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1. Introduction

This book is one more attempt
to answer the questions: What is in-
formation? Why is this concept so
universal that it is used successfully
in a number of very different
brunches of science? Etc. These
questions naturally arise in studying
the books and papers where the con-
cept of information is investigated
itself or is applied to the processes
of communication, model thermo-
dynamic systems, and, especially, to
the natural phenomena and proc-
esses.

One can make an observation
that in all the special and popular lit-
erature the concept of information is
rarely discussed before (without)
previous introduction of some its
quantitative measure, and if even so,
most of the models are at last de-
scribed in terms of probability the-
ory or sets theory in the context of a
certain class of systems [1-22].
Therefore the information properties
and scope of its application depend
on the mathematical form of this
measure, and, basically, the quanti-
tative properties of some specific in-
formation measure are investigated
and used, but not the qualitative
concept of information.

Thus we have a contradiction
between a fundamental character
(due to the number of applications)
of information concept, a variety of
its particular quantitative measures
(that are used actually as different
definitions), and, on the other hand,
absence of attempts to relate differ-

1. Beenenue

DJTa KHUTa SBISIETCA €UIe OJHOU
MOMBITKOM OTBETUTh Ha BOMPOCHL: UYTO
takoe uH@opmarusa? Ilouemy 31O mMoHS-
THE HACTOJBKO YHUBEPCAIBHO, YTO YC-
IICIIHO HCIOJB3YETCS B LEIOM pALE pas-
Tu4HbIX HaykK? u T.4. [logoOHbIE BONpOCHI
BO3HUKAIOT €CTECTBEHHBIM 00pa3oM mpu
M3YUYCHUHU KHHUT U CTaTell, B KOTOPBIX HC-
CIIelyeTCsl CcaMO IMOHATHE HH(OpMaLuu
WU €ro MPUJIOKEHUS K OMUCAHUIO MPO-
1IECCOB KOMMYHHUKAIIUU, MOJICTIbHBIX TEP-
MOJMHAMHYECKHX CHCTEM H, OCOOEHHO,
€CTECTBEHHBIX MPOIECCOB U SABJICHUM.

MO0>XHO 3aME€TUTh, YTO KAK B MOIMY-
JIIPHOW TaK U B CHELUAJIBLHOU JIUTEPATYPE
MOHATHE UH(POPMALIK PEAKO 00CYKIAeT-
csi 10 (6e3) mpeaBapuTeIbHOTO BBEACHUS
HEKOTOPOM KOJMYECTBEHHOW MEpbl HH-
dbopmanuu, HO Jaxe €clih U TakK, TO
OOJBIIMHCTBO MOJENel B KOHIIC KOHIIOB
bopMyIHUpYIOTCS B TEPMHHAX TEOPHH Be-
POSITHOCTE WJIM TEOPUH MHOKECTB B
KOHTEKCTE OIPEIEIICHHOI0 Kiacca CHC-
tem [1-22]. Tloatomy cBoiicTBa uH(DOP-
Maluu U cdepa ee MpPUMEHEHUI 3aBHUCST
OT MaTEeMaTU4YEeCKOMl (HOPMBI ITOW KOJIU-
YECTBEHHOI MEpBbI, U, B OCHOBHOM, H3Y-
YalTCAd W HUCIOJIb3YKOTCS KOJIMYECTBEH-
HBIE CBOMCTBAa HEKOTOPOW YACTHOU MEpHI
uH(pOpMaIlMK, HO HE CaMO KaueCTBEHHOE
NOHSTHE HH(POPMALIUH.

Takum 00pa3oM, MBI UMEEM IPO-
TUBOpEYHE MEXIAYy (PyHIaMEHTaIbHBIM
xapakTepoM (0yiaromapss MHOTI'OYHMCIIEH-
HBbIM TPHJIOKEHUSAM) HOHATHS UH(pOpMa-
LMY, pa3HOOOpa3ueM €€ YacCTHBIX KOJIH-
YECTBEHHBIX Mep (KOTOpbIE (PaKTUYECKU
UCIIOJIB3YIOTCSL KAaK Pa3JIMYHbIE OIpese-
J€Hus1), U, C IPYroil CTOPOHBI, OTCYTCT-



ent "informations" to each other.
The problem is partially resolved
(and mostly obscured) by the fact
that information, as a rule, 1s defined
(in one way or another) in terms of
general enough collection of univer-
sal concepts such as probability or
cardinality (of sets), uncertainty, in-
formation processes, etc. Neverthe-
less, there still remains dissatisfac-
tion with absence of qualitative no-
tion of what is information itself,
irrespectively of its quantitative
measure.

Kolmogorov [15] differenti-
ates three possible approaches to the
introduction of basic information
concepts: the pure combinatorial,
probabilistic, and algorithmic ones.
The first two are often used together
due to re-interpretation of the ratios
of combinatorial quantities as the
relative frequencies in trials, or as
the probabilities of events of certain
types. One more approach seems to
be distinguished - an algebraic one
which is based actually on the use of
Hartley information form, but the
probability measure is replaced by a
cardinal number of certain set of
events [21,22].

We offer and discuss another
possibility to answer the questions
above: information is determined by
a broken symmetry in the systems
under consideration, all its known
quantitative measures are the meas-
ures of broken symmetries. All the
objects, systems, phenomena or
processes studied by one or another
particular scientific discipline are

BUEM TMOIBITOK COOTHECTU pa3UYHbIC
"undopmaruu" apyr ¢ apyrom. IIpoOGie-
Ma YacTUYHO paspemaercss (M TJIaBHBIM
o0pa3oMm 3aTeMHsieTCsS) TeM, 4TO HUHQOp-
Malus, Kak MpaBuiio, orpejaesnserca (TeM
WJIM UHBIM CIIOCOOOM) B TEpMHHAX J0CTa-
TOYHO 001Iero Habopa YHHMBEpPCAIbHBIX
MOHATUH, TAaKUX KaK BEPOSITHOCTb WIIU
MOIITHOCTh  (MHOECTB), HEOIPEICIICH-
HOCTb, MH(OPMAIMOHHbIE MPOILECCHl, U
p. Tem He MeHee, MO-NIPEKHEMY OCTAET-
Csl HEYJIOBJIETBOPEHHOCTh OT OTCYTCTBUS
KaueCTBEHHOI'0 MOHUMAaHUS TOTO, 4TO Ta-
Koe uHpopMalus cama 1o cede, 6€30THO-
CUTEJIbHO K €€ KOJJMYECTBEHHBIM MEpE.

Konmoropos [15] paznuuaer Tpu
BO3MOXKHBIX IOJXO0Ja K BBEIECHHUIO 0a30-
BbIX MOHATUA MUHPOPMALUU: YUCTO KOM-
OMHATOPHBIN, BEPOSTHOCTHBIA, M aJTO-
purMuyeckui. IlepBeie nBa U3 HUX 4aCTO
UCIIOJIB3YIOTCSL BMECTe OJyiaroiapsi peuH-
TEpOpeTalMi OTHOIIEHUH KOMOMHATOP-
HBIX BEJINYMH KaK OTHOCUTEIbHBIX YAaCTOT
B HUCIBITAHUSX, WM KaK BEPOSITHOCTEU
coObITHIl  omnpeneneHHbix TUNOB. [lo-
BUJIMMOMY HEOOXOJHMMO pa3iuyarh elle
OJIMH TOJXOJ - alreOpanyeckuii, KOTO-
phIii (paKTUYECKH OCHOBAH HA HCIOJb30-
BaHUM (popmbl MHPOpManUK XapTid, HO
C 3aMEHON BEPOSATHOCTHOM MEpBbI MEpPOWU
MOIIHOCTH OIPEIAEIEHHOTO MHOXECTBA
coObITuii [21,22].

Mp1 npeniaraem 1 o0CyXIaeM elle
OJIMH BO3MOXHBI OTBET Ha BOIPOCHI
BbIllIe: HMHQOpMaLUsg ONpenessieTcs Ha-
pPYLIEHHOW CUMMETpPUEH B paccMaTpu-
BAaE€MbIX CHCTEMaX, BCE €€ U3BECTHBIE KO-
JIMYECTBEHHBIE MEPbI SIBISIOTCS MEPAMHU
HapyILIEHHbIX cUMMeTpuil. Bce 0ObeKTHI,
CUCTEMBI, SIBJICHUS WA HIPOLECCHl H3Y-
YaeMbl€ TOW WM MHOW YaCTHOM HAy4YHOU
JUCLUIUIMHOW HEU30€KHO HMMEIOT HEKO-



necessary subject to some con-
straints on their symmetry (finite-
ness, initial or boundary conditions,
geometrical structure, etc.), there-
fore they must contain some broken
symmetry that is information.

The appearance of symmetry
breaking (SB) is to be understood in
the most general sense, [23-25], for
example. This may be the change of
internal state of the system or its ex-
ternal manifestations (characteris-
tics) due to the effect of external
conditions or its own evolution, or
SB may be an appearance of some
non-invariance of equations or dis-
tributions describing the system with
respect to some mathematical trans-
formations of its characteristics. (For
example, if the author, being in his
office, receives a message written in
Chinese characters, he does not un-
derstand it and his emotional state
does not change. This is a symme-
try. But if someone tells that this
message is about a fire in author's
house during the last ten minutes
and no one calls to a fire-brigade
yet, then author's emotional state
changes. This is a symmetry break-
ing.)

It is not an exaggeration to
say, that modern physics is a science
of the broken and unbroken symme-
tries [24]. Not touching the sources
of this style of thinking in an antiqg-
uity and antiquities (the author is not
an expert in history of science) it is
possible to suspect, that this style
seems to assume the more or less
definite forms in mathematics to the
moment of formulating a so-called
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TOpbIE OTPAaHUYEHUS HA UX CUMMETPUIO
(KOHEYHOCTb, HaYaIbHbIE WJIA TPAHUYHbBIC
YCJIOBHSI, T€OMETpUUYECKasi CTPYKTypa, W
T.J.), IO3TOMY OHH JOJIKHBI COJIEpKaTh B
cebe HEKOTOPYIO HAPYIIEHHYIO CHMMET-
pHI0, TO €CTh UH(OPMAITHUIO.

Bo3HukHOBeHHE HapyLIEHHOU
cummetrpur (HC) moHumaeTrcs B camoM
oOuieM cmeiciie [23-25], Hanpumep. ITO
MOXXET OBbITh HM3MEHEHHE BHYTPEHHEIO
COCTOSIHUSL CHCTEMbl WJIM €€ BHEIIHHX
MPOSIBIICHUN  (XapaKkTEpUCTHK) B CHILY
BJIMSIHUS BHELIHUX YCJIOBUM WM €€ coO-
cTBeHHOM »3Bomonuu, uian HC Moxer
ObITh NPOSIBIICHUEM KAKOW-TMOO HEWHBA-
PUAHTHOCTH YPaBHEHUHN WIIM pacupere-
JICHUH, OINMUCHIBAIOIIUX CHCTEMY, MO OT-
HOILIEHUIO K HEKOTOpPhIM MaTeMaThuye-
CKUM TNIpeo0pa3oBaHUsIM €€ XapaKTepHu-
ctuk. (Hampumep, eciam aBTop, HaXoIsCh
Ha paloTe, MoJy4yaeT 3almuCKy, HamuCcaH-
HYI0 KHUTaliCKUMU Heporiudamu, OH He
MOXXET MOHSTh HAIKMCAHHOE, U €ro 3MOo-
[MOHAJIBHOE COCTOSIHUE HE H3MEHSETCH.
Jr1o - cummerpus. Ho ecnu kto-HUOYIb
CKa)KeT, YTO 3TO COOOIIEHHE O MOXKape B
JIOM€ aBTOpa B T€UEHUE MOCIEAHUX JECs-
TH MUHYT, U TTIOKa HUKTO HE 3BOHUT B IO-
KApHYI0 KOMaHy, TOT/1a SMOLUOHAIbHOE
COCTOSIHME aBTOpPA U3MEHUTCS. DTO SIBIIA-
€TCsl HapylIEeHUEM CUMMETPHH. )

be3 mnpeyBenanueHHss MOXKHO CKa-
3aTh, YTO COBPEMEHHAsI (PU3MKA SBISETCS
HAayKOW HApYIIEHHBIX W HEHAPYIIECHHbIX-
cummetpuii [24]. He kacasicb HICTOYHUKOB
ATOrO CTWJS MBIIUICHUS B JIPEBHOCTH U
AHTUYHOCTU (aBTOP HE SIBJSIETCS CIELHa-
JUCTOM MO MCTOPUU HAYKH), MOXKHO
MPEANOJIOXKUTh, YTO ATOT CTHJIb HPHUHSI
Oonee MeHee ormpezeseHHble (QopMbl B
MaTeMaTuKe K MOMEHTY (HOpMYJIUPOBKU
TaK Ha3bIBAEMOW OPJIAHTEHCKOW IIpo-



Erlangen program (by F.Klein in
1872 in the lecture in Erlangen) - a
unique view point on different ge-
ometries. The essence of this pro-
gram consists in reviewing proper-
ties of figures not varying under par-
ticular transforms (shifts, rotations,
mirror reflections etc.), 1.e. it is in
studying the figures' symmetry. The
requirement of figures identity under
transforms naturally leads to a con-
cept of a transformation group (a set
of transforms including unity and
inverse transforms for all concrete
transforms of the set implying that
the transforms can be sequentially
superimposed on each other satisfy-
ing associativity requirement). The
different geometries correspond to
different groups. It should be
stressed separately that the group
property of transforms is essential
attribute of a geometrical (and any
other) symmetry.

In physics this style of think-
ing has undergone to some "meta-
morphosis" from the principles of
minimum optical length and mini-
mum action up to the action invari-
ance principle, theorem by Noether
(by the way, the native of Erlangen,
the essence of the theorem is that
each conservation law corresponds
to some symmetry of a Lagrangian),
and gauge theories. The examples of
sequential steps of implementation
of such a "physics geometrization
program" [26] can be the Einstein's
relativity  theory,  Kaluca-Klein
gravitational and electromagnetic in-
teractions theory, Glashow-
Weinberg-Salam electro-weak inter-
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rpammbl (D.Kieiin B 1872 1. Ha JeKIUu B
OpJaHreHe) - €IMHOM TOYKHU 3pEHHUs Ha
pasznuunbie reoMmeTpur. CyTh MPOTPaAMMBI
B M3y4YCHUU CBOWUCTB (Uryp, HE H3Me-
HSAIONIUXCS MPU KOHKPETHBIX Mpeodpaso-
BaHUAX (CABUTH, TTOBOPOTHI, 3€pKAIbHBIC
OTPaXEHHS U Tp.), T.€. B U3YUCHUH CUM-
Metpun uryp. TpeboBanue HeUsMeHHO-
ctu uryp npu npeoOpa3oBaHUM BEIET K
MOHATUIO  TPYyHIbl  MpeoOpa3oBaHUI
(MHOXXECTBO  MpeoOpa3oBaHUM, BKIIO-
qarollee eAMHUYHOE U o0paTHOE Mpeood-
paspBaHus I KaXJIOr0 KOHKPETHOTO
npeoOpa3oBaHus M3 3TOIO0 MHOXECTBA,
npu4yeM MpeoOpa3oBaHUsi MOTYT TOCIe-
JIOBAaTEIbHO HAKJIAJbIBAaThCS OJHO Ha
Apyroe, MOAYMHSSCH TPEOOBAHHMIO ACCO-
[IUAaTUBHOCTH). Paznuunble rpynmbl OTBe-
4aloT pa3audyHbIM reomeTpusiM. Cremyer
0c000 MOTYEPKHYTb, 4YTO 2pPYnnogoe
CBOUCMBO NPeoOpaA308aHUlL A6AEMCsl He-
omvemiemMbiM ampudymom ceomempuye-
cKou (1 110601 Opyeoll) cumMmempuu.

B ¢wusuke »TOT CTWIBH MBIILUICHUS
mpeTepren HeCKoJbKo '"Meramopdo3" ot
NPUHIMUIIOB MHUHUMAJIbHOM ONTHYECKOU
JUIMHBl M MUHUMAQJIBHOTO JI€UCTBUA O
MpPUHLNAINA WHBAPUAHTHOCTU JEUCTBUS,
Teopembl Herep (kctaTu, yposkeHka Op-
JIAHT€HA, CYTh TEOPEMbI B TOM, UYTO KaX-
Ol CUMMETpPUH JIarpaHkUaHa OTBEYAET
HEKOTOPBIN 3aKOH COXpaHEHUs) U Kaauo-
poBOUHBIX Teopuil. [lpumepamu nocne-
JOBATEJbHBIX IIArOB TaKoW "MpOrpaMmsl
reomeTpusanuu Gu3nku" [26] ABISIIOTCS
TEOpUsI OTHOCUTEIBHOCTH OWHIITEHHA,
TEOpUsl TPAaBUTALIMOHHOIO M 3JEKTpoMar-
HUTHOTO  B3auMojaeuctBus  Kamyupl-
Kreiina, Teopus 37eKTpOCIadbIX B3aUMO-
neiicteuit  ['mamoy-Baitn6eora-Canama.
Konnenmus (peHOMEHOIOTHYSCKOW CHM-



actions theory. Yu.l.Kulakov's con-
cept [26,27] of a phenomenological
symmetry has become one of the last
steps of development of symmetry
style of thinking in physics (a theory
of physical structures), that is a defi-
nite type of the steady ratios of
physical characteristics (physical
structure of a definite rank), inde-
pendent neither of the physical na-
ture of the studied object, nor of a
choice of measuring instrument, cor-
responds to each fundamental physi-
cal law. The accumulated theoretical
knowledge witnesses that the power
of the use of symmetry (abstract)
way of thinking in physics is those,
that in a household activities it
would be equivalent to a skill to pass
through the walls.

To prove the above statement
about the connection between the in-
formation measures and SB a heuris-
tic method of exposition was chosen
because it is very difficult to over-
view all the approaches of different
authors to consideration of informa-
tion concept and the related ques-
tions (that may be the subject of a
separate book). First, we introduce a
new general definition of informa-
tion as (a totality of) the distinctions
that can be extracted by an active
agent (measurement device, sensor,
observer, or some information user)
in a fundamental act of comparison
which does not require the necessary
use of probability concept or its
combinatorial interpretation. We
show that such a definition reflects
intuitive concept of information.
Then we introduce basic mathemati-
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Metrpuu FO.M.KynakoBa [26,27] (Teopus
(U3HYECKUX CTPYKTYp) CTaja OJHUM M3
MOCJIEAHUX BOIUIOLIEHUM CUMMETPUMHO-
ro CTWIsA MbIlUIeHUS B ¢pusnke. OHa nme-
€T JIeJI0 C OMPEJEICHHOr0 TUIa OCTOSH-
HBIMU COOTHOILICHUSIMU MexAay (usnye-
CKUMH XapakTepuctukamu (pusmyeckas
CTPYKTypa OIpEAESIEHHOI0 paHra), He 3a-
BUCSIIMMUA HU OT (PU3MYECKON TPUPOAIBI
M3y4aeMoro oObeKTa, HU OT BBIOOpA WU3-
MEPUTENbHBIX CPEJICTB, U OTHOCALIUMUCS
K KaXxA0My (DyHIaMEHTAJIbHOMY 3aKOHY.
HakomneHnHnble TeopeTHYecKHe 3HaHUs
CBUJETENBbCTBYIOT, 4YTO MOIIHOCTh HC-
MOJIb30BaHUS  CUMMeETpUiHOro  (abCT-
PaKTHOT0) crioco0a MbIIIIEHUS B (U3UKE
TaKoOBa, YTO B OBITY OHa OblIa ObI paBHO-
CWJIbHA YMEHHMIO IPOXOJHUTHh CKBO3b CTE-
HBI.

Jlis  moka3aTenbCTBAa JTHUX TIOJO-
KEHHUH O CBSI3W MHPOPMAIMOHHBIX MEp U
HC 6b11 BbIOpaH 3BpPUCTHUECKUI CIIOCOO
U3JI0KEHUS] B CUJIYy TOTO, YTO 0030p BCEX
MOJIXOJIOB Pa3UYHBIX aBTOPOB K pac-
CMOTPEHHIO MOHITHS MHPOPMAIUN U OT-
HOCSIIIIUXCSI K HUM BOMPOCOB SIBISIETCS
OYEHb TPYAHOW 3ajmadeil (1 Mor Obl co-
CTaBUTh TPEIMET OTICIbHON KHUTH).
[Ipexxne Bcero Mbl BBOAUM HOBOE OOIIEe
OIIpeIeNIeHue uHGopmayuu KaKk cO8OKyn-
HOCMU paziuyuii, KOTOPbIE MOTYT OBbITh
W3BJICYCHBI AKTUBHBIM areHTOM (M3MepH-
TEJIbHBIM MPUOOPOM, CEHCOPOM, HaOIII0-
JaTeneM, WIH APYTUM TOJbh30BaTeNieM) B
@DYHOAMEHMAILHOM aKme CPABHEeHUsl, KO-
TOpbI HE TpedyeT HEOOXOJUMOIo HcC-
MOJIb30BaHUsI TIOHITHSI BEPOSTHOCTH WU
€ro KOMOWHATOPHOW WHTEPIPETAIHH.
MpbI OKa3bIBaEM, YTO TAKOE OMPEICICHHIE
OTpa)kaeT MHTYUTHUBHOE MOHATHE WHDOP-
Maiu. 3aTeM MBI BBOAUM 0a30BYyHO Ma-



cal quantitative measure of informa-
tion - a transform information (T1).
This concept bridges the prosaic
definition of information as distinc-
tions and the more or less exact
mathematical formulation which can
be easily related to the broken sym-
metry. Then we show that many
classical information measures, in-
cluding Hartley, von Neumann-
Shannon-Wiener, Fisher informa-
tions, Renyi entropies, mutual in-
formation, the changes in physical
entropy, can be considered as (or
mathematically expressed by) the
particular forms of TI when it is em-
ployed to describe one or another
specific system. In doing this we
overview many basic concepts and
related results in terms of T1.

TI, by definition (3.1.) is non-
zero when the system under study is
not invariant with respect to the
transform used to build up TI, there-
fore it can be perceived as a quanti-
tative SB measure in the system. So
can be the corresponding classical
information measures to which TI
reduces in each particular case.
Moreover, by definition, TI can be
used to describe the systems when
information 1s determined directly
via the observable quantities without
previously  defined  probability
measure. Thus we can define and
calculate "information without prob-
ability." We show that this can give
reasonable results such as nonlinear
equations or gas-mixing entropy, see
Sec. 4.7, 5.9.
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TEMaTUYECKYI0 KOJMYECTBEHHYIO MEpPY
uHpopMaluu - urgopmayuro npeobpaso-
sanus (MII). DTo mnoHATHE CBA3BIBACT
OoObIZICHHOE ompeaeneHne HUHpopManuu
KaK pa3nuuuil u Oosee Wi MEHee TOod-
HYI0O MaTeMaTHYecKyl0 (OPMYIUPOBKY,
KOTOpast JIETKO MOKET ObITh COOTHECEHA C
HApYLIEHHOM cuMMeTpuen. Jlamee Mbl
MOKa3bIBAEM, YTO MHOTHE KJIACCUYECKUE
Mepbl MHpOpMaluM, BKIrOYas uH(popma-
uun Xaptium, gon Heiimana-1llennona-
Bunepa, ®umepa, surponuu Penbu, B3a-
MMHYI0 MH(pOpMaIUIO, U3MEHEeHUs (u3u-
YEeCKOM DSHTPONUHU, MOTYT paccMaTpH-
BaThCsl Kak (WM OBITh MaTeMaTUYECKU
BbIpaKEeHbl 4epe3) yacTtHoie (opmbl UII,
KOI/Ia OHAa NPUMEHSIETCS Il ONUCaHUs
TOW WM WHOW YaCTHOW cucteMsbl. [Ipu
5TOM Mbl [EPECMATPUBAEM MHOXKECTBO
OCHOBOIIOJIAratoIMX MOHATUN U COOTBET-
CTBYIOUIMX MM DPE3yJIbTaTOB B TEPMHUHAX
UII.

UII no onpexnenenuto (3.1) oTiinu-
Ha OT HYJsl, KOT/la UcciaeayeMas cucTeMa
HEMHBAPUAHTHA 0 OTHOUIEHUIO K MPeoo-
pPa30BaHUIO, HCIONB30BAHHOIO MJIA TO-
crpoenus UII. IToatomy oHa MOXeTr mo-
HUMAaTbCA, Kak KoaudyecTBeHHass mepa HC
B cuctemMe. B TakoM ke Ayxe MoryTt mo-
HUMAaTbCSd COOTBETCTBYIOIIME KJlacCUYe-
CKHE Mepbl HHQOpMALUU, K KOTOPHIM
ceogurcss UII B KaxaoM KOHKPETHOM
ciaydae. bonee TOro, mo oOmpeaeseHuIo,
UII moxeTt ObITH MCIIOIb30BaHa JIS OMU-
CaHusl CUCTEM, Korjaa uHpopmanus onpe-
JeJsieTcsl HEMOCPEJICTBEHHO MO HalIto-
JaeMbIM BEJIMYMHAM O3 MpeaBapUTElb-
HOTO BBEJICHHUS BEPOSITHOCTHOW MEPBHI.
Takum oOpa3oM, Mbl MOXEM ONPENEIAThH
Y BBIYUCIATH "HHPOpMaLKIO O€3 BEpOsIT-
HOCTU". MBI MIOKa3bIBAEM YTO 3TO MOKET
JaBaTh pa3yMHbIE PE3yJIbTAThI, TAKUE KaK



The proposed approach to the
introduction of information concept
allows one to combine the ideas of
information theory with the ideas of
invariance and broken symmetry,
and to ascribe a "sense" to the quan-
titative measures of information in
each particular case of their use in-
dependently of the form (formula) of
very quantitative information meas-
ure. For example, the sense of well-
known von Neumann-Shannon-
Wiener information measure can be
different, it can be even a particular
case, or evaluation, of Hartley in-
formation, although usually it is
considered as a more general form
of quantitative information measure.

We finish our discussion by
the consideration of possibility to in-
troduce a concept of structural in-
formation which is due to the ex-
plicit or implicit presence of broken
symmetry in geometrical structure
of the physical systems, and the pos-
sibility to measure this information
contents by the physical methods.

Most of the chapters (from
Chapter 4 and further) can be read
separately, or almost. The author has
tried to make, on the one hand, the
mathematical "entry" of the text as
simple as possible, and, on the other
hand, to overview numerous differ-
ent concepts and problems which
can be collected under one "um-
brella" of information as asymmetry
measure and especially of transform
information. If the reader will decide
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HEJIMHEIHbIE YPABHEHUS WM U3MEHEHUs
SHTPOINUU TMPU CMEIIEHWU Ta30B, CM.
noapasnaenst 4.7, 5.9.

[IpennoxkeHHbIl MOAXOA K BBEJE-
HUIO TOHATUSA WHGOPMAIUMU MO3BOJIAET
KOMOMHHUPOBaTh UAEH Teopuu UH(pOpma-
MU C UJIeIMH WHBAPUAHTHOCTU U Hapy-
IIEHHOW CHUMMETpPUHU, M MPUIHUCHIBATH
"cMbICT" KOJIMYECTBEHHBIM MEpaM HH-
(dbopmMalK B KaKJIOM YaCTHOM CIIy4yae UX
WCIIOJIb30BAaHUSI HE3aBUCUMO OT (HOPMBI
(bopmysibl) camMoOil KOJTMYECTBEHHOW Me-
pbl uHpopmarmu. Hanpumep, cmbici xo-
POILIO U3BECTHOU Mepbl HHPOpMALIK (POH
Helimana-1llennona-Bunepa MoxeTr ObITh
pa3NuMYHbBIM, OHA JaXX€ MOXET OBITh
(nMpuOAN3UTENBHOM) OIIEHKOM HH(pOpMa-
uuu XapTiu, X0Tsl 00BIYHO paccMaTpuBa-
eTcs kak Oojee obOmas GopmMa KOJIUYECT-
BEHHOM Mepbl HH(pOpMAIUH.

Mpb1 3akaHuMBaeM Haiie 00CYKIie-
HUE PAacCMOTPEHHUEM BO3MOKHOCTH BBe-
J€HUSl TIOHATHUS CTPYKTypHOU HH(pOpMa-
MU, OOYCIIOBJIEHHON SIBHBIM WJIM HESB-
HbiM HaimuneM HC B reomerpuueckoit
CTPYKTYpe (PU3MYECKUX CHUCTEM, M BO3-
MO>XHOCTU U3MEPATHh 3TO MH(OpPMALMOH-
HOE cojepKaHue (PU3MUYECKUMHU METoja-
MHU.

Bce rnasel (ot ['1.4 1 nanee) Moryt
yuTaThCs (MOYTH) pasiesibHO. ABTOp CTa-
paJicsi, C OJHOM CTOPOHBI, CAENaTh MaTe-
MAaTHUYECKYI0 '"COCTaBJISIONIYIO" TEKCTa
KaK MO>KHO MPOIIIE, U, C IPYTrOd CTOPOHBI,
PaccMOTPETh KaK MOXKHO Oosiee HIMPOKHA
KpyT MOHATUU W TpoOJieM, KOTOpbIE MO-
ryT ObITb COOpaHbl MOJ OJHUM '"30HTH-
koM" mH(pOpManuu Kak Mepbl HapylleH-
HOM CUMMETpPUHU U, 0COOEHHO, MH(OpMa-
uuu npeodpazoanusi. Ecnu yurtatens co-
YTET BOIUIOLEHUE 3TON HUJIeU B KHUTE Ja-
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that implementation of this idea in nexkuM OT mNpUEMIEMOro BapuUaHTa, OH
the book is far from an acceptable (oHa) MOXeT mocyiaTh CBOM COOOpaKEHUs
variant, he (she) can send his (her) OmaromapHomy aBTOpYy (CM. KOOpAMHATHI
thoughts to the grateful author (see B KkoHiIe).

address at the end).
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2. Concept of information

Let us maintain the tradition
to analyze the concept of informa-
tion as well as its quantitative meas-
ures after even though very superfi-
cial consideration of the processes of
perception, reflection, etc. of infor-
mation.

In this chapter the concept of
information 1s discussed from the
view point that information (we do
not know yet what it is) is extracted
and received by the measurement
devices, sensation organs of living
species, in thinking processes, and
by many other systems using for
their functioning the numerous
physical, chemical, etc. phenomena
of very different nature, but all these
processes embody, in one way or
another, a fundamental act of infor-
mation processing - a comparison.
The information itself is a result of
this act or of a sequence of these
acts. It 1s not quite right, may be, to
reduce all the variety of information
treatment processes in nature, engi-
neering and technical science to one
main act, but, nevertheless, compari-
son 1s a most important feature of all
information processes. We try to
show this below using the simple
(trivial) and evident examples. In the
next Chapter this will be reflected in
a formal definition of a transform in-
formation.

2.1. Measurement, sensation,
reception
Every measurement device
needs a calibration during which one
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2. llonsiTue HHpOPMALUHN

MBE1 npemylaraeM noAAepKarh Tpa-
IULMIO aHAJIW3UPOBATh IOHATHE HHEDOP-
Maluy TaK K€ KaK U €€ KOJIMYECTBEHHBIE
MEpBI MOCJIE XOTSA Obl IOBEPXHOCTHOIO
pPacCMOTPEHHsT IPOLECCOB BOCIPUATHS,
OTpa)KCHHUs, U T.II. THPOPMALUH.

B 310l rmaBe mMbl 00CyX)JgaeM Mo-
HATHE UH(DOpPMAIMK C TOH TOYKHU 3PECHHUS,
yTo uH(popmanus (MOKa Mbl HE 3HAEM,
YTO 3TO TAaKOE€) U3BJIEKAETCS W MPUHUMA-
€TCsl U3MEPHUTEIbHBIMA TPUOOpaMu, dyB-
CTBUTEIbHBIMH OpraHaMH >KUBBIX Opra-
HU3MOB, B MBICIHTEIBHBIX MPOIIECCAX, U
MHOTUMHU JIPYTUMH CUCTEMaMH, HCIIOJb-
3YIOUIMMH B TIporiecce (yHKIIMOHHPOBA-
HUSI MHOTOYHCJICHHBIE (DU3MUYECKUE, XH-
MUYECKHE U Jp. SIBJICHHUS CaMOW paziuy-
HOW TPUPOJIBI, HO BCE ITHU MPOIIECCHI 3a-
KIIIOYaroT B ce0e B TOM WJIM WHOM BHJE
(dbyHIaMeHTaIbHbII akT 00pabOTKH WH-
dopmaruu - cpaenenue. Wnbopmarus
cama 1o cebe SIBISIETCSA Pe3yIbTaTOM 3TO-
ro aKTa WIH TOCJIEI0BaTeIbHOCTH STUX
akToB. He coBceM BEpHO CBOIWTH BCE
MHOrooOpasue mpoieccoB 00pabOTKH
uH(pOpMaIMU B MPUPOJE, HAYKE U TEXHH-
K€ K OJJHOMY TJIaBHOMY aKTy, HO, TEM HE
MEHEE, CPABHEHHE SIBJISICTCS BAKHEUILEH
OCOOEHHOCTBIO BCEX HH(POPMALMOHHBIX
nporeccoB. MbI cTapaemcsi ToKa3aTh 3TO
HU)KE, HUCIOJB3yS NPOCThIE (TPUBUAID-
HBIC) U HArJSIAHBIE IpUMEpHL. B crnemyto-
el T7IaBe 3Ta 0COOEHHOCTh OyAeT OTpa-
’KeHa B (POPMAIBHOM OIPEACTICHUH HH-
dbopmaru mpeodbpa3oBaHUsI.

2.1. U3mepenune, ourymeHue u

BOCIIpUSAITHE
Kaxaplii M3mMepuTeabHbI TPUOOP
HY)KJIaeTCs B KaJIUOpPOBKE, B Ipoliecce



level of its scale (say, zero) is dis-
posed on (ascribed to) some stan-
dard level of input signal, and an-
other scale level is disposed on (as-
cribed to) another standard input
signal. The measurement process is
actually a comparison of a measured
signal with standard ones. Implying
by signal level a quantitative reflec-
tion (by a proper device) of different
characteristics  (voltage, current,
pressure, temperature, mass, light in-
tensity, etc.), we see that this scheme
of measurement is quite general and
reflects a core of measurement proc-
ess independently of specific fea-
tures of the devices and the nature of
quantities measured.

Intrinsically, measurement
device is a system which changes its
state in the process of measurement
in dependence on external condi-
tions (effects) that is SB, and, so, we
can say that in the process of meas-
urement one actual SB is measured
on the base of another (standard)
SB. This change in the state of
measurement device can be used to
effect other measurement, control or
calculation devices, and such chains
are used in systems of automatic
control that are the subject of cyber-
netics [1]. We can characterize the
main functioning principle of such
systems (the feedback) as a transfer
of distinctions between standard and
actual signal levels along the chains
of specially designed devices. This
does not bring anything new for cy-
bernetics, but we see that informa-
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KOTOPOM OJMH YPOBEHb €ro LIKajbl (CKa-
KEM, HyJIeBOW) (NMPUIUCHIBAETCS K) Ha-
CTpauBaeTCsi Ha HEKOTOPbI CTaHIapT-
HBII YPOBEHb BXOJHOI'O CHUIHajia, a JIpy-
roil ypoBeHb HIKajbl (IPUIHCHIBAECTCS K)
HAaCTPAuBACTCA HA JIPYyroul CTaHIApPTHBIN
BXOAHOM curHaji. Ilponecc wusMmepeHus
(aKTHYEeCKH OCYIIECTBISIET CpaBHEHUE
U3MEPSEMOro CUTHAJIA CO CTaHAPTHBIMH.
[lonpazymeBas moj; ypOBHEM CUTHAJIa KO-
JMYECTBEHHOE BbIpaXKeHue (MpH MOMOIIH
NOAXOAsIIEero npubopa) pazIuyHBIX Xa-
PaKTEpUCTUK (HANPSHKEHMsI, CUIIbl TOKa,
JaBJI€HUS, TEMIEPaTypbl, MacChl, HHTEH-
CUBHOCTH CBETa, U Mp.), Mbl BUJIUM, YTO
Ta CXE€Ma HU3MEpEHHUs SBIIAETCA COBEp-
IIEHHO O0IIEH U OTpaXkaeT CyTh Mpoliecca
M3MEpPEHUsST HE3aBHUCUMO OT BHYTpPEHHE
NPUCYIIMX OCOOEHHOCTEH mpubopa u
MPUPOJIBI U3MEPSIEMBIX BEJTUYHH.

Cam 1o cebe u3MepuTeNbHbIN NpHU-
O0Op ABIJISIETCSI CUCTEMOI, KOTOpas H3Me-
HSIET CBOE COCTOSIHME B MPOLECCE U3Me-
pEeHUsl B 3aBUCUMOCTH OT BHEIIHHUX YCIIO-
BUil (BiusiHuit) uro sisnsgercs HC, u, ta-
KM 00pa3oM, Mbl MOXEM CKa3aTh, UTO B
mpoiiecce u3MepeHusi ojiHa (aKkTHIecKast
HC usmepsercs Ha ocHOBE apyroii (cTaH-
naptHoi) HC. D10 u3MeHeHue B cCoCTosI-
HUW U3MEPUTEIBHOr0 MNpubopa MOXKET
OBITh KCIIONB30BAHO AJIA BO3JACHCTBUS Ha
JIpYyrUe H3MEPUTEIbHBIE, YIPABISIONIME,
BBIYMCIIUTEIbHBIE YCTPONCTBA, U TaKue
LEMOYKU HCIONb3YIOTCA B CHCTEMAaX aB-
TOMATUYECKOTO PETYIUPOBAHUS, KOTOPBIE
ABJIAIOTCSL MPEAMETOM H3y4eHHsI Kubep-
HeTukH [1]. MBI MOKeM XapaKTepu30BaTh
IJIaBHBIA MPUHUUI (DYHKIIMOHUPOBAHUS
Takux cucreM (oOpaTHasi CBsI3b) Kak Iie-
PEHOC PA3TUYUNA MEXIY CTaHJAPTHBIMU U
(aKTHUYECKUMU  YpOBHSIMM  CUTHAJIOB
BJIOJIb LIETIOYEK CIELMAIBHO CIPOEKTUPO-



tion in the automatic control systems
is (a totality of) the distinctions and
this does not contradict the funda-
mentals of cybernetics.

The sensors and conditioned
reflex systems of living species
function in analogous way [2]. All
things that are cold or hot, bright or
dark, etc. are actually colder or hot-
ter, brighter or darker, etc. as com-
pared with some "standard" level of
the sensor that may be the level
fixed in a memory or may vary dur-
ing the adaptation of the organism to
the environmental conditions. The
sensors change their state due to the
external effects and this change is
transmitted along the signal systems
to the organs that are responsible for
one or another reflex.

Living sensors are more com-
plicated as compared with measure-
ment devices, and they can receive
the complexes of changes of exter-
nal effects, but this ability is again
due to the presence of some basic
distinctions. For example, the ability
to differentiate colors or sounds is
due to the differences in wave-
lengths in the spectra of incoming or
reflected light or sound. The direc-
tion of incoming sound is deter-
mined by the differences of signals
in two ears. The ability to evaluate
the distance "by eye" is the result of
subtle evaluation of differences in
orientations of two eyes (that is
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BAHHBIX YCTPOMCTB. DTO HE JTA€T HUYETO
HOBOTO JJI1 KHOEPHETUKU, HO MbI BUIHM,
4yTO MH(pOpMAIUs B CUCTEMAaX aBTOMAaTH-
YECKOI'0 pEryJIMpOBaHUs MPEACTABIISET
co0ol pa3znuuusi (COBOKYIHOCTbH pa3iiv-
YMii), ¥ 3TO HE MPOTHUBOPEYUT OCHOBAM
KHOEPHETUKH.

CeHCOpBl M CHCTEMBI YCIOBHBIX
pedIeKCOB JKHUBBIX OPraHu3MOB (PyHK-
LHMOHUPYIOT MOXO0XUM oOpa3om [2]. Bcee
OOBEKTHI, KOTOpbIE SBJISIOTCS XOJIOIAHBI-
MU WIH TOPSIYUMH, SPKUMH WA TEMHBI-
MU, U T.1., GaKTUUYECKU SIBJISIIOTCS Oosiee
XOJIOHBIMU WJIM TOPAYUMHU, OoJiee SpKU-
MU UJIM TEMHBIMH, U T.J[. IO CPABHEHUIO C
HEKOTOPBIMU "'CTaHAAPTHBIMHU' YPOBHSIMHU
CEHCOPOB, KOTOPBII MOTYT ObITh YPOBHS-
MU, (UKCUPOBAHHBIMHU B MAMATH WJIH MO-
I'yT MEHATHCS B MPOLECCE aJaNnTallKU Op-
raHU3Ma K YCIIOBUSAM OKPYKaroUIEW cpe-
1bl. CeHCOpbl U3MEHSIOT CBOE COCTOSIHUE
MOJ1 BIIUSTHUEM BHEUIHUX BO3JIEUCTBUMN, U
ATO M3MEHEHHE MepeAaeTcsl Mo LEeNoYKe
CUTHAJIbHOM CUCTEMBI K OpraHaM, OTBET-
CTBEHHBIM 3a TOT WJIM UHOU peduiekc.

CeHcophl )KUBBIX CHCTEM CIIOKHEE
U3MEPUTETBHBIX MPUOOPOB U MOTYT BOC-
NpPUHUMATh  KOMIUIEKChl ~ M3MEHEHUMU
BHEIIHHMX BO3JICHCTBUM, HO dTa CHOCOO-
HOCTb OISIThb-TaKKW OOYCJIOBJIEHA MPUCYT-
CTBUEM HEKOTOPBIX 0a30BbIX pPA3ITHUUMA.
Hanpumep, cnocoOHOCTh pa3nuyath liBe-
Ta WU 3BYKM OOYCJIOBJIEHA pa3InuUEM B
JUIMHAX BOJIH B CIEKTpax MaJarollero 1iu
OTpaX€HHOr'0 cBeTa WiMu 3Byka. Hampas-
JIEHUE MPUXO/SALIEr0 3ByKa ONpeAeIIsIeTcs
[0 pa3JIMYUI0 CUTHAJIOB B JIBYX YyIlIax.
CrocoOHOCTh OLIEHMBATh pacCTOsIHUE "Ha
rina3"  SABIAETCS PE3YJbTATOM TOHKOM
OLICHKM pPa3Iu4vil B OpHEHTALMH JBYX
rjia3 (4To JOCTUTaeTcs B Ipolecce JH-
TeIbHOW  TpeHHpOoBKH). CroCOOHOCTH



achieved during long training). The
ability to smell is due to the changes
in concentrations and to the presence
of concentration gradients. More-
over, the growth and development of
sensory organs are determined by
the presence of "information" on the
input of organs [2]. L.e. information
governs the organization of living
matter.

We can transmit or receive in-
formation only making the corre-
sponding devices to change their
states in such a way that these
changes result in changes in the
states of other devices, etc. A con-
stancy of a state of some signal re-
ceiver (a symmetry) signifies the ab-
sence of information in its output.
Information is there only if the state
of the receiver changes (SB).

Thus we can conclude from
the trivial examples above that in-
formation in simple technical de-
vices and sensation organs is the dis-
tinctions between standard and ac-
tual signal levels and the informa-
tion transfer is possible in such sys-
tems only if they or their parts
change their states (SB).

2.2. Common sense

Besides the comparison, many
other processes are involved to ex-
tract the information intuitively un-
derstood in common sense. The
complex devices of digital or analo-
gous information processing deal
with such a large number of charac-
teristics and their distinctions (at a
fundamental level) that they all can
not be processed simultaneously, at

21

pa3nuuaTh 3anaxu oO0yCIIOBJIIEHA M3MEHE-
HUSMHU KOHLIEHTPALMH W TPUCYTCTBUEM
IrpaJueHTOB KOHUEHTpanuu. bonee toro,
POCT U pa3BUTHE OPraHOB OLIYLIEHHUS OI-
peaenserca HanuureM "uHdopmanuu" Ha
Bxojie opraHoB [2]. To ectb uHdopmanus
yIIpaBJIsieT OpraHU3alMed >KUBOM Mare-
puu.

Mpbl MOXkeM mnepenaBaThb M MPUHHU-
MaTh HMHQPOPMALIMIO TOJIBKO BBIHYKJas
COOTBETCTBYIOIIME MPUOOPHI HU3MEHSATH
CBOE COCTOSIHUE TaKUM 00pa3oM, YTO 3TU
M3MEHEHUS MPUBOJAT K U3MEHEHHUSM CO-
CTOSIHMH Apyrux npubopos, u T.1. Heus-
MEHHOCTh COCTOSIHUSI HEKOTOPOro MpH-
€MHHKA CHUTHajla (CUMMETpPHs) O3HaudaeT
OTCYTCTBHUE MH(OPMAIIMHN HA €r0 BBIXOJIE.
Nudopmanusi mnosBiseTcss TOJBKO €clid
coctosinue npueMurka mensiercst (HC).

Takum o0Opa3om, U3 IPOCTHIX MPHU-
MEPOB BBILLIE Mbl MOYXEM 3aKJIIOYHUTh, YTO
uHpopManusi B MPOCTHIX TEXHUYECKUX
YCTPOMCTBAX U OPraHaX OUIYILIEHUS SIBJIS-
€TCsl Pa3IMYMsAMU MEXIY CTaHIapTHBIMU
U (aKTUYECKUMH YPOBHSMH CUTHAJIOB, U
4TO nepeaaya uHGopMauu B TaKUX CHUC-
T€Max BO3MOKHA TOJBKO €CIIM OHHM WJIH
UX YacTH M3MEHSAIOT CBOE COCTOSIHUE
(HC).

2.2. O0uXO0AHBIH CMBICJ

OOHO IMIIb CpaBHEHHE HEIOCTA-
TOYHO JUIsl U3BJIE€YEHUS] MH(POPMALIMU HH-
TYUTUBHO IIOHUMaeMOM B OOMXOIHOM
cMmbiciie. CroxHble ycTpoicTBa LUPPO-
BOW WJIM aHAJIOrOBOM 00paboTku uHGOP-
Malld HMMEIOT JEJI0 C TakKuM OOJIbIIUM
YUCIIOM XapaKTEPUCTHK W WX PA3NHUUN
(Ha (yHIAMEHTaNbHOM YpPOBHE), YTO BCE
OHM HE MOTYyT ObITb 0OpabOTaHbl OJHO-
BpeMeHHO, cpasy. [losTomy oOpabaThi-



once. Therefore the processing sys-
tem perceives only some subsets of
the whole collection of the ground
distinctions, or summary effects of
these subsets ("clusters"). Such sub-
sets can be "carved", for example,
by imposing the perception limits on
the physical, chemical, or other
quantitative parameters. That is the
distinctions are filtered before the
chain of acts of comparison, choice,
fixation (into the memory), and re-
action. Implicitly, such a filtration is
made by any information receptor,
but in the simplest devices this func-
tion is intrinsically built in the con-
struction of the device (like a trig-
ger) and does not influence further
information processing. In the case
of complex information systems this
function of classification is very im-
portant and is responsible for the
semantic aspect of information per-
ceived.

One more example. Informa-
tion in the computer represents the
totalities of arrays of 0's and 1's
(bits, fundamental SB), and the large
enough sequences of these arrays are
interpreted by the devices of the
computer as texts, commands, for-
mat parameters, or whatever else
(higher SB recognized by the de-
vices). l.e. complex processing of
information implies also comparison
of (hierarchical) structures of fun-
damental distinctions and informa-
tion becomes distinctions in struc-
tures, but nevertheless, the distinc-
tions. The simplest and complicated
versions of information processing
chains are schematically shown in
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BAIOIAsl CUCTEMa BOCHPUHUMAET TOJIBKO
HEKOTOpbIE MOJAMHOKECTBA 1I€JIOr0 Habo-
pa 0a30BBIX pa3IWYUi, WU CyMMapHbIE
3 dexThl ATUX MoAMHOXKECTB ('"Kiacte-
poB"). Takue MOJAMHOXKECTBA MOTYT OBIThH
BBIPE3aHbl, HAlPUMEpP, HATOKEHUEM Tpa-
HUL, MPEEeTIoB BOCHpUATUS Ha (usmye-
CKHE€, XUMUYECKHE, WIH JIPYTrue KOoIu4e-
CTBEHHbIE MapaMeTpbl. TO ecTh pa3nuyus
(GUIBTPYIOTCS TEepeA UEMOYKOM aKTOB
CpaBHEHUS, BbIOOpA, (uKcauu (B mams-
TH) U peakiuu. HesBHO Takas ¢unbTpa-
1Yl TPOU3BOAMUTCS JIFOOBIM PELENTOPOM
uH(popManuu, HO B MPOCTEUILIUX YCTPOil-
CTBaX J3Ta (QuIbTpalusd HM3HAYAIBHO
BCTPOEHAa B KOHCTPYKLHUIO YCTPOMCTBA
(KaKk MOpOroBbI (UIABTP, TPUITEP) U HE
BJIMSET HAa JaJIbHEHIIyI0 0OpabOTKy HH-
dopmanuu. B cioyuyae cioxHbIX HHGPOpP-
MalMOHHBIX CUCTEM 3Ta (PYHKIUsS Kiac-
cu(pUKalMl OYEeHb BA)KHA W ONpenesserT
CEMAaHTUYECKUN aCIIeKT BOCIIPUHUMAEMOU
uHpopmanuu.

Eme onun npumep. Mupopmanus B
KOMITbIOTEPE MpPE/CTaBIsACT cO00il COBO-
KYITHOCTH HabOpOB HyJel U enuuull (6u-
ToB, (yHmamentanbHas HC), m nocra-
TOYHO OOJBIINE MOCIIEOBATENBHOCTH Ta-
KHX COBOKYITHOCTEH HHTEPHPETUPYIOTCS
YCTPOMCTBAMH KOMIIBIOTEpPA KaK TEKCTHI,
KOMaH/Ibl, TapaMeTpsl popmara, Uid 4To-
mu6o eme (HC Gosee BhicOKOTO mopsika,
pacrio3HaBaembie  ycTpoicTtBamu). To
€CTh CJIOXHas 00paboTka HHOpMaLUU
MO/pa3yMeBaeT TaK K€ CpaBHEHHE (ue-
papXUYEeCKUX) CTPYKTYp (yHIaMeHTalb-
HBIX pa3inyuii, U uHbOpMaIUs CTaHO-
BUTCS Pa3IUYMUSIMHU B CTPYKTYpax, HO TeEM
He MeHee, pasnuuuamu. [Ipocrenmue u
0oJiee CIOKHbIE BapHAHTHI IEMOYEK 00-
paboTku MHPOpMAIIMU CXEeMaTHYECKU T10-
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Fig.2.1. Ka3aHbl Ha puc. 2.1.
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KIT3CT epiE aa ':'HI{EEUI'IH
il
¢ ¥
Choice or
Comparison ) recogrtion Fixation Eeaction
Cpaenenme Epidop o P Simcamm [P Peamama
A P AacTIoSHAEAHIe
| i v

Fig.2.1. Schematic representation of
the possible simplest and compli-
cated chains of information process-
ing with possible feedbacks.

When considering the think-
ing process, we should take into ac-
count the necessity of other numer-
ous "operations" (such as the choice
and fixation) employed for informa-
tion processing, but all they are done
using (a sequence of) acts of com-
parison. We call the news those
events which stand out from the se-
quence of "usual," everyday events,
and the more significant this stand-
ing out, the more interesting the
news. In other words, we are com-
paring the sequences of events. A
blank sheet of paper does not con-
tain information until the points (or
the regions) of its surface are indis-
tinguishable. On the fundamental

Puc.2.1. Cxemarnueckoe MpeaCcTaBICHUE
BO3MOJXKHBIX MPOCTEUIINX U 0OJIee CIIOXK-
HBIX LIETI0YeK 00pabOTKU MH(pOpMAIUU C
BO3MO>KHBIMH OOpaTHBIMH CBSI3SIMHU.

[Ipy paccMOTpPEHHH MBICIUTEINb-
HBIX IIPOLIECCOB HaM CJIEYET IPUHATH BO
BHUMaHHE HEOOXOIUMOCTb IPYTUX MHO-
rOYMCIEHHBIX '"omepauui" (Takux Kak
BBIOOp M (UKcCalKs) UCHOJIb3YEMBIX MpU
o0paboTke HH(pOpMaIUU, HO BCE OHU
MPOU3BOAATCS C HCIOJIb30BaHUEM (I1O-
CJIEIOBAaTEIbHOCTH) AKTOB CpaBHEHU.
Mbl 30BEM HOBOCTSIMU TaKUE€ COOBITHS,
KOTOpPbIE€  BBIACISIIOTCA W3  LIEOYKU
"0OBIYHBIX" €KEIHEBHBIX COOBITHH, H YEM
CYLLIECTBEHHEW 3TO OTIMYHE, TEM HHTE-
pecHee HOBOCTHU. [[pyrumMu CilOBaMH, MBI
CpPaBHHMBAaE€M TOCJIEIOBATEIILHOCTH COOBI-
Tui. YUCTHIN UCT OyMaru HE COACPIKUT
uHpOpMaIllMK 10 TEX IMOp, MOKA TOYKU
(w1 00y1acTH) €ro MOBEPXHOCTU HEpas-
mmuuMbl. Ha @yHIaMeHTansHOM ypoOBHE,



level, information written, drawn,
scratched on the sheet is due to the
distinctions between its surface
points (regions) that is the funda-
mental SB. We (or, for example, ro-
botic vision device) can interpret the
totality of these distinctions, if it is
possible, using some symbolic "dic-
tionaries" as the letters or pictures
that is SB at "higher levels." In de-
pendence on the result of this recog-
nition the state of recognition system
may vary that is another SB reflect-
ing the SB on the surface of the
sheet of paper.

The latter examples are more
complicated in that respect that the
comparison 1s made with the (sym-
bolic) images in a memory. A rav-
age or replacement of such higher
SB's corresponding to some "dic-
tionary" or "data base" can be used
to destroy or hide information as it
does in cryptography, for example.
(The cryptographic methods of in-
formation defense are based on the
rearrangement and substitution of
the discrete elements by which in-
formation 1s written, processed,
transmitted, etc. This destroys the
higher SB's and make the recogni-
tion "dictionaries" useless. One of
the possible practical implementa-
tions of this idea is described in the
Attachment at the end of the book.)

The attempts to describe such
an "SB transfer" in terms of the bi-
furcation sequences in a most gen-
eral form [3-5] require the necessary
use of probability and the related
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uH(popmanus, HamnMCaHHAs, HapPUCOBaH-
Has, HalapamnaHHas Ha JucTe, 00yCJIOB-
JieHa pa3lInyusIMU MEXAYy Toukamu (00-
JIACTSIMHU) €r0 MOBEPXHOCTH, YTO SABJISIETCS
¢ynnamentanibnor HC, Mbl (unu, Ha-
MpUMED, BU3yaIbHOE YCTPOUCTBO PoOOTA)
MO>KEM MHTEPIPETUPOBATH COBOKYITHOCTh
ATUX Pa3IM4Yuil, €clii 3TO BO3MOXKHO, Ha
OCHOBE  HEKOTOPBIX  CHMBOJIMYECKHX
"crnoBapeil" Kak OyKBbI MJIM PUCYHKH, UTO
apisiercss HC "Ha Gosiee BBICOKHX YpPOB-
Hix". B 3aBUCMMOCTH OT pe3yJibTaTa 3To-
ro pacrno3HaBaHMs PACIO3HAIONIASl CHC-
TEMa MOXET M3MEHUTb CBOE COCTOSIHHE,
yto ectb apyras HC, orpaxaromas HC
Ha OBEPXHOCTH JINCTA OyMardu.

Ilociiennue mnpumepsl  SBISIOTCA
0oJice CI0KHBIMU B TOM OTHOIIICHHH, YTO
CpaBHEHUE MPOU3BOAUTCS C (CUMBOIMYE-
CKMMHM) oOpa3zaMu B mamsaTu. Paspyiienue
win noameHa takux HC Gosiee BbICOKHX
MOPSIIKOB, COOTBETCTBYIOLIUX HEKOTOPO-
My CHMBOJIMYECKOMY 'croBapr" wWin
"0a3e MaHHBIX", MOTYT OBITh HUCIIOJIH30BA-
HbI JIJIsl YHUYTOXKEHUSI UM COKPBITUS UH-
dbopmarmu, Kak 3TO AesiaeTcs, Hapumep,
B kpuntorpadpuu. (Kpunrorpapuueckue
METO/Ibl 3alUThl HHPOPMALIMK OCHOBAHBI
Ha MEpPEeCTaHOBKE W MOJCTAaHOBKE MJHC-
KpPETHBIX 3JIEMEHTOB, C MOMOIIBIO KOTO-
pBIX HMH(pOpMalMs 3amuchbiBaeTcsa, oOpa-
OaThIBaeTCs, mepenaercs, U T.A4. ITO pas-
pymaer HC BBICOKMX MOPSIAKOB U J€NaeT
"cmoBapu" I pacmo3HaBaHUsA Oecrio-
ne3HbiMU. OfiHa U3 BO3MOXHBIX peain3a-
UMK 3TOM UIEH OINKMCAaHA B MPUI0KECHUU B
KOHIIE¢ KHUTH. )

[lonpiTkKM  ommcarh  MOJOOHBIN
"HC-nepenoc" B TepMHHAx MOCIENO0Ba-
TeJIbHOCTH OudypKauuii B Hauboree o6-
wem Buae [3-5] tpelyroT Heobxooumozo
MCIIOJIb30BAaHUSI BEPOSTHOCTH M OTHOCS-



concepts. We do not do this here to
not obscure the problem of what is
information itself.

In general, even though rather
roughly, a commonplace thinking
can be thought of as the comparison,
choice among, and other "opera-
tions" with the elements of sets of
symbolic characteristics (the sizes,
colors, signal levels, etc.) describing
or modeling different observable ob-
jects and images of these objects in
the memory of the self. That is we
may postulate that images of ob-
servable objects in the brain are the
sets of characteristics. The very dis-
crimination of different symbols-
characteristics is due to the (im-
plicit) presence of some their quanti-
tative measure determined by the
frequency of appearance, the inten-
sity of specific effects on the sen-
sors, etc. that is characteristic of one
or another observable object. This
specific measure is earmarked into
the memory of the self in the proc-
esses of growth or evolution. In
other words, the differentiation of
thinking images can be perceived as
a fixation of some SB. From this
point of view we can interpret the
commonplace information, its se-
mantic and value aspects, as the
presence, novelty, and value of the
distinctions between the thinking
images of the objects, phenomena,
or their totalities, acting on the self,
and the images, kept in his memory.
Taking into account the considera-
tions above, again, abstractedly from
the conscious observer, we can in-
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MUXCS K HeW moHsATHM. MBI HEe OeilaeM
ATOr0 3/1€Ch, YTOObI HE 3aTEMHSTh IpPO-
0JieMy TOro, 4To €cTh MH(poOpMaus cama
1o ceoe.

B oOmemM, xoTsi A0BOJIBHO TpyodO,
OOBIZICHHOE MBILIJIEHHUE MOKHO TOHUMATh
KaK CpaBHEHHUE, BHIOOp MEXIY, U JIpyrue
"onmepamuu'" C 3JIEMEHTAaMU MHOKECTB
CUMBOJIMYECKUX XapaKTEPUCTUK (pa3mMe-
pbl, IIBE€Ta, YPOBHU CHUTHAJIOB, U T.IL.),
ONMKCHIBAIOIIMMHU WM MOJEIUPYIOLIUMU
pasznuyHble HaOr0/1aeMble OOBEKThI, U
o0Opa3zaMu 3THX OOBEKTOB B MaMTH CyOb-
exta. To ecTb Mbl MOKEM MOCTYJIUPOBATh,
yTO0 00pa3bl HAOII0/1aeMbIX OOBEKTOB B
MO3ry (MmaMsiTH) CyObeKTa SIBIISIOTCS Ha-
O0opamMu (MHOXECTBAMHU) XapaKTEPUCTHK.
Camo 1o cebe pasznuyeHHe CHUMBOJIOB-
XapaKTePUCTUK OOYCJIOBJIICHO (HESBHBIM)
MPUCYTCTBUEM HEKOTOPOW HMX KOJUYECT-
BEHHOM MEpbl, OIPENEIsIeMON YacTOTOU
MOSIBJICHUSI, MHTEHCUBHOCTBIO cCrienudu-
YECKUX BO3JCHCTBUU HA OpraHbl 4yBCTB,
U Mp., YTO SIBJIAETCA XapaKTEpPHBIM s
TOTO WJIM MHOTO HA0JIF01aeMOro 00beKTa.
Orta crieuuduueckas Mmepa GUKCUpPYETCS B
naMmsTH cyObeKTa B MPOIECCe pOCTa WIH
sBosmonMu. Jpyrumu cioBamu, audde-
pEeHIMAIUs MBICIEHHBIX 00pa30B MOXET
ObITh MOHSTA KakK (PUKcalus HEKOTOPOU
HC. C »T0i1 TOYKM 3peHUS MBI MOYKEM
MOHMMATh OOBIICHHYIO MH(OpMAIHIO, €€
CEMAaHTUYECKUN U LIEHHOCTHBIA aCIEKTHI,
KaK HaJu4ue, HOBU3HY, U BEJIUUYUHY pa3-
JUYUA MEXIy MBICICHHBIMUA 0O0Opazamu
OOBEKTOB, SIBJICHUN WM MX COBOKYITHO-
CTEeil BO3JIEHCTBYIOIIMX HA OOBEKT, U 00-
pa3aMM 3aKpEIJIEHHBIMU B €ro MaMsTH.
[Ipynumass BO BHUMaHHE MPOBEACHHOE
BBIIIE PACCMOTPEHHUE, OISATh ke, adcTpa-
TUPYSCh OT OCO3HAIOIIETO HAOIIOATENs,
Mbl MOXEM HHTEPIPETUPOBATh UHPDOP-



terpret information as distinctions
themselves, in general.

A scientific logical thinking is
fundamentally the same with the dif-
ference that the choice of basic char-
acteristics 1s not "enforced" by the
sensory organs but is determined by
the chosen level of description and
the abstraction experience accumu-
lated, the both appearing from the
everyday thinking at last. Actually,
all the investigations, theoretical and
experimental ones, deal with think-
ing evaluation, modeling, etc. of the
distinctions between the elements of
the set(s) of characteristics (physi-
cal, chemical, etc. quantities, sizes,
populations, aureole areas, etc.), or
with images provided with their spe-
cific structures (initial and final
states, trajectories, events of certain
types, spectra, probability distribu-
tions, etc.), and the distinctions be-
tween the structures of these sets are
investigated. The formal logical
schemes of consideration can im-
plement the filtration function, be-
cause the distinctions may exist but
may not be taken into account in
course of concrete investigation on
the respective level of description.
This 1s similar to the case, when
some device can not detect distinc-
tions in the signal because of insuf-
ficient or lowered (by experimenter)
sensitivity. In both cases no infor-
mation is extracted and used (non
fixed SB).

The definition of information
as a measure of the distinctions in
general allows to introduce the
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Mayuio Kax pasiudus camu no ceobe, 60-
obuye.

Hayunoe nmoruueckoe mpllIEeHUE B
OCHOBE CBOEH SIBIACTCS TAaKUM XK€, C TEM
OTJIMYMEM, YTO BBHIOOpP 0A30BBIX XapakKTe-
PUCTUK HE TMOOYXKIaeTcss OpraHamu
YyBCTB, HO OMNpEIEISIETCS BbHIOPAHHBIM
YPOBHEM ONHUCAaHUSI M HAKOIJICHHBIM
ONMbITOM a0CTpakiui, npuueM oba. B
KOHIIE KOHIIOB, MPOUCXOJAT U3 OOBbIACH-
HOTO MbIlieHUss. PaKTUYECKH BCE HC-
CJIEJIOBaHUsA, TEOPETUUYECKUE M DKCIEepPHU-
MEHTaJbHbIE, UMEIOT JIEJIO C MBICICHHBIM
OLICHMBAaHUEM, MOJEIMPOBAHUEM, MU T.J.
pa3nuuMil MEXIy 3JIeMEHTaMH MHOKECTB
XapaKTepUCTUK ((pU3MYECKUX, XUMHUYe-
CKHUX M Tp. BEJIUYHH, Pa3MEpPOB, YUCIICH-
HOCTEH, MIomazed apeaaos, U T.1.), WIH
¢ oOpa3zamu, HaJIeIEHHBIMU CBOEH COOCT-
BEHHOW  crenupuyeckol  CTPYKTypoi
(HayanbHBIE U KOHEUHBIE COCTOSHHUSI, TPa-
€KTOPHH, COOBITHS ONPEIETICHHBIX TUIIOB,
CHEKTPBl, BEPOSITHOCTHBIE pacIpeserie-
HUS, U T.J.), ¥ UCCIEAYIOTCS PpPa3Inyus
MEXAY CTPYKTypaMH 3THUX MHOKECTB.
dopMasbHble JIOTUYECKHUE CXEMbl pac-
CMOTPEHHUS MOTYT HECTH B ce0e (PYHKIUIO
buabTpalyK, T.K. pa3audyus MOTYT MpHU-
CYyTCTBOBaTh, HO HE NMPUHUMATHCS B pac-
YeT B XO0JiI€ KOHKPETHOT'O HCCIIEIOBAaHUS
Ha COOTBETCTBYIOIIEM YPOBHE OINUCAHUA.
OTO HallOMHMHAET TOT CJIy4ail, Korja He-
KOTOpPbIA MpUOOp HE MOXKET JETEKTUPO-
BaTh pa3JInyus B CUTHAJIE BBUAY HEJIOCTa-
TOYHOW WJIM 3aHWKEHHOH (IKCIEepHMEH-
TaTOpPOM) UYBCTBHUTEJIBHOCTH. B o00oux
cinydyasx uHbopmaius He OyneT u3BIie-
KaThCsl M UCIIOJIB30BaThCs (HE (UKCUPO-
BanHas HC).

Onpenenenne uH(pOpMaUU Kak
Mephl pa3IUYUid BOOOUIE MO3BOJSET BBO-
IUTh KOJMYECTBEHHbIE Mephl HH(pOpMa-



quantitative information measures
which are adequate to the systems
under study. In the author's opinion,
the "unreasonable effectiveness of
mathematics in natural sciences"
(Wigner, Ch. 17,[6]) is partly due to
this aspect of the information con-
cept. The most visual examples of
this are the adequate description of
many natural processes by the appa-
ratus of differential equations, dif-
ference schemes based modeling by
computers, cellular  automation
based modeling, etc. All analogous
models simply re-produce the evolu-
tion of the space non-uniformities,
non-uniformities of the boundary or
initial conditions, etc.

The fundamental role of dis-
tinctions was stressed by many au-
thors. For instance, Auerbach [7,8]
was pointing out the importance of
distinctions between physical quan-
tities and introduced a concept of ec-
tropy as a characteristics of energy
distribution non-uniformity, or of
the energy concentration in the sys-
tem. Branson [9] defined directly the
information as a function of the dif-
ference of the concentrations on the
sides of membrane in modeling the
behavior of biological membranes.
In an extensive monograph [10] by
Gutscho there are the detailed de-
scriptions of the physical processes
(and real devices using them) re-
flecting the variable characteristics
of the signals in the form of fixed
surface (non-uniform) relieves. A
study of physical processes in the
ears of mammals shows [11] that the
auditory signals are treated in such a
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LMK, aJIeKBaTHbIE paccMaTPUBAEMbIM
cucreMaMm. Ilo MHeHuro aBTopa "Hemo-
cTrkumMasi 3(p(PEeKTUBHOCTh MAaTEMATUKH B
ecTtecTBeHHbIX Haykax" (Burnep, I'nm.13,
[6]) oT yacTu oOycClOBJIEHA ATUM aCIEK-
TOM mOHATUA uHPopMauuu. Haubonee
HarJISIHBIMU TIPUMEPAMH 3TOTO SIBIISIOT-
Csl aIEKBaTHOE OMMCAHWE MHOTUX €CTECT-
BEHHBIX TMpoleccoB amnmapatom audde-
pEHIMANBHBIX YpPaBHEHUN, KOMIbIOTEP-
HOE MOJEIMPOBAHUE C MOMOUIBIO PAa3HO-
CTHBIX CXEM, MOJEIIMPOBAHUE HA OCHOBE
KJIETOYHBIX aBTOMATOB, U 1p. Bce anano-
TMYHbIE MOJIENIM TPOCTO BOCHPOU3BOIAT
HBOJIIOLMIO MPOCTPAHCTBEHHBIX HEOHO-
POIHOCTENW, HEOAHOPOIHOCTEW Hayallb-
HBIX WM TPAaHUYHBIX YCIOBUH, U T.[.

@yHIaMeHTalIbHasA PoJib PA3INYNN
oTMeuajgach MHOTMMH aBTopamu. Hampu-
Mep, Ayspbax [7,8] momuepkuBasl Bax-
HOCTh pa3iuuuii Mexnay (usndeckumu
BEJIMYMHAMU W BBEJ TOHSITHE IKMPONuU
KaK XapaKTEpPUCTHUKH HEOJHOPOAHOCTU
pacnpeneneHuss SHEPruu, WM KOHIIEH-
TpalUWU dHEPTUU B cucteme. bpaHcoH [9]
onpenenuyi MH()OpPMALUI0 HENOCPEACT-
BEHHO KaK (DYHKLMIO Pa3iu4uil KOHIICH-
Tpauui 1Mo CTOpoHaM MeMOpaHbl IIPU MO-
JEIMPOBAHUHN TIOBEICHUS OMOJIOTMUECKUX
MeMOpaH. B oO0mmpHOii MoHOrpaduu
I'ymio [10] npuBoauTCs neTanbHOE OMM-
caHue (QU3NYECKUX MPOLECCOB (U pealib-
HbIX MPUOOPOB HA MX OCHOBE), OTpa-
KAIOLIUX TEePEMEHHbIE XapaKTEePUCTUKU
CUTHAJIOB B (popMe (PUKCUPOBAHHBIX TMO-
BEPXHOCTHBIX (HEOJHOPOJHBIX) pebe-
¢oB. HccnegoBanue ¢GU3UYECKUX TMPO-
LIECCOB B YIIAaX MJIEKONUTAIOLIUX IOKa-
3piBaeT [11], 4TO 3BYKOBBIE CHUTHAJBI 00-
pabaTbIBalOTCS TaKUM 00pa3oM, 4YTO MX
YaCTOTHbIE M JPYTHE XapaKTepUCTUKU



way that their frequency and other
characteristics are presented by the
(space) distributions of neuron activ-
ity in the brain, that is reminiscent,
by the way, of the reliefography
methods [10]. We have mentioned
above that Wiener [1] give a lot of
examples of using the differences to
control the feedback. More exactly,
he writes: "The information fed back
to the control center tends to oppose
the departure of the controlled from
the controlling quantity, but it may
depend in widely different ways on
this departure. The simplest control
systems are linear...", p.97.

All these examples, as well as
many others, that can be found in
literature, say in forward of univer-
sality of the definition of informa-
tion as the distinctions in general.

References
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MPEACTABIAIOTCS B BHUAE (IPOCTpaHCT-
BEHHOI'0) pacnpeniesieHusi HeWPOHHOU aK-
TUBHOCTH B MO3Ty, YTO HAallOMMHAET,
Kcratu, Metoa penbedorpaduu [10]. Mbi
yIoMHuHanu Bbilie, uto Buuep [1] maer
MHOI'O0 NPHUMEPOB HMCHOJB30BAHUS Pa3JIH-
YUl A1 yrpaBieHUs: 0OpaTHON CBA3BIO.
Tounee, on numet: "Mudopmanus, nepe-
aBaemasi ynpaBJISIIOIIEMY LIEHTPY, CTpe-
MHUTCSI U3MEHUTHh OTKJIOHEHUWE YIIpaBIIsic-
MOI BEJIMYUHBI OT YNPaBIAIOIIEH Ha 00-
paTHOE, HO OHa MOXET CaMbIM pa3ny-
HbIM 00pa3oM 3aBUCETh OT ATOTO OTKJIO-
HeHus. [Ipocrenue ynpasisitonuye cuc-
TEMBI JIMHEHHEL...", ¢.165.

Bce st mpumepsl, Tak ke Kak U
MHOTHE JIpyTHE, KOTOPbIE MOKHO HAWTH B
JUTEPAType, TOBOPAT B IOJIb3Y YHHUBEP-
CaNIbHOCTU  OMpENEIeHUsl uHgopmayuu
KaK paznuyuii 6006uye.
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3. Transform information

Behind almost every modern
scientific term there is a set of char-
acteristics (quantities) with its own
many-level or hierarchical structure.
But there is a unique common fea-
ture of all mathematical models that
is the fact that all (physical) models
imply the use of (not less than) two
sets: a support set (space, space-
time, phase space, set of elementary
events, nodes of crystal lattice, etc.)
and a set of "intensity measures"
or "marks" ascribed to the domains
or points of the support set (the
fields and their intensities, probabil-
ity measure and other distributions).
For example, in statistical physics
the support set is the phase space or
state space and the intensity meas-
ures are the probabilities. In gas-
(hydro-) dynamics the support space
1s the Euclidean coordinate space
and the intensity measures are the
distributions of density, velocity,
temperature, pressure and other gas-
dynamic quantities. In quantum me-
chanics the support space is the co-
ordinate space or space-time and the
intensity measure is the wave func-
tion the squared absolute value of
which is interpreted as probability.
Although such a model looks too
primitive, this “sandwich” works
perfectly in the most effective (due
to the number of applications)
mathematical theory - a probability
theory where it is actually the base
of considerations or even the way of
thinking [1,2]. In applications we are
interested in the distribution of in-
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3. Undopmanus npeodpa3oBaHus

[loutn 3a KaXKIbIM COBPEMEHHBIM
Hay4YHbIM TEPMUHOM CTOUT HAa0Op Xapak-
TEPUCTHUK (BEJIIMYMH) CO CBOEH COOCTBEH-
HOM MHOI'OYPOBHEBOW WIIM HEpapxuye-
ckoil cTpykTypoi. Ho nmeercst ogna 00-
njas 4yepra BCEX MaTeMaTHUYECKHX MOJe-
JIell, 3aKIyYaromascs B TOM, YTO BCE
(busmyeckne) MoAeNM MOAPA3yMEBAIOT
UCIIOJIb30BaHUE (HE MEHee 4YeM) JBYyX
MHOXECTB: 0a30BOro MHOXecTBa (Ipo-
CTPaHCTBO, MPOCTPAHCTBO-BpeMs, (a3o-
BO€ IPOCTPAHCTBO, MHOYKECTBO 3JIEMEH-
TapHBIX COOBITHI, Y3/bl KpUCTAJLINYE-
CKOU pEILIEeTKH, U T.JI.) U MHOXECTBa "'Mep
WHTEHCUBHOCTEHU" nim '"MeToK", Npunwu-
CaHHBIX 00JACTSIM WM TOYKaM 0a30BOTO
MHOKeCTBa (IOJII U MX MUHTEHCUBHOCTH,
BEpPOSITHOCTHAsI Mepa WM Apyrue pac-
npenenenus). Hanpumep, B cratuctuye-
CKOU (pu3nKe 0a30BBIM MHOXECTBOM SIB-
asercss (pa3oBO€ MPOCTPAHCTBO WIIM IPO-
CTPaHCTBO COCTOSIHMM, a MEpPaMU HHTEH-
CUBHOCTH SIBISIFOTCS  BEPOSATHOCTH. B
TUApPO- ra3oJuHaMUKe 0a30BbIM MHOXe-
CTBOM SIBJISIETCS €BKJIMJOBO KOOPJIHMHAT-
HOE MMPOCTPAHCTBO, & MEPAaMU WHTEHCHB-
HOCTEH SIBIISIFOTCS PACHPECICHUs IUIOT-
HOCTH, CKOPOCTH, TE€MIIEpaTyphl, HaBJe-
HUS U JIPYyTHX ra30JMHAMUYECKUX Mapa-
MeTpoB. B kBaHTOBOM MexaHUKe 0a30BbIM
MHO>XECTBOM  SIBJISIETCSI  KOOPAMHATHOE
MPOCTPAHCTBO WJIM MPOCTPAHCTBO-BPEMSI,
a MEpOM MHTEHCUBHOCTEU SIBJISICTCSI BOJI-
HOBasi (YHKIMS, KBajgpaT aOCOIIOTHOU
BEJIMYMHBI KOTOPOW TPaKTyeTCsl Kak Be-
POSITHOCTb. XOTS TaKasi MOZEJb BBITJISIAUT
CIIMILIKOM TNPUMHUTHUBHOM, 3TOT "OyTep-
Opon" wmaeanbHO paboTaeTr B camoil 3¢-
(bexTuBHOM (MO YHCITy MPUIIOKEHUI) Ma-
TEMaTUYECKOH TEOpUU - TEOPUU BEPOST-



tensities over the support set, as a
rule.

As will be shown below, very
often one can obtain the mathemati-
cal description of one or another
system comparing the intensities of
the points or domains of the support
set, 1.e. in trying to evaluate the dis-
tinctions of the domains or points of
support set, or saying alternatively,
trying to evaluate a non-uniformity
of the set of intensity measures. The
key idea is to transform properly the
intensity measures (or the support
set that is followed by the transfor-
mation of intensities) and to com-
pare the intensity distributions be-
fore and after the transform using as
a quantitative measure of their dis-

31

HOCTEM, r7ie OH (PaKTUUECKH SBIISIETCS OC-
HOBOI paccMOTpEHHUs, WK JIaXKke CIOCO-
o6om wmbinuieHust [1,2]. B npunioxeHusx
Hac MHTEPECYIOT, Kak MpaBWJIO, paclpe-
JICJICHUs] MHTEHCUBHOCTEH MO 0a30BOMY
MHOKECTBY.

Kak Oyner mokazaHo HUXKE, OYCHBb
4acTO MOKHO MOJIYYUTh MaTeMaTH4YECKOe
ONMCAaHUEe TOW WM MUHOW CHUCTEMBI, CpPaB-
HUBAsi MHTEHCUBHOCTH TOYEK MJU oOjac-
Teii 0a30BOr0 MHOKECTBA, TO €CTh IIBITa-
ACh OLEHUTH PA3NUUUs 00JacTeN WIH TO-
Yyek 0a30BOr0 MHOXKECTBA, WM, TOBOPS
MO-/IpyroMy, OLIEHHBasi HEOJHOPOJAHOCTh
MHOXeCTBa Mep MHTeHcUBHOCTeil. Kitto-
4yeBasl WJes COCTOMT B TOM, YTOOBI IMOJ-
XOSIIKUM  00pa3oM TpaHCHOPMUPOBATH
Mepbl HMHTEHCUBHOCTEW (win 0a3oBoe
MHOECTBO, YTO BJIEYET TpaHCHOpMAIUIO
MHTEHCUBHOCTEN) U cpasHums pacnpeoe-
JIeHUsi UHmMeHCUusHocmel 00 U Hoce
mpaucgopmayuu, UCnoIb3ysa 8 Kaiecmee
KOJIUYECMBEHHOU Mepbl UX PA3IUdUs UH-

tinction a transform information @opmayuro  npeodpazoeanus  (UII),
(TD), Fig.3.1: puc.3.1:
IGT / HIIII

T.l:'ﬁu:

W

Fig.3.1. Schematic representation of
transformation of the model "sand-
wich."

I = [dEW O EVT A D), Tre = SuIn(u/ Totty),

Puc.3.1. CxeMaTtuueckoe nNpeicTaBIeHUE
npeoOpa3zoBaHus MOJEIBHOTO "OyTep-

opona".
3.1)



where {&} or {k} is the support set,
continuous or discrete one, {(&)} or
{1} are the intensities ascribed to
the points (domains) of the support
set, T, 1s a result of some transform
T (shift, rotation, unitary transform,
etc. ) of the intensities, « is a pa-
rameter of the transform. Informa-
tion generating transform (1GT) T
may be local or global but it must
not distort the uniform intensity dis-
tribution (containing no informa-
tion).

To not obscure the core by the
mathematical details (which are to
be discussed to make the considera-
tion rigorous) we will hold that all
the measures and transformations,
that will be used in the following to
build up TI, obey the necessary re-
quirements (piecewise continuity,
positiveness or whatever else de-
pending on physical scenario). We
will imply also that the measures
and their transforms satisfy the ini-
tial and boundary conditions im-
posed on the system under consid-
eration.

Somewhat running ahead, it is
necessary to point out three impor-
tant circumstances : (1) the informa-
tion introduced above does not im-
ply the necessary use of the prob-
ability measures to describe the
physical systems, (ii) the concept of
transform 7' may be used not only in
the mathematical sense, but also
symbolically, for example, to reflect
the unknown mechanism of evolu-
tion of the measure or its transfor-
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rae {&} win {k} - 6Ga30BO€ MHOKECTBO,
HEMIpephIBHOE WM JHCKpeTHoe, {u(&)}
WIH {/4} - UYHTEHCUBHOCTH TIPUITHCAHHbBIE
K ToukaM (00J1acTsiM) 6a30BOr0 MHOYKECT-
Ba, T, U - Pe3ysbTaT HEKOTOPOro Mpeod-
pazoBanus T (CABUT, BpallleHHE, YHUTAp-
HOe TpeoOpa3oBaHue, W TP.) UHTEHCHUB-
HOCTEH, « - mapameTrp npeoOpa3oBaHUA.
Hngpopmayuonno npouszsoosuee npeoo-
pazosanue (UIIIl) T moxer OBITH JiO-
KaJIbHBIM WJIM TJIOOQJIBHBIM, HO OHO HE
JOJKHO MCKaXaThb OJHOPOJHOE pacIpe-
JieJIeHue WHTEHCUBHOCTEH (HE cojepka-
miee nHopMaIum).

YToOBl HE 3aTEMHSTHh CyTH MaTeMa-
THYECKUMH JEeTASIMU (KOTOpBIe HE0OXO-
auMo  oOCyIuTh, 4TOOBI cenaTh pac-
CMOTpPEHUE CTPOTMM), Mbl OyAeM IoJia-
raTh, 4TO BCE MEphI M IpeoOpa3oBaHMsI,
KOTOpBIE OyJyT MCIOJIb30BAaThCS B JaJIb-
Henmem mis nocrpoenuss UII, ynosne-
TBOPSIIOT HEOOXOJUMBIM  TpeOOBaHUAM
(KkycouHasi HEMPEPHIBHOCTh, HEOTPHUIIA-
TENBHOCTD, WJIM YTO-JIMOO €II¢ B 3aBUCH-
MOCTH OT (PU3MUECKOIN MOCTAHOBKHU 3aja-
4y, clieHapusi). Mbl Tak ke Oyjaem nojapa-
3yMeBaThb, YTO MEphl U UX Mpeodpas3oBa-
HUS YyJOBJETBOPSIOT HA4YaJbHBIM M Tpa-
HUYHBIM yCJIOBHUSIM, HAJOKEHHBIM Ha
paccMaTpUBaEMYIO CUCTEMY.

Heckonbko 3aberas Bnepen, HE0O-
XOJIMMO OTMETUTh TPU BAXKHBIX OOCTOSI-
TenbCcTBa: 1) BbIlIe BBeAeHHAs UHGOpMa-
U HE MOApa3yMeBaeT HEOoOXOIUMOIo
WCITOJIB30BAHUST BEPOSATHOCTHBIX MEp IS
ONMUCaHUS (PUINYECKUX CHUCTEM, 2) TOHS-
THEe peoOpa3zoBaHus 1" MOXET UCIONb30-
BaTbCs HE TOJIBKO B MAaTEMAaTHYECKOM
CMBICIIC, HO TaK K€ CHMBOJHMYECKH, Ha-
puUMep, YTOOBI OTPa3UTh HEU3BECTHBIN
MEXaHHU3M HBOJIOLMU MEPHI WU €€ Tpe-
o0pa3oBaHus W3 apUOPHON B MOCTEPU-



mation from an a priort form into
the posterior one in the course of tri-
als, (111) we do not imply the rigor-
ous use of the term " intensity meas-
ure", 1.e. this measure must not nec-
essarily be real and normalized.

When the probability measure
is used, TI is a particular case of the
Kullback information which is a
measure of the distinction between
two probability distributions not im-
plying the necessary presence of any
connection between them [3-5]. On
the other hand, T1 can be applied to
the non-probabilistic measures. De-
pending on the transform used, in
such cases TI can be related to the
classical information measures
when T is a shift - to the Fisher in-
formation /r; when T is a "multifrac-
tal transform" - to the generalized
Renyi dimensions (entropies) D,;
when 7 i1s a "measurement trans-
form" - to the Hartley information
Iy, von Neumann-Shannon-Wiener
information /Iygy, or to mutual in-
formation /. The corresponding
SB's are with respect to the shift,
"multifractal transform", “measure-
ment transform” or rearrangements
of particles (or states, or events), see
Table 3.1. All these cases are dis-
cussed below, but in addition the
possibility is demonstrated to use TI
as a measure of non-uniformity of
the non-probabilistic distributions,
1.e. to apply it to the distributions of
physical quantities directly, without
their statistical interpretation.
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OpHY10 (HOpMY B XOJI€ UCHBITAHUMN, 3) MbI
HE MPEANoJIaraéM CTPOroro MCmoJib30Ba-
HUs TEPMHUHA ''Mepa UHTEHCUBHOCTEN'", TO
€CTh 3Ta Mepa He 00s3aTeIbHO JOJKHA
OBITH BEIICCTBEHHOW U HOPMUPOBAHHOM.

Korpa ucnonb3yercst BepOsITHOCT-
Has Mepa, UII saBusgercsa 4yacTHBIM ciyda-
em uHpopmanuu Kynpbaka, koTopas siB-
JSIeTCS. MEPOM pasiinyusl JIBYX BEpPOSITHO-
CTHBIX paclpeiesieHnid, He Moapa3yMeBas
HEOOXOAMMOr0 HAMYMUS CBSI3HM MEXKIY
Humu [3-5]. C npyroit croponsi, UIT mo-
KET TPUMEHATHCA K HEBEPOSTHOCTHBIM
MepaMm. B 3aBHUCHMOCTH OT UCTIONB3YyEMO-
ro npeoOpa3zoBaHus, B Takux ciydasx UII
MOET ObITh COOTHECEHA K KJIACCUYECKUM
Mepam HHpopmanmu: korjpa 7' siBisercs
cABUTOM - K uH(popmanun Pumepa Ir;
koraa T siBasieTcst "MyJnbTH(QpPAKTAIbHBIM
npeobpazoBanuemM" - K 00O0OIIEHHBIM
pasMmepHocTsM (oHTporusiM) Pensn D,;
korga 7 siBisieTcst "'mpeoOpa3oBaHUEM HU3-
MepeHus" - K uHpopmauuu Xaptiau Iy,
uHpopmanuu ¢on Heiimana-1llennona-
Bunepa Iysy, wnu B3auMHON uHQpOpMa-
uuu [y, CootrBerctByronme HC - mo ot-
HOILIEHUIO K CIBHUTY, "MyJIbTH(QpPAKTAIb-
HOMY mpeoOpazoBaHuio”, "mpeodpas3oBa-
HUIO U3MEPEHUsA" WM MEepPEeCTaHOBKAM
yacTull (MU COCTOSTHUM, WM COOBITHIN),
cM. Taba. 3.1. Bece atu ciyyam obcyxa-
I0OTCSI HUXKE, HO B JIOTOJHEHUE K 3TOMY
JEMOHCTPUPYETCSI BOBMOXKHOCTh HCIIOJNb-
3oBanus MII xak mMepsl HEOHOPOAHOCTH
HEBEPOSITHOCTHBIX ~paclpeleseHui, To
€CTh HEMOCPEJACTBEHHO NPUMEHEHUS €€ K
pacnpeneneHusiM (QU3HYECKUX BEJTUYHMH
0€3 UX CTaTUCTUYECKON MHTEPIPETALUU.



Table 3.1. Some information meas-
ures, as symmetry breaking meas-
ures with respect to the correspond-
ing transforms, and the relating
variational principles, where Iy, I
Ivsw, I(A) and I(q) are the Hartley,
Fisher, von Neumann-Shannon-
Wiener, shift and multifractal infor-
mations, respectively, D, are the
generalized Renyi entropies, L(p/x)
1s Fisher likehood function, EPIP is
for Frieden's extreme physical in-
formation principle, /1,4 1s affine in-
formation, NKG 1is for non-linear
Klein-Gordon equation, KdV - for
Korteweg-de Vries equation, AS 1s a
change in physical entropy, I is
transform information.
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Tadoauua 3.1. Hexkoropsie Mepsl nH(OP-
MallHl, KaK MEpbl HAPYLIEHUS CUMMET-
pHUU 110 OTHOLIEHUIO K COOTBETCTBYIOILIUM
npeo0pa3oBaHUsM, U COOTBETCTBYIOIINE
BAPUALIMOHHBIE TPUHUMIBI, T1a€ [y If
Insw, I(A) u I(q) - unpopmanuu Xaptiu,
Oumepa, ¢on  Helimana-lllennona-
Bunepa, casura u MynpTU(dpakTagbHas
uHopMalysa, COOTBETCTBEHHO, D,
00o01eHnbie 3HTponuu Penwu, L(p/x) -
¢bynkuus nogodus Pumepa, [ODOU -
MNPUHIUI SKCTPEMAJIbHOM  (PU3HYECKOU
unopmanuu Ppunena, Iz - appunnas
unpopmanusi, HKI' - Henuuelinoe ypas-
Henue Kneina-I'opaona, KnB - ypaBne-
Hue Kopresera-ne Bpusza, AS - usmene-
HUe (uU3NYecKor sHTponuu, I7, - uHPOP-
Mauus npeoOpa3oBaHHUs.

TRANSFORM INTENSITY MEASURE/MEPA UHTEHCHBHOCTH
[TPEOBPA30OBAHUE probability real complex
BEPOSTHOCTh BEIICCTBEHHAS KOMILICKCHAsI
rearrangements Iy, Insw
IePECTAaHOBKH
I, I(N), 1(A), I(A), NKG, 1
shift EPIP, NKG, Kdv action invariance
CIBUT [I5®U, HKT KaB VHBApUAHTHOCTh
JICUCTBUSA
multifractal I(q), D, I(q)
MYJIbU(paKTAIBHOE
Inverse measurement Insw, Iy, AS oc 7,
transform Jaynes’ principle | by intensive vari-
oOpaTHOe TipeoOpa3oBa- | mpuHImN JxeitH- ables
HUE U3MEPEHUS ca 110 HHTCHCUBHBIM
nepeMEHHBIM
direct measurement L(p/x), AS oc I,
transform Fisher’s principle | by extensive vari-
npsiMoe ipeobpaszoBa- | npuHuun duimiepa ables
HUE U3MEPEHUs M0 SKCTCHCHB-
HBIM TIepEMEH-
HBIM




From the definition of T1 (3.1)
it is immediately seen that if even
the measure u (discrete or continu-
ous) is not uniform, but invariant
under some transform 7, the respec-
tive TI is zero, and its variance from
zero must reflect the extent of SB
with respect to the transform 7 in the
system described by the measure .
This remains valid also for all the
classical information measures to
which TI reduces in the respective
cases. Using this correspondence we
can ascribe to respective informa-
tions a sense due to the IGT used to
build up TI and reveal respective
SB. Thus the problem of the sense
of one or another information meas-
ure can be resolved from the unique
view point of SB.

It is necessary to point out
that the modern literature on the
self-organization theory virtually is
impregnated with the ideas of SB
and information theory, [6-11] to
number a few, but the existence of
immediate relation between the in-
formation measures and SB was not
emphasized. (But it should be
pointed out that there are many
transparent hints in the literature,
especially in [8-10,12].) By the use
of TI this connection is directly re-
vealed. The proposed approach to
the definition of the information
sense corresponds to the idea that
the sense can be ascribed to the in-
formation only due to the response
of the system to an external effects
[9] owning to which the system is
subject to the optional constraints
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N3 omnpenenenuss UII (3.1) Hemo-
CPEACTBEHHO BUIHO, YTO, €CJIU Jaxe Me-
pa 4 (IUCKpeTHasl WIK HelpepbIBHAsA) He-
OJIHOPOJHA, HO WHBapUaHTHA MPU HEKO-
TOpoM mnpeoOpazoBaHuu 7, COOTBETCT-
Byromas MII paBHa Hymro, u ee oTyiMune
OT HyJIA JOJDKHO oTpaxkarb creneHb HC
[0 OTHOILICHHIO K 3TOMY Mpeodpa3zoBa-
HHUIO 1 B CUCTEME, ONMMUCHIBAEMOM MEpPOW
[ DTO OCTAeTCs BEPHBIM TaK K€ JJI BCEX
KJIACCUYECKUX Mep MHPOpMAIINH, K KOTO-
pbpiM cBogutcs UII B cooTBeTCTBYROIIMX
ciaydasx. Mcrnonb3ysi 3TO COOTBETCTBUE,
MBI MOKEM IMPUIIUCHIBATh COOTBETCT-
BYIOIIUM HH(POPMAIIUSIM CMBICIT B CHITY
NIIII, ucrioab30BaHHOTO JJI IOCTPOEHUS
NII, v BBIABASIOMIETO COOTBETCTBYIOILIYIO
HC. Takum o6pa3om, mpobiema cMmbIciia
TOM WM UHOW WHOOPMAIMOHHOW MEpHI
MOXXET OBITh pa3pelieHa ¢ eJUHON TOYKU
3pennst HC.

Heobxoaumo mog4epKkHYTh, 4YTO
COBpPEMEHHAs JIUTepaTypa Mo TEOpUH ca-
MOOpraHu3alui OyKBAJIbHO MPOMHUTAHA
unesmu HC u teopun uHbopmanmu, [6-
11] u MHOTHE OpyTHE, HO CYILIECTBOBAHUE
HEMOCPEJACTBEHHOM CBSI3U MEXKIYy MEpaMHU
unpopmaruu 1 HC He ObUTO BBISBICHO.
(Ho HeoOxomuMo moq4epKHyTh, 4TO UMeE-
€TCS MHOT'O NPO3PavyHbIX HAMEKOB B JIU-
Tepatype, ocobenno B [8-10,12].) C wuc-
nonp3oBanueM UII 3ta cBsA3b BbIABISIETCA
HenocpeAcTBeHHO. [Ipemnaraemeii mon-
X0l K OMpEeNeTIeHUI0 CMbIciia UHpOpMa-
MU COOTBETCTBYET UJIEE, YTO CMBICI MO-
KET OBITh MPUTNHUCAH UH(GOPMAIUN TOJb-
KO C YYE€TOM OTBETa CUCTEMbI Ha BHEII-
HUE Bo3jaeucTBus [9], Omaromaps KOTO-
pbIM CHCTEMa IOJBEPraeTcsi JIONOJIHU-
TEJIbHBIM OrPAHUYEHUSIM U HU3MEHSET
CBOE COCTOSIHUE.



and changes its state.

It is somewhat more difficult
to enlighten from the view point of
TI the value aspect (that is a more
specific feature) of information,
however, from the most general
view point it may be put that the in-
formation is not of any value if only
one its quantity is used to build up
the mathematical description of the
system (zero, extreme, etc. quantity).
If all possible quantities of informa-
tion are used then information is of
value which is equal to some its
characteristic quantity like it was
proposed by Kharkevich [13].

We could discuss in more de-
tails all aspects of information con-
cept , if all fundamental acts of in-
formation processing would be re-
flected in formal definition of quan-
titative information measure. But in
the TI form (3.1) only one funda-
mental act of comparison is formally
reflected (to some extent).

Thus, on the one hand, we are
restricted in our discussion of the in-
formation aspects, on the other hand,
we seem to be able to reveal the
most objective information proper-
ties, since comparison is a main fea-
ture of all processes of information
«treatment.»

References
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Heckonbko TpyaHee OCBETUTH C
TOYKU 3peHuss MII neHHOCTHBIM aciekT
(koTopblli siBNIIETCS Oosee cneruduye-
CKOM OCOOEHHOCTBIO) MH(pOpMaLUHU, OJ-
HAaKO, C caMOoi oOIeld TOYKH 3pEeHHs,
MO>XHO TIOJIOXKHTb, YTO MHGOpMALMS HE
MMEET HUKAKOW I[EHHOCTH, €CJIH TOJIbKO
OJIHa €€ BEJIMYMHA UCIOJIb3YETCs IS TO-
CTPOEHHUS MaTEeMaTHYECKOTO ONUCAHUs
CUCTEMBI (HYJIEBOE, JKCTpeMajbHOE, U
T.1. 3HaueHue). Ecnu ucnomnb3yrorcs Bce
BO3MOYKHbIE 3HAuY€HUS MH(POPMAIMH, TO
LEHHOCTh MH(OpPMAIIMU paBHA HEKOTOPOU
€€ XapakTepHOW BeJIMYuHE, MOJO0OHO TO-
My, KaK 3TO ObUIO MPEI0KEHO XapKEBU-
yeM [13].

Mgl Moriu 0wl OoJiee AeTalbHO 00-
CYJIUTh BCE aCIEKThl MOHATHUS HHPOpMa-
11U, ecii Obl Bce (PyHIaMEHTaJIbHbIE aK-
Thl 00pabOTKM MH(pOpPMALMKU OBLIU OTpa-
KEHbl B (DOpMaANIBHOM ONPENEICHUU KO-
au4ecTBeHHOW Mepsl nHpopmanuu. Ho B
dbopme UII (3.1) popmanbHO oTpaskeH (110
HEKOTOPOW CTENEHH) TOJIBKO OJMH (yH-
JaMEHTaJIbHBIA aKT CPAaBHEHHS.

