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IIpeaucaoBue

3mech nipeacrapier 0a30Bbiit Kype sieknnii ' Teopust urp", KoTopbIit auTaics aB-
TOPOM JIJIst CTyeHTOB 1-10 roga maructparypbl PO B 1993-2001 rr. Kypce pac-
cuntaH Ha 28 Jjeknuii (xoTs (hopMasbHO B KHUTE MaTepuaJl pa3duT Ha 24 JeKIn).
3aHATUS OBLITH MOCTPOEHBI CIEYIOIIIM 00Pa30M: €3KeHeIeIbHO YUTAJIUCH JBE JIeK-
I[MU, TTPOBOJIMJICS CEMUHAP, JIaBaJOCh 3aJlaHue Ha JIOM, KOTOPOE MPOBEPSIOCH U
olleHnBaJIOoCh accucrenToM. [locme Kaxkapix 14 JieKuit TpoBOIUIICA SK3aMEH.

Kax m3BeCTHO, TEOPETUKO-UT'POBOI TTOAXOJ ceiiTac MPOYHO BOIIET B apceHal
METOJIOB IKOHOMUYECKOro aHajm3a. OCODEHHO 3TO KacaeTcss MUKPOIKOHOMUKH.
Bee crangapribie yuebnuku no mukposkonomuke (Mackoseit u ap., Kpernc, [Tun-
naiik u Pybendesb 1) BKIIOYAOT DIaBbl, MocBsieHHbie Teopuu urp. CobeTBeHHO,
OCHOBOMOJIOKHUKY Teopuu urp - ¢hon Heitman 1 Moprenireps - pa3pusaju (BBO-
JIAJTH, TIOHMMAJIH) 9Ty TEOPHUIO KaK aJeKBATHBINH (hOPMAJbHBII ammapar s u3y-
YeHUsT SKOHOMUIECKOTo moBejieHns. B akajgemudeckoii nmporpamve PIII Teopusi
UI'P BbIJIEJIEHA KaK OTJEJbHbBIN KYPC.

XOTs HA PYCCKOM $I3bIKE UMEETCs JIOBOJIbHO MHOI'O KHUT, TIOCBSIIIIEHHBIX TEOPUN
WD, MOJIXOJAIIEro Mocobust MHE HANTH He yIaJoch (O PeKOMEHIyeMOii JIUTepary-
pe Oyier ckazaHo HuKe). Bee-raku Gosibiiasi 4acTh yueOHUKOB Ha PYCCKOM si3bIKE
MOCBSIICHA UI'PAM C HYJIEBON CYyMMO#W M B JIydllleM Clydae 3aKaHIUBACTCS PaB-
HopecussMu Hoama. JanbHeiimne pa3paboTku MOHATUS paBHOBecus H»aia, takne
KaK COBEpIIEeHHbIE U KOPPEJUPOBAHHBIE PABHOBECHSI, UT'PHI ¢ HEMOJHOI nH(pOpMa-
e, He HaIJIM COOTBETCTBYIOIIEr0 OCBEIIEHWsT. A OHU UI'PAIOT BaXKHYIO POJIb B
9KOHOMUUECKUX TPUJIOKEHUSIX.

Ckaxkem KpaTko O cTpykType Kypca. IlepBbie 4 jieKinm MOCBSIIEHbI Kak Obl
ocHoBanusaM. HopmasbHasg u pasBepHyTas (pOpPMbI UTPHI M MEPEXOJ OT OJIHOM K
JIPYTroil, MOHATHE BEPOATHOCTHBIX CMecei (CTpaTePI/H‘/’I 51 I/ICXO,ILOB), TeOpUs OXKUJIa-
eMoit nosie3noctr. Haumnast ¢ msmoit jieKimyu Mbl epexojuM K OCHOBHOM 3ajade
- 910 OYAYT JeJaTh UTPOKH, TO €CTh K MOHATHIO perieHusd. Mbl paccMaTpuBaeM
MOCTe0BATE/LHO HECKOJIBKO TIOHATHH - OCTOPOXKHOE MOBEJICHUE, TOMUHUPYIOIINE
CTpaTernu, Mocje/loBaTe/IbHOE UCKJIIOUEeHNE JIOMUHUDYEMbIX cTpareruii. Benmom
SIBJISIETCSI TIOHSITHE paBHOBecusi Halia, pa3HbiM CTOPOHAM KOTOPOT'O MOCBSIICHBI
nekiuu 9-12. 3aTeM MBI paccMaTpuBaeM HEKOTOPbIE YCUIECHUS U MOJU(DUKAINN
paBHoBecuii Hamma - moHATHs cOBEpIIeHHBIX (B TOM WM WHOM CMBICJIE) DABHOBE-
cuil, KOppeJaupoBaHHbIE PABHOBECHS, TTOBTOPSIOIIUECS UI'Pbl U UI'PhI ¢ HEMOJHOM
uHdopmanueit. Ha 3Tom 3akaHImBaeTcss HEKOONEpaTUBHAasS YacTh Teopuu. JIek-
nust 19 (3a7a1a Topra) CJIy:KUT MEPEXOJHBIM MOCTHKOM YK€ K KOOIEPATUBHOM



qactu reopun (sieknuu 20-23). Ocoboe BHUMaHUE 3J1eCh Mbl YIEJIsSeM HOHSTHSM
sjipa 1 BekTopa Lleriu; apyrue noHsTHst pelieHnsi yIOMSHYThI JIUITb BCKOJIb3b.
SaKTI0IUTETbHAS JIEKIIHT O MeXaHU3MaX T'PYIIOBOTO BLIOOPa MOXKET paccMaTpH-
BaThCSA KaK BBEJIEHUE B TEOPUIO KOHCTPYUPOBAHUS SKOHOMUYECKNX MEXaHU3MOB
(mechanism design).

DT JIEKIH aIPECOBAINCH SKOHOMUCTAM: U s CTapaJiCs WILIIOCTPUPOBATH MO-
JIOXKEHUsI TEOPUN Ha, IKOHOMUUIECKUX ITpuMepax. TemM He MeHee CTUJIb 3/1eCh CKopee
TeOpeTHIecKnii U MaTeMaTwdecknii. OCHOBHOE BHUMAaHUE B HUX YJIEJIAJIOCH OOJb-
e KOHTIETIUSAM W TIPUHITUIIAM, HEeXKeJ TPUMEHeHNAM K SKOHOMUYECKUM MOJe-
asim. Bee-takn s1o sieknmn mo TEOPUN urp; npumenerue Teopun urp K 3KOHO-
MHUKE MOTJIO OBbI OBITH TTPEJIMETOM OTIETBLHOTO KYpCa.

Bosee menkuMm mipudroMm HabpaH Marepualsl, KOTOPbIH MOXKHO MPOIYCTUTH TTPU
MEPBOM UTEHWH.

O nmTepaType, KOTOpasi MOXKET 0Ka3aThCsl MOJIE3HOM MPU U3YUEHUH 3TOTO KYP-
ca. biimke Bcero Kk HeMy HAXOJMUTCS KHUTA,

R.B.Myerson, Game Theory: Analysis of Conflict. Harvard University Press,
Cambridge, London, England, 1991.

PaxTUUeCK BCEe TEMbl, OCBEIIaeMbie B JIAHHOM KypCe, MOXKHO HailTu B 3TOi
KHure. KpoMe Bcero, 9Ta KHHATA MMEETCS B JOCTATOUYHOM YHUCTIE SK3EMILISIPOB B

oudbanoreke PIOII.

YyTh B MEHbIIIEH CTENEeHU CKa3aHHOe OTHOCUTCS M K YICOHUKY

A.Mas-Colell, M.Whinston, J.Green, Microeconomic Theory, Oxford University
Press, New-York, 1995.

DopmasbHO MOCBSIIEHHAs MUKPOIKOHOMUKE, OHa COJAEPKUT HECKOIBKO TJIaB, TIe
JOBOJILHO TIOJIHO OCBEIIAETCST TEOPHsl MI'P, BKJIOYAs MOHATHE CEKBEHIUAJJbHOIO
paBHOBeCHs. AHAJIOTHYHYIO CTPYKTYDPY (/axKe ¢ ere OObIIUM aKIIEHTOM Ha, TeO-
PHUIO UI'D) UMEeT KHUTA

D.M.Kreps, A Course in Microeconomic Theory, Princeton University Press,
1990,
OJIHAKO §I HE PEIInJICsS Obl PEKOMEHIOBATH €€ JIJIsl TIEPBOI'0 UTEHMSI.

Ouenb MHTEPECHO HANMCAHA KHUTA,

K.Binmore, Fun and Games, Heath and Company, Lexington, 1992.

B neit Her (pyHIaMEHTAJIBLHOTO U3JIOXKEHUsT TEOPUU, HO C IIYTKAMU U NpUbayTKa-
MU aBTOP PACCKa3bIBAET PO JOBOJHLHO TOHKHUE BEIW TUIA OOIINEro 3HAHWS WA
AyKIMOHOB.



Haxkowrerr, cTouT oTMeTHTH JIB€ KHUTH, B KOTOPHIX NUMEETCST MHOT'O SKOHOMU e~
CKUX MPUMEPOB. DTO

R.Gibbins, Game Theory for Applied Economists, Princeton University Press,
Princeton, 1992,

1 MMEIOIIAsICs Ha PYCCKOM SI3bIKE KHUTA,
P.C.IIunpaiik, 1.JI.Pyoundensa, Muxposkonomura, deno, Mocksa, 2000.

Kak yxe roBopmaoch, TJIaBHbIe MPUMEHEHWS B MUKPOIKOHOMUKE HCIOJb3Y-
10T HEKOOTIEPaTUBHYIO Teopuio urp. [lourn yHUKabHON SABJISIETCS TO9TOMY KHUTA
9.Mynena, nocBsieHHass MPUMEHEHUIO KOOTIEPATHBHOM TEOPUN K MUKPOIKOHOM -
Ke:

H.Moulin, Cooperative Microeconomics: A Game-Theoretic Introduction, Prentice

Hall, London, 1995.
VI3 umeromuxcst Ha, pYyCCKOM sI3bIKe KHHUI' 110 TEOPUH UI'P 51 ObI OTMETHI

9.Myuen, Teopus uep. C npumepamu us mamemamuyeckoti sxonomuru. Mup,
Mockna, 1985,

[.Oy»sn, Teopus uep. Mup, Mocksa, 1971,
U MPEKPACHO HAMUCAHHYIO, XOTS U O€3HAJIEXKHO YCTAPEBIIYIO
P.J1.JIstoc, X . Paiida, Uepv u pewenus. Mockna, 1UJI, 1961.
[TojipobHee MO3HAKOMUTHLCS ¢ TEOpUeil MEXaHU3MOB MOXKHO 10 MOHOI'Dadun

B.U. danwmnos, A.N.Corckos, Mexanusmor epynnosozo evbopa. M., Hayka, 1991.



Jleknusa 1. Hopmanbuas u pa3sepuyTast (pOPMbI UTPbI 7

Jlekmus 1. Hopmanbaas u pa3BepuyTas (pOpMbI UT-
phI

IIpeamer Teopum urp. Teopusi Urp msydaer CUTyalMH [IPUHSITHS pELICHU
HECKOJIbKUME B3aNMOJICHCTBYIONMMI WHAUBUIAME (areHTAMHU, YIACTHUKAMHE, B
JaJibHelieM Ha3bIBAEMbIMU u2pokamu). Takue curyanun 9acTo BOSHUKAIOT B 9KO-
HOMUYECKOM, MOJIMTUYIECKOI, Onosioruieckoi u Jap. obcranoske. Hac OyayT nnre-
pecoBaTh B OCHOBHOM 3KOHOMHUYecKue curyannn. CTaHJapTHBI OIpuMep - u3yde-
HUE OJIUT'OTIOJIMU, HO UMEETCS U MHOXKECTBO JIDYTHUX - TOPI'M U ayKIUOHBI, MEXKJLY-
HapOJiHAsT TOPIroBJis u T.11. [losroMy Teopust Urp crajia COCTAaBHON 4acThIO KYpCOB
MHUKPOIKOHOMHUKHU, OTUYACTH ee s3bIKOM. OOyUueHrne 3TOMY SI3BbIKY - 3aj1ada MUHH-
MyM JAaHHOI'O KypCa.

Teopust Urp yCJIOBHO JEIUTCs HA HEKOONEPATUBHYIO U KOOIIEPATHBHYIO YaCTH.
B nepBoit cyObeKTOM NMPUHATHS PEIIEHUN CIIY>KUT WHJUBUJL, BO BTOPOI - I'PyII-
na Wi KoaJuiysi. B nepBoil MHAWBUJL XapaKTEePU3yeTcs: CTPaTerusiMu U MPeJIno-
YTEHUSIMHU, BO BTOPOIl MCXOJHBIM MaTepUaJOM CIy»KaT BO3MOXKHOCTH KOAJIUIUA.
B nepBoit WHAMBUJIBI MPUHUMAIOT DEIIeHHsI HE3AaBUCUMO (UTO HE MCKJIIOUALT Iie-
PEroBOPOB MEXKJLy HUMH), BO BTOPOIl JIOIMYCKACTCS BO3SMOXKHOCTH 00A3b6G10UUT
cornamrennii. Mbl HaUHEM U J0Jroe BpeMs OyjieM UMeTh JIeJI0 ¢ HEKOOIepaTUBHOM
yacTbhio. U b nociennne 5-6 JIEKIH IOCBSAIIEHBI KOOIEPATUBHONE TEOPUHN.

Ananms3 KoHpIUKTHONR CHTyallnd HAYMHAETCS C MOCTPOEHUs (POPMAILHON MO-
JIeJId, T.e. TIpeBpallieHus ee B Urpy. KcTh HECKOILKO pa3HbIX CIIOCOOOB Mpe/ICTaBIe-
Hust urpbl. Hanbosee BaxkHble - pasBepHyTast (9KCTEHCUBHAS, WM TTO3UIMOHHAS )
1 cTparerndeckas (HopMasbHasi) (hOpMbl, ecTh Takxke BaitecoBa dopma. Haunem
¢ boJiee IPOCTOM - HOpMaJIbHON (POPMBL.

Hopmausibaasi dopma urpst. Urpa 6 nopmaavrot (nam crparerndeckoi)
opme cOCTOUT U3 crienupUKAIINA TPeX Belei:

1. Crucka ueporkos,

2. JIiist KasKJIoro Mrpoka 3aJIaeTesi CIUCOK (MHOXKECTBO) cmpamezud,

3. Just kaxkioro npoduiisi crpareruii ykasbiBaercst npoduiib naameiced (Bbl-
WI'PBIIIEi ) HTPOKOB.

[Tosicuum cmbicst 3Tux JaHHBIX. ODO3HAUNM MHOXKECTBO HUI'POKOB depe3 IV.
(Beroy HIXKe OHO MpENOIAraeTCsl KOHEUYHBIM W MOXKET ObITH OTOXKJIECTBJIECHO C



{1,2,...,n}. OnHako ciejyer HOMHUTH, 4TO TaKOe YINOPsiJIOUEHUE UTPOKOB - ITO
HEKOTOPBII BOJIOHTAPU3M, U JIYUIIIe IPEJICTAB/IATH MHOXKECTBO N HECTPYKTYPUPO-
BaHbIM. ) TUMUIHBI HTPOK 0OO3HATaeTCsT cuMBOsioM 7. Jasee, myist kaxkgoro ¢ € N
3aJ1aeTCsd MHOXKECTBO CTpaTeruii S;; TUMUYHAS cTparerus - s;. [Ipoduisb cTpare-
ruii - 970 HAOOp MO CTPATErWu JJisi KAXKJ0T0 UIPOKa, T.e. Sy = (81,82, ..., Sp);
9TO JIEMEHT JIeKapTOBa MPOU3BEJICHUS MHOXKECTB Sy = X;enS;. Hakoner, mis
KaXKJIOTO UTPOKA YKA3bIBAETCsT (DYHKIUS ero BUrphia u; : Sy — R (s mpo-
CTOTBHI, MOXKHO CUMTATH, YTO BBIUI'PHIII JIACTCS B PYyOJISX WM JIOJLIapax; MO3Ke
MBI BEPHEMCsI K 9TOMY BOIIPOCY ).

HedopmasibHo, KaykIplii HI'POK BHIOMPAET HEKOTOPYIO CTPATErwio §; € S;; KO-
Ta 9TO CJIEJTAIOT BCE, CTAHOBUTCSI sICEH ero BBIMIPLINT u;(Sy). Kakiprii urpok
CTPEMUTCS MOJYIUTH BBIUTPHINT OO0 BINEe. OCHOBHAA TPYJIHOCTH B TOM, UTO STOT
BBIUTPBIIT 3aBUCUT HE TOJBKO OT €ro JEeWCTBUIL, HO U OT JCHCTBUN (CTpaTeFI/Iﬁ)
OCTaJIbHBIX MI'POKOB. W KaxKjiblit UTPOK JIOJKEH (MJIM MOYKET) yUUThIBATH ITO B
cBOEM TIOBesieHnn. MOXKHO cKazaTh W TaK: B UT'pe B HOPMaJbHOM (hopMme UTIpoKn
CTpaTernIecKy He3aBUCUMbI, OHU MOT'YT BBIOMPATH JIIOOBbIE CTPATEruH, HO OCTAIOT-
Csl CBABAHHBIMU 4epe3 MoJjie3HoCcTH. K 1eHTpaJbHOMY BOIPOCY O TOM, Kak Oyj1yT
BecTu cedst UI'POKM, Mbl €Ille BEPHEMCs, a 1O0Ka 3aiiMeMCsi 9UCTO MOCTAHOBOYHOM
3aj1aveii.

ITIpumepsni. OcobeHHO MPOCTO 3a/1aBATh UTPHI ABYX JIHI,. L7151 9TOro HEKOTOPO-
I'0 UI'POKa YCJIOBHO Ha3bIBAIOT MEPBbIM, a JPyroro - BropbiM. U pucytor tabsiuity,
IJle CTPOKK COOTBETCTBYIOT CTPATEIMsIM IIEPBOI0 UT'POKA, a CTOJIOIbI - CTPATErusiM
BTOpPOTO. B KJTleTKaxX 3alMMCHIBAIOT BHIUTPBININ - CHAYAJa MIEPBOTO, 3aTEM BTOPOTO.
[To sroit npuunHe Takue UIpbl Ha3bIBAIOT OUMaTpuuHbiMU. [IpoBegem Tpu npo-
crefinux (MIPyIIeUHbIX) TPUMEPa, KOTOpbie OyJIyT 4acTo BCTPEYaThCsl.

1. Opasnka (nnu MaTd NeHHN)

01 | 2
sU|1-1]-1,1
2|11 11

DTO NpUMep UI'PBI C T.H. HYJEBO# CYMMOIi.
2. Tunremma 3aKA104eHHBLT

01 | 2
sl |55 |-16
26,1 0,0




Jleknusa 1. Hopmanbuas u pa3sepuyTast (pOPMbI UTPbI 9

[TepBbie crparernu MOXKHO Ha3BaTh KOOINEPATUBHBIMU ', BTOPHIE - 3TOUCTUIECKN-
mu. K takoit urpe npuBoguT NpocTeiimii BApUaHT JIyOTIOJINN, KOTJIa IePBbhIe CTPa-
TETUN - BBICOKWE EHDbI, & BTOPO - HU3KHeE.

3. Cemetinviti cnop (MM MEPEKPECTOK, U TUKEH )

t1 | t2
s1]541,1
210,045

Hedopmanbao: mepBblit ITPOK - My2K, BTOpOii - »Kena. [lepBbie crpareruu - uaTn
Ha OOKC, BTOpbIe - B TeaTp. My»Ky Oosbliie Xo4eTcs IIORTH Ha DOKC, YKEeHe - B TeaTp,
HO UM JIydIlle BMECTE.

B coBcem yTpupoBaHHOM BH/IE 9Ta WI'Pa MPEBPAIIACTCS B UTPY KOOPIUHAINN
("Berpeua B Hoto-Vopke”) ¢ Tabmmmneit

1,100
0,0 1,1

PazBepryTasa dopma urpsl. [Ipu takom 3aganuu urpbl 00JIbIE BHUMAaHNS
YJIEJISETCs TOPSAJIKY XOJ0B U TOH MHMOPMAIMK, KOTOPasi PU 3TOM OTKPbIBAETCS
urpoky. Haunem ¢ mpocreiiimmx, T.H. NO3UIUOHHBIX UI'D, UK UI'P C IIOJIHONH HHMOP-
Manueil. [1aBHoe 37ech - 1epeBo UIpLL; 3TO HalpaBJeHHBIH rpad 6e3 HUKJIOB ¢
BbIIEJCHHOM BepmuHoil - kKopaeM. CTpesiku ujyT B HalpaBjJeHun oT Kophsi. Bep-
HIMHBIL JePeBa M300ParkaloT MMO3UIUK UIPHI, MECTa, e KAKUE-TO UIPOKK JIOJKHbI
BLIOpATDL XOJI - OJIHY U3 CTPEJIOK, BBIXOJSIILYIO U3 9TOM BepInuHbl. [Iosromy y Kak-
101 (HeTepMHHaﬂbHOﬁ) BEPIIMHBI CTOUT METKa TOT'O UTPOKa, KOTOPBIN JIe1aeT X0/
(roBopsIT eltie - KOHTPOJIMPYET Ty BepliuHy). B repMuHaJbHbIX BepiimHax (rie
WI'Pa 3aKAHIUBACTCS) CTOUT BEKTOD (MPOMUIIBL) BBIUTPHIIIEii HIPOKOB.

Bor npocreitiias nmosunuonnas urpa. Mrpa nadunHaercsa B IO3UIUH, e Iep-
BbIii UIPOK BhIOMpaeT X0j: BBEpPX WM BHU3. [loTOM XOmuT BTOpOI - HAPABO WJIK
HAJIeBO, U UI'Pa 3aKaHuuBaeTcs. JlepeBo urpbl BbINISIIUT TaK:

N
J

(0,0) O (2,0)
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BoJiee cimoxublit TpuMep npejcTaBisieT urpa B KPECTUKHU-HOJUKK Ha, JIOCKe 3 X
3. B HavaJbHO# 1MO3UIIMK Y IEPBOIO UT'POKa 9 X0JI0B, 3aTEM Y BTOPOI'O 110 8 X0JI0B
B KaXXKJ0¥ U3 3TUX 9 MO3UIMIL, 3aTeM Y IepPBOro UI'POKa 1O 7 XOMOB B KaXKI0M u3
MOJTYIAIOIIUXCs 72 TO3UIUN, 1 T.]I.

Crparerun. Kazajoch Obl, UTO B UIpe B pa3BepHYTOH (qopMe HAeHCTBHUS O/I-
HOT'O UI'POKA, ONPAHUYNBAIOT BOBMOXKHOCTH JIPYTOTO. DTO JIEHCTBUTENIHHO BEPHO B
orHOIeHn £0dos. OIHAKO eC/IM MbI TIPABUJIHLHO OTPEIEJINM MTOHSITHE CTPATErNH,
MBI IOJIYYUM CTPATErHUeCKyI0 HE3aBUCUMOCTH M, TeM CaMbIM, UI'PYy B HOpMaJlb-
Hoit popme. Uro HazBaTh cmpamezuedi 1t TO3UIMOHHONR UIPhI? KaXK Iblit IPOK
B KaKJIOM MMO3UIMN, KOTOPOI OH yIIpaBJIseT, JIOJXKEH yKa3aTh HEKOTOPbI xo/1. Ta-
KM 00pa3oM, y Hero "MHOrO” crpareruil (IpUKUHBTE MPUOIU3UTETHHO, CKOIBKO
WX B UTpe "KpecTuku-uojuku’). Ecau Bce MIPOKHM BBIOPAJIH MO CTPATErWHd, TO U3
KaxKJI0i (HeTePMUHAJIBHOIN) BEPIIMHBI BBIXOJAUT YKA3aHHbBIA XOJ, ¥ MOXHO JIBH-
raThCst OT KOPHEBO BEPIIUHBI 110 3TUM OTOOPaHHBIM cTpenkaM. B KoHIle KOHIIOB
MBI JI00epeMCst 10 KOHEUHO# (TepMUHAJBHOI) BEPIIMHBI (€CIU JIePEBO KOHETHO,
ITO MOJYAJIMBO TPEJIMONATACTCS ), & TaM YKA3aHbI BBIUTDBIIIN.

Tem cambIM, 1O KaXKJ0# MO3UIMOHHON WIPE MOXKHO KAHOHUIECKHU MOCTPOUTH
UI'py B HOpMaJIbHOI (opMe.

OjpHakKo MBI cpa3y BUAUM, 9TO HU OfHY n3 dopMm 1, 2, 3 HEIb3si MPeJCTaBUTh
KaK no3unnorayto urpy. [logemy? emo B ToM, 9TO B 3THX WTPaX UT'POKHU JIEJIAFOT
XOJIbI OTHOBPEMEHHO, U HUKTO He 3HAET, KTO KAKOi BLIOpAJ X0, A B MO3UIINOHHBIX
MOPSIJIOK XOJ0B 9eTKO OINpeJeeH, ¥ BTOPOH MI'POK 3HAET, U9TO CJEsaJl MePBHIil.
Urpoku B HOpMaJibHO# (popMme He 3HAloT, 4TO BbIOpaJu jpyrue. ITodbl yuecThb
Takoe ’He3HaHHUe , HY>KHO MOIU(UIMPOBATL Pa3BEPHYTYIO (POPMY WUIDbI, BBEJIs
Ty HHMOPMAIMOHHBIE MHOXKECTBA .

NuadopmanmoHHble MHOXKECTBa. Korjia Urpok JI0KeH BbIOpaTh CBOM X0/,
OH MOXKET He 3HaTh, B KAKOH M3 MO3WUIMIA MI'PLI OH HAXOJUTCSI, TIOTOMY YTO HE
3HaeT, KaKoi Xoj1 Obul ciesial Ha npejblayiieM(x) xoje(ax). U Bee Takue "Hepas-
JMYUMBIE” JIJIsT HEro MO3UIUNA O0LEIUHSIIOT B OJHO HH(MOPMAIMOHHOE MHOXKECTBO
(Ha prCcyHKax X 0OBOJSAT KOHTYPAMH ¥ T.II.). B KAKOM-TO CMBICJIE JIJIsT ITPOKA 9TO
OJIHA ¥ Ta, YK€ TIO3UIIKS, XOTSI PeaibHO OHU PA3IMIAIOTCS W JAJbHER A BOTIONNS
UI'PBI 3aBUCUT OT HACTOSIIIEH MTO3UINN.

Ho eciin urpok #e MoXKeT pa3jindnuTh MO3UIMH, TO U XOJIbI, BO3MOXKHBIE B 3THX
MO3UIMSIX, JIOJYKHBI ObITh ~OJIMHAKOBBIMK . Bosiee TO4YHO, JjIsi KaxXK7a0ro nHMOP-
MAIIMOHHOI'O MHOXKECTBa h HOKHO OBITHL YKA3aHO COOTBETCTBYIOIIEE MHOXKECTBO
M (h) "xomoB”, a Takxke Jisi KaxKJ0# BepIIUHbL & € h "peanusaiusi’ MHOXKECTBa,
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M (h) crpenkamu, BoixojsMu 13 . Haxossch B s11000i nosunun © € h, Urpok
BoiOrpaer xoi m € M (h). Tpy6o roBopsi, Xo1 UI'DOKa JOJKEH ObITh OJHUM U TeM
’Ke BO BCeX 'Hepas3udIuMbIX Jijis Hero nosuiuit. [Tosromy Mbl TOMKHBI MOIA(MU-
[IUPOBATH TTOHATHE CTPATETHH: 9TO BLIOOP XOa JJI KayKJI0r0 WH(MOPMAIMOHHOTO
MHOYKECTBa, KOHTPOJIUPYEMOTO UIPOKOM. C yUueToM 3TOro 3aMevdaHusi MbI OTSATh
O pa3BepHYTOH (hopMe MOXKEM MOCTPOUTH HOpMaJbHYyIo ¢opmy. U Ternepb yxe
mobast urpa B HOPMAaJIbHO (hopMe MOKeT OBbITh MpeICTaB/eHa (HeOTHO3HATHO! )
urpoit B pazpepuyroit popme. Mol ocraBiisieM 6e3 oTBeTa, TOHKHUI BOIPOC - 9KBU-
BaJICHTHbBI JIM pa3JinuHble 'pa3BepHYThie’ IMPeJCTaBJICHNsT OJIHON U TOM ke "HOP-
MaJIbHOI (POPMBI.

dopmasibHOE OMMCAHWE UTPHI B pa3BepHyToit dpopme. [locie npejipbi-
AyIux HeOPMAJIbHBIX O0bsICHEHUI Mopa JaTh TOYHOE OMpejesieHne (a 3a0/HO
¥ BBeCTH 0DO3HAYEHMsI, KOTOPBIMU Mbl OYJEM JIAJIbIIIe MOJb30BATHCSI) ITOTO JI0-
BOJILHO 3amyTaHHoro nousTus. rpa B pazsepnymoti popme cOCTONT U3 deThIPEX
Berneii: a) gepesa urpet [, b) pacnpeesienns: BepuvH-MO3UIIAIT O UTPOKAM, C) WH-
bOpMAMOHHBIX Pa30HEHUl TTO3UIII KAaYKI0TO UI'POKa, d) BBIUTPBIIIEii. Y TOTHIM
KaXK/JIbIil ITYHKT.

a) depeso uepu I' cocront n3 (Konednoro) Muoxkectsa Bepiin (nosumumii) X u
muOKecTBa cTpeok A C X X X. MHOXKECTBO CTpesIoK, BLIXOAAIINX U3 BEPIIUHDI
z, obosnavaerca A(x). Kpome Toro ectb BbienenHas "HadaabHass MO3UIHS (KO-
pens nepesa). [lpeanonaraercs, 9o, BHIXO/A U3 KOPHs U JIBUTASCH 10 CTPEJIKAM,
MOYKHO JIOCTHYh JIFO0OM TTO3UIMKA U MPUTOM €INHCTBEHHBIM 0OpPa30M.

b) Ilopsadox xodos. Bepiiuna € X nazwiBaercst mepmunaivrot, ecnn A(z) =
(). MHoxkecTBO TepMUHAJBHBIX BepinH obozHaunM 1. Tlopsiok XonoB 3aaeTcs
orobpaxkeruem ¢ : X \T — N, ryie N - MmHOKecTBO urpokos. st urpoka i € N
obosnaunm uepes X; = 171(4) MHOXKECTBO MO3UIMI, "KOHTPOINPYEMbIX” TaHHbIM
UTPOKOM.

¢) Unpopmayua. st Kark10ro Urpoka i 3aj1aHo pazdueHne MHOXKeCTBa X; Ha
"urdopmannonnbie MHOKecTBa . TUNHIHBI 97eMeHT 3TOro pasbuenus (TO ecTh
1HMOPMAIMOHHOE MHOXKECTBO) 0003HaYaeTcst h; a MHOXKECTBO TAKUX MHOMKECTB
kak H;. Takum obpasom X; =[] heH, h. Hasee, 1ist KaxkK10T0 h 3aaHO MHOYKECTBO
M(h) xomoB (mir ux "MeToK”), JOCTYIHBIX B HHQMOPMAIMOHHOM MHOXKECTBE h.
Hakonerr, jyist kax10ii nosuin © € h 3ajano orobpaxenue a, : M(h) — A(z).

d) Buuepviwu. st Kaxioit repMuHaibHON Bepiintbl t € T yKa3aH BEKTOD
u(t) = (u;i(t)) € RY. j-as xooppunata u;(t) 3Toro BekTopa crenupUIEPYeT Bbi-
UTPBIIT, KOTOPBINA MOJydaeT UTPOK 4, €CJIM UTPa 3aKAHINBACTCS B MO3UINN t.
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lrpa B HOpMaJibHO# hopMe, CcBsI3aHHAs ¢ Pa3BEPHYTOH (hPOPMOIL, onpegessiercs
tak. MuOXKecTBO crpareruii i-ro urpoka - S; = Xpep,M(h). Ecaun Bce urpokn
OIPEJENIMINCEL CO CBOUMU CTPATErWsIMU, MBI CHOBA IOJIyYaeM, UTO M3 KayKIOi
(HeTEpMUHATBHHOIT) BEPIIMHBI & BBIXOAUT OfiHA OTMEUeHHas cTpeska az(h), rae h
- 9TO TO eAWHCTBEHHOEe MHQMOPMAIMOHHOE MHOYKECTBO, KOTOpOe CojaepKuT . U
CHOBA, JIBUTAsICh U3 KOPHSI IO 9TUM OTMEUYEHHBLIM CTPEJKAM, MbI JOoOMpaeMcsi 10
TEePMUHAJBLHOM BEPIINHLI U MOIYYaeM IPOMUIb [LIATEXKEN.

Ecsin pasmbie BepIInHbI KMEIOT pa3Hbie HHGOPMAIHOHHBIE METKH (TO eCTh (hak-
TUYECKHU €CJIN MBI UMEEeM J1eJ10 C TTO3UIMOHHOM Mrpoﬁ), TO rOBOPSIT 00 UI'pPE € cosep-
wennotl unpopmaryued. 9To HarboJiee MPOCTHIE UI'PHI; TAKUMHI SBJISIIOTCS [IAITKH,
[IaXMaThbl, HO HE KAPTOYHDLIE UI'PHI.

ITpuBenennass HopMmaabHas popma. [Ipusenem ya00ubI criocod 3amucu crpareruii. /lo-
MyCTUM, 9TO HaM HY:KHO 3aIllUCHIBATh CTPATernd BTOPOro Urpoka. Torma moMeTuM CHUMBOJAMHE
2,2, 2" u .. BCce nHGOPMANNOHHBIE MHOYKECTBA TOIO UTPOKA (JKEJIATETBHO 10 Mepe y/IaJIeH-
HocTH ux or KopHs). Homycrum, A, B, C, ... - cuMBOJIBI X00B B HHGOPMAIMOHHOM MHOZXKECTBE
2,a,b,¢,...-82", a, 3,7, ... - 8 2" u r.n. Torga crparerus BToporo urpoka - 370 1mocjIe0BaTe b-
Hoctu Buga Bay..., Aaf... u t.u. [lonms3ysich Takum mpejcTaB/ieHneM, Bbl He OyjeTe MmyTaTbCst
MEKJIY XOJaMH M CTPATernsMU U IPABUJIBHO MPEJICTABIATH ceOe YHCI0 TMOCTeTHUX.

flcHo, uTO B OOINEM ciaydae YHCIO cTpareruit "0ombimoe”. 3aMeTHM, OJHAKO, YTO MHOIHE
cTpaTeruu sBISOTCA “dKBUBaseHTHBIME . PaceMorpuM, Hanpumep, urpy (B pasBepHyToit dhop-
Me), TJe NmepBblii urpoK Mozker noiitn Hasepx (U), u Torja wrpa 3akaHIMBACTCS, WM HOHTH
BHH3 M IIOCJTIE 3TOTO XOJIUT BTOPOii, 3aTeM cHOBA MepBblid 1 T.J1. PopMaIbHO Y MEPBOr0 HUI'POKA
nMeercs Macca crpareruit Buga U..., T7e ... YKa3bIBAIOT ero JAeificTBUS B "HUKHUX MO3UIIHSIX
(nm uHDOPMAIMOHHBIX MHOKeCTBaxX). Ho COBEPIEHHO SICHO, YTO HH Ha 4YTO 3Ta crernuduka-
nus "HYUKHUX JIeHCTBUI UM XO/IOB He BAMseT. B nmpuHiumne, /1jsi MHOTHX BOIMPOCOB JIOCTATOYHO
OBII0 OBI paccMOTpPeTh OJIHY ~CKJIeeHHYI0  crpareruio U.

Il'ubpuagnasa ¢dopma urpsi. Kpome HOpMaIbHONW M pa3BepHYTOil (OpMBI HHOIIA ObIBa-
eT 1nojie3noit rubpuanas dopma. Barisnem nHa mozunumonnyio urpy. @akTudyecku B KarxKIOi
HNO3UIUN HTOH UTIPHI MPOUCXOJNT KAK Obl MUHHHIPA OJHOTO WI'POKA, KOTOPBIA BHIOMpAET XOJ.
OcraqbHble UTPOKU B 9TOT MOMEHT KaK Obl HE YYACTBYIOT (WJIM y9IAaCTBYIOT (DUKTHBHO). Vlnest
COCTOUT B TOM, YTOOBI B KaxKJIOi (HeTePMUHAIBHOI) MO3UIUKE T PA3BITPHIBATIACH CBOSI MUHU-
urpa B HopMasibHOU dopme G(x) ¢ muHOKecTBamu crpareruii S;(x), ¢ € N. Exuncreennas
OTJINYHEe COCTOUT B TOM, 9TO BMECTO OTOOPaAYKEHWs BBIUTPHIMIEl TyT 3a/aeTcs 0TOOparKeHne
a; : Sy(x) — A(z). To ecrb pesyabrar 3TOi UIPHI - CJIEAYIOMAsT TO3UIMsT HA JepeBe Urpbl .

KonTpoabHbIil BOIPOC - KaK M0 THOPUIHON UI'pe TMOCTPOUTh UTPY B HOpMaJbHOU ¢dhopme?

Kcratu, 1o, 910 CTPYKTYpa UTPHI 33a€TCsI JI€PEBOM, HE TaK YK W BaXKHO. BaykKHO TOIBKO
TO, 9TO JBUTASICH OT KOPHS 10 CTPEJIKAM, Mbl PAHO WJIM TO3HO YIHPAEMCs B TEPMUHATHHYIO
BEPIIIHY.

ITpencraBierne nadopmamuu. Boiie Mbl nHGOPMAIMIO UI'POKA O TOM, B KAKOl O3UIMH
HAXOJUTCS UTPA, 33JaBAJN ¢ TOMOIIBIO pa3dneHust Ha nHGOPMAIMOHHBIE MHOKecTBA. OTMeTHM
HECKOJIbKO JIPYTUX (9KBHBAJIEHTHBIX) CIIOCOGOB 3a/1aBarh nHGopManuio. [Ipu 370M MbI OTBIIE-
KaeMcsI OT UTPOBOii crenupuke u 00CYIUM ODIILYIO CUTYAIHIO.
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Hexkoropurit "nab/iroiaresib” nHTEpEeCyeTcs "COCTOsIHUEeM  TPUPOJIbI; MHOXKECTBO BO3MOYKHBIX
cocTostHuit 0b60o3HaunM X . YV Hero ecthb "pudbOp”, KOTOPHIil BbIIA€T HEKOTOPBIil CHT'HAJT UJIH CO00-
menue. Pabora sToro npudbopa onuceiBaercs orobpazkenueM f : X — M, roe M - MHOXKeCTBO
BO3MOXKHBIX coobmieHnit. [TomyunB Kakoifi-To curuaJ m, HaOI0JaTeb TOHIMAET, ITO HTPUPO-
12" HAXOJUTCs B COCTOsHUU u3 moamuoxkectsa f~'(m) C X. A cam nupubop 3aj1aer pasbuenue
Py muoxecrsa X na "undopmanuonnase muoxecrsa” f1(m), m € M. (PeaabHo Bce KOHETHO
CJTOZKHEe - MBI MOKEeM He 3HATh TOYHO (DYHKIHIO [, U CUIHAIBI BOCIPHHAMATE C MCKAYKeHUSIM,
HO TIOKA OTBJIEYEMCsI OT TOTO.)

Bwmecro pasbuennii P (uiu npubopoB f) MOXKHO paboTaTh ¢ OTHOIIEHUSIMA SKBUBAJIEHTHO-
cru. Ckazkem, 9TO COCTOSIHUS T U Y SKBUBaJeHTHbI ("Hepaszauanmbl’ npubopom f, & ~ y), ecian
f(z) = f(y). Torma pasbuenue - 310 pasbueHne Ha KJIACCHI SKBHBaJeHTHOCTH. A caMm “mpu-
60p” MOZKHO BOCCTAHOBHTL KaK KAHOHHYECKOe oToOpaykennme X Ha MHOXKECTBO X/ ~ KJIaccoB
SKBUBAJEHTHOCTH.

Haxkomern, MoKHO roBOpuTh B TepMHHaX Bynepwix anreop. IloamuoxkectBo A C X Hazo-
BEM UBMEPUMbLM, €CIH OHO COCTABJIEHO M3 HEKOTOPHIX MHMOPMAIMOHHBIX MHOXKECTB (WjH, B
TEPMHUHAX OTHOIIEHUS] SKBUBAJIEHTHOCTH, eciin © € A n y ~ x ciaeayer, 4ro y € A). V3mepu-
Mbl€ TOJMHOYKECTBA, 3aMKHYTHI OTHOCHTE/JIHHO O00beJIMHEHN, NepecedeHuii u JIONOoJHeHn i, TO
ecTb obpasyior ByneBy anrebpy. O6patho, eciu gana Bynesa anredopa B moaMmHOKecTB X, Mbl
MOKEM BOCCTAHOBUTL OTHOIIEHHE SKBHBAJTEHTHOCTH ~, IOJaras T ~ i B TOM CIydae, eCld Yy
HpuHAIIEKAT JTI00oMy A € B, comepxRaimeMy .

Orobpaxkenne g : X — M' naswiBaercst usmepumovim (OTHOCHTENHHO BysieBoit aareGpbr
B), ecin f~'(m') € B aua moboro m' € M'. Jlerko noHsTH, Y4TO § U3MEPUMO OTHOCHTEIHHO
anreopsl By, mocTpoenHoil mo mpubopy f, Torjga u TOJIbKO TOIJa, KOIJa ¢ HPOIyCKaeTCsd depes
f, TO ecThb gBygeTca KoMOo3uiueid f ¢ HeKOTopbIM orobpazkenuem M — M.

Bo3Bpalnasichb K UrpamM U CTPATerusiM, Mbl MOYKEM CKa3aTh, YTO CTpATErusiMu (JJIsl UTPBI C
HHDOPMAIMOHHBIMEI MHOYKECTBAMME) SIBJISTIOTCST H3MEPHMble 0TOOPAYKeHUsT UX HOBUIHUIT B XO/IBI.

Mpubi npeocraBisieM duTaTE/NI0 MOAUMDUIIMPOBATH JAHHOE BBIIIE OIpejie/ieHre TUOPUIHOMN
GbopMBI ¢ yaeToOM HecoBepIIeHHONH HHGOPMUPOBAHHOCTH UT'POKOB.
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Jleknusa 2. Cay4aiinble Xo0Abl 1 JIOTEepen

Cayuaiirabie xoabl. VMeercs emie oJMH UCTOYHUK HEONPEJEJEHHOCTH WTPOKOR
OTHOCHUTEJLHO COCTOSHMS MO3UINK - ciaydail. Hampumep, B KapTOYHBIX HIpax
WI'POKHU OOBIYHO HE 3HAIOT KAPThI MTAPTHEPOB (HEJAPOM WX TIIATEJIHHO MEePETacO-
BBIBAIOT M€PEJL pas/iadeil), u 9T0 TOXKe Hy>KHO OTPpa3uTh B onmcanuu urpbl. OjHa-
KO, B OTJIMUIHE OT HIPeAbIAYIeil Heompe e IeHHOCTH, 9Ta HeONPeIeIeHHOCTh HOCUT
BEPOSITHOCTHBIN XapaKTep M UMILIAHTHPYETCS CPABHUTEILHO Jierko. PopMaibHO
POCTO K CIMCKY MI'POKOB J100aBIsieTcst (DMKTUBHBIA MIPOK - MPUPOJA, KOTOPasi
TOXKE BBIOMPAET CBOM XO/IbI, HO JIEJAET 3TO He CBOOOIHO, KAK OObIYHbIE UI'DOKHU, &
C IPEIMUCAHHBIMIA BEPOATHOCTIIMI.

st mpuMepa pacCMOTPHUM CJIeAYIONIYI0 Tapoauio Ha mokep . IlepBolit urpok
(Bamst) momyuaer kapty, kotopas B 1/6 ciydaes Garomnpusitha s Hero. [lo-
CMOTDEB KapTy, OH Moxer Jinbo “nobicuTh ctaBky” (R), mmbo “cnacosars” (P).
Bo Bropom ciyuae urpa 3akanaubaercs, 1 Baus orgaer Bropomy urpoky (Maiie)
10 p. B nmepBom ciyuae Mala, He Bujiss KapThl, MOXKET JIMOO "MPUHSATH MOBbIIIE-
rne” (r), mmbo Toxke “cracosars’ (p). Berurpoimm Bamu (Tak Kax urpa ¢ HyJseBoit
CYMMOI1) B Da3JIMIHBIX CUTYAIUSX MPUBEJECHBI HA PUCYHKE HUKE

—10 —10

P P
1

10 /6 2 5/6 ol

Rl

Y

—60 30

3nech y Banu qa undopmannonnsix Maokecrsa 1 u 1’ a y Mamu - ogro (Tak
KaK OHa He BUJIUT Kapry).

MoxkHo Jii 110 Takoit urpe obpazoparh HOpMaJbHYIO (popmy? Co cTparernsmu
0co0bIx 1mpobsiem Het. CHOBaA KaXKIblii UTPOK JIOJIPKEH PEIIUTh, KaK OH BEJeT Ce-
0s1 (Kakoit X0o/1 BRIOMpAET) B KayKJIOM CBOeM WH(MOPMAIHOHHOM MHOXKecTBe. Bams
JIOJIXKEH PEIUTh - ITO OH JIeJTAeT MPU XOpOoIel Kapre (B mo3unuu 1) u 9ro - npu
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mioxoit, B nosuuuu 1’. Tak qro y mero 4 crparerun: RR/, RP', PR' w PP'. Y
Marmu - gBe crparervu: r u p.

A BOT ¢ BBIMI'PBIIAMU BO3HUKAET HEKOTOpPasi mpobsiema. Homyctum, Bamxst BbI-
opan crparernio RR/, a Mama, - r. Ecan kapra xopomas, Bansa noxyuaer 90 p.,
ecsin 1IoXad - Tepser 60 p. Kak ke oneHuTh ero BeIMrphImt? [Ipocreitmuit BbIxo/1
- mocunraTh Maremarnaeckoe oxuganue 90 - 1/6 — 60 - 5/6 = —35. Anasorunano
MOKHO 3aII0JIHUTh OCTaJIbHbIE KJIETOUKH.

OHaKO HACKOIBLKO MPaBUILHO Oparh MareMarndeckoe oxkuganne?! K sromy
BOTIPOCY Mbl BEPHEMCSI Ha, JIEKIINK 3. A TTOKa, OCBOMMCST C JIOTEPESIMHU.

IlousiTue sorepen. PopmaibHO rOBOPsi, B IPEbIIYINEH UI'PE UCXOJ, JJIsi T1eP-
BOTO UI'POKA - 3TO HE UHUCIO0, a DOJIee CJIOXKHDBIA O0BLEKT - BLIUTPBLIII, 3aBUCSIINI
OT caydasi. B JKU3HE ¢ TAKMME BEIAMU MOCTOSHHO IPUXOJNTCS CTAJKHBATLCS.
[Tpumeps! - pyJerku, JoTeper, KapTOUHbIe UI'DhI, JIOMIAINHbIE Oera, CIIOPTUBHLIE
UIPBI ¥ T.I1. Y POXKail 3aBUCUT OT KAIIPU30B IOI'0JIbI, BHIPYUKA - OT KOHBIOHKTY-
pol. CTpaxoBanue - IeJasi WHIYCTPHUsI, IOCTPOEHHAS Ha HeompeaeJeHHocTn. Kak
’Ke OIeHUBATDh TaAKHe HeolpeeaeHHble ey, Jasee Mbl OrpaHnInMCsT TeM CJIyda-
eM, KOI'JIa, CYIIEeCTBYIOT BEPOSTHOCTH HACTYIJIEHWS TOTO WJIM WHOTO ncxoma. s
KOHTPACTa CTOUT OTMETHTL, YTO B UI'PaX MPUXOJAUTCS UMETh JEJI0 ¢ Heolmpeje-
JIEHHOCTBIO OOJIee CypOBOii, €M BEPOATHOCTHAS - 9TO HEOIIPEIEJEHHOCTL BEIOOPA
cTpaTernii maprHepaMu 1o urpe. MOoXKHO JIM CUUTATh, 9TO WX JEHCTBUST BCEr/a
MO>KHO OIACATH B BEPOSITHOCTHBIX TePMUHAX !

Ucxon, 3apucsiuiti ot ciydasi, GOPMaTH3yeTCsT TTOHITHEM A0MEPEU, WA CITy-
yajinoro ucxona. Ilycrs mano muoxkectBO X "dUCTHIX MCXOMOB; NPOCTOTHI pa-
au Oyzem cuantarb X KoHedHbIM. Torga sorepes 7 (Ha X)) 3ajaeTcs yKazaHUEM
BeposiTHOCTEl (%) HacTymIeHus Kaxaoro ucxona x € X. Yucna w(z) neorpu-
HarteJbHbIE U B CymMMe paBHbI HyJi0. MTtak, jorepesi - 510 npocTo ¢ropmasibHasi
KoMmOumalms suja »  m(x) ® z, rge & npoberaer X, m(z) > 0 st moboro
n Y . m(z) = 1. Ha Gosee MareMaTnvIecKoM sA3bIKE 9TO BEPOSTHOCTHAS Mepa Ha
X. Hocumeaem norepen (Mepbl) m HasbiBaeTcs nojMHoXKecTBO supp(m) = {z €
X, m(z) # 0}.

Jlorepen pucyoT cxemamu THIIA,

1/

T
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(B gaHHOM Citydae TyT u3obpaxkeHa Jjorepes 1/3 @ ¢ + 2/3 ® y) wian tabaunamu
BpOJIE

‘ nosiyanth 100 pyo0. ‘ nmonacTh B TIopbMy Ha 10 et ‘ OObIOT ‘

| 0.3 | 0.5 0.2 |

Oneparnuu ¢ jgorepeamu. HecoMHEeHHO, Bbl 3HAKOMbI C MOHSTHEM BEPOSIT-
Hoctu. Ho Tenepn Hac OyjeT MHTEpecOBATh HE OJHA KaKas-TO BEPOSTHOCTL MJIK
JloTepesl, a MHOXKECTBO BCeX JIOTepell U, B 4YaCTHOCTU, €CTECTBEHHbIE ONEpPaIuN C
JIOTEPEesSMHU.

O6oznaunm wepes A(X) MHOXKeCTBO Beex Jorepeii Ha Muokectse X. Baxk-
nefiteii crpykTypoit Ha A(X) siBIsSIeTCs BBINTYKJIOCTh. DTO O3HAYAELT, UTO €CJIH
MMEIOTCS JIBe JIoTeper A U i, a Takxke uucao a € [0,1], To MOXKHO 06pazo-
BaTh cocmasnyio gotepeio aX + (1 — a)u. Ilo onpenenenuio al + (1 — a)u =
Y (aA(z) + (1 — a)p(r)) ® x. Unade rosopst, A(X) sABIIsieTcst BBITYKJIBIM TOJI-
MHOXKECTBOM B BeKTOpHOM mipocTpancTBe R ® X, nopoxjennom X.

HaJiee, ¢ KarXKJibIM "HUCThIM UCXOJA0M & € X MOXKHO CBA3ATH BbIPOXKJICHHYIO
gorepero 1 ® x (wiu mPOCTO T), rapaHTHPOBAHHO JAOILYI0 5TOT MCxoJ x. Tem
CaMbIM MCXOJHOE MHOXKeCTBO X peasusyercs Kak nojmuoxkectso A(X), npudem
MMEHHO KakK MHOXKecTBO Bepiui. To ectb reomerpudecku A(X) - 910 cuMIuiexc,
naranyThiit Ha X . Eciu X cocrout uz 2 ssmementon, 1o A(X) - oTpesok, ecin u3
TPEX - TPEYTONLHUK, €CIH U3 YeThIPEX - TeTPas3Jp, U T.JI.

zZ

T y

Onepanns A dyHkTOpHa bHa. D710 3Ha4nT, 910 ecan f : X — Y - orobpa-
YKEHWEe MHOXKECTB, TO OHO TTPOJIOIKAETCSA €CTECTBEHHBIM 00pa30M 10 OTOOPaYKeHU s

A(f) = fo + A(X) — A(Y). Ioapobuee: eciu p - gorepesi (mepa) na X, TO
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aorepesi f,(u) yerpoena rak: st y € Y

fo(p)(y) = ().
f(z)=y

B skonomuueckoit repmuHonorun Mepa fi(p) HasbBaercs mapeunasvnod. [pu-
aem otobpaxkenue f, : A(X) — A(Y') cornacoBaHO ¢ BBITYKJIBIMEA CTPYKTYpaMN
na A(X) u A(Y).

Ha s1o MoxkHO B3TUIsiHy TH 1 nHade. [Iycrh f - orobpaxkenne X B 6vinyk.a0e MHO-
xkectBo C; rorya f o "nmuneitnoct” (a TouHee, Mo adOUHHOCTH) MPOIOIIKACTCS
710 adbdunnoro orobpaxkenus f A(X) — C. O6bruno B kavdectse C Hepercs
HEKOTOPOE BEKTOPHOE MPOCTPAHCTBO (a dalie Beero - npocro npsivast R); B 9rom
cIyaae f HASBIBACTCS cAyualinot seqununoti, 1 TOrIA f HASBIBAGTCS UHMEZPAAOM
(i cpegnum 3uadennem) f. Touanee, mys mepnl (otepen)

Fu) = /X fdp = B, (f).

B wacrnoctu, mist smoboro mogMuoxkectsa A C X MOXKHO NpPOMHTEIPHUPOBATDH
xapakrepucruaeckyo GyHkimio 14 u noayaurs mepy p(A) maoxecrsa A.

[Tocnennsist BaykHasi onepalys - MpousBeeHne mep uian jgorepeit. [Iycrb panb
nBa MHoxkKectBa X m Y, u jorepen: A Ha X u p Ha Y. Torma mMoxkHO 00pa30BaTh
Mepy (sorepero) A @ p na X X Y, nosaras

A @ p)(z,y) = AMz)u(y)-

[Tpoeknmst A @ p va X u Y maer kak pa3 A u p. ComeprkaTesibHO TTPON3BEIEHNE
Mep-JIoTepeil OTpaXkaeT UX He3aBUCHMOCTb.

BaiiecoBa nHTepperanusa pyHKTOPUAIBHOCTH. BepHemcst K BOIPOCy 0 HAOJIIOIeHUSIX
n uadopmaluu, 3aTpoHyThixX B Jekmuu 1. CuoBa X - cocroguusa "npupoast’, u f : X — M
- mpubop. OJHAKO Temepb MbI MPEINOIOXKNAM, 9TO Ha X nMeeTcd “ampuopHoe”’ paclipe/ie/eHne
BepogtHoctn 1 € A(X). Torma dbyHKTOpHATBHOCTE A JaeT BePOATHOCTHOE DPACIPE/Ie/IeHIe
noaygaembix Habmonennii, f.(p) € A(M). Kpome Toro, Kazkapiit mosydenusiii curaan m € M
MO3BOJISIET CKA3aTh HE TOJBKO TO, 9TO COCTOSIHUE MPUPOJIbI HAXOIUTCSA B MOAMHOXKECTBE X, =
f~'(m), Ho 1 mepecUUTATL BEPOATHOCTH C yUeTOM TOI0 CHIHAIA. A HMEeHHO, MOZKHO 00pa30BaTh
HOBYIO MepPY [, Ha X, momarasd

pon () = 0, econ f(x) # m, w i (x) = p(x)/p(f~(m)), ecnn f(z) =m.

KoneuHo, 310 HE 4TO MHOE KaK yCJOBHAsi BEPOATHOCTD. (31€Ch HESIBHO T0JPA3yMEBAETCsS, UTO
pu(f~'(m)) # 0; B IpoTUBHOM Cjlydae MBI He MOLIH Obl MOAYYHTL cuUrHAT m.) HocuTennb fi,
JIEZKUT B MHOKECTBE X, IOSTOMY MOZKHO CUATATD, UTO [y, - Mepa Ha X,,.
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Ob6paTHO, 3HaHUE YCJIOBHBIX BEPOSATHOCTEH [i, (m € M) n maprusanbHOii Mepbl f.(u) 1mo-
3BOJISIET BOCCTAHOBUTL UCXOIHYIO Mepy /. A HMEHHO,

. /M (. (1) ().



Jlextma 3. Teopus oxkumaemMoit MoJe3HOCTH 19

Jlekimga 3. Teopus oKugaeMoiil MOJIE3HOCTHA

BepueMcd Terepb K BOIpOCY, MOJHATOMY B HadaJe jeknun 2. Hackoabko ompas-
JIAHO UCIOJIb30BAHUE CPEJHUX (0XKUAeMbIX) 3HAUEHUH MPU OLEHKE MOJIE3HOCTH
JoTepen?

Teopus Heiimana-MopreHmiTepHa. J1a TeOpHst FOBOPUT O TOM, KaK yCTPO-
eHbBI TIPEJIIOUTEHUsT Ha cuMILTeKce jorepeit A(X), yaoBIeTBOpSIONne HEKOTOPIM
"eCTeCTBEHHBIM  YCJIOBUSIM.

Bynem wazwiBaTh npednoumenuem Ha MPOU3BOJHHOM MHOXKeCTBe X OMHapHOE
orHotenune = ("He xyzke”) Ha STOM MHOXKECTBE, KOTOPOE SBJISAETCs CIAbbIM OPSJI-
KOM (T.€. MOJTHOE U TPAH3UTHBHOE). TUIMIHBIE TPEIIOUTEHUST 3a1a10TCsT (DYHKITH-
sIMI TI0J1e3HOCTH; ecan uMeercs: pyuknus U : X — R Ha HallleM MHOXeCTBe, TO
MoxkHO nostoxkuth ¢ <y y < U(z) < U(y). U obparno, "npakruvecku Beerja”
J000e MpeImoYTeHrne UMeeT TaKoil BUJI.

Obpartumces K joTepesm Ha MHOKecTBe X . [Ipeanosnoxkum, 9To y HaIIero areH-
Ta, uMeercst pyHKIMs nosie3Hoct u : X — R. Oorcudaemoti nosesnocmuiro jio-
reper T € A(X) Ha3bIBaeTCS MAaTEMATHIECKOE OXKUJAHWE U, T.e. TUCIIO

Ur) =) n(z)u(z).

Takast (addbunnast) Gyukius U wa A(X) nosBosser cpaBHUBATH JoTepen. Teope-
ma Heiimana-Mopreniirepaa o0 0xK1aeMoOil OJIE3HOCTH YTBEp:K1aeT 0oOpaTHOoe:
ecsin nipegnodrenue Ha A(X) yu0BIETBOPSET HEKOTOPHIM MPOCTHIM AKCHOMAM,
TO OHO MMEET IIPUBEJICHHDBIA BBIIIE BUJ, T.€. sIBJSETCS OXKMUJJIAEMOM MOJIe3HOCTHIO
1Jist HekoTopoit pyuknuu v : X — R. Bosee Toro, (byHKIMs u onpejesieHa oj-
HO3HATHO C TOYHOCTHIO J10 (MOHOTOHHOTO) addurHOro npeobpasoBanus. Takas
dbyHukims u HazpiBaeTcst nosednocmoro Hetdmana-Mopzenwmepna.

Teopema 006 oxkugaemMoii MOJIE3HOCTMH.

[Tycrs = - 6unaproe orrorenne Ha A(X). Chopmysnupyem HEKOTOpbIe Tpe-
OoBaHUs (yCIOBUST, AaKCHOMBI) Ha 9TO OUHAPHOE OTHOIIEHHUE (T1IE P, ¢, T - JIOTepen
Ha X):

1. > - cnabblii TOPSIIOK.

2 (akcmOMa 3aMeIeHus, Wid HesaBucuMmoctn). Eciu p > ¢, To mis Jioboit
sorepen 1 u joboro o (mexk iy 0 u 1) Beimosasiercst ap+ (1 —a)r = ag+ (1 —a)r.
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3 (HenpepbiBHOCTH). OTHOIIIEHHE < 3aMKHYTO (MJIM: HUYKHHUE U BepXHUE "KOHY-
ca”’ < 3aMKHYTHI).

glcno, uTo OXKMAEMast MOJE3HOCTL YJIOBJIETBOPSIET 3TUM aKCHoMaM. BepHo u
obparHoe:

Teopema (Heiiman-Moprentrepn). I[Tyemos X - xoneunoe mmooicecmeo, u
npednoumenue = na A(X) ydosaemeopsem arxcuomam 1, 2 u 3. Tozda cywe-
cmeyem pynruua u 1o X, maxas ¥mo npednoumenue > 3adaemcs 0xcudaemot
noaesnocmovio U(q) = > q(x)u(z). Ipu smom pynkyua u onpedeaena ¢ mou-
HOCMBI0 A0 NONOACUMENDHO020 APHUHH020 NPEOOPA30BAHUA.

B 1em cyThb oxkugaemoit mosesnoctr U? B mom, 40 910 aunetnasn (nim roanee
- adpbunnas) Gyukiusa va A(X). Torma ee "kpuBble Ge3paziutdust’ mapaJiebHbL.
Ho nmenno 3ro u jgaer akcuoMma 3aMemennst, MOTOP TOH TEOPeMBbl.

:L,*

Ty Yy

MbI HAMETHM J0KA3aTeJILCTBO TEOPEMbI, OCTaBJIsAA jeTajn ciaymaressam. O6o-
SHAUUM depe3 ¥ MaKCUMAJbHBIH 37IeMeHT MHOXKeCTBa X OTHOCHUTETHHO = (MOHHU-
mast X kak nogmuoxkectso A(X)). B cuny koneanoctu X on cymecryer. Kak
BUJIHO M3 CJICAyIOLIei JIeMMbI, OH Oy1eT MaKCUMaJbHBIM HE TOJILKO Ha X, HO U Ha,

Becem A(X).

Jlemma. Ecaup > q up>=1r, mop > aobot cmecu q u r.

HeiicrBurensro, ag + (1 —a)r <ap+ (1 —a)r <ap+ (1 —a)p=p. O

AHAJIOrMIHO CYIIECTBYET MUHUMAJIBHBIA SJIEMEHT Xy.

Bosmoxubl jBa ciyuas. [lepsbiii - korga x* ~ x, (orHOmenne "6e3pasiutams’
~ 03HAYAET, YTO BBINOJIHSETCS OJHOBPEMEHHO < U = ). B arom ciiyuae Bee sore-
pen SKBUBAJEHTHBI, U B KadecTBe (DYHKIMK MOJIE3HOCTH % MOYKHO B34AThb JIFOOYIO
noctosinuyio yHKIiumo Ha X . BTopoil, n ocHOBHOI ciy4ail, korga x* > .. TyT
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MBI IOCTYIIUM TaK: aJabTePHATUBE T MPUIINIIEM MOJE3HOCTH 1, & Ty - NOJIE3HOCTD
0. ITosesnocTn oCTANBHBIX JIOTEpeii OyeM ONPeeIsaTh ¢ MOMOIILIO AKCHOMBI 3.

Bosbmem stobyto sotepeto p € A(X) u Ha oTpeske [z*, z,] ormMmeTuMm Te TOUKH,
KOTOPBIE > P, U KOTOPbIe = p. DTO JIBA 3AMKHYTHIX OTPE3Ka, (3aMKHYTHIX B CHJLY
AKCHOMBI 3), TEepBbIil cofepKuT x*, BTOpoil - x,. KoHeuno, oHu mepecekaiorcs,
mpuYeM 1o OfiHO# Touke (jokasars!). Uuade roBopsi, cyiiectByeT (OHO3HATHO
onpegenernoe) aucao U(p) mexmy 0 n 1, Takoe 9T0

p~ Up)a" + (1 U(p))a..

Acno, uro U npejicrapiser npejanodrene <.
MbI yTBepKgaem rerepb, 4ro Tak onpejesnennas dynkius U na A(X) kom-
MYTHUPYeT ¢ 00pa30BaHUEM BEPOSITHOCTHBIX CMeCeil, T.e. 4To

Ulap+ (1 —a)q) = aU(p) + (1 — a)U(q).
[Ipoepum sto0. Ilo onpenenenuio,

p~Ulp)z”+ (L =U(p))z. n g~ Ulg)z™ + (1 - U(q))z.

