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Annotanus. IlpeaMer KHUTH — 3JIeMEHTAPHAS TOIOJIOTHS. BKIIOUEHBI:
OCHOBOIIOJIAraIOIINN MaTepuaJl 0 0oOIIell TOIOJIOIUY U BBEJEeHUEe B aJl-
rebGpamgecKyio TOIIOJIOTHIO Yepe3 ee Haubojee KIACCHYIeCKHI U dIeMeH-
TapHBIA pPa3/esl, BHICTPANBAIOIINICS BOKPYT MOHATHN (byHIAMEHTAIb-
HOW IPYIIBI M HaKpPbBaoero npocrpaHcrsa. CrTepKHEM H3/I0KEHUs
SIBJISIETCS. MaTepPUaJ, OOBITHO BXOISINNN B JIEKIIMOHHBIH KypC Ie€OMeT-
pun MareMarnko-mexanmdeckoro dakyabrera Cankr-Ilerep6yprckoro
yHEBepCUTETa. DTOT MaTepuasl WIAIOCTPUPOBAH U JIOMOJIHEH GOJIbIIIM
KOJIMYeCTBOM JIPYTUX 33Ja49 Pa3HOIl CTeleH!u TPYTHOCTHU.
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Hamsamu Baadumupa Abpamosuua Poxauna (1919-1984)
— HAWE20 YHUMENA

IIpeauciioBue

Hpe,quT KHUTU — 3JIEMEHTapHad TOIIOJIOTru#d

ITox s/temMerTApHOCTHIO TOHUMAIOT OJIM30CTH K OCHOBAM, djiemerHTam. He-
BO3MOZKHO OIMPEIEINTH TOTHO Pa3 M HABCET/IA, KaKash TOTOJOTHS JIeMEHTaD-
Ha, a Kakasi — He OYeHb. DJIEMEHTapHasl 9aCTh MPEJIMera — 3TO TO, C 9ero
BHATOK TpeMeTa HAINHAET 00yUIaTh HOBUUKA.

Mpr monaraeMm, UTO HAIl YIEHUK VK€ TOTOB M3yYaTh TOMOJJOTUIO W HE
OyZeM IbITaThCs 3aBOEBATH €r0 BHUMAHWE W PACIIOJIOKEHUE TOPOILIUBBIME
HEBPA3yMUTEIbHAMEU PACCKA3AMU O TAKUX TAWHCTBEHHBIX W IIPUBJIEKATE b
HBIX Bemax Kak Oyreuika Koeitna.! Becemy cBoé Bpems. Korma moiiaér vepén
1o oyreuiku Koteitaa, Oymer u Oyreuika Kireitna. Hauném ke Mbr ¢ TOro, 910
TaKO€e TOIOJIOTMYIECKOe MPOCTPancTBO. To ecTh HAUHEM C OOIEil TOOJIOrnN.

OO6111as TOMOIOrNA y2Ke JTABHO SIBJIFAETCA YaCThI0 ODIEeMATEeMATIIECKOTO
s3biKa. OHA yIUT MOHATHO U TOYHO TOBOPUTH O BEIAX, CBI3AHHBIX C Ujeeil
uernpepbiBHOCTH. OHA HYKHA HE TOJBKO JIJIsi TOTO, 9TO0BI OObICHUTH, UTO
ke Takoe OyTeiika Kieitra. 9To emé u criocod NpuBHECTH T€OMETPUUECKHe
obpa3el B J10OYIO 00/1aCTH MaTeMaTHUKU, KaK Obl JajiekKa OT FeOMETPUM 3Ta
objiacTh HI ObLTA HA TEPBBI B3IV,

Kak 0b1acTh aKTUBHBIX HAYIHBIX UCCJIEI0BAHNUIL, O0IAst TOMOJIOT U TIPAK-
Tudeckn 3asepiiena. [locrosgHnoe ucro/b30Bane B KayecTBe 00Iero Mare-
MaTUYECKOTO $3bIKa OTIIOJUPOBAJIN CACTEMY €€ omnpejesienuit u Teopem. B
HAIU HU €€ u3ydeHue J1eHCTBUTEIbHO HAIIOMUHAET CKOPEE W3YUEHUE dA3bI-
Ka, HeYKeJn MaTeMaTUKN: MIPUXOINTCA BBIYINBATH MHOTO HOBBIX CJIOB, TOT/IA
KaK JI0Ka3aTe/IbCTBA, OOJIBIITMHCTBA TEOPEM UPE3BBIYAIHO IIPOCTHI. 3ATO TEO-
PEM 3TUX OYeHb MHOrO. DTO U HE yIUBUTETHHO — OHM UTPAIOT POJIb IIPABUII,
PEryIupyIONuX yuorpebeHne CIoB.

Kuwura cocrour u3 aByx gacreit. OOIIast TOMOIOTHS SIBJISETCS TTPEIMETOM
[epBoil YacTu KHUru. Bropas 4acTb HOCBLAINEHA BBEJIEHUIO B ajredpawnte-
CKYIO TOIIOJIOTUIO Yepe3 eé Hanmbojiee KJIaCCUuIeCKuil 1 JIeMeHTAPHBIN pa3iern,
BBICTPAUBAIONINICI BOKPYT MOHATHI (DyHIAMEHTAIbHONW TPyl U HAKPBI-
BAIOIIET0 ITPOCTPAHCTBA.

'KTo mmer Takoif sIeMeHTapHON TOMOJOrHE, JErKO HAHJET €8 BO MHOXKECTBE KHIKEK 110
HATJIAHON TOIOJIOTHH C KPACHBBIMH KapTHUHKAMH.
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B snemenTapiyio TOMOIOTWIO MBI BK/IIOYM/TH ObI €I11E 1 HaYaIbHBIE CBEIe-
HUS O MHOI000OPa3usX — MPOCTPAHCTBAX, JTOKAJBHO YCTPOEHHBIX TaK K€, KaK
eBKJINIOBO TPOCTPAHCTBO. OCOOEHHO 3JIeMEHTAPHBI OJIHOMEDHBIE U JIBYMED-
HbIe MHOT000Pa3us, TO €CTh KPUBbIE U MOBepxHOCTH. HO KHUKKA HE JI0JIZKHA,
OBITH CJIMIIKOM TOJICTOM, W HAM IIPUIILIOCH OCTAHOBUTHCH.

HeckoibKO 0COOHSIKOM CTOWT IIaBa 5, MaTepuaJl KOTOPO CBA3aH C pas-
JIMIHBIMA Pa3jeslaMi MaTeMaTuKu. XOTs OH U UTPaeT B HUX CYIIECTBEHHYIO
pOJIb, OH He CTOJIb YK BajKeH IIpU M3ydeHun obIreii Tornosoruu. Yarme Bcero
ero u3ydeHne MOXKHO OTJIOXKHUTH JI0 TOl ITOPBI, ITOK& OH HE MOSIBUTCS COJED-
JKATeTbHBIM 00pa30M B JIPYIHX MATEeMATHIECKUX Kypcax (B KOTOPBIX pedb
noiizer o rpymnax JIu, dynkumonanspHOM ananuse u T. 1.). B KOHTEKCTe
Hareii KHUH OH MHTEPECEeH TeM, 9TO obecrieanBaeT 0OJIBIION HADOP pa3HO-
00pa3HbIX IPUMEPOB U YIIPAXKHEHUIA.

Oco0eHHOCTN OpraHm3aIii TEeKCTa

Jlaxke mpu 6eryioM mpocMOTpe OOHAPYKUBAETCA HECTAHIAPTHOCTH Opra-
HU3AIUU TeKCTa 3Toi KHuUrn. MbI CO3HATETBHO IOIILIA Ha HECKOJBKO HOBO-
BBemennii. Hajeemcst, uro amraressb OBICTPO OCBOMTCS C HEMU W HANWJIET MX
TTOJIE3HBIMU.

Mgl 3Ha€eM, 9TO HYZK/IbI U MHTEPECHI HAINX YUTaTe/ el Pa3HOOOpa3HbI, 1
OCO3HAEM, KaK TPY/HO C/ie/aTh KHUKKY WHTEPECHON M IOJIE3HON I Kaotc-
dozo auraressi. /s perenust 9T0i 33291 Mbl Pa3MeTUIU TEKCT TaK, YTOObI
quTaTe/h MOT JIETKO OIPEIeINTh, Yero MOYKHO K/JaTh OT KarK/I0T0 KyCOYKa
TekcTa. Mbl Ha/IeeMCsi, 9TO 9TO [MO3BOIUT €My OPTaHU30BATH U3y UECHUE MaTe-
prajia KHUTH B COOTBETCTBUU CO CBOMMH BKYCAMU U BO3MOXKHOCTSIMHU. DTOi
[IeJIn CJIYZKAT HECKOJIbKO OCODEHHOCTEN OPraHmu3aIuu TeKCTa, KHUTH.

[Ipex e Bcero, MBI BBIIEJNIN OCHOBHYIO, TaK CKa3aTh, JEKITHOHHYIO JIH-
HUI0. DTO TOT MaTEPUAJ, KOTOPBIN MbI cunTaeM OCHOBHbIM. OH COCTaBJIsIET
CPABHUTEIHLHO HEDOJIBIITYIO YaCTh TEKCTA.

Yacro o mepebuBaercsi KOHKPETHBIMU [TPUMEPAMU, WLIIOCTPATUBHBIMA
¥ TPEHUPOBOTHBIMU 3a/a9aMU U 00CY K IEHUEM MTOHATHI, CBA3AHHBIX C 9TUMUI
IpUMepaMu ¢ 33Ja9aMu, HO He MCIOJB3yeMBbIX B JaabHelimeMm. HexkoTopnie
U3 ITUX MOHSITUI UTPAIOT OCHOBOIIOJIATAIONIYIO POJIb B APYTUX 00/IACTAX Ma-
TeMaTHUKU, HO 3/1eCb OHIU BTOPOCTEPIIEHHBI.

Cr10BOM, OCHOBHAasl JIMHUS [PU TIEPBOH YKe BO3MOXKHOCTU MepeOuBaeTCst
Bapuayusamy . Bapuamuu rpadudecku siCHO OT/IEIEHbI OT OCHOBHOW TEMbI.

Bropas ocobeHHOCTD, OT/INYAONIAT 3TY KHUTY OT OOJIBIIMHCTBA JIPYTUX
yueOHUKOB, — OT/IEJIEHHOCTD [I0KA3aTEIbCTB 0T (hOpMyupoBoK. OHA BBITIs-
JINT TIOYUTH KaK 33 a9HuK. [Ipu kejaHuu 3Ty KHUTY JIerKo ObII0 ObI ciiesiaTh
MAaJIOOTJINYUMOI 110 BUJY OT COTEH JPYIux y4eOHUKOB MarTeMarwku. [l
9TOTO HYKHO BCE BApUAINN MEPEMECTUTH B KOHITHI MaparpadoB Tak, ITOOBI
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OHU BBITVI /U Obl yIPAXKHEHUSIMUA K OCHOBHOMY TEKCTY, & J0Ka3aTeIbCTBA
TEOpPeM MMOMECTUTH HEIMOCPE/ICTBEHHO I0C/e X (DOPMYIUPOBOK.

JlJist KOoro 3Ta KHU>KKa?

Yurareb MOXKeT cMeJIo OpAThCs 33 3Ty KHUXKKY, €CJIM B CBOEM 00pa30Ba-
HUU OH 6/1AronoIydHo jgobpasics 1o yausepcurera. OTiebHbIe CaMOYBepeH-
HbIE CMEJIBYaKU MOTYT ITOIPODOBATH B3ATHCHA 3a Heé u panbie. OIHAKO CKa-
3aTh, UTO IPEABAPUTEIHHBIX 3HAHUI He Tpedyercs, Heb3sd. [Ipenmnonaraercs
3HAKOMCTBO C BEIECTBEHHbIMU duciamMu. Hy u KOHEYHO ¢ HATypa/bHBIMHU,
IEJBIMI ¥ PAIMOHAJBHBIMU. 3HAKOMCTBO C KOMILIEKCHBIMU YHUC/IAMU TOXKE
He OyJIeT JIUITHIM, XOTs B IIepBOil YacTh KHUTH 0e3 HUX MOXKHO U 0DONTHCH.

Mgt npejimiosiaraem, 9To YATaTe/ b 3HAKOM C HAMBHOI Teopueil MHOYKECTB,
HO JIOIYCKAEeM, UTO 9TO 3HAKOMCTBO MOXKET OBbITh MOBEPXHOCTHBIM. [ToaTOMY
TaM, TJie BJIa/IeHre Teopuell MHOXKECTB OCODEHHO KeIaTe/IbHO, CIeJIaHbl CIIe-
aJIbHbIE TEOPETUKO-MHOYKECTBEHHBIE OTCTYIIJIEHUSI.

Mpsr1 He onmpaeMcs BCEPhE3 HA 3HAHUE aHA/IN3a, HO MMOCKOJIbKY OOJIbIITNH-
CTBO HAIIUX YUTaTesIell ¢ HUM BCE PaBHO XOTb UyTb-4yTb 3HAKOMBI, Mbl He
crecHsgeMcsi Tpuberarb K 0003HAYEHUSIM U MOHITUAM U3 aHAJM3A.

Bo Bropoit wactu npuroguTcd onbiT paboThl C IPyIIAMEI, XOTA BCE HEOD-
XOJIUMOE O I'PYIIAaX MbI COODIIAEM.

O/1HO W3 caMBbIX TIEHHBIX MPUOOPETEHHUil, KOTOPOe MOXKET CJIeJIATh UhTa-
TeJb, OJI0JIEB DTy KHUTY, — HOBBIE 3JIEMEHTHI MaTeMATHYECKOU KYJIbTYPHI,
CIIOCODHOCTH MTOHUMATH U IEHUTH aDCTPAKTHYIO aKCHOMATHIECKYIO TEOPHUIO.
Yewm B OO/IbIIIEI CTEIIEHN YUTATE/IH STUM y2Ke 00J1a/1aeT, TEM Jierde eMy OCBO-
uThb HAKTUIECKUN MaTeprasl STOW KHUTH.

Ecyiz BBl XO0THTE M3yYaTh TOMOJOTUIO CAMOCTOATEIHHO, MOMPOOyiiTe pa-
6oTarh ¢ 310l KHUTO#. OHA MOXKET OKa3aThCd KaK pa3 TeM, YTO BaM HYIKHO.
OHako BaM CjielyeT BHUMATEIHHO TePEeINTATh ITO PEJIUCTIOBUE C TEM, UTO-
6b1 pa30bpPaATHCsd, KAK OPraHU30BaH MaTEPUAJ U KAK WM MOJb30BATHCH.

OcHoBHag Tema

CTep)KHeM KHHUTHY ¢ABJIAETCA MaTepuaJl KypCa TOIOJOTUU JJisd CTYJEHTOB
maremarukos Cankr-IlerepOyprekoro (JIeHnHrpacKkoro) rocy1apcTBEHHOrO
yHnuBepcureTa. STOT MaTepHruaJl CDaAaBHUTE/IBHO HEBE/IMK U ITOYTH HE COJACP2KUT
CJIO?KHBIX PaCCyzKJIeHUi.

[Iycts wmTaTens He ayMaeT, UTO BBIJAEISISI OCHOBHYIO TEMY aBTOPHI MPO-
CTO TIBITAIOTCA HABA3BIBATL MY CBOU BKYCHI. MBI He CTeCHAeMCs TP CIydae
CBOU BKYCBl HaBf3bIBaTb, HO 3/1eCh Mbl CTPEMUMCS IIpexKJe BCero OpraHu3o-
BaThb U3yUeHUe IIpe/IMeTa.
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OcHoBHast TeMa COCTaBJISIET 3aKOHUYEHHOE Iiesioe. duraresb, eé OCBOUB-
Ui, TpejMeT Bblydusl. 3arjsiblBaj OH B BapUallid WU HET — ero JieJio.
Ho Bapuaruu jj1st TOro m BKJIIOYEHBI, YTOOBI IOMOYb B OCBOEHUU OCHOBHOT'O
varepuaja. OHE HE COCTAHBI HA 3aK/IOYNTE/bHBIE CTPAHUILI aparpados
JIJIE TOTO, YTOOBI OBITH 110/T PYKOI MMEHHO TOT/Ia, KOI/J[a OHU HYZKHEE BCero.
3a0/1HO U3 Bapualuii MOYXKHO y3HATH MHOIO nHTepecHoro. OJIHAKO upe3mep-
HO OyKBAJILHOE U TIIATE/THHOE CJIE/IOBAHNE BAPUAIIAAM MOXKET HEOIIPABIAHHO
3aTAHYTh U3y4deHne IIpeaMeTa.

Mgl cuanTaeM, UTO MaTepuaJI, MPeICTaBJIeHHbI B OCHOBHOU TeMe, — 3TO
TOT MUHUMYM TOIIOJIOTUN, KOTOPBII JIOJ?KEH OCBOUTHL KazK/Iblil CTYJ/IEHT, pe-
MIUBIITUM CTATh MIPO(ECCHOHATBHBIM MATEMATUKOM.

CrynenTy, 9bu UHTEPEChl OKAXKYTCs CBI3aHBbI C TOIOJIOTHEN W JAPYTUMU
PeOMETPUIECKUMU MPEIMETAMM, KOHEUHO, MPUIETCS U3YIUTh TOpa3ao 60/1b-
1I1e, €M MBI BKJIIOYWIN B OCHOBHYIO TeMy. Ho m emy 3TOT MaTepuaa MOXKeT
IOCJIY2KUTBH XOPOIIeil OCHOBOIA.

CryzienTy, He PaCIUTHIBAIOIIEMY CTaTh TPO(MECCHOHATBHBIM MaTeMaTH-
KOM, JakKe YaCTU4YHOEe 3HAKOMCTBO C OCHOBHOII TeMOHN MOXKeT OKa3aThCs I10-
sie3ubiM. KoMmy-T0o — J1j1d OATOTOBKY K 9K3aMEHY, KOMY-TO — JIJIsI TOT'0, 9TO0bI
[IOYyBCTBOBATH BKYC aOCTPAKTHOW MATEeMATHUKU, POJIb OIPEIeICHUil U IeH-
HOCTb TOYHBIX (DOPMYJIUPOBOK. . .

Ine nokaszaresncrBa?

Kuura pacCanTaHa Ha YUTATEsId, TOTOBOTO pa6OTa,Tb AKTHUBHO.

/JlokazaTenbcTBa TEOpem OTAE/IEHbI OT UX GPOPMYJIUPOBOK U MOMELLEHbI B
KOHEL, TeKyLLeil ra1aBssbl.

ITo namemy ybexkjenuio, mepBoit peaxmueil Ha GOPMYIUPOBKY JIOOOT0
YTBEPKIEHUsI, KOJIb CKOPO BaM KAYKETCs, UYTO BbI €€ MOHSIN, JO/2KHA ObITh
MOTBITKA, JI0OKa3aTh e€. Ul onpoBeprayTh, ecju jokaszarsk He ymaércs. [lo-
IIBITKa OHpOBepFHyTb MOZKET 6])IT]3 IIOJIE3Ha W JJId JOCTUZKEHUNA .)'[yLHJ_IeFO
noHuMaHus (OPMYJIUPOBKY U JIjId MOUCKA JTIOKA3ATETHCTBA.

OTmangsa moKa3aTe/ bCTBa OT (POPMYIUPOBOK, MBI XOTHM ITOOIIPUTL Y-
TaTe/id K MPOIYMBIBAHUIO KaK10f (DOPMYJIUPOBKH, OJHOBPEMEHHO CICIaB
KHUTY HEYT0OHO /11 JIETKOMBICJIEHHOTO CKOJIbXKEHUS 110 Juaronasin. Bupo-
9eM, IUTATETh, TTPEATOTNTAIONINI 00ee TPANIIMOHHBIN CTUIbL U HE YKeIaio-
Uit M0 KakKuM-mb0 npuamHaM pPadoTaTh Yepecdyp aKTUBHO, CMOXKET DO
HATH 0KA3aTEIbCTBO B KOHIIE IVIABbI, JIMOO M BOBCE MPOIYCTUTH €ro (mpas-
Ja, PUCKyst 1 (DOPMYJIMPOBKY MOHSITH IIPEBPATHO).

Takoit cTU/Ib MOXKET YIOJAUTH U UCKYIIEHHOMY YUTATEJTI0, TTPEITTOINTAIO-
meMy (bOpMyJIMPOBKH, HE OMPAYEHHbIE JoKa3aTe bcTBaMu. Jloka3arebcrBa
B OOJIBIIINHCTBE CBOEM JIETKHe, IIPUIYMBIBATH MX JIETKO U IIPUATHO.



Ipenmncrosne vii

CrpyKTypa KHUTHA

OCHOBHBIMU CTPYKTYPHBIMU €JIMHUNIAMU KHUTH sBJISIOTCA maparpadbl,
KOTOPBIe Pa3/ie/IeHbl HA TPOHYMEPOBAHHbBIE W O3aIIaBJAeHHbIe MyHKTHI. Kax-
JIBIH IIYHKT IOCBLIIEH OTAEIbHOMY CIOXKeTY U COCTOUT U3 OIIpe/ieIeHnil, KOM-
MeHTapueB, TeopeM, yIpaykKHeHul, 3a/1a4d U 3arajiokK.

[Tos 3aragkoii Mbl MOHMMaEM 3a/1ady, penteHne (a 4acTo U yCJIOBHE) KO-
TOPOIl CeyeT CKOpee yrajarhb, 9eM BBIYUC/IUTH WJIM BHIBECTH U3 (DOPMYJIN-
POBKH.

Teopewmbl, ynpakuenns, 3aJa90 W 3araJKN, OTHOCAIIIECST K OCHOBHOMY
MaTepuaJy, HyMepyTCs [TapaMu, COCTOSIIUMU 13 HOMepa naparpada u Jja-
TUHCKOI OYKBBI, OTJEJEHHBIX JAPYT OT JIPYyTra TOUYKOII.

2.B. 3aezadka. Ilpurnmasi BO BHUMaHNE €€ HOMED, ONPEIeIUTe, KAaKOM Ia-
parpade J0JKHA HaXOAUThCd 3ra 3arajaka’ Jda u 3arajka i 5107

ByKBbI HpI/ICBa.I/IBa.IOTCH B a..)'[(ba.BI/ITHOM HOpH,Z[Ke %1 HyMepyIOT yTBep)KﬂeHI/IH
B TIpesesax maparpada.

Yacro mocse TpyAHON 3amaun (TeopeMbr) chOpMyIHPOBAHA MOCTEI0BA~
TeJIBLHOCTD YTBEPXKIEHHIl, SIBIAIONIXCI JeMMaMn K 9Toi 3agade. Takas re-
IIOYKa HEepeIKO 3aBeplIaeTcs 3ajadeil, B KOTOPOil MpeIaraeTcs BEPHYThCS
K WCXOJHOI 3a7ade (Teopeme), BOOPYKUBIIHNCH TOJBKO UTO JOKA3AHHBIMU
JIeMMaMH.

Bapwuarun

OcHOBHOIT MaTepua MOJAETCA B OKPYKEHUN MHOIOYUC/IEHHBIX TPEHU-
POBOYHBIX 3a/la4 U JOIOJHUTEIbHBIX OIIPeJe/IeHNil, TeopeM U yTBepPKIeHU].
HecMmoTpst HA cBOM CBSI3U C OCHOBHBIM MATEPHAJIOM, OHU OOBIYHO OCTAIOTCS
3a paMKaMU CTaH/IapPTHOI'O JIEKIIMOHHOTO Kypca.

DTOT JNONOJHUTEHHBI MaTEPUAJI B KHUIE JIErKO PACIIO3HAETCs 110 DoJee MeJi-
KoMy mpudTy ¥ IMUPOKUM IIOJISM, TAKUM, KaK 31eCh. YIIPaKHEH!s, 3aJa<Tn 1
3ara/iKm, He BKJ/IIOYEHHbIE B OCHOBHOI MaTepuaJi, HO TeCHO CBA3aHHbIE C HUM, HY-
MEpYIOTCS IMapaMu, COCTOAIMMA U3 HOMEpa maparpada m HOMEpa HTOr0 yTBep-
JKIEHHS B Ipejesax maparpada.

2.5. Haiinnre B OCHOBHOM TeKCTe KHUTH 33/a9y C TeM Ke HoMepoM 2.5.

Pewienns Bcex 3a4a4qy noMeLyeHbl B KOHUE KHUTH.

Bajaun, KOTOpble aBTOpaM MMOKa3a/IuCh Haubojiee TPYIHBIMU, [IOMEUYEHbI,
KaK BOJUTCH, 3BE3/109KOi. OHU BKJIFOUEHBI C PA3HBIMU IEJISIMU: HAMETHUTD
CBSI3U C JIPYTHMU 00JIACTIMU MAaTeMaTUKW, YKa3aTh BO3MOYKHBIE HAIPaBJ/IE-
HUsI PA3BUTHA MPEIMETA, WU ITPOCTO JIOCTABUTH YIOBOJILCTBUE aMOUITNO3-
HOMY YHUTaTEJIIO.
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JlomosTHUTEJIbHbIE TEMbI

Mpl pemmin caenaThb AOCTYIHBIMU g 3aMHTEPECOBAHHBIX CTYIEHTOB
HEKOTOPBIe TEOPETUIeCKNe CIOKETHhI, JOTIOTHATONIIEe OCHOBHON MaTepmas. Mx
ObLIO OBl eCTECTBEHHO BKJIIOYATH B JIEKIIMOHHBIE KYDPCHI, IPeTHA3HAYCHHBIE
JTsT CTAPIIeKypPCHUKOB (mu acnupanToB). OHAKO, KaK MPAaBIJIO, STOTO He
C/Iy4aeTcsd, MOCKOJbKY CIOKETBI 3TU ILJIOXO BIMCBIBAIOTCA B TPa/IUIMOHHDLIE
crenuabHble Kypcbl. Bojiee Toro, nx m3yueHne KaxKercs 0oJiee ecTeCTBEH-
HBIM UMEHHO IIPU MEePBBIX KOHTAKTaX C TOIOJIOTHE.

B kuumkke Takme CIOXKETbI BbBIJIEJIEHBI B OTJ/IE/IbHBIE ITYHKTHI, B HOMEPA
KOTOPBIX BKJIIOYEH CHMBOJI X, UTO O3HA4aeT extra (MHOTja TakuM 0Opas3oM
noMedeH u Bech naparpad, a B OJHOM CJIydae U Ie/1as T1asa).

OrTHomrenre K 3TOMY MaTepruaay KakK K JOMOJHHTETHLHOMY 3aBHUCHT, KO-
HEYHO, OT TOUKH 3peHusd. OTHOCST KaKOH-TO CIOKeT K TAKOBOMY, MBI PYKOBO/I-
CTBYEMCs CBOUMMU IIPEACTABJICHUAMMN O TOM, 9TO AOJIZKHO BXOJUTH B IIEPBOHA~
JaJIbHOEC U3y4YeHne TOIMOJIOINN. MbI IMOHNMaeM, 9TO KTO-TO U3 KOJLJIEeT MOZKeT
He 0l00pPUTh HAIl BHIOOD, HO HAJEEMCs, UTO HAaIllla Pa3MeTKa He TOMEITaeT
1M I10JIb30BAThCAd KHUXKKOIA.

Coserbl yuTaTeJIIO

OTOil KHUT'0#l MOYKHO ITOJIb30BATHCS IIPH MOJIMOTOBKE K dK3aMeHy IO TO-
nojioruu (0COGEHHO €C/IM OH COCTOMT B perneHnn 3a1ad). OIHAKO eC/Ii BbI
cylIaere JIEKITUU II0 TOMOJIOTUH, TO Pa3yMHO IOYUTHIBATEL €e IepeJ] JeKIu-
MU, IBITAICh CAMOCTOSATEIbHO JOKA3bIBATH IIPUBOUMBIE YTBEPKIEHU 10
TOr0, KaK UX JIOKazKeT JIEKTOD.

1:II/ITa.Te.}'II/I, KOTODPbIE MOI‘yT CaMOCTOATE/IbHO JOKa3aTh YTBep)KI[eHI/IS{ nu3
OCHOBHOI TeMbI, BOODIIIE T'OBOps, HE HYXKJAIOTCA B PEIIEHUM BCEX 3a/1ad,
npejjiaraeMblX B BapUalludax, 1 MOFYT OTPaHNMYINTHCA 6QF.)'[I>IM 3HAKOMCTBOM
C X YCJIOBHLAME U pelleHneM Hanbosiee TpyaHbIX n3 HuX. C Ipyroil cTOpoHbI,
qeM TPY/IHee BaM JOKA3BIBATH YTBEP:K/ICHIA OCHOBHOM TEMBI, TeM C OO IbIINM
BHUMAaHUEM CJIeJlyeT OTHECTUCh K WJLIIOCTPATUBHBIM 33/a4aM U C MEHBIINM
— K 3aJa9aM CO 3BE€3T0YKOIi.

Muorue u3 mpejiaraeMbiX WJIIOCTPATUBHBIX 334 MMPUIYMATh JIETKO.
BoJsiee Toro, npu ceppe3noM m3ydeHUU MPEIMETA MPUMEPHI TAKOrO THUIA, U
HY2>KHO IIOCTOAHHO IIPUJIyMbIBATh.

C npyroit cTOpOHBI, HEKOTOPBIE 33/1a41, IPEJICTABJIEHHBIE B 9TOI KHUKKE,

IpUAYMATh COBCEM He MPOCTO. MBI MIMPOKO MCHIOIB30BATN BCEBO3MOYKHBIE
UCTOYHUKU, KaK JIMTEPATYPHbIE, TaK U IIPENoIaBaTeTbCKuil (hOIbKIIOP.



Ipenmncrosne ix

HoBoe cj10BO B MaTeMaTuke: corga

B maremarumdeckoil pednm WacTo BCTPEYAETCS CAOYKHBIN COIO3 “Toria u
TOJILKO TOT/Ia, KOTAa” (Ipyrue BapHaHTHI: “B TOM U TOJBKO B TOM CJIydae,
ec’, “7Ist TOTO, ITOOBI . . . HEOOXOUMO ¥ JTOCTATOYHO, uTo0bI”). Hu B 071
HOM €CTECTBEHHOM HAIIMOHA/IBHOM $3bIKe HET KOPOTKOTO COI03a C TEM JKe
cMbIc/ioM. B muchbMeHHBIH aHTIniickuit Maremaruku BBesu coro3 “iff”, u on
[IOJTY 9MJT IITUPOKOE pacipocTpanerue. Mbl ipejraraeM Ha Ty 2Ke POJib JIPyroe
CJIOBO — COrAga, KOTOPOe 3BYUUT MO-PYCCKHU W UMEeT JIOCTATOYHO sICHYIO STHU-
MoJtoruto. Ero BTOpOit CJI0T -rga sBjgeTCss aKTUBHBIM CJIABSIHCKUM KOPHEM,
yKazbIBaomuM Ha BpeMs. OH BXOJUT B CJIOBA mozda, écezda, kozda, unozda,
nukozda, nexoeda. IlepBriil cJIOT cO- ABJIETCA HE MEHee aKTUBHOI IPUCTaB-
KO, KOTOpast CJIyKUT Jjist 00Pa30BaHUsI CJIOB, O3HAYas 0DIIee yIacTue, COB-
MECTHOCTB U T. TI., HAITPUMED, COBPEMEHHUK, COAGBMOD, COZAACUE, COPUMHUE.
Bwmecte noygaercs 06IIHOCTS BpeMeHr, 9T0 COOTBETCTBYET JIJIMHHO (hopme
“Torma M TOJBKO TOTA, Korma’.

Kak co3gaBajiach 3T1a KHHUTra

OcHoBHasg Tema cjaeayeT KypCy JIEKIHii, ImocTaBaeHHOMY Biagumupom
Abpamosuuem POXJIHMHBIM Ha MaTeMaTHKO-MexaHmdecKoM dakyibrere Jle-
HUHTPAJCKOTO T'OCY/IapCTBEHHOT'O YHUBEPCHUTETA B ITECTHUAECATHIE TOIBI MU-
HYBIIIEro Beka. Ham KaxKeTcs yMEeCTHBIM HAa9aTh C 00CTOATENIBCTB CO3/IAHUS
9TOr0 Kypca, XOTd MHUCATh Ty KHUTY MbI CTaJM yrKe mocjie cmepru Biia-
muvupa Abpamosrda (KoTopblit ymep B 1984 romy), B mecruiecsaroie roapl B
Coserckom Coroze maremaTuka ObLIa OAHON U3 HanboJee MPUBJIEKATEIbHBIX 0DJIa-
cTeil HayKu I MOJIOZBIX JIIOJIEH, yCTymas Cpe/in HEry MAHUTAPHBIX HAYK pa3Be YTO
duszure. Kaxkaprit roa Ha oTe/ienne MmaremMaruku mar- mexa, JII'Y mocrymnamm 6ostee
CTa CTY/IEHTOB, HECKOJBKO JIECATKOB M3 KOTOPBIX OBLIH BBIMYCKHUKAMHA MaTEMATHU-
qecKux mKoJI. IIporpaMmma JeKImuoHHbIX KyPCOB MaT-MeXa HOABEPTJIACH CEPbE3HOMY
OOHOBJIEHUIO.

o co3nanus pOXJIMHCKOIO Kypca TOMOIOI S IIPEMO/IABATIACH HA MAT-MEXE TOJb-
KO B PAMKAaX CHernKypcoB. POXIHMHY y1a10ch BKIIOYUTD B CUCTEMY ODIIUX 0053aTe b=
HBIX KYyPCOB CeMeCTPOBbIi Kypc Tonooruu. Kypc cocrost u3 Tpéx riias, MOCBAIIEH-
HBIX, COOTBETCTBEHHO, 001II€il TOmoTornn, (PyHIAMEHTAIBHON IPYIITE U HAKPBITUIM
u muHOTOOOpa3usM. Comep:kanne MepBhIX IBYX IJIAB MAJIO OTJIUYAJJI0Ch OT OCHOBHO-
ro MarepuaJia 3Toit kuuru. Ilocsennss riaaBa HaunHAIACH C ODIIErO ONPE/IeIeHNs
TOMOJOMTIECKOr0 MHOIMOOOPAa3ust, BKJII0YAIA TOMOJOIHYECKY 0 KAACCH(DPUKATIMIO O/
HOMEPHBIX MHOTOO0Opa3uil  3aBepInasach OO0 TOMOJOIHIeCKON Kaaccudukarueit
TPUAHTYJINPOBAHHBIX JIBYMEPHBIX MHOro0Opaswuii, 1ubo sjementamu aud depenim-
AJIbHOM TOITOJIOTUU BILJIOTH JO BJIOXKUMOCTHU TJIaIKOTO MHOTOOOpPa3ue B €BKJIMIOBO
TPOCTPAHCTBO.

Tpoe 3 4eTHIPEX aBTOPOB MPUHAIEIKAT TEPBBIM TOKOJIEHUSAM CTYIEHTOB, CITY-
MIABIITUX TOT POXJIMHCKUN KypPC JIEKIUi. DTO OBLT CeMEeCTPOBbBIi KypC, TP 9aca B
HEJIEJII0 B EPBOM ceMecTpe BTOporo Kypca. OT CUJibl JIBE JIBYXYaCOBbIE JIEKIUHA B
TEYEHUH BCEIO CEMECTPa TMOCBAIIAINCH DEIIEHUIO 3324, DT 3aHATHs IPOBOMIT HE



Poxnun, a ero acnmpantel. K mpumepy, B 1966—68 romax wx Bén Mwnmra ['pomon
— BBIJAIONMIUICA reoMeTp, B HacTosdAllee BpeMs npodeccop napuxkckoro Wucrury-
Ta BBICIINX UCCASTOBAHUI U HbI0-HOpKckoro Mucruryra Kypanra. Poxmua caurant
KyPC TEOPETUYeCKHM U HE XOTeJ TPATUTH JIEKIMOHHOE BPEMs HA PEIleHre 3a/ad.
1 BopaBmdy, B paMKax 3TOrO Kypca CTYIEHTOB HE MPUXOIUIOCH 00YUIATh DEIIEHIIO
cepuil pyTUHHBIX 33/1a9 HAMOI0OWE TPAIUIIMOHHBIX )T MATEMATHIeCKOrO aHAIN3a,
3a/a9 HA TeXHUKY MudGEepEeHIInPOBAHNSA U WHTETPUPOBAHUS.

Baaanvup AbpaMoBrud PoxIuH 4UTaET JEKIMIO, HIECTUIECATHIE TOIbI.

XO0Th MBI U MTOCTPOMINA CBOIO KHUTY, OTIPAB/IAACH OT JieKinii PoxmHa, HuKa-
KOI'O IIPeJCTaB/IeHUsl O CTHJIe POXJIMHCKMX JIEKIUA KHUra He Jaér. D10 ObLiu OJie-
cramnme Jeknuu. Biaaauvup AOpaMoBUY TIOYTH HUYErO HE MUCAJ Ha, J0cKe. Tem wHe
MeHee, 3aMUChIBATh 33 HUM ObLI0 Jierko. OH rOBOpWMII HE TOPOMSChH, MAKCUMAJIBHO
MMPOCTBIMHU U UACATHHO MPABUILHBIMI (pa3aMu.

[Mocnemauit pa3 cBoit obs3aTebHBIN Kypc Tomoaorun Poxiwa mpouén B 1973
roay. B aBrycre 1974 B cBs3u ¢ Ts1:KE510# O0J1e3HBIO POXsIMHA aMIHUCTPAIINNA MaT-
MeXa MPUILIOCh UCKATh, KEM 3aMEHUTh ero Kak JIEKTOpa. 3aJada OCIOKHSIACD
TeM, 9TO IK3aMEHAIIMOHHBbIE PE3YJIbTAThl 338 MPEJAbIAYIIAN 101 ObLIM U3 PYK BOH
wroxu. B 1973 roay Bpems, orBeIEHHOE HA KYPC, ObLIO YBEJIUIEHO /10 YeTHIPEX YaCOB
B HEJENIO, TOT/a KaK YHUCJIO0 CTYJEHTOB YBEJWYUJIOCH, a4 YPOBEHb WX TOJITOTOBKH,
COOTBETCTBEHHO, CHU3UJICA. U 9K3aMeHAIMOHHBIE OIEHKY “DyXHY/IN .

Bou10 pereno Bech MOTOK, COCTOSABINWI MPUOIU3UTEIBHO U3 175 CTYIEeHTOB,
pa3aenuTh Ha JABa MOTOKA. JIeKIWW CTyIeHTaM, KOTOPBIM MPEJICTOSIO CIEInaIN-
3UPOBATHCA O TPUKJIAIHON MaTeMaThuke, OBLIOW MOPYYEHO YUTATH TPOGECcCcopy



Ipenmncrosne xi

B. A. Bajarasnepy, a Jeknuu cryjaeHramM-mMmaremarukaMm — accucrenry O. 1. Bupo.
[To upemyioKenuto 3aJirajiepa ObLIM BBEIEHbI IPAKTHUYECKUE 3aHATUA — OAUH dac
B Hezeso. B pesysbrare BpeMs, OTBEAEHHOE HA JIEKIMH, YMEHbIIUI0Ch, & BMECTe
co BpeMeneM cokparuica de facto u 00béM MarTepuaJia.

OcraBajioch IOHATH, YTO Ke JeJaTb Ha NPAKTUIECKUX 3aHATUAX. [Ipuiniocs
paspaborarh CUCTEMY 3a/1a4 U yIIPazKHEHU, KOTOpbIe JaBa/iu Obl BO3MOKHOCTD I10-
BTOPUTD OLPEJEIeHNs, JAHHbIE HA JEKIHUAX, U 1I03BOJIsLIM Obl Pa3BUBATL HABBIKU
B JI0Ka3aTeIhCTBE TIPOCTHIX TEOPEMOK 3 ODIIEeH TOMOJOTHH B 0OCTAHOBKE HECIOK-
HOI aKCHOMATWIECKOU Teopun. IIpu moCTeneHHo CHUKAMOMEMCS YyPOBHE TTPeIBAPU-
TEJIbHOM [IOArOTOBKHU CTY/IEHTOB IIPAKTHIECKNE 3aHATUS U 3314491 CTAaHOBUJIUCH BCE
0oJ1ee IOIe3HbIMU.

Saga4qu nepBOil YaCTH KHUTH — PE3Y/IbTAT HAIUX YCUJIWHA B 9TOM HAPABJICHUN.
B 1988 roxy 3ama«m 3tu ObLTH OMyOMUKOBaHbI H3AaTEALCTBOM JII'Y B HEOOIBIION
kamzKKe "3amaqu o rononoruu'.

Crynenrsl Halm KHUKKY mosie3noil. Oqun u3 wux, Asnekceir CosoBbéB a-
JKe mepeBén eé Ha aHIVIMHACKANR O COOCTBEHHON MHUIMATHBE, KOTAA MOCTYIHI B
acimpantypy Yuusepcurera Kamudopuuu. [lepesos orkpbur HOBbIN dTamn paboThb
HaJ KHUTOU. MbI CcTau pa3BUBAThH MAPAJIIEIBHO PYCCKYIO U QHTJIMICKYIO BEPCUU U
OXBATUJIM MPAKTUIECKNA BECh MaTeprajl poxjuHCKoro kypca. B 2000 roxy B usma-
resberse Cankr-IlerepOypreckoro rocy1apCTBEHHOINO YHUBEPCUTETA, BBIILIO BTOPOE
PyCCKOe u3janue KHUI'H, y2Ke BKJIIo4YaBiiee B cebs riiaBy o GpyHIaMEeHTATLHONU I'PYTI-
1€ ¥ HAKPBHITUIX.

ABTOpBI MCTTOBL30BANIN AHTIIMIACKYIO BEPCHIO B CBOMX JieKIuAX B CoequHEHRbIX
[MIrarax (Yuusepcurer Kamudopnun), @panmuu (CrpacOyprckuii yHUBEpCUTET)
u IIsenuu (Yoncanbekuii yauBepcurer). JIGKIUU 9UTAIUCH 11 BECbMA PA3HBIX
ayIMTOPWIi: KaK JJIs CTYIEHTOB, TAK W JJI ACTUPAHTOR. KpoMe Toro, Mbl oIy 9a/u
3aIPOCHL OT 3HAKOMbIX U HE3HAKOMBIX MPO(DECCOPOB HA PA3PEINEHUe UCIOIb30BATH
AHTJIMICKYIO BEPCHIO B WX JIGKIUSAX KaK B TE€X ¥Ke, TaK W B APYyruX crpanax. Bos-
HUKJIM HOBBIE TpeOOBaHWS K TEKCTy. Hampmmep, HAC MPOCHIN BKIIOYUTH B KHUTY
pelenus 3a/1a4 1 J0Ka3aTe/IbCTBA TEOPEM, 4TOObI IPUBECTU €€ B COOTBETCTBUE C 3a-
MaIHBIMU CTAHJAPTAMHU W IPEBPATUTD U3 33Ja9HUKA B CAMOJIOCTATOYHBIN yIeOHWK.
[Tokone6aBIACh, MBI YIOBIETBOPUIIA 3TH MPOCKOBI, TeM 6oJIee, 9TO K HUM MPHCO-
€MHUIOCH U31ATenLCTBO AMepukanckoro Maremarndeckoro O6mecTsa, KOTOpoe
nybsmkyer B 2007 roay aHrIuiicKyio BEepCHIO.

Mpg1 HiraroiapHbl BCEM HAIITMM KOJLIEraM 33 UX COBETHI U TOMOIIh. MuoTro-
YUC/IEHHBIE I[I0JIE3HBIE 3aMeYaHUsi W I[IPEJIOYKEHUs ObLIM BBICKA3AHbI
M. FO. Bparensckum, A. B. Kopuaruusim, C. C. [Toakopsirossim, A. H. I1Ty-
makosuueM. Mol Osrarogapabl Astekcero CoTOBBEBY 3a aHIVIMIICKUE TTEPEBO/L
[IEPBOr0 M3AHUS ITON KHUKKH.

Mgt ocobo mpuzHaTenpubl Buktopy A6paMosmay 3asrasiepy, et mea-
TOTUYECKUil ONBIT U UCKPEHHEee JKeJTaHue TIOMOYb ChII'PAJIN HEOIEHUMYIO POJIb
JIJIst HAC TOT/[A, KOTUIA MbI OBLITH MOJIOJIBIE.



xil

Kaxkgomy n3 Hac mocyacTainBuioch ObITH yueHUKOM Biajmvupa Abpa-
voBr4aa Poxjimna, mamsaTy KOTOPOrO MbI U HOCBHAIIAEM DTy KHHUTY.

ABTOpHI, cleBa HAIPaBO:

Outer duosua Bupo,

Bstaecnap Muxaitmosrma Xapsramos,
Hukwra FOpsesua Henperaes,
Outer Anekcanposuu VBaHOB.
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Yacmo 1

Ob0miag TomoJiornd



esib 9100t yacTn kKHUrum — obyveHne MareMarnieckoMmy sA3biky. Tounee,
O,Z[HOﬁ nu3 Ha.I/I60.)'[ee BazKHbBIX €I'0 KOMIIOHEHT — 4d3bIKY TE€OPETUKO-MHOXKECTB-
€HHOl TOIOJIOTHH, KOTOPasi UMEET JI€JI0 C OCHOBOIIOIATAIOIMMEI TTOHATUSIMMA,
CBA3aHHBIMU C njeeii nenpepbisHocTn. Tepmun 0buwas Tonosorus 06o3navdaer
TOIOJIOTHUIO, KOTOPAsi UCIIOIB3YEeTCd DOJIBITMHCTBOM MaTeMaTUKOB. I1ocTosiH-
HOE WCIIO/Ib30BAHNE B KQ9eCTBE OOIIEr0 MaTeMaTUuIeCKOr0O S3bIKa, OTIIOIHPO-
BaJIM CUCTEMY ee OIpe/iesienuii u reopeM. B namu quu usyguenue o0Ieit Tomo-
JIOTUM ,Z[el‘/JICTBI/ITe.HbHO HaIIOMUHAET CKOPEEe M3y4dYeHUEe A3blKa, HEXKeJIn MaTe-
MAaTHUKW: TPUXOTUTCS BBIYyIUBATh MHOT'O HOBBIX CJIOB, TOIVIA KaK JIOKA3aTe b-
CTBa BCEX TEOPEM UPE3BBIYAIHO IIPOCTHI. 3aTO TEOPEM OYeHb MHOIO. DTO
He YAUBUTEJIHHO — OHH UTPAIOT POJIb IIPABIJI, PErYJIUPYIONNX YIOTPeOIeHIe
CJIOB.

Mpbl JOJIKHBI IPEIYIPEeIUTh CTY/IEHTOB, Jjisd KOTOPBIX 3TO OJUH U3 Ca-
MBIX TEPBBIX MaTeMaTHIeCKUX MpeaMeToB. He crmemmre BIIOOUTHCS B HETO
CJIUIIIKOM CHJIBHO, HE JIafiTe CJIyIUThCsT UMIPUHTUHTY. DTOT TPEIMET MOXKET
09apOBaTh, HO OH HE TAKO! YKMUBOW KaK MHOTUE JIpyrue 00/IacTi MaTeMaTUKHI
7 HE CIOCOOeH TaTh TAKOTO TPOCTOPA JJIsT 3aXBATHIBAIOIINX HOBBIX OTKPHI-
THit.



Lnasca [

CTpyKTYyphbI 1
IIPOCTPAHCTBA

1. TeopeTuko-MHO>Ke€CTBEHHOE OTCTYIJIEHHE:
MHO>KECTBA

MpbI HaUMHAEM C OTCTYILJIEHUS, KOTOPOE XOTEJ0CHh Obl CUUTATH W3JIUIITHUM.
Ero mpeaver — nHamBHAsg TEOPUU MHOYXKECTB — TOXKE YaCTh ODIEMATEeMaTH-
YeCKOro si3bIKa, HO OH ere He Torojorusd. O TOMOJOruu MblI HU CJOBa HE
CMOXKeM CKa3aThb 6e3 3Toit gactu (ITOOBI yOETUTHCS B 9TOM, 3arISHUTE B
crenytoruii maparpad). EcTrecTBeHHO 0:K1IATh, UTO 3HAKOMCTBO C HAUBHOI
Teopueil MHOXKECTB IPOUCXOIUT MPU U3YyUYEHWUN TPEIMETOB, OOBITHO MPE/I-
[ECTBYIONIUX TOMOJIOTUN, TaKMX KaK MaTeMaTWdeCKuil aHaan3 u ajredpa.
Ecsn tak oo u 66110, 6erio mpocmoTpuTe 3TOT maparpad u npuHUMANTECH
3a CJIe/LyFOLIUA.

1’1. MHo>KecTBa U 3JIEMEHTBI

B nroboit unTENIEKTYAIBHON IeATeIbHOCTH OJHO U3 CAMBIX OCHOBOIIO-
JIATAIONINX JIEHCTBUII — coelnHeHrne OOBLEKTOB B TPYIIIBI. DTO COEIUHEHUE
MIPOUCXOJIUT B yMaxX U COBCEM HeODSI3aTe/IbHO COMPOBOXK/AETCA KAKUM ObI
TO HEU OBLJIO HE YMCTBEHHBIM JleiicTBueM. Kak TobKO rpymnmna odpa3zoBaHna u
Ha3BaHa, O Heil MOXKHO JIyMaThb M PacCy’K/laThb U, B YACTHOCTH, BKJIOYATh B
JIipyrue rpymmbl. B Maremaruke uMeeTcs: BeJIMKOJIEITHO pa3paboTaHHas CUcTe-
Ma [MOHATHU, KOTOpas OpraHu3yeT U perjlaMeHTUPYeT CO3/laHue TaKuX I'PYIII
U OIlepUpPOBAHME MMH. DTa CUCTEMA MOHATUN HA3BIBAETCI HAWBHAs TEOPUSs

3



4 I. CrpykTypbl u npocTpancTBa

MHOXECTB, Ha3BaHNE HECKOJIHKO BBOJISAINEE B 3a0/Iy2K/I€HUE — ITO HE CTOJIBKO
TEOPUs, CKOJIbKO S3bIK.

IlepBole c1OoBa B 3TOM A3BIKE — MHOXKECTBO W 3/eMeHT. Ilom MHOXKecTBOM
MMOHUMAIOT TPOU3BOILHOE COOpPaHUEe PA3JINYIHbIX TpeaMeToB. IIpeverst, Bxo-
JIAIIIe B 9TO cOOpaHue, HA3BIBAIOTCI 9AEMENMAMU ITOT0 MHOXKeCTBa. MHO-
JKeCTBO COCTOMT U3 CBOUX 371eMeHToB. OHo 0bpazoaro n3 Hux. UToOBI pazHO-
00pa3uUTh pedb, CJIOBO MHONCECTNGO 3AMEHSIIOT CJIOBOM CO60KYNnHocmb. VIHO-
IJla B TOM K€ CMBICE yIOTpeOJdioT U JIpyrue CJI0Ba, TakKue KakK 2pynnd,
KAacce, cemelicmseo, HO 3TO He BIIOJHE 6e30macHo, MOCKOJIbKY KayK/10e U3 HUX
HaJeJIdeTCsd B MaTeMATHKe JIPYTUMU, KaK [PABUJIO, D0JIee Y3KUMU 3HAUEHU-
SAMU.

To, aTo x ABIIETCS TEMEHTOM MHOXKecTBa A, obo3nadaercs HopMyIoi
x € A. ToBopar x npunagnexut muoxectBy A m A cogepxut . 3HatI0K €
HA3BIBACTCA CUMBOAOM NpuHadieschocmu. OH BO3HUK KAK CTUIN30BAHHA
rpeveckas OyKBa €, mepBas OyKBa JATHHCKOTO cjoBa elementum. @opmysty
T € A 3amuCBIBAIOT ¥ Tak: A 3 z. DTUM MOTIEPKUBALTCS OUEBUIHAS aHATIO-
rug ¢ cuMmBojaMu < u >. To, 9TO & He SIBISIETCS 9JEMEHTOM MHOXKECTBA
A, 3ammceiBaercsa dpopmymnoit © & A nnn A & x.

1’2. PaBeHCTBO MHO>KECTB.

MHuozkecTBO ompejieisgercs cBouMu sjieMentamu. OHO €CTh HU YTO WHOE
Kak cobpanue cBoux djemMeHToB. Hambosiee BBITYK/I0 3TO IPOSB/ISIETCS B TOM,
UTO MHOXECTBA CYUTAIOTCS PABHBIMU, COrAA OHU COCTOSIT U3 OGHUX U TEX XKE dJ1e-
MeHTOB. B 3TOM CMBIC/IE CJIOBO MHOXKECTBO UMEET CJErKa YHUIUKUTETHHBII
OTTEHOK: KOT/Ia, MBI TOBOPUM “MHOKECTBO”, MBI ITOJIEPKUBAEM CBOE CHIOMU-
HYTHOE PaBHO/IyIINE K KaKOil Obl TO HU OBLJIO OPraHU3AIUNA €ro JJIeMEHTOB.

Hampumep, roBops, 9To mnpsiMasi €CTh MHOXKECTBO TOYEK, MbI JIaéM OCHO-
BaHWe MPEeAIOI0KNATh, 9TO JIBe MPSIMbIE COBIAJAIOT, COTJIa OHU COCTOAT W3
ofgHuxX u Tex ke Touek. C JApyroit CTOpOHBI, MbI 0DSI3yeMCsl BCEe B3aWMOOT-
HOIEHNST TOYEK (PACCTOSTHUS MEXKJly HUMHU, MX MOPSI0K HA NPSIMO¥ U T.II.)
paccMarTpuBaTh OTAE/NIBHO, HE BKJIIOYAA UX B IMOHATHAE IPAMOIA.

DJIEMEHTBI, B CBOIO OYE€Pe/b, MOI'YT ObITH MHOXKECTBAMU, HO MOCTOJIb-
Ky IOCKOJIbKY OHU PAaCCMaTPUBAIOTCH KaK 3JIEMEHTBI, OHU HUCIOJHAIOT POJb
CBOEr0O poJia aTOMOB, Ybsl BHYTPEHHAS *KU3Hb UTHOPUPYETCS.

MozkHO mpe/cTaBadgTh cebe MHOYKECTBO KaK BOOOPAYKAEMBIN SIIUK, CO-
3JIAHHBIN, ITOOBI OT/IE/IUTH HJIEMEHTHI ITOTO MHOXKECTBA OT MPOYUX BeIeil.
CoeHenre KaKuX-TO Belleil B MHOYKECTBO JAET BO3MOXKHOCTH ITPUCBOUTH
uM 001Iee UM U JeMOHCTPUPYET HaMepeHne pacCMaTPUBAThL TU BEIN KaK
eMHYT0 OOIIHOCT, He BAABASCH JI0 MOPHI T0 BPEMEHN B UX TPUPOIY U OTHO-
[IeHNsT MEXK Ty CODOii.
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B cospemenHnoil MaremMarTnke Cja0Ba MHONCECTNBO U IACMEHM SBJISIOTCS
oJHUMU U3 HauboJee yrorpedburebHbix. OHU YIIOTPEOIATOTCS TOYTH BO BCEX
MaTeMaTHYeCKUX TeKCTax, K MecTy 1 He K MecTy. Hexoporio cjioBoM 3jieMenT
3aMeHATh JApyrue, OoJjiee 3HAYMMbIE CJI0BA, IIPEBPAIas 9TO CJIOBO B MaTeMa-
TUYEeCKNl aHaJIor cjaoBa-lapasunra wmykae. Korjga 4ro-to HazbBaioT 3Jie-
MEHTOM, JIOJIZKHO OBITH SICHO, UTO TOIPA3yMEBACTCH II0/] MHOXKECTBOM, UbUM
9JEMEHTOM 9TO 9TO-TO CayKUT. CI0BO 9JIEMEHT OCMBICTIEHHO TOJTHKO B KOM-
ObuHalMK CO CJA0BOM MHOXKecTBO. VICK/loueHunit n3 9Toro npasujia He MHOIO:
HEMATEeMATHIECKIe TePMUHBI (XUMUYIECKUIl 9JIEMEHT, HArpeBaTeTbHBIN dJ1e-
MEHT), PeJKNe CTAPOMO/HbIE MATEMATHIECKIe TePMUHBI (HAIPUMED, TTO/BIH-
TerpajibHOE BBIPAXKEHUE HABBIBAIOT UHPUHUME3UMAAOHOM IACMEHTOM, B
CTapbIX TEOMETPUYECKUX TEKCTAX TOYKU, MPAMBIE U TJIOCKOCTU HA3BIBAIOTCS
9JIEMEHTAMN).

1'3. Ilycroe MHOXKeCTBO

Urax, smeMeHT He MOXKeT OLITH 6e3 MHOXKECTBa. A BOT MHOMKECTBO MO-
KeT ObITh 0e3 earHoro 3jeMeHTta. VMeercs BCEro OJHO TaKOe MHOYKECTBO
(MOCKOJIBKY MHOKECTBO OIMPEIE/ISETCS 3aacoM CBOMX 3eMeHToB). OHO Ha-
3BIBAETCST MyCTHIM 1 OOO3HAMAETCST CUMBOJIOM &,

1’4. OcHOBHBIE YHNCJIOBbIE MHOYKECTBA

Hapsny ¢ @ umerorcsd u pyrue yHUKaJIbHbIE MHOXKECTBA, CTOJIb BaXKHBIE,
YTO 3aM0/IyYUIN CBOU CODCTBEHHBIE OOIIENPUHATHIE HA3BAHUS U 0DO3HAUE-
Husi. MHOXKECTBO BCcex HATypaJibHBbIX umces, T. e. 1, 2, 3, 4, 5, ..., obo3Ha-
qaerca depe3 N. MHOKeCTBO BcexX TEeJbIX dnces (Kak MOTOKUTETbHBIX Tie-
JIBIX, T.e. HATYPAJBHBIX YHCET, TAK OTPUIATENbHBIX U HyJsl) 0003HAIALTCHA
gepe3 7. MHOXKeCTBO BCeX palMOHATBHBIX dncesn (700aBbTe K TEIbIM UHC-
JIaM 9HCJIa, [PEJCTAaBUMbIe IpOOSIMU, TaKue Kak %, %7) 0b03HAYAETCS Yepes
Q. MHOKeCTBO BCEX BEIECTBEHHBIX UHCeT (TOIyIeHHOe PUCOeINHEHIEeM K
MHOKECTBY PAIHOHAJBHBIX HIHCE] HPPAIMOHATBLHBIX HHCET TAKHX KAk V2
um = 3,14...) oboznagaerca gepe3 R. MHOXKECTBO KOMILTEKCHBIX THCEJT
obozuauaerca uepes C.

1’5. 3amaHue MHOXK€CTBa SIBHBIM IE€PEYHEM €ro 3JIEMEHTOB

MHokecTBO, 3aJaHHOE CIIIUCKOM a, b, ..., T CBOWX 3JIeMeHTOB, 0003HaTA-
ercst cuMBoJIOM {a,b, ..., x}. JIpyrumu cioBamu, ClUCOK 00HEKTOB, 3aKJIIO-
YeHHbIIl B (purypHbie CKOOKH, 0003HAYAET MHOYKECTBO, 3JIEMEHThI KOTOPOTO
Hepednciensl B 9ToM crmcke. Hampumep, {1, 2,123} — MHOXKECTBO cocTosiiee
u3 uncen 1, 2 u 123. @opmyna {a,x, A} obo3HATAET MHOKECTBO, COCTOSIIEE
13 JIEMEHTOB a, £ U A, Kakue Obl 00bEeKTHI 3TN Tph OYKBBI HU 0DO3HATAH.

1Iprme obo3HaveHus, HampuMep, A, Toxke ObLIM B XOAY, HO IOCTENEHHO ODO3HAteHHe &
CTAJI0 ODIIEIPUHITHIM.
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1.1. Yro Taxkoe {&}? CKOJBKO 3JIEMEHTOB B 9TOM MHOMKECTBE?

1.2. Kakwne u3 nmxecaeayomux HGOPMY/I BEPHBL:
1) oe{o{oly; 2) {gre{{agty 3) oec{{a}}?

MHO}KGCTBO, COCTOdAIIee u3 OAHOI'0 dJIeMEHTa, TaK M Ha3bIBAECTCA O4HO-
SJIEMEHTHBbIM .

1.3. Ssnsercs au MHOKecTBO {{@}} onHOdIEMEHTHBIM?

Bamersre, uro MHOXKecTBa {1,2,3} u {3,2,1,2} paBHbI, MOCKOIBKY OHU
COCTOAT U3 OJIHUX U TeX 2Ke 3jieMeHTOB. Ha mepBbiit B30I, CIIUCOK C TOBTO-
pEeHuSIMU HUKOT/Aa HEe MOXKeT BO3HUKHYTH ecrecTBeHHO. [logiBiserca make
co0J1a3H HA BCAKUIL C/Iydail 3alpPETUTh CIIUCKU C MOBTOPEHUSAMU B TIO/OOHBIX
obozHaueHustx. OJHAKO, KaK 9TO YaCTO CIydaercss C CODJIA3ZHOM UYTO-TO 3a-
[IPEeTuTh, B JJAHHOM CJIydae 3TOT 3amnper He ObL1 Ob1 pasymen. eitcrBuresinb-
HO, 9aCTO HUKTO HE MOXKET CKa3aTh, UMEIOTCs B CIUCKE MOBTOPEHUS, WU
Her. Hampumep, ec/in 9jieMeHThI CIUCKA 3aBUCAT OT HapaMeTpa, TO MPU O/l
HUX 3HAUYEHUSIX [TapaMeTpa HEKOTOPbIE YJIeHBI CIIUCKA, MOTYT COBIIACTH, TOTIA
KaK [PHU JAPYIUX 3HAYEHUSIX OHU OKAXKYTCS PA3TUTHBIMU.

1.4. CKOJIbKO 3JIEMEHTOB COAEpPKaT CAeAyolue MHOKeCTBa T

1) {121} 2) {1,2,{1,2}} 3) {{2}}
4) {11} 5) {1} 6) {{o},9}
7 {Hehigtys 8) {z3z-1}mpunzeR.

1'6. ITogmHO2KecTBa

Ecin kaxkapriit sement MHOXKecTBa A NpUHAIEKUT U MHOXKECTBY B,
TO rOBOPAT, 4TO A ecrb MogMHOXECTBO MHOXKecTBa B, u uro B cogepxut
MHOkeCTBO A, a takke numyr A C Bu B D A. 3naku C u D Ha3bIBAIOTCA
cumBonamu Bratodenus. OHU He CITydaiiHO HAIIOMWHAIOT 3HAKW HEPABEHCTBA,
< u >:

1.A. IIycmv mmooicecmeo A cocmoum u3 a AEMEHMOS, ¢ MHodcecmso B
— u3 b anemenmos. Ecau A C B, mo a < b.

1'7. CaoiicTBa BKJIIOYUEHUS

1.B PedunekcuBroctsb BKOUeHUsi. Brarouenue A C A umeem mecmo 0as
M106020 MHodcecmea A, mo ecmov A1060€ MHOHCECMBO COOEPAHCUMCA 6 CAMOM
cebe.

Takum o6pa3oMm, 3HAKU BKJIIOUEHUsI HE BIIOJIHE COOTBETCTBYIOT 3HAKAM
HepaBerHcTB < u >. Oum oyimke Kk < u >. Obparure BHUMaHUE, 9TO HET
TaKOT0 YHCJIa @, KOTOPOe OBIIO ObI MEHBIIE CaMOro cebsi; HepaBeHCTBO a < @
pelenuii He nMeer.
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1.C Bezgecymmects mycTtoro MHOXKeCTBA. & C A daa 4106020 MHOdICECNBA
A. Jlpyeumu caosamu, nycmoe MHONCECMBEO NPUCYMCMEYEM, 6 KaA%ecmee
NOOMHOIICECTNBA, 6 KANCIOM MHOHCECTGE.

Urak, B mmobom MHOKeCTBe A MMEIOTCS JiBa OYEBUIHBIX ITOAMHOKECTBA:
mycroe MHOXKeCTBO & 1 camo A. IlogvmoxecTBo MuoKecTBa A, OT/IHIHOE OT
@ n A, nazpiBaercs ero cobcrBenHbiM OIMHOKeCTBOM. C10BO 9T0 yrorpeb-
JISIeTCs, KOI/IA XOTAT UCK/IIOUHTL U3 PACCMOTPEHNS OUEBH/IHDIE [I0IMHOKe-
crBa (HA3bIBAEMbIE HECOOCTBEHHbIMY. )

1.D TpamsutuaOCTL BRAouenud. Feau A, B u C — mmuooicecmea, makue
wmo ACBuBCC,moAcCC.

1’8. Jloka3biBasi paBEHCTBO MHOXKECTB,
JIOKa3bIBAIOT JIBa BKJIIOUEHUS

I/IMQH JAEJI0 C MHOZKECTBaMU, 9aCTO IIPUXOJUTCA JOKA3bIBATh, YTO KaKHe-
TO JIBA, MHOKECTBA, KOTOPbIE BO3HUKAIOT Ka3a/10Ch Obl COBEPIIEHHO 110-Pa3HO-
My, Ha CAMOM Jiesie coBmagaioT. Hanbosree 0OBIYHBIN CIOCO0 J0KA3aTEIHCTBA
PaBEHCTBa, MHOXKECTB JAeT CJAeAYIOIasd TeopeMa.

1.F Kpurepuii paBeHCTBA MHOYKECTB.

A=DB, coeda AC BuBCA.

1'9. BkJIlo4eHUE U NMPUHAJIEXKHOCTD

1.F. x € A, coeda {x} C A.

Hecmotpg ma 3Ty 09eBUIHYIO CBI3b W MOXO0XKECTh CIMBOJIOB TTPIHAITEK-
HOCTU € ¥ BKJIOUeHusa C, MOHATUSA IPUHA/JIEKHOCTH U BKJIIOUEHUS BECbMA
pazaunanbl. B camowm jene, mpunaameuocts A € B ozmagaer ato A — oun
U3 3JIEMEHTOB MHOXKeCTBa, B (TO ecThb OfuMH W3 HEJETMMBIX O0OBEKTOB, CO-
crapisromux B), rorma kak Bouenne A C B o3nadaer, uro A cocTout u3
HEeKOTOPBIX JIEMEHTOB MHOYXKeCTBa .

1.G Hepegaercusrnocmsb npunadaesicrhocmu. Llocrpoiite MHOXKECTBO
A, takoe uro A ¢ A. Cp. 1.B.

1.H Hempansumusernocmnsb npunadaedicrnocmu. Ilocrpoiite rakue MHO-
xectBa A, Bu C,aro A€ BuBe(C,u0 A¢C.Cp. 1.D.

1'10. 3apganme MOAMHOXKECTBA 3aJaHUEM YCJIOBUS

Kax mbl 3Haem (cM. 1'5), MHOKECTBO MOXKHO OIHCATDH, TPEJCTABUB CIIH-
COK ero 3jieMeHToB. K coxajienuto, 3ToT npocTeiimmii crocod 3aanus MHO-
JKeCTB He BCerja JOCTYIeH W YK BO BCIAKOM CIydae He Bcerma Jerok. Ha-
[puUMep, JIErKO CKa3aTh: ‘MHOXKECTBO BCEX PeIIeHUil CJIeyIOIero ypaBHe-
HUsT U BBIIUCATH YPAaBHEHUE. DTO — BIIOJHE [IPUEMJIEMOE HEJIBYCMBICIEHHOE
onucanre MHOXKecTBa. lIpuHSB ero, MOXKHO TOBOPUTH 00 3TOM MHOXKECTBE,
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00Cy K/1aTh ero CBOWCTBA, W, B PE3y/IbTaTre, €C/Au MOBE3ET, PElIuTh ypaBHe-
HMe W BBINCATH CIUCOK Bcex ero perrenuit. [locoennee Moxker okazaTbCs
HE JIETKUM J1eJI0M, HO TOT Cba,KT, YTO MBI HE MMeEEM CIIMCKa BCEX peIJ_IeHI/If/'I
YPaBHEHU, He JI0JIZ2KeH IIOMeIIaTh HaM PaCCyzK/JaTb O MHOXKECTBE BCeX ero
perrennii.

Nrax, MHOKECTBO MOYKHO 33JaTh, C(HOPMYINPOBAB CBOWCTBA, BBIAEIA-
IOIIFIE €0 3JIEMEHTHI CPeN JIeMEeHTOB 0osiee MNPOKOTO M yZKe OMNCAHHOTO
muoxecTBa. COOTBETCTBYIOIIEe 0003HATEHNE: TIOMHOKECTBO MHOKECTBA A,
COCTOsIINIEe U3 3JIE€MEHTOB X, KOTOPBIE YIOBJIETBOPSIOT yciaosuio P(z), 0bo-
snadaercs depes {x € A | P(x)}.

1.5. Bapaiire ciaeayomue MHOXKECTBA CIIICKAME UX 3/1eMeHToB (r.e. Kak {a,b, ... })

(a) {zeN|z<5}, (b) {zeN|z<0}, (c) {x€Z|z<0}.

1'11. Ilepeceuyenue n ob6beaMHEHTE

lepeceyenmem mHOKeCTB A 1 B Ha3bIBAETCS MHOXKECTBO, COCTABIEHHOE
u3 UX OOIMUX JIEMEHTOB, TO €CTh JJEMEHTOB, TpuHaIexammx n A, n B.
Omo obozmataerca gepes A N B. Ero Mmoxuo omucats u popMyIoit

ANB={z |z € Anx e B}

MmuoxkectBa A 1 B HA3BIBAIOTCA QU3BIONKMNOLMY T HENEPECEKAIOULU-
MUCA, €CJIN WX Tlepecederne mycro, 1. e. AN B = &.

ObveanHernem MuoxkecTB A 1 B Ha3bIBAETCA MHOXKECTBO, COCTABICHHOE
13 JIEMEHTOB, KaXKJIblii U3 KOTOPBIX MPUHAIEXKUT XOTsI ObI OJHOMY 13 MHO-
xkecrs A u B. Obbejunenne muoxkecrs A u B obo3navaercs yepes A U B.
Ero moxnuo onucars dpopmyiioit

AUB ={z |z € Awm z € B}.

3/1eCh COI03 UAU TOHUMAETCS B HEUCKJIOYAIOIIEM CMBIC/IE: yCjIoBue “x €
Awmu r € B” o3Hadaer, 4T0 T NPUHAIIEKUT TOMA Obt 00HOMY W3 MHO-
KecTB A u B, a, ObITh MOXKeT, I 00OMM.

A B A B A B

ANB AUB
1.1 KommyTarusaocTh oneparwit N u U. Jasa 4106wz muoocecms A u B
ANB=BNA uwu AUB=BUA
1.6. lokaxkure, 9TO A5 J1I000T0 MHOXKecTBa A
ANA=A, AUA=A, AU =A n AN =2.
1.7. Hokaxwure, 910 Aig JIIOObIX MHO)KECTB A u B

A C B, corna ANB = A, corna AUB = B.
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1.J Accoumarusnocrs oneparuit N u U. as arwb6wvix muoocecms A, B u C
(ANB)NC=ANn(BNC) u (AUB)UC=AU(BUC)

AccommaTnBHOCTEL TO3BO/IIET He 3ab0TUTHLCA O CKOOKAX W Jayke WHO-
raa omyckaTh ux, nmogarag ANBNC = (ANB)NC =An(BNnC)n
AUBUC =(AUB)UC = AU (BUC(C). Bupouewm, nepecederne u 00be/1u-
HEHHe CKOJIb YTOJHO OOJIBINOI (B 9acTHOCTH, GECKOHEUHOI) COBOKYITHOCTH
MHOKECTB TIPOIIE OMPeIeIsIeTcsT HeTOCPeICTBeHHO. JlelicTBUTEbHO, TyCTh
I' — HekoTOpast COBOKYMHOCTL MHOXKECTB. [lepeceyeHnem MHOKECTB STOM CO-
BOKYITHOCTH HA3BIBAETCSA MHOYKECTBO, COCTABIIEHHOE M3 JIEMEHTOB, KOTOPbIE
MPUHAJIEKAT KaHCOOMY MHOXKECTBY, BXOJsIieMy B I'. DT0 MHOKeCTBO 000-
3Hauaercs depe3 (| o A. AHamOormaHO, 06BLEAUHEHNEM MHOKECTB COBOKYII-
HOCTH F Ha3bIBACTCA MHOZKECTBO, COCTABJICHHOE U3 2JIEMEHTOB, KOTOPBLIE ITPN-
HaJJIeXKaT TOMsA Ovl 00HOMY MHOXKECTBY, BXOAdAIIeMy B ['. DT0 MHOXKECTBO
o6ozunauaercs qepes |J o A -

1.K. llougrus nepecevdenusi u 00beIMHEHUsT MHOXKECTB TTPOU3BOJILHO COBO-
KYITHOCTH 0DODIAIOT MOHATHS ITepecedenns u 00beIMHeHNs] IBYX MHOXKECTB:

ecm I' = {A,B}, o eer C=ANB u Jper C=AUB.

1.8. 3aeadra. Kax cBa3aHbl MOHATUS CUCTEMbl YPABHEHU U [I€PECEUCHUs MHO-
KecTB?

1.L JIse muctpubytuBuOoCTU. /lAa mobwvix muoscecms A, B u C
(ANB)UC=(AUC)N(BUQO). (1)
(AUB)NC=(AnC)u(Bn0O) (2)

ANB)UC = (AUC) n (BUCQ)

Ha pucynke <I 11 mepBoe u3 TOXKTECTB TeopeMbl /. L TPOMIITIOCTPUPOBAHO
CBOEro pojia KoMukcoM. Takue KOMUKCHI HA3BIBAIOTCH guarpammamu Bewna
umn kpyramu Ivinepa. OHU OUEHB MOJE3HBI U MBI PEKOMEHYEeM HAYIUThCT
UX PUCOBATH JIJIsl WITIOCTPAITMHE BCEX TEOPETUKO-MHOKECTBEHHbIE (DOPMYJIBI

(mo kpaiineii Mepe cofepKaiux He 60jee Tpex MHOXKECTB).

1.M. Hapucyiite quarpammy Benna, wimocrpupyrontyio pasenctso (2). lo-
kaxkure paseHcrsa (1) u (2), orciexkuBasi Bce jerajiu JOKa3aTeIbCTBa HA
muarpammax Benna. Hapucyiite nuarpavmmber Benna, witoctpupyiorue Bce
nocsieyorpe (hopmysibl 3roro naparpada.

1.9. Bazadra. O606mure Teopemy I.L Ha caydail Ja000ro 9uc/Ia MHOKECTB.
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1.N Emé npe gucrpudbyrusnocru. Ilycmv A — mmooicecmeo, a I’ — mmoorce-
CMBO, 8CE INEMEHBL KOMOPORO ABAAOMCA MHOMCECMEamu. Toz0a

AnlB=J@AnB) u AU()B=[)(AUB).

Ber Ber Ber Ber
1’12. Paznble pasHOCTH

PasHocTtbio A\ B mmoxkectB A m B Ha3bIBAETCA COBOKYITHOCTD TEX JJT€-
MEHTOB MHOXKecTBa, A, KOTopble He mpuHa/iexkar MuoxkectBy B. Ilpu srom,
BOODOIIE TOBOPs, He TIpeamoaraercs, ato A D B.

B cayuae, eciim A O B, mHOKecTBO A N\ B HA3BIBAETCS TaK¥XKe JOMOJHE-
HUeM MHOXKeCTBa B B MmoKecTBe A.

1.10. doxaxkwure, 94T0 JJist JIIOObIX MHOXKeCTB A 1 B ux o6benunenne AU B mpe-
craBigercd Kak obbeaunenue ciemyomux Tpéx muaoxects: AN B, BN Au ANB
U 9TO 9TU MHOYKECTBA MOMAPHO HE MEPECeKAIOTC.

1.11. Joxaxwure, ato AN (AN B) = AN B ana mobbix muoxkects A u B.
1.12. Hokaxwute, uto A C B, corma A~ B = @.

1.13. Hoxkaxure, uro AN (BN C) = (AN B) \ (AN C) anst n06bIX MHOKECTB
A, BuC.

Cummetpuydeckori pasHocTbro MHOXKeCTB A 1 B Ha3bIBAETCS MHOKECTBO
(AN B)U (B~ A). 910 MHO)KecTBO 0b03HAaTaercsa depes A A B.

A B A B A B

B~ A A~ B AAB

1.14. Toxaxkure, 9T0 115 MI00BIX MHOXKECTB A m B
AAnB=(AUB)\ (ANB)
1.15 AccouyuamusHnocmd cummempuueckol pa3nocmu. Jlokaxkure, 9TO
mtst 1i00brx MuOXKecTB A, B u C
(AAB)AC=Anr(BACQC).
1.16. Bazadxa. Haiijure cuMmMerputdHoOe OLPE/e/IeHre CUMMETPUYIECKON pPa3HO-

cru (A A B) A C Tpéx MHOXKeCTB 1 0000muTe ero Ha cjaydail a60ro KOHETHOrO
HabOpa MHOXKECTB.

1.17 Juempubymusenocms. Toxaxkure, uro (A A B)NC = (ANC) A (BNC)
urst 1i00bix muOXKecTB A, B u C.

1.18. Cupasegyuso su pasercrso (A A B)UC = (AUC) A (BUC) s mo6bix
mHuoxkecTB A, B u C?
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2. TomoJjorng B MHO>KeCTBe

2'1. OnpeneneHue TOIOJIOrTIECKOTO MPOCTPAHCTBA

ITycre X — mekoropoe muoOxkecTBO. Paccmorpum wHabop () ero momMuo-
JKECTB, JIJIsT KOTOPOTO:

(1) obbenunenue JHOGOro CeMeRcTBa MHOKECTB, IPUHAJJIEIKAIIIX COBO-
KyIHOCTH §), TaKKe MPUHA/JIEXKUT COBOKYITHOCTH §2;

(2) nepeceuenune J0O6Or0 KOHEUHOIO CeMEiCTBA MHOMKECTB, [IPUHAJLIE-
JKAIUX COBOKYITHOCTH {2, TaKKe MPUHAJIEKUT COBOKYIHOCTH §2;

(3) mycroe muOXKecTBO @ u BCé X mpuHajrexar ).

B Taxowm caydae

e () ecTtnb TOMoOsIOrMYECKas CTPYKTypa njin 1upocTo TOI'IOJTOI'I/ISI2 B MHO-

xecte X

e MHOXKeCTBO X C BBIJEJEHHOI TOMOIOrHYIECKOil cTpyKTypoit €2 (T. e.
mapa (X, €))) HA3BIBAETCS TOMONOrMYECKUM [POCTPAHCTBOM,;

® 3JIEMEHTHI MHOKECTBA X HA3BIBAIOTCS TOYKAMM STOTO TOIIOJOIHIE-
CKOTO IPOCTPAHCTBA;

® 3JIEMEHTHI MHOXKECTBa () HA3BIBAIOTCS OTKPbITHIMU MHOXECTBaAMU
npocrparcTBa (X, Q).

Tpwu ycmoBust, HATOKEHHBIE BBITE Ha (), HA3BIBAIOTCS aKCMOMaMu TOMOOMY-
YECKOW CTPYKTYPbl.

2'2. TIpocreiimue nmpuMepbl

JlnckpeTHoe npocTpaHCTBO — MHOYKECTBO, B KOTOPOM BBIJEJIEHHOI COBO-
KYIIHOCTBIO ¢BJII€TCS MHOXKECTBO BCEX €ro II0/IMHOXKECTB.

2.A. Y6eaurech B TOM, 9TO 9TO TOMOJOTHIECKOE TTPOCTPAHCTBO, T. €. UTO

3/1eCh TEeMCTBUTEILHO BBITOJIHEHBI aKCHOMBI TOTIOJIOTTIECKON CTPYKTYPHI.
AHTUANCKPETHOE MPOCTPAHCTBO — IPOTUBOIIOJIOXKHBIN ITpUMeEp, B KOTOPOM

TOIMOJIOTMYECKasi CTPYKTypa camasi ckpomHuast. Ona cocrout u3z X u &.

2.B. D710 TOXKE TOMOJOIuYecKas CTPYKTypa, He mpaB/a Jjin’

Terneps HECKOIBKO IyTh 00JIEE COAEPKATETHHBIX IIPIMEPOB.

2.1. Ilycrs X ectsb ay4u [0;+00), a £ cocrout n3 &, X U BCEBO3MOXKHBIX JIydeil
(a;+00), roe a > 0. Jokaxure, 910 {2 — TONOJIOrHIeCKas CTPYKTYPA.

23 i naspanms roBOPST, 9TO ) — JIeHCTBUTE/ILHO BaXKHAsl [ITUIA: OHA HOCUT TO YKe MMsi, 9TO
¥ I[eJ1asl BETBb MATEMATHKH. DTO He 03HAYAET, KOHETHO K€, ITO {2 COBIAIAeT CO BCel HAyKOM, K

M3Y4YEeHHUIO KOTOPO# Bel npucTynaere, HO BCe B 3TO# HayKe U B CAMOM JieJIe TaK UJIM WHA4Ye CBA3aHO
c Q.
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2.2. Ilycts X eCcTh II0CKOCTD. SIBIASETCS /T TOTIOJIOTHIECKON CTPYKTYpOil HabOp
MHOKECTB, COCTOAINX 3 &, X M OTKPBITHIX KPYTOB C IEHTPOM B HadaJie KOOD/IH-
HAT ¥ BCEBO3MOXKHDBIMU PaJIAycamu’

2.3. Ilycts X cocrour u3 uersipex smementos: X = {a,b,c,d}. Bosicaure, ka-
KFe U3 CJIeIyIOmnX TPexX HabOPOB ero MOAMHOXKECTB ABIAI0TCH TOMOJTOTHTIECKIMI
crpykrypamu B X (T. €. yIOBJIETBOPAIOT AKCMOMAM TOMOJIOTUIECKON CTPYKTYPBI):

(1) g, X, {a}7 {b}7 {a’7 C}7 {a’7 b, C}) {aab};
(2) @, X, {a}, {b}, {a,b}, {b,d};
(3) @, X, {a,c,d}, {b,c,d}?

IIpocrpancTBo u3 3anaun 2.1 HasbiBaercs cTpeskoi. [IpocTpancTBo u3 3a1auu
2.3 (1) Gynem 0603HAIATH THKTOPAMMOIL §f, CMBICIT KOTOPOIi Gy €T Pa3baCHeH B 7.
O6a 3Tu npocTpaHCTBA, KAK U IPOCTPAHCTBO U3 3a7a4u 2.2, He UrPAIOT CePbe3HON
POJTH, HO XODPOIIH KAK yueOHbIe TPUMEDHI.

2’3. Camblii BakHbIii NpuMep: BelleCTBEeHHAs IPAMAas

IIycrs X = R — MHOXKECTBO BCEX BEIECTBEHHBIX 4uces, () — COBOKyTI-
HOCTH 00'be/MHEHNT BCEBO3MOKHBIX CEMECTB MHTEPBAJIOB (MHTEPBAJIOM Mbl
Ha3bIBAEM MHOXKECTBO Buja (a;b), rae, pasymeercs, a € R u b € R).

2.C. Ybemurech B TOM, 9TO 9Ta COBOKYIHOCTH Y/IOBJIETBOPAET aKCHOMAM
TOTIOJIOTTYECKOil CTPYKTYPBI.

I/IMQHHO 9TY TOIIOJIOTUYIECKYIO CTPYKTYPY UMEIOT B BUAY BCeEr/a, KOrjaa O
MHO>KeCTBe R TOBOPAT KaK O TOIIOJIOTUYIECKOM IIPDOCTPAaHCTBE, HE OIMChIBaAA
SIBHO TOIOJIOTUIECKYIO CTPYKTYPY. DTO MPOCTPAHCTBO HA3BIBACTCS OOBITHO
BELLECTBEHHOM MPSIMOI, & TOTOJIOTUYIECKYIO0 CTPYKTYPY HA3bIBAIOT KaHOHUYE-
CKOUi M cTaHgapTHoU Tormogorueit B R.

2’4. JTonosiHUTEbHbBIE TPUMEPbI

2.4. Ilycte X =R, u ) cocTouT m3 myCcTOro MHOXKECTBA U BCEBO3MOKHBIX OECKO-
HEYHBIX [OJAMHOXKeCTB 1psamoii R. fBngercs jm {2 Tonosornyeckoit crpykrypoii?

2.5. Ilycte omare X = R, a () cocToMT W3 MyCcTOr0 MHOXKECTBA W IOTOJTHEHMIA
BCEBO3MOXKHBIX KOHEIHBIX ITOJMHOXKeCTB mpsmoit R. fsasercs mu takoe () Tormo-
JIOTMYECKON CTPYKTYpPOit?

IIpocrpancrso u3 3amaun 2.5 B manbHeineMm obo3nauaercs gepe3 Ry, u Ha-
3pIBaeTCd npsiMori ¢ 1 -Tononoruer wnu npsiMoii ¢ Tonosaoruesi 3apuckoro.

2.6. Ilycts (X, €)) — TOMOIOTHIECKOE TIPOCTPAHCTBO, & Y — MHOYXKECTBO, TOJTY IeH-
Hoe u3 X 100aBJIeHHEM K HEMY OJIHOrO 3yieMeHTa a. ABisiercs s wvabop {{a}UU |
U € Q} U{@} rononoruueckoit crpykrypoit B Y7

2.7. {Bnserca ju TOLOIOrMYECKOM CTPYKTYPOU B [IBYX3/IEMEHTHOM MHOXKECTBE

{0, 1} mabop muoxecrs {&, {0}, {0,1}}?

Tomostorusa B Y w3 3amaun 2.6 B caydae, ecjiv TOMOOTHs ) IUCKpETHA, Ha-
3bIBACTCS TOMOJ0rneil Bcogy naotHoi todku. Tomomorusa 3amadum 2.7 Ha3bIBAETCA
Tonosorner CBs3HOro ABoeToqus wiu tornosorneii CeprnuHcKoro.
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2.8. llepeuncnuTe BCe TOIOJIOIHYECKUE CTPYKTYDPBI B JBYXJIEMEHTHOM MHOXKeE-
cree, ckaxem, B {0,1}.

2'5. YnorpebsieHne HOBbIX TEPMHUHOB: TOYKHU, OTKPBITHIE MHOXKe-
CTBa, 3aMKHYTbIe MHOK€CTBa

Hanomuuwm, aro ecau (X, Q) — Tomosornyeckoe mpocTpaHcTBO, TO 3Jie-

MEHTHI MHOXKecTBa X HA3BIBAIOTCS TOYKamMu, a 3JIEMEHTBbI MHOXKECTBa Q-

OTKPbITbIMU MHO)KeCTBaMI/I.3

2.D. ITlepedopmynupyiiTe aKCHOMBI TOMOJOTUIECKON CTPYKTYPHI, yIIOTPED-
JISIST TEPMUH “OTKPBITOE MHOYKECTBO”, T/Ie TOJHKO MOYKHO.

ToBopsrt, uro muOXKecTBO ' C X 3amkHyTo B ipocrpancrse (X, ), eciu
ero gonosrenne X \ F oTkpeiTo (T. €. ecimr X \ F € ).

2'6. TeopeTHKO-MHO>XKECTBEHHOE OTCTyIieHune: popmyJinl gae Mop-
raHa

2.F. Ilycrs I' npousBosibHAsi COBOKYITHOCTD ITOJIMHOYKECTB MHOXKecTBa X .
Torma

X~ JAa=(x\4 (3)

Ael Ael

X\ﬂA:U(X\A). (4)

Ael Aell

Dopwmyna (4) “B ogro meiicTeue” BorBOAMTCT W3 (3), HE MpaBaa m? POPMyYJIBI
9TOM 339K ABJIAIOTC HECUMMETPUYHBIMU BapuaHTaMu (GOPMYJIMPOBKHU, B KOTO-
PYIO CHMMETPUHIHBIM 00pPa30M BXOIAT MHOXKECTBA U WX JTOMOJTHEHUS, 00HEe TMHEHNST
7 TI€PeCEevIeHu .

2.9. 3azadra. Haiinure takyio GbopMymmpoBky.

2.F CpoiicTBa 3aMKHYTBIX MHOXKECTB. Jlokazkmre 9TO:

(1) nepeceuenne 11060T0 HAOOPA BAMKHYTHIX MHOKECTB 3aMKHYTO;
(2) obbesunenue 00600 KOHETHOIO HabOPa 3aMKHYTHIX MHOXKECTB 3a-
MKHYTO;

(3) mycroe MHOXKECTBO M BCe NPOCTPAHCTBO (T. €. BCE MHOXKECTBO —
HOCHTEJIb TOMOJIOTUIECKON CTPYKTYDBI) 3aMKHYThI.

3ByKBa Q) — rpeveckwmii anasjor 6ykBel O, ¢ KOTOPOW HAYMHAKOTCA CJIOBA MHOTHX SI3BIKOB,
03HAMAIONIUE OJHO W TO XKe: OPen B aHTJUNCKOM, OTKPbITbINI B PyCCKOM, offen B memenkom, ouvert
BO (DPAHITY3CKOM.
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2'7. OTKPBITOCTH U 3aMKHYTOCTH

Ob6paruTe BHUMAaHUE HA TO, YTO 3AMKHYTOCTH HE €CTh OTPUIAHUE OTKPbI-
roctu. (Kcraru, u B 00bII€HHOlN pedn 9TO HE COBCEM aHTOHUMBI. )

2.G. Tlpusegure mpuMepbl MHOXKECTB:

(1) aBASIONIUXCS OJHOBPEMEHHO W OTKPBITBIMEU W 3aMKHYTHIME (pasy-
MEeTCsl, B OJTHOM U TOM ¥Ke TIPOCTPAHCTBE);

(2) He ABJSIONMXCA HU OTKPBITHIMU, HA 3aMKHYTBIMH.

2.10. HaiiTe mpsMoe OMHMCAHNE 3aMKHY THIX MHOYKECTB

(a) muckperHOro (b) amTmauckperHOro
LIPOCTPAHCTBA; LIPOCTPAHCTBA;
(¢) crpenku; (d) upocrpancrsa {f;

(e) mpocrpancTBa Ry, .

2.H. 3avkuyThl ju B R 3aMKHYTBIE OTpe3KH [a; b]?

3aMKHyTOCTb " OTKPBITOCTH — BO MHOTOM aHaJIOTUYIHBIE CBOCTBA. q)yH-
JlaMEeHTATbHOE PAa3/Indre MeXK Iy HUMHU COCTOUT B TOM, UTO MepecedeHue Oec-
KOHEYHOTO HAa0Opa OTKPBITHIX MHOYXKECTB He 00sg3aTe/bHO OTKPBITO, TOT/a
KaK mepecevdeHune Jiro00ro Habopa 3aMKHYTBIX MHOYKECTB 3aMKHYTO, U 00b-
e/uHeHre OECKOHETHOT0 HAaDOpa 3aMKHYTHIX MHOYKECTB HE 00si3aTe/TbHO 3a-
MKHYTO, TOT/Ia KaK OObeJnHeHne Jiroboro Habopa OTKPBITHIX MHOXKECTB OT-
KPBITO.

2.11. Tonyorkpsrreiii npomexyTok [0; 1) me oTkpbIT u HE 3aMKHYT B R, HO npes-
CTaBAM W KaK 00'beIMHEHNE 3aMKHYTHIX MHOKECTB U KaK MEePECeIeHne OTKPBITHIX.

]

2.12. Muoxecrso A = {0} U {—} 3aMKHYTO Ha IHCJIOBOH IIPAMOIL.
n n=1

2'8. 3amaHue TOMOJOTUHN
COBOKyHHOCTbIO 3aMKHyTbIX MHOXKECTB

2.13. Ecin coBokynHOCTH F IIOIMHOXKECTB MHOXKeCTBa X y/IOBIETBODPHET yCJIO-
BHSIM:

(1) mepeceuenme m060r0 HAGOPA MHOMKECTB, MPUHAIEKAIAX F, TTPUHAI-
nexur F;

(2) obbenmuenue a1060r0 KOHEYIHOro HAGOPA MHOXKECTB, IIPUHAJIJIEZKAITUX
F, npunaiexut F;

(3) @ u X npunaunexar F,

TO ]" €CTh COBOKYIIHOCTH BCEX 3aMKHYTBIX MHOXKECTB HEKOTOPOI'O TOIIOJIOThu4e-
CKOro IpocTpaHcTBa (Kakoro?).

2.14. llepeuncinre BCce HAOOPHI IIOJMHOYKECTB TPEXIJIEMEHTHOIO MHOYKECTBA, Ta-
KPe, 9TO CyIIeCTBYIOT TOIOJIOIHH, B KOTOPBIX 3TH HAOODPBI ABISIOTCS IIOJIHBIMUI
HabopaMu 3aMKHYTBIX MHOXKECTB.
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2’9. OxkpecTHOCTHA

OKpecTHOCTbH TOYKN TOMOJOTHIECKOTO TMTPOCTPAHCTBA HABBIBALTCS JTIO-
6oe OTKPBITOE MHOXKECTBO, COMEPIKAINEee 3Ty TOUKY. AHAIUTUKA U (hpaHITy-
36l (cemyst H. Bypbakn) mOHIMAIOT OKPECTHOCTH IIHPe: OHU HA3BIBAIOT TaK
JII060€e MHOYKECTBO, COJIEPZKAIEe OKPECTHOCTb B YKA3AHHOM BBIIIE CMBICIE.

2.15. JlaiiTe mpsgMoOe OIMCAHNE OKPECTHOCTEH TOUEeK

(a) B IUCKPETHOM HPOCTPAHCTBE; (b) B aHTHAMCKPETHOM HPOCTPAH-
CTBE;

(¢) B cTpenke; (d) sl

(e) B cBA3HOM ABOETOYUMH; (f) B TOmOMOrMEM BCIOMY TJIOTHO
TOYKH.

2/10x. OTKpbITbIE MHOXKECTBA HA MPSAMOi

2.Ax. Jlioboe OTKpBITOE MHOYKECTBO BEIIECTBEHHOI MPAMOIl eCTh 00be/u-
HEHUE JIM3bIOHKTHBIX WHTEPBAJIOB.

Ha niepBbiit B30Ist MOXKeT MOKA3aThCsA, 9TO W3 Teopembl 2. Ax ciejyer,
YTO OTKPBITHIE MMOJMHOXKECTBA MPSIMOil yCTPOeHBbI BIOJIHE TPOCTO. OIHAKO
9TO JIAJIEKO HE TaK, OHU MOLYT PACIO/IAraThCsd HA TPAMON CAMBIM IPUIY/IJIM-
BbIM OOpazom. Kak moxaspiBaeT mpumMep u3 CAeAYIOMIEro MyHKTa, WX JTOI0JI-
HEHW — 3aMKHYTbIe MHOYKECTBA — MOTYT OBITH BIIOJIHE CJI0YKHO yCTPOEHBI. 11
VK HE HQJIO JIyMaTh, 9YTO BCAKOE 3AMKHYTOE MHOYXKECTBO SABJISIETCS 00be/Ir-
HEHWEM OTPE3KOB.

2/11x. KaHTOpPOBO MHOX>K€CTBO

HyCTb K — MuOXkKEcTBO BEIIIECTBEHHBIX YHCEJI, MPEJACTaBUMBIX B BUIE

dre1 gk ¢ ap = 0 mmm 2. Jlpyrumu ciosamu, K cocront us rex uucer,
npeJcTaBaeHne KOTopeix 0,a1as . . . Gy, . .. B TPOUIHO CHCTEME He COTepPKUT

eJUHAI, T. €. ap 7 1 mpu Bcex k.

2.Bx. HaiimnTe reoMeTpuIecKoe omnnucanne MHoOKecTBa K.

2.Bx.1. Jlokaxwure, 91O
(1) K c[0:1],
(2) K ne nepecekaercs ¢ (33 %),
(3) K e nepecekaercs HU C OJHUM U3 UHTEPBAJIOB BUJA

(3‘3',1’1; 3834,;2), rae k u S - NPOU3BOJIbLHBIE LIE/Ible YKCIA.

2.Bx.2. Ilpencrasore K kak pasuocrs [0;1] u oObexunenus GeCKOHETHOrO
ceMeiiCTBa OTKPBITbIX HUHTEPBAJIOB.

2.Bx.3. Ilocrapaiitecs napucosars K.
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MuoxectBo K Ha3bIBAETCS KAHTOPOBBLIM MHOXECTBOM (KAHTOPOBLIM KOH-
TUHYYMOM, KAHTOPOBbIM AUCKOHTUHYYMOM). OHO 06/1a586T MHOTOYHCIEHHBIME
3aMevIATeTbHBIMI CBONCTBAMMI U TOSIBJISETCS BO MHOTHUX HOC/IEIYIONIX 3a-
Jladax.

2.Cx. oxkaxure, 9T0 MHOKECTBO K SIBJISIETCS 3aMKHYTHIM.

2'12x. Tonosiorus u apudmeTnyecKne Mporpeccun

2.Dx*. Paccmorpum creayromnee CBORCTBO MOAMHOKECTBa, F' MHOKECTBa,
narypasbabix gnces N: cymecrsyer rakoe N € N, aro F' ue cogepxut apud-
METHYIeCcKOH mporpeccnn AanHoi ooskine N. JlokaxknTe, aTo HabOP, COCTOS-
muit U3 TAKUX MOAMHOXKECTB U Bcero muoxkectsa N, oOpa3yer COBOKYITHOCTH
BaMKHYTBIX MHOXKECTB HEKOTOPOI TOmoJoruu B N.

[Ipu pemrenun 31oit 3a/1a41, BEPOSITHO, HE 0OOUTHCH Oe3 CJIeTyoIeil Teo-
PEMBI, OTHOCSITENHCST K KOMOMHATOPHUKE.

2.Ex Teopema Ban nep Baprmena *. g scakoro n € N cymecrByer Takoe
N € N, uro ecan muoxecrso {1,2,..., N} pa3burh Ha jBa HOIMHOXKECTBA,
TO B OJIHOM W3 HUX HaeTcd apudMeTudeckas MPOrPecCus JIIUHON N.
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3. ba3nl

3’1. Onpenenenne 6asbl

Yacro Torno/ornieckyio CTpyKTypy 3a/1ai0T [I0CPEICTBOM OIUCAHNS HEKO-
TOPOIT ee 4acTH, JOCTATOYHO JIJIsi BOCCTAHOBJIEHNS BCEll CTPYKTYpPhI. ba3oii
TOTIOJIOTUH HA3bIBAETCS HEKOTODPBIN HAOOD OTKPBITBIX MHOYKECTB, TaKOW UTO
BCSIKOE HEIyCTOE OTKPBITOE MHOXKECTBO IMPEJCTABUMO B BUJIE 00bLEIUHEHUS
MHOKeCTB 13 3Toro nabopa. K npumepy, BceBO3MOKHbBIE HHTEPBAJIBI COCTAB-
JISIIOT a3y TOIMOJIOTMH BEIeCTBEHHON MPAMOI.

3.1. MoryT izt pa3/IngHble TOIOJIOTNYECKUE CTPYKTY Dbl UMETh OJIHY U Ty ke 6a3y?

3.2. Haiinnre kakne-HuOyap 6a3bl TOLOJIOIMYECKUX CTPYKTYD:
(a) AMCKPETHOTO MPOCTPAHCTBA; (b) mpocrpancrsa {f;
(¢) aHTHIUCKPETHOrO MPOCTPAHCTBA, (d) crpenkm.
ITocrapaiirech BoIOpaTh 6a3bl IIOMEHBIIIE.

3.3. 3aeadra. Kaxue Tonosornyeckne CTpyKTYpPbl IMEIOT B TOTHOCTH OHy 623y’

8.4. oxkaxkwure, 9T0 JTIOOyI0 0a3y KAHOHUYIECKON TOIOJIOTUN MPOCTPAHCTBA R
MOXKHO YMEHBbIINUTD.

3’2. Kakue HaGOpPbI MHOXKECTB SIBJIAIOTCH Oazamm

3.A. Cosokynnocmv X OMEPLIMVLL MHOHCECME ABAAEMCA 0A30T MONOAO-
euu §2, cozda das ecaroeo mmoocecmsa U € Q u ecakoti mouku v € U
cywecmeyem maxoe mroscecmeo V € ¥, wmox € V C U.

3.B. Cosokynnocmos ¥ nodmmoscecme muoorcecmea X asaaemca 6a3oti ne-
Komopotl monoaveuu 6 X, cozda X ecmb obsedunenue MHONCECTNE U3 X U
nepeceuenue MoObLT I8YT MHOdCECME U3 X npedcmasasemca 6 sude 0bsedu-
HEHUA MHONCECTNG U3 2.

3.C. Ilokaxwure, uTo Bropoe ycaosue B 3.B (T. e. yc/i0Bue OTHOCUTETHHO Tie-
pecedenns) paBHOCUIBHO CJIEIYIOIEMY: TlepecevdeHne JTI0ObIX JIBYX MHOKECTB
W3 X BMECTe C KaXKJIOil CBOell TOYKOW COJEPKUT HEKOTOPOe MHOXKECTBO W3
Y, comepxarree sty Touky. (Cp. 3.4.)

3’3. Ba3bl ILJIOCKOCTH

PaccMoTpuM ciie/iyionue Tpy Habopa IIOJIMHOKECTB ILI0CKOCTH R2:

e Habop X2, cocToammil U3 BCEBO3MOKHBIX OTKDBITBIX KPYTOB (T. e.
KPYTOB, B KOTOpBIe He BKJIIOYAIOTCS OTPAHNINUBAIOININE MX OKDPY K-
HOCTH);
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e Habop X.°°, cocTosimuii U3 BCEBO3MOKHBIX OTKPBITBIX KBaJAPATOB (B
KOTOPbIE HE BKJIIOYAIOTCA MX CTOPOHBI M BEPIIUHBI), CTOPOHBI KOTO-
PBIX IMapaJljieIbHbI KOOPDAMHATHBIM OCAM (OHI/I 3a/1aI0TCA HEPaBEH-
creamu Buja max{|z —al, |y — b|} <)

e mabop X!, cocrosummii U3 BCEBO3BMOMKHBIX OTKPBHITHIX KBA/[PATOB,
CTOPOHBI KOTOPBIX MMaPAJLIeIbHBI OMCCEKTPUCAM KOOPAMHATHBIX YT~
708 (OHM 3a/1a10TCsI HEpaBeHCTBaMK BUja | — a| + |y — b| < r).

3.D. Jlokaxkutre, uTo /060 31eMeHT HAOOPa L2 eCTh 00beIMHEHNE J/IeMEeH-
TOB Habopa 2.

3.E. Jlokaxkute, 4To Iepecedenue JoOBIX IBYX 3JeMeHTOB Habopa ' ecTb
obbeIuHeHne 1eMeHToB Habopa Y.

3.F. Jlokakure, uTo KazIblii 13 Habopos L2, X u X! cayxur 6azo0it Heko-
TOPOIT TOHOJIOIMYECKOil CTPYKTYPE! B R2, 1 CTPYKTYpBI, OIIpe/iesiseMble STH-
Mu 6a3aMu, COBIIAATOT.

3’'4. IIpen6asbl

Habop A OTKPBITBIX MHOKECTB TOMOJOMIECKOTO0 mpocTpancTsa, (X, ) HasbI-
Baerca npegbasori, ecim HabOP

E:{V|V:ﬂ§=1Wi, W; € Ak € N}

BCEBO3MOKHBIX KOHEYHBIX TIEPECEeUeHUIT MHOKECTB U3 A aBjsercsa 6a30i TOMOJIO-
run 2.

3.5. Tlokaxwure, 9T0 B 11000M MHO)KecTBe X HA0OP A ero oJIMHOXKECTB SIBJISIETCS
mpenda30il HEKOTOPOI TOMOIOTUIeCKOl CTPYKTypol Ha X, corma X = UweaW.

3’5. BeCKOHEYHOCTh MHOXKECTBA MPOCTHIX YNCeJI

3.6. Jlokaxwure, 9TO BCEBO3MOKHDBIE DECKOHEIHbIe aprdMeTHIEeCKIe IIPOTPECCHH,
COCTOSAIIME U3 HATYPAJIbHBIX THCes, 00pa3yioT 6a3y HeKOTOpOoil Tomosiornu B N.

3.7. C moMOmbIO 3TOI TOIOJIOTUN [TOKAKUTE, UTO MHOYKECTBO MPOCTHIX UHCET
DECKOHEYHO.

Bocnosb3yiiTech TeM, UTO B IPOTUBHOM CJrydae MHOKECTBO {1} GbLio bl OT-
kpbIThiM (71).
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3'6. Nepapxus TomoJoruii

Eciu 1 u Q9 — Tonosioruveckue crpykTypbl B MHOXKecTBe X 1 {)) C (1o
TO TOBOPAT, YTO CTPYKTypa (o ToHblwe, deM (21, a 2y — rpybee, uem §s.

K npumepy, u3 Bcex TOMOIOrMYEeCKUX CTPYKTYP B [IAHHOM MHOYKECTBE

AHTUIMCKPEeTHAT — caMas rpydasi, a JUCKPETHAs — caMasd TOHKAs, He TTPaB/Ia
?
JIN !

3.8. llokaxwure, uro T)-ronosiorusi (cM. 2) rpyGee OOBIYHON TOIOJIOTHH Bele-
CTBEHHON IIPAMOIA.

Baasl, 3ajiato11ime 0jiHy U Ty Ke TOIOJIOINYECKYIO CTPYKTYPY, HA3bIBAIOT-
CST 3KBUBAJIEHTHBIMU.

3.G. 3azadka. He ynomuHasi TOMOJOTUYECKUX CTPYKTYD, CHOPMYIUPYii-
Te YCJI0BHE, HEOOXOAMMOE W JTOCTATOUYHOE [T SKBUBAJEHTHOCTH JBYX 0a3.
(Cp. 3.D; 6azp1 2,5 u ©! 10/KHBEI yIOBIETBOPATL HAMIEHHOMY BaMMI
ycsosuio!)



20 I. CrpykTypbl u npocTpancTBa

4. Merpuyieckue IIpoCTPaAHCTBA

4’1. Onpenenenue u nepsble MPUMEPDI

Oynkuus p: X x X - Ry = {2z € R |z > 0} naseiBaercsa mMeTpukoi
(nnm paccrosHuem) B muOXKecTBe X, ecin
(1) p(z,y) =0, corna = = y;
(2) p(z,y) = p(y, x) ana mobuix z,y € X;
(3) p(x,y) < p(,2) + p(z,y) ana aobbIx 2,y,2 € X.
[Tapa (X, p), tae p — merpuka B X, HA3BIBACTCS METPUHECKUM MPOCTPAH-
cTBom. YcsoBue (3) HA3BIBACTCS HEPABEHCTBOM TPEYroJIbHUKA.

4.A. Tokaxure, aro s j1000ro MHOKeCTBa, X (DYHKIHST

0 =y;
p: X xX—>Ri: (z,y)—< com =Y
1, ecmmx#y

ABJIAETCA METPUKOM.

4.B. okaxwure, uro dyukiuus RxR — R : (z,y) — |z—y| ecrb merpuka.
4.C. Mokaxure, uro dyuxuus R” x R" — Ry : (2,y) — /D>y (xi — yi)?
eCTb METPHKA.

Nmvenno merpuku 4.B u 4.C umeror B BUy Bcerya, Korjga roBopsat o6 R
n R" Kak 0 MeTpmyeckux MPOCTPAHCTBAX, HE OMUCHIBag MeTpuky. Merpu-
Ka 4.B ectb cnernuasnbHbl caydail MeTpuku 4.C. DTU METPpUKU HA3BIBAIOT
€BKJIN[0BbLIMU.

4'2. Hanbueiimue npumepsl

4.1. Hoxaxwure, aro Gynkmma R™ X R™ — R4 : (x,y) — max;—1
MeTpHKA.

n |Ti —yi| ecTp

.....

4.2. Jokaxure, uro dynkmmsa R™ x R™ — Ry : (z,y) — Y., o — yi| ectn
MeTpHKa.

Merpuku B R", BBesennbie B 4.C—4.2, BKIIOYAIOTCH B GECKOHEYHYIO CEPUIO

MeTPHK
n

1/p
PP (yy) = <Z i —yilp) . op>1

=1
4.8. Iokaxwure, aro ms moboro p > 1 dyuxmus pP) ecrs merpuxa.

4.3.1 Hepasencmeo I'éavdepa. Jlokaxure, 910

n n 1/p n 1/q
ST
=1 i=1 i=1

ecnnxi,y¢>0,p7Q>0H%+%:1'
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Merpuka u3 4.C ectb ,0(2)7 MeTpHuKa u3 4.2 ecTh p(l)7 MeTpUuKYy u3 4.1 ecre-
CTBEHHO 0D03HAYUTH Uepe3 p(°°) ¥ BKJIIOYHUTH B 3Ty CEPHIO, IIOCKOILKY, €CIIN a; —

n
. 1/p
IIPOM3BOJIbHbIEC HEOTPpUIlaTe/IbHbIe IrUCJ/Ia, TO lim ( E af) / = maxa;.
p——+o00 i=1

4.4. Bazadxa. Kakoe ornomenue umeer 310 k 22, °° u B uz 3?

g BemecrBeHHoro p > 1 obo3HaunM 4epes 1) \uHOXKecTBO BCex HOCIen0Ba-
reqpHOCTER {1, }7°, Takux uTo pag y -, |zi|? cxomurcs.

4.5. IMoxaxkmure, 9T0 11 JTIOOBIX ABYX YJIEMEHTOB X, Y € 1®) pan

o0
D |z —wil”
=1

CXOIUTCS U 9TO (DYHKITHS

o 1/p
(z,y) — (lei—yilp) , p>1
i=1

aBsercs Merpukoi B [P,

4’3. Illapsl u cepbl

[Tycts (X, p) — MeTpudIecKOe MPOCTPAHCTBO, ¢ — €0 TOYKA U T — MOJIO-
JKUTETbHOE BeleCTBEHHOe Jncyao. MHoxkecTBa

Br(a) ={z e X |pla,x) <r}, (5)
Dy(a) ={z e X [ pla,z) <7}, (6)
Sr(a) ={z e X |pla,z) =r} (7)

HA3BIBAIOTCS, COOTBETCTBEHHO, OTKPbIThIM Wapom (WJId TPOCTO Wapom), 3a-
MKHYTbIM LWapom 1 c¢pepori mpoctpancTsa (X, p) ¢ 4EHTPOM B TOUKe a U pa-
Auycom 1.

4’4. TloanmpoCTPaHCTBA METPUYECKOT0 MPOCTPAHCTBA

Ecmu (X, p) — merpuueckoe mpocrpanctso u A C X, 1o cyxkenne mer-
pukn p Ha A X A aBagerca merpukoit B A u (A, plaxa) — MeTpHUecKoe
npocrpancTtBo. OHO HA3BIBAETCS MO4MPOCTPAHCTBOM npocTpancTBa (X, p).

[Tap D1(0) u cdepa S1(0) mpocrparcrea R™ (¢ eBKIMIOBON METPHUKOIi,
cM. 1.3) obosmauwatorcsa cuvBomavu D™ w S"! w maspiBaioTcs n-mepHbiM
wapom u (n — 1)-mepHoii cgpepori. OHE PACCMATPUBAIOTCS KAK METPUIECKUE
IIPOCTPAHCTBA — IOIIPOCTPAHCTBA IpocTpancTsa R™.

4.D. Y6emurech B Tom, uto: D' ects orpesok [—1;1], D? ects kpyr, S°
mapa Togex {—1,1}; S! - okpyxnocts, S? — cdepa, D? — mrap.
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ITocennme nBa daxra 00BLIACHAIOT TPOUCXOKJIECHUE TEPMUHOB IIap U
cdepa (B KOHTEKCTE METPUYECKUX MPOCTPAHCTE).

Hexkotopsie cBoiicTBa 1m1apos u cep B IPOU3BOJILHOM METPHUIECKOM IIPO-
CTPAHCTBE HAIIOMUHAIOT XOPOIIIO 3HAKOMbBIE CBOICTBA IJIOCKUX KPYTOB U OK-
PYKHOCTel U TPOCTPAHCTBEHHBIX MAPOB 1 chep.

4.E. Jlokaxwure, 94T0 Jjis JTIODOBIX TOUEK T, @ TPOU3BOJIBHOTO METPUUECKOTO
MPOCTPAHCTBA U JIIO00T0 ducaa 7 > p(r,a) UMEIT MeCTO BKJIIOUEHs

Br—p(az,a) (r) C By(a) m Dr—p(az,a) () C Dr(a).

4.6. 3aeadxra. A uro, eciur < p(z,a)? KakoB B 9TOM Cirydae aHAJIOr yTBEPXKIe-
Hus 3agaau 4. E?

4’5. YauBuTeIbHBIE Iapbl

O/1HaKO B HEKOTOPBIX METPUUYECKUX MPOCTPAHCTBAX Iapbl U Chepbl MO-
ryT 00/1aJIATh U HEOXKWJTAHHBIMU CBOMCTBAMU.

4.7. Kakopsr mapsr u cdepst B maockocta R? ¢ merpukavu u3 4.1 1 4.2 (cp. 4.4)?
4.8. Haiimure D1 (a), D% (a), m S% (a) B mpocTpancree 3 3amaun 4.A.

4.9. Haiinure Takoe MeTputeckoe IIPOCTPAHCTBO U ABA TAKUX MIapa B HEM, ITOOB
mrap 60JIBIIEr0 Pauyca COAEepPIKaJICA B IIape MEHBIIero PajuyCa U He COBLAJIAI C
HIUM.

4.10. KakoBo HanMeHbIIIEe YUCJI0 TOUYEK B TOM IIPOCTPAHCTBE, KOTOPOE TpedyeTcs
MIOCTPOUTH B 3aat4e 4.97

4.11. JlokakuTe, 9TO B yCJAOBHUAX 3a7a9u 4.9 OOIbUINY PaauyC He IPEBHIIIAET
VIBOEHHOTO MEHBIIIETO PaINyca.

4'6. OTpe3oK — 3TO TO, YTO JIEKUT MKy

4.12. JlokakuTe, 9TO OTPE30K C KOHIAMH B TOUKax a,b € R" moxkHO ommcarh
KaK MHOYKECTBO

{z e R" [ p(a,z) + p(z,b) = p(a,b) },
rae p — eBKJIUJ0Ba METPUKA.

4.13. Kax ycTpoensl MHOXKeCTBA Takoro suaa B R” (mmu xors 661 B R?) ¢ meTpu-
KaM# p(p), 1<p<+00?
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4’7. OrpannYeHHbIE MHOYKECTBA M IIapbl

[TommuOKecTBO A MeTpudeckoro mpocrpanctsa (X, p) Ha3bIBaeTcs orpa-
HUYEHHBIM, €CJTH CYIECTBYeT Takoe aucyio d > 0, uaro p(z,y) < d mis T00sIx
z,y € A. Tounast HUZKHsIS TPAHb TaKNX d HA3BLIBAGTCA JUAMETPOM MHOKECTBA
A u obosnauaercs depes diam A.

4.F. Jlokaxkure, 9T0O MHOKECTBO A OIpaHMYEHO, COTJa OHO COJEPXKUTCI B
HEKOTOPOM IIIape.

4.14. Kak cBg3anbl Mex1y coboii paauyc sroro mapa u diam A?

4’8. HopMbl 1 HOpMUPOBAHHBIE IIPOCTPAHCTBA

IIycte X — BekTopnoe mpocrpanctso (Hag nonem R). @ymxmua X — Ry :
z +— ||z|| masweBaeTca Hopmoii, ecim

(1) [« =0, corna = = 0;
(2) |Az| = |A||=| mna mobeix A € R u z € X;
®3) z+yl < | + ly| ans mobex z,y € X.

4.15. Eciu z — ||z|| — mopMma, 10 p: X X X — Ry (z,y) — ||z — y|| — merpuxka.

BexropHOoe mpocTpaHCTBO C BBIAEJIEHHON HOPMON HA3bIBAETCH HOPMUPOBAH-
HbiM. Merpuka, onpesenseMas HOpMOi (Kak B 4.15), KAHOHUHYECKU TTPEBPANIAET
HOPMHPOBAHHOE BEKTOPHOE IIPOCTPAHCTBO B METPHIECKOE.

4.16. Ilpocmorpure 3amaum sToro maparpada u ompeme/nTe, KAaKue U3 YIIOMSIHY-
THIX B HUX METPUYECKUX [IPOCTPAHCTB ABJIAIOTCS Ha CAMOM /1€ HOPMUPOBAHHBIMU
BEKTOPHBIMU IIPOCTPAHCTBAMU.

4.17. JJokaKuTe, UTO BCAKHU IMAap B HOPMUPOBAHHOM IIDOCTPAHCTBE ABJIAETCH

CUMMETPUYIHBIM OTHOCHUTEJIbHO CBOEro IEHTPa BbIILY KJ/IbIM MHO)KGCTBOM.4

4.18%*. Bcsakoe IEHTPATbHO-CHUMMETPUIHOE BBITYKJIOE 3aMKHYTOE OTDAHUIEHHOE
MHOXKecTBO B R", He Jsiexkarnree HH B KakKOM OTIUIHOM OT R"™ addunaoMm mosm-
MIPOCTPAHCTBE, ABJISIETCS 3aMKHYTBIM MIAPOM €TUHUTIHOTO PAIYCa OTHOCUTEIHHO
HEKOTOPOU HOPMBI, KOTOPAsl OTHO3HAYMHO OIPEIEsIseTCs STUM MHOXKECTBOM.

4’9. Merpudeckasi TOIOJIOTAS

4.G. Mmnooicecmeo ecex omrpuimuls wWapoé MEMmpPueckozo npocmpaHcmed
ABAAEMCA 06301 HEKOMOPOT MONOAOUU.

DTy TOIOJIOTHIO HA3BIBAIOT METPUYECKON U TOBOPSIT, UTO OHA MOPOXKAAETCS
MeTpukoii. Begkmit pa3, Korma o MeTpUIecKOM IIPOCTPAHCTBE TOBOPAT KaK O
TOIOJIOTUIECKOM (HAIIPIMEP, KOI/Ia TOBOPSIT O €ro0 OTKPBITHIX U 3aMKHYTHIX
MHOYKECTBaX, OKPECTHOCTSIX W T. II.), UMEIOT B BHUJY 3Ty TOMOJOTHIECKYTO

CTPYKTYDPY.

4Hal‘[0MHI/IM, 9TO MHOXKECTBO A Ha3bIBAETCS BbIMYK/IbIM €CJIU JJist JIFOOBIX ero To4YeK T,y € A
CerMeHT, COeJUHSION =, y, comep:kurca B A. KoHe1HO, MOCKOIBKY 9TO OIpeIeIeHne OMUPAETC s
Ha IIOHATHUEe Cel'MeHTa7 OHO MMeeT CMBICJI TOJIBKO B IIPOCTPAHCTBAX, I'/lIe UMEeTCA IIOHATHUEe CerMeHnTa,
COEIMHSIOIIEr0 TOYKUA. DTO TaK, B YACTHOCTH, B BEKTOPHBIX U ad@OUHHBIX MPOCTPpAHCTBAX HAT R.
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4.H. Jlokaxxure, 94TO BBEJ€HHAd B 2 CTaHIAPTHAS TOMOJOTMIECKAS CTPYK-
rypa B R nopoxjaercs merpukoii (x,y) — |z — y|.

4.19. Kakas Torosiorudeckasi CTpyKTypa 3aJaeTcsi MeTPpUKOi 3amaan 4. A7

4.1 Kpurepuit orkpoiroctu. Mnuooicecmeo omrpwumo 6 Mempuueckom npo-
cmparcmee, coz20a 0Ho codepacum KaHcoyr C801 MOUKY 8MECME ¢ HEKOMO-
PVLM WAPOM, UEHMPOM KOMOPO20 OHA, ABAACMNCA.

4’10. OTKpPBITOCTh M 3aMKHYTOCTh I1apoB 1 cdep

4.20. [Jokaxure, 9TO BCAKUI 3aMKHYTBIA map 3aMKHYT (OTHOCHTEIBHO METPH-
9eCKOil TOnoIoTu’).

4.21. Haiinure 3aMKHYTBII MIAP, ABISIONINCT OTKPBHITBIM MHOYKECTBOM.
4.22. HaiinuTe OTKPBITHII map, ABIAOMNANACA 3aMKHYTBIM MHOYKECTBOM.
4.23. Jokaxure, 970 chepbl ABITIOTCI 3aMKHYTBIMU MHOKECTBAMU.

4.24. Haitnure cdepy, ABASIONYIOCT OTKPBITHIM MHOYKECTBOM.

4'11. MeTpusyemble IPOCTPAHCTBA

Tomosioruyeckoe MpOCTPAHCTBO HA3BIBAETCST METPU3IYEMbIM, €CJTH €TI0 TO-
OJIOI'MYeCKad CTPYKTYyPa HOPOKJaeTCd HEKOTOPO METPUKON.

4.J. AHTHINCKpETHOE TIPOCTPAHCTBO, COCTOsIIEe HoTee IeM U3 OTHOM TOUKH,
HeMeTpu3yeMo.

4.K. TlpocTpaHCTBO € KOHEYHBIM MHOYKECTBOM TOYEK METPU3YEMO, COTJIa
OHO ATHCKPETHO.
4.25. Kakue n3 TOMOIOTMTYECKUX IIPOCTPAHCTB, IIPUBEIEHHBIX B KA9eCTBE IIPUMe-

POB B 2, METpHU3yeMbI’

4’12. dKkBUBaAJICHTHBIE METPUKHA
lBe METPUKN B OHOM MHOXKECTBE HA3BIBAIOTCI 3KBUBAJIEHTHLIMU, €CTTN
OHU IOPOXKJAIOT OJIHY U Ty K€ TOIIOJIOTHIO.

4.26. DksuBanenrunt su merpuku B R”) Beenennnie B 4.C, 4.1, and 4.27

4.27. Merpuku p1, p2 B X 9KBUBAJIEHTHBI, €CJIM CyIIeCTBYeT Takue ducia ¢, C' > 0,
aro cp1(x,y) < p2(x,y) < Cpi(z,y) nua mobeix z,y € X.

4.28. Ob6parnoe, Boob61ie roBops, HEBEPHO.
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4'13.

4'14.

4.29. 3aeadra. 3HauuT, yCI0BHE SKBUBAJIEHTHOCTH METPUK, C(HOPMYITHMPOBAHHOE
B 10.2, moxuo ocinaburs. Kak?

4.30. Merpukn p(p) B R", ompesiesieHHbIe BBIMIE TIEpe/T 3a1a49€eil /4.3, SKBUBAJIEHT-
HBI.

4.31% Jlokaxwre, 9TO CJIEAYIONNE TBE METPUKU p1 U pc B MHOKECTBE BCEX
uenpepbiBHbIX GyHKnuii [0; 1] — R He SKBUBaJICHTHBL:

pi(f,9) :/O [f(z) — g(x)|dz; pc(f,g) = max{|f(x) — g(x)| | = € [0;1]}.

[IpaBma jim, 9TO OJHA U3 MOPOXKIAEMBIX MMU METPUYECKHX TOIOJIOTMH TOHBIIE
npyroit?

HelictBus ¢ MmeTpukamMu

4.32. 1) [okaxkure, 4ro ecnu pi, p2 — Merpuku B X, 10 p1 + p2 u max{p1, p2}
— roxe merpuku B X. 2) dpnaoorca mu merpukamu dbysxnun min{pi, p2}, Z—; u

p1p2?
4.33. Hoxkaxwure, gto ecnu p: X X X — R ecTtp meTpuka, T0:

(1) bynkmma (x,y) — li(pz(f!)y) — TOXKe METPHKA;

(2) dyuxkmmsa (z,y) — min{p(z,y), 1} — Toxxe merpuxa,
(3) dbynxkmma (z,y) — f(p(r,y)) Toxke aBnsieTca METPUKOii, ecu [ yIoBIIE-
TBOPSIET CJIEYIOIMM TPeGOBAHMSIM:
(a) f(0)=0;
(b) f mMoHOTOHHO BO3pacTaerT;
(©) f(z+y) < f(&) + f(y) anm moberx 7,y € Ry.

4.34. /JokaxuTte, 9TO METPUKU p U 1—£—p SKBUBAJIECHTHBI.

Paccrosinue oT Touku 0 MHOX>KeCTBa

[Iycrs (X, p) — merpuaeckoe mpocrpanctso, A C X, b € X. PaccrosiHnem
oT ToYkm b go MHOKecTBa A Ha3BIBAETCS UUCIIO

p(b, A) = inf{p(b,a) | a € A}.

4.L. Jokaxwure, uro ecnim A — 3amkuyToe muoxectso, o p(b, A) = 0, corga

be A.

4.35. Hokaxure, uro |p(z, A) — p(y, A)| < p(x,y) mnas moboro muoxecrsa A u
TOYEK Z, Y TOTO YK€ MEeTPHIECKOr0 IPOCTPAHCTBA.

xT

p(z, A) < p(z,2) < plz, y)+p(y, 2)
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4’'15x. PaccrosHus Mexk/y MHOXKeCTBaMU

[Iycts A u B — orpaHnYeHHbIE TIOIMHOKECTBA METPUIECKOTO ITPOCTPAH-
crBa (X, p). Paccrosnnem Xaycgopgpa mex iy A u B Ha3bIBaeTCsa 9IHUCIIO

d,(A,B) = max{sup pla, B), sup p(b, A)}
acA beB

4.Ax. Hokaxure, 9T0 paccrosiare Xaycaopda B MHOKECTBE OIPDAHUIEHHBIX

MOJIMHOYKECTB METPHYECKOTO IIPOCTPAHCTBA YI0BIETBOPsieT Tpebosanusim (2)

u (3) u3 onpeeIeHNsT METPUKH.

4.Bx. JlokaxkuTe, 9TO I JTFOOOTO METPUIECKOTO MPOCTPAHCTBA, PACCTO-
gane Xaycaopda gBIAeTCT METPUKONR B MHOXKECTBE ero OTPAaHUIEHHBIX 3a-
MKHYTBIX IIOIMHOXKECTB.

Iycte A w B — jBa OrpaHWYEHHBIX MHOTOYTOJbHUKA Ha IJI0CKOCTH.”

[Tooxkum
da(A,B) = S(A)+ S(B) —2S(ANB),
rae S(C) — wromaas MuOrOyTOIbHIKA C'.

