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ITpeaucioBue
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1 T'amma-¢yHKIHS. 5

1 T'amma-dyHKIHAS.

Hnmeepasvroe npedcmasienue 2aMMa-PYHKUUYL NOAYUEHO KAK PEULEHUE Pa3-
HOCMH020 Yypashenus. Hccaedosaro nosedenue 2amma-@Gynkyus 6 nosoca.
Buwisedena gopmyna daa npoussedenus eamma-@pynruu.

1.1 Omnpenenenune

Ecnu mpoBecTn ctatucTHyueckuii aHAJIM3 MaTeMaTHIECKUX TEKCTOB, TO OKa-
JKeTCsl, 9TO BOCKJIMIATEIBHBIN 3HAK BCTPEYaeTCsd 3HAUYMTEIHLHO Yallle BOMPO-
curenbHOrO. [Toyemy? Moxker C/i0KUTHCS BIIeYaT/IeHNE, 9YTO MATEMATHKY TaK
BBIPAKAIOT CBOE BOCTOPKEHHOE OTHOIIEHUE K CBOMM paboTaM. DTO BIieYaTIIe-
HU€ BEPHO TOJIbKO OoT4acTu. /leio B TOM, 4TO BOCK/JIMIATE/]bHBIN 3HAK B Ma-
TEeMaTU4YECKUX TPyJax OOBIYHO O3HAYaeT B3sTHe (haKTOpHaJia KaKOro-jubo
[[eJIOT0 HEOTPUIATEIHHOTO YMC/IA:

nl'=1-2-3-...-n.

OyHKIMIO HaKTOPUa MOXKHO €Ile 3alKUCATh B BUJAE PEKYPCUOHHOI'O CO-
OTHOIIIEHUSI:
(n+1)!=(n+1)-nl

DTO COOTHOIIEHNE MOXKHO PAaCCMATPUBATH HE TOJBKO MPHU MEJIBIX 3HAYECHUSX

n. OJHAKO, B 9TOM cJIydyae XOPOIIO Obl HOBYIO (DYHKINIO 00OO3HAYUTH MO-

JIPyromMy, 9TOOBI He MyTaTh C XOPOIIO 3HAKOMO#U (byHKIMeH (dpakTOpua.
PaccmoTpum pasnocTHoe ypaBHEHUE

[(z+1) =2[(2). (1)

Hecmorps Ha mpocryo popMmy 3anucu, B 3/1eMeHTAPHBIX (DYHKIMSX 9TO ypaB-
HeHue He pemaercsd. Ero pemenue HasbiBaercs ramma-gynknueii. ['amma-
GYHKINIO MOKHO 3aIIMCATh B BUJE PsAJia WX B BUe uHTerpaJa. /s nsyde-
HUS TJI00AJBHBIX CBOMCTB raMMa-(pyHKIMKM OOBITHO MOJIB3YIOTCS MHTErPasib-
HBIM TIp€JICTaBJIEHHEM.

1.2 MHurerpaJjbHOe mpeicTaBJICHUE

[Tepeiinem K pelreHWI0 3TOr0 ypaBHeHHs. ByneM MCKaTh pelleHue B BUJE
uHTerpaJa Jlammaca:

r(:) = [~ F(p)exp(-p2)dp.

—0o0
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B sroMm cirydae mpaBasi 9acTh ypaBHeHus (1) MoxeT ObITH 3alHCaHa B BUJE:

L) == [ T() exp(—pz)dp =
—[(p) exp(—p2) |2 + /_ O:o I (p) exp(—pz)dp. (2)

Koneuno, sta ¢popMmyna copaseiinBa, eCId CyNIeCTBYIOT IPeJe/bl JJid BHe-
MHTErpaIbHOrO WieHa. 3apaHee HAM He H3BECTHO TOBe/eHne 06pa3a I'(p) npu
p — *£oo. IIpeanonoxkum, uro 0b6pa3 ramMma-pyHKIUUA TAKOB, YTO BHEHMHTE-
rpajbHOe CIaraeMoe paBHO HyJo. Ilocie Toro, Kax Oyaer HaiieHo pelnenwe,
KOHEYHO HaJI0 OyeT IPOBEPUTH, BEPHO JIM IIPEeNOJIOXKEeHIE 0 BHCHHTEIPAJIb-
HOM CJIAaraeMOM, MHa4e MPUAETCa UCKaTh 1'(2) Kak-HuOy b MO-IpyroMy.
JleBasi yacTh paBeHcTBa (1) 3amUCHIBAETCS CJIELYIONMM 06Pa30M:
S Sl
I(z+1)= / ['(p) exp(—pz) exp(—p).

—o0

Torna ypasuenune (1) st 06pa3a ramMMa-(DyHKIMA UMEET BUIL:

L (p) exp(=p) = T'(p)-
OTO ypaBHEHUE JIETKO PEllNuTh:
I = —Cexp(—exp(—p)), tme C = const.

HerpyaHo 3aMeTHTh, uT0 Haiinennas yskmus 1'(p) Ha camMoM Jere TakoBa,
YTO BHEMHTErpaJjbHil 4jieH B dopmysie (2) paBeH HYJIIO.

Bnas 00pa3 raMMa-(QyHKIUY, JIErKO NOJYyYUTh ¥ BbIPAXKEHHUE JJIs TPO00-
pasa:

I'(z) = C/_O:o exp(— exp(—p)) exp(—pz)dp.

D10 HEeKaHOHWYeCcKas (popMyJia, JJisi TOrO, YTOOBI MPUBECTU €€ K BUJLY, I10-
JIy4eHHOMY OillepoM, HaJ0 CeJaTh 3aMeHy MepeMeHHOU WHTerDUPOBAHUS:
t = exp(—p), TOrJa UHTErpaJ NPUMET BUJI:

T(z) = C /0 ~ exp(— )t Vdt.

[Tocrosinnass C' BeIOMpaeTcs Tak, YTOOBI IpU IEJIbIX 3HAYEHUSX 2 TaMMa-
dbyuknus coBnagana ¢ dynkuueit daxkropuan: I'(n + 1) = n!, Torga:

(1) = c/0°° exp(—t)dt = 1,
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cienoparesibio C = 1. OkoHuUaTe/NbHO, TOIy4YaeM opMmyy ditaepa s
raMmMa-(yHKIUH:

I(2) = /0 ~ exp(=)t V. (3)

OT1a QYHKIMS 09eHb YaCTO BCTPEYAeTCd B MaTeMaTUIeCKuX TekcTax. [Ipu
paboTre co crenuaJbHBIMU (DYHKIUIMHE, TTOKAJYH, JazKe Jalre, 9eM BOCKJIU-
IaTEeJIbHBIA 3HAK.

[Tposeputsk, uro dyHnkuus, onpenesentas Gopmy.ioi (3), geficrBUTEIHHO
YJ0BJIeTBOPsieT ypaBHeHHIo (1), MOXKHO, IDOMHTErPUPOBAB MHTEIPAJ B IIPA-
BO# 4acTu 3Toit (POPMYJIBI 110 YACTAM:

t? 1 fo 1
T(2) = = exp(—t)|%° + —/ exp(—t)tdt = ~T(z + 1).
z z J0 z

1.3 ObaacTs onpeaejaeHNS U IIOJIIOCHI

B noapiarerpanbHoil Gyukiyun uaTerpana (3) npu t — 0o sKCnonenTa exp(—tz)
upu R(z) > 0 y6siBaer ropaszo 6bicTpee, yeM pacrer ajarebpandeckas QyHK-
s t¢~1. OcobeHHOCTD B Hysle — WHTErpUpyeMasi, II03TOMY HeCOGCTBEHHBII
unTerpas B (3) cxomurcs abCoMOTHO W paBHOMepHO mpu R(z) > 0. Bosee
TOTO0, TIOCIeI0BATEIbHBIM AuddepeHnupoBaHuEM 110 TAPAMETPY Z JIETKO yoe-
quthest, uro I'(z) — romomopduas dyukmus npu R(z) > 0. Oguako, Henpu-
IOJIHOCTb MHTErpaJibHOro npescrasienus (3) mpu R(z) < 0 ze o3HavaeT, 4To
TaM He onpejesieHa camMa raMMa-dyHKIMs — penienue ypasHenusi (1).

Pacemorpum nosegenue I'(z) B okpecrnocru nysisi. st sroro npejcra-
BUM:

F(z4+1) =1+ zf(),

rine f(z)— ronomopduas dbyskius B okpectHoctr z = 0. 13 dopmyst (1)

clemyer:
I'(z)=T(z+1)/

Torna
1
To ecth ['(z) umeer mosmoc nepBoro mopsijka npu z = 0.
Taxkke J1eTKO TOJIYUHUTh:

)

D=1 =T()/G -1 = o oy

TO €CTh B OKpecTHOCTH TOUkHM 2z = —1 dynkuus ['(2) Takxke mmeer mooc
IIePBOTO MOPAJKA.
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Puc. 1: 'paduk ramma-pyHKIUNE BENECTBEHHO TePEMEHHOIA.

Takum ke 06pa30M MOYKHO HOJYIUTH (DOPMYIIY:

1+2f(2)

['(z—n)= : (4)
( ) 2(z—1)(z—2)...- (2 —n)
N3 sToit hopmyaibl cieayer, 4To Toukn z = 0, —1, —2, ... — IPOCTHIE TOJIIOCHI
raMMa-(pYHKIIUA U JPYTUX MOJTIOCOB HA BEIECTBEHHOU OCH 3Ta (PpyHKIMSA He
nmMeeT. HeTpy HO BBIYMCIUTH BBIYET B TOUKe z = —n,n =0,1,2,...:

(-1

n!

res,— oI'(z) =

1.4 IlIpencraBjenue I'aHkejs depe3 MHTETrpPaJ Mo IETJIE

Bruisicaum, umeer jin ramva-gyuknus Hysm. [as aToro paccmorpum dyHK-
1N 00)

1(z) = ——.
(2) = ¢ B
[Tostocer 3roit dbynkuuu u ects Hym byukuuu ['(z).
PaznocrHoe ypasuenue jyist I(z) 1€rko noJLy4uTh, BOCIOJIB30BABIIUCH BbI-
paxenuem Jyisi ['(2):
I(z) = zI(z + 1).

Bpra)KeHPIe AJId pelieHnusd 3TOr0 ypaBHEHUA B BHJE€ MHTEIrDaJia MOXKHO
HNOJIYYUTDb TaK 2Ke€, KaK 6I)I.HO 1OJIYYEeHO MHTEeI'PDaJIbHOE BbIPa2Ke€eHHne J1Jid r'aMMa-
dyHkIuu — yepe3 npeobpazosanue Jlamnnaca. Huxke npuseieHbl Bbiumc/i€HUS,
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6e3 0coObIX MOAPOOHOCTEN (OHM TaKhe Ke, Kak ¥ B I.1).
I = (exp(p)]),

WK 3 o
I =exp(p)l+ 1.

[Tocnie pazjesieHusi NEPEMEHHBIX MOJIYYUM:

= (1 — exp(p))dp.

'\”| gMx

[IpounTerpuponas:

log(I) =p—exp(p) + C, wmm I= Cexp(p — exp(p)).

[Tepexon k mpoobpady Jlamniaca jpaer:
o
I(z) = C/ exp(—pz + p — exp(p))dp.
—00

B unTerpase caenaem 3aMeHy mepeMeHHON WHTETPUPOBAHUS:

0
t = —exp(p), torma I(z)= C'/ exp(t)t*dt.

3/1ech BayKHO 3aMETUTh, YTO TOJALIHTErpaJbHasd (DYHKINS TTPU HENEJTbIX 3Ha-
YeHUdAX z uMeeT TOUYKYy BeTBjeHus ¢ = (. Ha xommiekcHO# miockocTu me-
pPeMeHHO# T NmpoBesleM pa3pe3 MO OTPUIATESbHONW BENeCTBEHHOW IOYyOCH.
WNurerpaJst 1o 3Toit mojayocu npeiacTaBuM KakK CyMMY UHTEIrPaJja 10 BEPXHEMY
Oepery sroro paspesza or —oo j0 0 m maTerpana or 0 g0 —oo 1Mo HUXKHE-
My Oepery paspe3a. Urobbl mHTErpaJ He MPOXO/H/ Yepe3 TOYKY BETBJIEHUS,
yCTPOUM BOKPYT Hee IeT/i0. B pe3yibrare mojydum:

(+0)
I(z) = %/_oo exp(t)t*dt.

Yr06BI BBISICHATH 3HAYEHWE MOCTOSIHHOM, BcroMuuM, uto (1) = 1, ¢ apyroii

CTOPOHBI:
C
MHTeI‘paJIbHOG apeacTraBJIeHUEe
11 0
- )t~ dt. 5
T(z) ~ 2mi /_oo exp(?) (5)
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Tyl UNIIEDLD0SSHLR

Puc. 2: [leTsia B uHTErpa/iIbHOM TpeCTaBIeHUN ['aHKe 4.

Ha3bIBAETCS NpeJicTaBleHneM ['aHKess 10 mete.

Jlerko Bugers, uro dbynknus 1/I'(2) He MMeeT MOTIOCOB B KOMILTIEKCHOI
IIJIOCKOCTH, CJIeI0BaTeIbHO, TaMMa-(pYHKIUs He UMeeT HyJleil.

C 1oMOIIIbI0 3TOr0 MHTETIPAJIHBHOI'O TIPEJICTABIEHHS] MOYXKHO TIOJIy YU Th HOP-
MyJIy JiJisi Tpou3BejieHusi ramma-pyukimit. /s aroro B unrerpaje cienaem
3aMeHy MepeMeHHON 7 = —1, TOrIa:

2mi (+0) 0
% = /_oo exp(t)t™*dt = /oo exp(—7)7 7 exp(imz)—
/ exp(—7)7 “exp(—inz) = 2isin(nz)[(1 — 2),
0
TO €CTb

L)1 -2 = Sn(r7)

1.5 IlIpenenpuas popma diiaepa

laMva-GyHKINIO MOXKHO NMPEACTABAThH B BUJIe OECKOHEYHOTO MPOU3BEIEHNUSI.
DTO MOXKHO 3aMETHTh, €C/IM B HHTerpase (3) IpeJcTaBuTh

exp(—t) = lim (1 — )"

n—00 n
TOI',Ha, UHTErpaJibHOE IIpeJaCTaBJI€eHUE I‘a,MMa—(byHKI_[I/II/II

t

)E .
n

) = [ im0 -
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OxkasbiBaeTcsd, B 9TOi (OpMy/Ie MOKHO IOMEHATh HPEAeIbl — IPEAes HH-
TErPUPOBAHUA B HECOOCTBEHHOM HHTErpajie W Mpejes IPH 1 — OO BHYTPH
unTerpasa. [lepecraHoBKa NpeeoB — TOHKAA OlePAlM. 3/1eCh JOKA3ATE Ib-
CTBO BO3MOKHOCTH 3TOi mepecraHoBKu omyuieno. [Ipusenem pesybrar:
n t
['(z) = lim (1- —)”t(z_l)dt_

n—oo Jo n
BO3bMeM 110 9aCTAM 3TOT HMHTErpaJi:

n(z) = /On(l — Lymglengy =

n

_ tz_1+1 t

: ntz_1+1 t 1d
- 1——“?“—/ 1)1 = Syt
-ty - [ e - b

Ecnu mposectu 31y npoueaypy n pas, MOy dHM:

n! n?

[n(2) = (z+1)(2+2)...(2+n)

[Tepexonst K mpemeny, MOAYyYUM TpeaeabHYI0 GopMmy Ditepa st TaMma-

byHKIMN: .
11('2):"h—{go(z—i—1)(2—|—2)...(,z-i-n)' (6)

1.6 PopmyJa aJiss TPOU3BEAEHUS

Hwuke nonamoburcst popmyia, B KOTOpOil Tpou3BeieHne JBYX raMmMa-QyHKIn i
TpPEeJICTABISAETCA depe3 OfHy ramma-GbyHknuio. Beienem sty dbopmyny, uc-
MOJIb3Ys MHTETrPAJTbHOE MPEeJCTaBICHNE TaMMa-(DYHKIUIA.

I'(p)L'(q) = /0 " exp(—y)y? 'y /0 " exp(—a)a? d.

[ToBTOpHbBI#l MHTEIPaJ PEJACTABUM KAaK JIBOWHON HECOOCTBEHHbBI MHTErpaJI.
OTO MOXKHO CJ€1aTh, BOCIIOJIb30BaBIINCh TeopeMmoit Pyounu. B pesysbrare
TIOJLy YU M

T'(p)T(q) = /z>0 . exp(—y)y? ' exp(—x)2P~ dxdy.

HecobcrBennbiii mHTErpa paBHOMEPHO cxXoauTcs. Ero MOXKHO paccMarpu-
BaTh, HATPUMED, KAK UHTETPAJI 110 TPEYTOJbHUKY, O'PAHUYEHHOMY OCSIMU KO-
opauHaT u npsimoit x + y = R npu R — oo. B aBoiiHoM unTerpasie cienaeM
3aMeHy IepeMeHHBIX:

r+y=u, Yy=uv.
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SIkobuaH 3TOH 3aMeHBbI
o(x,y)

0(u, v)
[Tpenensr uaTerpupoBanusi: u MeHsiercss ot ) 10 0O, ¥ TIPU ITOM MEHSIETCS] OT
0 g0 1. B pesyabrare nosrydum:

T'(p)T(q) = / exp(—u)uPtT P~ (1 — v) " dudv.

0<u,0<v<1

Hepem/lmeM OIIdTb 9TOT MHTEI'PpaJl KaK HOBTOprIﬁ, B pe3yJbTaTe IIOJIYy4YHUM:

I'(p)L'(q) =T(p+q) /01 vP (1 — )7 L,

rae ®p > 0, Rv > 0.

1.7 3anaua

O06oCHOBATh MEPECTAHOBKY IpPeIesOoB IPH BBIBOJE IIPEJICTABICHHS TaMMa-
dyHKIMU B nIpeesibHOM popme Ditnepa.

1.8 Jlureparypa

[Ipu MOATOTOBKE 3TOM JIEKIUKM YaCTUYHO UCIOJb30BAJICSI YIEOHUK:
®.0OunBep. Acumnroruka u cnenunaabubie Gyaknun M.: Hayka, 1990.
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2 TI'mnepreomerpmyeckass PyHKIIHUS

I'unepzeomempuneckas dynryus — 0bobuleHue 2eomempuyeckoti — npozpec-
cut obaadaem pAadom 3aMeEUAMEALHBT C80TCcms, bAG200apA KOMOPHIM OHA
NPUBAEKAAL BHUMGHUE MAMEMAMUKO8 6 MeYeHuy no kpatinet mepe 08Yx
sexos. Usyuenue smot pynkyuu npuseao laycca x uccaedosanuio sonpoca
cxodumocmu pados, Pumana — x 3adaue 06 anasumuyeckom npodossrceru
U K u3ywenuro dud@epenuuarbhoi Ypasrenul ¢ 0cobvbMU MOYKAMU.

['unepreomerpuueckasi pyHKIMs peaiu3dyeT IPUMUTUBHYIO MeUTy (DUJI0-
codop o punocodpckom kKamue. [IpaBna, B MUHHATIOpE — TOJIBKO JIJIsI 3JIeMeH-
TapHbIX MYHKIMA 1 TO He jis Becex. Cyaute camu. OyHKIMSA, 3aBUCSIIAS OT
vyerbipex napamerpos F'(a,b, ¢, z) TakoBa, 4ro:

F(1,b,b,2) = : L ;o F(—n,b,b,2) = (1—2)"

—Z

zF(1,1,2,—z) = In(1 + 2);

u, 6oytee TOTO:
exp(z) = ma F(1,b,1,2/b).
—00

Bnonne ecrecTBeHHO, UTO (DYHKIUS CO CTOJb MHTEPECHBIMU CBOMCTBAMHU 3a-
HUMaJIa YMblI MaTE€MaTHKOB. Hpemﬂe BCETro nu3dy4vaJia CBOMCTBA pdda o CTe-

neHaM z. KoaduimenTsl 37010 psmga 3aBUCAT OT MapaMeTpoB a, b, c:

ab ala+1)b(b+1) ,

F aba ; =1 +—z+

(a,b,¢:2) 1c° " " 12¢(c+1)
a(a+1)(a+2)b(b+1)(b+2) 4
123c(c+1)(c+2)

Hassanue 'rumepreomerpuueckuii'sromy psay man Bammme B 1655 romy.

[Tozxke ero mzyuanaun Diiep u Kymmep. Omnako, 10 pabor [aycca 3To psan
HeJTb3s ObLI0 HA3bIBaTh (DYHKIIMEH B COBPEMEHHOM TIOHUMAHUHU 3TOTO CJIOBA.
layce mokazaa CXOAMMOCTh TUIEPTEOMETPUYECKOTO PAia ¥, CJIeTOBATETHHO,
CyIIIeCTBOBAHUE THIIEPreOMeTPUIECKON (DYHKIIHMH.

Tem He MmeHee mpobJieMbl ocTaBaJinch u mocyie pabor ['aycca. Jlerko mo-
HSATh, YTO THIIEPIeOMETPUIECKUN P CXOAUTCS JIUIIb B € IMHUYHOM KPyre Ha
KOMILJIEKCHO# TIJIOCKOCTH, B TO BpeMs, KaK TUIepreoMeTpudecKas (pyHKIus
MOXKeT OBITh AaHAJUTUYECKHU MPOJOIKEHA ¥ 33 TPAHUILY 5Toro Kpyra. [Ipob.e-
Ma, — IMOCTPOUTH AHAJUTHYECKOE MPOJIOJIZKEHUE TUIIEPTeOMeTPUIecKoil (hyHK-
MU HA BCIO KOMILJIEKCHYIO TLJIOCKOCTh. Takoe aHAIUTHYEeCKOe MPOJIOIKEHNE
MOYKHO CJIeJIaTh, U3y YUB CBOMCTBA perenuit quddepeHnnaabHOro ypaBHeHU ST

JIJIsl TUTIEPTeOMEeTPHYECKON (DYHKIMKU. DTO ypaBHEHUE HA3BAHO IUIIEPIeOMeT-
pUYECKHM, OHO U3y4aJioch PumaHoM.
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2.1 T'unmepreomerpmyecKuii ps

['unepreomerpuueckuii psiji uMeeT BUJL:

CKafa+1)...(a+s—1)b0b+1)...(b+s—1)2°
F(“’b’c’z)_go clct1).. (cts—1) s

(7)

3aecy mpeanonaraercd, 4To ¢ # 0, ¥ ¢ He PaBHO OTPUIATEILHOMY LEJIOMY
YHCITY.

Bocnosnbzosasmuchk npusnakoM Jasambepa 1jis CXOAMMOCTH PAI0B, Jier-
KO TI0KA3aTh, YTO PAIUYC CXOAUMOCTH psaa (7) paBeH eIuHUIE.

Teneps Hama 3a1a4a — HATUCATH AHAJTUTAYECKOE MPOIOIKeHHe (DYHKIIAN
F(a,b,c,z) mpu |z| > 1. [Ins sroro npejacraBum npoussegerust (A = A\ +
1)...(A+ k — 1) yepe3 ramma-pyHKIHY:

T(\+ k)

(A = W

Torna:
(0)g _T+k) T(c)

(c)r  T(b) T(c+k)

31eck Bocnosib3yemcst (popMyJIoii /111 TPOU3BEIeHNsST TaMMa-dyHKIUI:

1
F(b + k)F(C — b) = F(C + k) / tb"’k*l(l _ t)cfbfldt,
0
B pe3yJbTaTe IIOJIYyYHM:

(O)k ['(c) Ltk o
YOI CED) /0 t (1—t)" " dt.