[To akcrome 3amerenus nogaydaem, 9to ap + (1 — a)q sKBUBAJEHTHA JIOTEpEe
a(U(p)z™ + (1= U(p))z.) + (1 — ) (U(g)z" + (1 = U(q))z.),
(

)z’
coropas pasia (U (p) + (1 - @)U())z* + (a1~ U(p)) + (1- a) (1 ~ U(g)))za.
Ocraercsa 3ameruth, 9to a(l — U(p)) + (1 —a)(1 = U(g)) =1 — (aU(p) + (1 —
a)U(q)).

Teneps yxke Buano, 4T0 ecin jorepesi p pasua y . p(z) ® x, T.e. ABIsETCH
CMEeChIO YHCTBIX ajbrepHarus x ¢ Becamu p(z), To U(p) = > p(z)U(x). Te.
dbyukuust U sBIsS€TCs 02KUIaEMOM MTOJE3HOCTHIO.

YrBepxkjeHue npo ejuHcTBeHHocTh U j10BosIbHO Jierkoe. ['pybo roBops, ejinH-
CTBEHHOE MeCTO, TJie ObLI MPOU3BOJ B MOCTPOEHUK - 3TO KOIJIa MbI NpUIAcasn 1
anbrepuaTuse ¥ u 0 ajbrepHaruBe T,. Hasmauenwe Ipyrux ducesa JacT MOHO-
ToHHOE apduHHOE n3MeHeHne PyHKIUT u. [

ITone3nocTs meHer. OaHO W3 CTAHIAPTHBIX MPUMEHEHUNH TEOPUM OKHUIAEMOIl MOIE3HO-
CTH OTHOCHUTCHA K JIeHbraM. XOTS BO MHOTUX CAyYasgX MOTE€3HOCTb MOXKHO OTOXK/JIECTBIATH C
JIeHbraMu, Mpu 0oJee TOHKUX W PEATUCTUIHBIX PACCMOTPEHHUAX MOJIE3HOCTH JeHer HeJUHeiHa.
Haubonee sipkuit 10BoJ1 B osib3y HejmHeiiHOCTH JaeT T.H. [leTepOyprekuii mapaiokc.

[IpencraBum cebe oTepero (mpasaa, 6eCKOHEYHYIO)

| Tpms | 2 | 4 [ 8 [...] 28 |...]
| Bepositmocers | 1/2 [ 1/4|1/8] ... [ 1/2F|.. .|
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MaremaTudunckoe 0XKUJaHUE ITOU JIOTEPEU PABHO
2-1/24+4-1/4+ ... =141+ ...

T.e. 0ECKOHEIHOCTH. SHAYUT JIX 3TO, UYTO BBl TOTOBHI MOKEPTBOBATD JTIOOBIM OOTATCTBOM, UTOOBI
KyIUTh OUJIET JJId YIacTHS B TAKOil Jiorepee? 3aMeTUM, UYTO BEPOATHOCTD MOJYUUTH BHIUTPBIII
6osree 1000 py6. MeHbIIIe 0THO# THICAIHONE. Maso moeit cormacaTes MHOTO 3aILTATHTH 38 TAKYIO
JI0Tepeo, M JeJI0 KaK pa3 B TOM, 4TO TOJIe3HOCTD Jener Hejnneinas. Tak, ecan u(x) = /2, To
MOJIE3HOCTH JTOI JIOTepen paBHA,

V2124 VA1 A+ =12+ 1A+ e = 1/2(1 = 1/4/2) ~ 2.4

JleneskHblii SKBUBAJEHT 3TOi jloTepen pasen (2.44)% ~ 5.95.

JIoBOJILHO €CTECTBEHHO CUMTATh, UTO Mosie3HocTh H-M B ciiyuae JgeHeKHBIX JoTepeii obJia-
JTAeT CBOWCTBOM MOHOTOHHOCTH. A €C/i, KaK 9TO 4acTO ObIBAET, HUMEETCs ellle U OTBpAIleHne K
pucky, To u BoruyTa. OTBpalleHne K PHCKY O3HAYAeT, 9TO cpejHee (GAPHIEHTP) JIOTEPer Mmpe/i-
nouTuTeAbHEE caMoil jioTepen. Brpouem, Tem He Menee, MHOTHE JIIOJAH yIaCTBYIOT B JIOTEPesX,
YTO CBUJETEJHbCTBYET O HAPYIICHUH JIJIsI HUX 9TOH aKCHOMBI.

YucenHoii Mepoit orepatienust K pucky (wiu Borayrocru dyukunu H-M u) B Touke = ciy-
KAT 9ucio k(u, r) = —u’(x)/u'(x). Ono HazpiBaeTcsa Koapduyuenmom abeorommozo omepause-
HuA K pucky B ToUKe x. DYHKIUS U BOCCTAHABINBACTCA 1O k(u, +) ¢ TOUHOCTBIO 10 adHUHHOTO
peodpa3oBaHusI.

Unansug Ha3piBaeTCss HeUmpasvHbM K PUCKY, €CJTH ero MOJe3HOCTh U JUHEHHA, T.e. eC/IH KO-
b dunmenT oTBpalienns K pucky ToxjaecTBeHHO paBeH (. B aTom ciaydae mome3nocts 1oTepen
P paBHA €ro OXKUJIAHUIO Ep.

[Tonpobuee 06 OTBpaIlleHNN K PUCKY, CTOXACTUIECKOM JIOMUHUDPOBAHWUY, CTPAXOBAHUU U T.1I.
MbI pekoMenjryeM kuury MacKoses u ap.

Teopua CaBum>ka. OHa OTHOCHTCS K OoJiee CypoOBOil HEOIPeIeJIeHHOCTH, KOTJa HET 00b-
eKTHBHBIX BEPOSITHOCTEH (B 5TOM C/Iydae rOBOPSAT HHOTJIA O AOWAOUHBT ckaukax). CIaBUIK
MPEeJIJIOYKHUI CUCTEMY aKCHOM, KOTOpasi OO'bsICHSIET TOBE/IeHNe WHINBUIA JIBYyMs BemaMu: PyHK-
el mole3HOCTH U Ha McxXomax X U CyObeKTHBHON BEpPOSTHOCTHIO 7T HA MHOYKECTBE COCTOSHUIA
pUPOBI () MHJAUBHIJL MPH 9TOM MAKCHMU3UPYeT oxKujaeMoe (1o 7) 3uadenue u. CMBICT 5TOr0
MOJX0/Ia B TOM, 9TO (CyObEKTHBHBIE) BEPOSITHOCTH COOBITHI H3BJIEKAIOTCS W3 MPEANOYTeHH
WHINBUIA.

CKa}KeM KpaTKO 06 9TOM. HpI/IMI/ITI/IBHbIe IIOHATUA: MHOXKECTBO X YUCTBIX UCXOA0B, MHOZKE-
crBo A(X) sorepeiiHbIX HCXOIOB, () - KOHEYHOE MHOXKECTBO COCTOSHUI mpupojbl. [eficTBue -
s10 orobpazxkenne f : Q) — A(X); MHOKecTBO UX 0603Ha4vaercs L. Ha L 3ajano npeamodTenne
=, KOTOpOe YIOBJIETBOPSIET TEM Ke aKCHOMaM: CJIaOblit TOPSIIOK, HE3ABUCUMOCTD W HEIPEPhIB-
noctb. Torma < npejcrasisercs 0600MEHHON 0XK1IaeMoil moIe3HoCTbIO Buja » o Uy, (f(w)).
DaKTUIECKN TO yzKe OBLIO JOKa3aHO.

HoBoe nosiByistercs, ecim Mbl moTpedyeM, ITo0bI mose3nocTu U, He 3aBHCETN OT COCTOSHIUS
npupoasl w. Hampumep, 3T0oro MOXKHO JOOUTHCS, HOOABHB K YK€ YIOMSHYTBIM TPEM AKCHO-
MaM aKCHOMY MOHOTOHHOCTH. YTOOBI ee c(hOpMYTHPOBATH, 3aMETHM, ITO HOCTOSHHBIE JIOTEPEn
MO3BOJISIIOT WHyIHpoBaTh Ha cuMmiuieke A(X) npeanoarenne < ¢ MHO)KecTBa L, KOTOPOE H30-
bpazkaercst TOI Ke OYKBOIi.

4. Akcuoma MouoTOHHOCTH. [IyeTh f U ¢ - Ba jeiicTBus, u mis aoboro w € Q f(w) = g(w),
torna f = g.
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Kaxk sierko monsith, B 9ToM ciydae npeanourenns Ha A(X ), nHaynupoBaHHble (DYHKIHUIMA
U,, He 3aBucar ot w. 13 equacrsennocru nonesnocru H-M crenyer, uro U, = 7(w)U + a(w), n
7(w) > 0. Hopmupyst 7, MOZKHO cIHTaTh, 9T0 »_  7(w) = 1, T.e. ABJIsI€TCA TPeOyeMoil BepOATHO-
croio Ha §. [ToesnocTs Ha £ B 310M Ci1ydae npejacrasisercs dyukuueii f— [, U(f(w))dr(w).
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Jleknmuga 4. lloBeneHdyeckue m cMeIlllaHHbIE cTpaTe-
Tun

IToBenenveckue crparterum. BoopyKUBIINCH BEPOATHOCTHBIMU TMOHATUIMHU,
BEpHEMCS K UTpaM B pa3BepHyTOit (hopme co ciaydaitubiMu XogaMu. [IycTs urpokn
OTPEJIEIUINCEH CO CTPATEIUSIMI; TOTIA, U3 KaXKIO0H MO3UINH JIEPEBa UT'PhI, KOHTPO-
JIMPYEMOil ITPOKAMU, BHIXOJIUT HEKOTOPas oTMedeHHas cTpesika. OHaKo ecTh ele
1 TIO3UIIAK, TJIe XOJI JeaeT HpUpoaa’, M 9TH XOJbl UMEIOT CIyUaiiHbIi XapakTep.
BenescTBre 3TOro TpaeKTOpUst UTPhl TEPSIET OTPEJICIEHHOCTD W TOXKE CTAHOBUTCS
CJyYaiHo.

O0bsicarM 310 Oosiee (POPMAIBLHO, HO MPEIBAPUTENHHO 3aMETUM CJIEIYIOIIEE.
Pa3 yK MBI JIoTycKaeM CaydaiiHbIe X0l TPUPOJIOi, MOXKHO MTPEJIOCTABUTH ITY BO3-
MOYKHOCTb U UTPOKAM. DTO O3HATAET, UTO HAXOJSACH B HEKOTOPOi mosunuu (Tod-
Hee, B MHGOPMAIMOHHOM MHOXKeCTBe h), H'POK MOXKeT, "6pocB MOHETY”, cjiesiaTh
crydaifHblil X0, TO ecTh BbIOparTh He “aucthiii” xox (s1ement uz M(h)), a "cme-
manubii” (To ecTh dmement u3 A(M (h))). SameTnM, ITO TAKOE BTOPYKEHHUE CITydast
HEe OrPaHWYMBAET CYBEPEHUTET UI'POKA: BHIOOP MO-TPEXKHEMY TPUHAIECKUT €My,
W TPHU JKeJAaHUU OH MOXKET BBIOpaTh "dmCThIN X0j. 3adeM emy oOpamarhcs K
"pyJsieTKe” - 9TO OT/IeJIbHBII BOIPOC, K KOTOPOMY MBI €Ille BePHEMCH.

Tak MBI IPUXOJIUM K TOHSATHIO nogedenyeckoti CTpATerui. ITO BBIOOP UTPO-
KoM i cmeranioro xogia B(h) € A(M(h)) B kaxgom “cBoem” uHODOPMAIKOHHOM
MHOXKecTBe h € H;.

TpaekTopus urpsbl. Korjia Bce Urpoku BbIOEPYT MOBEJCHUYECKUE CTPATEIUH,
TO JIJIsT KaXK 10 HeTepMUHAJILHON TTO3UIMH T jiepeBa urpbl I OyeT ykazan cirydaii-
upiit xoxt (nnm crpenka) B(x) € A(A(z)) (mamomunm, ato A(z) - 9T0 MHOKECTBO
CTPEJIOK, BBIXOJSININX U3 BepiiuHbl ). Kakum Gyaer ucexof (KOHEUHO, TOXKE CIIy-
‘{aﬁHblﬁ> B 910l curyanun? MHade roBopsi, 9TO Ha3BATh TPAEKTOPHUEH Pa3BUTHSI
urpei? ZlcHo, 4TO 3TA TpaeKTopus OyaeT 'CMelIaHHO#; TaK BOT KaK IIPUIUCATDH
BEPOSITHOCTU KayKJIO# KOHKPETHOH TpaeKTopuu?

Hemaercs 3o noctenerno. Mpl mpunuiiem qucsio () Kaxk/10ii nosuiwn - (Be-
POSITHOCTh [IPOXOXKJICHHUsT UTPhI Yepe3 3Ty no3uiuio x). Koprepoil (HadaibHOI)
MO3UIUN MPUTTACHIBaETCS IUC/IO 1. OcTaJbHBIM TO3UIUIM YHCIA TTPUITHCHIBAIOTCS
no wHAyKnud. [IycTh x - HeKopHeBas nmosunusd. Torja cyIecTByeT eIMHCTBEHHAs
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crpesika a, Koropast BxoguT B x. OB03HAIMM 4depe3 y Hadajo ITOil CTPEJKH, Tak
aro a = (y, x). [osunus y naxopurcs “6snke K KOPHIO™ ¥ OITOMY JIJisl Hee yiKe
ompegeneno uucao mw(y). [Homoxum teneps m(x) = 7(y)B(y)(a). (Hessro Tyt
COAEPIKUTCS TPEMONOKEHNE O HE3aBUCHMOCTH PAHIOMU3AINN B PA3HBIX BEPIIH-
HaX, HO OHO HeBHMHHO.) Tax Imar 3a MaroM Mbl IPHUITUIIEM YUCIA BCEM TTO3UIHSIM,
B TOM THCJIe TePMUHAJIBHBIM. Jlerko monats (mokaxknute!), aro cymma unces m(x)
o BCeM TepMUHaIbHbIM nosutusam (¢ € T) paBHa 1, TO €CTh MBI MOTyIaeM Bepo-
SATHOCTHYIO Mepy Ha 1. DT0 U ecTh UCXOJ|, UI'PbI; KOHEYHO, OH 3aBUCUT OT BBIOODA
[MOBE/JCHYCCKUX CTPATETrnil.

Ecnu B TepMUHATIBHBIX BEPIINHAX YKA3AHBI BRIUTPHINT (B TEPMHUHAX TOJE3HO-
cru Heitmama-Moprenmirepra), MbI MOYKEM TEPEHTH K CPEJHUM U MOJYIATD yIKe
YUCIIOBbIE BBIUTPBINTH. TeM caMbIM MBI 110 UTPe B pa3BepHyTOii hopme Moty dniin
HEKOTOPYIO UT'PY B HOpMaJibHO# dopMe - nosedenyeckoe pacuiupenue.

CwMmermaHHbIe cTpaTernu. Boiiiie Mbl UCXOAMJIA 13 UTI'PHI B PA3BEPHYTOH dop-
me. [ToxoxKyro orepalinio "cMelIaHHOTO pACIIMpPeHus , U JaXKe ellle MpoIe, MOXKHO
clieJiaTh U JIJIst UIPBI B HOpMaJbHoit (popme. Ilyers gana urpa B HopMaabHOR Ghop-
me u : X;S; — RY | wim myume - urposas popma (mexanusm) r : Sy — A.
Cmewannot crparerueii UTpoka ¢ HaszbiBaeTcst jorepest o; € A(S;) Ha MHOXKecTBe
JUCTBHIX cTpaTreruii S;. ['pybo ropopsi, BMECTO TOro, YTOOBI I€TKO IIPUIEPIKUBATHCS
BCerJia OJIHOM U TOM »Ke CTpaTeruu s;, U'POK ~"OpocaeT MOHETY U B 3aBUCUMOCTH
OT 9TOr0 MPUMEHSIET Ty WJIK WHYIO CTPATErnio.

Yo Ke cuuTaTh UCXOI0M, €CIU UTPOKHU IPUAEPIKUBAIOTCS CMEIIAHHBIX CTPaTe-
ruii 0;7 Koneuno, orepero r.(01®. . .®@0,) € A(A). Heasuo Tyt npennonaraercs,
YTO PAHJIOMUBAINK OT/IEJILHBIX UT'POKOB HEKOPPEJIMPOBAHDI, HE3aBUCUMBI. B 1po-
TUBHOM CJIydae MbI TOJIYyIaeM T.H. KOPPEeAUPOSGHHbIe CTPATETNH, O KOTOPHIX eIlle
IIONOBOPKUM B CBOe BpeMs. Ecam »Ke HAC MHTEPECYIOT UNCICHHBbIE 3HAUCHUS BbI-
UTPBIIIEfi, MBI JIOJZKHBL OpPaTh CpEHNE BHIUTPLIIH, TO €cTh [ u;d(01 ® ... Q@ 0y,).
Nuade rosopst, (cpeiianii) BHIMIPBIIT UTPOKa 4 MPU TpoduIe CMeIaHHbIX CTpaTe-
ruii (o1, ...,0,) paBeH

Zui(sl, ey Sp)o1(81) e on(Sn);

CYMMUPOBaHue Bejercs 1m0 Sy, TO €CTh 110 BeeM NPO(MUIAM HUCTBIX CTPATEruil.
[Tosyuennast urpa (B HOpMaJbHON hopMme)

XZA(SZ) — RN

HA3BIBACTCA CMEULAHHDLM pacuiuperuem Urpbl G u obosnavaerca G™.
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CpaBHeHUE CMENIaHHBIX U TMTOBEAEHYECKUX cTpaTeruii. Takum obpazom,
ecTh JiBa, Crocoba BBEJICHUS PAH/IOMU3AIMU B UTDPY, 3a/aHHYIO0 Pa3BepHYTOi (hop-
moit I'. OmH - B3sTh moBeieHYecKoe paciupenne. Bropoii - obpasoBarh cHavasa
HOpMaJIbHYIO (popMy G U 3aTeM ee CMellaHHOe paciIupeHue. 3aMaTUM, ITO (Hop-
MaJIbHO OHU PA3JIUIAIOTCS - Y HUX Pa3Hble CTPATErniecKne MHOXKeCTBa. B nepnoit
WI'PEe CTPATErwsi UTPOKA & - 9TO yeMeHT MHOKecTBa X pem, A(M;(h)), Torma xax
BO BTODOIf - amemenT MuOXKecTBa A (X pep, M;(h)).

Kro-To mpemmoxkut takyo aHajgoruio. Jucras cTpaTerwsd - 9TO KHUTA, CTPAHUILI KOTO-
pOii COOTBETCTBYIOT NH(MOPMAIIMOHHBIM MHOYKECTBAM, & Ha KarKJ0# CTPAHUIE 3aIUCAH TOT XO/I,
KOTOPBIN HY’KHO cJiejlaTh B 9TOM MecTe. Habop Bcex uucrbix crpareruit - 6ubinoreka. Hro-
ObI peaJn30BaTh CMEITAHHYIO CTPATErni0, HYKHO CIydaifHO BHIOpAaTh KHUTY. A MOBeIeHYIeCKAsT
cTpaTerus - 9TO CHOBA KHUTA, TOJbKO HA KaXKJ0il CTpAHUIE YKa3aH He OJUH XO/I, a BEPOSATHOCTU

BBIOOPA XOJIOB.

JLOBOJILHO SICHO, UTO MEXK/1y STUMHU JIByMSI BAPUAHTAMM PAHJIOMU3ALMNA UMECT-
cs TecHasd cBsa3b. Ckaxkem 00 aToMm Oosiee TouHO. Tak Kak pedb OyJeT WATH IIPO
KasKJI0I'0 UIPOKa OTIEILHO, MBI OIIyCKaeM WMHJEKC Urpoka 7. Torma mosenende-
CKasl cTpaTerus - 310 jeMeHT MHoxkectBa X pegA(M(h)), a cmemannast crpare-
s - seMenT MHOKecTBa A (X peg M (h)). 3agaBumces moBeICHIECKOl cTpaTerneit
B = (B(h),h € H), Mbr Jierko oOpasyeMm cMemnianuyio crpareruto o = Qp3(h).
Ob6patHo, ecin gana cMenanias crparerust o € A(Xpeg M (h)), MOXKHO ClIpOEK-
TUpOBaTh 3Ty Mepy Ha kaxjoe M (h) u noayunrs wabop (5(h),h € H), 10 ecth
MOBEJIEHIECKYI0 CTpaTeruio [3.

OHAaKO, HECMOTPS HA, €CTECTBEHHOCTH 3TUX ONEPAInii, COOTBETCTBYIOMIMUE APYT
APYTy CMEIIaHHas o ¥ MOBEJACHYCCKas (3 CTPATErnu MOTYT NPUBOANTL K PA3HBIM
ncxonaM. IlosicHuM 310 Ha IpuMepe.

ITpumep. Urpok Ha nepsom 1are moxkeT noiiru jinbo Hanpaso R, 1ubo HaJieBo
L. Ilocse sroro on "3abbiBaer”, UTO jiejiajl Ha IEePBOM IIare, 1 CHOBA CTOUT HEPE/T
BBIOOpOM 7 UJIH .

l & / r
a b c d
[Ipumep 3a0BIBUYNBOrO UI'POKA,
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Cootrsercrrytomue 4 ncxoga obo3nadnm a, b, ¢ n d.

Nrpok umeer 4 uncrbie crparverun: (L,1) ¢ nexogom a, (L,r) ¢ ucxogom b
u T.71. Paccmorpum cmernannyio crparernto o = 0.5 ® (L, 1) + 0.5 ® (R, r); ona
npuBoanT K rcxony 0.5®a+0.5®d. AcconunpoBaHias MOBeIeHIeCKas CTPATET s
COBETYEeT B KaXKJOM M3 WH(MOPMAIMOHHBIX MHOXKECTB ¢ PABHBIMU BEPOSATHOCTIIMMI
WJTH HAITPABO WJIM HaJsieBo; uHade rosopst, 5(1) = 0.5®@ L+ 0.5 Ru B(1') =
0.5® 14 0.5 ® r. Takas moBeIeHIECKasT CTPATErHsT ¢ PABHBIME Iancamu (o 1/4)
IPUBOJIUT K UCXojaM a, b, ¢ u d.

Bojee BHUMAaTeNbHBII aHAJIM3 ITOKA3BIBAET, UTO TaKas TMaTOJOIUs] BO3MOXK-
Ha TOJIbKO TPW HECOBEpIeHHO# naMsaTu. Hair urpok He MOMHWT, 9TO OH JesaJl
Ha TPEeJbIIYIINX XoAax. Kcim ke urpa ¢ coBeplieHHO# NaMsTbio, TO, KaK MOKa-
sas Kyu (1953), sobasi cMmeliantasi cTpaTerusi SKBUBAJEHTHA ACCOMUPOBAHHOM
C Heil noBejieHYecKoit. B nasbHeliem Mbl OyjieM BCIOY Hpe/inosaraTh COBEpIeH-
Hy[O maMsiTh. [ToaTomy ™Mbl He Oyjem pasziudarh CMENIaHHbIE W MOBEJCHICCKHE
CTpaTeruy Mpu PacCMOTPEHUN PAHIOMU3AINNA Pa3BEPHYTHIX (DOPM.

CosepiieHnHas maMgaTh. Bnie 6oree pasuTelbHBIE IPAUMep OTCYTCTBHA ITAMATH JaeT Cle-
JYIOTHiA mpuMep (CHOBA € OJIHUM HIPOKOM).

(o——0)——>
D

D

0 4

3abbiBunBkIil modep

3xech Beero aBa xoa u ase (aucroie) crparernn: A (Bmepen) u D (Buu3). O6e 1a10T BHIMIPHIII,
pasubrii 0. CooTBeTcTBeHHO, JTI0OAs CMeITaHHas CTpaTerus JIaeT HyJIeBOil BHIUTPHIII. OmIHAKO
nopenendeckas crparerus = 0.5Q A+ 0.5® D B cpegHeM JaeT BLIUIPHIII, PaBHbI 1!

He BraBasich B TOYHBIE ONpejejieHHs] U J0Ka3aTeabcrBa (cM. Maiiepcona), HOsICHUM Bee
JKe, 9TO O3HAa4JaeT COBepIneHCTBO maMsitu. COBEPIIEHCTBO MaMsITH O3HAYAET TPU TPeOOBAHMUS.
[TepBoe. [Ipeamomokum, 9TO B MO3UMMN T UT'POK JeJaeT XOJ U MePEeBOAUT UTPY B MO3UIHIO Y.
Torna x m y He BXOAAT B OJHO MHGOPMAIMOHHOE MHOXKECTBO 3TOro urpoka. Hedopmasbho -
UIPOK TOMHHT, CJesasl JIi OH XoJ. Bo BTopoMm mpuMmepe 3TO TpeboBaHHe HapylieHo. Bropoe.
[IpemonoKuM, 9T0 HEKOTOPBIH MUI'POK B MO3WMIMU I MOYKET CJIeJIaTh JBa X0Jla, MePeBOJIAIINEe
urpy B nosunuu y u y'. [lycrs, jajee, Ho3uims 2 BCTpEYALTCs MOCIe ¥, a no3uims 2’ - mocie y'.
Torma z u z' He MOrYyT BXOIUTH B OJHO HH(MOPMAIUOHHOE MHOXKECTBO /IS HAIIIENO UTPOKA. JTO
TpeboBaHue HAPYIIEHO B IIEPBOM IIpuMepe 3Toii jiekiuu. Hakonen, ecin y u y' - ABe IO3UIKH,
HAXOJIAIIMECS B Pa3sHBIX HH(MOPMAIMOHHLIX MHOXKECTBAX, a ¢ U y KaK paHbIIe, TO CHOBA 2 U 2’
HE MOTYT BXOJIUTH B OJIHO MH(DOPMAIMOHHOE MHOXKECTBO JIjIsl HAIIEr'0 UI'POKA.

Tem He MeHee, Jake B C/Iydae COBEPIIEHHONH IMaMATH, HY?KHO HEMHOI'O MOIUMDHUIIPOBATDH
KOHCTPYKIIUIO TTOBeIeHYeCcKoil cTpaTerun (3 1mo cMemanHoii crparerun o. [lycrs mano nadopma-
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IIMOHHOE MHOYKeCTBO h € H; MrpoKa i; MbI JIOJIZKHBI yKa3aTh BeposiTHOCTHYIO Mepy [3(h) € M;(h).
[TpusenenHoe Bbilie "HAUBHOE” ONpeJIeJeHIe COCTOSIO B TOM, YTO Mbl Gpasu B Kauectse (3(h)
ycpeaHennsiii mo o xox B nosunun h. To ects cumramnu, uro B(h)(m) = > o(s)s(h) (3mech
m € M;(h), a s mpoGeraeT MHOKECTBO \S; YHCTHIX cTpareruii. [IpaBUIbHOE OMPEIeTeHne COCTO-
UT B TOM, 9TO MBI BMECTO YCPEIHEHUSI MO 0 JOYKHBI YCPEIHSATH 110 YCJIOBHON Mepe, Moy YeHHOit
pHU YCJIOBUH, 9TO CTPATETWs S B MPUHIUIE JTOMYCKAET MPOXOKIEHNE TPACKTOPUU UTPHI depe3
h. Boytee TouHO, CKaXKeM, 9TO CTpATerus s donyckaem npoxroscdenue uzpu, yepes h, ecinum cyiie-
CTBYIOT CTPATErHHU JIPYTUX UTPOKOB, IPH KOTOPBIX BEPOATHOCTD 7 (h) MPOXOXK JeHHs] TPAEKTOPHI
Urpel depes3 h nonokureapua. O6o3uaunm depes S;(h) C S; MHOKECTBO CTpaTeruii i-ro Hrpoka,
KOTOpPBIE JIOIYCKAIOT TPOX0oXkKaeHue urpol yepes h. 1 Torma
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Jleknmuga 5. PanmonajbHble UTPOKN

Bamaqaa Teopun urp. Hanomuunm ere pas, 4to urpa - 310 urposasi dopma (nin
mexanusm) p @ Sy = XijenS; —> A, JONONHEHHAsT TOJE3HOCTAME (BBIUTDBITIIA-
MH, payoffs) urpokos. Bemrpein urpoka i 3agaercst dbynknuei u; : A — R u
canraercs nojesnocrbio Hefimana-MoprenirepHa (T.e. pacipocTpaHsercs Ha Jo-
Teper Kak MaTeMaTHIecKoe OXKUJIAHNE); KOMIIOHUPYsI C p, MOXKHO CYUTATh, YTO U;
3aJIaHbl Ha Sy, 1 TeM caMbIM HCKIoUnTh A. Takum obpasom, urpa - 3To Tpoiika
(N, (S), (u).

OcHoBHas 3aja4a HEKOOINEPATUBHON TEOPUU WUI'D 3aKJII0UYACTCA B TOM, ITOOLI
JJaTh OTBET Ha BOMIPOC - 4TO Ke NPOU30iJIeT B KaXK/J10i KOHKPETHON Urpe, KakK OHa
Oymer pasbirpana? Muade roBopsi, Kakyto (WM KaKue) CTpareruto s; € S; BbiOe-
peT Kax it urpok i7 [Ipu 9moM (MOSTIAIUBO WU STBHO) UCXOJAT U3 CJIEYHOIINX
NpeoNoKeHuit (Ipe/InochIIoK ):

[. Kaxkjipiit urpok CTpeMUTCS MaKCUMU3UPOBAThH CBOM BBHIUT'PHIIIIL.

I1. Kaxkip1it u3 UrpoKOB 3HAET UIPY.

[II. CBou crparernu UrpoKn BHIOWPAIOT OJHOBPEMEHHO U HE3aBUCHMO.

IV. Urpa urpaercs oHOKPATHO.

Kak jierko moHsiTh, NpuBejieHHbIe (1 JIOBOJHHO PACIUIBIBUATEIE) TPEOOBAHUST HE
OIPEJICJISIOT OJIHO3HAUHO PEIIeHUE UT'PhI, HO SBJISIOTCS JIMIIIh HEKOTOPHIMU HABO-
JSIIAME COOOParKeHUSIMU JIJIsl TOUCKa, onpeieserus. OOCyauM 3TU MIPeIIoIoxKe-
HUSI.

OO6cy>xkaerane NpeanoChlJIOK.

[. Kak y»xe orMeuaJsioch, riiaBHasi TpyJIHOCTb TYT COCTOUT B TOM, YTO BBIUT'DbIIII
UT'POKA ¢ 3aBUCHUT HE TOJHKO OT €T0 CTPATErn, HO U OT CTpaTernit OCTaabHbIX. [IbI-
TasiChb YUTU OT 3TON HEONpeJ/ieIeHHOCTU, TeOpUs UT'P MbITAeTCs aleJInPOBaTh K
MOHATHIO PatuoHasbHocmy. VIrpok pamnuoHaseH, eciim OH MaKCUMUBUPYET CBOM
OKMJIaEMbIil BBIMT'PHIII C yUeTOM BCell umerolieiicst y Hero nadopmanuu. Takum
obpas3oM, TepBas MPEJNOChLIKa (hOPMYTUPYETCS KaK TPEIIOIOKEHNE O Pallio-
HAJILHOCTU BCeX UTPOKOB. Ho marke ecyim cOTJIACUTLCA € 9TUM, OCTAETCSA BOTIPOC -
a Kakas ecTb uH(opMalus y urpokoB. Ha 310 oTBevaeT BTOpas MmpejnochLiKa.

II. B nepByto ouepejib 3T0 03HAYAET, UTO KarXKJIblil U3 UI'POKOB 3HAET CBOW BbI-
Urpbiil u;. Ho TakkKe BBIMIPBINIM OCTAJIbHBIX UTPOKOB (u_;). VI eciu mepBoe Ka-
JKeTCsl COBEPIIEHHO eCTeCTBEHHBIM, TO BTOpas YacTh BbI3bIBAET CUJIbHOE COMHEHUE
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U BBITJISAJIUT BeCbMa CIIOPHbIM. MOXKHO JIONYCTUTH, YTO UI'POK ¢ 3HAET (pusmnde-
ckue” exo/pl (T.e. 3JeMeHThl A), HO OTKYJIa OH MOXKET 3HaTh MOJIE3HOCTh WX JIJIs]
IpyTrux UrpokKoB? Jlayke ecim JOMYyCTUTH, YTO UCXOJbI BBHIPAXKEHBI B JIEHEXKHOM
(opme 1 UTO BCe yIACTHUKY JIIOOAT JICHBI'H, JJa’Ke B 9TOM CJIyUae, KAK Mbl 3HAEM,
MOJIE3HOCTH JIEHEeT MOYKeT ObITh HesinHelHo#. OTKy/1a UT'POK ¢ MOXKET 3HATh TaKWe
TOHKWE Bellly, KaK KOI(PMUIIMEHTHI OTBPAIeHUs K PUCKY JIPYTUX UTPOKoB? Kpome
TOTO, B TOJIE3HOCTb UCXOJIA JIJIsT OJHOIO UI'POKA MOYKET BXOJUTDH yUeT TOJE3HOCTH
APYTroro (¢ TMOJMOKUTETBHBIM UJIM OTPULIATEIbHBIM 3HAKOM ); 9TO TOXKe BDsJ| JI
KOMY TOYHO M3BECTHO, KPOME CaMOro Urpoka. HekoTopbie MONbITKH YCTPAHUTH
TU TPYJAHOCTU OOCYKJIAIOTCS B JIGKIIUU TTPO UT'PHI ¢ HEMTOJHON WHMOpMAIUei.

Bousee Toro, opTojiokcaibaast Teoprsi BBOJUT MIOCTYJIAT, YTO 3HAHUE UI'PhI (KaK
¥ PAIUOHAJBHOCTh YUACTHUKOB HIPBI) SBISETCS 00ULUM 3HAHUEM: UTPOK i HE
TOJILKO 3HAET BBIUI'PHIINIU BCEX UI'POKOB, HO 3HAET TAKXKe, YTO OCTAJbHbIE 3HAIOT
BBIUTPBIIIN BCEX, U UTO BCE 3HAIOT, YTO OH 3HAET 00 3TOM U T.JI. JI0 OECKOHEUHOCTH.

[II. Cwmbica aToro TpeboBanust HanpaneH Ha yroanenne mynkTa [I. [Tpuanmast
CBOE pellleHre, UI'POK He 3HAeT O BBIOOPE CTpaTeruit IpyruMu UTPOKaMU. DTO HE
UCKJIIOYAEeT TOr'0, 9YTO Ha OCHOBE JIOCTYITHON eMy MH(OPMAIUK OH MOXET JIEJIaTh
YMO3aKJIIOYEHUH O BEPOSITHOCTH UCIOJIB30BaHNs APYruMu ux crpareruii. OmgHako
TOYHON (POPMYJIMPOBKU MHTEJJIEKTYaJbHBIX CIIOCOOHOCTEN S HUTJE He BCTPEUall.

Crozia YKe ecTecTBEHHO BKJIIOUAETCs MPEJINTOChIIKA 00 OTCYTCTBUM OOMEHA WH-
dbopmarnuein MexkIy UrpoKamMu (JIOUTPOBBIX TEPErOBOPOB, CrOBOPA, YTIPO3, 00s3bI-
BAOIIMX COMVIAIICHWH U T.11. )

IV. Cwmbict a1oit npeanochlikm siceH. IrpoKu BCTPETUIUCH, CHITPAJIA U HABEKN
PA30IINCh; HUKAKOH MECTH Miin OJiarogapHocTy (MM, KaK IPUHSTO B TEOPETHKO-
MI'POBO TEPMUHOJIOTHHY - TpaHcdepos). Eciu urpa mpoBoguTcss MHOTOKPATHO, 9TO
yIKe JIpyrasi urpa.

Ilouarue pemntenusa. CaMoe nedaabHOE B TOM, UTO JaKe IIPUHAB KECTKNAE 1
COBEpPIIEHHO HepPeaJnCTUICCKNAE MIPEIIOCLLIKNA 00 00IIeM 3HAHUN UIPBI, OPTOI0K-
caJibHAsI TEOPHUsl He Tpeycliesia B PeIleHrnd CBOei OCHOBHOM 3aJadu - OmImpejesie-
HUU TOHATHUSI pertennst urpbl. COMHUTEIBHO, YTOOBI 9TO MOXKHO CAeIaTh BOOOIIE.
Bsamen oma mpejraraeT MHOTO MOHSITHIl pelieHus: (JOMUHUDYIONAE CTPATErHH,
OCTOPOXKHBIE CTPATErud, UCKJIIOUEHHEe JOMHUHUPYEMbIX CTPATeruil u, KakK BeHeI,
pasHoBecre HbsIa), OKa3bIBAIOMINXCS MOJE3HBIME B TEX WJIM WHBIX CHTYAIUSX.
Huxxe Mbl OyneM 3HAKOMUTBLCS ¢ HUMK DoJiee oA poOHO.

EcrecTBennnlii crmocod moCTABUTL MOHSITAE PEIIEHUS UTPLI Ha TBEPAYIO IMOUBY
- 370 (bOopMaAJM30BaThH MOBEJEeHNE UTPOKOB. KOoHEUHO, U MOCIe 5TOro MOXKHO Oy-
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JIeT BO3paskaTh, NOBOPs, U4TO MPEJJIoKeHHast (popMajn3alius He YUUThIBACT TO U
TO, HO 9TO yKe Jpyroe jeo. Takum pyHJAMEHTOM MPEJCTABISIeTCS IMIIOTe3a O
PAIMOHAJHLHOCTH MI'POKOB. KakK MBI y»Ke TOBOPHUJIN, PAIlMOHAJbHBIN UI'POK MaK-
CHMUBUPYET CBOIO MOJIE3HOCTH (OXKHUIAEMYI0) HA OCHOBE BCeil MMEOIeiics y Hero
nHdOpManu. JTO onpejeaeHue Tpedyer yTOTHEHUST IBYX MOMEHTOB: UTO YKe 3Ha-
er Urpok (T.e. Kakasi y Hero mH(OpMAIWsi), U KAK HA OCHOBE 3TO# HHMOpMAIn
dopMUpOBaATH OXKUIAEMYIO MOJIE3HOCTD.

HeobaitecoBckuii moaxoa. B coorsercrBun ¢ neobaileCOBCKUM MOJIXOIOM
(M3T0KEHHBIM B KOHIIE JIEKIMN 3) B 3aJade¢ UrpoKa (0DO3HATUM €ro %) MMEeeTCs
HEOIPEeJICJIEHHOCTh OTHOCUTEILHO CTPATErwil OCTAJbHBIX, TO €CTh OTHOCHUTEJHHO
muoxkecTBa §) = S_; = x;4S;. Kaxnas crparerus s; naiiero urpoka mopo-
®aer dyskimio Ha € (geiictsue), 510 u;(s;,+) : Q@ — R. EMy Hy>)HO BBIOpAThH
"HauJIydInyio’ crpareruio. Irodbl ¢jie/1aTh 3TO, HAIIEMY UI'POKY ¢, B COOTBETCTBUN
¢ Teopueit CaBupKa, Hy»KHO TPUITHCATH ~CYObeKTUBHBIE BEPOSTHOCTH COOBITHSIM
u3 €. To ecrb chenars BepositHocTHbIe “noragku” o—; € A(S_;). Kak rombpko
OH 3TO CJeJaeT, KaXKJas ero CTpaTerus s; MoJydaeT ~OxKUJIaeMyl IIOJe3HOCTD
Ui(si) = ui(si,0-;) = [wi(s;,-)do_i(-). I urpoky ocraercs B3sarh (m00y10) crpa-
Teruto, Jarnyo makcumym U;.

TyT BCce MOHATHO, KpOME OJIHOT'O - OTKY/Ia UI'POKY B3ATb CBOIO ~JOrajky” o_;?
Cosnaercst BedaTeHue, 9T0 Mbl UCXOJHYIO 3a7ad1y (O BBIOOpE MI'POKOM i CBO-
el crparernu si) CBeJIM K JIpyTroii, bosiee CJIOXKHOMN - yraJiaTh, 4TO OyJLyT JeJaTh
nporuBHuKd. Ecin on (Mrpok ) takoit “norajyimebiii’, mouemy Obl eMy cpa3sy He
yrajarb, 9To OyJeT JeaaTh OH caM?!

Tem He MeHee, Takas MOCTAHOBKA, MMeET HEKOTOPLIH cMbICa. To, 4To OymayT
JleIaTh €ro MPOTUBHUKU-IAPTHEPbI, 3aBUCAT OT WX TOJE3HOCTEH (Bejb OHU TO-
)Ke palroHabHbIe UTPOKH!). A BHAUNT M Hallla JOrajKa JIOJYKHA OCHOBBIBATHCS
Ha HAIINX 3HAHUAX O TOJE3HOCTSIX MPOTUBHUKOB. Jlpyrasi BaxkHas (KpoMe MmoJie3-
HOCTH) COCTABJISIIONIAs BBIOOPA TPOTUBHUKOB - UX JIOTAJKK O BBIOOPE JAPYTHUX, U
MO9TOMY Halla JOTa IKa, JO/KHA yIUThIBATH HAIlle 3HAHWE O 3HAHWW TPOTUBHUKOB.

Moe obbsicHenne Hey1aun ¢ ONpe/le/IeHUeM MOHSATHs PEIeHUs UTPhl 3aKJIF0va-
eTcs B TOM, UTO OJIHUX IIOJIE3HOCTEl MaJio JJjis TOro, YToObl CKa3aThb, YTO OyJeT
JeaTh Urpok. K mosesHocTsiM HyKHO J00aBUTH eIle, ITO UI'POK 3HAET (M 9ero
He 3Haer!) o JIPyrux Urpokax: 06 UX MOJIE3HOCTsIX, 00 WX 3HaHWsX, 00 ux “Hora/-
JIMBOCTH W T.II.

Xots HeobailecOBCKUil MOJXO, HE I03BOJIIET c(POPMYyJIUPOBATL B ODIIEM CJIy-
yae, 9To OyAyT JiesiaTh paldoHaJbHbIE UI'POKH, B HEKOTOPBHIX YACTHBIX CUTYAIIMIX



32

on paboraer. Huxke Mbl 06Cy MM HECKOJIBLKO TaKMX CHTyalnil (OCTOPOXKHBIE CTpa-
Ternu, JOMUHUPYIOUIKE CTPATErWH, NPUHIMAIT UCKJIIOYEHNs] JJOMUHUDPYEMbBIX CTPa-
Teruit). A 3aTeM mepeiizieM K caMoMy o0IIeMy MOHATHIO paBHOBecust Hatia, ocHo-
BaAHHOMY Ha IMPHUHITUIIE COTJIACOBAHHOCTH JIOTAJ0K C peaJibHBIM MOBeJaeHneM. Kemm
YTOHO, 3TO TPUHIAIT COGEPULEHH020 NPEISUIEHUA TITA PAUUOHANLHBLT 0XHCUIAHUT,
JaCTO MCIOJB3yeMblii B 9KOHOMUKE.,
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Jleknimga 6. OcTopoxkHOe IOBeaeHIe

OcTopoxkHble cTparerum. PaccMOTpUM CHTyalyio, KOUJa yYaCTHHUKY COBEp-
IIEHHO HEM3BECTHBI IIPEJIIOUTEHNs OCTAILHLIX. B 9TOM cIydae oH He MOXKeT Clie-
JIATh HUKAKUX MIPEJICKA3AHNI O CTPATEINAX OCTAJIBLHBIX U JIOJIKCH OPUEHTUPOBATH-
CsT HA, CAMBIi TIOXO# (15T ce0sT) MCXOT.

[TycTb urpox ¢ Beibeper crpareruio s;. Torja ero BbIUI'PHIINT B CAMOW T1JI0XOM
CUTYAIIUN, TO €CTh TAPAHTUPOBAHHDBIN BLIMTPLIII, DABCH

w;(si) = minu;(s;, s;).
s
PyKOBOACTBYSICH TAKMMU OXKMJAHUAMU, OH JIOJKEH BLIOPAThL CTPATETHIO C HAM-
OOJILIINM TAPAHTUPOBAHHBIM BLIMTPLIIICM
max u;(s;) = max minu;(s;, s_;).
Si Si S—g

D10 umcio obo3HauaeTCsI KakK ;. CTparerus S,;, Jaioias MaKCUMyM (DYHKIUN
w;(+), HaspBaercst ocmopoorcrotd, (prudent) crparerueil Urpoka @ a UMCIO oy - 2a-
panmuposannuim peaysvmamon (security level) wiam maxcumumnom.

Eciu Bce urpoku BegayT cebsg OCTOPOXKHO, MBI MOAYUAEM PAGHOGECUE 6 OCMO-
POSACHBIT cpame2UAT (Syy ). S3AMETHM, 4TO B ODIIEM CJIy9ae BHIUIPHIIIN B TAKOM
PABHOBECH Y TTPEBOCXOJISAT TIECCUMUCTHIECKIE OXKUIAHN, T.e. U;(SsN) > ;.

NuTepec rapaHTHPOBAHHBIX PE3YJIBTATOB (T.€. UHCEN ;) B TOM, UTO HUKAKOE
pasyMHOE PEHICHHE HE MOXKET JaTh UIPOKY MEHbIIMI BhMrpbi. B camom jese,
OH BCErJla MOXKET MEePEeHTH Ha OCTOPOKHYIO CTPATErHIO U IIOJIYYUTh BLIAIPLIII, He
MEHBIINNA ;.

Hapsijty ¢ aucsiom q; 10JI€3HO pacecMaTpUBaTh JIPYroe Ynucao (MUHUMAKCE)

B; = minmax u;(s;, $_;).
S_i S
Ero otyinane ot «; B TOM, 9TO "TIePBBIMU~ JIOJIZKHBI CXOJIUTH IIPOTUBHUKH, & UI'POK
i y»Ke Ha uX X0 jenaer cBoil s;. OTCioja COBEPIIEHHO sICHO, YTO BBINOJHEHO
dyH1aMeHTaIbHOE HEPABEHCTBO

max min u;(s;, s—;) = @; < f; = minmax u;(s;, S_;).
S; S_; S Sq
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Bupouewm, 310 HepaBeHCTBO JIETKO J0Ka3aTh 1 (hopMasibHO. B camowm jeste, nmycTh j1ana pyHK-
Us © OT JIBYX MepeMeHHBbIX, © u Y. Torma, ajs 00X & U y UMeeT MECTO HepaBeHCTBO
minu(x, ) < u(r,y) < maxu(-,y)
2 1
(31ech miny O3HAYAET MHHUMYM MO BTOPOMY apryMeHTY, a maxXj - MAaKCAMYyM II0 MEePBOMY).
[Tycte A o3navaer MHOXKeCTBO "JieBbIX” umces (TO eCcTh 4uces] BHIA Ming u(T,-), MPH BCEBO3-
MOXKHBIX T. AHa/JIOrn4HO B 03Hav9aeT MHOXKECTBO “HpaBbIxX’ uuces. [Ipeabiayinee HEpaBEHCTBO

POBOPUT, YTO JIEOOOE JieBoe uuciao < joboro npasoro. Ho Torma u MakcuMyMm (HJIH CyIpeMyM)
JeBBIX gucen < MuHuMyMa (HHGUMYMA) TPABBIX.

Curyanmio ¢ o 1 8 B urpe yJ100HO MOHUMAThH C TOMOIIIBIO CJIEIYIONIEH KaPpTHHKH.

& Bi
| | u;
3a CUHET UHTEeJIJIeKTa CIKMMﬂHbK)HapTHepOB

3a cueT nH(MOPMHUPOBAHHOCTH

Boiurpslir, KOTOpbIit MOXKET MOTYINTh UTPOK f.

Ona roBOpUT, 9TO BBIUTPHIINI MEHBIIIE ( UTPOK TOJYIaeT TOJHKO €CIU BEeJeT
cebs1 TIyIo MM a3apTHO. Kcim y Hero mmeercs Kakas-To HHMOPMAIUI O X0JaX
apTHEPOB IO UI'PE, OH MOXKET PACCUMTHIBATHL YBEJIUUUTH CBOH BBIUIPHIII 110 [3;
OJIHAKO €ro mapTHepPhl WMET BO3MOXKHOCTH HE JIaTh €My BBIMTPaTh OOsbINE (3.
Bomirpars 0osbire S 0H MOXKET TOJBKO B TOM CIydae, €A HapTHEPbI €My He
MIPOTUBO/IEHCTBYIOT.

AuTaronncrudyeckme urpbl. [loHsTHe rapaHTHPOBAHHOIO pe3yJbTaTa
IPEJICTABJISIET MHTEPEC JIJIst JII0OOI UIPDI, TAK KaK HUKaKas pasyMHasl CTPaTerus s;
HE MOXKET JIATh UI'POKY MeHbIIe, 9eM ;. OCTOPOXKHBIE XKe CTPATErnu MPEJICTaBIsA-
0T MeHbImii uHTepec. Tem He MeHee umeeTcs Kaace Urp (MCTOPUYECKH UIDaBIIH
OOJIBIIY O POJIB), TJI€ OCTOPOXKHBIE CTPATETHH TAKXKE MPEJICTABISIOT HHTEPEC. DTO
TaK HA3BIBACMBIC AHMAZOHUCTIUMECKUE U2pbl. [0 AHTATOHUCTHYECKONR NIPOM MBI
OyJeM MOHMMATL WUIPY ABYX JIMI, C HYJIEBOH CYyMMOM, KOTJA BBIMIPBIII OJHOIO
WIPOKA B TOYHOCTH PABEH MPOUTPLIITY BTOPOTO, U] = —usg. 110 3T0il nmpuumne
JacTO YKA3bIBAIOT TOJLKO BBIMIPLIII [EPBOIO UIPOKA U HA3LIBAIOT TAKUE UIPLI
MaTpudHbIMK (& He OuMaTpuaHbiMi). [Tog u Mbl HIOHUMAEM Us.

[Tycth @ = @y = max,, ming, u(sq, S2) - rapaHTUPOBAHHBIA BBIMIPHIIT 1-T0.
Torma

@y = max min uz (s, S) = max min(—u(sy, s2)) =
S9 S1 52 S1

= max(— maxu(sy, $2)) = — minmaxu(sy, $2) = —f1 = —f.
S9 S1 52 S1
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Hamomunm, aro a < 3. CmbIC ero Mbl y>ke OObsICHSIN: TPU TPaBUILHON
urpe Urpok 1 HUKOIJIa HE MOJIYYUT MEHbIIe , TIPU ~TPABUJIbLHON UI'PE BTOPO-
ro UrpoK 1 Hukorja He nosyduT Oojbie B. Ocobblit mHTEpeC NMpejCTaBIsgeT TOT
ciaydait, koria « 1§ coBnajgaor. B sTom ciaydae npu “mpasusibhoil” urpe (6osee
TOYHO, MPH HCIOJBH30BAHUK OCTOPOXKHBIX CTPATErdii 00OMME UIDOKAMU) TTE€PBbIi
WI'POK TMOJTydaeT POBHO « (& BTOPOil mosyuaer —a). B aToM cirydae ropopsr, 4to
UI'pa UMEEM UEHY (.

MozxHo narh apyryio dbopmyanposky. Boobiue, mycrs ecth (unciaoBast) byHKIMS % HA TPO-
u3senennn X X Y ayx muoxkectB. Cedaogot moukod (wnn cedrosotd napotd) nst byHKIun u
HA3BIBACTCS TAPA (T4, Yy ), TAKASI UTO

u(z, yi) < ul@y, i) < ulz,y)

s mobbix ¢ € X my €Y.

IIpenmoxxkenme. Awnmazonucmuueckas uzpa umeem uerwy moz0a U moabko mozda, K020a
PYHKUUA U UMEEM, CEONOBYIO MOUKY.

HoxkazarenbeTBo. [lycTh S1, - ocTOpOXKHAs cTparerusi NepBoro Urpoka. loraa, mo ompeje-
aeHnto, o < u(S1y, S2). AHAJIOMHYHO JJist BTOPOro nmeeM (3 > u(sy, o). Ecsin urpa nveer neny,
T.e. @ = [3, TO

u(S14, S2) > = [ > u(sy, Sox),
JUTS JTIOOBIX 1 M Sp, UTO M 3HAYUT, UTO (S14, Sox) - CEIIOBAS TMApA.

OO0parHO, IIYCTh €CTh CeIOBas mapa (Siy, Soy); TOT/IA BBLIIOJHSIETCS HEPABEHCTBO
) ) )

U(S14y S2) > u(S1, S24)

JJTST JTFOOBIX S1 U So. SHAUUT U(S14, S2) > U(S14, Sox) VIS JIIOOBIX So, U, B 4ACTHOCTH, Ming U (S14, -) >
u(S14, S2x). Tem Gosee v, KAK MAKCUMYM JIEBBIX YHCE], OJBIIE MM PABHO PABOTO,

a > u(S1x, Sox)-

Cummerpuuro, 3 < u(Sqy, Sox). [omywgaem, uro o > 3. C apyroii cropousl, Beerma a < [,
3HaquT, o = (3. [

Pasymeercst, cejiiioBast TOUKa BIIOJIHE MOXKET HE CYIIECTBOBATD (T.€. HI'Pa MOXKeT
OKa3aTbCs CyIIecTBeHHO#). Bor mpoctoii mpumep (opiistHKa)

1,—1]—1,1
1,11, -1

311ech HET CeJIOBOI TOUKM, KaK HET W IEHBbI UT'PHI.

Breimykabtii ciay4aii. [TokaxkeM, 9T0 B OHOM BaxKHOM CJIydae CJ[TOBast TOM-
Ka CyIlecTByerT. A MMEHHO, Mbl OyJIeM CYUTATh, YTO

1) Muoxecrsa crparernit X 'Y cytb A(S1) 1 A(S3) - CUMIIIEKCHI CMEITAHHBIX
CTpaTerui;
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2) Oyukiust Bhiurpeima u(x, y) addurna no x € X (npu GuUKCHpoBaHHOM Y)
u addunna mo y € Y (npu GuKCHpoBaHHOM ).

Menno takast CUTyaIus BO3HUKAECT IPU CMEMIAHHOM PACIIHPEHNH UTPLIL.
Teopema (dou Heitvan). B amom cayuae cyusecmeyem cedaosas mowka.

[IpuBomuMOE HUXKe paccy:kKJeHHue JaeT He TOJILKO CYIIEeCTBOBAHHE CEJJIOBOM
TOYKHM, HO U CIIOCOD ee HaxoXKieHus1. st 3TOro 1moae3Ho reoMerpuiecKn mpejicra-
BUTDH JIaHHbIE 3aJa9i. KaK Mbl YBUINM Jlajiee, TAKOe IIPeJCTaB/IeHIe MOJIe3HO He
TOJIBKO IIPU aHaJu3e aHTalOHUCTUYECKUX UIP.

I'eomeTpuyeckoe mpejacTaBjieHNe 3aJladd UTPOKa. byneM npeactaBisaTh
crparerni Urpoka (B JaHHOM CJiydae - IEPBOr0) KaK BEKTOPHI B TPOCTPAHCTBE RS2
A wwmenno, crparernn s; € Sp conocrapiser Bektop u(sy,-) € R, (Ocobemnio
yI00HO 3TO, KOI'JIa, Y BTOPOI'O UI'POKA BCET'O JIBe CTPATErun; TOrIa BCEe PUCYETCs Ha
mockocTi.) B pesy/braTe MHOXKECTBO S| peaan3yeTcs Kak IOIMHOXKECTBO B R,

Boiryctum Tenepb U3 TOUKM §1 OTPUIATEbHBIN OpTaHT S — Rjgf. Baxknyto
POJIb UT'PaeT IIepecedeHue ero ¢ 0MCCEeKTPUCO”, MIH IpaBUabHee - ¢ JUATOHAJIBIO,
B R%>. JInaroHasipio Mbl Ha3bIBAEM MHOKECTBO BEKTOPOB C PABHBIMHI KOODIHHATA-
v, A = {(z,...,2)} C R%. Tak Bot, nepecedenue Haero optanta (Toumee, ero
rpaHuIibl) ¢ A B TOUHOCTH YKA3bIBACT FAPAHTUPOBAHHBII BBIUTDBIII IPH UCIIOJh-
30BaHUU CTPATETUU S7.

Orcroga BbiBoj. Pacemorpum obbepubenne A MHOXKECTB S1 — % [0 BCEM
s1 € St; g Oyay Ha3bIBaTh €ro 'BHyTpeHHeil obosioukoit” MHOKecTBa S1. CMbBICT
ero Takoii: nepecedenue ero rpanuib 0.4 ¢ quaronaibio A - 9T0 B TOUHOCTH TOYKA,
(..., ).

AHAOrUYIHO MBI MOXKEM M300pa3uTh [, TONBKO s 3TOIO HAM MPUJIETCA pac-
cMOTpeTh "BHEIHIOW 0001049Ky’ B Hamero muoxkecrsa S1. OHa 3aaercs cucTe-
MO¥ JIMHENHBIX HEPABEHCTB

z(s9) < mlaxu(-, S2), S2 € Sa.

U crosa weOOIBITOE PA3MBIIIIEHUE JEJIAeT TMOHSITHBIM, ITO (3 COOTBETCTBYET TOU-
Ke mepecedenns auaronagn A c¢ rpanuneit 0B. Hepasencrso a < [ Bummo u3
ouesuaHoro Briouenna A C B.

Y10o0BI BCe 3TO HE BBIMVISIEIO CAUIIKOM abCTPaKTHBIM, PACCMOTPUM KOHKPET-
HbII TIpUMep
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CIJ\
O DO =] =+
O DN >

SI/

COOTBGTCTByIOHLaH KapTHWHKa BbITVISAJIUT TaK:

t A

/N s t

IIpencraBiieHne cMelaHHBIX cTpareruii. [locMoTpuM Tenepnb, 9To Mponc-
XOJIUT, KOI'/Ia MBI J00ABJIsSeM CMEIIaHHbIe cTpaTernn. Haumem ¢ mepBoro urpoxa.
Kak n300pasurh Ha arom pucynke cmech 0.5 @ s+0.5® s"7. dcno, uro sra crpare-
rusd JaeT oXKujgaeMblit BRIUrpsIin 0.5 - 14 0.5 -9 = 5, ecnin BTOpoit npuMenser t, u
2, ecsin Bropoit npumenser t'. Ho 310 Kak pas cepegyuna oTpeska, COeIuHAOIIero
toukn s u s’. Touno Tak ke obcront seo u B 0dmEeM caydae. U ecau Mbl jobaBum
BCE CMEIaHHBIE CTPATEruU MEPBOI0 YIACTHUKA, MBI MMOJIYIUM HOBOE MHOXKECTBO
A" = co(A) = co(S1) — RS2, Brecs n ganee co(X) 03HAYACT BBITYKIYIO 060I0U-
Ky MHOXKecTBa X. Bujno, ato o - o 71 CMENIaHHOTO pacIIUpeHus - Oyayun
TOYKOI nepecevyenust guaronain A ¢ 6osubimm MHOXKeCTBOM A, TOXKe BLIPOCIIO.

Teneps mogymaeM, Kak MPEJACTABIATH CMEIIAHHBIE CTPATErHH BTOPOTO WIPO-
Ka. Ero 4UCTble CTpaTerni COOTBETCTBOBAIN KOODANHATHBIM (ByHKIMAM Ha R
u(s1, $2) - ITO MO ONMPEJICJICHUIO Sp-ast KOOPJUHATA BeKTOpa u(s1, -). Pacemorpim
cmech 09 = 0.5 ® s9 + 0.5 ® 8. dAcho, aro

u(s1,09) = 0.5u(s1, s2) + 0.5u(sy, s5).

Tak uaro u(sy,02) - 9TO HE YTO WHOE, KAK 3HAUYCHHE JIMHEHHOrO (hyHKIHOHAJA
0.5s9+0.555 B Touke s1. 1 910 Bepro B 0011eM caydae. Takum 06pasoM Mbl BUEIIM,
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4TO CMEIIAHHBIE CTPATErMH BTOPOrO HIPOKa H300pazkaloTcsi (HEOTPUIATe IbHBIMY )
nuHeiHbIMT (DyHKIHOHATaMI Ha R,

Teneps yrKe sICHO, KaK MOCTPOUTL ~BHEIIHIOW 0007104uKy’ B™ st cMemanHoro
pacHpennsi: OHa 3a/1aeTCs aHAJIOTMIHON CUCTEMOU JINHENHBIX HEePABEHCTB, TOJIb-
KO HapsITy ¢ KOOPJIAUHATHBIMU (DYHKIUAME MBI JOJKHBI PACCMOTPETH BCE HEOTPH-
aTebHbIC:

<
[(z) < gleaglcl(sl),

rae | npoberaer Bee (HeorpunaTesbhbie) JuHeiinbie Gynknuonans na RY2. Teo-
MeTpuIeckn - B™ ecThb nepecedenne Beex MOy pOCTPAHCTB, CoJepKaInX S (Tod-
ree, comgepxkaimux A). U ™ - f 1jist cMeIIaHHOTO PACIIUPEHUsT - COOTBETCTBYET
nepecederunio guaronaaun A ¢ B,

Urak, mpl BuguMm, aro A™ - 310 Boimykias obosouka coA, a B™ - sto mepe-
cedeHune MMOJIyIpocTpancTs, cogepxamux A. Ho ocnoBrast TeopemMa 0 BBIIYKJIBIX
MHOXKEeCTBaxX yTBepxkgaer, aro 3ru jaBa MuokecTBa, COBITAJTAKOT! B uactHocTH,
o = ™, To ecTb CMEIIaHHOE PACIINPEHNE UMeeT IIeHY.

Ha camom zesie MbI mosiydaeM cpasy M OCTOPOXKHBIE CMENIaHHbIE CTPATerun
UTPOKOB. JIJIst MEPBOTO - 3TO TOYKA, T, Mepecevdenns AMaroHaJ i ¢ MPaHuIeil MHO-
xkecrpa A™ = B™. A st Broporo - 370 dpyHKImonas [, onopusiit Kk A™ = B™ B
TOUKE .

B mamem mpumepe KapTHHA TaKast:

tl

T, = (3,3)

i

Touka x, = (3,3); Hy>KHO TOJILKO MPEJCTABUTEL €e Kak cMech Touek u3 Si. B
JAHHOM CJTyHae 9TO JICACTCA OJHO3HATHO: T, = (3/4)®s+(1/4) ®s”. B xauectBe
L. myxu0 B3aTh dynkimonan (1/3)t + (2/3)t.

Teopema 06 oTaesreHNN BBIMYKJIBIX MHOXKECTB. Bbilre, korna Mbl 3agBisin, aro A™
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u B cOBIAJAI0T, MBI MOJB30BAIUCH CACAYIOMUAM (DYHIAMEHTAIBHBIM YTBEPKIEHHEM, KOTOPOe
yctanoBuT MunakoBckuii. [Iycth K - BBITYKI0€ 3aMKHYTOE TTOJIMHOZKECTBO B IpocTpaHcTBe R™.
Torpa K coBmagaer ¢ mepecevdeHneM (3aMKHYTHIX) MOTynpocTpancTB B R™, comepxkamunx K.

WNuage rosopg, eciu Touka r HE mpumamnexxutr K, To ee MOXKHO OTHeJUTh oT K rumep-
1ockocThio. [lporie Bcero B 3Tom yOeauThesi tak. Paccmorpum na mpocrpancrse R" eBkiiu-
jioBy mMeTpuky. [lycrs Tenepsb y - Gumkaitimast K ¢ Touka u3 K. B kadecTBe runepriockoctu
H, ornensgiomeit © ot K, MOXKHO B34Tb THIEPJIOCKOCTD, MPOXOISIIYIO Yepe3 CepeInHy OTpe3Ka
[z.y] 1 MepIeHUKYISAPHYIO K 9TOMY OTPE3KY.
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Jlekimga 7. /loMmuHUpoBaHUe cTpaTeruii

JoMmuumnposaHue. B obiieM ciaydae e crpaTeruid UIrpoKa HECPABHUMBL - B OJI-
HUX CUTYalUsX Jydlle 0JlHa, B IPyrux - Apyrad. OHAKO BCTPEUarOTCs CUTYAlH,
KOTJIa OJIHA CTPATerns HECOMHEHHO JIydIle JAPYToii.

