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BBegenmne

Tpaauunonno cauraeTcs, 9To AU depeHnalbHas TeOMeTPUA U3ydaeT TIafKne MHO-
roo6pasns B MPUCYTCTBUN JOMOJHUTEILHBIX CTPYKTYP — TEH30PHBIX TTOJEN, PUMAHOBBIX
METPUK, PACCIOEHUN, CBA3HOCTEU, W T.I., 9TO OHa SBISETCS YHUBEPCAILHBIM S3BIKOM,
MpPU TTIOMOIIIH KOTOPOT'O UCCIENOBAHNE B3aWMMONENCTBUAS DTUX CTPYKTYP CBOAUTCA K al-
rebpandecKuM MaHUYJIATHAM Hal GYHKIUAMI U UX npousBogHbiMu. [IpusnaBas cripa-
BE/ITMBOCTDL TAKOTO MHEHUsS, OTMETUM, 9TO B COBPEMEHHOU MaTeMaTUKe BCe CUIbHEE
olllyIaeTCAs KaK pa3 obpaTHOe BIWsAHME TeoMeTpun Ha aarebpy. l[lpmanmnunarbaoe 3ma-
YeHne TeOMEeTPHUN COCTOUT B €€ MCIONL30BAHNN KaK HAlJSIHOW MOJEIN, MOTHBUPOBKH
IPpU MaHUTTYJTUPOBAHUM abCTPaKTHLIMU A PepeHInalbHbBIMU allrebpaniecKnMu 00bek-
tamu. [losgcuum 5T0 Ha TpuMepe moHATHS KacaTerbHoro Bexktopa & € T, M"™. Umerorcs
TPHU >KBUBAJEHTHBIE €r'0 OlpeeJeHN:

1) mabop uncen (&1,...,&,), IPUBSA3AHHLIX K ONpeNeNeHHON CHCTeMe KOODAWHAT 1
MEHAIOIMXCA TIPU 3aMeHaX 110 N3BeCTHBIM ITPaBUIaM;

2) KIacc KacalolnXcs KPUBbLIX, BHIXOANINX 3 TOUKH ]

3) nudpdpepennnpoarne, T.e. auHenHOe oTobpaxenue & C(M) — R, ynoBrerBops-
toree mpapny Jeitwmma £(fg) = &(f)g + f€(9).

[lepBoe ecTn GropokpaTH¥eckas TOAMeHa CYIIecTBa Aefa HHCTpyKiumen. Boobrie,
CTOJIb HOIYIAPHLIE B KJIACCHIeCKOU (PU3MKe I MeXaHHKe HeMHBapHaHTHbIe OlpeleleHnn,
KaK TO «Habop (PyHKIUI T;f;:, npudem(?!) mpuw 3aMere KOOpAWHAT OHU Tpeobpasy-
IOTCA. . . » CIOCOOHBI TIOTHOCTBIO CKPBITH T€OMeTPUIecKyio npupoay ssirenns. Quu mpu-
BOJAT TOJABLKO K TTyTaHWUIEe U POMO3IKIM 0003HAYECHUSIM, COBEPIIEHCTBOBAHIE KOTOPHIX
OMOT'aeT JHWIlb B ONPaHUYEeHHBIX Npenerax. Konedno, 6e3 KOOpAMHATHBIX TTpecTaBiIe-
HUU TIOTHOCTHIO OOOUTHUCH HEMb3s, OJHAKO KOODPAMHATHI MOMKHBI UT'PATh TOIHKO BCIO-
MOT'aTeJbHYIO POJb B KOHKPETHBIX BBIYNCICHAAX.

Bropoe onpenenenne yixe mHBapuaHTHO, OJHAKO OHO CIUIIKOM OI'DaHUYEHHO T'eOMe-
TPUYECKUMI paMKaM¥ ¥ IIIOXO Tpucrnocobieno mais Hyxn airrebpol. Hanpumep, nesc-
HO, KaK CKIaJbiBaTh BeKTopbl. Ompenererne Takoro THUMAa HEOOXOMUMO IS CO3 AT
B MBIILIEHUN TTPOYHOIO TE€OMETPUYECKOr0 006pa3a, CBA3ZAHHOIO ¢ MOHATHEM BeKTopa. B
DTOM CMBICIE ONpefieJeHne BEKTOpa KaK «CTPETOIKNY, BLIXOAAIMIECH W3 TOYKU &, HIIYTh
He ycTymaerT.

Haxkomner, nmocientee onpeenenne, X0TsA 1 HaMeHee HATIA THO, KOHIENTYAJTbHO SBJIS-
eTcs Hambosee TpaBUILHBIM. OHO Jerko MprcrocabimBaeTCs K KOAbIIAM W MOIYJSM,
odvenDb JatekuM OoT Kogell nirankux ¢gyukiuu. [locrenoBaTersioe ncmonrb3oBamme reome-
TPUYECKIX 06PAa30B B COBpEMEHHON airebpe (HampuMmep, Mpu MCCIeIOBAHIN AnOPAHTO-
BBIX YPABHEHWN) ABIACTCA OJHIM 13 Hanbolee TPONYKTUBHBIX METONOB.

[leawio HacTOAIIENO Kypca CIYyKUT HE TOJbKO O3HAKOMIEHWE ¢ OCHOBHBIMU TOHATHU-
sy qudpepennnaiTbHON TeOMEeTPHUH, HO U 00yUeHre BIaeHUI0 KaXK IbIM 13 TPEX SI3bI-
KOB — WHBapHWaHTHO-airedpanvdecKnM, UHTYUTUBHO-I'€OMETPUIYECKIM 1 KOOPAMHATHO-
GlopokpaTHdecKnM. B maearne Bce pesyabTaThl (1 goKazaTerbcTBal) andpepennnarbHon
reoMeTpUN MOTYT ObITH MepedOpMYINPOBaHbl Ha KaKIoM 3 >TuX a3bikoB. [Ipenmona-
raeTcs 3HAKOMCTBO CIYIIATeNel ¢ OCHOBAMI MaTeMaTHIeCKOT 0 aHaln3a Ha MHOT00Opa-
3UAX, BKIOYas anrebpy nuddepennnaabubix (popm u dpopmyry Crokca.
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1. KpuBble Ha IIJIOCKOCTU U B IPOCTPAHCTBE

WNurynrnBroe npencrabrenune o Qopme raankon Kpuson r: R — R™ cBasano ¢
ee XapaKTepUCTUKaMU, WHBapUaHTHBIMI OTHOCHTENLHO ABMKEHWH mpocTpaHcTBa R”,
Ha/eleHHOTO CTaHJapTHON €BKIMAOBON cTpyKTypol, |z|? = Y. a?. Aauma ayrm r(t),
a <t < b, onpenensiercst popmyaon

b
l(a,b) = || dt =

a

b
(S a2 dr.

a

Daemenm daunvt dl = |r'| dt we 3aBucuT OT MapamMeTpU3aAlUUU KPUBOH. ITO «HOYTU» |-
popma. UTo6BI TOLYIUTDH (HACTOAIIYIO» 1-popMy, HYKHO 3apUKCHPOBATL OPUEHTAINIO
KPHUBOW W MEHATH 3HaK y dl, ecam mapaMeTpusalnms He colacoBaHa ¢ opueHTaluen. B
KadecTBe mapaMeTpa KpuBoW B Todke r(b) MoxkHo B3AThH Bermanny [(a,b). Takas mapa-
MeTpHU3allua HasbiBaeTCA Hamypaavrot. Kcam 7 — maTypaabHbill napamerp, To dl = dr,
|#| = 1 (Toukon oboszHawaeTcs MPOW3BOJAHAsS 1O HATypalbHOMY TapameTpy). [ludde-
pentupys, norydaem (r,7) = 0, T.e. 7 L . CkopocTh Bpalenns kKacaTerbion k = |7
HasblBaeTca kpususnot, R = k™' — paduyc xpususnot.

Sagada 1.1. Buryuncaure pannyc KpuBU3HBI OKPYKHOCTHU pajuyca [t.
3apgaua 1.2. Hangnre BoIpaxkenne 1 KPUBU3HBI B TTPOU3BOILHON TapaMeTPU3AIINN.

[lenTp xacamoIencss OKpyKHOCTH paanyca KPUBU3HDLI MIOCKOW KPWBOU HAa3BIBAETCS
yenmpom kpueuduvt. MHOKECTBO TIEHTPOB KPUBU3HBI 00pasyeT sso.dtomy. B reomerpu-
YeCKOU ONMTUKE OHO HA3LIBAETCS TaKKe KAYCMUKOU WM OKAALHLLML MHONCECTILE OM.

3agada 1.3. Haiigure Toukn sKeTpeMyMa KpUBI3HBL &) apabomnr; 6) smmnca. Ompe-
neIuTe pannychl KPUBU3HBI B 3TUX TOYKaX.

3agada 1.4. Paccmorpum wa nuockoit kpusoit dpyuxuuio S(t) = |r(t) — ¢|* xBagpara
paccrosuus 10 gpuxkcupopannoil Touknu ¢ € R% Jlokaxure, 9To

a) ¢ XeXuT Ha HopMaaw K KpuBon & S'(t) = 0 (T.e. OKPYKHOCTH ¢ TEHTPOM B ¢,
mpoxosiias depes r (1), KacaeTcsa KPUBOH );

6) ¢ ABIAETCA MEHTPOM KpuBU3HBI < S = 5" = () (T.e. OKPYKHOCTD KPUBU3HLI TMEET
Golee BLICOKUI TTOPSJOK KaCaHUs C KPUBOI );

B) 1(t) K TOMY XKe ABIACTCA TOIKON DKCTpeMyMa KpuBu3nel < S = S = 5" =0 (r.e.
B TOYKaX DKCTPeMyMa KPHUBH3HBI OKPYKHOCTH KPUBU3HBEI MMeET ele 6olee BBICOKHI
MOPSAIOK KacaHus ).

3agada 1.5. Hapucyiite sBomory a) mapaboisl; 6) sirmamca.

3agada 1.6. [lokaxure, 910

a) 0COBEHHOCTH DBONOTH COOTBETCTBYIOT TOTKAM DKCTPEMYMa KPUBH3HDI.

6) B TIAJKUX TOYKAX DBONIOTA KacaeTcCs HopMatel KpuBol. Takmm obGpazoM, dBOIO-
Ta — ormbarollias ceMenCcTBa HOpMaJel.

HpI/IMepOM ria06aJbHOrO pe3yabTaTa IO 'reoOMeTpHn IJOCKHX KPHUBLEIX ABJASAETCA KJaacCude-
CKasl TeOpeMa O HeThIpexX BepUInHaXx.

TeopeMa. Bblny%‘ﬂ(lﬂ NAOCKAA KPUBASA UMEEM HE MEHEE HEMDBIPET TNOUEK IKCINPpEMYMA KPU-
GU3HDL.
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NoxazaTeabcTBo. [okaxem, uro dyukmna k' = —R'/R? na xpuson r(t) = (z(t),y(t))
uMeeT Gojlee IBYX TOUYEK NepeMeHbI 3HAKa, a BHAYNT, He MeHee YeTHIpeX (IOCKOIbKY YeTHO).
[Iycrs n(t) — BexTop BHemrHen HopMaau. Torga n' = kr! (movemy?) n

(kr —n) =kr+kr' =0 =k'r =Kz, ky),

nosToMy Ha KpusBoll l-opmer k'di = dk, Kz dt = dX, K'ydt = dY Tounw, rge X,Y —
KOOpJANHATH BeKTOpa kT — m, TO €CTh

/k’(a + Ba(t) +yy(t)dt=0 IS TIOOBIX qHcer o, 3,7 .

Hpexnonokum, 4ro (ynkunus k' mmeer Ha KpUBOH He Gojee IBYX TOUEK MepeMeH 3Ha-
Ka (3HaunT, poBuo aBe). [logbepem ma miockocTn auHelHylo (HEOIHOPOAHYIO) (YHKIHIO
a+fz+vy y KOTOpOIl npiMas HYJIeBHX 3HaU€HIH IPOXOJUT depe3 DTH JBe TOUKH KpuBoi. To-
raa k'(t)(a+Bz(t)+yy(t)) — snaxkonocrosnnas GyHkuns Ha kpusoil, u [ k'(a+Bz+yy) dt £ 0.
[TpoTuBOpedne. [l

Touxa wa kpuBou r: R — R"™ masniBaercs neynaowaioweics, ecim B HEW BEKTOpa
v (™) mweitro wesaBmenmMbl. [las o6Ied KPWBOH MOYTH BCe TOYKH HEYILIOMIA-
Iolnecs, a TOYKN YILIOIMIEHWs PaCIoNOKeHbl NUCKpeTHO. B Heymiomalommxes TouKax
onpejienen conposoxcdarwut aae, COCTOANIN U3 CONPURACANOWUTCS NAOCKOCMEN. 1-5
COTPUKACAIONIAACA TIOCKOCTE TOPOK fera BekTopamm 1,1, ... 1),

3agaua 1.7. [IpoBepbTe, 9TO TOHATHS YIUIOMIEHNS U COMPUKACAIONTIXCSA TIIOCKOCTEN
He 3aBUCAT OT mapameTpusanun. [lovemMy oM Tak Ha3BIBAIOTCA!

CemelncTBO OpTOHOPMEPOBAHHBIX penepos Ppene {e;} noaydaercs oproronaiusaru-
et perepos ', 1", ... 1" Ilepsbie i BekTOpOB perepa Ppere MOPOKIAIOT COMPUKACATO-
MIYIOCs k-TIOCKOCTH. Pas3iokuM MponsBOIHbIE BEKTOPOB €; BHOBL IO TOMY Ke 6asmcy,
e = > a;je;. Hanmmaronanbible HemyJIeBble DIEMEHTB MATPHUILL {d;;} PacIoNOKeHbI
TOJBKO Ha [IMArOHANM, COCENHEN ¢ TIaBHOU (TMOCKONLKY €) dexuT B (i41)-ii compuka-
catorrienicss maockoctn). C Apyroil CTOPOHBI, Ta MaTpula KOCOCHMMeTpHYecKas, Kak
mpomsBoaHas opToronaibion. OTcioga BEITEKAIOT caeayrotine gopuy.ibr Ppene:

’ .
€, = —ki_lei_l + kieH_l, 1 = 1, B N (ko == kn_|_1 == 0, €0 = €pt1 = 0)

PDyurnnn k;, BLITUCIEHHBIE B HATYPATLHON TTapaMeTpPU3allii, Ha3bIBAIOTCSI 6blCULUMY
kpusuznamu. llpn n = 3 umeem

él = kez, éz = —kel + Mes, é3 = —xMeE.

D11 GOPMYIBI MOKA3BIBAIOT, YTO COMPUKACAIONIAACA 2-TIOCKOCTD KPUBOT (IMeTorasn
HOPMAJb €3) B IEPBOM MPUOINKEHIN BPAIIAETCS BOKPYT KaCaTEAbHOU MPAMOIL, ¢ yTJIOBOK
CKOPOCTBIO ky = sz, HA3BIBAEMOU KPYUEHUEM.

13 TeopeMbl € IMHCTBEHHOCTH OOLIKHOBEHHBIX AN(hepeHInalbHbIX yPaBHEHNN BEITE-
KaeT, 9TO MPOU3BOJNBLHBIN Habop MyHKUUM ki (7), ..., k. (7), k1(7) > 0, k;(t) # 0, zana-
eT KPUBYIO, KPUBU3HAME KOTOPOW DTH (PYHKINU ABIAIOTCH, ONHO3HATHO C TOTHOCTHIO
110 JBUKEHUS (3a]aBaeMOro HadadbHBIM HosoxenueM pernepa Ppene). Unbivu croBamm,
BBLICIIIE KPUBI3HEL OOPA3YIOT NOANYI0 CUCTEMY UNEAPUAHTO6.
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3agada 1.8. HaliinTe KpuBu3ny u KpydeHne KpUBBIX
a) (acost,asint,bt);

6) €'(cost,sint, 1);

B) (1% 4 1,1° —t,V/31?);

r) 322 4+ 15y =1, z = ay.

3aga4da 1.9. Onummre KpuBbIe ¢ TOCTOSHHLIMI KPUBU3HON U KPYICHUEM.
3agada 1.10. [as xakux kpuBbix k = 07 » = 07

Sagada 1.11. KpuBas aexuT Ha cepe U UMeeT MOCTOAHHYIO KpuBusHy. /[lokaxnTe,
YTO KpUBas — OKPYKHOCTb.

2. IloBepxHOCTH

Pumanosa cmpyxmypa, mim mempura Ha MHOToobpasum M — ceMelcTBO II0J0-
KUTEILHO ONpeJeleHHbIX KBaJpaTHIHBIX (POPM B €ro KacaTelbHLIX TPOCTPaHCTBax,
rIajKo 3aBUCAIINX OT TOYKM MHOIoO6pasus. B JoxkalbHbIX KoopauHaTax ul,...,u”
Ha MHOI000pasmii MeTpHKa 3aJaeTcsi CHMMETPUIHON Marputenr g = ||gi;||, kKoaddu-
IUEeHTHl KOTOPOH IJIa KO 3aBUCAT OT TOYKH. 3HadYeHHe ¢ Ha KacaTelbHOM BEKTOpe
£ =0u + ...+ "0y sanaeTca pasenctsom g(£) = ;' (3max cymMuEpoBanms TI0
MOBTOPAIOIINMCA HHAEKCAM OTyIeH ). PuManoBy ¢cTpyKTYpy y106HO 3aluchiBaTh B BUE
gi;du'du’. B Takom Bue He HyKHO 3allOMHHATH TIPaBUIa MEepexo/a K HOBBIM KOOP AMHA-
taM. /locTaTovHO HOACTaBUTEL B AudpdepeHmarsl du' IX BEIpakKeHHne B HOBLIX KOOPIH-
HaTax:

ot out o ou® ou'
—_dv! = . tdv? r = —
S dv 81}de g;(v)dv'dv’ e g (v) = gr(u(v)) EI Y

3agada 2.1. HaiiguTe BhIpakenme a1s eBKIH0BoN MeTpukHu dx? + dy? ma miockocTn

gkl(u)dukdul = gri(u(v))

B IMOJAPHBIX KOOpANHaTaXx.

[TonmmEOr006pasmst puMaHOBBIX MHOT000pA3Wil HACAEAYIOT PUMAHOBY CTPYKTYPY.
[Ipocreitmmil cofep:KaTelbHbII IpuMep — noBepxHocTu B R, rae pumanoBa cTpyKTypa
B R® — cramgapruas esknugosa. Hacreayemas pumanoBa cTpyKTypa Ha IIOBEPXHOCTU
M C R® masbiBaeTca Takxke ee nepeoti keadpamuunoti gopmot. Ecim nosepxuocts 3a-
nama mapamerpudeckn, (u', u?) — r(u', u?), To KodPPUIMEHTE TepBOIl KBaIpaTHIHON

GOpPMBI 3aJal0TCA paBEeHCTBAME
gij = (ri, 1),
dr
Ayt ?
[ocae Toro, kak mepBas KBajgpaTudnas popMa (prUMaHoBa CTPYKTYpa) Ha TTOBEPXHO-
CTH oIpejeneHa, MOKHO 3abbITh 0 ee BIoxkenun B R>. CBoilcTBa MOBEpXHOCTH, ONNCHIBa-
eMble IIOCPeNCTBOM IEpPBOI KBaApaTUIHON (POPMBI, OTHOCAT K 6HymMperned 2eomempuu

rae r; = u (-,-) — OObIMHOE eBKIMI0BO CKalspHoe MpousBenenue B R,

noseprnocmu. VHTYUTUBHO sACHO, HAIIpUMep, YTO TPU U3THOAHWM JUCTKa OyMaru ero
MeTpHUIeCcKre CBONCTBa He MeHATCsS. [ BHYTpeHHen TeoMeTpun OTHOCUTCS U3MepeHne
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JUIAH, YTJIOB, ILIOIMIAAel. DIeMeHT IIomann do onpeneaseTcs yeJIoBreM, 9To ILIoMalb Ka-
caTeIbHOr0 KBajpaTa ¢ OPTONOHAJIBHLIMI €IMHUIHLIMI cTopoHaMn pasHa 1. ITockonnb-
Ky OIpeIelnTenh OpTOrOHATLHOTO Tpeobpasopanus w3 O(2) paBen +1, 1o onpenee-
HITe HHBAPHAHTHO, ¢ TOMHOCTHIO 70 3HaKa. B xoopaunarax do = ++/]g| du’ A du?, rae
lg| = det ||gi;]|. 3nak Ppukcupyercs BeiGopoM opuenmayuu moBepxuocTn. Mrax, mmima
KPUBOI v U ILIOM@Ab 061acTu [ BEIMUCIAIOTCA O POPMY.TaM

L= If|dt=/\/gij(u(t))wwdt, S= | ]gldu' A du®.
vy ¥ D

K BHemmen reomeTpun moBEpXHOCTH OTHOCAT €€ 6mopyio keadpamuunyio gopuy h,
U3MEPAIONIY IO KBaApaTHIHOE OTKJIOHEHNE TTOBEPXHOCTH OT CBOEH KacaTelbHOH ILIOCKO-
cTH. 3aduKcupyeM BEKTOD €INHUTHON HOPMaJIl ng B Todke r(ug) € M m paceMoTpum
OPTOTOHATLHYIO TIPOEKIINTO Ha HOPMaJb Kak Niaakyto ¢yukmmo na M, f(u) = (r(u), ng).
B rmouke ug mepBbin muddepenunan »Toi mpoekiun paen myro. [lomoxum h(ug) =
d*f(uo), BTOpOl mEpdepeHTHan >TON MpoeKIun. SHaYeHHe KBaJpaTHIHON (POPMBI /1
Ha KacaTelbHbIX BeKTopax &,7 paBHO cMemmamnon mpomsBonuon h(€,n) = &nf(ug) =
(Enr,ng) B paccMaTpUBaeMoll TOUYKe Ug. Ecanm BuIGpaTh e6k.iudosvr kKoopaunaThl Oxyz
Tak, 9To0bl mIockocTh Oxy 6blTa KacareabHon K M B Touke O, TO B TaKUX KOOPIN-
HaTaxX MOBEPXHOCTDH ABIAeTcsH TpadukoM dyuxmun z = f(x,y). Torma x,y asisorcs
JOKaJIbHBIMU KoOopAnHaTamu Ha M, 1 B paccMaTpuBaeMOn TOYKe

9% f

h= frrda® +2fe drdy + frdy?,  vae fo =2

u T
Nrak, Ha BekTOpHOM TIpocTpancTse 1, M mMeeTcs eBKIMmoBa CTPYKTYpa (., I KBa-
2 uQ 2
aparmaras popma h. U3 munennon aireGpbl m3BECTHO, 9TO COOCTBEHHBIE YHCIa KBaIpa-
TUIHON (POPMBI BEIECTBEHHEI, a cCOOCTBEHHbIE HAIPaBICHUA — OPTOTOHAILHDI.