Takum 006pa3om, ¢ OJHOM CTOPOHHI,
Mbl OFPAaHMYEHBI B HAIlleM PAaCCMOTPEHUU
acnekToB MH(OpMaluH, ¢ APYrol cTopo-
HBI, TIO-BUJUMOMY, MBI MMEEM BO3MOXK-
HOCTh BBISIBUTH Haunbosee OOBEKTUBHbBIE
cBoiicTBa WH(pOpMaIUU, T.K. CPAaBHEHHUE
ABJIIETCST Hambojee BaXXKHOM OCOOEHHO-
CTBIO BCEX IIPOLIECCOB OOPaOOTKU HH-
dhopmanuu.
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4. Direct and inverse meas-
urement transform informa-

tions
Many theoretical models in
probability theory and, conse-

quently, in statistical physics, con-
ventional information theory and
other sciences using the probability
theory, consider the transitions of
the systems under study from one
state to another, the states being de-
scribed by different probability dis-
tributions (measures). In this chapter
we demonstrate the use of TI for the
description of changes of distributed
quantities on the base of considera-
tions of appropriate symbolic trans-
forms mentioned in Chapter 3. We
call this transform a measurement
transform because very often the
theoretical models are to describe
the measurement, real or gedanken,
or the evolution of the system due to
some external effects that can be
also regarded as a measurement pro-
cedure from a general view point,
e.g. the quantum mechanical theory
of measurement process. More spe-
cifically, we consider here the sim-
plest cases when some system with
discrete support set (set of states)
can be described by a priori discrete
probability distribution {p;} (i.e. our
“opinion” about the system “at first
glance”) which transforms after the
measurements (trials, observations,
etc.) into distribution {p}} that we
call here a direct measurement
transform (DMT). Its inverse (sym-
bolic) transform is called respec-
tively an inverse measurement
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4. Ilpamas u oOpaTHas uH(popma-
MM Npeodpa3spBaHUs U3MEPEHUS

MHorue TeopeTHYeCKue MOACNU
TEOPUM BEPOATHOCTEH U, CJIEeI0BATEILHO,
B CTaTHUCTUYECKOW (U3MKE, TPaJAUIHMOH-
HOM Teopuu MHGOPMALIMK U JIPYTUX HAy-
Kax, MCIOJb3YIOIIUX TEOPUIO0 BEPOSITHO-
CTeHl, paccMaTpUBAIOT IMEPEXOJbl HCCIIe-
IYEMbIX CHCTEM W3 OJHOTO COCTOSIHUS B
Ipyroe, mprUYeM COCTOSIHUSI ONHCHIBAIOT-
Csl pa3IMYHBIMH BEPOSITHOCTHBIMU pac-
npeneneHusiMu (Mepamu). B aTol rnaBe
MBI JIEMOHCTpHUpYeM ucnosibzoBanue MII
JUIsL OTIMCAaHUs U3MEHEHUH pachpe/eeH-
HBIX BEJIMYMH HAa OCHOBE PAcCCMOTPEHUs
NOJXOMSAIIMX CHUMBOJIMYECKUX Mpeodpa-
30BaHMM, YIIOMSHYTHIX B riaBe 3. Ml Ha-
3bIBAEM TaKo€ MpeoOpazoBaHuE npeoobpa-
3068aHUeM uzmepenusi, TOTOMy 4TO OYEHb
4acTO TEOPETUYECKHE MOJENIU MPU3BAHbI
ONMKCHIBATh HW3MEPEHHUs, pealbHbIE WIIU
MBICJICHHBIE, WM DBOJIIOIUIO CHCTEMbI
noJi JEHCTBUEM HEKOTOPHIX BHEIIHUX
BO3JICCTBUMN, UTO ¢ OOIIECH TOUKHU 3PCHUS
TaK)K€ MOXXHO pPacCMaTpuBaTh Kak Ipo-
HeAypy H3MEpeHus, Kak, Hampumep, B
KBaHTOBO-MEXaHUYECKON TEOpUU Mpo-
necca uzMepeHusi. KoHkpeTHO, MbI pac-
CMaTpHUBAaEM 3/I€Chb MPOCTEUIUE Clydau,
KOT/la CHUCTEMAac JUCKPETHBIM 0a30BbIM
MHOXEMTBOM (HaOOpPOM COCTOSTHUI) MO-
KET OBITh OINKCaHA ANPUOPH JUCKPETHBIM
BEPOSITHOCTHBIM ~ PACTIPEICIICHUEM  {p;}
(mamuMm "MHeHHEeM" O cucTemMe "Ha mep-
BbIl B3MJIsi1"), KOTOpO€ TpaHchopMupy-
€TCsl Moce U3MepeHuil (MCIbITaHuM, Ha-
OJIIOZIeHUM U T.11.) B pacnpenenenue {p i},
YTO MbI Ha3bIBAEM 3/IECh NPSAMbIM NpPeoo-
pazosanuem usmepenus (IIIIN). OGpat-
HOE K HeMy (CHMBOJIMYECKOE) Mpeodpa-



transform (IMT). The corresponding
TD’s are the direct measurement
transform information (DMT]) :

Laiy = Zipdn(pi/p %),

and inverse measurement transform
information (IMTI) :

Iinv = ka ;cln(p /k/pk)

Their interpretations as SB measures
are specific to the systems investi-
gated. They both have the form and
all the properties of Kullback infor-
mation [1,2].

4.1. IMTI and
Hartley information
Consider some system subject

to the trials with N possible a priori
outcomes. N can be known for the
given class of systems from earlier
observations or can be taken due to
reasonable assumptions. Before the
trials we have to ascribe to all out-
comes equal probabilities p,=1/N,
k=1,...,.N. That is we first describe
the system by uniform a priori
measure corresponding to the
maximum disorder or complete
symmetry of outcomes. Let then in
the course of rather rough trials we
see that there can be released only
M<N outcomes. If it is all we need
then we can describe our system by
the non-uniform measure {p=1/M,
k=1,...M, p=0, M<k=<N} (after ap-
propriate re-numeration, may be).
I.e. we divide the set of possible
outcomes 1into two incompatible
groups and our "opinion" about the
system's ~ measure  transforms:
{pit—{p%}. The corresponding
IMTI reads :
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30BaHUE HA3BIBACTCA 0OPAMHBLIM Npeod-
pazosanuem usmepenusi (OIIN). Coot-
BercTBytomumu UII sBasitorest unghopma-
Yusi npAMOo20 npeodbpa308aHUs U3MepeHus
(UIIIIN):
(4.0.1)
U uHpopmayus obpamuozo npeobpaszo-
sanus uzmepernus (MOTIN):
(4.0.2)
Nx maTepnperannu kak mep HC 3aBucar
OT CHCTEM, K KOTOPBHIM OHU MPUMEHSTCA.
O6e 3T MHPoOpMaUUU UMET QopMy U
Bce cBoictBa uH(popmanuu KynpOaka
[1,2].
4.1. UOIIM n
uH(popmanusa XapTiu

PaccMOTpuM HEKOTOpPYIO CHUCTEMY,
HaJ KOTOPOM MPOBOJATCS HCIBITAHUSA
(Habmronenus) ¢ N anpuopu BO3MOKHBI-
MU UcxoaaMu. N MOXKET ObITh U3BECTHBIM
JUIsL JTaHHOTO KJlacca CUcTeM u3 Ooliee
paHHUX HAONIOACHUI MM B3STO HA OCHO-
BE pa3yMHBIX MNpejnoiioxeHuit. Jlo mpo-
BEJICHUSI UCHBITAHUN HaM MPUXOJIUTCS
NPUIKICHIBATH BCEM HCXOJaM paBHBIE Be-
positHoct p=1/N, k=1,...N. To ectb,
MBI CHayajla OMUCHIBAEM CHUCTEMY OIHO-
POJIHBIM ~ AllPUOPHBIM  PACTIPEICICHUEM,
COOTBETCT-BYIOIIUM MaKCHUMAaJIbHOMY
OecrnopsIKy WIHM MOJTHOWM CUMMETPUM HC-
xonoB. Ilycth 3aTeM B xone mpeaBapu-
TEJIbHBIX HMCHBITAHUM MBI BUAUM, 4YTO
peanusyrorcs Tobko M<N ucxonos. Ec-
JM 9TO BCE, YTO HaM HYXHO, TO MbI MO-
’KEM OIHUCHIBATh HAIIy CHUCTEMY HEOJHO-
poaHoit wmepou {pi=1/M, k=1,.,M,
p =0, M<k<N} (mocne moaxojsileu me-
peHyMepanuu, MOXeT ObITh). TO ecTh, MBI
pa3zeniii MHOXKECTBO BO3MOXHBIX HC-
XOJIOB Ha JIBE pa3IuvHbIC TPYMIbI, U Ha-
e "MHeHHe" 0 Mepe CUCTEMBI mpeodpa-
syercst: {piy—{p%t. CooTBercTBylomas
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NOIIN Oynetr uMeTh BUA:
=X e o) = S (1/M)_(N)_1 L
Iinv ; pkln(p k/pk) ;ﬂln W =In M —lnM—lnN IH, (4.1.1)

that is exactly the formula of Hartley
information /y, [3-8] and many oth-
ers. (We assume in eq.(4.1.1) to be
0-In(0)=0 in the sense
lim,_,oxIn(x)=0, as is easy to show.)
This can be easily modified for the
case of continuous "outcomes".

Many authors in considering
similar problems even do not men-
tion that this form of information
was first introduced by Hartley. /7 is
traditionally interpreted in the way
[5,6] that, if in initial state there are
N equiprobable outcomes, then the
gain of information /y decreases this
number to M. In our consideration /g
becomes an SB measure which indi-
cates that not all the initially ex-
pected outcomes are possible, mak-
ing no difference between the possi-
ble outcomes, see Fig.4.1.

N=6

Fig.4.1. SB of trial outcomes charac-
terized by Hartley information.

YTO B TOYHOCTH COBHAJAaeT ¢ (hopMyioit
uHpopManuu Xaptau Iy, [3-8] u MHOTHE
npyrue. (Mbl npennonaranu B yp. (4.1.1),
gyro 0-In(0)=0 B cwmbicne mpexaena
lim,_,oxIn(x)=0, YTO JIETKO TOKa3aTh.)
Ota ¢dopmysa JIETKO MOXET ObITh MOJIHU-
¢dunrpoBaHa Ha Ciy4yail HEIpPEepbIBHOTO
MHOeCTBa "ucxomoB".

MHuorue aBTOpbl MPH PaACCMOTpE-
HUU TOJIOOHBIX MPOOJIeM Jake HE YIOo-
MHUHAIOT, 4TO .Ta (opma uHPOpMAIUU
Obl1a BIEpBBIC BBeACHA XapTid. [y Tpa-
JUIMOHHO MHTEPHPETUPYETCS] TAKUM 00-
pazom [5,6], 4TO e€ciu B HayajJbHOM CO-
CTOSIHUM UMEITCSI N paBHOBEPOSITHBIX
MCXOJIOB, TO U3BJICUEHUE KOJIMYECTBA HUH-
dbopmanuu [y yMEHBIIAET 3TO YHUCIO /10
M. B HamieMm pacCMOTpPEHUM [;; CTAHOBUT-
csi mepoit HC, koTopasi mokas3pIBaeT, 4To
HE BCE M3HAYAJIBHO OXKUIAEMBbIE HCXObI
BO3MOXHBI, HE JieJasi pa3jiuyuusi MExXIy
BO3MOKHBIMH MCXOJIaMH, CM. puc. 4.1.

M=3

Puc.4.1. HC ucxonoB ucCbITaHU, Xapak-
Tepusyemasi uHdopmarmeit Xaptiu.



4.2. IMTI and von Neumann-

Shannon-Wiener information

Consider now a more subtle
investigation of the system with N
possible outcomes of trials. To be
concrete, let the system be some re-
ceiver of messages transmitted by N
discrete symbols and each trial indi-
cates what symbol is received. Be-
fore observations we have to con-
sider all symbols equally probable,
so our a priori measure characteriz-
ing the system is uniform {p;=1/N,
k=1,..,N}. le. there is no knowl-
edge about SB among the symbols,
but we can suspect it. Instead of
simple registration of whether some
concrete symbol is received, we can
evaluate the relative frequencies of
appearance of different symbols
(during long enough time) {p7,
k=1,...,N} to take the set of them as
a new measure describing the sys-
tem on the base of Fisher's maxi-
mum likehood principle, see Sec.
4.4. The corresponding IMTT is :

I inv— Z

k=1
where Iygy 1S a conventional von
Neumann-Shannon-Wiener informa-
tion [4-9], which in this case gener-
alizes the form of Hartley informa-
tion (4.1.1). Eq.(4.2.1) shows direct
relation between IMTI and /ys» and
they both can be considered as indi-
cators of the fact that not all the
symbols (outcomes) are equally
probable (SB), see Fig.4.2.
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4.2. UOIIN v undopmanus ¢on

Heiimana-Illennona-Bunepa

PaccmoTpum Tenepr 0oliee TOHKOE
WCCIICIOBAHUE CUCTEMBI C N BO3MOXKHBI-
MH MCXOJAaMH MCHBITAaHUM. J[JIs1 KOHKpET-
HOCTH, IyCThb CHUCTEMOH OyAeT HEKOTO-
pBIii IPUEMHUK COOOIICHUI, NepenaBae-
MBIX C MOMOILIBIO N JUCKPETHBIX CHUMBO-
JIOB, U Ka)KJJO€ HUCIIBITAHUE IOKA3bIBAET,
KaKoil cuMBOJI NpHUHAT. [lo HabOmroneHui
MBI JOJDKHBI paccMaTpuBaTh BCE CHMBO-
Jbl KaK PAaBHOBEPOSITHBIE, TaK YTO Halla
anpuopHas Mepa, XapakTepU3yrolas CHuc-
TeMy, SBIsIeTcS OXHOpPOAHON {p;=1/N,
k=1,...,.N}. To ecTh, HET HHUKaKUX CBeje-
Huii 00 HC cpenu cuMBOJIOB, HO MBI MO-
KEM I0J03peBaTh €€ NMpucyTcTeue. Bme-
CTO TOT0, YTOOBI MPOCTO PETUCTPUPOBATD,
KaKOM KOHKPETHBIM CHMBOJI IIOJIyY€H, MBI
MO>KEM OLIEHUTh OTHOCHUTEJIbHBIE YaCTOTHI
MOJIyYEHHUS] Pa3Iu4HbIX CUMBOJIOB (B Te-
YEHUU JIOCTATOYHO MPOAOKUTEIBHOIO
BpeMeHH HaOmoaeHui) {p% k=1,...,N},
4YTOOBl B35ITh MHOKECTBO 3THUX YaCTOT,
KAaK HOBYIO MEpY, OIMCHIBAIOIIYIO CUCTE-
My Ha OCHOBE IPUHLHIIA MAaKCUMaJIBHOIO
nofgooust dumepa, cMm. 1m1.4.4. CooTBETCT-
Bytomas MOIIN umeet Bua:

N N
pin@ ipy=2. piln(Np D=In(N)+2, piln(p D=In(N)-Iysw, (4.2.1)
k=1 k=1

rie Iysy ABIsSeTCS 00bIYHOE MHGPOpPMAIIH-
et ¢pon Heiimana-lllennona-Bunepa [4-
9], xoTopast B 1aHHOM citydae 00oOI1aer
dbopmy uabopmarmn Xaptiu (4.1.1). Vp.
(4.2.1) mnoka3bIBaeT HEMOCPEACTBEHHOE
cootHomienue Mexay MOIIN u Iygy. Oun
00e MOTYT paccMaTpuBaThCS KaK WHIUKA-
TOpBI TOTO (paKTa, YTO HE BCE CHUMBOJIBI
(ucxonsl) paBHoBeposiTHel (HC), cm.
puc.4.2.



Fig.4.2. SB of trial outcomes charac-
terized by von Neumann-Shannon-
Wiener information.

As In(N) is a maximum possi-
ble value of Iysw, we can rewrite
eq.(4.2.1) in the form of general
measure of non-uniformity of dis-
crete probability distribution {py,
k=1,...,N}

N
Liny :; pdn(Npy) = IR&, - Insw-

4.3. Mutual information

Let we have two non-
interacting systems, each having its
own discrete space state {a}, {f},
characterized by the measures {p,},
{pp}, respectively. Putting the sys-
tems into interaction, we have to de-
scribe the "combined" system by the
joint measure {p,p characterizing
the joint state space {aff}. l.e. the
inittal measure of the non-
interacting systems transforms into
the joint measure: {ppg}—>{pys}, or
Pap=I(papp). Then the inverse trans-
form information by definition coin-

cides with mutual information by
definition [9,10]:

Iinvzzaﬁpaﬁln(p aﬂ/T lpaﬁ) :zaﬁpaﬁln(p aﬂ/(popﬁ)):IM-

We will use these definition
and interpretation of mutual infor-
mation for derivation of non-linear
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Puc.4.2. HC ucxo10B UCIIBITAHUH, XapakK-
tepuszyemas undopmanueit hpon Herima-
Ha-lllenHOHa-BuHepa.

ITockomnbky In(N) siBseTcss Makcu-
MaJIbHBIM BO3MOXKHBIM 3HadeHUEM [ygy,
MBI MOXeM mnepenucath yp. (4.2.1) B
dbopme oOmEeli Mepsl HEOJAHOPOIHOCTH
JVCKPETHOTO BEPOSITHOCTHOTO pacrlpeie-
nenus {p;, k=1,...,N}

(4.2.2)

4.3. BzanmHas uagopmanus

[TycTh nmeroTCs 1BE€ HEB3aUMOECH-
CTBYIOLIUE CHUCTEMBI, KaXKJasi CO CBOUM
JUCKPETHBIM TMPOCTPAHCTBOM COCTOSIHUM
{a}, {P}, Xapakrtepusyemblx Mepamu
{pa}, {pp}, coorBercTBeHHO. IIpHBOIA
CHCTEMBI BO B3aMMOJICHCTBHE, MBI JOJDK-
HBl ONHCHIBATh OOBEIMHEHHYIO CHUCTEMY
COBMECTHOM MeEpOH {p,p}, XapaKTepH-
3YIOIEH COBMECTHOE IPOCTPAHCTBO CO-
crossuud {aff}. To ecTh, HayanbHas Mepa
HEB3aMMOJICUCTBYIOIIUX CHCTEM Mpeo0d-
pasyeTrcsi B COBMECTHYIO  MeEpy:
st —>Pap}, W pos=T(ppp). Torma
nH(opmaiusi 06paTHOro nmpeodpa3oBaHUs
IO OIPEAEIICHUIO COBMA/IAET CO B3AUMHOMU
uHpopmanuent no onpenenexuto [9,10]:
(4.3.1)

MpbI ucnosib3yem 3TO OIpeesieHnue
U UHTEPHpPETalNI0 B3aUMHOM HHpOpMa-
MU JJI9 BBIBOJIA HEJIMHEHHOrO ypaBHE-



Schroedinger equation in the next
Chapter.

4.4. Jaynes' and Fisher's
variational principles in terms
of DMTI and IMTI

As was shown in refs.[11-
14,8], Jaynes' principle of maximum
information entropy (uncertainty)
taken in the form of Iygy, subject to
the constraints reflecting the knowl-
edge of average quantities can be
regarded as the base for the deriva-
tion of the specific statistical meas-
ure of one or another system under
consideration {p; , k=1,...M} - the
distribution of subjective probabil-
ity over the (discrete) state space
{k}. Operationally, it is the Lagran-
gian problem:

-kakll'lpk - J,kak -2

Here {p;} is a probability distribu-
tion over the state space of the sys-
tem, Insw =-Zypilnpy is the uncer-
tainty. The second and third terms
represent the constraints (the nor-
malized distribution, given coordi-
nates, kinetic energy, correlations,
etc. with average values <f;> =
>odi), A, [ are the indefinite La-
grange multipliers.

From a general view point, as
this principle provides the correct
results and allows to avoid the addi-
tional hypothesis’s of ergodicity, a
priori uniform distribution etc., the
uncertainty in the form of Iygy can
be considered as a concept more
fundamental than even the energy,
as Jaynes proposed it [11], but it is
not enough to identify Iysw with a
physical entropy. Virtually, thermo-
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Hus llpenunrepa B ciieayromnien riase.

4.4. BappanMoHHbI€ MPUHIUIIBI

xerinca u Puniepa B TePMUHAX
HUIIIIN u UOIIN

Kaxk 6p110 mokazano B paborax [11-
14,8], npunuun JlxeliHca MakcUMyMa
MH(GOPMAIIMOHHON SHTpONUU (HEompee-
JeHHOCTH) B (popMme Iygyy Tpu orpaHude-
HUSIX, OTPAXKAIOLIUX 3HAHHE CPEJIHUX Be-
JIUYHMH, MOKET ObITh OCHOBOM BBIBOJIA Ya-
CTHOW CTAaTUCTUYECKOM MEpbl TOU WIIH
WHOM  HUCCIENYEMOM CHUCTEMBI pj
k=1,...M} - pacrnipenencHusi cyObeKTHB-
HOUM BEpPOSITHOCTH Ha (IUCKPETHOM) MPO-
CTPAHCTBE COCTOSIHUM {k}. DTOT MPHUHITUTI
dbopmynupyercs B BUJE JIarPaHKEBOU 3a-
Jauu:

B = extremum . (4.4.1)
3nech {pi} - pacupeneiieHHe BEPOSITHO-
CTEH MO MPOCTPAHCTBY COCTOSHUI CHC-
TeMbl, Insw= -Zipilnp, - HeompeneneH-
HOCTb. BTOpoi M Tperwii wieHbl Ipea-
CTaBJIIIOT OrpaHUYEHUsI (HOPMUPOBAHHOE
pacripeqieyieHue, JaHHbIE KOOPIMHATHI,
KUHETUYECKasi HSHEPrusi, KOppelsiuuu Hu
T.I. CO CPEIHHMHU 3HAYCHHUSIMHU <f;f> =
> pfi), A B - HeolpeieIeHAbIe MHOXKH-
tenu Jlarpanxa.

C oOmielt TOYKH 3peHuUs, TTOCKOIIb-
Ky 3TOT MPUHIMUI JAET MpPaBUIbHBIE pe-
3yJbTaThl M TMO3BOJISIET M30€XaTh JOTOJ-
HUTEJIbHBIX THUIIOTE3 APrOAUYHOCTH, OJ-
HOPOJIHOTO aNpPUOPHOIO paclpeleICHUs
U T.I., HEONIPEACICHHOCTh B popme Insw
MOXET PaccMaTpUBaTBHCS KaK IOHATHE,
Oonee GyHIAMEHTAIBHOE YEM JJaXkKe IHEP-
rus, Kak 3To npeioxun Jhxeince [11], Ho
ATOTO HEJIOCTATOYHO JJII OTOKECTBIICHUS
Insw ¢ @usuueckoti suTponuen. Ha camom



dynamics always deals with the en-
tropy increments rather than with the
absolute entropy [15]. We brush
against this problem in the next sec-
tion. Here we only give interpreta-
tion of this principle in terms of
IMTTL.

In the particular case when the
system is described by the probabil-
ity measure subject to the only con-
straint of being normalized without
the additional constraints on any av-
erage values, Jaynes' principle re-
sults in the uniform distribution {p;
=1/M=const} and the uncertainty
has its maximum value In(M). An
introduction of the constraints on the
average values results in the non-
uniform distribution {p;}:

Pi= exp(-Ziffi
This can be interpreted as SB among
the states due to the additional con-
straints imposed.

If we would observe this sys-
tem randomly many times during
long enough period of time, we
would find it in the states k with
relative frequencies p; instead of
equal frequencies 1/M for the con-
straints are absent. The similar case
we have considered in the interpreta-
tion of von Neumann-Shannon-
Wiener information in terms of
IMTT. In this case IMTI takes a form

Zpdn(Mpy)

which can be used in the formula-
tion of Jaynes' principle instead of
uncertainty in the form of Iygy. le.
we can rewrite Jaynes’ principle in
the equivalent form :
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Jiee TEPMOJNHAMUKA UMEET JIEJIO C MpPH-
paLLlEHUS MU DHTPOIIUU, @ HE C CAMOU 3H-
Tponueit [15]. Mbl KOocHEMCsl 3TOM Tpo-
0JIeMbI B CIIEyIOIIEM pasjene. 31eCh Mbl
TOJBKO A€M HHTEPIIPETALMIO ITPUHLININA
JlxenHca B tepmunax MOIIN.

B wactHOM cnywae, korjga cucrema
OIMCHIBAECTCS BEPOATHOCTHONU MEPOH IpU
€JIMHCTBEHHOM OTIPaHUYEHUH, YTOOBI Me-
pa ObUla HOpMHUpOBaHa, 0e€3 JIOTMOJHU-
TEJbHBIX OrPAaHUYCHUN Ha KaKue-uoo
CpellHME BEIMYMHBI, ITpUHUMN J[>KerHca
MPUBOJUT K OJHOPOJTHOMY pacrpezese-
Huw {p; =1/M=const}, korma Heompee-
JIEHHOCTh HMMEET CBO€ MaKCHUMaJbHOE
3HaueHue In(M). BBenenue orpaHuyeHuit
Ha CPEJHHUE BEJIMYUHBI IPUBOJUT K HEOJ-
HOPOJIHOMY PacIpeaeeHUIO {py}:
VZexp(-ZiS1). (44.2)
DTO MOXET OBITh MHTEPIPETUPOBAHO KaK
HC cpean coctosiHuii, oOycClOBIECHHAs
JIOTIOJIHUTENIbHO HAJIOKEHHBIMU OTPaHHU-
YEHUSAMM.

Ecmm Ob1 MBI TIPOBOIWIM MHOTO
HAOJIOACHUIN 3a 3TOW CHCTEMOW B Tede-
HUE JOCTATOYHO MPOAOJKUTEIBLHOIO Tie-
puoia BpEMEHHU, TO OOHApYyKMBaJIH OBl
CUCTEMY B COCTOSIHUSIX K C OTHOCUTEIb-
HBIMU YaCTOTaMH p; BMECTO PaBHbBIX Yac-
TOT 1/M, XaKk B ciaydae OTCYTCTBHS OTrpa-
HuueHu. [loxoxwuit cimywad MBI pac-
CMOTpEJIM TPU HHTEpIpeTanuu HUHPOp-
manmu (pon Hetimana-lllernona-Bunepa
yepe3 MOIIM. B mannom cimywae MOIIN
npuHUMaeT GopMy
(4.4.3)
KOTOpasi MOXKET OBITh HCIIOJIB30BaH MpU
dbopmynupoBanun mnpuHiMna JxelHca
BMECTO HEONpPEeIeIeHHOCTH B (popme Iygy.
To ecTb, MBI MOEM IEpEnucaTh MPUH-
umil J[>keiiHca B 9KBUBAJICHTHOM BHJIE:



Spdn(Mpy) + AZipi + SiBTipifi = extremum

The principles (4.4.1) and (4.4.4)
give the same results, but the latter
reflects explicitly the role of the
constraints on the average values
<f;’> which are responsible for the
SB's. When additional constraints on
average values are imposed the sys-
tem measure {p;} becomes non-
uniform. This can be interpreted as
SB with respect to the rearrange-
ments of states (or particle groups,
see next). The system remains in-
variant under any rearrangement of
the particles only in the same state.
We see that sense of the same uncer-
tainty form /Iysy may change.

The Fisher's maximum like-
hood principle is formulated as fol-
lows [14,16]. If we have carried out
an experiment (trials) with M possi-
ble outcomes and obtained for
k=1,...M, x; times each outcome,
Yx=n, then the probabilities
(measures) of the outcomes can be
determined as a solution to a varia-
tional problem :

-logl(x/p) + AZypy = extremum,

where L(x/p)=ITi(py)™ is a Fisher's
likehood function. The variation and
subsequent normalization result in
{pr=x;/n}. One can obtain the same
result using an information of direct
measurement transform (x;/n)—py:
ixkln(xk/nj
=1 N P
where the first left hand term can be
directly obtained from -L(x/p) with
additional terms independent of p;’s,
and then not influencing the solu-
tion.
The problem (4.4.6) is trivial
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(4.4.4)
[Mpunuunet (4.4.1) u (4.4.4) naroT OgHU U
T€ k€ pe3yJIbTaTbl, HO MOCJIECIHUN B SB-
HOM BHJE OTPAXKaeT pOJjb OIPAHHUYEHUN
Ha CpCIHHC BCIIMYMHBI <f;f>, OTBCTCTBCH-
ubix 3a HC. Korga Ha cucteMy Hakiajbl-
BaIOTCSl JIONOJHUTENbHBIE OrPaHUYEHUS
Ha CpEJHHE BEJIUYHUHBI, MEpa CHUCTEMBI
{pr} cTaHOBUTCA HEOJHOPOJIHOU. ITO
MOET ObITh MHTepIpeTupoBaHo kak HC
[0 OTHOUIEHUIO K II€PECTAHOBKAM CO-
CTOSIHUM (WJIM TpYyNI YacTHI], CM. HUXE).
Cucrema ocraercs HHBapHUAHTHOW MpU
m000M TEpPecTaHOBKE YaCTHUIl TOJIBKO
BHYTpPH TPYIIbl YACTHUI] B OJHOM COCTOSI-
HUHU. MBI BUIMM, YTO CMBICJI OJTHOM M TOH
&Ke POPMBI [ys MOKET MEHATHCS.

IIpyHIMI MaKCMMAJIBHOIO MOJO-
ous dumepa dopmynupyercs cremyro-
M oopaszom [14,16]. Eciiu Mbl mpoBenu
AKCHEPUMEHT (UCTIbITaHUs) ¢ M BO3MOX-
HbIMM HCXOJaMH M TOJYYWIH JJIs
k=1,....M, x; pa3 KaXIblil UCXOM, 2X;=M,
TO BEPOATHOCTH (MEphI) UCXOJIOB MOTYT
OBITh ONpENEICHbl KaK pelieHHe BapHa-
[UOHHOMU 3aJ]a4H:

(4.4.5)
rae L(x/p)=IT(p)™ ectb dyHKIMs M010-
oust dumepa. Bapuarnus u nocneayromias
HOPMUPOBKA NAKOT {p;=x;/n}. ToT ke pe-
3yJbTaT MOXKHO TIOJNYYHTh, HCIIOIB3YIO
uH(pOpMALUIO MPSMOTO IpeoOdpa3zoBaHUs
u3MepeHus (x;/n)—py:

(4.4.6)

+ AZ\pi = extremum,

IJ€ MEPBbIM WICH B JIEBOM YAaCTH MOMKET
OBITh HEMOCPEJACTBEHHO IMOJIYyYeH W3 -
L(x/p) noGaBieHueM ciaraéMbix, HE 3aBHU-
CSALIUX OT MEP Py, U MOTOMY HE BIIMSIO-
IIUX Ha Pe3yJIbTaT PEIICHMUS.

3anaua (4.4.6) sBISIETCSl TPUBUAIIb-



and i1s not of practical interest
(meantime, in Sec. 4.2, when con-
sidering Iysw, we have used Fisher's
principle implicitly to select a new
measure of the system after the tri-
als), but we describe it here to show
the coordination of DMTI and IMTI
with other general concepts. For ex-
ample, Jaynes' and Fisher's princi-
ples correspond to two different in-
terpretations of a probability con-
cept.

The Jaynes' principle corre-
sponds to a subjective interpretation
when probability is to express an ab-
sence of knowledge and to evaluate
the possibility of one or another
event. The form (4.4.4) of this prin-
ciple using the information of (sym-
bolic) transform  {p;}—>{1/M},
which is inverse to the transform of
a priori "equi-distribution" {1/M}
into the distribution {p;} which is to
be found, reflects the subjective in-
terpretation of probability.

The Fisher's maximum like-
hood principle corresponds to an ob-
jective interpretation when probabil-
ity is considered to be an intrinsic
property of very event in the sense
of frequency of appearing. In the
proposed interpretation of this prin-
ciple the use of information of direct
measurement transform
{xi/n}—{pi} of the registered fre-
quency of outcomes into their meas-
ure corresponds to the objective in-
terpretation. DMTI makes the form
of Fisher's principle trivial. In such
an approach an influence of addi-
tional constraints like <f;> in
Jaynes' principle is automatically
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HOM M HE MpPEACTaBIISIET MPAKTUYECKOIrO
uHTEepeca (B TO BpeMsl KakK MpU PaccMOT-
peHnu Iysw B pazaene 4.2 Mbl HEABHO HC-
MOJIb30BaIM NpUHIMN Duiiepa npu Bbl-
O0ope HOBOM MEphI CUCTEMBI TIOCJI€ UCTIbI-
TaHUi), HO Mbl IPUBOJUM 3Ty (POPMYIIH-
POBKY, 4TOOBI II0Ka3aTh COOTBETCTBHE
mexay MOIIN u UIITIN, u npyrumu o6-
MU KoHIenuusaMu. Hanpumep, npus-
uunel JDxerHca u Puiiepa COOTBETCTBY-
10T IBYM Pa3HbIM UHTEPIPETAUUAM MOHS-
THS BEPOSTHOCTH.

ITpuanun JIxelHca COOTBETCTBYET
CyOBEKTUBHOM WHTEpHpeTaluu, Korja
BEPOSITHOCTh JIOJIKHA BBIPAXaTh OTCYTCT-
BHE€ CBEJCHUI U OLIEHUBATHh BO3MOXXHOCTh
Toro wiu uHoro coosnitus. dopma (4.4.4)
ATOTO IMPUHLMNA, WCHOJIB3YIOIas HWH-
dbopmanuo (CMMBOJIUYECKOT0) Tpeodpa-
3oBanus {p;}—{1/M}, sBustomierocs 00-
paTHBIM IO OTHOUIEHUIO K IpeoOpa3oBa-
HUIO allpUOPHOTO "'paBHOPACTIPENEICHUS "
{I/M} B pacupeneneHue {p;}, KOTOpoe
HY>KHO HaiTH, OTPa¥aeT CyObEKTUBHYIO
MHTEPHPETALNIO BEPOATHOCTH.

IIpyHIMI MaKCMMAJIBHOIO MOJO-
Ooust dumiepa COOTBETCTBYET OOBEKTHB-
HOI MHTEpPHpETALMH, KOI/1a BEPOSITHOCTD
paccMaTpHUBAaEeTCsl KaK BHYTPEHHE IPHUCY-
1iee CBOMCTBO CaMOI0 COOBITUS B CMBICIIE
4acTOTBHl NOSIBJICHMS. B mpemnoxeHHou
MHTEPHpPETAllMM ATOr0 MPUHLMUIIA HC-
noJib30BaHne  MHGOpMAIUU  TPSIMOTO
npeoOpa3oBaHUs H3MEPEHUS] PETUCTPU-
PyEMOM 4acCTOTBI HCXOJOB B UX MEPY CO-
IJIaCOBBIBAETCA C OOBEKTUBHOM HWHTEP-
nperauueit. MU nenaer popmy mpun-
nuna Pumepa TpuBHaIbHOU. [Ipu Takom
MOAXO/E BIIMSIHUE JIONOJHHUTEIBHBIX Or-
pPAaHWYEHHNW THUIIA <fki> B IIPUHIUIIC
JI>KeiHCa IPUHUMAETCS B pac4eT aBTOMa-
TUYECKH B XOJ€ UCHBITAHUI MPHU PEruCT-



taken into account by the very
course of trials by registration of the
actual numbers of outcomes. But we
see that the Jaynes' principle pro-
vides more opportunities for theo-
retical considerations.

Thus both principles above re-
flect the appearance of non-
uniformity (SB) of distribution char-
acterizing the system under study,
that is why they both can be inter-
preted on the base of transform in-
formation.

4.5. Statistical interpretation
of physical entropy, von
Neumann-Shannon-Wiener
and Hartley informations,
and IMTI

As a rule, in discussing the
particular problems in statistical
physics, the authors often identify
the uncertainty in the form of von
Neumann-Shannon-Wiener informa-
tion with physical entropy. In many
applications such an identification
does not influence the final results,
but we should always keep in mind
that Iysw 1s merely a (very valuable
and productive but) model quantity
obeying the rules of entropy. Here
we try to show that there is no iden-
tity of these two quantities.

The base of the consideration
1s a statistical interpretation of
physical entropy by Boltzmann :

S=kgInW,

where W is a number of the so called
complexions, i.e. the number of
ways the given macroscopic state
can be realized, k3 is the Boltzmann
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pauuu (akThueckux uyucen ucxoqoB. Ho
Mbl BUJHUM, 4TO NpUHLMUI J[>keiHca mpe-
JIOCTaB/ISIET OOJIbIIIE BO3MOXKHOCTEH JIJIs
TEOPETUYECKUX IIOCTPOCHUMN.

Takum oOpa3om, o0a mNpuUHININA,
OMHCaHHBIC BBIIIE, OTPAXKAIOT HEOTHO-
poanocte (HC) pacnpenenenusi, xapak-
TEPU3YIOIIET0 pPacCMaTPUBAEMYIO CHCTe-
My, ¥ TIO3TOMY OHHM 00a MOTYT OBITb HH-
TEPIPETUPOBAHbI B TepMUHAX WH(MOpMa-
MU TPpeoOpa30BaHMUsL.

4.5. CraTucTH4YeCcKas HHTEpIpe-
TauMs (PU3MYECKOM IHTPONINH,
uHpopmauun ¢pon Heilimana-
Illennona-Bunepa u Xaptiau, u
NOIIn

Kak mnpaBuno, mpu oO0CyxIeHuu
YaCTHBIX MPOOJEM CTaTUCTUYECKOW (u-
3WKH aBTOPHI YaCTO OTOXKJIECTBISIOT He-
OTIpeNIeICHHOCTh B (opMe uHPOpManuu
¢on Heiimana-lllennona-Bunepa ¢ ¢u-
3U4YECKON BHTponuerd. Bo MHoOrux mnpu-
JIO)KEHUSIX TaKoe OTOXICCTBICHUE HE
BIIUSIET HA OKOHYATEIbHBIC PE3YyJIbTAThI,
HO HaM HeoOXOJMMO BCErJa UMETh B BH-
1y, 9TO Insw SIBIIS€TCS BCETO JIUIIb (OYEHb
LIEHHON ¥ MPOAYKTUBHOW HO) MOJIEIBLHOM
BEJIMYMHOM, YJIOBIIETBOPSIOLIEN 3aKOHAM
SHTPOIHUU. 31€Ch MBI ITBITAEMCS TTOKA3aTh,
YTO TU BEJIMYHUHBI HE TOXKECTBEHHBI.

OCHOBOW HaIlIETO PAaCCMOTPEHUS
SABJIICTCSI CTAaTUCTHYECKass HMHTEpIIpeTa-
1y GU3NIECKOr dHTpONuHU 1Mo bombima-
HY:

(4.5.1)
rae W - 4mucio Tak Ha3bIBAEMBIX KOM-
TJIEKCUH, T.€. YHUCIO CHOCOOOB, KOTOPHI-
MU JaHHOE MAaKpPOCKOMHYECKOE COCTOsI-
HUE MOXET OBITh peain30BaHO, kp - KOH-



constant.

Let our system consists of N
weakly interacting particles that can
be rearranged in W;=N! ways that is
the complexion number. Let then the
particles become distributed over M
different states ("boxes", parts of the
system, groups of particles) by N;
particles in each state due to the
change of external conditions that
may be the decrease in temperature,
imposing of external field, or what-
ever else. This means that the initial
complexion number of the system of
N "combined" particles W;=N! or,
speaking alternatively, the number
of rearrangements of the particles
not affecting the properties of the
system, changes and becomes equal
to the product of rearrangement
numbers of the particles "inside" the
particle groups W,=IT;N,! . le. the
system of particles becomes invari-
ant with respect to not all the possi-
ble rearrangements, but only to the
rearrangements inside each particle
group (SB). The change in entropy
is, respectively,
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cTaHTa boibiMmana.

Ilycts Hama cucrema coctout us N
c1ab0 B3aMMOJIEHCTBYIOIIUX YACTHUII, KO-
TOpble MOTYT ObITh paccTaBiieHbl W;=N!
croco0amu, YTo U SIBJIAETCS YMCIOM KOM-
wiekcuu. IlycTe nanee dacTuibl pacnpe-
JENSI0TCS 10 M pa3iIuyHbIM COCTOSTHUSM
("smmkaM", 4acTAM CHCTEMBbI, Tpymnnam
4acTull) 10 N, 4acTUIl B KaXKJIOM COCTOSI-
HUU B CWJIY M3MEHEHHUS BHEUIHUX YCIIO-
BUIi, HampuMep, YMEHbILECHUS TeMIepa-
Typbl, HAJOKEHUS BHEIIHUX MOJEH, WIH
yero-nu0o eme. JTO O3HAYaeT, 4To Ha-
YaJIbHOE YUCJIO KOMIUIEKCUI CHUCTEMBI U3
N "oObenMHEHHBIX" YacTHIL, WU TOBOPS
MO-IpyroMy, 4uciia MEepPecTaHOBOK Yac-
TUL, HE BJIMSIOLIMX HA CBOWCTBA CHUCTe-
Mbl, U3MEHSETCSA U CTAHOBUTCS PaBHBIM
MPOU3BEJICHUIO YHCEJl IEPECTAHOBOK Yac-
Al "BHYTpHU' rpynn vactan Wo=ILN;! .
T.e. cucremMa 4acTHIl CTAaHOBUTCS WHBA-
PHUAHTHOW II0 OTHOLICHHID HE KO BCEM
BO3MOYKHBIM IE€PECTAHOBKAM, a TOJIBKO K
MEPECTAHOBKAM BHYTPH KaXKJIOUW TpyMIIbI
yactull (HC). MI3menenue sHTponuu, co-
OTBETCTBEHHO, PABHO

AS:Sl -SZZ kB(ln W1 -In Wz): kB(ll'l(N' )-Zkln(Nk! )):

:kgln(N!/Hka!):Srszkz.

Now we can reduce the formula for
AS, in the limit of very large Nj's
and N, using the Stirling approxima-
tion N'=(N/e)"v22N, throwing
away the smaller terms, to the form

AS = kBN]NSW = 'Nszkpkln(pk)a

where p,=N,;/N are the "probabili-
ties" to find the arbitrary chosen par-
ticle in the A-th state (group). We see
that entropy in Boltzmann interpre-
tation changes from S,=kzIn(W;) to
S,=kpIn(W,) and the value of this

(4.5.2)
Teneps MBI MOXeM CBeCTH (hopMyITy Hjist
AS B nipeniene o4eHb O0NbIIMX unces Ny u
N, wucnone3ysa annpokcumanuio Crup-
muara N'=(N/e)"\2z2N ', ot6pacbiBast Ma-
JIbIC YWICHBI, K BULY

(4.5.3)
rne py=N;/N - "BeposITHOCTH" HAWTH MPO-
M3BOJILHO BBIOPAHHYIO YacTUILy B k-M CO-
cTostHUM (rpynne). Mbpl BUIUM, 4YTO 3H-
Tponusi B OOJILIIMAHOBCKOW MHTEpIpeTa-
nmun  m3Mensercs ot S\=kzIn(W)) no
S>=kpIn(W,), BeauumHa 3TOr0 U3MCHEHHUS



change by one particle in average is
given by kglysy. Thus in this case
the formula of the information en-
tropy Iysw (uncertainty) displays SB
with respect to the transforms of re-
arrangement group. By the way,
Plank tried to interpret the entropy
change in this way. He did this also
from the view point of invariance of
the system under rearrangements of
identical particles [17,18].

It can be interpreted also in
the sense that all the rearrangements
of particles are the microstates that
have equal probabilities P,=1/W;
and P, =1/W, before and after parti-
tion of the particles into the groups,
respectively, which are transformed
to each other P;—P,, The change in
entropy corresponding to this SB is
equal to the Hartley information
I;=In(P,/P;) having the sense of
IMTI. The same sense is to be as-
cribed to respective Iysw in
eq.(4.5.3). In the well-known for-
mula we find a non-trivial example
of Iysw being merely an approxima-
tion of [y rather than a more general
form of Hartley information. We can
say, however, that this is due to the
reinterpretation of the ratios of com-
binatorial numbers in the limit case
in terms of relative frequencies, or
"probabilities."
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Ha OJIHY YaTCHUIly B cpeaHeM aaetcs ¢hop-
Mynout kplysy. Takum 00pa3zoM, B 3TOM
cinydae ¢hopma UHGOPMALIUOHHON IHTPO-
nuu (HEONPEeIeNIeHHOCTH) [ysy BhIpaXKaeT
HC no orHomeHuto K npeodpa3zoBaHUsM
rpymnnbl  nepectaHoBok. Kceratu, »3tum
CrOCOOOM  MBITAJICS HWHTEPIPETUPOBATH
n3mMeHenus: dHTponuu Ilnank. OH Takxke
Jienall 3TO C TOYKH 3PEHUs UHBAPUAHTHO-
CTU CHUCTEMBI IIPU TEPECTaHOBKAX WJICH-
TUYHBIX yactul [17,18].

MBI Tak k€ MOKEM HHTEPHPETUPO-
BaTh MOJTy4YEeHHBIC (DOPMYJIBI B TOM CMBIC-
Jie, 4TO TMEePEeCTaHOBKU YAaCTHIl SBJISIIOTCS
MUKPOCOCTOSIHUSIMU, KOTOPBhIE  HMMEIOT
paBHble BepositTHocTH P=1/W, u P,
=1/W, 1o u nmocie pa3ieJaeHus: 4acTUll Ha
IPYIIbl, KOTOpPbIE TPAaHCHOPMUPYIOTCS
oaHa B Apyryw P,—P,, 3meHenue 3H-
TpOIUH, CcoOoTBeTCTBYIolee 3TomMy HC
paBHO nHpopmanuu Xaptinu [=In(P,/P,),
nmeroment cmbica MOIIN. Tor ke cmpicn
JOJKeH OBITh mpurnucan Qgopme Iysw B
yp.(4.5.3). B xopomo u3zBecTHol popmy-
Jie MBI HAXOJUM HETPUBUAIBHBIA TTPUMED
TOro, 4To Insw SBISETCS BCETO JIMIIb
OLIEHKOH [, a He Ooiie 001eit hopmMoil mo
OTHOILICHUID K uHpopmanuu XapTiiu.
Onnako, Mbl MOXEM CKa3aTh, 4YTO 3TO
O0OyCJIOBJIEHO PEHHTEPIIPETAIIUEH OTHO-
IMIEHU KOMOWHATOPHBIX BEJIMYWH B TIpe-
JIEIBHOM CJydyae B TEPMHUHAX OTHOCH-
TEJIbHBIX YaCTOT, WJIN "BEPOSTHOCTEN".



4.6. Coarsening the measure

of phase space

In applications of the statisti-
cal theory to different problems it
may be useful often to use a more
coarse partition of the state space,
the transition being completely cor-
rect if the coarsened partition is
made into the domains of the state
space where the internal measure of
the system is constant or changes
rather weakly. In this case we con-
serve almost all the information (as
a totality of distinctions of the do-
main measures) about the system
states, therefore all the functions of
the system measure, some of them
being the statistical interpretations
of state functions of the system,
must not change in the correct tran-
sition to the coarsened partition, at
least for the equilibrium measure
(distribution) [19].

Consider the transition from
the partition of the state space into N
domains described by the measure

.....

.....

that the uncertainty measures Iysy| 0]
and Iysy[P] do not correspond to
each other even in the case of uni-
form  distribution  {p’=1/N},
{P’,=1/M}, when the external con-
straints are absent, i.e. when the
uncertainties are maximum, since
INSW[,OOZ I/NJ=In(N), but
Insw[P’=1/M]=In(M), although the
transition is completely correct. But
the uncertainty measures in the
forms of IMTI I (P—P") and
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4.6. Orpyosenue mepsl ¢pazoBoro

NMPOCTPAHCTBA

B npuioxeHusax CTaTuCTHYECKON
TEOPHH K Pa3Iu4HbIM MpoOJIeMaM YacTo
ObIBAET MOJIE3HBIM HCIOJIb30BaTh OoJiee
rpyboe pa3z0MeHue MpOCTPaHCTBA CO-
CTOSIHMI, TIPU 3TOM NEPEXOA SBIsAETCA
MOJIHOCTBIO KOPPEKTHBIM, €CIIM Orpyo-
J€HHOE pa30ueHrue MPOBOJUTCSA MO 00-
JACTSIM NIPOCTPAHCTBA COCTOSHMM, TIAe
cOOCTBEHHAsi M€pa CHCTEMbl MOCTOSHHA
WJIM MEHSIETCA T0CTAaTOYHO ciabo. B atom
Cllydya€ MbI COXpaHSE€M IMOYTH BCHO HH-
dbopmarnuio (Kak COBOKYIMHOCTh Pa3iHuuit
Mep 001acTeil) O COCTOSHUSX CHUCTEMBI,
MO3TOMY BCE€ (DYHKIIMH MEpBI CHCTEMBI,
HEKOTOPBIE U3 KOTOPBIX MOTYT SIBIATHCA
CTaTUCTUYECKUMU UHTEPIPEeTAUIMU
(GyHKIUI COCTOSTHUSI CUCTEMBI, HE JOJDK-
Hbl M3MEHATHCS NPHU KOPPEKTHOM Iepe-
X0Jle K OrpyOJeHHOMY paclpeaesiCHHUIO,
10 KpallHEN Mepe U1l PABHOBECHOU MEpBI
(pacnpenenenus) [19].

PaccmoTpum mepexon oT paszzelne-
HUS NPOCTPAHCTBA COCTOSIHMI Ha N 00-
K OrpyOJICHHOMY pacIlpeieieHHI0 Ha
M<N obnacTeli, OmMChIBAEMOMY MeEpOit
{P}k=1..m JleTKO BUZIETH, UTO MEPHI HE-
onpeaeneHHocT! Iysy[ o] u Iysw| P] He co-
OTBETCTBYIOT JPYT JIPYry JaXke B cliydae
oqHOpoxHOro pacmpenencuus {p=1/N},
{P’,=1/M}, KOr/1a OTCYTCTBYIOT BHEIIHHE
OTpaHUYEHMs], T.€. KOrJa HEOIpeesieH-
HOCTH MaKCHMaJIbHBbI, TaK KaK
Iysyl’=1/NJ=In(V), HO
Insw[P"=1/M]=In(M), xotst mepexon sB-
JSIeTCS MOJTHOCThIO KOppeKTHhIM. Ho me-
pbl HeomnpenenenHoctu B (opme MOIN
I (P—>P") u I (p—p’) coorBeTcTBYIOT
APYT JIpYry, YTO OYEBUIHO B TPUBHUAIIb-



I1,(p—p”) correspond to each other
that is evident in the trivial case of
uniform measures P=P” and p=p".
Let the measures be non-
uniform, but one can make the com-
pletely correct transition {p;}—{Py}
considering the coarse partition into
the domains when P=X0y=
(N/M)py, (the sum over the k-th
“coarse” domain of the minimum
size of N/M “fine” domains where
the internal measure is constant

Pi=py=const).
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HOM cCiy4ae OJHOPOIHBIX Mep P=P’ n
0
P=P -

[Tycts Mepsl OyayT HEOTHOPOIHBI,
HO MBI MO>XEM ITPOBECTH KOPPEKTHBIN Tie-
pexon {p:}—{Pi}, paccmaTpuBas orpyo-
JeHHoe pa30ueHue Ha o01acTv, Korjaa
P=2pi= (NIM)py (cymma o k-t "rpy-
Ooii" 00J1aCTH MUHUMAJIBHOTO pa3Mepa U3
N/M "manpix" oOnactel, TAe COOCTBEH-
Has Mepa MOCTOsiHHAasL, o;=py=const). To-
r/1a UMEEM

M N/M
k=

In(p—p") =i pln(oiN) =2, 2. puln(pyN)

i=1
M

=§ Pn((PM/N)N) =

1 i=1

Pn(PM) = I,(P—P").

1

(4.6.1)

M
k=

P'=1iM

=1IN

D>

M,

y

Fig.4.3. Schematic representation of
rather correct coarsening of the
measure.

In a more realistic case, see
Fig.4.3, when the -equality Py
=(N/M)p;, is not rigorous and p;; are
to be replaced by the average values
over the k-th domain, anyway the
part of the information about the in-
ternal distribution {p;} will be lost,

Puc.4.3. CxeMatudyeckoe npeacTaBICHUE
BITOJTHE KOPPEKTHOTO OTPyOJICHHS MEPHI.

B Oonee peanucTudyHOM ciydae,
cM. puc.4.3, Korga paBeHCTBO P
=(N/M)p;, He ABASETCA CTPOTUM, U Oy
JOJIKHBI OBITh 3aMEHEHBI HA CPEIHHE Be-
JUYUHBI TI0 k-1 00acTu, B 11000M ciiydae
yacTb MH(OpMaLUU O COOCTBEHHOM pac-
npeaeneHnu OyAeT TOoTepsHa, HO Mepbl



ternal distribution {p;} will be lost,
but the measures of uncertainty in
the forms of IMTI I7,(P—P") and
I,(p—p”) will be more adequate to
each other rather then respective
]Ngw'S.

4.7. Gas mixing entropy

evaluations

The property (4.6.1) does not
depend on the normalization condi-
tion (by unity or number of parti-
cles), therefore it can be used for the
partitions into the domains of arbi-
trary large size (when the transition
can be made rather correctly, of
course). After the transition the
measure may lose its statistical char-
acter and coincide with the distribu-
tions of macroscopic parameters
over the parts of the system. Since
entropy 1s a function of the measure,
in these cases one may use TI to cal-
culate the changes in physical en-
tropy in the transition of the system
from one to another equilibrium
state. To carry out this procedure the
system should be partitioned into the
parts which are at equilibrium before
and after the matter and energy are
redistributed. Several different mac-
roscopic distributions may be neces-
sary to describe the transition, and
also their relative "weights" in the
overall change of entropy.

In a few words, if we are
given the non-statistical measures
{p'.}, {p*, ..., normalized by 1, and
can ascribe to them their relative
values (“weights”) 4!, /7, ..., Tu=1,
and these measures are transformed
due to some processes into the
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HeonpeneneHHoctu B ¢opme MOIIN
I(P—P") and I;(p—p’) Gymyr Gomee
aJIeKBaTHBI JIPYT APYTY, HEXKEIU YeM CO-
OTBETCTBYIOIIUE [ygyy.

4.7. OueHKH JHTPONUHU CMeEIICHUS

ra3oB

CgoiictBo (4.6.1) He 3aBHCUT OT
HOPMUPOBKH MeEpbl (HAa EAUHUILY WIH
YUCJIO YACTHI[), MO3TOMY OHO MOXKET
OBITh HUCIIOJB30BAaHO JJisi pa3OUMeHHIl Ha
00JJaCTH MPOU3BOJBHO OOJBIIOIO pa3zMe-
pa (pa3ymeeTcs IpU YCIOBUH, YTO TEpe-
XOJl MOXXET OBITh BBIIIOJIHEH KOPPEKTHO).
[Tocre mepexoma Mepa MOXKET NOTEPATH
CBOM CTaTUCTUYECKUM XAPAKTEP U COB-
MacTh C pacnpeacieHUEM MaKpOCKOMrYe-
CKMX TapaMeTpOB MO YacCTAM CHCTEMBL.
[TockonbKy SHTpoOmHS SBISETCS (DYHKITH-
el Mephbl, B 3TUX CIy4YasiX MOKHO UCHOJIb-
3oBath WII st BeIYKCIICHUS W3MEHEHUM
(U3UYECKOW JHTPONMUU TPU TEPEX0JIe
CUCTEMbl W3 OJIHOTO PAaBHOBECHOIO CO-
cTosiHusa B apyroe. Jlyis mpoBeaeHUs: Ta-
KOM mpoleaypbl cUCTEMa JIOJKHA OBITh
pasziesieHa Ha 4acTU, KOTOPhIE HaXOJATCS
B PAaBHOBECHUHU JI0 U IIOCIIE NIepepacipee-
JIeHUs BelllecTBa W AHepruu. s omwuca-
HUS TIepexo/ia MOTYT MOHAJA0OUTHCS He-
CKOJIbKO MaKpOCKOMUYECKUX pacrpejie-
JICHMH, a TaK XK€ UX OTHOCHUTEIbHBIC ''Be-
ca" B 0011IeM U3MEHEHUHU YHTPOIIUH.

B HecKoONBbKHX CIIOBax, €CIH MBI
nMeeM HECTATUCTUICCKUE MeEpBI
{plr},{pzr}, ..., HOpMUpOBaHHbIe Ha 1, U
MOXXEM TPHUIINCATh UM OTHOCHUTEIIHHBIC
Bemmannsl ("Beca") 1, 47, .., Tu=1, u
TH MEpHl TPAHCPOPMUPYIOTCS B CHILY
HEKOTOPOTo mpomecca B Mepsl {g',},



measures {g',}, {g’}, ..., respec-
tively, with relative “weights” A', A%,
..., ZA*=1, then the change in spe-
cific physical entropy (by particle) is
a weighted sum of TI's of the meas-
ures :

AS/es =2, (42, pin(p'/g') + A2 &in(e'p').

It turns out that a rule is to be
followed : The direct transform in-
formations should be calculated by
the extensive variables, and the in-
verse transform informations should
be calculated by the intensive vari-
ables. Then the weighted sum of the
informations gives the entropy
change in the system. So, in
eq.(4.7.1) the terms with both direct
and inverse measurement T1 must be
included. Not trying to found this
rule rigorously, we carry out here
the calculations using the results ob-
tained by other methods elsewhere
for comparison.

Example 1. Isothermal expan-
sion of a perfect gas. N gas particles,
being initially in a volume V) at
equilibrium, expand at constant
temperature to a volume Vi+/5.
Two volumes V; and V, represent
the system parts. An initial distribu-
tion of gas particles over the system
parts (volumes) {N,0} transforms
into a distribution {N,=NV/(V+V>),
szNVz/(Vl+V2)}, or for the nor-
malized distributions {1,0}—>
{V]/(V]+V2), Vg/(V1+V2)}. An in-
formation of the direct transform of
this "extensive" measure reads

[ 1
lo= G TV vy

}—i—Oln{
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{g’.}, ..., COOTBETCTBEHHO, C OTHOCHTEIb-
ueivu "Becamu” A, A% ..., Eik=1, TO HU3-
MEHEHHE YJIeIbHOU (Ha yactuny) ¢Qusu-
YECKOM DHTPOIUH SIBIIAETCS B3BELICHHOU
cymmon UII atux mep:

(4.7.1)

Oxka3bIBaeTcs, 4ToO MPU ITOM HEOO-
XOJIMMO CJleAoBaTh MpaBuily: UH(pOpMa-
MU TOPSIMOTO TMpPeoOpa3oBaHUs CIETYET
BBIYHCIIATh 10 WHTECHCUBHBIM TIEPEMCH-
HbIM, a MH(}OpMauu 0OpaTHOro Mpeod-
pa3oBaHUs CJEAYyeT BBIYHCISITH IO JKC-
TEHCHUBHBIM TI€PEMEHHBIM. Torjga B3Be-
IIeHHas cymMMa uHdopManuii 1aet u3me-
HEHHE SHTponuu B cucteme. [loatomy B
yp.(4.7.1) nomxHBI OBITH BKIIFOYEHBI WH-
dbopmalm Kak npsMoro, Tak U oOpaTHO-
ro npeoOpazoBanus usMmepeHus. He mwi-
TasChb CTPOro OOOCHOBATH 3TO MPABUIIO,
MBI TIPUBOJIMM 37I€Ch MTPUMEPHI BBIUUCIIC-
HUW JIJI1 CpaBHEHUS C pe3yJibTaTamu, Io-
JYYEHHBIMU JAPYTHMH METOJaMU APYTH-
MU aBTOPAMH.

IIpumep 1. U3oTepmuueckoe pac-
IIMPEHHE UJIeaIbHOro ra3a. N yacrtull ra-
3a, Oyayud B Hauaje B o0Obeme V| B paB-
HOBECHH, PACIIUPSIFOTCS TP MOCTOSHHON
TeMiiepatype 10 oobsema Vy+V,. JIpa 00b-
ema V, u V, npencTaBisiiOT 4acTU CUCTE-
Mbl. HavanbHOe pacrpeziesieHue 4acTull
raza IO 4YacTsIM CHUCTEeMbl (oOBeMam)
{N,0} npeoOpasyercs B pacrpeicicHue
{NIZNVl/(V1+V2), szNVz/(Vl+V2)}, NI
JUIi  HOPMHUPOBAHHBIX  paclpeiesICHU
{1,0}—) {V]/(V]+V2), Vg/(V]+V2)}. ,HJ'IH
uH(OpMAIUU TPSIMOTO TPEeoOpa3zoBaHUS
3TOM "HDKCTEHCHUBHOW'" MEPBI MOTyYaEM:

0
Vo 1V, +V,)

} = ln[(V1+V2)/V1]. (472)



There are no other measures and in-
formations, so the change in physi-
cal entropy is equal to kzly;, per one
particle or Rl per a mole, that co-
incides with a known result [5].

Example 2. Isothermal mixing
of two different perfect gases. Let
two gases be initially at equilib-
rium at the same temperature and
pressure in two different volumes :
Nj particles of one gas in the volume
V;, and N, particles of another gas in
the neighbor volume V. This prob-
lem includes the transformations of
two "extensive" measures due to the
particle numbers of two gases. By
analogy with the derivation of
eq.(4.7.2) one obtains for the direct
transform informations of the first
I'4; and the second Py gases:

L' g = Wn[(Vi+ V) V1], Pai=Wn[(Vi+V2)/ V).

The relative "weights" of these in-
formations can be taken equal to the
relative quantities (particle numbers)
of the gases: 1=N/(N;+N>),
1b=N,/(N,+N,). The weighted by u
sum of the DMTTI's (4.7.3) after ele-
mentary calculations using the gas

state equation reads:
2

Ly = ﬂllldir + ,U212dir = 'Z

k=1
that is in accordance with the known
result [5]. kply, and R, are the en-
tropy changes per particle and mole,
respectively.

If in the both volumes there is
the same gas then we have only one
extensive measure which , in accor-
dance with the initial conditions,
does not change, and so must be the
physical entropy. Thus we avoid the
famous Gibbs' paradox [20] in an
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Hpyrux mep u uH@oOpMauuié B JaHHOM
cllyyae HET, MO3TOMY H3MEHEHue (Pu3u-
YECKOW SHTPOMUU paBHO kply HA OAHY
yacTtuuy, uwin Rl;, Ha MOJIb, 4TO COBIIAJa-
€T C U3BECTHBIM PE3YyJIbTATOM [5].

IIpumep 2. U3oTepmuyeckoe cme-
IIEHUE JBYX PA3IUYHBIX HUJCalIbHBIX Ta-
30B. IIycTh qBa raza BHauanae Haxo4sTCs B
PaBHOBECHUU TPU OJIHUX U TEX K€ TEMIIE-
paType W JABJIEHUU B JIBYX Pa3JIMYHBIX
oowemax: N; gactuir B oobeme V;, u N,
YaCcTHIl B coceHeM 00beMe V>, DTa 3ama-
ya BKJIIOUYaeT nMpeodpazoBaHue JIBYX '"IKcC-
TEHCUBHBIX' MEp 110 YMCJIAM YaCTHI] JBYX
ra3oB. llo anamorum ¢ BBIBOJAOM YP.
(4.7.2) monyyaem 11 uHPOpManui nps-
MbIX TpeobpasoBanmii mepsoro 'y, u
BTOPOTO Izd,-r ra3oB

(4.7.3)
OtHocutenbHble "Beca" 3THUX HHPOpMA-
WA MOTYT OBITh B3SITHI IO OTHOCHUTEJIb-
HBIM KOJM4YecTBaM (YHCjiaM YacTuil) Ta-
30B: lLllle/(N1+N2), ,LIQZNQ/(N1+N2).
B3semennas no x4 cymma stux UIIIN
(4.7.3) mocye npocThIX BBIYMCICHUM, HC-
MOJIB3YIOIINX YPABHEHHUE COCTOSIHUS UIE-
AJIBHOIO Ta3a, MPUBOAUTCS K BUAY:

2
pdn(py), p=Ni/ 2., Ny,
k=1

YTO COOTBETCTBYET H3BECTHOMY PE€3YJib-
tary [5]. kgly v Rl natoT u3MeHEHUs
SHTPOINUUA HA YACTHUILy WIU MOJb, COOT-
BETCTBEHHO.

Ecan B 00oux o0beMax HaxXOJIUTCS
OIUH M TOT K€ ra3, Mbl UMEEM TOJILKO
OJIHYy SKCTEHCHBHYIO MEpY, KOTOpas, B
COOTBETCTBHH C HAYAJHLHBIMH YCIIOBUSIMU,
HE U3MCHSETCSA, M TaK K€ HE JIOJDKHA Me-
HATBCA (u3MUecKass DSHTponus. Takum
0o0pa3oM, Mbl 3JIEMEHTapHbIM IYTEM H3-

(4.7.4)



elementary way.

Example 3. Mixing of the
equal quantities of the same perfect
gas which are initially in the vol-
umes V; and V, at the same tem-
perature but different pressures P,
and P, . The state equations for the
parts of the gas are : before the mix-
il’lg Pl V1=N1k3T=NkBT/2, and
P, V>=N,kgT=NkpT/2; after the mix-
ing PV=NkpT for both, where the
notations  V=V+tV,, N=N;+N,,
N1=N,, are introduced for the overall
volume and gas particle numbers. In
this case two macroscopic distribu-
tions change, one is extensive (of
gas particles), and another is inten-
sive (the pressure). But these
changes are in exact correspondence
due to the state equations. So we can
calculate the entropy change in two
ways using : information of direct
transform of extensive measure, or
information of inverse transform of
intensive measure. The transform of
normalized extensive measure reads:
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Oeraem 3HaMeHUTHIN mapaaokc ['nbOca
[20].

IIpumep 3. Cmemenue IByX paB-
HBIX KOJIMYECTB OJHOTO M TOTO XK€ HJe-
aJBHOTO Ta3a, U3HAYaJIbHO HAXOJSAIIUXCS
B oObemax V| u V, ipu ogHol Temmepa-
Type, HO pasHbIX JHaBieHusAX P, u P,
YpaBHEHUS COCTOSIHMS I 4acTeW rasa
no cmemenust: P V=N kgT=NkgT/2, n
PyV>,=NokgT=NkgT/2; mocne cMelneHus
PV=NksT nna oOoux 4vacrtei, rae BBelC-
HBl oOo3HaueHus V=V,+V, , N=N;+N, ,
N1=N,, nns obmmx odbeMa M 4YHCia Jac-
Till. B 3TOM cilyyae u3MEHSIOTCS JBa
MaKpPOCKOMTMYECKUX pacHpeesieHus], OJ-
HO SKCTEHCHUBHOE (M0 YHMCJIYy YacCTHll), U
Ipyroe MHTeHcUBHOE (10 gaBieHuto). Ho
OTU W3MEHEHUS HAXOMSITCS B TOYHOM CO-
OTBETCTBUM JpYyr C Apyrom Omjarojaps
ypaBHEHUSAM COCTOSIHHS. [lodTOMy MBI
MO>XEM BBIYHCIIUTH H3MEHECHUE YHTPOIUU
JIBYMs CIIOCOOaMU, HCHOJB3Yys: HHGOP-
MallMio MPsSMOro MpeoOpa3oBaHUsl IKC-
TEHCUBHOW MEpbI, WK UHPOPMAIHIO 00-
paTHOro MpeoOpa3oBaHUsl HHTECHCHUBHOM
Mepsl. [IpeoOGpazoBaHre HOPMUPOBAHHOM
OKCTCHCUBHOUW MEpbI HIMEET BUI:

{1/2,1/2}—){Vl/V:PQ/(Pl+P2),V2/V:P1/(P1+P2)},

and the transform of normalized in-
tensive measure reads:

a npeoOpa3oBaHWE HOPMHUPOBAHHOW HH-
TEHCUBHOMN MEpHI -

{P/(P\+P), P)/(P\+P)} —{1/2,1/2}.

The respective informations for

these transforms are

1= = I0(2), = (PPYI(PIP)

They both are equal to the logarithm
of the ratio of the arithmetic mean of
initial pressures to their geometric
mean. Multiplying one of them by
kg or R, one obtains the respective
specific change in physical entropy
[15].

Jis  cOOTBETCTBYIONMX  HMH(POpMANIUN
ATUX NMPE0OPA30BAHMI MOTYUAEM:

(4.7.5)

Onu o0e paBHBI JoTapu(dMy OTHOIIEHUS
apu(PMETUIECKOTO CPEIHEr0 HadaIbHBIX
JIABJICHUN K WX T€OMETPUYECKOMY CpPEI-
HEeMy. YMHOXasl OJTHy M3 HUX Ha kp WIH
R, monyyaeM COOTBETCTBYIOLIEE U3MEHE-
HHUE (PU3MUECKON SHTPONHMHM HA YACTHILY
WJIK MOJIb COOTBETCTBEHHO, [15].



Example 4. Mixing of two
equal quantities of perfect gas which
are 1nitially at different temperatures
but the same pressure. Using the
state equation, it is easy to verify
that the pressure does not change
during the mixing. The state equa-
tions are : before mixing
kBTlNl/Vlzpz kBTzNz/Vz ) after the
mixing kp(T,+T1,)N/2=PV, where ,as
was above, V=V|+V,, N=N;*+N,
,N1=N, . In this case the entropy
change should be calculated by the
changes of both of the two measures
: the extensive one (particle num-
bers) which transforms as
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IIpumep 4. Cmemenue IByX paB-
HBIX KOJUYECTB HJCAJIbHOTO rasza, Haxo-
JSIIIUXCSL TIPU Pa3HBIX TeMmIlepaTypax, HO
MIPU OJTHOM M TOM K€ JaBjeHuu. Mcnob-
3ysl ypaBHEHUE COCTOSIHUS, JIETKO MPOBE-
pUTh, YTO JaBJICHUE MpPU CMEUICHUU HE
W3MEHUTCS. YPaBHEHUS COCTOSHUS: 10
CMCUICHU A kBTlNl/VIZP:kBTzNz/Vz; 1o-
cie cmemenus kg(1,+1,)N/2=PV, tne,
Kak u Beiie, V=V,+V,, N=N,+N, ,N;=N,
. B naHHOM cilyuae u3MeHeHHe YHTPOIUU
CleAyeT pacuUThIBaTh IO HU3MEHECHUSIM
00enx TUX MEep: SKCTEHCUBHOM (MO 4uc-
JIy 4acTHII), KOTopas npeoopa3yercs Kak

{1/2,1/2}—){V]/V:Tl/(T1+T2),VQ/V:TQ/(T1+T2)},

and the intensive one (temperature)
which transforms as

Y MHTEHCUBHOMU (Temmeparypa), npeoopa-
3YIOLIEHCS KaK

{Tl/(T1+T2),T2/(T1+T2) —){1/2,1/2}

The informations of the direct trans- HMudopmamnuu npsmoro mpeodpazoBaHuUs
form of extensive measure and of SKCTEHCHBHON MEpBI M 0OPATHOTO MPEoO-
the inverse transform of intensive pa3oBaHWs WHTEHCUBHOW MEphl CHOBa
measure are equal to each other paBHBI ApyT ApyTY:

again :

1
1Y =I" i, =In(H), 9:§(T1+T2)/(T1T2)1/2,

but a fundamental difference of the
measure calculated by temperature is
that it represents the specific energy
per a degree of freedom per particle
for both parts of the gas together. To
take into account the joint effect of
the changes in temperature and par-
ticle numbers on the entropy change
one has to sum 2*(3/2)]T,~nv (the spe-
cific entropy change of both parts of
gas per particle due to the heat trans-
fer) and 21", (the specific change in
entropy of both equal parts of gas
per particle due to the mass trans-
fer), and divide the result by 2 (by

(4.7.6)

HO (GyHIAMEHTAIBHOE OTJIMYHAE MEpHI,
pPacYMTaHHOU MO TeMIEpaType, COCTOUT B
TOM, YTO OHa MPEACTABISIET YACIbHYIO
SHEPTUI0 Ha OJIHY CTENEHb CBOOOJBI Ha
qJacTHIly AJig1 00eux 4JacTed rasa BMECTe.
YtoOBl ydecTh COBMECTHBIM A(PdeKT us-
MEHEHUU TEeMIEepaTypbl M YKCIIa YaCTHUIl
Ha WM3MEHEHHME OHHTPOIWHU, HYXKHO CIIO-
*uth 2%*(3/2)["; (YIEIbHOE H3MEHEHHE
SHTPOIUHU /I 00ErX YacTell raza Ha Jac-
THIly B CHIy Teruionepenoca), 21
(ynenpbHO€ W3MEHEHHE OHHTPOINUU IS
JIByX paBHBIX YacTEeil rasa Ha 4YacTHILy B
CWJIy MaccolepeHoca), U pa3leliuTh pe-
3yJbTaT Ha 2 (Ha JABE paBHbIC YaCTHU rasa).



two equal parts of gas). For the
change in entropy per mole one has

RQI" 4+ 31",,)/2 =(5/2)RIn( )

in complete correspondence with the
known result of ref.[15]. For the two
atomic gas with 3 translational, 2 ro-
tational and 1 vibrational degreeas
of freedom at high enough tempera-
ture one has to sum
2%((3+2+1)/2)["; and 20V that
gives 4RIn(6). For the low tempera-
ture when vibratinal gedree of free-
dom does not take part in heat trans-
fer the sum of 2*((3+2)/2)IT,-,,V and
21", results in (7/2)RIn(6).

It should be emphasized that
the above examples are not pre-
sented as ready-to-use formal proce-
dure, but only as an illustration of
the possibility to elaborate such a
procedure. The examples of such
calculations are obtained on the base
of: (1) the use of direct/inverse
measurement transform information,
(i1) the use of the matter state equa-
tion (of the perfect gas). The exis-
tence of a reliable procedure to cal-
culate AS using the changes of mac-
roscopic  observable  quantities
would allow to inverse this proce-
dure to determine the matter state
equation by the measured values of
AS (by the calorimetric data, for ex-
ample). This would be very useful in
investigations of the complex many-
component systems when the state
equation can not be derived from the
primary fundamental principles as it
may, for example, be in biological
systems or in the case of investiga-
tions of modern materials with super
complicated structures.
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JIisi U3MEHEHHsSI SHTPONUU Ha MOJIb TIO-
JTy4yaeM:

(4.7.7)
B MOJIHOM COOTBETCTBUU C U3BECTHBIM pe-
3ynapTatoM padoTsl [15]. ns aAByx aToMm-
HOTO Ta3a ¢ 3 mocTynaTelbHbIMU, 2 Bpa-
maTeJabHBIMA U |1 KoseOaTeapbHON CTelie-
HBIO CBOOOJIBI MPU JOCTATOYHO BBICOKOU
TeMIlepayTpe HYKHO CIIOXKUTh
2%((3+2+1)Y2)  u 20V, uTO maer B
utore 4RIn(6). Ilpu HU3KOU Temmepary-
pe, Korja KojebarenbHasi CTENeHb CBOOO-
Il HE YYaCTBYET B TEILIONEPEHOCE CyMMa
2%((3+2)/2) 0 w20y TpuBOIMT K
(7/2)RIn( 6).

Cnengyer MOJYEpKHYTb, YTO TPHU-
MEpbI, MPUBEJICHHBIE BbIIIE, HE MPENOj-
HOCSITCS 3[1eCh KaK Mpoleaypa "roroBas K
ynoTpeOsieHno", a BCEro JHIIb Kak Wi-
JIOCTpaIusi BO3MOXKHOCTH  Pa3paboTKH
TakoW mpouenypsl. PesynbTarsl mpume-
POB BBIYMCIICHUI TMOJTY4YEHbl HAa OCHOBE:
1) ucnonp3oBaHusi UHPOPMALIUUA TPSIMO-
ro\oOpaTHOTO MpeoOpa3OBaHUS HU3MEpE-
HUS; 2) HUCMOJB30BaHUS YPaBHEHUS CO-
CTOSIHMSI BelllecTBa (MAEabHOTO Trasa).
Hanuune HagexHOW mpoueaypbl BbIYHC-
neHust AS 1o U3MEHEHHUSM MaKpOCKOIH-
YEeCKUX HaOJII01aeMbIX BEJIUMYHMH I03BO-
a0 Obl 00paTUTh ATy MPOLEAYpY IS
ONpEJIEICHUs] YPABHEHUSI COCTOSIHUSL Be-
IIECTBA MO M3MEpSieMbIM BeauyuHaM AS
(MO KaJOpUMETPUYECKUM JaHHBIM, Ha-
npumep). 1o ObUIO OBl OYEHBb MOJIE3HO B
UCCJIEIOBAHUSX CJIOKHBIX MHOTOKOMIIO-
HEHTHBIX CHUCTEM, KOIJla YpaBHEHHUE CO-
CTOSIHUSI HE MOXKET OBITh BBIBEACHO U3
MEPBBIX MPUHIIMIIOB, KaK HAIPUMEDP, MPHU
UCCIICIOBAaHUH OHOJOTHYECKHX CHCTEM
WJIM COBPEMEHHBIX MAaTEpUajIOB CO CBEPX-
CJIOKHBIMH CTPYKTYPaMH.



4.8. Equilibrium concentra-
tion of vacancies in crystal
solids

In this section we describe
one more example of the use of
transform information to derive an
equilibrium concentration of vacan-
cies in the crystal as it obtained by
Kolmakov [21]. The formula of
equilibrium concentration of vacan-
cies reads [22,23]

G, = exp(—E, / kyT),

where Ej is an activation energy of
one vacancy, kg is Boltzmann con-
stant, 7 is the temperature. This
formula is usually derived from the
condition of the minimum of free
energy change AF=U-TAS by calcu-
lation of the change in configura-
tional entropy AS [23].

Consider, like in derivations
of gas mixing entropy, a system
consisting of two parts: 1) ideal
crystal (without vacancies) of N
nodes in the volume V;; 2) "imagi-
nary" crystal (of the same symme-
try) of vacancies of N, nodes with
the same node density in the volume
V,. We imply N, to be the number
corresponding to equilibrium con-
centration C}=N,/(N,+N,), but not
fix it yet. Thus we have

N, N, N -N, N +N,
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4.8. PaBHOBeCHasi KOHLIEHTPAIIMS
BAKAHCHUI B KPUCTAJLIIE

B sroM pazzmene Mbl OIKCHIBAEM
emie oauH mpumep wucnons3oBanus UII
JUISl BBIBOJA PABHOBECHOW KOHLIEHTPALUH
BAKAHCUU B KPUCTAJUIE, CIIEAys pe3yJibTa-
Ty paborel KommakoBa [21]. Popmyna
PAaBHOBECHOM KOHIIEHTpAllMM BaKaHCUU
nmMeeT Buj [22,23]

4.8.1)

rae Ey - akTUBaIlMOHHAs YHEPIusl BaKaH-
cuM, kp - KoHCTaHTa bonbimana, 7' - TeM-
neparypa. 2ta (popmyia oObBIYHO BBIBO-
TUTCS W3 YCIOBUS MUHUMYMa U3MEHEHUSI
cB0OOgHON »3Heprun AF=U-TAS npu
MOJICTAHOBKE WM3MEHEHUS KOHpUryparm-
oHHOM sHTporuu AS [23].

Kak u B BBIBOJIE SHTpPONIMHU CMeENIE-
HUS Ta3a, paCCMOTPUM CHUCTEMY COCTOSI-
LIyI0 U3 JBYX 4acTei: 1) naeanbHbli KpH-
ctay (0e3 BaKaHCHil) C YUCIIOM Yy3JI0B NV,
B oO0veMe Vy; 2) "mMHUMBI" KpucTa (¢
TOM K€ CUMMETPHEI) U3 BaKaHCHI C YHC-
JIOM y3710B N, € TON € IJIOTHOCTBIO Y3-
J0B B o0Bbeme V,. Mbl mompazymeBaewm,
yTo N, SIBISIETCA YHUCIOM Y3JI0B, OTBE-
YalOllUM PABHOBECHOW KOHUEHTPALUH
C)=N,/(N+N,), HO TIOKa HE (UKCUPYEM
ero. Takum oOpazom, umeem:
I/l Nl V2 N2

Vl Vz Vl - Vz
The both parts of this system are at
the temperature 7. The entropy
change due to redistribution of va-
cancies is calculated by the formula

AS = k,N, I,

where [, is information of direct
transform of the normalized measure

V1+V2 , V2

(4.8.2)

O06e JacTu 3TOH CUCTEMBl HAXOJSATCS TPHU
temneparype 7. VI3MeHeHHe SHTPONHUH B
CHIIy TIepepacrpeiesieHus] BaKaHCUH aa-
ercs popMmyIoit

(4.8.2)
rae 1y, - nadopmanus npsMoro npeoopa-
30BaHMsI HOPMUPOBAHHOW MEpHI Iepepac-

ir o



of vacancy redistribution. The final
distribution corresponds to equilib-
rium. Initially, the vacancy distribu-
tion is {0,N,} and it transforms into
the distribution  {N,V/(V1+1>),
N, Vo/(Vi+V5)}, or for the normalized
distributions the transform reads
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npeneneHuss BakaHcuil. Konewnoe pac-
Mpe/ieJIeHue COOTBETCTBYET PaBHOBECHIO.
HavaneHoe pacmpeneneHue BakaHCUU
{0,N,} Tpanchopmupyercs B pacmpene-
JICHUC {Nle/(Vﬁ‘Vz), Nsz/(V1+V2)}, nim
JUTSI HOPMUPOBAHHBIX paclpe/ieIeHUN:

{0,1} > {Vi/(Vi+Vo), Val(Vi+12)}.

This gives the direct transform in-
formation

Idir = 111(

and immediately the change in free
energy

AF = N,E, — k,TN, ln(

This formula shows that the
growth of free energy due to in-
crease in the number of vacant
nodes in the crystal must be com-
pensated by the increase in entropy.
The redistribution of vacancies oc-
curs until AF is negative or zero at
equilibrium, AF=0. This condition
immediately gives the formula
(4.8.1) and we can now calculate the
equilibrium number of vacancies
N,..

The extremum  condition
dAF/dN,=0 results in the formula

1
C, =—exp(=E,/ k,T).
e

This formula shows that a
maximum value of vacancy concen-
tration for the very high temperature
could not be greater than 1/e that is a
more realistic value than 1 given by
eq.(4.8.1).

n+n,

N, +N,

j = N,(E, +k,TInC,).

OT1o maet uHPOpPMAIUIO TIPSIMOTO MPE00-
pa3oBaHUs

3

U HEIMOCPEJICTBEHHO HM3MEHEHUE CBOOOI-
HOU dHEPrUH

(4.8.3)

(4.8.4)

2

Orta ¢dopmyna TOKa3pIBaeT, 4TO
pOCT CBOOOJHOM PHEPTHH B CUJIY YBEJH-
YeHUS BAaKAaHTHBIX Y3JI0B JIOJDKEH KOM-
MEHCUPOBATHCS YBEITUYCHUEM SHTPOIIHH.
Ilepepactipenenenue BakKaHCHU MPOUCXO-
JIUT 70 TeX Top, moka AF oTpuIlatenbHa
WIM paBHA HyJIO B paBHOBecuu, AF=0.
DTO yCJI0BUE HEMENJIEHHO JaeT GopMyiry
(4.8.1) 1 MBI Tenepb MOXEM BBIYUCIUTH
PAaBHOBECHOE YUCIIO BAKAHCUU V.

VYcnoue skcrpemyma dAF/dN,=0
MPUBOJAMT K (popMyIie

(4.8.5)

Orta QOpMyIK TIOKa3bIBa€T, YTO
MaKCHUMaJIbHas BEJIMYWHA KOHIEHTPAIUU
BAaKaHCUH MPHU OYEHBb OOJBIION TeMIlepa-
Type HE MOXXET TpeBbIIaTh l/e, 4TO sB-
nsieTcst Oosiee pealbHOW BEIMYMHON YeM
1, naBaemas yp.(4.8.1).
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5. Shift information (SI)

In this chapter we consider a
scope of problems concerning one of
the simplest forms of transform in-
formation - a shift information (SI),
and a family of Frieden's variational
principles based on a concept of
Fisher information (FI) - the mini-
mum Fisher information principle
(MFIP), and extreme physical in-
formation principle (EPIP) that pro-
vide a universal motivation as well
as a way for direct derivation of a
variety of physical laws and many
linear equations in mathematical
physics: Maxwell-Boltzmann and
Boltzmann laws  (distributions),
Schroedinger, Klein-Fock-Gordon,
Dirac, and Helmholtz wave equa-
tions, Maxwell's equations of elec-
tromagnetic field, some uncertainty
principles, and many other results,
[1-9], for example. But the Fisher
information can be considered as a
particular form of shift information
[10,11], and then all the results by
Frieden and co-authors are included
in a general SI based scheme. More
over, the nonlinear Klein-Gordon,
Schroedinger, and Korteweg-de
Vries equations can be derived addi-
tionally.

First we introduce the concept
of Fisher information and describe
some results by Frieden. It would
require a separate book to discuss all
the results reported by Frieden and
co-authors and we do not do this
here (see a book: B.R.Frieden,
"Physics from Fisher Information"
(Cambridge Univ.Press, 1998)). The
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5. Hudopmanus casura (MC)

B sroli rmaBe MblI paccMarpuBaem
KpyT BOIIPOCOB, KacalolUXCSl OJHON M3
npocredmux GopM uHpoOpMauu Npeood-
paszoBanus - ungpopmayuu cosuea (UC), u
CEMEHCTBO BapHALMOHHBIX MPUHLHUIIOB
®puneHa, choOpMyIMPOBAHHBIX Ha OCHO-
Be NOoHATUS uHGopmayuu Duwepa (D)
- MpPUHLMNA MHHMMyMa HH(pOpManuu
Oumepa (IIMU®), u npuHIMO SKCTpe-
MajgbHOM  (u3myeckoil  MHPopMauuu
(ITD®N), xoTOphIE MPEAOCTABIAIOT YHHU-
BEpCaJIbHYI0 MOTHBAILMIO, a TAaK K€ CIIO-
co0 HEMOCPEACTBEHHOTO BBHIBOJA IEJIOTO
psaa GU3NUecKUX 3aKOHOB U MHOTHUX JIH-
HEHHBIX YpaBHEHUI MaTeMaTu4ecKon (u-
3UKU: pactipenenenui  Makcsemna-
bonpumana u  bojbliMaHa, BOJHOBBIX
ypaBHenun lllpennnrepa, Kieina-®oxka-
I'opnona, /Inpaka m I'ensmromnsna, ypas-
HEHMM MakcBeiia 3JIeKTPOMarHuTHOIO
0JIsI, HEKOTOPBIX MPUHUMUIIOB HEOIpeEse-
J€HHOCTH, U MHOTUX JAPYIMX pe3yibTa-
TOB, [1-9], nHanpumep. Ho undopmanuto
duiepa MOKHO paccMaTpUBaTh KaK OCO-
oyro ¢popmy undopmarmu casura [10,11],
U T03TOMY Bce pe3yibpTaTel PpujaeHa c
COABTOpPaMHU BKJIIOYAIOTCSI B OOILYIO CXe-
My Ha ocHoBe UC. bonee Toro, nonoyiHu-
TEJIbHO MOTYT OBbITh BBIBEJICHBI HEIMHEM-
Hble ypaBHeHus Kienna-I'opnona, Ilpe-
nuHrepa u Kopresera-ae ®@pusa.

CHavana Mbl BBOJUM IOHSTHE WH-
dopmaruu dumiepa ¥ OMUCHIBAEM HEKO-
Topble pe3yabTaTel Ppunena. Oo6cyxnae-
HUE BCEX PpE3YyJIbTaTOB, IOJIYYEHHBIX
®pupeHOM C coaBTOpamu, MOTpeOOBaIIO
Obl HAmMUCaHMs OTICJIbHON KHUTH, U MBI
He OyzieM JienaTh 3TOro 3/1eCh (CM. KHUTY:
B.R.Frieden, "Physics from Fisher
Information" (Cambridge Univ.Press,



main goal of this Chapter is to fit the
nonlinear equations into the SI (and
thus the TI) based general scheme of
derivation of physical laws and
equations.

SI is a measure of SB in a sys-
tem described by some continuous
measure with respect to the shift of
intensities over the continuous sup-
port set. Frieden in his works proves
the universality and generality of
Fisher information as compared with
von Neumann-Shannon-Wiener one.
Indeed, in many cases Fisher infor-
mation not only replaces von Neu-
mann-Shannon-Wiener information,
but also gives the more general re-
sults (for example, the generalized
Maxwell velocity distribution of the
particles [1]). However these quan-
titative information measures may
correspond to different SB's. Al-
though in many cases of the con-
tinuous mathematical models they
give the similar results, but FI can
not reflect, for example, SB with re-
spect to the re-arrangements, and so
it does not allow to derive the
Boltzmann distribution over the dis-
crete energy states. Both these in-
formations can not replace each
other completely. The more general,
by Frieden, character of Fisher in-
formation is rather due to a greater
number of continuous models of
physical phenomena. This can be
explained by the circumstance that
the ability to distinguish images, to
model the environment, and to think
could develop only on the level of

63

1998)). I'maBHO# 1LI€NBIO TAHHOW TJIABBI
ABJIIETCSI HAMEPEHME I0Ka3aTh, KaK He-
JUHEWHBIC YpaBHEHUSI BIHUCHIBAIOTCS B
OOLIYI0 TEOPETUUYECKYIO CXEMY Ha OCHOBE
NC (u, Takum obpazom, UII), no3Bosto-
IIyI0 BBIBOJUTH (PU3NUECKUE 3aKOHBI U
ypaBHEHUS.

NC saBngercs mepoit HC B cucreme,
ONMCHIBAEMONW HEKOTOPOU HENPEPBIBHOU
MEpOH, MO0 OTHOIIEHUIO K CIABUTY WHTCH-
CUBHOCTEM HaJ HENMPEpHIBHBIM 0a30BHIM
MHOXecTBOM. DpujieH B CBOMX padoTax
JOKa3bIBa€T YHHUBEPCAIBHOCTh U OO0UI-
HOCTh MH(popmanuu Puiiepa No cpaBHe-
HUO ¢ uHpopmanuedn ¢on Heiimana-
[llennona-Bunepa. B camom pnene, BO
MHOTruX chydasx uHopmarus Duiiepa
HE TOJILKO 3aMmeHsieT uH@opmaruoo (GoH
Henmana-lllennona-Bunepa, HO pmaxe
naet Oojee oOiIue pe3yiabTaThl (HAMpH-
Mep, 0000IIeHHOe pactpeneneHue Mak-
cBeJuIa yacTuil 1o ckopoctsm [1]). Onna-
KO, 3THU KOJIMYECTBEHHBbIE Mephl HUHGOP-
MallMl MOTYT COOTBETCTBOBATh PpPa3jIny-
HbiM HC. XoTd BO MHOrux ciiyyasx He-
MPEPBHIBHBIX MAaTeMaTUYECKUX MOJeIIeH
OHU JAIOT CXOJIHBIE pe3ynbTarsl, HO D
HE MOXET BbIpaxkaTh, Hanmpumep, HC no
OTHOUIEHUIO K MEPECTaHOBKaM, M IMOATO-
My OHa HE TMO3BOJISIET BBIBECTH pacipeie-
neHue bosbIMaHa Mo TUCKPETHBIM SHEP-
TEeTUYECKUM cocTosiHusIM. O0e 3Tu HH-
dbopmalnuu He MOTYT 3aMEHUTh JIPYT APY-
ra nojaHocTeio. bonee oOumit, mo dpuie-
Hy, Xapaktep uH@opmaruu durmiepa cko-
pee 00yclIoBJIeH OOJBIIUM KOJUYECTBOM
HEMPEPBIBHBIX MOJENIeH (PU3HYECKUX SIB-
JeHUU. DTO MOXKHO OOBSCHUTH TEM 00-
CTOSITEJIbCTBOM, YTO CIIOCOOHOCTH pa3Jiu-
yaTh 00pa3bl, MOJECIUPOBATH OKPY>KEHUE
W JAyMaTh MOTJHU Pa3BUTHCS TOJBKO Ha
YPOBHE MaKpPOCKOIMUYECKON caMOOpraHu-



macroscopic self-organizing system
consisting of the very large number
of elementary units (particles, cells)
such as a brain. For such a system of
information processing a continuum
should be a natural basic image, or
rather the way of representation of
the images. This is a reason for the
greater number of continuous mod-
els in physics.

5.1. Fisher information (FI),
generalized Fisher informa-
tion, and characteristic in-
formation state

The introduction of FI used
here is somewhat different from the
definition by Fisher himself [12-14].
It was adapted by B.R.Frieden to be
used not only in statistics, but in
physics.

Following to Frieden [1,2],
consider a system of particles char-
acterized by a parameter y (this may
be one of the coordinates, velocities,
energies, etc.). The problem is to
evaluate the mean value @ of y in
such a way that the mean square de-
viation of this evaluation from a true
mean value Q to be minimum,
Fig.5.1.

Measuring the parameter y,
we can calculate the evaluation of its
mean a(y). Let the system be char-
acterized by a probability distribu-
tion density p()\Q2), then the condi-
tion of minimum mean square devia-
tion of a(y) from Q reads

e’ = Idyp(y \Q)[w(y) - Q) =minimum.

64

3YIOIIEHCS CUCTEMBbI, COCTOSILIENM U3
O4YeHb OOJBIIOTO YHCIA DJIEMEHTAPHBIX
eauHMI] (JacTuIl, KJIETOK), TaKou Kak
Mo3r. [[ns Takoil cucreMbl 00pabOTKU
uH(pOpMaMu KOHTUHYYM JAOJDKEH OBbITh
€CTECTBEHHBIM 0a30BbIM 00pa3oM, WU
CKOpee CIocoOOM TMpeJicTaBiIeHus o0pa-
30B. OTO U SABISETCS MPUINHON OOIBIIETO
qrciia HePEPBIBHBIX MOJIENel B (pu3mke.

5.1. Uupopmanusa ®umepa (UD),
0000menHass napopmanus Pu-
1epa, i XapakTepucTu4IecKoe

HHPOPMALUOHHOE COCTOSTHUE

Onpenenenune uHpopmanuun Du-
niepa, UCIOJIb30BaHHOE 31ECH, HECKOJIBKO
OTJINYAETCSI OT OIPEAEIECHUS CamMoro
OGumepa [12-14]. Ono ObLIO amanTUPO-
BaHO b.P.®puaeHoM il UCHIOIBb30BaAHUSA
HE TOJIKO B CTaTUCTUKE, HO U B (PU3HKE.

Cnenys ®puneny [1,2], paccmor-
pUM CHCTEMY YaCTHII, XapaKTepU3yeMyo
napameTpoM y (3TO MOXKET ObIThb OJHA U3
KOOpJIMHAT, CKOPOCTEW, SHEPrUuil U T.1.).
3agada COCTOUT B OLICHKE CPEIHEU BENH-
YHHBI @ TapaMeTpa ) TaKuM OOpa3oM,
4TOOBl CpefHee KBaJIpaTUYHOE OTKIIOHE-
HHUE 3TOM OLIEHKM OT UCTUHHOM CpEeaHEeu
BEJIMUMHBI () OBUI0O MHHHMAJIBHBIM,
puc.5.1.

N3mepsiss mapaMeTp y, MBI MOXEM
BBIYHUCIUTH €ro cpennee a(y). Ilycts cuc-
TEMa XapaKTepU3yeTCs IJIOTHOCTBIO pac-
npejaeneHus BeposiTHOCTH p(Y\(Q2), Toraa
YCJIOBHE MHMHHMYMa CpEIHEKBaJpaTHUy-
HOT'O OTKJIOHEHUSI (V) OT () UMEET BUJL

(5.1.1)
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Fig.5.1. A gedanken measurement Puc.5.1. MbIciieHHbII U3MEPUTENbHBIN
experiment by Frieden. AKCIEPUMEHT 110 DpujieHy.
The expression p=p()\Q) Breipaxxenue p=p()\QQ) o3Hauaer,

means that p is a probability density 4TO p sABIsSETCS TIOTHOCTHIO BEPOATHO-
of parameter y when its mean value cTu mapamerpa y, Korja CpeaHssl BETUIH-
is Q. An assumption that the esti- Ha paBHa Q. IIpenmnonoxenue, 4To OILEH-
mate a(y) is unbiased gives Ka a(y) SABSJIETCS HECMEIIEHHOM, AaeT

[\ @)=, or [dp(y\Dw(y)-)]=0.

The differentiation by Q gives Huddepenumponanue mno 2 gaet
\Q
fdpOn -0+ P [0y -0)=0,
and elementary calculations result in a s1eMeHTapHbIE BBIYUCICHHUS MPUBOJSIT

K COOTHOUICHUIO
ol \Q
(o) -] = [ay ZRPYAD] 1y ooy - 0=

129)
= fap TN T (oo D) - ),
(Note, that we implicitly let p()\Q2) (3aMeTHM, 4TO MBI HESIBHO NIPEJCTABIAEM
to be the square of another quantity.) p()\Q2) B Buae kBaapara APYroil BeIUYHU-
An  application  of  Cauchi- ubl.) Ilpumenenue HepaBeHcTBa Koru-
Bunjakovsky-Schwarz inequality to bynskoBckoro-IlIBapiia mpuBOIuT K CO-
the square of latter equation leads to oTHoeHUIO

lzfdy@(;g\g)

relation
ol O\’
1< T PO o) -ar,
or NJiin
g @oveya) ) (e\)/&)
1< d , lJe" < |d
<o Nay o VesleT

After substitution x=y-Q, dx=dy, Ilocne moxacranoBku x=y-Q2, dx=dy,



A'AX2=-d/dx, we obtain
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A XV=-d/dx, nomydaem

e >1/1,, (5.1.2)
dp(x)/dx]
dx
o= I (5.13)

where [ 1s Fisher information by
definition. It is seen from the latter
result that the best possible evalua-
tion, that is max(min(e’)), is
achieved when Fisher information /r
is minimum. It is seen from the ex-
plicit expression (5.1.3) that Fisher
information can serve as a measure
of non-uniformity of the probability
distribution density p(x) since Iy is
zero for the uniform distribution
p=const. It can be said that Iy is a
measure of orderness in the sense
that ideal smoothness of probability
distribution corresponds to a com-
plete disorder.

In the case of measurement of
an N-component parameter
Y=(y,...,yn) and measuring its N-

component mean @o=(w,...,N)
which differs from a true N-
component value Q=(Q,...,Qy), we

have a collection of mean square
deviations that are to be minimum:

e; = [dYp(¥ \ )@, ()~ Q)T =minimum, k=1,...,N.

In general, we can evaluate
the accuracy of our measurement us-
ing some combination of these de-
viations. Frieden [4] introduced by
definition both the mean square er-
ror from the true value Q

N
_ 2
_Zeka

k=1

and generalized Fisher information

rae Ir - uapopmanus duinepa no omnpe-
nenenuto. W3 mocnenHero pesyJsbrara
BUJIHO, YTO JIYYlUAsl BO3MOMCHASL OIICHKA,
T.e. max(min(e®)), mocTHraercs, Kormga
uHpopmanuss dumepa [r MUHUMAIbHA.
N3 siBHOTO BBIpakeHus (5.1.3) BUIHO, 4TO
unopmaruss duiiepa MOXKET CIIY>KUTh
MepOoi HEOJHOPOAHOCTH IUIOTHOCTH pac-
NpeesieHns BEPOSITHOCTU p(X), MOCKOb-
Ky [r CTAHOBUTCS PAaBHOW HYJIO IIPU OA-
HOPOJIHOM  pacOpeiesieHuu  p=const.
MoXHO CKa3aTb, 4TO [p ABISAETCA MEPOU
YIOPSAOUYEHHOCTH B TOM CMBICJE, YTO
uJeaJbHO POBHOE pPACHpPEICIICHHE BEpO-
SATHOCTEM COOTBETCTBYET MOJIHOMY Oec-
MOPSIAKY.

B ciydae U3MEpEeHUs N-
KOMIIOHEHTHOTO mapameTpa Y=(yy,...,)y) u
BBIYUCJIEHUS  €r0  N-KOMIIOHEHTHOI'O
cpeanero w=(w;,...,@y), KOTOPOE OTIIMYA-
€TCd OT UCTUHHOM N-KOMIIOHEHTHOU Be-
auauHbl Q=(€2,...,QQy), MBI ©MeeM Habop
CPEIHEKBAAPATUYHBIX OTKJIOHEHHH, KO-
TOpbIE JOKHBI OBITh MUHUMAJIbHBI:

(5.1.4)

B o6mem ciydyae, MbI MOKEM Ol1e-
HUTh TOYHOCTH HAIIETO H3MEPEHUs, HC-
MOJIb3ysl HEKOTOPYI0 KOMOWMHAIIMIO ATHX
BesimuuH. OpujieH [4] BBe 1o onpeaese-
HUIO KaK CPEIHEKBAIPATUYHYIO OIIMOKY
OT UCTUHHOM BEJTMYUHBI {2

(5.1.5)

Tak U 0000meHHyro wuHpopmaruio Ou-
nrepa
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|
L= 5. (5.1.6)
k=1 €k
Because of inequality B cuity HepaBeHCTBa
2
e, 21/1,, (5.1.7)
we have in general MBI IMEEM B OOIIIEM CTy4ae
N
<>, (5.1.8)
k=1
In the case when we can rep- Eciu MbI MOXKEM MpeCTaBUTh MC-

resent the underlying probability koMoe pacnpeneneHue BepOSTHOCTEH B
distribution as a sum of distant Bume cymMMbl pa3HECEHHBIX MOJa (CM.
modes (see Fig.5.2) puc.5.2)

pY\Q)=D p(y,\Q), (5.1.9)

k=1
(i.e. when each counterpart is non- (T.e. Korma Kaxmas COCTaBISIOIIAs OT-
zero in each own separate region) JHM4YHA OT HyJs B CBOE€l COOCTBEHHOM OT-
the inequality (5.1.8) becomes equa- paenbHON 0oOmactu) HepaBeHCTBO (5.1.8)
tion and we have for the generalized cTaHOBUTCS ypaBHEHHEM, U MBI IOJTydaeM
Fisher information by analogy with nns 0606mennoit nndopmannu Puiepa

eq.(5.1.3) o anajoruu ¢ yp. (5.1.3)
N 2
[dp,(x)/ dx]
I, =|dx 5.1.10
" j ; Pi(x) ( )
In terms of probability density am- B TepmuHax aMIuTy[ IUIOTHOCTH BEPO-
plitudes gy, pi=(qx)*: ATHOCTEH qr, Pi=(qi)
N N
p=2.p =24, (5.1.11)
k=1 k=1
we obtain for generalized Fisher in- mbI momyyaem st 060011eHHON HHPOP-
formation an expression Manuu duiiepa BoIpaKeHHEe
3 dq, ’
I, =4Idx2( . (5.1.12)

This can be further generalized for Ono MoxeT ObITH 0000IIEHO nanee Ha
the many-dimensional N-component MHOTOMEpHBIM N-KOMIIOHEHTHBIN CITydai
case to the form B (hopme

I, = 4f dr) Vq,(r\Vq,(r), (5.1.13)
k=1

where » is many-dimensional pa- rae 7 - MHOTOMEpPHOE MPOCTPAHCTBO Ma-
rameter space. In terms of statistical pameTrpoB. B TepMHHAaX MBICIEHHOTO CTa-
gedanken measurement experiment, THCTHYECKOTO HW3MEPHUTEIBHOTO 3KCIIE-
r is a (vector) deviation of the meas- pumenra, r sBIsSETCS (BEKTOPHBIM) OT-



ured quantity Y from its true mean
Q2. The minimization of FI (5.1.13)
is the basis for derivation of many
statistical laws of physics.