Omnpenenenne. Crparerus s; UPOKa i CuAbHO JOMUNUPYEM CTPATETHIO S,
ecin w;(s;, s—;) > w(sh, s—;) mas moboit s_; € S_;. Ecmu Beromy crost >, To
TOBOPAT O CAGBOM QOMUHUPOEAHUL.

KoHTpoabHBIiT BOIPOC: MOXKET JIU JOMHHHPOBATHCA OCTOPOXKHAS CTPATETHS !

B repMuHAaX reoMeTpruecKoro MpeICcTaBIeHIs U3 TPEebLIYINei JeKIMI JTOMU-
HUPOBAHUE O3HAYAELT, YTO TOUKA S; JIEKUT “Bbile” TOUKHU S; B IPOCTPAHCTBE RS-,
Ecnu cTparerust s; CHILHO JTOMUHUPYET CTPATETHIO S, TO U;(S;, 0_;) > u;(s;, 0_;)
7715 JIE000# (KOppeJTMpOBaHHOI) cMmeranioii crparterun o—; € A(S_;) (1 obpatHo,
KOHEYHO). DTO O3HAYAET, YTO HU MPHU KAKUX ~JOrajikax’ UIrPOKa ¢ OTHOCHTEIHHO
OBEJICHHsT OCTAJILHBIX UIPOKOB €My HEBBITOJHO HCIIOIb30BaTh CTpaTeruto s;. VM-
IJIUKAIIASAMEI 3TOTO 3aMedaHus /Il HAXOXKICHHUsI PelleHus UI'Phl Mbl 3aiiMeMcs B
cienyomei Jekiun. A B 9TOi 00CYINM COBCEM V2K peauaifinmii ciaydaii - Koraa
CYIIECTBYET JOMUHUPYIOIAs CTPATETHS.

Homunupytonue crparerun. Onpenenenne. Crparerust s; urpoka i Ha-
3bIBaeTCst domunupyrouset] (MM JOMUHAHTHOMN), eciu oHa (c1ab0) JOMUHUPYeT
JOOYIO CTpaTeruio u3 S;.

Vcnonb3oBanne JIOMAHADYIOIIEH CTpaTerui PalnoOHAIbHO MPH JIHOOBIX JIOTaI-
Kax. Ecim y urpoka @ ecrb Takas CTpaTerus, TO eMy He Hy»KHO CTPOMTh HUKAKHX
JIOTQJI0K, ¥ B YACTHOCTH, BOOOIIE 3HATH YTO-JMOO O TOJE3HOCTH OCTAJbHbIX. U
OYeHb MPABJIONOI0OHO, UTO PAIMOHAIBHBIH UIPOK GYIET HCIOIb30BATH JTOMUHN-
PYIOIIYO CTPATETHIO, €CJIH OHA Y HErO HMEeeTCH.

[IpuMmeneHne JOMUHHUPYIOMIMX CTPATErwili HA MEePBbIi B3I/l MPEICTABIAETCI OECCIIOPHBIM.
Ho tak s sTo Ha camom nene? Paccmorpum mpumep

101,0 | 1,1
100, 100 | 0, 0

31ech crparerust sl goMuHEUpYyOIas U Ha Hee orBeT (2. B pesyabrare oba moxydaror mo 1.
Ho npezcraBum, uto uspejka (¢ uacroroii 0.02) 1-it urpok ucmosb3yer "mwioxy” crpaTeruio s2.
Torma s 2-ro Urpoka craner OoJiee IPHBIEKATEIbHON cTparerns t1 W OHH IOJIydYaT: HePBHIil
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no npexxkaemy oOosabmre 100, a Bropoit - okoao 20. Crour g 1-My TOHATHCS 3a MEJIOYEBKOI,
9TOOBI B pe3y/abTaTe MOAYYATh XyANIHNA UCXO !

[TosToMy OueHb 3710POBO, KOTJIA XOT4 ObI y OJJHOT0 UTPOKA, MMEETCsI JJIOMUHUAPYFO-
mas crparerus. Toraa ero noBeeHne MOXKHO CIUTATH U3BECTHLIM, 9TO MO3BOJISAET
MCKJIIOYUTDL €ro U3 YUCIa UTPOKOB. VeaibHas XKe CUTyalys - KOraa JOMUHUDY-
[OILAsT CTPATErUsl €CTh Y KaXKJ0I0 UIPOKA.

Curyanus (umm npoduiib crpareruit) sy = (sq,. .., Sp) HA3bIBACTCS Pa6HOGE-
cuem 6 JOMUHUPYIOULUT CIMPANE2UAT, eCIA JJId JI0DOr0 UIPOKa § CTPATErus S;
ABJIeTCa JoMuHupyomeil. Ecim rakne paBHOBecHs CyIIECTBYIOT, UX ¢ OOJIBLIIM
OCHOBAHUEM MOXKHO CUMTATHL PEIICHUSIMU UL

Tyt crour ciaenarb 0JHO npemgocTepexkenre. MoKeT CIyduThCsI, 9TO €CTh HECKOJIbKO J10-
MHUHHUPYIOMUX cTpaTeruii. Komedno, oHu paBHOIEHHBI JIsI UTPOKa ¢, HO MOTYT JaBaTh pa3HbIe
BBIUTPLITIN JIpyTuM. [IpocToit mpumep:

10,10 | 0,10
10,0 | 0,0

[Tepsomy Bce paBHO - s1 wian $2, HO Bropomy He Bce paHo! Uro BeiOeper 1-if, ecinm oH He
3HaeT moje3Hocreil napraepa’ A eciau 3Haer?

VHTYUTHUBHO SICHO, YTO JIOMUHUPYIOIIKE CTpaTerni ObIBAIOT OUeHb pejiKo. Tem
HE€ MEHEE BCTPEYalOTCA HUI'PDbI, B KOTOPLIX €CTb pPaBHOBECHUA B JOMHWHHUPYIOIMINUX
CTpaTernax.

JnaemMa 3aKJAI09€HHBIX. Hajimaue JJOMUHUPYIONIUX CTpaTeruil jaer peji-
KYI0 BO3MOXXHOCTh MI'DOKY HaWTH ONTHMAJIHLHOE PeIlleHHe JaxkKe He 3Has IMPejl-
MOUTEeHN OcTaJbHbIX. HO He HY>KHO JlyMaTh, UTO TOJYYEHHOE pellleHUe BCerja
xoportee. KoHtprnpumep joctaBiger 3HAMEHUTAS JUAEMMaE 3AKAOYECHHOIT C Tar
OuIeit

55 |—3,8
8, -3 0,0

Taxyio urpy MOXKHO MHTEPIPETHPOBATH KaK JyOINOJanio. Ecanm yJacTHUKH J0TO-
BOpSTCA MPOJiaBaTh TOBap IO BBICOKOM IeHe, oHM BhIpydaT mo . Ho ecnm npwm
9TOM OJIMH CHUBUT IEHY, & BTOPOi OyJieT MpOoJo/IKATh MPOjaBaTh 10 BbICOKO
IIEHEe, OH 3aXBATUT PBIHOK W MOJYYUT OOJILINYIO MPUObLIL, TOrJa KaK ero cornep-
HUK OCTaHeTCs B pourpsiiie. Ecian onn 0b6a TOPryroT 10 HU3KUM IeHaM, IIPUObLIN
HYyJIEBbIE.

B 9710it urpe cymecTByioT JOMUHUPYOIINE CTpaTeruu, 310 $2 u t2 (00BITHO uX
HA3BIBAIOT STOMCTHICCKUMIE, WM HEKoomepaTuBHbiMu). Ho oHu pator He srydrmii
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(IpsIMO CKazKeM, TJIOXOM) MCXOjl. DTO, BIPOUEM, 0DIIee MeCTO: HEKOOEePATHBHOE
MOBeJICHNE B ODIIEM CJIydae IJI0XO COTJIACYETCS ¢ KOJIJIEKTUBHBIMU WHTEPECAMHU.
Mbr erie BepHeMcsl K 9TOi urpe u mnpobdjemMe Hed(POEKTUBHOCTU IPU 00CY K ICHUN
UIP C COODIMIEHUSAME U HOBTOPSIIONIUXCS UTP.

AyKnmoH BTOpPOiT 1eHbI. [IpenmnoaokuM, 9T0 HEKTO XOUeT MpOJaTh CBOW
JIOM, 1 ecThb JBa nokymarens, A u B. Bygem cantarh, 9TO MOJIE3HOCTDL JOMA, JIJIs
nokymnaresieit paua 3 uan 4 muH. pyo. Kak ke opranm3oBarh ayKINOH?

[Ipocreiiinii BbIXOJ, BUAMTCS TaKUM: MOKyNaTeJ X B 3aledaTaHHOM KOHBEPTE
npeiaraior meHy. KonBepTbl BCKPBIBAIOT U JIOM HEPEIaeTcss TOMY, KTO IPeJIJIo-
YKIJT OOJIBIIYIO T[eHY, KOTOPYIO OH U IJIATUT. JIJis IPOCTOTHI MOXKHO CUUTATDH, UTO
MHOXKeCTBa crpareruii - unrepsas [3,4]. Ecin nennocrs s unjusua A pasHa
3, TO eMy HeT CMbIC/Ia Ipejaarark boaee 3. A BOT eC/ii EHHOCTDH JIjIsl WHUBI/IA,
paBHa 4 MJIH., TO €My JIy4Ille BCero MpejioyKUTh IyTh OOJIbIIE, YeM IpejJiaraeT
ero ColepHuK. Tak 4ToO y HEro HeT B 9TOM CIydae JOMUHUPYIOMIEH CTPpATErnH.

OJ[HaKO BO3MOXKEH JIPYTOil €r1ocob OpraHu3allii ayKiuoHa (T.H. ayKIMOH BTO-
poit 1eHbl, i aykiuon Bukpn). B Hem mobepuresib onpeessiercs Kak paHblie,
HO TeHa, KOTOPYIO OH ILIATHT 38 JIOM, PaBHa IPEJJI0KEHNI0 BTOPOI'O MOKYIIaTe/ .
B stom ciyuae y nokynaresns A (kak u'y B) ecThb JOMUHUDPYIOIIAs CTPATErUs, a,
MMEHHO, COODIIUTH CBOIO MCTUHHYIO OILEHKY. B caMoMm jesie, mycTh MpeaoyKeHne
B pasno y. Eciu nennocts g1 A pasa 3, To Bee scHO. [lycrh Teneph MeHHOCTD
pasua 4. Ecaun npemnoxenne A < y, TO OH JOM He MOJyYaeT, HO HAUETO U HE
marut. T.e. o Hyssim. Eciu ke ero npejjioXkenue > g, TO JIOM OH MOJIyYaeT, u
mwiatut y. T.e. apdexT ToT XKe, KaK ecjii OH HA30BeT 4 MJIH.

Konkpernbie ancia (3 u 4 MJIH.), a TaK¥XKe TO, U4TO TOKYIATEJsT BCEro JiBa, He
uMeloT 3HaueHus. Ha ayKimoHe BTOpOM IEHBbI Y KaXKJOr0o IOKYIATeIsl UMeeTCs
JIOMUHUPYIOIIasi crpaTerusi. bojee Toro, 3To npocreiiiias cTpaTerus - TOBOPUTD
IpaB/ly, Ha3bIBaTh CBOIO UCTUHHYIO OICHKY.
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Jleknus 8. lVckiiodeHne JOMUHUPYEMBIX CTpaTe-
NG|

Nudopmanmsa u BeIOOP. B npebiyniux AByX JEKIUIX Mbl PACCMOTPEN JIBa
cydas, KOTJa ONTHMaJbHas CTpaTerus WT'POKa OMPEeNsiiach UCKJIIOIATETIHHO
ero coOOCTBEHHBIMU MOJIE3HOCTAMHU. [IepBbIil - KOT/1a UTPOK COBCEM He 3HAET TOJIe3-
HOCTEH JIPyruxX U OPUEHTUPYETCs Ha OCTOPOXKHYIO cTpareruio. Bropoii - korja y
HETO eCTh JOMUHUPYIOIAs CTPATET U, U eMy ITPOCTO He BaXKHO, KaK1e MOJE3HOCTH
y Apyrux.

B obmiem cioydae MOBejIeHWE UI'POKa 3aBUCHT OT €ro MH(MOPMAIMH O JPYTUX
UI'POKAX, B YaCTHOCTHU, 00 Mx mojie3HocTsX. [Iycrh, Jjis MpocToThl, JIBa UI'POKA.
Ecau nepBblit 3HaeT 1M0JE3HOCTU BTOPOI'O M 3HAET, YTO BTOPOW HE 3HAET ero IMo-
JIE3HOCTH, OH OyJIeT YBEPeH, UTO BTOPO# MPUMEHUT OCTOPOXKHYIO CTPATETHIO Sy,
U TOTJa CaM MPUMEHHUT CBOW HAWJIYUIIUI OTBET HA Sy2. A KaK OBbITh, €CJIH TIePBHIi
3HAET MOJIE3HOCTH BTOPOI'O, HO HE 3HAET, 3HAET Jii BTOPO# ero nosesnoctu?! B
JlaJIbHERIIEeM Mbl COCPEJIOTOYNM BHUMaHWE Ha, YaCTHOM, MOYXKHO CKa3aTh - BbIPO-
JKJIEHHOM - CITydae, KOTOPBIM TOJILKO W 3aHUMaJIach OPTOJOKCATbHAs TeOpUs UTp,
Ha ciydae noAnot ungpopmayuu. [log sruM nmoHuMaeTcs, 4To BCe UI'POKU 3HAIOT
MOJIE3HOCTH JIPYT JIPpyTa, 3HAIOT, 9YTO BCE ITO 3HAIOT W T.JI.

Meton uckjodeHud. Ha mpeapiayieil JeKmuu Mbl MOKa3aJd, YTO PAIUO-
HAJIbHBI UI'POK HE MCIOJIB3YeT JOMUHUPYEMble cTpaTerun. PaccMorpum urpy

1] 2 t3
s1]4,3] 2,7 | 0,4
s2|5,5(5, —1|—4, —2

Bunno, uro crparerus t3 sBHO IJioxXas JIJisi BTOPOI'O UI'POKa; Oojiee TOUHO,
OHa JIOMUHHUpYeTCs (CuibHO) crparerueii t2. [TosTomy 2-it UIpoK ee MPUMEHSTH
He Oyzger. ¥ 1-ro urpoka JoMuUHUpYyeMbIX crparernii Her. OHAKO ecii OH 3HAEeT
M0JIE3HOCTHU 2-1'0, TO OH MOHUMAET, UTO 2-ii He Oyjier npumensTh t3. Ho Torma urpa

penynupyercs K
t1 | t2

s1]4,3] 2,7
s2]5,5]5, —1
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Ho B aToM citydae y urpoka 1 crparerust 2 CUJIbHO JIOMUHUPYET cTpaTeruio sl,
1 OH OyJieT MCIo/Ib30BaTh TOJLKO $2. HakoHel|, Tak Kak 2-ff UIpoK 3HaET 10JIe3-
HOCTH 1-T0 U 3naem, aTo 1-it 3HAET €ro (2-T0) MOJE3HOCTH, OH MOXKET 3aKJIOTUTh,
YTO MEPBBIIl UCIONB3YeT S2, a 3HAUUT €My HYKHO NpUMeHATH t1.

[ToBoIst MTOT, MBI BHJIM, 9TO B 9TO¥ UIPE eCcTh ecrecTBeHHOE perenue (s2,¢1)
¢ Hermoxumu Beiurpbiamu (5,5). TloguepkueM sniHuii pa3, 9To npe/yioKeHH b
Cocod paccyXJIeHus OYeHb CUJIBHO ONMUPAETCsS Ha MH(MOPMAIMOHHBIE THIIOTE3bI:
pelenre BTOpOro Urpoka nNpuMeHsaTh t1 ocHOBaHO Ha ero yBePpEeHHOCTH B TOM, UTO
nepBbiit Oyaer ucrnok3oBarh s2. Ho mouemy Bropoit yBepen B arom? Iloromy [ato
OH 3HAET, YTO MEepBbIil 3HAET €ro (BTOPOro) MOJE3HOCTH U MOHUMAET, UTO BTOPOi
He OyJIeT UCTOIb30BaTh t3, & TOrJa JIJIs MEePBOTO JIyUIlle BCero s2.

Meto, KOTOpBbIit OBLIT 3/71eCh NCIIOJIB30BaH, HA3BIBACTCS NOCACIOBAMENDHHLM UC-
KAI0NEHUEM CMPO20 JOMUHUPYEMBIT asvmepnamus. VIrpbl, Tie Takoit mporecce
MPUBOJIUT K yCIexy (T.e. HCKJTIOYAET BCE CTPATErHWH, KPOME OJIHOI ), HA3bIBAIOT-
ca paspeuwumovimu no domunuposanuro. Jdagum popmanbaoe onpenenenue. [Ipo-
[[eCCOM TOCJIEOBATEHLHOTO UCKIIOUEHUs JOMUHUPYEMbIX CTPATEruii Ha3bIBAETCS
MOCJIEJI0BATEILHOCTh MHOYKECTB

Si=S'>8'>...08>...

. k+1
1l KazKJIO0 UTPOKa &, rJe S,

COCTOHUT W3 HEJIOMUHUPYEMbBIX CTPATErHil B UTpe
(N, (SF),u;]S*). dcro, uto (B ey KOHEWIHOCTH MHOXKeCTB S;) 3Ta TOCTeI0BA-
TEJBLHOCTH CTADMJIM3UPYETCsT Ha MHOXKECTBAX, KOTOPHIE Mbl YCJIOBHO 0DO3HAUNM
S°. Urpa paspennmMa 1o JIOMIHUPOBAHUIO, €Ciid Bce S.° COCTOAT U3 €JMHCTBEH-

HOU cTparernw (MM W3 SKBUBAJEHTHBIX CTPATEIHH JIJIsT UTPOKA ).

Wrpsl ¢ coBepmenHoit madopMariueii. HanomuuMm, 4To urpa B pa3BepHy-
TO# (popMe Ha3BIBAETCS UT'PON C cosepuwentoti undopmayuet, eCim Kaxk10e WH-
dpopMalmOHHOE MHOXKECTBO O/iHOdIeMeHTHOe. T.e. B JIH000i MO3UIMKI UI'DbI J1I000i
UT'POK TOJTHOCTBIO KOHTPOJIUPYET CUTyaluio. K TakuMm urpaM mpuMeHuMa, IpoIie-
ypa, OYeHb HAIOMUHAIONAs NCKJIIOUCHNE JJOMUHUPYEMBIX CTPATErHd.

A umenno, paccmorpum npeaduHaIBHYIO BepiuHy y. B Heil genaer xoa nrpok
. I coBepilieHHO siCHO, KaKOii OH CJeaeT XOJ, - TOT KOTOPbIA J1aeT MaKCHMAaJIb-
noe 3uadeHue u;. (Moxer, mpaB/a, OKA3aThCs, YTO €CTh HECKOJIBKO XOJIOB ¢ MaK-
CUMAJIbHBIM ;. DTO HUCTOYHUK HEOJHO3HAUHOCTU IPOIEIYPhI, OJHAKO €CJIA BbI-
UIPBIIIKA BCEX MIPOKOB BO BCex (DMHAJBHBIX BEPIIMHAX Pa3HbIE, TO IPOIELypa
YK€ OJJHO3HATHA, T.€. sIBJISIETCSI aJrOpUTMOM.) B 9ToM citydae Mbl MOXKeM cjie-
JIATh Hally npeaduHaIbHy0 BEpPUIMHY Y (DUHAJIBLHON, MOMECTHB TYyJa ILJIATEXKN
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TOi (PUHAJILHOIN BEepPIIUMHBI T, B KOTOPYIO Toijier urpok ¢. M tak mar 3a marom
Mbl PeJyIUpyeM BCIO UI'PY B HadaJIbHYIO BepilinHy. Bce 3T0 Ha3bIBAlOTCH a.420-
pummom Ilepmeno-Kyna.

[Tokaxkem 3TO Ha MpUMeEpe UTPHI

(3,1) 02 (0,0)

Wrpok 2, nmoctaBjeHHbIH mepej; BLIOOpOM X0OJ10B [ 1 1, HECOMHEHHO BbIOeper [.
[ToaToMy MBI MOXKEM pPeayIIPOBATL UCXOMHYIO UI'PY K BUILY

(2,2)
U
ol

D
(3,1)

[Tocsie aroro sicho, uro 1-i Boibeper D, u Mbl ipuxoanMm K periernto (D, 1).

BuHo, 94TO 3TH apryMeHThl OIM3KK K apryMeHTaM MCKJIIOYCHUS JJOMUHUDYE-
MBIX CTpaTeruii, 1 3T0 JefiCTBUTEIHLHO TaK. Te cTpaTeruu, KOTopble MOy daroTcs
asiropuTMoM KyHa, BbRKUBAIOT TPU MCKJIFOYEHUH 110 (c1aboMy ) JIOMUHIPOBAHKIO,
a OCTAJILHBIE UCKJIIOUAIOTCA. DTO YTBEPIKACHUE U3BECTHO Kak meopema Kyna. Jlo-
Ka3aTesJbCTBO ¢M. B Kuure MyJena, . 2.

O61iee 3HaHME. 3aMeTUM, UTO pa3pelleHne Mo JOMUHUPOBAHUIO CYIIECTBEH-
HO OMUPAETCA Ha 3HAHWE BCEMU MPEIOUTeHNI BCeX, a TaKyKe Ha PAIMOHAJIHLHOCTH
Bcex urpokoB. Ho ve tosbko. Bepuemcsi k niepsomy npumepy. Urpok 2 uckitoua-
eT crpareruio t3, MoToMy 4TO PallMOHAJEH, HO OTKY/Ia MEePBbIil UI'POK 3HAET, UTO
BTOPOIi ee UCKIIOIUT?! [IJIg 9TOro HY»KHO TPEJNOJIOXKHUTh, UTO 1-ii UT'POK 3HAET,
9TO BTOPO# parmuoHajeH. A BTOpoil mpuMmensieT crpareruio t1 moromy, 9To 3HAET,
4TO IEePBBIM 3HAET, YTO BTOPOH palyoHaJIeH, & TaKrKe, YTO MePBBbIM palnoHaJIeH
(aT0b6B HCKTIOUNTH S1).

OJHUM CJTIOBOM, HE TOJTBKO KaKJIblif WTPOK pAIMOHAJIEH, HO TOT (DAKT sB-
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JIsieTcst, KaK roBOpuTCs, obuyum snanuem (common knowledge). Hekwuit dakr A
SIBJISIETCSI OOIMM 3HAHMEM, ecJii Bce 3HaloT A, Bce 3HAIOT, 9TO Bee 3HAOT A, Bee
3HAIOT, 9TO BCe 3HAIOT, 9TO Bce 3HaoT A, u T.;1. UToOBI JiytIle mpou1yBCTBOBATD
39T0, TIpUBEJIEM OJHY (ObITH MOXKET, HE CAMYIO JIYUIIYIO, HO MPOCTYI0) Oaiiky mpo
ob1ee 3nanue.

Peanibro pacckas bojiee CJIOKHBIN, W 51 yIPOCTHII €ro 10 npejena. [IpegcraBnm,
4YTO B Kyle BaroHa BUKTOpUAHCKON 3moxu HaxojuATcs Bod u ero njieMsiHHUIEA
Ammca. ¥V kaxjaoro ucrnadkaxo jgnio. OHaKO HUKTO HEe KPACHEET OT CThIJA, XOTs
Joboit BuKTOpuaHCKUil naccaykup mokpacHes Obl, 3Hast, JPyroil 4ejOBEK BUJUT
ero rps3ubiM. OTCIOIa MBI JieJlaeéM BBIBOJ], UTO HUKTO W3 MACCA’KWPOB HE 3HAET,
YTO €ro JIMIO I'PSA3HOE, XOTd KaxKJIbIil BUJIUT IPA3HOE JINIIO CBOEr0 KOMITAHHOHA.

B sT1o Bpems B Kyme 3arisabiBaeT [IpoBoJHUK W OOBABISET, UTO B BaroHe
HAXOJIUTCS IeJI0BEK ¢ rpst3ubIM JjiniioM. [locie sToro Asuca mokpacuena. OnHa 1mo-
HsIJIa, 9TO ee JuIo ucrnadkarno. Ho mouemy ona monsiia 31o? Passe nmpoBoHuK He
COOOIIUJT TO, ITO OHA, Yotce 3HANGT

[Tpociesum 1enouky paccyxaeauit Aauco.

Anuca: Tlpegnonoxkum, moe ymno uncroe. Torga Bob, 3nas, 910 KTO-TO M3
HAC TPSI3HBIN, TOJKEH CIeIaTh BBIBOJI, 9TO TPSI3HBIA OH, U TTOKpacHeTh. Pa3 on He
KpaCHEeeT, 3HAUUT, MOsT MOCHLIKA, ITPO MOE YUCTOE JIUIIO JIOXKHAS, MO€ JTUTIO T'PA3HOE,
U 5 JIOJIPKHA TTOKPACHETb.

[TpoBoanuk mobapmi K mHMOpMaIuu, n3BecTHoil Ance, naHdOpMaIo O 3Ha-
Husix boba. /1o aroro ona He 3naJjia, 4ro Bob 3HaeT, YTO KTO-TO U3 HUX UCIAYKAH.
Kopoue, coobiierre mpoBOHUKA MPEBPATUIO 3HAHUE O TOM, YTO B KaDWHE eCTh

Y9eJIOBEK C I'PpA3HBIM JIMIIOM, B 06’11466 SHAHUE.

dakTUvecKku, ITO YIPOIIEHHBIH BapUAHT DAKN PO MY/IPEIOB B KPACHBIX Ko/makax. OObrd-
HO ee MPEeNoIHOCIT B 0ojiee CJI0YKHOM BapuaHTe ¢ Tpemsi Mmyapernavu. CugaT Tpu yMHHUKA, HA,
KayKJIOM HaJIeT KOJIMaK KpacHOTO IBera. KarkKablit BUJAMT KOIMAKU JAPYTHX, HO HE BUIUT, Ka-
KOl Koamax Ha HeM. V KaxKjgoMy, 9TOOBI MOKa3aTh CBOIO MPOHUIATEILHOCTD, HYKHO yIraJaTh
IBET CBOEro Koumaka. [Ipoxoxkuil (nim sK3aMeHaTop) OObIBIISET BCEM, YTO OJIMH U3 KOJIMAKOB
kpacubiit. Toraa oJuH U3 MyIperoB MOHUMAET, YTO Ha HeM KpacHbIil Kojanak. Paccyzxkipaer on
TaK: JOIIYyCTHUM, Ha MHE HaJdeT 66.)1be1 KOJITIaK. TOFIL& ABa OCTaBHINXCA YMHHKa, Y3HaB IMOJCKAa3KYy
IIPOXOZKEro, OBICTPO COOOpa3mIN Obl (CMOTPH HpeAbLIYIHi pacckas npo Boba u Asucy), dro
Ha KOM-TO M3 HHX KPACHBI KOIMAaK, I 00bIBUIN ObI 00 3TOM. A pa3 OHH MOJTYAT, 3HAYUT HA,
MHE KPAaCHBII KOJITAaK.

KoneuHo, TyT MOXKHO MOCTABUTH JIFOD0E YUCIO MYIPEIOB.

Kak y»ke roBopuioch, KIaCCUIECKIM IOCTYJIaTOM OPTOIOKCAJIBHON TCOPHHU UT'D
SIBJISIETCSI TIPEIIIOJIOKEHNE O BCEOOIEeM 3HAHUK UTI'PbI (B YaCTHOCTH, HOﬂe3HOCTeI>'1),
a TaK»Ke paloOHAJbHOCTH UTPOKOB. HacKoIbKO pealmcTuIHa 3Ta THIOTE3a, MOKa-
3BIBACT CJCAYIONINIA MapaOKCATIbLHBIA IpUMeEp.
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Copokonoxkka. Paccmorpum BapuaHT COpOKOHOXKKH Posentasisi. OanH 3KCIEHTPUIHBIIT
¢dpuIAHTPOI TOTOB MOJAPUTH YHUBEPCUTETY MUJLTHAP/ JT0ATapoB. OH MPUTIAIIAET IPE3HIeHTOB
yHIBepcuTeToB Venbpuaka n Xapdopaa i 06bACHSIeT, 9TO OHU JOTKHBI PA3BIIPATD CJIEIYIO-
myio urpy. JlepeBo ee nMeer BHI

1 2 1 2 2 1 2
T T T T
1,0 0,10 100,0 0,1000 0,107 10%,0 0,10°

Ha nepBoM Xojie (bHIAHTPOI IIpe/IaraeT NpesuenTy Venbpumzka 1 1om1ap, KOTOPBIH TOT
MOZKeT NMPUHSATH WJIM OTKa3aThCsd. Fcam oH oTKa3bIiBaeTcs, (puianTpor npejjiaraet mpe3ujaeHTy
Xapdopaa 10 go/tapos u T.J1., MOBbBIIIAas CTAaBKH KaxKbiilt pa3 B 10 pas.

[Ipumensist aaropurm [lepmesio, Mbl BUANM, 9TO KaKIOMYy U3 MPE3UIEHTOB HAJI0 IPUHUMATD
npeiozkenne. I103ToMy Hrpa J10/7KHA 3aKOHIHTCA Ha IEPBOM Ke X0y - Ipe3naenT Menbpuika
cxBatuT 1 jgomrap! YyBcTByercs, 9TO 3/1€Ch 9TO-TO HE TaK.

Paccmorpum, mHanpumep, curyanuio B BepinuHe 4, KOrJa Mpe3ujieHT Xapdop/a peniaer -
B3sa7Th 1000 nostapos win orkasarbesi. Obpartnas wHaykiws (agroputm Llepmeso) rosopwur,
a0 HaJO coramarkcs. Ilouemy? IToromy uro mpesuent VeaGpnizKa pannoHaIbHEIT 1 T.J1. i
nodToMy Ha ciemyiomeM mmrare xamaeT 10000. Ho ecam on Takoit panmuoHa bHBINA, TO 9TO Ke OH
Ha IpeJpLIyIeM Imare oTkasasca or 100 mommapos? A kak 6bI BBl caMM UTpajd B 3TOi urpe’?

OHuM CJIOBOM, MBI JIOJIZKHBI TIPU3HATH, YTO apPTyMEHTHI, Ha, KOTOPBIX OCHOBaHA OOpaTHAs
UH/IYKIIMS, BKJIIOYAIOT HE TOJBKO F'UHOTE3Y O PAIMOHAJIBHOCTH, HO U TUIIOTE3Y O HEMOKOJIeOuMOii
YBEPEHHOCTH B PAlMOHAJBHOCTH HECMOTPS Ha sIBHbIE CBUJIETEIHLCTBA O HEPAIMOHAJIBHOCTH HA
IpeIbIIYIINX Marax.

Ocnabnennga. Nuorna nporiepypa UCKIIOYEHUsT TPUBOJUT K €JUHCTBEHHOMY
MCXOJLy, HO Jallie - Her.

MoxkHO ObLIO OBl MCKJIIOYATh M CJIAa00 JTOMUHUPYEMbIE CTPATEr'ud, KaK 3TO I10
cymecTBy n aenaercs B aaropurMe Lepmeno-Kyna. Ognako nckiodenue ciaado
JOMUHUPYEMBIX CTPATErHWil yXKe He CTOJb HECOMHEHHO (M He BBIBOJUTCS U3 THU-
MOTe3 O PAIMOHAIBHOCTH UI'POKOB). BO-MIepBBIX, HAUNHAET UTPATH POJIb MOPSITIOK
uckJjodenusi. Ho aro nosidejipl. Xyrke, 4To cjiabo JOMUHUPYEMbIE CTPATEIUU MO-
I'yT BXOJUTH B paBHOBecusi. Paccmorpum urpy

#1 2
s1| 1,1 | 100,0
520,100 | 100, 100

13mech MOXKHO YBUIETH AHAIOIHIO C PACCKA30M O "HEOKHUIAHHON IIPOBepKe”. YUnTeIbHIIA TOBOPUT
yUIeHWKaM, 9TO OHA YCTPOWUT WM TIPOBEPKY B OIWH W3 jHel Oymyrei nemenn. Korma? - ciipocnan yde-
uuku. Korma BbI He oKujaere 3TOro, OTBeTUIa yunteabHuia. OHU pemmim, 970 9T0 He MOYXKeT OBITh
MISTHUIIA, HO TOT/Ia W HE YeTBEPr, W T.J. TaK OHU PN, 9TO MPOBEPKH HEe OyIeT, U HE TOTOBUJIUCH.
Ho B moHeebHUK yUNTENTBHATIA YCTPOUIA, TIPOBEPKY, U IS BCEX 9TO OKAZAIOCH HEOXKUTAHHBIM!



48

31ech nepBbIit crosbern caabo JOMUHUPYET BTOPOi, KaK M MepBasi CTPOKa Caado
J

gomunupyer Bropyio. Mckmiouenne takux "ciaabbix'crpareruit gaer BuIMTPBIIIN

(1,1). Ho ectn Gomee xoporee pemienue (s2,$2).

JoMuHUpyeMbie cTpaTeruu. Buillle Mbl UCKIIOYAIN T€ CTPATErHU S, KOTOPbIE CUIbHO
JIOMHUHUPOBAJIUCHL HEKOTOPOi Gosiee Jryuiieii crparerueit s'. Ha camom jejie MOXKHO HEMHOIO
pPacCIIUPUTh CIUCOK HMCKJ/I0YaeMbIX crpareruii. Takue “mjoxue” crpareruud Oy/yT Ha3bIBATHCS
domunupyemovimu. Mbl puBeeM jiBa ONpeeeHnss JOMUHUPYEMOCTH W 3aTe€M MOKAYKEM, UTO
OHM 9KBUBAJIEHTHBI. 371eCh MBI (DUKCHPYEM OJHOTO UI'poKa u muireMm S BmecTo S;. MHOXKecTBO
CcTpaTeruii OCTAJILHBIX HI'POKOB 00O3HAYNM Kak ).

[Teproe onpenenenne. Crpareruss s dOMUHUPYEMCA, €CIA st OO0 “cMemmaHHoi” TOYKH
p € A(Q) naiinercs crparerust s € S, takast aro s(pu) < s'(p).

KoneuHo, ecin HeKoTopasi crpareruss §' JOMUHUPYET S, €6 MOYKHO HCIO/Jb30BaTh B IIEPBOM
onpenenennu. OgHAKO B 00IIeM ciydae ’mobeanTens’ CTpATernd § 3aBUCAT OT CUTYAIUd (TO
eCTh OT [i).

Bropoe onpegenenne. Crparerust s domunupyemcs, ecim HajigeTcs "cMenmranHas’ CTpaTerust
o € A(S), Koropast CHIBHO TOMHHUDYET §.

Bujro, 9T0 BrOpoe moHsTHE MOCUIbHEE. 3aMedaTeTbHO, 9TO Ha CAMOM Jlejie OHU COBIaa-
I0T. DTO CJIEJICTBHE TEOPEMBbI O Pa3eNeHUN BBIMYK/IBIX MHOXKECTB M (DAKTHIECKH YrKe BBLIO
yctaHoBeHo B Jlexknuum 6. OHaKO HE MeIIaeT W MOBTOPHUTD.

IMpenmoxkenue. Oba npedvdyusuxr NoHAMUA JOMUHUPYEMOCTU COBNADAIOM.

JoxkazarenbcTBo. CHOBa OyieM crpareruu u3 S Mbl n300pazkKaTh BEKTOPAME B IIPOCTPAHCTBE
R?. Tax uto S peasusyercsa Kak KoHeuHoe moamuozkectso B RY. Ecim Teneps A - "BHyTpennss
obonouka’ S B cmbicie Jlekmuu 6, TO cTpaTerus S JOMUHUPYETCS BO BTOPOM CMBIC/IE, €CJIH OHA,
[OIaJIa BO BHYTPEHHOCTD A.

[IpeamonoKuM Temnepb, UTO CTpaTerus s He JOMUHUPYETCS BO BTOPOM CMBICTE, TO €CTh
we nmonajgaer BHyTph A. Torma ona Jexkur wa rpanune A (1 gazke HA TOH 9acTH I'DAHUIBI,
KOTOpast Tonajaer B BHIMYKIyI0 060109ky S). Ho Torma no teopeme 00 OTieI€HUH BHITYKJIBIX
MHOYKECTB CYIIECTBYET JIMHEHHbIH (DYyHKIMOHAT P HA RQ, KOTODPBIil (HECTPOro) OTIe/IseT s OT
A. D10 3uaqut, aro p(s) > max pA. OUeBUIHO, UTO P MOJOKUTENbHBI; €CIH OTHOPMHEPOBATE
ero, Mbl moayanm cvech g C A(S2) rakyro uro s(u) > o(u) ms moboro o € A. B gactHOCTH,
s(u) > §'(p) nna moboro s’ € S. Ho sr0 o3Hadaer, crparerusi s He JOMUHUPYETCS] B IEPBOM
cmbice. [
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JIlexknmug 9. PaBaoBecua H»>ma

PaceMoTpenHbIe 10 CUX [Op MOHSTHsI PellieHust (JIOMUHUPYIOINE CTPATErnH, OCTO-
POXKHbBIE CTPATErHH | TTOCIE0BATEIbHOE UCKITIOUCHUE JIOMUHIPYEMbBIX CTPATErHii )
HOCHUJIM B 4eM-TO MexXaHn4yeckuil xapakrep. Tenepb Mbl OTKa3bIBAEMCsl OT TAKOI'O
NPAMOJIMHEHOrO 110/IX0/1a, OT IpeTeH3uil Ha NpejcKa3alue Toro, 4ro Oyjuer Je-
JIATh KazKJIplil Urpok. BMecTo 3Toro Mul (hopMyaupyeM HEKOTOPBIE KeJaTebHble
cBoiicTBa petenust. [Tocsie TOro pernennii MOXKeT OKa3aThCsi HECKOIBKO (M TOr/a,
BO3HUKAET BOIPOC, KAKOE U3 HUX OCYIIECTBUTCS) MM HU OJIHOTO (M TOrja JIaHHAs]
KOHIIEMIns He paboraer).

PaBuoBecue H»amra. PanmonajbHbI M01X0H K HAXOXKJIEHUIO PEIICHUS U
(i)

IpeTIoIaraeT, YTo KaxKJplit UTPOK ¢ (hopMHUpYeT ~1orajkKy s.; O AeHCTBHUAX OC-
TAJbHBIX W BHIOWPAET B KQUECTBE S; CBON HAWJIYUINNN OTBET HA 3Ty J0rajIky. Kak
y¥Ke OTMEevaJsioch, TPYJHOCTh 3JIeCh B TOM, KakK (DOPMUPOBATH 3Ty JOrajiKy. Bce
’Ke OJJHO TPeOOBAHUE COIIACOBAHHOCTH BLINISIUT IOYTH HECOMHEHHBIM HJIM, BO

(@)

BCAKOM CJly4dae, »KeJIaTEJIbHBIM: JO0T'aJlIKN §_; JTOJZKHBI COBIIaJaTh C PEAJIBHBIM Bbl-

bopom s_;. B aTom ciiyuae mojiydaeTcst JJOrnueckn CTpoiiHast KapTuHa: s BhIOUPalo
S;, MOTOMY YTO 3TO JIYUIIUil OTBET Ha BAIly S_;, a Balll OTBET HAWJIYUIINAN Ha MOIO
cTparTeruio s;. MoXKHO cKazaThb TakKe, 4TO paBHOBecue HaIma ycToiiamBO K OT-
KpoBeHnI0. BriOupast CBOIO CTpaTeruio S;, Bbl HE 3HAETE, YTO BLIOPAJIU OCTAJIbHbBIE.

N3mennres i Balie pemrenne, eCJin Bbl Yy3HaeTe ILGI'/JICTBI/IH OCTAJILHBIX !

Onpenenenne. Curyanus sy B Ur'pe HasblBaeTcdA pacsnosecuem Howa, ecan
JIJIsl JII0OOT0 UTPOKa, ¢ 1 JII0DOIi ero cTpareruu S; € S; BLIIOJIHSIETCS HePaBEHCTBO

ui(sy) = ui(si, s75)-

Nuage rosops, s; - HAWJIYUIINN OTBET Ha S*, JJisl KaXKJIOTO UIPOKA ¢. JTO Ta-
Kasl CUTyallisl, 9TO HUKOMY He BBIFOJHO OTKJIOHATHCA OT HEe, €CIU OCTAJbHBIE ee
PUJIEPXKUBAIOTCSI.

Haunny4dmime orBeTbl. 3/1€Ch CTOUT CKa3aTh O MOHSITAN HAWIYYIIEro OTBETA.
Onpenenenne. Crparerns s; UIPOKa § HA3BIBACTCH HAUAYUUUM OTMGEEMOM
Ha IpOMUIbL CTpaTeruit s_; OCTaJbHBIX UI'POKOB, €CIU B TOUKE S; JOCTUIAET MaK-

cumyM DyHKIET w;(+, S—;).
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MHozkecTBO Hamaydmux orseros, Argmax(u;(-, s—;)), obosnaanm Best;(s_;).
DTO MOJMHOXKECTBO B S;, HEIYCTOE MPHU JIOBOJILHO cJIabbix ycyoBusax. CoorBer-
crBusi Best; : S_; = S; HaMJIy4IInX OTBETOB UI'PAIOT BaXKHEHIIYIO POJIb MpH
aHaJIM3e TMoBeIeHusT UTPoKa ¢. Hampumep, sy - paBaoBecre Hamia Torma n To1bK0
Toryia, Korja s; € Best;(s_;) st 106010 1.

AHaJIOrTIHO ONpeesieTcsT HAaMIy dInii OTBET Ha 'CMEIaHHYI0  JTOTAJIKY 0_; €
A(S_;). ObbITHO B 9TOM Cilydae B KAUECTBE OTBETOB TAKKE MPUBJIEKAIOT CMEIIAH-
HbIe cTpaTernn. KOHTPOIBHBIA BOIPOC: ITO MOXKHO CKa3aTh O CTPATETWH S;, KO-
TOpasi SIBJISIETCST HAWJIydIIUM OTBETOM Ha JIo0yo s_; € S_;7 A eciu s; HUKOTIA
He SIBJISIeTCST HAUJIYUITIM OTBETOM?

O6cy>xkxaeHne MOHATNA paBHOBecusi. Panosecue Haiia, - riiaBHast KoHIer-
WS pelieHrsl B HEKOONepaTuBHOM ciydae. [loaTomy crout mogpobHee oOCYIUTH
ee CMbIC/I U 3HadeHue. XOoTs MOoHsTHe paBHoBecusi Haiia u BRIV AT BIIOJIHE pa-
3yMHBIM, OHO y»Ke He CTOJIb DECCIIOPHO, KAK PaBHOBECHE B JOMUHUPYIOIUX CTPa-
Terudax.

[loungarue paBHOBECHU:A H»ma coeguHsdAaeT ABE€ I'MIIOTE3bl O IIOBEJCHUN HI'POKOB.
HepBaH - €CJIn CUTyallusd Sy HEPpaBHOBECHa, TO €€ HEJIb3d PaCCMaTPUBATh KaK
ycToitunBoe cocrosinue. T.e. eciiu KakKoi-TO MI'POK ¢ BUJIUT, 9TO OTKJIOHEHHE OT
$; IpEHEceT eMy OOJIBIIHI BBIUTPHIII (B HAJIEXKJIE, UTO OCTAJIbHBIE COXPAHSIT CBOU
CTpaTerun), TO OH HEMPEMEHHO OTKJIOHUTCS, TOJIACTCST CODTa3Hy. DTO COrIACyeT-
Cd C TUIIOTE30i PaIlMOHAJIBLHOCTHA (ﬂ&}Ke JUKTYeTCs eIO). O1HaKO UT'POK HE MOXKET
H€ IIOHHMMaTb, YTO €ro OTKJIOHEHHE MOXKET BbI3SBATb HEIIPEACKA3IYEMYIO ICIIb OT-
BETHBIX PEAKIUI OCTAJbHBIX UT'POKOB, KOHEYHbBIEC MOCICICTBUAA KOTOPOU TPYHO
OIICHUTD.

Bor npumep. /IBa yuacTHuKa, KazKIplil Ha3bIBAET IeJI0€ HEOTPHUIAaTe bHOE Yucio. Eciu oba
Ha3BaJIM OJIHO M TO K€ YHC/I0, KaxKapiil nosydaer no 100 py6. Eciu paszubie, To TOT, KTO Ha-
3BaJs1 Oombinee, monydaer 101 py6., a apyroii - 0. PazymHo KaxX7a0My Ha3BaTh HY/Ib, HO 3TO He
paBHOBeCHE.

Takoe oTkJIOHEHHE (yJIydIIaolee o CPABHEHHIO CO CTaTyC KBO $*) OlpaBaHHoO
TOJILKO B TOM Cjy4da€, €C/JIM €CTb YBEPEHHOCTb, 9YTO OCTaJIbHbIE rHeI(/JICTBI/ITeJIbHO
COXpaHAT HEM3MCHHLIMHW CBOM CTpaTEr'un. A B O6IH€M CJIyda€ HY2XKHa KaKas-TO
MOJIEJIb PeaKIIN OCTAJIbHBIX.

Bropast runoresa - ecjiu KakJiblii U'POK BUJINAT, 9TO OTKJIOHEHUST OT s;-k He JIaI0T
eMy YJIydIIeHHsI, TO OH COXPAHHUT 3Ty CTPATEruio S;, KaK Obl HeJslella OHa HU ObLTa.
B nmanpHeiimeM MBI elie BCTPEeTHM MHOTIO HeJIENbIX, JyPalKuX PaBHOBECHIA.

Bot nkpBeriit Takoit npumep. [IycTh Tpu yuacTHHKA 10 MPABUIY OOJIBIINHCTBA BRIOUPAIOT U3
JIBYX aJbTepHATUB X W Y, U JAd BceX x jaydmie y. [Ipeamomoxknm, aTo Bce HaszBaau y4. Torma
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HUKTO WHUBU/YAJIbHO HE MOYKET YJIYUIIUTh UCXOJ Y, TaK 4TO (popMasbHO 310 paBHoBecue. Ho
TPYJHO NIPEJICTABATH, KAK TaKasd CATyalldsd MOXKET BOSHHUKHYTh.

Buauenne pasHoBecuii Hamia moxkno cymmuposarh tak. Ilycrb Teopust (uim
COBETHUVK) MPEJIUCHIBACT KAXKJIOMY UTPOKY HEKYIO CTPATEIMIO, U BCEe OHW 3HAIOT
9TO MPEJIUCAHIE U CJICAYIOT eMy; TOrJa JIKOO 3TO JIOJIXKHO ObITh paBHOBECHEM
H»mia, inbo KTo-To Bejer cedst uppallioHaJIbHO.

Mpbr He yTBepXKIaeM, 9TO 4t0boe paBHOBecwe Haima rommrest Kak mpejckasa-
Hue ucxoja (Tem bosiee, 9TO MOTYT OBITH HECKOJIBKO paBHOBeCHI ). PaBHOBECHOCTD
no Homry - 1o smmmb HeobxoguMoe yeaoBre "NpaBUbHOIO  OTBeTa, MPeJICKa3a-
Hust. TeopeTKO-NrPOBUKHU TPEANPUHSIIA MHOTO YCHJINN, 9TODBI CPeau paBHOBE-
cuit Hama octaBUTh TOJBKO pasyMHbBIE. DTa MPOrpaMMa Ha3bIBACTCS OUUIIEHAEM
(refinement), uim yrompieHneM, u Mbl MO3Ke 00CYANM Oojiee JETATHHO ST BO-
TPOCHI.

Crienapumn. PaccMoTpuM Terepb BOIPOC O TOM, KaK UI'POKU MOTJIM Obl IPUNATH
K paBHoBecuto Hama. U 31ech ner nonnoit sicnoctu. He ynaercst gaTh pa3yMHOro
00bsICHEHHSI, OCTaBasICh IMOJHOCTBIO Ha HEKOOIepaTHBHON Touke 3penusd. [losro-
My HEKOTODPbIE TEOPETHKH CUMTAIT paBHOBecrue Haima mosykoonepaTuBHBIM IO-
HaTrem. Huzke Mbl pejijiaraeM HECKOJIHKO CIIEHAPUEB TMOSIBJICHUs] PABHOBECHUS 110
Hoamy.

Ilepswiti. VIrpa pa3bIrpblBaeTCsi MHOTOKPATHO, U M3 IIPOIILJIOrO OIbITA UIPOKH
HAUMHAIOT MPEJCTAB/ISATh, KaK OyJlyT UIpaTh MapTHEPbl, BHIOMPAIOT HAUJIYUIINe
OTBETHI, ¥ (B KOHIIE KOHIIOB) Tonajaor (7) B CHTYalniO0 paBHOBECHsI, B KOTOPOii 1
octaforcs. K aToMy »Ke MOYKHO OTHECTH M Hpoleaypy HamrynbiBanus Kypuo. O-
HAKO MPEJIOJIOXKEHNEe, YTO UI'Pa PashbIIPhIBACTCA MHOIMOKPATHO, CUJIBLHO MEHSET
BCIO KapTuHy. PopMabHO, MBI TIONagaeM B HOBYIO urpy. OO srom Oyer paccka-
3aHO B JIEKIIUK O MOBTOPSIONINXCS UI'PaX.

Bmopoti ciienapuii. Y4uacTHUKN (DUKTUBHO Pa3bII'PhIBAIOT UI'PY, UM Pa3pPEIIeHO
B OIPEJIEJIEHHOM TOPsiJIKe MEHsITh CBou cTpareruu. Korja nojioxenue crabuimsu-
POBAJIOCH, T.€. MbI IOTIAJN B YCTOWUMBOE COCTOSIHUE, UI'Pa PA3bIIPbIBAETCs PeaJib-
HO. YCTOWYMBOE COCTOsiHUE - 9TO paBHOBecwe Harra (Mmoxer, He Jroboe). Bospa-
JKeHUsl KaK Bbillle. B 000nX 3THUX ClieHapUsX UI'POKY HE HYXKHO 3HATDH MOJIE3HOCTH
JIPYTHX UT'POKOB.

Tpemuii cienapuii. Kaxxiplii U'POK caM aHAJU3UPYET UTPY U HAXOJIUT CUTYa-
[[UIO PABHOBECHs. DTOT CIIEHAPWH TIOUTH WJIeaseH, eC/ii PABHOBECHE €INHCTBEHHO.
Ho npu HeckosbKUX HEpaBHOLEHHBIX PABHOBECUSIX BO3HUKAET BOIIPOC, KAK BbIOH-
paTh cpeau Hux. Hampumep, B urpe
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t1 | 2
s1]3,3]0,1
s2]1,0]2,2

(moxoxkeit wa Berpeuy B Hpio-Mopke) ects gBa pasmopecua (s1,t1) u (s2,t2).
Ha kakoe W3 HUX OpUEHTHPOBATHCA UTPoKy 17 Kazasock Obl, IepBoe paBHOBeCHe
Jiydiie it 000MX MIPOKOB, M €CTECTBEHHO ObLIO Obl OCTaHOBUTHCs Ha HeMm. Ho
nepBbiil UTPOK (Kak ¥ BTOPOi) MOxkKeT paccyxkiaarh rak. Jomycrum: st Beibepy
sl B pacuere Ha CcOOOpPA3UTENBHOCTH BTOPOro. A BApPYT OH MOCTYHIUT WHAYE 1
BoiOeper t27 Torma g nonydy Tonabko 0. Ecim ke s BbIOEpYy BTOPYIO CTPOUKY,
T0 rapanTupoBaHHo nosiydy 1. Tak 4ro He dakr, uro Oyjer BbIOpPaHO MepBoOe
paBHOBeEcCHE.

Ho jaxxe ecyiv paBHOBecue €JIMHCTBEHHO, CHOBA He (paKT, YTO UTI'POKU BHIOEPYT
ero. Paccmorpum urpy

35 |48]3-1000
5,-1000 | 6,8 | 3,10

B meii enuncTBennoe pasHoBecue (s2,t3). Ho urobbr pemmrhes Ha t3, BTOpOIt
UI'POK JIOJIPKEH ObITh OYeHb CUJIbHO yBepeH, uTo 1-if ucrosb3yer S§2, 4TO OH He
OTKJIOHUTCST OT S$2 JlaXKe B pedysbrare ciaydaiinoit ommbku. (Kcraru, mepsomy B
9TOi cuTyanuu abCONIOTHO BCE PABHO, UTO WCIOMB30BaTh - sl mwin s2.) Bosee
HaJIe2KHOM siBJIsieTcs cTpaTerus t2, ¢ rapaHTheil jlalolas 2-My BbIUTPHIII 8.

Yemesepmuwiii ctienapuii. Irpoku mepej urpoit 3aTeBaioT MeperoBOpbl U MPUXo-
JAT K HEKOTOpOMY (Heobsi3biBatolemMy) cordaiienuio sy. Eciau 91o cornaienne
SN siBJsieTcss paBHOBecueM Haia, TO ecTh OCHOBaHUS OXKHUJATh, YTO OHU OYJIyT
CJIEJIOBATH TOMY coryalienuto. OgHaKo TYyT To¥Ke HaJI0 (boOpMaIu30BaTh MPOIECe
MePEroBOPOB M 3aKJIIOUEHUs COTJIAIIEHUsI, 9TO HOBasd Wrpa. Mbl oOCyuM 3TOT 1
CJIeIyIONINi clieHapHuil B JIEKIIMU 00 Urpax C COODIIEHUSIMU.

Ilamwiii, oberaroriuii, cuenapuii TecHoO cBsi3aH ¢ yeTBepThiM. rpoku obpariia-
FOTCsI K TTOCPEJIHUKY (MJIM aHAJTUTHKY ), KOTOPBIH aHAJU3UPYET UI'PY U MpejJiaraer
BCEM CJIEJIOBATH HEKOTOPOMY TPOMhUITIO cTpaTeruil sy (KOTOPbIi OH TPOMKO 00b-
SBJISIET BeeM ). B mpuHIume Kaxplii MOYKET OTKA3aThCsI U BHIOPATD JPYTYIO CTpa-
teruio. OJIHAKO ecyiv MOCPEIHNUK TpeiaraeT papHoBecne Harma, To Bcem BBITOJI-
HO CJIeJIOBaTh yKazaHuio. KoHeuHo, U TyT BO3HMKAIOT CBOM Borpochkl. Hanpumep,
KaKOe paBHOBECHE MPEJJIOKUTH TTOCPETHUKY, eCau X MHOro? Mau - yBepeH Jin
UT'POK, ITO €ro MapTHep YCJbIIIaJ] YKa3aHue MoCpeIHuKa?

Emie 3ameuannd. [lepBoe - paBHOBecre MoxKeT ObITh Heappermuenvim. Bro-
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poe - MOXKeT ObITh MH020 Pa6HOBeCcU.

[Tpumep k mnepBomy yrBepxk)jeHuio jaer Jnjnemma 3akjodeHHbX. Mbl yxe
00CY2KJIaJTH €ro. DTO NMPUMep TOTO, KaK PAIMOHAJIBHOE TTPec/ieIOBAHNE CBOUX WH-
TepeCcOB MOXKET BECTHU K TIJIOXOMY UCXOMY JJis BCEX.

[Tpumep ¢ HECKOJIbKUMU PaBHOBECUSIMU - CEMEHHBII CIIOp U T.II.
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Jlexmus 10. PaBuoBecuss Hama (mpogonkeHue)

CpaBHeHme ¢ nNpeabLaynMu noHaTuamu. Pasnosecrue Haira recHo csizano
C MPEJbIIYIINMHU MOHSITUSIMKA PEIIeHUsI U XOPOIIO COIJIACYeTCsi ¢ HUMU.

a) Jomunupyrowgue cmpamezuu. OUeBUIHO, ITO PABHOBECHE B IOMIUHUPYIOIIIX
cTpaTerusix sipjsiercs paHoBecueM Hoaima.

Brpouem, Hapsijly € JIOMUHUPYIOINIMMUA PABHOBECUSAMU MOTIYT BCTPEYaThCS U
Tpyrue, KakK MpaBumiio, aypaikne. PaccMorpum, Hampumep, ayKIMOH BTOPOH Iie-
Hbl. OH WHTEPECEeH TEeM, 9TO MPHU ero MCIOJIH30BAHNN Y KaXKI0TO YIaCTHUKA, €CTh
JoMuHUPYyomast crparerus. OIHaKO €CTh U MHOTO JIPYTUX, "TIOXUX  PaBHOBECHI
Hsma. A umenno (ecau ydacTHUKOB > 3), Jijist JIOOOTO YIACTHUKA & U JIFOOOTO
Jnciaa p < u; CymecTByeT paBHoBecue Hama, mpu KOTOPOM yYaCTHUK ¢ MOTyTaeT
npejMer 3a 1eny p. st 9roro Bce, Kpome ¢-ro, mpejjiaraloT 1IeHy p, a OH IPejl-
saraer ey, 6osbiryio max(u;). B arom “mypankom” paBHOBecHH IPEAMET TOPra
TIOCTAETCS W JIeNeBJe, U He TOMY.

b) Ocmoposicroie cmpamezuu. OCTOPOXKHBIE CTPATEIUH B 0DIIEM CITydae ciabo
cBsi3aHbI ¢ paBHOBecusiMi Harma. OHAKO JJIsT aHTANOHUCTUIECKAX UTD CBSI3b YCH-
nuBaeTcs. PapnoBecue Halra B Takoit urpe gaBiisgeTcs ceiIoBo# mapoit (1/1 o6paTH0),
II03TOMY PaBHOBECHBIE CTPATEINHU SIBJISIOTCsSI OCTOPOXKHBIMU. OHAKO €C/IN Ur'pa He

MMeeT IEeHbI, TO OCTOPOXKHbBIE CTPaTeruu He 0Opa3yioT paBHOBECHE.

OTMG‘{y enie, 9To B CiIy4da€ aHTalOHUCTUYECKUX HUI'D PaBHOBeECUA HSIH& O6JIa,ZLaIOT ABYMHA
JIOTIOTHATETHHBIM TIEHHBIMU YePTaMU, BRITEKAIONUME U3 TOTO, YTO OHU COCTOSAT U3 OCTOPOKHBIX
CTpaTernii.

[TepBas - 9TO JIsl HAXOKJICHUST PABHOBECHOM (—O0CTOPOYKHOM) CTpATErnu KazK/bIil U3 UrPO-
KOB MOKET JefiCTBOBATh WHIUBHIYAJIbHO. B oTndme oT obIero ciydas, eMy He HYXKHO 3HATH
WIH JleJIaTh JOTQJIKA OTHOCHTEJNbHO s*,. Luiaas Toabko Ha Tabiniry (CBOI/IX) BBIATPBIITEH OH
MOYKET BbIJIEJINTH MHOYKECTBO P; CBOMX OCTOPOXKHBIX CTPATEruil U BHIOPATH NPOU3BONbHBL dJTe-
MEeHT B HeM B KadecTBe s;. B uacrHOcTH, MHOKecTBO N FE paBHOBecuii Hama ycTtpoeno kak
npoussesienne Py X P, u 1060e paBHOBECHE JIaeT YIACTHUKY OJIHY U Ty 2Ke MOJIE3HOCTbD.

Bropas - aTo paBHOBecue ob6/1a1aeT JOMOJHATETBHBIM CBOICTBOM ycToituuBocTu. 1o ompe-
JleJIeHUI0, paBHOBecue HaIma ycTOWYHBO MO OTHONIEHHIO K COOCTBEHHBIM OTKJIOHEHHSAM: €C/TH
NPOTUBHUK MPUJAEPXKUBACTCA PABHOBECHON cTpareruu, TO BallU OTKJIOHEHUdA OT PABHOBECHUHA
HUYero He AaJIyT. B ciiydae ocTOpOXKHON cTpaTernu JiroObie OTKJIOHEHHST IPOTUBHUKA He YMEHD-
wam Balll BbIUTPLIII, a MOI'YT TOJIBKO YBEJINYUTH €ro.

Bepuemcs cHoBa K obmuM urpam. Fimeer mecto cieyioiiee obdiee yTBep:K/ie-
HUE: pABHOBECHDIH BBIUTPBIII HE MOXKET ObITH MEHbIIE rapaHTHPOBAHHOTO YPOBHSI
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a;. Moxxno ckazarb, uro HaieBckue ucxoabl MHIANBUIYAJIHLHO PAIMOHAJIBHDI.

Jlemma. Ecau sy - pasnosecue Howa, mo u;(sy) > a; daa 4106020 uzpoka i.

B camoMm Jieste, cpaBHUM DPaBHOBECHYIO CTPATETHIO S; € OCTOPOXKHOM Syj. MbI
nmeeM u;(s}, s%;) > ui(sw, s7;) > «;.00

Ha camom siesie BepHO (M CTOJIB 2Ke MPOCTO JIOKA3BIBACTCS ), UTO PABHOBECHDIE
BBIUTPBININA HE MEHbIIIE [3;.

c¢) Ucknrouenue domunupyemor cmpamezud. Hanbonee narepecHa cBsi3b ¢ MC-
KJIOYEHUEM JOMWHUPYEMbIX cTparernii. Kak Jlerko moHsTh, CUJIBHO JOMUHUDYE-
Masl cTparerus He MoXKeT ObITh paBHOBecHOi. Ha camowm jiesie BepHO Gosiee cujib-
HOE YTBEpXKJEHUE: eCJU CTpaTerus BXOJUT B PaBHOBECHE, TO OHA BBIXKUBAET INPU
MOCTEe0BATEILHOM UCKJIIOUEHUN CUIBHO JOMUHUPYEMbIX CTPATernii. 9TO CIeayeT
U3 CJEJTAHHOTO BBINIE 3aMEUaHWUsT U TPUBUAJILHOM

Jlemmbl. [Tycmo das kasicdozo i 3adanv, nodmmoocecmesa S, C S;. Ipedno-
a0otcum, wmo sy - pasnosecue 6 uepe (N, (S;), (u;)), u kKpome mozo s; € S; das
moboeo i. Toeda sy asasemca pasnosecuem 6 uzpe (N, (S7), (uils)).0

Ecimm G*° - wrpa, nosiydeHHasi TOCTe UTEPATUBHOTO MCKJIIOUEHWST CUJIBLHO JI0-
MUHUAPYEMBIX CTpaTeruii, To mpeaplayliee 3aMedanue J1aeT BKIIOUYCHUe

NE(G) c NE(G™).

Ha camom jsiejie, MOXKHO ITOKa3aTh, 4TO JIF0O0e paBHOBecue B urpe G dgBjsieTcst
paBHOBECHEM U B UCXONHOI urpe GG, T.e.

NE(G) = NE(G™).

DTO PaBEHCTBO OObSICHAET CMBICT UCKITIOUEHUS CUJIBHO JIOMUHUPYEMBIX CTpaTe-
ruit. Ecim nocre mocienoBaTeIbHOTO MCKITIOUEHUST OCTAETCs OJUH TTPOMUIH, OH
pPaBHOBECEH B UCXOJHOM UTpe. A eciin 0CTaJI0Ch HECKOIBKO, HAJ0 CPEJIN HUX TTOUC-
KATh PABHOBECHBI.

[Tpenpiayinee OTHOCUIOCH K CHJIBHOMY JIOMUHUPOBAHUIO. UTO KacaeTcs Caado
JIOMUHUDPYEMbIX CTpaTeruil, To, Kak Mbl YK€ I'OBOPHUJIM, OHU MOTYT BXOJIUTH B
paBHOBecusi. PaccMoTpum urpy

1,1 | 100,0
0,100 | 100, 100

3nech crpaterusi s2 ciaabo gjoMuHEpyercs crparerueii s1, Ho mapa (s2,t2) obpa-
3yeT paBHOBecHe, IpUIeM HeILIOXOe.
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Ecisti Mbl BEIGPOCHIIE HEKOTOPYIO €1ab0 JIOMUHUPYEMYIO cTpareruto (1 0603Ha-
UM TIOJTy YeHHYI0 Urpy Kak G'), TO Jierko mnokasarh (mokaxure!), 4to

NE(G) C NE(G).

