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IMPEANCJIOBUE

B ToxkoBOM cioBape pycCKOro A3mlKa MOJ peJakuued mpodeccopa
[I.H. YmaxoBa cka3aHo, 4To peme6HUK — 5TO y4ebHOe mocobue, coaep-
JKalee noApoGHEIE PeIIeHus 3a4a4, IOMEIIEHHbIX B KAKOM-HUOY b 3a4a49-
Huke, Kmo4 K 3ana4auky. PEINIEBHUK “Bricuras maTemaTuka” — K04
Cpa3y K HECKOIbKUAM OCHOBHHIM 3aIa9HUKaM, UCIOIb3YEMBIM NPU U3y de-
HUA MaTE€MATHKHU, CPeIX KOTOPHIX B IEPBYIO OYe€PEb CIeAYeT YIOMAHYTh
M3JaHHBIM B COTHAX THICAY 5K3eMIUIApoB “COOPHUK 3aJaHUM 0 BBHICIIEH
MaTemaTuke (Tunosnie pacdern)” JI. A. Kysneuosa. B pomonmenme x
9TOM KHUre pacmpocTpaHserca naker nporpamM PEINIEBHUK.BM, xo-
TOPBIM [TOMOraeT PEIIATh 3aa49K, BEIIIOIHAA 10 YKA3aHUIO yIAIUXCA BCE-
BO3MOXHBIE MATEMAaTUIeCKNE IE€NCTBUA.

Y0661 DprO6GPECTH YCTONYMUBHIM HABBIK PELIEHNUSA 334349 O JHOIO THUIIA,
HYXHO PEIIUTh TPU-NATH Takux 3aaad. OmHako, pemieHne 06bEKTUBHO
Heo6X0JUMOr0 KOJIMYECTBA 3a]a9 HE MNPEIyCMOTPEHO AeUCTBYIOUIMMHU
y4e6HEIMYA [UTAHAMM 110 JBYM IPUIUHAM.

Bo-nepBrix, maxe 6e3 NOBTOPEHMHN CTAHAAPTHHIA 00HEM 06A3aTENb-
HBIX JOMAIIHUX 33JaHUN [PEBOCXOJUT BCE Pa3yMHBIE IPEEIEL.

Bo-BTOphIX, B MMEIOMMXCA 3a4a9HAKAX COOpaHbl pasHOOGpa3HbIe 3a-
a4y, Cpelud KOTOPHIX PeJKO BCTPEYaeTCA HECKOJIHKO 331434 B TOYHOCTH
OJHOr'0 ¥ TOr'0 XK€ THUIIA.

BrixoguT, 9TO CTYAEHTH JONXKHBI BCE NOHATH DEUIUB OJHY—IBE 3a-
nagu. IIpu 5TOM MX BHUMaHWE OTBIEKAETCA OT CyTH JeIa Ha BTOPOCTeE-
MeHHbLIE WK YK€ IPONIeHHEIE BONPOCH], 3 TaKXKEe HA BLIOJHEHUE Pa3Ind-
HBIX IPe06pa30BaHUU U PACYETOB.

Bonee Toro, 9To6nl HayYUTHCA pelIATh 33a49d, HY>kKHO CaMOCTOSA-
TeIbHO BHINOMHATL BCE JEMCTBUA, Bce “moTporaTh pykamu”. Ho cty-
JEHTHI He MOI'yT CaMM BHIIOIHUTD BCE AENCTBUA, IOCKOJIbKY HA BEIIIOJHE-
HHUe BCeX JEMCTBUMN BPYIHYIO TPebyeTCsA CIMmKOM MHOro Bpemenu. Cry-
JEHTHEl HEe MOr'YT BCe “moTporaTh pykKamu’, MOCKOJbKY YTOGHI IMO3HAKO-
MHTBCH CO BCEMU MaTE€MATUIECKUMH JEUCTBUAMU ¥ CUTYALUUAMH, HyKHO
PEIIUTHL CTOIBKO 3ajad, Ha PelleH!e KOTOPhIX y CTYEHTOB HET BPEMEHH.

ITo 3TuM NpUIMHAM CTYAEHTH], KaK IPABUIO, HE PEIIAIOT 33 4a9d HOJ-
HOCTBIO M, CJI€JOBATEIbHO, HE JO KOHIA yACHAIOT cebe ux cyTs. Hampu-
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Mep, ¥ CTYJeHTOB 4aCTO HET BPEMEHM Ha rpadudecKoe IpeCTaBICHUE
OTBETOB 3aJa4 U UX aHAJIu3, a TakXe Ha aHaJIM3 U IIPOBEPKY NPOMEXY-
TOYHBIX Pe3yabTaToB. HekoTophie BaXXHbIE M MHTEPECHEIE 33 a9 UMEIOT
CTOJb I'POMO3JKNE PELIeHUs, ITO MPeNoJaBaTeNd He MOI'yT NPEJI0XUTD
HUX CTYJEHTaM.

B pesymbrare y cTyAeHTOB ocTaloTca 6omee MM MeHee OGIIMDHEIE
npobenbl B 3HAHUAX.

Kommnexc PENIEBHUK “Bricmias maremaTuka” npesHasHadeH N
TOro, YT06H yCTPAHUTH 3T IPOOGIEMEI COBPEMEHHOI'O MaTEMATUIECKOI'0
o6pasoBanua. OH — IEPBHIM ONHT CO3JaHUA y4e6HOr0 MOCO6UA HOBOTO
THUIA, C KOTOPHIM BO3MOXHO DPasHOOOGpasHoe O6IIeHHe: OT MacCCUBHOIO
9TEeHUA JO BHECEHUA B HEMO U3MEHEHUH ¥ IOMYYEHUA OTBETOB Ha BOIPOCHL.
Taxoe noco6ue B npouecce paGOTH aJanTAPYETCA K MOTPEGHOCTAM y4a-
LIEroCs ¥ MOMOr'aeT eMy IPUMEHATH Ha IPAKTUKE 0Ny IeHHbIE U3 II0CO6uA
3HAHUA.

Kommrekc PEINIEBHUK “Briciuas maTeMaTHKa’ IMOMOXET CTY/EH-
TaM y9IUTbCA [MO-HOBOMY, T.e. 6€3 HeHYXXHEIX TPYJHOCTEH U IOTepb Bpe-
MEHH, ONTHMAJbHEIM 06pa3doM OpPraHu3ys B3aUMOJEMCTBUE UYEIOBEKa U
KOMIILIOTEPA, MPH KOTOPOM [eJ0 YeJI0BEKa — IIPABIWILHO CTABUTH 3a-
Ja4dd, a JeJ0 KOMIbIOTEpPa — OBICTPO ¥ IPABWILHO MX PEIIaTh.

Kommnexc PENIEBHUK “Briciias MmaTemMaTuka” COCTOUT K3 KAUCHU

PEINIEGHUK “Briciuas MaTemMaTuka” M MakeTa KOMIBIOTEPHBIX IIPO-
rpamm PENIEBHUK.BM.

Kuura PEINIEBHUK “Briciias maTeMaTnka” COAEPXKUT IPUMEDHI pe-
[IeHNA [IOYTHU BCEX THUIOBHIX 33349 U3 TAKUX Pa3/eioB BBICIIEH MaTeMa-
TUKY, KaK aHAJIATUIECKAsA FeOMEeTpUA, TUHENHAA aurebpa, mpeaesl, qud-
¢depeHuupoBanue, rpaduKu, PYHKIUN HECKOJILKUX IEPEMEHHEIX, HEOIpe-
[IeJIeHHEIEe, ONPEJeIeHHEIE U KPUBOIUHENHBIE UHTErPaibl, PALKI, OOBIKHO-
BeHHEIE JuddepeHIUaIbHbIe YPABHEH)A, KPDATHBIE ¥ IIOBEPXHOCTHEIE UH-
TerpaJbl, BEKTOPHBIM AHAJU3.

Kaxgou 3agade 0TBe[eH OTACIbHBIM pa3e] KHUTH, COAepXKamuu 06-
LIyI0 IIOCTAHOBKY 3aJa4d, IUIAH €€ PEIIeHUA C HeOGXOAMMBIMI TE€OPeTH-
JeCKHUMU NOJACHEHUAMH ¥ pellleHne KOHKpeTHOro npumepa. Kpome Toro,
B pasjieJ BKIIOYEHH 3aJa9M TOrO XK€ THUIIA U OTBeTH K HUM. lIpemoza-
BaTeIM MOTYT MPENIOKATL JaCTh U3 HUX Ha ayJUTOPHBEIX IPAKTUIECKUX
3aHATUAX, APYrMe — B BUJE JOMAIIHUX 33JaHWi, OCTAIbHBEIE UCIOIb30-
BaTh B KOHTPOJBLHEIX Pab0oTax, Ha KO/IOKBAYMaX, 3a4eTaX ¥ DK3aMeHaX.

Yro6Bl HAYIUTHCA PEIATH 33391 TOIO WIM UHOI'O THUIA, PEKOMEH Y-
€TCA CHaYala U3yIATH IUIAH pemeHus (aIroputM) B o6LEM BUAE, 3aTeM
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paccMOTpPeTh NPHUMEP Peau3aliy [IaHa B KOHKPETHOM CILydae U 3aTeM
[0 aHAJOTMK C HUM DPEIINTh HECKOABKO 33134 U3 UUCIA MPeNIaraeMbIX
JJIsE CAMOCTOATEILHOI'0 PEIIECHUS.

ITaker PEHIEBHUK.BM cocrount u3 gokymerntos MS Word u creru-
AIBHEIX KOMIBIOTEPHEIX IPOrPaMM.

Hokymentrr MS Word B 0CHOBHOM HEHTUYHEI T€M, KOTOPhIE BKJIIO-
9eHEI B KHUTY.

IIporpammnl makera o6ecneuuBatoT CBasb (mHTepdenc) MS Word ¢
cucremon cumBoabHOM Marematuku DERIVE ¢upmu Soft Warehouse
Inc. Braroaaps sTol cBA3m m060€ MATEMATHIECKOE BHIPAXKEHUE U3 JOKY-
MenTa MS Word moxeT 6riTs nepenano 8 DERIVE nia npeo6pasosanun,
pPe3yJabTaT KOTOPHIX 3aTE€M BCTaBlAeTCA B JoKyMeHT MS Word.

B nakere PEINIEBHUK.BM matepunann kuuru PENIEBHUK “Bric-
mas MaTeMaTHKa” CTAHOBATCA MHTEPAKTUBHLIMU INAGJOHAMHU MJIA JOKY-
MEHTOB CTYJ€HTOB U npenojasareier. Hanpumep, eciiu CTyA€HTY HyXHO
pemmMTh KaKylo-HUOyAb 33439y, TO OH MOXET:

1) maliTH 3a4aTy AAHHOTO THUIA;

2) U3Y9IMTD ILIAH €€ PENICHNA;

3) usy<mTh mpumep;

4) N3MEHATH UCXOJHEIE JAHHEIE U BRINOIHATH HAJIEXKAIINE AUCTBUA
C HUMU,;

5) COXpaHUTH COZEpKAaHWE OKHA B KAaKOM-HUOYAbL dale;

6) mepeaaTs Qailr MPenoAaBaTeN0 HENOCPEACTBEHHO WM IPEJBApH-
TEJbLHO PacIevdaTaB ero.

Ecrecrsenno, BosuukaeT Bonpoc: ecau naker PENTEBHUK.BM Bui-
MOJHAET MAaTEMATUIECKHE NEUCTBUA 33 YIAUMXCA, TO KK XK€ OHU CMOL'YT
HAyYUTHCA BRIMOJHATHL OTH AEUCTBUA caMmocToATenbHO? OTBET TaKOB:
naker Peme6uuk BM BRINMONIHAET 3a yJamUXCSa HE T€ MaTEMAaTHIECKUE
JeNCTBHA, KOTOPhIE OHM U3Y4YalOT B JAHHLIM MOMEHT, & Te, KOTOPhLIe OHU
yXke M3ydMIM paHblie. Tak SKOHOMUTCA BpeMs, BHUMAaHUE KOHIEHTPUDY-
€TCA Ha CYTH M3y4aeMOro MeTOJa ¥ MaTEeMaTHKa CTAHOBUTCA MPOLIE IJIA
[OHMMAHHUA ¥ UHTEPECHEN.

3ameTnM, uTo npu ucnoas3oBanuu nakera PENIEBHUK.BM BricBo-
6oxgaerca cerime 60% yde6HOrO BpeMenu. ODTO BpeMsA 1eIeCOO6pa3HO
VAEIUTH PElIEeHUI0 HECKOJLKUX 33434 OLHO'O M TOr'0 XK€ THIIA, aHAIU3Y
U 06CYXIEHUIO Pe3yJbTaTOB, a TaKXKe U3y4YeHUIO HOBEIX TEM M Da3/eoB
MaTeMaTHUKH, BKIIOYEHHE KOTOPHIX B IPOrpaMMy paHee He NPeACTaBILi-
JIOCH BO3MOXHEIM.
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IToauepkuem, uTo a1a ucnonbsosanus nakera PEIIEBHUK.BM wHazxo
yMeTb 0Jab30BaThCA Toabko MS Word. Bce ocransHble HABRIKM BHIPaG0-
TaITCA CaMU COGOH 10 Mepe U3YYEHUS MATEMATUKH.

CTyaeHTH MOTYT IPUMEHATD NAKeT ¥ [UIA PELIEHUA 33134 10 QU3NKe
¥ ApYyrMM TOYHBIM HayKaM, a TakKxe JiA 0hOPMIEHUA OTYETOB IO J1abo-
PaTOPHBEIM U KyPCOBBIM paboTaM.

ITo ucTevenun noryTOPa-ABYX JE€T OKA3BIBAETCS, YTO CTYAEHTH yMe-
JOT pelIaTh BCEBO3MOXHEIE 33249 CAMOCTOATENLHO U C MCIOAb30BAHUEM
MolnHeimero nakera “CymepcucTeMa CHMBOILHOM MaTeMAaTHKH”, KOTO-
pBIi CPOPMHUPOBAJICA Ha UX KOMIILIOTEPAX B IPONECCE YIe6HI C IIOMOLIBLIO
nakera PEIIEBHUK.BM.

IIpenogaBarean moryr ucnonb3oBars maker PEIIEBHUK.BM npn
MOACOTOBKE 3aHATHUM, KOHTPOJbHBIX MEPOIMPUATHM, METOAMIECKON JUTe-
pPaTyphbl, CTaTed U A OPraHU3ALMU ABTOMATUYECKOI'0 KOHTPOJIA 3HAHUM
CTYAEHTOB.

O6mbem nakera PENIEBHUK.BM we npesocxoaut 500 K.
Tlogpo6uas undopmauusa o nakere PENIEBHUK.BM u cam maker
pasMerenn Ha caute Uareprer www.AcademiaXXI.ru.

ABTopm GyayT 61arofapHBEI BCEM NPHUCIABIIMM CBOM 3aMEYaHUA O
xommiekce PENTEBHUK “Briciias MaTeMaTuka” U NpPENIOXEHUA IO aJ-
pecy:

111250 Mocksa, yn. Kpacnokaszapmennas, n. 14, Mockosckuit 3uep-
rerueckuil uHCTUTYT (TY), kadeapa Brcmein MaTeMaTHKH.

E-mail: KirillovAI@mpei.ru.



I'nmaBal
AHAIINTNYECKAA TEOMETPUA

ITpn uzyvenun remer AHAJINTUYIECKAA TEOMETPHUSA Bh Hayan-
TeCh pelaTh 3aJa4d BEKTOPHOM aireGphI ¥ MCIOIb30BATh CBONCTBA JIH-
HEMHEIX OIEPAlUi C F€OMETPUIECKMMH BEKTOPAMHM, CKAJIADHOr0, BEKTOD-
HOT'0 ¥ CMELIAHHOTO IIPOU3BEJEHNI BEKTOPOB A PelIeHUuA MeoMeTpUIec-
KX 3aj7ad. BH Hay9IuTeCh pemaTh 3aJa9d aHAIMTHIECKOM MeOMEeTDHH,
CBA3aHHBIE C PA3IXIHLIMU BHaMHU yPABHEHUH ILIOCKOCTH U IPAMOU U UX
B3aMMHBIM DaCIOI0XKEHHEM.

C nomompio nakera PEINIEBHUK.BM Bl MoxeTe pemmTs CACTEME
YPaBHEHHH, BHIYMCIATL ONPENEIATENH, BLIIOIHUTDL BCE YUCIEHHLIE Pac-
4YeThHl U NPOBEPUTH NPABMILHOCTD MOJIYYEHHBIX BAMM PE3YJIbTATOB.

1.1. PasioxxeHne BekToOpa 1o 6a3ucy

IIOCTAHOBKA 3AJAYM. Hatimu pasaoacenue sexmopa £ ={z1,z2, T3}
n0 6eKMOpaM P = {pl»PZ,Pii}y qg= {CIlaQ2,‘13} ur = {7'1’7'2’7'3}'

IIJIAH PEIUEHUA.
1. UckoMoe pasnoxeHue BEKTOpa T MMEET BHUJ

Z=ap+ Bq+T.

2. 9TO BEKTOPHOE yPaBHEHUE OTHOCUTEILHO «, (3, Y DKBUBAJIEHTHO CH-
cTeMe Tpex JMHENHHIX YPABHEHHU! C TPeMA HeU3BECTHEIMHU

pro+ qff+ry =21,
P2 + 23 + T2y = T,
p3a + q3fB + T3y = z3.

3. Pemaem 3Ty cuCTEeMy YPaBHEHHM OTHOCHUTENBHO (, (3 U Y M TaKUM
o6pa3oM orpegenaeM KOoapdUIUEHTH Pa3loXkeH!s BEKTOpa I IO BEKTO-
paM P, ¢ u 7. 3anuchiBaeM OTBET B BUJE T = ap + B¢ + 7.
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3AMEYAHUE. Eciu cucrema ypaBHeHUH He UMeeT pemeHui (BEKTOPL
P, § ¥ T 1eXaT B OQHOM ILIOCKOCTH, & BEKTOD T €l He NPHUHAJIEXKHUT),
TO BEKTOpP Z HeJIb3A PA3IOXUTHL IO BeKTOpaMm P, ¢ u 7. Ecau cucrema
yDaBHEHHM uMeeT (eCYMCIeHHOe MHOXECTBO pelleHud (BEKTODH P, g, T
U BeKTOp & JEXAaT B OJZHOM ILIOCKOCTH), TO Da3ioXeHWe BEKTOpa T IO
BEKTOpaM P, ¢ ¥ T HEOJHO3HATHO.

ITPuMEP. Haiitn pasnoxenue ekTopa & = {3,—1,2} mo BexkTopam
F=1{2,0,1},¢={1,-1,1} n 7= {1,-1,-2}.

PEUEHUE.
1. Mckomoe pasiioxenue BEKTOPa T MMEET BUJ

Z = ap+ Bq+ T

2. OTO BEKTOPHOE ypaBHEHHE OTHOCUTEIBHO , [ U 7Y 3KBUBAJIEHTHO
CHCTeMe TDPEeX JUHEUHKIX YPABHEHUH C TPEMS HEM3BECTHBIMU

20+ P+ v= 3,

3. Cucrema umeeT efuHCTBeHHOE pemenue a = 1, 3 =1, v = 0.

Oteetr. T=p+q.

YcnoBust 3ALAY. Hanucamv pasaodxcenue 6ekmopa £ no 6eKmopam
P, qur.

1. #={-2,0,9}, #={0,-1,2}, ¢§={1,0,-1}, #={-1,2,4}.
2. #={5-12,-1}, p={1,-3,0}, ¢={1,-1,1}, #={0,-1,2}.
3. £={0,2,4}, p={3,1,-1}, ¢={0,-3,1}, #={1,1,1}.

4 F={-1,55), p={211}, ¢={-2,0 -3}, 7={-1,21}.
5. f:{—l,—-2,3}, ﬁ={2:0a1}a 62{1,2)_1}) 7:':{0)41-1}
6. #={-52 -1}, p={-1,1,0}, §={2,-1,3}, 7={1,0,1}.

7. #={1,-5,7}, #=1{0,-1,1}, §={2,0,1}, #={3,-1,0}.
8. £=1{51,4}, 7={2,0,2}, ¢={0,-1,1}, #={3,-1,4}.
9. 5:.:{1)17'"1}) 5={1a1a0}1 ‘j‘={“1,0,1}, 7_"={'—"1a0 2}
10.2={-3,7,4}, p={-2,21}, ¢={2,0,1}, 7={1,1,1}.

Otsets. 1. {2,-1,1}. 2.{4,1,-1}. 3.{-1,0,3}. 4. {-1,-1,3}.

5.{1,-3,1}. 6.{3,1,—4}. 7.{2.5-3}. 8 {L—-2,1}. 9.{L1,-1}.
10.{2,-1,3}.
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1.2. KomnmmHeapHOCTH, BEKTOPOB

ITOCTAHOBKA 3AJAYH. Koaauneapwor au 6exmopbl p = A1d + A2b u
q = 1@+ p2b, 2de @ = {a1,a2,a3} ub= {b1,b,b3}?

IIIAH PEIIEHUSA. BeKTOpH KO/IMHEAPHE! TOra U TOIbLKO TOAA, KO-
rja CymecTByeT YHCIO & Takoe, 9TO p = ag. VHBIMHU c10BaMu, BEKTODHI
KOJUIMHEAPHB! TOTAa M TOILKO TOrA, KOrLa UX KOODAMHATH IPOIOPLIO-
HAJIbLHH,

1. HaxoguM KOOPAMHATHI BEKTOPOB J M ¢, NOIL3YACH TE€M, UYTO IPH
CJIOXKEHNM BEKTODOB MX KOOPAUHATHI CKIAALIBAIOTCA, & MPH YMHOXEHUHN
Ha YUCI0 KOOPAUHATHI YMHOXAIOTCA HA 3TO YUCIO.

2. Ecm xoopaumarsr BekTOpoB § = {p1,P2,p3} u ¢ = {q1,92,93}
[POMOPIMOHAILHEL, T.€.

PL_p2_ps

- bl

q1 q2 q3

TO BEKTOPHL P ¥ § KOJIMHEApHEL. Eciu paBeHCTBa

PL_P2_Ps
q1 q2 q3

HE BBINOJHAIOTCA, TO BEKTOPH § U ¢ HEKO/LIMHEAPHEI.

-

ITPUMEP. Komtuneapusl i BekTOpH p = 4d — 3b, ¢ = 95 — 12d@, rge
a=1{-1,2,8} ub={3,7,-1}7

PENIEHHE.

1. ’ HaxoauM KOOpAMHATHI BEKTOPOB P M §, HOIbL3YACH TEM, YTO IPH
CJIO2K€HNHM BEKTOPOB MX KOOPAWMHATBI CKJIaOBIBAIOTCA, a IPpHA YMHOXE€HUN
Ha 9HUCJ0 KOOPpAUHATHI YMHOXKAIOTCA Ha 3TO qUCJIO:

p={-13,-13,35}, &= {39,39,-105}.
2. Tax xak

-13  -13 35
39 39 ~ -105’

TO KOOPAMXHATHI MpOmopHuoHaibHEl. CleoBaTelbHO, BEKTOPH P U § KOJI-
JIMHEAPHEI.

OTeeT. BekTophl P’ u ¢ KOJIMHEADHEI.
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YcnoBus 3AAAY. Koasuneapubl au eexmoper p u § 7

1. a={1,2,-3}, b={1,0,-1}, F=3a+6b ¢=-a+2b
2. d={2,0,1}, b={-2,3,1}, pF=2a+2b, §=3d-2b.
3. a={-2,2,1}, ©b={-1,-2,2}, g=a+36, §=2i-b.
4. @={-1,2,3}, b={2,1,1}, p=2a+3b, G=a—b.

5. @={2,5,1}, b={50,2}, pF=—-ad+b g=a-3b.

6. a={1,2,-2}, b={1,3,-1}, F=d+b  g=a+2b.

7. @={1,2,3}, b={2,-1,0}, F=6a-2b g=-3di+a
8. a={1,3,-1}, b={2,1,3}, F=6d-3b, g=-4a+2a
9. d={-1,-2,2}, 5={1,0,2}, F=a+3b, §=-2d—6b
10. @ ={1,3,2}, b={1,-2,6}, pF=d-b,  §=-6d+6b

OvseTul. 1. Her. 2. Her. 3. Her. 4. Her. 5. HeT 6. Her. 7. [a.
8. Ha. 9. Ma. 10. [a.

1.3. Yroan Mmex [y BeKTOpaMu

ITOCTAHOBKA 3A/A4HM. Janvt mousu A(z1,y1,21), B(z2,y2,22) u
C(z3,y3, 23). Hatimu xocunyc yeaa mesxncdy eexmopamu AB u AC.

II1AH PEMEHNA. Kocunyc yraa ¢ mexay sekropamn AB u AC om-
penenseTca popMyIon

(4B, AC)

(1)

1. Yro6m BhramcauTsh Juuubl BekTopos |AB| u [AC| u ckamsproe
npoussegenue (AB, AC), HaxoAuM KOOPAUHATH BEKTOPOB:

AB = {32 —T1,Y2 —Y1,22 — 21}, AC = {563 —Z1,Y3 — Y1,23 — Z1}~

2. Ilo dopMymam s AAMHBI BEKTOpPA U CKAJAPHOrO IPOU3BEJEHMA
BEKTOPOB UMeeM

|A_B\ \f$2 —z1)%+ (y2 — 1) + (22 — 21)%,

[AC| = /(z3 — 21)? + (y3 — 11)? + (23 — 21)%,
(AB,AC) = (z2 — z1)(z3 — 1) + (y2 — v1)(y3 — v1) + (22 — 21) (23 — 21).
3

. Brrauciasiem cos ¢ no ¢opmyre (1) u sanuceiBaeM OTBET.
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ITPUMEP. [lann Touku A(-2,4,-6), B(0,2,-4) u C(-6,8,-10).
Hantn xocunyc yria mexny sekropamu AB u AC.

PEIEHME.

1. Haxogum xoop gunaTh BekTopoB AB ={2,~2,2} u AC = {-4,4,~4}.

2. Ilo ¢opmynam Anf AJIUHEL BEKTOPA ¥ CKAIAPHOIO IIPOM3BEEHMUS
BEKTOPOB NMeEM

[AB| =/22 + (—-2)2 + 22 = 2V3, |AC|=+/(—4)% + 42 + (—4)2 = 4V3,

(AB,AC)=2-(-4)+(-2)-4+2-(~4) = —24.

3. Brruncasem cos ¢ mo ¢opmyze (1):

—24

Wi a3 o

Oteet. Kocunyc yria mexay Bektopamu AB u AC pasen —1.

cosp =

YcnoBus 3AIAY. Hatmu xocunyc yaaa mexcdy eexkmopamu AB u AC.

1. A(2,-2,3), B(1,-1,2), C(4,-4,5).

2. A(0,-2,6), B(-12,-2,-3), C(-9,-2,—6).
3. A(2,3,-1), B(4,5,-2), C(3,1,1).

4. A(-1,2,-2), B(3,4,-5), C(1,1,0).

5. A(-2,-2,0), B(1,-2,4), C(5,-2,1).

6. A(3,3’_1)a B(372a0)a 0(474a_1)‘

7. A(-1,-7,-4), B(2,-1,-1), C(4,3,1).

8. A(27_ ’6)’ B(0’034)a 0(67 _6’10)

9. A(0,1,0), B(3,1,4), C(4,1,3).

10. A(3,2,0), B(1,4,-1), C(4,0,2).

OvseThl. 1.cosp = —1. 2.cosp = 24/25. 3.cosp = —4/9. 4.cos p =0.
5.cosp=1/2/2. 6.cosp=1/2. T.cosp=1. 8.cosp=—1. 9. cos p=24/25.
10.cos p = —8/9.

1.4. HJIOII_Ia;E[b napaJuiejgorpamMmma
IIOCTAHOBKA 3AZAYM. Bbiuucaums n./z_gw,aab napaatesozpamma, no-

cmpoennozo na sexkmopar @ = anp+oaq ub = B1p+ P24, ecau uzsecmmo,
umo || = po, |q] = go u y2oa mencdy eexmopamu P’ u § paser p.
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IINAH PEWEHUA. [Trowade napasiesozpamma, IOCTPOSHHOTO HA BEK-
TOpax @ ¥ b, paBHa MOAYIIO UX BEKTOPHOIO HPOU3BEICHUA:

S = |[a,b]l. (1)
1. Brrancasem (@, 5], UCIIONb3yA CBOMCTBA BEKTOPHOI'O IIPOU3BEACHUA
[@,5] = [01F + a2, 1P + Bad) =

= a161(P, p] + 0162[p, @] + 0261(7, P + a28:(q, 4] =
= (12 — a21) [P, q)-
2. BrrquciseM MOZy.b BEKTOPHOTO MPOU3BEICHUSA
(@, 8] = |12 — c21] 5] |1 sin

(sinp >0, Tak kax 0 < ¢ < ).
3. Haxoaum mwromans mapawierorpamMma, ucnons3ya popmyary (1)

S = (@, b]] = |01z — a2 |pl|q] sin .

IIPUMEP. BuaucauTs miomab napauieJorpaMMa, IOCTPOEHHOr0 Ha
BeKTOpax @ = 3p+ 2§ u b = 2p — , ecim m3BecTHO, 41O |p] =4, || =3 n
yTOa MeXy BeKTOpaMu P u ¢ paseH 3w /4.

PEIIEHME.
1. Buruncasem (@, b, ucroas3ys CBOMCTBa BEKTOPHOT'O IIPOM3BENCHIUL

(@8] = [3+ 24,27 ~ 4] = 67, 71 - 3(6,d] + 4(,7) - 2(4, ) = -7[F, q)
2. BrruucaseM MOALy/Ib BEKTOPHOI'O NPOU3BELEHUA
@8 =1 - 715,all = 7Iallalsin > = 42
3. Haxoaum mwromap mapawierorpaMma, ucnoas3ya popmyiy (1)
S =|[a,b)| = 42Vv2.

OTseT. Ilroma s napawierorpaMma passa 42v/2 (ex. mmumer)?.
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Y CJIOBUA 3AJAY. Bbmucnumb NA0Wadb NAPALLEL0ZDAMMA, TLOCTPO-
enn020 Ha 6exmopaz @ u b (pq — yeoa medcdy sexmopamu P u q).

L @=§+3¢ b=2%-q =2 ld=1 #g=n/6.
2. @=2%+q b=7-3G If=2 l@=2 P7=n/4.
3. a=p-2§, b=p+3¢ Ipl=1, |d=2 FT=r/2.
4. G=35-53, b=p+27, |pl=2 |d=1, Pq=>5r/6.
5. a=p—¢q, b=2+2¢ |pl=1, |§=6, pq=23r/4.
6. @=5+2q, b=35-23 |=3, |d=2 #q=n/3.
7. d@=2%-2, b=p+q |A=2 =3 P{=n/2.
8. d=p+4q, I_J‘=ﬁ—4q_', {]ﬂ=7, |(ﬂ=4, ]2'2":7!‘/4.
9. d=4p-4¢, b=F+3G =2 ld=1, $q=r/6.
10.d=5+¢q, b=2-¢q, |pl=2 l|d=3, pq=n/3.
OTsetbl. 1.5 =7 2.8=14y2. 3.5=10. 4.5 =11. 5.8 = 15V2.
6.5=24V3. 7.85=24. 8.5=70v2. 9.5 =16. 10. S =93.

1.5. KommianHapHOCTH, BEKTOPOB

ITIOCTAHOBKA 3AJAYU. Komnaanapuv au eexmopwt @ = {a1, az,as},
b= {b1,b2,b3} uc={c1,c,c3}?

II1AH PEIIEHUSA. [Jas Toro 9To6nl Tpu BeKTOpPa OBLIN KOMNAGHADHbL
(mexxanu B OJHOM IIOCKOCTHM WIM B MAPAJLIEIbHBIX ILIOCKOCTAX), HEO6X0-
JMMO M ZOCTATOMHO, YTO6H MX CMeMaHHOe npousBegenne (a,b, &) 6bi10
PaBHO HYJIO. :

1. CMmemanHOe IpOM3BeJeHIE BEKTOPOB BHIPAXAETCA 9epe3 MX KOOp-
IUHATH ¢OPMYIOH

ay as as
(@b,8)=|b by bs
€1 C2 C3

2. Ecin onpegenuTens B IPABOM 9aCTH 3TOr'0 PABEHCTBA PaBeH HY.IIO,
TO BEKTOPHI KOMILIGHAPHEI, €CIM ONpeAeNIATeNb HE PABEH HYJIO, TO BeK-
TOpPHI HEKOMILTAHAPHHL.

IIPUMEP. Kommnranapus /m BexTopH @ = {7, 4,6}, b= {2,1,1} m
&= {19,11,17} ?
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PEMEHUE.

1. BuruuciaseM CMemaHHOE IPOU3BEAEHNE BEKTOPOB:

3 7 4 6
(@b¢e)=| 2 1 1]|=0.
19 11 17

2. Tax xak (d,b,¢) =0, BekTOpH @, b ¥ C KOMILIAHAPHHL.

OTeeT. BexkTop! @, b u ¢ KOMILIAHAPHEL.

YcnoBuAa 3A4AY. Komnaanaphot 4u eexmopu @, buc?

1. @=1{1,3,0}, b={-1,0,-1}, ¢={1,2,1}
2. @=1{3,2,1}, b={5,5,5}, ¢=1{0,-1,-2}
3. @={0,6,1}, b=1{0,2,0}, ¢={1,1,1}
4. @={4,1,-2}, b={3,2,1}, ¢={5,5,5}
5. a=1{2,50}, b={2,-1,2}, ¢&={1,1,1}.
6. @={1,0,-1}, b={-2-1,0}, ¢={3,1,-1}
7. @={4,3,1}, b={51,2}, ¢=1{2,1,-1}
8. @=1{-2,4,3}, b={4,7,5}, ¢={2,0,-1}
9. a=1{2,58}, b={1,-3,-7}, &={0,5,10}
10.@={1,5,1}, b={1,7,1}, ¢=1{2,2,1}

Oveetsl. 1. Her. 2. da. 3. Her. 4. Ha. 5. Her. 6. Ha. 7. Her.
8. Ha. 9. Ha. 10. Her.

1.6. O6beM m BrICOTa TeETpasapa

IIOCTAHOBKA 3AJAYM. Buuwucaumv o6bem mempasdpa ¢ 6epwu-
namu 6 mouraz A1(z1,y1,21), A2(z2,Y2, 22), A3(23,Y3, 23), Aa(T4,Ya, 24)
u €20 6blCOMY, ONYywennylo u3 eepwunbl Ay na epans A1 Az As.

II1AH PEIIEHUA.

1. V3 Bepumusr A; nposegeM BekTOps! A; Ay ={T2—T1,y2—y1,22—21},
AA; ={z3—z1,y3 — 1,23 — 21} 1 A1As={z4—21,y4— V1,24 — 21}

B coOTBETCTBUM C F€OMETPHYECKMM CMEICIOM CMEMIAHHOI'O MPOM3Be-
JeHUs nMeeM

1
5 |(A1A2, A1 A3, A1 Ay)), (1)
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rae Vi u Vin — o6beMul TeTpasapa U Napasuieenunesa, MoCTPOeHHEIX
Ha BekTOpax A1Ag, A1Az u A1 Ay)
C gpyrou CTOpPOHEHI,

1
Ve = §SAA,A2A3 “h, (2)

rae CcoryiaCHoO FeOMeTpM‘leCKOMy CMBICJIIY BEKTOPHOI'O ITPOM3BEAECHNA
1 -
SaaBc = 3 [[A142, A1 As]|.

CpaBuuBas ¢popmyant (1) u (2), noxygaem

3V, |(A1 A2, A1 A3, A1 Ay))|

= . 3)

h = -
SAA;AzAs |[A1A2, A1 As]|

2. Brruucasem cMemasHoe IIpOU3BEIECHME!:

T2 —T1 Y2—Y1 22— 21
(A1A2, A1 A3, A1Ay)=| T3 —21 Yys—h 23— 21 |,
Ty —T1 Ya— Y1 24— 21

u HaxoZuM 06beM TeTpasapa no ¢opmyre (1).
3. BelunciieM KOOPAMHATEL BEKTOPHOI'O POM3BENECHMA:
i 7 k
[A1Ag, MiAs) = | 2o -1 ya—1 22—z | =
Y2—Y% 2—21

T3—T1 Y3— Y1 23— 21
{ Ys—% 22— 2

1 ero MOZYJb.
4. Haxoaum BricoTy h mo ¢popmyze (3).

T2 —T1 22 — 21
T3 —T1 23— 21

T2 —T1 Y2 — U
T3 —T1 Y3 — Y1

b

IIPUMEP. Bwrumcaurs o6wem Terpasapa ¢ sepmmHamu Ap(2,3,1),
Az(4,1,-2), A3(6,3,7) nu As(—5,—4,8) u ero BHICOTY, ONMyLIEHHYIO U3
BepmmHEl A4 Ha rpanb A; Az Aj.

PEWEHUE.
1. W3 Bepmmner A; mposegeM BekTopu A1 As = {2, -2, -3}, A143 =
={4,0,6) u A, A; = {-7,-7,7}.
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2. Berqucasem cMemanHOe MpOU3BeEHNUE:

2 -2 -3
(A1A2,A1A3,A144)=| 4 0 6 |=
-7 -7 7

=2.42+42 .70+ (-3) - (—28) =308

U HaxoZuM o6beM TeTpadapa mo ¢popmyre (1)
1 3
Ve, = g - 308 (ex.pmmHE)".

3. BrruncineM KOOpAMHATHE BEKTOPHOI'O IMPOU3BEJEHU:

[A,4;,A1A5) = = —12i — 247 + 8k = {~12, 24,8}

O NSy
D W F

i
2 —
4

M ero MOJAy.Ib
[A1A2,A1A3 \/ 12 2 482 =28.

4. Haxoaum BricoTy h mo ¢opmyie (3):

_ |(A1Ag, Ay A3, A1 Ay))| _ 308
|[A142, A1 As)| 28

= 11 ex. fuIuHEL.

154
OTset. V. = —g— (e,q.,qnnﬂm)s, h = 11 ex.gnuHLL

YcaoBUA 3AJAY. Buiuucaumbs 06bem mempasopa ¢ EPWUHAMU 6
moukaz Ay, Ag, A3, Ay u €20 6bicomy, ONYWEHHYIO U3 6epwunbl Ay Ha
2pans A1 Az As.

L A(2,4,7),  Al(3,3,2), A3(0,1,2), Aq(-3,7,-2).
A1(—2,4,8), As(4,-1,2), As(—8,7,10),  As(-3,4,-2).

1

2

3. A1(6,1,3), Ay(6,-2,-3), As3(2,2,0), A4(-5,1,0).
4. A,(0,-1,2), Ay(-3,3,—4), As(—9,-5,0), Aq(-8,-5,4).
5. A;1(0,-4,3), Ay(-5,1,-2), As(4,7,-2),  As(-9,7,8).
6. A1(2,1,1), A3(0,5,7),  As(3,-3,-7), A4(1,8,5).

7. A1(4,1,-1), Ay(1,4,-1), A3(0,1,3), A4(-2,0,0).
8. A:(5,2,1), A2(4 5,4),  As(8,3,-3),  A4(-T7,12,-4).
9. A:(0,2,-2), As(1,9,3),  A3(6,-6,-2), As(3,-2,8).
10. A;(12,2,3), Ay(-7,-5,0), As(—4,—8,-5), As(—4,0,-3).
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OTseTbl.

1.V=10/3, h=2/14. 2. V=56/3, h=4.
3.V =43/2, h=43105/105. 4. V=80/3, h=4
5.V = 190, h = 2/38. 6. V =15, h = 3/5.
7.V =12, h = 2v3. 8. V=140/3, h=4/14.
9.V =250/3, h=52. 10. V =338/3, h=+/26.

1.7. PaccTossHMEe OT TOYKHM [JO ILIOCKOCTH

TTOCTAHOBKA 3AJAYU. Hatimu paccmoanue om mouku Mo(Zo, Yo, 20)
do naocxkocmu, nporodswet wepes mouxu My (z1,y1,21), Ma(z2,y2,22) u
M;(z3,y3, 23)-

IInAH PEWIEHMA. Mckomoe pacCTOAHHME MOXKHO HAWTH KaK BEICOTY
TeTpadaApa ¢ epmmuamMu Mo (Zo, Yo, 20), Mi(z1,y1,21), Ma(z2,Y2,22) 1
Ms(z3,y3,23), omymennyro u3 sepmuasl Mo (Zo, Yo, 20) Ha rpans My Me M;
(cm. 3agaay 1.6). JIpyroe pemeHue 3aKII0Ia€TCA B CJAELYIOLIEM.

Paccrosanne d ot touku My(zo, Yo, 20) AO IUIOCKOCTH DaBHO JJINHE
npoekuuu BeKTopa M My Ha HODMAJIbHEIN BEKTOP ILIOCKOCTH 7i, T.€.

(7, My Mp)|
|73 '

d = |TIPz M M| = (1)

ITockoabKy HOpMAJbLHBEIM BEKTOP ILIOCKOCTHM 7. OPTOrOHAJEH BEKTODaM
MMy u M; M3, ero MOXHO HaUTH KaK UX BEKTOPHOE IIPOM3BEECHUE:

fi = [My My, My M;).

1. HaXOA“M KOOpANHATHIL BeKTOpOB:

MiM; = {z3—21,y2— Y1, 22— 21}, MiM3 = {23 —1,y3 — 1,23 — 21},
MMy = {zo — z1,Y0 — Y1, 20 — 21},

Hu HOpMaJIbHOPO BeKTOpa IINIOCKOCTU:

i j k
= [Mle,MlMs] =1 T2—T1 Y2—Y1 22—21
T3 —T1 Ys— Y1 23— 21

2. Brraucisem paccrosnue d ot Touku My(Zo, Yo, 20) A0 ILIOCKOCTH
no dopmyze (1).

ITpuMEP. Haiitu paccrosuue ot Touk:m Mp(1,—1,2) go mrockocra,
npoxoaamen wepes Touku M;(1,5,—7), M2(-3,6,3), M3(-2,7,3).
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PENIEHUE.
1. HaxoauM KOOpAMHATHI BEKTOPOB:

M1M2 = {"4y ly 10}7 M1M3 = {—3s2a 1O}a M1M0 = {07_6,9}1

¥ HOPMAJIBHOI'O BEKTOpPa IIOCKOCTH:

<

]
’fl: = [MIMQ,MlMg] = -4
-3

= —10i + 107 — 5k .

[ SRR W)
—_
o

10

2. Brrumcasem paccrosume d oT Toukum My OO mIOCKOCTH IO GOp-
myae (1):

= |TIP; My M| = |(7, - —105

I7i| . JC10Z £ 102 + (-5)2| "

OTeeT. d =7 en. AJIuHEL

YcaoBus 3A0A4. Hatimu paccmoanue om mouku My do naockocmu,
npozodswel weped mouxu My, My u M.

1. My(0,7,-4), M(4,8,-1), Ms(-2,1,3), Mo(-9,10,2).
2. My(5,8,3),  M(10,5,6), M3(8,7,4),  Mo(7,0,1).

3. Mi(1,3,5),  May(-5,5,2), Ms(7,-1,8), Mo(-3,4,3).
4. My(0,-2,—-1), My(-3,-1,2), Ms(1,0,-2), Mo(-3,3,1).
5. M(2,3,1),  My(2,0,3),  M;s(1,2,0),  My(3,0,5).

6. My(4,3,5),  My(4,52),  Ms(51,4),  M(-2,-6,2).
7. My(4,5,0),  My(4,3,0),  Ms(1,2,9),  My(6,1,-6).
8. Mi(5,12,1), M(0,5,-3), Ms(—4,2,—-1), Mo(—4,9,-8).
9. M(0,3,5),  My(0,-1,-3), Ms3(4,0,0),  Moy(-1,4,6).
10. My(1,-2,2), My(-3,2,3), M;(3,0,6),  Mo(—2,5,—4).

Otsetol. 1. d = 459/1/2265. 2.d=5v2. 3.d=0. 4.d=9/V101L
5. d = 1/38/38. 6d—5/\/_ 7.d=2V6. 8.d=17 9.d=5/9.
10. d = 451/194/97.
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1.8. YPaBHeHlfle IMJIOCKOCTH
C JaHHbBIM HOPpMAJIbHBIM BEKTOPOM
ITOCTAHOBKA 3AJAYU. Hanucambv ypasherue naockocmu, nporoos-

wetl wepes mouky Mo(zo, Yo, z0) nepnenduxyaspno eexmopy My M,, 20e
mourku My u My umeom xoopdunamut (z1,y1,21) u (T2, Y2, 22)-

IIAH PELIEHUA. YpaBHEHHE ILTOCKOCTH, IIPOXOAAIIEH Yepe3 TOUKY
My (zo, yo, z0) nepnenauxyaspao sekropy it = {4, B, C}, nmeer Bug

Az —z0) + B(y — y0) + C(z — z) = 0. (1)

1. B kauecTBe HOPMAIBLHOIO BEKTOPA IIOCKOCTH 7i BHIGMPAEM BEKTOD
MMy = {z2 — 21,92 — y1,22 — 21}

2. CocranseM ypasHeHHe IVIOCKOCTH (1) ¢ HOPMAaIbHEIM BEKTOPOM
M, M, npoxoasmen 9epe3 Touky Mo (zo, Yo, 20):

(z2 — z1)(z — z0) + (y2 — ¥1)(¥ — vo) + (22 — 21)(2 — 20) = 0.

IIPUMEP. HanucaTh ypaBHeHHE ILIOCKOCTH, MPOXOJAILEH Uepe3 TOY-
Ky Mo(2,5,—3) nepnenaukynapuo Bekropy M;Ma, rae Toukn My u M,
umeloT KoopauHath (7,8, —1) u (9,7,4).

PEMEHHUE.

1. B kauecTBe HOPMAILHOI'O BEKTOPA ILNIOCKOCTH 7i BLIOMPAEM BEKTOD
M]Mg = {2, —.1, 5}

2. CocraBiseM ypaBHeHHE ILIOCKOCTH (1) ¢ HOPMalIbHBIM BEKTOPOM
it = {2, —1,5}, npoxogamen vepes Touky My(2,5,—3):

2(x—-2)-1(y—-5)+5(z+3) =0.
OveeT. Ypasuenume muockoctu 2z —y + 5z + 16 = 0.

YcaoBusi 3A0A4. Hanucamv ypasnenue naockocmu, npozrodauwet
wepes mouxy My nepnenduxyaapno eexmopy My M,.

1. My(3,2,0), M,(4,1,5), M,(2,-1,4).

2 MO(_'Sa_lyO)’ Ml(—5a1:—4)y MZ(—2a2,_3)'
3. My(2,-4,-2), M;(-1,-3,-7), My(—4,-1,-5).
4 MO(_5a3a O)a M1(0a5a7): M2(2’7’8)
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5. M0(2’~101—4)$ Ml( a—6’ 8) M2(—21_57_9)'
6. Moy(1,9,2), M;(0,4,7), M>(1,6,9).
7. My(0,-2,7), Mi(-5,-4,9), Mz(-2,-2,6)
8. My(-1,1,-4), M;(3,8,-2), M,(2,11,0).
9. My(-1,7,=6), M;(3,5,-1), M,(1,3,-2).
10. Mp(-5,2,5), M;(3,-3,-2), My(4,-1,2).
OTseTbl.

1. 224+ 2y+2=0. 2. 3z4+y+2z-4=0.

0 3.3x—-2y—22z-16=0. 4. 2zx+2y+2+9=0.
5.2z —y+2-20=0. 6. +2y+2z-3=0.
7.3z4+2y—32+23=0. 8 z2-3y—22-8=0.
9.2r+2y+2-16=0. 10.z+2y+4z2-5=0.

1.9. Yros MeX Iy ILIOCKOCTAMM
TIOCTAHOBKA 3AJAYN. Hatimu y204 mexncdy niaocKocmamu
Az + Biy+Ciz+ Dy =0, Asx+ Bay+ Coz+ Dy =0.

TIJIAH PEMIEHUA. [IByrpaHssiil yroi Mex y ILIOCKOCTAME PaBeH yriIy
MEeXJy X HOPMAJIHHEIME BEKTOPAMH

={A1,B1,C1}, 7z={A2, B2, C:}.

IMoaToMy yroa ¢ MexAy ILIOCKOCTAMM OIpefeNAeTCa PaBEeHCTBOM

cosp = 12).
] [7a]

IIPUMEP. HanTu yrox Mexay ILIOCKOCTAMH
c+2y—22—-7=0, z+y~-35=0.
PENEHUE. [IByrpalHbIi yrox MexXy ILIOCKOCTAMM DAaBEH YTy MEX-
Iy ¥X HOPMaJbHHMHU BekTopamu 71 = {1,2, -2} u 7i; = {1, 1,0}. IloaTo-
MY yTOI ¢ MEXJY ILIOCKOCTAMM ONPENEIACTCA PABEHCTBOM
(i1, 75) 1-1+2:1-2-0 1
cosp = = —

1] - 12| /12 + 22 + (=2)2/12 + 12 V2

Taxum o6pasom, ¢ = arccos (1/v/2) = /4.

OTseT. Yrox Mexny IIoCKocTaMu ¢ = /4.
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YcaoBuAa 3A48A4Y. Haldmu yzoa mencdy naockocmamu.

1. 3z—-y+3=0, z—2y+52—-10=0.
2. T—y+3z—-5=0, r+2z-2=0.

3. bz —4y+32-3=0, dr—y—2+2=0.

4. 5z —3y+22+5=0, 3z+3y—32-8=0.
5. 6z +2y—42+17=0, 9z+3y—62—-4=0.
6. £—y+2V/2-5=0, z+y—2V/24+7=0.
7. y—32+5=0, y+2z—-3=0.

8. 6x+2y—3z2+1=0, z+6y+22—-10=0.
9. 2z +y+22-5=0, 12z + 16y — 152 +2 = 0.
10.5z —y+22+12=0, 3z +2y+2+10=0.

8 7
OTseTsl. 1. p = arccos —=. 2. ¢ = arccos4{/—. 3. ¢ = arccos 10"

\/_ 11
2 2
4. p=—=. 5. p=0. 6<p——37—r 7.g0=§. 8.<p=g. 9.<p=arccosﬁ.

/15
10. p = —.
( = arccos 73

1.10. Kanoundeckmne ypaBHEHUA HPAMOU

ITIOCTAHOBKA 3AJAYU. Hanucamv xanonuueckue ypasHeHUus NPA-
Mo, 3adannoti Kax AunUA nepecevenus 06y naockocmet (06wumu ypas-
HEHUAMU)

Az + By + Ciz2+ Dy =0,
Aoz + Bay + Coz + Dy = 0.

II1AH PEMIEHMA.

1. Ilposepsewm, uTo BekTOpH 71y = {A1, B1,C1} u i = {A2, Bs, Cs}
HEKOJ/LUIMHEAPHBI U, CIeJOBATENLHO, ILIOCKOCTH HepeceKaloTCa 10 HeKOTO-
pOM IIPAMOM.

KaHoHIYeCK1Me ypABHEHUS NPAMON C HANMPABJIAIONMM BEKTOPOM G =
= {l,m,n}, npoxoasamei yepe3 faHHyI0 TOIKy My (o, Yo, 20), UMEIOT BUL

$—$o=y—yo=z~zo. Q)
l m n
IosToMy 94TO6R HANKMCATL YPABHEHUA IIPAMOM, HEO6X0AMMO HAUTH ee Ha-
NPaBJAIONMIA BEKTOP ¥ KaKyio-HUOYAb TOYKY Ha IPAMOM.
2. Tak kax npaAMas OPUHAJIEXHAT OZHOBPDEMEHHO 06EMM ILIOCKOCTAM,
TO ee HAIPABIAIIKA BEKTOP @ OPTOrOHAJEH HOPMAJBLHHEIM BEKTOPaM
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o6eux mrockocred, T.e. @ L ©iy = {A1,B1,C1} nud L iy = {Ag, B2,Cs}.
Cirej0BaTENLHO, HANPABIAIOUIMA BEKTOP G HAXOLUM IO dhopMyJIe

- - -

i ]k
a= [ﬁhﬁgl = A1 Bl C1
A2 By C;

3. Teneps BrIGEpPEM KaKyO-HUOY AL TOUKY Ha mpamMod. Ilockonbky Ha-
[IPaBJIAIONIMN BEKTOD NMPAMOU HEMapaJIeNeH XOTA 6Bl OJHOM M3 KOODJH-
HATHBIX ILIOCKOCTEH, TO MPAMAasA EPECEKAET 3Ty KOOPAMHATHYIO ILIOC-
kocTe. CleJOBaTENIbHO, B KAYECTBE TOYKHM HA IPAMOM MOXET OHIThH B3ATA
TOYKa ee epPeceYeHus C 9TOM KOOPAMHATHOU ILIOCKOCTHIO.

4. IMoxcTaBiafeM HalJeHHEIE HAPABIAIOIIMNY BEKTOP U TOYKY B ypaB-
HeHMA npaMod (1) u 3anuCHIBaeM OTBET.

IIPUMEP. HamucaTh KaHOHWYECKWE ypDAaBHEHUA NPAMOM, 3aJaHHOU
KaK JUHUA [ePeCeYeHus ABYX ILIOCKOCTeH (06IMMY ypaBHEHUAMY)

2z +3y+2—-8=0,
z—-2y—2z+1=0.

PEIIEHME.
1. IIposepuyM, uTO BekTOpH 711 = {2,3,1} u iy = {1, -2, —2} Hekox-
nuHeapHsl (cM. 3ajady 1.2). Umeem

2 3

17 =2

Bekropu 71; = {2,3,1} u fi; = {1,—2,—2} HekoMHeapHBI, TaK Kak
X KOOPJMHATHEI HENpPOnopuuoHaabHuL. Cle0BaTeIbHO, ABE ILIOCKOCTH
[EePECEKAIOTCS MO IPIMOU.

2. Tak xak npsmMas DPpUHAJIEXUT OJHOBPEMEHHO 00€MM ILIOCKOCTAM,
TO €€ HANPAaBJIAIIMA BEKTOP G OPTOrOHAJIEH HOPMAJILHEIM BEKTOPaM
o6eux mrockocred, T.e. @ L Ay = {2,3,1} ma L Ay = {1,-2,-2}.
CuenoBaTenbHO, HANPABLAIIOIIMIA BEKTOP d HAXOAUM 10 (hOpMyIe

iq ok ..
@=[f,i]=|2 3 1|=—4i+5]-"7k.
1 -2 -2

3. Teneps BrIGepeM KakKyro-HUOYAb TOYKy Ha npamol. Iockonbky Ha-
[IPaBIAOIIMEA BEKTOP MPAMOM HemapauleJeH HU OJHOU M3 KOOD AMHATHEIX
ILIOCKOCTEH, TO NPAMAA INEPECEKAeT BCE TPU KOOPAUHATHHIE IIIOCKOCTH.
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CuenoBaTeasHO, B Ka9eCTBE TOYKM Ha MPAMOM MOXET GBITH B3ATa TOYU-
Ka ee IepecedeHus, HaupuMep, ¢ miockocTsio ¥ = (0. KoopaunaTh sTon
TOYKM HAXOJUM, DEeIasd CUCTEMY TPeX ypaBHEHHUM

2r+z—-8=0,
z—2z+1=0,
y=0.

TMonyaum zo = 3, yo =0 1 29 = 2, T.e. Mp(3,0,2).
4. TloacTaBisas HaUJEHHbIE HANPABIAIOIIMIA BEKTOP U TOYKY B ypaB-
HeHua npamon (1), noayaum

OTeer. Kanoumdeckue ypaBHEHUA MPAMOM MMEIOT BUJ

r—3

-4

z—2
-7

y
5

YClOBUAA 3ANAY. Hanucamb xanonuuecxkue ypasnewua npamot, 3a-
dannoti Kax AuHuA nepeceuenus d6yx naockocmed.

r+y+ z—-2=0, 9 2 —3y+2z+ 2=0,
r—y—32+6=0. 2c +3y+ z2+14=0.
3 r—-2y+22-4=0, 4 z+y+ 2-2=0,
2z +2y — 2z -8 =0. ’ z—-—y—32+2=0
5 2¢+3y+ z4+3=0, 6 z+y— z—4=0,
’ z—-3y—22+3=0. ’ T—-y+ 2z =0
z+5y+22+5=0, 8 2r+2y—22+1=0,
z— y— 2— 1=0. ’ 3z -2y+32+4=0.
dr+y—-32+4=0, 10 z— y—2—-2=0,
2z —y+22z4+2=0. "l z-3y+z+4=0
OTseTbl.
r+2 y—-4 2 z+4 y+2 2z

—_ = 2

1 -2 1 ' 9 = -2 = -12
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r—4 y =z y—2 z
= - = - 4 —_ == —_— = -
3 11 1 -2 1
5 t+2 _y _z 6 z—-2 y-3 =z
3 T -5 9 ' 1~ =3 =2
7 z_ytl_=z 8 cg+1 y-1/2 =z
7T a1 T2 1 T -6 -5
z+1 y =z z—-5 y—3 =2
% 1 14 6 10. 2 1 1

1.11. Touka nepecevenus
NPAMOM M ILIOCKOCTH

IIOCTAHOBKA 3AIAYM. Halimu mouky nepeceuenus npamot

r—Z1 _ Y- _z—2
l m n

U NA0CKOCTU
Az + By+Cz+ D =0.

IIJIAH PEHIEHUA.

1. TIposepum, 9T0 NpAMad He NapaJLIeJbHA IIOCKOCTH. JTO 03HAYAET,
9TO HANPABJIAIOMKI BeKTOp npamon @ = {l,m,n} u HOpMATLHEIA BEKTOD
mwiockoctu 7t = {A, B,C} He OPTOrOHaJIbHEI, T.€. MX CKAJISPHOE IPOM3-
BeJleHHMe He PABHO HYJIIO:

Al+Bm+Cn #0.

B >TOM ciIydae cymecTByeT eIMHCTBEHHAS TOYKA IE€PECEICHUA IPAMOU 1
ILIOCKOCTH.

2. Jlna HaXoX JeHUA TOYKH IepeCevIeHus IPAMOU U ILIOCKOCTH, BOOOIIe
rOBOPSA, HAJO0 PEHIATH CUCTEMY TPeX YPABHEHUH C TPeMs HEM3BECTHBIMH
(aBa ypaBHEHMA NPAMOM U OfHO ypaBHeHuUe miockocTu). OaHako ynoGHee
HCIOIB30BaTh apaMeTPUYeCKHE YPABHEHMA [IPAMOM.

IMonoxum
T-n _Y-n_z2-2A —t
l m n
Torpga napameTpnieckue ypaBHEHUA IPAMOM UMEIOT BUJ
Tz =I1t+z,
y =mt+ y1,

z=nt+ 2.
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3. IloacTaBiAs 3TN BHIPAXEHUA IJIA T, Y U 2 B YPABHEHHUE ILIOCKOCTH
M pelas ero OTHOCUTEJIbHO {, HAXOAMM 3HadeHUe nmapamerpa t = {o, Ipu
KOTOPOM IIPOUCXOAUT NepPeCedeHne MPAMOU M ILIOCKOCTH.

4. HangenHnoe 3Hadenue ty NOACTABIAEM B IapaMeTPUYECKUE ypaBHe-
HUSA OPAMOY M IOXYYa€M HCKOMBIE KOODAMHATHI TOYKM IE€PECEeYeHHU:

o = ltg + x4,
Yo = mio + Y1,
20 = nig + 21.

3anucLIBaeM OTBET B TaKOM BAJE: IPAMAA ¥ ILIOCKOCTH IEPeCEKAIOTCA
B Touke (o, Yo, 20)-

IIpuMEP. HaiTn Touky mepecedeHus mpamon

z—-1 y+1 2

2 0 -1

H IUIOCKOCTH
2z —3y+2z—-8=0.

PEIEHUE.
1. Nmeem
(@n)=2-24+0-(-3+(-1)-1=3#0.

Cie{OBaTEIbHO, HAIPABIAIOIINN BEKTOP NPAMOH H HODMATHHEIM BEKTOD
ILTOCKOCTH He OPTOrOHANBHEI, T.€. NPAMAaA U IULIOCKOCTh MEPECEKAIOTCA B
€IMHCTBEHHOU TOYKeE.
2. ITonoxum
z—1_y+l1_ =z =t

2 0 -1

Torxa mapaMeTpuvecKue yPaBHEHUA IPAMOM HMEIOT BUJ

r=2t+1,
y=_1)
z = —t.

3. IloacTaBaAs 3T BHIPAXEHUA NJIA T, Y X 2 B YpPAaBHEHHE ILIOCKOCTH,
HaXOAUM 3HaYEHMEe rnapameTpa t, Ip¥ KOTOPOM NMPOUCXOAUT IepecedeHne

IPAMOH ¥ ILIOCKOCTH:

22t +1)-3(-1)+1(-t) -8=0=to = 1.
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4. TlogcraBnas B mapaMeTPUYECKHME YDaBHEHHMA NPAMOU HalJEHHOE
3HadYeHue tp = 1, momygaem

1’0=3, Yo =-1, zp=-1

Ovser. Ilpamas m miockocTs mepecekaroTca B Touke (3, —1,—1).

YcaoBus 3A4AY. Hatimu mouky nepeceuenus npamot u naocKocmu.

r—2 y-3 z+1
1. = = —_ =0U.
T 7 1 z+y+22-9=0

1 -3 1
2. zt =Y =z+’ r+2y—2+5=0.

3. T 2 5 r—3y+2-8=0.

4. $;1=%=z;3, z—y+42=0.

5. %=y—:2—3=2_(;2, 3z+y—22=0.

6. ‘”gl @;—2 =, c+3y—2-3=0.

7. $;1=y12=z‘52, T+ 2+2:+3=0.
8 ”";1=1%?—:§, T—y+4dz—5=0.

9. %:y—}l:z:‘, % —y+z+4=0.

o ZF2_y=2_ 2+l o 4y gi47=0.

1,4). 3. (2,;1,3). 4. (4,0,-1).

Ovsets. 1. (1,2,3). 2. (1,—
7. (=1,1,-2). 8. (3,2,1). 9. (~1,-1,-3).

5. (1,1,2). 6. (~1,0,—4).
10. (~1,2,-1).
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1.12. ITpoekuus To4Ykm
Ha IUIOCKOCTH WM MPAMYIO

IIOCTAHOBKA 3AJAYMU. Hatimu xoopdunamor npoexyuu P’ mouxu
P(zp,yp,zp) na nuockocmv Az + By +Cz+ D = 0.

IInAH PEMEHMA. IIpoekuusa P’ Touku P Ha MIOCKOCTH ABIAETCA OC-
HOBAHMEM IEPIIEHANMKYIAPA, ONYMIEHHOrO U3 TOYKU P Ha 3Ty ILIOCKOCTS.
1. CocTaisgeM ypaBHEHUs IPAMOM, IPOXOAAMIEN depe3 TO4YKy P mep-
NMEeHAMKYJAPHO NaHHOM IIOCKOCTH. J[IjIA 3TOro B Ka4eCTBe HAIPABIAI-
IIEr0 BEKTOPa NPAMOM GepeM HOPMAIbHLIM BEKTOP ILIOCKOCTH: 4 = 7 =
= {4, B,C}. Torga kaHOHMYeCKUE YDABHEHHA NPAMOM UMEIOT BUJ
T—ITp Yy—yp _Z—2p

A B c

2. HaxoauM KoOpAMHATH TOYKHU Hepecedenus P’ 3Tol npaMou ¢ 3a-
AaHHOM ILTOCKOCTHIO (cM. 3agady 1.11). ITomoxum

r—Tp :y—yp =Z—ZP —¢
A B C '

Torpaa mapaMeTpuYecKue ypaBHEHHUA IPAMOM MMEIOT BUJ

r=At+zp,
y=Bt+yPa
z=C’t+zp.

3. IloacraBasas z,y,z B ypaBHEHHE ILIOCKOCTH M pellaf ero OTHOCH-
TeIbHO t, HaXO0AUM 3HaUeHKe napamerpa t = ty, Ipu KOTOPOM IIPOUCXOUT
nepecevyeHue NPAMOM U ILIOCKOCTH.

4. Haugennoe 3Ha4eHue to MOACTABIAEM B IapaMETPUYECKHE YPaBHE-
HUA OPAMOY ¥ MOJIy4aeM HCKOMbIE KOOPAMHATH TOUYKH P’.

3AMEYAHUE. AHAJIOrMYHO PEIIAeTCA 33a4a49a O HAXOXKAEHUU KOOPAH-
HAT IIPOEKUUU TOYKH HA NPAMYIO.

ITpuMEP. Halitu koopauHaTh npoekiuu P’ rtouku P(1,2,—1) Ha
IIOCKOCTh 3T —y + 2z — 4 = 0.

PEMEHUE.

1. CocTaBnsemM ypaBHEHHA NPAMOM, IPOXOAALIEH Yepe3 TO4Ky P mep-
NeHUKYIAPHO NAHHOM ILUIOCKOCTH. [lJIA 3TOro B KadeCTBe HAIPABIAIO-
mero BEKTOPa IPAMOM 6epeM HOPMAIBHBIM BEKTOP ILIOCKOCTH: @ = 7l =
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= {3,-1,2}. Toraa kaHOHUYECKUE yPABHEHUA NPAMON UMEIOT BUJ

z—-1 y—-2 2z+1
3 . -1 2
2. HaiigeM KOOpAMHATHL TOYKM nepecedenus P’ 3Tol nmpamoi ¢ 3a5aH-
HOM TWIOCKOCTHIO. Ilomoxnm
z—-1 y-2 z+1

= =t.
3 -1 2
Toraa mapaMeTpuyYecKue ypaBHEHHUs MIPAMOM UMEIOT BU/
z=3t+1,
y= —t+ 2»
z=2t—1.

3. IloacTaBisia 5TH BEHIPAXEHUA AJIA T, Y U Z B yPAaBHEHHUE ILIOCKOCTH,
HaXOJ¥M 3HAYEHUE MapaMeTpa t, IPU KOTOPOM IPOUCXOAUT IepecedeHre
NPAMOM U ILIOCKOCTH:

3Bt +1)—1(-t+2)+2(2t-1)-27T=0=to =2.

4. IloacTapias B mapaMeTPUYECKHE YDABHEHHsA NPAMOU HaWIEHHOE
3HaveHue o = 2, moryvqaeM o =7, Yo =0, 2o =1.

Taxum 06pa3oM, TOYKa MEpeCevdeHus NPAMOA U IIOCKOCTH U, CIeHO0-
BaTeJLHO, IpOoeKIuA Todku P Ha mwiockocTs uMeeT xoopaunaTh (7,0,1).

Oveer. IIpoekuus P’ mmeer koopaunarts (7,0,1).

YcnoBus 3A0A4. Hatimu xoopdunamst npoexyuu mouxu P na naoc-
KOCMY.

1. P(1,0,1), 4z + 6y +42~25=0.
2. P(-1,0,-1), 2z+6y—22+11=0.
3. P(2,1,0), y+z+2=0.

4. P(0,2,1), 9z + 4y —3=0.

5. P(-1,2,0), 4z -5y—2z—-T7=0.

6. P(2,-1,1), z—y+2z-2=0.

7. P(1,1,1), z+4y+32+5=0.

8. P(1,2,3), 22+ 10y +102—1=0.
9. P(0,-3,-2), 2z + 10y + 10z — 1 = 0.
10. P(1,0,~1), 2% +4z-1=0.

Otserwl. 1. (2,3/2,2). 2. (-3/2,-3/2,-1/2). 3. (2,-1/2,-3/2).
4.(-1/2,1,1). 5. (1,~1/2,-1/2). 6. (3/2,-1/2,0). 7.(1/2,-1,-1/2).
8. (1/2,-1/2,1/2). 9. (1/2,-1/2,1/2). 10. (1,1/2,0).
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1.13. CuMMeTpHUs OTHOCUTEIBHO
MPAMOM WX ILIOCKOCTH

IIOCTAHOBKA 3AJAYM. Hatmu xoopdunamer mouxu Q, cummempuy-
nott mouxe P(zp,yp,zp) omuocumeabno npamot

T—Zo _Y—Y _ 2— 20

l m n

IInAH PEMEHUA. HMckoMmas Touka () JeXUT Ha MPAMOU, MEpPIEHIU-
KyJIApHOM NaHHOM M mepecekamomen ee B Touke P’. Ilockonbky Touka
P’ pgemar orpesok P momomaMm, KOODAMHATH TQ, Yo ¥ 2o TOUKH Q
ONpeJENIAIOTCA U3 YCIOBUU

zp + T yp + zp+z
op=2 22y =TI L 2R ()
2 2 2
rae Tp,yp,Zp — KOOPAMHATH TOYKU P u Tp/,yp/,2p/ — KOOPAMHATHI

ee npoeknuu P’ Ha DaHHYIO0 IPAMYIO.

1. Hamgem mpoexnuio Touku P Ha JaHHyI0 OpaMyio, T.e. TOUKy P’
(cm. 3agagy 1.12). [Jua sToro:

a) cocTaBUM ypaBHEHHME ILIOCKOCTH, IPOXOAAIEH yepe3 Touky P mep-
MeHJUKYIAPHO JAHHOU NPAMOM. B KadecTBe HOPMAIBHOI'O BEKTOpA 7l
3TOM ILIOCKOCTM MOXHO B3ATH HANPAB/AIOIAA BEKTOP JAHHOM MPAMOMH,
r.e. i =a= {l,m,n}. Hoxysaem

e - zp) + m(y — yp) +n(z — 27) =

6) HaleM KOOPJAMHATH TOYKM NepecedeHns P’ 3ToM IIOCKOCTH C 3a-
JaHHOM mpamon. [l 3TOro sanuiieM ypaBHEHHA NPAMOM B MapaMeTpH-
Jeckou ¢opme

z =t + zo,
y = mt + yo,
z=nt+ 2.

Iloacrasnas T, y, z B ypaBHEHME ILIOCKOCTH U PEIIas ero OTHOCUTEIBHO t,
Haxo[¥M 3HadeHUe napamerpa t = tg, TP KOTOPOM IPOUCXOLUT Iepece-
YeHue IMPAMOM ¥ ILIOCKOCTH;

B) HaliIeHHOE 3HaveHue t( MOACTABIAEM B IIapaMeTPUIeCKUe ypaBHe-
HUS IPAMOY M IOLydaeM MCKOMBIE KOOPAMHATH To4uxku P’

2. KoopauHaThl TOYKH (), CUMMETPUYIHON TOUYKe P OTHOCUTEIBHO JaH-
HOU npsamou, onpegenseM u3 yciaosui (1). Ioxygaem

rQ = 21:p/ - Tp, YyQ = 2ypr - yp, 2Q = 2Zpl —Zp.
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3AMEYAHME. AHAJIOIWYHO PELIAETCA 3aJa9a O HaXOXKJEHUH KOODH-
HAT TOYKH, CAMMETDPUYHOM JAHHOM, OTHOCHUTEILHO ILIOCKOCTH.

ITpuMEP. HaliTu xoopguHATHI TOYKM (), CUMMETPMIHOH TOHUKE
P(2,-1,2) oTHOCUTEILHO IPAMON

PEWEHHUE.

1. Hanmgem npoekumio Touku P Ha JaHHYIO NpAMYIO, T.e. TOUKy P’.
[ura aroro:

a) COCTaBMM ypaBHEHHE ILIOCKOCTH, IPOXOAAIIEN Yepe3 TOUKy P mep-
NMEHJANKYIAPHO NAHHOM NMpAMOM. B kKadecTBe HOPMAILHOI'O BEKTOPa 7t

5TOH IIOCKOCTHM MOXHO B3ATh HANPABIAIONMA BEKTOP AAHHOW IPAMOIA:
A =d={1,0,-2}. Torga

1z —2)+0(y+1)—2(z—2)=0=>z — 22+ 2 =0

6) HaMgeM TOYKY NEPeCedeHUs 3aJaHHOM NPAMOA M ILIOCKOCTH
z— 22+ 2 = 0. [Iaa sToro 3anmimeM ypaBHEHHA NPAMOM B IapaMmeT-
pudeckon ¢popme:

r=t+1,
y=0,
z=-2t—-1.

IMoxcraBasas 3TH BHIpaXKeHWs AJIA T, Y U 2 B ypaBHEHHE IUIOCKOCTH, Ha-
XOAUM 3HadY€HHe IapaMeTpa t, IpHM KOTOPOM IPOUCXOAUT IIepecedeHue
NpAMOM U IIOCKOCTH: to = —1;

B) IOACTABIAA B IapaMeTPUYECKHE YPABHEHHMA HPAMOM HalJeHHOe
3HaveHue to = —1, noryvyaem

zpr =0, ypr =0, zpr = 1.

TakuMm 06pa3oM, TOYKA MEpeCceveHus HNPAMOM M ILIOCKOCTH M, ClIeXOBa-
TeabHO, Npoekuus Touku P Ha npamyio ects P'(0,0,1).

2. Koop anHaTh TOYK# (), CAMMETPUIHOM TOYKE P OTHOCUTEIBHO JaH-
HOU [PAMOM, ONpeReNAoTCa u3 ycaoBuit (1):

T = 2cpr —Tp = =2,
Yo =2ypr—yrp =1,
29 =2zpr—2zp=0.

OTser. Touka Q mmeer koopguuaTtu (—2,1,0).
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YCaoBUA 3ALAY. Hatdmu x00pounambsl mouKuy, CuMMEMPUYHOL moy-
xe P omnocumeabno 3adannoti npamoii.

1. P(0,-1,3), ""Ilz-_"-%:-;.

2. P((2,1,-1), "";2=%=z—:“11.

3. P(-1,0,3), %:3’——;’—1=§.

4. P(3,0,-1), %:’/—I—l=:%.

5. P(-1,2,1), ’”:’11=2;—2=g.

6. P(3,-1,0), %:%:zgl

7. P(-1,3,0), %:%:%.

8. P(1,-1,2), -3- yJ1’1=z__22.
9. P(0,3,-1), "";1=%=%.

10. P(0,2,1), m;‘l - yjll - ";2.

OTsetw. 1. (4,-1,-1). 2. (2,-1,-1). 3.(1,2,-1). 4. (-1,4,-1).
5.(=1,2,-1). 6. (=1,1,2). 7. (-1,-1,4). 8. (—=1,—-1,2). 9. (2,—1,1).
10. (4, -2, -3).



I'masa 2
JINMHENHASA AJITEBPA

IIpu usyyennn remur JJIAHEMHASA AJITEBPA BbI no3HaKOMHATECH HA
NpUMEpPax C MOHATUAMY JUHEHHOro (BEKTOPHOrO) NPOCTPAHCTBA, JUHEH-
HOI'0 OIIEPaTOpa, ero MaTpHILL, 06pa3a, A1pa, paura, fedbexTa, CO6CTBEH-
HBIX BEKTOPOB ¥ COOCTBEHHEIX 3HAYEHUU. BBl HAyYUTECH BHINOIHATD pas-
JIMYHEIE OIEPAIMHU C OEPATOPAMHU U MATPHUIIAMH, UCCIEJOBATh U pemaTh
CHCTEMBI JMHEUHEIX yPaBHEHUH, MMOJTYy9aTh BCIO MHMDOpMaIuio o6 omepa-
Tope (MaTpunmy, o6pa3, AAPO, PaHT U AedEKT, COGCTBEHHLIE BEKTOPH U
CO6CTBEHHLIE 3HAYEHMA) IO €r0 MATpHIlE, MPEO6PAa3OBLIBATH BEKTOPH M
MaTpHIBL TPY U3MEHEHMAX GA3UCOB.

C nomonrpo nakera PEINIEBHUK.BM Bui MoXxeTe BHIIIOJHUTH BCE
OEeACTBUA C MATPHULAMM, NPUBECTH MATPHUIY K PeAyUIMPOBaHHOMY (ra-
YCCOBY) BHAY, BRIYUCIATDH ONpPEAEIMTENN, OGPATHYIO MATPHILy, PEMUTh
CHCTEMBI yPaBHEHUH, IPOBEPUTH JMHEMHOCTD ONEPATOPA, PEIIUTh XapaK-
TEepPUCTUYECKOE YPABHEHUE, HAUTH COOCTBEHHEIE BEKTOPHI U COGCTBEHHEIE
3HAYEHHUA OIEPATOPa, BHIIOJHUTh BCE YUCIEHHBIE PACYETHl U NPOBEPUTH
NPaBUWILHOCTD IOJYYECHHHEIX BAMU PE€3yJbTATOB.

