTO KazKJI0€ HPPAIMOHAJIbHOE YHCJIO (HAIIPUMED, V/2) sBsierca
peeJIOM MOHOTOHHO BO3PACTAIONIEH M OIPAHIMYIEHHO MTOCIe0BATETHLHOCTI
PAIMOHATIBHBIX JECATHIHBIX APO0eil, BOSHUKAIONINX TPU OOPBIBAHUU HEKO-
TOPOit BECKOHEYTHOM IeCATHIHON apodbu Ha n-it tudpe.

* XOTsl IPUHIUTT MOHOTOHHBIX MOCJIEIOBATEILHOCTE HHTYUTHBHO BIIOJHE OYUe-
BUJIEH ¥ BBITJIAUT KaK abCOJIIOTHASI UCTHHA, OJTHAKO HE MEIIAeT, W JlaXKe BeChbMa
I10JI€3HO, IIPUBECTU €r0 BIIOJIHE CTPOroe JI0KA3aTeJIbCTBO B COBPEMEHHOM CTHUJIE.
Yro6bI 9TO CIeIaTh, HAJIO MOKA3aTh, YTO STOT MPHUHIUAIN €CTh JIOTUIECKUN BBIBOJ,
U3 OIpefesIeHNs NeNCTBUTEJILHOTO YUNUCIa W OIPEAeJIEHNs Ipejiesa.
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IIpeamosioxkum, 9To YKCIa a1, a2, as, ... OOPA3YIOT MOHOTOHHO BO3pPAaCTAIO-
Y10, HO OI'PAHUYEHHYIO IOC/IeJ0BATEILHOCTh. MBI MOXKEM MpPeJICTaBUTh HJI€HbI
9TOU MOCJ/IEIOBATEIFHOCTH KaK OECKOHEUHBIE IeCSITHIHBIE IPOOH

al = A1,p1p2p3 .

a2 = A27q1q2q3 e

a3z = A377’17"27"3 -
rae A; — mesble ucia, a p;, ¢i, 7, 1 T. 1. — mudpsbt ot 0 1o 9. [Ipobexxkum Tenepb
BHU3 110 CTOJIOIY 1esbix ducesn A, Az, As, ... Tak Kak 1mocjieoBaTebHOCTb a1,
az, a3, ... 02PAHUMENHA, TO ITHU IeJIble YNCIa He MOI'YyT BO3pPACTATh OGECKOHEYHO,
a IOCKOJIBKY OHA MOHMOMOHHO 603PACTAEM, TO IeJble YNCIa IIOCJIEI0BATEIHHO-
cru A1, Az, As, ... nocae docmusicenus HEKOMOPO20 MAKCUMAAGHOZ20 3HAMEHUS
donotcrv, cmamsd nocmosarnvimy. OBO3HATUM 5TO MAKCHMAJbHOE 3HAYEHHE CHM-
BOJIOM A W TPEIOJIOKUM, UTO OHO JOCTUTHYTO B No-it crpoke. CtaneM Tenepb
npoberaTb BTOpOii crosber p1, g1, T1, - - -, COCPEIOTOUNBAs CBOE BHUMAaHUE Ha dJIe-
Hax No-it 1 ocieayromux cTpok. Eciu x1 ecth Hanbosbinas u3 nudp, MosBUBIIA-
sicsl B 9TOM CTOJIOIE mocste No-i CTPOKH, TO 3Ta udpa OyIeT MOsSBISTHCS 6ce20a
TIOCJIE CBOErO MEPBOTO MOSBJIEHUsI, KOTOPOE, MPEIIIOJIOKUM, TPOU30Iio B Ni-it
crpoke, tiae N1 = No. (Ecam 651 mudpa B 9TOM CTOJOIE YMEHBIIMIACH KOI/a-
TGO BIOCIEICTBUU, TO MTOCTIEI0BATETLHOCTD G0, A1, (2, . .. HE ObLIa 6B MOHOTOHHO
BO3pacraomeil.) 3areM Mbl pacCMOTPUM IMPBL P2, g2, T2, ... TPETHETO CTOJOIA.
Paccy»xenne, 1o1o6H0€e IpeblyIneMy, T0OKa3bIBaeT, YTO HAYMHASL C HEKOTOPOI'O
mesioro uncyia No > N1 nudpbl TpeTbero cTosbiia MOCTOSIHHO PABHBI HEKOTOPOMY
quciy xz. Eciaum MBI MOBTOPUM 3TOT mporece st 4-ro, 5-ro, ... cTOJbIOB, TO
MOJIy9YUM IIUMPBI T3, T4, T5, ... U COOTBETCTBYIOMME 1iesble uncaa N3, N, Ns, ...
Jlerko ybeauThest, 9TO IUCTIO

a = Al,x1x2x3m4 .

€CTh IpeJiesI TOCIe0BATEIbHOCTH a1, G2, A3, . .. B caMOM feie, myCThb BBIOPAHO € >
> 10~™; rorma agis Bcex n = Ny, 1iesiast 9acTh U IepBble m 1udp 10cJIe 3aIsToi B
YHCIIAX Gy U a OyyT COBIAIATE MeXK Ly CODOM, TaK 9TO PA3HOCTH |a, — G| HEe MOXKeT
npesbimarh 107, Tak Kak 9TO MOXKHO CIEJIATD JJIsA JIFOOOTO €, KAK ObI MaJIO OHO
HU OBLIO, C OMOIIBIO BBIOOpA JI0CTATOYHO BGOJIBIIIOTO 1M, TO TEOPEMa JI0KA3aHA.
DTy TeopeMy MOXKHO TaK>Ke JIOKa3aTh, OCHOBBIBAsICh Ha JIIOOOM W3 JTAaHHBIX B
rnase 1l ompesenenuit meficTBUTENHLHONO YUCTIA, HANPUMED, B3sIB ONpPEETIEHUE C
[IOMOIIBIO BJIOYKEHHBIX MHTEPBAJIOB WM JI€JEKUHJIOBbIX cedeHnii. Takue jokasa-
TEJIbCTBA MOYKHO HaiiTu B JIFOOOM Kypce aHaIu3a.
IIpuHIKIT MOHOTOHHBIX IIOCJIEIOBATEILHOCTEH MOT Obl OBITH IIPUMEHEH B IJia-
Be 1l npu onpeiesieHN CyMMBbI U [IPOU3BEJIEHUST IBYX IIOJIOKUTEJIBHBIX OECKOHEY-
HBIX JECATUIHBIX JIPOOeii:
a=A,a1az2a3 ...
b= B,bib2bs ...

JlBa TakWX BBIPDAXKEHHWsI HE MOTYT OBITh HHM CJIOKEHBI, HU ME€PEMHOXKEHBI OOBIU-
HBIM IIyTEM, HAUUHAas C IPABOrO KOHIA, IIOCKOJIbKY HET HUKAKOI'O IIPaBOI0O KOHIIA.
(B xauecTBe IpuMepa UATATEb MOMKET IIONBITATHCS CJIOXKHUTH CJIELYIONIUE JBe
6eckoneunble mecaruanbe npobu: 0,333333 ... u 0,989898. . ..) Ho ecamn cumBom xp,



§ 2 [IPE/IEJIBL 325

0603HaYAEeT KOHEYHYIO JECATUUHYIO APOOb, HMOJYIEHHYIO B PE3YJIbTATe CIOKEHUS
KOHEYHBIX JECATUYHBIX JIpob6eii, BOSHUKAKIINX MPU «O00pbIBaHUU» Ha N-i nudpe

JECATUYIHBIX PAa3JIOKEHU a 1 b, TO MOC/IeI0BATEIBHOCTD X1, £2, L3, ... OYIAET MO-
HOTOHHO BO3PACTAIONIEH U OrpaHMYeHHON (IPaHUIEH MOMKET CIIy?KHUTh, HAIPUMED,
qncio A + B+ 2). Orciona ciesyer, 9To MOC/Ie0BATENBHOCTD L1, T2, T3, ... UMe-

€T TIpesiesl, 1 MBI MOXKEM MPUHSATH CJIEAYIOIIee OmpeeseHue:
a+b=limz,.

ITocpencTBoM 1OOOHOTO 2Ke IPOIECCa MOXKHO OIPEJIEIUTh M IIpou3BeieHue ab.
OmpesiesieHns 3TH MOKHO PacCIpOCTPAHUTb M Ha BCE CJIydYaH, KOTaa a U b — Kakue
YTOJTHO TIOJIOXKUTEJIBHBIE WU OTPHUIATEIbHBIE YKCIIa, TPUMEHsIs OOBIYHbBIE TPABUIIA
apudMeTHKn.

VYopakuenue. Jlokaxkure, YTO CyMMO# JIByX BBIIIEYKA3AHHBIX OECKOHEYHBIX
JECSITUYHBIX IpObeii sIBJISIETCS TEHCTBUTEIHLHOE YUCIIO

_11
1,323232... = 99 -

BaxxknocTh moHsiTMs TIpesiesia B MaTeMaTHKE 3aKJ/IIOYAETCS B TOM, 9UTO
MHO2UE HUCAG MO2YM OGoimb onpedeerv, AUuWb Kax npedeast (4acTo Kak mpe-
JleJIbl MOHOTOHHO BO3DACTAIONIMX HOCJIe10BaTe bHocTelt). Bor moyemy nose
PaIMOHAIBLHBIX YHUCEJI, B KOTOPOM TaKHe MPeJe/bl MOTyT He CYIIeCTBOBATD,
CJIUIIKOM Y3KO JIJIsi HaJIOOHOCTEH MATEeMATHKH.

3. Yucmao ditnepa e. Huciio e 3aHsAIO0 BUJIHOE MECTO B MaTEMATHUKE
PSIOM € apXUMEIOBBIM YHCJIOM T CPa3y IOCJe OIyOJUKOBAHUS DIepoM
B 1748 1. counnenus «Introductio in Analysin Infinitorums. 9to ucio saBis-
eTCcsl IPEKPACHON MJLTIOCTpAIeil TOro, KaK MPUHIMIT MOHOTOHHBIX MTOCJIEI0-
BaTEJIHLHOCTE MOXKET CIIYXKUTH JJIsI OIPEJIEJIeHNs] HOBOT'O JeHCTBUTEILHOIO
quciia. [1ob3ysich OOBIYHON COKPAIEHHOW 3aliChIO JJIsl TPOU3BEIEHUS 11
MIEPBBIX TEJIbIX YUCET

nl=1-2-3-...-n,

PACCMOTPHM HOCIEI0BATEILHOCTD a1, G2, g, . - ., TIE
1 1 1 1 1
UJ1eHBl OCJIEIOBATEILHOCTA (,, MOHOTOHHO BO3DACTAIOT, HMOCKOJBKY @y 41

noJjiydaercda u3 a, IIOCPEeICTBOM HpI/I6aBJI€HI/IH ITIOJIOZKUTEJIbHOI'O CJiaraeMo-
1

ro CFk Kpowme Toro, 3uadenust a,, OrpaHUYEHbI CBEPXY:
a, < B=3. (5)
B camom mene, Mbr mmeem
1 1 1 1 1 1 1 1
423552 2y gD
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OTCIOJJa BBITEKaAET, YTO

1 1 1

—

|
/N
|
N—
3

=1+71=1+2(1—<%)")<3,

IpUYeM MbI UCIIOIH30BAIN (POPMYJTYy CTP. 85 IJIs CYMMBI 1 TIEPBBIX WICHOB
reoMeTpudeckoit mporpeccuu. Ho B TakoM citydae B CHITy TPUHIIAIIA MOHOTOH-
HBIX TOCJIEJ0BATEILHOCTEH ¢, JIOJZKHO CTPEMUTHCS K HEKOTOPOMY TIPEJIEIY
[IPU CTPEMJIEHHH 1 K OECKOHETHOCTH; 2mom npedes 0603navaemcs 6yxeol e.
Yr100bI BBIpA3UTh TOT (PaKT, IYTO € = lim a,,, MBI MOYKEM 3aIUCATh € B BUJE
«BECKOHETHOTO PsIay

1 1 1 1
€:1+ﬂ+5+§+...+m+... (6)

DTO «TOXKJECTBO» C PSAJIOM TOYEK Ha KOHIIE €CTh IIPOCTO JIPYIOii CII0COD st
BbIpazKeHUs ABYX CJIEIYIOIUX yTBep)K,ILeHHfI:
1 1 1 1
Gn:1+ﬁ+a+§+~-~+m,

a, —e 1IIpu n — 0.

Psan (6) mossossier BEIMUCIUTH € ¢ J000i cTenenbio TouHoctu. Hanpu-

Mep, cymMma (¢ AeBaThio mudpamu) wWieHoB paiga (6) 10 % BKJIIOYUTETHHO
paBHA YUCTTY )
D =2,71828182. .

(ITposepbre!) «OmmbKa», T. €. Pa3sHOCTb MEXKIY ITHM [PUOJIMMKEHHBIM U
HCTUHHBIM 3HAYEHUEM €, MOXKeT ObITh JIETKO OleHeHa. Jjist pasHoCTH € — Y
MBI IMEEM BBIpayKeHHe
1 1 1 1 1 1 1 1 1 1
Sttt <mltntmtmt) " m—T =5 o
13! + 14! + < 13!( * 13 * 132 133 + 13! 1 1 12 12!

13

DTO YKCJIO TAK MAJIO, YTO He MOXKET MOBJIUSITH HA JIEBATYIO U(PY, U IMOTO-
My, JOITyCKasi BOSMOXKHYIO OIMUOKY B IOCJIeHell 1udpe BBIMIEPUBEIEHHOTO
3HAYEHUs, MBI TOJyIaeM [JIsi € CJeAyIolee NPUOJINKEeHHOE PABEHCTBO C
BOCEMBIO BEPHBIMHU T PAMU:

e~ 2,7182818.
Yucsio e uppanmoHaiabHO. UTOOBI 9TO T0KA3aTh, IPEINOIOXKIM TPOTUBHOE:
JIOIlyCKasd, 4TO e = %, rae p u q — nejble 4Yucjaa, U 3aTeM, NPUXOAs K IPOTUBO-

pevnio, MbI JOJIZKHBI OyJIeM 3aKJIIOUUTh O HEJIEIOCTH CIEJIAHHOTO IIPE/IIIOIO0KEHHS.
[Tockosbky MBI 3HAEM, 9TO 2 < € < 3, € He MOXKET OBITH IIEJIBIM YUCJIOM, 8 TIOTOMY ¢
10 MEHbIIeH Mepe JOJKHO ObITh paBHO 2. YMHOXKUM obe dactu Toxziecrsa (6)
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Haqg!l=1-2-3-...-¢; nomyaum
e-q=p-2-3-...-(¢g—1)=
=[g'+¢+3-4-...-q+4-5-...-q+...+(¢g—1)g+q¢g+1]+
NI L 1 TG

g+1  (¢+1)(¢g+2)

B JieBoit wacTtm MBI, OYEBHIHO, UMEEM II€JIOE YHMCJIO0. B mpaBoil 9YacTu cJarae-

MO€ B KBaQJIpATHBIX CKOOKaxX TaKxKe ecTb Ieyoe 4uciao. OCTaToK »Ke B MpaBoit

YaCTU €CThb IIOJIOXKUTEJbHOE YHUCJIO, MEHbIIIee %, " 3HAYUT, HE €CTh IIeJI0e YMCJIO.
1

qg+1

l—I—?)%—l—z%g—i—...7 CyMMa

B camowm mese, ¢ > 2, a ciemoBaTeIbHO, YIEHBI PSIA + ... He IIPEeBBIIIAIOT

COOTBETCTBEHHO YJI€HOB IeOMETPUYECKON IPOrpeccuu
1 11
e
3 4.1 2

3
LIeJIOe YHCJIO B JIEBOII YaCTH He MOXKET OBITb PABHO YHCJIy B IIPABOU YacCTH, TaK

KaK 39TO IIocjieaHee, ABJIAACH CyMMOIL/'I OeJIOro 4Yucjia U IMOJIOKHUTEJIBHOTIO YucJa,

3

KOTOPBIX paBHA . Takum obpaszom, dbopmyna (7) nmporuBopedunBa:

1
MEHbIIIETO 5, HE eCThb II€JI0€ YHCJIO.

4. Yucao n. Kak u3BecTHO U3 MIKOJHHON MATEMaTUKH, JJTUHA OKPY K-
HOCTH, PaJInyC KOTOPOIl paBEH €IMHUIIE, MOYKET OBITH OIPE/IEIEHA KaK IIPEeIeT
IOCJIeIOBATEIbHOCTH JJINH ITEPUMETPOB MIPABUJIBHBIX MHOIOYTOJIBHUKOB TTPU
GECKOHEYHOM yBEJIMYEHUN YKciIa ux cropoH. OupeeeHHas TakuM 06pa3oM
JUTAHA
OKPYKHOCTH OOO3HAYAETCS CUMBOJIOM  2T.
Tounee, ecnu uepes p, 0OO3HAYUTH JJIHHY
BIIMCAHHOTO, a Y€epe3 ¢, JJINHY OIMCAHHOTO
MIPABUJIBHOTO N-yTOJbHUKA, TO UMEIOT MECTO
HEPaABEHCTBA

Pn <21 < qp-

Bostee Toro, xorma n Bo3pacraer, obe mocie-
J0BaTEbHOCTHU P, U (,, IPUOINKAIOTCI MOHO-
TOHHO K 2T, ¥ Ha KaKJOM dTalle MbI II0JIy4aeM
BCE MEHBIIYIO OIMMUOKY B TOM IIPUOJIMKEHUH,
KOTOpOE P, U ¢, JAIOT JJIs 9HCIa 2T.

Ha crp. 145 Mbl mostyuniin BeIpazkeHue

Puc. 167. Ilpubamxkenne ok-
PY?KHOCTA MHOI'OYTOJIbHUKA~

p27n:2m\/2—\/2+\/2+...7 M

cosiepariee m — 1 MepeKphIBAIOIIMXCS KBAIPATHBIX KOPHEH. DTy dhopMyJry
MOXKHO HCIOJIb30BATH JJIsI IIO/ICYeTa IPUOINKEHHOTO 3HAYCHUS IUCa 27.

VYupaxkuenuns. 1) Haiigure npubirkeHHOe 3HAYEHHE T, JABAEMOE HUHCJIA-
MU P4, P8 U P16-
*2) Haitaure dbopmymny s gam.
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*3) C nmomormpio 3T0# POPMYJIbI BEIYUCIATE 4, ¢s U (16. SHAST BEJIUIUHBL D16
¥ 16, YCTAHOBUTE I'DAHMUIIBI, MEXK/IY KOTOPBIMHU JIOJIZKHO JIEZKATh YUCJIO T.

Yo ke 310 3a unciio n? HepaBeHcTBo p,, < 21 < ¢, 1aeT Ha TO MOJIHbIMA
OTBET TPU Pa3BEPTLIBAHUU TIOCJIEJIOBATEILHOCTA BJIO2KEHHBIX WHTEPBAJIOB,
KOTOpBIE CTATHBAIOTCSI K TO4YKe 27m. Ul Bce Ke 3TOT OTBET OCTaBJSET Ke-
JIATH eIe Yero-TO, MOCKOIBbKY OH HUYero He TOBOPUT O MPHUPOJIE T KaK Jei-
CTBUTEJILHOT'O UHCJIA: SIBJISETCS JIU OHO PAIMOHAJIBHBIM WJIM UPPAIIOHATIb-
HBIM, ajreOpanvecKuM WJIM TPaHCIEHJeHTHbIM? Kak Mbl y»Ke yKa3bIBaJIu
Ha CTp. 127, YUC/II0 T €CTh YUCIO TPAHCIECHJEHTHOE, & CJEIOBATEIbHO, U
UppanuoHagbHoe. B MPOTUBOIMOIOKHOCTE JOKA3aTEIbLCTBY JJIsl € JOKa3a-
TEJIbCTBO UPPAIMOHAJIBLHOCTH T, BlepBble ganHoe JlamGeprom (1728-1777),
B JIOCTATOYHON Mepe TPYJAHO W 37eCh npuBejgeHo He Oymer. OmHAKO Psifl
CBEJIEHUI O 4YuCjie T MBI MOKeM coo0IuTh. VIMest B BULy, UTO ILieJIble YHCJIa
SABJISIIOTCS CYIIECTBEHHON OCHOBOM MaTEMATUKH, MBI MOXKEM 33JIaTh BOIPOC:
CBSIBBIBAETCS JIM YUCJIO T CKOJIBKO-HUOY/Ib IIPOCTO W HEIOCPEICTBEHHO C IIe-
gpiMu aucyiamu’?! JlecaTnanoe pa3jioKeHne 9uCiia T, XOTs U BBIYUCIEHHOE C
HECKOJIbKMMU COTHSIMU 3HAKOB, He OOHADYKUBAET HUA MAaJIeiIeil 3aKOHOMep-
HOCTH. DTO W HE YIUBUTEJHHO: BeJb T 1 4nciao 10 He UMeoT MeXK 1y coboii
uuvero obmero. Onraxo Ditep (XVIII B.) u Apyrue HAILIN U3SIIHBIE BbIPa-
JKEHUSsI, CBSI3BIBAIOIIIE YHCJIO T C IEJIBIMU IUCIAMU C IIOMOIIBI0 OECKOHEIHBIX
psizoB u npousBesenuii. [Ipocreiimieit n3 Takux HOPMYII ABJISIETCsT, BEPOSITHO,
CJIETYTOTIAs:

T 1 1 1
LI R
4 3 * 5 7 * ’
BbIpazKaIoIia.d % KaK IIpeaes IIpu BO3pacCTalomieM 7 CyMM
11 1

1y dopmyay mbl BeiBegeMm B riiase VIII. Bor mpyroit beckonednblit psij,
KOTODPBIN MOXKET CJIY2KUTDH JIJIS BBIYUCJIECHUS T:

n2 1 1 1 1 1 1

612 272+372+P 5*2‘1'@4-...

U ermmte o/1HO yIUBHUTETHHOE BBIPAYKEHUE JJIsI T OBLIO OTKPBITO AHTJINACKIM
maremaTukoMm Jzkonom Yosumucom (1616-1703). Ero dopmysa yreepkmaer
CIIeTyTOTIIee:

2 2 4 4 6 6 2n 2n
{T'§'§'3'3'?“”'2n—1'2n+1}
B cokparrennom Bujie 0HA ACTO 3aIUCHIBAETCS TaK:
T 2 2 4 4 6 6 8 8
21 3 3 5 5 7 7 97
(BBIpazKeHUst, TOJJOGHBIE CTOSIIEMY B MIPABOH YACTHU, HA3BIBAIOTCS OECKOHE -
HOLMU NPOU3BEEHUAMU,).

JlokazaTebCTBO MOC/IEIHAX ABYX (DOPMYJI MOXKHO HAiTH B JIFOOOM I0-

CTATOYHO TIOJTHOM Kypce aHaInu3a.

T
— 5 1pum n—00.
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*5. HempepbiBHbIe Apobu. lHTepecHbIe GECKOHEUHBIE TPOLIECCH BO3-
HUKAIOT B CBA3U C HEMIPEPBIBHBIMHU JIpo0sivu. KoHeuHast HerrpepbIiBHAs IPOOb,
Takasi Kak 57 1

7= 3+ ———
24—
1+ %
peJIcTaByIsIeT coboit HEKOTOpoe parmoHaibHoe ducyo. Ha crp. 67 MbI 1m0-
Ka3aJjI, 9TO KaykJl0e PAIOHAJIBHOE YUCI0 MOXKET OBITh BBIPDAXKEHO B TaKOM
dopme ¢ nomomnipio anropurma Eskimaa. OjHako B ciydae UpparoHaIb-
HBIX 9YHCEJI AJITOPUTM HE 3aKAHUUBAETCS IIOCJTE€ KOHEYHOTO UHCJ/Ia OMepa-
nuit. Hamporus, oH BeJieT K TOCJIEIOBATEIBHOCTH BCe 0OJiee «JJTMHHBIX»
Japobeit, U3 KOTOPBIX KaKias IMPeJCTaBIseT cODOil PAIMOHAJIBHOE YHCJIO.
B uacTHOCTH, BCe JeficTBUTENbHBIE ajrebpanmdeckue dncaa (cMm. crp. 123)
CTEeIeHu 2 MOTYT OBITh BBIPAXKEHBI TAKUM 00pa3oM. PaccMoTpuM, HAIpUMeD,
qncsio & = /2 — 1, sBysIoNeecs KOPHeM KBa[PATHOTO yPABHEHIS

1
2+ 2r=1, nim T=g
1
Ecru B mpaBoit wacTu 3aMEHUTH & CHOBa, JAPOOBIO & = 35 52 TO 3TO Haer
BbIpaXKeHue .
€Tr =
1 bl
24 5tz
a 3areM 1
xTr =
2+ ;1
24+ 9tz
U T. JI., TAK 9TO [IOCJIE 7 «IIAroB» TOJYYUM PABEHCTBO
= 1
SR S—
24 —mF— N «II1aroBy ).
+ 24... 1 ( )
Ecam n crpemMuTcs K OECKOHEIHOCTH, MBI HMOJYIHUM <«OECKOHEUHYIO HEIpe-
PBIBHYIO TpOOH» 1
Vicie— 1
2+ I
2t o

D1a 3aMedaTe bHAs (DOPMYIIA CBA3BIBACT UHUCIO \/2 C HEIBIME YHCIAME IO
pa3zo 6osee YAMBUTEIHHBIM 00PA30M, Y€M ITO JEIAET AECATUIHOE PA3JIOKEe-
HEEe /2, KOTOpOe He 00HAPYKNUBAET HUKAKON IIPABUJILHOCTH B Y€PEIOBAHUN
JECATUIHBIX 3HAKOB.

JIJisi TIOJIOZKUTEJIBHOIO KOPHsI JTF000T0 KBAJIPATHOTO YPABHEHUSI BUIA

1
* =azr+1, I r=a+ —,
x
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MBI IIOJIy4YaeM Pa3JIOzKeHUe
r=a-+ B E—
a + 1
a+ ———
a—+...
Hanpumep, nonaras a = 1, Mbl HAXO UM

{E:%(l"‘r\/g):l‘i‘ﬁ
P

1+...
DTU IPUMEPHI ABJIAIOTCA YACTHBIMU CJIydasiMU OOIIEH TEOPEMBI, YTBEPXK 1a10-
e, 9To deticmeumenvHbie KOPHU K6adpamHo20 YPasHEHUS C UeAbLMU KOIP-
PUUUEHMAMU DA3AA2AIOMCA 8 NEPUOIUNECKYI0 HENPEPBLEHYI OP0bb, TIOTO0OHO
TOMY KaK palliOHAJIbHBIE YUC/IA PA3JIArafoTCs B IEPUOINIECKHUE JIeCITUIHbIE
Jpo0u.

Ditstep cyMes HANTH MOYTH CTOJD K€ TPOCTDHIE PA3JI0KEHNsT B HEIIPEPhIB-
HbIe Ipobu jyis quces e u n. [IpuBegem ux 6e3 10Ka3aTEIHCTB:

1

e=2+ T ;
1+ 1
2+ 1
1+ T
1+ 1
4+ 1
1+ 1
I+ 57
1 T 1
6—2+1+ 1 3 Z_1+ 12
2 2
2+—3 2+ 352
3+74+L 2+ -
5+... 2+ 92
2+
24+ ...

§ 3. Ilpenesibl mpu HENPEPHIBHOM IIPUOJIMXKEHUN

1. BBenenue. O0mue onpenenenusi. B § 2, myskr 1, HaM ygaiock
JaTh TOYHOe olpejeienne yrBepxkienuio: «Ilocienosarensuocrs a, (T. e.
dyuknus a,, = F(n) HaTYpaJIbHOrO IEPEMEHHOIO 1) UMEeET IIPEeJIes ¢ [PH 1,
CTPEMSIIIEMCST K GECKOHETHOCTH ». Tenepb MbI Ja/ M COOTBETCTBYIOIIEE OIpe-
nesenne yTBepKaeHnoo: «DyHkius u = f(x) HeNpepbIBHON IepeMeHHOH
UMEET TIPEJIEST ¢ IPU CTPEMJICHUN X K 3HAYEHUIO L ».