[To mHyKIMKM MBI UMEEM aHAJOIMYHOE COOTHOIIEHUE TOCIE HECKOJIbKUX MCKJIFO-
yenuit. B wacrnocru, anropurm Hepmeno-Kyna st nosunmonubix urp jraer pas-
HoBecus Hamra.

PasnoBecuss Hamia nu KOHKypeHTHbIE paBHOBecus. KOHKYpEeHTHBIE PABHOBECH, KOTO-
pble BCTPEYAOTCS B TEOPHU OOIIEr0 SKOHOMUIECKOTO PABHOBECH S, OUEHb [IOX0XKHU HA PABHOBECHUST
Hsma. Onumem B cambix obmux geprax o0Imee paBHOBecHe. Tam mMeeTcs: HECKOJIBKO areHToB,
KOTODBIE pearupysi Ha MeHbl P, IPUHUMAIOT KaKue-To (ONTHMATbHbIE) permenns x;. KOHKYpeHT-
HOCTH MPOAB/ISETCI B TOM, YTO OHH TOJHKO PEArupyroT Ha MEeHbI, HO CAMU HA HUX HE BJIHSIIOT,
He IBITAI0TCA MEHATh. PaBHOBECHE - KOIJIa pelleHus X; Y/IOBJEeTBOPAIOT HeKUM OajaHncaM, Ha-
npumep, korga » . x; < 0.

TyT nose3no BeecTn (PUKTUBHOTO UTrPoKa 0, KOTOPHIi KOHTPOJIMPYET HEHbI U 3aHUMAETCS 10~
cruzkenneM Gasanca. OOBIMHO eMy MpHUIHUCHIBaeTcss GUKTUBHAS M0I€3HOCTD, paBHast P() . T;).
Torga pasuoBecne Hsma (p*, (7)) B 9T0il BCIOMOraTeJBHON UIPe JAeT KOHKYDPEHTHOE IKOHO-
MHYECKOe paBHOBeCHe. B caMoM Jiefie, Mo ONpeIeTeHnio &) - HAWIYYINNe OTBETHl AreHTOB IIPH
eHe p*, m ocTaeTcs MPOBEPUTD, ITO BBHINOIHEHBI OaJanchl. Ecam HEKOTOPbIe KOMIIOHEHTHI BEK-
TOPA Y, T} HOJOXKHUTENbHBI, TO onTuMaibHoe (a1 urpoka 0) snagenue p* (D x}) > 0. C apyroit
CTOpPOHBI W3 3aKoHA Basbpaca cronmocts » | o7 B Tekynmx mnenax pasaa 0. [Toxydennoe mpo-
THBOpeume u jaer, uro y . x; < 0.

[TpuBeieHHbII BBIIIE TPIOK MO3BOJsET HHOIAA YCTAHABIUBATDL CYIIECTBOBAHHE KOHKYDEHT-
HOT'O PABHOBECHSI.

T'omocoBanus ¢ ompocom. U iest, 6iin3Kkasi K paBHOBECHIO, IPUMEHUMA | JIJIs KCCJIeI0BAHUS
cxeM rosocoBaust. [lycth X - MHOKECTBO aJbTepHATHB (MM KaHUIATOB); Y KazKJI0T0 HTPOKA
dyukmusa nonesnoctu u; Ha X. ['oocoBaHne MpOU3BOIUTCS IMyTeM 3aIOMHEHUS OIOJIeTeHei;
OOBIYHO OHU OJIMHAKOBBI JI/IsI BCEX UT'POKOB, HO MBI BCE€ PABHO 0DO3HAYHM Uepe3 .S; MHOYKECTBO
3amosHeHuii 1y urpoka (m3buparess) i. Cxema roJocOBaHHs 33JaeTcsi oTOOpakeHueM f:
xS; — X. Tak Bo3HuKaer urpa.

OpHako B Heil CJIOXKHO pa300paThCsi, MOITOMY JEIAETCA TaKOW MeTOJ0JOIHIeCKUil TPIOK.
[oBopuTcst, uTo "m0 rosocoBaHus’ MPOU3BOIUTCS OIPOC HACETEHHUS U STH Pe3YJIbTAThI JTOBO-
JIATCA 10 cBeJieHus myOuKu. MHOKECTBO BOBMOXKHBIX pe3y/IbTaTOB OMpoca 0603HAUUM Y ; 9TO
MoxkeT ObITh A(X) - mpejckasaHue O IMAHCAX KAHIUIATOB, a MOYKET ObITh MpPEJICKA3AHUE O
pacupee/leHi TOI0COB. [JIaBHBII CMBICI OMPOCa - 9TO OH MOMOTAeT ONPEIEINTHCS U3dbupare-
JISIM, TIOMOTaeM MM DelInTh, 33 KOTO T0J0COoBaTh (KakK 3aloiHATh Owosuierenn). Mbl yaapumcs
B KpailHOCTb U OyJeM CUHUTaTh, 9YTO Y KarKJI0T0 m3buparessd ecTb ¢Bos (bpyHKmua ¢; : Y — S;
(3aBuCsIIAsT OT mpeanoYTennii u;). TeM cambiM onpejieeHo orobpaxkenne W @Y —s X.

Kak mpoBoguTCst ONPOC U KaK MOABOASITCS UTOI'H, MOJIETb He yToUHsIeT. BMecTo 3Toro Tpeby-
eTCst, 9TOOBI PE3YyJILTATHI OMPOCA KAK-TO COINVIACOBBIBAJINCH C PeATbHBIM HCXOI0M T'OJJOCOBAHMSI.
[Tocieanee 3amaercs: orobpazkennem (6bITh MozkeT, MHOTO3HAYHBIM) U @ X — Y. PaBHOBecu-
eM B Takoii cucreme Ha3bIBaeTCs Mapa (r*,y*) U3 peaJbHOTO MCXOJA IOJOCOBAHUS T* U OMpOca
y*, Takag uro ¥ (z*) = y*, a ¢(y*) = z*.
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IIpumenenns K oauromnosum. Pasaosecusi Hama HesameHuMbl npu u3yde-
HUU OJIUTOITOJIMH, KOTJIa HECKOJbKO (bUPM KOHKYPHUPYIOT Ha ojgHOM phiike. Cob-
CTBEHHO, TyT BHepBbie 310 MoHsgTue u Bo3HUKIO (y Kypro B 1838 1.), X013 1 He
Ob1I0 0(POPMIIEHO KAaK TEOPETUKO-UI'POBaAsI KOHIIEMIINA, IIOTOMY UTO CaMa TeOpUs
UT'D MOSIBUJIACH TOJBKO JIET CTO CITYCTS.

OrpanuauMmest Jijist IpocToThl JAByMst bupmamu. [lycrs ux uzgepxkku (Ipu Bbl-
mycke ToBapa B KosmuectBe ¢) 3amatorcs dbyakmusyu Ci(q). Kaxmas dupma
HE3aBUCUMO IPUHUMACT PElIeHre O BhIycKe g;. Ilonublii Boiyck @ = g1+ ¢qo. Le-
Ha, [0 KOTOPOil OH MOXKeT ObITh MpojiaH, 3ajaercs (0OparHoit) dyHKIMel crpoca
P = P(Q). llosromy npubbLib Kaxka0i hbUPMbI paBHA

i = ¢ P(q1 + q2) — Ci(q;).

Kaxjas pupma crpeMuTcsi MaKCUMU3UPOBaThH T;. KypHO, KOTOPKIil BliepBbIe MC-
cJIeJIoBaJI ATY 3a/1a4y, MPEJIIOI0XKUII, YTO MPU 3TOM BbINYCK JPYTroi (pupMbl HEU3-
Mmened. [ToaTomy ycmoBusa MakKCHMU3AIlUK MEPBOTO MOPSIKA UMEIOT BU/T

Plgr + @) + ¢ P(¢1 + ¢2) = (dC;/dg;)(q)-

Ypoctum Bee, cauras usgepxkku guneitnbivu, Ci(q) = cq, a P(Q) = M — Q
(Tak aro M - 3710 MaKcHMaJsbHas EHa, [0 KOTOPOH MOXKHO TIpojaTh Tosap). Torua

Ti(q1,q2) = (M —c— q1 — ¢2)q;-

Haitnem siyummnii orser 1-it ¢pupmbl Ha BBIOOD @o. 871'1/8q1 =M —c— 2q1 — qo;
IpUpaBHUBas €ro HyJJai0, Mbl TTOJyYaeM

¢ = Ri(g2) = (M — ¢ — q2)/2.

Amnasornuno jys Bropoit pupmbl. PaBHoBECHe MOMyHYaeTcst B TOUKE MepecedeHust
KpUBLIX peakimit, n ¢f = (M — ¢)/3. Uensr pasunt p* = (M + 2¢)/3.

DTOT Ke pe3ysbTaT MOXKHO MOJYUYATHL METOJOM IIOCIEI0BATEILHOIO UCKIII0Ue-
HUA CUJIBLHO JOMUHHUDPYEMbIX crpareruil. Hy>kKHo napucoBarh KpuUBble DEaKIUu 1
IOCTENIeHHO CTUPATh JOMUHHUDYEMbIE CTPATErUH; B Mpejesie OCTAHYTCS PaBHOBE-
cusl.



o8

q2
M/2

KpuBas peaknun 1-it pupMbl

M/

3M /B W{OBGCHG Kypno
M /4

KpHUBasl peakiuu 2-ii (pupMbl

= . qi1
0 M/4 M/2 M

[Tepas dbupma Buaut, 9T0 Bropas ucnonbiyer crpareruu ot 0 go M/2. Tlosromy ee Han-
JIydInne OTBeTHl pacmosioxkensl Ha orpeske [M /4, M/2]. CooTBeTCTBEHHO HAMIYUIIHE OTBETH
BTOPOIi bupmbl HaxosaTest Ha orpeske [M /4, 3M /8]. Torpa nansydmme orBeTsl nepBoii hupMbI
pacrnosaraiorcst Ha orpeske [5M/16,3M/8]. U1 tak nasee. 9Tu BIOKEHHBIE OTPE3KH CXOIATCS
K Toukam M /3. 3necw pys mpoctorsr ¢ = 0.

3amMeruM, 4TO ecju Obl Oblla MOHOIOJHU, T.e. OJHA (PUPMaA C TEMHU XK€ H3-
JIEPIKKAMHU, TO €€ MPUOBLITH MAKCHMHU3UpPOBaJIach Obl pu ¢ = (M — ¢)/2 no nene
p" = (M + ¢)/2 (koneuno, cuuraercsi, uro M > c¢). T.e. npu MoHOMmOMMK Iie-
HBI BBIIIE, a BLITYCKM MeHbIne. IIpu KoHKypeHunu 1ena p¢ = ¢, a BBIIIYCK PaBeH
M — c. Kerat, KOHKYPEHIMIO MOXKHO PACCMATPUBATL KAK OJTUTOIONUIO ¢ DOJIb-
ITUM IUCTIOM (DUPM.

JlobpoBosibHOE (prmHAHCHpPOBaHUE 0bIITecTBeHHOro OJ1ara. Ilpencrasum,
YTO I'PyNIa WHMBUIOB UMEET TEXHOJIOIMIO, CIIOCOOHYIO MpeoOpa30BbIBATH JCHbIM
t B obmecrennoe 6iaro y = f(t). Ecain rpancdepabesnbhast mosesHocTh 001e-
CTBEHHOTO OJjrara Jijist MHAUBUIA 4 3aj1aeTcsd pyHKImel u;(y), Mbl TIoydaeM Urpy.
Crparerun Urpoka i 3aJ1at0Tcst YuciaMu t; (CKOJIBKO OH JKEePTBYET Ha ODIIECTBEH-
HOe OJ1aro), a BBIMIPHIIIN U3MEPSIOTCst (DYHKIUAME

Uz’(f(ztj)) — .

[Tociie aToro MoxkHO MCcKaTh paBHoBecusi Hama. PaccmorpuM jiBa Oojiee KOHKpeT-
HBIX IIPUMEPA.
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[Tpumep 1. 20 cocejieit B jiepeBHE JlyMalOT MOCTPOUTH OACCElH JIjisd KyIlaHus.
[Tosesnocth Oacceitna s kaxkjoro pasHa 16, a Bech npoexkt crout 200. Hro
IPOM30MJIET - CKa3aTh TPYAHO, KOO MUMEETCsI Macca PABHOBECHUIA.

[Tpumep 2. Kaprenb u3 9 pupm xouer npoToNKHY T 3aKOHOIPOEKT, CYJISIIuil (B
cirydae npuHsATHs ) Kaxk1oit pupme npubasok B 40 000 posutapos. s so66uposa-
HUSI 9TOT'O 3aKOHOIPOEKTa (PUPMBbI JJOOPOBOJILHO BHOCST 110 t; Thicstd. BeposiTHOCTH
IPOXOXKIenust TpoekTa pasua p =t/(10 +1), e t = > . ;.

Haiinem pasrnosecue Harma. OxuaeMblii BBIMTPBIIT GUPMBI paBeH (B ThICSIaX
nosnapos) 40(t/(10+t)) —t;. Tnuddepentupys, nonyuaem 40-10 = (¢+10)2, re.
t = 10. Uroro bymer cobpano 10 reicsy (B cpereM ¢ Kaxaoii dbupmbl mo 1.100).
[Tosnast mpubbLIb Kaprenas coctaBuT 170 Toicsad. B To ke BpeMs ONTUMAJILHBIII
JIJIsT KApTeJisl yPOBEHDb 3aTpaT HAXOMUTCs u3 Makcumusanuu dhyuxmun 9-40(¢/(10+
t)) —t, aro maer t = 50 (npumepro no 5.5 ¢ dupwmbi). [loanas npubbLIbL Kapress
coctasuia Obl Tormna 300-50—250 ToIicad.

CymecrBoBanme paBHoBecuit Hamra. Hecomuenno, ojHuM 13 BasKHBIX aT-
puOYTOB JTIOOOIO MOHATHS ABJSIETCS €ro cyiecTBoBanue. Ml yxke yoeInmch, 9To
paBHoBecue Haiia - J0BOJILHO padyMHOE MOHSATHE, U TO9TOMY Topa bojiee 06CTOsI-
TeJIbHO 3aHSAThCs €ro cyiecTBoBanneM. [IoHsITHO, UTO paBHOBECHIT MOYKET HE ObIThH
coBceM. C JIpyroit CTOPOHBI, Mbl 3HAEM JIB& JACTHBIX PE3YJIbTaTa O CYIIECTBOBA-
HUW:

1) ecm urpa ¢ HyJI€BO# CyMMOIt, TO CeIoBas TOUYKaA JaeT PABHOBECHE;

2) anropurm Lepmeno-Kyna naer paBHoBecue B “paszsepHyToii” urpe ¢ coBep-
IIeHHOM nH(pOpMalei.

CyrmectBoBatue (M BBIYUCJICHUE) PABHOBECHH B ODIEM CJIydae OCHOBAHO HA
aHAJIM3e COOTBETCTBUI HAMJIYUNINX OTBETOB. PaHbIe MBI JIJIsT KaXKJOI0 UTPOKA 1
onpeeauan coorsercreue Best; : S_; = S;, unn nogmuoxecrso Best; C Sy.
Taxk BoT MHOXKecTBO paBHOBecuit Hatra - 310 B TounocTu obiine Touku Bcex Best;.

[Tosb3ysch 3TM, MOXKHO HAXOUTh PABHOBECHST B OMMATPUIHBIX Urpax. Hy»KHo
B KaXKJIOM CTOJIOIE OTMETUTh HAWJIYUIINE OTBETHI MEPBOI'O MIPOKa, & B KaXKIOi
CTPOYKE - HAWJIydIIne OTBEThI BTOPOTO. [lepeceuenusi n Oy1yT COOTBETCTBOBATH
paBHOBecusiM. Hampumep, paccMoTpuM MaTpuaHyIO UTPY

00 1 |&7
4 |&#20| 3
&9 0@ | 09

3/1eCh MBI 3HAKOM ¢ OTMEYAJIU JIYYIIAE OTBETLI IEPBOTO UIPOKa, a 3HaKoM () -
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Jydrie orBeThl Broporo. Oba 3HaUKa, CTOSAT B KJIETKE ¢ 2; 9TO U €CTh PABHOBECHE
Hbsmra B jannoit urpe.

DTO Ke MOKA3bIBAeT, II0UEeMY PaBHOBECHII MOXKET He OBbITh - 'CKAUYKH U JIbIPHI .
Ho ecnu nplp M CKAYKOB HET, MOXKHO PACCUUTBHIBATHL HA, CYIIECTBOBAHUE PABHO-
Becuii. Kilaccuueckuit pesysibraT B 3TOM HalpabjieHun ycranosus Hamr B 1951 1.
['py0o roBopsi, OH yTBEPKAAeT, YTO B BBIIYKJIOH CUTYallUd pAaBHOBECHS CYIIECTBY-
IOT.

Teopema Hama. [Ipednonosicum, wmo 6 uepe (N, (S;), (u;)) 6ce mnoorcecmea
Si - BUNYKAVE KOMNAKMb, o GYHKGUL GWUPOALLG U; - HENPEPBIGHDL U B02HYIMbI
no ceoeti nepemennoti (m.e. w; eoznyma no s;). Toeda cywecmeyem xomv 00no
pasnosecue Howa.

JokazareabcTBO (haKTHIECKH yrKe MPUBOJUIOCH B JIEKIMSIX O HEMOIBUIKHBIX
Toukax. HamoMHuM ero ocHoBHbIe MOMEHTHI. [l KaxKoit curyamuu sy € Sy =
S1 X ... XS, ¥ KaxKJI0T0 UTPOKa i PACCMOTPUM ero Haunydinuii orser Best;(sy) =
Argmax(u;(+, s—;)). D10 Hemycroe (HENPEPBIBHOCTD ;) U BBIMYKJIOE (BOIHYTOCTh
u;) mogMHOXKecTBO S;. Pacemorpum teneps coorBercreue F i Sy = Sy, KoTO-
poe TOUKY Sy TEepeBOIUT B MHOXKeCTBO Best(sy) X ... X Best,(sy). JoBombuo
JIETKO TIPOBEPUTD (MIPpOBEpbTe! ), ITO 3TO 3aMKHYTOE (MU MOJTYHEIPEPBIBHOE CBEP-
xy) coorsercrire. [Tosromy npumennma reopema Kakyrann, KoTopast yTBepx ia-
eT CyIIeCTBOBaHUe HENOABIDKHON Toukn sh € F(s%). lonsarno, 1ro s Oymer
paBHOBecueM H»mma.[]

[Tone3no cpaBHUTH 3TOT pe3yJibTaT ¢ aHAJOIM4YHON Teopemoit ¢pon Heiimana
B aHTArOHUCTUIECKOM ciaydae. flcHo, aTo Teopema Harma mocuibHee, Tora Kak
teopema Heiimana siBHO Oostee "dyiemeHTapHast .

B obiiem ciaydae ciielyeT OXKUJIATh, UTO CYHIECTBYET KOHEYHOE IUCIO PaBHO-
BECHIi, M UTO BCE OHU HeoNTHMaJIbHBI 110 [lapero. B maiem npumMepe ¢ jayomnosmei
1 (puHAHCHPOBAHUEM ODIIECTBEHHOIO OJjiara ObLIO KMEHHO TaK.
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Jleknus 11. PaBaoBecus Haima B cMeniaHHbIX CTpa-
TEermsx

PangomusupoBaHHBIE cTpaTeruu. Kiaccndeckoe mpuMeHeHne teopeMmbl Ha-
118 OTHOCUTCsI K CYIHIECTBOBAHUIO PABHOBECHUII B CMEIIAHHBIX PACIINPEHUSIX, WK
CMEIIIaHHBIX cTpaTerusx. Kak y»ke roBopujaoCh, MHOI'ME UI'Phl HE UMEIOT PABHO-
BecHsi (B UMCTBIX CTPATErusixX). PaccMOTpuM urpy

1,—1]—1,1
1,11, -1

3HaHUe UTPOKOM 1 XOja UTPoKa 2 MO3BOJIET eMy JOOUThCS MPEeUMYIIEeCTBa U Mo-
JIy9aTh BRIMTPHIIT. SHATUT 2-My (KaK U [IEPBOMY ) HY?KHO CKPbITh CBOM HAMEDEHH 1.
Ho rze B3siTh TapaHTHn, 9TO BAIll MPOTUBHUK HE Y3HAET BAIl XOJ!

K cuacrbio, ecthb cmocob ciesath cOOCTBEHHBIN BHIOOD HENMpeIcKa3yeMbiM (J1a-
xKe Jist cebst!) - 9T0 ciiesiaTh ero Iy YaiHbIM, KCIOIb30BaTh, KAK TOBOPUTCS, PAH-
JIOMUBUPOBAHHYIO cTpaTernio. KoneaHo, Hy>KHO 1103a00TUTHCs, YTOOBI TPOTUBHUK
He BHUJIEJT PE3YJIbTATOB pabOThI BAIIEro JATUMKA CIYIANHBIX TUCET.

DopMabHO 9TO 03HAYAET, IYTO UI'POK OT MHOXKECTBA, UUCTHIX cTpareruit S;
nepexouT K MHOXKecTBY “cMmerantbix” crpareruit A(S;). Beiurpbiimm onpejessi-
IOTCS ¢ TOMOIIBIO OXKMTaeMoii mosie3HocTr. COOCTBEHHO, 3/1eCh BIIEPBLIE CTAHOBSAT-
cs BaXKHBIMW YNCJICHHBIE 3HAYEHWS BBIMTPHIIICi, & He COOTBETCTBYIONINE ITPEJITO-
arenusi. [lepexon or urpst G = (N, (S;), (u;)) xk urpe G™ = (N, (A(S))), (Ui))

Ha3bIBACTCH CMEWanHviM pacuiuperuem. Mol yrke roopusin 00 3Tom B JIekiuu 4.

CwmemanHbie paBHOBecusi. Tak HasbiBaloTCs paBHoBecus Haira B cMeran-
HOM PaCIINPEHNN, NI PABHOBECHsI B PAHJOMU3NPOBAHHLIX cTpaTernsax. Boobiie,
I0JIE3HO CPABHUTDL UCXOJHYIO Urpy G ¢ ee cMmemaHHbIM paciupenunem G, Hamnpu-
Mep, Kak m3MmensaTest o; n 3;7 Hac »xe nnrepecyror pasnosecust Hamra. [Tonoxenne
JIeJT ¢ PABHOBECHUSIMU TIPOSICHSIIOT CJIELYIONINAE YTBEPIK ICHMSI.

A) JIemma. Kaowcdoe pasnosecue 6 uzpe G AGAACTNCA PABHOBECUEM 6 CME-
wanrom pacuupenun G™.

B camowm neste, mycTh sy - paBHOBecue B (G, T.e.

ui(s;-k, Sil) > Ui(Si, siz)
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atst Ji060it (aucToit) crparernn s; urpoka i. Hy»kHO nmpoBeputhb, 9ro To XKe Gyer
TJ1s1 110001 cMerannoit crparerun o;. Ho

* * * * * *
ui(oi,s5;) = > wilsi, s2,)0i(si) < wilsi, s8) Y aisi) = wilsi, s2;).0
Si Si
B) Ecau npoduav wucmor cmpamezud sy asasemcea pasnosecuem ¢ G™, mo
SN - pasrosecue 6 ucrodnot uepe G.0I

OTHU JiBa, YTBEP:KJIEHUS MOXKHO BBIPA3UTh OJIHOI (popMy.I0ii
NE(G)=NE(G™) N Sy.

B) MoryT nosiBurhcst HOBbIE CMelIaHHble paBHOBecHst. PaccMoTpiM npuseieH-
HYIO BBIIIE UI'PY ~OPJISTHKA' , B KOTOPO# HET UMCTBIX paBHOBecuii. B cMmelnanHbIX
CTpaTernsix paBHOBECHE €CTh: HYXKHO IEPBOMY HCIOIL30BaTh cTpareruio 0.5 ®
s1 4+ 0.5 ® s2, a BropoMy Tak»kKe ¢ paBHBIMU ITaHCAMW 3aMermuBaTh t1 n t2.

') IlpunnunuaabHbiM (AKTOM SBJISETCS TO, YTO B PAHJOMU3MPOBAHBIX CTPa-
TerusX PaBHOBECHUS BCET/a CYIIECTBYIOT.

Teopema (Hamr). Jaa w060t koneunotd uepw G cywecmeyiom pasnosecus 6
emewanmom pacwupenuy G™.

B camowm jienie, crparerndeckue MHoxkecTBa A(S;) urpbt G - BbINYKJIbIE KOM-
MakThl, a (yHKIUN BbUrpbiia U; adUHHBL (3HATUT BOTHYTHI) 1O MEPEMEHHOM
0; M HEIPEPBIBHLL. 3HAYUT IPUMEHNMA, TIPEeAbLAyIIas Teopema.]

OO6cy>xkaeHane cMeNnIaHHBIX paBHOBecuii. HyxHo oTiaBars cebe oTuer, 4To
MCTIOTHL30BaHNE PAHJIOMU3NPOBAHBIX CTPATErWil caMo o cebe He BesleT K yBeande-
HUIO BBIMTpHIIa. CMelaHHas cTpaTerdst He MOXKET JIaTh OOoJbIlle, YeM YHCThIe
cTparernu u3 ee HocuTeNas. HamoMuoum, 4Tto Hocumensem panHJOMU3UPOBAHHON
crparernu o € A(S;) Ha3BIBAETCSH MHOXKECTBO

supp(o) = {s; € S, o(s;) > 0}.

Boutee Toro, eciin o; - stysmmit OTBET Ha 0_;, TO BBIUTPBIII IPU 0; PABEH BHIUTPLIIITY
IPK UCIIOJIBL30BAHKH JTIO00H YUCTO CTpaTeruu U3 HOCUTENIs 0.

D10 oveHb BaxkHOe MecTo! OKa3bIBACTCs, Y UI'POKA 4 (MMOYTH) HET HUKAKUX CTH-
MYJIOB, ITOODBI BLIONPATH HMEHHO PABHOBECHDIH HAOOp BeposiTHOCTE! U3 supp(o}).
Bee crparernn n3 A(supp(o})) ABIAIOTCS HAMTYUIIIMA OTBETAMHE Ha 0. DTO
JIa€T OCHOBAHWsI COMHEBATHCS B MPAKTUYIECKOH 3HAUUMOCTH CMEITAHHBIX PAaBHO-
Becuil. Ecim B urpe HeT UMCTHIX PABHOBECHiA, 3TO OOBITHO TOBOPHT O TOM, HTO
331498, [JI0X0 MOCTABJICHA.
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EuHcTBeHHOE OnpaBjaHne CMEMIaHHbIX CTPATErnit B TOM, UTO OHU 3aITyThi-
BaiOT MPOTHBHUKA, TOPOXKIAIOT y HENO HEOIPEIEJIEHHOCTh, TPEBOI'Y U BBIZBIBAIOT
HYKHYIO peakiuio. "KceHodOHT mucaJ, YTo 3HaHKEe TOTO, UYTO IJIe-TO HAXOJIUTCS
OTPsiJI, IPOTUBHUKA 03 3HAHUS €r0 MECTOIOJIOXKEHUsT U CHJI, Pa3pyliaeT Oe301ac-
HOCTH, U BCE MeCTa Hem30exKHO craHoBsTcest nojgo3putebubivu’ ([oiito). Bero-
MHUM B 9TOM CBs3M cKa3Ky IIyIIKuHAa 0 30JI0TOM IETYIIKe.

Baed. Moxno Takke cKazaTh, 9TO paHJOMUBAINS - 9TO MATEMaTHIECKOE BbI-
pakerue wujaen O.aepa. [Tosichum 910 HedOpMaIbHBIM 00CYKIEHUEM OJIHOW YIIPO-
neHHoil kKaproanoit urpbl. Mrpoku (Ixon u Mapu) crasar no py6usio u 3arem
M»spu nonydaer caydaiinyio kKapTy. Kapra ¢ paBHBIMU IIAHCAME MOXKET ObITH XO-
porneit wiu mioxoii. [Ipu xoporieit kKapre BoIUTpbIBaeT Mapu 1 MOXKET MOJTYIUTH
py0sib. OiHaKo, MorJIsiieB Ha KapTy, OHA MOYKET YIBOUTH cTaBKy. A JI»KoH - mpu-
HATb 9TO YABOCHUE, UJU CIIACOBATD.

Eciu Mspu Oyjer yjiBauBaTh TOJILKO MPU XOPOIIEH KapTe, 9T0 OyJIeT siBHbIM
curHaJjioMm Jiisi [>xkona, 4To y Hee xopolias Kapra, U oH OyjieT nacosatb. B pe-
3yJIbTaTe MpHU Xopoleil kKapre Mapu BRIUTpBIBaeT 1, a MpH MJIOXOM - MPOUTPHIBAET
1 (B cpemuem). st mosyderust 6osee JIydIiero pesyJabrara e HyKHo OredoBaTh,
T.e. yJIBaUBaTh MHOIJIA W NpU TJI0X0i Kapre. Kak dacro - 06 3TOM U roBOpuUT
CMeITaHHOe PaBHOBECHE.

Bujumo, cMeriaHHble paBHOBECHs! TTPEJICTABIISIOT NHTEPEC TOJIHLKO B TOJI0OHBIX
MHOT'OKPATHO TTOBTOPAOIINXCS UTPaX.

Boerauciaenme paBHOBecmuii Hamra. Boobie, HeT Kakoro-to mpocToro pe-
IETTa HAXOXKJICHWsT PABHOBECHH (CMEIIAHHbIX ), MOTOMY YTO 9TO CBSA3AHO C HAXO-
XKJEHUEM HEMOJBHKHBIX Touek (¢ Teopemoit Kakyranu nim Bpayspa). Ognako
HEKOTOPbIE COOOparKeHHsI MOI'YT OKa3aThCs MTOJE3HBIMHU.

1) [TepBoe u3 HUX - BCE TO ¥Ke UCKJTIOUCHIE JJOMIHUPYEMbIX cTpaTeruii. VIHorma
MOJIE3HO MCITOJIH30BATH CUMMETPHIO.

2) Bropoe cBsizaHo B mepebopoM BapuaHTOB. MHOXKECTBO TeX UHCTBIX CTpa-
TErnif, KOTOpbIe BXOJAT C HEHYJIEBOW BEPOATHOCTHLIO B PABHOBECHBIE CTpATErHU
(T.e. HOCHTEJIB), €CTh BasKHBIH KAUeCTBEHHBIH acrekT paBHOBecust. [Ijisi Haxox e
HUsI PABHOBECUI MOXKHO JIJIsl HadaJja Iepeduparh Bce moiaMmuoxecrsa D; C S; u
JJIsT KasKJIOTO TBITATHCS PEIIUTh COOTBETCTBYIONIYIO CUCTEMY PABEHCTB (M Hepa-
BEHCTB), TIPUPABHUBAs BHIMTPHIIITE HEKOTOPOMY (HCKOMOMY) 3HaUYeHUIO w;. Bosee
OAPOOHO, JIJIST KAZKI0TO 1 MBI MMEEM CJIEYIONLYIO CUCTEMY PABEHCTB

Ui($7 U—i) = Ul(y7 O——i)
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JUIst JIFOOBIX X,y € D; u ycioBus
supp(o;) C D;

(turroc, koweuno, wepasencrsa Ui(z,0_;) > Ui(z,0-;) ns z ¢ D;). Kaxjoe i
naer D; — 1 ypasHenue, Tak 4To ypaBHEHUi CTOJIBLKO e, CKOJbKO HEeU3BeCTHBIX.
[Tonygarorcsa B 00meM caydae HeJUHEHbIe ypaBHeHuda. TeM He MeHee B 00ImeMm
CJIydae y HUX KOHEUHOEe YUCIO PEIICHHUIA.

Koneuno, jy1s 60IbIIMX UI'P TAKOil aJlfOPUTM PabOTaeT ILIOXO.

3) Ilonoxkerne 1y Th ympomaercs, ecin BCero jiBa urpoka. Torma mpuseeHHbIE
BBIIIIE ypaBHEeHUs! (M HEpABEHCTBA) siBJIsIOTCs Jnueiinbivu. [ITpu aToM ecin Dy #
Dy, o (cHoBa B obImeM ciaydae) perieruii Het. B camom nese, eciim Dy > Dsy, TO
MBI TIOJIy9aeM nojcucremy u3 [Dq ypasuenuii ¢ Dy HEN3BECTHBIMHU.

4) Tlycth cHOBa JBa MIPOKA, MPHYEM Yy BTOPOTO BCETO JIBE CTpareruu - t u
t’. Cmemannast crparerusi Broporo - Touka 7 Ha orpeske [t,t']. Torga crparerun
IEPBOTO MOXKHO M300pazkarTh Kak adduuube (DYHKIMH Ha 9TOM OTpeske, s;(t).
Kouneuno, jyist 1060ro 7 ecTh HAWIYUIIHil OTBeT s*(7), eJIMHCTBEHHbIH B CIydae
obtero 7. U ecitut T, B CBOIO 09€Pe/ib, sIBJISIETCST HAUJTY YIITUM OTBETOM Ha $*(T), Mbl
noJlydaeM paBHOBecHe (B ODIIEM CJIydae TaKoe MOXKET CJIYIUThCS TOJBKO KOIJa
7 = t wim t'). Ho B Hekoroppix Toukax Oymer jBa (OmATH B 0bmIEeM ciytdae)
HAUJIYIIIAX OTBETA [EePBOro UI'POKa. Toraa HYKHO MPOBEPHUTH ITO BCE HA TIPEIMET
HAMJIyIIITIX OTBETOB BTOPOTO.

Kl,l,l

S1

Sq

t 7_/ T 7_// tl

Hanpumep, B cuTyanmn Ha PUCYHKE €CTh JIBa TIOJ03PUTE/ILHBIX 3HAYCHUS T.
OcoberHo mpocTo BCE, KOTJA W y TEepBOTO JBe crparernu. TyT HaJI0 PHCO-
BaTh TpEeX3BeHHbIe 3ur3aru. MyJieH pa3zdouBaeT obIIre TakKue UIPhbl Ha TPU KJIACCA.
[lepBblii - KOrjla y KOro-TO €CTh JOMUHUPYOIIasi CTparerus (HeTUIUIHBIN Mpe/I-
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craputesb - Juiemma 3akiiioueHHbix ). BTopoit - Korjia HeT 9ucThix paBHOBECH
(aro "opes-perika'). TyT nosiBisiercst ofHO cMeriannoe papHoBecre. Tperuii - Ko-
/1A €CTh JIBa YUCTHIX PABHOBECHUS (TUIMIHBIN MPEJICTABUTENh - 'CeMeHbIi crop”).
Kpome IByX 9HCTBLIX, €CTDH €Ile OJHO CMENIAHHOe PaBHOBECHE.

5) B ciydae aHTArOHUCTHIECKOl UTPBI, €CIIH Y OJJHOTO (BTOPOr0) UTPOKA BCETO
JBE CTPATErMH, PABHOBECUS MOXKHO UCKATH CIOCOOOM, MPUBEJICHHLIM B JICKIIUK 6.

Hanpuwmep, B 3agade o 6iede soiurpbinm Mapu - gersipe crpoukn: (0, 0),
(0,1/2), (1,-1/2), (1,0). Eciu napucoBaTh, MbI TOJYIUM OTPE30K, COEJIUHSIIO-
mmit (0,1/2) ¢ (1,0); or mepecekaer buccekrpucy B Touke (1/3,1/3). Otciona
BUJIHO 1ieHy urphl (oHa paHa 1/3 st Mapu) u paBHOBecHble crparernu. B gact-
nocr, Mapu ¢ BepositrocThio 1/3 joskna 6GiiedoBath, T.e. yaBaMBaTh CTABKU
HECMOTPS Ha ILIOXYIO KapTy.

ITpumep. V xo3sguHa paboTaeT pabOTHUK; OH MOXKET paboraTh Xopomno (X) Wi cAuKOBATH
(C). Xozsimu mozxer b0 mposepsth ero (I1), 6o mer (H). Tabsmua Bomrpsrimeit Takosa

X | ©
(10,2 4,0
H[10,2]4,3

B sroit urpe aBa paBHOBecHUsi, HO, KOHEYHO, XO3IUHY JIy4Ille TPOBEPATH.

[IpejicraBum Tenepb, 9YTO y XO3sUHA /B, PAOOTHUKA, HO ITPOBEPUTH OH MOYKET TOJIHKO OJHOTO
(2 BBIMIDBINIM TSI XO3SMHA CKJIAIBIBAIOTCA). TOrIa y HEro eCTh JiBa PABHOBECHS: POBEPATDH
IepBOTO pabOTHUKA (M TOLJA TMEPBbIf CTAPAETCs, 4 BTOPOl CAYKYeT; BBIUTPHIII XO3sIMHA DABEH
14) win npoBepsTh Broporo. Ho npeacraBuM, 9mo XO3siMH HCMOIB3YET CMENTaHHYI0 CTPATErnio
U C PABHBIMU BEPOSATHOCTSIMHU ITPOBEPSIET TOTO U JApyroro. Kak Jierko moHsiThb, B 3TOM CIydae
KazK/Iblii paboOTHUK OyJ/IeT cTapaThCs, U XO3SUH MOJYyIUuT BhIUrphIin 20.

He nporuBopeduT i 3TOT HpuMep CAeJTaHHOMY BBIIIE 3aMEYaHHI0, YTO CMeIIaHHAas CTpaTe-
g He MOXKeT JaTh OOJIbIIe YHCTOMR?!
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Jlexrmus 12. PaBuoBecus Haima (okoH4amnue)

A nymagt 3akoHunTh ¢ paHoBecusiMu Haiia, HO Koe-Kakasi MeJjioub OCTaJach, U HE
XOTeJIoch Obl OpocaTh.

Emte pa3 momuampoBaHme. ¢ y»ke 1oBopuJi, UTO MPU HAXOXKJCHUU DPaB-
HOBECHII MOXKHO HMCKJIIOUATH (CHJIBHO) JIOMHHUpYeMble crpareruu. Bee xke cTout
CKa3aTh 00 3TOM eIfe pa3 U IMOTOTHEe.

B n10060it urpe cuibHO JOMUHUPYEMast CTPATErusT He MOYKET BXOIUTh B PABHO-
secue 110 Hamry. Unaue rosopsi, ecin sy = (s ) € NE(G), 1o jyist 1106010 Urpoka,
¢ CTpaTerus s; He CTPOTO JOMUHUPYETCS. DTO OUEBUJIHO.

Bropoe 3aMedanne oTHOCHTCS yrKe K cMmelannomy pacimpennio. [Tycrs G -
cMmeriannoe pacipenue (Koneunoit) urpel G. [lycrs o; u o) - aBe (cmernnanmbie)
cTpaTerny urpoka i. Kak moHuMaTh 910 0; JOMUHUDYET 0, Ha, TUCTHIX CTPATEIHSIX
OCTAJIbHBIX, UM HA JIIOOBIX cMelnaHHbIX! OUeBUIHO, 9YTO BCe paBHO Kak.

Tperne 3ameuanne. Ecin B cMenaniyo cTpaTernio BXOAWT C HEHYJIEBOH Be-
POSITHOCTBIO CHJILHO JOMUHHPYEMasl CTPATErrs, TO U CMEIIAHHAs CHJILHO JOMU-
nupyercst. B camom siesie, myetb 0 = a ® s + (1 — a)7, « > 0 u crparerus
s JoMuUHHUpyeTcsi crparerueii s’ (MOXKHO Jaxke cMmernannoif). Torga cMeraniast
crparernsi 0 = a ® s 4+ (1 — a)7 (CWIBHO) JOMUHUDPYET CTPATErHIO O,

Cobupasi Bce BMecTe, MbI TIOJIydaeM yTBep:XKieHre, o0o0IatoIee NpruBeIeHHbIi
patiee daxT: nycmov muoocecmea S; codepocamces 6 S; u nosywenv, ylasenuem
cunvro domunupyemorr cmpamezut. Tozda

NE(G™) = NE(G™).

Ecau »xe MbI yjaJsgeMm ¢1ado JOMUHUPYEMbIe CTPATErnK, TO IMeeT MecTO (hop-
MyJIa
NE(G™)= NE(G™)NG™.

QddekT pokaabHOM TOukU. Kak nmokazbiBaeT urpa 'cemeitHblii criop”’, pas-
HOBeCHil MOXKeT ObITh MHOTO. [1032Ke MBI pACCMOTPUM HECKOJBKO yTOHbUEHN (pa-
dbunmposanuit) Harmra, Ho maxe stu paduHanum MOTYT ObITH MHOKECTBEHHBIMH.

Korjia paBHOBecuii MHOTO, MO3UIMU TEOPETHKA CTAHOBATCH MmaTKkuMmu. JIrodboe
U3 PaBHOBECHil, OXKHUJAaeMOe HUTPOKAMU, 00JIaJaeT CAMOOIPABIBIBAIOIIIM CBO¥-
CTBOM. UTO Ke MOIJIO ObI 3aCTaBUTh UT'POKOB UMIIJIEMEHTHPOBATH HEKOTOPOE CIIe-
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uaJibHoe paBHoBecue? Jla srobast Belh, 3aCTaBISIONIAs UX (POKYCHPOBATH BHU-
MaHre UMeHHO Ha 9ToM papHoecuu. Ilemnunr B kaure The Strategy of Conflict,
Cambridge (1960), nazsasa 310 agipexmom Porarvroti mouru. Jro Jr0dOE CBOIL-
CTBO, BBIJIEJISTIONIEE KOHKPETHOE PABHOBECHE CPEH BCEX OCTAJIbHBIX. VIM MOTyT
OBITH TPAJINIINAN, CTATYC KBO M T.I., TO €CTh KaK MMPABUJIO, BHEMOJIE/bHBIE BEIIH.

DokaJibHOE paBHOBECHE MOXKET ONPEJIEIsThCs U CBOMCTBaMU (DYHKIUI 110JIe3-
Hoctu. PaccMmorpuMm urpy - desesicka doanapos. Ecrs 100 mommapoB; KaxkIblit
HazwiBaeT ducao or 0 1o 100. Ecnn cymma < 100, KaxXAblil TOaydaeT YTO IPOCHT,
wHade 1o HyJasm. Ecrb macca paBroBecuii (Hanpumep, (91,9) u maxe (100, 100)),
HO cpejin HUX ecTh U okaibhoe: (50, 50), T.K. KaXK/Iblii HT'POK MOHUMAET, YTO ITO
3 deKkTuBHOE U CIpaBe/inBoe pellenne. KoHedHo, 3T0 He 3HAYUT, YTO JI0DO
3P PEeKTUBHBIN U CITPaBE/JIMBBIA HCX0J MOYXKET ObITh PABHOBECHEM.

C TeopeTnko-urpoBoil TOUKKM 3PEHUST KYALMYPHBLLE HOPMBL - ITO TTPABUIIA, KOTO-
phie ODIIECTBO UCIOIL3YET JIJIs Bbljie/IeHns (DOKAJIbLHBIX PAaBHOBECHH B KOH(DJINKT-
HBIX CUTyalnusax. HampuMmep, mpaBuyio e3quTh 1O JOpOre ¢ MpaBoil CTOPOHHI.

Beckoneunbie cTpareruu. /[o cux mop Mbl B OCHOBHOM PacCMaTpPHUBAJIN KO-
HeuHble Urpbl. CeaaHo 3To ObLIO IVIABHBIM 00Pa30M JJjis MPOCTOTHI, YTOOBI W3-
OexKaTh MaTeMaTUICCKUX YCI0XKHEeHWH. Ternepb Mbl KPATKO PACCMOTPUM CJIyUaii,
KOIJIa MHOXKECTBa CTpaTeruit S; - MerpudyeckKue KOMIaKThl. ['pybo rosopst, "Bee”
Pe3yJIbTATHI JIJIs KOHEUHBIX MHOXKECTB OCTAIOTCs BEPHBIME, KOIJIA YCIOBUsI KOHE-
HOCTHU 3aMEHAIOTCSI Ha, KOMIIAKTHOCTb.

[Ipexjie Bcero, Ham Hy»KHO neperect onpejesenne A(X) ¢ KOHEUHbIX MHO-
)KecTB X Ha MeTpuyeckue KOMIakThl. Hamernm BKpariie, Kak 3To ciejarh. [lep-
BOE: OIPEJIeJIUM IIPOCThIe JioTepen Ha X KaK KOHEYHbIe 'BBINYKJIble. KOMOWHAIIAN
Y ,0i®x; (0;, >0, 0; =1); MHOXKeCTBO IPOCTBIX JioTepeit obozHatnm Ag(X).
Bropoe - nepenecem wa Ag(X) merpuky p ¢ X. Jdenaercs sro rax. [lycrs g wn v -
JIBe Takue jorepen (Miin pacipeie/ieHHble eHIIHbIe Macchl). PaccrostHie Mex 1y
HUMU - 9TO MUHAMAJIbHAS CTOMMOCTD [EPEBO3KH MACCHI f4 B V; CTOMMOCTL DepeTcst
B "Tonno-kumomerpax"". Hakomer, A(X) - sro nonosmenune Ag(X) B a10it MeTpu-
ke. Mbr apromarudecku nosydaem xa A(X) MeTpuky (MpojIo/EKAIOLLY 0 METPHKY
p Ha X ¥ Ha3bIBaeMyIO TpojionkenreM Kantoposuda-Pybuninreiina) u KOMIAKT-
rHocth A(X).

MbI yTBEpKAaeM, YTO €CJIU BCE CTPATErnIecKue MHOXKECTBa, S; SBJISAIOTCI MeT-
PUYECKUME KOMITaKTaMi (y4acTHUKOB MO-TIPEKHEMY KOHEYHOE YUCI0), a (DyHK-
IIU¥ BBIMI'PBIIIA HEIPEPBIBHBI Ha TPOM3BEIeHNH X; (B TOMOJOTHY MTPOU3BEICHNUS ),
TO cymecTByer (cMmeranHoe) papHoBecue Hoarra.
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Teopema (Inukcbepr, 1952). Ecau cmpamezuveckue mmoocecmea S; kom-
NaAKMMoL, 6 NOAEIHOCU U; HENPEPLIGHLL, MO cyulecmseyem pasnosecue Howa 6
PAHIOMUSUPOBAHHBLT CIMPATNE2UAL.

JlokazareibcTBO. MO2KHO BOCIIOIB30BATHCS "OECKOHETHOMEPHBIM ™ 00001eHeM TeopeMbl Ka-
kyTtauu. OHAKO ecTh u DOJIee JIeMeHTaPHbI Ty Th, KOTOPbI MbI HAMeTuM B 00mux deprax. OH
OCHOBAH Ha KOHEYHOI alllIPOKCHMAIK Haleil (6eCKOHeTHOM) UIPhl. 3/1eCh MOJIE3HO CJIeLyoIIee
nougrue. CKaykeM, UTO CHTYAIUs Sy SBIISETCI £-PAGHOGECUEM, €CIU IS JTI00Or0 UIPOKa i U
JII00011 5;

ui(sy, 82;) = wi(si, sLy) — €.

[TpucTynuM K moka3areabcrBy. Tak Kak (DYHKIMH BBIMTPBINIA U; HENPEPLIBHBIC, OHU PaB-
HOMEPHO HempepbIBHbBI, T.e. Jis joboro € > 0 cymecrsyer 6 > 0, aro |u;(s) — u;(s')] < €
npu p(s,s') < §. Bosbmem st KaKa0ro urpoka i koueunyiwo o-cerb X; C S;. Torma moxkuO
paccmorperb Koueunyio urpy (N, (X;), (u;lx,)) u B Heii HekoTopoe (CMeIIaHHOE) paBHOBeCHE
on € X;A(X;). Koneuno, 3ror npodujib CMeIAHHBIX CTpATEruil He 00si3aH OBITH PABHOBECH-
eM B UCXOJHOIT urpe (To4Hee, B ee cMemaHHOM pacturupenun). OJHAKO, KAK JIETKO MOHATh, 0y
sIBJIsieTCsl e-paBHOBecueM B G

B camowm neste, mycth o; - npousBosbHast crpaterusi u3 A(S;); Mbl yTBEpXKIaeM, 9TO

ui(0i,0-;) — & < ui(03,0-;).

¢IcHO, UTO MBI MOYKEM CUYHTATH 0; MPOCTOH CMechio, To ectb 0; = Y, «(j)s(j), tae «(j) - Be-
ca, a s(j) € S;. Ecin st kaxkoit Touku s(j) B3aTh Omkaiinryio k meit Touky x(j) u3 X
u obpasosarb o, = Y «(j)z(j), To u;(0;,0 ;) otmuaercs or u;(ol, o ;) Menee yem Ha £. A
ui(ol, o) <wui(o;,0 ;) yXKe n3 onpeeJieHusi PABHOBECHSI.

Urak, mug kaxgoro € > 0 Mbl Hamwm £-paBHOBecHe. OCTaeTCs YCTPEMHTDH £ K HYJIO U
BOCIIOJIB30BATHCs KOMIAKTHOCTBIO A(S).0

IIpumep. Kumaitickut noxep. YTobbI BbI He 000JIBIAINCH, TPUBEJLY CTAHIAPT-
HbI{l TTpUMep OECKOHEUHON UI'PhI, I'Jle paBHOBECHIl (ﬂame CMeLHaHHbIX) Her. /Ina
UI'POKA, KaXKJIbIil HA3BIBAET HATYpPaAJbHOE YUC/I0; HA3BABIIMI MEHbIIIEEe YUCJIO T1/1a~
taT 1 pybsb Apyromy. 37echb MHOXKECTBO S YHCTBIX cTpareruit - N, KoHeUHO, 3TO
HEKOMITAKTHOE MHOXKECTBO. fICHO, UYTO YHMCTHIX paBHOBECHI 3/1€Ch HET, U KaXKJas
crparerusi (cnabo) gomuuupyercs. Ho B jIefiCTBUTEIBHOCTH HET M CMEITaHHBIX
paBHOBECHUA.

OTMeTnM, 9TO TYT COBEPILIEHHO SICHO, UTO CUUTATH CMEIIaHHOM cTpaTeruii, Tak
gTo npobsiema He B 3ToM. CMenraHHasi CTPATErws 0 - 9TO MOCJIEI0BATETHHOCTh
(0(n)) neorpunaresbubIx THCes1, Takux 4to »_ o(n) = 1.

[Touemy ke Her paBHoBecuit? [IycTh Ball NPOTUBHUK HCIOJIB3YeT CMEIIaHHY 0
crpareruto 7. Bama crparerust 6yeT HauaydIIuM OTBETOM TOJIBKO TOIJIA, KOIJIA
HOCHUTEJIb Ballleil CTPATEeruu o PaCcIoJIOXKEH BbIIlIe HOCUTE/IsI T; B TPOTUBHOM CJIy-
Jae Bbl MOXKeTe YJAYUIIUTH CBOM OXKHJAaeMblil BLINTPHII. B camom nene, mycThb
Balll (OKUIAEMbIil) BHIMIPLINT paBeH 1 — e, tie € > 0. Bosbmure mesoe aucio n
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takoe 910 T(n) + 7(n + 1) 4+ ... < €/2 u npumenure ducryto crparernto n. Bari
BLIUTPBIII B 9TOM Cjlydae OyjeT paBeH

(H+.+7n—1)—7(n+1)— ...,

aT0 CTPOro Oosbiie, dem 1 —e/2—¢/2 = 1 —¢. Urtak, ecsin y Bac €CTh HAITY Ui
OTBET, TO HOCUTEJIh Ballleil CTPATErny PACIIOIOKEH BbIIIE HOCUTEISI MPOTUBHUKA.
Ho Torya Bal npoTUBHUK UCIOJAL3YET HEe ONTUMAJILHYIO cTpaTernio. Tak 4To pas-
HOBECHUl HeT.

PaBHoBecusi B pa3pbIBHbIX urpax B uewm »xe jesno? UTo TyT HEe MOIXOIUT
o1 reopemy L'imukcOepra? Iporie Bcero ckazarh, 970 MHOXKECTBO N HEKOMITAKTHO.
A ecnu ero kommakTrdunuposars? Tormga (GyHKINE BLIMTPBINIA OYIyT PA3PLIBHLL.

Tem He MeHee Jlaxke B ciydae pas3pbiBHbIX (DYHKIMI WHOT/IA ObIBAIOT paBHOBE-
cusi. He nperen/jiyst Ha oxBaT T€Mbl, pACCMOTPUM OJIUH NPUMEP - IUKHUI~ ayKIIUOH
JoJutapa, win maaTaT Bee”. Ecth n > 1 y9acTHUKOB, OHM Ha3bIBalOT yucia x; > 0.
Haspapiuii Hanbosibiee Iueio mojydaeT aosiap (CIuTaerTcs, 9To MeHHOCTb ero
aJist Beex pasHa 1), u kaoicdwd (!) nnarur x;. Takum 06pasom, BHIUIPHIIT yIacT-
HuKa (MbI ipeHebperaeM CBsi3KaMu) ¢ paBeH

—x;, ecnn r; < -,

u(x;, x_;) =
(@i, 2-1) 1 —z;, ecw z; > ¥,

Y
rie x¥; = max(x;,j # i). ([loxoxxne dbynkiun BLIUrpoIa OyIyT B OJUTONONNNA
Beprpata.) JloBOJIbHO JIEMKO TMOHSTH, YTO UCHOJIL30BATH YUCIa > 1 CMbICIa HET
(xOTsi B peasibHbIX PO3BITPHIIIAX 9TOH MIPhl HAPOJ YACTO IJIATHII 38 J0JJIAp IO
pazzio Gosbie goitapal), Mo3TOMy B KAUeCTBE MHOXKECTBA CTpATEruil S; MOXKHO
npuHATH oTpe3ok [0, 1].

glcno, uro pasHOBecuit B uncThIX crparernsx Her. OJIHAKO CMEIIaHHbIE PaB-
HOBECUS CYIIECCTBYIOT; npusegeM oauo. OHo OyeT CuMMEeTPpUYIHBIM 1 Oosiee Toro,
paszmazanHbiM 0 Beemy otpesky [0, 1]. [lycrs F'(z) - dbyHKIUs pacupenesenus
MCKOMOM CMeITaHHo# cTparerun (T.e. BeposTHOCTL Toro, uto z; < z). Haiigem
OXKUIAE€MbIi BBIMIPBIIT UTPOKA 4, KOIJA OH MCIOJIL3YeT (YUCTYIO) CTPATEruio .
Ero Beiurpeint paser 1 — z, ecau Bee OCTaJbHbIE HA3BAJIM IHCJIA, MEHbIHE T (a
BepoATHOCTL 3Toro pasha F(z)"1), u pasen —z B mpotusHOM ciyuae. Takum
obpa3zom,

Buz)=(1—z)F(z)" ' —z(1 - F(z)" ) = F(z)" ! — 2.

Mrpok BKIIOUaET B CBOIO PABHOBECHYIO CTPATETHIO T€ T, KOTOPHIE JAIOT €My MaK-
cumyM 3Toi pyaknun. [lo ycioBuio Bce & TOMKHBI OBITH PABHOBBITOJHBIMU, T.€.
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Bee gosnkibl gasars HYJIEBOU oxuaemblit BLrpoii. Tak Mbl HOIyYaeM, 1o
F(z)" =z, wm F(z) = /0D,

Kak sierko nocuurars, Fr; = 1/n (rpybo roBopsi, KaxJjaoMy HUIPOKY HY>KHO
Ha3bIBaThL NpuMepHo 1/m), tak aro E(),z;) = 1 u ycrpouresns ayKumona B
cpejiHeM HuUero He BuiurpbiBaet! K coxasenuto (7), B XKU3HU JIFOJHM PEJIKO BEJIYT
ceOs B COOTBETCTBUH C 3TUM TTPABHUJIOM.
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Jleknus 13. PacdhmanpoBanmne paBHOBeCUil JIJIsd pa3-
BEPHYTOII (DOPMBI

B3arasaa Bnepea. Mul o0cyuiu paBHoBecus: Haia, neHTpaibHOE TOHSATHE HEKO-
orepaTuBHOI Teopun urp. Uro wac ket ganabine? Mbl BUge M, 9TO paBHOBECHS
(BO BesikoM ciutydae cMmernannbie) “Beerga’ cyrectByior. OHAKO UX MOXKeT ObITh
CJIMIIIKOM MHOTO, U CPeJM HUX MOTYT OBITH Jypallkue. KcTecTBEeHHO BO3HUKAET
BOTIPOC - HEJTb3s JIM HAJIOXKUTh Ha, PaBHOBECHUS HEKOTOpBIE Dojiee KecTKue Tpedbo-
BaHUsT, KOTOPhIE OTCEKAJIN OBl TIJIOXUE, MaTKie pPaBHOBECHS! DTO TeMa paduHI-
poBanust Harmra u coBepIieHHBIX paBHOBECHIA.

Bropasi Tema - MOJudUKAIMU UTPHl WJIK TOHSTUST PABHOBECHSI, KOTOPbIE Pac-
I PSIOT BO3MOXKHOCTHU pelennii. K 3ToMy OTHOCSTCS UIPBI ¢ COODIIEHUSIMU, KOP-
peaupoBaHHbIE PABHOBECUS U MOBTOPSIONINECS UTPHI.

Haxkomner, Hy>KHO 00CYIMTh BayKHOE MOHSITHE UI'D C HECOBEPIIEHHOH nHpopMa-
Iyeil 1 COOTBETCTBYIONIEe MoHATHEe bajiecoBa paBHOBeCHsI.

Crporue paBHOBecus. BerioMHUM O/iMH TPUMED € JIyPAIKUMU PABHOBECHSIMU: T'OJIOCOBA~
HHe MPOCTBIM OOMBIIMHCTBOM HpH JBYX Kauaugarax. Bee mobgar A, Ho romocyor 3a B. 910
paBHOBecHe, HO OYeHb Jypalkoe. KoHeuHno, HHIUBIIyaIbHOE epekTodenne ¢ B Ha A He yiyd-
maeT ucxol, Ho u He yxymmaer x)e! Crparerus A nomunupyer B (cnabo, koneuno). B sroii
YACTHON CHTyaluud y UIPOKa JiBa Jydmux orBera - A mw B, u oH BeIOpaJ He caMblil JIydminii.
[Tomo0HBIX Ka3ycoB, MOYKHO HAJIeAThCsS, HEe OY/IET, €CJIu PABHOBECUE TAKOBO, YTO JIYUIIHil OTBET
OJTHO3HAYEH JIIsI KayK/I0TO UTPOKA.

9T0 Xopoi1iee nmondArue, eﬂHHCTBeHHbIﬁ HEeJOCTATOK - 9YTO OHO HUCKJIIOYaeT CMeEIIaHHbIE paB-
HOBeCHUd, a IIO9TOMY He BCerJa U CyLUleCTBYET. Moo MMpeaJjIozZKUTh HEKOTOPOE ero CMdArdeHue.

Omnpejiesienne. Mpodums crparernit (sf) € Sy Ha3BIBACTCS CMPO2UM PAGHOGECUEM, CCTH
JIJIs JIIOOOTO UT'POKA ¢ CTPATerus S; sBJseTCs HAWIYydIIM OTBETOM He TOJIbKO Ha S*,, HO Ha
X3 k
m06oit Habop s_;, Te s; € Best;(s* ;).

Hemocratok onsTh B TOM, 4TO TaKHE PABHOBECUS HE BCEIJIA CYIIECTBYIOT; IPUMED - OPJISHKA.
Huke Mbl 00Cy 1M HECKOIBKO O0Jiee YIa9HbIX MOHATHIT pahuHUPOBAHUS.

HenpaBgonomob6ubie yrpo3bl. PaccMoTpuM Clieayonyo urpy
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1,1

DTy WPy MOXKHO MOHUMATh KaK MPOCTEHINyIo (hOpMy CUTyaluu BXOJA B OT-
pacip’. @upma 1 (arpeccop) mMoxker He BxoauTh (U) B HEKYIO OTpac/ib 3aHATYIO
monomnosincerom 2. JIubo moxker Boiitu (D), n Torga "Hacenka” 2 MOXKET OTBETUTH
qubo Boitro#t 1en ([), nmubo momomBUHeTCsS (7)) W OHU MOJETAT PBIHOK. UTO XKe
Ipou30iieT B 3TOil urpe?

Asropurm Hepmeno-Kyna maer pasraosecue (D, r) ¢ eiurpbimamu (1, 1). Og-
HaKO ecTh jipyroe pasHosecue, a uMenHo (U,l) ¢ seiurpsimamu (—1,0). 3mech
"HaceJiKa” KakK Obl yrpokaeT arpeccopy: "Eciu Thl Boiijielib, TO st Oyjly cpakaTh-
¢, 1 Thl nostyuninb —17. Ecin arpeccop Bocnpumer 3Ty yrpo3y Kak peajbHyIo,
OH BO3JepKUTCa oT Bxoga. OJHAKO CKOpee BCero OH BOCIPHUMET 3TY YI'PO3y Kak
Henpan/o1o100Hy10. /IeJio B TOM, 4TO €Cjiu MepBbIil BCe-TaKu BOWJIET, TO BTOPO-
My UI'POKY OyJIeT HEeBBLINOJHO HPUBOAKUTHL YIpody B ucnosjHenue. Ilonumast sTo,
IIepPBLIil UI'POK CKOPEe BCEro He MOBEPUT B YI'PO3Y U MPOUTHOPUPYET ee.

B gem xe nedexkruBHOCTh cTpareruu (7 B Tom, 1T0 OHa HAXOIUTCS BHE PABHO-
BECHOT'O IyTH U TIO9TOMY HE TOJIBEPTaeTCs PEeAJHLHOMY UCITBITAHUIO Ha ONTHMAaJIb-
HoCcTh. DopMaJIbHO OHA SIBJISIETCS HAUJIyUIIUM OTBETOM Ha, cTpareruto nepsoro U,
HO (PaKTUIECKHU ITO HE HAMJIYUIINI X0/ B COCTOSTHUN 2. DTO MPOSIBJISETCST U B TOM,
4yTO cTpaTerus [ ciabo JOMUHUPYETCs CTpaTerueit r.

DTOT HmpuUMep MOTHUMAET €Ie OJUH HHTEPECHBIH BOIPOC. YTIpo3a MOXKeT ObITh COODIIeHA
TOJIBKO €CJTH €CTh COODIIEHU; MbI Ke IpeJroiaraeM, YTo urpa uiaeT moada. Kak ke Torna 1-ii
MOZKeT Y3HaTh, UTO COOUpAETCS JAeIaTh 2-if B MO3UINU, KOTOpasd JIe:KUT BHe myTH urpbi? CKopee
9TO HE TO, YTO cOOMpaeTcst jeaarb 2-i, a 1o, uro 1-it gymaer 00 3rom. Ho Torma mosaydaercst,
9TO cTpareruu 2-ro BeiOupaer 1-wriil

HempaBmomogobubie obernmanusa. buiTh MOXKeT, eCTh TOX0XKHUe TPUMEPDI U C
HENPaB/I0NOJOOHBIMK ODCIIAHUSMU, XOTS MHE HE yJaJI0Ch TPUJyMaTh TaKOH 1Mpu-
Mep ¢ AByMs urpokamu. OTHAKO MOJA0OHAS CUTYyals YaCTO BCTPEIALTCS B 9KOHO-
MUYECKOM KOHTeKcTe. Hampumep, dpupma MOKeT 1moodermaTh MOKYIaTe M, 9TO
OHa, BBIIYCTUT OIPaHUYCHHOE YUCJIO U3Jiesiuit 1 oHu OyayT pejkocTbio. [lokyrma-
TeJIM 3aMHTEepPecoBaHbl KyNMUThH papuTteT. Ho riae rapanTuu, 9to (pupma He HATHET
B MOTOHE 3a MPUOBLIBIO JIeJIATh JOMOJHUATENbHbIE TapThu u3genni? OrcyrcrBue
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TAKUX TapaHTHii (JlaXke MpU YECTHBIX HaMepeHHsiX (DUPMbI) MOXKeT MPUBECTH K
OTKa3y IOKyIarejeil, 94To mjioxo u TeMm, u apyrum. Ho He Tak-to mpocro ybemu-
TeJIbHO cBs3aTh cedsa. Ilpumep ¢ kumausnunrom: J»kon nmoxuTtua Mspu u roros
OTIYCTUTH €e 3a YMEPEHHBI BBIKYII, HO OOUTCsI, UTO IOCJIe OCBODOXKJICHMS OHA
3aJI0KUT ero. Mspu ducrocepjedHo odelaeT eMy, 94To He MPOoJIacT, HO IJie rapaH-
tun?! W ecnm eit He ynactes Kak-To yoenuTh [IXKOHa U 1aTh TBepjble rapaHTHH,
eMy NPHUIAETCS M30aBIATHCSI OT HEXKEJIAHHOIO CBHUIETEJI.