2.1. IIpasmro Kpamepa

IIOCTAHOBKA 3AJAYUA. Pewumb cucmemy mper aunelinbiT ypasHe-
HUL C MPEMA HEU3BECTIIHLIMU

€111 + c12T2 + 1373 = dy,
C21T1 + Co2T2 + co373 = da,
€31T1 + C322 + €3373 = d3
no npasuay Kpamepa.
IIJIAH PEIIEHUA. Eciu onpeaenuTens MaTPUULI CUCTEMBI
€11 Ci2 13
A=|cn c2 c23
€31 C32 €33
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OTJIMYEH OT HyJd, TO CUCTEMa MMeeT PEIleHNe X NMPUTOM TOILKO OJHO.
ITO pEIleHME ONpPEeAENIIeTCa PopMyIaMu

i=1,2,3, (1)

rge A; — omnpejequTens MaTPUIIEI, HOTIYYaeMOM U3 MATPHUIEl CHCTEMEI
3aMEHOM i-0r'0 CTOa0LA CTOI610M CBOGOJHLIX WIEHOB.
1. BriuuciaseMm onpegeruTess MaTPULE! CUCTEMEI

C11 C12 Ci3
A=|ca ca cC23
c31 C32 C33

u y6exgaeMcs, 9YTO OH He paBeH Hymo. ClIefoBaTEIbHO CUCTEMA ypaBHe-
HU{ ¥MeeT €IMHCTBEHHOE DeLICHHUE.
2. Brruncisem onpemeanTenn

dy ci2 c3 | ci1 di a3 ci1 ci2 dp
Ar=|dy c2 ca3 |, Da=|con do ca3 |, Az=|ca1 ca2 da
d3 c32 c33 c31 d3 c33 c31 c32 ds3

3. ITo popmynam Kpamepa (1) Haxogum pelieHre CACTEMEl yDaBHEHUAM

A B A
A 1‘2—A, 333—A-

IIPUMEP. PemmTh cucTeMy ypaBHEHUU

Ir =

1+ 222 + z3 =4,
3z, —5x9 + 323 =1,
2z, +Txg — 23=8

mo npasury Kpamepa.

PEWEHUE.
1. BurumcaseM ompeaeauTens MaTPUULI CHCTEME], pasjaras ero Io
[IEpPBOM CTPOKE:

1 2 1
A=|3 -5 3|=1-(-16)—2-(-9)+1-31=33.
2 7 -1

Tak Kak OH He PaBEeH HYJIO, TO CUCTEMA yPABHEHUH KMeeT €JUHCTBEHHOE
peleHue.



38 I'n. 2. Jlunetinas aseebpa

2. Brruucizem onpepgeruTenn

4 2 1

Ay=|1 -5 3|=4-(-16)—2-25+1-47 =33,
8 7 -1
1 4 1

Ap=|3 1 3|=1-(-25)—4-(-9)+1-22=33,
2 8 -1
1 2 4

As=|3 =5 1|=1-(-47)—2-22+4-31=33.
2 78

3. Ilo (bopmynaM Kpamepa (1) HaXO0QUM PeIlIE€HUE CHCTEMBIL ypaBHEHI/II‘;I
$1=1, $2=1, x3=1.

OTser. r1=1,z2=123=1.

YcjoBua 3A0AY. Pewumb cucmembt ypasuenut no npasuay Kpa-
MEDA.

Ty + 3z — T3 =2, T1 4 222+ 3 =25,
1. 2z, — 3x9 + 223 =0, 2. 3y — 5xy + 323 = -7,
3z — 2z — z3=4. 2z, 4+ Tz — xz3 =13.
2z1 + 3z + T3 =1, 1 + 4z + 323 =5,
3. 3z, — 5xy + 2253 = —11, 4. 3y —2x5+ 323 =9,
5z1 + 29 — 223 = —3. 2x1 +4x9 — 33 = 1.
T+ 529 + z3 = -8, 1 + 3x3 + 223 = -5,
5. 2z, — 3x9 + 53 = 16, 6. 2z, — 2z + 323 = -8,
51 + 229 — z3 = —6. 3z, + 4x2 — 423 = 5.
1+ 2z + x3 =2, T + 5x9 + :13'3:3,
7. 3z, + 229 + 3z3 = 6, 8. 2z, — 3x3 + 33 =8,
2z, — 229 — 3 =1T. 2z + 4z — x3=0.
1 + 3z + 3 = -5, Ty + 2z9 + 33 = 5,
9. 3z, — 4x9 + 3z3 =11, 10. 3y — 2z9 + 323 = —1,
2z, + 4z — T3 = 9. 2z + 3z — 223 = 8.
Otsetsl. l.z1=1,20=0,23 =-1. 2. 21 =0,22 =2, 23 = 1.
3.:1:1=—1,:E2=1,$3=0. 4..’L’1=2,:1:2=0,:133=1. 5..'1:1=0,
$2=—2,.’IJ3=2. 6..131:—1,:132:0,:1:3:—2. 7.(1,‘1=3,.'132=O,
1,'3=—1. 8.1’1=1,l‘2=0,1}3=2. 9..’E1=0,:L'2=—2,133=1.

10. 2, =1, 20 =2, 23 =0.
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2.2. O6paTHaa maTpuia

IIOCTAHOBKA 3AJA4YU. 3adana neadpamnm Mampuya mpemwve20
nopadka
Ci1 Ci12 C13
C= C21 C22 C23
€31 C32 C33

Yemanosums cywecmeosanue u natimu o6pamuyio smampuyy C1.

IL1AH PEMEHUA. Marpuma C~! masniBaeTca 06paTHON KBaJPaTHOM
matpuue C, ecin

C.-c-'=C"l.C=E,

rae F — equHWYHAs MaTpPHUIA.

Eciu det C # 0 (marpuna C — ueBnpoxjeHHas), To marpuua C
umeeT obpaTHylo, ecau det C = 0, To maTpuna C He umeeT 06paTHOM.

1. Brruucasem ompegeaurens marpuunl det C. Eciu det C # 0, To
maTrpuua C umeeT o6paTHYyIO.

2. CocraBiseM MaTpUIly U3 aire6paudecKux JOIOTHEHUN

_ Cii Ci2 Ci3
C=| Ca Cyn Cy
C31 Cszp Css

3. TpaucnoHupyeM MaTpHILy c

- Cu Ca Can
CT=| Ciz Cxn Cxn
Ciz Co3 Cs33

4. Pasgemus marpuny CT Ha onpegerurTens, moxydaeM UCKOMYIO 06-
PaTHYIO MaTPUILY

. 1 Cu Ca Cs
= | Ci2 Gy Cs
detC \ Ciy O Cig

5. IIposepsiem, aro C - C~! = E u 3anuceiBaeM OTBeT.

IIPUMEP. 3ajaHa KBaApaTHAsA MAaTPHULA TPETHEr'0 MOPAIKA

1 2 1
C=13 -5 3
2 7 -1
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YcTaHOBUTDL CyImecTBOBaHUE U HaiTH 06paTHYI0 Marpuny C L.

PEWEHUE.
1. Buryucasem onpegenurens Marpuis det C:

1 2 1
detC=|3 -5 3|=1-(-16)-2-(-9)+1-31=33.
2 7 -1

Tak kak det C' # 0, To maTpuna C umeer 06paTHYIO.
2. CocraBiseM MATPULY K3 aure6pandecKux JONOTHEHUN

(-1 9 31
C= 9 -3 -3
11 0 -11

3. Tpaucnonupyem maTpuiy Cc

_ -16 9 11
CT = 9 -3 0
31 -3 -11

4. PaszpgenmuB maTpumy CT na ompejeauTeNb, TOJydYaeM UCKOMYIO 06-
PaTHYIO MaTpHILy

1 -16 9 11
C*1=—3- 9 -3 0
3 31 -3 —11
5. IIpoBepsem
1 -16 9 11 1 2 1 1 00
C'C‘1=§' 9 -3 0l-l3 -5 3|=}010
31 -3 -11 2 7 -1 0 0 1

OtseT. Marpuna, o6parnas marpune C, ecTb

L (-1 9 1
C“lz—é- 9 -3 0
3 31 -3 —11
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YcaoBusa 3A0AY. Hatimu mampuybl, 06pammble 3a0aHHbLM.

2 31 4 3 0 0 01
1. 3 4 2 2. 110 3. 1 51
1 1 2 0 01 1 4 2
1 21 1 1 2 2 0 5
4. 0 3 1 5 0 2 3 }|. 6. 31 5
0 21 01 2 1 0 2
1 01 2 10 1 3 0
7. 2 2 3 8. 32 0. 0. 1 20
3 0 4 3 2 1 2 1 1
OTeeTbl.
—6 5 -2 1 -3 0 -6 —4
1. 3 -3 1 1.2 -1 4 0 3. 1 1
1 1 2 0 0 1 1 0
1 0 -1 1 0 -1 -2 0
4.1 0 1 -1 5 0 2 -3 6 11
0 -2 3 0 -1 2 10
4 0 -1 2 -1 0 -2 3
7. 11 -1]. 81| -3 2 0 9 1 -1
-3 0 1 0 -1 1 3 -5

2.3. ITonATHe TUHENHOI'O MPOCTPAHCTBA

IIOCTAHOBKA 3AJAYU. Obpasyem au aunetinoe npocmpancmeo 3a-
dannoe muoxcecmeo X, 6 xomopom onpedeaenvt “cymma” a ® b aobviz
deyz saemenmos a u b u "npouszeedenue” o ® a 1106020 Isemenma a Ha
aoboe wucao a?

IIJIAH PEIIEHMA. Vicxons U3 OnpeeleHus JUHENHOIO IPOCTPAHCTBA,
IpoBepseM ClefyIOlne yCIOBHA.

1. fIBnAroTCcA M BBEJAEGHHBLIE ONEPAIMM CIOXKEHUA M YMHOXEHHUS Ha
YMCII0 3aMKHYTHIME B X, T.e. BepHO au, uTo Va,b € X uVa € R

adbeX, a®aeX?



42 Ta. 2. JIunetinas aszebpa

Ecau meT, To MHOXeCTBO X He ABIAETCA INHEUHHIM IPOCTPAHCTBOM, €CIH
Zia, TO MPOJOIXKAEM IPOBEPKY.
2. Haxogum uynesou anemeHT § € X Takon, uro Va € X

a®l=a.

Ecan Takoro smemeHTa He CymIECTBYeT, TO MHOXeCTBO X HE ABIAETCA
JIMHENHBIM NIPOCTPAHCTBOM, €CJIM CYLIECTBYET, TO IPOJOIKAEM IPOBEPKY .

3. [lna kaxgoro sneMeHTa a € X onpejesseM IPOTUBOIOJIOXKHBIM dJe-
MeHT —a € X Takou, 4To

a® —a=240.

Ecan Takoro smemenTa He CylecTByeT, TO MHOXeCTBO X He ABIAETCA
JMHENHEIM [IPOCTPAHCTBOM, €CJIM CyIECTBYET, TO IPOJOIKAEM IPOBEPKY -

4. IIposepseM BBHIOJIHEHWE OCTAIBHBIX aKCHMOM JUHEMHOI'O IPOCTPAaH-
cTBa, T.e. Ya,b,c € X nVa,B € R:

a®db=bDa;

(adb)Bc=ad (bdc);

a0 (Boa)=(a-f)0g

10a=aq

(a+B)0a=aGadB0Oa;

a@(edb)=a®@a®ad®b.

Ecmu xoTsa 6bI 0fHA M3 AaKCMOM HApYyIIAETCA, TO MHOXeCTBO X He

ABIAETCA TUHEUHLIM IPOCTPAHCTBOM. ECIN BBIMOJIHEHBI BCE aKCMOMEI, TO
MHOXeCTBO X — JIMHEHHOE MPOCTPAHCTEO.

ITPUMEP. O6pasyer Ju IMHEMHOE IPOCTPAHCTBO MHOXKECTBO MOI0XHU-
TenbHuIX yucenr X = Ry, B koTopoMm omepauuu “croxenus”’ u “yMHOXKe-
HAA Ha 9uCI0” ompejeleHsl crepyoomuM obpadom: Va,b € Ry u Va € R

a®b=a-b, a®a=a"?

PEINEHME.

1. BBegenHnie TakuM 06pa3oM ONEPALMHU ABIAIOTCA 3aMKHYTHIMH B
[JAHHOM MHOXECTBe, Tak Kak eciu a,b € Ry u a € R, To

a®b=a-b>0, a®a=a*>0,

Te. aPbeERL uw a®acRy.
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2. B xa4ecTBe HYJEBOr0 JIEMEHTA HyXKHO B3ATE eaununy (6 = 1), Tak
Kak
a-1=a,
MHBEIMH CJIOBaMH,

a®l0=a.

3. B xauecTBe d1€eMEHTa —a, IPOTUBOIOJOXHOIO JIEMEHTY @, HYXKHO
B3ATH 1/a, Tak Kak

HMHLIMHU CJIOBaMH,
a®(—a)=24.
4. TlpoBepaeM BHIIOJHEHNE OCTATLHEIX aKCHOM JUHEHHOro IpOCTPaH-
cTBa, T.e. Va,b,c € Ry nVe,f eR:
a-b=b-a=a®b=b0Da;
(a-b)-c=a-(b-c)= (a®b)Pc=a® (bDc);
(@P)*=a* = a0 (fOa)=(a-f)Og;
add=a=10a=gq;
a®P =a*.aP = (a+B)Qa=a0adfOg
(a-b)*=a*b*=0a0@(a®b)=a@adadb
Bce akCHOMBI BBHINOJHEHHI.

OTeetr. R, — amHEeNHOE MPOCTPAHCTBO.

YcnoBUA 3ALAY. Obpasyem au aunelinoe NPocmpancmeo 3adannoe
muoxncecmeo X, 6 xomopom onpedesaenvt “cymma”’ aw0b6uix Jeyr ssemen-
moe a u b u “npoussedenue” 1106020 snemenma a Ha awboe wucao a?

1. MHOXecTBO BCeX BEKTOPOB TPEXMEPHOrO NPOCTPAHCTBA, IepBas
KOOpAuHATa KOTOpHIX paBHa 1; cymMma @ + b, mpousBeaenue « - d.

2. MHOXeCTBO BCeX BEKTOPOB TPEXMEPHOI'0 NMPOCTPAHCTBA; CyMMa
(@, b], npousBeaenue a - @.

3. MHuoxecTBO BCeX HATypaJbHBIX YUCEN; CyMMa a - b, mpousBeje-
HUe a.

4. MHoXecTBO BCex (yHKUMH, HeNPEpHIBHBIX Ha oTpeske [—1,1] u
Takux, uro f(—1) = f(1) = 0; cymma f(t)+g(t), npoussBesenne - f(t).

5. MuoxecTBO BCex (byHKIMH, HEMPEPHIBHEIX Ha oTpe3ke [—1,1] u
Takux, uro f(—1) = f(1) = 1; cymma f(t)+g(t), npousBesenne a- f(t).
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6. MuoxecTBo BCex GyHKUME, Aub(EPEHIMPYEMEIX Ha OTDE3Ke
[-1,1] u Takux, aro f(—1) = f(1) = 0 u f'(0) = 1; cymma f(t) + g(t),
npoussenenue o - f(t).

7. MuoOxecTBO BCex mociaegoBaTenbHocTen a = {u,}, b = {v,}, cxo-
AAIMIXCA K Hymo; cymma {un, + v, }, npoussegenue {ou, }.

8. MmuoxecTBo Bcex mociaegoBaTenbHOCTER {un}, b = {v,}, cxons-
mmxca K 1; cymma {u, + v, }, npoussegenue {au,}.

9. MHOX€eCTBO BCex HEBHIPOXK JEHHEIX MATPUL 3-I0 mopAaka a = (a;k),
b= (bik) (4, k =1,2,3); cymma (aix) - (bik), npoussesenue (aa;x).

10. MHOXeCTBO BCeX AMATOHATBHEIX MATPHUL 3-T'0 mopaaka a = (aik),
b= (bik) (i,k = 1,2,3); cymma (a;k + bix), npousseaenne (aa;x).

OTsetbl. 1. Her. 2. Her. 3. Her. 4. Ma. 5. Her. 6. Her. 7. Ha.
8. Her. 9. Her. 10. [a.

2.4. CucTreMbl JUHENHLIX yPaBHEHUM

3a gava 1. O gHOpOgHBIE CHCTEMBI ypaBHeHm?'l

IIOCTAHOBKA 3AJAYUA. Hatimu pasmepnocmv d npocmpancmea pe-
wenut, e2o 6a3uc (Pyndamenmasvhyto cucmemy pewenut) u obwee pe-
wenue 0dHoPpodnotl cucmemvl AuUNEUHbIT YPasHenul

a11T1 + a2 + ...+ a1pzn =0,
a1T1 + @223 + ...+ agnz, =0,

Am1T1 + Gm2Z2 + ... + GmnZy = 0.

IIJIAH PEIIEHUA.
1. 3anucriBaeM MaTpPUIy CACTEMEI:

a3y a2 A1n
a1 Q22 a2

A= T,
Aml Am2 Amn

¥ C IOMOIIBIO 3JIEMEHTAPHLIX NPe06pa30oBaHuil CTPOK Ipeo6pa3yeM MaT-
puny A Tak, 9TO6H B MAKCHMAJIbHOM 9HCJIE CTOIGILOB OKAa3aJI0Ch II0 OJHON
eauHuIe (B Pa3HHIX CTPOKAX y PA3HBIX CTOA6LOB), & OCTAIbHEIE SIEMEHTHL
cTon6uos 6eutn Hymamu. O9eBUIHO, 9TO TaKue CTOJOLEL JUHEMHO He3a-
BucuMEl. OHM HA3HIBAIOTCA 6a3UCHLIMU.
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IMonyuennyo Mmarpuiy GyneM Ha3hIBaThL pedyyuposannoli u o603Ha-
9aTh Apes.. OTMETHM, YTO pelyUUpOBaHHAA MAaTPHIA SKBUBAICHTHA UC-
xoaHOU (Apes. ~ A) W CHCTeMa ypaBHEHMH C MATpHUIEN Ape; OKBHBa-
JIEHTHA UCXOAHOM CHCTEME ypaBHEHMI.

2. Tak kak A ~ Apey., TO BrunCasseM paHr A Kak KOIMIeCTBO Gasmc-
HEIX CTOJIGIIOB MATPHILI Apey

RgA=RgApe, =1

CrenoBaTeIbHO, Pa3MEPHOCTh MPOCTPAHCTBA PElIeHuA eCThb d = n — 7.
Ecau n = 7, To ofHOpOAHAA CHCTeMa HMEET €QWHCTBEHHOE (HyJeBOe)
pellleHne, eCm . > T, TO PyHJAMEHTAJIbHAA CACTEMAa COCTOUT U3 N — T
JMHENHO HE3aBUCUMEIX DEIEHUM.

3. HeusBecTHrle, COOTBETCTBYIOWHUE Oa3UCHEIM CTOI0LAM, Ha3EIBAIOT-
ca 6a3UCHbLMU, OCTAIbHBIE — C60600HbIMU (MM APAMETPAIECKHAMH).

3anuieM CUCTeMy ypaBHEHHH C MaTpuued Ape, U mepeHeceM n — T
CcBOGOJHLIX HEM3BECTHLIX B MIPaBble YaCTH ypaBHeHuM cucTeMul. [Ipupa-
Bas CBOGOAHBIM HEM3BECTHHIM N — T HAGOpPOB 3HaYeHWH (IO OJHOU enu-
HUIIE, OCTAIbHBIE — HYJIH), JJIA KaXX0r0 TaKOro Habopa pemaeM CUCTEMY
YPaBHEHHN U HAXOJHUM COOTBETCTBYIOILME 3HAYEHMA GA3MCHBIX HEU3BECT-
HEIX. Y6eJuMCsa, 9TO moaydeHHble pemenus Xi, Xo,...,Xp—, JUHEAHO
HE3aBUCHUMEI, COCTABUB MaTpUIly u3 cTonbuos Xi, Xs,...,Xn—, ¥ BHIYH-
CIIUB €€ PaHr.

SanucuiBaeM GyHIAMEHTAIBHYIO cUCTeMy pernenuid X, Xo, ..., X,
u obIee pelleHne OJHOPOHON CHCTEMEl JMHENHBIX YPABHEHUH

I
T2
Xo.o. = : = Cl Xl +CZ X2 +---+Cn—r Xn—ra
mn
rage X1,Xo,..., Xpn_r — QyHAAMEHTAIbHAA CUCTEMA PEIIEHUU OJHOPOJA-
HOM cucTeMul auHenHEIX ypasuenu#t u Cq,Cs, ..., Cy,_, — OPOU3BOILHEIE

IIOCTOAHHEIE.

IIPUMEP 1. HaiiTu pa3sMepHOCTS d IPOCTPAHCTBA PEIIEHUH, ero 6a3uc
(byngaMeHTaNLHYIO CHCTEMY PEIIEHMH) M Ofliee pelIeHHe OJHOPOIHON
CHUCTEMEI JMHEUHEIX yYpaBHEHUN

To + 223 — 314 =0,
2x7 — 9 + 3z3 +4x5 =0,
2z, + 5x3 — 3x4 + 45 = 0.
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PEWEHUE.

1. 3amuceiBaeM MaTpPHILy CUCTEMH U C IOMOIIBIO 3JEMEHTAPHEIX Mpe-
06pa30BaHUy CTPOK Ipeobpa3yeM ee K PeAyLUMPOBAHHOMY BHMY:

0 12 -3 0 1 0 5/2 -3/2 2
2 -1 3 04 |~101 2 -3 0
2 05 -3 4 00 0 00

O4eBngHO, YTO NEPBHIA ¥ BTOPOM CTOXGUE! MATPULBI Ape, (¥ MCXOZHOM
MaTpunsl A) IMHEMHO HE3ABMCHMBL, & OCTAIbHEIE CTONOUE ABJIAIOTCA MX
JMHEAHEIMU KoMOuHanuaMu. [105TOMy mepBrIf 1 BTOPOU CTONOIL — 6a-
3UCHEHIE.

2. Tak KaK KOJIMYECTBO JUHEHWHO HE3ABUCUMEIX CTOIOLOB MATPHUIEI
Apey. PABHO ABYM, TO

Rg A = Rg Apes. = 2.
CireqoBaTeIbHO, Pa3MEPHOCTD NMPOCTPAHCTBA PeLIeHUI
d=n—-r=5-2=3

¥ GyHIAMEHTAIbHAA CUCTEMa PEIIEHN! COCTOUT U3 TPeX JMHEWHO He3a-
BUCHMBIX PELIEHUH.

3. Hem3secTHBIE T U T9, COOTBETCTBYIOMME 6a3UCHBIM CTOIOIAM, AB-
JNAI0TCA 6A3MCHBIMM, HEM3BECTHBIE T3, T4, L5 — CBOOOJHBIMA.

3anuuieM CHCTeMy ypaBHEHMH C MaTpuuen Ape, (aTa cucrema ak-
BUBAJICHTHA UCXOJHOU) M IEpPEHeceM CBOGOJHBIE HEU3BECTHBIE B IIPABHIE
YaCTH yPaBHEHMM CHCTEMEIL:

zy = —5/2z3 + 3/2z4 — 2z,
Ty = —21‘3 + 31‘4.
Jna nepBoro Habopa cBOGOAHBIX HEM3BECTHRIX T3 = 1, x4 = 0,25 =0
noxyydaeMm ) = —5/2, £, = —2, T.e. IepPBOE PEIIEHUE UMEET BUJ CHCTEME
~5/2
-2
Xl = 1
0

0
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[ Broporo Habopa cBOGOAHKIX HEM3BeCTHHX T3 =0, 14 =1, 25 = 0
noxy4iaeM 1 = 3/2, zo = 3, T.e. BTOpPO€ pEIIeHUE UMEET B CHCTEMBI

3/2
3
Xy = 0
1
0
[ns Tpersero Habopa cBo60gHEIX HemaBecTHRIX T3 = 0,24 = 0,25 = 1
mory4daeM 1 = —2, o = 0, T.e. TpeTbe pelieHne CUCTEMBI UMEET B
-2
0
X3 = 0
0
1

CaenaeM mpoBEpKy, MOACTABUB OTH DPELIEHUs B MCXOAHYIO CHCTEMY
yDaBHEHMH, a TaKke y6eIuMCsa, ITO PeLIeHNs TMHENHO HE3aBUCUMEI (paHD
MaTpHILI, COCTABIEHHON U3 cTox6moB X1, X2, X3, paseH 3).

CuepoBarensHo, pemenus X, X2, X3 06pa3yoT 6a3suc B IPOCTPaH-
cTBe pemenni (GyHAAMEHTAIBHYIO CUCTEMY DELIEHUH).

Oveet. PasmeprHocTs mpocTpaHcTBa pemenun ects d = 3. Dynaa-
MEHTAJIbHAA CUCTEMA PELIeHUN eCThb

~5/2 3/2 2

-2 3 0
Xi=| 1 |, X=| o |, xs=| o],

0 1 0

0 0 1

u obIee pemeHne OJHOPOLHON CUCTEMEI MMEEeT BUJ

—5/2 3/2 -2
-2 3 0
X=C1X; + C3Xs + C3X35=C1 1 + C| O +Cs| O ,
0 1 0
0 0 1

rge C; Cz, u C3 — NpOM3BOJLHEIE IIOCTOAHHEIE.
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3agayda 2. HeoqHOPOAHEIE CACTEMBI ypPAaBHEHMMN

IIOCTAHOBKA 3AJAYUN. Hatimu obwee pewenue neodnopodnoti cuc-
MeMbl AURETHLIT YPpasHeHull

1171 + a12T2 + ... + A1n T, = by,
a1z1 + a2+ ... + @ Ty = ba,

Am1T1 + G2 + ..+ ATy, = by,

IIJIAH PEMIEHUA.
1. 3anuchBaeM PaCUIMPEHHYIO MATPHUILY CHCTEMBI

aip a2 ... Qin [ b1
A _ a1 Qazz2 ... Q2qn | by
pacm. — I )
Am1 Am2 -+ Gmn | bm

U C IOMOIILIO DJEMEHTAPHEIX NPeo6pa3oBaHuil CTPOK NpeoGpasyeM MaT-
punly Apacm. K PEAYLMPOBAHHOMY BHLY.

2. Buraucasem paHru OCHOBHOM MATPHILI CHCTEMEl A ¥ paclypeHHOU
MaTpunsl Apacm.. Ecm Rg Apacm. = Rg A, To cucrema cosmecTHa, eciu
Rg Apacw. # Rg A, To cucrema HecoBMecTHa (peleHuit He MMeeT).

3. Ilycts Rg Apacs. = Rg A = r. Torga obiuee pemrenne HeOZHOPOJ-
HOM CHCTEMEI JMHENHBIX YPABHEHUH ONpEAENsAeTCa HOPMyYJIOoN

XO.H. = Aqmn. +Cl X1+C2 X2+~'-+Cn-—-r Xn—r;

rae Xqn — Kakoe-Tu60 YaCTHOE DeIleHrne HEOAHOPOJAHOW CHCTEMEHI,
X1,X2,...,Xn_r — QyHIaMEHTAILHAA CHCTEMA DENIEHNMH COOTBETCT-
Bytomen ogHopoaHon cuctemul u C1,Cs,...,Cph_, — NPOM3BOJIbLHEIE O-
CTOSHHEIE.

Yro6ul HauTH QyHIaAMEHTATLHYIO CHCTEMY PEIeHNH 0JHOPOIHOM CHC-
TeMbl ypasuenun X, Xs,..., X,,_,, HIOBTOPUM OIEpPaLXH, U3T0XKEHHEIE B
3agadge 1.

4. Cron6er; cBO6OAHBIX WIeHOB B pacmMpeHHON MaTPULEI €CTh JIMHEH-
HasA KOMOMHAIMA 6a3UCHEIX CTOA610B MaTpuubl A. [[06aBIAs K 9TOMY BHI-
PaXX€eHUIO OCTAJIbHEIE CTOJOLEI C HYJeBRIMI KO3 dUIUEHTaMU, IOIyIaeM
pasJoxeHue CTOn6La CBOGOHBIX WIEHOB 110 6CeM CTOJAOLAaM MaTpuunl A.
KosdpuuueHTh 3TOr0 pasioxeHus o6pa3yioT YaCTHOE pemeHne HeOo JHO-
POJHOM CUCTEMBI X i .
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5. 3amuceiBaeM ofuiee pemeHne HEOJHOPOAHOM CHCTEMEl JMHEMHBIX
YDaBHEHUN:

zi
T2
Xow. = . =Xq.ﬂ.+CIX1+C2X2+---+C —an—r,
xn
rae Xy — Kakoe-HHGY[Ob YaCTHOE peIIeHMe HEeOJHOPOIHOM CHCTEMEI,
Xi,X2,...,Xpn—r — byHZaMeHTaILHAA CHCTEMAa PEIIEHAN COOTBETCT-
BYIOILIEN OHOPOAHOU cucTeMn ypasHenuit u C1,Co,...,Cp_, — npous-

BOJIbHBIE€ IIOCTOAHHKIE.

ITpUMEP 2. HawTu ofwmee pemenue HEOAHOPOJHOM CHCTEME! JMHEH-
HBIX yDaBHEHUM

T + 223 — 314 =-1,
2z, — x9 + 3x3 + 4z5 9,
21, + 5z3 — 3z4 +4x5 = 4.

PEMEHUE.

1. 3anucuiBaeM paCIIMPEHHYI0 MATPHUILy CHCTEMEI M C IIOMOIIBIO dJe-
MEHTaPHBIX HPe06pa30BaHUM CTPOK IpeobpasyeM MaTpuly Apacm. K pe-
OyIHPOBAHHOMY BHIY:

0 12 =30 | -1 10 52 -3/2 2| 2
2 -13 04| 5|~f01 2 =30/ -1
2 05 -3 4| 4 00 0 00| o0

2. Tak kak Rg Apacm. = RgA = 2, To cucrema cosmectHa. Tak kak
n—r=>5—2=3, To obiee pemeHre HEOJHOPOJHON CUCTEMEI JINHENHEIX
YDPaBHEHUH ONpeAerLieTCA ¢pOpMyIou

Xom. = Xan +C1 X1+ 02 X2 + C3 X3,

rae Xqu — Kakoe-HHOYIb JaCTHOE pelleHHe HeOLHOPOLHOM CHCTEMEI,
X1,X,, X3 — PynaamenTanbHas CHCTEMa DEIIEHUH COOTBETCTBYIOIIEH
oguopoxuon cuctemsl u Cj, Cy, C5 — NPOU3BOILHEIE IOCTOSHHEIE.

3. 3anumeM COOTBETCTBYIOILYI0 OJHOPOJHYIO CUCTEMY yPAaBHEHMH

To + 223 — 324 =0,
2ry — 9 + 323 +4z5 =0,
2z, + 5z3 — 3x4 + 425 = 0.
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Ona coBmajaer ¢ cucremon, mpusefeHHOM B npumepe 1. (Ecmm ogmo-
pOJHAA CACTEMA yDaBHEHMU HE COBNAJAET C CUCTEMOHM, MPHUBEIEHHOH B
npuMepe 1, TO aaA HaxoxaeHUs GbYHIAMEHTAIbHOU CHCTEMbI peIICHHUN
HOBTOPMM OIEPAlLHM, UCIOIb30BAHHEIE IIPY PeIleHuy mpumepa 1.)

IIpu pemennu npumepa 1 6nuta HanjgeHa PyHIAMEHTAIbLHAA CHCTEMa
PelleHUu OHOPOJHOM CUCTEMBI YPaBHEHUN:

-5/2 3/2 -2

-2 3 0

;= 1 |, Xo=| 0o |, Xs=| o
0 1 0

0 0 1

4. Hamnem kakoe-HuOyab 9ACTHOE PeELIEHNE HEOIHOPOJHON CHCTEMBI.
Cronber; cBOGOAHBIX WIEHOB B paCUIMpEHHOM MAaTpPHUIE! €CTh JUHENMHASA
KoMOuHauMA 6a3UCHBIX CTON6IOB MaTpuusl A, T.e. cToabuos A; u As:

B=2-4A,-1-A,

[lo6aBisaa K 5TOMY BHIPAXKEHHIO OCTAJbHBIE CTOJOIEI C HyJEeBEIMH KO3(-
dunUeHTaMu, IOIyIMM

B=2-A;,-1-A4+0-A3+0-A;,+0- As.

KoadbduuueHTs B 3TOM pa3joxeHud 06pa3yioT JaCTHOE pelleHue HeOk-
HOPOJHOU CHCTEMBI
2
-1
X‘{.H. = 0
0
0

CenaeM mMpoBepKY, MOACTABUB X« B MCXOAHYIO CHCTEMY yPaBHEHMHU.

OTeeT. O6uee pemenne CUCTEMEl UMEET BU[

2 ~5/2 3/2 —2
-1 -2 3 0
Xon. = 0 + Cl 1 + C2 0 + CB 0 )
0 0 1 0
0 0 0 1

rae C1, C2 u C3 — NpOU3BOJbHEIE IOCTOAHHEIE.
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YcnoBusa 3A0AY. Hatimu pasmepnocmv d npocmpancmea peuenut
(koauuecmeo aunetino nezaéucumunr pewenut), fyndamenmaivryro cuc-

memy pewenut (6asuc npocmpancmea pewenuti) u obujee pewenue cuc-
mem AUHEUHLIT YpasHeHul.

521 + o — Txz — bzg4+ 2z5 =0,

1. 2x) — 229 — 33 — Tx4 + 225 =0,
3z1 + 922 — 3z3 + 2724 — 325 = 0,

1 + 229 — 223 — 314 = 4,
3z, + 8z, —4z4 = 14,
r1+3z2+ z3— z4=5.
6z + 59 — 223 — 24 + 325 = 0,
2. T1 -390+ T3—24— x5 =0,
221 + 3z2 + 223 + 4+ x5 =0,
3z — 11z + 623 + 4 + 325 = 14,
2z — Tzo+4x3+ 24 =9,
1 — 3z9+4+2x3+ 4 — 325 =4.
2z, — 49 — 2223 — Sx4 + S5 = 0,
3. 521 — T2+ 8x3 —2x4+ 25 =0,
3xy — 3z — 1223 — 4x4 + 425 = 0,
4z1 + 929 — S5z3 — 824 =5,
3:131 + 7:132 - 21,'3 - 4:174 = 4,
2z + 5z + x3+ 34 = 3.
6z, — 9z + 21z3 — 3x4 — 1225 = 0,
4. 8z — 12z4 + 28z3 — 44 — 1625 = 0,
2z — 3z + Txz— 14— 425 =0,
—z9 +4x3 + 84 — x5 = 1,
2z, — 99 + 223 + 5 =1,
T1 — 4z — T3 —4T4+ 25 = 3.
3z1+ 9z9 — z3 — 34 =0,
5. 1 + 10z — 323 — 224 — 5 = 0,
2:171 + 19:172 - 41‘3 - 5.’114 — Ty = 0,
1+ 3z9— z3—224=1,
2z + Tzo —4x3 — 3x4 =3,
3z + 11zg — Tx3 — 424 = 5.
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—— e, NN —N— /T e N N =N

4z — 6x9 + Tx3z — 6x4 + 425 =0,
r1 +4z2 + 23 + 224 — Hx5 =0,
6z + 2z9 + 1123 — 224 — 625 = 0,

4y + 59 + dx3 + 314 + 225 =1,
3z, +4z0 + 3+ 324 =1,
2z + 329 — 33 + 34 — 225 = 1.

122y — 29+ Txs+1llzg— x5 =0,
23zy — 3z + 1323 + 2324 — 425 =0,
1+ xTo+ 33— x4 +225=0,

4z, — Tzo + 5x3 + 1024 = 0,
21 — 3z + T3+ 4dx4 =1,
3.’121 - 51:2 + 3133 + 71134 =1.

3z1 + 3x2 + 4x3 + 54 — 4x5 = 0,
2z + x2+ 3x3+ T4— 55 =0,
1+ 3z — z3+6x4— z5=0,

Ty — To+ 4T3+ 3Ty =0,
511 — 3xo — 2x3 — 3x4 + 45 = 2,
2xy — 19 —3z3 — 3x4+ 225 = 1.

3z, + 9z +2x3 — 224+ x5 =0,
1+ 6x9 — z3+ T4+ 225 =0,
T1 + 16z — 6z3 + 624 + T25 = 0,

4z, — Try + 3z3 + Txg =1,
3z; —5x2 +z3+4ry=1,
2zy —3z2 —z3 +zT4=1

3:):1+5:1:2—2:L'3+ Ty — Ty =
T1+ Z2+2z3— T4+2z5=0,
2z + 3z, — x3 =0,

4zy — 11z + bx3 + 224 + 325 =7,
3zy — 8z + x3+ 2x4 =5,
2z1 — 5xo — 3z3 + 2724 — 325 = 3.
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Oteetni® . 1.d=3, d=2. 2.d=2, d=3. 3.d=2 d=2.
4. d=4, d=2. 5.d=2 d=2. 6.d=3, d=3. 7 d=3,
d=2. 8.d=2 d=3 9.d=2 d=2. 10.d=2, d=3.

2.5. JInHenHbIe OnepaTop.

IIOCTAHOBKA 3AJAYM. ITycmob 6 nekomopom 6a3uce aunetinozo npo-

cmpancmea X, 3a0an npoudeosvroili eexmop T = {Z1,Z2,...,Tn}. A6-
AAEMNCA AU aunelnbim onepamop A : X, — X, maxot, ymo

Az = {f1($1,1'2, sy xn)1 fZ(zla T2y, l’n), ey f‘n(zlw T2y 71:11)})
2de f1, fa,.-., fn — Hexomopvie ynKyuu n nepemennviz?

IINAH PEWEHUA. Ecmu z = {z1,22,..., 2} 1y = {y1,¥2,-- -, Yn} —
NPOU3BOJIbLHEIE BEKTOPH IPOCTPAHCTBA X, TO T+y={z1+¥1,Z2+Y2,- - -,
Zn +yn} ¥ az = {az1,0z2,...,0zT,}.

IIpoBepseM ycrOBMA IMHEMHOCTH OIEPaTOpa:

A\(z +y)= Az + Xy,

~

A(oz) = aAz.
Eciu ycroBus JIMHEMHOCTH BBLITOJHEHEI, T.€.
filmi+y, 22+ Y2, -, Tn + Yn) = fi(T1, T2, -, T0) + fi(Y1,92,- - -5 Un),
fi(axla QT2 .oy a:cn) = afi(xla T2y .+, zn)
npu ¢ = 1,2,...,n, To omepaTop A JWHEEeH, B IPOTUBHOM CIydae Omnepa-

TOp A HeIMHEeeH.

TIPUMEP. IlycTs B HekOTOpOM Ga3suce JMHEMHOrO NMPOCTPAHCTBA X3
3a/]aH TPOM3BOILHLIN BEKTOp T = {1,Z2,Z3}. ABaserca mu muHedHEIM
omepaTop A : X3 — X3 Takon, 94TO0

Az = {z1 — z2,221 + 23,321 }7
PEWEHUE. IlycTts = = {z1,22,23} 1 ¥ = {1, Y2, Y3} — IPOU3BOIBHEIE

BeKTOpHI npocTpancTBa X3. Toraa ¢ +y = {z1 + y1,T2 + ¥2,23 + Y3} ®
az = {az, oz, 0x3}.

*) Haitgennsie dbyHJaMeHTAIbHbIE CUCTEMEI PEIEHUH OJHOPO/IHBIX CHCTEM ypaBHe-
HMM M YaCTHbIE PEIlIeHHU HEOAHOPOAHBIX CHCTEM NPOBEPLTE C MOMOIIBIO IOACTAHOBKH
B ypaBHEHHA.
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IIposepsaem ycnoBusa auHENHOCTH OmepaToOpa:

A(z+y) = {(z1+y1) — (z2+12), 2(21+y1) + (23 +93), 3(z1+31)} =

= {z1 — 22,221 + 3,321} + {11 — Y2, 201 + ¥s, 301} = Az + Ay,

f’l\(az) ={ar1—azxs, 20z +azs, 3az1} = af{z1—z2,221+23,321} = aAz.

Ycnosusa muHeAHOCTH BhIMoaHeHE. CleloBaTeaLHO, onepaTop A JuHEeH.

Ovset. Onepatop A iuneeH.

YcnoBus 3A0AY. Asastomes au aunetnbimu onepamopur A, B u C?

1.

Az = {2z1 — 5z9 — 3z3, 221 — 32 — T3, T2 + 323},
Bz = {z1 — 2x2 — 4z3,21 — T3 — 3x3,2z2 + 3},
Cz = {x3,2z1 — T2 — 273,322 + z3}.

A\:L‘ = {2:1:1 — 3:1,'2 — 2(1,‘3,21'1 - 31:2’2272 + 3}’
Bz = {4131 - 31"2 - IL'3,0,CE% + $3}’
Cx}: {:1:1 — 2x9 — 23,321 — 222,322 + $3}~

Az = {2z; — 29 — 3z3,71,21 + T3 + 23},
Bx = {31’1 — T9 — x3,2T1,321 + 22 + :L'3},
Cz = {3z; — 3 — z3,221,3z1 + 22 — 1}.

Az = {2z + z2 + 4z3, 223,21 — 222 — 3x3},
Bz = {2z) + x4 + 4z3,1,21 — 222 + 3},
Cz = {51‘1 + 3x9 + 1‘3,123,2:1:? — 2z — 4.’1,‘3}.

A\.’L‘ = {.’1:1,21'1 —z2+ 1,27 — T2 — 3173},
Bz = {x1,2z; — 2 ~ 323,73 — =2 — 3z3},
Cz = {z1,2z1 — z2 — 323,71 — T2 — 323}.

Az = {z1 + 2x9, 3z, — 4z, T, — 223 — 323},
Bz = {z1 + 2z3,3z2 — 43,71 — 222 — 323},
Cz = {.’L‘l + 229,312 — 2,27 — 2z9 — 5}

Az = {2z, 3z + 225 + 323,421 + 522 + 223},
Bz = {21’1, 31 + 225 + 3,4z + 5x2 + 7},
Cz = {21,321 + 222 + 373,42} + 53 + 223}
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8. Ar= {z1 — 3z — 23,5,z + 222 + 1},
Bz = {z; — 3z — 23,0, 3 + 225 + 323},
Cz = {z1 — 322 — z3,73,T1 + 272 + 3z3}.

9. Azr= {4zy — 224,323, 71 + 222 + 373},
§a: = {4z1 — 2z, 33,71 + 272 + 373},
Cz = {4z1 — 22,3, 77 + 25 + 33}

10. Xa: = {5.’133,:131 + 2z + 33,221 + 322 + 51:3},
Bz = {5z3, 1 + 273 + 2,227 + 322 + 5},
Cz = {5z3,0,2% + 3z, + 5z3}.

OTseThl. R R

1. A mumneunwit, B memumeitnsnt, C HeTMHEHHEIH.
2. A nemuueunnt, B memuneinnit, C JIMHeNHEIH.
3. A nemuueunwt, B nuneunbnt, C HeIMHEHHEIH.
4. A nmuedHBNA, B _HesmHedHBM, C HeIMHEWHBIN.
5. A nemuueunnt, B nemuueunbit, C JIuHeHHEIA.
6. A nemuuewHem, B nuneinbnm, ¢ HeIMHENHBIM.
7. A mueunnit, B nemuneinbit, C HeIMHEMHEIN.
8. A HerMHEHHBIN, BE HeJmneifmmﬁ,Aé JIMHENHEIN.
9. A memuneyunnt, B muneinbit, C HeIMHeNHBIM.
10. A suuewnn, B HemuHeuHu, C HEINHENHEIN.

2.6. MaTpuna, o6pa3s, asgpo, paur
n nedeKT omeparopa

IIOCTAHOBKA 3AJAYM. 3adan onepamop A, ocywecmeastouuti nexo-
mopoe npeobpa306anue NPOCMPAHCMEA 2EOMEMPUUECKUT 6€KMOPO8 V3.

Joxazamy aunetinocmo, natimu mampuyy (6 6asuce i,j, k), 0o6pas, adpo,
pane u deexm onepamopa A.

IIJIAH PEWIEHUA. R

1. Tlo ompeaeneHuo JOKA3KIBAEM JMHEMHOCTHL OnepaTopa A, MCHoab-
3yA CBOMCTBA ONlEPALMU HajJ [eOMETPUYeCKMMHU BEKTOPAMHU B KOODAUHAT-
HOM ¢opMme, T.e. mpoBepseM, 9To Vi, ¥ € V3 u Va € R

A(Z + ) = Az + Ay,

~

(aZ) = aAZ.

o)
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2. CTpouMm 1O OIpeeIeHHIO MaTpuLy OnepaTopa A. Mas sToro Ha-
XOUM 06pa3bl GA3UCHBIX BEKTOPOB 1,7, k ¥ 3anuCHIBaeM UX KOOPAUHATHL
B 6asmuce i, J, k. Cron6usr uckomoix MaTPHIIBl — 3TO CTOJOIBI KOOPpAUHAT
06pa30B 6a3MCHEIX BEKTOPOB.

3. Haxonum o6pa3, panr, aapo u gedekT oneparopa A, ucxond u3 ux
OTIpEeJeJICHUN.
IIPUMEP. [loka3aTh IMHEMHOCTH, HAUTH MaTpuLy (B Gasuce f, 3, k),

o6pa3, A4p0, PaHr U Aed€eKT ONepaTopa NPOEUUPOBAHUA IPOCTPAHCTBA
reoMeTpuvecKux BeKTOpoB V3 Ha miockocts X OY.

PENIEHME.

1. [okaxem 1o OmNpejeseHnIo JMHENHOCTH ONEPATOPa IPOEnUpPOBa-
nus. Ilycrs B 6asuce i, j, k umeem IIpOPISBOJIbHHH BeKTOp & = {1, %2, T3}-
Torga ero o6pas (mpoexmus) ects P = {z1, 22, 0}.

ITo npasuraM onepanui C reOMETPUIECKAMHU BEKTOPAMM B KOODAHU-

HaTHOM dopme VE ={z1,z2,23} € V3, V¥ = {v1,¥2,y3} € Va3 u Va € R
nMeeM

ﬁ(i'i'g) = {.’131 +y1,$2+y2,0} = {351,932,0}‘*'{3/1,1/2,0} :ﬁf—{—ﬁg,

P(af) = {az1, azy,0} = a{zy, 2,0} = aPE.

2. Tak kak 1m0 ONpeJEeNeHUI0 MATPUIE ONEpaTopa €e CTOIOuH —
3TO CTOJA6IEI KOOpAUHAT 06pa30B Ga3sUCHBIX BEKTOPOB, HAXAEM OGpa3Hl
6a3MCHLIX BEKTOPOB 1, j, k ¥ 3amuiieM ux KOOPAUHATH B 6a3uce i, 7, k:

Pi =i={1,0,0}, Pj=j=1{0,1,0}, Pk=0={0,0,0}.

Takxum 06pa3zoM, MAaTPHUIA ONEPATOPa NPOELUMPOBAHUA P ecrn
1 00
P=|1010
000

3. Haxoagum o6pas, pasr, aapo u JedeKT omepaTopa X, HUCXOAA U3
OIIp €[€TeHHU .

O6pas omepaTopa mpoemupoBanua P — 3To MHOXECTBO BEKTOPOB,
nexammux B mrockoctu X OY, crefoBaTensHo, B 6asuce i, J, E

Img P = {Vi: §=ai+Bj, a,B€R}.

Orcroxa Rg}?’ =2.
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Ker P — 3T0 MHOX€CTBO BEKTOPOB, KoJuHeapHEIX ocu OZ, ciefosa-
TeJbHO, B 6a3muce i, 7, k

Kerﬁ:{‘v’:i‘: z = 4k, v € R}.

Orcrona Def P=1.

3aMeTuM, 4TO Rgﬁ +DefP=2+1= dim V3

- -

OTseT. Omneparop P muneen. Ero marpuna B 6asuce i,7,k ecTs

P =

OO =
O = O
o OO

ImgP={Vj: j=ci+pBj, o,B€eR}, RgP=2,
KerP={VZ: £=+k, ~y€R}, DefP=1.

YcaoBus 3A4A4Y. [Joxazamv aunetinocmv, natimu mampuyy (6 6a-
auce i, 7,k), o6pas, adpo, pane u deexm onepamopa.

1. Oneparop npoenuposanus Ha ocs OX.

2. OnepaTop OTpaXeHusa OTHOCUTEIbHO IockocTd Y OZ.

3. Oneparop nosopora orHocuTeasHO ocu OX Ha yrox m/3 B momo-
JHUTEILHOM HANPABJICHUM.

4. OnepaTop OTpakeHUsA OTHOCUTEILHO ILIOCKOCTH T — 2 = (.
5. OnepaTop npoenupoBaHUA Ha ILIOCKOCTD Y + 2 = 0.

6. Omneparop nosopora oTHocuTeabHO ocu OZ Ha yroa 7/6 B moio-
XKUTEIHLHOM HaIPaBICHUN.

7. OnepaTop mpoeu¥poBaHUA Ha ILIOCKOCTH T + Yy = 0.
8. OmepaTop OTpaXkeHUs OTHOCUTEIBHO ILIOCKOCTH Y — 2 = 0.
9. OmepaTop IPOENUPOBAHUA HA ILIOCKOCTH /3y + z = 0.

10. OmnepaTop nosopoTa orHOCHTEbHO ocu OY Ha yroa 7 /4 B mojo-
XUTEIHLHOM HAIPABJICHUH.
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OTseTbl.

—
v
Il
N
OO -
o O O

Img P = {Vj: §=
Z

o OO

)

i, a€R}, RgP=2,
=pBj+~k, B,v€R}, DefP=1.

ImgP {Vy: "= oi + B + 1k, a,B,v € R}, Rgl?':

1 0 0
3. P=(0 1/2 —\/§/2)'

0 V3/2 1/2

ImgP {Vy:g‘=af+ﬁ3+'yl_5, a,B,y€R}, RgP=
Ker P = {0}, DefP =0.

"~

]

Il
/-
= =]
O = O

OO =

I

ImgP={Vj: §=ai+Bj+k a,B,7€R}, RgP=
Ker P = {0}, DefP =0.

1 0 0
5. P=(O 1/2 —1/2);
0 -1/2 1/2

Img P = {v§: §
KerP={Vi: &=

6.

Il

ai+pBj-pBk, o B€ER}, RgP=2

0 1

v, ©={0,1,1}, y€R}, DefP=1.

1/2 —v3/2 0
= ( V3/2 1/2 0 );
0
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Img P={V§: §=o0i+pBj+7k, ofB,v€R}, RgP=3,
Ker P = {0}, DefP = 0.

1/2 -1/2 0
7. P=| -1/2 1/2 0 |;
0 0 1
ImgP={¥j: §=oi—aj+pk, oB€R}, RgP=2,
KerP={VZ: Z=+7, ©={1,1,0}, y€R}, DefP=1.
1 00
8. P=10 0 1 ];
010

Tmg P = {Vj: §=ai+Bj++k aBvER}, RgP=3,
Ker P = {0}, DefP =0.

1 0 0
9. P=| 0 1/4 —v3/4 |;
0 —/3/4 3/4
Img P ={v§: §=ai+pBj— V36K, oB€R}, RgP=2
Ker P = {V&: & =/3yj + 7k, v€R}, DefP=1.
V2/2 0 —2/2
10. P= 0 1 0 |;
V2/2 0 V2/2

ImgP {Vy y-az-{—ﬂy—i—*yk a,B,v € R}, Rgﬁ=3,
Ker P = {0}, DefP = 0.

2.7. [lencTBUA C onepaTopaMu
¥ MX MaTpuIlaMu

IIOCTAHOBKA 3AJIAYN. B nekomopom 0a3uce mpermeprozo auHel-
o020 npocmpancmea X3 3a0arbl 0MOOPAHCEHUA

T~ AT =

= {a1121 + @122 + a13T3, A21T1 + A22T2 + A23T3,a31T1 + A32T2 + assr3},
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z+ Br =
= {b1121 + b12x2 + b13x3, b21T1 + booT2 + b33, b31 21 + bs2za + bazzs},

2de = {z1, 2,3} — npoussoabkbili 6exmop npocmpancmea Xs.
Hatmu xoopdunamer eexmopay = P(A, B)z (6 mom e 6a3uce), 2de
(A B) — MHOZOUAEH OmMMOCUMebHO onepamopos A u B.

IIAH PEMEHMSA. Tak Kak mpyu CIOXEHHH ONEPATOPOB MX MATPHIILI
CKIaJHIBAIOTCA, IPY YMHOXKEHNH HA 9UCI0 — YMHOXAIOTCA HA 3TO IUCIO,
a MaTpHIa KOMIIO3UIMK OIEepaTOPOB PAaBHA NPOU3BEJEHUIO MX MATDHII,
TO HyxHO HauTu Matpuny P(A, B), rae A u B — MaTpuIsl 0llepaTOpPOB
A u B. 3arem croaben KoopAMHAT BeKTOpaA y = (Z E)z HAXO4UM II0
¢dopmyne P(A, B) - X, rage X — croxben | KOOP/IMHAT BEKTODPA .

- 1. ITocTpouM MaTpHUILI ONEPATOPOB AuB:

a11 a2 G13 b1 bz bis3
A=\ ax ax axy |, B=| ba by b
as1 as2 a33 b31 b3z b33

2. Tlo npaBWIaM CIOXEHUA MATPHI], YMHOXEHUA MaTPULEL HA TUCIO K
YMHOX€EHUA MaTpun Haxogum marpuwy P(A, B):

P11 P12 P13
P(A,B) = P21 P22 P23
P31 P32 D33

3. Haxoaum cronben koopauHAT 06pa3a BEKTOpa I:

P11 D12 D13 1 1
D21 D22 P23 : T2 = Y2
P31 P32 P33 T3 Ys

3anuceiBaeM OTBET B BU/E P(E, ﬁ)z = {y1,y2,¥3}-

IIPUMEP. B HexoTOpoM 6a3uce TPEXMEPHOI'0 JIUHEMHOrO IPOCTPAH-
crBa X3 3aJaHbl 0TOOpaXeHUs

z - Az = {z1 + 22 — 23,22 + T3, T3},

g+ Br= {z2 + 223, -1, 22},

rae ¢ = {Z1, %2, T3} — NPOM3BOIBHEIA BeKTOP npocTpancTsa X3. Hairu
koopauHaTH BekTopa (24 + A o B)x B ToM Xe Gasuce.
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PEMEHUE.
1. IlocTpoum MaTpuis onepaTopos A u B:

11 -1 01 2
A=101 1 u B=| -1 0 0
00 1 010

2. Ilo mpaBmIaM CJIOXKEHWUA MATPHUL], YMHOXEHUA MATPHIE HA IUCIO U
YMHOXEHUsA MaTpUI BuIuCIaeM matpuny 24 + A - B:

11 -1 11 -1 01 2
21 0 1 1 ]+ 01 1}1-{ -1 0 0 |=
0 0 1 00 1 010
2 2 -2 -1 0 2 1 20
=102 2]+ -110]=|-1132
00 2 010 01 2
3. HaxoguMm croxben koopguHaT 06pa3a BEKTODA I:
~ ~ 120 T x + 2.’1?2
(2A+AoB)z=| -1 3 2 |-| z2 |=| —-z1+3z2+223 |.
01 2 T3 T9 + 223

OTser. (2;{ +Ao ﬁ)z = {z1 + 2z9, —71 + 322 + 223, T2 + 223}.

YcnoBus 3ANAY. IIycmb 6 nexomopom 6asuce 3adansl omobpadice-
nua Az ={z, — 2x3,22,22 — 3} u Bx = {2z3,21, —22}. Hatmu xoopdu-
namol eexmopoe P(A, B)z.

1. (A%+2B)z. 2. (A2 - 2B?)z.
3. (B%+2A4)z. 4. (AB+ A%)z.

5. (242 +3B%)z. 6. (34+2B%)a.
7. (BA+ A%)z. 8. (B2 +3A4%z.
9. (AB + B?)z. 10. (BA - AB)z.
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OTseTsl.

{z1 — 222 + 423,221 + T2, —225 + 23}

{z1 + 229,27 — 473,211 + 73}

{2z1 — 229 — 4z3,222 + 223, —71 + 222 — 223}
{z1 + 223,21 + 2,71 + T2 + T3}

{2z1 — 1022, 2z, + 623, —3z1 + 2z3}.

{3z1 — 4z5 — 6x3, 3z + 4T3, —221 + 32 — 323}
{z1 — 223,21 + 23 — 223, —T3 + T3}.

{3z1 — 8z2,3z2 + 223, —1 + 3z3}.

. {2z3, 71 + 223,22}

10. {—4z3, —2z3, —21 — 222}.

© 0 NSO W

2.8. IIpeo6pa3oBalne KOOpAUHAT BEKTOpPa

IIOCTAHOBKA 3AJAYUA. Bexmop x & 6a3uce ej,ez,...,e, umeem
xoopdunamu {ay, az,...,an,}. Hatimu xoopduname: eexmopa x 6 6asuce
/ / /
ej,eh,..., e, ade

/

€; =c11€e1 +ca1€2+ ...+ Cp1€y,
/

€; = c12€1 + C22€2 + ... + Cpa2ey,

e;, = C1np€1 + C2n€2 + ...+ Cpnen.

IInAaH PEmEHMA. KoopaunaTm BekTopa mpu mepexoge oT 6a3uca
e, es,...,e, K 6a3ucy €},e), ..., e, npeo6pasyoTcs o ¢popmyie

Xe = C™ 1 X, (1)

rae Xe: u X — CTON6UBI KOODAUHAT BEKTOpa X B 6a3ucax €], €),...,e, u
e1,es,...,e,, C — marpuna nepexojga oT 6a3uca €j,e€s,...,€, K 6a3ucy
! / ~
e},e),...,el.
1. Haxozum marpuny nepexoza C. Tax xak CTOAGIBI MAaTPHIHI IIe-
pexoja or 6asuca ej,ey,...,e, K 6a3ucy €},e),...,e, — 3T0 CToa6ub
KOOPAMHAT BEKTOPOB €},€),...,e, B Gasuce ej,€y,...,€,, TO MATPHIIA

mmepexoa MMeeT BUJ
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2. Haxoaum obpaTuyio marpury C~! u nposepsem, ato C~1C = E.

3. TTo ¢popmyre (1) Haxogum CTOIGEL KOODAMHAT BEKTOPA X B 6asuce

AN /.
€},€en,...,€:

/
a1
!
- a
X =C X = 2
/
an
3amuCEIBaeM OTBET B BUAE Xe = {Q},h,...,al}.

IIPUMEP. BekTop x B 6asuce e, e2,e3 umeeT koopauHat {1,2,3}.
HajiTu koopAMHATH BeKTOpa X B Gasuce €}, e), €5, rae

e} = e; + 2e3,

e'2 = e, + ez,

eg = —e; — €y — 283.
PEIIEHUE.

1. Haxoanm maTpuuy mepexoaa

1 0 -1
c=(01 -1
21 -2

2. Haxoaum o6paTuyio marpuny C~! merogom laycca:

10 -1 ] 100 100 | -1 -1 1
0601 -1]]010])]~l010] -2 01
21 -2 | 001 001 ] -2 -11
Takum o6pa3om,
-1 -1 1
cl'=(-2 01
-2 -1 1

IIposepsem, ato C~1C = E.
3. ITo dopmyne (1) Haxozum cToabel; KOOPAUHAT BEKTOPa X B 6asuce
e}, e, e5:

-1 -1 1 1 0
Xe=C'Xe=| -2 01 ]-|2]= 1
-2 -1 1 3 -1

OTset. xe ={0,1,—1}.
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YcnoBuA 3ALAY. Hatimu xoopdurnamul 3adannozo eexmopa X 6 6a-

3uce e}, e, €}.

1. e =e;+e;s, 2. € =e,
e, = 2e; + ez + €3, e = 2e; + eq,
e} = ey, es = 3e; + 2e; + e3,
Xe = {3, —'5,4}. Xe = {1,2’ 7},

3. e} =e, 4. €l =e; +ex+es,
e, = e; + 2ey, e = 2e; + 2e;3,

e; = e; + 2e; + 3es, e} = 3es,
xe = {6,2,0}. xe = {2,6,6}.

5. e} =3e; +e;+ 5e3, 6. €] =2e;+ey+ 3es,
e}, = 2e; + 3e; + 3es, e, = 3e; + 2e; + 4eg,
e} = 2e; + ez + 4eg, e = 2e; — 3e; + e3,
xe = {0,5,5}. Xe = {9,14,16}.

7. €} =2e; + 6e; + Ses, 8. e} =3e; + 2e2 + 3es,
e}, = 5e; + 3e; — 2e;3, e, = —4e; — 3e; — beg,
eg = Te; + 4e; — 3egs, eg = 5e; + e; — e3,
xe = {1,0,-1}. xe = {—2,0,1}.

9. e =2e;+3e;+e; 10. €} =e; + 2e3 + 2e3,

e’2 = Te; + 9e; + Se3,
e; = 3e; + 4e; + 3es,
xe = {0,3,3}.

e’2 = 2e; + e; — 2es,
e; = 2e; — 2e2 + e3,
Xe = {-——9,0,9}.

Otserhi. L.xe = {5,~1,—4}. 2.%e = {4,-12,7}. 3.xe = {5,1,0}.
4% =1{2,0,0}. 5.xe ={6,1,8}. 6.xe' ={2,3,~2}. 7.xe ={0,4,3}.
8.x¢ = {5,3, ~1}. 9.xer = {5,~4,6}. 10.xe = {1,0,~1}.

2.9. IIpeo6Gpa3oBanue MaTpHUIbl ollepaTopa

IIOCTAHOBKA 3AAYM. Hatimu mampuyy nexomopozo onepamopa A
6 6asuce €),¢€),... e, ade

’

e; = cj1€1 +co1€2 + ...+ cni€n,
’

€, = Cc12€; + c22€2 + ... + Cn2€n,

/
€, = Cin€1 + C2n€2 + ...+ Cnnen,
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ecau 6 6a3uce €y,€s,...,€e, €20 MAMPUYA UMEEM 6UJ
an a2 ... Qin
as1 a a
A, = 21 Q22 2n
an1  Qan2 Qnn
IInAH PEmIEHMA. Ilpm mepexome or Gasmca €,e€q,...,€, K 6asucy
e, e),...,el, Marpuna oneparopa npeobpasyerca no hopmyre
Ao = C1AC, (1)
rge C — wMarpuua mnepexoga oT O6asuca €p,€s,...,€, K G6asucy
/ / /
ej,eh, ... e,

1. Haxoxum marpuuy mepexoga C. Tak xak cToabusl MaTpHubl Ie-
pexoga or 6a3uca e, e€s,...,€, K 6asucy €),e),..., e, — 370 cTonbuN
KOOpJUHAT BEKTODOB €}, €5, ...,€e, B 6asuce ej,ey,...,en,, TO

Ci1 €Ci12 ... Cin
C = C21  C22 Con
Cnl Cn2 Cnn

2. Haxoaum obpaTuyio marpuny C~! u nposepsiem, uro C~!C = E.
3. Haxoanm matpuiy omeparopa A B Gasuce €},e€5,...,€e, mo dop-
myze (1)
Ao =C71AC.

~

TIPUMEP. Haittn MaTpuiy onepatopa A B Gasuce €},e), e}, rae

e; =e; + ey + 2e3,
e, = 2e; — ey,
= —e; + ez + e3,

[}
%)
|

ecau B 6a3uce €j, €, €3 €ro MaTPHUIa UMEET BUJ

2 0 -1
Ade=| 0 1 -2
-1 2 0
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PEUMEHUE.
1. Haxoaum maTpuny mnepexoga

1 2 -1
C=11 -1 1
2 0 1

2. Haxoaum obpaTryio marpuy C~! meromom laycca:

1 2 -1 ] 100 100 | 1 2 -1
1 -1 11 010}~1010] -1 -3 2
2 0 1 ] 001 001 ]| -2 -4 3
Takum o6pasom,
1 2 -1
cCl=| -1 -3 2
-2 -4 3
Y6expgaemcs, uro C - C~1 = E:
1 2 -1 1 2 -1 1 00
c.c'=f1 -1 1] -1 -3 2]=(010
2 0 1 -2 —4 3 0 01

3. Haxogum maTpuiry onepaTopa A B 6asuce e}, e}, e mo dopmyie (1)

Ao =C1ALC =
1 2 -1 2 0 -1 1 2 -1
= -1 -3 2 |- 01 -2 1 -1 1 |=
-2 -4 3 -1 2 0 2 0 1
-7 6 -8
= 11 -9 12
15 -16 19
-7 6 -8
OTteeT. Ao = 11 -9 12

15 -16 19



2.9. Ilpeobpaszosarue mampuysl onepamopa

67

YcunoBusa 3AAAY. Hatdmu mampuunt Aer 68 6a3uce €], €, €5, 2de

e} = 2e; + 3ez + e3,
e, = 3e; + 4e; + €3,
eg = e+ 2e, + 283,

ecau 3adanbt mampuubt Ae 6 6a3uce eq, e, €3.

OTeeTbl.

1. Aer =

3. Ag =

5. Aer =

2 0 1 1
310 2 Ag=| -3
—2 1 2 2
01 -3 3
2 1 -1 4 Ag=| -1
01 2 1
-2 0 2 1
10 3 6. Ac=| 3
-1 2 1 2
12 0 )
—2 3 -2 8 A.=| 1
0 2 -1 2
0 -1 3 -1
-4 0 2 0. Ae=| 0
0 -1 2 1
—47 —67 —37 _37
30 43 23 2. Ay =| 24
9 12 9 6
2 27 22 —26
~13 —17 -16 4 Av=| 13
-1 -2 0 13
27 42 13 1
~18 —28 -8 6. A = -2
—2 -4 0 4

0 2
1 0.
-1 -2
-2 0
0o 2 ].
4 -1
0 -2
1 0 ].
1 0
3 0
1 3 |.
0 -1
2 0
-3 1 ].
2 3
-55 27
35 19
10 2
—47 7
25 -6
20 3
-1 15
-1 -11 |.
6 0



68 Ta. 2. Jlunetinas aszebpa

—-43 —-60 34 4 4 21
7. Aer = 28 39 22 |]. 8 Ae=| -1 -1 -11
10 14 7 0 1 -5
—28 —40 -28 -86 —113 —60
9. Aer = 17 24 18 |. 10.Ae = 51 67 35
5 7 6 23 30 18

2.10. Co6cTBEeHHBIE 3HAYEHUSA
U coOCTBEHHEIE BEKTODPHBI ornepaTopa
ITOCTAHOBKA 3AJAYU. I@ﬁmu cobcmeennble 3HauEHUA u cobem-

- sennble eexmopbr onepamopa A : X, — X,, 3adannozo 6 nexomopom
6a3uce mampuyet

aix; a2 ve.o Q1n

a9 a a
A= 1 22 2n

Gnl  Qn2 Qnn

IInAH PEMEHUA. Co6CTBEHHBIE 3HAYEHUA ONEPATOPA A ssamorca
KODHAMHU ero xapakrepuctudeckoro ypasaenus det(A — AE) = 0.

1. CocTaBnseM XapaKTE€PUCTUYECKOE YPABHEHHE M HAaXOAMM BCE €ro
BeIIECTBEHHbIE KOPHH (CPeAM HUX MOTYT OBITH M KDATHEIE).

2. [Ina kax 0ro CO6CTBEHHOr0 3Ha9eHUA \; HalieM COOCTBEHHBIE BEK-
Tophl. [jA 3TOro 3anMCHIBaEM OJHOPOJHYIO CUCTEMY YPABHEHHN

(A-\E)X =0

¥ HaX0JUM (yHAaMEeHTAIbHYIO cucTeMy pemennit X1, X3,..., X5_ ., rae
r; — paHr Marpunsl cucremsl A — \;E. (3amernm, uTo 7; < n, Tak Kak
det(A — \;E) =0.)

3. Cronbuer X}, X3, ..., X};'_“ ABISIOTCS CTOAGLAMH KOOPJUHAT HCKO-
MBIX COGCTBEHHEIX BEKTODOB €],€5, . ..,€;_, . OkongaTemsno gua A = \;
3amUCHIBAEM OTBET B BUJE

i _ i _ A
ei={.} e={.}, ..., e_.={.}
3AMEYAHME. MHOXeCTBO COGCTBEHHBIX BEKTOPOB, COOTBETCTBYIO-
IUX COGCTBEHHOMY 3HAYEHMIO \;, MOXHO 3aIMCaTh B BH/E

Sy, = {x: x=C1€} + Coeb + ... + Cn_rieiz_r’, # 0}
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IIPUMEP. HaiTu co6CcTBeHHBIE 3HAYEHHA U COOGCTBEHHBIE BEKTODHI
omepatopa A: X3 — X3, 3aaHHOrO B HEKOTOPOM 6a3uce MaTpHIEH

3 0 0
A= 1 2 -1
1 -1 2

PEUIEHUE.
1. CocTaBisieM XapaKTePUCTUIECKOE ypaBHEHHE:

3—-2 0 0
1 2-X2 -1 |[=0<(B-NA\-41+3)=0.
1 -1 2-2\

IToaromy A12 =3, A3 =1.
2. lna co6CTBEHHOrO 3HAYEHUA A1z = 3 HauJeM COOGCTBEHHELIE BEK-
TOPHL. 3aluIeM OJHOPOAHYIO cucTeMy ypasnenmin (A—3-E)X =O:

0 0 0 1 0 o0
1 -1 -1 |- {a |={0 :{z1_2_3:0’
1 -1 -1 T3 0 I To I3 = VU.

OdeBnAHO, paHI MAaTPHUIBI 3TOH CUCTeMH paBed 1 (n — r = 2 — pa3smep-
HOCTB NPOCTPAHCTBA PELIEHMH), CIELOBATEILHO, CUCTEMA HETPUBHAIBLHO
COBMECTHA U €€ PyHIaMEHTAIbHAA CUCTEMA PEIICHUH MMEET BUJ

1 1
Xi={1], Xy=10
0 1

Hrak, AByKpaTHOMY COGCTBEHHOMY 3HA4YEHHIO A1 = 3 COOTBETCTBYIOT
[Ba JUHENHO HE3aBMCHMBIX COGCTBEHHHIX BekTopa €; = {1,1,0} u e; =
= {1,0,1}. MHOXeCTBO BCeX COGCTBEHHBIX BEKTOPOB S, ,—3, COOTBET-
CTBYIOLUIMX COGCTBEHHOMY 3HAYEHHMIO A1 2 = 3, MMeeT BUJ

Sx =3 = {x: x=Cre; + Crey # 0}.

AHANIOrMYHO HaAXOAUM COGCTBEHHHIM BEKTOD, COOTBETCTBYIOLIMM
cob6cTBenHoMy 3Hadenmio A3 = 1. Iloxysnm es = {0,1,1}. IlosTomy mHO-
XEeCTBO BCeX COGCTBEHHEIX BEKTOPOB S),=1, COOTBETCTBYIOUINX
CcO6CTBEHHOMY 3HAa4YeHMIO A3 = 1, uMeeT BUj

S,\3=1 = {x X = 0393 # 0}.
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OTserT.
S,\l_2=3={x : x =Cr1e1+Crez2 # 0}, rae e1={1,1,0} nex={1,0,1};

S,\3=1 = {X X = 0363 75 0}, rjge ez = {0, 1, 1}.
YcjaoBua 3AIAY. Ii'aﬁmu co6CMBEHHBIE 3HAYEHUA U COOCTNEEHHbLE

sexmopvl onepamopos A : X3 — X3, 3adannbiz 6 nexomopom 6a3uce
MAMPUYAMU.

4 1 -2 4 -2 0
1. 1 4 2. 2. 1 1 0
-2 2 1 0 0 3
3 -1 1 2 1 -1
3. -1 5 -1 4. 0 3 -1
1 -1 3 0 -1 3
2 1 2 2 0 -1
) 0 4 -1 ]. 6 3 5 -1
0 -1 4 -1 0 2
4 0 -1 210
7 2 2 -1 ]. 8. 1 20
-1 0 4 3 2 4
310 4 2 1
9 1 30 10. 0 2 -1
2 1 5 0 -1 2

Oteetbl. 1. \j=-1,e1={1,-1,2}; Ao=5,e,={1,1,0}; A3=5,e3=
={-2,0,1}. 2. A =2, e ={1,1,0}; Ay =3, e; = {2,1,0}; A3 = 3,
es = {0,0,1}. 3. A\; =2, e;={1,0,-1}; A\y=3, ea={1,1,1}; A3=F6,
€3 = {1, —2, 1} 4. /\1 =2, e = {1,0,0}; /\2 =2, €2 = {0, 1, 1}; /\3 =4,
€3 = {1, ].7 —1}. 5. /\1 = 2, e = {1,0,0}; /\2 = 3, €2 = {3, 1, 1}; /\3 = 5,
93={1,—3,3}. 6. )\121, € 2{2,—1,2}; )\2=3, e2={1,—2,2}; A3=5,
es={0,1,0}. 7. Ay =2, e;={0,1,0}; A\ =3, ex={1,3,1}; A3 =5,
€3 = {1,1,—1}‘ 8. /\1 = 1, e = {3, —3,—-‘1}; /\2 = 3, €y = {1,1,—‘5};
)\3 =4, 83={0,0,1}. 9. /\1 =2, e1={3, —3, —1}, )\2 =4, 32={1,1,—‘3};
/\3=5, 93={0,0,1}. 10. /\1=1, e1={1,—1,—1}; )\2=3, 92={1,0,—1};
)\3=4, 832{1,0,0}.



I'nasa 3
IIPEIEJIBI

ITIpu usyyenuu Temebr IIPE/IEJIBL Bbl mosHakoMuUTEeCh Ha NpUMeEpPax
C MOHATHAMH Ipeeaa MOCIeJOBATENLHOCTH, MPEeNeaa U HENPEePLIBHOCTU
QYHKIMK B TOYKe, HAYYNTECh BLIYUCIATDH PA3IUYHBIE MPENEIbl, UCTIOIb-
3ys TEOPEMEI O IpeJesNaX, SKBUBAIEHTHEIE GECKOHEYHO MaJble U CIelH-
aJbHbIE IPUEMBIL.

C nomowpio nakera PEINIEBHUK.BM Bbl MoxeTe pemuTs HepaBeH-
CTBAa, BBINOJHUTH YUCIEHHbIE PACYETHI ¥ IIPOBEPUTH IPABUILHOCTD IIOLY-
YeHHBIX BAMU PE3yJIbTATOB.

3.1. IlomaTue npegena mocjegoBaTEeIbLHOCTH

IIOCTAHOBKA 3AAAYU. Iloab3yacy onpedeaenuem npedeaa nocaedo-
8ameavbHocmu, 0oKaA3aMmb, Mo

lim a, = a.
n—oo

ILIAH PEIIEHUA.
1. Tlo ompejeseHUIO YUCIO @ HA3bIBAETCA Npedenom uucao8ol nocae-
dosameavrnocmu {an}, ecu

Ve >0 IN(e): n> N(e) = |ap —a| <e.
Ato osHawaer, uTo Ve > 0 HEpaBeHCTBO |a, — a| < € uMeeT peuieHHe
n > N(e).
2. HaiizeM, Ipu Kakux n CHPaBELIMBO HEPABEHCTBO

lan —a| <&,

T.e. PEIIUM 3TO HEPABEHCTBO OTHOCUTEIBHO N.
3. Eciu pemenue umeer Bug n > N(g), To ¢ — mpeien 4MCIOBOU
MOCIe[OBATEILHOCTH {ay }.
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3AMEYAHUE. Ecmm pemenne HepaBeHCTBA |a, — a| < € Hemb3s mpea-
cTaBUTh B BUAe n > N(€), TO 9UCIO a He ABIAETCA MPEAEIOM MOCIeN0Ba-
TeabHOCTH {an }.

IIpuMEP. Iloab3ysAch ompepereHneM Ipejesa IOCIELOBATEILHOCTH,
JIOKa3aThb, YTO
. 2n3
lim 3
n—oo nd — 2

=2.

PEWEHHUE.
1. ITo ompegeneHNIo YMCIO 2 HA3LIBAETCA IPENEIOM YUCIOBOM MOCIHE-

3
n
AOBATEIBHOCTH {ﬂ }, ecin

23
Ve >0 3N(e): n> N(e) = ﬁw’q.

2. Haugem, nmpu Kakux n CIOpaBefIMBO HEPABEHCTBO
ond

9
n3 —2

<e,

T.€. pelINM 3TO HEPABEHCTBO OTHOCHTEJIBHO N.

3. Hepasencrso umeer pemenue n> N(e) = 3/4/e + 2. Cnegosarens-
. 2n3
HO, 2 — Tpejes IMCI0BOM MOC/IEeA0BATEIbHOCTH { 5 ("
n —

Otser. n > %/4/e +2.

YcnoBus 3A4AY. [Toav3ysace onpedeaenuem npedeaa nocaedosamenn-
nocmu, doxaszamoe, umo lim,_, . an, = a.