B unryurusHOR bopMe TOHSTHE TIPEIesa IPU HEIPEPHIBHOM TTPUOJIIZKE-
HUW HE3aBUCUMOTO TIEPEMEHHOTO 2 YIIOTPEOIAIOCh yKe B § 1, myHKT 5, Korma
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HY2KHO OBLIO YCTaHOBUTDL, HEIPEPBIBHA JIN pacCMaTpUBaeMas (PYHKIUS B
JIAHHOM TOYKe.

T+ 23
Haunewm onsite ¢ uacraoro npumepa. Oynkius f(x) = =—— oupenesena
x

JJIsl BCeX 3Ha4YeHU# X, He PaBHBIX HYJIIO; IIPU 3TOM IOCJIeJHEM 3HAUYEeHUU T
3HAMEHATE/Ib YHUITOXKAETCsA. KCaum Mbl BbIYepTUM Tpaduk (GYHKIAA Y =
f(x) s snadenuit x B okpecrHocTu TOUKU 0, TO CTAHET OUYEBHUJIHBIM, UTO
npu x, «crpemsiiemcs» K 0 ¢ 11000# CTOPOHBI, COOTBETCTBYIOIIIE 3HAYE-
Hust 4 = f(x) «cTpemsiTest» K npejery 1. st Toro arobel JaTh TOUHOE OIU-
canne 3Toro ¢dakra, HalJeM SBHYI0 POPMYILY PA3HOCTH MEXK/y 3HAUCHHEM

dbyuxun f(z) u nocrostHHOrO YMCTA 1:
f(m)_l_a:+x3_ z+zd—z 2 y

1= -z
xT T x

Ecsin MBI yciioBHMCH paccMaTpUBATH JIMIIb
3HaveHus x, 6yim3kue K 0, HO He paBHBIE CAMO-
My Hymo (mis koroporo dyukuus f(x) maxe
He ONPEJIEJIEHA), Mbl MOXKEM Da3/IeJIUTh TUC-
JIATEJTb U 3HAMEHATEJh HA X W TIOJYIUTh (osee

pocTyio hopmyTy 9} X

flz) —1=2% 3
Puc. 168. u = %

fcno, 4TO 3TY PA3HOCTD MBI MOXKEM CJI€JIATh
CKOND Y200HO MAAO0T, OTPAHIINBAS U3MEHEHHE
epeMeHHol x docmamoywno Maaoti okpecTHOCThIO 3HadeHuss x = 0. Taxk,

1 1
Tog P = iﬁ nmeeM f(z) —

u T. 1. BooOie, eciin € ecTh HEKOTOPOE MOJIOKUTEIHHOE UUCIO,

HaIpUMep, IIPU T = :I:% nmeeM f(z) — 1=

1
1l=——,
10000
TO, Kak Obl MaJio OHO HU ObLIO, pazHocTh Mexkiay f(x) u 1 Gymer Menbiie
YeM €, €CIIM TOJBKO PACCTOSTHAE TOUKM 2 OT Toukn () MeHbIe uncia § = (/t.

B camom nere, ecm |z| < /€, TO
2
|f(z) =1 =27 <e.
AHasorns ¢ HAIIMM OPEJIEIEHHeM IIpeJiesia MOCIIeIOBATEBHOCTH IOJIHASL.
Ha crp. 313 MBI Jau OnpeseeHne: nociedosamenbHocms ., UMeem npe-
des a npu n, CMPEMAUEMCA K OECKOHEUHOCTNU, €CAU KAHCOOMY MOAOINHCU-

MEAOHOMY YUCAY €, KAK ObL MAAO OHO HU ObLAO, MONHCHO NOCTMABUMD 8 CO-
omseememeue makoe yeaoe N (3asucsuiee om €), 4mo HepaseHrcmaeo

la, —a|] <€
BVINOAHAETNCA ONA 6CET M, YOOBAETNEOPAIOULUT HEPAGEHCTNGY
n>=N.

B cayuae dyuaknuu f(x) HeNPEPHIBHOO IIEPEMEHHOrO & IIPU T, CTPEMSIIIEMCsI
K HEKOTOPOMY KOHEYHOMY 3HAYEHUIO X, MBI IIPOCTO CJIOBA «JOCTATOYHO
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Gouibliioe Ny (4TO Xapakrepusyercd ducjaoM N ) 3aMeHsieM CJIOBAME «II0CTa-
TOYHO GJIM3KO K Z1» (YTO XapaKTepU3yeTCsl TUCIOM d) M MPUXOIUM K CJIETy-
IOIIEMY OIIPEJIEICHUIO Mpeiesia P HEelIPEPhIBHOM MPUOIUKEHUN, BIEPBbIE
nanHomy Komm okono 1820 r.: ¢hynruus f(x) umeem mpeden a, xozda x
CMPEMUMCA K SHAYEHUIO T1, ECAU KAHCOOMY MONOHCUMEALHOMY “UCAY €,
Kax 6bl MAAO OHO HU ObLAO, MOHCHO NOCMABUMDL 6 COOMEEMCMBUE TAKOE
noaosicumenvroe wucao d (3asucsuiee om €), 4mo

|[f(2) —al <e
0an ecex 3navenull T # 1, YI0BALMEOPAIOUUT HEPABEHCTNEY
| — x| < 8.
Ecnm 5T0 mMeeT MeCTo, NPUHATO NHCATH
fl)—a upu x—x.

x+ z3

B cayuae dyukiuu f(x) = MBI BBIIIE MTOKA3AJIH, 9TO ITa (PYHK-

s f(z) umeer npegen 1 npu x, crpemsmemcs K 3HadeHnto ; = 0. B arom
CJlydae IOCTATOYHO OBLIO BCErJa BHIOUPATH & = 4/E.

2. 3amevyaHus 110 MOBO/Y IIOHATUSA IIPeIesia. £-0-OIpeIe/IeHne Ipe-
JeJia, — pe3yJIbTaT CTOJETHUX MOMBITOK U OJTy2KIAHU; OHO KPATKO BOILIOIIA~
€T pe3yJIbTaT HEYCTAHHBIX YCUJINI OCTABUATH IOHSITHE IIPEJIesia Ha 3J0POBYIO
MaTeMaTUIECKYIO OCHOBY. BarkHeiilne MOHATUS aHAJIIN3a — IPOU3BOJHAS U
UHTEerpaJl — MOr'yT 6I)ITb OoIpe/ieJIeHbl HEe MHa4de, KaK C IIOMOIIbIO IIepexola
K mpeneny. Ho sicHoe IOHMMaHUEe W CTPOroe OIpeJleIeHNe CAMOI'O IMOHSITUST
pejiesia JI0JIr0e BpeMsl Ka3aJIiCh HEIIPEOI0IMMO TPY/IHBIMH.

IIpu nsydennu ABUKEHUST B YaCTHOCTH W KAKOTO OBI TO HU OBLIO M3Me-
menusi B obmem ciayvae maremarukn X VII u XVIII croneruit npunnmany,
KaK HEYTO JOCTATOYHO HAIVISTHOE U He II0JIJIeKAllee TaJbHeNIIeMy aHaJIn3y,
KOHIIEIIINIO BEJIMYUHBI T, MEHSIOIIENCsI U B CBOEM HEIPEPHIBHOM TEYEHUU
MpubINKAIOIIECsT K TIpee/IbHOMY 3HadeHuto ;. OHU paccMaTpUBAJIU JIPY-
ryio BeauuuHy u = f(x), 3aBUCAILYIO OT BPEMEHU WJIA OT KAaKOH-HUOYIb
JIpyTOoii 3aBHCAIEil OT BpeMeHn BeamanHbl. OCTaBaIoCh Bee ¥Ke MpodIeMoii:
KAaKO# TOYHBIN MaTeMaTU4eCKUil CMBICJ CJIeIyeT IPUIUCHIBATH IIPEICTaBIIe-
HUIO O TOM, 9TO f () «CTPEMUTCsI» WM «IIPUOJIMZKAETCSI» K OIIPe/IeJIeHHOMY
3HAYEHUIO @, KOTJA X JIBUMKETCS K X1

OpHako eme co BpeMeH 3€HOHA W €ro MapaJiOKCOB BCE IOIBITKU JATh
TOYHYIO MATEMATHIECKYIO (DOPMYIUPOBKY HHTYUTUBHOMY (DU3UIECKOMY UJIU
MeTaU3NIECKOMY TOHATHIO HEIPEPBIBHOTO JIBUKEHUST OBLIN Oe3yCIenHbI-
Mu. Her 3arpyaHennit B IpoIBMKEHNN AT 38 [IArOM II0 TUCKPETHOI HocJie-
JI0BaTEJIbHOCTU 3HAYEHUN a1, Gy, G3, - .. HO KOrja MPUXOIUTCS UMETH JeJI0
C HENPEpPBLIBHOI MepeMeHHON x, mpoberaromeil Meablii MHTepBaJI 3HATCHMIA
Ha JHUCJIOBOIl OCH, TO OIMUCAHUE TOTO, KAK & <«IPUOJIMAKAECTCH» K 3aTaHHOMY
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3HAYEHUIO Tp, 3aTPY/HEHO TEM, UTO IPUHUMAEMble 3HAYCHUS M3 WHTEPBa-
Jla HEe MOT'YT OBITH YKa3aHbI IIOCJIEOBATE/IFHO B IOPSIKE UX BO3PACTAHUS.
B camom jejie, TOYKM MPsIMOl IIPEJICTABJISIIOT BE3/e ILJIOTHOE MHOYKECTBO,
7 He CYIIECTBYeT TOUKH, «cjemaylomeity 3a ganHoil. Ocraercs Hem3berKHOE
PaCXOXKIEHNE MEXKYy HHTYUTUBHON HMJieeil 1 TOYHBIM MATEMATHIECKAM S3bI-
KOM, IIPE/IHA3HAYEHHBIM [IJIsI TOTO, YTOOBI OIUCHIBATH €€ OCHOBHBIE JIMHUU B
HAyJIHBIX, JIOTHIeCKuX TepMuHax. [lapajokcel 3eHOHA SIPKO OOHADY KUBAIOT
9TO HECOOTBETCTBUE.

CymecTBeHHBIM JIOCTHKeHIEeM KoIln siBJISIeTCsT TO, YTO OH sICHO OCO3HAJI,
9TO, TOCKOJIBKY JIeJI0 KACcaeTCsd MATEeMATHIECKUX IOHSITHIl, BCSIKas CCHLIKA
Ha WHTYUTHUBHOE IPEICTABJIEHNE O HEIPEPBIBHOM JIBIKEHUU JOJIKHA OBITH
orOpormera. Kak ciaydaercss HepeaKo, TOIMHHBIN HAyYIHBIH MTPOrpece ObLT
OCYIIIECTBJIEH TOT/IA, KOT/[a IIOCJIe0BAJI OTKA3 OT IOIIBITOK IIPHOeraTsh K MeTa-
dusnueckuM 00bIICHEHUSIM U OBLIO IIPUHSITO PEIIEHNE BECTU PACCyKIEHUE,
0OCTaBasiCh HA IOYBE CTPOr0 MATEMATHYECKHUX IOHSITHIl, COOTBETCTBYOIINX
«HabsoaeMbiM (pakTaMy» B pusuke. Ecau Mbl TpoaHAIM3UpYEM JIOTHIECKH,
9TO HAJJIEXKAT MOHUMATD II0J] <HEIPEPBIBHBIM IIPUOIMKEHNEM> U KaKne
CYIIECTBYIOT CIIOCOOBI JJIsI TOT'O, YTOOBI B KarKJIOM OTJEJIBHOM CJIydae IIpOoBe-
PUTH, IMEET JIK MECTO TAKOBOE, TO MbI BBIHY2K/IEHBI OYy/JIeM IIPUHATH UMEHHO
TO caMoe OlIpe/iesienne, KoTopoe Jiano Koim, 1 HuKakoe nHoe. DTO OIIpe/ie-
JIEHUE — CTATHIECKOE; OHO HE OMUPAETCS HAa WHTYUTUBHYIO UJICIO JIBUZKEHUS.
BoJstee Toro, ToIPKO TaKOE CTATUYECKOE OIPEJIEEHUE TIO3BOJISET IOBEPT-
HYTh TOYHOMY MaTEMaTHIECKOMY AHAJIN3Y CAMO HEUPEPBHIBHOE [IBI2KEHUE U
paspelaer mapaJoKChl 3eHOHa, 10 KpaiiHeil Mepe B TOI WX YacTH, KOTOPasi
OTHOCHUTCSI K MaTEMaTUKe.

B omnpejiesiennu ¢ oMoInpio €, 8 HE3aBUCHMOE IIEPEMEHHOE He «J[BUKET-
CsI»; OHO HE «CTPEMUTCs» U HE «IIPUOJIMAKAETCSI» K IIPEJIETy T1 B KAKOM OBI TO
HE OBLT0 pusmTeckoM cMbicie. [Ipasa, 3T 000pOTHI pedn, KaK U CUMBOJ —,
COXPAHAIOTCH, IPUYEM MATEMAaTHK BOBCE He 00s3aH OTKA3bIBATHCH OT TEX,
B OOIEM-TO BeChbMa IIOJIE3HBIX, MHTYUTUBHBIX IIPEJICTABJIEHU, KOTOPHIE C
HUMU CBsi3bIBatOTCa. HO KOrJa B 9acTHOM CjIydae HY»KHO JaTh OTBET Ha
BOIIPOC, CYIIECTBYET IIPEJIeJ WJIA HE CYIIECTBYET, TO MPUXOIUTCS IPUOETHY Th
WMEHHO K OIPEJEJIEHUIO C TOMOIIBIo €, d. ChopalmmBarh 0 TOM, HACKOJBKO
V/IOBJIETBOPUTEIHHO 3TO OIPEe/IeHNe COOTBETCTBYET UHTYUTUBHOMY <«JIMHA-
MUYECKOMY» IIPEJICTABJIEHUI0 O CTPEMJIEHUU K IIPEJIEJTy, MOKHO C TAKUM Ke
[IpaBOM, KaK U O TOM, HACKOJIBKO YJIOBJIETBOPUTEIBHO AKCHOMbBI N€OMETPUU
OIIUCBHIBAIOT TO, YTO MbI HA3bIBAEM IPOCTPAHCTBOM (B MHTYUTUBHOM CMBICJIE).

O6e dopMyIMPOBKU B KAKON-TO CTENEHU MPEOCTABIISIIOT BO3MOXKHOCTH
paboTraTh BOOOparKEHHWIO, U BMECTE€ C TeM 0be OHM CO3JAai0T aJeKBATHYIO
MaTeMaTUIECKYIO OCHOBY JJIS JAJIbHEHIIIEero JJOrniecKOro IOCTPOEHUS.

Kak un B ciaydae mpezesia mocieoBaTeIbHOCTH, KJIIOY K IPABUILHOMY
MOHUMAHUIO OmpejiesieHnsi Ko JIeXKuT B 00paIleHn! «eCTeCTBEHHOI0» I10-
psiKa, B KOTOPOM PacCMaTPUBAIOTCS mepeMeHHble. [Ipexkae Mbl oTMedaeM
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PPAHUILY € JIJIsl 3aBUCAMOTO TIEPEMEHHOI0, a yKe TIOTOM CTPEMEIMCS OTIPe/Ie-
JINTH TOXOJISIIY IO TPAHUILY O JIJIsl HE3aBUCHMOIO epeMmeHHoro. Korma mbr
roeopuM, 4To «f () — a nupu & — x;», TO JHUIIb COKPAIIEHHO BBICKA3BIBAEM
TY MBICJIb, 9TO ITOT MPOIECC MOXKET OBITH BBIIOJHEH JJIsI JTFOOOTO OJIOXKU-
TEJILHOTO YHCIa €. B 9acTHOCTH, HU OJHA W3 YaCTell 3TOr0 yTBEPIKICHUS
(HanpuMmep, «xr — T1») He UMEET CMBIC/IA cama 1o cebe.

Ere #Hy>KHO OJTIEPKHYTH CJIEIyIONee. 3aCTaBlIsisl T «CTPEMUATHCST» K Ty,
MbI MO2KEM IIO3BOJIUTH T 6I)ITI) 60.}'[])1]]6 nJjm MeHblIle, 9YeM Iy, HO BOSMO>KHOCTb
paBEHCTBa SBHO WCKJIIOYAETCsS TPeDOBAHUEM T # Ti: & CTPEMHUTCS K T, HO
HUKOIJIa He TPUHUMAET 3HAYEeHUs L;. TakuMm oOpa3oM, MbI MOXKEM MpUMeE-
HSTDH HAIlle OlpejieieHne K (DYHKIUSM, He OIPeIeJIeHHBIM BOBCE TIPU & = X'y,
HO MMEIOIIUM TOT MJIM MHOM NPeJiest IPH ', CTPeMsIeMcs K T, HalpuMep, K
byuxun f(x) = %ﬁ, paccMoTpenHoit Ha cTp. 325. Vckiouenne 3uaxe-
HUs T = T; KaK pa3 COOTBETCTBYET TOMY (baKTy, 9TO, PACCMATPUBASI ITOCJIE-
JIOBATEJILHOCTH @, IPU 7 — 00 | HAIIPUMED, MPEeIeN d, = E)’ MBI HUKOTJIQ
HE IOJICTaBJIsieM B (POPMYILy 3HAUEHHS 1 = 0O.

Onnaxo, uro kacaercs GyHKimn f(r), To KOrJIa & CTPEMATCS K X'y, el
HE 3alpeIeH0 CTPEMUTHCS K IMPENETy ¢ TAKUM OOpa30M, YTO IMPU HEKOTO-
PBIX 3HAUEHUSAX & # T, ocymlecTBigercs paseHcrso f(x) = a. Hanpuwmep,
paccmarpuBast dyrknuio f(z) = % npu x, crpeMdmemMcsd K 0, Mbl HIKOIJIa
He 03BOJIsieM I ObITh paBHbIM 0, HO 3aTO, HAIPOTUB, paBeHCTBO f(r) =1
CIpaBeJIMBO TP BeeX « # 0, U Nmpejiesl a CyIecTByeT U paBeH 1 B TOYHOM
COTJIACHH C OIPEJICJIEHUEM.

sinz
3. IIpenen ——. Eciau z obo3HavYaeT yroy B paJItaHHOM U3MEPEHUH,
X

TO BbIpazKeHHUe % OIIpeaesIeHO IJId BCEX 3HaYEeHU I, 3a HUCKJ/IIOYCHUEM
3HAQ4YCHUA T — 0, opu KOTOPOM OHO IIpHMHHUMAET BUJ HE HUMEIOIEro CMbIC/Ia
CHUMBOJIa % C IIOMOIIIBLIO Ta6JII/IH TpI/IFOHO.MeTpI/I‘IeCKI/IX (I)yHKLLI/Ifl quTaTeJIb
MOZKET IIOJCYHUTaTh 3Ha4YeHUue YaCTHOI'O % JJId MaJIbIX 3HAYCHUR X. DT

TaOJAIBI OOBIYHO JAIOTCS JIJIS TPALyCHOTO N3MEPEHNS! YTJIOB; MBI HAIIOMUHA-
eM (cM. § 1, myHKT 2), 94T0 rpajycHasi Mepa T CBs3aHa C PAJUAHHON Mepoil y
s
180
JIeCATUIHOrO 3HAKA). V13 4eThbIpex3HAYHbIX Tab/INI Mbl HAXOAUM CJIe/LyOIIe

CJIETYIOIIIM COOTHOINECHUEM: T = y=0,01745y (¢ TOYHOCTBIO JO TATOrO
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SHAYCHUA:

. sinx
T sin x
T
10° 0,1745 0,1736 0,9948
52 | 0,0873 | 0,0872 | 0,988
2° 0,0349 0,0349 1,0000
1° 0,0175 0,0175 1,0000

XOoTs TOYHOCTD YHCEJ 3/1eCb OI'PaHUYIUBACTCA YETBIPbMs 3HaKaMU, BCE 2Ke

9TH JaHHbIE IIPUBOAAT K MBIC/IA, ITO

sin x

—1 mpu x—0.

Ceityac MBI JaJIUM CTPOrO€ JTOKA3ATETHCTBO ITOMY IIPEIEIBHOMY COOTHOIIIE-

HHUIO.
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B cuny onpenenenunsi Tpuronomerprudeckux (YHKIHIA C ITOMOIIBIO €U~
HUYIHOT'O KPyTa, MBI IM€eeM CJIeTYIOIIe COOTHOIIEHUS JIJIsl BeJINUUHBI L, SIB-
Jsiromeiicss pajuanHoit Mepoit yrma BOC' (cm. puc. 169) npu orpannveHun

s
O<z< 3
[Lromans tpeyrompuuka OBC = % -1
A sin x.
C [Lromans kpyrosoro cekropa OBC =
1 .
1

[Lromans Tpeyronpuuka OBA = 3 1-
tgx.
Orciofia BBITEKAET JIBOMHOE HEPABEHCTBO

sinz <z <tgw.

Hens Ha sin x, moxy4aum, aJee,
Puc. 169. OcnoBHoe TpU-

TOHOMETPHUYECKOe HepaBeH-

x 1

sinz ~ cosz’

CTBO
i sin x
cosz < —= < 1. (2)
Ho, ¢ apyroit croponsr,
1 1 — cos? in? .
1—cosz=(1—cosx) - toosr 1o CoST_ SMT  _gin2g,
1+ cosx 1+ cosx 1+ cosx

Tax Kax sinx <, TO OTCIOJIa CJIe/lyeT, ITO
1 —cosx < z?, (3)

AT
1 —2? < cosx.

CoBMeCTHO ¢ HEPABEHCTBOM (2) 9TO JlaeT OKOHYATEIBHO HYKHBbIE HAM Hepa-

BEHCTBa :
sinx

T
Msr mpemmosiaraem, uro 0 < z < 33 OAHAKO HEPABEHCTBA (4) cupaBeyIuBBL

T

2

< x < 0, TOCKOIBbKY sin(-z) _ —sinz _ sine | (—z)?

U IIPU YCJIOBUU — )
—x —x x

2.

ITpenesbroe coorHommenue (1) BoITeKAET HEMEIJIEHHO U3 HEPABEHCTB (4).
sinx 5 9
B camoMm Jiesie, pasHOCTh MeXKly —— U 1 MeHblIe, 4eM 2, a 22 MoxKeT ObITh
T

CIIeJIAHO MEHBINE, 9eM JII000€e THUCIIO €, €CIN TOJMBKO B3ATh |T| < 8 = (/€.

VYuparkuenusi. 1) BoiBeaure n3 nepasencTsa (3) mpesiesbHOE COOTHOIIEHHE

1-c .o ppu z—0.
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Haiinure npenensr npu x — 0 cienyomux GyHKImiA:

. 2 . . . . .
tgx sin az sin ax zsinz sinz
g) Sin”z sin 4 5 . 8
) z )x(xfl)’ ) > 5) z )smbx’ )lfcosaz’ ) z ’
[peJIoJaras, YTo & U3MepseTcs B IPaycax,
1 1 1 1
9) = - —, 10) — — —.
T tgx sin x tgx

4. Ilpenens: npu x — oo. Ecan HenmpepnIBHAS IepeMeHHas T JI0CTa-
TOYHO BesnKa, To hyHKIms f(x) = % CTaHOBUTCS IIPOU3BOJIBHO MAJION, UK
«crpemutcs K 0». B camom zeste, moBeienne 310il byHKINNA IPU BO3PACTAIO-
1eM & II0 CyIIeCTBY TO 2Ke caMoe, 4YTO U IIOBeJleHHe II0C/Ie10BaTeIbHOCTH %

upu Bospactanuu n. Mbl BBoguM obiee onpejesenue: gynkyus f(x) umeem
npedea a NMPU T, CMPEMAUWEMCH K OECKOHEWHOCTMU, U 3AIUCHIBAEM 3TO B

dopme
f(x) —a upm x— oo,

€CAU, KaK Obl MAAO HU OBLAO TOAOHCUMENLHOE YUCAO €, MONCHO K HEMY
nodobpams makoe nososicumenvroe wucao K (sasucawee om €), wmo nepa-

BEHCNE0
[f(z) —al <e

BUNOAHAETCA NPU Ycaosuw |x| > K (cpaBHETE ¢ COOTBETCTBYIOIIUM OIIPEIe-
JIeHHeM Ha cTp. 313).

1 .
B cayuae dyukmun f(r) = =, mias koTopoit a = 0, 10CTATOIHO BBIOPATH
x
1
K = =, B ueMm uuTaTe b MOXKET yOeauThCsi HEMEJIEHHO.
€

VYopaxkueuusi. 1) Ilokaxkure, 9TO ¢ TOYKY 3PEHUSI BBIIIEIPUBEIEHHOTO OIIPe-

JleJIeHNs, yTBepK IeHne
flz)—a mpn z— oo

9KBUBAJICHTHO CJIE/TYIOMEMY:
f(x) > a npm % — 0.

ZLOKa}KHTe, 9TO UMEIOT MeCTO CJIe/lylolye IIpe/ie/IbHble COOTHOIIIEHU IIPpU L —

2
2) x+1—>1npnx—>oo 3) w2+71.+1—>11'[p1/1$—>00,
xr~ — T —
4) %—mnpnm—mx; 5) a“;—:_ll—>0r1pnw—>oo,
xX
6) _sinz — 0 mpu T — 00 ) SINZT o mmeer npejesa Ipu T — 00.
T4 cosz ’ cosw
8)

Haiire onpenenenne «f(x) — oo npm  — 0o». [lpusenuTe npumep.

Nmeercst ciemyromas pasHUNA MeEXKIy ciaydaeM byHKmuu f(xr) u ciaydaem
TIOCTIEIOBATEILHOCTA dy,. B CiIydae mOC/IeI0BATETbHOCTH 1 MOXKET CTPEMUTHCH K
OECKOHEYHOCTH He MHade, KAK BO3pacTas, TOI/Ia KaK B CIydae (DYyHKIIUU ITepeMeH-
Has ¥, HEOTPAHUYEHHO BO3PACTasl, UMEET MIPABO MIPUHUMATDH KaK IOJIOKUTEJIbHbIE,
TaK W OTPHUIATEIbHBbIE 3HAUEHUsl. Kcam KejaTeqbHO HANPABATH BHUMAHUE HA
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nosepenne GbyHKuK f(r) TOABKO HPU GONBIIMX NOAOHCUMEALHOIT 3HAUCHUSX,
TO ycuoBue |z| > K MBI JOJIKHBI 3aMEHUTH ycjoBueM z > K; Hamporws, 1Jist
citydast 60bmuX M0 abCOTIOTHON BEJIMYNHE OTPUIATETHLHBIX 3HAYECHUA X BBOIIM
yeioBue ¢ < —K. UToObI CHMBOJIM3UPOBATEH STH JIBa CIIOCODA «OIHOCTOPOHHETO»
cTpemyieHnsi K GECKOHEYHOCTHU, MbI TUIIIEM, COOTBETCTBEHHO,

T — +00, T — —00.

§ 4. TouHoe ompenesieHe HENMTPEPHIBHOCTHA

B § 1, myukr 5, MBI BBeJM CJIIyIOIEe ONPEJE/IEHNE HEeIPephIBHOCTH
dyukuuu: Gynknus f(r) HenpepbiBHA B TOYKE T = Zp, €CJU IIPU CTPEMJIe-
HUM T K @, BesmduHa f(z) crpeMurcs K upezeiy, pasaomy f(z,). Eciu mbl
[IPOAHAIU3UPYEM 3Ty (POPMYJIUPOBKY, TO YBUJMM, UTO OHA IOJIPA3yMEBAET
BBIIIOJTHEHHE CJIeIYIOIUX ABYX TpeboBaHuii:

a) cymecrByer nupezen ¢ Gyakuuu f(x) Upu cTpeMJIeHUH IePEMEHHOM
K Ty,

6) sror 1penes a noJKeH ObITh pased f(x;).