PadunupoBanne paBHoBecuit Hamia. Hanuune masonpapaomnomo0HbIX
pPaBHOBECHUil 3aCTaBUJIa TEOPETUKOB HCKATL OOJiee CHUJIbHBIE YCJIOBHS HA PABHO-
Becusi. DTa, MporpaMMa M3BECTHA, 1M0JI Ha3zBaHWeM pPaUHUPOBAHMUsI, YTOHBICHNUS,
ycoBepiiencTBoBaHusI. CKaxkeM ¢pa3y, YTO OKOHUATEJHLHOTO, IIPUEMJIEMOr'0 BO BCEX
cJIydasix OTBETa IMOJYUIUTh HE YJIAJ0Ch; UMEeTCsl HECKOJIBKO aJbTepHATHUBHBIX MO/
X0 OB. O6HL€€ B HUX TO, 4TO OpeajIaracrTcid IMPpUuHUMAThb B PaCHET U HEBEPOATHDLIC
COOBITHSI, KOTOPbIE UMEIOT HYJIEBYIO BEPOSITHOCTH TTPU JIBUXKEHUU 110 PABHOBECHO-
MY IyTH.

Morio O6bI TOKa3aThCs - 3aUeM YUUTHIBATH MTOBEJICHNE B HEBEPOSITHBIX COCTOSI-
HUSIX, KOTOPbIE He Peajn3yiorcss B paBHoBecun?! Jleso, ogHaKO, B TOM, UTO YACTO
HeEJIEIIbIE paBHOBECHUA BOSHUKAIOT UMCHHO IIOTOMY, 9YTO HEKTO BEJAECT C€6H nppanun-
OHAJILHO BHE PaBHOBECHOI'O IyTH, KaK B IIPUBEJIEHHOM BbIIIE IIPUMEPE CO BXOIOM
B oTpacyb. [IpudyemM 3T0 cocTosiHre TOJBKO IOTOMY M HE BCTPEUAETCS Ha PABHO-
BECHOM IIyTH, YTO TaM BTOPOI UIPOK BeJleT cedst nppalnoHaJbHO.

CoBepIIeHCTBO OTHOCUTEJILHO MOABITP. Viest nenpasionogobHbIX yrpos
paboTaeT He TOJILKO B CJIydae UI'D C COBEPIIeHHO uH(opMalueit (F;Le OHa MPUBO-
JIAT K OOPaTHOI WHIYKIMHA ), HO B HEKOTOPBIX JPYIUX ciaydasx. Hampumep, koryia
MBI 00CY2KIaJIi KOHKYPEHTHOE PABHOBECKE, MBI [IPEIIONArajl, YTO HOTPeOUTE N
(mocsie BbIGOPa 11eH) BejyT cebst "KOHKYPEHTHO ) He [bITasiCh CBOUM HEPAI[MOHAJI b
HBIM MOBEJICHUEM MOBJIUATH Ha LEHbl. Vin, BepHeMcs K IpuMepy ¢ BXOAOM B
orpacib. JJomycTruM, 4TO eC/id arpeccop Peliu BXOIUTh, Y HEro TOXKE eCTh BO3-
MOYKHOCTH BeCTH cebsi MacCUBHO MJIM HaYaTh aKTUBHYIO 60pwOy ¢ "Hacenkoii”. T.e.
Urpa BBIJISAUT KaK Ha PUCYHKE HUKE.

I eciin BTOpO#t HACTPOEH aKTUBHO, TO EPBOMY JIydIlle HE BXOJUTH (a B CJydae
BXOJIa - BCE PABHO KaK BECTH). A ¢ JIDyroil CTOPOHBI, B Urpe 2 X 2, HAUYHHAIO-
Imeicst mocae BXojia, y 000MX MI'POKOB €CTh JOMUHEpYIoNme crpaterun (p,p'), u
3TO €IMHCTBEHHOE PABHOBECHE B 3TOi nojpirpe. [Toaromy arpeccop 1o/KeH Bpoje
MOHMMATh, UTO C CJIYdYae ero BXOja BCe 3aKOHUUTCS MUPHBIM ucxogoM (1,1), u
CMEJIO BXOJIUTD.
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Unest coBepIeHcTBa - ONTUMAJILHOCTD MOBEICHUS BO BCEX IOABITPAX, UTOOLI
paBHOBECHE OCTABAJIOCH PABHOBECHEM HAUWHASI C JIFOOOH MO3UINK, HE3ABUCUMO OT
TOI'O, CKOJIb HUUTOXKHA BEPOATHOCTL MONaJIaHus B 3Ty no3uiuio. OHako TyT »xKe
BO3HMKAET BOIIPOC, YTO CYUTATH 10AbIIPoii. KazaJioch Obl, BO3bMeM JII00YIO BEPIIIK-
HY 1 BKJIIOYUM Bce, 94To uaeT mocie nee. Ho Bean nmerorcs ere nadopMaInoHHbe
MHOXKECTBa, U OHU He JOJIXKHBI BLIBOJUTDL 3a MpeJIesbl Hallleil TTOALIIPLI .

Bosee Touno, mycrs ¢ - BepimHa jgepeBa urpbl, u G(t) - MHOXKECTBO BEpIIHH,
craepyomux 3a t. Ecam gus soboit Bepimubt ¢ € G(t) Bee uHbOpMaoHHoe
MHOXKecTBO h(t') sexur BuyTpu G(t), Mbl TOBOPUM, YTO © ONMpEJEsieT MObIIPY
G(t) ¢ magamom B t.

[Tpocuib noBeeHIECKUX CTPATErnii HA3BIBACTCS COGEPULEHHBIM DABHOGECUECM
(orHOCHTEIBHO TOBITD, subgame perfect equilibrium), ecin ero orpannvenue Ha
JI0OYIO MOABITPY sIBJIsteTcsT paBHoBecneM Hbamma. 9To ouenb mHTEpecHOe MOHSITHE
obL10 mpegaoxkeno Cenrerom B 1965 T

CBoiicTBa coBepIeHHBIX paBHoOBecuii. [ljsi urp ¢ cosepiieHHoit nHdOp-
Malyell coBepIieHcTBo copnagaer ¢ ajropurmom Lepmerno-Kyna (nim obparHoit
wHyKIweit). Bomee Toro, 9T0 0JJHOBPEMEHHO yUUTHIBACT W BO3ZMOMXKHYIO HEOJIHO-
3HAYHOCTH AJTOPUTMA, ¥ BO3MOYKHOCTH HECOBEPIICHCTBa WH(MOpMAIUK (T.e. BO3-
MOXKHOCTH WH(DOPMAIIMOHHBIX MHOXKECTR).

Tak Kak MCXOJHAs WI'pa TOXKe TIOJBITPa, COBEPIIEHHOE PABHOBECUE SABJISETCS
paBHoBecueM H»ama. Ho, koHeuHo, He JiF0ObIM, KaK TMOKa3bIBAIOT ITPUBEJ/ICHHBIE
BBIIIE TPUMEDHI.

Hagee, mogpirpa 11000it moabirpbl urpbl G siBisiercst nogbirpoit urpsl G. Ilo-
9TOMY COBEpPIIIEHHOE PABHOBECHE OCTACTCST COBEPIIIEHHBIM PABHOBECHEM U B JIIOOOM
nojpirpe. 1 Boobire, moabirpsl urpbl G caMu 00pa3yioT J1epeBo. DTO 00CTOSTE b
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CTBO I0/ICKa3bIBAET, KAK NCKATh BCE COBEPIIIeHHbIE paBHOBecHsi. Hy»KHO, Kak B Me-
TOJIe OOPATHOM MHJIYKIIMKM, HAUMHATH C KOHIIA, B KaXXJI0 TePMUHAJILHONI MOJIbIIPEe
HaXO/UTH PABHOBECHUS, I CTABUTL B HAYAJIO TUX ITOALII'D OJUH U3 IOy YAIOIINXC
1cxo0B. [loMuMO mpovero aTo jaeT TeopeMy CymeCTBOBAHUS COBEPIIEHHBIX (K
O/IbITPaM) PaBHOBECHIA.

IIpumep. Ayonosusa maxxkesvbepea. B 1934 [lTakkean0epr npeiioxKua Mo-
Jeb ayonouu ¢ (hupMoii-nugepoM (mepBoil BeIOUparoreii 00beM CBOETo BBIITYC-
Ka) 1 dbupmoii-nocaenoBaresiem. IIpumepom Moxer ciykuth koMmianus ~“Jxkene-
pas Moropc” B aBromobOuanuoit nmpombinuienHoctrn CIIA, wiau IBM wa porake
IEePCOHAJIBHBIX KOMIIBIOTEPOB.

Peakiiust Bropoit (pupMbi:

Ro(q1) = (M —q1 —¢)/2.
3Hasl 3Ty peakIlnio, rnepBas pupMa MaKCUMU3UPYeT
(M —q = Ra(q1) —¢) = (M — ¢1 — ¢),

uqi = (M—c)/2,q5 = (M —c)/4. Hanomuuwm, uto B paproBecnu KypHo BbITyCKE
cocraBisiin Tpeth or M — c. [lokynaressim Jjiydine, Jujepy Jydiie, a BTOPOit
dupme - xyxe.

Morjio ObI OKa3aTHCsSI CTPAHHBIM, UTO 3HAHWE BTOPOH (DUPMOI BBITYCKA JIH-
Jepa yxy/maer ee mnojoxkenune. Kak 31o jlonosinuTe/ibHass nHbOpPMalnus MOXKeT
yXyammTh Barne oarononyune?! OTBer B TOM, 9TO BTOpO# bupme BpeIuT HE ee
3HAHUE 1, & 3HAHKUE MepBOil (PUPMBI O TOM, UTO BTOpas 3HAET (.

ITpumep. Pacemorpum B3ammoorHomenusi bupmbl (GeCKOHEUHO KUBYIIEH, ¢ JIUCKOHTOM
d & 1) u mocae0BaTEIbHOCTBIO PADOYNX, KaK Bl U3 KOTOPHIX KUBET OJMH Meproj. B kazk oM
nepuo/ie TaiMUHI' TAKOi: CHavaJia pabounii BHIONPAET YPOBEHb YCUJINIl: BKAJIBIBATH, TPOU3BOJIS
JIsE (EPMBI TOBAP CTOUMOCTBIO 3 pyOJId U Moaydasd AU3OTHIATH 1 pyO/ib, W CAYKOBaTh. 3a-
TeM (bupMa CMOTPUT Ha BHIMYCK U HazHadaeT 3apiaary w 0 sromy pabodemy. (MoxKHO cuuTaTh,
aro w = 0 wim 2.)

flcHo, uTO B OJIHOKPATHOI MOjie/n perienne takoe: pupma miatut w = 0, a pabouuii cauky-
er. OiHaKO B DECKOHEYTHOW CUTyalldsi MEHSIETCs: TaM €CTh W 0OJiee WHTePECHBbIE PEINTeHusl, eC/n
paboune moaydaT uHMOPMAIUIO O MPeJbIIyIIeM TedeHHH Urpbl. Bosee TOYHO, mMeeTcs Ta-
Koe cab-reiiM-mieppeKTHOE paBHOBecHe: paboUunii BKAIBIBAET, eCau (pHpMa, 10 TOr0 OILIaYNBAJIA
Tpyx (a He Ge3/e/be) TPeJbIYIUX PAbOUNX, U CAYKYeT BO BCEX OCTAJIBHBIX CIydasx. Pupma
JIATUT W = 2, ec/in pabounii BKAJIbIBAET, U HE IJIATUT B IIPOTUBHOM CJIyYae.
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Jlekmust 14. CekBeHIInaJdbHbIEe PABHOBECUH

Henocrarounocts moawIrp. IlomsTue coBepiiencTBa paBHOBECHsT IO OTHOIIE-
HUIO K TIOJBIIPAM JIaeT MOIIHBIA TPUHIUAIT OTCernBaHust ~Ta0oxux’ papHoecuit. O1-
HAKO OH ILJIOXO PabOTaeT, eCid B UI'PE MAJIO HOJBIID. DTO MOXKHO ITPOJIEMOHCTPH-
POBATH Ha CIeayIoeil MonuUKAIMNA IPEIbIIYIIEro IpuMepa.

0,2

A
%

a
2 p)
1 410 141

[To cymiecrBy, 31O Ta »Ke Urpa, OJ[HAKO Terepb B Heit HeT cOOCTBEHHBIX MOIBIID.

) )

Pacemorpum emie opnn npumep (Cenren (1975)):
1 A 2 a

MD 5 (3,3,0)
d

B Heit umeercs pasrosecue (D, a, L). 910 paBHOBECHE COBEPIIEHHO, HO TOJBKO
MOTOMY, 9TO 3JIeCh HEeT COOCTBEHHBIX MOJABITP. OJIHAKO BBIOOP BTOPHIM HTPOKOM
cTpaTeruu a crpaHeH. Bejgb eciim oH yBepeH, 4To 3-it OyJIeT WCIONB30BaTh L, TO
eMy HaJ10 06110 ObI BIOpaTh d. [lycTh gaxke manc caesrars X0, JIj1sl 2-10 HUITOXKEH,
Ho d siyume a! U ecim on BoiOeper d, To 1-it nmepeksrounTcest Ha A, a Torma 3-ii
nepekounTcesa Ha R. Ho Torma 2-it Bepuercs K a, 1-it octanercs Ha A, u 910 Jaer
BTOpOe paHoBecue (A, a, R).

3/1ech HET TOJBITP, U OYKBa OMpee/IeHns] MOJUUT, HO JIYX COBEPIICHCTBA Tpe-
OyeT ompesesIeHHO U SICHO: u2pok 6 A10001 nozuyuu dossicen deticmeosams on-
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MUMGADHO, JIAYKE eCTU MaJOBEPOsITHO, YTO YJIACTCS MOMACTh B 9Ty Mo3ulnio. Kak
JKe TIPUJIATh 9TOMY CMBICT?

PamuonanbHOCTh 1 Bepbl. Hy»XHO $ICHO MOHUMATD, B UeM 3aKJII0UAETCs TTpe-
MATCTBUE K MOHATHIO ONTUMAJILHOTO TOBEJIEHUS B HEKOTOPOi mosunuu. Mbl yxke
OTMEYaJIH, YTO BHIMIPHIIIT UIPOKA § (KOHTPOJIUPYIOIIErO X0/ B TTO3UIMK T ) 3aBUCHT
OT cTpaTernit octajbHbIX. Ho He 3T0 mpensTcTBre, MOTOMY 9TO B JIyXe PaBHOBE-
cug Harra TyT mpejmosaraercs, 9To CTPATErui BCEX OCTAJIBHBIX UTPOKOB (DUKCH-
POBaHbI ¥ M3BECTHBI. [JIaBHOE MPENsSITCTBUE B TOM, 9TO BHIOOD XO/a B TO3UINN X
ABTOMATHYECKN MEHsIeT XOJI W BO BCEX MO3WUINAX W3 WHMOPMAIMOHHOIO MHOMXKE-
crBa h(z). A 3HAUUT U BBIUTPHININ HA TE€X MYTSIX UTPHI, KOTOPBIE MTPOXOJAT depes
apyrue nosutun &' € h(x). [losTomMy MBI HE MOXKeM MPOCTO HAYATH TOABITPY’ €
MO3UINN &, HY>KHO HAYMHATH ee n3 NH(MOPMAIMOHHOTO MHOYXKeCTBa h.

Terneph OCHOBHAsT HEOTIPEIEIEHHOCTH HAIIETO UT'POKA ¢ 3aKJII0YAETCs B TOM, B
KaKoil n3 mo3uiuit B h HaxomuTcs urpa. TyT HAUEro He Mofesaelb, st pa3pe-
IIIEHUsI 3TOI HEeOIpeIe/IEHHOCTH HYKHO 3aJ1aBaThcs Bepoit” Ha h. To ecTtbh urpok
i JIOJZKEH 3aJ1aThcst HeKoTopoii BepostraocTHoit mepoit (k) € A(h).2 Kak Tosbko
Takasi Bepa 3ajlaHa, TO MOXKHO 00pPA30BLIBATH OXKHUJIAEMbIE BHIMI'PBIIH (B 3aBUCH-
MOCTH, CKayKeM, OT XOJia B h) W OIEHUBATH ONTUMAJILHOCTD HCIOIB3YEMOTO XOJIa,
B h.

Samernm, 9T0 MWHMOPMAIMOHHBIE MHOXKECTBA JIPYIMX WTPOKOB MOTYT Hepe-
cekath’ Hairy ‘mogpirpy”’ G(h), HauwHAOMYIOCA U3 h, HO 9TO HAC HE JOJIYKHO
BOJIHOBATDH: BEJb CTPATETNN TAKUX UI'POKOB (pUKCHpOoBaHbl. A BOT eciiu uHMOpMa-
IIMOHHbBIE MHOYKECTBA TOTO YK€ MI'POKa ¢ HauHyT Bblae3arh uz G(h), 970 Moo ObI
CTaTh NCTOUYHUKOM HenpusiTHocTeil. K cqacThio, 1151 UTp ¢ COBEPIIEHHON TaMsIThHIO
(em. Jleknuio 4) TaKOro MpOU3OUTH HE MOJKET.

OpHuM CJIOBOM, 9TOOBI TOBOPUTH 00 ONTUMAJIBHOCTH B KaXKI0N MTO3UIAN, HY K-
HO 3a/1aThCsI HE TOJILKO CTPATErusiMi 0, HO U BepaMu (4. U 31 nanubIe - crparernn
W BEpbI - JIOJKHBI OBITH COTVIACOBAHBI JIPYT ¢ ApyroM. Mbl cKaxkeMm mojipobHee 00
9TOM UyTh HIXKE, & MOKa 3aMETHM TOJIHKO, UTO ¥ KJjaccuieckoe paBHoBecue Ho-
118, MOYKHO BOCIPUHUMATH B TAKOM ke jyxe. [Ipeamosoxknm, 9T0 Jiist KarXKaoro
WIPOKa ¢ 3ajiaibl crparerust o; € A(S;) u Bepa p; € A(S_;); onu 0bpasyoT pas-
noecue Hamra, eciu: a) o; - HAWTydImunii oTBeT MpH Bepe p;, U 0) KaxkKas Bepa
[ COBIIATAET ¢ ®;£;0;. Mbl BUIUM 3/1eCh COIVIACOBAHUE JIBOSKOTO BUJAA. YCJIOBUA
a) BbIPAXKAIOT PAIMOHAJIBHOCTH KaXKJOMO MI'POKA MPU MMEIOIIUXCst Bepax. YCJIo-
BHsi 0) TOBOPAT O (OPMUPOBAHUK BEP - OHU B TOYHOCTH COBIAJAIOT C TE€M, UTO

2K Bompocy 0 ToM, Kak (hopMUPOBATE 3Ty Bepy fi(h), MBI €11e BepHeMC.
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JeJIAI0T OCTAJIbHBIEC, MOXKHO CKa3aTh - UCTUMNbIE. B 3TOM cilydae Bepbl OJJHO3HA-
HO BOCCTAHABJIMBAIOTCS 110 CTPATErusiM (JIPyrUX UIPOKOB, 3aMeThbrel); u 11o3ToMy
MX MOXKHO HCKJIOYUTHL M3 onpeaenaeHns. OJHako B IPUHIANE MOKHO ObLIO ObI
BMECTO 6) HAKJIAJBIBATL U MEHEE KECTKUE YCJIOBUs, HAPUMED, ITO HOCUTEb 0_;
COIEPKUTCS B HOCUTENE f; (11 HAobOPOT).

Ciaboe cekBeHITHAJbHOE paBHOBecme. Kak yxke ObLIO CKa3aHO, CEKBEH-
[MaJIbHOE PABHOBECHE COCTOWT W3 JIaHHBIX JBYX THIOB - cTpaTeruit m Bep. Bo-
see bopmasbHo, npoduas (nosedenueckur) cmpamezud, obpasyer ceMeiicTBo o =
(oh,,h € H), tne h npoberaer muoX)ecTBO H nHGOPMAIMOHHBIX MHOXKECTB Ha-
mieit pazsepuyToii urpsl, a o, € A(M(h)) (manomunm, aro M (h) - MHOXKECTBO
XOJIOB WJIM aKIuii, 10CTyIHBIX B nHGOPManonHoM MuOKecTBe h). Cucmemoti éep
nasbiBaercs cemelictBo = (p(h), h € H), tae u(h) € A(h).

Yrob6bl OBITH CEKBEHIMATBHBIM paBHOBeCHEM, napa (o, () JOJKHA YI0BIETBO-
psITh JByM ycioBusiM Bpojie a) u 0). Ilepoe ycioBue TpebyeT pannoHaJIbHOCTD
MOBEJICHUST KaXKJOT0 UIPOKA B KarKJI0M ~cBoeM HUH(MOPMAIMOHHOM MHOXKECTBE.
[Tpeonoxkum, 4To JJaHO MH(MOPMAIMOHHOE MHOXKECTBO hg, KOHTPOJIUPYEMOE WT'-
POKOM 17y, u Hekoropast Bepa g € A(hg). Ilycrb Takke 3ajaH HEKOTOPBI 11PO-
busb moBenenveckux crpareruii o = (0y,).

Onpeenenne. CkaskeM, 4TO UTPOK %y CENGENUUAALHO PAUUOHAAEH 6 UNPDO-
MAUUOHHOM MHodtcecmee hg npu eepe (i, eciau, Tpu PUKCUPOBAHHBIX CTPATErH-
sIX OCTAJIbHBIX UI'POKOB, OXKMJIAEMBINl TIPU BEPE Ly BBIMI'PBIII UIPOKA %o B IOJbI-
rpe G(hg), naunnatomeiics B hg, JoCTHrAET MAKCMMyMa HMEHHO Ha CTPATeruu
(O'h, h € Hz)

Qakrrdecku, npu pUKCAINN CTPATErHit OCTAJIBHBIX, HAIIA UTPa, TTPEBPAIAETCsT
B urpy ogxoro Jjmna. Tpebyercsi, urobbl B nojgbirpe G(hg) Urpok ip Bes cebs
onTuMaJjbHo. OTMETHM, YTO peajibHOe OrpaHUUYeHNe 3/1eCh HAKJIAIbIBAIOT TOJIHKO
p(ho) u cmeranHble XO/bl HAIETO UIPOKa B MH(MOPMAIMOHHBIX MHOXKecTBax h,
PACIIOJIOXKEHHBIX T0CIe hy).

Hanpuwmep, B urpe "ociuk Cenrena’ crparerndeckuii mpoduis (D, a, L) ycio-
BUIO PAIMOHAJHLHOCTH B BEPITUHE 2 HE YIOBJIETBOPSET: €CAN 2-i UTPOK CUUTAET,
uyro 3-it urpaer L, To oH BbIOepeT d, a He a.

Onpenenenne. [poduib crpaTeruii ¢ HA3LIBACTCA CEKGEHUUAALHO PALUO-
HAAbHBLM OTHOCUTEJBHO CHCTEMBI Bep [, €CJIU KaXX/Iblii MIPOK CEKBEHIIHAJbHO
palfoHaJeH BO BCeX CBOUX MHMOPMAIMOHHBIX MHOXKeCTBax h.

Bropoe yciosue (yxke Ha Bepbl) TpebyeT, 9T0ObI BEphI 1 ObLIN HE TTPOM3BOJIBHBI,
HO OIPaBJIBIBAJIMCH ~00Jiee PAaHHUM MOBEJIEHUEM 0 XOTsl Obl B CJIEJIYIOIIEM ~CJia-
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bom” cmbicie. Ecin undopmalmonnoe Mao)ecTBO h jtocruraercst (nipu npoduiie
crpareruii o) ¢ MOJOKUTEJLHOR BEPOSITHOCTHIO, TO Bepa f(h) JOJKHA BHIYKC-
JNaThesd 1o npaBusy Baiteca. Ecinn ke mH@OpMaImoHHOE MHOXKECTBO h JIEXKUT
BHE MyTH UTPBI, Bepa ((h) MoxkeT OBITH MPOU3BONLHOI. Bysem roBoputh B 9TOM
caydae, 9To Bepbl €Aa00 C02A4aC08aHb, CO cTparerusimu. I'pybo roBopsi, Bepa He
JIOJIZKHA, IPOTUBOPEUNTDH HAOJIIONIEHUSAM 38 XOJIOM UIPHI.

Takoit Habop (o, ) HA3BIBACTCS CAGOBIM CEKBEHUUAALHbIM Pashosecuem. T1o
CYIIECTBY 9TO MOHsITHE (B CHJIILHOM BapuaHTe) ObLIO BBemeHo Kperncom u Yusico-
oM B 1982 r. Ormernm, uro yeiosue Ha Bepy p(h) B nHGOPMATHOHHOM MHOXKE-
cTBe h HAKJ/IaJbIBAIOT TOJILKO CMEIIaHHbIe XOIbl O B MHOXKecTBax h', pacnoo-
JKEHHBIX paHee h.

CekBeHInaJabHbIE PaBHOBecud n paBHOBecus Hama. VuTyurnsHo sicHo,
YTO TIOHSITHE CEKBEHIINAIHLHOTO PABHOBECHST SIBJISIETCS YCUICHUEM TIOHSITHST PaBHO-
Becus o Hamry. Bo BesgkoMm ciydae Mbl BUJIEN B MpUMepe, 9TO HE BCSKOE PaBHO-
Becue Hama MoxeT OBITH TOJJIEPXKAHO CUCTEMOI BEP JIO CEKBEHIMAIbLHOTO.

Cxkaxkem Tounee. [Iycrhb 0 - npoduiib MOBEIEHYECKUX CTpaTeruit, oopas3yomnui
pasuosecue Hama. Torya npasmio Baiieca ogrosnadno ompenenser Bepbl ju(h)
B TeX MHMOPMAIMOHHBIX MHOXKECTBAX, KOTOPbIE JIOCTHXKUMBI (IIPH CTPATErusix
0) ¢ HOJOXKHUTEJILHON BEPOSTHOCTHIO (Jiexkar Ha 1myTn urpbl). Torma crparerun
0 CEKBEHITMAJbHO PAIMOHAJIHHBI B TAKUX WH(MOPMAIMOHHBIX MHOXKECTBaX U INPU
TaKUX Bepax. B camMoM Jiesie, B IPOTUBHOM CJIydae UT'POK, JeJAoNuii Xo/ B h, Mor
OBl Oy InTh GosbInuii (yeJaoBHBIH, B “nojbrpe”, HaunHaoOMEeiics B h) BHIMIDHIII,
U3MEHUB CTPATETny B STOH MOJBITPE.

ObparHo, mycTh ¢ - TPOUITH TTOBEIEHIECKUX CTPATEI Wi, CEKBEHIINAHLHO PAIIN-
OHAJIbHBIX B MH(OPMAIMOHHBIX MHOYKECTBAX, JIEXKAIINX Ha TyTH UTPhl. MbI yTBEp-
XKJaeM, 9To o - paBHoBecue Hama. B camom jene, npejictaBuM, 9TO HEKOTOPBIi
WI'POK § MOXKET YJIYUIIUTh PE3yJILTAT, TPUMEHUB aJbTePHATHBHYIO CTPATETHIO T
Ho Torga oH 1o/pKeH chirparh JIydilie 0; B HEKOTOPOM CBOeM WH(MDOPMAIMOHHOM
MHOXKecTBe h. Hy»KHO B34Th camoe mepBoe TakKoe MHOXKECTBO; TaK KaK JIO HEero
CTpaTerny He MEHSJTUCh, TO He MEeHsJINCh U Bepbl. HO B TaKOM ciiydae cTpaTerus
0; ObLJIa HE CEeKBEHIMAJILHO PAIMOHAJILHON B 3TOM A.

Tak Mbl mosydaeM ciejyrolnee yreepxiaeHue (bosee mogapobHOe TOKA3ATE b
cTBO MOXKHO Haiitn y Maiiepcona nin y Mackosess u ap., [pepnoxenne 9.C.1):

Teopema. Ilpodurv nosedenueckur cmpamezut T AGAACMCA PABHOBECUEM
Howa m. v m.m., xoeda natidemcesa maxas cucmema 6ep (L, 4mo
(1) cucmema p caabo coznacosana ¢ npopusem o;
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(ii) npoduav o ceKeeENUUAALHO PatuONaser (NPU 6epat 1) 60 6cex uHPOPMa-
YUOHHVLT MHOHCECTNEAT, ACHCAULUT Ha NYMU UDDL.

Orcroma MOXKHO CIEIATh JIBA BayKHBIX BbIBOjA. IIepBblil - BIOJIL IyTH HUIDbI
(re Bepbl OJJHO3HAYTHO OMpPEJIEISAIOTCS MpaBUIOM bBaiieca) paBHOBECHBIE CTpaTe-
I'MU CEeKBEHIIMAJIbHO PAIllMOHAIbHBI. BTOpOil - CekBeHIMabHAsT PAlMOHAJIHLHOCTD
ycusmBaer paBHosecHocTb (1o Hary) rem, 4o tpebyer ceKBeHIHaibHy O paino-
HAJILHOCTDb HE TOJIbKO BJIOJIb PABHOBECHOI'O IIyTH, HO ¥ BO BCEX OCTAJbLHBIX NH(MOP-
MAIMOHHBIX MHOXKECTBaX. JTUM OHa COMMKAeTCs ¢ TpeDOBAHUEM COBEPIICHCTBA
OTHOCHTEJILHO TOALIID. M geficTBUTE/IbHO, N3 TIPUBEJIEHHOIO BBIIIE MPE/IJIOXKEHIS
JIEPKO MOJIYINTH, UTO JII000E CEeKBEHIMAJLHOE PABHOBECHE COBEPIIEHHO K MOJIbI-
IpaM.

CuiibHOE CEeKBEHIIMAJIBHOE pPaBHOBecWeE. B cujIbHOM CEeKBEHIMA/IHLHOM PABHOBECUU MbI
HoJsiee CTPOro MOJAX0AUM K (POPMUPOBAHUIO Bep B MH(MOPMAIMOHHBIX MHOZKECTBAX, JIEZKAIIUX BHE
nyTd Urpbl. PaccmMoTpuM npumep, anne/iMpyomnii K CTpyKTYpHO#t coctositesibuocTu. [lycrn
Urpa UMeeT BUJ,

o0
2 .8
d
3 2 5

W mycto mepsolit urpaet u. KakoBbl MOTyT OBITH Bepbl v 2-Tro? Tak Kak 1-it me pazmamda-
er 9TH COCTOsiHWsI (IPaBOe M JIeBOE), OH M OTKJIOHSITHCS B HUX JIOJIZKEH OIMHAKOBO. [losromy
€CTeCTBEHHO CYUTATh, YTO BePhl 2-T1O - 370 .2 u .8.

JannMm Tenmeps ofImee omnpejesieHne CUILHON COMIACOBAHHOCTH Bep co cTparTernsamu. [Tose-
JeHIecKuil TpodUIb 0 HA3BIBACTCH GNOANE CMEUGHHBLM, €CITH JT00asd MO3UIUS JTOCTHIACTCS
C MOJIOKHUTEIBHOIT BePOATHOCTHIO. B sToM cirydae mpasmio Baiteca oxro3nadHO ompenessier
COLJIACOBAHHYIO C 0 cucreMy Bep fu(o).

Onpegenenne. CucreMa Bep ji HASBIBACTCH CUALHO COZAACO6aNHOT ¢ TPODUIEM CTPATernii
0, €CJIU CYIIECTBYET II0CJAeA0BATEILHOCTD BIHOIHE CMENIAHHBIX CTPATErnYecKux npoduieil o,
TaKas 4TO 0y, CXOAUTCS K 0, & COOTBETCTBYIOIIHE BEPHI i, = [t(0,) CXOAITCS K L.

Ceksenyuanvroe pasrosecue - 310 mapa (o, [1), 9TO [i CUIBHO COLJIACOBAHA C 0, & 0 CEKBEH-
UAJTbHO PAIMOHAIBHA OTHOCUTETHHO L.

Crenyromuii mpuMep JeMOHCTPHPYET c1aboe CeKBeHIINAIbHOEe paBHOBECHE, KOTOPOe He CHTb-
HO€e CeKBEHIHAJBHOE.
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[Iycrh Tperuii UrPOK BEPHT, UTO PEATU3yeTCsl JieBasl BepIInHa B ero HHMDOPMAIMOHHOM MHO-
xkectBe. Takas Bepa BMecte co crparernamu (R, A, r) aBisercs c1abbIM CeKBEHIHATBHBIM DAB-
HOBECHEM. OﬂHaKO OHO HE€ dBJIAeTCd CUJIbHBIM CEKBEHIUAJIbHBIM PpaBHOBECHUEM, ITIOTOMY YTO Be€pa
TPEThEro, CHJIBHO COTVIACOBaHHAsi CO crparerusiMu R m A, yka3piBaer Ha MPaByl BEPIINHY B
nHopMarmonHoM MHOXKecTBe 3. CHIIBHBIM CeKBEHIIMATIBHBIM pPaBHOBeCHEM (eIMHCTBEHHbBIM?)
3nech Oyner (R, D,1).

Teopema. Jiobas konewnas uzpa (6 pazsepnymoti dopme u ¢ cosepuiernot namamoro)
UMEETM, CUADHOE CEKBEHUUAADHOE PABHOBECUA.

Jlokazare/ibcTBO TeOpeMbl OyJIeT JaHO T037Ke, MOC/Ie OlpeIe/IeHs COBEPIIIEHHOI0 PaBHOBE-
cus.

OTMeTHM Tak:Ke, 9TO JlayKe CUIbHBIE CeKBEHIIMAJbHOE PABHOBECHS HE BCErJIa HCKIIYAOT
c1ab0 JOMUHUDYIONIHE CTpaTerud (IpuMep ¢ JAYPAIKHM FOJOCOBAHUEM TPEX ).
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Jlekiiug 15. CoBepiiieHHbIe paBHOBecusd JJid HOP-
MaJIbHOI POPMBI

Jpoxammas pyka. Kak mpejbiayiiue IOHATHS U U Peaju30BaTh JJis UTD B
HOpMaJIbHO# (bopme? TToHsITHE CeKBEHIIMAJBHOIO paBHOBECHS MOJICKA3bIBAET, UTO
MCKOMOE PaBHOBECHE JIOJIXKHO MOJIYUIATHCS KaK TPees HEBbIPOXKICHHBIX ~TOUTH-
PaABHOBECHBIX CUTYyaIWi.

[Touemy HEBBIPOKJIECHHBIX? 31€Ch OOBITHO PACCKA3BIBAIOT CKA3KYy PO JPOXKa-
Yo pyKy. UTo J1t000it UIPpOK MOXKET COBEPIIUTH OMIMOKY M C MaJioii BepOsSTHO-
CTHIO OTKJIOHUTKLCSI OT paBHOBeCHsi. VI MbI HHTEpECYeMCsl pABHOBECUSIMU, KOTOPHIE
YCTOWIHMBBI K TAKUM MAaJIbIM OTKJIOHEHUSIM.

[Tosgcaum sT0 Ha mpumepe. PaccmoTpum urpy

| 2
s1] 10,0 | 1,1
s2|10,10(0, 10

[Tpoduaib (s2,t1) paBHoBecen; 1-if caacTiu co crpaTerueit 2, moka 2-it He uc-
nosib3yer t2 (3aMerTnM, paBJia, 9TO TO PABHOBECHE BOBJIEKAET CJIab0 JJOMUHUDYe-
Myto crpareruto s2). Ho mpepcraBum, aro (Hampumep, u3-3a CIy9IaiiHOl OMMOKN)
BTOPOil UTPOK MCIONL3yeT crpareruio t2. Torma s2 ¢TaHOBATCA HEONTHMAJLHOII,
¥ UIPOK 1 JIOBOJILHO PE3KO mepeksrouaercs Ha sl. A rorga u 2-it mepex/rodaer-
cst Ha 2. Ul onn cBanmBatoTcs B paBHOoBecue (s1,12) (¢ Xyammmu, HAJO CKA3aTh,
BBIUTPBITIAMHE ).

Ora nues Gopmasnusyercs ciepytonm obpazom (Cenren, 1975):

Omnpenenenne. (Cvemannnit) mpoduis crparernit oy = (0;) HasbiBaeTcs
cosepuiernvim (OTHOCHTETIBHO JPOKAIIECH PYKH) PABHOBECHEM, €CIH CYIIECTBYET
MOCJIEIOBATETLHOCTE (o, n = 1,2, ...) BIOIHE CMEIIAHHBIX CTPATErHil, KOTOpast
CXOIUTCS K O, U TaKas, U4TO JJIs KaXKJIOTO UTPOKA © U 1 CTPATErus 0; €CTh HaW-
Jydriuii orBer Ha npoduib o,

Cwmemmannast crparerus o € A(S;) HA3BIBACTCS 6N0AHE CMEWAHHOT, €CTTA OHA
MIPUHAJIEXKUT BHYTPEHHOCTH cuMiniekca A(S;), TO eCTh ¢ HEHYJIEBBIME BEPOSIT-
HOCTSIMM MCIIOJIB3YET BCE YUCTBIC CTPATETHU.

Nuaue roBopsi, cTpaTeruss o; JOJXKHA ObITh ONTHUMAJbHONW HE TOJHLKO OTHO-
CUTEJILHO 0_; (YTO MOJNYUIAeTCs MPEJETIbHBIM MEePEXOJ0M), HO U OTHOCHTEJIHHO
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HEKOMOPHIT CKOJIb YIOJHO MaJIbiX BO3MYIIEHUH 0_;, B KOTOpbIe BXOAAT (IyCTh
C HUYITOKHO MaJIbIMKU BEPOSITHOCTSIME) YK€ BCE YUCTBIE CTPaTerui ocTaibHbiX. K
COYKAJIEHUIO, TOJIbKO HEKOTOPBIX; CTPATEINU 0; CTAHOBSTCS UyTh 0OJIee OITUMAJIb-
HBIMU - CYTIECTBYIOT HEBBIPOXKJICHHBIE (U CKOJIb YTOJHO OJU3KUE K 0 ;) CTPATErH-
yeckue mpouIn OCTaJbHbIX, IPOTUB KOTOPHIX 0; TOYXKE HAWJIyUIInii oTBeT. FKcim
OBl MBI TOTPEOOBAJIE ONTUMATIBHOCTH CTPATErUil 0; TPOTUB JIIOOBIX (CKOJIb YTOJI-
HO MaJIbIX) OTKJIOHEHWi JIPYTUX YIACTHUKOB OT WX CTPATETHH 0_;, MBI 3aBEJIOMO
noTepstjin Obl CyIIEeCTBOBAHUE.

IIpennoxxkenune. Kaocdoe cosepuiertoe pasHOBECUE ABAACMCA PABHOBECUECM
Howa. [

HoBOILHO 0YEBUIHO, UTO €J1aOO JOMUHUPYEMbIE CTPATErny He BXOJAT B COBEP-
neHHoe paBHosecue. Kperc cunraer orcyrersue ¢ado JIOMUHUPYEMbIX CTpaTErnii
B PABHOBECUHU BayKHOU 4epTO#l "XOpOIero’, OUMIEeHHOTO PaBHOBECHS.

CymiecTBoBaHUE COBEPHIEHHBIX PABHOBECUIA.

Teopema. /14 110001 KoHeunot uzpvl cyuLecmeyem co8epuLeHHOE PABHOBECUE.

Joxazarenncrso. O6o3nauum j1a "6oabioro” uncaa k wepes A¥ cuvmieke B A ayTh MeHb-
mero pa3mepa (korga Bce KoopaumHaThl > 1/k). OrpanudanM Hamry (CMeNIaHHYIO) UTDY Ha 9TH
CHMILTCKCHI 1 0003HaYMM HoTyunbnryioca urpy GF. YV mnee, koneuno, ecTh paBHOBECHS, KOTOPbIE
MBI 0003Ha4nM Ok, B ¢y KOMIAKTHOCTH MOYKHO CUHTaTh, 4TO oF cxomarca (mpu k — o0) K
HeKOTOpBIM crparerusam o; € A(S;). Mbl XOTHM MOKa3aTh, 4TO JJIsl JIIOOOTO UTPOKA i CTpaTe-
rus o; GyJeT HAMTYYIIHM OTBETOM Ha o, mpu Beex (moctarouno Goabmux) k. Torma To mbl
MOJIyIMM COBEPIIIEHHOe PABHOBECHE O .

Cpazy 3Toro yrBepx/aarh Hesib3s. OJHAKO B CHIIy KOHEYHOCTH YHCIA TPAHE y CHMILIEKCA
MOYKHO BBIODPATh MOJMOCIE0BATEILHOCTD k, TaKyI0 4TO oF jexkar Ha "0HO#  TOi e’ Tpanu
cuvmiexkca AF(S;). SIcno, uTo mpesieibHAs cTpaTerus o; Toze JexKuT Ha "Toii sxe” rpamu A(S;).
[TokazKeM Terepb, 9TO CTpaTerust o; Oy/IeT HAMTYIIIUM OTBeTOM Ha o .. JIJisl 5TOro HAOMHHIM,
aro dbynxuun nonesnoctu Uy (-, 0% ) adbdunns, n ecim onu 10CTATAIOT MAKCAMYMa B HEKOTOPOIi
TOUKe 0F, TO OHM MPUHUMAIOT Te e MaKCHMaIbHble 3HaUeHns BO BCEX BepHIMHAX TOH TpaHm
AK(S;). Ho s1a rpanb napajie/bua coorsercrayiomeii rpanu A(S;). Suauur byuknus Us(-, o)
NPUHAMAET MaKCHMaJbHble 3HAYEHUsI Ha TOH ke rpann cuMmiurekca A(S;), ¥ B 4aCTHOCTH, 0; -
HaTydImnii oteer Ha oF . [

—"

ITpumeneHue K CeKBEHIMAJIBHBIM paBHOBecusaAM. OHO ONUPAETCS HA CBS3b CEKBEHIU-
aJIbHBIX W COBEpPIIEHHBbIX paBHOBecuil. Mbl He Oyjem MmojpoOHO Ha ITOM OCTAHAB/IUBATHCS, A
CKazKeM OYeHb KpaTkKo u 3cku3uo. [lycts I' - urpa B passepuyToit ¢popme, u G - cOOTBETCTBY-
Iomas urpa B HopMasabHoit ¢popme. Kak obbacHAIOCH B JIeKIUU 4, CYIIECTBYET TecHas CBA3b
noBejieHdecknX crpareruit B I' u cmemanubix crparterunit B G. Tak BOT BepHa CJIeIyIONIAs

JlemMa. Iycmov o - cosepuennoe pashosecue 6 G. Tozda cywecmeyem makot eexmop 6ep
w, wmo (o, 1) - cexsenyuasvroe pasnosecue 6 I.

Nnea nokazarenbcTBa. [lo onmpepeneHnio coOBepIIeHHOTO PABHOBECHUS CYIIECTBYET IMOCTEI0-

BaTeIbHOCTD 0% cTpaTeruii (B G win '), KOTOpBIe CXOAATCSA K 0, KOTOPbIe HEBBIPOZKIEHbI I
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T.n. B cuily HEeBHIDOWKIEHHOCTH O MOXKHO OJHO3HAIHO OMPEIeTuTh HAOOP Bep i, COTIACY-

fomuxcs ¢ ok, OcTaeTca yCTPeMHUTD ji, B Ipefeny . Tak Kak cTpaTerms o; HTpOKa i ObLIa
HAMJTYIITEM OTBETOM Ha 0 . oHa GyJeT ONTHMATLHBIM OTBETOM MPH CHCTEME Bep fij, U MIPH X

npenene fi. ]

CaenctBue. [Iycmo I' - xoneunas uepa ¢ cosepwenroti namamoro. Tozda 6 neti cyuecmy-
101 CUADHBIE CEKBEHUUANDHLE PasHosecud. [
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Jleknmust 16. 1loBTOopsIomuecsa Urpbl

o cux 1mop Mbl pacCMaTpUBaJId UTI'PbI, KOTOPhIE UI'PAIOTCS "OJIHOKPATHO ; UTI'POKU
MOJTYYAlOT BBIUTPBIMNN U pacxoidarcs. OJHAKO YacTO MPUXOJUTCI MHOTOKPATHO
UI'PaTh "OJIHY U TY K€ UI'Py’ € TeMHU Ke maprHepaMu. TaKyio CUTYaIio Ha3bIBAIOT
MOBTOPSIIOIMMHUCS WTPAMHU, U UM TOCBSIIEHO MHOrO uccienoBannii. Hekoropnre
ACTIEKTHI MbI I PACCMOTPHUM.

['1aBHBIN WHTEpeC TOBTOPSIONUXCA UT'P CBS3aH ¢ MHTYHUIINEH, ITO JIIOAM NHAYTEe
BeLyT ceDOs ¢ TEeMU, C KeM OXKUJIAIOT MOIeP’KUBATH JOJTOBPEMEHHBIE OTHOTIECHNSI.
Ecim urpa urpaercst OJJHOKpPaTHO, TO UTPOK MOXKeT Oe3HAKa3aHHO HAPYIIATh JIIO-
Oble MpeBapuTe/bHbIE JONOBOPEHHOCTH. BOT moveMy pejiko paBHOBECHs OBIBAIOT
onTuMaJIbHBIMU. OJTHAKO €CJTH UT'Pa, pa3bIIPhIBACTCS MHOTOKPATHO, TO HEKOTOPBIE
COTJIAIIIEHUST MOTYT CTaTh paBHOBeCUSMHU. [[oTOMy 4TO HapyIIeHWe COTJIAIIICHIST B
OJIHOM PayHJIe MOYKEeT MPUBECTH K HAKA3aHWIO B TOCIEAYIONNX payHaax. K atomy
YKe OTHOCATCS BOMPOCHI penyTanuu. Hampumep, pernyranus HecrubaeMoro, Kect-
KOI'0, HEHCIIPABUMOI'0 MOXKET ObITh IIEHHBIM aKTUBOM B Oyylieit urpe.

IToBTOopsitonmuecst urpbl. [Ipu paccMoTpeHUU TTOBTOPSAIOMIMXCS W'D HYXKHO
YTOUHUTH CJIEJIYIOIINE BEIIU: JUINTEJbHOCTh UT'Pbl, HAOJIIOJCHUS, CTPATEI MU U BbI-
UTPBITIN.

1. Taumenwvrocms. Irpbl MOTYT UTpaThcs (PUKCHPOBAHHOE KOHETHOE KOJIMYe-
ctBo pa3. Uim Geckoneunoe. Bozmoxken u Gosiee ClI0XKHBIN Cyiydail, KOrjga BpeMs
UI'PbI PaH/IOMU3UPOBAHO.

2. Habarodenua. Bo3aMOXKHOCTH HAKa3bIBATh MPOTUBHUKA, 33 HAPYIIIEHUE COTJIa-
IIeHWsT OCHOBaHA Ha TOM, UTO BbI 3HAETE, KAaK OH UT'PaJ Ha MPEJIbIIYIIAX PayHIax.
Jist mpocToThl, MbI 6yJIeM CYUTATh, YTO BCsi Mpoliias WHbOpMalus (0 Xo1ax, Bbl-
WI'PBIIAX) JOCTYIHA.

3. Cmpamezuu. DTO yxKe He TPOCTO MOCIETOBATEJHHOCTH XOJOB B KaXKJIOM
payHJie; y Bac MOsiBJSIETCS BO3MOXKHOCTH JiejlaTh BHIOOP B 3aBUCUMOCTH OT MMe-
tomeiicst uadopmaiuu. st Toro, 4Tobbl ¢aenarh 3To 0oJiee siCHbIM, PACCMOTPUM
JBYXKPYTOBYIO UT'DY.

[TycTs HaM JaHa Kakas-HUOYb MMPOCTas UTI'Pa JIBYX JIUIL CO cTparerusaMu sl, s2
u t1, t2. Beuio 661 OMIMOKOI cUUTATH, YTO CTPATErMYeCKUEe BO3MOXKHOCTH UI'POKOB
UCYEPIThIBAIOTCS MHOYXKecTBaMu S; X S;. [JTaBHasg HOBOCTD - UTO TP COBEPIICHUN
BTOPOT'O XOJIa WTPOK MOYKET YUHUTBIBATH TO, UTO ITPOU3OIILIO B TEPBOM payH/IE.
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[Ipousorie/iiee B nepBoM pays/ie (ucmopua) 3aaeTcss MHOXKeCTBOM S1 X Sy = S.
[Tosromy cmpamezus urpoka 1 - sro napa (s, f), rje s - Xoji B nepBom payhje, a f -
orobpaxkenue u3 S B S1, BO3BMOXKHbBIE €r'0 peakI[uu Ha UcTopuio. B Halmem mpumMepe
peakiuit 2¢ = 16, M09TOMY KasK/IbIil HIPOK UMeeT 32 CTPATErul B [BYXPayHIOBOI
urpe.

Tax uro cTparernit 1oBoaLHO MHOrO. Koneuno, Tyt Muoro Jjumaero. Hampu-
Mep, 3a9eM UI'POKY pearupoBaTh Ha CBOIO crparernio? Bosee ecrtecTBeHHO orpa-
HUIUTHCsT oToOparkeHusiMu [ w3 So B S1, WX y»Ke TOJBKO 4, TaK 9TO MHOXKECTBO
CTpaTernii KakJIoro Mo CyIeCTBY COCTOUT U3 8 3JIEMEHTOB.

Anajornano obcrouT Jeao0 u B obieMm ciydae. FEcam mcxomnasi urpa ObLia
(N, (S;), (u;)), To cTparerns: urpoka i Ha t 4+ 1-om mrare - 3T0 0TOOpaXKeHHe

firt. s — S,

MuoxectBo S% (T.e. t-1 crenenb Sy) ecTh MHOKECTBO BCEX MCTOPHI Da3BUTHS
urphl J1o MomenTa t+1. A nosnas crparerus - 3ro nociejgoarenbuocts fi = (f1),
rie t mensiercs ot 1 1o T'. Eciw gan npodwmis taknx crpareruii (f;), ¢ € N, To
VHIYKTHBHO ONMPEIEACTCA TOCTeI0BATENLHOCTL X008 st t € {1,...,T}, rae

1 1 2 2/ 1 k+1 k41, 1 k
s; = Z—,si:fz-(sj\,),...,siJr :fi+(sN,...,sN),...,

T.€. TIPOIECC UTPHI.

Kax BuHO, cTparernii MHOTO ¥ OHM MOT'YT OMHUCHIBATHCS CJIOYKHO.

4. Bwwuepviwu. Haxoner, Hy»KHO ckKa3aTh MPO BBRIMTIPBINU. Ecim moment T
OKOHYAHMS UI'Pbl KOHEUHBIN, TO C BBIUI'PBIIIEM BCE SICHO: 3TO CYMMapHBII BbI-
UTPbIIL ZL u;(sly), wmu syume, cpeanuit Bomrpomr (1/7) ZL u;(sly). Ecam
CJIydailHbIi MOMEHT T, TO 9TO OXKHUJAaeMblil cpeannii Buiurpoiil. Haubosee jpenn-
KATHBIM SBJISETCS ONpeJieJieHre BBIMIPHINa B ciaydae T = co. 37ech OOBITHO
MOCTYTAIOT OJIHAM U3 JBYX (MJIK TPex) crnocoboB.

[lepBblil - 0O6pa3yiOT CPEIHUil BLIMTPLILI Zle u;(s’y)/T wu yerpemmsmior T K
beckoneunoctu. Heboibiioe npensircTBre COCTOUT B TOM, YTO STOT MPEJIEsT MOXKET
He cylecTBoBaTh. Tora OepyT, HAPUMEp, HUXKHUHI TTpeie

Ui(fiv) = lim(>" wi(sh)/T) (1)

npu T° — oo.
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Bropoit crocob - 0bpazoBaTh JIMCKOHTUPOBAHHBIN BhIUTPbIIL. Jljis 3T10r0 (puk-
CUPYIOT HEKOTOPBIN JUCKOHT § < 1, n mojaraior

o0
: t—1, (.t
Ui(fi) = (1=168) > 6" ui(sy) (2)
t=1
Vunowkenue na 1 — 6 = 1/(3 52, 871 npoussopures st yjobersa; Toria Bbi-
WIPBIIT MOXKHO PACCMATPUBATH 9TO KAK BLITYKJIYIO CMeCh u;(sh).

B caygae T' = oo momydaroniascsa urpa HasbiBaeTca cynepue2poti. VITak, moBTO-
puM, uro Habop cynepcrparernii fj CHadajga MPeodPa3yeTcsi B MOC/IE0BATE -
Hocth x0j0B (sh), 1 <t < T + 1, a oHa - B NOCJIEI0BATEIBHOCTL BBIUTPbIIIE
u;(s%y), mo xKoTopoit yxke onpegensiercs “cpeannit’ Bemrpoin U ( fiv).

IloBTOpsitoniasica auiieMMa 3aKJa0YeHHBIX. Haunem ¢ IniaeMMbl 3aKTi0-
YEHHBbIX. YJI00HO ee 3ajarTh Tak. Kaxkjiplii 13 urpokos obpalaercs K Boiciiemy
CYIIECTBY C OJHON U3 MPOCHD: - JaTh €ro KOMIAHBOHY 2 JIoJIapa, WU - YTOObI
OHO J1aJ10 eMy camoMmy 1 monnap. Tabauia BHIMTPBIIIEH UMeeT BHU/T

C|E
Cl2,270,3
E[3,0[1,1

Crparerun F joMuHApYolge 1 npuBoasaT K ucxojy (1,1), 4ro xyxe Koore-
paruBHOTO HCxona (2, 2). Kazamoch Obl, ”IPOKAM TIOJIE3HO CTOBOPUTHCS U UCIIONh-
3oBaTh crparerun C. OHAKO ecii UTrpa MPOUCXOIUT OJINH Pa3, U UTPOKH Je/TaloT
XOJIbl HE3aBUCUMO M OJIHOBPEMEHHO, KaKJIOMY BBIT'OJIHO MepeiiTu Ha crpareruio F.
Vzmenurest i cuTyalinsi, €CJIM OHU UTPAIOT MHOTOKPATHO?

[TycTh cnagasia urpa urpaercs AByKpaTHO. [l0BOIBHO SCHO, 9TO paBHOBECHAs
cTpaTerus Oyer aAroucTuvdeckoit. Bo BTopoMm nepuojie KaykJIo0My BBITOHO HCIIO/b-
30BaTh F/, HE3aBUCUMO OT TOT'O, 4TO ObLIO B nepBoM. Ho Torjia u B iepBoM payHjie
urpatorcs crparerun F. To e 3akroueHre coXxpaHseTcs Mpu JI000#H KOHEeTHOMN
IPOAOJKATELHOCTH 1.

OjHaKo ecu urpa MpoJIoKAETCsT DECKOHEUHO, CUTYallnsl KapAWHAJIBHO MEHS-
ercst. Pacemorpum takyio “cupernyto” (grim, wim TPUITEpHYIO) CTPATErHIO TTOBe-
neHus 1-ro urpoka: npujepxubaThess C') MOKa 3TO JejaeT UTPOK 2; W nepeiTn
Ha F, Kak TOMbKO 2-0if mpuMmenuT FE. AmnajormvHo Bemer cebsi BTOPOH WIPOK.
Borurpeiim 6yjem onpegensts no dopwmysie (1). IIpu ucnonbzoBatnun npusees-
HBIX BBIIIE CTPATErW UTPOKK B KAXKJIOM DPayHJIe MOIydaioT (2,2), mo3ToOMy U UX
cpeJiHuil BBIUTPHIII paBeH (2,2). Mbl yTBep:K1aem, 4To 3T0 paBHOBECHE.
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B camowm Jiesie, ycTh 1epBblil UIPOK OyJIeT NPUMEHSTH JPYTI'YIO CTPATEruio, a
BTOPOIl ocTaeTcs 1npu crapoit, ceupernoit. Eciu Ha mare T’ nmepBblit U'DOK BIIEPBbIE
IPUMEHUT D, TO TOCIEIOBATEHLHOCTD €0 BBIUTPBIIIEH NMeeT B/

22, 02,3, T 1y s

rie x; upu t > T papuabl 0 unun 1. Cpennee 3nadenne Oyger < 1, moTomy 4TO
OECKOHEUHBIH IJIOX0M XBOCT ChECT BCE MPEUMYINEeCTBO, MOy IeHHOe Ha MepBhIX 1’
payrgax. Takum 0Opa3oM, OTKJIOHEHHE OT NMPUBEJEHHON BBIIIE CTPATErHN OBE-
JIeHUsT HEe JIaeT yCIexa MepBOMY. AHAJOTHIHO JIJIsi BTOPOI'O UIPOKA.

Bimmskuit pesysbrar jaer u crparerus "3y6-3a-3y0” - jiesaTh TO, 4TO BaIll KOM-
aHBOH JieJIaJl Ha MPEebIIyIeM IIare.

Taxum oOpa3oM, Ha 3TOM IpUMepPe Mbl YOS IMIUCEH, YTO OECKOHETHOE Pa3bII'PhI-
BaHNE MOXKET IIPUBECTH K KOOIMEPATUBHOMY MOBeIeHNI0. KOHEeIHO, TYyT BaXKHO, 9TO
UI'pa HEe UMeeT KOHIIA.

JIMCKOHT. A 9TO MOJIyUNTCsI, €CJIN UCTTOTB30BAThH B CYTIEPUTPE IMCKOHTHPOBaH-
HYI0 CyMMY Bbiurpsiiieit (2)7 Eciau npuMensioTest yKa3aHHbBIE CTPATETHH TTOBEIe-
HUsT, BBIUTPBININ CHOBa paBHBI (2,2). [IycTh mepBblil OTKIOHSETCS, U MOITYYAeTCs
M0CJIE/I0BATE/IbHOCTh €I'0 BHIUTPbIIIEH, Kak Bbillle. Fe olleHKa paBHa,

(1—=0)(2+26 +26%+ ... + 2671+ 367 + [meuro < 1] x 6771 /(1 = 6)) <

<(1=82(1—6")/(1—=8)+36" +6"/(1—-6)] <2+ 0T — 257"

[Tosromy ecim 2§ > 1, T.e. ecm § > 1/2, TO OTKJIOHEHUE HEBBITOJTHO.

BoIBoJI: Ipy IMCKOHTE MHOIOE 3aBUCUT OT TOrO, OJU30K Jid AUCKOHT K 1. Ecm
0 &~ 1, TO BO3MOXKHO KOOIEpaTUBHOE HoBeneHne. HanpoTus, eciu IUCKOHT OJId-
30K K 0, TO B KaxKJIOi IIapTUU UTPOK YKUBET CErOJHSIIIHAM JHEM, MaJIO JlyMasd O
OCJIEICTBUSIX.

B uem ke meso? Jlanee Bcrogy Mbl OyjeM TpearnogaraTh, 9TO JUCKOHT paBeH 1 (T.e.
I0JH30BAThCS KPUTEPHEM CDEJIHEro BBIUTPHINIA). Bompoc, KOTopsIil s X041y 0OCYAUTH - B UeM
JKe J1eJ10 ¢ Takoit pazuureit B orsere Ha Jlnnemmy B ciydae T < oo u T = oo. YUro-To 318CH
HEIPABWILHO - HO T/e7

Buanmo, Hy?KHO YCOMHUTBCS B OTBETE C KOHEUHBIM MOBTOpeHHEeM. MbI BUIEIH, YTO OH IMO-
JIyUIeH HHAYKImedi ¢ KoHna ((hakTuIeckn 3T0 TeopeMa: CyIecTBYeT eMHCTBEHHOE COBEPIIEeHHOe
(K mozibIrpaM) paBHOBECHE B KOHEYHO-TOBTOpsONIeiics umemmve). A 510 mpejmosnaraer 0vYeHb
BBICOKYIO, €C/IM He CKa3aTh - YpPe3MepHyIo, CTeleHb paluoHaJbHOCTH. Masio Toro, 4ro urpo-
KU PAUOHAIBHBI U 9TO 9T PAMUOHAIBHOCTD SIBJISIETCsI OOIIMM 3HAHUEM; 3Ta YOeXKIeHHOCTh B
PAIMOHAIBHOCTH JIPYTOTO JOMKHA OBITH HEMOKOIeONMOil HuKakuMu daktamu. V1 oueHb BayKHO
TOYHOE 3HAHUE BCEMU KOHIA UTPHI.
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Ecin ke ecrb cOMHEHUS B JJIUTEIBHOCTH UT'PHl WA PAIMOHAJIHHOCTH OIIOHEHTA, BBHIBO-
JIBI IPH KOHEYHOM (HO GOJIBIIOM) YHC/Ie TOBTOPEHWUHl MOrYT NPHOJUKATHCA K OECKOHETHO-
HOBTOPSIONUMCs. JlomycTuM, ITO MOif MIPOTUBHUK CUHMTAET, ITO s OYyAy HPUMEHATH CBUPEMYIO
CTPATErnio: MePeKJTIYAThCA Ha D, KaK TOJHKO OH MPUMEHUT . XOTSd 9TO U He JydIiasd MO
crparerusi. Torma emy nHTEpecHee Oy/IeT MPUIEPAKUBATHC cTparernu K modrn 10 camoro KoH-
na Wrpbl. A B MOMX HMHTepecax - He pa3ydeKIaTh ero OTHOCHTEIbHO €ro WILIIO3WH, U TOXKE
urpath K.

Tax MBI BHIUM, 9TO KOOIepalds BO3MOXKHA M IIPU KOHeYHOM moBTopeHuu Immemwmbr. B
peaibHBIX SKOHOMHYECKHX HI'pax ObIBaeT W TO, u Apyroe. [Iungaiik u Pybundens npuBoasaT
npuMep WHAYCTPUHU BOJIOMEPHBIX MPUOOPOB, I/Ie eCTh MOJIYaJIMBasi KOOMepalus, W IpuMep C
aBuanepeBo3Kamu, riae ee HeT. OObsICHeHNe B MOCJIEIHEM CIy9ae COCTOUT B OTCYTCTBUU IIPSAMBIX
nabrionennii crpareruit. [losromy HesicHO, moYeMy KOHKYDPEHT MeHsieT IEHbI - TO JIK ITOOBI
O/Ipe3aTh MeHsI, TO JIK MOTOMY, YTO U3MEHUJIUCH U3AePKKU?

Hekoropsbie obrime 3amMedaHuda. I To0b! Jiydiie npejacTaB/isiTh cede paBHO-
BECHbBIE BLIMI'PHIIINA B CylIepUIPAX, MbI CJeJaeM JBa IMPOCThIX 3aMmedanusi. [Iepsoe

- 9TO PABHOBECHBIN (CpeJIHMUIT) BHIUIPBINT HE MOXKET ObITH MEHbIIIE TApAHTHPOBAH-
HOI'O YPOBH#, T.€. UTO

Ui(fn) > ;.

JeficTBUTEILHO, €C/IM UI'POK ¢ UCIOJIBL3YeT TYIIO CBOK OCTOPOXKHYIO CTPATEruIo,
ero CpeJHUI BLIUTPBII > (v IIPH JIOOBIX CTPATETNAX OCTAJILHBIX.

Ha camom gesie, oH He MeHble [3; = ming_, maxs, u;(S;, S—;). DTO BUIHO U3
CJIEIYIOIIEeH JIEMMDbI:

JIlemMma. Jlaa aobozo uzpoxa 1 u cynepcmpamezuti f_; cyuwecmeyem cynep-
cmpamezus f;, maxas wmo U;(f;, f—i) > Bi.