Onpegenenne. CobcrBenuble wucia ki, ky Ha3bIBAIOTCA 2AG6HbLNY KPUSUSHAMU, A
COOCTBEHHBIC HAIPABICHUA — 2Aa6Hblmu wanpasienusmu. Upu stom K = kiky =
det [|hij||/ det||gi;|| — eayccosa wpususna, $(ky + ky) — cpeduas rpususna.

[HoBepxHOCTH ABAAETCS daaunmuueckot (JOKaIbHO BBITyKIoN), ecim K > 0 (rras-
Hble KPUBU3HBI NMEIOT ONWNH 3HaK), u eunepbosuveckot, ecin K < 0. Ha moBepxmnocTn
O6ITeTO TOTOKEHMST O6JACTU DIMUITUIHOCTH W THUTEPOOINIHOCTH pa3ielenbl napabo-
AUNECKOT AUNUET, TJe ONHAa W3 KPWBU3H 0OpalmaeTcs B HOMb. JHaMeHuTas «theorema
egregiumy («GrmcTaTeTerbHas TeopeMan ) ['aycca yTBepK 1aeT, 9To, B OTINYNE OT CPeHER
KPUBHU3HBI, 2AYCCO6G KPUBUIHA ONPEIetsemcs 6Hympennet 2eomempueti no6epruocmu u
BLIPANCACTNCA UEPES NEPBYI0 Keadpamuunyto Gopmy. ITo OyaeT MOKA3aHO TO3KE.

Sagaua 2.2. [las cpepsr 22 + y? + 22 = R?

a) olpejleuTe MepByio KBaapaTudnyio gopmy. [lepenummre ee B cdepuieckux Koop-
AMHATaX; B NOIAPHBIX KOOpAMHATaX Ha IockocTu Oxy Opu cTepeorpadudecKkoll mpoeK-
uuw w3 Touxy (0,0,1); B 1eKapTOBBIX KOOpAMHATAX Ha TOU Ke MIOCKOCTH;

6) HailauTe ATUHY OKPY:KHOCTH U ILIOMIAL KPYyTa pajuyca p;

B) ollpefielnTe BTOPYIO KBaIpaTUdHyo (POPMY, TayCCcOBY U CPENHIOI KPUBUBHBL.
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llcesdocepoti, mam naockocmoio Jlobouescrozo, HasbIBaeTCA ONHA N3 KOMIIOHEHT
(ckaxem, z > 0) aBynonoctroro runepbonouaa z? — x* — y? = 1. Merpuka Ha mnces-
nocdepe 3anaeTcs orpaHudeHneM Ha Hee ncedoesraudosoti MmeTpuxu da’ + dy? — dz?.
Henrparbuas npoexnus us Touxu (0,0, —1) mepeBonut ncesnocdepy B kpyr z +y* < 1
(mopens [lyamkape). /Ipobro-smuentoe mpeobpasosamie w = i(1 —z)/(1+z), nepeBoaut

KkpyT |z|* < 1 B Bepxmio moaymiockocTh Imw > 0 (mogens Kaetina).

Saga4da 2.3. Yoenurech, 9To KBaapaTudHnas popMma Ha ceBocdepe, 3aaHHas TaKuM
06pa3oM, TOMOKUTENLHO OTpefeNeHa W ABIAETCS, TEM CaMbiM, METPUKOU. Boramcanre
MeTPUKY Ha TIocKocTn JlobadeBCcKOTo BO BceX Tpex MOMENaX U HaUUTe ee KPUBU3HY.

3agaua 2.4. (Popmyra Direpa.) B okpectrocTn Towkn p mosepxmnoctn M paccmo-
TPUM KacaTeIbHYIO TPIMYTO [, 06pas3yIomyio yrod ¢ ¢ OJHIM 13 TJIaBHLIX HallPABICHUN.
OmpenenrnTe KpUBU3HY B TOYKE p KPUBOU, BHICEKAEMON Ha MOBEPXHOCTH TLIOCKOCTHIO A,
MPOXOIAIIEN depe3 IpAMyIo [, ecan

a) A IPOXOAUT Uepes HOPMAb;

6) A obpasyer yrox 5 ¢ HOpMAIbBIO.

Layccoso omobparcenue G: M — S? comocrapiseT ToYke ¥ HOBEPXHOCTH BEKTOP
eTMHIHON HOPMAJH 7,, TepeHeCeHHbIn B HaYalo KoopannaT. KacaTerbHble TIOCKOCTH
T.M u T, S? napaniiebHbl, 1 UX MOKHO OTOXACCTBUTHL MEKAY COOOMl MapallelbHbIM
nepernocoM. [looToMy MOKHO cIuTaTh, 9TO Tpon3BoaHas (7, rayccoBa OTOOpaKeHUs Nel-
cTByeT B KacaTerbHon mrockoctu 1, M.

3agaua 2.5. [lokaxure coornomenue h, (&, &) = (G.E, ).
B qacTnocTn, coberBennbivMu wuciamMm orobpaxkenus (7, cayxar —ky, —ko, m rayccoBa
kpuBmusHa K coBnagaet ¢ askobuanom det (7, TayccoBa 0oTOGpaKeHM.

[l1s mccrenoBaHns MOBEPXHOCTH MOMXKHO MWCIIONB30BaTh Takxke (PYHKIHNIO Ha Hell
S,(x) = ||z — ¢||* kBagpara paccTosHuA M0 PUKCHPOBAHHON TOYKH .

3agada 2.6. a) [lokaxure, 9T0 TOUKa ¢ IPUHATEKNT HOPMATN TOBEPXHOCTH B TOUKE
& TOrJa U TOJBKO TOrJa, KOUJja & ABIAETCA KPUTHIECKON TOYKON (hbyHKIUU Sy}

6) oTa KpUTHIECKas TOYKa BLIPOXKAeHa (Teccran obpaliaeTcs B HOMb) TOTJA U TOJbKO
ToTla, KOTja TOYKa ¢ paclolokena Ha paccTosunu 1/k or @ (¢ Harexalien cCTOpomHb),
rae k — ofHa n3 ABYX DNIABHLIX KPUBU3H TOBEPXHOCTH.

FeomeTpuyaeckoe MeCTO TOYEK ¢, JlIf KOTOPLIX (PYHKIUA S, UMeeT BBIPOKICHHYIO
KPUTUIECKYIO TOYKY, HA3bIBAETCS (POKAALHBLM MHONUCECTNE0M TIOBEPXHOCTH, W KAYCMU-
kot. Ha xax 1ol HOpMain K MOBEPXHOCTH MMEETCA MO Be TOYKN KayCTUKN (Ha paccTo-
auun 1/ky, 1/ky o1 moepxmoctn). Kayctuka mMeeT ocoGeHHOCTH, TPUYEM JTOBOTLHO
CIOKHBIE.

3agaua 2.7. Uszobpasure Kayctuky B okpectnoctu Toukn (0,0,1/2) nus caemnyrommx
TOBEPXHOCTEN:
a) z = a? —y? + 2

6) » =a” —y*
B) z = 2% + 2 + 22%y;
r) z =a?+y? + 2% + ay’
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Moxno mokazaTh, 9TO 0COOEHHOCTIU KAYCMUK NEPEUUCAENHBIT 6bIULE NPUMEPOS UC-
YEPNBLIEAIOTN 6CE 603MONCHBLE OCOOENHOCTNU KAYCTNUK NOBEPTHOCTMET 00UE20 NOAONCENUS.
DTO O3HAYAET, 9TO B OKPECTHOCTH KaXKJIOU M3 CBOWX TOYEK KaycTuKa muddeomopdua
OIHOU W3 KayCTHUK MPUBENEHHOTO CIUCKA.

Ha moepxmocTn nmeeTcs moie KpecTUKOB TJIABHBIX HAMpPaBIeHUN (OPTOMOHATLHBIX
B CMBICJIE €BKIWIOBOI CTPYKTYpPHI B obbemmomniem R?!). Dro more nmeer ocobennoctn B
TouKax, rie ki = ky. Takme ToUKM Ha3BIBAIOTCA 0MOUAUYECKUMY.

3agaua 2.8. a) Hapucyiire nore KpecTWKOB IMIaBHBIX HAMPABICHUH B OKPECTHOCTH
HadaJa KOOpAMHAT Ha TOBEPXHOCTH 2 = x° + y? + x> + axy? Ipy pasImIHBIX 3HATEHIAX
mapaMeTpa ¢. CKOIbKO 060pOTOB JelaeT IMoJe KPEeCTUKOB IpH 00X0e BOKPYT OMOMIN-
IeCKOW TOIKN !

Cormacno meopeme o ejxncurxe cyMMa WHIEKCOB OCOOLIX TOYEK BEKTOPHOTO OIS Ha
cepe paBHa ee DIIEPOBON XapAKTEPUCTHUKE, TO eCTh nByM. llo mpenbiayten 3anatie ni-
NIEKC TIOJIA KPECTUKOB B OMOMIITIecKoil TouKe pasen +1/2. [looTomy (xoTh mote KpecTu-
KOB I He BEKTOPHOE TIOJ€) Ha 3AMKHYMOU 6bINYKAOT NO6EPIHOCIU 0OUEL0 NOAONCENUSL
6CE200 UMEEMEA HE MEHEE YEMBIPET OMOUAUUECKUT MoUuek. TUCTO 4 B DTOM yTBEPK ICHIN
u B TeopeMe o 4 BepImHuax MIOCKOW KPUBOU NMEET, MO-BUANMOMY, PA3INIHYIO TIPUPOIY .
Ecin om6unnvaeckne TOYKM BBLIPOKJIEHBI, TO WX MOXKET OBITL MeHbIe deThipex. Cyie-
CTBYIOT MOBEPXHOCTH € ABYMS OMOWImYecKnMu Toukamu. QIHAKO M0 HACTOSIIIErO Bpe-
MEHU HEU3BECTHO, CYUECMEYEM AU NOGEPTHOCTE € PO6HO 00HOT OMOUAUUECKOT MOUKOT.
(Do Tax masbBaeMas 3amada Kapareomopn.)

3aga4da 2.9. CKOIbKO OMOMINYIECKIX TOYEK Ha DJINICONAE ¢ Pa3INIHBIMU TOXYOC -
Mu?

3aga4da 2.10. Hapucynre ¢pokaibHoe MHOKECTBO LIAICONIA.

3. CBA3HOCTH B TOIIOJOT'NYIECKOM 1 B Sl-paCCJIOGHI/II/I

B kypce anammsza HeONHOKPATHO YIOMWHAJICA TE3UC O TOM, YTO KacaTelbHble MPO-
crparctBa 1, M, T,M B pa3sinvIHBIX TOYKaxX, XOTA U N30MOP(MHEBL, He UMEIOT eCTeCTBEH-
moro mzomopduszma. OKaszpiBaeTCsA, HA PUMAHO60M MHOTOOODAZUH KaXKJIOMY TIaKOMY
nyTu ¥ #Ha M w3 T B Yy MOKHO COMOCTABUTH TAKOW M30MOP(MDU3M, Ha3BIBAEMDBIN NAPAAAEAD-
HblM nepenocom BaoabL myTH v. Hanmpumep, ansa epxaugosoil miockoctu R? mapaniensublii
MepeHoc He 3aBUCUT OT MYy TH W COBIANAET ¢ OOBIYHBIM MapPALTETLHBIM TEPEHOCOM. D TOT
(aKxT ocTaeTcs CIpaBelIUBbIM, €CIH ILIOCKOCTH 13runbaTh B R, He MeHss ee MeTpuku,
HalpUMep, CBEPHYTH B KyJek. [l ToKalbHO €BKIMAOBOU PUMAHOBOW CTPYKTYPHI pe-
3YJAbTAT MapaJelbHOI'o MepeHoca 3aBUCHT JUIIL OT T'OMOTONMYECKOT'0 KJIacca MyTH, B
obIieM cayvae o6HOC fajke MO MAJTEHLKOW TeTAe HeTpUBHAlZeH. 1TOOBI MOHATDL CMBICI
DTOW OMEPAINU, PACCMOTPHUM Holee 06Iee TOHIATHE CBI3HOCTU B JOKAILHO TPUBHATILHOM
paccioeHun.

Omupenenenne. [iadkum paccaoenuem Mmuoroobpasus W nan 6azon M co cioem F
Ha3biBaeTcs Taajkoe orobpaxenue m: W — M, taxoe, 910 y Kaxgon Touxkn Gaszor M
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cymecTByeT okpecTHocTh U 1 gudpeomopdmam oy 7~ H(U) = U x F, npu xoTopom
caou w4 z) nuddeomopduo nepexoaat B cron {x} x F.

3agauda 3.1. /[lokaxure, 9o Jernta Mebuyca HeTpuBHAILHO paccioeHa Ha[ OKPY K-
HOCTBIO co croeM oTpesok. (TpuBmanbioe — oro paccroenme Buga M x F'— M, rne
oTobpaKenne — MPOEKINA Ha TEPBLIT MHOKUTED. )

Nudppeomopdpuam Py masbBaeTcs mpusuaiuzayuet wan U paccroenus . Tpusn-
anmmzanyuil ObIBaeT MHOIO, HallpUMeEp, pazHble TpPUBHAIM3alluN BO3HUKAIOT Ha[ Nepece-
gennaMn okpectnocrenn U. Ecim ¢y — apyras TpuBmaamsanms, TO Mepexoj K Hen
e U x F — U x F, (z,y) = (z,9:(y)) 3anaerca cemeiictBom auddpeomopdpus-
MOB ¢,: I' — F, x € U, naswiBaeMbIx ¢ynryusmu neperoda. Paccroenus moxHoO 3am1a-
BaTh, TOKPHIB a3y okpecTHoCcTAME U, 1 ykazap sBHO (yHKInn nepexona ¢2f: I — F
x € U, N U Ha nepecedeHnnt OKPeCTHOCTEIL.

Ceuenue s pacCIOEHUA COMOCTABIAET TOUKe T Ha MHOr0oOpasun Touky s(x) € 7~ (x)
B caoe. PopmanrbHo, cedenne — 5To Taagkoe orobpaxenme s: M — W, Takoe, 4ro
mos = id. Jlokarbwo npwm BBIGpamnon Tpusnammsanuu 7 (U) ~ U X [ cedennme
st x = (x,8(x)) samaerca orobpaxkenneM 6aspl B caon s: U — F. Kak npasuio, s
CYIIECTBOBaHUA IMOOAIBLHO 3aJaHHOr0 Ha BCeM MHOroobpasmnm M cedeHns cymecTByOT
TOMONOrNYeCKUe TPENATCTBIAA, U A8 OOIMINX TOIMOJOTMIeCKIX PacCIOEHNN CYIIeCTBOBa-
HUE TI00aIBLHOIO CedeHts ABAAETCA HEOOXOMMBIM, HO HE JOCTATOYHLIM YCIOBHEM TpPH-
BHATbHOCTHU PaCCIOeHNA.

Onpegenenue. (Tomomornaeckoin) ¢64310cmpio0 Ha PACCIOEHIN HA3BIBAETCS MTPOT3-
BOJIBHOE II0J€ N-MEPHBIX KacaTeabHbx miaockocren C, C T,W B npocrpancrse W pac-
caoenus, n = dim M, TparcBepcalbHBIX CIOAM PAaCCIOCHIA B KAk I0W TOYKE.

ITo ompenenennto, kacarerbroe mupoctpancrso 1,W B Kaxaon Touke mpocTpaH-
CTBa PACCIOEHUS Pa3iaraeTcs B MPIAMYIO CYMMY KacaTelbHOTO MPOCTPAHCTBA K CJIOIO
(«BepTuKanbHOrOY) U MpocTpancTBa C («ropmsonTarbaoroy). Orpanntdenne TPOEKINI
me Ty, W — T ,)M ma nmeppoe craraeMoe TPUBHAIBHO, & Ha BTOPOE — ABIAETCA W30~
mopdusmom. IloaTomy Beskoe BexToprOe mnote { Ha Gase M paccloeHns OJHO3HATHO
nogHUMaeTcs 1o BekTopHoro noxs & Ha W, xacareabHoro x mirockoctsam (), U Takoro,
ITO mé = £. Takum 06pa3zoM, CBA3HOCTD «CBSA3LIBAETY COCENHUE CIOW, OHa TTOKA3hIBa-
€T, B KAaKOM HallPABIEHNN TOYKA MOJKHA TBUTATHLCA B TPOCTPAHCTBE PACCIOEHIS, KOTIa

MPOEKIINA DTON TOYKH TepeMelaeTcs mo 6aze (CM. PHCYHOK ).
\ —
\
~
\

~

~

~

/ —
X://

/]
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Cedvenne s man kpusonn v, C M, a < ¢ < b, HazbIBaeTCA KOBAPUAHMHO NOCTOAHHBIM
(naps.aieibnvim) BIOIL 7y, €CIn OHO (ToUHee, ero 00pa3) KacaeTCs TIOCKOCTEN CBS3-
HocTH B Kaxkjgon Touke. Cevenne, zasaHHoe B Ha9albHOW TOYKE KPUBOHU, OJHO3HATHO
IPOJONKAETCA 0 KOBaPUAHTHO MOCTOAHHOTO CEYeHMs Haj 7y: €CIu Y — HHTerpatbHasd
kpuBag moasa & wa M, TO KOBapMaHTHO MOCTOAHHOE CeYeHne Haj y — WHTerpaibHasd
kpuBasg noas ~. KoBapmanTHo nmocrosnnoe npogomkenne 3aaaeT nudpdpeoMoppusM cloeB
T va) = 77 (), HABBIBAEMBII NAPAALEALHOLI NEPEHOCOM.

HacTo GBIBAET, UTO CIOW PACCTOEHNSA HECYT JAOMONHUTENLHYIO CTPYKTYPY (BEKTOPHO-
[0 TPOCTPAHCTBA, ONHOPOIHOIO TPOCTPAHCTBA JAEHCTBIA HEKOTOPOH I'PYNIL 1 T.1.). B
DTOM ClydYae Ha CBA3BHOCTL HAaKJIaAbIBAeTCA NOMOIHUTETHHOE TpeboBaHme TOro, ITOObI
napaiIelbHbI MEPEeHoC COXPaHAT OTY CTPYKTYpY. PaccMoTpnm 510 Ha IpuMepe moHATHS
Slpaccroenmus.

Onpepenenne. S'-paccaoenue ma muoroobpasun M sanaercs noxkpeituem M =
U U, u nabopom dyukuuii nepexona ¢os : U, N Us — S') ynosaersopstonmx coor-
HOIIEH UM

Joe = 0 mod 2, 9o + 93y + gro = 0 mod 2.

Hpocmpancmeo S'-paccaoenus W ckaenBaercs w3 Tpusmammsamuii suga U, x St (c
KOOPAUHATON ¢, Ha S') mpu momorm oToxX 1ecTBIeHHN

(2,0a) ~ (2,905), ecrm x € Uy NUs 1 0o = 05 + Gap-

EcrecrBennas opoeKnumda B 7 W — M sBasgercs JOKaJbHO TPpUBUAJIBHBIM PacCCIO€-
H11eM CO CJIOeM Sl. Ha croax pacciaoenmnsa T NMeeTCA €CTEeCTBEHHBIN yI‘JIOBOﬁ ITapaMeTp,
OHpe,I[eJIeHHBIﬁ C TOYHOCTBIO OO CABHUI'Q (BBI60pEL Ha4Ya.Jla OTC"IGTEL). O,I[HOBpeMeHHBIﬁ I10-
BOPOT BCEX CJIOEB Ha 3a,ﬂaHHbeI YI'oJdl 3alaeT B IIPOCTPaHCTBE |74 pacciaoennAa ,I[eﬁCTBHe

okpyxnoctn St =U(1) = SO(2).