2n —2 2 dn — 2
1. ap = —, = -, 2. = —, =2.
=M1 %73 "= onys 072
3 4 _3n+2 a—3 4 4 _Sn+2 a_5
"Toam4+1 T2 " 3n+1 3
5. an = n+1, a=25 6. an—m, a=14
3—nd 6n —2
7 = — = - . = — =3.
W= a=-l 8 an=grmm 3
3+ 8n? 3n
9 an—m, a=2. 10.an—n+1, a=3.
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OTeetnl. 1. > 35+4. 2. n > 8_36. 3. n > 1—25.
e 2e 4e
1— — _ _
4.n>—3€-. 5.n>-3———§. 6.n> 7 26. 7.n>34 6.
9e €
8.n>52—66. 9.n> 1—6. 10.n>3_6

3.2. Beraucaenne lim, [P (n)/Qm(n)]

IIOCTAHOBKA 3AJAYU. Boiuucaumb npedea

Py, (n)

n—oo Qm (n) ’

2de
Py (n) = axn® + ap_1n* Y+ ... +ain+ao,

Qm(n) = bpn™ 4 by n™ ...+ byn + bo.

IInAH PEWEHUA. 3gech Pi(n) — Muorowien crenenu k (6eCkoHeIHO
6OIBIIAA TIOCTEOBATEILHOCTD MOpAAKa N*) u Q,,(n) — MHOrOWIEH CTe-
nenu m (6eCKOHEYHO 60JbLIAA OCAEA0BATEIBHOCTD MOpsaiKa n™).

1. Brinecem B uncimTere Muoxurem nF, momyumm Py(n) = nFp(n),
rae p(n) = ak + ak—1/n + ...+ ao/n*.

2. BrineceM B 3HaMeHaTeIE MHOXUTENb N'™, oxyduM Qm (n) =n"q(n),
rre g(n) = by + bp—1/n+ ...+ by /n™.

3. Ameem .

lim D)y, mp(n)
no00 Qm(n) n—oo n™g(n)

4. Tloxyyaem:

Py (n)

ectm k> m, To nlg%o Om() = 00;
ecim k<m, To lim fk—(—?}—)— =0;
n—00 Qu(n)

ect k= m, TO mo TeopeMme O Impejele YaCTHOIO

nso0 Qp(n) n-ooo q(n) - limp— 00 q(1) bm

lim Pi(n) . p(n)  lim,,eop(n)  ax
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IIPUMEP. Brraucianrts npenpen

2 1)2 - 2
lim 2n+1)* - (n+1) .
n—oo n2+n+1'

PEMEHUE. 3aech (2n+1)2 — (n+ 1)? = 3n? 4 2n — MHOrOwWIeH BTO-
poit cremenu (6eCKOHEYHO GOMBIIAA TOCIEOBATEILHOCTD TOPAAKA N2) U1
n? 4+ n + 1 — MHOroOwWIeH BTOPO# CTereHn (6eCKOHEIHO GOJbIIAA TOCTe-
JOBATEILHOCTH TIOPAAKA N2).

1. BuneceM B YMCIMTENe MHOXUTEIb N2, MOTy<uM

2
@en+1)% - (n+1)%*=n? <3+—).
n
2. BrineceM B 3HaMeHaTeJe MHOXHUTEIb 7'7,2, II0JIy TUM

1 1
n2+n+1=n2<1+-+—2).
n n

3. Nmeem
2 1 2 _ 2 2
lim (2n+1)* —(n+1) - lim n?(3+2/n) .
n—oco n?+n+1 n—oco n2(1+1/n+1/n2)

2

4. Coxpainas n“ 1 UCIOAb3ys TEOPEMY O MPeJese YACTHOrO, NOLyIaeM

lim 2n+1)2-(n+1)?  lim,,e(3+2/n)
n—oo n2+n+1 T limpeo(1+1/n41/02)

(2n+1)2 = (n+1)2 _3

OTseT. lim
n—oo nZ4+n+1

YCnoBUA 3ANAY. Buuucaumb npedeabt.

L 1 (56 —n)%+ (5+n)? 5 (4-n)3-(2-n)
Tnoeo (5-n)?—(5+n)? noe(1-n)P—(2+n)t
. (B=-n)*-(2-n) . (2-n)2-(1+n)?
SR sy R U L I g s R
. (84 1n)2—(2+n)? . (n+2)2 - (n+2)?
R iy ey cR L o
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. (1+3n)3—27n? . (3—2n)2
1 . . .
[ sy SR ey P
) (2+n)? . (n+2)?2=(n+5)3
L1 . . .
9 nggo ('n, + 2)2 — ('n, + 1)3 10 nh—>rrolo (3 — 'n,)3

Oveetwi. 1. —00. 2.0. 3.0. 4. —1. 5.1/3. 6. —o0. 7.9. 8 —2/9.
9. —1. 10. 1.

3.3. Breruancaenmne lim, . [f(n)/g(n)]

IIOCTAHOBKA 3AJAYU. Boiuucaums npedea

. f(n)

lim ——=,

n—oo g(n)
2de f(n) — Oeckoneuno 6oavwas nocaedosameabnocms nopadka n* u
g(n) — Geckoneuno Goavwas nocaedosameavnocmy mnopadka nP

(o, B €R).

IIIAH PEIIEHUA.

1. Brinecem B umcauTene MHOXHTEIb n®, noayumm f(n) = n*p(n),
rae lim, 00 ¢(n) =a, a #0.

2. BeineceM B 3HaMenaTene MHOXuTEs NP, momyunm g(n) = nfy(n),
rae lim, . ¥(n) =b, b#0.

3. Imeem

f(n)

fim 1) _ i 7oP()
w00 g(n)  novso mP(n)

4. ITomyaaem:

ecmm « > (3, TO nh_)nolo z]—(;)- = 00;
n
ecm a< (B, To lim i)— =0;

ecan o = ﬂ, TO ITI0 TeopeMe O npenaee YaCTHOr o

i) _ AP q

A o) = Tm o) b

n—o00
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IIPUMEP. Brruncaurs npegen

1, 13+ VT
n—o00 Tl+‘{/—) \/ 3 _1

PEWEHKME. Yucmarens n §/n + /3200 + 1 — Geckoneuno Goabimasn
I0CIIe/I0BATEMLHOCTS opAAKa n? u 3uamenarers (n+ 4/n)Ynd—1 —

6eckoHedHO 60JbIIasA IoCaIeq0BATECIbHOCTD MMOPAAKA ’I’Lz.

1. BriHeceM B 9MCIMTENe MHOXUTETH N2, MOIyTIHM

1
n/n+ /32010 +1 = n? ( 5/6+25 1+;13>.

2. BureceM B 3HaMeHaTeNe MHOXHUTEIb N2, MOIyIHM

1
(n+ ¥Yn)¥/n3 —1=n? (1+Tl/z) Y1-=.
n

3. Umeem

e MY V32010 1 1 - lm n2(1/n8/6 +23/1+ 1/n1%)
nooo (n+ 4/m) Yn3—1 noeo n2(1+1/n84)3/1—1/n3

2

4. Cokpawas n
IOy YaeM

i ™ §/n+/32n10+1 - 1/n%%+23/1+1/n10
nooo (n+4/m)¥nd—1 n-eo (141/n3/4)3%/1—1/nd

hm,,_,oo (1/n5/® +23/1+1/n10)

" limpe0(1+ 1/n3/4) 3/1 — 1/n3

3AMEYAHHUE. B ganxoM ciy4ae 6BLIO MCHOIL30BAHO CBOMCTBO KOPHA,

B CHIy KOTOPOTrO lim, 0o 3/1+1/n10 =1 u im0 3/1—1/03 =1

n{/m+ Y3041 _
OTser. lim
noe (nt Ym) Vi1

" HUCIOJBb3yA TEOPEMEI O IpelejaX, OKOHYATEIbHO




3.4. Bonucaenue limy, o0 [u(n)’™] 7

YCloBUA 3AIAY. Buiuucaums npedeavt.

L lim n¥3n? + Yan® ¥ 1 0 i YA-1-VonT+3
. . . b .
n—00 (n+\/ﬁ),/7_n+n2 n—00 :{'/n3+3+ ‘{/n5+2
3 i Y2P+3-Vntb A ‘lim Yn?¥3 4 3n°
" noo 3‘/n3+ "“\/m. " n—oo %ﬁ—m_nZ'
5 lim Van+2- {12503 ¥ n 6. lim nyn — ¥27n8 ¥ n?
| n—oo Yn+n? C T nme (4 Ym)VA+n?

vVn+2—-v/n?24+2 . VNP +3+vn-2

7. lim . 8. lim .
n—oo Yndt1- Yn2-1 n—oo Y+ 2—-vn—-2

. 10n® —vn3 +2 o vnt2- 38t +3

9. lim 10. lim .

n—oo \/An§ +3-—n " n-o0 YnF+5+n
OTeetsl. 1.4/2.2.0.3.400.4.3.5.5. 6. —3. 7. —1. 8. 4+00. 9.5. 10. —2.

3.4. Beramcaenue lim, [u(n)v(n)]

ITIOCTAHOBKA 3AJAYM. Buiwucaump npedea nocaedosamerbrocmu

lim [u(n)*™)],

n—oo
2de lim, o u(n) =1 u lim,e v(n) = co.

II1AH PEIIEHUS.

1. [Ipeo6pasyem BhIpakeHMe 0 3HAKOM IIpefiefIa TaK, YTOOBI HCIIOIb-
30BaTH BTOPOW 3aMeYaTeNbHbIN Npelel, T.e. BHASINM eAUHALY:
a(n)v(n)
lim [u(n)*™] = lim ( 1+aln 1/0‘(”))
Jim [u(n)*™] = Tim ((1+a(n)) ,
rae a(n) = u(n) — 1 — 6GeCKOHEYHO MaJas MOCIeJOBATEILHOCTH IIPU
n — co0. Tak kak a(n) — 0 npu n — 00, TO

: 1/a(n) _
nlgxgo(l + a(n)) =e.

2. Ecmn limy, 00 an = a (ap, >0, a > 0) ulim, o b = b, TO

lim a,’ = ab.
n— o0
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CJIG,IIOBaTeJIbHO, €Cau CymeCTBYeT IIpene

lim a(n)v(n) = lim (u(n) — 1)v(n),

n—oo n—oo

TO OKOHYATEJbHO MMEEM

lim [u(n)”(n)] — elimn—-)oo(’ll.(n)—l)’v(n).
n—oo

I[TPUMEP. Brruucaurs npegen
. 4n? + 4n — 1\
lim | ———— .
n—oo \ 4n? + 2n + 3

PEIIEHUE.

1. IIpu n — 00 BhIpaXKeHUE MOJ 3HAKOM IIPeeNa IPeACTaBIAeT CO60u
CTeleHb, OCHOBAHME KOTOPOM CTPEMUTCA K €AMHUIIE:

I 4n? +4n -1 1
im { ——mm— | =
n—oo \ 4n2 +2n + 3 ’

a MOKa3aTelb — K MUHYC 6eCKOHEYHOCTH:
lim (1 - 2n) = —oo.

n—oo

IIpeo6pa3yeM BbIpakeHue IO 3HAKOM MIPEJiea TaK, YTOOBI UCIIOAb30BATh
BTOPOM 3aMeYaTeNbHBIN IPeLe:

dn?4an -1\ (0 om—d N
(Mﬂ+2n+3) _< +4m+an+3) B
(2n — 4)(1 - 2n)
4n?+2n+31 4n2+2n+3

2n —4 2n—4
= 1 —_—
( +4n2+2n+3)

2n —4 50
4n2 4+2n+3

Tak kak

pu N — 00, TO

4n?+2n+3

. 2n — 4 2n —4
1 1+ —7r—r =e.
1m( +4n2+2n+3> e
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2. Tak xak
o — _
lim (2n —4)(1 - 2n)
nooo 4n?24+2n+3
TO OKOHYATEILHO UMEeM

. (4 +an -1\
lim ——— =€ .
n—oo \ 4n2 +2n + 3

=1,

. 4n? 4+ 4n -1\ _1
OTeger. nli)n;o <_4n2 Ton T 3) =e L

YCaoBUA 3ANAY. Buiuucaums npedeavt.

1. lim
n—o00

2 1 n 2 2 n
3. lim (2 4 fim (23
n—oo n2 nooo \ 2n2 4+ 1
2 n n+3
5. lim n“+n+3 6. lim n+7
nooo \n24+n-—1 nsoo \ N+ 5
7 lim (SR 2n " g, lim (2otnth "
nooo \ 3n2 —2n+5 " oo \ 212 +n+1
3 2
. lim (

Otsetol. 1. 3. 2. (/6. 3.e. 4.e 5.e72 6.¢% 7.1 8 €5
9. e~®. 10. +oo.

3.5. Ilonarue npeaena pyHKIUN

ITOCTAHOBKA 3AJAYM. IToav3yacy onpedesenuenm npedesa GynKyuu
6 mouke, doKa3ambv, 4mo

lim f(z) = A.

T—ra
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IINAH PEWUEHUSA.
1. Yucno A HazniBaerca npedesom ynxyuu f(z) B Touke T = a, ecnan

Ve>0 34(e)>0: 0<|z—a|l<d(e) = |f(z) - 4| <e.

Jro 3Ha4uT, 9To Ve > 0 HepaseHcTBO |f(z) — A| < € umeer pemenne
0< |z - al < d(e).
2. [lns Toro uro6ul HauTH §(€), CHaYaTa HalgeM MHOXeCTBO M Takoe,
9T0
zeM=|f(z) - A|l <e¢,

T.e. pemmM HepaBeHCTBO |f(z) — A| < €. 3arem Hamgem 0(g) Taxoe, 4TO -
O0<|z—a|<d(e) =z M.
Toraa 6yneM numeTb
O<|z—a|<d(e) = zeM=|f(z) - A|<e.
ITO 03HAYAET, YTO

lim f(z) = A.

T—ra

3anuceiBaeM oTser B Buge: Ve >0 0< |z—a| < d(e) = |f(z)—A| <e.

IIpuMEP. [loka3aTb, 4TO

m 1522 — 2z — 1 _s
z>1/3  z—1/3 '
PEMEHHE.
1. Yucno 8 masmBaeTcsa npeaeaom dbyHkuuu f(z) = -1—5—?-;:—12;53;1 B
Touke z = 1/3, eciu
Ve>0 36(e)>0: 0< x—%l<5(s):l-1—5—g-i:—l2fé—_—l—8‘<e.

2. [lna Toro urobn HaiTH §(€), CHaYaIa HalJeM MHOXeCTBO M Takoe,
4T0

1522 =2z — 1
reM— |BE 2271 o
z—-1/3
T.e. PEIIMM HEPaBEHCTBO
15z2—2z—1_8 <e
z-1/3 '
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3arem nHaigeM §(e) Takoe, 9TO

0<

1
z—§‘<6(s)=>zeM.

Toraa 6yzem umeTn

1 1522 - 2z — 1
0 -= _ | — .
<|z 3|<6(6)=>:v€M ’ P 8l <e
3. Pemaem HepaBeHcTBO:
1522 — 2z — 1 1 ¢ 1 ¢
213 ~8,<s<=>|15:r+3——8|<5<=>§—ﬁ<x<§+r5-

(Tax xak B ompexeneHnuu mpefgera GYHKIMH B Touke T # 1/3, T.e.
z-1/3 # 0, TO MOXHO COKPATUTh APO6HL Ha MHOXUTENb Z — 1/3). Takum
o6pasom,

1 € 1 11 ¢ 1522 -2z — 1
mM=(i_E Qi lie) |2l g
Te (3 15’3>U<3’3+15> t z-1/3 <€

CrexoBaTenbHO, eCaIu

€
5(8) E)
TO
1 1 e 1 11 €
0< $—§l<5(6)‘=>1)€(g—ﬁ,g)U(g,g-Fl—S):#
15:1:2—-2:1:—-1_8 <e
z-1/3 ’
T.€
o 162?21
e=1/3 z—-1/3
1 € 1522 — 2z — 1
OTeeT. Ve >0 0< $—§|<E ’——x:—i-ﬁ-‘-——8‘<8.
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YcaoBusa 3AJNAY. Iloab3yacy onpedesenuem mpedesa PYHKUuU 6
mouke, doKkazamp paéencmea.

2 2 _
1. lim M =-1. 2. lim M_S - _10.
z—-3 z+3 -2 T+ 2
2 _ 2
3. im .w__l = -1. 4. im wl'_ﬁ = 6.
z—-1/2 T+1/2 z—>-1/3 x+1/3
2 _ 2 .
5. lim = t%Z2_ g 6. 1m0 _5
z——1 rz+1 z53 1 -3
2 _ 2 _
7. lim 02 9243 _ o 8 i ® —lx+9 o
z—1 r—1 z—3 rxr—3
249 2_3r-2
9. lim SZF202H6 6 10 pm 32724
z—-3 z+3 z—1 z—1

OTteetnl. 1. 6(g) =€/2. 2.8(e) =¢/3. 3.6 €/6. 4.4(e)
5.0() =¢/3. 6.6(c) =e. 7.6(c) =¢/6. 8.6(c) =¢€/4. 9. d(¢) = ¢/6.
10. 6(e) = ¢/5.

3.6. IlouaTue HenpepLIBHOCTH
dyHKIIMU B TOYKe

IIOCTAHOBKA 3AJAYU. Iloav3yacy onpedeaenuem, doKazamyv, umo
dynkyua f(z) nenpepviena 6 moure a.

IIJ1AH PEIIEHUA.
1. Borancasem f(a).
Dynxunsa f(r) Ha3EIBAETCA HENPEPLIGHOT 8 MOUKE T = @, €CIN

Ve >0 36(e) >0: |z—a|<dle)=|f(z)- fla)|]<e.

Ao 3naunut, uTo Ve > 0 mepasenctso |f(z) — f(a)| < € umeer pewenue
0<|z—a|<d(e).
2. [lna Toro 9To6u HauTH §(€), CHaIaIa HallJeM MHOXeCTBO M Takoe,

9TO
zeM = |[f(z) - f(a)| <&,

T.e. pemmM HepaseHcTBO |f(z) — f(a)| < e. 3arem Hamnzem J(¢) rakoe,
410
|z —a| < é(e) = z € M.
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Torpga 6ymxem umeTh
|z —a|<d(e) =z M= |f(z) - f(a)| <e.
IT1o o3HavaeT, 4TO f(r) HempeprIBHA B TOYKE T = @.

3anuceiBaem oTBeT B Buge: Ve >0 [z—a| < §(e) = |f(z)—f(a)|<e.

ITPUMEP. Ilonb3ysace onpegerenmeM, [OOKa3aTh, 4YTO QYHKIUA
f(z) = 52% + 5 menpepriBHa B TOUke a = 8.

PEIIEHUE.
1. Brruucasiem f(8) = 325.
Pyuxuus f (a:) HA3LEIBAETCA HENPEPHIBHOM B TOUKE T = 8§, eCH

Ve>0 36(e)>0: |z—8/<d(e)=|522+5-325<e.

Ao 3HauuT, 9To Ve > 0 HepasencTso |f(z) — 325)| < € umeer pemenue
0<|z— 8| <d().

2. ns Toro 4robnr HautH §(€), CHaYaTa HalJeM MHOXeCTBO M Ta-
koe, uTo * € M = |5z2 + 5 — 325| < €, T.e. pemMM HepaBEHCTBO
|5z2 + 5 — 325| < €, saTem maigem 0(e) Takoe, uro |z — 8| < &(¢) =
= x € M. Torga 6yneM uMeTH

|z — 8| < 8(e) = z € M = |5z + 5 — 325| < e.

3. Pemaem nepasencTso (cauras, 1To € < 320)

|52 —32O|<64=>64—5<:c <64+ = <=>,/ 4——<x<,/64+—.

TaxuMm o6pa3om,

ceEM= (,/64—%, \/64+§) = |5z® + 5 — 325| < e.

CuegoBaTeabHO, ecau

€ € / €
= mi - i 64+ - —8Y =./64+ = —
d(e) mm{8 \/64 5 \/ + 3 8} 64 + 3 8,

|z —8| <d(e) =z € <\/64—§, \/64+§)=>15m2+5—325|<5,

TO
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r.e. f(z) = 52% + 5 HenmpeprIBHa B TOuke T = 8.

Oteer. Ve > 0 |x—8|<,/64+-§-—8=>|5x2+5—325|<e.

YcaoBua 3A4A4. Iloav3yacy onpedeaenuem, doxazamo, wmo Pywx-
yua f(z) nenpepviena 6 mouxe a.

1. f(z)=422-1, a=2. 2. f(z)=3z2-2, a=3

3. f(z)=-2%-5, a=1. 4. f(z)=-522-7, a=2

5. f(z) = —422 -6, a=3. 6. f(z)=-3z2+8, a=4

7. f(z)=222+5, a=2. 8. f(z)=5z2+2, a=6

9. f(z)=422+1, a=8. 10. f(x)=22%>-1, a=7

OTseTsl. = Vit+e/d -2 2 66) = /9+e/3 -3

() \/W—l 45(5 VETe5 -2 5.8(e)=+/9+e/d4—3
) 6

3.6 ) = 5.
6.6(e) = /16 +€/3—4. T7.8(c) = /4 +€/2-2. 8.
9. 5(e ) V6a+e/d—8. 10.5()=+/19+¢/2 1.

3.7. Beraucaenwne lim, ,,[P,(z)/Qm(z)]

IIOCTAHOBKA 3AJAYU. Bbiuucaums npedea
Py (z)
l. n
256 Om(z)’
2de
Po(z) = anz™ + an_12" 1 + ... + a1z + ag,
Qm(z) = bpz™ + b1Z2™ 1+ ...+ bz + by.
TI/IAH PEIIEHUA.
1. Ecmu Qn(a) # 0, To dysxuus Pp,(z)/Qm(z) HempepsIBHA B TOUKe @

lim P,(z) _ Pp(a)
z=a Qm () Qm(a).
Ecmt Qm(a) =01u P,(a) #0, To

. Pa(z) _
A Om@)
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Ecma Qn,(a) = 0 u P,(a) = 0, To, pasnaras MHOrOWIEHH Ha MHOXH-
TeJH, MOIyJaeM
P,(z) _ (z — a)Pr-1(x)
Qm(z)  (z-a)Qm-1(z)’

rae Qm-1(a) # 0 u Po_1(a) #0.

2. ITockonbky B onmpefeienuu npejgena QYHKINN IPA £ — @ apryMeHT
He MOXeT NPUHUMATD 3Ha9eHUe, PABHOE @, TO B IIOCAEJHEM CIydae MOXKHO
COKPaTUTh MHOXHUTENL T — a. [loxygaem

im _P_"(..:.t.)_ = lim (:L' - a’)Pn—l(z) — P,_1(a)
11:1_’“ Qm(l') .’l.l—)a, (.’E — G)Qm_l(x) Qm—l(a) :

3AMEYAHUE. Ecm o sBiseTcs KpaTHHIM KODHEM MHOT0wIeHOB P, (z)
# Qum(z), To Po(z) = (z — a)*Paik(z), Qm(z) = (z — a)'Qm-i(z)

P,(z) _ (z — a)*Py_i(2)
Qm(z) (x - a)'Qm-i(z)’

rae Qm-i(a) #0 u P,_x(a) #0.

IIPUMEP. Brrumcaurs npepen

. x3—422 -3z +18
lim .
z—=3 3 —522+3x+9

PEIEHNE.

1. Bripaxenue noj 3HAKOM Ipefena (PanuMOHAIbHAA APOOL) ABILAETCA
OTHOINEHHEM ABYX GECKOHEYHO MAIHIX (GYHKUMU npu = — 3.
PasnoxuM 9ucanTens ¥ 3HaMeHaTe b Ha MHOXUTEJH:

2% — 42> -3z +18 _ (z-3)*(z+2)
23 -522+3z+9 (z-3)%(z+1)

2. Ilockonbky B onpeneneHuu npejena GpyHKIuM npu r — 3 apry-
MEHT He MOXEeT OPMHEMAThL 3HadeHUe, PaBHOE 3, TO MOXHO COKPAaTHTH
muoxuTens (z — 3)2. Ioxysaem

a:"°’—4a;2——3:l:-}-18_1i z+2 5

by 23 -522+3zx+9 —z-l-}.}sx+1 4

Orser 1ima:"’—4a:2—3:z:+18_§
BT R 52243249 4




86 I'n. 3. IIpedeav

YCnoBUA 3ANAY. Buiyucaumb npedeabt.

L lm 23 +322+ T +5 0 B4z2-z-1
Tz 51 2 —pr—92 ’ ) z—}-)»n—ll z3-3x—-2
z?2 -2z +1 . gt -1
3. lim s R g e

5 lim z3 + 422 + 52+ 2 6 o 2?2 +2zx -3
o1 2+ 2z +1 ’ R $3+5$2+6$.
. lima:3—6:r:2+12a:—8 8  lim i 423422 +2
"oa2 3 -222 422 -4 = 2 -1 '
3 3_ .2
3 —1 2 —z“—z—2
. lim ————. 10. 1 .
0 il—+ml?m2—x—1 0 22273 — 222 fz 2

OTeeTsl. 1. 0. 2.2/3. 3.0. 4. 2. 5.1. 6. —4/3. 7.0. 8 —1/2.
9. 1. 10. 7/3.

3.8. Beruucaenwne lim, o [f(z)/g(z)]
TIOCTAHOBKA 3AJAYU. Buiuucaumv npedea

f(=z)

i ’
=0 g(z)
2de f(z) u g(z) — Geckoneuno maavie Pynxyuu 6 mouxe x = 0.

T1JIAH PEIUEHMA. Beckoneuno Maibie byHKINM, CTOAIIUE B IUCIUTENE
¥ 3HAMEHATeNe, MOXKHO 3aMEHUTh Ha MM JKBUBAJIEHTHHIE (TabIM4HbIE).

Ecmu f(z), fi(z), g(z), 91(z) — 6eckonedno manbie HyHKUMM B TOUKE
z = 0 takme, uto f(z) ~ fi(z) u g(z) ~ gi(z) B Touke =z = 0,

u cymectsyer lim,_o f1(2)/91(2), To cymecrsyer limg_o f(z)/9(x),
npuydeM

—
8
N2

lim —= = lim .
z=0 g(z) 20 g1()
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IIPUMEP. Brruauciaurs npepen
. 2zsinz
lim ——.
z—01 —cosx
PEWEHUE. Bripaxkenue mos 3HakoM mpejena ABIAETCA OTHOLIEHHEM
ABYX 6€CKOHEYHO MaJbIX B TOuke = (), Tak Kak
lim (2zsinz) =0, lim (1 — cosz) =0.
z—0 z—0
Beckoneyno Maubie, cTosAmmMe B YUCAATENE ¥ 3HAMEHATENE, 3aMEHAEM Ha

3KBUBAJIEHTHEIE:
2zsinx ~2z -z, x—0,

2
1—cosx~—x2—, z — 0.
Taxum o6pasom,
. 2zsinz . 2z-x
lim ————— = lim —— = 4.
2201 —cosz 20 z2/2
2z si
OTseT. lim TS
z—=01 —cosz
YcnoBus 3AAAY. Buiuucaume npedeavl.
In(1 4 sin2 322+ 6
I lig 20t sinZe) 2. lim Z 162
0 sin 3z z—0 sin3zx
5% —1 . 1 — cos2zx
3. lim —. 4.

m —.
20 In(1 + ) z—0 cos 5z — cos 3z

1 —cos2z lim vVI9+z -3

. lim ——— 6. .
5 ilg}) e2s® — 1 250 3arctg 2z
1—+/cosz
7. lim 822 8 lim — V28
z—0 e2¢ — 1 z—0 sin“
9. lim sin 2z . 0. I arcsin 2z

250 In(1 — 27) 250 In(e — 2z) — 1

OvseTsr. 1. 2/3. 2. 2. 3. In5. 4. -1/4. 5. 1. 6.1/12. 7. 1.
8. 1/4. 9. —1. 10. —e.
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3.9. Beraucaenue lim,,, [f(z)/g(z)]

IIOCTAHOBKA 3ANAYU. Bbiuucaums npedes

IC)

a~a g(z)’
2de f(z) u g(z) — beckoneuno masvie Pynkyuu 6 mouxe r = a.

IIAH PEWEHUA.

1. Hyxno 3amennTs f(z) n g(z) Ha DKBHBaJeHTHHIE MM GECKOHEYHO
mausie dysaknua. Ho Tabanma 5KBUBAJIEHTHHIX 6€CKOHEYHO MAJILIX PYHK-
it cocrasneHa gua Touku ¢ = 0. IlosroMy crHavana cienaem 3ameny
nepeMeHHoOM T — a = t u 6yzem uckarh npegenx npu t — 0.

2. Ilpeo6pa3syeM BhIpaxx€HHMe MOJ 3HAKOM Ipejena, MOAL3yACh aare6-
pa4ecKUMU M TPUCOHOMETpUIECKMMHU OpPMYyIaMH, U 3aMeHAeM B
IIPOM3BEJEeHNN U JaCTHOM 6eCKOHEeYHO MaJble GYHKINM SKBUBAICHTHBIMM.

IIPUMEP. BrurumcanTs npegen

. cos3r —cosz

llm ——2‘_"—
T tg %2z

PEIIEHUE.

1. ITockombky

lim [cos 3z — cosz] = 0, lim tg 22z = 0,
T =T

TO BHIPaXK€HME I0J 3HAKOM Npelesa ABIAETCA OTHOIIEHUEM ABYX Gecko-
HEYHO Mauablx GYHKUMA mpu £ — 7. HyXHO 3aMeHMTH 3TM 6€CKOHEYHO
Maubie pyHKOUA SKBUBaneHTHHIMH. [l 3TOro cHavala cielaeM 3aMeHY
[IEPEMEHHOMN T — T = t:

. cos3z—cosz ., cos3(m+t)— cos(m+t)
lim —————— = lim
som tg22z =0 tg 22(m + ¢t)

2. Ucnonb3ys TpuroHoMeTpudeckue ¢GOPMYIbI ¥ 3aMEHAA B IPOU3BE-
JEeHUN U JACTHOM 6EeCKOHEYHO MaJible (PYHKIMH SKBUBAJIEHTHHIMU, IIOIY-
UM

i &% 3(m+1t) —cos(m+1t)
50 tg22(m +1t) B

. cost—cos3t ., ~—2sin2tsin(-t) . 2-2t-t
= lim 5 = lim = lim =1
t—0  tg22t 0 tg 22t t—0  4¢2 ‘
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. cos3xz —cosz
OTeer. lim — s =
Tz tg 22z

YcaoBusa 3A0AY. Buuucaums npedeast.

3
-1
1. lim z . 2. lim 1+ cosdz
z—=1 Inz Tz sin2 3z
1 .
3 lim + cos 21rw‘ 4 lim sin 37wz

im — .
a1/2  tg22mx 22 sin 87z

V2 -z-1-1 i tg 5z

5. lim ———— —. 6. .
by In(z — 1) a:—grl/Z tg 3z
1- 28 5=z
7. lim ——. 8 lim2_Y°~—%
z—1 sin Tz z—1 sinmz
t z —
9. lim 852 10. lim 22
z—7 sin 3z z—2 sin Tz

OTeetsi. 1. 3. 2.5/18. 3.1/2. 4.3/8. 5.3/2. 6.3/5 7.3/
8. —1/(4r). 9. —5/3. 10. (4In2)/x.

3.10. Berauciaenue lim,_, [u(x)”(z)]
IIOCTAHOBKA 3AJAYU. Boiuucaums npedes
: v(z)
lim [u(z)"*],

ade ll_r)x%) u(z)=1u 11_% v(z) = oo.

IIJ1AH PEHIEHUA.
1. IIpeo6pasyem BripaxkeHUE IOJ 3HAKOM IIpeAena:

u(z)"®) = e@nua),

2. ITockonbky mokasaTenbHad (PYHKIMA e® HeNpephIBHA, TO MOXHO
[epelTH K Ipejely oA 3HAKoM Tou dyHkuuu. Mmeem

lim [u(z)v(z)] = lim ev(m) Inu(z) _ elim,_.,o [v(z)In u.(:c)]‘
z—0 z—0



90 Ta. 8. Ilpedean

3. BrruucigeM mpepnen nokasaTels
lim [v(2) Inu(z)],

3aMeHAA 6eCKOHEYHO Majble (PYHKINH SKBUBAIEHTHHIMHU.
4. 3amuceIBaeM OKOHYATEIbHBIM OTBET.

ITPUMEP. Briuuciaurs npegen

1+.’1222x 1/sin®z
Eg})(l%—m%””) ’

PEWEHKE. IIpu z — 0 BeipaxkeHwe moj 3HAKOM Mpefela MpeACcTaB-
JseT co6oM CTeneHb, OCHOBAHME KOTOPOU CTPEMUTCA K €IMHUIIE:

5 14 2227
1 —_—
501+ 225

a moka3aTeiab — K 6eCKOHEeYHOCTH:

. 1
lim —
z—0 sin”

= 0Q.

1. Ilpeo6pa3yeM BuIpaXkeHHE MO 3HAKOM IIPEea:

;3
1+.’13221 1/sin z . 1 , 1+$22I
—_— = ex n .
1+ 225 P sin®z 1+ x25%

2. ITockonbky mokasarenbHasd GYHKUUA €© HENpPEpPLIBHA, TO MOXHO
IeperTH K Mpeaedy IO 3HAKOM aTou dbyHkuuu. Ameem

3
e Ry P N
- =exp | li n .
z—0 \ 1 + z25% P56 sinz 1+ 2252

3. Brruucizem npegen mokasaTens

I 1 1+ z%2%
im n .
e—-0sindz 1+ 225%
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IIpeo6pa3ys BeIpakeHNe IOJ 3HAKOM Ipejeia K BUAY

In [1 4 z25%((2/5)" — 1)]

3

sin® z 1+ z25%

¥ 3aMeHAA 6ECKOHEYHO MaJible MYHKINYM 5KBUBAJIEHTHBIMH, UMEEM

2rx T _
lim ——In |14 2O U2/E =)
z—0 sin® 1+ 225
o1 2%5%((2/5)*—1) .1 2?5°zIn(2/5) ., 2
TS T iior . AW T 1iame B

4. OxoHYATEILHO MOMyYaeM

2 1/sin®z
lim (X2 2 _ /s _ 2.
20 \ 1+ 225 5

1+ x22x>1/sinaz

2
1+ 2252 5

OTeer. lim (

z—0

YcaoBus 3ALAY. Buuucaume npedeast.

14232\ /% 142232 /6
L () ()

[\

.3
1 . 3 1/sin*z )
3. lim w . 4. lim(1 —lncosa:)l/s‘"z’:.
z—0 \ 1 + sin x cos 2z z—0

5. lim (2 — 550 #)1/2, 6. lim (cosz)'/*’.
z—0 z—0
7. lim (cosz)'/(=5in®). 8. lim (1+ sin? )Y/ neos=,
z—0 z—0
1+ zcos2z 1/z° /(14227
9. lim (———) . 10. lim (2 — cosg)?/ In(1+227),
z—0\ 1+ xcosz 70

Oveetui. 1. 3/2. 2. 3/4. 3. e73/2. 4. €Y% 5 1/5. 6. e”1/2
7. 712 8. e72 9. 732 10. !/4.
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3.11. Boruucrenue lim,_,, [u(z)"®)]
IIOCTAHOBKA 3AJAYM. Boiuucaums npedea

: v(z)
Jim [u(z)”),

2de :}1_131 u(z)=1u ,1,1.3}, v(z) = oo.

IINAH PEWIEHUA.

1. Y7065 HCIOIB30BATE TAOIHIY SKBUBAJIEHTHHIX 6€CKOHEYHO MAJKIX,
crenaem 3aMeHy nepeMeHHOd t = ¢ —a (rorga t — 0 mpu £ — a) u
npeo6pa3yeM BhIpaXkKeHHE IIOJ 3HAKOM IIpefela:

u(z)*® = () = en®inml),
2. Ilockonbky mokasaTenbHas (QYHKIMA €¥ HENPEepHIBHA, TO MOXHO
[epedTH K mpefery o[ 3HAKOM >Tod ¢yHkuuu. Mmeem

lim [u(m)v(z)] — elimt_.o[ul(t) lnul(t)].
z—a

3. BriuncaneMm npegen mokasaTess

}i_r:(n)[vl () Inuy ()],

3aMeHsAs 6€CKOHEYHO MaJkle (GYHKUNN SKBUBAICHTHLEIMHU.
4. 3anuceiBaeM OKOHYATEIbHLIM OTBET.
IIPUMEP. Briuucauts npegen GyHKIIN

o0 — 1 In(3+2z)/ In(2~-z)
lim ( ) .

z—1 T

PEmEHUE. [Ipu r — 1 BrIpaxkeHue moj 3HAKOM IpeJela NPEeJCTaB-
ageT coboi CTeneHb, OCHOBaHME KOTOPOM CTPEMHUTCA K €AMHMIIE:

a TMoKa3aTelb — K 6ECKOHEIHOCTH:
In(3 + 2z)

m —————= =
z—1 In(2 - z)
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1. Yro68t UCHIOAL30BATH TAGIUILY SKBUBATEHTHRIX 6€CKOHEYHO MAJIbIX,
crenaeM 3aMeHy mepemeHHon t = ¢ — 1 (torga t - O mpu z — 1) u
npeo6pa3yeM BHIDaKeHHE IIOJ 3HAKOM IIpejena:

) 27 — 1 In(3+2z)/ In(2—z) . 2 +1 In(5+2t)/In(1-t)
lim =lim [ —— =
z—1 T t=0\ t+1

In(5+2t) . 2t+ 1]

_hmexP[ln(l-t) T

t—0

2. Ilockonbky mokasaTenbHas QYHKIMA €® HENPEPHIBHA, TO MOXHO
[EPEeNTH K Ipejery 10/ 3HaKoM 2Tod pyHkuuu. Umeem

(G+2) 2+1]_ [ In(G+2) 2+]1
m(l—¢) " t+1] P

hm «xp [ t—0 In(1—1t) ]

3. Brruucanm npegen nokasarens, 3aMeHsAs 6eCKOHEYHO MaJble PyHK-
LMY SKBUBAJICHTHLIMHU:

. [In(5+2t). 2t+1 . [In(5+ 2t) t
= lim |2 T2 (4 =
}Lo[ln(l—t)l t+1] P—%[ln(l—t) i1

o, tn(5 +2t)

2 = _In5.
50 —t(t+1) >

4. OxoHYATEIbHO MOIyYaeM

lim
z—1

2g — 1) "G+2e)/In2=2) s _ 1
- = _—
1

OTeer. lim
z—1

20 — 1 In(3+2z)/ In(2~x)
(%)

YCJIOBUA 3AJAY. Buiwucaumb npedeast.

_ tg (mz/4) . 1/(z-1)
1. lim (%-‘”) : 2. lim (S‘”> .

T2
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cosz\1/(z-3) .
i i _ p\tg(rz/2)
3 jm (cos3) ’ 4 Jm(Z-2) :
5. lim (3¢ - 2)/(=7 1, 6. lim (cosz)Y/*""2.
z—1 T2
701 t 1/ cos2z T _ 1/1n(2—z)
Jim, (tg2) 8. lim(3 - 22)
1/In(3-2z) 1/In(4-z)
4 —
9. lim ( ‘”) . 10. lim (E) '
T2 T 3 \ T

OTeeTbl. 1. e2/™, 2. ect8l 3 =83 4 o2/7 5 3. 6. e"1/2,
7.e71. 8. €2 9. e 10. el/3.

3.12. Beruucaenwue lim,_,, F(u(z)v(z) + f(z))
IIOCTAHOBKA 3AAYU. Buiuucaums npedea

lim F(u(z)v(z) + f(z)),

T—ra

ede F(z) nenpepuisna na R, f(z) nenpepvisna 6 mouxe z = a, u(z) —
6eckoneuno maaas Pynxyus 6 mouxe ¢ = a u v(z) — Pynrxyua, ozpanu-
YEHHAA 8 HEKOMOPOT OKPECTIHOCIIU MOUKY T = d.

IIJIAH PEIIEHUA.

1. Tax kax F(z) nenpepriBHa Ha R, To mo Teopeme o mepexone kK
npeneny MO 3HAKOM HENPEPHIBHOU (PYHKIMH UMeeM

lim F(u(z)v(z) + f(2)) = F(lim (u(2)o(z) + £())).

z—a T—a

2. Tlockonbky u(z) — 6GeckoHeYHO Manas QYHKUWMI B TOUKE £ = @ U
v(z) — dyHKUMA, OrPaHUIEHHAA B HEKOTOPON OKPECTHOCTH TOYKU T = 4,
To u(z)v(r) — GeckoHedno Manas GyHKUUA B TOUKE T = @, T.€.

311_1’1411 u(z)v(z) = 0.



3.12. Bowwucaenue limg o F(u(z)v(z) + f(z)) 95

3. Tak xak f(z) HenmpeprIBHA B TOYKE @, TO

lim f(z) = f(a).

T—a

Hcnons3ys ocHOBHBIE CBOMCTBA mpeaeia PYHKIUK B TOYKE, IMOJLYIaeM

lim F(u(@)o(z) + f(z)) = F(f(a).

IIPUMEP. Brruncaurs npegen
.3 1
lim {/z|2+sin— | + 8cosz.
z—0 T

1. Tax xak GyHKIUA y = /T HenpepLIBHA IIPU BCEX I, TO, MEPEXO/L
K IpeJeny moJ 3HAKOM HEeNPEPHIBHOU (YHKUMH, [OLYIaeM

1 1
lim i’/m (2+sin—) + 8cosz = i/lim [a: <2+sin—> +8005x].
z—0 T z—0 x

2. Tax kak x — GeckoHeyHo Manas (pyHkuus B Touke z = 0, a
2+sin (1/z) — pyHKUMA, OrpaHWYIEHHAA B OKPECTHOCTH TOUkM Z = 0, TO
z (2 +sin (1/z)) — Geckoneuno manas pyHkmA B Touke = = 0, T.e.

PEIIEHUE.

1
lim z (2 + sin —) =0.
z—0 T

3. Tak xak cos z HenpephiBHa B Touke T = 0, TO

limcosz =1,
z—0

4, UCIIOJIb3YA CBOMCTBA mpejena PYHKIMHM B TOYKE, IIOLYIaeM

1
lim i/a: (2 + sin l) + 8cosz = i/]im T (2 + sin —) + 8lim cosz = 2.
z—0 x z—0 x z—0
. 3 . 1
OTeer. lim ¢/z (2 +sin| — + 8cosz = 2.
z—0 xr
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YcaoBUA 3A0AY. Buiuucaums npedeast.

10.

1
lim 4/9 cos 2z + 2z arctg =

z—0
z2
lim 4/4sinz + (2z — 7)sin .
T /2 2r—m

. 5 1
lim 4/cosz + arctg z cos? —.
z—0 T

lim 4/4 cosz + In(1 + 2z) sin -1-
z—0 x

1
H 2 2z _ —_—
lm}) 4cos?z + (e 1) arctg ot

. z3 2 T
ilg%ln [(e - cos:z)cos; +tg (a:+ Z)] .

. 1
lim 4/4sinz + (e5n* = — 1) cos —.
z—0 T

T+2

lim \/ln(:c + 2) + sin(4 — z2) cos
T2 T

. . x—1 z+1
lim tg { arccosz + sin cos .
z—1 z+1 L |

1
lim Iln (3 + arctg zsin —) .
z—0 T

Ovsernl. 1.3. 2.2. 3.1. 4.2. 5.2.
9. 0.

10. In3.

6. 0.

7. 2.

8.1n2.



I'masa 4
ANPDPEPEHIIMPOBAHUME

IIpu n3yyennu remur JUOPEPEHIIUPOBAHMUE BL mossakoMuTeCh
Ha [IpUMepax C MOHATUAMYU IPOU3BOAHON U guddepeHnraia GyHKIUA O1-
HOY II€PEMEHHOM, HAY4YMTECh BHIYMCIATHL NPOU3BOJHLIE, MCIIOAL3YA Tpa-
BUIa AUGPEpeHINPOBAHNA CyMMEI, IPOU3BENEHUA, JACTHOI'O M CIOXKHOM
dyHkIMHN, HayIuTeCh quddepeHIupoBaTh MYHKIUY, 3aJaHHLIE TapaMeT-
PUYeCKH, BBIYUCAATH IIPOU3BOJHEIE BEICHIMNX IOPAAKOB, a TaKXe IpuMe-
HATH IPOM3BOJAHBIE U AuddepeHImaIsl B IPUOINKEHHBIX BEIYUCICHUAX U
IIpM pelIeHnH I'eOMeTPUIECKUX 3aJad.

C nomomsio nakera PEINIEBHUK.BM Brl MOXXeTe BLIMMCINTD Ipe/e-
JIBl, BBIMIOJHUTL YUCJAEHHBIE PACYETHI, & TAaKX€ BHIYUCIUTH IPOU3BOAHLIE
J1060ro NopsAKa M NMPOBEPUTH MPABUIBHOCTH MOLYYEHHBIX BAMH Pe3yJIb-
TaTOB.

4.1. TIlonaTHe IPOM3BOAHOU

IIOCTAHOBKA 3AZIAYU. Hczods uz onpedesenus, natmu npou3eod-
nyo Pynxyuu f(z) 6 mouxe z = 0.

IIJIAH PEMIEHUA.
1. ITo onpexnenenuo

£1(0) — tim 1B SO

z—0 T
(HamomumM, 9T0 npu BhraucIeHuy npegena = — 0, Ho z # 0.)
2. Brruncasem npegen

o f@ =10

z—0 T

3. Ecnu npegen cymectsyer u paseH A, To f'(0) = A, eciu npegen He
cymecTsyet, To f'(0) e cymecTByeT.
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IIPUMEP. Ucxofs U3 onpejeneHus, HAUTU IPOU3BOAHYIO PYHKIIUN

f(z) = 1 —cos(m sin%), x #0,

0, z =0,
B Touke T = 0.

PEmMEHUE.
1. ITo onpeneneHmnio

£(0) = Tim f@) - f0) _ g L C08(z sin(1/z)) — 0
z—0 T z—0 T :

2. Tax xak sin(1/z) — orpannydenHas, a £ — GeCKOHEYHO Maad PYHK-
1y ipu £ — 0, TO IO TeopeMe 0 IPOU3BEAEHNN GECKOHEIHO MaIOH (hyHK-
Uy Ha orpaHudenHyio zsin(l/z) — 0 npu z — 0. 3amensas B 4ucauTeRe
6eCKOHEYHO MAJIYI0 GYHKIMIO 3KBMBAJIEHTHOM U CHOBA MCIOJIb3YA YIOMA-
HYTYIO TeopeMy, IOLyIaeM

— i _ 2 2
lim 1 — cos(z sin(1/z)) — 0 i &S0 (1/z)
z—0 T z—0 2z

=0.

3. Takum o6pa3oM, mpejen CymecTByeT u paseH Hymo. Ciefosa-
rensHo, f'(0) = 0.

OTser. f'(0) =0.

YcaoBuA 3A0A4. Hatimu npouseodnyio gynxyuu f(z) 6 mouxe z=0.

L f(z) = sin(z3+a:2sin§>, z #0,
L 0, z=0.

I 2 1
2. f(z)= tg <z cos 9_a:> + 2z, = #0,
| 0, z=0.

) 1
3. fz)= arcsin (a: cos 5—1;) , ¢#0,
| 0, z=0.
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4 f@)= ln<1—-tg <x2 sin%)), z#0,

| 0, z=0.

-t in 3 0
5. f(z) = g zsm; E z #0,

| 0, z=0.

[ sin (e”2 sin(5/z) _ 1) , T#0,
| 0, z=0.

4
3 _
8. f(z)= z cos3$+3z, x #0,
|0, z=0.

1

arctg (x — z2 sin —) , T#0,
3x

L 0, z=0.

5
10. f(z) = sin2xcos;+2x, x #0,
0, z=0.

Ovsetsl. 1. 0. 2. 2. 3. He cymecrsyer. 4. 0. 5. He cymecTsyer.
6.0. 7.0. 8 3. 9.1. 10. 2.

4.2. Bpruucienune nNpou3BOAHBIX

ITOCTAHOBKA 3AJAYM. Hatimu npoussodnyio dynkyuu y = f(z).

IIAH PEIIEHUA. 3ajadva peuaeTcs B HECKOIbKO 3TanoB. Ha kax oM
3Tane Heo6XoAMMO PaCIO3HATh TUIl GYHKIIUU U IPUMEHUTHL COOTBETCTBY-
olee mpaBuio auddepeHupoBaHu.

Bo3MoxXHE ceayomue TUIOE GYHKIUM.

o @ynxuus umeer Bug Ciug + Couz + ... + Crup, rae ui(z),
uz(z), ..., un(x) — HexkoTopeie dyskuun u Cy, Co, . .., Cp — HEKOTOpPBHIE
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nocroauHkle. McnonassyeM GopMyIIy MpOU3BOJHOMN TMHEHHON KOMOMHAIIMH
(C’lul + Coug + ...+ Cnun)' = Cl’U.Il + Cgu'2 +...+ C,,u;.

o ODynxkuma umeer Bujg u-v. McnonssyeM ¢opMyiy IpOM3BOAHON
MPOU3BEJEHUA
(w-v) =u -v4+u-v.

u .
o Dynkuma umeer Bug —. Mcnons3dyem GpopMyy IPOM3BOLHOU JaACT-
v
HOrO:
(u)’ u-v—u-v
v v2 )

o Dynkiua umeer Bug u(v(z)). UcnonsayeM GopMyry npousBogHOR
CIOXKHOM (PYHKIMU

u(v(z)) =/ (v) - V' ().

o Dyukumsa umeer sug u(z)(®). Ipomssoguas Takoh GyHKIMHM BEI-
YUCIAETCA C IOMOIIBIO POPMY.JIBL

u(:z:)”("") = eV lnu.

Ilepexon oT 3Tama K 3Taly COBEpLIAETCA A0 TeX IOP, MOKAa MOJ KaX-
[OBIM 3HAKOM NPOM3BOJHOM HE OKaXeTCA TabaudHas QyHKLIUA.

IIpuMEP. HanTn npoussoanyio GyHKImMA

_ 32844 - 22 -2

151 + z2

PENIEHUE.
1. ®ynkuus y(z) nMeeT BuA

)

e

1
15
rae u(z) = 328 + 4z* — 22 — 2 w v(z) = V1 + 2. Ucnonsaysa dopmyry
LA TIPOU3BOAHON YACTHOTO, MIOIyYaeM :

/

y:

1 (32% +42* — 2% - 2)' V1 + 22 - (32° + 42* —2? - 2) (VI +22)'
15 (V1 + z2)2 .
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2. Oynkuua u(z) = 3z8 + 4z? — 22 — 2 aBaserca muHeHHOM KOMOHMHA-
uuelt TabmuaHbnX yHkuun. [losTomy

(32% + 4z* — 2% — 2)' = 1825 + 162% — 2.
3. @ynkumus v(z) = V1 + z2 umeer BUg
v(z) = w1 (vi (),

rae u; = /v u v1(z) = 1 + z2. Ucnoms3ys dopMy.Ty Ais IPOU3BOJHOM
CIIOXKHOM (PYHKIMH, MOLydaeM

1 2z
’U’(E = v ,1+$2/=—-——2:L'=————.
@)= (Vo) (L +a%) = 5= o = ooy
OTser. ' =
2z
18z% + 162°% — 2z) V1 + 22 — (32% + 42% — 22 — 2) ———
=i( ) ( )2 1+ z2

15 1+ z2

YcaoBusa 3A4AY. Hatimu npouseodubie 3adannbiz Gynxyud.

1. y=2V%=_ 2 y=In(z++1+22). 3. y=In*1—cosz).

3%(sinz + coszIn 3) sh2z
4. y =In(arcsiny/z). 5. y= . 6. y= .
y = Infarcsin V). 5. y 1+1n%3 YT 2
) .
7. y = arcsin — . 8. y=arctg3V®. 9. y=In(1+ Vthz).
N
2
10. y =Insin3 — C(?S z .
sinz
In2 1 2sinz In(1 — cos z)
Jlovier 2 9 . 3. .
Oteere 2cos? z /tgx V1+ 22 1—cosz
1 2ch?2z — 4sh*2z 1
4. . 5.3%cosz. 6. T —
2Vz — z? arcsin \/z ch3 2z 2zvz -1
3vZIn2 1 10 cosz(1 + sin’ z)

T (1+32E)2yT " 2(thz + Vthz)ch’z sin® z '
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4.3. YpaBHeHMEe KacaTe/JIbHON U HOPpMAaJIN

TIOCTAHOBKA 3A4A4YU. Cocmasumb YypasHenus Kacameabhol u HOP-
maau x kpueol y = f(z) 6 mouxe ¢ abeyuccoi a.

IlnaH PEWEHUA. Ecin dynkumsa f(z) B TOuke @ uMeeT KOHEUHYIO
NpPOU3BOJHYIO, TO YPABHEHUE KACATEILHOU MMEET BUJ

y = f(a) + f'(a)(z - a). (1)
Ecmu f'(a) = 0o, TO ypaBHeHHe KacaTeIbHOU UMEET BUI T = Q.
Ecmu f'(a) # 0, To ypaBHeHHEe HOPMAIN UMEET BUJ
1
f'(a)

Ecmu f'(a) = 0, To ypaBHenne HOpMann uMeeT BUA T = .

y=1f(a) - (z—a). (2)

1. Haxogum 3nagenue f(a).
2. Haxogum npoussoauyo f'(a).
3. Ioacrasass Hangennsle 3uadenus f(a) u f'(a) B (1) u (2), noxy-

YaeM ypaBHEHUs KaCATEeIbHOU ¥ HOPMAJIM.

ITPUMEP. CoCTaBUTb ypaBHEHUA KaCATEIbHOM M HODMaIN K KPHUBOH
16
y= 6 g T — —3— %

B TOuKe C abcuuccou a = 1.

PEMmEHHUE.

1. Haxogum f(1) = 2/3.

2. Haxoaum npoussoguyio f'(1)=2/3. Tak xak f'(1) #0n f'(1)#oo,
TO BOCHOAb3yeMcs ypaBHenusamu (1) u (2).

3. Iloacrasnas nangenusle snadenus f(a) = 2/3 u f'(a) =2/3 B (1)
u (2), noxydaeM ypaBHEHHA KaCaTeIbHOM ¥ HOPMAJML: '

—g(:r—l).

wil N

2 2
y=3+3@-1), y=

OTseT. YpaBHeHue kacareabnon: 2z — 3y = 0. YpaBHeHuMe HOpMAJIH:
9z + 6y — 13 = 0.
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YcyoBUa 3A4A4. Cocmasumb ypasHenus KACAMEALHOT U HOPMAAU
x epaduxy dynxyuu y = f(z) 6 mouxe ¢ abeyuccot a.

1. y=z—2% a=1 2. y=z4z+1, a=-1.
3. y=2+z, a=1 4. y=+/z-2, a=4
5 y=z*4+ Va3, a=1 6. y#SVmZ—Q, a=—21T.
2
7. y= +‘/E, a=9. 8. y=32%r—z, a=16
2-z
z?2 -2z +2

9. y=z?-z—-1, a=1. 10. y = a=2.

z2 ’

OTeetbl. 1. z+y—1=0, z—y—-1=0. 2. z+y=0, z—y—2=0.
3.4r—-—y—-2=0, z+4y—-9=0. 4. z—-4y—-4=0, 4dc+y—16=0.
5. Tx—2y—-3=0, 2z+7y—16=0. 6. 2z+9y+54 =0, 92—2y+243 = 0.
7.2z —3y—33=0, 3z+2y—17=0. 8 y—48=0, z-16=0.
9.z2—-y—-2=0, z+y=0. 10.2y—1=0, z—-2=0.

4.4. IIpubimxeHHbIe BbIYUCICHUA
c noMmoibsio fuddepeHnuana

TIOCTAHOBKA 3AJAYU. Boiuucaumb npubaurcerno ¢ nomoupto dugd-
Pepenyuaaa 3nauenue gynxyuu y = f(z) 6 mouxe T = a.

IIAH PEWIEHUA. Ecam npupamenue Az = z — a aprymeHTa T MaJjo
110 abCOMIOTHOU BEIWYUHE, TO

f(z) = f(a+ Az) = f(a) + f'(a) Az. (1)

1. Bribupaem TOYKYy @, GIMXAUIIYIO K T U TaKyI0, YTOOLI JErKO BbI-
“ucaanucs 3Havenus f(a) u f'(a).

2. Borancisem Az =z —a, f(a) u f'(a).

3. ITo dopmysne (1) Buruncasem f(z).

IIPUMEP. BuryncauTs npubamxeHHO ¢ NOMOIIbI0 guddepeHuaia
3HaveHue ¢byuknuu y = V2 + 5 B Touke z = 1,97.
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PEIIEHUE.

1. Bauxanmas k 1,97 To4ka, B KOTOPOH JErKO BEIYHMCIATE 3HAYEHHUA
f(a) u f'(a), — 570 TOUKa a = 2.
2. Bruuucisem:

Ar=z-a=1,97-2=-0,03,

x

/ ! ~2

fla)=f(2)=3, f(z)=

3. Ilo dopmyre (1) umeem

2
£(1,97) ~ 3+ 3(~0,03) =2,98.

OTeer. f(1,97) =~ 2,98.

YCJIOBUA 3AAY. Bbiuucaums npubauicenno ¢ nomowpro dufpdepen-
yuasa 3nauenue Pynxyuu y = f(r) 6 mouxe z = a.

1. y=2z°% =z =2,001. 2. y=+4z -3, z=0,98.
3. y=vz3, z=1,02. 4. y=2z3, z=2,999.
5. y= Yz, z=1,03. 6. y=+z, z=23,996.

7. y=+1+sinz, z=0,02. 8. y=+v2z+cosz, z=0,01.

9. y=13/2:c—sin%, c=1,03 10.y=+AzF1, z=1,97.

OvseTsl. 1. 32,08. 2. 0,96. 3. 1,03. 4. 26,073. 5. 1,01. 6. 1,999.
7.1,01. 8 1,01. 9. 1,02. 10. 2,98.

4.5. Jlorapundmudeckoe aucggepeHInpoBaHne

IIOCTAHOBKA 3AJAYU. Hatimu npousdsodnyio Pynkyuu éuda

y=u1(2)"@ . un (@) P (). .. wm(z).
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IINAH PEIIEHUA.
1. Jlorapu¢dm gaHHOM QYHKIMM MMEET BUJ

Iny =vi(z)lnui(z) + ... + va(z) Inus(z) + Inwi(z) + ... + lnwn(z).

2. IIpoguddepennuposas 06€e YaCTH 3TOr0 PABEHCTBA, MOLYIaeM

/ !

! v v w w
LA (v’llnu1+—lu'1>+...+(vﬁthxun+—"u;)+—l+...+—".
Y u Un wq

1 Wn
IToaTomy

v ) w) w!
Y=y [(v'l Inu; + —lu'1> +.o.+ (1):1lnu,1 + —nu;) + L4+ ——E] .

U n w1 Wn

3. lloacraBnsas B mociegHee paBeHCTBO BRIDAXEHUE IS Y, IOLYYaeM

OTBET.
IIPUMEP. HauTu npoussoguyo GyHKUMA Yy = z€ 20,

PEIEHME.
1. JlorapudM gaEHON GYHKIUN UMEET BUJ

Iny =1In(z*z°) = e*Inz + 9Inz.
2. Ilpogudpepenuuposas o6e JaCTH 3TOr'0 PABEHCTBA, MOLYYaeM

! 1 9
—=e"lnz+e*F -+ —.
T z

e |<

ITosTomy

T
y'-_—-_y(ezln.'l:-f-e :9),

3. IloacraBasaa B mociegHee PABEHCTBO BHIDAXKEHWE A Y, HOIyHaeM
OTBET.

Oreer. 3y =z° 2° (e“’-ln:c+ £ : ) :

YcnoBus 3A4A4. Hatmu npoussoduvie 3adannniz gynxyui.

1. y= (sinz)‘ﬁ. 2. y=z%3VZ.
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vz

3. y=z° . 4. y = (arctgz)®.
5 y=(tgz)"=. 6. y=gVZosinT,
7. y=z*"". 8. y=x'8%,

9. y = (sin3z)msin3e, 10. y=z% 3%
OTseTbi.

Insinz  /Zcosz In3
1.y = . 2.y = 1
v y(2\/5 t gz ) v y<”+1+2\/‘>

1 1
3.y =yev® (-2—11\7—1;_ + ;) Cdy =y [lnarctgm+

T
(1 + z2)arctg a:] )

Intgz Inz Inz
5.9 = . I o)
vy ( z +sinzcosm) 6.y <2\/—- \/—+cosa: n )
1
7. y':y2cosz (—sinxan—}-l)_ 8. y’=y ( n:: +t_g£>
z cos? T

9.y =y 61nsin 3z ctg 3z. 10.y' =y (2“”11121113:—%2z +ln3) .

4.6. IIpousBoanas pyHkuum,
3aJaHHOM MapaMeTpPUYEeCKU

ITOCTAHOBKA 3AJAYM. Hatimu npoussoduyro dywkyuu, 3adannod
nApaMempuUUecKuU.

II1AH PEMIEHMA. Ecam 3aBucuMocTb Yy OT T 3ajaHa IOCPEJCTBOM

napameTtpa t:
{ z = f(t),

y=g (t)’

TO 3aBHCHMOCTD ¥’ OT T 3aJaeTca IOCPeACTBOM napamerpa t popmyramu
T = f(/t)’

y=9 (t) (1)
fr(t)

Brrancasem f'(t) u g'(t), nogcrasisem B popmyiry (1) u 3amuceiBaem
OTBET.
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ITpuMEP. Hamtu mpoussoguyio y.,, eciu
{ z=In(t+V1+2),

y:m-ln‘l;H 1+t

PEIEHUE. Brrunciagem:

dz 1 t 1
-_— = 1—|— = y
dt t+/1+¢2 ( \/1+t2) V1412

t2
- 1+ ¢2
dy _ t t V1+ 2 (1+ +t)_\/t2—+—1
dt V12 14+/1+¢2 t ot

IToacTaBian HOLyYeHHBIE Pe3yIbTaTH B dbopMmyry (1), morygaem

z = In(t + V1 +12),

, 1+
v=—
z =In(t +v1+1t2),
OTserT. , 14482
y=—

YcaoBusa 3AAAY. Hatimu npouseodnbie dynxyutl, 3adannblr napa-
MEMPUUECKY.

1 {x=t2—|—1/t3, 0 {x:\/t2—2t,

y = sin (t3/3+3t). y=+vt-1
3 z=In(t* +1), 4 z=+1-1,
' y=vt2+1 ’ y=tgt
5 z = In(1 - t2), 6 z =Intgt,
) y = arcsin t ' y =1/sint
z = cos®t, z =t —sint,
T { y =sin®t 8 y=1—cost
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OTseTbl.

L { = (t*+1)/8,

9 T =+t2 - 2t,
y'=—tleos (/3 +3t). 7| v =+ —2/3Y (1))
L [ e=n ) L ==V,
) Y= 5\/t +1. "l ¥ = —2V1—t/cos’t.
. z = In(1 — t?), 6 z = Intgt,
) y' = —v1—t2(2t). ’ y = —cos? t/sint.
. z = cos® t, g | z=t—sint,
"\ ¢ = —tgt. y' = ctg(t/2).
0 x:insint, 10 Tz =41-1¢2
| Y = —ttgt/V1-t2 Ly =-1/t

4.7. KacaTenpHad ¥ HOPMalb K KPUBOH,
3aJaHHOM MapaMeTpUYeCKH

IIOCTAHOBKA 3ALA4YU. Cocmasumb YpaBHEHUA KACANEAbHOU U HOP-
MaAU K Kpueol

{ z = f(t),
y=g(t)
6 mouxe A, coomeemcmeyowet 3nauenuo napamempa t = t.

IInAH PEWIEHUA. Ecim dbysxuus y(r) B Touke a MMeeT KOHEUHYIO
IPOM3BOJHYIO, TO ypaBHEHME KaCATEJIbHOM UMEET BHUJ

y=y(a) + ¢ (a)(z — a).

(1)
Ecmu y'(a) = 00, TO ypaBHeHUE KacaTeJIbHON UMEET BAJ T = a.

Ecmu y'(a) # 0, TO ypaBHeHUMe HODMATH UMEET BH]

()
Ecmu y'(a) = 0, To ypaBHEeHUE HOPMATU UMEET BUA T = Q.



4.7. Kacameabnasa u HopMmaad K Kpusol, 3adannol napamempuuecky 109

1. BeranciaseM KOOpAMHATEL TOYKHU A:
{ a= f(tO)a
y(a) = g(to)-
2. Haxoaum mpousBOAHYIO y' B TOYKe KacaHUA npu t = to:
l(a) — gl(to)
f'(to)

3. IloacTaBiaseM MOLyYeHHBIE 3HAYEHUS B yDaBHEHHUA KacaTelsHou (1)
n HopMauy (2) ¥ 3amMCHIBAEM OTBET.

IIPUMEP. CocTaBUTh ypaBHEHHA KACATEILHOM M HOPMAIM K KPUBOU

z = 2et,
y=e"

B TO4YKe A, COOTBETCTBYOIIEN 3HAYEeHUIO napameTrpa t = 0.

PEIIEHME.
1. Baruncasem koopausaTa Touku A: a =2, y(a) =1.

2. Haxoaum npoussognyo y' B Touke A:
/
"(0) = 2t = 1Y — ot _ g0 1
f (0) =2e It:o - 2’ g (0) = —€ |t=0 =-1= y'(O) = m = —5

Iockoasky f'(0) # 0 u f/(0) # 00, TO MOXHO BOCIOJIB30BATHCA ypPaBHE-
awamu (1) u (2).

3. lMoacTap/seM NOLyYeHHEE 3HAYEHUA B ypABHEHUA KacaTerbHou (1):
1
=1- =(z-2),
y 5(@-2)
¥ Hopmaau (2):
y=1+2(z—2).
OTseT. YpaBHenue kacareabHou: T + 2y —4 = 0. YpaBHenue HOpMaIm:

2r—y—-3=0.

YcaoBus 3A4A4. Cocmasumb YypasHeHUus Kacamesbholl U HOpMail
x epaduram Gywxyutl, 3a0aHHLIM NAPAMEMPULECKU.

1 x =t —sint, 5 T =2t + 2,
: y=1-—cost, to=m/2. y=2—1t2 to=1
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V3 cost, z=t-—1t
3. 4 3
—smt t0=7T/6. y=1t-—1t°, to=1.
5 T = tcost, 6. T = cos®t,
=tsint, to=m/2. y=sint, ty=n/4.
. =+1-12, 8. =In(1 + #?),
=arcsmt to = = arctgt, to=1.
9 z = In tgt, 10. z = tsint + cost,
"\ y=1/sint, ty=n/4 y =sint —tcost, to=m/4.
OTseTbl.

1. 2z-2y—7w+4=0, 2c+4+2y—7=0.

2. y—1=0, z-3=0.

3. 2z+4+2y—4=0, 2r—-2y—2=0.

4. 22 -y=0, z+2y=0.

5. dz+2ry—7w2 =0, 7wz —2y+7=0.

6. 2z+2y—+2=0, y—z=0.

7. 2¢0—-2y—7n=0, 2z+4+2y+n=0.

8 2r—-4y+71—-2In2=0, 8z+4y—7—-8ln2=0
9. 2z24+y—-2=0, z—-2y+4=0.

10. 4z — 4y —7v/2=0, z+y—+2=0.

4.8. IIpon3BogHbIE BLICIINX IMOPAIKOB

IIOCTAHOBKA 3AJAYU. Hatimu npou3eodnyo n-20 nopadxa Gynxkyuu
y = f(z).
IIJIAH PEIIEHMA.

IIpou3eodnoti n-20 nopadxa Gyukuuu y = f(z) Ha3BIBAIOT NPOU3BOJ-
HYIO OT NPOM3BOAHOM mopsajgka (n — 1), T.e

y™ (@) =y V()"

1. Iuddepennupyem dynxuuio y = f(z) nocreq0BaTeIbHO HECKOILKO
pa3, MoKa He CTaHeT ACHOU (OPMyJa A MPOU3BOJHOM NM-Or'0 MOPALKA.

2. Moka3biBaeM 3Ty GHOPMYJTIy METOAOM MATEMATUIECKOU MHIYKIIH.
[ns s3Toro nposepseM, YTO OHA CIpaBeAIMBa NpU N = 1, T.e. gaer mpa-
BWIBHOE 3HaueHue f', u uTo JuddepeHnupoBanye BhIpaxkeHus mia f(™)
9KBUBAJEHTHO 3aMeHe n Ha n + 1.
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IIPuMEP. HaitTu npousBogHyio n-ro mopaaka dgyskimu y = 322+5,

PELIEHUE.
1. HangeM moc/ief0BaTeIbLHO

y' () = (3%%1) = 3%+1(ln3)2,
y”(m) — y’(x)' — (32:c+1(1n 3)2)/ — 32z+1(ln 3)222’
y”’(a:) — y"(z)' — (32z+1(1n 3)222)1 — 32z+1(1n 3)323'

IIpoanann3ampoBaB 5TH BhIpAXEHUA, AeIaeM IPEINOIOXKEHUE, UYTO
y™(z) = 32=+1(In 3)"2".

2. [oxaxeM 3Ty ¢OpMyly METOAOM MATEMATHYECKOM MHIYKIMM.
IIpoBepuM, 4TO OHA CrpaBejIMBa Hpu N = 1; T.e.

yW(e) = 3%+ (In3)2 = y'(2).
Muddepennmposanne f(™) skpuBazeHTHO 3aMeHe n Ha n + 1, T.e.

y(n)(x)l — (32z+1(1n 3)n2n)l — 32:c+1(1n 3)n+12n+1 — y(n+1)(x).
Oveer. y(™(z) = 32+1(2In3)".

YcaoBuAa 3AJAY.  Hatdmu npouseodnbie n-20 nopadxa 3a0aHHblT
dynryu.

1. y=sin2z + cos3z. 2.y =sin(3z + 1) + cos2z. 3.y = 2%=.

T z+1
. y=1In(2 4). LY = . 6.y = .
4 y=In(2+4) V=T Y= 2 +3
7.y = 3%=+L, 8.y =In(3z +1). 9. y = 52=+4,
10.y = /x.
OTseTbl.
(n) = ongi n n ( nm
l.y 2 sm(2z+ 2)+3 cos ( 3z + 2).
(") = 3 nr n nm
2.y 3 sm(3:z:+1+ 2)+2 cos(2m+ 2).
—1)"12% (n — 1)!
3. y(™ =237 (3In2)", g gm = EDT2 R DY

2z +4)n
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5. ym = ! 6. ym = (SN
. (z + 1)nt1° . (2z + 3)n+1
-1)""13"(n — 1)!
7. (") = 32£E+1 21 n' . (n) — (
! (2123) S 3z +1)»
n—1 n
9. y(n) — 52z+4 (2 ln5)". 10. y(") _ (—1) (2 — 3)!!

2 (Vo)

4.9. ®opmyaa Jlenbunna

TIOCTAHOBKA 3AAYU. Hatimu npou3eodnyio n-20 nopadxa Gynxyuu
y = u(z)v(z).

IITAH PEMEHUA. Ecim ¢ynkumm u(z) u v(z) UMEOT NpOU3BOAHBIE
[0 M-T'0 MOPAAKA BKIIOYATENLHO, TO CIPABEIMBH CIEAYOmMe (GOPMYIBL:

(uwv)" = u"v + 2u'v' + w”,
(uv)" = u""v + 3u"v' + 3u'v" + w'”,

(uv)® = u@®y + 40"V + 6u"v" + 4u'v" + uv®,

(wv)™ = uMy 4+ nu(r=y! 4 n(;t ~ l)u("_z)v" 4ot u™ =
=Y Chulr=Rly®), 1)
k=0
rge ul® =u, v =y u Ck = E'(—n@l—k)—' — 6GUHOMHUAIbHBIE KO3hhUIM-

€HTHL

®opmyna (1) aas n-i NPOM3BOAHOU NPOU3BENECHUA HAZHLIBAETCA Hop-
myaot Jeibrnuya.

CuenoBaTeabHO, NJiA ONpeAeIeHUA TIPOU3BOJHOU M-I0 MOpAAKa GyH-
kuuu BuAa y = u(z)v(z) HyXHO BBIMMCIATD BCe NPOU3BOJAHEIE (IO M-TO
NOPAAKA BKIIOYMTENbHO) KaxXA0u u3 ¢yHkuui u(z) u v(z), 6uHoMuantb-
Hule Koadduuuentsr CX u Bocnoms3oBaThesa dopmyloit Jebuuma.

IIPuMEP. Haiitu npoussoanyio 4-ro nmopanka GyHKUMA

y = (23 + 2)e*"F3.
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PEIMEHMUE.
1. lpumensem popmyny Jlenbunua (1). B gannoM ciygae

n=4, u(z)=23+2 o(z)=e"".
Hmeem
u'(z) = 32%, u'(z) =6z, v(z)=6, u¥(z)=0,
v/(r) — 4e4z+3, U”(:L') — 42641:-{-3’ v///(x) — 43€4a:+3’ C) (.’I:) — giedet3,

IogcraBiaa mory4veHHble pe3yasTaTH B dopmyry (1), moxydnm

v = (28 +2)eet3) D = 0. 943 L 4. 6. 4. e85 4
4. 4-3-2 4-3-2-1
- 6 42 4I+3 2 43 4:E+3 3 4 4.‘E+3 —
+17 2( ) t153 3(3.’11) e +1.2‘3'4(:c +2)4%
= 32413 (82 + 2422 + 18z + 19).

Oveer. y¥) = 32¢42+3(823% 4 2422 4 18z + 19).

YcnoBusa 3A4A4. Hatimu npou3eodubie yKa3annozo nopaoxka 3adan-
HolT Pynryud.

1. y= (22 4+ 1)Inz, y® =7 2. y=(2+2)cos2z, y" =

3. y=a%sin(3z+1), v =? 4. y=(22+1)cos3z, y® =?

5. y=(z®+z)lnz, ¢ =7 6. y=(z®+1)In(z+2), y® =7
7. y=(z?+1)2%, y® =7 8. y=sin2z Inz, y" =7

9. y= (22 + 1)+, y® =7 10.y= (b +2)3%, y@ =1

OTseTbi.
(5) _ z2 424
=—

9. y/// — (8.’1:3 — 362 + 16) sin 2z — (36.’132 - 6) cos 2x.

1.y

3. y" = (18 — 272?) cos(3z + 1) — 54z sin(3z + 1).
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4. y® = 810z cos 3z — 27(9z2 — 11) sin 3z.

w  6x2lnz+ 1122 -1
y — 2 .
x
623 + 60x2 + 240z + 456
(z+2)5
7. y® =22 1% 2[(z? + 1) In® 2 + 10z In = + 20].

6. y® =—

6cos2x  (12x2 — 2)sin2z

"no__
8. y"" = —8cos2zInx — =

3

9. y0® =32e2e+1 (22 + 5z + 6).

10. y® = 332+21n 3[(92% 4 18) In® 3 + 3622 In® 3 + 362 1n 3 + 8].

4.10. Bropasa npou3sBogHas PYHKIINH,
3aJaHHOM ITapaMeTpUuYeCKH
IIOCTAHOBKA 3AJAYUA. Hatimu npou3eéodnyto 6mopo20 nopadka
dynryuu, 3adannoti napamempuuecky.
IIyIAH PEWIEHUA. Ecan pyukuusa 3agana napaMeTpudecKu:
{ z = f(t),
y = g(t),
TO ee IepBasi NPOU3BOJHAA ONPEAENATCA HPOPMYyIaMU

z = f(t)
,_d(0) (1)

Muddepenuupys y' mo T Kak CI0xKHYI0 GYHKIMIO T ¥ UCIOIL3YA HOpP-
MyJy IJIA IPOU3BOJHOM O0GPATHOM (PYHKIMHM, TOLYIUM

$=f(t)’ )
h_ (O 1
v “(f'(t)) 0K

ITPUMEP. HaiiTu nmpou3BOAHYIO BTOPOrO HOPANKA (PYHKIMH, 33 4aH-
HOM [TapaMeTPUIECKHU:
z =1Int,
{ y = arctgt.
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PENIEHUE.

1. Bruruucasem
dz 1 dy 1
dat  t' dt  1+¢2

U TOJCTAaBIAEM DTH 3HadeHua B popmyay (1):

z =Int,
, .t
VeI e
[Muddepennupys y' M0 T Kak CIOKHYIO GYHKIIMIO T U UCIIOAB3YA HOp-
MyJLy AJA IPOU3BOAHOM 06PATHON DYHKINH, TOLY UM

z =Int,
y' = _t ’.t:t(_liz)_.
1+1¢2 (1+¢%)?

z = Int,
OTserT. a1 —t%)

T+

YcnoBuA 3A0AY. Hatmu npou3soduvie 6mopozo nopadxa dynxyud,
300AHHBIT NAPAMEMPUYECKY.

z = cos® t, z =t +sint,
1. o5 2.
y =sin” t. y =3 —cost
3 z =Intgt, 4 z =In(1+¢%),
) y=1/sin’t ’ y = arctgt
5 z=+1-12 6 T =/t
' y = arcsint. ’ y=Int.
7. T =sin“t, 8. =1/t
y = Incost y = arctgt
9 =1/t 10 z = arctgt,
Tl y=1/+1) ly=t*+1
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OtseTbl. (CooTBercTByionme BhipaxKeHus Aud z(t) OmylLIeHs!. )

1. y" =1/(3cos*tsint). 2. y”’" =1/(1+ cost).
3. y" =4ctg?t. 4. " = —(1+t2)(4td).
5y = —/1—t2/t5 6. y"' =-2/t.