The general properties of FI
defined in such a way can be related
to the properties of statistical inter-
pretation of physical entropy in the
form of Boltzmann H-function or
von Neumann-Shannon-Wiener in-
formation [1-4]. This enables to
consider FI as an orderness measure
in the system under study.
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KJIOHEHUEM M3MEPSIEMOU BEIUYUHBI Y OT
CBOEro MCTMHHOrO cpenHero (2. MuHu-
muzanus UMD (5.1.13) sBrsieTrcsi 0CHOBOM
JUISL BBIBOJIA MHOTHUX CTATUCTUYECKUX 3a-
KOHOB (DU3HUKH.

Oo6mwue cpoiictBa D, onpexneneH-
HOH TakuM crocoOOM, MOTYT OBITH COOT-
HECEHBI CO CBOMCTBAMHU CTaTUCTUYECKOU
MHTEpHpPETalNd (PU3NYECKON IHTPOIUHU B
dbopme H-pynkuun bonpliMana uiam WH-
dbopmanuu  ¢on  Helimana-1llennona-
Bunepa [1-4]. OTo mo3BojsieT paccmar-
puBare U@ kak mepy ynopsgO4€HHOCTH
HCCIIEyEMOM CUCTEMBI.

Fig.5.2. Schenatic represantation of
characteristic information state
(CIS).

The state of the system when
its probability density can be re-
placed by the sum of distant modes
(5.1.9) was called by Frieden a
characteristic  information  state
(CIS) [4], Fig.5.2. This state corre-
sponds to the system consisting of N
separated, non-interacting subsys-
tems. Inequality (5.1.8) is reversal to

).

4

Puc.5.2. CxemaTtuyHoe npeacTaBiIeHUE
XapaKTEPUCTHYECKOTO0 HHPOPMALIMOHHO-
ro cocrosiaus (XHUC).

CocTosIHHME CHCTEMBI, KOIIa €€
IJIOTHOCTh BEPOSITHOCTU MOKET OBITh 3a-
MEHEHa CYMMOM pa3sHECEHHBIX MOJ
(5.1.9), O6buio HazBano DpuyueHom xa-
PAKMePUCMUYecKuUmM  UHGOPMAYUOHHBIM
cocmosinuem (XUC) [4], puc.5.2. 310 co-
CTOSIHUE COOTBETCTBYET CHCTEME, CO-
crosimied u3 N OTAEHbHBIX HEB3aUMOJICH-
CTBYIOLIMX IojacucreM. HepaBeHCTBO



the mixing property of physical en-
tropy (entropy of merged subsys-
tems is greater than the sum of en-
tropies of separated subsystems).
There is some contradiction in the
use of CIS concept in the gedanken
measurement experiment which is a
basis of very productive principles
below. On the one hand, the g(r)
components are placed in the char-
acteristic information state during
the gedanken experiment. On the
other hand, after the solution is ob-
tained from some principle minimiz-
ing Fisher information, this solution
is directly used to calculate the
probability law via eq.(5.1.11) [4].
This contradiction can be resolved to
some degree by re-interpretation of
the necessity of CIS in the sense of a
game between the information user
(observer) and the nature (demon)
[7]. In such a game the demon tries
to minimize FI making the probabil-
ity amplitude functions (modes)
broader and smoother. But the ob-
server wants to maximize the es-
quired information and he must
choose, or prepare, the system in
CIS. On the other hand, observer
suspects that due to the demon's ef-
forts the information output will be
minimum of possible outputs that is
why he expects the Fisher informa-
tion to be minimum.

Another way to resolve the
contradiction is to re-interpret ge-
danken measurement experiment as
a series of independent measure-
ments and the resulting probability
distribution as a product of marginal
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(5.1.8) sBnsieTcst 0OpaTHBIM MO OTHOIIIE-
HUIO K 'cMecuTeabHOMY' CBOMCTBY (u-
3MYECKOW AHTPONUU (PHTpONUs OOBEAU-
HEHHBIX TOJICUCTEM OOJbIIE CyMMBI 3H-
TPONMI OTAENbHBIX MojcucTeM). Mmeer-
Csl HEKOTOpPOE MPOTHUBOPEUYUE B HUCIOJIb-
3oBaHnM MOHATUS XWC B MBICIEHHOM
U3MEPUTETEHOM 3KCIEPUMEHTE, KOTOPBIN
ABJIIETCSI OCHOBOW OY€Hb MPOAYKTHUBHBIX
MIPUHITUIIOB, ONMKMCAHHBIX HUXkE. C OJHOMU
CTOPOHBI, KOMIOHEHTHI g4(7) TOMENIatoT-
csa ¢ XMC B TeueHne MBICIEHHOTO KCIIe-
pumMenTa. C Ipyroi CTOPOHBI, NOCIE TO-
ro, KaKk peuieHue i HUX IOIYy4YEeHO U3
HEKOTOPOIro MNPHUHIMIA, MUHUMH3UPYIO-
mero Ud, sTo perieHrue HENOCPEACTBEH-
HO HCIOJIb3YETCs JIsl BHIYUCIICHUS 3aKO-
Ha BEPOATHOCTU B COOTBETCTBUHU C YP.
(5.1.11) [4]. OTO MpPOTHUBOpPEYUE MOMKET
OBITh JJO HEKOTOPOU CTENEHU Pa3pelieHo
peuHTepnperauuen HEO0OXOIMMOCTHU
XHC B cMbICaE Urpbl MEXAY IOJb30Ba-
teneM uH(opMaruu (HaOmogaTeneM) U
npupoaoi (nmemonom) [7]. B aroit urpe
IEMOH CTapaercsi MUHUMU3UpoBarh MO,
nenass (QyHKIUM aMIUTUTY] BEPOSITHOCTU
mupe ¥ poBHee. Ho Habmonarens xoder
MaKCUMHU3HUPOBATh U3BJIEKAaEMy0 MH(DOP-
MallMI0, U OH JIOJDKEH BbIOPATh, WM MIPU-
roroBuTh cucreMy B XHNC. C nppyroi
CTOPOHBI, HAOJIOJATENb IOJI03PEBAET,
4yTO, ONarojaps yCWJIUSIM JIEMOHA, WH-
(dbopMallMOHHBIA BBIXOJ OyJIeT MUHU-
MaJbHBIM U3 BO3MOXHBIX BBIXO/OB, U TO-
3TOMY OH oxupaaer, uro UD Oyner mu-
HUMAJIbHOU.

Hpyroit cnoco0 pa3zpemieHus: mpo-
TUBOPEYMSI COCTOUT B PEUHTEPIPETALMU
MBUIEHHOTO HW3MEPUTEIBHOTO JKCIEpH-
MEHTA, KaK CEPUU He3A8UCUMbBIX U3MEPE-
HUW, a PE3yJbTUPYIOLIEr0 pacIpeee-
HUS BEPOSATHOCTEH KaK MPOU3BEICHUS



laws [8]

p(Y\Q>=1:[p<yk\Q>=1:[p<yk\ﬂk>,

where each (2 has no influence on
Vi j#k. Then, in somewhat different
way, we can obtain the same form of
Fisher information in terms of prob-
ability amplitudes (5.1.13). Thus we
avoid the necessity of CIS. The reso-
lution of these problems is much
updated in "Physics from Fisher In-
formation" (Cambridge Univ.Press,
1998) by Dr.B.R.Frieden. But we
think that our retrospective wxposi-
tion here and below can be very use-
ful.

5.2. Frieden's Minimum
Fisher and Extreme physical
information principles

Extreme physical information
principle (EPIP) is a generalization
of the minimum Fisher information
principle (MFIP) which was found
to be, as we mentioned above, a uni-
versal basis for derivation of many
physical laws and linear equations
[1-9]. Later, nonlinear Klein-Gordon
equation was derived [10,11].

The main goal of this book is
to describe the use of the transform
information as a symmetry breaking
measure, so we will not describe all
the derivations by Frieden’s and co-
authors. We outline here only the
main concepts and give the elemen-
tary examples.

The conceptual basis for
Frieden’s derivations was a ge-
danken experiment on seeking an
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MapruHajJbHbIX pacnpenesacHui [ 8]
(5.1.14)

r1e Kaxaoe (J He BIUAET Ha Yy, jzk. Ilo-
TOM HECKOJIBKO MHBIM CITOCOOOM MBI MO-
KEM TOJIYUUTh Ty ke GopMy uHpopma-
i duriepa yepe3 aMIUIUTYAbl BEPOSIT-
Hoctu (5.1.13). Takum oOpazom, Mbl U3-
oeraeM HeoOxomuMmoctd XMC. OOHOB-
JICHHOE W3JI0KEHUE ITHX BOIPOCOB MOXK-
HO HaiiTu B kHure A-pa Opunena "Physics
from Fisher Information" (Cambridge
Univ.Press, 1998). Ho MbI cuntaem, 4To
HAllle  PETPOCIEKTUBHOE  M3JIOKCHHE
37IeCh U Jaliee MOXKET ObITh OYCHB IMOJIe3-
HBIM.

5.2. llpununnsl PpugeHa: MUHU-
MyYM UHpopManuu Oumepa u
IKCTpPEeMYM (pusnveckou uHgpop-
MAaIllUH

[IpuHuun skcTpeManbHON (u3nye-
ckoii wmHpopmaruu (I[IDDUN) sBusercs
00oO0mIeHreM MPUHIMIA MUHAMYyMa HH-
dbopmanuu duiepa (IIMUD), koTopslid,
KAaK Mbl YIIOMSHYJIM BBIIIE, AT YHUBEP-
CaIbHYIO OCHOBY [UISl BBIBOJIa MHOTHX
(U3UYECKUX 3aKOHOB U JIMHEWHBIX YpaB-
Henuit [1-9]. T1o3xxe ObLIIO BBIBEIEHO HE-
nuHelWHoe ypaBHeHue Kureiina-I'opnona
[10,11].

['1aBHOM 1ENBbI0 TaHHOW KHUTH SIB-
JSIeTCS ONMMCAaTh HCIONb30BaHUE HH(DOP-
MaIuy IpeoOpa3oBaHusl KaKk Mepbl Hapy-
[ICHUS CUMMETPHUH, TIOITOMY MBI HE Oy-
JIEM ONMCHIBATh 31ECh BCE PE3YJbTaThl
@®puneHa ¢ coaBTopaMu. MBI TOJNBKO
ONKCHIBAEM 3/1€Ch OCHOBHBIE TOHSTHS U
Ja€M 3JIEMEHTapHBIE IPUMEPBI.

KonuenrtyaibHOH OCHOBOW BBIBO-
noB @pujeHa ObLI MBICIEHHBIN 3KCIIEPU-
MEHT [0 HAaxXO0XJICHUIO BBIPAKECHUS IS



expression for a minimum mean-
square error of estimation of the
mean of parameter & characterizing
the system of particles under inves-
tigation. The particles may be mate-
rial particles or quasiparticles, pho-
tons, etc. and the physical parameter
& may be a position coordinate, ve-
locity, etc. The requirement that an
efficient estimation error is to be
maximum results in

Ir= minimum,

where FI I is a functional (5.1.13)
of the derivatives of probability den-
sity amplitudes in eq.(5.1.11).
Frieden had first discovered [1] that
a number of physical models can be
obtained as the solutions to the prob-
lem (5.2.1) under additional con-
straint imposed by a mean kinetic
energy. This was called MFIP :

Ir - A<E;,> = minimum,

A 1s indefinite Lagrange multiplier.
Other constraints (e.g. the normali-
zation condition) may be imposed as
well. Sometimes instead of mean ki-
netic energy, the constraint term
should be a mean squared energy, as
in relativistic quantum mechanics. I
is assumed to be a (dis)order meas-
ure in the system, so MFIP is akin to
the second law of thermodynamics.

Later, Frieden has proposed
an axiomatic formulation of the up-
dated theory and developed an
agenda for derivations [4-9], where
the constraint term is considered as
an equivalent piece of information
obtained from FI by some unitary
transformation, e.g. by Fourier trans-
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HauMEHbIIEH CpEAHEKBAAPATUYHON
OIMOKHU ONpeJeICHUs CPEIHEro Imapa-
MeTpa &, XapakTEPHU3YIOUIEro CHUCTEMY
yactull. YacTuupl MOryT OBITH MaTepu-
albHBIMU WJIM KBa3WyacTuilv, GOTOHAMU
u 1.7. [lapamerp & MoxkeT OBITH KOOPAH-
HATOM, CKOpOCThIO W T.A. TpeOoBaHue
MakcuMyMa  OmHMOKH 3P HEKTUBHOM
OIICHKU TTPUBOJUT K POPMYIHPOBKE

(5.2.1)
rae U Ir ectp dynkuuonan (5.1.13) or
MIPOU3BOJIHBIX AMILUIUTYJ IUIOTHOCTU Be-
positHocTH B yp. (5.1.11). ®punen cuava-
na oTkpbul [1], uro mensii psia pusnde-
CKHUX MOJIeNIell MOXKET OBbITh MOJYYEH Kak
pemienue 3anauu (5.2.1) mpu 10MONHU-

TEJbHBIX OrPAaHUYEHHUSIX, HaJAraeMbIX
CpeIHEel KWHETHMYECKON BHepruen. ITo
ob110 Ha3BaHo [IMU®:

(5.2.2)

A - HeompejaeleHHbIl MHOXuUTeNnb Jla-
rpanka. Moryt ObIThb HaJOKEHBI TAK K€
Apyrue orpaHuyeHust (Hampumep, yclo-
BHE€ HOPMHUPOBAHHOCTH). MIHOrAa BMECTO
KUHETUYECKOW DHEPruy OIPAHUYMTEIIb-
HBII 4JIeH MOXET ObITh CPEJHUM KBaJpa-
TOM DHEPTHUH, KAK B CIIy4ae pPeIsATUBUCT-
CKOM KBAaHTOBOM MexaHWKH. Ilompasyme-
Baercs, 4Yro [y SBIETCS  MEPOM
(6ec)nopsiika B cUCTEME, U TaKUM 0Opa-
3oM, [IMU® poacTBeHHEH BTOpOMY 3a-
KOHY TEPMOJUHAMUKH.

ITo3xe @puneH NpemIoOKUI aK-
CHOMATHUYECKYI0 (OPMYJHUPOBKY OoJiee
Pa3BUTOM TEOPUM U Pa3BUI AITOPUTM
BbIBOJA [4-9], B KOTOPOM OrpaHUYUTEIb-
HBIM YJIEH PaCCMaTpUBAETCS KaK JKBUBA-
JIEHTHOE KOJMYECTBO HMH(pOpPMAILMH, MO-
ayyaeMoe u3 P ¢ nmoMoipo HEKOTOpo-
ro YHUTapHOIro IpeoOpa3oBaHus, HaIpH-



form, and then this term 1is inter-
preted in terms of physical observ-
able quantities, for example, mo-
mentum. This has been called EPIP.
In the works [7-9] it takes a form

ol=38J, or\ummn 0K=0, K=I-J=extremum,

where [ is FI called in this context a
free information, K is called an as-
sociated physical information to be
extremized, J is the expression of FI
which after unitary transformation
and physical re-interpretation takes
the form

J=ldEF{p(H}.&).

It is called a bound Fisher in-
formation because it is interpreted as
a maximum possible value of infor-
mation that can be obtained from the
measurement. / is our choice of in-
formation to be extracted from the
system, so it is called a free informa-
tion. It is necessarily lesser than J.
Eq.(5.2.3) expresses the sense of in-
formation game with nature when
we try to minimize the deficit of ex-
tracted information K.

It should be emphasized, that
the transform, Frieden and co-
authors write about, serves to ex-
press (re-interpret) FI in terms of
observable quantities and then to ob-
tain the basic forms of a constraint
term in the most universal way. But
the information generating transform
(shift) of Sec. 5.3 is necessary to ob-
tain the mathematical form of FI it-
self.

We should note that all the
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Mep, npeoOpazoBanusi Dypbe, U 3aTeM
UHTEpIIpeTUpyeTcs dYepe3 ¢u3udecKue
HaOJI0/laeMble  BEJIMYMHBI, HAMpUMED,
UMITyJIbC. JTa Teopusi ObUla Ha3BaHA
[I9®U. B pabortax [7-9] oH mpuHUMAaeT
hopmy

(5.2.3)
rae [ - UD, ma3piBacMasg B JaHHOM KOH-
TEKCTE c800600HOU uHpopmayuel, K Ha-
3BIBACTCSL ACCOYUUPOBAHHOU (HU3UUECKOUL
ungopmayueii, Kotopas IOJDKHA OBbITh
3KCTPEMAJIBHOM, J ecTh BhIpaxkeHune MO,
KOTOpPO€ IOCJIE€ YHHTapHOro Mpeodpaso-
BaHUS U (PUBMYECKON pEUHTEpIIpETaAlUU
MIPUHUMAET BU]]

(5.2.4)

OHa Ha3bIBaeTCsl npedenbHou UH-
Gopmayueti Puwepa, TOTOMY UYTO OHA
MMOHMMAETCS] KaK MaKCUMaJIbHOE BO3MOX-
HOE KOJIMYECTBO HMH(OpPMAIUU, KOTOPOE
MOXXET OBITh TIOJY4€HO W3 M3MepeHus. [
SIBJISICTCSI HAITUM BBIOOpOM MH(pOpMarum,
KOTOpasi 10J>KHA ObITh U3BJIEUEHA U3 CHC-
TEMBbI, TI0O9TOMY OHa Ha3bIBaeTCs CBOOOJ-
HOol wH(popmarmeit. OHa HE0OXOAMMO
Menbllie, yem J. VYp.(5.2.3) Belpaxaer
CMBICIT UH(GOPMAITMOHHON UTPHI C MPUPO-
JIOM, KOT/Ia MBI CTapaeMcsi MUHUMHU3HUPO-
BaTb HEJOCTATOK W3BIIeKaeMoil HuH(DOP-
Manuu K.

HyxHO momuepkHyTh, 4TO Mpeod-
pazoBaHuE O KOTOpOM mUIyT OpuaeH u
€r0 COABTOPHI, CIYXKHUT JJIsl BBIPAKEHUS
(peuntepnperanuu) P B TepMuHax Ha-
OJIt0TaeMbIX BEJTUYHH M TOCJIETYIONIETO
MOJIYYeHHUS] OCHOBHBIX ()OpPM OTpaHUYH-
TEJIBLHOTO YIeHa HamOoJiee YHUBEPCAIb-
HBIM crocooomM. Ho wuH}opMammonHo
Mpou3BoJIsAIIee IpeoOpa3zoBaHue (CIBHT)
B 1.5.3 HE0OXOAMMO NJIsl TMOJTy4YeHUs Ma-
TeMaTudeckoit popmal camoit UD.

Cnenyer 3amMeTUTh, 4YTO BCE pe-



derivations by Frieden and co-
authors formally use the probability
measures only. However, in deriving
the Maxwell's equations of electro-
magnetic field [3], the probability
measure actually was a statistical in-
terpretation of energy distribution
(or intensity (absolute value) of 4-
potential, more exactly). In deriving
the weak-field gravitational equa-
tions [9], the wave functions (ampli-
tudes) were the interpretations of the
components of the associated metric
tensor. So, Fisher information used
to be actually the measure of non-
uniformity of physical quantities.

The derivation of time-
independent  one  dimensional
Schroedinger equation is a good
simple example of the use of both
minimum Fisher information and
extreme physical information prin-
ciples. These examples show the ba-
sic distinctions of these principles in
an elementary way. On the other
hand, they demonstrate the different
ways of the use of Fisher informa-
tion in deriving physical laws. Con-
sider first MFIP based derivation.

Let p(x)dx be a quantum me-
chanical (yet unknown) probability
to find some particle in the
neighborhood dx of the space point
(coordinate) x, p(x)=[g(x)]*, i.e. g(x)
is an absolute value of a normalized
w-function of the particle. Let the
total energy of the particle be W, the
potential at the point x be U(x), and
wave function of the particle van-
ishes at infinity. The kinetic energy

73

3yJibTaThl PpugeHa ¢ coaBTOpaMu IOJY-
YeHbl Ha OCHOBE (hOPMAIBHOIO HCIONb-
30BaHMSI TOJIBKO JIMIIb BEPOSTHOCTHOM
Mepbl. OJHAKO TMpU BBIBOJAE YpaBHEHUU
Makcgemia  3JIEKTPOMAarHUTHOTO — MOJIA
[3], BeposiTHOCTHasi Mepa Oblja MocTpoe-
Ha Ha OCHOBE CTaTUCTUYECKON MHTEpIpe-
TallMy pacrpeiesieHus dHepruu (Wid vH-
TEHCUBHOCTH (a0COTIOTHON BEJIMUUHBI) 4-
noteHuuana, 6osaee TouHo). [lpu BrIBOME
YpaBHEHUHN TPABUTALMHU B MPUOIMKEHUU
cnaboro moas [9] BONHOBBIE (PYHKUUU
(ammuuTyapl) OBUIM  MHTEpIpETALUSIMU
KOMITIOHEHT aCCOLIMMPOBAHHOIO METpUYe-
ckoro Ten3opa. Takum oOpazom, UHPOp-
Manuga Pumepa Obula B 3THUX Clydasx
(akTHYEeCKH MEpOil HEOTHOPOJHOCTH (hU-
3MYECKUX BEJIMYUH.

BbIBO HE3aBUCALLETO OT BPEMEHU
onHoMepHoro ypaBHenus [lpeaunrepa
ABJIIETCS. XOPOIIMM IMPUMEPOM HCIONb-
30BaHUSl KaK NPHUHIWIA MUHUMyMa HH-
dopmarn dOuiepa Tak U IPUHIUIIA IKC-
TpeMaibHOW (u3nuecKoil HHGOPMALIIH.
OTU NpPOCThIE MPUMEPHI HUKE MOKA3bIBA-
0T OCHOBHBIE OTJIMYUSA 3TUX MPUHIIUIIOB.
C npyroi cTOpOHbI, OHU JEMOHCTPUPYIOT
pa3nuyHble CIOCOObl UCTONb30BaHUS HH-
dbopmarn duniepa aig BbiBoAa Guznye-
CKHUX 3aKOHOB. PaccMOTpuM cHavasia BbI-
BoJ Ha ocHOBe [IMUD.

[lycts p(x)dx ecTb KBaHTOBO-
MexaHuveckas (IToOKa HEeU3BECTHas) BEpo-
ATHOCTh OOHApY>KEHMsI YaCTULIBI B OKpe-
CTHOCTH dx TPOCTPAHCTBEHHOW TOYKHU
(koopmuHatel) x, p(x)=[¢(x)]>, T.e. q(x)
SIBJISIETCS. AOCOJIFOTHOM BEIMYMHON HOP-
MHUPOBAHHOM  W~QYHKIMH  YaCTHUIIBL
[Tycts o6mias sHEprus yacTulbl paBHa W,
MOTeHIMa B Touke x - U(x), U BOJHOBAS
GyHKIUS CTpEeMHUTCS K HYJIIO0 Ha OecKo-
HeyHocTH. KunHeTnueckass 3Heprus dyac-



of the particle is Ey;,=W-U(x). The
MFIP (5.2.2) then reads

dq

J. dx(4() — AW - U(x)]qzj = minimum,

dx

and the solution to this problem is
given by (see Appendix 5.11)

faf 20

This leads to equation

d’q

dx’
which is one dimensional time-
independent  Schroedinger wave

equation, if we choose A=8m/h*> (m

1s a mass of a particle and #=h/2x, h
is the Plank constant). This deriva-
tion is not closed, because we have
used implicitly many important
physical facts and basic physical as-
sumptions.

Now let us obtain the same
equation (for the same physical sce-
nario) by EPIP (5.2.3) in four steps
of Frieden's derivation agenda [4]
for the more general case when the
number of "degrees of freedom" N is
not previously fixed to be unity and
each amplitude function ¢; in
(5.1.11) is complex.

Step 1. We must identify the
physical quantity describing our sys-
tem that is a quantum mechanical
(yet unknown) probability p(x)dx to
find some particle in the neighbor-
hood dx of the space point (coordi-
nate) x, x being the deviation of the
measured particle position y from its
true mean, or the classical particle
position, Q2. We imply p(x) to be a

UGk =0,
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tutbl paBHa Ey,=W-U(x). IIMU® (5.2.2)
TOT1a UMEET BH/I;

(5.2.5a)

a pelleHue 3TOW 3ajJayu JaeTcsi ypaBHE-
HueM (cMm. Annengukc 5.11)

22 N 9) v | =
ﬁy_dcé’(dq/dx)][4( ) AW U(x)]qj—(), (5.2.5b)

dx

OTO NPUBOJUT K YPABHEHUIO

(5.2.5¢)

KOTOpoe OyneT OJAHOMEPHBIM HE3aBHCS-
IIIUM OT BPEMEHU BOJHOBBIM ypaBHEHUEM
Hlpenunrepa, ecau  Mbl  BblOEpeM
A=8m/h’* (m - macca wactungpl, i=h/2x, h -
noctosinHast [lnanka). DTOoT BBIBOA HE
3aMKHYT, MOTOMY YTO MBI HESIBHO HC-
MOJIb30BaJI MHOTO Ba)KHBIX (PU3NYECKUX
bakToB U (PyHIAMEHTAIBHBIX (QHU3NUE-
CKMX IPEIITOI0KECHUM.

Tenepp mnoiayuyuM TO K€ camoe
ypaBHeHHUE (IJIs1 TOW K€ MOCTAaHOBKH 3a-
nauu, (PU3NYECKOro ClIeHApus) C IMOMO-
mpto [I9®U (5.2.3) u caemaem 310 B Ue-
ThIpe Imara, cieays peuenty Dpuaena
[4], nna Oonee oOmiero ciaydas, Korjaa
gucio "creneHe cBo6oasl" N npenpapu-
TebHO He ¢ukcupyercs (paBHbIM 1), H
KaXaash aMmIuiMTyaHas QyHKUUS g, B
(5.1.11) sBysIETCS KOMILIEKCHOM.

[IIar 1. MsI 10/KHBI yKa3aTh (u-
3MYECKYI0 BEJIMYMHY, OIHKCHIBAIOIILYIO
Hally CUCTEMY, KOTOPOH SIBJISIETCS KBaH-
TOBO-MEXaHUYeCKasi (MOoKa HEU3BECTHAs)
BEPOSITHOCTh p(X)dx OOHapyXeHHUs dYac-
TULIBI B OKPECTHOCTU dX MPOCTPAHCTBEH-
HOM TOYKH (KOOPAWHATHI) X, MPUYEM X
ABJISIETCSI OTKJIOHEHUEM H3MEPSIEMOU KO-
OpJIMHATHl YaCTHUIBl OT €€ HWCTUHHOTO
CpEIIHEero, WM KJIaCCHYECKOW KOOpJIHUHA-



well-behaved function, zero at infin-
ity.

Step 2. We must identify the
component  functions ¢, 1In
eq.(5.1.11) (in this case) with com-
plex quantum mechanical ampli-
tudes, the number of which N is left
as a free parameter that is fixed on
the basis of sufficiency at the end of
derivation. In general, we must con-
sider the complex amplitudes, so
eq.(5.1.11) now reads

)= 2195 () + g (0],

where all ¢, and g,; are the real
functions (the absolute real and
imaginary parts of complex ampli-
tudes ¢;). This choice of the prob-
ability form (i) allows the complex
amplitudes, as is in general; (ii)
Since the amplitudes g, are placed in
their CIS (by the gedanken meas-
urement scenario) the use of 2N op-
timum estimators i, Q. A~1,...,
N, increases information, that re-
duces an error ¢, that is the aim of
experiment.

Step 3. We must form the free
information using the identified am-

plitudes:
N
1=4y | dx[(
k=1

We can express all the functions in
terms of their Fourier spectra (as we
imply they also to be the well-
behaved functions):
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Tbl, (2. MBI nogpa3zymeBaeM, 4to p(x) oo-
JajaeT HYXHBIMH HaM CBOWCTBaMU H
paBHA HYJIIO HA OECKOHEYHOCTH.

[Ilar 2. Mpbl [OOMKHBI TPUHATH
KOMITOHEHTHbIE (pyHKIMH g; B yp.(5.1.11)
(B oTOM ciydae) 3a KOMIUIEKCHBIE KBaH-
TOBO-MEXaHMYECKHUE aMIUIUTYABI, YHCIIO
KOTOpBIX N cunTaeTcsi CBOOOAHBIM Mapa-
METPOM 3aJla4d, KOTOPBIH (PUKCUpPYETCS B
KOHIIE BBIBOJIa Ha OCHOBE COOOpakKeHUI
J0CTaTOYHOCTU. B 00meM ciydyae, Mbl
JOJDKHBI  MCIOJIb30BAaTh  KOMILJICKCHBIE
aMIUIMTYbl, T03TOMY yp.(5.1.11) Tenepp
UMEET BHI:

(5.2.6)

T€ ¢1x U o SABISIOTCS BEIIECTBEHHBIMU
GyHKUMUSIMU (MOIYJIM BEHIECTBEHHBIX U
MHHUMBIX YacTel KOMIUIEKCHBIX aMILTUTY T
qx). Takoui BIOOp hOpMBI BEPOSITHOCTH 1)
MO3BOJISIET MCMOJIB30BATh KOMILUIEKCHBIE
aAMIUTUTY/IbI, 2) MOCKOJIbKY aMIUTUTYbI gy
oepyrcs B cBoem XUC (mo cueHapuio
MBICJICHHOTO H3MEPHUTENILHOTO SKCIepHU-
MEHTA), HCIOoJb30BaHue 2N onThuMalib-
HBIX OLIEHOK i, Oy, k=1,..., N, yBenu-
yuBaeT HMH(OpPMAIMIO, YTO YMEHBIIAeT
OMMOKY e, UTO M SIBIAETCS LENbI0 SKC-
MEPUMEHTA.

[ITar 3. MpbI AOJKHBI ITOCTPOUTH

CBOOO/JIHYIO HMH(MOpPMAILIMIO, HCIHOJIb3YS
yKa3aHHBIC aMIUTATYIbI,
dqlka +(dq”‘jzj (5.2.7)
dx dx ' o

Mpb1 MOKeM BbIpa3uTh Bce (PYHKIIMU dYe-
pe3 ux Oypbe CHeKTphl (T.K. MbI PEIIO-
JaraeM, 4To OHU 00JIaJjal0T BCEMU HEOO-
XOJIMMBbIMHU HaM CBOWCTBaMHU):

1 iux/h
qjk:mjdﬂ(pjk(ﬂ)em ,j=1,2; k=1,...,N.

The complex probability amplitudes

KommnnekcHbie AMILIATYAbI BEPOATHOCTHU
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qk - qlk + lq2k > kzla"'zNa
are expressed in analogous way by aHamOrHYHBEIM 00pPa30M BBIPAKAIOTCS Ue-
their spectra pe3 CBOM CHEKTPHI

@ (1) = (1) +igy, (1), k=1,...,N.
They can be written in a vector form Bce BMecTe OHHM MOTyT 3amvcaHbl B BEK-

TOpHOU dhopme

L= P1 ()., oN(10)).

By de Broglie's wave hypothesis, we
can associate u with particle mo-
mentum and 7 - with Plank constant
divided by 2z By Born's interpreta-
tion, we can associate ¢(x) with am-
plitudes of probability density dis-
tribution over the momentum space
(over a conjugate Fourier space)

Ha ocHoBe BoHOBOM rumnoressl ae bpoi-
7. MBI MOXEM acCOLMUPOBATH (I C UM-
NyJIbCOM 4YacTHULbl U /i C TOCTOSSHHOU
IInanka, nenenHoi Ha 2. Ha ocHOBe uH-
TepIpeTalui BOJHOBOW (YHKIUU TIO
BopHy MBI MOkeM accolMUpPOBaTh @4 C
aMIUTUTyJaMU pacpe/ieSICHUs] BEPOATHO-
CTHU MO MPOCTPAHCTBY UMITYJIbCOB (II0 CO-
npsikeHHOMY Dypbe IPOCTPAHCTBY) L

()= g(1)" = (o™ ()= Y [0 (10)” +pa ()" + i, ()

A ()= ¢1*k(02k - (02*/((01/{ :

By substitution of inverse and direct
Fourier transforms of the real ampli-
tude components ¢y, gox W€ can ob-
tain, on the one hand,

[logcraHoBKOW MpsSIMBIX U 0OpaTHBIX
npeoOpazoBanuii Dypbe BEHIECTBEHHBIX
KOMITOHEHT aMIUTUTYA 1k, §ox MBI MOKEM
MOJIy4YUTh, C OJTHOM CTOPOHBI,

A ()= ﬂh ] dxdx'qlk(xm%(x')sin[;‘ (x - x')) ,

1.e. it is an odd function of & On the
other hand,

T.€. 3T0 HeueTHass ¢pyHkuus u. C apyroi
CTOPOHBI,

1= ;Zj a0 + () = % ] duu{P(u) - zZ Akw)j :

4 4
I= hz_[ A P(p) =5 (1)

Thus, using together the de Broglie's
wave hypothesis, Born's interpreta-
tion of P(u) as a probability density,
and classical relation for the kinetic
energy

W_U(x): Ekin -

we can express our free information

Takum oOpa3om, UCIONIB3YsT BMECTE BOJI-
HOBYyIO Tunoresy ne bpoiinsa, OGopHOB-
CKYIO HUHTeprperanuio P(x) Kak IUIOT-
HOCTbh BEPOSITHOCTH, U KJIACCHYECKOE CO-

OTHOIICHUC AJIA KHHETUYECKOMN OHCPIUHU
2

_H

2m’
MBI MOYKEM BBIPAa3UTh HAIly CBOOOIHYIO



via the mean kinetic energy, and the
obtained expression must be the
bound Fisher information J

h

Note, that the third step can be con-
sidered as a re-interpretation of the
free information in terms of observ-
able quantities. In this particular
case it simply requires Fourier trans-
form of Fisher information. In such
a way, we re-express it as an average
in x-space (like in eq.(5.2.4)):

4 8 -
J=—(2mE, )= h’? [ axw - U g7 (¥)+ g5 (o).
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MH(}OpMaLUIO Yepe3 CPEIHIO KUHETHYe-
CKYIO DHEpIHuIO, U MOJYYEHHOE BbIpaXKe-
HUE JIOJDKHO OBbITH mpenesbHou HHGOP-
mauuen Oumepa J

(5.2.8)

3aMeTHM, 4YTO TPETHM IIar MOXHO pac-
CMaTpHUBaTh KaK PEUHTEPIPETALMIO CBO-
O6ogHOW wWHQOpPMAIMK B TEPMUHAX Ha-
OmoJaeMbIX BeTMYMH. B gaHHOM Yact-
HOM cily4yae 3TO TpeOyeT ImpoCToro mpe-
obpazoBanust Dypre uapopmanun Ou-
mepa. Takum cnocoOOM MBI 3aHOBO BBbI-
pakaeM ee KaK CpeJHee MO MPOCTPAHCTBY
x (mo tumny yp.(5.2.4)):

J = dxF({q(x)} x).

Step 4. With function F iden-
tified, we must find a solution to the
problem (5.2.3) which reads in this
case

ar 4. TonyunB yHKIUIO F, MBI
JOJKHBI HAaWTU perieHue 3anadu (5.2.3),
KOTOpasi B IaHHOM CJIy4ae UMEET BU]I

N

4}{22‘ j dx[( dg;"j 2 + (dq”‘j 2} - 8};1.'- dx[W — U(x)]z (47 (x) + g3, (X)] =extremum.

dx

The solution to this problem (see
Appendix 5.11) is a set of equations

d’qy  2m

x>
This is a set of 2N identical differen-
tial equations, i.e. this is one equa-
tion of the second order with two
independent solutions. Thus we need
to use no more than two real (differ-
ent) amplitudes or one complex
wave function to describe our sys-
tem (y=q+ig,). The latter equation
becomes the usual time-independent
one dimensional Schroedinger wave
equation with a right coefficient
which is obtained without arbitrary
choice of Lagrange multiplier, as
was above:

k=1
Pemenue »>Toi 3amaum mgaeTcs CHUCTEMOU
ypaBHeHu# (cM. Anmeraukc 5.11)

+ o W =-U)lg, =0, /=1,2; k=1,...,.N.

Orto cucrema 2N WACHTUYHBIX audde-
PEHIIMAJIBHBIX YpaBHEHUH, T.€. HA CaMOM
JieJie 3TO OJHO ypaBHEHUE BTOPOTO IO-
psAaKa C AByMsS HE3aBUCHUMBIMHU pellle-
HUsMHU. TakuMm 00pa3oM, MbI HYXIaeMCs
He Oojee yeM B JBYX BEHIECTBEHHBIX
(pa3nUYHBIX) aMIUIMTYJaX, WIA OJHOU
KOMIUIEKCHOM BOJIHOBOW (DYHKIIMM JJISI
omucaHus Haieh cucrtemsl (Y=g tiq,).
[Tocneqnee  ypaBHEHHME  CTaHOBHUTCS
OOBIYHBIM HE 3aBUCSIINM OT BpPEMEHU
BOJTHOBBIM ypaBHeHueM lllpenunrepa c
IpaBUIbHBIM KO3(P(UIIMEHTOM, KOTOPOE
MOJIydeHO 0e3 JOMOJHUTEIILHOTO IMPOM3-
BOJILHOTO BbIOOpa MHOUTENS Jlarpanika,
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KaK 3TO OBLIO BBIIIIE:

v 2m

dx? +?

The derivations of other equa-
tions can be more tedious and de-
mand a sophisticated interpretation
of the space of measured parameter
and probability density amplitudes.
Next we reinterpret Fisher informa-
tion in terms of certain particular
form of transform information - shift
information which by no means con-
tradicts the principles above, and so,
the results following from them.

5.3. One dimensional shift in-

formation

Consider one dimensional
well-behaved distribution (not nec-
essarily probability density) p(x) de-
scribing some physical system [10].
One can evaluate its non-uniformity
(roughness) comparing it with its
shifted image p(x+A), Fig.5.3, using
as a non-uniformity measure a quan-
tity

RAy{dW@n4:j,

which we call a shift information
(SI) since it is a particular form of
TI (3.1) for the information generat-
ing transform (IGT) is a shift.

W -U(x)ly =0. (5.2.9)

BreiBox npyrux ypaBHEHHH MOXKET
ObITh OOJiee yTOMHUTENBHBIM U MOTPEOO-
BaTh YCIIO)KHEHHON WHTEPIIPETalUU MPO-
CTpAaHCTBAa HW3MEPSIEMOro TMapameTpa u
aMIUTATYI TUIOTHOCTH BepoOSITHOCTH. Jla-
jee Mbl oyunM uHpopmarmio Puiiepa
Ha OCHOBE OJHOW 4YacTHOM (OpMBbI HH-
dbopmanuu npeoOpazoBanus - uHpopMa-
IIUU C/IBUTa, KOTOPasi HUKOUM 00pa3oM He
MPOTUBOPEUYUT MPHUHIIMIIAM, OMHUCAHHBIM
BBIIIIE, U TIOOTOMY BCEM pe3yJIbTaTaM, KO-
TOpBIE U3 HUX CIIEYIOT.

5.3. OnHomepHast uH(popMaALUA

CABUTA
PaccmoTpuMm omHOMEpHOE Herpe-
pPBIBHOE pacripeziesienne (He 00s13aTeIbHO
IJIOTHOCTh BEPOSTHOCTH) p(X), OMHCHI-
BAIOIIIEe HEKOTOPYIO (PU3UUYECKYIO CUCTE-
My [10]. MBI MOXXEM OIIEHUTH €r0 HEOJ-
HOPOJHOCTH (IIEPOXOBATOCTh), CpPaBHH-
Basg €ro C €ro e CABUHYTHIM 00pazoM
p(x+A), puc.5.3, UCHoJib3ysl Kak Mepy He-
OJIHOPOJHOCTH BEJIUUUHY
p(x)

St A) (5.3.1)

KOTOPYIO MBI Ha3biBaeM WH(pOpMaImei
casura (MC), T.k. oHa sBJISIETCS YaCTHOMU
dbopmoit UII (3.1), koraa uHbOpMaALIMOH-
HO mpousBosiiee npedpaszosanue (MIIIT)
SIBIISIETCS] CIIBUTOM.
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X
Fig.5.3. Shift of some physical dis- Pwuc.5.3. CnBur HEKOTOpOTro GU3NIECKOT0o
tribution. pacripeieieHusl.
Let the shift be global, Ilycte caBur OyaeT TIoOadbHBIM,

A=const, and small, so that we can A=const, 1 ManbIM, TaK YTO MBI MOEM
use the expression of In[p(x+A)] in a wucnonb3oBath mis In[p(x+A)] pazmoxe-

Taylor series Hue B psaj Teiinopa
I(A) jd( In (m + L )A+d2 (In )A2+ D
— x — - - ce e
pmp—p np dx p > p 2
(p'Y )Az ]
=—|dx| p'A- —p" | +..
I x(p ( » Py + (5.3.2)

(p'=dpldx, p"=d’p/dx*). One can rec- (p'=dp/dx, p"=d’p/dx*). B cnaraemom
ognize the Fisher's "intrinsic accu- BTOpOro mopsiaka MOXHO y3HaTb (opMy
racy" [12] form in the second-order "BHyTpeHHe mnpucymeir TouHocTH" Du-
term. The integral of (p')’/p would mepa [12]. Unurerpan ot (p')*/p Gbu1 GBI
be the Fisher information by defini- unpopmanueit @uriepa no onpeaeneHUIo
tion (5.1.3), if p(x) would be the (5.1.3), eciiu p(x) ObTa OB TUIOTHOCTHIO
probability density. We intend to use BeposiTHocTH. MbI HamepeBaeMmcsi UC-
I(A) in the variational problems to monbs30Bath /(A) B BapHaIlMOHHBIX 3a]ia-
derive some equations, and we will 4Wax as BbIBOJA HEKOTOPBIX YpPaBHEHUIA,
need in its variation. The variation u MO3TOMy HaM MOHAJO0UTCS €€ Bapua-
of I(A) gives (see Appendix 5.11) nusa. Bapuanus [(A) maer (cM. AnmeH-
mukc 5.11)
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S(p)I(a)=-] dxép(

We can obtain the same ex-
pression using the Fisher informa-
tion form (variation of the first order
term gives zero)

5( )| dx (p)—_[dé(

It should be mentioned that in
this one dimensional case one could
use instead of (5.3.1) a symmetric
(in A) form of SI

()= dxp(x)ln(

to obtain the same approximation of
ol(A). This is equivalent to the
elimination of the odd powers from
the Taylor series, or to averaging the
series over two possible directions
of the shift. For the uniform func-
tion, p=const, both these SlI's are
zero. Thus they can be considered as
the (different) measures of broken
symmetry in the system with respect
to the shift. Not averaged over the
shift directions, SI is a "directed"
measure of SB. Thus, for the distri-
bution p(x) is the probability den-
sity, we can associate one dimen-
sional Fisher information (5.1.3)
with the limit (some kind of deriva-
tives)

I, < 1lim,

implying equivalence of the use of
the both in the variational problems.

~ W[
b axd &P "'M”A ( P

A2 ’ 2 "
= 7]‘ dxé’p((pj -2 P ]
2 p p)

D &P

(5.3.3)

MbI MOKEM MOIYYUTh 3TO K€ BbI-
pakeHue, ucnoiib3yss (popmy uHpopma-
uun duinepa (Bapualus 4jieHa MEPBOTO
nopmea paBHa HYJIIO)

= p{(pj —ZPJ = 0l(A).
p p p

Cnengyer OTMETHUTb, YTO B JIAHHOM
OJIHOMEPHOM CJIyyae MOXKHO HCIOJIb30-
BaTh BMecTO (5.3.1) cummerpuuHyto (1o
A) popmy UC

p(x) j
| p(x+A)p(x = A)
IUIS TOTO, YTOOBI TOJTYYUTH Ty YK€ CaMyIO
anmpokcumanuio Ol(A). ITo SKBUBAJICHT-
HO YCTPAaHEHHUIO HEYETHBIX CTEHEHEeH u3
psana Tennopa, WM yCpeaHEHHUIO psia 1o
JIBYM BO3MOXXHBIM HAIPaBJICHUSIM CJIBH-
ra. Jlns ogHOpoaHOM (yHKIIMU, p=const,
o6e UC wnynesbie. Takum oOpa3om, ux
MOXHO paccMaTpuBaTh Kak (pa3jiuyHBIC)
Mepbl HApYIICHUsS CUMMETPHH B CHUCTEME
[0 OTHOLIEHUIO K cIBUTry. be3 ycpenHe-
HUS 110 HanpasieHusiM capura, UC sBis-
ercs "HanpasieHHol" mepoir HC. Takum
o0Opa3oM, eciu pacrpeaeneHne p(x) sBiis-
€TCsl TUIOTHOCTBIO BEPOSITHOCTH, MBI MO-
KEM acCOIMUPOBATh OJHOMEPHYIO HH-
dbopmanmro dumiepa (5.1.3) ¢ npeaenom
(HEKOTOPBIM TUIIOM ITPOU3BOIHBIX )

(5.3.4)

I(£A)
AP
[ToapazymeBasi 5KBUBaJICHTHOCTh UCTIOJIb-

30BaHug O0OHMX B BapnallMOHHBIX 3a/1a-
qax.

(5.3.5)



The usefulness of SI introduc-
tion can be demonstrated by the
derivation of the same one dimen-
sional time-independent Schroed-
inger equation. Let p(x) be the prob-
ability density for a particle of mass
m (without spin) with a total energy
W in the potential U(x). Let us use
SI in the MFIP instead of FI. I(A) is
undimensioned and we have to as-
sign to it some energy value. The in-
trinsic energy measure for the parti-
cle of mass m is mc® by Einstein
formula, ¢ being the light velocity.
An energy-time uncertainty implies
that the particle with energy mc* can
not be considered as really existing
for the time period less than
h/(2mc*), and a minimum physical
shift value which can be used to
construct I(+A) is A=ch/(2mc’)=
h/(2mc). Instead of MFIP (5.2.5a),
we have a problem

mc’l(+A) - ljdx 14

where A is the minimum physical
shift. The solution to this problem is
given by

(a o 6 & 0
_[dx5p -t -
@ dc@l dc @H

e
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IToneznocts BBeneHuss MC MoxkHO
MPOJIEMOHCTPUPOBATh HA BBIBOJE BCE TO-
ro € OJHOMEPHOrO0 HE 3aBUCALIETO OT
BpeMmeHH ypaBHeHus lllpennnrepa. [Iycts
p(x) MIOTHOCTH BEPOSITHOCTH JJI YacTH-
1kl Macchl m (0€3 crrHa) ¢ TOJIHOW dHEP-
rueit W B norennuane U(x). Ucnonaszyem
NC B [IMUD Bmecto UD. I(A) siBasiercs
0e3pa3MepHOl ¥ Mbl JOJHKHBI MPUIKCATH
€l HEKOTOPYIO BEJIMYMHY 3HEpruu. BHyT-
PEHHE MPUCYLIEN IHEPTETUUECKON MEPOU
Ui 4YacTUIl Macchl m 1o (opMmyle
OWHINTENHHA SBISETCS BEIUYMHA mc{ c -
ckopocTh cBeTa. COOTHOILIEHHE HEOoNpe-
JEJIEHHOCTU JJI1 SHEPTMH WU BpPEMEHU
MO/IPAa3yMEBAET, YTO YACTULy C SHEPrueu
mc® HeNb3s PACCMATPHMBATh KAK PEabHO
CYILIECTBYIOILYIO HA BpEMEHAX MEHEE YeEM

h/(2mc?), 1 MUHAMAIbHBIH (GH3HICCKHIT
C/IBHUT, KOTOPBIM MOXHO HCIOJIb30BaTh
s octpoenust I(£A) ects A=ch/(2mc’)=
h/(2mc). Bmecto IIMU® (5.2.5a) MbI 10-
JTy4yaeMm 3a1auy

-U(x)]p(x) =extremum , (5.3.6a)

rie A - MHUHUMaIbHBIA (U3NYECKUn
caBur. Pemenme 3TOM 3agayd  JgaeTcs
YpPaBHEHUEM

cz((p’)z—2p”j Az—ﬂ[W—U(x)]p) =0
p 2 ’

or\wim

h

et () () -

Substitution of p=¢° gives finally

Schroedinger equation
2

2m

I e A ~U ()l =0,

p—] _ AW —U(x)]=0.
P
I[loacTaHoBKa p=¢” HAaeT HAKOHEI YpaB-

Henue lllpeaunrepa

(5.3.6b)

(5.3.6¢)

Hence, the Lagrange multiplier A=1 Iloatomy wMHOXuTens Jlarpanxka A=1
can be omitted. However, we have moxHO omycTuTh. OJHaKO MBI HUCIIOJIb30-
to use as the external "input" the Bamu MOMOJHHUTENBHBIE MPEANOIOKCHUS



concept of intrinsic energy and en-
ergy-time uncertainty principle. It
should be mentioned that substitu-
tion of p by amplitude ¢q after the so-
lution like eq.(5.3.6b) is obtained
leads to incorrect results in many
dimensional cases. Thus the substi-
tution must be done before variation
of SI. This simply means that we
should use the primary real scalar
physical quantities to build up shift
informations.

In this one dimensional case
above the substitution of p=¢” into
eq.(5.3.6a) gives the same result but
with A=1/2. Thus the equivalent
problem is

2mc I (+A) - j dx[W —U(x)1q’ (x ) =extremum

(where SI is implied to use ¢ instead
of p), and this shows that different
forms of probability measure require
different forms of SI. We will gen-
eralize the problem (5.3.7) to the
case of many particle system in Sec.
5.8.

We could use the mean ki-
netic energy undimensioned by mc’
in this case of the system of one par-
ticle and we would obtain the same
result, but we can not do this in the
case of system of many particles of
different masses, because the parti-
cles differ in their masses and there
is no distinguished intrinsic energy
measure for all the particle system.

5.4. Fisher information and SI

Now we can generalize the
consideration of shift information to
the case of "multi-amplitude" meas-
ure x4 and many dimensional pa-
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O BHYTpPEHHE MPHUCYIIEH YHEPTUH U COOT-
HOIIIEHUW Heompeaenennoctu. Crnemyer
YIOMSHYTh, YTO TEPEX0] K aMIUIUTyIaM
nociie  HaXOXKJIEHUS  pEIIeHUs  THIa
(5.3.6b) Bener Kk HENPABWIIbHBIM PE3YJIb-
TaTaM B MHOTOMEPHBIX ciydasx. Takum
00pa3oM MOACTAHOBKY aMILTUTY/ CIIEyeT
BBINIOJHATE 10 BapbupoBanus MC. 310
IPOCTO O3HAYAET, YTO MBI JOJDKHBI HC-
M0JIb30BaTh TEPBUYHBIC BEIIECTBEHHBIC
CKaJsIpHble (PU3UYECKHE BEITUYHMHBI IS
MOCTPOCHUs MH(POPMAIIUH CIBHTA.

B sTOoM ogHOMEpHOM citydae BBIIIE
MOJICTaHOBKA p=¢° B yp.(5.3.6a) maer ToT
&Ke pe3yabTar, HO ¢ A=1/2. Takum oGpa-
30M, 3KBUBAJICHTHAs 3a]]a4a UMEET BHU]I

(5.3.7)

(rme UC ucnonws3yetr g BMECTO p), U 3TO
MOKAa3bIBACT, YTO pazudHbIC (POPMBI Be-
POSITHOCTHON Mephl TPEOYIOT HCIIONIB30-
BaHus paznuyHbix Gopm UC. Msr 00006-
M 3aaady (5.3.7) Ha ciaydail CUCTEMBI
MHOTUX YacTHI] B pazaene 5.8.

Mp1 Mornu Obl B JTaHHOM Ciy4ae
WCIIOJB30BaTh CPEIHIOI KHHETHYECKYIO
DHEPrul0, 00e3pa3sMEpPEHHYI0 MHOXKHUTE-
JNeM mc’ , U TOTYYHIN Ol TOT K€ CaMblil
pe3yabTaT, HO MBI HE MOYKEM IIOCTYIIUTH
TaK K€ B CIIy4ae CUCTEMbI MHOTMX YaCTHII
C pPa3IMYHBIMH MacCaMH, IOTOMY 4YTO
YaCTULBI PA3IMYAOTCA IO MAaccaM U HET
BBIJICJIEHHOM MEPBI BHYTPEHHE NPUCYILIEH
SHEPI'MH BO BCEU CHUCTEME YACTHLL.

5.4. UC n unpopmanusa Ouinepa

Tenepb MbI MOXeM 000OIIUTH pac-
CMOTpeHHe MHGPOpPMAIIMK CABUTA HA CIY-
yaii "MHOTO aMIUIUTYJHOWU" MeEphl i H
MHOTO MEpPHOTo mapaMmerpa (HernpepbiB-



rameter (support) continuous space
& [10]. Without specifying the
physical system, we try to obtain for
(&) its uniformity measure and then
to fit it into physical scenarios of a
wide class to develop their mathe-
matical models.

Let (&) be the scalar inten-
sity measure of some field at the
point £ of some space. We mean that
this may be the square of an absolute
value of some vector field, of wave
function, probability density or
whatever else. It can be said that
L(&) 1s an intensity measure of some
entity which is continually distrib-
uted (in some sense) over the many
(N) dimensional continuous support
set {&}, the intensity being zero at
infinity or at the boundary of the
support set.. Again we can evaluate
its non-uniformity by the compari-
son of (&) itself and its shifted im-
age u(&t+A). By analogy with one
dimensional case, we use as a quan-
titative measure of their distinction a
quantity which we call shift infor-
mation in general [10]

1(A) = [ déu(&) h{

where Gap(&) 1s some proper func-
tion of w(&+A):  w(E+A)  itself,
J(E+Mu(E-A), etc. The shift A

may be global, A=const, or local,
A=A(¢). For the simplest considera-
tions, it 1s sufficient to use an infini-
tesimal shift and get rid of the sense
of 1ts direction, i.e. to make some
"deparameterization" of G, Let

It N ZAN N ) d
Gw(f)j I (A)ds,

&3

Horo ©OaszoBoro mHoxectBa) & [10]. He
ompeneNsisi KOHKPETHO (U3UYECKYIO CHC-
TEeMY, MbI IONIPOOyeM MOTyduTh A L )
€e Mepy HEOJHOPOJHOCTH U 3aTeM
BCTPOUTH €€ B (PU3MUECKHE IMOCTAaHOBKU
3a/lad MIMPOKOTO Kiacca, YTOObI TMOJy-
4aTh X MaTeMaTUYECKUE MOJICIIH.

Ilycte (&) OyneT ckalnsipHOM Me-
pOii MHTEHCHUBHOCTH HEKOTOPOTO TOJIS B
Touke & HEKOTOPOTO MPOCTpPaHCTBA. MBI
UMeeM B BHJAY, YTO 3TO MOXET OBITh
KBaJpaT a0COJIFOTHOW BEJIMYMHBI HEKOTO-
pOro BEKTOPHOTO MOJIsi, BOJIHOBOM (PyHK-
IIWY, TUIOTHOCTH BEPOSTHOCTH WJIU YETO-
6o emie. MoXHO ckaszath, 4To (&) -
Mepa MHTEHCUBHOCTH HEKOTOPOH CYIITHO-
CTH, HEMIPEPBIBHO paclpeneeHHoM (B He-
KOTOPOM CMbICIIe) Mo MHOro- (N-) mep-
HOMY HEMPEPHIBHOMY 0a30BOMY MHOXKeE-
cTBy {<}, mpuYeM 5Ta HWHTEHCHUBHOCTH
paBHA HYJIIO HA TPAHUIIE MHOXECTBA WIJIH
Ha 0eckoHeuyHOCTH. OTSTh K€ MBI MOKEM
OIICHUTHh €€ HEOJIHOPOJIHOCTH IPHU CPaB-
HeHUU caMoit (&) ¢ ee CIBUHYTHIM 00pa-
30M 4 &+A). Tlo ananoruu ¢ 0IHOMEPHBIM
CIIy4aeM, MbI HCIIOJIb3YeM KaK KOJUYECT-
BCHHYI0O MEpy WX pa3Inuvs BEIUYUHY,
KOTOPYI0 Mbl HaszplBaeM HH(poOpManuen
casura B o6miem ciyyae [10]

= (5.4.1)

rae Gau(&) ecth HekoTOpass GyHKIUS OT

H(EFA): cama p(EFA), | 1(E+Mu(E-A),

u 1p. CaBur A MOXeT OBITh TJI00AIBHBIM,
A=const, unu nokanbHbIM A=A(&). s
MPOCTEHIINX PACCMOTPEHUN JOCTATOUYHO
YICII0JIb30BaTh WH(pUHUTE3UMATBHBIN
CABUT U "U30aBUTHCA" OT BIUAHUSA BBHIOO-
pa HampaBJ€HUS CJIBUTa, T.€. MPOBECTH
HEKOTOpyro "memapamerpuzaiuio’  Gj.
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Gantt )=/ i(&+ M =A), so that  TIyets  Guap(&)=-/u(E+Mu(E-A), Tak

YToO
i(iA):yln[ H j=ﬂ1nﬂ—”[1nﬂ(§+A)+1nﬂ(5+A)]
G\ 2
Y Gam s A, (542)

Jk
where g=0d0&, {A:} are the com- tne g=0J7, {A;} - HA0Op KOMIIOHEHT A.
ponents of A. We can eliminate A by Mgl MOkeM U30aBUTHCS OT A C IOMOIIBIO

a limit npezaena
i i(£A)

m, ,, \A\z , (5.4.3)
and averaging it over all possible di- u ycpeaHeHHs] MOCIEAHETO MO BCEM BO3-
rections by an operator MOXHBIM HAMPABICHUSAM C TIOMOIIBIO

oreparopa
N
H Id¢n , (5.4.5)
=1 T
so that TaK 4TO
(+
Alim,_,, l(;?) == /21 A%: (0,0, In ) cos g, cos ¢, = — IZ Zk: (& In ) )

cos@=A/|Al. Thus we can simplify cos@=A,/|A|. Takum 06pa3zom MBI MOXKEM
the consideration, investigating, in- ympOCTUTh PAaCCMOTPEHHE, HCCIEIYIO
stead of I(£A), the quantity BMecCTO /(+A) BenmuunHy

I'=| d:(AhmM i A)j —fd/,‘(f:Z(ﬂf 1n/¢)), (5.4.6)

which can be considered as some KOTOpy¥ MOXHO MOHUMATh KaK HEKOTO-

type of derivative. PBIil TUIT TPOU3BOIHOM.

Let us express now the inten- Bripasum Tenepb HHTEHCUBHOCTD L
sity u by the (M) field components, uepe3 (M) mojieBbIX KOMIOHEHT, WU aM-
or amplitudes, TUTUTY 1T

p=2 m=2v (54.7)
s=1 s=1
Substitution into eq.(5.4.6) for (&) IlonctanoBka B yp.(5.4.6) mns (&) BbI-
its expression via eq.(5.4.7) gives paxenus u3 yp.(5.4.7) naet

1 au)’
—j;@mm:@@ ";’) —(&,fmJ

k
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11 ’
— 4;(;1 (22 ws(ﬂkl//s)j -2> v (Gw)- 22(5kl//s)2j

1
S4Z[4Z<o’m>2 22, wg@zws)—zZ(@%)zJ

N

N

1
_ 2;(2(@ws)2 -2 !//S(ﬁ,fws)) |

We have used here the Cauchi-
Bunjakovsky-Schwarz  inequality.
Thus

r<i= ;jd§Z(Z(0’;%)z -2 %(@f%)j ,

the equality being achieved for M=1,
or one component intensity. Both
terms in the right hand side of
eq.(5.4.8) are the inner products of
two vectors. At this step we should
mention that first we introduced the
"directed" shift information /(A),
then considered its "simplified" ver-
sion averaged over all possible in-
finitesimal shifts /7 and now we can
investigate an estimation / of the lat-
ter via eq.(5.4.8).

By the way, in the case when
& 1s a four dimensional space-time,
v is an electromagnetic four poten-
tial and (Z«(4)*) w=J is a four vector
current density, the requirement that
I be extremal is equivalent to the
variational problem resulting in
Maxwell’s equations [3,4]. Thus we
led to the SI form which can give
the reasonable results.

For the components {y;} and
all their derivatives are zero at infin-
ity, or at some closed hypersurface,
we obtain for the variation of / (by
amplitudes, see Appendix 5.11)

MBI WCHONB30BaM 371€Ch HEPABEHCTBO
Komu-bynskosckoro-IlIBapma. Takum
obpazom:

(5.4.8)

MpPUYEeM PABEHCTBO JOCTHTACTCA IS
M=1, wimm OJHOKOMIOHECHTHOM WHTCH-
cuBHocTH. OOa ujeHa B MpaBOW YaCTU
yp.(5.4.8) ABISIIOTCS CKaISIPHBIMU (BHYT-
PEHHUMH) TMPOU3BEIACHUSIMHU JIBYX BEKTO-
POB. 31€Ch HAM CJIEIyeT HATIOMHHUTbH, YTO
CHayaJla Mbl BBEJIM "HAlpaBIICHHYIO'" HH-
dbopmarnmio casura I(A), 3atremMm paccMmoT-
penu "ynpoliineHHy" BEPCUI0, YCPEIHECH-
HYIO0 TI0 BCEM BO3MOKHBIM HMH(MUHUTE3U-
MaJbHBIM CIIBUTaMm [, U Tenepb Mbl MO-
KEM HCCIEA0BaTh OIEHKY IMOCJIEeIHEH 1O
yp. (5.4.8).

Kcraru, B cinydae, korma & - 4eThI-
pex MepHOe TPOCTPAHCTBO-BpEMS, I/ -
ANIEKTPOMATrHUTHBIN ~ 4-TIOTCHITHAN, U
(Zd3)?)y=J - 4-BeKTOp IIOTHOCTH TOKA,
TpeboBaHue, 4YToObl / OBLIO AKCTPEMATb-
HBbIM, SKBHUBAJIEHTHO BapHAIlMOHHOW 3a-
Jla4u, NAKoIIed B pe3ysibTaTe ypaBHEHUS
Makcsenmna [3,4]. Takum oOpa3om, MbI
nonyymwin  popmy HC, xoTopas MOXeT
JlaBaTh pa3yMHBIC PE3yJIbTaThl.

Korna komMnoHeHTsl {1y} 1 Bce UX
POU3BOJIHBIE OOpaIllaloTCs B HyJb Ha
OECKOHEYHOCTH WM HEKOTOPOH 3aMKHY-
TOW TUIEPIOBEPXHOCTH, MBI IOJIy4aeM
st Bapuanmu [ (10 aMIUIMTyAaM, CM.
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Annengukc 5.11)

S(w)I =—2fd¢(25,3j v, s=1,.. M. (5.4.9)
k
We can also show that MpI Tak ke MOXKEM MOKa3aTh, YTO
1=[dey v, (5.4.10)
ks

To do this, consider a differential Jlns »Toro paccMoTpuM (BHELIHIOKO)
form @ such that muddepennmanbayo GopMy @ Takylo,
9TO

0, =2y D" (+dg), do,=dED (Fy),
dé=din..AdE,, *d&E =dEn..AdE  NAE N...NDE;

We use here the usual notations for Mpsl ucnonssyem 371ech OOBIYHBIE 000-
the Hodge star and external deriva- 3HadeHus aJig 3Be3/1bl XO/Ka U BHEIIHUX
tives and multiplication, assuming npou3BOAHBIX, MOAPa3yMeBas, YTO I -
¥, to be a zero form. By definition  Hynb-popmel. Ilo onpenenenuto

dy,ro)=y A"do +dy Ao,
and then Y MMOTOMY
dé:l/js(zk &kz)WG - WS A da)s - d(l//? A a)s)_ dl)”v A a)s .

Let D and &D be the integration do- Ilycte D u ¢D - o0nactb MHTErpupoBa-
main and its boundary where all the Hus u ee rpanuiia, Ha KOTOPO BCE KOM-
components y; and their derivatives TOHEHTBI I, U UX MPOU3BOJHBIE O, 00-
a s are zero, then pamaroTcs B HyJb, TOTAA

[y (Z, P w,=-[v. ndo, =-[dy, ro)+|dy, ro,
D D D D
Z_J’(Ws/\a)s)_'__"dl//s/\a)s ZIdWSAwS
D D D

= [(Z,(0w)de ) A(E. w1 (+de) = | ONCAN

And we obtain for / (5.4.8) N mb1 nomywaem ais [ (5.4.8)
1=[dey (qu. )y =-[d&Y. w(Fv.). (5.4.11)
ks ks

This is reminiscent of the EPIP that 3to manomunaer [I9®U, koTopbIit MOXK-

is a «balance» of the free (Fisher HO moHMMaTh kak OamaHc CBOOOIHOM

form) and bound informations. (bopma Dwurepa) u npenenbHOU HHPOP-
MaIuu.

The results obtained are gen- [lomydeHHble BBIIIE PE3YJIbTATHI

eral enough and further investigation SBASIOTCS JOCTATOYHO OOIIMMHU, U TaJTh-

is a question of interpretation. For Heilee uccienoBanue SBISETCS BOIPO-



the intensity measure u is a prob-
ability density, the form (5.4.10) of
the estimation / coincides with (1/4
of) Fisher information form by
Frieden's definition. Thus Fisher in-
formation can be thought of as a
measure of totality of distinctions
between close shifted images of the
same probability distribution («self-
distance») averaged over all possible
directions of shift. L.e. it is a sim-
plest SB measure with respect to the
shift.

As was shown in previous
section, SI based interpretation of
MFIP is useful because it enables to
eliminate (to some extent) the arbi-
trariness of the choice of Lagrange
multipliers and to obtain equations
with right coefficients using the
Heisenberg uncertainty principle to
choose the “right” value of the shift
(which must be a minimum possible
physical shift). The necessity of
such a choice can be regarded as an
element of the game (this choice
does not depend on the number of
modes of amplitude functions) in-
stead of the necessity to choose
(prepare) the system in CIS. More-
over, choice of the transform 7, in
the basic form of TI (3.1) also can
be considered as an element of the
first stage of the global game [11] in
which the observer previously tries
to divine what symmetry(ies) is(are)
broken in one or another system to
be investigated in the most detailed
manner. This choice of SB is to de-
scribe the system in the most infor-
mative way.

As 1s known, every continu-
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coMm uHTepnpetanuu. Ecium mepa MHTEH-
CUBHOCTHU A/ SIBJISIETCS TUIOTHOCTBHIO BEPO-
arHoctu, ¢opma (5.4.10) omenxu mns [
coBmagaet ¢ (1/4) ¢popmoit nupopmaiuu
@umepa no onpenenenuto Opunena. Ta-
KUM o0pa3oM, uHpopmanuto Dumepa
MOKHO MOHUMAaTh KaK MEPY COBOKYITHO-
CTH Pa3IU4YUil MEXIy CIBUHYTHIMH 00-
pazaMu OJHOTO M TOTO e pacrpejaese-
Hus BeposiTHOocTH (''camo-AucTaHuuio"),
YCPETHEHHYI0 TI0 BCEM BO3MOXKHBIM Ha-
IIPaBJICHUSIM cIBuUra. T.e. Kak IpOCTEu-
uryto Mepy HC 1o oTHOIIEHHIO K CABHTY.

Kak 0ObU10 mMOKa3aHO B MpeabIAy-
iemM nojipaszere, UHTEpIIpeTalus
[IMU® Ha ocoBe UC none3na, noTomy
YTO MO3BOJISIET YCTPAHUTD (JI0 HEKOTOPOU
CTETeHU) MPOU3BOJI B BHIOOpE MHOXKHTE-
nen Jlarpanka W Iosy4daTb ypaBHEHHS C
NpaBWIBHBIMH KO3 (ULIMEHTaMH Ha OC-
HOBE IPUHIMIIA HEONPEAEICHHOCTH | eii-
3eHOepra st BeIOOpa "MpaBUIILHOU" Be-
JUYMHB (MUHUMAIBHOTO (U3UYECKOTO)
casura. Heo6XxoquMoCTh Takoro BhIOOpa
ClIeyeT paccMaTpUBaTh KaK AJIEMEHT UT-
pbI (3TOT BBIOOP HE 3aBUCUT OT YHCIA MOJ
WM aMIUTATYAHBIX (PYHKIIHI) BMECTO He-
00Xx0auMocT BbIOOpa (TPUTOTOBIICHUS)
cuctembl B XHC. bonee Toro, BwIOOp
npeoOpa3zoBanus 1, B OCHOBHOH (opme
UIT (3.1) Tak ke MOXXHO paccMaTpuBaTh
KaK 3JIEMEHT TEePBOM CTauu TII00ATbHON
urpel [11], B KoTOpoli HaOmOAaTENh
IpeIBapUTENIbHO CTApaeTcsl yraaarb, Ka-
KH€ CHUMMETPUM HapylUleHbl B TOM WU
MHOM cucTeme, 4ToObl HMCCIEOBAaTh HUX
HauOonee neranbHO. OTOoT BBIOOp HC
HY)XeH i1 Hambojee HMH(POPMATUBHOTO
OIKCaHUSI.

Kak wu3BecTHO, M000€ HEMPEpPHIB-



ous transform of continuous mani-
fold is reduced locally to the shift
[15]. So, infinitesimal shift is the
most universal way to reveal possi-
ble SB’s with respect to continuous
transformations. As FI is an evalua-
tion of such an SI, this explains a
staggering abundance of physical
laws which can be derived from
EPIP, because its key quantity is FI.
Thus the very use of FI, that is an
averaged infinitesimal SI, is a first
step to win a game with nature and
then the choice of “right” finite shift
1s to be done to evaluate the true in-
formation amount which can be ex-
tracted.

From the latter consideration
we can conclude that information
game interpretation of the measure-
ment process [7] gives, may be, a
broader theoretical support than it
follows from its application to EPIP,
and 1s independent of the particular
terms of interpretation. CIS and TI
based theories equally fit into this
interpretation.

As an illustration to the con-
cepts introduced in this Section,
consider the derivation of linear
Klein-Fock-Gordon equation (KFG)
for the free relativistic particle with-
out spin [10]. Let the particle be de-
scribed by the probability density

u=ly =y +iy,

over the support set &={ictx,y,z}
that is a Minkowskian space-time.
To find the equation describing this
particle we can use MFIP in the
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HOE Tpeo0pa3oBaHUE  HEMPEPHIBHOIO
MHOTr000pa3us JOKaJbHO CBOJUTCS K WUH-
¢unuTesumanbHoMy casury [15]. Ilo-
3TOMY UH(GUHUTE3UMAIIbHBIM CIIBUT SIBJISI-
eTcsi HamOoJiee YHHBEPCAIbHBIM CIIOCO-
O0oM BbIsiBIIeHHsT BO3MOKHBIX HC 1o oT-
HOILIEHUIO K HEMpEpPBIBHBIM Mpeodpaszo-
BaHusM. T.xk. U ecth onenka takoi MC,
3TO OOBSACHSET OlllapaliuBaronee oomime
(U3UYECKUX 3aKOHOB, KOTOPBIE MOKHO
BeiBecTH U3 [IDD®U, T.K. ero KiwueBou
BesmunHOU siBisiercss MD. T.e. camo mo
cebe ucnosb3oBanue D, koropas sBIA-
€TCsl YCPEIHEHHOW MH(PUHUTE3UMAIbHOU
NC, ecTp nepBblii IIAr K BHIATPBILLY UTPBI
C MPUPOJION, U 3aTE€M OCTaeTCd CHAENaTh
BBIOOpP "TIPABUIIBHOTO" KOHEYHOI'O CJIBUTa
JUIsL OLIEHKM HMCTUHHOTO KOJIMYECTBA WH-
(dbopmaryu, KOTOPOEe MOKHO HU3BJIECYb.

N3 mocienHero pacCMOTPEHUS MBI
MOXXEM 3aKJIOYUTh, YTO MHTEpIpeTanus
npoliecca U3MEPEeHHs Kak MH(OpMaMOH-
HOU urpel [7] maeT, MoxkeT ObITh, Ooiiee
IIUPOKYIO TEOPETUYECKYIO OCHOBY, UYeM
3TO CHeAyeT W U3 €€ MPUIOKEHUA U
[ID®U, u saBaseTcs HE3aBUCHMOM OT 4a-
CTHBIX TEPMHMHOB HWHTEepHperauuu. Teo-
pun Ha ocHoBe XMC u UII onmnakoBo
XOpOILIO BCTPAaUBAIOTCS B ATy HUHTEPIIpe-
TalHIO.

B kaudecTBe WIUTIOCTpALIMKM KOHLIETI-
LU, BBOJIUMBIX B 3TOM MOJpa3aese, pac-
CMOTPUM BBIBOJ JMHEHHOr0 YypaBHEHUS
Kneitna-®oka-I'opgona (K®I') nnst pens-
THUBUCTCKOM dacTulpl O0e3 cmuua [10].
[lycTh 4acTHlla ONUCHIBAETCS IUIOTHO-
CTBIO BEPOSITHOCTH

C=wivyl, (5.4.12)
Ha/J 0a30BBIM MIPOCTPAHCTBOM
&Hict,x,y,z}, KOTOpoe SBIAETCS IPO-
CTPaHCTBOM-BpeMeHEM  MMHKOBCKOTO.

I[J'ISI OTBICKAHUA YPaBHCHUSA, OIIMCHIBAIO-



form similar to the problem (5.3.7),
but using the undimensioned shift
information and the mean squared
kinetic energy as a constraint. Let IV
be the particle energy and U(¢) be
potential. Then we have a problem

NS /122_[ d'f[W - U(ét)]z('//lz t '//22) =extremum,
(me?)

or
4
18P [agy((awm) +(aws) ) -
k=1 (mc
where m is  particle mass,

| AP=(icAfy*+(Ax)*+Ay)*+(Az)%, and
we have undimensioned constraint
term by the square of intrinsic en-
ergy measure of the particle. Now
we should choose the minimum
physical shift by Heisenberg uncer-
tainty principle. It is not a trivial
task in the relativistic case [16] but
we can try the following choice:
At=hl(wmc®), Ax=Ay=Az=cAt, and
hence |A|*=2(/(wmyc))?, my being
the rest mass. This value we should
substitute into the solution to the
problem (5.4.13), see Appendix
5.11:

!
2y =

where ?=%,(4)* is the D'Alamber-
tian operator. For the free relativistic
particle U(£)=0, W=mc’,
m=my/ .[l—v*/c*, v being particle
velocity. Substitution of all these

values into eq.(5.4.14) leads to equa-
tion

A

- \A\z(mcz
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IIEro 3Ty YacCTHUIbl, Mbl MOKEM HCIOJb-
3oBath [IMU® B popme, moxoxei Ha 3a-
nady (5.3.7), HO ucnonb3ysl Oe3pazmep-
HYI0 HMH(QOpMAIMIO CABUTA U CPEIHUN
KBaJJpaT KMHETHUYECKOW SHEPIHM B Kaye-
cTtBe orpannueHus. llyctes W - sHeprus
yactuubl, U(&) - morteHunan. Torga mel
UMEEM 3aJ1auy

(5.4.13)

-
i [ddw -v©] (v +vd) =extremum,
e m - wacca  uacTHm,

| Al *=(ic Aty H( A +HAy)*HAz)’, u Mo
o0e3pa3sMepuiii OrPaHUYUTEIBHBIN YIIeH
Ha KBaJpaT MEphl BHYTPEHHE MPUCYIIEH
SHEPTrUU YacTHIlbl. Tenepb Mbl JOTHKHBI
BBHIOpaTh MUHUMAJBHBIN  (Pu3nyecKuit
CIBUT C TIOMOIIBIO TIPHUHIIMIA HEOMpee-
nenHoctu ['eiizenbepra. DTO HE TpUBH-
aNbHAas 3a7a4a B PEISITUBUCTCKOM Cllydae
[16], HO MBI MoOkeM '"ucmeITaTh" Ccre-
h13% (001107051 BBIOOD: At=h/(omc?),
Ax=Ay=Az=cAt, u IIOTOMY
|A|2=2(h/(a)m0c))2, my - Macca TOKOS.
MpbI 107KHBI TOACTABUTH ATY BEJIMUKHY B
pemenue 3amaun (5.4.13), cm. Anmes-
nuke 5.11:

2
)Z[W—U(é)] v, (5.4.14)
rme ?=24(4)° - omeparop Jlamambepa.
Jlnst cBOOOHOM PENATUBUCTCKONW YaCTH-

2
usl U(E=0, W=mc", m=my/ .[1-+v*/c* , v -
CKOpOCTh dYacThibl. IlomcraHoBKa Bcex

ATUX BeMW4uH B yp.(5.4.14) naer ypaBHe-
HUE



which takes the standard KFG form
with Aw’/4=-1, or w=2i, A=1. Thus
the requirements of the '"right"
choice of the shift attempts us to
choose the complex shift in the
Minkowskian space-time.

5.5. Application to measured

distributions

As was pointed above, physi-
cal meaning of SI depends on the
system and the way of its descrip-
tion. Very often the exponential and
Gauss distributions are employed to
describe the physical quantities sta-
tistically. Consider first abstractedly
a normalized exponential distribu-
tion over the one dimensional pa-
rameter space x

(%)

. v,
KOTOpO€ MpuHUMaeT GopMy CTaHAAPTHO-
ro KOT ¢ Aa’/4=-1, win &=2i, /=1. Ta-
KM 00pa3oMm, TpeboBaHHE '"MpaBUIIBLHO-
ro" BbIOOpa CIBUTA BBIHYXK/IA€T HAC BBI-

OpaTh KOMIUIEKCHBIA CIBHUI B NPOCTPAaH-
CTBE-BpeMEHU MUHKOBCKOTO.

(5.4.15)

5.5. IIpuiio:xxeHue K U3MepsieMbIM

pacnpeneJeHusIM

Kak moguepkuBanock Beliie, Gu3n-
yeckuil cMbica MC 3aBUCUT OT CUCTEMBI U
crocoba ee onucanus. O4eHb 4acTo MpuU
CTaTUCTUYECKOM OMHUCAaHUU (PU3UYECKUX
BEJIMYMH TMPUMEHSIOTCS IKCIIOHEHIUAb-
HOE W TrayccoBo pacrpeaenenus. Pac-
CMOTpPUM CHavasia abCTPaKTHO HOPMHUPO-
BaHHOE SKCIOHEHIIMAJILHOE pachpe/ese-
HUE TI0 OJHOMEPHOMY IPOCTPAHTBY Ma-
pamerpa x

p(x,A)=Adexp(—Ax), jp(x,/l)dx =1,

It is easy to obtain for the shift in-
formation of this distribution

I(A)= ]‘dep(x,l)ln(

I.e. by the use of SI we can evaluate
the effective parameters of unknown
exactly distributions, for example,
numerically, obtaining the values of
ratios like /(A)/A. In particular cases,
the value of SI itself may have a
clear physical sense. For example, in
the case of the Boltzmann distribu-
tion over the energy space, x=F,
when the system is in the state with
absolute temperature 7, A=1/kpT,
and the energy can really change by

minimum discrete quanta, A=hv,

Jlerko mosy4uuth 1151 “HGOPMAIIUU CIIBU-
ra 3TOro pacupeaesIeHus

p(x,A) )_
p(x +A 1) =44,

T.e. npumensist UC mMbl MOXeEM OIIEHUBATH
s dexTuBHbIE MapaMeTpbl HEU3BECTHBIX
TOYHO paclpeesieHuld, HarnpuMmep, Yuc-
JIEHHO TOJy4asi BEJIMYHUHBI OTHOIICHHM
tuna I(A)/A. B 4acTHBIX cCiyyasx caMu
BenuuuHbl MIC MOryT MMeTh SICHBIA (Pu-
3M4YeCKUM cMbIci. Hampumep, B ciydae
pacnipeneneHus bonbliMaHa Mo sHEpreTu-
yeckoil ocH, x=F, Korga cHMCTeéMa Haxo-
IUTCI B COCTOSHHU C aOCOJIFOTHOU TEM-
neparypoit T, A=1/kzT, n s3HEpTUS MOXKET
U3MEHATHCS MUHUMAJIBHBIMH  JTUCKPET-
HBIMM KBaHTaMu, A=AV, HO, TEM HE Me-



but, nevertheless, we can describe
the system by the continuous expo-
nential distribution over the energies
(the quantum is very small), we ob-
tain for the shift information

I(A)=

This 1s a very important parameter
used in the models, for example, of
non-equilibrium gas dynamics in-
vestigating the exchange by the en-
ergy between the translational, rota-
tional, and vibrational molecular de-
grees of freedom.

For the Gauss distribution
function

g(x,4) =

its shift information

I(A) = deg(x, /I)ln(

is a function of the width parameter
which can be obtained by the ratio
I(A)/A* or by the limit of this ratio
for A—O0.

These elementary examples
show that in the cases, when we
know the physical laws of the sys-
tem under investigation, but need its
(more or less) exact parameters, we
can simply calculate SI numerically
using the set of the data measured,
instead of approximation of the data
by one or another exp;icit function
and fitting its parameters.

A
ﬁ exp(—

91

HEee, Mbl MO>KEM OINKCHIBATH CUCTEMY He-
MPEPBIBHBIM  3KCIIOHEHIMAIbHBIM  pac-
MpeAeIEHUEM N0 SHEPIusiM (KBaHT OYEHb
Maji), Mbl MOJydaeM Jjs HHPopMauuu
CABUTa

hv

kT -
DTO OYEHb BaXXHBIQW MapaMeTp, UCMOJIb-
3yeMbI NPU aHAJIU3E€ MOJEIIEH, HAIpPH-
MEp, B HEPABHOBECHOM Ta30JWHAMUKE,
UCClenyIomed oOMeH JHepruerd MexIy
MOCTYyNaTEIbHBIMU, BpAaIllATEIbHBIMA U
KOJIeOATeNbHBIMU  CTEMEHSIMU  CBOOOJIBI
MOJIEKYJI rasa.

Hns ¢ynkuuu pacnpeneneHus ['a-
ycca

2x7), [ g(x, Aydx =1,

ee nHGOpMAIIHs CIBUTA
g(x, 1) _ 2A2
g(x+A 1) ’

saBiseTcss QyHKIMEH IMapaMerpa yIpe-
HUS, KOTOPBIM MOXKET OBITh BBIYHCIICH
gepe3 orHowernue I(A)/A° win Kak mpe-
Jie 3TOro oTHoueHus npu A—0.

OTU 3leMEHTapHbIe TPUMEPHI T0-
Ka3bIBAIOT, YTO B CIy4asiX, KOTJa MbI 3Ha-
eM (u3nYecKue 3aKOHBI JUJISi HCCIEeIye-
MO CUCTEMbI, HO HaM HY>KHBbI (00see uiu
MEHEee) TOYHBIE TMapameTpbl, Mbl MOXKEM
npocto BbruucuTh WMC uucneHHo, wuc-
MoJib3ysi HAOOp TOMEpPEHHBIX JIaHHBIX,
BMECTO aIMPOKCUMAIIUU TAHHBIX TOW WA
WHOU sIBHOUM (pyHKIMeH, u moadupas ma-
paMeTpBhl.



5.6. Shift in time, Liouville
equation

In this section we derive
Liouville equation from the re-
quirement the certain limit form of
transform information to be zero.
This is similar to the Frieden's for-
mulation of EPIP. But before to
draw the derivation we should men-

tion that only Kullback information
[17,18]

k(PP =] P(X)ln(

(P°(X) is equilibrium measure of the
phase space {X} of some system,
P(X) is this measure for the small
deviation from equilibrium state) is
a Liapunov function of the non-
equilibrium system which results in
the Glansdorf-Prigogine criterion of
minimum entropy production in the
case of small deviation from equilib-
rium [19,20].

As was noted in Chapter 3, in
the case of use of probability meas-
ure to build up TI, TI is a particular
form of Kullback information. So, it
must not be a big news to derive
Liouville equation from a particular
form of TI which is here shift infor-
mation for the infinitesimal shift in
time. Nevertheless, this demon-
strates the abilities of TI based
methods.

Let the time-dependent (well-
behaved) measure of the phase space
{X;} of some system of particles be
{P()=P(t,{X(1)})} (probability
measure), where X(¢) are the particle
coordinates in the phase space. Let
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5.6. CiBur BO BpeMeHH, YPaBHe-

Hue JInyBujis

B stom moapaszzaene Mbl BBIBOAUM
ypaBHeHue JlnyBumisa u3 tpeGoBaHus pa-
BEHCTBA HYJIO OMNPEICIICHHON Npeaeb-
HOU (opMbl mHPOpMalu Mpeodpa3oBa-
HUS. OTO TOXO0XE Ha (OPMYIUPOBKY
[N Ppunena. Ho nepen nposeneHu-
€M BBIBOJIa Mbl JOJKHBI HAlIOMHHUTb, YTO
Tosibko uHpopMmarus Kynpbaka [17,18]

P(X) j
P dX

(P°(X) - paBHOBecHas Mepa (ha3oBOro
npocTpaHcTBa {X} HEKOTOPOW CHUCTEMBI,
P(X) - mepa npu ManoM OTKJIOHEHHH OT
PABHOBECHOTO  COCTOSIHUSI)  SIBIISIETCS
byukueit JlsamyHoBa HepaBHOBECHOM
CHUCTEMBbI, KOTOpasi MO3BOJIAET MOJIYUYUTh
KpUTEpU MHUHMMYyMa TMPOU3BOJCTBA JH-
tporiun  ['meyucnopda-Ilpuroxuna  as
MaJlbIX OTKJIOHEHHUH OT pPaBHOBECHUS
[19,20].

Kak ormeuanoce B riaBe 3, B Ciy-
Yyae HCIOJb30BaHUSI BEPOATHOCTHON Me-
pe1 mia nocrpoennst UII, UII sBnsercs
yacTHBIM ciydyaeM uHpopmarmnu Kynp6a-
ka. [loatomy BbIBOA ypaBHeHUs JIlnyBui-
151 u3 yactHou dopmel UIL, urdopmariu
MH(PUHUTE3UMATBHOTO CIIBUTA MO BpeMe-
HU 3/1€Ch, HE JIOJDKEH BOCIPHHUMATHCA
KaK oco0as HOBOCTh. TeM HE MEHEe, MBI
MPUBOJUM 3TOT BBIBOJ 371€Ch VISl IEMOH-
CTpaLlMM BO3MOKHOCTEH METOJIOB Ha OC-
Hose UII.

IlycTh 3aBHCsIIAas OT BpeMeHH (C
"xopommmMu" cBoiicTBamMH) Mepa ¢Ga3oBo-
ro NpocTpaHcTBa {X;} HEKOTOPOW CHUCTe-
™Mbl actun ecth {P(1)=P(t,{Xi(?)})} (Be-
pOSITHOCTHas Mepa), rie X(f) cyTb Koop-
JAMHATHI 4acTUI] B ()a30BOM IMPOCTPAHCT-

(5.6.1)



us introduce an operator of shift in
time U(Af)
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Be. BBoguM omepaTop ciBura mo Bpeme-
Hu U(Ar)

U(ADP(t) = P(t + At) = P(t + At {X,(t + At)}) = P(1) + Ati; + O[(A?)’]
P dx, )
= P(t)+ Al{d+ X, dt j + O[(Ar)7]. (5.6.2)

The corresponding SI then reads
P(1)

1(an)=| a’XP(t)ln( UanP (t)j

_ JdX{P(t)ln P(t) - P(t)ln{P(t)(l A

ol

=-f dXP(t)ln(l * Py

~— dX{At(ZD

Thus we can obtain Liouville equa-
tion

CooterctBytomas MC umeeT Bua

= j dX(P(t)ln P(t) - P(t)In P(t + At))

At (P P dX,)  Ol(At)]
P(t)(éz‘ +Z@(,. dtj+ P(t) H}
ap P dX.| O[(At)]
a +ZOX dthr P(t) j

P dX, )
2 j + O[(A) ]J, (5.6.3)

Takum oOpa3oM MBI MOXKEM MOJYYUTh
ypaBHeHue JInyBusuis

G (5.6.4)
a Sox, dt e
as a solution to a problem Kak pelieHue 3aaauu
lim 149 =0 (5.6.5)
Ar—0 At . 0.

Again we can consider this
limit in the sense that it is some type
of derivative, and that zero deriva-
tive corresponds to the extremum of
information. Thus we can explicitly
interpret Liouville equation as a re-
sult of extremization of some sym-
metry breaking measure in the sys-
tem described by the measure P. For
the closed system of particles this
implies conservation of volume of
the system in the phase space.

OnsTh e Mbl MOXEM paccMmaTpu-
BaTh TOT MPEJEN B CMBbICIIE TPOU3BOAHON
HEKOTOPOI'o THMA, U YTO HYJb 3TOW MpO-
U3BOJIHOM COOTBETCTBYET AKCTPEMYMY
nHpopmarmu. Takum 00pa3oM, Mbl HH-
TEpIpPETUpPYyEM ypaBHEHME JIMyBUILIS Kak
pe3yibTaT AKCTPEMHU3AIMU  HEKOTOPOM
Mephl HApYLIEHUSI CAMMETPHUH B CUCTEME,
omnuceiBacMor mepou P. [l 3aMKHYTOM
CUCTEMBI YaCTHI[ 3TO TOJIPa3yMEBAET CO-
XpaHeHne oObeMa cucTemMbl B (ha30BOM
IPOCTPaHCTRBE.



5.7. Nonlinear Klein-Gordon
equation (NKG)

Let us apply now the shift in-
formation measure /(A) to some vec-
tor field y(&={wi(d),....,un(&)}, as-
suming that there exists its statistical
interpretation, such that its intensity
measure defined via eq.(5.4.7) i1s a
probability density. Let the kinetic
energy can be calculated as in the
case of derivation of Schroedinger
equation, but the potential depends
on the field U=U(y) rather than on
coordinates & [10]. Making use of
eqs.(5.4.1)-(5.4.11) giving the esti-
mation of I(A)/A’, and assuming
E{&={ict,x,y,z} to be the Min-
kowskian space-time, we can set a
problem similar to (5.4.13)

2‘A‘2J‘ dégZ(é/’(%)z - /1_“ dég(W - U(‘//)) =extremum,

k,s=1

where the first term is SI evaluation
averaged over all possible directions
of shift in the space-time and W is a
total energy of the system. Probabil-
ity measure =X(y;)* does not
weight the second integral and this
1s not a constraint on the mean ki-
netic energy, but on the total one.
The solution to the problem (5.7.1)
1s (see Appendix 5.11)

0
J "{&/a 0”92 aAGy.,)
that gives

aUu
4|A|2( 52)% —A— s=1,..
Zk: )T T oy

This is the nonlinear Klein-Gordon
equation generalizing the sine-
Gordon equation when M=I,
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5.7. HesiuHeliHOE YpaBHEeHHE
Kaeunna-I'opaona (HKT)
Tenepr mpumenum mepy HHPOP-

Manuu caBura /(A) K HEKOTOPOMY BeK-
TopHOMY  1OTIO  YAS)={Yi(S)--., W(S)} 5
npezrnosaras, 4To CylecTBYEeT €ro CTaTh-
CTUYECKasi UHTEPIIPETALHs TaKasl, YTO €ro
Mepa MHTEHCHUBHOCTH, ONpE/EJICHHAs I10
yp-(5.4.7) sABAsIETCS MIOTHOCTHIO BEPOSIT-
Hoctu. IlycTh KuHeTHuYecKass JHeprus
MOJKET OBITh BBIUMCIIEHA KaK U B Cllydae
BbIBO/Ia ypaBHeHus lpeaunrepa, HO Mo-
TeHIMan 3aBUcUT ot nojist, U=U(y), a He
ot xoopauHat ¢ [10]. Mcnonw3ys ypas-
Henust (5.4.1)-(5.4.11), marouue OIEHKY
wis  I(A)/A’, w mpenmonaras, d9TO
E{& ) ={ictx,y,z} ecTb TPOCTPAHCTBO-
BpeMsi MHUHKOBCKOI'O, Mbl MOKEM IOCTa-
BUTH 3314y, MOX0XYI0 Ha (5.4.13)

(5.7.1)

[JI€ TIEPBBIM WICH SBIIETCS OLEHKOW WH-
dhopmanuu cABUra, yCpEeIHEHHOM M0 BCEM
BO3MOHBIM HAMpPaBJICHUSIM B MPOCTPaH-
CTBE-BPEMEHH, a W eCTh TOJHas SHEePrus
cucTeMsl. BeposTHocTHas Mepa 1=Y( ;)
HE BXOJUT BO BTOPOM MHTErpal, v OH Ja-
€T OrpaHUYEeHUE HE HA CPEAHIOI KUHETHU-
YECKYI0 SHEPTHIO, a Ha OJIHY10. Pemenune
3agaun (5.7.1) (cm. Anmengukc 5.11)
eCTh

J( Z(&:J AW - U(t//))} 0, (5.7.2)

YTO JAET

M. (5.7.3)

N

DTO ecTh HENMHEWHOe ypaBHeHuUE Kiten-
Ha-['opona, o6oOmaroIiee ypaBHEHHE
cun-I'opnona, xorma M=1, U(y)oc(l-



U(yp)oc(1-cos(y)), and the ¢'-model
when U(w)c (-a)’. Equation
(5.7.3) can be re-written in the form

o) —LVU
l//_4‘A‘2 |78

where ?=X(d)* is D'Alambertian
operator, and V,, is a gradient in the
"internal space" y={y,..., wy}.

5.8. Many particle system,
nonlinear Schroedinger equa-
tion (NSE)

Generalize now the problem
(5.3.7) to the case of the system of K
weakly interacting particles of the
masses {m,}, o=l,...,.K, with total
energy W in the potential Uy(x),
where x is for all the coordinates of
configurational space
{X1yeeesX ... Xk}, X, are the coordi-
nates of a particle of mass m,. Let
the measure of the system be
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cos(y)), u ¢'-momens, korna U(y)c (1/-
a)’. Yp. (5.7.3) MOXeT GBITh HEPEIHCAHO
B (hopme

(5.7.4)

rne ?=24(4)° - omeparop Jdanambepa, a
V, - IpagueHT no "BHYTPCHHEMY IIPO-
CTPaHCTBY" y={ ¥i,..., Y}

5.8. Cucrema MHOIruX 4acTHIl, He-
JuHeiHoe ypaBsHenue Lpeaunre-
pa (HILL)

Teneps 0000mUM 3amauy (5.3.7) Ha
ciydail cuctembl K ciabo B3anMMOJEHCT-
BYIOIIMX YaCcTUIl C MaccaMu {m,},
o=1,...,K, obmei »Heprueit W B moreH-
mmane Uy(x), rne x o003HavYaeT KOOp.Iu-
HaThl BCEro KOH(MUTYypallMOHHOTO MPO-
CTpPaHCTBA {X|,...,Xg...,XK}, Xq CYyTh KOOP-
JVHATBI YaCTHULIBI C Maccou m,. IlycTh 3Ta
CHUCTEMA OIHUCHIBAETCS MEPOH

Ho= | Woi i W2 | 2:( 1/101)2"‘ ( l//oz)zzzs( l//os)z, Wos— l//os(x): Wos(x IyeeesXgp s XK).

We can construct K shift in-
formations with respect to minimal
physical shifts |Aa|=h/(2mac) in the
coordinates of each particle:

I(+A,) = [dxp, ln(

Mg moxem moctpouth K uHbpOp-
Maluil CABUTa MO OTHOUICHHIO K MHHH-
MaJbHBIM buznyecKkum CIBUTaM
|Aa|=h/(2mac) 0 KOOpJWHATaM KaKJIOou
YJACTHUIIBI

Hy

GiAa /UOJ ’

(5.8.1)

G,y 1= \/,uo(xl,...,xafl,xa FALX e s X g V(X e s Xy 15Xy — A LX e X )

Then making use of derivations in Jlanee ucmoib3ys BBIKJIAIKK pa3nena 5.4.,
Section 5.4 we can justify the con- MBI MOXeM yIOpOCTUTH PAacCMOTPEHUE,
sideration by the use of evaluations wucmonb3ys onenku d3tux HMC mo yp.
of these SI’s via eqs.(5.4.6)-(5.4.10) (5.4.6)-(5.4.10)

1) =8 L1Ip)= A [ar Y (G ) S o=1,..K.  (5.82)
ks

(Oky=0Chxey 1s a partial derivative (Gyy=0 Gy - 4acTHasg NPOU3BOIHAS 110
by k-th component of the coordi- k-ii koMmoHeHTE KOOPAMHAT X, YACTULIBI C



nates x,.) To each such SI we assign
an intrinsic energy measure of the
particle m,® and the problem gen-
eralizing (5.3.7) reads

Z:Zmac2

As before, we can find the solution

A(l

2m,

a

This is the usual time-independent
Schroedinger equation for the sys-
tem of weakly interacting particles.
Let now the particles are put
into interaction due to the decrease
in temperature, or polarization effect
of external field imposed, or other
effects. Besides the modification of
the potential function Uy(x)—U,(x),
we can explicitly take into account
the transformation of the system
measure fh—4y, or Wp—>y, by in-
troducing into the problem (5.8.3)
additional term in the form of mu-
tual information, as was derived in
Sec.4.3. We must impose also the
condition that the transformed
measure is to be normalized like in
formulation of Jaynes’ principle,
Sec.4.4, where we have also used
inverse measurement transform in-
formation. Thus we have a problem

[_ ZL(;(@ (a))zj ~(W ~U,(x ))}%S =0.
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k-1 KOMITIOHEHTE KOOPANHAT X, YACTHIIBI C
HoMmepoMm «.). Kaxmoit takoit MC wMbI
MPUIIMCHIBAEM  BHYTPEHHE TPHUCYIIYIO
MEpPY DHEPTUU YaCTHIIBI my’ , u Ternephb
3ajada, oOoOmaromas 3amady (5.3.7),
UMEET BU

zla[l//()]— Idx(W -U,(x ))Z vo (x)=extremum.  (5.8.3)

Kak u paHbLIC, Mbl HAXOAUM €€ PCIICHUC
(5.8.4)

3710 ecTb OOBIYHOE HE 3aBUCSIIEE OT Bpe-
MeHu ypaBHeHue IllpeauHrepa cuctemsl
c1a00 B3aUMOJIEHCTBYIOIIUX YACTHII.