Ecmu B onpenenennn npesesra Ha cTp. 326 MbI MOICTaABUM BMECTO G €TO
saadenue f(r;), TO yCJIOBHE HENPEPBIBHOCTH MPUHUMAET CJIELYIOIIUI BUI:
dynruua f(r) Henpepwena npu x = Xy, ecau, KaK 6vl MAAO HU GBLAO NOAO-
HCUMEABHOE YUCAO E, MOICHO NOAOOGPAMD MAKOE NOAONHCUMENDHOE HUCAO O
(sasucawee om €), wmo nepasencmaeo

[f(@) = fz1)] <e
6ydem 6vinoanero 0aa 6cex X, YIOBAETNEOPAIOULUL YCAOBUIO
|z — x| < B

(orpannvenue x # X, BBEJICHHOE B ONPEIEJCHUN LDEJENa, 3/eCh M3JIUIIHE,
OCKOIBKY HepaseHCTBO |f(xz) — f(z1)| < € mpm = = x; yjoBreTBopsieTcs
ABTOMATHYIECKH ).

B kadecTBe mpuMepa moCTApAEMCs YCTAHOBHTDH HEMPEPBIBHOCTD (DYHK-
man f(x) = 2, ckaxkem, B Touke T; = 0. MBI nmeem

f(l'l) = 03 =0.

Bribepem Teneph MasieHBKOE HOJIOXKUTEIBHOE YUCTIO €, HAIIPUMED, € = 1000°

MBI 1O2KHBI [TOKa3aTh, 9YTO, OCPAHUYNBAs 3HAYEHUS & IUCIaAMU, JOCTATOYHO
Gimskumu K 0, TIOJy9YMM COOTBETCTBYIOIME 3HaueHuss (yHKiwn f(z),

oTmruatomuecd oT 0 MeHbIIe, 9eM Ha ——, T. €. 3aKJII0YeHHBIC MeXKIY — ——
1000 1000
1

u + 1000° Mg cpasy BumuM, 9TO 3HavYeHUst f(2) He BBIAILYT U3 STUX TPAHMUII,

€CJIN MBI OT'PAaHUYINM U3MEHEHHUE T SHAYCHUAMU, OTJINIAIOIIIMUCA OT 0 MeHb-

1 1 1
IIe ueM Ha d = %”/m = g’ B CAMOM Jiesie, ecin |z] < 1o O |f(z)| = |2?| <
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1 COBEpPINEHHO TaK K€ MbI MOJKEM B3ATH BMECTO E = 1 no60e mers-
1000 1000

mee suadenne € = 1074, 1075 u 1. 1.5 ymcsna d = {/€ GymyT yI0BIETBOPATD Ha-
meMy

TpeGOBaHNIO, TaK KaK U3 HEpaBeHCTBa

|z| < {/€ cnemyer mepasencrro | f(x)| = u
=28 <e=.

OCHOBBIBasiICh ~ Ha  OUPEIETCHUN \
HEIPEPBIBHOCTU € TOMONIBIO €, 8, 4 77\ 777777 / - :77%
MOKHO JI0OKa3aTh aHAJOTUIHO, ITO BCE ‘
HOJIMHOMBI, paIHOHAIbHbIE (DYHKIUN U \-/
TPUTrOHOMeTpUYecKre (PYHKIUN HeIrpe- |
PBIBHBI B JII06OI TOYKE, 34 UCKJIIOYCHH- X‘l I3
€M, MOXKET OBbITb, T€X H30JUPOBAHHBIX
3HAYEHU T, OKOJO KOTOPBIX (PYHKITUU

Puc. 170. ®yHKnus, HenpepheIBHAsS B

CTAHOBATCS HECKOHETHBIMU. ToKe T = 11
CBsI3BIBast ONpeIeIeHNe HelTpephIB-
uocru ¢ rpaduxkom dyuknun u = f(x), u

MOZKHO IIPUJIATh €My CJIEJYIONLYIO I'eo-
MeTpudeckyio ¢opmy. BeibepeMm Heko-
TOpPO€E IOJIOXKUTEIBbHOE YHCJIO € U Ha- |
YepTHUM NIpsMEBIe, NapajjleIbHbIe OCH X 1
Ha BbIcOTEe f(2y) —€¢ m f(z1) + € 9
naa Heil. Torma IOJKHO HalTUCH Ta- }
KO€ IIOJIO’KUTEJIbHOE YHUCJIO O, 9TO BCHA }
JacTh rpaduka, jgexalnas BHyTPH Bep- }
|
|
|
\

TUKAJIBHOI ITOJIOCKU MUPUHOM B 20 OKO-
JI0 X1, CONEPXKUTCH TaKKe U B TOPU3OH-
TAJILHOM IIOJIOCKE MIHPHUHOM B 2€ OKO-
ao f(z,). Puc. 170 nokaseiBaer QyHK-
U0, HEIIPEPBhIBHYIO B TOYKE T, B TO
BpeMs Kak puc. 171 mokaspiBaeT HyHK-
W0, MMEIOIIYI0 pa3pbIB B 9TOH TOUYKe. B mocjiemneMm ciydae, Kak Obl HU
ObLTa y3Ka BEPTHKAJIbHAS IIOJOCKA OKOJIO Tp, OHA BCErja OyIeT COomepKaTh
qacTh rpaduKa, JIeKAIyI0 BHE TOPU30HTAIHHON IOJIOCKH IITUPUHBI 2€.

Puc. 171. ®ysKnusa nMeeT paspbiB B
TOUKE T = X1

Ecin s yTBepKnaio, 4ro nanHas yHKuus u = f(x) HempepbiBHA B TOUYKe
T = T1, TO 3TO 3HAYHUT, 9TO s Gepy Ha cebsl IO OTHOIIEHUIO K BaM CJIeLyFOIue
006s13aTEILCTBA: BBl MOXKETE BBIOPATD JII000E TOJIOXKUTETHHOE YUCJTIO €, CKOJIb YTOTHO
MaJioe, HO ompejesaenHoe. Torma st 06s3yI0Ch MOJBICKATD TAKOE MOJOKHUTEIBHOE
9HCII0 O, YTOOBI HEPABEHCTBO |z — x1| < § BiIeKyIO 3a coboii HepaseHcTBO |f(z) —
f(z1)] < e. Ho npu sroMm st He 06s3yI0Ch HANTH TAKOE YHUCIIO 8, KOTOPOE HOJOLIIO0
OBl KO BCAKOMY €, KOTOPOE BBl HA30BETE NOMOM: MOT BBIOOD 8 3aBUCUT OT 6aUe20
BBIOOpa €. Ecim BBl MOXKeTe BBIOpPAThb XOTb OJHO €, JJIsi KOTOPOTO s HE CMOTY
OI06pATh TOAXOJAIIErO 8, TO MOSI UTPa MPOUTPAHA — MOE yTBEPXKIEHHUE OIMpPO-
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BepruyTo. Jljist Toro 4TobbI 10Ka3aTh, UTO 51 MOT'Y BBIIOJIHUTE MOE 00s3aTeIbCTBO
B KOHKDETHOM CJlydae HeKOTopol dyHKimn u = f (), MHe Hy?>KHO IIOCTPOUTH SIBHO
TaKyIO IOJIOXKUTEJILHYIO (DYHKITIIO

5 =),
OIIPEZIEIIEHHYIO JJIs BCSKOIO IIOJIOXKUTEIBHOIO YUCJIA €, JJisi KOTOPOH st MOTY J0-
Ka3aTh, YTO U3 HepaBeHCTBa |x — x1| < O Bcerma ciemyer HepaBeHCTBO |f(x) —
f(z1)] <e. B cayuae dynkmun u = f(x) = 2® npu 21 = 0 dyukuueit d = ¢(¢)
6bL1a 8 = JE.

VYupaxkuenus. 1) Jlokaxkure, 9TO Sinx U COS T — HENPEPBHIBHbBIE (DYHKIIUH.

2) JlokaxKuTe HENpPEepbIBHOCTD (DYHKIIUIT ﬁ n 1+ x2.

Tenepsb cTaHOBUTCS SICHBIM, YTO OIPEEJIEHNE HEIIPEPHIBHOCTA C IIOMO-
MIBIO €, O He HAXOJWUTCS B IIPOTUBOPEYUH C TE€M, 9TO MBI MOTJIN ObI HA3BAThH
<«HADTIOAEMBIMU (DAKTAMU», OTHOCAIIIUMUCA K PYHKIUIM. Takum ob6pa3om,
OHO COOTBETCTBYET OCHOBHOMY IIPUHITUITY COBPEMEHHON HAyKM, KOTOPBIH BbI-
JBUTAET B KQUECTBE KPUTEPUS MOJE3HOCTH HEKOTOPOT'O MOHATHUS WIH «CYTIIe-
CTBOBaHUs» fABJEHUs (B HAYIHOM CMBICJIE) BO3MOXKHOCTD HENOCPEICTBEHHO
ero HabJoATh (110 KpaiiHell Mepe B IIPUHINIE) WU CBOIUTH €ro K (aKTaM,

JOCTYITHBIM Ha6J'IIOLLeHI/IIO .

§5. /IBe ocHOBHBIE TEOPEMBI O HEMPEPBIBHBIX
dbyukImax

1. Teopema Boubnano. Bepuaps Bosbrano (1781-1848), karosmue-
CKUIi CBAIIEHHUK, 3HATOK CXOJACTUIECKOH (hutocodpun, ObLIT OTHAM U3 IEpP-
BBIX, KTO BBEJ B MaTEMATHICCKUIl aHAJN3 COBPEMEHHOE IOHSITHE CTPOrO-
cru. Ero 3ameuarenpuas kumkka «Paradoxien des Unendlichens mosiBuiach
B 1850 r. 311ech BrEepBbIE OBLIO IPU3HAHO, YTO MHOTHE Ka3aJ10Ch ObI OYEBU/I-
HBIE YTBEPXKJIEHUsI, KACAIOIIIECs] HEIIPEPBIBHBIX (DYHKIIUNA, MOLYT U JOJIZKHBI
OBITH JOKA3aHbBI, €CJIN UMEETCs B BUJYy IPUMEHSTH UX BO BCEI MX OOITHOCTH.
[Ipumepom 3TOro MOXKET CJIYKUTh CAEAYIONAs TeopeMa O (OYHKIIUAX OHOTO
[IEPEMEHHOTO.

Henpepwishas Gynrkyus nepemennozo x, nos0ACUMEAbHAA NPU HEKOMO-
DOM BHAMEHUY T U OMPUYUAMEALHAA NPU HEKOMOPOM OPY20M 3HAMEHUY T U3
3AMENYMO20 UNMEPBAAL HENnpepbieHocmu a < & < b, doasicrna obpawamoves
8 HYAb NPU HEKOTNOPOM NPOMENCYMOUHOM 3Haveruu . tak, ecim DyHK-
g f(z) HeupepblBHA IPU U3MEHEHMU T OT @ 10 b, u upu sroMm f(a) < 0
u f(b) > 0, To cymecTBYeT Takoe 3HAUYEHUE O IEPEMEHHOIO &, 4To a < o < b
u f(a)=0.

Teopema BoJsbIilaHO IPEKpacHO COIJIACYeTCsl C HAIMM WHTYHUTHBHBIM
[IPEJICTABJICHNEM O HEIPEPBLIBHOW KPWBOIi, KOTOpas HEM30eKHO IOJIKHA
rnepecedb B KAKOW-HUOYIb TOYKE OCh &, YTOOBI TIEPERTH C OIHOI ee CTOPOHBI
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Ha Jpyryoo. UTo, HAIPOTHB, 9TO HE O0s3aTEJILHO B C/Iydae Pa3pBIBHON
dyuKINN, TOKa3biBaeT puc. 157 ma ctp. 305.

*2. TokazaTesibcTBO Teopembl Bosbnano. /lagumM cTporoe JoKa3aTeb-
CcTBO 9TOit Teopembl. FKcau ciemoBars [ayccy m ApyruM BeIMKHM MaTeMaTHKAM,
TO MOXKHO IPUHSTH 3TOT (PakT u 0e3 joKaszarejbcTBa. Halmei 1esbio siBIsieTcs
CBeJIeHNe 9TOM TeOpeMbl K OCHOBHBIM CBOMCTBAM CHCTEMBI JEeHCTBUTEHHBIX YUCEIT,
B dacTHOCTH, K moctynary Jlemekmuma—KaHToOpa O CTATMBAIOMIMXCS OTPE3KAX

(crp. 88). Hna srtoro paccmorpum orpe3ok I, a < & < b, B KOTOpOoM 3aja-
a+b
2
B 9TOi cpexameli Touke Mbl mosyunM f(z1) = 0, TO JOKa3bIBaTH OGOJIBIIE yIKe

Heuero. Ecom, ommako, f(z1) # 0, Tto f(z1) mo/mKkHO GBITH WiM GOJIbIIE, WIIN
Menble HysIsA. B oboux ciyuasx omHa

U3 IOJIOBUHOK oTpe3ka I Oyaer cHOBa y
0ob6J1aaTh TEeM CBOWCTBOM, 9YTO 3HAKU
snaveHnit pynkuun f() HA ero KOHIAX
pa3JIMYHBIL.

O6o3Ha4MM 9TOT OTPE30K depe3 [;.
Mbl MOBTOPUM 3TOT MPOLECC, JIEJIst
orpe3oK [; moroJiaM; Torga JIMO60 MbI B |
cepequne I umeem f(z) =0, au6o MbI X9 /X3 X1 X
MOXKEM BBIODAThH TAKyIO IOJOBUHY Io
orpeska [, JUisi KOTOPOH OISATH 3HAKU
3HadYeHul (YHKIMU Ha JBYX KOHIAX
PaA3JIUYHBI. HQBTops[g 9Ty IIpOoUeaypy, Puc. 172. TeopeMa BOJ‘ILI],aHO

na dbynkmusa f(r), m pa3obbeM €ro Ha JBa CpeaHell TOYKOH T1 = . Ecin

MBI, B KOHIIe KOHIIOB, MJIX HafiJieM 1ocjie

KOHEUHOI'0 IMCJIa JeJIeHHuil TouKy, B KoTopoi f(z) =0, nim mosyduM IocseoBa-
TEJIBHOCTD CTSTUBAIONNXCS OTPe3KOB [1, I, I3, ... B mocaemuem ciryuae mocrynat
Henexknnpa—Kanropa obecriednBaeT CyIECTBOBaHUE B MCXOJIHOM OTpe3ke I Ta-
KOI TOYKM o, KOTOpas IPUHAUIE’KUT BCEM OTpe3KaM cpaly. Mbl yTBepKaaeM,
aro f(o) =0, Tak 4T0 o0 M OyJeT TOW TOYKOW, CyIIECTBOBAHMWE KOTOPON HyZKHO
JI0Ka3aTh.

Jlo cux mop mpeJIosIoXKeHHe O HelpepblBHOCTH byHKImHU f(Z) MCIOJIB30BAHO
emre He 6bLT0. Ceifyac MpUAETCS HA HETO COCIATHCS, 3aKAHIMBAS JOKA3ATEIbCTBO
crocoboM oT npotuBHOro. Mur gokaxkeM, uro f(o) = 0, IOImycKast HPOTHBOIIOIOK-
HOE W TpHUXOJs 3aTeM K mnpormBopedmio. Ilpemnonoxkum, uro f(o) # 0: mycTs,
nanpumep, f(a) = 2¢ > 0. Tak kax dynknua f(x) HenpepbIBHA, TO MBI HANIEM
(MozKeT OBITH, MAJICHbKUII) OTPE30K J MJIMHBI 28 C IEHTPOM B TOYKE O — TAKOIi,
uro 3HadeHne dbyHkuun f(z) Bo BceM npomexxyrtke J orimuaercs or f(o) MeHbIe
4eM Ha €. 3areM, Tak Kak f(o) = 2, To MBI MOXKeM ObITh yBepeHbl, 410 f(z) >€ B
Kaxk1oil Touke J, T.e. uyro f(z) >0 B orpeske J. Ho orpesok J duxcuposas,
¥ eciii n JIOCTATOYHO BEJINKO, TO MAJIEHBKHN OTPE30K [, MO/KEH HEIPEMEHHO
MONACTb BHYTPb .J, MMOCKOJIBKY MOCIEIOBATEIBHOCTD JUINH [, CTPEMUTCS K HYJIIO.
B sTom 3akiiouaeTcs IpoTUBOpEeYNe: B CAMOM JIejie, U3 TOr0, KAKIMM 00pa30oM ObLI
BBIOpAH TPOMEXKYTOK Iy, BeITEKaeT, 9T0 (byHKIMsA f(T) MMEET TPOTHBOMOJIOKHBIE
3HAKM B JIBYX KOHEUHBIX TOUKAX KAXKJIOrO IIPOMEXKYTKA I, Tak uro dyuknusa f(x)
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IPUHIMAET OTPHIATeIbHbIE 3HaUEeHMsI Te-TO B IpoMexkyTke J. Orcioma cielry-
eT HeJlenocThb npennosoxenus f(o) > 0, a TakxKe (COBEPIIEHHO TaKUM Ke 00pa-
3oM) f(a) < 0; cnemoBarenbHO, HoKazano, 9o f (o) = 0.

3. Teopema BeiiepiiTrpacca 00 3KcTpeMajJbHBIX 3HAYEHUAX.
Jpyroit cyIecTBeHHDBIH 1 MHTYUTUBHO SCHBIN (DAKT, KACAIOMIUHCS HEITPEPhIB-
HbIX dyHKIHMiA, 6611 chopmynuposan Kapiom Beitepmrpaccom (1815-1897),
KOTODBIii, BO3MOYXKHO, 60jIe€ YeM KTO-JIM00 JIPYTOii SIBISIETCS] OTBETCTBEHHBIM
33 COBPEMEHHOE CTPEMJIEHNE K CTPOIOCTH B MAaTEMaTUYECKOM aHAJN3e. DTa
TeopeMa yTBepxKIaer: ecau pynkyua f(x) nenpepuena 6 unmepease I, a <
<z < b, He uckarouan maxoce U KOHEYHBIT Movex unmepsara a uw b, mo
6 unmepsase I doaosrcna cywecmeosams no kpatinel mepe 00na moyka, 8
komopotl gynruyusa f(x) docmuzaem ceoezo naubosvwezo snavenus M, u
dpyeas mouxa, 6 xKomopol Pynxyus f(x) docmueaem ceoezo naumenvuLeeo
anavenus m. [OBOpPsT MHTYUTHBHO, 9TO 3HAYMUT, 9TO IpadUK HENPEPBIBHOMN
dyukuun v = f(z) mo/rKeH uMerb IO KpafiHell Mepe OJHY HAMBBICIIYIO U
OJIHY HAMHUBIIYIO TOYKH.

CyIecTBEHHO OTMETHUTD, 9TO 3TO YTBEPKICHUE MOXKET ObITH HEBEPHDIM,
ecan dyHkius © = f(x) nepecraer OBITh HENPEPHIBHON B KOHEYHBIX TOU-

1
kax npomexyTtka I. Hanpumep, dyukuunsg f(z) = — e uMeer HaubosbImero
x

3HadeHust B mpoMexxyTKe 0 < x < 1, XOTsl OHA U HEIPEPBIBHA BHYTPH IIPOMeE-
XKyTKa. VI BMecTe ¢ TeM pa3pbiBHAA (QYHKIIHsT BOBCE HE 00SI3aTEHHO JOCTU-
raeT HaubOJIBIIEro U HANMEHBIIIEr0 3HAYEHU, JasKe eCJIM OHA ONPAHUIEHHAS.
Paccmorpum, Hapumep, «4Ipe3BblYaiiHO» paspbiBHYO QyHKIUO f(x), onpe-
JICJICHHYIO CJIEJYIONTM 00pa3oM:

flx)=x IIPY UPPAAOHAILHOM T,
1
flx)= 3 IIPU PAIMOHAJILHOM X

B mpomexxyTKe 0 < x < 1. Bee 3madenus, KoTopble IPUHUMAET 3Ta (DYHK-
s, 3akiaodenbl Mexkay 0 u 1. Cpeau HUX MMEIOTCs CKOJIb YIOIHO OJIM3Kue
K 0 u 1: oHEM moJIy4yaroTCcs, ecii & OyJeM BbIOMpAThb MPPAIMOHAJIBHBIM U
nocrarogro 6ymskuM K 0 win 1. Ho f(z) Hukorga He MOXKeT OBITH pagHbIM

uu 0, Hu 1, HOCKOJIbKY IJIl DAIMOHAJIBHBIX & Mbl umeeM f(x) a Ay

1
=3
UppaloHaJIbHbIX Mbl uMmeeM f(z) = z. Wrak, 3nadenuss 0 u 1 Hu B Kakoi
TOYKE He JIOCTUTAIOTCS.

* Teopema Beiiepmrpacca MoxKeT GLITH JOKA3aHA IOYTH TAKUM Ke 00pa3oM,
Kak u TeopeMa Bosbnano. Pazobbem unTepBas I Ha JBa 3aMKHYTBIX [TOJIyUHTED-
Basia I’ u I" u dbukcupyem Hamre BHuMaHue Ha I’, Kak Ha WHTEpBaJje, B KOTOPOM
CJIelyeT MCKaTh HamboJbiee 3HadeHne dyHkuuu f(T), ecau moavko 6 unmepea-
ae I'" ne matidemesa maxold mowku o, wmo f(a) 6oavwe 6cer snavenutli Pymk-
yuu f(x) 6 unmepsane I'; 6 amom nocaednem cayuae moi 6vibepem urnmepean I"”.
Tor waTepBas, KOTOPBI MbI BbIOpaan, obo3unadnMm depes I1. Iloctynum Temeps c
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MHTEpBaJOM [i TOYHO TakK Ke, KaK MbI IOCTyHaJu € [; MyCTh IIPU ITOM HOJIYyIUM
nHTEepBas [, U T. . DTOT IIPOIECC ONPEJEINUT ITocjeoBareabHocTs I, Io, I3, ...,
In, ...BJIOYKEHHBIX MHTEPBAJIOB, KOTOPBIE BCE COIEPXKAT HEKOTOPYIO TOUKY z. MbI
JIOKarKeM, 9TO 3HadeHue (pyHKuuU B 910l TOuKe, f(2) = M, ecTb HambosblIEE U3
Bcex 3HadeHuit GyHkuuu f(z), JOCTUraeMbIX B MCXOJHOM HMHTEpBaJIe, T. €. YTO He
MOKET CyIIECTBOBATDH TAKON TOUKH S, 9T0 f(s) > M. IlpeamosoKnum, 9T0 HANLIACH
6Bl TOYKa S, YAOBJIETBOpsIOmas yciaosuio f(s) = M + 2e, rue € eCTb HEKOTOPOE
(MoOKeT OBITh, M OYEeHb MAJIEHBKOE) HOJIOKUTEJIbHOE YnCiI0. B crily HelpepblBHO-
ctn bysxknum f(r) MBI MOXKEM TOYKY Z OKDYXKUTh MAJICHBKUM HHTEpBAJIOM K,
HE 3aXBaTHIBAIOIIUM TOYKH S, U IPUTOM TAKUM, 4TO B mHTepBajie K 3HadeHus
dyukuun f(z) orsmuarorcst or f(z) = M MeHbIIe 4eM Ha €, TaK YTO B HEM MbI
menpemeHHo Gynem umets f(x) < M + €. Ho nmpu mocraroano Gonbmmx n MHTEP-
BaJs I, JiexkuT BHyTpHU uHTEepBaJia K, a BMecTe ¢ TeM nHTEpBaJ I, OBLT onpejesien
TaK, YTO HU OJHO 3HaueHue f(z) mpw x, JiexkameMm BHe MHTepBaja [,, He MOXKeT
npeB3oiiTn 3Havennit Gyaknun f(x) B TOIKAX T U3 STOrO MHTEPBAJIA.

Ho rTouka s sexur BHe uHTepBasa I, u B Hell f(s) > M + €, Torga Kak B
nnTepBajie K, a TeM caMbiM U B uHTepBaJie I, Mbl umeeM f(x) < M + . Takum
06pa3oM, Mbl IPUILIA K TPOTUBOPEYUIO.

CyuiecrBoBanue 1o KpaiHeil Mepe OJIHOTO HAMMEHBINEro 3HAYEHUs 1M MOXKET
OBITH JOKA3aHO TEM K€ CAMBIM METOJ[OM; BIIPOYEM, OHO SIBJISIETCS CJIEJACTBUEM
TIPEJIBIIYINEro, TaK KAK HauMeHbInee 3HadeHne GyHknuu f(x) aBiasercsa HAnOOIb-
muM 3HadenneM dyukuuun g(z) = —f(x).

Teopema Beitepmirpacca MoxkeT OBITH JIOKa3aHa AHAJIOTUIHBIM O0OPa3oM U
I HENPEPBIBHBIX (DYHKIUNA OT JABYX WU OOJIBIIEr0 YHUCJIA I[EPEMEHHBIX I,
Y, ... B 9TOM ciiyuae IpUAETCsa BMECTO 3aMKHYTBIX MHTEPBAJIOB (CO BKJIIOYEHHEM
KOHEUHBIX TOYeK) OpaTb 3aMKHyTble OOJIACTH, HAIPDUMED, HDPSIMOYTOJIBHUKA B
IJIOCKOCTH Z, Y (CO BKJIIOUEHHEM KOHTYDA).

VYupaxxkuenue. B kakom nyHkTe g0Ka3aTesbcTB TeopeM Bombrano u Bettep-
IITPACCA MBI BOCIIOJB30BAJIKCH IIPEIIOIOXKEHNeM, 4To pyHKuus f(x) onpenesnena
¥ HETPEPBIBHA BO BCEM OTPe3Ke (3amxnymom) a < x < b, a He TOBKO Ipn a < T < b
i a <z < b?

HoxkazarenbcrBa Teopem Bosbiiano B Beiteprirpacca HOCST sIBHO HEKOH-
CTPYKTUBHBIN XapakTtep. OHU HE TPEIOCTABISIOT METOa Jist «3h(MEeKTHB-
HOT'O» HAXOXKJEHUS IIOJIOKEHUS HYJIEBOW TOYKM WJIM HAUOOJIBINEr0 M Hau-
MEHBITIETro 3HaYeHUs (DYHKITNH C 3apaHee HA3HAYEHHOM CTEIIEHbIO TOYHOCTHU B
pe3yJbTaTe KOHEYHOro Yncia oneparuii. JlIokazaHo TOIBKO JUIIb CaMo CyIIle-
CTBOBaHUE, WIN, BepHee, aOCyPIHOCTb HECYNIECTBOBAHUS, YIIOMSHY ThIX 3HA~
qeHuil. DTO 0OCTOSATETHLCTBO TPEICTABIISET COOON €Ille OJINH BAYKHBINA ITYHKT,
[IPOTHUB KOTOPOIO0 «MHTYUIUOHUCTBI» (cM. crp. 108) BbLIBUHYJIN CBOM BO3pa-
2KEHUsl; HEKOTOPbIE U3 HUX JIaKe HACTanBaJsIu, YTOOBI II000HbIE TEOPEMBI ObI-
JI BOODIIlE M3THAHBI U3 MaTeMaTUKU. V3ydJaronmuii MareMaTuKy He JOJIZKEH,
BIIPOYEM, NPUHUMATH ITU BO3PAXKEHUs 0OJiee CEPHE3HO, UEeM ITO CJIEJIAJIO0
GOJIBIMMHCTBO KPUTHUKOB.
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*4. TeopemMa 0 TmOCIEeIOBATEJBHOCTIX. KOMITAKTHBIE MHOMKE-
cTBa.
Ilycts 1, o, X3, ... €CTh HEKOTOpas OECKOHEYTHAS TI0CJIE/IOBATEILHOCTD U1~
ceJi, PAa3INYHBbIX WX HeT, cojep:xkaiuxcs B ompeske I, a < x < b. Tlocemno-
BATEJIPHOCTh MOXKET CTPEMUTHCS WU HE CTPEMUTbCs K mpenery. Ho kak
OBl TO HU OBITIO, 6ce20a MONHCHO U3BAEUHL U3 MAKOT NOCACIOBAMEALHOCTN,
BHLOPACHIBAA HEKOMOPYLE U3 €€ YAEHO8, MAKYI HOBYI0 BECKOHEUHY10 NoCAe)O-
BAMENLHOCTD Y1, Yo, Y3, - .., KOMOPAA CMPEMUAACS Ol K Npedeay, 3aK.A10-
yennomy 6 npomesrcymse 1.

