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1 ÏÐÎÑÒÅÉØÈÅ ÏÐÈÅÌÛ ÂÛ×ÈÑËÅÍÈß

Îïðåäåëåíèå. Ôóíêöèÿ F (x) â äàííîì ïðîìåæóòêå X íà-
çûâàåòñÿ ïåðâîîáðàçíîé ôóíêöèè f(x) èëè íåîïðåäåëåííûì èí-
òåãðàëîì îò f(x), åñëè âî âñåì ïðîìåæóòêå F ′(x) = f(x) èëè
dF (x) = f(x) dx.

Òåîðåìà. Åñëè â íåêîòîðîì ïðîìåæóòêå X ôóíêöèÿ F (x)

åñòü ïåðâîîáðàçíàÿ äëÿ ôóíêöèè f(x), òî è ôóíêöèÿ F (x)+C, ãäå
C � ëþáàÿ ïîñòîÿííàÿ, òàêæå áóäåò ïåðâîîáðàçíîé äëÿ f(x), è
íàîáîðîò, êàæäàÿ ôóíêöèÿ, ïåðâîîáðàçíàÿ äëÿ f(x) â íåêîòîðîì
ïðîìåæóòêå X , ìîæåò áûòü ïðåäñòàâëåíà â ýòîé ôîðìå.

Â ñèëó òåîðåìû, âûðàæåíèå F (x) + C, ãäå C � ïðîèçâîëüíàÿ
ïîñòîÿííàÿ, ïðåäñòàâëÿåò ñîáîé îáùèé âèä ôóíêöèè, êîòîðàÿ èìååò
ïðîèçâîäíóþ f(x) èëè äèôôåðåíöèàë f(x) dx è îáîçíà÷àåòñÿ ñèì-
âîëîì ∫

f(x) dx,

â êîòîðîì íåÿâíûì îáðàçîì óæå çàêëþ÷åíà ïðîèçâîëüíàÿ ïîñòîÿí-
íàÿ. Âûðàæåíèå f(x)dx íàçûâàþò ïîäèíòåãðàëüíûì âûðàæåíèåì,
à ôóíêöèþ f(x) � ïîäèíòåãðàëüíîé ôóíêöèåé.

Îïåðàöèÿ èíòåãðèðîâàíèÿ ïðîâåðÿåòñÿ îáðàòíûì äåéñòâèåì �
äèôôåðåíöèðîâàíèåì. Íàïðèìåð,

∫
x2 dx =

x3

3
+ C, ïîñêîëüêó

(
x3

3
+ C

)′
=

3x2

3
+ 0 = x2.

Câîéñòâà èíòåãðàëà

1) d

∫
f(x) dx = f(x) dx, èëè

(∫
f(x) dx

)′
= f(x).

2)
∫

F ′(x) dx =

∫
dF (x) = F (x) + C.

(çíàêè äèôôåðåíöèàëà d è èíòåãðàëà
∫

âçàèìíî ñîêðàùàþòñÿ,
òîëüêî âî âòîðîì ñëó÷àå ê F (x) íóæíî ïðèáàâèòü ïðîèçâîëüíóþ
ïîñòîÿííóþ).
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Êàæäàÿ ôîðìóëà äèôôåðåíöèàëüíîãî èñ÷èñëåíèÿ, óñòàíàâëè-
âàþùàÿ, ÷òî äëÿ íåêîòîðîé ôóíêöèè F (x) ïðîèçâîäíîé áóäåò f(x),
ïðèâîäèò ê ñîîòâåòñòâóþùåé ôîðìóëå èíòåãðàëüíîãî èñ÷èñëåíèÿ

∫
f(x) dx = F (x) + C.

Ïåðåáðàâ ôîðìóëû, ïî êîòîðûì âû÷èñëÿþòñÿ ïðîèçâîäíûå ýëåìåí-
òàðíûõ ôóíêöèé, è äîáàâèâ íåêîòîðûå ôîðìóëû, âûâåäåííûå äàëü-
øå, ìîæíî ñîñòàâèòü òàáëèöó èíòåãðàëîâ (ñì. òàáë. 1).

Ïðàâèëà èíòåãðèðîâàíèÿ

I) Åñëè a � ïðîèçâîëüíàÿ ïîñòîÿííàÿ, òî
∫

a · f(x) dx = a ·
∫

f(x) dx.

II)
∫

[f(x)± g(x)]dx =

∫
f(x) dx±

∫
g(x) dx.

III) Åñëè
∫

f(t) dt = F (t) + C, òî
∫

f(ax + b) dx =
1

a
F (ax + b) + C.

×àñòíûå ñëó÷àè:

(a)
∫

f(x + b) dx = F (x + b) + C;

(b)
∫

f(ax) dx =
1

a
F (ax) + C.

Ðàññìîòðèì ïðèìåíåíèå ïðàâèë èíòåãðèðîâàíèÿ íà ïðèìåðàõ.

Ï ð è ì å ð 1. Âû÷èñëèòü èíòåãðàë
∫

(6x2 − 3x + 5) dx.
.Ïðèìåíèì ñíà÷àëà ïðàâèëî II:

∫
(6x2 − 3x + 5) dx =

∫
6x2dx−

∫
3x dx +

∫
5 dx,

çàòåì ïðàâèëî I:
∫

6x2dx−
∫

3x dx +

∫
5 dx = 6

∫
x2 dx− 3

∫
x dx + 5

∫
dx,
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Òàáëèöà 1

Îñíîâíûå èíòåãðàëû îò ýëåìåíòàðíûõ ôóíêöèé

1)

∫
0 · dx = C. 2)

∫
1 · dx =

∫
dx = x + C.

3)

∫
xαdx =

xα+1

α + 1
+ C, α 6= −1.

4)

∫
1

x
dx =

∫
dx

x
= ln |x|+ C, x 6= 0.

5)

∫
dx

1 + x2 = arctg x + C.

6)

∫
dx√
1− x2

= arcsin x + C, |x| < 1.

7)

∫
dx√

x2 − 1
= ln(x +

√
x2 − 1) + C, |x| > 1.

8)

∫
dx√

x2 + 1
= ln(x +

√
x2 + 1) + C.

9)

∫
ax dx =

ax

ln a
+ C, a > 0, a 6= 1. 10)

∫
ex dx = ex + C.

11)

∫
sin x dx = − cos x + C. 12)

∫
cos x dx = sin x + C.

13)

∫
dx

sin2 x
= − ctg x + C. 14)

∫
dx

cos2 x
= tg x + C.

15)

∫
sh x dx = ch x + C. 16)

∫
ch x dx = sh x + C.

17)

∫
1

sh2 x
dx = − cth x + C. 18)

∫
1

ch2 x
dx = th x + C.
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è íàïîñëåäîê âîñïîëüçóåìñÿ ï.ï. 2, 3 òàáë. 1:

6

∫
x2 dx− 3

∫
x dx + 5

∫
dx = 2x3 − 3

2
x2 + 5x + C.

Òàêèì îáðàçîì,
∫

(6x2 − 3x + 5) dx = 2x3 − 3

2
x2 + 5x + C. /

Ï ð è ì å ð 2. Âû÷èñëèòü èíòåãðàë
∫

(1 +
√

x )4 dx.

.

∫
(1 +

√
x )4 dx =

∫
(1 + 4

√
x + 6x + 4x

√
x + x2) dx =

=

∫
dx + 4

∫ √
x dx + 6

∫
x dx + 4

∫
x3/2 dx +

∫
x2 dx =

= x +
8

3
x3/2 + 3x2 +

8

5
x5/2 +

1

3
x3 + C. /

Ï ð è ì å ð 3. Âû÷èñëèòü J =

∫
(x + 1)(x2 − 3)

3x2 dx.

. J =

∫
x3 + x2 − 3x− 3

3x2 dx =

∫ (
1

3
x +

1

3
− 1

x
− 1

x2

)
dx =

=
1

3

∫
x dx +

1

3

∫
dx−

∫
dx

x
−

∫
dx

x2 =

=
1

6
x2 +

1

3
x− ln x +

1

x
+ C. /

Ïðèìåðû íà ïðèìåíåíèå ïðàâèëà III:

Ï ð è ì å ð 4. .

1)
∫

dx

x− a
= ln |x− a|+ C.

2)
∫

sin mxdx = − 1

m
cos mx + C.

3)
∫

e−3x dx = − 1

3
e−3x + C. /

Ï ð è ì å ð 5. .

1)
∫

dx

a2 + x2 =
1

a2

∫
dx

1 + (x/a)2 =
1

a
arctg

x

a
+ C.
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2)
∫

dx√
a2 − x2

=
1

a

∫
dx√

1− (x/a)2
= arcsin

x

a
+ C. /

Ïðèìåðû íà âñå ïðàâèëà:

Ï ð è ì å ð 6. .
∫

(ex − 1)(e2x + 1)

ex
dx =

∫
(e2x − ex + 1− e−x) dx =

=
1

2
e2x − ex + x + e−x + C./

Ï ð è ì å ð 7. .
∫

2x2 − 3x + 1

x + 1
dx =

∫
(2x− 5)(x + 1) + 6

x + 1
dx =

=

∫ (
2x− 5 +

6

x + 1

)
dx = x2 − 5x + 6 ln |x + 1|+ C./

Èíòåãðèðîâàíèå äðîáè ñî ñëîæíûì çíàìåíàòåëåì ÷àñòî îáëåã-
÷àåòñÿ ðàçëîæåíèåì åå íà ñóììó äðîáåé ñ áîëåå ïðîñòûìè çíàìåíà-
òåëÿìè.

Ï ð è ì å ð 8. . Òàê, íàïðèìåð,
1

x2 − a2 =
1

(x− a)(x + a)
=

1

2a

(
1

x− a
− 1

x + a

)
,

ïîýòîìó

∫
dx

x2 − a2 =
1

2a

(∫
1

x− a
dx−

∫
1

x + a
dx

)
=

1

2a
ln

∣∣∣∣
x− a

x + a

∣∣∣∣ + C. /

Âîîáùå, äðîáü âèäà 1

(x + a)(x + b)
ðàçëàãàåòñÿ íà ñóììó äðî-

áåé:
1

(x + a)(x + b)
=

(x + a)− (x + b)

(x + a)(x + b)
· 1

a− b
=

1

a− b

(
1

x + b
− 1

x + a

)
,

ïîýòîìó

Ï ð è ì å ð 9. .
∫

dx

(x + a)(x + b)
=

1

a− b

(∫
dx

x + b
−

∫
dx

x + a

)
=

1

a− b
ln

∣∣∣∣
x + b

x + a

∣∣∣∣+C. /
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Ï ð è ì å ð 10. Âû÷èñëèòü∫
dx

Ax2 + 2Bx + C
, B2 − AC > 0.

.Çíàìåíàòåëü äðîáè ðàçëàãàåòñÿ íà âåùåñòâåííûå ìíîæèòåëè:

Ax2 + 2Bx + C = A(x− α)(x− β),

ãäå
α =

−B +
√

B2 − AC

A
, β =

−B −√B2 − AC

A
.

Òîãäà, â ñîîòâåòñòâèè ñ ïðèìåðîì 9, ïîëàãàÿ â íåì a = −β, b = −α,
ïîëó÷èì
∫

dx

Ax2 + 2Bx + C
=

1

2
√

B2 − AC
ln

∣∣∣∣∣
Ax + B −√B2 − AC

Ax + B +
√

B2 − AC

∣∣∣∣∣ + C1. /

Ï ð è ì å ð 11. . Â ÷àñòíîñòè,

1)
∫

dx

x2 − 5x + 6
=

∫
dx

(x− 2)(x− 3)
= ln

∣∣∣∣
x− 3

x− 2

∣∣∣∣ + C.

2)
∫

dx

4x2 + 4x− 3
=

1

4

∫
dx

(x− 1/2)(x + 3/2)
=

1

8
ln

∣∣∣∣
2x− 1

2x + 3

∣∣∣∣+C. /

Íåêîòîðûå òðèãîíîìåòðè÷åñêèå âûðàæåíèÿ, ïîñëå òåõ èëè
èíûõ ýëåìåíòàðíûõ ïðåîáðàçîâàíèé, òàêæå èíòåãðèðóþòñÿ ïðè ïî-
ìîùè ïðîñòåéøèõ ïðèåìîâ.
Ï ð è ì å ð 12. . Î÷åâèäíî, íàïðèìåð, ÷òî

cos2 mx =
1 + cos 2mx

2
,

ñëåäîâàòåëüíî∫
cos2 mxdx =

1

2

∫
dx +

1

2

∫
cos 2mxdx =

1

2
x +

1

4m
sin 2mx + C. /

Ï ð è ì å ð 13. .Àíàëîãè÷íî,

sin mx cos nx =
1

2
[sin(m + n)x + sin(m− n)x];

ñ÷èòàÿ m± n 6= 0, ïîëó÷èì, ÷òî∫
sin mx cos nx dx = − 1

2(m + n)
cos(m+n)x− 1

2(m− n)
cos(m−n)x+C. /
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Â çàêëþ÷åíèå ðàññìîòðèì íåìíîãî áîëåå ñëîæíûé ïðèìåð:

Ï ð è ì å ð 14. Âû÷èñëèòü J =

∫
sin 2nx

sin x
dx (n = 1, 2, 3, . . .).

.Òàê êàê

sin 2nx =
n∑

k=1

[sin 2kx− sin(2k − 2)x] = 2 sin x

n∑

k=1

cos(2k − 1)x,

òî ïîäèíòåãðàëüíàÿ ôóíêöèÿ ïðèâîäèòñÿ ê 2
n∑

k=1

cos(2k − 1)x è èñ-

êîìûé èíòåãðàë

J = 2
n∑

k=1

∫
cos(2k − 1)x dx = 2

n∑

k=1

sin(2k − 1)x

2k − 1
+ C. /

2 ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÌÅÒÎÄÎÌ ÇÀÌÅÍÛ
ÏÅÐÅÌÅÍÍÎÉ

Ìåòîä çàìåíû ïåðåìåííîé èëè ìåòîä ïîäñòàíîâêè ÿâëÿåòñÿ
îäíèì èç ñèëüíåéøèõ ïðèåìîâ èíòåãðèðîâàíèÿ ôóíêöèé. Â îñíîâå
ìåòîäà ëåæèò ñëåäóþùåå ïðîñòîå

Ñâîéñòâî: åñëè èçâåñòíî, ÷òî
∫

g(t) dt = G(t)+C, òî òîãäà
∫

g[ω(x)]ω′(x) dx = G[ω(x)] + C.

(ôóíêöèè g(t), ω(x), ω′(x) ïðåäïîëàãàþòñÿ íåïðåðûâíûìè).
Ïóñòü òðåáóåòñÿ âû÷èñëèòü èíòåãðàë

∫
f(x) dx. Âî ìíîãèõ

ñëó÷àÿõ óäàåòñÿ â êà÷åñòâå íîâîé ïåðåìåííîé âûáðàòü òàêóþ ôóíê-
öèþ îò x

t = ω(x),

÷òîáû ïîäèíòåãðàëüíîå âûðàæåíèå ïðåäñòàâèëîñü â âèäå

f(x) dx = g[ω(x)]ω′(x) dx,

ãäå g(t) � áîëåå óäîáíàÿ äëÿ èíòåãðèðîâàíèÿ ôóíêöèÿ, ÷åì f(x).
Òîãäà, ïî ñêàçàííîìó âûøå, äîñòàòî÷íî íàéòè èíòåãðàë∫

g(t) dt = G(t) + C,
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÷òîáû èç íåãî ïîäñòàíîâêîé t = ω(x) ïîëó÷èòü èñêîìûé èíòåãðàë.
Îáû÷íî ïèøóò ïðîñòî

∫
f(x) dx =

∫
g(t) dt, (1)

ïîäðàçóìåâàÿ, ÷òî â ôóíêöèè îò t, êîòîðàÿ ïðåäñòàâëåíà èíòåãðàëîì
ñïðàâà, óæå ïðîèçâåäåíà óêàçàííàÿ çàìåíà.

Ï ð è ì å ð 15. Íàéäåì èíòåãðàë
∫

sin3 x cos x dx.

.Òàê êàê d sin x = cos x dx, òî, ïîëàãàÿ t = sin x, ïðåîáðàçóåì
ïîäèíòåãðàëüíîå âûðàæåíèå ê âèäó

sin3 x cos x dx = sin3 x d(sin x) = t3 dt.

Èíòåãðàë îò ïîñëåäíåãî âûðàæåíèÿ ëåãêî âû÷èñëÿåòñÿ:
∫

t3 dt =
t4

4
+ C.

Âîçâðàùàÿñü ê ïåðåìåííîé x, è ïîäñòàâëÿÿ sin x âìåñòî t, ïîëó÷èì:
∫

sin3 x cos x dx =
sin4 x

4
+ C. /

Ïðè âûáîðå ïîäñòàíîâêè t = ω(x), óïðîùàþùåé ïîäèíòåãðàëü-
íîå âûðàæåíèå, íåîáõîäèìî ïîìíèòü, ÷òî â åãî ñîñòàâå äîë-
æåí íàéòèñü ìíîæèòåëü ω′(x) dx, äàþùèé äèôôåðåíöèàë
íîâîé ïåðåìåííîé, dt.

Ï ð è ì å ð 16. Âû÷èñëèòü èíòåãðàë J =

∫
sin3 x dx.

. Çäåñü ïîäñòàíîâêà t = sin x íåïðèãîäíà èìåííî ââèäó îò-
ñóòñòâèÿ óïîìÿíóòîãî ìíîæèòåëÿ. Åñëè ïîïðîáîâàòü âûäåëèòü èç
ïîäèíòåãðàëüíîãî âûðàæåíèÿ, â êà÷åñòâå äèôôåðåíöèàëà íîâîé ïå-
ðåìåííîé, ìíîæèòåëü sin x dx, èëè ëó÷øå − sin x dx, òî ýòî ïðèâåäåò
ê ïîäñòàíîâêå t = cos x; òàê êàê îñòàþùååñÿ âûðàæåíèå

− sin2 x = cos2 x− 1,

ýòîé ïîäñòàíîâêîé óïðîùàåòñÿ, òî ïîäñòàíîâêà îïðàâäàíà. Èìååì

J =

∫
sin3 x dx =

∫ (
t2 − 1

)
dt =

t3

3
− t + C =

cos3 x

3
− cos x + C. /
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Ïðè íåêîòîðîì íàâûêå â ïðîèçâîäñòâå ïîäñòàíîâêè ìîæíî ñà-
ìîé ïåðåìåííîé t è íå ïèñàòü. Íàïðèìåð, â èíòåãðàëå

∫
sin3 x cos x dx =

∫
sin3 x d(sin x),

ìûñëåííî ðàññìàòðèâàþò sin x êàê íîâóþ ïåðåìåííóþ è ñðàçó ïå-
ðåõîäÿò ê ðåçóëüòàòó.

Ï ð è ì å ð 17. Âû÷èñëèòü èíòåãðàë
∫

dx√
x2 − a2

;

.

∫
dx√

x2 − a2
=

∫ d
(x

a

)

√ (x

a

)2
− 1

= ln

(
x

a
+

√ (x

a

)2
− 1

)
+ C =

= ln(x +
√

(x2 − a2) + C1,

ãäå C1 = C − ln a. Ïîäñòàíîâêà t = x/a â ýòîì ïðèìåðå ïîäðàçóìå-
âàåòñÿ.

Èç ýòîãî ïðèìåðà ñðàçó âèäíî, ÷òî ïðàâèëî èíòåãðèðîâàíèÿ III
ÿâëÿåòñÿ íåïîñðåäñòâåííûì ñëåäñòâèåì ïðèìåíåíèÿ ìåòîäà çàìåíû
ïåðåìåííûõ. /

Èíîãäà ïîäñòàíîâêà ïðèìåíÿåòñÿ â ôîðìå, îòëè÷íîé îò óêà-
çàííîé. Èìåííî, â ïîäèíòåãðàëüíîå âûðàæåíèå f(x) dx ïîäñòàâëÿ-
þò, âìåñòî x, ôóíêöèþ x = ϕ(t) îò íîâîé ïåðåìåííîé t è ïîëó÷àþò
â ðåçóëüòàòå âûðàæåíèå

f [ϕ(t)] ϕ′(t) dt = g(t) dt.

Eñëè â ýòîì âûðàæåíèè ïðîèçâåñòè ïîäñòàíîâêó t = ω(x), ãäå
ω(x) � ôóíêöèÿ, îáðàòíàÿ äëÿ ϕ(t), òî, î÷åâèäíî, âåðíåìñÿ ê èñõîä-
íîìó ïîäèíòåãðàëüíîìó âûðàæåíèþ f(x) dx. Ïîýòîìó èìååò ìåñòî
ðàâåíñòâî (1), â ïðàâîé ÷àñòè êîòîðîãî, ïîñëå âû÷èñëåíèÿ èíòåãðà-
ëà, íåîáõîäèìî ïîäñòàâèòü t = ω(x).

Ï ð è ì å ð 18. Ðàññìîòðèì èíòåãðàë J =

∫
dx√

x(1 + 3
√

x )
.