IIpumep. llycts M — pumanoBa moBepXHOCTH, W — mpocTpaHCTBO ee KacaTelb-
HbIX BekTOpoB maumbbl 1. Torga ecrectBennas npoekunus W — M, conocraBasgrorias
KacaTelbHOMY BEKTOPY TOYKY ero mpuloxeHus, spiaserca Sl-paccroenuem.

TpuBnaauzarus >TOr0 PacCIOEHUS 3aMaeTCS BLIOOPOM OIS OPTOHOPMUPOBAHHBIX
KacaTelbHBIX PETEPOB €1, €2. BEKTOP €; COOTBETCTBYET 3HAYEHWIO YTJIOBOU KOOPIHA-
el @ = 0, €3 cooTBeTCTBYeT @ = /2, NPOU3BOJILHOMY (o COOTBETCTBYET BEKTOD
Cos @ €1 + sin @ ey.

OHpe,E[EJIEHI/Ie. CBJlSHOCmb?O 6 Sl-pCLCCJLOGHUU Ha3bIBacTCA TOIIOJOI'MYeCKasd CBA3-
HOCTDb, IIJIOCKOCTHN KOTOpOfI MHBapUaHTHBI OTHOCUTEIBbHO ,I[eﬁCTBHH I'PYyIIIIbLI Sl.

ITpumep. [lycts 3agana nosepxuocts M C R? Torga muoroobpasne ee e IMHNTHBIX
KacaTelbHEX BekTopoB W Bnoxeno B R® = TR?. Pumanosa ceaznocms B S'-paccroenmm
W — M samaeTcs moseM MIOCKOCTEN, OPTONOHATLHBIX CIOSM PacCIOeHus T (B CMBICTe
eBKan10BOI MeTpukn B RE).

B samannon TpuBnaniusanuu Han obracteio U, C M ypaBHeHHe MIOCKOCTH CBABHOCTI
mmeeT Buj dp, + 0, = 0, rae 0, — HexoTopas auddepennnarsaas 1-cpopma. Mz S'-
MHBapUAHTHOCTH BLITEKaeT, 9To popMa f, He 3aBUCHT OT TOYKHN CJIOS 1 3ajaHa Ha Hase
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U, (6omee cTporo, nyxHo mucath dy,+1*0, = 0). Ecau BpibGpana npyras TpuBHaTIH3aIA
¢ YIIIOBOU KOOPUHATOU (03 = Yo — Jag, TO

dg@g —|— (95 = dg@a — dgag —|— (95 = dg@a —|— (ga.

Orxygna 85 = 0, + dg.s. Taxum obpasom, cesamocms 6 S'-paccioenuu zadaemes
nabopom duddepenyuarvmuvir 1-gopm 0., zadannviz 6 obaacmar U, u ceazannviz coom-
nowenuem 0z = 0, + dg.s na nepecevenuu obaacmet U, N Us.

Omnpegenenne. [mobannio ompenenennas auddeperuaibias 2-(popma w = df, rie
6 — dopma CBI3HOCTU, HABLIBAETCS (POPMOT KPUSUIHLL NAHHOU CBABHOCTH.

DTO ompelelienrie He 3aBUCHT OT TPUBMAINBANNN, TTOCKOILKY MPH ee 3aMene gopma
0 MemsleTCa Ha BaMKHYTYIO.

YcnoBre KoBapHaHTHON MOCTOAHHOCTH ceYeHus § = (1) BIOIbL KPUBOU Y B 3aJaHHON
TPUBUAMU3AINN 3alChbIBaeTCA B BU e Cfl—f + 0(%) = 0. IlooToMy mapalIenbHbIil TepeHoc
BJIOJL KPUBOU B MpeieraX OJHOU TPUBUATM3AINY SBISETCA MTOBOPOTOM Ha YT O

Ap=[dp=—-[190.

vy vy

Ecan myTs 4 3amkuyT n orpammauBaer auck D, v = dD, To no ¢popmyie Crokca

Ap = — 0=—- | w.
oD D

B npuBeneHHLIX paccykKIeHUAX He Ipeofaraloch, 9To 6a3a PacCIOeHUs IBYMeEp-
Ha, OHa MOMXKeT UMEeTb IPOU3BOILHYIO pa3MepHoCTh. TakuMm oGpazoMm, reoMeTpudecKun
CMBICT (POPMBI KPUBU3HBI COCTOUT B TOM, YTO €€ ZHAYEHUE HA NAPE KACAMEALHBLY 6EKMO0-
pos w(&y, E2) usmepaem nosopom caos npu 06x0de 6J0ab MAAEHLKOT NEMAU 6 NAOCKOCTU
IMUT BEKMOPOS.

CesaszHOCTh cymecTByeT Ha JoboM Sl-paccroenmn. /1 ee mocTpoeHus 1oCTaTOYHO
B3ATDH TPOU3BOJIBHBIE CBA3HOCTI Ha PABMMIHBIX TPUBHATU3AIMAX PACCIOCHIA T (HaIpH-
Mep, MOKHO B3ATEL ndockue céaznocmu 0, = 0), a 3aTeM CKIENTh WX MpH TOMOIIN pai3-
OMEeHUs €UHNIILL.

Ecin dp 4+ 64 w dp + 0, — nBe cBsizHOCTH, TO UX pasHOCTL §y — Oy ABIAETCS KOp-
PEKTHO olpeenenHon rrobarbion 1-dpopmoit na M (He 3aBUCSIIEN OT TPUBHATI3AIINN ).
N o6parno, ecan 0, — cemeiicTBo 1-popM, 3amaioliee CBA3HOCTE, TO CeMEUCTBO 1-popm
0, + 1 Taxke 3ajaeT CBABHOCTH MIA TpousBoabHOl 1-popmbr € QY(M). Takum obpa-
30M, npocmpancmeo ceaznocmeti 6 Sl-paccaoenuu wad M uzomopdno npocmpancmey
1-popm nwa M, oduaro smom uzomoppuszm me wanonuuweckut. 'oBopaT, 4TO CBA3ZHOCTHU
obpazyioT adpunnoe npocrpancrso naa QH(M).

3ajgava 3.2. Paccaoenme Xonda 7: S? — S? Touke (21, 22) € S na equnuaHON cpepe
B eBkam10BoM pocTpanctse C? = R* ¢ meTpukott ||(21, 22)||? = |21]*+]|22|* conocrapaser
TOUKY [21 : 23] € CP!' = S? ma KOMILIEKCHON TPOEKTHBHON TIPAMOIL.

a) [lokaxure, aro T asasgerca S -paccaoenuem. OnuimmTe TPUBMAIN3AINN PACCIOCHNUS,
pyHKIINN mepexoa.
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6) Cmandapmnas c6A3n0cmb 3a1aeTCA KacaTeIbHBIME MIOCKOCTAME Ha cpepe 52, op-
TOrOHAILHLIME CJ0SM (B CMBICIe opMuTOBOH cTpyKTyphl Ha C?). Hailaure BhIpaxkenue
1-dopm 8 5>ToN CBAZHOCTH B TOCTPOEHHBIX TPUBHATINBAIINIX.

B) Borancinre ¢opmy KpUBH3HBI W CTaHIAPTHON CBA3HOCTH.

4. CBA3HOCTHb HAa PUMAHOBOU IIOBEPXHOCTH

[Iycte M — pumanoBa noBepxuocTh, T : W — M — paccroenne ee KacaTelbHbIX
BEKTOPOB [IUHBI 1.

Teopema. 1. B S'-paccaoenuu 7 umeemes ecmecmeennas cészmocms (nasvieae-
Mas PUMAHOBON). B mpusuaiuzayuu, 3adasaemnoli noiem opmonopmuposannbis penepos
€1, €2, ee L-popma 0 onpedeasemesn uz coommouenus

[e1,e2] = —0(er) €1 — O(eq) €.

2. Ecau noseprnocmo M eaoxcena 6 R?, mo nocmpoennas cesasznocms cosnadaem co
C6AZHOCTNLIO, PACCMOMPERNOT 6 NPUMEPE SBIULE.
3. Dopma KpuBUIHBL PUMAKOGOT C6A3HOCTIU UMEEM 6UJD

w=—Ko,

ede o — dopma naowadu na noseprnocmu, K — ee 2ayccosa xkpususna.

3ameudanue. KoappunmenTo pasaoxeHns
0 =arur + azuy

dopmbl 8 o Gazucy uy, uy 1-popm, IBOUCTBEHHOMY 6A3UCY €1, €3, OMPEAEIIIOTCA TaKKe

YCIOBAEM
du; = oy o, duy = ay o, o= Ui N\ Uy
In
(9/\u1:—du2, (9/\u2:du1.
NencTBurenbho, a; = du1(€17€2) = € U1(€2) — €2 Ul(el) - ul([€17€2]) = ‘9(61)7 u,

aHATOrMYIHO, g = O(€3).

IIpumep. Haiigem rayccoBy xpuBmsny MeTpukn ¢ = dx? + 2coswdzr dy + dy?, rae
w = w(x,y) — HeKoTOpas PYHKINA.

[IpuBenem MeTpUKy K cymMme KBaapaToB, ¢ = (dz + cosw dy)? + (sinw dy)?. Caeno-
BaTeabHo, POpMEL Uy = dx + cosw dy n uy = sinw dy o6pa3yoT OPTOHOPMUPOBAHHLIN
6asmc n 0 = uy A ug = sinw dz A dy. llpogudpdpepentiupyem otu popmbr:

du; = —sinw w, dx AN dy = —w, o, duy = cos ww, dxr A\ dy = ctgww, o.
CaemoBaTernbHo,

0 = —w, uy + ctgww, uy = —w, (de + cosw dy) + ctgw w, sinw dy = —w, dx .
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OTCIO,I[EL HaXOo UM KPHUBU3HY CBA3HOCTU:

w=dl =wy,dx Ndy = — o, K=——=—. O
sin w sin w
DTa MeTpHKa HMeeT INOCTOSHHYIO OTpHIaTelbHyI0 KpuBmsny K = —1, ecan ¢yHK-
. 2 .
nusA w yIOBIETBOpAET ¢sin-gordony ypaBHEHHIO aax—é"”y = sinw. Ero pemenns Buga w(z,y) =

o(z + y), yOsIBatomme pn & + y — 400, COOTBETCTBYIOT «IiceBgocdepe BerbTpammy, moBepx-

HocTH Bpamenns Z = —v/1 — r2 4 In 182=r2 Vrl_rz}, r=vX24Y2

3agaua 4.1. Haliqure KpuBusHy cIeayoux MeTPUK:
a) dz® + sin? & dy?.
4 2 2
6) e (4 + dy).
B) g(z,y) (dz* + dy?), g > 0;
r) A(z,y)*da? + B(z,y)*dy*, A >0, B > 0.

NoxazaTeabcTBo TeopeMmbl. 1. [lycTn 3amam npyrou pemep €}, ), KOTOPBIN TOXY-
9aeTCA U3 UCXOHOTO TIOBOPOTOM Ha YTOJ ¢, TJIAJKO 3aBUCAIINN OT TOYKH TTOBEPXHOCTH.
Ham my:xuOo mokaszaTh, 910 GpopMel cBs3nocTr 0’ u § B HOBOM 1 cTapoM Gasmcax CBs3a-
ubl paBencTBoM ' = 0 + dg. [leiicrBurenbro, aBolcTBeHmble 6a3uchbl 1-popM CBA3aHLL
COOTHOIIIECHIEM

uy = cosguy +singuy, uh= —singu; + cos g usy.
nudpdepeHnupyss, Mbl HaX0 UM
duy = —singdg A uy+cosgl Aug+cosgdgNuy —singd A uy
= (dg+0) A (—singu; + cosgua) = (0 + dg) A ul,
u, ananornano, duy = —(0 4 dg) A uj. Orciona § = § + dg, 910 U TpeGOBAIOC. O

[ns nokazaTernLcTBa yTBEPKAEHUN 2 U 3 T€OPEMBI, MBI UCIIOIb3YeM CIeTYIOMNN pe-
3yJIbTAT, MPENCTABIAIONINT CAMOCTOATENbHBIN HHTEepec. [lycTh £ — KacaTenbnoe BEKTOD-
noe mozte wa nosepxunoctu M C R® n = (ny,12,13) — npomsBoabHOE TOTE, ONpeeIeHHoe
BJIOJb TTOBEPXHOCTH (He 06s13aTeNbHo KacaTeabioe). O6o3Ha M depes Jg1) TOKOMITOHEH T-
HYIO TPOU3BOAHYIO ToJst ) Baoab €. llycTh €1, € — OpTOHOPMUPOBAHHBIN KacaTelbHbI
perep Ha TOBEPXHOCTH, N = €3 — TI0JI€ eIUHIIHLIX HOPMAJeN.

Teopema (gepuBanmonsas aemma). [Ipouszséoduas J¢ noanocmovio onpedeasemes
nepeoti u 6mopot K6adpamuunblmu GOPMAMU NOBEPTHOCTIU,

Deer = 0(&) e + h(& en)n

Deey = —0(&) e + h(&, e2)n

Oen = _h(fa 61) €1 — h(fa 62) €2
ede O — 1-popma pumanosoti cesaznocmu, onpedeasemas no mempure ymeeparcdenuen 1
meopemul, a h — emopas keadpamuunas Gopma.

NokazaTerncTBo. O603HaNM depes 0;;(£) KodPPUIUEHTH PA3IOKEHUS TTPON3BOI-
HOW O¢e; O Gasmcy eq, €z, €3, Oce; = 0,;;(&)e;. Marpuma 6;;(£) xococummeTpuana s
To60ro KacaTeabHOro moas &:

0= (i, e5) = (Fgeis e5) + (i, 0ges) = 05;(8) + 0 ().
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Koodpdutmentor §13(&), Oa3(E) nmeror B
023(5) = (afeﬁn) = (afaeirvn)v Z = 1727

4To coBmagaeT ¢ h(, e;) Mo onpenenenuo BTOpoll KBajgpaTudnon dopmbl. Haxonemn, n3
omnpeeleHis KOMMYTaTOPpa BEKTOPHBLIX TOJEH BLITEKAET DPABEHCTBO [€1, €3] = O €3 —
Je,€1, OTKy 1

0(61) = _([617 62]7 61) = (_86162 + a62617 61) = _02,1(61) + 01,1(62) = (91,2(61)7

u, amagornvno, #(ey) = 612(e2), 10 ecthb 61 2(6) = O(&), 9TO 3aBepiIaeT BHIMHCIEHITE
koo PpuimenTos §;;(E). O
llokazaTeabcTBO yTBepKAeHHUA 2 TeOopeMbl. YCIOBHE OPTOrOHATLHOCTH Cede-
HIIA 8 = COS @ e + sin @ ey, rae ¢ — (QYHKIEA Ha MOBEPXHOCTH, BEKTOPY %(cos wey +
sin ey) = —sin @ €1 + €os €2, KACATEAIBLHOMY K CIOI0, UMEET BH
0 = (Je(cosper +sinpey),—sinpe; + cosypes)

= || —sinpe; + cos peg]|® Jep + (cos @ Dgeq + sin p dgeq, — sin g e + cos @ ey)
= Oep +0(¢)

[T TTPOW3BOIBLHOTO KAacaTENILHOTO BEKTOpa &, 9TO COBMAAAET € yCIAOBUEM KOBAPUAHTHON
MOCTOAHHOCTH OTHOCUTEILHO CBA3HOCTH, 3aManuon 1-dpopmon 6. U

3aga4da 4.2. BoiBequre caMoCTOATENBLHO W3 A€PUBAIIMOHHON JeMMbI yTBEPXK IeHEE 3
TEOPEMBI, IPUPABHAB KOX(PPUIHEHTH IPH €3 B paBeHcTBE J, (161 = (0c; Oy — Oe, Oe, )e1.

5. dopmy.aa I'aycca—bBbonHe

[Iycts sagano Sl-paccroenne 7 Ha HEKOTOPONl 3aMKHYTON OPUEHTUPOBAHHON I10-
BepxHocTbio M pona g. Beibepem Ha 3TOM paccioeHnn Mpou3BOJbLHYIO CBABHOCTH U 060-
3HAYNM Yepes w ee GopMy KpUBH3HLL cam w’ — opMa KpUBH3HBI APYTONl CBA3ZHOCTH,
To w—w' = 1, rae n — raobarbHo ompenenentas 1-popma (rexmmio 3). Orciona crenyer,
ITO WHTErpad oT POPMBI W TI0 BCEU TOBEPXHOCTH HE 3aBUCHUT OT BLIOOpA CBABHOCTH U
ABIAETCSA TOMOJTOTMYECKIM MHBAPUAHTOM pacCIOeHNs.

e(r) :‘% /M w

HasblBaeTCA wucaom Hiepa Sl-paccroenns.

Onpegenenne. Uurerpan

Teopema. Hucao Jiaepa npunumaem yeavie 3navenus. Feavw w = —Ko — dopua
KPUBUHBL NPOU3E0AbHOU pUMano60l mempury wa M, mo ecmo T — paccaoenue edunuy-
Holx Kacameavuvir 6exmopos, mo e(w) = x(M) =2 — 2g — staeposa zapaxmepucmura
nO6EPTHOCTIU.
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lokazaTeabcTBo. HeTpyaHo moHATH, 9TO y pacCloeHms T CyIIECTByeT Helpe-
pBIBHOE CedeHme S, OlpejeleHHoe Ha/ NONOJHEHNeM K KOHETHOMY MHOKECTBY TOTEK
{z1,..., 2} C M. Hanpumep, Moxno pasbuth noBepxuocth M Ha MHOIOYTOJLHUKH,
3a/aTh CedeHne IIPOM3BOILHBIM 06pa3oM Ha pebpax >THX MHOI'OYT'OJLHUKOB, a 3aTeM
IPOJONKATE MO HEPEPLIBHOCTH BHYTPh MHOI'OYT'OJLHIKOB B JOTIOJHEHNE K UX [EHTPaM.
Ecmm 7 — paccaoenne KacaTeabHbIX e INHIIHBIX OKPYKHOCTEN, TO MOKHO BbIOpaTh MPO-
U3BOJNLHOE BEKTOPHOE TI0J€ Ha MOBEPXHOCTH 1 B3ATH B Ka9eCTBE CeYeHns OTHOPMUPOBaH-
noe noze. [loxydennoe cedenne Gyaer onpenenreno B JOMOIHEHNN K MHOKECTBY OCOOBIX
TOYEK (HYJEW) MCXOIHOTO TO.

[Iycts s — Takoe cedenne. PaccMoTpnM CBABHOCTH, B KOTOPOU CeYeHne s KOBapH-
aHTHO TOCTOSHHO (T.€. CBA3HOCTDL, Y KOTOpON l-popMa paBHa HYJIIO B TPUBHATH3ALNN,
3a/1aBaeMOll cedenneM §). JTa CBABHOCTH IIOCKasA (T.e. ee KpUBU3HA paBHA HYJIO), O/I-
HAKO OHa He olpejeleHa B TOIKaX ;.

YrobBl CBA3HOCTHL NMPOJOIKIIACH Ha Bce M, ee HyKHO clerka MOAIPaBUTH BOJU3N
Tovyek ;. Paccmorpum U; — manenpknn anck wa M ¢ menTpom B x; u 3aduKcupyem
TpUBHAIM3aIMIo paccioenna m Hal U B ykasaHHOU TpuBHaIm3anUn cedeHHe s 3aja-
etca orobpaxennem s; : U; \ {z;} — S' = R/277Z, u 1-popma 6; ncxoanoil casHOCTH
sajgaerca ycaouem ds; +0; = 0, 1.e. §; = —ds;. Paccmorpum npoussonbHyto riajkyio
1-cpopmy 0;, onpenenennyio na Bcenn obaactn U; n coBmaaoniyto ¢ §; BO6au3n ee rpaHuiibl.
[Monyaennpin nabop 1-popm ckaemBaeTcs B MI0GATbHYIO CBAZHOCTH HAIEro PacCIOeHM.

Y 1IOCTpOEHHON CBA3HOCTH KpHWBHU3Ha yiKe HeHyJaeBad, OJHaKo, MO IOCTPOEHNIO, ee
HOCHUTEIb CONEPKUTCA B obbeauaennn nuckos U;, mooTomy

27re(7r):/Mw:zi:/wdﬁi:zi:/awﬁi:zi:/w@:—Z:/andsi:—szi:indxi(s),

rje ind,, (s) — menoe 9HCIO, paBHOE (KOIMIECTBY 0GOPOTOBY B CIOE, KOTOPOE JelaeT
cedernne s Tpu 00X0/le BOKPYT 0COOOU TOYKN T; B TOJOKUTEILHOM HAITPABIEHUN BIOIDL
MaJleHbLKON OKPYKHOCTH.