Yro0BI T0KA3aTH ITY TEOPEMY, PA3JIEJUM UHTEPBAJ | C MOMOIIBIO CPEe-

o a+b ’ "
HEn TOYKU T = T Ha JIBa 3aMKHYTBIX OTPE3Ka I'nl":

I aéxéa;—b,
1" “;rnggb.

[To xpaitreit Mepe B 0lHOM U3 HHUX OYIAET HAXOAUTLCS OECUUCTEHHOE KOJIH-
YeCTBO UJICHOB I,, OCHOBHOM ITOCJIEIOBATEILHOCTH; OD03HAYNM €ro 1uepe3 [;.
Bribepem oiuH U3 3TUX WIEHOB Z,, 1 0003Ha4UM ero depe3 y; . [Iponenaem To
ke camoe ¢ mpomexkyTkoMm [;. Tak kak B mHTEpBaje I, nMmeercs OECKOHETHOE
MHOKECTBO YJIEHOB I,,, TO UX JOJ?KHO ObITh OECKOHETHOE MHOYKECTBO TAKZKE
u 0 KpaifHeit Mepe B OJHOM U3 MOJOBUH I;; 0003HAYMNM 3Ty MOJIOBUHY tUe-
pe3 I,. Ha oTpeske I, Bo3bMeM HJI€H X,,, I KOTOPOTO 1 > Ny, U 0003HATNM
ero 4epes Y. [Ipoyiomkas Takum ke 00pa30M, MbI MOYKEM HANTH TIOC/IEI0BA~
TEJLHOCTD BJIOYKEHHBIX OTPE3KOB [, I5, I3, ... U IOAIOC/IeI0BATEILHOCTD Yy ,
Yo, Y3, - . . UJICHOB OCHOBHOHN IOCJIEIOBATEIFHOCTH TAKUM 00pa30M, UTO Y,
JIEXKUT B WHTEepBajie I,, KAKOBO Obl HU OBLIO Nn. DTa MOCJIEJ0BATETHLHOCTD
WHTEPBAJIOB CTATMBAETCS K HEKOTOPOIl TOYKE Yy IMPOMENKYTKA, M sICHO, UTO
MIOCJIEIOBATEILHOCTD Y1, Yo, Y3, - .. IMEET MIPEJIEN Y, ITO U TPpebOBAJIOCH J10-
Ka3aTh.

* DT pacCy>KIeHusl JOMyCKAIT 0DOBINEHNe TOTO THIa, KOTOPBIH XapaKTepeH
JI7IsT COBPEMeHHOI MaTtemaTuku. PaccmorpuMm mepemennoe X, mpoberarorinee HEKO-
TOPOE MHOXKECTBO S, B KOTOPOM KaKUM-TO 0OPa30M OIPEIEIEHO IOHIITHE «PACCTO-
AHUST». S MOXKET ObITh MHOXKECTBOM TOYEK Ha IJIOCKOCTH MJIM B IpocTpaHcTse. Ho
3TO HE SBJISAETCA HEOOXOOMMBIM; HAIpUMep, S MOXKET OBbITh TaKyK€ MHOXKECTBOM
BCEX TPEYroJIbHUKOB Ha ItockocTu. Ecim X u Y gBASIIOTCS ABYMsI TPEyrojib-
nukamu ¢ Bepmmbamu A, B, C u A’, B’, C' COOTBETCTBEHHO, TO B KA4YECTBE
«PACCTOSIHUSI> MEXKJIy TPEYTOJIbHUKAMHU MOXKHO B34Th, HAIIPUMED, YUCIIO

! / !

d(X,Y)=AA"+ BB+ CC’,
rne AA’ obosnadaer o6bIuHOE paccrosHue Mexay Toukamu A u A’; u 1. n. Kak
TOJIbKO BO MHOKECTBE BBEJEHO IOHATHE «PACCTOSHUS», Mbl UMEEM BO3MOXKHOCTH

OIPEICJIUTD TOHSATHUE TOCJIeIOBATEILHOCTH dj1eMeHTOB X1, X2, X3, ..., CTpeMs-
meficst K mpezeny X — TakxKe 37eMeHTy MHoxKecTBa S. Mbl mompa3ymeBaeM MO
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stuM, 9to d(X, X,) — 0 npu n — 0o. Tenepb MbI CKazxKeM, YTO MHOXKECTBO S KOM-
NaKMHo, ecau u3 xastcdol nocaedosamenvrnocmu X1, Xo, X3, ... saemenmos amo-
20 MHOIHCECMBA MOHCHO U3BALUD NOONOCAEJOBAMENDHOCTND, CIMPEMAULYIOCA K HEKO-
mopomy mpedeay X, npunadaestcawemy muoorcecmsy S. B mnpenbaymem myHK-
Te MBI TI0KAa3aJd, 9TO 3aMKHYTBIA IMPOMEXYTOK a < T < b KOMIIaKTe€H B yKa3aH-
HOM cMbIcjie. Takum 06pa3soM, MOHATHE KOMIIAKTHOTO MHOXKECTBA MOXKHO CUM-
TaTh 00ODIIEHUEM MTOHATHS 3AMKHYMO20 UKMEPEaAa HA IUCIOBOM ocu. OTMmerHM,
9TO YHCJIOBas OCh 6 UYEAOM HEKOMIIAKTHA, IOCKOJIbKY ITOCJIEI0OBATEILHOCTD IEJIBIX
gucen 1,2, 3,4,5,... He CTPEeMUTCSI HU K KAKOMY IIPEJIEJly U HE COINEPXKUT B
cebe HUKaKOM TIOJIITOCIIEIOBATE/ILHOCTH, KOTOPas CTPEMUJIACH ObI K Tpeery. Tak-
JK€ ¥ OTKPBITHIIl MHTEPBaJ HEKOMITaKTeH, Hanpumep, 0 < z < 171He BKJIIOYATIOIIH

KOHEYHBIX TOYEK; JACHCTBUTEJIHHO, IOCJIEI0BATEILHOCTD i Jjrobast

oy oy e
ee TIOJIIOCIIEI0OBATEILHOCTD CTPEeMUTCA K tpeeny 0, K0T20p13171 IA;e [IPUHAJIJIEXKUT,
OJIHAKO, PACCMATPUBAEMOMY OTKPBLITOMY ITPOMEXKYTKY. TakuM »Ke 06pa3oM MOXKHO
MIOKa3aTb, ITO OOJIACTH IIOCKOCTH, COCTOSIIAsl, CKakKeM, M3 BHYTPEHHHUX TOUEK
HEKOTOPOro KBaJ[paTa WU MPSMOYTOJbHUKA, HEKOMIIAKTHA; HO OHA CTAHOBUTCS
KOMITAKTHOI IIOCJIe IIPUCOEMHEHNsT TOYeK rpaHubl. HerpyiHo takxke ybeurbes,
9TO MHOYKECTBO BCEX TPEYTOJIFHUKOB C BEPITMHAMU, JIEXKAIUMHA BHYTDU WJIA Ha
OKPY>KHOCTH JIAHHOT'O Kpyra, KOMIIAKTHO.

[TonsiTne HENpepBIBHOCTH JOIyCKaeT 00ODIeHre Ha CiIydail, KOorja I1epeMeH-
Hoe X mpoberaer J000€ MHOXKECTBO S, JIUIIL ObI B 9TOM IOCJIEIHEM OBLIO MPE.I-
BapUTEJbHO BBEJIEHO TIOHATHE CTPEMJIEHHS K Ipesesty. [oBopar, uro dyHKIud u =
F(X) (rme u MpICIUTCS Kak JefCTBATENBHOE YHCJIO) HENPEPhIBHA Ha dJieMeHTe X |
€CJIM BCAKMI pa3, KaK MOCIeJ0BATEIbHOCTD 3jieMeHTOB X1, X2, X3, ... UMeeT mpe-
nen X, cOOTBETCTBYIOMas nocyaenoBaTeabHocTs ncen F(X1), F(Xs), F(X3), ...
nmeer npezen F(X). (MoxHO 1aTh olpezesieHne U ¢ IIOMOIIBIO €, 8.) Jlerko rak:ke
ybemuThCst, 9TO Teopema BeitepmiTpacca octaercst B cuiie st Caydasi 0000IeHHON
nenpepbiBHOH dbyuknuu F(X), 3a1aHH0l HA HEKOTOPOM KOMIIAKTHOM MHOKECTBE:

Ecauu= F(X) ecmob nenpepusran Pyrnkyus, onpedeieHnas 0Ns 6CET SAeMEH-
MO8 KOMNAKMHO20 MHOHCECMEA S, MO cywecmeyem 00A3amesvHo maxol sne-
menm S, das komopozo F(X) docmuzaem ceoezo nauboavwezo snauenus, u dpy2ol
anemenm, dasn komopozo F(X) docmueaem ceoezo naumenvbwezo 3HA4EHUA.

JToka3aTebCTBO HE IPEICTABUT HUKAKOTO TPYA JJis TOrO, KTO CXBATUJI 00U
XapakKTep OTHOCAIIUXCS CIOZa WJIeil; Mbl He HONJEM JaJbIle B 9TOM K€ HallpaBJie-
wun. Mbr yeuaum B ritase VIII, uro Teopema Beiteprirpacca B ee ob1ieit hopmyiiu-
POBKe UMeeT OCOOEHHO GOJIBINOE 3HAYEHUE B TEOPUM MAKCUMYMOB U MUHUMYMOB.

§ 6. Hekoropbie npuMmeHenus teopembl BoJsibiiano

1. Teomerpuueckue npumeHeHusi. C MOMOIIBIO TPOCTON © OO
TeopeMbl BoJIbIIaHO MOXKHO JIOKA3aTh HEKOTOPBIE YTBEDPKICHNUsI, HA MEPBBIii
B3IVISAJT OTHIO/b HE IIPEJICTABJISIIONINECS] BIIOJIHE OYEBUIHBIMU. YCTaHOBUM,
[peXKJIe BCEro, ciielyloniee: ecau A u B — dee s3adarrvie puzypvl HA MAOCKO-
cMmu, Mo CYULLCMBYEmM MaKas NPAMAA 6 9MOU NAOCKOCTU, KOmopas obe du-
2ypvL 00Ho8peMeENHO deaum ha pasroseaurue (6 CMbicae NAOWLAOU) “HaACTU.
[Tos «durypoii» 371ech MOHUMAETCST BCAKAsT YACTD IJIOCKOCTH, OMPAHTIEHHAST
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OPOCTON 3aMKHYTOII KPUBOIA.

Hatmem /10ka3aTebCTBO ¢ TOTO, UTO BBIOEPEM MTPOU3BOJILHYIO (PUKCHPO-
BaHHYIO TOYKY P B Hallleil IJIOCKOCTH M IPOBEJEM U3 Hee (PUKCUPOBAHHBIN
say4a PR, or koToporo OyjieMm Bectu orcuer yryioB. Kakos Obl Hu ObLT jiyd P.S),
COCTABJISIIONIMY yTrol = ¢ JiydoM PR, cyliecTByeT HampaBJieHHAs TIpsMasi,
napajutesibiags PS u deaswan dueypy A ma pasnoseauxue wacmu. Jeit-
CTBUTEJIHHO, BO3bMEM OJTHY U3 HAIPABJIEHHBIX MPSIMbBIX, TapaJIeJbHbIX PS5,
TaKyio 9T0 Bcs durypa A JeXUT 1O OJIHY €e CTOPOHY; IIyCTh 3Ta HpsiMas
oyzner [;. Cranem mojseprarh [; mapaJjijielbHOMY ITEPEHOCY TaKUM 00pasoM,
9TOOBI [IPU OKOHYATEIbHOM T10JI0KeHUH (KOTOpOe Ha30BeM ly) Bes dburypa A
oKa3aJIach yzKe 110 ApyTyio ee cropony (puc. 173). B Takom ciaygae dbyHnkims,
oTIpe/iesisieMasi Kak Pa3HOCTh IO YacTu A, PACIOJIOKEHHOI BIIPABO OT
HAIIPABJIEHHON IIPSIMOM, U IIJIOMIA/IH YacTH A, DACIIOTIOKEHHOM BI€BO (<«BIpa-
BO» — «K BOCTOKY», «BJIEBO» — «K 3alIaJly», €CJIH IPsIMasl HAIIPABJIEHA, CKa-
JKEM, «Ha CEBep» ), OKA3bIBAETCH TIOJIOKUTEIbHOMN J1JIsl OJIOXKEHUs IIPAMOI [
U OTPUIATEILHON Jijisi moJiovkeHust . Tak Kak 3ra (hyHKIUs HEIpepbIBHA,
TO, 10 TeopeMe Bosbiiano, oHa obparaercst B HyJlb IIPA KAKOM-TO IIPOMEKY-
TOYHOM ITOJIOKEHHUH MPSIMOil, KOTOPOe MbI 0O03HAYMUM TeIeph depe3 [, u mpu
KOTOPOM, oueBnIHO, (hurypa A pasbusaercs momosaMm. VTak, KakoBo ObI HI
obut0 x (0° < < 360°), cymecrByer npsamas [, pazdusaiomasa A 1omnoJam.

Puc. 173. OxroBpeMeHHOE fle/ieHNe TONoIaM JIBYX IIOMAa e

O6o3naunMm renepb depe3 y = f(x) pasHOCTH MeXKy IUIOMIAJBIO YaCTH
dburypet B cmpasa or [, u miomaapio dactu B ciaesa ot [,. omyctum
JIJIsI OTIPEIEJIEHHOCTH, UTO IpsaMast |y, napajuiensias PR u pasbusaiomas A
[IOTIOJIAM, CIIPAaBa MMeET OOJIBIIYI0 9acTh ILIOMAIun B, deM cjeBa; Torma y
nojoxkuresbao pu = 0°. Ilycrs Temeps x BO3pactaer mo 180°; Torma
npsamast ligg, Tapasenbias PR u pasbuBaromasi A TONOJaM, COBIAIAET
¢ lp (HO HaIpaBIeHA B IPOTUBOIOJIOXKHYIO CTOPOHY, & «IIpaBasy U <«JIeBas»
CTOPOHBI IEPEMECTHIINCH); OTCIOJIA SICHO, YTO 3HaUYeHue y npu x = 180° uuc-
JIEHHO TO e, 9T0 1 Ipu & = 0°, HO ¢ 0OPATHBIM 3HAKOM, T. €. OTPUIATEJIBLHO.
Tax kak y ecrb ynkuus x, HenpepbiBHag npu 0° < x < 180° (ynomsanyras
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Pa3HOCTh ILIONIAJ e, O4YeBUTHO, U3MEHAETCS HelPEPbIBHO IIPU BpallleHUN
Cekyleil IpsiMoii), TO CyIIECTBYyeT TaKoe 3HAYEHHe T = O, [P KOTOPOM ¥
obpamaercs B Hy/1b. Ho Torma npsimasi [, pasbusaer momojam obe purypsr A
u B omnoBpemenno. Haira Teopema joka3aHa.

Cremyer 3aMeTUTh, YTO MbI YCTAHOBUJIM BCETO-HABCETO CYULECTNEOBAHUE
psiMoit, 0bJIaIAIoNIeil 3aJaHHBIM CBOMICTBOM, HO HE YKA3aJIU OMPEIEIeHHON
MIPOLEJY Pl JJIA €€ Nocmpoerus: B 3TOM — XapaKTepHasd 4depTa <«YUCTBIX»
MaTeMaTUYeCKUX JI0Ka3aTeJbCTB CyIeCTBOBAaHUS.

X

Puc. 174. lenenue nomn@am Ha 9eTbipe paBHbIE YaCTH

Bor apyrasi, ananorndnast npobiema: JaHa ogHa purypa A Ha IJI0CKOC-
TH; Tpebyercs pa3buTh ee HA Yemoblpe PABHOBEJIHMKHIE YaCTH J6YMA 63AUMHO
NEPNENIUKYAAPHHLMU TPAMBIMA. ITOOBI JJOKA3ATH CYIIECTBOBAHUE DEIIEHUSI,
BEpHEMCsI K TOMY JTally PeIlleHuUsl IPeIbIIyIIei mpobeMbl, KOT1a ObLIa BBe-
nena mpsaMas [, Ho durypa B emne He ObLIa BBeleHa B paccyxkieHue. Pac-
CMOTPUM TPAMYIO [, 9g, TEPIECHIUKYIISIPHYIO K [, ¥ TakKe pasbuBaionryo A
nortostaM. Ecsin 3amymepyem dersipe qactu A Tak, Kak OKa3aHo Ha puc. 174,
TO TIOJIyYUM, OYEBU/IHO,

Al + A2 - A3 + A4
A2+A3:A1+A4.
OTCIOﬂa BbIYUTaHUEM IIOJIYIHUM

Al —As=A; — Ay,

A1:A37

a 3HAYMUT,

A2 = A4.

Wrak, cymecrBoBaHue perneHus Haireir TpobeMbl OyIeT JI0KA3aHO, eCJIu
YCTAHOBUM CYIIIECTBOBAHWE TAKOIO YIJIA O, 9TO JJIs MpsiMoit [, Oymer ymo-
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BJIETBOPEHO PABEHCTBO JBYX YacTeil HAIleil purypol
Ay (o) = Az(a),
TaK KaK OTCIo/[a Oy/ieT BBITEKATh PABEHCTBO BCEX UeThIpeX dacTeii. PaccMor-
pum Tenepb dbyuximo y = f(x),
f(x) = Ai(z) — Az(),

rue A, (z) u Ay(x) —uactu dburypsl, coorsercrByronye npsiMoii [,. Ilpu x =
= 0° mycth Gyzer, Hanpumep, f(0) = A;(0) — A,(0) > 0. Torga npu z=90°
nosyantest: f(90) = A;(90) — A,(90) = A,(0) — A3(0) = A,(0) — A,(0) < 0.
Ho f(x) — uenpepbiBHag byHKIMs; 3HAYUT, IPU KAKOM-TO 3HAYCHUU O, MEZK-
sy 0° u 90° mosyunrest f(a) = Ay (o) — Ax(a) = 0. Torma upsimsie I, u 1,190
pazbuBaioT pUrypy Ha UeThIpe PABHOBEJTUKNE JACTH.

DT pobseMbl 0000ITAIOTCS Ha CAydail Tpex u OOJIBIIETrO TUC/Ia U3Me-
pennit. B ciydae Tpex m3amepenuil mepsasi mpobsiema pOpMYITUPYeTCs Clie-
JYIOIUM 06pa30M: JaHbl TPU MPOCTPAHCTBEHHBIX Teja; Tpedbyercs HaiTu
IJIOCKOCTD, Pa30UBAIOIILYI0 KazKJ0e U3 HUX IOIOJIaM OJHOBpeMeHHO. JJoka-
3aTETHLCTBO BOSMOXKHOCTH DEIEHNs TAK?KE OCHOBBIBAETCSI Ha TeopeMe BoJrb-
nano. B ciaydae GOsIbIEro YuCIa M3MEPEHWH aHAJOTUYIHOE YTBEDKJICHUE
TaKzKe CIIPABEeJINBO, HO JIOKA3aTeILCTBO TPeOyeT IpUMeHeHNs 60Jiee TOHKIX
METO/IOB.

*2. IIpuMeHeHne K OOHOI MexaHM4YeCKOU mpobsieme. MBI 3aKOH-
YUM 3Ty IVIABYy PACCMOTPEHUEM OJHOI Ha MepBBbIA B3IJIAJ TPYIHONH MeXaHU-
4ecKOil IpobJIeMBbl, KOTOPAsi, OJIHAKO, PENIAeTCs OYeHb IIPOCTO ITOCPEICTBOM
coobpazKeHuii, CBA3aHHBIX ¢ HenpepbiBHOCTDHIO. (IIpobsema Gblia mpeioxKe-
Ha . YurHn.)

[Ipeamonoxkum, 9T0 MOE3/T HA MPOTIKEHNN HEKOTOPOTO KOHEYHOTO IIPO-
MEKYTKa BPEMEHU IIPOXOIUT MPSIMOJUHEHHBI OTPE30K IIyTH OT cTaHiuu A
no craniuu B. BoBce He mpenronaraercs, 4TO JBH2KEHUE IIPOUCXOJUT C
IIOCTOSTHHOM CKOPOCTBIO WJIN C MOCTOSTHHBIM yckKopenueM. HampoTus, moess
MOXKeT IBUTAThCA KaK YIOJHO: C YCKOPDEHHUSMH, C 3aMeJJICHUAMH; He HC-
KJIIOYEHBI Jla’Ke MTHOBEHHbIE OCTAHOBKU WMJIM YaCTUYHO JJaXKe JIBUKEHUE B
00pATHOM HAIIPABJIEHUN, [IPEXK/IE Y€M B UTOre HOE3]] IPUIET Ha CTAHIIIO 5.
Ho tak min mHave JBU2KEHHE I0€3/1a HA IIPOTHAKEHHH BCETO BPEMEHHOIO
IIPOMEKYTKa CUUTaeTCsd M3BECTHBIM 3apaHee; JIPYTUMU CJIOBAMU, CUUTAETCH
3ajaHHOl QyHKIWs § = f(t), T1e s — paccTosiHue 1oe3/a oT cTaHuun A, a t—
BpeMsI, OTCUUTHIBAEMOE OT MOMEHTAa OTIIpaBjeHus moe3pa. K mosry ogHoro u3
BaroHOB IIPUKPEIVICH Ha IMIapHUPE TBEPIbIN TAXKeJBbId CTepKeHb, KOTOPBIA
6e3 TpeHHs MOXKET JBHUIaThCs BOKPYT OCH, IIAPAJIIEJILHONH OCAM BaroHOB,
BIIEpe] U Ha3aj — oT mosa A0 nosa. (Mbl JomyckaeM, 9To, IPUKOCHYBIIACH
K II0JIy, OH B JAJIbHEHIIIeM OCTaHeTCd Ha HeM JieXKaThb, €CJId eMy He CIIy4uTCs
«IIOJIPBITHYTh» CHOBa.) BOIPOC 3aK/II0YAETCS B CJEIYIOMIEM: G603MONHCHO
AU 8 MOMEHM 0MIT00a N0e306 NOMECTUMD CMEPHCEHD 8 MAKOE HAYAALHOE
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nososcerue, m. €. damov emy Maxoti Yeos HaKAOHA, YMOOvL HG MPOMANCEHUU
8C€20 NYMU OH HE NPUKOCHYACA K 1oAY, 0ydyuu npedocmasaer 6030eticmeuto
deusicenus noesda u cuae cobecmeermott masicecmu?

Ha nepBbIii B3r/Is1] MOXKET II0KA3aThCS COBEPIICHHO HEBEPOATHBIM, UTOOLI
[IpU HaIlepe, OIIPEIEJICHHON cXeMe ABUXKEHUS 10e3/1a B3aNMOAEHCTBIAE CHJIbI
TS2KECTU U CUJI PEAKITNHU OBLIO CIIOCOOHO 00ecnednTh TpebyeMoe paBHOBECHE
CTEpsKHsI IIPU €JUHCTBEHHOM YCJIOBUU — HaJIJIeXKallleM BBIOOpE HavabHOI'O
noJiozkennsi. Ho MblI ceff9ac yCTAHOBHMM, YTO TaKOEe HAYAJIBHOE IOJIOYKEHHE
BCErJa CyIIeCTBYET.

omm—,

Puc. 175. IIpobiema YutHu

K cuacTbio, JI0Ka3aTesIbCTBO HE 110/IPa3yMeBAeT TOYHOT'O 3HAHUS 3aKOHOB
nuaamuky. (Vexois u3 9TuxX 3aKOHOB, PEIIUTD 33184y ObLIO Obl Ype3BbIuaii-
HO TPYAHO.) JJ0CTaTOuHO IPUHATH TOJIBKO OJHO JIOYINeHHe (BU3MIECKOrO
COJIEPIKAHUST: NOCACOYIOULEE JGUMHCEHUE CINEPIHCHA 3ABUCUM HENPEPBIBHO OM
€20 HAYGALHO20 NOAOHCEHUA; B YACTHOCTH, €CJIU IPU JAHHOM HAYAJIHHOM
[TOJIOKEHUH CTEPXKEHb BO BPEMsI IyTH YIIaJIeT HA II0JI B OJIHY U3 CTOPOH, TO
PN BCSIKOM HA4YaJILHOM IIOJIOXKEHHUH, JTOCTATOYHO MAaJO OTIHIAIOIIEMCS OT
JAHHOTO, OH HE YIAJEeT Ha MOJI B IPOTHUBOIOJIOKHYIO CTOPOHY.

ObpaTum Ternepb BHUMaHKE HA TO, YTO BO BCAKUN MOMEHT BPEMEHH I10JI0-
JKEHUE CTEePYKHS XapaKTEPU3IYETCs YIJIOM o, KOTOPBI OH COCTABJISIET C TIOJIOM.
Vraam o = 0° u o = 180° cOOTBETCTBYIOT JiBa B3aNMHO IIPOTHUBOIIOJIOXKHBIX
POPU3OHTAILHBIX (J1e2Kadnx) mosoxkenus. OGO3HAUNM Yepe3 & 3HAYEHUE yI-
Jia 0. B HAYAJIbHOM IIOJIO2KEHUU CTePKHs. J[0KAa3aTeIbCTBO HAIIETO yTBEPXK-
IeHns OyIeT KOCBEHHOE, B COOTBETCTBUU C UNCTO IK3UCTEHIINAIBHBIM XapaK-
TepoM caMoii pobsemsl. JomycTtum, 9To 6ceada, T. €. IpU JIIOOOM HaYaIbHOM
MIOJIOYKEHUN CTEPIKHs, CTEPyKEHb HEIPEMEHHO YHAJeT WIA B OJHY, WIA B
JPYTYIO CTOPOHY, Tak 4To o npumMer 3uadenne mwim 0°, wim 180°. Onpenennm
rorpa dyukmmio f(x) tak: f(x) =41 wim —1 cMOTpPs O TOMY, yIageT Jiu
CTep:KeHb B CTOPOHY, COOTBETCTBYIONIyIo yriay o = 0° mwm yriry o = 180°.
CgoiictBa dyukiuu f(z) TakoBbl: oHa 3alaHa B mHTepBase 0 < z < 180°,
HenpepbiBHA B HeM, u nputoM f(0) = +1, f(180) = —1. Orcrona, no Teopeme
Boubiano, cieyer, 94To 1Ipu KAKOM-TO IIPOMEKYTOYHOM 3Hauenun x (0° <
2 < 180°) noskHO BbIIONHATHCA paBeHcTBO f() = 0. A 310 HpoTHBOPEYUT
ToMy, uTo yHKIWA f(T) MOXKET NPUHUMATH TOJBKO 3HadeHusd +1 u —1.
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3HAYUT, TPUXOUTCS OTBEPIHYTh CAEIAHHOE JOIYIIEHIE, COTJIACHO KOTOPOMY
CTEPXKEHb YIaJeT Ha TOJ BO BpPEMsI JIBUXKEHUs T10€3]1a MPU KAKOM YTOJIHO
HaYaJbHOM €ro ITOJIOYKEHUU.

CoBepIneHHO SICHO, UTO IPUBEJIEHHOE JI0KA3aTEJIHCTBO HOCUT YUCTO TEO-
pPeTHYeCKuil XapaKTep, MOTOMY 9TO HE [IaeT PEITUTEIbHO HUKAKUX yKa3aHUI
Ha TO, KaK OIPEIEIUTh NCKOMOE HAYaJbHOE II0JIOYKEHHME CTePXKHs. Bmecte
C TeM, JlaKe ecju Obl TAKOE ITOJIOXKEHHWE M MOTJIO OBITH BBIYHCJIEHO Teope-
TUYIECKU C aDCOJIIOTHON TOYHOCTHIO, TPAKTUIECKN OHO OBLIO ObI OECIIOIE3HO
BCJIeJICTBUE CBOel HeycroiiunBocTu. Tak, HAIpUMep, B IIPEJeIbHOM CIydae,
€CJIN TI0€3]T HEIIO/IBIKEH B T€UEHUE BCErO <IIYTEIIEeCTBU», PEIIeHUEe COBEp-
meHHO ovueBuHO: © = 90°; HO BCAKMIT, KTO MBITAJICS YPABHOBECUTH UTOJIKY B
CTOSTIEM TIOJIOXKEHUH Ha TVIAJIKON NOPU30HTAJBHON TOBEPXHOCTH, TIOHUMAET,
HACKOJIBKO 9TO DeIlleHre MPaKTUIeCKN HepeaabHo. TeMm He MeHee ¢ MareMa-
THUYECKOI TOYKY 3PEHUsI [IPUBEJIEHHOE JIOKA3aTeIbCTBO UMEET HEOCIIOPUMBbII
WHTEpEC.