11



. Åñëè ïîëîæèòü x = t6 (÷òîáû âñå êîðíè �èçâëåêëèñü�), òî
ïîëó÷èì √x = t3, 3

√
x = t2, dx = 6t5 dt, è

J = 6

∫
t2 dt

1 + t2
= 6

(∫
dt−

∫
dt

1 + t2

)
=

= 6(t− arctg t + C ) = 6
(

6
√

x− arctg 6
√

x
)

+ C. /

Ï ð è ì å ð 19. . Àíàëîãè÷íî, â èíòåãðàëå J =

∫ √
a2 − x2 dx ðàç-

íîñòü êâàäðàòîâ ïîä êîðíåì, ïåðâûé èç êîòîðûõ � êîíñòàíòà, ïîä-
ñêàçûâàåò òðèãîíîìåòðè÷åñêóþ ïîäñòàíîâêó x = a sin t. Ïðè ýòîì
ìû ñ÷èòàåì, ÷òî x ∈ (−a, a), à t ∈ (−π/2, π/2), ïîýòîìó t = arcsin x.
Èìååì: √

a2 − x2 = a cos t, dx = a cos t dt.

Ïðè ýòîì

J =

∫ √
a2 − x2 dx = a2

∫
cos2 t dt = a2

(
1

2
t +

1

4
sin 2t

)
+ C,

(ñì. ïðèìåð 12). Ïîäñòàâëÿÿ â ïîñëåäíåå âûðàæåíèå t = arcsin(x/a),
ïîëó÷èì

J =
1

2
x

√
a2 − x2 +

a2

2
arcsin

x

a
+ C.

(çäåñü ó÷òåíî, ÷òî a2 sin 2t = 2a sin t · a cos t = 2x
√

a2 − x2). /

Óìåíèå íàõîäèòü óäîáíûå ïîäñòàíîâêè ñîçäàåòñÿ óïðàæíåíè-
ÿìè. Íèæå ïðèâåäåíû îòäåëüíûå ÷àñòíûå çàìå÷àíèÿ, îáëåã÷àþùèå
èõ ïîèñê.

Ï ð è ì å ð 20. . Èíòåãðàëû âèäà
∫

g
(
x2) x dx, ãäå g(x) � óäîáíàÿ

äëÿ èíòåãðèðîâàíèÿ ôóíêöèÿ, áåðóòñÿ ïîäñòàíîâêîé t = x2. Íàïðè-
ìåð, ∫

ex2

x dx =
1

2

∫
et dt =

1

2
et + C =

1

2
ex2

+ C.

Àíàëîãè÷íî, èíòåãðàëû âèäà
∫

g
(3) x2 dx áåðóòñÿ ïîäñòàíîâêîé t =

x2, è ò.ä. /
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Ï ð è ì å ð 21. .

∫ (
αx2 + β

)µ
x dx, (µ 6= −1) � â ýòîì èíòåãðàëå

ìîæíî áûëî áû ïîëîæèòü t = x2, íî ïðîùå ñðàçó âçÿòü u = αx2 +

β, òàê êàê ìíîæèòåëü x dx ëèøü ìíîæèòåëåì îòëè÷àåòñÿ îò du =

2αx dx. Òàêèì îáðàçîì, èìååì
∫ (

αx2 + β
)µ

x dx =
1

2α

∫
uµ du =

1

2α(µ + 1)
uµ+1 + C =

=
1

2α(µ + 1)

(
αx2 + β

)µ+1
+ C. /

Ï ð è ì å ð 22. .Èíòåãðàëû âèäà
∫

g(ln x)
dx

x
=

∫
g(ln x)d ln x

áåðóòñÿ ïîäñòàíîâêîé t = ln x. Íàïðèìåð,
∫

ln x

x
dx =

∫
ln x d ln x =

1

2
ln2 x + C. /

Ï ð è ì å ð 23. . Èíòåãðàëû âèäà
∫

g(sin x) cos x dx,

∫
g(cos x) sin x dx,

∫
g(tg x)

dx

cos2 x
,

áåðóòñÿ, ñîîòâåòñòâåííî, ïîäñòàíîâêàìè

t = sin x, t = cos x, t = tg x.

Íàïðèìåð,
∫

cos x dx

1 + sin2 x
=

∫
dt

1 + t2
= arctg sin x + C. /

Ï ð è ì å ð 24. .Èíòåãðàëû âèäà
∫

f ′(x)

f(x)
dx =

∫
d f(x)

f(x)
(÷èñëè-

òåëü ïðåäñòàâëÿåò ñîáîé äèôôåðåíöèàë çíàìåíàòåëÿ) ñðàçó áåðóòñÿ
ïîäñòàíîâêîé t = f(x). Íàïðèìåð,

1)
∫

2x dx

x2 + 1
=

∫
d(x2 + 1)

x2 + 1
= ln(x2 + 1) + C.

2)
∫

dx

sin x cos x
=

∫
1

tg x

dx

cos2 x
=

∫
d(tg x)

cos2 x
= ln | tg x|+ C. /

13



Ïðè èíòåãðèðîâàíèè âûðàæåíèé, ñîäåðæàùèõ äâó÷ëåíû âèäà
a2−x2, x2 + a2, x2− a2 îáû÷íî áûâàåò âûãîäíî çàìåíèòü x òðèãîíî-
ìåòðè÷åñêîé èëè ãèïåðáîëè÷åñêîé ôóíêöèåé îò íîâîé ïåðåìåííîé t,
èñïîëüçóÿ ïðè ýòîì ñîîòíîøåíèÿ

sin2 t + cos2 t = 1, 1 + tg2 t = sec2 t =
1

cos2 t
,

ch2 t− sh2 t = 1, 1− th2 t =
1

ch2 t
.

Ï ð è ì å ð 25. Ðàññìîòðèì èíòåãðàë J =

∫
dx

(x2 + a2)
2
.

.Ïîäñòàíîâêà

x = a tg t, dx =
a dt

cos2 t
, x2+a2 =

a2

cos2 t
, t = arctg

x

a
, t ∈ (−π/2, π/2),

ïðèâîäèò èñêîìûé èíòåãðàë ê âèäó

J =
1

a3

∫
cos2 t dt =

1

2a3 (t + sin t · cos t) + C =

=
1

2a3 arctg
x

a
+

1

2a2

x

x2 + a2 + C.

(ïðè ïîäñòàíîâêå t = arctg x íåîáõîäèìî âûðàçèòü sin t è cos t ÷åðåç
tg t = x/a � ñì. ïðèëîæåíèå A). /
Ï ð è ì å ð 26. .

Â èíòåãðàëå
∫

dx√
x2 − a2

óäîáíåå ïðèìåíèòü ãèïåðáîëè÷åñêóþ
ïîäñòàíîâêó:

x = a ch t, dx = a sh t dt,
√

x2 − a2 = a sh t.

Òîãäà ∫
dx√

x2 − a2
=

∫
dt = t + C.

Ïðè ïåðåõîäå ê ïåðåìåííîé x ó÷òåì, ÷òî Arch u =

ln
(
u +

√
u2 − 1

)
(ñì. ïðèëîæåíèå A), òàê ÷òî

∫
dx√

x2 − a2
= ln

[
x

a
+

√(x

a

)2
− 1

]
+ C =

= ln
(
x +

√
x2 − a2

)
+ C ′,
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ïðè÷åì â ïîñòîÿííóþ C ′ âêëþ÷åíî ñëàãàåìîå − ln a. /

Ðàññìîòðèì åùå äâà ïðèìåðà, ãäå ïîäñòàíîâêà íå ñòîëü åñòå-
ñòâåííà, êàê â ïðåäûäóùèõ, íî çàòî áûñòðî âåäåò ê öåëè.

Ï ð è ì å ð 27. Âû÷èñëèòü J =

∫
dx√

x2 + α
, (α 6= 0).

.Ïîëîæèì
√

x2 + α = t− x è ïðèìåì t çà íîâóþ ïåðåìåííóþ.
Âîçâîäÿ ïîñëåäíåå ðàâåíñòâî â êâàäðàò, ïîëó÷èì: x2+α = t2−2tx+

x2, îòêóäà

x =
t2 − α

2t
, dx =

t2 + α

2t2
dt,

√
x2 + α =

t2 + α

2t
.

Ïîäñòàâëÿÿ ýòè ðàâåíñòâà â ïîäèíòåãðàëüíîå âûðàæåíèå, ïî-
ëó÷àåì

J =

∫
dt

t
= ln t + C = ln

(
x +

√
x2 + α

)
+ C,

(ñðàâíèòå ñ ïðåäûäóùèì ïðèìåðîì). /

Ï ð è ì å ð 28. Âû÷èñëèòü
∫

dx√
(x− α)(β − x)

, (α < x < β).

Ïîëîæèì x = α cos2 ϕ + β sin2 ϕ, (0 < ϕ < π/2), ãäå ϕ � íîâàÿ
ïåðåìåííàÿ; òîãäà

x− α = (β − α) sin2 ϕ, β − x = (β − α) cos2 ϕ,

dx = 2(β − α) sin ϕ cos ϕdϕ, ϕ = arctg

√
x− α

β − x
.

Òàêèì îáðàçîì,

J =

∫
dx√

(x− α)(β − x)
= 2

∫
dϕ = 2ϕ+C = 2 arctg

√
x− α

β − x
+C. /

3 ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÏÎ ×ÀÑÒßÌ

Ïóñòü u = f(x) è v = g(x) � ôóíêöèè, èìåþùèå íåïðå-
ðûâíûå ïðîèçâîäíûå u′ = f ′(x) è v′ = g′(x). Òîãäà, ïî ïðàâè-
ëó äèôôåðåíöèðîâàíèÿ ïðîèçâåäåíèÿ, d(uv) = u dv + v du, èëè
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u dv = d(uv) − v du. Äëÿ âûðàæåíèÿ d(uv) ïåðâîîáðàçíîé áóäåò,
î÷åâèäíî, uv. Ïîýòîìó èìååò ìåñòî ôîðìóëà èíòåãðèðîâàíèÿ ïî ÷à-
ñòÿì ∫

u dv = uv −
∫

v du, (2)

êîòîðàÿ ïîçâîëÿåò ïðèâåñòè èíòåãðèðîâàíèå âûðàæåíèÿ u dv =

uv′ dx ê èíòåãðèðîâàíèþ âûðàæåíèÿ v du = vu′ dx.

Ï ð è ì å ð 29. Ïóñòü òðåáóåòñÿ íàéòè
∫

x cos x dx.
.Ïîëîæèì u = x, dv = cos x dx, òàê ÷òî du = dx, v = sin x

(äëÿ èíòåãðèðîâàíèÿ ïî ÷àñòÿì äîñòàòî÷íî ïðåäñòàâèòü cos x dx õî-
òÿ áû îäíèì ñïîñîáîì â âèäå dv; ïîýòîìó íåò íåîáõîäèìîñòè ïè-
ñàòü íàèáîëåå îáùåå âûðàæåíèå äëÿ v, âêëþ÷àþùåå ïðîèçâîëüíóþ
ïîñòîÿííóþ). Ïî ôîðìóëå (2),
∫

x cos x dx =

∫
x d sin x = x sin x−

∫
sin x dx = x sin x+cos x+C. /

Òàêèì îáðàçîì, èíòåãðèðîâàíèå ïî ÷àñòÿì ïîçâîëèëî çàìåíèòü
ñëîæíóþ ïîäèíòåãðàëüíóþ ôóíêöèþ x cos x íà ïðîñòóþ sin x. Ïðè
ýòîì äëÿ ïîëó÷åíèÿ v ïðèøëîñü çàîäíî ïðîèíòåãðèðîâàòü âûðàæå-
íèå cos x dx, ïîýòîìó ôîðìóëà è íàçûâàåòñÿ: èíòåãðèðîâàíèå ïî ÷à-
ñòÿì.

Ïðè ïðèìåíåíèè ôîðìóëû (2) íåîáõîäèìî ñòàðàòüñÿ òàê ðàç-
áèòü ïîäèíòåãðàëüíîå âûðàæåíèå, ÷òîáû èíòåãðèðîâàíèå äèôôå-
ðåíöèàëà dv íå ïðåäñòàâëÿëî òðóäíîñòåé è ïåðåõîä ê èíòåãðàëó îò
v du â ñîâîêóïíîñòè ïðèâîäèë áû ê óïðîùåíèþ ïîäèíòåãðàëüíîãî
âûðàæåíèÿ. Òàê, â ïðèâåäåííîì ïðèìåðå, ÿâíî íåâûãîäíî áûëî áû
âçÿòü x dx çà dv, à cos x � çà u.

Ïðàâèëî èíòåãðèðîâàíèÿ ïî ÷àñòÿì èìååò áîëåå îãðàíè÷åííóþ
îáëàñòü ïðèìåíåíèÿ, ÷åì çàìåíà ïåðåìåííîé. Íî åñòü öåëûå êëàññû
èíòåãðàëîâ, íàïðèìåð,

∫
Pn(x)f(x) dx,

ãäå Pn(x) � ïîëèíîì ñòåïåíè n (n � íàòóðàëüíîå), à f(x) � ëþáàÿ èç
ôóíêöèé lnm ax, eax, sinm ax, cosm ax, tgm ax, shm ax, chm ax, thm ax,
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arcsinm ax, arccosm ax, arctgm ax, Archm ax, Arshm ax, Arthm ax, ãäå
m ≥ 1 � öåëîå, a 6= 0 � âåùåñòâåííîå, êîòîðûå âû÷èñëÿþòñÿ èìåííî
ñ ïîìîùüþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì.

×àñòî äëÿ ïîëó÷åíèÿ îêîí÷àòåëüíîãî âûðàæåíèÿ íåîáõîäèìî
ïðèìåíÿòü èíòåãðèðîâàíèå ïî ÷àñòÿì íåîäíîêðàòíî.

Ï ð è ì å ð 30. Âû÷èñëèòü J =

∫
x2 sin x dx.

. J =

∫
x2 d(− cos x) = −x2 cos x−

∫
(− cos x) d(x2) =

= −x2 cos x + 2

∫
x cos x dx = −x2 cos x + 2

∫
x d sin x =

= −x2 cos x + 2

(
x sin x−

∫
sin x dx

)
=

= −x2 cos x + 2(x sin x + cos x) + C. /

Èíîãäà èñïîëüçîâàíèå ôîðìóëû (2) ïðèâîäèò ê óðàâíåíèþ îò-
íîñèòåëüíî èñêîìîãî èíòåãðàëà.

Ï ð è ì å ð 31. Âû÷èñëèòü Jn =

∫
eax cos(bx) dx (a 6= 0, b 6= 0).

. Âûáåðåì ñíà÷àëà

u = cos(bx), dv = eax dx;

òîãäà
du = −b sin(bx) dx, v =

eax

a
,

è èíòåãðàë ïðåîáðàçóåòñÿ ê âèäó

J =
1

a
eax cos(bx) +

b

a

∫
eax sin(bx) dx.

Ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì åùå ðàç, ïîëîæèâ

u = sin(bx), dv = eax dx, du = b cos(bx) dx, v =
eax

a
.

Â ðåçóëüòàòå ïîëó÷èì

J =
1

a
eax cos(bx) +

b

a

[
1

a
eax sin(bx)− b

a

∫
eax cos(bx) dx

]
=

=
1

a
eax cos(bx) +

b

a2 eax sin(bx)− b2

a2 J.
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Ïîñëå äâóêðàòíîãî ïðèìåíåíèÿ ôîðìóëû èíòåãðèðîâàíèÿ ïî
÷àñòÿì èñêîìûé èíòåãðàë îêàçàëñÿ âûðàæåííûì ÷åðåç ñàìîãî ñåáÿ.
Ðàçðåøàÿ ïîëó÷åííîå ðàâåíñòâî îòíîñèòåëüíî J , ïîëó÷èì

J =

∫
eax cos(bx) dx =

b sin(bx) + a cos(bx)

a2 + b2 eax + C. /

Â ðÿäå ñëó÷àåâ ïðèìåíåíèå ôîðìóëû (2) ïðèâîäèò ê ðåêóð-
ðåíòíûì ñîîòíîøåíèÿì.

Ï ð è ì å ð 32. Âû÷èñëèòü Jn =

∫
dx

(x2 + a2)
n

(n = 1, 2, 3, . . .).

.Âûáåðåì
u =

1

(x2 + a2)
n
, dv = dx,

òîãäà
du = − 2nx dx

(x2 + a2)
(n+1) , v = x,

è ïî ôîðìóëå (2)

Jn =
x

(x2 + a2)
n

+ 2n

∫
x2 dx

(x2 + a2)
(n+1) =

x

(x2 + a2)
n

+ 2n · J̃ .

Ïîñëåäíèé èíòåãðàë ïðåîáðàçóåì ñëåäóþùèì îáðàçîì:

J̃ =

∫
x2 dx

(x2 + a2)
(n+1) =

∫
(x2 + a2)− a2

(x2 + a2)
(n+1) dx =

=

∫
dx

(x2 + a2)
n
− a2

∫
dx

(x2 + a2)
(n+1) = Jn − a2Jn+1.

Ïîäñòàâëÿÿ ýòî âûðàæåíèå â ïðåäûäóùåå ðàâåíñòâî, ïðèäåì ê ñî-
îòíîøåíèþ

Jn =
x

(x2 + a2)
n

+ 2nJn − 2na2Jn+1,
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îòêóäà
Jn+1 =

1

2na2

x

(x2 + a2)
n

+
2n− 1

2n

1

a2 Jn. (3)

Ïîëó÷åííàÿ ôîðìóëà ñâîäèò âû÷èñëåíèå èíòåãðàëà Jn+1 ê âû-
÷èñëåíèþ èíòåãðàëà Jn ñ ïîêàçàòåëåì ñòåïåíè â ïîäèíòåãðàëüíîì
âûðàæåíèè íà åäèíèöó ìåíüøèì. Çíàÿ èíòåãðàë J1 =

1

a
arctg

x

a
+C1,

íàéäåì ïî ôîðìóëå (3) ïðè n = 1,

J2 =
1

2a2

x

x2 + a2 +
1

2a3 arctg
x

a
+ C2,

ãäå C2 =
1

2a2 C1. Ïîëàãàÿ â ôîðìóëå (3) n = 2, ïîëó÷èì

J3 =
1

4a2

x

(x2 + a2)
2 +

3

4a2J2 =

=
1

4a2

x

(x2 + a2)
2 +

3

8a4

x

(x2 + a2)
+

3

8a5 arctg
x

a
+ C3,

è ò.ä. Òàêèì îáðàçîì, ìîæíî âû÷èñëèòü èíòåãðàë Jn äëÿ ëþáîãî
ïîêàçàòåëÿ n. /

4 ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÐÀÖÈÎÍÀËÜÍÛÕ
ÂÛÐÀÆÅÍÈÉ

Äðîáíî-ðàöèîíàëüíîé ôóíêöèåé íàçûâàåòñÿ îòíîøåíèå
äâóõ ïîëèíîìîâ Pn(x)/Qm(x), ãäå

Pn(x) = a0 + a1x + . . . + anx
n, Qm(x) = b0 + b1x + . . . + bmxm,

n è m � íàòóðàëüíûå ÷èñëà.
Ïðè n ≥ m â äðîáíî-ðàöèîíàëüíîé ôóíêöèè ìîæíî âûäåëèòü

öåëóþ ÷àñòü
Pn(x)

Qm(x)
= Pn1

(x) +
Pn2

(x)

Qm(x)
,

ãäå n2 < m, òàê ÷òî äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé ïðàâèëüíîé
äðîáè (n < m).
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Ýëåìåíòàðíûìè äðîáÿìè íàçûâàþò äðîáè ñëåäóþùåãî âèäà

I. A

x− a
; II. A

(x− a)k
, (k = 2, 3, . . .);

III. Mx + N

x2 + px + q
; IV. Mx + N

(x2 + px + q)
l
, (l = 2, 3, . . .);

ãäå A,M, N, a, p, q � âåùåñòâåííûå ÷èñëà, è, êðîìå òîãî, p2/4−q < 0,
òàê ÷òî òðåõ÷ëåí x2 + px + q íå èìååò âåùåñòâåííûõ êîðíåé.

Äðîáè âèäà I è II èíòåãðèðóþòñÿ ëåãêî:

JI = A

∫
dx

x− a
= A ln |x− a|+ C,

JII = A

∫
dx

(x− a)k
= − A

k − 1

1

(x− a)k−1 + C.

Èíòåãðèðîâàíèå äðîáåé âèäà III è IV îáëåã÷àåòñÿ ñëåäóþùåé
ïîäñòàíîâêîé. Âûäåëèì èç òðåõ÷ëåíà x2 + px + q ïîëíûé êâàäðàò
äâó÷ëåíà:

x2 + px + q =
(
x + p/2

)2
+

(
q − p2/4

)
.

Òàê êàê q − p2/4 > 0, ïîëîæèì q − p2/4 = a2, ñ÷èòàÿ, íàïðèìåð,
äëÿ îïðåäåëåííîñòè a = +

√
q − p2/4 .

Âûáåðåì ïîäñòàíîâêó x + p/2 = t, dx = dt, òàê ÷òî

x2 + px + q = t2 + a2, Mx + N = Mt +

(
N − Mp

2

)
.