Dro BhIpaxKeHue nojacrasuM B dopmyay mius F(a, b, ¢, 2):

F(C) o (a,)k & 1 b1k e
F(b)F(C—b)kg0 i c /0 (1 =)

F(a,b,c,2) =

Tak kKak P4 U UHTErpaJ CXOOgATCA abCoMIOTHO U PaBHOMEPHO, TO MO2KHO
IIOMEHATDH 3HaK MHTEeIrpaJia CO 3HaKOM CYMMEI. B pe3yJjbTaTe IMOJyYnuM:

I'(c ! b—1 b1 x= Dk gk
P(b)P((c)— b)/o -1 ,cz_;)%z "

Jlasbire HA0 BOCHOIB30BATHCS U3BECTHON (DOpMY/I0it OMHOMUAJIBHOTO pa3-
JIOZKEHU !

F(a,b,c,2) =

1 a(a+1) >

(a)'kzktk_
pard k!
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OKoHYATEIbHO MOTYyYaeTCsd WHTErPAJIbHOE BhIpasKeHue JJIsI TUIIEPreoMeT-
puYeckoit OyHKIUH.

1
/f 71— )1 — t2) %t

F(a,b,c,2) = T (e =b) Jo

Ota dopmyaa nosydena Jiiepom. OHa MO3BOJIAET NPOAOIKHUTH (DYHKIUIO
F(a,b,c,z) BO BHENIHOCTH €QMHUYHOIO KPyTa, OTOMY YTO MHTErDAJ CyIe-
crByer mpu Jirob6oMm 3Hadenuu, ecid R(a) < 1. Ecim R(a) > 1, Torna namo
HCKJIIOYUTh TOYKH, JIeXKalye Ha jyde 2 € [1,00).

2.2 T'unepreomeTpuieckKkoe ypaBHEHUE

['unepreoMeTpuyeckuM ypaBHeHHEM Ha3bIBaeTCa ypaBHeHHe BHA:
2(1 = 2)w" + (c— (a+ b+ 1)z)w' — abw = 0. (8)

C 1moMOIIbI0 MPSAMOil TIOJACTAHOBKH PSIJIA, /I THIIEPTeOMeTPUYECKOi (DyHKIUN
MOKHO yOeJIUThCsl, YTO OHA, SABJISETCS PelieHreM 3Toro AuddepeHnnaibHOro
ypPaBHEHHUS.

Ecnu 310 ypaBHeHuUe 3anucaTh B CTAaHIAPTHOM BHJIE:

" (c—(a+b+1)z) ! ab _
+ w — w =0,
z(z—1) z(z—1)
TOIJIA JIETKO BHJIETh, YTO KO3 OUIMEHTH TUIIEPreOMeTPUIEeCKOTO YPaBHEHUS
uMeroT ocobenHocTr B Toukax z = 0, z = 1. Eme oxna ocobasd Todka 1/ KO-
3bGUIMEHTOB 3TOTO ypaBHEHUS z = 00. UTOOBI yOEIUTHCS B 9TOM, CIAETAEM
3aMeHy He3aBUCUMOM mepeMeHHOM: § = 1 / z. Torna:

G _datd _ 4
dz dzdt dt’

2 d d d &
— = — —t2—) =288 — +t'—.
iz dz( di @t ae
['mnepreomeTpuyeckoe ypaBHEHHE TPUMET BUI:
t—1 b—1
v ( — 282w/ (t) + t4w") — (c — %)th'(t) —abw =0

nJin

" ( c a+b—-1 2) ' ab 0
- — —— w4+ ———w=0.
t—1  tt—-1) ¢ 2(t—1)
To ectb t = 0 (usm, 9To TOXKE CaMoe z = 00) — ocobast TouKa Jyisi Koadbdu-
LIUEHTOB ypaBHEHUS.



2 T'mnepreomerpmieckasi (pyHKIUS 16

Onno u3 pemienuii rumnepreoMeTpuuecKoro ypabHeHus HaM u3BecTHO. [1o-
CTPOMM BTOpO€ pellleHHe, JUHeilHO He3aBUCHMOe nepBoMy. Bynem mosarars,
410 |2| < 1. Beramcsum spouckuan W (z) aByx JiMHEHHO HE3aBUCHUMBIX Delie-
HWUIA.

dW c—(a+b+1)z
dz z(z—1)

Pemienue 3Toro ypapuenus:

W.

c—(a+b+1)z
z(z—=1)

W(z) =W, exp(/ dz).

Nurerpadt:

/c—(a+b+1)z

—clnlz—1|—cln|z| — Dinlz—1 .
22— 1) dz=cln|z—1|—clnfz| = (@+b+1)In|z — 1] + const

Torna
W(z) = Woz™¢(1 — z)e %01,
Bropoe perrenne noiy4aeTcst CTaHJAPTHBIM IIyTeM — 13 (hOPMYJIBI JJIs1 BPOH-

CKHaHa:
wiwy — wiwe = W(2)

_ W(z)
Wy = wl/wl(z) dz.

nJin

Ecim wq(2) = F(a,b, ¢, 2), Torpa:

W()Z*C(l _ Z)cfafbfl

dz.
F2%(a,b,c, 2) ‘

ws(2) = Fla,b,c,2) [
Broisicium noBejieHue wy B OKpeCcTHOCTH TOUKH 2 = ():

we(z) = Wo(1 + %bz + 0(z2))/ (%O(Ozgz»)dz =

= 2'7%(const + O(2)).

To ecrb, smHeitno HezaBucuMoe K F'(a, b, ¢, z) pelenne runepreoMerpudecKo-
0 ypaBHEHUs B HyJie UMeeT TOYKY BETBJIEHUS MOpsSiaKa 1 — c.

Jlanble KazKeTcs ecTeCTBeHHBIM HCKATh pellleHue wy B BUje wy = 25 ¢f.
[ToncTaBuB 3Ty OpMYy/y B THIEPreOMETPUYECKOe YPABHEHHE IOy IHM:

c—(a+b+1)z
z(1—2)

—c(l—c)z7 ' f +2(1 — )z f' + (1—c)zf +2'7¢f"+
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c—(a+b+1)z , ,_ ab |
c cf—9
z(1-2) U z(l—z)z /=0
WIT (@t bt 1)
—(a+0+1)z
1—c g1 2(1 — —c c a l—c:| !
2 f—i—[( )z~ + 0= 7) 2 f'+
4. . c—(a+b+1)z _ ab _
o 1— 1—c c 1— R | c:| —
+[ c(l1—c¢)z + 0= 2) z27¢(1—¢) z(l—z)z =0,
WIT (@bt 1)
c—(a+b0+1)z
n 21 — -1 ] !
f +[( )+ )
ab o, c—(a+b+1)z _
| (1) 2 - 1— 1] =0,
=2 +e(l—c0)z 0 —2) (1—c)z7'|f
[Iocnennee ypaBHeHue ya00HO 3aIUCATh B BUJIE:
" 7_(a+ﬁ+1)z ' af .
I z(1—2) f+z(1—z)f_0’

rea=1+a—c¢, f=14+b—c, y=2-c
rak, Bropoe pelenne TUIepreoMeTpuieckoro ypaBHeHus (8) uMeer BuI;

wy =G(2) =2 “F(l+a—c,1+b—c2—c).

U3 asmux nocmpoenuti moocno cdeaamov 6v800, Mo HECMOMPA HG CUH-
2YNAPHOCMD KOIPPUUUEHMOE 2UNEP2EOMEMPUNECK020 YPABHEHUSA 8 OKPEC-
Hocmu mouku z = 0, MOAHCHO nocmpoumsd 06a €20 AUHETHO HE3ABUCUMDLT
PEUEHUA C NOMOUDBIO CNENEHHBLT PAJOS NO NAPAMEMPY Z.

2.3 OxkpecTHOCTH TOYKH 2z = 1

[Tepenuinem runepreoMeTpuyeckoe ypasaenue (8) B okpectaoct z = 1. st
3TOTO cle/laeM 3aMeHy nepeMenHoit ¥ = 1 —z. Torga ypaBHeHNe TPUMET BUI:

w,,_c—(a—i—b—i—l)(l—x)w,: ab w0,
(1—-2)z z(1—x)
OTO ypaBHEHUE JIETKO IIPUBOJAUTCS K CTAHIAPTHOMY BUILY:
w,,+—(c—a—b—l)—(a+b+1)x)w,_ ab w = 0
(1—2z)z z(x —1) '

Torma ogHO U3 pereHnit TUIEPreOMETPUYECKOTO yPABHEHUSI — PEryJISPHOE B
OKPEeCTHOCTU z = 1 — runepreoMerpuyeckasi OyHKIUsI:

w; = F(a,b,a+b+1—¢,1-2).
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Bropoe pemmenue BbIYMC/IAETC Tak ke, Kak 1 G(z), OHO UMeeT BUJ:
wy=(1—-2)""Flc—a,c—b1l+c—c—b1—2).

Takum obpaszom, dyukmuio F(a,b,c,z) — pelieHnue rumepreoMeTpuyeCcKOro
YDABHEHUs, MOXKHO aHAJIUTHYECKH IIPOJOJIKUTD 3a Kpyr |z| = 1 ¢ moMompio
JIBYX JPYTUX JIUHEHHO HE3aBUCUMBIX DEIIeHWH, PETYJIsPHBIX B KpyTe |2 —1| =
1:

F(a,b,c,2) = AF(a,b,a+b+1—¢c,1—2)+
B(1— 2" Flc—a,c—b1+c—a—b1—2). 9)

BHaveHne MOCTOSHHON A MOXKHO OIpPEIeIUuTh, yCTPEMHUB B 3TOi (hopmyte z
K HYJII0, 3HaYeHUEe TIOCTOSHHON B — ycTpeMUB 2 K eIMHMUIIE.
Dopmyay (9) unozda naswvieatom dopmyaoti ceasu.

2.4 3agauda

[Tonyunts hopMyIsl aHATUTHYECKOTO TpoaoKenus F'(a, b, ¢, z) Ha BCIO KOM-
MJIEKCHYIO TIOCKOCTD W BBIYMCIUTH 3HAUEHUS TOCTOSTHHBIX A, B BO Bcex 3TUX

dopmynax.

2.5 Jlurepartypa

[Ipu moaroTOBKE JIEKIMK WCIO/IB30BAIUCH YIeOHUKH
®.OnBep. Acumnroruka u cnenuaababie dyakiuu, M., Hayka, 1990.
H.H.JIe6enep. Cneruanbuble MyHKIUA U uX NpuiaoxkeHus. Ousmarrus,
Mocksa, Jlenunrpam, 1963.
@ .Kineitn. Pazsutue marematuku B XIX cronerun. M.: Hayxka, 1974



3 Peryusipable ocobbie TOUKH quhdepeHna bHOr0 ypaBHEHHST 19

3 Perynspubie ocobbie Touku nudpepeHnnaab-
HOT'O YPaBHEHUS

Kaaccupuyuposarwv, ocobvie movwku dupdepenyuarvrus ypasHenut 6mopozo
nopadka.

3.1 Pemenne muddepeHNTNATIHLHOTO YPABHEHUS B BUIE
pAIa

YpaBHeHMe BTOPOTO TOPsiIKa
y' +a(2)y +b(z)y =0 (10)

nMeeT aHAJTUTUIECKOe pellleHne B OKPECTHOCTH TOUKM 2 = 2y, €CJIu K03 dhu-
[IAEHTHl YpaBHEHHs — IoJoMOp(dHbIe (PYHKIHMK B OKPECTHOCTH 3TOW TOYKH.
Bonee Toro, jierko mocTpouTh CXOAANIUNCS Psij JJjis PEIIeHrs TOTO ypaB-
HEHUS B OKPECTHOCTH TOYKH 2y. HaloOMHHMM HIpOIegaypy IOCTPOEHHUs] ITOrO
pama. s mpocToTsl OygeM cuuTaTh, 9TO 29 = 0,

= a,2", b(z) =) b2" (11)
n=0 n=0

Byzaem uckarh pemenue B Bue
o0
= z Yn2". (12)
n=0

[ToacraBum dopmyas (11) u (12) B quddepennuanbHoe ypaBHeHure. 3apaHee
U3BECTHO, UTO pellleHre YpaBHeHHd — rojoMopdHaa (pyHKIUs, IO3TOMY DAL
st y(z) Moxkuo mowsrenHo gudddepenuposats. [locte auddepenunpona-
HUA TTOJIYYUM:

o o o o o
Z n(n—1Dy,z" 2 + Z an 2" Z nynz" + Z b, 2" Z Yn2" =0
n=2 n=0 n=1 n=0 n=0

O6benuauM KO3 PUITMEHTH U OJIMHAKOBBIX CTEIeHSIX 2, B Pe3yJibTaTe
TIOJIY UMM

Z [n+2 n+1)yn+2+zan k(k + )yk+1+zbn kyk]—o

Jlnst pelienusi 3TOTO ypaBHEHUsl HAJI0 NPUPABHSATH K HYJIIO BbIpayKE€HUE B
kBaJipaTHoil ckoOke. Torna s onpejesenns Ko3hPUIMEHTOB ¥, TIOJIYYATCS
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PeKypeHTHas IOCJIeI0BATEIbHOCTh aarebpandecKux ypaBHEHUI:

2ys + aoy1 + boyo = 0,
6ys + 2a1y2 + a1y + boyr + biyo = 0,

9

(n+1)(n+2)yn + Y an-i(k + D Yps1+ D bukyr =0,
k=0 k=0

Penienue 310l pekypeHTHON CUCTEMbl YPABHEHUH COJIEPXKUT JIBE TTPOU3BOJIb-
Hbl€ TIOCTOsiHHbIE. B KayecTBe TAKOBbIX MOXKHO BbIOpaTh, HAIIPUMED, Yo U Y-
OTHU TOCTOSHHBIE JIETKO ONpPEeIeTUTb, €CJIH 33/IaHbl ycaoBusg Komu B TOuke
z = 0. MoKXHO MmoKa3aThb, YTO MOJYYEHHBIH TAKUM 00pa3oM psi A PyHK-
muu y(z) cxomurcs, u byukuus y(z) sBisercs ronoMopdHON B HEKOTOPOi
okpecTtHOCTH 2 = (.
3ameuanue. Takoii METOJT JOKA3aTEIHCTBA CYIIECTBOBAHUS PeleHus aud-

depeHIMaJILHOTO ypaBHeHus: Ha3biBaeTcs Mmerojom Kommu. Koneuno, merosn
oCTpoeHus pemieHus audepeHIma bHOr0 YpaBHeHNsT B BUIe Psijia ObLIT U3-
BectreH u jio Kommu. Ko uceneioana BOnpoc 0 CXOAMMOCTH TaKUX PsiJIOB.

3.2 Kiaccudukammsa ocodbix Touek auddepeHImaIbHO-
ro ypaBHEHUS

BaxkubIM cBO#ICTBOM, 00€CIIEYNBIIAM BO3MOYKHOCTD IIOCTPOECHUS PEIeHUs YPaB-
nenus (10) B BUe CXOASIIErocs psijia, OKAa3ajach M IKOCTh K03 dunueHTon
ypaBHeHUd. Tenepb KayKeTCs eCTECTBEHHBIM BOIIPOC, KaK IOCTPOUTD PellleHne

B OKPECTHOCTH TOYKH, TJie K03 duimeHTsl HeromoMopdusl. g storo pac-
CMOTPHM ypaBHEHUs BUJIA!

y" + f(2)y + g9(2)y = 0. (13)

Buecw 2°f(2) = 3200, fn2" u 2'g(2) = 3005 gn2" — ronomopdubie dyHkumum,
t, S — HaTypaJibHbIE YUCJIA.

Wcxons u3 onbiTa HOCTPOEHUST TOJIOMOPMHOIO pelleHus /i YpaBHEHHS C
rosioMmopdHBIMEI KO3 OUIITEHTAMHI, MOKHO IIOHATh, YTO B KJ1aCCe TOJIOMOPd-
HBIX (DYHKIUH ypaBHEHHE PEeNIuTh, BOOOIIE roBops, He ymactcs. [losTomy
MPUXOJUTCA PACIIUPSATH KJacc perneHuit. Byaem mckaTh penrenus, DOMycKa-
fomue npd z = ( TOYKY BeTBJEHHsS KOHEYHOTO MOpsiAKa. Torma perreHue
MOXKHO IIP€J/ICTABUTH BHUJIE:

o0
a n

Yy==z E UnZ .
n=0
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31ech MoKa psij Oy/eM IMOHMMATh KakK (hOpMaJibHBIH, TO ecTh Oy/ieM MpOu3-
BOJWTDH HAJ HUM JIeiCTBUS, He 3a00TICh O CXOJAMMOCTH HUM CAMOTO ps/ia, HU
psia, TOJIYYeHHOTO TOWJIeHHBIM TuddhepeHnnpoBaHIeM.

[MoncraBum BeIparkenue mjs y(z) B ypasuenue (31):

o 00 0
Sla+n)(@+n—Duz*" 2+ 3 2"f S (a+ n)uyz*" 7 +
n=0 n=-—s n=0

oo o0
> gn2™ ) up2" = 0.
n=—t n=0

ITocrpoenne pamna S-° . u,2"™ MOXKHO YCTPOUTH, €CJIA MOTPEOOBATH, YTOOBI
n=0 “n ) Y
pa3JIozKeHHe IIPaBoil YaCT!H HAYMHAJIOCH CO CTEIeHH 2 2. JIJId 3TOro HaJI0 emle
OrpaHUYNTh 3HadYeHNd s < 1 mwt < 2.
Ocobble Touku ypasHenud (31), B KOTOpbIX KO3 DULUUEHTH ypaBHEHUI
b
MOYKHO TIPEJICTABUTH B BUJIE

(2 — ) f(2) = i falz = 20)" (2 — 20)2a(2) = i gnlz— 20)"

Ha3BIBAIOTCS PE2YAAPHHLMU 0CObBLMU Moykamu. OcTaabHble 0COObIe TOYKU —
UPPERYAAPHBIE 0COOBLE MOYKU.
[Iycts s = 1, t = 2, Torna ypaBHEHHE MOXKHO TIepeNucaTh B BHUJIE:

> [(a +n)(a+n—1uy + (@ +n)foun + f Frkug +

n—k
at+n—2 __
goUn + Y gn—kuk] z =0.
k=0

3HaveHue o ompeie/igeTCsa U3 ypaBHEHUd Opu 2% 2

ala—1) + foa+ go = 0. (14)

9TO ypaBHEHHE HA3BIBAETCS Onpedessousum ypasrernuem. Pemrenus onpee-
JISIOIIEr0 ypaBHEHUs (v, (ig) HABBIBAIOTCS NOKA3AMEAAMU 0C000T MOYKU.

JlabIme JIerko HAUCATh PEKYPEHTHYIO CHCTEMY YPaBHEHWUI I OTpeie-
JieHns KodpdumenTos psajga Yoo Up2™:

n—1

[(@+n)(a+n—1)+afo+ golun=— > [fnk(a + k) + gn_k | k-
k=0
Jokazkem, uro nocrpoennsiit psijg cxopurces (em. ©.Ousep, crp.148). [Tycrs
panpl qna zf(z) u 22g(z) cxonarca B kpyre paguyca r. O6osHauum p < T,
yCTh

K > I‘n‘ax|zf(z)\, K > I‘n‘ax|z2g(z)\.
Z|=p Z|=p
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Torna u3 uaTerpaabnoit hopmynasr Kommu cinemyer:

\fal S Kp™, |gn| > Kp™".

O6o3naunm s = [|a; — ao|] (3mech KBajpaTHbIE CKOOKM O3HAYAIOT IEIYIO
vacrb). O603nauuM b, = |u,|, npu n =0,1,...,s. IIpun > s:
n—1 )
n(n—lor = az)bn = K Y (loa| + 5 + 1)bjp" ™" (15)
=0

MozxHo nokaszars, 410 |a,| < b,. Eciu B (15) 3amennts n Ha n— 1 1 BeIYeCTD
nosTydeHHoe ypasHenue u3 (15), MOXKHO MOJIYYATH ypaBHEHHE /IS MaXKOPH-
pyomux Ko3dduiueHTon by, :

on(n —log —ag)b, — (n—1)(n — 1= |y — ag|)b, 1 = K(|oa| + n)by 1,
npu n > s + 2. Pazgennm obe wactu Ha n’b,, IpH s — 0O TOTYYNM:
bn—l/bn — P.

OT0 03HAYAeT, YTO PATUYC CXOIUMOCTH PAna » >, b,2™, a ¢ HUM U paga A
perenusi ypauenus (31), paBeH p. Tak Kax p MOXKHO B3SIThb CKOJIb YTOJIHO
GJIM3KO K 7', TO ¥ Psii J1Jis 4(2) CXOAUTCS BHYTPU KPYTa Paauyca r.

3ameuanue. MoryTr BOSHUKHYTb TPYIHOCTH IIPH IIOCTPOEHUN STHM METO-
JIOM JIBYX JIMHEHHO HE3aBUCHMBIX DEIllleHUl ypaBHEHUs B PEryJIsApHO# 0co00it
TOYKE, eC/IA (i1 — Qo € Z. B 3TOM citydae BTOpoe pereHne MOKHO TOCTPOUTD C
IIOMOIIBIO U3BECTHOI'O IIPUEMa — MCIOJIb3ysl (POPMYyJIy Jijisi BDOHCKMAHA JIBYX
JIMHEHHO HEe3aBUCUMBbIX DeIlleHUil ypaBHEHUs] BTOPOI'O MOPsiIKA.

3.3 Iloka3zaresim 0COOBIX TOYEK TUIIEPreOMETPUIECKOTO
ypaBHEHUS

Paccmorpum runepreomerpudeckoe ypaBHEHUE:

c—(a+b+1)z ab

e ), -
z(z—=1) z(z—1)

Ocobbie Touku 3Toro ypaBhenus z = 0, z = 1 u z = oco. B wactHoCcTH, B

OKPECTHOCTH GECKOHEYHO yIATeHHOH oco0oil Touku z = 1/t u ypaBHeHue

UMeeT BH]I;

> ( c a+b—1 2)w'+ ab 0
- — - - ——w = 0.
t—1 tt—-1) ¢ 2(t—1)



3 Peryusipable ocobbie TOUKH quhdepeHna bHOr0 ypaBHEHHST 23

Boraucimm nokasaresin 3TuX 0coObIX TOUeK. B okpecTHOCTH 0c0060it TOUKHI
z = 0 onpenensioiiee ypaBHeHUE:

ala—1)+ca =0.

Pemenusg 3Toro onpenendiomero ypasuenus: o =0, oy =1—c.
Oupejesnsioniee ypaBHeHHE B TOYKe z = 1 uMeeT BU/L:

ala—1)+(a+b+1—-c)a=0,

ero pemtenusi ¢, = 0, ags =c—a — b.
JLnst Toro, 4T06BI HAUCATH ONPE/IE/ISIONIee YPABHEHUE B TOYKE 2 = OO Ha-
JIO TIePENuCaTh yPaBHEHNe OTHOCUTE/IbHO HOBO# niepemennoit Onpeesioniee
ypaBHEHHe:
ala—1)—a(-a—b+1-2)+ab=0,

W
o —aa+b)+ab=0.

Ero pemenusi ¢ = a, g =0b.
MTax, TrunepreoMeTpudeckoe ypaBHEHHE B PeryJIpHBIX OCOOBIX TOYKAX
z=0,z=1uz= o0 umeer nokazaremu (0,1 —c), (0,¢c—a —b), (a,b).

3.4 3amaua

HOCTpOI/ITb " UcCjieJ0BaThb BTOPOE pEIICHUE YPDaBHEHUA B OKPECTHOCTHU DEry-
JISPHOI 0Cc000# TOYKH, ecin ap — (g € N.