[lycTh Tenmepb 4acCTUIBI HAYHMHAIOT
UCHBITHIBATh B3aUMOJIEHCTBUE JIpYT C
JIPYroM B CHJIY TOHM)KEHHS TeMIlepaTy-
pbl, WIH MOJAPU3AIMOHHBIX 3((EKTOB
HAJI0>KEHHOT'0 BHEUTHETO MOJIsl, UJIK Yero-
to eme. [lomumo Moaudukanuu MOTeH-
nuanbHo  pyHkmu, Uy(x)—>Ui(x), Mbl
MOXeM B SIBHOM BHJE TMPHUHSATH BO BHH-
MaHHE MpeoOpa3oBaHUE MEPhl CUCTEMBI
Lo—> L, WIA Wo—> i, BBOAS B 3a4auy
(5.8.3) momonmHUTENbHBIN 4ieH B ¢dopme
B3aMMHON MH(OpMaINH, KaK ObUIO BBIBE-
neHo B 11.4.3. MbI Tak ke JOJKHBI HaJIo-
KUTh YCJIOBHE, 4YTO TIpeoOpa3zoBaHHAs
Mepa JOJKHA OBITh HOPMHPOBAHA, Kak
npu (opmynupoBke npuHimna /[xeitnca
B n.4.4, rme Mbl TaK K€ MCIOJL30BaJIA
oOpatHyro wuH(poOpMaIrmio mpeodpazoBa-
HUSl U3MepeHus. Torma Mbl MOTYYUM 3a-
aaqy

>2m, AL 1,Iw )= [dx( ~U(x ))[Z wi(x )j

D Wi(x)
_ /’LI dx(zsl 789 (x)} In —Z l//ozs ™

The solution to this problem
is a time-independent Schroedinger

- ZJ. dx(z les(x)j = extremum. (5.8.5)

PemenuemM »ToM 3amauym SBIISIETCS
HE3aBUCSILEE OT BPEMEHH YpPaBHEHUE
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equation with a logarithmic non- IIpenunrepa c norapupmuyeckoil Hemu-
linearity for the Lagrange multipli- HeiHOCTBIO, KOT1a MHOXUTENU Jlarpanxka

ers are A=-y:

2m, \ 5

a

This equation was discussed,
for example, in ref.[21], but with a
«reper» function yg describing the
uniform distribution, wp=const, and
the logarithmic term introduced «by
hand» on the base of reasonable as-
sumptions. Further investigation of
this equation is out of the scope of
this book but we have shown that
the joint use of different SB meas-
ures gives also reasonable results.

5.9. NKG (complex measure)
Consider an abstract case of
complex distribution when its law
(equation) is derived from a varia-
tional problem analogous to mini-
mum Fisher information principle,
see Sec. 5.7 [10]:

Jdgp(HIn(p(L/p(&+A)) - HdEW-Up)p(&) = extremum

Here p=Pexp(ip(&)) is a sim-
plest complex distribution, P and ¢
are real, W is a total energy of the
system under consideration, U is a
potential energy depending on p,
rather then directly on “coordinate”
& It should be pointed out that we
consider an ‘“angle variable” ¢ [22]
as an observable quantity and then
define shift information, although
complex distribution p(&) is not ob-
servable.

The complex kinetic energy

(W-U(p))Pexp(ip(&)) in eq.(5.9.1)

—ZL(Z(@«M)ZJ ~(W -U,(x))-4ln ZS:I//Z

CBSI3aHbI COOTHOILLIEHUEM A=-}:

> v

v, =0.  (5.8.6)

0s
N

OT0 ypaBHEHHE OOCYXIaloCh pa-
Hee, Hanpumep, B [21], HO ¢ "penepHOit"
(dbyHKIIMEH ), OMUCHIBAIOIICH OIHOPOI-
HOE pacmnpenesieHue, Yp=const, u Jora-
pU(MHUYECKUM YJIEHOM, BBOJMMBIM "OT
pPyYKH" Ha OCHOBE pPAa3yMHBIX MIPEATNOJIO-
xeHul (T.e. He "oT (onapsa"). [anbHeil-
1IE€ UCCIEAOBAHNE ATOTO YPABHEHHUSI BBI-
XOJIUT 32 paMKH HacTosiueil paboThl, HO
MBI TOKa3aJM, YTO COBMECTHOE HCIOJIb-
30BaHue pasnuuHbix Mmep HC Tak xe naer
pa3yMHbIE PE3yJIbTATHI.

5.9. HKT (komiuiekcHasi Mepa)

PaccmoTpum aGCcTpakTHBIN cllydait
KOMILUIEKCHOTO PaclpeAesieHus1, Koraa ero
3aKOH (ypaBHEHHUE) BBIBOJUTCS U3 BapHa-
UUOHHOM 3aJlayv, aHAJOTUYHOM NPUHLH-
ny MUHUMYMa uHpopMannu duinepa, cM.
n.5.7 [10]:
(5.9.1)

3necwk p=Pexp(ip(&)) - mpocTeiiniee
KOMILJIEKCHOE pacrpezenenue, P u ¢ -
BEILIECTBEHHBIE, W - MOIHAas SHEprus pac-
cMarpuBaemMon cucrtemsl, U - MOTEHUHU-
anbHas SHEPrus, 3aBUCAILIAA OT p, a HE
HEIMOCPEACTBEHHO OT "KoopauHathl" &
Cnenyer 3aMeTUTh, YTO MBI PacCMaTpH-
BaeM "yIIIOBYIO NepeMeHHYI0" ¢ [22] Kak
HaOII0AaeMyI0 BEJIMYHMHY W 3aT€M OIlpe-
nensieM UHGOPMAIMIO CABUTA, XOTS KOM-
IUIEKCHOE pactpenaenenue p(&) He sBis-
€TCsl HaOJII01aeMbIM.

Kommekchyto KHHETHYECKYIO
SHEPrUI0 MOXKHO TPaKTOBaTb B TOM



can be interpreted in such a way that
there are two channels of exchange
between the kinetic energy and the
potential ones that is a rather general
case. For example, the exchange
with gravitational and elastic ener-
gies of a chain of elastically con-
nected pendulums, with magnetic
anisotropy energy and energy of
non-uniformity of magnetic mo-
menta distribution in the case of
Bloch walls, with population inver-
sion and polarization energies in the
case of self-induced light propaga-
tion, and so on [22].

Replacing ¢(&+A) by its Tay-
lor series for the small shift we ob-
tain a variational problem:
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CMBICJIE, YTO UMEIOTCS JBa KaHaua oOMe-
Ha MEXIy KMHETHYECKOM dHEPrUer U 1O-
TEHIUAIBHBIMU, YTO SIBJIAETCS JOBOJIBHO
oOmuM ciyyaem. Hampumep, obmen c
IPABUTALIMOHHOW U YIIPYTOM YHEPTUSIMU B
LIETIOYKE YNPYro CBA3aHHBIX MAasTHUKOB,
C DHEpPruel MAarHUTHOW AHU30TPOIUU U
DHEPruel HEOAHOPOMHOCTU paclpeee-
HUSI MarHUTHBIX MOMEHTOB B cilydae 0Jio-
XOBCKMX CTEHOK, C DHEPIUSIMH UHBEPCHU
HACEJICHHOCTEH U IOJSAPU3ALUU B ClIydae
CaMOMHIYLUMPOBAHHOW NPO3PAaYHOCTH, U
T.1. [22].

3amensiss @(E+A) ero psagom Teid-
Jopa Uil MaJIOrO CABUTA, Mbl IOJy4aeM
BapHAaLMOHHYIO 33/1a4y:

[d& exp(i(E))i( @ A+ N /2+..)-AdEW-U())exp(ig ))=extremum (5.9.2)

(p=dpldé, @=dpldé), the
proximate solution to which is

6 0 6 &2
[dés

ap-

That gives two equations (for
real and imaginary parts)

@”’=- (AUAYAU/dg, (¢ = QUN)W-U(p)),

which are compatible as
d

(p=dpldé, @'=deld&), npubnuxeHHOE
peleHrne KOTOPOr AaeTcsi ypaBHEHUEM

R Wi ﬂznjexp(igo(f))[i((p’A+(0”A2/2)-/1 (W-U(@))]=0.

DTO gaeT ABa ypaBHeHUs (1S Be-
IIECTBEHHOW 1 MHUMOM 4YacTei)
(5.9.3)

KOTOPLIC ABJIAAIOTCA COBMCCTHBIMU, T.K.

0"=(9) = [QUAYW-Up)]"* =

dg

- (AUNYAUId @) p TR AN W-U(p)]* = - (A/ADdU/d .

The first equation (5.9.3) is a
two-dimensional nonlinear Klein-
Gordon equation in the moving
frame &=x+vt (g =vd; a=0;
O=')

IlepBoe ypaBHenue (5.9.3) sBiser-
Ci JBYXMEpPHBIM YypaBHeHueM KielHa-
I'opnona B aBHKyLIEHCS CUCTEME KOOP-
auHAT E=x+Vvt (G =v0; G=0F O=d %)

o= @"1v = (AN V)dUIdp),

which is a sine-Gordon equation
when Uocc(1-cos(¢)).

Thus we have shown that in
addition to the cases considered
above, systems described by some

KOTOpOE€ NaeT ypaBHeHHe cuH-IopmoHa,
korna Uoc(1-cos(g)).

Takum 06pa3om, MbI TIOKa3au, YTO
B JIOTIOJTHEHUE K CIIy4asiM, pacCMOTPEH-
HBIM BBIIII€, CUCTEMBI, OIMCHhIBAaEMbIC HE-



"angle" variable @(&) [22] are also
comprehended by the SI (and thus
by TI) based principles. This also
gives a rather non-trivial example of
TI without probability.

5.10. Korteweg-de Vries
equation (KdV)

Consider some continuous
medium described by several macro-
scopic distributions (of velocity,
pressure, partial densities, field in-
tensity, or whatever else), subject to
the disturbances that are so small
that the amplitudes of disturbances
of all distributions are proportional
to integer powers of each other, so
that it i1s enough to consider only
disturbance of one physical distribu-
tion, for example, velocity distur-
bance v. It should be noted that these
justifications are usually made at the
final stage of KdV derivation, see,
for example, [22],Ch.5.

In analogy with the use of
EPIP in its simplest form of MFIP,
we must construct the information
measure and the constraint on ki-
netic energy. We can also guess that
as the velocity disturbance is small,
and the kinetic energy is propor-
tional to the square of velocity, we
may need one more constraint on
momentum which is proportional to
velocity. For the smaller distur-
bances this constraint must be
stronger.

Let the disturbances be one
dimensional and propagate in the di-
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KoTopoi '"yrioBoi" mnepemeHHOU &)
[22], Tak ke 0OXBaTHIBAIOTCS MPUHITUIIAMHU
Ha ocHoBe MC (M moaToMy - Ha OCHOBE
UII). D10 Tak ke NaeT HEeTPUBHAIbHBIM
npumep U1 6e3 seposmnocmu.

5.10. YpaBuenune KopreBera-ge
Bpuza (KnB)

PaccmorpuMm  HEkoTOpYrO HEMpe-
PBIBHYIO CPEIly, OTMHMCHIBAEMYIO HECKOJIb-
KHUMHA MaKpPOCKOIMYECKUMHU pacIpeiene-
HUSIMU (CKOPOCTH, NTaBICHUS, TMapIidaib-
HBIX TUIOTHOCTEH, MHTCHCUBHOCTH IIOJIA,
WU 4ero-Jnbo eIe), moja BO3JACHCTBUEM
BO3MYIIIEHUH, KOTOPBIE HACTOIBKO MAJIBI,
YTO aMIUIUTYABl BO3MYIICHHUN BCEX pac-
MpeACIICHUH TTPOIOPITMOHAIBHBI  IETBIM
CTETIICHSAM JIPYT ApyTa, Tak 4YTO JOCTATOY-
HO paccMaTpuBaTh BO3MYIIICHHUE TOJIBKO
OJTHOTO  (DPM3UYECKOTO  pacIpeaesiCHus,
HampuMep BO3MYIIEHHUS CKOPOCTH V.
CrnenmyeT 3aMETHTh, YTO STH YMPOIICHUS
OOBIYHO JENAlOTCA Ha 3aKITIOYUTEITHHON
cranuu BbiBoma KaB, cwm., Hampumep,
[22], Tn.5.

[lo amamoruu C MCHOJIB30BAaHUEM
[I9®U B ero npocreitmieit hopme [IMUD
HaM ClIeJlyeT CKOHCTPYHpPOBaTh Mepy HH-
dbopMaluu ¥ MOCTaBUTh OTPaHUYCHHUE Ha
KHHETHYCCKYIO DSHEpPruio. MBI MoOXKeM
TaK)ke€ COOO0pa3uTh, YTO IMOCKOJIBKY BO3-
MYIIIEHUE Majo, a KHHETUYeCKasi YHEPTHUs
NPONOPITMOHATIbHA KBaJApaTy CKOPOCTH,
HaM MOJKET TIOHATOOUTHCS eIIe OHO OT-
paHWuYEHHWE Ha WMITYJIbC, MPOMOPIIHO-
HAJIBHBIN CKOpocTH. JlJis MallbIX BO3MY-
IMICHUH O5TO OrPaHUYCHHE MOXKET OBITh
0o0Jiee CUITbHBIM.

[Iycte BO3MymieHUs1 OyayT OAHO-
MEPHBIMH ¥ PacCHpOCTPaHSAIOTCS B Ha-



rection z, v be the velocity distur-
bance. We can use SI (5.3.2) for in-
finitesimal shift A along the direc-
tion z to measure the non-uniformity
of velocity disturbance v, and try to
find the disturbances making this
measure extremal under constraints
on kinetic energy and momentum of
the disturbances (they must be fi-
nite). Let the velocity disturbance v
be undimensioned by the value of
macroscopic drift velocity of the
system V in z-direction, and we con-
sider this system in the coordinate
frame moving with this drift veloc-
ity. Taking into account that the first
order term in series (5.3.2) does not
influence the extremum, since its
variation is zero, we come to a varia-
tional problem

Azj((vvz

2 v

where A, u are the indefinite La-
grange multipliers, v=dvldz,

v’=d’v/dz*. By the way, the third
term, which i1s a constraint on the
momentum, 1S reminiscent of
mathematical form of the constraint
on the probability density which is
to be normalized. The problem
(5.10.1) is not equivalent to MFIP
because we apply SI directly to the
distribution of physical quantity and
use the constraints on the total ki-
netic energy (like in Sec. 5.9) and
momentum. Under the condition the
disturbances to be zero at infinity,
the solution to the problem is (see
Appendix 5.11)

o o0 & 0

a5 & - < -
Iz(@ Za & A

— v"j dz — /1.[ vde - ,UI vdz =extremum,
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IIPABJICHUH Z, V - BOBMYILEHHE CKOPOCTH.
Mb1 moxxkem wucnonb3zoBath MC (5.3.2)
npu WHOUHUTE3UMAIBHOM CABHre A
BJIOJIb OCU z KaK Mepy HEOJHOPOAHOCTU
BO3MYLIEHUSI CKOPOCTH V, U TNONBITATHCSA
HAaWTH BO3MYLIEHUS 10 SKCTPEMYMY ITOU
Mepbl NP OIPAHMYEHUAX HA KUHETUYe-
CKYIO SHEPIHIO U MMITYJIbC BO3MYILEHUN
(oHM nNOMKHBI OBITH KOHEuHBI). IlycTh
BO3MYIIEHHE CKOPOCTH v 00e3pa3MepeHo
Ha BEJIMYMHY MaKpOCKOMHYECKOH apud-
TOBOW CKOPOCTH CUCTEMBI V' B Hampasie-
HUU zZ, U MBIl PacCMAaTpUBAEM CHCTEMY B
CUCTEME KOOPAMHAT, JBWKYIIEUCS C 3TOU
ckopocthio apudTa. [IpuHuMas Bo BHH-
MaHUe, 4TO WIEH MEPBOT0 NOpsAJIKa B psIe
(5.3.2) He BiMsIET HA DKCTPEMYM, T.K. IO
Bapualus paBHA HYJIIO, Mbl NIPUXOJIUM K
BAPHUALIMOHHOM 3a1a4e

(5.10.1)

rae A, f - HEONpeIeIeHHbIE MHOXKHUTEIN
Jlarpanxa, v'=dv/dz, v’=d*v/dz*. Kcrarwy,
TPETUI 4uJieH, 00YCIOBICHHBIA OrpaHuye-
HUEM Ha MUMIYJIbC, HAIOMUHAET MO MaTe-
MaTU4YecKoil ¢dopMe OrpaHHyYeHUE Ha
IUIOTHOCTh BEPOSTHOCTH, KOTOpasi TOJIK-
Ha OBITH HOpMHpOBaHa. 3amaya (5.10.1)
He dSkBuBajeHTHa [IMU®, nmoromy uTo
Mbl nipumensieM MC HenmocpeACTBEHHO K
pacnpeneneHuto (HU3NYECKON BEIUYUHBI
U UCIOJb3YEM OIPAHMYEHHUS HA TOJHBIC
KMHETUYECKYIO PHEpruro (Kak B 1.5.9) u
umnyibsc. [lpu ycrnoBum, 4yTto BO3MYIIIE-
HUSl PaBHBI HYJII0 Ha OECKOHEYHOCTH, pe-
[IEHHE 3a/layd JaeTcs ypaBHEHUEM (CM.
Annenauke 5.11)

(o)
2 %




After simple calculations we obtain

AZ ’ 2 "
= (V) —2 | —2Av— =0,
2 % %

It turns out that KdV in the
moving frame can be derived from
eq.(5.10.2) when an additional con-
straint is imposed on the system:

B+Cv’ =

From a physical view point
we can interpret this condition as a
"balance" between the kinetic en-
ergy, dissipation (the second deriva-
tive), and effective non-uniformity
measure. On the other hand, two
equations (5.10.1) and (5.10.3) are
reminiscent of the EPIP [4] I-
J=extremum=0 where the constraints
are considered as the parts of
"equivalent information" which was
called later by Frieden a physical in-
formation which is to be zero. The
difference is that we can not include
the momentum term in this balance,
the term being significant (see next)
for the derivation of KdV. Note that
we can derive KdV from both equa-
tions (5.10.2) and (5.10.3), but not
from the any one of the two.

Taking the derivative d/dz of
eq.(5.10.3), expressing from the re-
sulting equation the bracket

101

ITocne IMPOCTBIX BBIYKCJICHUN MBI IoJry-
qacMm

(5.10.2)

OkaspiBaercs, uto KnB B aBHXKYy-
nieiicss cucTeMe KOOpAMHAT MOXKET ObITh
nosryyeHo u3 yp. (5.10.2), xorna Ha cuc-
TeMY HaJOKEHO JOIMOJHUTEIBHOE Orpa-
HUYCHUE
GO

, U (5.10.3)

C ¢usmyeckoil TOYKU 3pEHUS MBI
MO>KEM TPaKTOBaTh ATO yClIOBUE Kak "Oa-
JaHCc" MEXJy KHHETHYECKOW SHEepruei,
auccunaiuen (BTopas MPOU3BOAHAS) U
apexTrBHON Mepoit HeogHOpoaHOCTH. C
Jpyroil CTOpoHbl, 1Ba ypaBHeHus (5.10.1)
u (5.10.3) nanomuuator I[IDOU [4] [-
J=extremum=0, xorna orpaHUYeHHs pac-
CMaTPUBAIOTCA KaK YacTH 'DKBUBAJICHT-
HOM wuH(popManuu'", TO3KE HA3BAHHOU
OpuneHom (¢GuznMUecKkol HHPpOpPMaIIUECH,
KOTOpasi JOJDKHA pPaBHAThCSA HyJto. Pas-
JUYHE COCTOUT B TOM, YTO MbI HE MOXKEM
BKJIFOYHUTH B 3TOT OaJlaHC UMITYJIbC, KOTO-
PBIN CYIIECTBEHEH (CM. HUXE) JIJIsi BBIBO-
ma KnB. 3ameruM, 94TO MBI MOJKEM BBI-
Bectu KB u3 aByx ypaBuenuti (5.10.2) u
(5.10.3), HO HE W3 KaKOro-IubO0 OJIHOTO
U3 HUX.

beps mnpousBoanyo d/dz oT
yp.(5.10.3), BeIpaxkas U3 pe3yIbTUPYIO-
IIIEr0 YPaBHEHHS CKOOKY

() -=2).

and substituting it into eq.(5.10.2),
we obtain the equation

2pu

24
Pv’+2 C+? w' +v" =0

u nozAcTasisig ee B yp.(5.10.2), mbl momy-
Y1M YpaBHCHHE

, (5.10.4)



which is KdV in the moving frame
=x+Vt, V=2ulN (=Véa, 6=32,
a=dct. Eq.(5.10.4) is an approxi-
mation valid for the small but finite
shifts. KdV is also the approxima-
tion for the case of long waves that
1s in correspondence with the use of
small shifts.

KdV in its "canonical" form
reads [23]
v, +6vv,
The soliton solution to this equation
is

vo(2) = 2772 SeCZ(UZ),Z =x+ 47721‘ ,

which obeys condition (5.10.3) with
parameters C=1, B=0. So, if we
choose V=2u/A>=417, or 1=217° /A,
2(142/A)=6, or J=A’, for the La-
grange multipliers, we obtain the so-
lution to the problem (5.10.1) in the
canonical form of KdV. The value
of the shift must be chosen in corre-
spondence to the physical nature of
the system under study. On the other
hand, we see that all the terms in
problem (5.10.1), when =27"A%
A=A’ are proportional to A* and we
could omit the squared shift before
finding the extremum.

By the way, in trying to jus-
tify the choice of physical shift for
the KdV derivation to answer the
Dr. Frieden’s question of what is the
sense of the shift in private commu-
nication to the author, the Ilatter
came to the use of Heisenberg un-
certainty principle to choose the
right shift in derivation of Schroed-
inger equation (5.3.6).

KdV can be obtained in a
more general form with a free pa-
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kotopoe saBisercs KnB B nBmwkymencs
cucTeMe KOOpAMHAT z=x+Vt, V=2u/A’
(o=Vée, d=a, a=dc. Yp. (5.10.4) sB-
JAETCA anIpOKCUMAILIMENd, BEPHOU IS
MaJbIX KOHEYHBIX caBuros. KaB Tak ke
ABJISIETCS ANNPOKCUMALIMEN ISl ciaydas
JUIMHHBIX BOJIH, YTO HaXOJWUTCS B COOT-
BETCTBUU C UCIIOJIb30BAHUEM MaJIbIX
CIBUIOB.

B cBoeii "kaHonmueckoi" dopme
KnB umeer Bup [23]
+V,, =0. (5.10.5)

CoNUTOHHOE pEelIeHUE 3TOr0 ypaBHEHUS
€CTh

(5.10.6)
KOTOpasi  YJIOBJIETBOPSAET  ypaBHEHHE
(5.10.3) ¢ mapamerpamu C=1, B=0. Ilo-
9TOMY, €CJIM Mbl BBIOEpEM 3HAUYCHUS
V=21 N=417, WIH 1=217 A,
2(142/A"=6, umm A=A’, 1ist MHOXHTe-
ner Jlarpanka, Mbl IOJYy4YUM pELICHUE
3amaun (510.1) B xaHOHUYECKO#l (opme
KnB. Benuwumna casura nopkKHa OBITH
BBHIOpaHAa B COOTBETCTBHH C (PU3MUECKOU
npuponor uccienxyeMor cucrembl. C
IpPYrod CTOpPOHBI, Mbl BUJWM, YTO BCE
wiens! B 3axade (5.10.1), korga =2 17°A%,
A=A’, mpornopuroHansHel A%, U MBI MO-
’KEM OITyCTUTb KBaJIpaT CABUTA JI0 TTOUCKA
KCTpEMyMa.

KcraTu, neiTasice onpasiath BEIOOP
¢uzmyeckoro casura s BeiBojga KnaB,
yTOOBl OTBETUTH Ha BOMpOC J-pa Ppujie-
Ha O CMbIcie (PU3MYECKOr0 CIBHUra B 4Ya-
CTHOM MHUChME aBTOPY, MOCJIEAHUN MpHU-
el K MCIMOJIb30BAHUIO MPHUHIIMIA HEOT-
penenennoctu ['eiizendepra st BeIOOpa
MPAaBWJIbHOW BEJIMYMHBI CIBHUra JUIsl BBI-
Bojia ypaBHeHus [lIpequnrepa (5.3.6).

KnB moxer ObITh MmoaydeHo B 00-
nee obmie gpopme co cBOOOTHBIM Tapa-



rameter [24]

v, +vw_+Rv__ =0, R=const,

which can be reduced to the form
(5.10.6) by the scaling space and
time coordinates, and the function v.
This is equivalent to our solution
(5.10.4), and thus A, like R, simply
scales the problem and the specific
choice of A (which is to be small,
nevertheless) does not influence the
result qualitatively. More exactly,
squared shift value A” is a scaling
parameter.

We can now evaluate the in-
formation contents of the solution
(5.10.6) making use of symmetric
shift information
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METpOM [24]
(5.10.7)
KOTOpasi MOXKET OBbITh CBeleHa K (opme
(5.10.6) BeIOOpOM MacmTabOB MPOCTPAH-
CTBa, BpeMEHH U (QYHKIUHU V. ITO HKBH-
BaJIeHTHO pemieHuto (5.10.4), u Ttakum
oOpa3zoM A, Kak U R, mpocTo macmrabu-
pyeT 3ajady, W CIelHaAbHBIA BHIOOD A
(KOTOpBIN MODKEH OBITh MaJIbIM, TEM HE
MEHee) He BJIMSET Ha Pe3yjibTaT KadyecT-
BeHHO. bornee TouHO, MacmTaOHBIM Ma-
paMeTpoM SIBIISIETCS KBaJpaT BEIIMYUHBI
cIBUTIa A2,

Mpbl MOXeM Tenepb OLEHUTh HH-
(opMallMOHHOE COJEpKAHUE PEeLIEHUs
(5.10.6), ucnons3yst cummerpuunyro MC

N () j N dz 8 1.

I(FA)z— || ———V]|dz =4 =—n’A
(£A) > ( ), Vo |dz =540 fch4(z) T (5.10.8)
Taking 1into account the [Ipunumass BO BHUMaHue (pusnue-

physical sense of the additional con-
straint (5.10.3), it may be said that
minimized, squeezed information,
being proportional to the total ki-
netic energy, is conserved. This is
reminiscent of both: the ascribing
the intrinsic energy measure via the
Einstein formula to undimensioned
shift informations in Secs. 5.3, 5.8,
and the "normalization" of the latent
entropies of phase transitions by
molar mass in the context of struc-
tural information in Sec.8.1.

To include into consideration
the more general KdV solution
("cnoidal waves")

Wz) = B+(a+Ben’(aek), o="2" z=x+Vt,

CKUI CMBICJ JIOMOJHHUTEIBHOIO OIrpaHHU-
yenus (5.10.3), MOXKXHO CcKa3aTh, YTO MH-
HUMH3UpPOBaHHAs, Cxkatas uHbopMalus,
OyJlydu MPONOPIMOHATBHON KHUHETHYE-
CKOW DHEpPIruH, coxpausemcs. ITO HAIO-
MHUHAE€T JBa MOMEHTAa: MPUITUCHIBAHUE
BHYTPEHHE MPUCYIIEH MEphbl SHEPIUU O
dbopmyne DOiiHIITelHa Oe3pa3MEepHBIM
uHpopmanusM caBura B paszaenax 5.3,
5.8, 1 "HOPMHUPOBKY" CKPBITBIX YHTPOIUI
(a30BbIX IEPEXOJOB HA MOJISIPHYIO MacCy
B KOHTEKCTE CTPYKTYpHOU UH(POpMAIUHU B
pazgene 8.1.

JInst BKIIFOUEHUS B PACCMOTPEHHUE
6onee obmiero pemenust KnB (kHoumans-
HBIE BOJIHBI)

A (5.10.9)

V=2a+p+y), k:a_ﬂ,ogkﬁl,ygﬂﬁa,

o,y being arbitrary constants, the

a-y
a, 3,y - IPOU3BOJIbHBIE TIOCTOSIHHBIC, OT-



constraint (5.10.3) should be param-
eterized by the same parameter k as
the solution (5.10.9). For /=0 this
constraint is satisfied, if C=k%
B=d(1-k), a is the amplitude of the
wave solution (5.10.9). For k=1,
/=y, we obtain the constraint corre-
sponding to the soliton solution
(5.10.6), and so is the solution
(5.10.9), as it must be.

It is easy to verify that a gen-
eralization of KdV

v, +2v7y + v =0

in the moving frame can be derived
as a solution to an SI based varia-

tional problem
5 ( (V')2

2 %

with an additional constraint

B+ Cv?' =

but the physical sense of such ma-
nipulations is obscure.

(')’
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panuuenue (5.10.3) momkHO OBITH Mapa-
METPHU30BAHO TEM K€ MapaMmeTpoM k, Kak
u pemenue (5.10.9). ns /=0 3to orpa-
HUYEHHWE yoBIeTBOpsiercs, ecmu C=k’,
B=cd/(1-k*), o - aMminTyza BOJHOBOTO
pemenus (5.10.9). Ilpu k=1, f=y, MBI 110-
Jy4aeM OTpaHUYCHHE, COOTBETCTBYIOIIEE
coJIMTOHHOMY petienuto (5.10.6), k koTo-
pomy cBoautcs pemerue (5.10.9), kak
9TO U JIOJDKHO OBITb.

Jlerko mpoBepuTh, 4TO 0000IIEHNE
KB

(5.10.10)

B JIBHOKYIICHCS CHCTEME KOOpPJIWHAT MO-
KeT OBbITh BBIBEJACHO, KaK pEIICHUE Ba-
pUalMoHHOM 3a1a4u Ha ocHoBe MIC

- v"j dz — ZJ‘ vtz - ﬂj vdz =extremum, (5.10.11)

C OOIIOJITHUTCIIBHBIM OI'paHHYCHHUCM

(2r)
v v, (5.10.12)
HO (PU3UYECKUI CMBICIT TaKUX MaHUITYJIS-

UM HESCEH.
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5.11. Appendix (some prob- 5.11. AnneHaukc (HeKOTOpbIE 3a-
lems of variational calculus Aa4YU BAPUALUOHHOI0 MCYHUCJIe-
and generalized variation op- HuA 1 00001IEHHBIN ONIEPATOP Ba-

erator) pHaLN)

First, consider the simplest CHavasma pacCMOTpPUM IIPOCTEH-
variational problem of finding an ex- 1IyI0 BapHalMOHHYIO 3a/1a4y MOMCKA IKC-
tremum of a functional TpeMyMa (pyHKIIHMOHasa

b
jL(p, p')dx = extremum (5.11.1a)

where p=p(x) is unknown function rne p=p(x) - HeusBecTHass QyHKUUS Iie-
of variable x and L(p,p’) is a given pemeHHOH x, a L(p,p’) - nanHas QpyHKuus
function of p and its derivative p u ee npomssomHolt p=dp/dx. Ilycts
p=dpldx. Let L(p,p) and p(x) be L(p,p’) u p(x) obnamaror HEOOXOAUMBIMH
well-behaved functions and &Ap) be cpoiictBamu, u Ap) - onepaTop BapHaliu
an operator of variation of function ¢yukmu p(x). Pemenue 5To#t 3amaun B
p(x). The solution to this problem in cnywyae ¢uxkcupoBaHHbIX (HEH3MEHsIE-
the case of fixed (invariable) p(a), wmbIxX) p(a), p(b) HaXOIUTCS HHTETPUPOBA-
p(b) is obtained by integration by Hwmewm no vactam:

parts:
b b

f A A A A
5(19)[ L(p,p")dx = I( p + P 5p'jdx = J( o + 5(519) ’jdx

a

b 074 O/L . b Of,L ' b é’L O’L '
e i o o

a

a

that results in the Euler-Lagrange u4to mnpuBOauT K ypaBHEHHUIO OMjepa-

equation Jlarpanxa
PN ( j =0 5.11.1b
@ @, ' ( ' ' )

The solution of this equation pro- Pemienue 3Toro ypaBHEeHHsI 00eCrieunBaeT
vides extremum of functional skctpemym dynkimonana (5.11.1a).
(5.11.1a).

A somewhat generalized ver- Heckonbko Gomnee oOmiei Bepcueit
sion of problem (5.11.1a) is a prob- 3amaum (5.11.1a) sBnsieTcs 3amayua
lem

b
[ L(p.p',p")dx = extremum (5.11.22)

where p” is a second derivative rme p” - Bropas mpousBomHas d-p/dx’, p
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d’pldx’, p and p’ are assumed to be and p’ mpeamonararoTcs (GHKCHPOBAHHbI-
fixed at the boundaries x=a, x=b. In Mu Ha TpaHunax x=a, x=b. AHaIOTHY-

analogous way we obtain: HBIM 00pa3oM MoIy4yaem
o( )j: L(p,p',p")d jz(aLé'p+ a op'+ a é'p”jdx
p p,p,p)ax = | - ' 7
f N P

- [2@ _ [;Lj Jé‘pdx i j(ijj ()" dx

:i[d—(d ,}épdx +§)L,,(5p)'§ —H;L

) (@p)"dx

b "
L J
b+ opdx
l(@"

A5 5] (3 o

Thus the solution to the problem Takum o00pa3om, pemeHue 3amayu

(5.11.2a) 1s (5.11.2a) ectpb
3-(5) (5] -0
A ' n) TV 5.11.2b
» @) "\ (-11.20)
Evidently, if L is a well be- OueBunHO, ecnu L sBuseTcs He-

haved function of any arbitrary col- npepbiBHON (yHKIMEH NPOU3BOJIBHOIO
lection of derivatives p®, then solu- HaGopa mpomssommbix p*, To pemennem
tion to a problem 3a/1auu

b
[ LUp ™, o1 )dx = extremum | 5,9 =5®(p)=0.  (5.11.3a)

1s given by equation JTAeTCs ypaBHEHUEM
= dY o
wan-32
Sp)L=0, 5(p) kZ(l) &) 20 (5.11.3b)
In a more general case, when B 6onee obmem ciyuae, korma L

L depends on a set of unknown 3aBHCHT OT MHOXECTBa HEM3BECTHBIX

----------

rivatives, the solution to the corre- HBIX, pemeHreM COOTBETCTBYIONICH 3a/1a-
sponding problem is a set of equa- uwm Oynmer cuctema ypaBHEHHA

tions
Ap)L=0, i=1,... M, (5.11.4)



with variation operator given by
(5.11.3b).
Consider now a problem [25]

IL(P,PX sPy> D> Dy D,y )dXAy = extremum
D

where L is a well-behaved function
of p(x,y) (function of two variables)
and its partial derivatives, integra-
tion is over a two-dimensional re-
gion D, and all the variations (Jp,
opy, €tc.) are zero on its boundary
cD. The solution to the problem is
given by zero variation of the func-
tional:
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C ONeparopoM BapHallMK  COIJIACHO
(5.11.3b).
Paccmotpum Teneps 3amauy [25]
(5.11.5a)

rae L ectp "xopomas" pyHKIusS oT p(x,))
(pyHKIMS IBYX MEpEMEHHBIX) U €€ YacT-
HbIX TPOMU3BOJHBIX, HHTETPUPOBAHUE
MPOBOAMUTCA MO ABYMEpHOM obnactu D, u
BCe Bapuanuu (dp, dpy, U p.) o0paIarT-
csi B HyJb Ha ee rpanuie cD. Pemienue
ATOW 3aJ1a4M JAETCS HYJIEBOW BapHhallMEn
(dhyHKITMOHANA!

0= 5(p)_[ Ldxdy = A, + A4,

D

Consider the two integrals 4,
and A4, separately.

L

a a a
j( P o b, +@95pdexdy +j{5pﬂ o, +@5pyyjdxdy 0.

@xx @xy Yy

PaccmoTpum naBa uHTerpana A; u

A, paSILeJIBHO

cL
A= J(@ép% @), + () dedy

g
-]

X

J2-(2)

Thus the equality 4,=0 is provided
by equation

b

It would be solution to the problem,
if L would not depend on second de-
rivatives.

4048 b33

330 A5 o 5005

o”L_(o”L

] -

P/,

P,

dxdy

dx]
_ (;;Ly} jépdxdy =0.

T.e. paBenctBo A;=0 oOecneunBaeTcs
BBITIOJTHEHUEM YCIIOBHSI

BR

OT0 ypaBHEHHE ObUIO OBl pelIEHUEM 3a-
nauu, eciau L He 3aBHcesia Obl OT BTOPBIX
MIPOU3BOTHBIX.

X




cL

@X}C

(

A
(S
& (phj

XX

Az:f

i

o”L]
P,

(p).. +

(op), +( &,

X

(

Dy

=

S

N——

3
5

=

7~ N\
VR

o
.

o —

=

7~ N\

3

o —_—
7~ N\

A

Thus, solution to the problem

cL

@xy

(ﬁL
+

Py

A L
J (op), {

A
75 d_
@xx(p)xjy (

A
j (p), +(

7)ol

108

o
(p), +

&, (5p)yyjdxdy

a (5p)yJ dedy

(op), + @,

@yy J y (5p)y]dxdy

(5p)dexJ

(p) dexdy

cL

@yy

.

@yy y

L
5;7} }dxdy
y

D,

;’;wpn n

y

L

x v (@yy y
dy — Mi] y 5p} dx}

%J ]épdxdy

Yy

AL
j J5pdxdy =0.
Yy

D,

Takum oOpa3zom pelieHue 3ajayu

op |dxdy

rx

(5.11.5a) 1s (5.11.5a) ecth
(9400 03 (3)-
» @) ) "\a.) \a,) o, W—o. (5.11.5b)

Consider now a more general
case, for the function L depends on p
and all its partial derivatives up to
the third order, but p is a function of
arbitrary number N of independent

Paccmotpum teneps Oosiee o0
ciyyail, korna QyHKuus L 3aBUCHUT OT p U
BCEX €€ YAaCTHBIX MPOU3BOJIHBIX BILIOTH
710 TPETHETO MOPsI/IKA, HO p TPHU 3TOM 3a-
BHUCHUT OT IPOM3BOJILHOrO yucia N Hesa-



variables belonging to the region D
of a N-dimensional space, and all the
variations (of p and its derivatives)
are zero at the boundary D of this
region:

J. L(p,{p,}, {py }, {pl.jk })dx = extremum |

where  p,=gp/ck, p,-j=0”7p/0'}cl-0'}cj,
pijk:ﬁ? p/ iy, dx 1s an infini-
tesimal volume. To find a solution
we use a Newton-Leibniz-Gauss-
Ostrogradsky-Green-Stokes-
Poincare-Cartan theorem
|,do=[_o [26,27] and usual nota-
tions for the differentials of coordi-
nates dx; and Hodge star *.

5(p)dex —j(

D

D

4{ (07» j_zﬁ@j

+
g
M
S
o
+
-
/_\\ ;/

I( 5p+zf(5p) +

(33 o) 33 o

(), +2.

pr) J+Z(
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BUCHMBIX MEPEMEHHBIX, MPUHAJICKAITUX
obnactu D N-MepHOro mpoCTpaHCTBa, U
Bce Bapualuu (GyHKUUH p U €€ IpOou3-
BOJIHBIX ) OOpaIaloTCs B HyJIb Ha TPAHUIIC
D 310l obnacTu:

(5.11.6a)

rI1e pi=apl c, p,j=5 pl Xk,
p,-jk=f p/ a0k, dx - nHQUHUTE3UMAITb-
HbIH o0BbeM. [l HaxXOXJICHHS penieHUs
Mbl HCHOJIB3YyeM TeopeMy HpbroToHa-
Jleti6nuia-I"aycca-Octporpasckoro-
I'puna-Crokca-Ilyankape-Kaprana
[,do=]_,o [26,27], n 00b4HBIE 0603HA-
yeHus s auddepeHnnanoB KOOpauHaT
dx; 1 3Be3161 XoKa *.

5p+2*5pl + 2*519,, + Z 5pi,~dex
ijk yk
RNt ) |d
;a}a,,(p)”,,zk@l,k(p)”") X

P,

cL
<5p)_,-kJ —Z( . ] <5p>,-k]dx

ijk [ @yk

5p z[ }(5;9) —Z{O;ik]i(ép)ijdx

ijk

(9p) ,-kD (=1 (*dx,)

yk

5p Z[[ r” j(ép»} Z( r. j (b), |dx

J



—J;[ép Z( )5p+z
_ﬁz[i (@jng
fgoxl;

£( ,- (@,jf >

Thus, solution to

(5.11.6a) is

the problem

RIEI:

In step by step generalization
of this problem we can obtain a
more general solution for the case
when L depends on arbitrary collec-
tion of partial derivatives of all or-
ders:

i

Jp)L=0, 5= Y O[ﬁ[—

Ny ey = i=1

assuming (A&;)’=1. Each product
of derivatives d=d/cx; power n; can
be uniquely related to some "vector"
n=(ny,...,ny), and using the notations

i=1 i

we can rewrite &p) in a compact
form

2

2 {niz))
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vzl o

i

cL
J (5p)k]( 1)/ (*dx;)

j [ ) ¥ Z(ﬁp]

5p} dx

ijk

aL _
+f2[2 Jdp}(—l)“(*dm
a k ij @ijk i
2) 312) s
P i P ik
Takum  oOpa3oM  pemieHue  3aaadu
(5.11.6a) ectb
SIS
— - =0. (5.11.6b)
IIpu mocTerneHHOM 0000IICHUHN

ATOW 3a7]a9d MBI MOKEM TOJyYUTh OoJiee
oOIee pelieHue s ciaydasi, korma L 3a-
BHCUT OT IPOU3BOJHHOTO Habopa dYact-
HBIX TIPOU3BOIHBIX BCEX TOPSIKOB

o o

(5.11.6¢)

noapasymesas (Adx;)’=1. Kaxmoe mpo-
W3BECHUE MPOU3BOJIHBIX O=0/CXk; B CTe-
MEeHAX 7, MOKHO OJIHO3HAQYHO COIIOCTa-
BUTH "BekTopy" n=(ni,...,ny), U C TOMO-
IIbI0 0003HAYEHHI

(i 2" ¥ (o)
H[—@J = A(-n) H(&j = dn).

MBI MOXEM 3aIucath &p) B KOMIIAKTHOU
dhopme



5(p) = Zﬁ( n)

where the sum is over all poss1ble
"vectors" n with non-negative inte-
ger "coordinates". Evidently, for the
function L depends on a set of func-
correspondlng many dimensional
problem is a set of equations
Ap))L=0 like it was for the one di-
mensional case (5.11.4). The varia-
tion operator &p) in the most gen-
eral form (5.11.7) can be applied to
all particular cases above that is why
no distinctions were made between
the notations of this operator in the
particular cases.

The variation operator in its
general form enables to obtain the
general results that can be used for
solution of concrete problems. For
example, for any partial derivative
of k-th order p™, we have

S(p)ap® = 4%

For a one dimensional case N=I,
p=p(<&) we obtain

5(p)pa!(np)) =

and so, applying this formula to the
Tailor series, we can obtain an exact
relation

S(p) (O p(é+A)) =

on the base of which we can write
out for a one dimensional shift in-
formation (for any shift) another ex-
act relation

5<p>(p<5)1n p(s)

p(5+A)] =l
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o
AAn)p)”

r7e cymma Oepercs mo BCEM BO3MOXKHBIM
"BekTopam'" n C HEOTPULATEIbHBIMU IIE-
apiMu "koopauHatamu'. OYEeBHIHO, KO-
raa (byHKuH;I L 3aBucut ot Habopa (HyHK-

(5.11.7)

.....

el MHOTOMEPHOM 3aJja4Ml TAeTCsl CUCTe-
Mol ypaBHeHUM Ap;)L=0, kak 3TO OBLIO
U B oJHOMepHOM ciydae (5.11.4). Onepa-
TOp BapHuallud B HauboJjiee obmeit Gpopme
(5.11.7) MmoxxeT NpUMEHSATHCS KO BCEM Ya-
CTHBIM CITy4asiM, ONMUCAHHBIM BHIIIC, U
MIOSTOMY MBI HE JIeNaau pa3auduidl B 000-
3HAYEHHSIX ITOTO OIepaTopa B YacTHBIX
CITyJasix.

Oneparop Bapualuv B €ro oOImiei
dbopme MO3BOJIIET MOJy4yaTh OOIIHME pe-
3yJbTAThI, KOTOPHIE MOXXHO HCIIOJIb30BATh
IpH pEIIeHHd KOHKPETHBIX 3amad. Ha-
npuMep, I J000M YaCTHOM MPOU3BOA-

Hoii k-ro mopsinka p™, umeem

(5.11.8)
Jlns omHOMepHOro ciaydas N=1, p=p(&)

MMEEM
1
2(np)+(-2'p)-
p
U T09TOMY, TpHUMEHSs 3Ty GOopMyiy K
pa3noXKeHUu psga Tewlnopa, NONYyYUM
TOYHOE COOTHOLIEHUE

p(&—A)
In p(E+A)+ D(E)

Ha OCHOBE KOTOPOTO MBI MOKEM 3aIHCaTh
JUIs OTHOMEpHOU uHpopMaluu (J1r060ro)
C/IBHTA TaK K€ TOUHOE COOTHOIIICHNE

(5.11.9a)

(5.11.9b)

p(&—A)
p(&)

p(&) ]
- (5.11.9¢)

|
n(p(§+A)
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6. Information ground
of action invariance principle

As we have seen above, ap-
plication of transform information to
the non-probabilistic distributions
leads to the reasonable results like
the nonlinear equations and gas-
mixing entropy. In this chapter we
use this concept in the case when
physical system is described by a
complex Wiener-Feynman-Kac
(WFK) measure which is of great
importance for the quantum me-
chanics and quantum field theory [1-
7]. Next we derive action invariance
by formal application of transform
information to this measure for the
information generating transform
has a unit Jacobian.

6.1. Wiener-Feynman-Kac

(WFK) measure

Following to Kac [1], first let
us introduce the concept of WFK-
measure. As was shown by Einstein
and Smoluchovsky, a probability
P(Q) of an event Q, that a trajectory
of a Brownian particle x(¢) in one
dimensional case placed at /=0 at the
point x(0)=0 will satisfy the condi-
tion

x(0)=0, a;<x(t;)<bj, a;<x(t;)<b,, ..., a,<x(t,)<b,, 0<t;<t,<...<t,,

is
by by
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6. UndopmanuonHoe 000CHOBA-
HHUe MPUHIUNA HHBAPHAHTHOCTH

NeUCTBUS

Kak MbI Bujenu Bblllle, IPUMEHE-
HUe uHbopMauKu peoOpa3oBaHus K He-
BEPOSITHOCTHBIM paclpe/iejieHusIM TpH-
BOJUT K pa3yMHBIM pe3yJibTaTaMm THUIla
HEJTMHEWHBIX YpPaBHEHUS U DHTPOIUHU
CMEIICHUS Ta3oB. B 3TOM riiaBe MbI uC-
MOJIb3yeM 3TO TOHSTHE B Clydae, KOrjaa
(duzmyeckas cucTeMa OMUCHIBACTCS KOM-
IUIEKCHOW  Mepoit  Bunepa-®eitnmana-
Kama (B®K), koropass mmeer Ooiblioe
3HA4YCHUE JJI1 KBAHTOBOW MEXaHUKU H
KBaHTOBOM Teopuu nojd [1-7]. Huxke mbl
BBIBEJICM WHBApPUAHTHOCTh JICHCTBUS C
MOMOIIBI0 (POPMAIBHOTO HCIOIb30BaHUS
uHopManmu npeoOpa3oBaHUs ITOU Me-
pbl, Korja WH(POPMAIIMOHHO MPOU3BOMIS-
mee npeoOpa3oBaHUE UMEET IUHUYHBIN
SKOOMaH.

6.1. Mepa Bunepa-®eiinmaHa-
Kana (B®K)

Cnenys Kany [1], BBenem cHauana
nonsitue BOK meprr. Kak Obu1o mokazano
OWHITERHOM U CMOJyXOBCKUM, BEPOAT-
HOCTh P(Q) coObiTust (), 4TO TPAaCKTOPUS
OpOYHOBCKOM YacTHUIIBI B OJHOMEPHOM
ciy4ae, nmoMemeHHol npu =0 B TOYKY
x(0)=0, OyaeT ya0BIETBOPATH YCIOBHIO

(6.1.1)

CCTb

bn
P(O) = [ [ ] p(0\x,.1) px, oty = 1) PO, Nty = £y (3, \, 8, — 1, )y ot

a a, a,

1
\p,t)=
p(x\y,t) 2@

where D is for a diffusion coeffi-

eXp(_ 4Dt

rae D o6o3nagaet kodpdurment nuddy-

@_”), (6.1.2)



cient ("diffusion constant").

Wiener called the condition
(6.1.1) a quasi-interval and intro-
duced the concept of quasi-interval
measure P(Q) by definition. He also
proved the existence of the integral,
or mean, with respect to this meas-
ure. Let £ signs an expectation with
respect to the measure of quasi-
intervals. Consider the Wiener inte-
gral

E{exp(— | V(x(r))drﬂ,

taking into account that
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3un ("I y3MOHHYI0 TOCTOSHHYIO").

Bunep nazBan yciosue (6.1.1) kBa-
3UMHTEPBAJIOM W BBEJ IOHITHE MEpPHI
KBazuuHTepBajia P(Q) 1no omnpeaencHuro.
OH Takxe J10Ka3ajl CyleCTBOBAHUE UHTE-
rpaja, WIH CpPEIHEro, Mo 3TOW Mepe.
[lycte E oOoO3HavaeT oxuiaHUE MO OT-
HOILIEHHUIO K Mepe KBa3UMHTepBasioB. Pac-
CMOTpHUM uHTErpan Bunepa

(6.1.3)

IIpHKUMAas BO BHUMAHHEC, YTO

[V(x(epdr=tim, (;) Z V(x(kt /n)).
E{exp(— | V(x(r))drﬂ = lim_ E{exp(— 22 v (x(kt | n))ﬂ

n ® t
=lim, H jexp(— —V(x, ))p(xk_1 \x,,t/n)dx,
n

k=1 "o

no % 1 t
=lim ——exp| =V -
e 1,3_'[0«/4711%/11 p( n (%)

The existence of this integral fol-
lows from the measurability (here it
can be said - continuity) of the func-
tion V(x).

Feynman actually obtained
this integral into another form [2,3]

(x, _xk—l)szxk.
4Dt/ n

CyuiecTBOBaHUE ATOTO MHTErpaia clemy-
€T W3 HM3MEPUMOCTU (34ECh MOXKHO CKa-
3aTh - U3 HEMPEPHIBHOCTHU) GyHKIUU V(X).
@OeitHMaH  (AKTHYECKH  MOJTYYUIT
TOT K€ UHTErpai B Apyrou popme [2,3]

f t < 1(x, - 1))
lim, (42Dt / n) ™| exp[—nZ(V(xk)+2(xk xk-l) 2Dj}lk_!dxk ,

- o t/n

which can be written symbolically kOTOpBIi CUMBOIMYECKH MOXKET OBIThH 3a-
as integration over all possible tra- mucaH kak WHTErpajg MO BCEM BO3MOX-

jectories HBIM TPACKTOPHUSIM
OO ¢ (dx/dr)?
j exp(— J. ((x4Dr) +V (x( T))j d Tj d(trajectory).
o 0

Fig.6.1 schematically shows Puc.6.1 cxemMaTH4YHO TOKa3bIBAET
this limit transition. More exactly, 3ToT mpexaenbHbIM nepexo. boyiee TouHo,
Feynman, when considering the ®eitnmaH, npu pacCMOTPEHUH ABUKEHUS



movement of a particle of mass m in
the potential field V(x), came inde-
pendently to an expression

0

0

that is Wiener integral with other
coefficients, but in this expression
we can easily recognize an action in-
tegral, and the integral (6.1.4) takes
a form of integration over exponents
of all possible action integrals. As
was pointed out by Kac [1], an
imaginary coefficient i/n, h=h/2x,
h 1s Plank constant, makes the rigor-
ous consideration difficult.
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YaCTHUIIBI MAaCChI M B MOTEHIIMAIHLHOM TI0-
ne V(x), He3aBUCUMO TpPHUILET K BbIpaxe-
HUIO

Iexp{;j(’:(f@ —V(x(r))jdr}mm , (6.1.4)

KOTOpOE SIBJIAETCS MHTerpajioM Bunepa c
ApyruMu Kod(puuueHTtamu, HO B 3TOM
BBIPAKEHUU MBI JIETKO MOXEM y3HATh UH-
Terpan naeucTBus, u wuHTerpan (6.1.4)
MpUHUMAET (POpMy HHTEIPUPOBAHUS IO
HKCIIOHEHTaM BCEX BO3MOXKHBIX MHTErpa-
noB neictBusa. Kak Obuio 3ameueno Ka-
eM, MHHUMBIA  KO3(pdULHUEeHT i/h,
h=h/2n, h - nocrosganas [Inanka, nenaer
TPYAHBIM CTPOTO€ PACCMOTPEHHUE.

(Xr,tr)

AX

Fig.6.1. Three discrete possible se-
quences of Brownian particle posi-
tions (quasi-intervals) and their lim-
its (trajectories) in the one dimen-
sional case.

X (x;, 1) X

Puc.6.1. Tpu quckperHble nociaeaoBa-
TEIBHOCTH BO3MOYKHOTO MOJIOKEHUSI Opo-
YHOBCKOM 4acTHIlbI (KBa3UMHTEPBAJIbI) U
UX Npeaensl (TpaeKTOpUU) B OTHOMEPHOM

clIyyae.



Feynman proposed also a
more general expression for a quan-
tum mechanical propagator (an am-
plitude of a probability for particle
of mass m to pass from the initial
point g; at time ¢; to the final point g,
at time £):

DqDp

<q‘ftf \qiti>:.|. i

) n n d . n
=lim, J-qukJ.HIh?kexp{;Z(pk (
k=1 k=0

k=0

where ¢, p are the coordinates and
momenta, H(p,q) is a Hamiltonian of
the system. In a particular case when
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delfHMaH MPEeJIOKUI Tak ke 00-
nee oOIiee BBIpaXKEHHUE JISI KBAaHTOBO-
MEXaHWYeCKOro Iponaratopa (amIuIuTy-
IIbl BEPOATHOCTHU JJIsI YACTHUI[BI MAacChl m
MEPEMECTUTHCSI U3 HAYAIBLHOU TOYKH ¢; B

MOMCEHT BPEMCHHU f; B KOHCUYHYIO TOUYKY qr
i Iy
exp| [ (g —H(p.q))ds

B MOMEHT BPEMEHH 1)):
g,

I1€ ¢, p - KOOPAHWHATBHl W HMITYJIbCHI.
H(p,q) - raMmunbTOHHAH cHCTeMbl. B ya-

CTHOM CJIydac Korga
2

Qi1 T4, tf B ti

2

Qi — 4k
t,—t)/n

n

H(p.q)=7 +V (@)

taking the Gauss integrals over all
momenta, one can reduce the propa-
gator to the form

1

(n+1)/2 n
i m
(qftf \g;t,) =lim,_ (h j .[quk exp(h

Iy
= N[ Dgexp %jL(q,q)dt — NI Dqexp(iS/h)

i

where N is a normalization factor, L
- Lagrangian, S - action integral. The
latter expression is analogous to
(6.1.4). Such expressions are called
also the functional, or path, integrals
since they can be interpreted as the
limits of sums (integrals) over the
space of continuous coordinate se-
quences (trajectories), to which the
complex measure, proportional to
exp(iS/h), 1s assigned. We call it

here WFK-measure.

Oepsi TayCCOBBI MHTETPAJIBI MO HMITYJIb-
caM, MOKHO CBECTH MponaraTop K BULY

(5070 v

n

2

k=0

iT

(6.1.5)

rae N - HOpMUPYIOIIUKA MHOXUTENb, L -
Jarpa”kuas, S - uarerpan aeucreus. Io-
clieiHee BbIpakeHUue aHaorudyHo (6.1.4).
Takue BbIpaKeHUS HA3bIBAIOTCS TaKKe
(YHKIMOHATBHBIMU MHTErpajlaMy, WIIU
MHTErpajaMu MO TPAECKTOPHSIM, MOCKOIb-
Ky UX MOXHO MPEJCTaBUTh B BUJIE MpEe-
JIOB CyMM [0 IPOCTPAHCTBY HENPEPHIB-
HBIX IOCJIEIOBATEIBHOCTE KOOPAMHAT
(TpaekTopuii), KOTOPBIM MPUIIACAHA KOM-
IUIEKCHAs ~ Mepa,  IpONOpPLMOHAIbHAs
exp(iS/h), Mnbl Ha3biBaeM ee 31ech BOK

MEPOHU.



6.2. Affine information

In the physical theories using
the path integration method the set
of possible trajectories or the set of
possible state sequences is used as
(the part of) the support set, and the
WFK measure is used as the set of
intensities (in terms of Ch.3) [1-6].
"In introducing such a measure the
Minkowskian space is first trans-
formed through a Wiek rotation into
an Euclidean space. The calculations
are done in the framework of the
Euclidean metric and the results are
finally reinterpreted in the usual
physical space" [5]. Speaking in a
quite simple way, physical time is
replaced by the imaginary one ¢—-
it/h and the measure of one trajec-
tory becomes proportional to exp(-
S), where S is an action integral in
the units of Plank constant.

Let x={x,} be the space coor-
dinates, then the measure of one
possible trajectory (in a sense of
quasi-intervals [1]) is

di=TTdx,exp(-S[x))/Z, Z=lexp(-S[x]) TL.dx, .

Consider some transformation
x—x', when the action integral trans-
forms as S—S'. We can built up a
measure of non-uniformity of this
measure of the coordinate sequences
(trajectories). Consider a specific
form of transform information
which we call here an affine infor-
mation

Ly =lduin(dpldp),
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6.2. Abpunnas unpopmanus

B ¢usnueckux Tteopusx, HCHOIb-
3YIOUIMX METOJ MHTETPaoB MO TPACKTO-
pHsIM, MHO>KECTBO BO3MOXKHBIX TpPAEKTO-
pHii, WM MHOKECTBO BO3MOXKHBIX IOCTIE-
JIOBATEJILHOCTEN COCTOSIHUW, WCIIOJIb3Y-
eTcsi Kak 0a30BO€ MHOXECTBO (HMJIU €ro
yacTth), a BOK Mmepa wucnonb3yercs Kak
MHOKECTBO HHTEHCHUBHOCTEH (B TEpPMH-
Hax ['n.3) [1-6]. "[Ipu BBeaeHUU TaKoi
Mepbl MPOCTPAHCTBO MMHKOBCKOT'O CHa-
yajnia TpaHcopMupyercsi moBopotom Bu-
Ka B EBKJIHMJIOBO IMPOCTPAHCTBO. Borumc-
JICHUSI IETa0TCsl B CUCTEME C €BKJIMI0BOI
METPUKOW, a pe3yibTaTbhl OKOHYATEIHHO
PEUHTEPIPETUPYIOTCS B OOBIYHOM (pH3H-
yeckoM npoctpaHcTBe" [5]. ['oBops mo-
npocTy, (pu3MvecKkoe BpeMsi 3aMEHSeTCs
Ha MHUMOE {—>-it/h, 1 Mepa OJHOU Tpaek-
TOPUU CTAaHOBUTCA MPONOPLUOHAIBHOM
exp(-S), rae S ecTb UHTErpaj IEHCTBUS B
eaMHHIAX NOCTOsIHHOM [1naHKa.

[Tycth x={x,} - MpoCTpaHCTBEHHbIC
KOOpAMHATHI, TOTJAa Mepa OJHOM BO3-
MOKHOHM TpaekTopuu (B CMBICIE KBa3H-
uHTEepBaIOB [1]) paBHa
(6.2.1)

PaccMmoTpum HekoTOpoe mpeodpa-
30BaHUE X —x', KOT/Ia UHTEeTpall AeUCTBUA
npeoOpasyercsi kak S—S'. Mbl MoxeMm
MOCTPOUTH MEPY HEOAHOPOJHOCTU ITOU
Mepbl KOOPAMWHATHBIX IOCJIEI0BATEIbHO-
creit (Tpaekropuit). PaccMoTpum yact-
HBIA ciay4ail nHopmanmu mnpeodpa3oBa-
HUS, KOTOPYIO MBI Ha3blBaeM 31€Ch ag-
Gunnotl ungopmayueti

(6.2.2)

di/=T1,dx exp(-S[x )/Z', Z'=lexp(-S[x 1) [T,dx", .

Thus

Takum oOpazom
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[ T x, exp(-s[x1)/ Z |

1
]aﬁ': I? Hndxnexp(-S[x])lnL Hn er] eXp(—S[X']) / Z !J

The path and action integrals can be
rewritten as the limits of sums and
we can simplify this equation using
the usual properties of logarithmic
and exponential functions. After
rather simple converting, the latter
equation reads

:
ly=15 s, exp(Sn | 501 - ST

We can redo these computa-
tions also when the more general ac-
tion integral form is used

KoHTUHYya/IbHBIM HHTETpan W HHTErpal
JACUCTBHUSI MOTYT OBITh MEpPENUCAaHbl Kak
Ipeaensl CyMM, U Mbl MOKEM YNPOCTUTH
3TO BBIPAKEHUE, HCIONb3Yys] OOBIYHBIC
CBOMCTBAa JIOTapU(PMOB U IKCIIOHEHIIH-
anbHbIX (QyHKuui. [locae moBoapHO Mpo-
CTOr0 NMpeoOpa3oBaHUs MOCIEIHEE YpaB-
HEHHE PUHUMAET BUJL

Z'anxw

(6.2.3)

MpbI MOKEeM 3aHOBO IMPOJIEIATh TH
BBIUMCJICHHSI TaK JKe JUIA ciydas Oosee
oOmielt hopMbl HHTETpaja ACUCTBUS

S[x] = f dt (p(dx/dr) - H(p,x)),

&
(where ¢ is a time, p is momentum,
H(p,x) 1s a Hamiltonian, ¢; and # are
the limits of integration). The path
integral (6.2.2) with this more gen-
eral form of action integral can also
be reduced to the form similar to
eq.(6.2.3) in analogous way.

For the shifts in space and
time, rotations and other transforms
with unit Jacobians the logarithmic
term in eq.(6.2.3) is zero, and the re-
quirement the system to be invariant
under these transforms, i.e. the
symmetry property expressed by the
equation /4= 0, results in action in-
variance.

From a formal mathematical
view point, all derivations can be de-
livered without using the Wiek rota-
tion, but applying the form of TI to
the complex measure exp(iS/#) im-
mediately. I.e. Wiek rotation as well
as the choice of the form of action

(roe t - Bpems, p - umnyisc, H(p,x) - ra-
MUWJIbTOHUAH, f; U Iy - NIPEACIIbI UHTETPHU-
poBaHusi). KOHTHMHYanbHBI HMHTErpanl
(6.2.2) c aroii 6osee oOwel hopmoil UH-
Terpajga JEHUCTBUSA TaK K€ MOXKET OBITh
npuBeeH K  (opme, aHAJIOTHYHOU
yp.(6.2.3) TeM ke cambIM CIIOCOOOM.

JUis cOBUrOB B MPOCTPAHCTBE U
BPEMEHH, BpAlllEHU W APyrux npeodpa-
30BAHMI C €IMHUYHBIM SIKOOMAHOM JIOTa-
pudpmuueckuii uineH B yp.(6.2.3) paBeH
HYJII0, U TpeOOBaHUE, YTOOBI CUCTEMBI HE
M3MEHsUIACh MPU TAaKUX MpPeoOpa3oBaHU-
AX, T.€. CBOMCTBO CUMMETPHUH, BbIPAXKEH-
HOe ypaBHEHHMEM [,~0, MPUBOAMT K WH-
BAPUAHTHOCTH JAECHUCTBUA.

C dopmanbHOl MaTEeMaTHYECKOU
TOYKHM 3PEHUS BCE BBIKJIAJKU MOTYT OBITh
IIPOBE/ICHBI O€3 UCII0IB30BAHUS IOBOPOTA
Buka, a HenocpeACTBEHHO MpPUMEHS
¢dopmy MHMII Kk KOMIUIEKCHOW Mepe
exp(iS/h). T.e. noBopoT Buka, Tak ke Kak
BBIOOp (OpMBI MHTErpajna JEeWCTBHS, HE



integral do not influence the co-
ordination between the correspond-
ing TT and the fundamental principle
of theoretical physics that is the ac-
tion invariance. Moreover, this fun-
damental principle is derived from
consideration of the specific form of
transform information.

The problem arises of what is
the sense of the logarithmic term in
eq.(6.2.3) for the information gener-
ating transform is non-unitary? How
could we obtain (if we could), for
example, the gauge fields, or the
mass spectrum of elementary parti-
cles, explicitly from this term?

We should emphasize that we
derived the action invariance princi-
ple from zero value of certain form
of transform information that can be
associated with Frieden's extreme
physical information principle which
1s akin to the second law of thermo-
dynamics, see Ch.5. As is known,
action invariance is a basis for estab-
lishing the main conservation laws
in (not only) classic mechanics -
conservation of energy (invariance
to the time shifts), momentum (in-
variance to the space shifts), angular
momentum (invariance to the space
rotations) and others (in other
branches of physics). As was
pointed out by Ulybin in his essay
on phenomenological thermome-
chanics [8] (the second part), the lat-
ter two conservation laws are not
taken into account by thermodynam-
ics, and the second law replaces
them in some sense. We have ob-
tained the action invariance princi-
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BJIMSIIOT HA COIJIACOBAHHOCTh MEXAY CO-
orBercTByronieit UIl u dyngameHnTtans-
HbIM TPUHIMIIOM TEOPETUYECKON (u3u-
KH, KOTOPBIM SIBJISIETCSI MHBAPHUAHTHOCTH
nevctBusi. bosee toro »ToT (yHIaMeH-
TaJbHBIM MPUHUUIT 8bI60OUMCS W3 pac-
CMOTpPEHUA 4YacTHOW (GopMbl HHPOpPMA-
MU TpeoOpa3oBaHus.

Bo3uukaer mnpobiiema, 4Tto mpen-
CTaBJISIET COOOW MO CMBICIY JorapupMu-
yeckuil uieH B yp.(6.2.3), korna uHdop-
MalMOHHO TPOU3BOJSIIEE Mpeodpa3oBa-
HUue He yHuTapHo? Kak moriu Obl ObITh
MOJIy4eHbI (€CJIU 3TO BO3MOXKHO), HaIpH-
Mep, KaJMOpOBOYHBIE MOJIS, WU CIEKTP
Macc 3JIEMEHTApPHBIX YacTHIl, B SBHOM
BHJIE U3 ITOT'O WICHA?

Crenyer NOMYEPKHYTb, 4YTO MBI
BBIBEJIM TMPUHLUI MHBAPUAHTHOCTH AEi-
CTBUSI W3 PABEHCTBA HYJII HEKOTOPOWU
dopmbl uHpOpMaMK TPeoOpa3OBaAHMUA,
YTO MOYKHO aCCOLIMMPOBATH C MPUHIIMIIOM
AKCTpeMaibHOM (u3nueckoil uHpopma-
unn  @Dpunena, KOTOPbIA POACTBEHEH
BTOPOMY 3aKOHY TEPMOJWHAMHKH, CM.
5. Kak wW3BECTHO, WHBApUAHTHOCTH
NEUCTBUS SIBIIAETCS Oa3ucoM Jyisl ycTa-
HOBJIEHUSI 3aKOHOB COXpaHEHHUs B (HE
TOJIBKO) KJIACCUYECKOM MEXAHHKE - CO-
XpaHEHHs] SHEPrUuu (MHBAPUAHTHOCTH IIO
OTHOUIEHUIO K CABUTaM IO BPEMEHH),
UMITyJibca (MHBAPUAHTHOCTh MO OTHOLIE-
HUIO K CIBUTaM B IPOCTPAHCTBE), MOMEH-
Ta UMIYJbca (MHBAPUAHTHOCTH MO OTHO-
HIEHUIO K MOBOPOTaM B MPOCTPAHCTBE) U
ap. (B apyrux oo6mactsax ¢usuku). Kak
OBLJIIO 3aMEYEHO YJIBIOMHBIM B €0 3CCE M0
(€HOMEHOJIOTMYECKOM  TepMOMEXaHUKE
[8] (BTOpast 4acTh), MOCJIEIHUE JABA 3aKO-
Ha COXPAaHEHMS HE MPUHUMAIOTCA BO
BHUMAHHE TEPMOJWHAMUKOW, W BTOPOU
3aKOH TEPMOJMHAMUKH 3aMEHSET UX B



ple (which is the basis for derivation
of all conservation laws) from the
consideration of certain information
measure akin to the statistical inter-
pretation of physical entropy that
supports the Ulybin’s view point.
This is reminiscent of the remark by
Jaynes that information measure can
be considered as a concept more
fundamental than the energy, see
Sec.4.4.
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HEKOTOpPOM  CMbIC/ie. Mbl  TONy4HIId
MPUHIUI UHBAPUAHTHOCTU JAEUCTBUS (sB-
JSIOIIETOCS OCHOBOM BBIBOJIA BCEX 3aKO-
HOB COXPAHEHHUS) U3 PACCMOTPEHHUS HEKO-
TOpoi MH(OPMAIMOHHOW MEpPBI, POACT-
BEHHOM K CTAaTUCTUYECKOW WHTEpIpETa-
MU (U3HYECKON SHTPOIUHU, YTO TOBOPUT
B IOJIb3y TOYKU 3peHUs YIbIOMHA. DTO
HaIlOMUHaeT 3amedaHue J[keiHca 0 ToM,
4YTO MH(OpMALMOHHAs Mepa MOXET pac-
CMaTpUBAThCSl Kak MoOHsATHE, Oojee (yH-

JAMEHTAJIbHOE, YeM SHEPTUS, CM. 11.4.4.
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7. Multifractal information

Multifractal information is a
measure of symmetry breaking with
respect to some family of transforms
called here the multifractal trans-
forms. First, we describe the usual
formulation of multifractal formal-
ism and then interpret (found) it in
terms of multifractal information.
Multifractal formalism is a formal
procedure ascribing to the measure
of the object under study a pair of
plane curves - the so called fla)-
spectrum and (set of) Renyi dimen-
sions. This is described in the exten-
sive literature, [1-26] and many oth-
ers. The parameters of these curves
can be calculated analytically or
numerically and then used for a
quantitative parameterization. The
information foundation shows that,
from mathematical viewpoint, multi-
fractal formalism, on the one hand,
is a particular solution to the Jaynes'
principal, on the other hand, can be
considered as a result of investiga-
tion of some SB measure - multi-
fractal information. This interpreta-
tion seems to be useful also because
it reveals functional features of some
formal parameters and even their
physical sense which can be used to
analyze real processes even not
available for the direct observation.
This is demonstrated by the exam-
ples below using the original meth-
odology of applied numeric multi-
fractal analysis that allows directly
to reveal and describe quantitatively
a breaking of specific symmetry
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7. MyabsTudpakrajibHas uHPOP-
Manus

Mynbrudpakranbias uHGopmaims
ABJISIETCSI MEPON HApyHICHUS CUMMETPHUH
110 OTHOIIEHHUIO K HEKOTOPOMY CEMEUCTBY
npeoOpa3oBaHuid, Ha3bIBAEMBIX  3]1€Ch
mynbTU(pakTanbHbiMUA. CHavana Mbl J1a-
UM OOBIYHYIO (POPMYTHUPOBKY MYJIbTH(]-
pakTaipHOTO (hopMaliu3ma, a 3aTeM HH-
TEPIpPETUPYEM €€ uepe3 MyIbTH(PAK-
TalbHyl0 uHopManuio. MynabTHdpak-
TaNbHBIA (hOpMaIn3M - 3T0 GopMaabHas
npoIeaypa, MPHUITHCHIBAIONIAS MEpe HC-
cieyeMoro o0beKTa mapy IUIOCKHX KpH-
BbIX - T.H. f{&)-CIIEKTp U Pa3MEpPHOCTHU
Penbn (MHOXECTBO pa3MEpHOCTEH). DTOT
dbopManu3M OMHMCaH BO MHOTHX paboTax,
[1-26] u wmHorme npyrue. Ilapamerpsr
OTUX KPUBBIX MOXKHO BBIYHCIATH aHAJIH-
TUYECKH WJIM YUCIIEHHO, M 3aT€M HCTIOJb-
30BaTh I KOJUYECTBEHHON MapaMeTpH-
sanuu. WHopmammonHas o6ocHOBaHME
MOKa3bIBACT, YTO C MATEMATHYECKON TOY-
KU 3peHUS MYJIbTH(PPAKTAIBHBIA (Hopma-
JU3M, C OJHOW CTOPOHBI, SIBJISETCS YacT-
HBIM pelieHueM mpuHnuma J[xeiHca, c
APYTOi CTOPOHBI, MOMET TPAKTOBATHCSA
KaK pe3yJbTaT MCCIEIOBAHUS HEKOTOPOH
mepsl HC - mynbTudpakransaoit nuHpop-
Mali. OJTa TPaKTOBKa, MO-BHAUMOMY,
SIBIISIETCS] TIOJIC3HOM, MOCKOJBKY OHa BHI-
ABISCT (DYHKIMOHAIBHBIE OCOOCHHOCTH
HEKOTOPHIX (POpPMANIbHBIX TapaMeTpPoOB U
JaKe UX (PU3NIECKUI CMBICT, YTO MOXKHO
UCTIOJb30BaTh JJIA aHajdn3a pealbHbIX
MPOIECCOB, aXe HEIOCTYIMHBIX JUIS HE-
MIOCPEJICTBEHHOTO HAONO/IEHUsI. JTO Jie-
MOHCTPHUPYETCSI Ha MPUMEPAX HUKE C HC-
MOJTb30BAaHUEM OPUTHHATBHONW METO0JI0-
A TPUKIAAHOTO MYJIbTU(pPAKTaTIHLHOTO
aHalM3a, KOTopas MO3BOJIAET HEMOCPE/-



type - of a fractal symmetry (F-
symmetry), in the structures of ex-
perimentally observed objects.

7.1. Multifractal formalism
(MFF)

Multifractal  description is
based on the generation (in one way
or another) of a measure due to par-
tition of a space embedding the ob-
ject under consideration into the
boxes, the object being called a
measure support. An investigation of
the scaling properties of a general-
ized correlation function (partition
function) of the measure (under
some assumptions about scaling
properties of very measure) enables
to ascribe to the object some (fami-
lies of) statistical quantities to char-
acterize it quantitatively or to com-
pare it with the similar objects that
provides a rather subtle identifica-
tion [1-26]. L.e. the transition from
fractal to multifractal description
signs actually the transition from in-
vestigation of only object's geomet-
rical properties to investigation of its
measure [1].

Consider some strange (ir-
regular, porous, rough, etc.) object
embedded into Euclidean space and
divide it into N boxes of sizes /;<I,
i=1,...,N, [<1 being a characteristic
size of the boxes and the size of the
whole object is a unity. Such a parti-
tion enables to ascribe to the boxes

their measures ("weights") {u},
iN _ 4 =1, respectively to the na-

ture of the object. For example, if
we investigate a fractal mass aggre-
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CTBEHHO BBISIBIIATH M ONHCHIBATH HAPy-
meHue crenupuyecko GopMbl CUMMET-
puu - (¢dpakranpHoil cummeTpun (-
CUMMETpPHUH), B CTPYTypax IKCIEPHUMEH-
TaJbHO HAOII0JaEMBIX OOBEKTOB.

7.1. MyabTudpakrajibHbIi (pop-

MaauzM (MO D)

MynbTudpakTaibHOE  ONKCAHUE
OCHOBAaHO Ha T€Hepaluu (TeM WA UHBIM
criocoboM) Mepbl TIpU pPa3OHMEHHH TIPO-
CTPAaHCTBa, OXBATHIBAIOIIETO HCCIEIye-
MBI O0BEKT, HA SYEHKU, TPUYEM OOBEKT
Ha3bIBAaETCs 0230BBIM MHOXECTBOM MEPHI.
HccnenoBanre CKEWIMHIOBBIX CBOMCTB
0000I1IeHHON KOPPEISIIMOHHONW (YHKIIUU
(bysnkumu pa3zbuenusi) mepbl (IpU HEKO-
TOPBIX TPEANOJIOKEHUIX O CKEHJIMHIO-
BBIX CBOMCTBAaX CaMOM Mephl) MO3BOJISET
MpUNUCaTh OOBEKTY HEKOTOphIE CTaTH-
CTUYECKUE BEJIMYUHBI (MJIM UX CEMEUCT-
Ba) KOJUYECTBEHHOM XapaKTEPUCTHUKU
00BEKTa U CPaBHEHUS €r0 C JPYTUMU TO-
XOKUMU OOBEKTaMH, YTO JIA€T BO3MOXK-
HOCTh JIOCTaTOYHO TOHKOW HIEHTU(UKA-
uu [1-26]. T.e. mepexon oT ¢hpakTagbHO-
ro K MYJbTUPPAKTAILHOMY OMUCAHUIO
(aKTHUECKH 03HAYaeT MEePeXo]l OT UCCIIe-
JIOBaHUSI TOJIKO JIUIIb T€OMETPHUYECKUX
CBOMCTB OOBEKTa K HCCIEIOBAHUIO €ro
Mepsl [1].

PaccMOTprM HEKOTOPBIN CTPAaHHBIN
(HeperyIapHBIi, MOPUCTHIN, IIEPIIABBIN,
U Tp.) OOBEKT, MOTPYKEHHBIN B €BKIIUIO-
BO MPOCTPAHCTBO, U pa3AeluM ero Ha N
sueek pasmepoB [;<I, i=1,...,N, [<] - xa-
PaKTEPUCTUUECKUN pa3Mep sueeK, a pas-
Mep BcCero oobekTa paBeH eauHuile. Ta-
Koe pa3OueHre TMO3BOJSET MPUIUCATh
saueiikaMm ux wmepel  ("Beca")  {u},

N
Zi=1 4 =1, COOTBETCTBEHHO MPHUPOJEL

uzydyaemoro ooObekta. Hampumep, eciu
MBI UCCJIElyeM MAacCOBBIA (PpaKTalIbHBIN



gate, the measures can be the parts
m;/M of overall mass M. If we inves-
tigate a Poincare cross section of a
phase space of some dynamical sys-
tem, then we can count for each box
(of the cross section partition) the
number of times n; the trajectory
passes through it for a long enough
period of time and take the ratios
n;/Zn; as the measures of the boxes.
If we fill an area of an apple-tree
garden with boxes, shake down all
the apples, count the numbers of ap-
ples {n;} in the boxes, and divide
them by the overall number of ap-
ples, then we obtain an "apple meas-
ure" of the apple-tree garden area
{ni/Zn;}.

In many interesting cases we
can introduce a scaling value (expo-
nent) « defined as [4]

o<l 1 — 0.

In fact, we should define a set
of exponents (pointwise "dimen-
sions" [18]) {¢;} corresponding to
the measures of the boxes, but in-
stead we suggest that o can take the
values from some range with a
probability density p(a)/”® and so
the probability to get « from an in-
terval (o, d+dc') is

da’p(e )™

where a continuous function f{«’) re-
flects the different (fractal) dimen-
sions of the sets, upon which the
singularities of strength o’ may lie
[4]. Thus we model our measure by
interwoven sets of singularities of
strength «, each characterized by its
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arperar, MepamMu siaeeK MOTYT OBITh JOJIA
m;/M o61ieit macchl arperata M. Eciu Ml
m3yuaeM ceueHue Ilyankape dazoBoro
MPOCTPAHCTBA JIHUHAMHYECKOW CHCTEMBI,
TO MBI MOKEM IIOJCYUTATEL IS KaXKIOM
sUeKu (pa3OUEeHUs] CEUEHMs) YHCIIO pa3
n;, KOTOPOE TPACKTOPUA IUHAMHYECKOU
CHUCTEMBI TIPOXOJIUT Yepe3 MaHHYIO sUei-
Ky 3a JOCTaTOYHO JOJITMA NPOMENKYTOK
BPEMEHU, U B3STh OTHOIICHUS 11;/%n; B Ka-
4ecTBe Mep sueek. Ecim MBI TIIOTHO 3a-
CTaBHUM ILIONIAb S0JIOHEBOIO caja SIIM-
KaMH, CTpSICEM BCE SIOJIOKA C JIEPEBHEB,
MOJICUMTAEM YHuCia S0JI0K {n;} B SIIUKaX
U TIOJICJIMM MX Ha 00IIlee YHCJIO 100K, TO
MBI TIOJIYYHM SIOJIOYHYIO MEpY IUIONIaIN
ss06;10HEBOTO cama {n;/Xn;}.

Bo MHOrmx HMHTEpPECHBIX Ciyyasx
MBI MOYKEM BBECTU CKEIJIMHTOBYIO BEJIH-
YUHY ¢ (3KCIIOHEHTY), OIpeIesieMyI0 110
YPaBHEHUIO [4]

(7.1.1)
dakTUYECKHU, HaM CJEI0BajIo Obl
ONPENEIUTh MHOMXECTBO TaKUX OKCIO-
HEHT (moTouyeuyHbIX "pazmepHocteit” [18])
{a;}, COOTBETCTBYIOIIMX MEPAM SIUEEK, HO
BMECTO 3TOTO MBI MPENOI0KHUM, YTO
MOXET MPUHUMATh 3HAYEHUS U3 HEKOTO-
pOro 1uarna3oHa 3HAYEHUM C IJIOTHOCTHIO
BepositHocTH p(e)l”?, u mosToMy Bepo-
ATHOCTh BBIOpaTh HayraJl ¢ U3 UHTEpBaa
(o, d+dd') ectpb
(7.1.2)
rae HenpepbiBHas ¢yHKuus f{a’) oTpaxka-
€T pa3nuuHblie (PpakTaibHBIE) pa3MEpPHO-
CTM MHOXECTB, Ha KOTOPBIX MOTYT Jie-
XKaTh CUHTYJApHOCTH cwiibl &’ [4]. Takum
o0pa3oM MbI MOJETUPYEM HaIly MEpPY
HA0OpOM  B3aWMOITPOHMKAIOIIUX  MHO-
KECTB CHUHIYJISIPHOCTEH CHJIBI @, KaXI0e
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own dimension f{a). Now we can €O CBO€H COOCTBEHHOH pPa3MEPHOCTBIO
evaluate a generalized correlation f{). Tenepr MBI MOXXEM OILIGHUTH 0000-

function [2,4] MEHHYI0 KOPPETAIHUOHHYI0  (PYHKITHIO
[2,4]
N

x(Q) = 2. u, (7.1.3)

using the eqgs. (7.1.1), (7.1.2), by in- ucnone3yst ypaBuenus (7.1.1), (7.1.2),
tegration over the whole region of mnpu momomu nHTErpana mno Bcei odraacTu
possible values of ¢, BO3MOXKHBIX 3HAUCHUHN

2(@) =} dap(an "1, (7.14)
which is dominated for the small Bemuumna xoroporo mis manoro /—0 om-
[—0 by the value a=a(q) for which penensercs Ttakoit BenmuuHOM a=(q),

ga-f(a’) 1s minimum, Ui KOTOpoW BenuunHa go-f(a’) MuHH-
MaJibHa,
d d?
dor’ (o’ - f(a’))a’:a(q) =0, d(a’)? (ga’ - f(al))a’:a(q) >0,
and so U TIO3TOMY
f(a(q)) =q, f"(a(q)) <0. (7.1.5)

On the other hand, it can be proved C npyro#i cTOpoHBI, MOXHO JOKa3aTh [4],
[4] that there is a unique finite non- 4YTO WMeEETCS EIUHCTBEHHAs KOHEYHAS
zero function 7(q) such that HeHyJseBas QyHKIUA 7(q), Takas, 94To
7(Q) oc "Y1 > 0,7(q) = lim,_,In(x(q))/ In(1), (7.1.32)
and so it follows from egs. (7.1.3), u moaTomy u3 yp-ii (7.1.3), (7.1.4) cneny-
(7.1.4) that €T, 4TO
(q)=qa— f(a),dr(q)/ dg =« (7.1.6)
1.e. 7(g) and fla) are connected by T.e. 7(q) u f{a) cBsi3aHBI TpeoOpa30BaHU-
Legendre  transform. Evidently, em Jlexanapa. OueBuano, 7(1)=0, uto
7(1)=0, that can be explicitly ex- MO>XHO BBIPA3UTh B IBHOM BUJIE
pressed by
7(q) = (@ - 1)D,. (7.1.7)
It can be shown that MoXHO  NOKa3arh, YTO
D,=1(q)/(g-1) are the Renyi dimen- D,=7(q)/(q-1) aBnsatoTca pasMepHOCTAMU
sions, and Dy, Dy, D, are the fractal, Penwsu, a Dy, D;, D, cyTb ¢dpakraiibHas,
information and correlation dimen- wuHboOpManMOHHAasT W  KOPPEIALMOHHAS

sions by definition, respectively pa3smMepHOCTH MO OMpPENEICHUIO, COOTBET-
[2,4]. For g=0: CTBEHHO, [2,4]. dnsa g=0:

al 0
~1 UEETY/ P0n(1/1)°
where N(/) is a number of "non tme, N(/) - uncio "HeHyneBbIX'" yacTel (¢
zero" parts (with non zero measure) HeHyneBOil Mepoi) pasmepoB <[/ uccie-

D, (7.1.8a)
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of sizes <[ of the structure under AyeMoiu cTpyKTypsl s g=1:
study. For g=1:

mﬁ(ﬂ;)q quni(ﬁé)q )

. (q) . ) = ) .
D, =lim__, g1 =lim__ lim, m =lim,_,lim__, P
(g—Dln!
2]
N g N
L 2 (w) in(u) 2 41n(4)
~lim, _, lim i =lim_, = (7.1.8b)

In/

g-1 i(u')q In/

i=1
(a Lhopital rule was used). And for (Obut0 ucnonb3zoBaHo mpaBuio Jlomura-

q=2: ns). U poist g=2:
N
2
_, I (x)
p,="9=D_ 0y tim, (7.1.8¢)
Po2-1 IR VA o
The formulas (7.1.6), (7.1.7) ®opmynsl (7.1.6), (7.1.7) Ha3biBa-

are called multifractal formalism roTcs MynbTHQpaKTaNbHBIM (hOpMaATH3-
(MFF). Its interpretation [1] in term mom (M®®). Ero unrepnperanuto [1] B
of multinomial and pseudomultino- TepMHHAX NOJMHOMHUATIBHBIX U TCEBIO-
mial measures (not considered here) nonmuHomMuanbHBIX Mep (3eCh HE pac-
we call a canonical interpretation of cmaTpuBaeTcsi) Mbl Ha3bIBAa€M KAHOHUYE-
multifractal formalism. The more ckou unmepnpemayuei My1bmMu@Ppax-
popular interpretation in terms of in- mansro2o opmanuzma. bonee nomynsip-
terwoven sets of singularities [4] we HyI0 HHTEpPOpETalUIO B TEPMUHAX B3au-
call a standard interpretation. Typi- MONPOHMKAIOIIMX CHUHTYJSIPHOCTEN [4]
cal views of the curves #q), D,, fla) Mbl OyaeM Has3blBaTh CMAHOAPMIHOU UH-
are shown in Fig.7.1. In the case of mepnpemayuen. TUNNYHbIN BUI KPUBBIX
"ideal" regular fractals these curves w(q), D,, f(c) noka3an Ha puc..7.1. B ciy-
degenerate to the simple dependen- uwae "umeanbHBIX" pPETyNApPHBIX (pakTa-
cies f~o=D,, 1q)=(q-1)D,, Dg=D;. JIOB 3TU KpUBbIE BBIPOKIAKOTCA B TIPO-
The non-zero value of f,—.,, means CTbIe 3aBUCUMOCTH f=a=D\, 1(q)=(g-1)D;,
that the set of strongest singularities D,=D;. HenysneBoe 3Ha4YeHHE BEITUYMHBI
0=+ does not shrink into a point at Jo=+o O3HAYAET, YTO MHOXECTBO CHIIb-
[—0 [4]. HEWIINX CHHTYJISAPHOCTEN Yy—io HE CHKH-

MaeTcs B TOUKY IIPH Tepexo/ie K mpeeny

[—0 [4].
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7q)=(g-1)D;
r 4g)=(g-1)0,
=1 q
_[}1—_[}5
-0,
D, D.~a.
f =
-
D
|
|
| fee |
| |
P
Ggmee ' | Crg=

Fig.7.1. Typical views of multifrac-
tal functions.

'IEFI:DI

Puc.7.1. Tunuunseiil BUg MynbTUDpaK-
TaldbHBIX (QYHKIIH.



From eq.(7.1.4) we can obtain
dr 1

= Jdatapan @) = @,

“Tda z(a)

This shows that & can be interpreted
as an average over an ensemble of
1so-singularities, and f{ &) - as a frac-
tal dimension of the set which best
approximates y(q) for a correspond-
ing g [8]. Thus these quantities can
be interpreted as thermodynamic
quantities in the canonical ensemble
and this is another, thermodynamic
interpretation of multifractal for-
malism (not implying any its rela-
tion to a thermodynamic formalism
(TF) [27]; as 1s seen from the
refs.[1,20-25], there is no unique re-
lation between these formalisms and
it must be so because TF is based on
Boltzmann distribution [27] giving
trivial multifractal spectra, see
Sec.7.3).

7.2. Information foundation
of multifractsl formalism

As was above, consider some
strange object embedded into
Euclidean space and divide it into N
equal boxes of size [ (an “equi-
boxed” partition). Let the object be
described by a measure g=g(x;), (x;
are the coordinates of i-th box), such
that the values In(z) have some
physical or geometrical sense (for
example, of energy or Hoelder ex-
ponents [26]).

Following the Mandelbrot’s recom-
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N3 yp. (7.1.4) MBI MOKEM MOITYYUTh
(7.1.9)

OTO NMOKa3bIBAET, YTO BEIIMUYUHY & MOXKHO
TPaKTOBaTh KaK CpeJHEee IO aHcamoOIIto
M30-CUHTYJISIpHOCTEH, a fla) - Kak (pak-
TaJbHYI0 Pa3MEPHOCTh MHOKECTBA, KOTO-
po€ HaAWIyYIIUM O0pa3oM amnmpoOKCHMHU-
pyeT cyMMmy ¥(q) 1Sl COOTBETCTBYIOIIETO
g [8]. Takum o06pa3om, 3TH BETUUUHBI
MOKHO MHTEPIPETUPOBATH KaK TEPMOIM-
HAMUYECKHE BEIMYUHBI B KAHOHHYECKOM
aHcamOJje, 4TO JaeT elie OAHY, Mmepmo-
OUHAMUYECKYI0 UHMEPNPEMAayuro Mylb-
mughpaxmanvHo2o gopmanuzma (He NMOA-
pa3yMeBasi €€ OTHOILIEHHE K TepMOAUHA-
MuyeckoMy (popmanuzmy (TD) [27]; kak
3TO BUJHO U3 cchUIOK [1,20-25], HET 03-
HO3HAYHOTO COTBETCTBHSI MEXIY JTHUMHU
dbopmanu3mMamMu, U 3TO TaK U JOJHKHO
ObITh, mnoTOMyYyTO0 T® OCHOBaH Ha
OOJILIIMAaHOBCKOM pacmpenenenuun [27],
JarolleM TpUBUAJbHBIE  MYJIbTH(pAK-
TaJIbHbIE CIIEKTPBI, CM. 11.7.3).

7.2. AuopManiuoHHoe 000CHOBA-
HUE MYJbTU(PaAKTAIBLHOTO (op-

MaJiu3dmMa

Kak wMbl onmuceiBanu BbllIE, pac-
CMOTPUM HEKOTOPBIM CTpPaHHBIA OOBEKT
NOTPYKEHHBINA B €BKJIMJOBO MPOCTPAHCT-
BO, U pa3o0beM ero Ha N paBHBIX sSUYEeK
pasmepa [ ("paBHOsiueeuHOE" pazOUeHUE).
IIyctb 0OBEKT ONUCHIBACTCS  MEPOM
L=1X;), X; - KOOpJUHATHI i-ON SYEHKH,
TaKOW 4YTO BETUYHHBI In(44;) UIMEIOT HEKO-
TOPBIN (PU3NUECKUIN WITM TEOMETPUICCKHIMA
CMBICH (HampuMep, PHEPrui WIH HKCIO-
HeHT ['enpaepa [26]). Cnenys pekomeH-
naruu ManpaensOpota [1], MBI HauHEeM



mendation [1], we start with consid-
eration of one variational problem.

Let us seek a distribution (or a
family of distributions)  {z4;},
i=1,...,N, having extreme uncertainty
in the form of von Neumann-
Shannon-Wiener information, sub-
ject to the constraints on the loga-
rithms In(z;) averaged over the
measure {4}, and the measure
{tn;} 1s to be normalized, X;u=1.
Then we have a variational problem
like one considered by Mandelbrot
in investigation of multinomial
measure [1] (the problem being a
particular case of Jaynes’ principle,
see section 4.4):

-ZinIn(e;) +qZinAn(ey) + AZin; = extremum,

where ¢ and A are real Lagrange
multipliers. The solution to this
problem is

_ )"
:(q) = A0)

As the solution (7.2.2) coin-
cides exactly with the internal meas-
ure {y;} for arbitrary g only in the
case of uniform measure {u=const},
we can consider this solution as a
transform  reflecting a  non-
uniformity of the internal object’s
measure (SB), the Lagrange multi-
plier g being the “control” of magni-
fication of non-uniformity after the
transform  {x}—>{wmq)}. This
transform was considered earlier
[1,13-16] and was used to define or
to investigate the properties of other
quantities, but not to derive the mul-
tifractal formalism itself.

The  distribution

Q)
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pPacCMOTPEHUE C MOCTAHOBKU HEKOTOPOM
BapUAllMOHHOM 3a/1a4H.

[TonpoOGyem HaliTu pacrpeaesieHue
(w1 ceMeNCTBO pacmpeneneHuit) {L4;},
i=1,...,N, uMerIniee >KCTPEeMAIbHYIO0 He-
ornpeaeneHHocTh B hopme ¢on Heitmana-
[ITennona-BuHepa, npy OrpaHUYEHUAX Ha
norapudmsl In(;), yCpeaTHEHHBIX 1O Me-
pe {4}, a cama Mepa {,;} TOJDKHA OBITH
HOpMUpOBaHa, X =1. Tenepp Mbl nMe-
€M BapUalMOHHYIO 3aJady THUIa pac-
CMOTpEHHOM MaHaens0poTOM MNpU HC-
CJIEIOBaHUU MYJIbTUHOMHAIBHONW MEpBI
[1] (mpuyem 3amaya SBJISIETCS YAaCTHBIM
cinydaeMm npuniuna Jlxeitaca, cMm. 1m1.4.4):

(7.2.1)

rie ¢ U A - BEIIECTBEHHbIE MHOXKHUTEIU
Jlarpanxa. Pemenue 3toit 3a1aun €CTh

2@ =2 ().

k=1

T.x. pemenue (7.2.2) B TOYHOCTH
COBIAJa€T C COOCTBEHHOW MepoH {4}
pH JTF000M ¢ TOJBKO B CIIy4ae OJTHOPOJI-
HOM Mephbl {i=const}, MbI MOXXEM pac-
CMaTpUBaTh 3TO pEIIEHHE KaK IMpeodpa-
30BaHUE, OTPAXKaIoIIee HEOAHOPOTHOCTD
cooctBerHorr mepbl oowekra (HC), mpu-
4eM MHOXUTeNb Jlarpanka g BBICTyMmaer
B POJM YIPABISIIONIETO MapaMeTpa, OT-
BETCTBEHHOTO 3a YBEJIMYEHHUE HEOTHO-
POIHOCTHU nocine npeoOpa3oBaHus
{u;t—>{w(q)}. D10 mnpeobpazoBaHUE
paccmarpuBanoch panee [1,13-16] u wuc-
MOJI30BAJIOCH JIJIsl OTMIPEACNICHUS WA HC-
CJIEIOBAHUS CBOWMCTB JIPYTUX BETUYHH, HO
HE JUTS BBIBOJIA CAMOTO MYJIbTH(PAKTaTb-
HOTO (hopmManu3ma.

Pacnpenenenne {u(q)} nOMKHO

(7.2.2)
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should reflect the peculiarities of the orpaxaTre o0coOeHHOCTH COOCTBEHHOM
internal distribution {z;} and we can MepbI {44} ¥ MBI MOKEM HCCIIENOBATh 3TU
investigate them comparing the 0coO€HHOCTH, CpaBHHBas MEpHI 10 U IO-
measures before and after transform cne mpeo6pazoBanus (7.2.2), UCHONB3YA
(7.2.2) using TI (which we call mu/- WII (koTopyto MbI Ha3bIBaeM MYIbMuUG-
tifractal information) as a measure pakmaibHOU uHGopmayueli), KaKk Mepy

of their distinction : WX pa3jinyus
N
Hg)y=2 4 ln( = "j . (7.2.3)
i=1 i
The simple calculation gives [Ipoctoe BblUMCIEHHE HAA€T MAJIA
for I(g) : 1I(q) :
N N
I(q)=(1- Q)Z H; 1n(/ui) + h{Z(ﬂi )qj ,
i=1 i=1
and we can obtain a relation Y Mbl MOKEM TOJYyYUTh COOTHOIICHHUE
. 1(q) 7(q)
1 = -D,=D,-D
lml%o (q _ 1) hl(l) (q _ 1) 1 q 1o (7.2.43)
or WITAJT
D, = dg)/(g-1) =Dy +lim; 5 [g)/((g-Dini) , (7.2.4b)

oq)=lim; oln(z(q))/Inl,
where D, is the usual information tme D; - oObiuHas uHGOPMAITMOHHAS Pa3-

dimension MEpPHOCTh
N
D, =lim, Z:ui In(zs) /Il
i=l1
D, are the Renyi dimensions (entro- D, - pasmepHocTH (3HTponun) Penbn.
pies).

Legendre transform of the [IpeoOpazoBanue Jlexxanapa ot
function byHKIMH
7(q) = lim;_,0l(q)/Inl (7.2.5)
gives J1aeT
a(q) = dv/dg = a(q) - Dy, (7.2.6)
g =qai-(q)=fq) - D, (7.2.7)

where a(q) and f(g) are the defini- tne a(g) u f(q) - onpenenenue SBHO Ma-
tions of explicitly parameterized pamerpuszoBanHOoro f{@)-cuekrpa, BBe-

fla)-spectrum introduced in jaeHHoe B paborax [16,20],
refs.[16,20]

alq) = dtldg = lim; 02 (q)In(z4)/Inl (7.2.8)
Aq) = qa(q) - q) = limoZitn{g)In(a(q))/Inl . (7.2.9)
I.e. the function f( o) is sim- T.e. ¢ynkmus f(cq) ecTb MPOCTO

ply the shifted f{a)-spectrum. We caBunyThil f{l@)-cieKTp. MBI TOJIBKO YTO
have just shown that multifractal de- mnoxkazanu, 4Tro MyIbTU(PpPAKTATLHOE OIHU-



scription can be obtained from in-
vestigation of information /(g) of di-
rect multifractal transform that is
analogous to Fisher's principle.
Moreover, we can rewrite the varia-
tional problem (7.2.1) in the equiva-
lent form using information of in-
verse multifractal transform just like
we did it in the case of Jaynes' prin-
ciple :

“ZonIn(en i/ 1) H(g-1)Zin(s) + A2 = extremum.

The difference is again deter-
mined by the character of the meas-
ure we use. If we start with Jaynes'
principle we seek a unknown subjec-
tive measure u. If we start with in-
formation /(g) we use the known ob-
jective measure /.

The relation f~f+D; is remi-
niscent of the relation f=p+D, [1],
where p=p() is a limit distribution
function in the double-logarithmic
coordinates, and the “intrinsic” pa-
rameters here are f=f-D; , a=a-D ,
A/~ D;-D, instead of parameters p,
a-<o>, DD, , as was proposed in
ref.[1].