Â ñëó÷àå III áóäåì èìåòü

JIII =

∫
Mx + N

x2 + px + q
dx =

∫
Mt + (N −Mp/2)

t2 + a2 dt =

=
M

2

∫
2t dt

t2 + a2 +

(
N − Mp

2

)∫
dt

t2 + a2 =

=
M

2
ln(t2 + a2) +

1

a

(
N − Mp

2

)
arctg

t

a
+ C =

=
M

2
ln

(
x2 + px + q

)
+

2N −Mp√
4q − p2

arctg
2x + p√
4q − p2

+ C.
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Äëÿ ñëó÷àÿ IV òà æå ïîäñòàíîâêà äàåò

JIV =

∫
Mx + N

(x2 + px + q)
m

dx =

∫
Mt + (N −Mp/2)

(t2 + a2)m dt =

=
M

2

∫
2t dt

(t2 + a2)m +

(
N − Mp

2

)∫
dt

(t2 + a2)m . (4)

Ïåðâûé èç èíòåãðàëîâ â ïðàâîé ÷àñòè (4) ëåãêî âû÷èñëÿåòñÿ
ïîäñòàíîâêîé t2 + a2 = u, 2t dt = du:

∫
2t dt

(t2 + a2)m =

∫
du

um
= − 1

(m− 1)

1

um−1 + C =

= − 1

(m− 1)

1

(t2 + a2)m−1 + C. (5)

Âòîðîé èç èíòåãðàëîâ â ïðàâîé ÷àñòè (4) ïðè ëþáîì m ìîæåò
áûòü âû÷èñëåí ïî ðåêóððåíòíîé ôîðìóëå (3). Îñòàåòñÿ ëèøü ïîä-
ñòàâèòü â ðåçóëüòàò t = (2x + p)/2, ÷òîáû âåðíóòüñÿ ê ïåðåìåííîé
x.

Ïðè èíòåãðèðîâàíèè äðîáíî-ðàöèîíàëüíîé ôóíêöèè ôóíäà-
ìåíòàëüíîå çíà÷åíèå èìååò ñëåäóþùàÿ òåîðåìà èç îáëàñòè àëãåáðû:

Êàæäàÿ ïðàâèëüíàÿ äðîáü Pn(x)/Qm(x) ìîæåò áûòü ïðåä-
ñòàâëåíà â âèäå ñóììû êîíå÷íîãî ÷èñëà ýëåìåíòàðíûõ äðîáåé.

Ýòî ðàçëîæåíèå ïðàâèëüíîé äðîáè íà ýëåìåíòàðíûå òåñíî ñâÿ-
çàíî ñ ðàçëîæåíèåì åå çíàìåíàòåëÿ Qm(x) íà ïðîñòûå ìíîæèòåëè.
Èçâåñòíî, ÷òî êàæäûé öåëûé ïîëèíîì ñ âåùåñòâåííûìè êîýôôèöè-
åíòàìè åäèíñòâåííûì îáðàçîì ðàçëàãàåòñÿ íà âåùåñòâåííûå ìíîæè-
òåëè âèäà (x − a) è

(
x2 + px + q

)
, ïðè÷åì êâàäðàòè÷íûé òðåõ÷ëåí

íå èìååò âåùåñòâåííûõ êîðíåé. Îáúåäèíÿÿ îäèíàêîâûå ìíîæèòåëè,
è ïîëàãàÿ, äëÿ ïðîñòîòû, ñòàðøèé êîýôôèöèåíò ïîëèíîìà Qm(x)

ðàâíûì åäèíèöå, çàïèøåì ðàçëîæåíèå ýòîãî ïîëèíîìà â âèäå

Qm(x) =
(
x− a1

)k1 . . .
(
x− as

)ks ·
· (x2 + p1x + q1

)m1 . . .
(
x2 + prx + qr

)mr , (6)

ãäå k1, . . . ks, m1, . . . mr � íàòóðàëüíûå ÷èñëà.
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Ñîãëàñíî òåîðåìå, êàæäîìó ìíîæèòåëþ âèäà (x − ai)
ki â ðàç-

ëîæåíèè ïîëèíîìà Qm(x) â ôîðìå (6) ñîîòâåòñòâóåò ñóììà ki ýëå-
ìåíòàðíûõ äðîáåé âèäà

A
(i)
1

x− ai
+

A
(i)
2

(x− ai)2 + . . . +
A

(i)
ki

(x− ai)ki
, (7)

â ðàçëîæåíèè äðîáè Pn(x)/Qm(x), à ìíîæèòåëþ âèäà(
x2 + pjx + qj

)mj � ñóììà mj ýëåìåíòàðíûõ äðîáåé âèäà

M
(j)
1 x + N

(j)
1

x2 + pjx + qj
+

M
(j)
2 x + N

(j)
2

(x2 + pjx + qj)
2 + . . . +

M
(j)
mj x + N

(j)
mj

(x2 + pjx + qj)
mj

. (8)

Òàêèì îáðàçîì, çíàÿ ðàçëîæåíèå (6), ìû çíàåì çíàìåíà-
òåëè òåõ ýëåìåíòàðíûõ äðîáåé, íà êîòîðûå ðàçëàãàåòñÿ äðîáü
Pn(x)/Qm(x). Äëÿ îïðåäåëåíèÿ ÷èñëèòåëåé ýòèõ äðîáåé, ò.å. êîýô-
ôèöèåíòîâ

A(i)
α , α = 1, 2, . . . ki, i = 1, 2, . . . , s,

è
M

(j)
β , N j

β, β = 1, 2, . . . mj, j = 1, 2, . . . , r,

ïðèìåíÿþò ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ, êîòîðûé ñîñòî-
èò â ñëåäóþùåì.

Çíàÿ âèä ðàçëîæåíèÿ Pn(x)/Qm(x) íà ýëåìåíòàðíûå äðîáè â
ñîîòâåòñòâèè ñ ôîðìóëàìè (7), (8), çàïèñûâàþò ýòî ðàçëîæåíèå ñ
áóêâåííûìè êîýôôèöèåíòàìè â ÷èñëèòåëÿõ. Îáùèì çíàìåíàòåëåì
âñåõ ýëåìåíòàðíûõ äðîáåé áóäåò, î÷åâèäíî, ïîëèíîì Qm(x); ñêëà-
äûâàÿ ýòè ýëåìåíòàðíûå äðîáè, ïîëó÷èì ïðàâèëüíóþ äðîáü, â ÷èñ-
ëèòåëå êîòîðîé áóäåò ïîëèíîì ñ êîýôôèöèåíòàìè â âèäå êîìáèíà-
öèè íåèçâåñòíûõ ìíîæèòåëåé ïðè ýëåìåíòàðíûõ äðîáÿõ. Îòáðàñû-
âàÿ çíàìåíàòåëü Qm(x) ñëåâà è ñïðàâà, ïðèõîäèì ê ðàâåíñòâó äâóõ
ïîëèíîìîâ ñòåïåíè (m− 1). Ïðèâîäÿ ïîäîáíûå ÷ëåíû â ïîëèíîìå ñ
áóêâåííûìè êîýôôèöèåíòàìè, è ïðèðàâíèâàÿ âûðàæåíèÿ ïðè îäè-
íàêîâûõ ñòåïåíÿõ ÷èñëåííûì êîýôôèöèåíòàì ïîëèíîìà Pn(x), ïî-
ëó÷èì ñèñòåìó ëèíåéíûõ óðàâíåíèé, èç êîòîðîé îïðåäåëÿòñÿ çíà÷å-
íèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ. Âîçìîæíîñòü ðàçëîæåíèÿ äðîáè
Pn(x)/Qm(x) íà ýëåìåíòàðíûå äðîáè � ñòðîãî äîêàçàííûé ôàêò,
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ïîýòîìó ïîëó÷åííàÿ ñèñòåìà íèêîãäà íå áóäåò ïðîòèâîðå÷èâîé, è
âñåãäà � îïðåäåëåííîé.

Ïîÿñíèì ñêàçàííîå ïðèìåðîì.

Ï ð è ì å ð 33. Âû÷èñëèòü èíòåãðàë J =

∫
2x2 + 2x + 13

(x− 2) (x2 + 1)2dx.

.Ñîãëàñíî òåîðåìå, äëÿ äðîáè P2(x)

Q5(x)
=

2x2 + 2x + 13

(x− 2) (x2 + 1)2 èìå-
åòñÿ ðàçëîæåíèå

P2(x)

Q5(x)
=

2x2 + 2x + 13

(x− 2) (x2 + 1)2 =
A

x− 2
+

Bx + C

x2 + 1
+

Dx + E

(x2 + 1)2 .

Ïðèâîäÿ ñóììó ñïðàâà ê îáùåìó çíàìåíàòåëþ, è ïðèðàâíèâàÿ ÷èñ-
ëèòåëè ïîëó÷èâøèõñÿ äðîáåé, ïðèäåì ê òîæäåñòâó

2x2+2x+13 = A
(
x2 + 1

)2
+(Bx+C)(x2+1)(x−2)+(Dx+E)(x−2).

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x ñëåâà è
ñïðàâà, ïîëó÷èì ñèñòåìó èç ïÿòè óðàâíåíèé

x4 0 = A + B ,
x3 0 = −2B + C,
x2 2 = 2A + B − 2C + D,
x1 2 = −2B + C − 2D + E,
x0 13 = A− 2C − 2E,

îòêóäà A = 1, B = −1, C = −2, D = −3, E = −4. Òàêèì îáðàçîì,

2x2 + 2x + 13

(x− 2) (x2 + 1)2 =
1

x− 2
− x + 2

x2 + 1
− 3x + 4

(x2 + 1)2 .

Èñïîëüçóÿ ïðèâåäåííûå âûøå ôîðìóëû äëÿ èíòåãðàëîâ îò ýëå-
ìåíòàðíûõ äðîáåé, ïîëó÷èì

J =

∫
dx

x− 2
−

∫
x + 2

x2 + 1
dx−

∫
3x + 4

(x2 + 1)2 dx =

=
1

2

3− 4x

x2 + 1
+

1

2
ln

(x− 2)2

x2 + 1
− 4 arctg x + C. /
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Íàõîæäåíèå êîýôôèöèåíòîâ ðàçëîæåíèÿ äðîáíî-
ðàöèîíàëüíîé ôóíêöèè, ñîîòâåòñòâóþùèõ ìíîæèòåëÿì âèäà (x−ai)

â ðàçëîæåíèè ïîëèíîìà Qm(x), îáëåã÷àåòñÿ ñëåäóþùèì ïðèåìîì.
Ïðèðàâíÿâ ÷èñëèòåëè äâóõ äðîáíî-ðàöèîíàëüíûõ ôóíêöèé �
çàäàííîé è ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè,� è, íå ïðèâîäÿ
â ïîñëåäíåé ïîäîáíûå ÷ëåíû, ïîäñòàâèì â íèõ çíà÷åíèÿ x = ai.
Ïðè ýòîì â ðàâåíñòâå ñëåâà ïîëó÷èì íåêîòîðîå ÷èñëî, à ñïðàâà
îñòàíåòñÿ ëèøü îäíî ñëàãàåìîå ñ íåèçâåñòíûì êîýôôèöèåíòîì,
ñîîòâåòñòâóþùèì äðîáè âèäà 1

x− ai
â ðàçëîæåíèè Pn(x)/Qm(x).

Ï ð è ì å ð 34. . Ðàçëîæåíèå äðîáè x

(x + 1)(x + 2)(x− 3)
èìååò

âèä

x

(x + 1)(x + 2)(x− 3)
=

A1

x + 1
+

A2

x + 2
+

A3

x− 3
.

Èç ýòîãî ðàâåíñòâà ýëåìåíòàðíûõ äðîáåé ñëåäóåò ðàâåíñòâî
ìíîãî÷ëåíîâ

x = A1(x + 2)(x− 3) + A2(x + 1)(x− 3) + A3(x + 1)(x + 2).

Ïîäñòàâëÿÿ ïîñëåäîâàòåëüíî â ðàâåíñòâî çíà÷åíèÿ x = −1,
x = −2, x = 3, íàéäåì

−1 = −4A1, −2 = 5A2, 3 = 20A3,

èëè
A1 =

1

4
, a2 = − 2

5
, A3 =

3

20
.

Ñëåäîâàòåëüíî,
x

(x + 1)(x + 2)(x− 3)
=

1

4

1

x + 1
− 2

5

1

x + 2
+

3

20

1

x− 3
. /

Â ñëó÷àå êðàòíûõ âåùåñòâåííûõ êîðíåé íàõîæäåíèå êîýôôè-
öèåíòîâ ðàçëîæåíèÿ äðîáíî-ðàöèîíàëüíîé ôóíêöèè íà ýëåìåíòàð-
íûå äðîáè îáëåã÷àåò äèôôåðåíöèðîâàíèå ïîëèíîìîâ.

Ï ð è ì å ð 35. Ðàññìîòðèì J =

∫
(x4 + 1) dx

x5 + x4 − x3 − x2 .
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.Ðàçëîæèì çíàìåíàòåëü ðàöèîíàëüíîé äðîáè íà ìíîæèòåëè:

x5 + x4 − x3 − x2 = x2(x3 + x2 − x− 1) =

= x2(x + 1)(x2 − 1) = x2(x + 1)2(x− 1).

Èç ýòîãî ðàçëîæåíèÿ ñëåäóåò, ÷òî

x4 + 1

x5 + x4 − x3 − x2 =
A

x
+

B

x2 +
C

x− 1
+

D

x + 1
+

E

(x + 1)2 .

Èç ðàâåíñòâà äðîáåé ñëåäóåò ðàâåíñòâî ìíîãî÷ëåíîâ

x4 + 1 = Ax(x− 1)(x + 1)2 + B(x− 1)(x + 1)2 +

+Cx2(x + 1)2 + Dx2(x2 − 1) + Ex2(x− 1). (9)

Ïîëàãàÿ â ðàâåíñòâå (9) ïîî÷åðåäíî x = 0, x = 1, x = −1, ïîëó÷èì
B = −1, C = 1/2, E = −1.

×òîáû íàéòè êîýôôèöèåíò À, ïðîäèôôåðåíöèðóåì ðàâåíñòâî
(9):

4x3 = A(x + 1)(4x2 − x− 1) + B(x + 1)(3x− 1) +

+ 2Cx(x + 1)(2x + 1) + 2Dx(2x2 − 1) + Ex(3x− 2),

è ïîëîæèì â ïîñëåäíåì ñîîòíîøåíèè x = 0. Ïîëó÷èì:

0 = −A−B, èëè A = 1.

Àíàëîãè÷íî, ïîäñòàâëÿÿ x = −1, ïîëó÷àåì −4 = −2D + 5E,
îòêóäà íàõîäèì D = −1/2. Ñëåäîâàòåëüíî,

J =

∫
dx

x
−

∫
dx

x2 +
1

2

∫
dx

x− 1
− 1

2

∫
dx

x + 1
−

∫
dx

(x + 1)2 =

= ln |x|+ 1

x
+

1

2
ln |x− 1| − 1

2
ln |x + 1|+ 1

x + 1
+ C =

=
2x + 1

x(x + 1)
+

1

2
ln

∣∣∣∣
(x− 1)x2

x + 1

∣∣∣∣ . /

Åñëè çíàìåíàòåëü ïðàâèëüíîé äðîáè Pn(x)/Qm(x) èìååò êðàò-
íûå êîðíè, îñîáåííî êîìïëåêñíûå, öåëåñîîáðàçíî âîñïîëüçîâàòüñÿ
ñëåäóþùåé ôîðìóëîé Îñòðîãðàäñêîãî:
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∫
Pn(x)

Qm(x)
dx =

Pn1
(x)

Qm1
(x)

+

∫
Pn2

(x)

Qm2
(x)

dx, (10)

ãäå Qm2
(x) = (x− a1) . . . (x− as)(x

2 + p1x + q1) . . . (x2 + prx + qr) �
ìíîãî÷ëåí, âñå êîðíè (âåùåñòâåííûå è êîìïëåêñíûå) êîòîðîãî ïðî-
ñòûå è ñîâïàäàþò ñ êîðíÿìè ïîëèíîìà Qm(x), ïîëèíîì Qm1

(x) =

Qm(x)/Qm2
(x), à Pn1

(x) è Pn2
(x) � ìíîãî÷ëåíû ñ íåîïðåäåëåííû-

ìè êîýôôèöèåíòàìè, ñòåïåíè êîòîðûõ ìåíüøå, ÷åì ñòåïåíè, ñîîò-
âåòñòâåííî,ïîëèíîìîâ Qm1

(x) è Qm2
(x). Êîýôôèöèåíòû ïîëèíîìîâ

Pn1
(x) è Pn2

(x) íàõîäÿò ïîñëå äèôôåðåíöèðîâàíèÿ ðàâåíñòâà (10),
ïðèâåäåíèÿ ïðàâîé ÷àñòè ê îáùåìó çíàìåíàòåëþ è ïðèðàâíèâàíèÿ
÷èñëèòåëåé ïîëó÷èâøèõñÿ âûðàæåíèé.

Ïåðâîå ñëàãàåìîå â ôîðìóëå (10) íàçûâàþò ðàöèîíàëüíîé ÷à-
ñòüþ, à âòîðîå �òðàíñöåíäåíòíîé ÷àñòüþ èíòåãðàëà

∫
Pn(x)

Qm(x)
dx.

Çàìå÷àòåëüíî òî, ÷òî ìåòîä Îñòðîãðàäñêîãî ïîçâîëÿåò íàéòè ðà-
öèîíàëüíóþ ÷àñòü èíòåãðàëà îò ïðàâèëüíîé äðîáíî-ðàöèîíàëüíîé
ôóíêöèè ÷èñòî àëãåáðàè÷åñêèì ïóòåì, ò.å. íå ïðèáåãàÿ ê èíòåãðè-
ðîâàíèþ êàêèõ-ëèáî ôóíêöèé.

Ï ð è ì å ð 36. Âûäåëèòü ðàöèîíàëüíóþ ÷àñòü èíòåãðàëà

J =

∫
4x4 + 4x3 + 16x2 + 12x + 8

(x + 1)2 (x2 + 1)2 dx.

.Èìååì: Q1 = Q2 = (x + 1)(x2 + 1) = x3 + x2 + x + 1, ïîýòîìó

J =
ax2 + bx + c

x3 + x2 + x + 1
+

∫
dx2 + ex + f

x3 + x2 + x + 1
dx.

Äèôôåðåíöèðóÿ ýòî ðàâåíñòâî, ïîëó÷èì

J ′ =
4x4 + 4x3 + 16x2 + 12x + 8

(x + 1)2 (x2 + 1)2 =

=

(
ax2 + bx + c

x3 + x2 + x + 1

)′
+

dx2 + ex + f

x3 + x2 + x + 1
.

Ïîñëå äèôôåðåíöèðîâàíèÿ äðîáè â ïðàâîé ÷àñòè, ïðèâåäåíèÿ ïîëó-
÷åííîãî âûðàæåíèÿ ê îáùåìó çíàìåíàòåëþ è ïðèðàâíèâàíèÿ ÷èñëè-
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òåëåé, ïîëó÷èì

4x4 + 4x3 + 16x2 + 12x + 8 = (2ax + b)(x3 + x2 + x + 1)−
− (ax2 + bx + c)(3x2 + 2x + 1) + (dx2 + ex + f)(x3 + x2 + x + 1).

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x â îáå-
èõ ÷àñòÿõ ýòîãî ðàâåíñòâà, ïîëó÷èì ñèñòåìó óðàâíåíèé, èç êîòîðûõ
è îïðåäåëÿòñÿ íåèçâåñòíûå a, b, . . . , f :

x5 0 = d ( â ïîñëåäóþùåì d â ðàñ÷åò íå áåðåì),
x4 4 = −a + e ,
x3 4 = −2b + e + f ,
x2 16 = a− b− 3c + e + f ,
x1 12 = 2a− 2c + e + f ,
x0 8 = b− c + f .

Èç ýòîé ñèñòåìû ñëåäóåò, ÷òî a = −1, b = 1, c = −4, d = 0, e = 3,
f = 3, è èñêîìûé èíòåãðàë

J = − x2 − x + 4

x3 + x2 + x + 1
+3

∫
dx

x2 + 1
= − x2 − x + 4

x3 + x2 + x + 1
+3 arctg x+C. /

∗ ∗ ∗
Âûøå îïèñàíû ìåòîäû èíòåãðèðîâàíèÿ äðîáíî-ðàöèîíàëüíûõ

ôóíêöèé. Â äàëüíåéøåì îñíîâíûì ïðèåìîì èíòåãðèðîâàíèÿ ðàç-
ëè÷íûõ êëàññîâ ôóíêöèé áóäåò ðàçûñêèâàíèå òàêèõ ïîäñòàíîâîê
t = ω(x), êîòîðûå ïðèâåëè áû ïîäèíòåãðàëüíîå âûðàæåíèå ê ðàöè-
îíàëüíîìó âèäó. Âñþäó íèæå âûðàæåíèå R[x, u(x), . . .] áóäåò îçíà-
÷àòü ðàöèîíàëüíóþ ôóíêöèþ ñâîèõ àðãóìåíòîâ, ò.å.

R[x, u(x), . . .] =
P [x, u(x), . . .]

Q[x, u(x), . . .]
,

ãäå P [x, u(x), . . .], Q[x, u(x), . . .] � ïîëèíîìû îò ïåðåìåííûõ
x, u(x), . . ., u(x) � çàäàííàÿ ôóíêöèÿ ïåðåìåííîé x.
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5 ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÂÛÐÀÆÅÍÈÉ,
ÑÎÄÅÐÆÀÙÈÕ ÐÀÄÈÊÀËÛ

Èíòåãðèðîâàíèå âûðàæåíèé âèäà
∫

R

[
x,

(
αx + β

γx + δ

)1/m
]

dx

Â èíòåãðàëå âèäà

J =

∫
R

[
x,

(
αx + β

γx + δ

)1/m
]

dx, (11)

ïîëîæèì
t = ω(x) =

(
αx + β

γx + δ

)1/m

, (12)

îòêóäà
tm =

αx + β

γx + δ
, x = ϕ(t) =

δtm − β

α− γtm
. (13)

Èíòåãðàë ïðèìåò âèä

J =

∫
R[ϕ(t), t]ϕ′(t) dt. (14)

Òàê êàê R, ϕ, ϕ′ � ðàöèîíàëüíûå ôóíêöèè, òî âûðàæåíèå (14) åñòü
èíòåãðàë îò ðàöèîíàëüíîé ôóíêöèè. Âû÷èñëèâ åãî ïî ïðàâèëàì, èç-
ëîæåííûì âûøå, ê ïåðåìåííîé x âåðíåìñÿ, ïîäñòàâèâ t = ω(x).