3.5 Jlureparypa

[Ipu moArOoTOBKE JIEKIIMH KCIIOIb30BAJINCH YUeOHUKA
®.0OunBep. AcumnToTrka u cnenuasbuble dyakmun, M., Hayka, 1990.
H.H.JIe6enep. Cneruanbuble MYyHKIUA U UX TpuaoxkeHus. Ousmarrus,
Mocksa, Jlenunrpas, 1963.
O . Kueiin. Pazsutue maremaruku B XIX crosmerun. M.: Hayka, 1974
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4 @Pyuknusa beccend

Hocmpoen cxodauwutica pad pynkyuu Becceas. Busedeno paznocmmoe ypas-
nenwue das pynryutl Becceas paswoix nopadkos. Iloayuweno urmeepasvroe
npedcmasaenue u acumnmomura pyrukyuu Becceas 6 beckoneuno yodanser-
HolU mouke.

4.1 YpaBuenme Beccens

YpaBuenune Beccend nMeer BUI:

1/2

1
" 1——)w=0. 16
w-l—zw-i-( z2)w (16)

Jlerko BUAETH, UYTO 9TO YpaBHEHUE UMEET PETYJIAPHYIO 0COOYIO TOUKY z =
0. Onpenensionee ypaBHEeHHE B 9TON TOUKe

ala—1)+a—12=0.

[Toxazarenm 3T0# perynsproit 0coboit Touku ;9 = +v. CiaegosaTesbHO,
B OKpecTHOCTH 2 = () MOXKHO TIOCTPOUTH perenue ypapuenus (20) B Buje:

o0
w =z Z wyz",
n=0

eciu V ¢ 7.

Boruucium koadbduiuenTs! psjia 1jid penienus: ypaBuenus beccens. s
OTIpeIeJIEHHOCTH Oy/ieM CTPOUTH (DYHKIUIO, COOTBETCTBYIONIYIO MOKA3ATETIO
v > 0.

[ToacTaBum dpopmyay

o
w(z) =2 wp2"
n=0

B ypasuenue Beccensi. [IpupaBusem ko3dduuueHTsl 1pu OJMHAKOBBIX CTe-
neHsix z. B pesy/jbrare nmojyuum:

o
(2vwy +wi)z 4+ Y [(21/71, +(n—1Dn+n)w, +w,_o|2" 2 =0.
n=2
Cucrema ypaBHeHUii 119 onpeeseHns Ko3pPUIUEeHTOB Wy, :

2V’u}1 —+ w, = 0,
(2v + k)kw, + w,—2 = 0.
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Orciona ciemyer, YTO Bce HeueTHbIE KO3 duimenTsl paBabl Hy/10. [loaTomy
MOXKHO CIIeJIaTh 3aMeHy k = 2n, Torma:

Wk -1

k= (vt k)dk

Oyukuus w(z) uMeer BUI:

& (FL)k 22 Wo
w(z)—zkgo o (Z)(u+k)(v+k—1)---’/‘

B sr1oit popmysie Bocnosib3yemesi ramma-@yHKIMe 171 TpeJICTaBJIeHUs TTPO-
M3BEJIeHUs B 3HAMEHATeJe, KPOMe TOTO, C/Ie/IaeéM HOPMUDOBKY

o= (%)Uf(lu) '

[TocTpoennast Takum 06pa3oMm (HYHKIUST ©MEET BHUJI:

Me) = (%) > k!F(lE_—i-l)kk—i- 1) (2_2) (17)

k=0

Ota dbyukuusa HasbiBaeTcda gynryuel Becceas. [lapamerp v HazpIBaeTcs 1mo-
psaakoMm dbyukiuu beccens, z— aprymeHTOM.

Bocnonbzosasmuck npusnakom Jlamambepa g CXOIUMOCTH PSIIOB, JieT-
KO BHUJIETD, YTO P, CXOAUTcA. Ecnm v — mesioe MOTOXKATETbHOE YHUCI0, TOTIA
u pyukiys Beccens — nenass QyHKIums.

Ecmun v € 7, torna dyukuus Beccenss umeer Touky BerBienus z = 0.
['maBuast BerBh dyHKINN Beccens onpenesnsiercss riiaBHOW BeTBHIO (DYHKIUN
z¥. CBsI3b pasnndHbIX BeTBeit (pynknum Beccens maer dopmysa:

J,(zexp(2irm)) = exp(2irmv)J,(2).

4.2 Pa3zHocTHOe ypaBHEHUE

BrisicHUM, KaK CBSI3aHBL APYT ¢ ApyroM dyHknun Beccerst pasnmudHbIX MO-
psKOB. Jljist 5TOr0 BOCHOJIb3YeMCsl eIHHCTBEHHBIM, ITO y HAC €CTb — IpeJ-
craBrenneM dyuxuuu Beccens (17).

1= (3% (%)

31ech 3aMeHNM TaMMa-(pyHKIHIO 110 (hopMmy.ie

Fv+k+1)= v+ k)I'(v+n).
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TOI‘,H& IIOJIYYHUM LEIIOYKY PaB€HCTB:

J1(z) = (g) (g)” i k(!;(lgkiyk—i_-i—kl)) (é) -

k=0
2 2 v+1 oo (_1)k 22 k—1
240+ () (7)
”(z> G +{3 ,;1 (k—1)T(v+k+1)\4
B pesynbrate:
2v
J,,,l == ?J,j - J,,+1. (18)

D10 U ecTh uCKOMasi (popmyJia, CBsI3bIBatOIasi pyHKIuu beccesst pa3mnaHbIx
TTOPSIKOB.

4.3 HWHTerpajibHOE TIPEACTABJIEHUE

JIsist TorO, 4TOOBI TOIYyYUTh WHTETrpaJibHOE npeacTaBienne pyHknuu becce-
Jist, Bocmosb3yeMcst (popmyinoii (18). B sroii dopmysie mepeiizem kK obpaszam
Jlannaca J. [IpeobpazoBanue Jlamiaca caesiaeM 0 MOPSIIKOBOM MepeMeHHOM
v. B pesynbrare ypauenue (18) ayist o6pa3os Jlamnaca npuMeT BUIL:

~ 2 . ~
exp(—p)J = ~J' —exp(p)J.

nJIn

J' = zcosh(p)J.
DT0 ypaBHEHHE C Pa3JeIAIONUMUCA TIePeMeHHBIME. PeIuB ero, moydnm:
log J = zsinh(p) + C,

nJjn

J = C exp(zsinh(p)).

[Ipoobpa3 — pyuknus Beccenst — moxkeT OBITH IIpeICTaB/IeHA B BHUJIE:
J = C’/ exp(zsinh(p)) exp(—pv)dp.
v

31ech, mpaB/ia, TMOKa eIe He onpejiesieHa nocrosuuas C u KOHTYp HHTe-
IPUPOBaHUs. 3HAUYEHHE MOCTOAHHOW MBI MOJMYyYHM HuKe. KOHTYp HHTErpu-
pOBaHUs JIOJIKEH OOXOIUTH OJHY WJIM HECKOJIBKO OCOOBIX TOYEK IIOJIBIHTE-
rpajbHOl (PYHKIMH, TaK YTOOBI €r0 ¢ MOMOIIBIO HEIPEPHIBHOI JedhopMalnum
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HeJIb3sl OBLIO CTSHYTHh B TOYKY (Takoe TpeboBaHHe 0GECIeYMBAECT, YTO MHTE-
Ipajl He PaBeH HyJII0 TOXKJIECTBEHHO). JIJist Onpeie/ieHust KOHTYpa UHTerPUPO-
BaHMs yJOOHO 3aMEHUTH [IEPEMEHHYIO HHTerPUPOBaHus: exp(p) = —t, —dt =
exp(p)dp. Torpa unTerpan npumer Bu:

1) =C [ e (Gle— )t

B sTom wmuTerpanme touka t = (0 — Touka BeTByenud. [losTomy, ecam
MBI BO3bMEM B KadeCcTBe KOHTYPa MHTEI'DHUPOBAHUS IET/IIO0, NPUXOILMIIYIO C
—00 + 10, 06x0AgIIyI0 BOKPYT TOYKHU ¢ = () IO 9acOBO#l CTpeJIKe U YXOASILYIO
obpatHo Ha —o0 — {0, TOrJga TaKo#l KOHTYP HE CMOXKeT ObITh HelpepbIBHO
CTSIHYT B TOYKY, U CJIe/IOBATE/IbHO, MHTETPAJ He PaBeH TOXKJIECTBEHHO HYJIIO.
B pesysabraTe moayunm:

(+0) z 1., dt
I =C [ en (G- g
Drot unrTerpan cxoxurcs upu R(z) > 0.

Tenepn 3aiimemcs ompenesieHueM 3HadYeHus mnoctosuuoit C. [ng 3roro
paccmorpuM Pyukmuio Beccena mopaaka v = (. Bocmoab3oBaBmuUCh psaioM
s dynkunu Beccensi, merko mocuntath ee 3uadenue: Jo(0) = 1.

[Ipu v € Z nHer HuKakoro pa3pes3a B KOMILIEKCHO# miockocTu. [lojabin-
TerpaJjibHbie (DYHKIUU TOJOMOPMHBI BCIOY, 38 MCKJIOYeHueM To4uku t = ().
[Tosromy wmHTerpaJ no mnerjie B npejcraBjienun pyHkiuu beccesnss MOXKHO

JnedbopMupoBaTh B MHTErPaJI 10 JII0OOH OKPYKHOCTU BOKPYT TO4YkHU ¢t = 0:

z 1., dt
Ju—C[YeXP(i(t— ;))t,,ﬁ,

Ijie Y — OKPYKHOCTb IPOU3BOJIBHOTO PAJANYCa BOKPYT TOYku ¢ = (. D1uMm
MPEJCTABIEHNEM BOCIIOIb3yeMCs /il BBIUYUCTeHuS MOCTOdHHOU ('

o (0) :0/7% — O = 1.

CnemoBaresibHO,

OKOHYATEJILHO:

(19)
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Kaxk yzke 0TMedaJjioch, 370T uHTErpaj cxomurcs npu R(z) > 0. Ero MmoxHO
npeobpa3oBaTh K BHJLY, IPUTOJHOMY JJis JIIOOBIX 3Ha4veHuit z. s sroro
caesiaeM 3aMeny: zt = [, Toraa

1, [0 I 22\ dl
O (5—27)1u+1-

Puc. 3: Oyunkiun Becces.

4.4 Acumnroruka dpyuknum Beccens

3nech mpuBeneHa GopMmyia A8 acuMOTOTUKN GyHKIUU Beccens npu 6071b-
MUX 3HAYEHUIX MOMIYJIS apryMenTa. s moydenns acuiMITOTHIeCKO#H dop-
MYJIbI BOCTIOTb3yeMCsl WHTETPaJbHBIM TIpeicTaBienneM. BooOre roBops, ais
BBIYHUCJIEHUSI ACUMIITOTUKH MHTerpaJia B pyHKiuu beccens oObIYHO MOTB3Y-
10TCs MeToJIoM miepeBasia. OHAKO, JJisi IPOCTOTHI MbI He Oy/IeM ITPUBJIEKATD
MeTO/I IlepeBaJia, a BOCIOJIb3yeMCsl METOJIOM CTallMOHAPHOM (ha3bl, XOTsd, KO-
HEYHO, 3/1eCh 3TO OKAYKEeTCS OTHUM U TeM Ke.

[Ipeobpa3yem KOHTYp MHTErPUPOBAHUS K MHTETPAJy 110 MHUMOI ocu. [lyis
3TOro HaJl0 J1epOPMUPOBATH BETBU MHTErpaJa IO IeTjie — C BeEpXHero odepe-
ra pa3pesa Ha BEPXHIOI MHUMYIO TOJIyOCh, C HUXKHETO Oepera pa3pe3a — Ha
HUKHIOI MHHMYIO TOJyOCh. DTO MOXKHO CIeJaTh, TAaK KAK MOJBIHTEIDAJIb-
Hast PYHKIUs 10JI0MOpP(HA B KOHEUHON 00J1aCTH JIEBOH MOJIYILJIOCKOCTH KOM-
IJIGKCHOTO TlapamMerpa t, a MHTerpaJj Mpu OOJbIIMX 3HAYEHUSIX T B JIEBOM
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IOJIYIIJIOCKOCTH KCIOHEHIHAIBHO yObIBaeT. Takum 00Opa3oM, CIpaBeInBa
dopmyia:

1+ 1 dt 1 Z, 1. dt
> / exp (
L

J,,(Z) - %/oo eXp(Q(t_ ;))tu-l—l = §(t_ z))tuﬁa

2T
rae L — KOHTYp, TPOXOISINUi 10 MHUMO OCH OT MUHYC O€CKOHEUYHOCTH 0
IJIIOC OECKOHEYHOCTHU U 00X sIuit ToukKy £ = () 110 MaJioit OKpPY>KHOCTH CIIpa-
Ba.

B monydyennoMm umHTEpBaJie cieaeM 3aMeHy IepeMeHHO# it = x, Torga
UHTErpaJl n1puMeT BUI:

1 1z 1., dz
Iz = g explilv + /) [ exp (e - )=

re KOHTYyp M JIeXKHUT Ha BEeIeCTBEHHON OCH BCIOJY, 33 MCK/II0YEHHEM MaJioi
OKPecTHOCTU TOYKU & = (), KOTOPYIO OH OOXOJIUT II0 IOJIOBUHKE OKPYKHOCTH
B BepXHell MOMTYILIOCKOCTH .

JLng BRIYHMC/IEHUST aCHMITOTHKY 3TOTO WHTETPAJIa MOYKHO BOCIOIB30BATh-
csi MeTosoM crarmoHapHoit (aswl. [Ipumensisi u3BecTHbie HOPMYJIBI, TTOIY-
YUM:

Ju(2)|j2) 500 = % zi:exp(iiz)\/%exp(imﬂ —av/2)(1+0(|z| 1) =

E(cos(z — /2 —w/4) —sin(z — v /2 — 7r/4)) (1+0(lz|™).

4

4.5 3amaya

UccnepoBarh BO3MOKHOCTH 00X0/1a TOUKM ¢t = () B MHTErpaJbHOM ITPEJICTAB-
siennn pynknuu Beccesst 10 MEUMOIT Ocu clipaBa.

4.6 JIureparypa

[Ipu moAroToBKe JEKIUKM YACTHYHO HCIOJIH30BAJIACH KHUTA
®.0OunBep. AcumnroTrka u cnenuaabubie pyakmun, M., Hayka, 1990.
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5 9YBaennme CtroKca

Cmpozo 2060ps, asienue Cmokca uMeem OMHOWEHUE K ACUMNMOMUYECKUM
PACAM OAS CNEUUANOHOT PYHKUUT, G HE K CAMUM CTEUUANOHOIM PYHKUUAM.
Odnako, wacmo GyHKUuU ONPedesstomes ¢ nNoMowwbl Pados u, 6 YacmHo-
cmu, pados acumnmomuveckur. B maxol cumyayuu obcyocdenue ABAEHUA
Cmokca eveasdum enosne ymecmuoum. B amot sexuyuu dyrnxuuyu Lankens
B600AMCA YEPE3 UL ACUMNMOMUKY 68 KOMNAEKCHOT naockocmu u obcysrcoa-
EeMCs acuUMNMomueckoe nosederue Imux GyHKUUl 6 0OKPECMHOCTNY MOYKY
BEMBAECHUA DECKOHEUH020 NOPAJKA.

[Ipomie Bcero nousaTh sBaenne CTOKCA HA IIPUMeEpPe PEIIeHHH ypaBHEHHS

u —u=0.

®yukuus u = ch(z) — pemenune 3TOro ypaBHeHusl.
AcuMmnToTHKa 3TOrO pemieHus npu |z| — 0o B cextope R(z) > 0:

u ~ exp(z)/2,

B cektope R(z) < 0:
u ~ exp(—z)/2.

To ecTh acUMITOTHKA MEHSETCS CKAYKOM TTPU HEMTPEPHIBHOM U3MeHeHUn Argz.
B sTom, cobeTBenno, u coctout sapenne Ctokca. [Tokazas 3ToT npumep, MOXK-
HO OBbL7IO OBl M 3aKOHYHTH JIEKIUIO — TeMa [0 OOJIBIIOMY CYETy HCUYEPIAHA.
OpnHako, 310 Haeko He Tak. [IpuBeieHHOE ypaBHEHNE CIUIIKOM IIPOCTO U IIPH
UCCJIETOBAHUY ACUMITOTHK €T0 PEIIeHU OKA3bIBAIOTCA HE3aMEYeHHBIMU, Ha-
IpUMep, TaKue BayKHbIe B OOIEM IIOIXO0JIe JIEMEHTHI, KaK KO3 DUIMEHTHI
Crokca (3711€Ch 9TO TOXK/JIECTBEHHbIe euHUIbL). [lo3ToMy mepeiiiem K uccie-
JIOBAHWIO HECKOJILKO 0OJiee CJIOXKHOTO IPUMEPA.

5.1 ®dopmMaJibHbIE PEIIEHUd B BUJE ACUMIITOTUYECKUX PH-
JI0B

Vcenenyem noBesieHue pemeHuit ypaBHeHus beccens

]/2

1

w4+ ~w' 4+ (1- =)w=0. (20)

2
z z

B OKPECTHOCTH UPPETYJISPHOH 0c000# ToUKHU 2z = 00. Ha npeapiayimeit Jeknun

Oblj1a HalKMCcaHa acCUMNTOTHKA (byHKnwmit Beccens B oKpecTHOCTH GECKOHEYHO
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yﬂaHeHHOﬁ TOYKU. XapaKTep ACUMIITOTHYECKOI'O IIpeACTaBJCHUA MO2KHO IIO-
HATH U3 TeX aCUMIITOTHYECKHUX (I)OpMyJIZ

o0
w(z) ~ exp(iiz)\/; Wpz "
n=0

3/1ech He UCIOJB3YyeTCs 3HAK PABEHCTBA, IIOTOMY YTO IOKA HE HUCCJIe/I0BaH
BOIIPOC O CXOJUMOCTH IIpeJ/ICTaBJIeHUS w(z), psiJi IOHUMAETCI KaK (popMaJib-
HBIH.

J1nsa Berauciaerus Ko3(pOUIUeHTOB W, HAIO0 MOJICTABUTD PsiJl B ypaBHEHHE,
MpUPABHATH KO3hDUIMEHTHI TP OJUHAKOBHIX CTeNeHdAX z. B pe3yabrare mo-
JYYUATCA PEKypPEHTHAd CUCTEMA YPAaBHEHUH, U3 KOTOPOW MOXKHO ONPEIeIUTh
KO3(DUIMEHTH PA3I0KEHUS Wy,. 31ECh 3T AEHCTBUS MPOIYIINEHbI, TAK KaK
OHU y>Ke He Pa3 NMPOBOJAMJINCH U JJisi ypaBHeHUsI Beccessi, u 1ajisi rumnepreo-
MeTPHYECKOr0 ypaBHeHUsi. BMecTo BbIYUC/IEHUH TPUBEJEM Cpa3y OTBET:

(4v? — 1)(4v? — 3%) ... (4v* — (2n — 1)?)
n!8"

n

Hccnepyem cXoauMOCTh HAITMCAHHOIO PsIa:

wn—|—1
W,

|nﬁoo ~ M.

To ecTb, psia HE CXOMUTCS HU IPU KAKUX 3HAYEHUSIX 2.

Taxum 006pa30M, BOCHOIB30BABIINCH CTAHIAPTHON MPOIEAYPOIi, MOXKHO
TMOJYYUTh JABa (POPMATbHBIX Psia, KOTOPBIE SABJISIOTCA (DOPMATbHBIME pe-
IMeHnsIMH ypaBHeHUs bBeccens, HO He CXOAATCA U, CAeIOBATETbHO, HE TTPe-
CTABJISIIOT HUKAKOTO HACTOSINEro perienusi ypasuenust Beccens. C apyroit
CTOPOHBI, MOXKHO HAQJIEATHCS, YTO ITH PSAILI SABASIOTCH aCUMITOTUYECUKMUA
MPEJICTABIECHUSIMH KaKUX-TO (PYHKIUi, KOTOPBIE, B CBOIO OUYePehb SIBJISIIOTCS
pellleHUIMH ypaBHeHUsT Beccend.

5.2 (O0ocHOBaHUE ACUMIITOTUK

[Ipex e, yeM Kak-1u00 MCIIOIBb30BaTh IOCTPOEHHBIE (DOpPMaJIbHBIE PsiIbl, BhI-
SICHUM, BO-TIEPBBIX,— €CTb JIU TaKue (PYHKIMH, KOTOPbIe MPUOJIHKAIOTCS TI0-
CTPOEHHBIMH PSI/IaMU, BO-BTOPHIX, — 00/1aCTh 3HAUEHUH KOMILJIEKCHOTO Iapa-
MeTpa z, JIJIs KOTOPO# TPUTOIHBI TOCTPOEHHbIe TpubImKenust. CTaHIapTHHIH
MOJIXO/, B 3TOM CJIy4ae CJIeIyIONuii.

Bosbmem oTpe3ok dopmaabHOro psaa AaAAHOK V:

N L -
Ly = exp(+iz) . > wpz ™
n=0
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Bynem uckarhb permenue B BHJE:
w = Ly +u(z).

Baech HemsBecTHass (PYHKIUMSA U HA3BIBAETCS OCTATKOM acMMNTOTHKHU. [lo-
crauM HOPMYJy JJiss W B ypaBHeHHe. B pesysbrare noaydum ypaBHEHHE
JUIsi Hen3BecTHOH byHKuum u(2):

1/2

u" + lu' + (1 — —)u=—Ly, (21)
z z
rae L) — pesyabrar npuMenenust auddepeHnnaibHOro oneparopa (JeBoi da-
cru ypasHeHus Beccenst) K Kycky psina L. HemocpeacTBeHHO U3 OCTPOEHMsI
CJIelyeT, 4TO TpaBas 4acTh B ypaBHeHun (21) umeeT BUI:

—Ly = exp(iz)Ayz N 72712

rne Ay — noCTOsIHHASL.
Maubie ipu z — 0o claraeMble B ypaBHeHUU Jist u(z) HepeHeceM B IIpa-
BYIO 4aCTh. B pe3ysbrare moIydnm:
' 2
u"—i—u:—l—i-g—L'N.
z z
Tenepsb yn06HO nepeittu oT quddepeHnnaaIbHOro ypaBHeHNS K HHTETPAJIb-
HOMY YPaBHEHHUIO Jis u(2):

00 ! 2
u(z) = — exp(iz)/z d( exp(—iC) [ — % + % — L'N] -
0o ! 2
exp(=i2) [ dCexp(ic) | - % + ”C—Q“ - L'N]

B srom ypaBHeHum Hai0 Onpee/IMTh KaKOW-HUOY/Ib IIyTh WHTEIPUPOBA-
uusi. C OHON CTOPOHBI MOXKET MOKA3AThCsl, YTO ITO HE TAK y»K M BAXKHO,
IIOTOMY YTO B IOJBIHTErpajibHble (DYHKIUU aHAJTUTHYECKHE, a OECKOHEYHO
yJaJieHHas TOYKa Ha KOMILTEKCHOH IJIOCKOCTH equHCcTBeHHas. OHAKO, 3TO
He coBceM TakK. BaxXHO ompeenuTh JIMHUIO, 110 KOTOPO# IPOUCXOJIUT IOJ-
X0J, K OECKOHEUHO yIajeHHON TOouKe. Beab OGeCKOHEUHO yIaJieHHAs TOUKA —
CYIIIECTBEHHO 0coDasl i MOABIHTErpaJbHON (hyHKIUUA. UTOOBI MpOIIEe BCETO
OBLIO OIIEHUBATH UHTErPaJl, ECTECTBEHHO BHIOPATH MyTh, HA KOTOPOM ITOIbIH-
TerpajibHasi 9KCIOHEHTa ObicTpee Bcero yboniBaer. [Ijast 3TOTO mOACTABUM B
SIBHOM BHJI€ BbIparkeHue Jjisi L'y :

u(z) = —exp(iz) X

u/ 2

x / " d¢ exp(—i) [ -+ Vc—f = exp(ig)ANgN“/?] -

! 1/2u

exp(=iz) [ dCexplic)| =+ 5 = exp(ic) An¢ V.
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W3 npuBenerHoit GhopMyJibl BHIHO, YTO HAJI0 YXOAUTh B OECKOHEUHOCTH IIO
IOJIOKUTEJbHON 4aCTu MHUMON OCH, B 9TOM CJy4dae, 0 KpaliHeil mepe u3-
BECTHBIE CJlaraeMble CBsi3aHHble ¢ L'y yObiBator GbicTpee Beero. O Heussect-
HO#t dbyHskmy 1(() MOKA HUYEro ONpPeJIeJIEHHOTO CKA3aTh HeJIb3sl.