4.Cx. Jloxkaxure, 4r0o dA ABISETCsl METPUKOI HA MHOYKECTBE BCEX ILJIOCKUX
MHOIOYT'OJIbHUKOB.

4.Dx. Jlokaxknure, 4TO HA MHOXKECTBE BBIIYKJ/IbIX MHOI'OYTI'OJIbHUKOB MeTPH-
Ka dA 9KBUBAJEHTHA MeTPUKE Xaycmopda.

4.Ex. Jlokaxkute, 9TO Ha MHOXKECTBE BCeX (HE 00sS3aTe/BbHO BBIMYKJIBIX)
MHOTOYTOJTbHUKOB MeTpuka da He SKBUBaJIEHTHA MeTpuke Xaycmopda.

4'16x. YabTpaMeTpuKu U p-agudecKue 9ucja

Metpuka p Ha3LIBAETCA Y/IbTPAMETPUKOM, €CTN OHA YIOBJIETBODSIET Y/ib-
TPaMeTPU4HECKOMY HEPAaBEHCTBY TPEYro/bHUKA:

p(z,y) < max{p(z,z),p(z,y)}
LTS JIIOOBIX X, Y, 2.

Merpuueckoe npoctpancTso (X, p) ¢ yIbTpaMeTpuKoOil p HA3bIBAETCS Y/lb-
TPaMEeTPUHECKUM.

4.Fx. Cpean MeTpHK, BBEJIEHHBIX B 33Jadax 4.A—/.2, TOIBKO OTHA SABJISI-
ercd ysibrpaMerpukoit. Kakas?

5Xora JyMaeTCs, ITO MHOTOYT'OJIbHHKH XOPOIIO H3BECTHBI U3 dJIeMEHTapHOH reoMeTpHuH, BCe
7K€ HAIIOMHHUM, YTO 9TO TaKOe. MHOFOyI‘OJIbHI/IK — 9TO MHOZKECTBO, COCTOLAIEee U3 TOYEK HpOCTOﬁ
3aMKHYTO#l JIOMaHO#l W TO4YEK, OXBadeHHBLIX er0. Ilog mpocToil 3aMKHYTOU JIOMAaHOU MTOHHMAIOT
IUKJINYECKYIO HOC/IeJ0BATE]bHOCTh OTPE3KOB, B KOTOPON KasK/Iblii OTPE30K HAYMHAETCH B KOHIE
NPEebIAYINero U APYTHX IepecetdeHuil OTpe3Kn He HMEIOT.



4. Merprieckne mpoCTpaHCTBA 27

4.Gx. JTokaxure, 910 B yJABTPAMETPUIECKOM TIPOCTPAHCTBE BCE TPEYTO/Ib-
HUKHU — paBHOOEAPEHHbIE (T. €. J/ist JIIOOBIX TPeX TOYeK a, b u ¢ jBa u3 Tpex
paccrosinuii p(a,b), p(b,c) n p(a,c) pasubr).

4.Hx. JTokaxkute, 9T0 B yJIBTPAMETPUIECCKOM IIPOCTPAHCTBE Chepbhl HE TOTh-
KO 3aMKHYTHI (CM. 3a/1a9y 4.28), HO eIlle U OTKPBITHI.

BazkaedmuM npuMepoM yIbTPAMETPUKH SABJILCTCS P-aUHECKas METPUKA
B MmHOKecTBe (Q BCeX panMOHAMBLHBIX YHCEI: MYyCTh P — IPOCTOE YHCJIO U
Pa3HOCTD X — ¥ PA3IMIHBIX umcer z,y € Q mpeacrasngerca B Buje p®, T/e
7, S M ( — LEJIble, & YUCIA ' ¥ § B3AUMHO POCThI ¢ p. [omoxum p(x,y) = p~ @

(sicho, uro ciaemyer cunrars p(x, z) = 0).

4.Ix. Jlokaxkwure, 9TO 9TO — yJIbTPAMETPUKA.

4'17x. AcummMmerpukn

Qyuknust p 1 X X X — R nasbiBaercs acummeTpukori B muoxkecrse X,
ecsun

(1) p(z,y) > 0u p(y,x) =0, corma x = y;,
(2) p(x,y) < p(,2) + p(z,y) ana aobbx 2,y,2 € X.
Tak 4To acuMMeTpuKa, yI0BIeTBOPSIeT YCJA0BUIM 1 1 3 OlpejiesieHnst Mer-
PHKM, HO HE YJIOBJIETBOPSIET YCJIOBUIO 2.

[Ipumep acuMmMeTpuku “u3 Ku3HU — HAUMEHbINAs JIJINHA [IyTH HA aBTO-
MOOm/Ie MeXK/ly TOYKAMU B TOPOJE, B KOTOPOM HMEIOTCS YJIUIBI C OJHOCTO-
POHHUM JBUKEHUEM.

4.Jx. Hokaxure, uro eciu dpyukius p: X X X — R giserca acummer-
pukoii, To dbyukuusa (x,y) — p(z,y) + p(y,z) — merpuka B X.

ITycrs A u B — orpaHuveHHbIe MTOJIMHOXKECTBA, METPUIECKOT0 MTPOCTPAH-
crBa (X, p). Acummerpukoii ot A go B Ha3bIBAETCS UNCIIO

4.Kx. Acuvmerpuka a, B MHOXKECTBE OIDAHIYCHHBIX TTOJMHOXKECTB METPHU-
YeCKOIr'o MPOCTPAHCTBA y/I0BJIETBOPAET HEPABEHCTBY TPEYTOJIbHUKA U3 OlIpe-
JleleHnd aCUMMEeTPUKH.

4.Lx. B merpuueckom mpoctpanctse (X, p) MHOXKECTBO B COmep:KUTCA B
3aMbIKaHII MHOXKecTBa A, corya a,(A, B) = 0.

4.Mx. JlokaxKuTe, 9TO a, ABJIAETCA aCHMMETPHUKON B MHOXKECTBE Orpa-
HUYEHHBIX 3aMKHYTBIX MOJMHOXKECTB JIFOOOTO METPUYECKOrO ITPOCTPAHCTBA

(X, p) .
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IIycts A u B — MHOTOYTOJIBHUKH Ha, IJIOCKOCTH. I10I0K1IM
aa(A,B)=5(B)— S(ANB)=S(B\ A),
rae S(C) — wiomaznp MuOroyroasauka C.

4.1x. JlokaxkuTe, 9TO aA FABIAETCS AaCUMMETPUKOI Ha MHOXKECTBE BCEX IIOCKUX

MHOT'OYI'OJIbHUKOB.

[Tapa (X, p), tme p — acummMerpruka B X, HA3BIBACTCA ACUMMETPUHECKUM
npoctpaHcTeom. Pa3ymeercs, BCIKOE METPUYECKOE MPOCTPAHCTBO SIBJIAETCS
1 aCMMMETPUIECKUM. B acuMMeTpuieckoM mpOCTPAaHCTBE Maphl (OTKPBITHIE
U 3aMKHYTBIE) U CEPbI ONMPEEIOTCA TaK K€, KAK U B METPUIECKOM IIPO-
crpancrse, cm. 4'3.

4.Nx. Muootcecmso 6cex omrpumuls Wapos8 GCUMMEMPUUECKO20 NPOCTPAH-
cmea asasemca 60300 HeKOMOPoUT MONOAO2UL.
loBopsaT, ITO 3Ty TOIMOJIOIUIO MOPOXAAET ACUMMETPUKA.
4.2x. Hoxaxwure, uro dopmyra a(x,y) = max{z — y,0} ounpenenser acummer-

puky B [0;00), M 9TO TOMOJIOrHst, IIOPOXKIAAEMAs FTON ACUMMETPUKON COBIAIAET C
Torostorueii crpenxu (cm. 2'2).
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5. IloanpocrpancTBa

5'1. Onpenenenue u MpocTeine MpUMepbl

[Tycrs (X, Q) — rononoruueckoe npocrpancreo, A C X. O6oznaunm ve-
pe3 Q4 coBokymHOCTH MHOXKeCTB Bujga ANV, rne V € €,

Qu={ANV |V eq}.

5.A. Coeo%ynHocmb QA ECMDB TMONOAOUNECKAA CMPYKMYPL 8 MHONICECTMBE
A.

[Tapa (A, $24) HazbIBaETCS MOZNPOCTPaHCTBOM TpocTpancTBa (X, ), co-
BOKYIIHOCTH )4 — OTHOCMTENbHOM TOIOJIOTHEl WU TOIOJIOTUEl, UHAYLUPO-
BaHHoli B A Tomojiorueii §), a ee 3JIEMEHTHl — MHOXKECTBAME, OTKPbITLIMUA B

A.

5.B. Crangapruas ronojorus 8 RY u Tomosorus, umjyruposansas B R
KaK B MMOAMHOYKECTBE TLJIOCKOCTH, COBIIAIATOT.

5.1. 3azadka. Kak 1o 6a3e rononoruu B X mocrpoutsb 6a3y TOLOIOIUU, HHILY-
mupoBannoit Ha A ¢ X7

5.2. Ouwminure TOMOIOrUYECKHUE CTPYKTYPbl, KOTOPbIE UH/LYIUPYIOTCS:

(1) B MHOXKecTBe HaTypaIbHBIX rces N TOmoorueit mpsmoi;

(2) B N romosormeii crpenkm;

(3) B aByxroueunom muoxecrse {1,2} romosorueit npocrpancrsa Ry ;
(4) B Tom xke mHOXKecTBe {1,2} TOHO/MOTHEIT CTPENKH.

5.8. OTkpbIT 1 NOIYOTKPHITHIA mpoMexkyTok [0; 1) B orpeske [0; 2], paccmarpu-
BAEMOM KaK MOAMPOCTPAHCTBO TIpsiMoit R ?

5.C. Mwnoocecmso F' 3amxnymo ¢ nodnpocmpancmee A C X, coeda F =
ANE, 2de muoorcecmso E samxnymo 6 npocmparcmee X.

5.4. Iloxkaxwure, 9TO €C/IM IOIMHOKECTBO HOAIIPOCTPAHCTBA OTKPBITO (3aMKHYTO)
B 00'bEMJIIONIEM IIPOCTPAHCTBE, TO OHO TAKYKE OTKPBITO (COOTBETCTBEHHO, 3aMKHY-
TO) B MOAIIPOCTPAHCTBE.

5'2. OTHOCHTEJIBHOCTh OTKPBITOCTH

MHuozkecTBa, OTKPBITHIE B MTOJINPOCTPAHCTBE, HE 00I3aTETbHO OTKPBITHI B
00 BEMJTIOTIIEM TTPOCTPAHCTBE.
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5.D. EQuHCTBEHHBIM OTKPBITBIM MHOXkKECTBOM HpsiMoit R, OTKpBITHIM U B
mwiockocT R?, siBjIsleTCst yCTOE MHOMKECTBO J.

OjiHako, cripaBe//InBO CJIEIYIONIEee yTBEPIK/IEHNUE.

5.E. OTKpBITbIE MHOMKECTBA OTKPBLITOrO IOAMPOCTPAHCTBA OTKPBITHI M BO
BceMm mpocrpanctse. (Apyrumu cioBamu, ecim A € Q, To 24 C Q)

TakoBo 2kKe COOTHOIIIEHNE MEXK/Ty 3aMKHYTOCTBIO B IOAIIPOCTPAHCTBE U B
mpocTpaHcTBe. B wacTHOCTH:

5.F. 3aMKHYTble MHOXKECTBA 3aMKHYTOIO MOAMPOCTPAHCTBA 3aMKHYTHI BO
BCEM IIPOCTPAHCTBE.

5.5. oxkaxwure, aro muOKecTBO U OTKPBHITO B X, COrma KaK7aasd ero TOYKa 00-
mamaeT B X TaKo# OKpecTHOCTBIO V', uro MHOXkecTBO U NV oTkpsiTOo B V.

Nmest B Bumy stor dhakT, rOBOPSAT, ITO OTKPHITOCTH SIBJISETCS JIOKAJIHHBIM
csoifcrBoM. [lelicTBUTEIbHO, yTBEPKIEHNE 5.5 MOXKHO HOHUMATh CIIeAyIOIuM 006-
pa3oM: MHOYKECTBO OTKPBITO, COTZIa OHO OTKPBITO B OKPECTHOCTH KarKOil CBOeil
TOYKU.

5.6. ].—]:OKE']‘)KI/ITE7 YTO 3aMKHYTOCTDb HE ABJIA€TCA JIOKAJIbHBIM CBOIMCTBOM.

5'3. TpaH3UTUBHOCTH OTHOCUTEJIbHON TOMOJIOTUN

5.G Tpansumusrocms omnocumeabroti monoaoeuu. ITycmsv (X, )
— monoaozuseckoe npocmpancmeo u X DO A D B. Tozda (Qa)p = Qp, m.
e. monoaozua, Komopaa undyyupyemca 6 B monoaozuet, undyyuposantot
6 A, cosnadaem ¢ monosozueti, uHdyyuposarnot nenocpedcmeenno us X .

5.7. Ilycrs (X, p) — merpudeckoe npocrpanctso, u nycrb A C X. Torga Tomno-
JIOTHsI, OpOXKIaeMas B A METpUKON p|ax A, COBIAIAET C TOMOJOTHEH, KOTOPYIO
WHIyIAPYeT B A TOMOJIOrUs, TIOPOKIeHHass B X METPUKOM p.

5.8. 3azadka. [Ina nokazaresbCTBa COBIAJ/EHUs HYKHO J0KA3bIBATD J1Ba BKJIIO-
werns. Kakoe BKJIOUEHWE 3/1€CHh MEHEe OIeBUIHO?)

5'4. TpaauuuoHHasI HEIIOJHOTA 00O03HaAYeHUIl

PaccmarpuBarh pasaudHbIe TOMOJOIMYECKAE CTPYKTYPBI B OJHOM U TOM
7K€ MHOKECTBE TPUXOAUTCS CPABHUTENBLHO PeaKo. [103ToMy 00BIYHO TOMOJIO-
IMYECKOe TPOCTPAHCTBO 0003HAYAIOT TaK YKe, KaK U ero MHOKECTBO TOYEK,
T. e. BMecto (X, ) mumyr npocro X. AHAIOrMYHO MOCTYNAIOT W B CIydae
MeTpUYecKux mpocTpancTs: BMecto (X, p) numyr X.
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6. PacmosoxkeHne TodeK OTHOCHUTEJIbHO
MHO2KeEeCTBa

Dror maparpad MOCBSINEH JaabHENIIeMy pPaCIIUPEHUIO CJI0Bapst, HEOOX0-
JIUMOTO JIjTsi OOCYZK/IEHUS SBJICHUIT, TTPOUCXO/ISAIINX B TOMOJOTMIECKUX ITPO-
CTPaHCTBAaX.

6'1. BayTpeHHue, BHEILIHNE U PAHUYHbIE TOYKU

ITycrs X — ronmosormueckoe npocrpancteo, A C X u b € X. Touka b
Ha3bIBALTCS:

® BHYTPEHHEN TOIKOM MHOXKECTBa A, ec/iv y Hee MMeeTCsi OKPECTHOCTb,
cojepxKalascs B A;

e BHELIHEeN TOYKOI MHOXKeCTBa A, ecim y Hee MMeercss OKPECTHOCTD,
He Tepecekaromasics ¢ A;

® PaHNYHOM TOUKOW MHOMXKeCTBa A, eciim BCAKas eé OKPECTHOCTH ITe-
pecekaetcs u ¢ A n ¢ ero TomoTHeHTeM .

6’'2. BHYyTpEHHOCTb U BHEIIHOCTh

BHyTpeHHOCTbI0 MHOXKECTBA, JIEXKAIIEr0 B TOIOJIOTHYECKOM IIPOCTPAHCTBE,
HA3bIBAETCA HAMOO/IbIee ([0 BKIFOUEHUIO) OTKPBITOE MHOXKECTBO, COIEpIKa-
nieecs: B HeM (T. €. ero OTKPBITOE TOJAMHOYKECTBO, COJIepzKalIIee JII000e IPyroe
ero OTKPBITOE TIOJMHOKECTBO). BHyTpeHHOCTh MHOXKecTBa A 0003HaUaeTCst
cumBosiom Int A wm, moapobuee, Intx A (or dpanmysckoro intérieur u an-
rimiickoro interior).

6.A. Bcakxoe nodmHoscecmso monoso2uveckozo npocmpancmesa obaadaem
suympennocmoio. Ko asasemea obsedunenue 6cer OmKpoimuLL MHOANCECMS,
COOEPIHCAUSUTCA 6 IMOM MHONCECTNGE.

6.B. BHympeHHocmb BCAKO20 MHOHCECTNBA €CMb MHONHCECTMBO €20 BHYM-
PEHHUL TMOYEK.

6.C. Mnooicecmso omkpvmo, cozda oHo cognadaem co C60el GHYMPEHHO-
cmbio.
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6.D. lokaxwure, uro B R:
(a) Int[0;1) = (0;1), (b) IntQ = o, (¢) Int(R\ Q) =2.
6.1. Haiinure BHyTpenHocTs MHOXKeCTBA {a, b, d} B npocrpancrse if.

6.2. Haiinure Bayrpennocts uarepsana (0; 1) ma npamoit ¢ Tononorueii 3apucko-
To.

BrewnocTbro MHOXKeCTBa Ha3bIBAeTCA HANOOJIbIIEE He IepeceKaloIeecs ¢
HIM OTKPBITOE MHOKeCTBO. flcHo, uro BHemHOCTE A coBmasmaer ¢ Int(X \ A).
6'3. 3ambikaHue

3ambikaHnem MHOXKECTBa, HA3bIBAETCS HAMMEHbBIIIEE COJEpIKAIlee ero 3a-
MKHYTOE MHOXKECTBO. 3aMbIKaHHe MHOXKecTBa A 0003HAYAETCS CHMBOJIOM
Cl A wn, mompobuee, Clx A (ot dpanmysckoro cléture u anrauiickoro clo-
sure).

6.E. Bcakxoe NOOMHOMCECMBO MONOAOZUYBECKOZ0 NPOCTPAGHCMEA 0baadaem
samoikanuem. Um asasemces nepecevenue 6CEr 3aMKEHYMBLT MHONCECNE, CO-
dEPAHCAULUL IMO MHOHCECTNEO.

6.3. 1) Ecm A - momnpocrpancTBo mpocrpanctsa X u B C A, to Cla B =
(Clx B) N A. 2) Bepuo nu, uro Int4 B = (Intx B) N A?

Touka b HABBIBAETCS TOYKON MPUKOCHOBEHUS MHOXKECTBA A, €CJIi BCAKAsT
ee OKpPeCTHOCTD Tepecekaerca ¢ A.

6.F. Bamwvxanue mnoocecmea A cosnadaem ¢ MHOINCECTNEOM MOYEK npu-
Kocnosenus mroocecmea A.

6.G. Mnoowcecmso A samrnymo, coeda A = ClLA.

6.H. 3amvikanue mMHoicecmea coénadaem ¢ JONOAHEHUEM €20 GHEeUHOCTIU,
m. e. CLA =X N\ Int(X \ A), 2de X — npocmpancmeo u A C X.

6.1. /lokaxure, uro B R:
(a) Cl0;1) =10;1], (b) ClQ=R, (c) CI(R~Q)=R.

6.4. Haiinure 3aMblKanne MHOXKeCTBa {a} B if.

6’4. 3aMblkaHne B METPUYECKOM IIPOCTPAHCTBE

IMycre A — TOJMHOXKECTBO U b — TOYKA METPUYECKOr0 MTPOCTPAHCTBA
(X, p). Hanomuum (cm. 4), 9ro paccrosinuem ot Touku b 10 muHoxecrBa A
HaszbiBaercs unciao p(b, A) = inf{p(b,a) | a € A}.

6.J. Hokaxure, uro b € Cl A, corga p(b, A) = 0.
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6’5. I'pannna

[panuyeri muoxectBa A HaspiBaerca muOKecTBO Cl A \ Int A. O603Ha-
Jaercsd rpaHuia MHOXKecTBa A cmMBosioMm Fr A wim, nompobuee, Fry A (or
dbpanmysckoro frontiere u anrmmiickoro frontier).

6.5. Haiinure B npocrpancrse §f rpanuiy muoxecrsa {a}.
6.K. I'panuita MHOXKECTBA, COBIAJAET C MHOYKECTBOM €r0 TPAHNIHBIX TOUEK.

6.L. Muoxectso A 3amKHYyTO, corna Fr A C A.
6.6. 1) Hoxkaxure, aro Fr A = Fr(X \ A). 2) Haiizure dopmyny nna Fr A, B
kotopyio A u X \ A Bxommuiu 6bI CHMMETPUIHO.

6.7. I'panunia MHOXKeCTBa paBHA IEPECEUYEHUIO 3aMBIKAHUI ITOrO MHOXKECTBA U
ero ponosnenus. nage rosopst, Fr A = CIAN CI(X \ A).

6'6. BHyTpeHHOCTb M 3aMbIKaHUE IIPU yTOHbYECHUU
TOII0JIOTUU

6.8. Ilycre 1, Q2 — Tomosiormueckue cTpyKTypel B X, 1 C Q2 u mycrs Cl; —
3ambiKanue orHocaTeabHo §2;. Torma Cl; A D Cla A gna moboro A C X.

6.9. Chopmynupyiite u HOKaKUTE AaHAJIOIUIHOE YTBEPKIEHUE O BHY TDEHHOCTH.

6'7. BHyTPEHHOCTb U 3aMbIKaAHUE
KaK oIlepanuv Ha/Jd MHO2KeCTBaMu
6.10. loxaxwure, aro eciu A C B, to Int A C Int B.
6.11. doxkaxwure, uyro Int Int A = Int A.
6.12. TlpaBnma jv, 9TO JJIst JIIOOBIX MHOXKECTB A ¥ B CIpaBe/yInBbl PABEHCTBA!

Int(AN B) =Int ANInt B, (8)
Int(AU B) = Int AU Int B? (9)

6.13. IlpuBenure mpuMep, B KOTOPOM OJHO U3 PABEHCTB IPeIbIAYINei 33/a9l He
BBIIIOTHSAETCS.

6.14. B npumepe, KOTOPBIN BBl IOCTPOMUIIN, PEIINB IPEILIIYIIYIO 33039y, PABEeH-
CTBO HE CIIPABEINBO, HO, BEPOSITHO, UMEET MECTO BK/IIOUEHNE OTHON JYaCTHU PaBEH-
crBa B npyryio. CupaseuBo Jjin 310 BKJOYeHue s jgobbix A u B?

6.15. Ilposemure ucciuenoBanue onepanuu Cl, aHAIOrMYHOE HAMEYEHHOMY B 3a-
madax 6.10-6.14 nccnemoBanuio oneparym Int.

6.16. Haiinure Cl{1}, Int[0; 1] u Fr(2; +00) B cTpenxe.
6.17. Haiiaure Int((0;1] U{2}), CL({ 1 [neN}), uFrQ s R.

6.18. Haiinure CIN, Int(0;1), u Fr[0; 1] 8 npocrpancrse Ry, . Kak B 3TOM TIpO-
CTPaHCTBE HAXOAWTH 3aMBIKAHUE W BHYTPEHHOCTH TTPOU3BOIHBHOTO MHOKECTBA?

6.19. Comepxur s cdepa rpaHuily OTKPBITOIO IIapa C TEMHU K€ [EHTPOM U
paguycom?



34

I. CrpykTypbl u npocTpancTBa

6.20. Conepxut ju chepa TpaHUIly 3aMKHYTOTO IMapa C TEMU Ke IEeHTPOM K
paguycom?

6.21. Haiinure cdepy, He mepecekarouryiocs: ¢ 3aMbIKAHHEM OTKDPBITOrO IIapa C
TeMHU Ke [MEHTPOM U PaJIAUyCOM.

6’8. Ilonepemennoe npumenenue Cl u Int

6.22 3adavwa Kypamosckozo. Kakoe HanbobIIee 9HCIO TOMAPHO PA3IUIHBIX
MHOZKECTB MOXKHO TIOJIYYIUTH U3 OTHOTO MHOXKECTBa, IPUMEHAA K HEMY II0CJIeI0Ba-
resibro oneparuu Cl u Int?

Curenyromasi cepus 3a71a4 nmomMmoxker Bam pemursb 3a1a4dy 6.22.

6.22.1. Haiinure takoe muoxkectBo A C R, arober A, ClA, u Int A
ObLTN OBl MOTIAPHO PA3THIHBI.

6.22.2. CymecrByer jin Takoe MHOXKecTBO A C R, uro

(1) A, C1A, Int A, ClInt A nonmapHoO pa3/IuvHbL;
(2) A, ClA, Int A, Int Cl A nonapHo passiudHbL;
(3) A, ClA, Int A, ClInt A, Int C1 A nonapuo paziudsb?

Ecsin Takue MHO2XKECTBA y/1a10CH IOCTPOUTD, TO MIPOJOJIZKANUTE B TOM
Ke Jiyxe, oka mosydaercs. Ecim 9Ta mernovka nepecrasa yIIMHHATHCS,
TO TOmbITaliTeCh CHOPMYIUPOBATH TEOPEMY, OObACHAIONLYIO HeyIady B
MTOCTPOEHUAX.

6.22.3. Jlokaxkure, uro ClInt ClInt A = ClInt A.

6’9. MHoxkecTBa ¢ 001Iel rpaHuiei

6'10.

6.23*. TlocTpoiiTe TpW OTKPBITBIX MHOXKECTBA, HA MPAMOIA, HMEIOIMIUX OIHYy W TY
ke rpanuity. MoxkHo i B Balrem mocTpoeHun yBeJIHmauTh YUC/I0 MHOKECTB?

Beinyksocrs u onepanuu Int, Cl u Fr

Hamomanm, uro muOokecTBO A C R™ Ha3bIBaeTCSH BbIMYK/ILIM, €CIIH BMECTE
¢ JIOOBIMU CBOMMH JIBYMsi TOYKAMU OHO COJEPXKUT BECh OTPE30K, COeIUHSIONIIIT
ux (apyruMu ciaoBaMu, jjist JIOObIX €,y € A Kax[asi TOYKa z, IPUHAJIEXKALAs]
orpe3ky [z;y], npunagexur u A).

6.24. Ecin A — BBIIYKJIOE TIOIMHOYXKECTBO IpocTpancTsa R™, o muoxkecTrBa Cl A
u Int A Toxxe BBITYyKJIBI.

6.25. Jlokaxkure, 4TO BbIILYKJ0€ oaMuoxkecTBo A npocrpancrsa R" unu comep-
JKWAT Map WIn ke comepxurca B (n — 1)-mepuom addurroM mommpocrpancTse
npocrpancrsa R™.

6.26. Ilpu kakux ycnoBusax Fr A — BblIyK/I0e MHOXKeCTBO?
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6’11. 3amaHue TOMOJIOTrUU MOCPEACTBOM ONeparuii
3aMbIKaHUS U BHYTPEHHOCTU

6.27*. IlycTh B MHOMKECTBE BCEX TIOAMHOMKECTB MHOXKECTBa X 3aJaHa, OTepaItust
Cl., obnagaomas cjie/Ly OnUMI CBONCTBAMU:

(1) Cl.o = a;

(2) Cl. AD A

(3) Cl.(AUB) =Cl. AUCl, B;

(4) CL.Cl. A =Cl A
Hokaxkure, aro torga = {U C X | Cl,(X \U) = X \ U} aBasercsa rouo-

sioruueckoit crpykrypoit u Cl, A coBuagaer ¢ 3ambikanuem Cl A B npocrpancrse

(X, 9).

6.28. Haiinure cucremy axcuom s Int, amamorusmyio cucreme akcmom rst Cl,
nauHoit B 6.27.

6’12. Il;moTHBIE MHOXKECTBA

IMycrs A u B — moaMHOXKeCTBa, TOMOJIOTHIecKoro mpocrparcrsa X . [o-
Bopsat, uro A naotHo B B, ecim C1A D B, u uro A BCrogy nioTHO, eciu
ClA = X.

6.M. Mnooicecmso 6C100y NAOMHO 6 HEKOMOPOM NPOCTPAHCINGE, 0206 OHO
NEPECEKAEMCA CO BCAKUM HENYCMBLM OMEPLIMBIM 6 IMOM NPOCTPAHCINGE
MHONCECTNBOM.

6.N. Muoxecrso Q Bcroy miorao B R.

6.29. [aiiTe npsiMoe OMCAaHUE MHOKECTB, BCIO/Ly IVIOTHBIX B: 1) aHTUAMCKPETHOM
mpocTpaHcTie; 2) crpenke; 3) Ry .

6.30. JloxaxxuTe, YTHh TOIOJIOIIYIECKOE IPOCTPAHCTBO AUCKPETHO, COrJa B HEM
WMEeTCH eIMHCTBEHHOE BCIOAY IMJIOTHOE TIOIMHOKECTBO (KaKoe, KCTaTn?).

6.31. Kakuwm cBOICTBOM 00/1aJa€T TOMOJIOTUIECKAsT CTPYKTYPAa, €CJIU B TIPOCTPAH-
CTBE CyWECTBYeT BCIOAY IJIOTHOE OjHOoTOYedHoe MHOxKecTBo! Hailimure coorBer-
CTBYIONIUI IpUMep B 2.

6.32. Bepmo s, 4ro 0ObeauHeHne BCIOAY IIJIOTHBIX MHOXKECTB BCIOAY IJIOTHO,
mepecevenne BCIOY TIJIOTHBIX MHOYKECTB BCIOAY TIIOTHO?

6.33. JlokaxuTe, 9TO IepecedeHre IBYX OTKDPBITHIX BCIOAY IIJIOTHBIX MHOXKECTB
BCIOZY ILIIOTHO.

6.34. Kaxkoe yciaoBue B mpeblayIeii 3a/1a9e siBASeTCS JIMITHIM !

6.35% 1) JlokaxkuTe, 9TO MEPECEIEHUE CIETHOTO CEMEHCTBA OTKPBITHIX BCIOLY
IJIOTHBIX B MPOCTPAHCTBE R MHOXKECTB BCIOAY TIOTHO. 2) MoxkHO /it 3aMeHuTh R
Ha, [IPOU3BOJILHOE TOIOJIOIUIECKOE IIPOCTPAHCTBO?

6.36%. Jlokaxwure, 9T0 MHOkKeCTBO (Q HE AB/IAETCS MEpEceIeHneM HUKAKOTO CIeT-
HOTO CeMeNCTBa OTKPBITHIX BCIOIY IJIOTHBIX B R MHOXKECTB.
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6'13. Hurae He MJIOTHBIE MHOXKECTBA

MHo0KecTBO Ha3BIBAETCS HUT4E HE MJIOTHbIM, €CJIN €0 BHEIIHOCTL BCIOIY
IIJIOTHA..

6.37. MoxkeT /I MHOXKECTBO OBITh OJHOBPEMEHHO BCIOIY TIJIOTHBIM W HUTIE He
TJIOTHBIM 7

6.0. MuoxecrBo A HUTE He MIOTHO, COTIAA B OO0 OKPECTHOCTH JTI0H0
TOYKM CYyIIECTBYET TOUKA, BXOISAIMAA B JTOTOTHEeHne MHOXKecTBa A BMecTe ¢
HEKOTOPOW CBOE OKPECTHOCTBIO.

6.38. 3azadxa. Uro MOXKHO CKa3aThb O BHYTPEHHOCTH HUIJIE HE IIJIOTHONO MHO-
KecTBa?

6.39. SIBnsercs nu R murme ve naorHsM B R2?

6.40. oxaxwure, uaro eciim A Hurmae He ioTHO, To Int Cl A = .

6.41. JloxaxuTe, 9TO 'PAHUITA 3aMKHYTOr0 MHOXKECTBa HUTE He IJI0THA. BepHo
JIK 9TO YTBEPXK/IEHUE JJIsi IPAHUIIBI OTKPBITOI0 MHOXKECTBA; IIPOU3BOILHOIO MHO-
xecTBa?

6.42. Jokaxkure, 9T0 00beIUHEHNE KOHETHOTO HAOOpa HUT/IE HE MJIOTHBIX MHO-
JKeCTB HUT/IE He TIJIOTHO.

6.43. Jlokaxkure, 9TO IJIsi BCAKOro MHOXKecTBa A cymecTByer HambOsbIIee OT-
KpbiToe MHOXKecTBO B, B koropom A mwiorno. Kpaitaue ciysan B = X u B = O
03HAYAIOT, 9TO A BCIOZY TIJIOTHO WM A HHUIJE He IUIOTHO COOTBETCTBEHHO.

6.44% oxaxkwure, ato R He ABIAETCA 0OHEIUHEHNEM CUCTHOTO YMCTIA HUTIE He
IIJIOTHBIX MHOXKECTB.
6'14. IIpenesbHBIE M M30JIMPOBAHHBIE TOYKU
Touka b HaszbIBaeTCH MPEAENLHON TOYKON MHOXKECTBa A, ecin Besgkas ee

OKPECTHOCTD MEPECeKACTCI ¢ MHOKECTBOM A N b.

6.P. Bceskast mpemesibHasT TOUKA MHOYKECTBA SIBISIETCS €10 TOYKON MTPUKOC-
HOBEHUS.

6.45. llocTpoiiTe mpuMep, JeMOHCTPUPYIONIN, ITO TOYKA IPUKOCHOBEHNA MOYKET
He OBITH IIPeIeTbHON TOYKOIA.

Touka MHOXKECTBa A, He SBJISMIONALACS MIPEIEIbHON IS 3TOr0 MHOXKe-
CTBa, HAZBIBAETCS U30JIMPOBAHHOIM.

6.0Q. Mnoowcecmeo A samrknymo, coeda ono codepacum éce c80U npedesvHvie
mowKu.

6.46. Yxaxure pe/esbHbIe 1 H30MpoBanHbie Toukn Muoxkects (03 1]U{2}, { 2 |
neN}BQusR.

6.47. Ykaxkure npejie/bHble U U30/IMPOBAHHbIE TOUKN MHOKecTBa N B R .
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6’15. JlokaJIbHO 3aMKHYTbIE MHOXKECTBA

FoBopsiT, 94TO HOAMHOXKECTBO TOIOJOTUYECKOIO [IPOCTPAHCTBA JIOKAJIbHO 3a-
MKHYTO, €C/Ii KaxKjasd ero Todka obJagaer Takoit okpecrnocrbio U, uro A N U
samkuyTo B U (cp. 5.5-5.6).

6.48. lokaxxuTe, 9TO CJAeIyIONIHE YCIOBUS PABHOCUIHHDI:
(1) A sokanbHO 3aMKHYTO B X;

(2) A ectb oTKpBITOE IOAMHOKECTBO ¢BOero 3ambikannsa Clx A;
(3) A — mepecevenue OTKPBITOrO U 3aMKHYTOI'O TIOJIMHOZKECTB IIPOCTPAHCTBA

X.
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7. Y1opd/J104YeHHble MHOXKECTBA,

DToT maparpad MOCBAIIEH CTPYKTYPaM MOPLAIKA, KOTOPbIE UT'PAIOT B MaTe-
MaTHUKE POJib, CPABHUMYIO C POJIbIO TOmoorndeckux crpykryp. Ilocie kpar-
KOT'0 ODIIIEro BBE/IEHUS Mbl COCPE/IOTOYNM BHUMAHUE HA CBA3IX MEXK/Yy CTPYK-
Typamu 3Tux AByx TuioB. Kak u Mmerpuieckue mpocTpaHCTBa, YaCTUTHO yII0-
psA0YEHHBIE MHOYKECTBA ONIPEJE/ISIIOT €CTEeCTBEHHBIE TOTOJI0TMYeCKe CTPYK-
TYyPBI U CIyZKaT UCTOYHUKAMU WHTEPECHBIX ITPUMEPOB TOIOJIOTTIECKUX ITPO-
CTPAHCTB.

7'1. Crporue nopsaku

Hamomuuwm, uro GunapuOoe OTHOIIEHHE < B MHOYXKECTBe X HA3bIBACTCH
OTHOLLUEHNEM CTPOroro 4acTUYHOro NOpsifka, Wiu MPOCTO CTPOrUM MOPSAKOM,
€CJIM OHO Y/IOBJIETBOPSIET CJICAYIONIUM JIBYM YCIOBUSIM:

° Mpped)ﬂeKCMBHOCTb. Hu g xkakoro a € X we BepHO, uTO @ < a,
e TpaHnsutusHocts. Jnsg mobbix a,b,c € X uz a < bu b < ¢ ciuegyer

a < c.

7.A Anmucummempuurnocms. Ecin < — crporuii opsiloK B MHOYKECTBE
X, to mHu g1a Kakux a,b € X He MOryT BBIIOJHATHCS OJHOBPEMEHHO KaK
a<b, Tak u b < a.

7.B. OrHorierre < B MHOXKECTBE BEIIECTBEHHBIX YHCe/T R sIBJISIETCST CTPOTrUM
OPSAJIKOM.

Qopwmysta a < b unorma unrtaercd Kak “a menbiie, gem b win “b Hosibiie,
9eM a”, HO TacTO JJISt TOTO, YTOORI He CAUITKOM CBSI3bIBATH ODIIEe OTHOIIEHNS
MOPs/IKa C OTHOIIEHUEM MOopsaaka B R, BMecTo 3T0ro roopgar “b ciemyer 3a
a” wiu “a nupejmecrsyer b’

7'2. Hecrporue nopsakun

Bunapnoe ornormiernune < B MmHOY)KecTBe X HA3BIBACTCS OTHOLUEHUEM HECTPO-
roro 4aCTU4HOro fnopsigka, WJIM ITPOCTO HECTPOrUM MOPSAKOM, €CJ OHO YIIO-
BJIETBOPSIET CJIEAYIONINM TPEM yCJIOBUSIM:

e TpaHautusHocTs. Ecim a <bu b <c¢, 0 a < c.
o Antucummetrpuyrocts. Ecim a <bu b <a, 10 a = b.

e PechnekcusHocTb. a = a myg aod0ro a.
7.C. Ornomenrie < B R gBjIsieTCcd HECTPOTUM TTOPSTKOM.

7.D. B muoxecrse N Harypanbubix uncest oraomenue alb (1. e. a asasemca
deaumenem b) €CTh OTHONIEHNE HECTPOTOrO YACTUIHOTO MOPSIKA.
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7.1. dBiserca mm OTHONMIEHWE a|b HECTPOTMM TMOPSAIKOM B MHOMXKECTBE 7, TIEJIBIX
qucest?

7.E. B MHOXKECTBE IIOAMHOXKECTB MHOXKECTBA, X OTHOIICHIE BK/IIOYEHUS SB-
JISIETCST HECTPOTHUM TTOPSITKOM.

7'3. B3anMoCBsI3b MEXK/y
CTPOTMMM U HECTPOTMMMU IIOPSKAMU

7.F. C Kazk/IbIM CTPOIMM IOPSJIKOM < aCCOLMUPOBAHO OMHAPHOE OTHOIIIEHKE
=, OIpeieJIEHHOE B TOM K€ MHOXKECTBE CJIeAylomumM obpaszom: a = b, eciu
b0 a < b, mbo a = b. D10 — HECTPOrUil MOPSIIOK.

7.G. C KaxXKJIbIM HECTPOTUM TOPSJIKOM = acCOIMUPOBAHO ODUHAPHOE OTHO-
IeHne <, OIPe/Ie/IEHHOE B TOM YKe MHOXKECTBE CJIeyIoruM obpa3zom: a < b,
ecin a X b ua#b. DT0 — CTPOTHit TTOPSIIOK.

7.H. KoucrpyKiuu npeablIynmX AByX 33429 B3AaUMHO O0PATHBI: IPUMEHEH-
HBIE OJIHA 33 JAPYroil B JIIOOOM MOPIKE, OHU JAIOT UCXOHOE OTHOIICHUE.

Takum 06pazoM, CTPOrUil 1 HECTPOTUI MOPSIIKU OMPEIEIIIOTCA JIPYT 110
JIPYTY U gBJIAIOTCA PA3HBIMU JIMKAMU OJIHONM M TOIl YK€ CTPYKTYPBI IOPSAIKA.
Msr yxe BCTpedasuch C TOJ00HBIM SIBJIEHHEM B TOIOJIOTHHU: OTKPBITHIE W
3aMKHYThIE MHOXKECTBA TOTIOJIOTTYECKOTO TTPOCTPAHCTBA OMPEETAIOTCS JIPYT
110 JIPYTY U JAI0T Pa3/IudHbIe CIIOCOOBI 3a/[aHUs TOIIOIOTHHN.

MHOKeCTBO, CHAOKEHHOE OTHONIEHWEM YACTUYHOIO MOPSIKA (CTPOruM
WJIH HECTPOTHM ), HA3bIBACTCS (4aCTUYHO) YNOPSAOYEHHBIM MHOXECTBOM TLJIH,
KOpode, yymom. /Ipyrumm cioBamMu, GaCTUTIHO YIOPSTOUEHHOE MHOKECTBO
(aym) — sro mapa (X, <), cocraBienHas u3 MHOXKeCTBa X U OTHOIIEHUS
CTPOTOr0 YaCTUIHOTO HOpsIKa < Ha HeM. KomHewHo, crenaB HEOOXOTMMBIE
OTOBOPKH, BMECTO CTPOTOT0 YACTUIHOTO MOPS/IKA MOXKHO B34Th COOTBETCTBY-
fonuit Hecrporuii. Kakny mopsaKoMm, CTpOrnM MM HECTPOTUM, IOJIB3YIOTCS
B KazKJJOM KOHKDETHOM CJIydae — BOIPOC yA00CTBA, BKyCa N TPAIUIHN. XO-
TS y700HO MMeTh 00e BepCHH, HeCTPOTHE IOPSIKH [OCTEEHHO 3aBOEBbIBA-
10T OJIHY KOHKDETHYIO CHUTYalluio 3a Apyroil. Hukro, HampuMep, He BBOAUT
0003HaueHNUii [IsT CTPOTOi JemmMocTH, a obo3nadenne C JjIsi HECTPOTOTO
BKJIIOYEHUS MHOXKECTB BBITECHSIETCS 0OO3HadenneM C, KOTOPOE YK€ IMOYTH
HUKOT/Ia HE MMOHNMaETCAd KaK CTPOTroe BKJIIOYEHHE. B a.6CTpaKTHOI'71 CUTyanuun
MBI Oy/IeM II0JTb30BATHCS W TeM U JIPYTUM IMOPSIKOM, 0003HAUAsi CTPOTHit
HOPsAJIOK 3HAYKOM <, & HECTPOIHil — 3HAYKOM =.

7'4. Konycsl

[Tycrs (X, <) — ynopsmouennoe MHOKecTBO U a € X. Muoxkecrso {z €
X | a < x} Ha3bBaeTCA 6EPTHUM KOHYCOM DJIEMEHTA @, & MHOKeCTBO {x €
X | z < a} — ero nusicnum Kornycom. CaM 37eMEHT @ He TIPUHAIEKUT CBOIM
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korycam. /[06aBUB €ro K HUM, MBI TIOJIYIUM NONOAHEHHIE KOHYCHI: 6ePTHUL
nonoanennwidi Konyc umn seesdy Cy(a) = {x € X | a = 2} u nuscnud
nonoanennwiti konyc Cy(a) = {r € X |z 2 a}.

7.I Ceoticmea xonycos. ITycmov (X, <) — wacmuuno ynopadouennoe mHo-
gIcecmso.

(1) C¥(b) C Ck(a), ecau b € Ck(a);
(2) a € C¥(a) dan mobozo a € X.
(3) ecau Cx(a) = C¥(b), mo a=b;

7.J Konycot onpedeasirom nopsdox. [lycmov X — npousdsosvroe mmooice-
CMB0, U NYCMb 68 HEM 0AA KaHcA020 anemerma a € X ONPedeaeHo MHOMCE-
cmeo C,. Ecau

(1) Cp C Cy das ar06020 b € Cy;
(2) a € Cy daa mobozo a € X,
(3) ecau Cq = Cp, mo a =0b;

mo omnowenue: a 3 b, ecau b € Cy, acaaemca necmpozum nopadkom 6 X
u ommocumenvho smozo nopadxa Coq = C(a).

7.2. Tycrs C C R® - mmoxkecrso. PaccMoTpuM oTHOIIEHHe <IC MEXK/Ly TOUKAME
B R3, koropoe oupenensiercs caeayomum obpazom: a <c b, eciu b — a € C. Ka-
KIM YCJIOBHSIM JOJI?KHO yI0BIeTBOPATH C' 1Ist TOro, 9Tobhl <l¢ ObLJI0 HECTPOIUM
gacTuanabM 1opsakoM B R3? Kak B 9TOM yHODSI0YEHHOM MHOXKECTBE yCTPOEHDI
BEDPXHUN U HUKHHI KOHYCHI [IPOU3BOJIBHOIO 3/I€EMEeHTa !

7.8. Ioxaxwure, uro Beskmii Bermykbiii korye C' B R? ¢ sepummoii 5 (0,0, 0), me-
PECEKAIOUIACT C HEKOTOPOIi MI0CKOCThIO, poxoasameir gepe3 (0,0,0) Toapko mo
(0,0,0), ynoBnersopser ycsioBuaM, HaliICHHBIM B PE3yJIbTATe PEIIEHUS IPEIbLIY-
meit 3a1a49u.

7.4. B npocTpaHncTBe-BpeMenn R* crienmasbHO#M TEOPUM OTHOCUTETHHOCTH (B KOTO-
POM TOYKH M300PaKai0T MOMEHTAJIbHbIE TOYEYHbIe COOBITHUSI, IEPBbIE TPU KOOP/IH-
HATHI T1, T2, T3 — TPOCTPAHCTBEHHBIE, & Y€TBEPTAA KOOPIANHATA, [ — BPEMS ) NMEETC
orromenwe cobwmue (T1, T2, T3, t) npedwecmeyem (M MOXKET OKa3aTh BIUIHAE HA)
(z1, T2, T3, 5, OIIPEIEAIOMEECT HEPABEHCTBOM

C(E— t) > \/(51 — x1)2 + (52 — 1,'2)2 + (53 — 1,'3)2.

dABasiercsa Jim 3TO OTHOIIEHME HOpH,Z[KOM? Ecan ABJIAETCA, TO KaKOBbI BEepXHUE 1
HU>KHIE KOHYCbhL TOYKH?!

7.5. OrBerbre Ha BOIPOCHI MPEALLAYIIEH 3a/a49u OTHOCUTEILHO JIBYMEDPHONU u
TpexXMepHON BepCHl 3TOr0 IIPOCTPAHCTBA, B KOTOPBIX YHCJIO IIPOCTPAHCTBEHHBIX
KOODAUHAT PABHO 1 U 2, COOTBETCTBEHHO, U IIOJIMHOKECTBA KOTOPBIX Jerde m300-
paxKaTb Ha PHCYHKaX.
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7'5. PacrnoJioxkeHue 3JIeMeHTa OTHOCHUTEJIbHO MHOXKECTBA

[Iycts (X, <) — 30 aym, A — HEKOTOpOE ero MOJMHOXKECTBO. [0BOpST,
ur0 b — HanbosbLunii anemeHT MHOXKecTBa A, ecin b € A u ¢ < b ist 1106010
¢ € A. Anaymornuno, b — HaumeHbLNii 3nemMeHT MHOKecTBA A, ecim b € A n
b < ¢ pig oboro ¢ € A.

7.K. Dnevent b mnoxecrsa A smisterca nanvensum, corga A C C¥(b);
snemenT b MHOXKecTBa A sBisgerca HaunboabmmM, corna A C Cy (b).

7.L. Bcesgkoe MHOXKECTBO MMeeT He 0ojiee 0JHOr0 HamOOJbIIero u He 0oJjiee
OJJHOT'O HaMMEHbIIero 3JIeMEHTa.

DyiemenT b MHOXKecTBa A Ha3BIBAETCS €r0 MakCUMAaJIbHbIM JIEMEHTOM,
eciin B A Her ssiemenTa, Oosibirero uem b. Ecin ke B A Her sjieMenTa, MeHb-
mero, dem b, 1o b Ha3BIBAETCS MUHUMAJIbHLIM 3JIEMEHTOM MHOXKecTBa A.

7.M. Dnement b muoxecrBa A Makcumades, corna AN CY (b) = b; snement
b muozxecrsa A Munnvasen, corna AN Cx(b) = b.

7.6. Bazadka. Kak cBA3AHDBI MOHATHS MAKCHMAJIHHOTO 3JIEMEHTA U HANOOIIBIIEro
s7eMenTa’ MHHUMAJIBLHOTO U HamMeHbIrero? YTo MOXKHO CKa3aTh 00 yIOpSIOtIeH-
HOM MHOZKECTBE, I JTI0000r0 IOAMHOKECTBA KOTOPOro 3TH IIOHATHS COBIIAIAI0T]

7'6. JIunelinble MOpsAAKU

Ob6parure BHUMAaHUE Ha TO, YTO OLPEJIEJIEHIEe OTHOIIEHUS CTPOroro Io-
psaka me Tpebyer, aTo0bI sy JiI0ObIX a,b € X ObLI0 BBITOIHEHO Win @ < b,
nm b < a, win a = b.

Ecin oTHOIIEHNE TOPSI/IKA Y/I0BJIETBOPSIET STOMY JOIIOJHUTEIHLHOMY TpPe-
boBaHmio (T. e. JIOObIe [Ba dyeMeHTa ¢ U b MHOXKecTBa X CPAaBHHUMBI: WJIN
a =< b, umu b < a), TO TOBOPAT, UTO TMOPATOK = suHeeH, a (X, =) — nuneii-
HO YNOpS04EHHOE MHOXECTBO TN TIPOCTO ynopsAoYeHHoe MHoxecTso.® Ecm
XOTST MOAYEPKHYTh, YTO OTHOILIEHNUEe IOPs/IKa He 00s3aTeIbHO JINHEHO, TO
TOBOPST, UTO HOPSIZOK YaCTUYHbI, & MHOKECTBO — YaCTUHHO yMOpPsifO4EHHOe.

7.N. OrHomuienrie < B MHOXKECTBE BEIIECTBEHHBIX dnces R gpsiercs juHeii-
HBIM TTOPSIIKOM.

GHBPH,ELHyIO Hepa3bepuxy B TEPMHHOJIOIUIO BHeC(JII/I) Bypbaku. Torga juHeliHbIE TOPsiIKH
HA3BIBAJIUCh IPOCTO MOPAAKAMHU, & HOPAAKH He JUHeHHBbIe HA3bIBAJIUCH JACTUIHBIMU MOPSIKAMH,
B PEJIKHMX K€ CUTYaIUsiX, KOrjaa ObLJI0 He W3BECTHO JIMHEEH JIU MOPSA0K, TaK IPSIMO M IOBODPHJIH,
YTO 9TO HE U3BECTHO. Byp6aku mpeyioKui(i) U3bATh CI0BO %aACMUYHO, MOTHBHDYS 3TO TE€M, 9TO
YaCTUYHBIA MOPSOK, KaK siBjleHue OoJiee obiee, d4eMm JIMHEWHBIH TOPsiIOK (KOTOprﬁ TOrJa BCE
HA3BIBAJIA IIPOCTO MOPSIIKOM ), 3aC/IyKUBaeT 6GoJiee IPOCTOro U KOPOTKOro Ha3BaHus. Bo @paniuu
OHU B 3TOM BIIOJIHE IIPEYCIIEJIM, B PYCCKONH TEPMHUHOJIOrUK yClieX OblJl YaCTUY€eH, & B aHIJIOS3bIYHO
— U BOBCe He BO3MOXKeH. Jlesl0 B TOM, UTO YaCTHUYHO YIOPSJOYEeHHOE MHOXKECTBO IO-aHIVIHICKA
HasbiBaercsi partially ordered set, a coxkpaménuo — poset. OT TaKOro KOPOTKOro y0OHOro CJIOBa,
KOHEYHO K€, HEBO3MOXKHO OTKa3aTbCs.
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DT0 — BayKHEHIMit puMep JUHEIHHO YIopsioueHHoro Muoxectsa. Ciio-
Ba u 00OPa3bl, KOPEHSIIUECTd B HEM, HEPEIKO PACIPOCTPAHAIOTCS W HA BCE
JIMHEWHO YIOPS/I09YeHHbIe MHOXKECTBA. HampumMep, KOHYChI HA3bIBAIOTCS JIy-
4amy, 1IprYeM BePXHUE KOHYCbl Ha3blBAIOTCA MPaBbIMy JyHaMy, & HUZKHUE —
JIEBBIMU.

7.7. YuopsmouerHnoe MHOKECTBO (X, <) ABIACTCS TMHEHHO YIOPATOIEHHBIM, CO-
rma X = C¥(a) UCx(a) mna moboro a € X.

7.8. B muoxecrse N HarypasbHbIX 4uces oTHOLIeHUE a|b He sABiercs JTuHeHHbIM
TIOPSATKOM.

7.9. Ilpn xakux X OTHOIIEHUE BKJIIOYEHUs B MHOXKECTBE IIOJIMHOXKECTB MHOYKe-
crBa X SIBJISETCS JIMHEHHDBIM MODSITKOM !

7'7. Tonosioruu JIMHEHHOTrO MOPSIKA

7.0. ITycmo (X, <) — aunetino ynopadowennoe mnoocecmso. Mnoocecmeo
€20 NOOMHOHCECTNE, COCMABAEHHOE U3 MHONCECTNBA X U 6CEE03MONCHVIT NPa-
6ux aysel, m. e. muooicecms suda {x € X | a < x}, 2de a npobezaem ece
X, ecmv 6a3a monoaozuueckoti cmpyxmypvs 6 X .

Tomosoruaeckast CTPyKTypa, HOPOXK/IeHHAsT 9TOil 6a30il, HA3BIBAETCA TO-
nosormedi npasbix JyHed TUHEHHO yropsagodenHoro MuoxecTtsa (X, <). Ana-
JIOTHYHO OIIPEJEIIeTCS TOMOMOMUsS IEBbIX JlyHedi JTHHEeNHHO yIIOPsIOIeHHOr0
MHOKECTBA: OHA IOPOKIaeTcs 6a30ii, cocrapieHHoil m3 X U MHOXKECTB BH/A
{reX|r<a}caelX.

7.10. Touosorus crpenku (cM. 2) cOBHAZAET € TOLOJIOIHE! IPABBIX JIy4eil 1oLy-
npsamoii [0; 00), cHabKeHHol mopsaakom < .

7.11. 3azadra. HackoabKo yC/IOBHE JTUHEIHOCTH ITOPSIIKA HEOOXOINMO B TeOpeMe
7.0? Haitaure ocsiabieHue 3Toro yCjaoBus, KOTOpoe obecrnedanBasio Obl ClipaBe/iiv-
BOCTBH 3aKJ/IIOYEHUA TEOPEMbL 70 U IIO3BOJIAJIO 6BI npeacTaBUTh TOIIOJIOTUYIECKYIO
CTPYKTYPY, OIICAHHYIO B 334a49e 2.2, KaK TOIIOJIOTHIO IIPABBIX JIy el IOAXOAAIIero
YaCTUYIHOI'O IIOPAd/IKa Ha ILJIOCKOCTH.

7.P. Iyemo (X, <) — aunetno ynopadouennoe muoocecmeo. Mrnoocecmeo
€20 NOOMHONCECTNE, COCNABAEHHOE U3 X U BCEBO3MONCHBIL MHONCECTNE 6UJG
{reX]a<z<b,{reX|z<blu{reX|a<uz},e2eaub
npobezatom 6cé muoocecmeo X, ecmvb 6a3a MoONoA02UNECKOT CIMPYKMYDLL 6

X.

Tomosioruveckast CTpyKTypa, MOPOXK/IeHHass TOH 0a30il, HA3BLIBAETCI WH-
TEPBa/IbHOWM TOMOJNOrner JTNHENHO YIIOPSIOYeHHOTO MHOYKECTBA.

7.12. Ilokaxwure, 9TO MHTEpPBAJIbHAA TOIOJIOIUA €CTh HAUMEHbBIIAd TOIIOJIOTHYe-
CKag CTPYKTypa, COIEPrKalllas TOIOJIOIUIO IIPABBIX JIy4Yeil M TOIIOJIOTHIO JIEBBIX
aydeii.
7.Q. Cmandapmmnas monosoeus npamoti cosnadaem ¢ UHMEPSAALHOT MO-
noaozuet 6 (R, <).
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7’8. Tomosiorus 9aCTUIHOTO MOPSIKA

7.R. Iycmo (X, =) — (wacmuuno) ynopadounoe mmuoocecmeo. Muoocecmeo
€20 NOOMHONCECTNS, COCMABAEHHOE U3 BCEGOIMONCHHLT KONYCO8 6UIA

Ci(a)={z € X |a=uz},
2de a npobezaem 6cé X, ecmb 6a3a monoso2uueckot cmpykmypv, 6 X .

Torosoruveckast CTPyKTypa, MOPOYXK/IEHHAs TOM 6a30ii, HA3bIBAETCI TO-
nosorueii nopsaka.

7.8. B monoaozuu nopadka ecaras mouka a € X obaadaem naumernvuwied
(no exarouenuro) oxpecmmocmuto. Takoti oxpecmmocmvro asasemes C%(a) =
{reX|a=z}

7.T. Caedyrougue c60Gcmea monoso2udeckozo NPoOCMpaHcmes PAEHOCUNAb-
HOL!

(1) kaowcdas moura obaadaem Haumenvwel (MO 6KA0OUEHUIO) OKPECT-
HocmwIo,

(2) nepeceuenue 410601 COBOKYNHOCTNU OMEPLIMBLL MHONCECTNE OMKDHL-
mo,

(3) obsedunenue 1060t COBOKYNHOCU 3AMKEHYMBLT MHONHCECTNE 3AMK-
HYMo.

IIpocTpancTBO, yIOBIETBOPLIONIEE YCJAOBUAM TeopeMbl 7.7, Ha3bIBaeTCd
NPOCTPaHCTBOM HaUMEHBLUNX OKPECTHOCTEIR.

B mpocrpancrBe HamMEHBITMX OKPECTHOCTEH OTKPBITHIE W 3aMKHYTHIE
MHOKECTBA, Y/I0BJIETBOPSIOT OJMHAKOBLIM yCJIOBUAM. B 9acTHOCTH, COBOKYII-
HOCTb 3aMKHYTBIX MHOXKECTB IPOCTPAHCTBA HAUMEHBIINX OKPECTHOCTEH AB-
JISIETCsT TOTIOJIOTHYIECKON CTPYKTYPOii. Bynem roBoputh, 910 3Ta CTPYKTYpPa
APOTUBOMONOKHA UCXx01HOV. OHa 0TBEYAET MTPOTUBOIOIOKHOMY YACTHIHOMY

TTOPSIKY.

7.13. Kak oxapaKTepH30BaTb B TePMHUHAX IMOPAIKA TOUKU, OTKPBITBIE B TOIIOJIO-
ruu nopsaka? To xKe caMoe OTHOCTUTEILHO 3aMKHYTHIX TOYeK.

7.14. aiiTe HEIOCPEICTBEHHOE OMUCAHNE OTKPHITHIX MHOXKECTB B TOIIOJIOTUN II0-
panka npamoil R ¢ mopagkom <.

7.15. JlaiiTe HEmOCpPeICTBEHHOE OMMCAHUE 3AMBIKAHUS TOYKH B TOIOJIOTAM Ya-
CTHYHOTO MOPSAIKA.

7.16. Kakue 0HOTOUEYHbIE MHOXKECTBA BCIOLY IIJIOTHBI B TOIMOJIOTUH ACTHYIHOTO
nopsaaka’

T910T KIACC TOMOMOTHTECKHX npocrpancTs 6bur BBegéH u musyden 1. C. AjiekcaHpOBBIM
B 1937 romy, AmekcanapoB Ha3BaJd UX Juckpemubimu. Temepb Tak HA3BIBAIOTCS MPOCTPAHCTBA
HaMHOrO Gostee y3Koro ksacca. Hassanue npocmpancmeo naumernvwur okpecmmuocmed; (smallest
neighborhood space) npemmoxeno Kpucrepom Ilucenbmanom.
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7.17. B mmuoxecrBe {a,b,c,d} paccMOTpUM YaCTUYHBINA MOPSIOK, KOTOPOM BCE
CcTpOorme HepaBeHCTBA TAKOBBL: ¢ < a, d < ¢, d < a, d < b. [Iposepsbre, gTO 3TO
— YACTUYHBIN MOPHAMIOK, U JOKAKUTE, ITO TOIOJIOTHS STOr0 HOPAIKA COBIAIAET C
romosrorueii npocrpancTsa if, omucammoii B 3amage 2.3 (1).

7'9. Kak HapucoBaTb IyM

Temepp MBI MOXKeM 00BICHUTH MUKTOIPAMMY i/, KOTOPOW IOIb3yeMCs
J1st 0003HAYEHUS IPOCTPAHCTRA, onpeaenénnoro B 3agade 2.3 (1). Oua onu-
ChIBaeT HOPSJIOK B MHOXKecTBe {a,b,c,d}, 3aja0muii TOIoJ0ruI0 COrIacHo
7.17. IeicTBUTEIBHO, €C/IN PACCTABUTH JIEMEHTHI PACCMATPUBA~

€MOT'0 YIIOPSAI0UEHHOI0 MHOXKECTBA B y3jaX rpada MuKTOrpaM-

MbI, KaK IIOKa3aHO Ha PUCYHKe CIIPpaBa, TO OKaXKeTcCsd, 4To y3- a b
JIBbI, OTBEYAIONINE CPABHUMBIM 3JI€MEHTaM, COCJIMHEHBI OTPE3KOM C
VTV BOCXOISAIIIEH JTOMAHOI, 1 DOIBINTHIIT 9/IEMEHT OTBETAET BEPX- d

HEeMYy y3J1y.

Tak MOXKHO HAPUCOBATH CXEMY, 3a/IAIONIYI0 JII000e KOHEYHOE YaCTUYIHO
YIOPSIIOUEHHOE MHOYKECTBO. DJIEMEHTHI ero M300parkalTcsd TOUYKAMU ILIOC-
KOCTH, TpUYeM, ecju a < b, To Touka, m3obpazxkarorias b, BBIIIE TOUYKH,
n300paKaIoNeil @ U 3TU TOYKU COeJMHEHbI JIO0 OTPE3KOM, JInhO JIOMAHOII,
3BEHbS KOTOPOW COEJMHSAIOT TOUYKM, W300pParKafolIue MPOMEXKYTOUHbIE 3JIe-
MEHTBI BO3PACTAIONMIEH MEemovYKn ¢ < ¢ < €3 < -+ < ¢, < b. Mox#O 0BLTO
6bI COEIMHUTHL OTPE3KaMM KazKAYIO IMapy TOYEK, OTBEYAIOINX CPaBHUMbIM
9JIEMEHTAM, HO 9TO ¢JIeJIajio Obl JuarpaMMy U3JIUIrHe 3amyTanaoit. [Tosromy
OTPE3KU, KOTOPbIE MO2KHO BOCCTAHOBUTD T10 IPYTUM B CUJIY TPAH3UTUBHOCTH,
IIPOBOJIUTH HE CTOUT.

JlumarpaMmbl yKa3aHHOTO BU/IA HA3BIBAIOTCI guarpammamu Xacce.

7.U. [lokaxkure, 4To0 jIF060€ KOHETHOE YACTUIHO YIIOPSITOUEHHOE MHOXKECTBO
MOKHO OTIMCATh TaKOU JuarpamMMoir Xacce.

7.V. Onumure TOMOIOTHIECKYIO CTPYKTYPY B MHOYKECTBE Z TEIBIX TUCE,
KOTOpast sIBJISIETCSI TOMOJIOTHEH TOPs/iKa, 3aaHHOTO CJIEYIONIEH auarpam-
Mot Xacce

[Ipocrpancrso 3ama4u 7.V wHazweiBaercs yu@posot npamot win npamot
Xanaumcrozo. B HeMm KaxK70e TeTHOe UNCIO 3aMKHYTO W KaXKJ[0e HeIeTHOe —
OTKPBITO.
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7.18. Comocrasum KaxKmoMmy weTHOMY auciy 2k marepsan (2k — 1,2k +1), a xax-
oMy HedeTHoMy [uciy 2k — 1 omnoroueanoe muoxkectso {2k —1}. JTokaxnre, 9T0
MHOZKECTBO IIeJIbIX HCeJI OTKPBITO B TOIOIOIUU XaJIMMCKOI0, COrJa obbequHenne
COTIOCTABJICHHBIX M MHOXKECTB OTKDBITO Ha CTAHIAPTHON YUCIOBON IMPAMOIL.

7.19. Cpeju npuMepoB TOMOJOIMIECKHUX [IPOCTPAHCTB, JAHHBIX B 2, HalluTe BCe,
B KOTOPBIX TOIIOJIOTHIO MOYKHO 33/IaTh KaK TOIOJIOTHIO TOpsAaKa. B ciaydasax Ko-
HEYHBIX MHOYKECTB HAPUCYHTE TUArpaMMbl, OMUCHIBAIONIAE COOTBETCTBYIONINE IT0-
PSAIKHA.

7'10x. Imkanyeckue MOPSAAKA B KOHEIHOM MHOXKECTBE

Uuknndeckum nopsifkom B KOHEYHOM MHOYKECTBE HA3BIBACTC JIMHEHHBII
TIOPSAIOK, PACCMATPUBAEMBIN C TOUHOCTBIO JO IMUK/JINIECKNX TTePECTaHOBOK.
JIMHENHDbIN TOPSIIOK MO3BOIIET 3aHYMEPOBATD 9JIEMEHTHI KOHETHOTO MHOZKe-
ctBa X HATYPaJIbHBIMHU YHUCIAMHU OT 1 0 TMCIa JEMEeHTOB MHOYKECTBA X,
tak uro X = {1, 29,...,x,}. Llukamdeckas mepecraHOBKA MEHSIET MeCTaMU
mepBbie k 3JIEMEHTOB C MOCJIEIHUMU N — K SjIeMeHTaMu, He MEHSS MOPSIKA
B IIpefeax KayKJI0i M3 3TUX T'PYII:

(.’El,.’EQ, oy Ly Tl 1, Th425 - - - 7‘Tn) — (ZEk+1,Ik+2, ey Ty L1, T2y - - - ,.’Ek)

PaccmarpuBast nmuknydeckuii mOPSIOK, HE UMEET CMBIC/Ia, TOBOPUTH O TOM
YTO OJAMH 3JIEMEHT CJIeJlyeT 3a JAPYIUM, HOCKOJIbKY IHOAXOAAIeN UuK/Imde-
CKOI 11epecTaHOBKOW BCEr0 MHOYKECTBA JIIOOBIE /IBA JIEMEHTA MOYKHO ITOCTa-
BUTH B IIPOTUBOMOJIOKHOM TOpsijKe. OHAKO, MOYXKHO TOBOPUTH O TOM, UTO
OJIMH 3JIEMEHT HEeIOCPE/ICTBEHHO CJietyeT 3a Apyrum. [Ipu sTom, pasymeercs,
HEIOCPEJCTBEHHO 3a IIOCJIeIHUM 3JIEMEHTOM CJjejlyeT CaMblil IIePBbI: Be/lb
npu JII000N HETOXKIECTBEHHON NUKIMIECKON MepeCTaHOBKE CAMBIN ME€PBBIi
9JIeMeHT Oy/eT MOCTaB/IeH HEIOCPEICTBEHHO ITOC/IE CAMOTO TOC/IeTHETO.

B mukmrdaeckn ymopsaoueHHoOM KOHEIHOM MHOYKECTBE IS KazK0r0 djIe-
MEHTa MMeeTCd eIMHCTBEHHDLIN HEeIOCPEICTBEHHO CJIEIYIONMA 33 HEM 3JIe-
MEHT. DTUM OLPEIELIIETCS OTODPasKeHne MHOXKeCTBa, Ha cebs, HpocTreiiinas
LUKJ/IMYECKAs [IEPECTAHOBKA,

Tit1, ecam i <mn,
Ti = .
Ty, ecsii i = M.

Dra mepecTaHoBKa JAefCTByeT TPAH3UTUBHO (T. €. ee nTepanusaMu Joboi 3/1e-
MEHT TTePEeBOANTCSA B JIIODOTH gpyroﬁ).

7.Ax. Onucannas eviue c8a3b obpamuma: aoboe omobpasicenue T : X —
X, mpanzumueno deticmeyrowee 6 X, onpedeasem 6 X yukAudeckuss nops-
doxk, 6 Komopom nenocpedemeerno 3a asemermom a € X caedyem T(a).

7.Bx. B mmooicecmee, COCMOAWEM U3 T INEMENNOE, UMEEMCA PO6HO (N —
1)! nonapro pasnuwx yuksuveckur nopadkos.
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B wacrHoCcTH, B ABYX9/IEMEHTHOM MHOYKECTBE MMEETCsI BCEIO OJMH ITHK-
JIMYECKUH MOPSIZIOK (M MOTOMY HE MHTEPECEH HACTOJIBKO, YTO WHOIJIA JIarke
rOBOPSIT, 9YTO OH HE UMEET CMBIC/IA), & B TPEX3JIEMEHTHOM MHOKECTBE MMe-
IOTCA BA MUKJINIECKNX TTOPSI/IKA.

711x. lIukanyeckue NMOPSAAKA B 6ECKOHEYHBIX MHOXKECTBaX

Hukanaeckre mMOpAIKH OBIBAIOT M B OECKOHEYHBIX MHOXKECTBaX. B HEX
MHOT'H€ €CTeCTBEHHbIEe UKJINYeCKUe OPAIKA HEBO3MOXKHO OIIPEIE/INTD 3a,/1a-
HEEeM HeIOCPeICTBEHHOTO CJI€JIOBAHUS 3/ieMeHToB. HampuMep TOYKN OKPY K-
HOCTH MOXKHO IUKJIMYIECKH YIOPSIOUUTH 10 9acOBOil cTpesike (Min mpoTUB
9acoBoii cTpekn). OHAKO, OTHOCUTETBHO 9TOrO MUKJIUMIECKOrO MOPSIIKA HIT
OJTHa, TOYKA He 00/1a/aeT HEeMOCPEeICTBEHHO CIeIYIOIeil 38 Heil TOUKOI.

Takwne “HenpepbIBHBIE” MINKINTECKUE TTOPSIIKT MOXKHO OITPEIETNTH TOUTH
TaK K€, KaK Mbl OIIPE/IU/IN BBIIIE MUKINIECKUE TOPIIKA B KOHEIHOM MHO-
xectee. Pazuuiia B TOM, 94TO HE BCEria BOBMOXKHO OIPEEIUTh JOCTATOUHOE
KOJTMIECTBO UUKAUNECKUL NPeodPa306aHULT MHONCECMEA, N IPUXOIUTCA 3a-
MEHUTH WX MUKJINIECKUMHI TPeo0pa30BaHNSIMI OTHOIIEHUsT mopsiaka. VIven-
HO, UMKJ/JIMYECKUN HOPAJOK eCTb JIMHEWHBbIA HOPA/IOK, pacCMarlpUBaeMblil C
TOYHOCTBIO 10 IMUKJINYECKUX MPE0dpa30BaHuil, TIe 10| UUKANYECKUM peob-
pa3oBaHMeM JTUHENHOTO MOPSIKa < B MHOXKeCcTBa X MBI IIOHUMAaeM TIepPexo/T
OT < K TaKOMY JHHEHHOMY HOPAAKY <', 9T0 MHOXKeCTBO X MOXKHO Pa3OHUTh
Ha IOAMHOXKecTBa A 1 B, Ha KaxKJIOM U3 KOTOPLIX II0 OTIEILHOCTH IOPSIKI
< u <’ copmagmaror, Torna kak a < bu b <’ a nua mobeix a € Aube B.

7.Cx. B0o3MOJ®CHOCTID YUKAUECKO20 NPEodpa308anus 00H020 AUHETH020
nopadka 6 dpyzo0l ABAAECMCA OMHOWEHUEM IKEUBAACHIMHOCTU HE MHONICE-
CMEE 6CET NUHETHBIT NOPAJKOS 6 GUKCUPOBaHHOM MHodcecmse. Tak wmo
YUKAUNECKUT, NOPACOK eCb COOMBEMCMBYIOULUT KAACC IKGUBANAEHIMHOCTIU.

7.Dx. lokaxkure, 9TO B CAydae KOHEIHOI'O MHOXKECTBA, ITO OIPE/Ie/IeHUe
HTUKJINYECKOr'O MOPsAJKa IKBUBAJICHTHO OIIPEIC/JICHNIO, JaHHOMY B IPEIABLIY-
IeM IyHKTe.

7.Ex. Jlokaxkure, 9TO NMUKINIECKNNH TOPSIIOK “MPOTHB IacOBO# cTpenkn’”
Ha OKPYKHOCTU HEBO3MOXKHO OIPEJIEIUTh KAK JIMHEHHBIH MOPSI0K C TOY-
HOCTBIO IO TUKJIUYECKUX MpeodbpazoBaHuii MuokecTBa. OObICHUTE, KaKHUe
JINHEHHbIE TIOPSIKU HA OKPYKHOCTU OIPEEIAIOT STOT MUKJINIECKUN Topsi-
JIOK C TOYHOCTBIO JI0 MUK/JIMIECKUX TPeodpa30BaHuil MOpSIKa.

7.Fx. Ilycts A — momvuoxkecTBO MHOKecTBa X . Ecan numeitrsie mopsaakn
<" m < ma X moaydaioTca apyr m3 Ipyra MUKIAYECKUM Ipeo0pasoBaHUEM,
TO W CYKEHUS 3TUX JUHEHHBIX TOPSAIKOB Ha A MOydatoTcss Apyr u3 apyra
[IUK/IMIECKUM TTPe0bpa30BaHUeM.
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7.Gx Caedecmeue. Hukanyeckuil mopsiioKk B MHOXKECTBE OILIPE/Ie/Isder 1UuK-
JIMIECKWH TTOPSIOK B JIFOOOM €ro MOAMHOMKECTBE.

7.Hx. [ukauveckutld nopadok 6 MHONCECTNGE MOACHO B0CCTMAHOBUINL NO
UHOYUUPOBAHHBIM UM UUKAUYECKUM NOPAJKAM 60 GCEL MPETINCMENTHOIL
NOOMHONCECMBAT IMO20 MHONCECTNEA.

7.Hx.1. lluknumdeckuii mMOpsiIOK B MHOYKECTBE MOKHO BOCCTAHOBUTD IO HH/TY-
IIUPOBAHHBIM UM IMUKJIUYECKAM MOPAIKAM BO BCEX TPEXIJIEMEHTHBIX MOIMHOXKE-
CTBaX 3TOTO MHOYKECTBA, COAEPXKAIIIX 000 HaTepe 38 aHHbIH (PUKCHPOBaH-
HBII 3JIEMEHT.

Teopema 7.Hx TO3BOJISIET OMUCHIBATH ITUKIUIECKUI TTOPSIIOK KaK Tep-
HapHOe orHotenue. VIMeHHO, Jjist TpexasieMeHTHOro Muoxecrsa {a, b, ¢} Oy-
JemM 0b6o3HadaTh depe3d [a < b < ¢| HMKInYecKuil OpsiJI0K, OlPeessieMblit
JIMHEINHbIM ITOPAJKOM, B KOTOPOM CIIPpAaBEAJINBBI IIPDECTABJICHHBIC JBa HEPa-
BeHCTBa (T.€. b cieayer 3a a u ¢ caemyer 3a b).

7.Ix. Iukauveckue nopaoku, UHOYUUPOSAHHBIE 6 TPETIACMEHTNHBIL MHO-
HCECMBAT YUKAUYECKUM NOPAJKOM 6 MHoocecmee X , obaadarom caedyrowyu-
MU CE0UCMEAMU:

(1) wu das kaxuz a,b € X ne sepro, wmo [a < a < b|;

(2) das mobwvix nonapno pasauvunur a,b,c € X aubo [a < b < c|, aubo
[b < a < c], no oba amu ymeepotcdernus ne mozym 6vimsb cnpased-
AUBBL OOHOBPEMEHHO;

(3) [a < b < |, coeda [b < ¢ < a], coeda [c < a < b] daa aw0bvT
a,b,ce X;
(4) ecaua<b<clula<c=<d, moula=<b=<d.

Haobopom, ecau 6 mmoocecmee X 3adano mepnaproe ommuowenue, 06aada-
M0ULEE IMUMU YEMBPOMA CEOTUCTNEAMU, MO OHO ONPEICAACTNCA YUKAUYCCKUM
nopadrxom 6 X.

7'12x. TonoJiorusi NMKJINIECKOro MOpda Ka

7.Jx. Ilycmv X — yukauvecku ynopadowennoe muooicecmso. Habop mro-
gIcecms, OMmEPLIMLLE 60 6CAKOT UHMEPSAALHOT MONOA0ZUL OAA KAHCAO20 Sl
Hetino2o nopadka, onpedeastowezo dannoil yukriuveckut nopadox na X, A6-
AAETNCA MONOA0UYECKOT cmpykmypol na muoocecmee X .

Tomoorust, onpefenenaast B reopeme  7.Jx, HA3bIBAETCST TOMOJIOMMNEN LUNK-
JINHECKOro nopsigka.

7. Kx. Tonojiorus MUKIHIECKOr0 TOPSIKA OTHOCUTEIHHO 00X0/1a OKPY2KHO-
ctn S! HPOTHB YacCOBOIl CTPEIKH MOPOXKIaeTcs MeTpukoil p(x,y) = |z — y|
ma S C C.
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Jloka3arejabCTBa 1 KOMMEHTaApPUU

1.A Bompoc Tak mpocT, 9TO TPYIHO HaiiT 60jiee 3/1eMeHTapHbie haKkThl, KO-
TOPBIE MOLJIN ObI CJIYZKUTH OTIPABHON TOYKON JI0KA3aTE/HCTBA. UTO 3HAYUNT,
ar0 A COCTOUT U3 @ JIEMEHTOB? DTO 3HAUUT, ITO MbI MOYKEM MEPECUUTATH
9JIEMEHTBI MHOYXKeCTBa A, mpucBanpasi UM HoMepa 1, 2, 3, u Tak jajiee u 9To
[IOCJICHUIN SJIEMEHT IIPU TOM IMOy9IuT HOMEP a. VI3BecTHo, UTO pe3ysibrar
HE 3aBUCUT OT TOPSIIKA, B KOTOPOM MbI DACIIOJIOZKIIN 9JIEMEHTBI MHOXKECTBA..
(B meficTBUTEILHOCTH, MOXKHO PA3BUTh TEOPUIO MHOXKECTB, KOTOPasi BKJIIO-
4daJjia Obl TEOPHIO CYETa, IJie ITO J0KA3BIBAJIOCH Obl KAK OJ[HA M3 OCHOBHBIX
teopem. Ho mOCKOJIBKY 9TO HE BBI3BIBAET COMHEHWII, MbI OITyCKAEM TOKA3a-
TesbeTBO.) [109TOMY MBI MOXKEM HAYAThH ITIOJCYET JEMEHTOB MHOXKECTBa B
¢ mojicuera eMeHToB MHOYKecTBa A. Ilepecauras sjiemeHThl MHOXKeCTBa A,
MBI TIPOJIOJIZKUM IOJICUET, €CJIM KAKWe-TO DJIEMEHThI MHOXKEeCTBa B K 3ToMy
MOMEHTY OCTQHYTCd HE COCUMTAHHBIMU. [[09TOMY YHUCIO /IEMEHTOB MHOZKE-
cTBa A He TPEBOCXOJNT UNCIA JTEMEHTOB MHOXKECTBA B.

1.B HamomauM, 9T0, CONIACHO ONpeIeeHunio, sriaouerHne A C B o3Ha-
Jaer, 9TO KAk IbIil 3JIEMEHT MHOXKECTBA, A SBJISeTCst U 9/IEMEHTOM MHOYXKECTBA
B. TTosTromy yTBepKieHIe, KOTOPOE MOJIEKUT J0KA3ATEJTHCTBY, MOXKHO ITe-
pedopMyIMpOBaTh CACIYIONIMM 0DPA30M: KaXKblil 3JIeMeHT MHOXKecTBa, A
SABJISIETCS 3JIEMEHTOM MHOXKecTBa, A. A 9T0 — TaBTOJIOIrHs.

1.C HamomunM, 9T0, COTVIACHO OTIpefeeHnio, Braouerne A C B o3na-
YAeT, UTO KAXKJBI 9TeMEHT MHOKeCTBa A SBISIETCS W 9JIEMEHTOM MHOZKE-
ctBa B. [losTomy mHaM HYKHO AOKa3aTh, ITO KaKJBI 3JeMEHT MHOXKECTBA
& PUHAIEKUT U MHOKECTBY A. DTO MeHCTBUTENHHO TaK, TIOTOMY UTO B &
s/1eMeHTOB HeT. Kcjim Bac 3To paccyxkjenue He yOeIusio, OCTABUM BOIPOC
MHAYe: & MOXKET JIM TO BKJIOUYEHUE ObITh He cipaBemnBo? Kak 310 MoxKer
CIIYUUTCSA, ITO & HE SABJSIETCSI TOJAMHOXKECTBOM MHOXKeCTBa A7 DTO MOTIIO
OBl CJIyIUTHCsI, TOJIBKO €CJIi Obl B & HAIEJICS SJIEMEHT, He SIBJISIONTIIICS J/1e-
MerTOM MHOXKecTBa A. Ho Takoro smemenTa B & HeT, TIOCKOJBLKY B & HET
HUKAKUX 2JIEMEHTOB.

1.D Hyxuo m0Ka3aTh, YTO KAXKIBIH 3JIEMEHT MHOKECTBA A SIBISIETCS
snementom muoxkectBa C. [lycts © € A. Tak kak A C B, to x € B. A Tak
kak B C C, To 310, B CBOIO 0oYepe/ib, BieuéT € C. Hy a 310-T0 1 HYXKHO
OBLTIO TOKA3ATh.

1.E Mpmwr yxe sugemn, ato A C A. Ilostomy ecrm A = B, o A C B
u B C A. C apyroit croponsl, Brjtouerrne A C B o3HaYaer, 9To KarKiblii
sseMeHT MHOKecTBa A npuHayiexkur u B, a Britodenne B C A ozHauaer,
uTO KaxK/bIi seMentT Muoxkecrsa B upunajiexxur u A. Cienosarenibno A
u B 001a/1al0T OJHUMY ¥ TEMU YKE JIEMEHTAMU, & 3HAYUT OHU PABHbI.
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1.G Tlocrpours muHOXKecTBO A, Takoe uro A ¢ A, jerko. Bozbmure,
Hanpumep, A =&, wim A =N, wm A = {1},...

1.H Ilycte A= {1}, B={{1}} u C = {{{1}}}. fcno, uro A € B u
B e C,n0 A ¢ C. Ha camowm siesie, Tpy/Hee MOCTPOUTD TaKe MHOKECTBA A,
BuC,auto Ae B, Be(C,u A € C. Bor o u3 mpocTefnnnx mIpuMepoB:
A={1}, B={{1}}, ¢ = {{1}, {{1}}}.

2.A Yro x)e HYKHO npoBepuTh?! IlepBast akcrmoMa IJIaCUT, 9T0 00be -
HEHUE MPOU3BOJILHONO HAOOPA MOJMHOXKECTB MHOXKECTBA, X SBJISIETCS 110/
MHOXKECTBOM TOTO Ke MHOXKecTBa. KoHeuHo, Tak oHO u ecTh. Ecim A, C X
JUTsT KazKJIoro «, To 0e3ycioBao Uy A, C X. Touno tak ke 6/1aromoJryaHo
JIeJI0 ODCTOUT W CO BTOPOI aKCHOMOI, B KOTOPOW WJET Pedb O MepecevdeHnn
muoxkecTB. U, 6e3ycyioBno, & C X u X C X.

2.B Ilpasma, npaBma. Ecan cpeanm oObeanmHsIeMbIX MHOXKECTB €CTh X,
TO U 00beauHeHne paBHO X. A ec/iu ero TaMm HeT, TO UTO »Ke ecTh?! ToJbKO
mycroe MHOXKecTBO. Ho Torma u obbegurenne mycto. C nepeceueHusiMu Jie/10
obcTouT Tak 2Ke mpocTo. Kcau cpeu mepecexkaeMbix MHOYXKECTB €CTh &, TO U
repeceuvenre paBHo . A ecim ero ram Her, 7O 4ro 2Ke ecrh? Tosbko Bece X.
Ho rorma u nepecedenne pasao X.

2.C Buauasie nokaxure, uro | J A, NJBg = |J (Ao N Bg). Ilosromy,

a B a.p

ecmun An, Bg — nHTepBaJIbl, TO cIpaBa — 00beUHEeHIe HHTEPBAJIOB.
JL1st Tex, KOMY KayKeTCsl, ITO MHOYKECTBO, ABJISIONIEeCTd TAKUM O0beINHEHN-
€M, OYeHb YK IIPOCTO YCTPOEHO, MPeJIaraeM CJaeyfomii Bompoc (BipodeM,
dopMaBEHO yKe He UMEIOIIUI HIKAKOTO OTHOIIEHUST K PACCMATPUBAEMOiT 3a-
nage). Iycrs {r,}5°; = Q (1. e. MbI 3aHyMepOBaJIN BCE PAIMOHATIBLHBIE YHC-
na). [Mokaxure, aro | J(r—27";r+27") # R, X0TsI 970 MHOXKECTBO sIBJISIETCS
00beIMHEHNEM HEKOTOPBIX MHTEPBAJIOB, cojepxkammux Bee (1) panmonaababie
TUCTIA.

2.D Ob6wbenunenue j060r0 HabOpa OTKPBITHIX MHOXKECTB OTKPBITO. [le-
pecedenue Ji000r0 KOHETHOTO HAOOpa OTKPBITHIX MHOYXKECTB OTKPBITO. [ly-
CTOe MHOYKECTBO U BCE TIPOCTPAHCTBO — OTKPBITHIE MHOYKECTBA.

2.E
(a)

re[J(XNA) < VAeT: z€ X\ A
Aer

< VAel:2¢A < x¢ UA<:>x€X\UA.
Aer Aer
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(b) Bamenure 06e wacTu GOPMyJIbI UX JONOJHEHUSIMH B MHOXKeCTBE X U
nonoxkure B =X N A.

2.F llocKonbKy IO OmpeeleHnio 3aMKHYTOe MHOXKECTBO €CTh JOTOJ-
HEHUE OTKPBITOI0, TO YTBEPKJIEHIE TEOPEMBI CJIEYET U3 CBOWCTB OTKPBITHIX
MHO)KeCTB (mpumenute dopmysst ge Moprana).

2.G B st060M IpOCTPAHCTBE ITyCTOE MHOYXKECTBO U BCE MPOCTPAHCTBO U
OTKPBITBI, 1 3aMKHYTBI, & B JIMCKPETHOM IIPOCTPAHCTBE BCAKOE MHOXKECTBO
SIBJISIETCST TAKOBBIM. [L0/IyOTKPBITBIT MHTEpBAJ HU OTKPHIT, HI 3aMKHYT. CM.
TaKKe CIACYIONIYIO 3a,Tady.

2.H Jla, Bcakuili 0oTpe30K 3aMKHYT, MOCKOJIBKY ero jomojHenune R N
[a;b] = (—o0;a) U (b; +00) — OTKPBITOE MHOKECTBO.

2.Ax Ilycre U — OTKPBITOE TIOAMHOYXKECTBO mpsiMoit. [l kaxk 1ot Tou-
kn x € U paccmorpnM Hanbosrbmmii (110 BKIIIOUEHHIO) HHTEPBAT (Mg; M),
coJiep KaIuii 3Ty TOUKy (MM SBJISIETCS 00beMHEHNE BCEX COMEPIKAIIIX X WH-
repBasioB). Tak kak MHOKeCTBO U OTKPBITO, TAKKME MHTEPBAJIBI CYIIECTBYIOT.
fcno, 9TO BCIKME /1Ba MHTEPBAJIa TAHHOTO BH/IA JIHOO He MepeceKaoTcs, b0
COBITATATOT.

2.Cx Crnenyer uz 2.Bx.2.

2.Dx To, uro Beimosnens! ycaosus (a) u (c) u3 2.13 — oueBugmo. s
nposepku ycsoBust (b) Bocmosib3yemcst pesynbraTom 3amadn 2. Ex. Ilycrs
MHOKecTBa A n B He comep:kar apundMeTUIecKnX MPOTPeCCuil JTTUHBI HOTh-
el wm pasuoit n. Ecau 661 B MuOXKecTBe A U B comepKamach JOCTaATOIHO
JIJIMHHAS TTPOTPECCHs, TO B OJTHOM W3 MCXO/IHBIX MHOXKECTB HAILTaCh ObI IIPO-
rpeccus JJIAHBL N.

2.Ex Cwu. xkaury A. 4. Xurunna “Tpn KeMUIyKUHBI TEOPUH 9ncest .

3.A [Iycts ¥ amasgerca 6a3oit Tomojoruu ) u U € . Ilpes-
craBuM MHOKecTBO U B BHAe 00DbeIUHEHHs MHOXKECTB U3 0as3bl Y. Begkas
Touka * € U OKaxKeTcd IMOKPBITA KAKUM-HHOYIb M3 3TUX OA3MCHBIX MHO-
sKecTB. Takoe MHOXKECTBO M MOXKHO B34Th B KadecTse V. OHO COMEpKUTCI B
U, MOCKOJIbKY y9aCTBYeT B €ro MPE/ICTaB/JICHUH B BUJE 00bEIMHEHUS.
Haobopor, npejnosoxkum, 9410 iy Beakoro Mmuoxecrsa U € ) u Bes-
koit Touku x € U cymecrByer Takoe mHOXkectBo V € X utox € V C U, n
moKazkeM, 910 Y — 6aza tonogaoruu 2. s 9T0r0 HyKHO yOEIUTHCST B TOM,
uro Ji0boe MHOKecTBO U € () npejcrapisercsd B BUAE O00bEINHEHUS MHO-
xecTB, npuHaiekanmx . g kaxpoit rouku x € U BeibepeM, m0JIb3yACh
MIPeTOIOKEHNeM, TakKoe MHOXKecTBo V., € X, arto x € V, C U m paccmoT-
puM Uz V. 3amerum, aro UypeyVy C U, ockoabky V, C U st Kazk0ro
x € U. C apyroii cropossl, KaxKjgast Touka € € U comepurcst B cBoéM V. u,
rem 6osiee, B UpeyVy. Buauur, U C UycyV,. Takum obpazom, U = Uyzey V.
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3.B IIycrs ¥ — 6a3a mekoropoit Tomosoruu. Torma X, Oymayau

OTKPBITHIM MHOYKECTBOM, JIOJIZKHO MTPEICTABISTHCS KaK 00'beinHeHne 0a3nc-
HBIX MHO2KeCTB. [lepeceuenne ji00bIX JBYX MHOXKECTB U3 Y, KAK IIEPECEICHUE
JIBYX OTKPBITBIX MHOYKECTB, OTKPBITO, U, 3HAUYUT, IIPEJICTABISIETCA KaK 00b-
eJlMHeHne 0A3UCHBIX MHOXKECTB.
Haobopor, momycrum, aro X — Takasi COBOKYITHOCTD ITOAMHOXKECTB MHO-
xectBa X, 910 X ectb 00beuHeHre MHOXKECTB U3 Y U Iepecederue JIF0ObIX
JIBYX MHOXKECTB W3 Y. MPEICTABJISIeTCs] B BHUE OObeMHEHUsT MHOXKECTB U3
Y. Jlokazkem, 9TO COBOKYITHOCTH BCEBO3MOXKHBIX 00bETMHEHNI MHOXKECTB U3
>} yIOBJIETBOPSET AKCHOMAM TOIIOJOIMYIECKON CTPYKTYphl. llepBag axcmo-
Ma, OYEBHIHO BBIITOJIHSIETCS, TaK KaK O0bemuHeHne o0bLeInHeHnil eCTh 00b-
enunenne. JIoKazkeM BTOPYIO aKCHOMY (Ie€pecedeHme JBYX OTKPBITBIX MHO-
xKecTB OTKpBITO). Ilycts U = UyAq u V = UgBg, e Ay, Bg € 3. Torna
UNV = (UsAs) N (UgBg) = Uqag(Aa N Bg), a MOCKONBKY I€pecedeHHus
Ao N Bg IpecTaBIgoTC, IO IPeIOI0KeHII0, KaK 00beJUHEHIA MHOKECTB
u3z X, ro u U NV upencras/siercda B TakoM Bujie. OcTasocs IpoBepuTh Tpe-
TBIO aKCHOMY. B Heil HyKHO IpOBEepUTH TOJILKO YaCTh O BCEM IIPOCTPAHCTBE,
HO COTJIACHO IIPEJIIOI0KEHNI0, BCE IMPOCTPAHCTBO X IPEICTABIACTCA B BUIE
o0beMHeHNsT MHOXKECTB 13 2.

3.D, 3.F Jlokaxure, a 3aT€M HCIIOJIb3YITE CJIEILYIONLYIO IPOCTYIO JIEM-
my: A= Ba, re By € B, cotnaVe € AIB, e B:xe€ B, C A

3.F ®paza: “B ectb 6a3a HEKOTOPOII TOMOJIOTUYIECKO CTPYKTYPHI” pac-
KPBIBAETC CJIEAYIOMUM 00pa3oM: HaOOP BCEBO3MOXKHBIX 00bEINHEHUI MHO-
JKECTB, PUHAIEXKAIIUX HAbOpy B, siBJIsSIeTCsl TOMOJIOMTIECKO CTPYKTYPOii.
Vreepaxkaenne, uro L' — 6a3a HEKOTOPOI TOMOJIOTHH, CJIEYeT U3 Pe3y/IbTaTa
sagaamn 3. F (Tak 9TO HYXKHO J0KA3aTh €IIE €€ aHAJOTU MPUMEHUTENILHO K
nabopam L2, ¥°). CoBnajienue CrpyKTyp, OIPeIeIeHHbIX, K IpUMepy, 6a3a-
vu B! i Y2, o3Hauaer, 4To MHOMKECTBO, sSBJISIONIEECs 00beIMHEHNeM KPYTOB,
ecTh TaKyKe W 00beanmHeHne KBaJPaTUKOB, n HaobopoT. locraroaro mm 10-
Kaz3aTh, YTO KPYr eCTh 0ObejuHeHune KBaIparukoB? Kak mporie BCero sro
caenarb (cM. ykasanue K 3ajgadam 3.D u 3.E)?

3.G llycrs X1 u Y9 — 6a3bl TOMOJIOTHYECKUX CTPYKTYP (21 m (o B
muokectBe X . Jlerko Bumers, uro (1 C 29, corma

YVUeX  VeelUdVedy: xecV ClU.

Ocraercsa 3ameruth, uTo {21 = {29, corma 21 C Qo u Ny C Q4.

4.A Bce, 9T0 Ha0 TPOBEPUTH, TaK ITO CIPABEIIUBOCTD AKCHOM MeT-
DPUKH [T Kaotcdoz2o HADOPa TOYUEK T, Y 1 2.

4.B HepaBeHCTBO TpEyTroJbHUKA B TAHHOM CIydae uMeer BT |x — y| <
|x — z| + |z — y|. llonoxus @ = ¢ — z, b = z — y, HOy9IaeM CTaHIAPTHOE
HepaseHcTBo |a + b| < |a| + [b].
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4.C Kak B perieHun npeabliyIneii 3a/1a49u, HepaBeHCTBO TPEYTOJIbHUKA,

LepenucsBaercs B Buge /y o (a; +b;)% < \/2?21 a? + \/2?21 b?. Ipy-

KpaTHOE BO3BeJEHWE ITOI0 HEPABEHCTBA B KBaJpaT M YIPOIIEHUE CBOIAT

nociteauee k nepaserncrsy Komu-Bynsikosckoro (3 aibi)Q <> a?Y b

4.E K npumvepy, ecma y € B,_j;.q0)(7), T0 p(y,7) <7 —p(z,0), OTKY A,
B CIJTy HEPABEHCTBA TPEYTOJbHUKA, CIeIyeT, uTo p(y, a) < T, 9TO U O3HATAET,
qro y € By(a).

4.F Tlokaxwure, uro eciin d = diam Au a € A, to A C Dy(a). Obparno:
diam Dy(a) < 2d (cp. 4.11).

4.G Comocrasbre yrBepKaenns 3.4, 3.Bu 4.F.

4.H B cranmapraoit merpuke mpamoit R mapavu aBiisiioTCa HHTEPBAJIDI.

4.1 Ecnmm MHOXKECTBO BMeCTe ¢ KaXKJ0#l CBOell TOUKOM COMEPKUAT
ap C MeHTPOM B 9TO TOUKE, TO OHO SIBIIETCS 00beMHEHNeM TaKUX MapoB,
CTETOBATETBLHO OHO OTKPBITO.

Ecmra € U, rae U otkpoiTo, T0 @ € By(7) 1 B,_p(4.2)(a) C By(z) C U.

4.J B mem ciaumkom MaJjo OTKPBITHIX MHOXKeCTB. Ecm x,y € X ur =
p(z,y) > 0, ro map D, (x) Hemycr u He COBIAIAET CO BCEM MPOCTPAHCTBOM.

4.K IIycrs x € X. Homoxum r = min{p(z,y)|y € X ~z}. Kakue
TOUKM BXOAAT B 1map D,.(x)? OueBuano.

4.L Ycnosue p(b, A) = 0 o3HauaeT, 9TO BCAKMIT N1ap C IEHTPOM B TOUKE
b mepecekaercst ¢ A. A 910 3HaUWT, B cmay TOro, Uto A 3aMKHYTO W ero
JIOTIOJTHEHUE OTKPBITO, 9TO b HE MPUHAJIEIKUT JIOTOJTHEHNI0 MHOXKECTBa, A,
U 3HAQYUT BXOIUT B A.

4.Ax Bemosanenne yciosus (2) ouesuano. O6o3naunm sup p(a, B) uepes
z€A

r(A, B), Tak uro d,(A, B) = max{r(A, B),r(B,A)}. lina nposepku ycioBus
(3) mocrarouHo goKazaTh, 9To JyIs J00bIX MHOXKecTB A, B,C' C X BepHO
uepaserctso 1(A,C) < r(A,B) + r(B,C). Jlerko Buners, uto p(a,C) <
p(a,b)+ p(b,C) mpu Bcex a € A, b € B. Orciona p(a,C) < p(a,b)+r(B,C),
SHAUNT,

pla,C) < big]gp(a, b) +r(B,C)=p(a,B)+r(B,C) <r(A,B)+r(B,C),

OTKY/Ia U cJiejtyeT Tpebyemoe HepaBeHCTBO.

4.Bx Cornacro 4.Ax, d, ynosnersopsier yciosuaM (2) u (3) u3 onpese-
jienns metrpuku. U3 4.L cienyer, uro ecau paccrosinue Xaycuopda Mex Ty
IBYMSI 3aMKHYTBIMEI MHOXKecTBaMu A u B pasuo Hy/mo, To A C Bu B C A,
T. e. A = B. Takum obpasoM, d, yaosiaersopser u yciaosuio (1).
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4.Cx ®yuxuus da(A, B) — 910 miomab» CMMMETPUIECKONH Pa3HOCTH
MHOrOYrobHUKOB A n B, 1. e. miomans muoxkecrsa AAB = (AN B) U
(B~ A). fdcuo, uro Tpebyer MpOBEPKHU JIWIL HEPABEHCTBO TPEYTOJHHUKA.
Hoxkaxure n ucnonn3yiire skmovdenne A\ B C (C~ B)U (AN O).

4.Fx OueBmano, uro merpuka u3 4.A — ynbrpamerpuka. To, 910 ocTasinb-
HbIe METPUKNM TAKOBBIMU HE HABJISIOTCH, CJAEAYET XOTd Obl U3 TOrO, UTO JIJis
KazKJI0il W3 HUX HANIyTCs Takue pasaudHble TOYKA &,y U Z, 9T0 p(T,y) =
p(z,2) + p(z,y).

4.Gx U3 onpenenerus yabTPAaMETPUKU CIEAYET, 9TO CPEIN MOMaPHBIX
pacCTosTHMIT MEXK/Ty TOYKAMU @, b 1 ¢ He MOKeT ObITH OHOT0, 6OJIBIIEro IBYX
IPyTHX.

4.Hx B cuny 4.Gx,ecmuy € Sp(z)ur >s>0, 10 Bs(y) C Sp(x).

4.Ix Tlycre x — 2z = Z—ipal uz—y= Z—po‘?. Cauraem, Jjist OIIpeiesieH-

HOCTH, UTO o < g, Mmeem:

as—aq
0427011) _ 7182 + 1281p ' pal
M

oy =p¥ (L r2
z—y=p*(F+2p v

smasmT p(x,y) < p~* =max{p(z,2), p(z,y)}.

5.A Hy:xmo mpoBepuTh, 910 {24 YAOBIETBOPSIET AKCHOMAM TOTIOJIOTTIe-
cKoit cTpyKTyphl. [IpoBepum mepsyio axcuomy. Ilycrs I' C Q4 — merkoTOpas
COBOKYITHOCTh MHOXKECTB, Tpunamrexamnx (4. Ham cremyer ybennrhes B
ToM, 910 UgrerU € Q4. g kazxmoro U € I maiigém Takoe MaoKecTBO Ux €
Q, aro U = ANUx. DT0 BO3MOXKHO COTIACHO OIIPEIETCHII0 MHOXKECTBa 4.
[Ipeo6pasyem muTepecytoree Hac MHOKeCTBO: UyerU = Uper(ANUx) =
AN(UyerUx). MuoxkectBo Uy erUx npunasgexut 2 (To ecTb OTKPHITO B X))
KaK 00beJMHEHNe MHOYKECTB, OTKDBITHIX B X . (3/€Ch MBI TO/IB3YeMCs TeM,
aro {2, Oyy9Iu TOMOJOIHYECKO CTPYKTYPOit B X, y/I0BJIEeTBOPSIET MepPBOil aK-
CHOME TOTIOJIOTHYIECKOli cTpYKTyphl.) [Tostomy AN (UyerUx ) npunasiexur
Q4. AmasormaHo MpoBepseTcs BTOpad akcuoMma. TpeTbhsa akchmoMa CJIeTyeT
m3 toro, uto A=ANX,a@=A4AN0g.

5.B llokaxewm, 9T0 MOAMHOKECTBO B R OTKPBITO B OTHOCHTEIBHOI TO-
TIOJIOTHUM, COTJIA OHO OTKPBITO B CTAHIAPTHON TOMOJOTUN TPIMOIL. ITo-
CKOJIbKY TIepecevuenne Kpyra ¢ IpaMOil MWW MyCTO, WM SIBJIETCI WHTEPBA-
JIOM, a BCSIKOE OTKPBITOE MOAMHOYKECTBO ILJIOCKOCTU €CTh O00beIUHEHUEe OT-
KPBITBIX KPYTOB, TO IepecevdeHrne OTKPBITOTO MOJAMHOYKECTBA ILIOCKOCTH C
pPSMOIi eCTh 00beUHEHIe UHTEPBAJIOB, T. €. OHO OTKPBITO HA MPAMOIi.
s Begkoro obbeHeHnsT THTEPBAJIOB Ha MPAMOIl CyIecTByeT o0beiuHe-
HUEe KPYTOB, Iepecedenrie KOTOPOro C MpsiMOil COBIAIAET C JAHHBIM 00be U~
HeHneM WHTEPBAJIOB.
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5.C Ecmm muoxkecTBO F' 3amkHYTO B A, TO ero gomosnenne AN F B A
orkpeiTo B A, 1. . ANF = ANU, e U orkpbiTo B X . KakuM ke 3aMKHY ThIM
MHOKECTBOM BbICeKaeTCss MHOxKecTBO F' Ha A7 OHO BbICEKAETCH MHOYKECTBOM
X N U. Heiicreurensio, AN (X NU)=AN(ANU)=A~N(ANF)=F.
AHa/IOru9aHO JIOKA3BIBAETCSI, UTO MepecedeHne ¢ A MHOXKeCTBa, 3aMKHYTOIO
B X, 3amkmyTOo B A.

5.D Huxaxoit kpyr B R? He cOmep:KUTCS HE B KAKOM IIOJMHOKECTBE
npsimoit R.

5 FE EctuAeQ, BeQy,roB=ANU,ue U € (), 3Ha9UT MHOYKECTBO
B npunaggexxur tononoruu ), Kak nepecedenue JaByx MHOXKeCTB, A u U,
MPUHAIEKAIUX TOTOI0rn §).

5.F PaccyxaiiTe Kak B IIPeJIbIIyIIeil 3aade, TOJIBKO UCo/ib3yiiTe §. C
BMECTO OIPEJICJIEHIS TOTIOIOT U IOIITPOCTPAHCTBA.

5.G B ocnose nokazaresnncrsa jexut Toxgectso (UNA)NB =UNB.
Omo mmeer mecTo, TOCKONMBKY B C A, n mpumenserca k U € . Korma U
mpoberaer (2, mpasas wacth pasencrBa (U N A) N B = U N B upoberaer
Qp, Torma Kak JieBasg dacTh mpoberaer (24)p. lelicTBUTETBHO, 31€MEHTHI
tomosiorun {dp mosyuaiorcd kKak U N B ¢ U € (), a 3/ieMeHThl TOMOJIOT N
(Q4)p momyuatorcs kak V N B ¢ V € Q4, vHoO V| B CBOIO 0uepesb, Kak
seMeHT Tomojorun §) 4, npencrasiasgerca B suge U N A, rne U € Q.

6.A OO0beauHeHNe BCEX OTKPBITHIX MHOXKECTB, COJEPIKAIIUXCS B MHO-
KecrBe A, BO-TIEPBBIX, OTKPBITO (KAaK O0ObEIMHEHNE OTKPBITHIX MHOMKECTB),
&, BO-BTOPBIX, COJIEPKUT JIFOO0E OTKPBITOE MHOYKECTBO, cojepralieecs B A,
TO €CTHb ABJISIETCSI HAMOOJIBIINM U3 ITUX MHOYKECTB.

6.B Ilycthb TOUKA T BHYTPEHHA, T. €. CYIIECTBYET OTKPBHITOE MHOZKECTBO
Uy cx €U, CA. Torma U, C Int A (mockonbky Int A — nauboavwee u3
BCEX OTKPBITBIX MHOXKECTB, cojepxKarmuxcs B A) a, smaunt, u ¢ € Int A.
Ob6patro, ecm x € Int A, To camo muOKecTBO Int A U ecTh comepkarmasicst
B A OKpPECTHOCTH TOYKU .

6.C Ecyin U — oTKpBbITOE MHOXKECTBO, TO OHO U SIBJISETCS HAN0O/b-
IIIIM CPEIN BCEX CBOWX OTKPBITBIX MOIMHOYKECTB. Ecnu muOXKecTBO
COBIIA/IAET CO CBOEIl BHYTPEHHOCTHIO, TO OHO OTKPBITO, MOCKO/IBKY BHYTPEH-
HOCTB JIIOOOT'O MHOYKECTBA OTKPBITA.

6.D

(1) Muozxkecrso [0;1) He orkpbiTo Ha 1psmoii, a (0; 1) OTKPBITO, 1109TO-
my Int[0;1) = (0;1).

(2) IMockoabpKy B JTI060M HHTEpBaJje UMEIOTCS MPPAINOHATbHBIE TOY-
KU, TO HE CYIIECTBYET HU OJHOI0 OTKPBITOTO B OOBIYHOM TOMOJIOT N
MHOXKecTBa, jexaiero B Q. 3uauut, Int Q = @.
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(3) MockoabKy B JH000M MHTEPBAJE COAEPIKATCA PAIMOHAILHBIE TOU-
K1, TO HE CyLL[eCTByeT HU OHOT'O OTKPBLITOT'O B O6bI“IHOﬁ TOIIOJIOI'NN
MHOKeCTBa, Jjexanero B R N Q. Buaunr, Int(R \ Q) = 2.

6.FE Ilepecedenune Bcex 3aMKHYTBHIX MHOYKECTB, COJEPXKAIIUX MHOYKE-
cTtBO A, BO-TIEPBBIX, 3aMKHYTO (KaK nepecevyeHne 3aMKHYThIX MHO}KQCTB),
&, BO-BTOPBIX, COJEPKUTCS B JIIOOOM 3aMKHYTOM MHOXKECTBE, COIEPIKAIIUM
A, TO eCTh ABIAETCA HAMMEHBIITIM W3 3TUX MHOKeCTB. Cp. TOKA3aTeHCTBO
TeopeMbl 6.A. Boobiie, cBOCTBa 3aMBIKAHNIT MOYKHO MOJTYIUTH W3 CBOWCTB
BHYTPEHHOCTEll 3aMeHO0il 00beINHeHnil Ha [Tepecevuennsi, 1 Ha00OpOT.

6.F Ecmu x ¢ ClA, 1o naiigercs 3amkayroe MHOXKecTBO F'| Takoe, uro
FD>Awx ¢ F,3naunr v € U = X \ F, rakum ob6pa3om, T HE eCTh TOYKA
npukocHoBerus MuOKecTBa, A. Jlokaxkure oOpaTHOe yTBEPXKIEHUE CAMOCTO-
ATeabHo, cp. 6.H.

6.G loka3aTeqbCTBO aHAJOTUYHO JOKA3ATENHCTBY TeopeMmbl 6.C.

6.H llepecedenune Bcex 3aMKHYTBIX MHOXKECTB, COJEPKAIIUX MHOYKE-
CTBO A, COBIIaJIa€T C JOIIOJIHEHUEM O6'beﬂI/IHeHI/IH BCEX OTKPBITHIX MHOZ?KECTB,
COJIEPKAIIUXCA B MHOXKecTBe A.

6.1 (a) IloxyorkpeiThiii mpoMexyTok [0; 1) He 3aMKHYT, a 0Tpe3oK [0; 1]
saMkHYT; (b-c) BHemHOCTE Kaxkmoro u3 MuoxecTs Q u R\ Q mycra, mockosb-
Ky BO BCSIKOM WHTEPBAJIE €CTh, KAK PAIMOHATBLHBIE, TaK W MPPATMOHATHHEIE
TOUKM.

6.J Ecm b € ClA, To b — Touka npukocHoBenusi Kk A, cieno-
Barebuo, Ve > 0 da € AN D.(b), suaaur, Ve > 0 Ja € A : p(a,b) < ¢,
rakum obpaszom, p(b, A) = 0. [Tpocroe ynpaskHeHue.

6.K Ecmux eFrA 1oz € ClAux ¢ Int A 3HauuT, BO-IIEPBBIX, BCsI-
Kas OKPECTHOCTH TOYKHU & TTepeceKaercs ¢ A, BO-BTOPBIX, HUKAKAs OKPECT-
HOCTB 3TOH TOUYKU He COMEP:KUTCS B A, CJIeI0BATEIbHO, BCSIKash OKPECTHOCTD
mepecekaercs ¢ ponogaenneM MuHOKecTBa A. Taknm obpasom, Touka x — rpa-
nnanrasd. Jlokaxkure 0OpaTHOE YTBEPXKIEHHE CAMOCTOATEIbLHO.

6.L Tak xax Int A C A, to C1A = A, corma Fr A C A.

6.M Besikoe nerycroe oTKpPbITOE MHOYKECTBO SIBJISIETCSH OKPECT-
HOCTBIO JIFO0O0# cBOel TOUKM. Tak Kak 9Ta TOUKA JOKHA TPUHAIIEKATH 3a-
MBIKAHUIO BCIOY TIJIOTHOI'O MHOXKECTBa, A, TO ee OKPECTHOCTDH MMEPeCeKaeTcst
c A. MHO02KeCTBO, TIEPECEKAIONIEECT CO BCAKUM HEITYCTBIM OTKPBITHIM
MHOKECTBOM, COJIEPYKUTCS B €IMHCTBEHHOM 3aMKHYTOM MHOYKECTBE — BCEM
IPOCTPAHCTBE, KOTOPOE U Oy/IeT ero 3aMbIKAHUEM.

6.N Cwm. 6.17.
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6.0 CdopmyaupoBaHHOE YCJIOBHE 03HAYAELT, UTO B JIIOOOH OKPECTHO-
cTu 000 TOUYKM HafieTcst BHEIHssl TOYKa MHOXKecTBa A, Takum obpazom
BHEIITHOCTH A BCIO,Z[y IIJIOTHAQ.

6.Q Bocronb3yiiTech Tem, 9T0 Besikasg Touka MHOKecTBa Cl A A aB-
JISIeTCe IIPeJIeJIbHOM.

7.F Tpebyercda npoBeputh, 910 oTHOIIEHNE “a < b, 1ubo a = 0" yuo-
BJIETBOPSIET TPEM YCJIOBUSIM M3 OIPEJIEJIEHNST HECTPOTOT'O TIOPSI/IKA, MTPUIEM
IPOBEPKA, JIOJIPKHA ONMUPATHCST UCKJIFOUUTEILHO HA TO, 9T0 < Y/IOBJIETBOPSIET
YCJIOBUSIM W3 OTPEJIEJIEHUs] CTPOTOro Mopsijika. 1IpoBeprM TpaH3UTUBHOCTb.
[Mycts @ < b u b =X ¢. D10 ozHagaer, uro ubo a < b u b < ¢, mbo a = b
nub=<c mboa<bub=c gubo a=>bub=c B uepsom ciygae a < c,
B CHJIy TPAH3UTHBHOCTH OTHOIIEHHWSA <, M 3HAUUT ¢ = ¢; BO BTOPOM CJIydae
a=0b=<c¢ TaK 9TO @ < ¢ ¥ @ =X ¢; B TPeTbeM Ciaydae ¢ < b = ¢, u 3HAINT
a < ¢ 1 a = ¢; HAKOHEIl, B YeTBepPTOM CjIydae ¢ = b = ¢, TaK 9T0 @ = C I
a =< ¢. AHAJIOTMYHO MIPOBEPSIIOTCS JIBA APYTUX CBOWCTBA.

7.1 Tleproe yrBeprK/eHUE CJIEIYET U3 TPAH3UTUBHOCTH TOpsijika. B ca-
MOM JieJie, DACCMOTPHM MPOM3BOJIbHEI 31ement ¢ € CF (b). Tlo onpesenenmto

KomHyca, b < ¢, a yciaosue b € C’;(a) o3HavaeT, 9To ¢ = b. B cuny tpansm-
< C¥(a). T

THBHOCTH, OTCIOJa CJIEIyeT, 9T0 a = ¢, T0 ecTb ¢ € Cy(a). Tem campim, MbI

1oKa3aIH, 4To Kazk/pit snement xomyca C (b) npunasexur u C¥ (a), Tak

aro Cf(b) C Cx(a), 4To u TPe6GOBAIOCH OKA3AT.

Bropoe yrBepxenue cieayer u3 onpenesenus KOHyca U pedIeKCHBHOCTH
nopsyka. Jlejicteurensho, o onpeenenuio, C (a) cocront u3 takux b, 4To
a =2 b, a B custy pedIeKCUBHOCTU TOPSiJIKA G = d.

Tperbe yTBepIK/IeHIe BHITEKAET AaHAJOTHIHBIM 00Pa30M U3 aHTUCUMMETPU-
nocru: paserctso Cy(a) = C¥(b) BMecTe o BTOPBIM yTBEPIKIEHHEM BIEYET
a=2bub=a,aorciona u u3 AaHTUCUMMETPUIHOCTH CJIEJIyeT, 9To a = b.

7.J CoryracHO yTBep:KJIEeHUIO MpeablayIieii Teopembl 7.1, KoHyca B 4da-
CTUYHO YIIOPSIOYEHHOM MHOXKECTBE 00/1a/[al0T CBOWCTBAMU, BXOJAIIUMU B
YCJIOBHE pacCcMaTpuBaeMoil TeopeMbl. B mokazarenbcTBe TeopeMbl 7.1 MBI TTo-
Ka3aJjIi, ITO STU CBOICTBA BBITEKAIOT M3 COOTBETCTBYIONINX YCIOBUI OIIpeIe-
JIEHWS HeCTPOTOTO TOpAIKa. B meficTBUTeTbHOCTH, OHN SKBUBAJIEHTHLI STUM
yesioBusiM. [lepecraBpre cjioBa B J0Ka3aTebCTBe TeopeMbl 7.1 Tak, 4To0BI
Oy IMIOCH JIOKA3aTETbCTBO TeOpeMbl 7.J.

7.0 Coryacao Teopeme 3.B, HOCTATOYHO MOKA3aTh, UTO TEPECEUCHUE
JIByX MPaBbIX Jydeil IPeCTaB/IsIeTCs B BUje 00beINHEHUs IPABBIX JIyJeil.
Paccmorpum nepeceuenne syueit {x € X | a < 2z} u {z € X | b < z}.
[Topsijiok snneen, nosromy Jjinbo a < b, qmbo b < a. Ilycrs a < b. Torya
{reX|a<z}n{reX|b<z}={xec X |b=<uz}.
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7.R Cornacuo reopeme 3.C, 10CTaTO4YHO 1I0KA3aTh, YTO 1000 3/1eMEHT
repecedenusi JIBYX KOHYCOB BHJIA C}(a) COJIEP’KUTCSI B 9TOM IEPECEUCHUN
BMeCTe C IeJbIM KOHycoM Toro ke Buja. llycrs ¢ € Cx(a) NCE(b) n d €
C;g(c). Tornaa <c=<dub=c=d, rak uro a = du b < d. CiiejjoBaresbHo,
d € C¥(a) N CF(b). Buauur, C¥(c) C C¥(a) N CE(b).

7.T DKBUBAJIEHTHOCTH BTOPOTO W TPETHETO CBONCTB TOKA3BIBAETCS IIO-

cpeactBoMm ¢opmyst e Moprana, cp. 2.F. Jlokaxkem, 4TO U3 1MEPBOIO CBOIii-
CTBa CJIeyeT BTOpoe. PaccMOTpuM mepecedenne Mpon3BOILHOM COBOKYITHO-
CTU OTKPBITBIX MHOXKeCTB. [ljist JII060it ero TOUKM KaxKji0e u3 mepecekaeMbiX
MHOYKECTB SIBJISIETCsT OKPEeCTHOCTHIO. [ToaToMy ee HamMeHbIIasi OKPECTHOCTh
COJEPXKUTCST B KAXKJOM U3 MEPECEKAEMBIX MHOXKECTB, a 3HAYUT W B I[Epe-
ceuennn. rak, jrobasg TOYKA [IePeCceveHns] BXOJUT B HEI'O BMECTE C Ie/I0it
OKPECTHOCTHIO. Bee mepeceuerue siBjsieTcst 00beJIMHEHUEM TUX OKPECTHO-
creit. ITosromy oHO OTKpPBITO.
Tenepb fokazkem, 9TO ecau mepecedeHue 000 COBOKYITHOCTH OTKPBITHIX
MHOKECTB OTKPBITO, TO JiF0bas TOUKa 00/1a/[aeT HAUMEHBIEH OKPECTHOCTHIO.
OTKya B3siTh, KaK MOCTPOUTH TAKYI0 OKPECTHOCTh! Bo3bMeM Bce OKpecTHO-
CTU OJIHOI TOYKM, U PACCMOTPUM WX I[e€pecedeHne. B Cujy mpemnoioKenust
910 Tepecederre OTKPBITO. OHO COMEPKUT ITY TOUKY, TaK UITO MMEPEJ] HaMu
— ee OKPECTHOCTH. DTa OKPECTHOCTh, KaK MepecedeHne BCeX OKPECTHOCTEI,
COJIEPIKUTCS B KarKJI0i OKPECTHOCTHU, TO CTh sIBJISIETCs] HAUMEHbIIIeH OKPEeCT-
HOCTBIO.

7.V Mwunanvanbrast 6a3a 3TOH TOMOJOTHNA COCTOUT M3 OJTHOTOYETHBIX
Buga {2k — 1} ¢ k € Z n rpexroveunnbix muoxkecrs Bujga {2k — 1,2k, 2k + 1},
riae caosa k € Z.
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HenpepbiBHOCTD

8. TeopeTnkKo-MHOXKECTBEHHOE OTCTYIJICHIE:
OTOOpakKeHn s

8'1. OrobparkeHus U UX OCHOBHBIE TUIIbI

OTtobpaxxeHnem vuokecTBa X B MHOXKECTBO Y Ha3BIBAETCS TPOHKA, CO-
crapmerras n3 X,Y U MpaBuia, CTABIIIETO B COOTBETCTBUE KAXKJIOMY 3JIe-
MEHTY MHOKeCTBa X HEKOTODBIH d7eMeHT MHoxkKecTsa Y.!

Y00kl MOAYEPKHYTH TO, 9TO OTOOpaykeHue f ecTb 0TOOpaskKeHue MHO-
kecrBa X B MHOXKECTBO Y, ymnorpebssior obosnadenust f @ X — Y wam

f .
X = Y. Daement b muOXKecTBa Y, oTBevaromuii npu orobpaxkenuu f 3jre-
MeHTY a MHOXKecTBa X , obo3Havaercs f(a) v HA3bIBAETCS 06Pa30M d€MEHTa,

a tipu orobpazkennu f (mumyt b = f(a) win a s b v frar—b).

Orobpaxenne f: X — Y Ha3bIBaeTCsA CHOPBEKTUBHBLIM, WU CHOPBEKLMNEN
(unu oTobpaxeHnem Ha), eciu KazKJbIil 9IEMEHT MHOYKECTBA Y sBISETCs 00-
pa3om xoTs Obl oJHOTO 3j1emenTa MHOxkecTBa X . Orobpaxkenue f: X — Y

K omeuro Ke, IpaBWwyO (KaK M BCE B TEOPDUH MHOMKECTB) MOXKHO IPEJCTABJIATL cebe Kak
MHOXKECTBO. A MMEHHO, OHO MOXKET ObITh 3aaH0 MHOXKECTBOM YIIOPSOYEHHBIX 1ap (T, y), rae T €
X,y € Y, Takux 4TO HAIIIEe IPABUJIO CTABUT 3JIEMEHT Yy B COOTBETCTBHE JIEMEHTY L. DTO MHOXKECTBO
nmap Ha3bIBAETCS rpaghukom orobparkenwusi. I'paduk sBJISIETCS MOJMHOXKECTBOM MHOXKecTBa X X Y
BCEX YIOPSJIOUeHHBIX map (x,y).
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Ha3bIBAETCA UHBEKTUBHLIM W B3aUMHO OFHO3HAYHbIM, €CJTH KarKIblil 3J1e-
MEHT MHOXKECTBa Y dBJisieTCss 00pa3oM He 60jiee 9eM OHOrO JIEMEHTa MHO-
kecrea X. Orobparkenne Ha3bIBACTCA OMEKTUBHLIM W OUEKUUEN, eCiu OHO
CIOPBEKTUBHO 1 MHBHBEKTUBHO.

8'2. O6pasbl u npoobpasbl

Obpaszom vuoxecrsa A C X npu orobpakenuun f : X — Y nmaseisaercs
muOKecTBO f(A), cocraBiennoe u3 06pa30B 3JEMEHTOB MHOXKECTBA A, T. €.
f(A) = {f(z) | x € A}. Obpas Bcero orobpaxkaemoro MHoxkecrBa X, T. e.
f(X), nazeiBaercst obpasom otobpaxenus f.

lpoobpazom mmnoxkecrsa, B C Y npwm orobpaxkenun f : X — Y nasbl-
BaETCs MHOXKECTBO f’l(B) TeX IJIEMEHTOB MHOKecTBa X, 00pas3bl KOTOPHIX
npunaexar B, r.e. f71(B)={x € X | f(x) € B}.

[Ipemocreperaem auTaTesIs OT HEBHIMATEILHOI'O OOPAIEHN C TePMUHA~
Mu obpa3 u mpoobpas. [laseko He Bcerja obpa3 mpoobpasza MHOXKeCTBa B
COBIIQJIaeT ¢ B, a ecjm 9T0 U Tak, TO IPoodpPa3 MOKeT OLITH He eTHHCTBEH-
HBIM MHOYKECTBOM, 00,1 JAOIIIM STHM CBOMCTBOM, TaK UTO IIPOOOPA3 HEJIb3sI
OIIpeIesIITh KaK MHOXKECTBO, 00pa30M KOTOPOrO CAYKHUT JTAHHOE MHOYKECTBO.

8.A. MuoxectBo B cozmepxurca B obpase orobpakenus f, coria

f(71(B)) = B.

8.B. Jlnsa npoussosbibix f : X — Y u B C Y umeer MecToO BKJIOUEHUE

f(f(B)) c B.

8.C. Ilycts f: X — Y uw B C Y TakoBBI, 9TO f(f_l(B)) = B. Torma
CJIEJIYIOIINE YTBEPKIEHUST PABHOCUIBHBIL:

(1) f~Y(B) aBAgeTca eMHCTBEHHBIM TOJMHOMKECTBOM MHOZKECTBa X,
obpa3 KoToporo pasen B;

(2) prst mobbix ai,as € f~1(B) usz pasencrsa f(ay) = f(az) cuenyer
PaBEHCTBO a1 = ag.

8.D. Orobpaxkenne f : X — Y unbekrusHO, corjga st jgoboro B C Y ¢
f(f~Y(B)) = B upoobpas f~!(B) apiasgerca e uHCTBEHHBIM M0MHOKECTBOM
MHO2KeCcTBa, X, 00pa3 KoToporo pasen B.

8.E. f’l(f(A)) D A pist mpousBobabix f: X - Y u A C X.

8.F. [71(f(A)) = A, corna f(A)N f(X N A) = 2.
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8.1. Tlpasaa im, uro myis mobbix MaOkeCcTB A, B C Y u mo6oro orobpaskenus
f: X — Y cupasenuBbl paBeHCTBA

FTHAUB) =TI (AU FI(B), (10)
FTHANB) = 1A N FH(B), (11)
Y N A) =X~ f1A)? (12)

8.2. Ilpasma ym, aro s yobbix muoxkects A, B C X m m060ro orobparkenus
f: X — Y cupasenuBbl paBeHCTBA

f(AUB) = f(A) U f(B), (13)
f(ANB) = f(A) N f(B), (14)
FX N A) =Y ~ f(A)? (15)
8.3. IlpuBenure mpuMepsl, B KOTOPBIX [BA U3 PABEHCTB IIPEIbLIyIIeil 33/1a9u He

BbBIIIOJTHAIOTCHA.