VYupaxkaenus. 1) O6o6mure 5T0 paccyK/eHue Ha Caydail, KOrJa <«IIyTerre-
CTBUE» IMPOJIOJIZKAETCs GECKOHEYHO J10/1T0. !

2) O6obumre Tak:ke Ha Ciydail, KOrja II0€3][ JBHXKETCS 110 MIPOU3BOJILHOM
KPUBOI HA IJIOCKOCTH, & CTEPXKEHb MOXKET MaJaTh B JIIOOOM HAIPABJIEHUH, T. €.
CTEpKEHb 00JIa/IaeT AByMs CTEleHAMH CBOGOABL. (Ykazarue: HEBOZMOKHO Helpe-
PBIBHO OTOOPA3UTh KPYrOBOM IMCK Ha OJHY €ro OKPY?KHOCTB, OCTaBJIss BCE TOUKHI
OKPY?KHOCTHU HEIOJBUKHBIMA — CM. CTP. 272.)

JOIIOJIHEHUME K I'VIABE VI

ambHeiimme mpuMepbl Ha MPeaesTbl
Y HENPEPbIBHOCTDH

§ 1. IIpumepsr npeaesion

1. O6imue 3amMevyanusi. Bo MHOIMX CIydasx CXOAUMOCTH TOC/IEI0Ba~
TEJIbHOCTH @, MOXKET OBbITh JIOKa3aHa 10 cjeiyoieil cxeme. Mbl paccmar-
pUBaeM JiBe JIpyI'ue IOCJe0BaTeIbHOCTU b, U ¢, , YIEeHbI KOTOPBIX, BOODIIE
TOBOpsi, UMEIOT 0oJiee MPOCTYI0 CTPYKTYPY U 00JIAIaI0T TeM CBOWCTBOM, UTO

b, <a, <c, (1)

Hanpumep, BOCIOJIB3YHTECH MPHHIMIIOM CTATHBAIOIUXCH OTPE3KOB (CM. cTp. 88);
€CJIN U3 KaKOTO-TO TOJIOXKEHUsI CTEPXKEHb He YIaJeT 3a (DUKCHPOBAHHOE KOHEYHOE
BpEMsl, TO 3a TO K€ BPEMsl OH HE yCIIeeT yIaCTh TaKyKe U3 BCEX JOCTATOYHO GIM3KUX
noJstoxkenuit. — ITpum. ped. nacm. uso.
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npu BCeX 3HAYeHUsX M. Torma, ecau 6ydem YcmanosaeHo, 4mo nocaedo-
samenavrnocmu b, u ¢, umerom odun u mom owce npeden o, MOHCHO OY-
dem Yymeepatcdams, 4Mmo Nocaedo8amMesbHOCTNG A, MAKHCE UMEEM NPeJen o.
DopMaJIbHOE JIOKA3ATEILCTBO ITOH TEOPEMBbI MbI MOYKEM IPEIOCTaABUTH UH-
TaTEJIO.

fcHo, YTO TpUMeHeHHEe YKA3aHHON CXeMbl TOTpeOyeT OMepUpOBAHUS
HEPABEHCTBAMU. B CBS3U € 9TM CBOEBPEMEHHO HAITOMHHUTH HEHOJIBIIIOE THCIIO
QJIEMEHTAaPpHBIX IIPpaBUJI, KOTOPbIM ITO[YMHEHDbI a.pI/Id)MeTI/I“IeCKI/Ie orepanuu ¢
HEPABEHCTBAMH.

1. Ecim a > b, 10 a + ¢ > b+ ¢ (K obenm 4YacTsiM HEpABEHCTBA MOXKHO
IpUGABUTD OJHO U TO K€ YHCJIO).

2. Ecm a > b u ¢ — nososrcumenvro, 1o ac > be (MOXKHO yMHOXKHUTH
HEPABEHCTBO Ha TIOJIOXKUTEIBHOE TUCIIO).

3. Ecom a > b, To —b > —a (HampaBiieHHe HEPABEHCTBA MEHSIETCsl [IPU
ymuoxenuu Ha —1). Tak, 2 < 3, no —3 < —2.

4. Ecou a u b ogmHoro m Toro ke 3HaKa, TO U3 HEpABEHCTBA a < b ciiemy-

2. Ilpenesn q™. Ecmu ¢ — aucio Gosbiitee 4em 1, TO WIEHBI TOCIEI0BA~
TEJILHOCTH ¢" HEOTPAHUYEHHO BO3PACTAIOT; HAIIPUMED, Tak Oyaer mpu g = 2:
2 3

a4 9, q,
Takue moc/ie0BaTEIHLHOCTH «CTPEMATCA K H6ecKonedHocTu» (cM. crp. 316).

B camom ofImieM ciydae JOKA3ATENbCTBO 9TOIO OCHOBBIBACTCS HA BAZKHOM
HepaseHCTBe (CM. CTp. 34)

(1+h)" =214 nh > nh, (2)

e h — Kakoe YTrOaHO TOJIOXKUTETbHOEe Iucy0. Mul mosoxum ¢ = 1 + h, e
h > 0; Torna
q"=(14h)">nh.

IIycrs k — cKoib yromHO GOJBINOE TOOKUTEIBHOE THCI0; B TAKOM CJIydae
JIOCTATOYHO B3SITh 7 > —, YTOOBI MOJYYUTh HEPABEHCTBO
q" >nh>k;

3HAUUT, ¢" — o0. Ecam ¢ =1, To Bce WeHBI OCAEI0BATEILHOCTH PABHEI 1,
¥ 3HAYAT, IPeJeJ MOC/IeI0BaTeIbHocTu ecThb 1. Ecan ¢ orpurarensHo, TO
3HAKU ¢" YepeyIoTcs, U B ciy4ae |g| > 1 upemena Her.

VYupaxkuenwne. /[laiite cTporoe 10Ka3aTeIbCTBO MTOCTAETHEMY YTBEPKIECHUIO.

Ha ctp. 84 mbr ycranoBuau, uto ecmu —1 < g < 1, To ¢" — 0. daaum
3/IeCh €eIlle APyToe, OYeHb ITPOCTOE JI0KA3aTeIHCTBO. PacecMorpuM ciy4ait 0 <
q < 1. Torma 4neHbl HOCJIEIOBATEIBHOCTH ¢, ¢, ¢°, ... MOHOTOHHO yOBIBAIOT,
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ocTaBasch nojoxkuTeabubivMu. Orcioga cieayer (cm. crp. 317), 9ro mocie-
JIOBATEIBLHOCT MMEET Ipeies: ¢" — a. YMHOXKasg 06e 9aCTh IOCJIEIHEro
COOTHOIIEHUs Ha, ¢, ToyduM: ¢" ' — aq.

Ho ¢™™' moskHO mMeTh TOT »Ke TIpejies, YTO M ™, TaK KaK JIeJI0 He
MeHsleTcsl OT TOro, KaK 00O3HAYEH BO3PACTAIOIIUII IIOKA3aTeIb — depe3 7
win 4gepe3 n + 1. 3uaunt, ag = a, wim a(q — 1) = 0. Tak Kak 10 ycja0BHUIO
(1 —¢q) #0, To orciona crenyer a = 0.

Ecmu g = 0, npeapiayiiee yTBepKaeHne TpuBHaIbHO. Kcjm, HakoHerr,
—1<¢<0, 700 <|g| < 1; HO9TOMY, KK TOJIBKO UTO JIOKA3aHO, |¢"| = |¢|" —
0. Ho B Takom ciyuae ¢" — 0 upu yciosuu |g| < 1. JTokazaTesbCcTBO 3aKOH-
YeHo.

VYupaxxkuenus. /lokaxure, 9T0 1Ipu n — 0O

2 n

1) (1—T—ax2> -0,
T n

2) (1+x2) -0

3 n
3) (4i 2) CTpeMUTCA K GECKOHEIHOCTH IIPH T > 2, K HYJIIO 1pu |z| < 2.
X

3. Ilpenen %/p. IlocnenosaTembHOCTD YnCe

a, = {/p,
D, \/]33 \Q/I)? \4/%7

nMeeT 1pejien 1, KakoBO Obl HU OBLIO MTOJIOXKUATEIBHOE YUCIIO P:

Yp—1 mpu n— oo. (3)
(CumBos {/p 0603HATAET, KAK BCEIJIA, MOJIOKHUTEIBHEL KODEHb CTEIeHH N.
B ciyuae, eciim p oTpHnATENLHO, IPU 1 9€THOM HE CYINECTBYeT JeiCTBH-
TeJIbHBIX KOPHEli CTeleHu n.)
Hoxaxkem coornomenue (3). Ilpemmonoxum npexie Bcero, 4ro p > 1;
Torza Takxke /p > 1. Mbl MoXKeM HOJIOKUTH

Yp=1+h,,
npudem h, — TOJOXKUTEIbHAS BEJWYHHA, 3aBUCAIIAA OT n. VI3 HepaBeH-
crBa (2) caexyer
p=1+h,)" >nh,.

Hetenue na n gaer »

n .

0<h, <

Tak xak mocaemoBarenbaoctu b, =0 u ¢, = £ 566 mmeror upejien 0, To Ha
n

OCHOBaHHUU PACCyKJEHUs, IPUBEJIEHHOTO B IIYHKTe 1, h,, Tak»Ke 1pu Bo3pac-
TaHUU N uMeeT tpeses 0, U Hallle yTBep:KIeHue, TAKUM 00pa30M, JOKA3aHO
B caydae p > 1. Mbl BCTpeTHINCh 3/1eCh C OYE€Hb TUMUYECKUM ITPUMEPOM,
KOTJIa TIpeJIeTbHOE COOTHOIIEHNE, B TaHHOM ciaydae h,, — 0, ycranaBimBaercst
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[IOCPE/ICTBOM 3aKJIIodenus h,, MeXIy AByMsi TPAHUIIAMUA, IIPEIEJIbl KOTOPBIX
onpenensa0Tcs H60see IPoCTo.
KcraTu, MbI mosyunsin ONeHKy Jjis pasHocTH h, mexny {/p u 1: sra

Pa3HOCTH HENIPEMEHHO MEHbIIEe, YeM 2
n

Ecmn 0 <p <1, To {/p <1, 1 MOXKHO HOJIOXKUTh

'\n/f — #
P=1
rjae hn — CHOBa IIOJIOKUTEJIbHOE YHCJIO, 3aBUCAIIEe OT N. OTCIOA& cjaeayer
-1 1
P= 05 h) = nhy
TaK 9TO 1
0<h, <—,
np

U, 3HAYUT, h,, cTpeMuTcd K Hyso npu n — oo. U rorma, ouesuano, {/p — 1.

«YpaBHUBaIOIee» BO3JEHCTBAE U3BJIEYEHNSI KOPHS CTEIIEHH N, BbIParka-
foIeecss B TOM, YTO Pe3yJIbTaThl U3BJIEYEHNUST KOPHEN ITOCJIEI0BATEHHO BO3-
pacCTakIuX CTeleHell U3 JAHHOIO MTOJI0KUTETBHOIO YHUC/Ia IIPUOJINKAIOTCS K
eIMHUIIE, OCTAeTCs B CUJIe MHOTIa U B TOM CJIydae, eC/IH CaMO I0/IPaTUKAIb-
HOE BBIPAYKEHHE HE OCTAETCS ITOCTOSTHHBIM. MBI IpOBEpUM ceifdac, ITo

Yn—1 mpu n— oo.

He6oubioe yxumpenne MO3BOJIAT HAM COCIATHCS ONSATH HA HEPABEH-
cTBO (2). BMecTO KOpHS CTeneHn n U3 N BO3bMEM KODEHb CTEINeHU 1 U3 /M.
ITonaras W =1+ k,, e k, — moJoKuTeIbHas BEJININHA, 3aBUCSIIAS
OT 7, TONYINM C TIOMOIIBIO YHOMSIHYTOTO HepaseHCcTBa /1 = (1 + k,)™ >
nk,, TaK ITO

N 1

kn< n :%

3HaYuT,

n _ 2 __ 2 l l
1< Yn=(1+k,) —1+2kn+kn<1+\/ﬁ+n.

[IpaBast 9acTh ITOrO HEPABEHCTBA CTPEMHUTCS K 1 DU 1 — 00, M MOTOMY TO
7K€ CaMoe MOYKHO CKa3aTh OTHOCHTENBLHO /N

4. PasprbiBHbIe DyHKIIUU KAK MPeEeJ HeMpepbIBHbIX. Byraem pac-
CMaTpUBaTh TaKue I10CJIeJ0BATeIbHOCTU @,, B KOTOPBIX YJI€HbI @, — HE I10-
CTOsIHHBIE YHCJIA, a DYHKIUH HEKOTOPOil IepeMEeHHON &, UIMEHHO a4, = f,(x).
Ecisiz TopKO Takast 110CIe10BaTeIbHOCTD CXOAIIAACSH, TO €€ MPeJiesl TaKxKe

ecTh (DYHKIUS T:
f(z) =lim f,(x).

Taxkoro posa npezcrapienus GyHknun f(x) B Buje npejena apyrux GbyHK-
nuit 9acTo OBIBAIOT MOJIE3HBI, TaK KaK «0ojiee CJIOKHBIEY (DYHKITMH TAKUM
00pa30M IPUBOIATCS K «00JI€e TPOCTHIM ».
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B gactHOCTH, 9TO OOHAPYKUBAETCS TMPU PACCMOTPEHUN HEKOTOPBIX SIB-
HBIX (GOPMYJI, OIIpeIesIonux MYHKINN ¢ pa3pbiBaMu. PaccMoTpumM, Hampu-

Mep, HOCJIEI0BATEIBHOCTD [y () . Ipw |z| =1 mbr nomywaem 2" =

T 1y

1, fou(z) = %, Tak uro f,(x) — % C npyroit croponbl, npu |z| < 1 MbI

nmeeM 22" — 0 u f,(z) — 1; HakoHern, npu |x| > 1 moayvaercss x*" — oo
u, cienoBaresbio, f,(x) — 0. B urore

1 opm|z| <1,

. 1 1
f(x):hmmz 5 mpH lz] =1,
0 mpwm |z|>1.

Mp1 BusuM, uro paspbiBHad GyHkuus f(z) npeacraBieHa Kak IIPeest mo-
CJIEJIOBATEJILHOCTH HEIPEPBIBHBIX PAIHOHAIBHBIX (OyHKIIH.
Ilpyroit MHTEpECHBIIl TPUMEDP B TAKOM K€ POJIE JAETCs TIOCJIE[0BATEb-

HOCTBIO 9

2 d z T
M@=+ (1+2%)° (14 a2

IIpu z =0 Bce dbynkuun f,(z) obpamatrcs B Hynb, u moromy f(0) =

2 2

+ +...+

=lim f,,(0) = 0. IIpu x # 0 BBIpaXKeHue [TOJIO’KUTETHHO U MEHBIIIe

1+ z2
geM 1, U IOTOMY TEOpHUsI TEOMETPHYECKOH IMPOrpEecCUy IO3BOJISET yTBEp-
Kaarb, 9T0 f,(x) cxomures nupu n — oco. peger, 1. e. cymma GeCKOHEIHON
2 2
IPOTPECCUU, PaBEH 11: i x > e 1+ x?. Urak, f,(r) crpemurcs
_ 1
14+
K byakmun f(x) =1+ 2% npun 2 #0 u k f(x) =0 npu x = 0. [onyuaercs
byuxmus f(z) ¢ yerpaHUMBIM pa3spbBOM B Touke 2 = .

2

*5. Ilpenesnbl npu urepanun. Hepeako IPUXOIUTCs paCCMATPHBATD
[IOC/IEIOBATEILHOCTH, CKOHCTPYUPOBAHHBIE TAKUM OOPA30M, UTO G,y; IO-
JydaeTcd U3 a, IIOCPEJICTBOM TeX 2Ke ollepalliil, II0CPeJICTBOM KaKHX
MIOJIy9aeTCs U3 Q,_1: T4 IMPOIEIypa II03BOJISET BBIYUCIUTH JIIO0O0H dUjieH
IIOCJIETOBATE/ILHOCTHU, €CJIA U3BECTEH MEePBbIit. B Mog00HbBIX CIydasx roBOPAT
O TPONEYPE «UTEPAIAN.

IIpumepoM MOXKET CIYyKUTH MOCJIEI0BATETLHOCTD

L, VI+1, VI+v2, V1+V1+V2, ...

KaXKJIbIfl 9JIEH ee TOJIYIaeTCsl U3 MPEIbIIYIIEro MOCPEICTBOM TPpUOABICHUS
€JIMHUIIBI U 3aTeM U3BJIeUeHUs] KBaJIPATHOIO KOpHsI. TakuM obpa3oM, rmociie-
JOBATETHHOCTD OITPEEIIAETCA COOTHOIEHUSIMUI

a, =1, Ani1 =V1+a,.

Haiiem ee npenen. OueBumauo, uro upu n > 1 umeem a, > 1. dasee, mocie-
J0BaTEeJIbHOCTD HaIlla MOHOTOHHO BO3PaCTaeT, TaK KaK

a’i+l - ai = (1 + a’n) - (1 + an—l) =Qp — Qp_1-
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Pasz tonbko a, > a,_i, TO 3HAYAT, A,y > G,; HO Ay — Gy = V2 —-1> 0, n
oToMy (C IOMOIIBIO UHILYKIUH) OTCIOJA CJIEILYET, YTO (n 11 > G, IIPH BCEX
3HaUYEHUSX N. MbI 3aMevdaeM JlaJibIlle, YTO PACCMaTPUBaEMasl IIOCJIe10BaATE Ib-
HOCTb OIpaHUYEHHAas; B CAMOM JIeJIe,

1 n 1 7 1
g = 0 1O gy <2.
An41 An41 An+1

B custy mpuHITIIIa MOHOTOHHBIX TIOC/IEIOBATEILHOCTENH OTCIOIa BHITEKAET CY-
IMeCTBOBaHUE Ipejena: a, — a, upuideM 1 < a < 2. Ho sicho BugHO, 9TO @
€CTh MOJIOYKUTEILHLIH KOpeHb ypaBHenus 2 = 1 + x: neficTBUTEILHO, COOT-
HOIIeHue a;,,; = 1 + a, B mpefese npu n — oo gaer HaM a” = 1 + a. Pemas
ypaBHEHHE, MBI yOeXKIaeMCsI, ITO @ = #

Orcrona, Ha0OOPOT, JIETKO CIIEJIATH TOT BBIBO/I, ITO 3TO KBAIPATHOE yPaB-
HEHHEe MOXKHO pellaTh MPUOJMKEHHO, ¢ KaKOi YTOTHO CTEIEHbI0 TOYHOCTH,
TIOCPEICTBOM UTEPAITMOHHON TTPOIIETYPhI.

Takum ke 006pPa3zoM, ¢ MOMOIIBIO UTEPAIHil, MOXKHO PEIaTh U JIpyrue
anrebpanyeckue ypasHeHus. Hanpumep, Kybudeckoe ypasHenue o> — 3z +

1 =0 manumem B dpopme )

3 — 22
U 3aTeM, B3SB B KQIECTBE a1 IIPOMU3BOJIBHOE YHCJIO, CKaxkeM a; = 0, ompeme-
JIUM JIaJIbIIE [IOC/IeI0BATeIbHOCTD @, 110 (POpMYyJIe

xTr=

1 .
Apt1 = ma
Ipu 3TOM IIOJIYIUM
1 9 676
a2—§—0,3333..., 61/3—2*6—0,3461...7 CL4—M—073472

MozkHO OKa3aTh, YTO HOCIEJOBATEHLHOCTh UMEET IIPEJIEs], PABHBII KOPHIO
JIAHHOTO KYOU1IeCKOro ypaBHeHus, a uMeHHo a = 0,3473 . ..

Ureparnumonnbie MpPOIECChl B 9TOM POJIe MMEIOT TPOMAJTHOE 3HAYEHUE B
MaTeMaThKe, TAK KaK C WX MOMOIIBIO OOJIbINEil JacThIO JAIOTCH «JI0KA3a-
TeJILCTBA CYIIECTBOBAHUS» ; OHU TIOJIE3HBI U B IIPUJIOKEHUSAX, TJI€ TOCTABISIOT
METO/IbI TTPUOINZKEHHOTO PEIIeHNsT PA3HOOOPA3HBIX TPOOJIEM.

YopaxkHeHnusi Ha npegeast. [Ipu n — oco:
1) Hokaxwure, uto v/n + 1 — /n — 0. (y Ka3aMue: HAIIMIIUTE PA3HOCTD B BUJIE

VAT - A
m-(\/nJrlJr\/ﬁ).)

2) Haiigure npenen vn? + a —v/n? + b.
3) Haiigure npenen vn2 +an +b — n.

)

1) B —
vVn+1+/n

5) Hokaxkwure, uro npenen y/n + 1 pasen 1.

6) Kaxos npemen Va™ + b”, eciim a > b > 0?7

Haitnure npenen
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7) Kakos npegesn Va™ + b" + ¢, ecm a > b > ¢ > 07
8) Kaxos mpenen ¥amb™ + amc™ + bc™, ecim a > b > ¢ > 07

9) Mer yBuaum nosgaee (crp. 473), uro e = lim (1 + %) . Ucnonbzys sro,

HaiuTe mpemen lim<1 + %)
n

§ 2. IIpumep, oTHOCAMIUIICSI K HENIPEPBIBHOCTHU

Yrober marh dopMaabHOE ITOKA3ATEIBCTBO HENPEPBHIBHOCTH JTAHHON
dyuknun, Tpebyercs NIPOBEPKA COIVIACHO OIIPEIEJIEHUIO, IIPUBEIEHHOMY
Ha cTp. 332. VHorma cOOTBETCTBYIONIAsT TPOIEIyPa OKa3bIBAETCS OYEHb
IPOMO3/IKOi, HO, K CIaCTBIO, MBI IMEEM IIPABO COCIATHCS HA OOCTOSITEILCTBO,
KOTOpOe OyzeT ycranoByeHo B ryiaBe VIII, a nMeHHO: HEIIPEPBIBHOCTD CJIEIyeT
u3 guddepennupyeMoct. Tak Kak qudpepeHnupyeMocTb TaM Ke OymeT
YCTAHOBJIEHA CHCTEMATHIECKN IJIs BCEX JIEMEHTAPHBIX (PYHKIUH, TO MBI
(KaK 9TO OOBIYHO JEeJAaeTcs) BO3IEPKUMCS OT TOrO, YTOOBI IIPUBOAUTH
CKy4YHBIE JI0Ka3aTe/IbCTBA HEIIPEPHIBHOCTH (DYHKIIWI PA3JIMIHBIX TUIIOB.

Ho B kadecTBe jasbHeiinei nocTpaii o0Iero onpeie/ie st Mbl BCe
K€ PacCMOTPUM 3/I€Ch €IIle OJUH IPUMEDP, UMEHHO (DYHKITIIO

1
Mpb1 mMeeM IPaBO OrPAHUYUTH BO3MOYKHBIE M3MEHEHUsI & KOHEIHBIM HHTED-

BasioM |x| < M, rue, Bupouem, M kak yrojuo Besuko. Hanucas

1 1 x? — a2 _ (x + z1)

MBI BUuM, 9To npu |z] < M 6yaer u |z,| < M. Orcrona ciejyer HepaBeHCTBO

[f(21) = f(@)| <o — 2| - [+ 2| < |z — 2] - 2M.

3HaYNT, PA3HOCTH B JIEBOW YACTH CTAHET MEHBIIE, YeM HaIepe/l 33 JaHHOe
[TOJIOKUATEJIBHOE YHCJIO €, IPHU YCJIOBUH, ITO OyJIeT
€
M
Cremyer OTMETUTh, 9TO MBI OBLIN CJIMIIKOM BEJIMKOYIITHBI B 9TUX OIEH-
kax. Yurarenp 6e3 Tpyma ybeanTCs, 9TO IpU OOJIBIMNX 3HAYCHUSX T U Ty

|z, — x| <d=

MOXKHO OBLJIO OBl YIOBJIETBOPUTHCI TOPA3a0 OOJIbIINMU 3HAYEHUSIME O.
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BBenenune

OTpesoK MpsiMOil JIMHUK OIPEJIE/IsieT KPAaTdailliuil IIyTh MEXKLY JBYMs
€ro KOHeYHbIMU TOYKaMu. Jlyra 6oJIbIIoro Kpyra mnpeJcraBisieT coboil Kpar-
JafillIyto KpUBYIO, KOTOPOl MOXKHO COeIUHUTH JBe Touku Ha cdepe. Cpean
BCEX 3aMKHYTBIX IIJIOCKAX KPUBBIX OHON U TOM 2Ke JJIMHBI HANOOIbITIAs 10~
a1 OXBATHIBAETCHA OKPYKHOCTHIO, & CPE/IN BCEX 3AMKHYTHIX IIOBEPXHOCTEN
OJTHOM M TOM Ke TIJIOMAIN HAMOO b 00beM OXBATHIBAETCs Chepoii.

MaxkcuMaJibHbIE 1 MUHUMAJIbHBIE CBOICTBA OJ00HOI0 POJIa OBLIN U3BECT-
HBI €Ille JIDEBHEIDEYECKUM MaTeMaTHKaM, XOTs U He BCerja CO CTPOruMU
ux jpokazarenbcrBaMu. OJTHO U3 CAMBIX 3aMEYATETbHBIX OTHOCSIIUXCS CIO/Ia
OTKPBITHIT TpUIHUCHIBaeTcs [epony, anekcanapuiickomy ydenomy | cromernst
Harmeit a3psi. VI31aBHa OBIIO U3BECTHO, ITO CBETOBOM JIyY, BBIXOSIIII U3 TOY-
Ku P u BcTpevaromuiics ¢ II0CKUM 3epKajioM L, oTpaskaercsi B HallpaBJIeHIH
HEKOTOPO# Touku () Takum obpazoM, uro PR u QR o6pa3yoTr ojuHaKOBbIE
yrubt ¢ 3epkajom. [To npenanuio, ['epon ycranoBui, aro ecim R — robast
TOYKa 3epKaJja, oTiaumdHasi or R, To cymma orpe3koB PR’ 4+ R'(Q) Gombie,
geM PR+ R(Q). Dra reopema (KOTOPYIO Mbl CKOPO JOKAXKEM) XapaKTepu3yer
UCTUHHBIA IIyTh cBeToBoro Jjyda PR(Q) mexny P un () Kak Kpardaifmmit
nyth or P K () C 3aX0J0M Ha 3epKajio L — OTKpBITHE, KOTOPOE MOXKHO
paccMaTpUBaTh KaK 3aPOJBIII TEOPUH MeOMETPUIECKON OITUKH.