Ê èíòåãðàëàì âèäà (14) ñâîäÿòñÿ è áîëåå îáùèå èíòåãðàëû
∫

R

[
x,

(
αx + β

γx + δ

)r

,

(
αx + β

γx + δ

)s

, . . .

]
, dx

ñ ðàöèîíàëüíûìè ïîêàçàòåëÿìè r, s, . . .. Äëÿ ïðèâåäåíèÿ ýòîãî èí-
òåãðàëà ê ðàöèîíàëüíîìó âèäó èñïîëüçóåòñÿ ïîäñòàíîâêà (12), â êî-
òîðîé çà m ïðèíèìàþò îáùèé çíàìåíàòåëü äðîáåé r, s, . . . .

Ï ð è ì å ð 37. Âû÷èñëèòü J =

∫ √
x + 1 + 2

(x + 1)2 −√x + 1
dx.

.Çäåñü äðîáíî-ëèíåéíàÿ ôóíêöèÿ (αx + β)/(γx + δ) ñâåëàñü
ïðîñòî ê ëèíåéíîé ôóíêöèè, x + 1. Ïîëàãàåì

t =
√

x + 1, x = t2 − 1, dx = 2t dt.
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Òîãäà

J = 2

∫
t + 2

t4 − t
t dt = 2

∫
t + 2

t3 − 1
dt =

∫ (
2

t− 1
− 2t + 2

t2 + t + 1

)
dt =

= ln
(t− 1)2

t2 + t + 1
− 2√

3
arctg

2t + 1√
3

+ C =

= ln
x− 2

√
x + 1 + 2

x +
√

x + 1 + 2
− 2√

3
arctg

2
√

x + 1 + 1√
3

+ C. /

Ï ð è ì å ð 38. Âû÷èñëèòü J =

∫
dx

3

√
(2 + x) (2− x)5

.

.Èíòåãðàë ïðåîáðàçóåòñÿ ê âèäó (11) ñ ïîìîùüþ ýëåìåíòàðíî-
ãî ïðåîáðàçîâàíèÿ ïîäèíòåãðàëüíîé ôóíêöèè:

J =

∫ (
2− x

2 + x

)1/3
dx

(2− x)2 .

Ïîëàãàåì
t =

(
2− x

2 + x

)1/3

, x =
1− t3

1 + t3
,

dx = − 12 t2 dt

(1 + t3)2 ,
1

2− x
=

1 + t3

4t3
.

Òîãäà

J = −12

∫ (
t3 + 1

)2
t3 dt

16t6 (t3 + 1)2 = − 3

4

∫
dt

t3
=

3

8

(
2 + x

2− x

)2/3

+ C. /

Èíòåãðèðîâàíèå âûðàæåíèé âèäà
∫

R
(
x,

√
ax2 + bx + c

)
dx

Èíòåãðàëû âèäà
∫

R
(
x,

√
ax2 + bx + c

)
dx, a 6= 0, b2 − 4ac 6= 0, (15)

ìîãóò áûòü ñâåäåíû ê èíòåãðàëàì îò ðàöèîíàëüíûõ ôóíêöèé ñ ïî-
ìîùüþ îäíîé èç ñëåäóþùèõ ïîäñòàíîâîê Ýéëåðà:

1)
√

ax2 + bx + c = t±√a x, â ñëó÷àå, åñëè a > 0.
Ïóñòü, íàïðèìåð, âûáðàíà ïîäñòàíîâêà

√
ax2 + bx + c = t−√a x.
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Âîçâîäÿ ýòî ðàâåíñòâî â êâàäðàò, ïîëó÷èì, ÷òî bx+ c = t2− 2
√

a tx,
òàê ÷òî

x =
t2 − c

2
√

a t + b
, dx = 2

√
a t2 + bt + c

√
a

(2
√

a t + b)
2 dt,

√
ax2 + bx + c =

√
a t2 + bt + c

√
a

2
√

a t + b
.

�Èçþìèíêà� ýéëåðîâîé ïîäñòàíîâêè çàêëþ÷àåòñÿ â òîì, ÷òî
äëÿ îïðåäåëåíèÿ x ïîëó÷àåòñÿ óðàâíåíèå ïåðâîé ñòåïåíè, òàê ÷òî
x, à âìåñòå ñ íèì è

√
ax2 + bx + c âûðàæàþòñÿ ðàöèîíàëüíî ÷åðåç

t. Ïðè ïîäñòàíîâêå ïîëó÷åííûõ âûðàæåíèé â (15) ïîëó÷èì èíòåãðàë
îò ðàöèîíàëüíîé ôóíêöèè. Äëÿ âîçâðàòà ê ïåðåìåííîé x â ïîëó÷åí-
íîì ðåçóëüòàòå íóæíî ïîëîæèòü t =

√
ax2 + bx + c∓√a x.

2)
√

ax2 + bx + c = xt±√c , â ñëó÷àå, åñëè c > 0.
Ïîñòóïàÿ àíàëîãè÷íî îïèñàííîìó âûøå , ïîëó÷èì (ïðè âûáîðå

â ïîäñòàíîâêå çíàêà �+�):

x =
2
√

c t− b

a− t2
, t =

√
ax2 + bx + c−√c

x
,

dx = 2

√
c t2 − bt + a

√
c

(a− t2)2 dt,

√
ax2 + bx + c =

√
c t2 − bt + a

√
c

a− t2
.

3)
√

ax2 + bx + c = ±t(x− λ) èëè√
ax2 + bx + c = ±t(x − µ), â ñëó÷àå, åñëè êâàäðàòíûé òðåõ-

÷ëåí èìååò ðàçëè÷íûå âåùåñòâåííûå êîðíè λ è µ:

ax2 + bx + c = a(x− λ)(x− µ);

çíàêè â ïîäñòàíîâêå ìîæíî âûáðàòü ëþáûå.
Ïóñòü âûáðàíà ïîäñòàíîâêà

√
ax2 + bx + c = t(x−λ). Âîçâîäÿ

ýòî ðàâåíñòâî â êâàäðàò è ñîêðàùàÿ íà (x− λ), ïîëó÷èì óðàâíåíèå
ïåðâîé ñòåïåíè:

a(x− µ) = t2(x− λ),
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òàê ÷òî

x =
−aµ + λt2

t2 − a
, dx = 2

a(µ− λ)t

(t2 − a)2 dt,

t =

√
ax2 + bx + c

(x− λ)
,

√
ax2 + bx + c =

a(λ− µ)t

t2 − a
.

Ï ð è ì å ð 39. Ðàññìîòðèì J =

∫
1−

√
1 + x + x2

x
√

1 + x + x2
dx.

.Ïðèìåíèì âòîðóþ ïîäñòàíîâêó Ýéëåðà. Ïîëîæèì
√

1 + x + x2 = tx + 1,

è âîçâåäåì ýòî ðàâåíñòâî â êâàäðàò; ïîëó÷èì

1 + x + x2 = t2x2 + 2tx + 1,

òàê ÷òî

x =
2t− 1

1− t2
, dx = 2

1− t + t2

(1− t2)2 dt,

t =

√
1 + x + x2 − 1

x
,

√
1 + x + x2 =

1− t + t2

1− t2
.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â èñêîìûé èíòåãðàë, ïîëó÷èì

J =

∫ −2t dt

1− t2
= ln

∣∣1− t2
∣∣ + C = ln

∣∣∣∣∣
2
√

1 + x + x2 − 2− x

x2

∣∣∣∣∣ + C. /

Çàìåòèì, ÷òî ïåðâàÿ ïîäñòàíîâêà Ýéëåðà ôàêòè÷åñêè ïðèìå-
íåíà â ïðèìåðå 27 ê âû÷èñëåíèþ èíòåãðàëà

∫
dx√

x2 ± a2
.

Ï ð è ì å ð 40. Òàáëè÷íûé èíòåãðàë
∫

dx√
a2 − x2

èçâåñòåí èç

ýëåìåíòàðíûõ ñîîáðàæåíèé, íî äëÿ óïðàæíåíèÿ ïðèìåíèì ê íåìó
ïîäñòàíîâêè Ýéëåðà.

.Âîñïîëüçóåìñÿ òðåòüåé ïîäñòàíîâêîé
√

a2 − x2 = t(a− x);
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òîãäà

x = a
t2 − 1

t2 + 1
, dx =

4at dt

(t2 + 1)2 ,
√

a2 − x2 =
2at

t2 + 1
,

è ∫
dx√

a2 − x2
= 2

∫
dt

t2 + 1
= 2 arctg t + C = 2 arctg

√
a + x

a− x
+ C.

Òàê êàê èìååò ìåñòî òîæäåñòâî

2 arctg

√
a + x

a− x
= arcsin

x

a
+

π

2
, (−a < x < a),

òî ýòîò ðåçóëüòàò ëèøü ôîðìîé ðàçíèòñÿ îò èçâåñòíîãî íàì. /
Ïðèâåäåííûé ïðèìåð ïîêàçûâàåò, ÷òî ïðè èíòåãðèðîâàíèè

íåîáõîäèìî èìåòü â âèäó âîçìîæíîñòü äëÿ èíòåãðàëà ïîëó÷àòüñÿ â
ðàçíûõ ôîðìàõ, â çàâèñèìîñòè îò ïðèìåíÿåìîãî äëÿ åãî âû÷èñëåíèÿ
ìåòîäà. Ïîýòîìó â ñîìíèòåëüíûõ ñëó÷àÿõ ðåçóëüòàò èíòåãðè-
ðîâàíèÿ ñëåäóåò îáÿçàòåëüíî ïðîâåðÿòü äèôôåðåíöèðîâà-
íèåì.
Ï ð è ì å ð 41. .Åñëè ê òîìó æå èíòåãðàëó ïðèìåíèòü âòîðóþ ïîä-
ñòàíîâêó

√
a2 − x2 = xt−a, òî, ïîñòóïàÿ àíàëîãè÷íî ïðåäûäóùåìó,

ïîëó÷èì
∫

dx√
a2 − x2

= − 2

∫
dt

t2 + 1
=

= 2 arctg t + C = − 2 arctg
a +

√
a2 − x2

x
+ C.

Çäåñü èìååò ìåñòî äðóãîå îáñòîÿòåëüñòâî: ýòîò ðåçóëüòàò ãîäèòñÿ
îòäåëüíî äëÿ ïðîìåæóòêà (−a, 0) è (0, a), èáî â òî÷êå x = 0 âûðà-
æåíèå

− 2 arctg
a +

√
a2 − x2

x
ëèøåíî ñìûñëà, òàê êàê

lim
x→0−

(
− 2 arctg

a +
√

a2 − x2

x

)
= π,

lim
x→0+

(
− 2 arctg

a +
√

a2 − x2

x

)
= −π.
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Âûáèðàÿ äëÿ óïîìÿíóòûõ ïðîìåæóòêîâ ðàçëè÷íûå çíà÷åíèÿ ïîñòî-
ÿííîé Ñ òàê, ÷òîáû âòîðîå èç íèõ áûëî íà 2π áîëüøå ïåðâîãî, ìîæíî
ñîñòàâèòü ôóíêöèþ, íåïðåðûâíóþ íà âñåì ïðîìåæóòêå (−a, a), åñëè
ïðèíÿòü çà åå çíà÷åíèå ïðè x = 0 îáùèé ïðåäåë ñëåâà è ñïðàâà.

È íà ýòîò ðàç ìû ïîëó÷èëè ïðåæíèé ðåçóëüòàò ëèøü â äðóãîé
ôîðìå, èáî èìåþò ìåñòî òîæäåñòâà

− 2 arctg
a +

√
a2 − x2

x
=





arcsin
x

a
− π äëÿ 0 < x < a,

arcsin
x

a
+ π äëÿ − a < x < 0. /

Ïîäñòàíîâêè Ýéëåðà ÷àñòî ïðèâîäÿò ê äîâîëüíî ñëîæíûì èí-
òåãðàëàì îò ðàöèîíàëüíûõ ôóíêöèé. Â ïðîñòûõ ñëó÷àÿõ öåëåñîîá-
ðàçíî âîñïîëüçîâàòüñÿ ïðèåìàìè, ïðèâåäåííûìè íèæå.

Èíòåãðèðîâàíèå âûðàæåíèé âèäà
∫

Pn(x) dx

Qm(x)
√

ax2 + bx + c

Â èíòåãðàëàõ âèäà
∫

Pn(x) dx

Qm(x)
√

ax2 + bx + c
,

ãäå Pn(x) è Qm(x) � ìíîãî÷ëåíû, íåîáõîäèìî ðàçëîæèòü äðîáíî-
ðàöèîíàëüíóþ ôóíêöèþ Pn(x)/Qm(x) íà ýëåìåíòàðíûå äðîáè. Ïðè
ýòîì ïîëó÷èì èíòåãðàëû ñëåäóþùåãî âèäà

1)
∫

Pn(x) dx√
ax2 + bx + c

;

2)
∫

dx

(x− α)n
√

ax2 + bx + c
;

3)
∫

(Mx + N) dx

(x2 + px + q)
m√

ax2 + bx + c

, p2 − 4q < 0.

Ìåòîäû èíòåãðèðîâàíèÿ ýòèõ âûðàæåíèé ðàññìîòðåíû íèæå.

33



Èíòåãðèðîâàíèå âûðàæåíèé âèäà
∫

Pn(x)
(
ax2 + bx + c

)±1/2
dx

Èíòåãðàëû âèäà
∫

Pn(x) dx√
ax2 + bx + c

, ãäå Pn(x) � ìíîãî÷ëåí ñòå-

ïåíè n, âû÷èñëÿþòñÿ ïî ôîðìóëå
∫

Pn(x) dx√
ax2 + bx + c

=

= Pn−1(x)
√

ax2 + bx + c + λ

∫
dx√

ax2 + bx + c
. (16)

Çäåñü λ � ÷èñëî, Pn−1(x) � ïîëèíîì ñòåïåíè n− 1. Êîýôôèöèåíòû
ïîëèíîìà Pn−1(x) è ÷èñëî λ ñ÷èòàþòñÿ íåèçâåñòíûìè è îïðåäåëÿ-
þòñÿ ïîñëå äèôôåðåíöèðîâàíèÿ ðàâåíñòâà (16), ïðèâåäåíèÿ ïðàâîé
÷àñòè ê îáùåìó çíàìåíàòåëþ è ïðèðàâíèâàíèÿ êîýôôèöèåíòîâ ïðè
îäèíàêîâûõ ñòåïåíÿõ â ÷èñëèòåëÿõ ïîëó÷èâøèõñÿ äðîáåé.

Òàê êàê

Pn(x)
√

ax2 + bx + c =
Pn(x)(ax2 + bx + c)√

ax2 + bx + c
,

òî îïèñàííûé ìåòîä ïðèìåíèì è ê âû÷èñëåíèþ èíòåãðàëîâ âèäà
∫

Pn(x)
√

ax2 + bx + c dx.

Ï ð è ì å ð 42. Âû÷èñëèòü J =

∫
x2 + 3x + 5√
x2 − 2x + 10

dx.

.Ïî ôîðìóëå (16) èìååì

J = (Ax + B)
√

x2 − 2x + 10 + λ

∫
dx√

x2 − 2x + 10
,

ãäå A, B è λ � íåèçâåñòíûå ïîêà êîýôôèöèåíòû. Äèôôåðåíöèðóÿ
îáå ÷àñòè ðàâåíñòâà, íàõîäèì

x2 + 3x + 5√
x2 − 2x + 10

=

= A
√

x2 − 2x + 10 +
(Ax + B)(x− 1)√

x2 − 2x + 10
+

λ√
x2 − 2x + 10

.
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Ïðèâîäÿ âûðàæåíèå ñïðàâà ê îáùåìó çíàìåíàòåëþ è ïðèðàâíèâàÿ
÷èñëèòåëè, ïîëó÷àåì

x2 + 3x + 5 = A(x2 − 2x + 10) + (Ax + B)(x− 1) + λ,

îòêóäà
1 = 2A, 3 = −3A + B, 5 = 10A−B + λ,

èëè
A =

1

2
, B =

9

2
, λ =

9

2
.

Ïîýòîìó

J =
1

2
(x + 9)

√
x2 − 2x + 10 +

9

2

∫
dx√

(x− 1)2 + 9
=

=
x + 9

2

√
x2 − 2x + 10 +

9

2
ln

(
x− 1 +

√
x2 − 2x + 10

)
+ C. /

Èíòåãðèðîâàíèå âûðàæåíèé âèäà
∫

dx

(x− α)n
√

ax2 + bx + c

Èíòåãðàëû âèäà
∫

dx

(x− α)n
√

ax2 + bx + c
, ãäå n > 0 � öåëîå

÷èñëî, ïðèâîäÿòñÿ ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíêöèè ñ ïîìî-
ùüþ ïîäñòàíîâêè x− α =

1

t
.

Ï ð è ì å ð 43. Âû÷èñëèòü J =

∫
dx

(x− 3)
√

x2 + 4
.

.Ïðèìåíÿåì ïîäñòàíîâêó

x− 3 =
1

t
, dx = − dt

t2
;

òîãäà

J = −
∫

dt√
13t2 + 6t + 1

=

= − 1√
13

∫
d

(√
13 t + 3/

√
13

)
√ (√

13 t + 3/
√

13
)2

+ 4/13
=

= − 1√
13

ln

∣∣∣∣
√

13 t +
3√
13

+
√

13t2 + 6t + 1

∣∣∣∣ + C =

= − 1√
13

ln

∣∣∣∣∣

√
13

x− 3
+

3√
13

+

√
x2 + 4

x− 3

∣∣∣∣∣ + C. /
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Ïðåæäå, ÷åì ïåðåéòè ê ìåòîäàì âû÷èñëåíèÿ èíòåãðàëîâ âèäà
∫

(Mx + N) dx

(x2 + px + q)
m√

ax2 + bx + c

,

ðàññìîòðèì äâà èíòåãðàëà ÷àñòíîãî âèäà.

Èíòåãðèðîâàíèå âûðàæåíèé âèäà
∫

dx

(ax2 + bx + c)(2m+1)/2

Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ âèäà
∫

dx

(ax2 + bx + c)(2m+1)/2 =

=

∫
dx

(ax2 + bx + c)m (ax2 + bx + c)1/2 , (17)

ãäå m > 0 � öåëîå ÷èñëî, ïðèìåíÿåòñÿ ïîäñòàíîâêà Àáåëÿ

t =
(√

ax2 + bx + c
)′

=
2ax + b

2
√

ax2 + bx + c
. (18)

Âîçâîäÿ ýòî ðàâåíñòâî â êâàäðàò, è óìíîæàÿ íà 4(ax2 + bx + c),
ïîëó÷èì

4t2(ax2 + bx + c) = (4a2x2 + 4abx + b2).

Âû÷èòàÿ èç îáåèõ ÷àñòåé ýòîãî ðàâåíñòâà âûðàæåíèå 4a(ax2+bx+c),
ïîëó÷èì, ÷òî

4(a− t2)(ax2 + bx + c) = 4ac− b2,

è, òàêèì îáðàçîì,
(
ax2 + bx + c

)m
=

(
4ac− b2

4

)m
1

(a− t2)m . (19)

Èç (18) ñëåäóåò, ÷òî

t
√

ax2 + bx + c =
2ax + b

2
.

Äèôôåðåíöèðóÿ ýòî ðàâåíñòâî, íàéäåì:
√

ax2 + bx + c dt + t
(√

ax2 + bx + c
)′

dx =

=
√

ax2 + bx + c dt + t2 dx = a dx,
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òàê ÷òî

dx√
ax2 + bx + c

=
dt

a− t2
. (20)

Èç (19) è (20) ñëåäóåò, ÷òî
∫

dx

(ax2 + bx + c)(2m+1)/2 =

(
4

4ac− b2

)m ∫ (
a− t2

)m−1
dt,

è èíòåãðàë (17) ïðèâåëñÿ ê èíòåãðàëó îò ïîëèíîìà.

Ï ð è ì å ð 44. Âû÷èñëèòü J =

∫
dx

(2x2 − x + 2)7/2 .

.Ïîäñòàíîâêà Àáåëÿ

t =
(√

2x2 − x + 2
)′

=
4x− 1

2
√

2x2 − x + 2

äàåò
dx√

2x2 − x + 2
=

dt

2− t2
,

(
2x2 − x + 2

)3
=

(
15

4

)3
1

(2− t2)3 =
3375

64

1

(2− t2)3 .

Èñêîìûé èíòåãðàë ïðåîáðàçóåòñÿ ê âèäó

J =
64

3375

∫ (
2− t2

)2
dt.