B camowm nene, mycrh urpaerca t-it payng. U nyers X;_1 - npegpicropus; as
OTpeeIeHnst f; MBI JOJKHBI CKa3aTh, deMy paBuo fi(X;_1). s 3T0ro Mul mo-
noxum sj = fi(X;-1) npm j # i; TeM CaMBIM OIPEJICICHbI JCHCTBHA OCTAIBHBIX
B MOMEHT t, S_;. Taxk BOT, IyCTh §; - 9TO HAMJIYYIIHMII OTBET UI'POKa, 1 Ha S_;. Tak
KaK u;(S;, S—;) > i, TO BBIMIPBINI UIPOKa ¢ B payHje t Oyjger He MeHbIne (3, a
II03TOMY W CpeJIHUil BLIMTPBINI IO BeeM BpemeHam oyaer > 3;.00

C Jpyroii CTOPOHBI, JOBOJBLHO SICHO, YTO (CPEHWUIA) BBHIMIPBII (TIpU JIIOOBIX
cTpaTerusx, He 00s3aTeJLHO PABHOBECHBIX) JIEXKHUT B BBITYKJIOH ODOJOYKE BbI-
UrphIei B ucxoaHoi urpe G.

Haponnasi Teopema. Ona yrBep)KaaeT, ITo Jiroboi HAGOp BhIUTpHIIeii (T.e.
BexTop zx € RY), KOTOPBI IexKNT B 30He BLIATpLIIeH urpsl G (T.e. B BLITYKIIOfH
0boJI0uKe BEKTOPOB UN (SN ), Sy € Sn) M KOTOPbIil WHMBUJLYAJIbHO PAlMOHAJIEH
(OyeM moHUMATH 9TO Kak Z; > ;) MOXKeT ObITh peajn30BaH HEKOTOPBIM PABHO-
BECHEM B CYIEPHUIPeE.
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Pesybrarsl TakKOro copTa Ha3bIBAIOTCS HAPOoOHot meopemot.

OObsCHIM OCHOBHYIO MJICIO JIOKA3aTeIbCTBA HAPOIHOI TeopeMbl. CHavUasa Mbl
MOKAYKeM, KaK Peajii30BaTh BRIUTPHIIT Bujia uy(sy) > Oy. Hyx)Ho npemrbsButh
paBHOBECHBIE cTpaTernu f; B cynepurpe. Maes nocrpoenns Takux cyneperparernii
TaKOBa: UTPOKY § HY?KHO MPUMEHATDH S;, MOKA BCE NPUICPKUBAIOTCA SN CCIH Ke
HEKOTOPBIH (OIMH) UTPOK j OTKJIOHHJICS, TO TOCJE STOTO (0 KOHIA) HAKA3BIBATDH
ero. Y TOUHUM IIOCJIeJIHee.

O6oznaunm depes s* (i) rakoit HAOOP cTpaTeruii KrPOKOB, OTIIMIHBIX OT &, KO-
TOpBIA peanmsyer Argmin,  maxg, ui(s;, S—;). DTO 3HAUUT, YTO /I JI00OON cTpa-
Terun s, € S; BomonugaeTcsa u;(s;, s*;(i)) < ;. Taxk Bor cynmepcrparerus f; omnpe-
nesisiercst Tak. [Iycrs pana npejpicropust X;_ 1. Ecau Bce xoabr g0 momenTa t — 1
BKJIIOUUTETHHO ObLIN paBHBL Sy, TO f;(X;—1) = s;. Eciu ke He Bce paBHBI Sy, TO
HY?KHO B3sITh IEPBbIi MOMEHT T < t, KOr/a ObLIO OTKJIOHEHUE, U B3SITh HEKOTOPO-
ro0 UIPOKA J, KOTOPBIl OTKJIOHMJICS (BCEe PABHO KAKOrO, HO JIJIsi ONPEeJeHHOCTH
C HAMMEHBIIIUM HOMEPOM ), ¥ HOJ0KUTh st @ # j fi(X¢—1) = s7(j). Crparerun
fi(Xi—1) ompenensercs TPOU3BOILHO.

MpbI yTBEpXKJaeM, U4TO Noaydaercs cyneppasHosecue. B camom jese, eciau Bee
IPUJIEPIKUBAIOTCS CYIEPCTPATErdil f;, TO BLIMTPBIIT UTPOKa. ¢ paBer u;(sy ). TIpe-
IIOJIOXKKM, YTO OH OTKJIOHSIETCSI OT f;, & BCe ocTasibHble npuaepxkusaiorcs f;. Torma

760 TPOM30IeT HUKAKMX M3MEeHeHuil, b0 B HeKOTOpOM paymnje t si Bnepsbie

t_
. j - . .

Jax ¢ HoMepamu > t y9acTHUKHM j (omimuHble or ¢) OyjayT jgenaarh Xoibl s* ().

OyjieT OTIIMYHO OT §; (& ocTaJbHbIE S s;j). 1I Torya Bo Beex OCTAJIbHBIX PayH-

[TocnemoBaTeTbHOCTD BBIMTPHINIEH UTPOKA ¢ IMEET BHU/I

ui(sy)[t — 1 pas], 7 B moment ¢, u u;(?,s*;(i)) < fB; B MOMeHTBI > .

[Tosromy u cpeauuit BoIurpwim < f;.

[Tosichum Ternepb, Kak Mojydarh JIPyrue BEeKTOpa BbiUrpbiiieit. JIioboit npy-
rOif BEKTOD MPEJICTABIISET BBINYKJIYIO CMECh BBIUIPbIIIEH Buia uy (Sy), T.e. £y =
Y e Akun(sng). Ecim A, - pammponanbuble quciaa ¢ nepuogoM P, To HYXKHO Bbl-

6paTh meproaEIecKyio (¢ mepuogom P) TpaexTopuio s¥

, B KOTOPO#l Sy 1 BCTpeda-
eTcst Hy»KHOe 1ncio pas. [lociae sroro cynepcrparerust fy CTPOUTCsT aHAJIOTHIHO:
eCJIM TIPEJIBICTOPHUS COBNaIaeT ¢ Tpacktopueit s, 1o f1(X;_1) = s'. Eciu B nepsbiii
pa3 KTO OTKJIOHMJICS, TO €ro HaKa3bIBATh O€3 KOHIIA.

B obmiem ciydae Hy»KHO NpubJIMKaTh A; PalMOHAJJBLHBIMU YUCIAMU U OpaTh

Bce OouibIiue nepuojibl. [

KomMmmeHTapum K HApOIHON TeopeMme.
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1. 3a cder mepexoja K Cymepurpam yJIaercs JIMKBUIAPOBATH TJIABHBII MUHYC PaBHOBECHIt
Hsma - ux obmyio nHeahdeKTHBHOCTD.

2. 3aro B cymepurpe mojayvaercs "OYeHb MHOrO  CyHmeppaBHOBECHi, W HEe OYeHb IOHSITHO,
KOTOpPOE U3 HUX PeaJibHO OCYIIeCTBUTCA. ['yT CHOBa BO3HUKAIOT BONPOCHI ¢ (DOKAJTHLHBIMH TOY-
KaMU.

3. Hapoambie TeopeMbl yCTAHOBIEHBI HE TOJIBKO JJIsi KPUTEPHS CpeaHero Buiurpbina. Oxu
H3BECTHBI 1151 Kpurepust neperona (overtaking) (Pybumnmrreiin, 1979), mst ANCKOHTHPOBAHHOTO
kpurepust (Bacun, 1977; @ynenbepr u Mackun, 1986). Koneuno, B mocieneM caydae TUCKOHT
0 IozKeH OBITHL OJIM30K K 1.

4. 7Cosepuiennas” HapodHas meopema, Uil kmo oxpansem orparHuros. Vaes, erxaimas
B OCHOBE YCTOMYHBOCTH CYyIleppaBHOBECHIl, 3aK/TI0UaeTCd B HaKa3aHUU YKJIoHHCTOB. Ho BIoHe
MOXKeT OKasarTbcs (He B JluaeMme), 4TO HAKA3BIBATH HAKJIAIHO U HE BBHITOAHO. MHadYe roBops,
paccMaTprBaeMoe CyleppaBHOBeCHe MOYKeT ObITh HeCOBEPINEeHHBIM (BO3MOXKHAsI MPUIHHA Pa3-
Basta nuBmansanuii?!). Hanpumep, cBupenasi crparterusi HecoBepilieHHa B ceMeifHOM criope. A
MOZKHO Ji HaiiTu coBepmiennoe? Oka3biBaercs, 9To JIA. AKKypaTHOe 10Ka3aTeIbCTBO TpedyeT
BO3HU, HO HJied sICHA - HYKHO HAaKa3bIBATH TeX, KTO YKJOHSIETCS OT HaKa3aHUs, U T.I.

[Tosicugromnuii mpuMep - IepeKpPhIBAIOIINECS TOKOJIEHNA, MaTh-104b. “Xopoliee’ MOBeIeHne
- KOpPMHTb MaTh, €CJIH OHA KOPMUJIA CBOKO. Il He KOpMHUTD, ec/ii Ta He KOpMMJIa. DTO PaBHOBE-
cHe, HO He COBepIlieHHOe. A coBepIIeHHOe OY/IeT, eC/ii HAKa3biBaTh HOH-KOH(MOpMEICTOB. VTrpok
CIUTALTCS KOHPOPMUCOM, €CTTH OHA, KOPDMHUT CBOIO MaTh TOTJA M TOJHKO TOT/a, KOTJIA Ta TOXKE
KOH(DOPMUCTKA.

[Toxozkast curyalus paccMaTpHBaIach B KOHIIE JIEKIUKA 13 MpO 3apILiaTy.
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Jlekiimga 17. Irpel ¢ coobImeHnsSIMI

o cux mop mpejnosarajgoch, YTo Urpa UAET MOJI4Ua, YTO UIPOKH HE UMEIOT BO3-
MOXKHOCTEH COODIIATHCSI APYT C IPYTOM, €CIH TO STBHO He IPELYyCMOTPEHO B CTPa-
Terusix. 4o mpousoiiIer, eCau OHU MOI'YT IIONOBOPHUTDH MEpPeJ UIPOit, OOMEHSITHCs
aerkuM tpenom (cheap talk)? Ecrs gBa cnocoba ciaenars sro. [lepsoiit - BBecTH
BO3MOYKHOCTH TIEPErOBOPOB SIBHO B CTPATErdH, MEpPeiiTh K HOBOH WIpe, KOTOPYIO
HY>KHO aHAJU3UPOBATH CTAPBIMHU CrocobaMu. JIpyroi - M3MEHUTH MOHSITHE pe-
[IeHUsI, YIUTHIBAs BO3MOXKHOCTH IIEPErOBOPOB B KAKOM-TO ODOOIIEHHOM CMBICIIE.
IMeHHO 3TOT BTOPOil c10cOO MBI 371eCh B OCHOBHOM U OOCYIMM.

JlourpoBbie meperoBoOpbl. byjiem npejinosaraTsb, 9TO UTPOKHU TEePeJ] UTI'POii
MOTYT BCTPETHUTbLCs Ha IMOJYACHKA U OOCYJIUTH MPEJCTOsIlyi0 urpy. B uacTHO-
CTH, OHU MOTYT JIOTOBAPUBATLCS O CTPATErHsiX, KOTOPbIE OHU OYIyT IHPUMEHSAThH,
HO 9TO JIO'OBOPEHHOCTU HE ABAAIOMCA 00A3bLBAIOWUMY CO2AGULEHUAMY. TOT/A,
aT0Obl JIOTOBOPEHHOCTH OblIK TpaBaononobubiMu (credible), oHu JOKHBI OBITH
paBuoBecusiMu Hama. Tak 4o, Ka3aJgoch Obl, JIETKK TPEIl MOXKET IOMOUYb PeaJIi-
3allM HEKOTOPOI'O PaBHOBECHSI, HO HE MOYKET JIaTh HOBBIX PEIIeHUI.

OpHako 5TO He coBceM TaK. Bo BpeMsi JIerkoro Tperma MOXKHO JIONOBOPUTHCSI
0 KOHMUNH2EHMHHIT TEUCTBUAX, T.€. JICUCTBUAX, 3aBUCAIINX OT 3HAYCHUN HEKOTO-
PhIX COBMECTHO HabJIIOJaeMbIX cirydaiiHbix Besnant (coobituit). [Toscanm 1o Ha,
npumepe urpol IlepekpecTox”

M B
M| 22 | 0,3
B| 3,0 |—1,—1

Y KaxKJIOro UpOKa €CTh JBE CTPATernd, MUPOIIOOUBaA ¥ BOMHCTBEHHAS. 3IECh
ectb JBa 4ducThix paHoecust (M;B) u (B,M), u omHO cmenianHOe paBHOBecHe,
KOTJIa C PABHBIMHU [IIAHCAME MCTIOJIB3YIOTCSE MUD U BOMHA (BBIMIDBIIIE TOT/IA PABHbI
(1,1)). Urpoku MOTYT JOTOBOPUTHCS O CJEIYIONEM: Mbl OPOCAEM MOHETY, U eCJIH
BBITAJIET OpeJi, To urparth (M,B), a eciu perika - 1o (B,m). Cpeanii BBIUTpBIIT j17151
Kaxkjioro Oyjer mo 1.5. D1o Xyxke KOOMepaTuBHOrO (M HEJOCTHXKMMOTO) HCXOJA,
(2,2), HO Jryure ucxofa cmernanuaoro pasHoecusi (1,1). MHoXKecTBO HCXO7I0B,
KOTOPBIE MOI'YT OBITH IIOJIyYEeHBI Ha TOM IIyTH, N300paykKeHbl Ha KapTHHKE.
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u2
€2

€1 u1

31ech e U ey - UCXOALI YUCTBIX PABHOBECHH, 0 - HCXO/I
CMEIITAaHHOTO PABHOBECHS. p - CMeCh YNCTO PABHOBECHBIX
WCXOJIOB. € - UCXOJ, KOPPEJINPOBAHHOTO PABHOBECHS.

DaKTUICCKH, €CJTH TOSBIISETCS KaKasd-To HabJioaeMasi BeJINInHa (9Ta mapo-
JMst Ha COODIIIEHKE), TO MEHSETCs NT'Pa: HaYaJbHbIH X0/ Je1aeT MPUPOJIA 1 UI'POKK
BUISAT pe3yabraT. Tak 4To meperoBophl OlsiTh CBOASTCs K JOTOBOPEHHOCTH O PaB-
HoBecun Hsima B 9T0i1 HOBOI Urpe.

Wrpsl ¢ mocpeaHIKOM, MJIN KOPPEJNpPOBaHHbIe cTpaTerun. Eie 00/1b-
11e BO3MOXKHOCTEH IMOSIBJISIETCsI, KOT/Ia, UIPOKM MOI'YT OOPATUTBHCs 38, TOMOIIHIO K
HOCPETHUKY. A OH MOXKET MPEJJIOKUTH UM HEKOTOPYIO KOPPEJUPOBAHHYIO CTPa-
TETuIo.

Ompenenenne. Koppeauposannoti cmpamezuetdi Ha3biBaeTCs POU3BOIBLHbI
anement p € A(Sy).

Oryimune oT paHee UCTOIb30BAHHBIX CMEITIAHHBIX CTPATErnii B TOM, YTO TENeph
He TpebyeTcs He3aBUCUMOCTh BHIOOPOB UTI'POKOB. Vcrob3oBaHne Takoii KOppeJiu-
POBAHHOI CTpATETUN JTaeT UTPOKY ¢ OKUJAEMBII TIJIaTeX

Ui(p) = > nlsn)ui(sn).

[IpejcraBum, 4To moCpeiHUK BhiOHpaer (ObITh MOXKET, [0 COMIACOBAHWIO C UI'DO-
KaMU) HEKOTOPYIO KOPPEJUPOBAHHYIO CTPATErHIO (4 ¥ COODIAeT 00 9TOM BCEM
UT'POKAM, TaK UTO f4 CTAHOBUTCS OOIIMM 3HAHUEM. 3aTeM OH C MMOMOIIbIO PAHIOMU-
3aTOpa BLIOMpAET HEKOTOPbIN MPOoMuJIb cTpareruii Sy U3 HOCUTEJIs [, U COOOITaeT
cekperHo (!) KaXKJIOMy UTPOKY ¢ Ty CTPATEruio S;, KOTOPYIO OH €My PEKOMEHIyeT
HCTOJIH30BATh B JAHHOM CITydae.
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B namem npumepe ¢ NepeKpecTKOM, PaCCMOTPUM KOPPEIMPOBAHHYIO CTpaTe-
U0, KOTOpast ¢ paBHbiMK ancamu (110 1/3) Boibupaer curyanun (M,m), (M,B) u
(B,m). Eciir urpoku ciieiyior yKasaHusM MOCPEIHUKA, OHU MOJTYyYAl0T BHIUTPBIIIH

(2,2)/34(3,0)/34(0,3)/3 = (5/3,5/3),

aro GoJbile, YeM crapblii pekopy (3/2,3/2).

Opnako OyayT M YKa3aHWs MOCPEJTHUKA BBITOTHAThCA? ByyT jin oHE camMo-
nojyiepKuBatonumucs (self-enforcing)? Bosee ToTHO, BBITOIHO JI UTPOKAM CJTe-
JI0BaTh peKoMeHgalmsiM ocpegauka? Pacemorpum nepsoro nrpoka. Eciau on mo-
Jlydaer yKazaHue UCrosib30Barh crparernto "B’ 1o oH 3HaeT (3Hast 1), 4TO BTOPOii
UT'POK MosTydus ykazanue M. [Ipeamnonarass, 9To 2-it UTpoK Oy/IeT CJIe/IOBATh yKa-
3aHUIO, MEPBbI UI'POK TOXKE MOCJIE/lyeT JaHHOMY eMy YKa3aHWIO, TaK KaK OHO -
HAMJIY Ul ero orBeT Ha "M .

[IpencraBuM Temepb, UTO OH IOJyYaeT yKa3aHHUe IPUMEHUTH cTpareruto M.
Tenepb OH yrKe He MOYKET ONpeJIeJICHHO 3HATDH, YTO ObLIO PEKOMEHIOBAHO BTOPOMY.
O HaKO OH MOXKET CJesaTh BEPOSITHOCTHOE CYKJIEHWE, OCHOBAHHOE Ha, YCJIOBHBIX
BEPOSITHOCTSX. YCJIOBHAsI BEPOSITHOCTHL TOI'O, YTO BTOPOM MOJyUMJI yKazaHue "M,
paBHa

p(Mnm)/(n(Mom) + (M) = (1/3+1/3)/3 = 1/2.
AHAJIOrMYHO yCJIOBHAsS BEPOSITHOCTh yKazanust B papHa Takxke 1/2. Oxujae-
MBIl BBIMTPBIIIT 1-10 1pu UCHoJab30BaHun ykazauus "M’ pasen .5 -2 4+ .5-0 =
1. OxujaeMblii BLIMIPLIII 1-TO IIPU KCIOJAb30BaHUU cTpaTerun "B’ Toyke paBeH
53+ .5(=1) = 1. TTosromy 1-My HeT BBITOJbI OTKJIOHSATHCS OT TPEJJIOKEHHOI
emy crparerun M. To ke 151 BTOpOro.

KoppenupoBanubie paBHOBecus. Ternepb MOXKHO 1aTh 00IIee Ope/ieIeHne,
npeyioxkernoe Aymannom (1974).

Omnpenenenne. Koppenruposannas crparerus p € A(Sy) HasbiBaeTcs xop-
PEAUPOBAHHBLM PAEHOBECUEM, €CIU JIJIsI JIFOOOI0 UIPOKA, ¢ U JIF0OOI0 0TOOPaAXKEHMST
(orkJoHeHus1) 0; @ S; — \S; BBINOJIHSIETCST HEPABEHCTBO

Ui(u) = ) u(sw)ui(Bi(si), s-i).

31echb 0; - TO MJIAH peaKIuu UIPOKa § Ha pekoMeHparmu nocpegnnka. A U;(u)
- 9TO OXKHUJAEMBbIIl BLINTPBIII ¢, €CJU OH CJEJIyeT YKa3aHUAM MOCPEIHUKA. 1TaKnM
0o0pa3oM, 3TH HEPABEHCTBA TOBOPST, UYTO OTKJIOHEHWE OT PEKOMEHJAIuil He jia-
10T yaydinenus. VX MoXKHO paccMarpuBaTh, Kak obobienne yciaosuit Harmra Ha
paBHOBeCHE.
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[TpuBejiennoe BbIIIE YCJIOBUS PABHOCUJILHBI CJICLYIONIEH cUCTEMEe HEePABEHCTB:
JUJIsT JII0OOTO ¢ M JIIOOBIX cTpareruii s;, e; € S;

Z p(si, s—i)ui(si, s—i) > Z p(si, s—i)ui(ei, s—i) (3)

[Ipu dbuKeHpoBaHHOM §; 9TO O3HAUYAET, YTO YCJIOBHBIH (IIPY IOy YeHUN yKa3a-
HUS S;) BBIMTPBII OT CTPATEIMU §; HE MEHbIIe, YeM OT CTPATEruu €;.

DT yCIOBUST MOYKHO TIOHUMATh TaK¥XKe KaK COBMECMUMOCNG ¢ N0OYAHCICHUA-
mu (incentive compatibility) npeyaraemoii KoppesaupoBanHoii crparerun p. Or-
METHM, 9TO MHOYKECTBO KOPPEIUPOBAHHLIX PABHOBECHI [ - BBIMYKJIBIA MHOIO-
IpaHHUK, HOO OHO 33JIaeTCsl JUHEHHBIMU HepaBeHcTBaMu (3) (ILIIOC yCIoBUe, 9T
[ - BEPOSITHOCTE). T109TOMY BBIYKJIBIM MHOIOTDAHHUKOM SIBJISIETCS M 0OJIACTD
BLIMIPBIIICH [IPU KOPPEJUPOBAHHBIX paBHOBecHsX. OHa, KOHEYHO, COJIEPIKUT BCE
paBHoBecusi Haria, HO MoxKeT ObITH OOJIbIIE BBIIYKJI0H 000JIOUKNA TAKUX PaBHOBE-
Cuil.

Hedopmasbao noHsTHE KOPPETUPOBAHHOTO PABHOBECHS TIPE/IIOIATACT, ITO: a)
MMEeTCsl TIOCPeJIHNK, U 0) MMEeeTCst KaHaJ CBsI3H, MO3BOJISIONIMI TOCPEHUKY MO-
ChLIATH CEKPETHOE COODIIEHNE KAYKIOMY HI'POKY.

Nrpa c mabarogeanavmu. dApjsiercs Jiu NMOHATUE KOPPEJIUPOBAHHOIO PABHO-
BECHUsI YeM-TO MPUHIMITNAJIHLHO HOBBIM 1O CpaBHEHHIO ¢ paBHOoBecnem Harra? Her,
IIPOCTO MBI 3aMEHSEeM UCXO/IHYIO UT'PY HEKOTOPOii ee MojnduKanueit. CHavda a Xo/1
nenaer npupoga (§) ¢ IPeJMUCAHHBIME BEPOSITHOCTSIMHE, 3aT€M HADJIIOJCHUS J1e-
gator urpoku (Bugar &;). Hakonen, pasbirpbiBaercs nepsonadasibhas urpa G. A
yKe B 9TO HOBOI, BUJOM3MEHEHHOMW C MOMOIILI0O MH(MOPMAIMOHHOW cucTeMbl &,
urpe G (&) paccmarpusatorcs pasaoBecust Hama. Korewuno, Hy»KHO TOMHHUTD, 9TO
cTpaTeruyd UrpokKa Ternepb S; MOT'YT 3aBUCETh OT HabJII0/IaeMOT0 3HaUeHUs &;, T.e.
SIBJISAIOTCST (DYHKIUSAME S; @ =; — S;.

Cront, OBITH MOXKET, IIPUBECTU MOHATHE UHPOPMAUUOHHOT CUCEMBL. DTO 00b-
eKT, COCTOSIIINI W3: MHOXKECTBa ) COCTOSTHUI TPUPOIbI, oToOparkennii ) — =,
(nrdopMalysi, mosydaeMast -M UIPOKOM) u mpuopa (Beposgrhoctu) v € A(Q).
Ecnmm neperecTr BepOsITHOCTD BIIEPEJ, TO MOYXKHO OI'PDAHUUUTHLCSA OOJiee YacTHBIM
NOHSATHEM WHQOPMAIMOHHOW CUCTEMbI: 3TO MHOXKECTBO-IIPOU3BEeHNEe = = X;5;
C BEPOATHOCTHOW MEpOil V Ha HEM.

B ciaydae urpbl ¢ OCPEIHUKOM MHOXKECTBa, =; COBHagaau ¢ S;; Oosee Toro,
HaOJTIOTaeMoe 3HadeHne OBLJIO MPOCTO MOJICKA3KOM UI'POKY - KaK urparh. Koppe-
JINPOBaHHOE paBHOBECHE TOIJA - 3TO HMOCJIYIIHOE , TOXKJICCTBEHHOE paBHOBECHE B
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e ))

"paciiMpenHoit’; ocHaleHHoil urpe. KaszaJioch Obl, Bbillle ObLIO TPEJJIOMNKEHO T'0O-
pazjio 6osiee obiiee norsiTHe. OKa3bIBAETCSI, ITO MO CYIIECTBY MbI HE TOJIyJdaeM
Hu4Iero Hoporo. Jlobasi urpa ¢ HaOJTIOAEHUSIMU CBOJUTCS K KOPPEJIUPOBAHHOMY
PABHOBECHUIO. 3JeCh BIIEPBBIE IIPOSIBJISET ceOsl JOBOJBHO OOIIUIl U IIPOCTON NpuH-
yun evasaenua (the revelation principle). Ou cocrout B ToM, 4T0 JIE06GOE paBHOBE-
cue B JII000# Urpe ¢ HabJIIOICHUSIMUA CBOJUTCS (9KBUBAJIEHTHO B KAKOM-TO CMBICJIE)
K KOPPEJIUPOBAHHOMY PaBHOBECHUIO, T.€. K UI'PE C MPAMBIMH YKAa3aHUAMU O TOM,
4TO JIeJ1aTh.

Ob6bsichum, B dem TyT jeso. [lycrs sf(+) - paBHOBeCHBbIE CTpaTeruu B UIDe
G(&) co cayqaitnoit Beqmuunoit £ € A(X;Z;). Pacemorpum Torga otobparkemnue
s* . 2y — S, mepeHeceM ¢ €ro MOMOIILIO BEPOSITHOCTHYIO Mepy ¢ =y Ha S U
0o0O3HaYMM MapruHaJj Kak f. ZIcHO, 94TO TPU FTOM TOJYUUTCH KOPPEJIMPOBAHHOE
paBHOoBecue. B camMoM Jiejie, eciii UrpoK ¢ HalIeT Jjis ce0si BHINOJHBIM MCIIOJIb30-
BATH JPYIYIO (HETOXKIECTBEHHYIO) crpareruto 0; : S; — S;, 1o u B urpe G(§)
eMy ObLIO ObI BBITOJ[HEE TPUMEHSTH cTpareruio 0;(sy), 4To mpoTHBOPednsIo Obl
HsmeBoctn s*.

Y:2Ke 5T0 IpocToe cooOparkeHne IIOMOraeT OIUCATh MHOYKECTBO BCEX ILIATEXKel,
JIOCTUKHMMBIX PABHOBECHUSMH B UIPaX C HAOJIOJEeHUsIME. TaK KaK OHU COBIIAIAIOT
C KOPPEJIMPOBAHHBIMU PABHOBECHSIMU, 9TO YKA3aHHbBIA BbIIIIE MHOI'OI'DAHHUK.

ABHbIl ydeT coobmieHnii. Boille MBI MO3BOHIN UTPOKAM YTO-TO HAOIIOAATH. UTOOBI
3aMOJe/JINPOBaTh MeperoBoOpbl, Mbl JOJIZKHBI BKJIIOYUTH B KapTUHY U COO6HI€HI/IH, IIOChlJIaeMbI€E
Y9aCTHUKaMU JIPYIUM YIaCTHHUKaM. PaCCMOTpI/IM OJIHY M3 BO3MOZKHbIX MOﬂeJIef/'I.

[IpeacTaBuM, 9TO UTPOK ¢ UMeeT MHOXKeCcTBO R; mocnanmii, KOTOpble OH MOYKeT OTIPaBUTH
(kyna? B cucremy coobrenuii), u mycrb M; - MHOXKECTBO COOOIIEHUI, KOTOPbIE OH MOYKET IMO-
ayuauth. Cucrema coobiienuii (KOMMyHUKAIuil) mepepabarbiBaeT MOCHLIAEMbIe COOOIIEHUS B
nosrydaembie. Ecain R = X;R;, a M = x; M;, To pabory cucrembl 6€3 momMex MOKHO U300pa3uTh
orobpazkenunem v : R — M. OnHako 1mojIe3H0 cpa3y ke JOIMYCTUTHh BO3MOKHOCTH CJIy9IallHBIX

IIOMeX, U TOIJIa CHCTeMa KOMMYHHUKAIWA - 970 orobpakenune v : R — A(M).
Crparermueckoe MHOXKECTBO HI'POKA i MPEBPAIAETCs Terepb B

B;, = {(7", (5), re Ri, 0: M; — Sz}

T.e. yuacTHUK perniaer, KakKoe COODIIEeHUE eMy IMOC/IaTh, ¥ KaK OTPearnpoBaTh Ha MOy YeHHOEe
coobrmenne. Beiurpormu U; TakyKe JIETKO BBITUCHIBAIOTCS: TO

>y (mlr)ui((6:(my)).

Bosee HADISIHO 5TO MOXKHO MOHMMATH TakK. J[/IsT KaXKI0r0 yYACTHHKA ¢ M €r0 'CTPaTernnd pea-
rupoBaHus’ §; MBI UMeeM OTOOparKeHUs

R -1 A(M) 25 A(M;) 25 A(S)).
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Tenepb, ecm gan npobuib crparernit ((r;,9;)), MoxkHO obpasoBarh © € R u ero obpa3 B
x;A(S;) (mmm B A(X;S;)). Iloceree MHOKECTBO BBIIYKJIO, OITOMY JIJIst JII00O0# cMecu mpodu-
Jeil MOYKHO CMenaTh 00pa3bl i MoIydnTh 31eMeHT u3 A(S), T.e. KOpPEJUPOBAHHYIO CTPATETHIO.
Temepb MOXKHO IIEPEATH K IOJTE3HOCTSIM.

Takum 06pa3oM, KOMMYHHUKAIMOHHAs cucrema v @ R — A(M) mopoxgaer HOBYIO KOMMY-
nukayuonnyto uepy G(vy) co crparerusimu B; u Beiurpsimamu Us. 11 MOXKHO HaYnHATH aHAJN-
3UpoBaTh paBHOBecus B urpe G(7y), CpABHUBATH UX CO CTApbIMU U T.II. Hampumep, eciim MHOZXKe-
cTBO R BBIPOXKJIEHO (M3 OJHOI TOYKH), KOMMYHUKAIMOHHAS CHCTEMA TPEBPAIIACTCA B HIEMEHT
A(M), r.e. B undpopmanmonnyio cucreMy. /la u B 001meM ciydae, MOCIe TOrO KK BCE TOCTAHUI T
oTTpaB/eHbl (3adUKCHPOBAHbI), MBI TIOIYYaeM HHMOOPMAIMOHHYTO cuctemy. [Tosromy He yauBu-
TEeJILHO, 9TO Kazkji0e paBHOBecHe B G(7y) TakKe SKBHBAJIEHTHO HEKOTOPOMY KOPPEIHPOBAHHOMY
PaBHOBECUIO B UCXOHON nurpe (G. ITO CHOBA MPOSIBJICHUE MMPUHIIAIA BBISBICHUSI.
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Jlekmust 18. VIrpsr ¢ HenoaHoli mH(popMaliieii

Wrpsl ¢ HEmostHOI nHpOopMatmeii. /o cux mop npu onucaHuu UPbI MbI IIPEJI-
noJiaralii, 4TO BCe MIPOKM 3HAIOT BCE O CTPYKType urpe (M 9To 910 Jaxe 00-
1ee 3HaHKe), B YaCTHOCTH, OHU 3HAIOT BBIMI'PHIIIN BCEX JPYTruX UrpokoB. OjHaKo
IPEJIIOJIOKEHHE TO JAJIEKO OT PeaJbHOCTH; OOBITHO MbI BECbMa IPUOJIU3UTEIHHO
[PEJICTABISIEM MPEJINOUTEHUS APYTHUX. DTO K€ MOXKET OTHOCUTLCSI U K JIPYIUM
9JIEMEHTaM WIPhI, HAPUMED, K 3HAHUSAM O COCTOSTHUU NPpUPoAbl. OHUM CIOBOM,
UI'POKH MOTYT eIlie JI0 HadaJia UI'Phl UMEeTh KaKy0-TO JUUIHY0 HH(MOPMAIINII0, KOTO-
pas oTcyTcTByeT y Apyrux. Jpyras nadopmalus u3BeCTHa BCEM, TPETbs MOXKET
OTKPBIBAETCSI 110 MEPEe PA3BUTHUSI UT'DbI.
Kak ke anajnu3upoBaTh Takue curyanun! Haunem ¢ mpocToro mpumepa.

IIpumep. /Tyonosus Kypno ¢ acummempuunoti ungopmavuet. Jlyomonns
KypHho, pbiHounblii cipoc 3agaercst nenavmu P(Q) = M — Q, rie Q = ¢1 + ¢o -
cyMMapHbIii Bbiyck jByx dbupm. Uzaepxkku (yaeiabHbie) nepBoii hupMmbl n3BecT-
HBI BCEM U PABHBI €. VI31epKKH (TOXKE yeabHbIE) BTOPO (hUpMBI paBHBI JIHOO
mubo ¢’ (¢ < "), ¢ BepositrocTsimu 6 u 1 — 6 coorBercrBenHo. Bropasi dbupma
3HAET TOYHO CBOW M3JIEPXKKH, HO MEepPBasi 3HALT TOJHKO BEPOSTHOCTH 6.

EcrecrBenno, uro Bropast ¢gpupma Oyjer BecTu cebsi 110 pa3sHOMY PU OOJIb-
HIMX WJIM MaJIbIX ngepkkax. Obosznaunm 3ru kKosmmuectsBa ¢ u ¢; BbIyCK 1epBoii
bupMbI 0003HATUM ¢ .

Bropast ¢pupma npu HU3KMX M3AEpKKaxX ¢ perraer 3agady

q(M — q—q — ) — max,
u perierne ee (Kak (QyHKIMS OT ¢q) PABHO
¢ =(M-q—))/2.

Anajornyno,
ql/ — (M o ql o c//)/2

IlepBas pupMma He MOXKET pas3andaTh ST CJIyYad U J0JKHA BLIOUPATH €JIUHOE ¢1;
ee 3aj1a4da

ul0(M —q—q —c)/2+ (1 —-60)(M —q — ¢" — ¢)/2] — max,
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u peliieHue
@ =(M-c—0d—(1-0)d")/2.

(MbI BCIOJIy MperogaracM pelleHne BHyTpeHHHM). OtBeT A5 1epBOi (PUPMBI
TaKOM

q = [M —2c—6c — (1-0)"]/3,

W TIoXOXKKe oTBerhl Jist Bropoit dupmbr ((M — 2¢ + ¢)/3 mutyc HekoTopbIit J10-
0aBOK B ciydae HU3KUX m3zepxkek u (M — 2¢” + ¢) /3 mmoc HeKoTOpbIit 106aBOK
B CJIydae BBICOKUX u3ziepkek). To ecTh BhIyCK BTOPOH (hbupMbl GONIBIIE MPU BbI-
COKMX M3JIEP’KKAX 110 CPABHEHUIO €O caydaeM nouHoil uHhopmuposatuoctu. ([To-
aemy? [Toromy uro mepsast pupma u3-3a HE3HAHUST CHUXKAET CBOI BbIMYCK (160
MOIJIO OBbI CJIYUUTHCSI, YTO Y BTOPOil HU3KNE U3JIEPXKKU U OHA IPEIOKUAT OOJIbIIe
Ha PBIHOK ), & MO3TOMY BTOpasi (pupMa MOYKET HEMHOTO YBEJINIUTh CBOii BBIMYCK. )

[Tocmorpure, 9T0 MBI ciesnan. Mbl OpeJCTaBUIN CHTYAIMIO ¢ HEIIOJHON WH-
dopmarlmeit urpoit B pazpepuyToit popme, rje HenosiHora nadopmaiun 1-it pup-
MBI O THUIE 2-ii (PUPMbBI BBIPAXKAETCA KaK HECOBEPIIEHCTBO HHMOPMAIUE 1-bIM
UTPOKOM OTHOCHTEJLHO XOja Ipupoibl. HecoepiencTso nadopMamyn hpupM oT-

HOCHUTEJILHO XOJ0B JPYT JPyra OTParkaeTcsi KaK 00BITHO.
/

q

-
-

2/

—

i

q

PaszsepuyTasi urposast popma Jijisi JIyornoiuu. BeIUTPHINT He yKa3aHbI.

BaitecoBsr urpsi. Xapianbu (1967-68) npeiioxkui obuuii crocod npejcran-
JIeHusI urp ¢ HenojHoil madopmanuneil. JInunas mHGOpMAIUSI OTPAXKAECTCS MIPH
9TOM MUNOM UTPOKA, KOTOPLI BKJIIOUAET B CeOsI MOJE3HOCTH, MH(MOPMUPOBAH-
HOCTBb U TPEJICTaBIeHUsT 00 OCTaJbHBIX. Takoe nmpeacraBienne HasbiBaeTcs Bate-
co60t u2poti. BaiilecoBbI UTPBI MOYUTH CTOJb K€ IIPOCTHI, KaK U UTPBI B HOPMaJILHOM

dopwme.
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st 3aganns BaitecoBoit Urpbl HY»KHO yKa3aTh MHOXKECTBO UIPOKOB NV, U JJIst
KarkJIOT0 UIrpoka ¢ € N 3ajJaTh MHOXKECTBO €ro BO3MOXKHBIX deticmeut A;. dto
Bce ObLIO paHbIe. HOBbIM sIBJIsieTCs 3aJlaHue JIJIs KaXK 00 UI'POKa ¢ MHOXKECTBA,
BO3MOXKHBIX TUIIOB T} 9TOr0 urpoka. THIl UTPOKa OTparXKaeT ero moJe3HOCTH (BbI-
WIPBIIN) U ero uHGOPMAIMIO. DTO JeTaeTCst ¢ MOMOIIBI0 (DYHKIUHA MOJE3HOCTH
u; » Ay X Ty — R (9acTo mosiesHoCTh u; 3aBUCHT TOJBKO OT THUIA UTPOKA ) 1
¢ momoreio ero Bep p; = Ty — A(T-;).

[Tosicanm jBe nocsegaue Bemn. C MOJIE3HOCTME BCe siCHO. BuIrpoiin urpoka, ¢
3aBUCUT HE TOJILKO OT BbIOOpa JIeiCTBI ay (970 ObLIO U paHbIIe), HO U OT THIIA §
(1, OBITH MOYKET, OT THIIOB OCTAJBHBIX ). [Iepes1 Hava oM Urphbl KaXK/Iblil UTPOK 3HA-
eT CBOil THII, YTO KacaeTcs THIIOB OCTAJbHBIX UI'POKOB, TO OH UMeeT O HUX JIUIIb
BEPOSITHOCTHBIE TIpejicTaBenust (Bepbl). [Ipejgcrapienne (3HaHue, Bepa) UIPOKa
THIA t; O TUTIAX OCTAJBHbIX 3aJIaeTCsl KaK BeposiTHocTHast Mepa p;(t;) = (pi(t—i|t:))
na T_; = X;z/T;. Hanpumep, ata Bepa MoxeT ObITb ero cyObLeKTUBHBIM MPe/I-
cTaBJIeHUEM, HUKAK He CBSI3aHHBIM C PeaJibHbIM TUIIOM ero mnaptHepa. OnHako Ha
MPAKTUKE OOBIYHO CUUTAETCSI, UTO MMEETCsSI HEKOTOPOE allPUOPHOE PaCIIpeIe/IeHIe
BeposgTHocTU P Ha Ty. U Torna uHIuBUAyaIbHBIE BEPOSITHOCTU P; (DOPMUPYIOTCS
KaK yCTOBHBIC BepoaTnocTH, T.e.pi(t—i|t;) = P(t)/(>2,  P(r—i,t;) ana scesos-
MOXKHBIX t = (t;,t_;) u i. Dru panubie (T;, u;, p;) CIUTAIOTCH U3BECTHBIME BCEM U
JlaXKe MPEJINoIaraloTcss OOINM 3HAHUEM.

Kak e Mpiciutcst pazputue urpbl! CHavaga mpupoja (PyKOBOJCTBYSCH BEPO-
ATHOCTBIO P) BeIOUpaeT Tui ty. 3aTeM KayKJIblil HTPOK Y3HAET CBOM COOCTBEHHBDII
TUII t; ¥ TIO3TOMY CBOIO IOJIE3HOCTE U ¢BOM Bepbl. [locse 3Toro on JoikeH BHIOpATh
cBOM JieiicTBUs (3aBucsIIre oT ero nadopMmanuu, To ecth or tuna t;). [losromy
cmpamezuedi Ha3LIBAIOT oTOOpaxKenue s; : 1; —> A; U3 TUIOB B JeficTBUSI.

Morio 6B MOKa3aTbCsd CTPAHHBIM - 3a9eM HUI'POKY HYKHO (DUKCHPOBATH BECh CBOil HAOOP
JeificTBUIl NIpU BCEBO3MOZKHBIX €r0 THUIaX, KOTJA OH 3HAaeT CBOW TeKyIIWi TUIl U eMy HYKHO
BBIOpATh COOTBETCTBYIOINIEe JieiicTBue. Jle/10 B TOM, 4TO JApyrue He 3HAIOT €ro THI; YTOObI UM
HAWTU HAWJIYy4IIUil OTBET, UM HYXKHO 3HATh €ro JeficTBUS BO BCeX CUTyallusxX. B npumepe c
acuMMeTpudHoil gyanonueit Kypuo nepsast oupma, 4ro0Obl HAWTH ONTUMAJIBHBIN OTBET, JTOJIZKHA
sHatb u ¢, u ¢".

BaitecoBbr paBHOBecusi. Hro e cuurtarh paBHoBecueM B bBaitecoBoil urpe
(N, (A;, T, ui,pi, @ € N))? Kak 06biar0, B3aMMHO Hawydiime oTBerhbl. [lycrh
UT'POKHU BLIOpAJIH 10 cTpaTerun s; : 1; — A;. KaxoB ux BRIMTPLIII, TOUHEE, KAKOB
BBIMTPBIII UI'POKa ¢, uMmeromiero tum t; € T;7 Eme 6ojee ToUHO, KaK OIEHUBAET
CBOI BBIMTPBIIIT TAKOH UI'POK, 3Has crparerun S_;? IIpegcraBum Ha MUHYTY, 9TO
OH 3HAET THIIBI {_; OCTAJLHBIX UI'POKOB. Torya oH 3Haer ux jeiictsus s_;(t_;), u

MOYKeT TOCUUTATh CBO# BBIUIPHIT Kak u;(S;(t;), s—i(t—;); (ti,t—;)). Oanako on me
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3HAET B TOYHOCTH t_;, & 3HAET TOJILKO BepositHOCTH p;(t_;|t;). [Tosromy oH Moxer
MOCYUTATD 02CUIAEMOE BHATEHUE CBOETO BBHIMTPHIIIA

Ui(snlti) = Z pi(tilti)ui(si(ti), s—i(t—i); (ti, t—)).

t ;€T _;

Tenepn pasnosecuem (Batiecosvim) Gyaer takoii HAbOp cTpaTerdii Sy, 9To s
Joboro %, Jgrobdoro t; € T; u a0doit npyroit crpareruu r; : 1; — S; BBIIOIHSIOTCS
HEPABEHCTBA

Ui(snlti) > Ui(ri, s—ilti).

AHAJIOrTIHO ONPEJIETISTIOTCS PABHOBECHST B CMEIIAHHBIX CTPATErHsIX.

DakTUIeCKN MbI IpeBpaTuin BaiiecoBy urpy B 0OBIYHYIO UI'PY B HOPMaJbHOM
dopmMe u ncrosb30BaM B Hell ToHsiTHe paBHOBecust Hatra. Bosiee TouHO, Mbl BBEJIN
BMECTO KaXKJIOI'0 UI'POKa ¢ MHOXKeCTBO T ero TUIIOB, TaK UTO YKUCJIO UT'POKOB PE3KO
yBeanInaoch. OQHAKO Y KaXKJOr0 TaKOTO UIPOKa cTparerun crapoie - A;. Ecrto
JIpYTOii, IO CYILIECTBY 9KBUBAJICHTHBIN CrIOCOO 00pa3oBaTh UI'Py B HOPMAaJILHOM
dopme. B Heit MHOXKECTBO MI'DOKOB OCTAETCS CTAPbIM, HO KaXKJIbIil UI'POK MOXKET
JefiCTBOBATH B 3aBUCHMOCTH OT MPUXOJsieil K Hemy nadopmanun (0 ero "turme”,
TaK ITO €r0 CTPATErUuH - 3T0 0TOOpakerust u3 T; B A;); BBIUTDBIII 2Ke OH YCPEHSIET
o Beemy MuOkecTBY Ty. TyT nosesno BcnomuuTh 06 urpax ¢ coobrieHusiMu (Ui
HaOJIIOIEHUSIMMT ); €JIMHCTBEHHOE HOBIIECTBO 3/1€Ch B TOM, YTO BBIUTDBIIT MOXKET
3aBUCETH OT THMA (MM HAOTIONEHNUS).

Ayxkimonsl. [lonsitue BaitecoBa paBHOBecHsi HE3aMEHUMO TPU aHAJIN3E AyK-
uonoB. HauneMm ¢ mpocreitiiero npumMepa.

Hea nokynaresst (buiepa) xorst Kynurh Hekuii npeaver. OueHka mpejmera
v JJisl KaxKJI0ro paBHOMEPHO pactpejieiera ua orpeske [0, 1]. deitcrByer aykiuuon
MEPBOM MEHBbI (TO €CTh TMPEIMET JIOCTACTCS TOMY, KTO MPEJIOKUT HAKOOJBIIHI
Ou, ¥ OH IUIATUAT IIPEJIOKEHHYIO TeHY; TPOUTPABIINA HIIEro He IMOIyIaeT U He
maaTuT). Bujiepbl HeiTpaJbHbI K PUCKY.

Yrobw! caenath 310 BaiiecoBoit Urpoii, Hy>KHO YTOUHUTL JAEHCTBUSI, TUIILI, Be-
pbi 1 Berpbim. Tyt Bee sicho. Crparerun - orobpakenus: orpeska B Ry (HestBHO
39TO O3HAYAET, YTO MOJE3HOCTD NMpejiMeTa Jist pojasia pasha ). st ynporenust
OyseM uCKaTh paBHOBecHe B addUHHBIX CTPATErusax; To ectb by(vy) = ai + cyvy,
rie ¢ > 0, u amamorudno jysi Broporo. (Koneuno, BRIOMpATH ONTHMATBHYIO
CTPATErWiO OHU MOI'YT KaK YIOJHO, MbI MTPOCTO MIIEM PABHOBECHE TAKOTO CIIEIH-
aJbHOTO BUjia.) Mbl obnapykum, 1to B paBHosecuu b;(v;) = v;/2. To ectb arenTsI
HA3LIBAIOT OJOBUHY CBOEH OIEHKH.
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Urak, nmycrs urpok j npumensier crparernio bj(vj) = aj + ¢;vj. llpn nanmom
V; BBIUI'PHIIIT UT'POKA ¢ PABEH

(Uz’ — bZ)Prob(bZ > aj; + ijj).

fAcno, wro b; myxno HasHauarh Ha OTPE3Ke [aj,aj + ¢j], ¥ 9TO JIst Takux b
Prob(b; > a; + ¢jvj) = (bi — a;)/c¢j. Orciona jerko moHATH (MAKCHMHU3HPYs
KBaJIPATUIHYIO 10 b; (DYHKIWIO), ITO HAMJIYIIIHI OTBET

bi(vi) = (vi +a;)/2, ecim v; > aj, ¥ = a; B IPOTUBHOM CIIydae.
Msbl BujinM otciona, 9rto ¢; = 1/2, u 4o a; = aj/2. Tak KaKk CHMMETPUYIHO
¢j=1/2wua; =a;/2, 10 a; =a; =0.

Koneuno, eciin pacnpejiejieHne olleHOK HepaBHOMEPHOE, HY»KHO UCKATh pelie-
HUE B HEJIMHEMHBIX CTpPATErusX.

Bomee obuuit mpumep. [Iycts n urpokos 6oprorest 3a ojuH (Hemeanmbiii) npeamver. Kazx-
JIBIl 3HAET, HACKOJIHLKO TPEeJIMET IeHeH /IS HEero; 4To Ke KacaeTCs OCTAJbHBIX, TO MEeHHOCTH
pacrpesesensbl Ha unTepsase [0, M| ¢ kymynarusabiM pacupegenerneM F (F auddepenuupy-
eMast HeyObIBatomasa HyHKIws). VIPpOKH JeJal0T mpejioKenns (3amedarannbie ouapi) b; > 0;
JieficTByeT ayKIMOH TEePBOil IeHHI.

Bysem uckarh cuMmMmeTprudHOe paBHOBECHE B COOTBETCTBUU ¢ HEKOTOPO#T Bo3pacTatoiieit (hyHK-
upeit 4 (or ero meruuoi oneHku v). [Tycrh mpu MCTHHOW HEHHOCTH ¥ UTPOK JEJAeT BHJ, 9TO
neHuT B w. Tormaa ero oXKuaaeMblii BBIUIPBIII paBeH

(v = B(w))F(w)",

Tak Kak F'(w)" ! - 3T0 BEpOATHOCTH TOTO, UTO BCE OCTAMbHBIE NEHAT IPEJAMET MEHBIIe w 1 HAI
UIPOK MOOEXKTAeT Ha ayKIMOHe. YCJIOBHE MepBOr0 MOPsIKa JaeT COOTHOIIEHHE

(v = B(w))(n = D F(w) = '(w)

JUTsT ONTUMAJIBLHOTO w. [lo ompemeseHnio, w AOMKHO COBNAJATH C U, IpudYeM mpu Bcex v. [lo-
9TOMY MBI ToaydaeM auddepeHnuanbHoe ypaBHeHune st pyHKIuu [3:

B'(v) = (n—1)(v = Bv))F'(v).
Pemrag 3T0 ypaBHeHHe, IIOJydaeM
Bx) = F(a)"(n — 1) / LR ()t
0
B crydae paBHOMEPHOTO pacIpeJeaeHus 3T0 JaeT (pyHKIHIO
B(v) = (1 —1/n)v ma [0, M].

B ClIy4dae n = 2 MBI IIpuxXoauM K CTapOMYy OTBETY:. IpedjaraTb IIOJIOBUHY CTOUMOCTH.
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Bosee mogpobno mpo ayknuonbl MoxKHO nounTarh y Maitepcona niu bunmopa.

CpaBHeHue ayKiuoHOB. CpPaBHUM PAaCcCMOTDEHHBIH BBIIIEe ayKIHOH IEPBO IeHbI (1s1
MPOCTOTHL - € JIBYMS YYACTHHUKAMH W PAaBHOMEDHBIM pacHpelleIeHHeM IEeHHOCTH Ha OTPe3Ke
[0,1]) ¢ ayKmuoHOM BTODO# 1eHbI. A UMEHHO, HOCMOTPHM, CKOJIBKO B CPEIHEM MOTYyYaeT Ipo-
JIABeI] peMeTa Py ayKIHOHe MepBoil meHbl. Mbl BH/IEIN, 9TO MPH IEHHOCTSX (V1, U2), KOTJIA
vy > vy, mpojaser nosydaer vy/2. [losromy ero o:kumaeMblii BBIUTPHIIT B 9TOH CHTyallnn 3a/1a-
eTcd WHTErPaJJoOM

1 V1 1
1/2/ (/ dUz)Uldvlzl/Q/ vidv, =1/2-1/3 =1/6.
o Jo 0

Bropas nonopuna curyanun (korga v1 < vg) Jaer elie CTOIbKO ¥Ke, TaK 9TO MOJHBIH (0xKuzae-
MBbIit) BBIUTPBIII MPOJIABIA paBeH 1/3.

[Ipu ayknmoHe BTOPOi IEHBI, KOTAA U] > U, HPEAMET JOCTAETCH IIEPBOMY HIPOKY, U OH
IUTATUT Uo. [103TOMY BBIMIPBIII OPOJABIA PU TAKUX YCIOBHAX 3a4A€TCS HHTETPATIOM

1 1 1
/ (/ dUl)UszQ == / (]_ - UQ)UQdUQ = ]_/6
0 Vo 0

Bropas nmosnoBuna (Korja v; < v3) JaeT CTOJBKO Ke, W MPOJaBel CHoBa mosydaer 1/3.

MBI BHIUM, YTO JBa TAKHX PA3HBIX ayKIMOHA JAIOT B CPEJHEM OJUH M TOT 7K€ BBIUTPBIII
npojasily (M MOKYIATEeIsIM, €CIH MPOJIETATh AHAJOTHYHbIE Bhraucaenus). V1 31o He caydaiinoe
coBIaJIeHre. SHAMEHHTast TeopeMa 00 SKBUBAJICHTHOCTH ayKIIMOHOB YTBEP:K IAET, 9TO, TPY0O ro-
BODsI, JIFOObIe ayKIUOHBI (¢ JTIOOBIM YHCIOM CHMMETPHYHBIX MOKYTIaTeseii) SKBUBAJEHTHBI B TOM
CMBICTIC, YTO OXKUJACMBIH BBIUTPLIII JTIO0OT0 YYACTHAKA HE 3aBUCHT OT BLIOPAHHOIO ayKIHOHA.



104

Jlekmus 19. 3amada Topra

Haunnas ¢ aToit jiekimm Mbl Oy1eM TOCTENEeHHO TTePEXOUTh K KOOTIePATHBHOMN Te-
opur. LleHTp BHUMaHUsI OyJIeT MEPEHOCUTLCS C WHIUBUIYAJIbHBIX JIEHCTBHII HA
KoonepaTuBHble. COOTBETCTBEHHO aKIIEHT OyJeT y»Ke He Ha CTpaTerusx, a Ha
BBIMTPHINIAX, MOJIYIaeMbIX OT COBMECTHBIX cTpaTreruii. Koomnepalinsi o3HaqaeT Co-
TPYJHUYIECTBO, COBMECTHbIE JeiicTBusi. TyT BO3MOXKHBI jiBa mojaxoaa. Ilepsorit -
KOIJIa UHJMBHUIBI [IEJTUKOM PACTBOPSIIOTCSA B HOBOM CYObeKTe - KOJIJIEKTHBE, Y KO-
TOPOr0 KaK-TO (POPMHUPYETCs CBOS 1eJIb, ObITH MOXKET, cJ1ab0 CBsA3aHHAS C HEIsIMU
UHIABUIOB. Mbl He OyeM 3TUM 3aHUMaThCs. BTOpOii - KOrjga MHINBUIYaIbHBIE
MHTEPEChl COXPAHSIOTCs, & KOOoIepallisi COBEPIIAETCs JIJIsi TOrO, YTOObI BCeM KO-
oreparopaM’ cTaJio Jydiie. Bor 3To OygeT mpeaMeTroM Hallero pacCMOTPEHMSI.

MbI HAaUMHAEM CO CJIydas JABYX MIPOKOB (MOXKHO MPEJCTABISATH, UTO KEHUX
1 HeBecTa, 00CY»KJIal0T BapuaHThl OPAYHOrO JIOIOBOpa, WJIK JIBa, KOMIIAHLOHA 00-
CY’KJIAIOT BapWaHThl KOHTpakTa). [ljisi mOCTaHOBKM 3aJladd HYXKHO YUeCTb JIBe
Bemu. IlepBas - BOBMOXKHOCTH, KOTOpbIE JOCTaBJIAET Koomepalus. Bropas - To,
YTO MPOU30UIET IPU OTCYTCTBUN KOOIEPAIUU, TO €CTh UTO IOJIYJal0T YIACTHUKH,
JEeRCTBYST WHJIVBUIYAJIBHO.

®opmasbHag 3aaadva. /IBa urpoka. To, YTO MOryT MOJYIUTH UTPOKH B pe-
3yJIbTATE COBMECTHBIX NeiicTBuil, n3obpaskaerca MHokecTBoM X B R? mpocrpan-
cree nosiesnocreit. Touka (z1, £9) € X o3navaer, uro nmeercst (3a KaJpoM) HEKO-
TOPOE COBMECTHOE JIeHiCTBIE, AfoIIee B PE3yJIbTaTe MOJEe3HOCTh L1 MEPBOMY U 1O~
JIE3HOCTD T3 BTOpOMY UTpoKy. Kpome Toro, ykaspisaercs Touka d = (dy, dy) € R?
pasnoeaacus (disagreement point) nin cmamye x6o. OHa roOBOPUT, KAKYO MOJIE3-
HOCThH TTOJIy9aT UT'POKHU, €CJIM He CMOTYT JIOTOBOPUTHCS.

Takum obpaszom, opmasbHO 3adawa mopea - 510 napa (X, d) B npocrpascTse
R?. O6LIYHO MpeANoNaraeTcs, 9TO0 MHOXKECTBO X 3aMKHYTO, OFpDAHHYEHO (XOTd
Obl CcBepXy), BbIyKJIO, 1 9To d € X. Pemurh 3ajady Topra - 3HAYUT yKa3aTh
HEKOTOPYIO "xopornyi” Touky x* € X.

Bor HekoTOphie TPUMEPHI MOSIBICHUST 331891 TOPTA.

1. Ilycrs jana urpa JByx Jidil B HOpMaJbHOi ¢dopme. Torja B kadectBe X

MOXKHO B3Th MHOXKeCTBO u(Sy), cocrosimee u3 map (u1(sy), ua(sSy)), rie sy mpo-
Oeraer Bce crparerndeckue npoduan. B kauecrse d 6epyT oOBIYHO TOUKY rapaH-
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TUPOBAHHBIX BBIATPHIIICH, T.€.

d; = a; = max min u;(s;, S_;).
S; S_;

3ameTnm, 9TO B 00IIEM ciydae d MOXKeT He mpuHaiekarh X . UToObl n30exKaTh
sroro Hey00cTBa, BMecto MuOXKecTBa X = {u(sy), sy € Sy} 0b6brano paccma-
rpusaior Muoxkecrso X = J, (u(sy) —RY). Conepxarensno s10 o3uagaer, 4o
ecJIM UT'POKaM JIOCTYIIEH HEKOTOPBIH Jie/IexK, TO JIOCTYIEeH U Jitobo# Xy iimmii. fcHo,
4TO Takas MOJM(UKAIMs EPErOBOPHOI0 MHOYXKeCTBa, 6e300u/1HA.

Unrepnperanus 3Toit 3aa4un Takad. /1o UTpbl UI'POKU MOTYT MOMBITATHCS J0-
TOBOPUTHCA OTHOCHTEJBLHO JIIOOOTO MCX0/1a. KCaum OHM JIOroBapuBalOTCsS, OHU 3a-
KJIIOUAloT 00si3biBaloliee coryiaiienue. Ecin He 10roBapuBaloTCsi, OHU JIOJXKHbI
HE3aBUCHMO BhIOPATH CTPATErud U MOJIYIUTh pe3ysbrar. MOKHO HagesThCs, 9TO
OH He OyJeT XyxKe a; (CM. JIEKIUIO PO OCTOPOXKHBIE CTPATETHH ).

2. CuoBa urpa, Ho X COCTOUT TOJILKO U3 TOJE3HOCTEH PABHOBECHBIX CUTYAIIMIA;
d KaK paHblle. 3aMeTUM, UTO JI00Oe paBHOBECHE JIEXKUT ~BbIlIe d.

3. BenmomuuM nipo koppesipoBanHbie crparernu. 1o semerthl u3 A(Sy).
Ecnn m3obpazkarTh BBIMTPBININ, MBI [MOJYIAM BBLIIYKIYIO OOOJOUYKY MHOXKECTBA,
u(Sy). Touxa pasnormacus d Kax pabIIe.

4. Bpatb B KauecTBe X MHOXKECTBO II0JIE3HOCTEH JIJIsT KOPPEJTHPOBAHHBIX PABHO-
BECHUIi; OHO UyTh MEHBIIIE IIPEJIbIIYIIEro. TO MOHUMaeTcs Tak. KoppenrnpoBaHnHbie
paBHOBECHUsI IpeiaraeT rnocpeanuk, apourp. Ho ux MHOro, Kakoe »ke mpejio-
KUTH? ApOUTD MOXKET MCXOJIUTH IIPU ITOM U3 COODParKEeHW CHPaBEJINBOCTH W
3 heKTUBHOCTH.

1 BooO1mie, TyT yMECTHO OBOPHUTH 00 apOuUTpe, MO3TOMY 3aJadd TOpra IacTo
HA3bIBAIOT GPOUMPAHCHMU CTEMAMU.

5. 3ajaua Topra MOXKET BO3HMKATH U caMa I0 cebde, 6e3 urpnl. Kiaccuueckasi
zajada - nojgesauM go/uiap’. IByM ydacTHUKAM NpeIaraioT MOJEJUTh MEXKLy
coDoIt JTOJLIAp; €C/IM OHU HE JOTOBOPSITCSI, OHK HE MoJIydar Hu4dero. B 3aBucumoctn
OT MOCTAHOBKY MOYKHO CUUTATh, 9T0 X b0 0Tpe3ok {(z1,x2),z; > 0,1 + 29 =
1}, mu6o tpeyrompuuk {(x1, z2),z; > 0,21 + x2 < 1}. Saecs d = (0, 0).

6. Touka pasHorIacuss MOXKeT (pOPMUPOBATHLCA U DOJIEe CII0XKHO.

Pemenne 3amaqam Topra. [loroBopum remnepb 0 TOM, UTO CJIeI0BAJIO Obl CUH-
TaTh pelleHreM 3a1a9u Topra. Mbl y>Ke TOBOPUJIK, YTO 3TO O3HAYAET BHIOOD HEKO-
tTopoit Touku r u3 X. Ho ojguu Toukuy jyuiie /st nepBOro, JAPyIrue - J1jisi BTOPOro,
TaK UTO OJIHO3HAYHOI'O OTBETa OXKUJIATh TPYJHO. Bcee ke HeKoTopble TpeOOBaHMs
IPEJICTABISIOTCA €CTECTBEHHBIMU.
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Ilepsoe. ITo camoMy CMBICIY TOYKHK Pa3HOIJIACKS PEIIeHHe T He JOJIXKHO ObITh
Xyxe d. DTO ycjoBre M3BECTHO Kak TpeboBaHue undusudyarvHot paruorasbHo-
cmu. HUKTO He corjiacuTcs mojaydarb MeHbIe, YeM IPU OTCYTCTBUM COIVIAIICHMSI.

Bmopoe. Pemenne x nomkuo ObITh Ilapero-adpdexrusnoit Toukoit B X. B ca-
MOM JieJjie, apOuTp, IpeIoKUBIING Hed(MMEKTUBHYIO TOUKY, OyJIeT MOJABEPrHYyT
KPUTHKE U CMEIEH.

MuoxkecTBO ToUeK X , KOTOPBIe 3(DEKTUBHBI U UHINBUIYAJbHO PAIIMOHAIbHBI,
WHOTJIA, HA3BIBAIOT NEPE20GOPHLM MHOHCECTNEOM. DTO OJN3KO K MOHSTUIO KPUBOH
KOHTPaKTa, DJIXKBOPTA.

Tpemwve. HacTo HY>KHO NMPEJJIOKUTHL PEIlieHre He JiJisi 0JJHOW KOHKPETHON 3a-
Jaun TOpra, a JiJid [eJIoro Kjaacca. M Toria ecTecTBeHHBIM BBITJIAINT TpeboBaHMe,
YTOOBI pelIeHus OTACTbHBIX 3324 ObLIM COTJIACOBAHBI B KAKOM-TO CMBICTIE.