Her audero yauBuTE/IbHOTO B TOM, 9TO MATEMATHKH KUBEHIITIIM 00pa3oM
WHTEPECYIOTCS MOA0OHOr0 pojia BolpocaMu. B MOBCeIHEBHOM KI3HM ITOCTO-
fAHHO BO3HHUKAIOT IPOOJIEMBbI HAMOOJIBIIIEN0 U HAUMEHBIIErO, HAUJIYYIIEero u
Hauxymero. ViMmeHHo B Takoil ¢popMe MOTYT OBITH IIOCTABJIEHBI MHOI'UE 3a-
Ja9u, UMeoIre IPaKTUIeCKoe 3Hadenne. Hampumep, KaKOBbI JOJIXKHBI OBITh
OYepTAHUsI CYIHA, IJIs TOrO ITOOBI OHO WCIBITHIBAJIO [IPU JBUXKEHUU B BOJIE
HamMeHbIree conporusienne? KakoBo m0mKHO OBITH COOTHOIIIEHIE PA3MEDPOB
[UJINHIPUYECKOTO0 Pe3epByapa, YTOObI IPH 33J@HHOM PAacXOJle MaTepHaJa
06beM ObLT HanOOJIBITIM 7

Bozuukuays B XVII croneruun, obmiasi Teopusi 3KCTPEMaJjbHBIX, T. €.
MaKCHUMAJIbHBIX U MUHAMAJIbHBIX, 3HAUEHUI BeJIMINH BBIIBAHYJIA OOIIUPHBII
Psil TPUHITUIIOB HAYKW, CJIYXKAIMUX IEJIIM ODOOIIEHUsT U CHCTeMATH3AIIH.
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[Tepsore maru, caenamabie Pepma B obgacTu qudHepeHMaILHOTO UCUUC-
JIeHUsI, OBLIN YCKOPEHBI CTPEMJIEHIEM HANTH OOIUe METOJIbI JIJIsl U3y IeHUs
BOIIPOCOB O MaKCHUMyMaX M MHUHMMyMaX. B IIOC/IEIyIOIEM CTOJIETHH JTH
MeTOJbl ObLIM 3HAYUTE/IHHO OOOTAINEHBI C M300pEeTeHreM BAapPHUAIMOHHOI'O
ncuncienus. CTaHOBWIOCh BCe sICHee M siCHee, dTO (PU3UIECKUE 3aKO-
HBI MPUPOJBI B BBICIIEH CTENEeHN YIA9HO (QOPMYIUPYIOTCA B TEPMUHAX
MPUHITAIA, MUHAMAJILHOCTH, ODECIEUMBAIONIEN0 €CTECTBEHHBIN MOJX0J K
boJiee MM MeHee IOJIHOMY PEIIEHUI0 JacTHBIX 1pobsiem. OHUM U3 CaMbIX
3aMedaTe/IbHbIX JIOCTUYKEHWII COBPEMEHHON MaTeMAaTHKH SIBJISIETCS TEOPUsl
CTAIMOHAPHBIX 3HAYEHWIl, [AloIlasi TAKOIO pOJa PACIINPEHNe TOHATHUS
MaKCHUMyMa 1 MHHAMYMa, KOTOpOe 0a3upyeTcs OJHOBPEMEHHO Ha aHAJIN3E U
HA TOTOJIOTHH.

Mpr OyseM 371eCh pacCMaTpPUBATH BECh BOIPOC B IEJIOM C COBEPIIEHHO
3JIEMEHTAPHON TOYKU 3PEHMUSI.

§ 1. 3agaum n3 obJyiacTu 3JIeMEeHTapHOII reoMeTpuu

1. TpeyrosibHUK HaAUOOJIbINEN ILIOMIAAU MPU JBYyX 3aJaHHBIX
cropoHax. [laubl nBa oTpeska a u b; TpeOyercss HANTH TPEYTOTHHUK BO3-
MOZKHO OOJTBIIEH TITOIIA/IN, ¥ KOTOPOTO JIBE CTOPOHBI ObLn OBI a U b. Perern-
€M SIBJISIETCS NPAMOY20AbHbL TPEYTOJBHUK ¢ KaTeTamu a u b. Paccmorpum B
caMOM JleJie KaKOH-HUOy b TPeyroJIbHUK ¢ JBYMsI cTOpoHaMu a 1 b (puc. 176).
Ecnm h

€CTb BBICOTA, COOTBETCTBYOIIAS OCHO-
BaHWIO @, TO ILIOIIAJb TPEYrOJbHU-

1
ka A paBHa 3 ah. 1o nocsesHEE BBHI-

b paXkeHue, 0YeBUHO, IPUHUMAET HAM-
T OoJibIllee 3HAYEHME MPU HAWOOJIBIIEM

/b,/ h! T BO3MOXKHOM 3HAYEHUU h, ITO CJIyIUT-

7 | TS csl UMEHHO Tpu h, paBHOM b, T. €. TO-

a 171, KOTJ[a TPEYTOJbHUK IPIMOYTOIb-

Helil. Tak, MaxcuMaJibHas IJIOIIAb
Puc. 176. Makcumywm 1iom@aau Tpe-

YTOJIbHUKA [IPU JIBYX JAHHBIX CTOPO- paBHa 3 ab.

2. TeopeMe{{ afepOHa. DKCcTpeMaJIbHOE CBOWCTBO CBETOBBLIX JIy-
veir. Jlana npsimass L u gBe Touku P u () 10 OJHY U Ty 2Ke ee CTOpO-
ny. Kak BeiOpars TOouky R Ha mpsamMoil L ¢ TakuM pacderoMm, ITOOBI CyM-
ma orpe3koB PR + RQ nmaBasa kpargaitmunii myts or P K () ¢ 3axomom
na L? B srom 3akmovaercs npobiema [epoHa o cBeToBoM Jjyde (TOYHO
TaKyIo 2Ke [IpobJIeMy IPUXOJUTCHA PelIaTh TOMY, KTO, Kejasd U3 TO4ku P
KaK MOXKHO CKOpee MPOATH B TOUKY (), JOJI2KEH ObLI OBI 110 JOPOre MoI0NTH
K L: upencraBbre cebe, uro L — Geper peku, W TaM HYKHO 3a9epIHYTh
BeZPO BOzbl). UTOOBI IOJNYyYUTH DEIeHUe, IOCTPOUM 3€PKAJLHOE OTParKe-
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Hre P’ Touku P oTHOCUTeNbHO IpsiMoii L, u Torma nupsamas P'(Q) nepeceka-
er L kak pa3 B uckomoit Touke R. Jlerko mokasarsb, ato PR + R(Q) MeHb-
me, yem PR’ + R'Q, rne R’ — yirobasi Touka Ha L, oriuunas or R. [leii-
creurenbio, PR = P'R u PR' = P'R’, 3uauntr, PR+ RQ = P'R + RQ =
=P'Qu PR + RQ=P'R + RQ. Ho P'R' + R'Q 6omnbmie, gem P'Q) (Tax
KaK CyMMa JBYX CTOPOH TPEYIOJIbHUKA OOJIbIIE TPEThell CTOPOHBI), T. €.
PR + R'Q o6ombme, yem PR +
RQ, aro u TpeboBajioch J0Ka3aTh.

B nasnbrelimeM cymmecTBEHHO TIpe/I-
noJjiarath, uto P u @) me jiexkar Ha
camoii ipsimoit L.

W3 puc. 177 Bupmno, uro £3 = L
=/2u /2= /1, tak uro /1 = /3.
Jpyrumu cjioBaMu, TOYKa R Tako-

Ba, 4T0 PR u QR o6pa3yor onuHa-
koBble yribl ¢ L. Orciona ciesyer,

YTO CBETOBOH JIyd, OTPaKAIOIIHUI-

ca or L (a upu orpaxkeHun, Kax Puc. 177. Teopema I'epona
[TOKA3bIBAET IKCIEPUMEHT, yTOJI Ia-

JIEHUSI PABEH YIJIy OTPasKeHHUsl ), JeHCTBUTEILHO 0OPAINAET B MUHUMYM Iy Th
u3 P B Q ¢ 3ax0/10M Ha L — B COIVIACUU C BBICKA3AHHBIM YTBEPKICHUEM.

3amady MOXKHO 0000INTH, BBOAA HECKOJbKO mnpsambix L, M, ... Pac-
CMOTPHUM, HAIpUMEP, Caydail, Korma mmeiorcsa gape upsambie L, M u nse
Touku P, (), pacrojiokeHHble, KaK Ha puc. 178, U 1OCTaBUM IIeJIbI0 Hali-

»Q"
7

Puc. 178. Orpazkenue B AByX 3epKajax

M Kpardaiimmii myTs u3 P B ) ¢ 3axomoM cHavasa Ha L, morom Ha M.
IIyctb Q' — orpaxkenue () oraocuresbHo M u Q" — orpaxkenue ) orHOCH-
tesibHO L. Ilposemem mpsimyto PQ”, nepecekatoryto L B Touke R, u mpsi-
Myt RQ)', mepecekaromyro M B Touke S; Torma PR + RS 4+ SQ u ecrb
MCKOMBIN KpaTJdafmuii myTh. JloKka3aTesbCTBO MOM00HO IPUBEIEHHOMY BBIIITE
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¥ TPEeIOCTABJSIETCS UNTATENI0 B KadecTBe ymnpakaenus. Ecim O6b1 L uw M
OBLIM 3€epKaJlaMH, TO CBETOBOH Jiyd u3 P, IPUXOIAIINIl II0Ce OTPaXKEHUs
B L, morom B M B TouKy @, omnajias 661 Ha L B Touke R, a Ha M — B Touke S|
WTaK, CBETOBOI JIyd ONSITh-TaKu W30pasi Obl Jiisi cebsi IIyTh HAUMEHbIIEH
JIJTVHBL.

Puc. 179. BapuanT npeapiayieit 3aaaamu

MoxkHO OBLIO OBl TaKKe MOCTABUTH 3aJaTy HAXOXKICHUS KpaTdaiImero
nytu u3 P B () ¢ 3axomoMm cHavasia Ha M, morom Ha L. Takum mposkeH
6biTb myTh PRSQ) (puc. 179), ompenesnsiemblii anasornano mnyta PRSQ),
paccMOTpEHHOMY paHbIie. /[JinHa 5TOro HOBOTO My TH MOXKET OKA3AThCS WU
GoJIbIIell, MM MEHBIIEll, WX PABHON JJIMHE MIPEYKHETO IIyTH.

* Vnpaxkaenue. [TokaxkuTe, 9TO HOBBIN IyTh GOJIBINE TPEKHETO B TOM CJTIy-
4dae, ecaiu TouKa P u npsimas M jexxar mo oxay cropony upsmoit OQ. B kakom
cJiyyae HOBBIN U MPEXKHUN IIyTH OKAXKYTCsSI PABHBIMU !

3. IlpumeHeHusi K 3aga4aM O TpeyroJdbHUKax. C IIOMOIIbIO TEOpe-
MbI ['€pOHA MOXKHO JIETKO PENIUTDH CJIEIYIONINE JIBE 3a/aH.

a) 3aJiaHa 3apaHee miomaap A
" OJiHa CTOpOHA ¢ = P(Q) TpeyroJib-
HHUKa; CPEIN BCEX TAKOTO POJIA Tpe-
YTOJILHUKOB TPeOyeTcs HAWTHU TOT,
JI7IsT KOTOPOT'O CyMMa JIBYX JIPYTUX
CcTOpOH a u b HauMmeHbIast. Bmecto
TOro 4TOOBI 33/aBaTh CTOPOHY C U
mwoma b A TpeyroJibHUKa, MOYKHO
3a7aTh CTOPOHY € M BBICOTY h, OITy-

Puc. 180. TpeyronbHIK HaMEHBIIETO ITe-

puMeTpa IIpu JaHHBIX OCHOBaAHUU U IIJIO-
AT Takum obpa3om, 3aj1a9a CBOTUTCS

K TOMy, 9ToOBI HaifiTm Touky R (puc. 180), HaXONAIIYIOCS Ha PACCTOs-
Hun h or npsiMoit P(Q), m mpUTOM Taky, UTO CyMMa CTOPOH a + b obpa-
maercs B MHHAMYM. 3 MEPBOTO yCJIOBUS CJIEAYeT, 9TO TOYKa R JIOIK-

MIEHHYIO Ha ¢, TaK Kak A = ihc.
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Ha OBITH PACIOJIOXKEHA Ha IpsSMOIi, IapaJjuiebHoil npsmoii P(@Q u orcro-
dmeit oT Hee Ha paccTogHmm h. Pa3 3TO yCcTaHOBIEHO, CTAHOBUTCS $1C-
HO, YTO 3ajada Pelaercsi C IIOMOIIbI0 TeopeMbl [epoHa B IpUMEHEHUU
K TOMYy cjaydar, kKorga P u () HaxoasaTcs Ha OJHOM W TOM K€ pac-
CTOSHUM OT mpsiMoii L: wmckowmblili TpeyrosbHUK PR() paBHOOEIDEHHBII.

6) Ilycrb B TpeyroJibHHKE JaHbI OJHA CTOPOHA ¢ U CyMMa a + b AByX
IPYTUX CTOPOH; TpedyeTcs: M3 BCeX TAKUX TPEYTOJIbHUKOB BHIOpATH TOT, y
KOTOPOI'O ILIONIAb HANOOJIbIast. JTa 3a/1a49a — 0OpaTHAs 110 OTHOIIEHUIO K
3as1a49e a). PeleHneM sIBIISIeTCs] ONSATh-TAKKM PABHOOEIPEHHBIN TPEYTrOJbHUK,
st Koroporo a = b. Kak Mbr y2xe Bujesn, [yt TAKOTO TPEYTrOJbHUKA IPU
3a/IAHHON IUIOMAAM CyMMa @ + b IpHHHMAaeT HAaWMEHbIee 3HAUEHUE; ITO
3HAYAT, YTO BO BCAKOM JIDYI'OM TPEYTOJIbHUKE C OCHOBAHUEM C U TOW 2Ke
IJIOIMAJIBI0 cyMMa @ + b nmeer Gosbiiee 3Haderne. C apyroil CTOPOHBI, U3 a)
SICHO, YTO BO BCSIKOM TPEYTOJIbHUKE C OCHOBAHMEM C W ILIOIIAIbI0 OOJIbIIEN,
9eM ILIOIAJIb PACCMATPUBAEMOr0 PaBHOOEIPEHHOIO TPEYroJbHUKA, 3HAE-
Hue a + b takxke Oyzger Oosbie. OTCIOa CleayeT, 9TO BCAKAN JIPYroit Tpe-
YTOJIbHUK, UMEIOIIUI 33/ [aHHble 3HAYCHU I @ + b U 171 ¢, JOJKEH UMETh
MEHBIIYIO IJIONIA/Ib, TAK YTO HAUOOJIBIIYIO IJIOIIA b [IPU 33/IAHHBIX ¢ U & + b
“MeeT UMEHHO paBHOOEIPEHHbINH TPEeyTroJIbHUK.

4. CsolicTBa KacaTeqbHBIX K 3JmIicy u rumepb6osie. CoorBer-
CTBYIOIIIUE 3KCTpeMaJsibHble cBoiicTtBa. C Teopemoii 'epona cBs3amb
HEKOTOPbIE BasKHbIE reoMeTpuiecKue 3aaa4u. Mbl ycranoBuin, 9to ecian R —
Takas TOYKa Ha mpsiMoit L, uro PR + R() obpariaercss B MUHIUMYM, TO TIPsi-
Mble PR 1 R(Q) obpa3yior ojguHakoBble yriibl ¢ L. Obo3HAYNM MUHIMAJIBLHOE
suadenne PR + R() depe3 2a. [lycTb, ¢ 1pyroit CTOpOHBI, p U ¢ 0O03HAYAIOT
paccrosHus
MIPOU3BOJIBHOW TOYKH ILJIOCKO-
CTH COOTBETCTBEHHO OT TO-
ek P un @Q); paccMoTpuMm reo-
METPUYIECKOE MECTO BCEX TOUEK
ILUIOCKOCTH, JJIs KOTOPBIX P +
q = 2a. DTO TreoMeTpUIECKOoe
MecTO — 3juuIc ¢ ¢pokycamu P
u (), TpPOXOJAInil Yepe3 ToU-
Ky R wa mpamoit L, mpuyem
npamas L wacaemesa amoezo sa-
aunca 6 mouxe R. JlefictBu-
TeIbHO, ecau Obl mpsaMasa L me-
pecekaJjia JUIMIIC elle B KaKOi-
TO TOUYKe, KpoMme R, TO cymecTBOBaj ObI OTPE30K NpsMON L, JeKaruii
BHYTPH SJITUIICA; JIJIs KaXKJIO0H TOUYKN 9TOr0 OTPE3Ka p + ¢ ObLI0 OB MEHbIIIE,
qeM 2a: B CAMOM JieJie, JIeTKO yOeIUThCs, ITO P + ¢ MEHBIE Win OOJIbIIE,

Puc. 181. CpoiicTBO KacaTe/JbHON K 3JITUIICY
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qeM 2a, CMOTPS IO TOMY, HAXOJUTCS JIM PAcCMATPUBAEMas TOYKA BHYTPHU
win BHe juinica. Ho Tak Kak Mbl 3Ha€M, 4TO JJIs TOYEK Ha upsmont L
HEIPEMEHHO P + ¢ 2 2a, TO CJICJIAHHOE IIPEIIIOJIOXKEHIE TPUXOJINTCS 0TOPO-
cuth. Urak, npsimast L — KacaTesibHasI K 3J1uICy B Touke R. Kpowme Toro, mMbr
3HaeM, 90 PR n R() 06pa3yoT OIMHAKOBBIE YTJIbI C L; OTCIOA B KA4eCTBE
MOOOYHOrO PE3yJIbTaTa HAIINX PACCYKICHUI BBITEKAET BarKHAsl TEOPEMa:
KacaTeJbHas K SJUINIICY 00pa3yeT PABHBIE YIVIbI C IIPSIMBIMU, IIPOBEIEHHBIMUI
13 POKYCOB B TOUKY KACAHUSI.

Crenyromas 3ajada pojcTBeHHa mpeapiayineit. lana npsvast jsuaus L
u gse Touku P u @ 1o pasnwe cropoust L (puc. 182); tpebyercsa maiitu
Takyio Touky R Ha L, 9Tobbl BesuuuHa |[p — ¢, T. e. abCooTHAS BeJudnHa,
pa3Hocmu PacCcTosHmit Toukn R
or P u @), 6blIa KaK MOXKHO 0045~
we. (Mbr monyckaem, uro L me
SABJISIETCS MEPIEHIUKYJISIPOM, BOC-
CTABJIEHHBIM W3 CEPEIUHBI OTPE3-
ka PQ: unade p — ¢ paBHAJIOCH ObI
HYJIIO JIIs BCAKOI Touku L, 1 3a1a-
9a norepsiia 661 cMbicit.) Ilpucty-
1asi K PEIeHuIo 3a/1a91, TIOCTPOIM
3epKaJibHOE OTpaykeHue TOUYKu P
OTHOCHTEJILHO L: oIy YeHHast TOY-
Ka P’ pacroiozkena 1mo Ty e CTO-
pory L, uro u ). Kakoa Obl HU

Puc. 182. |[PR — QR| = maximum 6bL1a, Touka R’ ma L, MBI mMeeM:

p=RP=RP, q=RQ. Tak kak
Pa3HOCTH JIBYX CTOPOH TPEYTOJbHUKA HUKOTJA HE IPEBBIMIAET TPEThEN CTO-
POHBI, TO, paccMaTpuBas TPEyroJbHUK R'QP’, MOXHO 3aKJIOYATH, YTO
BesqmunHa |p — q| = |R'P' — R'Q| menbme wim pasHa P’Q); u, Kak BUIHO
73 Yepreka, TOJBKO IPH ycjioBuu, 9ro R, P’ u () pacuosioyKeHbl Ha OJIHOI
upsaMoii, |p — ¢| Mmoxer okazarbes pashoim P'Q. TlosTomy uckomast Touka R
€CTh TOYKa IepecevdeHus IpsAMoil L ¢ mpsmoii, mpoBeeHHol depe3 P u Q.
Kak u B ipegpiaymieit 3a/1a4e, He MPECTABISLET TPYIA YCTAHOBUTD, CCHLIIASICH
Ha KOHIDYSHTHOCTb TpeyrojbHukoB RPR' u RP'R’, 4ro yribl, KOTOpbIE
orpesku RP u R() cocTaBJIslIOT ¢ MpsiMOii L, OJINHAKOBHI.

Orcrona, Kak W B NpexKHEH 3ajade, y»Ke HUYEro He CTOUT ITOJIy4HUTh
CBOMICTBO KacareibHOU K runepbose. [lpmaumass Hambosbllee 3HAYEHUE
pasuoctu |PR — RQ)| paBubIM 2a, PACCMOTPUM [€OMETPUIECKOE MECTO BCEX
TOYEK B IJIOCKOCTH, JJIs KOTOPHIX abCOIIOTHAs BeJIMYWHA P — ¢ PaBHA 2a.
D10 — runepbosa ¢ dpokycamu P u @, npoxojsiias depe3 Touky R. Jlerko
yOeUThCSI, ITO abCOIIOTHASI BEJMYUHA D — ¢ MeEHbIle 4ueM 2a B o0Ja-
CTH, 3aK/IFOYEHHON MEXIy JIBYyMsl BETBSMHU THIIEpOOJIbI, U OOJIbINe YeM 2a
0 Ty CTOPOHY KaXKJIOH ©3 BEeTBe#l, 10 KOTOPYIO JIEXKUT COOTBETCTBYIO-
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muit dpoxyc. OTCiofia — B OCHOBHOM C IOMOINBIO TAKOH YK€ apryMeHTaIuH,
KaK ¥ B CJydYae 3JUINIICA, — BBITEKAET, YTO IpsaMasd L KacaeTcd Truiep-
6osiel B Touke R. K KoTOpo#t mMeHHO u3 BeTBeil mnpsimMas L sBjseTcs
KacaTeJIbHOI, — 9TO 3aBUCHT OT TOrO, KOTOpas u3 TodeK P u () Oymmxke
K L: ecmu Ommxe Touka P, TOo Kacaercs mpsimoii L. Ta BEeTBb, KOTOpAast
okpyxkaer P; m amajormuno mia ()
(puc. 183). Ecim P u () maxomsarcs
HA PaBHBIX PACCTOSHUSX OT IIPAMOit L,
TOo L He KacaeTcs HU TOW, HA JIPYTroi
BeTBU TUNEPOOIbI, a SBJSETCH OJIHOM
u3 ee acumaToT. O6 3TOM pe3ysbTa-
Te TO3BOJIUTEIBHO JOTA/IBIBATHCA HC-
X0/ M3 TOTO COOOPaXKEHUs, UTO OIlU-
CaHHOE BBIIIIE ITOCTPOEHNE B paccMaT-
pUBaeMOM CiIydae He JaeT HHUKAKOH
(koHeuHOIT) TOukM R, Tak Kak Mpsi-
Mast P’Q OKAa3bIBaAETCI HapaﬂﬂeﬂbHOﬁ Puc. 183. CgoiicTBo KacaTe/JbLHOH K
psiMoit L. rutepboJie

Tak ke Kak U B CiIydae 3JUIUIICA,

HAIIU PACCYZKJICHUS IPUBOJSAT K XOPOIIO U3BECTHON TeopeMe: KacaTebHasl,
MIpOBEJIeHHasi B JIIO00# TOYKEe TrunepOoJibl, JAEJTUT IOMOJIaM YTOJ MEXKILY
OTpe3KaMu, IIPOBEIEHHBIMA U3 (DOKYCOB B TOUKY KACAHMSA.

MozkeT 1moKa3aThCsd CTPAHHBIM, 9TO IPUXOIUTCS PEIIaTh 33129y O MUHU-
MyMe, ecjii TOYKE P u () jiexkar 1o ofiHy cTropony L, Torja Kak ecjii TOYKU
JIe2KaT 10 pa3Hble CTOPOHBI L, MBI PAaCCMATPUBAEM 3aJIady O MaKCHUMYMe.
Ho merpymHO IpuilTH K 3aKII0YEHUIO, YTO YKa3aHHOE PA3/INIHe COBEPIICHHO
ecTecTBeHHO. B mepBoit 3ajade npu ymajgenun 1o mnpsimoit L B Geckoned-
HOCTb — B OJ[HYy WJIM B JPYTYIO CTOPOHY — KaKJ0€ W3 PACCTOSHUI P U ¢,
CJIEJIOBATENIbHO, U UX CyMMa, HEOIDAHMYEHHO BO3pacTaeT. Takmm o0pasoM,
ObLTO OBl HEBO3MOXKHO HAiiTH HAMOOJIbIIEe 3HAYMEHUE P + ¢, U €IUHCTBEH-
HOIT BO3MOXKHOII SIBJISIETCS TIOCTAHOBKA 3a/[adl O Munumyme. Jleso obcronT
COBEPIIIEHHO WHAYe BO BTOPOil 3ajade, Korma P u () jieykar 1o pa3Hble CTO-
poubl L. B sTom ciydyae ne OymeM CMEMUBATH TPU PA3IUIHBbIE BEJIUIUHBI:
PasHOCTB P — ¢, OOPATHYIO PA3HOCTH ¢ — P U abCOTIOTHYIO BEJIMIHHY |p — ql;
MMEHHO, JIJIl [TOCJIe/THEN BEeJTMYMHBI MBI OIIPeNeIsain makcumym. Kaxk obcro-
UT JIeJI0, JIErde BCEro IMOHATh, €CJIM IPEJICTABUTE cebe, 9T0o ToOUKa R IBUKeTCs
o mpstMoit L, 3aHnMast pasimanble nojoxkenns R, Ry, Rs, ... CymectByer
Takoe moJiokenue R, 1y KOTOPOro Pa3HOCTh P — ¢ OOPAIAETCHA B HYJIb; IPU
9TOM mpsiMasi L mepecekaeTcsi ¢ MepIeHUKYIsIpOM K oTpe3Ky P(Q), mpose-
JIEHHBIM U3 €r0 CepeuHbl. fICHO, YTO IPH TOM IOJIOKeHn:u Touka R maer
MUHUMYM Jist abCoIoTHOM BesmduHbl |p — ¢g|. Ho 1o oHy cTopoHy OT 9TOM
TOYKU p OOJIbINIE, YeM ¢, 10 JAPYTYI0 — MEHbINe; 3HAYWUT, BeJIUIUHA P — ¢
MIOJIOYKUTEJIbHA 10 OJHY CTOPOHY TOYKHU M OTpUIaTeabHa — 1o apyryo. Cie-
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JIOBATEJILHO, CAMa 9Ta BEJUYUHA He UMeeT HU MAKCHUMyMa, HH MUHHMYMAa
B Touke, rae |p — q| = 0. C mpyroit cTOpoHBI, Ta TOYKa, B KOTOPOH |p — ¢
“MeeT MaKCUMyM, HABEPHSKA JlaeT IKCTpeMyM i p — q. Eciu p > ¢, TO
MMEETCsl MAaKCUMYM JJISl P — @; €CJIN ¢ > P, TO MAKCUMYM JIJIst ¢ — P U, 3HATUT,
MUHUMYM JJIist p — ¢. VIMeeTcst in MAKCUMyM WM MUHUMYM JJIS P — ¢, 9TO
3aBUCUT OT MOJIOYKEHU JIBYX JIAHHBIX TOYEK OTHOCHTEILHO TPsiMOii L.

B ciiyuae, eciin P u () HaXOAsITCsI HAa PABHBIX PACCTOSHUAX OT L, pereHus
38,1891 0 MaKCAMyMe, KaK Mbl BHJIeJIM, HET BOBCE, TaK Kak npsamas P'Q) (cM.
puc. 182) mapasiensua L. U Torma npu ynanenun R B GECKOHEYHOCTH B
TOM WJIM B JPYI'OM HANPABJICHUU BEJUYUHA |p — ¢| CTPEMUTCS K HEKOTOPOMY
KOHEIHOMY TIpeJIeTy. DTOT IPEJIe eCTh He UTO WHOEe, KaK JIINHA S MPOEK-
un orpeska PQ) Ha npsamyio L (duraTesb MOXKET JOKA3aTh 9TO B KAUeCTBe
ylpaykHeHus1). BesmdnHa |p — | Ipu paccMaTpuBaeMbIX OOCTOSITEIBCTBAX
BCerJia MeHbIIle, YeM Ipejiesl S, U MAaKCUMyMa He CYIIeCTBYeT, TaK Kak, Ka-
KoBa ObI HU ObLa JTaHHAsi TOYKa R, BCerja MOXKHO yKa3aTh JIPYyryio, boJee
YIAJIEHHYTO, JJisi KOTOPOU |p — ¢| Bymer GoJiblie U, OJHAKO, elle HE COBCEM
PABHO S.