7. y" = —1/cost. 8. y'=283/(1+1t%)2

9. y'=-2t5/(1+¢>)3.  10. ¥’ =6t* +8t% + 2.



I'naBab
I'PA®UKUN OYHKIINN

IIpu usysennn Temsr PPAGUKNA ®YHKIUAN Brr Hayunrecs uccie-
JOBaTh MOBeJeHME PYHKIIUU: HAXOAUTDH €€ 06IacTh onpefeleHnsa, aCUMII-
TOTHI, MPOMEXYTKM BO3PACTAaHUA U yOHIBAHMA, TOYKM IKCTPEMYyMa, IIPO-
MEXYTKM BHIIYKJIOCTH BBEDX M BHU3 M TOYKHM Ieperuba, a TakxkKe BOILIO-
INaTh NOJyYeHHbIE Pe3yJbLTATH B BUAE 3CKU3a rpaduxka. Kpome Toro, Bu
Hay4MTeCh HaXO0UTH HaMMEHbIINe ¥ Haubobve 3HaYeHUA QyHKIY, He-
[IPEPHIBHOM HA OTPE3Ke, ¥ MCCIEJOBATH JOKATbHOE MOBEACHUME DYHKIMU
TI0 €€ MPOM3BOJHEIM BBHICIIMX ITOPSAJKOB.

C nomompio nakera PEIIEBHUK.BM Bul MOXeTe BLIMMCIUTD IIPOU3-
BOAHEIE QyHKIHE (IH060r0 MOPAAKA), PEMIMTh YDABHEHUA LA HAXOXKJE-
HUA TOYEK BO3MOXHOI'O 3KCTPEMYMa U meperunba, HauTH 3HAYCHUA QYHK-
e B TpebyeMHEIX TOYKAX, BHIOJHUTD BCE YNCICHHHIE PACYETH ¥ IPOBe-
PUTH IPABUILHOCTD IOLYyYEHHHIX BAMHU PE3yJbTATOB.

5.1. O6man cxeMa NMOCTPOEHNSA
rpaduka pyHKIUn

ITOCTAHOBKA 3AJAYU. Hccaedosams gynxyuro y = f(z) u nocmpo-
ump ee 2padux.

IInAH PEWIEHUA. IlorydyeHHBIE B KaXXJOM IIyHKTE PE3yJbTATHl NO-
cAe006ameabno PUKCHPYEM Ha PUCYHKE B KA4ECTBE JJIEMEHTOB MCKOMOI'O
rpad¥Ka U B UTOre NOJydaeM ICKU3 rpaduka.

1. Haxomum o6nacts ompenerenus D ¢ynkumu f(z) m uccrenyem
ee MOBEJeHME B MPAHMYHBIX TOYKaX T = Z1,Z2,...,Tn,£00 obaactu D,
BKJIOYasA M T = $00.

a) Hycrs z = z (k = 1,2,...,n) — KOHeYHas IPaHMYHAA TOYIKA
o6ractu D (r.e. f(z) He onpenereHa B 3Toi Touke). Burumcigem ogHO-
CTOpOHHUE MpPeesl

lim f(z) w/wm lim f(z).

z—zE—-0 z—zk+0
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Ecau xots 661 0aMH U3 5THX NpefenoB 6eCKOHEYeH, TO T = Ty — BEPTH-
KaJbHAsA aCUMITOTa rpaduka f(z).

6) Uccaexnyem nosesenne GyHKIMA OPA T — +00:
€C/IM CYMIECTBYIOT KOHEYHbIE MPeeIhl

lim M:k n  lim [f(z)— kz] =b,
z—+o00 I z—+00
TO npaMas y = kz + b — HaxnoHHas acumnToTa rpaduka byskuun f(z)
npu £ — +00 (eciu k =0, r.e. b= limgy 100 f(z), TO y = b — ropuson-
TalbHAA ACHMIITOTA).
AmnanorudaHo uccreayeTcsa noseaeHue GYHKIMA IPH T — —00.
OTMeTHM, 9T0 ACUMIITOTH IPY £ — +00 U IPH T — —00 MOTYT OBITH

Pa3HBIMU.

2. BriacHeM 9€THOCTH W HEPUOAMTIHOCTD DYHKIMH.

Ecmu f(—z) = f(z), To dyukuus f(z) HassiBaeTca uemnol. I'padpuku
YeTHBIX (PYHKUMI CUMMETPHUYIHHI oTHOcUTebHO ocu OY . IloaTomy rpa-
UK JeTHON PYHKIMU NOCTATOYHO MOCTPOUTL Aif Z > 0 U HApMCOBATH
BeCh rpaduK, OTPA3UB MOTYYEHHYIO KPUBYIO OTHOCUTEIbHO ocu OY .

Ecmu f(—z) = — f(z), To dynxuus f(z) nasnBaerca neuemnot. I'pa-
bUKY HeYeTHEIX PYHKIMI CUMMETPUYIHEI OTHOCUTeabHO ToukH (0, 0). Ilo-
3TOMy rpaduK HEYeTHOU (GYHKIUM TOCTATOYHO MOCTPOUTHL AuA T > 0 u
HApHUCOBATHL BeCh I'padUK, OTPA3UB MONYIEHHYIO KPUBYIO OTHOCHUTEIHLHO
Touxu (0, 0).

Ecm f(z+T) = f(z) npu nekoropom T > 0, To dyukums f(z) Haswb-
BaeTca nepuoduueckoli. I'paduk mepmoanmvIeckon QyHKIMM UMEET OJHY
u Ty ke GOpMy Ha KaxJOM U3 OTPe3Kos ..., —2T,-T], [-T,0], [0,T],
[T,2T), ... IllosToMy ZOCTATOYHO NMOCTPOUTH rpaduK Ha KAKOM-HUOYIb
OJHOM TaKOM OTDPE3Ke M 3aT€M BOCIPOM3BECTH NOXYIeHHYIO KDUBYIO Ha
OCTaIbLHBIX OTPE3KaX.

3. Haxoaum Touku mepecevdeHus rpaduxa ¢ ocamu koopauuat. [lus
sToro BerunciasieM f(0) u pemaem ypasaenue f(z) = 0.

4. HaxoAuM TOYKM MAaKCUMyMa M MHUHUMYMa (DYHKIMH ¥ MHTEPBAJIEL
MOHOTOHHOCTHU. [l1g 3TOrO0:

a) BBIYMCAAEM NPOM3BOAHYIO f'(T) M HAXOAUM KPUTHYECKHME TOYKHA
byHKIMHA, T.e. TOYKM, B kKOoTOophix f'(z) = 0, £00 WM He CyLIECTBYeT.
OrMmerum, uro ecnu f'(a) = 0, To KacaTeabHaA K TPAPUKY B ITOM TOUKE
ropu3oHTaIbHA, ecin f'(a) = £0o, TO KacaTenlbHaA BEPTUKAJIbHA.

6) ompeaenss 3HAK NPOU3BOLHON, HAXOAUM MHTEPBAIBI BO3PACTAHUA
u y6mBanus ¢ynkuun: ecam f'(z) > 0, To pyHKuUMA BO3pacTaeT, eciu
f'(z) <0, To pynkuusa y6riBaeT;



5.1. O6bwas crema nocmpoenus epadura Gynkyuu 119

B) €C/IM NIPOM3BOAHAA MEHAET 3HAK IPHU IePexo/ie Yepe3 KPUTHIECKYIO
TouKy a € D, TO a — TouKa IKCTpeMyMa:

ecmu f'(z) >0 npu z € (a—6,a) u f'(z) < 0 npu z € (a,a + §), To
a — TOYKa MaKCUMyMa;

ecu f'(z) < Onpuz € (a—6,a) u f'(z) > 0 npu z € (a,a + §), To
a — TOYKa MUHUMYMa,;

€CJIM IIPOM3BOJHAA COXPAHAET 3HAK NIPH NIEPEX0/ie Iepe3 KPUTUIECKYIO
TOYKy, TO B 3TOU TOUKE SKCTPEMyMa HeT.

5. HaxoguM Touku neperu6a HyHKIMA ¥ UHTEPBAIH BHILYKJIOCTH
BBepx 4 BHu3. [las aToro:

a) BHYMCIAEM npou3BoAHYO f”(z) M HaxOAMM TOYKM, IPHHAIIEKA-
mue obracTu onpefeneHus ¢yukumu, B Korophx f'(z) = 0, too nmm
f"(z) ue cymecrayer;

6) ompenenss 3HaK BTOPOM NPOU3BOJHOM, HAXOAMM WHTEPBAJEl BbI-
IYKIOCTH BBepX M BHU3: ecau f”(z) > 0, yHKIMA BHIyKIa BHU3, €CIH
f"(z) < 0, pyHkuna BHITyKITa BBEPX;

B) €CJIM BTOPAas NPOU3BOJHAA MEHAET 3HAK IPU MEPeXoe Iepe3 TOUKY
a € D, B xoropon f"(z) = 0, £oo niu He cymecTByeT, TO @ — TOYKa
neperu6a (npu f'(a) = 0 rpaduk UMeeT rOpU30HTATLHYIO KACATENILHYIO,
npu f'(a) = £00 — BEPTUKATLHYIO KACATEILHYIO).

6. YTOYHAA MOMyYEHHBIN 3CKU3 (HAIPMMED, MOXKHO ONPEJEIUTDH €Ile
KOOPJMHATHI KAKUX-HUOY b TOYEK) U COENUHAL INEMEHTHI IpaduKa, TOJILy-
YeHHBIE B OKPECTHOCTAX IPAHUIHBIX TOYEK 06IaCTHU onpeaeneHus (BOIM3H
aCHMIITOT), KPUTUYECKUX TOYEK U TOYEK meperuba, moaydaeM rpadbux
dynxmm y = f().

3

IIpuUMEP. MHccnenoBaTh GyHKIUIO Yy = m
-z

U IOCTPOHUTH ee
rpacdux.

PEMEHME. Ilony4eHHEIEe B KaXJOM IIYHKTE PE3yJIbTATHL N0CAed06a-
meabho (PUKCUPYEM Ha PHUCYHKE B KadJeCTBE JJIEMEHTOB HMCKOMOI'O I'pa-
duKa ¥ B UTOre IOJydaeM 3CKU3 rpaduka.

1. Haxoaum o6racTs onpeaenerus D. OueBuaHO, 9TO DyHKIUA ONpe-
neneHa npu Bcex x, kpome z = 2. Ilosromy D = (—00,2) U (2, +00).

Uccrenyem moBeaenne GyHKIMKA B PPAHMYHEIX TOUKax obmactu D.

a) Boruncisem npenenst:

3

. T _
A TG e T T



120 Ta. 5. I'paguru Pynxyut

I = +

im ————— = +o0.

z2+0 4(2 — )2

CuefoBaTenbHo, npsAaMad £ = 2 — BEPTUKAIbHAA ACHUMIITOTA, IPUIEM
(QYHKIMA npu NpUOIMXKEHUN K HEH CIeBa M CIPaBa HEOTPAHWIEHHO BO3-
pacraer (puc. 1).

i
;t T
Puc. 1:
6) Uccrenyem nosenenne GyHKIMM OPH T — +00:
A i(f*) = zﬂlfwr@%v; -3
i )~k = [T g = i, g =
U IpH T — —00:
zﬁ?wif‘) = hm r(z‘fs—gc—)zz =7
im0~k =t [ - ] =, T

CrexoBaTennHo, y = /4+1 — HakIOHHAg aCHMITOTA IIPK T — F00. 3a-
METHM, YTO IIPH JOCTATOYHO GOJBITNX HOIOXUTENTbHEX £ f(Z)>z/4+1,
T.e. OpH T — +00 rpaduK GYHKIMHN IpUOINKaeTCA K aCHMITOTE CBEPXY,
a IpH AOCTATOYIHO 60IBINMX 10 a6COMIOTHOMN BEIXYIMHE OTPUIATENbHEIX T
f(z) < z/4+1, Te. mpu £ — —00 rpadux GYHKUMN IPUOCIMKAETCA K
acuMnroTe cHu3y (puc. 2).
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Y,

2. Oyukuua He 061aJaeT CBOMCTBAMHU YETHOCTH M IEPUOIUIHOCTH.

3. T'padux dyHkumM mepecekaeT OCH KOOPAMHAT B €IUHCTBEHHOM

rouke (0,0).

4. HaxoauM TOYKM MakCMMyMa X MUHMUMYMa (QYHKUMUA ¥ MHTEPBAJIHI

MoHOTOHHOCTH. [li1g 3TOro:

a) BBIYUC/IAEM II€PBYI0 IPOU3BOAHYIO:

Yy = 2’(z - 6)/[4(z - 2)°].

Kpurndeckne Toukn GyHKLMM, IPUHAJIEKAIIME OGIACTH ONpee]eHUsA
D cyrs £ =0 u z = 6. ITockorsky y'(0) = 0 u y'(6) = 0, kacaTenpHasA K
rpaduKy B 5TUX TOYKaX rOpU3OHTAIbHA (puC. 3);

y

6) onpeneisa 3HAK MPOU3BOAHOM, HAXOAMM WHTEPBAJbl BO3PACTAHUA
u y6niBaHMA (YHKUMHU: (QYHKIUS BO3pacTaeT B MHTepBalax (—o00,2) u
(6, +00) u y6riBaeT B unTepBate (2,6);
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B) NpH Iepexofie Yepe3 KPATHIECKYI0 TOYKYy * = ( NpOM3BOJHAS He
MEeHAET 3HAK, CIeJOBATEILHO, B 3TON TOYKE DKCTPEMYMa HET.

IIpu nepexose 4epe3 KPUTUYECKYIO TOUKY T = 6 IIPOM3BOAHAA MEHAET
3HAK, CJIEJOBATEIHLHO, B 3TON TOYKE DKCTPEMYM €CTh.

Tax xak ¥/ < Onmpuz € (6 —6,6) wy’ > 0 opu z € (6,6 + §8)), To
(6,27/8) — Touka muruMyMa (puc. 4).

Y,

~

[

\

Puc. 4

5. Haxopnm Toukm meperuba (pyHKUMH M WHTEPBAILl BHITYKJIOCTH
BBepx ¥ BHu3. [{1s sToro:
a) BBIYMC/IAEM BTOPYIO IPOU3BOAHYIO

v [4<2x—sm>2]" T @ ﬁzz)‘*'

EauucTBeHHAA TOYKA, DPUHALIEKAMAA 061aCTH ONMPEJeSeHNA DYHKIUH,
B koTopon y’ = (, aTo Touka z = 0;

6) ompenenAs 3HaK BTOPON NPOM3BOJAHOM, HAXOAUM MHTEDBAILI BhI-
IYKJIOCTH BBEPX U BHM3: (pyHKUWA BHIIYKJIA BBEPX B UHTEpBaJE (—00,0)
1 BHIIyKIa BHU3 B mHTepBanax (0,2) u (2,+00).

OTMeTHM, 9TO HAaNpaBJIeHUE BEIMYKIOCTH COOTBETCTBYET PACIIONONKE-
HUIO rpaduka OTHOCATEILHO ACUMIITOT:

npu z < 0 dbyHKUNA BHINYKIA BBEPX U rPaduK NPpUOIMKAETCA K Ha-
KJIOHHOU aCUMITOTE CHU3Y;

npu z € (0,2) GyHKIMA BHIIYyKIa BHU3 M rpadWK NPUGIMKAETCA K
BEPTHUKATLHOU aCUMITOTE T = 2 CIEBa;

npu z € (2, 400) GyHKINUA BHIIyKJIa BHA3 U IPadUK OpUbGIMXKaAeTCA K
BEPTUKAILHOU aCUMITOTE T = 2 CJIEBA, a K HAKJIOHHOM aCUMITOTE CBEPXY:;

B) Tak Kak BTOpad MNPOU3BOJAHAA MeHAET 3HAK IIPU IIePEXOAe Yepe3
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Touky ¢ = 0, To (0,0) — Touka mepern6a (C OPU3OHTATLHON KACATETh-
How) (puc. 5).

6. YTOuHAA MOIyYeHHHIN 3CKM3 (HAIPMMED, MOXHO ONPEEINTH eIle
KOODJMHATH KAKNX-HUGY b TOYEK) ¥ COEJUHAA DIEMEHTH IpaduKa, IOoLy-
YeHHBIE B OKPECTHOCTAX FPAHMYHBIX TOUYEK 06,1aCTH onpeaeneHus (B6iusu
aCHMITOT), KDUTUIECKUX TOIEK M TOUEK meperuba, moaydaeM rpadux
dyukuuu y = f(z) (puc. 6).

i

)

1

'

'

'

i

'

|
-

'

1

]

'

'

'

'

'

'

Puc. 6

YcnoBus 3A1AY. Hccaedosame dynkyuu y = f(z) u nocmpoums uz
epaduru.

xr
lLy=a3— 2. 2.y=
y=z" -3z + Y 21
z8 z?
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T
5. y=uze " 6.y=e—

7.y=In +1. 8. y=—

Inz’
9.y =Incosz. 10. y = ¥/z%(z +1).

Oveetbt. 1. Acmmnror Her. Toukm: mMuauMmyma (1,0), MakcuMyMa
(-=1,4), neperu6a (0,2).

2.  AcumMmurorhr: ropusonrampHas y = 0. Touku: MuHEMyMa
(-1,-1/2), wmakcumyma (1,1/2), mueperuba (0,0), (—v/3,~/3/4),
(V3,V3/4).

3. AcuMnTOTHI: BEPTHKAJbHEIE T = —2, T = 2, HAKJOHHaA Y = ZT.
Touku: mummmyma (2v/3,3v/3), makcumyma (—2v/3,-3+/3), meperu6a
(0,0).

4. AcuMnTOTHEL: BEPTHMKAJbHEIE T = —2, T = 2, HAKJIOHHBIE Y = —T
(mpu & - —0), y = = (npu z — +00). Touxkm mumumyma (—v/2,2),
(v2,2).

5. AcuMnrorn: ropusonTamsHas y = 0 (npm z — +00). Toukm:
makcumyma (1,1/e), mepermba (2,2/e?).

T
r—1 T
n

6. AcumnroTh: BepTukatbHas T = 0, ropusonransHai y = 0 (npm
z — —o0). Touka mumumyma (1,e).

7. AcumnToTh: BepTuKaiabHele £ = 0, z = 1, ropusoHTAIBHAA
y=1 (upu z — Fo0).

8. AcuMnrorh: BeprMkaibHag r = 1 (z = 0 acUMnITOTOH He ABJIA-
ercs). Touxm: mummmyma (e, e), mepermba (e%,e/2).

9. AcumnroTh: BepTMKamtbHuE T = 7/2 + k. Touku Makcumyma
(27k,0) (k=0,+£1,...).

10. AcumnToTs: maxiaonHaa y = +1/3. Toukn: muammyma (0,0),
makcumyma (—2/3, ¥/4/3), meperuba (—1,0).

5.2. HanGosbiiee 1 HauMeHbIIIee
3HaYeHNA PYHKIAN

IIOCTAHOBKA 3AJIAYM. Hatimu nauboavwee u HauMeHbULEE 3HAUE-
nua gynxyuu f(z) na ompesxe [a,b].

I1JIAH PEWIEHUA. HauGoabliiee 1 HamMeHbIIee 3HAYEHUA HEIPepbIB-
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Hou ¢ynxumu f(r) Ha JaHHOM OTpe3ke [a,b] mocTuraloTca B KpUTHIEC-
KHX Toukax ¢pyHKumu (Toukax, B koTophix f'(z) = 0, oo wm f'(z) me
CyLIeCTBYeT) WIM Ha KOHILAX OTpe3Ka [a, b].

1. IIposepsem, 9TO 3ajaHHaA GYHKIMA HA TaHHOM OTDE3KE SABJIACTCS
HEIIPEPHIBHOM.

2. WmeM npousBogHYIO 3aJaHHON QPYHKIMH.

3. Haxogum kpuTudeckue Touku dynkimy f(r) u BEGMpaeM U3 HEX
Te, KOTOPHIE NPUHALIEXKAT TaHHOMY OTDPeE3Ky [a, b].

4. BrruncineM 3HaYeHUA QYHKIUN B KDUTUIECKHUX TOYKAX BHYTPH OT-
pe3Ka ¥ 3Ha4YeHus QYHKIMK Ha KOHIaX oTpe3ka. CpaBHMBaA MOLyYEeHHEIE
3HaYEeHUs, HAXO[UM Haubonbmee M u HauMeHbIIee M 3HAYCHUA DYHKIMA
Ha [a, b].

ITPUMEP. HanTu HauboJbinee ¥ HaMMEHbIIEE 3HAYCHUAS PYHKIMH

_ 102+10
y_a:2+2:1:+2

Ha oTpe3ke [—1,2].

PEWEHHE.

1. 3aganHas yHKUKA ABIIETCA HEIPEPHIBHOM Ha oTpe3ke [—1, 2], Tak
KaK ABJIAETCA OTHOIIEHNEM HEIPEPHIBHEIX PYHKIUHN CO 3HAMEHATEIEM, He
pasurM Hymo (22 + 2z + 2 > 0).

2. BriuuciseM Npou3BOAHYIO 33aHHOM PYHKIMM:

"= 10 z? + 2z
v= (2 + 2z +2)%°

3. KpuruyeckuMu TOYKaMM 3aJaHHOU PYHKUUHM ABIAOTCA T = 0 u
z = —2. [Jlannomy oTpe3ky [—1,2] npuHasIexuT TOAbKO ToUKa T = 0.

4. BriuncinseM 3HaveHre GyHKIuUM B Touke T = 0 ¥ 3HaYeHUA PyHKIIN
Ha KOHI[aX 33aJaHHOro oTpe3ka. MmeeMm

f0)=5, f(-1)=0, f(2)=3.

CpaBHUBaA 3T 3HAYEHMsA, B3AKIIOYAaEM, 4YTO HauMeHbIlee 3HAYEHUE
dyukumn m = 0 gocruraerca B TO4ke T = —1, a Hamboublnee 3HaYe-
Hne M =5 — B Touke ¢ = 0.

Oteer. Pynkuusa npuHMMaeT HauMeHbIiee 3HadeHue M = 0 B TOUke
z = —1, a Hanbosabiuee 3Havenue M = 5 — B Touke x = 0.
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YcnoBusa 3AAAY. Hatmu nauboavuiee U HAUMEHDULEE 3HAYEHUA
dynrxyuu y = f(z) na ompesxe [a,b)].

1. y=1- 222z, [0,2]

2. y=2z-3Ve?, [-1,1].

3. y=2z2%(z-2)% [0,2].

4. y=(2®-92%)/4+6z-9, [0,4]
5. y=42%/(3+22), [-1,1].

6. y=1+ Vz¥+2z, [-2,0].

7. y=2x%-3z% -4, [0,2].

8. y=33(z—-3)2-22+6, [2,4]
9. y= ¥z2(z-2)2, [0,2].

10. y =2 —12z% — 8z%, [~2,0].

Otsetol. 1. m=y(0)=y(2)=1, M=y(l)=2. 2. m=y(-1) =
=-5 M=y0)=0 3 m=y0) =y2) =0 M=yl =1
4. m=y00) = -9, M=yl2 =-4 5 m=y0 =0 M=
=y(-1) =y1) =1 6.m=y-2)=y1)=1 M=y(-1) =2
7. m = y(1) = -5, =y(2)=0. 8 m=yB)=0, M=y(2) =5
9.m =y0) =y(2) =0, M =yQ1) =1 10.m=y(-1) = -2,
M =y(-2)=18.

5.3. UccaegoBanne pyHKIUHU C IIOMOIILIO
IIPOU3BOJAHBIX BHICIINX IOPAJIKOB

TIOCTAHOBKA 3AIAYU. Hccaedosamv dywxuyuw y = f(z) 6 oxpecm-
HOCTU TOYKY T = @ C NOMOWHI0 NPOU3BOOHBIT BLICWUL NOPAJKOS.

IInAH PEWEHUA. IlycTs npu nHekoTopoMm k > 1

fl(a)=f"(a)=...= f* V(@) =0, fP(a)#0.
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Torpa ecnu k — geTHOE 4MCI0, TO TOYKA @ ABIAETCA TOYKOU SKCTPEMYMa,
a MMeHHO TOo4ko#l MakcumyMma, ecau f(¥)(a) < 0, u Toukoit MuHUMYyMA,

ecmn f*)(a) > 0. Ecam xe k — HedeTHOE YUCIO, TO TOUKA @ ABIACTCA
TOYKOM meperuba.

IIPUMEP. Uccrexosars ynkmuio
y =sin’(z — 1) — 2% + 2z

B OKPECTHOCTHU TOYKHU @ = lc IIOMOIIBIO IPOM3BOAHBIX BHICIHINX IIOPAAKOB.

PEIEHUE.
1. BerquciseM npousBojHEIE 3aJaHHOU (PYHKIMU B TO4UKe a = 1:

y' =sin(2z — 2) — 2z + 2, y'(1) =0,

y" = 2cos(2z — 2) - 2, y'(1) =0,

y"" = —4sin(2z - 2), y"(1) =0,

y"" = —8cos(2z — 2), y"'(1)=-8<0.

2. Tak xak k = 4 — gerHoe yucio u ¥ (1) < 0, To Touka a = 1 ecTh
TouKa MakcuMyMa byHkmuu y = sin’(z — 1) — 2% + 2z.

Otser. ®yuxmumsa y = sin’(z — 1) — 22 + 22 umeeT MakcuMy™m B
Touke a = 1.

YcnoBust 3AAAY. Hccaedosamo dynxyuro y = f(z) 6 oxkpecmuocmu
MOYKU T = @ C NOMOWDIO NPOU3E0OHBIT BbICWUTL NOPATKOS.

1. y=222+8z+4cos(z+2), a=-2.
2. y=4lnz+22z%2-8x+5, a=1
y=2z—-z?+cos’(z—1), a=1
y=2In(r-2)+z2-8+3, a=3.
y=224+8z+8—2e*+3, a=-3.
y=2cos(z+3)+z2+6z+2, a=-3.

y=z?+1-2zln(z+1), a=0.

2

® N @ o s

y=sinz—z2+4, a=0.
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9. y=2e""2-224+224+1, a=2.

10. y =2e* —sinz — 2% —z, a=0.

OTeeTsl.

1. a = —2 — Touka MuHHMyMa. 2. a =1 — Touka neperuta.

3. a = 1 — TOYKa MMHHMyMa. 4. a =3 — Touka neperuba.

5. a = —3 — Touka neperuba. 6. a = —3 — Touka MaKCUMyMa.
7. a = 0 — TOYKa MaKCHUMyMa. 8. a =0 — Touka MaKCHMyMa.
9

. @ = 2 — Touka neperuba. 10. a = 0 — Toyka meperuda.



I'maBsa6

PYHKINHN HECKOJIBKUX
ITEPEMEHHBIX

IIpu nzygennn remur @YHKITNN HECKOJIBKIX TIEPEMEHHBIX
BHI Ha NPUMEPAX MO3HAKOMHUTEChH C MOHATUAMU YaCTHBIX IIPOM3BOIHBIX,
moaHoro auddepeHmana, rpajueHTa, IPOU3BOJHON [0 HAIPABIEHUIO U
HAYYMTECh UX BHIYMCIATL. BH Takxke HayduTech Aud¢epeHuupoBaTh
CIOXHBIE (PYHKIMHK HECKOJIbKUX MEPEMEHHBIX M GYHKUNY, 3aJaHHBIE He-
ABHO. OTHM YMEHMSA BBl CMOXETE NPUMEHUTDh A HaXOXJEHUA KaCaTelb-
HOM IIJIOCKOCTH ¥ HOPMAJIM K ITOBEPXHOCTH U TOYEK SKCTPeMyMa dbyHKINN
IBYX MEPEMEHHHIX.

C nomompio nakera PEINIEBHUK.BM BuI MOXeTe BEIYMCIUTDL 4aCT-
HEIE [IPOM3BOJHEIE, PEMIATH CACTEME! yPAaBHEHUMH (U HAXOXIEHUN CTa-
MOHAPHBIX TOYEK), BLIMOJHUTH BCE YUCICHHBIE PACIETHI U NPOBEPUTHL
[PABUJILHOCTD IOJIYYE€HHLIX BAMU PE3YJIbTATOB.

6.1. YacTHbIe TIPOU3BOHEIE

IIOCTAHOBKA 3AJAYM. Haiimu wacmubie npou3sodubie do 6mopozo
nopadxa exaouumeavno Pywkyuu z2 = f(Z1,T2,...,Tn)-

IIJIAH PEIIEHMA.

1. YTo6H HAHTH YACTHYIO MPOM3BOAHYIO GyHKIMH z = f(Z1,...,Tn)
10 IEPEMEHHOM Tk, GUKCUPYEM OCTAJIbHbIE IIEPEMEHHbIEe U AuddepeHIu-
pyeM f Kak yHKLIHMIO OJHOM IIEPEMEHHON Ty.

2. YacTHEIE TPOM3BOJHEIE BBHICIIAX MOPAJKOB BHIYHMCIAIOTCA aHAIO-
TUYHO TOCIEJOBATEILHEIM AuddepeHINPOBAaHUEM, T.€.

ZI_2 (), L2 (Y)

0z? = Oz, \0z1 0110z2  Oz2 \ 014

_Of _ 0 (8 8f_ 08 (é’i)
8$28.’L‘1 - 8x1 6:!!2 ’ 6.’11% - 6:1:2 8.’1,‘2 L
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/

3AMEYAHME. JacTHBIE TPOM3BOHEIE MOXHO 0603HAYATH TAKKe 2 ,

! ! " "
Zggs vovs Zzos Zayays Pzyz, M T

IIPUMEP. HanTu 4acTHBIE MPOU3BOAHEIE O BTOPOr0 MOPALKA BKIIO-
unTenpHO GyHKuMM z = z¥ (z > 0).

PENEHUE.
1. [Jasa Toro 4ro6bl HAUTH YACTHYIO NPOM3BOAHYIO 1O T, (PUKCAPYEM
y u mubdepeHimpyeM GYHKIMO 2 = z¥ Kak (QYHKIMIO OJHOU Iepe-

menHon . Mcnomb3ys ¢opMyny AJsA MPOM3BOJHOUM CTENEHHOU (PYHKIIUU
(z%) = az®~ !, moxyuum
2 = yz¥L.
llnsa Toro 4To6bel HAUTU YACTHYIO MPOU3BOAHYIO IO Y, PUKCUPYEM I
u gudpdepeHIUpyeM PYHKIUMIO 2 = x¥ Kak (YHKUMIO OJHOM IE€PEMEH-
wou y. Vicmonbays popMyy AT MPOM3BOAHOU MOKA3aTENbHOM PYHKIMU
(a*) =a*Ina (a > 0), noxydum

I Y
zy=1¢ Inz.

2. YacTHy10 IPOU3BOAHYIO BTOPOr0 NOPAIKA 2, BHIMUCIAEM, Audde-
peHuupys z, no = (npu GUKCUPOBAHHOM Y), T.€.

2l = (y2¥ ™), = y(y — a¥ ™2

"
YacTHy!0 NPOU3BOJHYIO BTOPOr0 MOPAJKA 2y, BBIMHCIAEM, AU epeHiu-
py4a 2z, no y (npu PUKCUPOBAHHOM ), T.€.

"no_ y—1y __ y—1 y—1
Zgy = (yz¥™7), = 2¥7" +yz¥" " Inz.

YacTHy!0 NPOU3BOHYIO BTOPOrO MOPAJKA 2, BRIMUCIAEM, AuddepeHiu-
py# 2, 1o = (npu GUKCHPOBAHHOM V), T.e.

1
zy, = (z¥Inz), = yz¥'Inz + xy;.

YacTHYI0 TPOU3BOAHYIO BTOPOrO MOPAAKA 2,, BEIYHCIAEM, AU depeHIy-
PyA z, 1o y (IpU PUKCUPOBAHHOM T), T.e.

z), = (zVInz), = z¥In’z.

/

! -1 " "
OTseT. 2, = yz¥™", 2z,

=a¥lnz, 2, =z, =2V ' +yz¥ oz,

2y = (ya¥ ™), = y(y — Dav =2, 2z, = a¥ln’z.
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YCa0BUA 3AAY. Hatmu wacmuble npou3sodubie do 6mopozo no-
padKa 6KA0UUMEALHO 3a0aHHBIT PYRKYUL.

. z=e", z =z n(z/y).

. z =sin(zy).

1
3
5. z=+/x% +y2 z =In(z? + y).
7
9

z =€e®cosy.

®© S N

z =/ 2zy + y2. z=1n ¥Ty.

. z=zcosy+ysinz. 10.z= (14 z)2(1+y)*.

Otsetel. 1.z, = ye™, 2z = ze™, 2z, = y?e™, 2z, = z%e,

Zgy = 2y, = €¥(1 +zy). 2. z; Inz —Iny + 1, 2z, = —z/y,
2. =1/z, zgy = z/y?, z;'y = yz =-1/y. 3.. z, = ycos(zy), z, =
= zcos(zy), 2z, = -y sm(xy), zy, = —z?sin(zy), 2y, = z'y'z =
= cos(zy) — zysin(zy). 4.z, =e®cosy, z, = —e®siny, 2z, =e”cosy,
zy, = —e€®cosy, zz, = 2z, = —e’siny. 5. 2z = z/\/z?+y?,
zy = y/\E 2, 2, =2+ )2,z =2 (P 4P, 2, =

L A

7 = 2y—2?)/(@*+y)? oz = —1/(1r er)2 Zoy = Zyz =
= =2z/(z? +y)% 7.z, = y/\/2zy + 92, =(z+y /\/2:zy+y
2y = ~y*/Quy+ 972, 2y, = —wz/(2wy+y R
= ay/(2zy +y*)*%. 8. 2, =1/(32), 2z, =1/@y), 2, =-1/(3?),
a, = —(3y")7Y, 2, =z, =0. 9. 2, = cosy+ycosz, 2, =
= sinz — zsiny, =z, = —ysmx, Zyy, = —TCOSY, Zy, = Zy, =
=cosz—siny. 10. 2, =2(1+z)(1+y)*, z, =4(1+2z)*(1+y)?, 2z, =
=2(1+y)%, 2z, =12(1+2)*(1+y)? 2z, =z, =81 +2z)(1+y)>

6.2. I'paguenT

ITOCTAHOBKA 3AJAYM. Hatdmu epaduenm gynxyuu u = f(z,y,2) 6
mouke M (zo, Yo, 20)-

IInAH PEWEHUA. ['paduenm dynxyuu f(z,y,z) — 3TO BEKTOpP, KO-
OpJAMHATEI KOTOPOTO B 6a3uce i, j, kK ABIAIOTCA YaCTHEIMMA TPOU3BOJHBIMU
dynxman f(z,y,z), T.e

f~ 0f - 0f p_[Of Of Of
gradf-——- 6y]+3z {81: ay’ 8z}
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1. HaxoauM HacTHHIE npou3BoAHble pyHKIMK f(T,Yy, 2)
of of of
oz’ 0Oy’ 0z
2. BuumcnseM 9YacTHBIE TMPOUM3BOAHEIE dyHKumu f(T,y,2) B TOUKe
M(WO) Yo, zO)'
4. BrrauciseM rpauenT oyukuuu u= f(z,y, z) B Touke M (zo, Yo, 20):

gra’df = {f:::(xO)yOazO)v f;(manOyZO)$ f;($0yy0y20)}'
M

3anucelBaeM OTBET.

IIpuMEP. Hautu rpaguesT pyHKumn

u =z — arctg (y + 2)

B Touke M(2,1,1).

PEmMEHUKE.

1. Haxogum 4acTHEIE MPOM3BOAHEIE QPYHKINA U = z? - arctg (y + 2):
of _o. Of _ 1 of 1
or ~ 77 0y~ 14+ (y+2)?2 0z 14+ (y+2)?

2. Brrumciaem 4acTHBIE IPOU3BOAHBIE bYHKINA u = T2 — arctg (y + 2)

B Touke M (2,1,1):

£1(2,1,1) = 4, f;(2,1,1)=—%, fl2,1,1) = -+

3. BruucnseMm rpagvieHT QYHKIMM U = z? - arctg (y + z) B Touke
M(2,1,1):

grad f

= {f;lc(zvlvl)a f{,(zvlal)a f;(2,131)} = {4, -l> _l} .

5 5
1 1}
= 4,”——)_— .
@11) { 5 5

YcnoBusa 3A0A4. Hatimu epaduenm dynxyuu u= f(z,y,z) 6 mou-
xe M.

1. u=z+1n(22+y?), M(21,1).

2. u=az?y—/zy+22, M(1,5,-2).

3. u=sin(z + 2y) + 2,/Tyz, M(7/2,37/2,3).

(2,1,1)

OTeet. grad f
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u=z3+y2+22, M(1,1,0).
u=,xy+v9-22, M(1,1,0).
u=In(3 - z2) + zy%z, M(1,3,2).
u=2z%y?z ~In(2 - 1), M(1,1,2).
u=In(z? +4?), M(1,-1,2).
u==zy—z/z, M(-4,3,-1).

© o N o o e

10. u =In(z + /22 +y2), M(1,-3,4).

OTserwr. 1.{1,1,1}. 2.{55/6,5/6,2/3}. 3.{3,1,7/2}. 4.{3,1,0}.
5.{1/2,1/2,0}. 6.{17,12,9}. 7.{4,4,0}. 8. {1,-1,0}. 9.{d,-4,—4}.
10. {1/6,~1/10,2/15}.

6.3. IIpou3sBogHas 1o HaIpaBJIEHUIO

ITOCTAHOBKA 3ALAYU. Hatumu npoussoduyro dywwkyuu u(z,y,z) 6
mouxe A(Z1,y1,21) no nanpasaenuio k mouxe B(za,y2, 22).

II1AH PEWIEHUA.
1. Ecin ¢pyuxuua u(z,y, 2) auddepenuupyema B Touke A(zy, Y1, 21),

TO B 3TOM TOYKe CyIIEeCTBYET €€ IPOU3BOJHAL 10 JI060MY HAMIPABJIEHHUIO [,
onpeaenseMas HOpMyIon

ou

i ) = (gradu'A,lo), (1)
rae ‘
O G
gra‘ u a:r’ 8yi 82 ] 0 ll...

2. Haxogum xoopaunaTh BekTopa l. B mannoMm ciydae

f=Z—B—={$2—$1,y2—y1,22—Zl}-

-

3. Haxoaum eaunmanniit BekTop (opt) lo:

l-;)=£= {z2 — 1, Y2 — 11, 23— 21}
Vi(ze —z1)2 + (y2 —v1)? + (22 — 21)?
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4. BrerauciseM 9aCTHEIE IPOM3BOJHEIE M FPafueHT GyHKIuA u(T, Yy, 2)
B Touke A(z1,y1,21):

gradu| = {ul(z1,91,21), u(z1,91,21), uy(z1,%1,21)}
A

5. Berumcasasa ckaaspHoe mpousBefeHue B ¢opmyne (1), moxydaem
OTBET.

IIPuMEP. HaiTn npon3BoaHy0 GyHKIUK
u = z? — arctg (y + 2)

B Touke A(2,1,1) no HanpasreHuio k Touke B(2,4, -3).

PEMEHHUE.

1. Tak xak dyskmus u = z° — arctg (y + z) auddepenmpyema B
Touke A(2,1,1), TO B 3TON TOUKE CyIECTBYeT €€ MIPOU3BOJHASA 10 JTI0GOMY
HATIPABIEHMIO |, KOTOpas ONpeAerieTcs hopMyIoi (1).

2. HaxoauM KOOpAMHATHI BEKTOPA . B JaHHOM CIydae

I'=4B = {0,3,-4}.

3. HaxoanM egmumansni sekrop (opr) lo:

- U {0,3,-4 _ 3 4
O—H )5) .

il V024324 (-4 5
4. Brrucasem 4acTHBIE IPOU3BOAHBIE GyHKIMU u = x2 — arctg (y + 2)
B Touke A(2,1,1):
ou Ou 1 1
- = 2:17' = 4, _— = - —_— —wwwWe = —=,
0z |(21,1) 1.1 0y l(2,1,1) 1+ (y+2)? (2,1,1) 5
ou _ 1 1
0z (211 1+ (y+ 2)? 2,1,1) 5
Torna

11
gradu|,, )= {4’ 5 _5}'

5. IloacTaBass momydeHHble 3Ha4eHuA B ¢opmyty (1) m Brrdmcmas
CKAJIAPHOE NPON3BEJEHHE, TIOLY UM

ou - 1} 3 1 4 1
huthad - d —4. ) 2} =2) = =,
ol (2,1,1) (gra u‘(z’l’l)’l()) ! O+< 5) 5 +< 5) ( 5) 25
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OTeeT —Q}i 1
Olpay 25

YcuioBus 3A4A4. Hairtu npoussoguyio dyHkunm u(z,y, z) B Touke A
10 HAIIPABJIEHHUIO K TO4YKe B.

1. u=z+In(22 +4?), A(2,1,1), B(0,2,0).
2. u=zy— \/ry+ 22, A(1,5,-2), B(1,7,-4).

3. u =sin(z + 2y) + 2\/7Yz, A(E -?E,3), B(g+4,3§+3,3>.

4. u=z3%+ /y? + 22, A(1,1,0), B(1,2,-1).
5. u= 7y +V9 - 22, A(1,1,0), B(3,3,-1).
6. u=1In(3 - z2) +zy’z, A(1,3,2), B(0,5,0).
7. u=1z%%2 —In(z - 1), A(1,1,2), B(6,-5,2v/5 +2).
8. u=In(z% + y?), A(1,-1,2), B(2,-2, 3)
9. u=In(z+ /2% + y?), A(1,-3,4), B(-1

( (

10. u=xy-— %) A —4;37—1)y B 13 ) 2)

Oveetwl. 1. —v/6/3. 2.4/2/12. 3.3. 4.v2/2. 5.2/3. 6.-11/3.
7. —4/9. 8.2v/3/3. 9. —+/6/60. 10.20/3/9.

6.4. IIponsBogHbIE CIOXKHOU PYyHKIIUU

IIOCTAHOBKA 3AJAYM. Hatimu npouseodwvie z; u z, Pywryuu
z = 2(u,v), 2de u = u(z,y) v v =v(z,y).
IInAH PEWEHUA. Ilockoapky z SBIAETCA CIOXHOM (GYHKIMEN ABYX

MepeMEeHHEIX T U Y, TO €€ IPOM3BOLHLIE 2z, U z; BBIYHCIAIOTCA 110 POpMYy-

JaM
o: _0: ou 0z v o
8z Ou Oz Ov 0Oz’
szaz 8u+8z_@ @)
Oy Ou Oy Ov Oy

1. BrruuciseM yacTHbIE IPOU3BOJHbBIE

b: 0: bu ou v oo
ou’ Ov' 0z’ Oy o0z’ Oy
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2. TlogcTapaaeM NOLy<YeHHBIE Pe3yaAbTATH B dopmyan (1) u (2) u 3a-
[IMCHIBAEM OTBET.

3AMEYAHUE. @opmyis (1) u (2) M0oxHO 06060MTE HA DYHKIUM JIIO-
6oro 4ucia nepemenHnx. Hanpumep, eciu gana ¢oyukmus f(u,v,w), rge
u = u(z,y,t), v =v(z,y,t) u w = w(z,y,t), TO ee YaCTHHEIE IPOU3BOJHEIE

zs fy» fi BRIMHMCIOTCA TTO hoOpMYyTam

of _0of ou_ O0f Ov 0f Ouw
0r Ou Oz Ov Oz Ow Oz’
of _0f ou_ O0f ov 0Of Ow
Oy Ou Oy Ov Oy Ow 08y’
of _O0f Ou Of ov 0f Ow
0t Ou Ot Ov Ot Ow Ot
IIPUMEP. Haiitu npoussogusie 2), u 2z, GyHKumy z = u/v, rge u = z¥
nv=,/1y.
PENEHMKE.
1. BrIuuciseM 4acTHBIE IIPOU3BOTHEIE

0z 1 0z u

du_ v Bu 2
Ou _ Ou v I v Wz
= =¥l 2 =gV — =z =Y
oz T Gy T lnz, oz 2/’ By 2y

2. TloacTapias MOTyYeHHbIe Pe3yIbTATH B hopmyar! (1) u (2), mory-
JaeM

%zl. l.y-'l_}i._ﬂ ?f:,l.zyln _ﬂ.ﬁ
oz v Y v2 2z’ By w v2 2y
OTser.
%—_—l‘yxy_l_i._\/_g_
oz v v2 2z’
02 _ 1 ypg_ X VT
oy v v 2y’

rge u =z¥, v = ,/zy.

YCIOBUA 3ANAY. Hatimu npoussoduvie 2, u 2, ynxyuu z = z(u,v),
ede u = u(z,y) uv="v(z,y).

1. z=u?+% u=z+y, v=z-—y.
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2. z=In(u?+v?), u=uzy, v==z/y.
3. z=1u", u =singz, U = COS y.
4. z=u?+ 27, u=z%—y? v = eV,
5. z=arctg(u/v), u=czsiny, Y = T COosy.
6. z=1In(u—v?), u=zx2+y>? v=1.
7. z=ud+? u=In+/22 +y?, v=arctg(y/z).
8. z=+uv, u=In(z? +y?), v=uzy
9. z=¢" u=Inz, v=Iny.
10. z—ln(u/v) u = sin (z/y), v=+/z/y.
OTseTbl.
1. zz =2u+2v, 2z, =2u-2v.
9 2u 4 2v 1, 2u T
. oZh = . C=, Zy=——s T — C=.
ORI R S NN Y VT U2 u?2 + 02 g2
3. z,=vu’"!.cosz, z,=u’lnu-(-siny).
4. 2 =2u-2z+ 607 ye™, 2z, =2u-(-2y)+ 607 ze™.
5oy ) u
. Zx—m'Slny—m'COSy,
v .
zz’,=uz—_ih?wccosy—u2 5 - Tsiny
1 ' 2v
6. z"’_u—vz 2r, z,= 2 y+u_ 5+
_ 9,2 z y
7. Z’—3u :1,‘2—+- 2 (1,'2+ 2
o 2 y z
zy = 3u :L'2+y2 $2+y2
8 ! \/’l—} 2z \/E 2
. 2= . . ,
T2V z2+y? 2V v
zl — ‘\/; . 2y + \/—d '2xy
Yo 2./u 1:02+y2 2\/v )
I
9. 2L =wve"- o % —ue’“’-g.
1 z 1 1
10. 2, = = -cos— - = — — - ,
==Y y y v 2y
1 1 T
zL:—--cosE(——:%)-[-— \/-
u y\ v 2y\/y
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6.5. IlponsBogHan HeABHON PYyHKIINU

IIOCTAHOBKA 3AJAYU. Hatimu npoussodnyrwo dynkyuu y = y(z),
3a0anHOT HEABHO YPABHEHUEM

F(z,y) =0. (1)

I1y1AH PEWIEHUA. Ecnu npu kax oM GUKCHPOBAHHOM &, IPUHALIEKA-
meM HekoTopon obisactu D, ypasHenue (1) umeer eduncmeennoe pele-
HUe Yy, TpUHaIexamee HekoTopon o6nactu E, To ypasuenue (1) 3agaeT
¢dyukumio y = y(z) ¢ obaacteio onpeaenenus D u o61acToio 3HadeHu# E.

Eciu B HEKOTOPOH OKpPEeCTHOCTH TOYKM (Zo,yo = Y(Zo)) dyHKuMA
F(z,y) nnddepenuupyema u Fy(zo,y0) # 0, To ypasnennme (1) ompe-
nenseT GyHKUmMo y = y(z), auddepeHunpyemMyio B TOUKE T, IPAUEM ee
IPOU3BOJHAA OTPENEIAeTCA (hOPMYIOU

Fa/c(mo,yo)

F!(x0,30) @

y'(zo) = —
1. Brruncisem wactHble mpoussoamsie F(z,y) m Fy(z,y) B Touxe
(z0,¥0), Tae Yo eCcTh KopeHb ypasHenus F(zo,y) = 0.
2. Haxonum y'(zo) mo ¢popmyse (2) u 3anuckiBaem OTBET.

3AMEYAHUE. AHaJOrMYHO BBIYMCIAIOTCA YACTHBIE IPOU3BOIHBIE
DYHKIMH HECKOTLKMX IIEPEMEHHBIX, 3aJaHHBIX HeABHO. Hampuwmep, ecau
ypasrenue F(z,y,z) = 0 3agaer dynxuumio 2z = 2(z,y), TO NP U3BECT-
HBIX ycaoBuax byukuus z = z(z,y) auddepennupyema B Touke (Zo,Yo)
U ee YaCTHHIE IPOU3BOIHBLIE ONPEEIAIOTCA GOPMyIaMU

F,;(l'o, Yo, ZO)

F;L(EO)y07zO) _
F!(z0,Y0, 20)’

, - _
2o (20, 0) = F!(zo0,y0,20)’

Z;(l'o, yO) =

rae zp eCTh Kopens ypasHenus F(zg, yo, z) = 0.

ITPUMEP. Hantu npoussosuyio ¢pyukunu y = y(z), 3aJaHHON HEABHO

ypaBHeHUeM
In \/z? + y? = arctg v (3)
T

PEWEHUE.

1. B gannom caygae F(z,y) = In /22 + y2 — arctg Y Buraucasenm ee
YaCTHBIE TPOM3BOJHBIE: T

' z 1 (_'y)_r+y

T2y T+ (ye)r \ @) @ty
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r_ Y 1 1\ _ y-z

YU a4y 14 (y/z)? \z) 22 +y?
Owesuzano, uro F(z,y), F; u F, nenpepuBHe! npu Bcex T # 0 u Fy #0
npu z # y. CnegoBarensno, ypasaenue (3) onpegenser dpynxumio y(z),

suddepeHImMpyeMyIo Bo BCex To4YKax (g, Yo) ob6aacTu, rae z # 0m z # y.
2. Haxoaum y' mo dopmyae (2)

J = — Fy(zo,90) _ _ (2o +y0)/(2 +93) _ o+
Fy(zo0,0) (yo — 0)/(z§ + ) Zo—%
0 1 zo + Yo
TBET. y = ——— IIpH BCEX I(, Yo, yAOBIETBOPAIOIINAX yPABHE-
To — Yo )

Huto (3), B obnactu, rae z #0u x # y.

YcnoBus 3A1A4. Hatimu npoudeodnvie gynwyut y = y(z), 3adannviz
HEABHO YPAGHEHUAMU.

1. y® =av. 2. y=1+9%
3. y=z+Iny. 4. z+y=e€""Y.
5. z2e® — 2% = (. 6. z—y+arctgy = 0.
7. ysinz — cos(z — y) = 0. 8. sin(zy) —e®¥ — 2%y = 0.
9. 14+ xy—1In(e®¥ +e ¥)=0. 10. 22 -2zy+y*+z+y—2=0.
OTseTbl.
Ly Yy —ya'™ 9.y = Y10y

Y zy*~1 —z¥lnz’ ' 1—agy=1

Yy , etV -1

3.y = ——. 4.y = ——.

Yoy Y= e
5 . yle*® —ge® 6 ,_ 149

-y _x262y_ye2::' Y y2 :
7 o = YCOST + sin(z — y) 8. o = y(2z + €Y — cos zy)
V= sin(z — y) —sinz ’ z(coszy — e*¥ — )
9.y’=—g. 10.y,___2y—2m—1

T 2y —2z+1
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6.6. KacaTenpHas MIOCKOCTh M HOPMAJIb
K IIOBEPXHOCTH

IIOCTAHOBKA 3AAYU. Hatlmu ypasnenus xacameabrot niockocmu
U HOPMAAU K TLOBEPTHOCTU, 360aHHOT YPABHEHUEM

F(z,y,2) =0,
6 mouxe M (zq, Yo, 20)-

IIJIAH PEWIEHUA.
HopMalbHEIM BEKTOD K MOBEPXHOCTH, 33JaHHOU yYPaBHEHUEM

F(z,y,z) =0,

B Touke M (zo, Yo, 20) oupegenserca HopMy.I0K

= gradF. = {QE
M Ox

or) | or
rm Oyl 0z

J

CnepoBaTenbHO, ypaBHEHME KaCAaTEJbHON INIOCKOCTM K JaHHOM IOBEPX-
HocTH B To4dke M (zg, Yo, 20) €CTH

Fy| (@ = z0) + Fy | (o, ¥0, 20) (¥ — %0) + Fy| (2 —20) =0 (1)
U ypaBHEHUA HOPMAIU —

Z-% _Y—Y% _Z— %2
Fely  Fly  Fly

(2)

1. Haxonum gacTuble npoussogusie Fy, Fy u F, B Touke M (zo, Yo, 20)-
2. HoacrasageM HaiAeHHbIE 3HAYeHUA B ypasHenus (1) u (2) u samu-
CHIBa€M OTBET.

3AMEYAHUE. Eciu 3aaHb! TOABKO 3HAYEHUA T U Yo, TO KOOPAUHATA
2o Touku M omnpefenseTca u3 yCIOBHA, YTO TOYKa M IpHUHAIJIEXKUT AaH-
HOU HOBEPXHOCTH, T.e. F(zq,yo,20) = 0.

ITPUMEP. HaliTu ypaBHeHMA KaCaTeJbHOM ILIOCKOCTH M HOpMAIH K
[IOBEPXHOCTH, 33JaHHOU ypaBHEHUEM

z =2y,
B Touke M(1,1).
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PENEHME. 3anuumeM ypaBHeHHE [TOBEPXHOCTH B BUae Ty — z = 0, T.e.
F=zy—2z

Koopaunarer Touku M: zo =1 u yg = 1. Koopaunarty 2o ompege-
JIsieM U3 YCJIOBHUsA, YTO TOYKa M NPUHALIEXKUT JAHHOU MOBEPXHOCTH, T.€.
F(1,1,2) = 0. oxygaem zp = 1.

1. Haxogum wacTHele npoussogusie Fy, Fy u F, B Touke M(1,1,1):

! _ _ ! _ — ! —
Fz|(1,1,1)_ yl(1,1,1)“ 1, F 11~ $|(1,1,1)— 1, F2|(1,1,1)‘ -1

2. ToxcTaBisAs HaleHHbIe 3HaYeHuA B ypaBHenus (1) u (2), moxygaem
ypaBHEHHE KacaTelbHOU ILIOCKOCTH

(z-1)+1(y—-1)-1(2—-1)=0

¥ ypaBHEHUS HOPMaJIu

OTeeT. YpaBHeHMe KacaTelbHOM miockoctm: ¢ +y—z—1 = 0.
YpaBuenus Hopmas: r—1l=y—-1=1-2z.

YCnoBUA 3AAAY. Haildmu ypasrenus xacamesbrol NA0CKOCTIU U
HOPMAAU K NOBEPTHOCTU 6 3adannoti mouke M.

1. z=2z%+42%, M(1,-2,5).

CL'2 y2 Z2
=== 4,3,4).
2 o5 =0 M43

z=sinzcosy, M (n/4,7/4,1/2).
2= ercosv. M(1,m,1/e).
z=ytgz, M (r/4,1,1).

z = arctg (z/y), M (1,1,7/4).
z(y+2)(z —zy) =8, M(2,1,3).
2%/2 L o¥/2 =8, M(2,2,1).

2 +y2+22-16=0, M(2,2,2V2).
10. 22 4+ 9% — 22 = -1, M(2,2,3).

© © N o oos W
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OTeeThl.

-1 -
1. 2z-4y—2-5=0, z =y+2=z 5.

2 —4 1
2. 3z+4y—62=0, “’;4:92322:——64.
3. z—y—22+1=0, 1“1"/4=y—_711'/4___z—_;/2
4. z+ez—2=0, -1 _y-m_z-1e
1 0 e
5. 2r+y—-2-%5=0, $_27T/4=911=z_—11
6. z—y—2z+%=0, Izlzy:ll___z—_g/4'
7. 224+ 7y —52+4=0, 7352:2/‘7'1;__2_—53
8. z+y—42z=0, $I2:y12:z——41

9. x+y+\/§z—8=0, = =

10. 2z +2y — 32+ 1=0, = =

6.7. 9kcTpeMyM QYHKIUU ABYX IE€epEMEHHBIX

IIOCTAHOBKA 3AJAYU. Hatimu cmayuonapwvie moukuy @Gymxyuu
z = z(z,y) u uccaedosamp uz Tapaxmep.

IINAH PEIIEHUA.

1. Cmayuonaprvimu moukamu GYHKIME HECKOILKUX TEPEMEHHBIX Ha-
3BLIBAIOTCA TOYKH, B KOTOPHIX BCE €€ YAaCTHLIE IPOM3BOJHEIE PABHBL HYJIIO.
CrenoBaTensHO, YTO6H HAUTU CTALUMOHAPHBIE TOYKM GyHKuMH 2(z,Yy),
HYXXHO DEIIUTb CUCTEMY ABYX YPAaBHEHHMU C ABYMA HEU3BECTHLIMU

z,(z,y) =0,
z,(z,y) = 0.

Pemas 5Ty cucTeMy ypaBHEHMH, HAXOAUM CTALMOHAPHBIE TOYKY (DYHKIMA
Z(.’E, y) Ml(xly yl)7 MZ(:L'?, Z/2)» sy Mn(:L'TH yn)
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2. Jlna Toro 9To6H UCCE0BATh XapaKTep CTAMOHAPHBIX TOYEK, BOC-
[OIB3YEMCA JOCTATOYHEIMU yCIOBMAMM DKCTpeMyMa bYHKINU IBYX Iepe-
MEHHBIX.

IIyemov Pynwyua z = z(z,y) onpedeaena u umeem HenpepvieHble UACT-
Hble NPOU3BOJHbIE 8MOPO20 NOPAJKA 8 cMmayuoraphot mouke M(xo,yo)
(m.e. z;(z0,Y0) = 2, (T0,y0) = 0). Tozda ecau 6 amoii mouxe:

a) 24y Zyy — (z;c’y)2 > 0, mo M — mouka akcmpemyma, npuuem npu
2], > 0 — mouxa munumyma, npu 25, < 0 — mouxa maxcumyma;

6) 2y, - 2y, — (24,)% <0, mo M me asasemea Mmouroti IKCmMpemyma;

" " " \2

B) 2, 2y, — (23,)° = 0, mo mpebyemca donoanumeavroe uccaedosa-

nue (Hanpumep, no onpedesenuro).

3. Brruncisem npoM3BOAHBEIE BTOPOrO NOpAAKa GyHKUUM 2(Z,y).
4. B xax [0 CTalMOHAPHON TOYKE BHIYMCIAEM BHIPAXKEHHE

z;{x ' zgy - (z.{z;ly)2

U onpeneaseM ero 3Hak.
AHa.HMBpreM IIONYY€HHBIEC PE3YyJAbTAaThl U 3allUCBIBAEM OTBET.

IIPUMEP. HanTu crannoHapHBIE TOYKY GHYHKIMU
z=x3+ 93 - 3zy
U UCCIeJOBATH MX XapaKTep.
PEmMEHKE.
1. BrrumnciseM 4acTHBIE IPOU3BOIHBIE
2zl =32% -3y, 2z, =3y’ -3z

2. Jlns Toro 4TO6B HAUTH CTALMOHAPHHIE TOYKU (PYHKLUHH, pPelIaeM
CHCTEeMY ABYX yPaBHEHUM C ABYMs HEM3BECTHBIMU

3z% — 3y =0,
3y? -3z =0.

Tlonyvaem aBa pemenuns: z; = 0, y3 = 0 u 2z = 1, yp = 1. Caenosa-
TeJIbHO, CTALMOHAPHEIE TOYKM dyHKmmu z = z° + y° — 3zy: M;(0,0) u
M,(1,1).

3. Brruucigem npousBogHbBIE BTOPOrO HNOPAAKA:
n

Zpy = 62, 25, = -3, 2z, =06y.
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4. B xax 01 CTaIMOHAPHOM TOYKE BEIYUCIAEM BHIDAXKEHUE

z:lc/z ' z;’y - (z’zly)2

u onpeneasaeM ero 3Hak.

B Touxe M;(0,0)

2,(0,0)=0, z,(0,0)==3, 2,(0,0)=0=> 2, -2, — (z4,)*=—6 < 0.

yy ~ \Fzy
CregosaTenanno, Touka M;(0,0) HE ABIAETCA TOYKOU DKCTPEMYMA.

B Touke M,(1,1)
2,(1,1)=6, z,(1,1)=-3, z,,(1,1)=6 => 2}, - 2, — (21,)*=27> 0.,

Curenosarennno, Touka Mz (1,1) aBasgercs To4kon skcTpeMyMa. Tak kak
22 (1,1) =6 > 0, To M2(1,1) — Touxa MHHUMYyMa.

Otser. @Dymxmusa z = 23 + 3> — 37y UMeeT ABe CTAMOHADHHIE TOY-
ku M7(0,0) u M>(1,1). B Touxe M;(0,0) skcrpemyma ner, Mp(1,1) —

TOYKa MAUHUMYMa.

YcnoBusA 3A0A4. Hatimu cmayuonapuble mouxy 3adanubir Gynxyul
u uccaedoéamp UL TAPAKMEP.

1.z=2% —xy + 92 2. z=2x%—zy — 9>
3.z=x2-2zy+2y2+22. 4 z=2+y3— 2% - 2zy — 9>
5.2=2%-2y% -3z +6y. 6.z=4dx+2y— x> —y%

7. 2=z + y° — 152y. 8. 2z =1x2 + 2y + y? — 3z — 6y.
9. z=x?+4y? -2zy+4. 10.z=z/y+1/z+y.

OTBeTbl.

1. M(0,0) — craumonapnas touka. M(0,0) — Touka MUHMMYyMa,
Zmin = Z(O, 0) =0.

2. M(0,0) — cranumonapnas Touka. B Touxe M(0,0) skcTpemyma
HET.
3. M(-2,-1) — craumonapuas touka. M(—2,—1) — Touka MMHE-
MyMa, Zmin = 2(—2,—-1) = —2.

4. My(0,0), M>(4/3,4/3) — craumonapuse Touku. M (0,0) — Tou-
Ka MakCUMyMa, Zmax = 2(0,0) = 0. M(4/3,4/3) — Touxa muauMyMma,
Zmin = 2(4/3,4/3) = —64/27.
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5. Mi(1,1), Ma(-1,-1), M3(-1,1), My(1,-1) — cranmoHapH:le
Toukn. B roukax M;(1,1), M,(-1,—1) skcrpemyma ner. M3(—1,1) —
TOYKa MAaKCHMYMa, Zmax = 2(—1,1) = 6. M4(1,—-1) — Touka MuHn-
MYMa,  Zmin = 2(1,—1) = —6.

6. M(2,1) — craumonapras Touka. M(2,1) — Touka MakCHMyMa,
Zmax = 2(2,1) = 5.

7. M1(0,0), M2(5,5) — cranuonapunie Touku. B Touke M;(0,0)
akcTpeMyMma HeT. M3(5,5) — Touka MEUHUMYMa,  Zmin = 2(5,5) = —125.

8. M(0,3) — craumonapnas touka. M(0,3) — Touka MUHEMYyMa,
Zmin = 2(0,3) = 9.

9. M(0,0) — craumonapnas Touka. M (0,0) — To4Yka MHUHHMyMa,
Zmin = 2(0,0) = 4.

10. M(1,1) — cranuonapuas touka. M(1,1) — Touka MUHHMYyMa,
Zmin = 2(1,1) = 3.



I'masa 7
HEOHPE,[[EJIEHHBIﬁ NHTET'PAJI

[Ipu usygenuu Temm: HEOIPEIEJIEHHBIA UHTEI'PAJI BH us-
Yy4YUTe OCHOBHEIE IPUEMEBI HAXOXAEHUA NEePBOOOPA3HBIX (IIOABeAeHHe non
3Hak auddepeHnala, MHTEIPUPOBAaHME IO HACTAM, 3aMeHa IepeMeH-
Hoﬁ), HAy4YUTECh MHTErPUPOBATH OCHOBHBIE KJIACCHl GYHKHUM (pamuo-
HaJbHBIE IPO6U, TPUIOHOMETPUYECKNE U MPPAIMOHAIbHEIE Bmpaxcemm).

C nomoursio nakera PENIEBHUK.BM Bul MoXeTe BEIYUCIUTH POU3-
BOJIHBIE, PA3J0XUTh MHOIOWIEH HA MHOXWUTEIM, PA3JIOXKUTH PALMOHATIb-
HyI0 (YHKUMIO HA DJIEMEHTapHbIE APOOM, PEMIUTHL CACTEMBI yPAaBHEHUM
IJIA HAXOXJEHUA HEOIpPeJeNeHHEIX KO02(PUINEHTOB, BHIIOJIHATHL APyTHUe
YUCJEHHBIE PACYETH U IPOBEPUTD IOLYYEHHbIE BAMHU DPE3yJbTATHL

7.1. InTerpupoBanue mogBe eHNEM
nojg 3Hak AudpdepeHnuaia

ITOCTAHOBKA 3AJAYM. Hatimu neonpedesennbiti unmezpad

/F(IL‘)Q(.’I:) dz.

IlnaH PEmEHUA. Ilycts g(z) mMeeT 04eBMAHYIO IEpBOOGPA3HYIO
G(z), a F(z) ecTs dynkuua sroi nepsoo6passon, T.e. F(z) = u(G(z)).
Torga

/F(:I:)g(x) dz = /u(G(x))G'(m) dr = /u(G) dG.

Takoro pojaa npeo6pa3oBaHue HA3LIBAETCA nodeéedenuem nod 3nax Jud-
depenyuaaa.

. Ecmn meTox m3bpaH yaadHO, TO HOCIEAHHN MHTErPAJ OKA3bIBAETCA
TabIUYHLIM UIM U3BECTHHIM 06pa3oM CBOAUTCA K TaGIAIHOMY.

I[TPUMEP. HallTu HeonpeeJeHHbI UHTErPaT

/ ctgz Insinz dz.
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PEWEHHKE.

1. IIpeacTaBuM NOALIHTErPATbHOE BHIDAXKEHME B BUE NPOU3BEACHUA
aByx dyukuun F(z)g(z), rae g(r) mMeeT oueBMAHYIO NEpBOOGPA3HYIO
G(z), a F(z) ects dbynkuusa sroit nepsoobpasson, T.e. F(z) = u(G(z)).

B maunnoM caydgae

In si 1
F(z) = r;lsrllnxz) g(z) =cosz, G(z)=sinz, F(z)= _nG—G = u(G).
2. Torga
lnsi .
/ n:°>1na: cosrdr = /1n,smwdsina:=/£r£dG,
sinz sinz G :

rae G =sinz.
3. Ilocnequuil MHTErpal HE ABIAETCA TAOAMYHBIM, HO K HEMY CHOBA
MOXHO TPUMEHUTDL METOJ I0BEAEeHUA 10 3HaK AuddepeHunaia:

2 2
1—‘“EdG=/1nGidG=/1nc:dlnc:= WG ol o
G G 2

. In?sinz
Otset. [ctgz Insinzdz = —5 +C.

YcnoBusA 3A4A4. Hatimu neonpedeaennblie unmezpabl.

L /3&rctg2wdz. N / sin 2z —cosT_
z2 +1 (cos? z + sinz)?
z2 +1 3tg?x
——dx. 4. d
/ (z3 + 3z + 1)4 o / cos?z ¥
1 T
5. / dz. 6. /—— dz.
zvVinz V1-z4
zcosz +sinz 2arctg (z + 2)
7. — dz. 8. _
(zsinz)3 z2+4zx+5
3Vr+1 2arcsinz +
9. ——dz. 10. | ——dx.
/29:\/5+a: x V1 —z2 ’
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OTseThl.
3 1
1. arctg®z + C. 2. ——
COsS“T +sinx
1
B e o O 4. tg? .
3 9(x3+3x+1)3+ gietC
1
5 2VInz +C. 6. 3 arcsinz? + C.
1 2
7. — 3z sna)? +C. 8. arctg“(z+2)+ C.
9. In(2zvz+1x)+C. 10. arcsin’z — /1 — 22+ C.

7.2. UuTerpupoBaHue IO YacTAM

IIOCTAHOBKA 3AJAYM. Hatmu neonpedesennviii uwmezpas

/F(:c)g(a:) dz.

IlnaH PEmEHMA. Ilycts g(z) umeeT 04eBHAHYIO HEPBOOGDA3HYIO
G(z), a F(z) — puddepenuupyemas GyHKIWsA, OPUYEM €€ NPOM3BOJ-
Haa f(z) = F'(z) asnaerca 6onee npocron dpynkuuen, yem F(z). Torga
npumeHseM GHOPMYILy UHTErPUPOBAHUA 10 YaCTAM

/ F(z)9(z) dz = F(2)G(z) ~ / f(@)G(z) dz.

Ecmu meton u3bpaH yaadHO, TO MHTErpal B IPABOM YaCTU DTOrO pa-
BEHCTBA OKAa3bIBAETCA TAOIMYHLIM WIX M3BECTHHIM 06pa3oM CBOJUTCA K
TabIUIHOMY, HAIPUMeED, IOBTOPHLIM MHTEIDUPOBAHUEM II0 JACTAM.

IIPUMEP. HauTu HeonpegeleHHbIM UHTErPAJI

rdzx
cos2zg’
PENEHUE.

1. IlpeacTaBuM NOABIHTErPaIbHOE BHIPAXKEHME B BUJE IPOU3BEAEHUA
aByx dyskmun F(z)g(z), rae g(z) mmeer o4eBMAHYIO 1mepBOOGPA3HYIO
G(z), a F(z) — muddepenuupyemas QpyHKIMA, IPUIEM €€ IIPOU3BOAHAA
f(z) = F'(z) asnserca 6onee npocron dyHkiuein, sem F(z).
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B gannoMm ciygae

Flz) =z, g(z)=

o G(z) =tgz, f(z)=F'(z)=1.

2. IlpumensieM GOPMyIy MHTErPUPOBAHUA IO JACTAM

zdz
/cosza: =:ctg:c—-/tg:cdz.

3. INocneannyt MHTErpal HE ABAACTCA TAGMIMIHLIM, HO K HEMY MOXHO
NPUMEHUTH METOJ NOABEAEHUA IO 3HAK auddepeHnuaia;

1
/tg:cdx =/
cosz

1
sin:cd:c:—/ dcosz =
cosz
_J =Incosz + C, nopu  cosz >0,
" | —In(—cosz)+C, mpm cosz <O.

Orser zdzx — rtez+ Incosz + Cy mpu cosz > 0,
) coszz '8 In(—cosz)+C2 mpm cosz < 0.

3ameTuM, 9T0 ecau 6 MH Bhbpamm g(z) = z, To, AuddepeHIUpys
dynxumo F(z) = 1/cos’z u npumensas ¢bopMyly MHTErPUDOBAHMA IO
YaCTAM, MOTYyIUaH 651 60/Iee CIOXKHBIM UHTErPAJ, €M MCXOJHBIM.

YCyoBUA 3ALAY. Hatimu neonpedeaenmbie unmezpadbl.

1. /(:E-{- 1)e” dx. 2. /arcsin:cd:c.

3. /222 sinz dz. 4. /(3:2 + 2z + 3) cosz dz.
5. /xlnxdm. 6. / 3:2 dz.

sin®z
7. /62’ cosz dz. 8. /:v2 arctg z dz.

9. /sinln:cd:c. 10. /:cze’dm.



150 I'n. 7. Heonpedeaennvili unmeapaa

OTeeTbl.

ze® + C. 2. zarcsinz ++/1—2z24+C.

3. 2rsinz — zcosz + 2cosz + C.

4. (z+1)*sinz+2(z+1)cosz + C.
2
5. %(QInm——l)—kC. 6. —zctgz+Insinz+C.

—_

e2z‘
7. = (sinz + 2cosz) + C.
2 1
8. %— arctgr — %zz + s In(z® + 1)+ C.

9. g (sinlnz — coslnz) + C. 10. e (z% — 2z +2) + C.

7.3. UHTerpupoBanue panmnoHAIbHBIX
PYHKIIUN C IPOCTHIMHA
BEIIEeCTBEHHbBIMN KOPHAMM 3HaMeHaTeJld

IIOCTAHOBKA 3AJAYM. Hatimu neonpedesennbil unmezpaa

/ @™ + ap_12™ 1+ ...+ a1z + ag
T.
bpx™ + bm_lz”“l + ...+ biz+ b

IIJIAH PEIIEHUSA.

1. BeexeMm o6o3nadeHus:
P,(z) = anz™ + an_12" 1 + ... + a1z + ao,

Qm(z) = bpz™ + bp_12™ 1 + ...+ bz + bo.

CpaBuumM crenenu uucanrens P,(z) u 3nameHaTens Qn ().
Ecin noasiHTerpanbHas QYHKUMA — HENPAaBWIbHAA PalMOHATIbHASL
Apo6b, T.e. CTeNeHb YMCAATENA N GOiblle MIM PaBHA CTENEHHM 3HaMe-

HaTed M, TO CHAYala BbIAEIAEM LEIyI0 YacTh PAIMOHAILHOM QYHKLNH,
IIOJ€IUB UCIUTENb Ha 3HAMEHATEIb:
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3aecs MEOrO4IeH Py (z) — octatoxk ot genenus P, (z) Ha Q. (z), npraem
crenens Py (zr) MeHbme crenenu Q,(z).

2. Pa3noxuM IpaBMIbHYIO PALMOHAJIBHYIO APO6H

Pi(z)

Qm(z)
Ha dIeMeHTapHHe Apo6u. Eciu ee 3HaMeHaTens UMeET MPOCTHIE BEIIECT-
BEHHBIE KOPHU T1,T2,...,Tm, T.e. Qm(z) = (z —r1)(z —72) ... (T — ™),

TO Pa3J0XeHHE Ha JJIEMEHTApPHEIE ,E[pOGPI UMeeT BUJ

Pk (11,') - Al + Az + Am
Qm(@) " z-7r -1 T T—Thp
3. Jlus BHIYUCIEHUA HEOHMpPENeNeHHbIX KoadduuuenToB Ay, As, ..., Ay

NpUBOAMM K OOLIEMYy 3HaMEHATeNO APOOM B MPABOM YaCTU TOXIECTBA,
IOCJIe Yero MpPUPaBHUBAEM KOI(P(UIMEHTHI NP OJUHAKOBBIX CTENEHAX T
B YMCIMTEIAX CJIEeBa U COpaBa. llolyduM cuCTeMy m ypaBHEHHU C M
HEU3BECTHBIMH, KOTOpPAsA UMeeT €JUHCTBEHHOE pelIeHue.

4. MaTerpupyem uenyio 4acTh (€CIM OHA €CTh) U dIeMEHTapHbIE APO6H,
HCHOIb3YA TAOIUIHEIC MHTErPAJLI, ¥ 3AIMCHIBAEM OTBET

Pn(z)
——dz =
/ Qm(z)
=F(z)+ Ailn|z —ry| + Aolnjz — 73]+ ... + A In|z — 7| + C,
rae F(z) = [ Myp_m(z) dz — muOrOwIeH crenenu n — m + 1.
IIPUMEP. HanTu HeompeaereHHHIN UHTErPaJ
/ 223 — 40z — 8
—_—— dz.
z(z+4)(z—2)

PEIEHUE.

1. IlommiTerpaibHas GYHKIUA — HENPaBUIbHAA pallMOHAIbLHAAL
npobb, Tak Kak n = m = 3. BrigenuM 1enyo dacTb:

2z% — 40z - 8 4z% + 24z + 8

zz+4)(z—2) = z(z+4)(z-2)

2. Tak Kax 3HAMeHaTEeIb MOCJIEIHEN JPO6U MMEET TPU PA3INYHBIX Be-
wecTBeHHHX KopHa = = 0, £ = —4 u z = 2, TO ee pa3joXxeHUe Ha



152 I'm. 7. Heonpedeaennviii unmezpaa

dJleMeHTapHbIE JpO6U UMEET BUJI

da? +242+8 _ A1 | Ay + As
z(z+4)(z—-2) z z+4 z-2

3. Yrobm nanmtm xoddduimentn A;, Az, A3, npuBoguM k obmemy
3HAaMEHATEeN0 Apo6K B MPABOU YaCTH TOXAECTBA:

4z + 24z +8 _ Ai(z? + 2z — 8) + A2(z? — 22) + A3(a? +4x)

z(z+4)(z—2) z(z +4)(z - 2)

IIpupaBEMBas K03(PPUIMEHTHI IPK OAUHAKOBHIX CTENEHAX T B IUCIUTELAX
CleBa ¥ COpPaBa, HOMYYMM CUCTEMY TPEX yPAaBHEHMH C TPeMS HEeM3BEeCT-
HBEIMU:
A+ Ay + Az =4,
2A1 — 2A5 + 4A3 = 24,
-84, =8.