It is easy to see that transform
(7.2.2) represents a group, as aplly-
ing it twice , we obtain

()" / [Z(uk )%}
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CaHUE MOXKET OBITh MOJYYEHO M3 HCCIIe-
noBaHusi uHPopMauuu I(g) mnpsAMOro
MyJIbTU(paKTATLHOTO TpeoOpa3oBaHusl,
4yTO aHajnoru4yHo npuHuuny dumepa. bo-
Jiee TOro, Mbl MOKEM IEPENUCATh BapHua-
UOHHYIO 3anauy (7.2.1) B SKBUBaJICHT-
HOl (opme, ucCnosb3yss HH(MOPMALUIO
00paTHOro MyJIbTU(PPAKTAIBHOIO MPeod-
pa3oBaHus, Kak Mbl JI€JIalid 3TO IIPU pac-
CMOTpEeHUM IIpuHLIHNa J[>kenHca:
(7.2.10)

Pa3nuuue B 3THMX ABYX Noaxodax
OISITh K€ OIpPEAEIAECTCA XapaKTepOM HC-
IoJIb3yeMOU Mepbl. Eciii Mbl HaunHaeM ¢
paccmoTpeHusl npuHIuna JKenHca, Mbl
uwyem HEU3BECTHYIO CYOBEKTUBHYIO MEPY
(. Ecam Mbl HaumHaeMm ¢ MHQOpMAaIUH
1(q), MBI ucnonv3zyem HU3BECTHYIO OOBEK-
TUBHYIO MEPY LL

CootHomenue f~f/+D| HaloMUHAET
cootHolenue f=pt+D, [1], toe o=p(a)
npenenbHas (yHKUUS pPACTPENCIICHUS B
IBYXJIOTU(PMHUUECKUX OCSIX, a "BHYTPEHHE
MPUCYIIMMU' TIapaMeTpaMu 31ECh SIBIIS-
wred f=f-D, , a~a-D, , A= D,-D, Bme-
CTO MapameTpoB p, a-<o>, D,-D, , Kak
npeaaraiock B pabore [1].

Jlerko BuIeTh, 4YTO MpeoOpa3zoBa-
nue (7.2.2) mpexacraBiser TpyImiy, T.K.,
MIPUMEHSISI €r0 JIBXKIbI, TOJTy4aeM

= = t,(q, % q,), (7.2.11)

— (luli(ql ))qz _ (,Ui )qﬂz
thi(q,,9,) =% = - - n
2@ Y () / [Z(uk )ql} 2 ()

Rewriting this transform in the form

wml@)=VIimy.ql, we have ni(q,
q2)= V[{itq)}.q21= VI{iu}.q1921=
i(q1q2), and as {1)=; , then

wiqiq)=w: , if qi=1/q,. le. the
unity and inverse (for any trans-

[lepenuceiBasi 3TO npeoOpa3oBaHNE B BU-

ne  wqQ)=VIiwiql, MBI HMeeM
ol q)=Vimdq)}q21= VIiu.q192], u

nockoIbKy fu{1)=g4 , 10 todq192)=t
ecma ¢1=1/q,. T.e. NeACTBUTENHHO CyIIIE-

CTBYIOT €IMHHYHOE U OoOpaTHOe (M0 OT-



form) transforms do exist. The uni-
form measure (g=0) is a steady point
of the multifractal group acting on a
space of normalized measures. Thus
multifractal description is based not
only on the use of the internal meas-
ure of the object, but on the use of
the whole family {u;} which is a
group transitivity class.

The direct multifractal trans-
form (7.2.2) simulates (to some ex-
tent) a measure renormalization in
transforming the support set (e.g.
under contraction) without trans-
forming the very support, because
for any transform of the support a g-
value can be selected providing an
equivalent local renormalization of
its measure.

Explicit parameterization of
the transform (7.2.2) allows to re-
write the both £(7.2.9) and « (7.2.8)
in a more general form using a quan-
tity
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HOILIEHUIO K JII0OOOMY) MpeoOpa3oBaHUs.
Onuoponnoe pacnpeaenenue (g=0) sBius-
€TCS HENOJBW)KHOM TOYKOW 3TOW MYJIb-
TU(paKTAILHOM TPYIIbI, ACUCTBYIOIIEH
HA TIPOCTPAHCTBE HOPMHUPOBAHHBIA MeED.
Taxum obpazom, myrvmughpaxmaivroe
onucanue OCHOBAHO He MONbKO HA UC-
NONb308AHUU COOCMEEHHOU Mepbl 00beK-
ma, a Ha UCNONL30BAHUU YEl020 CeMell-
cmea mep { i}, Komopoe A61semcs Kiac-
COM MPAH3UMUBHOCIU 2PYNNDbL.

[Ipsimoe MynbTU(paKTanbHOE Mpe-
oOpazoBanue (7.2.2) cumynupyeT (10 He-
KOTOPOM CTENEHH) MEPEHOPMHUPOBKY Me-
pBl Ipu TpeoOpazoBaHUU 0Aa30BOTO MHO-
’KecTBa (HampuMep, MPU CXKATHH, KOH-
Tpakuuu) Oe3 mpeoOpa3oBaHMsI CaMOro
0a30BOr0 MHOXKECTBA, MOTOMY YTO JJIst
m000r0 TpeobpazoBaHus 0a30BOTO MHO-
’KECTBA MOJXKHO BBIOpaTh BEIUYUHY (¢,
00€eCIeUrBaOIIYI0 3KBUBAJICHTHYIO JIO-
KaJbHYIO TIEPEHOPMHUPOBKY MEPHI.

SIBHas mapameTpuzanus mpeodpa-
3oBaHwms (7.2.2) mO3BOJISIET 3amucaTh 00a f
(7.2.9) m a (7.2.8) B 6onee obmeit popme,
UCTIONB3YS BETHYUHY

N

1
F(r,s)=lim,_, EZ%(r)lnm,-(s» :

aAq)=F(q,1), (9)=F(q,9),

F(r,s) represents a two-
parameter family of generalized un-
certainties. From quite a general
point of view, surface F(r,s) in the
(r,s,F)-space must provide a most
complete multifractal presentation of
the peculiarities of the intrinsic
measure {4;}. We can use instead of
this family also the Kullback infor-
mation

i=2
(7.2.12)
F(r,s) mpencraBnser co0Ooit IBYX
napaMeTprUuecKoe CEeMENWCTBO 00O0OIIeH-
HBIX HeomnpeaeneHHocTel. C COBEPIIEHHO
oOmieil TOYKM 3pEHUsi, IOBEPXHOCTh
F(r,s) B mpoctpanctBe (7,5,F) nomkHa
o0OecnieunBaTh HanOoOJiee TOJTHOE MYJIb-
TU(paKTAIbHOE TPEICTaBICHUE OCOOCH-
HOCTEH COOCTBEHHOM Mephl {/;}. BmecTo
ATOr0 CEeMEMCTBAa Mbl MOXEM TaK K€ HC-
noJib3oBaTh HHGopmanuu Kynbbaka



Ir5)=tim,, lZul,(r)l (‘“ )j

and an obvious relation

1(r,s)=f(r)-F(7,s).

In addition, we give some
formulas which are to generalize the
formalism. Supppose that there is a
problem to find ¢ where a curvature
of D(gq) dependence is maximum,
see Fig.7.1. As curvature is deter-
mined by the second derivative, this
problem is to be solved in a formal
way by equating the third derivative
to zero d’D/dg’=0. Let's write out
the explicit formulas (obtained by
the rather simple manupulations)
for the first three derivatives of the
generalized Renyi dimensions by g.

dD ]
dq

d’D 6
dq3

ap = ap (Q) = hml—)O K

o =lim, _,

It is seen from the formulas
that a naive wish to get more infor-
mation about the curvature of the
Renyi dimensions spectrum may slip
into detailed investigation of two pa-
rameter family of some generalized
uncertainties. In general, investiga-
tion of two parameter families of
uncertainties like (7.2.12-15) repre-
sents a cetain perspective of MFF
development.

Thus in trying to interpret
multifractal formalism in terms of

= (q—1)2 (_ 7(q)+ al) ,

@
= (q_1)4 [— z'(q)+al(1+7+

1 72t (@)
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() (7.2.13)

¥ OYCBUIHOE COOTHOIIICHHE
(7.2.14)
JIOTIOTHUTENIEHO ~TIPUBENEM  €IIle
psan hopMyIi, HalpaBJICHHBIX HAa 0000I111e-
Hue ¢opmanm3ma. llpeanonoxxum, dYTO
CTOUT 3a7adya HAXOXKJICHUS TAaKUX BEJIH-
YHH ¢, MPU KOTOPBIX KPHBHU3HA 3aBHCH-
Moctu D(g) MakcumalibHa, cM. puc.7.l.
[TockonbKy KpUBU3HA OMPEACIISETCS BTO-
pOii MPOM3BOIHOM, 3Ty 3amady (hopMaib-
HO CJIEAyeT peuiaTh MPUPaBHUBAHHUEM K
HYIIO TpeTbeil mpomsBogHoi d°D/dg’=0.
BemuimieM siBHbIe (QOpPMYITBI  (TIOTyYEH-
HBIE TIOCJIE JIOBOJILHO MPOCTHIX Mpeodpa-
30BaHWH) TIEPBBIX TPEX MPOU3BOIHBIX
000011IeHHBIX pa3MepHOcTel PeHbu 1o q.

d*D 2 ( ( a ) a j
— _ 1 1 2
qu (q _ 1)3 T(q) al + 2 + 2 ’

2
a—,;j —%(1+a1)+%},

(7.2.15)

~1
(‘ITI)Z #,()Ing = (g~ De(q).

U3 stux popmya BUIHO, UTO HAUB-
HOE eJIaHue MOOOJIbIIIE 3HATh O KPUBU3-
HE CIEKTpa pasMepHOCTEN PeHbn MOKeT
IUTABHO TMEPEUTH B MOJAPOOHOE HCCIIEN0-
BAHMUE JBYX IIaPaMETPUUYECKOI0 CEMEUCT-
Ba HEKOTOPHIX OOOOLICHHBIX HEOIpese-
aeHHocTeil. BooOie uccnenoBanue IByX
napaMeTpUUECKUX CEMEHCTB Heolpee-
nenHocred tuma (7.2.12-15) mpencras-
JseT coO0M ONpPENENEHHYIO MEPCIEKTHBY
pasButusi MOO.

Takum o0pa3zom, TBITAsACh HHTEP-
NPEeTUPOBATh MYJIbTU(DPAKTAIBHBIN (Hop-



transform information, we obtain a
collection of quantities generalizing
this way of description. Further gen-
eralization can be obtained on the
base of description of multi-point
correlations on multifractals.

The first consequence of in-
formation foundation is the possibil-
ity to use the value of f.=f(g=x)
(7.2.9), or its evaluation f, (where
O>>1 is some positive g-value as
large as possible), as a quantitative
measure of uniformity of the object
under study, because 1) in the stan-
dard interpretation of multifractal
formalism [4] this value must be
zero, if the set of weakest singulari-
ties with greatest measure contracts
into a point in the limit /—0; 2)
transform (7.2.2) reflects the internal
object's measure x non-uniformity,
making the result z more non-
uniform for |q|>1. So, we propose
the following interpretation: the
greater f.~fp, the more uniform
Structure.

Multifractal formalism can be
considered as a particular solution to
Jaynes' principle (4.4.1) which can
be rewritten in its general form us-
ing Kullback information as

- Z D ln[Pk/eXP(— A= Z ﬁ;fZD =extremum.

This implies minimization of
the distinctions of a sought distribu-
tion {p;} over a state space of the
system from the exponential one
which corresponds to the additional
constraints imposed, A, £ are the
Lagrange multipliers. In this sense
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MaJiu3M B TepMUHAX WHOOpMALUU TIpe-
o0pa3oBaHusl, MbI MOTy4aeM HaOOp BEJIH-
YiH, 0000IIAIOIMMX 3TOT CIIOCOO OIHCa-
HHS 00BEeKkTOB. JlanmbHeiiee 000O0IICHUE
MOKET OBITh MOJYYEHO Ha OCHOBE OMHcCa-
HUSL MHOTOTOYEYHBIX KOppENIAlUd Ha

MyJIbTH(PpAKTAIAX.
Kak mepBoe cnencreue muHdopma-
LMOHHOTO  OOOCHOBaHUS,  BEIUYUHY

J=f(g=0) (7.2.9), unu ee oueHky fy (raoe
(O>>1- HekoTopoe OOJBIIOE MOJOKHU-
TeIbHOE 3HAUYCHHUE ¢, YeM OOJbIle, TeM
Jy4Ille), MOKHO HCHOJIb30BaTh KaK Ko/u-
YeCmeeHHYI0 Mepy 0OHOPOOHOCU OOBEK-
Ta, MOTOMY 4TO: 1) 3Ta BeIMUMHA TODKHA
OBITH HyJIEM, €CITU B CTAHJAPTHOU MHTEP-
MpeTalud MHOXECTBO CIA0EHIINX CHH-
IyJspHOCTEd € HaumOOoJbIIEH Mepou
CTpeMHTCSI K Touke B mpezaene [—0; 2)
npeoOpazoBanue (7.2.2) oTpaxkaer HEOH-
HOPOJIHOCTh COOCTBEHHOW Mephbl 0OBEKTa
M, Jenasi pe3ynbTaT MpeoOpazoBaHUs [
0oJiee HEOAHOPOIHBIM MPHU |q|>1. ITo-
TOMY MBI TpeIaraeM CIEAYIONyI0 HH-
TEpHpEeTaluIo: uem Oonvuie f.~fp, mem
bosee 00HOpOOHA cmpyKmypa.

[Tockonmbky MyiabTU(]paKTATBHBIN
(dbopmManii3M MOXKET pacCMaTpUBATLCS Kak
yacTHOE peluieHue npuHiun JkenHca
(4.4.1), xoTOpbIii MOXKET OBITH 3allUCaH B
cBoerd oOmel ¢dopme, HCHOJb3YIOLIEH
uHdopmanuto Kynpbaka kax

(7.2.16)

DTO moJpa3yMeBaeT MHUHUMHU3A-
IIUI0 OTJIMYUIA MCKOMOTO pacIpeieseHus
{pr} O MPOCTPAHCTBY COCTOSIHUI CHUCTE-
MBIl OT OKCIIOHEHIIMAJIBLHOTO, KOTOPOE
YAOBIIETBOPSIET JOTOJHUTEIBHBIM OTpa-
HUYEHUSAM NpUHIUIA, A, [ - MHOKUTEIU
Jlarpamxa. B stom cmeiciae dopmy HH-



we can interpret Kullback informa-
tion in eq.(7.2.16) as an ordering
measure. Comparing it with multi-
fractal information (7.2.3), we can
say the same about the form /(g)/(g-
1) ((7.2.3) devided by the order of
non-centered moment of very meas-
ure that is actually the generalized
correlation function

7 (g)= le,u,-q ). This value has
two (theoretical) extremuma for g=-
o and g=+o. On the other hand, it is
a direct measure of symmetry break-
ing with respect to multifractal
transform (7.2.2). Thus we can in-
troduce a multifractal ordering
measure A,=D;-D,, or its evaluation
Aog=Di-Dy, O>>1. The greater Ay,
the more ordered structure. This is a
second consequence of information
foundation and this is close to
proposition of ref.[9] where a perio-
dicity measure K= D_,-D,, was in-
troduced for the measure generated
on the base of frequency Fourier
spectrum. This proposition is based
on the fact that the Fourier spectrum
of a white noise is uniform, so is the
measure generated, and the multi-
fractral spectra of such a measure
are degenerate. The presence of
some prevailing frequencies, i.e. the
peaks in the spectrum results in non-
uniform measure and non-trivial
multifractal spectra. Actually the
value A, reflects breaking of F-
symmetry.
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dbopmanuu Kynsbaka B yp.(7.2.16) mMox-
HO MHTEPIPETHPOBATH KaK Mepy MOpsIKa
B cucteme. CpaBHUBas €€ ¢ MyJIbTU(DPaK-
TaabHOM MHopMauuen (7.2.3), Mbl Mo-
KEM CKa3zaTb TO ke camoe o ¢dopme
1(q)/(g-1) ((7.2.3) neneHHOM Ha MOPSIOK
HEI[CHTPATbHOTO MOMEHTa CaMOW MeEpHI,
KAKOBBIM IO CYTH SIBJIIE€TCS 0000IIEHHas
KOpPEISUOHHAs byHKUIMS

X (q)= Zfil,u,-q ). DTa BelIMYMHA HMEET

1Ba (TCOPETUUYECKUX) DKCTPEMyMa: TpHU
g=-© n g=too. C npyroil CTOpPOHBI, OHA
SBJIIETCSI HETIOCPEACTBEHHOW Mepoi Ha-
pPYIIEHUS CHUMMETPUHU TIO OTHOIICHUIO K
MYJIBTH(PPAKTATHHOMY TPEe0Opa30BaHUIO
(7.2.2). Takum 0OpazoM, MbI MOXKEM BBE-
CTH MYJbTH(PPAKTATHHYIO MEpPY yHOps-
NOYEeHHOCTH A,=D;-D,,, WA €€ OILEHKY
Aog=Di-Dy. , O>>1 Yem borvue Ay, mem
bonee ynopsoouena cmpykmypa. ITO
BTOpPO€ CJIEJCTBHE HH(POPMAIMOHHOTO
000CHOBaHUS, U O3TO O4YEHb OJIU3KO K
npeaioxkeHuro pabotel [9], rme Obuia
BBEJICHA M€pa MEPUOIUYHOCTH K= D_, -
D, nist cydasi TeHepaIuu Mephl Ha OcC-
HOBe uactoTHOro dypee croekrpa. ITO
MPEIOKEHNE OCHOBaHO Ha (pakTe, 4TO
dypre cnekTp Oenoro mryma OJXHOPOI-
HBIM, KaK W CTCHEPUPOBAHHAS IO HEMY
Mepa, a MyJIbTU(PAKTAIBHBIE CHEKTPHI
TaKkOM Mepbl BBIPOKIEHbl. Hamnuwme ka-
KHX-JTM00 TMpEBATMPYIOIIHUX YacTOT, T.€.
MMMKOB B CHEKTpE, JaeT HEOJIHOPOIHYIO
MEpy W HETPUBHAIBHBIE MYJIbTU(]paK-
TaJbHBIC CIEKTPhl. DAKTUYECKU BEITUIH-
Ha Ay KOIMYECTBEHHO OTpa)kaeT Hapy-
menue dO-cummerpun.



7.3. F-symmetry

As was noted above, solution
(7.2.2) coincides exactly with the in-
trinsic measure {x;} for any g only
in the case of the uniform measure
{u=const}, and so, this solution can
be considered as a transform reflect-
ing the non-uniformity of the intrin-
sic object's measure, parameter g be-
ing the control parameter responsi-
ble for the magnification of the non-
uniformity of resulting measure
{1n/(q)} after transformation

{ty—>{mdq)}, see Table 7.1,
Fig..7.2.

Table 7.1. Reflecting the measure's
non-uniformity by  multifractal
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7.3. ®-cummeTpus

Kak Ob110 OTMEYEHO BhIIIIE, perlie-
Hue (7.2.2) TOYHO COBIAJAET C COOCTBEH-
HOM Mepoil {4} Ans Ar000r0 ¢ TOIBKO B
cily4ae OJHOPOJHOW MephI {i=const}, u
MO3TOMY 3TO PEUIeHHE MOXHO paccmar-
pUBaTh Kak IMpeoOpa3oBaHME, OTpaxaro-
11e€ HEOAHOPOJHOCTh COOCTBEHHOU MEphI
00BEeKTa, MPU ITOM MapaMeTp ¢ SBISETCA
KOHTPOJIBHBIM TapaMeTpPOM, OTBETCTBEH-
HBIM 32 YBEJIMYEHHUE HEOJHOPOIHOCTH pe-
3yJAbTUpYIOIeH Mepbl {u,(q)} mocne
npeobpazoBanust {4} —>{Aq)}, oM.
1abn.7.1, puc.7.2.

Tabmuma 7.1. OTpaxkeHue HEOTHOPOI-
HOCTH MEpBI NPH MYJIbTH(PPAKTATBHOM

transform (7.2.2). npeobpazoBanuu (7.2.2).
Uniform measure / Ognopoanas mepa | Non-uniform measure / HeonHopoanas
Mepa
1 v 1Y (1) ! v AN
=X (@)=, u = N(W) = (ﬁj H =20 1 ()= D<= (W)
1 (q) # 1

(8] [ -4

D, :CL

Fig.7.2. The multifractal spectra of
the uniform measure are degenerate
(the extra bold point in the f{a)-plot
and line in the D, -plot) , 1.e. the uni-
form distributions are F-symmetric.
For the minute non-uniformity ap-

pears, the spectra take their typical

q

Puc.7.2. MynbtudpakranbHble CIIEKTPHI
OJIHOPOJHOU MEPHI BHIPOXKACHBI (AKUPHBIE
Touka Ha rpaduke f{ ) u TUHUS Ha Tpa-
¢uxe D,), To €CTb OJHOPOAHBIE pacIIpe-
nenennst O-cummerpuunsl. [Ipu nossie-
HUU HEOJTHOPOHOCTH CIIEKTPHI TPHOOpeE-
TalOT CBOM TUIHMYHBIN BUJ, CM. puc.7.1,




form, see Fig.7.1, F-symmetry be-
comes broken.

In the absence of "multifrac-
tality" all the spectra are trivial, de-
generate

D q:DOZDIZDQZ---:amax:amin:a:f(a)7 T(Q):(Q'l)Dl

Such fractals are called #o-
mogeneous. From the viewpoint of
multifractal information the meas-
ures of these fractals obey a fractal
symmetry - F-symmetry.

This is a rigorous enough
definition in analogy with, for ex-
ample, a concept of geometrical
symmetry: we have some object and
some group transformation doesn't
change its characteristics. In this
case the Renyi dimensions and
Aaq))- and a(g)-values remain in-
variant for the transformed measures
{i(q)} after the group transform
(7.2.2). We can take the wvalue
Ax=D\-D,, or its evaluation Ap=D;-
Dy, O>>1, as a quantitative measure
of F-symmetry breaking. The regu-
lar (one scale) fractals, such as Koch
curves, Sierpinski carpets, etc. give
the non-trivial examples of F-
symmetric objects, as their multi-
fractal spectra are degenerate but
dimension is non-integer. Then the
simple fractal parameterization can
be applied with no obctructions for
the homogeneous fractals, or all the
regular one-scale fractals. Applica-
tion of fractal parameterization to
the natural fractals implies disregad-
ing the F-symmetry breaking in
analogy with consideration of many
physical problems using simlifyied
assumption of spheral or cylindrical
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@-cuMMeETpHs HAPYIIAETCA.

B orcyrcTBre MynbTHdpaKTanbHO-
CTH BCE CHEKTPHI CTAHOBATCS TPUBUAIb-
HBIMH, BBIPOKICHHBIMHU:

(7.3.1)

Taxue ¢paxTanbl Ha3BIBAIOTCS 00-
HopoOHbiMu. C TOYKU 3PEHHUS MYJIbTU(-
pakTanbHOM HMH(OpPMAIMK MEpbl TaKUX
dpaktanoB  o0JamalOT  PpaxkmanvHou
cummempueu, O-cummempue.

OTO AOCTATOYHO CTPOTOE OMpese-
JICHHE: 10 aHaJOTUH, HApUMEp, C MOHS-
THEM T€OMETPUYECKON CUMMETPUU : MBI
UMEEM HEKOTOPBI OOBEKT, a HEKOTOPOE
rpynmnoBoe npeoOpa3zoBaHUe HE U3MEHSET
ero XxapakTepucTuk. B nanHom ciydae
pasmepHocTH Penbn u Benuuunbl f{a(q))
and a(g) HEe U3MEHSIOTCS I TpaHcdop-
MUPOBaHHOUN Mepbl {44,(q)} pu rpynmo-
BOM npeoOpa3zoBanuu (7.2.2). Mbl Moxeun
B34Th BEMWUYUHY A,.=D:-D,,, unu ee OleH-
Ky Ag=Di-Dy, O>>1, KaK KOJIMYECTBEH-
HYI0 Mepy HapyueHus O-cuMMETpHH.
Perynsapueie (omHomacimtabubie) (pak-
Tajbl, Takue Kak KpuBble Koxa, KOBpHI
CepnuHCKOro M mp., JAIOT HETPUBUAIIb-
Hble MpUMEpbl O-CUMMETPUUHBIX 00BEK-
TOB, TOCKOJIbKY WX MYJIbTH(paKTaIbHbIC
CHEKTPbl BBIPOKJEHBI, HO Pa3MEpPHOCTh
Henenas. Ilostomy ¢pakranpHas mnapa-
MeTpU3alusl ¢ MOJHBIM OCHOBAHHUEM MO-
KET ObITh MCMOJb30BaHa TOJBKO AJIS OJ1-
HOPOJHBIX (DPaKTaIOB, KAaKOBBI, HaIpPH-
Mep, BCE pPEryJisipHble OJHOMACIITaOHBIE
¢dpakranel. [IpuMenenue QpaxkTanbHOU
napaMeTpu3alui K €CTECTBEHHBIM (Ppak-
TajlaM TOJpa3yMeBaeT INpeHeOpexKeHue
HapymeHueM @O-CUMMETpPUU aHAJOTUYHO
TOMY, Kak MHOrue (usnueckue 3agauu
YIPOILEHHO PACCMATPUBAIOTCS B MPEIIO-



symmtry.

Now we describe two more
non-trivial examples of F-symmetric
non-uniform measures with integer
dimensions - the Boltzmann and
Gauss distributions. In the case of
the Boltzman distribution, the equi-
boxed partition of energy axis
E=nAE enables to generate a meas-
ure using the values

P(E)cexp(-nAE/kT); iexp(—nAE / kT) =i(exp(—AE / kT))" =

n=0
that gives for the intrinsic measure
1, and generalized correlation func-
tion the explicit expressions

1, =(1-exp(AE/KT))exp(-nAEKT), 2(q)= >(4,)

Calculating the exponent of general-
ized correlation function

nye) _ ..
MEPUINAE L KT)
we obtain the explicit analytic ex-
pressions for the degenerate
branches of multifractal spectra for
q>0.

7(q) = lim

AE—0
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JIO)KEHUH CPEpUYEeCKOW WM LWJIWHIPU-
YECKOW CHUMMETPHH.

Tenepp onuieM eme J8a HETPUBU-
anbHBIX NpuMepa D-CUMMETPUYHBIX HE-
OJIHOPOJHBIX ME€p C ILEJIbIMU Pa3MEpPHO-
CTIMU - pacnpeneneHuss bonblimana u
l'aycca. B cnyuae pacnpeneneHus
bonpiMaHa paBHOslueeUHOE pazOueHue
JSHEpPreTU4ecKon ocu E=nAE TMO3BOJSAET
IIOCTPOUTH MEPY, UCITOJIb3YsI BEIUYHUHY

|
= 1—exp(—AE / kT)’
YTO JAeT JJiE COOCTBEHHON MeEphl L, U
0000ITIEHHON KOPPENAIIMOHHON (DYHKITUU
SIBHBIE BHIPQXKCHUS
o (1—exp(~AE / kT))’
= = exp(—gAE / kT) (0)-
Bpruncnssg 3KCIIOHEHTY KOPPENSIIMOHHON
byHKIIUN
(g—DIn(AE/ kT)—1ng
In(AE / kT)

Ilonydaem sIBHbIE aHAIIMTUYECKUE BBIPA-
KEHUs JUIsl BBIPOXKIECHHBIX BETBEU MYJIb-
TU(PaAKTAIBHBIX CIIEKTPOB MpH ¢>0

=(¢-1),(7.3.2)

D,=la(q)=dr/dq=1 f(q)=qa—1(q)=1

In the case of one dimensional nor-
mal Gauss distribution the equi-
boxed partition of random variable's
axis X=nAX enables to build up the
measure using the value

B cinydyae OZHOMEPHOrO HOPMAJIBHOIO
pacnpenenenusi ['aycca paBHOsiUEEUHOE
pa3OueHue ocu CiIydyalHOW MepeMeHOM
X=nAX naer BO3MOXXHOCTb IOCTPOHUTH
MepYy Ha OCHOBE BEJIMYMHBI

P(X)ocexp(-2°X )ocexp(-A"(nAX)),

For the measure y, and generalized
correlation function we obtain

JI1st Mepbl 14, 1 000OIIEHHON KOPPEISIIH-
OHHOU (PYHKITHH MOJTy9daeM

2

(exp(—(AAX)%))’

n2

Y

n ~ +oo

—0o0

S (exp(-(2AX))) Dy

s y=exp(-(AAXY)

—0o0



+00

> ()"

— o0

139

9(0 ex( G D !
_ 3\ -EXP qglny)) \JgIn(l/ y)

2= (1) =

n=0 — n? ! 72-2 1
(;y j (93(0’6Xp(1nij1/1n(l/y)

2

93[0, exp( "
glny

Jq (¢>0),

In(z(q)) = In

where & 1s a third Jacobi @-function
[28]. For the exponent 7(g) we have

. Iny(q) _ ..
7(g) =1lim —————=1im
and, as was above, again we obtain
the explicit analytic expressions for
the degenerate branches of multi-
fractal spectra for g>0

ool

1
7@ DAY - Sing

rae 6 - Tpetbs G-pyukuus Sxkobu [28].
J171s1 5KCTIOHEHTHI 7(g) UMeeM

6 1
ln{(;} +(g=1DIn(AAX)~Ing

3

AX—0

=(g-1,

(7.3.3)
U, KaK U BbIIlIE, CHOBA MOJIy4aeM SIBHBIC
AQHAJIUTUYECKUE BBIPAXKEHUS JUISI BBIPOK-
JICHHBIX BETBEW MYJIbTU(PAKTAIBHBIX
creKkTpoB npu ¢>0

In(AAX)

D,=la(q)=dr/dg=1,f=qa—-1(q)=1.

The last two examples show that the
property of F-symmetry is not
merely the consequence of the
measure's uniformity. They are non-
trivial due to the fact that they relate
F-symmetry to the violently non-
uniform but equilibrium distribu-
tions (in that sense that they appear
usually in description of equilibrium
systems). Thus we conclude that F-
symmetry breaking can reflect the
presence of non-equilibrium effects
in the systems under study.

7.4. Multi-point correlations

Consider now a more general
case of the problem (7.2.1). We seek

[locnennue nBa mpuMepa TOKa3bIBAIOT,
yT10 nouATue d-cuMMeTpun He CBOJIUTCSA
MPOCTO K TpeOOBAHUIO OJIHOPOJHOCTH
Mephl. ITU MPUMEPHI HETPUBUAIBHBI TEM,
YTO CBSI3BIBAIOT D-CUMMETPHUIO C CHIIHBHO
HEOJHOPOJIHBIMH, HO  PaBHOBECHBIMU
pacnpenencHusiMA (B TOM CMBICIIE, YTO
OHM BO3HUKAIOT MPHU OMHMCAHUHM HEPABHO-
BECHbIX  cucteM). Hapymenue  @-
CUMMETPUH MBI MOKEM, MOATOMY, COOT-
HECTU TaKXe C MPUCYTCTBUEM HEPaBHO-
BECHOCHBIX 3(G(EKTOB B HCCIETyEMBbIX
CUCTEMAX.

7.4. MHOTOTO4Y€e4YHbIEC KOpPPeJIsi-

1197071
Paccmotpum teneps Oosiee o0t
cinyvail 3agaun (7.2.1). Mbl uniem pac-



a distribution (or a family of distri-
butions) {u;}, i=1,...,N, having ex-
treme uncertainty in the form of von
Neumann-Shannon-Wiener informa-
tion, subject to the constraints on the
shifted logarithms In(z4(x+ay;)) aver-
aged over the measure {u,}, a;’s be-
ing from the given set A={a;},
k=1,...,M, and the measure {y;} be-
ing normalized, Z;1,=1.
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npeneneHne (MM CEeMEWCTBO pacmpese-
nenut) {;}, i=1,...,N, UMEIOMMUX 3KC-
TpeMaJIbHYI0 HEOTIPEAEIECHHOCTh B (popme
unpopmanmu ¢on Heitmana-Illennona-
Bunepa, npu HalnOXEHMM OrpPaHUYCHUU
Ha CIBHUHYThIE jorapudmbl In(z(xitay))
yCpPEeAHEHHBIE TIO Mepe {i4;}, a;’€ TpH
TOM OepyTcsi U3 3aJlaHHOIO MHOKECTBa
A={a;}, k=1,...M, a mepa {;} AOIxKHa
OBITh HOPMHPOBaAHA, it =1.

N M N N
=D In(un) + D0 q D In(u(x, + @)+ A, = extremum | (7.4.1)
=1 i=1

k=1 i=1
where {q;} and A are M+1 real La-
grange multipliers. The solution to
this problem is

,ul(x[,q, A) ==

rae {gi} u A cyTb M+1 BellecTBEHHBIX
MHOxuUTenen Jlarpanxka. Pemienue 3tou
3asiauu aaercs Gpopmyson

H(,u(x[ + ak)qk

(g, A) , (7.4.2)

Z(Q,A) = ZH(,U(X, +ak))qk s q:{Qb-"aqM}a A:{ala'--aaM}'

i=1 k=1

Such a consideration leads to
investigation of some multiparame-
ter family of measures and their un-
certainties. As the solution (7.4.2)
coincides exactly with the internal
measure {4} for arbitrary collec-
tions of parameters ¢g,4 only in the
case of uniform measure {z=const},
we can consider solution (7.4.2) as a
transform  reflecting a  non-
uniformity of the internal object’s
measure (SB), the Lagrange multi-
pliers g being the ‘“controls” of
magnification of non-uniformity af-
ter the transform {u;}—{1.(q.A)}.
This transform is schematically
shown in Fig.7.3.

Transform (7.4.2) generalizes
transform (7.2.2) (M=1 and {a,=0}).
Another particular case of the trans-
form (7.4.2) for M=2 and {a,=0,

Takoe paccMOTpeHHE BEIET K HC-
CIIEIOBAaHUIO HEKOTOPOTO0 MHOTO Tapa-
METPUYECKOTO CEMEICTBa Mep M MX He-
onpeneneHHocTer. IlockombKy pemeHue
(7.4.2) TouHO cOBHagaeT C COOCTBEHHOM
Mepor {44} NI IPOM3BOJBHOTO Habopa
nmapameTpoB ¢, A TOJIBKO NJsi Ciaydas Of-
HOPOJHOM Mephl {/=const}, MbI MOXKeM
paccmatpuBaTh perieHue (7.4.2) kak mpe-
oOpa3oBaHHe, OTpa)KaroLIlee HEOHOPOJ-
HOCTb coOCTBeHHOM Mepbl 00bekTa (HC),
MHOkUTeNU Jlarpanxka g mpu 3TOM SIBJIsI-
10TCSl "KOHTpoJuiepaMu’ yBEIUYEHUS He-
OJTHOPOJIHOCTH IOCJIe TpeoOpa3oBaHUs
{;t—>{i(q.A)}. D10 mnpeobpazoBaHuUE
CXEMaTHUYeCKH MOKa3aHo Ha puc.7.3.

IIpeo6pazoBanue (7.4.2) 06001IaET
npeobpazoBanue (7.2.2) (M=1 u {@;=0}).
Jlpyroit dacTHBIM ciydail mpeoOpa3oBa-
Husa (7.4.2), npu M=2 u {a,=0, a,=r},



a,=r} was considered in ref.[17]. As
is seen from eqs.(7.4.1), (7.4.2),
constraints on shifted logarithms
take into account the multi-point
correlations of internal measure {z;}
in a most general way. The collec-
tion A4, setting a “correlation con-
figuration”, must obey some scaling
a, 1, >0, in general.
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paccmarpuBaics B padore [17]. Kak Buj-
HO u3 yp-ii (7.4.1), (7.4.2), orpannyeHus
Ha CIIBHHYTHIC JIOTapru(MbI MPUHUMAET BO
BHMMaHHUE MHOTOTOYEYHBIC KOPPENSINU
COOCTBEHHOU MeEpHI {4} B caMOM 001IeM
Bujae. Habop A, ycranaBnuparomui "kop-
PENIALMOHHYI0 KOHUTypaluoo", T0IKeH
MNOJYUHATHCSI HEKOTOPOMY  CKEHJIMHTY
a, <1, ®>0, B 00IIEM ClTy4ae.

Fig.7.3. Schematic representation of
the multi-point transform (6.3.2) for
M=12. Arrows are for the shifts
{ar}, k=1,...,12.

The distribution {z14q,4)}
should reflect the peculiarities of the
internal distribution {z;} and we can
investigate them comparing the
measures before and after transform
(7.4.2) using TI as a measure of their
distinction :

I (QJA):Z pln(ead g ;).

i=1

Puc.7.3. CxemMaTn4HOE MPEACTABICHHUE
MHOT'OTOUYEYHOTO MpeodpazoBanusi (6.3.2)
st M=12. Ctpenkamu 0003HAYEHBI
casuru {a;}, k=1,...,12.

Pacnipenenenue {14(q,4)} nomxHO
OTpaxaTb OCOOEHHOCTH COOCTBEHHOTO
pacnpeneneHust {f4;}, U Mbl MOXEM HC-
CJIEJIOBAaTh WX, CPABHUBAs MEPHI JI0 U TIO-
cie npeobpazoBanus (7.4.2), UCHONB3YS
UII xak Mepy UX pa3nuuus:

(7.4.3)



The simple calculation gives
for I(g,A4) :
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[IpocToe BBIUUCICHHWE HaeT IS
(g, A) :

M
lim, flg.4) = og.4) +lim,_,, 9:14) -D,, (7.4.4a)
(O-DIn(/) (-1 1 (O —DIn(/)
or 1501051
: 1(g,4)
D = 2 4+ D
7.4 Y0 Din(l) (7.4.4b)
M
T(C], A) — lim[_)() ln(l(qﬁ A)) , p — T(q, A) + lim]_>() qkl(ak) ,
In/ O - o (O -1 In(l)
O=2q, 1(a)=2ip(x;) In[ o(x:)/ pxi+ai)],

where D, i1s the usual information I'me D; - oOblyHas uHpOpMAITMOHHAS

dimension, D,, generalizes the
Renyi dimensions (entropies). The
case of O=1 (“D;-splitting”) requires
separate consideration and is not
considered here. I(a;) are the shift
informations.

Legendre transform of the
function

gives

o(q,A) = 01/0q; = au(q,A) - Dy + lim;_ol(ay)/Inl ,

pasMmepHocTb, D, 4 000011aeT pa3MepHO-
ctu (dHTponuu) Penpu. Cayuait 0O=1
(“D;-pacuierienne’) TpeOyeT OTAEIbHO-
r0 PaCCMOTPEHHSI, U 37IeCh HE pacCMaTpH-
Baercs. I(a;) - uHbOpMaIIUU CIBUTOB.

IIpeoOpazoBanne Jlexxanapa oT
dbyHKIIUN
7(q,4) = lim;_,0l(g,A)/In/ (7.4.5)
JaeT
(7.4.6)
filg.4) = Zqrou - t(q.4) =fg.4) - D1, (7.4.7)

where o(q,4) and f(q,4) are the
generalizations of the two-point
definitions of ref.[17] :

The approach described can

rne o(q,A) u f(q,A) cytb 006001IEHUS
JIBYX TOYEYHBIX OIpeesieHnii B pado-
te[l7]:

ai(q,A) = 010g; = limy_,oZ; 11 (x;, g, A)In(ed(x;+ay))/Inl (7.4.8)
fq.A4) = Ziqro(q.A4) - 1(q,4) = limy_0Zign (x;,q, A)In(p (xiq,A)/Inl . (7.4.9)
OMNUCAHHBINA MOIXO MOXKET TAK e

OBITh TPUMEHEH Ui HCCIeN0BAaHHUS

be also applied to investigate the
structures with anisotropic scaling,
as described in refs.[18,19], for ex-
ample. It can be also generalized to
the case of arbitrary partition into
the boxes of sizes /,</ .

For M=1 and zero correlation
configuration {a;=0} we obtain in-
formation theoretic foundation de-
scribed in previous section. The
group properties of the transform
(7.4.2) require separate considera-

CTPYKTYP C @HHU3OTPOITHBIM CKEUJIMHTOM,
KaK 3TO OMNucChIBaeTcs B padborax [18,19],
Harpumep. OH Tak XK€ MOXKET OBITh
000011IeH Ha CITy4ail TPOU3BOIHLHOTO Pa3-
OueHus Ha siYeKu pa3mepoB /<[ .

IIpu M=1 wu HyIeBOW Koppensuu-
oHHOU KoHpurypamuun {@,=0} MbI MOIy-
yaeM HMH(POPMAIIMOHHOE OOOCHOBAaHHUE,
OMKMCAHHOE B TPEIBIIYIIEM IMOapa3ee.
['pynmnoBeie cBoWCTBa MpeoOpa3zoBaHUs
(7.4.2) TpeOyrOT OTAEIBHOTO PacCMOTpE-



tion, but it is clear that they must
combine the group properties of the
shift and simplest multifractal trans-
form (7.2.2).

7.5. Multifractal

parameterization

The described above MFF re-
lations can be used for a quantitative
description - multifractal parame-
terization - of real objects. Parame-
terization is understood here as one
or another way of ascribing the
quantitative characteristics to the
systems of different nature - me-
chanical, physical, chemical, electri-
cal, biological etc. - for their quanti-
tative description, comparison and
distinguishing. The parameterization
is carried out on the basis of con-
crete algorithms of the use of meas-
uring instruments and computing
procedures. By nowadays many
methods of measuring the fractal
dimensions of observable patterns
are known [26,29,30]. The majority
of works on fractal parameterization
is dedicated to investigations of
strongly non-equilibrium, inhomo-
geneous (in space or in time) sys-
tems. The very fractal parameteriza-
tion on the basis of only one value
of fractal dimension can not quanti-
tatively express structure inhomoge-
neity. This limitation forces us to
search for the more general ap-
proaches to parameterization of frac-
tal patterns such as the multifractal
parameterization..
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HUS, HO SICHO, YTO OHH JIOJDKHBI COEIH-
HSITh TPYIIIOBBIE CBOWCTBA CIIBUTA U MPO-
cTeiiiero "MynbTH(PPAKTATBHOTO MPeo0-
pazoBanusa" (7.2.2).

7.5.MyabTudpakrajibHas

napamMeTpusanus

OnucaHHbie BBIIIIE MO
COOTHOIIIEHUSI MOTYT OBITh UCIIOJIb30BaHbI
JUIT  KOJWYECTBEHHOTO  OMHUCAHUS -
MyJIbTU(paKTATBLHON MHapamMeTpu3aluu -
peabHBIX 00BEKTOB. [Ton
rnapaMeTpu3aluen 34eCb MIOHUMAETCS TOT
WIM  WHOHW  Croco®  MPUIHUCHIBAHUS
KOJIMYECTBEHHBIX XapaKTePUCTUK
CUCTeMaM  pAa3jJW4YHOW  OPUPOABI -
MEXaHUYECKUM, dbuznyecKum,
XUMUYECKUM, AIEKTPUUYECKUM,
OMOJIOTUYECKMM W Jp. - I HX
KOJINYECTBEHHOTO OIKCAaHUs, CPaBHEHUS
u pa3InuCHHUS. [TapameTpuzanus
MPOBOJIUTCA HA OCHOBE KOHKPETHBIX
aIrOpPUTMOB UCIIOJIb30BAHUS
U3MEPUTEIbHBIX npudopoB u
BBIYHMCIIUTEIbHBIX IpoLeayp. Ha
CErOJHSIIHUN JI€Hb M3BECTHO MHOIO
METOJIOB  HU3MepeHus  (paKTaJbHBIX
pasMepHOCTEel  CTpYyKTyp  [26,29,30].
BonbmnHcTBO paboT 1O  pakTaIbHOM
napameTpusaiuu MOCBSIIIEHO
UCCJIEIOBAHUIO CUJIBHO HEPaBHOBECHBIX,
HEOJHOPOJHBIX (B MPOCTPAHCTBE U
BpeMenn) cuctem. Cama mno cebe
(dpakrangbHas mapaMeTpu3als Ha OCHOBE
OJHOU BEJIMYHUHBI (dbpakTabHOM
Pa3MEpPHOCTH HE MOKET KOJUYECTBEHHO
OTpPa3UTh HEOJHOPOJHOCTh CTPYKTYPBHIL.
DTO orpaHUYeHHUE BBIHYKJAET HAC UCKATh

Ooiee oOrmue [MOJIXOJIbI K
napameTpu3aIun (dbpakTaabHBIX
aTTEPHOB, TaKue KaK



Below we introduce a concept
of adequacy of MF-characteristics
calculation and propose a method of
its quantitative evaluation. Keeping
in mind the different possible MF-
parameters adequacy we can con-
sider any object (and not only spe-
cially "constructed" ones) as the
support of multifractal measure with
one or another degree of adequacy
of multifractal description applica-
tion. As we consider the presence of
non-trivial  MF-spectra as  F-
symmetry breaking this approach
abolishes the differentiation of the
objects into "absolutely fractal" and
"absolutely non-fractal" ones. All is
multifractal with different degree of
F-symmetry breaking. And this is
like one is conscious that in Nature
there are no absolutely elastic or
hard, or plane and smooth objects,
there are no ideal spheres or circles
or triangles, etc. Similarly, there are
no ideal fractals. All imagined sym-
metries of natural objects are really
broken to some degree, but the ide-
ally symmetric objects (images) are
the reper images of our thinking.

7.5.1. Methods and algo-

rithms

The multifractal parameteriza-
tion consists in processing a large
number of the regression plots in
two (or semi-) logarithmic coordi-
nates, each plot corresponding to
some certain value of parameter g.
The fractal parameterization corre-
sponds only to one graphics for g=0.
The methods and algorithms of mul-
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MyJIbTU(]paKTaIbHAs TapaMeTpU3aLIUsl.

Hwxe MBI BBOJMM TIOHSATHE @0€K-
samHocmu 8bIUUCTICHUSL M-
Xapakxmepucmuk W TpeJjiaraéM MeToJ| ee
KOJIMYECTBEHHOM OLIEHKU. lMes BBuay
pa3nuyHble BO3MOKHBIE aJIEKBAaTHOCTH
M®-mmapaMeTpoB, Mbl MOXKEM paccMaTpH-
BaTh 1000 O0BEKT (a HE TOJBKO CIICIH-
albHO "CKOHCTpPYHpOBaHHBIE") Kak 0azo-
BOE MHOXECTBO MYJIbTU(PAKTAIBLHON Me-
pBl C TOM WJIM UHOM CTENEHBIO aJeKBaT-
HOCTH TMPUMEHEHHUS MYJIbTHU(PPAKTATHHO-
ro onucanusa. [lockonbKky MbI cuuTaeMm
HAJINYME HETPUBHAIBbHBIX MO CIIEKTOB
Kak HapyumeHue O-CUMMETpUH, 3TOT
noaXxoJ oTMeHseT auddepeHnuanuo
00beKTOB Ha "abCoMOTHO (hpakTanbHbIC"
u "abcomoTHO HedpakTamHbie". Bee sB-
JsieTCsl MyJbTU(pPAKTAIBHBIM C pa3iny-
HOU CTEIIEHBO HAPYILICHUS O-
cuMMeTpuu. B ToM ke cMbIciie Mbl MO-
HuUMaeM, yTo B [Ipupose HeT aGcoytoTHO
YOPYTUX WM TBEPJbIX, WIH IJIOCKUX U
INIaJIKUX O0OBEKTOB, HET UICANbHBIX cdep,
WIK KPYTOB, WKW TPEYTrOJIbHOKOB, U TIP.
AHaIOruyHO, HET UICATbHBIX (PAKTAIOB.
Bce BooOpakaemble CHMMETPUU PEATBHO
B HEKOTOpPOM CTENeHW HapylIeHbl, HO
UealbHO CUMMETPUYHBIE OO0BEKTHI (00-
pasbl) SBJISIOTCS pENEeHbIMU  00pazamu
HAIIETO MBILUICHHUS.

7.5.1. MeToasbl 1 aJITOPUTMbI

MynbsTudpakTanbHas IapaMeTpH-
3aIUsi COCTOMT B 00OpabOTKe OOJIBIIIOTO
YKClia PETPECCUOHHBIX TpadUKOB B JBYX
(w1 moxy-) JgorapuMUYECKUX KOOPIHU-
HaTax, IPUYeM KaxXIbli rpad)uK COOTBET-
CTBYET HEKOTOPOMW OIPEIICIICHHON BEJIU-
yuHe TapaMmerpa . PpakraabHas mapa-
METpHU3allusi COOTBETCTBYET TOJBKO Of-
HoMy Tpaduky st g=0. MeTtonpl u anro-



tifractal  parameterization  were
elaborated 1in refs.[31-48], and
summarying refs.[49,50], for reali-
zation of the automatic processing of
large sets of digitized images and
consist mostly of three main compo-
nents: a measures generation method
of coarsened partitions (MGMCP),
algorithm of scales' generation (for
construction of the fractal regression
plots) and scales' subranges retrieval
algorithm (for calculation of the sta-
tistical characteristics of correct
multifractal spectra).

The key idea of the MGMCP
technique proposed is to use several
(many) partitions with different box
sizes of the support's embedding
space made in such a way that to re-
place the limits />0 in eqgs.(7.1.3a),
(7.2.8,9) by equivalent determina-
tion of the slopes of dependencies
on the logarithms of box sizes using
the least square approximation, i.e.
to apply something like the Lhopital
rule.

Let we have some (strange)
object embedded into Euclidean
space of dimension d partitioned
into equal cubic (square, hyper-
cubic) boxes of the size /, as small
as possible, which we call here and
next the elementary boxes. Their
size may be determined by the way
of object's presentation, apparatus
sensitivity etc. The sizes of boxes
are to be equal for all directions.
Their number N, must be large
enough. Actually such a partition is
almost always possible. Let {5},
i=1,...,No, be the support measure
calculated accordingly to object's
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PUTMBI MYJIbTH(GPAKTATBLHOW MMapaMeTpH-
3aiuu  Obuln pazpaboransl [31-48], wu
cymmupytoiue padotst [49,50], aist pea-
JAU3alid  aBTOMATHYECKONM  00pabOTKH
00npIIMX HAOOPOB OLM(POBAHHBIX H30-
OpakeHUI U COCTOSIT B OCHOBHOM M3 TPEX
KOMIIOHEHT: METOJla T€Hepalud Mep Or-
pyOnenHbix pazouenuidi (MI'MOP), anro-
pUTMa ereHepanuu mkain (AJig mocTpoe-
HUS (PPAKTATBHBIX PETPECCHOHHBIX Tpa-
(uKoB) U anroputrMma mnepedopa mojaua-
Ma30HOB K (JJi1 BBIYMCICHUS CTATH-
CTUYECKUX XapPaKTEPUCTHUK KOPPEKTHBIX
MYJIbTH(PPAKTATBHBIX CLIEKTPOB).

KnroueBoil uaeer mNpeaoxKEHHOU
texuuku MI'MOP sBnsercst ucnonb3oBa-
HUE HECKOJbKMX (MHOTUX) pa30ueHUit
OXBAaTBIBAIOIIETO POCTPAHCTBA 0A30BOI0
MHOXECTBAa C PAa3JIM4YHBIMU pa3MepaMu
SYEeEeK TaKuM O0O0pa3oM, 4TOObI 3aMEHUTH
npenenst [—0 B yp.(7.1.3a), (7.2.8,9) Ha
SKBUBAJICHTHOE OINPEJEICHUE HAKIOHOB
3aBUCUMOCTEH OT Jjorapudma pasmepa
SYEeK, WCIOIb3ys METOJ HAMMEHBIITNX
KBIpPaTOB, T.€. IPUMEHUTHh YTO-TO BPOJE
npaswuiia Jlonurans.

Ilycth UMeeTcs HEKOTOPBIN
(cTpaHHBI) OOBEKT B €BKIUJOBOM OXBa-
THIBAIOILIEM MPOCTPAHCTBE Pa3MEPHOCTH
d, pa30MTOM Ha KaKk MOXHO Oojee '"Mmern-
Kue" paBHbIE KyOuuyeckue (KBaJpaTHBIC,
TUNEpKyOnUYecKne) seku pasmepa /o,
KOTOpbIE OyIyT Ha3bIBaTbCSA 3/1€Ch U Ja-
nee snemenmapusiMy. BenuunHa snemMeH-
TApHBIX SYEEK MOXKET OINPEeNEsAThCS yC-
JOBUSIMH  DKCIIEPUMEHTa,  CIIOCOOOM
MIPEACTABICHHUS] HAOJIIOIAEMON CTPYKTY-
PBI, YyBCTBHTEIHLHOCTBIO amnmaparypbl H
np. Pa3Mmepbl 3jeMEHTapHBIX $SYEEK BO
BCEX HANpaBJEHUAX MPEINOIararoTcs
paBHbIMU. YHCIIO 3JIEMEHTAPHBIX SYEEK
Ny DOJKHO OBITH JOCTATOYHO OOJIBIIUM.



nature by this partition into elemen-
tary boxes. Using this partition and
its measure we can calculate the
measures of larger (equal) boxes of
Lx[ix... elementary ones,
,=23.4,5,.., k=1,.,M, and the
number of such larger boxes is
N=[Ny/li]* — an integer part power
Euclidean dimension of embedding
space. Using measure additivity
property, we can ascribe to each lar-
ger box the measure equal to the
sum of the measures of elementary
boxes included. Thus given the set
of {/;} we obtain several (many)
equiboxed partitions with box size
[;xI; in the units of elementary boxes
with measures {uy, i=1,...,N;}). Be-
low we discuss only the problems
concerned with processing of digi-
tized photos. In this case the elemen-
tary boxes (cells) are the pixels and
their measures are calculated by
their colors coded as the integers
numbers.

The first way of MF-spectra
determination consists in calculating
for each rougher partition the gener-
alized correlation function

2:.(q)= Zikl ! for all needed g¢-
values from given range and follow-
ing determination of the slopes of
the analogues of Richardson plots in
double logarithmic axes In/-
In(yi(q)). This gives an evaluation of
generalized correlation function ex-
ponent 7(g). This function enables to
calculate numerically D,- and fla)-
spectra by numeric Legendre trans-
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[IpakTrueckn, Takoe pa30MEHUE BO3MOHO
Bcerna. [lyctes {0}, i=1,...,Ny, €CTb Mepa
HOCHUTEJISI, PAacCUUTAaHHAs COTJACHO €ro
npupose Mo pa30MEeHHIO Ha 3JIEMEHTap-
HbIE sUeiKu. Vcmonb3ys 3To pazOueHue u
€ro Mepy, Mbl MOXXEM pPacCUUTaTbh MEpPY
Oonee KpymHBIX (OJMHAKOBBIX) SYCEK
pasmepoMm ([,)? dIeMEHTApHBIX —SUeeK,
[=2,34,5,..., k=1,...M, npudem 4uCIO
KPYIHBIX siaeek paBHO N=[Ny/li] - nemas
4acTh OTHOIIEHUS B CTENCHH, PaBHOU
pPa3MEpHOCTH  OXBATBIBAIOIIETO  IPO-
CTPaHCTBA, M KAXKIOW TAaKOM KPYIIHOU
s4eiiKke Mpunucath (Ha OCHOBaHUU CBOMU-
CTBa AJJUTUBHOCTH MeEPBI {i4o}) Mepy,
PaBHYIO CyMME Mep 3JIEMEHTapHBIX sde-
€K, KOTOpbIE€ B HEE BKJIIOYEHBI. Takum 00-
pa3oM, TOJydyaeM HECKOJIbKO (MHOTO)
PaBHOSYEEUHBIX Pa30HEHUI C pa3MepaMu
s4eeK U3 3aJjaHHoro Habopa {/;} u mepa-
mMa {iy, i=1,...,N;}), OnpeeeHHBIMHU TI0
3aJlaHHBIM MEpaM 3JIEMEHTApHBIX SYEeK.
Huxe Mbl 00cyX/1aeM TOJNBKO TPOOIEMbI
00paboTku omnuppoBaHHBIX (PoTorpaduii.
B smom cnyuae snemenmapmvie suetiku -
NUKCeNbl, a Ux mepvl blYUCTAIOMCS NO UX
yeemam, 3aKOOUPOBAHHBIX UYENbIM YUC-
JIOM.

IlepBbiii  croco®  BBIYMCIICHHS
MYJIbTU(PPAKTAIBHBIX XapPaAKTEPUCTUK CO-
CTOUT B TOM, YTO HCHOJB3ysd HabOp oOr-
pyOJeHHBIX pa3OUeHHI C UX MEpaMHu MBI
MOKEM PacCUMTaTh JJIA KaKJI0To pa3oue-
HUS €ro 00OOIIEHHYIO KOPPEISIITUOHHYIO

GyHKIHIO Zk(Q):ZZkl 4] Ui Bcex 3a-
JTAHHBIX BEJIIMYUH ¢ W3 3aJaHHHOTO JHa-
na3oHa. IloctpouB s KaXAoOW Takou
0000IIEHHON KOPPETISIUOHHON (QYyHKIUU
aHayior rpaduka PuuapicoHa B JIBYXJIO-
rapupmuaeckux ocsax In/i-In(yi(q)), u
OIIPE/ICTUB €r0 HAKJIOH 10 METONy HaW-
MEHBIIINX KBaJIPaTOB, MOJYYaeM OIICHKY



form via eqs.(7.1.6):.

Ny
PACIED NS

D,=2(9)/(¢=-1), Dy=alg=1, a=

The second way is analogous
to one first proposed in ref.[16] and
consists in calculation of the sums in
eqs.(7.2.8,9)
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AKCIIOHEHTHI 0000IIEHHONW KOPPEISIUOH-
HOUM QyHKIMU 7(g). DTa QYHKIUSI TO3BO-
Js€T BBIYMCIMUTH 4ducieHHo D, u fla)-
CHEKTpPbl MPUIIOMOILIM YHUCIEHHOTO IIpe-
oOpazoBanus Jlexanapa mo yp.(7.1.6):.
oy Az @)

Alnl,

dr(q)/dq, f(a)=qa—1(q), (7.5.1)

Btopoit cnoco0 aHanoruyeH mnpen-
JI0O)KEHHOMY BIIEpBBIE B padote [16] mps-
MOMY ompeaesieHuto f{)-CeKTpoB U Co-
CTOMUT B BBIYUCIIEHUU CyMM B yp.(7.2.8,9)

A =Zipi@In( ), F(@)=Ziptii @)In(1ni(q)),

for each rougher partition for all
needed g-values from given range
and determination of the slopes of
the dependencies A4, and F; on In/;
by least square approximation. Us-
ing eqs.(7.1.6,7) we can calculate
D,-spectrum.

JUTSL K&KJIOTO OTPYOJICHHOTO pa30ueHUs U
KaXKJIOTO HY)XHOTO ¢ W3 3aJaHHOTO JHa-
Ma3oHa W OMNpPEJCIICHHs] HAKIOHOB 3aBH-
cumoctent A, u Fj ot Inl;, mo meTony Hau-
MeHbIIMNX KBaapartoB. [1o yp. (7.1.6,7) mbl
MOYEM BBIYUCIUTD D,~CHOEKTP.

M (q) = (;:”E()]) s AdQ)=Zipnia(@In( i), F(q@)=Zitni @)In(una(q)),
_AM(9) _AR(g)
(9)= atnt, D= Ay,

(@)=qa-f(a), D,

The third way is in analogous
use of the formulas (7.2.3-4) with a
primary determination of informa-
tion dimension D;.

The analysis of calculation er-
rors was described in ref.[50]. The
second way of calculation with di-
rect determination of f{«a)-spectra
and following calculation of Renyi
dimensions is preferable due to this
analysis and other reasons [49,50].

As real observed structures
are the chaotic or stochastic ones the
coarsened partitions must not cover
all the square of elementary cells

=1(¢)/(q—1), D,=a(g=1).

(7.5.2)

Tpertuii cnoco® COCTOUT B aHaJO-
TUYHOM TIOAXOJIe Ha OCHOBE (hopMyi
(7.2.3-4) ¢ mepBOHayYaJbHBIM PACUETOM
MH(}OpPMAMOHHON pa3MepHOCTH D).

AHanu3 omuOOK BBIYUCIICHUS OIH-
caH B paboure [50]. B cuny aToro ananu-
3a U no psagy apyrux npuuuH [49,50]
MPEIMOYTUTENLHBIM ~ SIBISIETCSI  BTOPOU
Croco0: HETOoCPeACTBEHHBIN pacueT f)-
CIEKTPOB C TMOCIEAYIOIUM pPacyeTOM
pa3sMepHocTell Penbu.

[TockonpKky peanbHO HaOII0AaEMBbIe
CTPYKTYPHBI SBISIOTCS XaOTHYECKUMHU HITU
CTOXaCTUYECKUMH, OTpyOJICHHbIE pa3-
OueHus He 00sA3aTEeNBbHO JIOJKHBI OXBa-



since for somewtat lesser square of
image we will have a picture with
almost the same statistical character-
istics. The idea of automatic choice
of a set of scales [49,50] is that by a
beforehand given minimum part of
image 0<SqPart<1, which should be
covered by all coarsened partitions,
one should to carry out a simple ex-
haustive search of possibilities from
a set of integer numbers [(for exam-
ple, 2, 3,5, 7, 11, etc.) power integer
numbers (from 1 up to 11, for ex-
ample), and an exhaustive search of
dividers of a minimum image size
(in pixels)] to find, what of these
numbers are suit for the coarsened
partitions covering not less than
SqPart of a whole image square.

Using a set of scales gener-
ated for given parameter SqPart, we
can calculate the multifractal spectra
by MGMCP for each subrange of
this set and test their correctness,
see eqs.(7.5.4) below. Then we can
carry out a statistical analysis of the
characteristics of correct spectra, i.e.
to determine the maximum, mini-
mum, average values and standard
deviations of such quantities as D,
Dy, Dy, A, fo , O>>1 (that is neses-
sary to evaluate the limits g—x),
and others. In the calculations de-
scribed below the two basic schemes
of subranges retrieval were used: OR
(overall range) and FE (from edges)
[49,50]. If M is the number of used
scales, then 2(M-1)-1 pairs of spec-
tra (D, and f( @), each corresponding
to the scale subrange) will be
checked on their correctness, see
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THIBATh BCIO ILIOMIATh CETKU 3JIEMEHTap-
HBIX SYEEK, T.K. IPU HEOOJBIIOM CHUXKE-
HUW TUIOIIAJA OXBaTa MbI OyJeM WMETh
KapTUHKY C TPUMEPHO TEMH XK€ CTaTH-
CTUYCCKUMHU XapakTepUCTHKaMu. Wmes
aBTOMaTHU3allui BbIOOpa Habopa MaciiTa-
608 [49,50] cocTouT B TOM, YTOOBI 110 Ha-
nepen  3aJaHHOM MHUHUMAJIBHOW  JI0JIE
wiomaau uzodpaxenus 0<SqPart<l1, xo-
TOPYIO JOJKHBI OXBaThIBaTh BCE OTpPyo-
JICHHBIC Pa30UEHUs, MPOCTHIM TIEpedopoOM
BO3MOKHOCTEH 13 HabOpa MPOCTHIX YUCEI
B IICJIBIX CTEMEHSX, Hampumep, 2, 3, 5, 7,
11 u 1.1, B crenensix ot 1 no 11, Hanpu-
Mep, a TaK ke nepedopom JAeauTeneii Mu-
HUMAaJBLHOTO pa3Mepa wuzoOpaxkeHus (B
MUKCENIaX) BBISICHUTh, KAaKWe U3 dTUX YH-
Cell TOIATCS AJsi OrpyOJIEHHBIX pa3oue-
HUW, TIOKPBIBAIONIMX HE MEHEEe YeM
SqPart Bceil mnomaan u300pa>keHusl.
Ucnone3yss Habop macmTaboB,
CTCHEpUPOBAHHBIA JUIsl JTAHHOTO TIapa-
metpa SqPart, MBI MOXXEM BBIYHCIIUTH
MYyJIBTH(PPAKTATHHBIC CHEKTPBI 1o
MI'MOP s kaxzaoro mnojjavana3oHa
ATOr0 HAbOpa U MPOBEPUTH UX KOPPEKm-
Hocmb, cM. yp.(7.5.4) Huxke. 3aTeM MbI
MOXEM TPOBECTH CTAaTUCTHUYECKUU aHa-
JU3 XapaKTePUCTUK KOPPEKMHbIX CHeK-
mpog, T.€. ONPENCIUTh MaKCUMAaJbHEIC,
MUHUMAJIGHBIE, CpPEIHUE BEIUYUHBI U
CTaHJApTHBIC OTKJIOHECHHSI TAaKUX BEJIH-
ynH Kak Dy, Dy, D,, Ay, fo , O>>1 (uro
HEOOXOAMMO JUIsl  OIEHKH TMPEesioB
g—®), U Apyrue. B BblUUCIEHUSIX, OMU-
CaHHBIX HIXKE, UCIOJIb30BAINUCH JBE Oa-
30BbI€ CXEMBbI Mepedopa Mo Iuana3oHoOB:
OR (overall range) u FE (from edges)
[49,50]. Ecmu M - 4uclio UCHONIb3yEMbIX
mkan, 1o 2(M-1)-1 map cnekrpos (D, u
Al@), kaxaas COOTBETCBYET MOJIAANa30-
Hy IIKajd) TPOBEPSIOTCS Ha KOPPEKT-



eqgs.(7.5.4), when using the scheme
FE, and
Cl,=M!/Q2(M-2))=M(M-1)/2
pairs of spectra - by the scheme OR.
On the base of basic algo-
rithms of multifractal image proc-
essing we can introduce the quanti-
tative measures of a non-adequacy
of multifractal characteristics calcu-
lation. For each characteristic X (that
may be D(), D], DQ, AQ, fQ ) Q>>1,
and others) we can compute its
minimum, maximum, average val-
ues and standard deviation over all
the correct spectra, see eqs.(7.5.4)).
Let's consider expression of a rela-
tive error oX, calculated as the ratio
of (shifted) standard deviation AX to
the average value <X>, both being
determined by sampling {x;i=1...,N}
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HOCTh, cM. yp.(7.5.4), no cxeme FE, u
Ci, =M Q2(M-2))=M(M-1)/2 nap
CIIEKTpOB - 10 cxeMe OR.

Ha ocHoBe 0a30BbIX aJrOpUTMOB
MyJIbTH(PPAKTATBHOW 00pabOTKH  H30-
OpakeHHI MBI MOYKEM BBECTH KOJIMYECT-
BEHHYIO MEpPY HEaJeKBATHOCTU BBIUMCIIE-
HUSL MYJIbTU(QPAKTAIBHBIX — XapaKTepH-
cTuK. JInsg Kaxnom XapakTepucTUKH X
(xaxoBoi MoxkeT ObITh Dy, D1, Dy, Ap, fo »
0>>1, u apyrue) Mbl MOKEM BBIUYHCIUTH
€e  MHUMHUMAalbHOE,  MaKCHMAaJbHOE,
CpeIHee 3HAUEHUE U CTaHIApPTHOE OTKJIO-
HEHUE I10 BCEM KOPPEKMHEM CNeKmpam,
cM. yp.(7.5.4). PaccMOTpUM BBIpaKE€HHE
OTHOCHUTEJIbHON OMMOKKH OX, BBIYHCIICH-
HOM Kak OTHOIlEHUE (CABUHYTOTO) CTaH-
JapTHOrO OTKJIOHEHHS AX K cpeaHel Be-
JIM4MHE <X>, npudeM 00e OnpeaeIsaroTCs
BBIOOpKO# {x;,i=1...,N}

&:

AX _\/Z(xl.—<X>)2/N _

<X>

Defining the non-adequacy of meas-
urement of the value X by expres-
sion

oX

A:ﬁ:

we obtain the value, always finite,
zero for samplings consisting of
identical values. The closer to zero
are the values (7.5.3), the more ade-
quate parameterization.

The described above methods
and algorithms with the criteria of
spectra selection (sampling), see
next, were realised in a computer
program MFRDrom ("Multifracta-
lodrom") for Windows 95 environ-
ment. It allows to handle series of

Zxk/N

2
X 1
IN i
Z { Z x, N
Onpenenss HEaNeKBaTHOCTh H3MEPEHHS
BCJIINMYHUHBI XBBIpa)KeHI/IeM

2

Yy

(Zxk N J ’
MBI TIOJTy9aeM BEJIMYUHY, BCETJa KOHEC-
HYI0, HYJIEBYIO JJIsl BBIOOPKH, COCTOSIIIICH
U3 UACHTUYHBIX BenU4yuH. Yem Ommke K
HYJII0 BenuuuHbl (7.5.3), TeM ajiekBaTHEe
napaMeTpu3aIysl.

OmnucaHHbBIE BBIIIE METOJBI U aJro-
PUTMBI C KPUTEPUSMHU OTOOpa CIEKTPOB
(BBIOOpKH), CM. HWKE, ObUIM peain30Ba-
HBI B  KOMIIBIOTEPHOH  MpOrpaMme
MFRDrom ("Multifractalodrom") nans
cpeasl Windows 95. Ona mno3BossieT 00-
pabaThIBaTh CEpPUU UYEPHO-OEIBIX, CEPHIX

(7.5.3)



the black-and-white, grey-level and
color images of the size up to
2000x2000 pixels for a range of g-
values up to [-200,+200]. This pro-
gram was designed by the author on
the basis of accumulated experience
of numerical multifractal image
analysis of patterns in metals and al-
loys carried out during a number of
years. MFRDrom can calculate the
spectra in two ways by MGMCP, al-
lows to investigate spectra in the
game mode setting arbitrary sam-
plings of scales, gathers in the tables
the values of specified parameters of
spectra together with the results of
statistical processing of correct (see
eqgs.(7.5.4)) spectra. It also writes
onto the hard disk all calculation re-
sults as the text files, which can fur-
ther be handled by text processors or
spreadsheets. The program was
tested on the model objects, such as
straight lines and Sierpinski carpets,
and gave the exact values of fractal
dimension up to 4-th (by the first
way) and up to 8-th (by the second
way of calculation) decimal. Thus
MFRDrom correctly reflects the
presence of F-symmetry for Sierpin-
ski carpets and other objects. The
numeric results described below
were obtained by processing the
black/white images with assigning
unities to the pixels of one color
(black, for example) and by the fol-
lowing renormalization of the sums
of unities into the coarsened boxes
by overall sum of unities over all
coarsened partition to generate the
measure distributions for each such
a partition. And this is merely a
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W TBETHBIX H300pKEHUU pa3sMepoM 0
2000x2000 mHKcenoB W AWAIa3OHbI Be-
auyuH ¢ 1o [-200,+200]. Ita nporpamma
pa3paboTaHa aBTOpPOM Ha OCHOBE HAKOII-
JICHHOTO OIbITa YHUCICHHOTO MYJIBTH()-
pPaKTaNbHOTO  aHalW3a  M300paKeHUIt
CTPYKTYp METajuIOB M CIUIaBOB, IPOBO-
IUMOMTO B TeueHue psajaa jget. MFRDrom
MOJKET BBIYHCISATH CHEKTPHI JBYMS CIO-
cobamu mo MI'MOP, mno3BoaseT uccie-
JIOBaTh CIIEKTPHI B PEXHUME HIPHI, yCTa-
HaBIIMBasl MPOU3BOJIbHYIO BBIOOPKY Mac-
mTaboB, COOMpAET B TAOJIUIIbI BETUYUHBI
HY>KHBIX [apaMeTpOB CIEKTPOB BMECTE C
pe3yJibTaTaMu CTaTUCTUYECKON 00padoT-
KM KOppeKTHbIX (cM. yp.(7.5.4)) chek-
TpoB. OHa TaKXe 3alKChIBAET HAa JUCK
BCE PE3yJIbTAaThl BBIYUCICHUH KaK TEKCTO-
Bble (pailsibl Juisl AanibHEWen o0padoTKu
JAPYTUMU TPOLIECCOpPaMHU WM 3JIEKTPOH-
HbiIMU TaOnaunamu. [Ilporpamma Oblia
MPOTECTUPOBAHA HA MOJEJBHBIX OOBEK-
Tax, TAKMX KaK TPSIMbIC JTHHUH U KOBPBI
CepnuHCKOTO, U J1a€T TOYHBIC BETUYHHBI
(dbpakTanibHOW pazmepHOCTH 110 4-ro (1o
nepBoMy crnoco0y) u 10 8-ro (o BTOpoO-
My crnocoQy pacuera) 3Haka Moclie 3arsi-
toil. Takum o6pazom, MFRDrom mpa-
BUJILHO OTpaxkaeT Hannuue dO-cummerpun
KOBpOB CEpnHHCKOTO U JIPYyTrux OOBEK-
TOB. UHCIIEHHbIE PE3YNbTAaThl, ONUCAHHBIE
HUXe, ObUIM MOJy4YeHbl NpHU 00padOTKU
YepHO-0eIbIX M300paKEHUN MPUIUCHIBA-
HUEM €JUHUI] THUKCeJIaM OJIHOrO IBETa
(4epHBIM, HaAMpUMeEp) C MOCIEAYIOLIEH
PEHOpPMAIM3AIMEN CYMM €IWHHUIl B Or-
pyOJeHHBIX suYelKax Ha OOUIYI0 CyMMYy
€UHUI] TI0 BCEMY OIpyOJICHHOMY pa3-
OMEHMIO JJI1 TeHEpALMH paclpeneeHus
MepHhI IJIs1 KaKI0ro Takoro pazouenus. U
ATO NPOCTEUIINN MyTh TEHEPALIMU MEPHI U
OpsIMOTO  BBIABIIEHUS HapymieHus -



simplest way of measure generation
and direct revelation of F-symmetry
breaking.

7.5.2. The multifractal and
pseudomultifractal parame-
terizations and fractal dis-
symmetry

The many years experience of
numeric multifractal image analysis
of structures of very different nature
[11,12,31-50] shows its effective-
ness in analyzing the hidden proc-
esses in metals and alloys, i.e. the
processes that can not be directly
observed but influence the important
characteristics of the systems under
study. Almost always there were ob-
served the stable reasonable correla-
tions of MF characteristics (D,, g>1,
, Ngo-50, €tc.) with measured proper-
ties or parameters, characterizing the
environment or technological condi-
tions. In this sense MFF can be per-
ceived as the way of quantitative
parameterization of structures - a
multifractal parameterization
(MFP). This use of MFF is like a
measurement of some signal by ap-
propriate device, but instead of one
measured value - a "point" on the
device scale, we obtain two plane
curves, D, and f(a), and can use
some of their parameters to charac-
terize the observed structure quanti-
tatively. Of coarse, we should apply
additional criteria, for example, the
measured spectra must be correct,
1.e.
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CUMMETPHH.

7.5.2. MyabTupakTajabHas U
ICEeBAOMYJIbTU(PPAKTAIBHASA NA-
pamMeTpu3alMy U (ppaKTaabHAsA

AUCCUMMCETPHUS.

MHOrOJIETHUM ONBIT YHCIEHHOTO
MyJIbTU(PPAKTATBHOTO aHalu3a u300pa-
KEHUU CTPYKTYp CaMOM pa3IM4YHOU MpPH-
ponel, [11,12,31-50], mnoka3biBaeT ero
(¢ ()EKTUBHOCTh MpPHU aHAIU3€ CKPBITHIX
MPOLIECCOB B METalllax W CIUIaBax, T.€.
TaKUX MPOLECCOB, KOTOPbIE HENb3s Ha-
0JII01aTh HEMOCPEJICTBEHHO, HO MPU 3TOM
OHM CYILECTBEHHO BIIMSIOT HA XapaKTepH-
CTUKHU M3y4yaeMbIx cucteM. [loutn Bcerna
HaOIIOAAIMCh  pa3yMHbIE  YCTONYMBBIC
xoppenauun  M®-xapakrepuctuk (D,
g>1, , Ag.30, U Ap.) C HU3MEPSAECMbBIMU
CBOICTBaMHU WJIM MapaMeTpamH, XapakTe-
PU3YLIMMHU  OKPYJKAIOIIYI0 Cpely WIH
TEXHOJIOTUYECKHE ycioBUs. B 3ToM
cmbicie MO® MOXHO NOHMMATH Kak
croco0 KOJIWYECTBEHHOW MapaMeTpu3a-
UU CTPYKTYP - MYIbMUu@dpakmanbHou
napamempuzayuuy (M®II). DT0o ucnob-
30BaHue M@P@P HanoMuHAET HU3MEPEHHE
HEKOTOPOIr'0 CHTHajia C MOMOIIbIO MOJAXO-
ISUIero mpuoopa, HO BMECTO OJIHOM W3-
MEpSIEMOI BEJTMYMHBI - "TOUKH" Ha LIKaJIe
npulopa, Mbl TOIy4YaeM JBE IUIOCKHE
kpuBble, D, u f(), 1 MOXEM HCIONbB30-
BaTh JIOOBIE UX MapaMeTpbl Ul KOJUude-
CTBEHHOM XapakTepuszaluu HaOIroaae-
MBIX CTpPYKTyp. Pasymeercs, cuenyer
IIPUMEHSATH JIONOJHUTEIbHBIE KPUTEPUH,
HaIlpUMEpP, U3MEPSAEMBIE CIEKTPbI J0JIK-
HbI OBITH KOPPEKTHBI, T.€.

Dyi=z Dy, q1<q2, f{a(q=0))=maximum=D



fa(qg=1))= a(q=1)= Dy, fla(q1))sflag2)), 12q2>0,

and the others. It turned out that al-
most always we can not obtain cor-
rect branch of f{a)-spectrum for g<-
2+-5, but we do can obtain correct
fla)-branch for ¢>0. Sometimes
there appeared a "corn" on this
branch such that the criterion
(7.5.4a) was not satisfied for
¢>10+20. This situation is schemati-
cally shown in Fig.7.4, see also
ref.[9]. Sometimes it was impossible
at all to choice the set {/;} to obtain
the correct branch of f{a)-spectrum
for g>0 by (7.5.4a).

J=a

Fig.7.4. Typical incorrectness of
fla) and D, spectra calculated nu-
merically for the real structures.

It was found that the reason of
such "corns" on the f{a)-branch for
¢>0 1s a bend on the dependencies of
In(yy), Fr and A, on In(l;) (see
eqs.(7.5.1), (7.5.2)) that is schemati-
cally shown in Fig.7.5, F}; being
most sensitive to this effect. This
bend is most expressed for large
positive and negative g-values. To
obtain f{ &)-spectra satisfying the cri-
terion (7.5.4a) we must use the
greater scales I>1" to the right of
the bend point /; .
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(7.5.4a)
u npyrue. Oka3aioch, YTO MOYTH BCErna
MBI HE MOXEM IMOJYyYUTh KOPPEKTHBIC
BETBH f{ &)-CIIEKTPOB ISl ¢<-2+-5, HO MBI
JEHUCTBUTEIBLHO MOXKEM IOJy4aTh KOp-
peKTHBbIE BeTBH f{@)-cieKTpoB st g=>0.
Nuorna Ha sToit BeTBU nosiByisieTcs "por”,
Tak 4To Kputepuii (7.5.4a) HE yIOBIETBO-
psercs mia g>10+20. Ora cutyanus cxe-
MAaTHYECKHU IPEACTaBIEHA Ha puc.7.4, cM.
takxke [9]. Mnorma 0110 BOOOIIE HEBO3-
MOXHO BbIOpaTh HaOOp MacmTaboB {/;}
TaK, 9TOOBI TOJYYHUTh KOPPEKTHYIO TIO
(7.5.4a) BetBb f{ @)-ciexTpa npu g>0.

Dy
g* =0
q
Puc.7.4. Tunu4yHass HEKOPPEKTHOCTh fl )

U D, CHEKTPOB, INOJIYyYEHHBIX YHCIECHHO
JUTsl HAOJTIOJAEMBIX PEAbHBIX CTPYKTYD.

beiio 06HapyKEeHO, YTO MPUUUHOMN
Takux "poroB" Ha BETBU f{ @)-crieKTpa Jisl
q=0 sBnseTcs Haau4ue U3ruda Ha 3aBU-
cumoctsx In(y), Fy m Ay ot In(l), cm.
yp.(7.5.1), (7.5.2), 49TtO0 CXEMaTUYECKH
MIPEJICTABJICHO Ha puc.7.5, mpuuem Fj
HanOosiee YyBCTBUTEIbHA K ATOMY 3(-
dexTy. OToT M3rMd Hambojiee BBIpaXKEH
JUIsl OOJIBIIUX TIOJIOKUTENIbHBIX M OTPH-
[ATEIbHBIX BEMUYUH ¢. UTOOBI MOTYyUUTh
KOPPEKTHBIH  f{@)-CrIeKTp,  YIOBJIETBO-
psromuii kputeputo (7.5.4a), cienyer uc-
[10JIL30BaTh OOJIBIIINE IIKAJIBI lk>l,:= cripa-
Ba OT TOYKH M3ruda lk*.
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g==1
f=u
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Fig.7.5. Typical bends in the plots of
least square approximations and two
types of multifractal curves obtained
by the scales 1> (canon) and L<l

(pseudo).

It was found also that very of-
ten we can obtain the "inverse" MF-
spectra using the smaller scales /; to
the left of the bend point /.. Such
"inverse" spectra were called the
pseudomultifractal spectra (from the
Greek pseudein — «to lie or to have a
close resemblance to» [51]). In the
most cases we can obtain the both
types of MF-spectra: canonical sat-
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Puc.7.5. Tunuunbie U310MBbI Ha TpaduKrax

aIMpOKCUMAIMU 110 METOAY HAUMEHBIINX

KBaJIPAaTOB U JIBa TUIA MYJIbTU(PAKTAIb-
HBIX KPHUBBIX, [IOJIy4a€MbIX IO LIKaJIaM

1> (canon) n L<l,’ (pseudo).

beuio  Takke 0OHapy’)KEHO, dYTO
OYE€Hb YAaCTO MBI MOKEM IOJIYyYHUTh ''HH-
BEPTUPOBAHHBIE"  MYJIbTH(PPAKTATHHBIC
CHIEKTPBhl TIPH HCIOJb30BAHUM MAaJIbIX
KA [, clieBa OT TOuKM u3ruba [, . Takue
WHBEPTUPOBAHHBIC CIEKTPHl OBLIM Ha3Ba-
HBI 11Ce800MYNbMUDPAKMATLHBIMU CHEK-
mpavu (0T TPEUYECKOTO pseudein — «pH-
jJeraTtb WM ObITh Toxoxum» [51]). B
OOJIBIIMHCTBE CIy4aeB MBI MOXKEM ITOJTY-



isfying the criteria (7.5.4a), and
pseudospectra satisfying the criteria
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YuTh 00a THUMA CIEKTPOB: KAHOHUYECKULL,
yaoBieTBOpstomue Kpureputo (7.5.4a), u
Nnces0OCTEKTPHI, YJIOBIECTBOPSIOIIUE KPU-
TEePUSIM

Dy €D, q12q2, fla(q=0))=minimum=D,,

faqg=1)=a(g=1)= D1, {adq]))sadq2)), a(ql)<alq2), 0<q1<q?2.

Their typical views are shown in
Fig.7.5.

Below we show that the pres-
ence of pseudospectra can be con-
sidered as an intrinsic property of
measure support corresponding to
its geomerical symmetry breaking.

It should be pointed out that
the values of MF-characteristics cal-
culated separately by two ways de-
scribed in section 7.5.1 very often
coincide up to five decimals and bet-
ter and the rare distinctions were
lesser than 0.02 in the absolute val-
ues. In refs.[49.50] there are the ex-
amples of such real structures that it
was impossible to obtain the canoni-
cal spectra for them at all. There
were also the structures for which it
was 1impossible to calculate the
pseudospectra. So, we can not con-
sider the bends in the plots of
Fig.7.5 to be due to the finiteness of
the pictures, number of elementary
boxes, etc., and this effect seems to
be not intrinsic to the calculation
technique, but is due to the not sim-
ple hierarchy of very real structures:
their selfsimilarity is not the same
on different scales.

In spite of the absence of
theoretical background, the appear-
ance of pseudospectra is a more or
less stable effect. The parameters of
such pseudospectra can be success-

(7.5.4b)

WX Tunn4HbINA BUJI IOKA3aH Ha puc.7.S.

Hwxe MBI 1MOKa3piBaeM, 4TO HAIU-
yue nces0O0CNeKmpo8 MONCHO DACCMam-
pusams Kaxk cobCmeeHHoe C80UCME0 HO-
cumelisi Mepbl, C8A3AHHOE C HApPYULeHUEeM
€20 2eoMempuyecKou CUMMEMpPUU.

Cnemyer 0co00 OTMETHUTh, UTO Be-
muurHbl  M®-XapakTepuCTHK, paccyu-
TaHHbIE OTIEIBHO JIBYMs CIIOCOOaMH,
ONMHMCAHHBIMU B mozapazzaene 7.5.1, oueHb
4acTO COBMAAAIOT JI0 MATOTO 3HAKa MOCIIe
3aMsITOW M JIydllle, 2 OYeHb PEJKHE pa3-
anuusg o0piM MeHee 0,02 1mo a0CoIOTHOM
BenuuuHe. B pabotax [49.50] mpexacras-
JIEHBI IPUMEPHI PEATBHBIX CTPYKTYP, IS
KOTOPBIX BOOOIIE HEBO3MOXXHO OBLIO
paccuMTaTh KOPPEKTHbIE KAaHOHUYECKHE
cnekTpbl. OTMEYaNuCh TaKXe CTPYKTYPbI,
JUISL KOTOPBIX HEJb3sl OBLJIO paccuuTatrh
KOPpPEKTHbIE TceBIOCHEKTPhI. [loaTOoMy
MBI HE MOKEM paccMaTpuBaTh W3TUObI Ha
rpadukax puc.7.5, Kak OOYyCIOBJICHHBIC
KOHEYHOCTBIO KapTUHOK, 3JIEMEHTapPHBIX
S4eeK MW Ip., U ITOT dPdekt, 10-
BUJUMOMY, HE SIBJISIETCS BHYTPEHHE MPHU-
CYIIMM JJIi METOJIMKM pacdera, a o00y-
C/l0GNeH He NPOCMOU uepapxuei camux
PeanbHulX CMpPYKmyp: WX caMomojiooue
HE SIBJISIETCS OJHUM M TE€M K€ Ha Pa3HbIX
MaciTadax.

HecMoTpst Ha oTCyTCTBHE CTPOTOrO
TEOPETUYECKOTO OOOCHOBAHUS, TIOSIBJIC-
HUE TICEeBJIOCIIEKTPOB sBIIACTCA Oosiee win
MeHee crabwibHbIM 3(dekrom. I[lapa-
METpbl TAKHUX TICEBJOCIEKTPOB MOMKHO



fully used for the goals of quantita-
tive parameterization, and we call
here this way of multifractal
parameterization a pseudomultifrac-
tal parameterization (PMFP).

As we relate the degenerate
MF-soectra with presence of F-
symmetry, see Sec.7.3, appearance
of non-degenerate canonical and
pseudospectra should be considered
as the different types of F-symmetry
breaking. The simultaneous appear-
ance of both types of the multifractal
spectra (the canonical and pseudo
ones) was called a fractal dissym-
metry (FDS). It should be reminded
here that [51]: "dissymmetry - 1)
lack of symmetry; 2) the relationship
between two objects when one is the
mirror image of the other." And this
is reminiscent of the distinction be-
tween the "left" and "right" isomers
of organic molecules [52].

It was found that very often
we can automatically determine the
scale ranges for correct calculation
of the canonical and pseudospectra,

if we add the requirement
A AGmax))=minimum to the criteria
(7.5.4a), and the requirement

Al qmax))=maximum to the criteria
(7.5.4b). Such an addition replaces
the necessity to determine the bend
point by regression plots.
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YCHEIIHO UCIOJIb30BaTh JJIS LeJield KOIH-
YECTBCHHOM mMapameTpu3alui, W ITOT
croco0 MyJbTU(PPAKTATLHON MapaMeTpu-
3allMM  Ha3bIBAETCS 3/1€Ch NCe800OM)b-
mu@paxmanvHou napamempuzayueu
(IIM®II).

ITockonbKy BbIpOXIeHHBIE MO-
CIIEKTPbl MBI MOXEM COOTHECTH C HaJlu-
yueM @P-cuMMeTpuu, cM. 1.7.3, mosBie-
HUE HEBBIPOXKJICHHBIX KOHOHUYECKUX H
TMICEBJIOCTIEKTPOB CIEAYET pacCMaTpUBaTh
KaK pasjinyHble TUMBl HapyuieHus O-
cumMeTpu. OJIHOBPEMEHHOE TOSBIICHUE
000UX TUIIOB CHEKTPOB (KAHOHUYECKUX U
IICEBJIOCIIEKTPOB) OBLIO HAa3BaHO @pak-
manvuou ouccummempuei (OIC). Cne-
IyeT HAIlOMHUTH 371eCh, uto [S1]: "muc-
cCUMMETpHS - 1) OTCYTCTBHE CUMMETPUH;
2) OTHOIIIEHHUE MEXIY JABYMS OOBbEKTaMH,
KOT'JIa OJIMH SIBJISIETCS] 3€pKaJIbHBIM 00pa-
30M Jpyroro". OTO TaKX€ HAINOMHUHAET
paznuuue Mexay "neBbiMU" U 'TipaBbIMU"
U30MEpPAMH OPraHUYEeCKUX MOJIEKYT [S2].

bputo HaWIEHO, YTO OYEHb 4YACTO
MBI MOXXEM aBTOMATUYECKU OTPEICIICUTh
JMAa30Hbl KA JJI1 KOPPEKTHOTO BBI-
YHUCIICHUS] KaHOHUYECKUX W TICEBIOCIICK-
TPOB, €CIu Mbl J00aBUM TpeOOBaHUE
A AGmar))=minimum x kpureputo (7.5.4a),
u TpedoBanue A aqma))=maximum ¥
kputeputo (7.5.4b). Takas nobGaBka cHH-
MaeT HEeOOXOAMMOCTh OIpPEACIICHUS TOY-
KU Tieperuda mo perpecCHoHHbIM rpadu-
KaM.



7.5.3. Pseudomultifractal
analysis of geometrical

asymmetry

In Ch.1 we have brought for-
ward fundamental provision that
transform information, in particular,
multifractal information, is a meas-
ure of symmetry breaking in systems
under study. In this subsection it is
demonstrated on the model struc-
tures that the appearance of pseudo-
spectra really can be considered as
intrinsic property of a measure sup-
port, related to a symmetry breaking
(SB) of its geometrical structure
[45]. For this, first, the series of cal-
culations on model structures, see
Table 7.2, with the help of the
MFRDrom program were carried
out. Quadrat with 4 cyclic symme-
tries and 4 mirror ones was chosen
as ideal initial pattern. The
black/white patterns of Table 7.2
differ by a number of "residual" un-
broken symmetries - 1 and 2 for odd
and even numbers, respectively.
They can be considered as the sim-
ple models of phase growth in sol-
ids. A noise (0.5% of inverted pix-
els) was imposed on patterns for ob-
taining the smoothed dependencies
of  MF-characteristics on an
asymmetry parameter a, which was
introduced for the patterns so that it
was equal to 1 at reaching the "ex-
treme" pattern symmetrical form.
For example, this is relative position
of front on the side of quadrat for
patterns 1 and 5, or on a diagonal for
pattern 3. For the ellipses it is a ratio
of diameters. For 6th pattern it is a
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7.5.3. IlceBnomyabTuPpaK-
TaJIbHbIA aHAJIN3 reoMeTpHuYe-

CKOM aCUMMETPHHU

B I'n.1 Obuto BBIIBHHYTO oOOIIIEE
MOJIO)KEHHE O TOM, 4YTO HH(popmaius
npeoOpa3oBaHusi, B YACTHOCTH, MYJIb-
Tu(pakTanbHas HHPOpPMALUS, SBISETCS
MEpOW HAPYIICHUS] CUMMETPHUH B OIHUCHI-
Ba€MbIX CHUCTeMaxX. B JaHHOM MyHKTE Ha
MOJIETIBHBIX CTPYKTypax TOKa3bIBaeTcs,
4TO HAIUuUe NceB00CNeKmpo8 Oelcmeau-
MeNbHO MOJNCHO PACCMAmMpueams Kax
coOCmeeHHoe C80UCMB0 HOCUmes Mepbl,
C8A3AHHOE C HapyuwleHuem CcumMmempuu
(HC) e2o eceomempuueckoli cmpyKmypol
[45]. C aToit menpto cHavyana ObUTH IPO-
BEJICHbI pacyeThl HA MOJIETBHBIX CTPYK-
Typax, cM. Tabiu..7.2, ¢ MOMOIUIBIO MPO-
rpammbl MFRDrom. B kadecTtBe uueann-
HOM MCXOJHOW CTPYKTYpPhl OBLT B3AT
KBaJpaT ¢ 4-Msd IUKIMYECKUMU U 4-Ms
3epKAIbHBIMU  CUMMETpusiMu.  YepHo-
Oenble CTPYKTYpbl Tabi.7.2 OTIUYaroTCs
yuciaoM "OCTaTOUHBIX' HEHApPYIIEHHBIX
CUMMETPUN - 1 ¥ 2 1711 HEYETHBIX U YeT-
HBIX HOMEpPOB, COOTBETCTBEHHO. MX
MO>XHO pacCMaTpuBaTh Kak MPOCTHIE MO-
nenu pocra a3z B TBepAbx Tenax. Ha
CTpYKTypbl HaknaneBaica mym (0,5%
WHBEPTUPOBIBAHHBIX THKCEJIOB) IJIsl TIO-
JYyYEHUS  CIIQXKEHHBIX  3aBUCHUMOCTEH
M®-xapakTepucTuk  OT  napamempa
acummempuu @, KOTOPBIM BBOJWICS IS
CTPYKTYp TaKUM 00pa3om, 4YTOObI OH OBLI
paBeH | TpU JMOCTHUKEHUU CTPYKTYpOM
"kpaliHen" cummeTpuyHOil (opmbl. Ha-
MpUMeEpP, 3TO OTHOCUTEIBLHOE MOJIOKEHHE
(GbpoHTa Ha CTOPOHE KBajipaTa JJIsi CTPYK-
Typ 1 ¥ 5 win Ha AMaroHanu ISl CTPYK-
Typsbl 3. {151 37UIMICOB - 3TO OTHOLLIECHHE
nuaMeTpoB. st cTpyKTypsl 6 - 3T0 OTHO-



relative front position on half diago-
nal. For the patterns 7-10 it was a
relative angle of (half)disclosure.

Table 7.2. The structures modeling
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CUTEJIbHOE MOJIOKEeHHE (PPOHTA Ha IMOTY-
nuaronanu. g ctpykryp 7-10 - 310 OT-
HOCHUTEJIbHBIN yros (10oJy)pacKpbITHS.

Tabmuma 7.2. CTpyKTypbl, MOJEIUPYIO-
e poct ga3 B TBEPABIX TEIaX.

the phase growth in solids.
113

7

9

The parameters of calculations
by MGMCP were: an image size
240x240 pixels; a set of scales of the
100% pattern square coverings {/;=2,
3,4,5,6, 8,10, 12, 15, 16, 20, 24,
30, 40, 48, 60, 80, 120, k= 1,..., 18;
N = [240/1,]*}; the range of parameter
g was [-200; 200]. The spectra were
checked on correctness by the
scheme OR for all subranges of
scales (for example 2-8, 4-16 etc.) by
the criteria (7.5.4), and the MF-
characteristics were evaluated as the
average quantities over all correct
spectra. Let's remind, that such tech-
nique allows to evaluate quantita-
tively the (relative) degrees of the
uniformity (f00=f,) and ordering
(Azo():D 1 'DZOOzD 1 -DOOZAOO) of pat-
terns. Thus, the greater f5y, the more
uniform pattern, and the greater A,
the more ordered pattern for canoni-
cal spectra, and on the contrary - for
pseudo-spectra taking into account
the sign. It was revealed, that the de-

[TapameTpsbl pacyeToB 1o
MI'MOP: pa3zmep U300paKEeHUS
240x240 nwukcenoB; HaOOp MacmITabOB
100%-ro oxBara IUIOIIAJA  CTPYKTYp
{L=2,3,4,5,6,8,10, 12, 15, 16, 20, 24,
30, 40, 48, 60, 80, 120, i=1,...,18;
N=[240/1]*}; mapamerp g € [-200;200].
[IpoBoauace mpoBepka CHEKTPOB Ha
KoppekTHOCTh Mo cxeme OR ans Beex
M0JI/TMATIa30HOB IKal (Hanpumep 2-8, 4-
16 u 1.1.) o xputepusim (7.5.4), a MO-
XapaKTePUCTUKU  BBIUMCIBUIMCH KAk
CpPEIHUE BEJIMYMHBI MO BCEM KOPPEKT-
HbIM crnekTpaMm. HamomHum, 4to Takas
METOJUKa I[O3BOJISIET KOJUYECTBEHHO
OLIEHHMBATh OTHOCHUTEJBHYIO CTENEHb OJI-
HOPOAHOCTH (fr00%f,) B YHOPSIIOYEHHO-
ctu  (Ax0o=D1-Dyp0=D1-D=A,) cCTpyK-
Typ. Ilpu 3TOM, yeM Oombiie f)o9 TeEM
CTPYKTypa OJHOPOJHEE, 4YeM OOJIblle
As00, TEM OHA YTIOPSIIOUEHHEE JJIS1 KaHO-
HUYECKHX CHEKTPOB, U HAOOOPOT - I
NICEBAOCMEKTPOB, MPUHUMAsi BO BHUMa-
HUe 3HaK. b0 0oOHapyX eHo, 4TO 3aBU-
cumoctn M@-napaMeTpoB NCEBIOCIEK-



pendencies of MF-parameters of
pseudospectra reflect not only the
presence of the broken (geometrical)
symmetry, but also the change of pat-
terns with change of the asymmetry
parameter. It is necessary to note that
the characteristics of canonical spec-
tra "feel" the presence of SB on the
whole, and the characteristics of
pseudo-spectra are capable to distin-
guish similar patterns with different
parameters (degrees) of asymmetry.
For example, the presence of only
one symmetry for patterns 1, 3 gives
a steady value of uniformity index
£500=0.2+0.5 for canonical and 2.2 for
pseudo-spectra. For patterns 1-10 of
Table 7.2 the dependence of the abso-
lute value of average ordering index
by pseudo-spectra on the asymmetry
parameter a are well approximated by
an exponential function:
| A% (a)| =Aa™®, similarly to Fig.7.7b,
see Table 7.3, where the ratios « of
the coefficients 4, and f of the coef-
ficients B are given, R> being the
squared correlation coefficients.

Table 7.3. The parameters of non-
linear correlation | A%, (a)|=4a™.
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TPOB OTPaAXarOT HE TOJILKO HAJIUYUE Ha-
pPYLIEHHON (Ir€OMETPUYECKON) CUMMET-
pUH, HO U U3MEHEHUE CTPYKTYp C U3Me-
HEHUEM Mapamerpa acuMmerpuu. Hyx-
HO OTMETHUTh, YTO XapaKTEPUCTUKHU Ka-
HOHUYECKHUX CHEKTPOB "4yBCTBYIOT' Ha-
mmune HC B menom, a XapakTEpUCTUKU
MICEBJIOCIIEKTPOB CIMOCOOHBI Pa3INyaTh
CXOJHBIE CTPYKTYpPbI C Pa3IMYHBIMU Ta-
pamerpamu (CTENEHSIMU) ACHUMMETPUHU.
Hanpumep, Hamuume TOJIBKO OAHOU
CUMMETpPHH I CTPYKTYp 1, 3 maer yc-
TOMYMBOE 3HAYEHHE WHIEKCAa OJHOPO/I-
HOCTH fr00 0,2+0,5 nis KaHOHMYECKUX H
2,2 nys miceBAocneKkTpoB. st cTpykryp
1-10 Tabum..7.2 3aBUCHUMOCTH MOJIYJIS
CPEIHET0 MHJEKCa IMOPsAKa MO ICEBJIO-
CHEKTpaM OT IapamMeTpa AacCUMMETPHH
XOpOILO aMMpPOKCUMUPYETCSI CTENEHHOM
dynkuueit: | A% (a)|=4a™, ananornumo
puc.7.7b, cm. Tab6n.7.3, roe Tak ke na-
IOTCSl OTHOIIEHUSI @ KOA(P(PUIIUEHTOB A,
u B - xoodduumentos B, R* - kagpar
KodhpuIreHTa KOPPESIIIH.

Tabnmuua 7.3. [lapameTpsl HeTUHEHHOM
koppesinun | A%, (a)|=4a®.