*5. DKcTpeMajlbHbIE PACCTOSHUSI TOYKM OT JAHHOM KpPUBOIA.
Haunem ¢ Toro, uro ompesesmm HauboJibIllee ¥ HAWMEHbIIIEE PACCTOSTHUST
nauHO Touku P oT Touek manuoit kpusoit C. IIpemmomokum [1j1st TPOCTOTHI,
aro C' ecThb mpocTast 3aMKHYTasl KPHUBasd, UMEIOIAas BCIOAY KACATEIbHYIO
(puc. 184). TlousaTue KacaTeabHON K KPUBOI, IPUHIMAEMOE 3/1eCh Ha UHTY-
UTHBHOI OCHOBE, OYyJeT IOJABEPrHYTO aHaau3ly B cjejayromeil riuase. OrTBer
OYeHb IIPOCT: ecJin i HeKoTopoit Touku R Ha C' paccrosiane PR jocturaer
MUHUMYMa WJIA MAKCUMyMa, TO
npsmas PR HenpeMmMeHHO mepreH-
JUKYyJIpHa K KacarejpHoil K C
B Touke R; KOpode roBOps, Ips-
mast PR uepnenjgukynsipaa K C.
Jloka3aTeabCTBO BHITEKAET U3 CJIe-
JIYIOIIEr0 0OCTOSITEIbCTBA: OKPY K-
HOCTBb C IeHTpoM P, mpoxomdamas
qepe3 R, mosrkHa OBITH KacaTelb-
Hoit K kpupoit C. [leiicTBuTe/IBHO,
ecsiu R ecTb TOYKa HAMMEHBIIIETO
paccrostaust, T0 KpuBast C JTO7K-
Puc. 184. Dkcrpemasbuble paccTosduns go  Ha MEJIUKOM JIeXKaThb BHE Kpyra n

TOYEK KPUBOIi [I03TOMY B TOUKe R He MOXKeT ero

rlepeceKkaTh; eciau ke R ecTb Touka

HanbOJIBINEro paccTosiausi, To C' IOJKHA IEJIMKOM JIeXKaTh BHYTPU KPyra u
[IOTOMY OLATH-TAKU B TOUKe R mepecekarh ero e Moxker. (Dro ciemyer u3
TOrO OY€BUIHOTO (PAKTA, YTO PACCTOSHUE HEKOTOPOIl TOYKU OT P MeHbIIe,
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qem RP, ecau 3Ta TOYKA BHYTPH Kpyra, u Oosibiie, uem RP, ecau ona BHe
ero.) Wrak, OKpy»>KHOCTb M KpHUBas Kacalorcd B To4uke R, W KacarejbHas
y HEX B 9TOH Touke omHa u Ta Ke. Ocraercss 3aMeTUTh, 9TO OTpe30K PR
KaK PaJinyC OKPYKHOCTU IMEPIIEHINKYJISIPEH K KACcaTeJbHON K OKPYXKHOCTHU
B TOouke R W, cjemoBaTebHO, K caMoii Kpusoit C' B TOI 2Ke TOUKe.

B recmeiimeit cBsA3u ¢ OPeABIILYIMM CTOUT CJIEAYIONIEE IIPEIJIOKEHIE,
JI0Ka3aTeIbCTBO KOTOPOIO IIPEIOCTABIIAETCS YUTATEIIO: TUaMETD 3aMKHY TOMN
kpupoii C' (T. e. HAUOOJIBIIAST U3 ee XODPJ[) B CBOUX KOHIAX 00s3aTeIbHO Mep-
neniuKyJisiped K C'. AHaJIOTHYHOE yTBEPXKIEHe MOYKHO C(DOPMYINPOBATh U
JOKA3aTh JJIsi TPEXMEPHOT'O CJIydasi.

VYopaxkueuue. Jlokaxkure, 9T0 HAUKPATIANIINAA 1 HAUITUHHEAIIINNA OTPE3KH,
CBA3BIBAIOIINE JIBE B3aUMHO HellepeceKaloluecs 3aMKHYTble KpUBbIe, IIepIeH UKy -
JIAPHBI B CBOUX KOHIIAX K CAMBIM KPHUBBIM.

MozxkHO 0600IUTh 1 339K IYHKTa 4, KACAIONIUECS CYMMBbI U Pa3HOCTH
paccrosiauii. PaccMoTpum BMecTo TpsiMOil JIMHUU L MPOCTYIO 3aMKHYTYIO
kpuByio C', 06JIa/IaloNIyI0 KacaTeJIbHONH B KaXKJIOfl TOYKe, U elle JiBe TOY-
ku P u @, ue nexarmume va C. [Tocrapaemcst oxapakTepru30BaTh T€ TOYKH HA
kpusoii C, JiJIsI KOTOPBIX CyMMa, P + ¢ UK
Pa3HOCTb P — ¢ NPUHUMAKT KCTPEMAJIb-
Hble 3HaUeHUs (IPUYEM P U ¢ 0003HAYAIOT
COOTBETCTBEHHO PACCTOSTHUS TEPEMEHHOMN
rouku Ha C or Touek P u Q). Teneps yzke
HEJIb3d IIPUMEHUTDH TO IIPOCTOE, OCHOBAH-
HOe Ha OTParKEHUU, IIOCTPOEHUE, C IIOMO-
MbI0 KOTOPOTO MbI PeNIuan 0be 3aadu
B ciaydae, Korma C ObLIa TpPSMON JIMHU-
eit. Ho MBI MOXKeM BOCIIOJIB30BATHCS JJTsT
IIOCTaBJIEHHOU 3/1€Ch I1€JI CBOICTBAMH 3JI-
siarica u runepbosibl. Tak kak C' Ha 5TOT
pa3 — 3aMKHyTasl KpuUBasl, a He JIMHUS,
yXOJsIas B GECKOHEYHOCTh, TO U MAaK-
CUMyM U MUHHUMYM Ha Heil JIefiCTBUTEIb- Puc. 185. MakcumyM # MUHIMYM
HO DPeAJIM3yIOTCs: B CAMOM JIeJie, MOYKHO cysm PR+ QR
HE II0/IBEPraTh COMHEHUIO TO 0OCTOATE b~
CTBO, 9TO BEJIUYUHBI P + ¢ U P — ¢ JOCTUTAIOT U HAUOOJIBINEr0 U HAUMEHb-
[Iero 3HAYEHUH Ha BCAKOM KOHEYHOM CEIMEHTE KPHUBOM, CJIeI0BATEIHLHO, HA
3aMKHYTO KpuBoii (cM. § 7).

OcranaBiuBasiCh Ha CJIydae CYMMBI P + ¢, TPEIIOJIOXKHUM, 910 R — Ta
Touka Ha C, B KOTOPOHl MMeeT MEeCTO MAKCHUMYyM; IYCTb 24 €CTh 3Hadve-
HUe P + ¢ B 3710 TouKe. PaccMorpuMm syunc ¢ dpokycamu P u () — reomer-
pUYecKoe MeCTO TOY€K, JJjis KOTOPBIX P + ¢ = 2a. DTOT JUIUIC B TOUKe R
JIOJKEeH KacaTbed KpuBoit C' ([0Ka3aTe/IbCTBO IPEJIOCTABIIACTC YUTATENIO B
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kadecTBe yupaxkaenus). Ho mbl Bugesu, uro orpesku PR u QR o6pasyior
OJIMHAKOBBIE YIJIbI C HJUIMIICOM B TOYKe R, W TaK KakK dJUIUIC B TOYKe R
kacaercs Kpuboii C';, To orpesku PR u (QR 06pa3yioT B TO 2Ke TOUKE TaKKe
onuuakoBbie yriibl U ¢ C. COBEPIIEHHO aHAJOIUYHOE PACCYKICHHUE IIPUBO-
JIUT HAC K TOMY K€ pe3yJjbTaTy U B Cjaydae, ecau B Touke R cymma p + ¢
obparaercst B MUHUMYM.

Urak, Mbl npunum K Teopeme: dana 3amxnymas xpusas C u dee mou-
xu P u @Q ene ee; moada 6 kasicdol us movex R, 6 xomopwx cymma p + q
NPUHUMAET, HAUOOADULEE UAL HauMeHbuLee 3naverue na kpusot C', ompes-
ku PR u QR obpasyiom odunaxosvie yzavi ¢ camol xpueot (m.e. ¢ ee
Kacameavol).

Ecin trouka P Buytpu C, a Touka @ BHe C, TO TeopeMa OCTaeTCs CIpa-
BEJIJIUBOM JIJIsI TOW TOYKH, TJie p + ¢ MPUHAMAET HAMOOJIbINee 3HAYEHUE, HO
OHa TEPSAET CMBICJI JIJIsI TOYKH,
rie p + ¢ IpUHUMAET HAUMEHBIIee
3HAYEHME, TAK KaK JITUIC BBIPOK-
JlaeTCd B OTPE30K IIPAMOIA.

Paccyxnas amajgormaabiM  00-
pa3oM (BOCIIOJI30BABIINCH BMECTO
CBOWCTB 3JIIUIICA CBORCTBOM IUIIEp-
60JIbI), YUTATENH CMOXKET NOKA3AThH
CJIEIYIONLYIO0 TeOpeMy: daHa 3aM%K-
nymas xkpusas C u dee mouxu P
u Q — odna ewympu, dpyaasn ene C,
moeda 6 kasicdoli uz mexr mover R
na C, 2de pasnocmov p — q NpuHU-
Puc. 186. Munumywm pasnoctu PR — QR MGEM HOUOOADUIEE UAU HAUMEND-

wee 3navenue, ompesku PR u QR
obpasyrom odunarosue yeav, ¢ camoli kpusoti C. Ho HyKHO BMecTe ¢ TeM
OTMETHUTD, YTO MEXKJy cjiydaeM, Kornaa C — npsiMasi, u ciydaem, korja C —
3aMKHyTasl KpUBas, €CTh CYIIECTBEHHOE Pa3jiMuue: B IIEPBOM CJIydae Mpu-
XOJUTCS PA3BICKUBATH MAKCUMyM abCOJIIOTHONW BEJUYUHBI PA3HOCTH, T. €.
MaKCUMYyM |p — ¢|, Torja Kak BO BTOPOM caMa Pa3HOCTb P — ¢ JOCTHUIAeT
7 HAUOOJIBIIErO U HAUMEHBIIIErO 3HAYEHUIA.

§ 2. OOmuii MPUHIUI, KOTOPOMY IOIYNHEHBI
3KCTpeMaJIbHbIe 3a/1a4U

1. ITpuamun. Ilpeabiayinue 3a7a9u SBISIOTCS YACTHBIMU CJIyIasIMU
HEKOTOPOH 00111t TpobJIeMbI, KOTOPYIO ya00Hee Bcero chopMyInpoBaTh aHa-
JmTudeckn. Bo3Bpalnasich K epBoil U3 pacCMOTPEHHBIX 3a/1a4, Kacaroleicst
CYMMBI P + ¢, MBIl BUJUM, 9TO OHA 3aKJOYAETCSI B TOM, 9TOOBI, 0003HAYUB
qepe3 T, Y KOOPIAMHATHI TOUKHU R, 9epes3 Ty, Y;, KOOpaAnHATH ToUKn P u 1epe3
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Tg, Yo KOOPJIUHATHI TOUKHU (), HAWTH SKCTpEMAJIbHbIE 3HAYEHUsT (DYHKITUU

f(z,y)=p+gq,

rae 1IOJIO2KEHO

— 2 2 — 2 2
p=VE—m)+y-n)> =@ —2)2+ (y—1)>
PaccmarpuBaemas: dyHKIMs HepepbIBHA BO BCEH IJIOCKOCTH, HO TOYKa R
¢ KOOpJMHATAMHU &, Y MOMYNHEHa TPeOOBAHWIO HAXOIUThCs Ha Kpusoil C.
Dra TOCIeNHssT KpUBasi, JIOIYCTHM, OIpeJiesieHa ypabHenueMm ¢(z, y) = 0;
Hanpumep, ypagaenueM z° + y? — 1 =0, eciim C' — ejuHUYHAA OKPY?KHOCTb.

f(x,y)

R

R,

Puc. 187. Dkcrpemymbl QyHKIMY HA KPUBOIA

O6patumMcs Temepb K oOIeit 3ajade: HAWTH SKCTpEMAaJIbHbIE 3HATCHIUS
HEKOTOPOii januoit dyukuun f(x, y), eciu nepeMeHHble & U Y MOUUHEHbI
yeaosuio g(z, y) = 0. Ilocrapaemcs oxapakTepu3oBaTh pelieHue Toil 3aa-
au. JIj1st 3TOro paccMOTPUM CeMeicTBO KpuBbIX f(z, y) = ¢; IpH 9TOM IO
«CeMeCTBOM» KPUBBIX IOHUMAEM COBOKYIIHOCTb BCEX KPHBBIX, OIpeJeisie-
MbBIX YKA3aHHBIM YPABHEHUEM IIPU PA3JIUYHBIX 3HAUCHUSIX OCTOSHHON ¢ (HO
TAaKOe 3HAYEHUE HEU3MEHHO JIJIsl BCEX TOYEK KAXKJIOi KPUBOW B OTIEJILHOCTH).
[Ipenmonoxkum, 9T0 Yepe3 KaxKIyI0 TOYKY IIOCKOCTH — WJIX II0 KpaiiHei
Mepe HEKOTOPOW ee JacTu, cojepxkareit KpuByio C, — IPOXOIUT OJHA U
TOJIBKO OffHa KpuBas cemefictBa f(x, y) = ¢. Torma npu HeNPEPLIBHOM yBe-
Judenun ¢ Kpusas f(z, y) = ¢ «3aMeTaeTs HEKOTOPYIO 9aCTh ILJIOCKOCTH,
OJIHAKO IIPU 9TOM HU OJ[HY TOUKY He «3ameraeT» aBaxpl. ([Ipumepsr Takoro
poma cemeiicts: z? + y*> =c¢, x +y = ¢, T = ¢.) B wactHocTn, oHa Kpusas
paccMaTpUBaeMoro ceMeiicTsa mpoiijer yepe3 Touky R;, B koropoit f(z, y)
MpUHUMAaET HAnOOJIbIIee 3HatMeHre Ha KpuBoit C, u Jipyrasi — depe3 TOUKy Ry,
B KOoTOpOii f(x, y) npuHUMaer HauMeHbInee 3Hadenne Ha C. IlycTh HanbOIb-
l1ee 3HaYEHNE eCTh ¢, HauMenbinee — b. [To onry cropony kpugoii f(x, y) =a
suavenue f(x, y) = a MeHbIIe, YeM a, 110 APYILyI0 — 6oJibiie, yeM a. Tak Kak
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na Kpusoii C' umeer mecto HepaBeHCTBO f(z, y) < a, To kpuBasd C' J0/KHA
LIEJINKOM JIEXKaTh 110 OJHY M Ty K€ CTOPOHY KpuBoil f(z, y) = a; orciona
cyleslyer, 4To OHa B ToUke R, Kacaercs kpupoit f(z, y) = a. TouHo Tak xe
kpusasi C Kacaercst B Touke Ry kpusoit f(z, y) =b.

Urak, mokazana obrmas Teopema: ecau 8 mowke R na xpusot C ¢pynk-
yus f(z, y) umeem sxcmpemanvroe snavenue a, mo xkpusas f(x, y) =a 6
mouke R xacaemes xpusoti C.

2. Ilpumepsl. JIerko moHsTH, 9TO paHee MOJyUEeHHbIE PE3YJIBTATHI siB-
JISIIOTCST IACTHBIM CJIydaeM 3Toit obreit Teopembl. Eciu peus ujer 06 sKcTpe-
MyMe CyMMBbI p + ¢, To dyukuus f(z, y) ectb p + ¢, a Kpusble f(z, y) =c—
codokycHble yuuiickl ¢ dokycamu P u (). B coracum ¢ obimeit Teopemoit
SJLTUIICHI, IPOXOJIAIIIE Yepe3 Te TOUKKU KpuBoil C, TJe JIOCTUraeTCst IKCTPe-
MyM OJ[HOT'O WJIM JPYTroro Buja, Kacatorcs Kpusoit C' B 9Tux ToYKax. Fcim
peub uiet 06 IKCTpeMyMe pasHocTu p — ¢, To dyHkuus f(z, y) ectb p — ¢,
u torja kpusble f(x, y) = ¢ — codokycHble Tuep6ois! ¢ Gokycamu P u Q;
U B 9TOM CJIydae IUIepOOJIbl, IIPOXOJSIINE Yepe3 TOUKH, IJe JTOCTUIaeTCs

IKCTpEMyM, Kacarcs Kpusoit C.
>> .

Puc. 188. Codokycubie ssmurchbt Puc. 189. Codokycubie rumepbo.Ibt

Bor eme npumep 3amauu Toro ke tumna. JlaH orpe3ok mpaMoil PQ u
npsiMas [, ero He mepeceKaroias; TpedyeTcss yCTAHOBUTD: U3 KaKOH TOYKM [
oTpe3ok PQ BujieH 1101 HAMOOJIBIITM YIJIOM?

OyHKIWSI, MAKCUMYM KOTOPOH HAJJIEXKUT OIpPEIeUTh B ITOH 3ajade,
€CThb yroJi 0, moj KOTOPBIM U3 TOYKH, JBUXKYINEHCs MO NpaMoil [, BUjeH
orpe3ok PQ; eciiu R — Kakast yrofHO TOYKA IVIOCKOCTU C KOOPAMHATAME T, Y,
TO YIoJI, I0J] KOTOPbIM 0Tpe3oK PQ) Bunen u3 R, ects byukiusa 6 = f(z, y)
OT TIEPEMEHHBIX Z, Y. VI3 s1eMeHTapHO reOMETPUH U3BECTHO, YTO CEMEHCTBO
kpuBblX 0 = f(z, y) = const cOCTONT U3 OKPYKHOCTEH, IPOXOSIIUX Yepe3 P
u (), TaK KaK XOp/ia Kpyra BUJHA IO/l OIHUM U TEM K€ yTJIOM U3 BCEX TOUYEK
IyTU OKPY?KHOCTH, PACIIOJIOXKEHHON 10 OfHY CTOpOHY Xopmabl. U3 puc. 190
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BHIHO, 9TO, BOODIIIE TOBOPsi, IMEETCs JIBE OKPY2KHOCTH PACCMATPUBAEMOIO
ceMeiicTBa, Kacaloluecs MpsMOil [: MX IEHTPHI PACIOJIOXKEHBI 110 Pa3HbIE
cropoHbl orpeska PQ). OiHa u3 ToYeK KacaHus JaeT abCOFOTHBIA MaKCUMYM
BeJIMYUHBI O, TOrja Kak Jpyras — JUIIb «OTHOCUTEIbHBIA» MAKCUMyM: 9TO
3HAYUT, YTO 3HAUYEHUs O B 9T0i TOUKe HOJIbINE, YeM 3HAYEHUS] B HEKOTOPOI
OKPECTHOCTH PACCMATPUBAEMOI TOUKH. BoJbinumit n3 IByX MaKCHUMYyMOB — ab-
COJIIOTHBIA MaKCUMYyM — JIa€TCA TOI TOYKOHN KacaHusd, KOTOPasl PacCIIOJ0XKEeHa
B OCTPOM yIJjie, 0Opa30BaHHOM IPSIMOi | M IpojoJKeHneM orpe3ka PQ, a
MEHBIIINI — TOI TOYKOI KacaHusl, KOTOpasl PACIIOJIOXKEHA, B TYIIOM yIJie, 00pa-
3oBaHHOM 3TUMU HpsiMbiMu. (Touka nepecedennst IpsiMoii [ ¢ IpoIoIKEHTEM
orpeska PQ naer munumasibHoe 3Hadenue yriia 6, umenno 6 = 0.)

Puc. 190. 13 kakoit Touku | orpe3ok PQ BujeH 01 HAMOOIBITUM yIJIOM !

O06001masi PacCMOTPEHHYIO 3aJady, MBI MOXKEM 3aMEHUTHb IPSMYH [
Kakoi-HuOy b KpuBoit C m uckarh Touku R Ha kpusoii C, U3 KOTOPBIX
IaHHBIA OoTpe3oKk P(Q), me mepecekaromuii C, BUAEH 101 HAUOOBIMTUM WA
HAMMEHBIUM yIJIOM. B 9T0i 3a/iade, Kak U B HPEAbLIyINeil, OKPYKHOCTD,
npoxojsiiast yepe3 P, QQ u R, mosrkua B Touke R xKacarhes kpusoit C'.

§ 3. CranuoHapHble TOYkKU U auddepeHnnaiIbHOe
NCYHnCJIeHne

1. DkcTpeMasbHbIE U CTAIlMOHAPHBIE TOYKU. B mpemimecTByomumux
PaCCyKIEHUSIX MbI COBCEM HE I0JIb30BAJINCH TEXHUIECKUMU [IpUeMamMu Jud-
depeHIInaIBEHOr0 UCYNCIEHUS.

TpyHO HE TPU3HATD, YTO HAIIHU JIEMEHTAPHBIE METObI SIBJIAIOTCI OoJIee
MIPOCTBIMU U O0Jjiee MPsIMBIMU, €M MeTOIbl aHa/m3a. Boobine, 3aHUMasiCh
TOM WM MHON HAYIHON ITPOOJIEMOI, JIydIlle UCXOINTH U3 €€ MHINBULYATbHBIX
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0COOEHHOCTEIH, YeM TI0JIAaraThCs UCKJIIOUUTEIHLHO Ha OOIIIe MeTOJIbI, XOTs, C
JIpYTOil CTOPOHBI, OOIIUI TPUHIIAI, YSICHSAIONUI CMBICJT IIPUMEHSIEMBIX CITe-
[UATBHBIX TPOIIEYD, KOHEYHO, BCEIJIA JIOJIXKEH UIPATh PYKOBOISIILYIO POJIb.
TakoBO MMEHHO 3HAYEHWME METOMOB UM EPEHINATBHOIO UCIUCIEHUs TPU
PACCMOTPEHUH IKCTPEMAJIBHBIX Mpobsiem. Habroaemoe B COBpeMeHHON Ha~
YKe CTpeMJIeHHEe K OOITHOCTHU MPEJICTABIISET TOJBKO OJIHY CTOPOHY JIeJIa, TaK
KaK TO, YTO B MaTEMATHKE sIBJISIETCS HOJJIMHHO YKU3HEHHBIM, 0e3 BCSKOTO
COMHEHUsI 00yCJIOBJINBAETCS MHIMBUIYyaIbHBIMUA Y€PTAMHI PACCMATPUBAEMBIX
mpobJieM U MPUMEHSIEMbIX METOJIOB.

B cBoem wmcropuueckom pazsutnu auddepeHnaabHoe UCUNCTIeHNe B
BeCbMa 3HAYUTENBHONW CTENEHW WCIBITAI0 BO3AECHCTBUE WHIMBULYAIbLHBIX
po0bJIeM, CBSI3AHHBIX C PA3bICKAHUEM HAUDOJIBINNX U HAMMEHDBIINX 3HATCHI
BesimarH. CBSI3b MEXKJIy 9KCTpeMaJbHbIME IpobjeMaMu u auddepeniimaiib-
HBIM MCYHCJIEHNEM MOXKHO ysICHUTBH cebe ciemayromumM obpa3oM. B rinase VIII
MbI 3afiMeMcsa 00CTOATEIbHBIM u3ydeHueM poussounoit f/(x) or dynk-
mun f(z) U ee reOMEeTPUYECKOro CMbICJA. TaM Mbl yBHIUM, YTO, [OBOP:
KpaTKo, npou3Bojinas f'(r) ecTh HAKJIOH KacarejbHOW K KpuBoi y = f(x)
B Touke (x, y). [eomerpudeckn oueBHIHO, YTO B TOYKAX MAKCHMyMa WU
MUHUMYMa [JIaJIKOH KpuBoil y = f(x) KacaTesbHasi K KPUBOH HENPEMEHHO
JIOJKHA, OBITH TOPM3OHTAJBHOMN, T. €. HAKJIOH JIOJIKEH PABHSITHCS HYIIIO.
Taxum 06pa30oM, MbI OJLydaeM Jjisi TOUeK IkcTpeMyMa yeiaosue f/(xz) = 0.

YrobbI OTHATH Cebe sICHO OTYEeT B TOM, 9TO O3HAYAET OOpallenne B HyJIb
npousBoaHoil f’(x), paccMoTpuM KpuByio, uzobpazkeHuyto Ha puc. 191. Mbr
BHJIMM 37eCh I1siTh Touek A, B, C, D, E, B KOTOPBIX KacarejibHasi K KPUBOIi
rOPHU30HTAJIbLHA; 0003HAYNM COOTBETCTBYIOIIUE 3HaYeHus [ () B 9TUX TOUKAX
uepes a, b, ¢, d, e. Haubosbiiee suavenue f(z) (B npenenax obiaacru, uzob-
PaXKEHHOI Ha YepTexKe) JOCTUraeTcs B Touke D, HamMeHbliee — B TOUKe A.
B rouke B nmeercss MAKCHMYM — B TOM CMBICJIE, 9TO BO BCEX TOYKAX HEKOMO-
poti oxpecmmnocmu 10Uk B 3uadenue f(x) MeHblie, yeM b, XOTs B TOYKAX,
6iusknx K D, 3Hauenune f(x) Bce ke Gosbime, yem b. Ilo aroit npuunse
MPUHSITO TOBOPUTBb, UTO B TOUKE B MMEETCs] 0mHOCUmesvHuili MaKCUMYM
dyukuuu f(z), Torpa kak B Touke D — abcomrommnili marcumym. Toano Tak
ke B Touke C WMEET MECTO OMHOCUMEALHBIL MUHUMYM, & B TOUdke A —
abconmommoli munumym. Haxomer, 9ro Kacaercd Touku F, To B meit HeT
HU MaKCUMyMa, HI MUHUMyMa, XOTsI B Hell BCe XKe OCYIIECTBIISIETCS] PaBeH-
crBo f'(x) =0. Orcroga ciesyer, 9To obpalleHe B Hy/lb IIPOU3BOIHON f' ()
€CTb HeobToduMoe, HO HUKAK He JdoCmamouHoe YCJIOBUE JIJIs TOsIBJIEHUST KC-
TpeMyMa rIaaKoil dbynkiuu f(x); ApyruMu cjIoBaMH, BO BCAKON TOUKe, Iie
UMeeTCst SKCTPeMYM (ab6COJIOTHBI WIM OTHOCUTEJbHBII ), HEIIPEMEHHO UMeeT
mecto paseHcrso f’(z) =0, HO He BO Besgkol Touke, rae f'(x) =0, obs3an
ObITH KCTpeMyM. Te TOUKM, B KOTODBIX mpomsBojHas f'(x) obpamaercs B
HYJTb, — HE3aBUCAMO OT TOTO, MMEETCs JIM B HUX IKCTPEMYM, — HA3BIBAIOT-
ca cmayuonaprbmy. JlampHedmuit aHa M3 MpUBOAUT K HoJiee WU MeHee
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CJIOZKHBIM YCJIOBUSIM, KACAIOMIMMCs BBICIIAX IPOU3BOAHBIX (byukuuu f(x) u
IIOJIHOCTBIO XapaKTePU3YIOIMUM MaKCUMYMbl, MUHUMYMBbI U MHbIE CTallUOHAP-
HbIE TOYKH.

y D

A

Puc. 191. Cranmonapuble TOYKN (PYHKIMA

2. MakcuMyMbl 1 MUHUMYMbI (QYHKIIUIT HECKOJIBKUX II€pEMEH-
Hbix. CengioBbie TouKu. CyIIecTBYIOT S5KCTPEMAJIbHBIE TTPOOIEMbI, KOTO-
pbI€ He MOT'YT ObITH BBIPAXKEHBI C IIOMOIIILIO OHsATHs PYHKIWH f () OT 0fHOMN
repeMeHHoi. [IpocTefiiimM OTHOCATIIUMCS CIO]a ITPUMEPOM sIBJISIETCsI TTPODJIe-
Ma HaXOXKJEHUs IKCTpeMyMOB GyHKImu z = f(, y) OT JAByX HE3aBUCUMbIX
MIePEMEHHBIX.