8.4. MoxHO u 3aMeHNUTH HEBEPHBIE PABEHCTBA 33/1a49u §.2 BEPHBIMU BKJIIOYUEHU-
‘7
MU

8.5. Kaxkoe nipocroe yciaoBue HyKHO Hast0kuTh Ha f @ X — Y 4ro6bl s 110661x
mHOKeCcTB A, B C X ObLIM CIIpaBeIMBBI BCE paBeHCTBa 3aga4n §.27

8.6. Hoxaxwure, 4ro ajga jo6oro orobpaxenus f : X — Y u a06bIx MHOXKECTB

AC X u BCY cnpasemymso pasenctso BN f(A) = f(f~(B) N A).

8'3. Toxk/1eCTBEHHbIE OTOOPAXKEHUH U BKJIIOYEHUS

ToxxgecTBeHHbIM 0TOOpaXxeHneM MHOKECTBA, X HA3BIBAETCA 0TODParKeHne
X — X : z+— x. Obosnavaercs oHO CUMBOJIOM idx WM, €CJIM U3 KOHTEKCTa
sICHO, KaKOBO X, mpocTo cuMBOJIOM id.

Ecmu A — mogmmoxkecTBo MHOXKecTBa X, TO oToOpaxkenne A — X : x —
x, Ha3bIBaercs: Bkatodenmem A B X u obosmauaercs uepes ing : A — X, a
ecit A nu X He BBI3BIBAIOT COMHEHHSI, TO [IPOCTO Yepes in.

8.G. Tlpoobpazom muOxKecrBa, B npu Brjodenuu in : A — X gapiasercs
MHOXKecTBO B N A.
8'4. KoMmnosumun

Komnosuywmeii orobpaxenuit f : X — Y u g : Y — Z naswiBaercs
orobpaxenne X — Z : x — g(f(z)). Komnosummio f u g obosnauaior
aepe3 g o f.

8.H AccommmaruBaocthb. [is mobbix otobpawxenwit f : X — VY, g: Y — Z
u h:Z — U cupasenuBo paBerctso ho (go f) = (hog)o f.
8.1. [ist yioboro orobpakennst f : X — Y crnpaBeJyiuBO paBeHCTBO f O

(idx) = f = (idy) o f.

8.J. Kommo3unus UHBHEKINI eCTh HHbLEKITHI.
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8.K. Eciu xkoMmmosutius g o f MHbEKTUBHA, TO 0TODpakeHre [ WHbEKTUBHO.
8.L. Kovmmo3unus CIOPBEKIUil €CTh CIOPHEKITUS.

8. M. Ecim kommo3uiusi go f CIOPbeKTUBHA, TO 0OTODparKEeHNEe § CIOPbEK THB-
HO.

8.N. Kowmmosunust 6uekimit ecTb OMeKIns.

8.7. Ecnu xommosunus go f GmeKTuBHA, TO 0093aTEIBHO JIX OJHO U3 0TO0PazKeHMIt
f u g buexTuBHO?

8'5. ObparHble u obpaTuMbie

Orobpazkenne g : Y — X maseiBaerca 0bpatHeiM orobpaskenuio [ : X —
Y, ecm gof =idx u fog = idy. Orobpaxkenue, jijisi KOTOPOTO CyIIECTBYET
obparHoe, Ha3bIBaeTCH 06PaTUMbIM.

8.0. Orobparkenue oOPaTUMO, COIJIA OHO — OMEKIINs.

8.P. Ecmu obparnoe orobparkeHue CyIeCTBYeT, TO OHO €IUHCTBEHHO.

8'6. Cy>keHusi u nogoTOOparkeHus

Ecim A — nmomvuOXKecTBO MHOXKeCcTBa X, a B — MOJMHOXKECTBO MHOXKE-
crea Y, To Beakomy orobpaxenuio f : X — Y, makomy, uro f(A) C B,
orseuaer orobpaxkenue ab(f): A — B : x — f(x), KoTopoe Ha3bIBaeTCs
cokpaiyenmem orobpaxenus [ na A, B wim nogotobpaxkeHmem orobpaskenust
f.-Eciu B =Y, 1o ab(f) : A — Y o6osnauaior cumBosioM f|4 1 Ha3bl-
BalOT CyxeHumem orobpaxkenusi f na A. Ecom B # Y, 10 ab(f) : A — B
0603Ha9AIOT CUMBOJIOM f|4 B WM Jazke mpocTo f|.

8.Q. Cyxenune orobpaxkennss [ : X — Y nma A C X ecrs xomnosunus
Bryouenns ing : A — X u f. Kopoue, f|a = foing.

8.R. Jlioboe cokpamenune (B 4aCTHOCTH, U JIOO0E CyKEHNE) MHbEKIINN eCTh
MHbEKIHS.

8.5. Eciu cyxenune orobpazkeHus eCTh CIOPBHEKIUsS, TO U UCXOIHOE 0TOOPa-
JKeHIe CIOPHEKTUBHO.
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9. HenpeprnIBHBIE OTOOpaKeHUS

9’1. Onpenenenue u OCHOBHbBIE CBOMCTBA
HEIIPEPBIBHBIX O0TOOParKeHmit

IMycrs X, Y — ronostorunaeckue npocrpancrsa. Orobpazkenne f: X — Y
Ha3bIBAETCSA HEMPEPLIBHLIM, €C/Iu TTPo0Opa3 JIFoOOr0 OTKPBITOTO MOJIMHONKE-
CTBa TIPOCTPAHCTBA, Y SIBJISIETCS OTKPBITHIM TOJMHOYKECTBOM MTPOCTPAHCTBA

X.

9.A. Omobpasicenue nenpepulero, cozda npoobpas 4106020 3aMKEHYMO20 MHO-
aIceCMBa 3aMKHYM.

9.B. Tooicdecmeennoe omobpascenue A106020 MONOAOZUYECKO20 NPOCTIPA-
HCMBA HENPEPLLEHO.

9.1. Tlycrs 4, Qo — Tononoruvyeckue crpyKTypbl B Muoxkecrse X . Orobpaxenue
id: (X,Q1) — (X, Q2) menpepoiBro, corga Qs C Q.

9.2. Ilycrs [ : X — Y — menpepsbiBaoe orobpaxkenue. OcraHercs jiu OHO Herpe-
DBIBHBIM, €CJIH:

(a) yrompumtnb Tomosormio B X; (b) orpybmrs Tomosormio B X;
(¢) yrompamTnb Tomosormio B Y; (d) orpyburs Tomosornio B Y7

9.3. Ilyctb X — IUCKpETHOE TOMOJIOTUYECKOe IPOCTPAHCTBO, & Y — IMIPOU3BOJIHHOE.
1) Kakwme orobpaxenna X — Y sasagiorca menpepbiBHbIMU! 2) A oToGpazkenus
Y — X7

9.4. Ilycts X — mpoCTPAHCTBO C TPUBHAILHONU TOMOIOTHIECKON CTPYKTYPOii, a Y
— IPOM3BOJILHOE TOMOJIOTIIECKOe mpocTpancTBo. 1) Kakue orobpaxenma X — Y
ABIAIOTCA HerpepbiBHbIMEA? 2) A orobpaxkenns Y — X7
9.C. Ilycmv A — nodnpocmparcmeo npocmpancmea X . Tozda omobpasice-
nue in : A — X nenpepwisHo.

9.D. Tomonorus 24, wamymuposannag Ha A C X TOMOJOTHEH TPOCTpaH-
ctBa X, eCTh caMas Tpybasg u3 Tex TOmoornii B A, OTHOCHTENHHO KOTOPBIX
orobpazkenne in : A — X HempepbIBHO.

9.5. 3azadka. Yreepxaenue 3agaqau 9.D umeer ecrecrsenroe o6061meHIE CO CIIy-
dag BKJIOYEHUd i Ha Ciiydail npou3BosibHOro orobpaxkenus f : A — X mpous-
BoabHOrO MHOKecTBa A. Haiimure sTo 0600menmue.

9.E. Komno3uyus HENPEPLIBHIT 0MOOPAANCEHUTE HENPEPLIGHE.
9.F. Ilodomobpasicenue Henpepuierozo 0mobpasicenus HenpepuieHo.

9.G. Omobpaoicernue f: X — Y nenpepuero, cozda Henpepuero €20 nodo-
mobpasicenue ab(f) : X — f(X).

9.H. Beaxoe nocrosinaoe orobpazkenne (T. e. orobpazkenne, 06pa3 KoToporo
COCTOUT M3 OJJHON TOYKH) HENPEPBIBHO.
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9'2. TlepedOopMyIMPOBKI OCHOBHOT'O OIPe/IeJIeHU

9.6. Orobpaxenue f : X — Y mempepssuo, corma Cl f~1(A) € f~1(ClA) mna
moboro A C Y.

9.7. Chopmynupyiite u mOKaKUTe aHAJOIUYIHBIN KPUTEPHUil ¢ ydacTuemM

Int(f~(A)) m f~'(Int A). To xe camoe mys Cl f(A) u f(C1A).

9.8. Ilycts ¥ — 6a3a Tomosoruu mpocTpancTsa Y. Jlokaxwure, 9T0 OTOOpaKeHme
f + X — Y wmenpepsiBuo, corma f 71(U) — OTKPBITOE MHOXKECTBO [IjIs KaXKJ0r0

Uek.

9'3. HanbHeiimue nmpuMepsbl

9.9. HenpepniBHO 1 (B TOMOIOTAT, MHIAYTAPOBAHHON TOMO/IOTHEH TPAMOii) 0TO6-
pazKeHme

ecmu x € [0; 1),

x
0 0;2 0;2] : ’
f:[0;2] — [0;2] x'_}{g_% ecm x € [1;2]7

9.10. Henpepsiero i orobpaxenue f orpeska [0;2] (¢ Tomosorueit, nHmynupo-
BaHHOH TomosIormeil npamoii) B crpenky (cm. 2), onpenesnsemoe Gopmystoi

z, ecm x € [051],
fla) = o
z+1, ecmx e (1;2]7

9.11. [aiite npsiMoe OIIMCAHHE HEIPePbIBHLIX orobpakeHuil npocrpancrsa Rr,
(cm. 2) B R.

9.12. Kakue orobpaxenus Ry, — Ry, menpepbiBabt?

9.13. JlaiiTe mpsiMOe ONMCAHUE HEPEPHIBHBIX OTOOPAKEHMI CTPEIKNA B CTPEJIKY.
9.14. Ilycrs orobpaxkenne f : Z, — R onpenensiercss popmysoit

flz) =

ecm x = 0.

%, ecmu © # 0,
0,

mnycrb g : Z4+ — f(Z4) — ero momorobpaxkenune. Cuabauv Zy n f(Z4) Tomoso-

rueil, MHIYyIIMPOBAHHON Tomoorneil mpsamoii. HenpepoiBabL 1 oTOOpaxkeHnus g u
—19

g

9'4. TloBeneHue MJIOTHBIX MHOXKECTB
Ipu HENpepbIBHBIX OTOOPaAXKEHUSIX

9.15. loxaxure, 4T0 00pa3 BCIOIY MJIOTHOTO MHOXKECTBA IIPU CIOPHEKTUBHOM
HEMpepPhIBHOM OTOOPaKEHMH BCIOIY IIOTEH.

9.16. Bepno su, 9yro 006pa3 HHUIE He IJIOTHOTO MHOYKECTBA IIPU JIIOOOM Hempe-
PBIBHOM OTOODarKEHUN HUT/E He ILIOTEH?

9.17*. Cymecrsyer sm B orpe3ke [0; 1] (¢ Tomosiorueit, nHIyINPOBAHHON TOIO-
Jlorueii IpaMoii) HUT/Ie He IJIOTHOE HOIMHOXKECTBO A, I0IyCKaolee Takoe Herpe-
poiBHOe orobpaxkenue f : [0;1] — [0;1], uro f(A) = [0;1]7
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9’5. JlokanbHasg HENMPEePbIBHOCTD

Orobpaxenne f : X — Y HazwIBaeTca HenpepbiBHbIM B ToYke a € X, eciin
it i000it okpectHoctu U Touku f(a) cymecrByer Takasg OKPECTHOCTH V'
touku a, uro f(V) C U.

9.1. Omobpaocenue f: X — Y uenpepuisho, co2da 0Ho HENPEPLIBHO 6 KaHC-
dotlit mouke npocmparcmea X .

9.J. IIycmov X,Y — mempuueckue npocmpancmea, a € X. Omobpascerue
f X — Y wuenpepvisno 6 mouxe a, cozda 0is 4106020 wapa ¢ UeHMPOM
6 mouxe f(a) cywecmsyem wap ¢ uewmpom 6 mouke a, o6pa3 KOMOpo2o
codepoIcumes 6 Nepeom wape.

9.K. IIycmo X,Y — mempuueckue npocmpancmea, a € X. Omobpascerue
f X =Y uenpepweno 6 mouxe a, coeda dan awobozo € > 0 cywecmesyem
d > 0 maxoe, wmo dasa mobot mouku v € X ¢ p(x,a) < & umeem mecmo
nepasencmeo p(f(z), f(a)) <e.

Teopema 9.K rapanTupyer, 9TO B T€X CIydasax, KOTJIa MPUMEHIMO OTpe-
JIeJIeHNe HEMPEePBIBHOCTA U3 KypPCa MATeMAaTHIECKOTO aHAIN3a, OHO PAaBHO-
CHJIBHO OTIPEICJIEHUIO, KOTOPOEe (hOPMYIUPYETCS B TEPMUHAX TOMOJTOTHTE-
CKUX CTPYKTYP.

9’6. CaoiicTBa HenpepbIBHbIX (PyHKIIMMA

9.18. Ilycrs f,g: X — R — menpepsiBuble oTobpakenus. /lokakuTe, 9T0 CiremLy-
forre (pOpPMyJIBI OTIPEIe/IIIOT HellpepbiBHbIE oToOpaxenns X — R:

z—f(z) +g(2), (16)
z—f(z)g(x), (17)
z—f(z) - g(x), (18)
@ = f(x)], (19)
x —max{f(z),g(x)}, (20)
z —min{f(z), g(x)}. (21)

9.19. Joxaxwure, aro ecam orobpaxenns f,g: X — R menpepssast n 0 ¢ g(X),

TO HEIpephIBHO u oTobpaxkenne X — R: x+— %.
9.20. IlocrpoiiTe Takyio IOCIEIOBATEILHOCTH HEIPephIBHBIX dyHKmit f; : R —

R, ¢ € N, arobsr dhopmyta
f(x) =sup{ fi(z) [1 € N}
onpenensna dyakuuo f : R — R koropas He 6bL1a Obl HEIIPEPHIBHOIA.

9.21. Ilycte X — mpOM3BOJIHHOE TOIMOJIOIHMYECKOe IpOCTpaHCTBO. Pymkims f :
X = R": 2z~ (fi(x),..., fn(x)) HenpepwiBHA, corma Kaxkmas mu3 dyHKOui f;
X — R, i=1,...,n, HeupepbIBHA.
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IIpocrpanctso Mat(p X g, R) maTpur pasmepa p X ¢ ¢ BEIECTBEHHBIMH KO-
s bunmenramu ormmuaerca or RPY jmmb aBoitHOi HyMmepaiueil ecrecTBEHHBIX
KOODIMHAT B HEM.

9.22. Iokaxwure, aro ecau orobpaxkenus f : X — Mat(p X ¢R) mg : X —
Mat(q X r,R) HETpEPBIBHBI, TO W OTOOpaKEHUE

X — Mat(p x r,R) : z— g(z)f(x)

HeIIPepPbIBHO.

Hamomuaum, aro GL(n; R) — nognpocrpancrso npocrpanctsa Mat(n X n,R),
COCTOATIEE W3 BCEX 00PATUMBIX MATPHII.

9.23. Ioxaxure, uro ecau orobpaxkenue f : X — GL(n;R) menpepsiBuo, T0 1
orobpaxenne X — GL(n;R) : = — (f(z))”! mempepsismo.

9'7. HenpepbIBHOCTb PAaCCTOSHUIA

9.L. Jlas 4106020 nodmmosicecmesa A mempuseckozo npocmpancmsa X ¢hyré-
kuyua X — R, onpedeaseman dopmyaot x — p(z, A) (cm. 4), nenpepvisna.

9.2/. Tomosiornst METPUIECKOrO MIPOCTPAHCTBA €CTh CaMasl rpydasi TOIIOJIOTHS,
OTHOCUTEIBHO KOTOpOi# mist moboro A C X dbymkmus X — R, ompenesstemast
dbopmymoit © — p(z, A), HEHpepbIBHA.

9'8. N3omerpuu

[ycrs (X, px) u (Y, py) — merpuueckue npocrpancrea. Orobpakenue
f: X — Y naseiBaerca uzomerpuyeckum snoxeruem, eciu py (f(a), f(b)) =
px(a,b) ns mo6bix a, b € X. Buekuums, siBASIOMAsICS N30METPUIECKUM BJIO-
JKeHUeM, Ha3bIBAETCST M30METPUEN.

9. M. Bcsikoe M30MeTPpUIecKOoe BIIOKEHNE MHHEKTUBHO.

9.N. Bcegkoe n30MeTpuydecKkoe BIOKEHUE HEIPEPBIBHO.

9’9. Cykumaromue oTobparkeHust

Orobpaxenue f : X — X Merpudeckoro mpocrpaHcTsa B cebs Ha3bIBaeT-
¢t oxkumarowum, ecm cymecrsyer Takoe wicno « € (0;1), uro p(f(a), f(b)) <
ap(a,b) mrs mobeix a,b € X.

9.25. JlokaxkuTe, ITO BCIKOE CXKUMAIOIIEe 0TOOPAKeHNe HeIIPepBIBHO.

IIycte X u Y — merpuueckue npocrpancrsa. Orobpaxenue f : X — Y
Ha3bIBACTCHA E€/b4epoBbiM, eciu Halayrca Takue duciaa C > 0 u a > 0, gro

p(f(a), (b)) < Cp(a,b)® ansa moberx a,b € X.

9.26. lokaxkmure, 9TO BCAKOE TéIbIEPOBO OTOOPAKEHNE HEIIPEPHIBHO.
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9’10. MHoXkecTBa, 3aJlaBaeMble ypaBHEHUSAMUA
1 HepaBeHCTBAMMU

9.0. IIycms f; : X — R, i=1,...,n, — nenpepwvierovie omobpascenus. Toz0a
KA ) ) ) )

NOOMHONCECTMEO NPOCMPAHCMEa X, COCMOAWEE U3 6CET PEULEHUT CUCTLEMD

ypasnenutd fi1(x) =0,..., fu(x) =0, asaaemea samrHymoim.

9.P. Ilycmo f; - X - R, i =1,...,n, — nenpepuervie omobpascenus. To-
2da nodmmosicecmso npocmpancmea X, cocmoauee us 6cex pewenut cucme-
mot wepasencms fi(z) > 0,..., fo(x) > 0, asasemesa 3amrrymoLM, 6 N00-
MHONHCECTNBO, COCMOAWEE U3 6CET pewenuli cucmemv. wepasencms fi(x) >
0,..., fn(x) >0, — omxpoimoim.

9.27. Tne s 9.0 u 9. P KOHEYHYIO CUCTEMY MOXKHO 3aMEHUTH OECKOHEYHOM?

9.28. [lokaxwure, uro B ipocTpancTee R ¢ n > 1 Beakoe cobecTBeHHOE ajrebpan-
YeCKOe IIOJIMHOKECTBO (T. €. COOCTBEHHOE IIOJIMHOKECTBO, 3a1aBAEMOE IIOJIMHOMU-
AJIbHBbIMHI ypaBHeHI/IHMI/I) HHUTI'Ie HE IIJIOTHO.

9’11. TeopeTHKO-MHO>KECTBEHHOE OTCTYILJIEHUE: MOKPbITHAS

Muoxkecrso I' momvHOXKeCTB MHOXKECTBA X HA3BIBACTCHA €10 MOKPLITUEM,
ecim X ecrs obbeaunenue muoxkects u3 I, r.e. ecn X = (J cp A B srom
caydae roBOpSAT TaKzKe, YTO MHOXKeCTBa, Bxojdiue B I', nokpsisaror X.

Wmeerca u apyroe, 60jee MHUPOKOE MOHNMAHHE STHX TEPMUHOB: MHO-
kecTBO [ mOIMHOKECTB MHOXKECTBA, Y HA3BIBAETCS MOKPbITUEM MHOMXKECTBA
X CY, ecim X comepKurcsd B o0beaIWHEHNN MHOXKeCTB u3 I, T. e. ecim
X CUger A. Tosopsar raxuxe, uro muoxecrsa u3 I' nokpeisaror X.

9'12. ®yHaMeHTAJIbHbIE NOKPBITHAS

PaccemorpuMm noxpeitie I' Tomomorndeckoro mpocrpanctsa X . Kaxxmprit
siemeHT nokpbiTHs I Hacaeyer n3 X Torosiornyeckyio crpykrypy. B kakom
caydae Tormo0ruio B X MOKHO BOCCTAHOBUTH II0 TUM CTPyKTypam?! B gact-
HOCTH, IpU KAKUX yCJI0BUsX Ha ' HempepbiBHOCTH oToOpaxkenust f: X — Y
00eCcreunBaeTCss HeIIPEPHIBHOCTHIO €0 CY2KEHUN Ha BCE JJIEMEHTHI MOKPBITHUS
I'? Yro0b! 101y 9uTh OTBETHI Ha, 9TU €CTECTBEHHBIE BOIIPOCHI, PEIITUTE 33,/ [au

9.29-9.V.

9.29. Bepno m, uto eciu cyxenune orobpaxenus f : X — Y Ha BCAKWMIT d71eMeHT
CJIeYIONIET0 MOKPHITHS |’ HEIIpepBIBHO, TO M caMO 0TOOpaykeHue f HepepbIBHO:
() X=[0:2), 0= {[0s1], (2} (b) X =1[052), T = {[0: 1], [1:2]};
(c) X=R T'={Q,R\Q}; (d) X =R, T — MHOXKECTBO OIHOTOYEHU-

HBIX IIOJMHOXKECTB?

[Moxportre ' mpocrpamcTsa X HA3BLIBACTCSA (DYHAAMEHTAbHbIM, €CJTA MHO-
xKectBo U C X OTKPBITO, COT/IA €r0o TepecedeHns ¢ KaXKIbIM MHOXKECTBOM
A € T oTKpBITH B TIOATIpOCTpaHCTBE A.
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9.Q. Tlokpeitue I' npocrparcrBa X dyHIAMEHTAJIBHO, COTA i OTKPbI-
toctu MHOXkecTBa F' C X mocrarodro, 9To0BI €ro mepecevdeHne C KazKbIM
MHOkecTBOM A € I' Ob1710 0TKPBITO B A.

9.R. llokpoitue I' npocrpancrea X dyHIaMEHTATBHO, COT/IA I 3aMKHY-
toctu MHO)kecTBa F' C X 70CTATOYHO, YTOOBI €ro MmepeceveHne C KarKbIM
muoKecTBOM A € I' 661710 3aMKHYTHIM B A.

9.30. lloxpbITHE TOOIOTUYECKOTO IIPOCTPAHCTBA OTHOTOYETHBIMI MHOXKECTBAMUI
dyHIaMeHTaIbHO, COrIa IPOCTPAHCTBO IUCKPETHO.

[ToxphITHE TOTTOJOTHIECKOTO TPOCTPAHCTBA, HABBIBAETCSI OTKPbIThIM, €CIN
OHO COCTOUT M3 OTKPBITBIX MHOXKECTB, 1 3aMKH_yTbIM — eCJin U3 3aMKHYTBIX.
[TokphITHE TOTTOIOTHIECKOTO TPOCTPAHCTBA, HA3KIBAETCST JJOKAJbHO KOHEHYHbBIM,
€CJIN KazK/1asd TOYKA MPOCTPAHCTBA 00/1a/1a€T OKPECTHOCTHIO, IePEeCeKaroIeii-
Ce JINIIIb C KOHEYHBIM YHCJIOM 3JIEMEHTOB ITOKDBITHA.

9.8. Bcakoe omxpvmoe noxpumue Gyroamermanbro.
9.T. Bcaxoe konewnoe 3amrnymoe noxpuimue Gyniamenmanbro.
9.U. Bcsikoe jioKa/ibHOE KOHEYHOE 3aMKHYTOE IMOKPbhITHE (DYyH/AMEHTaIbHO.

9.V. llyecmv T' - dyndamenmanrvroe noxpumue npocmpancmea X . Fcau
cyoicenue omobpavicenusn [ X — Y wna ecakutd ssemenm noxpumus 10
HENPEPLIBHO, MO U camo omobpascenue [ nenpepuieno.

Tosopsar, uro nokpertue [V snucano B T, ecou mj1g Kaxa0ro MHOKECTBa u3 17
CYIIECTBYeT cofeprKaliee ero MHOXKecTso u3 [

9.31. Ecmu noxportue IV Brmcano B I' u dyrmamenTanibsHo, TO U MOKpbiTHE |
byHIaAMEHTAIBHO.

9.32. Ilycts A — dbynmamenTaabHOe MOKpBITHE ImpocTpaHcTBa X, a ' — Takoe
nokpsitue npocrpancrea X, aro 'a = {UNA | U € T'} ecrp dynnamenranbaoe
nokpeiTue moanpocrpancTBa A C X nys Beskoro A € A. JTokazKuTe, 9T0 TOrIa,
nokpeitue [ Toxke hyHIAMEHTATBHOE.

9.33. [okaxwure, uro GyHIAMEHTAILHOCTH TOKPBITHS IIPEICTABIIsIeT CODOil JI0-
KaJIbHOE CBOIICTBO, T. €. UTO ec/Id KayK/asd TOUKa IpocTpaHcTsa X 00/1a1aer Takoi
okpecrHocTbio U, mst koropoit nokpeitue 'y = {UNV |V € I'} dynnamenrams-
HO, TO ¥ MCXOZHOE IIOKPBITHE (DYHIAMEHTAIHHO.

9’13x. MonoToHHBIE 0TOOparkeHust

[ycrs (X, <) u (Y, <) — 9acTUYIHO yIOPsiOUEHHbIE MHOKECTBA. [ 0BOPSIT,
aro orobpaxenne f: X — Y

® MOHOTOHHO BO3PAacTaeT WM NPOCTO MOHOTOHHO, €C/IH
fla) = f(b) pns mobeix a,b € X ¢ a < b;

® MOHOTOHHO ybbIBa€T NN aHTUMOHOTOHHO, €CJIH
f(b) < f(a) msa mobbix a,b € X ¢ a =< b
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® CTPOro MOHOTOHHO BO3PAacTaeT WM NPOCTO CTPOro MOHOTOHHO, €C/IH
fla) < f(b) pns mobeix a,b € X ¢ a < b;

® CTPOro MOHOTOHHO ybbIBAET WU CTPOro aHTUMOHOTOHHO, €CJII
f(b) < f(a) msa mobeix a,b € X ¢ a < b.

9.Ax. Ilycmv X u Y — aunetino ynopadovwennovie mroxcecmea. Omuocu-
MeAbHO UHMEPBAAbHHLL monoaozul 6 X u'Y atoboe clopsexmusHoe cmpozo
MOHOMOHHOE UAU CPO2O AHMUMOHOMONHOE omobpascenue X — Y Henpe-
DPOIBHO.

9.1x. Ilokaxure, 9T0 yCJIOBUE CIOPBEKTUBHOCTU B 9. AX SABJIAETCH CYIECTBEHHBIM.

9.2x. Ilokaxkure, 94TO yC/IOBHE CTPOrOWM MOHOTOHHOCTH B 9.AX sBsgercsd cylie-
CTBEHHBIM.

9.3x. B ycioBusx reopembl 9.Ax HenmpepbIiBHO Jin 0TOOpaKeHue f OTHOCUTEIHLHO
TOIIOJIOrMYU TIPABBIX (WM JIEBBIX) JLy9ei?

9.Bx. Omobpasicenue 00H020 4aCMUYHO YNOPAJOUEHHO20 MHOICECMEA 6
Opyzoe MOHOMONHHO, C0206 0HO HENPEPHIEHO OMHOCUMEALHO TONOAO2UT TO-
pAadka.

9'14x. Paccrosinue I'pomosa-Xaycmopda

9.Cx. g mobbIix MeTpudecKux npocTpancts X u Y CyIIEeCTBYeT METpU-
TecKoe MTPOCTPAHCTBO 4, B KoTopoe M X 1 Y BKJIAJBIBAIOTCI N30METPUIECKH.

W3zomeTputecku BJIOKWUB JIBa METPUYECKUX MPOCTPAHCTBA B OJIHO, MBI
MOXKEM pacCMOTPeTh paccroguue Xaycaopda Mex 1y ux odpasamu, cm. 4'15x.
Paccrosinnem [pomosa-Xaycgopgha MexKy METPpUUECKHMHU IIPOCTPAHCTBAME
X u Y Ha3biBaeTcd TOUYHAs HUXKHsAS TpaHUIA paccrogauilt Xaycmopda s
BCEBO3MOYKHBIX AP U30METPUIECKUX BJIOKEHUN STUX MPOCTPAHCTB BO BCe-
BO3MOYKHBIE METPUUYECKIE TPOCTPAHCTBA.

9.Dx. BuiBaior jin Takue METPUYECKHUE MPOCTPAHCTBA, MEXKY KOTOPBIMU
paccrosiare ['pomoBa-Xaycaopda paBaO bGecKoHeTHOCTH?

9.FEx. Jlokaxxkure, uTo paccrognne ['pomosa-Xaycaopda CHEMMETPUYHO U
)
VIOBJIETBOPSIET HEPABEHCTBY TPEYTOJbHUKA.

9.Fx. Bazadxa. B xakom cmbiciie paccrograue ['pomosa-Xaycaopda MoxkeT
V/IOBJIETBOPSATD MEPBOil aKCHOME PACCTOsTHUS?
9'15x. dyHKUuM Ha KAaHTOPOBOM MHOXKecTBe u Kpusble Ileano

Ha.l_[OMHI/IM7 9TO KaHTOPOBO MHOXKECTBO K MO2KHO OIIpEeIe/INTH KaK MHO-
wecrBo {z € R |z =Y 32, 3, rae ap = 0 mwm 2}
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9. Gx. Jlokaxkure, 910 0TOOparKeHme

[ee] o
. _Zak Z ay
k=1 k=1

sIBJISIETCA HEIPEPBIBHOI cropbeknueit. Hapucyiire ero rpadux.

9.Hx. [lokaxkute, 9T0 0TOOpAXKEHMe

[ee] o
K—>K:Zakl—>za2
k:13 k:13

S

e
e

HEIPEePBIBHO.

O6o3rasmy wepes K2 vmokectsa {(v,y) ER? : v € K,y € K}.

9.Ix. Jlokaxute, 9T0 OTOOPAKEHUE

o0 o0 [e.e]
. 2. ag agk—1 azgk
KoK e | L L
k=1 k=1 k=1

ABJIACTCA HEIIPEePbIBHON CIOPbEeKITUei.

9.Jx. Joxaxure, uro orobpazkenue vz : K — I?, SBJISIONEEcs KOMIO3H-
nueit orobpakenus: Yo : K — K? u orobpaskenust

E? = I (2,y) = (n(2), 1),

ABJIACTCA HEIIPEePbIBHON CIOPbEeKITUei.

9.Kx. Joxaxure, uro orobpaxkenue 3 : K — I? gpiderca cysKeHmeM
HEKOTOPOTo HempephBHOro orobpaxkennsa I — 12, (Cp. 2.Bx.2.)

Orobparkenue, CyIIeCTBOBAHIE KOTOPOIO YTBEPXKIALTCSA B MOC/IEIHEN 3a-
Jlade, sBJISETCS HEempepbIBHON ciopbexnueii I — I2, Takum obpa3oM, Kpu-
Bas MOYKET IeJIMKOM 3aIl0JHATL KBajpar. Kpusbie, 0bJra aromnme STuM CBOi-
crBoM, ObLin Brepsbie nocrpoenbt . I[Teano B 1890 r. C rex nop ObL10 Haji-
JIEHO MHOKECTBO IIPUMEPOB TAaKWX KPHUBBIX, HA3BIBAEMbBIX KpuBbiMu [leaHo.
Habpocok xoucrpyknum, npemioxkennoit /I. I'mipbeprom, nameden Huzke B
zagagax 9.Lx— 9.0x.

9.Lx. Jlokakure, 4TO CyIIECTBYeT TaKas 10CJIE€0OBATEJILHOCTH HEIPEPbIB-
HBIX KyCOYHO JIMHEAHBIX oTobpaskennii fi, : I — I2, uro:

(1) fx(I) comepxut menTpnl Beex 4F KBajpaTOB, MOMyUAIONUXCH HPH
PasOUeHNN KazK10ii CTOPOHBI Ha 2F PaBHBIX OTPE3KOB;

(2) dist(fe(x), fo—1(x)) < V2/281 g moboro = € I (3mech dist —
CTaHIapTHAA eBK/IMJIOBA MeTpuka B R2).
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9. Mx. Jloxaxkure, 9TO BCAKasl MOC/IEI0BATEILHOCTD (DYHKIHI, KOTOpasd
yioBjieTBopsier TpebosanusaM 3aaun 9. Lx, cxoqures K dyuxuun f i [ — I
(r. e. f(x) = limg .o fr(z) ans mr060# Toukm x € I), sra dyHknus Henpe-
phIBHA 1 €6 06pa3 BCIOJLy ILJIOTEH B KBajpare I2.

9.Nx. JlokaxKute, 4To BCSAKOE HempepbiHOe orobpaxkenue f : I — I? co
BCIOJLY TUIOTHBIM OOPA30M CIOPBHEKTHBHO.

9.0x. O606mure 9.Ix— 9.Kx u  9.Lx— 9.Nx: JokaxKuTe CyIIeCTBOBAHUE
HEIPEPBIBHBIX clopbekiuit [ — I ¢ n > 3.

2ILJIH peIIeHnsT 3TOU 33a9d MBI PEKOMEH/yeM IIPHUBJIEYL CPEJCTBA U3BHE: JTUOO XOPOIIO U3-
BECTHBIE TEOPEMbI aHAJIN3a, JUD0 pe3y/brarbl, KOTOpbie OyayT nojaydenst B 16. Cp. 3agaun 16.0,
16.Tu 16.K.
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10. I'omeomopdu3MbI

10'1l. Onpegesienne U OCHOBHBbIE CBOMCTBa roMeoMOpP(hpu3MOB

Orobpaxkenne f X — Y mHaswpBaeTrca roMeoMopgbu3MoM, eCJIE OHO 00-
paTUMO, HEIPEPBIBHO, W K TOMY Ke 0DpaTHOe K HEMY OTODparKeHWe TaKiKe
ABJIACTCA HEIIPEPBIBHBIM.

10.A. TlocrpoiiTe HEMPEPBIBHYIO OUEKIINIO, HE SIBJISIIOIYIOCST TOMeoMOpdu3-
MOM.

10.B. Iloctoiite nempepoiBryio 6uexmmo [0;1) — S, me apromyrocs ro-
MeoMophu3IMoM.

10.C. ToxnecrBennoe oTobparkenue (JOOOrO TOMOJOMMIECKOTO MTPOCTPAH-
CTBa) €CTh TOMEOMOP(hU3M.

10.D. Komnozuyus 20MeOMOPHPUIMOB eCMb 20MEOMOPPHUIM.
10.E. Omobpasicerue, obpammoe 20MeomopPhusmy, ecms 20MeoMopPhusm.

10’2. TomeomopdHbIE IpOCTPaHCTBA

TosopsiT, uTo pocTpancTBo X roMeoMopghHO NPOCTPanCTBY Y, ecau Cy-
mectByer romeomopdusm X — Y.

10.F. Fwweomopgﬁnocmb ACAACTNCA OMMHOWEHUEM IKEUBAAECHTNMHOCITNU.

10.1. 3azadra. Kak teopema 10.F cea3ana ¢ 10.C-10.E?

10'3. Poab romeomeoppu3mon

10.G. Ecim f : X — Y — romeomopdusm, 1o muOKkeCTBO U C X OTKPBITO
(B X), corna f(U) orkpsito (B Y).

10.H. Orobpaxenue f: X — Y ecrb romeoMopdu3M, COra OHO sABJISIETCS
Ouekiueil, KoTopasi Ompeje/sieT OUeKITHI0 MKy TOMOJOIHIECKUMEU CTPY-
KTypamu npocrpancts X u Y.

10.1. Tlycrs f: X — Y — romeomopdusm. Torga st groboro A C X:

1) A samknyro B X, corga f(A) samkuyTo B Y;

(

(2) F(C1A) = Cl f(A);

(3) f(Int A) = Int f(A);

(4) F(Fr A) = Fr f(A);

(5) A — okpecrrocts Touku x € X, corma f(A) — OKPeCTHOCTb TOUKH
f(z);



10. I'omeomoppuzmbr 73

(6) etc.

Takum 06pa30M, € TOTOJOTUYECKON TOYKU 3PEHUS rOMEOMOpP(MHbIE TPO-
CTPAHCTBA yCTPOEHBI COBEPIIIEHHO OMHAKOBO — romeoMopdusm X — Y ycra-
HaBJIMBaeT B3aUMHO OJHO3HAYHOE COOTBETCTBHUE MEK/y BCEMU SBJICHUAMU B
X un Y, KOTOpBIe BBIPAsKAIOTCS B TEPMUHAX TOIOJOTHIECKAX CTPYKTYD.>

10'4. JanpHeiimue nmpuMepbl roMeoMop@du3MoB

10.J. Ecim f : X — Y — romeomopdusm, 1o gjst goboro A C X mogoro0-
paxenue ab(f): A — f(A) — Toxe romeomopdusm.

10.K. Bcesikast nuzomerpusi (cM. 9) ectb romeomMopdusm.

10.L. Bcgkoe neBbIpoxKienHoe addunHOe MpeodpaszoBaHue MPOCTPAHCTBA
R"™ ectn romeomMopdusmM.

10.M. IIycmv X u Y — aunelno ynopadouernvie muoocecmsa. Ommuocu-
MEALHO UNMEPBasbHbLE Mmonoso2uti 6 X u Y at0boe clopsexmusroe cmpozo
MOHOMOHHOE UAU CMPORO GHMUMONOMONHoe omobpadicenue X — Y A6AA-
EMecAa 20MEeOMOPPUIMOM.

10.N Cuencreue. Bceakaa COPsekmMUGHas CMpo2o MOKOMOHHGA PYHKUUL
f i a;b] = [c;d] asasemesn 2omeomophusmonm.
10.2. JloxaxkuTe, 9TO UHBEPCUA

x»—>|IZ—|€:Rn\O—>R"\O

ecTb roMeoMopdu3M.

10.38. Ilycrb H = {2z € C| Imz > 0} Bepxuas nmomymwiockoctsb. Jokaxure, 910

az+b
orobpaxkenue f : H — H 3amamnoe dbopmymnoii f(z) = %, rae a,b,c,d € R,
cz
b
ABJIIETCS TOMEOMOP(MU3MOM, €CJIA d > 0.

10.4. Hoxaxwure, uro bueknus R — R apasercs romeomopduaMom, corma oHa —
MOHOTOHHAsT (DyHKITHS.

10.5. 1) Jokaxure, 4TO BCAKAA OMEKIMs AHTHIUCKPETHOrO IIPOCTPAHCTBA HA
ceba aBagerca TomeomMopdusMoM. [loKaKuTe, 9TO TO K€ CamMoe BEpPHO I 2)
JIMCKPETHOrO IIPOCTPAHCTBA; 3) MPAMON ¢ Tomosorueii 3apuckoro.

3Ha [IEePBBIX STAllaX PA3BUTHUS TOIOJIOIUU, KOTJA elle He ObLJIO BBIJAEJIEHO MOHSTHE TOIOJIOTH-
YEeCKOr'0 IIPOCTPAHCTBA, & U3YYaJHUCh HOJIPOCTPAHCTBA €BKJIM/IOBBIX IIPOCTPAHCTB, HX HEIIPEPbIB-
HBIe 0TOOpaXKeHUs U roMeoMOPMU3MBI, YKa3aHHOE CBOUCTBO OBLIO IIOJOKEHO B OCHOBY OIIpeJesie-
uust Tonosiorun. @. Kuieitn B cBOel 3HAMEHUTOW DPJIAHIEHCKON IporpaMme, B KOTOPOW OH KJiac-
cubUIIPOBAJ PA3IUIHbIE TeOMETPUH, BBIIEIUBIINECT K TOMY BpeMeHU (eBKINIOBY, adUHHYIO,
reoMeTpuI0 MoAo0ust, IPOEKTUBHY O, reoMeTputo JI06a9eBCKOro U T. I1.), OIPEAEIIsLI TOLOIOTHIO KaK
YaCTh F€OMETPUH, U3YJAMIIYI0 CBOMCTBA (DUrYyp, KOTOPBIE COXPAHAIOTCS IPU roMeoMopdu3Max.
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10.6. Haiinure Bce ToMeOMOP()U3MBL IPOCTPAHCTBA 47 (CM. 2) Ha, cebsL.

10.7. loxaxkmure, 9TO BCSAKas HEIIPEPHIBHAA OMEKINS CTPEIKNA HA CeOsl sABIISETCS
roMeoMOopU3MOM.

10.8. Tlocrpoitre nBa roMeoMopdHBIX IpocTpaHcTBa X U Y M HEIPEepPHIBHYIO OH-
ekmuio X — Y, He ABIAONYIOCT TOMEOMOPMU3MOM.

10.9. Ssnsiercs mu orobpaxenue 2 : K — K2 paccmorpennoe B 3amaue  9.Ix,
romeomopduzmonm? Harommmm, uro K — xantoposo muowxecTso, K2 = {(x,y) €
R?: 2z € K,y € K} u 2 onpenenserca bopmyoit

S (T )
k=1 k=1

k=1

10'5. IIpumepbl roMmeoMOpP@HBIX IPOCTPAHCTB

Huxke romeomopdrocrs 0603HaYAETCA 3HAYKOM ==, DT0 He OOIIenpUHsi-
Toe obo3unadenue. B jureparype B 9TOM CMBIC/IE UCIOIB3YIOTC MPAKTHICCKHT
BCE CHUMBOJIBbI, OJTM3KHE K CHUMBOJIY =, HO OTJIUYHBIE OT HErO, HAIPUMED ~,

~
>~ .

10.0. Hokaxure, 9T0

(

(2) [0;1) = [a;b) = (0;1] = (a;b] ars m0681x @ < b,
(3) (0;1) = (a;b) mua 066X a < b,

(4) (-1;1) =R,

(5) [0;1) = [0;400) u (0;1) = (0; +00).

10.P. Ilycte N = (0,1) — CeBepHblil mOTIOC Ha €IUHUIHON OKPYZKHOCTH.
Torma S'~ N = R!.

10.Q. I'pacduk nHenpepbIBHON (DYHKINM, 33JAHHON HA HEKOTOPOM IIPOME-
JKYTKE, TOMEOMOPMEH 3TOMY MPOMEKYTKY.
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10.R. S™ ~ point =2 R™.

10.10. HJoxaxure, 9ro cieiyiomue iockue burypol romeomMopdubsl. 3ech u
JTaiee MBI I TPOCTOTHI 3armucy (1 arenuns) GyeM UCIoIb30BaTh HEMHOTO HEKOD-
pekTHBbIe 0003HaYeHUs. VIMEHHO, IIpY 3a/[aHUN ITOIMHOYKECTB MbI OYyZeM OIIyCKaTh
mepByio gacts “{(x,y) € R? |” dbopmy.isr.

Bes mnockocrs R

oTKpbITHI KBazpar Int I7 = {z,y € (0;1) };
orkpritag nosoca { x € (0;1) };

orkpbiTag nonxymiockocrs H = {y > 0}

orkpsITas nomynogoca {x > 0, y € (0;1) };
orkpeiTeiil kpyr { 2 + 3% < 1};

OTKPBITHIH IpaMoyroibauk { a < x < b, ¢ <y < d };
OTKpHITHI KBagpanT { z,y > 0 };

orkpoiThiii yron {z >y > 0};

{y® + |z| > =} — mockocTs ¢ pazpesom mo ryuy {y =0, 2 > 0};
orkpbiThil moayxpyr {22 +y? <1,y >0}
orkpoiThii cexTop {2 +y? <1, x>y >0}

~ e~~~
e e e e e e D N
N = O © 00~ O U i Wi -
oo ool o 2=l

10.S. lokaxure, 910

(1) samxmyTsiit kpyr D? romeomopden ksaapary 12 = { (z,y) € R? |

ry €0l

(2) orkperreit kpyr Int D? = { (z,y) € R? | 22+y? < 1} romeomopden

orkpbitomy kBagpary Int I2 = { (z,y) € R? | z,y € (0;1) };

(3) oxpyzxuocts S! romeomopdna Konrypy kpajgpara 012 = I*~\Int I2.
10.T. Tycrs A C R? — 11710CKO€ BBIIYKJIO€ OrPAHIYEHHOE MHOKECTBO, BHYT-
pennocrs U koroporo memycra. Jokaxkure, 9ro

(1) A romeomopdno 3amMKHYTOMY Kpyry D?;

(2) U romeomopdHO OTKpEITOMY KpyTy B2

(3) Fr A = Fr U romeomopdno oxpyzxnoctn S,

10.11. B xakoMm U3 C/IyvaeB, pacCMaTpUBaeMbIX B 3a7a4de 1.7, MOXKHO OTKa3aTh-
Cq OT OrPAaHUIEHHOCTH !

10.12. PacknaccudumupyiiTe ¢ TOYHOCTHIO 10 roMeoMOpdr3Ma 3aMKHY ThIE€ BbI-
My KJTbIE TTOAMHAOKECTBA TIocKocT. (CocTaBhTe MOMHbI CIIMCOK (€3 MOBTOpEeHuii;
OKAKWATE, ITO BCAKOE TAKOE MOAMHOXKECTBO TOMEOMODPMHO OIHOMY U3 CIIHCKA;
JIOKA3aTeIbCTBO MONapHON HeromeomopdHocTu orinokure 10 11.)

10.13*%. OGobmmTe TpembIAyIAe TPHU 339U Ha CIydail IMOJIMHOKECTB IMpO-
crpancTBa R"™ ¢ MpOU3BOJILHBIM N.

U3 mocaeaumx deThIpex 3a/ad MOYKHO CIeJIaTh BBIBOJ, UTO B TOMOJOTUN
U3JIOMBI HE CYIIIECTBEHHBI, T. €. CBOUCTBO JIMHUU UJIU TPAHUIBI 00,1aCTH UMETD
U3JIOMBI HE COXPaHSIETC Ipu romeoMopduamax. B cBs3u ¢ srum pemure eré
JiBe 3aJIauu.
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10.14. JoxaxkuTe, 94TO BCAKad 3aMKHyTad HeCaMOIIEDECEKAIoUmadAcd JOMaHasd B
R? (u B R" ¢ n > 2) romeomopdmna oxpyxmocTn S

10.15. oxakure, UTO BCAKAS HE3AMKHYyTas HECAMOIIEPECEKAONMAsCT KOHEIHO-
spennas jomamag B R? (1 B R” ¢ n > 2) romeomopdua orpesky [0; 1].

B cnenyromeit 3amade copmynmupoBamno 0000IIeHe TEXHUKN, UCIIOIb30BAH-
HOI MPW PEIIeHun IBYX MpeablaymuX 3a1ad. VIHTepecHo, 9T0 OHa MCITOIB3YeTCs
qamnie, 9eM 3TO MOXKET ITOKA3aThbCd Ha IEPBBIA B3LJIs/I.

10.16. Ilycts X m Y — Tomosormvyeckme MPOCTPAHCTBA, HA KOTOPBHIX 33aaHBI UX
HexoTophie GyHamenTaabubie mokputms: X = J, Xo n Y = {J, Ya. Pacemor-
pum orobpaxkenme f : X — Y, rakoe uro f(Xao) = Yo mna xaxaoro «, npmwaem
kaxk10e u3 nogorodpaxennit ab(f) : Xo — Y, aBagerca romeomopdusmonm. Torma
u orobpaxkenune f — romeoMopdu3Mm.

10.17. Hoxawxure, aro R* ~ {|z|, |y| > 1} = I* ~ {(£1,£1),(£1,£1)}. (Becko-
meunsblii “kpect” romeomopden KBaapary 6e3 Bepiiu. )

10.18%*. Hemycroe muOKecTBO ¥ C R? HazsiBaeTcs “38e310it ¢ eHTPOM ¢, ecin X
ABJIAeTCHA O6’]>e,£[I/IHeHI/IeM OTPE3KOB u ﬂyqeﬁ, OHUM M3 KOHIIOB KOTOPBIX ABJIAE€TCA
Touka c. JIOKayKMTe, UTO eC/M MHOMKECTBO Y OTKpPBITO, T0o ¥ 22 B2, (Urto MoxkHO
CKa3aTh 0 3AMKHYTOI 3B€3/Ie C HEIyCTO! TpaHumneii?)

10.19. [doxkaxkwure, 9TO CaemyIOMIHe II0CKUe MUryphbl roMeoMOPMHBI APYT APYTY.

1) Houymmockocts {x > 0 };

2) xBagpant {x,y > 0};

3) yron {z>y>0};

4) nomyorkpertas monoca {y € [0;1) };

5) Bazpar 6e3 rpex cropon {0 <z <1,0<y<1};
6) xBazapar 6e3 nByx cropon {0 <z, y <1};

7

kBaapar 6e3 sepmunabt { 0 < x, y <1}~ (1,1);

Kpyr Ge3 orHoit rpammunoit Toukw { x° 4y <1, y £ 1};
nonykpyr 6e3 muamerpa {2 +y? <1,y >0}

kpyr Ge3 pamayca {2 +y? < 1}~ [0;1];

KBaIpar Ge3 mosoBuHbl auaromann { || + |y| <1}~ [0;1].

(
(
(
(
(
(
(
(
(
1
1
1

)
)
)
|
) xBazpar 6e3 croporbl {0 <z <1, 0<y<1};
)
)
)
)
)

8
9
0
1
2

o~~~

10.20. [loxaxkure, ITO CJIEAYIOINE IIJIOCKHE (DUTYPBI TOMEOMOP(MHBI APYT IPYLy:

1) mpokomoTas mmockocts R? N (0, 0);

2) mpokosoTsi orKpeITEt Kpyr { (z,y) |0 < 2% +y* < 1};
3) kombro { (z,y) |a< 2> +y* <blrae0<a<b;

4) maockocts 6e3 kpyra { (x,y) | 22 +y? > 1};

AN NN AN S N

5) mwrockocts 6e3 kBazpaTta R? < { (z,9) | z,y € [0;1] };
6) mrockocTh 6e3 orpeska R? < [0, 1];
7) R? N\ A, rme A — 3aMKHYTOe OrPAHHYEHHOE BHIMYKJIOE MHOXKECTBO C

HeILyCTOH BHYTPEHHOCTHIO.
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10.21. Ecnu vmoxectso X C R? ects 06beauHeHre HECKOIBKIX OTPE3KOB € 00-
W¥M KOHLIOM, To monounenre R? <. X roMeoMopdHO IPOKOJIOTOI [LIIOCKOCTH.

10.22. Ecim X C R? ects mpocrast He3aMKHyTas KOHEYHO3BEHHAS JIOMAHAS, TO
nonosrerre R? \. X romeoMopdHO IPOKOIOTON [IOCKOCTH.

10.23. Hokaxwure, uto ecim K u L — KOHEYHbIE MHOXKECTBA TOUEK ILJIOCKOCTH,
COCTOSTINE W3 OJIMHAKOBOTO UMCJIa, TOYEK, TO UX TOMOJTHEHUS TOMEOMOP (DHBI.

10.24. Tlycrs Da,..., D, C R? — nouapHOo He nepeceKaomiecs 3aMKHy Thie KPy-
ru. Jlokazkure, ITO JOMOTHEHNE X 00be uHeHns ToMeoMOPMHO IIIIOCKOCTH 6e3 N
TO4YeK.

10.25. TIycts D1, ..., D, C R? — momapHo Hemepecekaiommecs 3aMKHyThie Kpy-

ru. JlomosiHeHMe 00bEIMHEHNS WX BHYTPEHHOCTEN HA3BIBAETCS TIIOCKOCTHIO C 7
npipamvu. JJokazkure, 9T0 I00BIE B IIOCKOCTU C M JbIpaMu roMeoMopdHbI (T.
€. TPV U3MEHEHUN B3aNMHOTO PACIoIo)eHus Kpyros Dy, . .., D, TOmOJIOrunaecKuii
THT JOTIO/THEHNs OObeMHEHN UX BHY TPEHHOCTEH HE MEHSIETCH ).

10.26. Ilycrs f,g : R — R — menpepoiBabie dbynkiuu, npudem [ < g. JJokaxure,
uro pomexyTok { (z,y) € R? | f(z) <y < g(x) }, orparmmuentnrii ux rpaduxanm,
romeomopden 3amkuyToii mosoce {(x,y) | y € [0;1]}.

10.27. oxaxwure, aro kodeiinag gamka (¢ 106pOTHO#N py9KOil) ToMeoMOpdHa
OyOuKy.

10.28. Ilomenure ciaemyromumii HAOOP MPEIMETOB Ha, KIACCHI TOMEOMOP(HBIX: KO-
deitrnas vamka, 0J/I0AIIe, CTAKAH, JIOKKA, BUJIKA, HOXK, TapeIKa, MOHETA, T'BO3/b,
BUHT, 007IT, raiika, maiiba, mypyir, 06py9aabHOE KOJIBIIO, CBEPJIO, IIBETOYHBII roOp-
MoK (C OTBEPCTHEM B JIOHBIIIKE), KJTIO.

10.29. B maposom cioe (IpoMeKyTKe MEXK/1y JByMs KOHIEHTpuIecKumu chepa-
MU) IPOCBEPJININ TUIMHAPAIECKOE OTBEPCTHE, COeAUHAIONIECE TPAHUIHBIE C(hHEPDL.
JToKa»KkmTe, 9TO OCTABINASCH TACTH romMeomopdma mapy D>.

10.30. B mapoBoM CJ10€ IIPOCBEPJININ OTBEPCTHE, COeTUHSIONee TPAHNIHBIE Che-
pul 1 umeiomee Gopmy 3ay3eHnoit TpyOku (M. puCyHOK). J[0KaKnATe, 9TO 0CTaB-
masicst 9acTh romeomopdmua, mapy D3,

10.31. JlokaxkuTe, 9YTO IMOBEPXHOCTH, ITOKA3AHHBIE HA CJEAYIONIEM DUCYHKE, IO-
MeoMopdHBI (M TO, M IPyroe — TaK HA3BIBAEMAA PYHKa).
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10.32. JloxaxKuTe, 9TO IMOBEPXHOCTH, MOKA3AHHBIE HA CJAEAYIOIIeM DHUCYHKe, IO-
MeOMOP(dHBI.

<)

10.33*. Joxaxure, uro R® \ S' = R* \ (R'U{(1,1,1)}).
10.34. IlogmmoxkectBo chepsr S", ompesensieMoe B CTAHIAPTHBIX KOOPIMHATAX

mpocrparcTea R™ ! mepasencrom z34-x3+- - +1i < xiﬂ +- - -+22 romeomopdo

R™ W R™"*.
10’6. IIpumepbl HeromeoMOpP(@HbBIX MPOCTPAHCTB

10.U. IlpocrpaHCTBa, COCTOSIINE U3 PA3HOIO YHUC/Ia TOYEK, HE rOMEeOMOpPd-
HBbI.

10.V. [duckpernoe m aHTUIUCKPETHOE MPOCTPAHCTBA, UMeOIue Dojiee o
HO¥l TOYKHU, HE TOMEOMOP(HBI.

10.35. Hoxaxwure, uro npocrpancrsa Z, Q (¢ maaymuposannoit u3 R Tononorn-
eit), R, Ry, m cTpeska momapHo He rOMEOMOP(hHBL.

10.36. Ilocrpoiite nBa HeromeoMopdHBIX mpocTpaHcTBa X U Y, IS KOTOPBIX
CYIIECTBYIOT HempepbiBHbIE Ouekmyu X — Y n Y — X.

10'7. IIpo6aema romeomopdusma
1 TOIIOJIOTNYEeCKNe CBOICTBa

OHoit n3 Kraccuyeckux mpobJeM TOMoJIOrnu ABadercs npobaema romeo-
MOPU3Ma: OIPENe/NTD, ABIAIOTCI JIU JaHHBIE IPOCTPAHCTBA TOMEOMOPGd-
HbIMU. B KazKJIOM KOHKPETHOM CJIy4da€ XapaKTep pemeHud 3aBUCUAT OT OTBE-
ta. g mokazaresbcrBa roMeoMOpdHOCTH JOCTATOYHO MTOCTPOUTH OMEO-
MOPGU3M MEXK/Iy HTPOCTPAHCTBAME, 9TO B TOW wmiaum wHOU (opme 0ObITHO
u genaercd. g mokazarebCTBa HErOMEOMOP(MHOCTH HEIOCTATOTHO PaC-
CMOTPETH KaK0oe-anb0 OTpegeeHHoe 0TODpasKeHne, a HeImOCPEICTBEHHO 000-
3peTh Bce 0TOOpakeHust OOBITHO HEBO3MOXKHO. [ToaToMYy 1pu JoKazaTeIbCTRe
HeroMeoMopHOCTH Yalle BCEro IMOJIb3YIOTCA KOCBEHHBIMU CPEJICTBAMU: Ha-
XOJAT KaKOe-HUOy/Ib CBOHCTBO MJIM XapaKTEPUCTUKY, KOTOPBIMU 00/1a/1aeT
OJTHO TIPOCTPAHCTBO, He 00/1a/IlaeT JPyroe W KOTOpbIE MEPeJIaloTCs OT IIPO-
CTpaHCTBA K MPOCTPAHCTBY mpu romeomopdusme. OQUeBUIHBIMU IPUMepPa-
MU TaKWX, KAK [OBODLAT, TOMOJOMMYECKNX CBOWCTB W MHBAPUAHTOB ABJISIOTCS
MOIITHOCTh MHOYKECTBA, TOYEK U MOITHOCTH TOMOJIOTUIECKOIl CTPYKTYPHI (Cp.
samaun 10.34 w 10.U). MeHnee oueBHIHBIE TPUMEDBI SIBJISIOTCS OCHOBHBIM
MIPEIMETOM CJIe/IYIONIEil TIaBhI.
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Nudopmannsa: neromeomopdHOcTU. EBK/IN/10BBI IPOCTPAHCTBA pa3-
HBIX pasmepHocTeit He romeomopdubl; mapsl DP, DY ¢ pasubivu p, ¢ HE 10-
meomopdusr; cdepsr SP, S ¢ p # ¢ me romeomopdubl; cdepa S? He romeo-
MopdHA TOBepXHOCTH OyOJ/IMKa; EBK/IUI0BBI IPOCTPAHCTBA HE TOMEOMOPQHBI
Hu mrapam, Hu cepam (1o6bix pazmeprocreii); 6yksbl A u b e romeomopd-
HBI (3/1€CH MBI CUMTAEM, 9TO 3TH OYyKBBI COCTABJIEHbI W3 JIMHWIA, JUIEHHBIX
TOJIIMHBI ); MTPOKOJIOTas MIOCKOCTh R2 N point He romeoMopdna MI0CKOCTH
¢ appoit R? N {z2? + 92 < 1}. Bamernm, 9r0 9TH yTBEpP:K/EHUS — PA3HOlM
crenenu TpyaHocTu. Hekoropbie n3 HUX Oy/IyT JOCTYIIHBI yKe B CJIETyIOIeM
maparpade. Hekoropbie ke TpedyIOT TEXHUKHU, BBIXOJLAINENH 338 PAMKHU 3TOit
KHUTH.

10'8. BiokeHus

HenpepeiBaoe orobpaxkenue f : X — Y HasbiBaeTcsa (Tononorn4eckum)
sroxennem, eciu mogorobpazkenne ab(f) : X — f(X) ects romeomopdusm.

10.W. Bxaiodenne TOAMPOCTPAHCTBA B TPOCTPAHCTBO ABJISIETCI BJIOYKEHU-
eMm.

10.X. Kowmmo3umnust BIOKEHWH €CTh BIOYKEHME.

10.Y. llpuBeaure npuMep HEMPEPBHIBHOIO WHBHEKTUBHOIO OTOODAXKEHUsT, HE
SIBJIAIONIErOCst Tonostornaeckum Biaoxkennem. (Haiianre takoit npumep Bbime
U 1pujyMaiiTe HOBBbIA. )

10.37. Haiinure Takme mpocTpancTtBa X u Y, urto X BKIagpBaerca B ¥ u Y
BkaapBaerca B X, uo X #2Y.

10.38. Hokaxwure, uro () He BKIaabBaercd B Z.

10.39. 1) MoxKHO 71 BJIOXKHTH AUCKPETHOE IPOCTPAHCTBO B aHTUAMCKPeTHOE? 2)
A Ha000pPOT, AHTUINCKPETHOE B JUCKpeTHOE?

10.40. Hoxaxwure, uaro npocrpaucrsa R, Ry, u crpenka He BKIAIbIBAIOTCA APYT
B Ipyra.
10.41 Caedcmeue meopemsv. 06 obpammoti gynrxuuu. Beiequre n3 teope-

Mbl 06 obparnoil dynkuuu (cM., Hanpumep, 1060l yueOnuk ananm3a GyHKIWMi
HECKOJIbKUX IIEPEMEHHDBIX ) CJICAYIOIEE yTBEPKICHHE:

Hnsa Beakoit muddepenmupyemoit dyukmuu [ @ R" — R") mia koropoit
det (4£)(0) # 0, cymecrsyer Takas okpectrocts U myaa 0 € R™, ama koTopoit
orobpaxkenue f|y : U — R™ ectb Bnoxkenme u o6pa3 f(U) — OTKPBITOE MHOMKE-
CTBO.

10'9. DKBUBAJIEHTHOCTH BJIOYKEHUIT

Bnoxenus f1,fo 1 X — Y Ha3bIBAOTCH 3KBUBANEHTHbIMU, €CJIU CY-
mecTByoT Takme romeoMopdum3mel hx @ X — X mw hy : Y — Y, uro
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faohx = hy o f1 (nocsennee paBeHCTBO YaCTO TEPEIAIOT, TOBOPSI, YTO /A~

rpaMma
x Iy
NS
x .
KOMMYTATHBHA).

JIo6oe Broskenme oxpyxuocTn ST B R® HasniBaercs y3zsom.

10.42. Hoxaxmure, ato y3aol fi1, f2 : ST — R ¢ f1(S") = f2(S') skBuBamenTHLL.

10.43. [Joxaxure, ITO y3JIbI Q &) SKBHUBAJICHTHBI.

Nudopmariiusi: cymmecTByOT HeIKBUBaJEHTHbIE y3/1bl. Hamnpumep,

O &
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Jloka3arejabCTBa 1 KOMMEHTaApPUU

8.A Ecrm f(f~1(B)) = B, To B, KOHEYHO, COIepKUTCA B 0bpase
f. Eciin muoxkecrBo B cojepxurcs B obpase orobpazkenus [, TO st
BCSAKON TOUKHM Yy € B maiigercs rouka x, rakag uro f(x) = y. [To onpemene-
wmio, v € f~1(B), snauur, y € f(f~1(B)). Cnenosarensno, B C f(f~1(B)).
Ob6paTHOe BK/IIOYEHKMe BEPHO Jijid JIF0O0I0 MHOXKeCTBa, cM. 8.B.

8.B Ecmu z € f~1(B), to f(z) € B.

8.C (a) = (b) Ipeanonoxum, uro u3 pasencrsa f(C) = B crexayer,

aro C' = f~Y(B). Ecn maiiayres pazimanbie Toukn ag,az € f~H(B), Takue
aro f(a1) = f(az), o f(fH(B) \ {a2}) = B, 9T0 NPOTHBOPEYHUT MPEIITO-
JIOZKEHHIO.
(b) = (a) TIposemem paccyKjaeHue OT MPOTHBHOTO. [Ipearnonoxum, 9To
cymecrsyer takoe muoxecrso C' # f~Y(B), uro f(C) = B. Paccmorpum
Touky a; € f~1(B) ~\ C, nycts b= f(a1). Tak kak f(C) = B, To naiigercs
Touka ag € C, takas, uro f(az) = b.

8.D Ciuencreue 8.C.

8.E Ecm z € A, 1o f(x) =y € f(A), smaunr, z € f~1(f(A)).

8.F Kaxoe u3 paBeHCTB paBHOCHIBLHO ToMy, uro f(x) ¢ f(A) mia
BCSIKOTO djieMenTa ¢ A.

8.G inY(B)={rcA | zreB}=ANB.

8.H Ilycto z € X. Torma

(ho(gof))(z) = h((gof)(x)) = h(g(f(x))) = (hog)(f(x)) = ((hog)of)(x).

8.J Ecm x1 # x9, 10 f(x1) # f(22), Tak KaK f — WHbEKNUdA, U
9(f(x1)) # g(f(22)), Tak Kak g — HABEKIM.

8.K FEcnu Obl f He gaBJisieTCst UH'bEKIIUE, TO HAIIIY TCsl TaKUEe TOUKY T 7
x9, uro f(x1) = f(x2), swaunr, (go f)(r1) = (go f)(x2), uTo nporusopeunT
TOMY, 9TO ¢ O f — UHBEKITHS.

8.L Ecmu f(X)=Y, 710 g(f(X)) =¢(Y)= Z, mockonbKy n oTobpazke-
HIE ¢ SIBJISIETCST CIOPHEeKITHeii.

8.0 Ecnmu orobpaxkenue spisiercss Ouekiueit, To 0HO obparu-
MO. Ecsin orobpaxkenne obparumo, TO OHO SBJIAETCH OUEKIeil B CHUTy
yreepxienuit 8.K u 8.M.

9.A Eciu orobpaxkenue [ HempepbIBHO, TO Jijisi BCSIKOIO 3a-
MKHYTOTO TIonMHOKecTBa F C Y muokectso X N\ f~HF) = f~YY < F)
OTKPBLITO, 3HAUUT, MHOKeCTBO f '(F) ABIACTCH 3aMKHYyTBIM. Eciu



82 II. HenpepriBaOCTH

11poobpasz 10600 3aMKHYTOI'0 MHOXKECTBA 3aMKHYT, TO aHAJIOI'MYHOE pac-
Cy KJIeHUE JIOKA3bIBAET, 9TO IIPO0OPA3 BCAKOIO OTKPBITOIO MHOXKECTBa, Oy/1eT
OTKPBIT.

9.C Ecnu muo)ectBo U OTKPBHITO B IPOCTpaHCcTBe X, TO €ro npoobpas
in~1(U) = UN A oTKpHIT B MOAIPOCTpanCcTBe A M0 OIIpeIeIeHiio TOmoI0r -
YeCKOil CTPYKTYPBI MOIIIPOCTPAHCTBA.

9.D Ecmm U € Qq, roU =V NA, raeV € Q. Tak kak orobpazkenue
in: (A4,Q) — (X,Q) senpepsisro, To mpoobpaz muoxkecta U = in~1(V) €
Q' rakum obpazom, 4 C Q.

9.E Ecrm U € Qz, 10 g~ 4(U) € Qy, u notomy

(go f)~HU) = f g (U)) € Qx

Takum 0b6pazoM, KOMIO3UIUsT § O f SIBISIETCs] HEIIPEPBIBHBIM OTODPAYKEHUEM.
—1 _ —1 _ —1

9.F (flap) (V)= (flap) " (UNB)=An (V).

9.G f=inyxyoab f. Cwm. 9.F.

9.H Ilpoobpa3 BCAKOTO MHOYKECTBA MIPU TTOCTOSTHHOM OTOOPAYKEHWH JIU-
60 mycT, uOO COBIIA/IAET CO BCEM ITPOCTPAHCTBOM.

9.1 Eciu f wenpepbiBHaA, TO B KauecTBe OKPECTHOCTH V' TOUKH G
MBI TIPOCTO MOYKeM B3sTh mpoobpas V = f~1(U) okpecrnocru touxu f(a).
Ecm f(V) Cc U, 10V C f~YU), orkysa cieayer, uro jobas TOUKa
MHO>KECTBa ffl(U) — BHYTPEHHAS, 3HAYUT, 3TO MHOXKECTBO — OTKPBITOE.

9.J Bocnoab3yiiTech TeM, 4TO B JiI000I1 OKPECTHOCTU TOYKU METPU-
YeCKOr0 IMPOCTPAHCTBA CYIIECTBYET JIEXKAIWIT B 9TOH OKPECTHOCTH IIap C
HEHTPOM B 3TOW TOYKE.

9.K Ycnosue: “mra moboit Toukn x € X ¢ p(x,a) < 0 uMeeT MecTo
nepasencTso p(f(z), f(a)) < €” osmauaer, uro f(Bs) C B:(f(a)). Ocramocs
npuMeHuTs 9.J.

9.L HemocpeacTBeHHOE CAEICTBUE 4.35.

9.M Ecmu p(f(z),9(z)) =0, to p(z,y) =0.

9.N TlockoabKy mpoodPa3 OTKPHITOTO IIapa MPOCTPAHCTBA Y SIBJIAETCH
OTKPBITHIM IIIAPOM TOTO YKe pajuyca B npocrpaHcTse X.

9.0 MHOXKeCTBO pelleHuil CHCTEMbI €CTh IIepecevueHne mpoodpa3oB TOU-
ku 0 € R. IlockosbKy oTOOpaskeHWUs HENpPEpPLIBHBI, a TOYKA 3aMKHYTa, TO
BAMKHYTBI €€ TPooOPa3hl, 3HAUNT, 3AMKHYTO U UX TEpecedeHue.

9.P MHuOXKeCTBO peliennii CHCTEMbI HECTPOIUX HEPABEHCTB €CTh Iepece-
veHre pobpa3oB 3aMKHYTOro Jy4da [0; +00), MHOKECTBO peleHnii cucremMbl
CTPOrMX HEPABEHCTB €CTh Iepecedenne mpodbpas3os 0TKPbITOro Jy4da (0; +00)

9.R PaccmoTpute A0TOTHEHNE MHOXKeCTBA F.
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9.8 Ilycrs I' = {U,}. Ecom V NU, orkpeiro B Uy, To V N U, OTKPBITO
B X, mockobKy U, sBasercss OTKpbIThIM. OCTanmoch 3aMETUTh, U4TO, TaK Kak
I' aBasiercst mokpeiTuem, To V =, (V N Ua).

9.T JlokazarejbCTBO aHAJOTHIHO IIPEIbIIYIIEMY, TOCKOJIbKY 00be -
HeHre KOHEeTHOTO YNC/Ia 3aMKHYTBIX MHOYKECTB eCTh 3aMKHYTOe MHOZKECTBO.

9.U Jlokaxure, 910 00bEIMHEHNE JIOKAJIHHO KOHEIHOTO HADOpa 3a-
MKHYTbBIX MHO?KECTB 3aMKHYTO.

9.V  Ecmu muoxectBo U OTKPBITO B Y, TO OTKPBITHI €0 MPOOOPA3EI
IpU Cy’KeHUsX Ha KaxJplil smement V,, mokpeitug I' = {V,}. Ilockombky

(f\va)fl(U) = f~YU) NV, to orkpwuitsr Bce epeceuenust f1(U) N V.
Tax kaxk 1o ycsioBuio nmokpoeitue ' pyHmaMenTaabHO, TO OTKPBIT TPoobpa3
fYU), rakum obpazom, orobpaskenne f HempepbIBHO.

9.Ax JlocTaToO4YHO MPOBEPUTH OTKPBITOCTH IP0o0bpa3a 6a30BOr0 MHOXKE-
CTBa, YTO OYEBHUJHO, TaK KaK, K MPUMEPY, MPoobpa3oM MHOXKeCTBa {r | a <
x < b} asngerca muoxectBo {z | ¢ <z < d}, e f(c) =au f(d) =b.

9.Bx [Ipeamonoxkum, aro orodbpazkenne f : X — Y MOHOTOHHO.
Jlist 1oKa3aTebCTBa HENMPEPBIBHOCTU f JOCTATOYHO MPOBEPUTH OTKPLITOCTH
1poobpazos Gazosbx muokects. Ilycrs U = G (b), V = f~1(U). Herpymmo
Bugerh, uto V = |J C¥(z), 3Hauut, 570 MHOXKECTBO OTKDBITO KaK 00b-

flz)eU

enuaenre 6a30BbIX (B TOMOJIOTUU MPOCTPAHCTBA X ).
[Iposejsiem pacyxkaenne ot nporusaoro. [Ipenmonoxum, aro f Hemnpe-
PBIBHO B TOIOJIOTMSAX NPABBIX JIydeil, OJHAKO HE SIBJISETCS MOHOTOHHBIM.
Buaunt, Haiigyrcs takue Touku a < b, aro f(b) < f(a). Jokaxkem, uaro
npoobpas ayua U = Cy(f(a)) ne smnsterca orkpbithiM B X MHOXKECTBOM.

Heiicteurensuo, pasencrso f~1(U) = |JC(24) npoTusopednut Tomy, 4T0

a € f~YU), rorna kax b ¢ f~1(U), xora a < b.

10.A Hampuwmep, TOXKIECTBEHHOE 0TOOparKEHUE JUCKPETHOIO TOMOJIO-
TUYECKOTO TIPOCTPAHCTBA X B TO YK€ MHOYKECTBO, HAJEJEHHOE TPUBUATBLHOM
TOIOJIOTUEH.

10.B Paccmorpute orobpaskenne x +— (cos 2wz, sin 2rx) € ST C R2.

10.C 210 u ABa CJEIYIONUX 33 HUM YTBEPXKJIEHUs CPA3y CJASAYIOT U3
OIIpe/Ie/IeHUsT TOMEOMOPMU3MA.

10.F Cworpure oTBer Ha 3arajgxy 10.1.

10.G Tlyere U C X,V = f(U) CY,g=f1:Y — X. Tax xax
romeoMopdmsM ecth bumekrua, To U = f~1(V). O6o3naumM wepes g 0To6-
paxkenne, obparroe K f, Tak uro V = g~ 1(U). Eciu U orkpbiTo, TO
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MHO2KECTBO V' OTKDPBITO, ITOCKOJIBKY OHO €CTh Npodpa3 OTKPLITOIO MHOXKE-
crea U nipu HENPEPLIBHOM OTOOPaXKEHUU ¢. Ecmu orxpeiro V', o U —
9TO ero nMpoobpas Mpu HEMPEPHLIBHOM 0TOOparkKeHuu f.

10.H Cwm.10.G.

10.I Tomeomopdu3M yCTAHABIUBAET B3aAUMHO OJHO3HATHOE COOTBET-
CTBUE MEXKAY OTKPBITHBIMU, 3HAYUT, U MEZKJ/1y 3aMKHYTBIMU MHO2KECTBAMU.
st ioka3aresibCTBa CJIEYIONUX YTBEPXKIeHN BOCIIOIb3YyHTECh Olpejiesie-
HUAMU 3aMbIKaHWA, BHYTPEHHOCTHU, I'DAHUIIBI MHO2KECTBA.

10.J Orobpaxenne ab(f) ecrb OGuekius, a HempepblBHOCTH ab(f) u
(ab f)~! creayer m3 obmieit TEOPEMBI O COKpAITICHII.

10.K Bcsikast m3omerpusi HerpepbiBaa. OrobparkeHue, obpaTHOe n30-
MEeTpUU, CaMO ABJISETCH U30METPUEN.

10.L Ecm y = Az +b, 10 x = A~y — A7'b, 1. e. HeBBIpOXKIeHHOE
acdppunnoe orobparkenue ecth 6uekius. VX HEIPEPBIBHOCTD CIEYET, K MPHU-
MEepYy, U3 UX JINIIIHUIEBOCTH.

10.M Bcsikoe CIOPBEKTHBHOE CTPOTO MOHOTOHHOE OTOOpazkeHne obpa-
THMO, U ODpaTHOEe K HEMY TaKxKe SBJIFEeTCS CTPOr0 MOHOTOHHBIM. Termepb
MOKHO MPHUMEHNTH yTBep:KaeHue 9.Ax.

10.0 B srux 3aja1ax roMeoMopdu3MaMu sIBJISIIOTCS CTaHIapTHBIE (DYHK-
mun. K npumepy, romeomopdusm f @ [0;1] — [a;b] 3amaercs dopmysioit
f(z) = a+ (b — a)z, a romeomopdusm f : (—1;1) — R! — bopwmy.oit
f(x) = tg &F. (Bo Bropowm cirydae HETDPY/HO HAHTH roMeoMOPdU3M, KOTOPbIi
3a/1aeTCsl PAIMOHAIBHON (DyHKIMEl, 0/IHAKO, KAK 9TO HU CTPAHHO, JOCTATOY-
HO 9aCTO MOSIBJISIETCSI MMEHHO NMPUBE/eHHas (hopmyJia.)

10.P Bocmnosib3yiiTech T€M, YTO 0TOOpaKEHUE
(5:8) = S'\ Nt 2t sin 2
11 NN : t+— (cos2mt,sin 27t)

SABJIETCA roMeoMopdu3MoM u npumenuTe yrepxkaenus (¢) u (d) npegpiy-

meit 3amaan. [IpuBegem Takke npyroe perienue, KOTOPOe MOKHO 00ODIIUTH

Ha BBICIINE PA3MEPHOCTH.

Cysxenne f unenrpaibhoii npoekmun R2 . N — R! (ma och abeunuce) Ha

ST N ectb romeomopduam. JIefiCTBHTENIBLHO, OY9EBHIHO, 9TO OTOOPAKEHIE

f obparumo: f~1 —sro cyxenne nenrpanbhoit npoekun R2\ N — ST~ N.
T

Oro6paskenne S' . N — R zagaerca dopmynoit (z,y) — T4, a obparHoe

2¢  x’-1

i IQ—H) (ITouemy 3TH OTOOPAZKEHUS HEMPEPBIB-

emy — dopmymoit z — (
Hb17)

10.Q Yo6enurech, 9TO BEpPTUKA/IbHAS MPOEKINI HA OCh abCIIUCC OIpe-
JIeJISIeT TOMEeOMOP(U3M.
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10.R Kak o6b1uno, oroxgecrsuM R™ ¢ nopmuoxkecrsom {x € R+ |
Znt1 = 0}. CykeHune 1eHTPaIBbHON IPOEKIUN

R™ < (0,...,0,1) — R"

Ha S\ (0,...,0,1) ectb romeomopdusm, KOTOPBIl HA3BIBAETCA CMEPELO2PA-
Puueckoti npoexyuet. llpu n = 2 on umcnosb3yercss B Kaprorpaduu. 1o
orobpaxkenne obparumo, 0OpATHOE K HEMY sBJSETCH CYZKEHUEM IIeHTPAJIb-
woit npoexmmn R~ (0,...,0,1) — S*~(0,...,0,1) na R™. Ilepsoe 01o6-
pakenue 3ajaeTca HGOPMYJIOit

T Ty
= (T1,...,Tpy1) — .. ,

b *
I—zpp I—ap

a BTopoe — hopmyJIoit

< 211 2z, |z|? — 1)
x=(T1,...,2,) — .

lz2+ 177 z)2+ 17 |22+ 1

[IpoBepbre 310. Ybeaurech, 4T0 06a 0TOOPAKEHUS HEIPEPbIBHBI.

10.S W3 moxazarenbCTBa TAHHOTO YTBEPIKICHWS yKe OyIeT TOHSTHO,
YTO HE BCErJa MMEET CMBICT JIaBaTh sIBHOE OMMCAHNE OTOOPAKEHUS TTOCPE/T-
crBoM (HOpPMYJI, U3 KOTOPBHIX OBIBAET TPY/IHO MOHATH, 9TO OHU JTAIOT WMEH-
"o 1O, uro Tpebyercd. [Ipome maBarh cioBecHoe onucanme 0TOOPAYKEHUS,
a JOKa3bIBaTh €TI0 HEIIPEPBIBHOCTHL W HEIIPEPBIBHOCTH O6paTHOFO K HEMY, HE
omupasich Ha (POPMYJIbI.

(a) Bmecro kBaapara I? ynobnee paccMaTpuBaTh (roMeoMopdHbIil emy) KBaJl-
par BiBoe 6OJIbIIIero pasMepa ¢ reHTpoM B Hadase koopaunar K = {(x,y) |
|z] < 1,]y| < 1}. Tomeomopdusm I? — K mumeen: (z,y) — (22 — 1,2y — 1).
Lomeomopduamom K — S! apngerca orobpaskenne, 3a1amnoe hopMyIaMu
. Tomeomoppuamon K — D? gsngercsa oTobpa-

(@9) = (\/x;EerQ’ \/ngryQ)

KeHue

wmax{lzl, [y} ymax{lz] [y[}

e\ e Ve

C reoMerpudeckoil TOUKU 3PEHUS STOT roMeoMopdu3M JUHEIHO 0ToOpaKaeT

OTPE30K, COEMHSIOMUI Havdaa KOOPJAUHAT ¢ TOYKON Ha KOHType KBajpaTta,
Ha 9aCTh 9TOr0 OTPe3Ka, JIEXKAIYI BHYTPH Kpyra.

(b), (¢) Paccmorpure moaxodIye MOJI0TOOPAYKEHNsT MOCTPOCHHOTO BBIIIE
romeomopmsma K — D2, Komeuno, yreepkenne (b) HemocpeacTBeHHO
ClTelyeT U3 J10Ka3aTeIbCTBa yrBep:kaeHus (a). VarepecHo, uto B caydae ()
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MCKOMBIl TOMEOMOPMU3M MOXKET 33/1aTh COBCEM MIPOCTOi HhOPMYJIOii:

z Y
b
Va2 +y2 a2 492
(1o mpocro nenTpanbaas npoekiys!) Hakomer, MOXKHO pas3ieiuTh OKpY K-

HOCTb HA YeThbIpe JYIrd U OTOOPA3UTH KAXK/IYI M3 HUX HA CBOIO CTOPOHY
KBajpaTa K.

OK — S (z,y) —

10.T (a) Byzem cumrars jpas npocrorsi, uro D? C A. Jljna Beakoit
rouku € R2\ 0 naiijiercs eIMHCTBEHHOE MOJI0KUTEILHOEe YnCIo a(x), TaKoe
qro a(x) - 17 € Fr A. Pacemorpure orobpaskenue

x

A—D?:2— —— mpux#0, Torma xkak 0 +— 0,

a(x)
KOTOPOE U sIBJI€TCS UCKOMBIM roMeoMmopduszmom. Obparure BHUMAHME, YTO
B CJIydae, KOTJa MHOXKECTBO A ecTh KBajpar K, MBI TOJIYINM B TOTHOCTH
romeoMopdu3M, MOCTPOEHHBIN B PEIIeHUN IPeIbIIyIneil 3a/1a49u.
(b), (¢) Paccmorpure nogxopsimue nogorobpazkenuss romeomopdusma A —
D2
10.U He cymectByer OUEKIUUA OJTHOTO IIPOCTPAHCTBA HA, JIPYTOE.

10.V B 3Tux npocTpaHCTBaxX Pa3jndHOE UUC/I0 OTKPBITHIX MHOYKECTB.
(K mpumepy, 0JHOTOUEUHOE MOJAMHOXKECTBO B OJHOM M3 HUX OTKDBITO, & B
JPyroM — Her.)

10.W JleiicrBurebHo, ecin in : A — X — BKJIIOUEHNE, TO MOI0TOOPA-
xkerne ab(in) = id4 — 9TO TOXKAECTBEHHBIII TOMEOMOPMOI3M.

10.X Ilycms f: X - Y nug:Y — Z — snoxenns. Torma momorobpa-
xenne ab(g o f) = ab(g) oab(f) : X — g(f(X)) ~ romeomopdusm.

10.Y Yxe 61 npumepst [0;1) — S Zy — {0}U{1}. Bor emg ozun:
Paccmorpum 6meknuio f : Z — Q u Brmodenne ing : Q — R. Kommosurua
ingof : Z —C R Oyzer HenmpepbIBHON HHbEKIINeEl, HO He BJIOKEHUEM.



Lnasa 111

Tommostornueckue
CBOMCTBA

11. CBg3HOCTH

11'1. Onpegesienne CBS3HOCTH U IE€PBbIE MPUMEPbI

Tomosioruvueckoe nmpocrpancTBo X HA3BIBACTCA CBSI3HbIM, €CJIU JII00OE ero

[TOJIMHOZKECTBO, OTKPBITOE W 3aMKHYTOE OJHOBPEMEHHO, Jinb0 IycTo, b0

COBIIA/IA€T CO BCEM IpocTpaHcTBOM X.

PazbueHnem MHOKeCTBa HA3BIBAETCS €r0 MOKPBITHE MOTAPHO Hemepece-
KAIOIIIMICA MHOKECTBAMI;, PasbuTb MHOKECTBO — 3HAYUT TMOCTPOUTL €ro
pasbuenne.

11.A. Tonoaozuueckoe npocmpaHCmMeo C8A3HO, C0200 €20 HEAb3A Pa3bumbv
HA 068G HENYCMVLL OMEPOIMBLL MHOHCECMEA, 0200 €20 HEAL3A PA3dUMD HG
d6a HENYCMBLT 3AMEHYMBLT MHONHCECMEA.

11.1. Ce#3HO qu 1) aHTHAMCKPETHOE TIPOCTPAHCTBO; 2) cTpeika; 3) Ry, 7
11.2. OnummuTe FBHO BCE CBA3HBIE AUCKPETHBIE TTPOCTPAHCTBA.
11.3. OnummTe FBHO BCe HECBA3HBIE JBYTOUEUHbIE TIPOCTPAHCTBA.

11.4. 1) Ceasno qm nmpocTpancTso Q panmmoHa bHBIX 9wces (C TOMOJIOTHeH, HH Ty -
nuposaanoil m3 R)? 2) ToT 7Ke BOIPOC OTHOCUTETHLHO MHOKECTBA, M PAITAOHATHLHBIX
HCeI.

11.5. Ilycrb B muOX)ecTBe X 3a7aHbl TOLOJOTHYECKUE CTPYKTYPbI (21 u 2, upu-
weM cTpykrypa (o aBiagerca Gosee Toukoii (r. e. Q1 C Q2). 1) Ecsm npocrpan-
ctBO (X, Q2) cBA3HO, TO cBaA3HO Jm pocTpancTBo (X, Q1)7 2) Ecam mpocTpancTso
(X, 1) cBasno, To cBa3HO m npocrpancTso (X, Q2)7

87
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11’2. CBs3HBIE MHOXKECTBA

Korma ropopgar, 4To Kakoe-To MHOYKECTBO CBS3HO, BCETVIA UMEIOT B BULY,
YTO MHOYKECTBO JIEKUT B TOMOJOTMIECKOM MPOCTPAHCTBE (B KAKOM MMEHHO
— JIOJIZKHO OBITH SICHO W3 KOHTEKCTA) U 9TO C WHYIMPOBAHHONW STHM BKJIIO-
qeHreM TOTOJIOTHEll OHO SBJIAETCS CBI3HBIM MTPOCTPAHCTBOM.

11.6. [laiite omperneseHne HECBA3HOTO IIOAMHOXKECTBA, HE yHOTPEOJIAs TEPMUH
WH/IYITUPOBAHHAS TOIOJIOTHS.

11.7. Cesizuo s muoxecrso {0,1} B 1) R; 2) crpeske; 3) Ry, ?

11.8. OnmmuTe ABHO BCE CBA3HBIE TTOAMHOKECTBA 1) CTpEIKW; 2) MPOCTPAHCTBA
R, .

11.9. Tlokaxure, yro muoxecrso [0;1] U (2;3] necsasuo B R.
11.10. JokaxKuTe, 9YTO BCAKOE HEBBITYKJIOE IOAMHOXKECTBO IPAMOIl HECBA3HO.

11.11. JJokaxwuTe, 9TO MOAMHOXKECTBO A TOIIOJIOrMTeCKOro MpoCTPAHCTBA X He-
CBA3HO, COIJa CyLecTBYIOT Hemycrble MuokectBa B u C rakwe, yto A = BUC,
BNClxC=2oulCNClxB=g.

11.12. YKaxuTe KaKOe-HUOYIh TOMO/JOTHMYECKOEe TPOCTPAHCTBO W B HEM TaKoOe
HECBI3HOE TIOAMHOXKECTBO A, 9TO Jj1s JIIO0BIX HEMEPECeKAIOMMXCA OTKPBITHIX MHO-
xkecrs U u V| obpasyitomux nokpoitue Mmuoxkecrsa A, mubo U D A, ymbo V' DO A.

11.13. okaxkure, 94TO I JIIOOOr0 HECBA3HOIO MHOXKecTBa B R™ cymiecrByior
Herepecekalomuecst OTKpbiThie MHOKecTBa U 1 V) Takme, uro A C UUV, UNA # &
uVnNA+#o.

Cpasuure 11.11-11.18 ¢ 11.6.

11’3. CaoiicTBa CBI3HBIX MHOXKECTB

11.14. Ilycts X — Tomosormaeckoe mpocTpaHcTBO. Ecmm momvmuoxkecTtso M C X
CBA3HO U HeIlyCTOe COOCTBEHHOe HOAMHOXKeCTBO A C X OTKDPBITO U 3aMKHYTO, TO
gubo M C A, nmubo M C X \ A.

11.B. 3Bamwvxanue c6A3H020 MHOANCECTNEA CEA3HO.

11.15. Hoxaxure, uro eciau Muoxkecrso A ceasnou A C B C Cl A, To MHO2KECTBO
B Toxe CBA3HO.

11.C. Obsedunenue a106020 cemelicmea NONapHo MNEPECEKAOUUTCA CEA3-
Hox mrootcecms ceasno. (Ipyeumu caosamu: nyemo { Ay tren — cemeticmeo
CBAZHBLT ModMHoscecms npocmpanemsea X U nycms nepecedenue A0buT
deyx mmooicecms amozo cemeticmsa nenycmo. Tozda mmroscecmeo |y, Ax
C6A3HO.)

11.D Cremunamnpnsrit cayqait. [lycts maoxectsa A, B C X cBasubt u ANB #
@. Torpa u ux obbegunenne AU B TakzKe CBA3HO.
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11.E. Tlycrb {A)}xep — CeMECTBO CBSI3HBIX IIOJMHOXKECTB IPOCTPAHCTBA X .
[TpeanonoKnm, 9T0 KazK0e MHOKECTBO CeMeiCTBa MepeceKkaeTcs ¢ MHOMKe-
crBom Ay, (a1 mexoroporo A\g € A). Torga muoxkectso Jy o Ax cBazHO.

11.F. Ecin {Ag }rez — Takas moc/ie10BaTeIbHOCTE CBSI3HBIX MHOKECTB, UTO
A N Apq1 # @ mpu sobom k € Z, To MHOKecTBO | J;, o7 Ak cBA3HO.

11.16. Tlokaxwure, uro ecau muoxecrsa A, B ceazupt u ANCIB # &, o AUB
— CBSA3HOE MHOYKECTBO.

11.17. Tlycrp A — cBA3HOE IIOJIMHOKECTBO CBA3HOIO IIPOCTPAHCTBA X U MHOXKEe-
crBo B C X \ A OTKpBITO M 3aMKHYTO B TOIOJIOIWH TOANPOCTPaHcTBa X . A
npocrpancrsa X . Jokaxure, yro Mmuoxkecrso A U B cBa3HO.

11.18. Cuemyer u u3 cBsizHOCTH MHOXKeCTB AU B n AN B CBA3HOCTH MHOYKECTB
Awu B?

11.19. Ilyctb muOXKecTBa A m B TakoBBI, UTO M UX 00DbEINHEHNE, U UX IIepece-
YeHHe eCTh CBA3HOe MHOXKecTBO. Jlokaxure, 4ro MHOXKecTBa A u B TOXe CBA3HBL,
ec/IM Kaxk70e W3 HuX: 1) OTKPBITO; 2) 3aMKHYTO.

11.20. Tlyctb A1 D Az D ... — GeckoHevHas yObIBAIOIIAs IIOCIEI0BATEILHOCTD
cBsi3HBIX MHOKecTB. Obsi3aTesbHO 11 CBsI3HO nepecedenne (o, Ax?

11’4. KoOMOOHEHTBbI CBA3HOCTH

KoMMNoHEHTHOU CBSA3HOCTM IpOCTPaHCTBA X HA3BIBACTCHA BCSIKOE €0 CBs3-
HOE TIOJIMHOYKECTBO, HE COJIEPKAIIEEC HU B KAKOM JIPYTOM (CTPOro 6osbiem)
CBSI3HOM ITOJIMHOYKECTBE ITPOCTPAHCTBA X .

11.G. Kaoicdas mouka codepocumcs 6 nekomopot KOMNOHenme c6A3HOCIU,
nPUNEM MOALKO 6 00HOU: €10 ABAAEMCA 00BedUHENUE BCET CBAZHBIL MHO-
glcecms, co0epiHCauuT MY MOwKY.

11.H. J[se KoMNOHEHMDL CEAZHOCTIU AUOO HE Nepecexaromcs, AUbO coena-
darom.

KomrmoneHnThl CBI3HOCTH TTPOCTPAHCTBA, HA3BIBAIOTCA TAKKE €r0 CBSI3HbI-
MUY KOMIOHEHTaMy W IPOCTO kommnoHeHTamu. Teopembr 11.G u 11.H nokasbi-
BAIOT, 9TO KOMIIOHEHTBI CBI3HOCTHU COCTABJILIOT pa3buenue TOmoI0rnIeCKOro
mpocrpancTBa. Cieayronast TeopeMa OMMCHLIBACT OTHONTEHNE SKBUBATCHTHO-
CTH, COOTBETCTBYIOIIEE ITOMY Pa30HEHUIO.

11.1. Jlse mouxu codeporcamca 6 00not KomMnowenme moz0a u moavko mo-
2da, Ko2da OHU COOEPAHCAMCA 8 0OHOM C8AZHOM NOOMHOICECTEE.

11.J Cueucrsue. IIpocmpancmeo ceA310 mo20a U Moabko mozda, k0206 A10-
baa Napa €20 MOYEK AEHCUM 6 HEKOMOPOM COAZHOM MHONCECMEE.

11.K. Komnonenmol, C8A3HOCTU 3AMKHYMDL.
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11.21. Ecnm y KaxXKa0il TOYKHU IPOCTPAHCTBA X HMeeTCd CBA3HAA OKPECTHOCTD,
TO KaxK/1asd KOMIIOHEHTa X OTKPBITA.

11.22. Ilycthb TOYKHM X U Yy IPUHAIJIEKAT OJHON KOMIIOHEHTE IIPOCTPAHCTBa. Ecin
HEKOTOPOE ero MOJAMHOYKECTBO OJHOBPEMEHHO OTKPBITO M 3aMKHYTO, TO OHO JTHOO
COZIepXKUT 00e ITU TOUKH, NGO HEe COAEPKUT HU O1HOM n3 Hux (cp. 11.87).

11'5. BrosiHe HeCBA3HBIE IIPOCTPAHCTBA

Tomorormaeckoe TPOCTPAHCTBO HAZBIBAETCS BMNOJHE HECBSA3HbIM, €CJIN JTIO-
Oast ero KOMIIOHEHTa, COCTOUT W3 OJHONW TOYKH.

11.L Ouesudnwiii npumep. JIoboe JUCKpeTHOe IPOCTPAHCTBO BIIOJIHE He-
CBA3HO.

11.M. IlpocrparcrBo Q (¢ mmmyruposanHoii u3 R Tomosorueit) BrosiHe
HECBSI3HO.

Ob6parure sBuumanue, uro Q He juCKpeTHO.
11.23. IlpuBeaure IprMep HECIETHOI'O 3aMKHYTOTO BIIOJIHE HECBI3HOTO IIOIMHO-
KECTBA IIPAMOIA.

11.2/. KanropoBo MHOXKeCTBO (CM. 2.Bx) BIOIHE HECBAZHO.

11’6. Cpa3HOCTb M rpaHHMIA MHOXKECTBa
11.25. Hokaxure, 9ro ecau A — cOBCTBEHHOE HEILyCTOE IO/IMHOXKECTBO CBA3HOIO
TOTIOJIOTMYECKOr0 MPOCTPAHCTBA, TO Fr A # &.

11.26. IlycTb F' — cBA3HOE MTOAMHOXKECTBO TTpocTpaHcTBa X . JlokaxKurte, 4TO ecjin
ACX, FNA u FN(XNA)#2, 0 FNFrA+#g2.

11.27. Tlycrb A — HOAMHOXKECTBO CBA3HOIO TOIOJIOIMYECKOro npocrpancrsa. Jo-
Kaxkure, 94ro ecau Fr A — cBasnoe muoxkecrso, 1o Cl A — ToxKe CBA3HOE MHOKECTBO.

11.28. Ilycts X — cBA3HOE TOMOJIOTHYECKOE IIpocTpancTtBo, U u V' — ero mepece-
KAIOIINeCs: OTKPBIThIE MOIMHOXKECTBA, UMEIOIIHe 00IIre BHENTHNE TOYKN, MPUIEM
HU O/IHO U3 HHUX HE dBJIeTCH [MOJMHOXKECTBOM JAPyroro. JlokaxKure, 9To eCiau ux

rpaaunpt FrU u Fr V' casubr, to FrU NFrV # @.

11’7. Cpa3HOCTb M HelpepbIBHbIE 0TOOParkKeHus

HenpepbisHbim 06pa3om npoCTpanCcTBa HA3BLIBAETCA €ro 00pas npu Henpe-
PBIBHOM OTOOPAXKEHUU.

11.N. Henpepusnviti 0bpas cea3nozo npocmparncmsa ceéasen. (Ipyeumu cao-
samu, ecau [ : X — Y — nenpepwisnoe omobpasicenue u npocmpancmeo X
cea3no, mo u mnooicecmeo f(X) ceaszno.)

11.0 Caedecmeue. Csasznocmsb — MoOnoso2UNECKOE CEOUCMEO.

11.P Caedemeue. Hucao KoMNOHEHM CEA3HOCTIU ACGAACTNCA TMONONO2UNE-
CKUM UHBAPUAHITIOM.

11.Q. Ilpocmpancmeo X necasHo, coz2da cywecmsayem HenpepbueHai Clops-
exyus X — SO,
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11.29. Ilpu nomoumm 11.() 9acTO MOXKHO IOJIyINTH OOJIee KOPOTKHE JOKA3ATe/b-
CTBA PA3/IMYIHBIX yTBEPKIEHUN O CBA3HBIX MHOXkKecTBax. [Ipumenure e€ misa Toro,
9T00BI /I0KA3aTh, K IpuMepy, Teopembt 11.B-11.F u pemnts 3amaau 11.Dwu 11.16.

11.30. Tlycts X — cBasuoe npocrpancTso u f : X — R — nenpepoiBHas GyHKIHS.
Torga muoxkectso f(X) asngerca npomexyTkom B R.

11.31. Ecau npocTpaHCTBO CHAOKEHO CTPYKTYPO IPYIIIBL U YMHOXKEHHE Ha JII0-
601 3/1eMeHT IPYIIIbI SAB/ILeTCHd HEeIIPEPBIBHBIM 0TOOPaskeHneM, TO CBA3HAas KOMIIO-
HeHTa eJUHUNbL gB/IdeTCd HOPMaJIbHOU IIOATPYIIION.

11'8. Cpa3HbIE ITOJMHOXKECTBA YHUCJIOBOU MPAMOM
11.R. Ompesox I = [0;1] ceasen.

Teopemy 11.R MOXKHO 0Ka3aTh HECKOJbKUMHU crocobamu. OnuH w3 HUX
O/ICKA3bIBAETCA 3aa4eil 11.() u Onupaercs Ha U3BECTHYIO TEOPEMY O MpPOMe-
2KYTOYHOM 3HAYEHUHU U3 MareMaTHdecKoro aHajmsa, cm. 12.A. Huxke npemia-
rafoTCs JABE 3a/a491, J0CTaBJIANINE HAOPOCOK B CYyIIHOCTH TOIO YK€ CaMOI0 J0-
Ka3aTeIbCTBa: KoMOMHAIUKU TeopeMbl 11.() ¢ TPaJIuluOHHBIM JI0KA3ATeJIbCTBOM
TEOPEMBI O MTPOMEXKYTOYHOM 3HaueHuu. Cm. Takxke 2.Ax.

11.R.1. Ilycts U, V — mogmuoxkectBa orpe3ka [, mpuaem V = I \ U. Ilyctn
ac€U,beV ua<b Hokaxkure, 9T0 CyMECTBYIOT HEyOBIBAIOIIA [IOCIIEI0BA~

TeTBbHOCTD Gy C A1 = Q, A, € U ¥ HEBO3PACTAIOIIAA MTOCIEIOBATETHHOCTD by, C

by =b, b, €V, Takue uro b, — a, = 2%

11.R.2. Ecmm B npennonioxennax 11.R.1 U n V 3aMKHYTBHI B I, TO KOMYy 13
HUX TPUHAIEKNT ¢ = sup{a, } = inf{b,}?

11.32. Bememure 11.R n3 2.Ax.

11.5. Joxaxkure, 9T0 OTKPBITOE MOJMHOXKECTBO MpsiMoit R mmeer cuérnoe
YUCJI0 KOMIIOHEHT CBA3HOCTH.

11.T. TIpocrpancrso R! craszmo.

11.U. Besikoe Boinyk0€e nogMuoxkectBo R™ ceazuno. (B wactHocTn, Takoseim
SABJIsIETCA BCe npocTpancTBo R™, oTkpbiThiit map B™ u 3amkuyThIi map D™.)

11.V Caencraue. Jliob6oit mpomexyrox B R! cpssen.
11.W. Bcaxkoe 3Be3HOe MOAMHOXKECTBO R™ ¢BA3HO.

11.X Ceazuoctb Ha upamoit. Ilodmmooicecmeo npamot c6a3no, cozda 0Ho
ecmb HEKOMOPLIT NPOMENCYMOK.

11.Y. Jlokaxkure, uro n-mepHas cdepa S™ cBga3na. B uacrHOCTH, CBA3HA
OKpy2KHOCTH S'.

11.33. PaccMoTpuM IOAMHOXKECTBO IIJIOCKOCTH, sIBJIAIONIEeCs 00beIMHEeHNEM CITH-
paJm

1
r:ea:p(m),rgecpzo
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(31€Ch 7, — HOJIApHBIE KOOPAMHATHI), 1 OKpy»xHoctu S'. 1) dwisercs am 310
MHOKeCTBO CBA3HBIM? 2) VI3MeHMTCA /M OTBET, eC/IM 3aMEHHTb OKPYXKHOCTDH €e
ugacrsio? (Cp. 11.15.)

11.34. CBa3HbI U CJEAYIOINE IOAMHOKECTBA ILIOCKOCTH:

(1) cocrasmennoe m3 TOYEK, 00€ KOOPIAUHATHI KOTOPHIX PAITAOHAIBHDT;

(2) cocraBnenHoe m3 TOUEK, XOTA OBl OAHA W3 KOODIMHAT KOTOPBIX DAIHO-
HaJIbHA,;

(3) cocraBmenHOE U3 TOYEK, y KOTOPBIX OO0 00€ KOOPAWHATHI PATTMOHAH-
HBI, TI00 00€ — HPPAMOHATLHBI !

11.35. Jokaxwure, 9T0 mpu JI0060M € > 0 £-0KPECTHOCTH BCSIKOTO CBSI3HOTO TIOI-
MHOZKECTBa €BKJINI0Ba IIPOCTPAHCTBA CBA3HA.

11.36. JJokaxuTe, 9TO BO BCAKOW OKpeCTHOCTH U CBSI3HOTO TOAMHOMXKeCTBa A
eBKJIMIOBA MPOCTPAHCTBA CONEPKUTCS CBA3HAS OKPECTHOCTH MHOXKeCTBa A.

11.37. YkaxkuTe TaKoe IMPOCTPAHCTBO M TAKWE €ro JBe TOYKH, JIEJKAIUe B €ro
PA3JIMIHBIX KOMIIOHEHTAX CBS3HOCTH, UTO JI000€ OJHOBPDEMEHHO OTKPBITOE U 3a-
MKHYTOEe MHOYKECTBO JINOO COIEPIKUT 00e TOUKH, MO0 He COAEPKUT HU OIHOMN u3
nux. (Cp. 11.22.)
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12. IlpujokeHus MOHATUS CBA3HOCTU

12’1. Teopema 0 MpoOME>KyTOYHOM 3HAYEHUU U €& 0000meHns

Cureptyrorasi reopeMa 00bIYTHO BXOJMT B KYPC MaTEMaTHIECKOrO aHAIU3A.
Bei jierko BeiBejieTe €€ u3 pesysibraros 9roro naparpada. Ona B onpejesné-
HOM CMBIC/Ie SKBUBAJEHTHA CBI3HOCTH OTPE3KA.

12.A Teopema o npomesrcymournom 3navweru. Jlwbas nenpepvieras
pyrryua
fila;b] = R
npunumaem sce snasvernua mexncdy f(a) u f(b).
Mmuorue 3aa49u, KOTOPbIE MOXKHO PEIIUTDH [IPY HOMOIIM TEOPEMBI O IIPOMEKY-

TOYHOM 3HAYEHUUN, MOZXKHO HalTU B KHUXKKAX TI0 AHAJIA3Y. Bor tunmunas 3a1a9a
9TOr'0 THUIIA.

12.1. [lokaxwure, 9TO 000 MHOTOYIEH HEYETHON CTEIEHN C BEN[eCTBEHHBIMUI
KO3 durpentamMu 0061aaeT BEIECTBEHHBIM KOPHEM.
12.B O6obmienne. Ilycrs X — ceasnroe npocrpanctBo u f : X — R — Hernpe-
poiBHas dyukums. Torma muokecrBo f(X) — mpomexyTok.

12.C Cnencteue. Ilycts J C R — mpomexyrtok n f : X — R — mempe-
peiBHag ¢yukus. Torma MuOKecTBO f(J) TaKkKe SIBISETCS TPOMEKYTKOM.
(dpyrumu cioBamu, HempepbiBHbIE (DYHKIHH OTOOPAXKAIOT MPOMEKYTKH B
IPOMEXKYTKH. )

12'2. IIpwioxkenue K npobseme romeoMopdusMa

HarnomHnM, 9T0 CBA3HOCTH — TOHOJIOMMYECKOE CBONCTBO, & YMCIIO KOMIIO-
HEHT CBSI3HOCTH — TOIOJIOrndeckuii muBapuant (cum. 10).

12.D. Muoxecrsa [0;2] u [0;1] U [2; 3] me romeomopdHBL.

[Ipocreiime KOHCTPYKIUHU, KOTOPBIE IEPEBOAAT IOMEOMOP(MHBIE IPO-
CcTpaHCTBA B romMeoMopdHbIe, HAIIPUMED VAAJEHUE OJHOW WU HECKOJbKUX
TOYEK, IO3BOJISIIOT MPUMEHSTHh CBS3HOCTh W B JIOKA3aTEJIbCTBAX HETOMEO-
MOP(MHOCTH HEKOTOPBIX CBA3HBIX ITPOCTPAHCTB.

12.E. Ilpocrpancrsa I, RY, S' u [0; 00) momapno me romeoMopdHEL.

12.2. OkpyHOCTH He roMeoMopdHa HIKAKOMY MOAMHOMKeCTBY mpsmoii R

12.3. [laiiTe TOMOJOTMYECKYIO K/acCCH(PUKAIMIO OYKB JIATHHCKOTO ajdasuta A,
B, C, ..., paccMarpuBaeMbIX KaK IIOJMHOKECTBA ILUIOCKOCTHU (JIMHHUU, U3 KOTOPBIX
COCTaBJICHDbI 6yKBbI, CcUATAlTe JIAITEHHBIMA TOJ'IH_II/IHI)I).

12.4. lokaxkmure, 9TO KBaJPAT U OTPE30K HE TOMEOMODMHBI.

HanoMHEM 4TO CyLIeCTBYIOT HENPEPHIBHBIE CIOPBEKIUN OTPE3Ka Ha KBaJpaT
(xpusbie ITeano), cum. 9.
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12.F.

IIpocrpancrea R! u R™ ¢ n > 1 ne romeoMopdHbL.

Nudopmaius. B geiicreurensaoctu, RP u RY me romemopdubl mnpu

PFq.

12/3x.

12/4x.

12.5. JIOxaxwre, aro u3 Heromeomopduoctn R u R? nmpu p # ¢ caemyer mero-
meomopduocts SP u S? npu p # q.

NBaykimyd 1o cBsI3HOCTH

loBopsr, uTo dyHKIMSA 10KaILHO MOCTOSIHHA, €CIIN Yy KayKI0# TOYKHU eé obJia-
CTH OIIPEJIE/ICHUS UMEeTCs OKPECTHOCTh, CY2KeHUe JaHHON (DYyHKIMU Ha KOTOPYIO
TIOCTOSTHHO.

12.1x. Jloxaxkure, YTO BCAKAS JIOKAIHHO IIOCTOSTHHAS (DYHKINS HEIIPEPHIBHA.
12.2x. JloxkasbHO nocrosHHas MYHKINA Ha CBA3HOM MHOYKECTBE IIOCTOSHHA.
12.3x. Bazadka. Kak cea3anbr 3agaum 11.26 u 12.2x7

12.4x. Ilycrb rpynna G caabxkena Takoil TOIOJIOIHEl, 9T0 [1Jisd JII0DOI0 3JIeMEeHTa
g € G orobpaxenme G — G, onpemensemoe GOPMYIION & — TGT ', HEIPEpPHIBHO,
" TycTh B 3TOM Tomosiornu rpymmna G css3una. Ecan B HopMasbsHOM menurene H
rpyunbl G MHAYIUPOBAHHASA TOLOJIOIMS [MCKPETHA, TO OH COJIEPKUTCHA B IEHTPE
rpynmst G (1. e. hg = gh npm mo6om h € H m mobom g € G).

12.5x Hnodykuyusa no ceasznocmu. Ilycrs £ — CBOHCTBO IIOJMHOXKECTB TOILO-
JIOTMYeCKOr'0 IIPOCTPAHCTBA, IIePealouieecss OT MHOXKECTB JII00Oro ceMmeiicTsa C
HEIIYCTBIMU TIOIIaPHBIMU MMEPECeYCHUAMU K O6'be,Z[I/IHeHI/HO 3TUX MHOXKeCTB. Ecinm
KazK/1asi TOYKa IIPOCTPAHCTBA MMeEeT OKPECTHOCTb, 00JIa/IafoNLyIo cBoiicrBoM &, u
MTPOCTPAHCTBO CBSA3HO, TO OHO 00JIQTAeT U CBOMCTBOM &.

12.6x. oxaxwure 12.2x u pemure 12./x OCHOBBIBaACH Ha 12.5x.

Ilo moBomy apyrux npuMmeHeHuN WHIYKIMHW 0 CBA3HOCTH CM. 3amadn 13.7)

18.4x, 18.6x u 13.8x.

Paszpe3anue 6/inHOB HA paBHbIE J[0JIA

12.7x. Jlioboit 6;MH CKOJIb YTOIHO HEPEry/IsapHON (hOPMBI MOXKHO PACCEYb HA JBE
YaCcTU PABHOW IJIONIAU OJHUM B3MAaXOM HOXKA TaK, 4T00bl pa3pes ObLi mapaJsiieien
3a[aHHOMY HaIpas/eHuo. /lpyrumu ciaoBamu, ecin A — OrpaHUIEHHOE OTKPBITOE
MHOXKECTBO Ha IIJIOCKOCTU U | — mpsMasi Ha 9TOH ILUIOCKOCTH, TO CYLUIECTBYET Ta-
Kas upamaa L, napasutesbaaga [, koropad gesur A Ha aBa MHOXKeCTBa PaBHOM
TLJTOIIA/TA.

12.8x. Eciu B npeanonoxenusx 12.7x, MHoxkecrBo A cBaA3HO, TO upsamas L, cy-
IMECTBOBAHMUE KOTOPOH YTBEPXKIACTCA B TIPEAbIAYINEil 3a/1a4e, eTMHCTBEHHA.

12.9x. Ilyctp nBa Oamma Kakoil yromao (opMbl JiekarT Ha omHoM Omome. [loka-
KuTe, 9T0 002 WX MOMKHO Pacceyb Ha PaBHBIE IOJOBUHKU OJHUM B3MAXOM HOXKA.
Ilpyruvu cioBamu, ecau A u B — aBa OrpaHUYEHHBIX OTKPBITHIX MHOYKECTBA, Ha,
IUIOCKOCTH, TO CYIIECTBYET IPAMasi, KOTOPAs [e/IUT KayK/0e U3 HUX Ha IBa MHO-
2KeCTBA PABHOI IJIONIA/IH.
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12.10x. loxkaxkuTe, €ITO ILUIOCKWI OJIMH IIPOM3BOJIHLHON (POPMBI MOYKHO pPacCedb
Ha YeThIpe KyCKa PABHOM ILIOMIA U ABYMs IPSIMBIME Pa3pe3aMu, IePIeH UK YIAD-
HBIME ADPYT aApyry. Ipyrumu cioBamu, eciim A — OrpaHUYEHHOE CBSA3HOE OTKPBITOE
MHOXKECTBO Ha IIJTOCKOCTH, TO CYIIECTBYIOT [Be NepPIeHIUKYJIAPHBIE IPYT APYTY
psMble, KOTOPbIe Je/dT A Ha YeTbIPe 4acTH PABHOM 11/IONIa/IH.

12.11x. Bazadxa. A uro ecim HOoX KpuBoii? I kakoit (hopmbl jie3Bus Ber
Mozxkere chOpPMYIMPOBATh U PEMUTh 3a/1a4u, 1oa00ube 3aaagam 12.7x—12.10x?

12.12x. 3aeadra. CdopmymupyiiTe u pemmre 3a7a<H, aHAJOTUYIHBIE 33a9aM
12.7x-12.11x nns obisracreit B TpEXxMepHOM IpocTpaHcTBe. Mokere i BBI IIpH
9TOM yBEJUYUTH YUCI0 obJsracreil B anaosorax 3aga4d 12.7x u 12.9x7

12.13x. 3azadka. A xak macuér 6amHOB B R™?
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13. JIuHeliHag CBA3HOCTH

13'1. IIytm

[lyTem B TOmOSIOrMYeCKOM TPOCTPAHCTBE X HA3BIBACTCA HEIPEPHIBHOE
orobpaxkenne orpeska I = [0;1] B X. Havanom nytu s : I — X Ha3biBa-
erca Touka s(0) € X, koHyom — touka s(1). IIpu sTOM roBopar, 4To MyTH S
coegunsiet s(0) ¢ s(1).

13.1. Jlokaxkwure, 9To myis Beakoro mytu s : I — X ero obpas s(I) C X — ceasnoe
MHOKECTEO.

13.2. Ilycrb s : I — X — nyTh, coenunagomuii Touky muoxecrsa A C X ¢ Toukoit
muoxkectsa X N A. Joxaxwure, aro s(I) NFr(A) # .

13.3. Ilycrp A — nopmmuoxkecTBO npocrpancrsa X, ing : A — X — BkioueHue.
Hokaxwure, ato u : I — A — nyTs B A, corma xommo3urws ing ou : I — X — 3ro
nyTh B X.

[Tocrosmmoe orobpaxkenne s : I — X HA3LIBACTCS MOCTOSHHbIM MyTEM
u obozHavaercs ey, rae a = s(I). Eciu s — myTh, T0 06paTHbIM emy TryTem
HaspBaerca myTh s : ¢ — s(1 —t). Xora obozHadenme s~ yxKe 3aHATO
(obpaTHBIM OTOOpaXKeHneM), K HeJOpa3yMeHUsIM 3Ta JIBYCMBICIEHHOCTH He
MIPUBOJIUT, MOCKOJIBKY KOTJ[a PEYb UJET O IMyTdX, OOpaTHble OTOOPAXKEHUS,
KaK MPAaBUJIO, HE PACCMATPUBAIOTCS.

Mycrs w: I — X, v: I — X — rakue nyru, uro u(1) = v(0). [onoxkum

(22)

wn(t) u(2t), ecan t € [O; %1],

v(2t —1), ecmt € [3;

v(1)
u(0) u(1)=v(0)

13.A. Orobpaxkenne uv : I — X, onpejessieMoe 910t popMyioii, Hempe-
pbiBHO (1. e. siBisiercs nyrem) Cp. 9.7 u 9.V.

[Tyt uv HasbIBaeTCa npoussegenuem tyreit u u v. HamomuuMm, 9410 OHO
OIIpPe/IeJIEHO TOJILKO ecyIn KOHer  u(1) mepBoro myTw w COBIAZAET ¢ HATAIOM
v(0) BTOpOrO HyTH V.
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13/2. JIluHeiiHO CBfA3HBbIE IPOCTPAHCTBA

Tomosrormaeckoe TPOCTPAHCTBO HA3BIBAETCS JIMHENHO CBS3HbLIM, €CJIM B
HEM JITOOBIE JIBE TOUKK MOYKHO COEIUHUTE IIYTEM.

13.B. Otpe3ok [ juHEHO CBs3€H.

13.C. EBK/n0BO IPOCTPAHCTBO JIFODOI Pa3MEPHOCTH JIMHEHHO CBAZHO.
13.D. Cdepa HeHYIEBOW Pa3MEPHOCTH JIMHEITHO CBSI3HA.

13.E. Hynbmepnuas cdepa SO ne siBisercs IuHEHHO CBAZHOI.

13.4. Kakue u3 ciaemyiomux IpOCTPAHCTB JIMHEITHO CBA3HBIL:

(a) mmckpernoe npocrpancTso; (b) aHTHIMCKPETHOE IPOCTPAHCTBO;
(c) crpenka; (d) Rpy;

(e) &7

13’3. JIuHeitHO CBA3HbIE MHOXKECTBA

JInHeriHO CBSA3HBIM MHOXECTBOM HA3BIBAIOT ITOJIMHOXKECTBO TOIIOJIOTHYe-
CKOTO IPOCTPAHCTBA (KAKOIO MMEHHO, JOJKHO OBITH SICHO W3 KOHTEKCTa),
JINHEIHO CBA3HOE KaK ITPOCTPAHCTBO C TOMOJIOTHEl, UH/TY TUPOBAHHOM 13 00b-
eMJIIOIEro IPOCTPAHCTBA.

13.5. JlokakuTe, ITO MOJMHOXKECTBO A TOIIOIOrMYecKOro IpoCcTpaHcTBa X JIH-
HeIHO CBA3HO, COr/Ia JII00bIE 1B ero TOYKKM MOYKHO COeIUHHUTD B X IIyTéM, [eJIMKOM
mexamum B A (T. e. myTém s, nys koroporo s(I) C A).

13.6. Bcgkoe BBITYKJIO€ TTOAMHOYXKECTBO €BKJIMI0BA ITPOCTPAHCTBA JIMHEHHO CBA3-
HO.

13.7. Bcakoe 3Be3gHOE TIOOIMHOXKECTBO R”™ JTMHEHHO CBA3HO.
13.8. O6pa3 mmyTu AB/deTcs JUHEHHO CBA3HBIM MHOXKECTBOM.

13.9. oxaxkure, 9T0 MHOMKECTBO IIIOCKUAX BBIILYKJIBIX MHOIOYTOJIBHUKOB B MeT-
puke Xaycnopda JIMHEHHO CBA3HO.

13.10. 3Bazadra. YTo MOXKHO cKa3aTh 00 yTBepxKiaeHuu 3amaqdu 13.9 mis MHO-
KeCTBa IIPOU3BOJIbHBIX (He O6${3&T€J’II)HO BbIHyKJ'H)IX) MHOI‘OyI‘OJIbHI/IKOB?

13’4. CaoiicTBa JIUHEIHO CBI3HBIX MHOYKECTB

JImHeitHasg CBA3HOCTL OUEHDb IMOXO0XKA HA CBIA3HOCTH U B HEKOTOPBHIX BarK-
HBIX CUTYaIUgX JlaKe paBHOCHIbHA eif. OHAKO HEKOTOPhIE CBOWCTBA CB3-
HOCTH He MEePeHOCATCS Ha JMHEHHYI cBA3HOCTH (cMm. 13.Q), 13.R). Te xe
CBOICTBA, KOTOPBIEC IIEPEHOCATCH, JJid JTUHEAHON CBA3HOCTU JOKa3bIBAIOTCH

mpoiie.
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13.F. Obsedunenue a10600 COBOKYNHOCTU NONAPHO NEPECEKUOUULCA AU~
HEUHO CBAZHBLT MHOIHCECTNE AUHETHO CBAZHO.

13.11. Joxaxwure, 94ro eciau MHOKecTBa A u B 062 3aMKHYThI Mtk 062 OTKPBITHL U
X 00beIMHEHNE U TTepecevueHne JUHEeHHO CBI3HbI, TO A u B ToXKe JTUHEHHO CBSA3HBI.

13.12. 1) Jlokaxure, 9TO BHY TPEHHOCTD W TPAHWIIA ITHEHHO CBA3HOTO MHOYKECTBA
He 06432 Te/IbHO JIMHEHHO CBA3HBL. 2) AHAIOrMYHOE YTBEPK ICHHUE CIIPABEJINBO J1JIS
BHYTPEHHOCTH U I'DAHUIIBI CBA3HOTO MHOXKECTBA.

13.13. Ecau rpannna mao)kectBa A C R" jumeino cBs3Ha, TO 3aMBIKAHIE TOTO
MHOXKeCTBA TOXKe JTMHEIHO CBA3HO.

13.14. JlokaxKuTe, 9TO yTBEPXKACHHUE IIPEIBIIYIIEH 33/ JaYN IMeeT MeCTO JJIA IO/-
MHOKECTBA [IPOU3BOJIBHOIO JIMHEITHO CBA3HOIO IIPOCTPAHCTBA.

13’5. KoMIOHEHTbI JIMHEHOIT CBI3HOCTH

Komnonenmoti auretinoti c643H0CMYU TOTIOJOTTIECKOTO TPOCTPAHCTBA X
Ha3bIBaeTCs TaKOe ero JUHENHO CBA3HOe II0/IMHOXKEeCTBO, KOTOpPOe He CO/ep-
JKUTCS HU B KAKOM CTPOrO OOJIBIIEM JIMHEIHO CBSI3HOM MHOXKECTBE.

13.G. Kaoicdasa mourka codepocumca 6 HeKOmopot Komnonenme Aunelnot
C8A3HOCTU.

13.H. Jlse komnonenmot sunelinot c6A3HOCTMU AUOO He NePeceraomcs, A-
6o cosnadarom.

Teopembl 18.G u 13.H 10Ka3bIBAIOT, 9TO KOMIIOHEHTHI JIMHEHHOW CBsI3-

HOoCTH 00pa3yioT pas3dbueHne paccMaTpuBaeMoro mpocrpancrsa. Cremayroras
TeopeMa OIMUCHIBAET COOTBETCTBYIOIEE OTHOIIEHNE SKBUBAJIEHTHOCTH.

13.1. /IBe TOUYKW TPUHAJIIEKAT OJHON KOMIIOHEHTe JUHENHHO! CBI3HOCTH,
COr/Ia UX MOXKHO COEJIMHUTD Iy TEM.

B 1poTuBoI0/102KHOCTD OJJHOMY W3 CBOWCTB KOMIIOHEHT CBSI3HOCTHU, KOM-
NOHEHTBI JINHEHHONW CBA3HOCTH HE 00A3aTENbHO 3aMKHYTBHI (CM. 13.Q), Cp.

13.P, 13.R.)

13’6. JluneiiHas CBSA3HOCTb U HeOpPepPbIBHbIE OTOOparkeHus

13.J. Henpepuisnviti 06pa3 AUHETHO C8A3HO20 NPOCMPAHCMEA SUHETHO CEA-
3en.

13.K Caedcmeue. Jlunetinaa c6A3HOCMb ABAACMNCA MONOAOLULECKUM CEOTi-
CMGOM.

13.L Caedcmeue. Hucao Komnonenwm Aunetinotl C6A3HOCTU — MONOAOU-
Yeckuth UHBAPUAHM.
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13'7. CBa3HOCTD U JUHEIHas CBI3HOCTDH

13.M. Bcaxoe aunetino c8a3Hoe npocmparcmeo C8A3HO.

Paccvorpnm MHOXKECTBA,
1
A=< (z,y) eR? : x>0,y =sin— 3 u X = AU{(0,0)}.
T

13.15. Hapucyiite maOX)ecTBO A.
13.N. MuoxkecrBo A JIMHEHHO CBSABHO, a MHOXKECTBO X CBS3HO.

13.0. BuikanbiBanune 110000t Toukn Muoxkectsa A nenaer A u X HecBA3HDI-
MU (2 3HAYWUT, U He JIMHEHHO CBSI3HBIMHU).

13.P. Mnooicecmeo X ne asaaemcsa AUHETHO CEAZHBIM.

13.Q. llpusegure mpuMep JIMHEHHO CBA3HOTO MHOXKECTBA, 3aMbIKAHUE KO-
TOPOr'0 He gBJFeTCd JUHENHO CBA3HBIM.

13.R. llpuBeauTe mpuMep HE3AMKHYTOM KOMIIOHEHTHI TUHENHON CBI3HOCTH.

13.5. B npocmpancmee, kancoas mowka Komopozo obaadaem suHetiHo C8A3-
HOT OKPECTNHOCTBIO, KOMNOHEHMDL AUHETHOT CEAZHOCTU OMKPLLMbL.

13.T. Ilpednoaosicum, wmo 6 npocmpancmee X xkagcdaa mouka obaadaem
AUHETHO c6a3H0T oxpecmuocmuviro. Tozda X aunetino ceasno, coeda X cea3-
HO.

13.U. [laa omEpuimvls noOMHONCECME e8KAUA0BA NPOCTPAHCNEE CEAZHOCTIL
U AUHETUHAA CEAZHOCTID PAGHOCUNLHDL.

13.16. ]lna moOMHOXKECTB IPAMOIl CBA3HOCTH U JIMHEIHAA CBA3HOCTH PABHOCUIIb-
HBL.

13.17. Ecou muoxecrBo A C R"™ cBazno, 10 /s Beakoro € > 0 ero e-0KpecTHoCTb
JIAHEIHO CBA3HA.

13.18. JJoxayKuTe, 9TO BO BCAKOI OKPECTHOCTU CBA3HOIO MHOXKECTBA B €BKJIUIIO-
BOM IIPOCTPAHCTBE HalIeTcs ee JIMHEUHO CBA3HAs 1I0JI0KPECTHOCTD.