JTa cucTeMa UMeeT eJUHCTBeHHOoe pemenne A; = —1, Ay = —1, A3 = 6.
CiuenoBaTerbHO, HOJLIHTErPATLHOE BLHIPAXKEHNE UMEET BUJ

2z% — 400 -8 5 1 1 6
z(z+4)(z-2) z) -\ z+4 -2
4. HWuTerpupyeM LNy YaCTh M dJEMEHTapHble APO6GH, MCHONBL3YA
TabIUIHbIE UHTEDAJIEL:
6
dx =
/ z—2 x

/23: - 40z - 8
z(z+4)(z—2
=2z +In|z|+In|z+4|—-6lnjz - 2|+ C.

273 — 40z — 8 |z||z + 4]
OTser. /mdx—2x+lnm— + C.

2dr+ da:+

YCJi0BUA 3ANAY. Hatimu neonpedeaennbie unmezpaabl.

2 +2z+6 1
L /(m—l)(z—2)(z-—4) @ 2 | e+ e &

241 1
Y (L S  ———d
3 /(xz—l)(x2—4)dz 4 /z4—13x2+36 e
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5.

a:5+3a: —31: +2 / z®+z%-8
dz.

da- 2@ -2)@+2)

23 _ 3 2 _
. / T 822 + 4z 4dz. 8. /z + 2z 15x+18dm.

z(z — 1)(z — 4) z(z —3)(z +3)

0 2zt — 42: —Sx +5x_10dw
(z — -3)(z +2) ’
6—4x +6z — 1822 +8d
— 523 + 4z -
OTBeThl.
(z — 1)3(z — 4)° 1, |[(z—1)(z+3)?
1. In|————————~ . . — .
n EEDL +C 2 TR @+2) +C
1. (z+ D4z -2 1. (z-3)%Yz+2?
. —In— . 4, — ln —cir—— .
T R P y P A 60 P (wr3)2z—2p " C
4
5 %+x3+ln 1+C’.
3 z? z?(z - 2)8
. — 4+ —+4 In .
6. g +5 tde+ln| oo |+ C
— 2 3(mp
7. % +In|& 4)iz+1) +C. 8 z+In wha
12
9. z2+1In (z—1) ($+2)I+C.
-3
20, _ 0\2 LY
10. 2% + In z3(z - 2)*(z + 1)*(z - 1) LC
(z + 2)2

7.4. UHTerpupoBanue panuoHAIbHBIX
PYHKIMMA C KPATHBIMM BellleCTBEHHBIMUI
KOPHAMM 3HaMeHaTeas

IIOCTAHOBKA 3AJAYU. Hatmu neonpedesennblli uwmezpaa

AnT™ + ap_1z" 1+ ...+ a1z + ag .
D™ 4+ b1z L+ ...+ biz + by
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IIJIAH PELIEHMA.
1. Beexem o6o3nadeHus:

Po(z) = apz™ 4+ an_12" 4 ...+ a1z + ay,

Qm(z) = bpz™ + b1z™ Y 4 ... 4 bz + by.

Cpasuum crenenn uucaurens P, (z) u sHamenaTens Qn,(z).

Ecmm noapiTerpanbHas QyHKIMA — HENPABAIbHAs PAlMOHATbHAA
ApO0b, T.e. CTENeHb YMCIATENL 1 OOJbIIE NI PABHA CTENEHH 3HaMe-
HATEIA M, TO CHAYaIa BHIJENAEM LETYI0 YaCTh PAlMOHAILHON QyHKIMH,
IIOJEUB YNCIUTE]b Ha 3HAMEHATEb:

Py(z) _ G
Ot = M Gy Bm)

3xecs muorownen Py(z) — ocraTok ot aenerns P, (z) a Qum(z), npudem
crenenb Py (z) meHbme crenenu Q,(z).

Py (z)
2. Pa3noxuM NpaBMIbHYIO PAlMOHAIBHYIO APOOH 6——(—) Ha dJe-
X
m
MeHTaprIe Apoﬁlf[. ECJIH €€ 3HaAMEHaTe/lb UMEET BEellEeCTBEHHLIC KOpHH
71,72,...,Ts KPATHOCTH N1, N, ..., Mg COOTBETCTBEHHO, T.€.

Qm(z)=(z—r))"(z—ra)™ ... (x — )",

TO Pa3J0XEHUE HA DIEMEHTAPHBIE APO6U UMeeT BUJ

Pi(z) _ An A Atn,
= + R L
Qm(z) z-7r1 (z—7r1)2 (z —r)™
Ao Az Azn,
N (x —rg)? et (x —ra)m2 e

Asl + As2 + + ‘Asns

z—r, (z—15)2 T (z—rs)ne’

3. Yro6s! HanTu k03P durmerTs A11, A12, ..., Asn,, IPEBOLUM K 0011Ie-
My 3HAMEHATeJI0 APOOH B IPaBOM YaCTH TOXIECTBA, OCIE Yero IPUPaB-
HUBaeM K03(pUIIUEHTH IPU OAMHAKOBBLIX CTENEHAX T B YUCIUTENIX CJIEBa
u cupaBa. Iloayaum cucremy ni+nq+...4+ng ypaBHeHnﬁ cni+no+...4+ng
HEU3BECTHHRIMHU, KOTOPasA UMeeT €JUHCTBEHHOE PelleHue.
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4. MaTerpupyeM nenyio 4acTh (€CIM OHA €CTh) U DJIEMEHTapHbIE APO-
61, ucnoab3ys TabIMYHBIE MHTErPAJbl, U 3alUCHIBAEM OTBET

Pn(z)
dx =
Qm(z)
_ _ (—1)A12 Alnx
=F(z)+ Anlnjz — | + e +"'+(1_n1)(g;_r1)n1—1+
(=1)Aq Asn,
ot Aalnfe |+ e (TP L

rae F(z) = [ M,_,(z) dz — Muorowren crenenn n —m + 1.
IIPUMEP. HanTu HeonpeaeseHHLIM MHTErPAJ

/z¢+m2+mm+6

CEDICES

PEWIEHUE.

1. IlogpiTerpanbHas QYHKIUA — NPABUILHAA PAlMOHAIbHAA APOOL.

2. Paanoxunm ee Ha snemenTapHbie apobu. Tak kak 3HamMeHaTelb
HMEET [ABa JeMCTBUTEIbHBLIX KOPHA: 7] = 2 KPATHOCTH €AUHUALA U Ty = —2
KPAaTHOCTH TPH, PA3J0OXKEHNE Ha JIEMEHTAapPHbIE Apo6n UMeeT BU

¥ +622+13z+6 Ay N Az n Az n Aszs
(z-2)(z+2)3 -2 z+2 (z+2)2 (z+2)3

3. Yrob6n1 HauTH KoddduimenTs Ajq,. .., A2s, IpuBOAUM K 061IEMY
3HAMEHATeJ IO JPOo6M B MPAaBOM YaCTH TOXKAECTBA:

xL+M2+B$+6=
(z - 2)(z + 2)3

_ All((I) + 2)3 + Azl(l‘ - 2)(:1) + 2)2 + Agg(l‘ — 2)(:1,‘ + 2) + A23((II - 2)
- (z—2)(z+2)3 ’
HpnpaBHnBaﬂ KO3¢)¢)KHH€HTBI NpyA OAMHAKOBBIX CTENIEHAX T B YUCIUTEIAX

CJI€Ba M CIIpaBa, IMOJYYUM CHUCTEMY YE€ThIDEX ypaBHeHnﬁ C 9€ThIDbMA HE-
N3BECTHBIMU

A+ An =1,
6A11 +4A5 + Ay =6,
12471 — 2491 + Agz =13,

8A11 - 4A21 — 4A22 - 2A23 = 6.
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OTa CUCTeMa MMeeT eJUHCTBEHHOE PelIeHHMe:
Ann=1, Ay =0, A =0, Axp=1
Clie10BaTEILHO, IOALIHTErPATLHOE BEIPAXEHNE UMEET BHAJ

2 +62” +132+46 1 1
(x—-2)(z+2)2 -2 (z+2)3

3. UurerpupyeM CyMMy 3JEMEHTApHEIX APO6EH, MCHOIb3ys Tabamd-
HbI€ MHTETrPAJIHI:

1 1 1
/z_2d$+/md$—mlx—2l—m+0.

z® + 622 + 13z + 6 1
: = e
OTseTr / EEDEERE dz =In|z — 2| CEDE +C

YcyoBUA 3ALAY. Hatimu neonpedesennbie unmeepadbl.

/ 1 iz 0 /:1:3—61:2+9x+7dm
2(z+1)(z-1) ' (z—-2)3(z—5)

z2+1 z2 42
s [y o Fraay

241 1
5. /mdﬂ:. 6. /m)—zdm-
z? -2z +3 5¢° — 172% + 18z — 5
———dz 8 dz.
z(z — 1)%(z - 3) (z—-1)3(z-2)
1 z5
. —_dz. 10. ——dx.
o /a:3—a:2—m+ldx 0 /(x—1)3(x+1)dm
OTseTbl.
1 r—1 1 3

.o=1 - . . - — .
1 5 In m+1'+z+C 2. In|z 5[+2(x_2)2+0

z-1 1
3. In p _(:v—l)2+C'
4. l1n|(a:+1)(a:—1)3|-¥--——3——+C.

4 2(z+1)
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> §5§ln 2;;’—4(111)2’8(13—1)+C'

6. iln fo —4(w1_2)—%+0.

7 %1nl(x_li(2x_3)'+zil+c.

8 1n|(x—1)2(m—2)3|+§—(;}_—1)2+0

9. %ln iji'— 2(331_1)-1-0.

10. (”“;2)2+%1n|(z—1)31(z+1)|— 4(;1)2— 4(309_'1)+c.

7.5. UHTEerpupoBanme panuoHaIbHBIX
JYHKIUN C IPOCTHLIMM KOMILIEKCHBIMHA
KOPHAMM 3HaMeHaTeJad

IIOCTAHOBKA 3AJAYU. Hatmu neonpedeaennbili unmezpan

/ AnZ™ + 12”1 4 ...+ a1z + ag de
D™ + b1z 14+ ...+ bz + by

IIJIAH PEIIEHMA.
1. Beegem o603HadeHUA:

P.(z) = anz™ + an_12™ " + ... + a1z + ay,

Qm(l‘) = bm(Em + bm_ll‘m_l 4+ ...+ bz + bg.

Cpasuum crenenu uucaurens P,(z) u sHamenarens Qn,(z).

Ecmu mogmHTerpanbHad (yHKUMA — HENPABWIbHAA PAallMOHATbHAS
Ipo6b, T.e. CTeNeHb YMCAUTENA N GOJblIE WIM PaBHA CTENEHH 3HaMe-
HATeJA M, TO CHaYana BhHAENAEM LEIYI0 YaCTh PALMOHATLHOM (yHKINH,
IIOJeTUB UCINTENb Ha 3HAMEHATEb:

P,(z)
Qm(z)

Py(z)
Qm(z)

= Mp_m(z) +

(k <m).
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3ech MEOTOWICH Py () — OCTATOK OT JeeHus P,(z) va Qm(z), npudem
crenens Py () Menbure crenenn Qn(z).

2. Pa3noxuM npaBUILHYIO PAMOHAIBHYIO APO0h

Pk(:ll)
Qm(z)

Ha daeMeHTapHue npobu. Eciu ee 3HaMeHaTens uMeeT MpPOCTHIE KOMII-
JEKCHBIE KOPHU Tk = Uk £ iUk, T.€.

Qm(z) = (@2 +p1z + 1) (@ + P2z + @2) ... (2% + psz + ¢5),

rae
22 4 prz + g = [z = (uk + 2vk)][z — (uk — k)],

TO pa3joXeHue Ha dIeMeHTapHBIe JpOo6U uMeeT BUJ

ﬁk(x) _ Az + By Asz + By n Asxz + By
Qm(z) 2 +pz+q  22+pz+q T 2 4psrtgs
3. [l;ia BEIYUCICHUS HEONpPEEIeHHEBIX KoadduuuenTos A, A,, ..., As,
By,..., B, mpuBoguM K 0o0meMy 3HaMEHATEJII0 APO6M B MPABOU YaCTH

TOX/JECTBA, MOCJe Yero IPUPAaBHUBAEM KO3GhMUIMEHTH IPY OJUHAKOBBIX
CTEemeHAX T B YUCIUTEIAX ClIeBa U cupasa. lloxyuum cucremy 2s ypaBHe-
HUW C 28 HEU3BECTHBIMU, KOTOPAsA MMeeT eJUHCTBEHHOE DelIeHue.

4. Nurerpupyem diaeMeHTapHBIEe Apo6u BUIA

Az + B
2 +pr+q

Brigensem B 3HaMenaTesne moaHbi kBagpat (z + p/2)? + (¢ — p%/4) (no-
ckombKy q—p?/4 > 0, MoxkHO 0603Ha4MTE ¢—p?/4 = a?) u fenaem 3ameny
nepeMennoil t = z — p/2. ony4dum

/ Az + B dz_/At+Ap/2+B
2+pr+q t2 + a?

At Ap/2+ B
=/t2+a2dt+/ pya 4=

Ap/2+ B
oes

dt =

A t
=3 In(t* 4 a?) arctg ==
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Ap/2+ B 2
—Aln(a32+p9:+q)+ p/2+ rctg z+p/

= — a. .
2 2
2 q—-p*/4 Vva-p*/4
5. CkiaJbIBaeM Pe3yabTaThl MHTETPUPOBAHUA LEJION JacTH (€CIu OHa
€CTh) ¥ DJIEMEHTAPHEIX APO6el U 3aIIMChIBAEM OTBET.

IIPuMEP. HaiiTn Heonpee/leHHBI MHTErPa

Z.

/ 223 + 322 4 3z + 2
(@2 +z+1)(z2+1)

PEMEHHUE.

1. IloasiaTerpanbHas GyHKUMA — NPABUIbHAA PALMOHAJIbHAAL APOOH.

2. PasmoxuMm ee Ha dieMeHTapHEIE ApOOM. 3HaAMeHaTelb MMEET JBE
IIapE! KOMILIEKCHO-COTIPSKEHHEIX KODHeit: 11 o =—1/241v/3/2 u T3,4 =1,
Cie0BaTelIbHO, PA3IOKEHUE HA DJIEMEHTAapHEE APO6H MMeeT BUJ

2z% + 322 + 3z 42 Az + B Asx + By
(2+z+1)(z2+1) 224+z+1 z?2+1

3. Yrobu HanTu koadpdunmentrl A, Az, By, By, npuBoauM K 001meMy
3HAMEHATEeNI0 JPO6U B MPaBOM YaCTH TOXAECTBA:

223 +3224+3z+2 _ (Aiz+ B1)(z?2 + 1)+ (A2z + Ba)(z? + z + 1)

(2 +z+1)(z2+1) (z2+z+1)(z2+1)

IIpupaBuuBas K03pPUIMEHTEI IIPH O JUHAKOBLIX CTENEHAX T B TUCIUTENAX
ClIeBa M CIPaBa, MOJSYyYHM CUCTEMY YeThIpeX YPaBHEHUH C YeTHIPbMA He-
U3BECTHBIMHU

Al + AZ = 2)

Ay + By + By =3,

Ay + Ay + By =3,

B, + B, =2.

JTa CUCTeMa MMeeT eIUHCTBEHHOE PelleHue
A =1, Ay=1, B;=1, By =1.
Cie0BaTEIbHO, OABIHTErPAILHOE BHIDAXKEHNE UMEET BU/

2x3 + 322 + 3z + 2 z+1 z+1

(z24+2z+1)(z2+1) z24+z+1 2241
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4. WrTerpupys sneMeHTapHEIE APO6H, MOLYIUM

1 1 1 2 1
/Ldm=Eln(:c2+:c+1)+—arctg—x—i—+01,

z24+z+1 V3 V3
z+1 1 2
/1:2—de=§1n($ +1)+arctgm+Cg.

Oveer / 2z + 3% + 3z 4 2 do —
") (@2t +1)(z2+1) T

z+1
arctg ——=— + arctgz + C.

1 +
V3 V3

YcuoBusa 3ALAY. Hatlimu neonpedesennbie unmezpaasl.

1
e Eln(z2 +z+1)(z®+1)+

/ 1 dz 5 2z +z+3
(x+1)2(z2+1) ' (z+2)(x2+z+1)
1 24z +1
7z -1 z+1

—_— dz. . e ],
/x4+41:2——5dz 6 /(2:2+1)(m2+9) ¥
1 T°+
. dzx. .
! /:1:5—162 * 8 /(:c+1)(a:2+2a:+2)
3x3 + 22+ 52 +1 x4
. . . ——dx.
9 / B+ dz 10 /a:4—16 :c
OTseTbl.
1 1 1)2
Chu) )

T 2z+1) 4 z2+1

1 29:—{-1
2. 3lnlz+2|—=In(z®+z+1) + —= arct + C.
—92)2
24 "2y 14 120 \/5

4. -‘11 In|(z - 1)z +1)| - 5 arctgz + C.
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5 1nm—1 +iarct z+C

2 Mz T B
1. 2241 1 1

6. — In — — arct C.
16 m2+9+8arctgz 24::ucg3+
1 1 —1)2 2 1

7. 24 (z—1) 1 *tle

z 6 P rarl BT
1
8. z-— 3 In[(z® + 2z + 2)(z + 1)*] + 3arctg (z + 1) + C.

9. 3z +In|z|+ 2arctgz + C.

10.m+lln -
2 T

2 T
npiie arctg§+C.

7.6. luTerpupoBanue BLIPAXEHUU
R(sinz, cos r)

IIOCTAHOBKA 3AJA4YM. Hatdmu neonpedesennbiti unmeepaa
/R(sinz,cosx) dz,

2de R — payuonasbras GynKyuil 06YT nepementbls.

IIJIAH PEIIEHUA.
1. C noMoLp0 MOACTaHOBKHI

T
t=tg—
2

uHTErpatsl oT ¢ynkiui R(sin z,cos ) IPUBOAATCA K MHTErPAIaM OT pa-
IMOHATBLHBLIX (DYHKIIUIM HOBOM epeMeHHOH t. [lelCTBUTeNbHO, 0 ACTABIAL
B HOBIHTErPAIbHOE BHIPAXKEHHE

. 2t 1-t¢2 2
sm:v=—1+t2, cosz=—1+t2, d:c=1+t2dt,
oIy 9aeM
. 2t 1-—1¢2 2
R(smx,cosm)dm=R<1+t2,1+t2> 1+t2dt=R1(t)dt

Hoacranoeka t = tg (z/2) HasEIBaETCA YHUBEPCAALHOU.
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2. ITpumensemM ¢poOpMyIy 3aMEHEI IEPEMEHHOM B HEONPEAEIEHHOM MH-
TerpaJe

. 2t 1-—1¢2 2
/R(sma:,cosa:)dz=/R<1+t2’1+t2) 1+ ¢2 dt.

3. BuuucizeM nepBoo6pasHyI0 PalMOHAJILHOM (YHKUMM t ¥ BO3Bpa-
IIaeMCA K TEePEMEHHON T, MOACTaBLAA t = tg (z/2).

3AMEYAHHUE. Eciu noanuTerpatsias GyHKIMA MMEET CIENMATIbLHEIN

BHJ, TO Jydlle INPUMEHHATHL IOACTAHOBKH, TPe6ylolme MeHbIIe BHIYHC-
JIEHUN:

a) ecan

R(sinz, cosz) = Ry (sinz, cos® ) cos z,

TO NPHUMEHAEM IOACTAHOBKY t = sinz. [leMCTBHTENbHO, IOARIHTErPAID-
HO€ BHIpaXXeHMe nmpuobperaeT BUJ

R (sinz,cos? z) cosz dz = Ry (t,1 — t?) dt;
6) ecim
R(sinz,cos z) = Ry(sin’ z,cos z) sin z,

TO NPUMEHAEM IOJACTAHOBKY t = cos . [leNCTBUTENbHO, MOALIHTEr PATb-
HO€ BhIpaxkeHue npuobpeTraer BUJ

Ry (sin? z, cos z) sinz dz = —Ry(1 — t2,1) dt;
B) ecan
R(sinz,cosz) = R3(tgz),

TO IIPUMEHAEM NOACTAHOBKY t = tg z. [lelCcTBUTENbHO, IOAHHTErPAILHOE
BBIpaXKeHue npuobpeTaeT BUJI

1

Rs(tgz)dz = Rs(t) 178

dt.

ITPUMEP 1. HanuTn HeonmpejeleHHEIN HHTErpa

sinz
==
2+sinz
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PEHIEHHE.
1. Caenaem moacranosky t=tg(z/2).
IoacTaBifis B MOABIHTErPAIbHOE BhHIPAXKEHNE

2t 2

sing = ——, dzr =-——=dt,
1+1¢2 1+¢2
MOy IUM
2t
sinz 14 ¢2 2 2t
Stsinz ., 21+ E+t+ ) +1)
+
1+1¢2

2. I[Ipumensem ¢popMyny 3aMEHBI IIEPEMEHHON B HEONPEJEJEHHOM HH-

TerpaJje
sinx 2t
ST = dt.
/2+sin:c ’ /(t2+t+1)(t2+1)

3. BrraucaneM mepBoo6pa3Hyi0 PalMOHAILHOU GyHKUMY ¢:

2t 4 2t+1

dt = 2arctgt — — arctg —— + C.
B+t+1)(t2+1) BB
BosspamaeMcs k mepeMeHHOM z, moAcTasuas t = tg (z/2):
sinz 4 2tg (z/2) + 1
———dr =2 — —=arctg ———=—— + C.
/ 2 +sinz e V3 arete V3 *

sinz 4 2tg (z/2) + 1
. | ———dzx =2 - — arctg —————— .
OTser /2 TSz T=a \/garc g 3 +C

IIPUMEP 2. HaliTu HeompegeJeHHRI UHTErpa
3tglz — 1
/ Sz -1,
tg“c +5
PEMEHHUE.

1. Tak kak moamHTerparsHas GyHKuusa umeer Buj R(tgz), caenaem
NOJACTAaHOBKY tgz = t.
IToacTaBiaas B MOABIHTErDAILHOE BRIPAXKEHHE

dt
142’

tgz=t, dr=
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MOy YMM
3tglz—1 ,  3t*-1 1

= dt.
tg’z +5 T T 1+

2. IIpumensem GopMy.Ty 3aMeHEI IIEPEMEHHOM B HEONPEEJEHHOM HH-
TerpaJge
3tg2z — 1 3t2-1 1
[Rgenl,, [H1 1,
tg“r +5 245 14t
4. BrryuciseM nepBooGpa3sHyo PAlMOHANLHON QYHKUMH ¢

/——itz—_—l—dt——arct t+—4—arct —t—+C
B +5)(1+t2) BT B s T

Bosspamjaemcs x nepeMeHHou z, noacTasnas t = tgx:
3tg?z — 1 4
/__ng_.dl-= —r + —=arctg ( g:t:) +C.
tg"z +5 V5 V5

3tg2z — 1 4 ( ga:)
OTser. /———— dzr = —x + —=arct + C.
tg?z + 5 V5 & V5

YcaoBUs 3A0AY. Hatimu neonpedeaennbie unmezpabl.

/ dx 9 / dz
2sinz —cosz — 1" ) cos 2z —sin 2z

4 / dz
cosa:+2smx+3 ’ 2 —sinz’

2sinx + 3cosz

sin® z cosz + 9 cosd

-/
-/ -

. / 8. /cos z + cos® xdw.
=Y e

4cosz — SSmx— 5

1+sm:z: sin z + sin’z

10. Cos T

sinz 1+cos:z') 1+cosx
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OTseTsbl.
1 T 1 tgz + 142
1. -m‘2t ——1l+c. 2. n +C.
2 |73 22 |tgz+1-v2
T
3. arct (1+t m)-*—C 4 arct 2tg-2-_1 +C
. — . . —ar —_— .
g g2 \/§ g \/5

- tgzx

1
5. 2(3+9tg§-) +C. 6. In(tg®z +9) + arctg (—3—>+C.

1
7. Wi arctg (\/ﬁtg x) +C. 8. sinz— %:E — 6arctg (sinz) + C.

lnl—cos:c+ 1
4 1l4cosz 2(1+cosz)

+C. 10. x—tg-’25+c.

7.7. UaTerpupoBaHne BbIpaXkKeHUU

sin®™ ¢ cos®" x

ITOCTAHOBKA 3AJAYU. Hatimu neonpedeaennvil unmeepas
/ sin®*™ z cos?” z dz,

2de m,n — HAMYPAIbHBIE YUCAQ.

IIJIAH PEIIEHUA.
IIpumenseM pOpPMyJIBI IOHMXKEHUS CTENEHN

2 2

1 1 1
sin®z = 5(1 —cos2z), cos’z = 5(1 +cos2z), sinzcosz = 3 sin 2z

IO TexX MOp, NOKa He IpuAeM K TaGIWYHBIM MHTEerpajaM WIA K MHTErpa-
J1aM, KOTOphle U3BECTHHIM 00pPa3oM CBOJATCA K TaOJUYHBIM.

IIPUMEP. HaliTu HeonpejeleHHbBIN MHTErPAI
/ sin 3z cos* 3z dz.
PEWEHUE. [IpumeHnsas ¢GopMyIbl OHMKEHNA CTEIEHH, NMEEM

/sin4 3z cos*3zdz =271 /(2 sin 3z cos 3z)* dz =
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=271 /sin4 6z dz =27 /(1 —cos12z)%dz =

=276 /d:v /colezdm+2‘ /cos2 12z dz = v

275
=276z — I sin12z + 277 /(1 + cos24z)dz =

-5

2
=267 17 sin12z+2 7z + 277 /cos 24r dxr =

6, 27° 7. 277 C
=27"°% — — sin12 - — sin24 .
T T sinl2z + 27 'z + 2 sin 24z +

OTseT.

1 1
/sin4 3z cos*3zdz = %a: ~ 3o sin12z + —— 37910 sin24z + C.

YcnoBuUsA 3AIAY. Hatimu neonpedesennvle unmezpadbl.

1. /cos2 2z dzx. 2. / cos® 3z dz.
4T . 4
3. /cos 3 dr. 4. / sin® 4z dz.
5. / sin® 2z dz. 6. / sin? 8z cos? 8z dz.
7. / cos? zsin? z dz. 8. / cos® zsin* z dz.
9. /sin4 z cos® z dz. 10. / sin® z cos? z dz.
OTseTbl.
1 z n sin 4z +C. 9. ?f. + sin 6z + sin 12z _ sin® 6z +C

2 8 16 12 64 144
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3 3z sinz sin2z 3r sin8zx sinl6z

Tt Tt ¢ Y5 s Y
5c¢ sindz 3sin8z sind4z r sin32z
. —— . L ——— 4 C.
5 16 8 + 128 + 96 +0 6 8 256 +
T sindz  sin® 22 T sindz  sind2z
7. 6~ 6a + — T +C. 8. T T + C.
3z sindz sin8z sin®2z
9. o2 - +C.
256 256 2048 320
. . . 5
10. 3z sin4dx sin8z sin®2z )

256 256 2048 320

7.8. I/IHTerHpOBaHMe Bblpa}KeHHﬁ
az+b az+b
cx+d’ cz+d?
IIOCTAHOBKA 3AJAYU. Hatimu neonpedesenmbili unmezpaa
/ ar+b \/ ar+b dz
cc+d Vex+d ’

2de R — payuonatbras GyHKyus u p,q, ... — HAMYPAIbHbIE YUCAQ.

II1AH PEIIEHUA.
1. C nomompio NOACTaHOBKU

a:c+b_
cz+d

n
)

rae n — o6IIuit 3HaMeHaTe b Apobeit 1/p,1/q, ..., IPUXOAUM K MHTErpa-
JaM OT PalMOHAJIbHBIX (hYHKIHUH.
2. BriuuciseM nepBoo6pasHyi0 palMOHAILHOU GYHKUUU t ¥ BO3Bpa-

N ar+b
MAeMCA K IePEMEHHOU I, MOACTABIAA t = ”\ [ =1d
cx

IIPuMEP. HajiTu HeonpeereHHEN UHTErpai

42 -z-2+z
(Vz +2+4v2—z)(z +2)?
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PEIWIEHUE.
1. YrTobmn caenraTh MOACTAHOBKY, IPHUBOAAILYIO K MHTErPAILy OT pa-
INOHAJIbHON GYHKIUH, HYKHO IIPe06pa30oBaTh NOALHTErPAILHYIO QYHK-

LMIO TAK, YTO6GBLI OHA COMEPKAJIA KOPHU JIOG0M CTENeHH, HO U3 O JHOT O

U TOIr' O X € BhIpaXXEHUA BHOaA a—;‘zﬁ?

IIpeo6pasyem noasIHTErpaIbHOE BBIpAXKEHUE, BRIJEIAA ,/%—;—-—% :

2—zx

4W2-z-V2+z dz:/ YWarg ! iz
(Vz +2+4V2 - z)(z + 2)? 2z
1+4 (z+2)?
24z
2—-z
2. IIpumensem nmoaCTaHOBKY t =
24z
4 8t
== - = ———dt.
211 @ dz (2 + 1)2

[enas 3aMeHy mepeMeHHOU B HEONPeJeJeHHOM MHTerpale, MoLydaeM

4222 4
/ o+ 4 _/4t—1 (B+12 7 8t it
( =) @+1 16 @+12)“

fo= s

3. Brruncisem nepBoo6pasHyo PAIMOHAILHOM GYHKIUM t:

1 ft4t-1) 1 1 1/ dt ]
5/ 4t +1 dt"z[/(t 2>dt+2 a+1)

1 1

= Zt - —t+—ln|4t+1|+C
" 2—-x
BosspamaemMcs x nepeMeHHON T, NOACTABIAA ¢ = T

OTBeT/ dv2-z_v2+e dzr =
) (VzF24+4v2-2)(z+2)?

12—z 1 [2—z 1 2—zx
P — oy —= 4+ —In(4 1 C.
424z 4 2+z+16 ( 2+.1:+ )+
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YcaoBUA 3ALAY. Hatimu neonpededennble unmeepadb.

dz
V2z—-1-2z -1 % /\/z+1+\/(:z:+1)3
dx dz
/\/5+ Vz 4 / vi—-z
(z+3)dz /m—
2:c+ ' / z+1d$
dz 8 /
/ a:+1 3 ’ Q/(Tc—_7)7(:c—-—€)—g'
Ve+8-1 dz 10 / VET1+2 dz
(+8)(1+Yz+8) ) 12—V 1

OTeeTbl.

L. 14+vV2z-1)24+In(V22-1-1)2+C. 2. 2arctgvVz+1+C.

3. 6%z +3¥z+2vz—6In(1+ ¥z)+C.
4. —2arctgvV1l—z+C. 5 - 2x+3+C.

T

VaT =1 1
6. ”’2 (z-2)+ 3z + V22 -1 +C.

4/5 9/5 e\ 1/6
70 (2R oS (2R Lo s 3 (222) e
4 x 9 x z—T

9. Garctg ¥z +8—6ln Yz +8+3In|l+ ¥z +8+C.

(Vz+1-1)? 2 2vVz+1+1
10. n|——F=—| - —arctg —————— + C.
z+2+Vz+1| V3 V3

7.9. UHTerpupoBaHue BLIPAXEHUM
R(z,va? + 22 u R(z,vz? — a?)
ITOCTAHOBKA 3AJAYM. Hatimu neonpedeaennvie unmezpatbvt euda:
/R z, - :c2) dz;
6) / R(z, m) dz;
B) /R(a:, \/m) dz;

2de R — payuonaavras Gynkyua.
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II1AH PEIIEHUA.
1. YTo6n1 u36aBUTHCA OT paguKala, WCIOJb3yeM TPUMOHOMETPHYEC-

KM€ WK runepboamyeckme noACTaHOBKH:

a) z=asint wm z = atht;
6) z=atgt wm = =asht;

a
B) £=—— mmm «=acht.
cost

2. Ilpumenus popMyIy 3aMeHHI IEPEMEHHOM B HEONpPENEJeHHOM HH-
TerpaJje, MOJLYy4YMM MHTEr DAkl BUJA

/ Ry (sint, cost) dt.

3. Bruuciasem HOCJIGAHHI?I HHTErpaJj C NnOMOINbI0 M3BECTHHIX IOJACTAa-

HOBOK HJIM METOJOM IOHMXKEHUA CTEleHH.
4. BosBpamaeMca K IEPEMEHHOM T ¥ 3aIMCLIBAEM OTBET.

IIPUMEP. HauTu HeonpeaeJeHHBIN MHTErPAJ

z2
—dz.
V9 —z2
PEMEHHKE.
1. Yro6nl m36aBUTHCA OT PaJUKaIa, BOCIOIB3YyeMCH MOJCTAHOBKOW

z = 3sint. Torga dr = 3cost u V9 — 22 = 3cost.
2. CuenaeMm 3aMeHy MepEeMEHHOU B HEOMpPeENIeHHOM MHTerpaJe:

z? 9sin%t 3cost
———-d:l:z/——-—dt’:'—g sin? ¢ dt.
/\/g“x2 \/9-—93in2t

3. IIpumeHnss GoOpMyJIBI NOHMKEHHUA CTENEHH, 0Ly IMM
9 9. 9 9 9
) .
t=— 1- 2)dt==-t— = 2tdt = -t — - 2 .
9/5111 td 2/( cos 2t) dt 3 2‘/cos 5t gsin t+C
4. BoaBpamaeMcsa K IEePEeMeHHOU T, noAcTaswas t = arcsin(z/3):

9
= — arcsin z_ % sin (2 arcsin E) +C.

2
—dz
/\/9—:r2 2 3 3
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3AMEYAHME. OTBET MOXHO yNPOCTHTb, ECIIU BOCIONE30BATLCA TEM,
aro sin 2t = 2sint\/1 —sin®t u sint = z/3:

9 T 2
/ ,_____ = arcsm 3 VvV9I—-z2+C.
_ 9 T 3
OTser. /\/—_x? arcsm ~3 vV9—-z2+4+C.

YCJIOBUA 3ALAY. Haldmu neonpedesennvle unmeapabl.

/\/4—x2dz. 2. /\/2+2:2da:.

dz
Vz2 — 4dz. _—
/ ‘ ’ /:1:\/:1:2—1
/\/9—-:1:2 dz / dz
z V4 + 22

) Ver—a B RV (D

(2+ a:2)3’ ’ V2 -1
OTseTsl.
1. 2arcsin§+-;-v4—x2+c'
2 In(e+V2+2%) +5V2+22 + C.

1

3. g.\/a:z——_Z—2h1|x+\/a:2—4l+C. 4. arccos;+C~
3-v9-z* : z +v9-z2+C. 6. -;-ln——j-;——

7. 2111'2,'-{-\/2,'2 ' \/.’172 +C 8. ——\/1—2-_—24-0
-
T

1 21
9, ————+0C. 10. l (arccos—+ id ) +C.
2 T T

5. 3ln +C.

2v2 + z2
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7.10. UuaTerpupoBanue
anddepennanbHOro 6mEOMA

IIOCTAHOBKA 3ANAYN. Haigmu neonpedeaennvili unmeepas

/xm(a + bz™)P dz, (1)

2de m, n up — PpaAYyuoHaLbHbIE HUCAQ.

IIAH PEMEHUA. Brmpaxenue 2™ (a + bz™)P dz HaswiBaercs gudde-
PEHIMATLHEIM GMHOMOM. YCJIOBHUA €r0 WHTErPUPYEMOCTH B DJIEMEHTApP-
HBIX pyHkuuax noxydens! II. JI. Ye6rimeBrim.

Yeaosus Yebviwesa. HMurerpan (1) BhpaxaeTCs Uepe3 KOHEUHYIO
KOMOUHAIMIO DJEMEHTAPHEIX (PYHKLIUN B CIEAYIOUIMX TPEX CIydasx:

1) p — uenoe 4UCIO; B BTOM CiIydae MOACTAHOBKA T = 2°, rje § —
obumn 3HaMeHaTeab APOoGed M U 7, NIPUBOJAUT K MHTErPALy OT PAalMo-

HAJIbHOU (QYHKIMH.
1
2) m+

rje s — 3HaMeHATelb APO6M p, MPUBOAUT K MHTErPALY OT PAUMOHAILHOU

dbyHKINH.
1
3y 2t

= 2%, rjie § — 3HaAMEeHATEeIb APO6M P, IPUBOAUT K MHTErPasy OT PalLUO-
HAILHOU (pyHKIINH.

— [eJI0€ YMCJIO; B 3TOM CIydYae IOJCTaHOBKa a + bz™ = 2°,

+ p — UeJoe 9KuCJIo; B 3TOM CIydae HOACTAHOBKA aT™ " +b =

IIPUMEP. HaiiTu HeonmpeJeneHHBIM UHTErPal
1+ Yz
———=—dz.
z V2
PEmWEHUE. [Tepenmmem uaTErpat B BUIE

/i__v”% dz = /x_7/5(1 +g1/3)1/5 g
Va2 ’
rVv=«x

IlogpnTerpanbroe BhIpaXxkenue umeer sug (1 + z™)P npu

1 1 m+1
= —— = - = - — =—-1
m 5) n 3) p 5) +p

CrenoBaTenbHO, MMEET MECTO TPETHH CIydall MHTEPUPYEMOCTH.
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IIpuMmeHnnas NOACTaHOBKY
34 1=2°
W y4UTHIBAA, YTO
z=(2°-1)"3, dz=-3(z"-1)""52%dz,

IOy JAaEM

/x_7/5(1 + 233 g =

- / (25 = 1)2/3(1 4 (25 — 1)1/ _((z‘s_l_é__)lz; dz =

6/5
15 6 5, _1/3 6/5 51+ Yz
- =_2 +1)¥5 4+ 0= -2 = 2X= +C.
57 +C 2(x ) C 5 Y C

OTeer.

/L_M%d __5 (L ¥E\P
Xz 2\ ¥k '

YcaoBusa 3A0AY. Hatlimu neonpedeaenmble unmezpadbl.

/gdm

.

1
——dz
/x\/1+a:3
/ ! dz
z3 32 — 22

1 1
ere LA C e

©

1 1
—_— dzr. 10. /—dx
/:133\/(3:4-1)2 Vi+zt
OTseTbl.

43\ /3 9 /1 3/2
1. - lt—\/; +o 2 -2 () 4o
Va3 3
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2
3. gln(\/1+z3—1)—ln|z|+C.
1. 14+v/1-2% 1/1I-2°
4. - - = .
4ln - R +C |
2
1 (Y2=23 3
5 -3 (—J”) +C. 6. ?(4\/E+<‘/‘—3),3/1+é/:£+c.
222 — 1)1 2 1 4
g B ZUVIYS o g + =5 +C.
3z3 2T +1)%  9(Yz+1)
3 ||
+1 +C.
Jer1 (Fzr1pP
1, Vi+ai+z 1 V1+zd
10. - In m——— — s arctg——— + C.
4 Yl4azt-z 2 z



I'naBa 8
OHPE,Z[EJIEHHBIfI NHTET'PAJI

Ipu usysennn Temn OIPEJEJEHHBIN UHTETPAJI BE mo3Hako-
MmuTecs ¢ dopmynon Helorona-Jlenbuuna ¥ HayIMTeCh IPUMEHATD €€ JJA
BBIYTUCJIEHUA ONPEENCHHEIX MHTEIPAJIOB, MCIIOIb3yA TEXHUKY HAX0X JeHNA
mepBOO6pa3HEX. Brl Hay4WTEeCh NPUMEHATH ONpPEAENEHHBIE MHTErPAJIbl
[JISl PEIIEHMA TeOMeTPHYECKHMX 3ajad (BRIYMCICHHME ILIOMAJEH ILIOCKHX
¢uryp, AIUH AYr KPUBHX M 06HEMOB Te).

C nomompio nakera PENIEBHUK.BM Bbl MoXeTe HAXTH HOBHIE IIpe-
JeIEl NHTEerpUpoBanuA (IPH UCIOILb30BAHUM PA3NMYHEIX MOACTAHOBOK),
BEIYHCJIUTS IePBO0Opa3HLIe ¥ IpuMeHUTH dhopmyty Hriorona-Jlen6uuna,
BHIIIOJHUTH BCE YHMCJIEHHEIE PAcYeTHl ¥ MPOBEPUTH NPABHILHOCTDH IONY-
YeHHHIX BaMHU Pe3yJIbTaTOB.

8.1. UuTerpupoBaHne nojaBeJeHUEM
nojx 3Hak auddepeHnuaia

ITOCTAHOBKA 3AJAYM. Boiwucaumb onpedetenublii unmezpaa

b

/F(a:)g(:z:) dz.

a

IlnaH PEmEHUA. Ilycts g(z) umeeT 04eBHHYIO NEPBOOGPA3HYIO
G(z), a F(z) ects dyuknusa aTon nepsoobpasuon, t.e. F(z) = u(G(z)).
Toraa

b B

b
/ F(z)g(z) dz = / w(C(2))G'(z) dz = / w(G) dG,
rae a = G(a), B = G(b).
Takoro pofa Ipeo6pa3soBaHMe HA3EIBAETCA IONBEJEHMEM IIOJ 3HAK
mnddepeHnuaia.
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Ecau merox w3bpan ygadHo, TO IOCIEAHUU HUHTErpaJ OKA3bIBAETCH
Ta0IUYHBIM WIM U3BECTHHIM 00pasoM CBOAUTCA K TabIMIHOMY, IIOCHE
gero npumenseM ¢popmyry Heiorona-Jlenbuuna.

TIPUMEP. BBIMMCINTE ONpefeNeHHBIN HHTErPal
1
zdr
z4+1
0

1. IIpeacTaBuM NOABIHTErPATLHOE BHIPAXKEHME B BUJE NPOM3BEAECHHS
aByx dyskuui F(z)g(z), rae g(z) mmeer oueBnguyio mepBoo6pasHyio
G(z), a F(z) ects dynxkuus srou nepsoobpasnon, T.e. F(z) = u(G(z)).

B panHOM ciydae

PEIIEHUE.

F(x)=%1—+—(1;2—)2, o) =22, G&) =, F(a)=5 1oz = u(G).

2. Torpa

1
zd
2,‘4
0

rae G =z u G(0) =0, G(1) =

wlb—‘

1 . 1
1
2 =
=- | ——dG,
/ 1+ ( ) / 1+G?
0 0
3. [Tocneauuit nuTerpal asiseTca TabauduniM. [Ipumensem dopmyiry

Hurorona~Jlenbauna:

1

1 1 1
/1—‘_@ dG = 5 arctgG|0—
0

N[ =

1

zdzr T
OTser. /x4+1 = 3

0

YCJIOBUSA 3ALAY. Buiuucaumby onpedeaennble unmezpaabl
1

n/4 .
sSInxr — CosST
Ty ——— [ e,
0

cosz + sinz)?
0
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1 3 w/4
z°+1 2tgzx
3. ———— (. .
/ (z* + 4z + 2)? ’ 4 / cos?z de
0 0
[ 14 v
+In"z z
5. [t 6. / L
1 ’ 0 1-at
w/2 1
. / xcosa,: +sinz de. 8. 2arctgr + .
(zsinz)? 1+ 22
/4 0
4 1/2
3Vr+1 2arcsinz + T
9. ——dz. 10. —————dx.
2z + NG

1

Ovsetsl. 1.1/4. 2. —1/4. 3.5/56. 4.1. 5.5/4. 6.7/12. 7.14/n>.
8. 72/16 +Inv2. 9. In(20/3). 10. (x2 — 18v/3 + 36)/36.

8.2. IHTerpupoBaHue mo 4acTAM

ITOCTAHOBKA 3AIAYM. Bbiuucaums onpedesennblli unmeepaa

b

/ F(z)g(z) da.

a

II1AH PEWEHMA. [IycTs Ha oTpeske [a,b] dynkuua g(z) numeer oge-
BUHYIO nepBoobpasnyo G(z), a F(z) — auddepenmupyemas dpyHKums,
npuyeMm ee npoudsoinai f(z) = F'(z) aBmserca Gomee mpocToi QyHK-
nueit, wem F(z). Torga npumenseM ¢opMylIy MHTErPUPOBAHMA IO Hac-
TAM

b
b
/ F(2)g(z) dz = F(z)G(z) | - / ()G (=) da.
a a

Eciu MeTon M36paH y4agHO, TO MHTErPAI B IPABOM JaCTH ITOrO pa-

BEHCTBa OKAa3bIBAETCA TAOJMYHBIM MIN M3BECTHHIM 06pa3oM CBOJUTCA K
TabAMIHOMY, HAIPUMeED NOBTOPHBIM MHTErPHPOBAHUEM IO JACTAM.
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IIPUMEP. BrramciuTs onpefeseHHEIN WHTErpal
2
2
/ zIn“ z dz.
1

1. TlpeacTaBUM NOARIHTErPATLHOE BHIPAKEHWE B BUJE NPOU3BENEHMA
aByx ¢ymkumit F(z)g(z), rae g(r) mmeeT oueBnmHyo mepBoO6pa3HyIO
G(z), a F(z) — nuddepenuupyemas GpyHKUMA, IPAIEM €€ IPOU3BOLHAS
f(z) = F'(z) asaserca 6onee npocron dynkuuen, em F(z).

B mannoMm cryuae

PEIEHUE.

F(m)zlnzm, g9(z) =z, G(z):%i, f(x):F’(x):anz.%

2. [IpumenseM hopMysly MHTErPDUPOBAHUA [0 YACTAM

2 2
z? 1 9
— . 2lnz-—dzr=2In“2—- | zlnzdz.
2 T

1 1

2
/:L'ln azdm——ln T
1

3. Ilocreguuyn MHTErpasx He ABIAETCA TAOAUYIHBIM, HO K HEMY MOXHO
IIOBTOPHO IIPUMEHUTH (DOPMYJIYy MHTErPUPOBAHMUA II0 YACTAM:

2
/z‘
2
1

2

2

T 3
=92ln2 — —

dzr n 1

=92In2- 2.
neTy

HI’-‘

2
/xlnxdm =—Inz

1
1

2
OTser. /mln2zda: =2In?2-2In2+ %
1

YCJIOBUA 3ALAY. Buiuucaump onpedesennbie unmezpa.bl.

1

1
1. /me"w dz. 2. /marctgzdz.
0

0



8.3. Humezpuposarue mpu2oHOMEMPULECKUT 8bIPAKHCERUT 179

2 27
3. /ln:cd:c. 4. /m2 cosz dz.
1 0
3 1
5. /arctg\/id:c. 6. /arcsinza:da:.
1 0
e w/3 .
7. /lnzzda:. 8. /xSlgmdm
cos?z
1 0
s e™/?
9. /ezcoszmdw. 10. /cosln:z;d:z;.
0 1

OTeetsl. 1. (e —2)/e. 2. (7 —2)/4. 3.2In2—1. 4.47. 5. 7/6—+/3+1.
6. m2/4 — 2. 7. e—2 8 2r/3 - Intg(5r/12). 9. 3(e™ — 1)/5.
10. (e™/? - 1)/2.

8.3. nTerpupoBaHue BLIPAXKEHUN
R(sinz, cos )

IIOCTAHOBKA 3AJAYU. Bbiuucaums onpedesenubiii unmeepan
b
/R(sin:c, cosz) dz,
a
2de R — payuonaavhas Gynkyus 06YT nepemennbiz.
II1AH PEIIEHUSA.

1. Ecan a u b TakoBwl, uTo yHkuua tg (z/2) onpeaenena Ha [a, b], To
C TIOMOIIBIO MOACTAHOBKH

t=tg=
MHTEerpajisl oT GyHKIMA R(sin z,cos Z) NpuBOAATCA K MHTErpaJaM OT pa-
IHOHAIbHBIX (PyHKIINM HOBOM epeMeHHOH t. [JeNCTBUTENLHO, I0ACTABILAA
B NOJBIHTErPATBLHOE BHIPAXKEHHNE
2t 1-¢2 2

sing = ——
inz 17




180 I'n. 8. Onpedeaennviii unmezpaa

Oy 9aeM

dt = Rl (t) dt.

. 2t 1-—t? 2
R(smx,cosm)dm=R(1+t2a1+t2> 1+¢2

Ioacranoska t = tg (x/2) HasmBaeTCA yHuEepCaabHOTL.
2. HaxoquM HOBBIE MpeIeasl NHTErPUPOBAHUS

a b
a=tgs, ﬂ=tg§-

3. llpumensaem bOpMyy 3aMEHBI IIEPEMEHHON B ONPEJeJEHHOM UHTEr-

padie
H ? 2t 1-12\ 2
/R(sinx,cosz)dz:/R(l_Hz,1+t2) 1+ dt.

a a

4. BrruuciseM nmepBOOGPa3HYIO PAIMOHAILHOU GYHKUMM f ¥ HpUMe-
HaeM dopmyay Hoiorona—Jlenbuuna.

3AMEYAHUE. Ecin nogniarerpanbias GyHKIMA MMEET CHEUUAIbHBIN
BUJ, TO Jydlle MPUMEHATDH MOACTAHOBKYU, TPEOYIONME MEHBIIMX BBHIYHMC-
JIEHUN:

a) ecmu- R(sinz,cosz) = R;(sinz,cos? x)cosz, To mpuMeHseM MOJ-
CTaHOBKY t = sinz. [[efICTBUTENLHO, MOABIHTEIDAILHOE BHIPAXKEHNE [IPH-
obpeTaeT Bu[

Ry (sinz, cos? z) cosx dz = Ry (t,1 — t?) dt;

6) ectu R(sinz, cosz) = Ry(sin® z, cos ) sin z, To mpumensem nogcra-
HOBKY t = cos z. JlefiCTBUTENbHO, IOLIHTErPATLHOE BEIPasKEHHUE IPHo6-
peTaeT BUJ

R (sin® z, cos z) sinz dz = —Ra(1 — %, 1) dt;

B) ecim  R(sinz,cosz) = Rs(tgz), TO mpuMeHAeM IOJCTaHOBKY
t = tgz (upm ycrosum, uro dyHxkuusa tgz ompejeneHa Ha [a,b]). leu-
CTBUTEJIbHO, OALIHTErPAIbHOE BhIPAKEHUE IPUOOPETaeT BUL

1

Ty

R;(tgz) dz = R3(t)
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IIPUMEP 1. Bur4ucauTs onpejgeJeHHBIN HHTErpal
/2
sinz
—dx
2+sinz
0

PEIIEHUE.

1. ITockoarky dyukuus tg (z/2) onpegenena Ha [0,7/2], caenaem noa-
CTaHOBKY

t=tg o
g 2 M
IlofcTaBaAA B MO ALIHTErPAIbHOE BHIPAKEHHE

2t 2

sin:c:i—+—t—2-, dr = 1+t2 dt,
Oy IUM
2t
sinx 14 ¢2 2 2t
dr = dt = dt
2t sing oy 21+ T @ErtrnE+1)
1+¢2

2. HaxoamM HOBHIE npefelIbl MHTEPDUPOBAHUA

T

£(0) = 0, t(z) =1.

3. [IpumenseM popMyIy 3aMEHBI IEPEMEHHOU B ONPEJEJEHHOM MHTET-
paie
w/2 1

/ sinx d / 2t dt
—eeee AL =

2+sinz (t2+t+1)(t2+1)

0 0

4. BrruucaseM nepBOOOPA3HYIO PALMOHANILHON QYHKUIUK { ¥ IPUMEHA-
eM ¢opmyry Herorona—-Jlenbuuma

1 1

/ dt = 2arctgt 4 — arct 241" _m_ 2m
= r == — —.
t2+t+1 )2+ 1) & o V3 V- V3 2 3/3
0
/2

sinx T 2

. —_—dr=— - ——=.

OTseT /2+sin:c T =7 33

0
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ITPUMEP 2. BuIuCINTS OnpefeNeHHEIN UHTErPaJl

arccos(1/v6)
3tgZz —1

tg?z +5

PEIEHME.

1. Tak kak nogslHTEerpatbHaA GyHkuna umeeT Buj R(tg r) u dyukums
tg = onpenerena ua [0, arccos(1/v/6)], creraem mogcranosky tgz = t.

IloacTaBnAA B MOABIHTErPATbHOE BLIPAKEHHE

t t, d dt
r=t, dr=-——
& 1+t%
MOJIy9aeM PalMOHAIBHYIO MYHKIMIO t:
3tg2z — 1 t2-1 1
> T =— 5 dt.
tg“c 4+ 5 1245 1+t

2. HaxoauMm HOBBIE mpejebl HHTErPUPOBAHUA!

tg(0) =0, tg (arccos %) = /5.

3. IlpumenseM GoOpMy.Ly 3aMEHEI IEPEMEHHOU B OIPELEIEHHOM MHTEr-
paue:

arccos(1/v/6) V5
/ 3tg2:n—1d /3t2—1 1
—_—dr = —_ .
tglz +5 t2+5 1+¢2
0 0
4. Brruncisem nepsooGpasHyio palMOHATEHON QYHKIMH ¢ ¥ IPUMEHA-
eM ¢popmyny Herorona—Jlenbuuna:

B ‘
/3t2-1 1 dt = —arct t\/g+ arct \/g—i~arct V5

215 1t e TIUEMCEE T s TRV
0

arccos(1/v6) 2
3tgz —1 T
OTser. 28 dz = — — arctg V5.
TBET / o T 7 arctg
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YCoBUA 3ANAY. Buiuucaums onpedesennbie unmezpab.

/2 /2

1 1
1. . 2.
/5+4sinz+3coszdz 2 /3+5sinz+3cosxdx

0 0
w/2 3 /2
o [ [
sin“z +sinzx 3+cosz
n/6 /3
/2 /2 )
1
5. /,———-—da:. 6. /Cfoj dz.
sinz(1 + cos ) sin®
w/3 /4
w/3 /4
1+t 1
7. /—iﬁdm 8. / - —5— dz.
sin 2z 4cos?z — 2sin2z +sin“zx
w/4 0
w/4 /4
1 2 si
9. / de. 10. / . 2smz—+—3cosa:
5+ cos?z sin®z cosz + 9cos3
0 0
1 1.8 1 V2 V2 NG
. .= 2.=In=. 3. In2——-. —_— - —
OTeetbl. 1 5 plng 3 2 4. arctg 5 5 aIC tg ;
1 1 1 1 1 1
. —+4+-=1In3. 6.=. 7. = - 1 . 8. —=. t
5 2—|-4n3 3 2(\/5 1+Inv3). 8 3 marcg

10 1
10. ln? + arctg 3

8.4. UnTerpupoBaHne BLIPAXEHUU

sin®™ z cos®™ x

ITOCTAHOBKA 3AJAYM. Buiuucaume onpedesenubiti uwmezpaa

b
/ sin®™ z cos®™ z dz,

a

2de m un — HAMYpPAIbHbIE YUCAA.
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IInAH PEWIEHUA. [Ipumensem GoOpMyJIBl MOHMKEHUA CTENEHN

2 2

. 1 1 1 .
sin x=-2-(1*cos2a:), cos z=§(1+cos2z), sinzcosz-—-ismh:

O Tex IOop, ITOKa He IMpHUAeM K TabOIWYHBIM MHTErpajaM WIM K UHTErpa-
J1aM, KOTOphIe U3BECTHHIM 06pa3oM CBOJATCA K TaOIUIHBIM.

3AMEYAHUE. [loresno umeTs B BUAY, 9TO

27 27
/sinkxdm:O, /coskmdm:O (k eN).
0 0

IIPUMEP. BLIMMCINTE OIpENeIeHHLIN UHTErPaJ

27

/ sin? 3z cos? 3z dz.
0

PEmMEHUE. [IpumMensas ¢dopMybl NOHMXKEHNA CTENEHU, IMeeM

27 27
/sin4 3z cos?3zdr =274 /(2 sin 3z cos 3z)* dz =
0 0

27 27

=21 /sin4 6z dz = 278 /(1 —cos12z)? dz =
0 0

2 27 27
=276 /dz —275 /cos 12z dz + 278 / cos? 12z dz =
0 0 0
27

=275 4277 /(1 + cos 24z)dz =
0

27 27
=275+ 2‘7/ dz + 2‘7/cos dzdr =2"14+278r = 2—1
0 0
2m
OTser. /sin‘1 3z cos? 3z dr = %

0
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YcnoBuUA 3AAAY. Buluucaums onpedesennbie unmeepadbl.

T 2w
1. / 23sin’ z cos? z dz. 2. / 23sin? z cos? z dz.
0 0
T w/2
3. /sin2 z cos? z dz. 4. / 2% cos® z dz.
4 4
0
w/2 w/2
5. / 25 sin® z dz. 6. / 28sin* z cos* z dz.
0 0
w/2 w/2
7. / sin? z cos® z dz. 8. / sin?" z dz.
0 0
w/2 w/2
9. / cos*™ z dz. 10. / sin?" z cos*™ z dz.
0 0

OrseTnl. 1. 7. 2. 7. 3. 7. 4. 5. 5. &m. 6. 3m. 7. .

(2n — 1! (2m — 1!

T 2n -1 (2m -1
(en)! 2 C T (2m)!

(2n + 2m)!

8.

™
7 10.

T
2

8.5. I/IHTerHPOBaHMe Bpra)KeHI/Iﬁ
az+b azr+b
cz+d’ cx+d?
ITOCTAHOBKA 3AJAYM. Bbiuucaumsb onpedesennbiii unmezpan

B
/R ., c/a:z+b’ (\,/a:c-}-b, ) da,
cx+d cx+d

a

2de R — payuonasbhad GyHKyua u p,q, ... — HAMYPAIbHbIE YUCAQ.



186 I'n. 8. Onpedeaennviii uwmezpaa

IInAH PEMIEHKSA. C mOMOMIBIO MOJCTAHOBKYU

az+b _m
cx+d ’
rie n — o6muil 3HaMeHaTelb ApoGeit 1/p,1/q, ..., npuxoqum K MHTErpa-

JIaM OT PAIlMOHATBHBEIX QYHKIMH.
IIPUMEP. BrrauciuTh onpegeseHHBIA WHTErPaT

2

/ 42-z-2+¢
(VT +2+4V2 —1x)(z +2)?

0

PEMEHME.

1. Yrobm cpenaTs mOACTAHOBKY, IPUBOAALILYIO K MHTErpajly OT pa-
LIHXOHAJLHOM QYHKIMM, HYXKHO NPe06pa3soBaTh MOALIHTErPATbHYIO GyHK-
LHIO TaK, 9TOOBI OHA COAEPKAala KOPHU JIOGOM CTENeHH, HO U3 O JHOT O

¥ TOT O e BRIDaXKeHUA BHJA g—mi_"—ab. IToaTomMy npeobpasyeM moALIHTEr-

T
palbHOE BHIPAXKEHHE, BEIIENAA \/%;—ﬁ :

2 2 —.’r_
—.’L‘— 2+.’1¢ / 4 +x 1 de
\/a:+2+4\/2 z)(z +2)2 = '
0 o [1+4 (z +2)2
2+a:
2—-z
2. IlpumenseM 1moACTaHOBKY =t"
2+x
4 8t
=—=—-2, dz=—-———=dt, t0)=1, t(2)=0.
2+1 0 T T2 © @

Jlenas 3aMeHy nepeMEeHHOU B ONPEJeJeHHOM HHTErPaJe, IOLyIaeM

2 4 __"L‘_l 0
/ 2+ dx_/4t—1(t2+1)2 8t it
2z \ ) 4t+1 16 (82 +1)2 '
0 1
1+4 T2 (z+2)
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BrrancisieM nepBoo6pa3Hyo pauuoHAILHON GYHKINM K IpuMeHsaeM ¢Gop-
mynxy Heiorona-Jlenbuuna:

1
l/t(4t—1) gl

2 44 +1 4
0

11t
o 4

1 1

1
+ e | =22
16 .

16

0

2
44/2 -z —+2+z In5
Orser. do ===,
e /(m+4\/2—_;)(z+2)2 T

YCJIOBUA 3ANAY. Buiuucaums onpedesenmuble unmeepatsl.

9
1. 4/\/%/%1@:.

dz.

> ~0/\/:l:+1+\/(a:+1)3

4 1
1 2—z
3 [ ———da. a. [} dz.
/1+\/2m+1 z O/ 2+
0

2 8 3
5 /\/:c—l—\/:v—f-ld 6/x+\/:c2+€/§
. - B

. dz.
s S~ o1+ ¥z
2 63
7 /x 2l 8 Vo ilt Vel
'1 z+1 '0 ,/(z+1 -7(z+1)-63/(z+1)3
29 2

[~

9./3m dz. 10/ W2-o- Br-2

+ Yz -2 / (V32 -2+4v2-2)(3z - 2)?

OTseTsl. 1. 7+2In2. 2 w/6. 3. 2—In2. 4. 3(V9-1)/8.

5 [V2-1-In(1++v?2)]/2. 6.9/2—37/2+6arctg2. 7. In(2+ v3)/2.

8.

In(16/81). 9. 8+ 3v327/2. 10. In5/16.
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8.6. InTerpupoBaHue BLIPAXKEHUH

R(z,(a® £ 2%)Y?) u R(z, (22 — a?)'/?)

HOCTAHOBKA 3AJAYM. Boiyucaums onpedesennbie unmezpast 6uda:

a) / R(z, Va® — 22) dz;
/R a2+m2)d:c

5) [ R(z, /22 — a?) dz;

20e R — payuonatbnas GyHKyua.

IIJIAH PEIIEHWA.

1. YT0o6n1 u36aBUTHCA OT PaJUKAIA, UCIOIL3YEM TPUIOHOMETPHYEC-
K¥e W runepboaiyeckye M0 CTaHOBKY:

a) z =asint wm z =atht;

6) z=atgt wm z =asht;

a
B) £=—— mm = =acht.
cost

2. Ilpumerus HOpMyIy 3aMEHBI IEPEMEHHOM B ONpPENEJEHHOM MHTEr-

pajie, IOIyIMM MHTErPAJbl BUAA
t2 2
/Rl(sint,cost) dt wm /Rl(sht, cht)dt.
t1

3. BrrunciseM IOLydYeHHBIE MHTErPaJhbl C MOMOIIBIO M3BECTHHIX ITOJ-
CTAHOBOK WIM METOJOM IIOHUKEHHUS CTEIEHH.

IIPUMEP. BuIMHCINTE ONpeJeJeHHBIM HHTErpal

3/2

[ 7=

PEWEHHUE.
1. Yrobm u36aBUTBHCA OT pAJMKAIA, HCIOIB3YEM IIOACTAHOBKY
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r = 3sint. Torga

dz = 3costdt, t(0)=arcsin0=0, ¢ (2—) = arcsin% = %

u V9 —z2=|3cost| = 3cost, mockombky cost >0 mnpu t € [0,7/6].

2. CperaeM 3aMeHy EPEMEHHOU B ONpPENEJeHHOM MHTErpaJe:
3/2 w/6 w/6

9(s1nt) -3cost gt = Q/Sinztdt.

/m et

3. [Ipumenss (bopmynm TIOHIKEHUA CTENEHHU, IOLY UM

/6 n/6 /6
9 3
9/sm tdt = /(l—cos2t)dt vl —g/cos2tdt=
0 0 0
=-—-m— —sin2t "/6_§7r_g_)i§
T4 4 o 4 8
3/2

3 93

ﬂ-_

[ w5

OTseT.

YCNoBUA 3ALAY. Boiuucaumv onpedeaennble unme2paibl.
3

1
/\/1—x2dx. 2. /m2\/9—m2dx.
0

0

2 2
Va2 -1 Vz2 -1
——dz. 4. ————z——dx

3.
1
1
V1-—1z2 1
5. [ Y Tde —— dz
J ) VI +a?)3
1/2
[ VO [ 1
— T
R AS e o —d
7 / s dz 8 PO T
3
1
9. /“1+x2 10 /———-—1
' ) z+vV1-z2
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T 81w V3 o T V2

OTBeTbI. 1 Z 2 R— 3 —8— 4 \/_— § 5 \/—— -3' 6 —2—'
;1282 4 8V2-2v8 243w
45 45 3 1+2 4

8.7. BeruuciaeHnue Iomaaeu
B JEeKapTOBLIX KOOPJAMHATAaX

TIOCTAHOBKA 3AJAYM. Bbiuucaumbv naowads 064acmu, 02paHudeH-
not epaguxamu fywsyui y = fi(z) vy = fo(z) (f1(z) = faz) uau
fi(z) < fa(z) das 6cex mouex obaacmu) u, 603MONCHO, NPAMBIMU T = @
uzx =b.

IINAH PEWIEHUA. Ecim o6aacts D 3aana CUCTEMOU HEPABEHCTB

{ a<z<hb
u(z) <y < v(z),

To muomazgs o6xactu D BrIMMCAAETCA N0 GOPMYIe
b
Sp = / (v(z) — u(z)) dz. (1)
a

Ecm nepasencrsa, onpegemaommue 061acTb D, HEU3BECTHH, T.€. He-
U3BECTHHI @ U b ¥ HeM3BeCTHO, Kakasa u3 pynkuuit fi(z) u f2(z) Gomsure
apyrou Ha (a,b), TO BHIIOIHAEM CleLyIOMIUE ONEPALUH.

1. HaxoauMm a u b kak a6CUMCCH TOYEK MepecevyeHnsa rpaduKkoB pyHK-
mui fi(z) u fo(z), T.e. pemaeM ypasHeHue

fi(x) = fa(2).

2. Uccnegyem 3nak passocru fi1(z) — f2(z) na [a,b]. [dua sroro go-
CTATOYHO BHIYUCIMTH 3HadeHue fi(z) — f2(z) B xakon-HMGYAL TOUKe U3
(a,b). Ecmu ono momoxwuremsso, to fi(z) > fa(z) m, cregoBarensHo,
u(z) = f2(z) m v(z) = f1(z). Ecan ono orpunarersso, To fi(z) < f2(z)
u, cregosareabso, u(z) = fi(z) u v(z) = f2(z).

3. IIpnmensem dopmyry (1) u HaxomuMm Sp.

3amuceIBaeM OTBET, He 3a0LIBasg O Pa3MEPHOCTH.
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ITPUMEP. Brruucnurs mromagbs 061acTH, OPPAHUYEHHOM rpaduKaMu
pyHKUMMA
y=z-4cx+3, y=-z+2z+3.

PEIIEHUE.

1. Haxogum a6cuucce a u b Touek nepecedenus rpaduxos. [las 3Toro
pelaeM ypaBHEHHE

22 —4zx+3=-22+2z+3.

IToxryuyaem a =0, b=3.

2. Hccnepyem 3nax ¢ynkumn ¢ = z2 — 4z + 3 — (=22 + 22 + 3) Ha
orpeske [a,b] = [0,3]. [dra sToro npugagum z moboe 3nadenne u3 (0, 3),
Hanpumep z = 1. IToxygaem, aro ¢(1) = —4. CregoBarensuo, ¢ < 0 npu
z € (0,3). Hosromy z2 — 4z + 3 < —2? + 2z + 3 mipu z € [0, 3] u o6racTs
D onpepenserca CHCTEMOU HEPABEHCTB

0<z<3,
2?2 -4z +3<y< -z2+4+2x+3.

3. Ilpumensem ¢opmyry (1) mpu v(z) = —z% + 2z + 3, u(z) =
=z2—-4z+ 3, a=0 u b=3:

3 3

Sp :/ (—:c2+2z+3—a:2+49:—3)da:=/ (—22% + 62) dz = 9.
0 0

Otser. S =9 (ex. mmuer)?.

YC/oBUA 3AJAY. Buiuucaums naowadu obaacmet, 02paHuueHHbIT
epaduxamu 3adanmnbiz Gynxyudl.

y=32-2% y=-4z.

y =3/, y =3/z, z =4
z=>5-1y2 T = —4y.

y=+ve* -1, y=0, r =In4.

y =sinz, y=cosz, z=0 (z2>0).

y = +/x, y=1/z, =16

A o
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7. z=27-y% x=-6y.

8. y=sinz, y=cosz, z=0 (z<0)
9. y=+9-22 y=0, =0, z=3/2
10. y=2/z, y = 5e%, y=2, y=>5

OTsetsl. 1.288. 2.14—3In4. 3.36. 4. (6v3—27)/3. 5. vV2-1.

6.42-1n16. 7.288. 8. 1+v2. 9. (3r+V3)/4. 10.3.

8.8. Boruncienne gumu ayr y = f(z)

ITOCTAHOBKA 3AJAYM. Boiuucaumb dauny xpusol, 3adannol ypas-
HEHUEM

y = f(z)
u oapammenuoﬁ mouxamMu C (16C’U,UCC(1MU r=auxr= b

IL1AH PEWEHUA. [Jnuna | xycoyno raagkon xpusou y = f(z), orpa-
HUYEHHOM TO4YKaMu ¢ abcuuccamu £ = @ ¥ T = b, paBHa

b
= /\/1 ¥ ()2 dz. Q)

1. Haxogum y' = f'(z).
2. BerauciseM guddepennual JIMHE YT

dl = /1+ (y')?dz.

3. Haxoaum QJMHY Nyru, BRIYUCIAA ONpENeJeHHHIM uHTerpan (1).
3amuceiBaeM OTBET, He 3a6HBasg O Pa3MEPHOCTH.

IIPUMEP. BriumciauTs AIMHYy AyrH KPHBOM
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6.

PEIEHHKE.
1. Iuddepennupys ypaBHeHUEe KPUBOM, IIOLYIUM

P —z
y = _f_;'_‘f_ = —shz.

2. BuraucnaeMm guddepeHupan JIuHb [yTH:

dl = /1+ (y')2dz = V1 + sh’zdz = chzdz.
3. HaxoauMm AnmHy Ayru, BEIMMCIAA ompejeieHHE unTerpat (1):
3
= / chzdz = shz|} = sh3.
0
Ovser. | =sh3 ex. amuumL

YCIOBUA 3ALAY. Buiuucaumsd daunbt dy2 3a0aHKBIZ KPUGHIT.

1. y=Inz, 2v2 < z < 2V6.

2. y=Incosz, 0<z<m/6.
3. y=e€~, Inv3<z<InV8.
4. y=lnsinz, m/3 <z <m/2
5. y=2y/x, 1/3<z<1/8.

6. y= chz, 0<z<1

7. y=122%/2, 0<z<1.

8. y=1-Ingz, V3<z <8
9. y=1- chg, 0<z<3.

10. y = v/1 — 22 + arcsinz, 0<z<1/2

2 In3 1. 3 In3 3

. . —. 2. —. 3. 1+4=In-. 4. —. 5.2+ In—-.

OTseTbl 1 2+1n\/§ 2 5 3 +21n2 4 5 5 +n2
1

sh1l. 7.‘/§+lngl+‘/§). 8.1+§1ng. 9.sh3. 10.2(v3 - V2).
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8.9. Beruncinenne puuu gyr z = z(t), y = y(t)

IIOCTAHOBKA 3AJAYHU. Buwucaumv dauny dy2u xpuéot, 3adannol
napamempuuecky

z = o(t),
{y=y<t), astsh.

JInAH PEWIEHUA. Ecam kpuBas 3ajaHa ypaBHEHHAMHA B NIapPaMeTPH-
gecKou ¢popme
{m=m(t), a<t<p.

y =y(t),

rge z = z(t) u y = y(t) — kycouno-rmagkue ¢pyHkuun, To AruHa | gyru
KPHUBOU OIpeaensaeTcsa ¢GopMyIon

B
1= [ VT wra (1)

rie a 4 [} — 3Ha4YEHUA IapaMeTpa, COOTBETCTBYIOLIME PAHAYHEIM TOY-
KaM JyrH. '

1. Haxozum z; u y;.

2. Buruncasem guddepeHnnan JINHHE JyrA

dl = /@) + @ de.

3. HaxoauMm QJIMHY AyrH, BRIYHCIAA OnpejeleHHun uaTerpal (1).
3anuceBaeM OTBET, He 3a6hIBad O Pa3MEPHOCTH.

I[IPUMEP. BuiuuciuTh JJMHY AYCH KPUBOM, 3aJaHHOM IapaMeTpH-
JEeCKH

z = (t2 — 2)sint + 2t cost
’ <t<m.
{ y = (2 —t%)cost + 2tsint, Ostsw
PEIEHHE.
1. Haxoanum z} n y} :
zy =t%cost, y; =t sint.

2. BrruuciaseM auddepeHuran AIMHL JyTH:

di = /(@) + W)2dt = Vt4 costt + tésin® t dt = t? dt.
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3. HaxoauM AJIMHY OyTH, BHIYMCIAA ONpejereHHbN uaTerpar (1):

Otser. | =m3/3 en. pmuHmL

YCJIOBUA 3ALAY. Buiuucaumsd daunbl 0ye 3a0anHbIT KPUBHLT.

1. T =1t —sint, 0<t<om
y =1~ cost,
T =2cost
. . ) < <
2 {’y—2smt, 0<t< /3
— cos3
> {x_c‘os3t’ o<t<m
y = sin" ¢,
T =2cost —cos2t
] <t< .
4 {y=28int——sin2t, 0<t<2nr
5. {x—ecpst, 0<t<l.
y = e'sint,
6. {I—esmt, 0<t<n
y = e’ cost,
T = 3 cost
. ., ) < < )
! {yzssmt, 0<t<m/6
z =cost +tsint
) <t < .
> {y=smt—tcost, 0<t<m/3
Tz =4cos°t
) <i< '
> {y=4sin3t, 0<t<m/6
x = 2(t — sint)
. ) <t< 9.
10 {y=2(1—cost), m<t<m/

OTsets. 1.8. 2.27/3. 3.3. 4.16. 5. V2(e—1). 6. V2(e™ —1).

7.7/2. 8.7%/18. 9.3. 10.8 —4V2.



196 I'n. 8. Onpedeaennvrii unmezpaa

8.10. Brruncienue AIuH AYyr o = Q(go)

ITOCTAHOBKA 3AJAYMU. Bouiwucaums dauny dyeu xpueol, 3adarnnot
YDABHEHUEM 6 MOAAPHHLE KOOPIUHAMAT
e=0(p), a<p<B

II1AH PEIIEHUA.
Ecm Kyco4Ho riakas KpuBasA 3a/aHa yPaBHEHUEM B MOJIAPHBIX KOOD-
puHaTax @ = g(p), TO AIUHA AyTH PaBHA

B
1= / N OETIOT D (1)

rae o u [ — 3HaYeHUs @, COOTBETCTBYIONME IPAHNIHEIM TOYKAM AYTHU.
1. Haxoaum o'(¢p). ‘
2. Buruucasem guddepeHnuan JIMHE Jyru

dl = \/e(p)* + e'(p)? de.

3. Haxoxum AnuHy Ayrd, BEIYUCIAAA OnpeneteHHE uaTerpat (1).
3anucriBaeM OTBET, He 3a0HIBafg O PA3MEPHOCTH.

IIPUMEP. Brruucaurs giuHy Ayrd KPUBOM, 3aJaHHOU YDAaBHEHMEM B
MOJNAPHHIX KOOPAMHATAX

o=06sinp, 0<¢p<7/3.

PEIIEHHKE.
1. Haxozum o' (¢):
0'(p) = 6cosp.

2. BuruncaseMm auddepeHnyant JIMHBL TyTru:

dl = v/o()2+ 0'(p)?dp = \/36 sin? ¢ + 36 cos2 p dyp = 6dep.

3. Haxoaum puHy Ayrd, BRIMUCIAA OmpejeleHHBIM uHTerpat (1):

n/3

l= /6dcp= 6cp|g/3 =27,
0

OvseT. | =27 en. AIMHEL
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YcaoBUA 3ALAY. Buiwucaumv daunbt dye 3a0GHHUIZ KPU6ot.

1. e=w, 0<p<1 2. p=cosp, OSsOS%-
3. p=2singp, %Sgoﬁw. 4. p=1—-cosp, 0<p <.
5. o=1+cosp, 0<p<m. 6. o=e*, 0< < 27
T T s 3r
. =1 i ——=< p< —. . =1-—si —<p< —.
7. 0 + sin g, 2_go__2 8. o=1-singy, 2_<p_ 5
9. p=3sinyp, OSQDS%. 10. o = 3cosp, 0§<p§%.

Oteetsl. 1. [V2+4+In(1+4++v?2)]/2. 2. n/2. 3. 7 4. 2. 5. 2

6. V5(e'™—1)/2. 7. 2. 8 2. 9. w/2. 10. .

8.11. Beruucienue o6'eM0OB
10 ILIOIIAAAM IONEepPeYHbLIX CeYEeHUN

IIOCTAHOBKA 3AJNAYM. Bviyucaumb o6bem meaa, €CAlu U36ECTHbL
NAowWadu €20 NONEPEUNIT CeueHutl.

IInAH PEWEHUA. Ecmm S = S(z) — miomajb cedeHHs Teda ILIOC-
KOCTBIO, MepHeHAuKyIapHoi K ocu OX M mepecekauien ee B TOYKE C
abcuuccon T, TO 00beM JaCTH TeNa, 3aKII0IEHHON MEXIY IIOCKOCTAMU
T =] U T = Ty, OPEAEIAETCA HOPMYJIOH

V= 75(:1:) dz. 1)

1. Haxogum S(z).

2. Moacrasasem S(z) B dopmyrsy (1) ¥ BrIumMCIAEM ONpeAeTeHHBIN
HHTErpas.

3anucriBaeM OTBET, He 3a0bIBasg O Pa3MEPHOCTH.