Yro kacaercss KoHe4yHoit obujacrtu napamerpa |[(| > 0 — 31ech BaxKHO,
4TOOBI Ha JIMHUU WHTETPUPOBAHMS HE POCIA BEIECTBEHHAs YaCTh IIOJIBIHTE-
IrpaJbHOMl SKCIOHEHTHI. B 3TOM ciydae ee JIerKO OIEHUTH, C HEil ¥ OIeHHUTH
WHTETpaJI:

| exp(—iz) /Zim d¢ exp(2iC)ANC7N7271/2\ < |exp(iz)§*N*3/200ns‘c\. (22)

[Ipu unTerpupoBanuu, €Ile BaKHO He NPUOJIMMKATHCSH K HYJIIO, TaM TOYKA
BeTBJIEHUd |3 €lle U 0cOOeHHOCTh. Ecau He ynaercss MOCTPOUTH IIyTh MHTe-
I'PUPOBaHNA, Ha KOTOPOM BeE€IIECTBEHHAA YaCThb ITOKa3aTe/id IKCIIOHEHTHI IIPpU
JBY2KCHHM K 700 HE PacCTeT, 3TO 3HAYUT, YTO MHTErPaJ OICHHUBACTCA 3IKC-
IOHEHTOHl C IOKa3aTeseM, BellleCTBeHHas 4acTbh KOTOPOIo Oosblie, YeM 2i2.
CienoBaTeIbHO, He yAacTCd IPHU OIEHKE WHTETpaJa MONYyIUTh MHOMKHUTEJb
exp(iz) BayKHBIH /15 TATBHEHIINX OIEHOK.

Nrak, B ciiy4ae, ecIi MOXKHO IIPOBECTH IIyTh UHTETPUPOBAHUA U TOUKH 2
K 900 TaK, YTO Ha HEM BeIIeCTBEHHAs YaCTh SKCIOHEHThI B MHTerpase (22)
He BO3pacTaeT, UMeeM:

U " I/QU]
¢ ¢
" vu

— exp( zz/ dgexp(zg)[———i-—Q + F(z

u(z) = —exp(i2) [ dexp(~ic)| -

rje
F(z) <|exp(iz 2 N=32¢onst|.
|

Temepb BCIIOMHHM, YTO Ha CAMOM JieJie TOYKa OO — CYIIECTBEHHO 0CODast
TOYKa, TOUYKA BETBJIEHHS OECKOHEYHOIO IOpsaka. Jlajbiie, paccMaTpuBast z
KaK TOYKY HAa PUMAHOBO# MOBEPXHOCTH (DyHKIMH JiorapudM, JIErKO MOHSTh,
4TO0 Tpebyemble Jist OIeHKH (22) yCIOoBHs Ha MyTh WHTETPUPOBAHMUS BHIMOJ-
HAIOTCS TOJIBKO JIJIST TOYEK, 2, JOCTATOYHO VIAAJEHHBIX OT HYJIS U TaKUX, YTO
—m < Arg(z) < 2m.

[IycTs 2 yaoBieTBOPs€T STUM YCJIOBHSIM, TOTJA METOIOM MOC/Ie0BATE /b=
HBIX IPUOIMKEHUI MOXKHO II0KA3aTh, YTO JIJIsI PeIleHns HHTerpo-auddepen-
IUAJHHOTO ypaBHeHUs — (pyHKIUK w(2) CIpaBeIIuBa ONEHKA:

w(z) = O(exp(iz)z N 73/?),

To ecrb, MOCTPOEHHBI B NPEIbIIYIIEM IIYHKTE Psijl SBJISETCH aCUMITOTUYE-
CKUM DsIJIOM JiJIsi HeKOTOpOit byHkumu u(z) — penrennst ypasuenusi Beccessi.
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5.3 Pysknuu 'ankenas

Jnst ynoberBa 06BIMHO yCTPAUBAIOT HOPMUPOBKY TOJIyYE€HHBIX PsiJIOB, YMHO-

Kad UX Ha
2 v 1
(/= exp(E(5 + = )i).
7TeXp( (2+4)W)

OyHKINUY, aCAMIOTOTAKHA KOTOPHIX OBLIN MOCTPOEHBI HA3BIBAIOTCH (DYHK-
muamu ['ankesisa. 9mu GyHKIUU ONPeaeaioTCd UX aCUMOTOTUYECKUMY TIPE/T-
CTABJICHUSIMH B OKPECTHOCTU OECKOHEYHO y/IAJIEHHOU TOYKU:

HWM(2) ~ exp(iC) \/ Zz wpz ", —m+6 < Argz < 27 — 4, (23)

HO (2) ~ exp(—i)| = S (<) wnz™, ~2m+6 < Arge <75, (24)
TanO
npu z — 00, (=z— " —7,0>0.

5.4 YABaenue CToKca.

Oynkiuu [ankens, Tak xke, kKak u ¢pyHkiuu beccesisi, — uHeitHO HE3aBUCH-
Mble perieHusi ypasHenusi beccesisi. [loaromy dbyukiuu Beccesisi MOXXHO BbI-
pa3uth 4epe3 pynknuu l'ankess, Jjisi 3TOr0 JOCTATOYHO BCIOMHUTH aCUMT-
noruky byukuuit Beccenst npu |z| — oo:

Te) = S(HP () + HP (2).

T(2) = S(HP() + HO () =
%(exp(um)Hﬁl)(z) + exp(—vmi) HP (2)).

U3 stux dopmysn moxno uckmounts HV(z) u HP(z)). B pesyabrare mo-
JIY 9UM:

H{(2) = Sin(lw) (exp(—vmi)Ju(2) + Ju (),
H(E) = s (explim) 1(2) = 1. (2).

Jasbiie s BoraucieHus ¢GpyHKnuu [aHKe st TPy 1OBOPOTE aprymMeHTa Ha
YTOJI T21M, MOXKHO BOCIOJIB30BAThCs (DOPMYJIaMHU 7 IOBOPOTA apryMeHTa B
dbyukiuu Beccens:

J,(zexp(imm)) = exp(imvm)J,(2).
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Ota dopmyna u BbipaxkeHue GyHKiuu Beccens depe3 dynkinuio [ankens
JIaeT:

HWM (z exp(imm)) =

v

ﬁ[sin(( -1y )H,El)(z) + exp(—ivm) sin(ml/ﬂ)Hy)(z)],
Hl(,Q) (zexp(imm)) =
m[exp(iuw) sin(myr)HWY (2) + sin((m + 1)vr) H? (2)].

[TpomamocTpupyeM mosaydenubie ¢popMmyasl. s 3Troro BosbMeMm m = 2,

TOTIA

H{Y (zexp(2im)) = —H{V(2) — (1 + exp(=2vm)) H (2),
korma |Argz| < m — 0 BepHO W STO TpeaCTaBleHue, U TpejacTaBiaeHue (23),
npasjia, B 3T0i obsiactu dynknusa H (2)( ) 9KCIIOHEHIMATBHO MaJja, TaK YTo
[IPH IIOCTPOEHUM ACHMITOTUKH IJIABHAS YACTh PA3JIOXKEHHS OINPEIe/seTcsd B
(23).

BeiBoa. Ilpu mepexone oT ceKTopa K CEKTOPY apryMeHT (YHKIHH Me-
HSI€TCSI HEIIPEPBIBHO, 8 KOI(M@MUIMEHTH aCUMITOTHYECKOIO PA3JI0KEHUS /I
9TON (DYHKIUU MEHSIOTCS AUCKpeTHO. B 3ToM u cocrout seaenue Cmorkca.
KoadhdunuenTsl B aCHMITOTHYECKOM MPEICTABJICHAN, MEHSIOIIHECsS CKAIKO-
00pa3Ho, Ha3bIBalOTCS Koappuyuenmamu Cmoxca. Jlyun, Ha KOTOPHIX IPO-
nCxoauT CMEHa KOS(b(I)I/IIH/IeHTOB B aCUMITOTUYECKOM DPaA3JIO2KEHHUHN, HA3bIBa-
1orest aunuy Cmorkcea. Jlydu, Ha KOTOPBIX pacTymias u yObIBaOMas aCUMIITO-
TUKU MEHSIIOTCSI MECTAMU, Ha3bIBAIOTCS GHMUCTOKCOBMU AUHUAMU.

5.5 3agaua

3aBepimuTh I0KA3aTE]bCTBO OJIM30CTH ACUMIITOTHYECKOI'O Psi/la K HEKOTOPO-
My penieHuio ypaBHenusi becceiisi.

5.6 JIureparypa

[Ipu moAroToBKe JEKIUKM YACTHYHO HCIOJIH30BAJIACH KHUTA
®.0OunBep. AcumnroTrka u cnenuasabuble pyakmuu, M., Hayka, 1990.



6 @ymkmnus Beiiepmrpacca 36

6 dPyukuusa BeiiepimTpacca

3decov P-gpynrkuyua Betiepwumpacca sgedena, Kak peuleHue YypasHeHus nepeozo
nopadka Ha pumarosoti noseprrocmu poda 1. Ilokasarno, wmo sma GyHryuA
dsosakonepuoduveckasn. Ilpusodumes mepema Jluysusrs daa sssunmuveckot

PYHKYUY.

6.1 IunddepennuanpsHoe ypaBHEHUE

B sroit eknuu OyaeT uzydarbes penienue audGepeHIna bHOT0 YPABHEHUS
MEPBOTO TOPSIKA
(u')? = 4u® — gou — gs. (25)

OHO nosIBJIsIETCsI, HAIIPUMED, €CJIM HadyaTh HHTEIPHPOBATH yPABHEHHUE BTOPO-
o MOp4JiKa ¢ KBaJAPATAYHON HENWHEHHOCTHIO

u" = 6u’ — go/2.
Paznenuth nepemennbie B ypasaenuu (25) npocro:

+du

dz = .
\/4U3 — 02U — Gg3

Caenyronuit sTam — TPOMHTErPUPOBATH yPaBHEHUE C Pa3/Ie/J€HHBIMHU Tepe-
MeHHbIMH. BOT 371€Ch €cTh HEKOTOpasi HesSICHOCTh. BO MepBhIX,— 4TO 03HAYAET
+7 Kakoit u3 3nakoB BbiOparh? [lapameTp u JIeXKUT Ha JIBYJIUCTHON puMa-
HOBOil TIOBEPXHOCTH, IO KAKOMY IyTH Ha 3TO# MOBEPXHOCTH MPOBOJIUTH IYTh
uHTerpupoBanus’ [lepeiinem K oTBeTaM Ha 3TU BOIPOCHI.

J11s1 OTHO3HAYHOTO OTIpeiesIeHNs] pellleHnusl HeJTMHEHHOTO ypaBHEHUs TIep-
BOI'O TIOPSIIKA, 3a4acTyI0 (Y HAC MIMEHHO TaKOil CIyvaii), HeJOCTATOYHO 33/1aTh
TOJILKO 3Ha4YeHUe (DYHKIWYU ¥ B KaKOH-T1O0 TOUYKe, HEOOXOTUMO eIre 3a1aTh
3HAK + WJIH —, TO €CTh, BEIOPATH JIUCT PUMAHOBOH TOBEPXHOCTH (3TO YCIOBHE
JIMIITHEE TOJBKO B TOYKaX BeTBJeHus1). To ecth, qannsie Komn:

Z =2y, Ul =Ug, 3HAK HeEpe] KOPHEM.

Bb16epeM AJId IIPOCTOTHI B KadeCTBE HadaJbHOI — TOYKY BETBJICHUA Z —
oo. B atom caydae, mo kpaiineit Mmepe (bopMabHO, Oy IUM:

Y e d¢
°T / VAG —gaC — 05

Oynkuust u = P(z), obparHasi K 9TOMY JLIMITUYECKOMY HHTErPAJLy, Ha3bl-
Baercs P-dynkuueii Beitepmirpacca:
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6.2 JIBOSIKOMEpMOANYIHOCTD

Boobiie roBopst, ecjin Xo4ueTcs 1MOJIyYUuTh PellleHre ypaBHEHUsl, TO BCe PaBHO,
10 KAKOMy IyTH Ha PUMAHOBOH MOBEPXHOCTH MHTErpupoBaTh. Ho Ha camom-
TO JleJie He BCe MyTH SKBUBaAJIEHTHB. O003HAYUM €1, €, €3 KOPHU KyOUIECKOTO
HOJITHOMA

4¢% — goC — g3 = 0.

OnpeneseHHOCTH OYE€M CUUTATD, YTO €3 — BEIEeCTBEHHbIN KopeHb. CoeTmHUM
pa3pe3oM Ha, pUMaHOBO# MOBEPXHOCTH €1 U €y, €3 U 00. LIUK/I Ha BepxXHeM JIn-
CTe MOBEPXHOCTH, 00XO/sIIHUiT OTPE30K [e1, €3], HAa30BeM a- nepuogom. Llukor,
COEJIMHAIONIMI Ba pa3pe3a M NPOXOALIIHi 110 BEPXHEMY U HUXKHEMY JIUCTY
IIOBEPXHOCTH — b- IE€PHOIOM.

MOXKHO yCMOTpETh, 9TO JII00O IIyTh Y HA PUMAaHOBOI IIOBEPXHOCTH MOXK-
HO NpPEJCTABUThL B BUJE IMyTH, He 0OXOIAIIEro MOJHOCTBIO HM OJUH IUKJI ¢,
1 CYMMY KOHEYHOT'O YHCJIa 00XOJOB 110 G U b IUKJIaM.

y=°"+am+bn, m,n€ Lz

D10 o3HavaeT, 4To (hyHKIUd BeliepmTpacca — IBOIKOMEPUOIUYIECKAS, A
YACTIA

_ d¢ _ d¢
2w = /a VAG — g2C — g5’ 2w = /b VAC — goC — g3

— MepHOABI 3TOH (DYHKIUHU, TO €CTh:
P(z + mw; + nwy) = P(z).

KoneuHo, eciu ObI OTHOIIIEHKE STUX JABYX YHCEJ ObLIO BEIECTBEHHBIM, TO
HHU KaKOM JTBOSKOIEPUOIUIHOCTH HE MOTJIO ObI HITH U PEYH — BEIeCTBEHHBIH
nepuoi, y MOYyHKIUA MOXKeT OBbITh TOJIbKO oauH. OJHAKO, 37eCh OTHOIIEHUE
TMEePUOJIOB — YMCI0 KoMILTekcHoe. [lokaxkem 3T10. Bo-mepBBIX, MHTETpas 1O a-
UKy JIETKO J1epOpMHUpPOBaTh B WHTErpaJ BOKPYT pa3pe3a IO BeIeCTBeH-
HOIt ocu OT [e3,00). [Ipu sTOM, mpaBia, OCTAETCS elle UHTerpaJl Mo GONbIIoN
OKPY2KHOCTH Ha BEPXHEM JINCTe PHUMAHOBOI IMOBEPXHOCTH, HO OH PaBeH HY-
JII0 u3-3a yObIBaHUS MOJABIHTErpaibHON byHKIuu npu |[z| — 0o. VHTerpan
0 BEPXHEMY U HUXKHEMY GeperaM pa3pesa [e3, 00)— BEIIeCTBeHHbI 13-3a Be-
IIIECTBEHHOCTH MTOIBIHTEIPAJIHHOIO BhIpazkeHus. Tak:Ke JIErKO IOKa3aTh, YTO
HHTErpaJl 10 MUKy b 9MCcTO MHMMBINA. B pesyabrare moaydaem: OTHOIIECHHE
HEPHOJIOB W /Wy — KOMILIEKCHOE YHCIO.

N3-3a 1BOSIKOTIEPUOUYHOCTH 3TY (DYHKIHUIO JIOCTATOYHO U3Yy4YUTh B Ipsi-
moyrombauke 0 < R(z) < 2wy, 0 < ¥(2) < 2ws. DTOT TPAMOYrOIBHUK
WHOTJIA HA3bIBAETCST MH02000pasuem SHArxobu.



6 @ymkmnus Beiiepmrpacca 38

6.3 IlpencraBieHue B Bujae paaa

[Ipu z — 0 3navenue dpyuknuu Beiiepmrrpacca u — oo. [Ipuuem, Bocnosib-
30BaBIINCh MHTEI'DaJIbHBIM IIDEJCTaBJI€HUEM, JIEI'KO IMOJIYYNUTb:

1 1
— nJjin u ~
Va

Tak kak dyukius Beitepmirpacca nepuojuyeckasi, cieI0BaTeIbHO TaK YKe

Z ~ -
22

oHa BejieT cebsi BO BCeX TOYKAX Z + 2mwi + 2nwsq, TOrIA:

Plz) ~ > !

o (24 2mw; + 2nws)

5 T peryiadapHas 4acThb.

Perynsprast vacts — nepuoanveckasi 1 orpaHndeHHast GyHKIIAS BO BCel KOM-
IJIEKCHOM IJIOCKOCTH, CJIeJI0BATE/IbHO, OHA, MOXKEeT ObITh paBHA TOJIHLKO MOCTO-
SHHOM.

OaHako, JIerKO 3aMEeTHTh, Y4TO HANUCAHHBIN psijg pacxogurcs. [Tokasarhb
3TO MO2KHO, BOCIIOJIb30BABIINACH MHTEI'PAJbHBIM NPU3HAKOM CXOAUMOCTH:

= 1 o0 dm

mz::() ((z + 2Nwy) + 2mws)? - /o ((z 4+ 2Nws) + 2mws)?
- 1
~ z2+2Nw;

[To N nonydeHHOe BbIPaXKEHUE yIKe HE CYMMUPYETCS.
Pacxopamuiicss psin MOXKHO pPery/isipu30BaTh, BBIKMHYB PaCXOIANLYIOCS

4aCTh:
1 1

Pl) =3 [ - . (26)

o L(z 4 2mwy + 2nw9)?  (2mw; + 2nws)?

DTOT psiji CXOMUTCS U ero cymMma u ectb P-dyukuus Beitepmrrpacca.

6.4 YerTHOCTH

Psan mius npoussoaHoii P'(2) serko mosyunTh nodjaeHHbIM auddepeHnnpo-
BaHueMm (opmy.st (26):

1
! = -2 .
P(z) 2 (z + 2mw; + 2nws)3

m,n

SamMenuM z Ha, —2 B 9T0it popmyste. B pesynbpraTe mpocThix mpeobpa3oBaHmii:

1
Pl(—2) = -2
(=2) 7;1 (—z 4 2mw; + 2nw,)3
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=2) L = —P'(2).

i (24 2mwy + 2nw,)3

BoiBog — npousBognast dpyukiuu Beiiepiirpacca — HedeTHast OyHKIHSI.
Tak ke, UCIO/Ib3Ysl IPEJICTAB/ICHUE B BUJE Psijia Jjist P(z) JIerkKO yBUIETh:

TO ecThb, byHKIUs Beitepmrpacca — yeTHas.

6.5 CBs3bp MEXIYy Wi, wy U TaApaMETPAMM ypPaBHEHUSHA

[TpencraBum P(z) B BUzE psijia IO CTEIECHIM Z:

1 2
’P(z):z—2+u22 +....

Ecnu sty dpopmysibl mojcTaBuTh B ypaBHEHUE, TOTJA MOC/IEe HECTOXKHBIX TTpe-
00pa30oBaHMii MOXKHO TTOJTYUUTh:

1
P(z)=—+§—3 2+g—; A+,

rIe

1

go = 60 , g3 =140
m%éo (2mw; + 2nwy)* m%éo

1
(2mw; + 2nw,)8’

6.6 Teopema JInmyBmiis

Teopema JInyBu/Ia — 3T0 BO MHOrOM TeopeMa Komm, nmpuMeHeHHas K 3I-
JIUITAYCCKAM (DYHKITHAM:

Teopewma. [Tycts F'(z) — smummnrudeckas dyskmus. CyMMa BCeX BHIUETOB
5T0i1 (PYHKIMH OTHOCUTEILHO BCEX ee HOJIOCOB PaBHA HYJIIO.

[TepeiizeM K JOKa3aTeIbCTBY 9TOrO yTBep2KAeHus. Bymem paccMaTpubBaTh
F(z) B mapasuiesorpamme mepuogoB {2y u (g TAKOM, UTO HA CTOPOHAX ITOTO
napaJiesorpamma F'(z) peryasipaa. Torja uHTerpaJj mo rpaHuie napaJiie-
JIOTPaMMa TI€PHOJIOB:

c+§21 C+Q1+Qz
/F(z)dz:/ dz+/ z)dz +
Q c 4+

/C+Q2 F(z)dz + F(z)dz.

+Q21+Q2 c+€22
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B s1oit popmysie u3-3a IEPUOJUIHOCTH HOJBIHTErPAIBHON (DYHKIMH BTOPOi
W TpeTuii MHTErpajbl MOXKHO IEPENUCATh B BHJIE MHTEIPAJIOB II0 OTPE3KAM
[c,c+ Q] u [c+ Qy, c|]. B pesyabrare nosyunm:

[ F@ds= | M p)de + / M p)de +

(4 Cc

/ F(z)dz + / F(z)dz.
c+1 c+Q2

HO,HBIHTeraﬂbeIe (byHKHI/H/I OJIMHAaKOBbBI, a HallpaBJIEHUE WHTEI'PUPOBaHUA

pasHoe. DTO MPUBOAUT K hOpMyJIe:

/QF(z)dz = 0.

Teopema moka3aHa.

W3 370 TeOpeMBbl BBITEKAIOT HECKOJIBKO BAXKHBIX CJIEJICTBUI.

CaencrBue 1. Yuc/io nojitocoB JLIMITUYECKON (DYHKIMHU C yYETOM HX
KpPaTHOCTU HE MO2KET 6I)ITI) MEHbIIIE JIBYX.

Caencreue 2. Ecim Bmecro f(z) paccmarpusars ¢(z) = f{;gz_)a, re
a = const, TOr/Ia YHUCIO0 MOJI0COB OTJIUYHOIN OT MOCTOSHHOM (DYHKIIMKM paBHO
qucay Tovexk, rae f(z) = a mua Va.

CaencrBue 3. He cymecTByeT OTIMYHOM OT MOCTOSHHON SJUTHIITAYECKOH
GbyHKINU, PEryAIpHOl B apaJsieorpaMMe ePpUoIOB.

6.7 3amaua

YKazaTh pacmosioxkenue Hysieit dynkiuu Beitepmrpacca BHyTpH IpsMOYTOJb-
HUKa TEPUOIOB.

6.8 Jlureparypa

[Ipm moAroTOBKE K 3TO# JIEKIIUU UCIOIH30BAJNCE:

1. HU. Axuesep, DieMeHTH Teopuu sumunTudeckux dyukimit. M.: Ha-
yka, 1970.

2. Yurtekep, Barcon, Kypc coBpemennoro ananusa, T.2.
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7 Qiumnrundeckue pyHKnunm Axodn

Hcenedosarna Gynryui cunyc amniumyov. KOMNAEKCH020 apeymerma. Boi-
NUCAHBL NPUBAUHCEHHDLE NPEICNABAEHUS IMOT, PYHKUUU NPU 3HAYEHUAL Na-
pamempa bAUSKUL K HYA0 U eOUHUYE.