No. A B R’ o, B
12 | 0,0095\0,0445 | 1,2246\0,5778 | 0,9553\0,8941 | A=2.119
3\ | 0,0093\0,0336 | 1,7272\0,842 | 0,9394\0,9558 |  3=2,051
56 | 0,0221\0,0136 | 1,6102\1,6659 | 0,9676\0,9677 | a=1,625
7\8 | 0,0321\0,0183 | 1,0237\1,003 | 0,9111\0,8056 | o=1,754
O\10 | 0,0325\0,0164 | 0,7668\0,9319 | 0,9327\0,9183 | =1,982

The correlation of the ratios S
for simply-connected patterns 1-4,
and ratios o for doubly-connected

OOHapykeHa KOppessuus OTHO-
mIeHu [ 111 OHOCBA3HBIX CTPYKTYp 1-



patterns 6,8,10 with a number of "re-
sidual" symmetries are detected. The
fact of decrease in power regression
coefficient 4 for (almost) invariable
B for transitions from less symmetric
(5,7,9) to the more symmetric
(6,8,10) structures for doubly-
connected patterns is trivial and is
due to the very MGMCP. The fact of
change in index B for analogous tran-
sitions for simply connected patterns
is not trivial and can be explained on
the basis of only more general
thoughts, that the breaking of a geo-
metrical symmetry of patterns results
in change of a symmetry breaking of
their measures with respect to multi-
fractal transform (7.2.2). To found
this proposition we should remark,
that the MF-spectra of square Sier-
pinski carpets calculated by MGMCP
using the MFRDrom program [50],
are degenerate (1.e. D=Dy=D,=f=a
for any ¢) that means a nontrivial
(dimension is not integer) symmetry
of carpets measures (over the embed-
ding space) with respect to multifrac-
tal transform (7.2.2), the square Sier-
pinski carpets having all the symme-
tries of the whole ideal quadrat. The
slightest violation of carpets' patterns,
for example, by a noise, or even by
one pixel, results in the appearance of
nondegenerate spectra, Ayy#0.

We remind additionally that
the ordering index A,y 1s an evalua-
tion of one of the extremums of n
multifracatal information 1(q)/(g-1),
and if we draw an analogy with Janes'
principal, Sec.7.2, then A,y is a mul-
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4, U OTHOUIEHWH « N JABYCBSI3HBIX
cTpyktyp 6,8,10 ¢ uucinom "ocrarou-
HeIX" cuMMeTpuid. DakT yMEHbIICHHUS
K03 duIMEeHTa CTETIEHHON perpeccuu A
npu (IOYTH) HEM3MEHHOM B mia mepe-
XO0JIOB OT MEHEE CUMMETPUUHBIX (5,7,9)
K Oonee cummerpuyHbM (6,8,10) nBy-
CBSI3HBIM CTPYKTypaM SIBIISICTCS TPUBH-
QIbHBIM U OOYCJIOBJIEH CaMOW CXeMOM
MI'MOP. ®akt u3MeHeHus MNoKa3aTest
B mipu aHanmoruyHBIX Tepexoaax A OJI-
HOCBSI3HBIX CTPYKTYp HE SIBIISIETCS TPH-
BHAJIbHBIM M MOXKET OBITh OOBSCHEH Ha
OCHOBE TOJIbKO OoJiee 00ImuX coodpaxe-
HUW, 4TO HApYIIEHUE TeOMETPUUYECKOU
CUMMETPUHU CTPYKTYp NPUBOAUT K Ha-
PYIICHUIO CUMMETPUH MX MEpHI M0 OT-
HOIIICHUIO K MYJIbTH(PPAKTATHHOMY TIpe-
obOpazoBanuio (7.2.2). Jlis 060cHOBaHUS
9TOr0 MOJIOXKEHHUS 3amMeTuM, 4Tto M-
CHEKTPHI KBaJpaTHBHIX KOBpoB CeprnuH-
ckoro, paccuutanubie o MI'MOP c¢ no-
Mombto nporpaMmMmel  MFRDrom [50],
SIBJISIFOTCS BBIPOXKICHHBIMHU (T.e.
D/~=Dy=D\=f=c npu moboM q), 410 03-
Ha4YaeT HETPUBUAIBHYIO (Pa3MepHOCTH
HE IIeJ1asi) CUMMETPUI0O MEp KOBPOB IO
OTHOUIEHUIO K MYJIbTU(PAKTATEHOMY
npeobpazoBanuto (7.2.2). Ilpu stoMm
KBajipaTHbIe KOBpHI CepruHcKoro o0Ja-
JAl0OT BCEMH CHUMMETPHUSIMHU  IIEJIOTO
KBajpara. Maneriee HAPYUICHUE
CTPYKTYPBI KOBPOB, Hallpumep, Ipu Io-
MOIIIU [ITyMa, WIH JIa)Ke HA OJMH MHKCE,
OPUBOJUT K TOSIBIICHUIO HEBBIPOXKICH-
HBIX CIIEKTPOB, Ayno#0.

JIOTIOTHUTENIBHO HAMOMHUM, YTO
WHJIEKC YIIOPSAOUCHHOCTH Ay SBIISETCS
OLIEHKOW OJHOTO M3 3KCTPEMYMOB MYJIb-
tudpakransHoi uHpopmaumu /(g)/(g-1),
U €CJIM MPOBECTU AHAJIOTHIO C MPHUHIIM-
oM JkeiiHca, 11.7.2, TO Ay SBISETCS



tifracatl analogue of changes in statis-
tical interpretation of physical en-
tropy due to SB. Non-zero Ay for
the structrures 1-10 and the obtained
correlaltion of regression dependen-
cies | AL, (a)|=A4a® with the number
of residual unbroken symmetries say
about a real opportunity to measure
geometrical asymmetry quantitatively
by revelation of multifractal asymme-
try (Az00%0). This is in complete ac-
cordance with basic proposition of in-
formation physics, Ch.1, considering
information (in the sense of transform
information) as a quantitative meas-
ure of SB in the systems under study.

For the contour lines of pat-
terns 1-6 of Table 7.2 the linear cor-
relations of Ayy and a, not detecting
any connection with the number of
"residual" symmetries were de-
tected. The linear (piecewise linear)
dependencies A% (a), for contour
lines of the patterns 7,9 and 8,10 ex-
hibit a similarity in a certain range
of disclosure angles of contours.
This is due to the fact that the MF-
parameters of pseudo-spectra, ob-
tained by smaller scales, do not al-
low to distinguish the boundaries of
different subpatterns, if they pass to
each other after the rotation by 90°,
as, for example, for the left upper
and left lower quarters. In Fig 7.6

the results of comparison of A% (a)-

dependencies for the "checkmarks" -
the boundaries of patterns 7 and 9 in
Table 7.2,- are represented.
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MYJIbTU(PPAKTAIbHBIM aHAJIOTOM H3Me-
HEHHUM CTAaTUCTHUYECKOM WHTEPIIPETALNU
¢usnueckor suTponuu npu HC. Otiu-
gne Ay OT Hyds s cTpyktyp 1-10 u
oOHapyXeHHasi Koppensuus Kodphuiu-
€HTOB CTENEHHBIX PErPECCUOHHBIX arl-
MPOKCUMALUI 3aBUCUMOCTEN
|A’;‘go (a)|=Aa'B, C YMCJIIOM OCTaTOYHBIX
HEHAPYLIEHHbIX CUMMETPHUA TOBOPAT O
peaIbHON BO3MOXHOCTH KOJWYECTBEH-

HOIO  HM3MEPEHUSI  I€OMETPUYECKOMN
ACUMMETPUM C TIOMOUIIBIO BBIABJICHUS
MyJIbTU(PAKTATBHOMN aCUMMETPUHU

(A200%0), 4TO HAXOAUTCA B IOJHOM CO-
[JIACHH C OCHOBHBIM IIOJIO)KEHHEM WH-
¢opmarmonnot ¢uzuku , ['m.1, Tpak-
TYIOIIUM HH(POpMAIUIO (B CMBICIE HH-
dbopmanmu mpeoOpa3oBaHMs) KaK KOJIH-
yecTBeHHYl0 Mepy HC B wu3ydaembIx
CUCTEMAX.

Jl7is KOHTYpOB CTPyKTyp 1-6 Tao-
auipbl 7.2 Obuin OOHApYXEHBI JTMHEWHBIE
KOppessiiud Ayp M @ , HE BBIABISIOIINE
KaKoW-1M00 CBS3M C YMCIOM '"OCTaTou-
HbIX" cumMeTpuil. JIuHeiHbIe (KyCOYHO-
JUHEWHBIE) 3aBHCHUMOCTH A% (@), s
KOHTYpOB CTpYKTYyp 7,9 n 8,10 mposBis-
10T 110A00ME B OMPEJIEICHHOM JIMaIa30He
YIJIOB PACKPBITUS TPAaHULL. ITO CBSA3AHO C
TeM, yTo M®-nmapamMeTpsl INCEBIOCIEK-
TPOB, MOJIYYEHHBIE MO MaJIbIM MaclITa-
0aM, HEe TO3BOJISIIOT OTJIMYATh TPAHUIIBI
Pa3IUYHBIX CTPYKTYp, €CJIM OHU MEPEXO-
IAT Opyr B Apyra npu mnoopore Ha 90°,
HallpuMep, HaxXOJAUIUXCsS, B BEPXHEU
IIPaBOM W HWKHEH MNPABOM YETBEPTIX
kBagpaTta. Ha puc.7.6 npencraBiieHbl pe-
3yJNbTaThl comocTaBieHust A%, i "ra-

JoK" - rpanull cTpyktyp 7 u 9 Tabmn.7.2.
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i Fig.7”.6. A silfﬁillarity of de-

pendencies of A%, on half disclosure
angle of the "checkmarks" - the
boundaries of the patterns 7 1 9 in
Table 7.2. As the pseudospectra are
calculated by the smaller scales,
their characteristics do not distin-
guish the local geometrical asymme-
try in the quarters which pass to
each other after the rotation by 90°.

For the goal of more deep-
ened investigation of these effects
on model patterns, a series of calcu-
lations on the polygons was carried
out. During trial calculations on pat-
tern 1 of Table 7.2 it was revealed,
that without a noise, just after the
square of quadrateis filled by more
than 40%, all the MF-characteristics
"perceive" it as a dense solid struc-
ture with dimension 2. Therefore,
the residual symmetries of the poly-
gons can be investigated on a square
grid with noisy circle area around.
As an example of the investigated
patterns, the heptagon, N=7, in-

Puc.7.6. [logo6ue 3aBucuMo-
CTEH A”;, OT TIOJyyTJia pacKphITHA "TajaoK"

- rpanull cTpykryp 7 u 9 Ta6mn.7.2. Ilo-
CKOJIBKY TICEBJOCTIEKTPBI BHIYUCIISIOTCS C
UCIOJIb30BAaHUEM MaJIbIX IIIKaJ, UX Xapak-
TEPUCTUKHU OJMHAKOBO "4yBCTBYIOT" JIO-
KaJIbHYIO0 TEOMETPUYECKYIO0 ACUMMETPHIO

B YETBEPTSIX, KOTOPbIE MOKHO COBMEC-

TUTh APYT C APYTOM MPHU MOMOIIHU MTOBO-

pota Ha 90°.

C uenpto Oosee MOAPOOHOTO HC-
cleoBaHMsI 3TUX 3(PPEKTOB HAa MOJEINb-
HBIX CTPYKTypax Oblla mpojeiaHa cepus
pacyeToB Ha MHOTOyrojpHHKax. [lpwu
NpOBEJCHUN MPOOHBIX pAacueToB Ha
cTpyktype 1 u3 Tab6n..7.2 6pu10 0OHApY-
’KEHO, 4TO 0e3 HAJOXKEeHMs LIyMa MpH 3a-
MOJIHEHUH TUTOIIAIN KBajparta Ooyee yem
Ha 40% Bce M®-xapaKTepuCTUKH "BOC-
NpUHUMAIH" €ro Kak UENyl IUIOTHYIO
¢burypy c pazmepHoctsio 2. [Toatomy oc-
TATOYHBIE CUMMETPUU MHOTOYTOJIHHUKOB
MOJKHO HCCIIE€OBaTh Ha KBAJPAaTHOM CeT-
K€ C 3alllyMJIEHHOW KPYTOBOW 0OJNACTBHIO.
B xadectBe mnpuMmepa HCCIIEJOBaHHBIX
CTPYKTYp Ha puc.7.7a NPpUBOAUTCA CEMHU-



scribed into quadrate 480x480 pixels
at the center, noisy with probability
0,5% is shown in Fig.7.7a.
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yroJibHUK, N=7, BOMCaHHBIM B KBajpaT
480x480 no HeHTpy, 3alIyMJICHHBIN C Be-
posiTHOCTBIO 0,5%.

a
PLGN PsFE N=7 480x480 n=0,5% b
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Fig.7.7. The results of polygons se-
ries processing.

The ratio of a quadrat size to a
diameter of a circle, in which the
polygon can be inscribed, was taken
as the asymmetry parameter a of
such patterns. The correctness of the
spectra was checked up by the
scheme FE. As was earlier, the ex-
ponential correlation A% (a)= Aa™”
was detected (see Fig.7.7b for N=7,
for N=2 the ellipses of a type 2 in

Puc.7.7. Pesynbrarel 00pabOTKH cepuii
N300paKeHUI MHOTOYTOJILHUKOB.

B kadectBe mapameTpa acUMMET-
pUU TaKUX CTPYKTYp Opanoch OTHOIICHHE
pa3Mepa KBajpara K IHaMeTpy Kpyra, B
KOTOpBIN BIMCAaH MHOTrOyrojibHUK. Kop-
PEKTHOCTh CHEKTPOB TMPOBEpsIach 110
cxeme FE. Kak u panee, Obuta oOHapy»ke-
Ha CTENEHHAas KOPPEJSALUs | AL (a) |=Aa
B puc. 7.7b (s N=7, mpu N=2 uccueo-
BaJICs AJUUIIC THMa 2 B Tab6m.7.2). Pe3ynb-
TaThl ompeneeHus: Ko3hPUIMEeHTOB, T10-



Table 7.2 were investigated). The
results of determination of the corre-
lation coefficients obtained by the
scale set providing 100% picture
coverings are given in Fig.7.7(c-f) as
the dependecies of the coefficients A4
amd B on the side number N.

The correspondence of corre-
lation parameters values with the
number of polygon sides N (and
then with the number of their sym-
metries which is 2N taking into ac-
count the rotation for 360 or 0°)
were observed only up to N=20, that
is due to the small size of pictures.
This correspondence is disintegrated
into the branches by the repetition
factors or evenness of N, or even
into a group of numbers like the Fi-
bonacci numbers (2,5,7,12,19). In
Fig.7.7(e,f) some variants of the re-
trieved correlations are represented.
The results for the polygons with
N=3,6,12,24 (the number of the
sides is N=3*2n) and N=4,8,16
(N=4*2n) lie practically at one
straight line in Fig.7.7e. It is neces-
sary to note one paradoxical circum-
stance: the number of correct
pseudo-spectra by the scheme FE
from 12 up to 30 (depending on
a=0-1) decreases sharply to 1-2 even
by the scheme OR for increase of a
pictures size up to 980x980 pixels. It
has not allowed to carry out a more
detailed investigation of polygon se-
ries with greater side numbers in
larger pictures. The reason of this
objective limitation is not clear.

It should be emphasized that
the speech goes about only the
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Jy4YEeHHBIX MO Habopy macmibaboB 100%
oXBaTa KapTUHOK, JaHbl Ha puc.7.7(c-f) B
BHUJIE 3aBUCUMOCTEH 3TUX Kod(pduuueH-
TOB OT YHCJIa CTOPOH M.

CooTBeTCTBUSI BEIUYUH KOppEs-
IIUOHHBIX KO3(PPHUIIMEHTOB C YUCIOM CTO-
poH N (M MOATOMK C YHCIIOM UX CHUMMET-
pHUi, KOTOpOE paBHO 2N C y4eTOM TOXKIE-
CTBEHHOro mnosopora 360 wmm 0°) Ha-
omomanock Tolbko 10 N=20, 4TO 00Yy-
CJIOBJIEHO MAaJOCTBIO pa3Mepa KapTHUHOK.
OTU COOTBETCTBHSI paclaialoTCs Ha BETBU
M0 KPAaTHOCTH WJIM YETHOCTH N, WK JJaxke
Ha TpyNmy yucen tumna yucen OuboHauu
(2,5,7,12,19). Ha pwuc.7.7(e,f) npencras-
JICHBl HECKOJIbKO BapHaHTOB HaWICHHBIX
Koppensiuui. Pe3ymprarel s MHOTO-
YIOJabHUKOB 3,6,12,24 (4yucio CTOpoOH
N=3*2") 1 4,8,16 (uncio cropon N=4*2")
JIETJIM TPAaKTUYECKH Ha OJHY MpPsIMYIO Ha
puc.7.7e. Crnenyer OTMETUTh OJHO Tapa-
JOKCAIlbHOE  OOCTOSITENIbCTBO:  YHKCIO
nicepaocnekTpoB no cxeme FE ot 12 go
30 (B 3aBucumoctu or a=0-1) pe3ko
yMmeHnbmaercs A0 1-2 gaxe no cxeme OR
IpU yBEIMYEHUH pa3Mepa KapTUHOK A0
980x980 numkcemoB. DTO HE IMO3BOJIUIO
npoBecTu Oosiee 0OOCTOSTENLHOE HCCIIe-
JIOBaHUE TOJUTOHOB C OOJBIINM YHCIIOM
CTOPOH Ha OonblIMX KapTHHKaX. [Ipuum-
Ha ATOr0 OOBEKTHBHOI'O OIPAaHUYCHUS HE
ACHA.

Cnenyer NmOgYEepKHYTh, YTO pEYb
UJET TOJBKO O NCEBIOCHEKTPAX, T.K. He-

pseudospectra as the small number

0O0JIBIIIOE YHCIIO KOPPCKTHBIX KAaHOHMHNYC-




of correct canonical spectra was ob-
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CKHUX CIEKTPOB OBLIO OOHAPVIKEHO TOJb-

served for only 1% of investigated

KO Juia npuMepHO 1% wun300pakeHuu w3

images of polygons (for 61 values of
asymmetry parameters for each of
25 polygons, N=2-25,30).

On the whole, the numerical
results of the described above inves-
tigations of the series of model
structures show that the F-symmetry
breaking do can reflect the geomet-
ric symmetry breaking [45]. We can
consider this fact as a possibility to
measure a structural information
(see Ch.8) quantitatively in the form
of "multifractal equivalent."

7.5.4. Concluding remarks
on FDS

As it is seen from the de-
scribed material, the introduced con-
cept of F-symmetry (fractal symme-
try) has a complete set of attributes
of customary general concept of
symmetry: There is a mathematical
object (measure) subject to particu-
lar group transform - the multifractal
transform which leaves the charac-
teristics of the object (the equal
Renyi entropies, zero multifractal in-
formation) invariable, if it obeys this
type of symmetry, or the transform
changes these characteristics other-
wise (the unequal Renyi entropies,
non-zero multifractal information).
The invariance of the object appears
in a form of particular, degenerate
type of multifractal curves. The non-
trivial examples of F-symmetric ob-
jects are the regular "one-scale"
fractals and the Boltzmann and

BCEX MCCIEIOBAHHBIX M300pakKeHUN IO-
JUroHoB (st 61 3HaueHus] mapaMeTpoB
ACUMMETPHUM Ha KaXXAbld M3 25 IMOIUTOo-
HOB, N=2-25,30).

B memoM 4wMclieHHBIE PE3YJIBTATHI
ONMCAHHBIX BBIIIE HUCCIEAOBAaHUN CEpUU
MOJENBHBIX CTPYKTYpP IOKa3bIBAIOT, YTO
HapylmieHu @-CUMMETpUs MOXKET OTpa-
KaTh HApYLICHHE T€OMETPUYECKHU CHM-
MeTpuu[45]. DTOT PakT MBI MOXKEM IPU-
HATb B KayeCTBE BO3MOXXHOCTH H3MEpE-
HUS CTPYKTypHOH HHpoOpManuu (CM.
['n.8) B ¢opme "mMynbTU(]paKTaIBHOTO
DKBUBAJICHTA".

7.5.4. 3aka0uncTeIbHbIC

3ameHusi mo ®JIC

Kak BHJIHO W3 M3JI0’KEHHOTO Mare-
puana,  BBeJAeHHOe  ToHsTHE — D-
cuMMETpUH  ((ppaKTaIbHOW CUMMETPUHN)
UMEET TOJIHBIA Habop aTpuOyTOB OOBIY-
HOTO OO0IIero MoHATHs cummeTpun. Nme-
€TCsl MaTeMaTUYeCKUii 00BEKT (Mepa) 1o
JICCTBMEM YaCTHOTO TPYMIIOBOTO MPeod-
pa3oBaHUs - MYJIbTU(PAKTAIBLHOTO TIpe-
o0Opa3oBaHUsl, KOTOPOE OCTaBIISIET Xapak-
TEPUCTUKU O0BEKTa (paBHBIE SHTPOIHHU
Penbu, wyneBas MynbTU(paKTaIbHAS
uHdopmaIusi) HEU3MEHHBIMH, €CIId OH
MOJYMHACTCS JTOMY THUIY CHUMMETPHH,
WIM 3TO TpeoOpa3pBaHUE H3MEHSET €ro
XapaKTEpPUCTUK B IPOTUBHOM ciiydae (He-
paBHble SHTpornuu PeHbpnO HeHyeBas
MyJIbTH(paKTanbHas uHbopmarus). Ma-
BAPUAHTHOCTh OOBEKTa MPOSBISIETCS B
dbopMe YacTHOTO BBIPOXKICHHOTO THIIA
MYJIbTH(PPAKTATBHBIX KpUBBIX. HeTpubu-
aMbHBIMU TpuMepaMu D-cUMMETPUYHBIX
O0OBEKTOB SIBJISIOTCSA pEryJisipHbIE "OIHO-



Gauss distribution laws.

An additional feature of this
type of symmetry is the possibility
of direct quantitative description
(parameterization) of its violation
degree. This distinguishes F-
symmetry from the approach of us-
ing the symmetry reasonings cus-
tomary for physics. It is similar to
distinction between weighing the
masses with the help of weights
(when we equilibrate the balance
picking up the necessary "gauge"
weights, that, by the way, corre-
sponds to introducing in the Lagran-
gian the gauge fields necessary for
providing action invariance), and
weighing the masses by electronic
weighting machine (when we see the
"misbalance" of the sensor in an in-
dex dial numerically).

The process of measurement
of a degree of F-symmetry breaking,
as well as any other process of
measurement, consists in application
of definite algorithms and operation
sequences and computing proce-
dures, that is, in principle, possible
to do by any accessible means with-
out the use of the computer (by an
adding machine). The principle pos-
sibility of quantitative parameteriza-
tion on the base of F-symmetry
breaking measurement 1s shown
here to be done by the uniform us-
age of algorithms of scale set choice,
measures generation method and
statistical analysis of spectra.

The detected local similarity
of response of pseudo-spectra on the
features of local geometrical
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MacmTabHble" (PpakTalibl U pacnpenene-
Hus boneimana u ["aycca.

JIOTOTHUTENIPHON ~ OCOOECHHOCTBIO
ATOr0 THIMA CUMMETPUHU SBISIETCS BO3-
MOXHOCTh MPSAMOr0  KOJIUYECTBEHHOI'O
onucaHus (mapameTpus3anuu) CTENEHU ee
HapyLICHUS. JT10 OTJINYaeT O-
CUMMETPHUIO OT MOAXOAAa K HMCIOJIb30Ba-
HUIO  CUMMETPHUUHBIX  COOOpakKeHHi,
OOBIYHOTO JIIsl (PU3UKU. DTO MOXBOXKE Ha
paznuyre MeXIy B3BEIIMBAHUEM Macc
IpU TOMOILIM TUPEK (KOrja Mbl ypaBHO-
BEIIIMBAEM BeChl 1I010Mpasi HEOOXOAUMBIE
"kannOpoBOUYHBIE" Beca, UTO, KCTaTH, CO-
OTBETCBYET BBEJICHUIO B JIarpaHWKUaH
KaJIMOPOBOYHBIX TOJIEH, HEOOXOIUMBIX
Uit o0ecreuyeHrss MHBAPUAHTHOCTH JEil-
CTBUSI) M B3BELIMBAHMEM MAacC Ha 3JIEK-
TPOHHBIX Becax (Korja Mbl BUAUM '"pas-
OaylaHCUPOBKY'" CEHCOpa Ha IIKaJle B YKC-
JIGHHOM BH/JIE).

[Ipouecc u3MepeHus CTENEHU Ha-
pymeHusi O-cuMMETpUH, TaK K€ Kak JIo-
001 mporecc u3MEpPeHusi, COCTOUT B MPHU-
MEHEHUH OTpEACICHHBIX aJTOPUTMOB U
IIOCJIEA0BATENBHOCTEN ONEpaluii U BBI-
YHCITUTENBHBIX TPOLEAYp, KOTOpbIe, B
IOPHUHIIAIIE, MOXHO NPOAENaTh ITOOBIMU
JOCTYIHBIMHU CPEICTBAaMU 0€3 HCHOJIb30-
BaHUS KOMIIbIOTEepa (apudmMomeTpom).
3n1ech MOKa3aHO, YTO MPHUHIUIHAIbHAS
BO3MOXXHOCTh KOJIMYECTBEHHOW MapameT-
pHU3alliy Ha OCHOBE M3MEpPEHUs Hapylle-
Husl O-CUMMETPHUH TOJDKHA TIPOBOAUTHCSA
Ipu OJHOOOpPA3HOM HCIOJB30BAaHUU aJl-
rOpUTMOB BbIOOpa Habopa MaciTadoB,
METOJIa TeHepali Mepbl U CTaTUCTUYE-
CKOTO aHalu3a CIIEKTPOB.

OGHapyXuBaeMoe JIOKaJIbHOE TIO0-
no0ue OTBeTa ICEBIOCIEKTPOB Ha OCO-
OCHHOCTH JIOKQJILHOTO HAapYIIEHHUS Teo-



metry violation, Fig.7.6,7.7, and the
gentle response of the canonical
spectra to symmetry violation on the
whole are reminiscent of the sharing
the functions of image analysis be-
tween hemispheres of a human
brain: the figures drawn by the peo-
ple with a damaged right hemisphere
are dispossessed of integrity with
the good plotting of details, and, on
the contrary, the figures of the peo-
ple with damaged left hemisphere
are dispossessed of clear details, but
are well composed as a whole [53].
And (just asking) whether or
not can the described effects of frac-
tal dissymmetry, after all, be consid-
ered as a real physical phenomenon?
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METPUYECKOW CUMMETpuH, puc’/.6,7.7, u
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8.Structural information

In the surrounding natural
bodies or man-made constructions
we see or intuitively feel the exis-
tence of internal fabric, structure,
and that the structures of different
bodies are different. On the base of
this intuitive feeling, the ancients
contradistinguished four primary
"elements": the air, fire, water, and
earth. Now we express this intuitive
notion in a more exact concept of
aggregation state of the matter.
More subtle differentiation includes
distinctions in the structures of sol-
ids (crystals and amorphous solids),
liquids, etc. Such a differentiation is
based upon the notion that bodies
are the combinations of great num-
bers of elementary parts - atoms and
molecules. The problem of structural
description is actually what are the
ways the elementary (solid) parts are
combined to make the matter with
its observable properties.

Schroedinger [1], in discuss-
ing the structural features of matter
in living species, that may be classi-
fied in modern terms as liquid crys-
tals, draws the general structural dis-
tinction in the fabric of matter in the
form of "equation":

molecule=solid=crystal
gas=liquid=amorphous solid.

This distinction is not trivial
and in modern terminology it can be
characterized using the concepts of
the close order and long range order
[2]. The concept of close order is
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8.CTpykrypHast uHpopManus

B okpyxaromnux HacC €CTECTBEHHBIX
M UCKYCCTBEHHBIX TeJaX Mbl BUIUM WU
WHTYUTUBHO YyBCTBYE€M HaJINYWE BHYT-
pEHHEH CTPYKTYpPBhl, U YTO CTPYKTYpHI
pasmTUYHBIX TeNn pas3nudHbel. Ha ocHoBe
ATOTO MHTYUTUBHOTO OIIYIICHUS IPEBHUE
pasiinyaiy 4eTblpe NEPBUYHBIX ''IJIEeMEH-
Ta": BO31yX, OrOHb, BOAYy M 3emiito. Te-
Mepb MBI BBIpAXKAeM 3TO HHTYUTHUBHOE
MOHSATHE B 00JIe€ TOYHOW KOHIIETIUHU ar-
pPEraTHOrO COCTOSIHHUS MaTepuu. bonee
ToHKas auddepenuumanus Tpedyer pas-
JUYCHUS CTPYKTYpP TBEPABIX Ten (KpH-
CTaJUTbl, aMOp(dHBIE TeNna), KUIKOCTEH U
np. Takas quddepeHnmranys oCHOBaHA Ha
MOHUMAHUU TOTO, YTO Teia SIBISIOTCS
KOMOHWHAIUAME OOJBIITNX YHUCET AJIEMEH-
TapHBIX YacTed - aTOMOB U MOJIEKYIL.
[IpobGnema cTpykTypHOTO OommcaHus (hak-
TUYECKA €CTh BBISICHEHHWE TOTO, KAKUMH
croco0amMu 3JIEMEHTApHBIE (HEIETNMBIC)
YaCTH COCIHMHSIIOTCS, YTOOBI B PE3yJIbTATE
MOSIBUJIACh MaTEepHsi CO CBOMMHU HAOIIIO-
JA€MbIMU CBOMCTBAMU.

Hlpenunrep B padote [1] npu onu-
CaHUU CTPYKTYPHBIX OCOOEHHOCTEH >KH-
BOM MarTepuu, KOTOpas B COBPEMEHHOM
MOHUMAHUU MOXXET OBITh OTHECEHa K
KUJAKAM KpPUCTaJUIaM, TPOBOAUT 0O01IIee
pasznudme B CTPYKType Matepuu B Ghopme
"ypaBHEHUS "

MOJIEKYJIA=TBEPJI0€ TEIa=KPHCTAILT
ra3=KuJIKOCTb=aMop({HOE TeIo.

DTO paznuuue He SBISETCS TPUBH-
albHBIM, U B COBPEMEHHON TEPMHUHOJIO-
MU OHO MOJXET OBITh OXapaKTePU30BaAHO
C TIOMOIIBIO TOHSATUN OMWKHETO W JalTb-
Hero mopsaka [2]. Tlorstue OnmxHETrO



employed to characterize the local
substructures consisting of not very
large number of particles like the
cells of crystal lattices or small
enough (non-organic) molecules.
The close order is also observable in
the structures of liquids and amor-
phous solids. The concept of long
range order is employed to charac-
terize the structures consisting of a
large number of the identical struc-
tural elements (substructures) with
(almost) the same or forecasted ori-
entation changing in accordance
with the known rules that are char-
acteristic of a given type of long
range order.. The orientation can be
characterized in terms of statistical
average quantities, like average po-
larization or magnetization, and this
makes the problem of rigorous defi-
nition of what is a long range order
in general more complicated. The
range of this order type is much
greater than the size of the substruc-
tures. We observe it in crystal solids,
liquid crystals, protein molecules,
etc. Taking into account the exis-
tence of self-organization phenom-
ena in the systems of large numbers
of particles even in the absence of
close or long range orders, we can
say about a "super long range or-
der." Even in the case of "usual"
atomic gases without close and long
range order among the atoms, we
can observe the structures like
sound, heat or shock waves that can
be classified as «super long range»
order. In that number some phenom-
ena in solids should be also included
such as Hall effect, Hall-Petch ef-
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MopsiIKa TMPUMEHSETCS JUIsl XapaKTepH-
CTUKU JIOKaJbHBIX CYyOCTPYKTYp, COCTOS-
IIUX W3 HE OYEHb OOJIBIIOrO YHCJIa 4ac-
THUL, TAKUX KAK KPUCTAIUIMYECKUE TYEUKU
WIM JIOCTaTOYHO Majble (HeopraHuye-
CKHE€) MOJIEKYJbl. bivmkHui nopsaok
TaK)K€ HaONIOJAeTCsl B CTPYKTypax XKui-
KocTel 1 amop(dHbIX TBepAbIX Ted. [loHs-
THE JAIbHETO MOPsIKAa TPUMEHSETCS IS
XapaKTEPUCTUKU CTPYKTYpP, COCTOSIIIUX
13 OOJBUIOTO YUCIA UACHTHUYHBIX CTPYK-
TYPHBIX 3JIEMEHTOB (CyOCTPYKTYp) C
(mouTH) OJIMHAKOBOM WJIW MpeJICKa3yeMoun
OpUEHTALIMEN, HW3MEHSIOIICNCS B COOT-
BETCTBUM C W3BECTHBIMM IpaBUJIaAMU, Xa-
PaKTEPHBIMU JJI JAHHOTO THUIA AAJILHETO
nopsaka. OpUEHTaUI0 MOXHO OIUCHI-
BaTh 4Yepe3 CTATUCTHUYECKHE CPEIHHUE Be-
JUYMHBIL, THUMOA CPEAHUX MOJSPU3ALMHU
WM HAMArHWYEHHOCTH, U 3TO YCJIOKHSET
3aJlayy CTPOTOro OMpPeAeNeHuUs, YTO TaKoe
JTalbHUN TIOPSAA0K BooOIIe. Maciitab co-
XPaHEHHUsI TAJILHETO MOPSIAKA B CTPYKTYpe
MHOro OoJbllle pa3Mepa CyOCTPYKTYD.
Mpb1 HaOnoaeM JaJIbHUM  TOPSJOK B
KpUCTaJIax, >KUAKUX KpHUCTaJIax, Oen-
KOBBIX MOJIeKyJax, ¥ T.1. [IpuHumas Bo
BHHMAaHHE CYIIECTBOBAHHUE SIBIICHUW ca-
MOOpraHu3allud B CHCTEMAaxX OOJBILIOTIO
YKCJIa YaCTHULl JIa)K€ B OTCYTCTBUE OJIMXK-
HEro WiW JaJIbHEro MOpsAKa, Mbl MOKEM
TOBOPUTH O 'CBEpXJAJBHEM mHOpsAnKe".
Jlaxe B ciiydae "OOBIUHBIX" OZHOATOM-
HBIX ra30B 0e3 OJIMKHETO U JAJILHETO II0-
psaKa cpeid aTOMOB, Mbl MOKEM HaOJIo-
JaTh CTPYKTYpPbl TUIA 3BYKOBBIX, TEILIO-
BbIX WJIH YJApHBIX BOJIH, KOTOPHIE MOTYT
ObITh KJIACCU(DUIIMPOBAHBI KaK «CBEpX-
JANbHUK TOPSAOK». B 3TO 4MCno HyXHO
BKJIFOUHUTh TaK)Ke HEKOTOpble 3((PEKThl B
TBEPABIX TeJlaX, Takue Kak 3(PPeKTs
Xomna wnn Xomna-Iletda, u ap. Ot mno-



fect, etc. We can summarize these
notions in the table (the mark «+»
means «is possible»).
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HATHUS Mbl MOXEM CyMMHUPOBATh B Ta0JIH-
e (rIe 3HA4Y0K «1» O3Ha4aeT «BO3MO-
HKEHR).

State of matter Close order Long range order | Super long range order
Cocrosinue Mare- | bmwkuuii nops- | JaneHuii nopsi- | CBepXaalbHUHN MTOPS-
puH JOK JIOK JIOK

Plasma / [Tna3zma - - +

Gas / T'a3 - - +

Liquid / XuakocTs + - +
Amorphous solid

AMopdnoe  TBep- + - -

J0€ TEJI0

Liquid crystal + + +

Kujkuii kpucraml

Crystal solid

Kpucrannuueckoe + + +

TBEPJIOE TEJIO0

Polycrystal + + +
[Tosmmkpucramn

Biological objects

buonornueckune + + +
OHOBEKTHI

Nevertheless, the concepts of
close and long range order, being
described in details, do not provide a
unique classification of numerous
structures of observable matter and
do not allow to display or evaluate
their complexity quantitatively in a
universal manner. Biological objects
have the most complex structures.
Even the simplest viruses, separate
protein molecules or biological
membranes are so complex [3] that
we can only describe their structures
in the specific terms, but not in gen-
eral.

The attempts to evaluate
quantitatively the complexity of pro-
tein molecules in terms of informa-
tion measures and to evaluate on this

Tem He MeHee, MOHATUS OJMKHETO
U JAJIbHETO TMOpsaKa, Oyaydd JeTalibHO
ONMKMCAHHBIMU, HE 00ECIICUMBAIOT €AMHOU
KJ1accuukanuu MHOTOYHCIIEHHBIX
CTPYKTYp HaOJI0JJaeMOTO BEIleCTBA U HE
MO3BOJISIIOT BBIPA3UTh WM OLICHUTH KO-
JUYECTBEHHO UX CIIOXKHOCTh YHHBEp-
calibHBIM 00pa3oM. buonornyeckue 00b-
€KThl UMEIOT HauboJiee CIOXKHBIE CTPYK-
Typbl. Jlaxke mpocTeilime BUPYCHI, OT-
JIeJIbHBIE OCJIKOBBIE MOJIEKYJIBI WM OHO-
JIOTUYECKUEe MeMOpaHbl HACTOJIBKO CIIOXK-
Hbl [3], YTO MBI MOXKEM OIIUCHIBATH MX
CTPYKTYpPbI B YACTHBIX TEPMUHAX, HO HE B
o0uiem.

ITONBITKH OLIEHUTh KOJIMYECTBEHHO
CJIO)KHOCTh OEJIKOBBIX MOJIEKYJI B TEPMHU-
HaX HH()OPMAIMOHHBIX MEp M Ha ITOU
OCHOBE OIIEHUTh UX "WH(OOPMAIMOHHOE



ground their "information contents"
give the very scattered values in de-
pendence on the way of information
reckoning [4,5]. Nevertheless we
can make some general conclusions
from the available data and develop
a logic of a possible approach to the
problem of quantitative evaluation
of the complexity of the structures.

First of all, we can observe
the differences in the symmetry
properties of different structures, es-
pecially of biological structures in-
trinsically "constructed" of chiral
molecules [3,6].

The structures of solid atomic
crystals are described by finite num-
ber of parameters like the coordina-
tion number, lattice parameters, etc.
The set of their symmetries is also
finite (countable) [7,8]. We can sup-
pose that this is characteristic of the
long range ordered structures. The
close ordered structures ("blocks")
in liquids reproduce the local struc-
ture of crystals [8,9], hence, close
order symmetries in liquids are also
finite (countable), but the long range
ones - not. We could say that liquid
1s invariant with respect to the rear-
rangements of the close ordered
blocks. The number of symmetries
of the gas 1s infinite, and gas is in-
variant with respect to rearrange-
ments of the particles.

The well-known
"gas—liquid" and "liquid—crystal"
phase transitions are characterized
by the subsequent appearance of the
close and long range orders, respec-
tively. We can measure the latent
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cojepkanue" JalT CWIbHO pa3OpocaH-
HBIC BEJIMYUHBI B 3aBUCUMOCTH OT CITOCO-
0a nmojacuera uHdopmanuu [4,5]. Tem He
MEHEe, Mbl MOXKEM CJlieJlaTh HEKOTOpPBIC
oOIre BBIBOJBI M3 JOCTYIHBIX JTaHHBIX U
Pa3BUTh JIOTUKY BO3MOKHOTO TOJX0]a K
npobjieMe  KOJUYECTBEHHOM  OILICHKH
CIIOKHOCTH CTPYKTYP.

[Ipexne Bcero, Mbl MOXeEM HaOJIIO-
JaTh pa3jiuyMsl B CBOWCTBAX CHUMMETPUU
pPa3NUYHBIX CTPYKTYp, B OCOOEHHOCTH
OMOJIOTUYECKUX CTPYKTYp, H3HAYAIbHO
"MOCTPOEHHBIX" U3 XHUPAJBHBIX MOJEKYJI
[3,6].

CtpykTypbl aroMHbIX ("TBepao-
TEJIbHBIX " KPUCTAJUIOB  OINMCBHIBAIOTCS
KOHEYHBIM YHCJIOM MapamMeTpoB, THUIIA
KOOPJIMHALIMOHHOTO YHKCJa, NapameTpoB
pemeTkyu ¥ np. MHOXECTBO UX CHMMET-
puil Tak *e KOHEUHO (cueTHO) [7,8]. Mul
MOKEM MPEANOJIOKUTh, UTO 3TO SABISAETCA
XapaKkTepHOM YEpTOM CTPYKTYp C Aalb-
HUM nopsiAKOM. CTPYKTYyphl € OJIMKHUM
nopsiaikoMm ("OJI0OKU") B JKHUIKOCTAX BOC-
MPOU3BOAAT JIOKAJbHBIE CTPYKTYpPBI KpH-
crauioB [8,9], mnosroMy, cumMeTpun
CTPYKTYp € OJM3KUM MOPSIAKOM B 5KHJIKO-
CTSIX TaK)K€ KOHEYHbI (CUETHBI), HO CHUM-
METPUM CTPYKTYp MacmTada [ajJbHEero
nopsiika - HeT. Mbl MOXEM CKa3aThb, YTO
KUJKOCTh WHBAPUAHTHA MO OTHOUIEHUIO
K IIepecTaHOBKaM OJIOKOB C OJIMKHUM TI0-
paakoM. Yucio cuMMeTpuil raza Oecko-
HEYHO, ra3 MHBAPUAHTEH MO OTHOUIEHUIO
K [IepEeCTaHOBKAM YaCTHII.

Xopoio u3BeCTHbIE (pa3oBbie Ie-
peEXOoabI "ra3—XKUAKOCTh" 151
"YKUIKOCThb—>KpPUCTAI" XapaKTEepU3YIOT-
Csl TIOCJIEOBATEIbHBIM BO3HMKHOBEHUEM
OJIMDKHETO W JaJbHEro MOPSJIKOB, COOT-
BETCTBEHHO. MBI MOKEM U3MEPATH CKPBbI-



enthalpy AH of such transitions and
calculate the respective stepwise
change in physical entropy AS by
dividing AH by the temperature of
the transition, see next, and it 1is
known that the change in entropy
due to the appearance of close order
(condensation) is greater than the
one due to the appearance of long
range order (crystallization) ap-
proximately by one order. (There is
even a so called Trouton rule that AS
in evaporation is approximately 88
J/K/Mol for all substances [10].)
Thus the appearances of close and
long range orders can be distin-
guished by these stepwise changes
in entropy quantitatively. Moreover,
the measurable thermal effects can
be observed without change in ag-
gregate state (allotropic transitions
[9], razemization of the solution of
pure chiral substance [6] for the
concentrations of two mirror iso-
mers become equal at long last) and
these effects may be related to the
change in close order symmetry of
the matter. We know also that the
melting temperatures of cis- and
trans-isomeric chemical compounds
may differ [8]. As is known, in-
crease in the strength of metallic or
composite materials requires the use
of alloys or man-made fabrics with
more complicated, less symmetric
close and long range ordered struc-
tures. Many other facts could be
mentioned in this concern (like
Nernst and Ettingshausen, Seebeck
and Peltier, or Thomson effects [11-
13]) showing that the changes in in-
trinsic symmetry properties are ac-
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Ty SHTaNbNui0 AH 3TUX MEPEeXOoA0B H
BBIYUCIISITh COOTBETCTBYIOIIEE IMOCIEN0-
BaTeIbHOE W3MEHEHHE (HU3UYECKON 3H-
tponuu AS, nenss AH Ha Temmeparypy
NEPEX0J0B, CM. HUXKE, U KaK HU3BECTHO,
U3MEHEHHE JHTPONUU TPU BO3ZHUKHOBE-
HUM OJIIDKHETO mopsaka (KOHJICHCAIUs)
0oJbIlIe, YeM U3MEHEHHE DHTPOIUU MpHU
BO3HMKHOBEHHUH JAIBHETO TOpsiiKa (KpH-
CTaJUIM3alus) MPUMEPHO Ha TMOPSAIOK.
(Umeetcs naxxke T1.H. mpaBuiio TpayToHa,
yTo AS uCHapeHuss TpUMEPHO paBHO 88
JIx/K/monb nns Bcex Bemects [10].) Ta-
KUM 00pa3oM, BOBHUKHOBEHHUE OJIMAKHETO
U JJATBHETO MOPSAKAa MOXKHO OTJIMYATh 110
ATUM CTYIIEHYaThIM W3MEHEHUSIM SHTPO-
NUU KOJIMYEeCTBEHHO. bosee Toro, m3ame-
pumble TepMuueckre 3PGEKTbl MOKHO
Ha0/01aTh 0€3 M3MEHEHHS! arperaTHoro
COCTOSIHUSI BelllecTBa (aJUIOTPOIHBIE Iie-
pexonsl [9], pauemuzaiusa pacTBopa Xu-
pajnbHOro BemiecTBa [6], KOrJa KOHIICH-
Tpaluu ABYX 3€pKalbHBIX U30MEPOB CTa-
HOBSITCSL B KOHIIE KOHIIOB pPaBHBIMH), U
9TH 3P HEKTh MOKHO COOTHECTH C H3MeE-
HEHUEM CUMMETpUHU OJIMKHETO MOopsijiKa B
BeniecTBe. MBI Tak K€ 3HAE€M, YTO TEMIIE-
paTyphl IUIaBICHUS LUC- U TPAHCH30MeE-
poB MOTyT oTinuathes [8]. Kak n3BecTHo,
YBEJIMYEHUE MPOYHOCTH METAJUTMYECKUX
Y KOMITO3UIIMOHHBIX MaTEpHUAIOB TpeOyeT
UCIIOJIb30BaHUSl CIUIABOB WJIM HCKYCCT-
BEHHBIX CTPYKTYp € 0OJiee CI0KHbBIM, Me-
HEEe CHUMMETPUYHBIM CTPOCHHEM  Ha
OMMKHUX M JAIBHUX Macuitabax. B aroi
CBSI3M MOKHO YIOMSIHYTh MHOTO JPYTHX
¢daxToB (Tuna s¢ddexroB Heprcra u I1-
TUHI3Xay3eHa, 3eebexka u IlenbTbe WM
Tomcona [11-13]), moka3pIBaroOmIuX, 4TO
U3MEHEHMSI CBOWCTB BHYTPEHHEH CHM-
METPUH COMPOBOXKAACTCS H3MEPUMbBIMU
dbuznyeckumu b exramu.



companied by the measurable physi-
cal effects.

We can relate the subsequent
"gas-liquid" and "liquid-crystal"
transitions, on the one hand, to the
appearance of "structure" in sub-
stance , on the other hand, to the
subsequent restrictions on the sym-
metry properties of this structure.
Using the concept of information as
a measure of broken symmetry in
general, we can suppose that there
can be defined a quantity, which we
call a structural information, quanti-
tatively reflecting the information
contents of structures and evaluating
the restrictions on their symmetries.

We can suppose that the in-
formation contents of the "non-
structured" perfect gas at equilib-
rium (i.e. without super long range
order) is zero, so is its structural in-
formation, if we do not take into ac-
count the structure of atoms or
molecules of the gas. The gas is
symmetric with respect to rear-
rangements of any its «bloks» of any
sizes. The number of these symme-
tries is practically infinite. The sub-
sequent changes in entropy in "gas-
liquid" and "liquid-crystal" transi-
tions can be related to the subse-
quent changes in structural informa-
tion of the matter. I.e. the logic of
the proposed approach to evaluation
of structural information is as fol-
lows. The greater the order, the
more the number of broken symme-
tries, the lesser symmetric the struc-
ture, the more information contents,
the greater the structural informa-
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MBI MOXEM COOTHECTH MOCIIEI0Ba-
TEJbHbIE TEPEXOJbl ''Ta3—>KUAKOCTh' H
"KUIKOCTb—>KpUCTAI", C OJJHOM CTOPO-
Hbl, C BO3HUKHOBEHUEM 'CTPYKTYypbl"' B
BEILIECTBE, C JPYroll CTOPOHBI, C IOCIE-
JOBATEJIbHBIMUA OTPAHUYECHUSIMUA HA CBOM-
CTBa CHMMETPUM 3TOW CTPYKTyphl. Hc-
MOJIb3Yysl MOHATHE UH(POpPMAIIUU, KaK Me-
PBI HAPYIIEHHOW CUMMETPUHU BOOOIIIE, MBI
MOKEM MPEJITOJIOKUTh, YTO MOXKET OBITh
omnpe/iesieHa BEeJIMYMHA, KOTOPYIO Mbl Ha-
3bIBAEM  CMPYKMYPHOU UHpopmayuetl,
KOJIMYECTBEHHO OTpaXkaromias uHpopma-
LIUOHHOE COJIEp)KAaHHUE CTPYKTYp, U Olle-
HUBAIOIAasd OTPAHUYEHUS HA UX CUMMET-
pumn.

MBI MOXEM MOJIOKUTh, YTO HH-
dbopmalioHHOe cojepKaHue "OecCTpyk-
TYpHOTO'" HIEAIIBHOTO ra3a B paBHOBECHUH
(T.e. 0e3 cBepXJaJbHEro MopsKa) paBHO
HYJII0, U TAKOBa € €ro CTPYKTypHasl UH-
dbopmarusi, ecmu Mbl HE MPUHUMAEM BO
BHUMAHUE CTPYKTYpY aTOMOB WM MOJIE-
Kyl raza. ['a3 cumMMmeTrpuyueH o OTHoIIIe-
HUIO K TIEPECTAHOJIBKAM JIIOOBIX ero OJ1o-
KOB JIIOOBIX pa3MepoB, W YHCIO ATHX
CUMMETPHUI TIPAKTUYECKH OECKOHEYHO.
[TocnenoBaTenbHbIE W3MEHEHUS SHTPO-
MU B Tepexofax ''Ta3z—XKUIKOCTh' H
"XKUAKOCTb—>KpUCTA" MOTYT OBITH CO-
OTHECEHBI C TMOCJIEI0BATEILHBIM H3MEHE-
HUEM CTPYKTYpHOU HH(pOpMAIMU Bellle-
cTBa. T.e. JIOTMKA MpeIIaracMoro Mmojaxo-
Jla K OIIEHKE CTPYKTYypHOU HH(MOpMaLUU
BelllecTBa TakoBa. Yem OoJsblIMM TOpS-
JOK, TeM OOJbIlI€ YHUCIO0 HAPYLIECHHBIX
CUMMETpUM, TE€M MEHEE CUMMETpUYHA
CTPYKTypa, TeM Oosblle UH(OpMaLUOH-
HOE COJIEp>KaHKE, TeEM OOJIbLIE CTPYKTYp-
Hasg uHdopManus. B cBere MoHSATUA 3H-



tion. In the light of Brillouin's con-
cept of entropy as missing informa-
tion [14,15], the latent transitions
entropies must be the evaluations of
structural information contents due
to the appearances close or long
range orders. As is known, concept
of physical entropy can not be used
for quantitative evaluations of the
order in such an approach, since en-
tropy can not be used as a measure
of disorder or ordering in general
[16]. Thus we should strictly distin-
guish the entropy of the matter in the
given aggregate state and its struc-
tural information contents. The first
can change in dependence on exter-
nal conditions. The second changes
weakly or even remains constant un-
til the matter symmetry properties
change, for example, in 1% order
phase transition that is considered
next. By the way, the abrupt changes
in entropy of complex structures, in
other words, in structural informa-
tion, can be used for the purposes of
diagnostics and reliability evaluation
[17].

And one more observation.
Most of physical systems with bro-
ken symmetry seems to behave
nonlinearly. This is characteristic of
biological membranes, semiconduc-
tor devices, etc. The investigation of
nonlinear behavior is one more op-
portunity to study structural infor-
mation quantitatively. In Section 8.2
we describe a simple mechanical
model of asymmetric membrane
with controlled asymmetry charac-
terized by one real parameter. This
model membrane asymmetry exhib-

178

TPONMH, KaK YTpauyeHHOW HH(POpMALMU
bpuimrosna [14,15], ckpeiTbie 3HTPONHAH
MEPEXOJIOB JIOJKHBI ObITH OLIEHKAMHU CO-
JepKaHus CTPYKTypHOM HH(pOpManuu B
CUJIy BO3HMKHOBEHUSI OJIMKHErO U Jallb-
Hero nopsakoB. Kak m3BecTHO, moHsATHE
(bU3UYECKON SHTPOIUU HENb3s UCIOJIb30-
BaTh I KOJUYECTBEHHBIX OLIEHOK IIO-
psAaKa MpU TaKOM MOJXOJE, T.K. DHTPO-
MU0 HEJIb35l UCIOJIb30BaTh Kak Mepy Io-
psanka win Oecriopssika BooOie [16]. Ta-
KM 00pa3oM, HaM cCJeayeT CTpPOro pas-
JUYaTh SHTPOIMIO BEIIECTBA B JaHHOM
arperaTHOM COCTOSIHUM U COJEp>KaHue
CTpyKTypHOU MH(popmau B HeM. llep-
Basi MOYKET U3MEHSTHCS B 3aBUCUMOCTH OT
BHEIIHUX YCJIOBUH. BTOpas m3mensercs
OuYeHb CJ1ad0 WM BOOOILE OCTaercs Mo-
CTOSIHHOM JI0 T€X IOP, IOKA HE U3MEHSATCS
CBOICTBA CHUMMETPHUH, HANpuUMep, Mpu
(a30BOM TMepexojie MEepBOrO pojia, 4TO
paccmatpuBaeTca Huke. Kcratu, BHe3an-
Hble M3MEHEHMS] DHTPONUU CJIOKHBIX
CTPYKTYp, APYTUMH CIIOBaMHU, UX CTPYK-
TypHOH HH(OpPMaALKU, MOTYT HCIOJb30-
BaTbCs JJIA LIeJIel TUAarHOCTUKHU U OLIEHKU
HajaexHocTH [17].

N eme onHo nHabmoaeHue. boib-
IIUHCTBO (UBUYECKUX CHUCTEM C Hapy-
LIEHHOM CHMMETPHUEH, MTO-BUIUMOMY, Be-
OyT ce0s HETUHEWHO. DTO XapaKTEepHO
JUIsi OMOJIOTUYECKUX MeMOpaH, MOJIyIpo-
BOJTHUKOBBIX MpubopoB, u mnp. Hccneno-
BaHUE HEJIMHEHHOTO MOBEJICHUS SIBISETCS
elnle OJHOM BO3MOKHOCTBIO JJISI KOJIMYE-
CTBEHHOTO M3y4YE€HHUSI CTPYKTYpHOU HH-
dbopmanuu. B moapaznene 8.2 mMbl omnu-
IeM TMPOCTYH0 MEXaHMUYECKYI0 MOJCIb
aCUMMETPUYHOW MEMOpaHbl C yIpaBJsie-
MOW AaCUMMETPHUEHN, XapaKTEPHU3yEeMOM
OJIHUM BEIIIECTBEHHBIM MapamMeTpoM. IJTa



its both in the change in overall en-
tropy of the system due to the
change in asymmetry parameter, and
in the corresponding nonlinear be-
havior.

8.1. "Gas-liquid" and "liquid-
crystal" phase transitions

As 1s known, the "crystal-
liquid" and "liquid-gas" transitions
are characterized by a so-called la-
tent heat. This quantity is used in
elementary expositions of the transi-
tions’ thermodynamics in school
books. The latent heat is absorbed
by the substance in the "crys-
tal>liquid" and "liquid—gas" (va-
por) transitions and given off in the
"gas—liquid" and "liquid—crystal"
ones. The necessity of heat ex-
change results in that the transitions
occur at some (constant) critical
temperatures which are characteris-
tic of certain substance at a given
pressure. Dividing quantity of the
absorbed/liberated heat AQ by tran-
sition temperature 7, we can obtain
an evaluation of the latent transition
entropy [10]:

AS

More exactly, transitions are
characterized by latent enthalpy
since the considered transitions oc-
cur without chemical reactions, 1.e.
chemical potential must remain con-
stant. Chemical potential is simply a
specific isobar-isothermal potential
[18] and such processes are de-
scribed in thermodynamics by con-
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aCUMMETpHUsI MOJCILHOM MeMOpaHbl Mpo-
SIBJIETCSI KaK B W3MEHEHUHM OOIIEH DH-
TPONUU CUCTEMBI MPU U3MEHEHUM Tapa-
MeTpa aCUMMETpPHHU, TaK U B COOTBETCT-
BYIOIIIEM HEJTMHEHHOM IMOBEICHUM.

8.1. ®a3oBble nepexoanl ''ras-
JKUAKOCTL" 1 " KHIAKOCTh-

Kpuctas"
Kak u3BecTHO, (ha30BbIe TIEPEXOIbI
"raz-XuaKocTh" U "KUAKOCThb-KpUCTAILI"
XapaKTepU3YyIOTCA T.H. CKPBITBIM TEILIO-
BBIZICTICHUEM. JTa BEJIMYMHA UCIIOIb3YeT-
Csi B DJIEMEHTapHOM M3JI0)KEHHH TEPMO-
JTUHAMHMKU 3THX TEPEX0JIOB B IIKOJIBHBIX
yueOHuKax. CKphITas TEIIoTa MOTJIola-
ercs BEIIECTBOM B nepexojiax
"KpUCTAIII—>KUAKOCTh " u "KUI-
KOCTb—>Ta3" W BBIJIETSAETCS B MEpexoaax
"ra3—>XHUIKOCTBD'" u "KuI-
KocTb—Kpuctamt". HeoOxoaumMocTh Ter-
J000MeHa MPUBOJUT K TOMY, 4YTO Tepe-
XOJIbl MPOUCXOMAST MPHU HEKOTOpoul (To-
CTOSTHHOM) KPUTHUYECKOW TemmepaType,
KOTOpasi XapakTepHa JJisl ONpPeeICHHOTO
BEIllECTBA MPH JIAaHHOM JaBJicHUH. Jlemns
KOJIMYECTBO IIOTJIONIAEMO-
rO/BBIACIISIEMOTO TeIlJla Ha TeMIIepaTypy
nepexojia, Mbl MOXKEM TOJIYYUTh OIICHKY
CKpBITOM 3HTponuu nepexosa [10]:
AQ
T

c

(8.1.1)

TouHee, mepexoAbl XapaKTEpU3y-
FOTCSI CKPBITOM DHTANBIMEN T.K. paccMar-
pUBaeMbIe MEPEX0/ibl MPOTEKAIOT 0€3 Xu-
MHYECKUX MPEBPAILICHUN, T.C. XHUMHUYE-
CKMU MOTEHIMAJ JOJDKEH OCTaBaThCS IIO-
CTOSIHHBIM. XMMHMYECKUM ITOTSHIIMAJ €CTh
MPOCTO YAETbHBIN n300apHO-
M30TEpMUYECKU moTteHuuan [18], u Ta-
KHE TMPOLECCHl OMUCHIBAIOTCS B TEPMOIU-



stancy of this quantity
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HaMUKE ITIOCTOSTHCTBOM ATOM BEITUUYHHBI

G=U+pV -TS =H -TS§ = const,

where U is an internal energy de-
pending on thermodynamic parame-
ters, p is pressure, V is the volume of
the system, H=U+pl) - enthalpy.
The constancy of G at critical tem-
perature reads

rae U - BHYTPEHHSS SHEPIus, 3aBUCAINAS
OT TEPMOJMHAMUYECKHUX MMapaMeTPOB, p -
nasienue, V - oobem cucremsl, H=U+pV
- sHTanenus. [locTosHCcTBO G MpU KPUTH-
YECKOU TeMIepaType JaeT yCIOBUE

AG =AU + pAV ~T.AS = AH —T_AS =0,

and we obtain for the latent transi-
tion entropy

AS =

In handbooks the values of AH and
T, are usually given for the transi-
tions at some fixed pressure. This
way to calculate the latent entropy is
more correct since it automatically
takes into account both the latent
transition heat and the expansion
work. We do not overview here the
methods to measure and calculate
these values. Our aim is to relate AS
with structural changes in sub-
stances.

It is known that many (almost
all) atomic characteristics and
physical and chemical properties of
the pure substances and simplest
compounds depend periodically on
the atomic number (or atomic mass)
that is a Mendeleev periodic law
[8,9,19-21]. Moreover, there is some
correlation of these properties with
symmetries of atomic electron shells
[8,9,19-21]. This correlation is
somewhat broken by the effects of
the "falls" of s-electrons into the d-
shells (Cr, Ru, Y-Cd, etc.) and the
hybridization effects in compounds.
(Thus we can hardly ever expect

Y MBI IOJy4aeM I CKPBITOM 3HTPOIHH
nepexozna

AH

7 (8.1.2)

c
B cmpaBouHMKax OOBIYHO MPUBOJISATCS
BesmuuHbl AH u T, mepexonoB mpu He-
KOTOpOM  (UKCHPOBAHHOM  JIaBJICHUH.
OTOT crnoco0 BBIYUCICHHUS CKPBITON 3H-
Tporuu Oojiee KOPPEKTEeH, T.K. OH aBTO-
MAaTUYECKUA YUUTHIBAET KaK CKPBITOE TeM-
JIOBBIJICTICHUE, TaK M padoTy paciumpe-
Husa. Mbl He Oyzaem 37ech jaenatb 0030p
METOJ/IOB U3MEPEHUSI U BBIYUCICHUS ITHX
BesiMuuH. Hama nens - cootHeceHue Be-
TU4YUHBL AS CO CTPYKTYpHBIMU H3MEHE-
HUSIMU B BEILIECTBE.

N3BecTHO, UTO MHOTHE (TIOYTH BCE)
ATOMHbBIEC XapaKTEPUCTUKU U (PU3NUYECKUE
Y XMMUYECKHE CBOMCTBA YUCTHIX BEILIECTB
A MPOCTEUIIMX COCAUHEHUM 3aBUCAT IIE-
pUOIUYECKUM 00pa3oM OT aTOMHOIO HO-
Mepa (MM aTOMHOM Macchl), UTO U SIBJISI-
eTCs TEPUOJMYECKUM 3aKoHOM MeH/ie-
neeBa [8,9,19-21]. bonee toro, umeercs
HEKOTOpasi KOPPEJSALHsS ITUX CBOHCTB C
CUMMETPUSIMU  DJICKTPOHHBIX 000JI0YEK
[8,9,19-21]. OTa koppensuus HECKOJIbKO
Hapymiaercsi BBHAY  ''mpoBaJioB"  s-
anexkTpoHoB B d-o6onouku (Cr, Ru, Y-Cd,
u T.1.) 3pdexrTaMmu ruOpuau3aiuu B CO-
equuHeHusix. (Takum oOpazom, MBI Bpsl
JI1 MOKEM OXUJaTh "ujeanbHON" Koppe-



"ideal" correlation of phase transi-
tions’ properties of substances with
periodic law.) Nevertheless, this cor-
relation is strong enough to calculate
the unknown properties of elements
using ones of their neighbors [8,21].
Anyway, as we expect that internal
structure symmetry influences the
characteristics of phase transitions,
we must verify this proposition for
all possible transitions and their cor-
respondence to the periodic law.
This is a big systematic problem and
we can not solve it right now, but we
give the facts that internal structure
of atoms does influence the thermo-
dynamic characteristics of phase
transitions of substances. We con-
sider quantitatively only "crystal-
liquid" and "liquid-gas" transitions
here. For this purpose, let us draw
the AS,-AS,-plots of latent entropies
of these transitions ("v" is for
"evaporation", "m" is for "melting")
for the normal (atmospheric) pres-
sure using the data from handbooks.
In such a way we could hope to see
the correlations of the latent entro-
pies of both transitions to each other
and with Mendeleev periodic law.
By the way the concept of critical
temperature ("point") of evaporation
was introduced by Mendeleev in
1860.
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JSUMUA CBOMCTB (pa30BBIX MEPEXOJIOB Be-
HIECTB C NEPUOJUYECKUM 3aKOHOM.) Tem
HE MEHEEe, 3Ta KOpPEJSLHs JOCTATOYHO
CUJIbHA JUIsl TOTO, YTOOBI BBIYUCISATH HE-
M3BECTHBIE CBOICTBA 3JIEMEHTOB, UCIIOJb-
3ysl CBOMCTBa ux cocenen [8,21]. B mro-
OOM cilydae, IMOCKOJBbKY MBI OKHJIAEM,
YTO BHYTPEHHSSI CTPYKTYpPHAsI CHMMETPUSI
BJIMSIET HA CBOMCTBA (ha30BbIX NEPEXOOB,
MBI JIOJDKHBI MPOBEPUTH 3TO MPEINOJIO-
KEHUE ]I BCEX BO3MOXKHBIX TMEPEX0JI0B
Ha COOTBETCTBUE C MEPUOJIUYECKUM 3aKO-
HOM. DJTO Oouiblllasg cUCTeMaTH4ecKas 3a-
Ja4ya, 1 Mbl HE CMOXEM PEIIUTh €€ MPSIMO
celiyac, HO Mbl J1JaeM (PaKThl, B MOJIb3Y TO-
ro, 4TO BHYTPEHHSSI CTPYKTypa aTOMOB
JEUCTBUTENILHO BJIMSET Ha XapaKTepu-
CTUKH (Pa30BBIX MEPEXOJ0B BEIIECTB. Mbl
paccMaTpuBaeM 371€Chb KOJUYECTBEHHO
TOJBKO TEPEXOAbl 'Ta3-KUIKOCTh' U
"YKuIKoCcThb-KpucTamn'. [ns ston uenm
HapucyeMm rpaduku B koopauHaTax AS,-
AS, CKpBITBIX 3HTpomuil nepexonos ("v"
o0o3HauaeT ucnapeHue, "m" - TUIaBIe-
HUE) TPU HOPMAIBHOM (aTMOC(hepHOM)
NABIICHUH, KCIOJIb3ysl JAHHBIE U3 CIpa-
BOYHUKOB. [Ipu Takom croco0Ge Mbl MOT-
T Obl HAAESITHCS YBUIETH KOPPEISIHH
SHTPONUM 00OUX MEPEXOJO0B JIPYT C JPY-
TOM U C NEpUOIUYECKUM 3aKoHOM. Kcra-
TH, MOHATHE KPUTHUYECKON TEMIIEPATYPHI
("rouku") wucnapeHuss OBUIO BBEACHO
MenneneeBsiMm B 1860 r.
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Fig.8.1. AS,,-AS,-plot by the data of
scholar handbook [22], see Table
8.4.1. PM is for "pure metals", ORG
is for "organics." The linear correla-
tions are given, R's are the correla-
tion coefficients.

By the data on the latent spe-
cific heats and critical temperatures
from a randomly chosen scholar
handbook on elementary physics
[22], we obtain the plot in Fig.8.1,
Table 8.4.1 in Appendix 8.4. There
is a visual distinction between the
pure metals and simple organic
compounds (including water, its ap-
pearance in this group seems to be
due to a large number of hydrogen
bonds in the liquid state). This moti-
vates us to carry out a more detailed
investigation.

By the "more scientific" data
[23,24] on enthalpy changes and
critical temperatures of the transi-
tions we obtain other plots, Fig.8.2,
Table 8.4.2 of Appendix 8.4, where
the elements are marked in corre-

Puc.8.1. AS,,-AS,-rpaduk 110 JTaHHBIM
IIKOJILHOT'O CIpaBOYHMKA [22], cM. Ta0JI.
8.4.1. PM - uuctsie metaimisl, ORG - "op-
ranuka". [IpuBoauTcs nuHeHas Koppe-
asuuyst, R - Koo UIUeHThI KOpPEsSIUH.

Hcnons3yst gaHHBIE TIO CKPBITHIM
TEIUIOTaM U KPUTHYECKUM TeMIlepaTypam
13 BBIOPAHHOI'O HayTaJl IIKOJIBHOTO CIpa-
BOYHHKA IO 3JIEMEHTapHOU (usuke [22],
MBI TIOJTyuyuM rpaduk Ha puc. 8.1, Tadm.
8.4.1 B Anmmennukce 8.4. IMmeercd ssBHOE
paszuurie MeXAy YHCThIMU METallllaMU U
IPOCTHIMM OPTaHMYECKHMH BEIIECTBAMU
(BKJIFOYasi BOJly, €€ IIOSIBJICHHME B 3TOU
TpyIIe, TMO-BUAUMOMY, OOYCIIOBJICHO
OOJIBIIIUM YHMCJIOM BOJOPOJHBIX CBSI3€H B
KUJKOM COCTOSIHUH). DTO 3aCTaBJISET HAC
IpOBECTH OoJiee MOJAPOOHOE HCCIeI0Ba-
HUE.

Ucnone3ys "OGosiee HayuHble" naH-
Hble [23,24] 110 U3BMEHEHUSIM PHTAJIbIIUU U
KPUTUYECKUM TeMIeparypaM, Mbl IOJY-
yaeM apyrue rpaduku, puc. 8.2, Tadm.
8.4.2 Annengukca 8.4, TIe DJIESMEHTHI
MOMEYEHBbl B COOTBETCTBUU PsIaM Kilac-



spondence to the rows of classical
Mendeleev table. L.e. there is a ten-
dency of "clusterization" of the ele-
ments with similar structures of
complete internal electron shells.

Thus the features of electron
structures do influence the thermo-
dynamic characteristics of phase
transitions in such a way that latent
entropies of both transitions corre-
late with each other and periodic
law. This correlation should be re-
garded as more than satisfactory, if
we take into account all the difficul-
ties of measuring the quantities used
and exact determination of transition
temperatures. From Fig.8.2 we see
also that the most of elements are
grouped along the linear dependence
AS,=10AS,,.

This can be interpreted in
such a way that structural informa-
tion contents due to the close order
is one order greater than structural
information contents due to the long
range order. The presence of com-
plete electron shells shifts the noble
gases from this main tendency. As in
Fig.8.1, simple compounds of halo-
gens in Fig.8.2b also deviate from
the main correlation tendency.

183

cuueckoi TaOmunel MenneneeBa. T.e.
MMEETCSl TEHJACHUHs KJIacTepU3aluu"
AJIEMEHTOB C MOXOXEH CTPYKTypoul 3a-
KOHYEHHBIX BHYTPEHHHX JJICKTPOHHBIX
000JI0YEK.

Takum  00pa3zoM  0COOEHHOCTH
ANIEKTPOHHBIX 000JIOUEK JEHCTBUTEIBHO
BJIUSIIOT TEPMOJIMHAMUYECKUE XapaKTepH-
CTUKH (Da30BbIX MEPEXOJIOB, MPUUEM TaK,
YTO CKPBITHIE SHTPONUU OOOUX MEpexo-
JIOB KOPPEIUPYIOT APYTr C IPYyroM M Ie-
PUOIUYECKUM 3aKOHOM. DTy KOPPEISALHUIO
CIIelyeT paccMaTpuBaTh Kak Oosiee ueM
YIOBJIETBOPUTEIBHYIO, €CIIM Mbl IIPUMEM
BO BHUMAaHHWE TPYJAHOCTH U3MEPEHHUS HC-
MOJIb30BAHHBIX BEJMYMH M TOYHOTO Ofl-
penelieHus TeMmmeparyp mnepexonon. U3
puc.8.2 MBI Tak K€ BUJIUM, YTO OOJIBIINH-
CTBO DJIEMEHTOB TpYNIUPYETCS BAOJb
JMHeHOH 3aBUCUMOCTH AS,=10AS,,.

OTO MOXHO HHTEPHPETHPOBATH B
TOM JyX€, YTO COJEpKaHUE CTPYKTYpPHOM
uH(popMalu, 00yCIOBICHHON HATUYHEM
ONMDKHETO TIOpSKA, HA OJUH TIOPSIOK
OombIie comepKaHUsl CTPYKTYpHOW WH-
dbopmari, OOYyCIOBICHHON HaIMYUEM
nanpHero nopsiaka. Hannuue 3akoHUYEH-
HBIX JJICKTPOHHBIX OO0OJIOYEK CIABUTACT
OJlaropoJHBIC Ta3bl C ATOW TJIABHOU KOP-
pemsinuu. Kak n Ha puc.8.1, npoctsie co-
CAVMHEHUS TAJIOTeHOB Ha puc.8.2b Takxke
OTKJIOHSIFOTCSI OT TJIABHOW KOPPEJSIIHOH-
HOU TEHACHLINH.
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Fig.8.2. AS,,-AS,-plots by the data [23,24] for Puc.8.2. AS,-AS,-rpaduku o nanueM [23,24] nis

all the elements with known data on tempera- BCEX JIEMEHTOB C U3BECTHBIMU TEMIIEPaTypaMu H
tures and latent enthalpies of "gas-liquid" and  CKpBITBIMHU 3HTANBIUAMHU TEPEXO0B ""Ta3-)KUIKOCTh"
"liquid-crystal" transitions at normal atmos- 1 "KHIKOCTh-KpUCTAILT" TIPU HOPMAJILHOM aTMO-
pheric pressure 0.1 MPa (without C and As),  cheprom naeneruu 0,1 MITa (6e3 C u As), cM. Ta0I.
see Table 8.4.2. Different badges correspond 8.4.2. Pa3nu4HbIe 3HAUYKU COOTBETCTBYIOT PsaM

to the rows of classic Mendeleev table (8 KJlaccudecKoi Tabumiepl Menneneesa (8 rpymm, 7 me-

groups, 7 periods, 10 rows). La- and Ac- puojoB, 10 psioB). La- u Ac-nioArpymnibl BKIFOUEHBI
subgroups are included in 8-th and 10-th rows, B 8-if and 10-ii psis1, cooTBeTcTBeHHO. [lepBOHa-
respectively. Initial chaos, "wind-fallen ele- YaJbHBIA Xa0C AJIEMEHTOB, "0ypenoM", Ha rpaduke

ments", in the plot for the latent entropies per A7 CKPBITHIX PHTPOIHH HA MOJIb (B €IUHHIIAX YHH-
mol (in the units of universal gas constant R)  BepcalibHOI ra30BO¥ MOCTOSIHHOHN R) 3aMeHsieTcs 3a-
is replaced by visual ordering in the plot for =~ MeTHBIM ynopsioueHueM Ha TpaduKe AT yACTBHBIX
the specific latent entropies per mass. Note SHTPOIUN HA MACCy. 3aMETHM, UYTO XapPaKTCPUCTUKHU
that characteristics for At are calculated but Uit At ObUTH BBIYHCIICHBI, HO HE H3MEPSIHBI.
not measured.



By the way, we could obtain
many other interesting correlations
in the subgroups of the elements (via
the Mendeleev table or crystal lattice
type just before the melting) correct-
ing the latent entropies by the ratios
K/K,.., Wwhere K's are some combi-
nations of atomic masses, critical
transition temperatures, lattice pa-
rameters, etc., st 1s for some "stan-
dard" combination of gold, for ex-
ample. But this discussion would
take much place and this could be
the subject of a separate book.

As we mentioned above, by
Brillouin's concept [14,15] of en-
tropy as missing information we
should equate the changes of the
both:

AS

and use this formula for primary in-
troduction and evaluation of struc-
tural information. On the other hand,
the constancy of the latter before
and after the transitions, meanwhile
entropy changes continually with
temperature, motivates us to distin-
guish the concept of structural in-
formation. In approximation not tak-
ing into account the structure of at-
oms and molecules, we can set the
value of gas structural information
(at equilibrium) to be zero.

It should be noted here that to
derive the Schroedinger equations
for one particle in Sec.5.3 and many
particles in Sec.5.8 in the same
manner we assigned to the undimen-
sioned shift informations the values
of intrinsic energy measures of par-
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Kcratu, Mbl Moryiu Obl MOMYYUTh
MHOI'0 JPYTUX HMHTEPECHBIX KOPPEISILIUiA
B NOATpYyNIax 3JEMEHTOB (B COOTBETCT-
BUM C Tabiuieil MeHeneeBa Win TUIIOM
KPUCTALTNYECKON PEIIETKU HEMOCPEACT-
BEHHO TEpe]] TUIaBJICHUEM), KOPPEKTUPYSI
CKPBITBIE JHTPOINUMU C TOMOIIBI OTHO-
wenut Ky /K,,,, , tne K' - HEKOTOphIe
KOMOMHAIIMM aTOMHBIX MacC, KpHUTHYe-
CKMX TeMIIepaTyp IMepexo/0B, MapaMeT-
POB pEUIeTKH U TIp., S 0003HAYaeT HEKO-
TOPYIO CTaHAApPTHYIO KOMOWHAIIMIO, Ha-
npumep, st 3om0ta. Ho oOcyxnenue
3TOTO 3aHsJI0 ObIl MHOTO MECTa U 3TO MOT-
710 OBl OBITH MPEIMETOM OTJEIHLHON KHU-
T'U.

Kak Mbl ynmomuHanu BbIIE, HC-
nonb3ysa no bpwutrosny [14,15] monsarue
SHTPONUU KaK MOTEPSHHOU MH(OpMALINH,
MBI MOIJIM OBl TPUPABHATH H3MEHEHUS
oboux:

—ATl, (8.1.3)
U HCIOJb30BaTh 3Ty (hopmyiy uis mep-
BOHAUYaJIbHOI'O BBEJCHUS M OLICHHBAHUS
cTpykrypHoit unHdopmanuu. C apyrou
CTOPOHBI, MOCTOSIHCTBO ITOCJEIHEU 10 U
[I0CJIE TIEpexX0aa, B TO BpeMs KaK JHTPO-
A1 U3MEHSETCA HENPEPBIBHO C TEMIIEPa-
TypOi, MOTUBUPYET HAC OTIMYaTh MOHS-
THE CTPYKTypHOU uHpopmaruu. B mpu-
OJIV)KEHWHU, HE TMPUHUMAIOIIMM BO BHHU-
MaHHE CTPYKTYPY aTOMOB U MOJIEKYJI, MBI
MOXEM TOJIOKUTh BEJIMYHUHY CTPYKTYp-
HOM wuH(oOpMainuu raza (B paBHOBECHH)
PaBHOM HYJIIO.

31ech clielyeT OTMETUTh, YTO MPHU
BbIBOJIE YpaBHeHul Ulpenunrepa misa on-
HOM 4YacTHUlbl B ToApaszaene 5.3 1 MHOTHX
4yacTUll B MojJpasjesie 5.8 OOHUM U TeM
e CIocoO0OM, MbI IPUMKCHIBAIA Oe3pas-
MEpHBIM HH(}OpMAIUsIM CABUTA BEIUYH-
Hbl BHYTPEHHE MPUCYIIUX MEpP SHEPruu



ticles mc® by Einstein formula. This
could be interpreted also in such a
way that mc” is implied to be some
information value characterizing in-
ternal structure of the particles. The
results of this section are obtained
using the specific latent entropies
corresponding to the unit masses,
not to moles, of substances. This
also can be interpreted as we use the
evaluations of structural informa-
tions re-normalized by the intrinsic
values of internal structural informa-
tions of atoms. The presence of an
additional molecular structure in
substance, see organics in Fig.8.1
and halogens in Fig.8.2b, makes the
AS,,-AS,-correlation different from
the «main  correlation  line»
AS,=10AS,,.

8.2. Mechanical model of

asymmetric membrane

Here we describe a model sys-
tem with a controlled asymmetry re-
sulting in changes of entropy which
can be evaluated by observable
quantities such as particle numbers
(density) and temperature (mean ki-
netic energy). This model is to show
how the hidden (non observable)
asymmetry can influence the physi-
cal properties of the system.

8.2.1. Setting the problem
Consider a system of N per-
fectly elastic spherical particles of
diameter d moving frictionless in-
side the rectangle plane region 24xB
with perfect elastic walls. The re-
gion is partitioned into two equal
parts AxB by an asymmetric mem-
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gactur, mc” 1o (opMmyiae DHHIITEHHA.
OTO MOXHO TpaKTOBaTh TaK K€ TaKUM
06pasoM, 4TO MOAPa3yMEeBAETCs, UTO Mmc”
€CTh HEKOTOpas BeIW4YMHa MH(POpMalUH,
XapaKkTepu3yromias BHYTPEHHIOIO CTPYK-
Typy uactull. Pe3ynbrarel 3TOr0 noapas-
JieJia TIOJly4eHbl Ha OCHOBE HMCIOJIb30Ba-
HUS YAEIBHBIX CKPBITBIX SHTPOMHI COOT-
BETCTBYIOILIUX €IMHUYHBIM Maccam, a He
MOJISIM BEUIECTB. DTO TAK)KE MOMXHO TpaK-
TOBaTh, Kak OyJTO MBI UCIOJIb3YEM OLICH-
KU CTPYKTYpPHBIX HH(pOpMaluii, nepe-
HOPMHMPOBAaHHbIE Ha BHYTPEHHUE CTPYK-
TypHble MH(pOpManuu atomoB. Hamuuue
JNOTOJIHUTENIBHOW MOJEKYJISPHOM CTpPYK-
Typbl B BEIIECTBE, CM OpPraHUKy Ha
puc.8.8 u ramorensl Ha puc.8102b, genaet
koppemsiuuo  AS,-AS, OTIMYHON OT
"IIaBHOW  KOPPEJSIUOHHOW  JTUHUU"
AS,=10AS,,.

8.2. Mexanunueckas MoJ1eJ1b

ACUMMETPUYHON MeMOpPaHbI

3/1ech MBI OIKCHIBAEM MOJIEIBHYIO
CUCTEMY C KOHTPOJIMPYEMOUN aCUMMETPH-
€, HAINYMEe KOTOPOU IPUBOIUT K H3MeE-
HEHUSM 3HTPOIIMH, KOTOPBIE MOXKHO OIle-
HUTh N0 HAONIOAAEMBIM BEIMYMHAM, Ta-
KUM Kak yucia 4YacTull (IJIOTHOCTh) H
TeMriepaTtypa (CpeaHsisi KHHETHYECKas
SHEprus). JTa MOJEib IpU3BaHA IOKa-
3aTh, Kak CKpbITasg (He HaOIromaemas)
aCUMMETpHUSI MOXET BJIMATh Ha (PU3nUe-
CKHE CBOMCTBA CHCTEMBI.

8.2.1. IlocTaHoBKA 3a1a4u

PaccmoTrpum cucremy N uaeaibHO
yIOpyrux cepuuecKkux YacTul] JHameT-
poM d, nBUTAIOIIMXCS 0€3 TpeHUus B Ipe-
nenax mpsIMOYTOJBHOM TUIOCKOW 00JiacTu
2AXB ¢ nhaeanpbHO yNpyrMMHM CTEHKaMH.
OOGnacTe pasielicHa Ha paBHbIE YacTu
AxB acMMMETpUYHOU MEMOPAHOM - Hepe-



brane with openings, or flaws, of the
size D>d. The particles can pass free
through the openings, Fig.8.3.
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TOPOJIKOM C OTBEPCTHUSIMU (LIENISIMH) pa3-
Mepa D>d, yepe3 KOTOpbI€ YacTHUIbI MO-
r'yT CBOOOJIHO mponeTars, Puc.8.3.

S ﬁ*é%ua& = A
—_— . ‘ .
.
¢ . * e
Y . *
} . .
B
)
D
__fd ! i
= En:m{EJ § g_ N

Fig. 8.3. Numeric experiment with
asymmetric membrane.

The flux of particles through
the membrane is determined by both
the flaw size D (more exactly, by the
ratio of open square of flaws to the
overall membrane square, that is a
membrane "openess"), and by the ra-
tio of ranges of incoming angles that
are in the interval [-(7/2-a),+H(n/2-
)] for the flux 152,
o=arcsin(d/(2D)), and [-f,/] for the
flux 2—1, for f<a. Asymmetry of
the membrane is determined by the
ratio of the limits of these angle

Puc.8.3. UucneHHbIN SKCIEPUMEHT C
ACHUMMETPUYHOU MEMOPAHOM.

[ToTox wactuil yepe3 MeMOpaHy
OnpeJeNsieTcsl Kak pa3MepoM OTBEpCTUM
D (ToyHee COOTHOIIEHHEM OTKPBITOM
IJIOIIA I OTBEPCTHM W OOIIeH Iuiomanu
MeMOpaHbl, "OTKPBITOCTHIO" MEMOpPaHbI),
TaK U COOTHOLIEHUEM JIMAIla30HOB YTJIOB
CBOOOJHOTO MpoJieTa YacTUI] CKBO3b
MeMmOpany: [-(7/2-a), +(7/2-a)] nns no-
toka 12, a=arcsin(d/2D), u [-£,[] mns
notoka 2—1 mpu ycnoBun f<a. Acum-
MEeTpHUsi MeMOpaHbl OMPENESIETCsS COOT-
HOIIIEHUEM ATUX JUANa30HOB YIJIOB. MbI
OylneM XapakTepu3oBaTh ACUMMETPHUIO



ratio of the limits of these angle
ranges. We shall characterize this
asymmetry quantitatively by a pa-
rameter a=p/(72-a)=2p/(n-2 ),
0<a<l. For a=1 we obtain a sym-
metric membrane.

As [Ka, and for the large
enough particle number N we can
expect uniform distribution of parti-
cles over the incoming angles for all
the walls, including membrane and
both its sides, then the decrease in S
must result in decrease in average
particle flux 2—1 from the part 2 to
part 1 of the rectangle region in
comparison with inverse flux. This
effect must lead to the effective ac-
cumulation of particles in the part 2
during which the flux 152 is de-
creased due to decrease in particle
number in the part 1, and the flux
2—1 is increased due to the increase
in particle number in part 2. The ac-
cumulation takes place until the both
average fluxes become equal at
some certain difference in particle
numbers. This effect is statistical in
nature since we do not prevent the
particles to pass from one plane part
to another, but we only change the
probabilities of the escapes from the
parts.. Thus we could "observe" the
redistribution of the particles due to
the membrane asymmetry (SB). The
only way to do this by now is a nu-
meric modeling. Note that we can
control the asymmetry of this model
system.

In the numeric model of the
mechanical movement of particles
the penetrability of the membrane is
taken into account in the form of an
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KOJIMYECTBEHHO TapameTpoM a=//(m/2-
a)=2[/(r-2a), 0<a<l. [Ipu a=1 memOpa-
Ha OyJIeT CUMMETPUYHOM.

[Tockonbky f<c, W mpu AOCTATOU-
HO OOJIBIIOM YHCIie YacTUI] N Mbl MOKEM
O0KMJIaTh PABHOPACHPEACIICHUS YaCTULL
N0 yrjiaM IOAJIETa KO BCEM CTEHKaM,
BKJIIOYass MeMOpaHy, 1Mo 00euM CTOpOHa
MeMOpaHbl, TO yMEHbIIEHHE [ JOHKHO
MPUBECTH K YMEHBIIECHUIO CPEIHEro Io-
TOKa yactull 2—1 u3 dactu 2 B yacth |
MPSMOYTOJIBHOW 00JIACTH TI0 CPaBHEHUIO
Cc OOpaTHBIM TMOTOKOM. OTOT 3(deKT
JOJDKEeH MPUBECTH K 3G (EKTUBHOMY Ha-
KOIUICHHIO YaCTHI] B YaCTH 2, B TEUCHHE
KOTOPOTO MOTOK |—2 ymeHbIIaeTcs u3-
3a YMEHBIIIEHUSI YUCIIa YaCTHUIl B yacTu 1,
a moToK 2—1 yBenuuuBaeTcs u3-3a yBe-
JUYECHUs 4YMclia Jactull B yactu 2. Ha-
KOILJIECHHE UMEET MECTO JI0 TEX IOp MOKa
o0a cpelHUX IMOTOKAa CPAaBHSIOTCSA MpU
HEKOTOPOW OINPEACICHHON pa3HUIIE B
yyciax 4Yactuil. IToT 3(QexT sBusercs
CTaTUCTUYECKUM [0 COEH MpHUPOJE, IO-
CKOJIbKY Mbl HE MEIIAeM YacTHULAM IIpO-
XOOUTh W3 OJHOM IUIOCKOW 00JacTu B
IPYTy0, MBIl TOJIBKO MEHSEM BEPOSITHO-
CTH yXoja u3 yacrei. Takum oOpazom,
MbI MOTJIM ObI "HabmronaTh" mepepacmpe-
JICJICHHE YacTull, 00YCIOBJICHHOE AacCHM-
metpueir memOpansl (HC). EnuncTBeH-
HBIM CIIOCOOOM CZIeJIaTh 3TO celyac sBJIs-
€TCS YMCIECHHOE MOJEIMPOBaHuE. 3ame-
THM, YTO MBI MOXEM KOHTPOJIUPOBATH
ACUMMETPHIO 3TON MOJIEJIBHOW CHCTEMBI.

B uucnenHoil mouenu mMexaHuue-
CKOIr'0 JIBUKEHHUS YaCTHUL] IPOHUIIAEMOCTh
MeMOpaHbl MPUHUMAETCS BO BHHUMAaHHUE B
dbopme »sddexkTuBHON BeposTHOCTH P



effective probability P (is to model
the ratio of open square of flaws to
the overall membrane square) for the
particles to pass through the mem-
brane. When the necessary condi-
tions, governed by the asymmetry
parameter a and the ratio d/(2D), see
below, for the individual particle to
pass through the membrane are
obeyed we have to choose a random
value P, from the interval [0,1]. If
Py<P then the particle is allowed to
pass through the membrane, and is
reflected from the membrane other-
wise.

Reality of this model as ap-
plied to the real gases is determined
by ability of modern technology to
produce the membranes with large
number of small enough asymmetric
openings. To correspond to this me-
chanical model, the aperture of the
openings must be less than the
length of the free passage of parti-
cles between the collisions with
other particles or with the walls, the
so called average free path. L.e. the
condition of Knudsen flow [25]must
be obeyed in the volume of open-
ings. At normal conditions the free
path is of order of 1 mcm. In the
modern experiments with nano-
tubes and fullerens the (symmetric)
openings of order 1 nm are easily
obtained [26-31], to number a few.
This makes us to hope that this
model is realizable in principle.
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(mpu3BaHa MOJENMPOBATH OTHOILEHUE
OTKPBITOM TUIOMIAAM Iejaed K oOmen
IJIONIAAM MEMOpaHbl) MPOXO0Ja YaCTHUII
yepe3 meMOpany. Korma HeoOxoaumbie
YCJIOBHSI IPOXOJIa Yepe3 MeMOpaHy, Haja-
raeMble NapamMeTpoM AaCUMMETPUH a U
oTHouleHueM d/(2D), cM. HUXe, BBIOJI-
HEHbl JJI1 KOHKPETHOM YacTHIlbl, HaM
HY>KHO BBIOPATh CIy4ailHyl0 BEJIMUUHY P
3 untepsana [0,1]. Ecnu Py<P, To uac-
TULIE MO3BOJSETCS NPOUTU CKBO3b MEM-
OpaHy, W 4YacTUIIa OTPAXKAETCSI OT MEM-
OpaHbl B TPOTUBOMOJIOKHOM CITyYae.

Peanuctnunocts MpeIaracMom
MOJIEJIA IPUMEHUTEIBHO K PEAIbHBIM Ta-
3aM OIpEAeNsAeTcs TEXHUYECKHMH BO3-
MO>XHOCTSIMHM CO3JaHUsI MEMOpaHBI C J10C-
TaTOYHBIM KOJIMYECTBOM HECHMMETpPUY-
HBIX OTBEpCTUHU. [ COOTBETCTBUSA Me-
XaHUYECKOW MOJENH arepTypa OTBEPTCUM
J0JDKHA OBITh MEHEE JIMHBI CBOOOIHOTO
npo0era 4acTull ra3a 0 CTOJIKHOBEHHUS C
IPYroy 4aCTULIEW WIM CO CTEHKOW, T.€. B
o0beMEe HECUMMETPUYHBIX OTBEPCTUH
JOJDKHBI BBINOJIHATBCSI YCIIOBUS KHYZCE-
HOBCKOTO TeueHus raza [25]. Ilpu HOp-
MaJbHBIX YCIOBHUSM JUIMHA CBOOOJHOTO
npoOera 4acTuLl I'a30B COCTaBIIAECT IPH-
MepHO | MKM. B cOBpeMEHHBIX dKCHEpH-
MEHTaX C HaHOTpyOKamu U (yriepeHaMu
JIETKO MOJYy4YarTcsl (CHMMETPUYHBIE) OT-
BepcTus nopsiaka 1 am [26-31], 4ToObI HE
MEPEYHCIIATh MHOTO. DTO MO3BOJISET Ha-
NEAThCsI, YTO IpeuiaraemMasl MOJelb pea-
JIu3yeMa B IPUHLMIIE.



8.2.2. Numeric modeling

Iterations. Numeric modeling
was carried out by iterations in time
by the step d¢f which was chosen in
such a way that the collisions of par-
ticles with the walls, membrane and
pair collisions of particles can be
"resolved". A simplest model of par-
ticle movement was used not taking
into account the rotation (that actu-
ally means the particles to be the
points). Model implies that particles
move along the straight lines with
constant velocities between the col-
lisions. Before iterations, the veloci-
ties and positions of the particles
were chosen randomly (see below).
At every iteration the time step was
calculated by the maximum particle
velocity df=d/v,... Then the posi-
tions were analyzed. If some particle
was near the wall, membrane, or
other particle (at the distance less
than d), its velocity components
(vvv,) were changed according to
the rules below. After the calcula-
tion of the velocity components
(v vy) of all particles the new coor-
dinates of their positions were calcu-
lated: x,+1=X,Vidt, Ypr1=yutvydt, n
being the number of iteration. At
every iteration the values of particle
numbers N, N,, Ni1+N,=N, tempera-
tures 77, T,, in the regions 1,2, re-
spectively, average temperature 7T
for all particles (that allows to con-
trol the energy conservation), the
average values (over all previous it-
erations) of particle numbers N,
Nopms NimtNoy=N, temperatures T,
T,,, and overall temperature of all
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8.2.2. YucjieHHOE MOIeIMPOBAHUE

Hmepayuu. YucieHHOE MOJIEIHPO-
BaHUE TMPOBOJUIOCH HUTEpPALUSIMU TIO
BPEMEHU C IIAroM dt, KOTOpbIi BbIOUpa-
cd TaK, 4TOOBI MOXHO OBUIO OTCIICIWUTH
CTOJIKHOBEHMSI 4YacCTHI[ CO CTEHKaMu U
MeMOpaHOW U TMapHbIE CTOJKHOBEHUS
Mexay coOoi. MHcnonb3oBanace mpo-
CTeiIIasi MOJAENb IBUKEHUS 4YacThll 0e3
y4eTa uxX BpalieHus (4To pakTU4ecKu 03-
HayaeT TOYEYHOCTh YacTull). Moaeinb
Mpeanojaraer, uYro MeXAy akTaMu
CTOJIKHOBCHHMM YaCTHIIBI ABWXKYTCS TIPS-
MOJIMHENHO U paBHOMEpHO. llepen Hauva-
JIOM UTepaluil ciydyailHbIM 00pa3oMm 3a-
JaBaJUCh KOOPAMHATBI U CKOPOCTH dYac-
tuil (cM. HWke). Ha xaxmolt urepauuu
BBIYUCIISIJICS IIAr MO BPEeMEHU dt=d/V,,y,
TAE Vigr - MOIYJIb MAKCUMAJIBHOU CKOPO-
cTH 4dactull. Jlanee aHaIM3UPOBAINUCH KO-
OpJIMHATHI YACTUII, U, B CiIyyae OJIM30CTU
KOHKPETHOW YacCTHIlbI K CTEHKaM, MEM-
OpaHe WU K Ipyroil yactuile (Ha pacTos-
HUU MeHee d) B COOTBETCTBUU C IpaBU-
JaMU, OINHMCAHHBIMA HIDKE, W3MCHSIIHCH
COCTAaBJIAIOIIME CKOPOCTH YacCTHIL (Vy,Vy).
[locne BBIUMCIEHUS KOMIIOHEHT CKOpO-
cret yactul (Vy,V),) BBIYMCISIIMCH HOBBIE
KOOPIMHATHI ux MOJIOKEHUM:
Xp 1= X T d Vs, Ypr1=yptdivy,, TIE N - HO-
Mep wurepanuu. Ha kaxnon wrepanuu
BRIUMCIISITINCh  YKcia dYactuil N;, N,
N1+N,=N, u Temneparypsi T, T, B o0ac-
TX 1 1 2, COOTBETCTBEHHO, CPEHSS TEM-
nepatypa 1 71 Bcex 4acTuil (UTO MO3BO-
JSI€T KOHTPOJIMPOBATH COXPAHEHHUE SHEP-
TUH), a TaKXKe CPeAHUE MO BCEM IMpe/bl-
OyIIUM UTEpalysIM 4YHucia 4YacTull N,
Nypy NiptNo,=N, Temnepatypsl 11, 15, 1
obmas temmneparypa 1,~T,; BCE CHCTE-
Mbl. CoXpaHEHHE HUMITyJbCa TapaHTUPY-



particles T,=T,; were calculated.
Momentum conservation is provided
by the way of changing the velocity
components in the collisions. Itera-
tions were carried out until the aver-
ages reach their saturation values.
The use of the quantities averaged
over all iterations enables to "filter"
the short fluctuations which were
characterized by the mean square
deviations SgN;, SqgN,, SqT,, SqT>,
of the registered parameters from the
mean ones. These deviations were
also calculated at every iteration for
other quantities and were averaged
over all the iterations. Thus the itera-
tion cycle was as follows:

e calculation of actual and mean
parameters Ny, N,, Ti, T>, Ny,
Nomy Timy Tom, and mean squared
deviations SqN,, SqN,, SqT),
SqTr;

e determination of maximum parti-
cle velocity v,;

e calculation of the
dt=d/v,,.;

e analysis of positions, changing
the velocities;

e calculation of the new positions
xn+1:xn+vxndta yn+l:yn+vyndt; etc.

Initial conditions. Before to
start iterations, the initial positions
and velocities of particles were
specified. The particles were distrib-
uted over two equal subregions of
the sizes AxB of the plane region
2AxB by N; and N,=N;-1 particles,

Ni+N,=N. In each subregion the po-

sition coordinates of particles were

chosen randomly by the use of stan-
dard generator of the value uni-
formly distributed over the corre-

time step
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€TCs IpaBWIAMH HU3MEHEHUS CKOpPOCTEU
IIPU CTOJIKHOBEHMAX. MTepanuu nporon-
KAJTUCh 10 BBIXOJA BCEX CPEIHHUX I10 UTE-
pauusM 3HA4YCHMM Ha HacelueHue. lc-
IIOJIb30BAHUE CPEAHUX IO BCEM HUTEPALM-
M 3Ha4YeHUM mMo3BOseT "OTHUIBTPO-
BaTh'" KpaTKOBpPEMEHHbIE (IYKTyalluH,
MEpOM KOTOPBIX SABIBUINCH CPEAHEKBAAPA-
TAYHBIE OTKIOHEeHUs SgN;, SqN,, SqT),
SqT,, perucTpupyeMbIX IapaMeTpOB OT
WX CpelHUX (MO BCEM UTEpalMsIM) BEJH-
yuH. CpegHeKkBaapaTUYHbIE OTKIIOHEHUS
BBIYMCIISIIIUCH TAKXKE I IPYTUX BEJIMYHH
Ha KaKJIOM IIare MTepauuid U YyCpeIHs-
JUCh MO BCceM urepauusiM. Takum oOpa-
30M, IUKJI UTEPALMI ObUT CIEAYIUM:

® @blyUCIeHUe GAKMULECKUX U CPEOHUX
napamempos Ny, No, T1, T2, Niy, Nop,
T\, Tom, U cpeoHexeaopamuyHbix om-
knonenuti SqN1, SqN,, SqT1, SqT%;

® onpeodeneHue MAaAKCUMAIbHOU CKOPO-
CIU 4aACUY Vg
® guluucCleHue  uaea
dt=d/ v,
® aHanu3 KOOPOUHam, UsMeHeHue CKopo-
cmeil;
® gbluUCTIeHUE HOBbIX KOOpOouHam
xn+1:xn+vxndt: yn+1:yn+vyndt; etc.
Hauanvuvie ycnosus. Ilepen nHaua-
JIOM WTEpalMil 3a7aBajuCh HadalbHbIC
MOJIOYKEHUSI MU CKOPOCTH 4acTUL. HacTHLIbI
pacrpenensiiuch NpUMEPHO MOPOBHY Me-
KOy ABYMs PaBHBIMU 4HacTsIMU AXB nps-
MOYTOJIBHON oOnactu 24xB mo N; u
No,=N;-1 wyactun, N=N;+N,. B xaxmgon
4acTH 00JIACTU KOOPAMHATHI YaCTHUIL X U )
BBIOMPATIUCH C TMOMOIIBIO CTaHAAPTHOIO
reHepaTopa CIly4yallHOM paBHOMEPHO pac-
NPEACICHHON Ha COOTBETCTBYIOLIEM WH-
TE€pPBAJIC BEJIMYHHBI.

no 6pEMEHU



sponding interval.