13/8x. CBSA3HOCTH MOCPEACTBOM JIOMAHBIX

IlogmuOXKeCTBO A eBK/IIMIOBA IPOCTPAHCTBA HA3BIBAETCA CBSI3HLIM MOCPEL-
CTBOM /TOMé)HI':IX7 ecm mo6me JABE TOYKH U3 A MOZKHO B A COeIUHUTH KOHEYHO-
3BEHHOI JIOMAHOIA.

18.1x. Bcakoe moaMuokecTBO R", CBI3HOE TTOCPEACTBOM JIOMAHBIX, SIBJISACTCS JIU-
HEWHO CBA3HBIM, 3HAYUT, U CBA3HBIM.

13.2x. Bcegkoe BbliyK0e 10AMHOKeCTBO R" CBA3HO HOCPENCTBOM JIOMAHbBIX.

13.3x. Bcakoe 3Be3gHoe 10aMHOXKECTBO R" CBA3HO IMOCPEACTBOM JIOMAHBIX.
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13.4x. J1yia OTKPBITHIX IOAMHOYKECTB €BKJ/IMIOBA IIPOCTPAHCTBA CBA3HOCTDH IIO-
CPeACTBOM JIOMAHBIX PABHOCHJIbHA CBI3HOCTH.

13.5x. IlocTpoiiTe JUHEINHO CBA3HOE HEOTHOTOUETHOE TOJIMHOXKECTBO €BKJIMI0BA
POCTPAHCTBA, HUKAKKE JIBE TOYKU KOTOPOrO HEJIb3sd COEJIMHUTH B HEM JIOMAHOA.

13.6x. TIycrs muOxecTBo X C R? cuerno. JJokazxmure, aro ero momomrHenme R\ X
CBSI3HO ITOCPEICTBOM JIOMAHBIX.

13.7x. Ilycrp muOxkectBo X C R" aBisercs obbesuHeHneM CYeTHONO Yuc/ia ad-
GUHHBIX TOAIIPOCTPAHCTB, PA3MEPHOCTH KOTOPBLIX HE MPeBOCXOomAT n — 2. Jloka-
xKmTe, 9To ero mgomonmerne R? \ X CBA3HO IIOCPEICTBOM JIOMAHbIX.

13.8x. Ilycte X C C" — obbenuHeHme CIETHOTO UHCIA GA2E0PAUYECKUT MHO-
orcecme (T. €. MHOKECTB, 33/TABAEMBIX OTHUM M/ HECKOJBKUME AJIre0panTIecKuMu
ypaBHeHHAMEU OTHOCHUTENbHO Koopauuar B C™). lokaxkure, 9TO €ro AOIOJIHEHUE
C"™ \ X cBsI3HO MOCpPEICTBAM JIOMAHBIX.

13/9x. CBS3HOCTb HEKOTOPbIX MHOXKECTB MaTPUI]

BemectBenmbie n X n-Marpuiibl 00pa3yoT KOOPAUHATHOE IIPOCTPAHCTBO, KO-

2
Topoe orimiaercs or R jumb [BONHONI HyMeparueil CBOMX €CTeCTBEHHBIX KO-
OpAMHAT. AHAJOMMYHO COOTHOCSTCS MHOYKECTBA KOMILIEKCHBIX 1 X T-MaTPHI] 1

2 2
npocrpascrso C"” (romeomopdnoe R*™).

13.9x. HaiignTe KOMIIOHEHTHI CBSI3HOCTH M KOMIIOHEHTHI JIMTHENHON CBA3HOCTHU CJIe-
MYIOMUX IIOIIPOCTPAHCTB IPOCTPAHCTBA BEMECTBEHHBIX N X N-MATPHUIL:

(1) GL(n;R) ={A | det A # 0}

(2) O(;R)={A | A-("A)=E};

(3) Symm(m;R) ={A | ‘A= A}

(4) Symm(n;R) N GL(n;R);

(5) {A| A* =E}.

13.10x. Haiiiure KOMIOHEHTHI CBI3HOCTU M KOMIIOHEHTHI JIMHEWHON CBSA3HOCTH

CJTETYIONIUX TIOAIIPOCTPAHCTB IIPOCTPAHCTBA KOMILIEKCHBIX 1 X N-MaTPUIL:
(1) GL(n;C) ={A | det A # 0}

U(niC) = {A | A-(‘A) =E};

)={A| ‘A= A}

) .
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14. AKcuoMbl OTAEJIMMOCTI

[Ipenmver storo maparpada — ecTecTBeHHble TpeOOBaHWSA Ha, TOMOJOTUYe-
CKYIO CTPYKTYPY, TPUOIMNKAONINE CBOWCTBA TOMOJIOTHIECKOI0 TPOCTPAHCTRA,
K CBOMCTBAM METPUYECKUX MPOCTPAHCTB. VI3BECTHO MHOTO aKCHOM OT/IeJIMMO-
CTH, N3 KOTOPBIX MbI OTPDAHUYINMCA ITATHIO Ha.I/I60.Hee BaKHBIMU. OHI/I NMET
HOMepa 1 obozmauaiorcst gepes Ty, 11, Th, Ty u Tyt

14'1. Axcmoma Xaycmopda

Mg nauneMm ¢ HamboJiee BaXKHOI — BTOPOl aKCHOMBI, Ha3bIBAEMOIl erre
u akcuomori Xaycgopeha. IlpocTpancTBa, yIOBIETBOPAIONIHE i, Ha3bIBAIOTCS
xaycgopgposbimu. COCTOUT OHA B CJETYIOMIEM: JTIOOBIE TBE PA3TUIHBIE TOU-
K1 00/1a/1aI0T HEIepeCceKaIuMUca oKpecTHoCTIMu. Bosiee hopmasibaas 3a-
muce: Y,y € X, v #y, IU,,V,, rakue aro U, NV, = @.

/2%

o

Q\

14.A. Bcakasa mempuueckoe npocmpancmeo raycdopihoso.

14.1. Kaxve u3 C/IeIyIOmuX IPOCTPAHCTB XayCA0pQOBBLI:
(a) mmckpernoe mpocrpancTso; (b) AHTHIMCKPETHOE TPOCTPAHCTBO;

(c) crpenka; (d) Ry (e) {7

B ciygae ecau caegyromas 3aata 3aCTaBUT BAC XOTh HA MUHYTY 3a/ly-
MaThCsd, MBI COBETYeM 00Jjiee TIATEIbHO 00yMaTh OIPEICJCHUE U PelraThb
BCE TTPOCTHIE 3a/Ia9U.

14.B. dsngerca qu orpesok [0;1] ¢ magykmmposanuoii u3 R Tomosorneit
xaycnopdobiM? O6/1a1a0T JI B HEM HEIEPEeCEeKAINUMUCT OKPECTHOCTAMMU
roukn 0 m 17 Kakmvm?

14.C. TlpocrpanrcrBo X sB/sIeTCS XayCaopPdOBbIM, COra i KaXK 0 TOY-

ki ¢ € X nmeer mecro pasercrso {z} = [ ClU.
Usx

1ByKBa. T B 9THX 0003HATEHUAX IPOUCXOAUT OT HEMeNnKoro caosa Trennungsaxiom, xkoropoe
U 03HAYAET — GKCUOMA OTOEAUMOCTU.
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14/'2. TIpenenbl mocaeso0BaTeIbHOCTEI

[Iycts {a,} — mocaem0BaTeIBHOCTE TOYEK TOMOJOTMIECKOTO MPOCTPAH-
crBa X. Touka b € X mazbiBaercs ee npegenom, eciu Jjis Jito00i OKPECTHO-
cru U touknu b cymectByer Takoe auciao N, uro a, € U mpu Bcex n > N.2
[oBopgaT Tak:ke, 9TO TOCAEIOBATENBHOCTD Ay CTPEMUTCS WJIH CXOAUTCS K b
[IpU N, CTPEMSIITUMCH K ODECKOHEIHOCTH.

14.2. Cdopmynupyiire yreepxienue “b He ecTb IIPeesI 0CAe0BATeIbHOCTH Gy,
yIoTpeOuB JacTuiry “He”’ Kak MOXKHO T03:Ke W He YyIOTped/Isiss TEpMUHOB “mipeaes’
u “crpeMurcs’.

14.3. llpemen mociaenoBaTebHOCTH HE 3aBHCHT OT IIOPAIKA ee UIeHOB. Boutee
TOYHO: IYCTh G, — CXOISAMIASICS MMOCTIEOBATENIBHOCTD: G, — b. Ilycth ¢ : N — N
mpou3BoJibHasg Ouekmus. Torma 1moce10BaTre IbHOCTD Gg(n) TAKIKE ABIHAETCH CXO-
agamieiicsa u, 6oee TOTO, IMEET TOT ¥Ke CaMbIii IPeIeN: ag(n) — b. Hampumep, ecm
BCe TWIEHBI [TOC/IEI0BATEIHHOCTH TIOMAPHO PA3/IMIHBL, TO €€ CXOAUMOCTD U IIpeell,
K KOTODOMY OHA& CTPEMHTCH, 3aBUCHT TOJHKO OT MHOXKECTBa, 0OPA30BAHHOIO €é
wrenamu. TakuM 00pa30M, MOHATHS CXOJUMOCTH M IIPEIEsIa MOCIe 0BATEILHOCTH
10 CBOEMY CYIIECTBY ABJIAIOTCA MOHATUAMU €OMETPUN.

14.D. B zaycdopposom npocmpancmee wu 00Ha NOCACI08ATMEADHOCTND HE
Mooicem umems boaee 00noz0 npedena.

14.E. JlokaykuTe, 9YTO B IPOCTPAHCTBe Ry, KayKgasd TOUKA SBJISIETCS IIPe/ie-
JIOM TIOC/TEIOBATETBHOCTA Ay = N.

14’3. MHO>kecTBO COBNAIeHUS U MHOXKECTBO HEIIOJBU>KHBIX TOYEK

Pacemorpum orobpaxenust f,g : X — Y. Muoxkecrso C(f,g) = {z € X |
f(z) = g(z)} maspBaercsa MHOXeCTBOM coBnaseHuns orobpaxkenuii f u g.

14.4. MmoxkecTBO COBIIaIeHUS ABYX HEMPEPHIBHBIX OTOOPaKEHUI IPON3BOILHOTO
MPOCTPAHCTBA B XayCA0P(OBO IPOCTPAHCTBO 3aMKHYTO.

14.5. IlocTpoiiTe mpuMep, MOKA3BIBAIOIINIL, ITO YCIOBHE XaycaopdhOBOCTH B 3a-
nade 14.4 cyuiecTBeHHO.

Touka = € X uHa3blBaeTCs HEMOABUXHON To4Ykoi orobpaxenus f : X — X,
ecma f(x) = z.

14.6. MHOXeCTBO HEIOABUKHBIX TOUEK HEIIPEPBIBHOIO 0TOOPAKeHNs Xaycaopdo-
Ba IPOCTPAHCTBA B Ce0sl AB/IAETCH 3aMKHY ThIM.

14.7. IlocTpoiiTe mpuMep, MOKA3BIBAIOIINIL, ITO YCIOBHE XaycaopdOoBOCTH B 3a-
madge 14.6 cymiecTBEHHO.

14.8. Ecmu orobpaxkenust f,g : X — Y HempepbIBHBI, IPOCTPAHCTBO Y XaycCIop-
doso, A - Bcromy mrorHoe momMuOKecTBO pocrpancTsa X u f|a = gla, To f = g.

14.9. Bazadxa. Kak cazanbl mexy coboit 3anauu 14.4, 14.6 u 14.87

2MO)KHO CKa3aTh HECKOJIBKO I10-PYTrOMY: KaK/iasi OKPECTHOCTh TOYKHU b COIEPIKUT BCE UJIeHBI
IIOCJIETOBATEIBHOCTH C JIOCTATOYHO OOJIBIIMMHU HOMEDPAMU.
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14’4. HacaencrseHHBbIE CBOIiCTBa

Tomostormiaeckoe CBOMCTBO HA3LIBAETCS HAC/AEACTBEHHbBIM, €CJTH OHO TIepe-
JlaeTcd OT IPOCTPAHCTBA K €ro IOJAMNPOCTPAHCTBAM, T. €. eC/IM U3 TOr'0, UTO
npocTpancTBo X 00/1a/laeT ITUM CBOWCTBOM, CJIEJYeT, 4TO J1I0D0e TOIIPO-
CTPAHCTBO MpOCTpancTBa X ToKe UM 00/1a/IaeT.

14.10. Kakwne u3 Creyonmx TOIOJIOTHIECKUX CBONCTB HAC/IEICTBEHHDI:

1) KOHEYHOCTH MHOXKECTBA TOYEK;
) KOHEYHOCTH TOHOJIOTUIECKON CTPYKTYDBI;
) GECKOHETHOCTH MHOXKECTBA TOYEK;

4) CBSI3HOCTB;
) JmHefiHAs CBA3HOCTH!

14.F. Xaycdopposocmv nacaedcmeera.

14’'5. IlepBasi akCmOMa OTAEJIUMOCTH

ToopsiT, uTO TOMOIOTMYECKOE TTPOCTPAHCTBO YAOBIECTBOPSIET MEPBOIM aK-
cuome otgenumocty 11, ecam Kaxkjasg u3 JIOOBIX JBYX PA3JIUIHBIX TOYEK
npocTpaHcTBa 00/1aaeT OKPECTHOCTBIO, HE COEpKAIeil APYryio u3 ITUX
touek.® Bonee dopmansro: Va,y € X, = # v, JU,, rakas uro x ¢ Uy,

U

\

x\@
R

14.G. Ilpocmpancmeo X ydosaemesopaem nepeot akcuome omoesuMocmu,

(1) coeda 6ce 00HOMOYEHHBIE NOOMHONCECTNEA Npocmpancmea X 3a-
MEHYMDBL;
(2) coeda sce Koneunvie NOOMHONHCECNEA NPOCTPAHCMEE X 3AMKEHYMbL.
14.11. IIpoCcTpaHCTBO YZOBJIETBOPAET IEPBOM aKCHOME OTIEJTHMMOCTH, COIIA JIIO-
Oast ero TOYKa COBLAJAET C IIePecevueHreM BCEX CBOUX OKPECTHOCTEN.

14.12. Bcakoe xaycaopdoBO IIPOCTPAHCTBO YIAOBIETBOPSET IIEPBOM aKCHOME OT-
IEeTUMOCTH.

14.H. B xaycaopd0oBOM IPOCTPAHCTBE BCE KOHEYHBIE MHOZKECTBA 3aMKHY ThI.

14.1. Becgkoe MeTpuYecKoe IPOCTPAHCTBO Y/IOBJIETBOPLAET IEPBOl aKCHOME
OT/IEJITMMOCTH.

14.13. llpuBenure mpuMep, MOKA3BIBAIONIN, YTO U3 IIEPBOM AKCHOMBI OTIEIIMO-
CTH BTOPas He CJIe/yer.

3T1 emé Ha3LIBAOT akcuoMmoii TuxoHoBa.
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14.J. Ilokaxkutre, uro Ry ynoBieTBOpsieT 1IepBOil aKCUOME OTJEJIUMOCTH U
ne xaycuopdoso. (Cp. 14.13).

14.K. Ilepsasa axcuoma omaoesumocmu HacAedCmEena.

14.14. Ecim myst mi00bIX PA3IMTHBIX TOUEK @ U b TOIIOIOTMYECKOT0 IIPOCTPAHCTBA
X cymiecTByer Takoe ero HerpepbiBHOe orobpaxkeHue [ B IPOCTPAHCTBO, Y/IOBJIe-
TBOpAOUIEe MepBoii akcmome oraeaumoct, aro f(a) # f(b), ro X ynosnersopaer
IepBOil aKCHOMe OTIEeIUMOCTH.

14.15. JJoka)uTe, ITO BCSIKOE HEIIPEPBIBHOE 0TOOPAYKEHME IPOCTPAHCTBA C TPH-
BHAJIBHOI TOIIOJIOTMYECKON CTPYKTYPOIl B IPOCTPAHCTBO, YAOBIETBOPAIONIee Iep-
BOM aKCHOME OTAEJIUMOCTH, IIOCTOAHHO.

14.16. B xaxg0M MHOXKECTBE CyIIECTBYeT caMasi rpy0bast TOIMOJIOTHIecKas CTPYK-
Typa, yIOBIETBOPAIOMAA IIePBOl aKCuoMe OoTaeauMocT. KakoBa oHa?

14’6. Axcuoma Kosimoroposa

[TepBas akcroma, OTAETUMOCTH TOTYIAETCA B PE3YILTATE OCTADJTCHUST aK-
cuombl Xaycaopda.

14.L. 3azadka. Kak ociadbuTh MEpPBYIO0 aKCHOMY OT/IETUMOCTH?

ToBopsT, 94T0 TOMOIOTIIECKOE TPOCTPAHCTBO YI0BJIETBOPSIET akcuome Ko-
MOropoBa Wi HYy/neBoOl akcmome otgeaumoctu 1y, eciu u3 JIIOObIX JIBYX pas-
JIMYHBIX TOYEK 3TOr0 POCTPAHCTBA TOMA Obl 00Ha 001aaeT OKPECTHOCTHIO,
HE CoJepzKalleil Apyrylo U3 9TUX TOYeK.

14.M. AuTuancKpeTHOe IPOCTPAHCTBO, COJeprKalllee He MeHee JIByX TOYeK,
HE yJIOBJIETBOPgeT akcuome 1j.

14.N. Caedyrowgue c60GCMBa MONOAORUBECKO20 NPOCMPAHcMEa X IKGUBAAEHMHDL:

(1) X ydosaemsopaem axcuome Koamozoposa;

(2) samvikanua 1060 08YT PASAUYHBIT OOHOTNOYEUHBLT TOOMHONHCECTNE
npocmparncmea X pasaurol;

(3) X me codepotcum Heodnomoueunozo anmuouckpemHmozo noonpocm-
parcmea;

(4) X me codepotcum dsymouennozo anmuduckpemrozo noonpocmpar-
cmea.

Hamomunm, ©ITO TOmoOIOTHEN HANMEHBITNX OKPECTHOCTEN Ha3bIBAETCI TO-
IoJIoruuecKas CTPYKTypa, B KOTOPOil IlepecedeHne BceX OKPECTHOCTel, Co-
JlepzKalliiX TOYKY IPOCTPAHCTBA, SABJISIETCHA OKPECTHOCTBIO 3TOI TOUKM.

14.0. Tonoaozus asaaemca monosozuelt HeKomopozo 4acmu4ho2o nopao-
KG 68 MHOJNCECTEE, 0204 MO — MONOAOZUA HAUMEHDWUT OKPECTHOCme,
ydosaemeoparowas axcuome Koamozoposa.
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Takum 06pa3oM, YACTUIHO YIIOPSIOUCHHBIE MHOXKECTBA HE TOJIBKO Jia-
0T MHOT'OYNCJIEHHBIE TIPUMEPHI TOMOJOTMUECKNX ITPOCTPAHCTB, CPE/ KOTO-
pbix — mHambosiee pyHIAMEHTAIbHBIE TPOCTPAHCTBA, TAKNE KAK HPAMAd CO
CTAHJAPTHON TOIOJIOTHEN, HO W MOJJYyYalOTCsd BCE M3 TOIOJOTMYECKUX ITPO-
CTPAHCTB CIENUAJbHOIO THIIA, TPUYEM BEChbMa Y/IAJEHHOTO OT KJIACCa MET-
PUYeCKNX MTPOCTPAHCTB.

14'7. Tperbs aKkCMOMa OTAECJIUMOCTH

loBopsrt, uro Tomosiorutdeckoe MpoCcTPaHCTBO X Y/IOBJIETBOPLAET TPETbEM
akcuome otgenmmocty T3, ecyiv B HEM J1I000€ 3aMKHYTOE MHOYKECTBO 1 JTI00ast
HE COJIEPKAIASICSA B 9TOM MHOXKECTBE TOUYKA 00J1a[aeT HElepeceKaIuMUCs
OKPECTHOCTIMHU, T. €. eCJiu Jijisi JTF0O0ro 3aMKHyTOoro Muoxkectsa F' C X nu
joboit Touku b € X ~\ F cymectByior oTkpbiThie MuOKectBa U,V C X
rakue uto UNV =g, U D FubeV.

Tomosrormaeckoe TPOCTPAHCTBO HA3BIBAECTCA PEryAspHbIM, €CITA OHO YJIO-
BaeTBOpseT akcuomam 11 u T3,

14.P. Bcsakoe peryJisipHOe MPOCTPAHCTBO Xayc1opdoBo.

14.Q. llpocTpaHCTBO peryJisipHO, COTJia OHO YJIOBJIETBOPSET BTOPOil U Tpe-
Thell aKCuOMaM OTAEeJTUMOCTH.

14.17. Tlocrpoiite HeperyssipHOe Xaycaop(OoBO IPOCTPAHCTBO.

14.18. IloctpoiiTe mpOCTPAHCTBO, YAOBIETBOPLAIONIEE TPEThEeil aKCHOMe OTIeIH-
MOCTH M He YJIOBJIETBOPSIOINIEE BTOPOIA.

14.19. IIpocTpaHCTBO YyIOBIETBOPSET TPEThbell aKCHOMEe OTIEeJIMMOCTH, COTIa B
JTI06011 OKPECTHOCTH JTFO00# €10 TOYKHU COMEPKUTCS 3aMbIKAHIE HEKOTOPOIl OKpeCcT-
HOCTH 3TOU TOYKH.

14.20. JokaxuTe, 9TO TPeThbd aKCHOMa OTIEJIUMOCTH HACIeICTBEHHA.

14.R. Bcakoe mempuueckoe npocmpaHcmeo peeyapHo.

14/8. YerBepTasi akcumoma OTIEJIMMOCTH

loBopsT, 4T0 TOMOJIOrTYECKOe TPOCTPAHCTBO X Y/IOBJIETBOPSAET YETBEP-
TOMi akcuome OTAENUMOCTH, €C/IU B HEM JIIOObIe /1Ba HEIEePeCeKaIOINXC s 3a-
MKHYTBIX MHOYKECTBA 00JIa[al0T HelepeceKaroMMUCs OKPECTHOCTIMU, T. €.
ecsnt s T0OBIX 3aMKHYTHIX A, B C X ¢ ANB = & CyIecTByoT OTKPBITEIE
UV cCX, takmeauroUNV =0, ACUu BCV.



106 II1. Tomosormyeckue cBOHCTBA

Tomosioruyeckoe TPOCTPAHCTBO HABBIBAETCS HOPMAJbHbIM, €CJIU OHO Y10~
BJIETBOPACT NEPBOIl M 4eTBEPTON aKCHMOMaM OTC/IMMOCTH.

14.S. Besikoe HOpMasibHOE IPOCTPAHCTBO PEryssipHO (M, 3HAYMT, XayCIop-
dboro).

14.7T. IlpocTpaHCTBO HOPMAJIBHHO, COT/Ia OHO YAOBJIETBOPSIET BTOPOIl W UeT-
BepTOil aKCMOMaM OTIEJIUMOCTH.

14.21. llocTpoiiTe IPOCTPAHCTBO, YAOBJIETBOPAIONIEE YETBEPTOM aKCHOME OTIe-
JAMOCTH U He YIOBJIETBOPHAIOIIee BTOPOU.

14.22. JloxaxwuTe, 9TO IPOCTPAHCTBO YIOBJIETBOPAET YETBEPTOil aKCHOME OTIe-
JIIMOCTH, COrJa Jiobas OKPeCTHOCTH JII00Or0 ero 3aMKHYTOI'O MHOXKECTBA COZep-
JKUT 3aMbIKaHHEe HEKOTOPOI OKPECTHOCTH 3TOr'0 MHOXKECTBa.

14.23. JloxaxkuTe, 9TO BCAKOE 3aMKHYTOE IOAIIPOCTPAHCTBO HOPMAJILHOTO IIPO-
CTPAHCTBA HOPMAJIBHO.

14.24. IlocTpoiiTe 1Ba 3aMKHY TBIX HellepeCeKAIOMIXCA ITOIMHOKECTBA HEKOTOPO-
r0 MeTPUYECKOT0 IPOCTPAHCTBA, PACCTOAHNIE MEXKIY KOTOPBIMU PABHO HYJIIO.

14.25. Ilycts X — mpocTpaHCcTBO, yaoBiaeTBopsionee akcuome 1y, Fi, I u F3

— €ro 3aMKHYTBIe IIOJMHOXKECTBA C IIYCTBIM IepecedenmeM, Fy N Fp N F3 = @.
Ioxkaxkure, aro maiiayrcsa okpecraoctu U; D Fy, ¢ = 1,2, 3, takue aro Uy NUz N
Us =92.

14.U. Bcakoe mempuueckoe npocmpaHcmeo HOPMaAbHO.

14.26. Eciu f : X — Y — HenpepbIBHOE CIOPHEKTUBHOE OTODPaKEHUE, [ePEeBOIs-
mee Kayk/10e 3aMKHYTOe MHOYKEeCTBO B 3aMKHYTO€, ¥ TIPOCTPAHCTBO X HOpPMAJIBHO,
TO ¥ IIPOCTPAHCTBO Y HOPMAJIBHO.

14'9x. IIpocrpancrBo HeMmblkoro

IIycrs ‘H ecTb BepxHss MOJIYIIOCKOCTH C OOBIMHOI €BK/IMIOBOI TOIIOIOIHeH.
IMonoxum N = HUL, rae L ecrb och aberuce, u BBezem rorosoruio Ha N ciey-
omuM 06pa3oM. OTKPBHITHIMA B HEM, KPOM€e MHOYKECTB, OTKPBITHIX B H, SABIIIOTCS
emre muOXkecTBa Buma tU D, rne x € L, a D ectb OTKPBITHII KPYT B H, Kacaommii-
cg ocu abeuuce B Touke z. [losryyeHHOe IpOCTPAHCTBO HA3BIBACTCH TPOCTPAHCTBOM
Hewmbiykoro.

14.1x. IIpocrpanctso Hemsbirikoro xaycmopdoso.

14.2x. IIpocrpancrso Hewmbirikoro perymaspo.

14.8x. Kaxkas Tonosiormueckas CTpyKTypa unHayrmpyercsa us N ma L7
14.4x. IIpocrpancrBo HeMbIIKOro He ABIgETCA HOPMAIBLHBIM.

14.5x Caedcmeue. CymecrByer He HOPMAJIBHOE PEryJIsiPHOE [IPOCTPAHCTBO.
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14.6x. Bnoxure mpocTpaHcTBO HeMBIIIKOro B HOpMaJIbHOE MPOCTPAHCTBO TaK,
9TO00BI JIOIOJTHEHUE ero 00pa3a COCTO/IO U3 OJIHOU TOYKU.

14.7x Caedecmsue. Teopema 1/.28 me pacupOoCTpaHSETCS HA HE3AMKHYTHIE TTOJI-
IIPOCTPAHCTBA, T. €. HOPMAJIbHOCTDH HE HACIEICTBEHHA.

14/10x. Jlemma VYpbicona u Teopema Turne

14.8x. Ilycts A u B — HemepeceKaiomuecs: 3aMKHYTHIE ITOJIMHOXKECTBA MeTpUte-
ckoro npocrpancrBa X. Torma cymecrsyer menpepoiBuag dyukiusa f @ X — [,
rakas uro [~ 1(0) = A and f7'(1) = B.

14.9x. Ilyctp F' — 3aMKHyTOE ITOJIMHOYKECTBO METPHUIECKOrO IIPOCTPAHCTBA X .
Torga Beaxkyio menpepoiBayio dynkmuio f : F — [—1;1] MOXKHO mpomo/KuTh Ha
BCE TIPOCTPAHCTBO X .

14.9x.1. Ilycrp F — 3aMKHYTO€ MOAMHOKECTBO METPUIECKOI'O [IPOCTPAH-
crea X. JIs npousBoabHON HenpepbiBHOH (yukmuu f @ F — [—1;1]
naiinerca bynkums g : X — [—3; 1], Takas aro |f(z) — g(x)| < 2 npn
Bcex x € F.

14.Ax Jlemma Ypoicona. Jlas s00bx HENEPECeKaouULCA 30 MKEHYMOIL
nodmmoscecme A u B HopmaavHrozo npocmpancmea X cywecmeyem Henpe-
poienoe omobpasicerue f: X — I, maxoe umo f(A) =0 u f(B) = 1.

14.Ax.1. Ilyctb A m B — 3aMKHYyTbIE IOJMHOKECTBA HOPMAJIBLHOIO IPOCTPAH-
crBa X. Paccmorpum MHOXKecTBO A = {2% | k,neZy, k< 2"}. Torma cyre-

cryer Habop {U,}pea OTKPBITHIX HOAMHOKECTB B X, TAKO# 9TO /15 JIIOOBIX
p,q € A Bepro, uro: 1) ACUyu BC X \Uy u2)ecup <gq, ro ClU, C U,.

14.Bx Teopema Tumue. Ilycmov A — 3aMEHYMOE NOOMHONCECTNGO HOD-
Manvrozo npocmparcmea X . Jaa xaxncdol wenpepuenot dynryuu f: A —
[—1;1] cywecmsyem nenpepwenan dynkyus F : X — [—1;1], maxas wmo

Fla=f.

14.Cx Cnencteue. Ilycts A — 3aMKHYTOE TOIMHOYKECTBO HOPMAIBLHOTO
mpoctpanctBa X . Torma mobyio HempepbiBHYIO GyHKINIO A — R MOXKHO
TMPOJIOKWUTE 70 HEMPEPBIBHOM (DYHKIINN HA BCEM TPOCTPAHCTBE.

14.10x. Ocraunercs i cripasefiusoii reopema Turiie, eciu B Heil 3aMEHUTb BCIO-
ay orpesok [—1;1] ma R; ma R™; ma S'; na S%?

14.11x. BeBemure jleMMy Y PBICOHA U3 TeopeMbl THTIie.
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15. AKCHOMBI CHETHOCTHU

B srom maparpade MbI MPOMOIKUM U3yUEHUE TOMOJOIMIECKUX CBOICTB,
KOTOPbIE MMEIOT XapaKTep IOMOJHUTE/IbHBIX TpPebOBaHUil, HAJJAraeMbIX Ha
TOIOJIOI'MYECKYIO CTPYKTYPY C Ie/IbI0 1pub/n3uTh paccMarpubaemyio ab-
CTPAKTHYIO CAUTYAIUIO K KOHKPETHBIM U TEM CaMbIM C/e/Iarh ee bojee coep-
JKATEJbHON. YCI0BUS, N3ydaeMble B 9TOM maparpade, OrpaHnIuBaiOT TOIIO-
JIOTHYIECKYTIO CTPYKTYPY CBEPXy: Tpedyercs, 9T0ObI HEITO ObLIO ObI CIETHBIM.

15'1. TeopeTuKo-MHO>KECTBEHHOE OTCTYIJIEHUE: CYeTHOCTD

Hamomunm, 910 1Ba MHOYXKECTBA HA3BIBAIOTCA PABHOMOLLHBIMU, €CJIU CY-
mecTByer OMeKnus OJHOTrO M3 HUX Ha Jpyroe. MHOkKeCTBa, PAaBHOMOIIHBIE
HEKOTOPOMY IOJAMHOXKECTBY MHOKeCTBa, N HATypaJbHBIX UUCE/T, HA3BIBAIOT-
CSI CHETHBIMU.

15.1. MmuoxectBo X #ABIF€TCA CIETHBIM, COTMIa CymiecTByeT mabekrmsa X — N
(mm, ayTh Gosee 06O, nHbekIHa X B HEKOTOPOE CIETHOE MHOXKECTBO).

Wuorma Ha3bIBAIOT CIETHBIMUI TOJIBKO DECKOHEUHDBIE CIeTHBIE MHOYKECTBA,
T. €. TOJbKO MHOXKECTBa, PAaBHOMOIIHLIE BceMy N, a HAIIN CIETHLIE MHOXKE-
CTBa Ha3bIBAIOT He DoJjiee YeM CUETHBIMHU. DTO MeHee yJ00HO; B YaCTHOCTH,
€CJIN IOC/Ie0BATEIbHO MPUAEPKUBATHCA TAKON TEPMUHOJIOTUH, TO [IPUIET-
Cd Ha3bIBATh 9TOT Haparpad “Axcuombl He Hojiee YeM CYeTHOCTH U TePIeTh
npyrue Heyaobcrsa. [lpu marmreit TepMUHOIOTUE CIETHOCTD 00/1aAeT CIIeTy-
FOIUMU yIOOHBIMU CBOWCTBAMU.

15.A. Bcegkoe MOIMHOMKECTBO CIETHOT'O MHOXKECTBA CUETHO.
15.B. O6pa3 cyeTHOr0 MHOXKECTBA MpHU JIOOOM OTOOPAXKEHUN CUETEH.
15.C. MuoxectBo Z C4€THO.

15.D. Mnoxectso N2 = {(k,n) | k,n € N} cuerno.

15.E. Obbeaunenne CIeTHOrO YUCIA CIETHBIX MHOYKECTB CUYETHO.
15.F. Muoxecrso Q cuerHo.

15.G. Muoxecrso R HecuerHO.

15.2. Jlioboit n3bIOHKTHBIN HAO0P BOCHOMEPOK Ha IIOCKOCTU CUETEH.
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15'2. Bropas akcnoma CYeTHOCTH M cenapabe/IbHOCTh

B sTom maparpade MbI GygeM H3ydaTh TPU OTPAHUYECHUS HA TOIIOJIOTH-
YecKue CTPYKTypbl. /[Ba m3 HEX mMeeT HOMepa (OJMH W JIBA), Yy TPETHEro
HoMepa HeT. Kak u B npeapiaymmem naparpade, Mbl HauMHAeM C OrpaHHde-
HHUA HOMEp JBa.

Toopsit, 9TO TOMOIOTMYIECKOE TTPOCTPAHCTBO YIAOBIECTBOPSIET BTOPOI aK-
CMOME CHETHOCTM, ecii OHO uMeeT cyernyio Gazy. C akcmomoii cuerHocTH
(6e3 mOMepa) cBa3aH TepMuH cenapabenbHocTs. T0BOPAT, YTO TOMOIOTHYE-
CKOE IIPOCTPAHCTBO cenapabesbHo, eCiii OHO COIEPIKUT CYETHOE BCIOJY ILIOT-
HOe MHOYKEeCTBO.

15.H. Ecau npocmpancmeo ydosaemeopaem 6mopots akCuoMe CHemmocmu,
Mo 0HO CenapabesbHo.

15.1. Bropag akcrmoma CYETHOCTH HAC/IEICTBEHHA.

15.83. Y0BIeTBOPSIOT JIM BTOPOl aKCHOME CIE€THOCTH CTpesika u Ry 7
15.4. CemapabenbHbl i cTpenka u Ry 7
15.5. Tlocrpoiite mpumep, MOKA3BIBAIOIINI, 9TO cenapabebHOCTh He HACIeICTBEH-
Ha.
15.J. Mempuueckoe cenapabesvnoe npocmparcmeo yoosAemMBEOPAEM, 61Mo-
pO’l(Z axcuome cHemmrocmu.
15.K Caedcmeue. is mempuueckur npocmpaHcme 6mopas aKCUOMaE CHem-
Hocmu pasHoCUuUADHA cenapat?e/LbHocmu.

15.L. (Cp. 15.5.) B MeTpudeckux MpoCTPAHCTBAX cemapabelbHOCTh HACTE -
CTBEHHA.

15.M. EBKINIOBBI MPOCTPAHCTBA W JI0OBIE WX MOJIIPOCTPAHCTBA Cermapa-
OeJIbHBI U YIOBIETBOPSAET BTOPOil AKCUOME CUETHOCTH.

15.6. llocTpoiiTe MeTpHYIeCKOE IIPOCTPAHCTBO, HE YIOBIETBOPAIOIIEe BTOPOI aK-
CHOMe CHeTHOCTH.

15.7. lokaxkwure, 9TO B CermapadeIbHOM IIPOCTPAHCTBE BCAKAA COBOKYITHOCTD IT10-
MAPHO HEIePeCeKAOIMUXCS OTKPBITBIX MHOXKECTB CYETHA.

15.8. JlokaxkuTe, 9TO 9MCJI0 KOMIIOHEHT OTKPbITOro Mmaoxkecrsa A C R™ cuerHo.
15.N. Henpepuieroili 0bpa3d cenapabesvrozo npocmpaoHcmens cenapabeset.

15.9. IlocTpoiiTe mpumep, IOKA3BIBAIONINI, ITO HEIIPEPHIBHBIN 00pa3 ImPOCTPAH-
CTBa, Y/JOBJIETBOPHAIONIEI0 BTOPOIl aKCHOME CYETHOCTU, MOXKET He YIOBJIETBODATH
9TOU aKCHOME.
15.0 Teopema JIundenéga. Ecau npocmparcmeo ydosaemsopaem 6mo-
PO AKCUOME CHEMHOCTU, MO U3 BCAKOZ0 €20 NOKPLIMUA OMKPLITIBLMU MHO-
2CECTNBAMYU MOINHCHO GBLIEAUTND CHEMHBLT HAOOD MHONCECNE, MAKICE ACA-
0UWUTCA NOKPLIMUEM.
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15.10. Ecmm mpoCTpPAaHCTBO yIOOBJIETBOPAET BTOPOM AaKCHOME CYEeTHOCTH, TO W3
JII0001# ero 6a3bl MOXKHO BBIJIE/IUTH CYETHBIN HADOP MHOXKECTB, TAKKe sdABJIATONIUACS
0a30ii TOro IMPOCTPAHCTBA.

15.11 Teopema Bpayspa*. Ilycrs K = {K\} — cemeiicrBo 3aMKHYTBIX MHO-
JKeCTB IIPOCTPAHCTBA, 00JIAAIONIEro CIeTHON 6a30ii, 1 MyCTh Is JII000# yObIBato-
mieit nocsieoBaresbuocTu K1 D Ko D ... MHOXKECTB, IPUHAJIEXKANIUX CEMEACTBY,
mepeceveHme ﬂfil K Take MpUHAIIEKUT STOMY cemeicTBy. Torma K obmamgaer
MUHUMAJIbHBIM MHOYXKECTBOM, T. €. TAKUM MHOXKECTBOM, HUKAKOe COOCTBEHHOE I10/1-
MHOXKECTBO KOTOPOIO He InpuHaexur .

15’3. Ba3pl B TOUKe

IIycrs X — Tomosiorudeckoe npocrpanctso, a € X . bazoi npocrpancrsa
X B To4ke a wim 6a30/i OKPECTHOCTEN TOUYKM @ HA3bIBAETCS TaKasi COBOKYTI-
HOCTb OerCTHOCTeﬁ TOYKHN @, 9TO BCAKadA OKPECTHOCTH TOYKHU G COJCPZKUT
OKPEeCTHOCTb U3 3TOH COBOKYIIHOCTU.

15.P. Ecm ¥ - 6a3a npocrpanctsa X, 1o {U € ¥ | a € U} ecrs 6a3a B
TOUKE .

15.12. B MeTpUYeCcKOM MPOCTPAHCTBE DAa3aMU B TOUKE ¢ SBJIAIOTCS:

(1) COBOKyMHOCTH BCEX OTKDPBITHIX MAPOB C IEHTPOM a;

(2) COBOKyIHOCTH BCEX OTKPBITHIX MIAPOB C PAIMOHAJIBHBIMU PATUYCAMU K
HEeHTPOM a;

(3) COBOKyMHOCTH BCEX OTKPBITBIX IMAPOB C IMEHTPOM ¢ W PATUYCAME T,
rae {rn} — mobas moCIe10BATENHHOCTD [TOJIOKUTEIBHBIX TUCEJI, CTPe-
MAMUXCA K HYJIIO.

15.13. KakoBbl MUHMMAJIbHBIE 6A3bI B TOUKE B JUCKPETHOM U B QHTUIUCKPETHOM
IIPOCTPAHCTBAX !

15'4. TlepBasi akcmOMa CYETHOCTH

ToBopar, aTo mpocTpamncTBO X YIOBIETBOPSAET NEPBON aKCUOME CHETHO-
cTu, ecjiu OHO 00/1a/aeT CYETHBIMU 6a3aMU BO BCEX CBOUX TOUKAX.

15.Q. Bcaxoe mempuieckoe npocmpancmeo yooeaemeopaem nepeot akcuo-
ME CHETMHOCTIU.

15.R. U3 emopotli akcuomvl CHemHocmu caedyem nepeas.

15.S. Tlocrpoiite pOCTPAHCTBO, YIOBIETBOPSIOIIEE [IEPBO aKCHOMEe CYer-
HOCTH | HE yjoBaerBopsiomee Bropoit. (Cp. 15.6.)

15.14. Kakne u3 cieayomux IPOCTPAHCTB YIOBIETBOPAIOT IIEPBOM AKCHOME CIeT-
HOCTH:

(a) mmckpernoe mpocrpancTso; (b) AHTHIMCKPETHOE TPOCTPAHCTBO;

(¢) crpenka; (d) Rp?

15.15. llpuBemgure mipuMep cemapadebHOTO MTPOCTPAHCTBA, YIOBIETBOPSIONIETO
epBOil AKCMOME CUETHOCTH, B KOTOPOM He MMeeT MeCTa BTOpas aKCMOMa CHYETHO-
CTH.
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15.16. loxaxkuTe, 9TO €CIN IPOCTPAHCTBO X YIOBJIETBOPHAET IIEPBOM aKCHOMeE
CYeTHOCTH, TO y KaxK/I0il ero Touku nMeercs yoObiBatomas 6a3a B roit Touke: U D
UsD....

15’'5. CekBeHIMaJbHBII I10/1X0/1 K TOIOJOIUN

CrenmaucThbl M0 MaTEMATHIECKOMY aHAIU3Y OUYEHb JIEODST MMOC/Ie0Ba-
TEJIBHOCTH U UX Ipejesbl. bojiee TOro, oru JI0dbIT roBOPUTH 000 BCEX TOIIO-
JIOPMYECKUX SIBJIEHUSX, OLUPAsACh Ha 3TU HOHATUs. DTa TPAJULINAA HE UMEeT
[MOYTH HUKAKUX MATEeMaTUIeCKUX ONPABIaHWl, HO 3aTO OHA UMEET JIOJITYIO
HMCTOPUIO, BOCXOIAIIYIO K pabOTaM IIPOIILIOTO BeKa 0 0OOCHOBAHMIIO AHAJIN-
3a. Ha camom jese, mouTu Bcerja, 3a OY€Hb PEIKUME HCKTIOYEHUAMEI (BO
BCeX 00g3aTe/IbHBIX JEKITMOHHBIX KypCaxX MaTMexa HX MOXKHO II€PeCUnTaThb
[0 TaJIblaM), yao0Hee 00XOmuThCs 6e3 MmocIe0BaTeIbHOCTeN (eC/n Bbl 3a-
HIMAeTeCh TOIOJOIMYECKUMHI OOBLEKTAMHU, & He CYMMHPOBAHHEM pPsIia, T
MOCJIEIOBATETFHOCTI BXOJIAT B ompeesenus). OTnaBas 1aHb TPAIUIIN, MbI
00BSICHIM 3/1€Ch, KaK U B KAKHX CAYyYAdX TOIOJTOTHIECKUE ITOHITHA MOYKHO
ONHNCHIBATDL Ha A3BIKE ITOCIeI0BaTeabHocTei. IlocmenoBaTebHOCTE Ha, TATHH-
CKOM 3bIKe — CeKBeHIHsI. [109ToMy COOTBETCTBYIOIIIE OIpe e eHusT 1 CaM
IIO/IXOJT HABLIBAIOTCA CEKBEHLNAbHBIMU.

IMycre A — nogMmHOXKECTBO TOMOIOrHIeCKOT0 npocrpancTtea X . Coso-
KyHHOCTb npeae/I0oB BCEBO3MOZKHBIX HOCJ’IQAOB&TQIIBHOCTQI;’I TOYEK MHO>KeCTBa
A HaA3BIBAIOTCA CEKBEHUMUATbHbIM 3aMbIKaHUEM TOTO MHOYXKeCTBa. Mbl Oymem
obosnagars ero SCl A.

15.T. Hokaxwure, uro SC1A C Cl A.

15.U. Ecau npocmpancmeo X ydosaemeopsaem nepeoti akcuome Cuemmo-
cmu, mo oas mobozo A eepro u obpamnoe exaouwenue SCIA O ClA, u,
snawum, SCIA = ClL A.

Takum 06pa3oM, B IPOCTPAHCTBAX, YAOBJIETBOPSIONINX IEPBON aKCHOME
CUeTHOCTH (B YACTHOCTH, BO BCEX METPHUYECKHMX ITPOCTPAHCTBAX ), 3aMbIKAHUS
MHOKECTB MOXKHO BOCCTAHOBUTH (@ 3HAYWT, M ONPEJEJINTD ), 3HAS, KAKUE M0~
CJIEJTIOBATEILHOCTH CXOJSITCS U K KakoMy mpesesy. [1o 3aMbikaHusiM, B CBOIO
ovepesib, MOYKHO OINPEJeJNTh U 3aMKHYTOCTb, & 110 3aMKHYTOCTH — OTKPBI-
TOCTH W BCE IMPOYNE TOIMOJOTUIECKNE TTOHATHSI.

15.17. Ilycte X — MHOYXKECTBO BEIMIECTBEHHBIX YHUCE C TOIOJOTHEH, COCTOATIEH
n3 & U JONOJIHEHUH BCEBO3MOXKHBIX CaeTHBIX nogamuoxects. (IIposepbre, 1ro 310
IeCTBUTEIbHO TOHOJ‘IOI‘I/ISI.) Kak ycrpoenst B Takom X CXOASIIuecs IIOCTIEI0OBa-
Te.}IbHOCTI/I, CEeKBEHIIUAJIbHbIE BaMI)IKa.HI/IH, BaMbIKaHI/IH? ZLOK&}KHTE, 4YToO B X nMe-
orca muoxkecra A, nna koropeix Cl A # SCLA.

15'6. CekBeHImMabHAsi HEMPEPHIBHOCTH

Terepb paccMOTpUM B TOM K€ JIyXe HEIPEePbIBHOCTH oTobOpakenwuii. ['o-
BOpAT, uTO oTobpakenue f : X — Y cekBeHYMasnbHO HENPEepbIBHO, €CTU JIJis
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J11060it Touku b € X u 1100011 110C/I€10BATEIBHOCTY Gy € X TOUYEK ITPOCTPAH-
crea X, crpemsiiieiics K b, nociaegosarensuoctsb f(ay,) crpemurcst K f(b).

15.V. Bcakoe nenpepuvigroe omobpadicenue cex8enyuasbHo Henpepuieto.

ale Vv
vy

15.W. IIpoobpa3 cek8enuyuaibHO 3aMEHYMO20 MHOICECMEA NPU CEKEEHUU-
AADHO HENDPEPHIEHOM OMOOPANCEHUY CEKEERUUAADHO 3AMEHYM.

15.X. Ecau npocmpancmeo X ydosaemeopaem nepeoti akcuome Cuemmo-
cmu, mo aboe ceksenyuasbo nenpepusnoe omobpasicenue f 1 X — Y
HENPEPBIBHO.

Taxum obpazom, st 0TOOpaKEHU MPOCTPAHCTBA, Y/IOBJIETBOPIIOIIETO
HepBOﬁ AKCMOMEe CYETHOCTHU, HEIIPEPBIBHOCTH W CEKBCHIIMAJIbHAA HEIIPEPbIB-
HOCTH PAaBHOCUJIBHDBI.

15.18. IlocTpoiiTe CEeKBEHITNAIHLHO HEITPEPHIBHOE, HO HE HEITPEPBIBHOE OTOOparKe-
uue. (Cp. 15.17.)

15'7x. TeopeMbl BJIOXXMMOCTH U METPU3YEMOCTHU
15.Ax. llpocrpancrso ly cenapabenbHo u 006/1a/1aeT CYETHOH 6a30il.
15.Bx. Peryngpnoe mpocTpaHCTBO CO CUETHOI 6a30#1 HOPMAJILHO.

15.Cx. lokaxkure. 9T0 HOpMAaJIbHOE IIPOCTPAHCTBO CO CUETHOI 62301l BK/1a-
apiBaercs B la. (Bocrosb3syiirecs siemmoit Ypoicona 14.Ax.)

15.Dx. Tomosioruueckoe TPOCTPAHCTBO CO CIETHOH 6a30it MeTpu3yemo, co-
IJIa OHO PEryJIsipHO.
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16. KoMmakTHOCTH

16'1. OnpegesieHne KOMIAKTHOCTHU

Tomotornaeckoe CBOMCTBO, KOTOPOMY TTOCBSIIEH ITOT maparpad, nrpaet
0000 BaXKHYIO POJIb U B TOIOJIOTHH, U B ee TpuaoKeHusix. OHO MpeIcTaBis-
eT coboit HEYTO BPO/IE€ TOMOJOTUIECKOTO aHAJIOra CBOMCTBA MHOXKECTBA OBITH
KOHEYHBIM. (DTa aHAJOTrHsI, TO-BUIMMOMY, HUKOT/Ia He ObLia GhopMamn30Ba-
Ha.)

Torosioruyeckoe MMpOCTPAHCTBO HA3BIBAETCH KOMMAKTHLIM, €CJii JII0boe
€ro MOKPBHITHE OTKPBITBIMA MHOYKECTBAMU COJIEPXKUT KOHEYHYIO HaCTh, TaK-
2Ke SBJIATONTYIOCS TTOKPBITHEM.

[loxpoeiTus, GBAAIONITECST JACTAME TAHHOTO TOKPBITH, HA3BIBAIOTCSI €r0
nognokpeiTusimy. Taxum 06pa30M, TOMOJOTTIECKOE TPOCTPAHCTBO KOMITAKT-
HO, ecJii 13 JiFoOOr0 ero OTKPBITOIO TOKPBITUST MOXKHO BBIJIE/IUTH KOHEUHOE
MIOJIIOKPBITHE.

16.A. Jlioboe KOHEUHOE TPOCTPAHCTBO U JIFOOOE aHTUIUCKPETHOE TTPOCTPaH-
CTBO KOMITAKTHBI.

16.B. Kakue quCKpeTHbIE TPOCTPAHCTBA KOMITAKTHBI!

16.1. Ilycrs 1 C Q2 — TOmoOIOrMYIECKHE CTPYKTYphl B MEHOKecTBe X . 1) Cremyer
Jin u3 KoMmnakTHOCcTH npocrpancrsa (X, (2) kommakTaOoCTH IpocTpancTsa (X, Q1)7
2) A maoGopor?

16.C. llpavasg R mHekoMIakTHA.

16.D. IlpocrpanctBo X HEKOMIIAKTHO, COT/Ia CYIIECTBYET €r0 OTKPBITOE TI0-
KpbITHE, HE UMEOIee HI OJIHOTO KOHETHOI'O MO/IMOKPBITH.

16.2. Kommnakraa au crpesnka? A Ry ?

16'2. TepMuHOJOrMYECKNE 3aMeYaHUSA

ITepBoHOYAIBHO KOMITAKTHOCTHIO HA3BIBAJIOCH Cjieryloiiee OoJiee ciiaboe
CBOMCTBO: U3 BCIKOI'O CHETHOI'O OTKPBITOT'O IMOKPBITHUA MO2KHO BBIZIC/INTH KO-
HEYIHOE TIOAIIOKPBITHUE.

16.E. Jlng npoCTpaHCTB, YAOBJIETBOPSIONINX BTOPOHl aKCHOME CUYETHOCTH,
ePBOHAYAJIBHOE OIIPe/Ie/IecHIe PABHOCUIBHO COBPEMEHHOMY.

CoBpemMenHoe MOHATHE KOMITAKTHOCTU BBEJIU, TIPEJIOKUB JIIs HET'O Tep-
MWH OMKOMITAKTHOCTD, coBerckue maremaruku [1. C. Asekcanmpos (1896—
1982) u I1. C. Ypsricon (1898-1924). Beenentoe nmonsarne 0Ka3aaoCh HACTOIb-
KO YJIa9HBIM, YTO TPAKTUIECKU BBITECHUIO CTAPOE U JIazKe 0TOOPAJIO OT Hero
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uMs (MHOTIA TEPMUH OMKOMIIAKTHOCTH BCE YK€ yIIOTPEOIAETCS — B OCHOBHOM
TOIMOIOTAMY MIKOJIBI AJIEKCAHPOBA).

lpyroe oTKJIOHEHWE OT TEPMUHOJOTUN UAET 0T Bypbaku: Mbl HE BK/IIO-
JaeM XaycJ0poBOCTH B OIpejie/ieHre KOMIIAaKTHOCTH, a Bypbaku BK/IOUaeT.
CornacHO HaIeMy OIIPeJIeIeHNIO TPOCTPAHCTBO R, KOMIIAKTHO, TOT/Ia Kak
o Bypbaku — He KOMITaKTHO.

16’3. KoMIIaKTHOCTb Ha A3bIKE€ 3aMKHYTbIX MHOXXECTB

FOBOI)HT7 9TO COBOKYIHOCTDH IOJMHOXKECTB HEKOTOPOTO MHOZKECTBA LeH-
TpUpoBaHa, eciu 1epecevenue J000I0 KOHEYHOr0 HabOPa MHOXKECTB 3TOil Co-
BOKYITHOCTH HEITYCTO.

16.F. CoBOKYIHOCTb Y. TOJAMHOYKECTB MHOXKeCTBa X SIBJISIETCH IEHTPUPO-
BAHHBIM, COT/Ia OHA HE COMEPKUT TAKON KOHETHON TACTH X1, ITO TOTMOTHEHST
MHOYKECTB, BXOJIAMNX B 21, MTOKPBIBAIOT X .

16.G. Tonosozuueckoe npocmpancmeo KOMNAKmMHo, co2da 410044 4ernmpu-
POBAHHAA COBOKYNHOCTND €20 3AMKEHYMBLL MHONCECTNE UMEEM, HENYCMOoe ne-
peceverue.

16’4. KoMmaKTHBIE MHOXKECTBA

Korma roBopsar, 9To Kakoe-TO MHOYKECTBO KOMMNAKTHO, BCET/Ia MMEIOT B
BUJIY, 9TO 9TO MHOYKECTBO JIEZKUT B TOIMOJOTUIECKOM MPOCTPAHCTBE (B Ka-
KOM MMEHHO, JOJIKHO OBITh $ICHO M3 KOHTEKCTA) W 9TO, Oy/ydd HAJEJEHO
WHYIUPOBAHHON TOIOJIOTHEH, OHO ABJIACTCH KOMIIAKTHBIM IIPOCTPAHCTBOM.

16.H. Ilodmmnooicecmso monosoeu4eckozo npocmpancmea X KOMNAKmMHo,
coeda u3 106020 €20 NOKPOIMUA MHONCECMEAMU, OEPOIMoMU 6 X , MOACHO
BHL0eAUND KOHEYHOEe NOONOKPLIMUE.

16.3. Komnakrho qiu MHOKecTBO [1;2) C R?
16.4. KoMnakTHO J1 TO e caMoe MHOXKecCTBO [1;2) B crpeske?

16.5. Haiinure HeoOX0auMoOe U JIOCTATOYHOE YCIOBHUE KOMITAKTHOCTH MHOYKECTBA
B cTpesike, hOPMyIUpyeMOe B HETOIIOJIOTTIeCKNX TEPMIHAX.

16.6. dokaxkure, 9T0 J11000€ MOIMHOMXKECTBO MPOCTPAHCTBA Ry SBISETCT KOM-
[TAKTHBIM.

16.7. Ilycrp A u B — xOMunakTHbBIE HOAMHOXKECTBA npocrpancrsa X . 1) Bepuo i,
aro MEOKeCTBO AUB KommakTHO? 2) Bepno s, aTo MmuOXkeCcTBO AN B KOMIaxkTHO?

16.8. Hoxkaxure, yro muoxecrso A = {0} U {%}20:1 in R xoMmaxTHO.
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16’5. KoMnakTHOCTh U 3aMKHYTOCTh

16.1. Haciencreenna I KOMIAKTHOCTE !

16.J. 3amrrymoe nodmmoscecmseo KOMNAKmMmHo20 npocmparcmen KOMnaKm-
HO.

16.K. Komnaxmmnoe nodmmoscecmeo raycdopdosa npocmpancmen 3amKHy-
mo.

16.L Jlemma % 16.K, Ho He moavko . ... FEcau A — xomnarxmmnoe nood-
MHO2CECMB0 Taycdopposa npocmpancmea X u b — mowka amozo npocmpan-
cmea, ne aeocawas 6 A, mo cyuecmsyrom omrpwvimuie muoscecmea U,V C
X, makue wmo b eV, ACU uUNV =0a.

16.9. Ckoucrpyupyiite HE3aMKHYTOE KOMIIAK THOE IIOJMHOYKECTBO KaKOro-HUOY/ 1b
npocrpancTsa. Kakoe MUHHMAIBHOE YHC/I0 TOYEK HEOOXOAMMO /I STOr0?

16’6. KoMIIaKTHOCTb U aKCHUOMBI OTAEJIMMOCTU

16.M. Komnaxmnoe Taycdopho6o npocmparcmeo pe2ysspHo.

16.N. KommakTaOe Xayca0pdoBO TPOCTPAHCTBO HOPMAJILHO.
16.10. Ilepeceduenne JT000T0 CEMEHCTBA KOMITAKTHBIX TIOJIMHOKECTB XayCcaopdona
npocrpancTsa kommakTao. (Cp. 16.7.)

16.11. Ilycrs X — xaycaopdoso npocrpascTBo, { Ko }aca — ceMeficTBO ero Kom-
MAKTHBIX IOIMHOKeCTB, U — HEKOTOPOe OTKPBITOE MHOXKECTBO, COJIePIKAIIee ﬂae A K.

Torma U D [, ¢4 Ko ms vexoroporo xomewroro A C A.

16.12. Ecuu {K,} — y0ObIBalomas 0C/I€10BATEIbHOCTh KOMIAKTHBIX HEILYCThIX
CBS3HBIX LIOZAMHOXKECTB XaycnopdoBa IpocTpancrsa, To nepecedenue (| o, K, memy-
CTO U CBA3HO.

16’7. KoOMIaKTHOCTb B €BKJIAJ0BOM IIPOCTPAHCTBE

16.0. Ompesox I xomnaxmen.

HanoMH#M 9TO n-MepHBIH Ky6 — 9TO MHOKECTBO
I"={xeR"|z; €[0;1] mnz i =1,...,n}.

16.P. Kyo I xomnaxmen.
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16.Q. KomnaxmHoe noOMHOHCECMEO MEMPUHECKO20 NPOCTNPEHCINGEA 02PAHUYEHO.

Wrak, cornacuo 16.K u 16.0Q), xomnaxmmoe nooMHoNCECTNEA MEMPUYE-
CK020 MPOCMPAHCMEa 3GMEHYMbL U 0ZDAHUYEH DL,

16.R. IlocTpoiiTe 3aMKHYTOE OTDAHTIEHHOE MOIMHOYKECTBO METPUTIECKOTO
TIPOCTPAHCTBA, He ABJSIONIeeCT KOMIAKTHBIM.

16.13. KoMuakTHbL i1 METPUYECKUE IIPOCTPAHCTBA U3 3aa4uu 4. A7

16.S8. Ilodmmnooicecmeo eskAud06a NPOCMPAHCMEE KOMNAKMHO, c020a OHO
3AMKEHYMO U 02DAHUMEHO.

16.14. Kakue u3 CIeLyONUX MHOXKECTB KOMIIAKTHBI:

(a) [0;1); (b) ayaRy ={z € R|z >0} (c) S%
(d) S (e) ommEOMOMIOCTHOI THTIEPGOTONT; (f) smmmnconsy;
(8) [0;1]NnQ7

Marputty (@ij)7 j=1 C BeIIECTBEHHBIMHI 3JIEMEHTAMIE (;j MOXKHO PACCMATPHBATD

KaK TOYKY IIPOCTPAHCTBA ]R"k, 3aHyMepOBaB ee 3IeMEeHTHl duciaaMu oT 1 10 nk
KaKMM-Tu60 crrocobom (Hampumep, mekcukorpaduaeckn). Tem caMbiM MHOKECTBO

L(n, k) Bcex Takux MaTpUI] OTOXKIECTBJAETCI C R™ yu mamemsercsa Tomosorueii.

(Cp. 13.)
16.15. Kakue W3 CIeIyIOMAUX TTOIMHOKECTB MPOCTPAHCTBA, L(1,N) KOMITAK THBL:

1) GL(n) = {A € L(n,n)| det A # 0};

(

(2) SL(n) = {A € L(n,n)| det A = 1};

(3) O(n) ={A € L(n,n)| A oproronanbuast MaTpuIa};

(4) {A € L(n,n)| A* = E}, (3aech E — 310 equnuanas marTpura)?

16'8. KoMmakTHOCTh 1 HeNpepbIBHbIE OTOOParKeHUS

16.T. Henpepuenwviii 0bpas xKomnaxmmozo npocmpancmea komnaxmen (py-
2umu caosamu, ecau X — xomnarxmmuoe npocmpancmeo, [ X — Y — nenpe-
poienoe omobpasicerue, mo muoocecmso f(X) womnaxmmno ).

16.U. Ha KoMRaxmmom MHOICECTNEE BCAKAA MENPEPLIGHAA HYHKUUA O02-
panuvena u docmuzaem nauboavbuiezo u Haumenvwezo snavenul (Apyzumu
caosamu, ecau f: X — R — uenpepwsnan dynryus u X womnaxmmo, mo
cywecmeyem a,b € X, maxue wmo f(a) < f(x) < f(b) daa aobozo x € X).
(Cp. 16.T u 16.5.)

16.16. Ecom bynxuua f : I — R nenpepoiBra, 1o f(I) — 3aMKHYTBI OTPE30K.

16.17. Tlycrs A — nogmuoxkecrso R™. Jokaxure, 4ro A sBiisiercd KOMIAKTHBIM,
corja BCAKas HerpepbiBHad QyHKImMa Ha A gBIgeTCs OrpaHUYIeHHOM.

16.18. oxaxwure, 9to ecan F' — 3amkHyTOe, 8 K — He Iepecekaroneecs ¢ HUM
KOMITAK THOE TIOIMHOYKECTBO METPHHYECKOTO TPOCTpancTBa, o p(F, K) > 0.
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16.19. Jloboe OTKPHITOE MHOYKECTBO, COAEpZKAIIee KOMITAKTHOE MOIMHOKECTBO
A MeTpuUYecKoro npocrpaHcTsa X, COIEPKHUT £-OKPECTHOCTb MHOKecTBa A s
Hekoroporo € > 0.

16.20. Eciu A — 3aMKHYyTOE CBA3HOE IOAMHOXKeCTBO rpocrpanctsa R"™ u V' — ero
3aMKHYTasd £-OKPECTHOCTb, TO MHOXKECTBO V JIMHEHHO CBA3HO.

16.21. JloxaxkuTe, 9YTO €CIU B KOMIAKTHOM METPHYECKOM IIPOCTPAHCTBE 3aMBI-
KaHpe JIF000ro OTKPBHITOrO Miapa eCTh 3aMKHYTBHIN IIap C TeM Ke LEHTPOM U TOro
JKe PaJHyca, TO B 9TOM IPOCTPAHCTBE JII000 Iap CBA3EH.

16.22. Ilycrp X — xommakrHoe merpudeckoe npocrpascTso u f @ X — X —
rakoe orobpaxenue, uaro p(f(x), f(y)) < p(z,y) mua mobeix x,y € X ¢ x # y.
Torma orobpazkenne f mMeeT HEMOABUKHYIO TOYKY W TaKasl TOYKA €IMHCTBEHHA.
(HamoMuuM, 9TO HEIOJBUAKHAA TOIKA 0TOOpazkeHWs f — 9TO Takad TOUKA X, UTO

f(z) = =)

16.23. [dnsa mio60ro MOKpHITHS KOMIIAKTHOTO METPUYECKOTO MPOCTPAHCTBA OT-
KPBITBIMI MHOYKECTBAMU CYIIECTBYeT Takoe ducyo r > 0, 910 a000# OTKPBHITHII
map pajguyCcoM 7" COAEPKUTCS IO MEHBINEH Mepe B OIHOM 3JIEMEHTE TMOKPBITHUSI.

16.V Jlemma Jlebeea. Ilycmv f : X — Y — uenpepweroe omobpasice-
HUE KOMNAKMHO20 MEMPUYECKO20 NPOCMPAHCMEa X 6 MONOA0ZU%ECKOE NPO-
cmparemeo Y u I' — omxpoimoe noxpumue npocmparcmea Y . Tozda cywe-
cmeyem maxoe wucao 0 > 0, umo obpas f(A) awbozo mnoorcecmea A C X
duamempa MeHvwe O CO0ePHCUMCA 8 HEKOMOPOM dAEMEHME NOKPLMUsL 1.

16’9. 3amkHyTbIe OTOOparkeHus

HenpepoiBaoe orobparkenune Ha3bIBACTCA 3aMKHYTbIM, ecjii 00pa3bl 3a-
MKHYTbBIX MHO2KECTB 3aMKHYTHI.

16.24. HempepniBHast OMeKIus ecTb TOMeOMOpPMhU3M, COTa OHA SIBIISIETCS 3aMKHY-
TBIM OTOOpaKEHWEM.

16.W. Jhoboe nenpepuieroe omobpasicerue KOMNAGKMHO20 NPOCMPAHCmed 6
raycdopdhoso Npocmpancmseo 3aMEHYMO.

Bor JBa BaKHBIX CJICJCTBUA STOM TEOPEMBI.

16.X. Henpepuenas OuEKUus KOMNAGKMHO20 NPOCMPAHCMEa Ha Taycdopho-
80 ABAACMNCHA 20MEOMOPPUSMOM.

16.Y. Henpepuehas UHBEKUUA KOMNAGKMHO20 NPOCMPAHCMEA 68 Taycdopdo-
80 ABAACMCA MONOAOZUYECKUM BAONCEHUEM.

16.25. llokaxkure, uTo B TeopeMme 16.X HU OOHO U3 UETBHIPEX YCJIOBHIl HeEIb3d
BBIOPOCHUTD, He caenaB (HPOPMYIUPOBKY HEBEPHOIA.

16.26. CymiecTByer jiu TAKOE HEKOMIIAK THOE MHOYKECTBO B €BKJIN/IOBOM IIPOCTPAH-
CcTBe, ITO J000€ ero HelpepbIBHOE 0TOOpazKeHne B XaycmopdOBO IIPOCTPAHCTBO

samkuyto? (Cm. 16.Un 16.W.)

16.27. CyxeHre 3aMKHYTOTO OTOOPasKeHUsT HA 3aMKHYTOE MOIMHOXKECTBO sIBJIs-
ercd 3aMKHYTBIM OTOOPaKeHUeM.
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16.28. Ilycrs orobpaxenme f : X — Y mempepwBHo, K C X — koMmakTHOe
MHOXKECTBO, & IpocTpancTso Y xaycmopdoso. IIpeamonoxum, aro cyxenune f|x
ABJIETCH UHbHEKTUBHBIM OTOOpaKeHueM U Jjid BCAKON Touku a € K waiinerca
OKpecTHOCTH Uy, Takas 9To CyKenme f|y, WHbeKTUBHO. J[0KasKuTe, 9TO y MHOKE-
crBa K cymecrByer okpecraocTh U, Takas 9TO CyKeHue f|y aBagerca MHbEeKTUB-
HBIM OTOOpayKeHUEM.

16’'10x. Hopmbr B R"

16.1x. dokaxure, yro aobag nopma R™ — R ecrb menpepbiBHas yHKIus.

16.2x. [Jokaxure, 9T0 JI00bBIE BE HOPMBI B R™ 9KBUBAJIEHTHBI (T. €. 331A10T OJIHY
u ty ke ronosoruio). Cm. 4.27, cp. 4.81.

16.3x. BepHO jin yTBepK/IEHNE MPEIBIIYINeil 3a1a9n 1jisi MeTpuk B R™?

16'11x. MHaAyKnusa M0 KOMIIAKTHOCTH

Oyukmus f : X — R Ha3BIBAETCS JI0Ka/IbHO OrPAHNYEHHOM, €CITN ISt KaK I0i
TouKH @ € X CymecTByeT Takad ee OKpeCcTHOCTH U m Takoe wmcao M > 0, uro
|f(z)] < M upu x € U (1. e. ecsim Kaxzgas Todka mpocrpancrsa X obsagaer
OKPECTHOCTBIO, CyKeHne GyHKIUH [ Ha KOTOPYIO OIPAHUIEHO ).

16.4x. Ecau upocrpancrso X komnakrao, a dyukuusa f @ X — R jgokanbao
OrpaHWYeHa, TO OHa OTPAHUIEHA.

OTO yTBepK/EHWE SIBISETCS MPOCTEHINM TpUMeHeHreM (HhOPMYIUPYEMOTO
amxke (cm. 16.5x) 06mero IpuHIKIA, KOTOPBIA MOXKHO HA3BATH UHAYKLNEN MO KOM-
MaKTHOCTH.

IIycre X rTomonorumyeckoe nmpocTpancTBo, £ — HEKOTOPOE CBOWCTBO €ro Ioj-
mHOKecTB. Hazosem &€ agautusHeiv, eciim 00beIMHEHNE JTI060T0 KOHETHOTO Habopa
MHOXKeCTB, obJiasaomux cBoiicrBom &, Takxke obsagaer cBoiicrBom €. Ckaxewm,
qaro X A0Kaavno obaadaem ceoticmeom £, ecim j1obasd ero TOUYKa MMeeT OKPeCcT-
HOCTbh, 00JIAIAIONIYI0 STUM CBOWCTBOM.

16.5x. [lokaxwure, 9T0 KOMIIAKTHOE IIPOCTPAHCTBO, JTOKAIHLHO 0013/ Taf0NIee HEKO-
TOPBIM JIUTUBHBIM CBOWCTBOM, CaMO 00JIQTa€T STUM CBOWCTBOM.

16.6x. BoiBepure 1pu oMo STOrO IPUHIUIIA Y TBEPXK Aenusd 3a1a4 16.Q), 17.M,
u 17.N.
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17. CekBeHIIMaJIbHAd KOMIOAKTHOCTbD

17'1. CekBeHIMaJ/ibHAsd KOMIAKTHOCTb U KOMIAKTHOCTb

ToBopstT, UTO TOMONIOTMIECKOE TTPOCTPAHCTBO CEKBEHLMATbHO KOMMAKTHO,
ecsu Jii00ast MOCIe0BATEIbHOCTh €0 TOUYEK COJEPIKUT CXOJIATITYIOCS ITOJIIT0-
CJIeIOBATETHHOCTD.

17.A. Komnaxmmnoe npocmparcmeo, Yyoosaemeopaowee nepsots akCuoMe CHem-
HOCMU, CEKBEHUUGADHO KOMNAKMHO.

Touka b HA3LIBAETCS TOYKOUM HakomaeHusi MHOXKecTBa A, ecnm mobas ee
OKPECTHOCTH COAEPKHAT OECKOHETHOE YHCJIO TOYEK 3TOrO MHOXKECTBA.

17.A.1. B npocTpaHCTBe, yIOBIETBOPSIONIEM TIEPBON aKCHOME OTIETUMOCTH,
MMOHATUSA TOYKN HAKOMJIEHUA W TTPEIeTbHON TOUYKW COBIAIAOT.

17.A.2. B KoMNaKmMHOM NPOCMPAHCMEE 8CAKOE DECKOHEUHOE MHOMCECTNE0 00-
AG0aEM MOUKOT HAKONAEHUS.

17.A.3. Boiseaure reopemy 17.A u3z 17.A.2.

17.B. (Cek6eHuuasbHo KOMNAKMHOE NPOCTPAHCINGEO €O Cuemnot 6a301 KoM-
naxmmHo.

17.B.1. Beakas youieaiouyas nocaedo8amesbHOCmMb HENYCMbLE 3GMEHYMbLE MHO-
2HCECTME CEKBEHUUANALHO KOMNAKIMHO20 NPOCTPAHCNEE 004a60aem HenYCmbLMm ne-
pecevenuem.

17.B.2. Bceakas yObIBaroIas moCae0BaATEIbHOCTh 3aMKHY THIX HEILyCTbIX MHO-
JKECTB MMEET HEITyCTOE MEPEeCcedeHne, COra BCAKAasd MEHTPUPOBAHHAA CUYETHAA
COBOKYITHOCTH 3aMKHYTBIX MHOYKECTB MMEET HEITyCTOE TepecevueHue.

17.B.3. Boiseaure Tteopemy 17.B w3 17.B.1 u 17.B.2.

17.C. /[asa npocmpancme co cuemnotl 64300 KOMNAKMHOCG U CEKGEHUU-
ANDHAA KOMTAKMHOCTND PAGHOCUNDHDL.

17'2. CekBeHIUaJIbHAsA KOMIAKTHOCTh B METPUYECKHUX IIPOCTPAH-
cTBax

[TommuoKeCTBO A METPHUYIECKOTO MpOCTPAHCTBA X HA3BIBAETCS €ro &-
cemvio (I1e € — HOJIOKUTEIHHOE BEIIECTBEHHOe 4nciio), ecan p(x, A) < €
T J1I000i Touku x € X.

17.D. Bcesikoe KOMIIAKTHOE METPUTECKOEe TTPOCTPAHCTBO 00/1aaeT KOHETHOMH
€-cernio I jaboro € > 0.

17.E. Bcgkoe ceKBeHIINAIBHO KOMIAKTHOE METPUYECKOe MPOCTPAHCTBO 00-
JIaJIaeT KOHEYHOU £-ceThio Jijis jiroboro € > 0.



120 II1. Tomosormyeckue cBOHCTBA

17.F. TloaMHOXKECTBO METPUYECKOr0 MPOCTPAHCTBA BCIOIY ILJIOTHO, COT/IA
OHO SIBJISIETCS €-CeThIO JIst jiroboro € > 0.

17.G. Bcakoe cexk8eHUUGNDHO KOMNAKMHOE MEMPUYECKOE NPOCTNPEHCINGO
cenapabesvHo.

17.H. Bcsikoe CeKBEHITMAIBHO KOMITAKTHOE METPUTIECKOE TTPOCTPAHCTBO 00-
JIQJIAeT CYeTHOI 0a30ii.

17.1. [laa mempuueckux npocmpaHcme KOMNAGKMHOCMb U CEKGEHUUAALHAA
KOMNAKMHOCND PAEHOCUADHDL.

17.1. JIioboe ceKBEHITMAILHO KOMIIAKTHOE METPUIECKOE IPOCTPAHCTBO OI'DAHIIE-

wo. (Cp. 17.Eu 17.1)
17.2. Bo BCAKOM METPHYECKOM IIPOCTPAHCTBE s Jjirodoro € > ( cymecTByer:

(1) muckperHas e-ceTb U Jaxe
(2) Takas e-cerb, YTO PACCTOSHHE MEXKy JIOObIMU JABYMsi €€ TOYKAMU HE
MEHBbIIIE €.

17'3. KoMOmakKTHOCTb W IIOJTHOTA

[ToceoBaTebHOCTb {Ty fneN TOYEK METPUYECKOrO NPOCTPAHCTBA Ha-
3BIBACTCS MOCAEA0BATENBHOCTLIO KOLWM 1 TOBOPAT, YTO OHA CX0AMTCs B cebe,
ecam jis 1i060ro € > 0 cymecrByer Takoe anucao N, uaro p(Xy, Ty,) < € ais
J1006IX M, m > N.

17.J. Bcegakag cxomdrmiascsa B cebe MOCIeI0BaTeIbHOCTD, COAEPKAIIAL CXO-
JIATITYIOCS TIOJIIIOCIE0BATETEHOCTD, CXOTUTCS.

MeTpI/I‘IeCKOQ IIPOCTPAaHCTBO HA3BIBACTCA MOJIHbIM, €CJIN BCAKad €ro IIo-
CJI1e10BaTE/IbHOCTD Komu umeer IpejeI.

17.K. Merpudeckoe MpOCTPAHCTBO ABJISIETCS MOJHBIM, COT/Ia Ji0bast yObi-
BAIOIAd MMOC/IE€I0BATE/IHHOCT €r0 3aMKHYTHIX IIapPOB C PAJIMyCaMu, CTPeMs-
[IUMUCS K HYJIIO, 00/1a/1aeT HEIyCThIM ITePECeIeHUEM.

17.L. KoMmakTHOE METPUIECKOE TPOCTPAHCTBO MOJTHO.

17.M. Tlonnoe MeTpwYecKoe MPOCTPAHCTBO KOMIIAKTHO, COT/IA, JJIsd JIF0OOTO
€ > 0 B HEM CYIIECTBYET KOHEUHAs £-CETh.

17.N. llonnoe MeTputvecKoe MPOCTPAHCTBO KOMITAKTHO, COTJA Jijisd JIFOOOT0
€ > ( B HEM CYIIeCTBYeT KOMIAKTHAS £-CETh.

17'4x. HekoMIIaKTHOCTh GECKOHEYHOMEPHBIX LIapPOB

O6o3Ha"auM cuMBOJIOM £°° MHOXKECTBO BCEX OrPAHHYEHHBIX IIOC/IEIOBATE b
HoCTel BemecTBeHHbIX uncesl. OHO SB/IAETCA BEKTOPHBIM ITPOCTPAHCTBOM OTHOCH-
TeIHbHO MOKOMIIOHEHTHBIX Omepanwmii. B mem mmeercs ecrecTBenHas HOpMa ||z|| =
sup{|zn| | n € N}.

17.1x. KoMmiakTabl jin 3aMKHyThIe mapbl npocrpancrsa £°°7 A chepnt?
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17.2x. Kommakrao u MuOXKecTBO {2 € I*° | |v,] < 27", n € N}?

17.3x. Hokaxure, uro MuoxectBo {x € [*° | |z,| = 27", n € N} romeomopduo
KaHTOPOBY MHOkecTBY K (BBeméHHOMY B 2).

17.4x*. CymecTByeT mu GECKOHEIHOMEPHOE HOPMHUPOBAHHOE MPOCTPAHCTBO, B
KOTOPOM 3aMKHYTHIE TTAPhl KOMITAKTHBI !

17'5x. p-agm4ueckue gucsa

Qukcupyem rpocroe 9ucso p. DopmasibHbIil Pt BUIA ao+a1p+. . .+anp”+. ..
c0<an <p, an € N naspBaerca yeasim p-agunqeckum quciom. (Crnoso gopmans-
HoLl O3HAYAET 3/1eCh, UTO IJIIOCHI HE MPU3BIBAIOT K HEMEITEHHOMY CIOXKEHUIO, a
pPaccMaTPUBAIOTCA KAaK CBOErO POJA 3HAKHM HpenuHanud.) MHOXKECTBO Heabrx p-
aaudecKux 4uces obo3Hadaercd depes Zp,. BeegeMm B HEro cieayionryio MEeTPHKY:
g x # y nomoxuM p(x,y) = p~ ", TIe M — NEpPBbIi TOKA3aTeb, TPA KOTOPOM
KO3 UIUEHTHI B PsjlaX T U Y PA3JTAYIHDL.

17.5x. Jdoxaxure, 94T0 p — A€HCTBUTEIHHO METPUKA B Zp.

OTa MeTPUKA HA3BIBACTCH P-afqM4eCcKoil, a Z, C He0 HA3BIBACTCS MPOCTPaH-
CTBOM LjesibiX p-agundeckux qucen. meercs uavexius Z — Zyp, 1pU KOTOPOU UUCITY
ao+aip+ ... +app” € Zc0 < ar < p, ar € N, craBuTcg B COOTBETCTBUE D3I,
ao+arp+...+anp” +0-p" Tt 4+ ... auucay —(ao +aip+ ...+ anp”) € Z c
0<ar <p,axr €N —pagby+bip+...+bp" 4+ (p—p T +(p—1p" T2+,
rme bo +bip+ ...+ bup™ =p" T — (ao + ar1p+ ...+ anp™). Cp. 4.Ix.

17.6x. lokaxwure, 9TO 00pa3 3TOM MHBHEKITNN SBJISTETCS BCIOAY TLIOTHBIM MHOYKE-
CTBOM B Zyp.

17.7x. fBnsercs ju IPOCTPAHCTBO Zp HOTHBIM?

17.8x. Kommaxrao mu Zy?

17'6x. IIpocTpaHCTBa BBITYKJbIX (bUryp

ITycts D C R? — 3amkmyThIi Kpyr pammyca p. PaccMorpum MHOMKECTBO P
BCEX BBIILYKJIBIX MHOTOYTOJbHUKOB P, TaKUX 9TO:
e IIepUMeTp MHOTOYTOJIbHUKA [’ He IPEeBOCXOIUT D;
e P comepxurcsa B Kpyre D;
e P umeer He Gosiee N BeplIMH (He MCKJIIOYAIOTCS CIIy9au OJHON U JBYX
BEepPIIUH, IPX 3TOM IIePUMeTDP OTPe3Ka CIUTAEeM PABHBIM YIBOCHHOMI ITHHE
9TOro OTpe3Ka).

Cm. 4.Ax, cp. 4.Cx.

17.9x. Cuabaure 3TO MHOMKECTBO €CTECTBEHHON CTPYKTYPOI TOIIOJIOTMIECKOTrO
npocTtpaHcTBa. Hampumep, BBeAUTe eCTECTBEHHYIO METPHUKY.

17.10x. [Jokaxwure, 9TO 3TO IPOCTPAHCTBO KOMIIAKTHO.

17.11x. Hoxaxkure, ITO Cpeay MHOIOYIOJbHUKOB B P, CyIIeCTByeT MHOIOYIOJIb-
HUK HAUOOJIBINEH TLI0NIA TN,

17.12x. JlokaxkwnuTe, ITO CPEIV MHOTOYTOJBHUKOB B P, HAMOOJIBIIYIO ILIOMIAIH
HMMeeT IIPABUIbHBIN N-yTrOIbHUK.
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Paccvorpum Tereph MHOXKECTBO Poo BCEX BBIMYKJIBIX MHOTOYTOJILHUKOB TTEPH-
MeTpa, He IIPEBOCXOILAIIEro P, COMEePKAMUXCA B Kpyre paauyca p. Takum obpazom,
Poo = U2 P

n=1
17.13x. BBemure B Poo CTPYKTYDPY TOIOIOTUYECKOTO IIPOCTPAHCTBA TAK, ITOOBI

POCTPAHCTBA P;, OBLIN ero mOAIPOCTPAHCTBAMH.

17.14x. [Jokaxure, 9TO TPOCTPAHCTBO P (p, 00) MOCTPOEHHOE B KAYECTBE PEIEHUS
3azaun 17.18x, He KOMIIAKTHO.

Paccmorpum Terepb MHOXKeCTBO P BCeX 3aMKHYTHIX BBIILYKJIBIX [IOJIMHOXKECTB
IJIOCKOCTH C TIEPUMETPOM, HE ITPEBOCXOIAIINM D, U COJEPIKAIIUXCS B KPyTe PaJii-
yca p. (OGparuTe BHMMaHUE, 9TO KAKI0€ W3 HAX KOMITAKTHO.)

17.15x. BBemure B 9TO MHOXKECTBO TOIIOJIOTHIO, KOTOPas Obl MHIYIIPOBAJIA Pac-
CMOTPEHHBIE BBIIIE TOIOJIOTUN TTPOCTPAHCTB MHOTOYTOJIHHUKOB.

17.16x. oxkaxkure, 9TO IIPOCTPAHCTBO P KOMITAKTHO.

17.17x. JlokaxKuTe, 9TO CpeIH BCEX BBIIYKJIBIX IIJIOCKHX MHOXKECTB C IIePIMETPOM
P CyLIECTBYeT MHOXKECTBO HAMOOJIbIIEH ILIOIIAIH.

P
17.18x. [lokaxmre, 9TO TAKOBBIM ABJIACTCA KPYT PATUYCOM -



18x. JlokasmpHAsT KOMOAKTHOCTD H HapPaKOMIIAKTHOCTH 123

18x. JlokaJgpHagd KOMIIAKTHOCTHh 1
IIapaKOMIIAKTHOCTb

18'1x. JlokajpHass KOMOAKTHOCTDb

TonoJsiornueckoe IPOCTPAHCTBO X HasbIBaeTCd JIOKaJIbHO KOMTMAaKTHbIM,
eciam y Ka)K,JIOfI €ro0 TOYKHN NMeeTCA OKPEeCTHOCThb C KOMITAKTHBIM 3aMbIKaHM-
€eM.

18.1x. KoMmakTHOE IPOCTPAHCTBO JIOKAJIHHO KOMIIATTHO.

18.2x. Kakwe u3 cjie/Iyionmx IpOCTPAHCTB JJOKAJIHHO KOMIAKTHBI:
(a) R, (b) @ (c) R™ (d) sguckperHOE TPOCTPAHCTBO?

18.3x. IlpuBenure mpuMep ABYX JIOKAIbHO KOMIAKTHBIX IIOJIMHOYKECTB IIPSIMOUT,
00beTUHEHNE KOTOPBIX HE SABJISETCH JIOKATBHO KOMITAKTHBIM.

18.Ax. Hacneacrsenna jim J10KaJIbHas KOMITAKTHOCTD

18.Bx. 3aMKHYTOE TOIMHOXKECTBO JIOKAJIHHO KOMIIAKTHOIO IIPOCTPAHCTBA
JIOKQJIbHO KOMITAKTHO.

18.Cx. BepHo Jiu, 9TO OTKPBITOE MOJIMHOXKECTBO JIOKAJBHO KOMIIAKTHOI'O
[IPOCTPAHCTBA JIOKAJIHBHO KOMIIAKTHO?

18.Dx. XaycaopdoBo J0KaIbHO KOMIIAKTHOE IIPOCTPAHCTBO PETY/ISPHO.

18.Ex. OTKpbITOE MOJMHOXKECTBO JIOKAJIBHO KOMIIAKTHOTO Xaycaopdosa
[IPOCTPAHCTBO JIOKAJIbHO KOMIIAKTHO.

18.Fx. Jloka/ibHasi KOMIIAKTHOCTD SIBJISETCH JIOKAJIBHBIM TOTIOJIOTHICCKUM
CBOICTBOM 11 XayCcI0PQOBBIX MPOCTPAHCTB. pyrumu cioBaMu, XaycIop-
dOBO IPOCTPAHCTBO ABJIAETCS JIOKAJIHHO KOMITAKTHO, COIIA KaXK/IAsd ero TOY-
Ka 00J1a/1aeT JIOKAJIbHO KOMITAKTHOW OKPECTHOCTBIO.

182x. OagHoTroueuHas KoMnakTuUKaLs

[Tycrs (X, Q) — xaycnopdoBo TONMOI0rnIecKoe npocTpancTBo u X * — MHO-
JKECTBO, nojtyvatonieecs u3 X 106aBgIeHneM oJHON TOUKM Ty (KoTOpast, pasy-
meercs, He npunaiexkur X ). [lycrs Q% — coBokynnocrs nogmuoxkects X,
COCTOSATIAST U3

® MHOYKECTB, OTKPBITBHIX B X, U

e vuoxkecTs Buja X\ C, rue C' C X — KOMIIAKTHOE MHOYKECTBO:

F=QU{X*\C|C C X — KOMIaKTHOE MHOKECTBO }.
18.Gx. Hdoxaxure, aro nabop {2* — romojiorudyeckasi CTpyKTypa.

18.Hx. oxkaxxure, uTo npocrpancTBo (X*, ") KoMmakTHO.
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18.Ix. Brouenne X — X* apiagercss TONOJIOrMIecKuM Bjokenuem (0r-
HOCHTEIBHO MCXOAHOM Tonosiorun B X n F).

18.Jx. Ecam mpoctpancTtBo X JOKAJIHHO KOMITAKTHO, TO IIPOCTPAHCTBO
(X*, Q%) xaycnopdoso. (Hanomuaum, o X B 9TOM NyHKTE IPEANOIAraeTCS
xayc10pdOBbIM. )

Tormoioruvueckoe BJIOYKeHME MPOCTPAHCTBA X B KOMIIAKTHOE MTPOCTPAH-
cTBO Y Ha3BIBAETCS KOMMaKkTUghukayumer mpocTpancTBa X, ecin ero obpas
mwiored B Y. Tak ke B 9T0ii cuTyarun Ha3bIBAeTCS W MpocTpancTso Y . (s
yrporeaust 0603HadeHuii Mbl 6y/1eM 0TOXKIeCTBISATE X ¢ ero obpa3om B Y'.)

18.Kx. Eciu X — j10KaibHO KOMIIAKTHOE XayC10pdOBO IPOCTPAHCTBO U Y —
ero xaycaopdona koMmakTudukaysd ¢ 0HoTOUeIHbIM Y N\ X, TO cyIecTByer
romeomopdmsm Y — X, roxmecrBeHHbI Ha X .

Takoe npocTpaHcTBO Y HA3bIBAETCA OFHOTOYEYHON KOMMAKTUDUKAYUED
nn KoMnakTughukaumein AnekcaHgposa npocrpancrea X . 13 yreepxkenus
18.Kx cietyer, 910 IPOCTPAHCTBO Y B MOHATHOM CMBIC/IE €IMHCTBEHHO.

18.Lx. Jlokaxkure, 4TO OJHOTOUEUHAS KOMIAKTH(HUKAIUA IIOCKOCTH R2
romeomopdua 52,

18.4x. Opgnoroyeunasa Kommak rudukanus npocrpancTsa R" romeomopdua chepe
S,

18.5x. ¢BHO onuIINTE OIHOTOYEIHbIE KOMIAK TH(DUKAIINN CJIeTY IOIIUX IPOCTPAHCTB:

—_

) kombia {(z,y) € R*|1 < 2? +y° < 2};

2) kBagpara 6e3 sepmun {(z,y) € R? |z, y € [~1;1], [zy| < 1};

3) momocwr {(x,y) € R* |z € [0;1]};
)

4) KOMITAKTHOI'O ITPOCTPAHCTBA.

NSNS

18.Mx. Jloka/JibHO KOMITAKTHOE XayCIa0pg0OBO MPOCTPAHCTBO PETY/ISIPHO.

18.6x. Ilycts X — TOKAJIHHO KOMITAKTHOE XayCI0pdOBO MPOCTPAHCTBO, /X — HEKO-
TOpOe ero KOMIIAKTHOe IMOIMHOXkKecTBO, U — okpectHocth muOxkectBa K. Torma
CyIIecTByeT OKpecTHOCTEH V muHOXkecTBa K, 3ambrkanme Cl V' koTopoit KOMIakTHO
u comepxkurcda B U.

18'3x. CobGcTBeHHBIE 0TOOPaXKeHUs

Henpeprisuoe orobpazkernue [ : X — Y Ha3biBaeTcss cOOCTBEHHbIM, €C-
JIL OHO HEIPEPBIBHO U MPO0OPa3 J0OOro KOMIIAKTHOTO MHOXKECTBa mpu f
KOMITAKTEH.

IIycrs X, Y — xaycmopdossl mpocrpancrsa. Beskoe HempepbiBHOE 0TOO-
paxenune f : X — Y ecrecTBeHHBIM 00PA30M TIPOLOJIZKAETCS JI0 0TOOparKe-
HUS
f(z) mpuzelX,

UYse U T = L.

X =Y i
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18.Nx. [dokaxure, aro orobparkenue f* HenpepbiBHO, corjpa [ sIBJIsIeTCS
COOCTBEHHBIM.

18.0x. Bcgkoe cobcTBenHnoe oTobpazkenne xaycaopdoBa MPOCTPAHCTBA B
xaycnopdoBoO JIOKATBHO KOMIIAKTHOE ITPOCTPAHCTBO 3aMKHYTO.
Yreepxjgenne 18.0x cBs3ano ¢ Teopemoit 16. W.

18.Px. llpojorxute 3Ty aHAJIOTHIO: CHOPMYJIUPYITE U IOKAKUTE YTBEPK ICHUS,
CcOOTBeTCTBYIOmMMe TeopemaM 16.Y m 16.X.

18’4x. JlokaJpbHO KOHEYHbIE ceMelicTBa

MuozxkectBo I moiMHOXKECTB TpOCTPAaHCTBA X HA3BIBAETCS JIOKAJIbHO KO-
HEYHbIM, €CJIi BCsKas TOYKa mpocTpaHcTBa X 00/1a/1aeT OKPECTHOCTHIO, ITe-
peceKaroreiics UMb ¢ KOHETHBIM IUCIOM MHOXKECTB, TpUHATeKammx 1.

18.Qx. JIoboe JIOKaIbHO KOHEUHOE MOKPBITHE KOMITAKTHOTO TPOCTPAHCTBA
KOHEYHO.

18.7x. Ecnum muox)kecTBO [ MOIMHOXKECTB TPOCTPAHCTBA X JIOKAJIHLHO KOHEYHO, TO
JslokaibHo Koreuno u muoxkecrso {Cl A | A € I'} sambikanuit muoxecrs us I

18.8x. Ecnu cemeiictBo I' mommmO)kecTB mpocTpancTBa X JIOKAJIBHO KOHEYHO,
TO KaXK70€ KOMITAKTHOE ToAMHOKeCTBO A C X mepecekaercsd JIMIIb ¢ KOHEYTHBIM
9HCJIOM 3JIEMEHTOB ceMeiicTBa .

18.9x. Ecau coBokymmocts ' mogvuoxkecTB mpocTpancTsa X JTOKAILHO KOHEIHA
u 3ambikaaue Cl A kaxpgoro A € T' kommakTHO, TO Kaxkmoe muoxkectso A € T
epecekaeTCd TOJMBKO C KOHEYHBIM YUC/IOM MHOXKECTB, IMpUHAJIJIeXKallluX I

18.10x. Jlioboe JTOKAIHHO KOHETIHOE TIOKPBITHE CEKBEHITNAILHO KOMIIAKTHOTO IIPO-
CTPAHCTBA KOHEJIHO.

18.Rx. llocTpoiiTe OTKPBITOE MOKPHITHE €BKJINIOBA IpocTpancTea R™, Ko-
TOpoe He 006JIa1aeT JIOKAIbHO KOHETHBIM ITO/IITIOKPBITHEM.
IIycrs I' m A mokpeiTusg mHOXKecTBa X . Lopopar, uro A enucano B I,
ecin KaxkIbiil ameMenT A € A comepKuTcs B HEKOTOpoM 3iemente B € I

18.5x. Bo Bcgkoe OTKPBITOE TOKPBITHAE €BKJ/IM0BA IpOCTpancTBa R™ MoxK-
HO BIIMCATH JIOKAJIBHO KOHEYHOE TMOKPBITHUE.

18.Tx. Ilycre {U;}ieny — JIOKaJIbHO KOHEYHOE OTKPBITOE HOKPBITHE IPO-
crparcrea R™. Cymecrsyer orkpbitoe nokpeirue {V; }iey npocrpancrsa R”,
takoe uro ClV; C U; npu mo6om i € N.

18'5x. IlapakoMmakKTHbIE NPOCTPAHCTBA

HpOCTpa.HCTBO X Ha3bIBAETCH napakoMnakKTHbIM, eC/JIn BO BCAKOE €ro OT-
KPBITO€ ITIOKPBITHE MOZKHO BIINCATH JIOKAJIbHO KOHETYHOE OTKPBLITOE IIOKPBITHE.

18.Ux. Jlioboe KOMIIAKTHOE IIPOCTPAHCTBO MMaPaAKOMITAKTHO.
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18. Vx. ExymmaoBo npocrpanctso R™ mapakoMIakTHO.

18.Wx. Ilycrs X = |J;2, X;, rne MHO)ecrBa X; KOMIAKTHBI M TAKOBBI,
uro X; C Int X;41. Torga npocrpancrso X mnapakomiakTHO.

18.Xx. Ilycrs npocrpancrso X jokaabHO KoMIakTHO. Ecimm X moxpbiBa-
€TCs CICTHBIM YHMCJIOM KOMIIAKTHBIX MHOXKECTB, TO X MapaKOMIIAKTHO.

18'6x.

18.11x. JlokaxXuTe, UTO €C/IM JIOKAJIHHO KOMIAKTHOE MPOCTPAHCTBO yIOBJIETBO-
pAeT BTOPO#l aKCHOMe CYeTHOCTH, TO OHO MapaKOMITAKTHO.

18.12x. 3aMKHYTOE [IOJIMHOXKECTBO APAKOMIIAKTHOI'O [IPOCTPAHCTBA IAPAKOMIIAK T~
HO.

18.13x. Hecssizmoe o0besuieHme MapakOMIAKTHBIX IIPOCTPAHCTB MAPAKOMIIAKT-
HO.

HapaKOMHaKTHOCTb n aKCHMOMBbI OTAE/INMMOCTHN

18.14x. Ilycts X — mapakoMIaKTHOe IPOCTPAHCTBO, F' u M — nBa ero HemepeceKa-
OIUXCA MOAMHOXKeCcTBa X , npudeM I’ 3amiuyT0. [Ipenmonoxnm, aro F' moKpsITO
OTKPBITBIMU MHOXKEeCTBaMU Ua, 3aMBIKaHUA KOTOPBIX HE IMEepeCeKaloTCdA C MHOXKe-
crBom M: ClU,NM = @. Torma y maOXRecTB F' 1t M MMerOTCS HermepeceKarommecst
OKPECTHOCTH.

18.15x. XaycmopdoBo mapakKOMIAKTHOE IIPOCTPAHCTBO PEryIsSpHO.
18.16x. XaycmopdoBo mapakKOMIIAKTHOE IIPOCTPAHCTBO HOPMAJIBHO.

18.17x. Ilycts X — xaycaopdoBo JIOKAJIHHO KOMIIAKTHOE U TAPAKOMIIAKTHOE IIPO-
cTpaHcTBO, [' — T0Ka/IbHO KOHeuHoe OTKPbhIiToe moKpbiTHe X . Torma y mpocTpancTsa
X mMeercs JIOKAJIBHO KOHEWMHOE OTKPBITOE MOKPBITHE A, TaKoe UTO 3aMBIKAHUS
ClV, rme V € A, komnaxrasr u nokperrue {C1V |V € A} Buucano B I

Cuenyiomee yTBepKaeHuE ABIAeTCA Gosee o0mmm (x0T, ¢ HOPMATHLHON TO9-
KU 3penuns, 6osee caabbim).

18.18x. Ilycto X — mopmamnbuoe npocrpaunctso u I' = {Us} — ero JsokanabHO
KOHEYHOE OTKPBITOe MOKpEITHe. Torma cymecTByer Takoe JIOKAJIbHO KOHETHOE OT-
kpeiroe nokpsitue {Vs}, aro mokpsitue {ClVs} Bomcano B MCXOQHOE MOKPBITHE
I

Nudopmanusa. Bece mempudyemvie npocmpaHcmen napeKomMnaKmmo.

18'7x. Pa3bueHus e uHUILBI

IMycrs X — rmomosnormueckoe mpocrpancteo, f : X — R — dynkius.
Muoxkecrso Cl{z € X | f(z) # 0} naswiBaerca Hocutenem byuxuuu f :
X — R u oboznauaercs: uepes supp f.

18.19x. Ilyctp X — TOHOJIOTMYIECKOE MIPOCTPAHCTBO, a CEMEUCTBO HEIIPEPBIBHBIX
bysxmmii fo : X — R, a € A TakoBo, uro HOCHTEM™ SUPP(fo) COCTABIAIOT JIO-
KaJIbHO KOHedHOe mOKpbiTue mpocrpanctsa X . Torma dopmyna

f@) =" falx)

aclA
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omnpesesnsieT HenpepsBHYO dyukimio f: X — R.

CewmeiictBo Heorpunarebubix gyukiuit f, : X — R, HazwiBaercsa pas-
bueHnem eguHnLbI, eciu MHOKECTBA SUPP( fo) COCTABIAIOT JIOKAJIBHO KOHEU-
HOEe TOKPBITHE MPOCTPAHCTBA X 1 UMeeT MecTo cooTHomenne »  fq(x) = 1.

aEA

Tosopsit, uro pasbuenue exunuibl { fo} nogunneno nokpeiruio {I'}, eciu
BCsikmit HOCUTEb SUPP(fy) COMEPKUTCS B HEKOTOPOM 3/IEMEHTE MOKPBITHUS

{T'}.
18.Yx. g BCIKOroO HOPMAJILHOTO MPOCTPAHCTBA M BCSIKOTO €r0 JIOKAJIHHO

KOHEYHOI'0 OTKPBITOrO MOKPBITUS CYIIECTBYET MO[IYMHEHHOE eMy pasdueHue
€TMHUITHI.

18.20x. Ilycts npocrpamctso X xaycmopdoso. Ecan nis Kkazxkmoro ero oTkpoIroro
MOKPBITUS CYIIECTBYET MOIIMHEHHOE eMy pa30uneHue eTuHUIIbI, TO TPOCTPAHCTBO
X mapakoMIIaKTHO.

Nudopmarus. Xaycdophoso npocmpaHcmeo napakomnarmmo, co2oa 0asi
BCAKO20 €20 OMEPLIMO20 NOKPLIMUA CYULLCTNEYEM Noduunentoe emy pasbue-
HUue eOUHUUDL.

18/8x. IIpusiokeHue: COCTaBJIEHNE BJIOXKEHUI U3 KyCKOB

18.21x. Tlycrs X — Tononoruueckoe npocrpancrso u {U; }¥_ | — orkperroe noxpsi-
tue X. Ecim mis kazxmoro ¢ maoX)kecTBO U; MOXKHO BI0KUTH B R™, TO mpocTpan-
cTBO X MOXKHO BIOKHATH B RF(MT1)
18.21x.1. Ilycrs h; : U; — R™, 4 = 1,...,k, — BiIOXK€HUd U MyCThb
orobpaxkenus f; : X — R obpa3ytor paszdueHne equHuibl, 1014UNHEHHOe
nokpoiruio {U;} Homnoskum h;(z) = (hi(x),1) € R, [okaxure, uTo
orGpazkenne X — RF(HD - gy (filx)hi(x)),_,, ABAsiercs BiOKeHN-

€M.

18.22x. Bazadra. Kaxnm 06pa3om Bel MOxkeTe 000muTh yrBepxkaenue 18.21x7
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Jloka3arejabCTBa 1 KOMMEHTaApPUU

11.A MmuoxectBo A OTKpBITO U 3aMKHYTO, corga muOoxkectBa A uw X \ A
oTKphIThI, corga A u X \ A 3aMKHYTHIL.

11.B [locrarovHo J0Ka3aTh caeayoiiee (hopMaabHO Dojiee c1aboe yTBep-
xaenune: IIpocmpancmeo, 6 KOMoOpou Cyu,ecmsyem cea3noe 6100y NAOMHOE
MHooicecmeo, camo asasemca ceasnuim. (Cm. 6.3.) Ilyers X — mpocrpan-
cTBO 1 A — ero cBsA3HOE BCIOMY TIOTHOE MOAMHOXKecTBO. [lyets X = U UV,
e MHOXkKecTBa U m V' OTKDBITHI U He TepeceKaroTcd. Jlokaxem, 9TO OTHO
u3 9TUX MHOXKeCTB mycTo. Muoxkectsa U N A u V N A He mepecekaioTcsa n
OTKPBITHI B A, 3HAUNT

A=XNA=UUV)NA=(UNAUVNA.

Tak xKax A CBS3HO, TO OJHO W3 MHOXKECTB pasbmenus, kK mpumepy U N A,
mycro. Torma n MmuOXKecTBO U TMyCcTO, MOCKOIBKY A BCIOJTY TIOTHO, M. 0. M.

11.C [Ins ynpomierns obosnadenuit mosoxknm X = [, Ay. B ety Teo-
pembl 11.A jpocrarodno jgokasarb, 4yro ecju U u V — OTKpbIThbie MHOXKECTBA,
cocrapisone paszonenne X, To mmbo U = &, mbo V = . i kaxaoro
A € A, IOCKOJIBKY MHOXKECTBO A 110 yCI0BUio ¢Bsi3HO, TO b0 Ay C U, mubo
Ay CV (em. 11.14). Badbukcupyem vekoropoe Ag € A. Jls onpeenennocrn
canraem, uro Ay, C U. Tak kax kaxJjoe n3 MHOkKecTB A) nepecekaercs c
A),, To BCe oHm JsiekaT B U, TaK 4TO HU OJJHO U3 HUX He Iepecekaercs ¢ V,
CJIeI0BaTEILHO

V=vnx=vnlJau=JVn4a) =2
A A

11.E llpumenure teopemy 11.C k cemeiictBy {A) U Ay, }ren, KOTO-
poe cocrouT u3 cBsi3HbIX MHOXKecTB (B cuiy 11.D). (Mau npocro nosropure
JoKazaresbeTBo Teopembl 11.C.)

11.F Ucnonb3yiite paccyxaenne u3 11.C, a s J0Ka3aTeIbCTBA TOTO,
uro A C U nipu Beex k € 7, IPUMEHNUTE METO/T MATeMATHIECKOH WHITYKITHH.

11.G  OueBusHO, MOCKOJBKY OObEJINHEHNE BCEX CBA3HBIX MHOYKECTB,
COJIEPKAIINX JAHHYIO TOYKY, BO-TIEPBBIX, CBsA3HO B cuiy 11.C) BO-BTOPBIX,
MaKCAMaJIBHO.

11.H Ilycts A mw B — KOMIOHEHTHI CBA3HOCTH. lIpenmomoxnm, 9To
ANB # @. B cuny 11.D muoxectso AU B cBs3u0. [TockobKY KOMITOHEHTA
SIBJTSIETCST HAMOOJIBIITIM CBSI3HBIM COJIEPIKAIUM HEKOTOPYIO TOUKY MHOZKE-
ctBoMm, T0 A D AU B C B, 3naunt A = AUB = B.
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11.1 DTO OYEBUIHO, TAK KaK KOMIIOHEHTA, CBSI3HA. Tak
KaK B TAKOM CJIy9ae KOMIIOHEHTBHI TOYEK IIEPECEKAIOTCs, TO OHU COBIIA/IAIOT.

11.K Ilycts A — KoMIOHEHTa CBI3HOCTU. B cumy 11.B ee 3aMBbIKaHme
Cl A rak:ke gBiysgercd CBA3HbIM. Tak Kak KOMIIOHEHTa 00/1a/aeT CBOICTBOM
makcnmagbHocTH, T0 Cl A C A. Buaunt, A = Cl A, Tak Kak 06paTHOe BKJIIO-
TeHne UMeeT MeCTO BOOOIe s JI000T0 MHOXKECTBA.

11.M Cwm. 11.10.

11.N Paccmorpum mogorobpaxkernne ab(f) : X — f(X). Takum o6pa-
30M, JIOCTATOYHO JIOKA3ATH C/IEIYIOIIYI0 TEOPEeMY:
Ecau npocmpancmeo X ceasno, a omobpascernue f : X — 'Y — nenpepvienasn
CIOPBEKYUA, O U NPOCMPAHCMEo Y C8A3HO.
Paccvorpum pazbuenune npocTpancTBa Y Ha JIBa OTKPBITHIX MHOXKecTBa U 1
V' u noxaxkem, 910 O/IHO U3 HUX IIyCTO. B crjty HEIIPEPBIBHOCTH OTOOPAXKEHNs,
npoobpazer fH(U) u f~H(V) OTKpBITHL 1 COCTABIAIOT pa3bueHne IpoCTpaH-
crea X . TTockonbky X cBssno, oguo u3 mux mycrs. [ycrs f~1(U) = @. Tak
kak f ciopbekTuBHo, 0 U U = J.

11.Q I[Iycte X = U UV, rne muoxkectBa U n V' OTKPBITHI,
HermycThl u Hemepecekaiorcs. [logoxkum f(z) = —1lmpu z € U un f(z) = 1
npu x € V. Orobpaxenne f : X — SY HenpepbIBHO U CIOPBLEKTHBHO, He
npaBja Jin? [IpeamosoxkuM TpOTWBHOE, MycTh X CBA3HO. Torma, B
cuny 11.N, 6yner ceszubiM 1 SO — mporuBopeune.

11.R CobcrBeHHO TOBOPst, B cujty 11.() 9TO yTBEpXKJIEHUE eCTh CJIe/I-
crBue Teopembl Bosbiano—Korm o mpomexkyroarom 3uadennn. OTHAKO ecre-
CTBEHHEE IMOCTYIINTb Ha.O60pOT: BBIBECTU TEOPEMY O IIPOMEKYTOYIHOM 3HAYEC-
Hum u3 3agaau 11.Q) u cBsasuoctu I.

Urak, nycrs [0;1] = U UV, rge muoxkecrsa U n V' He nepecekaioTcst u or-
kpoirhl B [0;1]. Tpeanosnoxum, aro 0 € U, paccmorpum mHo)kectBo C' =
{z €10;1] | [0;z) C U} u monoxkum ¢ = sup C. Ilokaxkure, 910 KaxK10€ 13
npexanonoxkennit — ¢ € U u ¢ € V — npuBonuT K nporuBopeunto. pyrue
JTOKa3aTeabcTBa TeopeMbl [1.R maMedens! Hmke B jemmax [1.R.1wn 11.R.2.

11.R.1 TIlposemute paccyxkjenue o waayKiuu. g xaxkmgoro n =
1,2,3,..., monoxure

(—a";'b",bn) ecan —“"‘Q"b" eU,

a b =
(@nt1,bot) (an, =Fbe)  ecm 2odbn ¢V,

11.R.2 C ogmoii cropownsl, ¢ € U, tak kak ¢ € Cl{a, |n € N}, a, € U,
a muoxkectBo U 3amkuyTo B I. C Apyroif CTOpOHBI, TO K€ PaCCyK/CHUE
MMOKa3bIBaeT, uro ¢ € V. D10 mpormBopedne moxaspiBaer, aro U u V me
MOTYT OJTHOBPEMEHHO OBITH 3aMKHYTBIMU, TAKUM 00pa30M, | CBA3€H.
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11.8 Kazkjo0e OTKpbITOE IOJIMHOXKECTBO HPAMO eCTh 00beIuHeHue
HEIEePECeKAIOIINXCd WHTEPBAJIOB, & B KaXK/OM WHTEPBAJIE €CThb XOTs Obl OJI-
Ha paruoHaibHast Touka. CiieoBaTe/IbHO, BCIKOE OTKPBITOE MOAMHOXKECTBO
PsIMOIt eCTh 00'beInHEeHNE He DoJlee YeM CUeTHOrO dnc/ia narepBaios. Ocra-
JIOCh 3aMETHUTh, 9T KazK/IbIil N3 HUX SBJISIETCSA CBSI3HBIM MHOKECTBOM (CM. CJIe-
JIYIOIIEE YTBEPKJICHNUE).

11.T Ucnonssyiire 11.Ru 11.J. (Cp. 11.Uwn 11.X.)

11.U Ucnonas3yiire 11.R n 11.J. (Hanmuvuum, aro muoxecrso K C R™
HA3bIBAETCS BBIYKJIbIM, ecian [p;q] C K s 1106b1x Touek p,q € K.)

11.V Ucnonwzyiite 11.Ru 11.C.

11.X D10 B TOUHOCTH yTBEpKAeHme 11.10). DTO B TOTHOCTH
yrBepxienne 11.V.

11.Y Ucnons3yiire 10.R, 11.U, u, nanpumep, Teopemy 11.B (nwmm 11.1).

12.A Tlockosbky orpesok cesized (cMm. 11.R), ro B cuny 11.N cBsizeH u
ero 06pa3. 3uaunt (cM. 11.80) OH ABISIETCS TPOMEIKYTKOM, CJIE€J0BATENBHO,
COZIepKUT BCe TOYKH, jiexkarue Mexay f(a) u f(b).

12.B Cwu. nokasarennbctso 12.A.

12.D OjHO U3 HUX CBSI3HO, a JAPYroe — HeT.

12.E K mpuwmepy, ectm f : I — S' — romeomopdusm, To u ab f :
I~ % — St f (%) — roMeoMopdu3M, 4TO HEBO3MOXKHO, MOCKOJILKY MEPBOE
MHOXKECTBO HECBSIZHO, & BTOPOE CBSA3HO, TaK KAk rOMEOMOPMHO WHTEPBAILY.

12.F Awnamoruano 12.4.

12.2x Iloromy uro mis Besikoit Touku xo € X muoxecrso {z | f(x) =
f(zo)} n orkpeiTO, M 3aMKHYTO (HOKaxKUTE 310). Vlin no-pyromy: npoobpas
f~Y(y) moboit ToUKM Y — OTKPHITOE MHOMKECTBO.

13.A Tax Kak MOKpPBITHE {[O; %], [%, 1]} orpeska [0; 1] arsierca dyn-
JAMEHTAJIbHBIM, TO U3 HEIPEPBIBHOCTU CY:KeHHUil 0TOOpasKeHus Ha KazKIbIil
9JIEMEHT MOKPBITUSI CJIEIyeT HelPEPbIBHOCTH CaMOTO 9TOr0 OTOOpPAYKEHU.

13.B Ecmz,ye I, rol —1:t+— (1—t)x+ty — nyrs, coepuusiomuii
TOYKY T C TOYKOH Y.

13.C Ecmm z,y € R", to orobpaxkenue u : [0;1] — R™ u(t) = (1 —
t)x + ty — 9TO MyTh, COEUHSIIONHN TOUKY & C TOYKOI Y.

13.D Bocnoaszyiitecs 10.R w 13.C.
13.F Ucnons3syiite 11.Ru 11.Q.
13.7 Bocnosbsyiirecs hopmyioii B 13.C, 13.A u 13.5.

13.F llyctb x u y — TOYKU B PACCMaTPUBAEMOM OO'bE/IMHEHUH, ITYCTh
A u B — MHOXKeCTBa U3 JAHHON COBOKYITHOCTH, COMEPIKAINIE TOUKHA T U Y.
Ecmn A = B, to nokaswiBaTh Heuero. Ecmm x € A, y € B,z € ANB, nu
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— LIyTb, COCAUHLAIOIUN T C Z, & VU — 1IYyTh, COEJUHAIOIIUNA 2 C Y, TO LIyTb UV
COeIMHseT T C Y.

13.G Paccmorpute oO0be/IMHEHNE BCEX JIMHEHHO CBI3HBIX MHOXKECTB,
COMIEPIKAINX JAHHYIO TOUKY W UCHOIb3yiTe 135, F.

13.H Awanor 11.H, smecto 11.D wucnons3yiite 15.F.

13.1 HermocpeictBenno ciieryer u3 ompee/ieHus. Cnenyer
u3 J0Ka3aTebCTBa yTBepkK/aeHus 13.G.

13.J Ecm y; = f(x;), 1= 1,2, u u — nyTh, coepuusomuii 1 ¢ Ta, TO
KaK TTOCTPOUTD MyTh, COETUHSIOMNN Y1 C Y27

13.M Conocrasbre 13.81u 11.J.

13.N MuoxecrBo A — 310 06pa3 myua (0;00) npu HENPEPLIBHOM OTOO-
paxenuu x — (x,sin %) € R?, 3Ha4nT, OHO JIMHEHHO CBSI3HO, CJIEIOBATEIHHO
CBA3HO. CBHBHOCTB MHO>KeCTBa X CﬂegyeT n3 TOro, 9TO OHO COJEPZKUTCA B
Cl A. (Kcraru, uro u3 cebs npeacrasiasger muoxectso Cl A7)

13.0 Dto coscem oueBuaHO, Tak Kak A = (0;+00).

13.P Jloxaxkure, a0 BCsakuii myth B X ¢ madasnaom B rouke (0,0) mocro-
stHer. [IpuBeiemM uIei0 J10Ka3aTe/IbCTBa TOr0, 9TO HAYa 0 KOOPJUHAT HEJIb3st
COEJIMHUTH TyTeM ¢ TouKamu MHOKecTBa A. Ecm Takoit myTh u cymecrsyer,

TO HA/IeTCS TOCIeI0BATEILHOCTD TOYEK {1y, }, Takas, aro u(t,) = (ﬁ, 1).

Bribepem mogmocae0BaTeIbHOCTD ty, — 1y, TOTJa TOUYKA u(ty) mo mempe-
PBIBHOCTH JOJIZKHA COBIAaTh ¢ Toukoil (0, 1), Takum obpasom, u(ts) ¢ X.

13.Q Muoxecto A C X = R2~ {(0,y) | vy # 0}; cm. 3amaun 13.N-
13.P.

13.R Cum. 15.Q.

13.S FEcmu U, — uHeiiHO CBsi3HAsT OKPECTHOCTH TOUYKH X, TO U, JieskuT
EeJINKOM B KOMIOHEHTE JIMHEMHOW CBA3HOCTU ITOW TOUKH.

13.T D10 yrBepxKaenue 13.M. Tak KaKk KOMIIOHEHTHI
JIMHEHON cBA3HOCTH mpocTpancTBa X OTKPHITHL (M. 15.S5) u mpocTpaHCcTBO
X cBSI3HO, TO B HEM UMEETCS BCEro JIUIIb OJHA KOMIIOHEHTA JIMTHEWHOH CB3-
HOCTH.

13.U Caenyer uz 13.5u 13.T, nockosbKy OTKpbITHIN map B R™ siBjisi-
eTCsl JINHEIHO CBSI3HBIM MHOYKECTBOM.

14.A Ecmu r + 17y < p(x1,x2), TOo mapsr By, (1) n By, (r2) He nepece-
KAIOTCA.

14.B Orpe30K SIBISIETCS METPUUECKUM IIPOCTPAHCTBOM, & MHOYKECTBA

[0;1), (3;1] - 9r0 okpecrrocTH TOUeK 0 1, coorercrsento, 1 B [0;1].
14.C Ecmu y # x, To B mpoCcTpaHCTBE MMEIOTCSA B Here-
pecexkarommuecst okpecraoctu U, u V. Cnegosaresnsuo, y ¢ ClU,, 3madnrT,
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y¢ () ClU.

Usx

Ecmm y # x, o y ¢ () ClU, orkyaa ciaeayer, 9To HaiiIeTcs OKPeCcT-
Uszx

Hocth Uy, takas uro y ¢ ClU,. Iomoxure V,, = X \ ClU,.

14.D TlpearnosoKum MpoOTUBHOE: MYCTh Ty — G U &, — b, e a # b.
[Iycts U u V — Henepecekaronmecs: OKPECTHOCTH TOYEK @ U b, COOTBETCTBEH-
wo. [Ipu gocraTouno GoJibIMX HOMEpPAX 70 MBI MOJIYYUM, 9TO T, € U NV,
4ero ObITh HEe MOYKET.

14.F Oxkpecraocrs Touku B npocrpancrse Ry umeer sug U = R~
{z1,...,xN}, e, canraem, r; < x2 < -+ < xy. OueBugHo, uro a, € U
IIpU BCEX N > T N.

14.F Ilycts X — mpoctpanctBo, A C X — ero moampocTpancTBO, TOU-
ku x,y € A pazmmunsl. Tak kak X xaycmopdoBo, TO y TOUEK T, Y UMEIOTC
mernepecekaiorueca orkpectaoctn U u V. Torma UN A u V N A — 910 Heme-
pecekaroruecst oOKpecraocTr Touek xr u y B A. (Bemomuure ompesenemue
OTHOCHTEIbHOI Tomo orun!)

14.G (a) ITycrs X ynosaersopsier akcuome 11, € X. 3naqwur,
y KaxK0it Toukn Yy € X \ T uMeercd OKpecTHOCTb U, He cojepKarias TOUKY
z, . e. U C X ~ x. CienoBareibHo, BCAKasd TOYKA MHOXKeECTBa X N T —
BHYTDEHHSsIsI, [I09TOMY MHOXKeCTBO X \ & OTKDBITO, a ero jorojaHerne {x} —
3aMKHYTO. Ecnu Bce ogmnorouednbie mogMuoKecTBa B X 3aMKHYTHI,
z,y € X nwx#y, 70 X \ & — OKPECTHOCTH TOUKH ¥, HE COMEPIKAIIAS TOUKY
x. Takum obpazom, akcruoma 17 BBITIOJTHEHA.
(b) (a) Ecam Bce ogHOTOUYEYHDbIE [TOJMHOKECTBA 3aMKHYTHL B X, TO
3aMKHYTHI W BCe KOHEUHBIE MHOYKECTBA (KAaK KOHEUHbIE O0bLEeTNHEHWs OJTHO-
toyeunbix). (b) (a) OueBummo.

14.H Conocraswre 14.12u 14.G.
14.1 Comocrasbre 14.Au 14.12.

14.J B npocrpancrBe Ry, Beskas TOUKa 3aMKHYyTa, 3HAUUT 1] nMeeT
MECTO, OJIHAKO B HEM BCSIKHME JIBE OKPECTHOCTH (HEIyCThIe OTKPBITHIE MHOKE-
CTBA) NEPECeKaIOTCs, Tak 4TO Th MecTa He UMeer.

14.K Momudunupyiite 10Ka3aTebCTBO 14.F nin e BOCIOJIb3YUTECH
Teopemoit 14.G.

14.N (a) = (b) Tak kak npocrpancrBo X yOBJIETBOPSIET AKCHOME
Konmoroposa, 10 g J100bIX ABYX TOYEK T W Y XOTd ObI OHA HE JICKUT B
3aMbIKaHUW JIPYTOid.

(b) = (a) IIycrs Clz} # Cl{y}. Cunraem, mist OnpeeseHHOCTH, YTO
z € Clz} n z ¢ Cl{y}. Torpa Haiigercs okpecrrocts U TOUKM 2z, KOTOPasi
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He cogep:kut Touky y. C apyroit cropousl, x € U, Takum 00pa3oM, Mbl Ha-
ILJIX OKPECTHOCTb TOYKHU X, HE CONEPIKAILYI0 TOUKY Y.

Acwo, aro mpocrpaHCcTBO yHoBIETBOPsieT akcmome Kosmnvoroposa, coraa To-
MOJIOTUS, WHAYIUPOBAHHAS HA BCAKOM JBYTOYEYHOM IIOJNPOCTPAHCTBE, HE
ABJIAETCA a.HTHﬂHCerTHOﬁ.

14.0 Quesunno. Ecnu pist Kaxk10it TOYKKA T MPOCTPAH-
CTBa CYIECTBYET ee HauMeHbIas OKpecTHOCTh Cy, TO OyAeM roBOPUTH, UTO
xRy, ecmun y € Cyp. na mokazaTebCTBa TPAHIUTHBHOCTH TPEIIOI0KUAM,
uro x Xy u y = z. Caenosarenvuo, y € C,, Tem cambiM Cp — OKPECTHOCTD
y, 3aaant, C, C U, nostomy 2 € C,, Takum obpazoM, x = z. Ecim y € C;
ux € Cy, ro Cp = Cy, 3HAINT, HU OJHY U3 ITUX TOUEK HEJIb3d OTICTUTH
Japyr ot spyra. B cuiy akcnombr Kosimoroposa takoe BO3MOXKHO JIMIIB €CJIH
T = y; TaKUM 00Pa30M, JTOKa3aHa AHTHCUMMETPUIHOCTD BBEJIEHHOTO OTHOTITE-
nus. Ero pediekcuBrocts oueBuaa. Jlokazxkure, 9TO TOMOJIOT U BBEIEHHOTO
YaCTUYHOTO MOPAJAKA COBIIAQ/IACT C 3a/[aHHOI TOIOJIOrUE.

14.P Ilycte X — peryagpHoe IpOCTPAHCTBO. PaccMOTpuM B HeM iBe
pas3JjindHble TOYKU & U Y. TaK KaK MPOCTPAHCTBO YIOBJIETBOPSIET AKCHOME
Ty, to muOo)kecTBo {y} 3amkHyTo. OcTasoch mpuMeHuTh 13 K TOUYKE T U
OJIHOTOYEYHOMY MHOXKeCTBY {y}.

14.Q Cu. 14.P. Cwm. 14.12.

14.R lIlycts X — merpudeckoe mpocTpaHcTBo, ¥ € X u r > 0. /loxa-
x&ure, aro Cl B, (x) C Ba,(x), u Bocmosnb3yiitecs 14.19.

14.S Ucnonb3yiiTe omnpeje/ieHne HOPMAJIbHOCTH TPUMEHUTEIBHO K TOY-
K€ ¥ 3aMKHYTOMY MHOYKECTBY.

14.T Cum. 14.5. Cwm. 14.12.

14.U Tlycte A u B — 3aMKHYTbIE [TOJIMHOXKECTBA METPUIECKOTO MPO-
crparcra. Torga A C U ={z € X | p(z,A) < p(z,B)} u BCV ={z €
X | p(z,A) > p(xz,B)}. Muoxecrsa U n V orkpeirsl (B cuiy 9.L) u He
[IEPECEKAIOTCH.

14.Ax.1 Tlonoxum U; = X \ B. Tak kak mpocrpanctBo X HOpMaJib-
HO, To Haiiyierca okpecrnocth Up D A, takas uro ClUy C Uy. Iycrs Uy jp
— okpecruocth Muoxkecrsa ClUp, taxas uro ClUy, C Uy. [ponoszkas 1io-
CTPOEHHe, MbI Oy 9nM HCKOMBIH Habop {Up }pea-

14.Ax Ilonoxum f(x) = inf{A € A | z € ClU,}. Herpyano Buzers,
aro GyHKIUS [ HempepbIBHA.

14.Bx Ciierka usMeHuTe J10Ka3aTeIbCTBO 14.9X, UCOIB3Yst ieMMy Y Pbi-
cona 14.Ax Bmecro 14.9x.1.

15.A llockoabKy Ipu OHEKTUBHOM COOTBETCTBUN MCXOTHOIO MHOYKECTBA
C IOAMHOKeCTBOM N IIOJIMHOYKECTBO 9TOI'0 MHOXKECTBA TAK:Ke MEPEeXOINT B
IMOJIMHOKeCTBO N.
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15.B Beibepem 110 0/1HO# TOYKE B KayKIOM HEIIYyCTOM IIpOoOpase Todu-
ku. [TosyuuM momMHOKECTBO MCXOHOTO MHOYKECTBA, KOTOPOE HAXOIUTCI B
OMEKTUBHOM COOTBETCTBUU C 00PA30M HCXOIHOI'O MHOYKECTBA, SIBJISIONIErOCS
CIETHBIM B cuity 15.A.

15.D Ilpugymaiite aqroput™ (wim mgazxe gBHY0 dhopmyny!) misa mepe-
YHCJICHNS 5/IeMEHTOB MHOMXKecTBa N2

15.F Bocnoabzyiirecs 15.D.

15.G BeiBeaure 310 yTBEpKIeHUE U3 0.44.

15.H Paccvmorpure MHOXKECTBO, IIEPECeYeHre KOTOPOIO C KaXK/IbIM W3
MHOYKECTB CIETHON 0a3hl COCTOUT W3 OJHON TOUKM.