7.1 PyHKIUA CUHYC aMILIATY/IbI

HazBanue ¢dpyHKIMU CHHYC aMIUIATY/Ibl BUJIUMO HPOUCXOJUT U3 €€ CBS3U C
pelleHueM ypaBHEHHS MaTeMaTU4eCKOI0 MadTHUKA!

@" + sin(¢) = 0. (27)

YMHOXKHUM ypaBHEHHE Ha ¢' U IPOMHTEIPUPYEM IO ¢, B PE3yJIbTATe MOJIY-

%((ﬁ’)Z —cos(¢p) = E. (28)

PeI]_IeHI/Ie YpaBHEHUA MaTeMaTH4Y€CKOTO MadTHUKa MOXKHO 3alluCaTh B BU-
zie:
1 /¢ ds
2 /o | [sin?(gy/2) — sin?(s/2)

91y GopMyJly OKa3bIBaeTCs yA00HEe pacCMaTpUBaTh, KOIJIA B MOJIBIHTE-
I‘paﬂbHOﬁ (byHKIII/II/I 101 3HAKOM KOPHA BMECTO CHHYCa €CTb IIOJIMHOMHaJIbHaAd
3aBUCUMOCTH OT TIepeMeHHO WHTerpupoBanus. /g mepexona K Takoit 3amm-
CH MO2KHO CJeJ1aThb 3aMEHY:

t+to =

ku =sin(s/2) k = sin(¢g/2).

Torna
_ cos(s/2) _ 2kdu
kdu = Tds, nJjn dS = \/Tw

ChenoBaTeIbHO, peIlleHne YpaBHEHHMSI MAaTEeMaTUIeCKOr0 MasTHUKA BhIparKa-
eTcs 9epe3 HHTEeIrpaJl BUIA:

sin(¢/2)
d
t=[ ° “ . (29)
0 V@ —u2)(1 - k2u2)

Temnepb y100HO paccMaTpuBaTh (PyHKIHIO, OOPATHYIO UHTErpaJy, KaK HO-
BYIO CHENHUAIbHYIO (DYHKIHUIO.

u=sn(t|k), rtme sin(¢/2) = usin(py/2).

Ota HOBast (DYHKIUS HASBIBACTCHA CUHYC AMNAUMYObL UAY cunyc SKxobu.
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7.2 IlepuogmvHOCTH

Dynkuus sn(z|k) obparHa uHTErpasLy

/y du
z= :
0 /(1 —u?)(1 - k)

Baecy mapamerp k — (modyav sasunmuseckot, Gynkyuy) TOTOKUTETBHOE
4UCJI0, He Oosblee equHUNb. VIHTErpupoBaHue BeJeTCs MO IyTH HA JBY-
JUCTHON PUMAHOBOM IIOBEPXHOCTH, ONPEACIAAIONIECa ypaBHCHUEM:

w® = (1 —u?*)(1 — k*u?).

(30)

[IpoBesem Ha BepxHEM JIMCTE STOH MOBEPXHOCTH JiBa paspesa. [lycTh oaun
paspe3 mpoxXoauT 1o orpe3ky [—1, 1], Bropoit — coenunsier rouku —1/k u 1/k
yepe3 OECKOHEYHO VIAJIEHHYIO TOYKY W JIEKUT Ha BemecTBeHHO# ocu. [Ipo-
THBOTIOJIOXKHBIE KPasl Pa3pe30B CKJIENM, KaK OOBIYHO, C TPOTHBOIIOIOKHBIMHI
KpasMM TaKUX Ke Pa3pe30B Ha HUXKHEM JIUCTE. YCTPOUM IMKJIBI Ha, ITO# pu-
MAaHOBO# MOBEPXHOCTH. [IycTh MUK @ JIe2KUT HA BEPXHEM JIUCTE W OKPYKAET
orpe3ok [—1, 1]. [luks b npoxoauT 1o BEpXHEMY JIUCTY OT TOYKH BeTBJIeHUs 1
JI0 TOYKM BerBJienusi 1/k. 3areM nepexoaur Ha HUZKHUHA JIUCT U TAM IPOXOAUT
or 1/k no 1, rae u BO3Bpamaercsi Ha BEPXHUIA JIMCT IIOBEPXHOCTH.

[Tyre wHTErpUpOBaHWs 1O PUMAHOBON HOBepxHOCTH B mHTerpase (30)
ompejiesieH ¢ TOYHOCTHIO JI0 1EJIOr0 YHC/Ia IUKJIOB ¢ U b. DTO O3HAYAET, 4TO
dbyukuus obparnas uarerpany (30) — mepuoauyeckasi GyHKIMsI C TEPHOJAME
PABHBIMU WHTETPAJIaM IO IUKJIaM ¢ U b.

U du

d 1
/a VA=) (1 - k) /—1 VA —u?)(1 - ku?)

du 1/k du
T = =2 .
/b VI —u2)(1 - k2u?) /1 VA —u2)(1 - k2u?)

Yucno T — BemecTBeHHOE, TaK KaK HMOJBIHTErPaJbHAd (DYHKIMA BEIeCTBEH-
Has HA BCEM IIyTH HHTerpupoBanud. Yucio T’ — MHEMOE, HOTOMY YTO IIOIbIH-
rerpajbHas Gynkuus MauMas. OrTHomeHue nepuonos dyukmuu sn(z|k) —
MHHMOE, CJIeJ0BaTeIbHO 3Ta (DYHKIMA — JTBOAKOIEPHOIAYECKAS].

OOBIYHO BBOIAT 000O3HAUCHUS:

1 du
K(k) = /0 Ji—o )

N L du
K'(k) = /1 N
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[Tonb3ysich 3TUMHU 0003HAYEHUSIMU, TTHAIITYT:

T =4K(k), T =4K'(k).

7.3 Danauntudeckne pyHKum AdKodmu

Oanuntudeckue GYHKIUA B aHAJIN3e 00BIYHO BBOAATCA JIHOO KaK MepoMopd-
HbIe JIBOSIKOTIEpHOInYecKre (DYHKIUKA KOMILIEKCHOTO MEPEMEHHOT0, TU00 KaK
obparHbie (DYHKIMY /IIUNTHYECKAX WHTEIPAJIOB. 3J€Ch MbI BOCIIOIB3yeMCsI
onpejeseHueM yummnTuueckux pyukiuit lkodu npu nomoiu auddepeniu-
aJIbHBIX YPaBHEHUM.

[ponuddepentmposas (29) no t, jerko yBuaerb, 4To (DYHKIHs CHHYC
aAMILTUTY/IBI YI0BIETBOpsAeT muddepeHnualbHOMY YPaBHEHHIO:

y = /(1 k2y2)(1 - y2).

O6ozmaunm: cn?(t|k) = 1 — sn?(t|k), dn® = 1 — k?sn?(t|k). @ynxmua cn(t|k)
HA3BIBAETCS KOCUHYC aMNAUMYyos, usu kocunyc kobu, a dn(t|k) — deavma
amnaumyov,. BeiBenem dbopMyIbl 11 TPOU3BOAHBIX 3TUX (DYHKIHMIL.

2cn’(t|k)en(t|k) = —25n(t|k)\/(1 —sn?(t|k))(1 — k2sn?(t|k)),

2dn’(t[k)dn (t[k) = —2k%sn(t[k)\/(1 — sn?(t]k)) (1 — K22 (t[)).

Wi
sn’(t|k) = en(t|k)dn(t|k),

cn’(t|k) = —sn(t|k)dn(t|k),
dn’(t|k) = —k®sn(t|k)cn(t|k).
Taxum o6pazom, Tpoitka bynkuuii sn(t|k), cn(t|k), dn(t|k) yzosrerBopsier cu-

cTeMe ypaBHEHUIA:

Y=oy, Yh=—y1Yys, Y5 = —k’yiys, (31)

¢ HAYAJIBHBIMH YCJOBHUSMHE, JIETKO TIOJTYYAIOMUMHUCS U3 HHTETPAJIBLHOTO IPeI-
crasyienust sn(t|k):

Ytlu=o =0, Yolu=o =1, ¥s|u=o=1. (32)

Ecan orBiedncss or ncrokow mosiBaenusi dynkiun sn(t|k) — kak obpa-
menust uaTerpana (29), To MOXKHO BBOAWTDH JLIUNTHYECKUE (DYHKIMHM KAK
pemenust 331aun Komm (31), (32). Oaun mepseiit maTErpas 3Toif cucTeMsl
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MOJIy4aeTcs, eC/iu TMePBOe YpaBHEHWEe YMHOXKWUTh Ha 2%1, BTOpPOe — Ha 2ys U
CJIOKUTH 002 MOJyYeHHBIX BbIPAKEHHUSI.

2u19) + 29295 = (Y7 +43)' = 0.
Eme ofun uHTErpaJ mojlyuaercs, ec/Ii IepBoe ypaBHeHHe YMHOXKHATD Ha, 2k2Y,,
TpeTbe — Ha 2’!/3 U CIO02KHUTH UX:
2k%1 1 + 2K yys = (K7 +43)' = 0.
B pesysbrare jBa 1nepBbIX WHTErpaJa:
v +us =c, Kyl +us =

[TocTostHHBIE €] U Co ONPEIESIOTCS W3 HaYaIbHBIX ycaoBuit (32). DT0 mpu-
BOJMT K TOXKJECTBaM:

sn?(t|k) + en’(t|k) = 1, k*sn?(t|k) + dn®(t|k) = 1. (33)

7.4 Pa3znoxkeHue B OKPECTHOCTH HYJIS apTyMeHTa

B cnenyromux nynkTax OyayT npueneHbl hOPMYJIBL 11 pa3ioxKeHus QyHK-
U CUHYC aMILTUTYIbl DU MAJIOM 3HAYEHUM apTyYMEHTa U 3HAUEHUSX Tapa-
MeTpa k OMU3KUX K HYJIO U eIUHUIE. IDTU Pa3JIo¥KeHHs, BOOOIIE TOBOpS,
IPUTOJHBI B OKPECTHOCTH BemecTBeHHO ocu I(2) = 0. Uro6bl 10og4epKHy Th
TOT PaKT, 9TO apryMeHT (DYHKIMM BelIeCTBEHHBIN, OH 0003HAYAETCs Yepe3
t.

[Tycrs 3Hauenue ¢ gocrarouno Maso. Torga sn(t|k) MOXKHO HCKATD B BHJIE
pda 1o cTeneHdam t.

sn(tlk) = fi(k)t + fo(k)E* + fa(k)E> + ...

[ToacTaBuM 3T0 BhIpaxkenue B quddepeHnuaabHoe YpaBHeHHEe 0 DYHKIUN
sn(t|k):
W) =1 -y (1= k).
B pesysbrare moayunm:
(fi(k) + 2fa(k)t + 3fs(k)t* +...)* =
(1= (fk)t + folk)E2 + f3(B)2 +...)%)
(1 — K2 (fk)t + f2 (k) + fa(k)t® +...)%).

[IpupapaseM K03dduIueHTH IpKU OAUHAKOBEIX cTeneHsx t. Torma:

ff(k) =1 4fi(k)f(k) =0,
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6./1(k) f3(k) +4fa(k) = —fT (k) — k> f1 ().

OKOHYATEILHO, PA3/IOKeHne B OKPECTHOCTH HYJIEBOIO 3HAYEHUsS apryMeHTa:
1 21,3
sn(tlk) =t — 6(1+k 2+

Briparkenue 1151 00IIEro 4djieHa 3Toro psijia HEU3BECTHO.

7.5 Pa3jgoxkeHue B OKPECTHOCTHU HYJIEBOT'O 3HAUEHUS TIa-
pamMeTpa

[Tycrs napamerp k 6su30K K HyJ110, Torja dbynkuus sn(t|k) 6aus3ka K Tpuro-
HOMETPUYECKOMY CHHYCY. DTO JIETKO 0KA3aTh, €C/IM UCKATH IPEJICTABJICHUE
sn(t|k) B Buge:

sn(tlk) = do(t) + b1 )k + Sa(D)k” + o)k + ...

[TogacTaBum 3T0 BeIpazkeHnue B auddepennuaabHOe BblpakeHue Jiis QyHKIUN

sn(t|k).

(o + Pik + Qok” + hak® +...)* =
= (1= (o + ¢k + pok® + hsk’ +...)%) x
(1= k*(do + bk + dok® + d3k® +..)?).

[TpupaBusgem ko3 dUIMEHTH TPU OAWHAKOBBIX cTeneHsaXx k. B pesyabrare
nosyuuM auddepeHnuatbable ypaBHeHua I GyHKIUR ¢;:

(6p)* =1—63, 28\6) = —2¢0¢1, 204¢h + (81)* = =20 — &5,
Hauanpuble ycnosus ajsa QyHKIuit @;:
Golizo =1, @jlico=0, j=1,2,....
Pemennsga 3Toit peKypeHTHO# CHCTEMbl ypaBHEHUIA:
do =sin(t), ¢ =0, ¢o = (—tcos(t)+sin(t)cos?(t))/2, ....

B pesysabraTe momyunm:

sn(t|k) = sin(t) + %(—tcos(t) + sin(t) cos®(t)) + . . ..
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7.6 Pa3moxkeHue B okKpecTHOCTH k = 1

Paccmorpum ciyuait, korga napamerp k 6sim3ok k 1. B atom ciiyuae ero
Y/I00HO BBIPA3UTh vepe3 JonojHuTebHbiil Mojy/ib k* = 1 — (k')%. Pemenue
yPaBHEHUS /I CUHYCA AMILIUTYIbl ONATh OyJeM HCKATh B BHIE PSAAA, HO
yZKe 0 CTENeHsIM JIOTIOJHUTEIbHOTO MOYJIs K':

sn(tlk) = o(t) + k'Yi(t) + (k) *e(t) + .. ..
[ToxcraBum 370 passoxkenue B auddepeHnuaibuoe ypasaerue st sn(t|k):

(o + U1k +95(k)” +..)% = (1 = (Yo + ik + o (k)" +...)%) x
(1= (1= (K)) (%0 + ik +hok® + .. )%).

[TpupasHsieM KO3 HUIMEHTH TpHU OJAMHAKOBHIX creneHsx k'. B pesyiabrare
MOJIYYMM PEKYPEHTHYIO TOC/IeI0BATEIbHOCTh YPABHEHUIA.

0)? = (1 =45)% 2y = =290,
20095 + (¥1)” = —2001a(1 — ¥5) — (240%2 — 5) (1 — 45),
Hauvanbnble ycnoBus nisa gynkumit ¢, Takue e, Kak U J1d QYyHKIUR ¢; B

TIpEeJBIAYINEM MYHKTe. PelmuB ypaBHeHUH 118 MePBBIX TPeX K03 UIMeHToB
Pa3I0XKeHusd, MOTyIUM:

1
ch?(t)

sn(t/k) = tanh(t) + %(k')Q(sh(t) ch(t) = )=+ ..

7.7 3agaum

1. IIpenacraButh dyHukuio Beiiepmrpacca yepe3 OyHKIUIO CHHYC aMILITH-

TYyJBbI.
2. Hanucarh acuMnToTuKy penieHusi ypaBHEHUs

u" + gou + gsu® + eu® =0,

npu € — 0.

7.8 Jlureparypa

Jlutst 6osiee 1iryOOKOTO M3ydeHUsl S/IMITHIECKUX PYHKIUA MOKHO 00paATUTh-
csl, HAIIpUMeED, K KHUre Yurrekepa u Barcona, win K y4ebHUKY
B.B. IIpaconos, FO.II. ConobéB. Dmmuntudeckue (pyHKINUH.
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Puc. 4: Oyukuus sn(z|k).
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8 Tara-dbyHKIUN

Toma-gpynkuyuu — ydobruit annapam 0aa 8vlMUCAEHUT U3-30 NPOCTNOMBL GHA-
AUMUYECKUT €c80Tcme U bvempoti crodumocmuy pados ur onpedeasrouju.
Hoamomy 4acmo 6vlUUCAEHUA, CEAAHHBLE C IANUNMUYECKUMY PYHKUUAMU
NPOBOJAMCA UMEHHO 68 MEPMUHAT MIMA-PYHKUUT.

8.1 Tara-dbynkuua fAdkobdu

V2Ke U3 Ha3BaHU JIEKIIUH SICHO, UTO TITa-PYHKINI HeCKOAbKO. [[71s mepBoro
3HAKOMCTBA B Ka4eCTBe OCHOBHOW BO3bMeM TITa-pyHKIuo0 fAkodu:

04(2|7) = i (=1)™ exp(im(m?T + 2mz2)). (34)

m=—0o0

Unorpa, creays camomy flkobu, sTa dynknus obosnavaercs kaxk O(z|7). B
dopmysie (34) nepemenHasi z Ha3bIBAETCS APIYMEHTOM, & T — HapPaMeTPOM.
YHacro st KpaTKOCTH napaMerp 7 He nuinyT: f4(z), KOHEYHO, KOTJIa 9TO He
IPUBOIUT K HEJ0PA3yMEHUSIM.

JIerko BuieTh, 4TO JJ/Is CXOAMMOCTH Psijia, HEOOXOAUMMO U JOCTATOYHO, YTO-
661 R(im7) < 0. D10 ycaoBHe NPUBOIUT K OIPAHMYEHUIO HA 3HAYEHUsI MAPa-
Mmerpa TaTa~-byakmun I(7) > 0. Bocnonb3oBasmuck npusnakom JlajmamGe-
pa JUIsl CXOAUMOCTH DSJIOB, MOXKHO yOeauThCst, uTo DyHKIms O4(2) — menas
byHKIHS.

Oynknuio 04(z|7) Jerko nepenucaTh B BUJE CXO/SIIETOCST TPHTOHOMETPHU-
YECKOT0 Psja:

04(2|7) = 1 — 2q cos(2m2) + 2¢* cos(4nz) — 2¢° cos(672) + .. .,

rae ¢ = exp(—inT).
U3 sroit dopmysibl erko Bugerhb, uto f4(z|7) — yernas dbyHKuus, nepu-
onuveckasi PyHKIUS 2:

Eime oxHO BakHOE CBOMCTBO T3Ta-(DYyHKIUKM — KBA3UIIEPUOJUIHOCTD 10 T

Oi(z +7|7) = :i (=)™ exp(im (m*T + 2mz + 2m7)) =
_f: (=D (=1)™ " exp(in((m + 1)’ — 7 4 2(m + 1)z — 22)) =

—exp(—im (T + 22)) i (—1)™ exp(im(m?*T + 2mz)).

m=—0o0
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B pesyabraTe mosydaerca popMyJia;
0,(z + 7|7) = —exp(—in(T + 22))04(2|7).

To ectb, dyukuus 04(z) — KBa3UABOAKONEPUOAUIECKAS. DTO 3aMEYAHUE T10-
3BOJISIET ONPEJEIUTh MOBEIEHNe TITa-PYHKIMU HA BCEl KOMILIEKCHOM MJIOC-
KOCTH, 3Has ee NOBejieHne B napaJjuiesiorpamme ¢ BepmmmHamvu 0, 7,7 + 1, 1.

U3 ma1a-dyHKIMY JIerKo Moy YuTh JIBOSKOIEPHOANYEeCKY 10 DyHKIu0. /s
9TOI'0 MOXKHO BOCIIOJIb30BAThCsE (DOPMY.JIOi:

Infy(z+7) =im —im(2z + 7) + In by (2).

Ecau a1y dhopmyiy aBazk bl npoauddepeHuupoBaTh 10 2, TOI/Ia IepBoe CJia-
raemMoe IIpomnaJieT, ¥ MOy duM:

d? d?
ﬁln94(z—|-7') ﬁln@l( )
TO €CThb
d2
¢(2) = 2 In0,(z)

— JIBOSIKOTIEPUOINYecKasd (DYHKITHSI.

8.2 IunddepennmuanpsHoe ypaBHEHUE

Oyukuus 04(z|7) — vacTHOe pemienue MU dEPEHIMATBLHOTO YPABHEHUS B
YACTHBIX NPOU3BOTHBIX:

8394 + 7;471'(9704 =0.

OTO JIeTKO TPOBEPUTH MPSMOil MOACTAHOBKOIA:

o0

D204(2|7) = —an® Y m*(—1)" exp(in(m*T + 2mz));
0.04(z|7) =im Z )™ exp (i (m?*T 4+ 2mz).

8.3 Eme Tpu TdTa-dyHKIIUN
st ynobcTBa BBIYUCAEHUH OOBIYHO BBOJAST €Ie TPU T3Ta, (DYHKIUH:

0:1(z|7) = —iexp(in(z + ir))@l(z + %T‘T) —
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—i i (—1)™ exp(im((m + %)27' +2m(z + 1)),

Ou(zI7) = b1z + 5l7) = i exp(im((m + 3)*7 + 2m(z + 1)),
O3(z|T) = O4(z + %‘T) = :i exp(im (m*T + 2mz)).

[IpsiMbIe BBIYUCIEHUS TOKA3BIBAIOT, UTO
03(2z + 1|7) = 05(2|7), 0O3(2z+ 1) = exp(—im(T + 22))05(z|7),

O2(z + 1|7) = —02(2|7), Oa(z +T) = exp(—in(T + 22))85(z|7),
01(z + 1|1) = =0:1(2|7), 601(2+ 1) = —exp(—in(T + 22))0,(2|7).

D1 DYyHKIMU TaK Ke, KaK ¥ 04(2) MOXKHO 3a1iCaTh B BUJE TPUTOHOMET-
PUYECKUX PAJOB:

0,(2) = 2¢"* sin(z7) — 2¢°/* sin(327) + 2¢%/*sin(527) — . . .;

05(2) = 2¢"/* cos(zm) + 2¢%/* cos(3zm) + 2¢%/* cos(5zm) + . . .;
03(z) = 1 + 2qcos(2zm) + 2¢* cos(4zm) + 2¢° cos(6z7) + ...

U3 stux dbopmys Jierko BujieTh, uro ¢byukuus 0(z) — HeuerHas dyHKIus,
OCTAJIbHBIE — YETHHIE.

31ech yMECTHO IPUBECTU HOPMYAbL NPUBELIEHUS, CBAZBIBAIOIINE TITA-(DYHKIIUN
MexK/ 1y co0oii:

1 1 1 1
01(2) = —ba2(z + 5) = —iM0(z + 5t 57) = iM6O4y(z + 57’);

1 1 1 1

1 1 1 1

1 1 1 1

rie M = ¢*/* exp(izT).
OTH paBEHCTBA JIETKO MOJYYUTh, BOCIIOIb30BABIINCH HATMCAHHBIMU BBIIIIE
onpeeeHusIMUA TITa-PYHKITHIA.
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8.4 Hynu TaTa-dyHKImii

[Iyctb 2y — KaKOU-HUOY/Ib HYJIb TITa-(PYHKIUU, TOTJA B KOMILJIEKCHON I1J10C-
KOCTH 3Ta TITa-(pyHKIMs oOpaliaercs B HyJb B TOYKAX 2y + M + 7n, TJe
m,n € Z. Ha camom nese, B siveiike 2,2 + 1,z + 7 4+ 1,2 + 7 MmoxkeT ObITH
TOJILKO OJIMH HYJIb TITa-PYHKIUU. B 3TOM MOXKHO yOeIUThCS, TIOCYUTAB HYJTU
T3Ta~-pyHKIUKM BHYTPH s4eiiku. O003HAUYMM KOHTYD, o0xoasuit sueitky C.
Torna yucyio Hyselt BHYTpH sS9€fKU MOYXKHO BBIYUCJIHUTH C MTOMOIIBI0O KOHTYD-
HOTO WHTErpaJia

/ z+1 / z+14+7 /
L/ dte(t) _ L/ dt&(t) 1 / dt&(t)

2ir Jo  O(t)  2im ). " % +1 6(t)

o) " 2ir *

1 /2z+1 0(t)+ 1 /: dt&’(t)_

2 Jovrar O()  2im Jayr o O(t)

') Ot+7)
dt(&t t+7)>+

I G 9’513) w (o~ )

JI1s1 BBIYMCIEHUS 9TOIO WHTErpaJia HaJ0 BOCIOJIb30BATHCS (DOPMYJIOii:

217?