DTO MOKa3bIBaeT MEPBOe yTBepXKadenne TeopeMbl. /L mokaszarerbcTBa BTOpPOTO 3a-
MEeTHM, ITO U3 MPUBENEHHBIX BBIYUCIEHNN BLITEKAET, ITO A PACCIOEHNA KaCaTelbHbIX
OKpYKHOCTEN €(7) paBHO cyMMe MHEKCOB 0COOBIX TOYEK BeKTOpHOro mois Ha M, daTo
CIYKUT OJHUM U3 ONpeelennil >iaepoBoit Xxapaktepuctukn Y (M ). U

3agada 5.1. Onpegeanre wnciao Jiaepa pacciaoenus Xomda. (Orser: —1.)

o
Tonosoruyeckoe orcrymienne. Kinaccudpukanus S'-paccioennit Hajg JByMepHBI-
MU TOBEPXHOCTAMMH. U3 MpHUBeTEHHBIX PacCy K JeHUH BHITEKAET TeopeMa O KJIacCHpUKaInm
Sl-paccroennii Ha,T TpOU3BOILHON 3aMKHYTOH OPHEHTHPYeMOil IByMepHOI MOBepXHOCTHIO M.

Teopema. Hucao Disepa yemanasaueaem 63aumno 00HOZHAUNOE COOMEEMCNEUE MENCIY
kaaccamu axeusasenmuviz St-paccaoenuti na M u mmoxcecmeom 7 yeaviz wuce.

NzBecTHO, 4TO MOBEPXHOCTE MOXKHO MOAYYUTH U3 OMHOT'O TUCKA HEKOTOPOU CKJIEHKON BIO/H
rpaHumbl. [[odTOMY ¥ BCAKOTO pacCJIOenus CYIIecTBYeT HellpephIBHOE ceveHne, olpeleleHHoe
B JIOMOJHEHUN K OJHOU TodKe. Unciao BpallieHus cedeHus B 3TOU TOYKE PABHO 4uCIy Jilaepa
paccioerus. V3 5Toll KOHCTPYKIUU BHITEKAET, YTO PACCIOEHHUS C PABHBIME 4YUcaaMu Jijaepa
mzoMopdubl. C Ipyroi cTOPOHEL, ICHO, YTO CYIIECTBYIOT PACCIOEHUS € MPOU3BOIBHBIM YHCJIOM
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Diepa e € Z: I0CTATOYHO B TPHBUAIBHOM PACCAOCHUH YIAJUTh OMUH CJAOU, & 3aTeM BKJIEHTH
00paTHO, «IepeKpyTHUBy clepBa paccioeHlne HeoOXoIuMoe YUCIO pa3. (|

_ 1 e 3 o

Pasercro (M) = %IM Ko nas nosepxmoctu M C R® u maswBaeTcs gopuy.aot

I'aycca—FBownne. Ero MOoXKHO yBUAETH W HEMOCPENCTBEHHO, 3aMeTus, uto Ko = G,

rje (. — rayccoBo oTobpaxenne, a Y — QopMa moliann Ha cdepe (HATOMHIM, 9TO
rayccoa Kpususta K paBHa skobmany orobpaxemnus [aycca). [looTomy

1
—/ Ko =dA4n,
2 M

rae 47 — moma b cpeprl, a d — CTelenb rayccoBa 0TOOpaKenns, paBHas, KaK HETPYIHO
nokazath, Y(M)/2=1—g.

Joxaronvii sapuanm gopmyavt I'aycca—Boune 3akmodaeTcsa B TOM, 9TO IPU HapaJ-
nerpHOM 06HOCE BJI0Mb IpaHnisl qucka U C M kacaTerbHas MIOCKOCTH TTOBOPATHBAETCS
Ha yToT

o(U)= | Ko.
U

a3

aq

B caywae, xorna M — empunuanas cdepa, 5Ty POPMYyTy MOKHO MOIYIUTDL CIELY-
IOINIMU DIEMEHTAPHBIME PacCy X feHusamu. PaccMoTpuM MHOTOyTOabHUK [ ma cdepe,
CTOPOHBI KOTOPOTO — AYTH 60IbIoro paamyca. U3 pucynka BUAHO, 9TO yromd, Ha KO-
TOPBIN TIOBOPAYUBAETCS KacaTelbHas MIOCKOCTD Mph 00Xo/e BIOIL €ro TPAHNIIBI, paBeH
©(0D) =21 — > ay;. lIpomonxkmm cropomsr D, Kax na pucynke. Torga cdepa mpejcra-
BUTCA KaK 00beMHeHne MHOTOYTOIbHIKa [, aHTHIoaabHoro K Hemy [ w n AByyroJib-
HIUKOB € YIJIAMHE O, . . . , &y HlooTOMy 47 = (mmotmans cepnr) = 2 (mromans D)+2 > ;.
Orcroga

p(0D) = | Kdo,
D
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MOCKOJILKY Ha ennamaron cepe K = 1.

Sagaua 5.2. [lokaxure, 910 noae £ na noseprnocmu M napasieavro 60oab kpusoi
v C M moeda u moavko moeda, koeda smo xce noie (L64M0UEECK, 0UEBUIHO, KACA-
meavnotn) na chepe S* napasaessno 6doav kpusot G(v) C S?.

[Mockoabky K s = G*Y, mocaentss 3afada CBOJIUT TOKA3aTEIbCTBO JOKAILHOU (hOp-
myabl ['aycca—DbBonHe B oblieM ciydae K caydato cephl.

[leomeTpuveckn mapaileqbHbIN TTEPEHOC MOKHO TPENCTABIATD CIEMYIOMIM 00pa30oM.
Bosbmewm minockun auct 6ymarn u «npukienmsy ero K M Bmoan kpuBou . Jlucr Gymarn
M30THETCA, W IUHUA CKICHKN Ha HeM 3aJacT IIOCKYI0 KPUBYIO ¥, Ha3bIBAEMYIO Pa36epm-
kot ncxommon KpusBon 7. MoxHO MoOKa3aTh, 9TO Ha pa3BepTKe MapalelbHLIN TTEPEHOC
COOTBETCTBYET OOLIYHOMY MapaflelbHOMY TepPeHOCY BEKTOPOB Ha TJIOCKOCTH.

3agaua 5.3. Ha xakou yrox moBopadmBaeTcs KacaTelbHas MIOCKOCTEL K cdepe mpn
06xo/e BIOAL Tapaieln ¢ MUPOTOn ¢! YbeauTech B CIPaBelINBOCTI JOKATLHON (HPOp-
myabl ['aycca—DBonne B bTom caydae.

6. Oﬁmee IIOHATHNE KPUBHU3HBI. Ilnockas cBA3HOCTS.

[ycTh 3agana (TomoIOrNYecKas) CBA3HOCTH B JOKATHLHO TPUBHATLHOM TJAIKOM pac-
croeaum m: W — M.

Omnpegenenne. CBI3HOCTD HA3BIBAETCA NAOCKOU, €CIT MTaPALIETHHLIT TEPEHOC BIOID
BCAKOUW 3aMKHYTOW CTATUBAEMON TETIN Ha 6asze TpuBHaleH. B bToMm caydae 1 mpoms-
BOJNBHBIX [BYX PA3dUYIHLIX TOUYEK 6a3bl MapallelbHbI TePEeHoC CIO0eB He MEHIeTCs Tpu
HEMPEPLIBHOM M3MEHEHWN KPUBOW, COEMUHATONIEN DTH IBE TOUKI.

3agada 6.1. /[JokaxmnTe, 9T0 CBABHOCTL ABAACTCA ILIOCKOHW TODa W TOJLKO TOTIA,
KoTJa depe3 Jo0yi TOYKY Y TPOCTPaHCTBa PacCIOCHWA TPOXOANT KOBAPWMAHTHO TTOCTO-
AHHOE Ceventie, 3a/JaHioe B HEKOTOPON OKPECTHOCTH ee obpasa © = m(y).

3agaua 6.2. /lokaxuTe, 9TO CBABHOCTH ABIAETCA MIOCKOU TOT/a W TOJLKO TOT/A,
KOD/Ia [T KaXK JOU TOYKN 6a3bl CYIIEeCTBYET TPUBUAIN3AINS Haj HEKOTOPOU ee OKPEeCT-
nocteio T~ HU) = U x F, B KOTOPOH TIOCKOCTH CBAZHOCTH T'OPU3OHTAIBHBI, TO €CTh
ABIAIOTCS MIOCKOCTAME, KacaTeabHbiMu K caosam Buga U x {y}.

3aga4da 6.3. /lokaxure, aTo mpu dim M = 1 Bcakas CBA3HOCTD ABIACTCA ILIOCKOM.

3agava 6.4. Paccmorpum paccroenne R* — R? (z,y,2) — (z,y), 1 cBA3HOCTDL Ha
HeM, IIOCKOCTH KOTOPON 3ajaroTcsa ypaBHenneMm dz — ydx = 0. Burancanre napaiiens-
HBII IEPEeHOC, 3a1aBaeMbIll DTOI CBA3HOCTHIO IPK 06X0/e BJOIb CTOPOH KBaJpaTa B ILIOC-
koctn Oxy, HATAHYTOrO Ha GA3NCHBIE BEKTOPDI.

[Mocnenuss 3anada mokaswiBaeT, 9To mpu dim M > 1 cBasmocTh B 0bIIeM craydae He
ABAAETCA TAOCKON. KpuBn3aHa TOMONOIMYECKO CBAZHOCTH U3MEPSAET CTeleHb ee 0TI 1
ot maockou. [las monen &, 1 wa M obosmatmm wepes &, i) ux noauaTus B W, Kacarerbuble
K TLIOCKOCTAM cBssHocTu. Jlerko nposeputs pasencrso m.[€, 1] = [£,n], oTkyna caeayer,

bty R
aro noxae [£,n] — [£, 1] «BepTUKAILHOY, TO €CTh KacaeTcs CIOEB PACCIOCHUA .
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Onpepenenue. Kpususnoi cBa3HocTu B TouKe v € M 6a3bl paccioeHus Ha3bIBaeTCA
COOTBETCTBUE, KOTOpOe Bcsikon mape BekTopoB &,n € T,.M comocraBiseT BeKTOpHOEe

nore R(&,n) = @ — [é, 1] ma croe 771 (x) paccaoenus.

.

3agaua 6.5. /lokaxnre, aro moxe [£,n] — [&, 7] runeino 3aBucuT oT noxen &, n (oTHO-
CUTEeILHO yMHOXKeHN! Ha (DYHKITHN ), 1, CIeJJ0OBATEIbHO, €ro OrpaHnIenne Ha cioi 7 '(x)
3aBUCHUT JWIIHL OT 3HAa9eHun moxen £, 17 B TOIKE .

3ajgava 6.6. /lokaxure, aro guddeomopdusm caos 7 (x), 3amaBaeMblil Tapaiiels-
HBIM TIepEHOCOM BJI0b NepUMeTpa MapasienrorpaMmMa Ha M co croponamn &€, en coBra-
naeT (¢ ToanocThO N0 0(c?)) ¢ moTokom moas R(E,n) 3a Bpems —e.

Teopema 1. Cesaznocmop naockas mozda u moavro moeda, koeda ee KPUSUIHA PAGHA
HYA20.

[loxazareabcTBo. Ecam cBa3HOCTD mIoCKas, TO OIS é, 7 SABISIIOTCA KacaTelbHBIME
K MHOrooGOpasmsaM, 3a]aBaeMbiM KOBapPUAHTHO TOCTOAHHBIMU cedenmsmu. Ho Torma u
nore R(&,7n) KacaeTcs >TUX MHOTOOOpasnil, a MOCKOJIbKY OHO BEPTHKATLHO, TO PABHO
HYJTIO.

O6parno, mpegnonoxum, aro R(,n) = 0. Boibepem wa Gaze 6asuc e; u3 momapHo
KOMMYTHDYIOMINX TModell (KOOPAMHATHLIX TOJell HEKOTOPOU cuCTeMbl Koopauuat). To-
rja moas €; TakkKe KOMMYTUPYIOT, I KOMMYTHPYIOT 3aJaBaeMble MU (pa3oBble MOTOKMN.
[lercTBy st >TUMEI TTOTOKAMI Ha HEKOTOPYIO HAYATLHYIO TOUKY, MBI TIOTY9aeM [T Kazk 107
TOYKW TTPOCTPAHCTBA PACCTOEHWA MPOXONAIee depe3 3Ty TOYKY KOBapMaHTHO MOCTOSH-

HOe cedeHie, TO €CTh CBA3HOCTD ILIOCKasl. O
B caywae ceasnoctn ma S'-paccioennn Bextoproe moxe R(&,n) mveet Bug w(, 77)%,
rge ¢ — yrjoBadg KoopAmHaTa B cloe. B wactnocTn, paBencrBo R = 0 paBHOCHIBHO

paBencTBY w = 0. B cayuae, Korma ganHas CBA3BHOCTbL — PUMaHOBa CBA3HOCTD, aCCOIU-
NpoBaHHas ¢ HEKOTOPOU METPHUKOU, MOKHO CKa3aTh HOIDIIIE.

Teopema 2. Mempuka na pumarno6ot noseprHocmu A0KAALHO €6KAUIO6A, MO ECTNL
umeem eud dz? + dy* 6 nodrodswur xoopdunamar moeda u moavko moeda, xozda ee
KPUGUIHA PAGHA NYAI0.

[loxazareancrBo. CylmecTBoBaHme KOBaApHAHTHO MOCTOAHHOTO OPTOHOPMUPOBAH-
HOT'O perepa €1, € KacaTelbHbIX BEKTOPOB BhITEKaeT W3 paBeHCTBa HYJII0 KPpUBU3HBL. B
TPUBHAII3AINN, 3aaBaeMON STHM pernepoM, 1-popMa prIMaHOBOHN CBA3HOCTHU OOpaliaeT-
CA B HOJb, U TIO OIPEIeIeHIIO DTOU POPMBI, TOJIA €1, €2 KOMMYTHPYIOT, TO €CTh ABIAIOTCA
KOOPANHATHLIME IS HEKOTOPOU CHCTEMBI KOOPUHAT. JTa CHCTeMa KOOPAUHAT U €CTh
ICKoMasl. O

IMpumep. /las miockoit metpuxn g = dx+2 cos(x+y) dz dy+ dy? maiinem eBKIm10BbI
KOOD INHATHI.

[lelicTBys Kak B mpumepe Ha cTp. 11, MBI Mody4daeM, 9TO KOBapUMaHTHO MOCTOSHHBIE
1-popmbl UMeEOT BIT
U = cos YUy + sin ¢ Uy,

rje u; = dx 4 cos(x + y) dy, us = sin(x + y) dy, n GYHKIEA @ ABISETCS TEPBOOOPABHON
3aMKHYTOH (popMmbl dp = —f = dx (3aMKHYTOCTDH (POPMBL § 06eCIeTNBAETCA PABEHCTBOM
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K =0). Takum obpaszom, ¢ = = + ¢,
u = cos(x+c) (da 4 cos(x+y) dy) + sin(x+c) sin(z+y) dy = cos(x + ¢) dx + cos(c — y) dy,

1 Bbibupas sHadenus 0, 7 KOHCTaHTHI ¢, MBI IOy YaeM OPTOHOPMUPOBAHHbIN Ha3uc KOBa-
PUAHTHO TTOCTOSHHBIX POpPM

uy = cosxdr + cosydy = d(sinx + siny),

uy = —sinzdr +sinydy = d(cosx — cosy).

N ckomMble eBKIMIOBBI KOOPANHATHI UMeIoT Bug X = sinx +siny, Y = cosx — cos y.[]
3ajgada 6.7. HallanTe eBKIII0BE KOOPAUHATHI s IIOCKON MeTpukn ¢ = dx?+x2dy?.

3agaga 6.8. [Iycts r C R® — mpocrpancrsennas xpubas, S — obbequHeHne ee
KacaTelbHbIX.

a) Beenure xoopanHaThl Ha S U ompefelnTe MEPBYIO KBAAPATUIHYIO (POPMY B DTHX
KOOpIMHATAX.

6) /lokaxnre, 9T0 rayccoBa KpUBU3HA MOBEPXHOCTH S B TOYKAX €€ IIIaKOCTH PaBHa
HYTTO.

B) Hananre ma S eBKINIOBBI KOOPAMHATHI [ CIy<das, KOTJa r — BUHTOBas KpUBas
r(t) = (cost,sint,t).

YcioBHE TOrO, 9TO CBSA3HOCTH ABASETCH ILIOCKOW, HMEET TMOJe3HYI0 HepedOpMyJInpOBKY Ha
SI3BIKE paclpe/eaeHui.

OHpe,Z[eJIeHI/Ie. n-MEPHBIM pacnpeé’&nenue.m Ha I'Nla IKOM MHOFOO6paBI/II/I Ha3bIBaeTCA IIPO-
HN3BOJLHOE N-MepHOE€ MNOoIpacClocHue €ro KaCaTelbHOI'O pacCClIOoeHHud, TO €CTh II0Je€ N-MEepPHBIX
KacCaTeJdbHbIX HJIOCKOCTGI(/JI7 3aJaHHBIX B Ka)I(,Z[OI;JI TO9Ke MHOFOO6paBI/IH.

CBS3HOCTE Ha DTOM Si3bIKE — DTO NPOUBBOJBHOE paclpejelenne, MIOCKOCTH KOTOPOTO
TpaHCBepPCAJbHEL CJIOAM W HMe0T pasMepHOCTHL 6a3bl paccioenus. llogumuoroobpasne V. .C W
Ha3bIBACTCH UHIMESPAALHBIM, €CJIN eI'o KacaTeldbHble TPOCTPAHCTBA COMEPKATCA B MIOCKOCTAX
pacnpejeneHus.

Ounpejgesienne. n-MepHoe pacupefelenne Ha MEOT000Pa3ny HA3BIBAETCA UNME2PUPYEMBIM,
ecian Yepe3 KayKaylo ero TOYKy NpOXOAUT HHTerpafbHoe NoAMHOToobpasie, pa3MepHOCTh KO-
TOPOT'O paBHA Pa3MEpPHOCTH paclpeleneHus 7.

Takum o6pazom, Ha A3BIKE CBA3HOCTEH HHTErpadbHBIE MHON0OOOpA3Us — HTO KOBapHaHTHO
NOCTOSHHbIE CeYeHNUd, & yCAOBUE HHTEIPUPYEMOCTH COBHAMAeT C YCJAOBUEM MJIOCKOCTH CBA3HO-
CTH.

3aMeTuM, 4TO NI0OaJbHO NHTErPadbHbIE MHOT'00OPa3s MOT'YT He SBJISATHCS 110 IMHOT 006 pa-
auamu. [Ipumep — uppannonaabuas o6MOTKa TOPA.

Teopema 3 (kpurepnn nurerpupyemoctn Ppobennyca—INu). 3adannoe pacnpedesenue na
MHO2000pA3UL UHMELPUPYEMO Mo2da U MOALKO Mo2da, K02da 6bINoAREHO 0010 U3 cAedyroujur
PASHOCUABHBIL YCAOGUT.

A (Dpobennyc). Jas scarot duPdepenyuaivnoti Gopmvl w, 06paUAIOWETCS MOHCIECTNE EN-
HO 6 HYAb WG NAOCKOCTAL pacnpedeenus, ee snewnutd duddepenyuan dw maxace obpaujaemes
6 HY.Ab HA NAOCKOCTMAT PACNPEeaeHus.
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b (JIn). dan scaxoii napvt sexmopuviz noaet &, 1, KACAMEALHLIE K PACNPEIEAEHUIO, UL KOM-
smymamop [€,n] maxxce wacaemes pacnpedesenus.

3ameuanue. 3 aunelinon aare6phl BEITEKAeT, 9TO BeAKasd BHEITHAA k-popMa w, obpaliia-
IOlascs B HOJb Ha IMJIOCKOCTH, 3a/JJaHHOU JUHEHHBIMI YpaBHEHHAME wy = - -+ = w; = 0, uMeer
BUT W = Y A\ Aw;, e A; — HekoTopble (k — 1)-popmer. [losTomy ycaoBne A Teopembr jgo-
CTATOTHO MPOBEPATH TOALKO A 1-popM, 1 Holee TOTO, TOTHKO AT PUKCHPOBAHHOTO Habopa
1-pop™ w;, 3agatoninx pacnpegenenue. Hanpumep, B cIydae, KOT1a MEOT000pase TpeXMepHO, a
pacrmpefenenne IBYMEpHO 1 3aMaeTcsA 1-popMON w, YCIOBHE HHTETPHPYEMOCTH A PaBHOCHILHO
paBeHCTBY

wAdw=0.

Anagoruyno, yciaoBie b rocTaToqHO MPOBEPATH TOIBKO Jis (PUKCHPOBAHHOIO HaBopa BEKTOP-
HBIX TIOJell &;, TOPOK TaloUNX paclpeejeHne.

Sagada 6.9. [lokaxxnuTe yTBepXK IeHNUs, TPUBeIeHHEE B 3aMeTaHNH.

Sagaga 6.10. /lokaxnTe SKBHBAJIEHTHOCTH yeaoBuil A n b. (Ykasanne: BcmoMunTe OmMpete-
aerne gudepennnana 1-popumer: dw (&, n) = Ew(n) — nw(§) — w([€ n]).)

3agayda 6.11. BuiBenuTe Teopemy 3 w3 TeopeMbl 1.

7. BekTopHble pacciaoeHus. TeH30pbI

[lens mammon gexnum — ymoOpsAAOYNThL Te 3HAHUA CIYIIATelell 0 TeH30pax, KOTOphie
y HUX HaBepHAKA UMEIOTCH.