15.1 Kak u3BecTHO, repecedenne 6a30BbIX MHOXKECTB C HEKOTOPBIM I10/I-
MHOKECTBOM 0bOpaszyeT 6a3y WH/IYIIUPOBAHHON HA 3TOM OIMHOYKECTBE TOIIO-
JIOTHUT.

15.J Tlokaxure, uro eciu MHOXKecTBO A = {2, }7° | BCIOAy IIOTHO, TO
Habop {B,(z) |z € A, r € Q,r > 0} sBisiercsi cuerHoii 6a30i IPOCTPAHCTBA
X. (Ucnonwsyiire Teopemsr 4.1 u 8. A, aro0bl moka3ars, 4To 310 6asa, u 15.F,
YTO OHA CUETHA.)

15.L B merpudeckux IPOCTPAHCTBAX CerepadebHOCTh PABHOCUIBHA

BTOPOIi AKCMOME CUYETHOCTHU, KOTOPasi SIBJISIETCA HACIEACTBEHHOM (cM. 15. K u
15.1).

15.M B cuny 15.L un 15.J, noctaroyHo ykasarh BCIOAy mioraoe B R
MOJIMHOXKECTBO, KakOBbIM siBsercd Q" = {z € R" | z; € Q, i = 1,...,n}.
Ero mI0THOCTE IIPOIE BCErO HPOBEPUTH, HCIO/Ib3ys Merpuky p(°) . Muoxe-
ctBo Q" cuerno B cuny 15.Fn 15.FE

15.N IlockojbKy HeNpepbIBHBIN 00pa3 BCIOAY IJIOTHOI'O MHOYKECTBA
IJIOTEH B 0Opa3e JTAHHOI'O HEIPEPBIBHOIO OTOOPAXKEHUSI.

15.0 Habop nojMHOXKECTB JaHHO CYeTHOH 6a3bl, COCTOLAIIMIA U3 BCEX
TeX ee JIEMEHTOB, KOTOPbBIE COJIEPXKATCS XOTst ObI B OJJHOM 3JIEMEHTE JAHHOTO
MOKPBITHSI, 00pa3yer MOKpbITHe MpocTparcTBa. COMOCTABUB KaXKIOMY 3JIe-
MEHTY IOJIy9IeHHOr0 Habopa OJNH U3 COAEPKAIINX ero 9JIeMEHTOB NCXOJHOrO
MMOKPBITHS, MBI TIOJIYINM HCKOMOE CUETHOE IOIOKPBITHE.

15.P Curexacrsue npusnaka 6a3bl JanHoii Tornosornu (M. 3.4).
15.Q0 Cwm. 15.12

15.R Cwm. 15.P.

15.S Paccmorpure HeCUeTHOE JUCKPETHOE TPOCTPAHCTBO.

15.T Ecmu z, € Au x, — a, TO @ — TOYKA IPUKOCHOBEHUS MHOXKECTBA,
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15.U Tlycrs a € ClA. Ilycrs nabop {U, }nen siBisiercsi yObiBaroieii
6azoii okpecrHocreit B Touke a (cm. 15.16). JIns Kaxgoro n CymecrByer
Tp € Uy N A, 1 MBI JIETKO TOJIyYaeM, 9TO Xy, — .

15.V  JeiictBuTebuo, myctb orobpaxkenne f : X — Y HempepbIBHO,
be X ua, — b Msr qomknsl 1oka3ars, 9o f(a,) — f(b). Paccmorpum
okpecraocts V' C Y touku f(b). Tak kak orobpaykenwe f HempepbIBHO,
10 MuOxkecTBo [ (V) C X aBngerca okpecTHOCTHIO Touk: b. ILoCKOTBKY
an — b, 10 a, € f~1(V) for n > N. Cnenoparemsno, f(a,) € V mpu Bcex
n > N, 910 n TpebOBAIOCH JTOKA3ATE.

15.W Ilycrs f: X — Y — cekBeHIIMaIbHO HEIIPEPBIBHOE 0TODPAYKEHNE,
A ~ CeKBEHIMATHLHO 3AMKHYTOE MHOXKECTBO, Ty, € f1(A) u z,, — a. Tak kax
oTobparkeHne CeKBEHIUAIBLHO HempepbiBHO, TO f(x,) — f(a), a moCKOIbKY
MHOZKECTBO A CeKBeHNuaabHO 3aMKHYTO, To f(a) € A, smaunt, a € f~1(A),
TakuM 06pazoM, MHOKecTBO [ (A) CeKBEHTHATBHO 3aMKHYTO.

15.X JlocTaTovHO IPOBEPUTH, UTO JjIsi BCAKOTO 3aMKHYTOTO MHOZKECTBA
F C Y samxuyT u ero npoobpas f~H(F) C X, T e., aro CI(f~1(F)) C
fYF). Tycrs a € CI(f~Y(F)). Tax X ynoBiersopsier meproil axcmome
CUETHOCTH, TO HAiIeTCs IOCIeI0BATEILHOCT Ty € f1(F), Takas 4To T, —
a, 3uaunt, f(x,) — f(a) B cuny cexkBennnanbuoi HenpepoisHocTH f. Tak Kax
F savknyro, To f(a) € F, nosromy a € f~1(F).

15.Ax 3amerbTe, YTO MHOYKECTBO BCEX IOC/IE/I0BATETLHOCTEl, COCTOsI-
MUX U3 Hy/ei u eaquaut, HecaeTHo! [TosTomy mepsoe mobyskaeHune — pacCMOT-
perb MOC/Ie0BATEIbHOCTH, COCTOSINNE W3 PAINOHAJIBHBIX IHCE]T, TIPUBOJIUT
K HECUETHOMY MHOZKECTBY. VICKOMOe MHO2KECTBO COCTOUT M3 TAKUX ITOC/IEI0-
BaresbHOCTEl T = {;}, ; € Q, mig koropeix 3 N, Takoe uro z; = 0Vi > N
(ucmosB3y#Te TO, UTO ECITH P Y T2 CXOMUTCA, TO [T Kaxki0ro € > 0 Haii-
Jercst Takoe k, uTo Y oo, 17 < €).

16.A KoMIAaKTHOCTH STHX IPOCTPAHCTB CJIEIYET IPOCTO U3 TOTO, UTO
B KaK/[OM U3 HUX MMEeTCs JIWIIb KOHEYHOe UUCJ0 PA3JIUYHBIX OTKPBITHIX
MHOKECTB.

16.B ToibKO KOHEYHBIE.

16.C Paccvorpure nokpeitre R uarepsagavmu (—n;n), n € N.
16.D 2710 B TOYHOCTU OTPUIAHUE KOMIIAKTHOCTH.

16.F Bocnosbayiitech Teopemoii Jlunmneneda 15.0.

16.F Caencreue Bropoit w3 dopmyn jge Moprana. leiicTBuresnsHo,
NA; = @, corma X N~ NA; = X, corma U(X N 4;) = X.

16.G Paccmorpum mononaenus U, = X \ F, MHOXKecTB 3Toit
IEeHTpUpOBaHHOi coBokymHoctu. Ecau NF, = &, o UU, = X, takum 06-
pasom, muOXKecTBa {U,} obpasytor mokpeitue mpocrpancrsa X. Ecium X
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KOMITAKTHO, TO W3 TOr0 MOKPBLITHS MOYXKHO BBIOPATH KOHEYHOE IOJITOKPbI-
THE, 9TO HIPOTUBOPEYUT TOMY, YTO JIOHNOJHEHU 3JICMEHTOB 3TOI'0 IMOKPBITUA
IMEIOT HeIyCTOe IIepecedeHne, MOCKONbKY paccMarpuBaeMas COBOKYIHOCTH
3aMKHYTBIX MHOXKECTB dABJACTCA [EHTPUPOBAHHOI. Jlokaxxure 310
CaMOCTOATEIbHO.

16.H [Iycts I' = {U,} — mokpeitue A MHOXKECTBaMU, OTKPBI-
TeiME B mpocTpancTBe X. Tak kak A — KOMIAKTHOE MHOXKECTBO, W3 €ro
moKpbITUst MHOXKecTBaMU A N U, MOXKHO BBIJIEIUTH KOHETHOE TIOIIMOKPBITHAE
{ANU,, !, otkyna cremyer, uro MuoxkecTBa {U,,} 00pa3yior KoHedHoe
MOJTIOKPBITHE MCXOAHOTO TOKPLITUS L. Jokazkure 06paTHOE yTBEP-
JKJIEHUE CaMOCTOSITEHHO.

16.1 Komneuno, KOMIAKTHOCTbL He HACTEICTBEHHA.

16.J Ilycrb {Uy} — OTKPBITOE TOKPBITHE 3AMKHYTOIO MHOXKECTBA , TO-
riaa {X N F,U,} — OTKpbITOE HOKPBITHE HPOCTPAHCTBA X, M3 KOTOPOIO MOXK-
HO BbIOpaTh Koneunoe nogmnokpeirue {X ~\ F,U; . fcwo, aro {U;}1 | —
MTOKPBITHE MHOXKecTBa F'.

16.K Caencrsue 16.L.
16.L Tax xak nmpocrpanctBo X xaycaopdoBo, TO Jjisd BCAKONW TOUKH
r € A HaliyTCsd HemepeceKaronmecsa okpectaoctn U, TOUKU T 1 Vb(x)

b. Habop {U, | © € A} ssnsiercs nokpeituem Muoxkecrsa A. B cuiy ero
KOMITAKTHOCTH, 13 9TOTO MOKPBITHSI MOYKHO BBIOPATH KOHETHOE MO/[IIOKPBITHE

TOYKH

.
{Ug, }1—y omoum U = UTU,, u V = ﬂ’be( ) Muowecrsa U u V ssistorcs
MCKOMBIMU OKPECTHOCTSIMH KOMITAKTHOTO MHOX)KecTBa A m Toukm b.

16.M Cnencreue 16.K B cuny 16.J.

16.N TlockoabKy KOMIIAKTHOE XayCA0pdOBO MPOCTPAHCTBO PEry/IsipHO,
TO I 3AMKHYTBIX HEIEPECEKAIONINXCsl MHOXKECTB HalllyTCs Takue HabOPbI
orkpsIThIX okpectrocteit {U®}, e U® > A, u {V, | z € B}, uro U@ N
Vy = @. Hamee paccyxkaaiite, kKaxk B 16.L.

16.0 Ecau I HEekoMIIaKTEH, TO CYIIECTBYET TaKOe ero mokpseirue [,
HUKaKas KOHEYHA 9aCTh KOTOPOr0 HE MOKPbIBaeT orpe3ok. Pasmemmm I mo-
moJiaM u 0003HaUIMM depe3 I Ty MOJIOBUHY, KOTOPash TAKZKe He MOKPhIBACTCI
HUKAKON KOHEYHOU 9acThio nmOKpbiTud 1'g. Terneps pasgesmum momosam [y, u
Tak gaJsiee. B pesysibrare moydnM moCIeI0BATEIbHOCTD BJIOKEHHBIX OTPE3-
KOB [, mpwdem jyimHA N-r0 U3 HUX paBHa 2~ "'. B cmiy akKCMOMBI MOJTHOTHI
umeem NI, = {xo}. Paccmorpum snement Uy € Ty, siasionmiicst okpect-
HOCTBIO TOYKU xg. lcHo, uro I, C Uy mpu OOCTATOIHO OOJIBITNAX 7, UTO
MPOTUBOPEYUT TOMY, YTO I10 IMOCTPOEHUIO OTPE30K [, HE MOKPHIBAETCS HUKA-
KO KOHEYHOIl 9aCThIO JIAHHOTO ITOKPBITHULA.
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16.P Pazbeiire ky0 mHa 2" “no/10BUHHBIX KyDOB M IIOBTOPUTE PACCy K-
JleHune, POBEJIEHHOE B JI0KA3aTE/IbCTBE IPEAbILYIIEi 33/ a4u.

16.Q Paccvorpure mokpoitue { By, (x0) 02 ;.

16.R Tlycrs X = [0;1) U (2;3]. Muoxecrso [0;1) 3amkuyro B X, HO He
SIBJISIETCST KOMITAKTHBIM. Vit errie mporie — CMOTPUTe CIeYIONIYIo 3a,Tady.

16.5 B cuny 16.(Q), kommakTHOe nogMuOKecTBO R orpanutieno, B
cumy 16.K, oHO 3aMKHYTO. Eciun nomvaoxkectBo F' C R™ orpanuteno,
TO OHO JIEKUT B HEKOTOPOM Kybe, KorTopbiit kommakTeH (16.P). Ilockonbky
MHOXKeCTBO F' 3aMKHYTO, TO OHO W KOMIIAKTHO, B cuiy 16.J.

16.T Bocnosassyemcst teopemoii 16.H. Ilycrs {U,} — nokpeirue f(X)
orkpbiThiME B Y muOkectBamu, Torya {f 1 (Uy)} — nokpeitne X OTKpHI-
THIMM B HEM MHOKeCTBamMu. Tak Kak X KOMITAKTHO, TO M3 3TOTO MOKPBITHS
MOKHO Bblle/uTh Koneunoe mojnokpeitue {f~1(U;) ;. Habop {U;}7, —
KOHETHOE MOAMOKpbITHe MHOXKecTBa f(X).

16.U B cuny 16.T u 16.S, muoxecrso f(X) C R kommakTHO, 3Ha-
qur orpanmyeno, nosromy cymecrsyior m = inf f(X) u M = sup f(X).
[Mockonbky f(X) rakxke u 3amkuyTo, T0 m, M € f(X), orkyna u cremyer
cymecrBoBanue Takux touek a,b € X uro f(a) < f(xr) < f(b) npm BCex
e X.

16.V Crenyer m3 16.23: paccvorpure nokpeitue {f~1(U) | U € T}
mpocTpaHcTBa X.

16.W Henocpeacrsenno caemayer u3 16.J, 16.K u 16.T.
16.X Comocrasbre 16.Wu 16.24.
16.Y Cwm. 16.X.

17.A.1 Ouesuino. [IpeamosoKuM TPOTUBHOE, TYCTH CY-
IMECTBYET MpeebHasg TOUKA T, He SBJISIONAICT TOUKON HAKOTITIEHUS MHO-
kectBa A. Torma y Hee CyImecTByeT OKpecTHOCTH U, TaKast I9TO MHOXKECTBO
U, N A xomeuno. CreqoBaTebHo, HafIeTCa Takas OKPeCTHOCTH W, Toukn
x, mas koropoit (W, \ ) N A = @ — nporuBopeune.

17.A.2 Ot upoTUBHOIO: PACCMOTPUTE TIOKPBITHE TPOCTPAHCTBA, TAKUMU
OKPECTHOCTSIME €r0 TOYEK, [MepecevdeHrne KOTOPBIX € JIAHHBIM OECKOHEUHBIM
MHO>KeCTBOM KOHEYHO.

17.A.3 lIlycrb A — MHOXKECTBO TOYEK JAHHOI IIOC/I€I0BATEJILHOCTH.
[Ipemmosioxkum, uro oHO Oeckonedno. Ilo mpeabIayIeMy yTBEpKIEHHIO Y
HEro UMeeTcs TOYKa Hakomaenus xq. [lycrs {U, } — cuerHas 6a3a oKpecTHO-
creit TOUKKN T U Ty, € Up N A. Tax kax muoxecrso Us N A Geckoneuno, o
HAZeTCs g > Ny, T, € Uz N A. Jlokazkure, 4T0 IMOCTPOEHHAS I10/[00HBIM
00Pa30M IMOJIIIOCIIE/IOBATEILHOCTD { Ly, } HCXOQHOIT 0C/Ie10BATEIBHOCTH CXO-
auTed K . BEcam MHOKeCcTBO A KOHEYHO, TO BCE BHAYUTENIbHO IIPOIIIE.
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17.B.1 Paccmorpure HOCIE40BATENBHOCTD { Ty |, Ty € Fy, 1 OKaXKMTE,
49TO €CIH T, — To, TO Tp € Iy, npm Bcex n € N.

17.B.2 Ecnu {F}} — neHTpUpOBaHHAS OC/I€I0BATETLHOCTD 3aMKHY THIX
MHOXKecTB, T0 H,, = (] F) — BJIOXKeHHAs II0C/Ie0BATEILHOCTD 3aMKHY ThIX
MHOKECTB.

17.B.3 Tlo reopeme Jlunpenéda 15. 0 gocrarodHo paccMarpuBarb CYeT-
ubte nokpeitust {U,}. Ecin #ukaxoil KoHedHblil HaOOP MHOXKECTB U3 9TOrO
MOKPBITHS CaM IOKPBITUEM HE dBjisiercss, TO MmuoxkectBa Fj, = X \ U, obpa-
BYIOT MEHTPUPOBAHHYIO CHCTEMY 3aMKHYTBIX MHOYKECTB.

17.C Cnenyer uz 17.Bu 17.A.

17.D Tlepedopmynupyem omnpejesnenne e-cetu: A ecrtb e-ceTb, ecau
{B:(%)}zea — nokpbrrue X. Teneps 10ka3arebCTBO OUEBH/HO.

17.E Paccyxaaem or nporusroro. Eciu {2; 1~ ne ecrs e-cers, o
Hafijerca Takasg Touka Ty, 9ro p(x;,xK) > €, 1 = 1,...,k — 1. B pesynbra-
T€ MBI MOJIYYUM II0C/IE0BATEIBHOCTL, PACCTOSTHUE MEXKY JIIOOBIMU JIBYMST
YJIeHAMM KOTOPOU HE MEHBINE €, MMOITOMY y HEe HET CXOMASIIIUXCS MOJIOCIE-
JTOBATEIBHOCTEN.

17.F OueBuIHO: BCAKMIT OTKPBITH IIAP METPUYECKOTO IPOCTPAH-
CTBa — OTKPBITOE B HEM MHOYKECTBO. Ucnonb3yiiTre onpeesienue To-
ITOJIOTUN METPUYIECKOTO ITPOCTPaHCTBA.

17.G CdyeTHBIM BCIONY ILIOTHBIM MHOYKECTBOM SABJISIETCS O0bLEINHEHIe
ero KoHeuHbIX i-cereil (cM. 17.E).

17.H TlockoJsibKy OHO cermapabeibHO.

17.1 Ecan X KOMIAKTHO, TO OHO CEKBEHITHATHLHO KOMIIAKTHO B CHUIY
17.A. Ecmm X cekBeHITHATBHO KOMITAKTHO, TO OHO cemapabenbHo, 3HAUNT,
obsiasaer cuernoit 6azoit. Ilosromy u3 17.C ciemyer, 4TO OHO KOMIIAKTHO.

17.J Ilycrs nociegoBareabHOCTh {Ty, } cxonurcs B cebe, a ee MoIoce-
JI0BATEIbHOCTD &y, MMEET CBOMM IIpeJiesioM TouKy a. Hafigem rakoe aucio m,
uro p(xy, o) < § upu k,l > m, n Takoe i, 4uro n; > m u p(zy,,a) < 5. Torma
npu Beex | > m BepHO HepaseHCTBO p(x),a) < p(Ty, Tn,) + p(xn,,a) < €.

17K OueBumHO. [Iycts {zy,} — dynmamentasbaas moce-
noBaTebHOCTb. IIycTh 1y TakoBo, 4T0 p(Tn,Tm) < 3 mpu Beex n,m > ni.
Buaunt, T, € Bjj9(Tn,) Ana Beex n > ni. Beibepem mamee ny > ny Tax,

9T06b1 p(Tn, ) < § TPH BCEX 1,m > ng, Toraa Byjy(Tn,) C Byja(n,).
[IpooszKast IOCTPOEHHE, TOJIY IaeM TaKyo IIOCJIe[0BATEIbHOCTD BJIOKEHHBIX
MIApOB, Jisl €JMHCTBEHHOI OBIIeil TOUKM L) KOTOPBIX BEPHO, YTO Ty — X(.

17.L Ilycrs {x,} — bysgamenranbaast 10C/1eJ0BATEILHOCTD TOYEK KOM-
[IAKTHOIO METPUYECKOr0 HPOCTPAHCTBA. IIOCKOIBKY OHO U CEKBEHI[HAILHO
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KOMITAKTHO, TO HEKOTOPAas ee TOJIIOCTe0BATETbHOCTD SIBAIETCH CXOIATIeH-
Cs, a TOrJIa, CXOJIMTCS W MCXOJIHAS MMOC/IE0BATEIHHOCTD.

17.M Bo BcgxkoM KOMITAaKTHOM METPUTIECKOM MPOCTPAHCTBE NMe-
eTCd KOHEYHAS E-CETh.
Tenepb TpeAIoI0KuM, 9T0 Jjist JI060T0 € > (0 B IPOCTPAHCTBE CYIIe-
CTBYET KOHEYHAsI £-CETh, U MIOKAYKEM, ITO 9TO MIPOCTPAHCTBO OYy/I€T CEKBEHITU-
AJTbHO KOMIAKTHBIM. PaccMOTpUM MTPOM3BOJIBHY O OCIET0BATETLHOCTD { Xy, }.
Ob6ozmaunm yepe3 A, KOHETHYIO %—CGTB npoctparcTtBa X . [Tockoapky X =
Ueea, Bi(), T0 maiiercs Taxoii map, B KOTOPOM JIEXKHT GECKOHETHO MHOTO
YJIEHOB TIOCJIe/I0BATENLHOCTH; IyCTh Ty, — IEPBBI U3 HUX. 13 ocTaJbHBIX JTe-
JKallIUX B IIePBOM IIape YIEHOB BBIOEPEM Ty, — II€PBBIIl U3 JIE2KAIUX B LIaAPe
Bijs(x), ¥ € Ap. Ilpogosikas nocrpoenue, 1nojydaeM M0/I0C/ e I0BaTe b
HOCTH {Zp, }. [lokaxkure, uro ona dyngamenranbaa. [lockoabky mo npej-
[TOJIOXKEHUTO TTPOCTPAHCTBO SIBJISIETCS ITOJTHBIM, TO ITOCTPOEHHAS TOCIEI0Ba~
TEJIBHOCTH UMeeT mpejiest. Takum 00pa3oM, Mbl JI0KA3a/I1, 9TO TPOCTPAHCTBO
CeKBEHIMATbHO KOMIIAKTHO, CJIEI0BATE/]IbHO, OHO W KOMITAKTHO.

18.Ax Koueuno, ne naciaegcrsenna. [lpumep: Q C R,

18.Bx Ilycts U — oKpecTHOCTH C KOMIAKTHBIM 3aMmbiKanueMm. Ecin F
3amMkHyTO, TO MHOKeCTBO Clp(UNF) = ClUNF KOMIAaKTHO KaK 3aMKHYTOE
TTOJIMHOKECTBO KOMITAKTHOTO MHOYKECTBA.

18.Cx Her, ne Bepno. Ilycrs X He JIOKAJBbHO KOMIIAKTHO (HAIPHMED,
X = Q). Homoxxum X* = X U{z.}, @ = {X*}U{U | U € Q}. Ilpo-
crpancTBO X KOMITAKTHO, CJIEJIOBATEIHLHO JIOKAJTHLHO KOMITAKTHO, a X — ero
OTKPBITOE MTOIMHOYKECTBO, He ABJIIONIeecT TeM He MeHee JTJOKATbHO KOMITAKT-
HBIM TTPOCTPAHCTBOM.

18.Dx PaccmorpuM mpousBOJIBHYIO OKPEeCTHOCTH W HEKOTOpOi#t Tou-
ku x upocrpancTBa. llycrs Uy — OKPECTHOCTH TOYKH T, MMEIOINIAas KOM-
makTHOe 3aMbikanue. [lockobKy mpocTpancTBO Xaycmopdoso, To {x} =
Nuse CLU, crenosarensro, {z} = (5, (ClUs N C1U). Kaxnoe u3 MHO-
xectB ClUgNCLU gBisieTcd KOMIAKTHBIM, 3HAYUT, B cujy 16.11, HaiiayTcs
takue okpecruaoctu Uy,...,U,, aro ClUyNClU; N...NCl1U, C W. Illyctb
V =UpnUN...NU,. Torma C1V C W. Takum 06pa3omM, BO BCIKOI OKPeCT-
HOCTU TOYKHU JIEYKUT 3aMBbIKaHIE HEKOTOPO#l eé okpecTHOCTH. B cumy 14.19
[IPOCTPAHCTBO SIBJISIETCS PEryJIsiPHBIM.

18.Ex Ilycrb muO)eCTBO V OTKPBITO B XayCA0pdOBOM JIOKAJIBHO KOM-
maktaoM npocrpanctse X u x € V. Ilycts U — OKpecTHOCTb TOYKM X, Ta-
kasg aro ClU — xkommakTHOE MHOXKeCTBO. B cmny 18.Dx m 14.19 y Toukm
x umeercst okpectHoCcTh W, takas aro CIW C U N V. Takum obpaszowm,
Cly W = C1W — koMmakTHOe MHOYXKECTBO, 3HaUuT V — JIOKAJIbHO KOMITAKT-
HOEe [IPOCTPAHCTBO.
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18.Fx OuesnHo. Ucnonszyiire naero nz  18.Ex.

18.Gx Tax kak @ m OTKPBITO, U KoMmakTHO B X, To &, X" € QF,
[IpoBepuM Temeph, UTO OOBEINHEHIS KOHETHBIE MTEPECeTeHNsT MHOKECTB 3
O mpunasmexkar 2%, DTO OUYEBHIHO JJIsT MHOMKECTB, NpHHAILIeKAIMMIX ().
[Mycrs X* N Ky € QF, rme K, C X — KOMIOakTHBIE MHOXKeCTBa, A € A.
Torma J(X* N K)) = X* N[ K) € QF, nockombky X xayc1opdoBo, Tak 9To
MHOKeCTBO (| K\ KOMIaKTHO. AHATOHIHIHBIM 00pa3oM, ecjim A KOHEIHO, TO
N(X* N K)) = X* N UK\ € Q. Tlosromy ocraercss pacCMOTPeTh CJIydaii,
KOIVIa O0beIUHAIOTCs (IepecekaroTcs) MHOKecTBa 3 0¥ u MHOXKecTBa U3 ().
Mgt octaByisteM pa3bop 3TOTO CIydast YATATEIO B KAYECTBE YIPAKHEHU.

18.Hx Paccvmorpum tor sement U = X* \ K HOKPBITHSI, KOTOPbI
cojiepKuT obaBIeHHy 0 TouKy. QcTaBImecs 3/1eMEeHThI TOKPBITHA 00pa3yoT
OTKPBITOE TIOKPBITHE KOMITAKTHOTO MHOYXKecTBa K.

18.Ix pyrumu cjioBaMu, TOMOJIOTHS, UHAyIUpoBaHHas u3 X Ha X,
COBIIQIAET C MCXO/HON Tormosorueit mpocrpancrsa X. Tak oHO u ecTb, 1O-
CKOJIBKY B xaycaopdoBom mpocrpancrBe X KOMITAKTHBIE MHOYKECTBA, dBJIsi-
FOTCS 3aAMKHY THIMHU.

18.Jx FEcm z,y € X, To Bce oueBmmmo. Ecim, kK mpumepy, y =
TO PacCMOTPUM OKpPECTHOCTH U, TOUYKM , 3aMBIKAHIE KOTOPOil KOMIIAKTHO.
Torma U, u X \ Cl1U, — OKpeCcTHOCTH, Pa3/Je/IgioNme TOUYKI & U Ty.

18.Kx Ilyctb . = X* N X nuy =Y ~ X. [osoxnm

xr mupnz € X,
Y X2 P
Ty TPH T =Y.

Ecim U C X*u U = X"\ K, rie K — KOMIIaKTHOE MHOXKECTBO B X, TO
muaozkectBo f~H(U) =Y \ K — oTKpBITO B Y, TaKHM 06pa3oM, 0TOGpazKeHne
f menpepsiero. Ocrajnoch npumenutsb 16.X.

18.Lx Yb6exurech, 9T0 ecam OTKpbIToe MHOKecTBO U C S? comep ur
“ceBepHBI TTOJTIOC”, TO JOTTOJIHEHNEe 00pa3a 9TOT0 MHOXKECTBA, TIPH CTepeorpa-
(butUecKoil IpOeKIH KOMIAKTHO B R2,

18.Mx Tlockonbky X* xaycaopdoso u komnaktao (cm. 18.Hxwu 18.Jx),
10 oHO peryisapuo B cuiry 16.M. IIpocrpancrBo X sgBjsgercs moampoCTpaH-
crBoM X ¥ a peryaspHOCTh HacjeacTBenna. [lompolyiite Tak:ke JoKa3aTh
yTBEpKIeHNE 3a/1a49u 6e3 mepexofa K OJIHOTOYEeIHON KOMIIAK TU(DUKAIIAN.

18.Nx Ecmu f* menpepsiBHo, T0o TakoBo ke u f (B cuty 18.1x).
[Iycts K C Y — kommakTHOe MHOX)KecTBO. [lotozkum U = Y N K. Tak kak f*
HermpepsIBHO, To MuOKecTBO (f*) HU) = X* \ f~}(K) orkprito B X*, Tax
aro MuOKectBo [ (K) kommakTo B X. CrreoBarensno, f — coGCTBEHHOE
oToOparKeHue. JloKkazaTebCTBO MPOBOJUTCA AHATIOIHYHBIM 00Pa30M.
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18.0x Ilycrs f*: X* — y* — nponoskenue orobpaxkenust f: X — Y.
Hokazkure, uro ecin F' 3amkuyro B X, ro F'U{*} 3aMKHyTO, CiI€110BaT€IbHO
kommakTHO B X *. [amee ncmonb3yiite yreepxkaenns 18.Nx, 16. Wu 18.1x.

18.Px CobcrBeHHast HHbBEKIINs XaycIopdoBa MPOCTPAHCTBA B JIOKAIBHO
KOMITAKTHOE Xayc0p(OBO MPOCTPAHCTBO ABJISIETCA TOMOJOTUIECKIM BJIOXKE-
uueM. CobcTBenHas OmeKIus XaycopdoBa MPOCTPAHCTBA B JIOKAIBHO KOM-
[MAKTHOE XaycI0P{OBO MPOCTPAHCTBO SIBJIAETCS TOMEOMOP(MUIMOM.

18.Qx Ilycrs I' — jnoka/JbHO KOHEUHOE MOKPBITHE. PaccMOTpUM TakKe
mokpbiTHe A mpocTpaHcTBa X OKPECTHOCTSIMU, KaXKasi U3 KOTOPBIX Mepece-
KAeTCd C KOHETHBIM YUCIOM JIeMeHTOB moKpbiTus ['. B cuity kommakTHOCTH
X, u3 A MOXkKHO BbLIeIUTH KoHedHoe noanokpbite A’ TIocKoIbKy Kaxkgas
U3 OKpecTHocTell, Bxogamux B A) mepecekaeTcs UMb ¢ KOHETHBIM THCIOM
MHOXKeCTB 13 MOKPHITUA [, To mX Bcero B I' mMeeTcs KOHedHOE TUCTIO.

18.Rx Tlokpeitne R™ mapamu B, (0), n € N.

18.Sx Ucnosb3yiiTe JIOKAJIHLHO KOHEYHOE MOKPBITHE R™ paBHBIMEU OT-
KPBITBIME KyOaMI.

18.Tx Cp. 18.17x.
18.Ux OueBunno.
18.Vx Dro B TOuHOCTH yTBEpKIAcHUE 18.5X.

18. Wx Ilycts I' — orkpriToe mokpeiTre X . Tak Kak KaxK7goe M3 MHO-
xKecerB K; = X; ~\Int X;_1 kommakTHO, TO I’ cCOEpKUT KOHETHOE TIOIITOKPHI-
tne I'; muoxkecrBa K;. IIpm stom muoxkectBa W; = Int X341 N X;_2 D K;
06pa3yroT JIOKaJIbHO KOHEYHOe OTKphIToe MOKpeiTHe X. Paccmorpes (ms
KazKJIOTO 1) TepeCcevdeHns 3JIeMeHTOB MOKpbITHa 1'; ¢ W, Mbl mosrydmm Jio-
KaJbHO KOHEYHOE IMOKPBITHE, BIUCAHHOE B 1.

18.Xx Ucnonb3ys 18.6x, mocrpoiite cemeiictBo U; OTKPBITBIX MHO-
JKeCTB, TaKMX 4YTO Jist Kakjoro ¢ 3ambikanue X; = ClU; KOMIakTHO u
comepxkurcsd B Ujpp C Int X;11. Ocramoch BOCITONB30BATHCS yTBEPK TEHN-
em 18 Wx.

18.Yx Paccmorpum mokpeitue I' = {U,}. B cuny 18.18x, cymectsyer
otkpbiToe mokpbiTie A = {V,}, takoe uro ClV, C U, s Kaxmoro «.
[Iycts o : X — I — dyukius YpbICOHA, Takasg 4To SUpp @, = X N\ U,
u oyt (1) = ClV, (em. 14.Ax). Honoxum p(z) = Y-, ¢a(z). Torma nabop
byukmit {pq(x)/p(r)} aBasercs uckoMbiM pazbueHreM e[MHUIIbL.






Lnaca IV

Tommostornueckue
KOHCTPYKITAN

19. llepemHoOkeHUE

19'1. TeopeTuKo-MHOX>KECTBEHHOE OTCTYILJICHUE:
nepeMHOXKeHe MHOXKEeCTB

[Mpsimbiv npousseseHnem ([eKkapTOBbLIM MPOU3BELEHUEM UJIA TIPOCTO MPO-
n3egennem) muoxkecrs X u Y HasbiBaercst mHOoxkectBo X X Y Bcex ymo-
psgouennbix nap (x,y) cx € X my € Y. Eeom A C X u B C Y, 10
Ax B C X xY.Muaoxectea X xbcbeY maxY cae€ X mazwpBaiorcs
cnosmu npoussesienna X X Y.

19.A. s niobbix Ay, Ao C X u By, By C Y umeror mecto popMysibl

(Al U Ag) X (Bl U Bg) = (Al X Bl) U (Al X Bg) U (AQ X Bl) U (A2 X Bg),
(A1 X Bl) N (AQ X BQ) = (Al ﬂAg) X (Bl N Bg),

(Al X Bl) N (AQ X Bg) = ((Al N Ag) X Bl) N (A1 X (Bl N Bg))

BQ B2
B
2 // Bl /
By
By

Al As Aq Ao Aq Ao
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EcrecTBennbie oTobpazkenus
pry: X xY —-X: (r,y)—mzupry : X XY —->X: (z,y)—vy
HA3bIBAIOTCS MPOEKYUSIMU.

19.B. [okazkure, 9T0 pr;(l(A) = A XY gna moboro muoxecrsa A C X.

19.1. Hanwummmre anasorun<nyio dopmyny mis B C Y.

19'2. I'padpukn
Kazxmomy orobpaxkenmio f : X — Y MOXKHO COIIOCTABUTE ITOMHOYKECTBO

I'y={(z, f(z)) |z € X} C X xY, nazpiBaemoe rpagpukom oTobpazkenns f.

19.C. Muoxecrso I' C X X Y aBasercs rpadukoM HEKOTOPOIo 0ToObOpazke-
vust f 1 X — Y, corma ays siroboro © € X mepeceuenue I' ¢ & X Y cocrour
POBHO M3 OJIHON TOYKM.

19.2. Jloxaxkure, 4To Ajis aioboro orobpaxenus f: X — Y u m00bIX MHOXKECTB
A C X u B CY uwmeror mecto HOpMyIIbI

F(A) = pry (T N (A X Y)) = pry (T Npry' (4) u

FHB) = pry (T 0 (X x B)).

Muoxecrso A = {(z,z) | * € X} Ha3bBaercs QUaroHAIBIO [IPOU3BEICHUS

X x X.
19.3. Ilycre A, B C X. [okaxwure, uto (A x B)NA =&, corma AN B = g.
19.4. Hoxaxwure. 9T0 0TOOparKeHue pry ‘Ff OUEKTUBHO.
19.5. [okaxwure. uto oTobparerne f HHHEKTHBHO, COT/Ia 0TOOpaXKeHne pry |r,
WHDBEKTUBHO.

19.6. Paccmorpum orobpaxkenme T : X XY — Y x X : (z,y) — (y,z). Jokaxwure,
uro I'j—1 = T(T'y) mas moboro obparmmoro orobpaxenus f: X — Y.

19'3. IlepeMHO>XKeHHME TOMOJIOTUii

IIycte X m Y — Tomosormueckme mpocTpancTBa. Muoxectso Buga U X
V C X xY,rme U otkpoiTo B X n V OTKPBITO B Y, HA30BEM 3/1EMEHTaPHBIM.

19.D. Cosokynnocmo INEMEHMAPHBIL MHONHCECNE ABAAEMCA 00300 HeKo-
mopot monosoeuu 6 X XY.

[pounssegennem Tomnosiorudeckux npocTpancts X u Y Ha3bIBAETCS MHO-
xkecTBo X X Y ¢ TomoJiorueii, 6a30it KOTOPOU CJIyYKUT COBOKYITHOCTD 3JIEMEH-
TapPHBIX MHOXKECTB.
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19.7. st mo0bIx moampocTpascTs A u B mpocrpancTs X u' Y TOHOIOrHs Ipows3-
Begerus A X B coBlajiaer ¢ TOMOIOrUeil, NH/YIMPOBAHHON eCTeCTBEHHBIM BKJIIO-
genmeM in: A X B— X x Y.

19.E. Tlpoussenenne X X Y xkanmonwmdecku romeomopduo Y x X.

CrnoBa “kaHOHUYECKH TOMEOMOP(MHO’ 03HAYAIT, UTO HE TOJBKO CYIIe-
CTBYET KaKOil MOmajo roMeoModu3M, HO MMEeTCsl HEKOTODPBI 3aMedare/ib-
HBI (OUeBHIHBINT) roMeoMOpdI3M, KOTOPBI UMEeT JOTOJHUTETbHBIE MTPU-
ATHbIC CBOMCTBA.

19.F. TIpoussegenne (X xY') x Z kanounvecku romeomopduo X x (Y x 7).

19.8. Eciu muoxecrBo A 3amruyTo B X, a B—-8Y, 10 AX B 3amkayroB X X Y.

19.9. Hoxaxwure, uaro moboix A C X u B C Y umeer mecro pasencrso Cl(A x
B)=ClA x ClB.

19.10. Bepuo s, uro Int(A x B) = Int A X Int B?
19.11. Bepuo ym, uro Fr(A x B) = Fr A x Fr B?
19.12. Bepno mm, uro Fr(A x B) = (Fr A x B) U (A x Fr B)?

19.13. Bepuo au, uro ecim A u B 3amkuyThl, TO Fr(A X B) = (Fr A x B) U (A X
Fr B)?

19.1/4. Haiimure dopmymy, seipaxaiomyio Fr(A x B) B tepmunax A, B, Fr A n
FrB.

19'4. Tonosaoruveckue CBOMCTBA MPOEKIUIi U CJIOEB

19.G. Jlasa mobor monosoeuseckuxr npocmpancme X u 'Y ecmecmeentvie
npoekyuu pry : X XY — X upry : X XY — Y asasomca nenpepoisHvim
0mobPANCEHUAMA.

19.H. TonoJjiorug npousse/ienus — camasi rpybdas cpeau Tomosoruii B X XY,
OTHOCHUTE/IbHO KOTOPBIX OTOOPAaKEHUs Py U Pry HEIPEPHIBHBI.

19.1. Crou npoussedenus KGHOHUMECKY 20MEOMOPPHHDL COOMBEMCMEYHOULUM
commootcumenam. Karnonuweckumu 30M€0MOP¢U3MG,MU CAYIAHCaAm CYNMNCEHUA
npoexyul.
19.0 R!' xR =R? (RY"=R", ()*=I". (H -
.J. Hokaxure, uro R' x R* =R*, (R*)" =R", (I)" =I". (Hamomn
HaeM, 9ro I — 9T0 n-MepHbIil Ky0).
19.15. Ilycrs Yx u Xy — 6a3sl npocrpancts X u Y. /lokaxnure, 9T0 MHOXKECTBA
UxVcUe€Xx nV € Xy cocrasiaor 6a3y npocrpauctsa X X Y.

19.16. Jloxaxkwure, aro orobpaxkenne f : X — Y HempepbIBHO, COTIa PrIy |rf -
roMeoMopu3m.

19.17. oxaxwure, ato ecm W orkpbito B X X Y, To MHONKecTBO pry (W) OT-
KPBITO B X .



146 IV. Tomonormieckrne KOHCTPYKITHH

Orobpazkenne X — Y Ha3bIBAETCH OTKPbITHIM (3aMKHYTbIM), €Ci 00pas3 Jiro-
60ro OTKpHITOro (3aMKHYTOr0) MHOXKECTBA OTKPBIT (COOTBETCTBEHHO, 3aMKHYT).
Takum ob6paszom, cormacuo 19.17, mpoeKnus sBIASETCS OTKPBHITHIM OTOODaKeHHEM.

19.18. dBnsercsa jm pry 3aMKHYTHIM 0TOOparkeHueM?

19.19. okaxure, 9T0 1jIs 1000r0 mpocTpancTBa X M KOMIIAKTHOI'O IIPOCTPAH-
crBa Y orobpazkeHue Pry sB/IAETCH 3aMKHYTHIM.

19'5. IlepemHOXKeHHME OTOOPa>KeHU

Paccmorpum muoxkecrsa X,Y u Z. Orobpaxenue f : 47 — X XY,
onpejesisier Komnosuruu f; = pryof 1 Z — X u fo = pryof : Z —
Y, HasbiBaeMble KOOPZUHATHbIMU) oToOpazkenusivu st f. flcro, aro camo
orobparkenne f BoccTaHaBauBaeTcs: 1o f1 u fa.

19.K. [dokaxure, 9to jisi JH00bIX oTobpaskennit f1: 24 — X u fo: Z — Y
CYIIECTBYET OJTHO U TOJBKO OnHO oTobpaxkenne f: Z — X XY cpryof = fi

u pry of = fa.

19.20. Hoxaxure, uro f~ (A x B) = f7'(A) N f;'(B) aas m06bIX MHOKECTB
ACcXuBCY.

19.L. Ilycts X, Y u Z — TomojoruvecKne MpoCcTpaHCcTBa. JlokaxuTe, ITO
orobpaxenne f : Z — X X Y HempepwIBHO, COIa HENPEPLIBHLI f1 1 fo.

s mrobbix orobpaxkenuit g1 : X1 — Y u go @ Xo — Yo, MOKHO ormpe-
JIeJIUTH 0TOOpazKeHne
g1 X g2 Xa X Xog = Y1 x Yo (21,22) = (91(21), 92(22)),
KOTOPOE HA3BIBAETCHA MPOM3BEAEHMEM OTODPAYKEHUIT g1 U ¢o.
19.21. Jloxaxwure, uaro (g1 X g2)(A1 X A2) = g1(A1) X g2(A2) mra moberx A1 C X1
u As C Xo.

19.22. Jloxamure, uto (g1 X g2) *(B1 x B2) = g7 (B1) x g5 '(B2) mns m06m1x
B1 CYiuBs CYs.

19.M. JlokaxkuTe, 4TO MPOU3BEJEHIE HEIPEPBIBHBIX OTOOPAYKEHWIT Herpe-
PBIBHO.

19.23. JlokaxkwuTe, 9TO IPOU3BEICHNE OTKPBITHIX OTODPAKEHUH OTKPHITO.

19.24. Jokaxwure, 4To BcaKad MeTpuka p : X X X — R ecTtp HempepsiBHaA
dbyrkIms (OTHOCHTETHLHO TOMOJIOTHH, OMPEIE/TSIeMO STOH METPHUKOIA).

19.25. Paccmorpum orobpaxkenue [ : X — Y. Jokaxkure, 4to ero rpadux I'f
coBmamaer ¢ npoobpasom muaronamm Ay = {(y,y) |y € Y} C Y XY npwu orobpa-
xeaunm f X idy : X XY =Y x Y.
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19'6. CaoiicTBa AuaroHaJm u ApyTrux rpadukoB

19.26. [okaxure, 94TO MPOCTPAHCTBO X XaycmaopdoBo, corpa muaroHaab A sB-
JIsgeTcs 3aMKHYTHIM B X X X MHOXKECTBOM.

f(@)

19.27. Ilycrts mpocrpancTso Y xaycmopdoso u orobpaxkenne f : X — Y mempe-
peiBHO. /loKaxkuTe, 9TO MHOXKeCTBO I'; 3aMKHyTO.

19.28. Ilycrs npocrpancrso Y KoMmakTHO u MHOXkKecTBO 'y 3amkmyTO. /Jokarku-
Te, 9YTO oTOOpaxkeHne f HEIPEPBIBHO.

19.29. CyiiecTBeHHO /i yC/IOBHE KOMIIAKTHOCTH B 3a1a4e 19.287
19.30. Ilycts f: R — R — menpepsiBaas dyuknns. /lokaxkunre, 9To eé rpaduk:

(1) samxmyr B R?;

(2) cBazen;

(3) smmeiino cssizen;

(4) nokambHO CBA3EH;

(5) NOKaJIBLHO KOMITAKTEH.

19.31. Paccmorpum criemyronue byHKIAN
0 mpu x = 0

1

T

0 mpmz=0, ’ KakuMu

sin upu x # 0.

1)]R—>]R:x»—>{ 2)R—>]R:a:|—>{

1 mpmax#0.]

x?

u3 nepeuunciaenabix B 19.30 coiicrs obiamaior ux rpaduxn?

19.32. Cnemyer ju m3 KaKOro-mbO OMHOTO W3 CBOWCTB, YIOMSHYTHIX B 19.30,
HEIPEPhIBHOCTH UCXOMHOH hyHKIIN?

19.33. Ilpenmonoxum, uto rpaduk [’y — 3amkHyTOEe MHOXKecTBO. Torma ciemyio-
mye yTBepXKAeHUA PaBHOCUJ/IbHDBL:

(1) f meupepbisHa;

(2) f 7OKaIBHO OrpaHUYEHA;

(3) rpaduxk I'y cessen;

(4) rpaduk I'y muneiino casen.
19.34. oxkaxmute, uro ecau ['y — cBA3HOE M JIOKAJIBHO CBI3HOE MHOXKECTBO, TO
dyukuusa [ HemnpepbiBHA.

19.35. Joxaxwure, uro eciu rpaduk ['y cBa3eH 1 JIOKAILHO KOMIIAKTEH, TO (DYHK-
nust f HelmpepbIBHA.

19.36. Bepuo nu kakoe-HUOYIb U3 yTBepxKaenwit 3amad 19.38 — 19.35 nms orob-
paxenmii f : R? — R?

19'7. Tomosoruveckue CBOHCTBA MPOU3BEIEHMI

19.N. Ilpoussedenue caycdopposovir npocmpancms raycdophoso.
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19.37. IlpomsBenenue peryJIApHBIX IPOCTPAHCTB PETY/IAPHO.

19.38. llpoussenenue HOPMAJIBHBIX IIPOCTPAHCTB HE 00A3aTEILHO ABJISAETCH HO-
POMaJILHBIM.

19.38.1. Ilycrs R — upsgmas ¢ TomnoJiorueii, 6a30if KOTOPOil #ABIAETCsH
MHOYKECTBO TIPOMEKYTKOB BHA [a;b). JlokaxkuTe, 910 R SBJISETCS HOP-
MaJIbHBIM TTPOCTPAHCTBOM.

19.38.2. Muoxecreo V = {(z,—z) € R X R} 3aMKHYyTO, & HH/YIPO-
BaHHASA HA HEM TOTIOJIOTHUA JUCKPETHA.

19.38.3. Ykaxurte JIBa, HEIEPECEKAIOIINXCs MOAMHOXKeCTBa B V, KOTO-
phie He UMeoT B R X R HenepeceKaronnXcs OKPEeCTHOCTEH.

19.0. Ilpoussedenue cenapabesbHbLT NPOCTNPAHCING CENAPLOENDHO.

19.P. Ilpoussedenue npocmparcme, YoosAemeoPAIOUUL NEPEoTts GKCUOME CHEM -
HOCTU, YOOBAEMBOPAEM NEPBOT AKCUOME CHEMHOCTNU.

19.Q. Ilpoussedenue npocmparcms, YooBAEMBOPANUUL 8MOPOT GKCUOME
CUEMHOCTNU, YOOBAEMBOPAEM 6MOPOTL AKCUOME CHEMHOCTNU.

19.R. Ilpoussedenue MEMPUIYEMBLT NPOCMPAHCING MEMPUIYEMO.
19.8. Ilpoussedenue c8A3HHLL NPOCMPAHCME CEAZHO.

19.39. Jloxkaxkwute, uto ecqim X,Y — CBA3HBIE MPOCTpaHCTBA, a A, B — ux cob-
CTBEHHBIE [TOIMHOXKECTBA, TO MHOXKecTBO X X Y \ A X B cBazHo.

19.T. Ilpoussedenue AuHETHO CBAZHBLL NPOCTRPAHCING AUHETHO CEAZHO.
19.U. Ilpoussedenue KOMNAKMHOLL NPOCTPAHCNE KOMNGKMHO.

19.40. JloxaxkuTe, 9TO IPOU3BeJeHUE JIOKAJbHO KOMIIAKTHBIX IIPOCTPAHCTB JIO-
KaJIbHO KOMIIAKTHO.

19.41. Jlokaxwure, 9TO €CaA NPOCTPAHCTBO X MAPAKOMIIAKTHO, & IIPOCTPAHCTBO
Y xommakTHO, TO X X Y mapakoMIaKTHO.

19.42. ns KaKuX U3 TOIMOJIOTUIEeCKUX CBOUCTB, PACCMOTPEHHBIX BBIIIE, U3 TOTO,
qT0 pou3Benenne X X Y 00/1agaeT STUM CBOUCTBOM, CJIeyeT, 9TO U IIPOCTPAHCTBO
X um obmamaer?

19.43. Ilycrs f : X — Y 3amkmyroe (me obasarenbHo menpepwiBHOE!) oTobpa-
xenne. llpeamosmoxum, 910 y BCAKONW TOUKM y € Y mpoobpas f ’1(y) STBJISIETCST
KOMITAKTHBIM TTOAMHOXKeCTBOM B X . J[OKaXuTe, 4TO eCJIM IIPOCTPAHCTBO Y KOM-
HAKTHO, TO U X TaK¥Ke ABJIAeTCs KOMIIAK THBIM.

19'8. IIpesacraBjieHue IMPOCTPAHCTB B BHU/ie NPOU3BeeHui

19.V. Tomeomopdusl s npocrpancrsa R2 0 u S x R?




19. Ilepemuozkenne 149

19.44. IHoxkaxure, uro mpocrpancTso R™ < R¥ romeomopdmo S™~F~1 x RFFL
19.45. Hoxaxure, aro mpocrpancrso S” N {z € R™ ™ : 2?4 ... 2} < a:ﬁ_H +
oo+ 22 1} romeomopdro SFT1 x DR

19.46. loxaxwure, aTo mpocTpancTBo O(N) OPTOrOHAILHBIX 71 X 1-MaTPHIL TOMEO-

mopduo SO(n) x O(1).
19.47. Hoxaxwure, aro npocrpanctso GL(n) romeomopduo SL(n) x GL(1).
19.48. Jokaxure, 9TO IPOCTPAHCTBO

GLy(n) ={A € L(n,n) | det A > 0}

n(n+1)
romeomopduo SO(n) x R™ 2.

19.49. Ioxaxwure, uro mpocrpanctso SO(4) romeomopdmo S° x SO(3).
IIpocrpancrso S' x S' waspBaercs Topom.

19.W. Broxure Top B R3.

IIpousseenne k comuoxureneit St x ... x S' wazwiBaercs k-mepHbim
TOpOM.

19.X. Buoxure k-mepmsrii Top B RFFL,

19.Y. Bnoxure npoussegenus St x D?, St x ST x T u S? x I B R3.
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20. PakTopusalud

20'1. TeopeTUKO-MHOXKE€CTBEHHOE OTCTYILJICHUE:
pa30ueHns U OTHOINEHUSI SKBUBAJIEHTHOCTH

Hamomuwuwm, aro pasbueHme MHOMKECTBa, — 3TO €r0 MOKPBITHE ITOTapPHO
HeIIepeCeKaoIUMUC TTOIMHOKECTBAMU.

C kaxpiM pasbuennem S MHOKeCTBa X CBA3AHO OTHOLUEHUE SKBUBAJIEHT-
HocTu (T. e. pedpIeKCMBHOE, CHMMETPUYHOE U TPAH3UTUBHOE OTHOIIEHHE): JIBE
TOYKU 06']35{BJ'IHIOTC5[ SKBI/IBa.}'[eHTHbIMI/I7 eCJ/In OHN HpI/IHa.,Z[.He)KaT O,Z[HOMy dJIe-
MeHTy paszbuenust S. OOpaTHO, ¢ KaXK/IbIM OTHOIIEHUEM SKBUBAJIEHTHOCTH B
MHOXKecTBe X CBSI3aHO pas3dWeHne 3TOro MHOYKECTBA HA KJIACChI 9KBUBAJIEHT-
HBIX 3JIEMEHTOB. Ta.K qTo pa.36I/IeHI/IH MHO>KECTBa Ha HeHychIe IIOAMHOXKE-
CTBa U OTHOIIIEHUA 3KBUBAJIEHTHOCTU B HEM — 9TO II0 CymeCTBy OJHO M TO
JKe, TOYHEE, 9TO JIBa CIIOCODa OIUCAHUSA OJHOIO SBJICHUS.

[Iycts X — muOXKecTBO, S — ero pasbuenue. MHOXKECTBO, djeMEHTAMN
KOTOPOTO SABJISIOTCS TOAMHOYXKeCTBa X, cOCTaB/isiioniue pa3duenue S, HA3bI-
BaeTCsl (hakTOPMHOXECTBOM MHOXKecTBa X no pasbuenuto S m 0OO3HATAET-
cst gepe3 X/ g (9T0O MHOXKECTBO HA3BIBAECTCS TaKiKe (PaKTOPMHOXKECTBOM WU
MHOXECTBOM KJ1aCCOB SKBUBAJIEHTHOCTM MHOXKECTBA X O COOTBETCTBYIOIIEMY

OTHOIIIEHNIO SKBI/IB&JIGHTHOCTI/I) . !

20.1. 3aeadra. Kak sta oneparus cBg3aHa ¢ geigeruem gucen! Oraero obo3Ha-
YeHUd U Ha3BaHUA HOXO)KI/I?

Orobpaxenne X — X/g, orHOCAIIEe Kaxk a0l Touke © € X comeprKa-
it e€ saeMeHT pasbuenus S, HA3LIBACTCA MPOEKUUEN NI 0TobpakeHuem
¢hakTopu3aymm 1 0OO3HATAECTCS Tepe3 pr.

IToamuozkecTBa MHOXKECTBa, X, COCTAB/IEHHOE U3 LIEJIbIX 3JIEMEHTOB pa3-
Ouenust, Ha3bIBAIOTCA HaCkILeHHbIMY. HauMmenbiiee HaChIIEHHOE MHOYKECTBO,
COJIEPZKAIIEE TI0JIMHOKECTBO A MHOKeCTBa, X , HA3bIBAETCS HAChILEHNEM MHO-
xKecrBa, A.

20.2. Hoxkaxwure, uro mHokecTBO A C X ecrb s71emenT pas3buenus S MHOKECTBA
X, corma A = pr~*(point), rme pr: X — X/g — ecrecrBeHHas HPOCKIHS.

l1a NepBBIA B3IVIsL]] OmpereseHne (PaKTOPMHOXKECTBA IPOTHBOPEIUT OZHOMY u3 Hambosee
byHIaAMEHTATBHBIX IPUHIUIIOB TEOPHH MHOXKECTB, COIVIACHO KOTOPOMY MHOXKECTBO OIIPE/IeIseTCs
CBOUMHU dJIEMEHTaMH. B CaMOM JieJjie, 9TOT IPUHIUII HE OCTABJIACT HUKAKOIrO COMHEHHuA B TOM, 9TO
X/g = S, nockonbKy S u X/ UMEIOT OJHH U Te K€ 3JIeMeHThl. Tak YTO KaXKeTcs HeT HeobXO-
JUMOCTH BBOJUTDH X/S~ VcrurHOE 3Ha4YeHue nepexojia OT pas3buenusi K (HaKTOPMHOXKECTBY HE B
U3MEeHEeHHH OYKBAaJbHOIO TEOPEeTHKO-MHOXKECTBEHHOIO CMBIC/IA, a B H3MEHEHWH HAIero OTHOIIe-
HHUA K dJIEMEHTaM pa.36I/IeHI/IH. HOKa MBI IIOMHUM, 9TO OHU ABJIAIOTCA IIOAMHOXKECTBAMU HUCXOJHOTO
MHOXKECTBa, U HE NPOYb JyMaTh 00 UX BHYTpEHHEM yCTpOHcTBe (XOTs GBI 06 MX JIeMEHTaX), MBI
roBopuM 0 pasbuennn. Kak TOJBKO MbI CTAJIHU JAyMaTh 00 j1€eMeHTaxX Pa3dueHusi KaK O HeJIeJMMbIX
YaCTHIAX, MBI HAUMHAEM IOBOPUTH 00 3jeMeHTax (PaKTOPMHOKECTBA.
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20.A. Jlokaxkure, 4TO HACBIIEHIEe MHOXKeCTBA A paBHO pro ! (pr(A)).

20.B. JlokayknuTe, 9TO MHOYKECTBO HACHIIIIEHO, COT/IA OHO COBIAIAET CO CBO-
UM HaCBIIIICHUEM.

20'2. ®akTopTromnoJiorus

DakTOpMHOKECTBO X /G TOMOJOIHYIECKOrO MPOCTPAHCTBA X MO JTIOOOMY
ero pasbmeHuto S Ha HEMyCThbIe IOJMHOXKECTBA HAJEISIeTCs eCTECTBEHHOI
tomostorueii: MmuoxkectBo U C X /g obbasiagercs OTKpHITHIM B X/ g, eciu
OTKpHIT ero mpoobpas pr—(U) mpu oTobpazkenmu pr: X — X/g.

20.C. Ecau S - pasbuenue mmoocecmea X, a £ — monosozus 6 X, mo
UcX LU OV deti .
C S | pr € etUCMBUMEALHO ABAACTNCA MONOAOLUNECKOT
cmpykmypot 6 X/g.
OTa TOIOJIOrmIecKasa CTPYKTYPa HA3LIBACTCA (PakTOPTONOAOMNEN, 8 MHO-
KecTBO X/ g, HaJIeJIEHHOE €10, HA3BIBACTCS (PaKTOPMPOCTPAHCTBOM TIPOCTPAH-
crBa X 1o pazbuenuio S.

20.3. Onumure siBHO (PaKTOPIPOCTPAHCTBO OTPE3Ka 10 pasbuenuio S, cocrosiie-

my u3 muoxects [0; 3], (3; 3], (3;1].

L iIfs i1 ]
[ X AN 1

L] L] L]
a b c

20.4. Yro MOoxKHO CKa3aThb 0 pa3buenun S TOIOJOTMYECKOrO MPOCTPAHCTBA X,
ecu akToprpocTpancTBo X/ G muCKpeTHo?

20.D. Mmnooicecmeo 6 daxmopnpocmparncmee X/g omrpwmo, cozda ono —
00pa3 HACHIWEHH020 OMEPBIMO20 MHOACECMEAE NPU OMOOPANCEHUL PT.

20.E. MuoxecrBo B (pakToprupocrpancrse X /g 3aMKHYTO, COT/Ia €10 Mpoob-
pa3 [pu IpoeKInu 3aMKHYT B X, COIJIa OHO sBJI€TCsl 00Pa30M HACBIIIEHHOTO
BAMKHYTOTO MHOYKECTBA.

20.F. Kanonuueckasa npoexyua pr : X — X/g aeasemca nenpepuisroim
omobpasiceruem.

20.G. Jlokaxwure, 910 (HaKTOPTOIOIOTHUSI SIBJISIETCS CaMONl TOHKOM TOIMOJI0-
rueit B X/ g, 10 OTHOMEHUIO K KOTOPOIl MPOEKIMs PI' HENMPEPbIBHA.

20'3. Tonosormyeckmue CBOWCTBA (PAKTOPIPOCTPAHCTB
20.H. Qaxmopnpocmpancmeo c84A3H020 NPOCMPAHCMEA CEBA3HO.

20.1. @axmopnpocmparcmeo AuHeUHO C8A3H020 NPOCMPAHCMEE AUHETHO C8A3-
HO.
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20.J. Daxmopnpocmpancmseo CenapabesvbHo20 Npocmparcmed cenapabess-
HO.

20.K. Daxmopnpocmparcmeo KoMNaxmmoeo npocmpaHcmes KOMNGKMHO.

20.L. @akropnpocTpaHCcTBO HPsiMoil 110 e€ pazduennio na Ry u R N Ry ne
xayc1opdoBo.

20.M. ®akToprpoCcTPAHCTBO TOIMOJIOIUYECKOr0 IIpocTpancTBa X 1o pa3bue-
Huto S xaycopdoBo, corja Jifo0ble J1Ba, 3JIEMEHTa 9TOr0 pa3dueHust 00/1a1a10T
HEImepeCeKaInMUCA HAaCBIIIECHHBIMU OKPECTHOCTAMMN.

20.5. Cdopmynupyiite B TOM K€ JIyXe YCJIOBHs, HEOOXOIUMBbIE U IOCTATOYHBIE
It TOro, 91006l (haKTOPIPOCTPAHCTBO YAOBJIETBOPSIO APYTUM aKCHOMaM OT/e-
JIIMOCTHY B aKCHOMaM CYeTHOCTH.

20.6. llocrpoiiTe puMep, MOKA3BIBAIOIINII, 9TO CYNECTBOBAHUE CUETHOMN 6a3bI
MOYKET TEpPATHCS TP Mepexo/ie K (PaKTOPITPOCTPAHCTBY.

20'4. TeopeTUKO-MHOXKECTBEHHOE OTCTYTLJICHUE:
dakTopoTobparkeHust

[Iycts S — pasbuenue mHOKecTBa X Ha HEIYCThIE MMOJIMHOXKECTBA U f :
X — Y — orobpakenue, MOCTOSHHOE HA KayKJIOM 3jieMeHTe pasbueHus S.
Torma Boznukaer orobpaxenune X/ g — Y| oTHOCAIIEE KazKIOMY JIEMEHTY
A pasbuenns S smement f(A). dro orobpakenune oboznadaercsa uepes f/g
1 Ha3bIBAETCA (pakTopom orobpakenust f (no pasbuenuio S).

20.N. 1) Hokaxure, uro orobpaxenue [ : X — Y mOCTOAHHO HA KazKJ0M
sieMeHTe pasbuenus S MHOXKeCTBa, X, COIJa CYIIECTBYET Takoe 0TOOparKe-
e g : X/§ — Y, uro nuarpavmma

x 1.y
Prl /9
X/s

KoMMyTaruBHA. 2) JloKaxKkuTe, 4TO KazKJ0e TaKoe 0TOOpayKeHNe ¢ COBIAIaeT
cf/s.

Bosiee 06mio, ecm S u T — pasbuenuss muoxkecrs X u Y, TO BCAKO-
My orobpakenuto f : X — Y, orobpazkaroiiemy sjeMeHThl pa3ouenus S B
sieMeHThl pa3buenus T, orBedaer orobpaxkenne X/g — Y/, orHocsiee
snementy A pasbuenus S smement pasbuenns T, comepxkammii f(A). Dro
orobpaxkenue obo3Hauaercs depes f/ S, T W Ha3bIBaeTCA pakTopoTobpaxe-

Hnem orobpakenus f (110 pasbuennsm S u T).

20.0. O6o6mure yrBepx aenue 3agaqun 20. N na cry4daii orobpazxkennii f/ (S,7T)-
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[IpoussosibHoe orobpaxkenue f : X — Y onpenesnsier pazdbueHne MHOXKe-
crtBa X Ha HEMyCTBhIe TPOOOPA3BI JIEMEHTOB MHOXKECTBA Y. DTO pasduenme
oboznadaercs depes S(f).

20.P. Orobpaxenue f/§(f): X/S(f) — Y HHbeKTUBHO.

D10 oTOOpakeHne HA3LIBACTCA MHBEKTUBHLIM (haKTOPOM OTOOpaKeHus f.

20’'5. HenpepbiBHOCTH (paKTOPOTOOparkeHmii

20.Q. Ecau X, Y — monoaoeuueckue npocmpancmsa, S — pazbuenue npo-
cmparemea X wa Henycmue muoocecmea u f 1 X — Y — nenpepweroe
omobpasicenue, NOCMOARHOE 1A, KadHcIoM dremenme pasbuenus S, mo Ppak-
mop f/§ omobpasicenus f Aaaaemca HenpepuieHbLM 0MOOPAICERUEM.

20.7. Ecnm orobpaxkenne f OTKPBITO, TO U (hakTopoTobpakenue f/§ OTKPHITO.

20.8. Ilyctp X, Y — TomosorndecKkrie MpOCTPAHCTBA U S — pa3dueHune mpoCTpaH-
crea X Ha HemycThle MHOKeCTBA. Popmyna f +— f/§ onpemensier GMEKITUIO MHO-
JKeCTBa, HEIPEPBIBHBIX 0TOOpaxKkKeHuit X — Y, MOCTOSHHBIX Ha KaXK/J0M 3JIEMEHTE
pasbmerms S, HA MHOKECTBO BCEX HEMPEPBIBHBIX 0TOOpaxkenmit X/ g — Y.

20.R. llycts f: X — Y — menpepbiBHOE O0TOOpazKeHUe, [jisi KOTOPOTO CY-
mecrByer orobpazxenue f/(§ T) : X/g — Y/7. Torma 1o orobpazenue

f/(S7 T') HENPEPBIBHO.

20’'6x. 3aMKHyTbIe pa3bueHUs

Pazbuernmne S Tomosorntgeckoro mpocTpaHcTBa X HA3LIBACTCS 3aMKHY-
TbIM, €CJIN HACBIIIIEHNEe KaXK/J0T0 3aMKHYTOTO MHOXKECTBA 3aMKHYTO.

20.1x. oxaxwure, 4T0 pa3bueHne 3aMKHyTO, COT/1a KAHOHUIeCKas IIpoeKims X —
X/ g ABIseTCA 3aMKHYTHIM OTOODaKEHUEM.

20.2x. Hokaxkure, 94T0 paszdbueHune, Coaeprkaiiee BCEIO OIUH HE ONHOTOUETHBIN
9JIEMEHT, 3AMKHYTO, €CJIH 3TOT 3JIEMEHT — 3aMKHYTOe MHOXKECTBO.

20.Ax. Ilycts X — ipoCcTpaHCTBO YI0BIETBOPSIOIIEE IEPBOIT aKCUOME OT/Ie-
aumocru, S — ero 3amkHyToe pasbuenue. Torpa dakropupocrpancrso X/ g
VJIOBJIETBOPSIET [IEPBOil aKCHMOME OT/IEUMOCTH.

20.Bx. @axmopnpocmparcmeo HOPMGAALHO20 NPOCMPAHCMEE N0 3AMKHY-
MoMY pasdueHu10 HOPMAALHO.
20'7x. OTkpbITble pa3bueHus

Pazbuenne S Tomosioruteckoro mpocTpaHcTBa X HA3BIBACTCA OTKPbITbIM,
ec/ii HaChlIleHne KaxKJ0T0 OTKPBITOrO MHOYKECTBa OTKPBITO.
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20.3x. [lokaxkure, 9T0 pa3bueHre OTKPHITO, COr/Ia KAHOHUYIECKas Mpoeknus X —
X/ g ABIAEeTCA OTKPBITBIM OTOODAZKEHUEM.

20.4x. [lokaxwure, 9TO €CJIU MHOXKECTBO A HACHIIMIEHO OTHOCUTEIHHO OTKPBHITOTO
pasbuenus, To Int A u Cl A Toxke HACBHIIIEHBI.

20.Cx. @axmopnpocmparcmeo NPoCmpPEHCMEad co cuémHot 6a3ot no om-
Kpoimomy paszbuenuro obaadaem cuémmotl 6a30.

20.Dx. DaxmopnpocmpaHcmeo NpocmpaHCmMea, Ydo8AemEoPAOULE20 Nep-
80T GKCUOME CHEMHOCTNU, NO OMEPLIIMOMY PA3OUEHUIO YIOBAEMBOPAEM, NEp-
80U AKCUOME CHEMHOCTU.

20.Ex. Ilycmv S — omxpwimoe pasbuenue npocmpancemss X u T — om-
Kpwmoe pazbuenue npocmparcmea Y . Obosnavwum wepes S X T pasbuenue
npocmparcmea X X Y, cocmoauee us mroocecme suda A X B, 2de A € S
u B € T. Tozda unsexmuenoii gaxmop X X Y/g « 17 — X/ %Y/ omoo-
pasicenus pry X pry 1 X X Y — X/ g X Y/T sasasemes eomeomopduzmom.
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21. 3BepmHell (paKTOPIPOCTPAHCTB

21’'1. MHCcTpyMeHT pacno3dHaBaHus (PaKTOPIPOCTPAHCTB

21.A. HnsexmusHull @axmop HENpepuieH020 0MOOPAACEHUA KOMNAKMHO20
NPOCMPAHCMEE HaA TAYCOOPPHOBO ABAAECMCA 20MEOMOPPHUIMOM.

(Anvimu caosamu, ecau f: X — Y — nenpepwiehoe cropsexmusroe omoo-
paocerue, X romnaxmuo, Y zaycdophoso, mo f/S(f) : X/S(f) — Y -

20MEOMOPPUIM) .

21.B. HUnsexmuenoii daxmop nenpepuienozo 0modpadicenus KoMNaKmHmo20
nPoOCMParcmea 6 raycAopPhoeo nPoCmpancmeo ABAACMCA MONOAOLUNECKUM
BAOIHCEHUEM.

21.1. Onwunmmre pa3bueHust 0TPe3Ka, (PaKTOPU3ANNN IO KOTOPHIM JAIOT CBA3HBIE
OyKBBI JTATHHCKOTO aI(aBUTA.

21.2. Jlokaxwure, 9TO CyIIecTByeT pasouenne orpe3ka | pakTOPIpOCTPAHCTBO 10
KoTOpoMy romeomopduo kazpary I x I.

21'2. XKusonucanue pa3bueHmii

O6praHO aKKypaTHOe OYKBaJIbHOE Omucanue paszdueHurs rpoMO3/IKO, HO
€ro MOXKHO COKPATUTb U CjiejiaTh noHdTHee. Konedno, 3To Tpebdyer OoJiee
OOIMUPHOTO U THOKOrO CJIOBAPHOTO 3allaca, B KOTOPOM Da3IUdus MEXKITY
OTETHHBIMI CJIOBAMHU TTOYTH HEYJTOBUMBI. Hampumep, BbIpaxKeHWs npoghak-
Topusyem u nepetidém K Parxmopnpocmparcmey MOTYT 3aMEHSTCS C/IOBAMU
NPUKAEUM, CTSIHEM, OTOXAECTBMM U TOMY TIOJ0OHBIE CJI0BA U3 TOBCEIHEBHOIT
pedr, UMEIOTINe B Heil 1eM-TO TOXOKIe 3HATCHNUS.

Hexoropsie semenThl 3TOTO g3bIKa Jierko dhopmasmsyiorcd. Hampumep,
daxropuzanus npocrpancTsa X 10 PazbueHnio, COCTOAIEMY M3 MHOXKECTBA,
A ¥ OIHOTOYEYHBIX HOAMHOMKECTB JOmoaHeHusa X . A, HaswBaercsa cTaru-
BaHnem (MHOXKECTBa A B TOUKY), a COOTBETCTBYIOMEE (haKTOPIPOCTPAHCTBO
obozuagaercs depes X/ A.

21.3. Ilycrb nepecexatomuecs muoxecrsa A, B C X cocraBiagior GyHIaMeHTa b
HOE HOKPBITHE TOIOJIONHYecKOoro mnpocrpancrsa X . JJokaxure, uro (pakToporob-
paxenne A/ AN B — X/B Brmouerns A < X aBagercs roMeoMopdu3MOM.

Ecmu A m B — mHemepecekaommecs mMOIPOCTPAHCTBA MPOCTPAaHCTBa, X,
u f: A — B — romeomopdusm, To pakTopusamysg IpocTpaHcTBa X II0
pa30bueHnIo Ha OJHOTOYEYHbIE MOAMHOXKeCTBa MHOXKecTBa X N (AU B) u
aByTodednsie MHOKecTBa {x, f(x)}, rme x € A, Ha3bIBaeTcs CKaenMBaHneM
unm otoxgectenednem (Muoxkects A u B mocpencTBom romeomopdusma f).
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Vao0HBIT 1 THOKMIT TTOAXO K ONMMCAHWIO PA30MEeHnt OTKPHIBALTCST TIepe-
XOJIOM K COOTBETCTBYIOIIUM OTHOIIEHUSIM SKBUBAICHTHOCTH. [J1aBHOE /T0CTO-
WHCTBO 9TOTO TIOAXO0a B TOM, 9TO OJarojaps TPaH3WTUBHOCTH JOCTATOTHO
yKa3aTh JIUIIb HEKOTOPBIE MTaphl SKBUBAJIECHTHBIX 3JIEMEHTOB: €CJIM CKa3aHO,
9TO T ~ Y U Y ~ Z, TO HET HYK/Ibl TOBOPUTH, UTO T ~ 2, TAK KaK 9TO CJETyeT
"3 yKe CKa3aHHOTO.

Takum obpazom, pazdbueHue MOKeT ObITH OIMUCAHO CIUCKOM (hOPMYJI BU-
Ia T ~ 9, KOTOPBIX JOCTATOYHO JIg TOTO, UYTOOBI BOCCTAHOBUTEL IKBUBA-
JIEHTHOCTH. Takoil cmmcok (hopMysT, 3aKTIOYEHHBI B KBAJIPATHBIE CKOOKH,
Oyaer ob603HAUATHL HUXKE COOTBETCTBYINee paszbmenme. Hampumep, daxrop-
MIPOCTPAHCTBO MPOCTPAHCTBA X , OJIYIEHHOE B PE3YJIBTATE OTOXK IECTBICHUS
nonmuoKecTB A u B nocpepcrsom romeomopdusma f 1 A — B obosnadaer-

ca aepes X/[q ~ f(a) pra moboro a € A wm npocto 1epes X/[q ~ f(a)]-

Hexoropeie pa3buenus JIerKO OMKUCATH KAPTUHKOW, OCOOEHHO eCJ/Id HC-
XOJIHOe TTPOCTPAHCTBO BKJIAJLIBAETCA B IJIOCKOCTL. Hampumep, oTpeskn, Ko-
TOPBIE JIOJIZKHBI OBITH CKJIEEHBI ITOCPEJICTBOM JIMHEHHBIX TOMEOMOP(MU3MOB,
CHA0XKAIOT OJMHAKOBBLIMU OYKBAMHU & TAKXKE CTPEIKAMU, MOKA3BIBAIOIIAMEI
KaK HaJIaraloTCs 3TH OTPe3KU JAPYT Ha JApyTa.

Huzke MBI BBOIMM BCe 9TH PA3HOBUIHOCTH OMUCAHUI pa3bmennii n yKa-
3bIBAEM, KAK UMU TOJIB3YIOTCS, HA TIPUMEPAX, IPUBOJIA TAKyKe U IPOMO3IKIE
bykBasbubie onucanus. lloceaaue BoirisgagaT 6€306pa3Ho, HO K HUM MPUXO0-
nuTcsd mpubderath i TOTO, YTOOBI TMOAepKATh Y YUTATE/d YBEPEHHOCTD B
[MPaBUJIBHOM TIOHUMAHUU HOBBIX CJIOB U OIIYIIEHNUE WX OJIE3HOCTH.

21'3. /1o6po moxkajoBaTh B 3BepUHEIL!
21.C. Hokaxwure, 910 (hakTOpmpocrpancrso I/ [0~ 1] romeomopduo S

Hpyruvu cioBavu, hakTOPIPOCTPAHCTBO oTpe3ka I 1mo pa3duenuio, cocTo-
semy u3 {0,1} u muoxecrs {a} ¢ a € (0;1), romeoMopdHO OKPYKHOCTH.

{

) —

21.C.1. TlocrpoiiTe HeIpepLIBHOE CIOPLEKTHBHOE oTobpazkenne I — S, y Ko-
TOPOro pa3dueHue Ha MPOOOPA3bI TOYEK COCTOUT U3 OJHOTOYEUHBIX MHOXKECTB
BHYTDPEHHOCTH OTPE3Ka W Mapbl €r0 TPAHUYHBIX TOYEK.

21.D. Jokaxure, 9to pakToprnpocrpanctso D™/ gn—1 romeomopduo chepe
S™.
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Hpyrumu ciaoBamu, dakroprupocTpancTso mapa D™ mo ero pazbuenuro
Ha OJIHOTOYEYHBIE ITOJMHOXKECTBa €r0 BHYTPEHHOCTU U Ha Sn—1 romeoMopd-
o S”. [lajee Mbl Oy/1eM TOBOPUTH, UTO €CJIU CTSHYTh TPAHUILY TI1aPa 8 MOUKY,
TO ToJTyauTCsd cpepa.

21.D.1. Tlocrpoiite menpepbiBHOE OTOOpazkenue mapa D™ Ha chepy S™, nepe-
BOJISAIIEE TPAHMILY IIAPa B OJHY TOYKY U OMEKTUBHO OTODPAKAOIIEEe ero BHYT-
PEHHOCTH Ha, JIOMOJHEHUE STOM TOYKU.

21.E. Mokaxwure, 4To (haKTOPIPOCTPAHCTBO 12/[(070 ~ (1,t) nna t €I] To-

meomopduo St x I.

Jlpyruvm cioBam, haKTOPIPOCTPAHCTBO KBajpaTa [2 10 pas6bmenuio
ma mapsl Toek {(0,t),(1,£)} ¢ t € [ u HA OAHOTOYETHBIE ITOAMHOKECTBA M3
(0;1) x I romeomopduo mmmmapy St x I,

lasiee Mbl Oy/ieM TOBOPUTDH, UTO €CJIM CKJAEUTb DOKOBBIE CTOPOHBI KBa/l-
para TaxK, 9To0BbI OTOXK/IECTB/ISLINCH TOYKH, JIEXKAIIME HA OJIHON BBICOTE, TO
B pe3yJbTrare MOIy9InuTCs IUINH/P.

<] I _,
- -

21.F. @®axroprpocrpancrso S! x I/[(z,O) ~ (z,1) mus z € S1] romeomop-

buo Topy St x St

Jpyrumu cioBamu, haKTOPIPOCTPAHCTBO muauHapa S x I mo pas6ue-
HITIO Ha OJHOTOYeYHBIe TIOAMHOMKecTBa ero sayTpemnocta S' x (0;1) u ma-
PbI TOUEK OCHOBAHWIL, JIEXKAIUX HA OJIHOI 00pasyroIieii, roMeoMOpGHO TOPY

St x St

ToBopsiT, 9TO ectm CKNEMTH OCHOBAHUS MUINHIPA, OTOXKIECTBIIsSIST TOUKH,
JIeYKaIue Ha OJIHOI 0Opa3yroleil, TO MOy IuTCs TOP.

2

21.G. ®axropnpocTpancTBo [ /[(070 ~ (1,1), (t,0) ~ (t,1)] romeomopo
Topy S x S1.

Jpyrumu cjioBaMu, pesyibrar (axropuzanuu Ksajgpara 12 1o pazbue-
HUIO HA

® OJIHOTOYEYHbIE TOJMHOYKECTBA €r0 BHYTPEHHOCTH,

® IapbI TOYEK BHYTPEHHOCTEN OOKOBBIX CTOPOH, HAXOSAIIUXCS HA OJIH-
HAKOBOM PAaCCTOSHUU OT HUYKHEr'0 OCHOBAHUS,

® I1apbl TOYEK BHYTPEHHOCTEN OCHOBaHUM, JIeXKAIIUX Ha OJIHON BepTH-
Kaulu,
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® U YeTBEPKY BEPIIUH,

romeomopden Topy St x ST

ToBopsit, eciu Ck1eUTh CTOPOHBI KBaJpaTa, KAK MOKA3aHO HA PUCYHKE,
TO TOJIYIUTCS TOP.

21’4. TpanzutuBHOCTb (PaKTOPU3ALUN

Permtenne 3amaun 21.G ecrecTBeHHO CBECTH K pereruio 3a1a4 21. Eu 21.F
¥ IPUMEHEHUIO CJIEIYIONIel TeOPEMBI.

21.H Tpan3dumusnocmsd gpaxmopusayuu. Ecau S - pasbuenue npo-
cmpancmea X u S" — pasbuenue npocmpancmea X/ g, mo daxmopnpocmpan-
cmeo (X/9)/ S wanonuuecku eomeomoppro X /T, 2de T — pasbuenue npo-
cmpancmea X na npoobpasv ssemenmos pasbuenus S npu npoexyuu X —

X/g.

21'5. JIenta Mébuyca

JlenToni Mébuyca nnn anctom Mébuyca naspiBaeTca (haKTOPITPOCTPAHCTBO
1%/ [(0,t) ~ (1,1 —t)]- Hpyrumu cjaoBamu, 310 (paKTOPIPOCTPAHCTBO KBa/I-

para I? o pazéueHnio Ha Hapbl CHMMETPHYHBIX OTHOCHTE/ILHO IEHTPA, KBaJI-
parta Touek ero OOKOBBIX CTOPOH U Ha He JieXKalire Ha OOKOBBIX CTOPOHAX
OJIHOTOYEYHbIE T10/IMHOXKECTBA.

Kax x Tomy BBI, HajeeMCs, y2Ke MPUBBIKJINA, MbI OylIeM TOBOPUTH, UTO
sienta Mébuyca mmosrydgaercst npu CkaenBaHuy GOKOBBIX CTOPOH KBapPaTa Tak,
9TO0OBI COBMECTUJINCH HAITPABJICHUS, TOKA3AHHBIE CTPEIKAMU:

21.1. Jokaxure, uro jienta Mébuyca romeomopdHa MOBEPXHOCTH, 3aMeTa-
emoit B R? orpeskoM, KOTOpEIi HOBOpaumBaeTCs B HOIYIIOCKOCTH Ha 180°
BOKDYT CBOEil CEepejrHbl IPY OJHOBPEMEHHOM BPAIEHUHN ITOI TTOJIYIIOCKO-
ctu Ha 360° BOKpYT CBOEil TPAHUYHON MPIMOIA.



21. 3pepuner] (pakTOPIPOCTPAHCTB 159

21'6.

21'7.

CrsruBanue no/IIIpoOCTPaHCTB

21.4. oxaxwure, uaro ¢daxropupocrparctso [0; 1]/[%7 2] romeomopduo [0;1]. a
daxropupocrparcrso [0;1]/ {11} romeomopdHo Gykse P.
21.5. okaxkure, 9TO CIEIYIONNE MIPOCTPAHCTBA TOMEOMODPMHBI:
(a) R% (b) R*/r; () R*/p? (@) R?*/r%
(e) R?/A, rae A — obbeauHeHne HECKOTLKIX 3AMKHYTHIX OTPE3KOB C OBIIIM
KOHIIOM;
(f) R?/p, rme B — mpocras KOHEYHO3BEHHAs JIOMAHas, T. €. 00bEeIUHeHIe

KOHEYHOH II0C/IeI0BaTe/TbHOCTH 3aMKHY ThIX OTPe3KOB, B KOTOPOIl Ha9aJsI0
KazKJOTO CJIeyIOIero OTpes3Ka COBIIaJaeT ¢ KOHIIOM IIPeZblAyIIero.

21.6. okaxwure, uro eciu f : X — Y — romeomopdusm, To (haxToprpocTpaH-
crea X/ A n Y/ f(A) romeomopdmer.

21.7. TIycts A = {(x,y) | 2 > 0,y = 0} C R?. Bepuo sm, uro dakropmpocTpar-
cro R?/ 4 romeomopdmo Int D? U {(0,1)}?

IIpocrpancTBa KpacuBbiXx KOHQUrYpaALUii

21.8. okaxkure, 9TO IIPOCTPAHCTBO Sl/[z ~ e2ﬂi/3z] romemopduo S*.

Hpyruvu croBamu, HaKTOPIPOCTPAHCTBO OKPYKHOCTH IO €€ Pa30ueHuio Ha
TPOMKY TOUEK, SB/ISIONUXCS BEPIIMHAMI PABHOCTOPOHHIX TPEYTOIBHUKOB, TOMEO-
MODP(}HO OKPYKHOCTH.

21.9. Joxaxure, 9ro caemyiomue GbaKTOPIPOCTPAHCTBA Kpyra D? romeoMopdbHbr
camomy Kkpyry D?%:

(1) D*/[(z,y) ~ (—z, )]
2) D?*/[(z,y) ~ (x,—y)]:
(3) D*/[(z,y) ~ (—y,2)]-

21.10. TIpugymaiire 0606menme 3amaun 21.9 ¢ D™ Bmecto D?.

21.11. Onwmmre sBHO GaKTOPIPOCTPAHCTBO IpaMoii R! mo oTHOmemmio skBuBa-
JIEHTHOCTH & ~ Y < & — Yy € Z.

21.12. Tpexcrasbre senry Mébuyca kak hakTopLIpocTpancTBo mumHapa S* x 1.
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21'8. Byrbinka Kneiina

byTtbinkoii Kneiina Ha3piBaeTcs (paKTOPIPOCTPAHCTBO
P/[(¢,0) ~ (¢,1), (0,¢) ~ (1,1 —t)]-

Jpyrumu coBaMu, 5T0 (haKTOPHIPOCTPAHCTBO KBajpaTa I2 10 pasbueHmio
Ha

® O/THOTOYEYHBIE ITOJIMHOYKECTBA €r'0 BHYTPEHHOCTH,

® YeTBEpPKY BEpIINH,

® 11aphbl TOYEK OCHOBAHWI, PACIIOJIOKEHHBIX Ha OHOI BEPTUKAJIN,

® 11 [1aphl TOUEK DOKOBBIX CTOPOH, CAMMETPUYHBIX OTHOCUTEIBHO I1€H-
Tpa KBa/lpaTa.

21.13. Ilpencrasbre OyThinky Kireitna kak pe3yabrar (GhakTOpU3aImm:

(1) umnmegpa;
(2) mentsr MéGuyca.

21.14. Jokaxure, 4ro npocrpaHcrBo S x Sl/[(z’w) ~ (—2z,W)] romeoMopdHO

OyTeuike Kieiina. (3mech vepe3 W 0603HAMAETCA KOMIIIEKCHOE FHCJI0, COTPSIKEH-
HOE IHuCIy W.)

21.15. Broxure Gytoinky Kieitma B R (cp. 21.1u 19.W).

21.16. Buoxure 6yrbuiky Kieiina B R* rak, 4robbl eé 06pas Ipy OpTOroOHAILHOMN
npoexmuu R* — R? soirmsnen cJIeIyomuM 00pa3om:

21'9. IIpoekTuBHAsA IJIOCKOCTH

JlaBaiiTe CKIeNM KaxKIyI0 TPAHUIHYIO TOUKY KPyTa D?c JUraMeTpaJb-
HO TIPOTUBOIIOIOYXKHON TOUKO, T. €. mpodakTOpU3yeM KPYT 10 PA30NEHuIo Ha
Hapbl CUMMETPUYHBIX OTHOCATE/IBHO [EHTPA KPyra TOYeK I'PAHUYHONI OKPY2K-
HOCTH W OJIHOTOYEYHBIE MHOYKECTBA BHYTPEHHOCTH Kpyra. Pe3yinbrar Ha3bi-
BAETCS MPOEKTUBHOM MIOCKOCTHI. DTO TPOCTPAHCTBO, KaK u OyThiika Kireii-
Ha, HE BKJIa/blBAETCA B ]R3, TaK 9TO €ro He HAPUCYEITh. BMECTO 3TOro MbI
IIPeJICTaBUM ero HO-IPYyroMy.

21.J. IlpoekTuBHASI MJIOCKOCTH €CTh PE3YIbTAT CK/AEUBAHNSA KPYTa U JEHTDHI
Meébuyca mpu mOMOIIM roMeoMopdu3Ma MKy TPAHUIHON OKPYKHOCTHIO
Kpyra U IPAHUYHOIN OKPYKHOCTHIO JieHThl Mébuyca.
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21’10. ITonumaere sm Bol, uTo gesaere?

Bac cupoBonimpoBaiu... Pemus mpenpiaytyio 3a1ady, Bl CAeTaal HEITO
He TpeIyCMOTPEeHHOe TPeIbIayIneil Teopueit. B camMoMm mese, omeparus HaT
IByMs TIPOCTPAaHCTBaMu, KoTopad B 21.J Ha3BaHa ckaeusanuem, PaHbIIe He
nosiBjisiack. OHa MpeJCTaB/IgeT cOO0M KOMITO3UIMIO JIBYX OIEpaIinii — CHa-
JaJjia HyKHO U3MOTOBUTDH U3 JBYX IIPOCTPAHCTB OJHO, COCTOLINee U3 He Iepe-
CEKaIoIUXCd APYT C APYTOM KONIWI MCXOJHBIX IIPOCTPAHCTB, & 3aTeM HY2KHO
pohaKkTOPU30BATEH ITO MPOCTPAHCTBO, OTOXKIECTB/IsAS TOUKN KOIIUU OJJHOTO
MIPOCTPAHCTBA C TOYKAMU KOIIUU JIPYyroro. 3aiimemcs 6ojiee JeTaaibHO MepBoil
olepaluei.

21’11. Cymma MHO>KECTB

Cymmoii cemeiicrsa muoxecTB {Xg }aca HA3BIBAETCS MHOMXKECTBO TAKHUX
nap (Lo, ), 910 24 € Xo. Ob03HAMACTCA 5TO MHOKECTBO CUMBOIOM | | e 4 Xa-
Taxum 06pa3zoM, MbI MOKEM 3aMKUCATH, YTO

| | Xo= | Xaxa).

acA aEA

Jnst kaxxjioro 3 € A cyliecTByeT ecreCTBEHHAsT HHbEKITNsT

ing : Xg — |_| Xo iz (z,0).
acA

Ecmm paccmarpuBaeTca cyMMa TOJBKO ABYX MHOXKECTB, cKaxkeM X m Y,
PO KOTOPBIE M3BECTHO, YTO OOIIUX TOUYEK Yy HUX HET, TO MOXKHO ODOHTHUCH
6e3 ceMelicTB 1 63 UHJEKCOB, TOJIOKUB

XUY ={(z,X) |z e X}U{(y,Y) |ye Y}

21'12. Cymma nmpocTpaHCTB

21.K. Ecmu {X,}acA — CEMEHCTBO TOMOJOTHYECKUX MPOCTPAHCTB, TO CO-
BOKYIIHOCTB IIOJMHOYKECTB MHOXKeCTBa | |, 4 Xo, TPOOOPA3hl KOTOPBIX IIPH
BCEX BKJIIOUEHUSX N, ¢ @ € A SABIAIOTCA OTKPBITBIMU, 06pa3yeT TOMOJIOIH-
YECKYI0 CTPYKTYPY.

Cymma muoxects | |, 4 Xo € 910t TonoI0rMei HazbIBaeTCA (HECBAZHO)
CYyMMOI TOITOJIOPUIECKIX MPOCTPAHCTE X, v € A.

21.L. Tomonorug, onucannad B 21.K, ecTb caMasg TOHKAg TOMOJJIOTU, OTHO-
CUTEJIFHO KOTOPOil BCe BKJIIOUEHNS iN, HEIPEPLIBHEI.

21.17. Orobpaxenus ing : Xg — | |, 4 Xa SBIFIOTCH TOIOTOIMICCKIMI BJIOZKE-

HUSIMH ¥ UX 00pa3bl OJHOBPEMEHHO OTKPBITHI M 3AMKHYTHL B [_|‘16 4 Xa-
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21.18. Kaxue TOIOJIOrTYIeCKUe CBOMCTBA IePEIAIOTCA OT CIaraeMbIM X, K CyMMe
|_|Q€A X, a kakue umer?

21'13. IIpukjeunBaHue MPOCTPAHCTB

IMycrs X, Y — ronosiorudeckre mpocrpaHcTa, A — MOJMHOXKECTBO MPO-
crparcrBa X u f : A — Y — HenpepbiBHOE 0TOOpaxkernue. GaxkToprpocTpan-
cro (X UY)/[a ~ f(a) upu a € A] o6osnaaercs vepes X Uy Y u Hasbiba-

eTCsd pe3yJIbTATOM MPUKAENBAHUS TIPOCTPAHCTBA X K IPOCTPAHCTBY Y TO-
cpenctBoM f. OTobpaxkenne [ HA3LIBACTCSA MPUKAENBAIOLYUM OTOBPaKEHUEM.

Pazbuenne X LY, mo koropomy mpousBoauTcsa (paxTOPU3aIiys, COCTOUT
U3 OJJHOTOYEYHBIX MHOXKeCTB, Jsiexkanmx B ing(Y ~ A) u inj(X ~\ f(A)), n
muozxkects ing (z) Uing (f~H(z)) ¢ 2 € f(A).

21.19. loxaxure, 9T0 KOMIo3urus BKaodenns ¥ — X LY u npoekmun XUY —
X Uy Y gapiigeTcs TOIOIOTHIECKUM BJIOXKEHHEM.

21.20. Hoxaxwure, uro ecim Y — touka, To X Uy Y = X/ 4.

21.M. B pesysibrare IPUKJIENBAHUS I1aPa K €r0 KOIMUHU MOCPEICTBOM TOXK-
JIECTBEHHOI0 0TOOpazKeHus rpanuanoil cepsr S mosyuaercs mpocrpan-
cTBO, roMeoMopdHoe S™.

21.21. Joxkaxwure, uro Oyreiaky Kireilna MOXKHO OIy4uTh, IPUKIeUB jgeHTy Mé-
buyca K ee KOIINM IOCPEICTBOM TOXK/IECTBEHHOTO OTOOPAaKEeHNs TPAHIUTHON OKPY K-
HOCTH.

21.22. JloxazuTe, 9TO B pe3y/IbTare MPUKICHBARM MLTHHApa S' X I K ero kommm

IOCPECTBOM TOXKIECTBEHHOIO OTOOpaKeHUs MMapbl IPAHUYIHBIX OKPYKHOCTEH Ha

Mapy MPAHHYHBIX OKPYJKHOCTEH TTOIyIaeTCs IPOCTPAHCTBO, roMeoMopdmoe S x
1

21.23. Jloxaxure, 94TO B pe3y/bTaTe IPUKICHBAHIs nosHoTopus ST x D? k ero
KOIIME OCPEICTBOM TOXKIECTBEHHOIO 0TOOPaXkKeHns rPpamuaHoro topa S' x S* mo-
JIy9aeTcs IPOCTPAHCTBO, ToMeomopdmoe St x 2.

21.24. llpencraspre OyThliKy KieitHa Kak pe3y/pbTaT IPUKJIENBAHUS IAIHHIDA
S x I k cBoeit Kormmm.

21.25. Jlokaxkure, 9TO B pe3yibTaTe TpUKIenBanis moanoropus S' x D? k ero
KOITNH IIOCPE/ICTBOM 0TOOPAYKEHUsI PAHUTHOrO TOpa Ha cebst, ompeesisieMoro (op-
MyJ10i1

St x 8t = St xSt (z,y) — (y,2),

LO/Iy 4aeTCsl IPOCTPAHCTBO, roMeoMopdHoe TpexMepHoil chepe S°.
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21.N. Ilycrs X, Y — ronojornueckue npocrpancrtea, A C X u f,g: A —
Y — menpepoiBabie orobparkenus. /lokaxkwre, 9TO €C/IM CyNIECTBYET TaKOit
romeomopcdusm h 1Y — Y, uro ho f = g, To mpocrpanctea XU Y n XU, Y
rOMEOMOP(HBI.

21.0. Ilpocrpancrso D" Uy D™ romeomopdnuo S™ j1a 100010 romeomop-
buszma, f: S — gnl

21.26. PacknaccudurupyiitTe ¢ TOYHOCTHIO 0 TOMEOMOP(U3Ma MPOCTPAHCTBA,
TIOJIy9alonecd U3 KBa/JApaTa IIPU MOMOINU CKJIEUBAHUA MTapPbl €ro IIPOTHUBOIIOIOZK-
HBIX CTOPOH HOCPEICTBOM HEKOTOPBIX IOMEOMOPMU3IMOB.

21.27. PacknaccudurupyiitTe ¢ TOYHOCTHIO 0 TOMEOMOP(U3Ma MPOCTPAHCTBA,
MOy YalOIuecs U3 AByX Komruil S LT [IpU [IOMOIIM CKJIEUBAHUA ABYX Hap S Lx
{0, 1} mocpencTBOM HEKOTOPBIX MOMEOMOD(MHUIMOB.

21.28. Jlokaxwure, YTO TOMOJOTHIECKHUI TUIl PE3y/IbTaTa CKIENBAHUS IBYX JIEHT
Meébuyca mocpeacTBoM HEKOTOPOTO roMeoMOpP(dU3Ma X IPAHUIHBIX OKPYKHOCTE
He 3aBUCHT OT BbIOOpa romeomMopdusma.

21.29. Packnaccudurupyiite ¢ TOYHOCTHIO 0 TOMEOMOPGU3Ma MTPOCTPAHCTBA,
nomywatornuecs u3 S' x I mpu momomu ckiemBarms ST x 0 ¢ S' x 1 mocpemcTom
HEKOTOPOro romeomopdusma.

21’14. OcHOBHBIE IOBEPXHOCTU

Top S' x S! ¢ yraseHHBIM U3 HETro HOAIPOCTPAHCTBOM, IIPE/ICTABIISIONIIM
cob0ii BHYTpeHHOCTH Biozkenuoro B S x S' kpyra D?, nassiaercs py4koi.
Cdepa S? ¢ yIaaeHHBEIMI 13 Hee BHYTPEHHOCTSIMHU 7 BJIOYKEHHBIX U IIOMAPHO
HelepeceKaomuxcs Kpyros D? naspisaercs cgbepoii ¢ n gsipamu.

21.P. Cdepa c apipoit romeomopdua Kpyry D2,
21.Q. Cdepa ¢ aByms gprpamu romeoMopdHa nuanapy St x 1.

%

Cdepa ¢ Tpems jgpipamu He ToMeoMOpdHA KAKOMY-Tu00 MTPOCTPAHCTBY,
€ KOTOPBIM MbI BCTpeda/Inch Boite. OJHAKO OHA 3aC/IyKUBAaET 0CODOro yIo-

1%

vuHaang. OHa HA3BIBACTCA LUTAHBbI.

2 22
2
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Pezynbrar npukienBanus K cdepe C p AbIPAMEU CYMMbBI P 9K3EMILISIPOB
PYYKH [OCPEICTBOM BJIOKEHUN UX TPAHUIHBIX OKPYKHOCTEH ¢ obpaszamu
— IPAHUYHBIME OKPYKHOCTAMEU ChEPHI C JbIpamMu (Kpaﬂ ;Lblp), Ha3bIBAECT-
cst chepoii ¢ p pydkamu wiu, 60OJiee TOPKECTBEHHO (M 10 TIOPBI JI0 BPEMEHH
MEHEe MOHATHO), OPUEHTUPYEMOI 3aMKHYTOI CBA3HOIN MOBEPXHOCTLIO POAA P.

21.30. oxaxkwure, 9To chepa € p pydIKaMu OIpeeseHa ¢ TOIHOCTHIO 10 TOMEO-
mopdmu3sma (T. €. TOMOJOTHIECKW TUT Pe3y/IhbTaTa MPUK/IEHBAHUSA HE 3aBUCAT OT
NPUKJIEMBAIOIINX BJIOKEHHIA).

21.R. Cdepa c oxuoit pyukoii romeomopdua Topy S x St

S
OO=

21.5. Cdepa ¢ nByms pydkamu roMmeoMopdHa pe3y/bTraTy MpPUK/IeNBaHUT
PYy4YKHM K CBOEI KOonuu TOCPeaACTBOM TOXKJIECTBEHHOI'O OTO6pa}KeHI/IH TrpaHm4-
HO# OKPYZKHOCTH.

Cdepa ¢ aBymMsa pydkaMu Ha3bIBAETCI TaKXkKe KpeHgenem (MHOTIA Tak
HA3BIBAIOT U cepy ¢ OOBIINM THCIOM PYUeK).

=)

IIpocrpancrso, mosyvatorieecs: u3 cepsl C ¢ AbIPAMU B PE3Y/IbTATE TPU-
KJIEMBAHUA K HEll ¢ 9K3eMILIApOB JieHTbl MEbuyca mocpecTBOM BIOKEHUN UX
FPAHUYHBIX OKPY2KHOCTEH ¢ 00pa3amMu — IPAHUYHBIMUA OKPYKHOCTIAMU JIBID,
HA3BIBAETCA COEPON C ¢ MAEHKAMU NN HEOPUEHTUPYEMOU 3aMKHYTOU CBSI3HO
MOBEPXHOCTbBIO POAA (.

21.31. JlokaxkuTe, 9TO TOIOJIOTUIECKUI TUII CHEPHl C IJIEHKAMU OIPeesIeH Ofl-
HO3HAYHO, T. €. He 3aBUCUT OT BHIOOPA MPUKJIEUBAIONINX TOMEOMOP(MU3MOB.

21.T. Cdepa c oHOil 1m1eHKONH roMeoMopdHaA TPOEKTUBHOM MJIOCKOCTH.

21.U. Cdepa c aBywmst 1ierkamu romeoMopdua Oyrouike Kieiina.

Cdepa, cdepsl ¢ pyukavu u cdepbl C IJIEHKAMI HA3BIBAIOTCS OCHOBHbIMY
[OBEPXHOCTSIMU.
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21.V*. Cdepa ¢ p pyukamu u ¢ mienkamu (3gech ¢ > 0) romeomopdna
cdepe ¢ 2p + ¢ TIEHKAM.

21.32. Packnaccudurmupyiite ¢ TOIHOCTHIO 10 TOMEOMOPdOU3MA TOIOJIOTHIECKIE
LPOCTPAHCTBA, [I0JlyYAIOUMecs: IPUKIeHBAHIEM P Kouuil npocrpascrsa ST x I k

cdepe ¢ 2p mpipamu.
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22. IIpoekTuBHBIE IPOCTPAHCTBA

DTotr naparpad MOXKET pPacCMaTPUBATHCS KAaK IIPOIOJIKEHUE TPEIBIIYIIETO.
B mem ommcpiBaroTcg KOHKpeTHBIE (DAKTOPIPOCTPAHCTBA, HO 3T (PaKTOpP-
POCTPAHCTBA, MOXKAJIY, UTPAIOT CJUIIKOM BAaYKHYIO POJIb JIJIsi TOTO, 9TO0BI
OTHOCHUTBCSI K HUM IIPOCTO KaK K IIPUMepaM, WLIIOCTPUPYIOMHUM (hakTopu-
3aINIO.

22’1. BemiecTBeHHbBIE IIPOCKTUBHBbIE NPOCTPAHCTBA

BermiecTBentnoe mpoeKTUBHOE MTPOCTPAHCTBO PA3MEPHOCTH 7 OIIPE/IE/ISIeT-
cd Kak (pakTOpIpocTpaHcTBO cdepbl S 1O paszdMeHuio Ha Mapbl JTHAMeT-
PATBHO TTPOTUBOIIOIOKHBIX TOYeK 1 obo3Hadaercs uepes RP™.

22.A. IIpocmparcmeo RP™ zomeomoppro daxmopnpocmparcmey n-meprozo
wapa D™ no pa3bueruto wa 00HOMOUEwHBIE NOOMHONCECTEH BHYMPEHHOCTU
wapa D™ u napvt anmunodasvonus movex epanuunoti cghepve S

22.B. RPY ectb Touka.

IIpocrpancrso RP! nazeisaercs npoekTusHoii npsmoii.
22.C. Tlpocrpaucrso RP! romeomopduo oxpyxuocru S'.

22.D. Tpocrpancrso RP? romeoMopdHO IPOEKTUBHOII IIOCKOCTH, KOTOPAST
ObLTa OIpeJie/IeHa B IPEIbIIYINEM ITYHKTE.

22.E. I[Ipocmpancmeo RP™ wkaxonuuwecku 2omeomopdno daxmopnpocmpar-
cmey npocmpancmea R 0 no pasbuenuto na odnomepnvie sexmoprivie
nodnpocmpancmea npocmpancmea R ¢ ydarenmoim nyaem.

Touxa npocrparcTsa R\ 0 ecrsb mocsie0BaTeIbHOCTD BEIECTBEHHBIX
9HCeJI, CPE/IM KOTOPBIX XOTs OBl OTHO OTJINYHO OT HyJisi. B 9TOM KOHTEKCTE nX
NPUHATO HyMEPOBATH, HAUNHAS HYyMEPAIMIO He C eJMHUIBI, & C HyJIsi (4T00ObI
3aKOHYUTD N-bIM, & He (N + 1)-bIM), 1 HABBIBATL O4HOPOAHBIMU KOOPAUHATAMM
cooTBeTcrByIomell Touku npocrpancrea RP™. Touka, mmu ompemensgemast,
obozuavaercs uepes (Lo : o1 : ... : Tp). OJHOPOJHBIE KOOPIAMHATHI OTIPEJIE-
JIAIOT TOYKY IIpocTpancTBa RP™, HO He OmpemessioTcs efo: OJHONI 1 TO Ke
TOUKe mpocTpancrsa RP™ orBedaloT mpornopiuoHaibHbie HADOPHI OHOPO/I-
HBIX KOOP/IMHAT.

22.F. IIpocmpancmeo RP™ kanonusecku 20Meomopihro npocmparcmey nps-
mor npocmpancmea R nporodauwuz wepes mowxy 0 = (0,...,0) ¢ mem-
PuKOl, KOMOopas onpedeasemcs Kax yzos Meicoy npamoimu (Hucao, ne npe-
sviwarouiee ). Ipesicde 6cezo, dokasicume, wmo smo JeticmeumenvHo mem-
puka.
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22.G. Tlokaxwure, 910 0TOOPAYKEHWE
i:R" - RP" : (x1,...,2p) — (1:ixy it xy)

SIBJISIETCS TOIMOJIOTMIECKUM BjioykerueM. Kakos 0b6pa3 3Toro orodbpakeHus u
KaK yCTPOEHO obparHoe orobpaxkeHue obpasa Ha R™7

22.H. Tlocrpoiite Tomosormdeckoe Bioxenne RP" 1 — RP", obpa3 KoTo-
)

poro cosmagaer ¢ RP™ N i(R™), rme i — BIOKeHMe, OMpeIeeHHOE B 3a1ate

22.G.

Takum 06pazoM, IPOEKTUBHOE HPOCTPAHCTBO RP™ MOXKHO paccMarpu-
BaTh KaK Pe3y/bTaT MPUCOEIUHEHNs K eBK/IUI0BYy npocTpanctBy R"™ “Hecob-
CTBEHHBIX WK “DECKOHETHO-Y/IAJEHHBIX  TOYEK, COCTAB/ISIIONINX TPOEKTUB-
Hoe mpocTpanctBo RP? ™! Ha enuHuily MeHblleil pa3sMepHOCTH.

22.1. BBegure ecrecTBeHHBIM 00PA30M TOIIOJIOTUYECKYIO CIPYKTYPY B MHOXKECTBE
BCeX IIPAMBIX Ha IIOCKOCTH M JOKAKUTE, UTO IIOJIyIe€HHOEe IIPOCTPAHCTBO IOMEO-
mopdmo: a) RP? \ point; 6) orkpsrroit aente Mébuyca (1. e. mente Mébuyca c
YIAIEHHON TPAHUHTHON OKPY2KHOCTBIO).

22.2. JTokazKure, 9r0 MHOXKECTBO 1I0BOPOTOB TPEXMepHOro npocrpancrsa R so-
KPYT BCEBO3MOZKHBIX MPIMBIX HA BCEBO3MOYKHBIE YTJIbI, CHA0OKEHHOE eCTECTBEHHON
TOIIOIOTIYeCKOH CTPYKTYPOit, romeomopduo RP3.

22'2x. KoMILIeKCHbI€ TPOEKTUBHBIE IPOCTPAHCTBA

Kowmmekcnoe mpoeKTHBHOE TTPOCTPAHCTBO PA3ZMEPHOCTH 7, OTPEIE/ITET-
cst Kak (bakToprupocrpancTso equananoii cdepsr S npocrpancrea CPH
10 ee pa3bMeHuno Ha OKPYZKHOCTH, BHICEKAEMbIE (KOMILJIEKCHBIME) MPSIMbBIME
npocrpancrea C"T!) npoxoggamnumu yepe3 Touky mauasuo koopjaunar. O6o-
sHavaercst ono uepes CP".

22.Ax. llpocrpancreo CP" romeomopdHO (HaKTOPIPOCTPAHCTBY €UHUY-
HOro 3aMKHyTOro mapa D?" mpocrpancrsa C" 1m0 pazbHeHMIo, S/1eMEHTAMMI
KOTOPOT'O CJIY?KAT MHOYKECTBA BHYTPEHHOCTH mapa D2 i OKpy»KHOCTH, BbI-
cekaeMble Ha ero rpammanoit cdepe S27 ! (KOMILTEKCHBIMMI) TIPAMBIME TIPO-
crparcrBa C", mpoxoJdimumu depe3 TOUKY HAYAJJI0 KOODUHAT.

22.Bx. TIpocrparcrso CPY cocrouT u3 OmHON TOUKM.

IIpocrpancrso CP! nazeisaercss KOMMAEKCHON MpOeKTUBHOI NpPsSMOIi.
22.Cx. Kowmmtexcuas npoextusaas npsvas CP! romeomopdna S2.

22.Dx. Ilpoctpancrso CP" kanonundecku roMeoMopdHO (haKkTOPIPOCTPAH-
crBy mpocrpancrsa C"1 <\ 0 mo pasz6uenmio Ha IIPOKOJIOTHIE B TOYKE HY/Ib
KOMILJIEKCHBIE TIpsiMble TpoctpancTsa, C" | mpoxonsamiue yepes HOb.
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Takum obpazom, CP™ MOXKHO NPEJICTABUTHh KaK MPOCTPAHCTBO KJIACCOB
KOMIIJIEKCHO ITPOITOPIUOHAJJIBHBIX HEHYJIEBBIX HOCJIQAOB&TQ.HBHOCTQI;’I (3’)0, PN ,.Tn)
KOMILIEKCHBIX auces. Obo3nadenne (330 TX .. xn) W TEPMUH OJTHOPO/IHBIC
KOOP/JIMHATHI, BBE/ICHHbIE BbIIIEC B BEIIECTBEHHOM CJIy4ae, IIePEHOCATCA U Ha
KOMIIJICKCHYIO CUTYaIINIO.

22.Ex. Ipocrpancreo CP" kaHOHMYECKH rOMEOMOPMHO MHOKECTBY (KOM-
IIeKCHBIX) npaAMbIX npocrpancTsa C"Tl) mpoxopsmux uepes Touky HOJIb,
TOIMOJIOTU3UPOBAHHOMY YIVIOBOH METPUKOH (KOTOPas NPUHUMAET 3HAYEHUS B
npomezxyrre [0, Z).

22'3x. KBaTepHUOHHbIE IIPOEKTUBHbIE IPOCTPAHCTBA

Hamomuny, uro 8 R* nveercst 3amedarenbaoe yMHOKEHTE, OTKPBITOE P.
B. Tamusabronom (R. W. Hamilton) B 1843 roay, koropoe MOXKHO 3a/JaTh

OPMYJIOI
dbopwmy.
($1,$1,$3,Z’4) X (y17y27y37y4) -
(T1y1 — T2Yo — T3Y3 — Tays, T1Y2 + Tay1 + T3Ya — TaYs3,

T1Y3 — Toys + T3Y1 + TaY2,  T1Ys + Toys — T3y2 + T4y1).

Ono GUIMHEIHO, U /I €10 OMUCAHNS JIOCTATOYHO yKa3aTh TPOU3Be/IeHus Ha-
3UCHBIX BeKTOpOB. Ilociieinre B 9TOM KOHTEKCTE TPUHATO 0003HAYATD, CJle-
nys Pamuibrony, Tax:

1=(1,0,0,0), i=(0,1,0,0), j=(0,0,1,0) u k=(0,0,0,1).

B srux obo3nauenusx 1 peiicreurenbho gpisierca exuauteit: (1,0,0,0) xx =
T mmst a0boro x € R*. Ocrarok TabJ/IUIBI YMHOYKEHUS BBITJISIIAT TaK:

ij=k, jk=i, ki=j, ji=—k kj=—i wu ik=—j

BuecTe ¢ HOKOODIMHATHBIM CJIOZKEHIEM TO yMHOXKeHHe 3a1aeT B RY cTpyk-
Typy aarebpol. K€ s/ieMenTsl Ha3BIBAIOTCS KBATEPHUOHAMMU.

22.Fx. Yb6emurech B TOM, 9TO YMHOXKEHUE KBATEPHUOHOB ACCOIMATUBHO.

Ono me kKomMmyTarwBHO (Hampumep, ij = k # —k = ji). B ocramn-
HOM KBATEPHHOHBI OYEHb IIOXOXKK Ha KOMILIEKCHBIE 9HCIa. Kak um B MHO-
JKECTBE KOMILIEKCHBIX UHCEJ, B MHOXKECTBE KBATEPHHOHOB JEHCTBYET IIpe-
oOpa3oBaHne, KOTOPOe HA3BIBACTCI COMPSXEHMeM, 0DO3HAYAETCS, KAK U CO-
IpSZKEHNe KOMILIEKCHBIX 4uces, deproit: x — Z. Ono 3amaérca dpopmymnoil
(r1,29,23,24) +— (21, —T2, —x3, —T4) U 0OJATAET CJACTYIOMUME JABYMS 3a-
Medare/lbHbIMKU CBOMCTBaMU:

22.Gx. ab = ba s MOOLIX KBATEPHUOHOB a 1 b.
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22.Hx. aa = |a|?, To ecTh npousseenwe M060r0 KBATEPHUOHA @ Ha COTIPSI-
wénmbll emy xBarepunon @ pasuo (|al?,0,0,0).

ITocieee CBOCTBO MO3BOJISIET OLPEIeINTb s J106oro a € R* o6par-
HBIA 3JEMEHT
ot =la G
TaKoif, uro aa” ' = 1.

Taxmm 06pasom, anredbpa KBaATEPHUOHOB €CTL asrebpa ¢ AeseHueM uiam
tesno. Ona obosnavaercst gepe3 H B wecTh ¢BOero orkphiBaresiss [aMuibroHa.

B mpocrpamcrse H? = R*" nmerorcs mpaBble KBATEPHIOHHbIE IPSIMBbIE, T.
e. mogmuoxecTBa Buna {(ai&, ..., a,€) | £ € H}, n anasornvnsre jgeBble KBa-
repuuonubie npsmeie {(£ai, ..., a,) | € € H}. Kaxnas u3 vux npejcras-

Jisier coOO0il BEIEeCTBEHHOE YeThIPEXMEPHOE O IIPOCTPAHCTBO TPOCTPAHCTBA,
H" = Rlln

22.Ix. Haiimure mpaByio KBAaTEPHIOHHYIO MPIMYIO, He ABIIIONTYIOCT JIEBOI
KBaTEPHUOHHON IIPAMOI.

22.Jx. llokaxxure, 9TO JBE IpaBble KBarepHuoHHbIE HpaMmble B H™ b0
repecekaroTcs TobKo B 0, b0 coBIaAIOT.

daxTopupocTpancTBo emquHnunoil cdeper SH3 npocrpancrea HM ! =
R4+ 110 eé pasbuenuio Ha TpéxMepHbIe cepbl, BhICEKAaeMble IIPABBIMU KBa-
TePHUOHHBIME HpsMbiME pocTpancrsa H' ! maznisaercs (npasbim) kBaTEp-
HUOHHbIM MPOEKTUBHbIM MPOCTPAHCTBOM Pa3sMEPHOCTU M. AHAJOTUIHO, TOJIBKO
C pa3bueHneM Ha JIEBbIE KBATEPHUOHHBIE TIPSMBIE, OTIPEJIEISIeTCs (J1eBoe) KBa-
TEPHUOHHOE MPOEKTUBHOE MPOCTPAHCTBO PAa3MEPHOCTHU 1.

22.Kx. l'omeomopdHbI Jin TIPaBOE U JIEBOE KBATEPHUOHHBIE TPOEKTUBHBIE
MIPOCTPAHCTBA OJIUHAKOBBIX pa3MEPHOCTEl?

JleBoe KBaTEPHUOHHOE MPOEKTUBHOE MPOCTPAHCTBO PA3MEPHOCTH 7. 000-
snagaercd depe3 HP™.

22.Lx. TIpocrpancrso HPC cocront n3 ommoit TOUKM.

22.Mx. IIpocrpancrso HP" romeomopduo hakTOPIPOCTPAHCTBY €UHUAY-
HOro 3aMkuyToro mapa D npocrpancrsa H" no pasbuenuio, saeMenTaMu
KOTOPOT'O CJIY?KAT MHOYKECTBa BHyTpeHHocTH mapa D™ u rpéxmepnbie cde-
PBI, BRICEKaeMble Ha ero TpanudHoii cdepe S~ (1eBbMu KBaTepHHOHHBI-
MI) TIPAMBIMEU TTpocTpancTsa H”.

IIpocTpancTBO HP! nazeiBaercs KBAaTEPHUOHHOU MPOEKTUBHOU MPSIMOIA.

22.Nx. Kparepunonnas npoextusnas npamas HP! romeomopdma S*.
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22.0x. Ilpocrpancreo HP™ kanoHUYECKH roMeoMOPMHO (haKTOPIPOCTPAH-

crey mpocrpancrea H™H! \ 0 mo paszbuenuio Ha mpoOKOJIOTBIE B TOUYKE HYJIb
JIeBbIe KBATEPHUOHHbIE IpsiMble rpocTpancTsa H™ T mpoxosamiue uepes na-
9aJ10 KOOPUHAT.

Taxum obpazom, HP™ MOXKHO Mpe/ICTABUTH KaK POCTPAHCTBO KJIACCOB
KBATEPHUOHHO TTPOMOPITNOHATBHBIX CJIEBA HEHYJIEBLIX MOCTETOBATETHLHOCTEH
(zo,...,zy) kBaTepHHOHOB. OG03HAYEHUE (T @ X1 © ... : Tp) U TEPMUH OJI-
HOPOJTHBIE KOOPJIWHATEI, BBEIEHHBIE BBINIE B BEIIECTBEHHOM CJIyUae, TIEPEHO-
CATCA U Ha KBATEPHUOHHYIO CHTYAITHIO.

22.Px. Ilpocrpancrso HP" kanonnveckun romeoMopdHO MHOKECTBY (J1e-
BBIX KBATEPHUOHHBIX) IIPAMBIX mpoctpancrsa H ! Tonomornsuposannomy
YIJI0BO# METPUKOil (KOTOpas HpUHEMaET 3HadeHns B npomexyTxe [0, 5]).
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23x. Komeunble TomoJiormyeckKune
IIPOCTPAHCTBA

23'1x. TeopeTHKO-MHO>XKE€CTBEHHOE OTCTYILICHUE:
paciienjieine TPaH3UTUBHOTO OTHOHIEHUS
Ha 3KBUBAJIEHTHOCTH U MMOPSI0K

B ompeiestenngax oTHOIIEHWIT TOPSIIKA U SKBUBAJIEHTHOCTH YCIOBHUE TPAH-
BUTUBHOCTU MPEJICTAB/IAETCs HAnbo/1ee 3HAYUMbIM. B 3TOM myHKTE MBI IIpU-
JTaJIIM 9TOMY OINyIieHno hopMaabHoe 0D0CHOBAHUE, TTOKA3aB, UTO OCTA Ib-
HbIE YCJIOBUS B HEKOTOPOM CMBICJIE sIBJIAIOTCSA HEN3OEKHBIMU €CTECTBEHHBIMU
CIIYyTHUKaMU TPAH3UTUBHOCTH, XOTS U HE CJIEIYIOT U3 Hee.

23.Ax. Ilycmov < — mpansumusnoe omnowenue na muodcecmee X . Toeda
omuowenue 3, onpedessemoe cAedyOuUM 00Pa30M:

2%

a=3b, ecaua <busua=0>b,

mooice MPan3umuseho (u, Kpome mozo, kKonewno dce pedaekcusno, m. e. a 3
a daa 06020 a € X ).

Bunapnoe ornomenne X B MHOKeCTBe X HA3BIBAECTCS MPELTOPSAKOM, €C-
JI OHO YJIOBJIETBOPSET CJIEIYIONIUM JIBYM YCJIOBUSIM:

e TpauzutusHocts. Ecim a Sbub S ¢, 1o a 3 c.
e PedpnekcusHoctb. a 3 a s m060ro a.

Muoxkectso X, cHaOKEHHOE TPEANOPSIKOM S, Ha3bIBAETCA NPedynopado-
YEHHBLM.

Ecnmu npenmopsioxk emné m aHTHCHMMETPHYEH, TO 9TO — HECTPOTHIl IOpsi-
JIOK.
23.1x. denaerca au orHOmEHHE ¢|b IPEAIOPAIKOM B MHOKECTBE Z HEJIbIX TUCes1!
23.Bx. Ecau (X,3) — npedynopadowennoe MHOHCECTNGEO, MO OMHOWEHUE
~, onpedessemoe CAedyouUM 00Pa3oM:
a~b, ecaua3Ibubza,
ABAACTNCA OMHOWEHUEM IKGUBAACHMHOCTIU (M.€. CUMMEMPUYHO, Dedaek-

cusho u mpansumueno) 6 X.

23.2x. Kakoe oTHOIIIEHNE SKBUBAJIEHTHOCTH OIIPEIE/ISTETCS HAa MHOXKECTBE IeJIbIX
TUCesT PeAopAIKoM a|b?

23.Cx. Ilycmo (X,3) — npedynopadouennoe MHONCECBO U ~ — OMHO-
WEHUE IKGUBAAECHNHOCTIU, onpedesérnoe npednopadkom = na X cozaacho
23.Bx. Tozda us a' ~a, a 2bub~V caedyem a’ 3V, u mem camoim 3
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onpe(?e/mem HA MHOIAHCECTNBE KAACCOB IKBUBAAECHITMHOCINU X/N omHroweHue.
IMO OMHOULEHUE ABAACTNCA Hecmpoz2um nop;z&nom.

Takum obpazoMm, BCIKOE TPAH3UTUBHOE OTHOIIEHHUE TOPOXKIAET OTHOIIIE-
HUE SKBUBAJEHTHOCTH U IIOPS/I0K B MHOYKECTBE KJIACCOB S9KBUBAJICHTHBIX 3JIe-
MEHTOB.

23.Dx. Bo WTO BBIpOKTAETCS ITA IEMOYKA KOHCTPYKITNN, €CIN MCXOTHOe
TPAH3UTUBHOE OTHOIIEHUE OBLIO

(1) 9KBHBAJEHTHOCTHIO, HJIH

(2) HECTPOrUM IOPSKOM.

23.Ex. Bo 6cakoMm MONOA0RUMECKOM NPOCMPAHCMBE OMHOWeHUe 3,
deaarouseecs caedyrouLum obpasom:

a3 b, ecau a € Cl{b},

onpe-

ABAACNCA NPEONOPATKOM.

23.3x. Bo MHOXKeCTBe BCeX MOJIMHOXKECTB ITPOU3BOILHOTO TTPOCTPAHCTBA OTHOIIE-
HEE 3, OIPEIeIAoNieecs CIemyImuM 00pa3oM:

A =X B, eciu A C C{B},

ABJIACTCA IIPEITTOPATKOM. droT OPEANOPAIOK Ollpeae/ideT OTHOIIEHNE SKBUBAJICHT-
HOCTH, IIPA KOTOPOM MHO2KECTBa 3KBUBAJIEHTHDI, COT'/la UX 3aMbIKaHUA COBIIaJIal0T.

23.Fx. Ommnowenue 9K6UBAAEHIMHOCTIG, ONPEIEAEHHOE NPEONOPATKOM Meo-

pemoi 23.Ex, onpedeaaem pazbuenue npocmpancmead Ha MAKCUMaivHve (o
sKAt0ueNUI0) anmuduckpemusie nodnpocmpancmea. Paxmopnpocmpancmeo
no amomy pasbuenuto ydosaemaeopaem arcuome Koamozoposa Ty.

DaxToprpocTPaHCTBO Teopembl 25 Fx HazbiBaercs MakcumanbHbiM -
baKTopPNpPoCTPaHCTBOM npocTpaHcTea X .

23.Gx. HemnpepoiBublil 06pa3 aHTUIUCKPETHOIO MPOCTPAHCTBA AHTUJINC-
KPETEH.

23.Hx. Jlioboe nenpepbiBHOe oTobpazkenue X — Y MOpPOXK/IaeT HElpPePbIB-
HOe oToOpazkKeHue MAaKCUMAJIHHOTO 1(-(hakTopIpoCTPAHCTBA IIPOCTPAHCTBA
X B makcumasiboe 1p-hakToprnpocTpanCTBO MPOCTPAHCTBA Y .

23/2x. CTpyKTypa KOHEYHOI'0 TOIOJIOTMYECKOr0 MPOCTPAHCTBA

Pe3ynbTaThl mpeabIIyIero myHKTa JAl0T K09 K TOHUMAHUIO CTPYKTY-
PBI KOHEUHBIX TOMOJOTHTIECKUX TpocTpancTB. Ilycts X — KomedHoe TOMmOIO-
ruveckoe npocrpancTso. CortacHo Teopeme 23. Fx 0HO OKa3bIBaeTCs pa3duTo
Ha aHTHUIUCKPETHBIE KJaacTepbl ToueK. [Ipr HenmpepbIBHOM 0TOOpaXKeHun 3T
AHTHUUCKPETHBIE KJIaCTepbl 0TOOpaXKaroTCs, coryiacao  23. Gx, Ipyr B APyTa.
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Taxum 06pa3oM, HEMPEPBIBHBIE 0TOOPAYKEHN KOHEIHBIX ITPOCTPAHCTB UHTY-
IUPYIOT HenpepbiBHbIE 0TOOparkeHus (haKTOPIPOCTPAHCTB 10 pa3bueHmsaM
Ha, AHTUIUCKPETHBIE KJIACTePhl TOYEK, cp. 23. Hx.