Urak, moj perienne 3a/1a4u Topra Mbl Oy/iIeM MOHUMAaTh cieayioriee. Jlan Kiaace

B sanau (X, d). Pewenuem naspisaercs otobpakenne ¢ : B — R?, takoe 4To
#(X,d) € X st moboro X € B.

YTuantapusmM u 3rajJuTapu3M. Kak Mbl 3HaeM, XOpOIinii BbIOOpP ObIBa-
eT Nnpu MakcUMuzaluu (PyHKIUK nosie3HocTu. [loaromy MOXKHO 3aUKCUPOBATH
nekoropyio dbynknmo U na R?, u Touky ¢(X,d) nckarh Kax TOUKy MaKCHUMyMa
U na X. Bojiee TouHo, 4T00BI Cpa3y y/IOBJIETBOPUTH YCJIOBUIO WHJIMBUJLYAJIHLHOM
PaIMOHAJLHOCTH, JIYUIlle UCKATh MAaKCUMYM Ha MHOXKECTBE

Xg={reX,z2>d}=XnN(d+R%).

Omno wenycro, eciin d € X. A a1o0bI ostydarsh 3MEKTUBHBIE TOUKH, HYXKHO TPe-
ooBaTh or U MoHOTOHHOCTE: U pactert, eciiv 06e KOOPJUHATHI TOYKH BO3PACTAIOT.

31ech cpasy MPUXOST Ha yM JIBa MTPOCTHIX MPUHIUIA - Pashoti 6b1200bL U HAU-
borvuwezo 6aa2a. B IepBoM cilydae yUYaCTHUK MOBOPUT: BBl JIOKHBI CIIEJIATH 3TO
JIUIsT MEHsI, TIOTOMY 4TO s JieJiato OOJIbIle JIJisi Bac ; BO BTOPOM - CesaiiTe HEUTO,
MOTOMY 4YTO 9TO IPUHECET MHE MOoJIb3bl DOJIbIlle, YeM BaM - Bpeja’. B nepBom
CJIydae MbI IPUXOJIUM K 22GAUMAPHOMY PEIICHUIO, KOT/Ia PABHBI MPUPAIICHU O
cpaBHeHUIO ¢ d. Bo BTOPOM - K ymusumapnomy, KOrJaa MAaKCUMU3UPYETCA CyMMa
r1 + x2. B nepBom ciyuae makcumusupyercs dbyHkips min(xy; — dy, £o — da).

Obobwenue. B mpempiyieM ciydae Kak ObI MOJIPa3yMeBaJoCh, UTO UMeeTCst
o0IIast eIMHNIA, JIJIT U3MEPEHHUsT TToJe3HocTell 0bonx yaacTHuKoB. Ho MOXKHO je-
JIATH TO YKe CaMoe, B3BEIINBasl MOJE3HOCTH, T.€. YIUThIBas MOJE3HOCTH UTPOKOB C
pasHbIMU BecaMu. 3abUKCHPYEM Tapy MOJOKUTETbHBIX THCEN-6¢06 A = (A1, Ag).
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OHpe,[LeJIeHI/Ie. A-22a.0UMapHvLM PeuLertem Ha3bIBACTCs TOUKa, 13 X g, B KOTO-
poit gocruraer MmakcumyMa dbyrkius min(A(z1 —dy), Aa(za—dz)). [pybo rosops,
9TO HAWJTydInasi ToUKa, Tiae A\ (z1 — dy) = Ag(z9 — da).

A-YMuUsUMapHbIM Petlenuem Ha3bIBACTCA TOUKa U3 X4, B KOTOPOI MaKCHMaJIb-
Ha PYHKIUST A\1x1 + AoTs.

OTMeTnM, UTO MPH POCTE A IIATEXK 1-TO yUaCTHUKA yOBIBAET B A-3rajuTap-
HOM U BO3PACTAET B A-YTHUJIUTAPHOM PEIIEHUN. DTO HAMEKAET, UYTO CYIECTBYIOT
TaKMe Beca A, IPU KOTOPBIX A-3raJuTapHOE PEIIeHNe COBIAIAET ¢ A-Y TUINTAPHBIM.
Takue Beca A mator ecmecmeennyro wrary aus 3amaan (X, d).

Pemeame Hamnta. Briepsnbie 3aj1a4uy Topra pacemorpest Haiin, kKoTopblii u mpeji-
JIOYKUJT MHTEpecHoe W Haubosiee nonyasapHoe pertenne. OH OrpaHUIICS CIIETY IO~
M Kiaccom 3aad (X, d):

a) MHOKecTBa X BBINMYKJIbIe, 3aMKHYThIE, HODMAJIbHbBIE U OTPDAHUICHHBIE CBEP-
xy. HopmasibHOCTH O3HA4YaeT, 9T0 BMECTE ¢ KaXKJAO0H TOUKON T MHOXKECTBO X CO-
JIEPXKUT W BCE MEHbIEe TOUKK. OTPaHNIEHHOCTH CBEPXY MOXKHO MOHWMATh KaK
cymecrBoBanne Takoil roukn M € R?, uto X < M.

b) Touka d mexkut Bo BHyTpeHHOCTH X .

B sroii cutyanun Ham mpeioXkni1 B KauecTBe pellleHns TOUKY u3 X , B KOTOPOit
JOCTUTAET MaKCUMyMa, T.H. npousdsedenue Howa

U(:z:) = (5131 — dl)(iL’Q — dg)

Kakumu xopormmmu cBoiicTBamu obsagaer pemienne Hama? Bo-nepBbix, oHO
eJIMHCTBEHHO. BO-BTOPHIX, OHO HE 3aBUCUT OT JI0DABJIEHUs] KOHCTAHT K T10JI€3-
HocTaM. [losToMy Bceryma MOXKHO CUMTaTh, UTO TOUYKA d HAXOAUTCA B HyJje. B-
TPETbUX, €CJU MBI IIPOBEJIEM Uepe3 TOUKY-PellleHre & KacaTeJbHYI0 K rumnepbosie
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X1Xy = 129 (a ona Oyjer kKacaresbHOW M K MHOXKeCTBY X ), TO OTPE30K Ka-
CATEJILHONH MEXK/Iy KOODIMHATHBIMYU OCSME Pa300beTcsi TOUYKOH T momosam. DTo
HETPY/THO MOJCIUTATE (CM. PUCYHOK BBIIIIE).

DTO 03HaYAET, KaK JIENKO TMOHSIThH, 9TO PelleHrne He 3aBUCUT U OT BHIOOPA Mac-
mTaba nosesnocreit. KpoMme Toro, 3To 03HavaeT, 4TO €CIM B KAadecTBE A; B3ATh
1/x;, To Touka Halua siBjistercsi 0J[HOBPEMEHHO A-3TaJIMTAPHBIM U -y THJIUTAPHbIM
pertenneM. BoimotHsIeTCst TakyKe CBOWCTBO CHMMETPHUH: €CJIH MHOXKECTBO X CHM-
METPUIHO OTHOCUTEJILHO JuaroHaju (mojgpasymenaercs, 9to d = 0), To £1 = xs.
Haxomerr, 970 perrenne o0Ia1aeT CJIETYIONIM CBOUCTBOM HE3aA6UCUMOCTU O, N0-
cmoponnux asvmeprnamus: eciin Y C X nxz = ¢(X,0) €Y, 10 z = ¢(Y,0).

Hsmr nmokazas, ato Bepno u obparHoe. Bosee Toumno, mycrtsh kimace B 3amaq
BBIOOpA, TaKOil Kak BbIle, 1 penienne ¢ : B — R? ynosiersopsier ciepyommm 5
AKCHOMAaM:

Axkcuoma 1 (3cdpdexktuBHOCTB). ¢(X,d) € X, ut eciin x > ¢(X, d) jyist & u3
X, mo z = ¢(X,d).

Akcuoma 2 (MHAUBHAYyAJbHAas PAMOHAJIBHOCTS). ¢(X,d) > d.

Axkcuoma 3 (ckanspHasi KoBapuaHTHOCTB). [Iycrs A(2) = Az + 7 - pe-
obpazopanne miockoeru RZ, roe A = (A1, A2) > 0, a v = (71, 72) TPOU3BOILHBILI

snement R2. Torya ¢(A(X), A(d)) = A(p(X, d)).

Akcunoma 4 (He3aBUCMMOCTb OT IIOCTOPOHHUX aJibTepHATUB). Ecin
Y CXuo(X,d) ey, o¢(Y,d) =¢(X,d).

Axkcuoma 5 (cummerpus). Ecin dy = dy u X cummerpudno, 1o
$1(X, d) = ¢a( X, d).

Teopema. Eduncmeennoe pewenue ¢, ydosaemeopaiousee arxcuomam 1-5, smo
pewenue Howa (Mmakcumusupyoriee dbyaknnio (z1 — di)(xe — da)).

HokazarennbcTBo. [lycrh MakcuMmyMm mocturaercs B Touke z. Jlenasa nmumeitnoe
npeobpaszoBatne, MoxkHO cautarh, uto £ = (1,1),ad = (0,0). Funepbona B Touke

r umeer Hakjon —1. [Tosromy pacemorpum muoxkecrso E = {z,21 + 2o < 2};
X CFE.

Cornacuo cummerpun u 3¢ dekrusnocru ¢(F,0) = (1,1) = z. Ilo akcuome 4
Mbr nmeeM ¢(X,0) = z. O
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d

Jpyrue pemenunsi. Hamr npegioxun csoe perenne B pabore 1950 r. Ioz-
»Ke OBbLIM IpEeJJIOXKEHBI U JIpyrue peinerus. Hampumep, MOXKHO OTKA3aTbCs OT
CUMMETPHUHU, OCTABUB OCTaJbHBIE 4 aKcruoMbl. Torjaa Mbl IpueM K MaKCUMU3AIIAK
0bobuLenrozo npoussedenus Howa a:‘fazg

Kanan u Cmopoguacku (1975) mpeiioKwin perienne, OCHOBAHHOE Ha co0Opa-
JKEeHUSIX MOHOTOHHOCTU. Bynem cHoBa cuntarh, uro d = 0. Onpepenum 4uncia
m;(X) kak makcumym y;, e y € X u y > 0. Torga onu npejiaraior jgeaurh x

MPOIOPIMOHAJBHO M.

mg(X)

X4

ml(X)

JLJist 5TOrO peleHust Tak»Ke UMeeTCsi aKCHOMaTHIecKas XapaKTepru3alius. 3/1ech
HAPYIIACTCS aKCHOMa He3aBUCHMOCTH. OHI BMECTO Hee MPEJTaraloT aKCHOMY -
dusudyanvrot monomonnocmu: peanoroxum, ato mi(X) =my(Y), n Y C X.
Torpa ¢2(Y) < ¢o(X); 1 aHAJOTHYHO JIJIsi BTOPOTO UIPOKA.

MuoromepHoe o6obiienue. Perenue Hamra (u npyrue permienusi) qomycka-
10T MHOrOMepHOe 0000IIeHre, KOria, UTPOKOB Oojiee aByx. OJHAKO OHU MeHee WH-
TEePECHBI, MOCKOJILKY B HUX HE YUNTBHIBAIOTCS BO3MOXKHOCTH KOAJUIUNA. DTUM MBI
3aiiMeMcs bosiee MOoAPOOHO B CIAELYIOMINX JIEKIIAAX, MOCBSIIEHHBIX YK€ MEJTUKOM
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KoorepaTuBHbIM acriektaM. Cirydail Topra JByX JIMIL JIexKaJl Ha, TPAHU HEKOOTepa-
TUBHOI M KOOIIEPATUBHON TEOPUU.
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Jlekimga 20. KoonepaTtuBHbie UT'PbI

Ilepexon K KoaJIMIIMOHHO# Teopuwu. Tenepb Mbl OKOHYATEIBHO IMEPEXOIUM K
KOOTIepaTUBHBIM UTrpaM. Kak y»ke ormMedasioch, yrnop 3/eCh MEPEHOCUTCsT CO CTPa~
TErHIeCKUX aCIEeKTOB Ha BO3MOXKHOCTH Koaswiwii. [logpasymeBaercst, 94To UIPoKn
MOT'yT 0OPa30BBIBATH BCEBO3MOXKHbBIE KOAJUIUN ¥ BHYTPHU HUX MOJIUACHIBATH 00sI-
3BIBAIOIINE COTJIAIIEHWST W JOTOBOpPA. DTO 3HAUUT, ITO JJIsi KAXKJIOW KOAJIWUINN
UMEETCST MHOYKECTBO TeX TTOJIE3HOCTEH, KOTOPhIe OHA MOYKET 00eCIednTh CBOUM
YJICHAM.

31ech 1 J1aJiee UCIoIb3yeTcs CIeIyIonas TepMUHOIorus. Koauyud - 3TO MojI-
MHOXKecTBO urpokoB K C N; koanunusi N HazbiBaercss momaavrot. Jnst na-
bopa crparernii sy = (s;, ¢ € N) 4epe3 Sk 0003HAYAETCS €rO MPOEKIMsI Ha,
Sk = XiexSi; aHAJIOTUYHO TIOHUMAETCA S_[ .

[Ipeamonoxnm, aro y wac umeercs urpa G = (N, (S;), (u;)) B HOpMaNbHOl
dopme. Eciu Bce nrpokn JOroBOpSITCS MCIOIB30BATH CTPATEIHIECKIH TTPOMUITH
SN, TO BBIUI'PBIIIN UIPOKOB yJI00HO M300paxkaTh BeKTopoM u(sy) = (ui(sy)) €
RN . Korna Mbl mepebepeM Bce crparernueckue npoduin u3 Sy, Mbl IOIYIIM
HEKOTOPOe MHOXKECTBO B mpocrpancTse RY ., KoTOpoe 0OBIMHO 0OO3HAUAIOT KAaK
V(N). Ecin urpa KoHedHast, TO MOJydaeTcsi KOHEYHOEe MHOYKECTBO, U 9TO HE CO-
BeeM ya00H0. [TosToMy 0ObIMHO ¢ KaxKabiM BeKTOpoM B V' (IN) BKIIOUAIOT W BCE
menbirme. (Eciu nonyckarsh KOppeaupoBaHHbIE CTPATETHH, T.€. BMECTO S UCIIOJh-
soBath A(Sy), 1o MuOXKecTBO V(N nosydaercst jiazke BbITYKJIbIM. )

[Toxoxwe Muoxkecta V' (K) MOXKHO CBSI3aTh HE TOIBKO ¢ TOTATBHOM KOAIUIIN-
eif, HO U ¢ KaxK 0¥ Koasuiueir K, XOTs 9TO MOXKHO CAeJaTh Pa3HBIMHU CIIOCODAMH.
Mpbr 0bcyinmM ceituac HanboJiee ecTeCTBEHHbIR 1 yHoTpeduMblil crocod. Ckarxxem,
aro koasnims K eapanwmupyem sekrop nosesnocreit ¢ uz RY | ecin cymecrsyer
KoppesinpoBanHas crparerus ox € A(Sk), Takas aTo st 000§ 0_ g BBITOJTHE-
HbI HEPABEHCTBA,

ui(UK,U_K) >x; Vi e K.

O6o03uaanm depes V(K), win npocto depe3 V (K'), MHOXKECTBO Te€X BEKTOPOB B
npocrpatcrse RX . koropbie Moxer rapanruposars K. Ilo cymecrsy, 310 MUHI-
MaKCHasI UJIEOJIOIUsI.

Yro MOXKHO cKazaTh mpo 3Tu MHOKecTBa V (K )7 Bo-miepBbIX, OHU BBIMYKJIbIE
(mpoBepbre camu!) U HOpMAaJbHBIE (B TOM CMBICJE, 9TO € JIIOOOI TOUKOH comep-
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Kar MeHble). Bo-BTOpbIX, OHM 3aMKHYThIe 1 OrPaHUYEHHbIE CBEPXY (KOTJIa UIPa
KOHeuHa). B TpeThux, BBIIOIHEHO Clejiytolee CBOHCTBO cynepaddumuenocmu: ec-

mu koasuiuu K u K’ we nepecekatorcs, To V(K U K') comepxur npoussejierne
V(K) x V(K'"). Ilpoepbre!

Koasmimmonabie urpbl. O000111as1 IpeablIyIyI0 KOHCTPYKIIUIO, BBEJIEM I0-
HsTHE KOAJUIMOHHOW UI'PhI, UJIK UTPhl B KOAJUIIMOHHOM (popme.

[Iycte N - MHOXecTBO UTPOKOB. Koaauuuonnot uzpoti Ha3bIBAeTCA 3alaHne
nts Kask1oi koammmuu K C N nenrycroro muoxkectsa V(K) C RE. Muoxecrso
V(K) ormedaeT MHOXKECTBO Tex Iiarexkeii (mosiesnocteii), Koropble Koaums K
MOKET rapaHTUPOBATH CBOUM uyeHaM. OOBIYHO MpeInoaraeTcs, 9T0 MHOYKECTBA,
V (K) 3aMKHYyTBIE, HOpMAJbHBIE, OTPAHUUEHHBIE CBEPXY. 1acTo, XOTs U HE BCETrJIa,
npeJinosiaraeTcs CynepajiuTuBHOCTL. B ciydae JByX y4YaCTHUKOB 3THU JIaHHbIE
dgakTrUecKN COBIAJAIOT C JIAHHBIMY 3a/1a41 TOPra.

[Tpumep 1. Hepa pwvinka. Ilycrh Kaxkblil y4acTHUK ¢ BJIaJeET HEKOTOPHIM Ha-
JaJbHBIM 3aacoM w(1), MPUHAJJIEKAIIUM TTPOCTPAHCTBY TOBAPOB Rﬂr, U nme-
erT (PYHKIMIO MOJIE3HOCTU U; : Rﬂr — R. Koamumua K wmoxer mepepacmpeje-
JuTh cBoM pecypebl (T.e. nepeittn k nabopy x(i) C R, takomy uro z(K) =
Yoier (i) = w(K)). Buecs V(K) = {ui(z(7)), ¢ € K, z(K) = w(K)} (mm

HOPpMaJIn3allusd 3TOI'O MHO}KGCTBa).

[Tpumep 2. Mapwvaoic. Umeercs muoxectBo myzxun M u »xennun W, Koropbie
MOT'YT 3aKJII0UATH Opakd (MOHOTAMHBIE U TeTepoceKcyasbhbie). CauTaercs, Ito y
KayKJIOTO yIACTHUKA €CTh (DYHKIUs MMOJE3HOCTH u; > 0 Ha MHOXKeCTBe MOTEHIIH-
aJIbHbIX MapTHepoB (Hampumep, ecam ¢ € M, to u; : W — Ry ). Tonesnocts
OJIMHOYKHY (JIJ1si TpOCTOTHI) paBHa 0.

Kaxk 3710 npeacraBuTh KoaauluouHoi urpoit? B kadectBe N Bo3bMeM 00be -
nenne Muoxkects M u W. ObbsicHnM cHavasa, Kak onpeeauts Muokectso V (N)
JIUIsT TOTAJIbHON KoaJuiuu. VCXomoM ecTecTBeHHO CUUTATH MAapocodYeTaHue HEeKO-
TOPBIX MYKIUH W YKEHIIWH; OCTAJIhHBIE OCTAIOTCS XOJI0CThiMI. POPMaJIHLHO Mapo-
coueranue - 31o ouekuusa p dacrn Mmyxkaun M’ C M wn wactn xenmmn W' C W.
C KaxKIbIM TaKMM MapocoveTanneM (MaTUMHTOM) fi CBSDKeM BeKTop x, € RY.
"MyxKckue” KOODJIMHATBI 9TOTO BEKTOpa PaBHBI Uy, (u(m)), ecmu m € M’ u
paBibl 0 B IPOTUBHOM CJaydae. AHAJOIMIHO 3aJ1aI0TCsT »KEHCKNE KOODIMHATHI:
T = Uy (p~H(w)), ecnin w € W', u wynesbie, ecin KenmuHa w ofuHouKa. Haxo-
nety, MmuozkectBo V' (IN) ectb 00beuHEHIE MHOKECTB L), — Rﬂ\rf , Korzia (4 mpoberaer
BCE MATYWHTH.

Anajornuno onpegensercs MuokecTBO V (K) st TPOU3BONBHON KOATHITHN
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K C N. Hyxuno ronbko M u W zamenurs na M N K u W N K. B pesynbrare
MBI TIOJIy9aeM KOAJUIMOHHYIO urpy V.

Tpancdepabenbubie moae3HOCTU. Cpa3y MOXKHO BbIJICJUTH OJINH BarKHbIi
TACTHBIN coydaii - caydaii T.H. mpanchepabesvuvis nosesnocmet, WA KOOIepa-
TUBHBIX UTD € NOOOUNLMU TAGMENCaMU (B OOIIEM CTydae TOBOPST PO UTPHI €3
nobounvr naamesicet]). A UMEHHO, NMPEANOJOKIM, 9TO B CHCTEME UMeeTcst Oes3-
IPAHUYHO JeJUMbIH ¥ KeJaTeJbHbI ToBap - denv2u, U 9TO y4aCTHUKH MOIYT
cBODOZIHO TepeaBaTh ero Apyr Apyry. Bosee Toro, mpeamonsokumm, €TO MOJIE3-
HOCTH 9TOTO TOBapa JIMHEHHO BXOAUT B (DYHKIMIO MOJE3HOCTH, TaK 9TO 100aBIIE-
HUE eJIMHUIIBI JICHET YBEJMIMBACT MOJIE3HOCTh KaXKI0T0 Ha, ejnuuity. Torma Bmecre
¢ KaxK10it Toukoil © B MHOXKecTBO V (K') BXOAUT 1 T100ast TOUKA Y ¢ TOil XKe CyM-
Moit KoopauHaT. [y KpaTKOCT! Mbl HCHOJIb3yeM obosHauenns: (K) = . ;.
Torna x € V(K) ny € RE z(K) > y(K) saeuer, uro y € V(K). B ciyuae
TpancdepabesbHbIX mosesHocTeil BMecto MHOXkecTB V (K) 3ajator ducia

v(K) = maxz(K), rae x npoberaer V (K).

B cBoro ouepesp,
V(K)={z e RF z(K) <v(K)}.

Takum obpa3zom, KOAJUIIMOHHASI UI'PA, ¢ TTOOOYHBIMK IIJIATEXKAMU - 9TO CeMeii-
creo v uncen (v(K), K C N), mapamerpuzoBannoe koajunusmu K. ['oBopst
TaK>Ke PO UTPY B TAPAKMEPUCTNUYECKOT hopMme.

[Tpumep 3. Copocv. 6 03epo. Bokpyr o3epa pacrnooxkenbl n ¢GpabpuK, KOTO-
PbIe UCIIOIL3YIOT JIJISE CBOMX MPOM3BOJACTBEHHBIX HYXKJ 4UCTYIO Boay. CTOMMOCTD
OYMCTKU COOCTBEHHO MCIIOb30BaHHOM Bojbl paBHa C. Eciu m dabdbpuk coOpocu-
JI B 03€pO HEOUYUIIECHHYIO BO/LY, TO CTOUMOCTL OYMCTKI O3€PHOI BOJILI paBHA 1MC.
[Tpeanonaraercs:, aro ¢ < C' < nec.

Kak 3T0 ecTecTBeHHO IIPEJICTABUThL B BUJIE UI'PHI B XaPaKTEPUCTUICCKON (hop-
ve? Tlox v(K) mbl Oynem mornuMaTth u3aepkku koaaunun. Konearno, v(K) paBHo
MUHUMAJIBHBIM n3aepxkkaM Koasnuyun K. [Toka koaaunus maga, eif BLIrOgHEe He
ountarTh cbpoc, u torja v(K) = kne, rue k = |K|. Ograko Kak TOJBKO pas-
Mep Koasunun craer bospie, dem C'/e, eil BBITOJHEE OUUINIATH CBOU COPOCHI, U
B atoM ciydae v(K) = k(C + (n — k)c). D10 npumMep T.H. CHMMETPUIHON (nn
AHOHMMHOIT) urphl, Tak Kak v(K) 3aBucut Tosibko or pasmepa | K| koammuuu K.

[Ipumep 4. IIpocmuwie uzpvi. dro korga v(K) = 0 wau 1. Takue urpsl Berpe-
YAIOTCsI IPU aHaAIN3e ¢xeM rojocosanust. O6prano npeanotaraercs, aro v(f)) = 0,
v(N) =1, u v MOHOTOHHA..
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[Tpumep 5. Hepw, npouseodcmea. Bynem HasbiBaTh TeXHOJIOTHEH (DyHKIUIO
f:RL — R koropast omuchiBaet, Kak pecypcn (B Komuuectse [) npeobpasytorcs
B BBINMYCK (B jeHexHoi dhopme). [Tycrb KaxK bl yIacTHUK ¢ BiajeeT HabopoM pe-
cypcos w(i). Torna xkoammuusa K Baaneer pecypcoM w(K) =) . p w(i) n Moxer
nostyanth v(K) = f(w(K)) pener. [Mosyvaercs KoajinunonHas urpa v.

Onun 6o1ee KOHKPETHDI IPUMEp UIPhI IIPOU3BOJICTBA, MBI PACCMOTPUM B CJIE-
JYIOIEM IIPUMEPE.

[Ipumep 6. ITomoku 6 cemazx. CHadaa HECKOJIBKO 00mUX HoHATH. OPUEHTHPOBAHHBIM IDa-
dbowm (opepagom) vaseiBaercs napa (V, A), rne V' - (koneunoe) MmuozxectBo Bepimi, a A C V xV
- MHOKECTBO CTPEJIOK mau jayr. Hy»KHO mpeacrapiasTh, 9TO pedb HIAET O HEKOI TPaHCHOPTHOMR
cucreme (J0por, TPYOGOMPOBOAOB 1 T.1.) UTOObI YCHIUTH 3Ty TPAKTOBKY, BBIJIETUM JIBE BEPIIH-
HBI, $ - HCTOYHUK, U { - CTOK.

Cemuwio nassiBaercsa oprpad (V, A) Bmecre ¢ dbyukuumeit 1) : A — Ry ; ¢(a) - 310 mpO-
nyckHas crmocobrocTs "tpyonl” a € A. Ilorok B Takoii ceru - 310 orobpaxkenue ¢ : A — Ry
(¢(a) - morok 1o TpyGe a), Takoe UTO Jist JHOOON BEPHIMHBI U, OTIMYHONW OT S U €, CKOJBKO
BTEKAEeT, CTOJBKO W BBITEKAET; KPOME TOTO JIOJZKHO BBINOIHIATHCs orpanudenne ¢(a) < ¢(a) Ha
IIPOIYCKHBIE CIIOCOOHOCTH. JIErKO MOHATH, YTO M3 UCTOUYHHUKA BHITEKAET CTOJBKO ¥Ke, CKOIHKO
BTEKAET B CTOK; 9Ta O0IIasi BEJIMIUHA HA3BIBACTCS 6eAuyunoli nomoka ¢. Yepes f (1)) obozmaunm
MaKCHMAaJIbHOE 3HAYEHNE BeJMYUHbBI OTOKA depe3 ceTh 1) (KOPOTKO - MAKCUMAAbHbIT NOMOK).

O

[IpejicTaBuM Tenepb, 9TO KAXK/BIH YUIACTHUK 4 BJIAJIEET HEKOTOPHIMH CTPEJIKAMHU (JIyramu,
tpybamu). Ero BHIMIDHINI - TO, 94TO OH MOXKET MEePeKHHYTh MO CBOMM TpyOam. AHAJOrHYIHO
BBIUTPHIIT KOAJIUIHH K - TOT MaKCUMaJIbHBIH MMOTOK, KOTOPBIHT MOXKHO TIEpeOPOCUTH 110 TPpydaM,
npunajexamum K. PopMaJibHO MOXKHO MPEJICTABUTH, YTO YYACTHUK ¢ BJIAJEET CETHIO 1, a
KOATHIIA - COOTBeTcTBYyomeil cymmoit. W torna v(K) = f(> .k ¢i). Tak uro 310 YacTHBLHE
CJIy4Yail MpOU3BOJACTBEHHONW UI'DHI.

Pacnopenenenns. Bepruemcs K oO1uM KoaJMIMOHHBIM UI'paM. Pacnpedenenu-
em (distribution) GyjgeM HasbIBATH MPOU3BOJIBHBI BEKTOD T U3 RY: donycmumoe
pacnpedesenue - Bekrop u3 V(N). Perenne KoaJuiuoHHON UIPhI JOJKHO yKa3bl-
BaTh HEKOTOPOE JIONYCTHEMOE pacIpejieieHne, KOTOpoe MOJydaeTcs B pe3yJbTare
PAIMOHABHBIX JieiicTBHi (70r0BOpOB) UrpokoB. CHOBA TYT HET OIHO3HATHOTO
orBeta. OOBIYHO TEOPUST MIET O MyTH (HOPMYJTUPOBKHM HEKOTOPHIX TPEDOBAHU K
PEIIeHNI0, KOTOPbIEe IPEJCTABIAIOTCSA pa3yMHbIMHE. Hampumep, ecTrecTBEHHO Tpe-
6oBaTh, YTOOBI PEIIeHKE 1aBaJI0 KaXKIOMY UI'POKY HE MEHBIIIE TOTO, UTO OH MOXKET
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006UThCs B OJMHOUKY (TpeboBatue undusudyasvnoti payuonasvrocmu). Ho ana-
JIOrU4YHOE TpeboBaHKe MOXKHO BBICKA3aTh W 10 OTHOIIEHUIO K JIH000M KOAJUIIAK
(ecsim oma MoOXKeT 0DOpA30BATHCS, UTO MbI HESIBHO TpejmnoiaraeMm). TyT ymoOHO
BBECTH COOTBETCTBYIOIIUI S3BIK.

TomuaupoBanue. s asyx pacnpepesenuit ¢ n y n3 RY u xoammnn K
OyJeM MucaThb
r>gy, ecmmr; >y VieEK.

[oBopsiT, aT0 pacupejesnenne r domuHupyem pacupeieseHne y, eciin HalijgeTcs
(Hemycrast) koanunust K, takasg aro x >x y u xx € V(K).

CMbICJT 3TOr0 B TOM, 4TO KoaJuius K He COIJIacUTCs Ha BEKTOp ILIaTexkeil
Y, €ciin, JEeHCTBYST CaMOCTOSITEJIbHO, OHA MOXKET TMOJYyIuTh Oosiee JIydImui 1Jisi
Hee HADOP moJie3HocTel . TyT 3aMelanbl JBa Pa3HbIX CBOWCTBA: YTOOBI X OBLI
JIydIne Jjs Koajauiun K, 1 oJJHOBpEMEHHO, UTOOBI & ObLI JOCTHXKUM KOAJUIIKeH
K.

Ormerum cpasy, 9TO OTHOIIEHNE JIOMUHUPOBAHUST Ha, MHOXKECTBE BCEX PacIpe-
JeJIeHri B 0DIeM Ciydae He STBJISIeTCS TPAH3UTUBHBIM WM aHTHCHMMETPUIHBIM
(moromy uro K MOXKET MEHSAThCsI OT CIydasi K ciydaio). TeM He MeHee OHO IMO-
3BOJISIET KaK-TO aHAJU3UPOBATH JIONMYCTUMbBIE pacrpeaenetus. KcrecrBenno, Hau-
OOJIBITIH MHTEPEC BBHI3HIBAIOT MaKCHMAJbHBIE 9JIEMEHTHI OTHOCUTEIHHO JTOMUHU-
POBAHMS, NN HEJIOMUHUPYEMbIE PACIpeIe/IeHNs. DTO IPUBOIUT K MOHATUIO SIIAPA
1 IPYTUM OHATHUS PelIeHsT KOAJUIIMOHHBIX UIP.
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Jlekimga 21. PereHnst KOQJUIIMOHHBIX UTP

Anpo. Hdpom KoanuuoHHoi Urpbl V' Ha3bIBAETCsl MHOYKECTBO BCEX JIOMYCTUMbBIX
HEJIOMUHUPYEMbIX pactpeeenit; obosuadaercst ono C(V).

B cuiy BaxkHOCTH 9TOr0 MOHSATHSI CJIErKa, epenuiineM onpegenerue. Ilycrs ga-
1o pacmpegenerue . CkaxeMm, aro koajurnus K omeepeaem x (W MOXKeT €ro
VIIYUIINAT ), €CJH CYTIECTBYET TaKo# BeKTOp yx 13 V (K), aro st 1r0b6Oro urpoka
¢t n3 Koasimiuu K BbINOJIHEHO ; > ;. Torja sJjpo COCTOUT M3 TaKUX JOMYCTH-
MBIX pacrhpesesenuii (r.e. snementoB V(NN)), KOTOpble HE OTBEpPraroTCst HUKAKOM
Koasuipeii. MoxkHO u Tak meperucarh: aaemenm . npunadaescum adpy C(V)
mozda u moavko mozda, Koz20a

a. z € V(N), u

b. Jas 110607 (nenycmoti) koaruyuu K npoexyua T ne npunadiescum eHy-
mpennocmu muooicecmea V (K).

Orcrofia BUJIHO, 9TO sIIPO - 3AMKHYTOE U OIpaHuIeHHoe nojMuokecTBo B V (NV).

DJIEeMEHTBI U3 siJipa MOTL'YT IIPETEHI0BATh Ha 3BAHUE XOPOIIEro PEIleHsI UI'PHI.
Onu onrumasbibl o [lapero (nexar na rpaunune Ilapero V(N)), u unansu-
JyaJbHO PAlMOHAJIBHBL. ZlIpO MOXKeT OKasaThCst OOJbIIMM (K TOrIa MPEJCTOsT
IPUSITHBIX XJIOHMOTHI C BbIJIEJIEHHEM KaKOI'O-TO ~'CAMOI'0 XOPOIIero’ SJeMEeHTa W3
snpa). Menee IpUsATHO, €ciTu siipo MycTo. A Tak ObIBAET JOBOJIBHO dacTo. Hampu-
mep, rycth Tpoe gesdaT 100 pyo., u jobas napa moxker obecrnieuuts cedbe 100 pyo.
TyT si1po 1mycTo, U OHU BPSiJ, JU JIOrOBOPsiTCsi. Huke Mbl HEMHOTO CKaKeM, 9To
JIeJIATh [IPK IIYCTOM SIIpe.

Anpo skomomuku. [lorgarue sgapa HHTEPECHO TEM, YTO OHO €CTECTBEHHO BO3SHHKAET B KO-
Homuke. CoOCTBEHHO, KaK M HMOHSTHE PABHOBECHUs, OHO TaM BIIEPBBIE M MOSBUJIOCH, XOTd U B
qacTHOM caydae. Y DKBopTa, B 1881 I, 32 MHOrO JIeT J0 MOsB/IeHus ero B Teopuu urp (IzKui-
auc, 1959).

[IpeacTaBum, 910 UMEETCST SIKOHOMHUKA OOMEHA. DTO 3HAUUT, 9TO YIACTHUKH { UMEIOT HAYA b~
HbIE 3alaChl W;, IPUHAJI/IeKallue IpocrpancTBy ToBapos R} . Kpome Toro y Kaz10ro y4acTHUKa,
nMeercss (pYHKIHS MOME3HOCTH U;, OpeeeHHas Ha 3TOM OpTAHTE.

Pacnpedenenuem (allocation) naspiBaerca cemeiicTBo BekTopoB x; € R, i € N, Takoe 4ro
Yo = w; (mm <, B 3aBUHCHMOCTH OT MOCTaHOBKH). CIpaminBaeTcs, KaK UM “IPABIIbHO”
nepepacipe/ie/inTh CBOM Hada/IbHbIe 3anachl! KOHEYHO, KayKIblil yIaCTHUK OTKAYKeTCsl yJacT-
BOBATh B OOMEHe, eC/IM OH B pe3yJibraTe MOJIYYUT MeHbINe (B CMBICJE MOJEe3HOCTH), YeM CBOI

HAYAJILHBIN 3anac w;. Ho To xKe MOXKHO cKa3arh u 0 Jirob0i kKoamumuu. Koannmus K orBepruer
pacrpeesnenne (x;), €CTH NONb3YSICh TOJBLKO CBOMMI HAYAJILHBIME 3aMacaMu w;, e i € K, oHa
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MOKeT TakK IepepacipeseinTh X, 9TO MOJE3HOCTh sl ee 4IeHOB Oyzaer Gosbiie, gem u;(x;).
1o u ectb aapo. CaMm DKBOPT TOBOPWI O KPHUBOiI KOHTPAKTA, MOTOMY YTO PACCMATPHBA
CJIyYaiil IBYX YYACTHUKOB U PUCOBA “SANIUK IIZKBOPTA .

Boabmioii yaaqeii sBasgercss To, 9TO siAPO SKOHOMHUKHU HEIYCTO NMPHU MPOCTHIX YCI0BUSX. Bu-
JIIMO, TPOILE BCEro yOeauThCst B 9TOM € MOMOIIBIO TOHATHS KOHKYPEHTHBIX paBHOBecuii. Ha-
IIOMHKM, YTO TaK HA3BIBAETCS paclpejieierue (r;), g KOTOPOro Haiijercs meHa (T.e. BEKTOD
p € R} ), Takoii 4TO 111 KazKJ0T0 ¢ HAOOP &; SBJIAETCS HAUIYYUIINM B OIOJZKETHOM MHOYKECTBe
Bi(p) = {z,pr < pw;}. Kak Jlerko moHsaTh, J1060e PABHOBECHOE PACIIPEIeJeHNe TPUHAITeKHUT
saapy. JeicTBuTesbHO, NPEeanosIoKuM, 9T0 Koaaumusa K MOXkKeT Tak mepepacupesenTh CBOM
HAMAIBHBIN 3a1aC (Yi, D ;o Yi = D e Wi)s 9TO Y; cTasm ayumre, dem x; (s @ € K). Tax xak
x; OBLIM HAWTYUIIAMHA B OIOZKETHBIX MHOYKECTBAX, MBI JIOJZKHBI 3aK/TIOUATh, YTO UX CTOUMOCTH
IPEBBIIIAIOT CTOMMOCTH HAYAJbHBIX 3aIacoB, py; > pw;. CKIaapiBasg mo ¢ € K, MBI TIOJydaeM,
910 (Y ek ¥i) > P(D ek Wi), ITO IPOTHBOPEUUT PABEHCTBY Y .cp Ui = O ;e Wi- L

Ocraercst 3aMeTHTD, YTO TIPU JIOBOJIBHO CJIADBIX YCJAOBHSX (THIA BBIMTYKJIOCTH MPeIIoYuTe-
HUIT) KOHKYPEHTHBIE DABHOBECHSI CYIIECTBYIOT.

VuTepecHas SKOHOMHYECKas MPOOIeMa, TaKKe IMOJHITas DJIZKBOPTOM, COCTOUT B IIPUOJIU-
JKeHUH paBHOBecHil siipoMm. /leslo B TOM, 9TO B OCHOBE KOHKYDEHTHOTO IOBEJICHUS JIEXKHUT I10-
CTyJIAT, 9TO KazKJAblil y9aCTHUK HACTOILKO MaJl, YTO HE MOYKeT MOBIUATH Ha IeHy. [losromy
MOZKHO OZKHJIaTh, YTO KOIJ[a YYACTHUKU MaJIbl, TO SJPO "HOYTU COBIAJIAET ¢ KOHKYPEHTHBIMU
pasHoBecusMu. Vimeercss JOBOJBLHO MHOTO PE3YJIBTATOB, KOTOPbIE YTOUHSIOT 9TO YTBEPIK ICHHE.
B maubosree 9ucTOM BHIE OHO peajn30BaHO AyMaHHOM: €CJTH UMEeTCsl KOHTHHYYM yYIaCTHUKOB,
TO SIIPO B TOYHOCTH COBIAJAET ¢ MHOXKECTBOM KOHKYPEHTHBIX PABHOBECHIA.

Pemeane Heitmana-MoprenmrepHa. BepHemcst K KOaJIMIIMOHHBIM UI'DAM.
BosmoxkHast mycToTa sifipa BLIHYIUIA UCKATL Apyrue, 6ojee ciaabble MOHITHS Pe-
menusi. VI TyT Heab3s He YIOMSIHYTh UCTOPUUYECKH MEPBOE MOHSATHE PEIICHKs 110
Heiimany-Moprenmirepny (nin H-M-perenne).

HazoBem deseorcom (mmmyraippeii) onTuMasibHblii ¥ WHIMBUJLYAJTbHO DaIUo-
HaJbHBIH BekTOp © 13 V(IN); uHaue ropopsi, T JOJKeH JiexaTh Ha rpaxuie [la-
peto muOX)ecTBa V (N) u 1yist J1060T0 4 JIOTKHO BBITOTHITHCS HEPABEHCTBO T; >
max(y,y € V({i})) = v;. Oboznaunm wepes E (V') MHOKECTBO BCex esexeit
urpot V.

Onpenenenne. H-M-pewenuem urpsl V Ha3bIBaeTCA MOIMHOXKECTBO Z C
E(V), koTOpoe yIoBIEeTBOPSIET JIBYM YCIOBUSIM:

(*) ecrm y € E(V) \ Z, 1o naiifercs x € Z, KOTOPbIi JOMUHUPYET Y.

(**) ecnm ke x U y U3 Z, TO T HE JOMUHUDYET Y.

Mozkuo ckazarhb, uro (**) - aro yciaoBue BHyTpeHHEH cTabUIBHOCTH Z, TOT/A,
Kak (*) - ycsosue BHerneit crabusibiocTi. ['pybo roBopsi, peiienue B COBOKYTHO-
CTH JIOMMHUPYET BCe, a BHYyTpH cebst CBOOOIHO OT JOMUHUPOBAHUSI.

Hanpuwmep, B urpe Gompummacrsa (gerexka 300 mommapos; v(1,2,3) = 300,
v(2-smemenTrprx Koasunuii)=300, v(urpoka)=0) MHOKECTBO U3 TPeX pacipeje-
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aennii (150,150, 0), (150, 0, 150), (0, 150, 150) obpasyer H-M-pemenue. B camom
Jlesie, KaK JIerKO MOHSATh, HUKAKOI U3 3TUX JleJiexKel JpyT Jpyra He JJOMUHUPYET.
C ,HPYFOﬁ CTOPOHDbI, BOSbMEM HpOI/IBBOJIbeIﬁ JeJiexK ($1, 9, 1’3), 9TO 3Ha4YUT, 4YTO
x; HeoTpunaTeJbHbl 1 B cyMMe paBHbl 300. Ho Torma jaBa umcna u3 Tpex MeHbIIIe
nian pasabl 150. ITycts z1, 29 < 150. Torga sror jiesex JOMUHUPYETCS JIeJIeKOM
(150, 150, 0).

Kcraru, B 910it urpe ecrb Mmaoro apyrux HM-permennii.

Hebonbmioit kommenTapuii. Hajio ckazars, yro Heiiman u MopreutrrepH, mpeiioxKuB-
mue nousitne HM-perrennst, He ynomuHamu o siape (0HO OBbLIO BBEJEHO $IBHO JieT udepe3 15).
DTO BBIIVIAIUAT MOPA3UTeTbHBIM. MHe MpeacTaBigercs, 9T0 OHU CO3HATETLHO He TOBOPUIU PO
SI7IPO, TOHUMAs, 9TO YaCTO Aapo mycTo. OHU Ke XOTen MpeTIoKUTh TaKOe pellleHne, KOTOpoe
"Beceryga’ cymectByer. U pajam 3TOro OHUM IMOILIA HA TPU KEPTBbI. BO-TEPBBIX, yTauJu MOHs-
THe sapa. BO-BTOPBIX, CMUPHUJINCH C TE€M, YTO PEIIeHHe - 9TO He JejIeXK, a CHUCTeMa JeserKeit
(MHOX)KecTBO 7). B Tperbux, mpuILIoch Bee elle JOMycKaTh MHOKECTBEHHOCTh DelleHuil.

Ux maxexapl He ompapaaanck. B 1967 r. 6611 mocrpoen npumep urpbl (10 sun) 6e3 H-M-
perrenusi. 9TO CUJIBLHO MomopBaso uaTepec Kk H-M-pemenusiv.

Tem ne menee mousatue HM-perenus gaBiasercsa dyHIaMeHTAIbHBIM, U JOJXKHO ObI BCeraa

CYIIeCTBOBATH. MBI BepHEMCH elle K 3TOMY BOIIPOCY W MOKaxKeM, 4To ~apoOHbIit” Bapuant HM-

pelreHust 1efiCTBUTE/IbHO CYLIECTBYET BCEr/A.

Hykneosryc. 910 noHdaTHEe NPUMEHUMO TOJBKO K UT'PaM C MOOOTHBIME I1J1a-
TexkamMu. HadueMm ¢ TeXHUYIECKOTO TepMUHA. Ikcyecc KOATUIUU S TpU JTAHHOM
[JIATE2KHOM BEKTOPE T €CTh YUCJIO

e(S,xz) =v(S) — Z ;.

Henexx x mpuHAIIEKUT SAPY TOTJA U TOJBLKO TOT/a, KOT/a Bce 3Kciecchl < 0.
e-5po - Korjia Bee sKcrecchl < €. Ok040-40po (near-core) - HaMMeHbIIIEe HEIYCTOe
£-51JIPO. DTO BBIMYKJI0E MHOXKeCTBO. Eciin uiru ere gasbiie (caBurasi CTeHKH MHO-
POrpaHHUKA, 3aJIAI0IIEr0 SPO), Mbl IPUEM K €IMHCTBEHHOI TOUKE, Ha3bIBAEMO
HYKACONYCOM.

B ornuare ot Bekropa [lemmn (0 KOTOpOM MBI elie CKaskeM MojipobHee), Hy-
KJICOJIYC SIBJISIETCS KYCOUHO-JIMHEHHOW (byHKIMEHl Ha MHOXKecTBe Bcex urp. l'eo-
METPUYECKH 3TO "TeHTpaJbHas TOYKA sijipa, KOIJa OHO HEIyCTO.

IleperoBopHOEe MHOXKECTBO. [lepez06ophas mowka UTPLI U - TO TaKasl WM-
My TaIys v, 9TO JIJIsI JTIOOBIX JIBYX UTPOKOB ¢ U j JII000e "BO3parkeHue” ¢ MpOTUB J
HATAJKUBAECTCs Ha "KOHTPBO3paxkeHue” j mporus i. 3jech 6o3pasicenue (objection)
- 910 Koasunus S (cojepKalias i, HO He J) U UMIyTalws (3, T0CTymHas S ¥ JIyd-
masi 1o CpaBHEHMIO ¢ « JJisd Beex wienoB S. Konrpeospaxkenune - koaumnus T
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(comepxaiias j 6e3 i) u gonycrumasi juist T uMiyTaist 7y, Koropast (caabo) Jryd-
e, gem 3, quist wienos S N1, u (cnabo xke) sydiie, yeM «, st qieros T — S.

Takoe moHsTHE OBLIO MHCIUPUPOBAHO HAOJIIOJEHUEM 33 UIPDOKAMU B SKCIIEPH-
MeHTaJIbHBIX cuTyusx. [lo cpaBuennto ¢ HM-pemniennem, oHO BhIparKaeT CTabU/Ib-
HOCTh eduHCmMEerHOT MMITYTallid, a He 1esioro MaoKecTBa. CylecTByeT BapuaHT
OIIpeJieJIeHHsI, TJ1e UHIUBHUIGI ¢ U § 3aMEHSIIOTCS KOAJHITUSIMU.

B cienyomux IByX JEKIUSIX MbI Oojiee MoJIpOOHO OCTAHOBUMCs Ha MOHATUIX
sjpa u Bekropa [lerim.
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Jleknus 22. Zlapo

Hanomunanusi. ITycrs N - muoxecrso urpokos, u V. = (V(K),K C N) -
KoasmuuonHas urpa. Hanomuum, 1o sipo C(V) cocrout u3 taknx BEKTOPOB
poiurpeiiieit x € V(N), uaro zx He npunayexut BayTpennoct V(K) uu jis
Kakoii (memycroit) koammmnnn K.

Kax y»ke roBopmioch, sapo 9acTo ObIBAET MYCTHIM. 3/1€Ch MBI 3aiiMEMCsT YCJI0-
BUSIMU, KOTOPbIE TaPAHTUPYIOT HEelycToTy siapa. M naunem ¢ Gojiee npocToro ciy-
Yyasi Urp C MODOYHBIMU ILJIATEXKAMU. DTO 3HAUUT, UTO JIJIst KaxK 10 Koamumun K
sajgano aucio v(K) - "eHHocTs” KoaJsunuu. XOTsl 9TO HE TaK BayKHO, MOXKHO
cautarh, 9ro v(i) = 0 s 1100010 Urpoka i, 4To GYHKIMs ¥ MOHOTOHHA U CY-
nepajinTuBHa. fapo B TpaHcdepabenbHOM cilydae COCTOUT M3 TaKUX BEKTOPOB
z € RV, uro

a) z(N) =v(N), u

b) z(K) > v(K) st m0boii (Henycroit) koamuuuu K.

3neck st koasniun K z(K) obosnaugaer ),y ;. OTMeTHM, 9TO B JaHHOM
clIydae siapo 3a7aeTcs HabopOM JTMHEHHBIX HEPABEHCTB, U IOITOMY SIBJISETCS BbI-
MyKJIBIM (OTpaHHYeHHbIM) MHOXKECTBOM B mpocTpancTse RY .

Cynepmopaynisipable urpbl. Oynkuus v na 6Gynaesoit pemerke 2V (taxue
(OYHKIMT HA3BIBAIOT TakKe (DYHKIUAME MHOXKECTB) HA3BIBACTCS CYNEPMOJYAAD-
noti (nnn ewnykaol) uepot, ecam jyisi a00bIX ABYX Koasuuuit K u K’ BbimosHsi-
eTCcsT HEPABEHCTBO

W(K) +o(K') < v(KNK') +v(K UK. (4)

Mbr canraem takxke, uro v(@)) = 0. OTMernM, 4TO CynepMoLy ISIPHOCTD BJIEUET Cy-
epaJINTUBHOCTL. B KAKOM-TO CMBIC/IE 9TO 03HATAET, UTO BLIIOIHO OOPA30BLIBATD
BCe DOJIbIIINE KOAJIHUIIAHN.

JToBOJIBHO JIEI'KO ITPOBEPUTH, YTO CyOMOLY/ISPHOCTH SKBUBAJEHTHA BBIIOJHEHUIO 00/1ee KO-
HOMHOM CHCTEMBI HEPABEHCTB:

v(S)+v(SUiUyj) >v(SUL) +v(SUJ)

(ngist 106eix S C N wm i,j € N). Uarepnperaiusi depe3 npejesbHble HEHHOCTH UIPOKOB (MX
pocT).

['naBHBII MHTEpEC BBIMYKJBIX UTP B TOM, UYTO PO BCET/A HEIIYCTO.
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Teopema (Illern). Ecau uepa v cynepmodyaspna, mo adpo C(v) nenycmo.

Bouiee Toro, MOXKHO sIBHO yKa3aTh 3JI€MEHT U3 sijipa (K J]axKe [eJIoe CeMeiicTRO).
PacckazkeM 00 3T0ii KOHCTPYKIIUK OoJiee oapoOHO.

Ynopsijiounm kak-1o urpokos, N = {1,2,... n}, u obosuatum uepes K; ko-
asmnuio {1,2,...,4} nepsbix i urpokos. [locie aToro onpejesum Jjiesiex T mno
dopmyie

T, = U(KZ) — U(Ki_l).

Cwpicn Tyt npocroit. Koamumuu K; obpa3yrorcest o odepeau, myTeM MprcoenHe-
HUSI HOBOI'O MI'POKA, M 9TOT UIPOK § MOy YaeT BCIO JOTMOJIHUTEJbHYO (MJIM Mapri-
HaJIBHYI0) pubblth v(1,...,7) —v(l,...,i—1). OgeBunno, aro z(N) = v(N), n
OCTAETCsI TOJILKO IIPOBEPUTD, UTO 3TOT JEJEK YCTPauBaeT JI0Oyo Koagniuio K.
T.e. uro Bbimosnnensl Hepasencrsa x(K) > v(K). Dro yrBepxiaeHue Mbl Oyjem
JOKa3blBaTh WHAYKIUeR no unciay dienos K; pua K = () ono ouesuno.

[Iycth ¢ - mamboiblnuii HOMEp y4YaCTHUKA, MONAaBIIEro B Koaaunuio K. 91o
suagut, uro K C K;, u K ne comepxurcs B K;_1. I3 onpenesnenust cynepmoiy-
asipHocTy (4) Mbl BMeeM

U(K) + U(Ki_l) S U(K N K'_l) + U(K U K'_l).

IIpm stom K U K;_1 = K;, a K N K;_1 colep:XUT MeHbIIlee YUCJIO IJICHOB, U K
HEMY NPUMEHHMO MHIYKTHBHOE Ipeanosioxkenue. [loaTomy Mbl momydaem

U(K) S U(KHK'_l)—i—U(KZ')—U(Ki_l) S $(KﬂK_1)+$(KZ)—$(KZ_1) = $(K)

[

Ha camom jgene jist 1100010 yrnopsijjounBaiusi m MHOXKecTBa N Mbl 11OJIydaeM
CBOIO TOUKY T, W3 sijipa, TaK YTO MbI IPEIbsIBUIM jlazke n! Todek u3 sijpa (Ta-
KHe TOYKU HA3BIBAIOTCS MOUeMy-TO mouwkamu Bebepa). Bomee npuamunuaibHbIM
SIBJISIETCST CJIEJIYIOIIee YTBEPXK ICHUE.

IIpemnoxenne. Jaa evnyraot uepu v adpo C(v) asasemes eunykiol 06o-
A0ukol movuex Tp. Boaee mozo, mouku Ty ABAAOMCA GEPUUHAMU BHINYKAOZ0
mmozozpannuka C(v).

DTO MOBONBLHO JieTKWit (hakT, HO MBI He OyaeMm ero jokasbiBaTh. VHTEpEC ero
B TOM, 4TO JII0OOE pacipe/ie/ieHe u3 sijjpa MOXKHO Pean30BaTh KaK BBITYKJIYIO
(W BEPOSITHOCTHYTO) CMECh TOUEK BUJIA L.

[TPUMEPDBI Boimykabix urp.
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1) Urpa "epunornacus’”. Iycrs v(N) = 1w v(S) = 0 gost Bcex S # N. Oue-
BUJIHO 9Ta Urpa BbiykJa. Boobiie, st aoboit (Hemycroii) koaaumun S MOXKHO
OIIPEJICJIUTD ~OJINTAPXUIECKYIO WUIPY Vg MO MPABUIY:

1, eciu K DS, u
0 B OCTAJIbHBIX CJIyYasiX.

vs(K) =

Haiiiure ee siapo.

2) Urpa "3aroop”. CesizkeM ¢ KoasmIimeii S Takyio CTPAHHYIO UTPY Ys:

0, ecm K CS,

—1, B IPOTUBHOM cCiIyyvae.

vs(K) =

B sroit urpe nosigienne xorst 661 07HOrO “110X0ro urpoka” (He u3 S) mopTuT BCIO
koasuiio K (mpegaresib, JoxKKa j1erts). JJOBOIBHO JIErKO MOHSITH U3 OMpejIese-
HUsI, 9TO 9TO TOXKE BbINyKJiasi urpa. [lonb3ysich I[IpejiokenueM, OKaxKuTe, 9To
PO 910# urpel pasao —A(N — S).

3) Urpa "emxoct’. [Iycth urpoKy ¢ Hy»KHO (HEATACTHIHO) HEKOTOPOE ~00IIe-
crBeHHoe” 6J1aro B pasmepe y;, NPOU3BOJICTBO KoToporo crout c(y). Bosunkaer
urpa v, Jijst KOTOpou

v(K) = —c(max(y;, 1 € K)).

[TpuMepbl TaKUX CHUTYyalldii: CTPOUTENBCTBO B3JIETHON MOJIOCHI, JTUPT, acdaabTh-
poBaHUe JIOPOTU KYy/1a-TO.

YTBEPAKIAETCS, YTO €CJIU ¢ MOHOTOHHA, (qTo €CTeCTBEHHO J1JIs H3ﬂepmeK), TO
9Ta UTPa, CYMEePMOAY/IsipHA. DTO JOBOJBHO OYEBHUIHO W3 KPUTEPHS ITPEIEIbHOMN
IIEHHOCTH WT'POKa, OCOOEHHO €C/IM YIOPSAJOYUTh UI'POKOB TaK, YTOOBI y; < yo <

< 9y,. Ilo jpyromy 510 yTBep)KjeHUEe MOXKHO TOJYyUYUTH U3 MPEJICTABICHUS
TaKOI UT'PHI KakK (HOJIO)KI/ITGJIBHOﬁ) JIMHEHHON KOMOWHAIIMU UT'D 7Ys.

CrabunbpHble cUCTEMBI Koaaumnuii. VTHTYyUTUBHO $SICHO, 4TO sJIpO ObIBAET
IIyCTO TOIJIA, KOIJIa MPETEH3UH ~MAaJIbIX KOAJHUIUI BEJUKHU M0 CPABHEHUIO C BO3-
MOXKHOCTSIMI TOTaIbHON KoaJsmmuu N. B aTom pasjesne Mbl pacCMOTPUM TOT CJIy-
qaif, Korjga HeKOTOPbIe KOAJIWIMK BOODIIE He MOrYT 00pa30BbIBATLCs (HApUMED,
110 TOil IPUUKHE, UTO BEJIMKK U3JIEP:KKU UX (POPMUPOBAHUS, UJIU 110 JPYTUM (DU3H-
TECKUM WJTH IOPUUICCKUM TIPHIHHAM ). B HEKOTOPBIX TAKUX CUTYAIMSIX HEIYCTOTA,
siJIpa, CJIelyeT yKe u3 CynepaInTUBHOCTH .

[IpegcraBum, HanpuMep, 4To Jobast HeTpUBUAbHAs (HEOJHOIEMEHTHAST ) KOa-
JIMIHST TOJIPKHA COJIePXKaTh UrpoKa 1 (opranusarop, uim BeTo-urpok ). Torma Mox-
HO OT/I@Th UIPOKY 1 Bech ClopIunoc, To ecth jarh emy 1 = v(N) — > ., v(j), a
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OCTAILHBIM JaTh £; = v(j). Apeprnocts sroro genexa (manpumep, 1ro 1 > v(1))
crenyer u3 cynepajgaurusnocri: v(N) > Y v(q).

Teneps MoxxHO JaTh 0bmIee onpenenenue. [lycrs 3agamno cemeiictso F "nory-
cruMbIx” KoaJuIuii; Mbl OyjeM cautarh, 1ro {i} € F st jaoboro urpoka ¢ € N
u auro N € F. Hazosem F-uepoti orobpaxkenue v : F — R. dapom F-urpsi
Ha3bIBaCTCS fesek T = (x;), Takoit uto z(N) = v(N) u z(S) > v(S) ana moboit
"nonycrumoii” koaquiuu S € F. F-urpa v : F — R nHaswBaerca cynepaddu-
muenot, eciu jgist jiroboro pazbuenns S = [] i 5j, tae Bee S m S nonycrumbr’,

BBINIOJIHEHO HepasencTso v(S) > 3. v(S;).

Onpenenenne. CemeficTBo KoaMUIMit F HA3LIBACTCA CMabUAbHOLM, CCITH I
m060it cymepaauTuBHOil F-urpel v ee sapo C(v) memycro.

Beitie MbI y»Ke NPUBOJIUIN MPOCTON NpuMep cTabuabHOTO cemeiicTBa. Jaanm
JIBa, DOJIee MHTEPECHDBIX W CJIOXKHBIX MTPUMEPA.

1. Ilpumep - mapbaxk. PakTrdecku 31o npumep 2 u3 Jlexkmun 20. B sToit urpe
JIeJIeXK & MPUHAJJICIKUT SJIPY, €CJAU BBITOJTHEHbI COOTHOIIEHUS JIBYX THUIIOB:

a) MHJMBU/yaJbHAsT PalMOHAJIbHOCTE: x; > 0 st siioboro ¢ € N = M U W,

b) cTabuabHOCTD: HET TaKON maphbl (1M, w), U9TO Ty < Up (W) U Ty < Uy (m).

Kopoue - cucrema OpakoB J0KHA ObITH cmabuabha: s JIFOOOrO TMOTEHIIN-
aJIbHOTO Opaka (m, w) Jubo XKeHa m He XyXKe w, JHOO My w He XyXKe m.
B stom mpumepe cemeiictBo Koasuiumii F COCTOUT U3 BCEBO3MOXKHBIX map (1, j),
rae i € M, j € W (u opurovek). OKasbBaeTcst, 4T0 9T0 ceMeiicTBoO Koaguiui F

YHUBEPCAJBHO CTAOUJIBHO, TO €CTh BCErJa CYNIECTBYET CTAOUIBHBIN MapbsixK.

Hnsa nokazarenncrBa Leitn m [lenan npeamoxXuan Takyio IpoIeaypy: KarK-
JbIii MYy>KUHHA CBATACTCS K HAMJTYUIedi (¢ ero TOYKN 3PeHNs1) KEeHIINHE; KaXkK 1asi
JKEHIIUHA BHIOMPAET U3 KEHUXOB HAWJIYUIIero st ce0si 1 BDEMEHHO aHTaXKupyer
ero. OcraBimecsi My>KUUHbI [TOBTOPSIFOT CBATOBCTBO (He 0OPAIIAsiCh MOBTOPHO K
OTBEPTHYBIINM UX YKEHIIHHAM ); YKeHIIUHBI CHOBA BLIOUPAIOT (CPEIi HOBBIX YKEHU-
XOB IUTIOC aHTaXKMPOBaHHbI Myxkunna). VI Tak gajee. B pesysnbrare nosydaercs
cTabUIIbHBI MapbsiK. B camMoM jiesie, pacCMOTPUM MOTEHIMATBHYIO TTapy (m, w).
Ecimm w 6ostee mpuBIeKaTebHA JIJIA M, YeM ero »KeHa, TO 10 KOHCTPYKITUHU MpoTie-
Typbl OH yKe Jeaj MpejIoyKeHne w W MOJTYIUI OTKa3; 9TO 3HATUT, UTO 1M XywkKe
JJIST W, YeM ee HbIHCIIHUHN CyNpyTr.

2. [Ipumep. [Ipeamnonoxkum, 9T0 yIaCTHUKK PACIOJJIOXKEHBI B BEPIINHAX HEKOTO-
poro aepesa 1. Torna ecrecTBEHHO CUUTATH, UTO ~JIONYCTUMbIE KOAJUIIUK — JTOJIXK-
HBI COJIEPYKATH BCEX TPOMEXKYTOUYHBIX YUaCcTHUKOB. MHade roBopsi, cemeiicTBo F
COCTOWT U3 CBS3HBIX MOArpadoB (mojepessbes) aepesa 1. Xopoiiee yIpaKHEHIE
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- IPOBEPUTH, 4TO F cTabuibHO.

CbasaHCcupOBaHHBIE UTPHI. YCJIOBUE CYTIEPMOJLYJISIDHOCTH UT'PbI C TTOOOYHbI-
MU TLTATEXKAME JOCTATOTHO JIJIsT HEIyCTOTHI sijipa, HO He SABJISETCS HEOOXOIMMbBIM.
Wnade roBopsi, OBIBAIOT HEBBIMYKJIbIE UTPHI C HEMYCTHIMK sIIPAMHU.

Oka3zbIBaeTCs1, MOYKHO HAITKCATH W HEODXOIMMBIE YCIOBHS HEIYyCTOTHI siapa. Ha-
TGHEM C TIPOCTOTO CJIydasi Urphl Tpex Juil. Kcau Bektop x = (21, o9, T3) TPUHA-
JIEYKUT SJPY, TO

z; > v(i) g i =1,2,3,

T+ 1z > U(1)2))$1 + 3 > U(lag)axQ + 3 > U(2a3)a

1+ z2+ 23 =v(1,2,3).

Orcrojia MBI TIOJIy9aeM, 9To
v(1)+v(2) +v(3) <v(1,2,3),

v(1,2) +v(3) <wv(1,2,3),v(1,3) +v(2) <v(1,2,3),v(2,3) +v(1) <v(1,2,3),

n

v(1,2)+v(1,3) +v(2,3) <2v(1,2,3).
MOXKHO yOeguThCst, 9TO ITH YCJIOBHST TAKIKE U JIOCTATOUHbBI JIJIsi HEYCTOTHI sijipa.