Bexmopuvin paccaoenuem m: If — M maszbiBaeTcs paccioeHme, y KOTOPOTO CIOEM
SBISAETCS BEKTOPHOE TPOCTPAHCTBO, a (PYHKIINIAMEI TEpeXola — JUHEeNHbIe Tpeodbpas3oBar-
HUA.

3apgaua 7.1. Onummre TpuBnasusanun u GyHKIINN Tepexona Ha kacameapbnon T M =
*
Usens TeM 1 woxacamensnon | J,cp, T M paccroennsx.

[IpocTpamncTBo pacciroenns F — muoroobpasne pasmeproctu n+ N, rae n = dim M,
N = dim FE,. HacTo (#e BroiHe KOPPEKTHO) TIOJ PA3MEPHOCMbIO BEKTOPHOT'O PACCIOEHNS
nounmatoT N, pasmeprocTh crosa. Caon E, = 774z), x € M, umeroT cTpyKTypy JnHeN-
HOTO TMPOCTPAHCTBA, 9TO MO3BOIAET CKIAIBIBATDL CEYEHIS W YMHOKATEL UX Ha (PYyHKIINN

na M.
Ecan ects nBa paccroenns £ = JE, u B/ = JFE

/

/, TO MOJKHO 06pa30BaThb UX CYM-
ny E @& E = |JE, & FE, (onummre TpuBmaiusaiun u (GYHKIEN mepexona). Booobie,

BCe eCTeCTBEHHBIC Ollepallill Hal BEKTOPHBIMHU IIPOCTPaHCTBaMM — CYMMa W TE€H30pP-

Hoe mpousBefeHue!, mepexon K CONpsKeHHOMY IPOCTPAHCTBY, HOAIPOCTPAHCTBY, (hak-

! HamoMHENM, 9TO TeH30pHOe mpousBegenine U/ ©V BeKTOPHLIX IPoCcTpaHcTB U n V — 3TO IPOCTpaH-
cTBO pazmeprocTn mn, m = dimU, n = dim V| umelomee Tpu 3KBUBAJEHTHBIX OLDeIeICHN:

1) IpocTpancTso ¢ 6azucom €;@ f;, rge {e; } u {f;} — 6aszucer B mpoctpancTeax U u V.

2) IIpocTpaHCTBO OGUINHENHBIX (QGYHKIUA OT Haphbl CONPKEHHBIX 3JIeMeHTOB ¢ € U*, b € V™.

3) PaxTOPIPOCTPAHCTBO HEOOBATHONO GECKOHETHOMEPHOT'O IPOCTPAHCTBA ¢ GA3HCOM, COCTOAINNM 13
CHMBOIOB BHAa uQv, v € U, v € V, 00 HOAIPOCTPAHCTBY, MOPOXKIEHHOMY >IeMeHTaMn BuAa (c1t; +
Col2) @V — €1 U1 QU — ¢2 U2 @V U u®(c1v1 + cavz) — €1 UV — C2 URVa.

Nwmenno mociaequee onpefenenne, K KOTOPOMY TPYAHee BCETO MPUBLIKHYTh, HANGOIee THBAPUAHTHO 1
MEPEHOCUTCA Ha MPOU3BOJIBHBIE KOMBIA U MO Y.
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TOPIPOCTPAHCTBY, — MEePEHOCATCA Ha PacCIOeHUs, W Mbl TOAydaeM MOHATHUS CYyMMBI
U TEH30PHOTO TPOW3BENEHUs PACCIOCHNN, COMPSKEHHOTO PaCCIOEHUs, MOAPACCIOEHN,
daKTOppacIOeHUA U T.II.

Y06k 3aJaTh BeKTOPHOE PAcCCIOCHNe, HYKHO ONpelelNTh IpeiKJe BCero IPOCTPAHCTBO
E paccroenns. llmeercs npyroll mogxoj, corlacHo KOTOPOMY paccloeHme Ha M — 3To jo-
NOoJMHNTeNbHad alrebpandeckas CTPYKTypa Ha MHoroo6pasnu. OHO MOJTHOCTBIO onpejenseTcs
C*(M)-monynem I'(F) cBouX cedenuil, paBHO KaK caMO MHOI'006pa3ue OlpeelseTcs KOIbIoM
C*(M) ¢yuxuuii na Hem. OQnuieMm To COOTBETCTBHE.

Mmuoroo6pasune M Kouasno C'°° (M)

[MTommuOr006pasne X C M W pean ¢pyukuuii, oGpaliaonuxcs B HoJdb Ha X
BexToproe moae [Nudppepenunpopanne C°(M) — C°(M)
BexropHoe paccioenne F C*(M)-moxyas ero cedenni I'(E)
TpuBnanibHOe paccioenne Caobomusrii C* (M )-moyab

[Mogpaccioenne, (pakToppaccioenne, [Mogpaccioenne, pakToppaccioenne, cymMa u
npsaMas cyMMa U TeH30PHOe TPOu3- TeH30pHOe mponsBegenne C' (M )-Momxynen

BencHue paCCJIOGHI/Ifl

DTO COOTBETCTBHE OYeHb MoJje3no. Hampumep, mycTh 3aaHo oTobpayKeHie MpoCcTPaHCTB
cedennit ['(E) — I'(E’). Torga ecan sTo orobpaxkenne C'° (M )-1nHellHO, TO OHO COOTBETCTBYET
0TOOGPAKEHNIO CAMUX PAcCIOeHNUIl, TO ecTh cevennio paccioenns Hom(E, E') = E*QF.

Jlpyroit npumep. Dxementhr C°°(M)-wonyas QF(M)@T(F) maswiBaiorTcs k-popMamu co
3HadeHnAMNI B paccaoennn I. O cooTBeTCTBYIOT cedennsaM paccioenns T M@ FE. B sagan-
HOW TPUBHAJIN3ANNE PACCIOeHNs [ OHN MMET BT Y w;@De;, TjJe w; — k-(POpMBI, a cedeHus
e; paccaoenns F o6pa3yioT 6a3uc ero cJIoeB B KayK 10 TOYKe. DTO yI0O6HO: He HYKHO BBOAUTH

KoopauHATH Ha M.
p paz q pas

Paccaoenne TM@ - - @TM @T*"M@ -+ @T*M (coxpamenno TP M@T*1M) pas-

MeprHocTn nPTY HasbiBaeTCA menzopubim  paccaoenuem Tuma (p,q), a ero cede-

HOA — TNEN30PAMU, WIA MENIOPHLIMYU NOALMU. BbIGOp JOKAIbHBIX KOODAUHAT
(x',...,2") ma M onpegserser B npocrpancrBe Tenzopos TEPM@T ®IM  6Hazuc
0piy @+ @0, Qda @ - - - @da?e, vpe 0, = 0d/0z'. B pToM Gaznce TeH30D T =

’il...’ip . . ]‘q p_|_q v ’il...Zp B
T11~;~Jq 0,1 @ - -+ @dale 3amaeTcs HabOpOM N vC]QyHKHI/II/I le...jq (). DTO maeT KOOpAWHAT
HBIN TIO0AXO0 4 K IMOHATHUAM TEH30pa M ollepalllil Hal HUMHU, CM. IIPUJIOKEHIE D.

IIpumepst. Bexropoe more — Temsop tuna (1,0), muddepenunansias 1-gpopma —
remsop Tuma (0,1). Puvanosa crpykTypa n muddepennnanbibie 2-popMbl — TPUMePHI
cevennit paccaoenus T*92M, rto ecth Temsopos Tuna (0,2). OTmeTnM, 9TO pEMaHOBaA
CTPYKTYpa ¢ 3ajiaer oroxnecrsienne T, M — T*M: £ — g.(£,+), 970 HO3BOIAET OTO-
KJECTBUTDH BCE MPOCTPAHCTBA TEH30POB THIA (P, ¢) ¢ PAaBHBIME p + ¢.

[IpuBemem Baxmble TPpUMEPHI PACCIOEHUN, HE ABIAIONINXCA TeHsopubiMu. Kean F —
M — Bekrtopuoe paccioenne, n f: X — M — raagkoe oTobpaxenne, 1o Ha X BO3-
nukaeT undyyuposannoe paccroenne f*IE =] oy F). (Crporoe onpegerenme gaiire
CaMOCTOSTENBLHO. )
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Kacatennroe paccioenme mogmuoroobpasus M C RY geigercs moapaccroenu-
eM TpuBraabuoro N-mepuoro. CooTBeTcTByIOIEe (haKTOPPACCIOEHTTE HA3LIBAETCI HOP-
MaAbHBLM PaccIoermeM MHoToo6pasus M. Ecin ma RY ¢ukcnpoBana eBKImI0Ba CTPYK-
Typa, TO HOPMAJIbHOE PACCIOEHNE COCTOUT U3 BEKTOPOB, OPTOTOHAILHBIX M.

3aga4a 7.2. [lanTe onpeenenne HOpMaIbLHOTO pacCIoeHns moaMuoroobpasns X C M
MHOT006paszus M.

[IpoexTuBHOE mpocTpancTBo P obpasoBano mpambimu B R™. Ha P" mmetorcs mas-
moso2uueckue OTHOMEDPHOE paccioenne T u n-mepuoe v. Caoem T wman toukon [ € P"
ABIAETCA caMa TIpAMas [; CloeM paccloeHmsa v CIyXKuT ¢pakToprnpocTpancTso R /[
AHATOTWYIHO OMPEIENAIOTCS TaBToJorndecKne k-MepHoe 1 (n — k)-MepHoe pacCloeHus
Ha mHuo2o00bpazuu I'pacemana Gy, k-MEpHBIX HOAIPOCTPAHCTB N-MEPHOI'O BEKTOPHOI'O
MPOCTPAHCTBA.

3agada 7.3. [locrpoiite kanonmdeckuin wzomopdusm TGy, = Hom(r,v) = 7*@w.

8. CBA3HOCTHL KaK KoBapuMaHTHoe auddepeHnpo-
BaHUeE

[MousTus cBA3HOCTH, NapalleJbHOrO IIepeHoca, KPUBU3HLL JOCIOBHO MEePEHOCATCA Ha
BeKTOpHEIe paccroeHns. OaHako Bce DTU MOHATHUA IJA BEKTOPHBLIX PACCIOCHIN MOKHO
BBOJUTE IIPYU IHOMOIIN A3bIKa KOBapUaHTHBLIX IIPOU3BOIHEIX, ¥ KOTOPOI'O HET aHalol'a [
IPOM3BOILHLIX paccaoenuii. CorracHo >TOMY HMOAXOIY CBA3ZHOCTL B BEKTOPHOM pacCioe-
unn £ — M — 5T0o Bo3MOXKHOCTL quddpepeHnnpoBaTh €ro ceIeHns BAOIbL BEKTOPHBIX
moJen Ha 6ase M.

Onpegenenue. Addunnoi ceaznocmovio (nmm xosapuawmmuvim Jupdepenyuposanu-
€M) HAa3BIBAETCA OTOOPAKEHNe, COMOCTaBIAIIee KaK oMy cedennio s € ['(F) n Bek-
Topromy nomo { Ha M HOBoe cedenue Vs, mpudeM >To oTOGpaKeHUe ITUHENHO 1O §
OTHOCUTETHHO YMHOXKEHNS Ha (PYHKIINH, a TT0 $ oHo R-TWHENHO U yI0BIeTBOPSAET MTPABU-
ay Jleubnura

Vefs=¢Ef s+ fVes.

[Ipumep: £ = TR"™, V — nokoopannataoe auddepeHnnpoBanne BEKTOPHBIX TOJEN,

paccMaTpUBaEMbIX KaK BEKTOP-(PYHKITNN.

3agaua 8.1. llycto V — kax B mpumepe, n = 2. Haugure npomssonnyo V,v mis
u = u'd, + u?d,, v =00, + v2J, B HOTAPHBIX KOOpAMHATAX HA TLIOCKOCTH.

Hpyroun mpumep: M C R™ F = TM. KoBapranTHas mponsBoHas OIS U BIOIE OIS
€ ompejiensieTCs TaK: HyKHO cliepBa MpoaudepennpoBaTh v BAOIL ¢ MTOKOMIIOHEHTHO,
a 3aTeM OpTOTOHAJIbLHO ClpoeKTupoBaTh Ha 1 M.

3agaua 8.2. [IycTs, kax B npumepe, M = S? — equnudnas cpepa, £ = T'M. Haiigure
npoussoguyio V,v aas u = u'dy + u?d,, v = v'0y + v?d, B cheputeckux KoopaAUHATAX.
3agaua 8.3. [lycts £ — kakoe-Huby b TeHzopHoe paccioenue, nanpumep, T'M win

T"M. lUpoussonnas JIlu Lg ynosrersopser npasuiry Jlenbuuna. fABisercs mu ona cps3-
?
HOCTBIO !
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JlmneitnocTs 1o € Mo3BoIgeT «COGpaTh BMECTE) IPOU3BOIHEIE TT0 PA3HLIM HallpaBIeH-
AM U onpejeruTh oTobpaxenue npoctpancts cedennit V: ['(E) — QY(M)QT(E). Ipo-
U3BOJHAS CEIEHNA S BIONbL KOHKPETHOI'O OIS 3aJaeTCsA ero CBEPTKOU ¢ MePBLIM COMHO-
KuTenaeM B Bhipaxkennu nida Vs. [looToMy okBUBaJeHTHBIM 00pa30M MOKHO ONpPeNeanTh
CBA3BHOCTDL Kak oToGpaxkenme nmpocTpancTs cevennit V: ['(E) — QY M)QI(FE), ynosre-
TBOpsAtolee npasuay Jlenbunma

Vis=df@s+ fVe.

3agaua 8.4. Kak, 3nas npousBojguble Vy s BIOIb 6a3UCHBIX MOJEH, OIPEJeInTh HOI-
x
HYIO TTpOu3BOAHYI0 Vs, 1 06paTHO!

3agava 8.5. [lycts £ = T*M, torpa ['(E) = QY(M). lpasuno Jlelibnuna Takxke
CTONT B OCHOBe ompejenenus BHemrHero audepentmposanus d: Q'(M) — Q*(M) C
QI(M)(EQQI(M). AsngeTcs au oHO CcBA3BHOCTHIO!

Beibepem TpuBmammsanmio paccraoenus F B mexkoTopou obractu U C M, To ectn
nabop {e;} ero cevenmit, obpasymoumx Gasuc B Kaxgom caoe. [Iponuddepennupyem
KakJoe €; I Pas3loXuM ero o ToMy XKe basucy, Ve; = 0;@62'. Matpuma § = (9;, co-
crostas u3 l-popm (¢ — HOMeEp CTPOKH, j — HOMEp CTOJOIA), HABBIBAETCS MAMPU-
yet ceaznocmu. OHa TOTHOCTHIO ompenenseT V B MaHHoOW oOIacTH: IO ONpeNeTeHnio

Vsie; = ds'@e; + 5i02j®ej = (dsi + Gésj)(@ei, W’
Vs =ds 4+ 0s

B MaTpUYIHON (POpPMe, eCin § MPENCTaBIATL KaK BeKTop-cToaber. Haobopor, Goxee mo-
npobmo B KoopannaTax Ha M MOXKHO 3ammcaTh
Vst = Vst = O i
kS = a S = — ,kS 5
ok Ok J

rae 0, = T, dz". Oyukmmn %), maspiBatorca cumsoranu Kpuemoddeas. Taxum obpa-
30M, JOKAJIbHO CBA3HOCTD 3a]aeTCs IPOU3BOILHBIM HabopoM 13 n N? dpyHkuuii, rje n —
pasMepHOCTEL 6a3bl paccioenms, a N — pasMepHOCTh ¢ios (T.e. paHr paccroenus ). [mo-
6aIbLHO TTPOCTPAHCTBO CBA3HOCTEN ABIAETCS apPUHHBIM TTPOCTPAHCTBOM HaJl TPOCTPaH-
ctBoM cedennii paccaoenus Hom(E, T*"M@FE) = E*@T*M@FE: pasanna 1o6bIX IBYX
ceasHocTen Vs — Vis IUHEHa yKe KaK 1o &, TaK I 10 §.

Sagaua 8.6. /lusa cBasnocTen 3amad 1,2 onpemennTe MaTPHUIBI CBA3HOCTH, CHUMBOJBI
Kpucrodderns.

Conpsocennas ceaznocms V™ Ha paccioernnn K™ onpenenseTcs caenyonmM yCIOBIeM:
ecin ceverna v € ['(E*) u s € I'(F) xkoBapmaHTHO MTOCTOAHHLI BJIOJIb KPWBOU ¥, TO
BeJudnHa (U, $) He MEHAETCA BAOAL DTOW KPUBOU. DTO YCJIOBHE PABHOCUILHO PABEHCTBY

d(u,s) = (V'u,s) + (u,Vs), mm, mrade, (Viu)(s) = u(s) —u(Ves)

A8 IpousBoabHbIX cedennit u € [(E*), s € ['(E) nnoxs €. B apoiicrsennonm Gasuce { f*}

MaTpHIla COMpsKennon caasnocTu 0 mmeer Bung 0 = d( i, e;) = 07 + 0%, 1r.e. 0* = —07.
pHIa comp a Lej) = 0]+ 07,



KPHUBHU3HA ADDPHHHON CBA3HOCTH 23

I3 aHaIOTTYHBIX cOOOpaKeHHI ompejenseTcs cBazHocTh VO ma TemsoproM mpo-
usBegennn paccioennit I u F co ceasnocramu VE n VI

vVEer o = (VEU)®U + u®(VFU), Vf@)Fu@v = (V?u)@v + u®(vgv) )

B mambmentiem MBI, Kak mpaBmio, 6yeM HCIOIL30BaThL obo3Hadenne V KaK [JIi CO-
MPSKEHHON CBA3HOCTH, TaK W [JSI CBABHOCTEN Ha BCEX TEH3OPHLIX CTEmensx [,

9. Kpususna adpPpuHHOU CBA3HOCTHU

Cedenne s Ha3BIBaAETCA KOBAPUAHMHO NOCTOAKNLLM BAOIL KpuBou v C M, ecan
Vs = 0. YcaoBue KoBapuaHTHOWN HOCTOAHHOCTH 3aaeT CUCTEMY JIHHEUHBIX OObIKHOBEH-
HBIX AuddepeHrnaTbHbIX YPaBHEHNN Ha KOMIIOHEHTEI CETEHS S, I CJIeNOBATEIHHO, 34 1a-
eT quHenHoe oTobpaxenne K gy — 1) cloe, Ha3bIBACMOE NAPAAACALHBIM NEPEHOCOM
BJIOTL KpuBon 7. Takum ob6paszom, JUHENHAS CBA3HOCTH B BEKTOPHOM PACCIOEHUN — 3TO
TOMOMOTTIECKAs CBA3HOCTD, MJSI KOTOPOU MapallelbHble MePEeHOCHl SBISIOTCA TMHENHbI-
MU TIpeobpazoBanuAMEu. B (PpUKCHpOBAHHON TPUBUAIM3ANNN LIOCKOCTH TOMOJOTTIECKON
CBA3HOCTH 3aJafoTcsA obpallleHneM B HOXb 1-popM w' = ds® + (9;01.

CBABHOCTD Ha3BIBAETCS NAOCKOU, €CIU B OKPECTHOCTH KAy JIOU TOYKEM HAUAETCS Pe-
mep, COCTOSAIINN U3 CEYEHNN, KOBAPUAHTHO MOCTOSHHBIX BO BCEW OKPECTHOCTH, TO €CTh
CYIIECTBYET TpUBMAIU3AIUsA, B KoTopon § = (. DKBUBAJIEHTHO, CBA3HOCTH IIOCKAs TO-
ra 1 TOALKO TOT /A, KOT,a TapalelbHbIl TePEHOC CIOEB He MeHAeTCS TPU HEMTPEePLIBHOM
n3MeHeHnn KPUBOU, COeNNHSIONEN ABe 3aMannble ToUKn 6a3bl. CoracHo obInen Teopun
TOMOMOTTIECKUX CBA3HOCTEN, 9TOOLI BBISICHUTE, SIBJSIETCS I CBA3HOCTD TIOCKON, HEOHXO-
JIUMO BBIYUCIUTH ee KpuBu3ny. Hamomunm, ¥To nms xacarerbubix BekTopos &, n € T, M

kpuBmsHa R(&,n) — BeKTOpHOE ToJe, 3a1atollee HHOTHNTEINMATbLHOE TPeodpa3oBane
caos E,.
Jlemma. Feau ceaznocms 6 eexmopnom paccaoenuu aunetina, mo R(E,n) — aunei-

notli aHAOMOPPUIM CA0%, AUNETNO U KOCOCUMMEMPUUHO 3asuciswut om &, 1. Bo ecaroi
MPUBUAAUZAYUY IO AUHETHOE Npeobdpa3osanue 3adaemes mampuyet

R=d)+0A0,

cocmasaennoti uz 2-gpopm wa M.

[IpuBenennas Qopmysa HasbiBaeTCA cmpykmypuvim ypasuenuem Kapmana. Taxum
06pa3oM, KpUBU3HA 3aJaeTcs NMobalbHbIM cedenneM paccioenus T* M@ E*QE, nasbl-
BaeMbIM men30pon kpueusnvl. Huxe mpuBenensl apyrue ero nHTepnperainu. B kagecTBe
CIeICTBUS OOIIEN TEOPUH CBI3HOCTEN TONYIaeM CAENYIONNH KPUTEPUN TLIOCKOCTH.