DakTOPIPOCTPAHCTBO KOHEYHOTO MPOCTPAHCTBA 10 pa30MEHUI0 HA MaK-
cUMaJbHBbIe aHTUIUCKPETHBIE MHOXKECTBA YIOBIETBOPsAET, coriacHo 23.FX,
akcrome otnemnmocTtu Komvoroposa. Kak n Bcakoe KoHeTHOE TPOCTPAHCTBO,
OHO ABJISIETCS TPOCTPAHCTBOM HAMMEHBIINX OKpecTHocTell. B cmmy Teopembl
14.0, Tonosiorus 31oro GhaKTOPIPOCTPAHCTBA, ABJISETCA TOMOJIOTHElH TOPsi/I-
ka. B cuny teopembr 9. Bx, romeoMopdu3Mbl MEXKJTy TPOCTPAHCTBAMU C TO-
[IOJIOTHEH MOPS/IKA SIBJIAIOTCA MOHOTOHHBIMU OMEKITHSIMHU.

Taxkum 06pa3om, KOHEYHOE TOIOJIOTMYECKOE TPOCTPAHCTBO € TOYHOCTHIO
710 ToMeoMOpd U3Ma XapaKTepu3yercsi KOHEUHBIM YaCTUYHO YIIOPSAT0UEHHBIM
MHOKECTBOM, 3JIEMEHTBI KOTOPOI'O0 CHADXKEHBI KPATHOCTAMMU, MPEICTABIITIO-
muMu coboii HaTypaJibHble Yucaa. /IBa Takux MpocTpaHCTBa roMeoMopd-
HBI, COTJIa MEK/IYy COOTBETCTBYIOIIUMHU YIIOPSJIOUEHHBIMUA MHOYKECTBAMU CY-
IIIECTBYET MOHOTOHHAs OUEKITUsI, COXpaHsoNas KparHoctu. s BoccTaHoB-
JIHUSI TOIOJOTMYECKOr0 IPOCTPAHCTBA 10 YIHOPAJOUEHHOMY MHOYKECTBY C
KPaTHOCTAMM HYKHO BBECTH B 3TO MHOXKECTBO TOIIOJIOTHUIO IMOpAJKa, a 3a-
TeM 3aMEHHUTHb B HEM KazK/IyI0 TOUKY aHTHUUCKPETHBIM KJIACTEPOM TOYEK, B
KOTOPOM YMCJIO TOYEK PaBHO KPATHOCTHU MCXOJHOII TOUKH.

23/3x. CumniuuuajbHble CXeMbl

IIycrs V — MHOXKECTBO 1 Y — MHOZKECTBO HEKOTOPBIX €r'0 KOHEUHBIX MO/
muoxects. [Tapa (V, X) nassiBaercs cMMnanymanbHol cxeMoil ¢ MHOKECTBOM
BepwuH V 1 MHOXKECTBOM CUMIIAEKCOB Y5, CIN

® KaxK/I0e 1OJIMHOKECTBO JIIODOI'0 dJIeMeHTa MHOXKECTBa > CaMoO IIPH-
HA/JIEYKUAT X,

e TepecederHmne JI0O60r0 HAbOpa ITEMEHTOB MHOMKECTBA Y CaMO TIPH-
HAJJIEYKUAT X,

® KaXK0€ OTHORIEMEHTHOE TOAMHOYKECTBO MHOXKecTBa V mpuHaTe-
JKHAT 2.

MmuoxkecTBO X yIOPAA0UEHO O BKIOUYeHnio. Hageaéraroe Tomomorneit 3Toro
YACTUYIHOIO MOPSJIKA, OHO HA3BIBAETCA MPOCTPAHCTBOM CUMIIIEKCOB CUMILIU-
raabHoON cxeMbl (X, X).

ITo xaxkmoit CUMILINIUAIBLHON CXEeMe eCTECTBEHHBIM 00Pa30M CTPOWTCS
7 JPYTO€e TOMOJOTHIECKOE MPOCTPAHCTBO. A MMEHHO, JIJIsT CUMITIAITATBLHON
cxemsr (V, X)) pacemorpum muoxectsBo S(V, ) Beex takux dynknuii ¢ : V' —
I, Takux 49TO

Supp(c) ={v eV [ ¢(v) # 0}
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comepxkurcs B Xy oy ¢(v) = 1. Cuabuum muoxkecrso S(V, ¥) romnomorn-
eit, MopozKIaeMOil METPUKON

p(ci,c2) = sup |er(v) — ca(v)].
veV

IIpocrpamncrso S(V,¥) nokpsiro muoxecrBamu {c € S | Supp(c) = o},
rie o € X. OHO HA3BIBACTCA CUMMNNYNATIBHBIM WITH TPUAHTYINPOBAHHBIM TIPO-
CTPAHCTBOM, a MHOXKecTBa BHIa {¢ € S | Supp(c) = o} Ha3BIBAIOTCA €ro
(oTKpbITBIMYM) cumnekcamu.

23.4x. Kakue OTKpBITbIE CUMIIJIEKCHI CUMILIUITAIHHOTO ITPOCTPAHCTBA ABJIAIOTCS
OTKPBITBIMI MHOYKECTBAMMU, KaKne — 3AMKHYTBHIMH, a KaKiue — HU TeMU, HA IPYTH-
Mu?

23.Ix. Haiinure /151 KaxK 7000 0 € > roOMeoMOpPGU3M MOIIPOCTPAHCTBA
{c€ 8| Supp(c) = o} C S(V. )

Ha, OTKPBITBHIIl CUMILIEKC, PA3MEPHOCTH KOTOPOrO HA, €/IMHUITY MEHbIIE YHUCJIa,
BEPUINH, COAEP2KaIlIUXCA B O (H&HOMHI/IM, 9TO N-MEPHBIM OTKPBITHIM CHUM-
IJIEKCOM HA3bIBAETCS MHOKECTBO {(X1,...,2Tn11) € R™™ | 25 > 0 ana j =

Lo.oon+1u Y e =1.)).

(3

23.Jx. okazxmure, 910 [y 110600 cuMnnuaabaoi cxemsl (V) X)) dbaxrop-

POCTPAHCTBO CHMILIUIIHAIBHOrO mpoctparcTa S(V,X) 1o ero pasbuenuro
Ha OTKPBITHIE CHMILIEKCH TOMEOMOP(HO MPOCTPAHCTBY Y CUMILIEKCOB CHM-
wmnnaabHoil cxemsl (V, X).

23'4x. BapuneHTpuYeckoe o pas/iesieHne
YaCTUYIHO yIIOPSAJO0YE€HHOT0 MHOXKECTBA

23.Kx. Haiiqure 9acTUYHO YIOPSI0YEHHOE MHOYXKECTBO, HE M30MOPQHOEe
YIIOPAJZOYIECHHOMY T1I0 BKJIIOYEHWIO MHOXKECTBY CUMILIEKCOB KaKOi 6bI TO HUN
ObLIO CUMILIAIUAIBHON CXEMBL.

[Tycts (X, <) — 9acTUYHO YIOPSIIOUEHHOE MHOXKECTBO. PaccMoTpum MHO-
JKEeCTBO BCEBO3MOXKHBIX HEMYCTHIX KOHETHBIX CTPOTO BO3PACTAIONINX ITOCJIe-
IoBaTeIbHOCTEH a1 < ag < -+ < @, DIEMEHTOB MHOXKeCTBa X, TO €CTh
MHOKECTBO BCEX HEITyCTBIX KOHEYHBIX IMOAMHOXKECTB, B KAXK/IOM U3 KOTOPBIX
< MHAyLMpYeT JMHelHblil nopsiok. O603HauYUMM 3TO MHOXKECTBO depes X' .
OHO ecTeCTBEHHO YIOPSIOYEHO 10 BKJIFOUEHUTO.

Yactuano yropsaouennoe MuOKeCTBO (X', C) HA3BIBACTCS MPOU3BOAHBIM
YACTUIHO YTIOPsI0YeHHOr0 MHOXKecTBa, (X, <). [lepexos or wacTudno ymopsi-
JIOYEHHOT'O MHOZKECTBA, K €0 MIPOU3BOHOMY MOXKHO IMTOBTOPHUTH JTF0O0€ YUC/TO
pa3. Tak BOBHUKAIOT KpaTHbIE NPON3BOAHbIE TACTIUIHO YIOPITOTEHHOTO MHO-
2KecTBa.
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23.Lx. nga mo6oro 4acTuIHO yIOpsI09eHHOr0 MHOXKecTBa (X, <) mapa
(X, X') siBasiercst CUMITMIMATBHOM CXEMO.

Nmeerca ecrecrBennoe orobpaxkenne X' — X, OTHOCAIIEE 3IEMEHTY
MHOKecTBa X', T.e. KOHEUHOMY HEIYyCTOMY JIMHEHHO YIOPAZOIEHHOMY ITOJI-
MHOKECTBY MHOYKecTBa X, ero HaubOJIbIINl 3IeMeHT.

23.Mx. Mounotonno jiu 310 orobpaxenue?! Crporo ju moHoTOHHO? Mo-
HOTOHHO JIN AHAJIOTUYIHOE OTOOpaKeHUe, OTHOCSIIEee KOHEUHOMY HEITyCTOMY
JINHEHHO YIIOPsIOYEHHOMY TOJMHOYKECTBY MHOXKECTBa X, €ro HAUMEHbIIHii
semMeHT?

[Iycrs (V,X) — cummiunuanbHas cxeMa, U Y — IPOM3BOJHOE YaCTHY-
HO YTIOPSZOYEHHOEe MHOMKECTBO MHOMKECTBA Y (YIIOPSIOYEHHOIO II0 BKJIIO-
vernto). CuMmnnpanbaas cxema (X, ¥') Ha3bIBACTCS MPOU3BOZHON CUMMIN-
YnasbHOI cxemoii TN bapuyeHTpuecknm noapasAeneHnemM CAMILIHITTAIbHOM
cxemsr (V, %)

Nmeercs ecrecrBennoe orobpaxenune ¥ — S(V, X)), orHocsiee cumiLiex-
cy o € X, 1. e. nogmHoxkectBy {uvg,v1,...,V,} MHOKecTBa V' DYHKIMIO
. N o— 1 _
bo 1 V = R e by(vi) = 737 1 by(v) = 0 asr moboro v & o

Ompenenum orobpaxkenue (3 : S(3,Y) — S(V,X), orneca dyukimu ¢ :
> — R dyuxmmio

VoR:v— Z ©(0)bs (V).
oex

23.Nx. Orobpaxenue 3 : S(X,¥) — S(V,X) asaserca romeomopduzMom
u 31oT romeomopdusm cocrasiaser smecre ¢ npoeknuavu S(V,X) — X u
S(X%,¥) — ¥/ Ha npoCTpaHCTBA CUMILIEKCOB U €CTECTBEHHBIM OTOOparKeHwH-
em Y — Y KOMMYTATUBHYIO JHArPAMMY

S,y L sy

! !

>/ —_— Y
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24x. IIpocTpancTBa HEnpepPbIBHBIX
oTOoOpakeHmii

24'1x. MHO>keCTBa HeNpPepbIBHBIX 0TOOParkeH!it

Bcerogy manee uepes C(X,Y') Gyaer 0603Ha9aTHCS MHOKECTBO BCEX HENpPe-
PBIBHBIX 0TOOPasKEHHI TOIOJIOTIIECKOTO MPOCTPAHCTBA X B TOIOJIOTTYECKOE
ITPOCTPAHCTBO Y .

24.1x. Ilycts X # @. Hokaxwure, aro muoxkectso C(X,Y) cocromr m3 omHOrO
3JIEMEHTA, COI/Ia POCTPAHCTBO Y OJHOTOYEUHO.

24.2x. Ilycrp X # @. JJoka:xure, 94TO CyIECTBYET €CTeCTBeHHAs HHbeKusd Y —
C(X,Y), orkyna, B wacTaOCTH, cremyer, ato card C(X,Y) > card Y.

24.3x. 3aeadra. Haiimure ecTecTBEHHBIE YCIOBHUS, IIPU BBIIOIHEHUM KOTOPBIX
C(X,)Y)=Y.

24.4x. Ilyers Y = {0, 1}, Qy = {0, {0}, Y'}. lokazkuTe, 9T0 CymECTBYET OUEKIAS
mexay C(X,Y) u Qx.

24.5x. Jokaxnure, aro ecm X — KOHEIHOE NUCKPETHOE MpocTpancTso, o C(X,Y)
MOYKHO €CTECTBEHHBIM 00Pa30M OTOKJIECTBATD C JIEKAPTOBBIM ITPOU3BEICHUEM Y X
... XY (n comHOX)UTENEIH).

24.6x. IlycTh mmucKpeTHOE TOMOJIOTWYEeCKOe IPOCTPAaHCTBO Y cocrouT u3 k To-

qek. Haliiure HEOOXOaMMOE U TOCTATOYIHOE YCIOBUE [JIs TOTO, ITOOBI MHOKECTBO
2

C(X,Y) cocroamno u3 k° 371eMeHTOB.

24'2x. Tonosioruu B MHOXKECTBE HENPEPbIBHBIX OTOOParkeHuii
Hnax e X, U € Qy, K C X nonoxnm
W(z,U)={f: X =Y | f(z) e U},

WK, U)={f: X =Y [ f(K)CU},
u paccmorpum cemeiictsa APY) = (W(z,U) |z € X, U € Qy} n

Al — {W(K,U) | K € X - xommaxrHoe MuOKecTBO, U € Qy ).

24.Ax. Mnoowcecmeo APY) ggasemes npedbasoti monosozuweckots cmpyk-
mypw, wa muoocecmee C(X,Y).

Tononornueckas crpykrypa QP ¢ npeabasoit APY) paspisaercs To-
nosorneii MOTOYEYHOM CXOZUMOCTY, COOTBETCTBYIOIIEE TOTOIOTHIECKOE MTPO-
crpascTBO 0603HaUaercs gepes CPY) (X, Y).

24.Bx. Muooicecmeso A9 aeasemea npedasoti monosoeueckol cmpyk-
mypwve nwa mrooicecmee C(X,Y).
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Tononornueckas crpykrypa Q) ¢ npendasoit Al naspiBaercs komnakTHo-
OTKpbITON TOomosaormer. Berony najiee, eciii He OrOBOPEHO MPOTHBHOE, Oy-
JIeM TIPEJIo/IaraTh, 4ro Tonojorndeckoe npocrpanctso C(X,Y') - sro mpo-
CTPAHCTBO BCEX HEMPEPBIBHBIX oToOpaxkenmit X — Y ¢ 3amaHHOl Ha HEM
KOMIIAKTHO-OTKPBITON TOIIOJIOIUei.

24.Cx. meer mecro srmodenne QP ¢ Qo)

24.77x. Tpocrpanctsa C(I,1) u CP¥) (I, 1) me romeoMopdHsL.

O6o3rasum wepe3 Const(X,Y) MHOKECTBO BCEX IMOCTOAHHBLIX OTOOpAKEHMIA

f: X =Y.

24.8x. oxaxure, aro tonomorma 2P*) 1 Q) muaymupyior onmy u Ty xe To-
TTOJIOTMIECKY IO CTPYKTYpy Ha MHOKecTBe Const (X, Y'), mpuaem momyaenroe Tomo-
JIOTHYECKOEe IIPOCTPAHCTBO roMeoMOopdHO Y .

24.9x. Hoxaxure, uaro ecsm X = {z1,...,Zn} € AUCKpeTHOl TOmOIOrHEH, TO

[IPOCTPAHCTBO C(p“’)(X, Y') romeomopduo Y X ... X Y (n comnoxwureneit). Bepro
s 310 st npocrpancrsa C(X,Y)?

24'3x. Tonosiormyeckmue CBOMCTBA MPOCTPAHCTB HEIIPEPBIBHBIX OTO6-
pakeHuii

24.Dx. Joxaxure, uro ecim Y xaycuopdoso, 1o u npocrpancrso CPW) (X, Y)
xaycaopdoso. Bepuo qin 910 yrBepx aenune gy npocrpancrsa C(X,Y)?

24.10x. loxaxwure, aro npocrpanctso C([, X ) maHeHAHo CBA3HO, COT/Ia MPOCTPAH-
crBO X JIMHEIHO CBSA3HO.

24.11x. doxaxure, uro npocrpaucrso CP%) (I, 1) ue komuaxrao. Kommakrao au
upocrpancrso C(I,1)?

24'4x. Merpusyembiii cory4daii

24.Ex. Ecau npocmparcmeo X Komnaxkmuo, a npocmpancmeo Y mempu-
ayemo, mo npocmpancmeo C(X,Y) mempusyemo.

PaccMorpuM KOMITAKTHOE TPOCTPAHCTBO X M METPUYECKOe MPOCTPaH-
creo (Y, p). omoxnm

d(f,g) = max{p(f(x),9(x)) |z € X}.

24.Fx. st mi060r0 KOMITAKTHOTO TOMOJTOTHYIECKOTO MTPOCTPAHCTBA X T J/Tst
JIF0O0TO MEeTPUYIeCKOro mpocTpancTBa Y (MyHKIUs d ABISI€TCSI METPUKON HA
muoxecrse C(X,Y).

IIycte X — Tomosorntdeckoe MPOCTPAHCTBO, ¥ — METPUUIeCKOe TIPOCTPAH-
CTBO C MeTpuKoii p. I'oBopaT, YTO mMOC/IEIOBATEILHOCTD [, OTODpayKeHwmii
X — Y pasHomepHo cxogutcs K orobpaxenuto f: X — Y, ecnu gjia ro6oro
e > 0 cymecrByer nHarypasbroe anciao N, takoe ato p(fn(x), f(z)) < € npu
Bcexn>Nmuz e X.



178 IV. Tomonormieckrne KOHCTPYKITHH

2/ .Gx Merpuka paBaoMepHOii cxogumoctu. [lycrs X — koMmakTHOE TOTO-
JIOTHYIECKOE TPOCTPAHCTBO, a Y — Merpuueckoe mpocrpanctso. locienosa-
TEeJILHOCTH oTobpaxKkenuit f, : X — Y cxomurcst kK orobpaxenuio f: X — Y
B TOIOJIOTHH, OTIPEEIEHHO MeTPUKOIl d, COr/ia MOC/IeI0BATEJIbHOCTE [y, paB-
HOMEpPHO cxojurcs K f.

24.Hx Ilommora C(X,Y). Ilycrs X — xommakTHOe, a (Y, p) — mosHOE MeT-
pUYecKoe MPOCTPAHCTBHO. Torma MeTputiueckoe MPOCTPAHCTBO (C(X, Y),d)
IOJTHO.

24.Ix. Mempuka d undyyupyem na C(X,Y) xomnaxmmuo-omxpomyro mo-
noA02UI0.

24.12x. IIpocrpancrso C(R, ) merpusyemo.

24.13x. Ecim Y — orpanuaennoe merpuaeckoe npocrpancrso u X = (Jio, Xi, rae
mHOXKecTBa X; KoMmakTHBI 1 X; C Int X411 migBcex ¢ = 1,2, ..., TO IpOCTPAHCTBO
C(X,Y) merpusyewmo.

O6o3aasum wepe3 Cp(X,Y) MHOKECTBO BCEX OIPDAHMYEHHBIX HEIPEPHIBHBIX
0TOOpAKEHMIT TOMOJIOTIIECKOTO MPOCTPAHCTBA X B METPHUIECKOE TTPOCTPAHCTBO
Y. [losoxum

d>*(f,9) = sup{p(f(z),9(x)) | = € X}.
24.14x. ©ynkuua d*° asngerca merpukoii na muoxecrse Cp(X,Y).

24.15x. Ilycts X — tomomormdeckoe, a Y — merpudeckoe npoctpancTso. [loce-
J0BAaTEJIBHOCTD fr, OrpaHmYeHHbIX oToOpazkenmii X — Y cxomurcak f: X — Y B
TOTIOJIOT MM, WH/IYIIMPOBAHHOM MeTpUKOil d°°, corma f, paBHOMEPHO CXOAUTCSH K f.

24.16x. Haiinure Takue npocTpancTsa X u Y, Ad KOTOPBIX TOIOJIOTUS, HHIYIIN-
pOBaHHAT METPHUKOI d°°, He coBmamaer ¢ romoyrorueii noanpocrpanctsa Cp(X,Y) C
C(X,Y).

24'5x. CB#3b C APYTUMU KOHCTPYKIIUAMU

24.Jx. [Ing mo0bIx HempepbIBHBIX oTobpazxkennii ¢ : X' — X u¢: Y — Y’
orobpaxkenune C(X,Y) — C(X',Y'): f — 1 o f o ¢ HenpepbiBHO.
24.Kx. Ecom A C X, 1o orobpaxenne C(X,Y) — C(A,Y) : f — fla

HeIIPepPbIBHO.

24.Lx. Echm B C Y, to orobpaxenune C(X,B) — C(X,Y): f—ipof

ABJIACTCA TOIIOJIOTMYECKUM BJIO?KEHHUEM.

24.Mx. s 100bix Tonosioruvdeckux mpoctpancts X, Y u Z npoCcTpaHCTBO
C(X,Y x Z) kanonuuecku romeomopduo C(X,Y) x C(X, Z).

24.Nx. Ilycte {X;}" , — 3amkmyToe mokpeiTne mpocrpancrsa X. Ecre-
creertoe orobpazxkenne ¢ : C(X,Y) — [[; C(Xi,Y) : f= (flxis -5 flx,)
SIBJISIETCS TOMOJIOMMYECKUM BJIOXKEHUEM.

24.0x. 3azadkxa. NMoxHO 1 0000MUTH IPeIbIAyINee YTBepK IeHne?



24x. IIpocTpaHcTBa HEIPEPHIBHBIX OTOODAXKEHHUIT 179

24.Px. Ilycts Y — xaycmopdoBoe JIOKaIbHO KOMIIAKTHOE TOIIOJIOTUIECKOe
npocrpancrso. Torzga ecrecrsentnoe orobpazkenne ¢ : C(X,Y) x C(Y,Z) —
C(X,Z): (f,g) — go [ menpepsiBHO.

24.17x. dBnserca sm TpeboBaHMe JTOKAIHLHON KOMIIAKTHOCTH Y CyIIECTBEHHBIM
TSI CIIPABEIMBOCTH yTBepKAeHuss 24.Px?

24.Qx. llyctb X — koMmmakTHOE XaycopdOBO MPOCTPAHCTBO, a S — Ta-
Koe ero pasbuenue, 9ro haxroprupocrpanctso X/ g xaycaopdoso. (1o Bep-
HO, HAIpuUMep, ecn S — 3aMKHyTOe pasbueHue, T. e. mpoekmus pr : X —
X/g — zamruyTOoe orobpaxkenme.) Torma ecrecTBeHHOE OTODpAKEHUE ¢ :
C(X/s,Y) — C(X,Y) : f — fopr sBisiercss TONOJIOIMYECKUM BJIOKEHNU-
em. Ipyrumu ciosamu, nognpocrpanctso npocrpancrsa C(X,Y'), cocrosimee
13 0TOOPaAXKEHUI, OCTOAHHBIX Ha KaskJIOM 3jeMeHTe pasbuenus: S, MOXKHO
OTOXKJIECTBUTH C TIPOCTPAHCTBOM OTOOParKeHWit, 33JaHHBIX Ha (HaKTOPITPO-
crpancree X/ .

24.Rx Omobpasicenue svtuucaerus. llycrs X — jlokabHO KOMIIAKTHOE
xaycaopdoso mpocrpancrBo. Torma orobpaxkernne ¢ : C(X,Y) x X — Y :

(f,x) — f(x) menpepsIBHO.

24.18x. CyecTBeHHbI I HAJIOXKEHHBIE B 24.Rx ycmoBust Ha mpocTpancTso X 7

24'6x. Orobpaxenusa X xY — Z u X — C(Y,2)

2/.8x. Eciau orobpaxkenne f: X XY — Z HenpepbIBHO, TO U 0TOOparKeHme

F: X — C(Y, Z), sagannoe dbopmyioit F(z)(y) = f(x,y), HenpepsiBHO.
ITpu HEKOTOPBIX JOIOJHUTENBHBIX YCJIOBUSIX BEPHO U 0OpaTHOE.

24.Tx. llycrs Y — xaycmopdoBO JIOKAJIBHO KOMIIAKTHOE MPOCTPAHCTBO, U
nycrb gano menpeposisaoe orobpaxenne F : X — C(Y, Z). Torna u oroGpa-
xkeune [: X XY — Z: (x,y) — F(x)(y) nenpepbisHo.

24.Ux. Ecmm mpocrpancrBo X xaycmopdoBo u wabop Ly = {U,} aB-
asiercst mpe16a3oil TOMOJIOrHIeCKoil CTPYKTYPbI IPOCTPAHCTBA Y, TO HabOp
{W(K,U) | U € ¥} asngercsa npen6a30ii KOMIIAKTHO-OTKPBITON TOIO/IOrUH
BC(X,Y).

2/. VX DKCroHeHITAIbHBIN 3aK0H. Beedem omobpasicerue
:C(X xY,Z) = C(X,C(Y, 2)), ®(f)(z):y+— f(z,y)
Tozda:

1) ecau npocmpancmeo X zaycdopposo, mo ® nenpepuiro;

2) ecau npocmparncmeo X zaycdopdoso, a npocmparcmeo Y A0kaavHO
Komnaxmmo u caycdopposo, mo ® — zomeomoppusm.
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24.Wx. Ilycmv S — pasbuenue monoaoz2uueckozo npocmpancmses X, pr :
X — X/ g — npoexyua. Ha npocmpancmee X XY eo3nukaem ecmecmsennoe
pasbuenue S' = {Axy| A€ S, y €Y} Ecau monosozuueckoe npocmpan-
cmeo Y zaycdopdoso u A0KAALHO KOMNAKMHO, MO eCMecmseHHoe Parxmo-
pomobpasicenue f: (X xY)/g" — X/g XY npoexuyuu pr x idy asasemcs
20MEOMOPPUSMOM.

24.19x. IloupoOyiiTe moKa3aThb yTBepKIEHHE IIPEIbLIyIIeil TeOPEeMbl HEIoCpes-
CTBEHHO.
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Jloka3arejabCTBa 1 KOMMEHTaApPUU

19.A K upuwmepy,

z:(x,y)E(Alel)ﬁ(Angg) 1
< 2€A1 XB,z€ Ay X By <= x € Aj,x € Ay,y € B1,y € By <—

< r €A NAyyye BINBy < z€ (A1 NA) x (BN By).
19.B Nwmeewm:
pry'(4) = {2 = (z,y) € X x Y | pry(z) € 4} =
={(z,y) eX XY |z € A} =AXY.

19.C HeiictBurensro, I'y N (x X Y) = (x, f(x)). Ecmm
nepecedernne ['N(z X Y') cocrout u3 oxHO# TOUKY (X, %), TO MOXKHO TIOJIOKUTH
f(@) =y.

19.D Ciaenyer u3 3. A, MOCKOJIBKY TepecevueHre 3JeMeHTapHBIX MHO-
JKECTB sIBJISIETCsT 9JIEMEHTAPHBIM MHOXKECTBOM.

19.E Yo6emurech, uro orobpazxkenue T : (z,y) — (y, ) ecTh rOMEOMOp-
dusm.

19.F Mex/y AByMs 9TUMKU MHOXKECTBAMH MMEETCs KaHOHW4YecKas Ou-
eKI[Us, [I09TOMY MBbI IIPOCTO-HAIIPOCTO 3AIUIIIEM, YTO

(X xY)xZ=Xx Y xZ)=A{(z,y,2) |z e X,yeY,z€ Z}.

Onmako 3aeMeHTapHble MHOXKecTBa B mpocrpaHcTBax (X X Y) X Z uw X x
(Y x Z) paznuunbt. [Jokazxkure, 970 B 000MX ITUX TOMOJOIHIECKIX TIPOCTPAH-
crBax Habop {U x V x W | U € Qx,V € Qy, W € Qy} asnserca 6a30it ux
TOIOJIOTHIECKUX CTPYKTYP.

19.G [leiicTBUTENBHO, JIjIst BCAKOTO OTKpbITOro MHOYXKecTBa U C X ero
mpoobpas pr)_(l(U ) = U X Y gaBnsiercs 3JileMEeHTAPHBIM, 3HAYUT, OTKPBITHIM B
X X Y MHOXKeCTBOM.

19.H Tlycrs tonosnorus Q' B X X Y TakoBa, 4TO NPOEKIMU Pry U
pry nenpepeisabt. Torma, ecmn U € Qx u V € Qy, 1o priy (U) Npry (V) =
(UxY)N(XxV)=UxV € Q. Takum 06pa3zom, BCAKoe 6a30B0€ MHOKECTBO
Tonosioruu npousseenns jgexut B () orkyga u crepyer, uro ' copepKuT
TOIOJIOTUIO TTPOU3BEeHUsT TPOCTPAHCTB X 1 Y.

19.1 dcuo, uro ab(pry) = pry|xxy, : X X yo — X — HempepbIs-
nag Ouekius. s Toro, 4ToOBI MPOBEPUTH HENPEPBIBHOCTH OOPATHOIO K
Heil 0TOOpaYKeHns, JOCTATOTHO MOKA3ATH, IYTO BCIKOE MHOYKECTBO, OTKPBITOE
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B X X yp Kak B mogmnpocrpancrse npoussenennd X X Y, umeer Bug U X yp.
HeiicTBUTe/IBHO,

W N (X xyp) = (UU, x Vo) N (X X yp) = U Ua X yo.
yOEVa

19.J C rteoperuko-MHOKecTBeHHOI Touku 3perns R' x R! = R2. Ilo-
CKOJIbKY B KadecTse 6asbl Tomoiormn B R! x R moxkuo B3aTh HAGOP OT-
KPBITBIX HPAMOYTOJILHUKOB (IOKaxkuTe 310), To Tonostornn B R x R u R?
UMEIOT OJHY W Ty ke 0a3y, 3HAYUT, OHM COBIAIAIOT. BTOpoe yTBepxKeHue
JIOKA3BIBAETCH 110 WH/YKIWH, & TPEThe ABJISETCS €ro ciaeJicTBrueM B cuiy 19.7.

19.L Ecmu f menpepoiBuo, T0 fi = pryof m fo = pryof
HEIMPEPBIBHBI KAK KOMIIO3UITUU HEIPEPbIBHBIX 0TOOPaYKEeHMUIA.

-1 _ 1 -1
Hamee, nockonbky B cuy 19.20, f~(U x V) = f;(U)N fy " (V), 10

u3 HenpepbiBHOCTH f1, fo ciie/ilyeT HempepbIBHOCTD f.

19.M BcriomuuTe Onpejie/ienre MPOnU3BEIeHNs TOMOJIOTUI 1 BOCIO/Ib-
gyiirecs 19.22.

19.N Ilycrs X u'Y — xaycnopdoBbl IPOCTPAHCTBA U TOYKH (1, Y1), (T2, Y2) €
X XY pazmuunst. [Ipenmosmoxum it OMpeaeenHoCTH, 9T0 £ # Xo. Tax
KaK mpocTpaHcTBO X XaycaopdOBO, TO y HUX HAWIyTCd HEllePeceKaroinecs
okpectaoctu U,, u U,,. Torma U,, XY u U,, X Y — Hemepecekaronnecs
OKpeCTHOCTH To4eK (x1,%1), (X2,y2) € X x Y.

19.0 Ecmu A u B cuerTHbl U BCIOJy IJIOTHBI B HPOCTPAHCTBaX X u
Y coorBercTBeHHO, TO MHOXKeCTBO A X B, BO-TIEPBBIX, CYETHO, BO-BTOPHIX,
mwrotao B X X Y.

19.P Cwm. 10Ka3aTebCTBO CAEAYIONIEr0 YTBEPK IeHUS.

19.Q Jlokaxkure, UTO €CJIM Xy, >y — CUYETHbIE DA3bI TOIOJIOTUN PO-
crparctB X u Y coorBerctBenno, 0 L = {U x V | U € ¥x, V € Xy} —
6a3a Tormojiorun npocrpancTea X X Y.

19.R Tlokakute, 94TO €C/iu p1, P2 — METPUKHU B npocTpancTBax X u Y,
o p((21,91), (€2,y2)) = max{p1 (x1,22), p2(y1,y2)} ecry merpura B X X Y.
Kaxkoit Bujy uMeroT 1mapbl B MeTpuke p?

19.8 na mobbix todek (z1,y1), (x2,y2) € X x Y muokectBo (X X
y2) U (z1 X Y) CBABHO W COMEPIKAT ITH TOUKI.

19.T Ecnu u, v — myTH, COEIUHSIONINE £ C X2 U, COOTBETCTBEHHO, ] C
Y2, TO yTh U X v coepunusier (X1,y1) ¢ (T2,ys2)-

19.U [locTaToOYHO PacCMOTPETH MOKPBITHE, COCTOMAIIEe M3 dIeMeHTap-

HbIX MHO2KeCTB. [lockoibKy Y KOMIAKTHO, TO /it JIEOOOT0 cjiod & X Y Haii-
nercst Koneunoe nomnokpeitae {UF x V1. Ionoxum W* = NUP. Bergenuw,



JloxkazarenbcTBa I KOMMEHTAPUT 183

HCIIOJIb3Yysd KOMITAKTHOCTH X, KOHeYHOe oAnokpbiTue WP u3 mokpbiTus
T Ty Zj
{W?*}zex. Habop {U;” x V7 } - nckomoe KoHEYHOE TIOAIOKPBITHE.

19.V [a, romeomopdunl. Paccmorpure oTobpazkenue

@ (o I LG

Vat £y ot

20.A Ilpoobpaz pr_l(pr(A)), BO-IIEPBBIX, ABJIAETCI HACBHIIEHHBIM, BO-
BTOPBIX, SIBJISIETCST HANMEHBITIM, TaK Kak, ecain B O A — HeKOTopoe HaChI-
meHHOe MHOXKeCTBo, T0 B = pr=*(pr(B)) D pr! (pr(4)).

20.C Tonoxum ) = {U C X/g | pr }(U) € Q}. Ilycrs U, € .
3 Toro, uro p~1(U,) — OTKPBHITBIE MHOXKECTBA, CIIEyeT, YTO MHOXKECTBO
p 1 (UU,) = Up~1(U,) Takske sBisieTcst OTKPHITBIM, TakuM obpazom, UU, €
(Y. TIposepbTe OCTABIINEC AKCHOMBI TOMOJIOTHYECKON CTPYKTYDPbI CAaMOCTO-
ATEJIHHO.

20.D Ecmu muoxectBo V' C X OTKpBITO W HACHIEHO, TO V =
pr=! (p(V)), suaunt, MHOKecTBO U = pr(V) orkpsito B X/g. Ecmm

U C X/g orkpwiro, To U = pr(prfl(U)), rie V = pr-}(U) orkpbito u
HACBIIIEHO.

20.F MuoxectBo F' 3aMKHYTO, corma MHOXKeCTBO X/§ ~\ F' OTKpBITO,
corma MuOKecTBO pr1(X/g ~\ F) = X \ pr—! oTKpBITO, COT/Ia MHOMKECTBO
p~Y(F) zaMKHYyTO.

20.F Tlpsavoe cioencreue ompeaesernst (haKTOPTOTOIOTHH.

20.G Hajyo mokaszars, uro ecan ' — rtakas romosioruss B X/g, dro
orobpazkenne (haKTOpU3aInU HEIpephIBHO, TO ) C € x/g- HeiicrBurensHo,

ecm U € ', To p~1(U) € Qx, nosromy 1o ompeieennto hbaKTOPTOMOIOT N
UeQ X/S-
20.H OHo ¢Bsi3HO, KaK HEIPEPBIBHBIN 00pas3 CBSI3HOTO MPOCTPAHCTBA.

20.1 Owno nuHEIHO CBA3HO, KAK HEIPEPBIBHBIN 00pa3 JUHEIHO CBA3HOTO
[IPOCTPAHCTBA.

20.J Ono cenapabejibHO, KaK HelpepbiBHLIA 00pa3 cemnapabenibHoro
[IPOCTPAHCTBA.

20.K OnoO KOMITAKTHO, KaK HEIPEPBbIBHBII 00pa3 KOMIIAKTHOrO IPO-
CTPAHCTBA.

20.L 370 (akTOpPIpPOCTPAHCTBO COCTOUT U3 JIBYX TOUYEK, OJHA, U3 KOTO-
PBIX HE OTKPBITA B HEM.

20.M IIycts a,b € X/g u A,B C X — COOTBETCTByIOIINE
semeHThl pasdbuenus. K Uy, Uy — Henepecekarorecs OKPECTHOCTH TOYEK
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aub, o p (Uy,),p 1 (Up) — Henepecekarompmecs: HACHIIIEHHBIE OKPECTHOCTH
MHOKeCTB A 1 B. Cremyer w3 20.D.

20.N 1) [Monoxkure g = f/S. Muoxectso f~1(y) =
p (g7 (y)) macbImeno, T. e. COCTOMT m3 371eMeHTOB pasbuenns S. 3HAUMT,
f mocTostHHO Ha KayKJI0M 13 9/1eMeHTOB pasbuenus. 2) Eciu A — HeKoTOpBIit
s1eMeHT pasbuenus S, a — COOTBETCTBYIONIAA €My TOUKA (paKTOPMHOKECTBA
Wz € A, 1o £/5(a) = F(A) = g(p(x)) = gla).

20.0 Orobpaxkernue f HepeBOIUT JIEMEHTHI pa3duerust S B 9JI€MEHTHI
pasbuenust T', corga cymiecrByer takoe orobpaxenune g : X/g — Y/, uro
JmarpamMMa

x L. vy

S

X/s —2—= Y/T
xommyrarusna. lpu stom f/(g 1) = g.

20.P UubeKTUBHOCTH OTOOpAXKEHUs €CTh CJAEJCTBUE TOTO, UTO PA3JINU-
HBIE 371eMeHThI pa3buenus S(f) gBasSOTCa TPOOOPAa3aAMU PA3TUIHBIX TOUEK
IIPOCTPaHCTBa, Y .

20.Q Tax xax p~'((f/5)"'(U)) = (f/s50op) ' (U) = [7H(U), ro0 no
onpesenenuto hakropronosoruu s modoro U € Qy muokecrso (f/g) 1 (U)
OTKPBITO, TAKUM 00paszoM, orobparkenue f/g sIBJISIETCS HEIPEPBIBHBIM.

20.R Cwm. 20.0 1 20.8.

20.Ax Kaxj0e 0JHOTOYEYHOE [IOAMHOXKECTBO (PaKTOPIPOCTPAHCTBA,
X/ g siBisiercst 06pa3oM HEKOTOPOIO OJHOTOYEYHOIO HOAMHOXKecTBa B X.
Tak kaxk B X BwIMOHEHA akcmoma 1], TO KaykKI0€ ero OJHOTOYEIHOE MOJ-
MHOXKECTBO 3aMKHYTO, 3HAUYUT, B cuyy 20.1x, u ero obpa3 TakKe 3aMKHYT.
CrnenoBaTeibHO B (DAKTOPIPOCTPAHCTBE TaKyKe BBIMOIHEHA akcuoma, 17 .

20.Bx Cnaenyer u3 14.26.

20.Cx Ilycts U, = p(V,,), n € N, tiae {V, }neny — 6a3a mpocrpancrsa
X . Paccmorpum mpou3BoJibHOE OTKPBITOE MHOYXKecTBO W B (hbakTOpripocTpaH-
cree. Tak kax pr= (W) = UpcaVy, To W = pr(pr_l(W)) = UpeaU,, Takum
obpazom, nabop {U,} aBnserca 6a30ii (hakTOPIPOCTPAHCTBA.

20.Dx JIns npousBosbHOit Toukn y € X/ g paccmorpure 06pas CYeTHOI
6a3bl B HEKOTOPOiT Touke T € prL(y).

20.Ex llocko/ibKy UHHEKTUBHBIN (DaKTOP HEIPEPBIBHON CIOPBEKITNN SIB-
JISIETCS HEIPEPBIBHON OmeKIueil, To OCTaeTcd 0KA3aTh, UTO OH SIBJISIETCH
OTKPBITBIM OTOOpaXKEHUEM, UTO CiiejiyeT, B cuiry 20.7, u3 OTKPBITOCTH 0TOO-
paxenus X XY — X/g x Y/ (cm. 19.23).
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21.A Cuenyer uz 20.P, 20.Q, 20.K u 16.X.

21.B Amamornuno 21.A; ucnons3yiite 16.Y smecto 16.X.

21.C.1 Ecmu f :t € [0;1] — (cos2rt,sin2nt) € S, T0o pasbuenne
S(f) copuagaer ¢ 3ajannbiv, a dakroporodpazkenue f/G(f) — 310 romeo-
Mopdu3M KaK HempepblBHAA OUEKIHs KOMIIAKTHOTO IIPOCTPAHCTBA HA Xay-
cropdoBo.

21.D.1 Ecm f : 2z € R" — (Zsinar,—cos7r) € S* C R™"! 1o
pasbuenne S(f) couazaer ¢ sazaunbiM, a f/§(f) — roveomopdusm.

21.E Paccmorpure otobpakenne g = f xid : [? = I x I — S x I
(f ompeneneno, kak B 21.C.1). Pazbuenune S(g) coBmagaer ¢ 3aJaHHBIM, TaK
qTO0 Q/S(g) — romeoMopu3M.

21.F Tlposepswre, uro pasbuenune S(idgi X f) coBnagaer ¢ 3ajanubim.
21.G Pazduenne S(f x f) coBmagaer C 3aJaHHBIM.

21.H PaccMOTpUM KOMMYTATHBHYIO JIMArpaMMy

XLX/S

”l p2l
X/t —— X/s/s'

B KOTOPOIT 0TOOPaXKeHUe ¢, OYEBUTHO, sIBAIETCH Ouexmeii. Y TBePK/IeHUE 3a-
Jladu Cieyer u3 Toro, 4ro MuHoxkecrso U orkpeiro B X/ g/ S, coraa pl_1 (pQ_ (% )) =

p_l(q_l(U)) orkpoiTo B X, corma ¢~ H(U) orkprito B X/T.

21.1 Yrobwl ympocTuTh (GOPMYJIBI, MBI 3aMEHHM KBaJIpaT I2 MmpsaMo-
yrojibHIKOM. PopMaIbHO: PACCMOTPUM OTOOpaKEHUE

(021 x [=535] = R®: (2,9) —
(14 ysin%)cosz, (1 +ysinZ)sinz, ysinz).

[Iposepsbre, 910 (¢ MECTBUTEIHHO O0TOOPAYKAET YKABAHHBIN MPAMOYTOIbHIK
Ha jeHTy Mebuyca u uro S(p) aBmsercsa ykasaHHbM pasbuenuem. Komeu-
HO, UCXO/THBIM MOMEHTOM PAaCCYyKJIEHUS siBJIZeTCs He KOHKpeTHas (hopMmyiia,
BHAJAJ/IE CJIe/IYeT MPEJCTABUTD cebe, KaK 2Ke JO0/ZKHO ObITH YCTPOEHO HYKHOE
orobpazkenue. [OpU3OHTATBHYIO CPEJIHIO JIMHUIO TIPSIMOYTOJIBHUKA 0TOOpa-
3UM HA OKPYZKHOCTb, sIBJISIONLYIOCS CPE/IHE JuHueil jenThl Mebuyca, a Kax-
JIBIl U3 ero BEPTUKAJIBHBIX OTPE3KOB — HA OTPE30K JTOH JIEHTHI, TIEPIeH UK Y-
JISIPDHBII ee cpejiHeil innuu. BepTukajibHblie CTOPOHBI TPAMOYTOJbHUKA TTPU
TAKOM OTOOPAKEHUH TEPEXOIAT B OIUH U TOT K€ OTPE30K, HO TP ITOM JPYT
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C APYyroM Oy/IyT OTOKIECTBIISITHLCS TIPOTUBOIO/IOKHBIE BEPIINHBI (IPOBEPHTE
9T0).
21.J Cwm. puCyHOK U CJIEJYIOIIHUE ITYHKTHI 3TOTO maparpada.

21.K B peiicTBUTEIBHOCTH, MPOIIE /I0KA3aTH DOJiee 0bIee yTBepK/Ie-
uue. [lycrs 3aaHbl TOMOIOrMYECKe TPOCTPAHCTBA, X U 0TOOpaKeHus fo,
Xo — Y. Torna Q={U CY | f;4U) orkpeiro B X, } — 970 camast TOHKas
TOIOJIOTHYECKAd CTPYKTypa B Y OTHOCUTE/JILHO KOTOPOW BCE OTOOparKeHUST
fa HEIPEPBIBHBL.

21.L Cwm. ykazauue K 21.K.

21.M Orobpasum DY U DY B S™ Tak, 4rodsl obpas D7 cosmnajan c
BepxHeit mosrycdepoit, a obpas Dj — ¢ mmxkueit. Pasoumenne na mpoobpa-
3bI COBITQJAET C TeM pasdbuenueM, (hakTop M0 KOTOPOMY €CTh IPOCTPAHCTBO
D" Uid | gn_1 D™. CrenoBareibHO, COOTBETCTBYOMIEE (haKTOPOTOOparKEeHHE —

roMmeoMopu3M.

21.N Paccmorpum orobpaxenme F' : X UUY — X UY, rakoe uro
F|x = idx u Fly = h. 91o orobpaeHue 1eepBOJIUT JeMeHT pa3bueHwus,
OTBEYAIOIUil OTHOIIEHNIO SKBUBaIEHTHOCTH 2 ~ f () B ss1eMenT pa3buenwus,
OTBEYAIONIMI OTHOIIEHUIO SKBUBAJEHTHOCTH & ~ ¢(I), CJAEI0BATENBHO, Cy-
mecTByer HenpepbisHag Ouexknua H : X Uy Y — X U, Y. Ilockonbky h=t -
Tozke roMeoMopdusM, To u orobpazkenne H ! HermpepbIBHO.

21.0 B cuny 21.N, 1ocTaToqHO JOKA3aTh, 9TO JiI000ON romeoMopdu3m
f 8"t — S nponomxaerca 1o romeomopdusma F @ D™ — D" uro
OYEBUJTHO.

21.P Hanpuwmep, crepeorpadutdeckas MpoeKiins U3 BHYTPEHHEH TOIKHU
“neipel” TOMEOMOPdHO oToOparkaer cdepy C IbIPOit HA KPYT.

21.Q Crepeorpaduieckas MpoeKIygd U3 BHYTPEHHEN TOYKU OJHON u3
“npip” romeomopdHO oTobpaKkaeT cdepy C AByMs AbIPAMU HA “KPYT € KPYT-
noit geipoit”. Jlokazkure, aro on romeomopden munmuuapy. (Ipyroit Bapuant:
ecIi BBIOpATH MEHTP MPOEKINN B “mbIpe’ HaIeKaimM 00pa3oM, To cdepa ¢
JIBYMsT JIBIDAMU OTOOPA3UTCS HA, KPYTJIOE KOJIBIO, 3aBEJOMO TOMEOMOPQHOe
LLMJIHJIDY. )

21.R llo omupenesiennio pydka romeoMopdHa TOpy C AbIPOii, a cdepa ¢
JIBIPOit — JTUCKY, KOTOPBIN 3Ty JABIPY KaK Pa3 U 3aKJ/IEUBAET.

21.8 Paszpexbre cepy ¢ gByMsI pyUKaMU Ha JBE CHMMETPUIHBIE TaCTH,
romeoMopdHbIE PyUKe.

21.T Bocnomb3yiiTech pesyabraTaMu 3amad 21.P u 21.J.

21.U Paspexbre kBajgpar, pakTOPIPOCTPAHCTBOM KOTOPOI'O $IBJISIET-
ca Oyreuika Kireitna, Ha 5 rOPU30HTAIBHBIX OJIOCOK OJMHAKOBON IIUPWHBI.
Torma cpennss moaocka ckientcs B iuct Mebuyca, aBe KpaitHue moJI0CKH —
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eme B ojuH juct Mebuyca, a OCTaBIIHEeCs — B KOJIBIO, T.€. KaK pa3 B cepy
¢ nByms geipamu. (Bor eme o100, BO3MOXKHO, 60J1€€ HAIJISIHOE OMUCAHUE.
[TocmoTpuTe Ha m300paxkenue OyToLIKE Kitelina: y Hee eCTb rOPU30HTAIHHAS
IJIOCKOCTH cuMMeTpuu. JIBe TOpU30HTABHBIX JIOCKOCTH, OJIM3KKUE K ILIOC-
KOCTHU cUMMeTpuu, u paspesaior Oyrouiky Kieitna na npa jmcra Mebuyca u
KOJIBIIO. )

21.V Harsanee Bcero 6y/eT ¢eaTh TaK: BbIAEINM OJIHY PYUKY U OJTHY
IJIEHKY. 3aMEHUM PYUKYy Ha “TpyOKy” , Kpasg KOTODOil MPHUKJ/IEEHbI K KpPasM
JIBYX (JIOCTATOYHO MAaJIEHBKUX) JIbIp Ha cdepe, U HAYHEM JBUTATH OJHY U3
neip. (Tomosornaeckuii THIT BO BpeMsi TAKOTO JBUKeHUsI He MeHgercs.) [lor-
BeJeM JIBIPY K KPalo IJICHKH, CABUHEM €€ Ha ILICHKY, 00BeJeM BJO0JIb ILICHKHI
O/IVMH TOJIHBIM KPYyr U BEPHEM HA IpEXKHee MecTo. B pedysbrare MCXoHasd
pyuka (Top ¢ abIpoit) npesparurca B OyThiiky Kneitna ¢ apipoit, koropas,
KaK Mbl 3HaeM u3 3agadu 21.U, pazbuBaerca ma aBa Jmcrta Mebuyca — T. e.
Ha, JIBE ILJIEHKU.

22.A Paccmorpum Kommosunuio f Biaoxkenus D™ B S” B KauecTBe MOJTy-
cepsl u mpoektuio pr : S™ — RP™. Pazbuenue S(f) coBmamaer ¢ 3aJaHHBIM.
Cnenosarenbho, f/ S(f) roMmeoMopu3M.

22.C Paccmorpum orobpaxenue f : ST — Sl : 21— 22 € C. Toraa
St/s(f) = RP.

22.D Cwm. 22.A.

22.FE Paccmorpum kommnosurmio f Bioxenus: cdepsr S B R® N 0 u
MPOEKTNH Ha, (PAKTPOIPOCTPAHCTBO IO YKA3AHHOMY pasdmennio. fcHo, aTo
pasbuenue S(f) coBmamaer ¢ pasbuenuem, hakKTOPU3AIIA IO KOTOPOMY sIB-
JII€TCST TPOEKTUBHBIM MPOCTPAHCTBOM. 3HA4uT, f/ S(f) ~ romeoMopu3M.

22.F Vxkazannas (YHKIUs sBASETCI METPUKOW B CUJIy HEPABEHCTBA
TPEYTOJIbHUKA MEXK/AY TJIOCKUMU yTJIaMWU TPEXTPAHHOI'O yIJlad. COHOCTaBI/IM
BCAKON TOUKe T € S™ MPOXOMSINY0 Yepe3 HadaI0 KOOPIMHAT mpamyo [(x),
JIJIst KOTOPOIi & sIBJIAETCS €€ HAIPAB/ISIONIUM BEKTOPOM. TeM caMbIM orpe/ie-
JIEHO HeIpephIBHOE (MIPOBEpbTE 9T0) 0TobpazkeHue S™ B yKa3aHHOE MPOCTPAH-
CTBO IPAMBIX, HHBEKTUBHBIN (haKTOP KOTOPOI'O SIBJIIETCS TOMEOMOP(MIIMOM.

22.G Ob6pa3som 3roro orobparkenus sipjsiercss muoxkecrso Uy = {(zp :
x1:...:xy) | zg # 0}, a obparHoe orobpazkenune j : Uy — R™ onpeseseno
dopmytoit

(xo:my .. imp) — <ﬂ,@ ﬂ)

o x0T xo

[Tockobky oTOOpazkenwme ¢ U 0OpaTHOE K HEMY HEIPEpPbIBHbBI, 1 SBJISIETCSH
TOTIOJIOTUYECKUM BJIOYKEHUEM.
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22.H Paccvorpute sioxkenne S"1 = S" N {x,,; = 0} — " C R*H!
U MHyIHpPOBaHHOE UM Bioxkenue RP? 1 — RP™.

23.Ax Ecm a 2 b = ¢ 1o, mubo a < b < ¢, mubo a = b = ¢, mubo
a < b=c, mubo a = b < c. Bo Bcex derbIpex Caydasix MOJIydaeM, 9To a 3 C.

23.Bx QOueBujiHo, 4T0 OTHOIIEHUE ~ PedIEKCUBHO, CUMMETPUYHO, a,
TAKKe ¥ TPAH3UTHBHO.

23.Cx [leiicteurensho, ecmm a’ ~a,a Sbub~b ,r0ad Za b330,
suaunt, a’ 3 0. OueBuHO, YTO ONpeEIe/IeHHOe Ha K/IACCaX SKBUBAJIEHTHOCTU
OTHOIIIEHNE TPAH3UTUBHO ¥ pedJieKcuBHO. Ecam ke sl KJIacCOB SKBHBA-
nenTrocteil [a] u [b] BepHO, uTo @ T bu b 3 a, To [a] = [b], TakmM obpazom,
OTHOIIIEHNE AHTHCHMMETPUIHO, 3HAUWT, SIBJISIETCS HECTPOTUM MOPSIIIKOM.

23.Dx (a) B 3aTOM ciryvae Mbl MOJIy4aeM TPUBHAILHBIN HECTPOIH TTOPS-
JIOK Ha OJJHOTOYEeYHOM MHOXKeCTBe; (b) mosydaem TOT Ke camblii HECTPOruii
MOPSIJIOK HA JAHHOM MHOZXKECTBE.

23.Ex [annoe ornomenne ouesnano pedaekcusno. lanee, ecnu a 3 b,
TO BO BCAKOit okpectroctu U Touku @ Jjiexxkut Touka b, 3uauut, U apiagercd u
ee OKPeCTHOCTBIO, 1109ToMYy, ecin b 3 ¢, 1o ¢ € U. Buaunr, a € Cl{c}, rakum
0bpa3om, a 3 ¢, TeM CaMbIM 3TO OTHOIIEHWE W TPAH3UTHEHO.

23.Fx Paccmorpum 3/1eMeHT pa30ueHust, KOTOPBIi, IO €ro OIpPE/IeIeHIT0
COCTOUT U3 TOUEK, KaYK/as 13 KOTOPBIX JIEYKUT B 3aMbIKAHUU JTI000i1 APYTOii,
BHAYUT, BCAKOE OTKPBITOE B X MHOXKECTBO, COJIEPZKAIIEE OJIHY U3 ITUX TOUEK,
COIEPKUT U JT00YI0 JApyryio. Takumm o6pa3oM, TOMOIOr U, HHIYIUpyeMasi Ha
KazK/IOM djieMeHTe pa3buenus, ABageTcs aHTU/IUCKPETHOM. fIcHO TakKe, ITo
KaK/IbIil 9/71eMeHT pa3dueHns AB/IIeTCsd MAKCUMATBHBIM TTOJIMHOZKECTBOM, SIB-
JISIOTIIMCS QHTUIUCKPETHBIM IOIMTPOCTPAHCTBOM. Temeph paccMOTpUM IBe
TOYKHU B (DAKTOPIPOCTPAHCTBE U J[BE TOUKU T,y € X, JIeXKallue B COOTBET-
CTBYIOIUX 31eMeHTax pazbmerns. [IocKoIbKY & o0 y, TO HalieTcs OTKPBITOe
MHOKECTBO, COJIeprKalliee OJIHY U3 ITUX TOUYEK U He COo/lepKaliee Ipyryo. Tak
KaK BCIKOE OTKPBITOE MHOXKECTBO MPOCTPAHCTBA X HACHIIEHO OTHOCUTE b~
HO PacCcMaTpuBaeMoro pasbuenust, To ero obpas B X /g u ABASETCS UCKOMOM
OKPECTHOCTBIO.

23.Gx A xax ke nHade!
23.Hx Cuencrsue 23.Fx, 23.Gxu 20.R.
24.Ax JlocTaToyHO 3aMEeTUTh, UTO MHOXKECTBO JAHHOTO Habopa IMo-

kpbiBaer Bce MHOKecTBO C(X,Y'), cemoBareibHO, OHO ABJISETCS Mpeada30ii
HEKOTOPOIi TOIOJJIOTUHU Ha 3TOM MHOXKeCTBe.

2/.Bx Awnanoruuno 24.Ax.
24.Dx Ecmu f # g, 1o Haiinerca Touka x € X, takag aro f(x) # g(x).

[Mockosnbky Y xaycmopdoso, To y Touek f(x) u g(x) nMmeroTcs Hemepecekaro-
muecs okpectaoct U u V', coorBeTcTBeHHO. DteMeHTs! ipendasst W (x, U) u
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W (x, V) aBrsiorcs HenmepecekaonuMucs OKPeCTHOCTAMU OTobpazkenuii f n

g B npocrpancrse CP®) (X,Y). Onu ke 6yayT HEEPeCeKAIOMUMICT OKPECT-
mocramu it f u g B C(X,Y).

2/.Ex Cwum. yreepxkjenne 24.1x.

24.Hx Paccvorpum dyukmun f, € C(X,Y), obpasytomme byHmaMeH-
TAJILHYIO [OCIe0BaTebHOCTE { fi, }9°. g xaxkmoit Toukn x € X mocie-
noBarebHOCTE { fr(2)} aBnsierca dynmamentanbuoit B Y. [TockoabKy mpo-
CTpaHCcTBO Y MOJIHO, TO OHA cxomuTcs; mosokuM f(x) = lim f,(x). Tem ca-
MBIM onpeenena bynkiug f: X — Y.
B cuny dyngamenransuoctu { fy,}, mias kaxkigoro € > 0 cymiecrByer 4nciio

£

N, takoe uro p(fn(z), fe(z)) < £ upnu Beex n,k > N u z € X. Ilepexous

mpeseny mpu k — 00, MBI TIOJYyTaeM, 9TO p(fn($), f(x)) < 7 < § Tpu Beex
n > N uz € X. Takum ob6pazom, 94To0bI JOKA3aTh, 4TO f, — f 1pu n — 00,
Ha0 mpoBepuTh, uro f € C(X,Y). g kaxmoii Toukn a € X CyIiecrByer
ee okpecTHOCTL U,, Takasg 9To p(fN(a?),fN(a)) < 5 npu Beex z € U,. Kak
CJIEJICTBUE HEPABEHCTBA TPEYTOJBLHUKA MBI TTOJyUIaeM, 9To mpu Bcex x € U,

p(f(2), f(a)) < p(f(2), fn(@)) + p(fn (@), In (@) + p(fn(a), f(a)) <e.

CnenoBaresbio, MyHKIUA [ SBISETCST HEIMPEPBIBHBIM TPEJIeIOM UCXOTHON
dyHIAMEHTATBHON TOC/Ie0BATE/THHOCTH.

24.Ix Paccmorpum npoussosabHoe Muoxkectso W (K, U) u3 npeabassl.
[Iycrs f € W(K,U). Ecim v = p(f(K),Y ~U), ro D,(f) ¢ W(K,U).
Kak ciencrBue mosydaeMm, 9T0 BCAKOE OTKPBHITOE B KOMITAKTHO-OTKPBITOM
TOIOJIOTUY MHOYKECTBO OTKPBITO B TOIOJIOIUHU, WH/IYIIUPOBAHHON METPUKOiT
paBrOMepHOit cxoaumocTu. [ Toro, 9To0bl 0Ka3aTh 0OPATHOE YTBEPIK Ie-
HUE, JIOCTATOYHO [MOKA3aTh, 9TO JJIsi BCAKOro orobpaxenust f : X — Y u
Besakoro r > (0 maitayrcs kommakTHbie MHOXKecTBa K1, Ko,...,. K, C X u
orkpoiThie MHOXKecTBa Uy, Us, ..., U, C Y, Takue 4To

fe (WK, Ui) € Du(f).
=1

Paccmorpum nokpoitre Muo)ecTBa f(X) KOHEUHBIM UHCIOM HIAPOB PAIIY-
ca r/4 ¢ meHTpaMu B HEKOTOPBIX TOUKax f(z1), f(x2),..., f(zy,). ycrs K;
— mpoobpa3 3aMKHYTOro Iapa B Y pasgmyca r/4 npu orobpaxenun f, a U;
— oTkpbITHI map pajuyca r/2. Ilo nmocrpoenuio f € W(Ky,Up) N...N
W(K,,U,). PaccmoTpum npom3Bo/ibHOE 0TOOPAYKEHUE ¢ M3 STOTO Mepecede-
uust. g Besikoit Touku x € K1 Bepro, uTo f(2) 1 g(x) J€2KAT B OTHOM U TOM
JKe OTKPBITOM Mape pasuyca /2, suaant, p(f(x),g(z)) < r. Ilockoabky, mo
ocTpoeHnio, MuoxkecTBa K1, ..., K, nokpsmaior X, to p(f(z),g9(z)) < r
st Beex © € X, caenoBarenbho, d(f,g) < r, smauntr, g € D,(f).
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24.Jx YTBepxieHue Cjaeayer U3 TOr0, 9TO Jijisd BCAKONO KOMITAKTHO-
ro K C X' u U C Y’ upoobpazom npendazosoro muoxkecrsa W(K,U) €

Al (X' V') apnserca npenbazosoe muozxectso W (p(K), v~ H(U)) € Al)(X,Y).
24.Kx HewmemjieHuo ciemyer u3 mpeblIyIiero.

24.Lx $lcuo, uTo yKazaHHoe OTOOparKeHue dABJIgeTCsd UHbeKImeit. s
IpoCTOTHI 06o3HadYeHwuii oToxkaecTsrM mpocrpanctso C(X, B) ¢ ero obpa-
30M TIpHU 3TOi UHBEKIHN. J19 Beakoro KoMmakTHOrO MHOKectBa K C X
U € Qp uepes WB(K,U) 0603HaumM COOTBETCTBYIONIEE MPEIGA30BOE MHO-
x)ectBo B C(X, B). Ecin V € Qy, a U = BNV, 10 nmMeer Mecro paBeHCTBO
WB(K,U) = C(X,B) N W(K,V), orkyga n crexayer, uro u3 C(X,Y) na
C(X, B) unjynmpyercss KOMIaKTHO-OTKPBITast TOMOJIOTHUSI.

24.Mx Ilposepbre, a0 ecrecrBeHHOE OTOOpaxkenue f +— (pry of,pr, of)
SIBJTSIETCST TOMEOMOP(MUIMOM.

24.Nx UubekruBHOCTH 0TOOpAXKeHus: ¢ cuejpyer usz toro, uro {X;} —
MOKPBITHE, & €ro HeNPEPBIBHOCTh — u3 yTBepxkaeans 24.Kx. Ousarb-taku,
Jytst npocTorhl 0603nauenuit oroxaecrsum C(X,Y') ¢ ero o6pazom npu uHb-
ek ¢. I[lycre K C X — kommaktHoe MuHOXKecTBO, U € Qy. Ilomoxkum
K; = KN X; u oboznaunm uepes Wi (K;, U) cOOTBETCTBYIONIHIT 3/IeMEHT

npen6aszer Al (X;)Y). TIocKoIbKY, 09eBIIHO,
W(K,U)=C(X,Y)n (WHK1,U) x ... x W"K,,U)),

TO HEeIpepbIBHAA WHBHEKIINA qb ﬂeﬁCTBHTeJ’[bHO ABJIACTCA TOIIOJIOTNYECCKHUM
BJIO2KCHUEM.

2/4.Px Paccmorpum orobpaxkenus f: X — Y, g:Y — Z, komnakraoe
muokectBo K C X u V € Qy rmakue, aro g(f(K)) C V, . e. ¢(f,g9) €
W (K, V). Torna cupasemmuso srmodenne f(K) C g~ (V) € Qy. Iockoms-
Ky Y xaycaopdoBo u JIOKaJIbHO KOMIAKTHO, a MHOXKecTBO f(K) KOMIaKT-
Ho, T0 y f(K) maifigercs okpectHocts U, 3aMblKaHUe KOTOPOH KOMIIAKTHO
u Toxe comepxutes B g~ L(V) (cm. 18.6x). B takom cayuae (W (K,U) x
W(CIU,V)) Cc W(K,V) u, ciienoBarebHO, 0TOOpaKEHNE ¢ HEITPEPBIBHO.

2/.Qx HenpepbiBHOCTH 0TOOpaXKeHust ¢ ciaepyer w3 24.Jx, ero nHbek-
TuBHOCTH oueBmaHa. Ilycrs K C X /g — kommakTHOE MHOXKECTBO, U € Qy.
O6pasom orkpeiToro mnpendazosoro muoxecrtsa W(K,U) C C(X/g,Y) as-
JISIeTCsT MHOKECTBO BCex orobpazkennii g : X — Y, HOCTOSHHDBIX HA BCEX 1€~
MeHTax pasbuenmii n Takux, uto g(pr—!(K)) C U. Ocranoch moKa3aTh, 9T0
muoxkecTso W (pr~1(K),U) otkpeiro B C(X,Y). Tak kKak dakTopmpocTpam-
crBo X/ g xaycaopdoBo, TO MHOKeCTBO K 3aMKHYTO, a 3HAYNT, 3AMKHYT, a
MOTOMY M KOMITaKTeH ero mpoobpas pr 1 (K). Creosarensmo, W (pr—(K),U)
— npegbazosoe muOKecTBO B C(X,Y).



JloxkazarenbcTBa I KOMMEHTAPUT 191

24.Rx Ilycrsb zp € X, fo € C(X,Y ) nV € Qy rakossl, uro fo(zg) € V.
B cuty menpepbsiBHOCTH 0TOOpaKeHUs f(j Y TOUKH T HAlIETCsA OTKPECTHOCTh
U’, takas uaro fo(U') C V. HockoasKy mpocrpancTeo X xaycaopdoBo u
JIOKAJIbHO KOMITAKTHO, TO y TOYKH X UMEETCS OKPECTHOCTH U, 3aMBIKaHUE
KOTOPO#t KoMIakTHO u cofepxkurcsa B U'. Ocranocsk sameruts, uro f(x) € V
st Besikoro orobpaxkenuss f € W = W(CLU, V) u Beaxoit toukn z € U,
Te. ¢ L(V)DW xU.

24.8x Ilycte zg € X, K C Y — xommakTHOe MHOXKecTBO u V' C {27, u
nycrb F(xg) € W(K, V), re. f({zo} x K) C V. Ilokaxem, 9T0 0TOOpazKeHme
F menpepoiBro. I sToro maiimem B X 0KpecTHOCTL Uy TOUKH T TAKYIO, ITO
F(Uy) Cc W(K,V). llocaennee Brmovenne pasHocuibao ToMy, uro f(Up X
K) € V. llokpoem MHOKeCTBO T X K KOHEUHBIM HAOOPOM OKPECTHOCTEMH
U; x Vi, Takux qro f(U; x V;) C V. Ocranocs nonoxurs Uy = (), U;.

24.Tx Ilycts (z0,y0) € X X Y u mycts G — OKPECTHOCTH TOYKH
20 = f(xo,Yy0) = F(20)(yo). Ilockonpky orobpakenue F(zg) : Y — Z nenpe-
PBIBHO, TO y TOUKH Yo Haiigercs okpectHocts W, takas uro F(W) C G.
Tak xaKk Y xaycmopdoBo 1 JIOKAJBHO KOMIIAKTHO, TO Y Yo MMEETCsl OKPeCT-
HOCTH V' ¢ KOMIAKTHBIM 3aMbikanmeMm, Takas aro ClV C W wu, ciemosa-
tesnpHo, F(20)(ClV) C G, 1. e. F(zxg) € W(CLV,G). B cuny nemnpepsis-
HOCTH OTOOpaskenus Iy Toukm ¢ Haiigercs okpectHocTb U Takasy, €9TO
FU) c W(C1V,G). Torna, eciun (z,y) € U x V, 10 F(z) € W(C1V,G),
suaunt, f(z,y) = F(z)(y) € G. Takum obpaszom, f(U x V) C G, 1. e. 0T00-
pakernne f HEIPEpPLIBHO.

24.Ux JlocTtaTo9HO TOKAa3aTh, YTO JJIsT JI0O0T0 KOMITAKTHOTO MHOMKe-
crBa K C X, moboro orkpeiToro muaOKecTBa U C Y u 106010 0TOOparkeHnst

f € W(K,U) naiigyrcs Takue KommakTHeie MHOXKecTBa K1, Ko, ..., K, C
K n takme orkpbiThle MHOXKecTBa Uy, Us, ..., U, € Xy, 910
fe W(Kl, Ul) n W(KQ, Ug) Nn...N W(Km, Um) - W(K, U)
ycrs 2 € K. Tak xak f(z) € U, o naitgyrcs rakue muoxecrsa Uy, Uy, ... Uy €

Yy, aro f(x) e UfNUSN...NU,, C U. U3 nenpepsIBHOCTH [ CI€IyeT, ITO
cymuiecTByeT OKpecTHOCTE G, ToukE ¥, Takas 9ro f(z) € U NUSN...NU,,.
[Mockoabky X JTOKAIBHO KOMITAKTHO U XayCAOPMOBO, TO OHO PEryIspHo, Clie-
JOBATETBHO, Y TOYKY & HANIETCS ee OKpecTHOCTh V,, Takasg uro ClV, kom-
nakrtaoe MHOXKecTBO U ClV, C G,. Tak xax MHOXKecTBO K KOMIIAKTHO, TO
OHO HOKPBIBAETCH KOHEYHBIM YHCJIOM OKpectHocreit Vi, ¢ =1,2,...,n. Ilo-
noxum K; = KNCLV,,, i =1,2,...,nulU;; = Ufi, j=1,2,...,ny. Torga
MHOYKECTBO

n n;

() (WK, Us)

i=1j=1

ABJIAETCA NCKOMBIM.
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2/.Vx llpexje Bcero 3aMerum, 9TO U3 yTBEPKJICHUS 24.SX Clieiyer,
a0 orobpaxenne P onpeneneno (r.e. npu f € C(X,C(Y, Z)) neiicrBurensuo
O(f) € C(X,C(Y,Z))), a uz yreepxaenus 2/4.Tx caepyer, 4To ecam mpo-
CTPaHCTBO Y JIOKAJBHO KOMIAKTHO U Xaycaopdoso, To ® obparumo.

1) Iycre K C X u L C Y — komnakTHble MHOXKecTBa, V € Q7. MHoxkecTBa
suga W (L, V) obpasyior npendazy B8 C(Y,Z). B cuny 24.Ux, muoxkecTBa
suga W (K, W(L,V)) obpasyior npeabdazy B C(X,C(Y,Z)). Ocranocs 3ame-

T, aro &YW (K, W(L,V))) = W(K x L, V) € Al®)(X x Y, Z). Cieno-
BaTebHO, oTOoOpaxKenne ¢ HernpepwIBHO.

2) IMycrs Q C X XY — komnakraoe muoxectso u G C€ Qy. Ilycrs ¢ €
(W (Q, R)), rakum obpazom ¢(x) : y — f(x,y) A1 HEKOTOPOTro OTOOParKe-
st f € W(Q,G). dast kaxoit Toukn g € () BeibepeM ee okpecrHOCTh Uy X
V, makyio, uro: muoxectso ClV, xommakrho n f(U, x C1V,) C G. Iockoun-
Ky @ xommakruo, to Q C |JI,(Uy, x Vg,). Muoxecrea W; = W(C1V,,,G)
orkpeitel B C(Y, Z), 3uaunt, muoxkecrsa 1; = W(px (Q)NClU,,, W;) orkpsi-
o1 B C(X,C(Y, Z)). Creposarensno, T = (' T; — OKPECTHOCTb TOUKH (.
[Mokaxkem, uro T' C ®(W(Q, G)). HeiicrBurensho, ecau ¢ € T, 1o ¢ = ®(g),
npuuem g(x,y) € G npu (z,y) € Q, tak uro g € W(Q, G), orkyaa ciezyer,
qro ¢ € ®(W(Q,G)). Crenosarensuo, muoxectso (W (Q,G)) orkpsiTo,
TakuM obpazom ® — romeomopdusm.

2/.Wx ®@akroporobpakenue f 09€BUIHO SABJISIETCS HEMTPEPBIBHON OUeK-
nueii. Paccmorpum orobpaxkenne dakropusanun p: X xY — (X xY)/g".
B cuy yreepxkienus 24.Sx orobpaxkenne ¢ 1 X — C(Y, (X xY)/g’), rue
O(z)(y) = p(x,y), aBagercss HENPEPBIBHBIM. 3aMETUM, UTO OTOOparKeHue

® mocTosiHHO HA 3jIeMeHTaxX pazduenus S, CaeI0BATENBHO, €ro (HaKTop D :
X/g — C(Y,(X xY)/g’) uenpepoisen. B cuy yrBep:kaenus 24.Tx Hempe-

pBIBHO 1 oToGpaenue g : X/ g XY — (X xY) /g, rae g(z,y) = ®(2)(y).
OcTanock 3aMeTUTD, 9TO OTOOPAXKEHWA ¢ W f SBASIIOTCS B3ANMHO O0PATHBI-
M.



Lnaca V

DJIeMeHTbhI
TOIIOJIOTMYeCKOMI
aJIreopol

B sroit rnase Mbr Oyjiem n3ydarh TOMOJIOTUYECKHAE TTPOCTPAHCTBA, TECHO CBSI-
3aHHBIE C IPYNIIAMU: WHOT/A CAMU IIPOCTPAHCTBA ABIAIOTCA rpynmaMu (mpu
9TOM BCE OTOOPAKEHWs, BOSHUKAIOININE U3 I'PYIIIOBBIX COO0PAXKEHNUIT, Herpe-
DBIBHBI), WJIU 7K€ TPYIIbI AeHCTBYIOT HA TONOJOTUYECKUX MPOCTPAHCTBAX M
KaK ObI COCTOAT U3 TOMEOMeOP(MU3IMOB ITOTO MIPOCTPAHCTBA.

DTOT MaTepuaJs CBI3aH C PA3IUIHBIMU Pa3/egaMyi MaTEMaTUKU, U XOTsd
OH U WTPaeT B HUX CYIIECTBEHHYIO POJib, HE CTOJIb YK BaXKEH MPU U3y IEHUN
obrrieit Tomostoruu. Yarre BCero ero n3yueHue MOXKHO OT/IOKUTH J0 TOH MOPbI,
[IOKa OH He TOgBUTCS COJIEPKATETHHBIM 00pa30M B JAPYTUX MATEMaTUIECKIX
Kypcax (B KOTOPBIX pedb noiiger o rpynnax JIu, byHKIMOHAILHOM aHAIN3e
u T. j1.). B KOHTEKCTE Hamell KHUIM OH MHTEPEeCeH TeMm, 4To obecrednBaer
60.1b11101T HAOOP PA3HOOOPA3HBIX IPUMEPOB U YIIPAXKHEHUIA.

[Tongrue rpymnms! npunaiexut ajaredbpe. B maremarnke, ocHOBaHHOI Ha
[MOHATUU MHOYKECTBA, OCHOBHBIMU 00'bEKTAMU SBJISIOTCS MHOXKECTBA C JIOTIOJI-
HATEILHBIMU CTPYKTypaMu. o cux mop MBI BCTpedanuCh JIUITH ¢ HEeMHOTIMY
BaXKHENIIMMU U3 HUX, TAKUMHU KaK TOIIOJIOTHS, METPUKA, YaCTUYHbIN OpI-
oK. Tormosiorusg u MeTpuka BO3HUKAIOT U3 MEOMETPUYECKUX COODpPaKeHWUil.
Nznavanpio B ajarebpe paccMaTpUBA/IUCh OMEPAIUN C YUC/TIAME, U €€ BKJIA/I
B OOIIMiT KOHTEKCT U3YUeHUsI CTPYKTYP Ha MHOXKECTBE COCTOsLI BO BBEICHUN
PAa3JIYHBIX CTPYKTYP, CBA3AHHBIX C OlepalusaMu Ha Muoxkecrsax. OHoit u3
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CaMbIX ITPOCTBIX SABJIFETC IPYIIOBas CTPYKTYpPa, HOABIAIONIAACA B KOHTEK-
cTe Pa3HOOOPA3HBIX MaTreMaTHYecKuX 3a/ad. JlocTarodHo 9acTo OHA BO3HU-
KaeT OJJHOBPEMEHHO C HEKOTOPOM CBA3AHHOI ¢ Heil TOIIOJIOIMYeCKOi CTPYKTY-
poii. IIpemerom Torosiornyeckoil aaredpbl siBJIsieTCd W3yveHune I'PYIIIoBOi
¥ TOIOJIOPMYECKON CTPYKTYP B UX B3aUMOJEHCTBUU JPYI C APYTI'OM.

Bo Bropoii yacTu 3T0it KHUTH, TOCBATIEHHON a/rebpanvaecKoil TOMOJJIOT I,
CPYIIBI OYAYT UrpaTh DOJIee COMEPKATETbHYIO POJib. Tak 4To yKe B Cjemy-
IOIEe TIaBe YUTaTeIb BCTPETUTCS C IPYNIIaMU, CHOBA YBUJIUT B3aNMOCBA3N
MEK/Iy TOIOJIOTHell u ajaredpoii, MpoCTPAHCTBAMU U TPYIIIAMHU, OJHAKO HX
B3auMmoJeiictBue Oy/1eT HOCUTH JApyroit xapakrep. CTPYKTypbl TOIOJIOTHAYE-
CKOI'0 MPOCTPAHCTBA U TPYIIIBLI yKe He OyIyT 3aaHbl HA OJHOM U TOM K€
MHOXKECTBE M, TaK CKa3aThb, COCYIIECTBOBATH COBMeCTHO. Takwme asrebpau-
JeCcKre XapaKTEePUCTUKHU, KaK (pyHIaMeHTalIbHAsT TPYIIIa (FOMOTOHI/I‘IQCKI/IQ
I‘pyl‘[l‘[bl) OyayT Hectn MHMOPMAIMIO O TOIMOJOIMYECKUX CBOMCTBAX PAaCCMaT-
pUBaEeMOro NpoCTPAHCTBA.
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25x. AjaredbpamvecKoe OTCTyMJIeHUE:
TPynnbl 1 TOMOMOP(MU3MBI

DTOT pazjes BKJIYEH B KHUTY B OCHOBHOM JIjIg TOrO, YTOOBI HAIIOMHUTH
YUTATETI0 OCHOBHBIE OIPEJIEJICHNS W YTBEPXKIEHUsI, CBA3AHHBIE C TOHATHEM
rpynnbl. Mbl He mpe/mnosiaraeM J1aTh B HEM CKOJIb-HUOY/Ib ITOJTHOE H3JI02Ke-
HUEe TEOPUU TPYIII, TTOCKOJbKY HAIEEMCsl, YTO YUTATETh 3HAKOM C TOHATHEM
CPYIIIbI, TOMOMOPdU3Ma, TOATPYIIbI, (aKTOPTPYIIbI, U T. 1. Ecau xe 510
HE TaK, TO Mbl HACTOATETHLHO PEKOMEHJIYEeM MPOYeCTh KaKOU-Tub0 yueOHUK,
MTOCBSITEHHBII d/IeMeHTapHoit Teopuu rpymi. [lpu Hamuyunm MareMaTuaecKkoi
KYJIbTYPbI, 6€3yC/IOBHO HEOOXOIUMOil i TOr0, YTOOBI MOYKHO OBLIO pa3o-
bpaTbcsd B MaTepuaJe, IpeCTaBJIeHHOM B Hallleil KHUTe, TaKoe YTeHue Oy/1er
OJTHOBPEMEHHO MIPOCTBIM, MPUATHBIM U 1ojie3ubiM. Ha mepBoix mopax Oyjer
JTIOCTATOYTHO TIPOYECTh OTPEIETICHNST U TIOKA3aTh TEOPEMBI, CHOPMYINPOBAH-
HbIE B JIAHHOM pa3JieJie.

25'1x. TloHsdTHE TPYNIIBI

Hamomuuwm, uro rpynnoii naswiBaercs MHOXkKeCTBO (3, B KOTODOM 3a/a-
Ha rpynmnoBag oneparus. [ pynnosoii onepayneii B MuoxKectBe (G Ha3bIBAETCHA
orobpaxkenne w : G X G — (G, yJIOBIETBOPAIOIIEE CJIETYIONUM TPEM YCIOBHU-
siM (TaK HAa3bIBAEMbIM aKCMOMaM rpymnmbi):

e AcconmaruBHoCTh. w(a,w(b,c)) = w(w(a,b),c) ars Beex a, b, c €
G.

e CyuiecrBoBanue HeliTpajbHOro 3jiemeHTta. CyIiecTByer 3jie-
MeHT e € G, Takoii 410 w(e,a) = w(a,e) = a auga Beex a € G.

o CyrmecTBoBaHMe 00paTHOrO jieMeHTa. g 1100010 v1eMenTa
a € G cymecrsyer ssiement b € G, rakoit uro w(a,b) = w(b,a) = e.

25.Ax EquHCTBEHHOCTh HEUTPAJLHOrO 3jieMenTa. B 1060t epynne cywe-
cmeyem eQuHCMBEHHbLT HedmpansbHbill IAEMEHM.

25.Bx Ejuncrsennocrb obparHOro ajaemenrta. Jlas kascdozo asemenma
2PYNNLL CYWECmeyem edurncmeerntoill 00PamMmHvLL emy dNEMEHM.

25.Cx Ilepsvie npumepwv, epynn. llposepbre, AeiiCTBUTE/IHHO JI B KaXK-
JIOM CJTytIae MBI IMeeM JesTo ¢ Tpymnnoit. KakoB HeNTpaIbHBII 971eMEHT B 9TOI
rpynme? Kak Haiitu s/1eMeHT, 00paTHblil JaHHOMY 7

(1) MuoxectBo G — MHOXKECTBO Z TEIBIX YHUCE/I, IPYIIIOBas OlePaInst
— caoxenne: w(a,b) = a+ b.

(2) MuoxkectBo G — MHOKeCTBO Q< MOTOKHUTETHHBIX DAIMOHATBHBIX
TICeJT, TPYIIOBas omeparys — yMHOXKeHue: w(a,b) = ab.
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(3) G =R, w(a,b) =a+0d.
(4) G=C, w(a,b) =a+Db.
(5) G=R N0, w(a,b) =ab
(6) G —9T0 MHOXKECTBO BCeX OHEKIHii HEKOTOPOro MHOXKeCTBa A Ha ce-

0s1, PPYIIIIOBOI OTIeparueii SB/IIeTcs KOMIO3uns ouneknuii: w(a, b) =
aob.

25.1x IIpocmetiwasn 2pynna. 1) Moxer mu rpynna 6birh mycroii? 2) Moxer
JI1 OH& COCTOSITH U3 OJHOIO 3JIeMeHTa?

I'pynma, cocrosimas u3 0gHOTO 3IeMEHTA, HA3BIBACTCSI TPUBUATbHOM.

25.2x Pewenue ypasnerul. Ilycts B muoxectBe G 3ajaHa acCOIMATUBHAL
onepanus w : G X G — G. dokaxure, uro (G ¢ BBe/IEHHON Onepanueil aBisger-
Cs TPYIMION, COTma JIst JTI0OBIX 3JIeMEHTOB a,b € (G CymecTBYIOT €IWHCTBEHHBIE
snementsl T,y € G, rakue uro w(a,z) =bu w(y,a) = b.

25'2x. ApauTUBHBIE U MYJBTUIIMKATUBHBbIE 0003HAYEHUS

Ob6o3HavueHnsi, BBEJEHHbIE BbIIIE€, HUKOI/A HE HUCIOJIb3YIOTCsi!
EnuncrBennoe uckjioveHne — omnpejesenne rpyminbl. Bmecto 3Toro obnraHo
UCIIOJIB3YIOTCS MYIbTUMIUKATUBHbIE WA aAUTHUBHbIE ODO3HAUEHU.

B mysbrunimkaruBHbIX 0603HAYEHUSAX TPYIIOBAs ONEPAIUs W HA3bIBA-
ercst YMHOXeHUEM, u 0003HaYaeTCa Kak ymHoxkenue: (a,b) — ab. Helirpasn-
HBII 9JIEMEHT HA3LIBAETCS E4UMHULEN 1 JIJIT HErO UCIOJIL3YeTCss 0D03HaYeHne
1 (mwm 1g mmm e). Drement, obpaTHbIi a, obosHadaerca a~ . Taxme o6o-
SHAYEHUs €CTECTBEHHBI, K MPUMEPY, KOTIa Mbl PACCMATPUBAEM MHOXKECTBO
HEHYJIEBBIX DAI[HOHAIBHBIX THCEJ C OOBITHBIM YMHOKEHUEM.

B ajymmruBHBIX 0003HAYEHUAX T'PYIIIOBAS OMEPAIUT HAZBIBAETCS CHOXE-
Huem n 0603HauALTCA Kak ciaoxkenue: (a,b) — a+ b. Helirpanbubiii snement
Ha3bIBAETCA HY/IEM W JIjIst HErO UCHOJIb3yeTcs obozHadeHue (. Djement, 00-
parHbIil a, obo3Ha"aeTcss —a. Takue 000O3HAYEHNS €CTECTBEHHBI, K IIPUMEDY,
€CJIM MBI UMEEM JIeJI0 C IPYIIIOH Me/IbIX YUCe/T OTHOCUTEIBHO OOBIYHOTO CJI0-
ZKEeHUdd.

loBopsr, garo rpynmnosas onepanusg w : G X G — G kommyTaTusHa, ec-
mn w(a,b) = w(b,a) amsa Beex a,b € G. I'pynma ¢ KOMMYTATHBHON TpyTI-
TOBOI oTeparmeil Ha3bIBACTCS KOMMYTaTuBHON 1 abenesod. Tpaauiinonno
AJIIUTUBHBIE 0D03HAYEHWS UCIIOJIB3YIOTCH J1j1si aDesIeBbIX IPyIIt. My IbTUrim-
KATUBHBIE 0DO3HAYEHUS HCIOJIb3YIOTCS KAK B HEKOMMYTATHBHOM, TaK U B
KOMMYTaTUBHOM cjy4dae. B masibreiiniem Mbl 110 0oJibIlieit gactu Oyjiem mc-
[T0JI30BATH MYJIBTUILINKATUBHBIE 0003HAIEHUSI.

25.3x. IlpoBepbre, ABIAETCH U TPYIIION:

(1) ommoroueunoe muoxkecTBO {a} ¢ onepanmeil aa = a;
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(2) mHOXkecTBO S, Beex Omekimii MuoxkecTBa {1,2,...,n}, onepanueii B Ko-
TOPOM SABJISIETCA KOMIIO3UIMs Ouexnmii (CummMeTpudeckas rpynna nopszs-
Ka n);

(3) mmoxkecTBo R™ mymm C" ¢ MOKOOPIMHATHBIM CJIOKEHUEM;

(4) mmoxkectBo Homeo(X) Bcex romeoMopdu3MOB TONOJIOTUIECKOrO IPO-
crpancTtBa X Ha ce0s, onepanueii B KOTOPOM SIBJISETCS KOMITO3HITAS
romMeoMop GU3MOB;

(5) mmoxkectBo GL(n,R) Bcex 00paTHMbIX BEIIECTBEHHBIX 1 X N-MATPHIL C
orneparnueil MATPUIHOTO Y MHOKEHHUST;

(6) mmoxkecTBO M, (R) BCex MEHCTBUTENHLHBIX 1 X M-MATPHUI] C OTEPAITAIL
MaTPUYHOIO CJIOXKEHHUS;

(7) MHOXKECTBO BCEX MOAMHOXKECTB MHOXKECTBa X, ONEpanmeil B KOTOPOM
SABJIACTCA CUMMETPUIECKasi PA3HOCTH MHOXKECTB:

(A,B)— (AUB)~ (AN B);

(8) MHOXKeCTBO Z; KJIaCCOB HATYDPAJIBHBIX YHCEJI, CPABHUMBIX IO MOJLYJIIO
N, C olepalueil CJI0KeHUs, UHIYIIUPOBAHHOMI C/I0KeHIeM HaTyPaJIbHbIX
qHCeJT;

(9) MHOXKECTBO KOMILIEKCHBIX KODHEl CTeIIeHN n U3 eJINHALBL C Olepanuei
YMHOXKECHHUH;

(10) muOXkecTBO Ry MOIOXKUTEIHHBIX BEIIECTBEHHBIX UHCEJ C Olepanuei
YMHOYKEeHWS;

(11) mmoxectso S' C C ¢ onmeparmeii ymHOKenus;

(12) MHOXKeCTBO BCeX IIapaJIIe/IbHBIX IEPEHOCOB IIJIOCKOCTH, Olleparyeii B Ko-
TOPOM SABJIAETCH KOMIIO3UITNS TEPEHOCOB.

CBOIICTBO aCCOIUATUBHOCTH OTIEPAIMU MAPAHTUPYET, UTO J/Is BCIKOM KO-
HETHOM MOCTE0BATETHFHOCTH JIEMEHTOB TaHHOM TPYTIBI OJHO3HATHO OTIpe-
JCJIEHO X ITPOU3BEJeHNEe, KOTOPOE MOXKeT 6bITb BBIYUCJ/IEHO IIyTEM ITOCJIEI0-
BATEJIbHOI'O IIOIIAPHOI'O MEPEMHOZKEHU A JIEMEHTOB I'DYTIIIbLI. HOCJ’[QAOB&TQ.HB-
HOCTH YMHOYKEHUI OIPEJIE/IsIeTCsT CIIOCOOOM PACCTAHOBKHU CKOOOK, K IIPUMEDY,
(ab)(c(de)) mmm a(b((cd)e)). CBoiicTBO aCCONMMATHBHOCTH yMHOXKEHHS KaK pa3
1 06ecTIeunBaeT He3aBUCUMOCTE PE3y/ILTATA TIePEMHOKEHUS JTAHHBIX 7IeMeH-
TOB OT c1rocoba, KaKuM ObLIN paccTaB/ieHbl ckoOKu. Ecu Bcero mmenocs Tpu
3J/IEMEHTa, TO CKOOKM MOXKHO OBIJIO pacCTaBUTH JBYMs CIIOCODAMU, U PaBEH-
crBo (ab)c = a(bc) B TOUHOCTH O3HAYAET, UTO YMHOKEHUE ACCONUATHBHO.

25.Dx. BwiBeuTe U3 CBOMCTBA aCCOMUATUBHOCTH OTIEPAITUN HE3ABUCUMOCTH
pe3y/IbTaTa MepPeMHOKEHUs 71 JJIEMEHTOB OT IOPSIKa HCIIOJTHEHHS yMHOXKe-
HU, ONPEJIEIEHHOr0 CII0OCOOOM PAaCCTAHOBKHU CKODOK.
+1

Jnst kaxi0ro sjuementa a rpymmsl G pasencrsa a” ! = a"a, a = 1 u

a™" = (a=1)" onpenensior ero crenens a”, n € Z.

25.FEx. JlokaxXnute, 9TO OTMEpaIns BO3BEIEHUSI B CTEEHb 00/1a1aeT CBOi-
creamu: aPal = P4 u (aP)? = aP9.
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25'3x. Tomomopdu3MbI

Orobpaxenue f: G — H rpynnsl G B rpynny H Ha3biBaeTcs roMomop-
¢pusmom, eciu f(xy) = f(x)f(y) nas mobeix smementos x,y € G.

25.4x. [lannoe BoIe ompemeseHne roMOMOpdu3Ma ObLIO IPUBEIEHO B MYJIHTHU-
[UIMKATUBHBIX 0003Hadenusnx. Kak oHO OyAer BbINIA[AeThb, eCJId UCIOIb30BaTh aJl-
IUTUBHBIE 0003HAYeHUA!? A B Cjydae, KOTJA JJIst OJHON TPYIIIbI UCIIO/IH30BAHBI
aJUuTUBHbIE 0003HAYEHUs, TOTJAa KAK B JIPYIOH — MYJIbTUILINKATUBHBIE?

25.5x. Ilyctsb a sBIsieTcst 3J1eMEeHTOM HEKOTOPOIl MyJIbTUIIINKATUBHO rpyrmsr G.
dBnstercss mm romomopduzMoMm orTobpaxkenne Z — (G, ompenenerHHoe (hopMyIIOit
n—a"?
25.Fx. Paccvorpum rpynnsl G u H. dBngercsa jiu romoMopdu3MOM 1TOCTO-
suHoe orobpakenne G — H, orobparkatoriee Bcio rpymny G B HeTpaIbHbBII
sjemeHT Tpynnsl H? fBsgerca jiu romoMopdu3MoM Kakoe-1ubo JApyroe mo-
crosinnoe orobpakenne G — H?

25.Gx. Bcaxuii 2zomomopdusm nepesodum Helmpasvnoil saemenm odHot
2pynnvl 68 HeUMPAALHLIG dAeMeHm, 0N MmaKdice nepegodum atbvie 06a 83a-
UMHO 00PAMHBLE IAEMENMA IMOT 2PYNNYBL 60 63AUMHO 0OPAMHBLE.

25.Hx. ToxnecrBernnoe orobparkenue JitoO0il rpyIimbl €CTh rOMOMOPdU3M.
Kowmmozunust romomopduamos ectb romomMopdusm.

TomomopdusM HA3BIBAETCS 3MUMOPEU3MOM, €CIIA OH SIBJISIETCS CIOPbHEK-
e, MOHOMOPEU3MOM, €CIIN OH — UHLEKINS, N30MOPPUIMOM, €CJIL OH €CTh
OMeKIud.

25.Ix. Omobpasicenue, obpamioe u3oMoOpPUIMY, eCTb U3OMOPHUIM.

JIBe rpyT1IIibl HA3BIBAIOTCS U30MOPGHHBIMU, €CIIN CYIIIECTBYET W30MOP(hU3M
OJHOW M3 HUX Ha JPYTYIO.

25.Jx. Omnowenue u3omophrocmu 2pynn AGAACMCA OMHOWEHUCM IKGU-
BAAEHMHOCTIU.

25.6x. Ilokaxwure, uro agmuruBHag rpynna R n3omopdHa MyIbTUMLIXKATHBHON
rpymme R.

25'4x. IMoarpynnbl

[Mommro)kecTBO A Tpynnbl G HazbIBaeTCst nogrpynnos rpyuns G, eciau
OHO, BO-IIEPBBIX, MHBAPUAHTHO OTHOCUTEILHO IPynnosoii oneparyu B G (T.
e. ab € A nng mobeix a,b € A), Bo-BTOPBIX, MHOXKeCTBO A, omepanus B
KOTOPOM OIIpejiesieHa TPYIIoBOil oneparueit B G, caMO SIBJISIETCSI TPYIIIOii.

Bsenem caenyromnme obosnavenus. s ao0bix momMuOXKects A u B
rpynmsl G gepe3 AB 6ymeM 0603HAYATH MHOXKECTBO BCEX MTOMAPHBIX TTPOU3-
BesieHnit demenToB srux rpymnm: AB = {ab | a € A,b € B}, nycrb, Takxe,
Al ={a7'|ac A}
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25.Kx. TlonmuoxkecTBo A My ibTuInKaTuBHOM rpynnbl G aBasercs eé noji-
rpymmoit, corna AA C Gu A7 C A.

25.7x. OmmHo3/IeMEeHTHOE TIOIMHOYKECTBO, COCTOSAIIEee W3 HEATPATHHOTO dJIEMEHTa
TPYIIIBI, ABIAETCA €€ IMOArPYIITION.

25.8x. [okaxkure, 910 mogMHO)KeCcTBO A KOHeuHOil rpymnusl (G AB/IsIeTCS ee O-
rpymmoii, corma AA C A.

25.9x. llepeuncimre BCe MOArPYIIBI AIUTUBHON rpymiibt Z.

25.10x. dsnserca au rpynuna GL(n,R) noarpyunoit M, (R)? (Cu. o6o3navyenus
B 3amage 25.3x.)

25.Lx. Ob6pas ecaroezo 2omomoppusma f : G — H aeasemcs nodepynnot
epynnv H.

25.Mx. Ilycmo f : G — H — zomomoppusm, K — nodepynna H. Tozda
mnosicecmeo f~H(K) ecmv nodepynna epynnw G. Jlpyeumu caosamu, npo-
06pa3 nodepynnv, OMHOCUMENDHO 20MOMOPPUIMA €CTL NLOJ2ZPYNNA.

Iycrs f : G — H — romomopdusm. IIpoobpas f~!(e) meitrpanbroro
sjeMenTa rpynnbl H HasbiBaercst sgpom romomopdusma f 1 0603HaTaLTCS
aepe3 Ker f.

25.Nx Cnencreue 25.Mx. 5dpo eomomopdusma ecmov nodepynna.

25.0x. [omomopdusm asasemca MOHOMOPPUIMOM, co2da e20 ADPO MPU-
BUANBHO.

25.Px. Ilepeceuenue 106020 Habopa nodepynn darHOT 2PYNNLL ABAAEMCA
ee nodepynnot.

loBopgar, uro moarpymmna H rpynnbl G mopoxzaercs MOIMHOKECTBOM
S C G, ecu oHA ABJISETCS HAUMEHBINEl (0 BKJIIOUEHWIO) TOrPYIHOii, CO-
JepzKalleil 370 MHOZKECTBO.

25.Qx. lloarpymia, TOpoXK/I€HHAsT MHOXKECTBOM S, COBIIA/IAET C Iepecete-
HUEM BCEX, COJEePKAINX MHOXKecTBO S noarpymni rpymmbt G. C apyroit cro-
POHBI, 3Ta MOJrPYIIA €CTh MHOXKECTBO BCEX 3JIEMEHTOB, SBJISIONIUXCS TPO-
U3BEJIEHUSIMU SJIEMEHTOB MHOXKECTBa S U 3JIEMEHTOB, OOPATHBIX K HUM.

DJ1eMeHThl MHOXKECTBA, IIOPOKIAIOIIEr0 BCIO Ipylnbl (G, HA3bIBAIOTC 06-
) )
pa3yrowymMy STol TpyIbl. ['py1ma, TOPoXKIeHHas OTHUM 3JIEMEHTOM, HA3bI-
BaeTCd LUUKINYHECKON.

25.Rx. Hukyndeckas rpymnmna COCTOUT U3 BCEX CTEIEHell eé obpasyrolieil.
(T. e. eciu rpynma G — mukaHYeckas u a — eé obpasytomas, To G = {a" |
n € Z}.) Beskas nukindeckas IpyIna gB/isieTcs abesieBoi.

25.11x. Iloppynna H rpyuust G — OuKamdeckas, COrja CymecTByer 3IUMOMOp-
busm f:7Z — H.
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25.5x. Bceakxasa nodzpynna yuxiuveckol 2pynnot ABGAALMCA UUKAUNECKOT.

Yucso smemeHToB rpynnbl G HA3BIBAETC MOPSZKOM ITOM TPYIIBL U 060-
snadaercs depes |G.

25.Tx. llycts G — KoHeUHAs NUKJIUYecKas rpymma. g BCIKoro mooxu-
TeJIbHOTO JtesuTesisi d mopsifika |G| 9Toii TPYIIBI CyIIECTBYeT eAMHCTBEHHAS
noarpynna H rpymnnst G, ops 0K KOTOPOii paseH d.

Begakwuit saemenT 1000it TPYIIIBI TOPOXKIAET MOATPYIILY, COCTOAIIYIO U3
BCex ero creneneit. [Topsilok TOATPYIIIBI, MTOPOXKIAEHHON 31eMeHTOM a € G,
Ha3BIBACTCH NOPSAKOM djieMenTa . Ecjm moarpyiima, mopoxKIeHHAST DJIeMEeH-
TOM @, OECKOHEYIHA, TO TOBOPAT, UTO JIEMEHT @ uMeeT OECKOHETHBIH TTOPSsI/IO0K.

st Begkoit noarpynnsl H rpynmnst G ee 1pasbiMy CMEXHbIMU KAACca-
My HaseiBatorcst muoxkecrsa Ha = {za | x € H}, a € G. Anasorununo,
MHOKecTBa, aH waspBaloTCa ee seBbIMU cMeXHbIMU Kaaccamu. KommuaecTso
Pa3JIMYHBIX MPABBLIX (MJIM JIEBBIX) KJIACCOB CMEXKHOCTH 110 nojarpynme H na-
3BIBAETCS MHAEKCOM JTOiH TIOArPYIIIIbL.

25.Ux Teopema Jlarpanxka. ITycmv H — nodepynna xoneunot 2pynnot G.
Tozda nopadox epynnu H asasemca deaumenem nopadka epynnot G.

Ioxrpynna H rpymne! G HazpIBaeTCsS HopmanbHoli, ec aha™ 't € H ana
Beex syementoB h € H ua € G, 1. e. GHG™! ¢ H. HopMasbHBEIE TOAIDYII-
Bl TAKKe HA3LIBAIOT €€ HOPMAaJIbHbIMU AENTEASIMY T KE MHBAPUAHTHLIMU
nogrpynnamu.

V BCsIKOI HOPMAaJILHOW MOAIPYIIIIBI €€ JIEBbIE KJIACChl CMEYKHOCTU COBITa-
JAIOT C TPABBIMU KJIACCAMU CMEXKHOCTH. MHOXKECTBO KJIACCOB CMEKHOCTH
HOPMaJIbHON HOAIPYIIIbL 4BJIAEeTCd IPYIIION, IIPOU3BEeHUe B KOTOPOM o1pe-
neneno no npasuiy (aH)(bH) = abH. I'pynna K1accoB CMEXKHOCTH O/
rpynnsl H B rpymme G nasniBaerca ¢hakroprpynnoii G no H n o6o3mnadqaercs

G/H.

25.Vx. dnpo Bcakoro romomopdusma f 1 G — H gaBjsgercs HOPMaJIbHOM
nojarpynmnoi rpymisr G.

25.Wx. Ob6pas f(G) scakozo zomomoppusma [ : G — H usomopden par-
mopepynne G/Kerf epynno. G no adpy 2omomoppusma f.

25.Xx. ®akroprpynma R /7 kanoruaeckn mzomopdua rpynme S. Q-
e 0b6pa3 rpymmnsl Q C R npu sTom uzomopdusme.

25.Yx. Ilycre A — HOpMaJibHAsi mOArpyIa, B — Moarpyina HEKOTOPOit
rpytuiel G. Torga AB takike siBjisiercst moarpymmnoit G, a ANB — HopMaIbHOI
noArpyunoit rpyunsl B, npu srom AB/ A= B/ AN B-
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26x. TormoJsiormyeckue rpynibl

26'1x. OnpenesieHne TOMOJOrMYIECKOI rPyIIIbI

Tononornyeckor rpynnoii Ha3bIBAETCSI MHOXKECTBO (G Ha, KOTOPOM 3a/IaHbI
KaK TOIMOJIOTMYECKasi, TaK U IpymnoBasi ¢crpykrypa. Ilpum srom rpebyercs,
qro6e! oToGpakemna G x G — G : (x,y) — 2y u G — G : x +— ! 6pUm
ObI HEIIPEepPbIBHEI.

26.1x. Ilycre G — 0IHOBPEMEHHO I'PYIIIA U TOMOJIOTMYECKOe POoCcTpancTso. Jo-
KazKuTe, 910 oTobpaxkerns w: G x G — G: (z,y) —axyna:G —G: vz
HeITpephIBHbI, COTIA HEeIpephBHO orobpaxente §: G X G — G : (z,y) — zy .
26.2x. Jlokaxure, 9TO I BCIKOI TOMOJIOTIYeCKoii rpymnsl G oTobpaxkenne G —
G : x> x~! gnserca ToMeOMODhUIIMOM.

26.3x. Ilycrp G — romosoruyeckas rpymma, X — TOINOJOIMIECKOe IIPOCTPAHCTBO
u f,g : X — G — orobpaxkenus, HenpepoIBHbIE B ToUuke To € X. Jlokaxkmure, 910
orobpaxenus X — G : x +— f(x)g(z) u X — G :z +— (f(z))”! raxxe Gymyr
HEIPEePBIBHBL B TOYKE X(.

26.Ax. Besikast rpyiina, HaJle/eHHAsT JTUCKPETHOW TOMOJIOIMYECKOH CTPYK-
TYPOii, 4BJIAE€TCA TOLOJIOI'NYECKON I'PYIION.

26.4x. Byner i TOOIOTMYECKO IPYINION TPYIIA, HaJeIeHHAA aHTHIUCKPETHOI
TOIIOJIOTUYIECKOI CTPYKTYPOit?!

26'2x. IIpumepbl TOMOJOTUYECKUX TPYTI

26.Bx. I'pyumnbl, nepedncjiennbie B 3ajade 25. Cx u HaJle/IeHHbIE CTAHIAPT-
HOI TOTOJIOTHE, SIBAIIOTCS TOMOJOTUIECKUMI T'PYIIAMI.

26.5x. Emmmranas okpyxuocts S' = {|z| = 1} C C ¢ omepamnmeii yMHOKEHIS 1
CTaH/APTHOHN TOIIOJIOTHYeCKOH CTPYKTYPOI ABIdeTCA TOIIOJIOrMYeCKON IPYIIION.

26.6x. ¢Bnsrorcs M TOIOSOrMYECKUME DY IIIIaMU:

(1) mpocrpancrea R™, C" m H" ¢ mOKOOpIMHATHBIM CJIOKEHUEM;

(2) mmoxecrBa My (R), M,(C) u M, (H) Bcex n X n-marpur ¢ BEIEeCTBEH-
HBIMM, KOMILIEKCHBIME M, COOTBETCTBEHHO, KBATEPHUOHHbIMU K03 bu-
[MEeHTaMU, OIlepalieil B KOTOPBIX SIBJISETCS MATPUIHOE CJIOXKEHHE, & TO-
mostorzeil gBIgeTca Tomoornd mpocTpamcrsa RF (Mbr oToxmecTsimem

Mo (R) ¢ R™, M,(C) ¢ C" u M,(H) ¢ H"");

(3) mmoxkecrso GL(n,R), GL(n,C) u GL(n,H) Bcex obparumbix n X n-
MATDWIT C BEIECTBEHHBIMH, KOMIIJIEKCHBIMA W, COOTBETCTBEHHO, KBATEP-
HUOHHBIME KO3d dhunmenTamu, onepanyeil B KOTOPbIX ABJISETCS MaTPUY-
HOE YMHOXKEHWE, a TOMOJIOTHA WHAyrmmpoBana Biaokenuem A(n, K) C
M, (K) (rne K = R,C nu H);

(4) mmoxecrsa SL(n,R), SL(n,C), O(n), O(n,C), U(n), SO(n), SO(n,C),
SU(n), m npyrue noarpymmst rpynn GL(n, K) ¢ K =R,C n H.
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26.7x. Bpemure Ha rpynme R ¢ omepammeil CJIOXKeHHS TOIOJIOTHYIECKYIO CTPYK-
TYDPY, OTJIMYHYIO OT CTAaHIAPTHON, TUCKPETHON U aHTHUINCKPETHON, TaK, ITOOBI B
pe3yJIbTaTe Mbl IIOJIyYHU/IN TOLIOJOTUYECKYO IPYIIILY.

26.8x. YkakuTe mapy TOIOJOTHYECKUX TPYIIL, KOTOPble TOMEeOMOPMHBI KaK TO-
MIOJIOTUYECKHE IIPOCTPAHCTBA, HO HE SBIAIOTCS N30MOPGMHBIMU, KAK I'DYIIIIHL.

26.9x. Onpenenum B MHOXKectBe G = [0;1) (co crampmaprHOi TOHOIOrMYeCKOit
CTPYKTypOIt) omepanuio cioxkennsa w(z,y) = x +y (mod 1). dsngerca sm G To-
MOJIOTUYIECKOM T'PYIIIOi?

26'3x. ABroromeomopdhusmMbl, JAEJAIONINE TOMOJOTHIECKYIO TI'DYII-
Iy OJTHOPOIHOM
Orobpaxenust rpynnbl G Ha, cebst, omnpejie/ieHHbIe (POPMYyIaMU T +— AT
U X — Xa, Ha3bIBAIOTCs, COOTBETCTBEHHO, JIEBIM ¥ MPAaBbIM) CABUrOM 1 0060~
suavatorca L, u R,. 3amerum, uro Ly o Ly = Ly, Torna kak R, o Ry = Ry,
(94TOBBI IO IIPABUTE MOCIEHEE COOTHOIIEHNE HEKOTOPBIE ABTOPBI OTPEJIEIs-
10T IPABBIi CABUI KAaK 0TOOpasKeHne T +— ra ').

26.Cx. Jleswiti u npaswvili cleu2u ABAANOMCA AEMO2OMEOMOPPHUIMAMY TO-
noA0RUNECKOT 2pYNNbL.
ConpsixeHvemM, IOPOK JEHHBIM 3JIEMEHTOM @ TPyIibl (G, HA3bIBAETCS 0TOD-
paxenne G — G : ¢ — azxa .
26.Dx. Bcakoe conpanicenue A6AAemces G6Mmo20MeoMOPPUIMOM MONOAO2U-
yeckol 2pynnol.
Crenyrolee CBOMCTBO TOMOJIOIHYECKOl IPYIIILI IOKA3BLIBAET OLIPEIEIEH-

HY0 “OJIHOPOJIHOCTL’ TOIMOJJIOIMIECKON CTPYKTYPBI HA T'PYIIIIE.

26.Ex. [lg Bckoro oTkpbiToro Muoxkecrsa U B TomoJsiorudeckoii rpymie G
i 1 moboro ee snementa x € G muoxecrsa xU, Uz and U~ apiaiorcs
OTKPBITHIMHU.

26.10x. CupaBe/yiBO /M AHAJIOIMIHOE YTBEPKIEHHUE /I 3AMKHY ThIX MHOXKECTB?

26.11x. loxaxwure, wro ecau U and V — mogMHOXKeCcTBa TOMOIOTHTECKO IPYIIIIBI
u maO)KeCcTBO U 0oTKpBITO, To UV 1 VU — OTKpBITHIE MHOKECTBA.

26.12x. OcraHeTrcs Jiu BEpHBIM QHAJIOT MPEIBIAYIIEr0 YTBEPKIACHUS I 3AMKHY-
TOr0 MHOXKECTBa!

26.13x. Kakue u3 cieayomux DOACPYINT aIIuTUBHON rpymmsl R sBasoTcs 3a-
MKHYTBIMH MHOYKE€CTBaMHU:

(1) z;
(2) v2z;
(3) Z+V277

26.Fx. [loxaxwure, 9T0 eCcu MHOXKecTBO U KOMITAaKTHO, a MHOXKeCTBO V —
zaMKHyTO, TO MHO2KecTBa UV and VU rtakike gBJISIOTCS 3aMKHY THIMU.
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26.Fx.1. PaccmorpuM HemepeceKaiommecss moaMuoxkecTsa F u C' TOMOI0OTH-
geckoii rpynnbl G. Eciau maoxkectso F' 3aMkayTO, a C' KOMIAKTHO, TO HAHIETCs
okpecTHOCTh V' enunuiipl, Takas 9ro MmaoxkectBo C'V UV C ue nepecekaer F'. Ec-
Jii TonoJorndeckast rpymnmna G JI0KaabHO KOMIAKTHA, TO OKPECTHOCTD V' MOZXKHO
BBIOpaTh Tak, yTo6bl MHOKeCTBO C1(CV U V(') GbLIO0 KOMIAKTHBIM.

26'4x. OkpecTHOCTHA

26.Gx. Ecau T - 6asa oxpecmmocmets edunuyb, 6 monoaozuseckoti epynne
G, moX={aU | a € G,U €TI'} — 6asa mononoeuu 6 G.

[MosmuoxkecTBo A rpymmsl G Ha3bIBAETCS CUMMETPUYHBLIM, ecin A~ = A.

26.Hx. Bo BCaKOil OKPECTHOCTH €MHUIBI TOIOJIOTUIECKONW IPYIIIBI COIEP-
KUTCST CAMMETPUIHAS OKPECTHOCTD €IUHUITHL.

26.Ix. dng Bcaxoit okpectHOCTH U €IMHUITBI TOTOJOTTIECKON TPYIIIBI CY-
IIeCTBYeT OKPeCTHOCTDL V' eamuuiipl, Takadg uro V'V C U.

26.14x. g Bcakoit okpectHoCTH U €IMHUIIBI TOITOJIOTUYIECKON I'PYIIITBI U BCIKO-
0 HATYPAJIHHOTO UUC/IA N CYMECTBYET CHMMETPUYHAS OKPECTHOCTH V eIuHUIIbI,
rakasg uro V" C U.

26.15x. Ecm V' — cuMMeTpuYHad OKPECTHOCTb eJUHUIIBI TOIOJIOTIYeCKOM IPYyII-
nbel, T0 MHOKecTBO | Jo | V™ €cTh moarpymma Toil Ik, sIBJISIOMAsCS OJHO-
BPEMEHHO OTKPBITBIM U 3aMKHYTHIM MHOXKECTBOM.

26.16x. Ilycrp G — rpynna u ¥ — HEKOTOPbI HAOOP HojaMHOKecTBS. [Jokaxure,
9TO [ TOrO, 9TO0bL CyMIECTBOBAJIA TOMOIOIMYECKAs TOIOJIOIMIecKas CTPYKTYPa
"a (G, B KOTOPOIT ¥ ecTh 6a3a OKPECTHOCTEIl eIMHUIIBI, OTHOCUTEIHHO KOTOpoit (7
SABJISETCS TOMOJIOTMIECKON TPYIMIOi, HEOOXOMMMO U TOCTATOIHO, 9TOOBI HAOOD X
YIOBJIETBOPSII CJIEIYIONUIMM IISTH YCITOBHSIM:

(1) xaxpmoe m3 muoxects U € X comepxkur enunmiy rpymmnst G,

(2) aya kaxmoro snementa ¥ € U € ¥ cymecrByer MuHOKeCTBO V € X
Taxkoe aro xV C U,

(3) aya xaxmoro muoxkecrsa U € ¥ cymecrByer muOKecTBO V € X, Takoe
aro V! C U,

(4) nna xaxmoro muOkecTBa U € ¥ cymecTByer MHOXKeCTBO V € X, Takoe
aro VV C U,

(5) s kaxkmoro snementa x € G mw muOXKecTBa U € X CymecTByeT MHO-
sxectBo V € 3, maxoe uro V C 2 'U.

26.Jx. 3azadka. B kakom cmbicie BKjtodenue 20.[x HAIIOMUHAET HEPa-
BEHCTBO TPEYTOTLHUKA!

26.Kx. Ilycrs C' — KOMIAKTHOE TIOMHOYKECTBO TOIOJIOTHIECKO rpymmbl G.
Jokarkure, 9T0 /i BCAKOHM OKpecTHOCTH U €IMHWILI IPYIIBI CYIIECTBYET
OKPECTHOCTH V eJMHULIbI, TaKas 4To ik Kaxkjoro sjaementa x € C' cupa-
BeymBO BKJoYerne V C z Uz,
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26'5x. AKCHOMBI OTJEJIUMOCTHI

26.Lx. Tononoruveckas rpyiina gBasSeTcd XaycaopdoBoii, coraa oHa y/10-
BJIETBOPSIET TIEPBOII AKCHOME OT/IEJTUMOCTH, COT/IA OJTHOTOUETHOE MHOYKECTBO
{1} samkmnyTO.

26.Mx. Tonosoruueckas rpymnmna gBjsgercsd XaycaopdoBoil, coria mepece-
YeHne BCeX OKPECTHOCTell euHUIbI coBmaaer ¢ {1}.

26.Nx. Ecmu equuniia TOMOTOTHYIECKON TPYIIBI 3aMKHYTa, TO 9Ta TOMOJIO-
TUvecKas TPYIIa YAOBAETBOPAET TPeThell aKCHuoMe OTAeTNMOCTH.

s 10Ka3aTesIbCTBA UCIOIB3YHTe CIIeyIOIIee YTBEPKICHHE.

26.Nx.1. s Beskoit okpectHoct U eIMHUIBL B TOMOJIOTUYIECKOi rpytne G
CyIIEeCTBYeT OKpecTHOCTh V enmnwutpbl, Takas uro ClV C U.

26.0x Cnencreue. B monoao2udeckus epynnax nepsve mpu aKCuoMblL 0m-
deNUMOCTNU FKEUBAAEHITIHDL.

26.17x. okaxkure, 4T0 Ha KOHEUHOH rpyime G CymecrByer POBHO CTOJBKO TO-
TIOJIOTUYECKUX CTPYKTYP, OTHOCUTEIBHO KOTOPBIX OHA, SABJISIETCS TOIOJIOTHUYIECKOMN
CPYLIION, CKOJIBKO B (G MMeeTcst HOPMaJIbHBIX HoArpymir. Tounee, s KaxK 101 HOP-
MasibHOU moarpymibl N koneunoil rpymnnst G muoxkecrsa gN, g € G, obpasyior
0a3y TOMOJIOTHYECKOI CTPYKTYPHhI, CONTITACOBAHHON C TPYIIIOBOIL.

26’6x. AKCHOMBI CIETHOCTH

26.Px. Eciiu I' — 6a3a oxkpecTHOCTE!l B €IMHUIE TOMOJOTMIECKON IPYIIIIbI
G u muoxecrso S mwiaorao B G, 1o mabop ¥ = {aU | a € S,U € I'} ecrp
6aza ronosornu rpyunst G. (Cp. 26.Gx and 15.J.)

26.Qx Cnencreue. Besikast cemapaberibHast U yJI0BJIETBOPSIONIAs TEPBOi
AKCHOME CHETHOCTU TOIIOJIOINYECKaA prnna yﬂOBJ’IeTBOpHeT BTOpOﬁ aKCuomMme
CHETHOCTH.

26.18x*. (Cp. 15.Dx) Beakag TOMOMOrmIeCcKas TPYTINA, YAOBICTBOPAIOMA MEP-
BO# aKCHOME OTIEJIMMOCTH W BTOPOH aKCHOME CYETHOCTH, METPHU3yeMa.
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27x. KoHcTpyKImn

27'1x. IMoarpynnbl

27.Ax. Eciu H — nogrpymma tonojiorudeckoit rpymmnsl G, o H sBjisier-
Cel TOLIOJIOIMYECKON I'PYIIIOA OTHOCUTEJIbHO I'PYIIIOBOA M TOIIOJOI'MYECKUX
CTPYKTYP, HACIEIYEMBIX €0 n3 rpymrnsl G.

27.1x. Ilycts H — moarpynma abesnesoit rpynmst (. Jlokakure, ITO [JIst BCAKOM
CTPYKTYPBI TOIIOJIOTUYECKOM Ipynnbl Ha H u 6a3bl TOMOJIOTHU B €IWHUIE CyIIle-
CTBYeT CTPYKTYPa TOIOJIOrHYeCcKoi rpynmsl Ha GG ¢ ToOit ke caMoil 6a30if OKpecT-
HOCTEeU B eIUHUIIE.

27.2x. JlokaxkmurTe, YTO MOArPYIIIA TOIOJOTUIECKOU I'PYIIIBI OTKPBITA, COLIa €e
BHYTPEHHOCTH HEIyCTa.

27.3x. Jokaxure, 9TO BCAKAA OTKPHITAd IIOATPYIINA TOMIOJIOTUIECKON T'DYIIIBI
SABJIIETCS OTHOBPEMEHHO M 3aMKHYTOM.

27.4x. Jokaxure, 9TO BCAKAA 3aMKHYTas HOATPYIIIA KOHETHOTO MHIEKCA SBJIs-
€TCA OTKPBITOM.

27.5x. llpusBenure mpuMep MOATPYUIIBI TOMOIOTUIECKOM IPYIIIBI, KOTOPAS:

(1) 3amKHyTa, HO HE OTKDBITA;
(2) me oTKpBITA M HE 3aMKHYTA.

27.6x. JloxaykuTe, 9TO TOIIOJIOTUd, MHAYIUPOBAHHASA HA IIOATPYIIIE TOIOJIOITTIe-
CKOW TPYMIIBI, ABIAETCA JUCKPETHOM, COTIa B 3TON MOATPYMIIe IMEETCA U30JIAPO-
BaHHAd TOYKA.

27.77x. Joxaxwure, uro noarpymma H Tomosiormaeckoit rpynmer G 3aMKHYTa, COTIA
cymectByer oTKpbiToe MHOKecTBO U, Takoe uro UNH = UNCLH # &, 1. e. Korga
H nokaabHO 3aMKHYTa XOTs OBl B OHON M3 CBOUX TOYEK.

27.8x. Hoxkaxwure, aro ecqu H me aBageTcs 3aMKHYTOM MOATPYIIION TOIIOJJIOrU-
geckoil rpynnst G, o muoxkecrso C1 H \ H nnoruo B C1 H.

27.9x. Bamvikarue nodepynnv, MONOAOUNECKOT 2PYNNLL ABAAEMCA N0J2PYNNOT
2moU 2pYynnoL.

27.10x. BepHO s, 9TO BHYTPEHHOCTH IMOATPYIIIBI TOIOJOTHIECKON IPYIIBI AB-
JISeTCs MOJArPYIION 3TN rpynb?

27.Bx. CBga3Has TOMOJOTUYECKAs TPYIINA TOPOXKIAETCS BCAKONW OKPECTHO-
CTBIO €/IUHUIIBI TOU TPYIIIIHI.

27.Cx. llycts H — nogrpynmna rpynnsl G. Beegem oTHomenue: a ~ b, eciin
ab~! € H. JlokaxKure, 4TO 5TO OTHOIICHHE SBJISETCS OTHOIICHHEM SKBHBA-
JICHTHOCTH, KJIACChl 9KBUBAJICHTHOCTU IIO KOTOPOMY COBIIQ/IaIOT C IIPABBIMU
KJIaCcCaM¥ CMEXKHOCTH HoArpyiisl H.

27.11x. Kakos anasior yrBepxaeaus 27.CX [jig JeBbIX KJIACCAX CMEXKHOCTU?
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MHOKeCcTBO JIEBBIX KJIACCOB CMeKHOCTH moarpyninsl H B G 0b6o3HadaeTcs
vyepe3 G/ [, MHOXKeCTBO npaBbiX KiaccoB — depe3 i\ G. B cayuae, ecin G
SIBJISIETCSI TOLOJIONMYECKOil rpytnoii, muoxkecrsa G/ n g\ G Hajesnsirorcest
TOIMOJIOTMIECKON CTPYKTYPOit (paKTOMPOCTPAHCTBA U HA3BIBAIOTCS MPOCTPAH-
CTBaMu KAaCCOB CMEXHOCTH.

27.Dx. Jljist BCsikoii TOMoIorudeckoii rpymmsl G u eé noarpynmnsl H | ecre-
creertble npoekin G — G/ u G — g\ G sBISIOTC OTKPBITBIMU 0TOD-
DAKEHUSIMI.

27.Ex. IIpocrpascTBo JieBbIX (M MPaBbIX) K/JIACCOB CMEXKHOCTH 3aMKHYTOM
IOArPYIIILI TOMOJIOIMYECKON IPYIIIbI ABIAETCA PEery/IAPHbIM.

27.Fx. Eciu noarpynna H rpynust G, a Takxke npocrpanctso G/ [ Kom-
MaKTHBI, TO U caMma rpyima G KoMIakTHa; ecau noarpynna H rpynmsr G, a
takzke npocrpancreo G/ [ cBsa3Hbl, TO n cama rpynna G cBsi3Ha.

27.Gx. Ecinu nogpynia H rpynmsl G cBsi3Ha, TO TPOOOPA3 BCAKOM KOMITO-
HeHThl npocrpancrBa G/ [ siBjsiercss KOMIOHeHToi rpymibl G.

27.12x. Paccmorpum rpyuiy SO(n — 1) kak nogrpyuiy SO(n). Eciu n > 2, To
npocrpancteo SO(n)/S0(n — 1) romMeomopdro snt

27.13x. dng Beskoro n > 1 rpynust SO(n), U(n), SU(n), Sp(n) xkoMuakrabr 1
cBasabl. CKOIbKO KOMIOHEHT cBa3nocTu umeor rpymst O(n), O(p, q) (O(p,q) —
9TO TPyTIIa BCEX JMHEHHBIX mpeobpas3oBanmii mpocTpancTBa RP ™Y coxpansgomux
KBajpaTuanyio Gopmy x5 + ... + xf, e yg)?

27'2x. HopMaJsbHbIE MOATPYTIIHI

27.Hx. JokaxXuTe, ITO 3aMbIKaHIE HOPMATBLHON MOATPYIIITEI TOTOIOTTIE-
cKoit rpymmbl G gBJISIETCS HOPMAJILHON TOArPYIIoil rpymmb G.

27.Ix. KoMmoHeHTa CBI3HOCTU €IUHUIBI B TOMOJJOTUYIECKON TPYIIE eCcThb
3aMKHYyTasg HOPMaJIbHAA MOATPYINA STOU TPYIIIHI.

27.14x. KoMmmoHeHTa JTUHENHON CBA3HOCTH €JUHUIBI B TOIOJOIHYIECKON I'DYIIIe
€CTh HOPMAJIbHAs HOAIrPYIIIA STOH I'PYIIIbL.

27.Jx. ®akTOprpymia TOMOJOTUIeCKOM TPYIILI IBIIETCT TOTOJIOTTIECKON
IPYIIION.

27.Kx. EcrecrBenHasi mpoeKIus TOMOJOTMIECKON I'PYIIbI HA ee (haKkTop-
CPYIIY SIBJISIETCS OTKPBITBIM OTOOPAKEHUEM.

27.Lx. ®axToprpymmna IPyIIbl, YIOBIETBOPSIONE mepBoii (BTOPOii) ak-
CHOME CYETHOCTHU, YIOBJIETBOPSIET MEepPBOil (COOTBETCTBEHHO, BTOPOii) AKCHO-
Me CYEeTHOCTH.

27.Mx. ®akroprpynmna G/ ff Tonojorudeckoii rpynmbl G perysisipHa, coria
noarpynna H 3aMKHyTa.
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27.Nx. [lokaxkwute, 910 HOpMaJbHAd mOArpymma H OTKPBITA B TOIO/IOTH-
ueckoit rpynme G, corma dakroprpynna G/ [ auckperHa.

Henrpom rpytier G Ha3BIBAETCS MHOKECTBO

C(G) ={x € G| zg = gz upu Bcex g € G}.

27.15x. Bcakasg OuCKpeTHas HOPMAJIbHAA MOATPYIINIA CBA3HOM TOIIOJIOIMIECKONR
rpynmst G conepxurcsa B neaTpe C(G) 3T0ii TpymmbL.