[Tepeiizem renepnb K obmemy ciaydaio. Ilyers mana urpa v, T.e. ceMeiicTBO 4u-
cen (v(K), K C N). B npocrpancrse RY pacemorpum muororpannuk P(v) = P,
samannblii nepasencrBamn z(K) > v(K), K C N. Touku 3T0r0 MHOrOrpaHuu-
Ka 1300parkatoT "TpeTeH3un” KOAJIUIIN, TO eCTh TaKUe PaCIpeiesIeHIsI, KOTOPbhIe
ycrpauBaior Bee Koayninn. Obosnadnm depes Min MuHUMYM JuHEHHON! DbyHKINNA
1(z) = 1n(z) = >, z; na P. OueBnano, aro Min> v(N), u 910 s11p0 HEIycTO T.
u T. T., Korja v(N) =Min.

OcHOBHOIT (aKT BBIMYKJIONO aHajn3a (TeopeMa JIBOHCTBEHHOCTH) TO3BOJISIET
JIDYTUM CIIOCODOOM BhIPa3uTh 3TOT MuHUMYyM Min. [Ijist 9TOr0 HY»KHO BCEBO3MOXK-
HBIME CIIOCODAMK MPEICTaBUTh (DYyHKIMOHAT 1 B Bujie (HEOTpUIIATEIbHBIX ) KOMOU-
naruit dynkmuonanos 1x (1x(z) = z(K)). lIycts 1 = > Axlg, tae Ag > 0.
Tak kax jyist ioboro x € P seinosneno 1 (z) > v(K), To ckiapiBas 9T Hepa-
BeHCTBa, noaydaem 1(z) > Y- Agv(K), orkyma Min> > - Agv(K). Teopema
JIBOHCTBEHHOCTH yTBEPXKJIAET, UTO

Min = m}z}x; Agv(K).
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31ech yJ00HO BBECTH CJIELYIONINE

Omnpenenenns. Habop uncen A = (A, K C N) naswiBaercss cbaiancupo-
sannvm cemedcmeom, ecim Ag > 0, m Y . Ag = 1 st jmoboro ¢ € N.

Nrpa (¢ nobOYHBIMU IATEKAME) HA3BIBACTCS COGAGHCUPOSAHHOT, €CITU JIJIst
1100010 cHATAHCHPOBAHHOTO ceMeiicTBa A BbinosHseTest » . Agv(K) < v(N).

[Tpenpipyiime paccyskKIeHNs JIOKA3bIBAIOT CJICIYIONIYI0 TEOPEMY.

Teopema (Bongapesa, 1963). Hepa v umeem nenycmoe #0po mozda u mosvko
mozda, koz2da oHa COGNAHCUPOBAHA.

MoKHO TakKe cKazaTh, UTO CIeIaB 0aiancuposky Urpel v (T.e. 3amenus v(N)
na max(y - Agv(K)) 1o Bcem cOATANCHPOBAHHBIM A), MBI IOy IUM UTPY C HeILy-
CTBIM SIJIPOM.

IIpumep - cereBas urpa. Benomuum urpy ¢ tpancnoproii cerbio (V) A 1) n3 Jlekun
20, rae yuactauku i siaageor Kyckamu A; ([[. Ai = A) sroit cetn. Borurpeim v(K) koasn-
mun K paBHAICA MaKCHMAILHOMY MOTOKY 10 Ujcx A;. YI00HO 3TO IpPEJCTABUTH TaK: MaK-
CUMAJIbHBI MOTOK B ceTH 1) 0003HAUUTH f(1)); TOTJA YYACTHUKU BJIAJEIOT TMOJCETSIMH ;, U
oK) = F(Shee ).

4 yrBepxaro, 9To ITa Urpa cObamaHcupoBaHa. [leicrBurenbHO, mycth A = (Ag) - cba-
JaHCUPOBaHHbINH HaGOp Kodbdunumentos (r.e. 1y = > Agly). Ham HyKHO MOKa3aTh, 4TO
v(N) < > Agv(K). Obosnaunm uepes ¢px MaKCUMAJbHBIA IOTOK 4epe3 ceTb g = y ... ;.
Ham Hy»KHO mPOBEpPHTH, 9TO MOTOK ) , APk IOIYCTHM CeThIO ¢ = » . 1); = Y Agtk. Ho 310
TPUBHAJIBHO CJIEJIyeT U3 CJI0YKEHUsI HEPABEHCTB ¢; < ;.

[Toayuaem, 94TO SIAPO CETEBON UIPHI HEITYCTO.

Ha camoMm zese, mpeapLayIiee paccyzKaeHne MOKa3blBaeT cOATAHCHPOBAHHOCTD JII000il HrphI
IPOM3BOJICTBA, IIPOM3BOACTBEHHAA (DYHKIUA KOTOPOi f BOTHYTA U OJHOPOIHA.

MozkHO Goee SBHO HpeIIOKHUThL SAEMEHTH U3 aapa. Paspe3om B CeTH HAa3LIBAETCS HAOOD
D crpenok (ayr) oprpada, Takoil 4To JIro0o0ii IPOCTOl OPIYTh U3 UCTOKA § B CTOK t COJEPIKUT
onuy u3 crpesiok D. Cymma 1(a), a € D, NpOImyCKHBIX CIOCOGHOCTEH JIyT paspe3a D Ha3biBa-
ercsi IPOIYCKHOM CIoCOGHOCTRIO pa3pe3a D (obo3uadum ee ¢(D)). OdueBugno, 9T0 BeIHMIHHA
OTOKa B cern v He npesbimmaer (D) nys aoboro paspesa. A 3amedarenpras Teopema Popa-
DaskepcoHa yTBepKIaeT, 9To Hafigercs (st qaHHON cern 1) paspe3 D (T.H. MUHUMAALHOLT
paspes), uaro f(¢) = (D). Tak BOT, HAJO B3ATH MPOU3BOJIBHBIN MUHUMAIBHBIN paspe3 D s
cern ¢ = » .1, U B KaueCTBe SIEPHOIO pacIpejejeHns naTb ydacTHuky i x(i) = ;(D).
OueBuHO, 9TO

1) (N) =Y. (D) = ¢(D)=(reopema Popma-Danxepcona)=f(¢) = v(N), n

2) v(K) (T.e. MaKCHMaJIBHBII TIOTOK 4Yepe3 ceTh ) He npesbimiaer Yk (D) = z(K).

Bameuanue. 11 To, u Apyroe MoKasbIBAIOT, YTO siAEPHOE PACIPEIEJCHNe HYKHO MOHUMAThH
KaK KacaresibHyo (Tounee, cynepauddepennuan) Kk GyHknun v B Touke N.

Anpa urp 6e3 mobouHbIX 1aTexKeii. [Tocse Toro, kak Mbl pa3obpaJin Ciry-
qaii urp ¢ TpaHcdepadbeIbHBIME TOJE3HOCTIMI, MOXKHO MEPEXOIUTH K KOAJTUI[UOH-
HBIM UTpaM Oe3 MoOOUHBIX I1aTexkeit. HamoMuuM, 4TO OHU 3a/1al0TCs ceMeiicTBOM
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vmoxects (V(K), K C N), V(K) C RE. Mut Bugemn, aro (B TpancdepabenbroM
cIydae) BaXKHYIO poJib urpaer yeiaosue coasancupoBantocti. Ckapd mepenec 31o
MOHATHE Ha, O0IIME UTPBI U MOKA3aJ1, YTO OHO TAKXKE BJICYET HEIMYCTOTY SI/IPA.

g1 mpuBeLy HUXKE HEKOTOPOE 001Iee yTBePKICHHE, CACICTBUEM KOTOPOro Oyaer
teopema Ckapda. B ero ocHOBe JEeKNT Mies, 4TO pe3yJbTaTOM KOAJUIMOHHOIO
B3aUMOJICHCTBUS JIOJKHA ObITh mapa (x, A), tne © = (z;, ¢ € N) u3obpaxaer
nenex (pacnpejesenne Bbmrpbima), a A = (A(K), K C N) orpaxaer ¢bop-
muposanue kKoasniuii (A(K) - 970 ypoBeHb, HHTEHCUBHOCTH (DYHKIMOHUPOBAHM ST
koasuin K ). Koneuno, ata mapa He mpousBosibHast. [Ipexe Bcero, JT0KHO BbI-
OJTHATBCS YCIOBUE COATAHCUPOBAHHOCTH,

[. Habop A cbasancupoBaH.

To ecTh KaK/Iblii UTPOK JIOMKEH OBITH MOJHOCTHIO 3aHST JACHCTBYIONUMHI KOAJIHI-
MUAMU. DTO CBOCOOPA3HBIN HAJAHC IO TPYLY.

Bo BTOpBIX, BEKTOP BBIUIPHIMIEH T TOJKEH OBITH JTOCTHAKUAM YCUJIUIMHU CHOP-
MupoBaBimxcs Koagunuii. [log sum s norumaro, aro eciu A(K) > 0 st HeKo-
ropoit koasuin K, 1o xx € V(K). (To ecrb ecin koasmuiust K dyHKImoHUpYyer,
OHa JIOJKHA 0becrevdnBaTh CBOMX YJI€HOB TPEANUCAHHBIMU mosie3HoCTsIMU. ) O60-
sHadas qepe3 V() MHOKeCTBO BEKTOPOB ¥, Takux 4uto yr € V(K) masa moboii
koasmmmu K ¢ A(K) > 0, MBI 3amuiiiemMm BTOpoe yCIoBhe Kak

Il z € V(A).

Hakonerr, ecitnt iesiesk © MOXKeT OBITH yoTydIneH HeKOTopoii koamunueit K (T.e.
i € Int(V(K))), cnoxusiiasicst cTpyKTypa Koaauimit A Oyzer paspymena. Hro-
OBl HTOrO HE MPOUCXOJUIIO, BBEJEM TPeOOBAHNE HEJOMUHUPYEMOCTH

[1I. dgist srob6oit koasmiuu K ToUKa T He TpuHAJIeRuT BHyTpenuoctr V (K).

Habop (z,\), ynosaersopstonmit I-111, nasosem B-adeprowm (nnm pasrosec-
HOLM).

Teopema. /a4 110600 uepvr cyuecmeyrom B-adeprwvie uczodo.

Ckapd mazwbiBaer urpy V' coanancuposannot, eciu V(N) C V(N) miasa sio-
boro cbasiancupoBaHHOro Habopa A. I oueBuIHBIM CileICTBHEM HAllleil TeOpeMbI
apJsercs cieaytomas Teopema Ckapda.

Caencrsue (Ckapd, 1967). Ecau uepa V' coarancuposana, mo ee Adpo neny-
cmo.

B kadecrtBe ciejcTBMs Mbl CHOBA IOJy4YaeM, 9TO SIIPO B BBINYKJION MOIE/IN
9KOHOMHUKHU YUCTOI0 0OMeHa HemmycTo. B camom siere, Jierko npoBepuTh, UYTO COOT-
BETCTBYIOIIAs UI'PA sIBJISIETCSI COAJaHCUPOBAHHOI.
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dokazaTesibCTBO TeopeMbI. Byem cMOTpeTh Ha KOAJUIIMOHHYIO UTPY C IKOHOMHIECKOM
TOYKHU 3pEHHs, IOHNMAas KOAJTUINN KaK HeKHU (DUPMBI, KOTOPBIE /I CBOeil pabOTHI IIPHUI/IAIIA-
IOT YYACTHUKOB TOI Koamuiuu. Poib el (Wiu Jiydiie - 3apIuiar) 6y/1eT BBIIOTHITH BEKTOP .
B 3aBHCHMOCTH OT BEJIMYUHBL 2 (& TOUYHee, Tk ) Koaaunus K iubo Ge3jeiicTByer (ecan He MOZKeT
IUIATUTH TAKYIO 3apIJIaTy), Ju60 MPOsIBIIsieT Pa3yMHYI0 aKTHBHOCTD, JTHOO Pa3BUBAET OEIIeHYIO
AKTHBHOCTD (eC/H MOYKeT MPEeJJIOKUTH BCeM ydacTHHKaM Gosbire). B koneanom nrore pupmbi
IpeIbaBIAI0T CIPOC HA YYACTHHKOB. ECIH CIpoc Ha HEKOTOPOrO yYACTHHKA | MPEBBIMIAET 1
(T.e. IpEJTIOKEHUE), TO X; YBETUIUBAETCSI, €CIN HET, YMeHbIIaeTcs. HemoBuKHast TOUKa JAeT
AJIEPHBIA HCXOJT.

Bosee touno, mbi obosnaunm depes A = {A = (A(K)),0 < AMK) < 2 VK}. X - map
6o/bIoro pajuyca Bokpyr 0 B npocrpancrse RY . Mbi onpejiesium ceiivac (MHOro3HauHoe) 0To-
opazxenne ' mHoxecTBa A X X B cebs, T.e. o nape (x,\) onpeeanm HoByo napy (z', \').

Onpenenenne x'. 910 Argmax ma X muneiinoii Gy Y - A(K)1x — 1y. D10 TOUKA HA
rpanuie mapa X Kpome TOTo caydasl, Korja A cOaJTaHCHPOBAHO.

Onpepnenenne . Ins koaaunuu K 110102Kum

0, ecau rx He npuHayexut V(K),
N(K) =< moboe auciao mexkay 0 u 2, ecin 2y exxut Ha rpanutue V (K),
2, ecu Ty momagaer crporo BHYTpb V (K).

fcHo, uro mocTpoeHHOE OTOGpazKkeHue (coorBercrBue) F 3aMKHYTO W MMEET HEMmyCThie Bbl-
nmykJsle 00pasbl. [losTomy mo Teopeme Kakyranu cymiecTByeT HemoABHzKHAs Touka (x*, \*).
4 yrBepxka0, 4To ona B-siaepHas.

JleiicTBUTE/IBHO, ecii X* JIE2KUT HA IpaHuIe mapa X, TO HeKOTopas KOOpAMHATA X, ~"00Tb-
mast”. Ho Toria Hukakas koaJsmiusi K, cojeprkaliasi ¢, He MOKeT 00ecnednTh YIaCTHUKY ¢ TAKOM
Gosbioit BeIUTphII, 1 3Ha4uT A\(K) = 0, cupoc Ha 3TOro yvyactHuka i paser 0, U T} JOJKeH
yIacTh., AHAJOTHYHO ecyu zf “cHabHO orpumarenbHo”, torma i € IntV (i), smaunt A(i) = 2.
"Copoc” Ha 3TOr0 yJaCTHHKA BeJHK, U ero 3apmnaara x; > 0, 9TO, KOHEYHO, IIPOTHBOPEIUT
MCXOHOMY TPEJIIOJIOKEHNI0 "CHIBHOW OTPUIATEILHOCTH .

Takum obpasom, z* sexur BHyrprn X, orkyga A cbanancuposano. Ecim A(K) > 0, To
u3 onpegenenusi A BugHo, uyto T € V(K), me. seinonnserca 1. Hakonen, B cuiay Toii xe
coanancupoBannoctn A(K) < 1, t.e. xx He monagaer crporo Buyrpb V (K) uu jus kakoii K,
r.e. [I1.0CJ

ITpumenenne k HM-pemenuro. [Iycrs X - mHekoropoe muoxectBo, u [ - GuHapHOe
acummverpuanoe ornorrenne Ha X ("momunuposanue”). (PakTudeckn 310 CTPyKTypa oprpada
ua X.) (A6crpakrasivM) HM-perenneM B 3TOH CHTyaldy eCTECTBEHHO CUUTATH ITOIMHOKECTBO
Z C X, KOTOpoe yJOBIEeTBOPAET JIBYM TpeOOBAHUEM:

1) BHYTpeHHsIsT HE3aBUCUMOCTh: D]z mycTo (TO ecTh 371eMEeHThl BHYTPH Z HECDABHUMBI MEK-
1y coboit);

2) COBOKYITHOe JIOMHHUPOBaHUe: s JIIOOOTO T ¢ Z cymiecrByer z € Z, Takoil 410 zDx.

(B reopun rpados sro nassiBaercs kernel.) Hyrts yaobuee Bmecro D paccmorpers pedirekcns-
Hoe oTHomenne D* = DU "nnaronasns”. B atux Tepmunax TpeboBanusi 1) u 2) mepenuchBaoTcs
KaK

1) D*|; - ToxXKaeCTBEHHOE OTHOIIEHUE Ha Z; U

2’) nag moboro x € X cymecrsyer z € Z, zD*x.
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dcno, yro HM-pemienne cymectsyer He Bcerja. JloctaTrouno B3STh MUK/ U3 TPEX 3JI€MEHTOB.
[To3TOMY eCTeCTBEHHO OOPATHTLCS K PETaKCAIME 3TOrO HOHATHA, TO €CTh K HOHATHIO 0polHo20
HM-pewenus (JIHMP). st ero dopmymupoBku HazoBeM yensio (st (X, D*)) MOIMHOKECTBO
C C X, Takoe 4To MHAyIUpOBaHHOE oTHOUIeHHe D*|C' stBisiercst mOMHBIM HOpsiakoM Ha C.

Onpegenenne. Jdpobuvim HM-peweruem Ha3pIBaeTCH (HeorTpunaTenbHas) Mepa g Ha X,
KOTOpasl 00J1a/1aeT JABYMsI CBOWCTBaMMU:

1”) mng moboit nerm C' p(C) < 1,

2”) anst moboro x € X cymecrsyer nenb C' ¢ pu(C) > 1, takas aro eD*x s moboro ¢ € C.

Hanpumep B mukie u3 Tpex anemenToB JHMP gaBigerca mepa, npu KOTOpoil Bec KaKJI0T0
M3 Tpex 3JeMeHTOB paBeH 1/2.

Teopema. Ecau mnooicecmseo X woneuno, mo cywecmeyem JIHMP.

JloxkazarenbcTBo. HazoBem "urpokom” B Hammeit curyanun jio0yio mernb C. Diementsl £ € X
OyeM MOHUMATH KaK "KoauIuu’ Tex urpokos-nemneii C'; KoTopbie cojepzKar x. Takast Koaauiust
x paer urpoky C' mosie3HOCTh, paBHyo "BbicoTe” x B menn C' (TaK YTO MUHUMAJBHBIN JeMeHT
umeer Bbicory 0, u T.1.). Kpome Toro, KazKiplii UrpOK MOXKET "MHIMBHIYATHHO’, TO €CTh He
BCTYTAs HU B KaKWe KOAJWIINH, MOJIYIUTh MOJe3HOCTh — 1.

[TpumeHsist TOy9IEHHYIO BBINIE TEOPEMY O PABHOBECHBIX MCXOJAX, MbI TOIYIaeM CYIIECTBO-
BaHue napbl (u,\), e u - HEKOTOPBI BEKTOD BBIUTDHIIIEHi Hamux urpokos-teneii C, a A :
X — R, - BeKTOp MHTEHCUBHOCTEl KOAJIWIIWiI, IpUYeM 3Ta mapa 00JaJaeT COOTBETCTBYIO-
mumu cBojictBamu I-I11. Coanancuposannocts (yerosue I) maer cpoiictso 17). Coiicrso 11
unTepnperupyercst tak: ecim £ € C' u A(z) > 0, o u(C) < "Boicors” x B nenu C. IIpencra-
BUM Terepb, 9To Jyisi Jaroboit nenu C', nomunupywomei x, A(C') < 1. 1o 3HAUUT, 4TO yxKe
st ioboit nenm C) conepxkaiieit x, nonesnocth u(C') crporo Menbiie, yem "Boicota” x B C.
Ho sTo mporuBopeunT cBoiicTBy III, moTomMy 9YTO TOrma BEKTOp BBIUTPBIIIEH s UTPOKOB U3
"KoaJunuu’ x CTPOro BHYTpeHHHit. [
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Jleknus 23. BekTop lllenan

Bekrop Ilemnn. Paccmorpennbie 10 CUX [OP PelieHnst KOATUIMOHHBIX UID (s11-
po, HM-pemienne) obiajanu JaByMsi OUEBHAHBIMU HEJOCTATKAMU: WX MOTJIO HE
OLITH COBCEM, MJIM KX MOLJIO OLITH MHOIO. A XOTeJ0Ch Obl UMETh TAKOe MOHSATHE
perennsi, KOTOpPoe C KaykJ0# Wrpoil CBS3BIBAJIO Obl €JMHCTBEHHBINH JIEJIEXK. ITO
MeuTa TEOPUU UT'D - CBA3ATH C KaXKJA0i Urpoii ee snauenue, win yeny nrpbl. Opno
u3 Takux pemennit npegoxu lemmu (1953); HaspiBaeTcss OHO BEKTOPOM (Ujn
suadenueM, Shapley value) [emmn. Mol uznoxum teoputo suauenust [emmn ms
Urp ¢ MOOOYHBIMA TLIATEIKAMU.

[Iycrb nMeeTcst KOAJIMIMOHHAs UI'Pa, ¢ M0D0YHbIMK TaTexkamu v : 2V — R,
3aj1anHas cBouMu BuiurpbimaMu v(K) mias BeeBosmoxkubix Koanuiuit K (v(()) =
0). HamomuwuM, 9TO TpH PACCMOTPEHUU CYTEPMOJYJISIPHBIX UT'P MBI C KAXKJIBIM
YIIOPsII0UeHNeM UI'POKOB T CBsi3am HeKoTopbiil jgesex 7 € RY . Viopsigouennem
(mm HyMmepanueit) urpokoB HasbiBaercs obueknus 7 : {1,...,n} — N, a jgenex
2”7 ycTpoeH Tak: UTpOK T(i) ¢ HOMEpOM ¢ mosydaer monesnocts v(7{l,...,i}) —
v(7{1,...,i — 1}). Nnade rosopsi, HTPOK TMOJydaeT TOT MPUPOCT, KOTOPBIH OH
IIPUBHOCUT CBOMM IIPUCOCIMHEHUEM K KOAJIUIINU NPEIIECTBYIONINX €My UTPOKOB.

B ciaydae BBINYKJILIX UIP JejexXu x7 IpUHAIJIEKAIN siApy UIPLL v, U DoJee
TOro, 0Opa30BbLIBAJIM KpaiiHue TOUYKU sijipa. B 4aCcTHOCTH, HEHTD TIXKECTH TOYEK
z” (r.e. touka z* = (D _x7)/n!) Takke JeKUT B SApE U, B HEKOTOPOM CMBICIE,
SIBJISIETCs] HAuboJIee CIPaBeJIMBLIM SJIEPHBIM JEJIEXKOM.

Nnes Hlemnn 3akiaiouaercss B TOM, 4TOObI 3TOH »Ke (POPMYJIOH OINpeenTh
JeJIeXK JIJIs1 TIPOM3BOJILHBIX UTD. A MMEHHO, eexkmopom, win snavenuem [lenau
urphl v HasbiBaercs snement P(v) € RY | sananubiit asHoit Gpopmyiioit:

@ (v) = (3 a7)/nl. (5)

HanomuumMm, uro 7 npoberaer 3j1ech Bce HyMeEpalii UTPOKOB.

Nurepnperamus. Crangapraas uaTepnperanust dhopmyist (5) takas. [lycrs
UI'POKH B CIAYyYaHOM IOPSIJKe BXOJAT B 3aJ. IIpn 3TOM KaxKJblil UIPOK MOJIyUa-
eT BBIILJIATY, PABHYIO TOM JIOMOJHUTEILHONW IEHHOCTH, KOTOPYIO OH JI00aBJIsSIET K
cobpaBlieiics 10 Hero KoaJunuu. S ropopio - 106aBIIgeT, XOTS B ODIIEM CIydae
9TO MOXKeT OBbITh W OTpHIATe/bHAs BeJudrHa. CpemHuil miartex (CInTaeTcs, 9To
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BEPOSITHOCTH KaXKJIOr0 yropsijiodenust pasia 1/n!, rae n - aucio nrpokos) u ecrhb
COOTBETCTBYIOIIAA KoopanHara Bekropa [lemm.

[IpuBeaennyo Boiie (hOPMyIIy MOXKHO MEPENUCATD, Jejas aKIEeHT Ha 3HAYCHUN
®(v) mIs KOHKPETHOrO UTPOKa, 4. BOT MI'POK ¢ BOIIEJ B 3aJi, U BMECTE C HUM B
3aj1e oKazajach Koaaunud K. B 3TOT MOMEHT OH MOJIydYaeT BLILIATY, PABHYIO
v(K) — v(K — 7). Ham ocraercst nocaurarh, Mpu CKOJBKUX YIIOPSIJIOYEHUSIX T
IIPOUCXOJUT ITO COOBbITHE (T.€. UTO MOC/TIe 3aX0/a § B 3a/1e COOMpPAEeTCs KOAJUIHSI
K). Ilycrs @ Bxogut k-m o ouepesn, rye k = |K|. o wero 6buta koamunus K' =
K —iu3 k— 1 genoseka. 910 jgaer (k—1)! Bo3MOXKHOCTEH j1JIst BXOJIA Y IACTHUKORB
u3 K’ no i. [ocne Bxoma i ocratorcst eme (n — k)! Bo3MOXKHOCTEH /1t BXOJA,
OCTaJbHBIX UI'PoKOB, 3 N — K. Taxum oOpa3oM MOJIHOE YUCJIO BO3MOXKHOCTEI
pasuo (k—1)!(n—k)!. I mb1 momyaaem cieyrornyto hbopMyry st 4-i KOODHHATHL
BekTopa [lerin

o)y = E V=B ey ok — ), (6)

n!
icK

rie k = |K|. 31ech cymmupoBaHue HIET 10 KOATHIHAM K | COepKAINM UI'DOKA. 4.
OJIHAKO MOYKHO CyMMUPOBATH U 10 BeeM Koajuiusam K, T.x. ecin K He cojiepKuT
i, 70 K —{i} = K, u 910" WjeH HUu4Yero He MeHsier.

CsoiicTtBa BekTopa Illemnu. Eciu ucxoguyo urpy v noHUMaTh KaK (hbyHK-
M0 MHOXKECTB (B TOM CMBICJE, YTO OHA NPHUIKCHIBaeT HeKoropoe qucio v(K)
npousBosbHoMy nogMuokecrsy K C N), 1o snadenwe Hlersm - sro addumus-
naa GyHKIUS MHOXKeCTB. Takum obpaszom BekTop Lllemnmm maremarwdecky Hy»K-
HO TIOHMMAaTh KaK MPaBUJIO, IIPeodbpa3yrolee MPou3BOIbHbIe (DYHKIUE MHOKECTB
B ajuruBHble®. KakuMu coiicrBaMu 00J1a1aeT 3TO MpaBuio?

[TepBoe - abdekTBHOCTH. DTO 3HAUNUT, UTO CyMMa, BCEX KOOPJAWHAT BEKTOPA,
®(v) pasna v(N). B camom gene, ®(v) ecrb cpeiHee u3 jesexkeii, mosToMy cam
SIBJISIETCS JIEJIEZKOM.

Onuako B obmmem ciydae Bektop ®(v) He sexkuT B gape (S1po MOXKeT ObITh
yCTO, W JIaXKe ecJi HemycTo). B obiieM ciiydae oH jlaxke He WH/MBULYaJbHO Da-
IMOHAJIEH (eC/M Urpa He CyTepaInTUBHA).

Bropoe - cummerpust, nim aHOHUMHOCTD. 3Haderre BekTopa [lemmm miist urpo-
Ka 3aBUCUT TOJLKO OT 1eHHocTeil v(K), HO He OT mMenu urpoka. bosee popmalis-
HO, ¢ KaXKJ10ii mepecTanoBKoit m : N — N MI'POKOB MOXKHO CBSI3aTh HOBYIO UI'PY

3B HEKOTOPOM CMBICIE 3TO HAWIyUIIee JUHEHHOe MPUOINKEHne K v, YIOBIETBOPSIOIIEE JOTIOJIHN-
TeJIbHOMY YCJIOBUIO COBHAJEHUS B TOUKe [V.
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v 110 popmy.ie:
m(K) = v(r 1 (K)).

Tak Bor BekTOp P (v) Mpeobpasyercst o Toit ke dhopmyie, T.e.
m®(v) = O(7v).

D10 ovesnmHo u3 Gopmybl (5) misi Bekropa [Hemmm. B wacrnocru, eciau npa
WI'POKA CHMMETPUYHBI B UTpe v, TO U 3HadeHus P(v) st HUX COBHAAAIOT. DTO
CBOICTBO MOXKHO TPAKTOBATh KaK CIIPABEJINBOCTD.

Tperbe - muneitnocts. Onepalius nepexoja K 3Hadennto [lemniu Juxeitna B Tom
cMbIcsie, uTo 3Hadenue Llemnau ja1s cyMMBbI BYX UTp paBHO CyMMe MX 3HAUEHMUIT,

O (v1) + P(v2) = P(v1 + v2), P(av) = ad(v).

Cymma urp onpejessercs odesuiabiM obpasom: (v + w)(K) = v(K) + w(K).
D10 TOXKE 0UeBUIHO U3 hbopmynl (5) um (6).

Yereproe CBOHCTBO COCTOMT B TOM, YTO HECYIeCTBeHHbIE UTPOKH ("6osBaHbl”)
IOJIyYaloT HYJIEBYIO MOJE3HOCTh. B0o.46aH0M HA3LIBAETCS TAKOH UIPOK 4, YTO JIJIsl
moboii koasmunun K Beimosasiercs v(K Ud) = v(K). obasienne Takoro urpoka
K JII060i Koasniun He MeHsier ee neHHocTb. U3 dopmyssr (5) wiun (6) BujgHO, 910

60JIBaH HE IIOJIy9a€T HUYEro B BEKTOPE Hlemnn.

BumecTo GoBAHOB MOXKHO TOBOPHTBH O HOCUMEAE UIPBI. TaK HA3BIBAETCS MUHUMAIbHASA KO-
ammuug S, aro v(K) = v(S N K) prs mo6oii koammuuu K. O4UeBUAHO, ITO HOCHTETb - ITO
JIOTIOJTHEHHE K MHOYKECTBY GOJIBAHOB (J0KazKuTe!).

Axkxcuomaruka BekTopa Illemam. OkasbiBaercs, UTO NPUBEJIEHHDLIE BBIIIE
YeThIpe cBoiicTBa BeKTopa [llenn mosiHoCThIO ero 3a1a10T. Bosee ToUHO, HA30BEM
suauenuem 10dboe orobpaxerne ® U3 BCEBO3MOXKHBIX UID (¢ MODOUHBIMHE TJTATE-
wamu) B RY; snauenne ® na urpe v obosnaunm ®[v]. Mer Gyaem npeanonaraTh,
YTO BBITTOJTHEHBI CJIEIYIONIUE CBONCTBA!

N
Al. Orobpazkenune ® - sro muHeitnblii oneparop u3 R2 B RY.

A2. & cummerpuuno, T.e. 1 000 mepectanoBku w: N — N
O[mv] = 7P[v].

A3. s moboro 6omsana i Flv](i) = 0.
A4. Cymwma koopaunat Bektopa ®[v] pasna v(N).

Teopema (Illerm). Cywecmeyem eduncmsennoe 3navenue, ydosaemseopao-
wee axcuomam Al — A4, u ono 3adaemca dpopmyarot (5).
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HoxkazarenbctBo. Hy»KHO mpoBepuTh JIKIh €IUHCTBEHHOCTh. [ljist 5TOro Mbl
BBEJIEM B PACCMOTPEHNE ClieluajibHble "0a3UCHbIE”, WA ITPOCTHIE UIPhI, KOTOPHIE
0obpa3yioT 0a3uc B JTMHEHHOM MPOCTPAHCTBE R2" =9 peex urp. A IMEHHO, ¢ KajK-
JIO¥ HeImycTol KoaJuiueil S CBsXKeM CBOIO UI'PY Ug, KOTOPas ONpeJe/isieTcs Clie-
nytoteit (popmyJioit:

1, eem S C K
0, eciu S ¢ K

Takux urp posHo 2" — 1, MO9TOMY MOXKHO pPaCCUUTHIBATH, UTO OHU OOPA3YIOT

vs(K) =

6aszuc (2" — 1)-MepHOro BEKTOPHOIO POCTPAHCTBA R2" %} geex nrp. Dro BuHo,
HAIIPUMED, U3 TOrO, U4TO OHW JINHEHHO He3aBUCUMbI (moueMy?). OJHAKO MOXKHO
¥ HENOCPEJCTBEHHO yOeIuThes, 4To JT00asd Urpa v pasjaraercsd mo vg. B camom
Jiesie, yCTh v - urpa, u S MUHUMAJbHAsT KOAJIUIHU, st KOTopoit v(S) ornuano
ot nysist. Torga moxkuo pacemorpers urpy v/ = v — v(S)vg. dust wee v'(S) = 0,
KAK ¥ JIJIS MEHBIINX KoaJunuil. [IBurasch TakuM o6pa3oM, Mbl Pa3JIOKHAM v II0
vs. MOXKHO NPEJIOKATL U ABHYIO (DOPMYJIY:

v=>Y _pu(S)vs, rae p(S) =Y _(-1)5-Tly(T). (7)
S TCS
Ormernm, 910 J1j1s1 J11000# Koasmmun K
v(K) =) u(S),
SCK

47O T03BOJISAET paccMaTpuBaTh (4(S) Kak BKJIaJ MMEHHO KOAJUIUN S, OUUIIEHHbIH
OT BKJIAJOB MEHBIINX MOJIKOAJATINH.

B cuy aToro equHcTBEHHOCTD P TOCTATOUHO MPOBEPATH IS IPOCTLIX UTP VUg.
A nyst Hux Bee sicno. rpoku we n3 S - bosBanbl, n onn noayvaior 1mo 0. Urpoku n3
S BCe PaBHOIEHHBI U TO3TOMY Oy JIal0T MOPOBHY. A CKOJIBKO - TOBOPHUT aKCHOMA,

A4. 0O

Kcraru, mbl niojiydaem eiie ojiHy (gopmyJy jist Bekropa [Hlerim:

®)(E) = Y u(S)(1/s),

ieS

O(v) = > u(S)Ls/|S|, (8)
S

nJjim

rae p - obparnoe npeobpasosanue e (uam npeobpasosanue Mebuyca) v.
Dopwmysa (8) ecTeCTBEHHO TPAKTyeTCs Kak Jeex ~musnaenta’ p(S) koamuun S
MOPOBHY MEXKJIy €€ YIACTHUKAM.
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[Tpusejiem errie ojiHy MHJYKTUBHYIO (popMy.Jty, nosydeHnyo XaproMm u Macko-
JIeeM U KOTOPYIO HeTpyJIHO u3Bjiedb u3 (5):

Sh(N,v) = (3 (Sh(N —i,0),v(N) — v(N — i) /n. (9)

7

IIpumep. Ecth MHOrO mpuMepoB ¢ rogocoBarreM. MBI OCTAaHOBEMCS TOTBKO Ha,
urpe "momentuk u Oarpaku’. [lycth ecTh moMernuk (MIAHTATOP ¢ yIACTKOM 3eMJTH)
u n — 1 darpak. Byjem cuntarh, 4TO NMOMEIIMK, HAHSAB k OaTpakoB, MOJydaeT
or cbopa ypoxas joxon f(k), dacrb Koroporo oH orgaer Garpakam. Barpakn
caM# 1o cede JOXOJ MOy IUTh He MOT'YT. DTO IPUBOJIUT HAC K UI'PE ¢ MODOUHBIMU
IIaTeXXaMu v, TJ1e

o(K) = { f(K|—=1), eciu 0 € K,
0 nHaue.

[Tocunraem snadenue [enm piusg nmomermmka (urpoka 0). TTomermuk ¢ Beposit-
HoCTBIO 1/ 3axomut ma k-M Imary, mostomy ero suadenne paso 3 r—g f(k)/n.
[IpubausuTesIbHO 3TO IJIOMIAAL 1O, KpuBOoil f. 3HaUeHUs Ijis O0ATPAKOB PaBHbI
Mexxjy coboit. I B cymMMe ¢ BBIMTPBIIIEM [OMeIuKa paBHbl f(n).
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Jlekniug 24. MexaHu3MbI I'PYIIIIOBOIO BhIOOpAa

ITorsarne mexanm3ma. [loroopum 0 MexaHusmax - oObeKTax, OUeHb OJIM3KUX
K urpam. [IpenmnonoxumM, 910 rpymmna yaacTHUKOB (areHToB) N JOIKHA BHIOPATH
OJINH U3 3JIEMEHTOB W3 HEKOTOPOro ((UKCUPOBAHHOTO, 3a/IaHHOTO) MHOYKECTBA
asbrepHaTus A. Beibop Oyier 3aBucerTh OT NPEANOUTEHUH YIaCTHUKOB OTHOCH-
TeJTBbHO A, HO Tak:Ke W OT HpOIEAyphl, TpaBuia Bbibopa. Bor sTo mociennee n
HA3bIBACTCS MEXAHU3MOM (IPYTIIOBOTO BHIOOPA); yIOTPEOUM TAKKe TEPMUH game
form. @opmasbro, mexanusm (npu ganubix N u A) - 910 orobparkeHue

f : XiENSi — A.

MuoxkecTBa, S; Ha3BIBAIOTCST MHOXKECTBAMK COODIEHMI MJIM CTPATErnii yIacTHU-
Ka 7, a caMo orobpakenue f - GpyHKIEeH ucxoma. Y YaCTHUKKA MOCHLIAIOT KaKhe-
TO coobleHust s; € S;; MEXaHU3M BbIJaeT 0TOOpaHHYIO ajbrepHaruBy f(sy) =
f(s1y...y8n) € A,

Kax MBI BEAMM, 9Ta CTPYKTypa OUYEHDL IIOXOXKA, Ha UIPY; HEJOCTAET TOJIHKO
npeanodTennii uian noJsiesHocreit. Ecnn 3agan npodusib npepnodrennii Ry =
(R;, © € N) na A, wiu npoduib nosesnocreii uy = (u;), Mbl OJyIaeM UIDPY
B HOpMaJIbHOI bopme, KoTopast obosuauaercs G(f, uy) wim G(f, Ry). Moxuo
CKa3aTh, 9TO MEXaHU3M - 9TO MaTepHAJIbHAs YACTb UTPBI (MM MPABUJIA UIPHI),
TOTJIa KaK [pejrnodTenust (1 BepbI) - 9T0 WjeadbHast, HajcTpoedHas qacth. Hajo
CKa3aTh, 9TO MHOTHE UI'PBI 33/IaI0TCs KaK MexaHu3Mbl. Jlarke ec/ii B HUX yKa3aHbI
JIEHEXKHBIE BLIMTPLIIIA U BCE CTPEMSITCS MAKCHMU3UPOBATH 9TOT BLIUI'PLIIIL, HY K-
HO YTOYHUTH 110 KpaiiHeil Mepe JBe Belly: KaK areHThl OTHOCATCS K BBIMTI'PBIIIAM
APYTUX (3aBUCTH WM aJbTPYU3M) M KaK areHThl OTHOCATC K Jjorepesim. pyroii
MpUMep MEXaHU3MOB - ayKIMOHbI. Hakowerr, mporemaypbl rosocoBanust (BbIOOPOB
JIOJIXKHOCTHBIX JIUI[ WJIH ODIIECTBEHHBIX MPOEKTOB) TAKIKE JIOCTABJISIOT MPUMEDbI
MEXaHU3MOB.

3 mpoitgenHoro MmarepraJga MexaHU3MbI 0OJIee BCEro HaloMUHAT BaitecoBbl
UIrpel ¢ coobmennsamu. Kak u ram, Haubosiee ecCTeCTBEHHLIM COODIIEHIEM ObLIO Obl
COOOITeHNE YIACTHIKA O CBOUX MPEAINOUTCHUAX. TaKue MeXaHU3MBbl, [Ie CTpaTe-
PHYECKHEe MHOXKECTBa, S; COCTOAT M3 BCeX (JOMYyCTUMbBIX JaHHON 3ajiaueil) mpe/-
MOUTEHNI YIACTHUKA, %, HA3LIBAIOTCA npAmoLMu. OTHAKO TacTO MPUMEHSIIOTCS 1
HempsiMble MeXaHn3Mbl. Jlaxke mpu rogocoBanny Bac OOLITHO IIPOCAT HE YIIOPSIO-
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GUTH BCEX KAH/MIATOB, & OCTABUThH B CIIUCKE OJHOIO (PeKe - HECKOJIbKIX ) Hanbo-
Jjiee JIOCTOMHOTO KaHUIaTa.

Kaxx/iplit yqacTHUK CTPEMUTCS MOCIaTh TaKoe COODIIEeHKUe, KOTOPOoe JaJio Obl
HanOoJIee MPEMOITUTEbHBIA UCX0d, TyT MBI PSAMO MOMAaeM Ha 3BIOKYIO MOY-
By KOHIIENIWK pernenns. Kak Mbl BUJEIU, B TEOPUU UT'D HET OJHOIO, TIPUTOLHOTO
BO BCEX CJIydastX MOHSTHUsS PelieHnsi urpbl. Bee 3aBucnuT OT MPUBXOISIIIX 00CTO-
ATEJIbCTB, KOTOPbIE JaCTO HE OTOBAPUBAIOTCS U JIOJKHBI YTOTHATHCS OTE/IHHO.
Hanmpumep, MOTYT JI yIACTHUKHM COODIATHCS ¥ KOOPJMHUPOBATH CBOU JEHCTBUS
(crparernu)? lajee Mbl B OCHOBHOM OyJjieM MPHJIEPXKUBATHCS HEKOOTEPATHBHOM
TOYKW 3PEHUST, XOTsI ObI TTOTOMY, 9TO KOODJMHAIWS ACHCTBUN TperosaraeT Ha-
JITYIUE OTJAETHLHOTO MeXaHU3Ma, KOOPIMHAINH.

Hpyroit aKIeHT, OTAEIONI MEXaHU3MbI OT UT'p, MH(MOPMAIMOHHbIi. B nrpax
CIUTAJIOCH, YTO MPEAINOUTEHNsT BCEX BCEM M3BECTHBI. [Ipn MexaHN3MEeHHOM TTO/X0-
J1e OOBITHO MPEJIONATAETCS, UTO TTPEANOYTEHNsT Ar€HTa, 3BECTHRI TOJIHKO eMy. dTo
JKe JIO TPeANOYTEeHN! IPYTUX, TO TYT BCTPEUAETCA TEJbIi CIIEKTP - OT ITOJTHOTIO
He3HaHUs depe3 baiiecoBckue ampuopHbIe Bepbl K MOJHOMY 3HaHUIO. KoHedHo,
OTBET OTHOCHUTETHHO TOTO, Y€M 3aBEPIINTCS WIPa, CUJIBHO 3aBUCUT OT ITUX WH-
dOpMaAIMOHHBIX TUITIOTES.

JloMTHaHTHO-CTpaTerndecKne MexaHu3Mbl. Bompoc o npejickasyemMocTu
paboThl MexaHU3Ma - OJIMH M3 BakKHeimwux. Jlejgo B TOM, 9TO YaCTO HMPUXOIUT-
Csl KOHCTPYHUPOBATH MEXaHU3MbI ¢ 3aJIaHHBIMU CBoiicTBaMu (mechanism design);
HAIIPUMeD, YKeJIaTe/IbHO, YTOObl MeXaHn3M BhijaBaJ Bceraa [lapero-ontumaibabie
ucxozpl. Ho jijist 9T0r0 Hy»kHO 3HATH, KAKOB OyI€T MCXOJI; TOJIHKO ITOC/IE 9TOr0 MMe-
eT CMBICT 00CY>K/IaTh JOCTOMHCTBA 3TOr0 UCX0/a. [IosgCHUM 3Ty MBICIL HA OJHOM
npuMepe.

[Iycrh gBa yuacTHHKa BbIOMpAIOT U3 4eThipeX aJbTEePHATHUB T, Y, 2, T, U IpeJI-
MOYTEHUsT NX UMEIOT BUJ

r—\‘wt\zﬁd&s
L\D‘wl\z 8

(kak OOBIUHO, YTO BBIIIE, TO Jyulie). Boibopbl nporcxosaT no npasuity Bop/a.
(Bopﬂa - (bpaHIy3CKHil YUeHbIH, >KUBIINK BO BpeMeHa DpaHIly3cKOoi peBOJHOHI/H/I.)
OH IpeIOKIIT CJIe/IYIoMee TPABUIIO (MEXaHU3M): YIACTHUKYA DAHXKUDYIOT KAH-
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JIMJIATOB, M B 3aBUCHMOCTH OT MECTa B 3TOM PAHKHUPOBAHWN KaXKIblii KaHIWIaT
nostydaer Gasuibl (3a nociepnee Mecro 0 04KOB, 3a npeinocyaensee - 1 u T.1.).
[TobeuTenem oObABIsIETCS KAHIUIAT ¢ HAUOOJbIIEH cyMMOil 6aJIIoB.

B mameii curyaruu 6osbie Bcero o4koB (Mo 5) HAOMpAIOT KAHJAUIATHI T U
Y, U KTO-TO U3 HUX JIOJKEH cTaTh rnobejgureseM. dTodObl yMEHBIIUTh HMIAHCHI Y
W YBEJUYUTH IAHCHI T Ha TOOENy, MepBbIii BMECTO MCTUHHOTO PaHKUPOBAHUS
(koTOpOE 3HAET TOJBKO OH) MOXKET O0bSBUTh, UTO €r0 PAHKUPOBAHUE UMEET BHUJI

rT>=z-t>y.

B srom cayuae y mabupaer TosbKo 3 ouka (Kak u z), u mobexkaaer z. Ho anaso-
I'MYHO MOYKET MOCTYNUTh YYACTHUK 2 U OObABUTH CBOMM DAHKUPOBaHHUEM

y=z=1t>u.

Teneps nmobenuTesem OyaeT KaHaugaT 2z, KOTOpbI BooOine He Ilapero onrmma-
jeH. YTo ke mpous30iiieT Ha caMOM Jiejie, CKa3aTh TPY/HO, XOTs IIPU IPaBIuBOM
oBeJIeHNN paBmyio Bopa jgaer, oueBuiHo, ITapeToBckue Mexopl.

[TpakTraeckn mMeeTcst TOJIHLKO OIWH CIydail, KOrma ¢ OOJIBIIOH BEPOSITHOCTHIO
MOYKHO IIPEJICKA3aTh HEKOOIIEPATUBHBINA NCXOJL - 9TO KOT/Ia Y KayKJ0r0 UT'POKA €CTh
JIOMUHUPYIONIAST CTPATEIUSI.

Onpenenenne. MexanusM f Ha3LIBACTCA JOMUHAHMHO-CIPAME2UNECKUM, €C-
JM s JTI00BIX nipenodTenuii yaacruukos Ry B urpe G(f, Ry) cymiecryer pas-
HOBECHUE B JIOMUHUPYIOIIUX CTPATEIUSX.

Morker mokazarbcst, 9TO TaKoe pejKo ObiBaeT. UToObl JIOMUHUPYIONAs CTPa-
Terust ObLIa y BCeX MIPOKOB? Jla erle mpu JioObix npegnourennsx? TyT Hy»KHO
c/leJlaTh JIBa MOsCHeHWs. Bo MepBbIX, B3ATBHIH HayTaJ MEXaHU3M KOHEYHO He Oy-
JIeT JIOMUHAHTHO-CTPATEIMIECKUM; KaK M BOODIIE BCe XOpoliiee, OH BCTPEUYAETCs
Kpaiine peinko. Ho B 9moMm u cocrout 3ajada uzobperaress (jgusaiinepa) mexa-
HU3Ma. Bo BTOPBIX, KaK Mbl YBUJUM, CUTYaIllsd CUJILHO 3aBUCHT OT TO# 00JIacTh
IpEeIIOUTEHN, B KOTOPO JOMXKEH JIeCTBOBATh HAIl MeXaHU3M. Kcim MexaHn3M
JIOJZKEH XOPOIIo paborarh B JII000H 00CTAHOBKE (MMETh JIOMUHUDPYIOIIUE CTpaTe-
PUK TIPK JTIOOBIX MBICJUMBIX TPOMMIAX MPEJANOUTeHrH ), TO BHIOOP KpaiiHe orpa-
HudyeH. HampoTtus, ecim obcTaHOBKa, TOCTATOYHO y3Kasd, J1C-MexXaHU3MOB MOXKET
OBITH JIOBOJILHO MHOTO. JlajbHeiiee MOXKHO PacCMaTpUBATh KaK MUJITIOCTPAIUIO
9TOTO ODIIEro 3aMevaHusl.

B ciaydae mpsAMBIX MEXaHM3MOB MOXKHO YTOYHWUTH JIOMUHAHTHYIO CTpaTerud-
HOCTh. A UMEHHO, MPSIMOii MEXaHU3M HA3BIBACTCH HEMAHUNYAUPYeMbM (YTOTE-
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OuMbl TepMUHbBI straightforward nnn strategy-proof), ecin jiist T0OBIX MPENOUTE-
Huit R; npapauBasi crparerusi R; siBjisiercsi JoOMUHUPYIoei. B 9Toit cBsi3u MOXK-
HO CHOBA BCIOMHUTD NPUHUUN GbLAGAEHUA. DTO JOBOJHHO IPOCTOE YTBEPKICHNUE,
YTO €CJIM €CTh JIOMUHAHTHO-CTPATErHnIeCKUl MeXaHu3M f, TO CyIIeCTBYeT U Ipsi-
MO HEMAHUITYJINPYEMbIii MEXaHU3M, S9KBUBAJEHTHBIA B HEKOTOPOM CMBICJIE HCXOJI-
Homy. [lo sToit mpuynHe B JaJibHEMIIIEM Mbl OIPAHUYUM CBOE BHUMAaHUE TOJIHKO
IPSIMBIMKA HEMAHUIIYJIUPYEMbIMUA MEeXaHU3MaMM.

Cay4ait omHOTro ydJacTHUKa. [Ipn oJHOM y4YacTHHWKE CYIIEeCTBYET JOBOJIb-
HO MHOT'O HEMaHWITYJUPYEMbIX MEXaHU3MOB, U 0OJiee TOro, MOXKHO JIaTh TOJTHOE
ux omucanune. A mMeHHO, 3aUKCHPyeM HEKOTOPOE MOJIMHOXKECTBO 4 B MHOXKE-
cre A, u onpejesnm Mexanusm f dbopmyiioit (31ech R - mpejnodrenne Halero
eJIMHCTBEHHOT'O YIACTHHUKA)

f = ArgmaxR|Z.

T.e. MexaHU3M OTOMPAET HAWJIYUIIYIO AJbTEPHATHBY B MOJAMHOXKECTBE Z (MbI
UIHOPUPYEM BOIIPOCHI CYIIECTBOBAHMS ¥ HEEJUHCTBEHHOCTH MaKCHUMAJbHBIX JJIe-
MeHTOB). JIOBOJIBHO $IBHO, 9TO 9TO HEMAHUIYJIUPYEMbIH MEXaHU3M, U YTO TaK Bbi-
DI AT JiI00oii Takoit. Ilpu sToMm Z - 3T0 obpas f.

Boobriie, ecin Mexanu3M f 3aBHCHT TOJILKO OT COODINEHHI OJHOIO U3 yUacT-
HUKOB (M MIHOPUDPYET COODIIEHHsI OCTAJBHBIX), TO TOBODPAT, 9TO OH 00H000Kud
(yHnnarepaJbHblit), nin dukmamopcrud.

Cayuyaii AByX aJbTepHaTHB. Fciu ajbTepHATHB BCErO JBE, TOXKE CYIIE-
CTBYeT MacCa HEeMaHUIYJIUPYEeMbIX MeXaHU3MOB. [Ipocreiimmit n3 HUX - MpaBHJIO
IPOCTOro OOMBIINHCTBA. KaXK/Iblil U3 yYaCTHUKOB OTMEUaeT OJIHY U3 aJbTepHATUB
(Hammyurmyio st cebst). [Tobexgaer ta (M3 BYX) ajbrepHaTHB, KoTopas Habeper
boJIbIIIE POJIOCOB (CJIyYan paBeHCTBa Mbl cefidac nrHopupyeM ). JIoBOJIbHO sICHO, 9TO
OTMETHUB HE CBOIO JIYUIIYIO aJbTePHATHUBY, BbI HE YJIYUIINTE UCXOM, TaK ITO 3TO
HEMAaHUIYJIUPYeMbIii MexaHn3M. MoXKHO pa3HOOOPa3UTh 3TO IPABUJIO, HAIIPUMED,
npujaBasi pa3HbIM yYaCTHUKAM Pa3HbIi Bec.

Teopema I'ub663paa. Hy a moxxHo jiu nipujiymarsh MexaHu3M, KOTOPbIH ObLI
ObI HEeMAHUITYJIMPYEMBIM TP TPex u Oosiee abrepHaTBax’ KoHKpeTHo, peds mia,
O HEMAHWITYJUPYEMBIX CHCTeMax TrojiocoBanus. JJoBOTBHO JIaBHO OBLIO 3aMevueHo,
9TO BCE U3BECTHBIE CHCTEMbI TOJIOCOBaHMUsI (IIPOCTOTO OOMBITUHCTBA, TPaBuIo Bop-
/12, MHOTOKDYTOBbIE BHIOODBI 1 T.11.) OCTABJISIIN BOSMOXKHOCTH JIJIsi MAHUITYJIMPOBa-
aust. B 1973 1. ['ub6apy (a mosxke - u CarrepeBeiiT) mpeBpaTiii 910 HAOTIOIeHNE B
cTporuii pe3ynbrar. A IMEHHO, OH J0Ka3aJ caejyoliee yrBepxKaenne. [lycmv o
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npocmomul A - KOHeUHoe MHONCECE0, a P - MH0JICECMB0 6CET CAGOUT (UAU AU-
netinviz) nopadxos na A. Ecau f: PN — A - wemanunyaupyemuidi mexarnusm,
mo aubo f oduobokut, aubo obpas f cocmoum u3 deyxr ssremenmos.

uade roBopsi, €cjiu Mbl JIONYCKAEM JIIOObIe TPEJNOUYTEHNUsT U eCJIM Mbl OTOpa-
ChIBAEM KaK MaJIOWHTEPECHbIE JMKTATOPCKHUE U JIMIOJbHBIE MEXaHU3MbI, TO BCE-
I8 BCTPETUTCS Takas curyaius (Mpoduiib MpeanouTenuii), Korjaa HeKOTOPOMY
YUIACTHUKY OYJeT BBITOJHO COBPATh (MCKA3UTh CBOW Tpeanoudrenus). Jpyroe je-
JIO - TIOMJIeT OH Ha 9TO, WJIK HET, HO 9TO yXKe 3a/1a4a MCUXOJOTMHU WU ITUKHU, HO
HEe TEOPUH WTP.

OTrMmeTnM cpasy, 9To 3TOT Pe3yJbTaT aHAJOIMYeH 3HAMEHUTON TeopeMe DPpoy,
KOTOpast yTBEPXKJaeT, U4TO TOJILKO JIMKTATOPCKOE MPAaBUJIO I'PYIIIOBOIO BhIOOPA
VJOBJIETBOPSIET HEKOTOPBIM €CTeCTBEHHBIM TpeboBaHusM (akcuomam). Kak yxe
IOBOPUJIOCH, OJIMH U3 BBIXOJIOB U3 MECCUMUCTUUIECKOrO TyIHKa ['nb03pma cocTouT
B OTKa3e OT YHUBEPCAJHHOCTU MEXaHU3Ma, TOYHEEe, B OI'PaHMYEHUU 0DJIACTH €ro
npumenumocTu. OO oj1HOI TaKkoi 00acTH, HANDOIEeE SIKOHOMUIECKHI OCMBICIEHHOM,
MbI M PaCCKaKeM.

Mexaamn3mbl Knapka-I'poyBca. [Jomnycrum, 410 Mbl HAXOJUMCs B CUTYaIUN
Tpancdepabenbnoil monesgoctu. T.e. UMeTes JIeHbrHu ¢, KOTOPLIe JTMHEHHO BXO-
AT B (DYHKIHMIO T0JIe3HOCTH (Tak 110 oHa uMeer Buj u(a,t) = v(a) + ¢, rue a -
HEJICHEXKHAasl JaCTh MCXO0JIa) U KOTOPbIE MOXKHO TepejaBarh Apyr apyry. B raxoit
CATYaIMN COODMICHUAMY yUACTHUKOB €CTECTBEHHO cunTaTh pynkmun v : A — R
- JIeHEXKHBIE OLEHKM MMH UCXOI0B 13 MHOXKecTBa A. [Ipamoil MexanusM mepepa-
barbiBaeT Mpoduiib oneHok vy = (v;) B ucxon (a; t1, ..., t,), v/€ a - obiiecrBerHas
aJIbTEPHATUBA, a t; - JCHEXKHDIC TJIATeXKU yYACTHUKY 4.

MBI y2Ke CTaJKUBAJIUCH C TPUMEPOM HEMAHUITYJIUPYEMOro MEXaHU3Ma, B TaKOil
CUTYyallu - ¢ ayKImoHoM Bukpu (msm Bropoii nenbr). Tam peub mia o6 ogrom
npejiMere, Kaxk/blil Ha3Ha4vaJ l KaKylo-To oleHky v; € R, mobexjjaja ToT, KTO Ha-
30BeT HAMOOJBIIYIO TeHY, HO IJIATUJ OH BTOPYIO TeHy. UToObl 0000IMIUTH 3TOT
npuMep, HY»KHO MPaBUJIbLHO TOHATH MPUHIUI, KOTOPBIH obecrieunBaeT HEMaHU-
nysinpyemMocth. OH COCTOMT B TOM, 9TO JIEHEXKHBIE TPAHCGEPDHI JOKHBI KOMIIEH-
CUPOBATH TOT YIEepO, KOTOPHIH YIACTHUK HAHOCUT OCTAJIbHBIM CBOWM YUYaCTHUEM.
Ota uaess GopMaJIU3yeTcs Tak.

[Tycrh v; - coobiuenune yuacrhuka 4, u nycrb a*(vy) - Ta ajbrepHaTHBa, HA
KOTOPBIX JIOCTHTAeT MaKCUMyMa CyMMapHasd IHoJe3HocTh » ..y v @ A — R
Torpma Hatn MexaHu3M oTOUpaer ajbrepHATHBY @ (vy) U HA3HAYAET YIACTHUKY i
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JIEHEXKHBII TpaHcdep

— . —_— . *
t; = ti(vw) = Y vj(a*(vw)).
J#i
Hade ropopsi, JeHEXKHbIE BHIILIATHI YIACTHUKY ¢ PABHBI BBIUI'PBIILY  BCEX OCTAJIb-

HBIX OT MIPUHATHS TPoeKTa a*. BMecre ¢ "HaTypasbHO” 9acThio oge3HocTH v;(a*)
UI'POK % MOJIyYIaeT JIEHEXKHYIO 9acTh B pasMepe

vi(a) + ) vi(a) =Y v(a),
J#i J

T.e. CYMMapHYIO MOJIE3HOCTh BCEX yIACTHUKOB. MOXKHO CKa3aTh, 9TO JEHEXKHBIE

Tparcdepbl YCTPOEHBI TaK, YTOOBI CJIe/IaTh TOYXKIECTBEHHBIMU IIEJIN BCEX YIACTHH-

KOB, CTEPETDh Pa3IndIne MEKy JUIHLIM 1 I'PYIIOBLIM HHTEPEcOM. B aToM 00bsic-

HeHIe HeMAHUIIYIUPYEMOCTH.

Kaxkwne jocronncTsa npejioxennoro mexanmsma? [lepBoe u rimaBHoe - OH HEMa-
HUyupyeM (1 3HAUUT, MpejickasyeM ). Bropoe - or oTbupaer ucxob! a*, KOTopbie
MaKCHMU3UPYIOT CYMMAPHYIO OIEHKY I'pynnbl. OgHAKO cpa3y OpocaeTcs B IyIa3a u
[JIABHBIN HEJOCTATOK MEXaHU3Ma - ero (pmHaHCcoBas HecOAJTAHCUPOBAHHOCTD. [1e
JKe B3ATH TaKylo POPBY JIeHer, 4ToObl BhIIauuBaTh Kaxkaomy » ., vj(a*)? Xo-
TEJI0CH Obl, YTOOBI CyMMapHbIE BBIILIATH (TpaHcdepsl) paBHsCh Hy10. OHEI XKe

Do tilon) = 30D uila’) = (n =1V (a"),

)
rie V =) . v; - cyMMapHasi Ol[eHKa aJbTePHATUB BCEMHU yIACTHHKAME Ipynibl. 11

PaBHBI

9TO YUCJIO B OOIIEM CIydae OTJUYHO OT HyJsd. KTo ke OymeT Bo3Melarh pacxo/ibl
110 (PYHKIIMOHUPOBAHUIO 3TOIO MEXaHU3Ma, !

O 1HaKO BO3MOXKHOCTH IO KOHCTPYHPOBAHUIO MEXaHNU3MA EIIe HE UCIEPITAHBI J10
KOHI[A. DTO BUIHO XOTsI ObI M3 TOTO, ITO CAMHU OLEHKHU U; OTPEIEJIEHBI C TOTHOCTHIO
710 KOHCTAHTBI. I BoOOIIIE, K JIeHeXKHBIM BbIILJIaTaM 0e3 yiepOa /i1 HeMaHUITyJId-
PYEMOCTH MOYKHO NMpuUbOABJIATH BbipaykeHus Bujga h;(vy—_;), KOTOpbIe HE 3aBHCAT
OT COODIIECHNTT yIacTHNKA ¢ (M TeM CaMbIM He BJIMSIOT Ha BBIOOD MM CBOETO COOD-
menus v;). Takum obpazom, bosiee oOIIUil BIJT IEHEXKHBIX TPaHCHEPOB TAKOIl:

*
ti(vy) = D v(a”(on)) + hi(vn-s),
il
r71e, HATIOMHIO, a*(vy) MaKCHMU3UPYeT cyMMapHyio oneaky V = > v;. Mexanusm
TAKOTO BHJa Ha3biBAIOT Mexanusmom I'poysca (Groves). MoxHO moKazarh, 4To
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JII000I HEMAHUITYJIMPYEMbIil MEeXaHU3M siBJisieTcss Mexanu3dMoMm ['poysca. [londu-
pasi Te UM MHbIe KOPPEKTUPYIOIue 100aBKu h;, MOXKHO HbITATHCS CTPOUTH HEMA-
HUIYJIAPYEMbBII MEXaHU3M C TeMH WU WHBIMHU JOTOJHUTEJIHbHBIMU CBOWCTBAMH.
HTepecHblit criocod KOpPEKTUPOBKHU JIEHEXKHBIX TpaHCchepoB mpe ok Kiapk.

U est ero B TOM, 9TO yYACTHUK, OE3pa3/nyiHbIil K ODIIECTBEHHBIM aJIbTePHATUBAM
(T.e. y KOTOPOTO OleHOUHAST (DYHKIUST U; SBJISETCSI KOHCTAHTOM ), HE TOJIYIAeT U He
IJIATUT JieHer. B obieM caydae oH IJIATUT 38 TOT yIIepO /Ui OCTaJbHBIX, KOTOPbIi
OH HAHOCUT cBOMM Bo3jeiicrBueMm. Takum obpaszom, t; Bcerja HEMOJOXKUTEIbHbI
npu Mexanuame Kitapka. "Hasiorom” obJsiaratorcst JIUIIb T€ yIaCTHUKH, KOTOPBIE
AKTHBHO BJIMSIIOT Ha BBIOOD, T.H. KJTt0UeBbIe (pivot) yaacTauku. Hy»KHO OTMETHTS,
YTO 3TOT M3JIUIIEK JIeHET He JIOMKEH PACIPeIeAThCsa MEXK1y OCTAJbHBIMU YIaCT-
HUKAMHU (9TO HAPYIIUIO Obl HEMAHUITYJIUPYEMOCTh ), & JOJKEH BhIOPACHIBATLCS Ha,
BeTEp, CKUrAThCst (MM OCTABJISITHCS Y OpraHM3aTopa ayKipoHa). Tak 4To Me-
xaHu3M Kiapka TakxKe (puHaHCOBO HecOAJAHCHUPOBAH, XOTSI U B MUHUMAJbHOM
CTEIEeHHU.