Teopema. Jlunetinas c6a3nocms a648€mes naockol moeda u moavko moeda, koeda
€€ MEHZOP KPUBUIHBL MONCICCTNGEHNHO PAGEH HYAI0. U

MokazaTeabcTBo deMMbl. Boibepem Tpusnatusamuio 7~ H(U) = U x R"™ ¢ koop-

AdUHaTaMI 81, .. .,Sn Ha BTOPOM COMHOZKUTEJE. YcaoBue KOBELpI/IELHTHOﬁ IIOCTOAHHOCTH
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ceveHus COCTONT B TOM, 4TO ero rpaduk kacaercsa miockocrenr C(y) € T,U x R", 3a-
JaHHbIX 1-popmamu w' = ds' + 0}
ma U x R", kacaiomerocs miockocren C(y), nmeeT B

s?. Taxum obpasom, mogusarue moas ¢ na M mo mons &

E= -5
Orcroga Haxommm,
TN : X o0 D

= <§0§(77) —n05(€) = 03¢, U]))Sj aii + <9;(5)9§(77) - ‘9;(77)‘9?(5» s 82“

TO €CTh MBI ITOJYYa€eM JWHEHHOE BEKTOPHOE TIO0JIE Ha CJO€E Rn, MaTpulla KOTOPOT'O paBHa

R(§,m) = €0(n) —nb(&) = O([&n]) + 0(£)0(n) = 0(n)d(&) = (df + 6 AO)(& ). O

Huxe OpuBeAcHbI Pa3JlIHbIe NHTEpIIpeTalun TEH30pa KPUBU3HEL.

3agada 9.1. /lokaxure, 9TO TpHM U3MEHEHWH TPUBUATI3AIIII e; = a;ei MaTpu-
oa KpI/IBI/I3HBI 3aMeHdgeTCdaA Ha R/ = G_IRG, KaK " IIOJO2KE€HO ,I[JI}I Ce‘{eHI/Iﬁ paCCJIOGHI/I}I
TNMQFE*QF.

3aga4da 9.2. /lokaxure, 970 oTOOpaKenne IpOCTPAHCTB CEUCHNN
R(§,n) = VeVy =V, Ve = Vig g T(E) = T(E)

C*(M)-numeiino, TO €CTh COOTBETCTBYeT TiobarbHoMy oTobpaxkenuio R(E,n): £ — E
caMoro pacciaoenus. IlokaxnTe, 9T0 MaTpHIa DTOIO OTOOPaKEHNA B IPOM3BOILHON TPH-
BHAIM3AII COBIANAeT C MaTPUIEN KPUBU3HDL.

3agada 9.3. /lokaxuTe, 9TO JuHelHOoe IpeobpasoBanne ciod F,, 3ajaBaeMoe IIa-
paLIelbHBEIM OOHOCOM 10 MEPUMETpPY TapaielorpaMMa CO CTOPOHaMNI &€, £, IMeeT BH /I
i~ 2R(En) + ofc?).
3agava 9.4. [Ipogonkum orobpaxenne V: I'(E) — QY M)QT(E) no orobpakenus
V(F). Qk(M)®F(E) — Qk"'l(M)@F(E) 10 IPaBULITY
V(k)(w®5) = dw®s + (—1)’“@ AVs.

Nloxazxure, uro otobpaxenne VNoV: ['(E) — Q*(M)@I'(E) ssasercs C°°( M )-mmmeii-

HBIM 1 JOKAJThHO 3ajaeTCs YMHOXKEHUEM Ha MaTPUIly KPpUBU3HBI [7.
Sagada 9.5. [lokaxuTe, 4T0 B KoopuHaTaX KOI(PPUITUEHTHI TEH30PAa KPUBU3HBI [{ =

;M dr*@dz'®@e;@e*’ mvetor Bun

= gk~ gar Tl T

B xaknx npeneilax MEHAITCA MHAECKChI B 9TOM paBeHCTBe?

T TP
plrjk )
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10. PumMmanmoBa CBA3HOCTD.
CuMMeTpun TeH30pa KPUBU3HLI

[lycts F = TM — kacatenbnoe pacciaoenne. CUBA3H0cTh V Ha KacaTeTbHOM PaCClIO-
EHIN HA3BIBAETCA CUMMEMPUUNOT, €CTN BBITOJHEHO JI000€ U3 CleNyIOIINX PaBHOCHILHBIX
YCIOBUI:

1) cumBon Kpucroddens cummerpuden no HukHuM uagekcam Iy =T

2) Ven — V.6 = [€,n] Ana TpOn3BOIbHBIX BEKTOPHBLIX monen ma M.

3) AmbrepuupoBanme conpsaxennoil cpasnoctn V: QY M) — QYM)@QY (M) =
[(T*®?M) coBnagaeT (¢ TOYHOCTBIO MO MHOXKHUTENA) ¢ BHEIHEM uddepeHIuaiom,
dw—2(Vw)ay = dw—Vw+oVw = 0 nua Beskon 1-popmer w, rae o: T2 M — T2 M —
olnepannsa nepecTaHoOBKI MHOXKNTENE.

3aga4da 10.1. Boibepure ao6oe cBOUCTBO, IO BKYCY, U BRIBEUTE I3 HENO OCTAILHBIE.

3agada 10.2. /lokaxuTe, 970 cuMMeTpHUIHASA CBA3BHOCTH CYIIECTBYET Ha JIOOOM MHO-
roobpazun. OT CKOILKUX TPOU3BOILHBIX (PYHKIINN OHA 3aBUCUT JOKATILHO!

U3z nocrenmero cBoncTBa BBITEKAET, B 9aCTHOCTHU, 9TO [ CAMMETPUIHOUN CBI3HOCTH
6CARAS KOBAPUAHMIO nocmosnnas L-popma amrxuyma (ecan cyecTByer).

3aga4da 10.3. /[lokaxure, 9T0 414 BCAKOU CBA3HOCTH omeparus 1 : w +— dw — Vw +
oVw InHenHa 1Mo w, T.e. ABIACTCS TEH30POM.

Hoctpoennwiit Temsop T € Hom(QY (M), QM(M)@Q' (M) = T(TMRT*®*M) =
Hom(T®*M, T M) nazbiBaeTcs menzopom kpyuenus. B mocreqmem mpencTaBieHnn ol co-
nocrasiasier mape monenn £,n noxe T'(E,n) = Ven — V€ — [€,n]. Koopanwatsr Temnsopa
kpyuerns nvetor Bug T = I — I Y cHMMETpUYHON CBABHOCTH TEH30p Kpy<deHHs
paBeH HyJIro.

Teopema. Cummempuunasn céazmnocms wa I'M seasemes aokaavno e6kiudosot, m.e.
uneem cunsoavt Kpucmoggean Iy = 0 6 newomopoti xapme na M moada u moavwo
moeda, koeda ee MENIOP KPUGUHBL MONCIECTNEEHHO PAGEH HYAIO.

MokazaTeanbcTBo. [lo Teopeme m3 mpeLIAyIen JeKIUH, B OKPECTHOCTH KaiK TOU
TouKm cyimecTByeT penep {e;(x)}, cocTosmmi 13 KOBApHAHTHO TMOCTOSHHBIX BEKTOPHBIX
noxeti. [[BoficTBennHbIN pemep {e*} B paccioenun T M TakiKe KOBapHaHTHO MOCTOAHHBII.
Ecim ¢BA3HOCTH CHMMeTpHYHa, TO 1-popMBI €' 3aMKHYTHI, TO ecTh JOKaIbHO €' =
dz'. TlocTpoenHble (PYHKIHE &' MOXKHO IPHHATH 3a JOKaIbHBIE KOODANHATHL. B »Tmx
KOOpAWHaTaX €; = O, — KOBapMaHTHO MOCTOAHHBLIE BEKTOPHbIE TIOJNA, TO €CTh CUMBOJbI
Kpucrodpdens obpaiatorcss B HOIb, 4TO U TPeOOBATIOCH. U

B otawtane ot cummeTputnon cBssuocTn, onpenenerton mias 1M, monsTue cBA3HO-
CTH, COTIACOBAHHOU ¢ PUMAHOBOU CTPYKTYPOU, UMEET CMBICT s TTPOU3BOILHOTO pPac-
croenuss F — M.

Pumanosa empyxmypa wa paccroernu £ — ceMencTBO MOMOKNTENLHO OMPEIETEHHBIX
KBaIpaTUIHbIX (PopM ¢, Ha caosx F,. Hanpumep, pumanoBa cTpyKTypa Ha MHOT00Opa-
3UN — DTO, MO OIPEIENEHNIo, PUMAHOBa CTPYKTYpa Ha €ro KacaTelbHOM pacCIOEHUH.
PumanoBa cTpykTypa 3agaer oToxaectBienne F — E*: v — g.(v,-). Umes B Buy 510
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OTOXK AECTBIEHNEe, MBI Oy 1eM 0603HadaTh depes (-, ) KaK crlapuBaHiie BEKTOPOB 1 KOBEK-
TOPOB, TaK U CKaJsApHOE MTpOou3BeneHue.

CesznocTh V Ha3bIBAETCS €024AC06ANNHOT ¢ PUMan060l cmpykmypot, ecin V coBIa-
TaeT C COTPSIKEHHOU CBA3BHOCTHIO V¥ TIPU DTOM OTOXK N€CTBICHNT.

3agada 10.4. /lokaxnre, 9TO CBA3HOCTHL COTMACOBaHa C PUMAHOBON CTPYKTYPOH TO-
rja n TOJBKO TOI/a, KOI'/Ja BBIIOAHAETCA J060e U3 CIeYIONNX PaBHOCIILHBIX yCIOBHN:

1) mus Tpou3BONBHBIX cedenuit u, v € I'(F) Bumoausercs pasenctso d(u,v) = (Vu, v)+
(u, Vo), me. &(u,v) = (Veu,v) + (u, Vev);

2) MeTpuKa ¢, paccMaTpUBaeMas KaK cedenne pacciroenus F*@FE*, KoBapmanTHO T0-
crosinHa, Vg = 0;

3) B TPUBHAIM3ALINN, 3a/JaHHON OPTOHOPMUPOBAHHBIM 6a3lCOM CEYeHUl, MaTpHIa
cBA3HOCTH f KococmMmMeTpndHa, 1 = —0.

Sagaua 10.5. JokaxuTe, 94TO CBABHOCTH, COMJIacOBaHHas ¢ PUMAaHOBOU CTPYKTYPOI,
cymecTByeT Ha J060M paccaoennn. OT CKOTBLKAX TPOM3BOILHEIX (PYHKINN OHa 3aBUCHT
JOKadBLHO?

Teopema. B kacamebnom paccioenu pumarnoéa muo2000pa3us cyuecmeyem edum-
CMBENHAL CUMMEMPUUNAR CEAZHOCTND, COZAACOBANNHAL C PUMAHOE0T CMPYKMYPOU.

Takas cBA3HOCTDL HasbIBaeTCs cegaanocmbio Jesu- Husuma.

IIpumep. Ha nBymepHoil moBepXHOCTH BbIGepeM (JIOKATBLHO) OPTOHOPMUPOBAHHBIN
6a31c BEKTOPHBIX TIOJNEN €1, €9. B DToM Hasmce cornmacoBaHHOCTH CBA3HOCTH € PUMAHOBOM
CTPYKTYPOU PABHOCHIbHA KOCOCHUMMETPUIHOCTH €€ MaTPUIIEL. [akuM 06pa3oM, MaTpUIia
CBA3HOCTH M KOBapHUaHTHbLIE MTPOM3BOAHBIE UMEIOT B

0 —fs
= 051 0 s vfel = 051 (5) €2, v§€2 = _051 (5) €1
s HekoTopon 1-popmer dsi. Ilo yeroBuio cuvmverpuanocTn [ey, €3] = Vi ea — Ve =
—0s1(e1) e; — Os1(e2) €3, TO ecTh 051 — 1-popmMa PUMAHOBOU CBA3HOCTH ACCOIMIUPOBAH-

HOI'O Sl—paCCJIOGHI/I}I.

JokazaTenrbcTBO TeopeMbl. UTOOB OMpeneInTh TPON3BOIHYIO Ve, {2 OMHOTO HO-
JA BIOTL PYTOr0, NOCTATOYHO 3HATEL €ro cKalipHoe npousBenemnie (Ve &z, €3) ¢ Io6bIM
Harrepen 3aJaHibIM modeM (3. Jadurcupyem Tpouky moten i, &y, €3, m paccmorpum 6
dbyuxmmn (Ve &, &), {4,7,k} = {1,2,3}. YcaoBue cormacoBaHHOCTH ¢ pUMAHOBON CTPYK-
TYpPOU HaKJaAblBacT Ha HUX TPHU YPaBHEHUS

(Ve &in &) + (Ve &in &) = &(&, &) -

Yenopue cummerpuanocta Ve, & — Ve, &k = [§k, §] naeT eme Tpu

(Ve 655 &) — (Ve &y &) = ([, 6515 &) -

PELSPGHIEL}I ITOJYYEHHYIO CUCTEMY IIECTHU JMHENHBIX ypaBHeHI/Iﬁ OT IeCT HEeUu3BeCT-
HBIX, OIIpenesieM €€ pelleHsd, B 4aCTHOCTH,

(Verbin ) = 5 (66(606) — 606, 6) + 66 &) — (16,6 €) + (16,61, 6) + (6,616
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OcTaeTcs autih TPOBEPUTDH, ITO TOJIYIEeHHOE BhIpakeHne JUHenHo 1o &;, £ U yaoBIe-
TBopsieT npasuny Jlenbuuna mo ;. g

[IpuBenennas dpopmyna, npuMeHeHHbIE K Ga3UCHBIM BEKTOPAaM, MO3BOIAIOT MOJYYUTH
SBHBIN BU KO>(pPuiimenToB csznocTr. OH yIpoImaeTcs B ABYX YaCTHLIX CIyYdasX.

3aga4da 10.6. [lokaxure, aTo B 6aznce kommymupyrowur moaen 0, KodPpPUIneHTsl
CBA3HOCTHW WMEIOT B

F;‘k = 1/29”(6ku13‘ - axlgjk + axﬂglk) )

v 1 ;
nim, B MaTpudHoi Qopme, § = 297" ||dgi; — diu; + Ojuil|ij, vae up = gijdat — Gasmc
JIBOMCTBEHHBIX 1-popMm, a J; = 0,

ITOKOMIIOHEHTHBIC 9aCTHBIC IIPOU3BOIHBIC.

3agaua 10.7. [lokaxkure, 910 B opmonopmuposannon cazuce noaen {&;} koodduin-
€HTHI CBA3HOCTH MMEIOT BU [

[ = 1/2(cp; + el + i) rae [&,&] = ¢ -
Bot apyroe memocpencTBeHHoe cleicTBUe IPUBENeHHON (hOPMYIbL.

Teopema. [Iyemv N C M — nodmnoeoobpazue pumanosa muoeoobpazus M. Pac-
emompum ceaznocms wa N, komopas 3adaemes duddepenyuposanuen noiet 6 c643no-
emu Jlesu-Husuma wa M ¢ nocaedyowun opmoeonaavuvim npoexmuposanuem na TN .
Hoayuennasn ceaznocms coenadaem co ceaznocmuio Jlesu-Husuma na N.

lencTBuTenbuo, ecan moas &, &, €3 KacaloTcesa nogMuoroobpasus N, TO orpaHnaeHus
Ha DTO TOAMHOr00Opasne KOMMYTATOPOB TOJEH, TPON3BOAHLIX (DYHKIINN BAOAL HUX, I
T.[I. 3aBUCAT JHUIIL OT orpaHmdenns monen &, s, 3 Ha DTO MoAMHOroobpasne. O

Mur autimemn pas ybex maeMcst, ITo onepalns mapaiielbHOr0 TepeHoca KacaTelbHbIX
BEKTOPOB Ha noBepxHocTu B R kak oma 6bLia ompejeleHa B OJHOI U3 IEPBbLIX JEKIIWil,
OTHOCUTCSI K BHyTpPEHHEN T€OMETPUN TTOBEPXHOCTH.

Teopema. Pumanosa cmpyxmypa na M seasemcs 10xa1b10 €6KAUI0601, m.e. npu-
sodumes ® 6udy Y (dz')? wokarvnot zamenoti koopdunam moeda u moavko moeda, koeda
menzop kpueusnsvl cesaznocmu Jlesu-HYusuma moowcdecmeenno pasen uyaio.

[loxazareabcTBo. [lockonbky cBsasnocThb JleBu-HuBnra cummMeTpuyHa, CylecTByeT
cucTeMa KOOPIUHAT, B KOTOPOU ee cuMBOJIBI KpucTtoddens obpaimaiorcs B HOIb. B oTux
KOOp,Z[I/IHELTELX yCIOBUE COTVACOBAHHOCTH CBSA3HOCTU C PUMAHOBOU METPHUKOU ¢;; MMeeT
BU ag” = 0, T.e. kBagpaTuIHad popma gijdxi dx’ mMeeT oCTOSHHbBIE KO(p(PUIHEHTHI,

i1 ac]pc]QHHHOfA 3aMeHOU OHa TMPUBOANTCI K CyMMe KBapaToB. U

Teopema (cuMmeTpum TeH30pa KpUBU3HBL). [lycms R — menzop wpususno
ceaznocmu Jesu-Tusuma na pumarnosom mnwoeoodbpazuu. To2da das npouzsosvubir 6ck-
mopubir noaet X, ..., U cnpasedaucvl pasencmea:

1) RX.Y) = ~R(Y. X);
2) R(X YV +RY,Z)X + R(Z,X)Y;
3) (RIX,Y)Z,U)+ (Z, R(X,Y)U) = 0
) (RIX,Y)Z,U)=(R(Z,U)X,Y).
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B apyroi ¢gopmMyImpoBKe, pacCMOTPUM TEH30p, MOMTy9aeMbIl OyCKaHIeM BEPXHEro
R N, PP
WHJeKCa B TeH30pe KPUBUSHBL ;i = (R(Opk, 0p1) 04, 0pi ) = gip 25y, Torna sTor Temsop
KOCOCHMMETPUIEH 110 IIepBOI 1 IOCIeIHEN Tape NHAEKCOB, e MEeHAETCA IPU 3aMeHe dTIX
map MHIEKCOB MeXK Iy cOGOIl, M CyMMa ero KOMIOHEHT IpH IMUKINIECKO! IIepecTaHoBKe
Tpex WHIEKCOB paBHa HY.JIIO,

Rijii = —Rjim = —Rijie = Riiiy » Rij + Ry + Raje = 0.

[loxazaTenbcTBO HECKOTBKO YITPOIIAETCA CAENYIOMINM 3aMedYaHueM: B CUTY TTOTIIN-
HENHOCTH TEOPEMY MTOCTATOYHO MNOKAa3aTh TOALKO [ CIy¥as KOMMYTHUPYIOMINX MTOJEH.

PagemcTBo 1) BXOAWT B OlIpeiesiene; OHO CpaBeInBO I TeH30pa KPUBU3HET JTIOO0T
CBA3HOCTH Ha JIOO0M pacCIOeHUN.

PagemcTBo 2) BoiTekaeT n3 GopMyIsl 3anaqu 9.2 mpeabLIyIen JIeKIN i COOTHOITEH TS
Ven = V,€ BepHOTO IS CHMMETPUIHON CBS3HOCTH W KOMMYTUPYIOWNX o€l (1s
BBITIONHEHS TOIO PABEHCTBA CONTACOBAHHOCTH ¢ PUMAHOBON CTPYKTYPOU He HyKHA).

[anee, paBeHcTBO 3) oTpakaeT TOT (PaKT, ITO MAPALIETLHBII TEPEHOC TT0 MATEHBKO-
MY 3aMKHYTOMY KOHTYPY B ILIOCKOCTHU BeKTOpoB X, Y coxXpaHseT pUMaHOBY CTPYKTYPY.
PopMaIbHO, COTTACOBAHHOCTD CBA3ZHOCTH ¢ PUMAHOBOW CTPYKTYPOU MaeT

XY(Z,U) = X(VyZ,U) —I—X(Z,VYU) =
(VXVYZ, U) + (VYZ, VXU) + (VXZ, VYU) + (Z, VXVYU) .

Boraucassn ananormano Y X(Z,U) u npupaBHuBas MOTy9deHHble BbIPaKeHUs, TOIYTaeM
paBeHCTBO 3) (/I €10 CIIpaBe IMBOCTI CHMMETPUIHOCTD CBA3HOCTH He TpebyeTcs, boee
TOTO, DTO PABEHCTBO CIPABEIJIUBO s CBI3HOCTH, CONIACOBAHHOU € PUMAHOBOU CTPYK-
TYpPOU Ha TPOM3BOILHOM PACCIOEHNN).

Haxowert, paBerncTBo 4) ABIseTCs alrebGpandecKinM CleICTBIEM paBeHcTB 2) u 3) (j10-
KazKITe CaMOCTOSTENBHO). O

[IpocTpamcTBo 4-mUHENHBIX (POPM Ha N-MEPHOM BEKTOPHOM TPOCTPAHCTBE, YIOBIE-
TBOPSIOIINX COOTHOMIEHUSM 1)—4), Ha3bIBAETCA NPOCMPANCINEOM MERZOPO6 KPUBUINDL.