3AMEYAHUE. AHaJIOrM4YHO pelmaeTcs 3ajada, €CId M3BECTHHI ILIO-
AN CeYeHUH ILIOCKOCTAMH, Nepnenaukyaspaemu ocu OY (S(y)) wmm

ocu 0Z (5(z)).
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IIPUMEP. Bmrumcianrs 06beM Tera, OrPAHMYEHHOrO IOBEPXHOCTAMH

2 2 2
—+=4+-—==1, z=0, z=T.

PEmWEHKME. Ecmu S = S(z) — miomaip cedeHns Tera ILIOCKOCTHIO,
HnepHeHauKy/IapHoK K ocun OZ ¥ IepeceKalouley ee B TOYKe C alllIMKATON
Z, TO 06beM 9aCTH Tela, 3aKIIOYEHHOM MEXJY IUIOCKOCTAMHM Z = 21 M
z = 29, onpegeiaeTca GOpMyIoN

V= 7S(z) dz. (2)

1. Ceuenne 3aJaHHOI'0 Tela IIOCKOCTBIO 2 = const onpeaensercsa He-

PaBEHCTBOM

2 2 2
Yy z

Z L <12

679 S 106

T.e. IIpH |z| < 14 ABIAETCA BLIMIICOM

19622 19632
+ <
16(196 — 22) ' 9(196 — 22) =

C MOJIyOCAMH

Lo AT -2 36— 2

14 14

Huoma,qx: 9TOr0 JJLTUIICa PaBHa

3m
= = —(196 — 2?).
S = mab 49( 96 — 2*)

Taxum o6pasom, npu 0 < 2 <7
37r 2
S(z) = Zg(l% —z°).

2. Tloacraensem S(z) B opmyny (2) u BHIYHCIAEM ONpejeTeHHBIA
MHTErpal:
3 7
V= 4—3 /(196 —2%)dz = T (ex. pmeEn),
0

Oteer. 77x (en. gmammi)’.
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YClOBUA 3ALAY. Bbiuucaums 06bembl med, 02pAHULEHHBIT YKA3AH-
HBLMU TLOBEPTHOCTNAMY.

1.z =4z% + 92, z2=6.
2. z=09z2+ 442, z=6.
3. z=2z2+ 82, z=4.
2 2
4 22+ L 412 2 = =
a:+9+4 , z=0, z=2
z? 22
5 —_ 2 —_ =1 = =
16+y+9 s z=0, 2z2z=3
2
6. %+y2 322 =1, z=0, z=1
2
7 z2+%-—2z2=1, 2=0, z=1
2 2
8. %—+-g—?—z2=l, z2=0, z2=2
2 2
9 %+%—z2———1, 2=2
2 oy 22
10, —+2 - =— =
0 4+25 9 1, z=6

OTseTtbl. 1. 3w. 2. 3w. 3. 2w. 4. 47. 5. 8. 6. 6w. 7. 5.
8. 427. 9. 8r. 10. 50m.

8.12. BerunciienHue 06'b€eMOB TeJI BpalleHUsA

IIOCTAHOBKA 3AJAYM. Bbiuucaumb o6bem meaa, 06pa3o8annozo
spawenuem obaacmu, oepanuvenrol epaduxamu Pywxyuli y = fi(z) u
y = f2(z) u, 803modCHO, NpAMBIMY T = a U T = b, soxpye ocu OX.

IInAH PEIIEHUA. O6beM Tena, 06pa3soBaHHOrO BpalleHUeM 061acTH,
orpaHu4eHHon KpusbiMa ¥y = u(z) ¥ y = v(z) u npaMbMu T = a, T = b,
rae u(z) < v(z), T.e. 061aCTH, ONpEENIEMON CHCTEMOM HEPABEHCTB

a<z<b,
{ u(z) <y < v(z),
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BEIYHMCJIAECTCA O hOpMyIe

b
V= /a (v(z)? - u(z)?) dz. (1)

1. Ompegensem ob6racte D. Eciu nepaseHncrsa, onpegensmomue 06-
gacTb D, HEM3BECTHH, T.€. HEM3BECTHH @ ¥ b ¥/WIM HEM3BECTHO, KaKas

n3 dysxkuun fi(z) n f2(z) Goabiue gpyron Ha oTpeske [a,b], To BmoOJ-
HAEM CJIeIYyIOLIUe ONEPaLUy.

a) HaXOZUM a ¥ b Kak aGCUMCCH TOYEK NMEPecevIeHns rpadukos dyHK-
man fi(z) u f2(z), T.e. pemaem ypaBHeHHE

fi(2) = fa(2);

6) uccrexyem 3uak passoctu fi(z) — f2(z) Ha [a,b]. Hduas sToro gocra-
TOYHO BEIMMCIATH 3Ha4eHue fi(z)— f2(z) B kakon-HUGy AL TOUKe U3 (a,b).
Ecmn ono momoxwurensno, To fi(z) > fo(z) u, cregosaremsro, u(zr) =
= fa(z) u v(z) = fi(z). Ecam ono orpmuarensuo, To fi(z) < f2(z) n,
cliefoBaTeIbHO, u(z) = f1(z) n v(z) = fa(x).

2. Bruruncasem o6neM nmo dopmyae (1).

3anucbiBaeM OTBET, He 3a0bIBasg O Pa3MEPHOCTH.

3AMEYAHUE. AHaIOrM4YHO pelaeTcs 3a4ada, €CIM TeJI0 06pa30BaHO
BpamenueM o6aactu Bokpyr ocu OY wm ocu OZ.

IIPUMEP. Brruucaurs 06beM Tena, 06pa30BAHHOIO BpalleHHEM 06-
JACTH, OrPAHUICHHON rpadukamMu GyHKITHR

y=2° y=,
Bokpyr ocu OX.

PEMEHUE.
1. Onpeznensem obracts D :

a) HaxoJuM abcuucch a 1 b Tovek nepecedenus rpaduxos. [uas 3Toro
peliaeM ypaBHEHHE

IToxywaem

6) na orpeske [0,1] /z > z3. CregoBarensro, u(z)=z> u v(z)=/z.



8.12. Buivucaenue 06bem068 mea 6PAUEHUA 201

2. Brruncisem o6beM mo ¢popmyane (1):

—7r/[ ]dm—ﬂ/ol(x—xe)d:z::i—z.

OTser. 57/14 (ea. mmmm)®.

YcaoBUA 3AJAY. Buiuucaumb 06bembt mea, 00pa308aHHbIT 6pause-
nuem 60xpye ocu OX obaacmeti, o2panuueHnbiz epaduramu 3adanHbLT
Pynryud.

y=_$2+1’

1. y=0 2. y=sin(rz/2), y=u=z.
3. y==1x? y =+/T. 4. y=122%, y=2z.

5. y=cosz, y =sinz, =0 (0<z<w/4).

6. y=sin’z, y =0, z=n/2 (0<z<7/2).
7. y=e¢€*, y=1, z=1.

8. y=Ingz, y =0, T =e.

9. y=§—, y=1, z=1.

10. y = cos? , y=0 (-m/2 <z <m/2).

Otsetsl. 1. 16m/15. 2. (57% — 48)/(6n). 3. 3mw/10. 4. 16m/15.
5. w2/4 — 1/2. 6. 3w2/16. 7. w(e*? — 4e + 5)/2. 8. w(e — 2).

9. m(3—41n2). 10. 3n2/8.
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KPUBOJIMHENHBIE MHTEIPAJIBI

IIpu usydennn Tems: KPYUBOJUHENHBIE MHTEIPAJIBI Bo mo-
3HAKOMUTEChH C IIOHATHAMU KPMBOJIMHEHHBEIX MHTErpaJOB NEPBOrO pOAA
(o mymue xyru) u BTOporo poaa (mo KOOpAUHATAM) OT QPYHKIMHA ABYX U
TPexX NePEMEHHBIX ¥ HayYNTECh BHIYUCIATD UX BJOIb PA3IHIHEIX ILIOCKUX
U IPOCTPaHCTBEHHLIX KPUBEIX, 3aaHHBIX MAPAMETPUYIECKH, B JEKAPTO-
BHIX U B NOJAPHBIX KOOPAMHATAX, IPUBOA KPUBOTUHEHHBIE MHTErPAIbI K
OTIpEeNICHHEIM.

C nomomsio makera PEINIEBHUK.BM BbI MoXe€Te BBIYUCIUTE IIPO-
U3BOAHBIE (PYHKUMH, 33JalOlIMX KPUBYIO, PEIIMTH CACTEMBI yDAaBHEHHUH,
onpejergiouMe IPaHUYHEIE 3HAYEHHUA NapaMeTpa, BEIYUCIUTD IIOLYydIeH-
Hble BaMH ONpeJeJeHHEIE MHTErPalbl ¥ IPOBEPUTH MPABUILHOCTL IOLY-
YEHHBIX BAMHU PE3yJIbTATOB.

9.1. KpuBoauHenHbIe MHTErPAJIbI
IepBoro poja

IIOCTAHOBKA 3AIAYM. Buiuucaums xpusoaunetnblli unmeepaa
[ rewsa,
L

2de L — uwacmyv 2aadrot xpusot, 3adannot napamempuiecku

z =z(t),
y=y(t), tl Stst%
2 = (1),

u dl — Jduppepenyuan daunvt dyau.
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IInAH PEWIEHMA. KpuBoruHenHE MHTErpal nepBoro poja Imo Kpu-
Boit L onpezgenserca ¢opmyron

/ f(@,y, 2)dl = / F@),u(t), 2(t)) VI OR T YO T 7@ dt. (1)
L t1

ITog4epkHeM, YTO KPUBOIMHEMHBIN MHTErpal IEPBOr'O POAA HE 3aBHCHT
oT HampasleHusa 06xofa KpuBOU u BCerja t; < ts.

1. Beraucasem z'(t), y'(t), 2/'(t) m dl = 1/2'(t)% + y'(t)? + 2/ ()2 dt.

2. BrlynciseM KpUBOIMHEMHEIM MHTErpan no ¢popmyne (1) u 3anuce-
BaeM OTBET.

3AMEYAHUE 1. Ecmm rpanuussle Toyku kpuBot L M (z1,y1,21) 1
N(z2,y2, z2) 3aJaHHl B 1€KaPTOBLIX KOODAMHATAX, TO t1 ¥ t3 OLpPEZEILIeM,
pelias CUCTEMBI YPaBHEHMM

71 = z(t1), Ty = z(t2),
y1 = y(t1), y2 = y(t2),
z21 = Z(tl); Zy = Z(tg).

3AMEYAHUE 2. Ecmm kpuBas 3afaHa Kak JUHUA II€pECEYeHUA ABYX
MIOBEPXHOCTEM:

Fi(z,y,2) =0,
Fy(z,y,2) =0,

TO ee HGO6XO,I[PIMO mapaMeTpu30BaTh.

3AMEYAHUE 3. Ecam miockas KpuBas 3ajJaHa yPaBHEHUEM Y = y(

(a < z <b), To guddepennuan ATuHLL Ayra paBeH dl = /1 + y'(z)?dz
u dopmyaa (1) umeeT Bug

b
/ fzy)di = / f(@ (@) VIt ¥ @R de. (1)
L a

Eciu miockas KpuBas 3aJaHa B MOJAPHBIX KOOPAMHATAX (T = 0 COS @,
y = gsin ) ypaBaenueM ¢ = g(p) (a < ¢ < b), To Auddepenuman JMUHEL

AyrM paBeH
dl = \/o(p)? + 0'(p)* de.
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u dopmyaa (1) umeer Bug
b
[ t@vai= [ fete)cosp,ele)sing) Ve + R de. (1)
L a

IIPUMEP 1. Brr4uMCInTh KPUBOJIMHEHHBIM MHTETPAI

2
z
di
/n:2+y2 ’
L

rae L — nepBHM BUTOK BUHTOBOM JHHHUK

x = cost,
y =sint, 0<t<2n.
z=1t,

PEIIEHME.

1. Buramcasem: z'(t) = —sint, y'(t) = cost, 2/(t) = 1, dl = V2dt u
fz,y) = 22/(2® +y°) = t%.

2. Tlogcrasisem oTu pe3yabTaTH B popMyxy (1) 1 BHIYHCIAEM ONpe-
JEJEHHBIA WHTErpal:

2m

22 9 8v2n3
/mdl_/t V2dt = T
L 0
22 8/2n3
OTseT. /:1:2 T dl = 7
L

IIPUMEP 2. Bor4mcanTh KPUBOJMHENHBIM MHTEDAJ

[e-va,

L
rae L — orpesok npamoit ot Touku A(0,0) go Touxku B(4,3).

PENEHHUE.

1. B ganHOM ciydae ypaBHeHue mpamoit ects y = 3z/4 (0 <z < 4)
u, cregosarensHo, y' (z) = 3/4 u dl = 5/4dt.
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2. TloacraBasem aTu pe3yabTaTh B dopmyry (1') u Beraucasem ompe-
[ €NIeHHBIA MHTErPaJ:

/M)dl:oj(x_gz) oo d

L

OTseT. /(x —y)dl = -Z—
L

IIPUMEP 3. BrrducanThs KPUBOIMHENHELIM MHTET DA

/arctg y dl,
x
L

rge L — wacts cnupanu Apxumesa o =¢ (0 < ¢ < 7/2).

PEIEHUE.

1. Boraucasem: o'(p) =1, dl = v/p? +1dyp n f(z,y) = ¢, Tak Kak
arctg (tgp) = ¢ mpu 0 < < /2.

2. Hoacrasnaem 3Tu pesyabraThl B popmyay (1) u Berancasem onpe-
[NEJeHHBIA MHTErPa:

w/2
1 /2 24 4)3/2 8
/arctggdlz /¢\/¢2+1d¢=—(¢2+1)3/2 =(1L.
T 3 0 24
L 0

y o, (7% 4 4)3/2 -8
OTeeT. / arctg - dl = 54 .
L

YCnoBuA 3AAAY. Buiuucaumsd xpusosunelinble unmezpabl.
1. /yzdl, L — wacmb xpueoti =z =t —sint, y = 1 — cost
L
(0 <t <2rm) (apxra yuxaoudsy).
2./zdl, L — wacmb xpueoti x = tcost, y = tsint, z =1
L

(0 <t < ) (nepsviti sumMor KoNUUECKOU 8UNMOB0T AUNUL).
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3. [(*+ 42 +2%)dl, L — wacmb xpusot ¢ = cost, y = sint,

z=2

~
’_\h\

<t < 7) (nepsuil 6umMoK 6uUNMO60L AUNUL).
/ L — wacmv wpusoti z = t, y = t2/2, z = t3/3
L

0<t<1

/\/ﬁdl, L — wacmy napaboavt y = x? om mouxu A(0,0) do

L
mouxu B(2,4).

6. /a:dl, L — ompesox npamoti om mouxu A(1,0) do mouxu

L
B(0,2).

7. /(:v +y)dl, L — epanuuya mpeyzoavnura ¢ eepwunanuy (0,0),

L
(1,0) w (0,1).

/ Va2 +y2dl, L — oxpyacnocmoy z? + y? = 2z.
L

/\/ z2 +y2dl, L — xapduouda o =1 — cos .
L

10. /|y|dl, L — semnuckama Bepnyaau o = \/cos2¢p.

2\3/2 _ 2 1672
OTeeTnl. 1. %é 2. @+ )3 2\/5. 3. _w_\/§(33_+_ﬂ-)

4, —;—(3\/5—1+-2-1n3+32\/§>. 5. %(173/2—1). 6. —‘g—g 7. 1+V2.

8. 8 9. %2 10. 2(2 — V2).
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9.2. KpuBo/IMHENHbIE MHTETrPAJIbI
BTOPOT'O poja

IIOCTAHOBKA 3AJAYM. Bbivucaumb Kpusoaurelinbil uvmespaa

/P(l',y, Z) dz + Q(l', Y, Z) dy + R(a:,y,z) dz
L

2de L — uacmp 2aadkoti xpusoti, 3a0annoti napamempuuecky

T = z(t),
yzy(t)a tl StStZa
z = 2(t).

IIJIAH PEIIEHUSA. KpuBOJIMHEMHKIN MHTErPAl BTOPOr0 poJa IO KPH-
Bou L onpegaenserca ¢dopmyJion
/P(-’L‘,y, z)dz +Q(z,y,2) dy+ R(z,y,2) dz =
L
ta (1)
/ [P(2(t),y(t),2(t))z' (£) + Q((t),y(2),2(t))y' (t) + R(z(2),y(¢) ()2 (¢)]dt.
t1

1. Boraucasem z'(t), y'(t) u 2/(¢).

2. BrruuciseM KpMBOJMHEHHBIM MHTErpai no ¢popmyae (1) u 3anuce-
BaeM OTBET.

3AMEYAHUE 1. Ecim rpamwdmnie Touku xpusount L M (z1,y1,21) |
N(z2,y2, 22) 3a4aHH B [eKapTOBHIX KOODAMHATAX, TO t1 U t2 ONpeAeLieM,
pelas CUCTEMEl yPaBHEHUN

z1 = z(ty), z9 = z(t3),
N = y(tl)a Y2 = y(tZ)a
z1 = 2(t1); 23 = z(t2).

3AMEYAHUE 2. Eciu xpusas 3aJaHa KaK JUHUA [IePECEYEHNA IBYX

MOBEPXHOCTEN:
Fi(z,y,2) =0,
F2("L'a Y, Z) = Oa

TO €e HeoOX0JUMO NapaMeTPHU30BATD.
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IIPUMEP 1. BriuucauTs KpUBOIMHENHBIM MHTErPAT

/-g—da:—3xdy+xdz
L

110 YaCTU KPUBOM L, 3a1aHHON MapaMeTpUYeCcKH

T = 2cost,
y = 2sint, 0

IN
o~
IN
ol 3

z=1-—2cost — 2sint.

PEIIEHUE.
1. Buraucasem: z'(t) = —2sint, y'(t) = 2cost u 2/(t) = 2sint—2cost.

2. BuuncaseM KpUBOAMHENHEIM MHTErpat mo gopmyxe (1):

/%dm—3zdy+a:dz=
L
n/2

2
= / [5 sint(—2sint) — 6 cost(2cost) + 2cost(2sint — 2 cost)| dt =
0

=2—l§7r.

3
13
OTserT. /y/3dm— 3zdy+zdz=2-— 3™

L

IIPUMEP 2. BLIMMCIMTD KPUBOJIMHEMHBLIA MHTECPAT

/(m—y)dw—i— dy + zdz
L

or Touku M(2,0,4) go Touku N(—2,0,4) (y > 0) no xpuson L, ob6paso-
BAHHOM IepecedenneM mapabosonga z=zr2 + y? u mwockocTu z = 4,

PEWEHUE. B cevennn nory4aeTcs OKpy>XHOCTH

x2+y2=4,
z=4.
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IMosTomy nmapameTpudeckue ypaBHEHUA KPUBOU L MMEIOT BUJ

T = 2cost,
y = 2sint,
z=4.

1. Beraucasem: z'(t) = —2sint, y'(t) = 2cost u 2'(t) = 0.
OmnpegenseM ty 4 ty U3 ycroBun

2 = 2costy, —2 = 2cos sy,
0 = 2sint,, 0 = 2sints,

Yuurwesas, uTo y > 0, nony4daem t; = 0 u ¢ = 7.
2. BeruuciaseM KpUBOIMHENHBIM MHTErpal no ¢popmyne (1):

™

/(x —y)de+dy+zdz = /[(2cost—2sint)(—2sint) + 2cost]dt = 2.
L 0

OTserT. /(x —y)dz +dy + zdz = 2.
L

YCnoBUA 3ALAY. Buiuucaums KpusoAuHeinble UNMESDabl.
1. /(y2 — 2% dz + 2yzdy — 2% dz, L — wacmv xpusoti = =t,y = t2,
L
z=13 om mouxu M(0,0,0) do mouxu N(1,1,1).
2. /(2 —y)dz + z dy, L — apxa yukaoudns = = t — sint,
L
y=1-cost (0<t<2m).
3. /ydx +zdy+xdz, L — nepebili 6umox 6unmoeol AUHUU
L
T = cost, y=sint, z=1.

4. /(m + y)dz + (z — y)dy, L — oxpyacnocmy (z — 1)% + (y — 1)2=4.

, L — oxpyacrnocmy 2 + y% = 1.

L
5 /(x+y)dw—(w—y)dy
' z? +y?
L
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6. /(43: +y)dz+ (z+4y)dy, L — wacms napaboavt y = z* om
momcuLM(l, 1) do mouxu N(-1,1).

7. /ny dr +2%dy, L — ompesox npamoii om mouxu M(0,0) do

L

mouxu N(1,1).

8. /y dz +zdy+ (z +y+2)dz, L— ompesox npamoti om mouku
M(2, 31,14) do mouxu N(3,4,5).

9. /z dz + zdy + ydz, L — aunus nepecevenus yuaundpa z° + y> =4
U nnognocmu z=0.

10. /ydz — zdy + zdz, L — aunua nepeceuenus cepor x2+ y:+ 22 =4
L

u xonyca = +y? =22 (2>0).

OTeertb. 1.1/35. 2. —27. 3. —7w. 4.0. 5. —-27. 6. —2. 7.1
8.33/2. 9.4w. 10. —4nr.



['masa 10
PAIbI

IIpn mayuenun temm PSA/IBl Bb nosHakoMuTECh C HOHATHUAMHU CXO-
JUMOCTH, CyMMBI M OCTaTKa pPALA, HAYINTECH UCCIEIOBATH CXOIMMOCTh
YUCJOBBIX PAJOB, IPUMEHAA TEOPEMEBI CDABHEHNA U PA3JUYHbIE IPDU3HAKHA
Ccx0AuMOCTH. BBl IO3HAKOMUTECH C NOHATUAMU PYHKIUOHAILHO'O U CTe-
[EHHOI'0 PAJOB, HAYYUTECh HAXOAUThb MX 06JaCTH CXOAUMOCTH M CyMMEL
Bu y3naere, uro Takoe pag Teinopa, HAyIUTECh HAXOMUTH PA3IOKEHUA
¢yukiui B pag Teiropa ¥ NpUMEHATDH [MOTYyYE€HHEIE PA3/I0XKEHUA B IPHU-
6IMXXKEHHBIX BHIYMCICHUAX.

C nomompo nakera PENIEBHUK.BM Brl MoxeTe BBHIYUCIUATH Tpe-
[l€JIbl, BHIMOJIHATS NPUGIMKEHHbIE BRIYUCAEHNA ¥ IPOBEPUTH IOy YEHHBIE
BaMHU PE€3yJbTATHI.

10.1. IlonaTue cyMMBI psajga
IIOCTAHOBKA 3AJAYU. Hatdmu cymmy pada

> A
DO et

n=1

2de A,p,q — ueavie wucaa.

o0
IInAH PEWEHUA. Cymmot pada Y, a, Ha3BIBaeTCA npeger S mocie-
n=1
JIOBATEILHOCTH €ro YacTUIHeIX cymM {S,}, T.e.

§ = lim S, (1)

rae S, =a; +az+...+ an.
1. ITo ycaoBuio 3agadm
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Ecnu KOpHU 3HaMeHaTeNIa Pa3INYaloTCA Ha eloe YMCIOo, T.e. n2+pn+q =

= (n+ a)(n + a + k), rme kK — HaTypamrbHOE YMCIO, TO LIEHBHI MOCIe-
[e.e]

[OBATEIbHOCTH YaCTUYHBIX CYMM PAla Y, G, JErKO HallTH, TaK KakK B
n=1

BhIpaXKeHuu S, = a; +as + ...+ a, MHOTUE CIaraeMble B3aMMHO YHUYITO-

XKAIOTCA.

2. Pasnaraem o6muy WwieH psja Ha dIeMEHTapHEE APO6H:

A 1( A A
n2+pn+q k\n+a n+a+k)’
¥ BREIMMCHIBAEM HECKOIBLKO WIEHOB PAJA TaK, YTOOLI OLIIO BUAHO, KAKHeE

claraeMble COKPAIAIOTCA IPY BEIYMCICHUM YACTUYHEIX CYMM PAAA.
3. Haxogum n-10 9aCTHYHYIO CyMMy Daaa:

S,=a1+azx+...+an,

COKPAaTHB COOTBETCTBYIONUIUE CIAraeMHIE.
4. BrryuciaseM cymmy paaa mo ¢popmyzne (1)

S = lim S,

n—00

M 3aIIMChIBA€EM OTBET.

I[TpuMEP. HauTu cymmy paaa

o]

> e
n245n+4
n=1
PEIIEHKE.
1. Kopuu 3Hamenatens n = —1 u n = —4 pa3nIMvyalOTCa Ha LiEIOe

wucno, T.e. n?+5n+4 = (n+1)(n+ 1+ 3). CregosarersHo, WIEHH 110-
o0

CIEJ0BATEIbHOCTH YACTHYHBEIX CYMM PAJA Y, An JETKO HAWTH, TaK Kak
n=1

B BEIpaxeHuu S, = a1 + az + ...+ @, MHOrue cilaraeMble B3aMMHO yHM-

YTOXAITCA.

2. Paznaraem o6muy WwieH pAjfa Ha dJEMEHTapHblE JPO6HU
_ 72 24 24
T n24+5n+4 n+l1 n+4

" BHIIIACHIBAEM HECKOJIBKO “WICHOB DANa:

o2 u u 24 %
1—2 5) 2—3 6; 3 =

an
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W MM m o mom
5 8’ 6 9’ 7 10’
24 _ 24 24 _24 :
In=8 = 04 n-1 In-a =03 0
a 24 _ 24 24 _ 24
" h -2 n+1 2T -1 n+2
24 M 24 24
In-1 = T T =Tl ntd

3. Cokpamas BCe craraeMele, KAKME BO3MOXHO, HAXO UM N-10 YaCTUI-
HYIO CyMMy DAZa:
Shn=a1+ax+...+a, =
=_2_4+%_+_2é_ 24 _ 24 _ 24 — 26— 24 B 24 B 24
2 3 4 n+2 n+3 n+4 n+2 n+3 n+4
4. Brraucnasem cymmy paga no dopmyae (1):

S=lim S, = lim (26— 24 - 2 - 24 = 26.
n—oo n—o0 n+2 n+3 n+4

OTeet. S = 26.

YcuoBus 3ALAY. Hatimu cymmbl pados.

e 6 = 3
1. _ 2. —_—
rgln2+5n+6 §n2—5n+6
o0 [ee]
30 4
. —_— 4. _—
3 ;25n2+5n—6 Z_:zm?—l
. 18 90
> ;n2+3n' 6. ;4n2+8n 5
o0 [ee]
3 16
7 ;9n2—3n—2' 8 Z16n2 8 —3
o0 o0
8 60
. —_— 10. .
9 Enn+1 n+ 2) — (2n+1)(2n+3)(2n+5
n=1 n=1

OTeeTl. 1. §5=2. 2.5 =1. 3.9=2. 4.58=2 5.85=11
6.9=23. 7.8=1. 8.5=4. 9.5=2. 10.5=1.
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10.2. IlepBasa TeopemMa cCpaBHEHUA

ITIOCTAHOBKA 3AJAYU. Hccaedosamsv cxodumocms pada ¢ weompu-
YAMEALHDIMY UAEHAMU
o0
> an,
n=1

2de a, = f(n,u1(n),uz2(n),...) v ui(n),uz(n),... — Pynxyuu c useecm-
HOLMU HAUMEHDWUMY U HAUGOALWUMY ZHAUEHUAMY (HANDPUMED, CUHYC, KO-
cunyc u m.n.), npuuem GYHKYuL f MOHOMONKO 3ABUCUM OM U1, U2, . . .

IIJIAH PEIUEHUSA.

1. Iposepsem, uro lim, ;o a, = 0 (ecum lim, ;o a, # 0, TO pag
PaCXOAMTCA, TAK KAK HE BBHINOJHEHO HEOOXONMMOE YCJIOBHE CXOZAMMOCTH
pAza).

2. IMockoubky a, > 0, IpUMEHAEM NEPBYI0 MEOPEMY CPABHEHUA.

ITycmb danvt dea pada ¢ HEOMPUYAMEALHBIMU UAEHAMU Ele an u
o0
Yo bn.

Ecau ap, < b, mo us crodumocmu pada Y oo

n=1
MOCTL PAOA D oo | Q.

bn caedyem czodu-

Ecau a, > b,, mo us paczodumocmu pada E:’:l b, caedyem paczo-
Jumocmv pada Y oo an. :

3. YTo6ml cxenaTh BHIBOZ O CXOAMMOCTH (PacXOZMMOCTH) HAHHOT'O
PANa, MBI JOJKHEI YCTAHOBUTH CHPABEITMBOCTD OJHOM M3 JBYX THMIIOTE3
(mpoBepsieM ux B IH060M MOPAJKE).

v o0
I. Micxoanbiit pAg » .~ Gn CXOZUTCAH.
v o0
II. McxoqHBIA DAL Y .~ ; Gn PACXOAUTCH.

I. IIpoBepsem nepsyio runore3dy. UTo6nl yCTAHOBUTH, YTO MCXOMHEIN
PAAL Y oo | Gn CXOZUTCH, HyXHO HAWTH CXO XAMMU K CA PAX Y o bn Ta-
KOH, 4TO

an < by. (1)
B xauecTBe 3TAIOHHOIO PAAA Y oo, by MCIOIB3yeM OJUMH M3 CJIEAYIONIMX
PAJOB:

o o o C
a) CXOAIMMUCA PaPMOHMYECKUM DAL Y~ | — mpup > 1;
n
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6) CXOAAUMICA TeOMETPUYECKHM PAA » oo ,cq” mpu 0 < g < 1
(¢ — HEKOTOpOE NMOJOKHUTEILHOE TUCIO).

v (oo} v
Ecmu cymecTtByeT cxoasmmics pag y.,.; b, Takoi, 9TO BHIOIHS-
eTcs HepaBeHCTBO (1), TO Mo mepBOM TeOpEMe CPABHEHUA UCXOIHBIN DA
o0
Y me1 @n cxoguTcA. B mpoTuBHOM Ciydae, NpoBepAeM BTOPYIO TUIOTE3Y.

II. Y1068 yCTAHOBUTD, ITO MCXOAHBIN PAL Y o g Gn PACXOJUTCSH, HAZO
HalTH PACXO AAMMACS PAX Y o bn TakoM, 9TO

an 2 bn. ()
B xavecTBe 3TAIOHHOTO PAAA Y oo by MCIOMB3yeM OAWH M3 CIEAYIOIMX
PAIOB: :
v o 00 c
a) pacXOAAIMICA TADMOHUYECKUA PAL D oo — mpu p < 1
n
6) pacxXoAAIMHACA IeOMETPUYECKMH PAX Y .. cq® mpu g > 1

(¢ — HEKOTOpOE HOJOXHUTEILHOE YUCIO).

v {o o] v
Ecnu cymecTByeT pacXoAslMicsa Paj » .. ; bn Takoi, 9TO BHIIOMHA-
eTca HepaBeHCTBO (2), TO IO MEPBOM TeOpeMe CPABHEHUA UCXOIHEIM DAL
oo
> peq Gn PACXOJUTCH.

3AMEYAHMUE. [l1g oneHku o6LIero wieHa pALa UCIOIb3yeM HepaBeH-
CTBa:

—1<cosn<1, -1<sinn<l,

1<Inn <n? (Vp>0), < arctgn <

]
[T

IIPuMEP. HUccrenoBaTh CXOAMMOCTD PALA

i vnd+1
— n2(2 +sinn)’
PEIIEHUE.

1. Imeem

. vnd+1
lim ——— =0,
n—o0 n2(2 + sinn)

T.e. HEOOXOAMMOE YCJIOBHE CXOJUMOCTH PAJa BHIIIOJIHEHO.
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2. Tak xak -1 <sinn<1ul<2+4+sinn<3npuscexn>1lmu
nd+1

n?(2 + sinn)

TO MOXHO NPUMEHUTDH MEPBYIO TEOPEMY CPaBHEHHUA.

3. Yro6ml caenaTh BHIBOZ O CXOAMMOCTH (PacXOAMMOCTH) AAHHOTO
pPAJa, MBI JOMXKHBEI YCTAHOBUTD CIPABEIIMBOCTD OJHOM U3 JABYX THIIOTE3
(mpoBepseM B m060M HOpAIKE).

1. McXORHBIA PAX Y oo | Gn CXOFHTCH.

Hockombky —1 < sinn < 1, umeem 1 < 2+sinn < 3, vn3 + 1 < 2n3/2,
U, ClIeJOBATEIbHO,

vnd+1 < on3/2 2

n2(2 +sinn) = n? /2
Tak xak pafg
>
1/2
n=1 n /

pPacXoAuTCA KaK MapMOHMYECKMA ¢ p = 1/2 < 1, To rumoTesa 0 CXOAu-
MOCTH HCXOJHOr'O PsAfa HE MOATBEDAUIACE.

ITpoBepsem BTOpyIO rUnOTE3Y.

II. Yicxogquma pajg E:‘;l Qn PACXOOUTCA.

IMockomeky —1 < sinn < 1, umeem 1 < 2 +sinn < 3, vn3 +1 > vn3,
U, CJIeJ0OBATEILHO,

Vn? S n3/2 1

n2(2 +sinn) = 3n2  3ni/Z’ )
Tak xak pag
i 1
172
= 3n /

pPacxXoAuTCA KaK MapMOHMYECKMA ¢ p = 1/2 < 1, To B CuIy HepaBeHCTBa
(3) mo nepBo¥ TeopeMe CPaBHEHUA PACXOAUTCA M MCXOIHBIA DAL,

o Vnd +2

Oreer. Par Yont 135+ sinm)

pacxoquTcA.
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YcnoBUA 3ALAY. Hccaedosamsb czodumocmsb pados.

, Z arctg (n3) i 4 —2sinn
=in(n+2)(n+3) “~ n-Inn
oo [oe]
2+ cosn n?lnn
3. _— . .
> i 40 =
n=1 n=2
o0 oo
5—2cosn 2+sinn
5. —_——. 6. _—
,;1 Vn? 7; n(n? +3)
. i Inn g >, cos?n
n=1 4V ng ' n=1 TL2 + 1

OTsetbl. 1. Pag cxoaurca. 2. Pan pacxogurcs. 3. Pan
cxogurca. 4. Pan pacxomurca. 5. Pang pacxogmrca. 6. Pag
cxogurca. 7. Papg cxomurca. 8. Papg cxomgurca. 9. Psag cxogurca.
10. Pang pacxogurcs.

10.3. Bropasa TeopeMa cpaBHEHUSA

TTOCTAHOBKA 3AJAYN. Hccaedosampb cxodumocmv pada ¢ nOA0KCU-
MEALHBIMYU UAECHAMU

I11AH PEIUEHUA.

1. IIposepseM, 4o lim, o0 @, = 0 (ecam lim, ,o a, # 0, TO pag
PacXOAUTCA, TaK KAK HE BBHIINOJIHEHO HEOOXOAMMOE yCIOBHE CXOAMMOCTH
paza).

2. IIposepsem, uTo a, > 0 gua Bcex n > 1.

3. [lenaeM BHIBOA O CXOAMMOCTH WJIM PACXOJUMOCTH AAHHOI'O PALA,
UCHOAB3YA 6Mopy1o (Npedeavryio) meopemy CPaBHEHUA.
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[e o} oo
Iycmp danvt dea pada Y., 1 an, P noqbn, npuuem cywecmeyem
nomep N maxot, umo npu ecexn>N a,>0 u b, >0.
Ecau cywecmeyem xoneunbiii u omauunblii om Hy.aa npedea
. an
lim —,
n—oo by,
o0
n=

MO PAOLL Y oo | Gn U Y ey by aubo 06a czodAMCA, AUbO 064 PACTOOAMCA.

B kaduecTBe 3TAIOHHOrO paga Y o . b, MCIOIB3YEM rapMOHNYECKUH
pan n=19%n y P
c o
pan Zle —» KOTOPHIM CXOJUTCA NPH P > 1 u pacxoaurca nmpu p < 1,
n
WM IeOMETPUYECKUH DA Z:’f:l cq™ (¢ > 0), KOTOpHU CXOAUTCA IPH

q < 1 n pacxoaurcsa npu ¢ > 1. Takum 06pa3soM, HYKHO HAUTHU MOCIENO-
BaTeabHOCTh A/nP (mim Bq™) Takyio, 4TO

U~ — (wmm a, ~ Bq"™) mpu n — oo.
n

BriBog: 1m0 BTOPOU TeopeMe CPaBHEHMA MCXOIHEIM PAJ CXOJATCS, €CIN
p>1 (g <1), n pacxogurcs, ecm p < 1 (¢ > 1).

IIPUMEP. UccaenoBaTh CXOAMMOCTD pAa

n
arcsin —————— .
Z 2 5/2
n=1 (n +3) /

PEWIEHUE.
1. Umeem n
lim arcsin ———— = = 0.
n=ro00 (n2+ 3)5/ 2
2. IIpoBepseM, 9TO WieHEl JAHHOTO PAJa IHOJOXHUTENbHEL J[lercTBu-
TeIbHO,

i t >0
arcsin m

mpu Bcex n > 1, Tak xak n/(n? + 3)%/2 € (0,1).
3. [lenaeM BBIBOA O CXOAMMOCTH WIM PACXOAMMOCTH JAHHOIO PAZA,

UCIOAb3YA BTOPYIO (IpeenbHy0) TeopeMy CPaBHEHHA.
Nmeem

. n 1
arcsin m ~ F npu n — 0.

Pan
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CX0AUTCA KaK rapMoHumdeckun ¢ p = 4 > 1. CregoBarensHo, B CUIy BTO-
po#t (IpeAenbHON) TEOPEeMbl CPABHEHUA MCXOMHBIN PAJ TAKXKe CXOZUTCA.

OTtser. Pag > 27 arcsin CXOJUTCA.

n
(w2 1 9572

Yca0BuA 3ALAY. Hccaedosams czodumocmsb pados.

2. nd+6 ad
1. ;mnus. 2. ngln (l—cos%).

o]
1 1
3. E Vn? arctg — . 4. E n?sin .
4 3=
n=1 n n=1 n’?

nt+3 . n+3
5. E nln —— 4 T 2 6. ngzl s m
[eS) (&)
3"+n 3 .n?24+1
7. nE=1 7"—{-—211, 8. ngzl \/;L-arcsm m

o0 o0
9. n? (61/2"3 - 1). 10. ntg?.

OTseTbl. 1. Pax cxomurca. 2. Papg cxomurca. 3. Pag cxoaurcs.
4. Psap pacxogurca. 5. Panm cxomurca. 6. Pag cxomurca. 7. Papg
cxogurca. 8. Pamcxomurca. 9. Paxpacxogurca. 10. Pax cxogurcs.

10.4. IIpu3nak /lanrambepa

IIOCTAHOBKA 3AJAYU. Hccaedosamd czodumocms pada ¢ nosox#cu-
MEALHBIMU UAEHAMU
[e o]
> an,
n=1

2de an, ~ b, u b, codepmcum npouseedenus mno2ur comnoxrcumenet
(nanpumep, axmopuanny).

Il/IAH PEIIEHUA. Ecau npu BeIMUCIEHUN npejeia

lim Ontl

n—oo

n
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MOXHO COKPaTHTh MHOI'ME MHOXHUTEIH B YMCIATENE X 3HAMEHATEIe Ipo6u
bp+1/bpn, TO 06EIYHO TpUMeHMIOT NPu3nax Jasambepa.

Hycmb dan pm) C NOAOHCUMEADHBIMU UAEHAMU
e
E bn.
n=1

Ecau cywecmeyem npedea

lim bn+l
n—oo by,

)

mo npu ¢ < 1 pad czodumca, npu ¢ > 1 paczodumca. (Ecam o = 1, To
npusHak [anambepa oTBeTa HE JaeT.)

1. IIposepsem, aTo a,, > 0 npu Bcex n > 1.

2. YupomaeM, eciu TpebyeTcs, BEIpaXkKeHue 1A G,, T.e. OyaeM uccie-
KOBAaTh CXOJUMOCTD PAAA Y o bn Takoro, 4o a, ~ b, mpu n — o0, a
3aTeM BOCHOJb3YEMCS BTOPOM TEOPEMOU CPABHEHU.

3. BruruucaseM by 4.

4. Brruucisem npepen

lim bot1 _ 0. (1)

n—oo n

5. IIpumensem npusnaxk [Jarambepa ¥ BTOPYIO TE€OpPEMY CPaBHEHHS.

Ecm p < 1, pag Y oo b, cxogurca. CiegoBaTensHo, IO BTOPOM
TeopeMe CPaBHEHHA CXOAUTCA M UCXOAHBIA PAA ) o) Gn.
Ecmu ¢ > 1, pag Y o7, b, pacxogurca. CiefoBaTensHO, IO BTOPOH

TeOpeMe CPaBHEHHUA PACXOJUTCHA U UCXOAHBIA PAA Y or; Gn.

IIPuMEP. UccregoBaTh CX0AMMOCTS pAAA

1-4-7-...-(3n-2) . 1

E sin .
n! 2nt+1

n=1

PEIEHME.
1. IIposepseM, 4TO WieHH pPAJA MOJOXUTEIbHH. J[[eHCTBUTEIBLHO,
1-4-7-...-3n-2) ., 1

ap = sin
n! on+1

>0

npu Bcex n > 1.
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2. Ilockoabky sinz ~ = npu £ — 0, MOXHO yIPOCTUTHL BBIPAaXKEHUE
LA G

14-7-...-(3n—=2) . 1 1:4-7-...-3n—2)
n! S ontt ™ 2ntlip! '

T.e. Gy/leM MCCIEAOBATDH CXOUMOCTE PAAA Y oo

e Dn, THE

1-4-7-...-(3n-2)

bn = on+lp) ’

U 3aT€M BOCIOJIb3YEMCA BTOPOU TEOPEMOY CPDABHEHMA.

ITockoabky b, CONEPXKUT NPOU3BEJEHUA COMHOXUTENEH TUNA (AKTO-
PHAJIOB, ClIefyeT NpUMEeHUTH npusHak [JaramGepa.
3. BoruucaseMm by, 41:

1-4-7-...-(3n=2)-(3n+1)
2n+2(n 4 1)! '

bn+l =

4. Brruucnsem g o ¢popmyue (1)

T bn+l_

o= lm ===
— lm 1-4-7-...-(3n=2)-(3n+1) 2n+1p! _
T noroo 2n+2(p 4 1)! 1-4.7-...-(3n—2)

i 3n+1 3

nooo 2(n+1) 2

5. Ilpumensem npusHak [JanambGepa u BTOPYIO T€OPEMY CPaBHEHHS.

Tax kax ¢ = 3/2 > 1, To pag

(e o]
1-4-7-...-(3n—2)
Z 2ntln)
n=1
pacxogutca. CregoBaTeIbHO, 10 BTOPOM TeOpeMe CPABHEHUA PACXOLUTCA
¥ MCXOJHBIA PAL.

[e o]

OvseT. Pax Z

n=1

1-4-7-...-(3n=2) |
n! 81n2n+1

PaCXOJUTCA.
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YcJioBUA 3A0AY. Hccaedosamb crodumocmsb pados.

oo 3" 42 et n
1. _— . —_—
1;2 2n(n+1)! 2 7;1 (nh)3
) | © on( 5
3. (3n +2)! Y Z 2™(n 1)‘
~ 2n(2n + 5)! ~ n!
o0 o0
57n! n!
5 ;(271)!' 6 1;3”+2
7 z n!(2n + 2)! g {Z 2™n!
—~  (3n) = (2n)!
o0 o0
2nn! 3nn|
9 Zl — 0. ) —
n= n=1

Ovsetel. 1. Psag cxomurca (9 = 0). 2. Pag cxogurca (¢ = 0).
3. Pag pacxogurca (¢ = +00). 4. Pag cxomurca (¢ = 0). 5. Pag
cxoaurca (o = 0). 6. Pan pacxoaurca (¢ = +00). 7. Pag cxogurcs
(0 = 4/9). 8. Pag cxogurca (¢ = 0). 9. Pag cxogurca (o = 2/e).
10. Psag pacxogutcsa (o = 3/e).

10.5. IIpusnaxk Komu

ITOCTAHOBKA 3AJAYH. Hccaedosamb czodumocms pada ¢ NOAOHCU-
MEALHOIMY UAEHAMU
oo
> an,
n=1

2de an ~ by, ulim, oo Vb, cywecmeyem u ne2ko 6bLINUCAAEMCA.

k
IL1AH PEWEHKUA. Ecmu b, umeer, nanpumep, sug g(n) f(n)™ , rae f
U g — paluOHaJIbHEIE GYHKIUH N, TO lim, oo Vbn CyIIECTBYeT M JIETKO
BREIYMCIAETCA. B TakoM ciydae mpuMeHAeM PAJUKAIBHEIN npusnar Kowu.

ITycmp dan pad ¢ NOAOHCUMEALHBIMU UAEHAMU

o0
> bn.
n=1
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Ecau cywecmeyem npedea

lim '\l/b_n— = 0, (1)

n—o00
mo npu ¢ < 1 pad czodumeca, npu o > 1 paczodumca. (Eciu ¢ = 1, To
npusHak Komm oTBeTa He gaer.)
1. IIpoBepsem, 4To a, > 0 nopu Bcex n > 1.

2. YnpomaeM, eciau Tpe6yeTcs, BHIpaXKeHUe 1A A, T.e. OylaeM uccie-
JOBaTh CXOAMMOCTH PALA fo:l b, Takoro, 94TO a,, ~ b, IpU N — 00, a
3aTeM BOCIOJIb3YeMCS BTOPOU TEOPEMOMN CPABHEHHUIA.

3. Buruncisem mpepen

lim ’{/1:: 0.

n—o00

4. TlpumeHaeM paAWKATbHEIM Ipu3HaK Komm u BTOpyIo Teopemy Cpas-
HEHUA.

Ecm ¢ < 1, pag > oo, bn cxopurca. CiegoBaTenbHO, IO BTOPOM
TeopeMe CDaBHEHUA CXOAUTCA ¥ MCXOJHBIA PAX D noq An.

Ecmu o > 1, pan fo:l b, pacxoaurca. CiemoBaTeabHO, IO BTOPOM
TeopeMe CPaBHEHUSA PACXOUTCH ¥ MCXOAHBIA PAL Y ooy G-

3AMEYAHHUE. Ilone3no umeTs B BUAY, 9TO

lim ¥Yn=1, lim Vlon=1, lim ¥/P(n)=1,
n—oo

n—oo n—o0
rae P(n) — MHOrowieH OTHOCHTEIBHO N.
IIPuMEP. UccrenoBaTh CXOAMMOCTD PAJA
= s
E n? arctg®" —.
4n
n:l

PEMEHKE.
1. TIpoBepsaeM, YTO WiEHHl pAJa MOJOXKUTEIbHHL. [[eMCTBUTEILHO,

v
a, =n* arctg?”— >0
4n

npu Bcex n > 1.
2. Tlockoawbky arctgxz ~ z mpu z — 0, ynpoiaem BhIpaXKeHUe IIA Qp:

4 on T 4 (TN
n® arctg®'— ~n (—)
& I 4n/
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T.e. 6yZeM MCCIESOBATL CXOAUMOCTD PAAA Y ooy by, TAE
2n
4 (T
b=t ()
¥ 3aTeM BOCIOIb3yEMCA BTOPOM T€OPEMOU CPABHEHHA.

Ouesngro, 9To lim, ,o Vb, CcymwecTsyer u jerko Beramcigerca. B
TaKOM CIydae IPUMEHAEeM PaJUKaIbHBIN npusHak Komm.
3. Brramcisem g mo ¢opmyse (1), yaurnBas, uro lim, 0 ¥n = 1:

T\ 2" 1n T \2
o= Jim [ ()] = et () =0<1

4. IlpumeHseM pauKaIbHBIA NPpU3HAK Koy 1 BTOPYIO TeopeMy Cpas-
HEHUA.
Tak xax p =0 < 1, To pag

e 4 T \2n

> (4

n=1
cxogurca. CuenoBaTensHO, MO BTOPOM TeOpEME CPABHEHMA CXOAUTCA H
MCXOJHEIN PAX.

oo
T
OTseT. Ps n* arctg’™ — cxomuTca.
A Z g in Jis

n=1

YcnoBus 3AA4AY. Hccaedosame crodumocmv pados.

2 2
— (3n2 +1\" = (203 +n)\"
L Z(2n2+1}' 2 X md-1) -
n=1 n=1
(o <] na (o <] 'n2
5 —3 n
. . 4. .
s X (75 > (3253)
n=1 n=1
. i o +2\" 6 i"s 3n+1\"
) ~\5n+1 ' ) ~ 5n+3)
00 n 2n 00 an —1 n/2
nv(Eh) s D(em)
°°n23n - n+l_—n
9. T 10. ) 3vtle™

n=1 n=1
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Oveetul. 1. Pan pacxoanrca (p = +00). 2. Pag cxogurca (o = 0).
3. Pag cxogurca (0 =0). 4. Pan cxogurca (o = 0). 5. Pag cxogurcs
(0 = 0). 6. Pag cxogurca (¢ = 3/5). 7. Pag cxomurca (¢ = 1/4).
8. Pag cxogurca (¢ = 2/3). 9. Pan cxogurca (¢ = 3/5). 10. Pax pac-
xomurcsa (g = 3/e).

10.6. UnTerpanbubin npusnak Komm

IIOCTAHOBKA 3AJAYU. Hccaedosamsy czodumocmsd pada ¢ NOAOHCU-

MEALHLIMU YAEHAMU
(o]

E aTL’

n=1

ede ap ~ b, = f(n), npuuem nepsoobpasnas pynrxyuu f(z) aeeko biuuc-
AAETCA.

IlnAH PEMEHUA. Eciu b, = f(n), npudem nepBoo6pa3Has GbyHKIMM
f(z) nerko BHIYMCAsLETCA, TO NIPUMEHAEM uKMe2patbrbit npushax Kowu.

Ecau gynryus f(z), npunusmarowas 6 moukazz = n (n € N) snauenua
f(n) = b, > 0, y6uieaem 6 nexomopom npomexcymre b < z < +00
(b>1), mo pad Y oo, bn u necobemeennoiii uwmezpan fb+°° f(z) dz aubo
o6a cxodamca, aubo 06a pacrodamca.

1. Yupomaem, ecin TpebyeTcs, BhIpaXeHUe NIA Gn, T.e. Oynem uc-
CIEeJ0OBATh CXOAUMOCTL PALA 2211 b, Takoro, 4T0 a, ~ b, npu n — oo
n b, = f(n) BeI6pans Tak, 9TO6H GyHKuMA f(T) UMea OIEBUAHYIO IEp-
Boo6pasnyio F(z). 3aTeM ucnoabsyeM BTOPYIO TEOPEMY CPABHEHUS.

2. UccaenqyeM cxoamMocThs HECOOCTBEHHOI'O MHTErpaJja IO OIpelele-
HUIO:

+o0
/b f(z)dz = lim F(b) — F(a).

b—+o00

3. [IpumenseM uHTerpaitbHEIU npusHak Komm k pagy

¥ 3aTeM J[eJaeM BBIBOJ O CXOAMMOCTH MU PACX0AUMMOCTH UCXOLHOIO DAL
Yo | Gn, UCHIOAB3YS BTOPYIO T€OPEMY CPABHEHMUA.
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3AMEYAHUE. UnTerpansueii npusHak Koummwm npumeHseTcs, B 4acT-
1
HOCTH, K pAgaM Buja y .., —f(Inn).
n
ITPUMEP. MccremoBaTh CXOQUMOCTD PSAAa

3n
(n?2 —2)In(2n)"

8

n=2

PEMEHUE.
1. YopomjaeM BbipakeHue IId a,

3n 3
(n2-2)In(2n) nlon

o0

u GyZeM MCCIefoBaTbh CXOAUMOCTb DAL Y . -,

——— C IIOMOIWIBIO HH-
nlnn

TerpansHoro npusHaka Komwm, Tak kak Gymkimua f(z) = uMeeT

zlnz

04eBHAHYIO nepBoobpasuyo F(r) = 3lnlnz. 3aTem ncnoassyem BTOpyIo
TeOopeMy CPaBHEHMS.

2. UccaegyeM cxoauMoCThb HECOOCTBEHHOI'O MHTErpaJa IO OIpejese-
HUIO:

+00 b
/ 34T _ i / 29 _3 lim [lnlnb - Inln2] = +oo.
2 zlnz b-+4o00/y zlnzw bteo

Murerpan pacxogurcs.
3. IIpumensem uuaTErpatbHb npusHak Kommn:

Dynkuns f(z) =

HeNpepHIBHA B IPOMEXYTKe (2, +00) u y6biBa-
zlnzx

eT B HeM K HyJio. ClefJoBaTeIbHO, M3 PACXOAUMOCTY UHTErpaia CleLyeT
PacxogMMOCTb pALa
o0
Y2
—.
n=2 TLl n

ITo BTOpPOM TeOpeMe CpaBHEHUA PACXOMUTCA ¥ MCXOMHBLIA DAL,

3n

(n—z—T)ln(_Qn—) pacxoguTcCA.

OvseT. Pag i

n=2
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YcnoBUA 3AAAY. Hccaedosamsb cxodumocmsb pados.
- 1

1. e
et (2n+3)1n(2n) Z n+1 ln n

n=2

- 1 el 1
5 Z (3n —2)y/In(2n + 1) 4 nz; nln®(n+1)

(@3]

]38
5

+
Rt o

W

5

3

D
i L

1
n=2 In3(3n + 1)
(e o) 1 oo
7. —_— 8.
n;n In(n +3) z::n“rllnn
9. —_—. 10. —,
7;2 (n8 +2)In’n :1;2 (n*—2)Inn

OvseTul. 1. Pax pacxomgurca. 2. Pan cxopurca. 3. Pax pacxoxurcsa.
4. Pag cxomurca. 5. Pan pacxogurca. 6. Pag cxogurca. 7. Pap
pacxoaurcsa. 8. Pancxomurca. 9. Paxcxomurcsa. 10. Pax pacxogurcs.

10.7. IIpusnak Jlen6uumna

IIOCTAHOBKA 3AJAYU. Hccaedosamyv crodumocmv 3naxouepedyio-

weaoca pada
(o]
> (-1)"an, an>0.
n=1

I1yIAH PEIIEHUA.

1. IIposepsem, u¥To limp o @, = 0 (ecam lim,_ o0 an # 0, TO pax
PacXoOIuTCA, TAK KAK HE BBLINOJHEHO HEOOXOAMMOE yCJIOBHE CXOAMMOCTH
pana).

2. UccrexyeM cxoauMoCThb pAfa, COCTABIEHHOIO U3 MOIYJIEH,

oo
__>. Qn,
n=1

KCIOJIb3YA T€OPEMBI CDABHEHUA U NPU3HAKU CXOAMMOCTH LIS PALOB C IO-
JIOXKUTEIbHEIMA LIEHAMH.
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Ecan pag w3 MOAymed CXOAWTCS, TO MCXOAHBIA pAM CXOXUTCA abCo-
JIOTHO.

3. Ecau pan u3 Moaysned pacXOJUTCA, TO OCTAETCA eIle BO3MOXHOCTD
TOr'0, 9TO MUCXOAHEIM PAJ CXOAUTCA YCJIOBHO.

YTo6nl HCCIENOBATH TY BO3MOXHOCTL, IPUMEHAeM npusnax Jleib6-
HUYQ.

Ecau uaenvt 3naxouepedyrowezoca pada ybvisarom no abcoatommnot
BEAUNUNE U CMPEMATNCA K HYA0 NPU n — 00, mo pad crodumca (no
xpatineti mepe, YCcao6HO).

B pgansOM ciydae, eciu yCJIOBUS NPU3HAKA JIeMOHUIIA BLINOIHEHE], TO
MCXOJHBIM PAJ CXOJATCH YCIOBHO (TaK KaK yXKe BHIACHEHO, 9TO abCoIoT-
HO OH HE CXOJUTCH).

IIPuMEP. UccrenoBaTh CXOAMMOCTE DA

ad 1
1" {1 -cos—|.
21 (1~ )
PEIIEHUE.

1. IIpoBepuM BrImOJHEHNE HEOGXOAUMOI'0 yCIOBUA CXOAMMOCTH:

. n 1)
nl—l—~>n;o(_1) (1 — COS 7_;) =0.

2. HUccrenyem cxoquMOCTD PALA, COCTABIEHHOT'O M3 MOIYJIEH:

Tak xak pu n — 0o

1 1
l—cos—=n~—

vn oo 2n’

TO IO BTOPOH (IpeAeIbHON) TeopeMe CPABHEHMA PsJi U3 MOAYJIeH Pacxo-
JUTCA.

3. Ilposepsem ycaosusa npusHaka Jlenbuuna:
" 1
a) pAn 3HAKOIEPeAYIOIMUCS C A, = 1 — cos —\/ﬁ;

6) WieHH psAAa yOBIBAIOT MO aGCOMOTHON BEIUUMHE:

1 1
1—cos——=<1—-cos— Vn > 1;

Vvn+1 Vn -
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B) WIEHH PAJA CTPEMATCA K HyMO npu n — 0o (cMm. m. 1).

CiaenoBaTenbHo, 10 Npu3HaKy JIeWOHMIA HUCXOAHBIM DAL CXOMUTCA.

o]

1

OTeeT. Pag Z (=" (1 — cos ———) CXOJUTCS YCIOBHO.
n=1 \/ﬁ

YCJIOBUA 3ALAY. Hccaedosampb cTodumocmyd pados.

3n+1 bt 2n?
1. ”‘“—-—-—- 2. )y
nz=:1 n(n+2) ;( ) n®+n?+1

n®+1

3. Z(—l)nm' 4, Z(—1)"—m—.

3
Il
—
3
Il
—

5. i n_l. 6. i(—l)“"2+3.

n:l n=1

OvseTbl. 1. Pag cxomurca ycroso. 2. Pan cxoaurcsa abCcomoTHO.
3. Pax cxogurca ycrosuo. 4. Pax cxogurca a6comorHo. 5. Pax cxo-
nuTca ycaoBHo. 6. Pag cxomurca ycmosno. 7. Pap cxopurcs abcomoTHO.
8. Panx pacxomurca. 9. Panx cxommrca a6comorno. 10. Pag cxogurcs
YCIOBHO.

10.8. I[IpubiamxeHHOe BBLIYUCIECHUE
CyMMEBI psajga

IIOCTAHOBKA 3AJAYM. Buiwucaums cymmy 3naxouepedyrow,e2oca
YUCA06020 PAOG

(—1)"_1an, an >0,

2 10

¢ 3adannoti mounocmoio C.
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IIIAH PENIEHUA.
1. Ecm ap4+1 < ap u lim,,a, = 0, To m1a ocrarka paxa R,
CIIpaBeIJINBO HEPABEHCTBO

‘Rn! < ang1.

2. Ecma any1 < @, T0o ¥ |R,| < a. IosTromy, pemas HEpaBeHCTBO

ny1 < Q,

HaX0JUM KOJMYECTBO WIEHOB psAna, KOTOpOe HeO6XOAMMO B3ATHh OJA BEI-
YUCJIEHUA CYMMBI psAga C BaAaHHOﬁ TOYHOCTBIO Cx.

3. HeIIOCpeACTBeHHO BBIYUCIAEM N-H0 YaCTUYIHYIO CyMMY 4 3aIlIMCEIBA-
€M OTBET:

S~S,=a1—az+ ...+ (—1)”"1(1".

IIPUMEP. Beraucauts cymMmy pajga

D ey

¢ Tounocteio o = 0,001.

PEWEHUE. !
1. [laHHBIA pAJ 3HAKOUEPEAYIOIMUCA M CXOAAMMUHUCH (aBGCOMIOTHO).
Ynenw paga yOouIBAOT MO0 a6COJIOTHOM BEIUYUHE:

n+1 < n
1+ (n+1)3)% " (1+n3)?

Vn > 1.

CJIe,ZIOBaTeJIbHO, CripaBeJINBO HEPABEHCTBO

n+1

|Rn| < Gpyr1 = m

2. Ecma any1 < @, To ¥ |R,| < a. Iosromy, pemas HEpaBeHCTBO

n+1 < 1
(1+(n+1)3%)2 ~ 1000’
HaXOJUM KOJUYECTBO WIEHOB PAAA, KOTOpOEe HeOOXOAUMO B3ATH [JJIA BhHI-

YUCIEHUA CyMMBI PAJA C 33JaHHOM TOYHOCTBIO . Ilomywaem n > 3, T.e.
JOCTATOYIHO B3ATH II€PBbIE TPU WICHA PALA.
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3. Bruruncasem:

OTser: S = —0,229 4 0,001.

YCJIOBUSA 3ALAY. Boiwucaumbd cymmbl 3HAKOUEPEIYIOWULCA PAO0S C
3adannol MmouHocmovio a.

oo o0
(=1)"+! (=p)r+!
1. Z—,;z— a =0,01. 2. Y ~——, a=0,00L

3. Z__ﬁi_ oa=0,001. 4. Z(_l) a = 0,001.

oyt (2n+ 1! = (3n)!
o0 oo
= =y~
5.0) , a=0,0001. 6. » ——, a=0,00L
~ (2n)In = 2nnl
o0 o0
(=n" =y~
7.3 5=, a=0,0L 8. > =, a=0,0L
n=0 n°+ 2 n=1 2n

et (_1)n l)n 1
9. > , a=0,01. 10. Zm a=0,01.

OTsetnl. 1.5 ~0,84. 2. S ~0,806. 3.5 ~ — 4. § ~
-0,332. 5. S5 ~ —0,4796. 6. S ~ —0, 393 7.8 ~ 0, 13. 8 S ~
-0,45. 9.5 ~0,36. 10. S ~0,04.

~
~

10.9. O6sacTh cxoguMMOCTH
P YHKIIMOHAJILHOI'O pAga

IIOCTAHOBKA 3AAAYU. Hatimu o6uacms crodumocmu GyrKyuoRab-
H020 PAda
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I1yiAH PEIIEHMA. Ilpm xaxxJ0M ZOIYCTHMOM 3HAYEHUM T PacCMaTpHU-
BaeM JaHHBIA PAJ KaK YMCIOBON ¥ MCCJIEAYEM €r'0 CXOAUMOCTD, IPUMEHAA
TeopeMbl CpaBHeHusA, npuaHaku Koumm, [Janam6bepa u ap. Takum o6pa3om
HAXOAMM T€ 3HAYEHUA T, IPHY KOTOPHIX JaHHHIM paAf cxoaurci. CoBOKym-
HOCTb TaKMX 3Ha4YeHui £ o6pa3yeT 06JacTh CXOAMMOCTH PAAA.

IIpu ucmoas3oBanuu npusHakosB [lamambepa mam Komu mocrynaem
ciaenyomuM o6pa3om.

1. Haxogum p(z) no oxHon u3 ¢opmyu (eCim Npejensl CyUmeCTBYIOT)

o) = i ot ote) = i, I
rae fn(z) — o6mui wieH paja.

2. Tak kax no npusnakam [Jarmambepa win Komu psajg cxoaurcs npu

¢ < 1 u pacxogurca npu g > 1, HaX0AUM MHTEPBaJ CXOAUMOCTH, pelasd
HepaseHCTBO o(z) < 1.

3. Uccrenyem moBegeHue pAfa B FPAHMYHBIX TOYKAX MHTEPBAJIA CXO-
JUMOCTH.

3amuChEIBa€M OTBET.
IIPUMEP 1. HallTu 061aCTh CXOAMMOCTH PAIA
o 3

n
2+ va+ )er

n=1
PELMIEHHUE.

1. [asa xaxaoro UKCUPOBAHHOIO T BCE WIEHBI JAHHOIO PALA IOJO-
JKUATENbHBI:

n3

T W+ 1)t

2. HUcnonssyeM BTOpyIO (IpeersHyI0) TeopeMy CpaBHeHuA. meem

an

>0 Vn > 1.

nd 1
(n? + V/n+ 1)1 p2EiD)-3

Tax xak npu 2(z +1) —3 > 1 pag

nmpa n — 0.

o]

1
Z n2(z+1)-3

n=1
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cxozurcs, a npu 2(z + 1) — 3 < 1 pacxoaurca (kak 0606WEHHBIR TrapMO-
HUYECKMH), TO II0 BTOPOM TeOpeMe CDABHEHUS PA[

sl 3

n
(n?2 +/n+1)=+H1

n=1
CXOJOWUTCA IIpM BCeX T > 1.
OTeeT. ObxacTs cxogumoctu paga — (1,00).

IIPUMEP 2. HaiTu 064aCTb CXOAUMOCTH PAZA

>
3(p2 n’
o nd(z? —4x +7)
PEWEHKE.
1. [Ina Toro uTo6el npuMeHuTs npusnak [Jaram6bepa, HaxoguMm o(z)
no ¢opmyae
4n+1

T ‘fn—{—l‘ Y (n + 1)3|;1;2 —4r 4 7ln+1 B 4
T N Ty
nd|z? — 4z +7|"

2. Tak kak mo mpusHaky [lamam6epa psag cxomgurca mpu ¢ < 1 u
pPacxoAuTCA npyu ¢ > 1, HaX0AUM MHTEPBAJ CXOAMMOCTH, Pellas HEPaBeH-
ctBo o(z) < 1

4
[ —dz+7]

Hoxy4aem z € (—o0, 1) U (3, 00).
3. Uccaegyem cx0ZMMOCTb psAJa B MPAHMYHBIX TOYKAX:
npu z =1 papg

1.

1
n3

NIE

n=1

Il

cxoautca (kak 0606IeHHbIN PFAPMOHIYECKUH ¢ p = 3 > 1);
npu z = 3 pafg

1
nd

M8

1

3
Il

TaKXe CXOAUTCA.

OTeer. O6nacTs cxogumocTu paga — (—oo,1] U [3, +00).
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YcnoBus 3A0A4Y. Hatimu obaacmu crodumocmu GYHKUUOHAALHBIT
pados.

2"
n(z? — 6z + 10)*

NIE

oo
n
1. E —_——
—~ (% + 1):1:+3

3
Il
-

> n? > 3"

3. _— 4. _—
Z nx3+4az +3 Z Tl((L‘2 — 5 + g)n
n=1 n=1

) %)
n 4m

5 Z nZ2—2 + 1 6. Z 712(.’[2 + 3)n :
n=1 n=1

oo 2 e n
n 5

7. _ 8. —_—

1;1 (n+vn)* Z n(z? — 4z + 8)"

Il
-

n
o

n?+1
0. ) 10

n=1 n

6n
n?(z? — 2z + 6)*

IIM8

[

Otsetsl. 1. (3,400). 2. (—0,2) U (4,+00). 3. (—00,—5) U (1,+00).
4. (~00,2) U (3,400). 5. (—00,—2)U(2,+00). 6. (—00,—1]U][1,+00).
7.(3,+00). 8.(—00,1)U(3,+00). 9.(0,3). 10.(—00,0]U[2,+00).

10.10. O6nacTh CXOAMMOCTH CTENIEHHOI'O psaja

IIOCTAHOBKA 3AJAYU. Hatdmu obaacmeb cxodumocmu cmenennoz2o
pada

IIJIAH PEIIEHUA.
1. Eciu cymecTBytoT npejeis

lim —|(—:—"!— WIK —‘——1——,
n—00 |Cpt1] limy, 00 ™/ |Cnl

TO MOXHO HAaWTH PANYC CXOAUMOCTH CTEIEHHOro pAjga no ¢popmyre [la-
snambepa

R= lim ! (1)
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uiu 1o ¢popmyae Kommn
1

R ————. 2
limy, 00 n\/ |Cnl ( )

Torpga unTepBan cxoauMocTu paja ectb —R < x — 9 < R.

3AMEYAHUE. Popmyust (1) 1 (2) npuMeHNMBI IMIUB TOr A, KOL/Aa BCe
KO3 GUINEHTE! CTENEeHHOr0 PAja C, OTAMYHH OT HylA. B nporusroM
crydae HaxoguM o(z) mo oaHOK U3 GopMy.T

o(z) = lim fna(@)] wm  o(z) = lim “/|f.(z)|,

n—oo | fp(z)] n—oo

rae fn(z) — obumi wien paga (cM. 3agay 10.9). ITo npusnakam Janam-
6epa win Kommu pag cxogurcs npu ¢ < 1 u pacxoaurcsa npu ¢ > 1. Crego-
BaTeNIbHO, HAX0UM UHTEPBAJ CXOJUMOCTH, pemas HepaBeHCTBo o(z) < 1.

2. Uccrexyem moBemeHne CTENEHHOrO Pifia B PPAHMYHBIX TOYKAX HMH-
TepBajia CXOAUMOCTH T = Tg + R.
3anuceBaeM OTBET.

IIpuMEP 1. Hautu o61acTh CX0AUMOCTH PALA.

o0

(n+1)° n
Y e (z+ )™
= 2n+1

PEIEHHUE.

(n+1)°
2n+1
npuMeHuTb dopmyasl (1) wmm (2) ana pagmyca CXOAMMOCTH CTENEHHOTO

pAna.
ITo popmyne Jarnambepa

1. B ganHOM ciyuae ¢, = # 0 mpu Bcex n. IloaTomy MoxHO

R = lim

n—00

_ (n+1)5/(n+2)5=1.

cnr1| moeo 2n+1 /) 2n+3

CrenoBaTenbHO, MHTEDBAI CXOAMMOCTH ONpPENENSEeTCS HEPABEHCTBAMH
—-1<z+1<1umnmeer Bug (—2,0).
2. UccrexgyeM cxoAuMOCTh P B FPAHNIHBIX TOUKAX MHTEPBAIA CXO-

IUMOCTH. B TO4ke Z = —2 CTENEHHOM PAJ NPUHMMAET BUJ
2n+1
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d B Touke T = 0 CTEneHHOM PAJ NPUHUMAET BUJ
o o]

Z (TL + 1)5 (1)".

n=1 2n + 1

O6a paga pacxomaATCA, TAaK KaK He YAOBIETBOPAIOT HEOOXOAMMOMY yCJIO-
BHUIO CXOJUMOCTH PAXOB:

i D
S B

CrienoBaTenbHO, B 3THX TOYKAX PAJ PACXOIUTCA.
OTteer. O6nacTh cx0AUMOCTH cTeneHHOro paga — (—2,0).

IIPUMEP 2. HaiiTu 061aCTh CXOZMMOCTH PAAA

PEWEHUE.

1. B gannoM ciay4vae ¢, = 0 npu Bcex HedeTHHX n. IlodTOMy Henb3s
NPUMEHATSH GOPMYJIBI I PAJAYCa CXOAAMOCTHU CTENEHHOrO PALA.

Ucnons3zyem npusnak Komm, gias gero BeIMUCIEM

o(z) = lim "V,

(z —2)*.

vae fn(@) = n+1

Haxomum o(z):

o@) = lim " (@ -2 = (o - 22,

ITo npusnaky Komwu psax cxogurcsa mpum ¢ < 1 u pacxogurcsa npu
¢ > 1. CaegoBaTenbHO, MHTEPBAJL CXOAMMOCTH ONPENEIAETCA HEPABEHCT-
BoM (z — 2)? < 1 u umeet Bug (1,3).

2. UccnenyeM CX0AMMOCTD PAJa B TPAHUYHBIX TOYKAaX HHTEPBAJIa CXO-
auMocTu. B Touke x = 1 pag

o0

Z n-li—l(_l)n

n=1
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CXOJUTCA YCIOBHO IO NpuU3HaKy JlenbHuna.

B Touxe z = 3 pan
= 1
ln
Zn+1()

n=1

pacxoauTcs.

OTser. O6aacTs cxoguMocTu cTemeHHoro pasa — [1,3).

YcnoBus 3A0A4. Hatimu obaacmu cTodumocmu CMenerwnblis pados.

> (z—2)" > (z -
1. ZngnL 2. Z(——3—\/ﬁ-—

3
-
3
Il
—

~
M8
‘8
+
=
3

3. i (z +5)™

e = (n+1)2n
5 e (33 _ 2)n 6 o (III _ 3)271—1
= (n+1)3n - A (2n3 4 3n)an
oo \/ﬁ oo n
2 n
7 ;n2+l(z+3) 8 ;(n+1)23n(x+ )

- n = n 2n+1
9. §3n+22nz+4) 10. Z(n+1)!(w+2) .

n=1 n=1

OTsetwi. 1. (=7,11). 2. (2,4). 3.(-7,-3).
6. [1,5]. 7.[-4,-2]. 8.[-5,1).

10.11. Beruuciienne cyMMBbI pajga
IO WIEHHBIM MHTEI'PHUPpOBaHHNEM
TIOCTAHOBKA 3AJAYHM. Hatimu cymmy dynkyuonaawrozo pada 6uda
i ()"
n=k n

u yxa3amo o6aacmov czodumocmu pada K amot cymme.
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IIIAH PELWIEHUA.
1. Haxogum 061aCTb CXOAMMOCTH PALA.

ITo npu3naxy Komu naTepBan CXOQUMOCTH ONpENENAETCS HEPABEHCT-
BOM

If(z)] < 1.

Ecmu f(z) = 1, pax pacxogurca. Ecmn f(z) = —1, pag cxoauTcs ycIoBHO
(mo mpusnaxy Jleu6uuna). CaegoBaTensHo, 061aCTh CXOAUMOCTH OIIPEae-
aserca HepasencTBamu —1 < f(z) < 1.

2. [lenaem B UCXOAHOM DAne 3ameHy f(z) = ¢, NOLY4IMM CTENEHHON

pax
oo
tn
> M
n=1 n

¢ ob6nacTbio cxogumoctu [—1,1).

3. UssecTHa dopMyna Misa BLIYMCIEHUA CYMMBI WIEHOB GECKOHEYHO
yOBbIBAIOIIEN [€OMETPUYECKON IPOrPECCUI

o k

t
Zt”:l—_—t-, It < 1. (2)

4. Kpome Toro, umeeM 04eBUJHOE PABEHCTBO

o0 ‘t" oo t
Yo=Y [t te-1.
n=k n n=k"v0

5. Y4uThiBag, YTO CTENEHHOM PAJ MOXKHO MOYWIEHHO MHTErPHPOBATH
Ha m060M orpeske [0,t], meIMKOM NIPHHAIIEKALIEM MHTEPBAIY CXOALM-
MOCTH, ¥ UCIOIL3YA popmyy (2), morydaem

k

o0 n t o0 t
S(t)=z%=/0 Zu”'ldu=/0 I—Ldu, te(-1,1). (3)
n=k n=k

— U

3ameTnM, 4TO Tak Kak paj (1) cxoguTcs B rpaHMYHOM TOuKe t=—1,

TO CyMMa pAJa HempephBHAa B 3ToM Touke (cmpasa). CueZoBaTelbHO,
S(-1)= lm S(t).
t——140

6. Berumcisem uHTerpan:, geraeM 3aMeHy t Ha f(r) ¥ 3ammChIBaEM
OTBET: CyMMY PAJa U 06JaCTh €ro CXOAUMOCTH.
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3AMEYAHUE. Eciu pag umeer Buj

; n+a n+b)

TO IPUMEHAEM TEOPEMY O HOWIEHHOM MHTErPUPOBAHUYU CTEIEHHOI'O PAAa
JBaXK bl WIN pa3jaraeM Apo0b Ha djeMeHTapHLIE:

1 . 1 1 1
(n+a)(n+b) \n+a n+bd) b-a’
¥ BBIMHMCJIAEM CYMMY KaXJOT'O PAJA MOWIEHHbLIM HHTEIDUPOBAHUEM.
IIpuMEP. Hantu cymmy psaa

o]

U yKa3aTb 06IaCTh CXOJUMOCTH PAZA K DTOM CyMMe.

PEWIEHUE.

1. Haxomum 061aCTh CXOOUMOCTH PAAA.

Ilo npusnaxy Komu mHTEpBaI CXOAMMOCTH OIPEAENAETCA HEPABEHCT-
BOM |sinz| < 1.

B rpanuynbix Toukax npu x = /2 + 2wk pAj pacXoAUTCA, IPU T =
= 37 /2 + 2wk pAn CXOAUTCA YCIOBHO.

CrefoBaTeqbHO, NAHHBIM PAJN CXOAUTCA NPU BCex T # m/2 + 2wk
(k=0,%£1,...).