Mpb1 Beerga MOXKeM IIpeJCTaBiATh cebe dyHKuuio f(x, y) KaK BbICOTY Z
IIOBEPXHOCTU HA/T IJIOCKOCTBIO T, Y, U 3TY KapTHUHY OyIeM HHTEPIPETUPO-
BaTh, CKaxkeM, Kak ropHbiii janmmadt. Makenmym dyukiun f(z, y) co-
OTBETCTBYET T'OPHOIl BEpINWHEe, MUHUMYM — JIHY sIMBI WJIH o3epa. B oboux
CIIydasix, €CJIM TOJIBKO MOBEPXHOCTH TVIAJIKAs, KACATEeIbHAs IJIO0CKOCTD K IO~
BEPXHOCTH 00s3aTeJIbHO TOPU30HTAIbHA. HO, TOMUMO BEPIIHH rOp U CAMBIX
HUA3KUX TOYEK B IMaX, MOI'YT CYII[ECTBOBATH U MHbIE TOYKHU, B KOTOPHIX KacCa-
TeJIbHAS IJIOCKOCTH TOPU30HTAJbHA: 9TO «CEJJIOBbIE» TOYKH, COOTBETCTBYIO-
e TopHbIM nepeBasiaM. Vccsepyem ux 6osiee BHuMaTeibHO. [Ipeamomokum
(puc. 192), uro umerorca jse Bepmuabl A u B B ropuom xpefre u iBe
toukn C' nu D Ha Pa3auvIHbIX CKJIOHAX XpebTa; mpeamosgoxuM, dro n3 C'
HaMm Hy>kHO mpoiitu B D. Paccmorpum cradana te myrtu, Bemyrme u3 C
B D, KOTOpBIE HOJIy4YalOTCs IIPHU IIE€PECeYEeHUN ITOBEPXHOCTHU IIJIOCKOCTSAMH,
npoxogsiumu depes C' u D. Kaxkjiplit Takoil 1IyTh UMEET CaMyH BBICOKYIO
Touky. [Ipu u3mMeHeHNN MOJIOKEHNST CEKYIIEH TIJI0OCKOCTA MEHSIeTCsl U Iy Th, U
MOXKHO Oy/eT HATH TaKOi ImyThb, JIJIsT KOTOPOTO HAUGHICWAA TOIKA OyIeT B
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CAMOM HU3KOM W3 BO3MOXKHBIX MoJtokennit. Hamsbicieit Toukoit ' Ha 3TOM
IIyTH $IBJIZE€TCS TOYKA OPHOI'O IIepeBaJjia B HaIlleM JaHmmadre; ee MOXKHO
Ha3BaTh TaK¥kKe ceda060U mowkol. ZIcHO, 4To B TouKe F HeT HU MaKCUMyMa,
HU MUHMMYMa, TaK KaK CKOJIb YIOJIHO OJIM3KO K F CyIIecTByrOT Ha IMOBEPX-
HOCTU TaKHe TOYKHU, KOTOphIe BbIlie I/, u Takue, kotopble HUXKE F. MOXKHO
OBLIO OBI B IPEIBIIYIIEM PACCYKICHIHN U HE OIPAHUINBATHCS PACCMOTPEHU-
€M TOJIbKO TeX IIyTeil, KOTOpble BO3HUKAIOT IIPH II€peCceueHNH ITOBEPXHOCTU
ILJIOCKOCTSIMH, & PacCMaTPpUBATh KaKue YroJHO IyTH, coeaunsitonme C' u D.
XapaKTepuCTHUKa, JaHHAas HAMU TOYKe F, OT 3TOro O6bI He M3MEHUIACD.

C

Puc. 192. T'opubrit nepesas Puc. 193. CoorBercrByomas Kapra C
JINHUASIMU YPOBHSI

Touno Tak ke, ecjau OBl MbI TOXKEIAJU OT BEPIIUHLI A TpOiiTH K BEp-
muHe B, TO Beakuil myTh, KOTOPBIH MBI MOTJIA OBbI BBIOPATH, HMEJI OBl CaMyIO
HU3KYIO TOYKY; PACCMATPUBAs XOTs ObI TOJIBKO IIJIOCKUE CEeYeHUsI, Mbl HAIIN
OBl Tako#l IyTh AB, JjIsi KOTOPOro HAMMEHbINasi TOYKa ObLaa Obl PacroJio-
JKeHa HamboJiee BBICOKO, IIPUYEM IOJIYIUJIACH ObI OISTh MIPEXKHsIsT TOUKa F.
Takum 06pazom, Ta ceioBast ToUka F 0bJ1a/1aeT CBOMCTBOM JIOCTABIIATH Ca-
MBI BBICOKHAII MUHUMYM HJI CaMbIil HU3KUI MaKCAMYM: 3/1eChb UMeeT MeCTO
«MaKCUMHUHUMYM>» WA «MAHAMAKCHUMYM» — COKPAIIEHHO Mmurumakrc. Kaca-
TeJIbHAS IJIOCKOCTD B TOUKe F ropusoHTabHA; JefICTBUTEIBHO, TaK KaK ' —
HamHU3Mas Touka mytu AB, 1o KacareinbHas K AB B E ropusoHTaJibHA, U
aHAJIOTUYHO, TaK KakK F — Haumsbicimas Touka mytu C'D, To u KacaTeabHas
kK CD B E ropusontasibpHa. [losToMy KacareabHas MIOCKOCTb, 00S3aTE/IHbHO
MIPOXOJIAIIAas Yepe3 ITU JIBe KacaTeJbHble IPsMble, TOPU30OHTAJbHA. VTaK,
MBI OOHAPY?KHUBAEM TPU PA3JIMIHBIX THUIIA TOYEK C TOPU3OHTAJIHLHBIME Kaca-
TEJTBbHBIMU TIJIOCKOCTSIMH: TOYKN MAKCUMyMa, TOUYKA MIAHUMYMa, ¥, HAKOHEII,
C€JIJIOBbIE TOYKU; COOTBETCTBEHHO CYIIECTBYET U TPU PABJIUUHBIX THUIIA CTa-
[MOHAPHBIX 3HAYEHUN (DyHKIUN.

Hpyroii cioco6 npecrapigarb reomerpudeck GyHkimo f(z, y) 3aKIo-
qaeTcsd B BbIYEPUUBAHUAU JIMHAN YPOBHS — T€X CAMBIX, KOTOPbIE YIIOTPEDJIsA-
10TCs B Kaprorpadun 1jist 0603HAUEHUsT BBICOT HA MecTHOCTH (cM. crp. 308).
JIunwueit ypoBHST HA3bIBAETCS TaKasi KPUBas B IIJIOCKOCTHU X, ¥, BIOJIb KOTOPOI
dyukuua f(x, y) uMeer OIHO U TO Ke 3HAYCHUE; JPYIUMU CJIOBAMMU, JIMHUN
YPOBHsI — TO 2Ke, 4TO U KpuBble ceMelicTBa f(x, y) = ¢. Yepe3 0ObIKHOBEHHY IO
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TOYKY IIJIOCKOCTH IIDOXOJINT B TOYHOCTH OJIHA JIMHUSI yPOBHSI; TOYKH MakK-
CUMyMa U MUHHMYyMa ObIBAIOT OKPY’KE€HbI 3aMKHYTBIMU JINHUSIMH YPOBHSI, B
CEJIOBBIX TOUKAX IepeceKaroTcs ase (i 6osiee) munnu yposus. Ha puc. 193
[IPOBE/IEHBI JIMHAU YPOBHSI, COOTBETCTBYIOIINE JAH/IIADTY, N300PaKEHHOMY
Ha puc. 192.

IIpn TOoM OCODGEHHO HAIISIHBIM CTAHOBHUTCS 3aMedaTreSbHOe CBOMCTBO
CeJIOBOM TOYKH F: BCAKMI IyTh, CBs3biBatomuili A u B U He IIPOXOJd-
muii gepe3 E, wactuuHo Jsexkutr B obnactu, tae f(z, y) < f(E), Torma kak
uyte AEB na puc. 192 umeer MuHUMYM Kak pa3 B Touke E. Takum ke
obpaszom Mbl ybexmaemcs, uro 3uadenue f(x, y) B Touke E npencrasiser
co0Oit HANMEHDBINNI MAKCUMyM Ha IMyTaX, cBs3bBamomux C' u D.

3. Touku mMumHuMakca u TomoJjorusi. CyrnecTByer riyboKasi CBi3b
MEeXKJIy O0IIeil Teopueil CTAIMOHAPHBIX TOYEK M TOMOJOTMYIECKUMU UJIESMU.
ITo sTOMy mOBO/Ty MBI MOYXKEM 3/1€Ch JIATh TOJBKO KPATKOEe YKa3aHUe U Orpa-
HUYUMCsT PACCMOTPEHHEM OJITHOTO IIPUMEDA.

Paccymorpum ropubrit manmmadT Ha KOIBIIEOOPA3HOM OCTpOBE B ¢ 1By Ms
6eperosbivu kKoaTypamu C u C'; eciin 0603HAYMNM, KAK PAHBIIE, BHICOTY HA/T
ypoBHeM Mopsi uepe3 u = f(x, y), nupuuem gomyctum, uro f(z, y) =0 Ha
kourypax C u C' u f(z,y) >0
BHYTPH, TO Ha OCTPOBE JOJI?KEH
CYIIIECTBOBATH IO MEHBIIEH Me- /
pe OIMH TIOpHBIA NepeBaJl: HA
puc. 194 Taxoil mepesas HaXo-

JIATCS B TOYKE, TJI€ I€PECEKAIOTCS o

nBe juHUN ypoBHs. Crpaseu- %

BOCTH BBICKA3aHHOT'O yTBEPIKIE-

HUAS CTAHOBUTCS HAIJISTHOMN, €c-

JI MbI ITOCTABUM CBO€M 3ajiadeil C /
HalT! Takoil IyTb, COEIUHAIO- / /
mumit C' u C’, KOTOpBIL HE TOJ-
HUMAJICA Obl Ha OGJIBIITYIO BBHICO-
Ty, 9eM 3TO Hen30eKHo0. Kark mprit
nyts or C' k C' mMeer HAUBBIC-
Iy TOYKY, X €CJIU MbI BBIOEPEM TaKOH IyTbh, JJjIs KOTOPOI'O HAWBBICIIASI
TOYKA OKA3bIBAETCS CaMOW HHM3KOH, TO IOJIydeHHAss TAKUM OOpa3oM Hau-
BBICIIAad TOYKA U Oyuer cemioBoil Toukoit dyukmun u = f(x, y). (Cuemy-
€T OrOBOPUTDH IIPEJICTABJISIONINI UCKIIOYEHEe TPUBUAJIbHBIN CJIyUail, KOraa
HEKOTOpasl T'OPU30HTAJIbHAS ILIOCKOCTh KaCaeTCs KOJIBIE0OPA3HOrO T'OPHO-
ro xpefra 1o 3aMKHyTO# Kpupoit.) B ciaywae obsactu, orpaHmveHHON p
3aMKHYTBIMI KPHUBBIMH, BOOOIIE IOBOPsi, JOJI2KHO CYIIECTBOBAaTH HE MeHee
geM p — 1 Touek MmumHEUMakca. [lomoOGHOro ke poaa COOTHOIIEHUs, KakK
ycranoBusi Mapcron Mope, nMeoT MecTo W Jijisi MHOTOMEPHBIX 00JIacTeld,

Puc. 194. CramumonapHbie TOYKH B JBYCB3-
HOIT 061acTH
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HO Pa3HOOOpa3We TOMOJIOIMIECKAX BO3MOXKHOCTENH U THIIOB CTAIIMOHAPHBIX
TOYEK B 9TOM CJIy4ae 3HAYUTEHHO OOJIbIlee. DTU COOTHOIIEHUsT 00Pa3yoT
OCHOBY COBPEMEHHOI TEOPUU CTAIIMOHAPHBIX TOYEK.

4. PaccrossHMe TOYKM OT noBepxHocTu. s paccroguuit Touku P
OT Pa3JIMYHBIX TOYEK 3aMKHYTON KPUBOI CyIIecTBYIOT (10 MeHbIIeil Mepe)
IBa CTAIIMOHAPHBIX 3HAYEHWS: MUHNMAJbHOE M MakcuMmaJsibHOoe. [Ipm mepe-
X0Zle K TPeM HM3MepeHUsiM He OOHApyKMBAeTCsi HUKAKHX HOBBIX (DAaKTOB,
€CJIM MBI OI'PAHIYUMCSI PACCMOTPEHUEM Takoii oBepxuoctu C, KOTOpast TO-
[OJIOTMYeCKN 9KBUBaJeHTHa cdepe (Kak, Hanpumep, sjumncons). Ho ecan
[TOBEPXHOCTD poJia 1 mimm 6oJiee BBICOKOTO, TO J1eJI0 0OCcTouT nHade. PaccMoT-
pum noBepxuocTh Topa C. Kakosa Ob1 Hu ObLia TOuka P, Bcerma, KOHEYHO,
cymiecTByoT Ha Tope C TOUYKH, Jaforiue HanboJIbIllee 1 HANMEHBIIee PACCTO-
dHre oT P, mpuyeM COOTBETCTBYIOIINE OTPE3KH MTEPIIEHIUKYIISPHBI K CAMOIt
noBepxHOcTH. HO MBI ceffyac ycTaHOBUM, UTO B 9TOM CJIydae CYNIECTBYIOT U
TOYKN MUHUMaKca. BooOpasuM Ha TOpe OJINH U3 «MEPUINAHHBIX» KPYroB L
(puc. 195) u ma srom kpyre L maiizem Touky @, Gumkaitimyio Kk P. 3arem,
nepemerriasi Kpyr L 1o Topy, HalileM Takoe ero IOJIOKEHHe, ITOOBI PacCTOo-
gaue P(Q) craio: a) MUHUMAJBHBIM — TOIJa Iosydaercs Touka Ha C, 6Ju-
Kaitmas K P; 6) MAKCMMAJIbHBIM — TOTJIA TIOJIYIUTCs CTAIIMOHAPHAST TOUKA
MuHEMaKca. TakuMm ke 06pa3oM MbI Mo Obl HaifiTu Ha L TOUKy, HanboJsee
yJIaJIeHHyo oT P, U 3aTeM HCKATbh I0J0XKeHue L, Ipu KOTOPOM HailJIeHHOe
HauboJiblilee PACCTOsiHUE ObLIO Obl: B) MAKCUMAJLHBIM (IIOJIydUTCS TOYKA
na C, nanbosee ynasennas or P), r) MUHUMAaJIbHBIM. VITak, Mbl [OJIYIUM
YeThIPE PA3IMIHBIX CTAIIMOHAPHBIX 3HAYEHNUS JIJIsl PACCTOsAHUS TOYKH Topa C'
oT Touku P.

Puc. 195-196. PaccrosiHue OT TOYKHU 70 IOBEPXHOCTH

VYupaxkuenue. [losropure TO XKe paccyxkaenue /st WHOro tuna L’ 3aMKHY-
Toit KpuBoit Ha C, KOTOpast TaK»kKe He MOXKET ObITh CTsiHyTa B TOUKy (puc. 196).
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§4. Tpeyroabauk IlIBapiia

1. JdokasarenbcTBO, npemiaoxxkeunoe IIIBapuem. 'epman Amanyc
IIBapr, (1843-1921), Beigaromuiicss MmaremaTuk, mpodeccop BepimHCcKOro
YHUBEPCUTETA, CJIeJIaJI MHOTOE JJIsi PA3BUTHSI COBPEMEHHOI Teopuu pyHKITH
u anaju3a. OH He CUUTAJ HI2KE CBOErO JOCTOMHCTBA, MICATH HA TEMBI 3JIEMEH-
TApPHOIO COJIEPKAHUS, U OJIHA U3 ero pabOT MOCBHAIIEHA CJIeAYIONell 3a1ate:
B JAHHBII OCTPOYTOJIBHBIN TPEYTOJbHUK BIUCATH APYTOil TPEYTOJBHUK C MU-
HUMAaJIbHBIM nepuMerpoM. ([OBOpsi, UYTO HEKOTODHI TPEYTONILHUK BIMCAH B
JIAHHBIN, MBI IOPa3yMeBaeM, 9TO Ha KaXKJION U3 CTOPOH JAHHOTO TPEYTrOJib-
HUKA UMEeTCs BEePIINHA PACCMATPUBAEMOrO TPEYroibHuKA. ) Mbl ybeaumcs B
IAJIbHERIIIEM, YTO CYIIECTBYET TOJIBKO OIUH NCKOMBIH TPEYTOJIbHUK: HMEHHO,
€ro BEPIIMHAMU SABJISIOTCS OCHOBAHUS BBICOT JTAHHOTO TPEYTOJIbHUKA. TaKoit
TPEYTOJIbHUK YCJIOBUMCH HA3bIBATH 8blCOMHbIM TPEYTOJIHHUKOM.

[Ipapir qoKa3aa MUHAMAJIBHOE CBONCTBO BBICOTHOI'O TPEYTOJIbHUKA, TIPU-
MeHsIsl METOJI OTPaKeHUsI M OCHOBBIBASICh Ha, CJIEYIOIIE TeopeMe 3JIeMeH-
TapHOIi reoMeTpun: ¢ kasicdol us eepwun P, Q, R (puc. 197) dee cmoponw
BHLLOMHO020 MPEYLONLHUKA 00pa3yom 0duHAKOBvLE Y2adl €O CMOPOHOT daH-
HO20 MPEY20ALHUKA, UMEHHO, KAAHCODT U3 IMUL Y2008 PABEH Y2AY NPU NPO-
MUBONOA0HCHOT 8epuiute dannozo mpeyeorvhuka. Hanpumep, yraer ARQ
u BRP paBub! Kaxapiit yriry C' u T. 1.

Puc. 197. Boicorublit Tpeyrosbauk B Tpeyroibauke ABC

HokakeMm mpexkje Bcero 3ty Teopemy. Tak kak yrist OPB u ORB
psiMbIe, TO OKOJIO YeTbipexyroibHuka O P B R MOXKHO OMHUCAaTh OKPYKHOCTD.
Caenosarenpao, /ZPBO = ZPRO, Ttak Kak Ha3BaHHbIE YIVIbI OMUPAIOTCS
Ha OJHY W Ty Ke JIyry ommcaHHoit okpyzxkuoctu. Ho yrosm PBO momon-
HuTesibHBIN K yruy C, Tak Kak TpeyrojibHUK CB(Q) NIpsiMOyrojbHBIA, a
yron PRO nononaurtenbubiii K yrory PRB. Ilostomy ZPRB = ZC. Takum
JKe 00pa3oM, paccy K ias o MOBOJLY YeTbipexyrojbauka QO RA, 3akodaeM,
aro ZQRA=/C u 5.
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DTOT pe3yabTaT TPUBOJIUT K CJIEJCTBUIO, OTHOCSINEMYCS K BBICOTHOMY
TPEYTOJBHUKY: Tak Kak, Hanpumep, ZAQR = ZCQP, To npu oTpakKeHun
OoTHOCUTEIHHO cTOPOHBI AC JAHHOrO TpPEyroibHUKa CTOpoHa R() Hampas-
Jisiercst o cropone PQ, u
obparHo. AHAJIOMUYHO IS
JIPYTHX CTOPOH.

Ilepeiimem Temepsb K J10-
Ka3aTe/JIbCTBY MHNHUMaJIb-
HOI'O CBOWCTBa BBICOTHO-
ro TpeyroJbHUKa. B Tpe-
yronsauke ABC paccMoT-
pUM, HApSIJY C BBICOTHBIM
TPEeyroJbHUKOM, KaKOIi-
HUOYIb JIPYyTOit
BIIMCAHHBI TPEYTOJIbHUK, CKAYKEM,
UVW. Orpasum Bcio durypy cHada-
Jia oTHOCUTEJbHO cTopoHbl AC Tpe-
yroneauka ABC, 3areM BHOBB IIO-
JIyIUBIIYIOC (DUTYPY OTPasuM OT-
HOCUTEJBHO CTOPOHBI AB, morom —
orHocuresbHo BC, mOTOM — OTHO-
curenbao AC u, HaKOHEI, OTHOCH-
tesibHO AB. TakuMm o6pa3oM MbI 110-
JIYIUM BCEro ImecTb KOHI'DY9IHTHBIX

TPEYroJIbHUKOB, NPUYEM B KaXKJIOM
n3 HUX OyJeT 3aKJYeH BBICOTHBIN
TPEYTOJILHUK U eIle JAPYTOil BIIUCAH-
Hblit Tpeyroabauk (puc. 198). Cro-
porna BC' mocjieiHero TpeyroJibHUKa
napaJutesibia cropone BC' mepBoro
TpeyrojibHUKa. B camoMm 1ene, mpu C

epBoM orpaxkenuu cropora BC' mo-

BOpauNBaeTCd 10 YacoBoil crpeike Puc. 198. JlokazaTeabCTBO MUHHMAJIb-
Ha yTOJI 20’ 3aTeM OIISITH 110 UaCOBOLI HOI'O CBOMCTBaA BBICOTHOT'O TpeyrojJabHu-
cTpenke Ha yrosa 2B; Ipu TpeThbem xa, sannoe lllsapnem
OTPAKEHUU — OCTACTCSA HEHM3MEHHOIT;

[IpU 9E€TBEPTOM — HOBOpadnBaeTcs Ha yroy 2C IPOTHB YacOBOM CTPEIKU U
Ipyu TISATOM — Ha yroJi 2B omsaTts mporuB dacoBoit crpesnku. toro, obmuit
YTOJI IOBOPOTA PaBEH HYJIIO.

Bnaronapsi yka3aHHOMY BBIIlIe CBOICTBY BBICOTHOI'O TPEYTOJIBHUKA IIPsi-
MOJIMHEHBI 0Tpe30K PP’ paBeH yJIBOEHHOMY II€PUMETPY TPEYyroJIbHU-
Ka PQR: neitcrBurenbio, PP’ cocraBisieTcst U3 MIECTH OTPE3KOB, 0 OdYepean
paBHBIX TEPBOil, BTOPO#l m Tperbeil cropone PQR, mpuyueM KaxKias U3
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CTOPOH BXOJIUT ABAXKJbl. TakuM 2Ke 00Pa30M JIOMAHAs JIMHUS, COEINHSIO-
masg U u U', umeer 1juHY, PaBHYIO YIBOEHHOMY IEPHUMETDPY TPEYTOJIbHU-
ka UVW. Dra JjiomaHasi He KOpode, 4eM MIpsIMOJIMHENRHBbI oTpesok UU’.
Yro xke Kacaercs mpsimojimHeiiHOro orpeska UU’, To on paBern PP’ Tak
kak orpe3ok UU’ mapamnenen PP’. 3naunr, jgomanas juauss UU' wHe
Kopode, ueM mpsimas PP’ T. e. mepuMerp BBICOTHOTO TPEYTOJLHUKA HE
boJibIlle, YeM IEePUMETpP JIIOOOro JAPYroro TPeyroJibHUKA, BIMCAHHOIO B
JIAHHBIA. DTO ¥ HYXKHO OBLIO JIOKa3aTh. VTak, yCTaHOBJIEHO, YTO MUHUMYM
CyIIECTBYET U 9TO OH Peasin3yercsi B CJIydae BHICOTHOI'O TPEYroJbHUKA. dTO
HET WHOTO BIIMCAHHOI'O TPEYTOJIbHUKA C T€M K€ IMEPUMETPOM — ITO, OJIHAKO,
HE JIOKA3aHO, M 9TO MbI JOKAXKEM JIAJIbIIIE.

2. Hpyroe nokaszaresabctBo. Cremyioriee permenue 3amaqu [1IBapia
SIBJISIETCsI, BEPOSITHO, CaMbIM ITPpOoCcThiM. OHO OCHOBBIBAETCSI HA TEOPEMe, PaHee
JOKA3aHHON B 3TON TviaBe: ecyu TOYKU P u () JjexKaT 1m0 OJHY CTOPOHY
upsamoii L (Ho He Ha Heli camoii), To cymma paccrogauit PR 4+ RQ), rue R—
ToYKa Ha L, obpalnaercs B MUHIMYM B TOM ciiydae, eciin PR u Q R o6pa3yior
onmuakoBble yribl ¢ L. Ilycrs Tpeyrompuunk PQR, BIMCAHHBIN B JAHHBIM
TpeyrosibHuK ABC, peliaer mOCTaBIEHHYI0 MUHUMAJbHYIO 3ajady. lorma
Touka R Ha cropone AB nojkHa OBITH Takoi, 4Tobbl cymma PR + QR
ObLIa HAUMEHbIIEH, caemoBarebuo, yriabl ARQ u BRP 101KHbBI ObITH pDaB-
HBI; U TOYHO Tak ke LZAQR = /CQP, /BPR = ZCPQ. Takum o6pazom,
JIJIsT ICKOMOT'O TPEYTOJIbHUKA C MUHUMAJIHHBIM [T€PHMETPOM — E€CJITH TOJIHKO
TaKOBOIl CyIeCTBYeT — JIOJI2KHO OBITH BBIIIOJIHEHO TO K€ CaMOe€ CBOICTBO
paBeHCTBa YIJIOB, KaKUM 00J1aJlaeT BBICOTHBIN TpeyrojbHuK. Ocraercs 1mo-
Ka3aTh, YTO MPU TAKOM YCJOBUU HAII TPEYTOJHbHUK HE MOXKET OTJIMYATHCS
oT BbIcOTHOTO. KpoMme Toro, Tak Kak B TeOpeMe, Ha KOTOPYIO Mbl CChLIAJINACD,

A R B A R B

Puc. 199-200. Hpyroe j10Kka3aTebCTBO MUHUMAJIBHOTO CBOMCTBA BBICOT-
HOT'O TPEYTOJILHUKA

pejrosaraercs, 9ro P u @) ne siexkat Ha A B, TO JI0Ka3aTeIbCTBO HE TOIUTCS
JIS clydasi, Korja ojHa u3 Todek P, (), R coBmamaer ¢ Kakoi-HUOYIb
BEPLIMHON JAHHOIO TPEYroJabHUKA (IIPU 9TOM IIEPUMETD TPEYTOJIbHUKA BHIPO-
Jujics Obl B YJIBOGHHYIO COOTBETCTBYIOILYIO BBICOTY ); YTOOBI JOKA3ATEIHCTBO
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OBLIO UCUEPIBIBAIOIIIM, HY?KHO €Ie YCTAHOBUTD, YTO HEPUMETD BBICOTHOTO
TPEYTOJHLHUKA MEHbIIE JII000I U3 YIBOEHHBIX BBICOT JIAHHOTO TPEYTOJIbHUKA.

Obpalmasic cHadyaJla K IIEePBOMY IIYHKTY, 3aMEeTHUM, 9YTO €CJIH BIIH-
CaHHBII TPEYroJbHUK O00JIa/IaeT yKa3aHHBIM BBIIIE CBOMCTBOM paBEHCTBA
YIJIOB, TO PacCMaTpUBaEeMble YIJIbI U BepimuHax P, ) u R cooTBeTCTBEH-
vo pasubl yrimam A, B u C. B camom jeie, momycTtuM, HanpuMmep, 9TO
ZARQ = /BRP = /C + 3. Torma, npumMmeHsisi TeopeMy O CyMMe YTJIOB
TpeyroJibHUKa K TpeyrojbaukaM ARQ u BRP, Mbl BUujM, 9TO yTJIbl Ipu ()
JIOJIKHBI paBHsTBCs B — O, a yribl npu P J10/KHBI paBHATbCs A — 9.
Ho Torma cymma yrmos Tpeyrombaumka CPQ pasma (A —38) + (B —39) +
C = 180° — 23; ¢ apyroii croponsl, oHa ke pasua 180°. ITostomy & = 0.
Mpbl yiKe BHUJEIN, 9TO BBICOTHBI TPEYTOJBbHUK O0JIAaeT OTMEYEHHBIM
CBOMCTBOM. Bcesakuit MHOIT BIUCAHHBIN TPEYTOJIBHUK, OOJIAIAIONINN TEM Ke
CBOICTBOM, MMeJI Obl CTOPOHBI, COOTBETCTBEHHO IapaJijiejlbHble CTOPOHAM
BBICOTHOTO TPEYIOJIbHUKA; JIPYTUMH CJIOBaMHU, OH OBbLI ObI emy mmomobeH
U TOAOOHO pacmosioked. Jwura-
TeJIb  JIOKAYXKET CaMOCTOSTETHHO,
9TO, KpPOME CAMOTO BBICOTHOI'O
TPEyroJIbHUKa, JPYroro TaKoro
TPEyroJibHUKa ~ HEe  CyIIeCTByeT
(puc. 200).

ITokaxkem, HaKOHeI, ITO-TIPEK-
HEMY OIPAHUIUBASICH CJIyTIaeM OCT-
POYIOJIBHOTO TPEYrOJIbHUKA, YTO
[IEPUMETDP