Èíòåãðèðóÿ åãî è âîçâðàùàÿñü ê ïåðåìåííîé x, ïîëó÷èì

J =
64

3375

[
2

4x− 1

(2x2 − x + 2)1/2 −
1

6

(4x− 1)3

(2x2 − x + 2)3/2+

+
1

160

(4x− 1)5

(2x2 − x + 2)5/2

]
. /

Èíòåãðèðîâàíèå âûðàæåíèé âèäà
∫

dx

(x2 + λ2)n
√

αx2 + β

Â èíòåãðàëàõ âèäà
∫

dx

(x2 + λ2)n
√

αx2 + β
, ãäå n > 0 � öåëîå

÷èñëî, óäîáíî èñïîëüçîâàòü ïîäñòàíîâêó
√

α +
β

x2 = t. (21)
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Ýôôåêòèâíîé òàêæå îêàçûâàåòñÿ ïîäñòàíîâêà Àáåëÿ

t =
(√

αx2 + β
)′

=
αx√

αx2 + β
. (22)

Â ñèëó (20),
dx√

αx2 + β
=

dt

α− t2
;

êðîìå òîãî,

x2 + λ =

(
β − αλ2

)
t2 + λ2α2

α (α− t2)
.

Ïîýòîìó
∫

dx

(x2 + λ2)k
√

αx2 + β
= αk

∫ (
α− t2

)k−1
dt

[(β − αλ2)t2 + λ2α2]k
,

è èñêîìûé èíòåãðàë ïðèâåëñÿ ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíê-
öèè.

Ï ð è ì å ð 45. Íàéòè J =

∫
dx

(x2 + 2)
√

x2 − 1
.

. a) Ïðèìåíèì ñíà÷àëà ïîäñòàíîâêó
√

1− 1

x2 = v,
1

x2 = 1− v2,
dx

x3 = v dv;

òîãäà

J =

∫
dv

3− 2v2 =
1

2
√

6
ln

∣∣∣∣∣

√
3 + v

√
2√

3− v
√

2

∣∣∣∣∣ + C =

=
1

2
√

6
ln

∣∣∣∣∣
x
√

3 +
√

2x2 − 2

x
√

3−
√

2x2 − 2

∣∣∣∣∣ + C.

á) Ïîäñòàíîâêà Àáåëÿ ïðèâîäèò ê ñëåäóþùåìó ðåçóëüòàòó:

t =
(√

x2 − 1
)′

=
x√

x2 − 1
,

dx√
x2 − 1

=
dt

1− t2
,

x2 + 2 =
2− 3t2

1− t2
,
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è

J =

∫
dt

2− 3t2
=

1

2
√

6
ln

∣∣∣∣∣

√
2 + t

√
3√

2− t
√

3

∣∣∣∣∣ + C =

=
1

2
√

6
ln

∣∣∣∣∣
x
√

3 +
√

2x2 − 2

x
√

3−
√

2x2 − 2

∣∣∣∣∣ + C.

Òàêèì îáðàçîì, îáå ïîäñòàíîâêè ýêâèâàëåíòíû, êàê ñ òî÷êè
çðåíèÿ òîæäåñòâåííîñòè îêîí÷àòåëüíûõ ðåçóëüòàòîâ, òàê è ïî îáú-
åìó âû÷èñëèòåëüíîé ðàáîòû. /

Èíòåãðèðîâàíèå âûðàæåíèé âèäà
∫

(Mx + N) dx

(x2 + px + q)
m√

ax2 + bx + c

Ïðè âû÷èñëåíèè èíòåãðàëîâ âèäà

J =

∫
(Mx + N) dx

(x2 + px + q)
m√

ax2 + bx + c

, (23)

âûäåëÿþò äâà ñëó÷àÿ.

1)
(
ax2 + bx + c

)
= a

(
x2 + px + q

)
� òðåõ÷ëåíû â çíàìåíà-

òåëå ñîâïàäàþò èëè îòëè÷àþòñÿ ëèøü ìíîæèòåëåì. Òîãäà èñêîìûé
èíòåãðàë èìååò âèä

J =
1√
a

∫
(Mx + N) dx

(x2 + px + q)(2m+1)/2 =
M

2
√

a

∫
(2x + p) dx

(x2 + px + q)(2m+1)/2 +

+
2N −Mp

2
√

a

∫
dx

(x2 + px + q)(2m+1)/2 . (24)

Ïåðâûé èíòåãðàë ñðàçó áåðåòñÿ ïîäñòàíîâêîé t = x2 + px + q,
êî âòîðîìó ïðèìåíÿþò ïîäñòàíîâêó Àáåëÿ (18).

2) Â îáùåì ñëó÷àå, êîãäà
(
ax2 + bx + c

) 6= a
(
x2 + px + q

)
, ê

öåëè âåäåò ïîäñòàíîâêà, óíè÷òîæàþùàÿ ÷ëåíû â ïåðâîé ñòåïåíè â
îáîèõ òðåõ÷ëåíàõ îäíîâðåìåííî. Ýòîò ñëó÷àé òàêæå ðàçáèâàåòñÿ íà
äâà âàðèàíòà.
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2a) Ïðè p 6= b/a ïðèìåíÿåòñÿ ïîäñòàíîâêà

x =
µt + ν

t + 1
, (25)

ãäå êîýôôèöèåíòû µ è ν ïîäáèðàþòñÿ òàê, ÷òîáû óäîâëåòâîðèòü
óêàçàííîìó óñëîâèþ. Ïîäñòàâëÿÿ (25) â òðåõ÷ëåíû, âõîäÿùèå â ïî-
äèíòåãðàëüíîå âûðàæåíèå, ïîëó÷èì

x2 + px + q =
(µ2 + pµ + q)t2

(t + 1)2 +

+
[2µν + p(µ + ν) + 2q]t + (ν2 + pν + q)

(t + 1)2 ,

ax2 + bx + c =
(aµ2 + bµ + c)t2

(t + 1)2 +

+
[2aµν + b(µ + ν) + 2c]t + (aν2 + bν + c)

(t + 1)2 .

Çíà÷åíèÿ µ è ν îïðåäåëÿþòñÿ èç óñëîâèé ðàâåíñòâà íóëþ êî-
ýôôèöèåíòîâ ïðè ïåðâûõ ñòåïåíÿõ t:

2µν + p(µ + ν) + 2q = 0, 2aµν + b(µ + ν) + 2c = 0.

èëè
(µ + ν) = −2

aq − c

ap− b
, µν =

bq − cp

ap− b
.

Ñîãëàñíî òåîðåìå Âèåòà, µ è ν åñòü êîðíè êâàäðàòíîãî óðàâíåíèÿ

(ap− b)z2 + 2(aq − c)z + (bq − cp) = 0. (26)

Ìîæíî äîêàçàòü, ÷òî êîðíè óðàâíåíèÿ (26) âåùåñòâåííû è ðàçëè÷-
íû, è, òàêèì îáðàçîì, ïîäñòàíîâêà (25) îïðåäåëåíà.

Â ðåçóëüòàòå ïîäñòàíîâêè èíòåãðàë (23) ïðåîáðàçóåòñÿ ê âèäó

J =

∫
P (t) dt

(t2 + λ)m
√

αt2 + β
,

ãäå P (t) � ïîëèíîì ñòåïåíè 2m−1 è λ > 0. Ïðè m > 1 ïðàâèëüíóþ
äðîáü P (t)/

(
t2 + λ

)m ðàçëîæèì íà ýëåìåíòàðíûå, â ðåçóëüòàòå ÷åãî
ïðèäåì ê ñóììå èíòåãðàëîâ âèäà

Jk =

∫
(Akt + Bk) dt

(t2 + λ)k
√

αt2 + β
, (k = 1, 2, . . . , m). (27)
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2b) Åñëè p = b/a, òî ëèíåéíàÿ çàìåíà x = t − p/2 ñðàçó ïðè-
âîäèò èíòåãðàë (23) ê èíòåãðàëó âèäà (27).

Ïîëó÷åííûé èíòåãðàë ðàçëàãàåòñÿ íà äâà:

Jk =
Ak

α

∫
αt dt

(t2 + λ)k
√

αt2 + β
+ Bk

∫
dt

(t2 + λ)k
√

αt2 + β
.

Ïåðâûé èç íèõ ëåãêî áåðåòñÿ ïîäñòàíîâêîé u =
√

αt2 + β. Êî âòî-
ðîìó ïðèìåíÿþòñÿ ïîäñòàíîâêè (21) èëè (22).

Ï ð è ì å ð 46. Âû÷èñëèòü J =

∫
(x + 3) dx

(x2 − x + 1)
√

x2 + x + 1
.

.Äðîáíî-ëèíåéíàÿ ïîäñòàíîâêà

x =
µt + ν

t + 1
,

äàåò

x2 ± x + 1 =
(µ2 ± µ + 1)t2 + [2µν ± (µ + ν) + 2]t + (ν2 ± ν + 1)

(t + 1)2 .

Òðåáîâàíèÿ
2µν ± (µ + ν) + 2 = 0,

èëè
µ + ν = 0, µν = −1,

óäîâëåòâîðÿþòñÿ, íàïðèìåð, ïðè µ = 1, ν = −1. Èìååì

x =
t− 1

t + 1
, dx =

2 dt

(t + 1)2 , x + 3 =
4t + 2

t + 1
,

x2 − x + 1 =
t2 + 3

(t + 1)2 ,
√

x2 + x + 1 =

√
3t2 + 1

t + 1
,

åñëè, äëÿ îïðåäåëåííîñòè, ñ÷èòàòü t + 1 > 0 (ò.å. x < 1). Òàêèì
îáðàçîì,

J =

∫
(8t + 4) dt

(t2 + 3)
√

3t2 + 1
=

= 8

∫
t dt

(t2 + 3)
√

3t2 + 1
+ 4

∫
dt

(t2 + 3)
√

3t2 + 1
.
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Ïåðâûé èíòåãðàë ëåãêî âû÷èñëÿåòñÿ ïîäñòàíîâêîé u =
√

3t2 + 1 è

îêàçûâàåòñÿ ðàâíûì
√

8 arctg

√
3t2 + 1

8
+ C ′. Êî âòîðîìó ïðèìåíèì

ïîäñòàíîâêó Àáåëÿ u =
3t√

3t2 + 1
, êîòîðàÿ ïðèâåäåò åãî ê âèäó

J2 = 12

∫
du

27− 8u2 =
1√
6

ln

∣∣∣∣∣
3
√

3 + 2
√

2u

3
√

3− 2
√

2u

∣∣∣∣∣ + C ′′.

Îñòàåòñÿ ëèøü âåðíóòüñÿ ê ïåðåìåííîé x:

J =
√

8 arctg

√
x2 + x + 1√
2(x− 1)

+

+
1√
6

ln

∣∣∣∣∣

√
3
√

x2 + x + 1 +
√

2(x + 1)√
3
√

x2 + x + 1−
√

2(x + 1)

∣∣∣∣∣ + C. /

Èíòåãðèðîâàíèå âûðàæåíèé âèäà
∫

R
(
x,

√
ax2 + bx + c

)
dx

ñ ïîìîùüþ òðèãîíîìåòðè÷åñêèõ è ãèïåðáîëè÷åñêèõ
ïîäñòàíîâîê

Ïðè âû÷èñëåíèè èíòåãðàëîâ âèäà
∫

R
(
x,

√
ax2 + bx + c

)
dx,

èíîãäà îêàçûâàþòñÿ óäîáíûìè òðèãîíîìåòðè÷åñêàÿ èëè ãèïåðáîëè-
÷åñêàÿ ïîäñòàíîâêè.

Âûäåëèì â ïîäêîðåííîì âûðàæåíèè, âõîäÿùåì â èíòåãðàë,
ïîëíûé êâàäðàò è ïðèìåíèì ïîäñòàíîâêó t = x + b/(2a). Â ðåçóëü-
òàòå ïîëó÷èì: ax2 + bx + c = ±p2t2 ± q2, à èíòåãðàë ïðèâåäåòñÿ ê
îäíîìó èç ñëåäóþùèõ èíòåãðàëîâ

(I)
∫

R
(
t,

√
p2t2 + q2

)
dt ;

(II)
∫

R
(
t,

√
p2t2 − q2

)
dt ;

(III)
∫

R
(
t,

√
q2 − p2t2

)
dt .
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Èíòåãðàëû âèäà I�III ìîãóò áûòü ñâåäåíû ê èíòåãðàëàì îò âû-
ðàæåíèé, ðàöèîíàëüíûõ îòíîñèòåëüíî ñèíóñà èëè êîñèíóñà (òðèãî-
íîìåòðè÷åñêèõ èëè ãèïåðáîëè÷åñêèõ), ñ ïîìîùüþ ñëåäóþùèõ ïîä-
ñòàíîâîê, ñîîòâåòñòâåííî:

(I) t =
p

q
tg z, èëè t =

p

q
sh z;

(II) t =
p

q
sec z, èëè t =

p

q
ch z;

(III) t =
p

q
sin z, èëè t =

p

q
cos z, èëè t =

p

q
th z.

Ï ð è ì å ð 47. Âû÷èñëèòü J =

∫
dx√

(5 + 2x + x2)3

.

. 5 + 2x + x2 = 4 + (x + 1)2, ïîýòîìó ïðèìåíÿåì ïîäñòàíîâêó
t = x + 1. Òîãäà

J =

∫
dt√

(4 + t2)3

,

� èíòåãðàë òèïà I. Ïîäñòàíîâêà t = 2 tg z äàåò

dt =
2 dz

cos2 z
,

√
(4 + t2)3 = 23

√
(1 + tg2 z)

3
=

8

cos3 z
.

Â ðåçóëüòàòå ïîëó÷àåì

J =
1

4

∫
cos z dz =

1

4
sin z + C =

1

4

tg z√
1 + tg2 z

+ C =

=
1

4

t/2√
1 + t2/4

+ C =
x + 1

4
√

5 + 2x + x2
+ C. /

Ï ð è ì å ð 48. Âû÷èñëèòü J =

∫ √
(x2 − 1)3 dx.

. Èíòåãðàë òèïà II; ïðèìåíÿåì ïîäñòàíîâêó

x = ch t, dx = sh t dt.
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Òîãäà

J =

∫ √(
ch2 t− 1

)3
dt =

∫
sh4 t dt =

∫ (
ch 2t− 1

2

)2

dt =

=
1

4

∫
ch2 2t dt− 1

2

∫
ch 2t dt +

1

4

∫
dt =

=
1

8

∫
(ch 4t + 1) dt− 1

4
sh 2t +

1

4
t =

=
1

32
sh 4t− 1

4
sh 2t +

3

8
t + C.

Âîçâðàòèìñÿ ê ïåðåìåííîé x:

t = Arch x = ln
(
x +

√
x2 − 1

)
;

sh 2t = 2 sh t ch t = 2x
√

x2 − 1;

sh 4t = 2 sh 2t ch 2t = 4x
√

x2 − 1
(
2x2 − 1

)
.

Ñëåäîâàòåëüíî,

J =
1

8
x

(
2x2 − 1

) √
x2 − 1− 1

2
x
√

x2 − 1 +
3

8
ln

(
x +

√
x2 − 1

)
+ C. /

Òðèãîíîìåòðè÷åñêèå ïîäñòàíîâêè ìîãóò áûòü ïîëåçíû è â äðó-
ãèõ ñëó÷àÿõ, íå îòìå÷åííûõ âûøå.

Ï ð è ì å ð 49. Âû÷èñëèòü J =

∫
dx(

1 +
√

x
) √

x− x2
.

. Ïðèìåíèì ïîäñòàíîâêó

x = sin2 t, dx = 2 sin t cos t dt.

Ïîëó÷èì

J =

∫
2 sin t cos t dt

(1 + sin t)

√
sin2 t− sin4 t

=

∫
2 dt

1 + sin t
= 2

∫
1− sin t

cos2 t
dt =

= 2 tg t− 2

cos t
+ C =

2
√

x√
1− x

− 2√
1− x

+ C =
2(
√

x− 1)√
1− x

+ C. /
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Èíòåãðèðîâàíèå äèôôåðåíöèàëüíîãî áèíîìà

Èíòåãðàëû âèäà
∫

xm (axn + b)
p

dx, (28)

ãäå a, b � ëþáûå ïîñòîÿííûå (a 6= 0, b 6= 0), ïîêàçàòåëè m,n, p

� ðàöèîíàëüíûå ÷èñëà, (n 6= 0, p 6= 0), íàçûâàþò èíòåãðàëîì îò
äèôôåðåíöèàëüíîãî áèíîìà. Èíòåãðàë (28) ñâîäèòñÿ ê èíòåãðàëó îò
ðàöèîíàëüíîé ôóíêöèè â ñëåäóþùèõ òðåõ ñëó÷àÿõ:

1) p � öåëîå ÷èñëî; â ýòîì ñëó÷àå ïðèìåíÿåòñÿ ïîäñòàíîâêà
t = xN , ãäå N � îáùèé çíàìåíàòåëü äðîáåé m è n;

2) m + 1

n
� öåëîå ÷èñëî; ê öåëè âåäåò ïîäñòàíîâêà axn + b = ts,

ãäå s � çíàìåíàòåëü äðîáè p;

3) m + 1

n
+p � öåëîå ÷èñëî; ïðèìåíÿåòñÿ ïîäñòàíîâêà a+bx−n = ts,

ãäå s � çíàìåíàòåëü äðîáè p.

Åñëè íè îäíî èç óêàçàííûõ óñëîâèé íå âûïîëíÿåòñÿ, òî ñîãëàñ-
íî òåîðåìå ×åáûøåâà èíòåãðàë (28) íå ìîæåò áûòü âûðàæåí ÷åðåç
ýëåìåíòàðíûå ôóíêöèè .

Ï ð è ì å ð 50. J =

∫
3
√

1 + 4
√

x√
x

=

∫
x−1/2

(
1 + x1/4

)1/3
dx.

.Çäåñü
m = −1

2
, n =

1

4
, p =

1

3
;

òàê êàê
m + 1

n
=
−(1/2) + 1

(1/4)
= 2,

òî èìååì âòîðîé ñëó÷àé èíòåãðèðóåìîñòè. Ïîëîæèì

1 + 4
√

x = t3, x =
(
t3 − 1

)4
, dx = 12t2

(
t3 − 1

)3
dt.

Òîãäà

J = 12

∫ (
t6 − t3

)
dt =

3

7
t4(4t3 − 7) + C =

=
3

7

(
1 + 4

√
x

)4/3 (
4 4
√

x− 3
)

+ C. /
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Ï ð è ì å ð 51. J =

∫
dx

4
√

1 + x4
=

∫
x0 (

1 + x4)−1/4
dx.

.Çäåñü
m = 0, n = 4, p = − 1

4
;

òðåòèé ñëó÷àé èíòåãðèðóåìîñòè, òàê êàê
m + 1

n
+ p =

1

4
− 1

4
= 0.

Ïîëîæèì

1 + x−4 =
x4 + 1

x4 = t4, x =
(
t4 − 1

)−1/4
, dx = −t3

(
t4 − 1

)−5/4
dt,

òàê ÷òî 4
√

1 + x4 = tx = t
(
t4 − 1

)−1/4 è

J = −
∫

t2 dt

t4 − 1
=

1

4

∫ (
1

t + 1
− 1

t− 1

)
dt− 1

2

∫
dt

t2 + 1
=

=
1

4
ln

∣∣∣∣
t + 1

t− 1

∣∣∣∣−
1

2
arctg t + C =

=
1

4
ln

4
√

1 + x4 + x
4
√

1 + x4 − x
− 1

2
arctg

4
√

1 + x4

x
+ C. /

Â ñëó÷àå, êîãäà ïîêàçàòåëè ÿâëÿþòñÿ áîëüøèìè íåïðàâèëüíû-
ìè äðîáÿìè, èíòåãðèðîâàíèå äèôôåðåíöèàëüíîãî áèíîìà îáëåã÷àåò-
ñÿ èñïîëüçîâàíèåì ôîðìóë ïðèâåäåíèÿ. Ïðåäâàðèòåëüíî, ñ ïîìîùüþ
ïîäñòàíîâêè z = xn èíòåãðàë ïðåîáðàçóåòñÿ ê âèäó

∫
xm(axn + b)

p

dx =
1

n

∫
(az + b)pzq dz =

1

n
Jp, q , (29)

ãäå q =
m + 1

n
− 1. Óñëîâèÿ èíòåãðèðóåìîñòè äëÿ Jp, q ïðèíèìàþò

âèä:
1) p � öåëîå; 2) q � öåëîå; 3) p + q � öåëîå.

Äëÿ èíòåãðàëà Jp, q èìåþò ìåñòî ñëåäóþùèå ôîðìóëû ïðèâå-
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äåíèÿ:

(I) Jp, q = − (az + b)p+1zq+1

b(p + 1)
+

p + q + 2

b(p + 1)
Jp+1, q , (p 6= −1),

(II) Jp, q =
(az + b)p+1zq+1

b(q + 1)
− a

p + q + 2

b(q + 1)
Jp, q+1 , (q 6= −1),

(III) Jp, q =
(az + b)pzq+1

p + q + 1
+

bp

p + q + 1
Jp−1, q , (p + q 6= −1),

(IV) Jp, q =
(az + b)p+1zq

a(p + q + 1)
− bq

a(p + q + 1)
Jp, q−1 , (p + q 6= −1),

êîòîðûå ïîçâîëÿþò óìåíüøèòü èëè óâåëè÷èòü ïîêàçàòåëè p èëè q

íà åäèíèöó.

Ï ð è ì å ð 52. Ïîëó÷èòü ðåêóððåíòíóþ ôîðìóëó äëÿ èíòåãðàëà

Hm =

∫
xm dx√
1− x2

(m � öåëîå),

è óñòàíîâèòü, ê êàêèì âûðàæåíèÿì ñâîäèòñÿ âû÷èñëåíèå èíòåãðàëà
ïðè ðàçíûõ m.