Initial velocities were speci-
fied on the base of relation between
the mean squared particle velocity
<y*> and the temperature T of per-
fect gas with two translational de-
grees of freedom: <v>=2(kz/m)T,
where kjz 1s Boltzmann constant, m 1s
a mass of particles, or <v2>=2Teﬁ,
T;=(kg/m)T. For certainty, the ratio
ks/m=10" [J/K/kg] was used (atomic
hydrogen, the specific value is not
important, the effective temperature
was varied by order, see below).
Given the effective temperature 7,
for every particle the squared abso-
lute value of its velocity was chosen
from the interval [0, 47,4] by the use
of random quantity uniformly dis-
tributed over this interval (and
s0<v2>=2Tef/). Then, by the use of
another random quantity uniformly
distributed over the interval [0,27],
the velocity direction was chosen
and the velocity components (v, v,)
were calculated. Since the particle
number was finite and not very
large, an additional renormalization
of the velocities to the initially set
temperature 7,5 was carried out by
correction of all velocity compo-

nents by a factor /7, /T, , where

T, 1s an actual temperature value of
non-renormalized random velocity
distribution,

Ty = ZEVZ(VJZX + V.f'y) :

J=1

By the way, this formula was used
also for calculation of effective tem-
peratures of the particles at every it-
eration.

Collisions with the walls. At
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HadanbHbie ckopocTH 3a/1aBajucCh
Ha OCHOBE COOTHOLIEHHUSI MEXIYy CpEIHE-
KBaJpPaTUIHOU CKOPOCTHIO <v*> 1 Temre-
patypou 1’ s MAeaJbHOIO raza ¢ AByMs
MOCTYNATEIbHBIMU CTENEHSIMH CBOOOJBI:
<v*>=2(kg/m)T, tme kz - TOCTOSHHAS
bonmpnmana, m - Macca YacTHLbL, WIH
<*>=2T, oy Lef=(kg/m)T. JInsa onpenenen-
HOCTM B  pacyerax  MNPUHUMAIOCh
ks/m=10* [Ix/K/kr] (aTroMapHbIi BOIO-
PO/, KOHKPETHBIM BBHIOOp HE MMEET 3Ha-
yeHus, T.K. 3¢ (deKTuBHas TemIepaTypa
MEHSJIACh HB MOPSAOK, cM. HUXke). [1o 3a-
JaHHOW Temmeparype Iy JUId KaxIou
YacTUIIbl BBIOMpANCs KBaApaT MOIYJIs
ckopocty u3 nuanasona [0, 47,4 ¢ mo-
MOIIBIO CIIy4YalHOM BEJIWYWHBI, PaBHO-
MEpPHO DPAaCcHpeAcICHHOW Ha 3TOM HMHTEP-
Bayie (Tak, 4To <y*>=2T. off). 3aTeM C IIO-
MOILBIKO CIIy4YalHOM BEJIWYUHBI, PaBHO-
MEpHO pacrpeneneHHon Ha uarepsadie [0,
27|, BBHIOMpANOCH HAIMpaBIIEHUE IBUXKE-
HUSI YacCTHUIbl, U BBIYUCISUINCh KOMIIO-
HEHTHI V, U V, €€ CKOpocTH. IlockombKy
YHCIIO0 YacTHI] ObUIO KOHEYHBIM M OTHO-
CUTEJIbHO HEBEJIIMKO, OCYIIECTBIISUIACh
JOTIOJTHUTENIbHASL PEHOPMAJIU3ALUS KOM-
IIOHEHT CKOPOCTEH K IEPBOHAYAIBHO 3a-
NAaHHOM Temueparype 1.5 YMHOXKEHHEM
BCEX KOMIIOHEHT CKOpPOCTEHl Ha MHOXH-

tenb T, /T, , TA€ Ty - (axkTHuecKas

BEJINYMHA TEMIIEPAyTPbl HEHOPMAIIA30-
BAHHOI'O CIIy4alHOTO paclpeneseHus Mo
CKOPOCTSIM,

(8.2.1)

Kcratu, sta ¢opmyna wucnoib3oBajiach
TaKXKe ISl BbIUMCIEHUs 3((PEKTUBHBIX
TEMIIepaTyp 4YacTHIl Ha KaXXJOoW uTepa-
1107078

CmonkHosenus co cmenxamu. Ha



every iteration the distances between
particle centers and walls were ana-
lyzed. The particle was considered
being in contact with the wall if the
corresponding distance was less than
d/2. In this case the sing of respec-
tive  velocity component was
changed, i.e. the changes were
Vi—Vy, V,—>-v, for the walls parallel
to x-axis, and v,—-v, v,—v, for the
walls parallel to y-axis.

Collisions with a membrane.
At every iteration the distances be-
tween particle centers and mem-
brane were analyzed. The particle
was considered being in contact with
membrane if the corresponding dis-
tance was less than d/2. In this case
a random number P, was generated,
0<Py<1, and then this number was
compared with given penetrability
("openness") P. For Py>P, particle
was "reflected" from the membrane,
1.e. there was a change in its velocity
x-component, v,—>-v, (a bound). For
Py<P, ratio v,/v, of the velocity com-
ponents of given particle was ana-
lyzed. The particle was considered
as passed through the membrane if
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Ka)XJIOM IIIare uTepanuii KOHTPOJIMPOBa-
JIUCh PACCTOSIHUS YacTHIl J0 CTeHOK. Yac-
THIA CUUTANIACh CTOJIKHYBIIEHCS CO CTEH-
KOM, €CJIM PacCTOSIHUE OT CTEHKHU JI0 €€
LIEHTPa CTAaHOBUJIOCH MeHbliIe d/2. B aToM
Cllydyae WM3MEHSJICS 3HaK COOTBETCTBYIO-
e COCTaBJISIIOIIEH CKOPOCTH, T.€. U3Me-
HEHUS OBUIM V,—>V,, V,—>-V, Il CTEHOK,
HapajuIeNIbHBIX OCH X, U Vy—>-Vy V=V, -
IUTSl CTEHOK, MapajlIesIbHbIX OCH ) .

CmonxHosenus ¢ membpanou. Ha
KOKJOM IlIare HTEepaluidl MPOBEPSIIUCH
paccTostHUSL YyacTuil 10 MemOpanbl. Yac-
THIIA CYUTANACh CTOJKHYBILIEHCS C MEM-
OpaHOH, eclii PacCTOsTHUE OT MeMOpaHbI
70 €€ IIEHTpa CTAaHOBWJIOCH MEHbIIEe d/2.
B sTom ciiydae mpoBepsioch COOTHOIIIE-
HUE MEX/y CTeHEpUPOBAHBIM CIIyYalHBIM
yucioM Py, paBHO pacrlpeqeeHHbIM Ha
unrepBaie [0,1], u 3agaHHON BEPOSITHO-
cThio TipoJieta P ("OTKPBITOCTH", TIPOHHU-
1aeMocTh MemOpanbl). B ciyuae Py>P,
YyacTHIla OTpa)kajach OT MEeMOpaHhbI, T.€.
3HAK X-COCTAaBIIAIONIEH CKOPOCTH YacTH-
I[bI M3MEHSUICA Ha MPOTHUBOMOJIOXHBIN
vi—-V, (0TcKOK). B ciyuae Py<P, aHanu-
3UpOBAJIOCh OTHOIIEHHE V,/v,. YacThua
CUMTAJIACh MPOJIETEBIIEH CKBO3b MEMOpa-
HY €CJIu:

arctan(vy/vx) <rm/2-a,v, >0,

for region 1, or,

11 obyactu 1, nin

arctan(vy/vx) <pv <0,

for region 2. If these conditions were
not obeyed the particle was "re-
flected" from the membrane (a
bound). As is seen from Fig.8.3, pa-
rameter « is determined by the par-
ticle diameter d and flaw aperture D.
In this investigation, parameter [

st oonactu 2. Ecnu 5T ycnoBusi He BbI-
MOJIHSJIUCH, 3HAK V, TaKK€ U3MEHAJICS Ha
POTUBOIOJNIOXKHBIN (0TCKOK). Kak BUAHO
n3 puc.8.3, mapaMeTrp « ONpPEAesIeTCs
COOTHOIIIEHHEM JHaMeTpa 4YacTul] d u
pasmepom otBepctuii D. B nanHoit pado-
T€ mapameTp [ BbIUMCIUICS 1O (opMy-



was calculated by the formula
f=a(n2-a), c=arcsin(d/(2D)). The
asymmetry parameter was specified
as input parameter of the problem.
Particle pair collisions. At
every iteration step the distances be-
tween particle centers in pairs were
analyzed. Two particles were con-
sidered to be in contact if these dis-
tances were less than d. The veloci-
ties were changed in the case as fol-
lows. If vi=(vy1, vy1) and v,=(vyo,v)0) -
are the velocities of colliding parti-
cles 1 and 2, respectively, before the
collision, and v/=(v%,v};) and
v5=(v2, v)2) are their velocities af-
ter the collision, then the relation be-
tween them is determined by the
known formulas obtained on the
base of conservation of both the ki-
netic energy and momentum:
Vll V)lcl Vi1 (g

/ / -

/
V, Vo V

T
- V2 vy2 - c -
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nam f=a(7/2-a), co~=arcsin(d/(2D)). Ila-
paMeTp acHMMETPHH @ CUHTAJICS 3ajaH-
HBIM.

Ilapuvlie cmoakHo8eHus yacmuy.
Ha kaxnom miare urepanuii KOHTPOJIUPO-
BAJIUCh PACCTOSIHUSL MEXKJYy YacCTULAMHU
nomapHo. JlBe 4acTulbl  CUMTAJIUCH
CTOJIKHYBIIMMHUCS, €CIIU PACCTOSHHUE Me-
Ky UX LUEHTPAMU CTAaHOBHJIOCh MEHBIIIE
d. B 3TOM ciydae U3MEHEHHUs] UX CKOPO-
CTE€W BBIYHMCIUIMCH IO CIEAYIOLIEN cXe-
me. Ecimn vi=(vy1, vy1) B v2=(Vya, Vy2) - CKO-
poctu yactul | u 2, COOTBETCTBEHHO, JI0
CTOJIKHOBEHUS, V' 1=(V5i, vi1) B vi=(va,
V') - CKOpoCTH YacTul 1 u 2, cCOOTBETCT-
BEHHO, MOCJIE CTOJKHOBEHHUS, TO COOTHO-
[HIEHUE MEXKIYy HHMHU ONpPEACISIETCS 10
U3BECTHBIM (hOpMyJiaM, MOJTYYEHHBIM Ha
OCHOBE COXPAHEHUS KaK KHHETHYECKOU
SHEPI'uH, TaK U UMITYJIbCA:

o)
b (822)

y2 ¢
m,—m, 2m, 2m,
g = ’b = ’C = ,
m, + m, m, +m, m, +m,
rae mp, mp; - MACChl CTAJKHNBAIOIINXCs

where m,, m, are the masses of col-
liding particles. In our case of iden-
tical particles with equal masses, the
matrix in eq.(8.2.2) becomes sym-
metric, g=0, b=c=1 (the collision act
1s symmetric with respect to the re-
arrangements of identical particles).

yacTull. B HameM citydae paBeHCTBa Macc
JacTHUIl MaTpulla mepecdyera B yp.(8.2.2)
CTAHOBUTCSI cuMMeTpuuHoi, g=0, b=c=1,
(aKT CTOJIKHOBEHHS CUMMETPHYEH OTHO-
CUTEJILHO TIEPECTAHOBKU HIACHTHYHBIX
YaCTHII).



8.2.3. Numeric results

Calculations were carried out
for the following values of parame-
ters: A=20, B=10, D=1.2, d=0.7,
P=1.0, 0.8, 0.4, 7=300, 3000 (Kel-
vin degrees, as applied to atomic
hydrogen  T,=10°T),  N=79,
a=1.0+0.1.

Before carrying out the main
series of numeric experiments, the
trial calculations were done for the
particle numbers N=13, 35, 79, 121,
251, with different asymmetry pa-
rameters a of the membrane. It
turned out that the number of itera-
tions necessary for reaching the
saturation depends very weakly on
the particle number, but the comput-
ing time changed from 5 minutes
(N=13) to 5 hours (N=251). For the
smaller particle numbers N=13, 35
there were large fluctuations of par-
ticle numbers and temperatures, for
N=13 N, has been often zero. The
value N=79 was found to be opti-
mum since it provided reasonable
computing time and low enough
fluctuations, see next. In the follow-
ing the results were obtained for the
iteration numbers from 10000 for
a=1.0, 0.9 (12-13 hours for 100 tri-
als of the same variant) to 50000-
70000 iterations for a=0.1 (up to 72
hours for 100 trials of the same vari-
ant). The figures are given for com-
puter Pentium-100, the program was
developed on the base of 16-bit cal-
culations.

In the course of trial calcula-
tions one strange effect was ob-
tained: if only one numeric trial up
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8.2.3. UucJ/ieHHbIE pe3yJbTAThI.
Beluncnennss NpoBOOMINCH TIPU
clIeayrommux 3HAYCHUA napaMeTpoOB:
A=20, B=10, D=1,2, d=0,7, P=1,0, 0,8,
0,4, 7=300, 3000 (B KenbBunHax, mpume-
HUTEJIBHO K AaTOMAapHOMY  BOJOPOIY
T,/~10"T), N=79, a=1,0+0,1.

Ilepen mpoBeneHHEM IJIABHOM Ce-
pPUM YHUCJICHHBIX SKCIEPUMEHTOB ObLIH
IpojiesiaHbl TPOOHBIE PAaCUYEThl C YHCIOM
yactun N=13, 35, 79, 121, 251, npu pasz-
JUYHBIX TapaMeTpax aCUMMETPUU MEM-
Opanbl a. Oka3anoch, 4TO YKCIIO YaCTHUII
c;1abo BIUSET HAa YUCIO UTEpaluii, HeoO-
XOJUMBIX JUIsI JOCTUKEHHSI PaBHOBECHS,
HO BpEeMsSI MAlIMHHOI'O CYETa U3MEHSIOCH
ot 10 muH. (N=13) no 5 gwacoB (N=251).
[Ipu maneix yncnax yactur N=13, 35 Ha-
OM0aNnuCh CHIIbHBIE (IYKTyalluu YHCel
yacTull U Temmepatyp, a npu N=13 N,
4acTO CTAaHOBWJIOCHh PaBHBIM HYJIIO. BbLI0O
HAlICHO, 4YTO ONTHMAJBHBIM SIBISIETCA
N=79, aro obecrieunBaeT pasyMHbIE Bpe-
Msl CUeTa U JOCTAaTOYHO Maible QIIyKTya-
uuu (cM. Hmke). OnucaHHbIE HUXKE pe-
3yJAbTaThl OBUIM TIOMYYEHBI JJISI YHCEI
utepauii ot 10000 urepauwmii nmpu a=1,0,
0,9 (12-13 uvacoB mna 100 3amyckoB oji-
Horo Bapuanta) 10 50000-70000 urepa-
uuii npu a=0,1 (mo 72 yvaco nns 100 3a-
MycKoB oaHOro Bapuanta). Ludpsr mpu-
BOZSTCS Ayia MamuHbl Pentium-100, mpo-
rpaMMa HalmucaHa Ha OCHOBE 16-OMTOBBIX
BBIYHCIICHUMU.

[Ipu mpoBeneHNM MPOOHBIX pacue-
TOB ObLT OOHApPYKEH OJIMH CTPAHHBINA (-
(dexT, 3aKII0YAIOIIUNACA B TOM, YTO €CIU



to saturation was carried out for
each asymmetry parameter
a=1.0-0.1 (by 0.1 or 0.2 for the
same other parameters), then the de-
pendencies of the particle numbers
and temperatures (N1, Noms T1ms Tom,
averaged over all iterations!) in the
regions 1,2, on asymmetry parame-
ter a were not monotone. These de-
pendencies become monotone, if the
results are additionally averaged
over large number of identical trials,
for example, 100 trials for each
value of a. This effect was inde-
pendent of the particle number and
was observed up to N=301. On the
histograms of DMTI and IMTI, see
next, were even obtained two or
three and more peaks that is remi-
niscent of quantum mechanical ef-
fects. But the aim of this section is
to illustrate the concept of structural
information by model system, and
we do not discuss here this effect in
the following. Because of this effect
the results described next were aver-
aged over 100 trials for the same
collection of input model parame-
ters. Thus the tendencies for the par-
ticle numbers, temperatures, and
other quantities corresponding to the
stationary states of described model
system were obtained for the quanti-
ties averaged, the first, over all itera-
tions, and, the second, additionally
over 100 identical trials of the same
variant, the trials were different only
by random initial particle positions
and velocities.

\% The numeric results for 7.;=3
107 (that corresponds to 3000K for
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MPOBECTH MO OAHOMY pacyuery Uil Kax-
JOTO 3HAYEHHs NapaMeTpa aCUMMETpPUHU
or 1,0 no 0,1 (uwepe3 0,1 wim 0,2 npu
MIPOYMX HEM3MEHHBIX NapaMeTpax), TO HE
yAaeTcsl MOJYyYUTh MOHOTOHHBIE 3aBHCH-
MOCTU Ny, Nowy Timy Tom (YCPEIHEHHBIX
0 BCEM WTepanusiM!) oOT mapameTpa
ACUMMETPHUH a. DTU 3aBUCUMOCTH CTaHO-
BATCSI MOHOTOHHBIMU TOJIBKO JUJISl BEJH-
YUH, YCPEIHEHHBIX MO OOJBIIOMY YHUCITY
3aIlyCKOB MJICHTUYHBIX BapUAHTOB, Ha-
npumMep, no 100 3amyCckoB Ha Kaxaoe
3HaueHue a. ITOT 3(P(PEKT HE 3aBUCUT OT
yucna yactull Bruioth 10 N=301. Ha ruc-
torpammax MOIIW UIIIIN npu 3TOM Ha-

OmromaroTcd  OMMOJAIBHOCTE W JaXKE
MHO>XECTBEHHBIE MAaKCUMYMBI, 9YTO CaMoO
1o cebe HAIlOMHAHAET KBaHTOBO-

Mexanuueckue 3¢ ¢exrsl. Ho uensio gan-
HOT'O pazjielia SIBISETCS MPOUJUTIOCTPUPO-
BaTh KOHIICTIUIO CTPYKTYpHOU HHGOP-
MallMi Ha TIpUMEPE MOJEIBLHON CUCTEMBI
U MBI HE 00CYyXJIaeM 371eCh 3TOT d(PPeKT.
[TosTomMy B nanbHeiiiieM Bce 00Cyxaae-
MbI€ HM)XE PE3yJbTaThl TMOJYYECHBI MJIsI
cpennux BenuuuH 1o 100 3amyckam miis
OJIHOTO M TOTO XK€ Habopa BXOAHBIX Ma-
pametpoB. Takum 00pa3oB, 3aKOHOMEp-
HOCTH JUIsl YHUCEJl YacTHll, TEMIIEpaTyp U
T.J., OTBEUAIOIIMX CTAllMOHAPHBIM CO-
CTOSIHHSIM OIIHMCBHIBAEMOM MOJISTILHOM CHC-
TE€MbI, MOJY4YE€HBI, BO-NIEPBBIX, MPH YyC-
pPEIHEHUN 3HAYCHUW Ha KaXJIOW HTEpa-
U TIO BCEM MPEABbIIYIIUM UTEPAIUSM, U
BO -BTOPBIX, NPH JOMOJTHUTEILHOM YC-
peanennu 1o 100 3amyckaM 0JHOTO U TO-
ro ke BapuaHTa. BapuaHThl pa3nuyaiuch
TOJBKO CIy4YallHBIMU HayaJlbHBIMHU pac-
MpeAeICHUsIMA KOOPAUHAT U CKOPOCTEM
YaCTHII.

Ha puc. 8.8 (a,b) Annennuxca 8.4
MPECTABICHbl PE3YJbTaThl YHCIEHHOTO



atomic hydrogen), membrane pene-
trations P=0.4, 0.8, 1.0, and other
parameters above, are presented in
Fig.8.8 (a,b) in Appendix 8.4 for the
particle numbers and temperatures.
In that figures there are also the re-
sults for the mean square deviations
of obtained values of particle num-
bers and temperatures. It is seen that
the saturation state is independent of
the membrane penetration. The
lesser penetration simply demands
more iterations and the computing
time.

The results for the different
temperatures 7,;~3 10, T =3 10°
(corresponding to 7=3000K and
7=300K for atomic hydrogen), for
P=1.0, and other parameters above
are shown in Fig. 8.9 (a,b) in Ap-
pendix 8.4 for the particle numbers
and temperatures. The resulting
temperatures for 7,;=3 10° are mul-
tiplied by 10 for the convenience of
comparison. As in Fig.8.8, the mean
square deviations are also given.

From the results in Figs.8.8,
8.9 it is evident that the relative re-
distribution of particles and their
temperatures depends only on
asymmetry parameter of the mem-
brane, and 1is independent of the
membrane penetrability and mean
kinetic energy of the particles. And
always there is accumulation of a
larger number of particles N, with a
lower temperature 7,. The same
conclusion was drawn from the trial
experiments with different values of
input parameters (N, 4, B, D>d).

The redistribution of particles
and their kinetic energy (tempera-
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MOJECIUPOBAHUSA NIPH T o5=3 10" (uro co-
orBercTByeT 3000K s atromapHOro BO-
0poJia), TPOHUIIAEMOCTH MeMOpaHBbI
P=0,4; 0,8; 1,0 , u mpounx mapameTrpax,
ONMHCaHHBIX BbIIE. Ha 3THX pucyHKax
MPUBOJISITCS TAKXKE CPEIHEKBAIPATHUHBIC
OTKJIOHCHHsI TOJIyYCHHBIX 3HAYCHHHA YH-
cesl yacTull U Temmeparyp. M3 stux pu-
CYHKOB OY€BHUJHA HE3aBUCUMOCTb YCTa-
HOBHBIIMXCSl 3HAYEHUH OT MPOHHUIIAEMO-
CTH MeMOpaHbl. MeHblIas MpPOHUIIAE-
MOCTb MeMOpaHbl IPOCTO TpPeOyeT 00Jib-
II€ UTEPALN U MAIIMHHOTO BPEMEHHU.

Ha puc.8.9(a,b) Annennukca 8.4
MIPEJICTABIICHBI T€ € Pe3yJIbTaThl pacye-
TOB JUIs TeMneparyp T.=3 10" u Tes=3
10° (coorBerctByromux T=3000K wu
T=300K nnst aToMapHOTro BOAOpPOJA) MpHU
P=1 n npounx paBHbIX. Bce Temmnepary-
pbl, oTBevaromue Tep=3 10° , Ha puc.8.9b
yBenuueHbl B 10 pa3 jj1s yno0cTBa cpas-
HeHusA. AHanmormyHo puc.8.8, Ha puc.8.9
TaKK€ TPHUBEACHBI 3HAUYCHUS CpEIHe-
KBaIPAaTUYHBIX OTKJIOHCHHM.

N3 npuBenenHsix Ha puc.8.8, 8.9
pE3yNbTaTOB BUIHO, YTO OTHOCUTEIBHOE
nepepacnpeeieHue 4acTull U TeMmIlepa-
Typ OIpEAeNseTcss TOJIbKO IMapaMeTpoM
aCUMMETPUHU MEMOpaHbI U He 3a8UcUm OT
€€ IPOHMUIIAEMOCTH U CPEIHEN KMHETHYE-
CKoM sHeprum yactuil. 1 Bcerma nmeercs
AKKyMYJIsiIUsl OOJIBILIErO Yucia yacTul NV,
¢ Oonee HU3KOM TemnepayTpoil. 7. AHa-
JIOTUYHBIA BBIBOJ OBLI CHENAH IpPH IMpo-
BEJICHUM NPOOHBIX PACUETOB C pa3iny-
HbIMHU YMCIIAMU YacTHI] U JIPYTUMU Napa-
Metpamu (N, 4, B, D>d).

Ilepepacnipenenenne 4acTui U UX
KMHETHYECKOW B3Hepruu (Temmeparyp)



tures) must lead to the change, in
this case to the decrease, in entropy
of our model system, in other words,
to generation of negentropy [1], or
information [14,15]. To calculate
this change we can use the informa-
tions of inverse and direct trans-
forms of the distributioms, see
Chapter 4, Sec.4.7. In our case the
system consists of two parts, the ex-
tensive measure is given by particle
numbers on two sides of membrane,
Py={Pn=Ni/(N+N,),
Py,=N,/(N\+N,)}, in the initial state
P\’={1/2, 1/2}, and the intensive
measure is given by temperatures
Pr={Pr=T\/(T\+T1>),
Pp=T>/(T\*+T,)}, in the initial state
P’={1/2, 1/2}. An information of
direct transform of extensive meas-
ure Py'—>Py is

2
I, = ZP]\(/)k In[Ry / Py ]=In[v],v=
k=1

An information of inverse transform
0 . . .
Pr—P7 of intensive measure 1s
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JOJDKHO TIPUBOJIUTh K W3MEHEHHIO, B
JAHHOM CJy4yae K YMEHBUIEHUIO, 3HTPO-
MY HAIIEW MOJEIbHOW CUCTEMBI, IPYTH-
MU CIIOBaMHU K IMPOU3BOACTBY HEI3HTPO-
nuu [1], win uadopmauuu [14,15]. s
BBIYMCIIEHHUSI ATOTO HU3MEHEHUs Mbl MO-
’KEM HCIOJIb30BaTh OOPATHYIO U MPSAMYIO
uHpopmanuu npeoOpa3oBaHUs paclpe-
nenenuii, cMm. ['n.4, n.4.7. B namem cnuy-
4ae CUCTEMa COCTOMT M3 JBYX YacCTEW,
HKCTEHCHBHAasi Mepa BBIYUCISIETCS IO
YyyClIaM YacTHI] [0 pa3Hble CTOPOHBI
MeMOpaHbI Py={Px=Ni/(N\*+N,),
Pyy=N,/(N\+N;)}, B HadaJIbHOM COCTOS-
uun Py’={1/2, 1/2}, a uHTeHCHBHAs Mepa
BBIYHCIIAETCS 110 TEMIIEpaTypaM B 4acTsX
CHUCTEMBI, P={Pn=T\/(T\+T>),
Pr=T,/(T\+T,)}, B HAaUaJIbHOM COCTOSIHUU
PP={1/2, 1/2}. Wndopmarus mHpsMoro
npeobpasoBanus Py'—>Py 3KCTEHCHBHOI
MEpBbI COCTABIISIET

N, +N,
2./N\N, °
Nudopmaruss obpatHoro mnpeodpasoBa-

HUS PT—>PT0 MHTEHCUBHOW MEPBI COCTAB-
JISIeT

(8.2.3)

2
IiTnv = ZPTK In[PTk / PT?(] =
k=1

T,

2T1

T,

ST, +T,

As was in Sec.4.7, to calculate

the specific entropy change of de-
scribed model system, we must add
2I',,, (the specific entropy change
due to heat transfer for the both parts
of the system of particles with the
two degrees of freedom), 21, (the
specific entropy change due to mass
transfer for the two parts of the sys-
tem), divide the result by 2 (two
parts) and multiply by the Boltz-

n +
(T1 +T2j T,+T,

In )
T,+T,

Kak m B m.4.7, njus BBIYHCICHUS
YAEIBHOTO U3MEHEHUSI SHTPOMUHU OIHUCHI-
BA€MOU MOJICIBHOM CUCTEMBI MbI JI0JKHBI
CIIOXXUTh 2IT,-,W (ynenbHOE U3MEHEHHUE DH-
TPONUU TMPHU MEPEHOCE Temia st 00eux
yacTed raza 4acTwll C 08yMs CTEHEHSIMHU
cBoGoabl) U 21", (YIenbHOE M3MEHEHHE
SHTPOIUU TPHU MEPEHOCE BEIIeCTBa s
08yx 4acTeil ra3a), MoJeUTh CyMMy Ha 2
(1Be 4acTH) U YMHOXHTh Ha KOHCTAHTY
bBonpliMana (WM ra3oByH0 MOCTOSHHYIO

(8.2.4)



mann constant kz (or universal gas
constant R)

AS:'kB([Tinv + [Ndir)-

Because of qualitative charac-
ter of this investigation, in the calcu-
lations the both values of direct /=
I+ Yy, and inverse I, = I" g, + I
v informations were computed. As
is seen from Figs. 8.4, 8.5, their val-
ues differ by no more than mean
square deviations due to relatively
small difference in stationary tem-
peratures, and in qualitative consid-
eration it may be said that they de-
pend on asymmetry parameter in the
same manner.

In the next subsection we
show that this behavior (on the
qualitative level) can be related to
the generation of information
(negentropy) in the system like this
was done by Branson [32] in de-
scribing a simple mathematical
model of a frog stomach wall which
maintains a concentration difference
of Na ions when clamped between
two solutions of NaCl. Branson
called this difference information
and we completely agree with him.
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R):

(8.2.5)

JlanHas paboTa HOCHUT KadyeCTBEH-
HBI XapakTep, MOSTOMY BBIYUCISUIUCH
Kak mpsmas ;= o+ Iy, Tak u obpar-
Hast et L,,= 1 gy + iy nHpopmarmu. Kak
BUIAHO U3 puc. 8.4, 8.5, OHM HE3HAUU-
TEIbHO OTJIIMYAIOTCSA JIPYr OT Apyra He
Oosee 4yeM Ha BEIMYMHY CpPETHEKBAIpa-
TUYHOTO OTKJIOHEHHS M3-3a HAJTUYHs OT-
HOCHUTEIBHO HEOONBIION pa3HHUIBl yCTa-
HOBHBIIIMXCSl TEMIIEpaTyp, U Ha KayecT-
BEHHOM YypPOBHE ONHUCAHMS MOXKHO CKa-
3aTh, YTO OHHM OJMHAKOBBIM 00pa3oM 3a-
BUCSAT OT NTapaMeTpa aCUMMETPUU

B cnenyromem noapasaene Mbl mo-
Ka)K€M, YTO TaKOE MOBEJCHHE MOXKHO (Ha
KauyeCTBEHHOM YpPOBHE OIMCAHUS) COOT-
HECTH C TeHepalueil uHpopmanuu (He-
IPHTPOIIMU) B CUCTEME, MOAOOHO TOMY,
KaK 3T0 onuckiBaeT bpancon [32] mnpu
IIOCTPOEHUU TPOCTOM MaTEMaTUYECKOU
MOJIEH TOAJIEPKaHUsl Pa3HOCTU KOHIICH-
TpaUUi MOHOB HATPUs IO pa3HbIE CTOPO-
Hbl MEMOpaHbI - CTCHKH KHUIICYHUKA JIs-
rymku, momernieHHo B pactBop NaCl.
PasHocTe KOHUEHTpauuii bpsHCOH M Ha-
3bIBAET COOCTBEHHO MH(pOpPMAIUEii, C UeM
MOJIHOCTBIO COTJIacyeTcs JaHHas paboTa.
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I,'m, Sqlinv
1 1
0.1 0.1
0.01 - 0.01 -
0.001 - F— 0.001 - P
—8—P=0.8 —B—P=0.8
—A—P=1 —A—P=
0.0001 : ‘ ‘ 0.0001 4 Pl ; ‘
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Fig.8.4. Numeric results (the left column
of plots) for the dependencies of saturation
values of direct and inverse transform in-
formation /- and /;,,, on the asymmetry
parameter, evaluating the entropy changes
due to model membrane asymmetry, for
the different membrane penetrations,
T3 107 and other parameters as de-
scribed in the text. The respective mean
square deviations are also given (the right
column of plots). Logarithmic scale is nec-
essary to distinguish the values for the low
asymmetries.

. Puc.8.4. Uncnenusie pe3ynbTaThl (JIEBBIH CTOI-
Oerr rpaduKoOB) IS 3aBUCUMOCTEH BETMYWH Ha-
CBILIEHUS NPSAMOI 1 00paTHOW MH(pOpMaLnii
npeoOpaspBanus, 1 u I;,,, OT TapamMeTpa aCuM-
METPHUH, OLICHUBAIOIUX U3MEHEHHUE SHTPOIHH,
00yCJIOBJICHHOE aCUMMETpHel MeMOpaHbl, pu
Pa3IUYHBIX IPOHUIAEMOCTSX, 1,=3 10" u npy-
rUX IapaMeTpax, IpUBEICHHbIX B TekcTe. Crpa-
Ba MIPUBOJATCS COOTBETCBYIOIIUE CPETHEKBAI-
paTudHble OoTKIOHeHus. Jlorapupmudeckas
HIKana HeoOxoIuMa JJis pa3uyeHus: HHpopma-
LU [TPU MaJIbIX aCUMMETPUSIX.
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Fig.8.5. Numeric results (the left column
of plots) for the dependencies of saturation

Puc.8.5. Uncnenusie pe3ynbTaThl (JIEBBIN CTO-
Oerr rpaduKoOB) IS 3aBUCUMOCTEH BETHMYWH Ha-

values of direct and inverse transform in-
formation /- and /;,,, on the asymmetry
parameter, evaluating the entropy changes
due to model membrane asymmetry, for
the different effective temperatures 7,;=3
107 and T,4=3 10°, membrane penetration

CBILLEHUS NPSAMOI 1 00paTHOW MH(pOpMaLnii
npeoOpaspBanus, 1 v I;,,, OT TapamMeTpa aCuM-
METPHH, OILICHUBAIOIINX H3MEHEHNE SHTPOITUH,
00yCJIOBJICHHOE aCUMMETpHEl MeMOpaHbl, pu
pa3au4HbIX d3QdeKTUBHBIX TemnepaTypax 1,.;=3
10" u T, =3 10°, MIPOHMUIIAEMOCTH MEMOpaHbI
P=1, and other parameters as described in P=1, u npyrux napamerpax, NpuBeICHHBIX B
the text. The respective mean square de-  Tekcre. COOTBETCBYIOIINE CPEAHEKBAIPATUIHBIC
viations are also given (the right column of oTknonenus npuBozsTCs cpaa. Jlorapupmude-
plots). Logarithmic scale is necessary to CKas IIKajxa Heo0XoIuMa sl pa3IuICHUs] HH-
distinguish the values for the low asymme- dbopMaruii mpu MaiabIX aCUMMETPHSIX.
tries.



Branson's reasoning is based
on the fact that when the frog stom-
ach wall dies then the equal equilib-
rium concentrations are established
during some time. Hence, the mem-
brane must produce concentration
difference, or information, to main-
tain this non-equilibrium state. Then
on the base of proposition about ex-
ponential decay of concentration dif-
ference Branson came to the conclu-
sion that information generation rate
may be independent of concentra-
tion difference and be constant. The
situation is very similar to our model
of asymmetric membrane. Unlike
the Branson model we shall try to
analyze the dependence of saturation
value of concentration difference on
the membrane asymmetry parame-
ter.

8.2.4. Simple model of concen-

tration difference generation

Consider a membrane which
can maintain a non-zero difference
in particle numbers of some sub-
stance AN=N,-N; due to some phys-
ico-chemical mechanisms. As its
simplest model describing both the
increase in concentration difference
up to saturation, and the exponential
decay of this difference, we can take
on an ordinary differential equation
for h:AN/(N2+N1)

dh

dt
where «, f y H are non-negative
constants, 4 is an asymmetry pa-
rameter, for example, A=1-a, as ap-
plied to our mechanical model
above, ¢ 1s the time. The first term in
the right hand side describes the in-

PA(H —h)" —ah,
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Haccyxnenust bpsHcoHa ocHOBaHbI
Ha TOM, 4TO €CIM MeMOpaHa yMUPAeT, TO
4yepe3 HEKOTOPOE BpEMsSI Pa3HOCTh KOH-
LEHTpalMil ncye3aer, MoATOMy MeMOpaHa
NOJDKHA ''TPOM3BOJNUTH" Pa3HOCTHh KOH-
LEHTpaluii, T.e. TOJKHA NPOLYLIMPOBAThH
uH(pOpMaLuIo, A1 TOro, 4To0Bl MOAJEp-
KUBAaTh HEPaBHOBECHYIO PAa3HOCTh KOH-
neHTpauui. JlanpHenmmii X0 paccyxae-
HUW Ha OCHOBE AKCIIOHEHLHUAJIBHOTO pac-
naja pa3HOCTU KOHIEHTPALMA MPUBOJUT
€ro K 3aKJIIOUYEHHUI0, YTO CKOPOCTh MPOU3-
BOACTBa HMH(pOpPMAIMM MOXKET HE 3aBU-
CETh OT PAa3HOCTH KOHUEHTPALMI U ObITH
MOCTOSTHHOM. CUTyanusi O4eHb IT0X0Ka Ha
Hally MOJENIb aCMMMETPUYHOU MeMOpa-
Hbl. B oTinnumne ot monenn bp3aHCOHA MBI
c/ieJlaéM MOMBITKY MPOAHATM3UPOBATH 3a-
BUCHUMOCTb YCTAaHOBMBIIEHCS pa3HOCTU
KOHLIEHTpalMi OT IapaMerpa, OIHUCHI-
BAIOIIETO ACUMMETPHUIO MEMOPAHBI.
8.2.4. IIpocTast Mmoae b reHepanuu

Pa3HOCTH KOHUECHTPAUU

Paccmorpum  MemOpany, KoTopas
MOXET TMOJJACPKUBATh HEHYJICBYIO pa3-
HOCTh YMCEJ YacTHUI[ HEKOTOPOTO BeIlle-
ctBa AN=N,-N, Onaromaps HaAIMYUIO Ka-
KUX-TH00  (PU3UKO-XMMHUYECKUX  MeXa-
HU3MOB. B KaudecTBe mpocTeuiien Mojue-
JIY, OMKCHIBAIOIIECH KaK yBEJIWYCHUE pa3-
HOCTH KOHIICHTpAIUH 10 HACBIIICHUS, TaK
U €€ SKCIOHEHIIMAJIBHBIA pacraji mpuMeM
0OBIKHOBEHHOE muddepeHranbHoe
ypaBHenue s h=AN/(Ny+N)

(8.2.6)

rae «, f, y, H - HeoTpulaTenbHble MOCTO-
SHHbIE, A - MapaMeTp aCUMMETPUH MEM-
Opanbl, Hampumep, A=Il-a, TpUMEHU-
TEJIbHO K MEXaHMYECKON MOJENH, ONu-
CaHHOM BBIIIIE, f - BpeMs. [lepBoe ciarae-
MO€E B IPAaBOM YacCTU OINKCHIBAET I'€HEpa-



formation generation proportional
(in a simplest case) to the asymme-
try parameter. The second term de-
scribes the exponential decay of
concentration difference in the ab-
sence of asymmetry. The trivial case
A=0 of symmetric membrane gives
simple exponential decay. This
equation can be solved for y=0, 1/2,
1 by a constant variation technique,
and we can obtain the dependence of
saturation value #A(t—>o) on the
asymmetry parameter and other pa-
rameters. For =2, this is a Ricatti
equation which can not be solved
(simply), but from the equation
dh/d=0 we can also obtain the
sought dependence of saturation
value of relative concentration dif-
ference on the parameters of the
model. In Table 8.2.1 the dependen-
cies h.=h(t—>o)= h (o, HA) are
presented.

Table 8.2.1. The dependencies of the satu-
ration value of the relative concentration
difference A(t—)=h, on the parameters
of the model (8.2.6) for different value of
the parameter y.
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M0 uH(pOpMaIMU, TPONOPLHUOHATBHYIO
(B mpocTeillieM ciyyae) mnapameTrpy
acumMmeTpuu. BTopoe crnaraemoe OmmuchI-
BAE€T SKCHOHEHUMAIbHBIA pachajg pasHo-
CTH KOHIIEHTPAllMid B OTCYTCTBHE aCHUM-
MeTpud. TpuBHabHBIA ciaydal 4=0 cum-
METPUYHONM MeMOpaHbl JaeT MPOCTOU
DKCIOHEHUMAJIBHBIM pacraa. OTO ypas-
HEHUE JIETKO PEIINTh METOAOM Bapualuu
noctosiHHoM g =0, 1/2, 1, u nony4utsb
3aBUCUMOCTb yYCTAaHOBHUBLIETOCS 3HaYe-
HUs h(t—>00) OT MapameTpa aCUMMETPUU U
NOCTOSIHHBIX Mojenu. [Ipu =2 310 ypas-
HEHUE CTAHOBUTCS HEPEIIAEMbIM ypaBHE-
nreM Pukart, HO mojioxxuB dh/dt=0, MBI
TaK)K€ MOXKEM MOJIYYUTh MUCKOMYIO 3aBH-
CUMOCTh YCTAHOBHUBILEIOCS 3HA4YeHUS /i
oT napameTpoB mojenu. B Ta6muie 8.2.1
PUBEICHBI byHKUIMAN
ho=h(t—>0)=h.(a, S HA).

Tabmuma 8.2.1. 3aBUCHUMOCTA BEIWYUHBI HACHI-
IICHHS] OTHOCUTENFHOW Pa3HOCTH KOHIIEHTpAIUit
h(t—>o)=h,, oT nmapamerpoB Mozaenu (8.2.6) mpu
Pa3IMYHBIX BEJTMYUHAX IMapaMeTpa 7.

v hoa, f H, A)
_B o,

0 h.="A=4

h —H1(1/b(b+4)—b)b—Azﬂz—(A)z/ H
12 >~ 2 "~ Ha? ~

4 A H
1 > A+al o141 2
. 2 . (04 . 1

) hw_H[(1+b)—\/(1+b) _1]’b‘2HAﬁ‘2H/1

It is seen that the solutions
depend actually on two parameters

Bunno, uTo pemeHus 3aBUCAT (ax-
THYECKH OT JBYX MNapameTpoB: H u



H and A=Af/a. For the non-zero
asymmetry the model gives non-
zero saturation value of concentra-
tion difference. For »=0 this value
must be proportional to asymmetry
parameter A. In other cases the de-
pendence of saturation value 4, on
the asymmetry parameter is nonlin-
ear.

As applied to the numeric re-
sults described above, throwing
away the small contribution of tem-
perature difference into the changed
entropy, substituting into eq.(8.2.3)
for I, the values of
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A=A/ a. Tlpn HAMWMYUHU ACUMMETPUHA MO-
JIeb 1a€T HEHYJIEBbIE 3HAYEHUS yCTaHO-
BHUBLIEHCS Pa3HOCTU KOHUEHTpauuu. [Ipu
7=0 3TO 3HaYeHHe JOHKHO OBITh IPOMOP-
LIUOHAJIBHO MapaMeTpy acuMMmerpuu. B
OCTaJIbHBIX CIIy4asX 3aBUCUMOCTb /i, OT
napaMeTpa acCUMMETpPUU OyJleT HEIMHEH-
HO.

[IpuMeHUTETPHO K  OMHMCAHHBIM
BBIIIIE YHCIICHHBIM pe3yJibTaTaM, MpeHeo-
peras Majol TIONpPaBKOW HAa Pa3HOCTH
TEMIEpaTyp B HW3MEHEHHWH DHTPOIHH,
nozcTaBisia B popmyny (8.2.3) misa Iy,
BBIPAKCHHUS

N=N(1-h.)/2, N)=N(1+h.)/2, Ni+No=N

we obtain for I, an expression:

1
IY =——In(1-Ah2).
dir 2 n( oo)

The result of fitting the pa-
rameters of the analytic model
(8.2.6) to calculate the information
by eq.(8.2.7) are shown in Fig.8.7
together with numeric results. It is
seen that the nonlinear dependencies
of information on asymmetry pa-
rameter are similar for both numeric
and analytic calculations. The crite-
ria of the parameters selection were
both the qualitative coincidence and
the maximum information value I
gillhy) at a=1-4A=0.1. The most close
1s a fitting for y=1/2.

N
noay4aeM st [z, BBIpaXKCHUE:

(8.2.7)

PesynbTaThl mogbopa mapameTpoB
aHajmuTH4yecko moxenu (8.2.6) st BbI-
yuciaeHus wuHbopmanuu no yp.(8.2.7)
IIPUBEICHBI HA PUC.8.7 BMECTE C YMCIICH-
HBIMH pe3yJIbTaTaMH. BUIHO, 9TO HEIH-
HeliHas 3aBUCHMOCTh WH(MOpPMAIUU OT
rnapaMeTpa aCUMMETPUM aHAJOTUYHA JJIsI
00eHX, YHCICHHOH W aHAIIMTHYCCKOM,
Mozenei. Kpurepusimu nondopa Obuin
KaK KaueCTBEHHOE COBMAJCHUE, TaK U KO-
JUYECTBEHHOE COBIIAQJICHUE MaKCUMalb-
HO# Benmuuusl I g (h.) npu a=1-4=0,1.
Haunyumiee coBmajeHue IOCTUTAETCS
pu y=1/2.



205
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Fig.8.6. Fitting the parameters of the
analytic model (8.2.6) to calculate
direct transform information by par-
ticle numbers as it is done in nu-
meric model of asymmetric mem-
brane.

Puc.8.6. ITonbop napameTpoB aHATUTH-
yeckor Mojienu (8.2.6) 11si BEIYUCIICHUS
npsiMoi nHQpopMaIuu mpeoOpa3oBaHUs
10 YKCJTY YaCTHII, KaK ATO JIeJIaeTCsl B
YUCJIEHHOU MOJIEJIM aCUMMETPUYHOMU
MeMOpaHBbl.



Thus, on the one hand, by the
numeric results, the saturation in-
formation value is determined only
by the value of asymmetry parame-
ter, on the other hand, by the ana-
lytic results, asymmetry parameter
can be related to the rate of informa-
tion production in the system. This
makes us to conclude that informa-
tion generated by our model systems
and information generation rate are
completely determined by the asym-
metry.

8.2.5. Concluding remarks

Our numeric experiments start

with a uniform distribution of parti-
cles and their kinetic energy. Then
we observe the nonlinear particle re-
distribution process (with saturation)
due to the inserted asymmetry of the
membrane. This process does not
take place for the symmetric mem-
brane.

Thus information generation
is only due to the presence of
asymmetry in the structure of our
model system and its value does not
depend on other model parameters.
The resulted values of DMTI and
IMTI calculated by "observable"
quantities are the quantitative
measures of structural information
in our model system. They are like
the latent entropies of gas-liquid and
liquid-crystal (increasing asymme-
try) transitions discussed in Sec.8.1,
because to reach saturation takes ap-
proximately 1000-2000 pair colli-
sions (per one particle) and this is a
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Takum 00pa3om, ¢ OJJTHOI CTOPOHBI,
B COOTBETCTBUM C YHUCIECHHBIMHU PE3YJib-
TaTaMy, BEJIMYMHA HACBIMIEHUS HWHOP-
Maluy OINpPEAENIeTCs] TOJBKO BEITUYHMHOU
napameTpa acUMMETpPUHU, C JAPYrod CTo-
POHBI, B COOTBETCTBUU C AHAJTUTHUYECKOM
MOJIEJIbIO, TTAPAMETP ACUMMETPHH MOXKET
OBITh COOTHECEH CO CKOPOCTBIO TI'€HEpa-
UMM UHPOPMALIMM B CHCTEME. JTO IpH-
BOJAUT HAC K 3aKIIOYEHHUIO, YTO UHDOp-
Mayus, 2eHepupyemas Hauiel MOOeIbHOU
cucmemou, U CKOpOCMb NPOU3BOOCMEA
UHGoOpMayuU NOIHOCMbBIO ONPEOenAIOMCs
acummempuet.

8.2.5. 3akiaouuTeabHbIC

3aMeYaHusa

Hamm 4yucneHHble 3KCHEPUMEHTHI
HAYUHAIUCH C OJHOPOJHOTO pacipeelie-
HUSI YACTUI] U UX KHHETUYECKON SHEPTHUH.
3aTeM MbI HaOJII01alId HEJTMHEHHOE TIepe-
pacripesiesieHue 4acTull (10 HaChIIICHUS),
00yCJIOBJIEHHOE BBEJICHHON acCUMMeETpHUe
MeMOpaHbl. ITOT MPOLIECC HE UMEET MeC-
Ta NP CUMMETPUYHOU MEMOpaHe.

Takum 00pa3oMm, TPOU3BOJICTBO
nHpopmaIuu 00yCIOBICHO TOJBKO HaJIH-
YleM acCUMMETPUU B CTPYKType Haleu
MOJICJTbHON CHCTEMEI., M €T0 BEJIMYMHA HE
3aBUCHUT OT APYTHX MapaMeTPOB MOJICIIH.
llonyuennvie 6 pezyromame BenUYUHDBL
U u UOIIHU, sviuucnennvie no "na-
onrooaemvim" xapakme-pucmukam, sA61s-
romces KOJIUYeCmEeHHbLMU mepamu
CMPYKmMypHoU uHGopmayuu Hawer Mo-
oenvbHou cucmemvl. OHU UTPAIOT POJIb
CKpBITBIX DJHTPONIMK B Iepexoaax 'ras-
KUJIKOCTH' ©  "HKUIKOCTh-KpUCTaL"
(yBenu-uMBaroOmascs acUMMETpHsi), 00-
CyOaBmMxcs B mnoapasaene 8.1, mno-
CKOJIBKY JIOCTHKEHUE HACBIIEHUS IIPO-



very rapid process at the gas-
dynamic time scale. In our model
system, entropy changes after the
asymmetry is «inserted» into the
system. If we take into account the
heat exchange with environment at
the (initial) temperature 7, entropy
increase would be positive, Fig.8.7
(except some cases for the non-
physical ideal membrane penetra-
tion, the decrease being lesser than
accuracy of calculation, see mean
square deviations in Figs. 8.4, 8.5).
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ucxoautT 3a Bpems npumepHo 1000-2000
MapHbIX CTOJIKHOBEHUM (Ha OJIHY 4YacTH-
1ly), a 3TO SBISETCA OYEHb OBICTPBHIM
MPOLIECCOM Ha Tra30qMHAMUYECKON Bpe-
MEHHOM mKaime. B Hamed MoaenbHOU
CUCTEME SHTPONUS U3MEHSETCA nocje TO-
ro, Kak acUMMeTpusi "BHECEHA" B CHCTe-
My. Eciu MBI mppuMeM BO BHUMaHHUE Tel-
JOOOMEH C OKpY>XEHUEM, HaXOISIUMCS
npu (HavajabHOW) Temmepatype 7, yBelau-
YEHUE SHTPOMUU OYJET MOJTO0KUTEIbHBIM,
puc.8.7 (3a UCKITIOYEHUEM HEPU3UUECKUX
Clly4aeB  UJCAJIbHOW  MPOHMUIIAEMOCTHU
MeMOpaHbl, IPUYEM OTPULIATEIBHOE TTPU-
palieHle MEHbIlEe YeM TOYHOCTb BBIYMC-
JIEHWW, JaBaemasi BEJIIMYMHOW CpeaHe-
KBaJpaTUYHBIX OTKJIIOHEHHMH Ha puc. 8.4,

8.5).
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Fig.8.7. Entropy increase (per parti-
cle, undimensioned) due to the heat
exchange of numeric model system
with environment at the same initial
temperature as was the system before
asymmetry was introduced. This in-
crease 1s always lesser that calculation
accuracy given by mean square devia-
tions of informations.

Puc.8.7. YBenuuenue sHTponuu(Ha yac-
THUILY, 00€3pa3MEPEHO) MPHU yUeTe Tel-
J000MeHa B YMCIEHHON MOJIENU TIPU
y4eTe TEII000MEHa C OKPYKEHUEM TIPU
TOM K€ HAYaJIbHOU TemMIepaType, pu
KOTOpPOM HaXOoJujiach CUCTEMA JI0 BHE-
CEHUSI aCUMMETPHH.. DTO YBEIUUYECHUE
BCETJa MEHbIIIE TOYHOCTU BBIYMCIICHUM,
JTABa€MOM CpETHEKBAAPATUYHBIM OT-
KJIOHEHUEM UH(POPMALIHIA.



For such a heat exchange the
temperatures of the both part of our
model system would be equal, but
particle numbers - not. This does not
contradict the second law of thermo-
dynamics, because we first introduce
the asymmetry, i.e. structural infor-
mation decreasing entropy, in the sys-
tem "by hand" and then observe how
it effects the "observable" characteris-
tics of the system. IMTI and DMTI
are the measures of this effect.

The main contribution to the
entropy change is due to redistribu-
tion of particles, but not due to tem-
peratures. Hence we can not consider
this model as a modification of Max-
well's demon [33-51], see Fig.8.3. We
can not reference to the Loschmidt
demon [38,52] as well because we do
not reverse all the velocities simulta-
neously. Both these demons were ac-
tually the ways to think of what
would happen if we would introduce
asymmetry in the system in one way
or another. In our case the role of de-
mon 1s played by the membrane
asymmetry which does not require
any information transmission or proc-
essing to account for its action
[35,14,15]. Asymmetries, unlike the
demons, function statistically.

8.3. Whether is the perpetuum mo-
bile so impossible?

Being skillful in thermodynam-
ics, we strongly believe that per-
petuum mobile is impossible. Neither
one of the first kind, nor of the sec-
ond. But...

We use the tidal waves to gen-
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IIpu Takom ydere TermIooOMeHa
TeMIEPaTypbl B Pa3HbIX YaCTIX CHUCTE-
MBI CPaBHSIIOTCSI, @ YMCJIa YaCTHI] - HET.
DTO HE MPOTUBOPEUYUT BTOPOMY 3aKOHY
TEPMOJMHAMUKHU, TTOCKOJIBKY Mbl CHAYA-
Jld BHOCUM aCUMMETPHIO, T.€. CTPYKTYp-
HY10 UHPOPMALIMIO, YMEHBIIAIOUIYIO SH-
TPOIHIO, B CUCTEMY "OT PYKHU'", U 3amem
HaOMI0JacM, KaK 3TO BIMSET Ha HAOIO-
Ja€Mble  XapaKTEPUCTUKU  CHUCTEMBL.
HUIIIIN u HUOIIA  gaBasAOTCS MepaMu
aToro 3 Pekra.

['maBHBINM BKJIaJ B U3BMEHCHUE JH-
Tponuu OOYCJIOBJIEH Tiepepacnpeelie-
HUEM 4YacTHIl, a HE UX TEeMIIepPaTyphl.
[TosTOMYy MBI HE MOXEM paccMaTpUBaTh
HaIlly YUCJICHHYIO MOJIeNIb KaK MOAU(U-
Kanuio gemMoHa MakcBemna [33-51], cM.
puc.8.3. Mbl HE MOKEM TAK¥KE CChLIATh-
ca Ha aeMona Jlommuara [38,52], mo-
TOMY 4YTO MBIl HE MEHSEM HalpaBJCHUE
BCEX CKOpocTel oaHoBpeMeHHo. Oba
ATUX JIEeMOHa ObUIM (paKTUUECKU BBEJIE-
HBI KaK CIIOCOObI 0OAyMBbIBaHUS TIOCJIE]I-
CTBUM BHECEHUS B CUCTEMY aCUMMETPUU
TE€M WM UHBIM oOpa3zoM. B Hamiem ciy-
4yae poJib JIEMOHA BBHITIOJIHSAET aCUMMET-
pus MeMOpaHbl, KOTOpasi He TpeOyeT Ka-
KOro Ju00 ydeTta 0OpaOOTKHU WU Tepe-
Hoca uHpopmanuu [35,14,15] anga o0b-
SICHEHHSI CBOETO AeucTBUs. Acummem-
puu, 6 omaudue om 0emMoHo8, QyHKYUO-
HUPYIOmM CmMamucmu4ecku.

8.3. Tak 1 y:K HEBO3MOKeH BeYHbI
IABHUTATEJIb ?
bynyun yMyJIpeHHBIMU TEPMOIH-
HAMHUKOW, Mbl TBEPJO 6epum, YTO BEY-
HbI JIBUTaTElb HEBO3MOXKEH. Hu mep-
BOr0 pojia, o1 Broporo. Ho...
M1

HCIIOJIB3YyECM ITPUJIMBHBIC



erate electric power. These waves are
due to the presence of the Moon - the
only satellite of the Earth. At the scale
of solar system, to have only one sat-
ellite is not the typical situation, see
Table 8.3.1. In the case of absence of
the Moon we could not use the tidal
waves. Whether could we use the
tidal waves in the case of several sat-
ellites? It is not clear. Thus we can
consider our situation of having only
one Eathr's satellite as a random one,
or a large scale fluctuation.

Table 8.3.1. The number of satellites

209

BOJIHBI JUJISl TE€HEPALMH DJIEKTPUUYECKON
SHEPruu. ODTU BOJHBI OOYCJIOBIICHBI
npucyTcTBueM JIyHbl - €MHCTBEHHOTO
cnytHuka 3emiu. Ha macmradbe Coi-
HEYHOUW CHUCTEMBbl HAJIMYUE TOJIBKO O/I-
HOTO CITyTHHKA SIBJISIETCSI HE THUITMYHBIM,
cMm Tabn. 8.3.1. B caywyae oTCyTCTBHS
JIyHbI, MBI HE MOIJIM OBl MCIIOJIB30BATh
NPWIMBHBIE BOJTHBI. Mornu Obl MBI HC-
M0JIb30BaTh MX NPHU HAJIMYUU HECKOJIb-
Kux cnyTHUKOB? HewnsBectHo. Takum
o0pa3oM, Mbl MOXEM paccMaTpUBaTh
Hally CHUTyalus C OJHUM CIYTHUKOM
3eMild Kak ClydailHylo, WM Kak (Iyk-
TyaluIo O4€Hb OOJIBIIOrO MacuITada.

Ta6muma 8.3.1. Yucna cmyTHHKOB pas-

of the planets JIMYHBIX [JIAHET
Planet Number of sat- Planet Number of satellites
[Inanera ellites [Inanera Uucno CryTHUKOB
Yucno cnyTtHU-
KOB
Mercury\Mepkypuit 0 Saturn\CarypH 18
Venus\Benepa 0 Uranus\Ypan 15
Earth\3emus 1 Neptune\HenTyH 8
Mars\Mapc 2 Pluto\l[lnyton 1
Jupiter\FOmmrep 16 Average number 6.78
Cpennee 4ucio

The tidal waves arrive and
elapse. They bring and take away
their kinetic energy. The possibility
to transform their energy into the
electric power is due to the asymme-
try of man-made devices - the gen-
erators providing useful power out-
put from the symmetric natural phe-
nomenon. We can say that some-
thing like ratcher mechanism en-
ables us to get energy from the
symmetric wave process occurring
at a rather large space and time
scale. Undoubtedly, presence of

[TpuvBHBIE BOJIHBI TPHXOAAT |
yxoaiaT. OHU MPUHOCAT M YHOCAT CBOIO
KHHETUYECKYIO 3Hepruro. Bo3MoXHOCTH
peoOpa3oBhIBATh 3Ty JHEPTHUI0 B DJICK-
TPUUCECKYIO OIpPEIEISIeTCS aCHMMETPHUCH
HCKYCCTBEHHBIX MPHOOPOB - T'€HEepaTo-
POB, 00ECIIEYNBAIONTUX ITOJIC3HBIN BBIXOJ
SHEPTUH U3 CHMMETPHYHOTO MPUPOIHOTO
sIBJIICHHSI. MbI MOXKEM CKa3aTh, YTO HEYTO
BpOJIC XpallOBOr0 MEXaHWU3Ma IT03BOJISICT
HaM H3BJICKaTh SHEPTUIO U3 CHMMETPHUY-
HOTO BOJIHOBOTO MPOIECCa, MPOUCXOISI-
IIET0 Ha JOBOJIBHO OOJIBIIMX BPEMEHHBIX
U IIPOCTPAHCTBEHHBIX MacmTabax. Heco-




only one satellite is a fluctuation at a
very large time scale but some mi-
croscopic (at this scale) beings use
the resulted effects in their own pur-
poses by introducing asymmetry
into the natural symmetric wave
processes.

Since the ancient times hu-
mankind uses the energy of the wind
by, for example, windmills. This ex-
ample is "more statistical" because
the wind direction can change in a
wide range. We could think that at
every given location there is some
prevailing wind direction and the
problem is to dispose the given wind
device correctly to get wind power.
But a sailing vessel can move by
tacks using energy of even contrary
wind and the energy expenses nec-
essary to control sailing vessel are
much lesser than the resulting en-
ergy output. Thus the sense of wind
direction is not important. Important
1s fabric of wind device allowing to
transfer fluctuating wind energy into
the wuseful work. Generally, the
blades, sails, etc. of such de-
vices/installations/machines are ar-
ranged in such a way that either the
geometrical structure of the devices
have some broken symmetry, for
example, with respect to mirror re-
flection, or they use natural gradi-
ents of wind velocity near the
Earth's surface. Again, at the scale
of the whole Earth's atmosphere,
wind is a result of energy fluctua-
tions and we use this energy in our
purposes owing to the broken sym-
metry built in our machines in one
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MHEHHO, HaJlM4M€ TOJIbKO OJHOrO CITyT-
HUKa sBIAeTCA (DIyKTyallMeil Ha OYeHb
0OJIBIIION BPEMEHHOU IIKajie, HO HEKOTO-
pble MUKPOCKOIIMYECKHUE (HA ATOM LIKaJe)
CYILIECTBA HUCIOIb3YIOT PE3YIbTUPYIOLINE
3 dexThl B CBOMX COOCTBEHHBIX IIENSX,
BBOJII ACHMMETPHUIO B €CTECTBEHHbIE
BOJIHOBBIE ITPOLIECCHI.

C npeBHHX BPEMEH YEIOBEYECTBO
HCITIOJIB3YET 3HEPTUI0 BETPa C MOMOILBIO,
HarpuMep, BETPSHBIX MEJIbHUIl. OTOT
npumep sBisieTcss "Ooyiee cTaTUCTUYe-
CKMM'", IOTOMY 4YTO HAmNpaBJICHUE BETPaA
M3MEHSIETCSl B IIMPOKOM Juarna3oHe. Mbl
MOTJiM Obl lyMaTh, YTO MPHU JTaHHOM Me-
CTOIIOJIOKEHUH MMEETCS HEKOTOpoe IMpe-
MMYIIECTBEHHOE HaIlpaBJIE€HUE BETpa, U
npoOjemMa COCTOMT B TOM, YTOOBI Mpa-
BUJILHO PACHOJIOKUTh JTAHHYIO BETPOBYIO
YCTaHOBKY, YTOOBI M3BJIEKATh HHEPTHUIO
Berpa. Ho mapyCHUK MOXET JIBHUraThCs
rajicaMi, UCIOJIb3Yysl SHEPTUIO BCTPEYHO-
ro BeTpa, IPU 3TOM SHEPreTUYECKHE MO-
TEpU Ha YNPABICHHE MAPYCHUKA MHOTO
MEHbIIE PE3yJbTUPYIOUIET0 IHEpreTuye-
cKoro Bbixoga. Takum oOpa3oM, Harmpas-
JICHWE BETPA HE BaXXHO. BaxkHOU ABisieTCs
CTPYKTypa YCTPOWCTBA, MO3BOJISIOLIETO
TpaHcopMHUpOBaTh  (DIYKTYHUPYIOIIYIO
SHEPrUI0 BETpa B MOJE3HYIO padory. B
oO1ieM ciydae, JjomnacTu, mapyca, W Ip.
TaKUX YCTPOMCTB/yCTaHOBOK/MAIINH pac-
MoJlaratoTcs TakKuM 00pa3oM, 4To JUOO
reOMETpUYECcKass CTPYKTypa YCTPOMCTB
MMEET HEKOTOPYI0 HApPYIICHHYI) CHM-
METPHIO, HAlpUMEp, MO OTHOIICHHIO K
3epKAIbHOMY OTPAKEHHIO, JTUOO OHU HC-
MOJIb3YIOT ~ €CTECTBEHHbIE  T'PaAUEHTHI
CKOPOCTHU BETpa BO3JI€ MOBEPXHOCTU 3€M-
au. OnsaTh ke, Ha MacmTade 3eMHOM aT-
Mochepsl B LIETIOM, BETEp SBISETCA pe-
3yJbTaTOM (PIIyKTyaluuid 3HEPruv, U Mbl



way or another.

From the above examples we
see that asymmetry can function like
a ratcher mechanism fixing the ef-
fects of spontaneous symmetry
breaking and accumulating the en-
ergy of fluctuations. Nowadays we
can use only the energy of fluctua-
tions at rather large space (wind)
and time (tides) scales. Usually we
do not think about such fluctuations
as a heat. But, nevertheless, they are
merely fluctuations and we can util-
1ze their energy. The problem is
what are the limits of this ability (if
they exist)? The discussion of this
problem was started actually by
Maxwell more than century ago who
introduce abstractedly some "being
who can see individual molecules..."
[34] (and who was later called de-
mon by Thomson but Maxwell in
his letter to Tait suggested to call the
being "mo more a demon but a
valve" [37]) in proving the statistical
character of the second law of ther-
modynamics. Ever since this discus-
sion continues, [33-51,14,15] and
many others. We do not discuss
here all the aspects of Maxwell's
demon paradigm. We would like
only to note that "Things do not
change, we do" (H.D. Thoreau).
Maxwell wrote about the possibility
to separate the hydrogen molecules
of different masses [34], bottom
paragraph on p.329: "...this cannot
be done...", but now humankind has
some problems due to its ability to
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UCIIOJIB3YEM MX 3HEPIHIO0 B CBOMX LEJSX,
Onarogapsi HapyIIEHHOM CUMMETPHH,
BCTPOEHHOW B HAaIlM MAIIMHBI TEM WIH
HHBIM CITIOCOOOM.

W3 mpuMepoB BBIIIE MBI BHJIINM,
YTO aCUMMETPHUS MOXKET JE€HCTBOBATH IO
TUITy XparnoBOr0 MeXaHW3Ma, (PUKCUpys
3¢ (PeKThl CHOHTAHHOTO HAPYILIEHUS CHM-
METPUHM, U HAKAIUIMBAsl JHEPTUI0 (IyK-
Tyauui. Ha ceromHsimiHuii A€Hb MBI MO-
’KEM UCIOJIb30BATh YHEPTUIO (PIIyKTyalui
Ha JIOBOJIbBHO OOJBIIMX MPOCTPAHCTBEH-
HbIX (BET€p) M BPEMEHHBIX (TPHUIIUBHI)
Macmtabax. OObBIYHO, MBI HE JyMaeM O
Takux QIyKTyanusax kak o terie. Ho, Tem
HE MEHEe, OHHU SBIIAIOTCS BCEro JIMIIb
(GAyKTyaluusiMu, U Mbl MOKEM HCIOJIb30-
BaTh MX sHepruto. IIpobnema cocrtout B
TOM, KaKOBBI IIPEEIbl TOM CIOCOOHOCTH
(ecnmu oHuM cyuiecTBYOT) ? OOCyXaeHue
3TOM MpoOJeMbl (paKTHUECKH ObUIO Haya-
To Oosiee crosieThs Hazaa MakcBeiioMm,
KOTOpbI a0CTPaKkTHO BBEJN B paccMOTpe-
HHE "CyIIECTBO, KOTOPOE MOXKET BUJIECTH
OT/IeJIbHBIE MOJIEKYJIBL..." [34] (1 KoTOpOE
no3xe ToMCOH Ha3Bal JEMOHOM, HO
MakcBenn B ero nucbme Telty mnpenso-
JKWJI HA3bIBaTh CYILECTBO 'NMajiee He Je-
MOHOM, a kjaananom" [37]) npu nokasza-
TEJIbCTBE CTATUCTUYECKOIO XapakTepa
BTOPOTO 3aKOHAa TepMmoauHamuku. C tex
1op 370 o0CcyXaAeHue npoaoKaercs, [33-
51,14,15] u mHorue npyrue. Msl He Oy-
JeM 00CY’KJIaTh 3[IeCh BCE ACMEKTHI Mapa-
IurMbl 1eMoHa Makcpemia. Mbl xoTenu
OBl TOJIBKO 3aMETHUTh, 4TO "Mup He MeHs-
ercs, mensemcsi Mbl" (Topo). Makcpemn
nMcail O BO3MOXXHOCTHU pa3leNisiTh MOJe-
KyJIbl BOJIOPOJIa pa3iau4yHON Maccel [34],
HIDKHUM ab63a1 Ha ¢1p.329: "...aToro chae-
JIaTh HEnb3d...", HO CEerogHs 4eJIOBEUYECT-
BO HMEET HEKOTOpble NpoOIeMbl H3-3a



separate the isotopes, in that number
ones of the lighter elements. We
would like also to remind some
thoughts by Bridgman [36].

(i) "...although it is assumed
that the distinction between heat
and work is possible, no directions
are usually given as to how the
distinction is to be made in the
laboratory, but the matter is left
to the instinct of experi-
menter...We do by saying that we
still have conservation in such
cases (when we deal with heat and
work together rather than sepa-
rately) and that we can no longer
distinguish a stream of thermal
energy and a stream of mechani-
cal energy entering the body, the
two streams merge into a stream
of generalized energy. No instru-
ment responds to this stream of
generalized energy."

(ii) "Is it possible by ingen-
ious enough construction to vio-
late the second law of thermody-
namics on an industrially profit-
able scale? ... The answer is not to
be found in the completely ran-
dom character of the small-scale
fluctuations, for it is possible on a
larger scale to extract useful en-
ergy from the completely random
motion of waves in the sea, for ex-
ample. This can be done by the
use of a ratcher mechanism. We
have to ask why a ratcher mecha-
nism is impossible on a scale small
enough to deal with fluctuations?
It is no answer to say that the
ratcher would be subject to fluc-
tuations..."
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CBOEH CIOCOOHOCTH Pa3leiaTh U30TOIbI,
B TOM YHCJIE JIETKUX 3JIEMEHTOB. MBI X0-
Tenu Obl Tak)Ke HANOMHUTHb HEKOTOPBIC
Mmbiciia bpumxmena [36].

1) "...xoTs1 mpeamosiaraercsi, 4To
pa3anyue MexAy TemjioM H PpadoToi
BO3MOKHO, O0BIYHO HE J2eTCH HUKAKUX
peKoMeHAaUMil, KaKk NPOBOAUTH ITO
paziauuue B JadopaTopuu, U pelIeHue
BOIIPOCAa J0BepsieTcsi MHCTHHKTY JKC-
nepuMeHTaropa.. Mbl BBIXOAUM H3
MOJIOKEHHUS, TOBOpPH, 4YTO MbI IIO-
NpexHeMYy MMeeM COXpaHeHHe B TAKUX
ciay4yasix (KOrga Mbl HMeeM J1eJI0 C Tell-
JIOM U padoToii BMecTe, a He pa3jelib-
HO), M 4YTO MbI He MO:KeM 0oJiblle pa3-
JINYaTh MOTOK TEPMHUYECKOH IHEPTUN U
NMOTOK MEXAaHM4YeCKOM JHEPruu, BXO-
ASIIIAX B TeJI0, U ABA NMOTOKA COeJIMHA-
IOTC B NOTOK 0000LIEHHOW JHEpPruu.
Hukakoil 3KcnepMMEHTANbHBIN HHCT-
PYMEHT He OTBe4YaeT JITOMY MOTOKY
00001IeHHOI1 YHeprUn''.

2) "B03MOXKHO JIH CO31aHHeE 10C-
TATOYHO W30LIPEHHOr0 YCTpPOIicTBa,
AJs1 00X04a BTOPOro 3aKOHA TePMOIH-
HAMHUKH HA NMPOMBIIIJIEHHO PUTOAHOM
Macurate? ...OTBeT He ciIeayeT HCKATh
B IMOJHOCTHIO CJIY4YailHOM Xapakrepe
baykryanuii majsoro macmrada, y4u-
ThIBasi, YTO BO3MOKHO, Ha OoJbIIeil
MACIITA0HOW IIKaJie, HU3BJIEKATH I0-
JIE3HYI0 JHEPrui0 U3 MOJHOCTBIO CJIY-
YaifHOTO0 JABH/KCHUSI BOJIH HA MOpe, Ha-
npuMep. IT0O MOKHO [1eJaTh C MOMO-
b0 XpanoBoro Mmexanusma. Ham cJe-
AyeT CIPOCHTh, MOYEeMYy XPANnoBOW Me-
XaHHM3M HEBO3MOKEH Ha Macmraobe,
AOCTATOYHO MAJIOM, YTOObI MMETh 1€J10
¢ ¢aykryanuamu? He Oymer oTrBeTOM
3asiBJIeHHe, YTO XPamoBOil MeXaHU3M
ObL1 ObI MOJABEP:KEH PIAYKTyanusaM..."



(iii) "It is possible to gener-
alize the entropy concept for some
simple systems subject to essential
irreversibility of this sort, and to
find the specific form of the en-
tropy function in terms of the pa-
rameters of state by imposing the
requirements that the total en-
tropy of the universe must in-
crease for every possible method
of coupling the systems with ex-
ternal universe and for every pos-
sible displacement. I believe that
in general the analysis of such sys-
tems will be furthered by the rec-
ognition of a new type of large
scale thermodynamic parameter
of state, namely the parameter of
state which can be measured but
not controlled, and the equation of
state in terms of new parameter."

It should be noted that there
are some propositions of how to dis-
tinguish the heat (thermal energy)
and mechanical (stored) energy [39].
Nevertheless, the citations above
second our proposition to distin-
guish structural information from
physical entropy in the phase transi-
tions in Sec.8.2. We propose further
that the asymmetry parameter is to
be new "large scale thermody-
namic parameter of state which
can be measured but not con-
trolled." As we can see from the
numeric experiment with asymmet-
ric membrane, internal asymmetry
of this model system does result in
the decrease in its "external", "mani-
fested" entropy. The examples of
tidal waves and wind also reference
to the asymmetric structures of man-
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3) "Bo3Mo0:kHO 000011IEHNE TIOHSI-
TSI JHTPONHUM JJA HEKOTOPBIX MPO-
CTBIX CHCTEM, MOJABEP:KEHHbIX CYLIEeCT-
BEHHOH He0OpPaTHMOCTH ITOr0 THINA, U
HAlTH 4YacTHYI0 (GopMy SHTPONUINHOU
(pyHKUIMH mMapamMeTpoOB COCTOSIHMS TPHU
HAJIO)KEHUU TpedoBaHUii, 4YTO 00Ias
3HTponus BceneHHOM M0/IKHA yBeju-
YMBATHCH JIA JIO00r0 BO3MOKHOIO
crnocof0a mpuBeleHHs] CHCTEM B KOH-
TaKT ¢ OKpY:Kawie Bcesiennoit u s
JI000r0 BO3MOKHOT0 nepemMemienus. 1
yYBepeH, 4TO B 00IIeM AaHAJU3 TaKHUX
cucreM Oyaer yriuyO0JeH BBeJdeHUEM
HOBOI'0 THIIA MApaMeTPa COCTOSIHUS HA
0oabIOM MacmiTade, a UMEHHO, Mapa-
MeTpa COCTOSIHHMSI, KOTOPBIH MOKeT
OBbITh M3MEPEH, HO He KOHTPOJHMpYeM, U
YPABHEHHSI COCTOSIHUS, BKJIIOYAIOLIEro
HOBBIH mapamerp''.

CrenyeT OTMETHUTb, YTO HMEKOTCS
HEKOTOPBIE IPEUIOKEHHS ISl pas3jinye-
HUs Teria (TEIUIOBOM SHEPruu) U MeXa-
HUYEeCKOM (3amacaemoit) sHeprum [39].
TeM He MeHee, IUTaThl BbILIE NOANEPKHU-
BAlOT HAIllE NPEMIOKEHUE OTINYATh
CTPYKTYpHYIO HH(OpMaLKIO OT (u3nye-
CKOHM SHTponuu B (Pa3oBbIX Nepexoiax B
n.8.2. MBI mpeamnonaraeM Aajiblie, YTO
rapaMeTp aCUMMETPUU JOJDKEH SIBISATHCS
HOBBIM 'HIAapaMeTPOM COCTOSIHMSI HA
00JIbIIOM MaciiTade, a MMEHHO, Mapa-
METPOM COCTOSIHUSI, KOTOPbIA MOKeT
ObITH U3MepPeH, HO He KOHTpoJupyeM''.
Kak ™Mbl MOXXeM BHUIETHh W3 YHCIEHHOTO
DKCIEPUMEHTA C ACUMMETPUYHOU MEM-
OpaHOM, BHYTPEHHSISI aCUMMETPHUS 3TOU
MOJICJIbHOM CHUCTEMBI  JE€HCTBHUTEIHHO
MIPUBOJUT K YMEHBUIEHUIO 'BHEIIHEN'",
"mokazarenpbHOU" SHTponuu. IIpumepsl ¢
MPUIMBHBIMA BOJHAMU U BETPOM TaKXKE



made constructions. The asymme-
tries (and their decay) of semicon-
ductor p-n-transitions (with nonlin-
ear characteristics) also result in the
measurable thermal effects [11-
13,17], for example, the thermoelec-
tric (Seebeck and Peltier) effect [11-
13]. We know also thermomagnetic
(Ettingshausen) effect resulting in
the heat transfer [11-13] due to the
asymmetry introduced by magnetic
field and (perpendicular) electric
current. Thomson effect results in
heat absorption or liberation in the
solids with temperature gradient and
electric current [12]. All these ef-
fects are due to the internal asymme-
try of the constructions used which
can be related to their structural in-
formation. In extensive monograph
by Florensky (1924) [11] numerous
other measurable physical effects
were described in the relation to in-
ternal molecular, electron, etc. struc-
ture fitures of substances.

As was mentioned in Sec.8.2,
reality of the mechanical model of
asymmetric membrane is determined
by ability of modern technology to
produce the membranes with large
number of small enough (1 mcm)
asymmetric conical openings and
this ability is accessible. If we would
be able to produce such membranes
we could use the constructions with
several (many) parallel and sequen-
tial membranes to produce the pres-
sure difference significant to make
some additional device, something
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CCBUIAIOTCS Ha aCUMMETPUYHBIE CTPYKTY-
pHI UCKYCCTBEHHBIX  KOHCTPYKIIUH.
AcumMerpun (M UX pacnaj) MOJyNpo-
BOJTHUKOBBIX P-N-TIEPEX0JI0B (C HEJIMHEH-
HBIMH XapaKTEpPUCTUKaMH) TaK K€ AT
u3MepuMbie Tepmudeckue 3dpdextsr [11-
13,17], narmpumep, TEPMOIIEKTPUUECKUN
(Beebexa u IlenpThe) addext [11-13].
Ham u3BecTHBI Takke€ TEPMOMAarHUTHBIN
(OTTHHr3xay3eH) 3¢ }EeKT, TPUBOAIIINANA K
temtonepenocy [11-13] B cuny acummer-
pUH, BHOCMMOW MArHUTHBIM TIOJIEM H
(NepneHIUKYISAPHbIM)  BJIEKTPUYECKUM
TOKOM, 3P ekt TomMcoHa, TPUBOAAILINNA K
MOTJIOIIEHUIO WJIM BBIJCJICHUIO TeIla B
TBEPABIX TEJNAX NPH HATUYUM TpaJUEeHTA
TEMIIEpaTypbl M JJIEKTPUYECKOIO TOKA
[12]. Bce 3t 3ddextsl 00yCIOBIEHBI
BHYTPEHHEl acMMMETpUEH HCIOJb3ye-
MBIX KOHCTPYKLHM, KOTOpasi MOXET ObITh
COOTHECEHA C UX CTPYKTYpHOU HH(pOpMa-
uueir. B oOmmpHoit moHorpaduu dro-
penckoro (1924 r.) [11] O6buM onmKcCaHBI
MHOTOYHUCJICHHbIE JAPYTHEe H3MEPUMbIE
¢dusznyeckue 3 (PEKTh B UX COOTBETCTBUU
C BHYTPEHHUMH MOJIEKYJISIPHBIMU, 3JIEK-
TPOHHBIMHU, U T.J. CTPYKTYPHBIMH OCO-
OCHHOCTSIMU BEIICCTB.

Kak ynommuanoce B 1.8.2, peainb-
HOCTh MEXAHHYECKOW MOJENH ACHMMET-
pUYHOW MeMOpaHbl OIpEeAeNsieTcsS BO3-
MO>XHOCTBIO COBPEMEHHOW TEXHOJOTUU
MPOU3BOAUTH MEMOpaHbI C OOJIBIIUM KO-
JUYECTBOM JOCTATOYHO MaJbiX (1 MKM)
ACUMMETPHUYHBIX KOHUUYECKUX OTBEPCTUM
Y 3Ta BO3MOXKHOCTbh TOCTH>XKUMa. Ecnu Obl
MbI OBLTM CHIOCOOHBI MPOU3BOJUTH TaKHUE
MeMOpaHbl, Mbl MOIJIM OBl MCIOJIb30BATh
KOHCTPYKIIUU C HECKOJIbKUMH (MHOTHMH )
napajyiebHbIMU W TIOCJIEI0BATEIbHBIMU
MeMOpaHaMH JiJisi TPOU3BOJICTBA Pa3HO-
CTH JaBJICHUW, AOCTATOYHOrO ISl TOTO,



like a small turbine, to do useful
work being disposed in a pipe con-
necting the two vessels separated by
the membranes. Expanding gas from
the vessel with greater pressure,
producing useful work, in such a
"machine" would become cool and
then would be heated by the heat ex-
change with environment, pressed
by the "battery" of membranes, etc.
in a cycle. In such a machine the ex-
ternal environmental heat would be
transformed into the structural in-
formation and then into the useful
work: AQ—>AI—W. The reader
could say that this is one more naive
project of perpetuum mobile of the
second kind. But this hypothetical
device does not disobey the second
law of thermodynamics because it
does not require the entropy to be
decreased without energy expenses.
As we have shown in Fig.8.7, the
entropy change due to the heat ex-
change in the case of model mem-
brane is positive. The structural in-
formation increases due to the inter-
nal asymmetry producing the differ-
ence in particle numbers, or concen-
trations, simply by fixing and accu-
mulating their local fluctuations near
the membrane (the fluctuations of
particle positions and velocity direc-
tions). This is merely a hypothetical
model construction, or at least a ro-
mantic dream to solve a problem of
a hotbed effect. But the tidal electro-
stations and wind devices/machines
are actually implementations of the
idea to accumulate fluctuation en-
ergy, and there are some other rea-
sons to think about the model above
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9TOOBl 3aCTaBUTH JPYrod MPUOOpP, UTO-
HUOY/b TUIA MaJOW TYpOMHBI, TPOU3BO-
IUTHh TIOJE3HYI0 padoTy, Oyaydyu mome-
IICHHBIM B TPYOKYy, COCTUHSIONIYIO IBa
cocyna, pasleleHHble  MeMOpaHaMHu.
Pacmmpstomuiics ra3z u3 cocyaa ¢ 0oib-
MM JaBJICHUEM, TPOU3BOJS IMOJIE3HYIO
paboTy, B Takod "mammHe" OXJIaXKaaucs
Obl W 3areM HarpeBaiicsi Obl Ojaromaps
TEIJIO00OMEHY C OKPYXEHUEM, CHKUMAJICS
Obl "OaTapeeit" meMOpaH, u T.A. B ITUKIIC.
B Takoil MaminHEe BHENIHEE TEMJIO OKpY-
KaIoIIeW cpenpl MpeBpaniaioch Obl B
CTPYKTYpHYIO HH(OpPMAIHIO W 3aTeM B
noJsie3nyto pabotry: AQ—>AI—-W. Ywura-
TEJIb MOT OBl CKa3aTh, YTO ATO €IIE OJUH
HAUBHBIM TMPOEKT BEYHOIO JIBUTaTels
BTOpOro pona. Ho »3Ttor runorernueckuii
npuOop He Hapymain Obl BTOPOH 3aKOH
TEPMOJMHAMHKH, TIOTOMY YTO OH HE Tpe-
OyeT yMEHBIICHHsI SHTPONUU Oe3 3aTpar
sHeprun. Kak moka3aHo Ha puc.8.7, u3-
MEHEHHE SHTPONHU TNPHU TEIUIOOOMEHE B
cllydae MOJIEIbHOW MEMOpaHBI IMOJIOXKH-
tenbHO. CTpyKTypHas uH(popMainus yBe-
JMYMBAETCS B CHIIy BHYTPEHHEW acuM-
METpPUHU, TPOU3BOASAIIECH PAa3HUILY B YHC-
Jax 4YacTHUll, WIK KOHIEHTpAIUH, MPOCTO
¢bukcanuell 1 HAKOIUIEHHEM HX JIOKaJb-
HBIX (QuyKTyauuii BOIM3M MeMOpaHbI
(pnykTyanuii mOMOKEHUH YACTHI] U Ha-
MPaBJICHUN CKOPOCTH). DTO BCETO JIMIIb
TUIIOTETHYECKass MOJENIbHAs KOHCTPYK-
LUHsl, WM MO0 KpalHEW MEpPE pOMaHTHYE-
CKasi MeuTa PeLIuTh MpodJieMy MapHHUKO-
Boro >¢dekra. Ho npunmBHbIE 351€KTpO-
CTaHIIMA U BETPOBBIC MPUOOPHI/MAITHHBI
ABISAIOTCA (PAKTUUECKMMM BOILIOLICHUSI-
MU HJEH aKKyMYJSIUM SHEPruu QIIyK-
Tyaluii, © UMEIOTCs €Ille HEKOTOPhIE ApY-
rMe MNPUYHHBI AyMaTh 00 3TOM Moaenu
0omee cepbe3HO.



more seriously.

As 1s known, the ways of
symmetry breaking in the solids are
numerous. There are the reports of
the devices converting the thermal
("disordered") energy into the elec-
trical ("ordered") one and that are
able to do useful work [53,54]. Such
devices were constructed on the base
of the crystals with nonlinear elec-
tric characteristics, namely, the
ferroelectric crystals. In ref. [53] by
Hoh a converter of "uncollected so-
lar radiation" into electric energy is
described. "Uncollected" seems to
mean something like heat, or almost.
The device was constructed of the
plates of ferroelectric material peri-
odically exposed to the light.

In ref.[54] by Zaev a detailed
report is presented describing the re-
sults of thermal measurements of the
energy conversion during the
"charge-discharge" cycles of nonlin-
ear capacities. The capacity index of
such nonlinear elements depends on
the voltage, and, therefore the accu-
mulated electric charge depends on
the applied voltage nonlinearly. In
the subsequent "charge-discharge"
cycles this nonlinearity results in the
greater discharge energy with cool-
ing of the dielectric inside capacity,
and this initiates the heat exchange
with environment. That is, at the
first glance, external heat is con-
verted into electric power due to the
nonlinear properties of dielectric in-
side the capacity. In the both works
[53,54] the nonlinear properties of
ferroelectric materials were used.
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Kak wm3BecTHO myTH HapylIeHHON
CUMMETPUHU B TBEPHBIX TEJIaX HEUCIIOBE-
nuMbl. EcTh onucanus npubopoB, mpeood-
pasyronmx TepMuueckyto ("Heymopsio-
YEHHYIO") SHEPrui0 B DIIEKTPUYECKYIO
("ynopsanoueHHy0") U CIOCOOHBIX MPO-
M3BOAUTH MoJie3Hyto padoty [53,54]. Ta-
KH1e TpUOOpHI OB CKOHCTPYUPOBAHBI HA
OCHOBE KpHCTAJUIOB C HEJIMHEHHBIMU
ANEKTPUYECKUMHU  XAPAKTEPUCTUKAMHU -
CErHETORJIEKTPUYECKUX KPUCTAIIOB. B
pabore Xoxa [53] omucaH KOHBepTEp
"HECOCPENOTOUECHHOW COJIHEYHOW pajua-
uuu'" B AJIEKTPUYECKYIO 3Hepruto. "Heco-
CpPENOTOYEHHOM'", MO-BUAUMOMY, JAOJKHO
O3Ha4aTh 4YTO-JIMOO0 TUIIA TEIUIa, WU MOY-
tu. [Ipubop ObUT cenan U3 IIACTHH Cer-
HETOXJIEKTPUYECKOI0 MaTepHalia, Mepuo-
JUYECKU MOJIBEPraeMbIX JEHCTBUIO CBETA.

B paGote 3aeBa [54] npencraBieH
MOAPOOHBIA OTYET O PE3yJIbTATAX TEPMHU-
YEeCKUX M3MEpeHud mnpeoOpa3oBaHUi
SHEPTrUH B MPOLECCE IUKIOB '3apsiaKa-
paspsaka" HEIMHEWHBIX eMKOCTer. Benu-
YMHA €MKOCTHM TaKHX HEJIMHEHHBIX 3Jie-
MEHTOB 3aBHCHUT OT HAIPSOKEHUS, U IO-
ATOMY HAKOIUICHHBIA 3JIEKTPUYECKUU 3a-
pSAA 3aBUCUT OT MPUIIOKEHHOI'O Hamps-
YKECHUSI HEJTMHEHO. B mocnenoBarenbHbIX
HUKJIax '"3apsaka-paspsaka’ 3Ta Helu-
HEMHOCTh MPUBOAMUT K OOJIbLIEH SHEPruu
pa3psAOKd M OXJKICHUIO JIUAJIEKTPUKA
BHYTPH €MKOCTH, U 3TO UHULMUPYET TeM-
7000MEeH ¢ OKpy>keHueM. T.e. Ha MepBbIit
B3IJIs1]1, HAPYKHOE TEIUIO MPEBPAIIAETCS B
AIEKTPUYECKYIO 3HEPruto0 Onarojapsi He-

JUHEWHBIM  CBOWCTBAM  JAMDJIEKTPUKA
BHYTpH eMKkocTH. B o00eunx pabotax
[53,54] wuCHOJB30BAIUCh HEJIMHEUHBIC

CBOMCTBA CETHETORJIEKTPUYECKUX MaTe-
pHaJIoB.



As was noted above, most of
physical systems with broken sym-
metry seems to behave nonlinearly.
But the nonlinear properties of
ferroelectrics are due to the sponta-
neous polarization of dielectric be-
low the critical (Curie) temperature
(which is lesser than 100-120°C).
The spontaneous polarization is, in
its turn, due to the internal asymme-
try of the crystal lattice cells below
the critical temperature. This can be
described using the famous Barium
titanate BaTiO; crystal as follows
[55,56]. Above the critical tempera-
ture this is a crystal of cubic cells
(cubic crystal) with Ba"*-ions at the
corners, Ti *-ions at the center, and
O~-ions at the centers of the faces of
the cell. In spite of vibrational
movement of the ions near their de-
scribed mean euilibrium positions,
this cell is symmetric in average
(Fm3m for the face centered cells
(fce), or Im3m for the body centered
cells (bce) [7-9]) and therefore there
1S no spontaneous ion polarization.
When temperature decreases below
the critical value, the Ti"*-ions shift
from their central positions in such a
way that all the neighboring Ti-O-
chains are polarized in the same di-
rection. The effects of this type oc-
cur in all ferroelectric crystals ABO;
like PbTiO;, CdTiOs;, PbZrO;,
KNbO;, CaSnOs, and can be rein-
forced by the use of the solid solu-
tions such as BaTiOs;- PbTiOs-
BaSnOs that results in additional SB
in the system. And thus it is the in-
ternal asymmetry of the solids (not
controlled) that results in its nonlin-
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Kak Op110 3amMedeHO BbIIIE, OOIb-
IIUHCTBO (UBUYECKUX CHUCTEM C Hapy-
LIEHHOM CHUMMETPHUEH, MTO-BUIAUMOMY, Be-
nyT cebsi HenuHelHo. Ho HenuHeiHbIe
CBOMCTBa CETHETO3JIEKTPUKOB OOYCIIOB-
JICHbl CIIOHTAaHHOW TMOJsIpU3alueN au-
AIEKTPUKA HUXKE KPUTUUYECKOH TemIepa-
Ttypbl Kropu (menee 100-120°C). Cnon-
TaHHas MOJSpPU3aLMs, B CBOIO OYEPENb,
oOycCIIOBJIeHa BHYTPEHHEH acuMMeTpuei
AYEEK KPHUCTAJUIMYECKOW PEIIETKH HHUXKE
KPUTUYECKOM TeMIepaTypbl. ITO MOXKHO
MOSICHUTh Ha MPUMEPE KPHUCTAIJIOB 3Ha-
MeHuToro TturtaHata Oapusi BaTiOs
[55,56]. Bellue KpUTHYECKOW TeMIlepary-
pPBI 3TO KYOMYECKHI KPUCTAJI C MOHAMH
Ba” mo yrmam, womamu Ti™* B ueHTpe
sueiiky 1 noHamu O B LIEHTPE TpaHeu
aueiiku. HecmoTps Ha KoneGaTenbHOe
JIBUKEHUE HOHOB OKOJIO CBOHMX CPEIHHUX
MOJIOXKEHUI PaBHOBECHUS, 3Ta PEIIETKA B
CpeaHeM OCTaeTcs CUMMETPUYHOU
(Fm3m mis rpaHeneHTpUpPOBAaHHBIX SU€-
ek (ruk), wau Im3m g1 06beMHO IIeH-
TPUPOBAHHBIX sueek (ouk) [7-9]), u mo-
ATOMY CIIOHTAHHAsl MOHHAs IOJSpHU3aLUs
orcyTcTBYeT. IIpM yMeHbLIEHUM TeMIie-
paTypbl HIKE KPUTUYECKOM TOYKU HOHBI
Ti'* cMemaroTcs M3 CBOMX LEHTPANBHBIX
MOJIOKEHUN TakKuM 00pa3oM, 4TO COCel-
HUE 1eno4Yku HoHOB Ti-O momnsipusyrorcs
OJIMHAKOBO. D(EeKThl 3TOT0 THUMA IMPO-
UCXOJAT BO BCEX CErHETOAIEKTPHUYECKHUX
kpucramuiax ABO; tuma PbTiO;, CdTiO;,
PbZrO;, KNbO3, CaSnO;, u moryT OBITH
YCUJIEHBI MCIOJIb30BAHUEM TBEPABIX pac-
TBOpoB, Takmx Kkak BaTiO;- PbTiO;-
BaSnO;, 4TO0 NpPHUBHOCHT JONOJHUTENb-
nyto HC B cuctemy. U Takum oGpazom,
BHYTPEHHSISI aCUMMETpHUSI TBEPIbIX TeI
(He ymnpasiisiemasi) IPUBOJUT K HEJIMHEM-
HbIM 3JIEKTPUYECKUM CBOMICTBaM, a IIO-



ear electric properties, and the latters
can be used to convert heat into
electric power. This i1s quite similar
to the hypothetical model device de-
scribed above. Internal asymmetry
produces the structural information
(polarization) which converts the
heat into the useful work in the cy-
cles of energy exchange with envi-
ronment. The difference of the sol-
1ds based devices is that this conver-
sion is not mediated by some addi-
tional working body like vapor or
liquid.

We do not propose here any
new projects of perpetuum mobile,
but only show that such de-
vices/machines already exist, and
their action can not be explained in
the scope of traditional thermody-
namics without introduction of addi-
tional concepts. (The steam engines
had been used before 1824 (S.
Carno) without any rigorous enough
theory.) We propose to use for these
purposes the concept of structural
information in the described above
sense as one of the manifestations of
internal asymmetries of natural sys-
tems.
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CJIEIHHE MOTYT OBITb MCIOJIb30BaHBI JJIs
MpPEBpAILCHNs] TEIJIa B SJIEKTPUUYECKYIO
DHEPIUI0. DTO OYEHb MMOXO0KE HA MOJACIIb-
HbIIl TUIIOTETUYECKUH npubop, OomucaH-
HbI BbIlIE. BHYTpeHHS acUMMeETpHs
MIPOU3BOAUT CTPYKTYPHYIO HMH(OpPMAIUIO
(monsipuzanuio), KoTopas MpeBpallaet
TEIUIO B TOJIE3HYIO paldoTy B IHMKJIaX
HSHEPreTUYECKOro 0OMEHA C OKPY Karolen
cpenoir. OTnuurie mpuOOPOB HA OCHOBE
TBEPABIX TEJI COCTOMT B TOM, 4YTO IIpe-
BpAILlEHHE HE OINOCPEAYETCA HEKOTOPBIM
JOTOJTHUTENbHBIM PA0OYUM TEJIOM THIIA
AKUJAKOCTH WK Tapa.

Msl He mpenaraeMm 371€Ch KaKHX-
MO0 HOBBIX MPOEKTOB BEUHOI'O JBUTaTe-
75, HO TOJBKO IOKAa3bIBAEM, YTO maxue
npUOOPLY/MAUUHBL YIice CYUecmsyom, a
UX JIEHWCTBUE HE MOXKET OBITH OOBSICHEHO
B TEpPMHHAaX TPAJAULMOHHON TEpMOAMHA-
MUKH ©O€3 BBEICHHS JIOMOJHUTEIbHBIX
koHueniui. (ITapoBble MalIMHBI UCTIOJIb-
3oBanuch 10 1824 r. (Kapno) 6e3 kakoii-
aM00 JOCTATOYHO CTPOroil Teopuu.) Mel
IIpeUIaraéM MCIOJb30BaTh JJI 3TUX Iie-
Jell MOHATHE CTPYKTYPHOH HH(POpPMALMU
B ONMCAaHHOM BBIIIIE€ CMBICIIE, KaK OJHOIO
13 MPOSIBJICHUN BHYTPEHHUX aCUMMETPHI
€CTECTBEHHBIX CUCTEM.
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8.4. Appendix (Tables of data used and some numeric results) 8.4. Annenaukc (Tadauubl HCMOIb30BAHHBIX JAHHBIX U He-
KOTOPBIil YHCJICHHbIE Pe3yJIbTAThI)
Table 8.4.1. The data on critical temperatures and latent heats at normal at- Tabnuma 8.4.1. JlaHHbIe 1O KPUTHYECKUM TeMmIepaTypaMm |
mospheric pressure 0.1 MPa for melting (m) and evaporation (v) from the CckppITBIM TerIOTamM Mpu HOpPMaJbHOM aTMOC(EpPHOM AABICHUU

scholar handbook [22],see Fig.8.1. 0.1 MIIa npu nnaBneHuu (m) U WcmapeHUH (V) U3 MIKOJIBHOTO
cripaBouHMKa [22], cm. puc.8.1.
Substance AS,, kI/K/kg | AS,, kKI/K/kg | Tw, K | AQwkIkg | Tu,C | T,,K | AQ,,kl/kg | T, C
kJx/K/kr kJ[x/K/kr kJx/kr kJ /KT
Organics (ORG in Fig.8.1) Opranuka
Naphthalene\Hadtanun 0.4274 0.6436 353.3 151 80.3 491 316 218
Toluene\Tomyon 0.4053 0.9513 177.9 72.1 -95.1 383.7 365 110.7
Glycerine\l muniepun 0.6050 1.4654 290.9 176 17.9 563 825 290
Benzol\benzoun 0.4560 1.1212 278.5 127 5.5 353.2 396 80.2
Acetone\AneToH 0.5384 1.5917 178.3 96 -94.7 329.2 524 56.2
Alcohol\CrimpT 0.6604 2.4082 159 105 -114 351.3 846 78.3
Water\Bona 1.2234 6.0590 273 334 0 373 2260 100
Pure metals (PM in Fig.8.1) YucTteie MeTaybl
Bi 0.0919 0.4664 544 50 271 1833 855 1560
Hg 0.0501 0.4526 234.1 11.73 -38.9 629.7 285 356.7
Na 0.3996 3.6505 282.8 113 9.8 1156 4220 883
Al 0.3844 3.5834 931.3 358 658.3 2573 9220 2300
Li 1.3682 12.8931 459 628 186 1590 20500 1317
Mg 0.4037 3.9608 924 373 651 1376 5450 1103
Sn 0.1171 1.1876 504 59 231 2543 3020 2270
Au 0.0498 0.5125 1337.4 66.6 1064.4 3073 1575 2800
K 0.1804 2.0136 337 60.8 64 1033 2080 760
Pb 0.0375 0.4350 600.3 22.5 327.3 2023 880 1750
Fe 0.1625 1.8959 1803 293 1530 3323 6300 3050
Cu 0.1578 2.0547 1356 214 1083 2633 5410 2360
Ag 0.0713 0.9565 1234.9 88 961.9 2457 2350 2184
Ni 0.1591 2.2029 1725 274.5 1452 3273 7210 3000




Table 8.4.2. The data on the critical temperatures and latent en-
thalpies at normal atmospheric pressure 0.1 MPa for melting (m)
and evaporation (v) by refs.[23,24]. The latent entropies were
calculated in two ways in natural units of universal gas constant,

and in specific units per mass, see Fig.8.2.