2. Cperaem 3ameny sinz = t. [Tomyaum reomerpuueckun psag (1) ¢
obnacTsio cxogumocTy [—1,1).

3. Ucnoab3yeM ¢pOpMyJLy [JA BEIYMCIEHUS CYMMBI WIEHOB 6ECKOHEIHO
yOBIBAIOIIEN MeOMETPUIECKON IIPOrPECCHU

= 1
dot= T <t (4)
n=1

4. Kpome TOro, mMeeM O4€BUJHOE PABEHCTBO

i%:;/{)tun_ldu, te(-1,1).
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5. Y4uThIBag, YTO CTENEHHOW DAJ MOXHO IOWIEHHO MHTErPHPOBATH
Ha mo6oM orpeske [0,t], HeIMKOM NpUHAJIEXAIEM WHTEPBAlLy CXOIU-
MOCTH, U UCHOAL3Ya Gopmyay (4), momrydaem

= t" t |
Z——=/Zu”‘ldu=/ du=—-In(1-1¢), Jt<1. (5)
n=1 n 0 n=1 0 l-u

3ametuyM, 4TO Tak Kak paj (1) CXOZWTCA B rpaHUYHON TOuke t=—1,
TO ero CyMMa HelnpephIBHA B 9Toil Touke (cnpasa). CiefoBaTeiabHO, Gop-
Mmyaa (5) cnpasegmuBa npu Beex t € [—1,1).

6. 3ameHnsas t Ha sinz, noxyyaeM npu T # 7/2 + 2wk

S(z) =—-In(1 —sinz).
OTser. S(z) =—-In(1 —sinz), =z #7/2+ 27k.

YCaoBUA 3ANAY. Hatmu cymmbl GYHKYUOHAILHOIT PAJO6 U YKA3AMb
064aCTMU UT CZOOUMOCTIU K ITUM CYMMAM.

[eS)
6”1‘" n+2

= T
2. E
’r; n=1 n(n + 1)
o (1 — 16z%) — 3n~1
4
3 X% n+1 Z ngn-!
n= n=1
o0 on 0 2n$n+1
5 . 6
Z (n+1)z?n Z n(n+1)
n=0 1
o0 (o]
3n 1) 2n+1
7S 8 S (-1
— n(n+1) 2n+1
n=1 n=0
e n n,.2n o0 n—1,.2n
1"z (=) 1z
9. ————. 10. —_—
; 2n+1 ; n(2n —1)
OTeeTbl.

1. S=-In(1-6z), z€[-1/6,1/6).

2. S=(z—-2*)In(l-z)+2% =ze[-1,1].
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4
~1
3. §=-gmZ 1 Z xe(—l/{‘/'é,l/{‘/'é).

4. S=—-"In , T € (—00,—-3]U(3,+00).

2 2
5. 5= -2 1mE =2 2 e (—00,~v3) U (V3,+o0).

6. S=(1-22z)In(1 —2z)+2z, ze€[-1/2,1/2].

3—=zx ln3—x

3 3

+ %, z € (—o0,—3] U [3,+00).

8. S=arctgz, ze€[-1,1].

arctg 2z

=2 -1 zel-1/2,1/2).

10. S =2zarctgz —In(1+2?), =z €[-1,1].

10.12. BerayuciieHne cCyMMBbI psajga
HNOYWIEHHbIM AU epeHIIupOBaHNEM

TIOCTAHOBKA 3AJAYU. Hatimu cymmy gynxyuonasvrozo pada éuda

i n+b)f

u yxazamv 064acmb CTOOUMOCTIU PAJA K IMOY cymme.

I1JIAH PEWIEHUS.
1. HaxomuMm o61acTh CXOAMMOCTH pAja.

ITo npusnaxky Komm uHTEpBaI CXOAMMOCTH ONpeNeIieTCA HepaBEeHCT-
BOM

|f(z)l < 1.

Ecnu f(z) = 1, pag pacxoaurca (He BEIIOIHEHO HEOOGXOAUMOE YCIOBUE
cxogumoctu). CruenoBaTeabHO, 061aCTh CXOAMMOCTH ONpeeNAeTCa Hepa-
BercTBamu —1 < f(z) < L.
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2. [lemaeM B ucxogHOM psane 3ameHy f(z) = t u 3anuceiBaeM ero B
BUJIe CYMMBI JByX PAJOB

o0 oo
znt"+b2t".
n=k n=k

CuaenoBaTenbHO, JOCTATOYHO HAUTH CYMMBI PAIOB
o0 o0
E t" u g nt".
n=k n=k

3. UssecTHa dopmyna s CyMMBI 9IEHOB GECKOHEYHO yOHIBAOIIEN
reoMeTpPUYeCcKOU NPOrpeccunt

n tk
z:t ZZT:z, “]<1. (D

4. Kpome TOro, mmMeeM O4eBUJHOE PABEHCTBO

Znt"—tht" 1—t2—t"

n=k

5. YuuTbIBasg, 9YTO CTENEHHOU DAL MOXHO IIOWIEHHO AuddepeHunpo-
BATh B JIO60U TOYKE HHTEPBAJIa CXOAMMOCTH, M UCIOAL3ys dopmyry (1),
NOJIyJaeM

int”—t—Zt’“* t, te(-1,1).
n=k

6. BoruucigeM NpoOM3BOAHYIO M JenaeM 3aMmeny t Ha f(z).
3anuceiBaeM OTBET: CyMMY PAla U 06J1aCTh ero CX0AMMOCTH.

3AMEYAHUE. Eciau pag umeer Buj

oo

Z (n® +bn +c)f(z)",

n=k

TO BBIYMCIAAEM CYMMY TP€X PALOB, IPUYEM NP BHIYUCICHUN CyMMBI DAL

Y nPf(@)"

n=k
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IpUMEHAEeM TeOpeMYy O NMOWIEHHOM AuddepPeHINPOBAHUM CTENEHHOr0 PA-
Ja IBaX[IHI.

IMpuMEP. Hantu cymmy paga

(o]

Z (n+6)z™

n=0
¥ yKa3aTb 061aCTh CXOAMMOCTH PALA K 3TOM CyMMe.

PEMEHMKE.

1. Haxoaum o6racTh CXOQUMOCTH PALA.

ITo npusnaxy Komm unTepBat CXOAMMOCTH ONPEAENACTCA HEPABEHCT-
BoM |z7| < 1. Orcioga —1 < z < 1. B rpammduex Toukax ¢ = %1 pag
PACXOJUTCA, TaK KAK He BLINOJHEHO HeO6XOAMMOE YCIOBHE CXOJUMOCTH.
CrenoBaTenbHO, paf cxoauTcsa B uHTepBare (—1,1).

2. JleraeM B UCXOZHOM DA€ 3aMeHy Z' = t ¥ 3aIMChIBAEM €ro B BHJE
CYMMBI JBYX PAIOB

=6 t"+ Y nt" =68(t) + Sa(t).
n= n=0

CrenoBaTenbHO, JOCTATOYHO HAUTU CYMMBI PAJOB

Si(t)=>_t",  Sat) =) nt".
n=0 n=1

3. Ucnonb3yeM hOpMy.Iy AJA BEIYMCIEHUA CYMMBI “WIEHOB 6€CKOHEYHO
y6bLIBAIOIIEN T€OMETPUIECKON IIPOrPeCCHH:

> 1

Str=—— JtI<1. (2)
1-1t¢

n=0

CunegoBaTenbHo, S(t) = npm Beex t € (—1,1).

1-t¢
4. Kpome Toro, numeeM O4eBHUIHOE PABEHCTBO

o0 o0 (o ) d
dontt=ty nt"' = Zd—
n=1 n=1 n=1



244 I'n. 10. Padv

5. YuuTHIBasA, YTO CTEMEHHOU DAL MOXKHO IOWIEHHO AuddepeHnpo-
BaTb B JIOGOW TOYKE MHTEDBaJa CXOAMMOCTH, U UCHOAL3YA dopmyry (2),
NoJIyJaeM

t
— L n_ . —
S,y(t) = E nt t—E t dtl-—t =T te(-1,1).

Taxum o6pasom,

6 t 6 — 5t
= Pt = - 1 .
S(t) = 651(t) + Sa2(t) 1—t+(1—t)2 DR te(-1,1)
3aMensas t Ha T, IOXyIUM
— 6 — 57
™m __
ngzo (TZ + 6)1‘ = m Vz € (—1, 1)
6 — 5z7

OTser. S(z) = m, z € (-1,1).

YcnoBud 3A4AY. Hatimu cymmbl Gynkyuonatbnblr pados u yxasamsb
o6aacmu uT cTOOUMOCTNU K IMUM CYMMAM.

oo oo
1. an"‘*’l. 2. Zn2"a:".
n=1
o _— e n— 1
n+
D SRSt T i
n=0 n=1
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OTseThl.
z? 2x 11
1.S=——— — . S = ——. .
S SR z e (-1,1) 2.8 (1_23:)2,:1:6( 2,2>
3522 €(-1,1). 4.85= €(-3,3
B e e e
16 1+z
55-—(2—__3:-)—5, $€(—2,2). 65—@3 .’L'E(—].,].)‘
5¢2 —2r+1 2z
75~T{;)3_’ JIE(—].,].). SS-H-F_JI)S, :L’E(—vl,].)-
3z — z? 1 3
9.8 = '-(—1—_—:;:—)3, T e (—1,1). 10.5 = E, T € (—\/5,0)

10.13. Pag Tenaopa

TTIOCTAHOBKA 3AfAYM. Pasaoxcums gynxyuio f(z) 6 pad Tetivopa
no cmenewam z (o = 0).

IIJIAH PEIIEHNA.

1. lIpeo6pasyem dynkumio f(r) k BUIY, JOMyCKAIOMEMY UCIOIb30BA-
Hue TabIMYHBIX pasjoxeHud e°, sing, cosz, (14 z)™, In(1 + z).

2. HaxomuMm pasznoxenune ¢yHKuuu B paj Telropa, UCIOIb3ya Tabaud-
Hble Da3JOXKEeHUs, CIOXKEeHWE (BBIMMTAHME) PAOB, YMHOXEHHe DAJa Ha
9UCIIO.

3. OmpegenseM 06JaCTh CXOJAMOCTHU IIOIYYEHHOI'O PANA K (YHK-
muu f(z).

3AMEYAHHUE. Ecau Heo6xogumo pazmoxurs Gyskuuio B paj Terropa
0 CTENeHAM T — Tg, CHAYaJa [JelaeM 3aMeHy MepeMeHHou t = T — o,
HAXOJUM PAa3JOXKEHUE 10 CTENEeHAM ¢ U BO3BPAIIAEMCA K [EPEMEHHOM I.

IIPUMEP. Paznoxurs pyHkuuio

fle) = 5—

—z— 2

B pag Teiropa mo cremenam z (zo = 0).
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PEUWEHUE.

1. Yro65s1 UCIIONB30BATH TAOIMYHBIE PA3IOXKEHWUSA, PA3IOKUM JAHHYIO
GyHKIIUIO Ha dIeMeHTapHbIE APO6u:

3 1 1

2—z—z2—1—z+m+2'

2. Ucnonp3ys TabIuyHOE pa3noxkeHue

1 oo
— =14t+E+ .t =) T te(-1,1),
=l 7; €(-1,1)
TIOJIy YUM 1 0o
= i —1>17
T ;m, z € ( )
1 1 1 1 & ()" X (—1)nz”
==. =N L N L2 -2,2).
3tz 2 1+2/2 27;) on g_:o it €22

Takum obpa3om,
3 = (-nr
9 _ 1 _ 22 ZZ <1+ on+1 z”.
n=0

3. O61aCcTBIO CXOAUMOCTH IMOIYYEHHOIO PAJA ABIAETCA IepecedeHue
BBIIEYKAa3aHHBIX obaacTell cxogumocty, T.e. (—1,1)N(-2,2) = (-1,1).

OTgeT. 3 = i <1 + (‘1)") z" Vz € (-1,1).

2—z -1z 2n+1
n=0

YcaoBust 3AAAY. Pasaoxcums gynxyuu 6 padet Tetinopa (zg = 0).

1. 6Tx5—-—a:2_ 2. In(1 -z —202?).
. z
3. sin(z + %) 4. T
5. 3f2m. 6. YT6+z.
1
7. ze2= 1, 8. Vo

9. 1In(12z% + 7z +1). 10. cos?3z.
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OTBeThl.
o0
1 (-nm\
1 ZO (3n+1 + on+1 ) ) € (—2,2)
n=
(oo}
(=1)"~'4n - 5m 11
2 n b
> - 2", wE |-z
n=1
V3 o _(-1) 1 (-1
3. = 2n+1 - 2n _ '
PNCESHEE PO L
oo
T (-1)"@2n -1t , +1
4 §+ZIW$" , z€(-3,3).
n=
oo
(=D"2" 4 3
> Z; gn+1 ", € 33
o0
6. 2+ 55 + ZZ(—]-)" Sen=1n] ?n’ zE [—16, 16]
n=
oo 271
7. e Zmz2n+1’ 2 € (—00, +00).
n=0
1 &1:4-7...(3n-2)
s §+2:1 n13dn+1 z", z€(-27,27).
n=
3 An+ 3 11
9. 1)1t n 22
,;1( A w’xe<4’4]

o (=16 o,
10. 1 + Z W.’L‘ y T € (—OO, +OO)

10.14. IIpubankeHHbIe BHIYUCICHUSA
C TIOMOIIIHIO CTENEHHBIX PAJOB

IIOCTAHOBKA 3AJAYM. Buiuucaums urnmezpad

b
O/ f(@)da

¢ mounocmoio &, 20e f(x) pasaoxcuma 6 cmenewnol pad, umerwul pa-

duyc crodumocmu R > b.
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IInAH PEMEHUA. IIpakTudeckue BHIYMCIEHMA OOLIYHO CBOAATCA K
CYMMMPOBAHHMIO TOI'0 WIM MHOI'O YHMCIOBOrO pAja. B manHOM ciydae Ta-
KOM DsAJ MOJIYy9aeTCA, €CIU Pa3IOXKUAThL NOALIHTErPaIbHOE BLIDAXKECHHE B
CTENEHHOU PAJ U NPOUHTErPUPOBATDH €r'0 MOWIEHHO.

1. PaznaraeM nosHTErpalbHyl0 GYHKIMIO B CTEIEHHOU PAJ IO CTe-

HEeHAM T
oo
= E cpz™,

n=0
U onpejenseM ero 061acTb CXOAUMOCTH.
2. CTeneHHOM PAJ MOXHO MHTEIPUPOBATHL IOWIEHHO IO JIO60MY OT-
PE€3Ky, MpUHAIJIEXAUEMy UHTEPBAly CXOAUMOCTH. 1l03TOMy, MHTErpu-

PyA HO-WIEHHO IMOJIYyYEeHHHU PAA M HCHOab3ya ¢opmyry Hriorona—-Jlen6-
HULA, MTOLIYyYaeM

b

b f(z)dz = 3 cpzdz = Cn bnﬂ .
[1@im= [ Scnin= >
0

0 n=0

3. BrrumcaseM CyMMy 9YHCIOBOTO PAja C 3aJaHHOM TOYHOCTBIO (owe-
HUBasA OCTATOK PAJA).

3AMEYAHUE. Eciu pasioXuTs NoALIHTErpalbHyI0 GYHKIUIO B PAL
He IO CTEeNEeHAM T, a IO CTeneHaM T — b/2, To paj 6yAeT CXOZUTCA GLICT-
pee, T.e. A 06eCHeYeHUA 3aJaHHOU TOYHOCTH MOXET MOTPe6OBATHCA
MEHbIIE CJAraeMbIX, OJHAKO B MTOr'e€ BHEIYUCICHUA OKA3BIBAIOTCA 6osee
CJIOXHBIMHU.

IIPUMEP. Brruncauth uHTErpat

0,1

/ cos(100z?) dz

0
¢ Tounocteio o = 0,001.

PEIIEHUE.
1. Pasraraem noanlETerpaibHyio GyHKuuio B paj Tewnopa mo creme-
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HAM I:

2,.2\2 2,214 2,.2\6
cos(lOO:cZ)zl—(lO;) +(104T) _(106:::) +...=

02 2)2n e 104nx4n

- St S ke

Pasmnoxenue cupaBsejiuBo npu BCEX I.

2. NnTerpupyeM nowieHHO HOXYYE€HHBIM PAL;

(=

)1 0,1

0,1
00 1 4n zin N 4n
cos(10%z?%) d:c=/Z 0 dm=2(~1)”(12()n)!/z4"dx=
0 0

n=0 n=0

o

10411 4dn+1 0.1

_ 1)"
Z 2n'4n+1 10Z (4n + 1)(

3. Ouenum ocraTok paga. Tak Kak pAj 3HAKOYEPELYIOMMUUCH,

1 1
10@n+ D)~ 1~ 10dn+5)(en + 2)!

An =

u lim, o a, = 0, TO cupaBeAIUBO HEPABEHCTBO

1
10(4n +5)(2n + 2)!"

|Rn| < any1 =

JIna BBIYMCIEHMA WMHTErpaja C 3aJaHHOM TOYHOCTBHIO AOCTATOYHO
B3ATH [Ba WIEHA PAJA, TaK Kak

< .
R, < 1094l < 0,001

4. Ilpou3Bojs BBIYUCICHUA, TOXyIaeM

(=}

,1

o
Q
=}
[2]
—~~
—
o
(=]
&}
v
Q..
|2
|~
|
1R
=
o
©
o

0,1
OTser. / cos(100z?) dz = 0,090 + 0, 001.
0



250

I'n. 10. Paow

YCHnOBUA 3ANAY. Buiuucaums unmeepaavt ¢ mounocmyio o = 0,001.

=
—

@

|

8

S

L
8

—

sinz? dz.
0 0
0,5 0,5
3. / ! dzx 4. / 1+ z3dz.
1+ x4
0 0
0,5 2/3 )
2
5. [ e /tdz 6. / .
0/ 0 Vi+a®
1 ) 1
7. /—,___ dz. 8. / 3/t cos z dz.
0 L+at 0 v

V3/3

9. / z3 arctg z dz.

0

1
1
10. ———dzx.
0/ Y8+ 28

OvseTnl. 1. §=0,747. 2. S =0,310. 3. S$=0,494. 4. S =0,190.
5.85=0,508. 6.5=0,490. 7. 5=0,662. 8 S5 =0,608. 9.5 =0,012.
10. S = 0,495.
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AJNPOPEPEHIIMAJIbBHBIE YPABHEHUA

IIpu nmsyuenun remsr JUPDPEPEHIIMAJILHBIE YPABHEHUSA B
MIO3HAKOMUTECH C PA3JNYHBEIMU TUIIAMU yPaBHEHUU IIEPBOr'O U BTOPOLO
HOPALKOB X OCBOMTE METOABI UX PeIleHUsA. BLl u3yduTe TUHENHEBIE YPaB-
HEHUS C IOCTOSHHBIMU KOd((UIMEHTaMH, CTPYKTYPY UX 06Imero perie-
HUS ¥ METO/bI €r0 HaXOXKAeHUA (MeTo ] Diiepa, MeTo 1 o A60pa JaCTHEIX
peutenuit, Metos JlarpaHxa).

C nomompio nakera PENIEBHUK.BM Brl MoXeTe BLIYUCIUTEL HHTET-
paJIbl, PEIIUTh CUCTEMEI YPABHEHUM, PO AU dePEeHIUPOBATL Hal JeHHbIe
PEIleHUs ¥ BHINOJHUTDH YUCIEHHBIE PAcYeTsl (HANPMMED, NP PeleHun
3agaun Kommu), a Takxke NpOBEPUTH MOLyYeHHEIE BAMHU DE3yJIbTaTHI.

11.1. IlouaTue pemenus
ITIOCTAHOBKA 3AJAYM. [oxazamv, umo dywkyus y = y(z) ydos-
aemeopaem Juddepenyuasvnony ypasnenuo F(z,y,y') = 0.

IIJIAH PEIIEHUA.

[na mokasaTenbcTBa TOro, 4ro Gynkuus y = y(z) ymosreTBopseT
ypasrenuio F(z,y,y’) = 0, JOCTaTO4YHO BEIMUCIMTH NPOM3BOAHYIO Y’ (T),
noactasuts y(z) u y'(z) B 5T0 ypaBHeHUe u y6eAUTHCA B TOM, YTO HOIY-
yaeTca TOxAeCTBo, T.e. F(z,y(z),y (z)) = 0 nas Bcex HOmMyCTUMBIX T.

I[IPUMEP. [lokasaTb, 4To yHKIMA y = —vx? — 22 ynosrersopser
yPaBHEHUIO
4

zyy —y* =z
PEmWEHUE. UMeem
, z(2z% - 1)

V=

IMoncTaBuM y u y' B JEBYIO YaCTh yPaBHEHHUS M IPOBEJEM HeOOXOLUMBIE
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npeobpa3oBaHud:

T (—m) (—ﬁ%———;i::xi?)) —(z* —2?) = z(22® — ) - 2* 4+ 2® = z*.

[omysaem Toxgectso zt = z4.

Oveer. Dynxmua y = —vz? — 22 yaoBIeTBOPAET 3aJaHHOMY ypaB-
HEHHUIO.

YcnoBusa 3A8A4.  /Joxazams, umo Pynxyus y = y(z) ydosaemeo-
paem dufdepenyuavromy ypasrenuw f(z,y,y') = 0.

1. y=ze /2 zy =(1-2%y.
611
2. y=SeTFAo, yty=e
3. y=av1-22, yy =zx-2z5
4. y=Vz2-cz, (2?+y?)dz—2zydy=0.
5. y=e%E2) ] ysing=ylny.

b+zx
6. y= , y—xy =b1+z%y).
Y= 1ree Yoo N4
7. y=—2/22 -1, 14+y®>+zyy' =0.
a+ Tz , 9 4
) = —zy =a(l .
8 y=_—77 Y-y a(l+z%y")

9. y=e"t" 2%, o —y=2zest® .

10. y=2+cV1—-22, (1-2%)y +zy=_2z.

11.2. YpaBHeHUsn
C pa3/JeJAIoMMMICA ITepeMEHHbIMI

ITOCTAHOBKA 3AJAYM. Hatimu uwmeepaavuvie xKpusvie duddepen-
YUAIDHOZ20 YPABHEHUA 6Uda

E(z)F(y) dz = G(z)H (y) dy. (1)
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IIJIAH PEIIEHHUSA.

1. B o6macn, rae G(z) # 0 u F(y) # 0 pasgenseM nepeMeHHLIE, T.e.
npeacrasisieM ypasaenue (1) B Buge

) »
E(z) H(y)
@ Fw Y

2. BerMucInM MHTErpajinsl B ypaBHEHUM

E@) , _ [HE)
) d’”‘/ Fly) @

u npeo6pasyem ero k sugy ¢(z,y) = C.

3. OTBeT 3anUCHIBAEM B TAKOM BHJ€: UHTErPAIbHEIE KPUBLIE ONpPEe-
naoTca ypasHenueM ¢(z,y) = C npu BceBO3MOXHEIX 3HadeHuAx C.

3AMEYAHME. Ecau ogno mm o6a ypasuenus G(z) = 0 u F(y) =
HUMEIOT PeUleHud Ty, T2,... X Y1, Y2,..., TO PAaBEHCTBA L = T1, T = IT2,...H
Y=1%,Y =7Y2,... HY>KHO IPUCOEJUHUTH K OTBETY, TaK KaK OHU ABJIAIOTCA
HHTErpaIbHLIMU KPUBRIME JuddepeHnuanrsHoro ypasHenus (1).

IIPUMEP. HaiiTu unTerpaibHule KpuBhle auddepeHunalbHOro ypas-
HEHuA

6z dr — 6y dy = 2z%y dy — 3xy? dz.
PEWEHKE.
1. IlepenumeM UCXOAHOE yPaBHEHUE B BUJE

3z(2 + %) dz = 2y(z* + 3) dy. (2)

Iockombky z2 +3 > 0 u 2 + 2 > 0, pasjenseM mepeMeHHbIE, T.e.
npejcTaBiAeM ypaBHeHue (2) B BUAE

3z 2y
= dy.
PO e T

2. BrruuciauMm mHTErpalbl B ypaBHEHUHU
3z 2y
dz = d
/ 2213 / 242 Y

/ xfi gdo = ;-In(:cz +3)+C,

Nmeem
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2y 2
/2+y2dy=ln(2+y )+ Ca.

CrenoBaTensHoO,

3

5 In(z2 4 3) = In(2 + y%) + Co,
rge Co = Cg - Cl.

3. YIpoCTHB 3TO PaBEHCTBO, MOXYYUM

2 3 3
(Liz_) =C.
(2+y?)
Oteer. HuTerpaibHble KPUBBIE ONPEAEIAIOTCA YPABHEHUEM
2 3
3
(z* + 2) —C
(2+9?)

IIp1 BCEBO3MOXKHBIX 3HAIECHUAX C.

YcaoBUsl 3ANAY. Hatimu unmezpaabnble kpuebie duddepenyuato-
HbIT YpasHEHUU.

1. ydz+ (1+z%)dy=0. 2. Y =tgrtgy.
3. y'y=—2zsecy. 4. y' +sin(z +y) = sin(z — y).

5. y(1+2¥)y +2(1+y?)=0. 6. e"dz—(1+e¥)ydy=0.

7. y = 2e"cosz. 8. 3y =ylhy.
2z 1

9. ¢y = . 10. ¢y = ——.

= Y vz —1
OTseTbl.
1. Inly|+ arctgz = C. 2. sinycosz = C.
3. 2?2 +ysiny+cosy=C. 4. In|tg(y/2)| + 2sinz = C.
5. (z2+1)(1+y?)=C. 6. 2In(l1+e°)—y*=C.
7. y=e*(cosz +sinz) + C. 8. In|jlhy|l—-z=C.

9. y=In(1+2?)+C. 10. y=In|z+Vz?-1]+C.
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11.3. OgHOpOoaHbIE ypaBHEHUSA

ITOCTAHOBKA 3AZAYU. Hatimu unmeezpaibhbie Kpusble 00HOPOOH020

JudPepenyuatbroeo ypasnenua nepeoz2o nopadxa, m.e. duddepenyuann-
HO20 YPaBHEHUA 6uda

P(z,y)dz+ Q(z,y) dy =0, (1)

2de P(z,y) u Q(z,y) — o0dnopoduvie Pymxyuu oduraxoeozo nopadka,
m.e. P(tz,ty) =t"P(z,y) u Q(tz,ty) = t"Q(z,y).

IIJIAH PEHLIEHUSA.

1. IIpeobpasyem ypasuenue (1) x Bugy
/ — g) 1/
y=1 (w : (1)

2. Nenaem moxcranosky y(z) = z z(z), rae z(x) — HOBas HeM3BeCTHAA
¢dyukunsa. Torga y' = z + z 2’ u ypasuenne (1') npuBoguTcs k BUAY

dz
r— = f(z) — 2
dz (2) ==
T.e. K YPaBHEHHIO C Pa3JeIAIOIMUMUCS [I€PEMEHHBIMH.
3ameTuM, YTO MOACTAHOBKY Y(z) = zz(r) MOXHO JelaTh Cpa3y B

ypasuenun (1), He mpusoas ero k ugy (1'). .
3. Pasjensem nepemennsie B obiactu, rae f(z) — z # 0:

dz  dz
fz) -z =z

4. WuTerpupyeM NOLy4eHHOE yDAaBHEHHE C Pa3jeJeHHBIMH II€DEMEH-
HEIME ¥ JenaeM 3aMeHy z(z) = y(z)/z. 3anuceiBaeM OTBeT.

3AMEYAHUSA.

1. Ecmu 2z = 29 — xopens ypasHeHus f(z) — z = 0, To pemenuem
ypasHenus (1) 6yger Takxe y = 2pZ.

2. UnTerpanpHbie KpUBLIE OJHOPOJHOI'O YPABHEHUS MOXHO HUCKATh U
B MIOJIAPHEIX KOOPJUHATAX.

ITPUMEP. HaiTn unTerpaibubie KpuBhle auddepeHnnalbHOro ypas-
HEHNA
, x4 2zy — 5y°
Y =792 6ry
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PEIEHUE.
1. IIpeo6pasyem 3ajaHHOEe ypaBHEHHE K BHIY

2
1+2%—5(%)
!
y:
2-62
x

(MBI pa3enMIu YUCIATEN ¥ 3HAMEHATENb IPABOM JaCTH 33 JaHHOI0 ypaB-
HeHUA Ha T2).

2. [lenaem moacraHoBky y = z2(z), rae z(z) — HOBad HeM3BECTHAs
dyskuus. Toraa y' = z + z2’ ¥ ypaBHeHHe IPUBOJUATCA K BUAY

1+2z—52%

, —
2T+ z= 262 R

T.e. K YPAaBHEHHUIO C Pa3Je/AIIIUMNICA IIePEMEHHBIMH.
B pesyabpTaTe npoCTHIX Npeo6pa3oBaHUM MOLYIaeM

dzz_ 1422
dz "~ 2-62

3. Paagensem nepemensste (1+ 22 # 0 u z # 0):

2——6zdz__d:v
1422~ z°

4. Nurerpupys, moayyaem
2arctg z — 31In(1 + 2%) = In|z| + C.

3aMeHnsasa z Ha Y/, NOIyIaeM
y y?
2arctg = — 31n (1 + —3) ~In|z| =C.
z T

OTser. HHTerpaibHhie KPUBHIE ONPEEIAIOTCA YPABHEHNEM

y (@ +y?)°
2arctg; “h’l—-—|—zl-5——— =C

NP BCEBO3MOXKHBIX 3HAYEHUAX C.
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YcaoBusl 3A4AY. Haildmu unmeepasbnbie kpusbie duddepenyuatb-
HbIT YpasHerull.

Ly =ev/®+ ;"/__ 2. ¢y = % -1. 3. 2% =zy+y’e /.

4. xcos—dy+(x—ycos;) dr=0. 5. (z?+ 2zy)dz + zy dy=0.

6. xy'ln(;)zx-f-yln(;). 7. ydz + (277 — 7) dy = 0.
8. (4y°+z%)y = zy. 9.zy' sin (Z)-{—a: ysin (%)
10. zy +y% = (222 4+ zy)y/'.

OTseTbl.

1. e¥/* +In|z|=C. 2. ze¥/* =C.

3. /Y +In|z| =C. 4. 1n|x|+sin% =C.

5. In a3 =C 6. ln:t—;(ln;—l) c.

7. \/g+ln|y|=(]. - 8 Infy|=— +C.

9. Cz = e*sW/a), 10. % = C’xe‘y/‘”.

11.4. JIluneuHble ypaBHeHUsA 1-ro mopsajgka
ITOCTAHOBKA 3AJAYM. Pewumdb 3adauy Kowu 0as ypasHenua
y' +p(z)y = q(z) (1)

C HAYaAAbHBIM ycnoeueM
y(zo) = Yo- (1)

IIJIAH PEIIEHUSA.
1-h cnocob.

1. 3amumeM COOTBETCTBYIOLIEE OJHOPOAHOE JMHENHOE ypaBHEHHUE:

y' +p(z)y = 0. (2)
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DTO ypaBHEHME C Pa3JeJAIMIMMUCA [IePEMEHHBIMH.

2. Pazjenns mepeMeHHbIe M MHTErpUpPYs, NMOAyYuM oflLuiee pemeHue
OJHOPOJAHOI'O ypaBHeHu: (2)

y=Cexp{—/p(x)d:c}. (3)

3. [lpumeHseM MeTO]l BAPHAIAM HPOU3BOJILHON MOCTOAHHOU:

a) MIUIeM pelIeHne HeOoAHOPOAHOro ypaeHeHus (1) B Buge (3), cuuras
C uemsBecTHOU Qynkumen z, T.e. momaras C = C(z);

6) noacrasasem B ypasHenue (1) y u y', onpeaensemsie u3 COOTHOLIE-
aus (3), rae C = C(z). 3 noxygennoro auddepeHnnarsHOro ypaBHeHUA
onpegerxsem dyukuuio C(z).

4. Taxum o6pa3om, ofluee pemieHue HEOAHOPOZHOro ypasHeHus (1)
IOIy9aeM B BUJE

y = Clz)exp {— [rerda}. (3)

3aecs C(z) copepkuT npon3BoabHyIo nocrosuHyio Cp.

5. Wcnoapsysa HavanbHule ycuosus (1'), Haxoaum sunauenue Cp u 1mo-
JydaeM peleHue IMOoCTaBJIeHHOH 3agadu Komm.

3anuckiBaeM OTBeT B BUAE Y = ().

2-icnocob.
1. Mmem pemenue ypasuenus (1) B Buge

y = u(z)v(2), (4)

rie u ¥ v — Heu3BeCTHHE GYHKIUHA T.
2. Ypasuenue (1) npuanMaeT Buj

v+ wv' + p(z)uv = q(z). (5)

3. ITockoabky Temeph MEI MMEEM JBe HEM3BECTHRIE (DYHKIINM, & yPaB-
HEeHUe, KOTOPOMY OHH JOJDKHHI Y JOBIETBOPATD, TOABKO OJHO, TO elle 0HO
ypaBHEHHE MBI MOXEM IPHHATH [POU3BOILHO, JUIUb GBI OHO HE CYXKaJo
MHOXECTBO PElIeHUN Y.

Mycts oana u3 ¢yHkuui (Hanpumep, u(r)) yAOBIETBOPAET ypaBHe-
HUIO

u' + p(z)u=0. (6)



11.4. Jlunetinvie ypasnernua 1-20 nopadxa 259

Toraa ypasHenue (5) npuMeT BUA
(M)

v'u = q(z).
Pemas ypasuenue (6) (¢ pasae/aomuMucs nepeMeHHEIMEA ), HAXO UM U, He
PaBHOE TOXJECTBEHHO HYJIO, YTOGHI HE CyXaTh MHOXECTBO DEIICHUN y.
4. TlogcraBnseM u(z) B ypaBHenue (7) u pemaeM ero OTHOCUTEILHO V.
5. 3anucniBaeM obliee pemenue ypasHenus B e y(z) = u(z)v(z)
6. Mcnoabsys nadanpubie ycaosus (1'), momydaeM pelreHne mOCTaB-

JeHHOH 3aaa4u Komu.
3anucriBaeM OTBET B BHAE Y = ¢(T).

IIpuMEP. Hantu pemenue 3agaun Komm ana ypasuenus

1 2
/
Ly = = 8
Y- y=- (8)
C HaYaJIbHBIM yCJIOBKeM
y(1) =1
PEINEHMUE.
l-hcnocob.
1. 3amuceiBaeM COOTBETCTBYIOLIEE OHOPOHOE JINHEMHOE yPABHEHHE:
1
y—-y=0.
X

OTO ypaBHEHHUE C Pa3JeIAIOUIMMHICA IIePEMEHHBIMH.
2. Paspgensas mepemMeHHBIe M MHTErpUpY#, IOJydaeM oblmee pelieHue

OJHOPOJHOrO yPaBHEHHUS
y=Cr.

3. [IpuMeHseM MeTOJ BapUALKYU [IPOU3BOILHOM IIOCTOSHHOM:

a) MImeM pelleHue HeOJHOPOAHOro ypaBHeHus (8) B Buze
y= C(.’II)(IZ,
rae C(z) — HensBecTHasA QYHKLUA T;

6) nogcrasiia B ypasHenue (8)
y=Cz)z u y =C'(z)z+C(2),
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noxy4aeM auddepeHurantsHoe ypasHenue oTHocuTesHo C(T)

2

C'(z)z = =

ITO ypaBHEHME C Pa3JAeIAIIIIMUCA IePEMEHHBIMH.
Pasaenss nepemennnie

U UHTErpUpY, NOLydIaeM

1
C((E) = - + Co,
z
rae Cp — NpoU3BOJbHAA MOCTOAHHAA.

4. Takum 06pa3om, obimee pelieHHe HEOZHOPOAHOrO ypasHenus (8)
“MeeT BUJ

1
Y= (——2 + Co) T. 9)
T
5. Hcnons3ys HadaabHOe yciaosue y(1) = 1, noxyuaem

1
134’00:1,

naxoaum Cy = 0 u nogcrasiseMm B ob6mee pemenue (9).
Otser. y=1/z.

2-hcnocob.
1. Mmem pemenne ypasHenus (8) B Buge

y = u(z)v(z),

rje Y U v — HEU3BeCTHBIe PYHKIUU T.

2. Ypasuenne (8) npunumaeT BUJ

, , 1 2
u v+ uv - —uv = ——.
T T

(10)

3. IlockoabKy Teneps MBI HMEEM JBE€ HEM3BECTHBIE (DYHKUMY, & yPaB-
HEHMe, KOTOPOMY OHH JOJKHEI yJOBIETBOPATDH, TOIBKO OJHO, TO emle 0 JHO
YPaBHEHHE MEI MOXEM IPUHATH IPOU3BOILHO, JHUIIL OBl OHO HE CYXKaJo
MHOXECTBO PEILEeHUH Y.
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IIycts ogHa u3 dyukumin (Hanpumep, u(z)) yAOBIETBOpAET ypaBHE-
HUIO

u' - =u=0. (11)
Toraa ypasuenue (10) npunuMaer BUz

2
vu = = (12)

Pemras ypasuenue (11) (¢ pa3gessrommMucs nepeMeHHEIME), HAXOAUM
u(z) = Az,
rae A — npousBoiabHas nocTosHHaA (A # 0, YTOGHE He Cy)KaTh MHOXeECT-

BO DEILEHHH).

4. TloxcrapnseMm u(z) B ypaBHeHue (12) u pemraeM ero OTHOCHTENb-
HO v:

, 2
V= =0v=

1
L1 .B
Az Az T

rae B — npousBoJbHAA MOCTOAHHAA.

5. 3anuceBaeM ofmee pemenue ypaBHeHus (8) B Buge

1
y(z) = u(z)v(z) = = + Oz,
rae C = AB — npou3sBoJbHAA MOCTOAHHAA.
6. Mcnoan3ys HasanbHOe ycaosue y(1) = 1, naxogum C = 0.
OTser. y =1/z.

YcaoBua 3ALAY. Hatimu pewenus 3aday Kowu das duddepenyu-
AALHLIT YPABHEHUL.

1. zy+y—e*=0, y(0) =1.
1

.y —ytgz = =0.

2 ¢y -ytgr=—0 (0)

3. y'coslz+y=tgxz, y(0) = 0.
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4. y' —ythz =ch’z, y(0) =0.
2
N -
5 y e P zlnz, y(e) 5
6. y'sinz—~ycosz =1, y(%):O.
7. y' —ytgz = cosz, y(0) =0.
8. ¢ —2xy=3z2-2z%, y(0)=
9. zy — 2y =2z, y(1) = 0.
10. ¥ + ycosz = esin=, y(0) =0.
OTeeTsl.
e -1 z
1. = . 2. = .
4 T Y= cosz
3. y=e 8% ftgx—1. 4. y=chzshz.
22
5. yzglnm. 6. y=—cosz.
z sin2z 1
7. == . . =z,
v (2+ 4>cosa: 8. y=2 .
9. y=z*-2z2 10. y = xe™ 572,

11.5. YpaBueuune BepHy/Liu

ITOCTAHOBKA 3AJA4Y. Hatmu pewenue 3adauu Kowu das ypasne-
nua Bepuyaau

¥ +9(@)y = f(2)y* (a#0,1) (1)
C HAYAALHDIM YCAOBUEM
y(zo0) = yo. (')
IIJ1AH PEIIEHMA
1. C moMoUIso mOACTaHOBKHA

— J1/(1-a
y = 21/,
ypaBHEHUE HPUBOJUTCA K JUHEHHOMY

2+ p(z)z = q(z), (2)
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raep=(1-a)gug=(1-a)f.
2. Pemaewm quHenHOe ypaBHenue (2) u AeqaeM 3aMeny z = yl =2,

3. Ucnons3ysa navaabroe ycnosue (1'), HaxoquM perueHue MoCTaBlIeH-
HOU 3aja4u Komm.

3amucrIBaeM OTBET B BHAE Y = ().

3AMEYAHUE. Ilpn pemenus ypaBuenws BepHymwiu MoxHO He mpu-
BOJUTH €r0 K JUHEMHOMY, a MCKaTh permeHue B BHAe Yy = u(z)v(z) wim
IPUMEHATH METOJ BapUAIUK MPOU3BOJILHOM ITOCTOAHHOM.

IIpuMEP. Hantu pemenne szagadu Kommn
zy' +y =zy’ (3)
C HaYAJbHBIM yCJIOBHEM
y(1)=1.

PEMEHUE.
IIpeo6pa3oBaB ypaBHeHHNE K BUAY

1
vt -y=v,
y6exgaeMcs, 94TO 3TO ypaBHeHue Bepuymtu ¢ a = 2.

1. C nomMomp0 MoACTaHOBKA

y = 21/(1=0) = ;-1

ypasHeHue (3) NIPUBOAUTCA K JMHEHHOMY
1
2 —=z=-1. (4)
T

2. Pemaem ypasuenue (4) MeTOZOM BapualMy IPOUIBOJILHOU IOCTO-
AHHOM:
a) pemaeM 0JHOPOJHOE ypaBHEHUE
1
Z—=2=0,
z
noxy4daeM z = C;
6) wileM pelieHre HEOJHOPOJHOr'O yPAaBHEHUA B BUJE

z = C(z)z;
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B) MOACTaBIAA B ypaBHeHue (4)
z=C(z)z, 2 =C'(z)z+C(z),
NOJIyYaeM ypaBHeHUE C Pa3Je/lAIOLMMUCA EPEMEHHBIME
C'(z)z = -1
Paanenss nepeMeHHBIE ¥ MHTETPUPYA, HOLYIAEM
C(z) =Co —Inz.

Taxum 06pa3oM, ofIlee pemeHue HEOZHOPOAHOrO ypaBHeHus (4) mMeeT
B

z=1z(Co ~ Inz),

M, TIOCHe 3aMeHEl 2 = Yy 1,

1
v= z(Co —Inz)’

3. Ucnom3ysa nadarsHoe ycaosue y(1) = 1:

1

-0 "

noaxyvaem Cy = 1.

1

OTBeT. y= m

YcaoBUA 3AJAY. Hatimu pewenus 3aday Kowu dasn duddepenyu-
AAbKBIT YpasHerul.
1. zy =4y =22 /7, y(1) = 0.

2zy 4./ ml
2. o - T \/l_%arctgx, y(1) = —.

3. zy +y=—a%? y(1) =
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4. zy'+y=19y’Inz, y(1) = 1.
5 (z+1)y +y=—-y2(z+1), y(0)=1.
6. ¥ +2y= e y?, y(0) = 1.
7.y +y=ay, y(0) =1
2y _ 2V 1
8 ! = =
* cos?z’ y(m) o
sh 2z 1
9. y'she+ychz = 2 -1
y'shz + ychz 5 Y y(0) 51
10. y' — ytgz + y* cosz = 0, y(0) = 1.
OTseTbl.
Ly=Z = 2)arctg? !
Y=l lz|. 2.y =(1+z*)arctg’ z. 3.y=;2—.
1 1
4. == . 5, = . . — ——:c.
Y=1TTe VE Aot mitay OVTe
1 1+1In|cosz| 2 1
7. = . . = —_— . . = —_
Y 1tz 8.y ( . +tgz> 9.y prip
1
10,y = —m.
y (z+1)cosz

11.6. YpaBHeHHuA B NOJIHBIX Au(depeHIIaIax

IIOCTAHOBKA 3AJAYM. Hatlimu unwmeepaavubie xpusvie duddepen-
YUAADHOZ0 YPABHEHUA

P(z,y)dz + Q(z,y) dy = 0. 1)

IIIAH PELMIEHHAA.
1. Ecim B mexoTopon obaactu D P(z,y) n Q(z,y) UMeIOT HenpeprIB-
Hble YaCTHEIC POU3BOJHEIE ¥ BHINOIHEHO YCIOBUE

9P _ 0Q

dy ~ oz’

to P(z,y)dz + Q(z,y)dy — auddepennmanr HEKOTOPOH GyHKIMH
U(z,y). Torga ypasuenue (1) HasniBaeTcsa ypasnenuen 6 noanviz oudde-
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PEHUUAAAT Y MOXKET OBITH 3aIMCAHO B BUJE
dU(z,y) =0, (1Y)

rae U(z,y) — ABaxJsl HENPePHIBHO AuddepeHIupyeMas HEM3BeCTHAA
byHKUINA.

W3 (1') creayer, 9To MHTerpajibHbIE KPUBBIE ONPENEIAIOTCA yPaBHE-
uueM U(z,y) = C npu BceBO3MOXHBIX 3HaueHuax C.

[us oreickanus U 3ameTuM, 4T0

ou ou
'5;; = P(m?y)y _a_y' = Q("I") y)- (2)

2. Unrerpupys nepsoe paBeHCTBO B (2) MO T, MOLYIUM

U=/P(fc7y)d:c+<p(y),

rae ¢(y) — Henm3BecTHas (PYHKUMA, KOTOPYIO €lle NPEJCTOMT HAUTH.

3. Inddepenuupysa U no y, umeeM

U 8 ,
a—y—a—y/P(w,y)da:Jrso(y)-

Hcnoabaysa BTOpOE PaBeHCTBO B (2), HOLy4UM ypaBHEHHE

% /P(z,y) dz +¢'(y) = Q(z,y).

4. Haxonum ¢(y) u 3atem U(z,y).

OTeeT. MnTerpansusle Kpupkle onpegensiorca ypasuenunem U (zy) =C
IpH BCEBO3MOXHEIX 3Ha4yeHusax C.

[IPuMEP. HauTu maTerpaibusie KpuBble guddepeHINaIbHOr0 ypas-

HEHnA d d
zdy —ydzx
d d —— =0. 3
Tdr +yay + 22+ 2 (3)
PEWEHUE.
1. IIpeo6pasyem ypasHenue (3):

y T
- ——— | dy=0.
(a: m2+y2> dm+<y+m2+y2) Y
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B mansOoM ciyuae

P(z,y) = (x— ;%yz) Q(z,y) = <y+ ﬁ?) .

OTu bYHKUMM HelpephBHO AuddepeHmupyemMs B obractu 2 + y2 > 0.
Kpowme Toro,

0 y _ 0 T 2 9
dy (z w2+y2)_%(‘y+w2+y"’) (=" +y">0).

IosTomy P(z,y) dz + Q(z,y) dy — nuddepenunal HeKOTOPOH QYHKIMK
U(z,y) B mo6oit ogrOCBA3HOM o6nacTu D, He coxepxamen Todky = = 0,

= 0. CregoBaTensHo, ypaBHeHue (3) ABIAETCA ypDAaBHEHNEM B IOIHBIX
muddepeHnnanrax 1 MoxeT OBITH 3aIIMCAHO B BUJE

dU(z,y) =0 npu (z,y) € D.

IIpu sToM
ou Yy ou z
= — . =y 4
oz~ 2+y2 Oy y+ac2+y2 “)

2. UnTerpupys nepsoe paBeHCTBO B (4) 10 z, noxy4duM, 94To npu y 7 0

2
_ y _Z' xr
U—/(l‘—m) dz—i-arctgg-i—go(y),

rae ¢(y) — Hew3BecTHas QYHKUUA, KOTOPYIO €llleé HNPEJCTOMT HAWTH.

3. Iuddepernupys U mo y, umeeM

ou T

= —— / .
3y m2+y2+¢(y)

Hcnoas3ya BTopoe paBeHCTBO B (2), moay4nM

’ T
——— = +_‘
x2+y2+¢(y) Yy $2+y2

IToce npeo6pa3oBaHuil UMEEM

¢ (y) =y.
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4. Orcioga
2
Y
ply) =5 +C,
U, ClIeJOBaTeIbHO,

$2+2

U(z,y) = —-arctg§+C, y>0mmy <0.

Oteet. UnTerpansubie kpuskie B obractu y > 0 mim B o6ractu y < 0
OIIPEJENAIOTCA YPABHEHNEM

:c2+y2

z
—arctg— =C
)

IIp¥ BCEBO3MO2XHBIX 3HAYEHUAX C.

YcnoBus 3ANAY. Hatimu unmezpadvubie xpusvie duddepenyuaan-
HHIT YpasHerul.

1. (z+y)dz+ (z+2y)dy=0.

2. (3z% + 6zy?) dz + (6z%y + 4y3) dy = 0.

3. (2z +5y)dz + (5 + 3y?)dy = 0.

4. (2zy + 3y?)dz + (22 + 62y — 3y?)dy = 0.

5. (3y% + 2zy + 2z) dx + (6xy + z% + 3) dy = 0.
6. (2?4 y%+2z)dz +2zydy = 0.

7. (23 - 3zy? +2)dz — (3z%y — y?)dy = 0.

8. (zchy+shy)dz+ (zchz +shz)dy=0.

9. 2z(1++/2%—y)dr — /22 —ydy=0.

10. (%—(m—y;z;)—z)dx+<(—z—i27)2—§)dy=0.
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OTeeTbl.

2
1. %—I—zy—l—yZ:C. 2. 23+32%2+yt=0C.
3. z*+5zy+y3=C. 4. z?y+3zy? -y =C.

3
5. 3zy’+zly+3y+22=C. 6. x—+xy2+:c2=0‘

3
4 3 3
7. m___x2y2+2x+y—=0. 8. yshr+zshy=C.
4 2 3
2
9. 22+ (2 +y?)¥2=C. 10. 2 imi-=c
3 T—y Y

11.7. Ypasuenns suga F(z,y*) y+)) =0

ITOCTAHOBKA 3AJAYM. Hatimu obwee pewenue duddepenyuaivhozo
YPABHEHUA
F(z,y®,y**D) =0

IIJIAH PEWIEHUA.

1. Tomaras y*) = p(z), moryunm muddepenumarsuoe ypasHeHue
epBOro MOPAAKA

/
F(z,p,p') =0.
2. Ompegensasa THUII 3TOr0 yPaBHEHUA U MPUMEHAA COOTBETCTBYIOIINI

MeTon pemenus, HaxoauM p = f(z,C), rae C; — NpPOM3BOIBLHAA TOCTO-
AHHAA.

3. Tak xak p = y¥)(z), umeem
y(k) = f(xvcl)

[ocremoBaTensHO MHTErpUpYsA k pa3 (IPM KaXXJOM MHTErDMDOBAHUM He
3a6LIBAsA O MPOM3BOILHON MOCTOAHHOM), IOJIYYMM OTBET

y=g0(:v,Cl,C2,...,Cn), n=k+1)
C1,Cs,...,C, — NpouU3BOJbHbLIE IOCTOSHHEIE.
IIPpUMEP. HauTu obmee pewenue guddepeHunaIsHoro ypaBHEHUS

(1 + z2)y” + 2zy’ = 1223
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PEUIEHUE.

1. Mockoabky aucddeperunarsHoe ypaBHeHne He COJePKUT Y, TO IIo-
naras y' = p(z), nmeem y' = p'(z). onyvaem auddepenumarsuoe ypas-
HeHUe MEePBOro MOPAIKA

1+ z2)p' + 2zp = 1223,

2. YpaBHeHue
2z 123

p =
1+ z2 1+ z2
JIUHEHHOe OTHOCUTEIbHO p u p'. Pemas ero, nanpuMep, MeT0O0M Bapua-
MK IPOM3BOJBLHON NOCTOSHHOM, HAXO UM

P+

3+ C
T 1422

3. Tak xak p = y'(z), umeem
;o 3zt +C
T ol4az?
Wurerpupys, noxy<uny obmee pemrerne y = (C +3) arctg z +z° — 3z + Cs.

OTeet. y = Ciarctgz + z3 — 3z + C,.

YcaoBust 3AJ0A4. Hatimu obwue pewenus dufdepenyuatbnol ypas-
HEHU.

l.y'=1- y'2. 2. zy'+y' =0.
3.(1+22)y +y?+1=0. 4 2%/ +zy =1
5.2y +y' =1+z. 6. " +y"? =1
7.9 (1 +y?) =9". 8. y'=-z/y.
9.2y" +y' +z=0. 10. " =4y".

OTseTsbl.
1. y=In|e** +Cy| -z +C,. 2. y=Cy+Csylnlz|.
3. y=(1+012)1nl93+01|—011'+02.

1
4. y= 5(1n|x|)2 + Crln|z| + Cs.
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z3  z?
5. y=ﬁ+7+01zln|z|+02:v+03.

6. y=sin(Cy +2)+ Coz+ Cs.
7. z—C; =In|sin(y — Cy)|.

8. y=Cz? (ln:z: - %) + Cax + Cs.
22
9. y=Cilafs - 2 +Cy.

10. y==(C1 + z)* + Coz + Cs.

N =

11.8. YpaBuenus Bujga F(y,y,y") =0

IIOCTAHOBKA 3A0A4YM. Hatdmu pewenue 3adavu Kowu das dugde-
PEHYUAABHOZ0 YPABHEHUA

F(y,y',y") =0

C HAYAALHLIMU YCAOBUAMU

! !
y(zo) =0, ¥'(x0) = vp.
IIJIAH PELIEHUA.
1. Ilockoarky auddepeHnMaIbHOE ypaBHEHME HE COJEPXKUT ABHO He-
3aBUCHMOM IIEPEMEHHOU I, [OJIAraeM

¥ = p(y),

rae p(y) — HOBaa HemsBecTHasA GyHkuus. Torga mo ¢popmyne Aif IpoM3-
BOJHOU CIOXKHOU (QPYHKIMM MMeeM

y”=i '=—d—p(y)=@‘ég=pd—p-
dz dz dy dz dy

IMonyuum ypaBHeHME MEPBOrO MOPAAKA OTHOCHTEILHO P(y)

d
F (ny,P d_z) =0.

2. Ompegenas TUIl 3TOrO YPABHEHUA ¥ MPUMEHAA COOTBETCTBYIOLINI
Meron pemenus, Haxogum p = f(y,C), rae C — npousBoiabHAas MOCTO
SAHHAA.
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3. Ucnonways nasambunle yciaosua (06a), naxoqum C = C;.

4. Tlogcrasuaa C, noxydaeM guddepeHIUATLHOE YPaBHEHNE C pas-
JEJAOMIMUCA ePEMEHHBIMHA

dy _

dz

Pa3penss mepemennuie B o6aacty, rae f(y, Cp) # 0, noxysaem
dy

f(y,C1)

n, uaTerpupy4, Haxogum z = (y, C1, Cs).

IIposepsem, He sBaseTca au pemenue f(y,C1) = 0 0co6bM pemennem
HCXOJHOI'0 yPaBHEHUA, Y{OBJIETBOPAIOUIMM HAYAILHEIM YCIOBUAM.

(y;Cl)

=dz

5. Hcmoap3yem HavadbHBIE YCIOBUSA [JIA HAXOXJAEHUSI BTOPOM IOCTO-
sunon Cy (3Hauenue C] yxe GbUIO HAUEHO B II. 3) M MOJLYYaeM peLIeHUe
3agauu Komwu.

OTser 3anuchiBaeM B Bufe y = y(z) win ¢ = z(y).

IIPUMEP. Hauru pemenue 3agaun Komm gus guddepeHnmaiIsHOro
ypaBHEeHUA

y"y3 +1=0

C HAYaJIbHBIMHA yCJIOBHAMU

y1)=-1, y'(1)=-L

PEWEHHKE.
1. Ilockonsky auddepeHnuaIbHOE YPaBHEHUE HE COAEPXKUT ABHO He-

3aBUCUMOM IIEPEMEHHOH T, II0JAraeM
!
v =p(y),

rae p(y) — HoBas HemsBecTHaA GpyHKuUs. Torga mo popmyJe IV IPOU3-
BOJHOM CJIOXHOM (PYHKIMM NMeeM

V= ty =Ly =W _ P

dr dz dy dz dy

[Monyuum ypaBHeHMe IEPBOr0 MOPALKA OTHOCUTEILHO P(y)

dP 3 _
=-1.
dy - Py
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2. Paszgemnsas nepeMeHHEIE M MHTEPUPY S, HAXOLUM

1
p2 = ) + Cl:
Y
T.€
[1
y' =—4/=3 + C1
Y
(3Hax MuHYC MBI BHIGpaim u3 HadarsHOro ycmosua y' (1) = —1 < 0.)

3. U3 mavampHbix yciosmil (o6omx) mmeem y' = —1 mpm y = —1.
Orcioga, C; = 0. YuuTnBag, 9TO B CUIy HEPBOr'0 HAYAILHOI'O yCIOBMS
y < 0 u, cregoBaTensHo, |y| = —y, norydaem

y' ==
Y

4. Pazjensaa nepeMeHHEIE M MHTEIDUPYS, HAXO0JUM

2

v
T = ) + Cs.
5. U magansnoro ycaosus y(1) = —1 moayuum Cy = 1/2. Crenosa-
TeJbHO,
y=-vz -1
(3nak MunyC MBI BHI6pamn w3 HadaabHOro ycioeus y(1) = —1 < 0.)

OTeer. y=—V2z -1

YcnoBusi 3A0A4. Hatimu pewenus 3aday Kowu das duddepenyu-
AAbHBIT YpasHerUl.

1y =1, v(1/2) =1, y(1/2)=1
9 gy +y? =1, y(0) =1, y'(0)=1.
.0 -t yl-D=0 y0=2  YO=2
4, 2 +y?—2y" =0, y(0) =1, y'(0)=1.
5. 3y =y+y°+1, v0=-2  v(0)=0.
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6. ¥y’ +yy' —y?=0, y(0)=1, y'(0)=2.
7. 2yy’ - 3y? =42, y(0)=1, y'(0)=0.
8 (+yy)y"' =@1+y?Hy, y0)=1, y(0)=1
9. 2yy"+9y*—y? =0, y(0)=1, y'(0)=1.
1
10. yy' +y?+yy" =0, y0) =1, ¥(0)=_——5
OTBeThl.
1.2y% — 422 = 1. 2.y=z+ 1. 3. y =2 4. y=e".
3 3e3®
hoy=——= 2)2/3, LY = e Ly = 2 1.
y 2(y+ ) 6.y 71 o5 y=sec’z
_ =T
8.y =¢€*. 9.y=sinz + 1. 10.y=e el'
e —

11.9. JIunenHsie ypaBHeHNUA
C IIOCTOAHHBIMH KOSClJ(bI/IIIHeHTaMPI
IIOCTAHOBKA 3AJAYU. Hatimu obwee pewenue aunetinozo dugpe-

PEHUUAALHOZ0 YPABHEHUA 6TOPO20 NOPAIKA C NOCTNOANHBIMU KOIPPuyu-
eRmamMu

y" + py + qy = €**[Pa(z) cosbz + Qu () sin bz],

2de P,(z) — muoeousen cmenenu n, Qm(z) — MHo20usen cmenenu m
up,q,a,b — delicmeumeabuble wucaa.

IIJTAH PEMIEHUA.

O61iee pemenye HeO JTHOPOLJHOTO IUHEMHOTO YPABHEHUA N-T'0 NOPASKA
HMeeT CIEAYIOUIYI0 CTPYKTYPY:

You. = Yoo. + Yau. = C1y1 + Coy2 + ... + Cr¥n + Yun.s (1)

A€ Y1,Y2- - - -, Yn — DYHIAMEHTAIBHAA CUCTEMA PEIIEHU U Y, o, — ObIIee
peleHre COOTBETCTBYIOMIEr0 O JHOPOJHOI'O YDABHEHUSA, Yy 5. — KAKOE-HU-
6yab JacTHOE pelleHne HeOAHOPOJAHOI'O yPaBHEHU.
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1. 3amuceiBaeM COOTBETCTBYyIOLIEE OJHOPOAHOE yDaBHEHHUE

y' +py +qy=0 2
¥ MILIEM ero pelleHue B BUJe Y = €%, rlle A — Heu3BeCTHOe THCIO.
Hoacrasnas y = e**, y' = Ae*® u y"’ = \2e*® B ypasuenue (2) u
Az

cokpamas e, nmojay4aeM TaK HA3bIBAEMOE XapaKTePUCTUIECKOE YpaBHe-
HHe

M4 pr+q=0. (3)

2. Pemaem xapakTepuctudeckoe ypapHeHue. O603Ha4YUM KODHH Xa-
PaKTEPUCTUYECKOI'0 YPAaBHEHUA A1 M Ag. Torga pyHmaMeHTAIbHAA CHC-
TeMa pellleHni U obliee peleHne ypaBHeHus (2) 3aMMCHIBAIOTCA B OJHOM
U3 CIEeAYIOLUX TPEX BUIOB: '

a) eciM A; M Ap BEIIECTBEHHH U A1 # )2, TO QYHJAMEHTAIbHAA CUC-
TeMa pemeHHEt — 3TO ¥y, = e %, y, = e u obllee pelIeHHe MMeeT
BU[

Yo.o. = Cle)‘lz + 026)‘2:6;

6) ecm A; M A2 BEIIECTBEHHHI M A1 = A2, TO dYHJaMEHTAIbHAA CHC-
TeMa pemeHui — 3TO0 Y, = eM% y; = zeM® u obliee pemreHue uMeeT
BU[

Yo.0. = Cle)‘lm + szeklm;

B) eCiiM A\ ¥ A2 KOMIUIEKCHBIE, T.€. A1 2 = atif3, To byH aMeHTaIbHaA
cHUCTeMa peleHur — 3T0 y; = %% cos fz, yo = €** sin Bz u obwee pemre-
HHE UMeeT BUJ

Yo.o. = €**(C1 cos Bz + Cy sin fz).

3. HmeMm xakoe-i1ub0 JaCTHOEe pellleHNe HEOJHOPOAHOI'O yPaBHEHUA.
ITockonbky mpaBas 4acTh YpaBHEHUA MUMeeT BUJ

€**[Pn(z) cosbz + Qm(z) sin bz], (4)

MOXHO [IPUMEHUTH METOJ M0A60pa 4acmubl pewenul:
ectn a * ib He ABIAETCA KOPDHEM XapaKTEPUCTUYECKOr'O ypaBHe-
Hus (3), To
Yuau, = €7 [f’k(x) cos bz + @k(x) sin bz],

rae }sk(a:) u ék(x) — MHOTOWIeHH CTeneHu k = max {n,m} ¢ Heonpeze-
JIEHHBIME KO3 (ULUEHTAMY;
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ecan a £ ib eCTh KOpeHb XapaKTepPUCTUIECKOro ypaBHeHMs(3) KpatT-
HOCTH S, TO

Yau. = x’e“{]sk(:c) cosbzr + Qk(w) sin bz],

rae Pi(z) u Qx(z) — muOrowiens: crenenu k = max {n, m} ¢ neompeae-
JEHHBIMHA K03 hUIMEHTaMH.

4. Haxoaum HeonpejeleHHbIE KOIPPUIUEHTHI, NOACTABIAL Yo iy, B MC-
XOJHOE ypaBHEHHE.

3amnuceiBaeM 0TBeT 1o dpopmyae (1).

3AMEYAHUE. AHAIOrMYHO PELIAOTCA JUHENHEIE AuddepeHInaTbHEIE
YPaBHEHMA C MOCTOAHHBIMU KO3 duimeHTaMu 106010 nopaaka.

INpuMEP. Hantu o6uiee peumeHye JMHEMHOrO AUd@EPEHIUAILHOIO
YDaBHEHUA

y"' +y=zsinz. (5)

PENIEHME.
1. 3anuceiBaeM COOTBETCTBYIOIIEE OJHOPOJHOE YPABHEHNE

" s
y'+y=0 (6)
¥ MIIEM ero pelleHue B Buje y = €%, rjge A\ — HeU3BeCTHOEe HHCIO.
Moacrapnas y = €2, y' = e u ¢y’ = A\2e** B ypasuenue (6) u
Az

COKpalad €7, IoadyvaeM XapaKTePUCTUYIECCKOE YPaBHEHHUE
M41=0.

2. XapakTepUCTUYECKOE ypaBHEHUE MMeeT ABa KOMILIEKCHO COIpA-
MEHHBIX KOPHA A1 2 = %i.

WnmeeM hyHIaMEHTAILHYIO CACTEMY DEIICHUN

y1 =cosx, Yo =sinz
u oflee pelIeHne 0HOPOXHOro ypaBHeHuA (6)
Yo.o. = C1cosz + Cosinz.
3. UmeM kakoe-mu60 9aCTHOE peIIEHWE HEOAHOPOJHOI'0 ypaBHEHMS

(5). B mamem ciydae mpaBas 4acTb HEOJHOPOZHOI'O ypDaBHEHMA MMeeT
Buf (4)ca=0,b=1,n=0,m=1.
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Tak KaK XapaKTePUCTHIECKOE YPABHEHNE UMEET KOMILIEKCHBIE KOPHH
a £ ib = +i kpaTHocTH s = 1 w max{n,m} = 1, To YacTHOe pemeHue
MILEM B BHJE

Yan = z[(A1z + A3) cosz + (Biz + Bz) sinz],

rae A;, Ay, B;, By — HeusBeCcTHEIe 4ucIa (HeOonpejeleHHbIe K0adbdu-
IMEHTH).

4. Haxoaum HeomnpeneneHHbIE KO3(PGUIMEHTE, JUDDEPEHIMDPYA Yu 1.
[Ba pa3a U NOACTaBIAA B ypasHeHue (5).

IIpupaBHuBas ko3dduumreHTH B 06€MX JaCTAX PABEHCTBA IPH COS T,
T cosz, sinz, zsinz, NoIyyaeM YeTHIpe YPaBHEHUA

24, + 2By =0,
4B1 = 0,

—2A45 +2B; =0,
~4A1 = 1,

u3 KOTOpLIX onpegensem A; = —1/4, A =0, B; =0, B, = 1/4. Taxum
o6pa3oM,
2

T T
Yun = 7 Cos T + Z sinz.

ITo dpopmye (1) Haxogum obmiee peleHne HEOJHOPOSHOI'O Y PaBHEHNUA
2

. T T .
y=Cicosz + Cysinz — Icos:c + Zsma:.

2

T T .,
Oteer. y=Cicosz+ Cosinz — z—cosa:+ Zsma:.

YcaoBus 3A0AY. Hatimu obwue pewenus dufdepenyuatoruiz ypas-
nenu.

1. y"+y=cosz. 2. y'+y —2y=8sin2z.

3. y' -2y +5y=¢e®cos2z. 4. y"+y=3sinz.

5. y'+y=4xcosz. 6. y" —9y=e3*cosz.

7. y" -4y = e*®sin2z. 8. y' —2y=2ze®(cosz —sinz).

9. 9" —y=2sinr —4cosz. 10. y"” — 6y + 25y = 2sinz + 3cosz.
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OTeeTbl.

1. y=Clcosx+Cgsinx+%sinx.
2
2. y=C1e® + Cre 2 — = (3sin2z + cos 2z).
3. y=(Cicos2z + Cssin2z)e” + i—e’ sin 2z.
) 3
4. y=01COS(II+CQSII1.’L'—§'IECOSIE.

5. y=Cjcosz+ Cosinz + zcosz + z2sinz.

1
6. y=Cre> +Cre 3% + 37 63’(6 sinz — cos z).

2z
7. y=Cre 2 + Cye?® — %0— (sin 2z + 2 cos 2z).

8. y=0C; e~V 4 026:“/5 + xe®sinz + e* coszx.

9. y=Cr1e*+Cre " +2cosz —sinz.
1

10. y = (C1 cos4z + Casin 4z) e3% + 103

(14cosz + 5sinz).

11.10. IIpuHOMD cynmepno3nmmnmn

ITOCTAHOBKA 3AJAYHM. Hatdmu obwee pewenue aunetinoz0 dudde-
PEHYUAALHOZ20 YPABHEHUA L — 20 NOPATKA C NOCTMOARHBIMU KOIPPuyuen-
mamu

y™ 4+ piy™ D 4 4 pay + pny = F(z), (1)
2de F(z) = fi(z) + fa(z) + ... + fi(z).

IIAH PEWIEHHUA.
Ilpusnun cynepnosunuu. Eciu npasas wacTs ypasHenusa (1)
€CTb CyMMa HECKOJIbKUX (QYHKIMU

F(z) = fi(z) + fa(z) + ... + fr(z)

nY; (i=1,2,...,k) — xaxoe-HM6y b IaCTHOE PELIEHNE KaXJOr'0 ypaB-
HEHUA

y(n) +P1y("_l) +...+ pn—lyl +Pny = fz(z) (7' =12,..., k)a (2)
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TO B CWIy JMHEMHOCTH ypaBHeHus (1) ero ofmee pemeHve mMeeT BUJ
y=y+YV1+Yo+...+ Y, (3)

rae yo — obmiee pemenne OJHOPOAHOTO YPaBHEHUA
y™ + o1y 4+ pacy +pay = 0.

1. HaxoauM ¢yHIaMeHTaIbHYIO CHCTEMY PEIUEeHMH U oflee peleHne
Yo OZHOPOLHOI'O yDABHEHUA.

2. [laa xaxngoro HeoguHopoanoro ypasrenus (2) (i = 1,2,...,k) Ha-
XOJMM YaCTHOE peleHue Y; (MCIOAb3ys, HAIPUMeEpP, METOX NMOAGOpa MIn
MEeTOJ BapUall{ [IPOU3BOIBLHEIX IOCTOAHHEIX).

3amucriBaeM oTBeT B BHe (3).

IIPUMEP. Hantu ofmee pemenue JUHEHMHOrO IuddepeHIUATILHOTO
ypaBHEHHUA

y" — 100y’ = 20" 4 100 cos 10z.

PEIEHUE.
1. 3anuceiBaeM COOTBETCTBYIOLIEE OJHOPOJHOE YPABHEHME

y" — 100y’ =0 (4)

¥ MIIEM ero pelleHue B BuIe Y = e?

Hoacrapnas y = e
COKpaIas er

, TJile A — HEU3BECTHOE YHUCJIO.
¢ o' = e u y"” = \2e** B ypasuenne (4) u
, TIOJy4aeM XapaKTePHCTHIECKOe yPaBHEHHE

A3 — 100\ = 0.

XapaKTepucTUIeCcKoe ypaBHeHNe uMeeT Tpu KOpHA A\ = 0, Ay = 10 u
Ag = —10
Taxkum o6pa3oM, uMeeM DYHIAMEHTAILHYIO CUCTEMY PeLIeHAM

101:, — e—lO:c

n=1 y=e Y3

u oflee pemeHyue OHOPOJHOTO YPaBHEHHUA
yo = C1 + Caellz + Cge~101.

2. PemaeM HeOJHOPOAHOE ypaBHEHME, UCIOAb3YysA IPUHLIMUI CyIepIIo-
3UIMN:
a) MIEM YaCTHOE pelleHue Y, HeOJHOPOJHOT'O ypPaBHEHUA

y/// _ 1001/ — 20610:: (5)



280 I'm. 11. JudpPepenyuasvnbie ypasnenus

B Buge Y7 = rAe'%, rae A — meompenenennnni koaddumuent (Tak
Kak a + b = 10 — KopeHb XapaKTEepPUCTUIECKOr0 YPABHEHUA KPATHOCTH
s=1).

Oudbdepennupys Y, Tpu pasa u moacrasiii B ypasaenue (5), Haxo-
auM A = 1/10. Taxum o6pasom,

z
Y, = — 10z,
1= 70°

6) wmeM 9acTHOE pemieHue Yz HEOZHOPOLHOIO yPaBHEHUA
y" — 100y’ = 100 cos 10z (6)
B Bufe Yo = Bjcosl0z + Bysinl0z, rage By m By — HeompeaenreHHEBIE
koaddunmenTs! (Tak kak a * b = +10i He ABAAIOTCA KOPHAMYA XaPaAKTe-
PUCTUYECKOI0 YPABHEHHUSA, TO MHOXUTEIb T OTCYTCTBYET).

Ouddepennupys Y, Tpu pasa u moacTasisis B ypasHenue (6), Haxo-
auM By = 0 u By = —1/20. Takum o6pa3om,

1
Y. = 50 sin 10z.

Ucnonsays npuanun cynepnosunuu (3), nomydaem

1
y=1yo+ Y1+ Yy =C1 4 C2e!% + C3e710" + lx_O el — %0 sin 10z.

1
Oteet. y = Cy + C2e!%% + Cae™ 102 4 % el0z — 20 sin 10z.

YcnoBusa 3AAAY. Hatimu ob6wue pewenus dudPeperyuaivwbiz ypas-
Henut.

1. y"+y =5z+2e* 2. y"+2y +y=e"Tcosz+ze .

3. y' -3y =xz+cosz. 4. y' -2y + 10y =sin3z + €*.

5. y"+4y =2sin2z —3cos2z+1. 6. y” +9y=2ze3 +2zsinz.
7. y"4+y=2zcosrcos2z. 8. y" —5y"+8y —4dy=2e> + 3e%".

9. y"+y" =x2+14+3ze®. 10. ¥V +2y" +y = € +sinz +sin 2z.
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OTeeThl. .
1. y=Cl+C’ze"”+e"+-2-x2—5x.

3
2. y=(C1+ Coz + % —cosz)e ",

2

3. y=C’1+0263’—i(cosa:+3sinx)——%—g.
4. y=(Cicos3z + Cysin3z)e” +—(sm3x+6cos3x) %

1
5. y=C1cos2z + Cysin2z — Z(3sin2x + 2cos2z) + T

1
6. y=Cicos3z+ Cysin3z + Za:sin:z: ~ 116 cosz + —(3:1: -1)é

2

3
7. y= Clcosz+Cgsinz+%cosx+%—sinz—:—;-cos3z+§§sin3z.

8. y=C1e" + (Cy+ Caz) e® + €3 + —z—.rzez“‘.

3 1 1 3 15
9. y==Ce +Cz+03$+2$ 3:1: 12z +(2 4>e.

1 1 1
10. y =(C1z+Cs) cosx+(03x+C4)sin:v+ZeI ~3 z2 sinx+§ sin 2z.

11.11. MeToa Jlarpamxa

TIOCTAHOBKA 3AJAYU. Hatimu pewenue 3adauu Kowu das aunet-
HO20 HEOOHOPOOH020 YPABHEHUA C NOCTNOANKBIMY KOIPPuyuenmamnu

Y +p1y + pay = f(z) (1)
C HAYAABHBIMU yc./wewmu

y(zo) =0, ¥'{zo) = yp- (1)

IIJIAH PEIIEHUSA.
1. 3ammceiBaeM COOTBETCTBYIOLIEE OJHOPOJHOE YPABHEHHME C MOCTO-
SAHHBIMH K03 dHUIIMeHTaMI

v +p1y +p2y=0. (2)
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Haxogum dynpaMenTarsHyo cucremy pemennit y;(z) u y2(z) u obmee
penieHue OJHOPOJHOrO YPaBHEHUA

y = Cryi(z) + Cay2(2).

2. Ilpumensem memod Jaepawsca (METOA BapManuy POU3BOIBLHEIX
MOCTOAHHBIX).

Ecau n3BecTHa dyHAaMEHTaIbHAA CECTeMa pemeHun Y1 (), y2(z) oa-
HOPOAHOTO ypaBHeHuA (2), TO ofIee pemeHne COOTBETCTBYOMErO HEO -
HOpOAHOro ypasHeHus (1) MoxeT GHITbH HaAEHO 1O poOpMyIe

y = Ci(z) 11(z) + Ca(x) ya(),

rae dynxunu Ci(z) n Ch(z) onpeaensoTcs U3 CUCTEMBI IMHENHBIX aJre-
OpanvecKux ypaBHEHHH

{ Ci(z) y1(z) + Cs(x) ya(z) =0,
Ci(z) y1(z) + Cy(z) yo(z) = f().

Unrerpupys, naxoguM dbysxunu C;(z) u Ca(z) 1 3anucniBaeM obuee pe-
1IeHNe HEOAHOPOJHOIO yPaBHEHUS.

3. MWcnons3ys mavaneubie ycaosus (1), mHaxoamm pelueHue 3ajadu
Kommn.

3anuceiBaeM oTBET B BUAE ¥ = y(z).

3)

ITpuMEP. Hautu pemenue 3anaqu Komn

1
coszT

y'+y=

¢ HadarpHbIME ycroBuamu y(0) =1, y'(0) = 0.

PEIMEHUE.
1. 3anuceiBaeM COOTBETCTBYIOLIEE OGHOPOAHOE ypaBHEHNeE:

y' +y=0.

HaxoxuMm pyHIaMEHTAILHYIO CUCTEMY PEIIEHUM Y3 = COST U Yo = SInzx u
obuiee pelreHye OTHOPOAHOIO YPaBHEHNUA

y=Cicosz + Csysinz.

2. Tlpumensem meron Jlarpamxka (MeTOJ BapHaldM IPOU3BOILHBIX
[OCTOSHHBIX ):
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a) MIIEM pelleHne JAHHOTO HEOJHOPOJHOIO YPABHEHUA B BUJE
y = Ci(z) cosz + C2(z) sinz;
6) 3amuCHIBaEM CHCTeMy ypaBHEHHMH Aus onpenenenus pyukuuin C|(z)
Ci(z)cosz + Cy(z)sinz = 0,
{ Ci(z)(—sinz) + Ch(z)cosz = 1/ cos z.

Pemas ee (Tak kak pemieHue uImeM B OKPeCTHOCTH Todku = = 0, TO
cosz > 0), noryuum

Ci(z) = —tgz, Ci(z)=1.
Wurerpupys, Haxoaum
Ci(z) =Incosz + Cf, Ca(z)=z+C3;

B) 3aIIMCHIBAEM IIOJIyYeHHOE O6lLIee pelIeHne JaHHOrO HEOJHOPOJHOIO
yPaBHEHUA

y = (Incosz + Cy)cosz + (z + C3) sinz.