3agaua 10.8. Haugnre pazMepHocTh MPOCTPAHCTBA TEH30POB KPUBU3HLI TIPH N =
2; 3;4; TpoN3BOIBLHOM 7.

Tenzopom Puuwu HasbiBaeTCsS cBepTKa TeH30pa KPUBU3HLL, T.e. OmanHelHas ¢ropMa,
paBras creny onepatopa Ric(X,Z) = tr (Y — R(Y,Z)X). B xoopannarax, Ry = R,

’ qil*
Craaapnoti xpueusnoti masbiBaeTcsa cren onepatopa Puaan, R = ¢¥' R, = ¢" R

qil*
3agada 10.9. Yro maeT cBepTKa TeH3opa KPUBHU3HLI IO APYTOH IMape MHIEKCOB?

Teopema. Ilycms M — noseprnocms 6 R?. Toeda R = 2K, ede K — 2ayccosa
KpuU6su3na.

loxazareabcTBo. llpu n = 2 B opTOHOPMUPOBAHHOM Oa3nce MaTpPUIla CBA3ZHOCTH

0 -0, v
S — |-
61 0 ), rune (951 1 qDOpMEL PUMaHOBOU CBA3HOCTU aCCOUMMPOBAHHOI'O

Slpaccroenns. Takum o6pasoM, MaTpulla KPUBU3HLL paBHa

umMmeeT Buj § = (

0 —dfs: 0 Ko
R=d04+0N0 = =
+ desl 0 —Ko 0
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CrenoBaTelbHO, TEH30p KPUBU3HLI MOJHOCTBIO ONpeneaseTcs Kommnonenton Ry, = K,

u, cBopadnBas ero, Haxomum R = R}, + Ri, = 2K. 4

Sagaua 10.10. [okaxure, aTo IpH 1 = 2 B IPOU3BOILHOM Gasuce K = R/2 = fhaz,
’ det [g]

IMpumep. Boraucanm rayccoy kpususny mMetpuxi g = da?+2 cos w(z,y) dv dy + dy?
U HallJleM eBKJINIOBLI KOODAUHATEL TP W = & + Y.

1) Onpegensiem matputy g = ||gi;||, o6paTayio maTpumy ¢~' u dpopmbr u; = g;;dr’
(Ko PUIHEHTH HTUX (HOPM — CTPOKH MATPUIIHI ¢ ):

_< 1 COSU)> o1 < 1 —cosw> uy = dx + coswdy
9=\ cosw 1 ’ sinfw\ —cosw 1+¢? /)’ Uy = coswdx + dy -
2) Haxomum marpuiry

1 1 dgni dgia — O1uz + Oyuy
0 = —dz—&u—l—auz :—< >
g 2 g i+ Oyl 2\ dga1 + Orug — dhuy dga2

_ 0 — sinw w, dy
- — sin w w, dx 0
1

(3,I[€C]) 82 — ITIOKOMIIOHEHTHBIC YaCTHBIE HpOI/I3BO,I[HBI€). ,ﬂOMHO)Kaﬂ CJ€eBa Ha g_ , HAaXO UM
MaTpuny CBA3HOCTHU

0 — < I da® T de* > 1 < cosww, dr  —w,dy >

2 de* T%de* ) sinw —w,dr  coswwydy

1 _ 2 _ 2 _ : 1 _ -
Taxmm obpasom, ['[, = ctgww,, I';, = ctgww,, I'l; = —w,/sinw, '}, = —w,/sinw,
ocTarbhble 4 cumBota KpucToddens paBabl HYyIO.

3) Haxoaum MaTpuily KpuBU3HbI

1 oS w dx N dy.

de@—l—@/\@:(

—cosw —1 > Wy

sin w

[Ipr npaBuibHBIX BerYucIeHuAX Matputa ¢l = R deg A de; norxua morydnTbes
KococuMMeTpudHon. U mencTBUTENLHO, TepEMHOK A MATPHUIILI, TTOXyTaeM

R < 0 —sinwwwd:zj/\dy>
=\ sinw Wey dz A dy 0 ’
TO eCTb Ry12 = —SINW Wy, K = Ijé—ilg? = _s?;zu'

4) Kopapmanruo mocrosunbie 1-gpopmbl nuMmeoT Buj udr + v dy, rie QyHKINA w, v
YIOBIETBOPAIOT CUCTEME YpaBHEHUN

du :0T ) nin g_g:Ctgwwxu_silﬁmwv Z—ZZO
’ v ’ ov w
dv v o =0 3y = “smm utctguwyv

sin w

[Ipn w = x + y kpuBU3Ha OGpaIaeTCA B HOMb, U Y DTOU CUCTEMBI YPABHEHUH HMEETC
COBMECTHOE pellleHne

U= ¢Co8T — Ca8INT, U =c¢Cosy~+ casiny,
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rie ¢y, ¢y — KOHCTaHTHI. TakuMm o6pa3zoM, KOBapUaHTHO MOCTOSHHbIE 1-POPMBI UMEOT
BU

udr+vdy = ¢ (cosaxdr+ cosydy)+ ca(—sinada 4 siny dy)
= ¢ d(sina +siny) + ¢y d(cos x — cosy),

I B Ka9eCTB€ UCKOMEBIX €BKJIUIOBBEIX KOOPIMHAT MOXKHO B3AThH X = sinx + sin Yy, Y =
COS T — COS Y.

3agada 10.11. /laa npuBeleHHLIX HIKe METPHUK OIpeIeInTe CBA3HOCTL f, raycco-
By kpuBuzny K. B cayuae, korma K = 0, mananre KOOpIWHATHI, B KOTOPHIX METPUKA
€BKJIN TOBA.

a) g = (1 +¢*)da’ + 2 dx dy + dy?, ¢ = p(a).

6) g = da? + cos? x dy*;

B) g = da? + 2% dy*.

Sagada 10.12. [lokaxunuTe, 4TO IpU N = 3 TEH30pP KPUBUIHbBI MMOTHOCTHIO OIpees-
eTcs TeH3opoM Puyyn.

11. T'eoge3nveckue

Kpusas y(t) ma pumanoBoMm Muoroobpasun M masbBaeTcs 2eodezuueckol, ecin ee
KacaTelIbHBII BEKTOP MapaJjlleleH BAoIbL caMonl Kpuson, Vv = 0. B xoopnunarax ypas-
HEHNe Meoe3nIeCKON MMeeT BU [

k

Y=-0(%)% mm  F=-Tid'%

DTH COOTHOIIEHNA 3a1al0T OOLIKHOBEHHOE nudpepennnaibHoe ypapHenne (To ecTh
BEKTOpHOE ToJe) Ha 2n-MepHoM pocTpancTBe T'M KacaTelbHOro pPacCloeHis. 3a faHie
HAYAJIbLHOTO BEKTOPA (BMECTE ¢ TOYKON MPUIOKEHIA) OHOZHATHO 3a,1a€T BCIO TeONe3He-
ckyro. [IpuBenemM cTamnap THbIE HHTEpIpeTAlNA YpaBHEHIS [e01e3NIeCKIX. PaccMoTpum
MeTpuKy ¢ Kax gyukumo T'(€) = 1[¢|* = 1¢(&, €), sananmylo Ha IpoCTpaHCTBe KacaTelb-
HOI'O PACCJOCHUS U KBaJpaTHIHYIO Ha Cl10iX (B Mexanuke 7' HasbiBacTCS KHHETHYECKON

SHEPTHEN ).

Sagada 11.1. /lokaxkuTre, 4T0 reoie3snvdecKre ABIAIOTCA TPAEKTOPUAMEI TBUKEHUA da-
CTHIIBI ¢ KHHETUYIECKON DHepruen ', a MEeHHO, CIIPaBe/[TNBLI CJIeNYIOITIe YKBUBAICHTHRIE
VTBED XK I€HIA (DKBUBAIEHTHOCTH DTUX YTBEPK JEHUT OOBIYHO TOKA3bIBAETCA Ha OJHON 13
MePBBIX JEKINI CTAHAapTHOIO KyPCa MEXAHIKI).

a) leonmesmyeckas, coennusiomas ToIKn a,b € M, sBiasieTcs dKCTpeMaIbio (PYHKIIO-
HAJOB [IWHBI U JI€WCTBII

I(7) = / Yl = / Vosiiia, Sy = [ 16y =3 [ )il d

Ha MPOCTPaHCTBE I'Na AKX KPUBLIX, COENNHAIOMINX TOYKN a4 1 b.
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6) YpaBHeHMe TeoIe3nIeCKNX NMeeT BI ypaBHenus Jinepa—.Jarpanxka

d d
%<a§>"a£

B) IIpw oroxnectBaennn T'M = T*M, 3a1aBaeMoM pUMaHOBOW CTPYKTYPOU, ypaBHe-
Hue Teole3ndeCKnX MPUHIMaeT B ypaBHennn | aMumibTona

or . T oT

=y T = o =gt =
p ax,ﬂ ap27 p g] a:ﬁ]

HacTo 1 06paTHO, MEXaHUYIECKYIO 3ajady MOKHO CBECTH K HCCJICNOBAHUIO TEOIE3H-
9eCKOT'O MOTOKa Ha HEKOTOPOM PUMaHOBOM MHOrooGpasmu. B Apyrol mHTepupeTamum,
MOKHO PAacCMaTpUBaTh BO3MYIIEHIe (HaIpUMep, CBETOBYIO BOIHY ), PACTPOCTPAHSIIONIE-
ecs B HEOTHOPOIHOU Cpeje, CBOUCTBA KOTOPOU ONMUCHIBaiOTCsA MeTpukon ¢. Coraacto
npuHnEny [onrenca, BO3MYINEHNE pacIpoCTpaHAeTCA, MUHUMU3UDYA IINHY, TO €CTh
BJIOJE T'€0/Ie3MICCKIX.

[Ipu msoMeTpuax reoge3mvdecKre MEPEXoJsT B Meofe3mdecKue, ModTOMY TIPH MTOMO-
I HUX JETKO CTPOUTDL WHBApHAHTH (KaK JOKaAbHbIe, TaK W NIOOGATLHBIE) PUMAHOBBIX
MHoroo6pasui. Hampumep, onn «modTmy ompeseisiorT cucTeMy KOOpAUHAT B OKPECTHO-
CTH Kakaol Todkn ¢ € M. Ircnonenyuaibnoe omoodpaxicenue COmoCTaBIAET BEKTOPY
£ € T,M rouxy (1) Ha reomesmdeckol, 3anantoll HavalbHBIM ycaoBmem ¥(0) = &.
IDKCIOHEHTTMAILHOE 0TOOpaKeHne 3aaeT KapTy B OKPECTHOCTH TOYKH &', Ha3bIBACMYIO
nopMmaabuviny koopdurwamany. HopMarbHbie KOOpIHHATEl ONPENEIeHbl ¢ TOYHOCTRIO 10
BpaIlleHns, TO eCTh diaeMenTa rpynmsl O(n).

3agaua 11.2. a) Haiigure npousBoamyio (T.e. MaTpuily AKo6n) sKCIOHEHTHATLHOTO
oTobpaxenus. /lokaxnTe, 9TO HKCIOHEHTIMATLHOE 0TOOpaKeHne ABIseTcs auddeoMop-
JuzMoM HEKOTOpOU 06JaCTU KacaTeabHoro npocTpancTsa 1, M Ha oKpecTHOCTDL TOYKI
x. [lokaxure, 9TO JH06BIE NBE JOCTATOYHO OIM3KIE TOYKU MOXKHO COENMHUTD €TMHCTBEH-
HOW Te0e3NIECKON, He BBIXOMAIIEN M3 OKPECTHOCTH DTUX TOIEK.

6) /lokaxuTe, 9T0 B HOPMAIBHBIX KOOpAXHaTaX cuMBOJIbI KpucToddemns F;k(()) obpa-
aroTCA B HONB, 1, Hojdee TOTO,

i = B+ 3 Rt ofle),  Tiylw) = S(R, + Riy)e! +olJe))

FGO,I[63I/ILIGCK&H JOKaJbHO MHUHUMU3UPYET pPaCcCTOAHNE MEXKAY NaHHBIMI TOYKaMHM 10O
TEX 0P, IOKa Ha STOfI 1"60,[[631/1"16CK01§I He TTOABJAIOTCA IMMapbl CONMPAXKEHHBIX TOYECK. TO"I—
Ka B Ha 1"60,[[631/1"16CK01§I Ha3bIBaceTCA COanleCGHHO?j TOYKeE A Ha TOfI xKe 1"60,[[631/1"16CK01?I,
ecaIn beckoHevYHo OJIM3Kas reonesnmvecCKas, BBIXO OAIIasd 13 A, TaKXKe IIPpOXOoInuT Yepes B
Hampumep, 10XKHBIT MOXIOC Ha cdhepe COMpAKeH ceBepHOMY (BHOIBL TIO00T Teomesute-
cxoir). lpn mpoXoxK meHnn CONpsAKEHHON TOYKH Y KBaAPaTHIHON (POPMBI BTOPOU Bapli-
anny (pyHKIMOHATA JTeHCTBAA (MIM JJINHBI) WHIEKC BO3pacTaeT Ha OJuH (106aBiseTcs
O/IMH OTPHUIATEILHBIN KBagpaT). boree (popMaibHoe ompenenenne 3aKI09aeTcs B TOM,
9TO COIIpsAKEeHHBbIe TOYKN — KPUTUYECKHE 3HaYCHUA SKCIIOHEHIaJbHOT'O OTO6pEL)KeHI/I}I.
CompsiKennble TOYKN MOXKHO HaWTH, BapbUpys ypaBHeHue [1ias reompesmvecknx. llycTo
v(t) — saganmas reonesmdeckas, OTHeCEHHas K HaTypalbHOMY TapameTpy, V (¢) — moxe
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ee eIMHNIHBIX KacaTelbHnX. 1lore J(t) BJIOJD Y HA3LIBAETCS AKOOUEBDLM, €CIU OHO — Ha-
o 3

JaJbHOE TToJe HEKOTOPOT'O CEMENCTBA T'e01e3MIeCKIX ’yA(t), J = ﬁhzo. Beskoe skobueso

TToJie yIOBIETBOPAET YpaBHEHUTO

J—R(V,J)V =0,

rjle Todka — (KoBapuWaHTHAs) MPOM3BOJHAA MO HaTypaibioMy mapamerpy. /lencTu-
Teabno, nois J = dy u V = J; KOMMYTHPYIOT Ha TOCKOCTH MEePEMEHHBIX A, , TTODTOMY

RV, YV =VyV,;V =V,;VyV =VyVyJ O

(MBI Bocmomb3oBainch ToxaectBoM VyV = 0 u csonictBom V;V = VyJ cumverpud-
HOCTH cBs3HOCTH). [lanee, passoxnm J Ha KacaTeIbHYIO U OPTOTOHATLHYIO COCTaBIS-
orme. O6e onn ABIAOTCS AKOOMEBLIME TToasiMu. KacaTerbnas cOCTaBIAIONIAs OTBETaeT
mepenapamMe Tpu3alny TeoIe3NIeCKON, TTODTOMY MOXKHO CINTaTh, 9TO OHA paBHA HYJIO,
uJ(t) = y(t)N, rne N — Bekrop egunnanon nopmain. Ormernwm, o N(t), kax u V (1),
KOBapHUAHTHO TIOCTOAHHBI BIOJL ¥, 1 Kpome Toro, R(V, N)V = —kN, rne k — rayccosa
kpusmsnaa. Orcrona J — RV, OV = (§ + k(t)y)N, 1.e. dynkuus y(t) yaoBreTBopseT
ypasrennio § + k(t)y = 0.

3agaua 11.3. /lokaxure, 4To permenus ypasuenus § + k(t)y = 0, k() < ko < 0,
nMeroT He 6ojiee OJHOTO HYJIS.

3agaua 11.4. [JokaxuTe, 9TO COCEIHIE HYIN BCIKOTO Peenus ypaBenus §+k(t)y =
0, k(1) > ko > 0, oTcTOAT He malee, YeM B clydae aHaJOIHYHOTO ypaBHenus ¢ k = ko,

T.e. Ha T /v/ko.

BoT npumepnr 1mo6anbubix yTBEPK JEHUN, TOMYyIEHHBIX PACCMOTPEHNEM Te0Ie3nte-
ckux. llycTh puMaHOBO MHOT'0OO6pa3me no.ano, T.e. BCAKadg reojie3mdecKkas MOKeT ObIThb
HeOT'paHUYeHHO NponoaKena. Ha moasnom MHOroo6pasun Jtobble Be TOYKN COENUHAIOTCA
e0IE3UIECKON MUHUMATLHON [JIIHEL.

a) ecim k < 0, To na M HeT map CONPSKEHHBIX TOYEK, OTKYJa CIENYET, YTO YHUBED-
canbHas HakpbiBatomas M nuddeomopdpna R u M ecth dakTop eBKINI0BA TPOCTPaH-
CTBa 1O IUCKpeTHON rpymmne AuddeoMopdpn3MoB.

6) ecim k > ko > 0, TO JIMHA TeONE3MYECKON MeX1y JIOOBIMI JIBYMS TOIKaMI
orpaHUYeHa, OTKyaa crenyeT, 9To M KoMIakTHO.

PacemoTpum skenomentmaibHoe 0ToOpakenne Ha BBIMTYKIOW MOBEPXHOCTH OOIIETro
nonoxenus B R%. Ha xax g0l reosesnveckoll, BLIXOAAIICH 13 TOYKM T, UMeETCA IepBas
COTIpsizKeHHasds TOYKa, BTOpasd, n T.1. KpuBas, obpaszoBaHHas n-Mu CONPAKEHHBIMU TOY-
KaMM, Ha3biBaeTCs n-M (POKATLHBIM MHOKeCTBOM TOYKHU T. [locaednas 2unomesza Axobu
YTBEPKIACT, ITO Ha KAHCAOM N-M HORAADHOM MHONCECTNEE UMECTNCA HE MEHEEC UEMBIPEX
mouex 6036pama.

Ecin M —crangapTras cdepa, a © — cEBEPHBIN MOTIOC, TO TTepBoe (POKATLHOE MHO-
KECTBO — IOKHBIA MOJIOC, BTOPOE — CEBEPHBLIN TOJIOC W T.[. JTa CATYAIUs CHILHO
BBIDOK IE€HHAs, U TOCIe MATEHLKOTO IIeBeleHus cephl (MM METPUKHN Ha Hell) KakKJoe
oKaTbHOE MHOXKECTBO MIPEBpAIlaeTCA B KPUBYIO, UMEOIIYIO TOYKN Bo3BpaTa. Jlokanb-
HOl MO/IETBIO DTOW CUTYAINH CIYKUT HBOJOTa KPUBO, OIM3KON K OKPYKHOCTH (TO €CTh
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doKaIbHOE MHOKECTBO NEONE3NIECKNX €BKINJOBOU METPUKH, OPTOTOHAIBLHBIX MaHHOW
KPUBOI, cM. JeKnnio 1).

B nacrosiee Bpems nokazaHo, 4To n-e poKaabHOE MHOKECTBO NMeEeT He MeHee de-
TBIPEX TOYEK BO3BpATa M BCAKOU METPUKU, NOCTATOIHO OIMBKON K ChepuaecKon. I To
yTBepK JeHue ABIACTCS OMHUM 13 BapraHTOB 0000IIeHUs TeOPEeMbl O YeThIpeX BeplInHax.
B obmiem ciydas TunoTesa ocTaeTCs HEJOKA3AHHON, Jake IS DIIUICONA0B (HECMOTPS
Ha TO, YTO YpaBHEHNE T'€0Ie3NIeCKUX A DIAUTICOUAa SBHO MHTErPUPYETCA B DIIUTITH-
JeCKUX (PYyHKINAX ).

3agada 11.5. /lokaxunuTe, 9T0 BCAKas M30MeTPHUs CBA3HOIO pUMaHOBa MHOIooGpa-
3Us1, HEMOABUKHO JENCTBYIONIAsd Ha HEKOTOPOU KacaTelbHOU IMJIOCKOCTHU, SIBISETCS TO-
K JTeCTBEHHBIM TTpeobpa3oBaHmeM.

3agada 11.6. Borancanre rpynmy msomeTpuil a) cdepbl 6) OIHON U3 O KOHYCA
v+ y?— 2?2 =0.

Hamomumm (cm. sagaay 2.3), 910 naockocmpio Jlobaueeckozo L maspiBaeTCs KOMIO-

HenrTa z > 0 rumep6oromnga z? — x? — y? = 1, cHabKeHHas PUMaHOBOW CTPYKTYPOIl,

WHIYyINPOBAHHON U3 TIceBropuMaHoBoil MeTpukn dz? + dy* — dz?.

3agada 11.7. a) Onpenernre kpuBmsmy miockoctu JlobodeBckoro.

6) Haiinnre reoesnveckne Bo Bcex TpeX MOJENIX (OJHOTOTOCTHBIN THIIEPGOION T, €11~
HUYHBI KPYT, BEPXHAA TOTYTIOCKOCTD ).