27'3x. T'omomopdu3MbI

Ecin G w H — ronosioruveckue rpyiibl, 10 orobpaxkenue f : G — H
Ha3bIBAETCA TOMOMOP(MU3MOM, €CJIU OHO HEIPEPBIBHO U SIBJISIETCST TOMOMOD-
duzMoM ¢ anredpanvIeckoil TOUKN 3PEHMUSI.

27.0x. 'pynnosoti 2omomopusm 00Hotl monosoeuseckot 2pynnos 6 opy-
2Y10 ABAALMCA 20MOMOPPHUSMOM 8 CMBICAE TMONONOZUNECKUT 2DYNN, 0206 OH
Henpepueer 6 eouHUle.

Bce Teoperuko-rpynnoBbie MOHATHS IEPEHOCATCS HA TOTIOIOTUYECKUE TPYII-
bl 6e3 u3MeHenuit. EanHcTBeHHoe, YTO BKJIIOYAETCA JOMOJIHUTEIHHO B OIIpe-
JIeJIEHNs, CBSI3AHO C CYIIECTBOBAHUEM HA IPYIIAX TOMOJOTUYIECKOH CTPYKTY-
pbl. B wacTHOCTH, B TEOPUU TPYTIT #30MOPEHU3MOM HAZBIBALTCSI 0DPATHMBIi
romoMopduzm. Orobpazkenue, obpaTHOoe K HEMY, ABTOMATHIECKU SIBJISIET-
cst romomopdu3MoM. B Teopun TOMoIOrmaeckux TPy B CaMO OIPE/IeIeHIe
n3oMoMopu3Ma CjeyeT BCTaBUTh JIONOJTHUTE/IbHOE yeioBue. VIMeHHo, n3o-
MOPEU3MOM OTHON TOMOJTOTUIECKON TPYIITHI HA IPYTYIO HA3BLIBACTCA 0OpaTh-
MBIl TOMOMOpPU3M, OOPATHBIN K KOTOPOMY TaKKe sIBJIZ€TCS FOMOMOP(MU3-
MoMm. pyrumu ciioBaMu, B T€OPUM TOMOJOTMYECKUX TPYIIIT 0T n30MOpdu3-
MOM MbI TIOHUMAEM OTODPaKeHMe, KOTOPOE SIBJISIETCST U30MOPMU3MOM B aJl-
redparmIeckoM CMBICIE U TOMEOMOP(MU3IMOM TOMOJOIHIECKUX TPOCTPAHCTE.

2mix

27.16x. Jlokaxwure, uro orobpaxkenue f : [0;1) — S': z e — rOMOMOP-
dbusm (Tonosornueckux rpyrmm).

27.Px. Duumopdusm f : G — H gBiasgercd OTKPBITBIM OTOOparXKEHUEM,
Corjla ero MHbLEKTUBHBIH (hakTop ]? = f/S(f) + G/Ker f — H sasnzerca

n30MOpPhU3IMOM.

27.Qx. DuuMopdu3M KOMIAKTHONW TOMOJTOTMIECKON TPYIITBI Ha, TOITOJIOIU-
9eCKYIO I'PYIITY C 3aMKHYTOH e IMHUIIEI IBJIeTCs OTKPBITHIM OTOOPAXKEHUEM.

27.Rx. okaxkure, uro dhaxroprpynna R /7 nzomopdHa My IbTHILTHKATHB-
Hoit rpymme S C C.
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27'4x. JlokagbHbIe M30MOP(PU3IMbI

[Iycrs G mw H — Tomojiornveckne TPYIIbl. JIOKaibHbIM U30MOPU3MOM
rpyunel G B rpymmny H naspiBaerca romeomopdusm f HEKOTOPOI OKPECTHO-
ctu U emunuiisl B rpymie G Ha OKpecTHOCTDb V' enunuiibl B rpymmne H, takoii
9TO

o f(zy) = f(x)f(y) nnsa Beex x,y € U, Takux uro zy € U,
o fl(zt) = f~Y2)f1(t) nnst Beex z,t € V, Takux uro zt € V.

Tomotornvyeckne TPyTIbl HA3BIBAIOTCS JIOKAJbHO U30MOPOHBIMY, eCITH CYTIIe-
CTBYET JIOKAJIbHBI n30MOPGMU3M OJHOI U3 HUX B JAPYTYIO.

27.58x. N3omopdHbIe TOMOJIOIHYECKre IPYIIIIbI JIOKATBHO U30MODPQHBI.

27.Tx. AnautuBHas rpynma R BEIMECTBEHHBIX YUCET W MYJILTUMINKATHB-
Hag rpynna S' KOMILIEKCHBIX YICeJT, O MOJIY/IIO PABHBIX €IIMHUIIE, JOKAILHO
n30MOPMDHBI, HO He M30MOPQHEI.

27.17x. okaxkure, YTO OTHOIIEHHUE JIOKATLHONU M30MOD(MHOCTH SBJIAETCH OTHO-
MeHNeM KBUBAJIEHTHOCTH Ha KJIACCEe BCEX TOMOJOTHMYIECKUX T'PYIII.

27.18x. Yxaxwure okpectHOCTH emuanil B R u S1 i romeomopdusn Mexay Him,
YIOBJIETBOPHAIOIINE IEPBOMY YCJIOBHIO U3 OLIpeIe/IeHI JIOKAJIBHOT0 n30Mopdu3ma,
HO He Y/IOBJIETBOPSIOLIE BTOPOMY.

27.19x. okaxkure, 9T0 15 00010 romeoMopdu3Ma OKPECTHOCTH €INHUIIBL O
HOII TOIOJIOTMYECKOIl I'PYIIIBI Ha OKPECTHOCTDH €MHUIIBI JAPYTroil, yI0BJIeTBOPAIO-
Iero epBOMY YCJIOBHIO M3 OIPEeIeHHs JIOKAJIBHOTO roMeoMopdu3mMa, HailgeTcs
JIOKQJIBHBIN M30MOPMU3M, ABIAONANCT €ro M0I0TOOPaKEeHIEM.

27'5x. IIpssMble Tpou3BeIeHUS

[Iycte G uw H — Tomosioruveckue rpymnnbl. B Teopuu rpynm mpousse/ie-
ure G X H wmanensiercg rpynmoBoit crpykrypoit: (z,u)(y,v) = (xy,uv). B
TOIOJIOTHH OBLIO OIMPEJEeHO TPOU3BEIEHUE TOMOJOIHIECKUX MPOCTPAHCTB

(cm. 19).

27.Ux. IlpousBesnenme TOMOJOTUIECKUX T'PYII ABJISIETCS TOMOJTOTTIECKOI
IPYIIION.

Tem cambim, G X H — Tomojioruveckast rpyiia, KOTOpas Ha3bIBAETCs
npsmbimv nponssegeduem tpynn G u H. C srum npowsBejieHUEeM CBsI3aHbI
JeThIpe KAHOHUIECKUX TOMOMOP(MU3MA: JIBa FOMOMOP(MU3Ma BKIIOUEHUS 16
G—GxH:zw— (x,1)uig: H— GxH :zw~ (1,x), Kaxaplii 13 KOTOPbIX
ABJIsIeTC MOHOMOPdU3MOM, u ase npoekiyn pg : G X H — G : (z,y) — x
upyg:Gx H— H: (r,y) — Yy, Kax/Jag U3 KOTOPLIX — 3MUMOPOU3M.

27.20x. Joxaxwure, aT0 Tomoaormaeckue rpymmbt G X H/; w(H)4 G n3omopdHBL.
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27.21x. llepeMHOMXKeHHE TOIOJIOTMTYECKUX IPYIII KOMMYTATHBHO I aCCOIIMATUBHO:
G x H xanonmaecku nzomopduo H X G, a G x (H X K) xanorm4aecku n30MOpdpHO
(Gx H)x K.

ToBopsT, ato Tomosormaeckas rpynmna (G packaagblBaeTcsl B NpsiMOe npo-
n3Begerue ceoux nogrpynn A u B, ecim orobpaxenne A x B — G : (z,y) —
2y saBasgercd nzomopduzmom. B arom ciywae rpymmy G OOBIMHO OTOXKIECTB-
JIAioT ¢ npoussegenueM A X B.

[Ipeamonoxkum, aro rpymnna G pacK/Ia/bIBAETC B MIPIMOE IPOU3BEICHIE
cBoux monrpynn A n B B anrebpandeckoMm cMbice. HamoMunM, 9To 910 nMe-
et mMecto, corma A u B mopoxgaior rpymmy G, SIBISIOTCA ee HOPMAJTLHBIMI
nonrpymmavu 1 A N B = {1}. [losromy, eciii 9TH yCIOBUS BBINOJHEHBI, TO
orobpaxenue (x,y) — xy : A X B — G — uzomopdusm.

27.22x*. Jlokaxkure, 9TO B ONMCAHHON cuTyanmuu orobpaxenue (x,y) — xy :
A X B — G uenpepsisHO. [IpuBeaure mpumep, B KOTOPOM 00paTHBINH roMoOMOpPGhI3M
He dABJIeTCsd HEIPEPHIBHBIM.

27.Vx. [okaxwure, 9TO €C/iM KOMIAKTHAaS XayCa0pdoBa TOMOJOTMIECKAd
rpyma G PacK/aIbIBAeTC B MPSIMOE TPOU3BEIEHNE CBOUX 3aMKHYTHIX I10/I-
IPYII B aaredpanieckoM CMbICIe, TO G SIBJISIETCS UX HMPSIMBIM TTPOU3BE/IEHN-
eM (M B TONOJIOTMYECKOM CMBICIIE).

27.23x. JlokaxkuTe, 9TO MyJIbTUILTHKaTHBHAL rpymma R\ ( BemecTBeHHBIX dHCesT
n3omopdHa (KaK TOIMOJOrMYIeCKas TPYIIA) IPAMOMY [TPOU3BEIECHHUIO MYyJIbTUILIH-
karusnoit rpyrmst S¢ = {1, —1} u MyabTurIEKaTHEHOM TpyIIE RY = {2 € R |

x> 0}.

27.24x. Hokaxwure, uro mysbruiinkaruaag rpymma C N 0 KOMILUIEKCHBIX 9UCeT
m3oMopdHa (KaK TOMOJOTMIECKasa TPYTIINA) TPAMOMY ITPOU3BEICHUIO MYJIHTUTILIH-
karusnoit rpymist S' = {z € C | |z| = 1} u myaprummkarusmoii rpymms: R

27.25x. lokaxkure, 94T0 MyabTuimKaTuBHAsg rpymnmna H \ 0 KBaTepHUOHOB H30-
vopdra (Kak TOMOJOTHYIecKas TPYIa) MPAMOMY TPOU3BEICHUIO MY IbTHILIAKA-
rusroi rpymmer S° = {2 € H | |z| = 1} u mynbrumiukarusaoi rpymmsr R

27.26x. Jokaxure, aro moarpymma S° = {1, —1} rpymmer S° = {z €¢ H | |z| = 1}
He SABJISIETCS ee TIPAMBIM (DAKTOPOM.

27.27x. Haiiaure TOMOIOTHYECKYIO TpyIITy, ToMeomopdyo RP3.

[Iycrs rpymma G comepRuT HOpMaThHYIO TIoATpyTny A n monrpynmy B,
trakne 910 AB = G u AN B = {l¢}. Ecom noarpynna B Takke sBIseTC
HOpMaJIbHOIL, To G aB/sgeTcs npsaMbIM npoussegenneM A x B. B nporusrom
CJIydae TOBOPSIT O MOJYNPSIMOM MPON3BELEHNN.

27. Wx. Ilycts tonosiorndeckasi rpynna (G siBJSeTCs TOJTYIPIMBIM TPOU3-
BeslerreM cBomx moarpynn A u B. Eciu a1 mo0BIX OKPECTHOCTEH eTMHUITET
U C AuV C B ux npoussenenne UV TakXKe COAEPKUT OTKPECTHOCTH
eMHUTIBI, TO TTPOCTpaHCcTBO (G ToMeoMOpdHO Tpom3BemeHnio A X B.
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27'6x. I'pynmbl romeoMmopdu3MoB

O6ozuaunm yepes Top X rpymmny romeoMopdu3MOB TOMOJIOTTIECKOTO [TPO-
crparnctBa X. Hamomunwm, 9T0 TpymmoBoii omeparueil B 9TO TPYIIe SBId-
eTcg KoMmmo3uiiusi romeoMopduamos. g Toro, 4robsl cenarh eé TOomoJo-
TUYECKOIi, MBIl U3MEHHUM TOIIOJIOTHYECKYIO CTPYKTYpPYy Ha MPOCTPAHCTBE I'O-

MeOMOPMU3MOB [0 CDABHEHUIO C KOMIIAKTHO-OTKPBITOl TOIOIOTHEll Ha [IPo-
crpauctse C(X, X).

27.Xx. Habop muoxects suma W (C,U) u (W (C,U))~! 3arex ama Beex
KOMIAKTHBIX moaMuOkecTB C' C X # BCeX OTKPBITHIX moaMHO)KecTB U C

X gBngercsd npeada30it HEKOTOPOil TOIOIOTUYECKON CTPYKTYPhI Ha TPYIIIE
Top X.

Bcerogy B manbmeiieM MBI canTaeM, 9TO Ha mpocTpancTse Top X 3amama

TOIOJIOTMYECKasi CTPYKTypa ¢ mpendasoit, onucanuoii B 27. Xx.

27.Yx. Ecm npoctpancTBo X gBAFETCT XayCAOPOBBIM U JIOKATHHO KOM-
makTHBIM, TO Top X — Tomosormyeckasd Ipymma.

27.Yx.1. Ecim X xaycmopdoBo u JIOKaJIbHO KOMIIAKTHO, TO OTOOparKeHue
¢ :TopX x Top X — Top X : (g,h) +— g o h HenpepbIBHO.
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28x. JleiicTBusd TOMOJIOTUYECKUX T'PYyHII

28'1x. [leiicTBue rpyIimnbl Ha MHOXKECTBE

JleBbim geiictBuem tpynnbl G Ha MHOXKecTBe X Ha3bIBAETCsT 0TOOparKe-
e G x X — X : (g,z) — gz, takoe uro lx = x s moboro z € X u
(gh)x = g(hx) amsa moboro x € X u mobbix g, h € G. Muoxkectso X, Ha Ko-
TOPOM 3aJ]aH0 Takoe neificTBue, Has3biBaeTCsa aeBbiM (G-mHoxecTBom. [IpaBbie
(G-MHOZKECTBa, OMPE/IEIIIOTCI aHAJTOTUIHBIM 00pPa30M.

28.Ax. Ha scakom siesom G-muoxecrse X dopmyina (,g) — g~ 'z onpe-

JlesisieT mpaBoe Jielicreue rpyibl G.

28.Bx. Ilycts X — nesoe G-muoxkecrso. Torma mist iroboro g € G orobpa-
xenne X — X : x +— gx aBisgercsd Ouexnneit.

Jlesoe peiicreue rpynner G wa, X Ha3bIBAETCA IGOEKTUBHLIM, €CIM JIJIsA
JI060TO OTIIMIHOTO OT €IMHUIIBI JIEMEHTa ¢ TPYTIbl (G OTOOpaXKEHWe T — g
He sBJIsieTcs Toxk aecTBeHHbiM. Orobpaskenue f : X1 — Xs omnoro jesoro G-
MHOXKECTBA B APyroe HasbiBaerca (G-skBusapuanTHbiM, eciu f(gx) = gf(x)
st Beex ¢ € X, g € G.

Tosopst, uro X saBistercs 0gHOPOAHbIM neBbiM G-MHOXeCTBOM (un uTo
G neiicreyer TpaHauTuBHO wa X ), ecim jis 00bIX r,y € X cymecrByer
ssemMenT g € (G, Takoit 4To Yy = gx.

C 0o4eBMIHBIMI HU3MEHEHHSIMH Ta K€ caMasl TePMIHOJIOTHS IIPHMEHIMA,
U JIId IPABbIX AeCTBUA.

28.Cx. Ecrecreennbie neiicrust rpynnsl G Ha muOoxkecrBax G/ g u g\ G
IIPEBPAIIAET UX B O/IHOPOJIHBIE JIEBOE U, COOTBETCTBEHHO, IpaBoe (G-MHOZKECTBO.

[Iycte X — ommoposuoe ieBoe G-muoxkecTBO. Pacemorpum touky o € X
u muOokectBo G* = {g € G | gr = z}. OueBugno, uro G* ecThb MOArPYIIIA
rpynnel G. lloarpynma G* Ha3bIBAe€TCS U30TPOMHON MOATPYNNONA, COOTBET-
CTBYIOIIIEHl TOUYKE Z.

28.Dx. Besikoe opnopoanoe siesoe (npasoe) G-muokecTBO X n30MOpQHO
G/g (coorBercrBenno, fr\G), rae depes H obo3HaueHa M30TPOIHAS IO/
IpyIIa, COOTBETCTBYIOIMAA HEKOTOPOl TOYKE MHOMKECTBA, X .

28.Dx.1. Bce usorponubie noArpymmnst G¥, x € G, ABISIIOTCA MOTAPHO COMPSsi-
2KEHHBIMU.

Hopmanunsatopom Nr(H) nonrpynmer H rpynnel G HA3BIBAETCS MHOXKe-
ctBo {g € G | gHg™! = H}. [lpyrmMu coBaMu, HOPMAJIH3aTOp €CTh HaH-
bosbinas moarpynna B (G, cojepxkamas H B KadecTBe CBOeil HOpMaJIbHOI
[IOJ/ICPYIITIBL.



212 V. DJieMeHThI TOIOJIOTHIECKOH aJredphl

28.Ex. I'pynmna Bcex aBroMopdusmMos ogHopogHOro G-MHOXKecTBa, X M30-
mopdua rpynne N(H)/f, rae H — n3orponnas moarpymnmna, COOTBETCTBYIO-
ast HEKOTOPOH TOYKE MHOKECTBaA X .

28.Ex.1. Ecim n30TponHble TTOATPYIITBI, COOTBETCTBYIONTNE TOUYKaM T,y € X,
COBIIQIAIOT JPYT C JAPYroM, TO Haiimercs aBrom3omopdusm G-mHOKEcTBA X,
NepeBOIAIIINA T B Y.

28'2x. HenpepsbiBHbBIE neiicTBus

JleebiM G-TIPOCTPAHCTBOM HA3BIBAETCS TOMOJIOTHIECKOE ITPOCTPAHCTBO
X, Ha KOTOPOM 3aJIaHO JIEBOE JIefiCTBHE TOMOJIOTUIecKoil rpyibl G, Takoe
aro orobpaxkenune G X X — X spjsiercss HenpepbIBHBIM. Bcee ornpejenenus,
CBsi3aHHBIE C TOHsSITUEM (G-MHOYKECTB €CTEeCTBEHHBIM 00pa30M MMEPEHOCSTCS
Ha G-NIPOCTPAHCTBA.

Ormernm, uro eciu rpynmna G nuckperHa, To Jioboe ee JeiicTBue 3aja-
eTCsT HEMPEPBIBHBIM OTOOPAYKEHNEM, TeM CaMBIM BCAKOe eé meificTBme orpe-
nejsger G-TIpoCTPaHCTBO.

28.Fx. Ilycts X — sieBoe G-tipocrpancTio. EcrecrBennoe oTobpaskeHue
¢ : G — Top X, unpynuposannoe jeiicrBuem G Ha X, sIBJISIETCS] TPYIIIOBBIM
roMOMOP(U3MOM.

28.Gx. B npemno/ioxkeHusaX MpeIbIayInero yTBepKIAEHU, eC/Iu K TOMY JKe
npocTpancTBo X XaycaopdoBO U JIOKAJTHLHO KOMIIAKTHO, TO TOMOMODMU3M
G — Top X wmempepsieH.

28.1x. IlpoBepbTe, sIBJISIETCS JIM HEIIPEPBIBHBIM IEHCTBUE JAHHOM TOIOIOTNIECKOM
IPYHIIbL Ha JAHHOM TOIOJIOIMYECKOM [IPOCTPAHCTBE U OY/I€T JIX HEIIPEPHIBHBIM IO~
vomopduzm G — Top X7

(1) G — rononormueckas rpynna, X = G u G aeiicryer na X 10CpeacTBOM
JIEBBIX (MM TTPABBIX) CABUTOB, UJIH YK€ TIOCPEICTBOM COTPAKEHUIT;

(2) G - romosormueckaa rpyna, H — ee nogrpynna, X = G/ u G neii-
creyer na X no dopmyne g(aH) = (ga)H,;

(3) G=GL(n,K) (tne K =R, C wm H) u G neiicreyer B K™ crammapT-
HBIM 06pa30M (Kak yMHOMKEHHWE MATPUIIBI Ha BEKTOD);

(4) G =GL(n,K) (roe K =R, C wmu H) u G xeiicreyer 8 K P" ™! mocpen-
CTBOM MATPUYHOTO yMHOKEHWST;

(5) G = O(n,R) and G geiicrsyer B S™ ! HOCPEICTBOM MATPUYHOIO yMHO-
JKEHHUS;

(6) ammmruemas rpymma R' meiicreyer ma Tope S' X -+ x S’ mo mpasmmy

(wi,...,wy) = (¥, ..., e*™ " y,); Takoe HeficTBHE HA3LIBAETCA
MPPaYNOHANBHBIM MOTOKOM, €CITH IHUCIIA, A1, - - . , 4y JIAHEHHO He3aBUCHMBL
waz Q.

Bamerum, uro ecyu neiicteue G Ha X He gaBjsgercs 3(pHEKTUBHBIM, TO MbI
MOZKeM paccMoTpers ero aapo GK¢" = {g € G | gr = = nna Beex x € X},
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KOTOPOE SIBJISIETCS 3aMKHYTON HOpMaJibHOU moarpymmoit 8 G. Tomosornye-
ckas rpynna G/ GEer Gyuer ecrecTBeHHBIM 00pa30M, 1 IpUToM (M EeKTUBHO,
neiicrBoBarb Ha X .

28.Hx. ®opmyna gGXe (2) = ga onpenenser s¢dbekTuBHOE HEIPepbIBHOE
neiicreue rpymnsl G/ GEer na npocrpancrse X .

TosopsiT, uro rpynma G neificTByer BrOJHE pa3pbiBHO Ha, TPOCTPAHCTBE
X, ecnu 711 Begkoro KommakTHOro MuOKecTtBa C' C X MHOXKecTBO {g € G |
gC NC # ()} apisiercst KOHEUHBIM.

28.Ix. Ecnu rpynna G jeiicrByer BmojiHe pa3pbiBHO U 3(M(EKTUBHO HA
XaycIopOBOM JIOKAJIBHO KOMIAKTHOM mpocTpaHcTBe X, 10 ¢(G) aBisierca
TUCKpeTHbIM moamuoKecTBoM Top X. (3z1ech, kak u panee ¢ : G — Top X
~ moHoMOpdu3M, uHaynuposannsii G-geiicreuem.) B wacraoctu, G — auc-
KpeTHad TOIOJIOTUYEeCKad TI'DyIIIIa.

28.2x. llepeuncyure (C TOIHOCTHIO MO MOAOOHST) BCE TPEYTONIBHUKH HA TLTOCKOCTH

R?, jyisi KOTOPBIX IpylIa, HOPoXKAeHHad CUMMETPUAMEI OTHOCATEJIbHO UX CTOPOH,
neiicteyer B R? BrosiEe pasphiBHO.

28'3x. IIpocrpancrBa opbur

ITycrs X — G-upocrpancrso. dus x € X muoxkecrso G(z) = {gz | g €
G} nazbiBaercs opbutori roukn x. Tpansurusnocrs jeiicreust G va X o3Ha-
4JaeT, 9YTo B npocrpaHcree X ecTb BCEro ojHa opOuTa — BCE MPOCTPAHCTBO.
Hnst nopmuoxkecrs A C X n E C G nonoxum E(A) ={ga | g € E,a € A}.

28.Jx. Ecau womnaxmmnas monoasoeuyseckasn pynna G deticmeyem na ray-
cdopdosom monoaozuseckom npocmparncmee X, mo 0aa 6CAKOU MOYKY T €
X wanonuueckoe omobpascenue G/Gr — G(x) asasemea zomeomoppus-
MOM.

28.3x. Ilpusenure npumep xaycaopdosa G-upocrpancrsa X, /s KOTOPOrO T€M
me mMenee dakropapocrpancTso G/, He romeomopbmo G(x).

28.Kx. Eciin kommakTHasg TomnoJiorndeckas rpymnmna G 1eficTByeT Ha KOM-
MaKTHOM XaycaopdoBom mpocrpancTBe X, 70 X /(G — KOMIIAKTHOE XayCI0p-
¢0OBO TIPOCTPAHCTBO.

28.4x. Eciu rpynma G komnakrhaa, T0 [Jis BCakoro G-nipocrpancrsa X MHOXKe-
ctBo G(A) Gymer 3aMKHYTBIM (KOMIIAKTHBIM), €CJIA 3aMKHYTO (COOTBETCTBEHHO,
KOMITAaKTHO) MHOXKecTBO A C X.

28.5x. PaccMmoTpuMm KaHOHHYECKOe IefCTBHE MyJIbTUILIMKATUBHON rpynmsl G =
R* ma X =R : (s,t) — st. Haiimure BCe ero opoUThl U M30TPOIHBIE IO PYIIIIHL.
Ounumure npocrpascTeo opbur X/ (.

28.6x. Ilycrs G — rpymnma, HOPOMXKIEHHAs CUMMETPHUSMH OTHOCHTE/IHHO CTOPOH
HEKOTOPOTO Tpeyroipauka B R?. Omumure Ty TPYIIy U IPOCTPAHCTBO OPOUT

R?*/q.
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28.7x. Ilycts G — rpynmna m3 3amaqanm 28.6x, a H — eé moxrpymnma wHmekca 2,
COCTOSIIAs U3 COXPAHSIONMX OPUEHTALIIO 1peobpazoBanuil rockocru. Ommmmre
9Ty I'PYIILy U IPOCTPAHCTBO OPOUT ]R2/G.

28.8x. Paccmorpum jmaronamsuoe geiicreue topa G = (S1)"T! ma X = CP",
33JAHHOTO [IPABHJIOM

(207217 .. '7Z7L) = (00207912’17 e ,ann)

Haiinure Bce ero opbursl u u3oTpornbe noArpyiibl. Quuiiure MpocTPaHCTBO OpP-

our X/G.

28.9x. Paccmorpum kanoHHUECKOE neficTBue (IIOPOXKIEHHOE MEPecTaHOBKOM KO-
opamHAT) cuMMeTpraecKoii rpymmel G = Symm(n) 8 X = R"; X = C". Haiinure
BCe OPOUTHI M M30TPOIHBIE TOArpyIThl. OnumuTe TPOCTPAaHCTBO 0pouT X /(7.

28.10x. Paccmorpum meiicrBme rpymmer G = S0(3) ma mpocrpanctse X BCex
CHMMETPHUYHBIX BEIIeCTBEHHBIX 3 X 3-MaTPHI] C HYJIEBBIM CJIEOM IIOCPEICTBOM CO-
upsKenus © — grg . Haiiaure Bce 0pGHTHI 1 H30TPOMHbIE MOArPy b, OmumruTe
pocTpancTBo opout X/ (3.

28'4x. OaHOpPOAHBIE IPOCTPAHCTBA

G-TIpOCTPAHCTBO HA3BIBAETCS O4HOPOAHbIM, ecyin Tpyiina G aeificTByeT Ha
HEM TPaH3UTUBHO.

28. Lx. Besikast Tortosiorndeckast rpyiima (G aBJsieTcst OJHOPOIHBIM H-TIPOCTPaHCTBOM
OTHOCUTEJIbHO JeHCTBUA BCAKON CBOEH HOArPYIIIbI IIOCPELCTBOM CIABUIOB.
®akropupocrpancrso G/ [ siBisiercsi 0HOPOAHBIM G-IIPOCTPAHCTBOM OT-
HOCHUTEJILHO JieiicTBus rpymisl G.

28.Mx. Ilycmv X — G-npocmparcmeo. Ecau X u G a0kasvHo Komnaxm-
Hoe u G umeem cuemuyro 6a3y monosozuu, Mo 0as 8cakol mouky x € X
npocmpancmeo X 2omeomoppro daxmopnpocmparncmey G/Gx.

28.Nx. Ilycrs X — onnropojroe G-tipoctpancTBo. Kanonudeckoe orobpa-
xkeune G/Gr — X saBisercs romeoMopdu3MoM, COrjia OHO OTKPBITO.

28.11x. Ioxaxmure, 1o O(n)/O(n —1) =5" 1 U(N)/U(n —1) = gL,

28.12x. Hokaxmute, 1to O(n +1)/0O(n) x O(1) = RP"uU(n +1)/U(n) x U(1) =

cp™.
28.13x. lloxaxwure, aro Sp(n)/Sp(n — 1) = S~ rae Sp(n) = {A € GL(H) |
AA* =E}.

28.14x. Tlpencrassre Top S* x S u Gyrourky Kieitta Kak OIHOPOIHBIE TPOCTPAH-
CTBA.

28.15x. Onmmmre B reOMETPUYECKAX TEPMUHAX OFHOPOHBIE IIPOCTPAHCTBA: 1)
O(n)/0(1)™:2) O(n)/O(k) x O(n — k); 3) O(n)/SO(k) x O(n — k); 4) O(n)/O(k)-
28.16x*. TIpencrasbre S? x S? Kak OIHOPOTHOE MPOCTPAHCTBO.

28.17x. Ommmmre npocrpancrso opbur SO(n,1)/SO(n)-
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Jloka3arejabCTBa 1 KOMMEHTaApPUU

26.Ax D10 TaK, MOCKOJIBKY BCSIKOE OTOOparKeHUe U3 JIUCKPETHOTO TOIOJI0-
TUYECKOr0 IIPOCTPAHCTBA, ABIACTCA HEIPEPbIBHBIM.

26.Bx B Tex ciaydagx, KoTJga Tpymia KOHeUHa, HAJIEJUTE ee TUCKPeT-
HOW TOTIOIOTHIECKON CTPYKTYpOil; B cumy 26.Ax, oHa cTaHeT TOMOJOTHYe-
ckoii. Bosiee comepKarebHbIe TIPUMEDBI PACCMATPUBAIOTCS fasee (cM. 26. 5x—

26.6x).

26.8x Jliobbie ae nemzomopduble (B anredpanieckoM CMbIC/IE) U COCTO-
SIIUE U3 OJMHAKOIO YMCJIa, 9JIeMEHTOB KOHEYHBIE IDYIIIbI, HAJIEJeHHbIE JIUC-
KpeTHoit TomnoJiorueit. Bojee maTEepecHbBIT TPUMED: TOTOJIOIUIECKAsT TPYIIA
GL4(2,R) obparumbix (2 X 2)-MaTpul C [MOJOKUTEILHBIM OIPE/IeJIUTeIeM
romeomopdua S! x R3. Oanako nepsast u3 Hux HeabeseBa, TOrAa KaK BTOPAs
— abeJieBa.

26.Cx Jloboii cBUT HENPEPBIBEH, a CJBUTU, 33/aHHBIE dIEeMEHTaMU ¢

1 o~ B3aMMHO OBpATHBI JIPYT JPYTY.

26.Cx Awnanormano moKazarenbeTBy yTBepkaenus 26. CX.

26.Ex JIna BCAKOTO OTKPBITOTO MHOXKecTBa U yKazaHHBIE MHOXKECTBA
SIBJIAFOTCS €ro 00pa3amu mpu roMeoMopdu3Max, COOTBETCTBEHHO: JIEBOTO C/IBU-
ra Ha 9JIEMEHT T, PABOTO C/IBUTA HA TOT 3JEMEHT, B3ATHd 0OPATHOTO 3J1e-
MEHTA.

26.Fx Tlycrs x ¢ UV. Tak kax muoxkecrsa U u 2V ! ne nepecexarorcs,
TO B cury 26.Fx. 1 maiimerca okpecTHOCTh W eanHUIBI, TaKasg ITO MHOXKe-
crea WU u 2V ™! musnionkrsr. 3uaunt, Maoxkectso W~z me mepecekaerca
c UV, cnemoBarenbno, momogHerne UV — OTKPBITOE MHOXKECTBO.

26.Fx.1 s kaxjoit rouku x € C BbibepeM OKPecTHOCTb Vi eju-
HUITBI TaK, 9TOOBI OKPECTHOCTH xV, He mepecekasach ¢ MHOXKecTBoMm F. B
cumy  26.Ix CymecTByeT OKpecTHOCTh eamnutbl Wy, Takas ato W2 C V.
Ta.K KaK MHOXKECTBO C KOMITaKTHO, TO y HETro Cy]l[eCTByeT KOHEYIHOE IMOKPBI-
e MEOKecTBaMu Wi = 21 Wy, ..., W, = x,W,, . Hlonoxum Vi = NTW,, .
Torpa CV, C UW;V C UajinZ_ C Ux;Vy,, Takum obpazom muoxecrso C'Vi
He mepecekaercda ¢ F. AHAIOrMYHO CTPOUTCA OKPECTHOCTHL Vo, TaKasd 9TO
muokecrBo VoC' ne nepecekaercs ¢ F. Oxkpecrunocrs V' = Vi NV, obiiajaer
TpedyemMbiM ¢BOHCTBOM. Ecn G — JIOKaJIbHO KOMIIAKTHAS IPYIIIA, TO CJIEIyer
B34ATH OKPECTHOCTH V(E C KOMITaKTHBIM 3aMbIKaAHUEM.

26.Gx Ilycrs muOo)kecTBo V' orKpwiTO B G, @ € V. Ecim okpecTHOCTD
U €T takosa, uro U C a~'V, 10 U C V. B cuny npu3saka 6a3el JaHHOM
TOTIOJIOTHH, X — Oaza Tormogorun rpynmel G.
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26.Hx FEcmn U — HekoTopast OKpecTHOCTHh eamunipbi, To U N UL —
CUMMETPpHUYIHad OKPECTHOCTH €JMHUIIBI.

26.Ix U3 HempepbIBHOCTH YMHOXKEHUs CIeAyeT, ITO HalIyTCd Takme
okpectHocTn emuHunel Vi u Vo, uto ViVo C U. Ecm V = Vi N Vs, 10
Vv cU.

26.Kx Ilycte W — cummerpuvnas OKPECTHOCTH €UHUIIbI, TAKas ITO

W3 C U. Boibepem koueunoe nokperrue C Muoxectsamu suga Wi =z W, . ..

o, W, rie x1,...,2, € C. Ionokum V = ﬂ(xiWaji_l). dcno, uro V — or-
KpecrHocThb eaunnipl. Ecin o € C, o naiigerca sjiement w; € W, Takoii
uro x = z;w;. CilegoBare/ibHoO,

W= wi_lxi_lVajiwi C wi_1WwZ~ cw?cU.

26.Lx Ecmu muoxecrso {1} siBsiercst 3aMKHYTBIM, TO BCE OJIHOTOYEY-
Hble TTOIMHOYKECTBA 3TOM TOMOJOTHIECKON TPYIIBI ABJAIIOTCI 3aMKHYTBIMI,
TakuM 00pazom, G yIOBIETBOPSIET MEPBOii akcuoMe oTaesmmocta, coraa {1}
— 3aMKHYyTOe MHOXKecTBO. Jlokaxkem, uro B 3ToM ciydae G u xaycmaopdosa.
[lycts g # 1 u U — OKpecTHOCTD €IMHUIIBI, He COMeprKaIas 3JeMenT g. B
cumy 26.14x HaiileTcsa CUMMETPUIHAT OKPECTHOCTL V' eJUWHUIIBI, TaKasg ITO
V2 C U. lokazxute, uro MHOXKecTBa ¢V 1 V He IepeceKkaroTcs U BBIBEIUTE
0TCIO/Ia, XayCA0p¢OBOCTh TAHHON TOIOOTUYECKON I'PYIIIIHI.

26.Mx Cwm. 14.C. Ecan equnnia coBmagaer ¢ mepeceveHu-
€M BCEeX CBOUX OKPECTHOCTEH, TO BCAKUI 3JIEMEHT IPYIIIbl €CTh epecedeHune
CBOMX OKPECTHOCTEM, CJIeJOBATEIHHO, TOMOJOIHIECKas TPYII, YI0BIETBO-
pser mepBoit akcuome oraeaumMoctu. B cuiny  26.Lx, ona xaycaopdosa.

26.Px PaccmorpuMm oTkpbiToe MuHOXKecTBO W 1 smement g € W. Bribe-
PeM CUMMEeTPHUYHYIO OKPECTHOCTh V' eumHunpl, Takyio uro V2 C W. Cyme-
ctByer okpectHocTh U € I' egmmaurel, Takag aro U C V. Haiigerca touxa
a € S, takag uro a € gU~!. Torma g € aU ma € gU™' C gV~! = gV.
Bnaunt, all C aV C gV2 C W.

27.Bx Caenyer u3 26.15x.

27.Dx 3T0 Tak, MOCKOJbKY /IS BCAKOTO OTKPBHITOTO B (G MHOXKECTBa
U, muoxecrso UH (coorsercreenno, HU) rakxke oTkpbito B G.

27.Ex llpocrpancrBo G/ [ yAOBIETBOPSIOT MEPBOH aKCHOME OTIE -
MOCTH, TaK KaK JiIs BCIKOrO jieMenTa ¢ € G MHOXKecTBO gH 3aMKHyTO B G.
[TockonbKy Kaxkmoe oTkpbiToe B G/ ff MuHO)KecTBO nmeer Bug {gH | g € U}
(715t HEKOTOPOTO OTKPBITOrO B G MHOXKecTBa U), TO JOCTATOYHO TPOBEPUTD,
9TO I BCAKOM okpectHocTn U eamuunbl B rpymme G HANIETCS OKpPeCT-
Hocth V' emummnbt, takas uro CI(VH) C UH. Ilycts V — cuvmMverpudsaast
OKPECTHOCTD eMHUIbI, Takasg uro V2 C U, cMm. 26.14x. Ecm x € CI1VH,
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TO B oKpecrHocTu Vx mmeercd sjement vh, rae v € V u h € H. 3na-
gur cymecrsyer saement v € V| rakoit uro vz = vh. Cremosarenbno
rcV'WWH=V?HCUH.

27.Fx okaxkeMm, 9TO ecqu mOArpynma H KOMIAKTHA, TO MPOEKITIS
p: G — G/ g 3amkuyTa. Ilycrs muo)kecrBo F' C G 3amkuyTo u x ¢ FH. B
cumy  26.Fx muoxectBo F'H 3aMKHYTO, 3HQYAT y TOYKU & MMEETCS OKPECT-
nocth U, He mepecexarommascd ¢ F'H, cnenoBarensno, maoxkectsa UH u FFH
He mepecekaTcs. TeM caMbIM MbI HAIILIU HACBIIEHHOE OTKPBITOE B (G MHO-
JKECTBO, He TIEPECEKAIOIIeecsi C HACBIEHNEM 3aMKHYTOTO MHOYXKecTBa F', oT-
Ky/ia U CJe/lyeT 3aMKHYTOCTb Hpoekiuu. PaccMoTpuM mpom3BOIBLHOE IIeH-
TPUPOBAHHOE CeMeNcTBO 3aMKHYTHIX B (G MuHOXkecTB. [lo moxkazammomy mx
o0pasbl pu MPOoeKIuu P 0OPA3YIOT MEHTPUPOBAHHOE CEMEHCTBO 3aMKHY ThIX
MHOKECTB, KOTOPOE, B cuty KoMmakTHocTu (G/ [J MMeeT Hemycroe nepecede-
ume. CrreoBaTeIbHO, HaMIETCT TOUKa ¢ € (G, Takas UTO TMEPECETEHNT BCEX
MHOKECTB MCXOJIHOTO CeMeficTBa ¢ MHOKeCTBOM gH 00pas3yioT eHTpupoBaH-
HYIO CUCTEMY 3aMKHYTBIX MHOXKecTB. B cuiy komnakrhHoctu gH, nepecede-
HUE BCEX MHOYKECTB 9TOI CHUCTEMbI HEIyCTO, 3HAQYUT, I'PYIIIIa G KOMITaKTHaA.
Teneps mokazkem csizrocts G. [lycrs G = UUV, tie U u V' — otkpbiThl B G,
HEIyCThI W HE MMEPECeKaloTCs APYTr ¢ ApyroM. V3 cBa3HOCTH JII0DOIO KJtacca
cvexkuoctu gH, g € G, ciepyer, 9ro KaXKJbIil U3 HUX COMEPKUTCS IeJIu-
KOM B OJTHOM 3 OTKPBITHIX MHO)ecTB, U ymubo V. Takum obpazom, rpyria
G pacCitaJ1aeTcd B O6'be,£[I/IHeHI/Ie ABYX OTKPBITBIX W HACBIIEHHbIX MHOZKECTB,
YTO MPOTHBOPEUUT CBABHOCTHU mpocTpancTBa G/ .

27.Gx Paccyxmenne aHAJTOTUTHO TOKA3ATETBCTBY CBSI3HOCTH TPYIITIHI
B yrBepxienun 27 Fx.

27.Hx ro Tax, mockomeky, ecim aHa ' C H, 1o aCl(H)a ! =
Cl(aHa™ 1) c CI(H).

27.Ix Ilycrs C — KOMIIOHEHTa, CBSI3HOCTH eQUHUIBL. KaK BCAKast KOMIIO-
HenTa ceazHocTH, MHoxkecTBo O 3amkuyTo. Tak kax MuoxkectBo O~ ! cBasno
u cozjepxut emunuiy, To C~1 C C. s Besxoro snementa g € C MHO-
xkectBo gC' cBsizHO u mepecekaercss ¢ C'), mosromy gC C C. CrenoBareabHo
C — noxrpymma. Hakowrer, st moboro g € G muoxkecrso gCg~ ! cBsa3uo u
comepxut epunuiy, 3uaunr ¢Cg~! C C, Takum o6pazom C — HOpMA/IbHAS
LHOAIPYIIIA.

27.Jx llycrs G — Tomojioruveckas rpymmna, H — ee HOpMmasbHAs M0/
rpymmna, a,b € G. Paccmorpum B G/ [ TPOM3BOIBHYIO OKPECTHOCTH KJIACCA
cmexxkuoctu abH ; ee mpoobpaszom B rpyitiie G aBJIsI€TCS OTKPBITOE MHOXKECTBO
W cocrosittiee 13 KJIaCCOB CMEXKHOCTH MOAIPYIIbl H 1 cosepKaliee 3/ieMeHT
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ab, B wacraoctu, W — okpecrrocts Touku ab. [lockosnbky G siBisiercst TO-
[OJIOTWYECKO# Tpytoit, Haityrcs okpecraoctu U u V' Todek a u b, coorBer-
creenno, takue yro UV C W. Torma (UH)(VH) = (UV)H C WH, cneno-
BaTEHHO, TPOU3BEJAEHNUE 3JIEMEHTOB (DAKTOPTPYIIIBI OMPENEIAET HEIPEPhIB-
Hoe orobpaxenne G/ X G/ — G/H. Jokaxnure caMoCTOsITEIBHO, 9TO
HenpepeBHO 1 oTobpakernne G/ X G/ : aH — a 'H.

27.Kx 2T0 yTBepXK/JieHUe SBJISIeTCd YacTHbIM ciydaem 27.Dx.

27.Lx Ecun nabop {U,} siBasiercs 6a30it ronosorun rpyunsl G (nim
ba3zoit Tomojorun B HEKOTOPOil Touke), To Habop {Uy,H} ecrs 6aza roro-
noruu B G/ [ (coorBercrBenHo, 6a3a TOLOJOMMU B COOTBETCTBYIOIIEH TOUKe
dbakroprnpocrpancrsa).

27.Mx 210 yTBep:K/ieHUe SBJISIETCd JYacCTHBIM ciydaem 27.Ex.

27.Nx Ecmu H — orkpbiTasg HOpMaJIbHALA IOATPYIIIA, TO BCE
KJIACCHI CMEXKHOCTU TaKKe OTKPBITHI, 3HAYUT, KaXKJ0€ OJHOTOUYETHOE II0/I-
MHO)KeCTBO G/ [f OTKPBITO. Ecnu enqununa B pakToprpye OTKpbITa,
TO TIO OIpejieseHnio (DAKTOPTOMOIOruH MHOXKecTBO H oTKpbiTO B (.

27.0x OueBumHO. [Iycrs f: G — H — rpymoBoit roMoMOp-
buswm, menpepoisabliil B euanne, a € G u b = f(a) € H. [l npousBoIbHOM
okpecrroct U smemenTa b MaoxkectBo b~ U SIBJIsIeTCSI OKPECTHOCTBIO €J1H-
nunpl rpynnbl H. Suaunt, Haiigercs okpectnocth Voeaumnunsl rpynnb G
takas aro f(V) C b~ 1U. Toryma MuOXKeCTBO aV — OKPECTHOCTH 3/IeMEHTa, @
faV) = fla)f(V) =bf(V) C bb~'U = U. Takum o6pazom, f Henpepbisen
B J11000it Touke a € G, 1. e. f — roMOMOPGMU3M B CMBICJIE TOMOJIOTUICCKIX
TPy

27.Px [Iycts f : G — H — orkpbITHIil SrtuMopdusm. jis Bcakoro

orkpbrtoro B G/Ker f Muoxecrsa U ero o6pas Fu) = f(p~'(U)) orkpsir

(3nece p : G — G/Ker f — mpoexius). Ecau orobpazkenne fOTKpblTo,
10 B cuty  27.Dx, f OTKPBITO KaK KOMIIO3UIUST OTKPBIX OTOOPaKeHMUIA.

27.Qx Crnenyer w3 27.Px, 26.Lxwu 16.X.

27.Rx Cnenyer u3z 27.Px, mOCKOJIbKY, KAK HETPY/IHO BUJIETH, ITPOEKITUS
R — S': 2+ €™ — orKpBITOE 0TOOpAIKEHHE.

27.Vx B nannom ciayuvae orobpaxenne Ax B — G : (a,b) — ab sBis-
eTCsl HeIIPEePBIBHON Ouekueil 13 KOMITAKTHOTO ITPOCTPAHCTBA B XayCa0pdoBo,
cae0BaTeIbHo, B cuty 16.X, oHo — romeoMopdusm.

27. Wx Orobpaxenne Ax B — G : (a,b) — ab gaByisiercsa HeIpepbIBHOI
bueknueil. Jlokazkem, 4To OHO Tak:zKe u OTKpbITO. Ilycts U C A u V C
B — okpecrroctu equnun, a € A n b € B. Muoxecrso UaVb = abU'V’,
where U’ = b~ta " 'Uab and V' = b=V, comepxur abW’', tme W’/ — sro
conepskamasca B U'V/ okpecTHOCTD €/MHUIIbL.
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27.Xx Cum. 2/.Bx.
1

27.Yx Orobpaxenne Top X — Top X : g +— g~ HempepbIBHO, TaK KaK
OHO MTEPEBOJIUT TIPeIOa30Bbie MHOKECTBA Torojioruu B Top X B npenbazosbie.
CrnemoBareibHo, yrBEpKIenue Oyaer ciemoBarsh u3 27.Yx. 1.

27.Yx.1 JloctarovHO MPOBEPUTH OTKPLITOCTH Mpoobpasa Jiroboro 3iie-
MeHTa 13 1pendasel ronooruu. s npeadazoseix muoxects suga W (C, U)
9TO Cieflyer W3 yTBepxkKJenus 24.Px, B J0Ka3aTeqbCTBE KOTOPOro ObLIO
MOKA3aHO, 4TO s J00bix snementos gh € W(C,U) cymecrByer oTKpbI-
Toe MuO)ecTBO U’ ¢ KoMmakTHBIM 3ambikanueMm, Takoe uro h(C) C U’ u
g(ClU") € U. B rakom cayuae h € W(C,U"), g € W(CIU',U), and gh €
p(W(CLU",U) x W(C,U")) ¢ W(C,U). Tenepsr paccmorpum mpeadaso-
Boe MuoxkectBo (W (C,U))™! u cBeseM IpOBEepKY OTKPBITOCTH €ro Ipoo6-
pasa K paccMOTpeHHOMY ciydgaio. [eiicturemsno, gh € (W (C,U))~!, co-
rma h~lg~! € W(C,U). Bribepem oTKpBITOE MHEOKeCTBO U’ ¢ KOMIAKTHBIM
sambikanneM Tak, aTo6er ¢~ (C) C U’ u h™}(ClU’') C U. Torma g~ ' €
W(C,U"), h~t € W(CI1U",U), crenosarensro h~ g~ € ¢(W(CIU',U) x
w(C,U") c W(C,U).
BaMernM, 94TO yTBEPKIEHNE JIEMMBI CIIPABE/TNBO TAKKE /I OOBIIHOM KOMITAKTHO-
OTKPBLITOI TOMIOJIOTHN Ha MHOXKecTBe Top X.

28.Gx JlocTaToOvHO TPOBEPUTH OTKPBITOCTH MPo0Opa3a KaxKJOro 3Je-
MeHTa u3 npeadassl Tomosoruu. g npemnda3oBbiX MHOXKECTB BHUA TO CJie-
ayer u3 yreepxennsa 24 Px. Tenepws nycrs ¢(g) € (W(C,U))~L. Torma
é(g~t) € W(C,U), cieposarebno Haiijercss OTKPbITas OKPECTHOCTL V. 3j1e-
menta g~ € G, taxas uro ¢(V) C W(C,U). 3uaaur V1 - oxpecrnocts g B
G, raxas uro (V1) Cc (W(C,U))~!. (O6parure BHUMAHME, YTO YCJIOBHUS,
HAJIO’KEHHbIE Ha TPOCTPAHCTBO X TpebOBATMCH MCKJIIOYATENBHO JIJIS TOTO,
410661 Tpynna Top X 6bl1a TOMOJOTHIecKoil. )

28.Ix Ilposepum, uro 3jement 1 € G gBigeTcd M30JIMPOBAHHONE TOY-
koit. Ilycts V' — OKpecTHOCTH eJWHUIIBI C KOMIIAKTHBIM 3aMbIKAHUEM. 1aK
KakK xacaopdOBO JIOKAJIBHO KOMIAKTHOE TPOCTPAHCTBO PETYJISIPHO, TO Haji-
nercsa okpecrnoctb U epununpl, rakas dyro ClU C V., B wacrnocru, ClU
— KOMITAKTHOE MHOYKECTBO. JIjIst Kask0ro m3 KOHewHOro Habopa 371eMEeHTOR
gr € G, rakux uro (gpU) NV # () Beibepem Touky x, € X takum oGpa-
30M, 9TO gk (Zg) # Tk U ee OKpecTHOCTD Uk, HE CONEPKAILYIO TOUKY gk (Tf).
Yo6eaurecn, uro nepecevenne G N W (CLU, V) N W (zg, Ux) aBasiercs oj-
HOTOYETHBIM MHOKECTBOM, COJAEPIKAIIMM TOJTHKO €JIMHUILY.

28.Jx Cnenyer u3 16.X.

28.Kx IIpocrpancrBo X/ KOMIIAKTHO KaK HEIPePbIBHbIA 06pa3 KoM-
nakTHOro npocrpancra X. Hrobel jokasars xaycuopdosocrs X/, pac-
cMorpuMm JsiBe pazauunbie opoursl G(z) u G(y). B cuny kKomnakraOoCTH OpP-
ourer G(y) maitgyrcs menepecekaromumecss okpecrnocru € U u V' D G(y).
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B cuiy kommakrHOCcTH opburhl G(x) cyiiecrByer KOHEUHbI HABOD dj1eMeH-
TOB g, € G, Taxoit uro muokecrsa UgpU nmokpeisaior G(x). Torga muoxe-
creo Cl(UgrU) = UClgrU = Ugy C1U me nepecekaercs ¢ G(y), Tak kax
ClU N G(y) = @. Caenosarensuo X/ — xaycaopodoBO MPOCTPAHCTEO.

28.Mx B cuny 28.Nx m0cTaTovqHO JH0KA3aTh, YTO KAHOHUYECKOE 0TOD-
paxenne f : G/Gr — X aBagercsa oTkpbiThIM. Ilycrs V' — okpecTHOCTD
€JIMHUIBI C KOMIAKTHBIM 3aMBIKAHUEM, & OKPECTHOCTh U eJUHUIBI TAKOBA,
aro C1U-C1U C V. Ilockosbky B rpyiie G UMEeTcs CI€THOe BCIO/TY TLJIOTHOE
MHOKECTBO, TO CYIIECTBYET II0CJIE/IOBATEILHOCTD 3JIEMEHTOB ¢, € (G, Takasd
uro MHOXKecTBa ¢n,U 00pa3zytoT orkpbiToe mokpeiTue rpymmnbl G. OcTrajioch
Jl0Ka3aTh, 4TO 110 Kpaiineii mepe ogno uz muoxkects f(g,U) = gnf(U) =
9nU () mmeercss BHyTpennssi Touka. IIpeanosokum nporusnoe. [Tockosn-
Ky mpocrpanctBo X xaycaopdoBO ¥ JIOKAJIbHO KOMITAKTHO, W KaXKJ0€ U3
muOKEeCTB f(g, ClU) Takxke SBISETCS KOMIAKTHBIM, TIOCTPOMM II0 MHIYK-
MY BJIO2KEHHYTO [TOCIE0BATEIbHOCTh OTKPBITHIX MHOXKeCTB W, C X ¢ KOM-
TMaKTHBIM 3aMbIKaHUEM, TaKYyIO 9TO MHO2KECTBO Wn HE TmepecexkaeTcCda C MHO-
xecramu grpUx nipu Bcex k < n, a nepeceuenue g,UxrNW,, zamxuyro B W,.
B pesynbrare MbI mosyunm HemycToe MHOXKecTBO MW, He mepecekarmeecs ¢
G(x), 9TO MPOTUBOPEYUT YCJIOBHUIO.

28.Nx D10 Tak, MOCKOJbKY KaHOHHWYECKoe orobpaxkenme G/Gr — X
sIBJIFETCS HempepbiBHOU Ouekiumeit. [loaromy ono — romeomopdusm, corjya
OHO OTKPBITO.
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DTy 9acTh KHUTH MOYXKHO PaCCMaTpPUBATH B KaUeCTBe BBEJEHUS B ajred-
panvIecKyio TOMOJIOTHIO — Pas/iesia TOMOJOTHN, B KOTOPOM TOIIOJOTHIECKTE
BaJIAYTN CBA3BIBAIOTCS C ANTeOPAMIECKIMI. DTH CBI3M UCTOJB3YIOTCA B 000-
X HAIPABJIEHUSX, OJIHAKO CBEJEHME TOIOJOIMYeCKUX 3aJjad K ajredpe Ha
IIEPBBIX TOPAX OKA3bIBAETCH I10JIE3HEE, MOCKOJIbKY ajredpa oObIYHO Jierye.

CBs13u 00BIMHO yCTAHABJIMBAIOTCS COTVIACHO Cjeiayroteil cxeme. V306pe-
TaeTCsd KOHCTPYKITUS, KOTOPAsi IO BCIKOMY TOIOJIOTHYECKOMY MTPOCTPAHCTBY
X coopyzxaer HEKOTODbIil anrebpamdeckuii 06bekT A(X). D10 MOKeET OBITH
rpyIIa, KOJIbI0, IPOCTPAHCTBO C KBAJApaTudHoil ¢popmoit u T. . ComyTcTBy-
TOITAsT KOHCTPYKITHS TI0 BCIKOMY HepepbIBHOMY oTobpaxkennio f: X — Y
cozmaér romomopdusm A(f) : A(X) — A(Y). Dru KOHCTPYKIUK JIOJXKHBL
YAOBJIETBOPATHL HEKOTOPBIM €CTECTBEHHbLIM YCJIOBUAM, KOTOPBIE ITO3BOJINJIN
6]31 CBA3bIBATH TOIIOJIOTUYECKUE ABJIEHUA C UX aﬂFe6paI/IquKI/IMI/I O6pa.3&MH.

CymectByeT Gecunc/ieHHOE MHOXKECTBO KOHCTPYKINii mo006H0r0 pona. B
9TOil YaCTH MBI OyIeM 3aHUMATHCS [MOYTU UCK/IIOUATEHHO OJHONU W3 HUX —
caMoii TIepBOii ¢ TOYKN 3peHns XPOHOJOTUN MaTeMaTuku. V3006pém eé Ampn
[TIyankape B Konre XIX Beka.



L'nasca VI

I'omoTomnum n
dyHaaMeHTaJIbHAasI
rpynmna

29. T'omoTonum

29’'1. HenpepsbiBHble gedopManuu 0TOOparkeHmii

29.A. Bo3MOXKHO JTM HEMPEPBIBHOI jtedhopMaliieil npeBpaTuTh:

TOXKIeCTBeHHOe oTobpaxkenue idgz : R? — R? B mocTogHHOE 0TOG-
paxenne R? — R? : z — 0;

TOXKIecTBeHHoe oTobpaxkenue idgi : ST — S B cummerpmo S —
Stz —2 (37€Ch 2 — KOMILTEKCHOE [HCII0);

TOXK IecTBeHHoe oTobpaxkenue S — S B mocroanHOE 0TOGpAXKeHHE
Sl — Stz 1,

TOXK IecTBenHOe oTobpaxkenue S — S B 1ByKpaTHOE 06EpTHIBAHIE
St — St 2z 22 (31aech oxpyxmocTh S' oTONmecTBIZETCA C
muoxectBoM {z € C | |z] = 1});

srmouenne S — R? B mocrogHHOE 0TOGpaXKeHHE;

srmouenne S — R? \ 0 B mocrosgnnoe orobpaskenue?

29.B. 3azadxa. Kakoii cMbIC/T BBl BKJ/IA/IbIBAIN B CJI0BA “HEIIPepbIBHAS Jle-
dopmarma’, peras IpeablIyIyio 33 ady 7

223
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DroT naparpad HOCBAIIEH [IOHATUIO FOMOTONUA, KOTOPOE Kak pa3 u (pop-
MaJin3yeT HAIlll WHTYUTUBHBIE IIPEICTABICHUs O HEPEPBIBHOM redopmarimn
0TOOpaAYKEHMSI.

29’2. TomoTonusa Kak oToOpakeHue U Kak ceMeiicTBo oTo0parkeHuii

IMycrs f, g — aBa HEIpPepBIBHBIX OTOOPAXKEHUsI TOMOJJOIMIECKOr0 MPO-
crpaucrBa X B TomoJsiornydeckoe npocrpanctso Y u nyctb H : X X I — Y
— HenpepbiBHOE oTobOpakenue, takoe uro H(x,0) = f(z) n H(x,1) = g(z)
mas Beex ¢ € X. Torma orobpakenns f m g Ha3BIBAIOTCST FOMOTOMHbIMY, A,
H wnaszwiBaercs romotonueii mexay f u g.

Hnax € X ute I obosnaunm H(x,t) gepe3 hy(x). 3a momobHBIM H3Me-
HeHmeM 0003HAYEHU CTOUT M3MeHeHne TOUKM 3perns ua H. [leficTuresn-
HO, jyis bukcupoBanuoro t dbopmysa x — hy(z) ompesenser oTobpazKeHme
hy: X — Y, u H Teneppb mpeacTaér Kak CeMeiicTBO 0ToOpaXKenmii hy, 3aHy-
MepOBaHHLIX dncaamu t € 1.

29.C. Kaxoe u3 orobpakennii h; HEIpepbIBHO.
29.D. Chuemyer jiu U3 HEIPEPHIBHOCTUA OTOOPaKeHMit h; HEPEPBIBHOCTH 0T00-
paxkenns H?7

Yenosua H(x,0) = f(z) m H(x,1) = g(x) B ucxomnom onpejenennn
TOMOTOITUU MOTYT OBITH 3amucansl Kak hg = f u hy = g. Tem cambiv romo-
TOTIMIO MEXKTy f M g MOXKHO PACMATPUBATL U KaK HENPEPLIBHOE CEMENCTBO

HenpepbIBHbIX 0Tobpaxennii, coepunsiiomiee [ u g. IlogpobHee Mbl IIOrOBOPUM
06 sTom B 29'10.

29’3. T'OMOTOIIHOCTb KAaK OTHOIIIEHUE

29.E. TomMomonHocmb AGAAEMCA OMHOWEHUEM IKEUBAAEHMHOCTU.

29.E.1. /las 2106020 nenpepuerozo omobpasicenus f: X — Y omobpasicernue
H:XxI—Y: (x,1)— x asasemcsa zomomonuets mexcdy | u f.

29.E.2. Ecau H — zomomonusa meoncdy [ u g, mo omobpasicenue H' : X x [ —
Y (z,t) — H(z,1 —t) asasemea zomomonuetls mestcdy g u f.

29.E.3. IIycmv H — zomomonus mexncdy [ u f', a H — 2omomonusa mesncoy
/" u f". Tozda omobpasicenue H" , onpedenennoe dopmynoti

H (5, 1) = H(x,2t) nput € [0,3],
’ 1

H'(z,2t —1) npute [1,1]
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asasemes zomomonuet mexcdy [ u .

lomoTomHOCTD, OYAyYN OTHOIIIEHUEM SKBUBAJJEHTOCTU, OMPEJEIIeT pas-
ouenne muoxectBa C(X,Y') BCEBO3BMOXKHBIX HEIIPEPBIBHBIX OTOOPaXKEeHHil po-
crpancTBa X B IPOCTPAHCTBO Y Ha KJIACChl SKBUBa/ieHTHOCTH. OHU HA3BIBA-
TOTCSI FOMOTOMUYECKUMY KAACCAMM TV KJAACCaMU FOMOTOMHbIX OTOBParkeHnii.
MHO0KecTBO TOMOTONUYECKUX KJaccoB orobpaxenuit X — Y obo3nadaercs
gepe3 m(X,Y) (Bcrpeuatorcs u apyrue obosmavuenusi, Hanpumep — (X, Y]).
Ecnu orobpazkeHue roMOTOIMHO TOCTOAHHOMY, TO OyJIeM FOBOPUTH, YTO OHO
FOMOTOMHO HYJIIO.

29.1. [oxaxwure, aro maa moboro X muokecTBO (X, ) COCTOUT U3 OTHOTO dJ1e-
MEHTa.

29.2. Jlokaxkure, 9TO ABa HMOCTOSHHBIX OTOOpakenwns Z — X TOMOTOITHBI, COTI
nx 00pa3bl JIeKaT B OHONW KOMIIOHEHTE JIMHEHHOM CBI3HOCTH IPOCTPAHCTBA X .

29.3. Jokaxwnre, 9T0 IUCI0 1eMeHTOB MHOX)ecTBa 7 ([, Y) coBnagaer ¢ amcaom
KOMIIOHEHT JIMHEITHOM CBA3HOCTU IIPOCTPAHCTBA Y .
29'4. IIpsimoyiMHEWHasE TOMOTONUS

29.F. Jliobbie nBa HEempepwiBHBIX oToOpaxkenud f,g: X — R™ romoromnHs.

29.G. Pemure npeabIynlyio 3aady, MoKa3as, 910 GpopmyJia

H(x,t) = (1 —1)f(x) +tg(x)

3a/1a€T TOMOTOTIHIO MEXKIy oToOpaxeHnsaMu f u g.

Tomoronust, mocrpoentast B 29.G, Ha3bIBACTCS MPSIMOAUHENHON FOMOTO-
nmei.

29.H. JIBa n100bIX HEPEPBHIBHBIX 0TOOPaYKEHUs ITPOU3BOIBLHOIO TPOCTPAH-
CTBA B BBIMYKJIOE ITOJMHOXKECTBO €BKJIM/I0BA mpocTpancTBa R™ roMOTONHbL.

29’5. OTobparkeHusi B 3B831HbIE MHOXKECTBa

MuoxkectBo A C R" Ha3bIBAeTCT 3BE34HbIM, €CJIA CYIIECTBYET TaKas TOYKA,
a € A, aro aya mo6oii Toukn x € A oTpe3ok [a; x| Mexkay a u T comepurca B A.
Bymem Ha3bIBaTh TOYKY G HMEHTPOM 3Be37bl (KOHEIHO, IEHTP 3BE3IbI OMPEIEICH
HEOIHO3HATHO ).

29.4. [okaxkwure, 94TO JII00BIE /1B HEIPEPHIBHBIX O0TOOPAYKEHUSI B 3BE3HOE MHO-
JKeCTBO I'OMOTOIIHBI.
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29'6.

29'7.

29'8.

29.1.

OTobpakeHus 3 3Be3HbIX MHOXKECTB

29.5. okaxxure, YTO BCAKOE HEIIPEPHIBHOE OTOOPaKeHNE 3BE3IHOT0 MHOXKECTBA
C C R" B 1pou3BoJIbHOE IPOCTPAHCTBO FOMOTOIHO IOCTOSHHOMY OTOOPasKEHUIO.

29.6. Haiinure ycnosue (dbopmynmpyemoe B T€PMUHAX M3BECTHBIX TOMOIOTHIE-
CKHX CBOHCTB MPOCTPAHCTBA X ), MPH BBITIOJHEHUH KOTOPOTO JIIOOBIE TBA HEIpPe-
PBIBHBIX OTOOPAKEHUs 3BE3THOTO MHOXKECTBA B MPOCTPAHCTBO X TOMOTOITHBI.

IIpocTenbkue roMoOTOINHU

29.7. JlokaxkuTre, 9TO BCAKOE HECIOPHEKTUBHOE HEIIPEPHIBHOE 0TOOpAYKEHUE MPOo-
M3BOJILHOIO TOIOJOTUYECKOrO IIPOCTPAHCTBA B S TOMOTOIIHO HYJIIO.

29.8. oxkaxwure, ITO ABA JTIOOBIX 0TOOPAKEHHUS OJHOTOUYETHOTO [IPOCTPAHCTBA B
R™ ~ 0 upu n > 1 romoTomnHsbI.

29.9. Haiinure nBa HETOMOTOIIHBIX OTOOPAXKEHUs OJHOTOYETHOIO IIPOCTPAHCTBA

B R~ 0.

29.10. Bprauciaure, upu pa3/indHbIX 3HAYEHUAX M, N U K, IUCTIO TOMOTONITIECKIX
KJIACCOB OTOOpParKeHumit

n
{1,2,...,m} = R" ~{z1,22,..., 2k},
npeanosaras, 9YTo TOMOJIOrud B MHOXKecTBe {1,2,...,m} auckperHa.

29.11. Tlycrp X — upou3BOJIBHOE TOLOJIOTUYECKOe mpocTpancrso, f,g @ X —
R™ \ 0 — HenpepbiBHbIe 0TOOpazkenus. Jokaxure, aro ecau | f(x) — g(z)| < | f(x)]
mtst jmioboro x € X, To orobpaykeHus: f M g TOMOTOIIHBL.

29.12. [lokaxwTe, 9TO I JIOOBIX IBYX MHOTOWIEHOB p u ¢ Hax C omHOoit u Toit
JKe CTEIeHM CyIiecTByeT Takoe umciio 7 > 0, aro mys Bcsikoro R > r dbopmysist
z — p(z) m z — ¢(z) onpenensaior romoromusle orobpaxkenus {z € C : |z| =

R} — C~0.

29.13. Ilyctp X — mpom3BOSIBHOE TOIIOJIOTMYECKOe IPOCTPAHCTBO. Eciam mermpe-
y

pBIBHBIE OTOOpaxkenus f,g: X — S™ rakosbl, uto |f(xz) — g(x)| < 2 mna Beakoro

x € X, 10 f roMOTOIHO g.

29.14. Ilycrs f : S™ — S™ — menpepbiBHOE oTOGpazkeHue. JJoKazkKuTe, 4TO €CJIN
OHO HE MMEEeT HENOABMKHBIX TOUEK, T. €. ecnu f(x) # x nya moboit roukm x € S™,
TO f TOMOTOITHO IIEHTPAJIBHON CHMMETPUH T > —T.

JIBa ecTecTBEHHbBIX CBOMCTBA rOMOTOMNMUI

Ecm h : A - X, f,f/ : X - Y, g:Y — B — HenpepblBHble

orobpazkerns u F' : X x I — Y — romoronust mexky f u f', mo goFo(hxidy)

— romoronus Mexy go fohugo f'oh: A— B.

29.J.

3azadka. B ycnoBugax mpeapiayineit 3amadn 29.1 ompemennre ecre-

crBeHHBIM OOpazom orobpaxkenue 7(X,Y) — mw(A, B) u BbIOUIIATE €cTe-
CTBEHHBIE CBOMCTBa 3TOW KOHCTPYKIIUU.

29.K. HenpepsoiBabie orobpaxkenusi f,g : X — Y X Z TOMOTOIHBI, COIJa
pry of rOMOTOIIHO Pry 0g U Pry of roMoToHO pry og. (3meck pry : Y X Z —
Yupry:Y x Z — Z — upoekuuu.)
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29’9, Caa3aHHBbIE TOMOTOITUN

IIycte A C X. Toopsar, uro romoronus H : X X [ — Y cBsizaHa Ha
A wnmm, xopoue, ato 3t0 A-romoronus, ecnu H(z,t) = H(x,0) mrs Bcex
x € A, t € I. OrobpaxKkemnusi, KOTOpbIe MOXKHO COeIUHHUTL A-romoromnmei,
Ha3bpIBAIOTCH A-romoTonHsimy.

Koneano, A-romororsbie 0TOOpazKeHus 00s13aHbl COBIIAIaTh HA MHOXKE-
crBe A. Eciin X0TsT M0IU€PKHYTH, YTO HUKAKOIO YCJIOBUSI CBI3aHHOCTU He
[IPEJIIOJIAraeTCsd, TO TOBOPAT, YTO PACCMATPUBAEMas TOMOTOIUS sIBJISETCS
cBobogHoii. Ecin »xe Mbl, Ha000pOT, XOTUM MOJYEPKHYTH, YTO PACCMaTPUBA-

€TCdA CBA3aHHAA T'OMOTOIINA, TO TOBOPUM, 9YTO OHA ABJIACTCA OTHOCI/ITeJ7bHOI>I/.1

29.L. Tak ke Kak u /s 00bI9HOIT (CBOOOAHOI) roMoronnn, oTHOIIeHHe A-
TOMOTOITHOCTH OTOOpasKeHUil eCTh OTHOIIEHNE SKBUBAJICHTHOCTH.

Kiaccer, Ha KOTOpBIE OTHOIIEHWE A-NOMOTOIMHOCTH pa30UBaeT MHOXKE-
CTBO HeNpepbIiBHBIX orToOpakenuit X — Y| copuagaromumx Ha A ¢ orobpa-
xerueMm f: A — Y HaseiBaiorcst A-roMoTONMYECKUMU WU OTHOCUTENbHbIMU
KJTACCaMU HENPEPBIBHBIX MPOOJIKeHIT orobparkenust [ Ha X.

29.M. s kakux A C X npsiMosiuHeiHast TOMOTOIUSI MEXK/ly HElpPepbIB-
HbiMu oTobpaxkenusivu f, g : X — R” cBazana na A7
29'10. TomoTonumu u mMyTH

Hanmomunwm, aro nyTém B mpoctpancTBe X Ha3BIBAETCS JIIOO0E HEIPEPHIB-
Hoe orobpazkenne I — X. (Cwm. 13.)

29.N. 3azadxa. B KakoM CMBbIC/Ie BCIKUIl TyTh SBJISIETCS TOMOTONUEH?
29.0. 3azadkxa. B xaxom cwmbic/ie BCIKasg TOMOTONUS COCTOUT W3 IyTeit?

29.P. 3aeadka. B kKakoM CMBIC/TE BCSIKAs TOMOTOINNS SBISETCS TTyTEM !

Hanomuum, 4t0 KoMnakTHo-oTKpeiToli Tononorueii B muoxkecrse C(X,Y)
HA3bIBAETCS TOINOJIOTUS, IPe10a30ii KOTOPON SIBJISIFOTCS BCEBO3MOZKHbBIE MHO-
xkecrBa Buga {¢ € C(X,Y) | ¢(K) C U} mig KOMIAKTHBIX MHOYKECTB
K C X u orkpeirbix MHOKecTB U C Y (cm. 24x).

29.Ax. Bceaxkag romoromnus h; : X — Y ompenenser myTh u : t — hy B
npocrparctse C(X,Y), cHaOKEHHOM KOMIIAKTHO-OTKPBITOI TOIOIOTHEI].

29.Bx. Ecnu npocrpancrBo X JIOKaJbHO KOMIAKTHO U XaycaopdoBO, TO
Besikmit myTh B C(X,Y') (¢ KOMIAKTHO-OTKPBITON TOMOJIOTHEN) OIpe/iesiser
HEKOTOPYIO TOMOTOIIHIO.

11_[pe,z;ocTepex(eHI/Ie: CYIIECTBYET IIOXOKEee MOHATHE C TeM 2Ke Ha3BaHUEM — OTHOCHTEJIbHAS
TOMOTOIHUS, OJHAKO OTJIHYAIONIeecs OT BBEJEHHOIO BBIIIE.



228 V1. I'omoronnn u pyHmaMeHTa IbHAS IPYIITa

29'11. Tomoronuu myreii

29.Q. pa nytu B npocTpancTBe X CBOOOJHO TOMOTOIHBI, COIVIA UX 00Pa3bl
JIezKaT B OJHOU U TOI »Ke KOMIIOHEHTe JIMHEeWHONH CBA3HOCTHU 3TOr0 IIPOCTPAH-
CTBA.

Pezysibrar 910t 3a7a4n MOKA3bIBAET, UTO MOHSITHE CBOOOIHONW TOMOTO-
iy nyTeit He mpejcraisier waTepeca. C JApyroit CTOPOHbBI, OJIHA, U3 PA3HO-
BU/IHOCTEH OTHOCUTE/IbHOM IOMOTOLUM IIyTell urpaer O4eHb BazKHYIO POJib.
1o {0, 1}-romoronus. B cBsi3u ¢ 3TMM TPAAMIMOHHO 110/, FOMOTOMMEN My Teli
BCerjia MOHUMAIOT FOMOTOIHUIO, CBA3aHHYIO HA KOHIAX OTpe3ka [ (T. €. Ha
muoxkecrse {0,1}).

Ob6o3navenue: {0,1}-rovoronmaecknii Kaacc myta s (B JaabHeiiniem
IIPOCTO — FOMOTONMYECKHIl KTacc) obo3HadaeTcsa depes [s|.
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30. T'omoTonumvyeckue cBOiicTBA YyMHOXKEHU
nmyTren

30'l. YMHO>KeHUE TOMOTOIMMYECKUX KJIACCOB My Teii

Hanomuum (cm. 13), 9ro nmytn w u v B npocrpancree X MOXKHO Iiepe-
MHOXKUTB, ecyin Hadas1o v(0) mytu v coBmagaer ¢ kourom (1) myru u. I[Ipo-
U3BEJIeHNe UV OIpeeseHo (hopMyIoit
u(2t) mpu t € [0, %],
v(2t—1) upute [3,1].

'/—)_\_*_/7/1)(.1)

u(0) u(1)=v(0)

uv(t) =

30.A. Eciu nyth u roMoTONeH mytu u', myTh v TOMOTOIEH IyTH v’ U Cy-
IIECTBYET POU3BE/IEHUE UV, TO CYIIECTBYET Ipousseaenue u'v’, u 0HO roMo-
TOIIHO IIPOU3BEICHUIO UV.

OnpejenuM npousBejieHre FOMOTOINYECKUX KJIACCOB IyTeil U u U Kak
romoronryeckuii kiaace myru uv. Takum obpazom, npoussejenue [u][v] onpe-
JIeJIEHO TOI/Ia 7K€, KOT/Ia OLPEJIe/IeHO U pousse/ienue uv, u [u][v] = [uv]. dro
ompejiesieHne — u3 Tex, 4To TPebyIoT J0KA3aTeIbCTBA.

30.B. IIpoussedenue 20MOMONUECKUT KAAGCCO8 NYMET onpedeseno Koppexm-
no, m. e. ecau [u] = [u] u [v] = [v'], mo [uv] = [u/v'].2

30’2. AcconuatuBHOCTD

30.C. AcconmaTnBHO SN YMHOYKEHUE My Teit?
Koneuno, sToT Botpoc crout chopMyaupoBaTh 60J€e TOTHO.
30.D. Ilyctb w, v U W — MyTH B HEKOTOPOM IIPOCTPAHCTBE, Jjisd KOTOPBIX
onpezenennl npoussenenns uv u vw (. e. u(l) = v(0) n v(l) = w(0)).
Bceerpa s Bepro, uro (uv)w = u(vw)?
30.1. [Jokaxwure, 9TO 715 My Teil B XaycA0pGhOBOM MPOCTPAHCTBE PABEHCTBO (uv)w =

u(vw) UMeer MeCTo, COrfa KaxKIblil U3 STUX IyTeil siBJISleTCs IOCTOSTHHBIM 0TO0-
Pa2KeHHeM.

30.2. Bazadxa. Haiigure HEOCTOSHHDBIE IyTH U, U X W B AHTUINCKPETHOM IIPO-
crpancrse, Takue 910 (uv)w = u(vw).

30.E. YmHootceHue 20MOMonuMeckur Kaaccos nymeﬂ accoyuamueHo.

2I{OHe“IHO7 B TOM CJIy4ae, KOrjJja KOHEYHAs TOYKa IIePBOro IIyTH COBIIAJAELT C HAYaAJbHOU TOY-
KO#1 BTOpPOTO.
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30.E.1. Ilepedopmymupyiite Teopemy 30.FE B TepMuHaXx myTeil 1 ©X FOMOTOIIHIA.

30.E.2. Haiinure takoe orobpaxkenue ¢ : I — I, 910 ecsid u, v 1 w — ITO Uy TH,
npuaem u(1) = v(0) u v(1) = w(0), To ((uwv)w) o p = u(vw).

30.E.3. Beakuit myTh B [, HAUMHAIOMIUICA B HYJIe U 3aKAHIUBAIONINICS B €/I1-
uure, romoronen nytu id : I — 1.

30.E.4. Ilyctb u, v u w — TakwWe IIyTH B HEKOTOPOM IIPOCTPAHCTBE, YTO MPO-
usBesenus uv u vw oupexenenst (1. e. u(l) = v(0) u v(1) = w(0)). Torma myrs
(uv)w romorouen nyru u(vw).

Ecnm BBI X0THTE OHATL CMBICT TeopeMbl 30.E, TO HyKHO MpeK/ie BCEro
0COo3HAThL, 4TO myTn (uv)w u (VW) UMEIT OJHY M Ty YK€ TPAEKTOPUIO, 2
pa3uvaioTCsd JIMITh “pacrucanueM jaBuzkeHust 1o meit. [losromy mirsa Toro,
9TO0OBI HAWTH TOMOTOIWIO MEXKJIy HUMU, HYyKHO JIUIIb HANTH HEIPEPLIBHBIHI
crrocob mepexo/a OT PACHUCAHUs OJHOTO W3 HUX Ha PACIUCAHUE JAPYroro.
[TpesiokeHHbIe BBITITE JIEMMBI JTaf0T POPMATBHBIN CITOCOD TAKOTO MEPEX0/a,
HO TOTO ke Y dPeKrTa MOKHO JTOOUTHCT U MHOTHMU JIPYTUME CIIOCODAMU.

80.3. Bpummure asubie dopmynbl qiug romoromuu H mexay myravu (uv)w u
u(vw).
30’'3. Eaununa
st mpousBosibHOM ToOUuKM a € X 0003HaYUM uepes €, nyTh I — X 1t —
a.
30.F. dsnsiercsa u myTh €, eIUHUIEH (C TOYKN 3PEHUS MPOU3BEICHUS IIy-
Teii)?
Packpoem cmbic 3T0oTr0 BOmpoca:

30.G. llycts u — myTh, HAYUHAIOMIKIICA B TOUKe a, T. €. u(0) = a. Bepno Jn,
aT0 equ = u? Ananornvno, BepHO Jiu, uTo ecam v(1) = a, To ve, = v7

30.4. Jokaxure, 9TO €CJIH €,U = U U IPOCTPAHCTBO YIOBJIETBOPAET IIEPBOM aK-
CHOME OTIEIMMOCTH, TO U = €q4.

30.H. I'omomonuueckut kaacc [eq] nymu e, Asasemca edunuyet omHocu-
MEAbHO YMHONCEHUA 20MOTNONUYECKUT KAACCOE NYMe.
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30'4. Ob6paTHbBIE 3JIEeMEHThI

Hamomuanm, 910 /1151 BCIKOTO TIyTH 1 OOPATHBIM K HEMY HA3bIBAETCS My Th

u~t, ompenenennbrit bopumystoit u”t(t) = u(l —t) (cm. 13).

30.1. dBngercs jiu 0OPATHBIN IyTh OOPATHBIM B CMBIC/IE YMHOXKEHUS Ty Teii?

Hpyrumu cioBamu:

30.J. Bepuo ju, 9T0 €C/u MyTh % HAYUHAETCI B TOYKE ( W 3aKAHIUBACTCS

B ToUKe b, TO uu ' = e, m uu = ep?

30.5. JloxaxkuTe, 9TO €CJH Ul L = eq, TO U = €q.

30.K. Jlrs 6carozo nymu v 2omomonuveckuti kaacc obpammozo nymu v !

AGAACTNCA 06PAMMBLM K 20MOMONUNECKOMY Kaaccy nymu v: [v] 1t = [v~1].

30.K.1. Haiinure Takoe orobpazkenue o : [ — I, aro vv~! = vop nis Begakoro

IIyTH V.

30.K.2. Beakuii nyTh B I, HAUMHAONIAHCS W 3aKaAHIUBAIONTANCS B HYJIE, TOMO-
TOIEH MOCTOSHHOMY IyTH € : [ — .

MsI BUIUM, 9TO XOTs C aaredpPantieckoil TOUKM 3PEHus Omepalius yMHO-
JKeHUd myTeil He 06/1a7aeT OOBITHBIMI CBOMICTBAMEU, TAKUMU KAaK aCOIUATHB-
HOCTB ¥ T. II., OHA OIIpejesisdeT B MHOXKeCTBe F'OMOTOINNYECKUX KJIACCOB IIyTeil
OIIepaIio, KOTopas 06/1a1aeT TPUBBIYHBIMEU aIreOpPaniecKuMu CBOMCTBAMU.
EnuacTBeHHBIIl HETOCTATOK 3TOI OMepaluy B TOM, UTO OHA OIpeeTeHa He
JIJTst JTFOOBIX JIBYX KJIACCOB ITyTeid.

30.L. 3azadrxa. Kakne moaMHOXKECTBA MHOXKECTBA TOMOTOIHIECKUX KJIac-
COB IIyTeil SBJIAIOTCS IPYIIaMI OTHOCHTEILHO IMEPEMHOKEHHUsI, N3y ICHHOTO
BblIIe?
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31. ®yHaamMeHTaJibHAd IPyIIIa

31’'1. Onpenenenue pyHIAMEHTATBHON I'PYIIIbI

IIycres X — Tomosormaeckoe npocrpanctso, g € X. Ilyts B X, KoTopsbiii
HAUMHAETCA U 3aKaHYUBACTCS B TOUYKE T, HA30BeM MeT/IeN pocrpaHcrsa X
B xo. O603HaunM uepes 21 (X, xo) MHOXKECTBO mereb X B TOUKE X(, & 4epe3
m1(X,29) — MHOXKECTBO TOMOTONUYIECKUX KJIACCOB TaKUX mereb. B oboux
muo)kecTBax (X, zo) u 71 (X, x9) uMeeTcs omepars yMHOKEHUSI.

31.A. Jlas mobozo monosozuueckozo npocmparcmea X u 410001 e20 Mmowky
o mHoocecmso T (X, xg) 20MOMONUUECKUT KAQCCOE NEMEAD NPOCTNPAHCTNEE
X 6 mouke xo ¢ 6sedennoti 6 30 onepavuets YMHONHCEHUA 20MOMONUYECKUL
KAGCCO8 ABAAECMCA 2PYNNOT.

Ipynna 71 (X, 2¢) Ha3bIBaeTCA yHAAMEHTANBHOMN PYNNONA TIPOCTPAHCTBA
X B TouKe xg. Ona 6n11a BBemena Aupu [lyamkape, moIToMy HHOTTA €€ Ha3bI-
BatoT rpynnoii [lyaHkape. Byksa 7 B 0603Hatuenun — To2ke B 9ecThb Ilyankape.

31’'2. Orkyna nngexc 17

Hwxuawit nagexc 1 B obo3nadernn 71 (X, z() TOSBUICT MHOTO MO3Ke UeM
O6ykBa m. OH CBsI3aH C ellle OJHUM Ha3BaHWEeM (DYHIAMEHTAJBHOW I'PYIIIIh:
nepsasi (i OgHOMEPHAsi) romoTonudeckas rpynna. Vmeercs Geckonednas
nocsenoBareabHocTh rpymn m-(X, o) ¢ v = 1,2,..., nu dynmamenranbaas
rpymmna — nepBas u3 Hux. MHOrOMepHbIE TOMOTONNYECKUE TPYIIIbl OBbLIN
BBestenbl Burosbgom ['ypesuaem B 1935 1., 6osee uem uepes 30 Jier mocse
omnpesenerus pyHmaMenTaabHON rpynnbl. I'pybo rosopsi, obiee ompeerie-
nue (X, xo) nmomyuaercs uz onpenenenus (X, o) MOCPEICTBOM NOBCE-
MecTHO 3amenbl orpe3ka I na Ky6 I7.

31.B. 3azadxa. Kak M0xxHO 0600IUTH BCE 3a/1a4u STOTO maparpada Tax,
9T0OBI B HUX MOBCIOAY 0Tpe30K I ObLT Obl 3aMenéH Kybom 77

Nmeercs emé u tak Ha3blBaeMasd ‘HY/JIbMEpPHAs MOMOTONUYECKAT TPYII-
na” mo(X, xg), KoTOpas, Kak MPaBIIO, IPYIIIOi HE SIBJISIETCI. DTO — MHOKE-
CTBO KOMIIOHEHT JIMHEWHO# CBA3HOCTU TPOCTpaHcTBa X . XOTd B MHOXKECTBE
mo(X, x0) HET HUKAKOW eCTeCTBEHHOIl Olepalny YMHOMXKEHUs (eCIH TOJIHKO
npocTpancTBo X He CHADXKEHO JIOMOJIHUTEIHHON aJredpanvecKkoil CTpyKTy-
poii), OHAKO B HEM WMMEETCs eJWHWIA: TAaK HA3BIBAIOT €CTECTBEHHBI BBI-
JTeJIEHHBIN 37eMeHT — KOMIIOHEHTY JWHEHHON CBA3HOCTH ITPOCTPAHCTBA X,
COJIEPKAIIY 0 TOUKY Z(.
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31’3. Kpyrossbie neryin

IIycrs X — Tomosiormueckoe mpocTpancTBo, rg € X. HempepoiBroe 0To06-
paxenne [ : S' — X, Taroe uro [(1) = x(, Ha3BIBACTCA KPYroBoii neTiei B xg.
CesixkeM € KaxKJIoil Takoil KPyroBoii metryieil | onpesesieHHy0 BBIIIE MET/II0
npoctpancTBa X B TOM K€ TOUKe, B3IB KOMIIO3UIUIO | ¢ SKCIIOHEHITHATHHBIM
orobpakernmem I — S1: ¢ — 23

31.C. Bceskast neriisi MOXKeT ObITh Oy YeHa TaKuM 00pa30M U3 HEKOTOPOi
KPYT'OBOW II€TJIN.

Kpyrosbie merii Ha3bIBAIOTCS rOMOTOMHbIMY, €CJIA OHU 1-TOMOTOIHBI (T.
€. eCJIM TOMOTOIIHS MeyKTy HUMH aBIgeTcs cBasammoil B Touke 1 € S1). Io-
MOTOTIHS KPYTOBBIX TTETETh. He CBSI3AHHAS B TOUKe |, Ha3BIBALTCST CBOOOZHOI.

31.D. KpyroBble meTad TOMOTOIHBI, COT/Ia TOMOTOIHBI COOTBETCTBYIOITIE
UM OOBIYHBIE TIETJIH.

31.1. Kakwue cBOOOIHbBIE TOMOTOIIMH IIy T€il COOTBETCTBYIOT CBOOOTHBIM TOMOTOIIH-
SIM KPYTOBBIX IIeTeNb’

31.2. Ouumunre oeparyio Ha/i KPYrOBbIMHE LIET/IAMU, COOTBETCTBYIOILYI0 Y MHOXKEHUIO
Iy Tei.

31.3. Ilycrs U u V — kpyrosble newu ¢ obweil nagaibuoit roukoit U(1) = V(1),
oTBedaloNye HeTIsM U 1 v. JJokaxure, 4T0 KPyrosas IeTis, oupeaensemas Gop-
MyJI0i1

U(z*) mpu Imz >0
V(2%) mpu Im z < 0,
O0TBEYaeT IIPOU3BEICHUIO ITeTeIb U U V.
31.4. Kak nocrpouts dyHIaMEHTAIBHYIO TPYIILY, OTIPABIAACH OT KPYTOBbIX IT€-

TeJIb?

31’4. Camble nepBbie BHIYUCJICHUAS
31.E. I'pynna 71 (R™,0) tpuBnasbHa (T. €. COCTONT U3 OJHOTO SI€MEHTA. )

31.F. Ob6obmmre 3amaay 31.F wa ciaydam, onmcaHuble B 3ajadax 29.H u
29.4.
31.5. Berancianre dbyHIaMeHTAIbLHYIO TPYIIIY aHTHIUCKPETHOIO IPOCTPAHCTBA.

31.6. Berauciure (byHIAMEHTAIBHYIO MDYy (BaKTOPIPOCTPAHCTBa Kpyra D2
[IOJIy9€HHOI'0 B PE3y/IbTaTe OTOXKIECTBIEHUS KaXKA0i Touku & € D” ¢ TOukoil —x.

31.7. okaxkuTe, ITO JUHEHHO CBIA3HOE JIBY TOUEYHOE TTPOCTPAHCTBO OJTHOCBA3HO.

31.G. Tlpu n > 2 rpymma 71(S™,(1,0,...,0)) TpuBnaibHa.

3H8.H0MHI/IM, qro S! paccMaTpHBaeTca Kak IIOJAMHOXKECTBO ILTOCKOCTH RZ, KOTOpad, B CBOIO
oUepeib, KAHOHUIECKH OTOXKAecTBistercst ¢ MuoxkectBoM C kommiekcusix umces. Tak aro 1 €

Sl={zeC: |z|=1}.
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Hezasucumo ot Toro, pemmuiu Bor 3agaay 31.G uiu HET, MBI COBETyeM pe-
wnTh 3aga4yu 31.G.1 n 81.G.3, Koropble HaMedaloT II0AX0/, K PELIeHUIO 381391
31.G, upenynpexKaaoT O eCTeCTBEHHOH OMOKe M IIOAIOTABJIMBAIOT BarKHbIi
MHCTPYMEHT JJI JAJbHEHNX BBIIUCTCHUN (DyH/IaMEeHTATbHBIX TPYIIII.

31.G.1. Ilycts n > 2. Jlokakure, 9TO BCskad metyid u : I — S™, obpa3 KoTo-
poii He 3anonuser chepy S™ neankoM (1. e. s(I) # S™), POMOTOIHA, MTOCTOSTHHO
nerse. (Cp. 29.7.)

[Ipenocrepexkenue: mjisi JTIOOOTO N CYIIECTBYIOT MET/IH, 3amoJHsiomme S™.
Cum. 9.0x.

31.G.2. Moxer i neris, 3anoiHgomas 5o cdepy S?, GbITb FOMOTOMHO
HyJ1107

31.G.3 Caedcmeue aemmor Jebeea (cm. 16.V). Ilyemo u : I — X —
nymo u I' — omxpwmoe noxpumue npocmpancmea X . Cywecmeyem nocaedo-
B8AMEABHOCTND MOYUEK A1, ...,aN € 1, 2de 0 =a; < as < ...<any_1 <an =1,
makas wmo oaa ecaxozo i 06pasz u([a;, a;11]) codeporcumes 6 nexomopom sae-
menme nokpuimus L.

31.G.4. Ilycrs n > 2. Jlokaxkure, 94ro jjist aroboro mytu u : I — S™ cymecrBy-
eT Takoe pazbuenune orpeska I HA KOHETHOE IUC/I0 OTPE3KOB, YTO CyKEHHUE Iy TH
U Ha KarK/JbIi M3 HUX CBA3AHHO FOMOTOMHO (OTHOCHTEIHLHO MHOXKECTBA KOHIIE-
BBIX TOYEK ITUX OTPE30B) IIyTH, 0Opa3 KOTOPOrO HUTJIE He IJIOTeH Ha cdepe.

31.G.5. Tlycrb n > 2. Jlokaxure, 9T0 BCAKas Heryist B S™ MOMOTOITHA [ETIIe,
HE 3an0JIHATONIEN 3Ty cdepy nesnKoM.

31.G.6. 1) Besenure 31.G w3 31.G.1 u 31.G.5. 2) YKaxknTe Bce MOMEHTHI 1O~
JIy9eHHOTO TaKMUM 00pa3oM perennst 3ama4du 31.G, B KOTOPBIX HCIOIb30BATIOCH
ycaoBue n > 2.

31’5. ®dyHmaMeHTasbHaAs IPYNIA MPOU3BeEIeHUs

31.H. Qyndamenmanrvtas epynna npoudsederus monoio2udeckus npocmpaHcms
KAGHOHUYECKU U30M0p¢HG, npousee(?eHmo @yH(?ameHmcmbHux 2pynn COMHO-
otlcumenets:

7T1(X X }/, (J?o,yo)) = 7T1(X, xo) X 7T1(Y, yo).

31.8. Paccvorpum mersmo u : I — X B Touke xo, metimio v : [ — Y B TOUKe yo 1
mermo w =uXv:[ — X xY.Beegem nermm v’ : I — X XY : t— (u(t),yo) m
v il — X XYt (x0,0(t)). Jokaxure, aro u'v’ ~ w ~ v'u’.

81.9. Hoxaxwure, aro npu n > 3 rpynna 71 (R™ \ 0, (1,0,...,0)) rpuBnansua.

31’6. OnHOCBA3HOCTDL

Henycroe Tomosormteckoe mpocTpaHcTBO X HA3BIBAECTCA OFHOCBS3HBIM,
€CJTM OHO JIMHEIHO CBSI3HO U BCSAKAsl MET/Id B HEM MOMOTOIHA HY/ 0. TakuM 00-
pa30oM, JUHEHHO CBA3HOE MPOCTPAHCTBO X HA3BIBAETCA OTHOCBABHLIM, €CTIN
JTst BCsIKOM ero Toukn x € X dyHmaMmentaabHag rpymma m1(X,z) TpuBu-
aJbHA.
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31.1. Hycmo X — aunelno cea3H0e MoOnosvzuveckoe npocmparcmeo. Cae-
dyrougue YmeeparcoeHUus IKGUBAAEHMHDL:

(1) npocmpancmeo X odnocesnsno;

(2) ecawoe nenpepwsnoe omobpasicenue f : St — X (ce0600n0) 2omo-
MONHO HYAI0;

(3) ecawoe nenpepwienoe omobpasicenue f : S — X mooicem Goimo
npodoasicero do nenpepuisrozo omobpasicenus D? — X ;

(4) scarue dea nymu uy,uy : I — X, coedunarouue odnu u me orce
MoK To U T1, 20MOMONHLL dpye Opyeay.

Teopema #1.I Tecno cBsa3ana co ciaemytorieii Teopemoit 31.J. Ilpu sTom,
IOCKOJIBKY B Teopeme 31..J pedsb uaét He 000 BCEX MeTidX, a 00 WHIUBUJTY-
AJIBHOM TIeT/Ie, OHA TPUMEHUMa B OOJIBIIIEM KPyTe CUTYaIlUii.

31.J. IIycmov s : I — X — nemaa 6 monosozuueckom npocmparcmse X.
Caedyrowgue ymeepicoenus, IK6UCAACHINIDL.

(1) nemas s 2omomonna wyato;

(2) omobpasicenue f : S* — X : 2™ 1 5(t), ceob600m0 20MOMONNO
HYA10;

(3) omobpasicenue f: St — X : e2™ s s(t), moocem 6vimb npodos-
orceno do nenpepwvienozo omobpasicenus D? — X ;

(4) nymu sy : I — X : t f(et™) 2omomonmw dpye dpyey.

31.J.1. 3azadka. dokazarerabcrBo SKBUBaIeHTHOCTH yTBep:kaeHuit (a)—(d)
Tpebyer T0Ka3aTebCTBA O MeHbIeil Mepe 4 uminkanuii. Kakne nmnkamm
BBI BBIOEpETE 1719 Hanbosee SKOHOMHOTO T0KA3aTe/IhCTBA TeopeMbl 31..J7

31.J.2. Caenyer jiu u3 rOMOTOIHOCTY KPYTOBBIX I€TE€/Ib UX CBOOOIHAS IOMO-
TOITHOCTD !

31.J.3. Cymecrsyer hakToOpOTOOPAKEHUE TOMOTOIIE MEXK/1y HEKOTOPBIM OTO0-
paskeHreM OKPYKHOCTH U HOCTOSTHHBIM OTOOPAKEHUEM OKPYZKHOCTH, y KOTOPO-
ro oroOpazkaeMoe MPOCTPAHCTBO TOMEOMOPMHO KPYTy.

31.J.4. llepedopmynupyiite 3a7a4dy MOCTPOEHUS FOMOTOIUU MEXKIY IIyTAMU
S4 W ,S_, KAK 33J1a9y [POJIOJIZKEHHsT HEKOTOPOI'0 HEIPEPBIBHOIO OTOOPAKeHUsT
KOHTYPa, KBAJIpaTa HA €ro BHYTPEHHOCTb.

31.J.5. llomoraer jiu perrenuio 3aa4u IPOI0JKeHust, chopMyINPOBAHHOI B
pesyibrare pemenus 3a1a4au $1..J.4, IPOIOIKIMOCTE Kpyrosoit merm f : ST —
X, rae f(e?™) = s(t), 10 HEMpPepbIBHOTO 0TOOparKeHNs Kpyra?

31.10. Kakue u3 cjeayomuX IPOCTPAHCTB ABISIOTCI OTHOCBI3HBIME:

(a) muckpernoe (b) amTmamckperHoe (¢) R7
IPOCTPAHCTRO; IPOCTPAHCTRO;
(d) BBIIyKIO€ MHOXKECTBO; (e) 3BE3AHOE MHOKECTBO; (fy sm

(g) R™~N07
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31.11. JlokaxXuTe, YTO TOMOJIOTUYECKOE IMPOCTPAHCTBO, IPEJICTABUMOE B BHIE
00beMHEHN ABYX OTKPBITHIX OTHOCBA3HBIX MHOYKECTB, IIepecedeHre KOTOPHIX JIn-
HEIHO CBA3HO, CAMO SABJISETCH OHOCBA3HbBIM.

31.12. Tlokaxkure, 9TO TPpeOOBAHUS OTKPHITOCTH MHOXKECTB B TIPEIBIIY e 3a/1a-
ve 31.11 cymiecTBeHHBI.

81.13*. Ilycts muOXkecTBa U m V OTKpBITH B ipocTpancTee X . /okaxure, 9T0
ecsim muoxkecrBa U UV u U NV oguocss3ubl, T0 u camu U u V' 0[HOCBA3HBL.

31'7x. @yHmaMeHTaJIbHASI TPYTINA FPYIIHI TOMOJOTUIECKOM

[Iycts G — romnosioruveckasi rpymmna. OupegesnM [jist JIOOBIX IETE b
w,v : I — G wmaunparomuxca B eauaune 1 € G neromo u Qv : I — G
dbopmymnoit (u ® v)(s) = u(s) - v(s), rae - 0603HATAET TPYIIIOBYIO OIEPAITHIO
B G.

31.Ax. okaxwure, uro muoxkectso (G, 1) Bcex merens B (G, HAUMHAIO-
muxcd B 1, ¢ omepanueil (O gBIgeTCT TPYIIIOI.

31.Bx. [Hokaxwure, aro onepanus © B (G, 1) onpegenser rpynmnosyio ore-
pammio B 1 (G, 1) u uTo 9Ta onepanysi COBIAIaeT CO CTaHAaPTHOM MPyIIIOBOi
onepanumeii (onpeenénnoii nepemMmHokenuem myrei; cp 31.8).

31.Bx.1. [ng nerenb u,v : I — G wauaunaromuxca B 1, naiiaure (uep) ® (e1v).

31.Cx. Dyndamernmanrvoras epynna 060U Monoso2u4eckot 2pynnov abese-
8a.

31'8x. BbICuIme roMOTONMYECKHe IPYIIIIbl

IIycrs X — Tomosiormyueckoe npocrpanctso, rg € X. Henpepsiaoe 01o6-
paxenune I” — X orobpaxaroriee rpanuily 01" xkyba [” B x(, Ha3bIBaeTCS
r-MEpPHbIM ChepoufoM TPOCTPaHCcTBa, X B TOUKE Xg. ABa r-mepHBIX chepon-
Jla, HA3bIBAIOTCsA rOMOTONHbIMY, eciii o 01" -romoronust. [Ipoussenenue uv
ceponioB u u v pazmepuoctu r > 1 oupejgensgerca pOpMyIoit

u(2ty,to, ..., t,) if t1 € [0; 3],

uv(ty, to, ..., tp) = ]
(f1,t2 ) w2t — Lty b)) ift € [51].

D=

O6o3naunm uepes (X, £¢) MHOKECTBO T-MePHBIX C(HEPOUIOB IIPOCTPAH-
crBa X B TOUKe Xg. MHOXKECTBO TOMOTOTHUYIECKUX KJIACCOB r-MepHBIX cde-
pousIoB npocTpaHcTBa X B TOUYKE T( HA3LIBAETCsS T-if (maw r-MepHOi) rpyn-
noii romotonuii unu romoronuyeckoii rpynnoii m.(X, xg) 3TOro npocrpaHcTBa
B xg. [lpouseesenne cheponioB wHIAYIUDYET NPOU3BEJIEHUE B MHOXKECTBE
(X, 2g) ux romoronuveckux Kaacos, npespamas 7. (X, xg) B rpymmy.

31.Dx. Haiimure 7,.(R",0).
31.Ex. IIpu r > 2 epynna 7,.(X, x0) abeaesa daa aobwr X u xg.
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31.Fx. 3azadka. s sesikoit mapel X, xg u J10060T0 9ucia 7 > 2 rpyrna
(X, 20) sBasierca pyHIAMEHTATBLHON IPYIIIOi HEKOTOPOTO BCIOMOIATE b=
HOTO mpocTpancTBa. Kakoro?

Amasormano ToMy, Kak 310 ObLIO omucano B 31’3, BeICmIE roMOTOIIIE-
CKHe PYIIbl MOXKHO TOCTPOUTDH HE M3 TOMOTONMYECKUX KJIACCOB 0TOOpaKe-

mnit (I",01") — (X, z¢), HO KaK
m(S",(1,0,...,0); X, x0).

Emie onmn cranmaprHbIi yTh UX TOCTPOEGHUS 3aKJIIOYAETCH B ONPEICICHIH
(X, o) kak w(D",0D"; X, ).

31.Gx. Tlocrpoiite ecrecTBeHHbIE ODUEKITUN
7.(.([1“’8[1“; X, 330) - W(DT?aDT; X, .1‘()) - W(STv (170’ s aO)a X, 330)-

31.Hx. Jlokaxkute ciemyioriee 0b6obiienne reopembl 31.H:
WT(X X va (xo’yo)) = WT(X’ 330) X WT(Ya yO)

31.Ix. Chopmynupyiite n permmre anajgoru 3agad  31.Ax uw  31.Bx st
BBICIIMX roMoronrdeckux rpymi u mo(G, 1).
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32. PoJjib OTMEeYeHHOI TOYKMN

32'1. IIpeasapuTesbHOE ONUCAHUE POJIM OTMEYEHHON TOYKHU

B opaux curyanmsax BbIOOP OTMEYEHHO! TOYKWM HU HA, UTO HE BJIUET, B
APpyrux — ero poJib O4€BU/iHA, B TPETbUX — ITO OYECHb JC/JIMKATHAA TEMa. B
9TOM Taparpade HaM MPeJICTOUT pa3odpaThes BO BCEX HIOAHCAX, CBI3AHHBIX
C OTMEYEHHOU TOYKO#, U Mbl HAUHEM C IPEIBAPUTETBHBIX (POPMYJIUPOBOK,
OIUCHIBAIOIIUX IIPEJIMET B IIEJI0M, HO 63 TeXHUUIECKN JUITHUX JieTateii. ['py-
60 TOBOPs, BEIOOP OTMEUYEHHOI TOYKHU B/IMAET HA (DYHIAMEHTATBHYIO TPYIIILY
CJIEYIONIUM 00Pa30M.

e Ecam MBI m3MeHdgeM OTMETEHHYIO0 TOUKY, OCTaBasdCh B Mpeaeaax Ofl-
HO¥1 KOMIIOHEHTBI JIMTHEWHOH CBA3HOCTH, TO (byHIaMEHTAIbHAS IPYII-
I1a OCTAETCS B OJIHOM U TOM JKe KJiacCe M30MOP(MHBIX TPYIIIL.

e OjHako, ecau pyHIaMeHTaIbHAs TPYIITa He KOMMY TATUBHA, HEBO3-
MOXKHO HATH €CTeCTBEHHOT0 n30Mopdu3Ma MeK 1y (byHIaMeHTaIb-
HBIMU IpylInaMyu C Pa3HbIMU OTMEYEHHBIMM TOYKAMHU, JaxKe eC/Ind
OHU JIeZKaT B OJTHOI M TOI K€ KOMIIOHEHTE JTUHEUHONW CBA3HOCTH.

e Ecjin Ke orMedeHHble TOUKHN JIeZKAT B PA3HBIX KOMIIOHEHTAX JIMHET-
HO CBSI3HOCTH, TO COOTBETCTBYIOIINE (DYH/IAMEHTAJIbHBIE PYIIIIbI
BOODIIle HUKAK HE CBS3aHBI JIPYT C JPYTOM.

B srom maparpade Bcé sro Oyner mokazano. /JlokazaresbCcTBO COMEPKUT TI0-
JIEBHBIC KOHCTPYKIINN, 3HAYECHNE KOTOPbIX BBIXO/JUT HAJIEKO 3a PaAMKU MCXO/I-
HOTI'O BOIIPOCA O POJIA OTMEYEHHOW TOYKH.

32'2. Ilepenoc BAOJIb IIyTH

IIycrs xg u 1 — TOYKM TOMOJOTHIECKOrO IpOCTpancTBa X, a § — MyTh,
coeuHSIONHt £ ¢ 1. ODO3HATMM TOMOTOMUYIECKAN KIACC MYTH § TePe3 0.
Onpegnennm orobpaxenne Ty @ w1 (X, z9) — m (X, z1) dopmynoit Ty(a) =
o lao (cm. 30.K).

— )
——> X0

1

82.1. s moboit nermu a : [ — X, nmpeacrasisiiomeii snement a € w1 (X, o), 1
Beaxoro mytu s : I — X ¢ s(0) = zo cymecrByer cBoboauaa romoronus H : [ X1 —
X mexay a m mereii, npeacrasaatoneii snevent Ts(a), takag aro H(0,t) =
H(1,t)=s(t), t €.

32.2. llyctp metsm a,b : I — X TOMOTOMHBI TTOCPEICTBOM TAKO TOMOTOITAN
H:IxI— X,aro H(0,t) = H(1,t) (1. e. H aBusercs cBoOOLHON romoTonmei
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TeTesb: B KasKIblii MOMEHT ¢ € | Hada/IbHAs TOYKA COBITQJIAET ¢ KOHEIHOI). [1o-
soxuMm s(t) = H(0,t) (rakum 0o6pa3oM, s €cTb IIyThb, OLPEIEIAeMbIH [IBUKEHIEM
HA9a/IbHON TOYKH PACCMATPUBAEMON IET/IM IIPU PACCMATPUBAEMON TOMOTOIUH).
Torma roMOTOIUYECKHit KJIACC MeT/In b aBjigeTcd 06pa3oM FrOMOTOIIMYECKOTO KJIac-
ca neru a upu orobpaxenuu Ts : m1 (X, s(0)) — w1 (X, s(1)).

32'3. CsoiicrBa orobpakenus T

32.A. Omobpasicenue Ty a6aaemca epynnosvim 20MmomopPuamom.*

32.B. Ecau nymo u coedunaem Tg ¢ X1, & nyms v coedunaem Ti ¢ T, Mo
Tyw =Ty o1y, JApyeumu crosamu, KOMMYMamueha 0ua2pamma,

m(X,20) —— m(X,21)

Tuw N\ lTv
7T1(X, $2) .

32.C. Ecau nymu v u v 2omomonmos, mo T, =T,.

32.D. T, = idy (x,0) : (X, a) — 71 (X, a).

32.E. T, =T; %
32.F. Jlaa ecarxoeo nymu s zomomoppusm Ty asaaemea uzomophusmonm.

32.G Teopema. Ecau mouxu xg u T1 Aedxcam 6 0dnot u motl gice KoM-
nonenme aunetnot ceasnocmu npocmpancmea X, mo epynnu 71 (X, o) u
m1 (X, z1) usomoppriot.

Hecmorpst ma pesynbrar teopembr 32.G, mbl He MoxkeMm mmcarh 71 (X)
JIazKe eCJIM TOIMOJIOTMIECKOe TTPOCTPAaHCTBO X JMHEHHO cBa3no. /les1o B TOM,
o xors rpynubl 71(X, z9) u 7 (X, 21) u30MOPGhHBI, HO MEXK/ly HUMU HET
HUKAKOr0 KaHOHMYIeCKOro uzomopdusma (cm. manee 32.J).

32.H. Ilpocmparcmeo X 00noc6a3m0, c020a 0HO AURETHO CBA3HO U 0AA
nexomopot mouku o € X epynna m (X, xg) mpusuaivha.

32’4. Poab myTn

32.1. Eciu ettt § gABJISIETCs TPEJCTABUTEIEM JIEMEHTA 0 (DyH/TaMEHTAIb-
Hoit rpynmbt 71 (X, xg), T0 Ty ABASIETCS BHYTPEHHUM aBTOMOPMU3MOM 3TOf
IPYIIIbL, Ope/ e éHabM (opMyIIoil a — 0 tao.

32.J. Ilycmov X — monosozuyeckoe npocmpancmeo, mouku xo, 1 € X. H3o-
moppusm Ty : 71 (X, 29) — 71 (X, 21) ne 3asucum om nymu s, coeda Pynda-
menmanvras 2pynna 71 (X, xg) abeaesa.

dHanomumy — 310 ozuagaer, 9ro Ts(af) = Ts(a)Ts(8).
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U3 reopemsbr 32.J caeayer, 9To eciiv yHIAMEHTAJIBHAS IPYIINA, TOTO/I0-
TUIECKOTO TTPOCTPaHCTBA X SIBISTETC aDesieBoi, Mbl BIPABe MHCATh MTPOCTO

m(X).

32'5x. IlepeHOC BAOJIb IIyTH B TOIOJOTMYECKON rpyrimne

B cayuae, eciim G — rononiornueckast rpynma, rpynnst 71 (G, xg) n w1 (G, x1)
MOXKHO CBH3aTh W IIO-JIPyroMy: mMefoTcs romeomopdusmel Ly 0 G — G -
x+— 2gu Ry : G — G : x> gr, w OHH OUPEJEIAIOT H30MOPQPUIMBI

(on—lxl)* (G, x0) — m (G, x1) n (R$1$51)* (G, z) — (G, z1).
32.Ax. llycts G — Tonosiornveckas rpynna, s : I — G — nyrs. Jlokaxkure,

q9To

Ts = (Ls)-15(1)), = (Rsyso)-1), : (G, 5(0)) — w1 (G, 5(1)).

32.Bx. BeiBemure uz  32.Ax uto dpyHIaMEHTATbLHAI TPYIITa 000 TOMO-
JOrudecKoil rpymmsl abenesa (cp. 31.C0x).

82.1x. [doxaxwure, 910 DyHIAMEHTATHHBIE TPYIIIBI CJIELYIONUX MTPOCTPAHCTB KOM-
My TaTUBHbL:
(1) mpocTpaHCTBa HEBBIPOKICHHBIX BEMIECTBEHHBIX 7 X 7. MATPHIL
GL(n,R) = {A|det A # 0}
(2) mpocTpaHCTBa OPTOTOHAIHHBIX BEMECTBEHHBIX . X 1 Marpur O(n, R) =
{AlA-("A)=E};
(3) mpocTpaHCTBa CrIEIMAILHBIX YHUTAPHBIX KOMILJIEKCHBIX 70 X 7 MaTPHIL

SU)={A|A-(*A) =E,det A = 1}.

32'6x. B BbICIIMX rOMOTONWYECKUX I'PYIIIAX

32.Cx. 3azadxa. dorasaiirech, Kak 0000mmuTh Ty HA BHICIIME IOMOTOIN-
qyeckKue prHHbI.

Bor npyroit BapmanT TOil 2Ke 3araJiku; B HEM OOJIbIlle MOCKA3KH.

32.Dx. 3azadxa. Kak mo nyt s : I — X ¢ s(0) = x9 u cheponny
f: 1" — X B TOUKe Xy COOPYINTEH CHEPON TOTO Ke MPOCTPAHCTBA B TOUKE
x1 = s(1)?

32.Ex. Jlokaxure, arto mjisg joboro nytu s : I — X u jgroboro cdepouia
f:I"— X, rme f(FrI") = s(0), cymecrByer ero romoronust H : [" x I — X
takast, uto H (Fr I" xt) = s(t) ays Besikoro t € I, mpuaem chepow I, oIy IeH-
HBIN B pE3yJIbTaTe 3TOi TOMOTONNH, €JMHCTBEHEH C TOYHOCTBIO JI0 TOMOTOIIAN
U TeM CaMBIM OIpesiesiseT daeMenT (X, s(1)), 3aBucAmuii JIuIs 0T rOMOTO-
MITYeCKOr0 KJIacca Iy T s u smemerta rpymmsl 7, (X, s(0)), mpeacraBieHHOTO

cheponom f.
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Koneuno, permenue 3aga4un  32. Ex qaer oTBET HA BOIIPOC IIPEIIIIECTBYIO-
mux eif 3aragok  32.Dx u  32.Cx. Orobpaxenue m,.(X,s(0)) — 7,.(X, s(1)),
KoTOpOe ompeseneno B 32.Ex, obo3uauaerca uepe3 Ts. B cury 32.2, ono
o6obmaer orobpazkenue Ty, onpejpenénnoe B 32'2 B cayuae r = 1.

32.Fx. Hokaxxure, 940 cBOiicTBa OTOOpakenus Ty, chopMyInpoBaHHBIE B
sajtadax 32.A-32.G, uMeroT MecTo BO BCEX Pa3MEpPHOCTSIX.

32.Gx. Bazadka. Kakosbl anajorun Teopem 32.Ax u 32.Bx Jjisi BBICIINX
FOMOTONUYECKUX TPYIIIT?
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Jloka3arejabCTBa 1 KOMMEHTaApPUU

29.A (a), (b), (e) — ma; (c), (d), (f) — mer. Cm. 29.B.
29.B Cwm. 29'2.

29.C Omrobpaxenue h; HENPEPBIBHO Kak cykeHnue romoronuu H Ha
ciaoit X xtC X x1I.

29.D Pa3zywmeercd, He CJIeIyeT.

29.E.1 Orobpaxkenne H HempepbIBHO KaK KOMIIOBUIS TPOEKITHH PIx
X x I — X wu orobpaxenus f, npu srom H(z,0) = f(x) = H(x,1). Cneno-
BarebHo, H siBjasercss romoTonueii.

29.E.2 Orobpaxenne H' HenpepbIBHO KaK KOMIIO3HUIIUS TOMEOMOPQU3-
ma X xI — X xI: (x,t) — (x,1 —t) u romorormuu H, mpu 3TOM
H'(xz,0) = H(z,1) = g(z) uw H'(z,1) = H(2,0) = f(z). Buaunr, H —
POMOTOIIHS.

29.E.3 Jeiicreurensno, H" (x,0) = f(x), H"(z,1) = H'(z,1) = f"(z).
Henpepeisnocrs H” ciepyer uz Toro, uro cykenme orobparkenuss H'” na
KazK0e u3 Muoxecrs X X [0; %] n X X [%, 1] HelpepbIBHO 1 3TH MHOXKECTBA
obpasyoT dyHIJaMEeHTAJIFHOE TOKPhITHE Tpou3Beaenus X X 1.

B panbreiimem Mbl He Oy/eM 10Ka3bIBATH HENPEPBIBHOCTH MOMOTONHMIA, MO-
CKOJIBKY 9TO BCerja OyJer CJeg0BaTh u3 SBHBIX (hOPMYJI.

29.F Kaxjoe u3 HUX TOMOTOITHO ITOCTOSHHOMY OTOODarKEHUI0, TePeBo-
JAIIEMY BCe TIPOCTPAHCTBO B HAYAJIO KOODJAUHAT, K Tpumepy, eciu H(x,t) =
(1 —=t)f(z), 7o H: X x I — R"™ — romoronust MexX1y f ¥ MOCTOSHHBIM
orobpaxenuem = — 0. (CymecrByer 6osiee y100HasT TOMOTONUST MEXK LY MTPO-
U3BOJIbHBIMEU OTOOpazkeHusimu B R™ — cm. 29.G.)

29.G eiicteurensuo, H(z,0) = f(z) u H(z,1) = g(x). Henpepsis-
HOCTH oToOpakenus H ouesnana. OHa, K IPUMepY, CJIe/lyeT U3 HEPABEHCTBA

|H(2,t) = H(2',t')| < |f(2) = f ()] + |g(x) — g(2")[+ (If (@) +]g(=)]) |t = ']

29.H Ilycts K — Boeinykjoe nonmuozkectso R, f g : X — K — memnpe-
pBIBHBIE OTOOpaxKenns n H — mpaMmoanmHeiinas roMoronus Mexay f un g.
Torma H(z,t) € K upu Bcex (x,t) € X x I u Mbl HO/IydaeM TOMOTOIHIO
H: X xI—-K.

29.1 Orobpaxenne H = go F o (h xidy) : A x I — B mnenpepbis-

no, H(a,0) = g(F(h(a),0)) = g(f(h(a))) n H(a,1) = g(F(h(a),1)) =
g(f'(h(a))). Cnenosarensuo, H — romororust.

29.J Conocrasum orobpaxkenuto f : X — Y kommnosumnuio go foh :
A — B. llpegpiayinee yTBepKaeHne MOKA3bIBAET, UTO JAHHOE COOTBETCTBUE
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COXpaHdeT OTHOIMEHNE TOMOTOITHOCTHU, W 3HAYUT, OHO MEPEHOCUTCA Ha 'OMO-
TOTIMYECKIE KJIACCHI OTOoOparkenuii. TeM caMbIM OMpEIEeHo OTODParKeHme
m(X,Y) — 7(A,B).

29.K Bcaxoe orodpazkenne f: X — Y X Z OJHOZHATHO OIPEILISIETCS
CBOMMU KOODJMHATHBIMU OTOOPayKeHUsIMU pry of m pry of. Ecm H —
romoromnus Mexay f u g, To pry oH — romoromnms Mexy pry of u pry og,
a pryoH — mexay pryof u pryog. Ecmm Hy — roMmoTomus MexkITy
pry of m pry og, Hz — romoronusa Mexjay pryof u pryzog, To dopmyia
H(z,t) = (Hy(z,t), Hz(x,t)) 3amaer romoromnmio Mexay f u g.

29.L Jloka3aTebCTBO HIYEM HE OTIUIALTC OT JOKA3ATETHCTBA YTBEP-
Kiaenus 29.F.

29.M [na tex muOXKecTB A, HAa KOTOPHIX f|4 = g|a (T. e. MHOXKeCTB,
COJIEPZKAINUXCS B MHOYKECTBE COBIIQJIEHUST STHX OTOOPAKEHMIN).

29.N llyTtb — 310 romMoTONUs OTODpaKeHus: TOYKH, cp. 29.8.

29.0 [na Besikoii rouku x € X orobpaxkenue u, : I — X : ¢t +— h(x,t)
ABJIAETCHA IIYTEM.

29.P Ecmu H — 310 roMmoromnus, TO s Bcakoro t € I dopmyna hy =
H(z,t) onpenensier HempepbiBHOEe oToOpaxkenume X — Y. Takum obpazowm,
MBI mostygaeM orobpaxkenne H : I — C(X,Y) orpeska B MHOXKECTBO BCEX
HempephIBHBIX oTobpaykennit u3 X B Y. /lamee cm. 29.Axu 29.Bx.

29.Ax Cnenyer w3 24.5x.

29.Bx Cnenyer uz 24.7Tx.

29.Q Crenyer u3 pemrenust 3agauu 29.3.

30.A 1) Haumem ¢ HAISIIHOTO ONMCAHUA MCKOMOI romorormmu. [Iycrs

uy : I — X — romoronus, coemunsomaa v 1 v, a v; : I — X — romoronns,
coepuusitomasa v u v'. Torma nytu uwvy ¢ t € [0;1] cocTaBagiOT rOMOTOIMIO
Mexkay uo u u'v'.
2) Temeps mpusemem 6Gojiee dhopMaabHOE paccykaerne. Tak Kak Mpom3Be-
nerne uv ompezesneno, to u(l) = v(0). Tak kak u ~ o/, To u(l) = u/(1),
aHajorugHbiM 06pasoM u v(0) = v'(0). BHauwuT, OHpPeIESEHO IPOU3BEICHIe
u/'v’. Tomoronmeit Mexmy uv u u'v' gaBaserca oTobpazkenue

H'(2s,1) npu s € [0; 1],
H"(2s —1,t) npu s € [3;1].

N

H:IxI—X: (st)—

1.
,5] xIu [5, 1] x I cocraB/isioT
dbyrmamenTasibHOe TOKphITHE KBapara [ X I, a cyxenune H wa kaxkoe u3

(OHO HENPEPBIBHO, TIOCKOJIBKY MHOKECTBA, [0' L

9TUX MHOXKECTB ABJIACTCA HereprBHbIM.)

30.B Hemnocpeactsemnno ciemyer u3 30.A.
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30.C Her; cm. 30.D, cp. 30.1.

30.D Her, nourn nukora ue Bepro (cm. 30.1 u 30.2). Bor npocreiimnii
npumep. [Iycrs u(s) = 0 u w(s) = 1 npu Beex s € [0;1] u v(s) = s. Torga
((uv)w)(s) = 0 Toabko mpu s € [0; 1], a (u(vw))(s) = 0 npu s € [0; 5].

30.E.1 TlepedopmympoBKa: /i BCAKUX My Tel U, VU U W, st KOTOPHIX
Olpe/IeJIeHbl TIPOU3Be/IeHust Uy 1 vw, nyTu (uv)w u u(vw) rOMOTOIHEL.

30.E.2 llycto

5 HpI/ISE[O;%],
p(s)=qs—1 mpuse [5:5],
25 —1 npnse[%;l].

Voeaurech B ToM, uT0 @ — nckomast dynkums, T. e. aro ((uv)w)(p(s)) =

(u(vw))(s).
30.E.3 Paccmorpure NpIMOJUHENRHYIO TOMOTOIINIO, KOTOPAasd, K TOMY
xKe, Oyuer cesizana Ha {0, 1}.

30.E.4 Cnenyer uz 29.1, 30.E.2u 30.E.3.
30.F Cwum. 30.G.

30.G Boobe rosopsi, HeT; cM. 30.4.
30.H Ilycrs

eCJIn S L
wo=fo | mmecled)

2s —1, ecim s € [%;1.

Ybenurech, 9To e,u = 1 o . Tak Kaxk ¢ ~ idy, T0 u 0 ¢ ~ u, cjaen0BaTeILHO
[ea][u] = [eau] = [uo @] = [u].

30.1 Cwm. 30.J.
30.J Kowueuno, uer.

30.K.1 Paccmorpure orobpakenue

]
I

30.K.2 Paccmorpure HPsAMOJIUHETHYIO NOMOTOIHIO.

2s, ecim s € [0; %
o(s) = ]
2 —2s, ecim s € [5; 1

30.L T'pynmaMu gBIAIOTCA MHOXKECTBA K/JIACCOB TaKWX IIyTeH u, Mg
koropbix u(0) = wu(l) = gy, tae xp — HEeKOTOpas (HUKCUPOBAHHAST TOUKA
MpPOCTPAHCTBA X, a TaKKe JIF0OObIe UX MOJATPYIIIbL.
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31.A Henocpencreerno cienyer u3 yreepxkiaenuit 30.B, 30.E, 30.H u
30.K.

31.C Ecmu u : I — X — metisd, TO CymiecTByeT (pakTopoToOpazkKeHue
(S I/{()’ 1} = X. Ocrajioch 3aMeTUThb, UTO I/{O, 1} = St

31.D Ecmn H : S' x I — X — roMoTOnns KPyroBbiX MeTeb, TO
romotorust H' obbrambix merens 3ajaercs dbopmynoit H' (s,t) = H(e*™ t).
TomoTonmu KpyroBoeIX meTesb aB/isgeTcs (pakTopamMu roMOTOIUI 0ObIt-
HBIX [EeTeIh M0 Pa3OueHuto KBapara, nopoxaeanomy oraomenuem (0,t) ~
(1,1).

31.FE 710 TaK, MOCKOJIbKY UMEETCs JIMHEeHAS TOMOTOIUS MKy BCAKOIA
nereit B8 R” B HavYa/ie KOOPUHAT U TOCTOSTHHOW TMET/Iel.

31.F Bor BO3MOXKHBIIT BapuanT 0000IIEHUS: i BCAKOTO BBIMYKJIOTO
(n naxe 3Bé3mHOr0) MuOX)ecrBa V. C R™ m Beskoit Toukn xg € V dynma-
menTasbHast rpynma 71 (V, 2g) TpuBmaibHA.

31.G.1 Ilycrs p € S™ \ u(I). Paccmorpum crepeorpadbudeckyio mpo-
ekruio 7 : S” N p — R"™. lletng v = 7 o u roMoTONHA HYJIO, IyCTh h —
cooTBercTByfomas romoronus. Torma H = 7~ ! o h aBigerca romoromnuei,
COEJIMHSATONIEH JIAHHYTO TIeT/II0 U ¥ HOCTOSHHYIO TeT/II0 Ha cdepe.