3. Hcnons3ya HadambHblE yCaoBUsA, onpeaensieM koHcTanTH Cf u C5.
Tak kakx

y(0) = (Incos0 + C7) cos0 + (0 + C5)sin0 =0,
To C} = 1. Tak kak

y'(0) = (Incos 0+ Cy) sin 0 + (—%—g) cos0+sin0+ (0+ C3)cos0 =0,
To C5 =0.

OTser. y =cosz(lncosz + 1)+ zsinz.

YcaoBus 3ALAY. Hatimu pewenus 3adauw Kowu das, dufdepenyu-
AALHBIT YPpasHEHUT.

-

1. y”+2y’+y=%—, y(1)=0, ¢'(1)=0.
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1 b T
2. " = —_— —_ = ! —_— = U.
vty sinz’ y(2) L y(2) 0
3. ' +4y=12tgz, y(0) =0, y'(0) =-2.
4 " 1 /
Yy = — y(0) =0, y'(0)=0.
5 y'+y=tgr, y(0) =2, y'(0) =1
ez
6. y"—2y'+y=;, y(1) =e, y'(1) = 3e.
7. y' —y =thz, y(0)=2+g, y'(0) = 1.
8. y' — 2y =4z2e%, y(0) = 3, y'(0) = 0.
42 + 1
9. ¢l —y= — T D=e—4, (1) = e — 2.
N y(1) =e y'(1)=e
2+ 2242 1 1
10. ¢ — 2 =TT “1)==-1, ¢(-1)==-1.
¥ —2y+y p y(=1) = - y(=1) =~
OTBeThbl.

l.y=1-z+zlnz)e ™.
™ . . .
2.y = —2-cos:1:+smz—zcosx+s1nxln|smx[.
1. .
3.y =—xcos2z — §s1n2x+sm2xlnlcosa:]‘

1
4.y = 1 cos 2z 1In | cos 2z| + %sin2z.

5.y=cosz +sinz + llt (z-{"ﬂ-)}
.Y = cos inz +coslnctg (5 + 7 )|
6.y=ze*(1+Inz). 7.y = (€* + e~ %)(1 + arctg e®).

1
B.y=eV2ie Vi er  9.y=e® -4z 10.y=e’+;.
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KPATHBIE UHTET'PAJIBI

IIpu usyvennn tremm: KPATHBIE UHTEI'PAJIBI Ba HayuuTech 3a-
[UCHIBATH 061aCTH (Ha IUIOCKOCTH ¥ B MPOCTPAHCTBE) C IOMOINIbLIO HEpa-
BEHCTB B JA€KAPTOBHIX, MONAPHEIX, UWIKHIPUIECKUX U CHEPUIECKUX KO-
OpPAMHATAX, PACCTABIATD NPEJEILl HHTErPUPOBAHUA U CBOJAUThL KPATHEHIE
HHTErpajihl K NOBTOPHEIM. Bh Hay4YuTech Takxke pemaTh 3a4add reo-
METPHHU ¥ MEXAHUKU C UCIOJL30BAHNEM NBOMHBIX M TPOMHLIX HHTErDAJIOB
(B HEKAPTOBBIX, MOMAPHHIX, 0G6OOUIEHHBIX MOMAPHBIX, UMIKHIPUIECKUX U
cepUveCcKuX KOOPAMHATAX).

C nomowpio nakera PEINIEBHUK.BM B MoxeTe pemnTs HEpaBeH-
CTBa, BHIYMCIMTDH IOJyYEeHHbIE IMOBTOPHEIE MHTErDAJLI, BBLIIOJHUTHL BCE
YUCJEHHBIE PACYETH! U NPOBEPUTH NPABUILHOCTD IMOIYYEHHEIX BaMH pe-
3yJbLTATOB.

12.1. ameHeHue nOpagKa MHTErPUPOBaHUA

IIOCTAHOBKA 3AJAYU. HM3menumb Nopadox uHmMezpuposanu

b z2(y) d z4(y)
I=/dy / f(a:,y)dm+/dy / f(z,y) de.
a z1(y) c z3(y)

TIJIAH PEIIEHMA.
1. O6racTs MHTErpUpPOBaHMA COCTOMUT u3 ABYX obGmacred Dy u Ds.
3aa UM MX HEpaBEHCTBAMM

S Sb’
D, = { (z,y) : 931('9‘; _<_i < z2(y) }’

B ' c<y<d,
Dy = {(:z:,y) " ox3(y) <z < 24(y) }
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2. PemaeMm cucTeMbl HepaBeHCTB, onpefgensoumx obractu Dy u Do,
OTHOCHTEJIbHO Y U IOIydIaeM

v(z) <y < v (2), ¥ @) <y <P (a).

3. OnpegenseM rpaHullbl U3MEHEHUA T, PEIIAA HEPABEHCTBA

v (2) <y (@), ¥ (@) < 92 (2).

Honyuaem I, <z <mjuly; <z < ms.

4. O6aactu D; u Dy MOXHO NpENCTABUTL B BUAE

I Lz <my, }
W) <y<y@) [

l2<:1:<m2, }
Dy = (z,y):
’ {(y) (@) <y <12 ()

5. 3amucwiBaeM uHTerpanbl I ¢ M3MEHEHHHIM IOPAJKOM UHTErpUpO-
BAaHMA:

D, ={($,y)i

(1)(2 (2)(2)

/d::: / f(a:ydy+/da: / f(z,y) dy.

I ‘)(I) (2) (z)

6. Bemlhy =l =1, m =my =mu @) = yP(c) wm
yg‘)) (z) = y?)(x), T0 I MOXHO NpPeJCTaBATH OJHUM MHTErPAIOM

m ygz)(m) m (1)(1)
I=/d::: / f(z,y)dy wmm I=/da: / f(z,y) dy.

Ly ) L P
3amuceIBaeM OTBET.

IIPUMEP. H3menumpb nopadox unmezpuposanu

1 VY Vi oV
=0/dy0/f(a:,y)dx+l/dy 0/ f(z,y)dz.
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PEMEHHKE.
1. O61acTs MHTErpPUPOBAaHUA COCTOMT U3 AByX obmacten D; u Ds.
3aJaguM X HEPaBEHCTBAMM

<y<l1,
efen: JE22L )

D2={(w,y)= 051.

2. PemaeM CHCTEMBI HEPABEHCTB, onpejaeraommx obaactu D u Dy,
OTHOCHUTEJBHO Y U MOJydaeM

22 <y<1, 1<y<+vV2-g2

3. OmpeaenseM rpaHuIbl U3MEHEHUA T, PELIas HEPABEHCTBA

22 <1, 1<+/2-22

YunreBas, uro z > 0, B 060oux caygasx nmomydaem 0 < z < 1.
4. O6aactu D; u Dy MOXHO NpPEACTABUTHL B BUJE

0<z<1,
D1={(l‘,y)i :132—< y‘—<1 })

Dy =14 (z,9): 0<z<1,
2 = 7y * 1 S y S /2 _ 1'2
5. 3amuceiBaeM MHTErpaibl | ¢ U3MEHEHHBEIM NOPAJKOM UHTErPUPO-
BaHUA:

1 1 1 V2=z2

I=/dz/f(a:,y)dy+/da: /— f(z,y) dy.
a2 1

0 0

6. IToab3yACH JMHEMHOCTHIO ¥ a AU TUBHOCTHIO HHTErPAJIOB, IOLYYaeM

1 1 V2=z2 1 22—z
I=/dar /f(w,y)dy+ / f(z,y) dy =/dw / f(z,y)dy.
0 z2 1 0 z2

1 2—-z
OTser. Iz/da: / f(z,y)dy.
0 z2?
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YCNOBUA 3ANAY. Hamenumd nopadox uHmMezpuposaHuA.

2 2/

1. /dm/fzydy+/da:/fa:y
2. jdyjfxy)dx+/dy/fmy
/4

1/y 1 y?
-3 36—y? 0o V-y-12y
f(:v,y)dw+/dy / f(z,y) dy.

~y/4 16 -vE=y
V6 Veaz V3 ViZ=a?
5. [ao [ senas [a [ @i
0 0 NG 0
1 0 2 0
6 /dy / f(z y)dm+/dy / f(z,y)dz
0 —y2 1

0 1
0 1-y2 Vi=y
8. /dy/f:vydz+/dy/fx,ydm
21 0 0
1 eV e ey
9. /dy/f(m,y)dx+/dy/f(m,y)dx
0 1 1

0 0 0
10. /d:z: Zx f(x,y)dy-i-_/ldmz[f(m,y)dy
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OTseTsl.
2/y 4 vz
1 /dy / f(z,y)d 2 /dm/f(:c,y)dy.
1 logyy 1 1z
3vV3  —6+V36-z2 0 32-2?
3. / dz / fz,y)dy. 4. / d / f(z, ) dy.
0 v S4 4
V6 12-y2 0 14+VI-a?
5. /dy f(z,y)d 6. /da: / flz,y) dy
0 ¥?/VE -t V==
1 2-y ' 1-z?
7. /dy f(z,y) dz. 8. / / f(z,y)d
0 y? 0 —vi=a?
e ez 0 y
0. [ao [ remay /dy [ 16
1 Inz —2-y

12.2. /IsouHOM MHTerpan
B JE€KapTOBBLIX KOOPAMHATaX

ITOCTAHOBKA 3AJAYM. Buivucaums deotinot uwmezpaa

l [ 1@ dza

2de ob6aacmv D oepanuuena aunuamu f1(z,y) =0, f2(z,y) =0 (u, 603-
MONCHO, NPAMBIMU T =a U T =b uau y =c vy = d).

IIJIAH PEWIEHUA.
1. 3agaaum obaacts D HepaBeHncTBaMu. [[JA 3TOr0 BBIACHHM, KAKUM
U3 HEPABEHCTB

fl(x)y)sos fl(x,y)ZO, f2(-’l7,'y)50 um f2(-"3;y)20

YAOBIETBOPAIOT KOOPAMHATH TOo4ek obmactu D.
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[IycTs, HanpuMep, TaKMMH HEPABEHCTBAMH OKa3amuch f1(z,y) <0 =
f2(z,y) < 0. Torga

p={ew: HENE )

Pemaem nepasencrsa, onpeaensiomue D, oTHocuTensHO T u y. [loxygaem

D={(w,y): asesh }

y1(z) <y < p2(z)

7817

B ] c<y< d,
D= {(z,y)- z1(y) < z < z2(y) }

2. Ilepexogum OT ABOMHOrO MHTErpaia K NOBTOPHOMY:

b y2(z)
[[1eviay=[a [ s@ua
D e y1(z)
I
z2(y)
//fa:ydzdy—/dy / (z,v) dz.
c z1(y)

3. IlocnenoBaTeNbHO MHTErPUPYEM, HCIOAL3YSA CBOMCTBA ONpeJelIeH-
HOI'0 MHTErpaia.
3anucniBaeM OTBET.

3AMEYAHME. Eciu meo6xoammo, pazbuBaeM 06JaCTh HA YaCTH U MC-
[OJb3yeM CBOMCTBO aJJUTHBHOCTH MHTErPATIa.

ITPUMEP. BrrduciuTs JBOMHON MHTErpat

/ (54z%y® + 150zy*) dz dy,

rae o6aacts D orpanuyena munamun z = 1, y = 23 uy = — /7.

PEWEHUE.

1. 3agaxum obmacts D HepaBencTBamu. OueBngHO, 9TO —/Z < 3.
Hostomy —y/z < y < z3. TlockombKy T uUrypupyeT moj 3HAKOM KBaJ-
patHoro xopHa, £ > 0. [na x Bosmoxuwl HepaBeHCTBa 0 < z < 1 mm
1 < z. Bo BTOpOM ciiy4yae 061aCTh HEOrPaHUIEHA, YTO HEMPUEMIEMO.
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Urak,
0<z<1,
D‘_‘{(zay) —\/IZT<:I:{-<CC3}

2. TlepexoauM OT JBOMHOTO MHTErPANa K MOBTOPHOMY:
1 z3
//(54x2y2 + 150z*y?) dz dy = /dw / (54z2y% + 150z*y*) dy.
D 0 T

3. Ucnmoas3ysa cBoMCTBa ONpENENIeHHOr0 HHTErPala, MOCIe JOBATEIbHO
UHTErpupyeM CHa4asna no y (CYMTas T NOCTOAHHOMN), 3aTEM IO I:

23

1
/da: / (54z%y? 4 150z%y*) dy =
0

-V

1 z3 z3
= / 54x2 / y? dy + 150z / ytdy| dz =
0 -z -z

1 z3 3
y°|°
/ [54:7: + 150z* 5 ] dr =
o -Vz

1
= / (182! + 1827/% 4 30z'° + 302'%/%] dz = 11.

OTseT. //(54:1:21/2 + 150z%y*) dz dy = 11.

YcnoBuA 3A0AY. Boiuucaums deotinbie unmeepaabt no obaacmam D,
02D AHUEHHBIM 3A0AHHBIMU AUHUAMU.

//(2:c—y)dzdy,‘ y= ot y=Va

D
//(:L'—y)dzdy, y=2-1z% y=2z-1.
D
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3. //(ylnm)da:dy, y:%, y=+x, =2
D

4. //(cos?m-{—siny)d:cdy, yzg—m, y=0, z=0.
D
5. //sin(a:+y)d:cdy, y=u, y=g, z=0.
D
2
6. //%dmdy, y:l,y=:c,.7:=2.
y T
D
7. //(a:2+y)dzdy, y=:1:2, y:\/z
D
8

. //(2:c~y)dxdy, y=z% y=z, z=1, z=2.
D
9. / V1—122—-y2dzdy, y=+v1-22 y=0, £=0.
D
10. //z2y2\/1~—z‘3—y3da:dy, y=3v1-23 y=0, z=0.
D

Otsersr. 1. I =1/10. 2. I =64/15. 3. I =5(2ln2-1)/8.
4. I=(m+1-2v2)/4. 5 I=1 6. I=9/4 7. I=33/140.
8. 1=9/10. 9. I=nx/6. 10. I=4/135.

12.3. IBouHOM MHTeErpas
B IOJAPHBIX KOOPIWHATAaX

IIOCTAHOBKA 3AJAYM. Buiuucaumsy deotinot uwmezpaa

/ f(z,y) dz dy,

D

2de obaacmob D ozpanuuena 06Yma OKPYHCHOCTIAMU

v+ ay+bz+z?=0, v? +agy+ bz +2%=0
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(a1 =0, a2 =0, bib >0 wau b1 =0, by =0, aja; >0)

U 08YMA PAMBIMU

miy+kiz=0, (mi+k2#0), moy+kez=0, (mi+kZ#0).

IITAH PEIIEHUA.

1. 3agagum ob6racts D HepaBeHCTBaMM B J€KapPTOBOU CUCTEME KOOD-
OUHAT.

s 3TOro 3aMeTHM, UTO OKDPYXHOCTH y° + a1y + biz + 22 = 0 u
y% + agy + baz + 2% = 0 MPOXOAAT Yepe3 HAYAIO KOOPAMHAT M UX LEHTPHI
pacnonoxenn Ha ocu OX (npu a; = 0, a; = 0) wm na ocu OY (npu
by =0, b2 = 0) o ofHY CTOPOHY OT HadYata KOOpAUMHAT (Tak Kak bjbs > 0
wi ajas > 0). IToaToMy Ta U3 OKPYXHOCTeH, KOTOpPaA UMeeT MeHbLIIMH
paauyc, pacmoioxkeHa BHyTpu apyrou. IlycTb, Hampumep, 3TO OKpPYX-
HOCTBb y2 +a1y+biz+ z? = 0. O6macts D HaXOAUTCA MEXAy OKPYXKHOC-
TAMH, II03TOMY KOOPAMHATHI TO4YeK o6aacTu D yI0BIeTBOPAIOT HEPaBEH-
CTBaM

V¥ +ay+bhz+z®>0, y*+ay+baz+z’<0.

Ipamuie m1y + k1z = 0 1 may + kox = 0 npoxogaT dYepe3 HAYAIO
koopaunaTt. O6sacTs D pacnonoxeHa MexJy HAMU. YUUTHIBaA, B Ka-
KOM IOJYIUIOCKOCTH HAXOAATCA OKPYXHOCTH M, CJIeJOBATEIbHO, 061aCcThb
D, onpepenseM, KakuM U3 CAEAYIOLIMX NADP HEPABEHCTB YOBJETBOPAIOT
KOOPAUHATH TO4YeK obiacTu D:

myy + k1x > 0, may + kax > 0,
m1y + k1z <0, may + koz > 0,
m1y + kiz >0, may + kez < 0,
my + kix <0, may + kez < 0.

2. Tax xak ob6xacts D orpaHudeHa OKPYKHOCTAMH U MPAMEBIMH, IIPO-
XOIAIIMMM Yepe3 Hadal0 KOODAUHAT, IMOCTABIEHHYIO 3aJady NpOIIe pe-
LIATh B MOJAPHBIX KOODAUHATAX

T = pCosp,
y = psinp.

IIpu aToM (g, p) € D', a HCKOMBIHM UHTErPaJ ONpPeAeIIeTC GOPMYIOHN

Z/f(w,y)dwdy= Z/f(@cosso,esin@ed@dso.
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3. Ytobm mamTu obmacth D', 3aMeHAeM B HEpaBEHCTBaX, ONpeje-
naoumx obnacts D, = Ha pcosyp M y Ha gsiny. 3areM paspemiaeM
IIOJIy Y€HHbBIE HEPABEHCTBA OTHOCUTENBHO 0 K . TakuM 06pa3oM norydum

, . 1 <<y,
D _{(a:,y)- 91(5)39592(@ }

4. TlepexoguM OT ABOMHOI'O MHTErPAIa K MOBTOPHOMY:

w2 22(v)
S=/d<P / f(ecosy, osinp) odp
Y1 e1(v)

¥ [OCTEJOBATEILHO MHTErPUPYEM, MCIOJb3ysS CBOMCTBA OIPEETIEHHOrO
HHTErpaJa.
3anuceLlBaéM OTBET.

IIPUMEP. BriuucauTs JBOMHOM HHTErpat

//a:d:cdy,
D

rae o6aacts D orpaHMYeHa THHUAME
v —dy+22=0, y*-8y+22=0, y=z/v3, z=0.

PEWIEHUE.

1. 3agaanm o6aacte D HepaBeHCTBAMH B JEKapTOBOM CHCTEME KOOP-
puuaT. [as 3TOro 3aMeTuM, UTO, BRIJENAA IOJHBIE KBAJPATHI B ypaB-
HeHuax okpyxHocTen Yy — 4y + 22 = 0 u y? — 8y + 22 = 0, ux MOXKHO
IIPUBECTH K BULY

(y - 2)2 + 332 = 4a (1)

(y —4)* + 2% = 16. (2)

OwueBngHO, 4TO 06€ OKPYKHOCTH IPOXOAAT Uepe3 Ha4alo KOOPAMHAT
1 ux UeHTpH pacnonoxeHul Ha ocu OY B toukax (0,2) u (0,4). Ox-
pyxHoCTb (1) uMeeT pasuyc 2 H, CIELOBATEIbHO, JEXUT BHYTPH OKDYX-
HoctH (2), mMeroment paguyc 4. [lockonbky o6racts D HaXOAUTCA MEXIY
OKPYXHOCTAMMU, KOODAUHATEI €€ TOYeK YAOBIETBOPAIOT HEPABEHCTBAM

(y-2)2+22>4, (y—4)>2+22<16.
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Mpavue y = z/v/3 u = 0 npoxoaaT Yepe3 Hauano KoopguHat. O6-
pactes D pacmonoxeHa MexJy HUMH. YYATHIBasA, YTO OKDYXKHOCTH, a
clejoBaTeNbHO, ¥ 061acTs D HaXOAATCA B BepXHEM MOXYILIOCKOCTH, 3a-
Kmo1aeM, 9To o6racTs D HaxoauTCA HAX TpAMON y = z/+/3 u cipasa ot
npamou z = 0. IlosToMy koopaunaTH Todek obaacTe D yA0oBIETBOPAIOT
HEPaBEHCTBAM

y>z/V3, z>0.

Hrak,

2. Tak kak o6ractb D orpaHudeHa OKPYXHOCTAMH U MPAMEBIMH, IIPO-
XOAAIIMMHM Yepe3 Hadalo KOODAWHAT, IIOCTABIEHHYIO 33a]ady IpOIIE pe-
ATh B MOJAPHLIX KOOPDAUHATAX

T = gcosyp,
y = psinp.

IIpu sToM (g, ) € D', a MCKOMBIN MHTErpaJ ONpeerIeTcsa hOpPMyION
®

//:vd:z:dy: //gcoscpgdgdcp.
D D’

3. YTo6n1 mauTu obaacts D', 3aMeHseM B HEpaBEHCTBAX, ONpe/elIio-
mux obaacts D, x Ha g9COSp u y Ha gsin @:
(osinp —2)2 + p? cos? p > 4,
(osinp — 4)% + % cos? p < 16,

. 0COs
osiny > , ocosp > 0.
V3

Pewas st HepaBE€HCTBa OTHOCHTEJBHO Q0 U @, IIOIYyYaeM

/6 < o< T7/2

r_ .
D=1 (e,9): 4sinp < p < 8singp
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4. IlepexoguM OT ABOMHOIO MHTErpaia K NOBTOPHOMY:

/2 8sin g
//:cd:cdy= //gcoscpgdgd<p= /cos<pdg0 / 0% dp.
D D' w/6 4sin @
ITocnegoBaTeNbHO UHTErPUPYS, MOLYIAEM
w/2 8sin ¢ w/2 3 8sing
/cosgod<p / gzdg=/cosgod<p£— =
v 3 4sin @
w/6 4sin ¢ w/6
w/2
448 112 ~/2
=— [ sin®pcospdp = —=sin?p = 35.
3 3 /6
w/6

OTser. //xdm dy = 35.
D

YcnoBusi 3AJAY. Bbiuucaumb deotinbie unmezpaabl no 064aCMAM
D, oepanuuennbim 360aHHBIMU AUHUAMU.

1. dz dy, 2 _9y+22=0, y>—-dy+z®=0, ==X
//y y Y -2y v — 4y y="7

D
y = V3z.

2. //:cd:cdy, v —6y+z2 =0, 2 -8y+2?>=0, y=2z, z=0.
D

5 //_y_—dzdy; y?—dy+z® =0, y’-8y+2® =0, y=uz,
) Va? + y?

z=0.
4. //——I———dmdy, v —4dy+22=0, y*-6y+2®=0,
/I2+y2
D
y==z, z=0.
Y
5. //mdzdy, v —6y+22=0, y>-10y+z*>=0,
D
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6. //12+y dz dy, v -2z +2z2=0, Y —dz+2% =0,
b T
= —, =1+3z.
. Y 73 Y
T 2 2 _ 2 2 _
7. //mdxdy, y° —4dz+z° =0, y*—6z+z° =0,
b T
=—, =V3z.
i y \/3- Yy
8. // 2y dz dy, v —4z+ 2% =0, v’ -8z +z% =0,
z2 + y?
y=0, y=\/§a:.
2 .
9. //—y——da:dy, y? -2z +12% =0, y? —6z+2% =0,
/$2+y2
b xr
y=— y=0.
z? v3
10. //-——dzdy, v:-2z+22=0, 4°-10z+2z2=0,
/x2+y2
D,
y =3z, y=0.
1
Oteetsl. 1. I = 112(27r -V3). 2. I = 185 3. I= 10v2.
4 I=24-A). s I=1+g. 6. I=%. 7. 1_16 (2r — V3).
3v3 41 1519v/3
LI = < I=2—. LI = .
8 I=m+ 9. ) 10 15

12.4. [IBouHOM MHTerpaj B 0600IIIeHHBIX
MOJIAPHBIX KOOpAMHATAaX

ITOCTAHOBKA 3AJA4YU. Buiuucaums 060tUnot unmezpaa

/ f(z,y) dz dy,
D

2de obaacmb D 3adana nepasencmeamu

1?2 y2
+b—2SC% (a>0,b>0,C120,62>0),
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miy+ kx>0 (m?+k?#£0), may + ke >0 (m3 + k3 #0).

IIJIAH PEIIEHUA.
1. O6aacrs D 3asaHa HEPABEHCTBAMM B A€KapPTOBOM CHCTEME KOOP JH-

HaT, T.e.
2 2

T Y
2T Y 2
g < a2+b2 < c3,
D= (a:,y) : my + kliL' Z 0,
moy + kox >0
2. Tak xak o6macTs D orpaHu<IeHa JUMMIICAMY ¥ IIPAMEIMH, IPOXO -
MMM Yepe3 Hadalo KOOPAUHAT, IOCTABIEHHYIO 334a4y MIPOIIe PEmaTh B
0600IIeHHBIX OLAPHBIX KOODAUMHATAX

T = agcos p,
y = bosin p.

IIpn srom (g,) € D', a NCKOMBII MHTErpPal ONpPEAeNAeTCA (POPMYJIOHN
// f(z,y)dzdy = // f(agcos p,bosin p) abodo dp.
D D’

3. Yro6mn HauTH 06aacTh D', 3aMeHAeM B HEPABEHCTBAX, OIpeJelLAlo-
mux obractes D, z Ha apcosy u y Ha bpsin . 3aTeM paspemaeM moxy-
JeHHblE HEPABEHCTBAa OTHOCHTEIBHO ¢ M . TakuMm 06pa3oM, morydaeMm

’_ o a<e<ec

4. TlepexoguM OT ABOMHOI'O MHTErpPaJa K IIOBTOPHOMY:

B c2
//f(w,y) dmdy=ab/ dso/f(aacosso,bgsiw)gdg;
D a c1

M I0CIeJ0BATEIbHO MHTErPUPYEM, MCIOJNb3ys CBOWCTBA OIPEAETIeHHOrO
HHTerpaia.
3anucLBaeM OTBET.

IIPUMEP. BrranciuTs JBOMHOM HHTErpal

//ﬁsdxdy,
A Y
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rae obanacts D 3amaHa HEpaBeHCTBaMM

PEIEHME.
1. O6aacTs D 3amana HEpABEHCTBAMU B JEKAPTOBOM CUCTEME KOOPJH-

HaT:
2

1<-+y2S3a
D =< (z,y): 16

2. Tak xak o6xacTs D orpaHd<YeHa DIIAICAMM U IPAMBIMH, IIPOXO4A-
IIMMM Yepe3 Havajo KOOPAMHAT, MIOCTABJICHHYIO 33 a4y IPOIle pemaTh B
060011IeHHBIX MOJAPHBIX KOOPAMHATAX

T = 4pcos g,
y = psinp.

IIpu sTom (g, ¢) € D', a MCKOMEIA HHETErpAT ONpeaeaseTCa GopMyIon

/ —d:cdy—// . :";4 ododyp.

3. Urob6mnl HanTu obaacTs D', 3aMeHseM B HEpABEHCTBAX, OIPeAe/IAI0-
umx obracts D, x Ha apcosy u y Ha bpsinp:

16 2 2
16
4
gsing > —Q—c:ﬁ, gcosp >0

Pewas 3T HepaBEHCTBA OTHOCHUTENLHO 0 U (9, MOLYIaEM
1<0< V3,
=14 (0,9): -

T/4<p <7/2

4. Ilepexois OT ABOMHOIO MHTErpaja K INOBTOPHOMY M IOCTEAOBa-
TEeJIbHO MHTETPUPYA, MOLyIaeM

w/2 V3

//—dxdy—//w4 dgdcp—/dcp/lﬁ -3. osgadg_
® sin®¢p

w/4 1




300

I'm. 12. Kpamnbie uwmezpaabt
w/2

dsi v 1
=16/ ?‘I;W/g-sdg:m (— — )
sin’p 4sin” @

/4 1

OTserT. // % dz dy = 4.
D

YCaOBUA 3AAAY. Buiuucaump deotnbie unmezpaavl.

V3

n/2 ( 1 )
/4 292

1

2 2
y z y 2z
1. L4 ={1<=—+2 < > <=8
//xdxdy, D {1_9-1-4__2,3/_0,?/_3}
b 2 2 3
2. //fda:dy, D = 15$—+y—_<_4,a:20,y2—$
y 4 9 2
b 2 2
T z Yy z
3. —dzrd D={1<_+2-<4 > > =
//ya:y {_16+4_,x_0,y_2}
D
z? 2
4. //:vByda:dy, D={1SI+“§'S1,$ZO,1/ZO}-
b 2 2
5. //fdxdy, D={1<Z 4+ ¥ <5 z>0, y>2
y 4 16
b 2 2 2
T z Yy x
6. —dzd D={1<—+=X< > > =
//yzy, {_9‘+4_5,z_0,y_3}
b 2
T T T
i 2z D={1<=— < > > ).
7 //ysd:vdy, {1_4+y _25,x_0,y_2}
b 2
Y _ 2, Y
8. / = dz dy, D—{lga: +—59,y20,y§4x}
T 16
b 2
8y T T
. - D={1<= +42< > <=8
9 //xsd:vdy, { _4+y _4,y_0,y_2}
b 2 2 3
9z T Y T
10. —d D={1<—+4+=-X< > > — 7.
0//3/3 z dy, { _4+9_36,:c_0,y_2}
D
Oteetbl. 1. I=1In2. 2. I =3In2. 3. I =12In2. 4. I =6.
5. I=4In2. 6. I=9In2. 7. I=2In5 8. I=8In3. 9. I=In2.

10. I =21n6.
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12.5. Beraucienue o6'eMOB
C NOMOIIBLIO ABOMHOI'O MHTeErpaja

IIOCTAHOBKA 3AJAYM. Hatdmu o6bem meaa, 02paHUYEHHOZ20 NMO-
8€EPTHOCTNAMUY

gi(z,y)=0 (i=1,2,...), z= fi(z,y), 2= fa(z,9) (fa(z,9) > fi(z,9))

I1JIAH PEIIEHUA.
1. O6bem umauHApHYECKOro 6pyca, OrpaHMYEHHOr0 33 JaHHLIMHU IIO-
BEPXHOCTAMM, ONpefeaeTcs hOpMyIon

V= Z / fale,y) — Fale,y)] dzdy, (1)

rae D — npoekuus Tena Ha miockocts XOY.

2. Yrobn nauTu D, 3aaeM TeJO C MOMOLILI0O HEPABEHCTB M MCKIIIO-
YaeM U3 HHX 2.

JomycTuM, HanpuMep, YTO KOOPAMHATEHI TOYEK TEIA YAOBIETBOPAIOT
nepasencream 0 < z < f(z,y), g1(z,y) > 0 u g2(z,y) < 0. Toraa Teno
OIIpeIeNATCA CUCTEMON HEPABEHCTB

g1($,y) Z Oa
g2($1y) S Oa
0<z< f(z,y).
Uckmogas 2z, noxydum
91(5’»',1/) 2 Oa
D=1 (z,y): 92(z,y) <0,
0< f(z,y)

3. BuruuciaseM aBowHOM MHTerpan no ¢popmyie (1) mpu fo = f(z,y) u
fi=0.
3anucLIBaeM OTBET, He 3a6EIBAA O Pa3MEPHOCTH.

IIPUMEP 1. Hanitm o6beM Tena, OrpaHUYEHHOr'O IIOBEPXHOCTIMM

z=17\/2y, =22y, 2=1/2-y, z=0.
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PEMEHHUE.
1. IIo ¢opmyne (1) ¢ fa = 1/2 —y u fi = 0 uckoMEI 06BEM paBeH

o= ff (4-5)

rae D — npoekuua Tena Ha mwiockocts XO0Y .
2. Yrobm nHautn D, 3a1aeM TeNO C NOMOMIBIO HEPABEHCTB M MCKJIO-
4YaeM U3 HUX 2. B JaHHOM ciydae Telo ONnpeAenseTci CHCTEMOU Hepa-

BEHCTB .
z < 17/2y,
z > 24/2y,
0<z<1/2—-y
IToaromy

22y <z < 17/2y,
D=1@v: gc12-y y>0 (-

3zxecy HepaBeHCTBO y > (0 HEOGXOAMMO, TaK KaK Y CTOUT IOJ 3HAKOM
KBa,JP2THOrO KOPHA.
3. Buruuciasem JBOMHOW MHTErDAN:

1/2 172y

o= ] Gos) o= [ | (3os) e

=15\/§/(-;-—y> Vidy =1.

Ovser. V =1 exn. o6mema.
ITPUMEP 2. HaiiTu 06beM Tela, OrpaHMYEHHOT'O TOBEPXHOCTAMH

2
2 +y*+22=0, z=—§—y2,

1 z=0.

PEWEHME.
1. o dopmyae (1) ¢ fo =25/4 — y* u f; = 0 ucKoMEI 06BbeM paBeH

V=//(%—y2—0) dz dy,
D



12.5. Buiuucaenue 061em06 ¢ nomowpio 0601UH020 UNMESPALA 303

rage D — npoexknusa Tenaa Ha mwiockocts X OY.
2. Yro6n HauTu D, 3a5aeM TEIO C MOMOIILI0O HEPABEHCTB M HCKJIIO-
YaeM U3 HUX 2. B JaHHOM Ciydae TeJo OIpeeNseTCA HEpaBEeHCTBAMHU

(z+1)2+y% <1,
0<2<25/4—19°

W3 nepsoro HepaBeHCTBa 09eBUAHO, 9TO |y| < 1 u, cregoBaTeabHO, BTOPOE
HEPABEHCTBO BLINOIHAETCA ABTOMATHYECKU (MeOMETPUYECKH ITO O3Ha-
aeT, YTO NMpOeKIus moBepxHOCTH z = 25/4 — y? ma miockocts XOY
oxsaTniBaeT Kpyr (z + 1)? + y* < 1). IloaTomy

D={(z,y): (z+1)*+y*<1}.

3. Tak kax o6macTs D orpanuyeHa OKPY>XXHOCTSAMH U IPAMBIMH, IPO-
XOASMIIMMM Y€pe3 Hadalo KOODAWHAT, IOCTABJIECHHYIO 3ajady IpOLIE pe-
LIATh B NOJAPHBIX KOOPAMHATAX

T = pCosp,
y = psinp.

IIpu atom (g, @) € D', a uckomuiit 06beM onpegerseTcs HOpMy.Ion

V=// (%—f) dzdy = // (%——gzsinzgo) odydo.
D D’

4. Yto6u HauTu o6aacts D', 3aMeHAEM B HEPABEHCTBE, ONpEENAIO-
meM obiacte D, T Ha 9COsSy U y Ha gsin @:

(ecosp +1)% 4 g%sin® p < 1.
IToxygaem

0<0< —2cosy,
D’={(e,<p)= }

/2 < ¢ < 3m/2

3ameTnM, uTo u3 HepaseHCTB 0 < ¢ < —2cos p creayer 7/2 < < 37/2.
5. IlepexoauM oT ABOMHOrO MHTErpaia K MOBTOPHOMY:

3r/2 —2cos ¢

V= // (%——gzsinr"go) ododp = / dy / (%—gzsin2<p> odp.
D’ /2 0
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ITocnepoBaTensHO UHTErpPUPYA, MOXydaeM

3n/2 —2cos¢p
V= /dgo / (——g sin <p>gdg—
w/2
3r/2
2 4 —2cos¢p
/ gfi_g_s].nz(p d(p:
/2
3r/2
= / (—— cos® ¢ — 4 cos” psin <p) dp = 6
n/2

OTeer. V =67 ex. o6bpema.

YcnoBus 3A0AY. Hatimu 06bembl mea, 02PaAHUUENHBIT 360AHHbLMY
106€EPTHOCTIAMY.

1. z=/y, z = 2,/v, z=1-y, z=0.

2. y=/z, y =2/, z2=6—1, z=0.

3. y=+/z, y=0, z=1, =z=z+y+1l 2z2=0.

4. y=12x2%, y=1, z=1x2+12, z2=0.

5. y=6-3z/2, y=6-3z, y=0, 2=6—-z—y, z2=0.
6. 2492 =4, z =1y, z=0 (z>0, y>0).

7 y= 2/2, y=0 z=4—zx -2y, z=0.

8 :t: +y -4y =0, z2=4-1%, z=0.

9. z? +y -2z =0, z=1x% +y?, z=0.

10. 22 4+ 4% -2z =0, z =2z, z =A4z.

Ovsetnl. 1.V =4/15. 2.V =48V6/5. 3. V =79/60. 4.V =40/3.
5V =12 6.V=4 7.V =17/5. 8.V =12r. 9.V = 31/2.
10. V = 2.

12.6. Beruuciaenue miomaneun
B J€KapTOBBIX KOOpAHHATAX
IIOCTAHOBKA 3AJAYU. Hatdmu naowads obaacmu D, o2panuuennots

avnuany fi(z,y) = 0, fao(z,y) = 0 (u, 603m0%HCHO, NpAMBIML T = a U
z=bumwy=cuy=d).



12.6. Buiwucaenue naowadeli 86 exapmosbis K00pounamaz 305

IIAH PEIIEHUA.
W13 onpenenenus JBOMHOrO HHTErpaia CAeyeT, 9TO UCKOMAA IUIOMA, b

S 49uCIeHHO paBHA
/ / 1- dzdy. (1)
D

1. 3agagum obracte D HepaBencTBamu. [Ij11 3TOr0 BHIACHUM, KaKue
U3 HEPABEHCTB

fi(z,y) <0, fi(z,y) >0, fo(z,y) <0 mmm fo(z,y) >0

BBITIOMHAIOTCA 1A KOOPAUHAT To4eK obaactu D.
IIycTs, HanpuMep, TAKMMHU HepaBeHCTBaMM oKasamuch f1(z,y) <0 u
fa(z,y) < 0. Torga

fl(xay) S 01
D = {(m,y): fa(z,y) <0 }

PemaeM nepaBencTBa, onpepesnsiomue D, oTHocuTeasHO = U y. [loaydaem

D= ) a<z<b,
=1 @) y1(z) <y < ya(x)

c<y<d,
z1(y) < = < z2(y)

2. IlepexoauM OT JBOMHOI'O MHTErpPaja K IOBTOPHOMY:

I

D= {(a:,y):

b y2(z)
//da:dy:/da: / dy
D a yi(z)
nim 4 )
//da:dy=/dy / dz.
D ¢ z(y)

3. IocrenoBaTe bHO MHTErPUPYEM, UCIOAL3YA CBOMCTBA ONpeleleH-
HOI'0 MHTErpaja.
3anucriBaeM OTBET, He 3a0hIBag O Pa3MEPHOCTH.

3AMEYAHUE. Eciu Heo6xoaumo, pa3buBaeM 061acTh Ha 9aCTH U UC-
MOIb3yeM CBOMCTBO aJJUTHBHOCTHM MHTErDAJa.
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IIpuMEP. HanTe miomans obractu D, OrpaHUYeHHON JTAUHUAMHI
?+y?=12, zv6=1%> (z>0).

PEMEHUE.

1. 3agagum obisacts D HepasencTBamu. O6JaCTh HE MOXET HaXO-
IUTHCA BHE KPYra, TaK KaK TOrja oHa Heorpanmdena. O61acTs He MOXeT
HAXOAUTHCA CIEBa OT Mapaboikl, TaK KaK B 3TOM CIydae €€ TOYKN MOL'yT
UMETh OTpHUIATEIbHEIE a6CIUCCH, YTO UCKI0eHo ycinopueM z > 0. Cie-
OBaTEJILHO,

z? + 9% < 12,
D={($,y)1 .

z > 12 /V6

Pemaem nepaBencTsa, onpegenstomue D, orHocuTenbHo = 1 y. [loxygaem

y2
2 <z< /12 — 2.
6= = v

CrenoBaTennHo, y2/\/5 < /12 — y2. Orciona -6 <y < V6. Urak,

D= i —\/GSyS\/g,
= (x,y). 92/\/65-7:3 /12_y2 :

2. Boruucasem mromans obractu D mo ¢opmyne (1). Ilepexogs ot
JTBOMHOI'O MHTErpaJja K IOBTOPHOMY, IOIYIUM

N3 V12—y?

S=l/dzdy=/dy |

-V6 y2/V6

3. Ucnoan3ysa cBOMCTBA ONpENENeHHOI'0 MHTErPala, MOCIeJOBATEIbHO
HHTErpupyeM:

V6 12-y? V6 9
S = /dy / dz = / <\/12—y2—-\—1”/—6) dy =3m + 2.
VB Ve Ve

Otser. S = (37 +2) (en. amamm)?.
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YcaoBua 3A0AY. Hatimu naowadu dueyp, ozpanuuenubls 3adam-
HOIMU AUHUAMU.

1. y=2/z, y=4€e*, y=2, y=4.

2. y=1/z, y=2€% y=1, y=2.

3. y=2/z, y=2yz, z=4.

4. 22 +y* =2, y=-2z* (y<0).

5. y=+/z, y=0, z=4.

6. T=2-19y% z=—y.

7. y=sinz, y=cosz, =0, z=m/4.
8. y=22°-1, y=z.

9. z=+/4—192 z=y%/3

10. y=Inz, y=e/z, z=1.

Oveeter. 1.5=2. 2.5=1. 3. .§5=28/3-Inl16. 4. 5=

=7/2+1/3. 5.8=16/3. 6.S=7/6. 7.S=+2—-1. 8.5 =27/24.
9.8 =2m/3-+/3/6. 10. S=e—1.

12.7. Beruucienue ILioma jgeu
B IIOJIAPHBIX KOOPAMHATAX

TIOCTAHOBKA 3AJAYM. Hatimu naowads o6aacmu D, oepanuuennot
deYMA OKPYHCHOCTNAMYU

V2 4+ a1y + bz +2% =0, v+ agy + boz + 2% =0,

(a1 =0, a2 =0, bibo>0 wau b =0, bp =0, aiaz >0)

U 06YMA NPAMBIMU

miy+kiz =0, (m24+k?+£0), moy+koz=0, (mi+ki#0).
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IInAH PEMIEHUA. U3 onpeenenus ABOMHOrO MHTErPaja CIeLyeT, YTO
HMCKOMas IUIOMAJb S YHUCIEHHO PaBHA

S=//1-d:vdy. (1)
D

1. Tak xak o6racTs D orpaHn4eHa OKPYXHOCTAMM M IPAMBEIMH, IPO-
XOAAIIAME Yepe3 HAYaJ0 KOOPAUHAT, MOCTABJICHHYIO 33aJady MIPOINE pe-
WAaTh, NEPEX0A K HNOJIAPHLIM KOOPJUHATAM

T = pcosp,
y=psing
U 3aIUCHIBAs YPAaBHEHUA I'DAHUI B NOJAPHHIX KOOPAMHATAX.
IIpu sTrom obaacte D mepenger B obaacte D', a uckomas miomanb

6ymeT paBHA
S = / / pdpdp.
DI

2. 3ajgaguM HepaBeHCTBaMHU 061acTh D’ B MOMADHBIX KOODAUHATAX:

v1 < o < o,
p1(e) < p < p2(yp)

3. IlepexoauM OT ABOMHOI'O MHTErpaja K IOBTOPHOMY:

D'={ (py):

P2 p2(p)
s=[do [ pip
w1 pi(e)

¥ BRIYUC/AEM €ro, MOJb3yACh CBOMCTBAMU ONPEJENeHHOr0 MHTErpaJa.
3amnnceiBaeM OTBET, He 3a0hIBasg O Pa3MEPHOCTH.

IIpuMEP. HaiTu miomanb Gurypnl, OrpaHUYEHHOM JAHHEIMHU JUHH-
AMH
T

=—, z=0.
V=1

y2 —43/-1-3:2 =0, yz—8y+ac2 =0,
PEWEHUE.
1. Tak kak o6aacTs D orpaHu4eHa OKPY>XHOCTAMM U NPAMEIMH, IIPO-
XONAIIMMM Yepe3 HAavau0 KOOPAHWHAT, MOCTABJIEHHYIO 3334y IIPOLIE pe-
mIaTh, IePExXod K IOJAPHBIM KOODAMHATAM

T = pcosep,
y = psin .
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IIpu sTom obaacts D mepeiger B o6nacts D', orpaHU4eHHYI0 IMHUAMUI

™
:4 i , =8 i , = -, = —.
0 sing, o singp, ¢ 5 p=73

A uckomas mmomans GyaeT paBHA

S = //gdgdcp.
DI

2. 3ajaguM HepaBeHCTBAMHU 061acTh D’ B MONAPHEIX KOODAUHATAX:

7/6 < p < /2, }

4singp < p < 8sinyp

D'={(g,so):

3. Ilepexoaum OT ABOMHOrO MHTErpajia K IOBTOPHOMY:

/2 8sin g
S = /dso edo
/6 4singp

ITocaemoBaTenbHO MHTErPUPYA, HOLYIUM

/2 8siny /2

w/2
2
S=/dgo / gdg:/% dga=24/sin2godgo=47r+3\/§.
4sin

/6 4sin ¢ w/6 w/6

8sin ¢

Otser. S = (47 + 3v/3) (ex. mmmmrr)?.

YcaoBusi 3A40A4. Haimu naowadu dueyp, ozparuuennulz 3adan-
HOLMU AUHUAMU.

1. y2—3y+22=0, y®-5y+22=0, y=z/V3, z=0.
2. Y’ +3y+22=0, y*+5y+22=0, y=2z, z=0.

3. ¥ —3y+22=0, y>-Ty+22=0, y=+v3z, =0
4. 2 +3y+22=0, y2+5y+22>=0, y==z, y=z/V3

5. y2—3y+22=0, y>—5y+22=0, y=zx/Vv3, z=+3z
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6. y>°—5z+22=0, y?—-Tzx+22=0, y=z/V3, y=0.
7. P44z +22=0, y?+6z+22=0, y=2/V3, y=+3z.
8. 2 —3zx4+22=0, y®-5z+22=0, y=+3z, y=0.

9. y*+2x+4+22=0, y?’+4z+22=0, y=2, y=0.

10. 9> +2z+22 =0, y*+10c+2%>=0, y=+3z, y=0.

Oveetul. 1. S=47/3++3. 2. S=7n+2. 3. S5=>57/3+5V3/2.
4. S=7/3-2++3. 5. 8§=27r/3. 6. S=7+3v3/2. 7.8 =>5n/6.
8. S=4n/3++3. 9. 8§=3r/4+3/2. 10. S =8r+63.

12.8. Buruncienye MaccChl ILIOCKOU ILJIACTHUHBI

IIOCTAHOBKA 3AIA4YU. Haimu maccy naockod naacmuntt D ¢ no-
6€PIHOCTIHOY NAOMHOCTbIO [ = (T, Y), 02panuUerHOT 3a0aAHHBLMU KDU-
6bLMU.

IIJIAH PEIIEHUA.

1. Macca mnactuan D ¢ IOBEPXHOCTHOH ILTOTHOCTBIO f4(Z,y) Ompege-

aseTca GpopMyaon
m= //u(z,y) dz dy.
D

2. BrrauciaseM NOLy<YeHHBIM JBOMHOM MHTErpajl. 3alMCHIBAEM OTBET,
He 3a06bIBasf O Pa3MEPHOCTH.

ITPUMEP 1. Hantu maccy mracTunnl D ¢ IOBEPXHOCTHOM ILIOTHOCTHIO
p = 16z + 9y? /2, orpaHUIeHHON KPUBLIMH
z=7 y=0, y? =16z (y>0).
PEIIEHHKE.

1. Macca miacTunsl D ¢ MOBEPXHOCTHOM ILIOTHOCTBIO 4 = 162+ 9y%/2
ompegensercs HpopMyIon

2
m=// (16m+%—-) dz dy.
D
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2. BriunciseM HOJSy<YeHHHIA ABOMHOM MHTErPAT B JEKAPTOBBIX KOOD-
OAHATAX:
a) sagaaum o6racts D cHCTEMON HEPABEHCTS:

0<z<1/4,
0<y<4/z

Hepagencteo 0 < z cregyer u3 Toro, uro y?> = 16z, T.e. T HeoTpuua-
TEILHO;
6) mepeiiieM OT ABOMHOTO MHTErPala K MOBTOPHOMY:

1/4  4yz
9y? 9%\
m = 16z + N drdy = [ dz 16z + 5 dy;
D 0 0

B) NOCIEI0BATEILHO MHTEDUPYEM, MCIONb3ysS CBOMCTBA ONpeEXEIeH-
HOI'0 UHTErpaJa:

1/4 4vz

2
m=/dm/(16x+9%) dy =
0

0
1/4 - 1/4
33/3 e 3/2
= 16zy + > dr =160 [ z°/*dx = 2.
0

0

OTseT. m =2 en. MaccCHL.

IIPUMEP 2. HanTu maccy muacTussl D ¢ IOBEPXHOCTHOU IIOTHOCTHIO
p = z2/(z% + y?), orpaHUYEHHON KPUBHIMH
z

2 A 2 0 2 8 2 0 0
y Yy - =V, Y Y - =V, y= ) =0V
\/§

PEIIEHUE.
1. Macca muactunsl D ¢ moBepXHOCTHOM MIOTHOCTHIO 4t = z2 /(22 +y?)
onpenerseTca hopMyIon

1L‘2
m=//mdmdy
D

2. BrrunciseM monydeHHBIM ABOMHOM MHTErDAJ:



312 I'n. 12. Kpamuvie unmezpaabt

a) Tak kKak 06macTb D orpaHnueHa OKPYXHOCTAMHA ¥ NPAMBIMHE, IPO-
XOIAIIMMK Yepe3 Ha4val0 KOODAWHAT, IIOCTABIEHHYIO 33aJaqy IpOIIE pe-
WATh B MOJAPHBIX KOOPAUHATAX

T = pCosp,
y = gsinop.

IIpu sTom obaacts D nmepenger B 061acTs D', OrpaHUIEHHYIO JTUHUAME

. . ™ s
0 =4sinp, o =8singp, v=9% ¥=3

a MCKOMas Macca onpegenseTcs GopMyIon

z? 2
m://md:cdyz //cos podody.
D D’

3agaauM HepaBeHCTBaMu 001acTh D' B MOMAPHBIX KOOPAMHATAX:

/6 /2,
D'={(a,<p): [os¢sml };

4sinp < p < 8singp

6) mepeiiieM OT ABOMHOrO MHTErpajia K MOBTOPHOMY

/2 8sin p
m = //cos2 pododp = / cos® pdyp / o0dp;
D’ n/6 4sin g
B) NOCAEA0BATEIbHO UHTECPUPYS, MOLY MM
w/2 8sin ¢ w/2 o |8sing
m=/cosz<pdgo / gdg:/coszgo-g— dp =
v 2 4sin¢g
/6 4sing /6
w/2
3 w/2 33
=24 [ sin®pcos? pdp = | 3p — =sindyp =7r+i.
‘s 4 /6 8
™

OTser. m =7+ 3V/3/8 ex. MacceL
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ITpuMEP 3. Hantu maccy miacTunnl D ¢ IOBEPXHOCTHOM IIOTHOCTBIO
u = x/y°®, OrpaHWYEHHO! KPUBKIMU

2 2

=1
16+y T +y’

PEIEHMKE.
1. Macca nacTuner D ¢ IOBEPXHOCTHOM IIOTHOCTHIO [ = Z/y° ompe-

nenseTca GopMyJIon
x
m= / / —y—g dz dy.
D

2. BeruuciseM nony4eHHBIM JBOWHOW MHTEDA:
a) 3agaauM o6macts D HepaBeHCTBAMM B JEKapTOBOM CHCTEME KOOD-
OUHAT

=3, y=§-, z=0 (yz

18
8
v
o
~——

1<—-— <3,
D =< (z,y): 16+y

y>z/4, 20

Tak kak obnacTs D orpaHuyeHa JJLIMIICAMM U MPAMBIMH, IPOXOIAIIMMHI
Yepe3 Ha4aJ0 KOOPAWHAT, MOCTABIEHHYIO 33Ja4dy IpOolle pemaTs B 0606-
LIEHHBIX HNOJAAPHBIX KOOPAUHATAX

z = 4pcos yp,
= psin .

Ilpu sTom (g, ) € D', a uckoman Macca onpenerseTca GOpMyJIon

4
m = //—da:dy— // QCO?O 4pdodep.
@®sin® ¢

Yro6n1 HanTH 061acTs D', 3aMeHAeM B HEPABEHCTBAX, ONPEAELAIOIIIX
obracts D, = Ha 4pcosy u y Ha psin:

2 a2

1< 16p° cos* ¢
- 16

psinp > 4pcosp/4, gcosp > 0.

+ 0%sin’ p < 3,

Pemas 5T HepaBEHCTBA OTHOCUTENBHO 0 U (, NOIydaeM

D'=< (0,9):
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6) mepexofuM OT ABOMHOI'O MHTErpala K IMOBTOPHOMY:

. /2 3
m = // QCOW 4ododyp = /d¢/169'3- C.oss(p do;
0° sin® [ sin® ¢
/4 1

B) IOCIEA0BATEILHO MHTETPUPYA, HOLyIaeM

/2 V3 )
- / Sm“’/ ‘3dg—16( — )
sin®¢p 4sin” ¢
/4

OTser. m = 4 en. MacchL.

V3

7|’/2( 1 )
/4 20 /|,

YcnoBusa 3A4AY4. Haimu wmaccy naacmunst D ¢ noseprrocmuot
naomMHoCMb10 [, 2de D oepanuuera 3a0aHHbIMU AUHUAMY.

1. p=2z+1y? z=4, y=0, y=+/z.
2. p=z%+y, z=1, y=0, y=2x.

3. u=2z%+2y, z=0, y=4, y=2% (z>0).

4. p=z+9y? z=0, y=1, y=22/4 (z>0).
-y 2 2 2 2
5 u=——- =0 =0 =4 =
l‘l' $2+y2’ Z ) y ) z +y ) z +y 9
(x>0, y<0).
6. =2y——x, z=0, y=0, z2+4+¢4>=3, 224+4°=5
z? + y2
(L0, y2>0).
_y-z _ _ 2, ,2 _ 2, .2 _
7. “——1'2—"'1/2’ =0, y=0, z°4+y"=4, z°4+y" =16

(z<0, y>0).

2 2
8. ulz,y) =y, y=0, y=zV3, :c2+yz=1, :z:+4 =9

(y>0, y<avi).



12.9. Tpoiinod unmezpaa 6 dexapmosviz xKoopdunamaz 315

Y T T
9. u(m>y)=F$ y=0, y=xz, I+y2=1) T+y2:4
(y>0, y<z)

_Z _ z® 9P . z?  y?
10~u(w,y)—F 2=0, y=gz, S+, =1 -9—+74—_25
(x>0, y>x).

Oveetbl. 1.m =448/15. 2. m =11/7. 3. m = 448/15. 4. m =11/7.
5m=2.6.m=3+V5-v3). 7.m=4. 8. m=52/3. 9.m = (v/2-1)/2.
10. m = 18(v/2 - 1).

12.9. TpouHou MHTerpal
B J€KapTOBLIX KOOpAUWHATAaX

ITOCTAHOBKA 3AJAYM. Boiuucaumd mpoiinol unwmezpas

/Q//f(z,y,z)dzdydz,

2de o6aacmb () 02panuUERa HEKOTNODBLMU TL0BEPTHOCTILAMY.

I1JIAH PEIIEHUA.
1. 3agagum o6aacTs ) cucTeMo HEPABEHCTB, HAIIPUMED,

a<z<b,
y1(z) <y < ya2(x),
z1(z,y) < 2 < 22(z,y).

2. IlepeneM OT TPOMHOI'O MHTErpaia K MOBTOPHOMY:

b y2(z)  22(zy)
///f(:c,y,z)dxdydz:/da: / dy / f(z,y,2)dz.
Q a yvi(z)  zi(zy)

3. Hcnoas3ys CBOMCTBA ONpeeIeHHOr0 HHTErpala, MOCIeJ0BATEIbHO
WHTErpupyeM CHavata MO z (CUMTaf T M Yy NOCTOSHHBIMM), 3aTeM IO Y
(cauTas T MOCTOAHHOM), 3aTEM IO Z.

3anuckHBaeM OTBET.
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IIPUMEP. BRIMUCINTL TPOMHOU HHTErpal

/n// z% sh (zy) dz dy dz,

rae §) orpaHuYeHa IUIOCKOCTAMM
r=2 y=—=, y=0, 2=0, z=1.

PEMEHME.

1. 3agaaum ob6aacts {2 HepaBencTBamu. Ouesmgno, yrto 0 < z < 1.
[uas y Boamoxunl HepasencTBa 0 < y < z/2 mm z/2 < y < 0. Ecmm
0<y<z/2,roz>0umpmzumeem(0 <z <2 Ecmxez/2 <y <0, o
z < 0 1 061aCTH HEe IPUMBIKAET K IIOCKOCTA T = 2. 3HAYUT, MbI JOJKHBI
npuHaTs, 470 0 < y < /2 n onpegemuTs () CUCTEMON HEPABEHCTB

0<z<2,
0<y<z/2,
0<2<1.

2. IlepengeM OT TPOMHOI'O MHTErPala K IIOBTOPHOMY:

2 =z/2 1 ‘
///:c2 sh(zy)dzdydz = /d:c / dy/:c2 sh (zy) d=.
Q 0 0 0

3. Hcnons3ys CBOMCTBA ONpeeIeHHOrO NHTErpala, MOCIeL0BATENLHO
HUHTErpupyeM CHadaja IO z (CYMTaA T M Y NMOCTOAHHBIMM), 3aTEM IO Y
(cunTas T MOCTOAHHON), 3aTeM IO Z:

2 z/2 1
///x2sh(:cy)da:dydz:/dx/ dy/aczsh(xy)dz:
Q 0 0 0
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Otser. /// z%sh (zy)dzdydz = sh2 — 2.
Q

YcaoBusa 3A0AY. Buiuucaums mpotunotd uwmezpaa no obaacmu 2,
02PaHUUEHHOT 3A0AHHBIMU 06 EPTHOCTIAMU.

1. ///4y2ze’ydzdydz, z=0,y=1,y=2z2=0,z=1.
Q

2. ///3y2z26_’ydxdydz, z=0,y=-2,y=4z, 2=0, z=1.

w

. ///3;czzzezy/2dxdydz, z=0,y=2 y=2z, 2=0, z=-1.

.

///2y2zcos(7r:cy)d:cdydz, z=0,y=1y=2z, 2=0, z=7°
Q

(%)

. ///xzzsin(wxy)dxdydz, z=1 y=2z, y=0, 2=0, 2 =4m.
Q

(=]

. ///yzzch(:cy)d:cdydz, z=0,y=-1, y=z, 2=0, z=2.
Q

N

///yzacos(:cy)d:cdydz, z=1, y=m, 2=2, z=0, y=0, z=0.
Q

®

///:czzsh(Bxy)dxdydz, z=1,y=2z,y=0, 2=0, z=1.
Q
9. ///yzzch(sz)dxdydz, z=0,y=1,y=1z,2=0, z=4.
Q

10'///3“2 sin(ey) dedydz, =2, y=m, z=1, =0, y=0, z=0.

Otsetbl. 1. =e—2. 2.1 =2¢ 1. 3.1 =4e—8. 4.1 =4. 5.1 = 1672.
6.1=2ch1—2. 7.1=8. 8 I=(sh6—6)/72. 9.1 =ch2—1. 10.1=2.
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12.10. TpouHOM MHTeErpas
B LIMJIMHIPUYECKUX KOOpAUHATAX

ITOCTAHOBKA 3AAYU. Buiuucaums mpotinot uwmezpan

/Q/ f(z,y,2) dz dydz,

2de obaacmo () oepanuuena NoBePIHOCTAMY
2 2 2 2
z=g1(z° +v°), z=g2(z® +¢°).
IIlJIAH PEIEHUA.

1. ITockoabky €2 — Teno BpameHus BOKpyr ocu OZ, yao6HO mepeuTu
K IWIMHIPAYIECKUM KOOPAMHATaM

T = pCoS,
y = egsingp,
zZ=2Z.

IIpu sTom (g, p,2) € ', a UCKOMBIN MHTErpal onpeferseTcs GhOpMyIon

///f(w,y,Z)dwdydz=// flecosp, gsinp, 2) pdodpdz.
Q Qf

2. 3agagum obmacTs 2 HepasencTsamu. J[las 3TOro CHayvasIa 3aMe-
HMM B yPaBHEHMAX IOBEPXHOCTEN T HA @COSy M y Ha gsinp. Toraa
onpenexsiercs epasencrsamu ¢i1(0°) <z <gz(0?) mwm g2(0%) <2< g1(0%).

Yro6r1 BHIOpATH IpaBWIbLHBIE HEPABEHCTBA, pEIIAEM YpPaBHEHHE
91(0%) = g2(0?) ornocuTemsno g. Ecim omo mmeer gBa pemenus g u
02 (0 < g1 < g2), TO uccrenyem, kakaa u3 ynkumit g (0%) wm g2(0?)
6oiable ApPYrou Ha mpoMexyTke g1 < 9 < g2. Ilpeamomoxum muas ompe-
nenennoctu, ato g1(0%) < g2(0%) mpu g1 < ¢ < 2. Toraa obmacts
OIIPEAENIAETCA CACTEMON HEPABEHCTB

01 <0< 92,
Q' =< (0,0,2): 91(0%) <2< g2(0?),
0<p<2r

Ecnu ypasnenue g;(0?) = g2(0?) uMeeT eIMHCTBEHHOE MONOKUTETLHOE
peuenne 9 = g9, TO HepaBeHCTBA Aaf o uMmeloT Bug 0 < o < 9.
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3. Ilepexoaum oT TPOMHOr0O MHTErpaja K MOBTOPHOMY:

// f(w,y,Z)dfcdydz=// f(ecosp,psing,z) pdodpdz =
Q Q/

2n 02 92(0)
=/d<p/9dg / f(ecosp, osinp, 2) dz,
0 e 91(e)

4 NOCIE0BATEILHO MHTErPUPYEM, MCIOML3YA CBOMCTBA ONPENEJEHHOTO
MHTErpaJa.
3anuceiBaeM OTBET.

IIPUMEP. BriuucauTs TPOMHOM HHTErpa

72
/// Ry —— dzdydz,
Q

rae o6aacTs () OrpaHUYeHa MOBEPXHOCTAMM

9 11
z=§\/a:2+y2, z=——z°—y%

2

PEIEHUE.
1. Iockombky 2 — Teno Bpamenus BoKpyr ocu OZ, yao6HO mepeuTu
K UMIMHAPUYIECKUM KOODAUHATAM

T = pCoS ¢,
y = gsinp,
zZ=2Z.

IIpu sTom (g, p, 2) € ¥, a UCKOMEIM MHTErpal OnpeaesaeTcs hOoPMyIou

z2
/// o 2da:dydz—///cosz<,ogdgd<pd;,;_
Q Q/

2. 3agazum obaacts 2 HepaBencTBamu. [l 3TOrO CHAYAIA 3AMEHUAM
B YDABHEHHMAX IIOBEPXHOCTEH T Ha 0 COS M Yy Ha gsin . Torga Q' onpe-
nensercs HepaBencTBamu 99/2 < z < 11/2—0? mmn 11/2—0% < 2 < 99/2.
Yr0o6n1 BHIGPATH NPABUILHEIE HEPABEHCTBA, PELIAEM yPaBHEHHE

11 2
_—é——g.

N ©
LS
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OTO ypaBHEHME MMEET €JUHCTBEHHOE I0JOXKUTEIbHOE pemenue 9 = 1.
CaegoBarensho, 0 < p<1. Ipu 0 < p <1

9 11
29_2 o

TakuMm 06pa3omM, 061acThb §)' onpeaenaeTCa CUCTEMOM HEPABEHCTE:

0<po<1,
9/20 < z<11/2 - ¢,
0<p<2m

3. IlepexoguM oT TPOMHOrO MHTErpaja K IMOBTOPHOMY:

72 2 2
0% cos? p
dxddz—/// dodpdz =
//./ z? 492 4 gzcosch-i-gzsinzgyg eay
Q Q'

2 1 11/2-¢°
=/coszgodgo/gdg / dz.
0 0 9¢/2
ITocrefoBaTEIBHO UHTErPUPYS, NOTIYyIAEM
2m 1 11/2-¢0° 1
/Coszgodgo/gdg / w/(———g ——g) odo=rm.
0 0 90/2 0

22
Ovser. ///-md:cdydz=ﬂ'.
Q

YcnoBuA 3A0AY. Buuucaumes mpotnot unwmeepaa no obaacmu €2,
02PaRUYERHOT 3A0AHHBIMU TLOB EPTHOCTILAMUY.

T 2 2 _ _ 2, _
1///md$dyd2, Tt +y +4.’1}—-0,Z—8—y,2—0.
Q
) 2 2 _ — 2 _
2.///mda:dydz, z°+y*~4y=0,2z=6—-z° 2=0.
Q
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///—L—dzdydz, 224942 -4y=0,2z=4-22% 2=0.

Vvt +y?

Q

.///#dzdydz, 22+ 9y -4z =0, 2=10-1y%, 2 =0.
J ’:732+y2 .

.///m::yzdzdydz 22 +y?—4r=0, 2=12—-9% 2=0.
Q

w

>

(S

2 2, .2
6. /// a; 5 dz dydz, 2 =+/36 —z2 — 92, 2=2 -;y
Q
2 2,2
y 2(z* +9°)
7. Y _dzd =12, =22 V)
///12+y2xydz, z 2 —y? z 3
Q
8.

12

2.2
///Ldzdydz, z = 4/64 — 22 — 92, z=2 +y.
J V2 +y?

2 2
9. ///Ldzdydz, z = 144__1:2_3/2, z=1; +y‘
e x? + 92

:

2 3
10.///uda:dydz, z2=4/=-—22—y2, z=2z%+y%
J V2 +y?

44 2 32 32 2
.1l ——m. 2. 10=m. 32—. 4. 96—. . 22—
O'3rBeTb| . 3 by 037r 3. 35 9635 5 37r
. 42—, — . 0. .0. 10.0.
6 47r 7. 967r 8.0 9.0 0.0

12.11. TpouHOM MHTeErpan
B cpepUUeCKUX KOOpJUHATAX

IIOCTAHOBKA 3AJAYM. Bbuiuucaums mpotinol unwmezpaa

/Q/ f(z,y, 2z) dz dy dz,

ede obaacmb §) oepanuueHa NOBEPTHOCMAMY

x2 + 92

2?+y?+22=R? z=+ 5
a
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IIJIAH PENIEHUA.

1. TTockoabky ) orpanudeHa cdepoil ¥ KPyrJkIM KOHYCOM, yA06HO
mePeATH K CHepuIecKuM KOOpJUHATAM

T = pcospsind,
y = psinypsinf,
z = pcosé.

Bo3MoxHEIE IDaHUIBI H3MEHEHNA CHEPUIECKHX KOOPAMHAT CyThb
0<p<oo0, 050<7 0L p<2m

IIpu aTom (g, 0, ) € ', a HCKOMEII HHTErpal ONpeaeraeTca GpopMyIon

/Q/ f(z,y,2)dzdydz =

=// f(ocospsin, psin psin b, g cos ) g® sinf dp d0d<p.v
QI

2. 3aMeHseM B ypaBHEHHMAX [IOBEPXHOCTEU T Ha QCOspsinf, y Ha
osinpsind u z Ha pcosf. Iloxygaem

e=R, tg0==lal
3. 3agaauMm 061acThb §) C MOMOMIBIO CHCTEMEI HEDABEHCTB:

0< o <R,
91S0392a
0 < ¢ < 2m,

rae rpaHunmsl u3MeHeHusa 0 HaxoguM, pemas ypasHenue tgf = tl|a| u
YYHTHIBAA, YTO § MOXET M3MEHATHCA TOABLKO OT 0 10 .

3AMEYAHUE. Ecmu  orpaHuyeHa TakXke INIOCKOCTAMHA y = ki1 M
y = kox, npoxoasmumu yepe3 ocb OZ, ypaBHEHHA KOTOPHIX B chepudec-
KNX KOOPJMHATaX MMEIOT BUJ tg @ = ki u tgp = ko, HAXOLUM I'DAHUIH
U3MEHEHUs (p, PEIIas 3TH yPaBHEHHUA.

4. IlepexoguM OT TPOMHOr'O MHTErPaja K IOBTOPHOMY:

/ﬂ/ f(z,y,2)dzdydz =
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=// f(ocospsind, psinpsiné, gcosb) p*sin§ do df dp =
Ql

2w 92
R
=/d<p/sin0d0/ f(ocospsinb, psin psind, o cos ) o* do,
0
0o &

¥ TOCIEJOBATEIbHO MHTErPUPYEM, MCIOMb3YA CBOMCTBA ONPEHEIEHHOIO
HHTErpaia.
3anuceiBaeM OTBET.

IIPUMEP. Bbiuucaumb mpotinot unmeepaa

z2
/// g dzdydz,
Q

2de obaacmb ) 02panuuena NOBEPIHOCTAMU

21 .2
z=4/36 — 22 — 32, z= x—{—y‘

3

PEmEHUKE.
1. Tlockoabky 2 — 06aCTh, OrpAHMYEHHAA BEPXHEU MOTyCGepon u
BEPXHUM IOJYKOHYCOM, yAOOHO MEPEUTH K ChHepUIeCKMM KOODPAUHATAM

T = pcospsind,
y = psinypsind,
z = pcos#.

IIpu sToMm (g,0,¢) € ', a NCKOMEIM MHTErpal OnpeaeaseTca GopMmy-

JI0n
22
/// ———dzrdydz = /// cos? pp? sin  dpdfdp.
z? + y?
Q Q

2. 3ameHseM B ypaBHEHWAX MOBEPXHOCTEX T Ha QcCospsinf, y Ha
osinpsind u z Ha gcosf. Iloxyuaem

=6, tgh= V3.
3. 3azagum obaacTb §)' C MOMOIIBIO CUCTEMBI HEPABEHCTB:
0<e<6,

Q= (0,0,p): 056 7/3,
0<p<om
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4. Ilepexons OT TPOMHOrO MHTErpala K IOBTOPHOMY M IOCIEJOBa-
TEIbHO UHTErPUPYS, [TOIYIaeM

z? 2 2.
///mda:dydz—///cos po°sinfdodfdp =
Q Qf

27 /3 6
=/c052<pd<p/sin0d9/g2d9=367r.
0 0 0

2
T
OTsgerT. ///mdwdydz = 36m.
Q

YCcnoBUA 3ANAY. Buiuucaums mpotnot unwmezpas no obaacmu S,
02PaHUYEHHOT 3A0AHHBIMU TLOBEPTHOCTIAMU.

8
<
S

z? 2
1. ///mdxdydz, 2=+/25—122—y2, 2=

Yo
Ne]

Q

2 2 2

2 /.//:I:Ziy?dzdydz» z=14/36 —z? —y?, z= Ty .
Q

T x2+y2
3///mdzdydz, Z:\/16——l‘2-—y2, z = .
Q

y2

— 2 2
Q

2 1 22
5.///——y———dzdydz, 2=+/9—-122—y2 2= Ty .
Va2 +y? 35
Q

2 2 2
6///%-‘—dzdydz, 2=v4—$2—y2y z= z +y‘
Q

y? 15

y? 8

y2 :c2+y
7. ///F—rdzdydz, 2=+/9—-22—-9y2, z= .
Q
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21 .2
8. ///—x——dxdydz, z2=4/36—z%2—y2, z= Tty .
J Vz? +y?

9 2
9. ///Mdzdydz, 2=+/25—22—y2, z= Ty .
J V2 + y?

21 2
10. ///—g—-—d:z:dydz, z2=4/16—x2%2 —y2, z= Y .
J Va2 +y?

15

OTeetel. 1. 75m/2. 2. 637. 3. 0. 4. 0. 5 0. 6. 2r. 7. 6m.
8 0. 9. 0. 10. 0.

12.12. Boruuciienue o6'beMOB
C IOMOIIILI0 TPOMHOI'O MHTerpaJa

IIOCTAHOBKA 3AJAYU. Hatimu o6vem meaa §2, oepanuwennozo 3a-
JanHbIMU TLOBEPTHOCTLAMY.

II1AH PEEHUA. MckoMbit 06beM paBeH

V=///1~dxdydz‘ (1)

Q

1. 3agaaum o6aacTs §) HepaBEHCTBAMHU.
2. BuramciseM TPOMHOM MHTErPaJ, CBOAA €ro K IOBTOPHOMY, U 3aIlM-
ChIBaeM OTBET, He 3a6bIBasg O Pa3MEpHOCTH.

IIPUMEP 1. HanTu 06beM Tena ), OrpaHUYEHHOI'O IOBEPXHOCTAMM

x=17\/2_, T = 24/2y, z=%~—y, z=0.

PEWEHKE.

1. 3agagum obracTs ) HepaBeHcTBaMu. Ilockomsky 17+/2y > 24/2y,
11 T uMeeM HepaseHCTBa 21/2y < = < 17,/2y. [lockombky y durypupyer
1O 3HAKOM KBaJAPATHOr'O KOpHA, ¥ > 0. [[a1a 2 BO3MOXHEI HEPABEHCTBA
0<2<1/2-yuml/2—y<2<0. Bnepsom crygae 0 <y <1/2. Bo
BTOpOM crydae y > 1/2, T.e. 061aCTh HEOTPAHMYEHA, ITO HEIIPHUEMIEMO.
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Urak,
22y <z < 172y,
Q=< (z,y,2): 0<y<1/2,
0<2<1/2—y

2. Buraucizem o6weMm mo ¢popmyse (1), cBOAA TPOMHOM MHTErpal K
HOBTOPHOMY:

/2 171v3  1/2-y
V=///1-da:dydz=/dy / dz / dz =1.
Q 0 2v2y 0
Otser. V =1 ex. o6pema.

IIpumep 2. Hautu o6neM Tena §2, OrpaHUYEHHOr'0 MOBEPXHOCTAMM

9 11
z=§\/m2+y2, z=— -z -2

2
PEIIEHME.
1. ITockoanky §2 — Teno Bpamenusa Bokpyr ocu OZ, yno6HO MCIIOIL-
30BaTh UAIMHIPUIECKHE KOOPAUHATHI

T = pCosp,
y = gsingp,
z=2Z.

IIpu atom (0,¢,2) € , a uckoMemt o6beM omnpegenseTcs GOPMYJION
®

V=/é[/gdgdquz, (2)

rae o6aacts ) orpaHUYeHa MOBEPXHOCTAMM

9 11 2
z= 3 0, z= 7~ 0°.

2. 3aganuM obaacTs §) HepaBeHCTBaMu. B0o3MOXHEI fBa cirydas: aub0
90/2 < 2 < 11/2—0?, mi6o 11/2—9? < 2 < 99/2. B nepsoM cryqae o < 1,
BO BTOpPOM Ciydae g > 1, T.e. 06/1aCTh HEOrPaHMYEHA, 9TO HENPUEMIEMO.

Nrak,

0<e<1,

Q' ={ (0,0,2): 9%/2<2<11/2-¢?,
0<p<2n
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3. Bmruncasem o06beM mo ¢opmyre (2), cBoAA TPONHOM MHTErPAl K
HOBTOPHOMY:

27 1 11/2—-¢*
V=/dgo/gdg / ‘dz = 2.
0 0 90/2

OTeer. V =27 ex. o6bema.

ITpuMEP 3. Hantu o6beM Tena (), OrpaHMYIEHHOrO MOBEPXHOCTAMM

2 1 o2
z=1/36 — 22 —y2, z= m+y'

3

PEMEHKE.
1. IMockonpky 2 — 061acTh, OrpaHUYEHHAA BEPXHEH IMOaycdepod u
BEPXHUM TOLYKOHYCOM, YAOOHO NEPEATH K CPEpPUIeCKUM KOODIUHATAM

T = pcospsind,
y = gsinpsinf,
z=pcosf.

IIpu sTomMm (p, 0 € 0, a uckomul 06BeM onpeerseTcsa hopMYIon
p Iy @ P P

V:///gzsinﬂdgdﬁdgo. 3)
QI

3aMeHAEeM B yPaBHEHUAX IIOBEPXHOCTEN T Ha, ¢ COS ¢ sin 6, y Ha g sin psin
u 2z Ha g cos 6. Ilocre npeo6pasoBaHul MOIydIaeM

o0 =6, tg&-——\/ﬁ‘

O6aacts §) orpanuYeHa >TUMHU MOBEPXHOCTAMHU.
2. 3agaguMm 061acTh () CUCTEMOU HEPABEHCTB

0<o<6,
Q' ={(0,0,p): 050 7/3,
0<p<2nm

3. Bmrumucasem o6beMm no ¢opmyse (3), CBoAgA TPOUHON MHTErpal K
MOBTOPHOMY:
w/3

27 6
V=/d¢/sin0d0/gzdg=727r.
0 0

0
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OTser. V =727 en. o6bema.

Ycnosus 3agad. Hatdmu 06bembl med, 02paAHUYEHHBIT T06EPTHOCTIAMU

1. z=2./y, T =./Y, z2=0, z=1-y.
2. y=2x, y =z, z2=0, z=1-z.
3. 2 +y? =5, y = 2,/z, z=0, z = 2z.
4. 224+ 9y2-22z=0, z=0, z=4-9>2

5 2249y -2y=0, z2=0, z2=4-z2

6. z2=+/4—22—9y2 z=+3(z2+1?).

7. z2=49-22— 3%, 2=0, 2 4+y?=1 (z2+942<1).
8 2= I B, 2=y L

0.2=I