O'(t+71) —2imexp(—im(T + 22))0(t)

O(t+ ) exp(—im (T + 2t)0(1)
exp(—z7.r(7' + 2t))6' (1) — i+ 6 (t)
exp(—im (T + 2t)0(t) 0(t)
[Toacrasus 51y HoOpMy/Iy B UHTErpaJ, HOSYIUM:

i/ FRAVNESY

2im Jo o 0(1)

D10 03HAYAeT, 9TO TITA-(PYHKIUS TOJHKO OJUH pa3 00paIaercs B HyJIb BHY-
tpu KoHTypa C, u 10T HYyJIH NIEpBOrO NOpsiaka. Pynkuus 61(0) = 0. B oc-
MIOJIb30BABIINCH MOJTYYeHHBIMH BbIIIE (POPMYIaMu, JIETKO HOTYIUTh:

1 1 1
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8.5 CooTHoIIeHns MEKJy KBaJApaTaMu

31ech HalA 1e/Ib — BRIBECTH (DOPMYJIbI, CBA3BIBAIOIIME KBAIPATH TITa-(DyHKIIHIA.
J1y1st 3TOT0 PACCMOTPUM OTHOIIIEHUE:

b(z) = ab? (zg%—(i-zl))ez () '

3nech a u b — moCTOSTHHBIE, 3HAYEHUS KOTOPBIX OyAyT YTOYHEHBI ITO32Ke.

Oynkuus ¢(z) — aBosikonepuoauueckast ¢ nepuogamu 1 u 7. IlocrosH-
Hble @ ¥ b BeIOepeM Tak, 4To0bl B HyJse yHKIMHA Oo(2) — B Touke 2z = 1/2
YUCJIUTEh TOXKe 00pamasics B Hylb. B stom ciaydae dyukmus ¢(z) Moxer
UMEeTh TOJIBKO OJINH HYJIb MEPBOTO TMOPSIKA B CBOEM TTapaJLIeIorpaMMe Tepu-
omoB. CrenoBarebHo, 3Ta (PYHKIUS HU YTO WHOE, KaK mocTosinHast. [loade-
peM COOTHOIIeHNEe MeXK/1y @ u b Tak, uTodnl ¢ = 1. /I 3T0T0 BOCHONIB3yEeMCsi
PaBEHCTBOM

abl; (z) + 03 (2) = 05(2),

B TOYKAX, IJe 00paIaioTcsd B HYJIb (DYHKIHUU U3 JIEBOW YaCTU 3TOTO PaBeH-
cTBa, TO ecTh ipu z = 0 u pu z = 7/2.

b05(0) = 05(0), aby(r/2) = 05(7/2).

Ucnonb3oBaB (opmysibl, cBA3bIBaOIKe TITa-(PYHKIUHA, MOXKHO BBIPA3UTHh
02(1/2) = —q/202(0) m 02(1/2) = q~/?65(0). [l1s KpaTKOCTH JATbIITE BMe-
cTo Toro, urobsl mucath O (0), Oymem mucath 6y, mompasymeBasi IPH 3TOM
COOTBETCTBYIONIYIO TOCTOsHHYI0. Torma mckomas ¢hopMmysia I KBaJIPaTOB
TTa-hYHKIUNA UMeEeT BUJ:

0105(2) = 0303 (2) — 0365 (2).

B s10it dhopmysie MOXKHO YCTPOUTH CABUIHM Ha MOJOBUHY IEPUOJA WU HA,
TIOJIOBUHY KBa3WIEPUOa T, & €Ille Ha JIBe TMOJIOBUHBI: OHY TOJIOBUHY KBa3W-
Teprojia M OJHY TOJOBUHY HACTOSINETO Tepuoga. B pe3yabrare MOTydATCS
ere Tpu (GOPMYJIbI, CBA3BIBAIONINE KBAIPATHI TITA-(DYHKITHIA.

JIns mpuMepa pacCMOTPHUM CJIBUT Ha MOJIOBHHY KBa3HIIEPHO/IA.

RM202(2) = — M~20202(2) + M~26262(2).
Ymuoxus na M?, nomydmm:

0305(2) = —0501(2) + 0505(2).
Eme nBe dhopmysnl mjis KBaapaToB TITA-DYHKINIA:

0307 (2) = 0305(2) — 0365 (2),

0105 (2) = 0305(2) — 0565 (2)-
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8.6 ThrTa-dbyuknum nu GyHKIUA CUHYC aMILTATY/IbI

.. 0
Paccmorpum orHotenue tara-QyHKIMA: 94118 Jlerko BuieTH, 4TO NpU U3Me-
HEHUU aprymeHTa T3Ta-pyHknuit Ha 1 u Ha T:

1(z+1) _ —b1(2) bi(z+7) _ bi(2)
0,(2+1) 0.(2) 7 Ou(z+71)  O4(2)

Temu ke cBoiicTBaMu 00J1a/1a€T U IIPOU3BO/IHAS STOI0 OTHOIIEHHS TITa~DYyHKIHIA.
C apyroit cTOpoHbBI, BEIPAXKEHHE

02(2)05(2)
07(2)
UMeeT TaKue »Ke cBoiicrsa nepuoguunocru. Torua

_ (R 6i(2)
¢(z) = (04(z)> 62(2)85(2)

nBosikonepuonnueckas Gynkius. OHa MMeeT MPOCThIE MOMIOCH B TOYKAX,
1 1 T

CPaBHUMBIX C 5 U 5 + 5. Jlnd Borancienns dbynkuun ¢(z) B Touxe ¢(z+17/2)

MOXKHO BOCTIOJIb30BaThCsi hopmysiamu nipuseenusi (cm. 11.3). Torma

01(z +7/2) = iq /* exp(izm)04(2),
0,(z +7/2) = iqg”/* exp(—izm)hy (2),
02(z +7/2) = ¢~ /" exp(—izm)s(2),
O3(z 4+ 7/2) = ¢~ /* exp(—izm)ba(2).

Torna ¢(z + 7/2) = ¢(z). To ecrb, byukuust ¢(z) — ABOSKONEPUOIITYECKAST
¢ nepuogamu 1 u 7/2. Dra byHKUMsS B CBOEM NapaJjleropaMMe HepHO0B
MOXKeT MMeTh JIMIIb OJMH MpocToit nosoc B Touke 1/2. Takas dbynkums mMo-
’KeT ObITh TOJBKO MOCTOSTHHON. 3HAaYeHWe ITOW MOCTOSTHHON MOYKHO HAMTH,
BBIYNC/INB, HAIIDUMED, €e 3Ha4eHUd B HYJIE.

#(2) = 05(0).

Takum obpazoM mosryueHa popMmyJia:
() =
dz\04(2))

Temnepb y100HO 0003HAYHUTD:

(
(

92(2) 93(2)
04(2) 04(2’) '

)
o
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YpaBuenue ajs &:
d¢ 2 2\ (2 2
dz = (02 - 593)(03 - 592)-
Ot 3TOr0 ypaBHEHHMSI MOXKHO TEpeiiTH K ypaBHEHHUIO g (DYHKIIUH CUHYC
AMILIATY IbI:

593 _ 2 . 02
s =y, 205=u, Vk = 5.
TOIIA: ,
dy
() = -0 - k).

YacTHOe pelieHne 3TOTO0 YPaBHEHUS:

_ 03 01 (U93—2)

sn(u) = By 0, (u05%)

[lepuonsr dbynknuu cunyc ammaaTyapr: 2605 u 763. [IpocThie TOMOCH HAXO-
AdATCs B TOUKax 5703 u 63 + 103.

8.7 Jluteparypa

[Ipu moaroTOBKE K 3TO# JIEKIMK UCIOJIb30BATUCH YUCOHUKM:

1. HU. Axuezep, DieMeHTHl Teopuu sumuntudeckux dyukimit. M.: Ha-
yka, 1970.

2. Yurrekep, Barcon, Kypc coBpemennoro anaiusa, T.2.
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9 UHTerpupyeMble BOJYKU

B smoti aexyuu npusodames npumeps. 30044 U3 METAHUKU, KOMOPvLE pe-
WAIOMCA C UCTONDIOBAHUEM GNNAPATNG IAAUNMUYECKUT U 2UNEPIALUNIUYE-
CKUL GyrKyutd. Imu npumepsvl 834movL u3 meopuu deustcenuti meepdozo mena
B0KPY2 HENOOBUNCHOT TMOUKU. IMO TOPowo udsecmmbvie oauku Jtaepa, Jla-
epanorca u Kosanesckot. Ilo cyuecmsy smu npumepvl, €Cay He CHUmams
cayuat Tecca-Anneavpoma (ewpoorcdenue sonuka Kosanescroti), ucuepnoi-
8alOM uHmMe2pupyemvie deusicenus meepdozo mena.

9.1 VYpasuenus diisiepa-Ilyaccona

B s1oMm nyHkTe BBIBemeHBI ypaBHeHHs Jisiepa-Ilyaccona, omnpeuesnsifomme
JIBU2KEHUE TBEPJOI0 TeJIa BOKPYI HEINOJABUKHON TOYKH. 3J1€Ch IMPUXOIUTCS
IPUBJIEKATH HEKOTOPbIE MPOCTbHIE MOHSTHS TEOPeTUYecKoi MexaHuku. [ljis
CYIIIECTBA BOIPOCA 3TO KAXKETCS OYEeHb IIOJIE3HBIM YUTATEJISIM, 3HAKOMBIM C
MexaHuKO#. C JApyroii cTOpoHbI, 3TOT MYHKT MOXKHO 0e300/1€3HEHHO MPOILY-
CTUTDb, €CJIH MHTEPECOBATHCSI TOJBKO MAaTeMaTHYIeCKON CTOPOHOW BOMpOCa —
YPaBHEHUSIMM M UX PEIICHUSIMHU.

PaccmoTpum TBepaoe Teo, 3aKpersieHHOe B TOYKE. DTy TOUYKY OyaeM
o6ozrauaTh 0. C 3T0it TOYKO# CBsIKEM JBe JEKAPTOBBI CUCTEMBI KOODIWHAT.
OpHa cucTeMa KOODJIMHAT HENOJBUKHA B MpocTpaHcTBe. [Ipuuem, ajs mpo-
CTOTHI Oy1eM MOJIAraTh, YTO CUJIA TSXKECTH HAIIPABJIEHA B OTPUIATEILHOM Ha-
npassienun ocu Oz'. Obosnauum 31y cucremy koopauuar O, z', 1y, 2. Bropas
CUCTeMa KOODJIMHAT YKEeCTKO CBI3aHA C TEJIOM H, CJIeI0BATEJIbHO, TOABUKHA B
mpocTpancTBe. [1Jist IpOCTOTH BO3BMEM 3Ty CHCTEMY KOODJMHAT TAKOi, 9TO B
9TOU CUCTEME TEeH30D WHEPIUH TeJIa, UMEET TOJbKO JUarOHaIbHbIe 3JIeMEHTHI.
[TogBukHYIO cucTeMy KoopauHaT Oyaem obosnadats O, x,y, 2.

YpaBHeHHUs IBUKEHUS TBEPIOTO TeJIa TMOMYYa0TCs U3 3aKOHA COXPAHEHWS
KUHETHIEeCKOTO MoMeHTa, K

dK
dt
rjge M— MOMEHT BHEITHUX CUJI (CHJIBI TSIZKECTH).
Cuna TEKeCTH IIPUIAraeTcd K HEeHTPY TdxKecTu Teja. KoopauHarsl 1eH-
TPa TAXKECTH (Zg, Yy, Zg) B HOABUAKHON CHCTEME HE MEHSIOTCSL.
Kunernueckuii MOMEHT B HEIIOJBUKHOI CHCTEMe KOOPAUHAT BBIUUC/ISCT-
cs o popmy.ie:

=M,

K:/ rx vdM.
M

NuTerpupoBanue TpOBOIUTCS 1O BCEMY TeJTy, T — PAIMYC-BEKTOP TOYKH TeJIa
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Maccol dM , v— BEKTOP CKOPOCTHU JIBUXKEHUS ITOW TOUKHU, X 03HAYAET BEKTOP-
HO€ IIPOU3BeJeHNuE.

CKOpOCTh TOUKH B HEMOJABUKHOM CHCTEMEe KOOPIUHAT JIETKO BBIUHCIAECTCS
Jepe3 YIJIOBYIO CKOPOCTb W W PaJInyC-BEKTOP:

V=wXTr.

OT1a opmyJia MO3BOJIAET MepenucaTh GOPMyJTy I KHHETHIECKOTO MOMEHTA
Yepes3 yIJIOBYI0 CKOPOCTb U TEH30D WHepIuH Testa. Mbl mpenoiaraem, 9To cu-
cTeMa KOOP/IMHAT, CBA3AaHHAS C TEJIOM SIBJISIETCS TaKOi, YTO T€H30D WHEPIUH
TeJjia B 9TOU cucTeMe KOOPAWHAT WMeeT JAUarOHAJbHBIN BU:

L = diag(A, B, C).
Torjga KOMIIOHEHTHl KMHETUYECKOTO MOMEHTA:
K= (Awl, B(A)Q, CCUg).

KpOMe 9TOTr0, NPOU3BOJHAA KHUHETHUYECKOT'O MOMEHTa IIO BPEMEHU B II0-
,HBI/I)KHOI./JI CUCTEME KOOpAWHAT UMEEeT BU/I:
dK
E:—WXK-FT‘QXP.

31ech ry — KOOPJMHATH IIEHTPa TAKECTH TeJla B MOJBUXKHOI cucTeMe KOOp/Iu-
uat, P = (Mg, M g7ys, M g7y3) — KOODAMHATHI CUIIBI TSIKECTH, IEHCTBYONIE
Ha Teso. Hmena y;, 7 = 1,2,3— KOCHHYCHI yTJIOB MeXKJy MOJOXKATEIbLHBIMHA
HAIIPaBJIEHUAMU COOTBETCTBYIOIINX OCEH MOABUKHON U HEIIOABU2KHOI cucTem
KOODJMHAT.

B pesynbpraTte 3aKoH M3MeHEHUs KWHETHYECKOTO MOMEHTA TeJia MOXKHO
3amucaTh B BUJE:

dK
E:—WXK—{—T“QXP.

9TO BEKTOPHOE YpaBHEHMe, 3alMCaHHOE B BUIE CHCTEMBI yPaBHEHUH, MMeeT
BH;

dw
d—tl + (C - B)w2w3 = Mg(zg’h — yg’VS)a
dw

Bd—tZ + (A = Clwzwy = Mg(zy73 — 2471),
dw

Cd—; + (B — A)wiwr = Mg(yem — 2472)-

OTa cucreMa ypaBHEHUil Ha3bIBaeTcs ypasHenuamu Jtsepa. B cucreme
HIeCTh HEM3BECTHBIX — IOMUMO Wi g3 ITO €lle U ) 23. g 71 23 MOXKHO 110-
JIYUYUTH €llle TpU ypaBHeHusi. Hamnpumep, ecjiv BbIpa3uTh €JIMHUYHBIN OPT Ky
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HeHO,HBH}KHOﬁ CUCTEMBbl KOOpAWHAT 4Yepe3 ero KOOpAWHAThbl B CUCTEME, CBA-
3aHHOH C TeJIOM:

dky
E —+ w X kl = 0.
CooTBeTcTBYIOIAsl CHCTEMA YPaBHEHMI:
dn _
a W32 — WaYs,
dye _
dr w173 — W31,
dys _
a 271 — Wi17Ye-

OTa cucreMa ypaBHEHUU HasbiBaeTcs ypaswenusmu Iyaccona.
CoBmectno ypasrenus Jityiepa-Ilyaccona onpemesisiior jBuUKEeHHE TBEP-
JOTr0 TeJa C 3aKPEeNJIEeHHON TOYKOW.
Jlnst 3THX ypaBHEHUI M3BECTHHI TPH IOJIHBIX MHTEIPAIa. JTO UHIMEZPaL
IHEP2UL:
Aw? + Bws + Cwji +2Mgz, = C.

Hrmeepan naowadeti — npoekuusi Bekropa K Ha och Oz HE U3MEHSETCs:
Awiyy + Bwyys + Cwszyz = Co.

T'eomempuneckut unmezpas — cymMMa, KBaJIPAaTOB HAIIPABJISIONINX KOCUHYCOB
paBHA equHUIE:
N+t =1
Jlns wHTErpMpoBaHus ypaBHeHmI iiepa-Ilyaccona moctarodno HaiTH
ele OJuH HepBbeI UHTErpaJi, 0JHaKO, OH U3BECTEH JINIIb B TPEX CIIeUaJIbHbBIX
cJIydasix, KOTOPbIe HA3bIBAIOTCS BOJTYOK Difjiepa, BO4oK Jlarpanka u BOJIMOK
Kogasesckoii.

9.2 Bomauok Diinepa

Boauok Ditepa — 9T0 cnenuaabHBI caydail ypaBHenuit ditnepa-Ilyaccona,
KOT/I3 TOYKa 3aKPEIJIEHNsI COBIAJAeT ¢ HeHTpoM Tsikectn Tena (ry = 0). B
9TOM CJIy4ae ypaBHEeHUsT Diljiepa MOXKHO PACCMATPUBATEH OT/IEJHHO OT ypaB-
nennii [Iyaccona.

dw

d—tl = (B — C)U)QU)g,
dw

d—t2 = (C — A)Ldgwl,
d

&5 — (A - B)ww,.

dt
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HOpH,HOK 9TOU CHCTEMBbI ypaBHeHI/Iﬁ MO2KHO IIOHU3UTDL, BOCIIOJIbB30BAaBIINCH
ABYMs II€PBBIMH HUHTEI'DaJIaMu: HHTEI'PaJIOM dHEPI'UU

Aw? + Bwi + Cwi = C}

U BEJIMIMHOM KHHETHYIECKOTO MOMEHTA TeJjla (eCIH TeJIOo 3aKPEIIeHO B IEHTpe
TSIZKECTH, TOTJIa MOMEHT CUJIbl TSI2KEeCTH, JIeHCTBYIOIEeN Ha TeJl0, paBeH HYJIO,
¥ KMHETUYECKUH MOMEHT TeJia HEU3MEHEH):

AW} + B*wi + C?w} = Cs.

31ech ya00HO mepeiTu OT ypaBHEHUH Ijisi KOMIIOHEHT yIJIOBO# CKOPOCTH
K ypaBHE€HUAM JIJid KOMIIOHEHT KUHETUYECKOI'0O MOMEHTa

(Ml, MQ, Mg) = (Awl, B_2, ng).
B pesynbraTe cucremy ypaBHEHU#I MOXKHO 3aIllCATh B BHUJIE:
1 = MyMjs(ag — as),

é = M3M1(—U,1 + ag),
3’, = M1M2(a1 - a2),

rne a; = 1/A, a3 = 1/B, a3 = 1/C. Bynem cuutarb, 4T0 OCH KOODIMHAT
BI)I6paHI)I TaK, YTO BBIIIOJIHAIOTCS HEPABEHCTBA a1 > G2 > (3.
VuTerpaibl JBUKEHU TPUMYT BHIL:

1
H(M) = §(a1M2 + agMZ + az M%)
1 TIOJIHBIT MOMEHT UMITYJIbCa
F(M)= M;{ + Mj + M;.

W3 Buga 3TUX WHTErpaJIOB CJEAYET, YTO WHBAPUAHTHOE MHOrooOpas3ue B
TPEXMEPHOM MPOCTPAHCTBE — 3TO mepecedeHue 3juiuncouga H = const u
cdepnl F' = const. Bpamienue Bokpyr maJjioit u 0oJibIoit oceit ycToivuso,
a BOKPYT CpejiHe#l — HEYCTONYMBO. DTO MOXKHO 3aMETHTh W3 IIPSIMOTO Pac-
CMOTpPEHHsI CHCTeMbl ypaBHeHuil. Eciu HapucoBaTh TpaeKTOPHUM JIBUXKEHUSI,
TOI/Ia MOXKHO 3aMETHTh, YTO OKPECTHOCTH BEPINHH CPeJIHell OCH — cejia.

[IpounTerpupyeMm ypaBHEeHUs JIBUXKEHUS BOTUKA Dilaepa.

{ = M2M3(a2 — 03),
1
5(&1M2 + GQM22 —+ CL3M32) = h,
M} + My + M3 = f.
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Torna
A42:: f'_'A4? _'A4§a

1
§(a1M12 + asMj + a3 f — az M} — a,M3) = h,

(a1 — CL;J,)M12 + (0:2 - 0'3)M22 =2h - a?’f’
1
My=——2h—a3f — (a1 — a'3)M12)7
Qo — a3

Mg = f—M; - #(Qh —azf — (a1 — a3) MY),
a2 — as
M2 =c¢; — coM2,
M3 = c3 — csM3.
OKOHYATETHHO TIOTYYUM
(M7)? = (e1 — 2M7)(c3 — CaM7)(as — ag)”.

Ot 3T0rO ypaBHEHUS JIETKO NepeiiTH K YPABHEHUIO /ISl JLIUIITHIECKOTO
cunyca. [Togenum obe dactu ypasHenus Ha ¢ c3(as — az)?. O6oznauum y =
g—fMl. [Tocyre moacTaHOBKY (DYHKIMY Y B YPABHEHUE TIOJTYUUM:

) = (1)1 -

L S G 2)
cies(ag — ag '

C3Co
U3 sroro ypaBHeHus ciejyer, 4TO (pYHKIMS § MOXKET ObITH IpeJ/ICTaB/IeHa B
BH/IE: .
C4C1
Y= sn((a2 — as)\/(TCsm)’ rae k = e
OcrasibHbIe COCTABJIAIONIAE KTHETHIECKOTO MOMEHTA TaKKe MOXKHO BBIPA3UTh
yepe3 tunTudeckue pynknun fkodm.

9.3 Boauok Jlarpanxka

Ecnmu aBa ctarudecKux MOMeHTa TBepAOTo Tesa paBHH (A = B) u Koopau-
HATHl IIEHTpa TAXKECTH T, = Y, = 0, Torma roBopaT o Bomuke Jlarpamzxa.
YpaBuenust Boauka Jlarpanxka:

, o
W — MWaldz = —5’7%
, Q
Wy + MWz = 5%’

wy =0,

!

Y1 = W32 — W23,
!

VYo = W13 — W31,

’Y:,a = WaY1 — W17Y2-
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oM _
3ech TPUHATH 0603HAYeHNs @ = — =% = A=C

[TepBbie maTErpaabl cucteMbl ditnepa-llyaccona, nHanmucanubie B mepBOi
HaCTH ITOH JIEKIUU, IPUMYT BUJL;

Wiy + waye — bys = ki, ¥+ + 7?? =1, w3 = const.

VYMHOXKUM TIEpBOE U3 ypaBHeHUH Jitnepa-Jlarpanka Ha wi, BTOPOe HaA Wa,
CJIOKUM TIOJIyUYUBIINECHd YPABHEHUS B PE3YJIbTATE IMOJJLYyUYNM:

’ ;o
W] + Wowsy = 5(1@@02 — Yowi).

s/

Jlerko BujeTh, 4TO NpaBasd YaCTh ITOIO yPABHEHHS — HH 4TO MHOE, KaK §7j.