.Çäåñü n = 2, p = −1/2; ïîýòîìó ïðè m íå÷åòíîì îêàçûâàåòñÿ
öåëûì ÷èñëî

m + 1

n
=

m + 1

2
,

à ïðè m ÷åòíîì � ÷èñëî
m + 1

n
+ p =

m + 1

2
− 1

2
=

m

2
,

òàê ÷òî âî âñåõ ñëó÷àÿõ èíòåãðàë áåðåòñÿ â êîíå÷íîì âèäå. Ïîäñòà-
íîâêîé z = x2 ñâåäåì åãî ê èíòåãðàëó

1

2

∫
(1− z)−1/2z(m−1)/2 dz =

1

2
J− 1

2 , m−1
2

.

Åñëè, ñ÷èòàÿ m > 1, ïðèìåíèòü ê ïîñëåäíåìó èíòåãðàëó ôîð-
ìóëó (IV), òî ïîëó÷èì

J− 1
2 , m−1

2
= −2

(1− z)1/2z(m−1)/2

m
+

m− 1

m
J− 1

2 , m−3
2

,

èëè, âîçâðàùàÿñü ê çàäàííîìó èíòåãðàëó,

Hm = − 1

m
xm−1

√
1− x2 +

m− 1

m
Hm−2 .
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Ýòà ôîðìóëà, óìåíüøàÿ çíà÷åíèå m íà 2, ïîñëåäîâàòåëüíî ñâî-
äèò âû÷èñëåíèå Hm ëèáî ê

H1 =

∫
x dx√
1− x2

= −
√

1− x2 + C,

ïðè m íå÷åòíîì, ëèáî æå ê

H0 =

∫
dx√
1− x2

= arcsin x + C,

ïðè m ÷åòíîì.
Ïóñòü òåïåðü m < −1, òàê ÷òî m = −µ, µ > 1. Ïðèìåíèì íà

ýòîò ðàç ôîðìóëó (II)

J− 1
2 , m−1

2
= 2

(1− z)1/2z(m+1)/2

m + 1
+

m + 2

m + 1
J− 1

2 , m+1
2

,

îòêóäà

H−µ = − x−(µ−1)
√

1− x2

µ− 1
+

µ− 2

µ− 1
H−(µ−2) .

Ñ ïîìîùüþ ýòîé ôîðìóëû ìû èìååì âîçìîæíîñòü óìåíüøàòü
çíà÷åíèå µ íà 2, è ïîñëåäîâàòåëüíî ñâåñòè âû÷èñëåíèå H−µ ëèáî ê

H−1 =

∫
dx

x
√

1− x2
= ln

∣∣∣∣∣
1−

√
1− x2

x

∣∣∣∣∣ + C,

ïðè µ íå÷åòíîì, ëèáî æå ê

H−2 =

∫
dx

x2
√

1− x2
= −

√
1− x2

x
+ C,

ïðè m ÷åòíîì. /

6 ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÒÐÀÍÑÖÅÍÄÅÍÒÍÛÕ
ÔÓÍÊÖÈÉ

Èíòåãðèðîâàíèå âûðàæåíèé âèäà
∫

R(sin x, cos x) dx

Äèôôåðåíöèàëû ýòîãî âèäà âñåãäà ìîãóò áûòü ðàöèîíàëèçè-
ðîâàíû ñ ïîìîùüþ óíèâåðñàëüíîé òðèãîíîìåòðè÷åñêîé ïîäñòàíîâ-
êè

t = tg
x

2
(−π < x < π).
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Äåéñòâèòåëüíî,

sin x =
2 tg(x/2)

1 + tg2(x/2)
=

2t

1 + t2
, cos x =

1− tg2(x/2)

1 + tg2(x/2)
=

1− t2

1 + t2
,

x = 2 arctg t, dx =
2 dt

1 + t2
,

òàê ÷òî
∫

R(sin x, cos x) dx = 2

∫
R

(
2t

1 + t2
,
1− t2

1 + t2

)
dt

1 + t2
.

Óíèâåðñàëüíàÿ òðèãîíîìåòðè÷åñêàÿ ïîäñòàíîâêà èíîãäà ïðè-
âîäèò ê ñëîæíûì âûêëàäêàì. Â íåêîòîðûõ ñëó÷àÿõ öåëü ìîæåò áûòü
áûñòðåå è ïðîùå äîñòèãíóòà ñ ïîìîùüþ äðóãèõ ïîäñòàíîâîê:

1) Åñëè R(− sin x, cos x) = −R(sin x, cos x), òî óäîáíåå îêàçûâàåò-
ñÿ ïîäñòàíîâêà t = cos x, x ∈ (−π/2, π/2);

2) Åñëè R(sin x,− cos x) = −R(sin x, cos x) , òî ïðèìåíÿþò ïîäñòà-
íîâêó t = sin x, x ∈ (0, π);

3) Åñëè R(− sin x,− cos x) = R(sin x, cos x) òî ýôôåêòèâíåå ïðè-
ìåíèòü ïîäñòàíîâêó t = tg x, x ∈ (−π/2, π/2).

Ï ð è ì å ð 53. Âû÷èñëèòü J =

∫
sin2 x cos3 x dx.

.Ïîäèíòåãðàëüíîå âûðàæåíèå íå÷åòíî îòíîñèòåëüíî cos x, ïî-
ýòîìó ïðèìåíÿåì ïîäñòàíîâêó t = sin x, cos x dx = dt, sin2 x = 1− t2:

J =

∫
t2(1− t2) dt =

t3

3
− t5

5
+ C =

sin3 x

3
− sin5 x

5
+ C. /

Ï ð è ì å ð 54. Âû÷èñëèòü J =

∫
sin5 x

cos4 x
dx.

.Ïîäèíòåãðàëüíîå âûðàæåíèå ìåíÿåò çíàê ïðè çàìåíå sin x íà
− sin x. Ïîäñòàíîâêà t = cos x äàåò:

J = −
∫

t4 − 2 t2 + 1

t4
dt = −t− 2

t
+

1

3t3
+ C =

= − cos x− 2

cos x
+

1

3 cos3 x
+ C. /
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Ï ð è ì å ð 55. Âû÷èñëèòü J =

∫
dx

sin4 x cos2 x
.

.Ïîäèíòåãðàëüíîå âûðàæåíèå íå èçìåíÿåò çíàê ïðè çàìåíå
sin x íà − sin x è cos x íà − cos x . Ïîäñòàíîâêà

t = tg x, dx =
dt

1 + t2
, sin2 x =

t2

1 + t2
, cos2 x =

1

1 + t2
,

ïðèâîäèò èñêîìûé èíòåãðàë ê âèäó

J =

∫ (
t2 + 1

)2

t4
dt =

= t +
2

t
+

1

3t3
+ C = tg x− 2 ctg x +

1

3
ctg3 x + C. /

Ï ð è ì å ð 56. Âû÷èñëèòü J =
1

2

∫
1− r2

1− 2r cos x + r2 dx.

.Ïðèìåíèì óíèâåðñàëüíóþ ïîäñòàíîâêó t = tg(x/2). Èìååì

J = (1− r2)

∫
dt

(1− r)2 + (1 + r)2t2
=

= arctg

(
1 + r

1− r
t

)
+ C = arctg

(
1 + r

1− r
tg

x

2

)
+ C. /

Â íåêîòîðûõ ñëó÷àÿõ èíòåãðèðîâàíèå âûðàæåíèé âèäà
R(sin x, cos x) ìîæåò áûòü ïðîâåäåíî äðóãèìè ìåòîäàìè.

Ï ð è ì å ð 57. Âû÷èñëèòü J =

∫
dx

sin x cos2 x
.

.Èñïîëüçóåì òîæäåñòâî sin2 x + cos2 x = 1; ïîëó÷èì

J =

∫
sin2 x + cos2 x

sin x cos2 x
dx =

∫
sin x

cos2 x
dx +

∫
dx

sin x
=

= −
∫

d cos x

cos2 x
−

∫
d cos x

1− cos2 x
=

1

cos x
+

1

2
ln

1− cos x

1 + cos x
+ C. /

Èíòåãðèðîâàíèå âûðàæåíèé âèäà
∫

R(sh x, ch x) dx.

Äèôôåðåíöèàëû ýòîãî âèäà, òàê æå, êàê è òðèãîíîìåòðè÷åñêèå
äèôôåðåíöèàëû R(sin x, cos x) dx, âñåãäà ìîæíî ïðèâåñòè ê ðàöèî-
íàëüíîìó âèäó ñ ïîìîùüþ óíèâåðñàëüíîé ïîäñòàíîâêè t = th

x

2
. Ïðè
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ýòîì

sh x =
2 th(x/2)

1− th2(x/2)
=

2t

1− t2
, ch x =

1 + th2(x/2)

1− th2(x/2)
=

1 + t2

1− t2
,

x = 2 Arth t, dx =
2 dt

1− t2
,

òàê ÷òî ∫
R(sh x, ch x) dx = 2

∫
R

(
2t

1− t2
,

1 + t2

1− t2

)
dt

1− t2
.

Òàê æå, êàê è ïðè èíòåãðèðîâàíèè òðèãîíîìåòðè÷åñêèõ âûðà-
æåíèé, â ðÿäå ñëó÷àåâ óäîáíåå äðóãèå ïîäñòàíîâêè:

1) Åñëè R(− sh x, ch x) = −R(sh x, ch x), òî t = ch x;

2) Åñëè R(sh x,− ch x) = −R(sh x, ch x), òî t = sh x;

3) Åñëè R(− sh x,− ch x) = R(sh x, ch x), òî t = th x.

Òàêæå, êàê è â èíòåãðàëàõ îò òðèãîíîìåòðè÷åñêèõ ôóíêöèé,
èíîãäà èíòåãðèðîâàíèå âûðàæåíèé âèäà R(sh x, ch x) ìîæåò áûòü
âûïîëíåíî äðóãèìè ìåòîäàìè.

Ï ð è ì å ð 58. Âû÷èñëèòü J =

∫
ch3 x sh8 x dx.

.Ïîäèíòåãðàëüíîå âûðàæåíèå íå÷åòíî îòíîñèòåëüíî ch x; ïðè-
ìåíÿåì ïîäñòàíîâêó t = sh x. Èìååì

J =

∫
(1 + sh2 x) sh8 x d sh x =

∫
(1 + t2)t8 dt =

=
t9

9
+

t11

11
+ C =

1

9
sh9 x +

1

11
sh11 x + C. /

Ï ð è ì å ð 59. Âû÷èñëèòü J =

∫
2 sh x + 3 ch x

4 sh x + 5 ch x
dx.

.Âîñïîëüçóåìñÿ òåì îáñòîÿòåëüñòâîì, ÷òî è ÷èñëèòåëü è çíà-
ìåíàòåëü åñòü ëèíåéíàÿ êîìáèíàöèÿ ch x è sh x, è, êðîìå òîãî,

(ch x)′ = sh x, (sh x)′ = ch x.

Ïðåäñòàâèì ÷èñëèòåëü â âèäå ëèíåéíîé êîìáèíàöèè çíàìåíàòåëÿ è
åãî ïðîèçâîäíîé:

2 sh x + 3 ch x = α(4 sh x + 5 ch x) + β(4 ch x + 5 sh x).
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Äëÿ îïðåäåëåíèÿ α è β ïîëó÷àåì ñèñòåìó óðàâíåíèé
{

4α + 5β = 2,

5α + 4β = 3,

îòêóäà α = 7/9, β = −2/9. Ñëåäîâàòåëüíî,

J =
7

9

∫
dx− 2

9

∫
4 ch x + 5 sh x

4 sh x + 5 ch x
dx =

=
7

9
x− 2

9

∫
d(4 sh x + 5 ch x)

4 sh x + 5 ch x
=

=
7

9
x− 2

9
ln(4 sh x + 5 ch x) + C. /

Èíòåãðèðîâàíèå âûðàæåíèé âèäà∫
sinν x · cosµ x dx,

∫
shν x · chµ x dx

Èíòåãðàëû âèäà

J1 =

∫
sinν x cosµ x dx, J2 =

∫
shν x chµ x dx

(µ, ν � ðàöèîíàëüíûå ÷èñëà) ïîäñòàíîâêàìè

t = sin x, t = cos x,

è, ñîîòâåòñòâåííî,
t = sh x, t = ch x,

âñåãäà ìîæíî ïðèâåñòè ê èíòåãðàëó îò äèôôåðåíöèàëüíîãî áèíîìà.
Çíà÷èòåëüíî áîëüøèé èíòåðåñ ïðåäñòàâëÿåò ïîäñòàíîâêà

t = sin2 x, dt = 2 sin x cos x dx,

êîòîðàÿ ïðèâîäèò èíòåãðàë J1 ê èíòåãðàëó Jp, q, îïðåäåëåííîìó ôîð-
ìóëîé (29) íà ñ. 46:

J1 =
1

2

∫
sinν−1 (

1− sin2 x
)µ−1

2 · 2 sin x cos x dx =

=
1

2

∫
(1− t)

µ−1
2 t

ν−1
2 dt =

1

2
Jµ−1

2 ; ν−1
2

.
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Èç óñëîâèé èíòåãðèðóåìîñòè äèôôåðåíöèàëüíîãî áèíîìà ñëå-
äóåò, ÷òî èíòåãðàë J1 áåðåòñÿ â êîíå÷íîì âèäå, åñëè µ èëè ν åñòü
íå÷åòíîå öåëîå ÷èñëî, ëèáî åñëè µ + ν åñòü ÷åòíîå öåëîå ÷èñëî.

Åñëè ïîêàçàòåëü ν (èëè µ) áóäåò íå÷åòíûì, òî ðàöèîíàëèçà-
öèÿ ñðàçó äîñòèãàåòñÿ ïîäñòàíîâêîé t = cos x (èëè t = sin x). Åñëè
æå îáà ïîêàçàòåëÿ µ è ν ÷åòíûå (à òàêæå åñëè îíè îáà íå÷åòíûå),
òî ìîæíî äëÿ òîé æå öåëè ïðèìåíèòü ïîäñòàíîâêó t = tg x èëè
t = ctg x.

Åñëè ïîêàçàòåëè µ è ν îáà ïîëîæèòåëüíûå ÷åòíûå ÷èñëà, òî
ïðåäïî÷òèòåëüíåå äðóãîé ïðèåì, îñíîâàííûé íà èñïîëüçîâàíèè ôîð-
ìóë

sin x cos x =
sin 2x

2
, sin2 x =

1− cos 2x

2
, cos2 x =

1 + cos 2x

2
.

Èìåííî, åñëè ν = 2n, µ = 2m, òî ïðè ν ≥ µ ïîëó÷èì

sin2n x cos2m x = (sin x cos x)2m sin2(n−m) x =

=

(
sin 2x

2

)2m (
1− cos 2x

2

)n−m

,

à ïðè ν < µ

sin2n x cos2m x = (sin x cos x)2n cos2(m−n) x =

=

(
sin 2x

2

)2n (
1 + cos 2x

2

)n−m

.

Â ðàçâåðíóòîì âèäå ïîëó÷èòñÿ ñóììà ÷ëåíîâ âèäà

C sinν1 2x · cosµ1 2x,

ãäå ν1 + µ1 ≥ n + m =
ν + µ

2
. Òå ÷ëåíû, ó êîòîðûõ õîòÿ áû îäèí èç

ïîêàçàòåëåé ν1, èëè µ1 åñòü íå÷åòíîå ÷èñëî, ëåãêî èíòåãðèðóþòñÿ ïî
óêàçàííîìó âûøå ñïîñîáó. Îñòàëüíûå ÷ëåíû ïîäâåðãàåì ïîäîáíîìó
æå ðàçëîæåíèþ, ïåðåõîäÿ ê sin 4x è cos 4x, è ò.ä. Òàê êàê ïðè êàæ-
äîì ðàçëîæåíèè ñóììà ïîêàçàòåëåé óìåíüøàåòñÿ, ïî êðàéíåé ìåðå,
âäâîå, òî ïðîöåññ áûñòðî çàâåðøàåòñÿ.

Ïðè áîëüøèõ ïîêàçàòåëÿõ ñòåïåíåé µ è ν (íå îáÿçàòåëüíî öå-
ëûõ) èìåþò ìåñòî ñëåäóþùèå ôîðìóëû ïðèâåäåíèÿ, âûòåêàþùèå èç
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ñîîòâåòñòâóþùèõ ôîðìóë äëÿ èíòåãðàëà îò äèôôåðåíöèàëüíîãî áè-
íîìà (c. 47):

(I)
∫

sinν x cosµ x dx =− sinν+1 x cosµ+1 x

µ + 1
+

+
ν + µ + 2

µ + 1

∫
sinν x cosµ+2 x dx, µ 6= −1;

(II)
∫

sinν x cosµ x dx = =
sinν+1 x cosµ+1 x

ν + 1
+

ν + µ + 2

ν + 1

∫
sinν+2 x cosµ x dx, ν 6= −1;

(III)
∫

sinν x cosµ x dx = =
sinν+1 x cosµ−1 x

ν + µ
+

+
µ− 1

ν + µ

∫
sinν x cosµ−2 x dx, ν + µ 6= 0;

(IV)
∫

sinν x cosµ x dx = =
sinν−1 x cosµ+1 x

ν + µ
+

+
ν − 1

ν + µ

∫
sinν−2 x cosµ x dx, ν + µ 6= 0.

Ýòè ôîðìóëû ïîçâîëÿþò óâåëè÷èòü èëè óìåíüøèòü ïîêàçà-
òåëü ν èëè µ íà 2 (çà óêàçàííûìè èñêëþ÷åíèÿìè). Åñëè îáà ïî-
êàçàòåëÿ ν è µ � öåëûå ÷èñëà, òî ïîñëåäîâàòåëüíûì ïðèìåíåíèåì
ôîðìóë ïðèâåäåíèÿ ìîæíî ñâåñòè âû÷èñëåíèå èíòåãðàëà ê îäíîìó
èç äåâÿòè ýëåìåíòàðíûõ èíòåãðàëîâ, îòâå÷àþùèõ ðàçëè÷íûì êîì-
áèíàöèÿì èç çíà÷åíèé ν è µ, ðàâíûõ −1, 0 èëè 1:

1)

∫
dx = x + C; 2)

∫
cos x dx = sin x + C;

3)

∫
sin x dx = − cos x + C; 4)

∫
dx

cos x
= ln

∣∣∣tg
(x

2
+

π

4

)∣∣∣ + C;

5)

∫
dx

sin x
= ln

∣∣∣tg x

2

∣∣∣ + C; 6)

∫
sin x

cos x
dx = − ln | cos x|+ C;

7)

∫
cos x

sin x
dx = ln | sin x|+ C; 8)

∫
sin x cos x dx =

sin2 x

2
+ C;

9)

∫
dx

sin x cos x
= ln |tg x|+ C .
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Àíàëîãè÷íûå ïðèåìû ïðèìåíÿþòñÿ äëÿ âû÷èñëåíèÿ èíòåãðà-
ëîâ îò ãèïåðáîëè÷åñêèõ ôóíêöèé âèäà

∫
shν x chµ x dx.

Ï ð è ì å ð 60. Âû÷èñëèòü J =

∫
sin2 x cos4 x dx.

.Çäåñü ïðèãîäíà ïîäñòàíîâêà t = tg x, íî ïðîùå âîñïîëüçî-
âàòüñÿ ôîðìóëàìè ïîíèæåíèÿ ñòåïåíè:

sin2 x cos4 x =
1

8
sin2 2x (cos 2x+1) =

1

8
sin2 2x cos 2x+

1

16
(1−cos 4x);

ïîýòîìó
J =

1

48
sin3 2x +

1

16
x− 1

64
sin 4x + C. /

Ï ð è ì å ð 61. Âû÷èñëèòü J =

∫
cos4 x

sin3 x
dx.

.Ïðèãîäíà ïîäñòàíîâêà t = cos x, íî ïðîùå âîñïîëüçîâàòüñÿ II
è III ôîðìóëàìè ïðèâåäåíèÿ:

∫
cos4 x

sin3 x
dx = − cos5 x

2 sin2 x
− 3

2

∫
cos4 x

sin x
dx,

∫
cos4 x

sin x
dx =

1

3
cos3 x +

∫
cos2 x

sin x
dx =

=
1

3
cos3 x + cos x + ln

∣∣∣tg x

2

∣∣∣ + C,

òàê ÷òî ïîñëå óïðîùàþùèõ ïðåîáðàçîâàíèé

J = − cos5 x

2 sin2 x
− cos x− 3

2
ln

∣∣∣tg x

2

∣∣∣ + C. /

Îáçîð äðóãèõ ñëó÷àåâ.