220

Tabnuna 8.4.2. JlaHHbBIE 1O KPUTUYECKUM TEMIIEpaTypaM U CKPBITBIM 3H-
TaJbIUAM TPpU HOpMaIbHOM atMochepHom maieHuu 0.1 MIla npu murasie-
HUM (m) U1 ucnapenuu (v) mo crnpaBoyHuKaM [23,24]. CKpbITbIe SHTPONHH
OBLIM BBIYKCIICHBI KaK B HATYPAJbHBIX €IMHUIIAX YHHBEPCAIbHOW Tra30BOM
MOCTOSTHHOM, TaK U YACJIbHBIX €AMHHUIIAX HA MACCY, CM. puc.8.2.

c/12 kJ/mol |kJ/mol | R=0.00831kJ/K/mol | kl/kg/K | kl/kg/K
kJDx/m | kx/m k/Jx/K/moib kJDx/K/x | kJbx/K/kr
0JTb OJTh r

Symb | N | Row | Per | Grl [ Gr2 | AtMass | T,, K T,, K AH, AH, AS,, [R] AS, [R] AS,, AS,
H2 1 1 1 7 17 1.008 14.01 20.28 0.12 0.904 1.031 5.364 8.497 44.222
Li 3 2 2 1 1 6.941 453.69 | 1620 3.01 148.1 0.798 11.001 0.956 13.171
Na 11 |3 3 1 1 22.99 370.96 | 1156.1 | 2.64 89.04 0.856 9.268 0.310 3.350
K 19 |4 4 1 1 39.098 336.8 1047 2.4 77.53 0.858 8.911 0.182 1.894
Rb 37 |6 5 1 1 85.468 312.2 961 2.2 69.2 0.848 8.665 0.082 0.843
Cs 55 |8 6 1 1 132905 [301.55 |951.6 |[2.09 65.9 0.834 8.334 0.052 0.521
Cu 29 |5 4 1 11 63.546 1356.6 | 2840 13 304.6 1.153 12.907 0.151 1.688
Ag 47 |7 5 1 11 107.868 | 1235.08 | 2485 11.3 255.1 1.101 12.353 0.085 0.952
Au 79 19 6 1 11 196.967 | 1337.58 | 3080 12.7 324.4 1.143 12.674 0.048 0.535

Symb | N Row | Per | Grl | Gr2 | AtMass | 7, K T,, K AH, AH, AS,, [R] AS, [R] AS,, AS,
He 2 1 1 8 18 4.003 0.95 4216 |0.021 0.082 2.660 2.341 5.522 4.859
Be 4 2 2 2 2 9.012 1551 3243 9.8 308.8 0.760 11.459 0.701 10.566
Mg 12 |3 3 2 2 24.305 922 1363 9.04 128.7 1.180 11.363 0.403 3.885
Ca 20 |4 4 2 2 40.078 1112 1757 9.33 149.95 1.010 10.270 0.209 2.129
Sr 38 |6 5 2 2 87.62 1042 1657 9.16 138.91 1.058 10.088 0.100 0.957
Ba 56 |8 6 2 2 137.327 | 1002 1910 7.66 150.9 0.920 9.507 0.056 0.575
Ra 88 |10 7 2 2 226.025 1973 1807 7.15 136.8 0.884 9.110 0.033 0.335
Zn 30 |5 4 2 12 65.39 692.73 1180 6.67 115.3 1.159 11.758 0.147 1.494
Cd 48 |7 5 2 12 112.411 | 594.1 1038 6.11 99.87 1.238 11.578 0.091 0.856
Hg 80 |9 6 2 12 200.59 23428 | 629.73 | 2.331 59.15 1.197 11.303 0.050 0.468




Table 8.4.2. Continued.
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Ta6muia 8.4.2. Ilpogomkenue.

Symb | N Row | Per | Gr | Gr | AtMass | 7,,K T, K AH, AH, AS,, [R] AS, [R] AS,, AS,
1 2
La 57 |8 6 3 3 138.906 | 1194 3730 10.04 399.6 1.012 12.892 0.061 0.771
Ce 58 |8 6 3 3 140.155 | 1050 3173 12.9 313.8 1.478 11.901 0.088 0.706
Pr 59 |8 6 3 3 140.908 | 1204 3400 11.3 332.6 1.129 11.772 0.067 0.694
Nd 60 |8 6 3 3 144.24 1294 3341 14.67 283.7 1.364 10.218 0.079 0.589
Sm 62 |8 6 3 3 150.36 1623 2064 10.9 191.6 0.808 11.171 0.045 0.617
Eu 63 |8 6 3 3 151.965 | 1095 1870 10.5 175.7 1.154 11.307 0.063 0.618
Gd 64 |8 6 3 3 157.25 1586 3539 15.5 311.7 1.176 10.599 0.062 0.560
Tb 65 |8 6 3 3 158.925 | 1629 3073 16.3 391 1.204 15.311 0.063 0.801
Dy 66 |8 6 3 3 162.5 1685 2835 17.2 293 1.228 12.437 0.063 0.636
Ho 67 |8 6 3 3 164.93 1747 2968 17.2 251 1.185 10.177 0.060 0.513
Er 68 |8 6 3 3 167.26 1802 3136 17.2 292.9 1.149 11.239 0.057 0.558
Tm 69 |8 6 3 3 168.934 | 1818 2220 18.4 247 1.218 13.389 0.060 0.659
Yb 70 |8 6 3 3 173.04 1097 1466 9.2 159 1.009 13.052 0.048 0.627
Lu 71 |8 6 3 3 174967 | 1936 3668 19.2 428 1.193 14.041 0.057 0.667
Symb | N Row | Per | Gr | Gr | AtMass |7,,K T,, K AH, AH, AS,, [R] AS, [R] AS,, AS,
1 2

Ac 89 |10 7 3 3 227 1320 3470 14.2 293 1.295 10.161 0.047 0.372
Th 90 |10 7 3 3 232.038 | 2023 4473 15.65 543.9 0.931 14.633 0.033 0.524
Pa 91 |10 7 3 3 231.036 | 2113 4300 16.7 481 0.951 13.461 0.034 0.484
U 92 |10 7 3 3 238.029 | 1405.5 4173 19.7 412 1.687 11.881 0.059 0.415
Np 93 |10 7 3 3 237.048 | 913 4175 9.46 336.6 1.247 9.702 0.044 0.340
Pu 94 |10 7 3 3 244 914 3505 2.8 343.5 0.369 11.793 0.013 0.402
Am 95 |10 7 3 3 243 1267 2880 14.4 238.5 1.368 9.965 0.047 0.341




Table 8.4.2. Continued.

222

Ta6muia 8.4.2. Ilpogomkenue.

Symb | N Row | Per | Gr | Gr | AtMass | 7,,K T, K AH, AH, AS,, [R] AS, [R] AS,, AS,

1 2
Sc 21 |4 4 3 3 44.956 1814 3104 15.9 304.8 1.055 11.817 0.195 2.184
Y 39 |6 5 3 3 88.906 1795 3611 17.2 393.3 1.153 13.107 0.108 1.225
B 5 2 2 3 13 |10.81 2303 4173 25 538.9 1.306 15.540 1.004 11.946
Al 13 |3 3 3 13 |26.982 933.52 2740 10.67 293.72 1.375 12.900 0.424 3.973
Ga 31 |5 4 3 13 |69.723 302.93 2500 5.59 256.1 2.221 12.327 0.265 1.469
In 49 |7 5 3 13 | 114.82 429.32 2353 3.27 226.4 0.917 11.579 0.066 0.838
Tl 81 |9 6 3 13 | 204383 |576.7 1730 431 162.1 0.899 11.276 0.037 0.458
Symb | N | Row | Per | Gr | Gr | AtMass |7, K T, K AH,, AH, AS,, [R] AS, [R] AS,, AS,

1 2
Ti 22 |4 4 4 4 47.88 1933 3560 20.9 428.9 1.301 14.498 0.226 2.516
Zr 40 |6 5 4 4 91.224 2125 4650 23 581.6 1.302 15.051 0.119 1.371
Hf 72 |8 6 4 4 178.49 2503 5470 25.5 661.1 1.226 14.544 0.057 0.677
Si 14 |3 3 4 14 | 28.086 1696 2628 46.5 394.5 3.299 18.064 0.976 5.345
Ge 32 |5 4 4 14 | 72.61 1210.6 3103 29.8 334.3 2.962 12.964 0.339 1.484
Sn 50 |7 5 4 14 |118.71 505.118 | 2543 7.2 290.4 1.715 13.742 0.120 0.962
Pb 82 |9 6 4 14 |207.2 600.65 2013 5.121 179.4 1.026 10.725 0.041 0.430
Symb | N Row | Per | Gr | Gr | AtMass | 7,, K T,, K AH, AH, AS, [R] AS, [R] AS,, AS,

1 2
\% 23 [ 4 4 5 5 50.942 2160 3650 17.6 458.6 0.981 15.120 0.160 2.466
Nb 41 |6 5 5 5 92.906 2741 5015 27.2 696.6 1.194 16.715 0.107 1.495
Ta 73 | 8 6 5 5 180.948 | 3269 5698 314 753.1 1.156 15.905 0.053 0.730
N2 7 2 2 5 15 | 14.007 63.29 77.4 0.72 5.577 1.369 8.671 0.812 5.144
P4 15 |3 3 5 15 130974 317.3 553 2.51 51.9 0.952 11.294 0.255 3.030
Sb 51 |7 5 5 15 | 121.75 903.89 1908 20.9 128.2 2.782 8.086 0.190 0.552
Bi 83 |9 6 5 15 |208.98 544.5 1833 10.48 179.1 2.316 11.758 0.092 0.468
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Ta6muia 8.4.2. Ilpogomkenue.

Symb | N Row | Per | Gr | Gr | AtMass | 7,,K T, K AH, AH, AS,, [R] AS, [R] AS,, AS,
1 2
Cr 24 |4 4 6 6 51.996 2130 2945 15.3 348.78 0.864 14.252 0.138 2.278
Mo 42 |6 5 6 6 95.94 2890 4885 27.6 594.1 1.149 14.635 0.100 1.268
W 74 | 8 6 6 6 183.85 3680 5930 35.2 799.1 1.151 16.216 0.052 0.733
0, 8 2 2 6 16 | 15.999 54.8 90.188 | 0.444 6.82 0.975 9.100 0.506 4727
S 16 |3 3 6 16 | 32.066 386 717.82 | 1.718 96.2 0.536 16.127 0.139 4.179
Se 34 |5 4 6 16 | 78.96 490 958.1 5.42 26.32 1.331 3.306 0.140 0.348
Te 52 |7 5 6 16 | 127.6 722.7 1263 13.5 114.1 2.248 10.871 0.146 0.708
Po 84 |9 6 6 16 | 209 527 1235 10 100.8 2.283 9.822 0.091 0.391
Symb | N |[Row | Per | Gr | Gr | AtMass | T,,K T,,K AH,, AH, AS,, [R] AS, [R] AS, AS,
1 2

Mn 25 |4 4 7 7 54.938 1517 2235 14.4 219.7 1.142 11.829 0.173 1.789
Tc 43 |6 5 7 7 98.906 2445 4973 23.81 585.22 1.172 14.161 0.098 1.190
Re 75 | 8 6 7 7 186.207 | 3452 5900 38 707.1 1.325 14.422 0.059 0.644
H, 1 1 1 7 17 |1.008 14.01 20.28 0.12 0.904 1.031 5.364 8.497 44.222
F, 9 2 2 7 17 | 18.998 53.53 85.01 1.556 6.548 3.498 9.269 1.530 4.054
Cl, 17 |3 3 7 17 |35.454 172.17 239.18 | 6.41 20.4 4.480 10.264 1.050 2.406
Br; 35 |5 4 7 17 |79.904 265.9 33193 | 10.8 30 4.888 10.876 0.508 1.131
I, 53 |7 5 7 17 |126.904 | 386.7 457.5 15.27 41.67 4.752 10.961 0.311 0.718
Aty 8 |9 6 7 17 |210 575 610 23.8 90.4 4981 17.834 0.197 0.706
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Ta6muia 8.4.2. Ilpogomkenue.

Symb | N Row | Per | Gr | Gr | AtMass | 7,,K T, K AH, AH, AS,, [R] AS, [R] AS,, AS,
1 2

Fe 26 |4 4 8 8 55.847 1808 3023 14.9 351 0.992 13.972 0.148 2.079
Ru 44 |6 5 8 8 101.07 2773 4383 23.7 567.8 1.028 15.589 0.085 1.282
Os 76 |8 6 8 8 190.2 3327 5300 29.3 627.6 1.060 14.250 0.046 0.623
Co 27 |4 4 8 9 58.933 1768 3143 15.2 382.4 1.035 14.641 0.146 2.065
Rh 45 |6 5 8 9 102.906 | 2239 4233 21.55 495.4 1.158 14.083 0.094 1.137
Ir 77 |8 6 8 9 192.22 2683 4403 26.4 563.6 1.184 15.404 0.051 0.666
Ni 28 |4 4 8 10 | 58.69 1726 3005 17.6 371.8 1.227 14.889 0.174 2.108
Pd 46 |6 5 8 10 | 106.42 1825 3413 17.2 393.3 1.134 13.867 0.089 1.083
Pt 78 |8 6 8 10 | 195.08 2045 4100 19.7 510.5 1.159 14.983 0.049 0.638
He 2 1 1 8 18 |4.003 0.95 4216 0.021 0.082 2.660 2.341 5.522 4.859
Ne 10 |2 2 8 18 |20.18 24.48 27.1 0.324 1.736 1.593 7.709 0.656 3.174
Ar 18 |3 3 8 18 |39.948 83.78 87.29 1.21 6.53 1.738 9.002 0.362 1.873
Kr 36 |5 4 8 18 | 83.8 116.6 120.85 | 1.64 9.05 1.693 9.012 0.168 0.894
Xe 54 |7 5 8 18 | 131.29 161.3 166.1 3.1 12.65 2.313 9.165 0.146 0.580
Rn 8 |9 6 8 18 | 222 202 211.4 2.7 18.1 1.608 10.303 0.060 0.386
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Fig.8.8a. Numeric results for the depend-
encies of saturation values of particle

numbers on the asymmetry parameter (the

left column of plots) for the different
membrane penetrations, 7,;=3 10" and
other parameters as described in Sec.8.2.
The corresponding mean squared devia-
tions are also given (the right column of
plots).

Puc.8.8a. UucneHHble pe3yabTaThl 1S 3aBUCH-
MOCTEH BEJTMYMH HACBIILECHHS YHCE YaCTUL] OT
napameTpa aCuMMETpHUH (JIeBBIH cTonber rap-

(UKOB) NpHU Pa3INYHBIX IPOHUIIAEMOCTSIX MEM-

Opansl, T3 10" u JIpYyTHUX MMapaMeTpax npuBe-
NEHHBIX B TeKcTe paszaeina 8.2. Cnpasa mpuBo-

JIITCS1 COOTBETCBYIOIINE CPETHEKBAIPATUYHbBIE

OTKJIOHEHHUS.
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Fig.8.8b. Numeric results for the depend-
encies of saturation values of temperatures
on the asymmetry parameter (the left col-
umn of plots) for the different membrane
penetrations, 7o;=3 107 and other parame-
ters as described in Sec.8.2. The corre-
sponding mean squared deviations are also
given (the right column of plots).

Puc. 8.8b. Uucnenusle pe3ynbTaThl Il 3aBUCH-
MOCTEH BETMUMH HACBHIIECHHUS TEMIIEPATyp OT
napaMmerpa aCUMMETPHH (JI€BBIN CTOIOE rap-

(UKOB) NP PA3TUIHBIX TPOHUIIAEMOCTSIX MEM-

Opansl, T,;=3 107 1 Apyrux mapameTpax mpuBe-
JIEHHBIX B TeKcTe pasjena 8.2. CrnpaBa npuBo-

JIITCSl COOTBETCBYIOIINE CPETHEKBAIPATUYHBIE

OTKJIOHEHHUS.
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Fig.8.9a. Numeric results for the depend-
encies of saturation values of particle
numbers on the asymmetry parameter (the
left column of plots) for the different ef-
fective temperatures 7,5=3 10" and T, =3
10°, membrane penetration P=1, and other
parameters as described in Sec.8.2. The
corresponding mean squared deviations
are also given (the right column of plots).

Puc.8.9a. Uncnennsle pe3yabTaThl i 3aBUCH-
MOCTEH BeTMYMH HACBHIICHHUS YHCE YaCTHUI[ OT
napaMerpa aCUMMETPHH (JI€BBIN CTONOE rap-
(hUKOB) MpH pa3TUIHBIX dP(HEKTUBHBIX TEMIIC-
parypax , Te=3 10" and T, =3 10°, IIPOUHHUIIAC-
MOCTH MeMOpaHbl P=1, 1 IpyTUX napaMmeTrpax
MIPUBEJICHHBIX B TeKCTe pazzaeina 8.2. CrnpaBa
IIPUBOJATCS COOTBETCBYIOIUE CPEIHEKBAIPa-
THUYHBIE OTKJIOHEHHUSL.
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Fig.8.9b. Numeric results for the depend-
encies of saturation values of temperatures
on the asymmetry parameter (the left col-
umn of plots) for the different effective
temperatures T,;=3 10" and T,;=3 10°,
membrane penetration P=1, and other pa-
rameters as described in Sec.8.2. The cor-
responding mean squared deviations are
also given (the right column of plots). All
temperature values for 7,;=3 10° are mul-
tiplied by 10.

Puc. 8.9b. Uucnenusle pe3ynbTaThl ISl 3aBHCH-
MOCTEH BETMYMH HACKHIIECHHUS TEMIIEPATYp OT
napameTpa aCUMMETPHH (JIEBBIN CTOJIOEI Tap-
(UKOB) MpU Pa3NUYHBIX YPPEKTUBHBIX TEMIIE-

parypax , To=3 10" and T, =3 10°, mponmmmae-
MOCTH MeMOpaHbl P=1, u Ipyrux napamerpax

MPUBEACHHBIX B TEKCTE paznena 8.2. CrpaBa
IIPUBOJSATCS COOTBETCBYIOIIME CPEIHEKBAIpa-
TUYHBIE OTKJIOHEHUS. Bce TemnepayTpHbie Be-
JTUYUHBL 1 Top=3 10° ymuOKeHsI Ha 10.
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The logical structure of the book

Sructural
information

Information as a result of comparison — Kullback information;
transform information — symmetry breaking measure

Multifractal information

Multipoint correlations

Two parameter families of infor-
mations and entropies

Information foundation of multi-

fractal formalism, the quantitative

measures of uniformity and order
ing

program MFRDrom,
fractal dissymmetry

Methodology of multifractal and pseudom-
ultifractal parameterization of structures,

metrical symmetry breaking

Pseudomultifractal analysis of geo-

Application to the real structures,
see references to Ch.7

Informations of direct and inverse Shift information Affine information
measurement transforms
IDMT and IIMT - -
( ) ] Fisher Action
Hartley information invariance
I . principle
information -
— Linear
— Shroedinger Generalized variation
Von Neumann- cquation ¢
Shannon-Wiener qu operatot

information

Changes of physi-
—  cal entropy

Mutual
information

Linear Klein-

Fock-Gordon | Liuville equation

IIMT, subjective prob-
ability, Jaynes principle

equation Non-linear
Klein-Gordon equation
|| Non-linear | Non-linear
Shroedinger Kortewg-de Vries equation
equation

Results of B.R.Frieden et al., see references to Ch.5: minimum)|

IDMT, objective
probability, Fisher
principle

Fisher information principle, extreme physical information prin-
ciple, Maxwell-Boltzmann and Boltzmann distributions, Shroed-
inger, Dirac, Helmgolz wave equations, Maxwell’s equations of
e.-m. field, Einstein equations, uncertainty relations, game inter-
pretation
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Jloruyeckast CTpyKTypa KHUI'H

CtpyTypHas vH-
dbopmarnus

WNudopmanus kak pe3yabTaT akTa cpaBHeHUs — nHpopmanus Kynbbaka;
WNudopmanus npeoOpa3oBaHuss — Mepa HApyIIEHHONH CUMMETPUHT

MynbtudpakranbHas uHGopmanus

MHOroTO4€e4YHbIE KOPPEIALNN

JIByX mapaMeTpu4eCcKue ceMen-
cTBa HH(GOPMAIHNA U SHTPOTIHI

Nudopmanuu npsimoro u odpat-
HOTO IIpeoOpa3oBaHuil U3Mepe-
Hus (UIIN u UOIIN)

Nudopmanus casura

Addunnas I/I'H(I)OpMaI_[I/IH

NupopmannoHHOE 000CHOBaHUE MYJIb-

THU(paKTaITbHOTO opMaIN3Ma, KOJIH4e-
CTBEHHBIE MEPBI OJTHOPOIHOCTH H yIIO-

PAAOYCHHOCTH

Metonomnorust MynbTU(paKTaTbHON U TICEBIIO-
MyJIbTU(PAKTATIBFHON TapaMeTpU3aIlul CTPYK-
Typ, nporpamma MFRDrom, ¢ppakranbhas auc-

CUMMETPUS

[IceBnomynbpTH(hpaKTATBHBIN aHa-
T3 HApYIICHHUS] TEOMETPHUIECKpH
CUMMETPUU

paMm, cMm. siureparypy ['n.7.

[TpunoxeHne K pealbHbIM CTPYKTY-

Nudopmanus Ou-

[IpuHIMT MHBapH-
QHTHOCTH JIeUCTBUS

OO0001IeHHBIH onepa-
TOpP Bapualuu

YpasHenue JInyBusuist

Henunelinoe ypaBHeHHE
Knenna-I'opnona

Henuneilinoe ypasuenue Kop-
TeBera-ie Bpusa

Pesynbsrarel b.P.®punena ¢ coasropaMu (cM. JIuTeparypy IiLS:

[[puHuun muHauMyma uHpopmanuu Puepa, [lpuHnun sxcTpe-
MyMa (usnyeckoi mHpopmaluu, pacupeneieHus MakcBesia-
UIIIIU, o6bexTrBHas Bepo- |[bonblmana u bonbiMana, BonHoBbIE ypaBHenus IlIpenunrepa,
ATHOCTB, [Ipuniun makcu- ([lupaka, ['ensMmronbua, YpaBHeHuss MakcBewia 3.-M. TOJI,
—ManbHOro noobus duiiepallypaBHeHus] INHINTEHHA, COOTHOIICHHS HEONPEICICHHOCTH, Wr-
[pOBasi UHTEPIPETALIMS.

mepa
Wndopmarus P
— Xaptiu v
P — JIluneitnoe
— aBHEHHUE
Nudopmanus yp
¢on Helimana- Ilpeannrepa
[llenHoHA-  |— JIluneitnoe
D ypaBHEHHUE
VsMenenus du- — Kueilina-®oxa-
[ 3MuecKoit SHTPO- T'oprona
1105141 ]
Henuneitnoe
|| B3anmHas us- ypaBHeHNE
opmanus HIpenunrepa
NOIIA cyObexkTrBHAS
BEPOATHOCTb, [IpuHIHT
| JxeitHca




9. Concluding remarks

On the whole, this book is to
show that the rather wide scope of
mathematical models of physical
systems of quite different nature can
be obtained from a unique concept
root which is the transform informa-
tion (TI).

The definition of information
as a measure of the distinctions (in
general, at all) allows to introduce
the quantitative information meas-
ures which are adequate to the sys-
tems under study. The proposed ap-
proach to the formalization of such a
concept of information corresponds
(implicitly) to the following formal
scheme : taking into account the na-
ture of the system under study, the
support set is first introduced (the
space, space-time, phase space, state
space, etc.), continuous or discrete,
that also implies the choice of the
method and level of description, and
then the intensity measures set is as-
signed to the domains or elements of
the support set (probability measure,
field intensities, etc.). Then, taking
into account the nature of the con-
straints imposed on the system, one
or another transform is applied to
the intensity set, and the respective
transform information is made via
eq.(3.1) which is the SB-measure
with respect to the information gen-
erating transform chosen. This is
reminiscent of information game
with nature described in Sec. 5.1. An
investigation of TI’s extreme values,
scaling or other its properties (in de-
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9. 3ak/r0yuTeIbHBIE 3aMeYaHUA

B nenom 3ta KHMra npusBaHa Io-
Ka3aTbh, YTO JOBOJBHO OOJbIIAS COBOKYTI-
HOCTh MAaTE€MaTHYECKHX Mojeneil (u3u-
YECKUX CHUCTEM COBEPIIECHHO PAa3IUYHOU
OPUPOJBI MOXKET OBITh MOJIy4€HA U3 OJI-
HOTO KOHIENTYaJbHOTO KOPHS, KOTOPBIM
ABIIIETCS MHQOpMAIS MPeoOpa3OBaHMUs
(ATD).

Onpenenenne wuHpOpMaANUU Kak
Mephl paznuyuil  (BOOOIE) TMO3BOJISET
BBECTU KOJMUYECTBEHHBbIE Mephl HH(DOP-
Maly aJeKBaTHbIE HUCCIIEYEMbIM CHC-
temam. [Ipennoxxenuslii moaxon k Qop-
MaJM3aliy TaKOro MOHITHS UH(OpPMALIUU
COOTBETCTBYET (HESIBHO)  CIEayIoLIen
dbopMabHON cxeMe: TMpPUHUMAasi BO BHHU-
MaHHUE MPHUPOAY HCCIETyeMONH CHUCTEMBI,
CHauajga BBOAUTCA 0a30BOE MHOXKECTBO
(mpocTpaHCTBO,  MPOCTPAHCTBO-BPEMH,
(dazoBoe MPOCTPAHCTBO, MPOCTPAHCTBO
COCTOSIHMM, M T.H.), HENPEPbIBHOE WU
JUCKPETHOE, YTO TaKXe MOJpa3yMeBaeT
BBIOOP METO/Ia M YPOBHS OMMCAHUs, a 3a-
TEM BBOJUTCS MHOXECTBO MEp HWHTEH-
CHUBHOCTEH, MPUIMHUCAHHBIX 00JaCTSIM WU
srieMeHTaM 0a30BOrO MHOXECTBa (BEpo-
ATHOCTHAs M€pa, MHTEHCUBHOCTH TOJIA, U
T.J.). 3areM, MpUHUMas BO BHHUMAaHHE
IPUPOY OTPAHUYCHHM, HATOXKEHHBIX Ha
CHUCTEMY, K MHOXECTBY MHTECHCHUBHOCTEH
MPUMEHSETCS TO WM MHOE MpeoOpa3oBa-
HUE, U CTPOUTCA COOTBETCTBYIOLIASI HH-
dbopmanus npeodpazoBanus 1o yp.(3.1),
kotopas sBisiercs mepod HC mo oTHo-
[ICHUIO K BBIOPAHHOMY UHGDOPMAYUOHHO
npouseooswemy npeoopazosaruio. ITO
HAallOMHUHAET MH(POPMAIMOHHYIO UTPYy C
PUPOJIOH, ONTMCAaHHYIO B mojpasnaene 5.1.
HccnenoBanue 3KCTpeMaibHbIX 3HAYCHUN
NII, CKEWIMHIOBBIX WIM JpPyI'MX €€



pendence on the nature of the sys-
tem and its properties to be de-
scribed) results in the mathematical
model of the system under study (in-
tensity distribution over the support
set, differential equations, the de-
pendencies of system’s characteris-
tics on the parameters of the con-
straints, etc.). Thus the consideration
of system's symmetries, or more ex-
actly, its broken symmetries turns
out to be not only like a test of cer-
tain kind or a selection rule of the
models (according to Wigner) but
one of the primary points of making
the mathematical models. This is
demonstrated by derivation of action
invariance principle in Ch.6.

This very circumstance is a
base for ascribing the sense to the
known classical information meas-
ure appearing in the mathematical
model. Since there is a direct con-
nection of TI to the classical infor-
mation measures, as was shown
above, we have to make a conclu-
sion about the existence of direct
connection between the quantitative
information measures and SB's in
the systems to which they are ap-
plied. The very TI expresses only
the possibility of SB, but the way it
1s realized in each particular case is
determined by the constraints im-
posed on the system (see, for exam-
ple, Jaynes' principle or minimum
Fisher information principle by
Frieden), or by the initial and/or
boundary conditions. TI introduced
in such a way allows not only to
ascribe the sense to the known in-
formation measures but also to use
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CBOMCTB (B 3aBUCHMOCTH OT MPHUPOJBI
CUCTEMBbl U CBOMCTB, KOTOpbIE TpeOyeTcs
ONKCAaTh) IAET B PE3YJIbTATE MaTeMaTH4E-
CKYI0O MOJENb HCCIEIyEMON CHUCTEMBI
(pacnpeneneHre MHTEHCUBHOCTEH 1O Oa-
30BOMY MHOKECTBY, AH(depeHIranbHbIe
ypaBHEHHUSI, 3aBUCUMOCTH XapaKTEPUCTUK
CHUCTEMBI OT MapaMeTPOB OTPAHUYCHUM, U
T.1.). Takum 00pa3oM OKa3bIBAE€TCSs, UYTO
pacCMOTPEHHUE  CUMMETPUH  CHUCTEMBI,
TOYHEE €€ HaPYIICHHBIX CUMMETPUIL
(HC), saBaseTcss HE TOJIBKO YE€M-TO THIIA
MIPOBEPKH OINPEACICHHOIO POJa WIH Tpa-
BHJIOM 0TOOpa Mojienelt (mo Burnepy), HO
OJIHOM WX HCXOAHBIX TOUYEK MOCTPOCHUS
MaTeMaTHYECKUX MoJeleil. DTo JIEMOH-
CTPUPYETCSI BHIBOJOM MPHUHIIMIIA UHBAPU-
AHTHOCTH AeucTBuUd B [ 11.6.

Camo 1o cebe 3T0 0OCTOATENHCTBO
SIBJISIETCS. OCHOBOM MPUIMUCHIBAHUSI CMBIC-
Jla U3BECTHBIM KJIACCUYECKUM MepaM HH-
dbopmanuy, BO3HUKAIOIIMM B MaTeMaTHu-
yeckux Mmojensx. llockonbky umeercs
npsamas cBa3b MII ¢ kmaccuuecknmu me-
pamu uH(pOpManUuU, Kak ObUIO MOKa3aHO
BBIIIE, HAM CJIEyeT CHAENaTh BBIBOJ O
CYIIECTBOBAHUM TMPSMOU CBS3U MEXKIY
KOJIMYECTBEHHBIMU MepaMH MHGOpMaILUU
n HC B cucremax, Kk KOTOPbIM OHU NpPH-
Mensitorest. Cama no cebe UII Bripaxkaer
TOJILKO BO3MokHOCTHL HC, HO cmmocob ee
peanu3anuy B KaKJIOM KOHKPETHOM CITy-
Yae ONnpeesieTcs] OrpaHuYeHUsIMU, Hajla-
racéMbIMH Ha CHUCTEMYy (CM., HampuMmep,
npuHIun /xeiHca uiM TPUHIMIT MUHU-
myma uHpopmarun Ouiiepa no dpune-
HY), WIM HAYaJbHBIMU W/WJIA TPaHUYHBI-
mu ycinoBusmu. UII, BBeneHHas Takum
Coco0OM, MO3BOJISIET HE TOJBKO MPHUIIH-
ChIBaTh CMBICI HM3BECTHBIM MEpaM HH-
dbopmanuy, HO TaK € HUCMOJIb30BaTh IMO-
HATHE HWH(pOpMAIMM B MPUMEHEHUU K



the concept of information as ap-
plied to the systems which tradi-
tionally were described without the
concepts of probability theory. Re-
gretfully, we have not yet managed
to fit a Tsalls information [Tsallis C.
Possible generalization of Boltz-
mann-Gibbs statistics, J.Stat.Phys,
1988, 52,1/2, 479-87.] into our
scheme explicitely, but in book
[Bashkirov A.G. Self-organization
and second law of thermodynamics.
IDG RAS 2007] it was shown that
Tsalls information is a degenarate
form of Reniy entropy.

The relation between TI and
Kullback information is two-fold:
when the probabilistic description is
used TI is a particular case of Kull-
back information, but, on the other
hand, generalizes it in that respect
that it does not prohibit one to use
the non-probabilistic measures to
evaluate the information quantity.

Some remarks are necessary
also about the classical information
measures and their interpretations in
terms of TI. In applications the von
Neumann-Shannon-Wiener informa-
tion Iygy 1S of the widest use and
gives the theoretical results of valu-
able practical use, but its sense may
be very different : it may express SB
with respect to the rearrangements
of the particles or their groups, or it
may have the sense of the breaking
of system's non-uniformity due to
one or another reason. In terms of TI
which is reduced to Iysy (or from
which the Iysy is derived), the cor-
responding SB is a basis for ascrib-
ing the sense to Iysy . Thus the
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CUCTEMaM, TPAAUIMOHHO OIHUCHIBAEMbIM
0€3 HCMOJIb30BAHUS MOHATUN TEOPUH Be-
positHOoCcTer. K coxaneHuro, HaM MoKa He
yJaJ0Ch pa3MECTUTh B HAlIEd CXEME HH-
dbopmanuro Tuanmnuca [Tsallis C. Possible
generalization of Boltzmann-Gibbs statis-
tics, J.Stat.Phys, 1988, 52,1/2, 479-87.] B
SABHOM BHUJE, HO B pabore [bamxkupos
A.T". Camoopranuzanysi 1 BTOpOE€ Hayajo
tepmoaunamuku. I PAH 2007.] y6e-
JIUTENIbHO TO0Ka3aHO, 4YTO HH(opManus
Troannuca ects BbIpoxAeHHas Ghopma 3H-
Tponuu Penwu, cm. 1i1.7.

CootHomienue mexay HWII u un-
dbopmanueit Kynpbaka qBOSIKO: KOT/Ia HC-
NOJIB3YETCS BEPOSTHOCTHOE ONMCAHUE,
UII siBasieTcs yacTHBIM ciaydaeM HHGOP-
manuu Kynb0aka, HO, C Jpyroil CTOPOHBI,
0000111aeT €€ B TOM OTHOLIEHUH, YTO OHA
HE 3aIlpenacT UCIOJIb30BAHUE HEBEPOST-
HOCTHBIX Me€p JUIsl OLEHKH KOJUYECTBA
nH(popMaruu.

Heckonpko 3amMeyanuii HEOOXOIU-
Mbl TaK)X€ OTHOCHUTEJIBHO KJIACCUYECKHUX
Mep HH(pOpMAllMM U MX HHTEpHpeTalnuu
yepe3 UII. B npunoxenusx Haubosee
MIMPOKO UCHOJIb3yeTcss uHpopManus GpoH
Henmana-lllennona-Bunepa Iygy, KOTO-
pas JaeT TEOPETUYECKUE PE3YJbTaThl
0OJIBIIION MpakTUYecKo 3HaunMMocTH. Ho
€€ CMBICII MOXET OBITb OYEHb Pa3HbBIM:
oHa MoxeT Bblpaxatb HC mo ortHouIe-
HUIO K IEPECTAHOBKAM YaCTHUIl WIM HX
TPYII, WJIX MOXET UMETh CMBICI Hapy-
HIEHUSI OJHOPOJHOCTH B CHCTEME IO TOU
uid uHou npuuuHe. bimaromaps UII, ko-
Topasi CBOAUTCS K Iysy (MU U3 KOTOPOM
Insw BBIBOIMTCS), cooTBeTcTBYIOMas HC
SABJISIETCS OCHOBOW MPHUIIMCHIBAHUS CMBIC-
na Iysy . Takum 00pa3om, OMYJISIPHOCTh



popularity of this quantitative in-
formation measure, indeed, can be
considered as a result of sense ex-
pulsion, as was pointed out by
H.Haken and L.Brillouin. As is seen
from Sec.4.7, several TI’s may be
necessary for the adequate descrip-
tion of physical system, and their
combination may give birth to the
form of Iysy. A comparison of the
results of different sections of this
book with Jaynes' and Frieden's
principles can make one to think that
the multipliers like the Boltzmann
constant or squared absolute value
of shift play a role of the units of in-
formation equivalents of the con-
straints.

A physical sense of the shift
information based variational prin-
ciple depends not only on the nature
of the constraints, but also on the
value of the shift. The infinitesimal
shift information averaged over all
shift directions, i.e. the Fisher in-
formation - expresses quantitatively
only the comparison of the system's
intensity measure with itself. The
very reduction of the shift informa-
tion to the Fisher information corre-
sponds to the idea (by G.Nicolis,
[.Prigogine, and H.Haken) that the
gradient fields can be considered as
the information support.

The TI based reviewing of
multifractal formalism leads to natu-
ral introduction of concept of F-
symmetry. From this viewpoint the
regular (one scale) ideal fractals are
the reper symmetric images of
(multi)fractal way of description of
strange objects just like the symmet-
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9TON KOJWYECTBEHHOM Mepbl HHQOpMa-
WA JIEUCTBUTEIBHO MOXHO paccMaTpHu-
BATh KaK pe3yJIbTaT U3THAHUS CMBICIOBO-
ro COAEPKAHUA, KaK paHee OTMEYaIH
bpuimosn n Xaken. Kak Buano u3 n.4.7,
JUISL aJIEKBATHOTO OMMCAHMS (PU3HYECKOU
CUCTEMBI MOTYT MOHAJOOUTHCS HECKOJIb-
ko UII, a ux xoMOUHAIUS MOXET POXK-
natb Gopmy Iysy. CpaBHeHUE pe3ylibTa-
TOB PAa3JIMYHBIX NOAPA3ACIOB JTAHHOU
KHUTU ¢ npuHounamu [[xeniHca u @pu-
JIEHAa MOTYT HAaBECTU HA MBICJIb, YTO MHO-
YKUTEIW TUIA KOHCTAaHThI bosibliMaHa wim
KBaJpaTa MOJIYJS CABUIA WIPAIOT POJIb
eAVHUL] MTH(OPMAIIMOHHBIX SKBUBAJICHTOB
OTPAHUYECHHUM.

@U3NYECKUA CMBICII BapUallMOH-
HBIX MPUHIIMIIOB HA OCHOBE MH(MOpMaLIUU
CIABUTA 3aBHCUT HE TOJIBKO OT MPHUPOJbI
OTPAaHUYCHHUM, HO TaKXe OT BEJIMYUHBI
capura. Mapopmanuss MHPUHUTEIUMAIIb-
HOT'O CJBUTa, YCPEIHEHHas MO BCEM Ha-
MpaBJICHUSIM CJIBUTA, T.e. HHGOpMAaIUs
dumepa, BbIpAXKAET  KOJIUYECTBEHHO
TOJIBKO CpaBHEHHE MEpPbl UHTEHCUBHOCTH
¢ camoii coboit. Camo mo cebe cBeacHUE
uHpopManuu cABUra K HHPOpMauuu
dumepa COOTBETCTBYET ujee
(I''Huxomnuc, MW.IIpuroxun; I'.XakeHn),
YTO TOJISI TPAJAMEHTOB MOKHO paccMaTpHu-
BaTh KaK HOCUTEIN UHGOPMAIIUH.

[lepecmoTp MyJIbTU(]PPAKTAIBHOTO
dbopmanuszma Ha ocHoBe UII mpuBoaut k
€CTECTBEHHOMY BBeJICHUIO MOHATUS D-
cummMmeTpur. C 3TOM TOYKH 3PEHHUS PETY-
JspHble  (0JHOMAcIITaOHbIE) (DpaKTaIIbI
ABJIIIOTCS.  PENEPHBIM  CUMMETPUYHBIM
00pazom (MyJIbTH )PpaKkTabHOrO criocoda
ONMCAHUSI CTPAHHBIX OOBEKTOB COBCEM



ric geometrical images - the regular
Plato's solids, triangles, quadrates,
cycles, spheres etc.- are the basic
ideal images of geometrical descrip-
tion.

In this concern, we should
remind amusing fact that
B.B.Mandelbrot - a creator of fractal
geometry - started his scientific life
with information science applied to
texts analysis, see ref.[8] to Ch.1.

In trying to understand what
is information on a macroscopic
level of description, and how could
we manage to measure it, we come
to the necessity to introduce a new
concept - concept of structural in-
formation making us not to be afraid
to bother the second law of thermo-
dynamics and to think how can the
real (working) devices, not under-
standable from the viewpoint of this
law, do work.

As to mathematical austeri-
ties, it should be reminded, that from
Leibnitz's times the steady rise dur-
ing three last centuries of the re-
quirements to mathematical austeri-
ties of logical and other axiomatic
theories due to internal needs of the
very mathematics has logically re-
sulted in that Goedel has proved in
1931 his famous theorem of incom-
pleteness of any deductive system.
Any appearance negates itself. Since
then we happily live in the times of
a so-called third crisis of the
mathematics foundations. Il.e. our
mathematics has no basis. So if to
hold water completely, we should or
completely refuse the use of mathe-
matics and everything, that is con-
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KaK CUMMETPUYHBIE T€OMETPUYECKUE 00-
pasbl - IMJIATOHOBBI Te€Ja, TPEYrOJbHUKH,
KBaJpaThl, OKPY>KHOCTH, chepsl U T.A. -
ABJIIOTCS UJI€aTIbHBIMU 0a30BbIMU 00pa3-
aMU T€OMETPUYECKOr0 OMUCAHMUS.

B 31Ol CBA3M ciaenyT yNoOMSHYThb
3a0aBHbIl (akTt, uro b.b.Manzaens0Opor -
co3natenb GpaKkTaIbHOM FEOMETPUH - Ha-
YaJl CBOIO HAy4YHYIO JKU3Hb C TEOPUH HH-
dbopMalii TPUMEHUTENBHO K aHaIU3y
TEKCTOB, cM.[8] k ['7.1.

Crapasich MOHATb, YTO MPEICTABIIA-
eT coboil uHdpopmalus Ha MaKPOCKOIIHU-
YECKOM YPOBHE OMHMCAaHUs, U KaK Obl MbI
MOTJIM €€ U3MEPATh, Mbl PUXOJUM K He-
00XOIMMOCTH BBEAECHHUS HOBOTO MOHATHUSA
- TOHATHS CTPYKTYpHOW HH(pOpMaLUH,
HABOJSIIEr0 Ha MBICIIb HE OOSThCSA IO-
TPEBOXKUTH BTOPOW 3aKOH TEPMOJMHAMMU-
KM, U TOAyMaTh, KaK peanbHble (pado-
TaloIlKe) NPUOOPHI, NPUHLIMN PAOOTHI KO-
TOPBIX HE TIOHITEH C TOYKH 3PEHUS 3TOrO
3aKOHA, MOT'YT Ha CaMOM JieJie padoTaTh.

Uro Kkacaercs MaTeMaTUYECKON
CTPOTOCTH, TO XOTEJIOCh Obl HAIIOMHHUTb,
4TO cO BpeMeH JleilOHMIIa HEyKIOHHOE
MOBBIIICHUE B TEUEHUE TPEX MOCIETHUX
CTOJICTHI TpeOOBaHUN K MaTeMaTUYECKOU
CTPOTOCTH JIOTMYECKUX M JPYTUX aKCHO-
MaTUYECKUX TEOpUM Oyiaroiaps BHYTpEH-
HUM TOTPEOHOCTSIM CaMOW MaTeMaTHKU
JIOTUYHO TPHUBENO K TOMy, 4TO l'enenb
nokazan B 1931 cBow 3HaMEHUTYIO TEO-
peEMy O HEMOJIHOTE JI0O00M JeAYKTHBHOM
cucTeMbl. Besikoe siBIeHME OTpHIAeT ca-
Mo ce0s1. C Tex mop Mbl CHACTIMBO KUBEM
BO BpPEMEHA TaK Ha3bIBAEMOI'O TPETHETO
KpH3UCa OCHOBaHUM MaremaTuku. T.e. y
Halllel MaTEeMAaTUKH HET OCHOBBI. Tak
YTO, €Clid ObITh MOJHOCTBIO MOCIEA0Ba-
TEJIbHBIMU, MbI JIOJKHBI JTUOO MOJIHOCTHIO
OTKa3aTbCs OT HCIOJIb30BAaHUS MaTeMa-



nected to it, or bring down a cross-
bar of the mathematical austerities
requirements. The author likes the
second way more.

The author, see Fig.4.3, does
not insist that all his reasoning and
conclusions are not disputable. He
would be grateful if his thoughts
would seem to be interesting.
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THKM U BCErO, YTO C HEH CBI3aHO, JU0O0
MOHM3UTH IUIAHKY TpeOOBaHHW MaTema-
TUYECKOM CTpOroctu. ABTOpY OOJbIIe
HPABUTCS BTOPOU BapUAHT.

ABTOp, cMm.puc.4.3, HE HAaCTauBaeT
HA TOM, YTO BCE€ €T0 PACCYKIEHUS U BBI-
BoAbl OeccriopHbl. OH ObLT OBl Onaropa-
peH, ecii Obl €ro MBICIU MOKa3aIUCh UH-
TEPECHBIMH.

vstovsky(@yandex.ru



241

10. Attachment. Practical use 10. IIpuiaoxenue. IlpakTnueckoe
of information destroying: HCIO0JIL30BAHME Pa3pylICeHUS UH-

Deterministic chaos based ¢popmanuu: Kpunrorpadus na
cryptography OCHOBE JIeTEPMUHHPOBAHHOI0
xaoca
The cryptographic methods of Kpunirorpaduueckne meTonbl 3a-

information defense are based on the mmmTHl MHpOpPMaIMKM OCHOBaHBI Ha TEpe-
rearrangement and substitution of cTaHOBKE WM 3aMeHE TUCKPETHBIX JJie-
the discrete elements by which in- MeHTOB, ¢ TOMOIIBIO KOTOPHIX 3aMKCaHA,
formation is written, processed, oOpa0OaTbiBaeTCs WM TEpeNaeTCs WH-
transmitted, etc. Both operations, re- dopmarus. O6e onepanuu, epecTaHOBKa
arrangement and substitution, use U 3aMeHa, UCIOJIb3YIOT HEKOTOPYIO KOJAM-
some coding sequence of numbers pymOIyl0 TOCIEAOBATEIIBHOCTh  YHUCEI
(may be implicitly) and some algo- (MOXeT ObITh HESIBHO U HEKOTOPBIN ajro-
rithm. In a computer cryptography, putm. B kxommnbroTepHoil kpumnrtorpadum,
dealing with information in the form wumeroeit neno ¢ uadopmarmeit B hpopme
of arrays of bits, bytes (characters), momeii 6uToB, 0aliTOB (CUMBOJIOB), CJIOB,
words, numbers, etc., all the substi- wymcen u mp., Bce 3aMeHbI KPYyIHBIX 3Je-
tutions of larger information ele- MenToB uH(popmauuu (Hampumep, Oaii-
ments (bytes, for example) can be TOB) MOTYT OBITH TPEACTABIEHHI B BHIC
represented as rearrangements of the mnepecTaHOBOK MaylbIX 3JeMEHTOB (Ou-
finer ones (bits). Thus consideration ToB). Takmm oOpa3oMm, paccMOTpeHHUE
of cryptographic manipulations from kpuntorpapuueckux MaHUIYJSIHA ¢
the viewpoint of rearrangements of TOUYKM 3peHUS MEPECTAHOBOK JTUCKPETHBIX
discrete elements is a rather general »51eMeHTOB SIBISIETCS COBEPILIEHHO OOIIUM
approach, and not only in computer mOaX0I0M, U HE TOJBKO B KOMITBIOTEPHOMN
cryptography. As is known, the op- kpuntorpaduu. Kak m3zBectHo, onepanus
eration of rearrangements has a mnepecTaHOBOK 0071agaeT  TPYHIOBBIM
group property, i.e. there are the cBo¥CTBOM, T.€. CyHIECTBYET E€IMHHUYHOE
unity transform and inverse one (for mpeoOpa3oBanue u obpaTHOE (s JTFOOO-
any transform) restoring initial se- ro mpeoOpa3oBaHUs), BOCCTAHABIMBAIO-
quence of discrete information ele- miee HMCXOAHYIO  IOCIEIOBATEIBLHOCTD
ments. This allows to hide and re- AQUCKpeTHBIX 53JIE€MEHTOB HH(POPMAIUH.
store information by rearrangements 3TO MO3BOJSET CKPbIBaTh W BOCCTAHAB-

of its discrete elements. TUBaTh WHOOPMAIUIO C TIOMOIIBIO TIepe-
CTaHOBOK €€ IUCKPETHBIX IJIEMEHTOB.
In this section a new method B nmanHoMm pazzene mnpejjaraercs

of yusamiciie generation of coding HOBBIN crOCOO IeHEpaluu B SIBHOM BHJIE
sequence of integer numbers is pro- KOAMPYIOUIUX MOCIEIOBATEILHOCTEH IIe-
posed on the base of iterations of the 7bpIX uYKMcen Ha OCHOBE HUTEpaLUd TUC-
discrete chaotic maps that represent KpeTHBIX XaOTHUECKHUX OTOOpaKECHHI.



the object of investigations of a
young branch of mathematics - a
theory of deterministic chaos, [1]
and many others. An opportunity of
such an application is due to insta-
bility of trajectories of chaotic maps
(a so called sensitivity to the initial
conditions) and to their property to
lost information about previous it-
erations. Both these properties are
characterized quantitatively by a so
called Liapunov exponent. A very
general superficial notion about
these concepts is enough for the
goals of this section.
Instability of one dimensional
chaotic maps

Nowadays, there are a lot of
specialized and popular literature
dedicated to the investigations of
many unusual properties of chaotic
maps, but we are interested in their
main properties - the sensitivity to
the initial conditions which results
in the trajectory instability. Consider
for the simplicity a discontinuous
map of the interval [0,1] onto itself

Xn+1 :f(xn)’

obeying the condition that every-
where in the interval except, may be,
some finite set of points ("except a
set of a zero measure"), |df/dx |>1.
For example, a so called Bernoulli
shift, Fig.10.1, is such a map given
by equations
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[Tocneqnue mnpenacTaBiIsiOT cOOOM OIUH
13 MPEIMETOB U3YYEHUsI MOJIOJION OTpac-
JU MaTeMaTUKU - TEOPUHU JETEPMUHUPO-
BaHHOrO xaoca, [l] m mMHoOrMEe napyrue.
B03MOXHOCTh Takoro mpuMeHEHHs 00y-
CJIOBJICHA HEYCTOWYHUBOCTHIO TPACKTOPHUI
Xa0TUYECKUX OTOOpaKeHHH (T.H. YyBCT-
BUTEJIbHOCTh K HAYaJbHBIM YCIIOBUSIM) U
WX CBONCTBOM TEpsATh HH(OpMALMIO O
npeapiaymux urepanusx. Oda 3Tu cBoii-
CTBa KOJIMYECTBEHHO XapaKTEPU3YIOTCS
nokasareneM JlanynoBa [[ns ueneut nan-
HOTO pa3Jielll HaM JOCTaTOYHO CaMbIX
oOIIUX TPEJCTaBICHUN 00 ATUX CBOMCT-
Bax.
HeycToH4YHMBOCTH OTHOMEPHBIX Xa0TH-
YeCKHX 0TOOpaKeHu

Ha ceromssiminnii 1IeHb CyIIECTBY-
€T OOIIMpHAs CTIeMalIbHAS U TTOMYJIIpHas
auTEepaTypa, MOCBAILIECHHAS UCCIEN0Ba-
HUIO Ppa3JIMYHBIX HEOOBIYHBIX CBOMCTB
Xa0TUYECKUX OTOOpaKeHWH, HO HAC HH-
TEepeCcyeT UX TJIABHOE CBOMCTBO - YYBCT-
BUTEIIBHOCTh K HAYaJIbHBIM YCJIOBUSM,
KOTOpPbIM U OO0yCIJIOBJIEHA HEYCTONYH-
BOCTb TpackTopuil. PaccmoTpum st mpo-
CTOTBHI Pa3pbIBHOE OTOOPAKEHHUE OTpE3Ka
[0,1] B camoro cebOst
(10.1)
C YCJIOBHEM, YTO BCIOAY 32 UCKIIFOUEHUEM
HEKOTOPBIX OTIETBHBIX TOYeK (“3a wucC-
KJIFOUEHHEM MHOKECTBA MEphl HYJb’) Ha
orpeske [0,1] |df/dx |>1. Takum oro-
OpakeHueM SIBJISIeTCsl, Hampumep, T.H.
“cnpur bepnymm”, puc.10.1, 3anaBae-
MBIl YPAaBHEHUEM

Xp1= 2x, ,for 0.0<x,<0.5,
Xpi1= 2x,-1, for 0.5<x,< 1.0 .
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f(Xn)

1.0

AXn—l—l

— AX,

0.0 0.5

Fig.10.1. Bernoulli shift - a one-
dimensional discontinuous map of
the interval [0,1] onto itself with
Liapunov exponent A=In2, as
df7dx=2, see eq.(10.3).

Any vicinity Ax, of the point
X, 1s mapped onto greater vicinity
Ax,.; of the point x,.;. The inverse
map of both the points and vicinities
is not unique. Thus any inaccuracy
Ax, in setting the initial point x, re-
sults in the growth of uncertainty
Ax, of the points x, in the course of
iterations of the map (10.1). So, the
two trajectories (xi, X,...,Xp,...) and
V1, VaseeesVnse..), starting from the
neighboring as close as possible
points x, and y, are progressively es-
caping each other. This is schemati-
cally shown in Fig.10.2 for three
first iterations of two close initial
points. At some step of iterations
their divergence A,= |xn-yn | be-
comes comparable with the size of
the whole interval.

1.0 X,

Puc.10.1. Caeur bepuynnu - omHOMEpHOE
pa3pbIBHOE OTOOpaKEHUE UHTEPBAJIa
[0,1] Ha cebs ¢ moka3areneM JlsmyHoBa
A=In2, T.x. df/dx=2, cm. yp.(10.3).

JIro0ast OKpecTHOCTh Ax, TOYKH X,
Py TakoM OTOOpakeHUH OyaeT oToOpa-
XKaTbCSl B OOJBIIYI0O OKPECTHOCTH AX,4
TOYKU X,+ . [Ipuuem, obGpaTHOEe oTOOpa-
KEHUE, KaK OKPECTHOCTEH, TaK U TOYEK,
He OyzieT ogHO3HAYHBIM. Takum 00pazoM,
Jro0asi HETOYHOCTHL AXy B 3aJlaHUM Ha-
JaJIbHOW TOYKH X OyJeT TPHBOJWUTH K
POCTY HEOIPEAEICHHOCTH AX, TOYKH X, B
nporecce urepauuit oroopaskenus (10.1).
[TosTomMy nBe TpaekTopuu (X1, X2,...,.Xs,...)
U (Y1, V2seeesVnse-r), ACXOISIIUE U3 COCE-
HUX, KaK YTOJHO OJIM3KHUX, TOYEK X U ) ,
OynyT Bce OOJbINE PacXOAUTHCS B IPO-
1ecce urepauuii. 9To CXeMaTHUYeCKu IO-
ka3zaHo Ha puc.10.2. Uepes onpeneneHHoe
YHCJIO UTEPAIMA BETMYMHA PACXOKICHUS
A= x, - Y |, OyJIeT cpaBHHMa C pa3Mme-
POM BCETO OTpE3Ka.:
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f(Xn)

1.0
/)
0.0 0.5

Fig.10.2. An example of first three
iterations of two close initial points
in the case of the Bernoulli shift.

The Liapunov exponent A(x,)
(xo 1s initial condition) is a quantita-
tive measure of a divergence rate of
close trajectories when the differ-
ence in initial conditions & is small,
&<<1. For N iterations it is defined
by

g exp(NA(xy)) = | Fxote) - 1 (xo) |,

o x

Pucl0.2. IIpumep nepBeIX Tpex uTepanun
JBYX OJIM3KMX HayaJlbHBIX TOUYEK B CIIydae
casura bepHyu.

KonmnuecTBeHHON MEPOU CKOpOCTH
pa3z0eranusi ONM3KUX TPAeKTOpHA C Ma-
JOM pasHulen & ¢<<l, B HayaabHBIX
3HAUEHUSIX SIBJIAETCS T.H. Mokaszatenb JIs-
MyHOBAa JJIsl JAWCKPETHBIX OTOOpaKEHUU
AUxo) (xo - HauanbHOE 3HaueHwue). Jns N
HUTepaluii OH onpeaessieTcs: Khopmyoi
(10.2)

S @)L (o)) r)-

Or in the limiting case

WNnu B npenensHOM ciydae

ﬂ(xo)=limN_mlimg_,oNiln | [/‘N(XO"'g)'fN (xo0))/ & | =

N -1
limy .. %m | df* o)y | = limy., NilnH | dfx)dx, |,
i=0

N -1
M) =limy - 2.
N i=o0

Thus by definition the factor
is an extension coefficient of a
small vicinity Ax, of the point x, by
one iteration in average. If the
Liapunov exponent is positive, then
any small vicinity enlarges in the
course of iterations, the behavior of
the trajectory (x, fix), f(f(x)), ... ) be-
comes less and less certain, i.e. In-
formation about location of the point

A

In | dfix)/dx; | . (10.3)

Takum 00pazoM, MO OMpeEICHUIO
- KO3(pPUIIMEHT paCTSKEHUS Majlou
OKPECTHOCTH AX, TOUKH X, B CpETHEM 3a
onHy urepanuo. Ecnu nokazarens Jlsamy-
HOBa A MOJOKHTEJIEH, TO JI00as Manas
OKPECTHOCTh TOYKH X OyJET pacTh B MPO-
1ecce WTepaluid, U MOBEACHUE TPACKTO-
puu (x, f(x), f(f(x)), ... ) OyaeT Bce MeHee U
MEHEee ONpeJeNeHHbIM, T.€. HH(popManus
O MOJIOXEHUH TOUKHU f"(x) OyIaer yrpadu-

A0



f(x) will be lost. If the value of
Liapunov exponent A is known, one
can calculate the number of itera-
tions N, after which the given inac-
curacy Ax, becomes equal to the size
of the whole interval L:

N0=171n(L/AxO).

Table 10.1. The iteration numbers
necessary to make the initial uncer-
tainty Ax, equal to the length L=1 of
the whole interval.
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BaThCd. Ecnu n3BecTHA BeMYKMHA MMOKa3a-
tens JIssmyHoBa A, MOKHO OLICHUTh YKCIIO
urepaui Ny, Tocie KOTOPhIX JaHHAS He-
TOYHOCTh AX() CTAHOBUTCS CPAaBHUMOMN C
BEJIMYMHOM BCETO OTpe3Ka L:

(10.4)

Ta6muma 10.1. Yucna urepanmii, Heoro-
XOJMMBIX JUISI YBEIIMYCHHS HAYaIbHOM
HEOMPEICIICHHOCTH AX,y 10 pa3Mepa JJIH-
HbI L=1 BCero mHTEpBaIa.

AX() N(), A=1/2 N(), A=1
10%° 92 46
107" 46 23
10° 23 11
107 14 7

Some figures are given in Ta-
ble 10.1. So, information about the
location of the initial point is lost.
This can be described as follows [1].

Let's divide the interval [0,1]
into n equal subintervals and sup-
pose that initial point x, can be
found in any of subintervals with
equal probabilities 1/n. If we are
aware of the location of the initial
point, then we have information

n

10:—2 n

k=1
After the fist iteration the subinter-
vals change in a= | df/dxo| times. The
decrease in the certainty of the ini-
tial point location can be evaluated
by the change of information

n/a

Al =—

k=1
Averaging Al over the iterations, we
obtain

HexoTopeie mudpsl npuBoastcs B
1ab1.10.1. Takum oOpazom, HHPOpMALIHS
O MOJIO)KEHUU HayaJbHOW TOYKU TEpseT-
csi. DTO MOXKHO OMKCATh CIAEAYIOIIHUM 00-
pazom [1].

Paznenum orpesok [0,1] Ha n paB-
HBIX TIOJUHTEPBAJIOB M MPEINOIOKUM,
YTO HaYaJlbHasi TOYKA X; MOXKET Haxo-
JTUTHCS B JIIOOOM U3 HUX C PaBHOU Bepo-
SITHOCTBIO 1/n. Eciim MBI 3HaeM, B KaKOM
MMEHHO - TO 3TO 3HAYUT, YTO MBI pacro-
naraem uH@opMauuen

—In—=Inn.

[Tocne mepBoi UTEparuu MOIUHTEPBAIIBI
WU3MEHATCS B a=|df/dx0| pa3. YMeHbliie-
HUE OTPECICHHOCTH HaXO0XIACHUSI TOYKU
MO>XHO OIIEHUTH I10 M3MEHEHHIO WH(DOP-
MaIlWH :

a,_a 1, 1
Z_|nﬁ+§ﬁ|nH:—Ina=-1n|df/dxo|.

Ycepennsis Al 1o utepauusm, MoxyyuM :



1 N 1
limy ot 2 AT=-limy,, - 2
N i=0 N i=0

Thus the Liapunov exponent
1s also a measure of loss rate of in-
formation about the location of the
initial point. The greater Liapunov
exponent, the faster this information
i1s completely lost. This property is
general for all the chaotic maps, dis-
continuous and continuous, one di-
mensional and many dimensional,
etc. Bernoulli shift is described here
for the simple illustration only. This
very property of the chaotic maps
determines the possibility of their
use in cryptography to generate the
coding sequences.

Method of coding sequence gen-
eration

The key idea of the method is
to change the order of iterations over
the set of values (xo, x1, x5,..., Xy) by
an order of their relation on the set
of real numbers (by natural order),
1.e. the iteration sequence is to be
transformed to the sequence

(-mea Xmls Xm2oeees me)a

where
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In | dfixe)/dx; | = - A(xo). (10.5)

Takum o0Opazom, mnokazatenb Jls-
MyHOBA SIBJISIETCS TAKKE MEPOU CKOPOCTH
notepu MHGOpPMALUK O TOJIOKEHUH Ha-
yaJbHOU TOYKH. UeM OoubIle moKa3aTelb
JIsnyHoBa, Tem ObicTpee 3Ta UH(pOpMa-
LU [TOJTHOCTBIO YTPATUTCSA. DTO CBOWCT-
BO SBJIACTCS OOIIMM JJII BCEX XaOTHYe-
CKHX OTOOpa)kKeHUMW, pa3pbIBHBIX M HeE-
MPEPBIBHBIX, OJHOMEPHBIX U MHOTOMED-
HBIX, U Tp., U 0Op., a CABUT bepHymm
MPUBEJICH 3/I€Ch TOJBKO B KAaueCcTBE Ha-
DISOAHOM  WimiocTpauuu. MeHHO 3To
CBOMCTBO XAOTHMYECKUX OTOOpaKEHUU
ompeNieNiieT BO3MOXKHOCTh UX HCIOJIb30-
BaHUsl B Kpumnrorpaduu [jis TeHepaluu
KOJIUPYIOIIUX MOCJIEA0BaTEILHOCTEH.

MeToa reHepanu KOAUPYIOUIUX MO-
cjiegoBaTeJIbHOCTEN

KroueBast uaes MeToga COCTOUT B
W3MEHEHUU TIOpsI/IKa UTEpaliid Ha MHO-
KECTBE BEJIWYHUH (X, X1, X2,..., Xy) Ha TO-
PAIOK MX OTHOIIEHHWS Ha MHOYKECTBE Be-
IIECTBEHHBIX YKCel (Ha €CTEeCTBEHHBIN
MOPSIOK), T.€. TOCJIEI0BATEIIBHOCTh UTE-
panuii cieayeT TpaHchOpMUPOBATh B T10-
CJICJIOBATEIIbHOCTh
(10.6)
rae

me:mln(mea Xmls Xm2seees me)a xml:mln(xmla Xim2seees me)a---a
me—lzmaX(mea Xmls Xm2oeees me—l)a -me:maX(mea Xmls Xm2oeees me)'

For example, if we obtain the
iteration sequence of some chaotic
map for N=5 (x;=0.51; x,=0.95;
X2:0.75; X3:O.24; X4:0.43; X5:O.66)
then their natural order on the real
axis 1s (x3=0.24; x,=0.43; x,=0.51;
X5:0.66; X2:0.75; X1:O.95). So the
initial iteration order (0,1,2,3,4,5)
can be replaced by the natural real
order (3,4,0,5,2,1) that corresponds

Hampumep, ecau Mbl  moiydaem
WUTEPAllMOHHYIO TIOCIICIOBATEIIbHOCTh HE-
KOTOPOTO XAOTHYECKOTO OTOOpaKEHHUs
npu N=5 (x,=0.51; x,=0.95; x,=0.75;
x3=0.24; x,=0.43; x5=0.66), TO UX ecrect-
BEHHBIM TOPSIIOK Ha BEIICCTBEHHOM OCH
ectb (x3=0.24; x4=0.43; x;=0.51; x5=0.66;
x,=0.75; x,=0.95). IlosToMy WHCXOTHBII
nopsgok urepammii (0,1,2,3,4,5) moxer
OBITb 3aMEHEH €CTECTBEHHBIM BEIIECT-



to some rearrangement of the in-
dexes. Now one can use this and the
reverse rearrangements for coding
and restoring the information repre-
sented by five any discrete elements
(bits, bytes (symbols), words, etc.).

We can do it in the same way
in the case of arbitrary large number
N of discrete elements. The encryp-
tion key for such a procedure is an
initial point x, set with some accu-
racy. The quality of the information
defense for such a procedure de-
pends on the mantissa length in the
floating-point representation of the
numbers used in calculations, length
of the coded sequence of discrete
elements (data segment), and the
value of Liapunov exponent. The
longer the lengths and the larger
Liapunov exponent, the better in-
formation defense quality. The cod-
ing sequence of integer indexes is
not necessary to be saved since it
can be generated each time one
needs it using the same encryption
key which is the initial condition
which is to be just kept in memory.

As was shown above, when
restoring the information, any devia-
tion from the true key leads to devia-
tion of the trajectory of the map
from the «true» trajectory and after
Ny iterations (see eq.(10.4) and Ta-
ble 10.1) the calculated trajectory
completely diverges with «true»
one that results in ultimate change of
the natural order of iterated values
of the map and, and so, to other rear-
rangement of information elements.
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BeHHBIM nopsjkom (3,4,0,5,2,1), uro co-
OTBETCBYET HEKOTOPOW IEpPECTaHOBKE
MHJIEKCOB. Ternepb Mbl MOXEM HCHOJIb30-
BaTh ATy U OOpaTHYIO MEPECTAHOBKY MJIsI
KOJIUPOBAHUSI U BOCCTAHOBJICHUS] UHGOP-
MalllH, MPEJICTABICHHOMN JIFOOBIMU TISITHIO
JTUCKPETHBIMU  3JIeMEeHTaMu  (OuTamu,
OaliTamu (CHMBOJIaMH), CJIOBaMH, U T.1.).

Mgl MOXeM AenaTh 3TO TaKUM XKe
00pa3oMm B cilyudae MpOU3BOILHO OOJIBIIIO-
ro uyncia N JUCKPETHBIX d1eMeHTOB. Ko-
TUPYIOIIUM KIIFOYOM TaKOW MPOLEAYPHI
SBJISICTCSI HAUaJIbHAs TOYKA X, 3aJaHHas C
HEKOTOpOH To4yHOCThIO. KadyecTBO 3ariu-
Thl UH(GOPMAIIMU TaKOW MPOLETyPhl 3aBU-
CUT OT JIJTMHBI MAHTHUCChHI B YHCIIAX, WC-
MOJIb3YEMbIX B BBIYUCIICHUSAX B MPEJICTAB-
JICHUM C IUIaBAIOIIEH TOYKOM, IJIMHBI KO-
TUPYEMO  MOCIE0BATEILHOCTH  JIMC-
KPETHBIX 3JIEMEHTOB (CErMEHTa JaHHBIX)
Y BEJIMYMHBI TOKazaTens JlamyHoBa. Uem
OoJIpIlIE JUIMHBI KM OOJIBIIE I10KA3aTelb
JIsamyHoBa, TeM JiydIlle KaueCTBO 3aIUThI
nHdopmarmu. Kogupyronryro nocienoBa-
TEJLHOCTh IEIbIX YKCEN HE 0053aTeIbHO
COXpaHsTh, T.K. €€ MOXHO CI€HEPHUpPO-
BaTh, KOTJa HYXHO, UCIIONB3YysS TOT K€
KOJIUPYIOIIUMA KIIFOY, KOTOPBIM SIBIISICTCS
HayaJbHOE YCJIOBUE, KOTOPOE IMPOCTO
HYKHO 3aIIOMHHTb.

Kak Obulo mokazaHoO BbIlIE, MpU
BOCCTAHOBJICHUM UHMOpMauu J1iro0oe
OTKJIOHEHHE OT MCTUHHOI'O KJII0Ya BEJNET
K OTKJIOHCHHUIO TPACKTOPUM OTOOpake-
HUS OT "MCTUHHOMW' TPAaEeTOpPHH, U IOCIE
Ny urepanuii (cm. yp.(10.4) u a6 10.1)
BBIYUCIISIEMasl TPACKTOPHUST OKOHYATEIHHO
pacxoautcs ¢ "MCTUHHOW', 4TO BEAET K
MOJTHOMY M3MEHEHUIO €CTECTBEHHOTO IO-
psAllKa UTEPUPYEMbIX BEIUYUH OTOOpaxke-
HUSI, ¥ TTIOTOMY - K JIPyTON MEPECTaHOBKE
AJIEMEHTOB HHGpOpPMAIMU. ITO MOXKET



This can happen even faster,
Fig.10.2. By the way, this same cod-
ing sequence can be used to make
the alphabetic substitutions together
with (instead of) rearrangements of
the finer information elements (like
Caesar transform for bytes or what-
ever else).

Next we take bytes as the lar-
ger (universal, by the way) elements
of information, bits - as the finer
ones. The coding/decoding proce-
dures can be schematically pre-
sented as a periodic sequence of op-
erations after the encryption key is
entered:

{code generation (iterations, order-
ing),

get segment, rearrange and/or sub-
stitute, put new segment,

{[code generation (iterations, order-
ing)], get segment, rearrange and/or
substitute, put segment}, ...;

(etc. to the end of the data),

where the coding sequence genera-
tion procedure can be made once
and used for all the data segments,
or it can be generated for every data
segment (with the last value of pre-
vious iteration sequence used as a
new key) that gains the information
defense quality.

Some application aspects and pos-
sible modifications

The application aspects we
discuss here from the viewpoint of
developing the information defense
system on the base of standard (not
very power) PC’s and popular soft-
ware developing systems.
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MpOU30UTH JAaxe OwicTpee, puc.10.2.
Kcraru, Ta xe camas koaupyromas Io-
CJIEI0BAaTEIbHOCTh MOYKET HMCIOJIb30BATh-
csl s ang)aBUTHBIX MOJCTAHOBOK BMECTE
(BMECTO) TEpPEeCTaHOBKM MEJIKUX Helie-
MEHTOB HMH(popmanuu (TUna npeodpaszo-
Banus Llesapst nys1 OaliTOB WM YEro-To
erie).

Hwxe MBI mpumem, 4TO KpYIIHBIE
(yHHUBepcanbHbIE, KCTaTH) 3JEMEHThl WH-
dopmanu - 6aifTel, Menkue - OuThl. Ko-
JIUPYIOLIKE/ IEKOUPYIOIIHE MPOLIEAYPbI
MOTYT OBITb CXEMaTUYECKU MPEICTBICHBI
KaK NEPUOJUYECKUE TTOCIIEIOBATENBHOCTH
ornepauuid Mocjie BBEACHUS KOIUPYIOILEe-
ro KJIIoua.

(cenepayus kooa (umepayuu, ynopsooye-

Hue),
835Mb  Ce2MeHm, Nnepecmasums  u/unu
noocmasums, 3aNUCAMb  HOBbIL  ce2-
MeHm),;

([eenepayus koda (umepayuu, ynopsoo-
yenue)|, 83aMb cezmenm, nepecmasumv
uunu noocmaeums, 3ANUCAMb  HOBbI
ceamenm);...;
(u m.0. 00 KOHYA OAHHbIX),
r7ie Tpolelypa TeHepaluu KOIUpPYyIomen
MOCJIEIOBATEILHOCT  MOXET IPOU3BO-
JTUTHCS OJIUH pa3 W UCIOJIb30BAThCS IS
BCEX CETMEHTOB JAaHHBIX, UJIM OHA MOXET
T€HEPUPOBATHCS ISl KaXXIOTO CErMEHTa
JAHHBIX (C TIOCIEHUM 3HAYCHUEM MPEK-
HEW HUTEPALMOHHOW IOCIEI0BATEIbHOCTH
B KaueCTBE HOBOTO KJII0Ya), YTO TOBBICUT
KaueCTBO 3allIUThl UHPOPMAIIUH.
HekoTopble npukjiIaaHble aCMEKTHI U
BO3MO:KHbIe MOAUPUKAIIUT
[TpuknagHbie acreKThl MBI 00CYK-
JaeM 37IeCTh C TOYKH 3PEHUS CO3JaHUs
CUCTEMBbI 3allluThl MH(pOpMaAlUU Ha Oa3ze
CTaHJapTHBIX (He o4yeHb MolHbIX) [1K u
MOMYJISIPHBIX CHUCTEM pa3pabOTKH Mpo-
rpaMM.



The mantissa length in stan-
dard floating-point representation in
modern programming systems such
as C, Pascal, Java, Delphi, etc., does
not exceed 19-20. Given the
Liapunov exponent value, one can
evaluate by eq.(10.4), Table 10.1,
the minimum number of iterations
after which the minimum deviation
from the true key by one least deci-
mal digit in the mantissa results in
the change of coding rearrangement.
In the case of not very large infor-
mation segment to be coded, one can
rearrange the finer information ele-
ments, bits , for example.

One should take into account
that, due to the very principle of the
coding, the result of the calculation
of the coding sequence depends on
the (inevitable) rounding after each
operation with floating-point num-
bers. So, the use of whole mantissa
length in iterations of chaotic map
makes the resulting coding sequence
depending on the type of mathe-
matical co-processor. This property
can be used to attach the coding se-
quence generation to particular type
of PC to gain the quality of informa-
tion defense. On the other hand, this
attachment can be "switched off" by
rounding the result of each iteration
to 10 decimals, for example.

The encryption key length 20
1s too short. This length can made as
long as one needs by the use of sev-
eral maps iterated simultaneously
each with its own initial condition.
For example, if two maps are used,
the maximum encryption key length
becomes 40. At the ordering stage of
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JInMHA MaHTUCCHI B CTaHJIAPTHOM
MPEJICTABJICHUN C IUIABAIOIIEH TOYKOU
COBPEMEHHBIX CHCTEM MpPOrpaMMUpPOBa-
Hus, Takux kak C, Pascal, Java, Delphi u
mp., He npesbimaer 19-20. Ilo 3aganHOM
BEJIMUMHE ToKazaTens JIsmyHoBa MOXXHO
OlleHUTh, cM. yp.10.4, 1a6m1.10.1, mMuHuU-
MaJIbHOE YHUCJIO0 HUTEparui, Mmocjie KOTO-
phIX MHHUMAJILHOE OTKJIOHEHHUE OT WHC-
TUHHOTO KJII0Ya Ha OJIHY MOCJIEIHIOO Jie-
CATUYHYIO ITU(PY B MAHTUCCE NMPUBEACT K
M3MEHEHUIO KOAUPYIONIEH MepecTaHOBKH.
B ciyyae He oueHb OOJBIIOTO KOAUpYE-
MOro MH()OPMAIIMOHHOTO CETMEHTAa MOX-
HO MEepeCcTaBUTh OoJiee MeJKre nHpopma-
[IUOHHBIC €TUHUILIbI, OUTHI, HATIPUMED.

CrnemyeT uMeTh BBHUIY, YTO B CUITY
CaMoOro MpUHIINIA KOJUPOBAHUS PE3YJib-
TaT BBIYMCJCHHM 3aBHUCHUT OT (HEHU30EK-
HOT'0) OKPYIJIEHUS TOCJIE KaXJA0W omnepa-
AU C YUCJIIAMHU C IUIABAIOIIEN TOYKOMH.
[TosTOMy wHCHONB30BAaHUE BCEW JIMHBI
MaHTHCChl B UTEpalUSIX XaOTUYECKHUX
OTOOpaXEHUW JeNIaeT KOAUPYIOIIYIO IO-
CJIeIOBaTEIbHOCTh 3aBUCUMOW OT THIIA
MaTeMaTH4YEeCKOro corpoleccopa. ITo
CBOMCTBO MOHO MCMOJIb30BATh ISl MPHU-
BSI3KM T'E€HEpalluy TOCJIeI0BATEIbHOCTH K
yactHoMmy Tuny [IK mis moBwiieHus Ka-
yecTBa 3auuThl nHpopmanuu. C apyrou
CTOPOHBI, TaKas NPUBA3KA MOXKET ObITh
"oTKJIIOUEHA" OKPYIJICHUEM pe3yJibTaTa
KaXJI0W HUTEepalu 10 JECITH YHUCel To-
CJI€ 3aMlsITOM, HaIpuMep.

JnmuHa xoaupyromero kimwoya 20
CIIMILIKOM MaJla. DTa IJINHA MOXKET OBLITh
ciejiaHa KaK yroJIHO OOJIbIIIOH, €CJIU UTe-
pUpOBaTh  OJITHOBPEMEHHO  HECKOJIBKO
OTOOpaXXEHU, KaKJ10€ CO CBOUM Haydallb-
HBIM ycioBueM. Hanpumep, eciu ucnosib-
3YIOTCS JIBa OTOOPaKEHUS, MAKCUMAaJIbHAsI
JUTMHA KOJAUPYIOIIETO KJII0Ua CTAaHOBUTCS



coding sequence generation one can
use the natural order, for example,
of the values  ((Xm0)t(Vmo)’,

xml)zi(yml)zr“a (me)zi(ymN)z) con-
structed of two iteration sequences
(X0, X1, X2,..., Xy) and (Vo, Y1, V25eees YN)
of the maps. Other appropriate alge-
braic functions can be used. The
number of maps can be made (arbi-
trary) large and so is the encryption
key length. Thus one can develop
the information defense system with
very large encryption key length on
the base of standard software devel-
opment systems.

This length can be made lar-
ger in the case of the use of maps
with parameters the values of which
influence the calculation results and
are extracted from the key. The pa-
rameters should be in the ranges cor-
responding to the iteration regimes
ensuring the positive large enough
Liapunov exponents, i.e. these must
be completely chaotic or intermit-
tency (with short periodic phases)
regimes. However, most of the
popular chaotic maps have a non-
monotone or discontinuous depend-
ence of Liapunov exponent on the
parameters of the maps. Neverthe-
less, there are the maps with always
positive Liapunov exponent of the
order of unity [2]. These maps are:

X,.,=x,+6 ,0 = arctg(sign(—xm Wz +1- z)
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40. Ha cragumn ynopsiio4eHHs MpU TeHe-
pauuu KOJMPYIOUIEH IOCJIeI0BaTEIbHO-
CTH MOXHO HCITIOJIb30BaTh €CTECTBEHHBIN
MOPSI 0K BCJIMYMH ((xmo)zj:(ymo)z,
(xml)Qi(yml)za-": (me)Qi(ymN)z)a CKOHCT-
PYMpPOBAaHHBIX M3 JBYX HTEPALMOHHBIX
MOCIeIOBATEILHOCTEH (X, X1, X2,..., Xy) H
(0> V1, V2seess VYN) ITHX OTOOpaKEHUH.
MO>XHO HMCHOJB30BATh APYrHe MOAXOAS-
ue anreopandeckue ¢GyHkiuu. Yucio
OTOOPKEHU W JJIMHY KOAMPYIOLIErO
KJII0Ya MOXKHO cJenarh (IMPOU3BOJIBHO)
oonpiMu. TakuM 00pa3oM, MOKHO CO3-
JaTh CUCTEMY 3alllUThl MH(OpMauu ¢
OYEHb OOJIBIIUM KOAMPYIOIIUM KIIFOUOM
Ha 0a3e CTaHJApTHBIX CHCTEM IIPOrpam-
MHUPOBaHUSI.

Ota 1nuHa MOXET OBbITh yBEJIMUYEHA
IIPU UCTOJIb30BAHUM OTOOpaKEHHM ¢ ma-
pameTpaMu, BEIUYMHA KOTOPBIX BIIHSET
Ha pe3yJbTaT BIUUCIECHUN U U3BJIEKAETCA
U3 KJIt04Ya. JTU MapaMeTpbl TOJKHBI ObITh
B JMana3oHaxX, COOTBETCBYIOLIUX PEXHU-
MaM HTepaluid, rapaHTHPYIOLIUM JIOCTa-
TOYHO OOJIBIIYIO TMOJIOKHUTENbHYIO BEJIH-
yuHy nokaszarens JlamyHoBa, T.e. 3TO
JOJKHBI OBITh MOJHOCTHIO XAOTUYECKUE
PEXUMBI, UJTM PEXXUMBI IEPEMEKAEMOCTH.
Opnako, OOJBIIMHCTBO  MOMYJISIPHBIX
Xa0TUYECKHX OTOOpaKEHUH HMEIOT He-
MOHOTOHHYIO WM pPa3pbIBHYIO 3aBHUCH-
MOCTh TOKa3arensa JldamyHoBa OT mnapa-
MeTpoB oToOpaxeHuidl. Tem He MeHee,
MMEIOTCSI OTOOPa)KEHHsI C BCeraa IMoJio-
KUTEJIbHBIM IOKa3aTesneM JlsmyHoBa mo-
psaKa eIMHUIBI [2]. DTO OTOOpaKeHUS:

347 -1
zZ=—"

1 (10.7)

A=vsin(-x,,) - "s-map", A=-x,, - "l-map", 4=- V(xm)3 - "c-map", A=wvig(-x,,) - "t-

vis a control parameter, x,, varies in
the interval. The dependencies of the

mapn,

V - KOHTPOJIbHBIN Tapamerp, X, HU3MEHS-
eTcsl Ha uHTepBane [-m/2,+ m/2]. 3aBucu-



Liapunov exponents of these maps
on the control parameter v are
shown in Fig.10.3. (By the way, s-,I-
and c-maps have fractal bifurcation
diagrams.) Although the iterations of
such maps take more time than sim-
ple logistic map or Bernoulli shift,
but this time takes not more than
from 70% (for the very short seg-
ments) to 3.4% (for the long seg-
ments) of the overall time of coding
sequence generation and this is not
crucial for applications, see Table

251

MOCTH TMOKa3zarenen JIssmoHoBa 3THUX OTO-
OpakeHHI OT KOHTPOJILHOTO HapaMeTpa v
nokasansl Ha puc.10.3. (Kcrarwy, s-,1- u c-
0TOOpakeHHsI MUMEIOT (hpaKTalbHbIE OU-
(bypKalMOHHBIE TUArpaMMbl.) XOTs HUTe-
paly TakuX OTOOpakeHWil TpeOyroT
0oJbllle BPEMEHH, YeM MPOCTOE JOTHUCTH-
yeckoe 0ToOpakeHue win caBur bepHy-
JIM, HO 3TO BpeMs 3aHHMAaeT He 0oJiee YyeM
oT 70% (111 OYEHb KOPOTKUX CETMEHTOB)
10 3.4% (mas IIMHHBIX CETMEHTOB) 00-
IIETO BPEMEHU T'eHEepaluu KOAUPYIOIIeH
MOCIIE0BATEIBHOCTH, U 3TO HE KPUTUIHO

JUIsT  TIpUIoOKeHud, cM. Tab6n.10.2 wu
puc.10.4.

10.2 and Fig.10.4
O
_]-?
< -2 1
N S
—
_3-
-a -3 -2

Fig,10.3. The dependencies of
Liapunov exponents of the maps
(10.7) on control parameter.

O 1 2

119 b Y4
Puc.10.3. 3aBucumocTs nokaszareseit JIs-
nyHoBa otoopaxenuii (10.7) ot koH-
TPOJBLHOTO TIapaMeTpa.



Table 10.2. Actual times, sec, of
coding sequence generation by
Pentium 100 MHz, AMD K6 166
MHz, and Pentium 2 233 MHz
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Ta6mumna 10.2. dakTuvecKkue BpemMeHa re-
Hepaluu KOAUPYIOIIEH IMOCiea0BaTeb-
HOoCcTH Tiporieccopamu Pentium 100 MI'm,
AMD K6 166 MI';, and Pentium 2 233

rOCeSsSors. MI 1.
Segment size*, K P, Kae, P2, Iterations time**,
Pa3mep cermenta | 100 MHz 166 MHz 233 %

MHz Bpewms urepannii

1/2 1.4 0.74 0,29 ~70

2/2 2.86 1.63 0.53 ~50

4/2 6.73 4.53 1.33 25.0

8/2 19.86 14.84 4.20 13.3

16/2 67.72 53.75 16.25 5.8

30/2 229.20 181.25 63.25 3.4

*The coding sequence is generated,
in fact, for the half of data segment
and then expanded by a special al-
gorithm. This significantly reduces
the processor time with the same
"combinatorial quality" of coding
sequence.

**Three identical maps like (10.7)
iterated simultaneously.

Implying that the problems of
apparatus and virus information es-
cape are solved, we can evaluate the
information defense quality by sim-
ple combinatorial calculations. The
practical application of the method
proposed implies dividing the data
to be processed into the segments
the length of which determines the
information defense quality. The
coding sequence can be generated
for every data segment, or once for
all the data segments. The figures
for the case of demo version of the
program realizing this method of
cryptographic defense on the base

*Kogupyromas 1ociieJoBaTelbHOCTh T'e-
HepUpyeTcs: (PaKTUYECKU AJisi MOJOBUHBI
CerMEHTa JaHHbIX M PACIIUPSETCA IO
CHeUUalbHOMY QJITOPUTMY. DTO CYILECT-
BEHHO CHIKAET MPOLIECCOPHOE BpEMS C
TEM K€ CaMMbIM "KOMOMHATOPHBIM Kaye-
CTBOM" KOJUPYIOIIEH MOCIEI0BATEIBHO-
CTH.

** Tpu OJMHAKOBBIX OTOOpaXEHUS THUIIA
(10.7) uTepupyrorcs OAHOBPEMEHHO.

[TonpazymeBasi, 4To mpoOJIEMbI am-
napaTHOW M BUPYCHOW YTE€UKH MH(OpMa-
MU PEIIEHbI, Mbl MOKEM OLEHUThH Kaye-
CTBO 3alUThl HMH(POPMALMH MPOCTHIMH
KOMOMHATOPHBIMU BbIYMCIEHUSIMU. [Ipak-
TUYECKOE MPUIIOKEHHE MPEAIOKEHHOTO
MeTOJia MoApa3yMeBaeT JelieHne odpada-
THIBAEMBIX JAHHBIX HAa CErMEHTHI, JJIMHA
KOTOPBIX OIpEAEsieT KaueCTBO 3aIUTHI
uHpopmanuu. Koaupyromas mnocienona-
TEIBbHOCTh MOXET TE€HEpUPOBATHCS IS
KQKJOT0 CErMEHTa JAHHBIX, WU €JIUHO-
KIbl 114 Bcex. Uucna s ciydast JeMOo
BEPCUU TPOrPAMMBI, PEATU3YIOIIEH 3TOT
MeTOJ Kpunrorpaduyeckoid 3amuThl Ha
ocHoBe otoOpaxenuit (10.7) ¢ anuHOM



of maps (10.7) with the encryption
key length ut to 60 symbols and the
choice of data segment length
among 1,2,4,8,16,30 K with possi-
ble bits rearrangement are as fol-
lows.

The extraction of coded in-
formation is possible in two ways:
to find out the encryption key - one
of approximately 10 possible
keys, or to overview an awful num-
ber of possible combinations of bits
of each data segment. We can
evaluate the minimum difficulties
for the minimum segment 1K.

The first way is somewhat
difficult because to probe only one
encryption key requires to generate
the code and to view and recognize
(during 1 sec at least) the result. It
will take more than 10> years for
the usual PC. For the super com-
puters (very expensive to use) this
figure will hardly ever be less more
than 20 orders. The second way is
slightly more difficult because the
number of combinations of bits in 1
K iS 21024*8: (210)1024"‘8E (103)102.4*8:
10> To overview the all possible
rearrangements of bytes (1024!
exp[1024*(In(1024)+1)] = &*'*!*
10**7?) is one more opportunity to
have a good time. It should be
pointed out once more that these op-
timistic figures are valid if only
there are not the virus and apparatus
information escape, and such prob-
lems must be solved by other meth-
ods.

1R

In Tables 10.2 and 10.3 there
are some figures obtained for the
demo version elaborated by (32 bit)
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Kiroya 10 60 cMMBOJIOB U BBIOOPOM IJTH-
Hbel cermeHTa u3 1,2,4,8,16,30 K ¢ BO3-
MO>XHOCTBIO TE€PECTaHOBKH OHUTOB clie-
JyIOIIHE.

Bo3MoxHbl 1Ba crocoba 3KCTpak-
MU 3aKOAUPOBAHHONW MH(POpMALIMK: HaM-
TH KOJUPYIOIIMKM KJIIOY - OJAWH M3 MpH-
MEPHO 10° BO3MOXKHBIX KITIOUEH, HIIH
0003peHue OTPOMHOI0 YUCJIa BO3ZMOXKHBIX
KOMOMHAIMK OWTOB Ka)XIOr0 CErMEHTa
JTaHHBIX. MBI MOKEM OLIEHUTh MUHUMAJIb-
HbIE TPYJHOCTHU JJII MUHUMAQJIBHOTO Cer-
MeHTa qaHuex 1 K.

[lepBblli MmyTh TPYIHOBAT, IIOTO-
My4TO MpoOa TOJBKO OJIHOIO KOJUPYIO-
iero kjiaroya TpeldyeT reHepanuu Kojaa u
IPOCMOTpa U pacro3HaBaHus (3a 1 cek. 1o
KpaifHeil Mepe) pe3yJibTaTa. DTO NoTpely-
et Gonee 10> et aus o6sruanOoro K. Jos
CYyNepKOMIBIOTEPOB (MCIOJB30BaHUE KO-
TOPBIX OYEHb JOPOro) 3Ta uudpa BpsIIU
Oyner menbuie Oonee yem Ha 20 mopsa-
KOB. BTOpoM myTh 4yTb-4uyThb TSKEIEE,
MOTOMYUTO YHUCIIO KOMOMHAIM OUTOB B 1
K pasro 2'0248= (210)1024%8x (1(3)1024%8_
10°*7°, O6o3penne Bcex BO3MOKHBIX Tie-
PECTaHOBOK OaifToB (1024! =
exp[1024*(In(1024)+1)] = & =
103527'3) - €Ile OJHa BO3MOXKHOCTH IIO-
paspiieucs. Crenyer eiie pa3 OTMETHUTD,
YTO 3THU ONTUMHUCTUYECKHE LHUPPHI Mpa-
BUJIbHBI, €CJIM TOJIbKO HET alapaTHOU
WIM BUPYCHOW YyTeuku HHPOpMALMH, a
Takue MpoOJeMbl JIOJDKHBI pelaThes ApY-
MM METOJaMHU.

B tabmumax 10.2 u 10.3 nmerorcs
HEKOTOpbIe UQPHI, TTOJTYUYESHHbIC I Jie-
MO BEpPCHHU MPOTpaMMBbl, pa3pabOTaHHOH C



programming system under Win-
dows 95. The coding sequence gen-
eration time is proportional to the
data segment length power 1.5-1.9
depending on the range of segment
size (the short<4K or the long>4K)
and processor type, Fig.10.4, Table
10.2. Taking into account the power
of modern PC's, the data segment
length can be made up to 30 K for
the reasonable processing times,
Table 10.3.

Table 10.3. Actual full times, sec,
(for P/100 and K6/166 based PC’s )
of processing the files of different
sizes on HDD for the coding se-
quence is generated once at the be-
ginning (see Table 10.2).
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nomonibio (32 OUTOBOI) CHUCTEMBI MPO-
rpammupoBanus noj Windows 95. Bpems
TreHEepali KOAUPYIOLIEH MOCIe10BaTENb-
HOCTH MPONOPLHMOHAIBHO JJIMHE CErMEHTa
IaHHBIX B cTereHu 1.5-1.9 B 3aBUCHMOCTH
OT JMana3oHa pazMepa cerMeHTa (Kopode
win jguHHee 4K) W Tuma mporeccopa,
puc.10.4, 1a6n1.10.2. [IpyHumas BO BHHU-
MaHhe MOIIHOCTh coBpemMeHHbIX [IK,
JUIMHA CErMEHTa JIaHHBIX MOXET OBITh
caenana 1o 30 K nmpu pasymHbIX Bpeme-
Hax 00paboTku, Ta6.10.3.

Tabmuua 10.3. dakTuyeckue BpeMeHa,
cek., (mns 1K na ocnose P/100 u K6/166)
00paboTku (aitioB pazIMYHOrO pasmepa
Ha JKECTKOM JHMCKE, KOIJa KOJIUPYIOIast
MOCJIEIOBATENbHOCTh T€HEPUPYETCS OJMH
pa3 B Hayasie (cM. Ta0:1.10.2).

File size, K 10 120 4715 13642

Pa3mep aiina
Segment size*, K

Pasmep cermenta | P100 K6 P100 K6 P100 K6 P100 | K6

1 2 1 3 2 43 34 120 98

2%* 3 2 4 2 24 19 65 53

4% 7 5 8 ) 19 14 43 35

gk 20 15 20 15 28 21 49 34

16** 71 54 68 54 69 58 95 67

30%* 228 162 229 163 233 165 252 | 172

*The coding sequence is generated,
in fact, for the half of data segment
and then expanded by a special al-
gorithm.

**Coding sequence is constructed
for the full segment size, but if the
file size is smaller then the coding
sequence is compressed to the re-
quired length. The same is done for
the end pieces of files when they are
shorter than the coding sequence.

For the very small files up to
10 K the short segments 1-2 K with

*Konupyroiasi 1mociaeqoBaTeIbHOCTh T'e-
HepupyeTcss (paKTHUYECKU JJIsI TTOJOBUHBI
CerMEHTa JIaHHBIX M PACIIUPAETCS IO
CIICIMAJIBHOMY aJITOPUTMY.
**Koaupyromas MOCJIEN0OBATEILHOCTD
KOHCTPYUPYETCS JJI1 BCErO0 CErMEHTa
JTAHHBIX, HO €c/M (hailJl MEHBIIIE CErMEHTa,
TO KOJUpYIOIIas IOCJEA0BaTEIbHOCTh
CXKUMAETCS JI0 HYXXKHOTo pasmepa. To xe
caMO€ OTHOCUTCS K KOHEYHBIM KyCKaMm
GbaiisioB, €clii OHM KOpOdYe KOJUPYIOIIEH
MIOCJICIOBATEILHOCTH

Jns ouenp Manbix (aitioB 1o 10K
MOTYT OBITh PEKOMEHJIOBaHBbI KOPOTKHE



continuous code generation can be
recommended. For the files up to 1
M the segments 4-8 K with con-
tinuous code generation or the lar-
ger segments with at once code
generation can be recommended.
For the bigger files the segments 16
K and more with at once code gen-
eration can be recommended. The
segment size 8 K may be considered
as optimal for the processing rate
and defense quality.

Application of the proposed
technique to the compressed files
also gains information defense qual-

1ty.
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cermeHThl 1-2 K ¢ HenpepsIBHOU reHepa-
nuen konxa. ns daiino 1o 1 M MoxHO
pekoMmenaoBaTh cermeHThl 4-8 K ¢ Henpe-
PBIBHOM reHepanueil kojia, wid 0oJblIue
CErMEHTBI C reHepalueil KoJaa exXuHOXK/IbI.
Jlnst Gonbmux (HailsioB MOXKHO PEKOMEH-
noBath cermeHTEI 16 K 1 Oonee ¢ ogHOM
resepamnuend koma. Pasmep cermenta 8 K
MO>KHO pacCMaTpUBATh KaK ONTUMAaJIbHBIN
M0 CKOPOCTH O0OpabOTKM M KadyecTBYy 3a-
IIUTHI.

[IpuMeHeHue peIoKEHHON METO-
JUKH K CKaThIM (pailiaM TakKe MOBBIIIAET
KauyecTBO 3alIUThl HH(pOpMaALUK.

1000 —e—P/100
] —B—K6/166
100 - s —A—P2/233
2 : yR2 0.9871.45 / y=9E-06x
@ y = V.78 0 2
QEJ 10 - sy s R 09794
= ]
S -
g 13 y=2E-05x CRETT g
) ] -
£ 1 R*=09922 &~
U 0‘1 T T 17 T T 17 T T T
100 1000 10000 100000
Segment length, bytes

Fig.10.4. Dependence of coding
sequence generation time on the
sequence length, see Table 10.2.

Thus, even at the first
glance, the proposed method can
be used for developing power
many level information defense
system on the base on standard
PC's and software developing sys-
tems. In the case of demo version
mentioned above, there are 6 seg-
ment sizes to set, times 2 ways of
code generation (at once at the be-
ginning or for every data segment)

Puc.10.4. 3aBucuMoCTh Bp€MEHU r€HEPA-
MU KOJUPYIOIIEH MOCIeI0BATEIbHOCTH OT
ee JUTMHBI, cM. Ta0i1.10.2.

Takum oOpazoM, nake Ha MEepBbII
B3IJIS]], IPEIJIOKEHHBI METO/ MOKHO HC-
M0JIb30BaTh ISl CO3[aHUST MHOTOYpOBHE-
BOM CHCTEMBI 3alIUThl HHPOpMalUK Ha Oa-
3e cragaaptHeix IIK u cucrem mporpam-
MHpOBaHMs. B ciydae yrnmoMsHyTOW BbIIIE
JIEMO BEpCUM HUMEKTCSI 6  3aJaBaeMbIX
pa3MepoB CETMEHTOB, YMHOXXHUTh Ha 2 CIO-
coba reHepanuu Koja (OAUH pa3 B Hadale
U JUIS K&XKJIOr0 CETMEHTa JAaHHbBIX), YMHO-
KUTb Ha 2 crnocoba oOpaboTku OUTOB (TIe-



,2times 2 ways of bits processing (to
rearrange bits/substitute bytes or
not), times 2 ways of iterations
calculation (to round iteration re-
sult to 12 decimals or not) that is
48 information defense levels. The
deterministic chaos based cryptog-
raphy can also be used for the ac-
cess denying, defense of licensed
products, antiviral defense and in
many other ways. With some com-
plications the method can be elabo-
rated to use two keys, the one open
to hide and the second to restore
the information like it does in the
RSA method.
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pecTaByIsSITh OUTHI B KaXJOM OaiiTe, WIH
HET), YMHOXXHUTh Ha 2 Croco0a BEIYUCIICHUS
uTepanuil (OKpyrisaTh 10 12 3HaKoB mocie
3aIATOM, WJIM HET), YTO COCTaBisieT 48
ypoBHEW 3ammuThl MHpopmManuu. Kpunro-
rpagusi Ha OCHOBE JAETEPMUHHUPOBAHHOTO
Xa0ca MOXXET TaKK€ HMCIOJIb30BaThCS s
OTKJIOHEHHUSI JOCTYIIA, 3aIIMUThI JINLEH3UPO-
BaHHBIX MPOJYKTOB, aHTUBUPYCHOW 3aIlU-
Thl 1 BO MHOTHX JIpyrux 3agadyax. C HeKo-
TOPBIMU  YCIOKHEHUSMH METOJI MOXKET
ObITh pa3BUT JUIsI HUCIOJIb30BAHUSL JIBYX
KJIFOUEH, OIMH OTKPBITBIA I CKPBITHS U
JIPYTOW 3aKpBITBIM IS BOCCTAHOBJIEHUS
uH(popMaIi, KaK 3TO UMEET MECTO B Me-
tone RSA.
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