Bocnonbp30BaBIUCh, 3TUM, ypaBHEHHE MOXKHO IPOMHTETPUPOBATHL IO BpeMe-

HHA.

2 2 _
wy +wy; —ays =h.

OTO elne OJWH NEPBbI WHTErpas ypaBHeHuit Jitsiepa-Ilyaccona st Bodka
Jlarpanxa.

PeHIeHI/Ie ypaBHeHHﬁ AJ1d BOJIYKa ﬂarpaH)Ka MO2KHO BbIDA3UTb B JJIJIUII-
THYecKnX PyHKIUsX. Jlerde Bcero moysiyuuTh ypaBHeHue s 3. Bo3Benem B
KBaJIpaT IOC/Ie/IHee U3 ypaBHeHui Ditiepa-J/larpanxka. Ciaraemoe —2wiyswoy1
B IIPaBOi YaCTH 3aMEHMM, UCXO/IS U3 KBaJApaTa IePBOrO W3 BHIMUCAHHBIX Tep-
BBIX MHTETPAJIOB:

—2wiYawa Y1 = wivs +ways — (k1 — bys)®
B pesynbrate monyuuMm ypapBHeHUE:
(73)” = wivs + w3 + wint + wivs — (k1 — bys)”

Tenepb, BOCIIO/IL30BABIIUCH BbIPAYKEHUEM JIjIsi CyMMbl KBaJIPATOB Y U BbIBE-
JEHHBIM NONMOJHUTEIbHBIM 3aKOHOM COXPAaHEHUS, MOy YAM:

(75)? = (ays + h)(1 —73) — (kx — bys).

OTO ypaBHEHHE PEIIaeTcs B JLIUITHIYCCKUX (DYHKIUIX.

9.4 Boauyok KosBaJjgeBckoii

Nurerpuposanue Bouka KoBajieBCKO CBSI3aHO ¢ KPACUBBIMH MaTeMaTH4e-
CKAMM Tpeo0pa30BaHUsIMU — TaK Ha3biBaeMbIM HpeobpaszoBanuem Abesss u
3agadeit oopamenus Jkobu. [loaromy, HECMOTPST HA TPOMO3JIKOCTH (hOPMY.I,
Ka>KEeTCHAd IMOJIE3HBIM XOTd 6bI IIO3HAKOMUTBLCA C UJAeAMU, JIe2KalllUMU B OCHOBE
WHTErpupoBanus BoYKa KoBajieBCKoii.
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YpaBuenus Bojuka KoBaJieBCKO#l mosydaroTcs W3 ypaBHEHHi iiyiepa-
Ilyaccona, xorna A = B = 2C, y, = 0, 2, = 0. Cucrema KOOpAUHAT, CB-
3aHHasl C TeJIOM, BEIOUpaeTcs Tak, 4To x4 < 0. YpasHenusa itnepa-Ilyaccona
mepenumeM A7 06e3pa3sMepHbIX MEePEMEHHBIX: P = CiWi, ¢ = CiWe, T' =

ciws, ¢t = T, 371eCb €] = %. B 3tux koopaunaTax ypaBHEHHUS BOJTYKA
KosaneBckoit mMeroT BuI:
2p' = qr,
2¢' = —pr — pys,
' =y,
V=T — qvs,
Yy = PYs — T,
V5 = Y3 — PYe-

3xech = const.
Ecth dernipe mHTErpasia ABUKEHUS:
TIOJTHAS SHEPTHS

H=2(p*+¢*) +1°—2um,
MOMEHT I/IMHy.HI)(Za
L =2(py1 + q72) + 173,

yCJIOBYE CBSI3U
Y+t =1
u uHTerpan KosaseBckoit
K = (p* = ¢ + pm)* + (2pg + pm)*.
PaccMoTpuM mOBepXHOCTH YPOBHSI 9TUX MHTETPAJIOB

H=6h, L=2, K=F.

BBemem Ha 3Toi MOBEPXHOCTH KOOPAUHATHI S1 U S

Si2=3h+ R(z1, 7o) £ \/ R(21) R(z2)

(21 — 22)?

bl

e
T1o=ptiq, R(2)=—2"+6hr2+4ulz+ p* — K,

R(z1, ) = —a223 + 6haizy + 2ul(x1 + o) + p* — K2
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B IIepeMeHHbIX 5172 YpaBHE€HUA ABH2KCHUA 3aIllMCBIBAIOTCA B BUIE:

. 4y/Ps(S1) . i/ Ps5(Sy)
B CErA N R )
e
Ps(2) = [2[(z — 3h)* + 1 — k?] — 2u°1%]((2 — 3h)* — k7).

Ypasrenus mjis Sp o HHTErpupyoTCs npeobpazosanuem Abens I’ — J(T),
rie I' — pumanosa mosepxuOCTh poma 2: w? = Ps(z). 1o npeobpasosanue
UMeeT BUI:

St odz S2 dz
Q= Py \/T(Z) + /P ) \/T(Z)’
@:/Slﬂ#&ﬂ,
PR IR
rie Py— ¢dpukcupoBaHHasi TOYKa HA pUMaHOBO# moBepxuoctu. Cucrema ypas-
HeHWil 1BuzKeHus! (35) NpUHUMAET BUJL:

G _, A

dr ' dr
OTH ypaBHEHHs JIETKO HHTETPUPYIOTCS, OIHAKO, JJis BBISICHEHHS IIOBeJe-
HUS peIIeHUs] B MCXOIHBIX I€PEMEHHBIX HEOOXOJIMMO OOpaTHTh IIPeodpas3o-
Banue Abesns. 3amady 00 oOpallleHNy THIEPIIIMITAYECKUX HHTEIPAJIOB Ha-
3BIBAIOT 3a/aveit obparmenus fxkobu. OHa penraeTcs ¢ UCTOIb30BAHUEM TITA-
dyukimit. [TokaxkeM, 94TO B CUTyalluud OOIIEr0 MOJOXKEHUS Mpeodpa3oBaHUe
AbGens mokaabHO obpaTumo. /st 3TOro BEIYUCINM gKOOHaH Ipeobpa30BaHMs
¥ TIOKaKeM, 9TO OH He PaBeH HY.JIIO.

= S .
8(51, SQ) \/P5(S@) \/Ps(Sz) P5(51)P5(S2)

Ecmu Ps5(S12) # 0, Torma cymectByer o6paTHOe IpeoGpa3oBaHue.

1 S1
0(¢1,¢2) _ | VBs(S) /Ps(S1) | _ Sy — 51
1 2 -

9.5 3amaun

Bripasurs ocraBriiecss KOMIIOHEHTHI perieHust ypaBHenuit Jitnepa-Ilyaccona
B C/ly4uae BOTYKA JDityiepa yepe3 ¢pyHknuu Axodu.

Banucars perenne ypapHenuit ditnepa-Ilyaccona B ciiyuae Bosruka Jla-
rpaH»ka 4epes juunrudeckue Gy fAxodu.
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9.6 Jlureparypa

[Ipu moAroTOBKe 3TOM JIEKIUKM MCIIOIb30BAINCH KHUTH
Apxanrensckuit FO.A. Ananurudeckast JUHAMUKA, TBEPIOIO TeJIa.
Paznesr 06 uarerpupoBanue Bosiuka KoBaJsieBckoit Hamucan mo 0030py
Jy6posun B.A.. Henuneiiabie ypaBHeHNsT ¥ TITa-DYHKIUU. YCIEXH Ma-
TeMaTu4ecKux Hayk, 1981, 1.36, n2, c.11-80.
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10 YpaBHeHue XuJjia

B amoti aexyuu uccaedyromea ceoticmea peusenutl YpasHeHUA 6MOP0o20 No-
padka ¢ nepuoduveckum koappuyuenmom. Usroocena meopus Daoke u no-
CMPoeH NPuUMep PeWeHUs Ypasrerus co cmynenuamots nepuoduveckoti dymk-
yued.

10.1 Teopua Pjoke

31ech MbI OyaeM u3ydarh ypaBHEHHE BTOPOrO MOPsSAKA ¢ KOIMDPUIMEHTOM,
3aBHUCAIIMNM OT BPEMEHHU:

u" + (6p + 2 i 0y, cos(nz))u = 0. (36)

n=1

Koaddunuentsr B pasnoxkennun Oypbe nepuoaundeckoit (yHKINNA CUUTAIOTCS
TakKuMu, 9TO pajg Pypbe cXomauTcs.

VYpapuenue (36) Ha3bIBAETCS ypaBHEHHEM XWJLIA, KOTOPBIA HCC/IEI0BAJ
peIlIeHns] TAKOTO YPAaBHEHUS B CBSA3U C Teopueil nBUKeHusd JIyHbI.

Kosddunuent ypaBuenus — nepuoanydeckas (QyHKIUS ¢ TMEPUOJOM 27,
TOTOMY JIETKO BHJETh, UTO ecyu yHKuus u(t) — pemenne ypasuenus (36),
torga u Gynkuus u(t+27) — Tak:ke OyAeT pelreHneM 3Toro ypasaenus. [Ipu
9TOM, KOHeuHO, dbyHkuus u(t) He o6s3aHa OBITH MEPUOAUYECKON hyHKIHUe
no t. Hanmpumep, mpu u3amMeHennu Ha 27 OHA MOYXKeT YMHOYXKATbCS HA IIOCTOSTH-
HYIO, WK K Hell MOxKeT J00aBJISAThCS elle OJHO pellleHue ypaBHeHus (36), He
06s13aTeIbHO JINHEHHO 3aBUCHMOE OT U(t). JIErKO MOHSITH, YTO ITUM HCUEPIThI-
BAIOTCS BO3MOYKHBIE U3MEHEHUS pemenus 3a 17. Takoit orpanudeHHbIit HAOOP
CIIEHAPUEB MO3BOJISIET JOBOJBHO TOAPOOHO WCC/IEI0BATh CBONCTBA, pereHwuit
ypaBHenusi (36), He npuberast K IOCTPOEHUIO SIBHOTO DEIEHMUSI.

[Tycrs dynkuun g(z) u h(z) — cocraBiasior HyHIAMEHTAIBHYIO CHCTEMY
pemiennii ypaBHenusi (36), npudem, onpejennresb BpoHckoro sroit cucre-
Mbl paBeH ejauHUIE. Takue (QYHKIMU MOXKHO 10/100paTh U3-3a JIMHEHHOCTH
ypaBHeHus. /s onpeneneHHOCTH pUMeM

g(0)=1, ¢'(0)=0, h(0)=0, A'(0)=1.
Ob6ee pemenne ypasaerus (36) MOXKHO BBIDA3UTH B BUJIE:
F(z) = Ag(z) + Bh(2),

rne A u B — nocrogHHbIe.
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Torya npu u3MeHeHnu Ha mepuo camu dyukuuu g(z + 27) u h(z + 27)
MOYKHO BbIpa3uTh 4epe3 g(z) u h(z):

9(z+27m) = a19(2) + azh(z), h(z+27) = Big(z) + Pah(2).

Ot HOPMYIIBI O3BOIAIOT BHIBECTH COOTHOUIEHME Jid «j, (. VI3 nemsmen-
HOCTH BPOHCKMAHA JBYX pelleHuii ypasuenus (36) ciemyer, 4To

a152 - Oé2ﬁ1 =1

Jlerko BeIpasuTh U o0miee pemrenue F'(z + 27):
F(z+2m) = (Aar + BB1)g(z) + (Aaz + BB)h(z).

Cpenu BCeBO3MOXKHBIX JHHEHHBIX KoMOuHaUmit g(z) u h(z), maonmx pe-
menue ypaBHenus (36), 0coOblii HHTEpEC MPEeICTABISIET TAKOe, UTO

F(z+2m) =kF(z). (37)

Pemenne ypasuenust (36), yIOBJIETBODSIOIIEEe ITOMY CBOHCTBY, HA3bIBAETCS
pynxyuet Baora. dta OyHKIMS N1 ypaBHeHHAs XUJLJIa MOJIE3HA eIlle U TeM,
ur0 v(2) = F(—2) — Tak:Ke pellleHne ypaBHeHUs, npudeM, eciu k # 1, Torga
v(z) n F(z) — napa JimHeiiHO HE3aBUCHMBIX penrenuii ypasnenus (36).
Ecin npeacrasuth k = exp(2mp), Torna dyukuus ¢(z) = exp(—zu) F(z2)
— nepuonnueckas. JleiictBurensro, ¢(z+21) = exp(—2mp)F (24 27) = ¢(2).
Yenosue (37) maer cucreMy ypaBHeHwii st onpejesenns k, A, B:

Aa1 + ﬁlB = kA, ACYQ + B,BQ = kB.

OTa cuCTeMa yYpaBHEHHiII OTHODPOIHA, CJIeJI0BATEbHO, JJIs CyIIeCTBOBaHUS
HEHYJIEBOTO PeIlleHrsT He0OX0IUMO, YTOOBI ONPeIeIUTEIb STOi CHCTEMBI PaB-
HSJICA HYJIIO, TO €CTh:

(a1 —k)(B2 — k) — a1 = 0,

nJIn

k2—(a1—|—ﬁ2)k+120

9TO0 ypaBHEHHE MMeeT J[Ba PeIlleHHUs.

(a1 + Ba) £ \/(a’l + B2)? — 4
5 )

12 =

BemiecrBeHHbIe DEIIEHUsT STOT0 yPAaBHEHWs CYIIECTBYIOT TP |y + fo| > 2.
[Ipuyem, ecmu o + By = +2, Torna k = +1, u dynkuus Biioxa nepuommye-
CKasl C MePUOJIOM 27 Wjiu 47 COOTBETCTBEHHO.



Puc. 5: @yukuus ¢(t), (T =1, =1).

Ecmu |a; + fa| > 2, Torna oguo u3 3uadenuii |k| > 1, u dyukmua Broxa
He OrpaHuYeHa Ha OcH t.

Buauenusim |a; + B2| < 2 cOOTBETCTBYIOT KOMIUIEKCHBIE 3Ha4YeHust k. Jls
TOr0, YTOOBI BBISICHUTH, KaK BejleT celOsi ipu 3ToM dyHKIius bjoxa, Beryuc-
mam |k|. Yucna ki u ky — xommiekcHo conpsikennsie. [To Teopeme Buera
IIPOU3BEJeHUEe KOPHEH:

kiky = 1.

Do o3nauaer, uto |ki| = |ko| = 1. CiemoBarenbHO, pelleHUs] ypPaBHEHUSI
Xusia — orpanudeHuble GYHKIMA HA BCEH BEIECTBEHHON OCH.

10.2 IIpumep

B kauecTBe IIpuMepa ypaBHEHUA XI/I.H.Ha, AJId KOTOPOT'O MO2KHO B 4BHOM BH/IE
HOCTPOUTH (PyHJIAMEHTAJBHYIO cucreMy perienuit u gpyukiuio bBioxa, pac-
CMOTDUM ypaBHEHWE

u" + (W +q(t))u =0, (38)

¢ mepuoauyeckoii dbynkuueii ¢(t) Buna (cm. puc.l):
git) =0, mpu0<t<T; ¢q(t)=—-e upnT <t <2T.
[TocTpomM byHAAMEHTAIBHYIO CHCTEMY pemennit (@, @) Takyio, 9To:
d(to,w) =1, ¢ (to,w) = iw.
Torpa mpu 0 < ¢t < 7' nonydum:
¢(t,w) = exp(iwt),
npu 1T < t < 2T nyig nocTpoeHus ¢ HeOOXOIUMO pelmmTh 3aaa4dy Kormu:

¢li=r = exp(iwT), ¢'|i=r = iwexp(iwT).
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Pemenwne 3T0# 3ama4m 119 ypaBHEHUS
u" + (W —e)u=0
UMeeT BUI:
o(t,w) = Aexp(ivVw? — e(t — T)) + Bexp(—ivw? — et — T)).
[TocTossuubie A u B onpenensiorcs (popMyaaMu:
exp(iwT) = A+ B, iwexp(iwT) = iAvVw? — e — iBVw? — ¢,

nJIn

Hauennsa Ko3pPUIUEHTOB «vj, b; MOXKHO ONpeJeauThb U3 PopMy.JI:

¢(2T’ w) = a1¢(0’ w) + O‘ZQE(()’ U))
#' (2T, w) = a1¢'(0,w) — ¢’ (0, w),

1
=3 exp(iwT) (1 +

nJjn

Aexp(iTVw? — €) + Bexp(—iTVw? — ¢) = a; + aq,
iAVw? —eexp(iTVw? — ) —iBVw? — cexp(—iTVw? — ) =

= 101w — 10oW.

[Tocne npocThix npeobpa30BaHmil MOy IUM:
1 2 —
=g [A exp(iTvVw? —e)(1 + u) +
w
2 —
Bexp(—iTvVw? —¢)(1 — wie)]’

w

ay = %[A exp(iTVw? —¢)(1 — \/?) +
Bexp(—iTvVw? —¢)(1 + @)]

[ToncraBus B hopmyny s kodddunuenTa a Beipazkenus 1ud A u B, mony-
YUM:

o eXP(z’T(w—Z\/Q;?__ £)) (1 N ﬁ) (1 N %) B
_exp(iT(w — Vw? —¢)) <1 W ) (1 _Vwr— 5).

4 2 w
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ITocne YMHO2KEHHA U IIPpUBEACHUA HO,HO6HI)IX CJIara€MbIX ITOJIyYHUM:

2w\/ w? —¢

Tax kak 37ech p U B — BEJIMYMHBI KOMILJIEKCHO COTIPSI?)KEHHbBIE, TOITO-
My ko3ddunpent B ypasuenuu st k o + Sy = 2R(ay). Beipaxenue jisi
BEIeCTBEHHON YaCTH (/1 :

a; = exp(iwT) (cos(T\/F) == Sm(TW))

2

QCUm sin(wT) sin(TVw? — ).

R(ay) = cos(Tw) cos(TVw? — €) —

10.3 3amaua

[TokazaTh 30HBI HEYCTOWYMBOCTH TIO OTHOIIEHUIO K MapaMeTPUIeCKOMY BO3-
MyIeHuio ¢(t) Ha rpaduKe COOTHONIEHNS MEXK Iy YaCTOTOH w W HapaMeTpoM
€.

10.4 Jlurepartypa

Bompoc o cBoiicTBax JMUHEHHBIX ypaBHEHU# C TepHOANYecCKUME Ko3(h UIu-
eHTaMHu OOBIYHO M3J1araeTcs B Kypce auddepeHIuajibHbIX ypaBHEHUIL:

1. [TonTpsarun JI.C. O6bikHOBeHHBbIE MuddepeHIInaIbHble YPABHEHUSI.

2. ®enopiok M.B. O6bikHoBenHbIE quddepeHnraibHble YpaBHEHHSI.

Bonee moapobHo mpo Teopuio ypaBHeHUs XWJLIa U pelleHNe ypPaBHEHUS
Xujia yepe3 OeCKOHEUHBIH ONpeIeTuTe/ b XUIIa, CM. B

3. Yurtekep, Barcon. Kypc coBpemennoro ananmusa.

[Tpumep 6,130k K TpUMepy pa300pPaHHOMY B KHHTE

4. Apuoana B.I1.. Maremarnyeckne MeToabl KJIACCHYECKON MEXaHUKH.
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11 ®Pyukuum MaTbe

Ipusedervi npumepvl, u3 mamemamuyeckoti Gu3UKy U METAHUKY, 6 KOMO-
pux so3nukaem ypasnenue Mamwvé. Jarno onpedeaenue dpynxuyut Mamvé u
YKaA3aH aA20PUMM UL NOCMPOECHUA.

11.1 ITpumepst

[IpuBemeHbl pUMEpHI 3a/1a4, CBOJASIIMXCS K PelleHuio ypaBHeHHs MaThé.
YpaBuenne MaThé OOBIYHO 3aITUCHIBAETCS B BUIE:

u" + (a + 16¢ cos 2z)u = 0. (39)

Wcropuyecku 310 ypaBHEHUE MOSBUJIOCH TIPU U3YYEHUHN YPaBHEHUST KOJIe-
OaHWil TJIACTUHBI:

1
RV + 32V = OBV,

Brison ypaBHenusa MaTbé J0BOJBHO TPOMO3IOK, W 3/€Ch JIMIIh MPUBOAATCS
¢dhOopMyJIBI, BOCIOIH30BABIINACH KOTOPBIME, YUTATEb MOXKET CAMOCTOSTETHHO
npuiiT K ypapHeHuio Marbé.

[Ipexk e Bcero OyeM mpeanoaaraTh, 4To IJIACTHHA KOJIEDJeTCs C TOCTO-
AHHOM 4aCTOTOM P, TOrJja OT BOJHOBOI'O YPAaBHEHUS MOXKHO LEepeidTu K ypas-
Henuio [esbMronnma:

»?

2 2 —
Oyv + Oyv + 2V = 0.

Tenepb or 1eKAPTOBBIX KOOPAMHAT IEPEHIeM K LIANTHYCCKUAM:
x+iy =hch(§+in), wm x =hch&cosn, y=hsh&sinn.

rie (+h,0) — dokycsl ssumnruyeckoit membpanbl. Koneuno, B 3rux Koopu-
Harax £ > 0, —m < n < 7, B HOBBIX II€DEMEHHbIX ypaBHeHUe lejibMrosbua

IpuMeT BUI:
2,2

h
Fu+ Ou+ C—f(ch2 £ —cos’n)u = 0.
Tenepb J€TKO pa3aesnTh NepeMeHHbIe:
u=F(§)G(n).
B pesyabrare musa dyukiuu G(n) nonygyaercs ypaBuenne Marné:

dQG h2p2
o + (A — 2 cos®n)G = 0.




11 @ymroum Matré 70

YpaHenue (39) MOMyIUTCs, €CIU TPUHATb @ = A — h;c’f, q= g:ﬁ’j )

[To cyTn nmoctpoenusi — pernienue — nepuogudeckas ¢pynkiusa 1o 7. [lo-
TOMY B 33/1a4€, CBI3aHHOM ¢ KoJieDaHUsIMU JLIUIITUYECKOH MeMOpaHbl, HAJI0
HaWTU TaKue 3HaYeHus nmapamMeTpa a, I1pu KOTOPbIX CyHIeCTBYIOT 1I€pUoJInve-
ckue penieHus ypasHenuss Marbé ¢ nepuojom 27.

Emé onun mpumep, B KOTOpOM BO3HUKaeT ypaBHeHue MaTbé — Marema-
TUYECKHH MasSTHHK C IEePUOJAMYECKH KOJIeOJIIoIeiics TOUYKON IOIBeca, eCIu
TOYKa TIOJBeca KOJeOJeTcd B BEPTUKAJIBLHOM TIOJOXKEHUU TI0 3aKOHY cos {2t
¢ aMIIATynoit A. YpaBHeHHEe MaTeMaTHYeCKOTO MasgTHUKA B TOM CIydae
MOKHO 3allUcaTh B BUJE:

(mg + Acos Qt) sing + mlg" =0

nJjain

0" + (% + % cos Qt) sin = 0.

Ecan pacCMaTpuBaThb MaJibl€ KoJiIeOaHud MasiTHUKA B OKPECTHOCTHU HUH2KHEI'O
NOJIO2KEHU A PaBHOBECHA, TOIAA ITOJIYYHUM!

u" + (1 + qeosQt)u = 0.

B OKPECTHOCTHU BEPXHEI'0 IIOJIO2KCHUA PaBHOBECUA ypaBHEHHE MaTeMaTU4e-
CKOI'0O MadTHUKaA:
u" — (14 gcos Qt)u = 0.