Â ðàçäåëå 3 ïîêàçàíî, êàê èíòåãðèðóþòñÿ âûðàæåíèÿ âèäà

Pn(x)eax, Pn(x) sin bx,

ãäå Pn(x) � öåëûé ïîëèíîì. Îòìåòèì, ÷òî äðîáíûå âûðàæåíèÿ
ex

xn
,

sin x

xn
,
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óæå íå èíòåãðèðóþòñÿ â êîíå÷íîì âèäå.
Ñ ïîìîùüþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì ëåãêî óñòàíîâèòü äëÿ

èíòåãðàëîâ îò ýòèõ âûðàæåíèé ðåêóððåíòíûå ôîðìóëû è ñâåñòè èõ,
ñîîòâåòñòâåííî, ê ñëåäóþùèì îñíîâíûì èíòåãðàëàì

(èíòåãðàëüíûé ëîãàðèôì)
∫

ex

x
dx =

∫
dy

ln y
= li(y) + C, y ∈ (0, 1)

(èíòåãðàëüíûé ñèíóñ)
∫

sin x

x
dx = Si(x) + C, x ∈ (−∞, +∞)

(èíòåãðàë âåðîÿòíîñòåé)
1√
2π

∫
e−x2

dx = Φ0(x) + C, x ∈ (−∞, +∞)

Ïîä÷åðêíåì, ÷òî âñå ýòè èíòåãðàëû ðåàëüíî ñóùåñòâóþò,
íî îíè ïðåäñòàâëÿþò ñîáîé ñîâåðøåííî íîâûå ôóíêöèè è
íå ïðèâîäÿòñÿ ê òåì ôóíêöèÿì, êîòîðûå íàçûâàþò �ýëåìåí-
òàðíûìè�. Ïðè ýòîì ñèìâîëàìè li(x), Si(x), Φ0(x) îáîçíà÷àþòñÿ òå
ïåðâîîáðàçíûå ôóíêöèé

x

ln x
,

sin x

x
,

1√
2π

e−x2

,

êîòîðûå óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:
Si(0) = 0, lim

y→0+
li(y) = 0, Φ0(0) = 0.

Ï ð è ì å ð 62. Âûðàçèòü ÷åðåç èíòåãðàëüíûé ëîãàðèôì li(x) è
ýëåìåíòàðíûå ôóíêöèè èíòåãðàë J =

∫
dx

ln2 x
.

.Âîñïîëüçóåìñÿ ôîðìóëîé èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëî-
æèâ u = x, dv =

dx

x ln2 x
òàê, ÷òî

du = dx, v =

∫
dx

x ln2 x
=

∫
d ln x

ln2 x
= − 1

ln x
.

Òîãäà
J = − x

ln x
+

∫
dx

ln x
= − x

ln x
+ li(x) + C. /
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7 ÏÐÈÌÅÐÛ ÄËß ÑÀÌÎÑÒÎßÒÅËÜÍÎÃÎ
ÐÅØÅÍÈß

Âû÷èñëèòü èíòåãðàëû:

1.

∫
(x−√x )(1 +

√
x )

3
√

x
dx. 2.

∫
dx

(x− a)k
(k > 1).

3.

∫
ax + b

cx + d
dx. 4.

∫
2x3 − 3x2 + x− 2

x + 3
dx.

5.

∫
cos mx sin nx dx (m± n 6= 0). 6.

∫
sin(2n + 1)x

sin x
dx (n > 0).

7.

∫
x dx

1 + x4 . 8.

∫
x2

cos2 x3 dx.

9.

∫
dx

x ln x ln ln x
. 10.

∫
tg x dx.

11.

∫
dx

A2 sin2 x + B2 cos2 x
. 12.

∫
ctg x dx.

13.

∫
dx

cos x
. 14.

∫ √
arctg x

1 + x2 dx.

15.

∫
tg

1

x
· dx

x2 . 16.

∫
dx

(x2 + a2)
3/2 .

17.

∫
dx

(x2 − a2)3/2 . 18.

∫
dx

(a2 − x2)3/2 .

19.

∫
x3 ln x dx. 20.

∫
arcsin x dx.

21.

∫
arctg x dx. 22.

∫
eax sin bx dx.

23.

∫
dx

x2 (1 + x2)2 . 24.

∫
dx

x4 + 1
.

25.

∫
dx

3
√

4x2 + 4x + 1−
√

2x + 1
. 26.

∫
dx

x2 (1 + x2)2 .

27.

∫
dx

x 3
√

1 + x5
dx. 28.

∫
3
√

x− x3 dx.

29.

∫
2x4 − 4x3 + 24x2 − 40x + 20

(x− 1) (x2 − 2x + 2)3 dx.
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30.

∫
x6 − x5 + x4 + 2x3 + 3x2 + 3x + 3

(x + 1)2 (x2 + x + 1)3 dx.

Âûâåñòè ðåêóððåíòíûå ñîîòíîøåíèÿ è âû÷èñëèòü èí-
òåãðàëû ïðè m = −3 è m = 4:

31.

∫
xm

√
x2 − 1

dx. 32.

∫
xm

√
x2 + 1

dx .

Âû÷èñëèòü èíòåãðàëû:

33.

∫
x2 dx√
ax2 + b

. 34.

∫ √
ax2 + b

x
dx.

35.

∫
dx

x +
√

x2 − x + 1
. 36.

∫
dx

(a2 + x2)
√

a2 − x2
dx.

37.

∫
x3 − x + 1√
x2 + 2x + 2

dx. 38.

∫
dx

(x− 1)3
√

x2 − 2x− 1
dx.

39.

∫
x3dx

(1 + x)
√

1 + 2x− x2
dx. 40.

∫
dx√

(7x− x2 − 10)3
dx.

41.

∫
dx

(x2 + 2)
√

2x2 − 2x + 5
. 42.

∫
dx

3

√
(2 + x) (2− x)5

dx.

43.

∫
dx

sin x sin 2x
. 44.

∫
sin2 x cos x

sin x + cos x
dx.

45.

∫
dx

sin x cos 2x
. 46.

∫
cos4 x

sin3 x
dx.

47.

∫
dx

a + b tg x
. 48.

∫
dx

a + b cos x
.

49.

∫
dx

cos5 x
. 50.

∫
ch2 x

sh3 x
dx.

51.

∫
tg6 x dx. 52.

∫
sin4 cos6 x dx.

53.

∫
sh2 x ch3 x dx. 54.

∫
(2x + 1)earctg x dx.

55.

∫
x cos x− sin x

x2 dx. 56.

∫
dx

a + b cos x + c sin x
.
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57.

∫
(x2 + 1)

√
x2 + x + 1− x3 + 1√

x2 + x + 1− x
dx.

58.

∫
dx

A cos2 x + 2B sin x cos x + C sin2 x
, (AC −B2 > 0).

Âûðàçèòü ÷åðåç ôóíêöèè Si(x), li(x), Φ0(x) è ýëåìåí-
òàðíûå ôóíêöèè èíòåãðàëû

59.

∫
sin x Si(x) dx. 60.

∫
li(x) dx.

61.

∫
xΦ0(x) dx. 62.

∫
Φ0(x) dx.
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ÏÐÈËÎÆÅÍÈß

A Îñíîâíûå ñîîòíîøåíèÿ äëÿ òðèãîíîìåòðè÷å-
ñêèõ è ãèïåðáîëè÷åñêèõ ôóíêöèé, à òàêæå îá-
ðàòíûõ ê íèì

A.1 Òðèãîíîìåòðè÷åñêèå ôóíêöèè è îáðàòíûå ê íèì
Îñíîâíûå òîæäåñòâà

sin2 x + cos2 x = 1; tg x · ctg x = 1;

1 + tg2 x =
1

cos2 x
; 1 + ctg2 x =

1

sin2 x
.

Óíèâåðñàëüíàÿ òðèãîíîìåòðè÷åñêàÿ ïîäñòàíîâêà

Åñëè t = tg
x

2
, òî sin x = 2t

1+t2 , cos x = 1−t2

1+t2 , dx = 2 dt
1+t2 .

Ôîðìóëû ñëîæåíèÿ

sin(x± y) = sin x cos y ± cos x sin y;

cos(x± y) = cos x cos y ∓ sin x sin y;

sin(x + y + z) = sin x cos y cos z + cos x sin y cos z+

+ cos x cos y sin z − sin x sin y sin z;

cos(x + y + z) = cos x cos y cos z − sin x sin y cos z−
− sin x cos y sin z − cos x sin y sin z;

tg(x± y) =
tg x± tg y

1∓ tg x tg y
; ctg(x± y) =

ctg x ctg y ∓ 1

ctg y ± ctg x
;

Ôîðìóëû äëÿ ïîëîâèííîãî çíà÷åíèÿ àðãóìåíòà

sin
x

2
= ±

√
1− cos x

2
; cos

x

2
= ±

√
1 + cos x

2
;
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tg
x

2
= ±

√
1− cos x

1 + cos x
=

sin x

1 + cos x
=

1− cos x

sin x
;

ctg
x

2
= ±

√
1 + cos x

1− cos x
=

sin x

1− cos x
=

1 + cos x

sin x
.

Çíàê âûáèðàåòñÿ â ñîîòâåòñòâèè ñî çíàêîì ëåâîé ÷àñòè.

Ôóíêöèè êðàòíûõ àðãóìåíòîâ

sin 2x = 2 sin x cos x =
2 tg x

1 + tg2 x
;

cos 2x = cos2 x− sin2 x =
1− tg2 x

1 + tg2 x
=

= 2 cos2 x− 1 = 1− 2 sin2 x ;

tg 2x =
2 tg x

1− tg2 x
=

2

ctg x− tg x
;

ctg 2x =
ctg2 x− 1

2 ctg x
=

ctg x− tg x

2
;

sin 3x = 3 sin x− 4 sin3 x ; cos 3x = 4 cos3 x− 3 cos x ;

tg 3x =
3 tg x− tg3 x

1− 3 tg2 x
; ctg 3x =

ctg3 x− 3 ctg x

3 ctg2 x− 1
;

sin 4x = 8 cos3 x sin x− 4 cos x sin x ; cos 4x = 8 cos4 x− 8 cos2 x + 1 ;

tg 4x =
4 tg x− 4 tg3 x

1− 6 tg2 x + tg4 x
; ctg 4x =

ctg4 x− 6 ctg2 x + 1

4 ctg3 x− 4 ctg x
.

Ôóíêöèè êðàòíûõ àðãóìåíòîâ ïðè áîëüøèõ n

cos nx = cosn x− C2
n cosn−2 x sin2 x +

+ C4
n cosn−4 x sin4 x− C6

n cosn−6 x sin6 x + . . . ;

sin nx = C1
n cosn−1 x sin x− C3

n cosn−3 x sin3 x +

+ C5
n cosn−5 x sin5 x− . . . .

61



Ñóììà è ðàçíîñòü ôóíêöèé

sin x + sin y = 2 sin
x + y

2
cos

x− y

2
;

sin x− sin y = 2 cos
x + y

2
sin

x− y

2
;

cos x + cos y = 2 cos
x + y

2
cos

x− y

2
;

cos x− cos y = 2 sin
x + y

2
sin

y − x

2
;

cos x± sin x =
√

2 sin
(π

4
± x

)
=
√

2 cos
(π

4
∓ x

)
;

tg x± tg y =
sin(x± y)

cos x cos y
; ctg x± ctg y = ±sin(x± y)

sin x sin y
;

tg x + ctg y =
cos(x− y)

cos x sin y
; ctg x− tg y = ±cos(x + y)

sin x cos y
.

Ïðîèçâåäåíèÿ ôóíêöèé

sin x sin y =
1

2
[cos(x− y)− cos(x + y)];

cos x cos y =
1

2
[cos(x− y) + cos(x + y)];

sin x cos y =
1

2
[sin(x− y) + sin(x + y)];

cos(x + y) cos(x− y) = cos2 y − sin2 x = cos2 x− sin2 y ;

sin(x + y) sin(x− y) = cos2 y − cos2 x = sin2 x− sin2 y;

tg x tg y =
tg x + tg y

ctg x + ctg y
= − tg x− tg y

ctg x− ctg y
;

ctg x ctg y =
ctg x + ctg y

tg x + tg y
= −ctg x− ctg y

tg x− tg y
;

tg x ctg y =
tg x + ctg y

ctg x + tg y
= −tg x− ctg y

ctg x− tg y
;

sin x sin y sin z =
1

4
[sin(x + y − z) + sin(y + z − x)+

+ sin(z + x− y)− sin(x + y + z)];

sin x cos y cos z =
1

4
[sin(x + y − z)− sin(y + z − x)+
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+ sin(z + x− y) + sin(x + y + z)];

sin x sin y cos z =
1

4
[− cos(x + y − z) + cos(y + z − x)+

+ cos(z + x− y)− cos(x + y + z)];

cos x cos y cos z =
1

4
[cos(x + y − z) + cos(y + z − x)+

+ cos(z + x− y) + cos(x + y + z)].

Ôîðìóëû ïîíèæåíèÿ ñòåïåíè

sin2 x =
1− cos 2x

2
; cos2 x =

1 + cos 2x

2
;

sin3 x =
3 sin x− sin 3x

4
; cos3 x =

3 cos x + cos 3x

4
;

sin4 x =
cos 4x− 4 cos 2x + 3

8
; cos4 x =

cos 4x + 4 cos 2x + 3

8
.

Îáðàòíûå ôóíêöèè

arcsin x = − arcsin(−x) =
π

2
− arccos x = arctg

x√
1− x2

;

arccos x = π − arccos(−x) =
π

2
− arcsin x = arcctg

x√
1− x2

;

arctg x = − arctg(−x) =
π

2
− arcctg x = arcsin

x√
1 + x2

;

arcctg x = π − arcctg(−x) =
π

2
− arctg x = arccos

x√
1 + x2

.

Ñóììà è ðàçíîñòü îáðàòíûõ ôóíêöèé

arcsin x + arcsin y =





arcsin
(
x
√

1− y2 + y
√

1− y2
)

,

ïðè xy ≤ 0 èëè x2 + y2 ≤ 1;

π − arcsin
(
x
√

1− y2 + y
√

1− y2
)

,

ïðè x > 0, y > 0 è x2 + y2 > 1;

−π − arcsin
(
x
√

1− y2 + y
√

1− y2
)

,

ïðè x < 0, y < 0 è x2 + y2 > 1;
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arcsin x− arcsin y =





− arcsin
(
x
√

1− y2 − y
√

1− y2
)

,

ïðè xy ≥ 0 èëè x2 + y2 ≥ 1;

π − arcsin
(
x
√

1− y2 − y
√

1− y2
)

,

ïðè x > 0, y < 0 è x2 + y2 > 1;

−π − arcsin
(
x
√

1− y2 − y
√

1− y2
)

,

ïðè x < 0, y > 0 è x2 + y2 > 1;

arccos x + arccos y =





arccos
(
xy −

√
1− x2

√
1− y2

)
,

ïðè x + y ≥ 0;

2π − arccos
(
xy −

√
1− x2

√
1− y2

)
,

ïðè x + y ≤ 0;

arccos x− arccos y =





− arccos
(
xy +

√
1− x2

√
1− y2

)
,

ïðè x ≥ y;

arccos
(
xy +

√
1− x2

√
1− y2

)
,

ïðè x < y;

arctg x + arctg y =





arctg
x + y

1− xy
ïðè xy < 1;

π + arctg
x + y

1− xy
ïðè x > 0, xy > 1;

−π + arctg
x + y

1− xy
ïðè x < 0, xy > 1;

arctg x− arctg y =





arctg
x− y

1 + xy
, ïðè xy > −1;

π + arctg
x + y

1− xy
, ïðè x > 0, xy < −1;

−π + arctg
x− y

1 + xy
, ïðè x < 0, xy < −1.
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Ñâÿçü òðèãîíîìåòðè÷åñêèõ (èëè îáðàòíûõ òðèãîíîìåòðè÷åñêèõ)
ôóíêöèé

a = sin x a = cos x a = tg x a = ctg x

sin x a ±
√

1− a2 ± a
√

1 + a2

± 1
√

1 + a2

cos x ±
√

1− a2 a ± 1
√

1 + a2

± a
√

1 + a2

tg x ± a
√

1− a2

±
√

1− a2

a
a 1

a

ctg x ±
√

1− a2

a
± a
√

1− a2

1

a
a

Çíàê âûáèðàåòñÿ â ñîîòâåòñòâèè ñî çíàêîì ëåâîé ÷àñòè. Òàáëè-
öà ïîçâîëÿåò íàéòè ñîîòíîøåíèÿ êàê ìåæäó òðèãîíîìåòðè÷åñêèìè,
òàê è ìåæäó îáðàòíûìè òðèãîíîìåòðè÷åñêèìè ôóíêöèÿìè îäíîãî
àðãóìåíòà. Íàïðèìåð, åñëè sin x = a, òî

ctg x =

√
1− a2

a
(0 ≤ x ≤ π

2
), arcsin a = arctg

a√
1− a2

.

A.2 Ãèïåðáîëè÷åñêèå ôóíêöèè è îáðàòíûå ê íèì
Îïðåäåëåíèÿ

sh x =
ex − e−x

2
, ch x =

ex + e−x

2
, th x =

sh x

ch x
, cth x =

ch x

sh x
.

Ñâÿçü ñ òðèãîíîìåòðè÷åñêèìè ôóíêöèÿìè

sh z = −i sin iz, ch z = cos iz, th z = −i tg iz, cth x = i ctg iz,

sin z = −i sh iz, cos z = ch iz, tg z = −i th iz, ctg z = i cth iz.
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Çäåñü z = x+iy � êîìïëåêñíîå ÷èñëî, i � ìíèìàÿ åäèíèöà (i2 = −1).
Ðàâåíñòâà, â êîòîðûõ ãèïåðáîëè÷åñêèå ôóíêöèè f âñòðå÷àþò-

ñÿ â ôîðìå f(x), èëè f(ax), ìîãóò áûòü ïîëó÷åíû èç àíàëîãè÷íûõ
ñîîòíîøåíèé äëÿ ñîîòâåòñòâóþùèõ òðèãîíîìåòðè÷åñêèõ ôóíêöèé,
åñëè ôîðìàëüíî çàìåíèòü sin x íà i sh x è cos x íà ch x.

Îñíîâíûå òîæäåñòâà

ch2 x− sh2 x = 1; th x cth x = 1;

1− th2 x =
1

ch2 x
; cth2 x− 1 =

1

sh2 x
;

ch x + sh x = ex; ch x− sh x = e−x.

Óíèâåðñàëüíàÿ ãèïåðáîëè÷åñêàÿ ïîäñòàíîâêà

Åñëè t = th
x

2
, òî

sh x =
2 th(x/2)

1− th2(x/2)
=

2t

1− t2
, ch x =

1 + th2(x/2)

1− th2(x/2)
=

1 + t2

1− t2
,

dx =
2 dt

1− t2
, x = 2 Arth t.

Ôóíêöèè îòðèöàòåëüíîãî àðãóìåíòà

sh(−x) = − sh x; ch(−x) = ch x; th(−x) = − th x.

Ôîðìóëû ñëîæåíèÿ

sh(x± y) = sh x ch y ± ch x sh y; ch(x± y) = ch x ch y ± sh x sh y;

th(x± y) =
th x± th y

1± th x th y
; cth(x± y) =

1± cth x cth y

cth x± cth y
.
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Ôóíêöèè äëÿ ïîëîâèííîãî çíà÷åíèÿ àðãóìåíòà

sh
x

2
= ±

√
ch x− 1

2
; ch

x

2
=

√
ch x + 1

2
;

th
x

2
=

sh x

ch x + 1
=

ch x− 1

sh x
= ±

√
ch x− 1

ch x + 1
;

cth
x

2
=

sh x

ch x− 1
=

ch x + 1

sh x
= ±

√
ch x + 1

ch x− 1
.

Çíàê âûáèðàåòñÿ â ñîîòâåòñòâèè ñî çíàêîì ëåâîé ÷àñòè.

Ôóíêöèè êðàòíûõ àðãóìåíòîâ

sh 2x = 2 sh x ch x =
2 th x

1− th2 x
;

ch 2x = sh2 x + ch2 x = 2 ch2 x− 1 = 2 sh2 x + 1;

sh 3x = 3 sh x + 4 sh3 x; ch 3x = −3 ch x + 4 ch3 x;

sh 4x = 4 sh3 x ch x + 4 ch3 x sh x; ch 4x = ch4 x + 6 ch2 x sh2 x + sh4 x;

th 2x =
2 th x

1 + th2 x
; cth 2x =

1 + cth2 x

2 cth x
.

Ñóììà è ðàçíîñòü ôóíêöèé

sh x± sh y = 2 sh
x± y

2
ch

x∓ y

2
;

ch x + ch y = 2 ch
x + y

2
ch

x− y

2
; ch x− ch y = 2 sh

x + y

2
sh

x− y

2
;

th x± th y =
sh(x± y)

ch x ch y
; cth x± cth y =

sh(y ± x)

sh x sh y
.

Ïðîèçâåäåíèÿ ôóíêöèé

sh x sh y =
1

2
[ch(x + y)− ch(x− y)];

ch x ch y =
1

2
[ch(x− y) + ch(x + y)] ;
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sh x ch y =
1

2
[sh(x− y) + sh(x + y)];

sh(x + y) sh(x− y) = ch2 x− ch2 y = sh2 x− sh2 y;

ch(x + y) ch(x− y) = sh2 x + ch2 y = ch2 x + sh2 y.

Ôîðìóëà Ìóàâðà

(ch x± sh y)n = ch nx± sh nx.

Ôîðìóëû ïîíèæåíèÿ ñòåïåíè

sh2 x =
1

2
(ch 2x− 1); ch2 x =

1

2
(ch 2x + 1);

Îáðàòíûå ãèïåðáîëè÷åñêèå ôóíêöèè

y = Arsh x (àðåàñèíóñ), åñëè x = sh y;

y = Arch x (àðåàêîñèíóñ), åñëè x = ch y;

y = Arth x (àðåàòàíãåíñ), åñëè x = th y;

y = Arcth x (àðåàêîòàíãåíñ), åñëè x = cth y.