B) Onpeiennre PpyImy H30METDPHUIL.
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IIpunoxenne A. PellleHns HeKOTOPHIX 3aja4d U
KOMMEHTapUu

dopmyaa Duiepa (KpUBU3HA TUIMEPILIOCKOr 0 ceveHus ). PaccMoTpum KpuByto
7, HOIy9eHHYyIo cedeHneM raakoil nosepxunoctu M C R? miockocThio A, Koropas obpa-
3yeT yrox [ ¢ HOpMalblo, U IIyCTh KacaTelbHasd »ron Kpuson 1,7 = A NT,M obpasyer
YTOJI ( ¢ OJJHUM U3 TJIaBHBIX HaIpaBleHU. Toria KpuBU3Ha KPUBOKM ¥ B TOYKE P NaeTCA
dopmyaon
kcos B = ky cos® a + kysin® «,

rae ki, ky — TJIaBHDIE KPUBU3HDI.

Tunuvynble 0CO6EHHOCTH MOJA KPEeCTUKOB IIaBHBLIX HANPaBJIECHUM B OKPECT-
HOCTH OMOTINIECKON TOYKN MOBEPXHOCTH H300PAKEHDI Ha PUCYHKE (CITOMTHBIMI 1 Y HK-
TUPHLIMU JUHWAME N306pakeHbl WHTEeTPalbHble TPAEKTOPUN [IBYX TOJEN TWIABHLIX Ha-
npasaenuii). Bee onn pearnsyioTcs Ha moBepxHOCTAX BHAa 2 = 2 + y* + 2’y + ay® naa
Pa3IMIHBIX 3HA9eHNN TapaMeTpa a. [lepBrie nBe Kap THHKEM Ha3bIBAIOTCS, COOTBETCTBEH-

star, ind = —%

"o, lemon («wimmomny) u star («3Be3/jar) BBUAY COOTBETCTBYIOIIETO BU3YATLHOTO CXOICTBA.
Hocaenmss, Kak HeITO TPOMEKYTOUHOe, Tonydnsa Haspanue (le) monstar («MoHCTDY).
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Kayctuka B (poxyce obanteckon TOYKN MOBEPXHOCTU UMEET OTHY U3 JIBYX BOBMOKHDBIX
0COBEHHOCTEN — (KOILICK» WIN «IupamMuays. Uarepecno oTMeTnTh, 9T0 KOIMIEALKY MO-
KeT COOTBETCTBOBATE JIOHAS M3 ONMMCAHHBIX BBIIIE OCOOEHHOCTEN TIONA TIABHBIX Hallpa-
Baenui (¢ nugexcom +1/2), a mupamMuie COOTBETCTBYeT 00s3aTeNbHO 3Be3/1a (¢ WHIEKCOM
—1/2). llomumo Komrenbka, TUPaMuIbl, pebGep BO3BpaTa U TPAHCBEPCATBHBIX Mepecede-
Hun, POKaIhbHOEe MHOKECTBO TUIMNYHOW TOBEPXHOCTH MOMKET UMETH OCOGEHHOCTH errle
OTHOT'O THIIa, NMeIoIIero Ha3BaHne «JaCTOYKNH XBOCTY.

[Mupamuna

JlacTOYKHH XBOCT

Kommerek

Boruncaenune cssasnoctu JleBu-YuBuTa M KpUBHU3HBI PUMaHOBOW MeTPUKH
MOZKHO TTPOBOAUTD ABYMS CIIOCOGAMI, NENCTBY S THO0 B OP TOHOPMUPOBAHHOM Gastce (KaK
B mipuMepe Ha ¢Tp. 11), mmbo B Gaszrce KOMMYTHPYIOIINX BEKTOPHBIX modxen d/0x" (Kax

B mpumepe Ha cTp. 17). IlepBoii cmoco6, mo-cymecTBy, — Teopusa cBazHocTeln B S'-
paccIoennn.
— A20..2 272 S 1 9.8
Kpususna merpuku g = A*dr* + B*dy” papna K = ——5 <8 < > < >>
OtcyrcrBue «wrena ¢ dz dy o3madaer, 9TO KOOpJWHATHLIE JWHUH OPTOTOHAILHBI. B

YaCTHOCTH, KPUBH3HA METpUKH, UMelolell KoHdopMHbIn Buj ¢(v,y)(dz? + dy?) =
h*(dx* + dy?), pasna
Alnh Alng 0* 0*
K=—-——=—7—, mne A= —+ —
h? 2g A Ox? + oy?
Cdepa 22 + y* + 22 = R? B eBKIN0BOM IIpocTpancTse ¢ MeTpukoil da? + dy? + dz?
UMeeT IOCTOSHHYIO NoloKuTenbHyio kpususny K = R%. Ee meTpuxa

= RZ(d;/)Q + sin? ¢d 2) = i(dr +r2d ) AR
97 TR ) TR X )

—(dX? +dY?).
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3aech 1, — cdepudeckue KoopaumHATh: © = Rsinycosp, y = Rsintsing, z =
R cos ¢ r, o — moasiprbie KOOPAMHATHI TIPU CTEPEOrpAPIIECKON MPOEKITNN Ha MIOCKOCTD
Ozy: r = Rsiny /(1 — cost)), X, Y — eBKAMIOBBI KOOPIMHATHI Ha TOU XK€ TIOCKOCTI.

IlceBgocepa —z? — y? + 2% = R? B 11CEBIOEBKINIOBOM IPOCTPAHCTBE ¢ METPUKON
da? 4+ dy* — dz* umeer nocTosHHyI0 OoTpUllaTeIbHYI0 KpuBusHy K = —R?. Ee meTpuka

4 R* 4 R*

2 27 2
2(alr + ride?) = (RQ—XQ—YQ)Q(

— 2d2 h2 d2:
g = R*(dx” 4 sh® xdy?) (= oy

dX? +dY?).

31ech x, — mnceBaocdeputdeckne KoopaumHaThl: © = Rsh ycosp, y = Rsh xysing, z =
ch x; r,p — moaApHBIE KOOPAUHATEI MPHU CTEpeorpadpnuecKOl MPOEKINH Ha TIOCKOCTH
Ozxzy: r = Rshx/(1 +chy), X,Y — eBKaugoBbI KOOpMHATHI Ha TOU XK€ TIOCKOCTI.

— 2 2 S 9w :
KpuBuszna merpuku g = dx” + 2coswdr dy + dy” paBua K = —m/ sinw. JTa
MEeTpHUKa UMeeT MOCTOAHHYIO OTPUIaTelbHyIo KpuBusny N = —1, ecim pyHKIus w ymo-
BIEeTBOpsAET «sin-gordony ypaBHEHUIO aax—gy = sinw. Ero pemenus Buga w(z,y) = ¢(x+y),

ybbIBatoline npu £+y — +00, COOTBETCTBYIOT «IiceBnocdepe beabTpamny, TOBEPXHOCTH

Bparmiennsa Z = —/1 —r? + lnH'ivrl_ﬂ, r=+X2%24+Y2,
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IIpunoxenne B. HekoTopsble popMyabl U3 aHAAH3A

1. Bexmopubsie noas. B xoopannarax BeKTOpHOE TI0OJE ¥ = Y Ui(x)a%i 3aJaeTcs Habo-
poM 3 n PYHKIHN v;, D€ 1 — Pa3sMepHOCThL MHoroobpasus. [IpouwsBoanas mo mampasie-
miio o v, f — vf = > v, df/0x;, aBasercs nuddepentmpoBanmeM Koabia QyHKITT
Ha MHOT0OODA3NM, TO eCTh »Ta oneparus R-rnnenina u yaosieTBopser mpasury JlenGmu-
na, v(fg) = fvg+gvf. Boree Toro, 570 cOOTBETCTBIE SBIASETCA B3ANMHO OJHO3HATHBIM

COOTBETCTBUEM MEXK Iy MPOCTPAHCTBAMI BEKTOPHBLIX moden n nud pepeniinpoBani.

2. Ilpouzeodnasa Jlu L, B1oiL BEKTOPHOTO MOJIA ¥ JEUCTBYET Ha PasinIHbie 06HEKTHI
TEH30PHON IPUPOIBI Ha MHOT00Opas3ii CleAyIoMnM 06pasoM: IIOTOK ¢' BEKTOPHOI'O MOJIS
MEPEHOCHUT JaHHOE TEH30PHOE TOJE W, U TTONyIaeTCS CEMENCTBO TEH30PHBIX moaen wy. [lo

ompeenennto, L,w = %wt

Gy — 9 — 9
3. Kommymamop [u,v] BEKTOPHBIX MOJEH U = Y u; 5, LU= > v, 5z, OTpefenseTca

Kak nuddepentupobanue f — uvf — vuf. DKBUBATEHTHO, KOMMYTATOP MOXKHO 3a1aTh

-1
, Tie v(x) = <gt> v(g'r), a cemericTBO
0 *

mmdpeomopdpuaMoB ¢¢ — MOTOK Toad u. B koopamHaTax KOMMYTaTOp UMeET BI

0 0 ov; Ju;\ 0
0] = 32 g = Dol = 2 (vt — v

OHepELHI/I}I B3ATHA KOMMYTaTOpa HE JWHENHA II0 OTHOIICHUIO K YMHOKEHNTIO oJen Ha
qDyHKHI/H/I7 OIHAaKO BBIIIOJHAIOTCA CIENYIOININE TOXK IECTBA:

kak npoussoauyio Jlu, [u,v] = L0 = %vt

[u, gv] = glu, vl +ugv,  [fu,v] = flu,v] —vfu.

4. Nudpdepenyuasvbrvie Gopmbl cTenenn k — >T0 OMINHENHEIE KOCOCUMMETPIIECKIE
dyuxmmm oT Habopa m3 k BeKTOpHBLIX moten. IIpocrenmmn npumep — »1o 1-dpopma df,
rjae [ — dyuxmus. [lo onpenenenmo, df (£) = £f.

5. Onepayus enewne20 ymuoxcerus’ conocrapaser k-popme a u l-popme 3 (k+1)-
dopmy a A [ 10 mpaBHIy

a® A 61(517 e '7§k+1) = Z (_l)gak(fglv e '75%)61(5%“7 T 7§Uk+l) )

a1 <...<o'k
0k+1<"'<0k+l

rje (—1)7 — smak mogcranoBku (1,...,k+1) — (01,...,0k4). DTa OMEPAIHS accoNa-
TusHa 7 (cymep)kommyTaTtuBHa, a A = (—1)"3 A a. Horbaysach BHEITHIM yMHOKEHTEM,
JOKAILHO BCAKYIO k-pOpMY MOXKHO OJHO3HAIHO IIPEJCTaBATL B BHIE

o= Z iy (@) dg) AN dayy,

i <oy

’B HeKOTOPLIX yUeOHNKAX BHeITHee YMHOMKeHNE OmpejelfeTcsi KaK albTePHHIPOBAHIE TEH3O0DHOTO,
YTO NPUBOAUT K JONOTHUTETLHBEIM K03(M( UImeHTaM B HeKOTOPHIX (opMmyaax. Takme coraalieHns npu-
BOOAT K paBeHCTBY dxq A --- A da:n(aixl, cey %) = 1/n!. Mbr npugepxuBaeMcs MHEHES, 9TO MOCIEIHEE

n

HMHICI0 JOMKHO PABHATHLCSI 00BheMY eIMHIYIHOTO Ky6a, To ecTh 1.
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rae r; — KOOpJAWHATHbIE (DYHKINH BHIOPAHHON CHCTEMBI KOOD IUHAT.

6. Ilpouseodnasa JIu L,a ynoBieTBOpAET TOXKIECTBY
UOé(fh SR 7&6) = (LUOé)(fl, R fk) + Oé([U, 51]7 527 R fk) +...+ 05(51, SRR gk—lv [Uv fk])
7. llpomssommas Jlu ogHo3HaYHO 3aaeTCsA CIEIYIOMINME CBOUCTBAMI

1) ora oneparms R-numetina,;
2) nast O-popwmsr f, To ects dpyuxuun, L, f = vf;
3) nast 1-popm Buga df somonmsercs L,df = d(vf);

4) Ly(a® A BY = (Lya) A B+ a A (L,fB).
8. Buewnut dupdepenyuan k-popmer — oro (k + 1)-popma, 3ajamnas cooTHOIIE-

H1eM
k

dw(ve, ... ,vp) = Z(—l)iviw(vo, ey D4y, VL)

=0
+ Z (_1)i+jw([vi7vj]71)07 s 7ﬁi7 sy Uy Uk )

0<i<j<k

B wactHOCTH,

k=1: da(&,n) = La(n) —na() — a([& )
k=2:  da(6,8,6) = &alée, &) — a6, &l &)+ O,

rae caaraemMble () MOTyJaloTCA MUKITIeCKIME TTepecTaHOBKaMn WHAeKcoB 1, 2, 3.
9. JxBuBasenTHo, nuddepeHrmal MOKHO 3a1aBaTh P TOMOIIH CJIENYIONTITX aKCHTOM:

1) on R-ammeen;
2) nast O-popmbr f, 1o ectb dyuxuun, df (€) = £ f;
3) d(a® A BY) = (da) A B+ (—=1)Fa A dB;

4y d* = 0.

KoppexTHOCTH U TIEPBOT'O, U BTOPOT'O ONpeleleHns HY XK TaeTCsa B TPOBEPKE.

10. Uz BTOPOI'O olipeeJeHNs BEITeKacT KOOPp ANHaTHOE IIpefCTaBJICcHIE ,I[I/IC]QC]QGpGHHI/IELJIa,
dai, i,

d< Z 2SI dl‘il /\---/\dl'ik> == Z le‘j/\dwil /\---/\dl'ik-

J

1< <1, 11 < <0,

11. Toxcdecmeo L = 1d+di Kapmana. Obozuasum depes i, OMEPANNIO TONCTAHOBKI
TOJISL ¥ Ha TepBoe MeCTO (OHa TMOHIKAET Ha OJnH cTenenb (popMmbr). Torga cupaBenimBo

TOXK IECTBO

L,a =1,da + di,a.

Ero moxmno noxazarsh aubo memocpecTBEHHO U3 onpenerenus L un d, mubo mo wHIYKITIH,

PacCKdablBasd & Ha qDOpMBI MEHBIINX CTEICHEN.
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12. Uumxepaa k-popmol o k-mepron obractu U C R”™ onpenensieTcs kak KpaTHLIN

/Ua(:zj)dxl/\.../\d:z;k://Ua(:z;)dxl...d:z;k.

:9TOT HMHTETrpaJd HEe MEHAETCd IIpUu 3aMeHe KOOpAWHaT, IIpu YCJIOBUM, YTO 3Ta 3aMEHa

nmHTerpaJg

corpansem opuenmayuio. Iurerpar ot k-PpopMbl 0 KOMITAKTHOMY O0PUEHTIUPO6AHHOM]Y
k-MepHOMY MHOT006pa3mio 3amaeTcs aubo paspe3aHneM MHOT000pasms Ha KyCKu, Jubo
IpU TOMOIIN pa3bueHus equHuIIb.

13. dopmyaa Cmoxca. Ecin opuentupoannoe muorobpasne M umeer rpanumny OM,
TO 7 BCAKOU (POPMBI W cTeneHn k — | BLITOTHIETCS PaBEHCTBO

/dw:/ w.
M aM

I'panuna M npu 5TOM OpHEHTHPYETCA CONIACHO MPABUIY: BHEIIHIOI HOPMalb — B
HAYAI0, a IMEHHO, KacaTeIbHbil perep &g, . . ., £ MOJOKNTETHHO OPUEHTUPYET TPAHUILY
OM, ecim peniep &1,&3, ..., & TOMOKUTEILHO OPUEHTHPYET caMo MHoroobpasume M, e
£1 — KacaTeabHbI BEKTOP, TPAHCBEPCATLHLIN TPAHWIE U HATPABIEHHLIN HAPYKY.
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IIpunoxenne C. CooTBeTCcTBUE
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MeX Ay HHBapu-

AHTHBIMMA 1 KOOPpANMHATHBIMUA 000-

JHAYCHUAMMNU

Ty 0@ - @dade

J1--Jq

Tenzop T =

Ero npeacraprenue B noBom Hasuce
T =T""p 11®“‘®dyjq

J1--Jq

Uzomopdusm mepecTanoBKI

TOM — TOM: u®@v — vQu

Pumanosa cTpykTypa g;; dv' dx’

Uzomoppusm T M — T:M:v +—
gz(v,-) 1 €ro mpooNKeHe Ha TEH30-
pBI 6oJee BLICOKNX paHTOB

Curen omepaTopa f €
Hom(TM,TM) = T*M@TM,
u@a — ua)

u ero ob6obmenue T"MXITME —
E: u@a@w — u(a)w

CBA3HOCTD B paccIoeHNN,

ee MaTpuia 6 = (9; = F;k dz*

KoBapuanThas nmpousBogHas
Vsie; = (dsi + Gésj)(@ei, LI
Ves = {s +0(&)s

d(u,v) = (Vu,v) + (u, Vo),

Vuiv = (Vu)@v + u@(Vo)

3aMeHa TpUBMATU3ALINU €; = alej,

0 =alda + a"a

CsasHocTs Jlesn-Husuter Ha T M
90=L1|dg;;— O, +0ui|| (ui=girda®)
Tenzop xkpydenus

T(&n) =Ven =V, —[&n)]
Tenzop KpuBU3HbLI
R=d0+0N0= R;dek(@d:pl

R(f, 77) = van - VUVg — V[gm]

Ha6op nP*? ¢ynxmmi T - ( )

VRS ]
HpaBI/IJIa 3aMEHDBI KOOp anHaT
k1kp aykp HxIl daxlq

i Oyt
Tll Aq T]l ~Jq 9zl Azr'p oyl ayla

Omneparns mepecTaHOBKE WHIEKCOB

T4 s T

CuMmmeTpuvecKkas MOMOKUTENLHO OIpee-

JeHHag MaTpuua ¢g;;. Marpuna ¢¥ — en

obpaTras: g;;¢'" = oF

Omneparmn (B3anMHO 06paTHBIE) MO NHATHA
. —7 .
il _ ool

n OHyCKaHI/I}I nngexcos 15— T, ; = g;;T7

¥ieal)
u T P s TJ =gl

Onepanus ceeprru T — T

TZJ = TJ =T}

Cumsoasr Kpucroddems F;k

VI =20 T T
Ty :
Vi =25 LT,
Vi T =0Tl T =T T

81’
Jiz-dg 1k eJq—17" Jqk
102...0p TViq 1. zp 17 ip
T, Uit +1; Uik
Samena KOOp,I[I/IHELT Tt~ yl ,

;. dad 0 925
Fllk/ — al,z (Fz X zF _I_ )

ik oy’ oyk’ oyl ayk/

7 _ l 2l agl] _ ag]k aglk
F]k 2 (awk !t dxl )

i i T
sk T Y ki ik

. ar: .
7 e I P
kL = Dok W= Tl

R(§,m) = ]Mf’“ :



IIPOrPAMMA KYPCA JUPDPEPEHINAJABHON FEOMETPUHN, OpOYUTAHHOT'O B
BecenneM ceMmectpe 2001-2002 yu. roga mas crymenTos I1 kypca HMY

KpuBble Ha miockocTu u B mnpocTpaHcTBe. /Jauna kpueot. Kpususna.
Oxpyocnocms kpueusnot. IFeoatoma. Kpyuenue. Popmyavt Ppene.

IToBepxHOCTHU B TpexMepHOM IIpocTpaHcTBe. Pumnanosa cmpyrkmypa. 1l kea-
dpamuunas Gopma. Laasnvie kpususmusvi. Porasvrnoe muoxncecmeo. Ombuauueckue
mouku. I'ayccosa wpususna. 'comempusn cdepvr u ncesdocepo.

Tonosornyeckana cBA3HOCTL. Paccaoenusn. Tpusvaauzayuu. Tonosoeuuecras
C6AZHOCTIL  KAK UHPUHUMEUMAAbHLIT napasieibublli nepenoc. Pacnpedeaenus.
Kpumepuii uwmezpupyemocmu (meopema Ppobenuyca). lliockas ceaznocms. Kpu-
6UBNA.

CasasnocTb B Sl-paccmoenun. 1-gopma cesznocmu 6 S'-paccaoenuu. Popma
kpuusmsl. Ilapatieavmusvlii NEPenoc Kacameibubly 6E€KMOPO6 HA NOGEPTHOCTU 6
mpexmeprom npocmpancmee. Popmyavt I'aycca—Bonne.

BekTopuble pacciaoeHus. Kacameavnoe w koxacamedbroe paccaoenus. Teu-
sopusvie paccaoenus. Onepayuu wad paccaoenusnu. Ceuenus. Jubdepenyuaivrvie
Popaubl co FnAUENUEM 6 PACCAOEHUU.

CBaA3HOCTL Kak KoBapuaHTHoe aAuddepenHnupoBanue. (Csa3uocmb 6 6€k-
mopuom paccaoenuu. apartesvnvitd nepenoc. Tenzopvr kpususnvl v KpyweHus.

PumanoBbl MmHOT0O0G6paszusa. Pumanosa cesznwocmys. Cummempuu menzopa kpu-
6UINDBL.

leogesuvyeckue. Hopmaavuvie koopdunamer. Conpaocennvie mouru. I aiobaivmnan
2EOMEMPUA PUMAHOBBIT MHO2000PA3UT.