Takum obpaszom, ypaBHeHue MaTbé omnpejesisger yCTORYMBOCTD IOJTOXKEHUM
paBHOBeCHSI MaTeMaTHIECKOTO MasTHUKA. B 3ToM ciaydae HAc OyaeT mHTEpe-
COBaThb BOIPOC O TOM, €CTh JIU PACTYIIue pelleHusl ypaBHeHus MaTbé mpwu
JIAHHBIX 3HAUEHUSX MapaMeTPOB YpaBHEHUS.

11.2 ®Pyskuuu Matbé

YpaBuenne Matné
u” + (a + 16gcos 2z)u = 0

2

npu ¢ = 0 u a = n° UMeeT NepuoNYecKre pPellleHus C MEPUOJIOM 27 BUJIA:

1 cosz cos2z
sinz sin2z

Pemenus ypasnenus Martwé, npuBojgsiue npu ¢ — 0 K BbIllle Tepevuc-
JIEHHBIM KOCHHYCaM ¥ CHHYCaM, Ha3bIBAIOTCS pyHkuusmu Mamvé nopsodxa
n=20,1,2,.... g srux dyuknuuit npuHgaTh 0003HAYEHUSI:

060(2', Q) cey (Z, Q) 062(2, Q)
S€1 (Za q) s€1 (Za q)
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[IpuBenenHoe ompejesieHne He 0OeCIeYMBAET OJHO3HAYHOE MOCTPOEHUE
dbyukiuit MaTbé. 31ech /1 OJHO3HAYHOCTH HEOOXOJAUMO J100aBUTH TPebo-
BaHMe, 4TO0BI K03 duimenT Pypre-pasnoxkennsa GpyHknun MaTbé n-ro mo-
psiiika npu cos(nz) uan sin(nz) paBHsICS eAuHUIE (He 3aBHUCET OT q).

3/1ech HAI0 3aMETHTh, YTO MAPAMETD @ 3aBUCHT OT ¢ W Jjmiib 1pu ¢ = 0
a = n?. 3aBECHUMOCTDb @ OT ¢ MOXKHO OIpeJeJUTh IIPH II0CTPOeHUH (byHKIUH
Matbé coOTBETCTBYIOIIEr0 MOPsiaKa. AJTOPUTM MOCTPOEHUs ITUX (DYHKIU
IPHUBEJIEH B CJEAYIONEM MyHKTE.

11.3 Iloctpoenune pyukimii MaTbé
Byaem uckarb dyskmmio ceg(z,q) B Bue:
ceo(2,q) = 1+ qui(2) + Pva(2) + . . .. (40)
[Tapamerp a:
a=a1q+axq’ +asg®+. ... (41)

[Toncrasum npeacrasienus (40) u (41) B ypaBuenue MaTbhé u npupaBHs-
eM K03bdUIMeHTHl IPH OJAMHAKOBBIX CTENeHsX Iapamerpa ¢. B pesyibrare
TIOJIYYUTCSl PEKYPEHTHAS TOCIE0BATEIbHOCTD YPABHEHUIA:

vy + a; + 16 cos(2z) = 0,
vy + ag + a1v; + 16v; cos(2z) = 0,

vy + a3 + a vy + agvy + 16wy cos(2z) = 0,

Pemenne ypaBuenus s v;:

CL12’2
v == +4cos(22) + ¢1z + .

Hac unrepecyer nepuoaudeckoe pemenue, nodromy a; = 0, ¢; = 0. Kpome
TOTO, 3TO PelleHue He JIOXKHO CO/IEPIKATH CJIAraeMbIX, KOTOPBIE TAI0T BKJIA]
B HyJsieBoit Koaddunuent paznoxenus Oypbe GyHKIuM ceg(z, q), MOITOMY U
co = 0. OxkoHUaTEIBLHO:

v1 = 4cos(2z).

VpaBHeHue st Uy B 3TOM CJ1ydae ynpOIIAeTcs:
vy = —ay — 64 cos?(22)

nJIn
vy = —ag — 32 — 32 cos(4z).
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HNuTepecyrormiee Hac perieHne UMeeT BUI:

32
vy = =22 _|2_ 22 + 2 cos(4z).

Tpe6oBaHUe TIEPUOTUTHOCTH MPUBOIUT K YCJIOBHUIO:
ay = —32.
YpaBHeHue s vs:
vy = 128 cos(2z) — 32 cos(4z) cos(2z).

[Tocne npuMeHeHUsT TPUTOHOMETPHIECKON (DOPMYJIbI

cos(2z) cos(4z) = %(COS(QZ) + cos(6z))

¥ DeIeHNUs] yPABHEHHs IOy 9iM:
16
vy = —64 cos(2z) + n cos(6z).

mapamerp as = 0.

C moMOIIbIO IPUBEIEHHOTO aJITOPUTMa MOXKHO TIOCTPOUTH (byHKIMIO Ma-
THE B BUJE PSAA [0 CTEIEHSIM ¢ U OIPEJEeJIUTD @, TAKXKe B BHIE PAIA IO CTe-
nensM q. Oka3piBaeTcs, (3/7eCh 9TO He JOKA3bIBAETCs ), MOCTPOEHHBIE TAKUM
00pa3oM psaabl cXoadaTcs, U GYHKIuU MaTbé — mesnble pyHKIME TapaMeTpa
z.

[TocTpoenHbIe HECKOMBKO WJIEHOB psiaa I7Is1 ceg(z, q):

ceo(z,q) = 1+ (4g — 64¢° + .. .) cos(2z) +

16
(2¢° + ...) cos(4z) + (gqg’ +> cos(6z) + ...,
a=-32¢°+....

Jns cnpaBku npusegem dbopmysisl s GysKimii ceq(z, q) u se1(z, q):

r 2r+1,rq7"+1
ce1(z,q) = cos(z +Z(r+1'r' (r+1)(r+1)+
2" qr+1 +0( r+3)> ((2 -+ 1) )
CESVICES) IR

rae

8
— —¢*+ 0(¢°).

a=1-8¢— 8¢+ 8¢ 3
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r 2r+171qr—|—1

sex(z,q) = sin(z +Z(r+1'r' CrOr !

T qr—|—1

(r=1)r+2)!

+ O(q”?’)) sin((2r 4+ 1)z),

rie o
a=1+8¢—8¢"+8¢" — 2¢" + O(¢").

11.4 VYpasHenue Matbé B popme JIungemana

Eciu cienaTh TPUTOHOMETPHYECKYIO 3aMeHy He3aBUCHMOil epeMenHoii: & =
cos®(z):

% = %dif = —2cos(z) sm(z)d%:,
? d , d : d?
5= E( - s1n(2,z)d—€) = sm2(2z)d—€2 2 cos(2z)d§

sin?(22) = 4£(1—€); cos(22) =& —(1—-&) =26 — 1.
YpasHenne MaTbé IpuMeT BU:

d*u du
11 -6 +20 202

3 dg

9TO0 ypaBHEHHE UMeeT JBe PerysapHbIX 0ocoObix Toukn & = 0 u & = 1. Touka
¢ = o0 — cymiecTBeHHO ocobasi TOYKa, 9TOro ypaBHeHHus. B okpecTHOCTH pe-
T'YJIIPHBIX OCOOBIX TOYEK MOXKHO IOCTPOUTH IO JBa, JIMHEHHO HE3aBUCUMBIX
peIlleHnsl 3TOTO ypaBHEHUs, KaK 3TO OBLIO CIeJIaHO i TUIepreoMeTpude-
ckoit pynkiuu. JIg 3Tux penreHuit Tak:Ke MOYKHO Pa3BUTh MOJ00UE TeOPUU
dJi0Ke, €cid PACCMATPUBATH UX HA COOTBETCTBYIONIEH PUMAHOBO OBEPXHO-

+ (a — 16q + 32¢€)u =

CTH.

11.5 3agaua

BoisicHuTb, CymecTByOT Jin Takue 3HaYeHus ¢ U ), IPU KOTOPHIX OKa3bIBa-
€TCd yCTONYMBBIM BEpXHEE MOJ0KEeHNEe MATEeMATUIEeCKOTO MAATHUKA C OCIAJI-
JIAPYIOIIeil TOUYKOU I0/IBeca.

11.6 JIurepatrypa

[Ipu moAroTOBKe 3TOM JIEKIIUK UCIIOTB30BAJICA YICOHUK
Yurrekep, Barcon, Kypc coBpemennoro ananusa.
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12 YpaBHeHue Jlame

IIpusodumcsa eud ypasuenusa Jlame u kpamKo 006ACHACMCA NPOUCTOHCIEHUE
u 06wt sud gynkyud Jdame. Ocrosroe sHUMaHUE YOeAeHO PEWEHUI YPas-

Hernus Jlame 6 CneyuaabHoOM CAYHAE 8 MEPMUHAT IANUNINUNECKO20 CUHYCA
Sxobu.

12.1 YpaBHeHue Jlame

YpaBuenuem Jlame 0ObIYHO HA3BIBAETCS YpaBHEHHE BUJA

e+ )@ + 0@+ 0@+ @ @+ Vil =
[n(n +1)A + CA.

OTO ypaBHEHHE TOSBJISIETCS IPHU MEPEX0/e K JLIUICOUTATbHBIM KOODIWHA~
TaM W pa3/ieJIeHu¥ TepeMeHHbIX B ypaBHeHuu Jlamnaca. 37ech mapaMeTpsl
a, b, c — mapaMerpbl JIMICOMIAIBHON cucTeMbl KoopauHar. Yucna n u C' —
napaMerpbl caMoro ypasuenus Jlame.

Knaccuueckas Teopus ypasuenus Jlame u dyunkiuii Jlame cBs3ana c -
JIMTICOUIAJIbHOM 3aMEHOil IepeMeHHBIX, M03TOMY KaK U B C/iydae ypaBHEHUS
Matbé, B 3TO# Teopuyu paccMaTPUBAIOTCS He Bce pellleHus ypaBHeHus Jlame
C TPOM3BOJILHBIME 3HAUEHUSIMH T1apaMeTPOB (Takoe ypaBHEHHE Ha3bIBAETCS
06001IeHHBIM ypaBHEHHEM Jlame), a ypaBHEHHUS CO CIENUATHHO MOT00PAHHDI-
vu k03 dunmentavu C' u HATYpaAJbHBIME 3HAYeHUsIME TapameTpa n. Oxa-
3BIBAETCsI, YTO JIJIsT JIFOOOTO HATYPAJIHHOTO 3HAYEHUSI 1 MOXKHO TaK MOA00PaTh
1 + n/2 3navyennii kosdduiperos C, uTo 1yisi ypaBHeHUs JlaMe ¢ KazxKIbIM
u3 Takux C' MOYXKHO TIOCTPOWTH PEIIeHNe B BUJE MOJIMHOMA 10 A CTEIEHU 7.
Takue pemennsi HazpiBaroTCsd (pyHknusimu Jlame, a ypaBHeHHs] C TAKUMU |
TOJIBKO TAKMMHU CIENUAIbHBIMU 3HadYeHusIMU C' HA3BIBAIOTCS yPaBHEHUSIMU
Jlame.

Ypapuenue Jlame MOXKHO NepenucaTh B BUJE, COJAEPKAIIEM SJLIUIITHYE-
ckyo ¢pynknuio Beitepmtpacca. g 3Toro Hamo caenaTh 3aMeHy He3aBUCH-
MOl mepeMeHHO¥:

A="P(u) + %(aQ + b + ),

TorIa:
d’A

rIe .
B=C- gn(n+1)(a2+b2+02).
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Emg onna dbopma 3ammcu ypasaenue Jlame ucnonbsyer GyHKIUIO I€IbTA
AMILUTATYAB! (JIMOTHYECKUA CHHYC).

a? + b2
a2_62’

a=1K+u\e —es, k=

e €] > ey > €3 — KOpHU ypaBHeHus 41 — gox — g3 = 0 (mapamerpsl go ¥ g3
omnpenensior ¢yukmuio Beitepmpacca), Torga

d’A 2
P (n(n+ 1)k*sn(alk) + A)A,
re

B +e3n(n+1) = A(e; — e3).

12.2 Asaropurm nocrpoenus dpyuknuii Jlame

Jlnsa noctpoenus ¢dpyukuit Jlame — pemennit ypapuenus Jlame B popme Beii-
€pIITPACcCa MCIOJIb3YIOT METOJI, HEOIIpeIeIeHHBIX K03(dduimeHToB. Pemenne
ypaBHEHUS WIMYT B BUIe MHOTOUJIeHa cTenenn N ot dyHkmun BeitepmTpac-
ca:

Alu) = Ex(u) = PN (u) + axPY 1 (u) + ... + a1 P(u) + ay.
Bropas npomsBognas A:

A" =[n(n—1D)P" 2(u) +ar(n — 1)(n —2)P¥3(u) + ... + ay_o] ¥
x[4P%(u) — goaP(u) — gs] +
WPV () + as(N — 1PN () + .+ an S ][6P(w) — /2]

Teneps, ecnu nMpupaBHITH BbIPpAXKeHUE JIJIsi BTOPO# MPOU3BOIHOM K TPaBOii
4acTu ypaBHeHUs Jlame, JIeTKO BUJIETh, YTO W CJIEBa W CIPABa COAEPHKATCS
MOJIMHOMBI OJIMHAKOBBIX creneneii mo P(u). [TpupasuuBast koadbduipenTs B
CTaplieM MOpAnKe, IMOJIyYnM:

AN(N—=1)46N =n(n+1) wm 2N(2N+1)=n(n-+1).

Orciona mosydaercs, uto n = 2N.

s Beruucsienus: koaddunuentos npu ocranbubix N + 1 (Hauunas c
Hy/1eBOii) crenensx P(u) y Hac umeercss N cBOGOIHBIX IIAPAMETPOB a; U €IIe
o/luH napaMeTp B B ypaBHeHUH. DTH IapaMeTpPhl MOXKHO MOJ00pPATh TaK, YTO
dbyuknus E,(u) 6yner pemenueM ypasHeHus Jlame.
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12.3 CoenuanbHbIN cirydait ypaBHeHus Jlame
Paccmorpum ypasaenue Jlame B hopme kobu:

d’A

T3 = (n(n+ Dk’ (alk) + A)A.

Baech Hac OymeT MHTEPECOBATh TAaKKe He OOmMil caydail TOro ypaBHEHHS,
Korja nmapamerp A npou3BOJIbHBIN, a CllelaJIbHbI, — KOT1a ypaBHenue Jlame
HOJLy4aeTcs JMHeapu3allueil Ha HeHyJIeBOM pellleHUd ypaBHeHus s yHK-
muu sn(t).

[TokazkeM, Kax 1oJydaercs JUHeApU30BaHHOE ypAaBHEHHE. Y DABHEHHE BTO-
pOro mopsijiKa, KOTopoMy yaoBiaerBopsier ¢dyukuus sn(t|k) umeer Bu:

u" = —(1+ k*)u + 2k*u.
ByzeMm pemenne 5T0ro ypaBHEHHsl UCKATh B BHJE:
u(t) = sn(t|k) + ev(t).

Ecnmu moncraBuTh 31y GopMysly B ypaBHEHUE NJIsl %, BBIIHCATH YDPABHEHUS
g kosdgunuentos npu &7, j = 0,1,2,3, Torna ypasHenue npu £° BHIIOJ-

HAETCS TOXKIECTBEHHO, a TIPH € TOJYYUM ypaBHEHHe:
v" = (6k%sn®(t|k) — (1 4+ k%))v. (42)

9T0 ypaBHEHWE ¥ HA3BIBAETCS JIMHEAPU30BaHHBIM ypasHenneMm. OHO sAB/ser-
Csl CllenMajIbHBIM CJlydaeM ypasHeHusi Jlame (31ech n = 2).

OxHo u3 periennit ypaBHenusi (42) Jierko nonay4urb, npoauddepenuu-
POBaB peIlleHNe HeJUHEHHOr0 YPABHEHUS — YPABHEHUS JJIs S/ITUITHIECKOTO
CHHYCA!

oy (1K) = é%sn(ﬂkj — en(t/k)dn(t]k). (43)

Bropoe JmHeiiHO He3aBUCHMOE DellleHne ypaBHeHus (42) morydaeTcs, HCXOst
U3 CBOMCTBA HE3aBUCUMOCTH OT ¢ BDOHCKMAHA BYX pellenuii ypapuenus (42):

! !
W (v1,v2) = v1vy — V9] = const.

Byznem uckath Takoe Bropoe perrenne, 4to BpoHckuan W(vi,vy) = 1.
Torga dopmysy a1s BPOHCKHMAHA MOYXKHO PaccMaTpuBaTh Kak anuddepen-
UAJBLHOE YPaBHEHUs JIJIsi HeM3BeCTHOU byHKuuu vs(t). Bocnonb3oBasumch
METOJIOM BapHUALUH MOCTOAHHBIX, JIETKO MOJYYHTh (DOPMYJIY IS Vo'

W@:“@Alﬁq




12 Ypasuenme Jlame 7

nJjn

¢ dr
wa(t) = en(e)an(?) | (1= s02(7) (1 = FPsn’(r)”

Haiinennast dopmysia mjist penennst vy(t) NPUrogHa TOJIBKO 0 TEX 110D,
[OKa 3HAMEeHaTesb He obparurcst B HyJb, 10 ectb npu —K (k) < t < K(k).

(44)

B roukax t,, = (2m + 1)K ¢dyukuus cn(t) = 4/1 — sn?(t) umeer ny/ab mep-
BOrO mopsiika. CjieJ0BATEIbHO, TOABIHTErPAIbHAST (DYHKIMS B TAKAX TOYKAX
MMeeT MOJTIOC BTOPOTO MOPSIKA, U WHTETPAJ, HHTEPBAJ WHTErPUPOBAHUST KO-
TOPOTO BKJ/IIOYAET TOYKH t,,, HE CYIIECTBYET.

Dopmyaty (44) MOXKHO HCIIOIB30BATh M HA BCEH OCH T, OMHAKO, JJIST 9TOTO
HAJI0 PEryJIsIPU30BATh PACXOSINUiicS HHTerpaa. Peryaspru3oBaTh €ro MOXK-
HO, HAIIPUMED, CJIEAYIONMM 00Pa30M.

tm+0 T tm+d ] 1 1 tm+0
/tm_(s v2(7) :_/tm_(s U}(T)d((ﬁ)l)(T)) BRGIAGIE
tm+ T 1 tm+0
/tm—a n(m@ )2 v o) s

tm+0 Gk2sn( T) (14 k2)

tm—0 (vi(71))?

dt

nJjain

tm+(5 /tm+(5 6k25n2(7-) J— (1 + k'Q)
0 (vi(7))

tm+d  dr 1
L v =wowe

rae 0 < K(k).
Taxum obpazom dbopmynst (43) u (44) naoT 1Ba TUHEHHO HE3ABUCUMBIX
perenust ypasaenust (42).

tm—0

3ameuanue. Ecian takum 00pa3oM peryJisipu3oBaTh WHTErpaJl

/271’ dt
o cos3(t)’

TOIr'Ja ITOJIyYHM:

2 dt 770 dt 1 phal
/0 cos?(t) :/0 cos?(t) * sin(t) cos(t) |z 5 *
50 —dt Tt 1 Fto
+/g—5 sin®(t) * /g+(5 cos?(t) * sin(t) cos(t) |2z +
T —dt 2m dt
+ — o+ =

iz_5 sin’(t)  Jizis cos?(t)
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| Iy

5 1 Ft6
0 R R T Iy ‘
2 sin(t) cos(t)

3
)

= tg(t)]

-
sin(t) cos(t)

o] =200 - s

3
30

~2t8(0) + 2¢te0) — T D)

nJain

/QW da A cos?(6) — 1 +sin®(6)
0 cos2(t) sin(d) cos(d) B

12.4 BwoipoxkaeHHbIH cirydaii

Oco0blit nHTEPEC NpecTaBger caydait, korga k = 1. [Ipu sroM snmmunTude-
cKkuii cuHyC BhIpOXkKIaercd B tanh(t). JluneapuzoBanHoe ypaBHeHue (ypaBHe-
Hue Jlame) IpuHUMAeT BUL:

v" = (6tanh®(t) + 2)v.

Pemenue v;(t) = Bropoe pemienue JMHEapH30BAHHOTO ypPaBHEHU

1
cosh?(t)
nosrydaercss u3 popMyJIsl s vo(t):

1 1
t) = ———=—( = sinh(¢) + 4sinh(2¢) + 6 ).
vz(t) 16cosh2(t)(2 sinh(f) + 4sinh(2¢) + )

3ameuanue. Penienve ypaBHeHHS LIMNTUYECKOTO CUHYyca mpu k = 1
oT/Ie/IsIeT 00JaCTh NEPUOJUIECKUX PEIIeHUil CBI3aHHOTO C 3TUM YpaBHEHUEM
yPaBHEHHUS MaTEMATUIECKOTO MAsTHUKA OT 00TACTH HENEPUOIMIECKUX Pellre-
Huit. 9T0 0c0b0e perieHne Ha3bIBaeTcsa cenapampucoti. ToT daxT, 4To JuHe-
apu30BaHHOE Ha cenapaTpuce ypaBHEHUE MMeeT SKCIOHEeHINAIbHO pacTyllee
perenne vq(t), yKa3blBaeT Ha HEYCTOWIMBOCT 110 JISMYHOBY cenapaTpuCHOTO
peleHus.

12.5 Jlurepatypa

[Toapobuee o dynkmusx Jlame MOXKHO IPOYUTATH B

Yurrekep, Barcon, Kypc coBpemennoro anaiusa.

Perynapusanusa uaTerpasa B BO BTOPOM pPeIlleHUH JIMHEAPU3OBAHHOT'O YPaB-
HEHUS B3ATa U3 CTATHU

M.B. ®enopiok, Meron BKb nna menmneitHoro ypaBHeHUS BTOPOTO TIO-
panka. 2Kypu. Bera. Matem. u Mat. @us., 1986, 1.26, n2, ¢.198-210.
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13 Bompocskl K 3a4eTy

1. nrerpanbuoe npejcrapiaenne ramma-pyHknuu. O0/1acTh Onpe/1e/IeHus
U TIOJIIOCHI.

2. IlpencraBnenune [ankensd mjisg ramMa-(yHKIHH B BUJE WHTErpaJia Io
neTJie.

3. Knaccudukanusi ocodbbix Touek. ['unepreomerpuyieckoe ypaBHEHUeE.

4. IlpeacraBienue pynkuuu beccesisi B Bujie psijia. PazHoctHoe ypaBHeHue
s yuknuu becces.

5. PaznocTHoe ypaBHeHHUe U HHTEIPaJIbHOE IIpejcTapaeHue GpyHKiuu bec-
ceJts.

6. O@yukuyu ['ankens u apienne CToKCA.

7. Oyuknuga BeitepmTpacca. /[[BOIKOIEPHOIUIHOCTD.

8. Teopema JInyBusag ajis IunTHYECKUX (PYHKIUN U ee CJIeJCTBUS.

9. OyHKIWS CUHYC aMILTATYAbI. /IBOSIKOTIEPUOIUYHOCT.

10. OyuKIUs JIeJIbTa AMILIMTY/IBI U PEIIeHUEe YPABHEHUST MATEMaTUIeCKO-
o MasiTHUKA.

11. Dmunruyueckune pyukuun kobu, cBocTBA.

12. IlpeacraBiienue (DyHKIUU CUHYC aMILIUTY/bl B OKpecTHOCTH kK = 0 1
k=1.

13. Tora-bynknus dkodbu u ee cBoiicTBa.

14. Hymm maTa-dyHKImii.

15. Pemenue Bouka Ditiepa B TepMUHAX (DYHKIUU CUHYC aMILTATYIHI.

16. Teopusa Pioxe.

17. Oyukuuu MaTpé.

18. Pemenue ypaBuenus Jlame B cnenuaJjibHOM CJIy4dae U ero CBOUCTBA.