Ñëåäóåò ó÷åñòü, ÷òî y = ch x íå âî âñåé îáëàñòè îïðåäåëåíèÿ � ìî-
íîòîííàÿ ôóíêöèÿ. Ïîýòîìó äëÿ êàæäîãî èç äâóõ èíòåðâàëîâ ìîíî-
òîííîñòè ïîëó÷àþò ñâîþ îáðàòíóþ ôóíêöèþ y = Arch x.

Ñâÿçü îáðàòíûõ ãèïåðáîëè÷åñêèõ ôóíêöèé ñ ëîãàðèôìè÷åñêîé ôóíê-
öèåé

y = Arsh x = ln
(
x +

√
x2 + 1

)
;

y = Arch x =





ln
(
x−

√
x2 − 1

)
, äëÿ x ≥ 1 è −∞ < y ≤ 0;

ln
(
x +

√
x2 − 1

)
, äëÿ x ≥ 1 è 0 ≤ y ≤ +∞;

y = Arth x = ln

√
1 + x

1− x
=

1

2
ln

1 + x

1− x
ïðè |x| < 1;
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y = Arcth x = ln

√
x + 1

x− 1
=

1

2
ln

x + 1

x− 1
ïðè |x| > 1.

Ñîîòíîøåíèÿ ìåæäó ãèïåðáîëè÷åñêèìè (èëè îáðàòíûìè ãèïåðáîëè-
÷åñêèìè) ôóíêöèÿìè

a = sh x a = ch x a = th x a = cth x

sh x a ±
√

a2 − 1 ± a
√

1− a2
± 1

√
a2 − 1

ch x
√

a2 + 1 a 1
√

1− a2

a
√

a2 − 1

th x ± a
√

a2 + 1

±
√

a2 − 1

a
a 1

a

cth x ±
√

a2 + 1

a
± a

√
a2 − 1

1

a
a

Åñëè sh x = a, òî cth x =

√
a2 + 1

a
(x ≥ 0), Arsh a = Arcth

√
a2 + 1

a
.

Çíàê âûáèðàåòñÿ â ñîîòâåòñòâèè ñî çíàêîì ëåâîé ÷àñòè.

Ñóììà è ðàçíîñòü îáðàòíûõ ãèïåðáîëè÷åñêèõ ôóíêöèé

Arsh x± Arch y = Arsh
(
xy ±

√
(1 + x2)(y2 − 1)

)
=

= Arch
[
y
√

1 + x2 ± x
√

y2 − 1
]
;

Arsh x± Arsh y = Arsh
(
x
√

1 + y2 ± y
√

1 + x2
)

;

Arch x± Arch y = Arsh
(
xy ±

√
(x2 − 1)(y2 − 1)

)
;

Arth x + Arth y = Arth
x± y

1± xy
;

Arcth x± Arcth y = Arcth
1± xy

x± y
.
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B Îáçîð ìåòîäîâ èíòåãðèðîâàíèÿ

Â äàííîì ïðèëîæåíèè ïðèâåäåíà ñâîäêà îñíîâíûõ èíòåãðàëîâ
è ìåòîäû èõ èíòåãðèðîâàíèÿ c óêàçàíèåì íîìåðîâ ñòðàíèö è ïðèìå-
ðîâ, â êîòîðûõ ïîäðîáíî ðàçáèðàåòñÿ ïðèìåíåíèå ýòèõ ìåòîäîâ.

Âñþäó íèæå Pn(x), Qm(x) îçíà÷àþò ïîëèíîìû öåëîé ñòåïåíè
îòíîñèòåëüíî x; R[x, u(x), . . . ] � ðàöèîíàëüíóþ ôóíêöèþ ïåðåìåí-
íûõ x, u(x), . . . ; u(x) � ïðîèçâîëüíîå âûðàæåíèå îòíîñèòåëüíî x.
Ïðåäïîëàãàåòñÿ, ÷òî êâàäðàòíûå òðåõ÷ëåíû, çà èñêëþ÷åíèåì îñîáî
îãîâîðåííûõ ñëó÷àåâ, íå èìåþò âåùåñòâåííûõ êîðíåé. Îãðàíè÷åíèÿ
íà îáëàñòè îïðåäåëåíèÿ ïðèâåäåííûõ âûðàæåíèé óêàçàíû â òåêñòå
ïîñîáèÿ.

1.
∫

g[ω(x)]ω′(x) dx (ñ. 9).

.Ïîäñòàíîâêà ω(x) = t . /
Ñì. ïðèìåðû �� 15�17, 20�24.

2.
∫

u(x)v′(x) dx (ñ. 15).
. Èíòåãðèðîâàíèå ïî ÷àñòÿì:

∫
u(x)v′(x) dx = uv −

∫
v(x)u′(x) dx. /

Ñì. ïðèìåðû �� 29�32.

3.
∫

Pn(x)

Qm(x)
dx, ãäå n < m, Pn(x)

Qm(x)
� ïðàâèëüíàÿ ðàöèîíàëüíàÿ

äðîáü (ñ. 21).
. Ïîäèíòåãðàëüíóþ ôóíêöèþ ïðåäñòàâëÿþò â âèäå ñóììû ýëåìåí-
òàðíûõ äðîáåé âèäà

A

(x− a)k
è Mx + N

(x2 + px + q)k
, (k = 1, 2, . . .).

Èíòåãðàë îò ïåðâîé äðîáè ëåãêî ñâîäèòñÿ ê òàáëè÷íîìó, êî âòîðîé
ïðèìåíÿþò ìåòîäû, èçëîæåííûå â ï.ï. 4, 5 äàííîãî ïðèëîæåíèÿ.

Â ñëó÷àå êðàòíûõ êîðíåé ïîëèíîìà Qm(x) äëÿ âûäåëåíèÿ ðà-
öèîíàëüíîé ÷àñòè èíòåãðàëà èñïîëüçóþò ôîðìóëó Îñòðîãðàäñêîãî
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(ñ. 26). /
Ñì. ïðèìåðû �� 33�36.

4.
∫

Mx + N

x2 + px + q
dx, ãäå M, N, p, q � âåùåñòâåííûå ÷èñëà (c. 20).

. Ïîäñòàíîâêà x + p/2 = t /

Ñì. ïðèìåð � 33 .

5.
∫

Mx + N

(x2 + px + q)n dx, ãäå M, N, p, q � âåùåñòâåííûå ÷èñëà, n �
öåëîå (c. 20).
. Ïîäñòàíîâêà x + p/2 = t ïðèâîäèò èíòåãðàë ê ñóììå èíòåãðàëîâ
âèäà ∫

2t dt

(t2 + 1)n è
∫

dt

(t2 + 1)n
.

Ê ïåðâîìó ïðèìåíÿåòñÿ ïîäñòàíîâêà t2 + a2 = u, êî âòîðîìó � ðå-
êóððåíòíàÿ ôîðìóëà èç ï. 6 äàííîãî ïðèëîæåíèÿ. /

Ñì. ïðèìåð � 33 .

6. Jn =

∫
dx

(x2 + a2)
n
, ãäå n � öåëîå (c. 19).

. Ðåêóððåíòíàÿ ôîðìóëà

Jn+1 =
1

2na2

x

(x2 + a2)
n

+
2n− 1

2n

1

a2 Jn. /

èëè òðèãîíîìåòðè÷åñêàÿ ïîäñòàíîâêà (c. 14).
Ñì. ïðèìåðû �� 25, 32 .

7.
∫

R (x, Y r, Y s, . . .) dx, ãäå Y =
αx + β

γx + δ
, r, s, . . . ðàöèîíàëüíûå

(c. 28).
. Ïîäñòàíîâêà

t =

(
αx + β

γx + δ

)1/m

,

ãäå m � îáùèé çíàìåíàòåëü äðîáåé r, s, . . . . /
Ñì. ïðèìåðû �� 18, 37, 38.

8.
∫

xm (axn + b)p dx, ãäå m,n, p � ðàöèîíàëüíûå ÷èñëà (c. 45).
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. Èíòåãðèðóåòñÿ â òðåõ ñëó÷àÿõ:
1) åñëè p � öåëîå ÷èñëî, òî ïðèìåíÿåòñÿ ïîäñòàíîâêà

t = xN ,

ãäå N � îáùèé çíàìåíàòåëü äðîáåé m è n;
2) åñëè m + 1

n
� öåëîå ÷èñëî, òî ïðèìåíÿåòñÿ ïîäñòàíîâêà

axn + b = ts,

ãäå s � çíàìåíàòåëü äðîáè p;
3) åñëè m + 1

n
+ p � öåëîå ÷èñëî, òî ïðèìåíÿåòñÿ ïîäñòàíîâêà

a + bx−n = ts,

ãäå s � çíàìåíàòåëü äðîáè p.
Â ñëó÷àå, êîãäà p è m � �áîëüøèå� íåïðàâèëüíûå äðîáè ïîä-

ñòàíîâêà z = xn ïðèâîäèò åãî ê èíòåãðàëó

Jp,q =

∫
(az + b)pzq dz

(c. 45), ê êîòîðîìó ïðèìåíÿþòñÿ ôîðìóëû ïðèâåäåíèÿ èç ñëåäóþ-
ùåãî ïóíêòà. /

Ñì. ïðèìåðû �� 50 � 52.

9. Jp,q =

∫
(az+b)pzq dz, ãäå p, q � �áîëüøèå� íåïðàâèëüíûå

äðîáè.
. Ôîðìóëû ïðèâåäåíèÿ (c. 47):

Jp, q =





− (az + b)p+1zq+1

b(p + 1)
+

p + q + 2

b(p + 1)
Jp+1, q;

(az + b)p+1zq+1

b(q + 1)
− a

p + q + 2

b(q + 1)
Jp, q+1;

Jp, q =





(az + b)pzq+1

p + q + 1
+

bp

p + q + 1
Jp−1, q;

(az + b)p+1zq

a(p + q + 1)
− bq

a(p + q + 1)
Jp, q−1 . /

Ñì. ïðèìåð � 52.
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10.
∫

R
(
x,

√
ax2 + bx + c

)
dx .

. I. Îäíà èç ïîäñòàíîâîê Ýéëåðà (c. 29):
1)

√
ax2 + bx + c = t±√a x, åñëè a > 0;

2)
√

ax2 + bx + c = xt±√c , åñëè c > 0;
3)

√
ax2 + bx + c = ±t(x − λ), åñëè ó òðåõ÷ëåíà åñòü âåùå-

ñòâåííûå êîðíè; λ � îäèí èç òàêèõ êîðíåé.
II. Tðèãîíîìåòðè÷åñêàÿ èëè ãèïåðáîëè÷åñêàÿ ïîäñòàíîâêè

(c. 42). /

Ñì. ïðèìåðû �� 19, 26�28, 39�41, 47�49.

11.
∫

Pn(x)

Qm(x)
√

ax2 + bx + c
dx (c. 33).

. Äðîáü Pn(x)

Qm(x)
ðàçëàãàåòñÿ íà ñóììó ýëåìåíòàðíûõ äðîáåé, ïîñëå

÷åãî èíòåãðàë ïðèâîäèòñÿ ê ñóììå èíòåãðàëîâ îäíîãî èç íèæå
ïðèâåäåííûõ âèäîâ. /

12.
∫

Pn(x) dx√
ax2 + bx + c

,

∫
Pn(x)

√
ax2 + bx + c dx (c. 34).

. Èñïîëüçóåòñÿ ôîðìóëà
∫

Pn(x) dx√
ax2 + bx + c

= Pn−1(x)
√

ax2 + bx + c + λ

∫
dx√

ax2 + bx + c
,

â êîòîðîé êîýôôèöèåíòû ïîëèíîìà Pn−1(x) è ïîñòîÿííàÿ λ îïðåäå-
ëÿþòñÿ ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ. /

Ñì. ïðèìåð � 42.

13.
∫

dx

(x− α)n
√

ax2 + bx + c
(c. 35)

. Ïîäñòàíîâêà x− α =
1

t
. /

Ñì. ïðèìåð � 43.

15.
∫

dx

(x2 + b2)n
√

ax2 + c
, ãäå n � öåëîå, a, b, c � âåùåñòâåííûå

(c. 37).
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. Ïîäñòàíîâêà
√

a +
c

x2 = t, èëè ïîäñòàíîâêà Àáåëÿ

t =
(√

αx2 + β
)′

=
αx√

αx2 + β
. /

Ñì. ïðèìåð � 45.

16.
∫

(Mx + N) dx

(x2 + px + q)
m√

ax2 + bx + c

, ãäå m � öåëîå,

M, N, a, b, c, p, q � âåùåñòâåííûå (c. 39).
. 1) Åñëè (ax2 + bx + c) = a

(
x2 + px + q

)
, òî èíòåãðàë ðàçáèâàåòñÿ

íà ñóììó èíòåãðàëîâ

J1 =
M

2a

∫
(2ax + b) dx

(ax2 + bx + c)(2m+1)/2

è
J2 =

(
N − Mb

2a

) ∫
dx

(ax2 + bx + c)(2m+1)/2 .

Ê ïåðâîìó ïðèìåíÿåòñÿ ïîäñòàíîâêà t = ax2 + bx + c, êî âòîðîìó �
ïîäñòàíîâêà Àáåëÿ (ñì. ï. 14).
2) Åñëè (ax2 + bx + c) 6= a

(
x2 + px + q

)
è p 6= b/a, òî ïðèìåíÿåò-

ñÿ ïîäñòàíîâêà x =
µt + ν

t + 1
, ãäå êîýôôèöèåíòû µ è ν ïîäáèðàþòñÿ

òàê, ÷òîáû óíè÷òîæèòü ÷ëåíû â ïåðâîé ñòåïåíè â îáîèõ òðåõ÷ëåíàõ
îäíîâðåìåííî (c. 40).
3) Åñëè (ax2 + bx + c) 6= a

(
x2 + px + q

)
è p = b/a, òî ïðèìåíÿåòñÿ

ïîäñòàíîâêà x = t− p/2 (c. 41). /

Ñì. ïðèìåð � 46.

17.
∫

R(sin x, cos x) dx (c. 48).

. 1) Åñëè
R(− sin x, cos x) = −R(sin x, cos x),

òî ïðèìåíÿþò ïîäñòàíîâêó t = cos x ;
2) Åñëè

R(sin x,− cos x) = −R(sin x, cos x),

òî ïðèìåíÿþò ïîäñòàíîâêó t = sin x ;
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3) Åñëè
R(− sin x,− cos x) = R(sin x, cos x),

òî ïðèìåíÿþò ïîäñòàíîâêó t = tg x ;
4) Â îñòàëüíûõ ñëó÷àÿõ ïðèìåíÿþò óíèâåðñàëüíóþ ïîäñòàíîâêó

t = tg
x

2
,

èëè ñïåöèàëüíûå ïðèåìû. /

Ñì. ïðèìåðû �� 53�57.

18.
∫

R(sh x, ch x) dx (c. 50).

. 1) Åñëè
R(− sh x, ch x) = −R(sh x, ch x),

òî ïðèìåíÿþò ïîäñòàíîâêó t = ch x ;
2) Åñëè

R(sh x,− ch x) = −R(sh x, ch x),

òî ïðèìåíÿþò ïîäñòàíîâêó t = sh x ;
3) Åñëè R(− sh x,− ch x) = R(sh x, ch x), òî ïðèìåíÿþò ïîäñòàíîâêó
t = th x ;
4) Â îñòàëüíûõ ñëó÷àÿõ ïðèìåíÿþò óíèâåðñàëüíóþ ïîäñòàíîâêó

t = th
x

2

èëè äðóãèå ïðèåìû. /

Ñì. ïðèìåðû �� 58, 59.

19.
∫

R(sinm x, cosn x) dx,

∫
R(shm x, chn x) dx, ãäå m,n � öå-

ëûå ÷èñëà (c. 53)
. 1) Åñëè m � íå÷åòíîå ïîëîæèòåëüíîå, òî ïðèìåíÿþò, ñîîòâåò-
ñòâåííî, ïîäñòàíîâêè t = cos x è t = ch x .
2) Åñëè n � íå÷åòíîå ïîëîæèòåëüíîå, òî ïðèìåíÿþò, ñîîòâåòñòâåííî,
ïîäñòàíîâêè t = sin x è t = sh x .
3) Åñëè m+n � ÷åòíîå îòðèöàòåëüíîå, òî ïðèìåíÿþò, ñîîòâåòñòâåí-
íî, ïîäñòàíîâêè t = tg x è t = th x .
4) Åñëè m è n � ÷åòíûå íåîòðèöàòåëüíûå, òî ïðèìåíÿþò ôîðìóëû
ïîíèæåíèÿ ñòåïåíè;
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Ïðè áîëüøèõ m è n ïðèìåíÿþò ôîðìóëû ïðèâåäåíèÿ, àíàëîãè÷íûå
ôîðìóëàì ï. 9. /

Ñì. ïðèìåðû �� 60, 61.

20.
∫

R(sinp x, cosq x) dx,

∫
R(shp x, chq x) dx, ãäå p, q � ðàöè-

îíàëüíûå ÷èñëà (ñ. 52).
. Ïîäñòàíîâêîé t = sin x (t = sh x ) ïðèâîäèòñÿ ê èíòåãðàëó îò
äèôôåðåíöèàëüíîãî áèíîìà

∫
tp(1± t2)q−1 dt,

Ïðè áîëüøèõ p è q ïðèìåíÿþò ôîðìóëû ïðèâåäåíèÿ (ñ. 54). /

21.
∫

Pn(x)f(x) dx, ãäå f(x) � òðèãîíîìåòðè÷åñêàÿ, îáðàòíàÿ òðè-
ãîíîìåòðè÷åñêàÿ, ãèïåðáîëè÷åñêàÿ, îáðàòíàÿ ãèïåðáîëè÷åñêàÿ, ïî-
êàçàòåëüíàÿ èëè ëîãàðèôìè÷åñêàÿ ôóíêöèè.
. Èíòåãðèðîâàíèå ïî ÷àñòÿì (ñ. 15). /

Ñì. ïðèìåðû �� 29�32.

76



Ñïèñîê ëèòåðàòóðû
[1] Ôèõòåíãîëüö Ã.Ì. Êóðñ äèôôåðåíöèàëüíîãî è èíòåãðàëüíîãî èñ-

÷èñëåíèÿ. Ò. 2.� Ì.: ÎÃÈÇ. Ãîñòåõèçäàò, 1948.
[2] Êóäðÿâöåâ Ë.Ä., Êóòàñîâ À.Ä., ×åõëîâ Â.È., Øàáóíèí Ì.È.

Ñáîðíèê çàäà÷ ïî ìàòåìàòè÷åñêîìó àíàëèçó: Èíòåãðàëû. Ðÿäû.:
Ó÷åá. ïîñîáèå äëÿ âóçîâ/Ïîä ðåä. Ë.Ä.Êóäðÿâöåâà � Ì.: Íàóêà.
Ãë. ðåä. ôèç.-ìàò. ëèò. 1986.

[3] Øåðñòíåâ À.Í. Êîíñïåêò ëåêöèé ïî ìàòåìàòè÷åñêîìó àíàëèçó. -
Êàçàíü: Óíèïðåññ, 1998.

[4] Çàïîðîæåö Ã.È. Ðóêîâîäñòâî ê ðåøåíèþ çàäà÷ ïî ìàòåìàòè÷å-
ñêîìó àíàëèçó. Ì.: Âûñøàÿ øêîëà, 1962.

77



Ñîäåðæàíèå

1 ÏÐÎÑÒÅÉØÈÅ ÏÐÈÅÌÛ ÂÛ×ÈÑËÅÍÈß 3

2 ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÌÅÒÎÄÎÌ ÇÀÌÅÍÛ
ÏÅÐÅÌÅÍÍÎÉ 9

3 ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÏÎ ×ÀÑÒßÌ 15

4 ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÐÀÖÈÎÍÀËÜÍÛÕ
ÂÛÐÀÆÅÍÈÉ 19

5 ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÂÛÐÀÆÅÍÈÉ,
ÑÎÄÅÐÆÀÙÈÕ ÐÀÄÈÊÀËÛ 28

6 ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÒÐÀÍÑÖÅÍÄÅÍÒÍÛÕ
ÔÓÍÊÖÈÉ 48

7 ÏÐÈÌÅÐÛ ÄËß ÑÀÌÎÑÒÎßÒÅËÜÍÎÃÎ ÐÅØÅ-
ÍÈß 57

A Îñíîâíûå ñîîòíîøåíèÿ äëÿ òðèãîíîìåòðè÷åñêèõ è
ãèïåðáîëè÷åñêèõ ôóíêöèé, à òàêæå îáðàòíûõ ê íèì 60
A.1 Òðèãîíîìåòðè÷åñêèå ôóíêöèè è îáðàòíûå ê íèì . . . 60
A.2 Ãèïåðáîëè÷åñêèå ôóíêöèè è îáðàòíûå ê íèì . . . . . 65

B Îáçîð ìåòîäîâ èíòåãðèðîâàíèÿ 70

Ñïèñîê ëèòåðàòóðû 77

78



Ñäàíî â íàáîð . .2005 ã. Ïîäïèñàíî â ïå÷àòü . .2005 ã.
Ôîðì. áóì. 60×84 1/16. Ïå÷. ë. 5. Òèðàæ 300. Çàêàç .

Ëàáîðàòîðèÿ îïåðàòèâíîé ïîëèãðàôèè ÊÃÓ
420045, Êàçàíü, óë. Êð. Ïîçèöèÿ, 2à

79