31.G.2 Takwue neryiz 3aBeioMO CyIIeCTBYOT. /lelicTBUTEIBHO, ec/iu meT-
JI1 U 3AII0JTHAET BCIo cepy, TO HeT/Isd uu - TaKKe ee 3aIl0JIHseT, HO OHa, TeM
He MeHee, TOMOTOITHA, HYJTIO.

31.G.4 llycrs x — npousBojibHas Touka cdepsl. [Tokpoem cdepy aBymst
orkpbITbiMu MHOKecTBamu U = S N\ {z} u V = 5" \ {—z}. B cuny nemms
31.G.8 Hajijiercs Takas 1OCAEA0BATEALHOCTh TOYEK a1, ...,axy € I, rue 0 =
ap < az < ... < an-1 < any = 1, uro gusa Beaxoro i 06pasz u([a;, a;y1])
nesmmkom cogepxkutrcsa B U wim B V. TlockobKy Kark/10e 3 9TUX MHOXKECTB
romeomopduo R™, rie 100bIe 1Ba MyTH C OJUHAKOBBIM HAYAJIOM U KOHI[OM
TOMOTOITHBI, TO KaXKJI0€ W3 CYyKEHUit u\[ai,ai +1] TOMOTOIHO myTH, 00pasoM
KOTOPOTO SIBJISIETCs, K HmpuMepy, “myra 0osbInoit okpyzkuoctu” cdepsbr S™.
Takum 0O6pazoMm, myTh % TOMOTOIEH IyTw, 00pa3 KOTOPOrO0 HE TO UTO HE
zanoJiageT cdepy, a /jake HUT/Ie He IIOTEH B HEll.

31.G.5 llpsamoe ciencTBre MpeabLIyIneil JTeMMBI.

31.G.6 1) Ilpsamoe crepcrsue jgemm 31.G.5n 31.G.1. 2) Yenosue n > 2
HCIIOJIB30BAJIOCh TOJBKO B jiemme 31.G. 4.

31.H Conocrasum nerie v : I — X XY B Toure (z9,yp) newim B X
n'Y, aBJILIONINECs KOOPJAMHATHBIMYU OTODParXKeHUSIMU U, U] = Pry OU U Ug =
pry ou. B cuiy yrBepxkjenus 29.1, netsiv w u v rOMOTOIIHbBI, COIJIa Uy ~ U] U
ug ~ vo. CirepoBaresibHo, conocrasus kiaccy neran u napy ([ui], [ua]), mbt
nosyunm OGueximio Mex iy dbyngamentaasnoii rpymmoit w1 (X X Y, (20, y0))
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npousseenus npocrpancTs u npoussegernem 71 (X, xg) X w1 (Y, yo) dynma-
MEHTAJIBHBIX IPYIII ero coMHOKUTEe. OCTamIoCh MPOBEPUTH, 9TO MOCTPOEH-
Had 6I/IeKL[I/IH ABJIAETCA 1—‘OMOMOp(bI/I3MOM7 9TO TaKzKe 04Y€BUIHO, IMMOCKOJIbKY
pry o(uww) = (pry ou)(pry ov).

31.I (a) = (b): IIpocrpancTBo X 0ZHOCBSA3HO = BCsiKas meTyisd B X
FOMOTOIIHA TIOCTOAHHOI = BCAKas KPyroBag MeTiad B X CBA3AHHO TOMOTOII-
HA HYJTI0O = BCAKasd KPYropas MET/Id CBOOOJIHO TOMOTOIHA, HYJTIO.

(b) = (c): Ilo mpezmooxKenHuto, s MPOU3BOJBLHOTO OTOOparkenus f :
S1 — X cymecrsyer romoromnsa h : S' x I — X, Takaa uro h(p,0) = f(p)
u h(p,1) = zp. CiemoBareabHO, CYIIECTBYET HENPEPLIBHOE OTOODaZKEHIe
B St x I/(s' x 1) — X, Takoe aro h = h' o pr. Ocranocs 3amMeTHTh.

aro ST x /(51 x 1) = D*.

(¢) = (d): Honoxum g(t,0) = wuy(t), g(t,1) = wuz(t), g(0,t) = xo u
g(1,t) = x1 npu t € I. Takum 006pazom, OmpeseseHo O0ToOparKeHue rpa-
munpl kBagpara I X I B X. Ilockosibky kBajpaT romeoMopdeH Kpyry, a ero
rPaHUIA — OKPYKHOCTH, TO MOXKHO IPOJIO/IXKATH OTOOPAaYKeHUe C IPAHUITHI
Ha BECbhb KBa/JparT. HoﬂyquHoe IIPOJOJIZKEHNE N ABJIACTCA roMoTonuein Mmek-
Ay uip m uz.
(d) = (a): OueBuano.

31.J.1 Pasymno paccmorpers nmmmkamun (a) = (b) = (¢) =
(d) = (a).

31.J.2 Kouneuno, cienyer. [Ipu sToM, pa3 merid S rOMOTOITHA HYJIIO,
TO prFOBa.ﬂ IeTJjId f TaKzKe T'OMOTOITHaQ HyJIIO, npudyeM roMOTOnInd JazKe
apjgerca ceazannoil B Touke 1 € S1. Takum obpasom, (a) = (b).

31.J.3 ammoe yTBepkKIeHNEe TOACKA3LIBAET OCHOBHYIO MIEI0 JOKa3a-
renberBa umiymkanun (b) = (¢). TomoTonmst Mexk 1y HEKOTOPOit KPyToBOii
nerseit f u nocrosHHOMN meteit ects orobpaxkenne H : S x I — X, nocrosn-
HOE Ha BepXHeM ocHoBaHuu 1usmHpa. CieqoBareibHo, cymecrByer (hakro-
porobpakenne St x /gl x 1 — X. Ocranoch 3amernth, 9To HaKTOPIpo-
CTPAHCTBO IUJIMHJIPA, 110 €r0 BEPXHEMY OCHOBAHUIO MOMEOMOPMHO KPyTYy.

31.J.4 Ilo oupenenennto romoronuu H : I X I — X wmexjay aByMms
myTaMuU, 33J1aH0 CcyzkeHne orobpaxkenus H na KoHTyp KBajpara. CjieoBa-
TeJTbHO, 33/1a9a MOCTPOEHNI TOMOTONNN MEYKTY ABYMS IIyTAMHI €CTh 3a7ada
[IPOJIOJIZKEHUsT 0TODOpaYKeHnsl ¢ KOHTypa KBaJjpara Ha caM 3TOT KBaJIpaT.

31.J.5 Bce, 910 ocTamoch 3aMeTHTh 71T JOKA3aTE/THCTBA, WMILIAKAIIA
(c) = (d), Tax 310 TO, urO ecom F : D? — X — 310 npojo/Kenue Kpyro-
Boit netn f, ro dopmyna H(t,7) = F(cosnt, (27 — 1)sinwt) onpenensier
TOMOTOIHUA ME2KTY 8+ "u s_.



JloxkazarenbcTBa I KOMMEHTAPUT 247

31.J Jlns nmoka3arenbCTBa TEOPEMbBI OCTAI0CH YCTAHOBUTH CIIPABE/IIU-
BocTh uMiukanuu (d) = (a). Cdopmyaupyem yTBepK/IeHUE, HE UCTIO/Ib-
3ys HOHATHS KPYroBbix reresb. Ilycrs gana neris s @ I — X. Tlosioxknm
s(t) = s(2t) m s_(t) = s(1 — 2t). Takum 006pazom, HAJLO JIOKA3ATH, UTO
eCJIN TyTH S+ W S_ TOMOTOIIHBI, TO TET/Is § ToMoTonHa Hymo. [locTtapaiiTecs
JTOKA3aTh 9TO CAMOCTOSATENTHHO.

31.Ax AconuaTuBHOCTE Onepanuy © CjIeyer U3 aCCOIUATUBHOCTU YMHO-
Kenust B rpynne G; equnnreil 8 muoxkectse (G, 1) Bcex meTesb SBIsIETCS
MTOCTOSTHHAST TIET/IS B €IMHUIE TPYTITIHL; OOPATHBIM K TET/Ie U SJTEMEHTOM SIB-
JSeTCs My Th v, 17e v(s) = (u(s))_l.

31.Bx.1 Y6emurecn, uro (uey) ® (e1v) = uv.

31.Bx JloxaxKeMm, 9TO €CIU U ~ U, TO U OV ~ u; © v, JJId IeT0 J0-
CTATOYHO YOEJIUTHCA B TOM, UTO €CIU h — 3TO TOMOTONHUS MEXKIy U W Uf,
to dopmyna H(s,t) = h(s,t)v(s) onperensger roMoTONHIO MEXKIY U4 O U 1
u; ®v. Jdanee, Tak Kak ue; ~ u u e1v ~ v, 10 uv = (uey) ® (€1v) ~ u v,
SHAYWT, IyTH UV U U4 O v JIEKAT B OJHOM roMoromumdeckom Kiaacce. Cremo-
BATEBHO, ONMEpaIusa (& MOPOXKIAET B MHOXKECTBE TOMOTONMIECKUX K/IACCOB
myTeil CTAHZAPTHYO TPYIIOBYIO OIIEPAIIUIO.

31.Cx [doctarouHo J0Ka3aTh, 9TO UV ~ VU, & ITO CJAEAYET U3 MEeMOIKH
uwv = (uep) © (e1v) ~u® v ~ (equ) ® (ver) = vu.

31.Dx ra rpymia TpuBuaibHa. /loKa3are/ibcTBO aHAJOTUYHO JIOKA3a-
TeabCTBY yTBepKAeHus 31.E.

32.A eiictBurensuo, ecm o = [u] u = [v], To
T.(af) = o tafBo = o taco  fo = Tu(a)Ts(53).
32.B ]leiicTBUTE/IHHO,

Too() = [uv] tafun] = ] Hu] afu]v] = Tv(Tu(a)).

32.C llo camomy ompeje/IeHui0 MEePEeHOCa BIOJb IIyTH TOMOMODP(MU3M
T 3aBUCUT TOJBHKO OT TOMOTONMNIECKOTO KJIacca MyTH S.

32.D o rak, nockosbky Te, ([u]) = [eque,] = [u].

32.FE Tax Kax s 's ~ ey,, To m3 32.B-32.D ciexyer, 910
Ts—l oy = TS—IS = Tezl = idﬁl(X@l) .

Anasornanbiv obpasom, Ts o Ty—1 = idy (X z,)- SHaunt, Ti-1 = Tt

32.F B cuny 32.E y romomopdusma Ts umeercs oOpaTHbIil, C/IeI0Ba-
TesibHO, T — n3oMopdusM.
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32.G Eciau 1o4Ku To U T1 J€KaT B OJHON KOMIIOHEHTE JIMHEHHONH CBA3-
HOCTH, TO UX MOXKHO COeJMHUTHL myrem s. B cuny 32.F, Ts : (X, x9) —
m1 (X, 1) — nzomopdusm.

32.H llpamoe ciencreue Teopembl 32.G.
32.1 Tlpstmoe ciencTBue ompemenerust romoMopdnama 1.

32.J [Ipeamonoxkum, 4To n30MOpGU3M [MEPEHOCA HE 3aBUCUT OT
IyTH, B 9aCTHOCTHU, W30MOP(U3M IEpEHOCa BIOJIb IIETIM B TOYKE I( TPHU-
BUAseH (T. €. sIBJIAETCS TOXKJIECTBEHHBIM ). PacCMOTpUM MPOW3BOJIBHBI dJ1e-
ment [ € (X, z9) u memto s u3 romoronudeckoro kiaacca 3. Ilo ycaosuro
B laB = Ty(a) = a ana moboro a € m(X,xg). 3uaunt, of = Ba g
M00BIX 3eMenToB o, 3 € 71 (X, xg), uro u o3nadaer, uro rpymmna 7 (X, zo)
— abesesa.

Paccmorpum myTu s, Sg, coequHLIONIE TOYKY Tg C TOUKOW x1. Tax

— -1 _ — i
Kak Tsls2_1 = T, oTs, 10 Ty, = T,, corya Tsls2_1 = idy, (x,z0)- [ycTs

B € m (X, z9) — 310 KIACC IETIIN 8182_1. Ecsn rpynmna m (X, xg) abenesa, To
518271(&) = f~taB = a, Takum obpasom, Tslsgl = id, 3nauur, Ty, = T,.
32.Ax Ilycrs u —nerna B Touxke s(0). ®opamyma H(7,t) = u(7)s(0)"1s(1)
onpese/seT CBOGOIHYIO TOMOTOTIHIO MEXKIYy U M Heraeir Lggy-141)(u), mpn
stom H(0,t) = H(1,t) = s(t). Losromy, B cuny 82.2, et Lgg)-14(1y(u) 1
s~ lus sB1sOTC TOMOTOIHBIVE, OTKy @ 1 cietyeT pasencrso Ty = (Lgg)-151))
PapencrBo st Ry(g)-14(1) AOKA3BIBAETCS aHAJOIUIHO.

%

32.Bx B cuny 32.Ax, Ts = (Le)« = idg (x,20) 15 BCAKOIN neTm s B

TOUKe g, TaKUM 06pasoM, ecim 3 — 310 Kiaace neran s, 7o Ty(a) = B 1af =
Q, OTKyja u ciaejayer, aro of = Sa.



L'nasca VII

HakpoiTug u
BbIUNCJIEeHIE
dyHIaMEeHTAJIbHOI
CPYIIIIbI

33. HakpbiTug

33'1. OnpeneneHue HaAKPbITAS

IIycre X u B — romnosiormdeckue mpocTpancrsa, p : X — B — memnpe-
poeiBHOE oToOpazkenwue. [IpeamosokumM, 910 P CIOPBHEKTUBHO U YTO Y KaK 10t
TOYKM MPOCTPAHCTBA B cymecTByer Takast okpectaoctsb U, aro eé mpoobpa3s
p 1 (U) upu orobpaskeHnn p HpejCTaBIgerca B BUJE 00bEJIMHEHIs Herepe-
CEKaIOIMNXCA OTKPBITHIX MHO2?KECTB Va, KazK/J10€ M3 KOTOPBIX IMOCPEeaCTBOM P
orobpazkaerca romeomopduo Ha U. B srom ciyuae p : X — B Ha3biBaer-
cst HakpbiTuem (mpoctpancTBa B), B HasbiBaercsa 6a30/ 5T0ro Hakpeitus, X
— HaKPbIBAKOLMM MPOCTPAHCTBOM Jijii B W TOTasbHbIM NPOCTPAHCTBOM STOTO
HaKpPBITHSA. [0BOPAT, uTO OKpecTHOCTD U SABJISETCS NPaBuabHO HaKPbITON MTH
npaBusibHO Hakpbisaemor. OToOpaKeHNe P TAKKE HAZBIBACTCA HaKPbIBAOLUM
oTobparkeHnem W NPOEKLMEN ITOTO HAKPBITHSI.

33.A. [dng 11006010 TOIMOJIOIrMYECKOro IIPOCTpaHcTBa B 1 1100010 aucKper-
HOro npocrpancrsa F' npoekiys prg @ B X F'— B gpiisiercsd HaKpPbITHEM.

249
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83.1. Ecnm U’ C U C B u oxpectHocTh U ABIAETCA TTPABUIBHO HAKPHITOM, TO W
okpecTHOCTH U’ TIpaBUIBHO HAKDPHITA.

Cremytoree yTBepK IeHNe TTOKA3BIBALT, YTO B HEKOTOPOM CMBICTIE BCSIKOE
HaKPBITHE JIOKAJBHO YCTPOEHO TaK Ke, KaK HaKpbITue B 33.A.

33.B. HenpepoiBaada ciopbeknudg p : X — B ecTb HAKPBITHE, COTAA Y KaXK-
noit Toukw @ € B mpoobpas p~l(a) gBngerca AMCKPETHBIM MOAIPOCTDPAH-
CTBOM TIpOCTpaHCTBa X W CYIIECTBYeT TaKas e€ okpecTHOCT: U B B u Taxoit
romeomopdmsm b : p~H(U) — U x p~(a), aro plp-1w) = pry oh.

OyHako HaKpbITHE, HpejacTaBiennoe B 33. A, camo 110 cebe He OYeHb MH-
TepecHo. Takne HAKPLITHS HA3LIBAIOTCS TPUBMAIbHbIMU. A BOT TepBHIil feii-
CTBUTEJIbHO UHTEPECHBIN TPUMED HAKPBITUSI.

33.C. Orobpaxenne R — S : z s > gpjgerca HakpbITHEM.

000

s Toro, uTobObl BBIIEIUTH HamboOJee Cojep:KaTe/ibHble MPUMepPhI, 0y-
JIeM HA3bIBATH HAKPBITHS C JIMHEWHO CBA3HBIM TOTAJIBHBIM IIPOCTPAHCTBOM
HakpbITUsIMU B y3KkoM cmbicae. Koneuno, Hakpoitue u3 33.(C — 570 HaAKpbITHE
B Y3KOM CMBIC/IE.

33'2. Ilpumepbl HAKPBITHI

33.D. Orobpaxenme R? — S x R : (z,y) — (€™ 1) apigerca HaKpLITH-
eM.

33.E. Hokaxure, urto eciu p: X — B up' : X' — B’ — nakpwitus, 10 1
pxp : X x X' — B x B’ — nakpbitue.

Ecmp: X - Bup : X' — B — nakpbituga, o p X p' : X x X' —
B x B’ 6ynem naswiBaTh npoussegeHuem HakpoiTui p u p'. IlepBrlit mpuMep
TIpOM3BeIeHns HAKPBITUI mpuBeeH B 33. 0.

33.F. Orobopaxenne C — C~\ 0: z+ e° aBIsieTcs HAKPBITHEM.

33.2. Bazadra. B rakom cmbicie HakpbiTusg u3 33.D u 33.F oquunakosbl! Beeaute
MO/IXOSAIIEe OTHONIEHNE SKBUBAJIEHTHOCTHA HAKPBITHUIA.

33.G. Orobpaxenne R? — St x St : (x,y) — (e2™2 e2™Y) gpaserca Ha-
KDBITHEM.
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338.H. JIjns KaxK/0r0 HATYPaJbHOIO 4ducia n orobpaxenne ST — S1: 21—
2" SABJIAETCA HAKPBITHEM.

33.83. Jokaxure, 9T0 /15 KaXKJI0r0 HATYPaabLHOro ducsiaa n orobpaxenune C\0 —
C\0: zr 2" gaBasgercs HAKPHITHEM.

38.1. st mobbIX HATYPAIBHBIX dncex p u q orobpaxenne S x §1 — S x
St (z,w) — (2P, w9) apiaserca HAKPHITHEM.

.J. EcrecrBennas 1npoexius — €CTh HAKPbITHE.
33.J. E g S” — RP™

33.K. Swnserca s nakpeituem orobpaxkenue (0;3) — S1 1z — €277

(Cp. 33.14.)

33.L. denaerca mu nakpeitueM npoekmua R? — R : (x,y) +— z? JeiicTsu-
TeJILHO, TI0YeMy Obl He B3ATh B KAUECTBE MPABUIbHO HAKPHITON OKPECTHOCTH
oTKpbITEIl wHTEpBaT (a;b) C R: ero mpoobpas (a;b) x R ectb obbemune-
HI€ OTKDPBITBIX HHTEPBAJIOB (a;b) X Yy, KaXK/bIil U3 KOTOPBIX TOMEOMOP(hHO
MPOEKTHUPYeTCst (IIpK CTaHAapTHON mpoekrmn (z,y) — x) Ha (a;b)?

33.4. Ilocrpoiite HaKpBITHE JIEHTHI MEOnyca MUIMHIPOM.
33.5. IlocTpoiiTe HeTpUBHAIbHBIE HAKPHITHUS JIeHTBI Médbuyca serroit Méduyca.
33.6. Ilocrpoiite HakpoiTie OyTeLTkH Kiteitna Topom. Cp. ¢ 3amateit 21.1/.

33."7. Tlocrpoiite HakpoiTas 6yTerikn Kieitra: mmockocTsio R?; mammmapom St x
R; merpuBmnanbHOe HaKpbITHE caMmoil 6y Terakoil Kireiina.

33.8. [aiire mpsmoe ommcanne pa3dbmeHns MI0CKOCTH Ha IPO00OpPAa3bl TOUYEK IIPH
HakpeITHN Oy ThUIKK KiTeiiHa MI0CKOCTHIO.

33.9%. Tlocrpoiite HakpbITHE CDEPDI ¢ TAHHBIM YUCJIOM ILIEHOK Chepoii ¢ Heko-

TOPBIM YHCJIOM pydek. [[jisi KaKuX 9uces MIEHOK 9TO yIAJI0Ch CAEIATh !

33'3. JlokasibHble rOoMeOMOP(MU3MbI 1 HAKPBITHAS

33.10. Jlioboe HAKDPBITHE ABIAETCH OTKPBHITHIM 0To6pa>KeHI/IeM.1

Orobpaxenue [ : X — Y Ha3bIBaeTCH JI0KAJIbHBIM FOMEOMOPUIMOM, ecJiu
¥ BCAKOH TOYKWM mpocTpaHcTBa X mMeerca okpectHocTh U, 06pa3 koropoii f(U)
oTkpeIT B Y, a mpusenenue U — f(U) orobpaxkenus f ecTh romeoMopdusm.

33.11. Jlokaxwure, YTO BCAKOE HAKPBITHE €CTh JIOKAJIHHBIN TOMEOMOPdU3M.

33.12. CymiecTBYIOT U JIOKAJIbHBIE TOMEOMODPMU3MBL, He SIBJISIIONINECS HAKPBITHU-
AMu !

33.13. okaxure, 9T0 CyKeHUEe JTOKAILHOTO roMeoMOpGdU3Ma Ha BCAKOE OTKPHI-
TO€ TIOIMHOYKECTBO €CTh JIOKAJIHHBINH TOMEOMOP(MUI3M.

33.14. Jlns xakwWx MOAMHOXKECTB mpsiMoii R cyxenme orobpawernms R — S :

z — e?™* gpngerca Hakporrem?

lHa.HOMHI/IM, 9TO 0TOOpakeHHe HA3LIBACTCS OTKPBITHIM, CJIH 00pa3 J000ro OTKPLITOrO MHO-
2K€CTBa, OTKPBIT.
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33.15. Haiinure nerpuBmaabHoe HakpbiTue X — B, y KOTOPOro TOTAJIbHOE TIPO-
crpauncTBo X romeomopduo 6a3e B, u ybemurech B TOM, 9YTO OHO HAEHCTBUTEIHHO
YIIOBJIETBODSAET OIPENEIeHIIO HAKPbITUA (X0Tsa B m He ABageTcs NPABHJILHO Ha-
KPBIBAEMO OKPECTHOCTBIO).

33’4. YucJi0 1UCTOB HAKPBITUS

ITycts p : X — B ectb makperrue. Momuocrs (T. €. 9uCa0 TOYeK) 1mpo-
obpasza p~'(a) Toukn a € B Ha3bIBAETCH KPaTHOCTbIO HAKPLITHA B @ WU
YUCIOM JINCTOB HaJ G.

33.M. Ecau 6a3a HAKPOIMUA CEA3HA, MO KPAMHOCMS HAKPOIMUAL 6 MOYKe
6asbL He 3a6UCUM 0M 8HLIO0PE IMOT MOUKU.

Tem cambIM B cilydae HAKPBITHS CO CBS3HOI 0a30il MMeeT CMBIC I'OBO-
PUTH O YUCAE JINCTOB JAaHHOI'O HAKPbLITUA, IIOHUMaA 10/ 9TUM YHUCJIO JILCTOB
HaJI IPOM3BOJILHON TOYKOIl ero 6a3wl. Kcim ducso jJuCTOB KOHEYHO U paB-
HO T, TO HAKPBITUE HA3BIBAETCH N-AUCTHbIM. B TIPOTHUBHOM CjIydae TOBOPST,
UTO HAKPBITHE OECKOHEYHONMUCTHO. $ICHO, 9TO XOTS MBI W TOBOPUM O UHCTIE
JINCTOB HAKPBITUS, CAMU JIUCTHI BBIJIEJUTH HEBO3MOXKHO, €CJIU TOJbKO Ha-
KpbITHE HE sABJIgeTcsi TpuBuaabHbiM. C JAPYroil CTOPOHBI, MbI BBEJIEM CJIETY-
fomee coramrenne. [1o ompemesennio, mpoo6pas p~ 1 (U) Begkoil MpaBIILHO
HakpbIiToll okpectHocTu U C B pa3zdbuBaercs Ha OTKPBITBIE TOAMHOXKECTBA,
p Y (U) = |J Va, Takue uto cyxenne ply, : Vo, — U — romeomopdmsm. Byaem
Ha3bIBATh KaxKjoe u3 moaMuoxKectB V,, smctom mag U.

83.16. Yemy paBHbBI YHCJIa JIACTOB y HAKPBITU{ MyHKTA 33’27

Mpbl He mpejmojaraeM, 9T0 YUTATE/ b CMOXKET CTPOro O0DOCHOBATDH PEIIEHUS
3amad 33.17-33.19. Dro Gyner cuesrano masee B 3amadax 39.5-39.6.

33.17. Kakue umcma MOryT OBITH PEAJIM30BAHBI KAaK YHCJIA JIICTOB HAKPBITHS
MUIAHIPOM S L I nenrst Mébuyca?

88.18*%. Kaxme umca Bl MOXKETE PEATM30BATH KAK HUHC/IA JINCTOB HAKPBITHS
nentsr Mébuyca mentoit Mébuyca?

83.19*. Kaxme umcaa Bl MOXKETE PEATM30BATH KAK HUHC/IA JINCTOB HAKPBITHS
6yrouiku Kieitna Tropom?

83.20*%. Kakue uncia MOTyT OBITH PEATM30BAHBI KAK YHC/IA JTUCTOB HAKPBITHS
oyreuikn Koeitna OyToiakoit Koeiina?

88.21*. TIlocrpoiite d-muctHoe HakpbiTue chepbl ¢ p pyakamu chepoii ¢ d(p —
1) + 1 pyuxkammu.

33.22. llyctb p : X — Y uq:Y — Z — makperruga. /lokaxnuTe, 9TO €CIH ¢
KOHEYHOJIICTHO, TO B ¢ 0 p : X — Z — HaKPBITHE.

33.23%*. Tlokaxkutre, 4TO IPEAIOIOKEHHE 0 KOHEYHOCTH YHCJIa JIACTOB B 3a/a4e
33.22 aBngeTcda CyIeCTBEHHBIM.

33.24. Ilycts p : X — B — HakpblTHe ¢ KOMIAKTHON 6a30it B. lokakure, <ITO:
1) ecm mpocrpancTBO X KOMITAKTHO, TO HAKPHITHE KOHETHOIWUCTHO; 2) eciu B
xaycaop@oBO U HAKPBITHE KOHEYHOJIUCTHO, TO X KOMIIAKTHO.
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33.25. Ilycrs X — TONMOIOrMYeCcKoe IIPOCTPAHCTBO, IPEJCTABUMOE B BIIE 00beIu-
HEeHUs OTKPBITHIX CBA3HBIX MHOXkecTB U u V. JlokaxkuTe, 9TO eciiu mepecedenne
U NV me ceazuo, To X 06/1a7aeT CBA3HBIM OECKOHETHOIUCTHBIM HAKPBITHEM.

33'5. YHuBepcajbHble HAKPBITUS

Haxpoeitue p : X — B Ha3bIBaeTCs YHUBEPCAIbHbBIM, €CJU TPOCTPAHCTBO
X onnocsazuo. IlogBjienre B 9TOM KOHTEKCTE CJIOBA YHUBEPCa/bHOe Oyrer
obbsicHeHo B 39.

33.N. Kakue u3 HaKpbITHIi, 00CY K TABIINXCS BBIIIE, ABJISIOTCS YHUBEPCAb-
HBIMH !
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34. TeopemMbl 0 HAKPBHIBAIOIINUX Iy TAX

34'1. IlopaaTue orobparkeHuii

Iycrs p: X — Bu f: A — B — upousBojibHble 0T0Opaxkerust. [0Bo-
psT, aTo orobpakenue g : A — X HakpbiBaeT orobpaskerue [ Wi sIBJISIETCS
ero nogHsaTuem (IO OTHOIIEHUIO K p), eciu p o g = f. MHOXKeCTBO TOIMOJIO-
PUYECKUX 33/[ad MOTYT ObITh CHOPMYJIMPOBAHBI KAK 33/a9l MOUCKA Herpe-
PBIBHOT'O HAKPBIBAIOIIETO [IJIs JAHHOTO HEIPEPBIBHOIO 0TOOpazKeHus. 3aa-
91 9TOTO TUIIA HABBIBAIOTCA 334aqamu nofgHstus. VIx hpopMyiupoBKU MOTYT
BKJIIOYATH JIOMOJTHUTEIbHBIE TPEOOBAHUS HA MOIHATHS, HAIPUMED, B HEKOTO-
PBIX U3 HUX TpebyeTcs, 4Todbl Mo/ HATHE ObLTO0 (PUKCUPOBAHO HA, HEKOTOPOM
TTO/TITPOCTPAHCTBE.

34.A. Jokaxure, uro ToxjjecrBennoe orobpaxkenume S — S me moxer
miz (Opyruvu
CJIOBAMHM, HE CYIIeCTBYeT TakKoro HelpepblBHOro orobpakenns g : St — R,
2mi9(®) — g juis Beex x € S1.)

OBITH TIOAHSTO 10 OTHOIIEHMIO K HAKpbITHio R — S : x — e

qTO €

34'2. IlogusiTne nyTn

34.B Teopema o mnaxpwsarouem nymu. llycmv p : X — B — naxpoi-
mue, rg € X, by € B — makue mouxu, wmo p(xg) = by. s arwbozo ny-
mu s : I — B, nauunarowezocs 6 by, cyuecmsyem eduncmeennoil nymo
s: I — X, nouwunatougulica 6 mowke xo U Hakpwusaowul nymo s. (pyeu-
MU CAOBAMU, cyuecmseyem eduncmeenhvill nymo s : I — X, maxod, wmo
s(0) =xzpupos=s.)

MozkHO m0Ka3aTh u Oojtee o0IIee yTBepKIeHNe, YeM TeopeMa 34.B — cum. 3a-
nauau 34.1-34.3.

34.1. Ilycts p : X — B — TpuBnajbpHOe HaKpbITHE, To € X 1 by € B — takue
rouku, 4ro p(xo) = bo. Jaa Bcakoro mempepbiBHOrO orobpaxkenus [ : A — B,
[IEPEBOIAIIEr0 HEKOTOPYIO TOUKY ap € A B by, CymecTByer ero HernpepblBHOE I10/1-

usrue f : A — X, sus koroporo f(ao) = wo.

34.2. Ilycts p : X — B — TpuBmajabHoe HakpbiTue, ro € X u bg € B — Ttakue
rouku, 9ro p(zo) = bo. Ecam muoxkecrBo A CBA3HO, TO AJ1s BCAKOTO HENPEPbIB-
Horo orobpaxkennst f : A — B, mepeBosIero HEKOTOPYIO TOUKY ag € A B b,

menpepbiBaOE mogaaTue f: A — X ¢ f(ao) = xo eIMHCTBEHHO.

34.83. Ilycrb p: X — B — nakpbiTue, a A — HEKOTOPOE CBA3HOE U JIOKAJIBHO CBs3-
HOEe TTPOCTPAHCTBO. Ecm mempepbiBabie oTOOpaxkenus f,g: A — X coBmamaoT B
HEKOTOpO#i Touke u po f =pog, To f = g.

84.4. Ecnu B 3amage 34.2 3aMEHUTH TOYKU T, by U ap MapaMu TOYEK, TO MOKET

CTAThCS, 9TO 33749 MOAHATHS He fAomyckaer pemenns f ¢ f(ag) = xo. Chopmymn-
pyfiTe ycioBue, HEOGXOUMOE W IOCTATOYHOE /I Cy IeCTBOBAHUSA TAKOTO PEeHus .
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34.5. llokaxkmure, ITO TeopeMa O HAKpBIBAOImEM IyTH $4.B He 06obmmaercss mHa
JIOKAJIBHBIC TOMEOMOPGbI3MEI, TAKHE KaK JOKAIbHbIH romeomopdusm (0,3) — S*

2mix

T e 329U 34.4.

34.6. Paccvorpum nakpoitne C — C\0 : z — e”. Hafizure nytn, Hakppisaonme
myr u(t) =2 —t, v(t) = (1 + t)e*™, u ux HpousBemeHnd UV U VU.

34’3. IlogusiTME TOMOTONUM

34.C Teopema o naxpwsarowetd 2omomonuu. [lycmv p : X — B -
naxpomue, ry € X u by € B — makue mouku, wmo p(xg) = by. Ilycmo
nymu u,v : I — B nawunaromesa 6 mouke by v w,v : I — X — naxpwearousue
UL NYMu ¢ HAaAoM 6 mouke To. Tozda, ecau nymu u,v 20MOMONHYL, MO
nYmuU U, U MAaAKHCE 20MOMONHDL.,

34.D Caedcmeue. B npednoaoocenusx meopemor 34.C naxpuisarouue ny-
mu U u U Konuatomea 6 00not u mot oice mouke (m. e. u(l) =v(1)).

[Tomuepkuém, uro B 34.C' u 34.D npennosaraercs, 9T0 Y HAKPBIBAIOIITUIX
myTeit obIee HAYAIO T, & TOT/IA, COTJIACHO 34.01), COBNAJAIOT U UX KOHIIBI.
34.E Caedcmeue caedcmeus 34.D. Ilycmv p : X — B — naxpwmue.
Ecau nemas s : I — B nakpwsaemcsa He3amMHymvim nymeém (max cxadamo,
PABMBIKGEMNCA NPU NOOHAMUL), MO OHG HE 20MOMONHA NOCMOAHHOU.

84.7. JluneitHO CBSI3HOE MTPOCTPAHCTBO B, 00/1a/7a01ee HETPUBUAILHBIM JTHHEHHO
CBA3HbIM HAKPbITHEM, HEOIHOCBA3HO.

84.8. loxkaxkmure, uTo J1I060e HaKpbITHE P : X — B ¢ 0AHOCBA3HBIM B 1 JuHEHHO
cBsA3HBIM X SBJISETCS TOMEOMOP(MOU3MOM.

34.9. Kakue ciencTBusa MOYXKHO U3BJIeYb U3 4.7 OTHOCHTEIBHO IPUBEIEHHBIX B
33 npuMepoB HAKPBITHIT?

84.10. 3azadxa. Tak u yK BaxKHO yC/IOBHE TeopeMbl 34’3, COracHO KOTOPOMY
oTobparkeHust u U v ABAAOTCH myTsamu! Ha kakoil Kaacc oTOOpaykeHWil U ImIpo-
CTPAHCTB Bbl MOXKeTe 0600IuUTh 3Ty Teopemy?
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35. Bourauciaenne pyHgaMeHTAJIbHBIX I'PYIII
IIPU TIOMOI YHUBEPCAJbHBIX HAKPBITUM

35'1. ®dyHmaMeHTaIbHAs IPYIIa OKPYKHOCTH

st KarK10r0 HATYPaIbHOrO Yucaa n 0003HaYUM dYepes S, mnewio | —
Sl t— 2™ HavambHoil ToUKOi nemwin ssisiercs touka 1 € C. Tomorormnu-
decKuil Kjace et §1 06o3nadnM depes «. Taxum obpaszom, a € (S, 1).

35.A. llerns s, sBjgercd HpejCTaBUTE/IEM Kjacca o',

35.B. VYkaxure nyth B R, nHaunnatommiics B Touke 0 € R u HakpbiBatommit
HET/II0 Sy, OTHOCUTE/ILHO yHHBEPCAJILHOI0 HAKpbITus R — ST,

35.C. Tomomoppusm ¢ : 7 — w1 (S, 1) : n— a", asasemca usomophus-
MOM.

35.C.1. ®opwmymna n +— a” onpenenser romomopdusm Z — (St 1).

35.C.2. Ecniu nyrp 5 : I — R ¢ maganom B 0 € R, nHakpbiBaromuii mersio
s: 1 — S' (c mauanom B 1), konuaercs B Touke n (1. e. 5(1) = n), To meras s
TOMOTOITHA TIETJIE Sp,.

35.C.3. Ecnu nerng s, romoromnHa nocrosuuoit, o n = 0. CiegoBaresbHo,
romomMopdu3M ¢ — MOHOMOPGhU3M.

212
35.1. Haiijure 1poobpas roMOTONMYECKOro Kiaacca ueran t — e2™ " npu uso-

vopdusme Teopembr 35.C.

Ob6o3nauum gepes deg uzomopdusm, aBIAONUICH OOPATHBIM K U30MOPhu3Mmy

35.C.

85.2. Inst moboit et s : [ — S', mauwnaomeiics B equmnune, deg([s]) ects
TeJI0e YMCJI0, COBMAIAIONIEe ¢ KOHEYHOM TOUKOM myTH, HaunHaiomerocsd B 0 € R u
HaKPbIBAIOIIETrO IIET/II0 S.

35.D CuencrBue Teopembl 35.C. Qyndamenmanvrad 2pynna n-meprozo mo-
pa (SH)™ — ceobodnas aberesa epynna panea n ( m. e. smo ecmn zpynna,
usomoppran 7).

35.E. Ykaxure MeTu, TOMOTOINNYECKHE K/TACChl KOTOPBIX sABJIAIOTCA 00pa-
3ytomumu GyHIAMeHTATbHOM rpymsl Topa St x S

35.F Cuencrue Teopembl 35.C. Qyndamenmanrvnas 2pynna npoxkosomot
naockocmu R? < 0 ecmo Geckoneunas yuxiuveckas 2pynna.

35.3. Pemure 3amaun 35.D-35.F, ne ccbunascsh Ha teopembl 35.C u 31.H, a onu-
pasCh HA ABHOE IOCTPOEHUE COOTBETCTBYIONIEr0 yHUBEPCAILHOIO HAKDPBITHSI.
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35'2. ®yHmaMeHTaJIbHbIE TPYTIIThI
NIPOEKTUBHBIX MPOCTPAHCTB

QyHIaAMEHTAJIBHON I'PYIIOi MPOEKTUBHOM MPAMON dBJISETCA OECKOHEed-
Hag MUKIUYECKas I'PYIIa, TOCKOJbKY MPOEKTUBHAS MpsgMasi roMeoMopdHa
OKpyx)HOCTU. HymbMepHOEe TPOEKTUBHOE MPOCTPAHCTBO COCTOUT W3 OHOI
TOYKH, TaK UTO ero (pyHaMeHTaJIbHAs IPYIIa TpUBHA/IbHA. BeraucanMm re-
epb yHIaMeHTa/IbHbIe IPYIIIbI BCEX MPOYUX MPOEKTUBHBIX MTPOCTPAHCTB.

IIyctb n > 2 mwl : I — RP™ — news, KOTOPYIO HAaKpPHIBAET IyTh

[ : I — S™ coemumHgOMN ABE JHAMETPAIBLHO IIPOTHBOIOJJIOKHBIE TOTKI
cdepsr, ckazkem, mojocel Py = (1,0,...,0) u P- = (—1,0,...,0). O603Ha-
quM Uepe3 A TOMOTONUYeCKuil Kjacc mnerin | B (pyHIaMeHTa bHOM TpyIIne

m(RP" (1:0:...:0)).

35.G. [nsn xaorcdoeo n > 2 epynna m(RP™, (1 : 0 : ... : 0)) asasemcsa
yukauueckol epynnot nopadka 2. Ona cocmoum us A u 1.

35.G.1 Jlemma. IIpouseoavran nemas 6 RP™ ¢ nauwasom 6 mouxe (1:0: ... :
0) eomomonna wau nemae I usu NOCMOANHOT nemae. Mo 3a6UCUM 0M MO20,
coedunaem AU NYMb, HAKPLLEAOUUT smy nemaro, noaoco, Py u P_, uau owce
O CaM ABAAEMCA Nemaed.

35.4. Tne B nokasaresnbcrsax reopembl 35. G u siemmbl 35.G. 1 UCI10JIb30BAHO 1IPE/I-
nosjoxkenue n > 27

35'3. ®dyHmaMeHTasbHaAs rpynna OyKera OKpPyKHOCTel

Paccmorpum cemeiicrso Tonosiornueckux npocrpaicts { X, }, B Kaxo0M
13 KOTOPBIX OTMEYEHO 110 OJIHOM TOYKe T,. PaccMoTpuM HECBABHYIO CyMMYy
|_|a X, 9TUX TPOCTPAHCTB W OTOXKIAECTBAM B HEM BCE OTMEYEHHBIE TOUKM.
[Tosyuennoe dpakropnpocTpancTBo HasbiBaercs bykerom npocrpancts { X, }
u obozmradaercs depes \/ , Xo. B qacrnocrn, byker q okpyxHoCTed — 910 1po-
CTPAHCTBO, SIBJISIIONIEECST OObEUHEHNEM ¢ 9K3EMILIIPOB OKPYKHOCTEl, nMe-
IOIIMX OJIHY OOIIYI0 TOUKY, HA3BIBAIOILYIOCA LEHTPOM ITOr0 OyKeTa.

Oboznaunm OykeT ¢ OKpyzKHOCTeil depe3 B,, a ero menTp — depes c.
IIycts uq, ..., ug — meram B By, KaxK/Jasg U3 KOTOPBIX HAYMHACTCA B C U Ia-
paMeTpH3yeT COOTBETCTBYIONIYIO OKPYKHOCTE OykeTa B,. Obo3znaunm uepes
Q; TOMOTOTIMIECKU KJIACC TIETIH ;.

35.H Teopema. I'pynna m1(By,c) asasemca c60600not epynnot, c60600H0
nOPONCOEHHOT INEMEHMAMY O, . . ., Of.

35'4. AnrebGpamyeckoe OTCTyILI€HUE: CBOOOHBIE IPYIIbI

Hamomunwm, uro rpynna G ectb cBODO/IHAS T'PYIIIA CO CBOOOTHBIMU 00-
Pa3YIONIMA A1, ..., (g, €CIIH:
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[ ] Ka.)KﬂbII‘/JI ee dJIEMEHT T € G IpPeACTaBJIACTCA KaK ITPOU3BEJCHUE CTe-
IIeHeil (C OeJIbIMu, HO HE 003 TeJILHO TTOJIOKUTEILHBIMU [10KA3aTe-
€n.

_ el e
JISIMU) SJEMEHTOB a1, ..., dg, T. €. T = ag' ag> ...a;";

® 5TO IIPEJICTaB/IEHNe OJHO3HAYHO C TOYHOCTHIO JI0 CJAEYIONNX TPH-
BUAJIBHBIX ONEPAINii: MOKHO BCTABJISATH W yAAJSATh TPOU3BEJIEHMS
BUJIA Q;Q; ! !
paTHO.

— m p_q —
U a; a; WK 3aMeHATH a;' Ha a,a; C P+ q = m u 00-

35.1. Ceoboduaa zpynna onpedenena ¢ mowHocmvlo 00 U3OMOPHUIMA HUC-
AOM CBOUT C80O0OHBIL 0OPA3YIOULUL.

YHucao cBoOOIHBIX 00PA3YIOMIUX CBOOOIHON I'PYIIIbI HABLIBAETCI €€ pPaH-
rom. CTaHIapTHBIM IPeJICTAaBUTEIEM B KJIACCE 30MOP(HBIX CBOOOIHBIX I'PYIII
paHra, ¢ fBJISeTCd TPYIIa CJI0B aldaBuTa, COCTOAIEro U3 q OyKB a1, ..., Gg 1

0OPATHBIX K HUM afl, e %—1_ IBa c/10Ba MpEICTABAIIOT OIUH U TOT XKe dJIe-
MEHT 9TOI Pyl TOTJA U TOJBKO TOIJA, KOT/Ia OfHO W3 HUX MOYKET OBbITh
[TOJTy 9€HO U3 APYTOro MOCPEACTBOM BCTABOK U y/IajieHuil (hparMeHTon aia;l n

a;lai. Jlyist 910t rpyIIIBl MBI GyzieM HCIO/Ib30BaTh obosHavenue F(aq, ..., aq)
um npocro Fy, ecim Hac He HHTEPeCcyl0T KOHKPeTHbIe 00pasyolue.

35.J. Beaxuti anemenm epynno [F(aq, ..., aq) obaadaem eduncmesenmvim Kpam-
watiwum npedcmasumenem. Um A6AAeMCA CAOB0, 6 KOMOPOM HEAB3A NPO-
U3BECU HUKAKUT COKPAUEHUT.

Yuciao O6ykB, BXOAAMMX B KpaTdailliiee MnpejCcTaB/IeHUe JIEMEHTa T €
F(ai,...,aq), Ha3bIBAETCH AAMHOM d/eMenTa T u obo3HadaeTcs 4depes [(x).
Koneuno, mig toro urobwr jyimaa ObLIa OMpPEAeaeHa, HEOOXOIUMO, 9TOObI
ObLr (PUKCHPOBAHBI 0OPA3YIONIME STON TPYIIIH.

35.5. llokaxwure, aro aBromopdusm rpyumnst [y MOXKeT mepeBosuThb JIEMEHT T €
F, B anement, nmeromuit Apyryio mimay. [Ipn kKakux 3HAYEHUAX ¢ 9TO HEBO3MOKHO?
MoHO T TaKUM 00pPa30M TOIYYIUTh CJIOBO TTPOU3BOIBHON IIUHBI?

35.K. I'pynna G asasemca c60600not 2pynnot, c6060010 noposcdenmnot
CEOUMU INEMEHMAMU G, . . . ,0q, C020a A100OE OMObpPAdNCEHUE MHONHCECMEA
{a1,...,a4} 6 npouseoavnyto epynny X npodossicaemces do eduncmeennozo
2omomoppusma G — X.

WNuorga yreepkaerue Teopembl 35. K mpuHUMaeTCs 3a OMPE/Ie/IeHre CBO-
6omuoit rpymmbl. OupejesieHust TAKOrO COPTa B OOJIBINEH CTENeHn M0 [Iep-
KUBAIOT B3AUMOCBA3YU MEXK/Iy PA3/JIMIHBIMU IPYIIIAMU, HEYKEIU BHY TPEHHIOIO
CTPYKTYPY Kazk/10it rpyrisl. KOHEYHO, TaKre B3auMOCBs3U I03BOJISIOT B KO-
HEYHOM UTOr€ BOCCTAHOBUTH W BHYTPEHHIOIO CTPYKTYPY I'DYIIIL.

Terepb MbI MOKeM 1IepedOpMy/IUpPOBaTh TeopeMmy 35.H Tak:
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35.L. T'omomoppusm F(aq, ..., aq) — m1(By,c), omobpascarowui a; 6 sae-
MEHM t; PYHdamernmanvrot 2pynnv, OyKema oxkpyscrocmeti, AGAACNCA U30-
MOPPHUIMOM.

[Ipex ie Bcero, /1jist IPOCTOTHI OTPAHUIUMCH C/IydaeM ¢ = 2, 9To0bl u3be-
JKaTh HEHYKHBIX CJIOKHOCTEH B 0003HAUEHUSIX U PUCYHKAX. DTO MIPOCTEHTIIIii
caydail, KOTOpbIil IEeCTBUTETBHO MMOJTHOCTHIO TPEJICTaB/Isd-eT 00Ty CUTYya-
IMO, B TO BpeMsI KaK B CJIydae ¢ = 1 CJUIMIKOM MHOTO Creluuku (XoTs Obl
[OTOMY, 9TO B 9TOM CJIydae TPYIIa KOMMYTATHBHA).

Yrobbl BOCIIOIB30BATHC TPEUMYIIECTBAMN OyKeTa JIBYX OKDPYKHOCTEIT,
W3TOHUM WHAEKCH n3 obosHadenuit. Ilomoxkum B = Boy, u = uy, v = us,
a=ay, f=as.

Teneps yTBepKAeHre 35.L BBINISIUT CJIEIYIONIUM 00PA30M:

Tomomopgpusm F(a,b) — w(B,c), npu komopom a — « u b — 3, a6as-
emca U3OMOPPHUIMOM.

DTy Teopemy MOXKHO Obl JIOKa3aTh Tak Ke Kak Teopembl 35.C'u 35.G,
eci 6 TOJIBKO 3HATHh, KAK YCTPOEHO YHUBEpPCAJIbHOE HaKpbiTHe Oykera 3.
Taxum obpazom, /i J0KA3ATEIHCTBA TEOPEMbl HAM IMPUIETCA MOCTPOUTH
YHUBEPCAJIBHOE HAKPBIBAIOIIEE MTPOCTPAHCTBO OyKeTa, JABYX OKPYKHOCTEI.

35'5. YHuBepcasibHOE HaKpbITHE OyKeTa JIByX OKPY>KHOCTei

Ob6o3nagnm depes U u V TOUYKH, aHTHUIIOJAJbHBIE TOUKE C Ha OKPYZK-
Hoctax Oykera B. Paspexxem B B 3Tux TOYKax, yma/jauB ux u3 B u 3arem
T0OAaBUB BMECTO KasK0i M3 HUX JBE HOBbIE TOUKN. KakoBa OBl HE ObLIa 9Ta
olepalng pa3pe3aHnd, eé pe3yabTaTOM daBJIIeTCs KpecT K, mpemcraBiisdio-
it coboil 00beINHeHne YeThIpeX OTPE3KOB ¢ obmmM KOHIoM ¢. OTpe3skn
MBI OyIeM Ha3bIBaThL Jyyamu Kpecta. VImeercss ecrecTBeHHOE OTOOparKeHIE
P : K — B, nepeBogdiiee 1nmenTp ¢ kpecta K B merTp ¢ 6ykera B, cy:KeHne
KOTOPOr'0 Ha KarKIbIii M3 JIydeil Kpecra sABISIeTCS TOMeOMOP(MU3MOM 3TOrO
JIyda, Ha COOTBETCTBYIOILYIO IMOJIYOKPYKHOCTHL Oykera. IIOoCKOIbKY OKpyZK-
voctu Oykera B mapamMeTrpw30BaHbI METIAMU U U U, TO MOJOBUHKU KaK 0
U3 OKPY?KHOCTe MOKHO yHnopsaaounts. O6osuadnm gepes UT Ty TouKy 1mpo-
obpasza P~1(U), Koropas nIpHHAIEKUT JIydy, 0OTOOPAXKAIOMEMYCs B IEPBYIO
U3 MMOJIOBUH OKPY2KHOCTH, cozepzkaiieit Touky U, u uepe3 U™ — BTOPYIO TOU-
Ky W3 COCTaBJIAIONIAX TOT Ipoobpas3. AHajormaHo obo3HadanM depes V1 n
V'~ roukn npoobpaza P~1(V).

U+ v+
U+ U+
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Cy:xenne orobpaxkennss P na K ~ {UT, U, VT V~} asiserca romeo-
mopduzmom Ha BN {U, V'}. ITosromy P siBiisiercst HAKPBITHEM [TPOCTPAHCTBA
B~ AU, V}. Opnako touku U u V' He UMEIOT IIPABUJILHO HAKPBITHIX OKPECT-
Hocreit. Bosiee Toro, mpoobpas KaxK10it 13 HUX COCTOUT U3 JIBYX TOUEK (COOT-
BETCTBYIOIIUX KOHIIEBBHIX TOYEK erCTa.), B OKPECTHOCTU KOTOPBIX P JazKe He
SBJISIETCS JIOKAJIBHBIM roMeoMopduamom. UTobb! cripaBuThCs C ITOW HENPU-
ATHOCTBIO, TPUKJIENM B Ka}K,Z[Oﬁ N3 9eThIPpEX KOHIEBBIX TOYEK KpPeCTa K eIre
OIMH 3KIEMILISIP KpecTa K 1 TMPOMOIKNM eCTeCTBEHHBIM 00pa3oM oTobpa-
kerwe P Ha MOJIlydeHHOE B pe3yJsibTaTe TOMOJIOTHYecKoe mnpocTpancTso. Ho
Terepb MOABUIUCH HOBbIE 12 KOHIIEBBIX TOUEK, B KOTODBIX HAIlle 0TOOpazKe-
HUEe He FBJISIeTC JIOKAJbHBIM ToMeoMOpdu3MoM. UTo Ke, MOBTOPUM Ty Ke
oTreparnnio, IpukjaenB 12 HOBBIX Kommit Kpecta K. U BOT ykKe y KaxKI0il u3
9rux 12 TOUEK ecThb OKPECTHOCTb, TOMEOMOPMHO 0TOOPAKAIOIIAICT HA CBOit
obpa3 B B. Ho 3aro Bo3uuk/m 36 HOBBIX KOHIIEBBIX TOUYEK. U Tak masee. ..
DTa JIeATeTbHOCTD KayKeTCsl BIIOJIHE ODE3yMHO{T: ncnpaBjigd gedeKThl, Mbl CO-
3/1a€M Ha KaKJIOM ITare B Tpu pa3a 00Jibine HOBIX. OHAKO €C/Ii TOBTOPUTD
9T0 ODECKOHEYHO MHOTO pa3, TO BCE IJIOXME TOYKHU UCIPABATCA U MOy IEHHOE
TOIOJIOTMYECKOE TTPOCTPAHCTBO C 3aJAHHBIM HA HEM MIPOJIOJIZKEHUEM 0TOOpPa-
JKennsi P OKazKeTcsl HAKPBIBAIOIIIM TPOCTPAHCTBOM.?

35.M. @opmasusyiiTe ONMCAHHYIO BbIIIE KOHCTPYKIIMIO HAKPbLITHS Oykera

B.

Paccmorpum rpynmy F(a,b) xak Tomosorndeckoe mpoCTPaHCTBO C JIAC-
KPEeTHO{I TOIIOJIOTHel U IIOCTPOUM ero Ipousse/enue Ha Kpect K. Pesynbrar
— npocrpanctBo K X [F(a,b) — MoKHO paccMarpuBaTh Kak HAOOD SK3EMILIs-
poB kpecra K, 3anymepoBaHHBIX d1emenTamu rpynmst F(a,b). Tomosormae-
CKH 9TO HECBsI3HAsI CyMMa 3THX dK3eMisgpoB. Oroxgectsum B K X F(a,b)
touky (U™, g) ¢ (U, ga) mtouky (V—,g) ¢ (VT, gb) nna kaxmoro snementa
g € F(a,b). Oboznaunm mosydernoe hakTOPIPOCTPAHCTBO depe3 X .

35.N. Komnosunms ecrecrsennoit mpoekiuun K X F(a,b) — K n orobpaxke-
nug P : K — B oupejenser nenpepoiBaoe hakroporodpazkenne p : X — B.

2370 mamomumaer CKa304YHYI0 HCTOpUIO O OuTBe co 3MeeMm [OpBIHBIYEM, HO HEOXKHUJAHHAS
CYACT/IMBAsT Pa3Bsi3Ka MOKA3bIBAET, 9TO MaTeMaTHKa 00J1a[aeT MarndecKoi MOIILIO, O KAaKOH repou
CKAa30K HEe MOIJIM U HMOMBICIUTL. VI B camMoM jiesie, MbI BCTpeTunu 3Mes [opbiabida K 0 4eThIpEx
roJIoBax, JOOJIECTHO OTCEKJIH €My BCE FOJIOBBI, HO, B COOTBETCTBHH C TPAJHUIHEH JKaHPa, Ha MeCTe
KazKJI0# CTapoil rOIOBEI BEIPOCIN 3 HOBBIE. MBI OTCEKJIN U UX, U UCTOPHUS IOBTOPHIACH. A MBI U HE
IyMaeM, Kak Obl m30eKarTh 3TOr0 pa3MHOXKEHUs rojioB. 3Hail pybum! B oriimydne or repoes CKa3o0k,
MBI feiicTByeM BHe Bpemenum, m HaAM HEKyJa CIEMHATL. [[OBTOpHB GECKOHEYHOE KOJIHMIECTBO Da3
yIpasKHEHHE B OTCEKaHUU SKCIIOHEHIMAJIBHO PACTYINEro YUCja rojioB, Mbl mobemusau! YV Hamiero
TopbIHBIYA MOJIOB-TO U HE OCTAJIOCH!

TakoBa TUNMYHAST KAPTHUHA YCIENIHONH OECKOHEYHONW KOHCTPYKIUW B MareMaruke. VHOrza,
KaK B HAIlleM CJIydae, TAKYI0 OECKOHEUHYIO KOHCTPYKITHIO MOYKHO 3aMEHUTH KOHEUHOI, HO MMEo-
mieit gesio ¢ 6eckonedHbiMu OO0bekTaMu. OJHAKO, CIIYy9aeTCsi, 9TO BaKHAsI KOHCTPYKIUsI BKJIFOYAET
GEeCKOHEUHOE MMOBTOPEHIE, KOTOPOrO HIUKAK HEBO3MOYKHO M30eXKATh.
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35.0. Orobpaxenne p : X — B sBJjisiercst HAKPBITHEM.

35.P. TlpocrpancrBo X smueiino ceasno. s kaxporo snementa g € F(a,b)
CYIIECTBYET Iy Th, COeJUHAIOmMi TouKy (¢, 1) ¢ Toukoit (¢, g), HaKpbIBAIOII
neriio B B, TOMy4YeHHYI0 B Pe3yJIbTaTe 3aMeHbl B CJI0BE ¢ OYKBbBI @ meTsieit
u, a OykBbI b — meTIeit v.

35.Q. Ilpocrpancreo X 0JHOCBSA3HO.

35'6. ®yHaMEHTaJbHbIE IPYIITbl HEKOTOPBIX KOHEYHbBIX
OPOCTPAHCTB

35.6. okaxkure, 9TO BCAKOE JIMHEIHO CBA3HOE TPEXTOYEIHOE IIPOCTPAHCTBO O-
HocBs3HO (cp. 81.7).

35.7. PaccMoTpuM TOMOIOTMYECKOe IPOCTPAHCTBO X, COCTOLAIIEe U3 TOYEK a, b,
¢ u d, B KOTOpOM TomoJIorus 3amana 6a30ii, cocrasiennoil u3 muoxecrs {a}, {c},
{a,b,c} u {c,d,a}. Joxkaxure, 4To mpocTpaHcTBO X HEOIHOCBI3HO.

85.8. Boramcmmre w1 (X).

35.9. Ilycts X — KOHEHOE TOIOJIOIIIeCKOe IPOCTPAHCTBO C HETPUBHAJIBHOM Dy H-
maMeHTaabHOM rpymmoii. IIycTs ng — HanMenbIIee UHUCI0 TOUEK TAKOrO IIPOCTPaH-
crra. 1) Haiinmre ng. 2) KakoBsr HeTpuBra bHbe GyHIAMEHTATHLHBIE FPYTIIIHL TTPO-
CTPAHCTBA, YUCJIO TOYEK B KOTOPOM PABHO 17!

85.10. 1) IlocTpoiiTe KOHETHOE TOMOIOITIECKOE IPOCTPAHCTBO C HeabeaeBol dyH-
MaMEHTaIbHOH rpymmoii. 2) KakoBo HanmMeHbImee 9uCI0 TOUEK, HEOOXOIUMOE JIJIst
TaKOro IpocTpaHcTsa’

85.11%*. Tlycth mpocTpaHCTBO X ABIACTCA OOHEIUHEHNEM OTKPBITHIX MHOKECTB
U u V, nepecevenne KOTOPBIX UMEET He MeHee TPEX KOMIIOHEeHT CBa3HOCTH. JloKa-
KuTe, 9T0 PyHIaMeHTa IbHasg IPYIIIa IpocTpancTsa X Heabesesa, u, 00jee TOTOo,
MOKeT OBITH OTOOparkeHa MUMOPGHO HA CBOOOIHYIO IPYIILY paHra 2.

85.12%. TlocTpoiiTe KOHEIHOE TOMOJOTHIECKOe IIPOCTPAHCTBO € (DyHTaAMEHTATb-
HOI rpymnoit Zs.
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Jloka3arejabCTBa 1 KOMMEHTaApPUU

33.A llokaxem, 9TO CAMO MHOXKECTBO B dBJISIETCSA TPABUIHLHO HAKPBITHIM.

, -1
Heiicreutenso, (prg)  (B) =X = Uyer(B X y), a HOCKOIbKY TOLOJIOrHS
B mpocTpancTse F' auckperHa, TO KakJ0e W3 MHOXKeCTB B X y OTKPBITO B
TOTAJILHOM [IPOCTPAHCTBE HAKPBITHSI, & CyKeHIe PI g HA KaK/[0e U3 HUX eCTh
roMeoMopu3M.

33.B ocrponm romeomopdusm b : p~1(U) — U x p~Y(a)
JLJIE TPOM3BOJIBHON NPaBUIbHO HAKPBITOHN okpecrHocTu U C B toukm a. [To
OTpeIeIeHIIO TTPAaBMILHO HAKPBITOH okpectroctr, p~+(U) = |JU,. Ilycrs
x € p~Y(U), PaccMOTpHM TO 3 OTKPHITBIX MHOKECTB Uy, KOTOPOE COIEPIKUT
TouKy , u conocrasum eit mapy (p(z),c), rae {c} = p~1(a) N U,. Scno,
uro coorsercrsue T — (p(x),c) onpenenser romeomopdusm h : p~H(U) —
U x p~a).

B cuny 33.1, U aBageTcd npaBUIbHO HAKPBITON OKPECTHOCTHIO, 3HATNT,
p: X — B ecTb HaKpBITHE.

83.C na sesxoit Toukn 2 € ST mmowecrso U, = ST\ {—2} asnserca
ee MPABUJILHO HAKPHITOI OKPECTHOCTHIO. JleficTBUTeIbHO, HyCTh 2 = €277
Torga npooGpas oxpecruoctu U, — 310 obbeunenue | J, o, (az—i—k; — %, r+k+

%), a CyzKEeHUE HaAKPBbITHUA Ha Ka,)K,Z[bII‘/JI "3 YKa3aHHbIX MHTEPBAJIOB ABJIACTCHA

roMeoMopu3MOoM.

33.D IIpaBHIBbHO HAKDBITOI OKPECTHOCTBIO TOUKH (2,y) € S' x R aB-
naerca npomsseenne (SN {—z}) x R; cp. 33.E.

33.F Paccmorpum guarpammy

R2 C

| E

S1xR —2— C~ 0,

B Koropoit g(z,x) = ze*, h(x,y) = y + 2miz, a q(z,y) = (™ y). U3
pasencrsa g(q(z,y)) = ¥ . e¥ = Y27 = p(h(x,y)) cueayer, uTo ona
KOMMyTaTHBHA. flcHO, 4TO OTOOpakenus g u h sBJs0TCH roMeoMopdu3Ma-
mu. [lockosbky, B cuny 33.D, orobparkeHue ¢ siBAIeTCd HAKPBITUEM, TO U P
— HaKpBITHE.

33.G B cuny 33.E, nannoe yreep:k/ienue cieayer ud 33.C. Koneano, ero

HETPYJHO JI0Ka3aTh U HEHOCPEJCTBEHHO. IIpaBHIBHO HAKDBITOl OKPECTHO-
cThio TouKH (2, 2') € S xSt 6yner mpomssenenme (ST {—2}) x (ST {=2"}).
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33.H Tlycrs z € S'. IIpooGpa3 Touku —2 IpH MPOEKIHMU COCTOUT U3 1
TOYEK, KOTOPbIEe Pa30MBAIOT TOTAJIBHOE IPOCTPAHCTBO HAKPBITHS HA 1 JyT,
[IPY TOM Cy2KeHUe TPOEKIUI Ha KazK Ly [0 U3 HUX ONpeje/isier roMmeoMopdu3m
s1oit yru Ha okpectrocTh ST\ {—z} Toukn z.

33.1 B cuny 33.E, sTo yTBepXKIeHue ciaemayer u3 33.H.

33.J Tlpoobpas touku y € RP™ — 310 napa {z, —x} C S™ anTunomaib-
HbIX To4YeK. [Ipoxossiiasi depes3 HeHTp c]epbl MI0CKOCTH, OPTOrOHAIbLHAS
BEKTODPY T, pa3buBaer chepy Ha JiBE OTKPBITHIX HOJIYC(Epbhl, KAz asd U3 KO-
TOPBIX rOMeoMOpdHO npoekTupyercst Ha (romeomopduyio R™) okpecTrHOCTH
Toukn y € RP™.

33.K Her, ne apigerca, mockoabKy y Touku 1 € S' me cymecTByer
MPaBUWIBHO HAKPBHITON OKPECTHOCTH.

33.L VYkazauubie B GOPMYJIUPOBKE OTKPHITHIE MHTEPBAJIBI HE ABJISIIOTCS
OTKPBITBIMU TTOJIMHOZKECTBAMU ILIOCKOCTHU. Bojtee Toro, mocko/ibKy mpoobpas
BCSIKOI'O MHTEPBAJA €CTh CBI3HOE MHOXKECTBO, €ro BOODINe Hesb3s pa3duThb
Ha OTKPBITHIE HEIepeCeKArOIHecs MOMHOKECTBA.

33.M Jlokaxkwure, 9TO U3 ONPEIEJIEHUT HAKPBITUS CJIEIYET, 9TO MHO-
JKeCTBO TOYeK 6a3bl, y KOTOPBIX Mpoodpa3 mMeer 33 [aHHYI0 MOIIHOCTD, SiB-
JISIETCsT OTKPBITHIM, U BOCIOJ/IB3YHTECh CBABHOCTHIO HDAa3bl HAKPBITHUSI.

33.N Te, B KOTOPHIX HAKPBIBAIOIINM IIPOCTPAHCTBOM sBjgerca R, R?,
R*~N0cn>3, 5" cn>2, T e OJHOCBI3HOE IIPOCTPAHCTBO.

34.A llpeamosokum, 9TO TOJHATHAE ¢ TOXKIECTBEHHOTO OTOOPAYKEHMS
OKPY?KHOCTH B €e€0sT CYIECTBYET; OHO SIBJIAETCS HENPEPBIBHON WHBLEKIHeH
S — R. Iokaxem, uT0o Takmx mHbeKnumii we cymecrsyer. Ilycrs g(S') =
[a; b]. VI3 TeopeMbl 0 IIPOMEKYTOUHOM 3HAYEHUH CJIEJYeT, 4TO BCAKAsi TOYKA
x € (a;b) aBasgercs o6pa3om 10 KpaiiHell Mepe JBYX TOYEK OKDPYKHOCTH.
CrietoBaTeIbHO, § — HE UHBEKITHS.

34.B  Paccmorpum mokpbiTe 6a3bl HADOPOM TPABUIHLHO HAKPBITHIX
OKPECTHOCTEl ero To4YeK u Takoe pasbuenne orpeska [0; 1] Toukamu 0 = ag <
a; < ...<ap =1, aro 0b6pa3 s([a;;a;11]) COMEPKUTCS MEJTUKOM B OTHOI U3
HPABUJILHO HAKPBITHIX OKpectHocTreit; s([a;;aiv1]) C Us, i =0,1,...,n — 1.
[MockosibKy cysKenne HakpbiTus Ha npoobpas p~'(Uy) aBisiercs TpUBHAIb-
HbiM HakpbrtueM u f([ag; a1]) C Up, To cymecrByer nojgHsitie 0robparkeHust
8|[ag;a1]> TaKoe uto s(ag) = wo, mycth x1 = 5(a1). AmasormunEbM 06pasoM,
CYIIECTBYET €JIMHCTBEHHOE MOJHSATHE §| [a1;a2]> TAKOE HTO S(ar) = x1; mycrn
x9 = $(ag), n rak manee. Takum obpazom, nogusarue s : I — X cymiecrsyer.
Ero egurcrBerHoCcTh OvueBmaHa. Tem, KTO C 9TUM HE COTJIACEH, MBI TTpeia-
raeM MpOBECTH, K MPUMEPY, PACCYKAECHIE 110 WHJLYKIUH.

34.C llycto h: I x I — B — roMoTomns MeK/Iy IyTIMH U U U, TAKAM

obpazom, h(7,0) = u(7), h(1,1) = v(7), h(0,t) = by u h(1,t) = by € B.
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[Tokaxkem, aTO cymecTByer 0TOOparKeHue h:IxI— X , HaKpbIBaroriee h
u raxoe, uto h(0,0) = z¢. JTokazareabCTBO CyIECTBOBAHUS HAKDPBIBAIOIIEH
TOMOTOIIMHU AHAJIOTUIHO JTOKA3ATEIbCTBY TEOPEMbI O HAKPBHIBAIOIIEM ITyTH.
Pazobrem xBasipar I X I Ha KBaapaThl MEHBIIETO pa3Mepa, 00pa3 KazxKoro
KOTOPBIX IIpu 0TOOparkeHuu h COJMEPKUTCS B HEKOTOPOU MPABUIBLHO HAKPBI-
Toit okpectHOCTH B npocTpancrtse B. Cyxenme hy; romoromun h nHa Kax-
Apiit 13 “MasieHbKux’ KBaapaTos [ OyseT HaKPhIBATLCH COOTBETCTBYIONIM

oTOOpaKeHeM ﬁkJ. g Toro, 4TOOBI TOJIyYUTh HAKPBIBAIOIIYIO I TOMOTO-
110, HEOOXOAMMO TOJIBKO JTOOUTHCs, YTOOBI TH OTOOpArKEHUs COBIIAIH Ha
Tepecevennax dTUX KBaJgpaToB. B cumny 34.3, A1 9TOTO TOCTATOTHO MTOTPE-
60BaTh, YTOOBI ST OTOOPAYKEHUS COBIAJIN XOTs ObI B 0/1HO# TouKe. Crie/taem

mepsslit miar: mycts h(loo) C Uy, 1 EQO : oo — X — 3T0 Takoe HaKpbIBa-
fo1ee 0ToOparXKeHne, ITo ﬁo,o(ao, ¢p) = xo. Teneps mosmoxkum by = h(ay, o)
nr = %(al,co). CymecTByer oToOpazKeHme El,o : 11,0 — X, HaKpbIBaloIIee
h|1, o, TaKOE UTO %1,0 (a1,¢p) = x1. lIpogosmkas MOCTPOEHNE, MBI U TOJTY THM
orobpazkenne E, 3aJaHHYI0 Ha BceM Kpajapare. OCTajsoch IpOBEPUTh, YTO h

~ 910 romoronus myreii. Paccmorpum Hakpbisatommii nyth u : t — h(0,1).
[TockoIbKY PO — MOCTOAHHBIN Ty Th, TO U Iy Th U 0643aH OBITH MOCTOSTHHBIM,

BHAYMT, 71(0, t) = xy. AHATOrUIHBIM 00Pa30M, ﬁ(l, t) = z1 — dpukcupoBanHas

TOYKA HAKPBIBAIOIIErO MPOCTPAHCTBA. SHAYUT, I — 9TO romMoromnus myreii. B
3aKJII0YEHNE 3aMETUM, 9TO €€ eJITHCTBEHHOCTh CJIe/IyeT, O Th-TaKu, U3 JIeM-

MBI 34.5.

34.D ®opmasibHO 3TO JIeHCTBUTEIBHO CJIEJCTBIE, HO, COOCTBEHHO OBO-
P, 9TO y2Ke OBbLI0 TOKA3aHO IPU JI0KA3aTe/1bCTBe TeopeMbl 34. C.

34.F Tlocrosinublil 11yTh HAKPBIBAETCH IIOCTOsiHHBIM IyTeM. B cuiy
34.D, Bcsikasi 1eT/is, TOMOTOIHAs [TOCTOAHHON IeT/Ie, HAKPhIBAETCS IeTJIel.

34.10 K upumepy, obobiure Teopemy 34.B wa otobpaxenusd f : S —
Bupun >1(cp. 39.Wxand 39.Xx).

35.A Paccvorpum mytm S, : I - R : t—mnt, s, 1: 1 - R: t+—
(n—1tus : I —>R: t— n—1+t HaKPLIBAIONINE IIyTH Sy, Sp—1 U S1,
COOTBETCTBEHHO. ITOCKOIbKY TPOM3BEIECHUE S, 151 ONPENEIEHO W MMEET Te
JKe€ HA4YaJI0 M KOHEIL, UYTO W IYTh Sy, TO Sp ~ Sp_181, MOITOMY Sy ~ Sp_181-
Buauur, [s,] = [Sp—1]e, OTKyJa 110 nHYKIMY 1 CIeyeT PaBEeHCTBO [s,] = o™.

35.B Cwm. 10Ka3aTeIbCTBO MPEIbIAYINEro YTBEPXK/IEHUsI: 9TO Iy Th, 3a-
TaHHBIH HOpMyII0it Sy, (1) = nt.
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35.C B cuny 35.C.1, paccmarpuBaemMoe 0TOOparKeHrne OIpeieieH0 KOp-
PEKTHO u siBjsieTcst roMmomopduzmom. B cuty 35.C.2, ono — smumopdusm, a
B cuty 35.C.8 — moHOMOPhDU3M. 3HAYUT, OHO ABJISETCS U30MOPMUZMOM.

35.C.1 Ectun— o”uk— o 10 n+k— otk =am. ok

35.C.2 U3 omnocssznoctu npsamoii R ciemyer, 9ro iyt § m S, romo-
TOIHBI, 3HAYUT, TOMOTOIHBI ¥ IIyTH S, Sy, CJIEI0BATEJILHO, [s] = [s,] = a™.

35.C.3 Ecmu n # 0, To yTh §,, 3aKAHINBAETCS B TOUKE 7, 3HAUAT HE
siisieTcst mereit. CremoBaTeibHo, TS Sy, He TOMOTOTIHA, HYJTIO.

35.D 1o ciejyer u3 MpOBEIEHHOTO BBIYUC/ICHUS (DYHIAMEHTAIBLHO
IPYIIIbI OKPY2KHOCTH U yTBepxKienns 31.H:

m(Stx . ox 8L (1,00, 1) 2 (S 1) x ..o x (S 1) =z,
—————
T coMHOMNMTeNeH N COMHOXKHTEsel

35.E Tycrs S' x St = {(z,w) : |2] = 1,|w| = 1} C C x C. O6pa-
sytommuvu yngamentaabroi rpynmsr 71(ST x S (1,1)) asnsaorea nerm
511t (2™ 1) m sg i t s (1,e27),

35.F Tlockompky R2~\ 02 S' x R, To m(R?~0,(1,0)) = (S, 1) x
m1(R,1) =2 Z.

35.G.1 llycrs u — nerng 8 RP™, a & — nakpbiBatomuii eé myts B S™.
[Ipu n > 2 cepa S™ OMHOCBAZHA W, €CJIN U SIBISIETCS TETIeH, TO U, 3HAYNT,
U U TOMOTOIHBI HYJI0. ECaum e U metsieii He sIBJISETCsI, TO, ONSITH-TAKW B

cuity oguocesaznoctn S™ u ~ [, ciepoBarenbHo, U ~ [.

35.G B cuny 35.G.1 dynnamenTaabHas rpyIna COCTOUT U3 JIBYX dJIe-
MEHTOB, 3HAYUT, OHA ABJISIETCS IUK/IUIECKON TPYIIIOil MOpsAIKa /IBa.

35.H Cw. 35'5.

35.M Cw. abzar, ciaeyroriuii 3a GpopMy/IUPOBKOIl JAHHOTO YTBEPXK/Ie-
HUS.

35.N OueBujiHoe CjejCcTBUE ONpejeaeHus oTobpaxenus P.
35.0 OueBujHOE CJIEJICTBUE OIPeEe/IeHnsi 0TOOpaYKeHus p.
35.P Ilpoemure 10Ka3aTEIBCTBO 10 WHTYKITUN.

35.0Q Bocnosb3yiiTech TeM, 4T0 00pa3 BCAKON mer/in, Oy/1ydun KOMITAKT-
HBIM MHOXKECTBOM, MEPECeKAeTCsl TOJBKO C KOHEUHBIM YUC/IOM OTPE3KOB, U3
KOTOPBIX COCTOUT TOTAJBHOE MPOCTPAHCTBO X HAKPBITUSI, U BOCIO/Ib3YUTEChH
UHJIYKITHEH 110 9UC/Ty TAaKUX OTPE3KOB.






Inaca VIII

POyHIaMeHTaJabHasd
rpynia m oTooparkeHus

36. MaaynmupoBaHHBIE TOMOMOP(MU3MBbI
1 UX IepBble IIPUMEHEeHNd

36’'1. NuayuuposanHbiii romomopdusm

IMycrs f: X — Y — "HenpepbiBHOE 0TOOparKEeHUE TOMOJOIHIECKOTO MPO-
crpaucrBa X B Tomnosjorudeckoe npocrpanctso Y. Ilycre g € X u yp =
f(xg) € Y. B Takom ciryuae rosopsr, uro f 0TObpakaeT mpoCTpaHCTBO C
oTmedeHHoli To4koii (X, xy) B npocTpaHcTBO ¢ oTMeyveHHoi Toyqkoi (Y, yg) n
mamy £+ (X, 20) — (Y,30).

O6oznaunm uepes fu orobpaxenue Q1 (X, z9) — Q1 (Y,y0) 1 s+— fos.

36.A. Orobpaxkenue fu IIepeBOUT FOMOTOIIHBIE IIETJIM B TOMOTOIIHEIE.

[Tostomy fu ompenensier orobpaxenne m1(X,z9) — m1(Y, yo)-

36.B. /las mobozo menpepwienozo omobpasicenun [ 1 (X, xz9) — (Y,yo0)
omobpasicenue fi : (X, 20) — 71 (Y, y0) asanemcea 2omomoppuzmonm.

Tomomopdusm f : m (X, zg) — m1(Y, yo) Ha3BIBaeTCSI rOMOMOPGhU3IMOM,
VHAYYMPOBaHHBIM HETIPEPBIBHBIM OTOOpaKeHneM f .

36.C. Iycmo f: (X, z0) — (Y,y0) v g: (Y,y0) — (Z,20) — nenpepusrovie
omobpasicenus. Tozda

(9o f)e=geo fu:m(X,20) = m(Z, 20).

267
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36.D. Ecau omobpasicerusn f,g : (X, xo) — (Y, y0) xo-20Mmomonnv, mo f, =
G-

36.E. 3azadka. Kak o6obmuTh Teopemy 36.D na ciay4ail cBOOOIHO rOMO-
TOIHBIX OTOOparKeHmii?

36.F. Ilycmv omobpasicenue f : X — Y HenpepuieHo, a mouku xTg U Ty
npocmparcmea X coedunenve nymem s : I — X. Ioaoorcum yo = f(x0) u
y1 = f(x1). Tozda caedyrouan Juazpamma KOMMYMAMUEHA:

(X, o) SELEN m1 (Y, y0)

TSJ, leos

(X, 21) LN m (Y, y1)
m. e. Thos 0 fo = fioTk.

36.1. Jloxaxure, uro orobpaxennme C ~ 0 — C~ 0 : z — 2z* me romorommo

roxxaecrsenHoMy orobpaxenuio CN 0 —-C\0: z— z.

36.2. Ilycrs X C R"™. Jokaxwure, 4T0 eciau HenpepbiBHoe orobpaxkenue f: X —
Y npopo/nkaercs mo HenmpepslBHOrO orobpazxkenns R"” — Y, To romomopdusm fi :
m1 (X, o) — (Y, f(x0)) TpuBmasen (T. e. 0TOOpaXkKaET BCIO IPYNILYy B €TUHMAILY )
nts 1000 Toukmu xo € X.

36.3. okaxure, 9ro (dyHIaMEHTAIbHAS IPYIIIA BCAKOTO JTUHENHO CBA3HOIO Xa-
ycaopdoBa MIPOCTPAHCTBA, COMEPIKAIIEr0 OTKPLITOE MHOXKECTBO, rOMeoMOopdHoe
npocrpancty S* x S' N {(1,1)}, Geckoneuna u He ABIAETCA UKJTIHICCKOIL.

36.3.1. Nokaxkure, 9TO ecyid IPOCTPAHCTBO X , YAOBIETBOPSIOIIEE yCIIO-
BUAM 3a/a4u 30.3, MOXKeT OBbITb TAK OTOOPAYKEHO ITOCPECTBOM HEIpe-
PBIBHOT'O OTOOpaXKeHHsT B IMPOCTPAHCTBO Y € OECKOHEYHON HeIuKJInte-
CKOil (byHTAMEHTAJIBHOM TPYIIOi, 9TOOBI 9TO OTOOPAYKEHNE WHIIYIIAPO-
Bayio 6b1 srmmopduam rpynmner 71 (X ) #Ha 7 (V).

86.4. Hoxkaxwure, uro dynaamentanpaas rpynmna npocrpancrsa GL(n,C) kom-
TIJIEKCHBIX HEOCOOBIX (1 X n)-MaTpurr 6eCKOHeTHA.

36’2. OcHoBHas Teopema BbICIIEl aJredpbl

3/1ech MBI JTOKaXKeM TeopeMy, KOTOpas, Ha MEPBBIf B3TJIsI, HUKAKOTO
OTHOIIEHUS K PyHIAMEHTAIbHOI IPYyIIe He NMEET.

36.G OcuoBHasi TeopeMa BbICIIEH anreOpbl. Beakutll MHO20MAEH TOAONACU-
MeAbHOT Cmeneny om 00HOT NEPEMEHHOTL C KOMNACKCHBLMU KOIPPuyuenma-
MU 06.Aa0aem KOMNACKCHDLM KODHEM.

OKBUBaJEHTHAsT (DOPMYITUPOBKA:

Hyemy p(z) = 2" + a12" L + ... + a, — muozouaen cmenenu n > 0 ¢
Komnaexcrumu kospduyuenmamu. Tozda cyuecmsyem makoe Komniexcroe
wucao w, wmo p(w) = 0.
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Xorst aTa Teopema, (GOPMYJIUPYETCH HYUCTO aaredpanvecku 1 Ha3bIBAETCs
OCHOBHOI TEOpeMoil evicweti anzebpvl, y HEE HET HU OJHOIO YHUCTO aJjred-
pamrdeckoro Jiokazare/abCcrBa. e JJoKazare/bCTBa OCHOBAHBI WM HA TOIOJIO-
PUYECKUX PACCYZKJIEHUSIX WM AMeJIUPYIOT K KOMILIEKCHOMY aHAJIN3Y. DTO
He ciy4aitno, Tak Kak mojie C KOMIJIeKCHBIX 9HCesl, TaK Ke, Kak u moJe R,
HEeJIb3s ONWCATh B YUCTO aJjiredpandeckux TepMuHax. Bce ero mocrpoenus
BKJIIOYAIOT KAKyIO-In00 KOHCTPYKITUIO IOMOIHEHusI, ¢p. 17.

36.G.1 Pedyxuus x 3adavwe 06 omobpasicenuu. Boisenure reopemy 36.G
U3 CIeAYIOMEro YTBePIK ICHI:

Kaxoe 0ot nu 6via Komnaekchvil mrozousen p(z) nososcumenvnoti cme-
nenu, oopas omobpasicenus C — C: z — p(2) codeporcum moury 0 € C. Upy-
eumu caosamu, gopmyna z — p(z) ne onpedeasemn omobpasicenus, C — C N 0.

36.G.2 Ouenka muammux 4@iedos. ITyemo p(z) = 2" + a1z" P+ -+ a, —
Komnaekchul mruozousen, q(z) = 2™ ur(z) = p(z) — q(z). Toeda cywecmeyem
makoe noaoscumenvroe wucao R, wmo |r(z)| < |q(z)] = R™ das kaosrcdozo z ¢
|z| = R.

4

36.G.3 Jlemma o mame ¢ cobaukoii. (Cp. 29.11.) “/lama” q(z) u eé “cobaura’
p(z) eyasrom wa npokosomot naockocmu C\0 no samxrymomy mapwpymy (m.
e. cuumaem, wmo z € S*). Jlokastcume, 4mo ecau 60 6CAKUL MOMEHM 6PEMEHU
“Dama” q(z) omnyckaem om cebsa “cobaury” p(z) menvwe, wem na |g(z)|, mo
nymv “cobauru” S1 — C~ 0 : z + p(z) 6ydem zomomonen nymu “damw.”
S CN0: 2z q(2).

36.G.4 OueBunnas nemma. (Cp. 29.12.) Ecau [ : X — Y — uenpepwvisnoe
omobpasicenue u s : S* — X — cmazusaemasn nemas, mo u nemas fos: St —'Y
Modtce CMAZUBALEMA.

36'3x. O6GoOIIeHUEe TeOpEeMbl O MPOMEXKYTOYHOM 3HAYECHUU

36.Ax. Bazadxa. Yo MoxkeT OBITH AaHATOTOM TEOPEMBI O IIPOMEKYTOTHOM
suadenun 12.A maa orobpaxkenwit f: D" — R"?

36.Bx. BrigcanTe, SKBUBaJEHTHA JIT TEOPEMA O TIPOMEXKYTOTHOM 3HATEHUN
12.A cnemytomemMy yTBEPK TEHUIO:

Mycmo f: DY — RY — nenpepwisroe omobpasicenue. Ecau 0 ¢ f(SY) u nodo-
mobpasicenue fo : SO — R0 omobpasicenus f undyuupyem nenocmosnoe
omobpasicenue mo(S°) — mo(RIN0), mo cywecmeyem maxas mowxa v € D',

umo f(x) = 0.

36.Cx. 3azadxa. llpunymaiite 060061I€HIE TEOPEMBI O MPOMEXKYTOUHOM
3HAYEHUN Ha ciaydail orobpakennit D' — R™ koropoe o6061maio 661 mepe-
dopMyIUPOBKY 3TOi TEOPEMBI, IPEIOKEHHYIO B 3aja4de 36.Bx. st aToro
BaM IPUJIETCS JIATh OMpeJe/eHre WHIYIUPOBAHHOIO TOMOMOP(U3MA, JI/IsI T'0-
MOTOIUYECKUX TPYIIIL.
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36.Dx. ITycmov f : D™ — R™ — nenpepusnoe omobpasicenue. Ecau f(S™1)
ne codeporcum 0 € R™ u nodomobpasicenue fy : S~ — R0 omobpasicenus
[ undyyupyem nenyaesol 2omomophusm

ﬂn_l(S”_l) — Tr—1(R" N\ 0),
mo cywecmseyem makas mouka x € D™, umo f(x) = 0.

[Ipnmenenne Teopembl 36.DX OCTOXKHEHO YCIOBUEM, TPYIHOMPOBEpSE-
MM ipu 1 > 0. Ilpy n = 2 3T0 BCE Ke He BBIXOAUT 32 PAMKN TEOPUN,
Pa3BUTOIT BBIIIE.

36.1x. Iycrs f : D?* — R? — menpepsisroe orobpaxenue. Ecau f(S') me comep-
xut Toukn a € R? u xpyrosas merst f|g1 @ S' — R? \ a onpenensier merpusu-
ampabIil smement rpymmst 1 (R? N @), To cymectyer Takas Touka x € D2, uro

f(z) =a.

36.2x. Tycis f: D? — R? — menpepbiBHOE 0TOBpazKeHUe, CyKEHHe KOTOPOro Ha,
IPAHMYHYIO OKpyXKHOCTH S' Kpyra cosmamaer co skmouenmem S' — R2. Torma
f(D?*) > D

36.3x. Ilycts oTobpaxkenne f : R? — R? HempepBIBHO M CYIMECTBYET TaKOe BeIle-
creernoe wucio m, aro | f(z) — x| < m npu mobom x € R?. Tokaxure, 4T0 TOra
f ciopbekTuBHO.

86.4x. Ilycrb u,v : I — I x I — rakue myru, aro u(0) = (0,0), u(l) = (1,1),
v(0) = (0,1) m v(1) = (1,0). Hoxaxwure, uro rorma u(l) Nwv([l) 75 .

36.4x.1. Ilycrb u, v — Takue Kak B 36.4x. Jokaxure, uro 0 € R? npu-
HaJJTeKUT 06pas3y orobpazkenus w : 12 — R?, onpexenénuoro Gpopmy-
noit w(z,y) = u(z) — v(y).

36.5x. okaxkure, 9YTO CyIIECTBYIOT TaKWe CBI3HBbIE NU3bHIOHKTHBIE MHOXKECTBA

F,G C I?, aro (0,0),(1,1) € F u (0,1),(1,0) € G.

36.6x. MoxKHO U HOTTOTHUTEIHFHO TOTpedoBaTh, 9T00B MHOXKecTBA I GG, ymo-
BJIETBOPAIONIUE YCJIOBUAM [IPEAbLAYIIEH 3a/1a49u, Obliu 3aMKHY ThIMU !

36.7x*. Tlycrs C — rnagkas mpocras 3aMKHyTadg KPUBag Ha IJIOCKOCTH, WMe-
omast 1Be ToYKn nepernda. /lokaxkuTe, 9TO CyIecTByeT MpsMasi, IPEeCEeKaIoIas
C' B Takux 4erbpéxX TOUKax a, b, ¢, d, aro orpesku [a;b], [b;c] u [¢;d] mmeror
OIMHAKOBYIO [IJIUHY.
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36’4x. CremneHb TOYKN OTHOCUTEJIHLHO TETJIN

Kaxk mb1 3HaeM (cM. 35.F), dyHIaMeHTaIbHAS TPYIITA TPOKOJJIOTOMN TLIOC-
koctn 71 (R2\.0) = Z. Vmetorca aBa m30Mopdu3Ma, oIy 9afoNiuxcs ApyT 13
JIpyra mOCpeJCTBOM yMHOXKeHus Ha — 1. BeibepeM o/iuH U3 HUX, CKAaXKeM, TOT,
KOTODBIil COIOCTaBIIsSIET KIaccy mernn t +— (cos 27t, sin 27t) snement 1 € Z.
B TepMuHax KpyroBbIX HETEIb ITOT U30MOPGMU3IM MOKHO MPEICTABIATE cebe
KaK (DYHKIIHIO, CTAaBSIIyI0 B COOTBETCTBHE Kaxoii merie f : St — R2 0
1I€JI0€ 9UCJI0. DTO UHUCJIO €CTh He YTO MHOe KaK TO YUCI0 Pa3, KOTOPOe 3Ta
nerasg 06xonuT BOKpYT 0 (€ yu4eToM HANpaB/IeHUs BUZKEHUA).

[Tomensiem Temepnb TOUKY 3peHusi: (pUKCUPyeM MET/II0, HO Oy/eM Bapbu-
posarh Touky. Iycrs u : S — R? — kpyrosas neris ma ILIOCKOCTH W
r € R2 <\ p(S!). Bysem nasbiBaTh CTENEHbIO TOUKH I OTHOCUTEIBHO IET-
JIL U, & TaKyKe MHAEKCOM TETIH U OTHOCHTEJIBHO TOYKH X U 0003HAYATDH
gepe3 ind(u, ) 1ea0e YHCI0, COOTBETCTBYIOIIEE TOMOTOIUIECKOMY KJIACCY
[u] € m1(R? \ z) 3Toil KPyroBoili HeT/IH IIPH eCTeCTBEHHOM H30MOpdu3Me
71 (R? \ 7) = Z (MBI HCTIOB3YeM IO CYIECTBY TO 7K€ CAMOe OTOXKJIeCTBITe-
rme rpynmsl 71 (R? \ z) ¢ Z, mepeBofamiee B 1 FOMOTONMHYECKMIT KIACC TIET/IH
t — x + (cos 27t sin 27t)).

eind=0

Hucso ind(u, z) yao6HO 0XapaKTepu30BaTh TAKIKE CJIEAYIONTIM 00PA30M.
OzHOBpeMeHHO ¢ Kpyrosoii mereit u : S — R? \ 2 paccMoTpuM oTo6paze-

HIE Py g St — St 2 % Fomomopduam (g@u@)* 1 (SY) — (S

IepPeBOAUT 00PA3YIONLYo ¢ (bYHTAMEHTAIBHON IPYIIILI OKPY?KHOCTH B €~
ment ko, tae k = ind(u, x).

36.Ex. CoorsercrBue z — ind(u,x) ompesesnser JOKAIbHO ITOCTOSHHYIO
byrkmmo ma R? \ u(S1h).

36.8x. Tycrs u : S' — R? — kpyrosas merns n z,y € R?\ u(S'). Jokaxmure, aro
ecru ind(u, ) # ind(u, y), To mo6oit myTs B R?, coemmmsomuii & ¢ y, mepecexaer

u(Sh).

86.9x. Ecom u(S 1) COZIePKNATCA B HEKOTOPOM KPyTre, & TOYKa T He IIPUHAJIEKAT
sTomy Kpyry, To ind(u,z) = 0.

36.10x. Haityre mmoxectso smadenmit dymxmum ind @ R? \ u(S') — Z ma
CJIETYIOMUX KPYTOBBIX TIETEIb:

(a) u(z) = z; (b) u(z) = z; (c) w(z) = z + 271 + 22 — 272 (37mech, KaK OOBIUHO,
z€ S CO).
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36.11x. Borancaure NHIEKCH BCEBO3MOXKHBIX II€TE/b, 00Pa30M KOTOPBIX SIBJISET-
Csl JIeMHHUCKATA (CTAHIAPTHO BIOXKEHHBIA OyKeT IByX OKPY2KHOCTE), OTHOCHTE b
HO Pa3/IMYHBIX TOYeK IJIOCKOCTH.

36.12x. Haiinure taxyio kpyrosyio mermo f : S° — R?, s KoTopoii cymecTsy-
for Toukn z,y € R? N f(S') ¢ ind(f,z) = ind(f,y), upuEamIeKAIIIe PASHBIM
KOMITOHEHTaM CBsI3HOCTH MHOXkecTBa R? ~ f(S').

36.13x. oxaxure, uro mis moboro mysa R C R?, mexomsgmero u3 ToUKm I,
kommaecTso Touek B f 1 (R) me mennbmre |ind(f, x)).

36.Fx. Ecau omobpasicenue v : S* — R? asasemea cyorcernuem omobpa-
oicenus F 2 D? — R? y ind(u,x) # 0, mo x € F(D?).

836.Gx. Ecau u u v — kpyeosvie nemau 6 R? ¢ obweti nanaavnot mouxot
(m. e. u(l) =v(1)), u uwv — ux npoussedenue, mo ind(uv,x) = ind(u, z) +
ind(v, ) daa a0boti mourku x € R~ uv(Sh).

36.Hx. ITycmov u,v : S* — R? xpyzosvie nemau, a x € R?~ (u(S)Uv(Sh)).
Ecau cywecmsyem (c60600nasn) eomomonus ug, t € I, nepesodawan u 6 v
u ne sadesarowsan mouky r (m.e. makas, wmo x € R?\ uy(S') das xascdozo
te ), moind(u,z) = ind(v, x).

36.Ix. Ilycmo u: S' — C xpyeosas nemas u a € C ~ u(S'). Tozda

ind(u,a) = 1 /Sl Ju(z) = af dz.

271 u(z) —a

36.Jx. ITycmo p(z) — mHo20uAEH C KOMNAEKCHbMU KodpPuyuermamu, R >

0 u nycmo zg € C. Pacemompum kpyzosyio nemaro u : St — C: z +— p(Rz).
Ecau z9 € C~\ u(SY), mo y mnozounena p(z) — 29 6 omxpwmonm wpyze B,
umeemca (¢ yuemom kpammuocmeti) posno ind(u, zo) Kopred.

36.Kx. 3azadka. Ha 910 MOXKHO 3aMEHUTH KPYTOBYIO HETIIO U, 001aCTh
Bpr v muorounen p(z), 9robbl ¢hOPMyIMPOBAHHOE yTBEPIKJEHUE COXPAHILIO
cmry?

36’5x. Teopema Bopcyka—¥Ynama

36.Lx Odnomeprnas meopema Bopcyka—Yaama. st moboro werpe-
peiBHOTO OoTobpazkenns f : S — R! cymecTtByer Takas Touka x € S!, uro

f(x) = f(==).

36.Mx /Teymepras meopema Bopcyxa—Yaama. i ni0b6oro mempe-
pbiBHOrO oTobpaxkenus [ : S? — R? cymecrByer takas Touka x € S2, uTo
flx) = f(-=).

36.Mx.1 Jlemma. Ecam cymecTsyer HempepbIBHOe oToOpaxKkenme f : S2 —
R? ¢ f(z) # f(—=x), Takoe uTo Ams moboit Touknm x € S?, TO cymecTByer
HerpepbiBHOe oTobpazkenue ¢ : RP? — RP!, unjynupyiomiee HeTpUBUAIbLHbIIT
romoMopdusM @y : 71 (RP?) — 1 (RPY).
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36.14x. Jlokaykure, 9TO B KaXKIbIil MOMEHT BDEMEHH CYIIECTBYeT IIapa aHTHIIO-
JAIbHBIX TOYEK HA IOBEPXHOCTHU 3eMHOIO IIapa, B KOTOPHIX BEJIUINHBI arMocdep-
HOI'O [IaBJIEHHUS U TeMIlePaTypbl BO3/1yXa PaBHBIL.

Teopembr 36.Lx u 36.Mx — qacTHble cjaydan Cjaenyiomnieil obimeit Teope-
MBI. MBI He cunTaeM IHUTaTe s TOTOBBIM J0Ka3aTh TeopeMy J6.Nx B MOTHOI
OOIIHOCTHU, HO HET JIU eII¢ OJHOI0 JOCTYIIHOTO YACTHOTO CJIyuasd?!

36.Nx Teopema Bopcyxa— Yaama. s 110060ro HENPEepbHIBHOTO 0TOOpa-
xkenust [ S™ — R™ cymecrsyer takast touka x € S™, uro f(z) = f(—=z).
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37. Perpakiiuu 1 HeIlOABU2KHbIE TOUYKH

37'1. Perpakuum u peTpakKThbl

Hernpepsirnoe orobpazkenue TOMOJIOIMMYECKOro IIPOCTPAHCTBA Ha CBOE 110/1-
IIPOCTPAHCTBO HA3BIBAETCH PETPAaKUMeNi, ecii ero CyzKeHue Ha, 3TO IOJIIPO-
CTPAHCTBO €CTh TOXKJIeCTBeHHOEe oTobOpaxkenue. /Ipyrumu cjioBamu, ecjiu X
— TomoJlorndeckoe mpocTpancTso, A C X, To orobpaxenme p : X — A
HA3BIBACTCS peTpakiueil, ecin pl4 = id4.

37.A. llyctb p — HenpepbIBHOE OTOOpaXKEHUE TOMOJIOIMIECKOr0 MPOCTPAH-
crea X ma cpoe mommpocTpancTso A. Cremyromme yTBepKIeHNS SKBUBA-
JIEHTHBI:

(1) p — perpaxuus;

(2) p(a) = a muga noboit Toukn a € A;

(3) poin =idy;

(4) p: X — A ecrb 1poOJIZKEHNE TOXKJIECTBEHHOTO 0TobparKenus: A —

A.

[MogmpocrparcTBo A TOMOIOITIECKOTO MPOCTPAHCTBA X HA3BIBAETCS pPe-
tpakTom X, ecin cytecrByer perpakius X — A.
37.B. Bcgakoe 0HOTOYETHOE TTOAMHOXKECTBO ABJISIETCST PETPAKTOM.
MHOKecTBO U3 JBYX TOUYEK MOYKET He OBbITh PETPAKTOM.

37.C. Hukakoe JgByTOUYEUHOE MMOJMHOKECTBO Ipsmoii R He gBjisieTcs ee pe-
TPAKTOM.

37.1. Ecnu A — perpaxt upocrpancrsa X u B — perpakr npocrpancrsa A, to B
— perpakT npocrpasHcrsa X.

37.2. Eciu A — perpakr npocrpancrea X u B — perpakr npocrpascrsa Y, TO
A X B — perpakr npocrpancTtBa X X Y.

87.3. Orpesok [a;b] aBnaerca perpakTom npamoii R.
87.4. Nurepsan (a;b) me apngerca perpakrom npamoii R.

37.5. Kakwue Tomoorndeckne CBOUCTBA IIEPETAIOTCA OT 00bEMJIIONIEr0 IPOCTPAH-
CTBa K €ro perpakrTam’

87.6. Jokaxwure, 9T0 PeTPAKT Xaycaopd0oBa IPOCTPAHCTBA 3aMKHYT (B 9TOM IIPO-
CTPAHCTBE).

37.7. oxaxure, uTo 00beIUHEHNE OCH OpIUHAT 1 MHOKecTBa {(7,y) € R? | 2 >
0, y = sin %} He SBJISETCS PEeTPAKTOM IuIockocTi R? m, Gostee TOTO, He sIBISETCS
peTpakTOM HUKAKON CBOeil OKPECTHOCTH.

37.D. soeroune S° me sBngercsa perpaxTom orpeska D!.
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Posb nonsarusa perpakTa mpogCHIETCH CJIeAYIOMEeil Te0OpeMOii.

37.E. Ilodmnoocecmso A monoaozudeckozo npocmparcmea X ABAACMCA
€20 pempaxmom, cozda ecaroe nenpepuenoe omobpasicenue A — 'Y 6 npous-
B0ABHOE NPOCTNPAHCTNGO Y MONCHO NPO0ANCUML JO HENPEPBIEHO20 0MOODa-
orcenua X — Y.

37'2. ®dynmaMeHTaIbHAS TPYMIa U PeTPAKINU

37.F. Ecaup: X — A — pempaxuyusa, i : A — X — ekarouenue uxg € A, mo
ps (X, 20) — T (A, x0) ecmo anumoppusm, a iy : w1 (A, x9) — m (X, x0)
— MOHOMODPUIM.

37.G. 3azadra. Kakoe u3 qsyx yTBepxKaeHuii npeapriymieir reopembl (0 Py
um 00 i) Jierde uCrob30BaTh Jyisl JOKA3ATEIHLCTBA, TOTO, 9TO MHOKECTBO
A C X He ectb perpakT mpocrpancrsa X 7

37.H Teopema Bopcyka B pazmepuocT 8a. Oxpyocrocms S' ne asasemca
pempaxmonm xpyza D?.

37.8. 4Basierca i IPOEKTUBHAS [IPSMasi PETPAKTOM IIPOEKTHBHON ILIIOCKOCTH?

Crenyronue 3ama4an TpyaHee TeopeMbl 37.H B TOM CMBIC/Ie, 9TO UX peIIeHne
He CBOJINTCS K IIPSMON CChIIKe Ha Teopemy 37.F, a Tpebyer oOpamieHus: K ryIaBHOM
uzjee ee JOKa3aTeNbCTBA: TOXKICCTBY Px O 1x = idr, (4,20)-

37.9. Jokaxwure, 9TO rpaHUIHAS OKPYKHOCTH JIeHTHI Mébuyca He sBIIsteTCs pe-
TPAKTOM caMmoil jieHTsl Mébuyca.

37.10. doxaxkure, 9TO TPAHUIHAS OKPYKHOCTH PDYYKH HE SBJISETCI PETPAKTOM
CaMO# pydKH.

Teopema Bopcyka B mostHoit obmiaocTH (T. €. 060011eHne Teopembl 37. H aa
CTapIime pa3MepHOCTH) He MOYKET OBITh MOy IeHa U3 TeopeMbl 37. F momo6Ho
TOMY, KaK OBbIJT BBbIBEJIEH ee JacTHBIH ciaydail. OHaKO eé MOXKHO JI0Ka3aTh,
UCIIOJIB3Yst 0000ITeHe TeopeMbl $7. F Ha crapiiiie TOMOTONUYECKUE IPYIIIIbI.

37.1 Teopema Bopcyka. Cgepa S™ ' ne asasemcs pemparmom wapa D™.

Ha mepBobrit B31Is1]T 9TA TEopeMa MOXKET TOKa3aThCd Oecrosie3Hoit. 3adem
HaM 3HATH, YTO B KAKOI-TO CHUTyallMy He CYMIIeCTBYeT OTOOparKeHmil Kpaiime
CHenuaabHOro THia — perpakiuii? OJHAKO B MaTeMaTUKe TeOPEeMbl, YTBED-
JKJTATONINIT HEeCYIECTBOBAHNE Yero-To, MOIYT OBITh TECHO CBA3AHBI C JIPY-
rumMu, 0oJiee TPUBJIEKATETLHBIMU pe3ysibraTamu. K mpumepy, u3 TeopeMmbl
Bopcyxka cnemyer Teopema Bpayspa, nmeroras mupoKyo 001acTh IpUMeEHe-
uust. OTHAKO MPEYK/e BCEro Mbl BBEJIEM OJTHO BAayKHOE IOHSITUE, CBSI3aHHOE C
Teopemoit bpayapa.
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37'3. HenoasuzkHble TOYKH

Touka a € X Ha3bIBaeTCA HEMOABUXHONM To4ykoi orobpaxenus f : X —
X, eciu f(a) = a. ToBopsar, uro npocrpancreo X obnagaer cBOWCTBOM Hemo-
ABUXHOI TOYKM, €C/IU BCSIKOE HelpepbiBHOe oTobpaxkenme X — X ummeer
HEMoJIBIKHYI0 TOUKy. CBONCTBO HEMOJBUKHON TOYKU O3HAUAET pa3periu-
MOCTD MIIPOKOTO KJIACCa YPABHEHMIA.

87.11. JlokaykuTe, 9TO CBOMCTBO HEIOABUYKHON TOYKU ABJIAETCA TOIIOJIOITIE-
CKUM.

87.12. Joxaxwure, 9T0 OTPE30K [a;b] 06/1amaeT CBOMCTBOM HENONBUKHON TOYUKH.

37.13. Jloxkaxkure, 9TO €CJIM TOIOJIOTHIECKOe IIPOCTPAHCTBO 00JI13/1aeT CBONCTBOM
HEITO/IBUKHOM TOYKH, TO 3TUM CBOICTBOM 00JIa/1aeT W BCIKHIL €r0 PeTPaKT.

37.14. Ilycts X m Y — Tomosmormveckme mpocTpaHcTBa, ro € X u yo € Y. [Ho-
kaxwure, 910 X u Y 00/1a7210T CBOMCTBOM HEIIOABUKHON TOYKHU, COTIA UX OyKeT
(X,20) V (Yiyo) = X UY/[zy ~ yo] TakxKe obranaer CBOHCTBOM HeINOIBHKHOM
TOYKH.

87.15. JlokaxuTe, 9To BeaKoe Konednoe jepeso (cum. 42'4x) obramaer ceoficTBOM
HenmoaBrKHON Touku. (BepHo jim 9T0 yTBepKAeHne 1y GECKOHETHBIX JepeBheB”?)

87.16. ObGnanaer mu npoctpancTso R npu n > 0 CBOWCTBOM HEMOIBUKHON TOY-
K#?!
37.17. Obnanaer yu cdhepa S" CBOWCTBOM HENOABUNKHON TOUKMT

37.18. JloxaxkurTe, 9TO IPHU HEIETHBIX N BEIIECTBEHHOE IMPOEKTHBHOE IIPOCTPAH-
crBo RP" me obmamaer cpoiicrsom memompmkmoii Toukw. (ITomckaska: R™T!

(C("Jrl)/?.)

87.19%*. JJokaxkure, 9TO IPU HEYETHBIX N KOMIIJIEKCHOE ITPOEKTUBHOE IIPOCTPAH-
crBo CP" He o61amaeT CBOIMCTBOM HEMOJIBUKHONW TOYKH.

Nudopmarius. [Ipu vetnbix n mpoexkTuBuble npocrpancTsa RP™ u CP™
00J1aTaf0T CBOMCTBOM HEIIOJABUKHON TOUKI.

37.J Teopema Bpayspa. Ilap D™ obaadaem ceolicmeom Henodsurcrot moy-
K.

37.J.1. Boisenure reopemy Bpayspa B pazmeprocTu n (T. €. yTBepIKIEHHUE, YTO
mrap D™ objiamaer CBOWCTBOM HENOABUXKHOM TOYKM) U3 TeopeMbl Bopcyka, B TOM
’Ke pazmepHocTu (T. e. yTBepzKenus, 9to chepa S™ 1 He ABIAETCS PETPAKTOM
urapa D™).

37.K. Buisenure Teopemy Bopcyka u3 Teopembr Bpayspa.

CyecTBoBaHUE HEMOIBUKHBIX TOYEK MOXKHO JIOKa3bIBATH HE TOJBKO U3
TOIOJIOTHIECKUX COOOPAXKEHMIA.
37.20. Hokaxure, uro eciu [ : R" — R" — nepuoguueckoe addunnoe mnpeod-
pasosarme (T. e. fo...o f = idgn TpE HEKOTOPOM p), TO y f €CTH HEMOMBUKHAT
—_——

p pas

TOYKa.
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38. T'omoTonmuyeckue 3KBUBAJEHTHOCTHI

38'1. T'omoTonu4Yeckasi IKBUBAJIEHTHOCTb KaK OTOOparkeHue

IMycrs X u Y — ronosiornveckue npocrparctsa, f: X - Yug:Y — X
— HenpepbiBHbIe 0TOOparkenusi. Paccmorpum kommozuiuun fog:Y — Y u
gof:X — X. Eciu 51t KOMIO3UIUN SBJISIOTCS TOXKJIECTBEHHBIMU OTOD-
paxKeHusMu, T0 f U g ABJAIOTCA B3AUMHO OOPATHBIMEU OMEOMOpP(U3IMAMUT.
Ecnn xe xomnosuriuun f o g u g o f rOMOTONHBI TOXK/IECTBEHHBIM OTOOpa-
xeunaM idy u idx, TOo orobpaxKenmsa f W ¢ HA3LIBAIOTCA FOMOTOMNYECKU
obpatHbiMu TpyT apyry. Ecin mempepbiBHOE oTobpaykenne f mMeeT roOMOTO-
mUYIeckn 06paTHOe, TO TOBOPAT, 9TO f romotonuyecku obpatumo, uanm ato f
— rOMOTOMNMNYECKAsT S3KBUBAJIEHTHOCTb.

38.A. Jokaxure, 910

(1) Besikuii romeomopdusm ecrb TOMOTONNYECKas SKBUBAJIEHTHOCTb.

(2) Besikoe orobpazkenue, roMOTONMYECKH O0PATHOE MOMOTONMYECKOM
SKBUBAJICHTHOCTHU, CAMO €CTh FOMOTOIMHYECKAs SKBUBAJEHTHOCTD.

(3) Komnosunust roMOTONMYECKUX 9KBUBAJEHTHOCTEH €CTh IOMOTOIIHN-
9eCcKasd SKBUBAJICHTHOCTD.

38.1. llpuBenure mpuMep FOMOTONHMYECKOIl SKBHBAJIEHTHOCTH, He ABJIAIONIEHCT
roMeoMOpGU3MOM.

38’2. 'omoTOonMYeckKass SKBUBAJIEHTHOCTh KaK OTHOIIIEHIE

Tomooruueckne mpoctpancTBa X n Y HA3BIBAIOTCI FOMOTOMUYECKN K-
BUBAJIEHTHLIMU, €CJIN CYIIECTBYET IOMOTOIUYECKAsI SKBUBAJEHTHOCTH X —

Y.

38.B. Ommnowenue 20Momonu4eckoli IK6USAACHIMHOCU MONOAOLUNECKUT
npocmparcme ABAACTCA IK6UBAACHINHOCITILIO.

Kiracc romoronndecky 3KBUBAJIEHTHBIX IIPOCTPAHCTB HA3bIBACTCA rOMO-
Tonu4eckum Tunom. Taxkum 06pa30M, O TOMOTOIMNYIECKN 9KBUBAJIEHTHBIX IIDO-
CTPaHCTBAX I'OBOPYAT, YTO OHU NIPUHA//IEKAT OJHOMY U TOMY 2K€ I'OMOTOIIN-
YECKOMY TUITY WJIX UMEIOT OJIUH U TOT 2Ke TFOMOTOIIMYECKHWIT TUII.

38.2. JlokaxwuTe, 9TO y TOMOTOIMNYIECKN SKBUBAIEHTHBIX IIPOCTPAHCTB — OJINHA-
KOBO€ YHCJI0 KOMIIOHEHT JIMHEHHONU CBA3HOCTH.

38.3. Jlokaxwure, 9TO y TOMOTOIMNYIECKN SKBUBAIEHTHBIX IIPOCTPAHCTB — OJINHA-
KOBOE YHNCJI0 KOMITOHEHT CBSI3HOCTH.

38.4. Haiimure GecKOHEYIHOE JHCIO MIPOCTPAHCTB, IPUHA/JIEKAIINX OJHOMY U TO-
My 7K€ TOMOTOIIMYECKOMY THILY, HO IIOIIAPHO HEe TOMEOMODPMHBIX APYT APYTY.
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38'3. JledopMamuoHHbIe peTPAKIIAN

Perpakmua p : X — A mazweiBaercsa gehopmaynoHHoN peTpakymer, ecim
€€ KOMTIO3UIINS in op ¢ BKIOUeHneM in : A — X roMOTOIHA TOXKIECTBEHHOMY
orobpazkennio idx. Ecan kommosumus in op cBsasammo Ha A romoTomma id y,
TO p HA3LIBAEGTCA CTPOron gechopmaymorHoii petpakymeii. Ecau cymectsyer
(cTporas) nedopmanuonnas perpaxiua X Ha A, To A HazbBaerca (cTporum)
AehopMaymoHHbIM PETPAKTOM TIPOCTPAHCTBA X .

38.C. Bcegkas jpedopManonias PeTpakiius SB/IAETCA TOMOTONNYECKON K-
BUBAJIEHTHOCTBIO.

38.D. Ecmm A — medopmarmorubsiit perpakT X, To mpoctpamcTtsa X n A
TOMOTOMNYECKN IKBUBAIEHTHBI.

38.F. Jlobbre nBa medopMaIlmOHHBIX PETPAKTA OJHOTO W TOTO YK€ MPOCTPaH-
CTBa NOMOTOIIMYECKHU IKBUBAJIEHTHDI.

38.F. Ecmn A ectb medOpMaImoOHHBIH peTpakT mpocTpancTsa X, a B ecThb
medopMaMoOHHbBIN peTpakT mpocTpaucTsa Y, To A X B — 1edopMaIinoHHbIii
perpakT mpocTpaHcTBa X X Y.

38'4. IIpumepbl rOMOTONMUYECKUX SKBUBAJIEHTHOCTEI

38.G. Oxpyxuocts S gpigerca nedbOpMAIMOHHEIM PETPAKTOM IPOKOJIO-
Toit mrockoct R2 0.

38.5. lokaxwure, uro ienTa MédOmyca roMOTONMMYIECKH SKBUBAJIEHTHA OKPY JKHOCTH.

38.6. Packmaccudmurnupyiite OyKBbI JATHHCKOTO aI(aBUTa C TOYHOCTHIO 10 TO-
MOTOITMYECKO SKBUBAJIEHTHOCTH.

38.H. JlokaxkuTe, 9TO MJIOCKOCTL, U3 KOTOPOI YIAJEeHBI S TOUEK, IMeeT TOT
JKe TOMOTOINYECKNi TUII, IYTO U OYKeT S OKPYKHOCTEII.

0
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38.1. Jlokaxkure, 9T0 00beMHEHNE KOHTYPA KBaIPaTa C OHON U3 ero jaua-
roHaJieil rOMOTONNYECKH SKBUBAJIEHTHO OyKeTy JIByX OKPYKHOCTEIA.

38'5.

38.J.

38.7. Jlokaykure, 9TO PyIKa FOMOTOIINYIECKN IKBUBAJIEHTHA OYKeTY JBYX OKPYIK-
HOCTeIL.

38.8. [lokaxwre, 9TO0 PydKa TOMOTOMMYECKN SKBUBAJIEHTHA O0DHEIMHEHUIO TPEX
Iyr, mmeomux obmue KOoHpr (T. e. rpedeckoit Gykse 0).

38.9. JlokaxkwuTe, 9TO IPOCTPAHCTBO, MOJyUeHHHOE U3 Chepbl S? B pesyibrare
OTOXK/IECTB/IEHNS KAKUX-JIN00 MBYX €€ TOYEK, TOMOTOIMUIECKN SKBUBAJIEHTHO OY-
KeTy OKPYZKHOCTH U ChepHI.

38.10. Hokaxkure, 9TO IPOCTPAHCTBO KOMILJIEKCHBIX KBAPATHBIX MHOTOYIEHOB
co craprmmM KodddurmenToM 1 u ¢ pa3JIndHBIMU KOPHIMU, T. €. TPOCTPAHCTBO

2 2
{(p,q) € C° | z2° + pz + q¢ = 0 umeer gBa pA3IUIHBIX KODHS},
TOMOTOIIMYECKH 9KBUBAIEHTHO OKPYKHOCTI.

88.11. Mokaxkure, 9TO NPOCTPAHCTBO OOPATUMBIX BEIECTBEHHBIX (70X 1)-MaTpuUIy
GL(n,R) roMOTONMAHYECKN SKBUBAJICHTHO MPOCTPAHCTBY OPTOTOHAJIHHBIX MATPHIT

O(n).

38.12. 3azadra. Kakoe orHOlIEHHE UMEET PEIIEHUE MPEIbLAYIei 3a/1a9u K Op-
roronasim3aruu I'pama—IlIvuara, a oproronamusarus ['pama—IlImuara — k medop-
MAaIOHHONM peTrpaKmymm’

38.13. Tlocrpoiire medopmammonnsie perpakmum: (a) R* < R' — S'; (b) R™ ~
R™ — S" ™t (¢) 38t — St (d) S™ N 8™ — S*T L () RP" N RP™ —
RPnfmfl.

edopmanmnoHHbie peTpaKIinu
Y FOMOTOIIMYECKINE SKBUBAJIECHTHOCTH

1) MoxKHO Jit OHO W3 MPOCTPAHCTB 3aa4du 38.1 BIIOXKUTEL B Ipyroe?

2) MOXKHO /i BJIOKUTH KaXKJ[0€ U3 HUX B IJIOCKOCTH C JIBYMsI BBIKOJIOTBIMU
TOYKAMHI B KadecTBe JeOPMAIMOHHOTO peTpakTa’

Hedopmarinonubie PETPAKIIAKU COCTABJISIIOT 0COOYIO PA3HOBUIHOCTH T'O-
MOTONUYIECKUX YKBUBaIeHTHOCTEH. OHEU 00JIee JOCTYITHBI HALJISITHOMY TP/
CTaBJIEHNIO, HO, KaK 9TO BUIHO n3 38..J, OBIBAIOT TaKMe TOMOTOMMIECKN SKBH-
BaJIEHTHBIE TTPOCTPAHCTBA, YTO HU OJHO W3 HUX HE BKJIAJIBIBAETCS B JIPYTOE.

Cozpaéres BuedariaeHue, 4ro 1eOPMAMOHHBIX PETPAKIUi He XBaTaeT JIjist

YCTaHOBJICHUA IOMOTOINYCCKON IKBUBAJJICHTHOCTEN.

Opinako, 310 HE Tak.
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38.14*. [oxkaxkure, 9TO JIOOBIE IBAa TOMOTOITMYIECKN SKBUBAJEHTHBIX TIPOCTPAH-
CTBA MOTYT OBITH BJIOKEHBI B Ka9eCTBe Ae()OPMAIIMOHHBIX PETPAKTOB B OIHO U TO
7K€ TOIIOJIOTUYIECKOe ITPOCTPAHCTBO.

38'6. CraruBaemble NPOCTPAHCTBA

Tomnosiornueckoe IIPOCTPAHCTBO HA3BIBACTCA X CTArmMBaeMbiM, €CJIN TOZK-

jectBennoe orobpazkenue idy : X — X romMororHo HyJiio.

38.15. llokaxwure, uTo oTpe30k [ u mpsmas R craruBaeMsbr.
38.16. loxaxwuTe, 9TO BCAKOE CTATUBAECMOE IIPOCTPAHCTBO JTUHEUHO CBA3HO.
38.177. DKBUBAJEHTHHI JIX CJIEIYIOINE CBONCTBA IPOCTPAHCTBA X 7

(1) IIpocrpancTBo X crarmBaemo.

(2) IIpocrpancTBo X rOMOTONMYIECKH YKBUBAJIEHTHO TOUKE.

(3) CymecrByer medopmanmonnas perpaknusa X Ha TOUKY.

(4) Hekoropasa Touka © € X sBiserca nedOpPMAIMOHHBIM PETPAKTOM IPO-

crpancrsa X.

(5) Bcaikoe HEMPEPBIBHOE 0TOOPAKEHNE TPOU3BOIHLHOTO MTPOCTPAHCTRA Y B
X roMOTOIHO HYJIIO.

(6) Bcakoe menpepsisHOe oTOGparzkerme m3 X B [IPOM3BOJILHOE IPOCTPAH-
CTBO Y TOMOTOITHO HYJIIO.

38.18. BepHo /1, 9TO eciau IPOCTPAHCTBO X CTATMBAEMO, TO IS JIIOOOrO IIPO-
cTpaHcTBa Y':

(1) nobbie aBa HEnpepbIBHBIX oTOOpaxkenus X — Y rOMOTOIHBL;
(2) mo6bie mBa HETpEepBIBHBIX 0TOGpaxkenua Y — X TOMOTOITHBI?

38.19. Kakue ux HUXKECJIEIYIONUX [IPOCTPAHCTB CTATUBAEMBI !

(1) R,

(2) BoITyKJsI0€ MHOXKECTBO B R™,
(3) {(z,y) €R* [ &® —y* <1},
(4) 3BE3mHOE MHOXKecTBO B R"™,
(5) xomeunoe jepeso (cm. 42'4x).

38.20. [okaxwure, daro npousBemenue X X Y OPOCTPAHCTB CTATHBAEMO, COTIA
KaKAbI COMHOXKHUTEIb X U Y CTArMBaeM.

38'7. dyHmaMeHTaJIbHAsA IPYNIa U TOMOTONMYECKUIA TUTI

38.K. Ilycmo omobpaocenus f : X — Y ug: Y — X 2omomonuvecky
s3aummno obpamuv, rog € X u yy € Y — makue mouku, wmo f(xo) = yo u
9(yo) = zo, u, boaee mozo, zomomonuu, coedunarowue fog cidy ugo f
¢ idx, menodsusicuvl ma Yy u g, coomsemcemseenno. Toeda fyo u g. AGAA-

1omesa 63aumMno 06pammubLMu uzomoppusmamu mesncdy epynnamu w1 (X, xo)
U 71 (Y7 3/0) .

38.L Cnencreue. Fcau p: X — A — cmpozas depopmavuonnan pempariyus,
xg € A, mo py : m(X,x0) — m(A,20) uin, : (A ,x9) — m (X, 20) —
B3AUMHO 0OPAMHBLE USOMOPHUIMDL.
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38.21. Breramcianre GyHIAMEHTAIBHBIE TPYIIILI CIIELYONAX IPOCTPAHCTB:

(a) R3~\RY, (b) RN <R, (c) S3~ S (d) RN~ S,
(e) R3~ S, (f) SV ~sm, (g) RP3*<RP', (h) pyuxka,
(i) nemrta Mébuyca, (G) cdepa c s gprpamm,

(k) 6yrbuka Kueitna ¢ ommoit yma- (1) smemra MéGuyca ¢ s mpipamu.

JIEHHOM TOYKOI,

38.22. JlokaxkmuTe, 9TO rPAHUYIHAS OKPYKHOCTD JIeHTHI MEbmyca, CTaHIapHO BJIO-
xkennoii B R (cm. 21.18), He OrpaHUYIMBAET BJIOKEHHOTO B R? nucka, BHY TPEHHOCTb
KOTOpPOro He Irepecekasa Ol jgenty Méduyca.

88.23. 1) Boramcimre GyHIaMEHTATBHYIO TPYIILY IPOCTPAHCTBA () BCEX KBaapa-
THYHBIX KOMITIEKCHBIX MHOTOYICHOB ax> + br + ¢, IMEIOINX Pa3/INYHbIe KODHU.
2) Beraucamre GyHIAMEHTATLHYIO TPYTIITY €r0 MOAIPOCTPAHCTBA (Q1, COCTOATIETO
U3 MHOI'OYJIEHOB € @ = 1.

38.2/. 3aeadka. MoxHO 1 pemuTh 3339y 38.23 MOCPEICTBOM BBIK/IAIOK, /Ta-
OIUX TPAJUIUOHHBIN BbIBOL (POPMYJIbL /sl KOPHEN KBaPATHOrO TpexdsieHa’

38.M. Ocnabum npesrnosoxenus: TeopeMbl 38. K ciemyronium obpazom. By-
JaeMm cuutarh, u9ro ¢(yo) # xo u (mam) romoronmu, coepumHsaomme f o g c
idy m go f ¢ idy, He CBA3aHBI B TOYKAX Yo U g, coorBercTBeHHO? Kak To-
rja CBsi3aHbI Mexky 000 fy u gi?7 Uzomopdubl gu rpynnsr w1 (X, zg) u

7T1(Ya Z/o)?
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39. HakpwbiTug u pyHgaMeHTagbHasg TPYIIIQ

39'1. T'omomopdusM, MHAYIMPOBAHHBII IIPOEKIAe

39.A. Tlycrs p : X — B — makpwitue, xg € X u by = p(xg). Torma py :
m1(X, x0) — 71 (B, by) — moHOMOPDU3M.

Hazosem rpynnoii HakpbiTusip : X — B B To4ke x noarpymmy p.(m (X, o))
rpymmet 71 (B, by).

39.B. 3azadxa. Oupejengercs Jiu rpyIna HAKPHITUS HAKPBITHEM !

39.C I'pynna naxpsimus u nodsém nemean. Onuiinre HA S3bIKE TEO-
PeMbl 0 HakpbIBatoIeM myTu 33.J Te nerin B 6a3e HAKPBITUS, TOMOTOIINYE-
CKHe KJIACCHI KOTOPBIX MPUHAJIEKAT IPYIIIe HAKPBITHS.

39.D. Ilycty p : X — B — HaKpbITHe, TOYKHA X, T] € X HaAXOAATCH
B ONHOU W TOI Ke KOMIIOHEHTe JWHENHOU CBA3HOCTH MPOCTPAHCTBA X U
by = p(z¢) = p(x1). Torma moarpymmsl p. (w1 (X, z¢)) u pe(m (X, z1)) comps-
sKeHsl B m1 (B, by) (T. e. cymecTByer Takoii s;mement « rpynmst w1 (B, by), 910
p(mi(X,21)) = o 'pu(mi (X, m0))a).

39.E. Ilycts p : X — B — makpeitue, £g € X u by = p(x¢). s aroboro
FOMOTOIITYeCKOro Kiacca o € 71(B,by) cymectByer Touka x1 € p~'(bg),
takas 4T0 Py (m1 (X, 1)) = o p.(m1 (X, 20)) .

39.F. Tlycrs p : X — B — makpeitue B y3kom cmbicie u G C (B, by)
— IPyIIa 3TOr0 HAKPBITHsI, OTBEYAIONas OTMEUEHHO Touke Tg. [loarpymima
H C 71(B,by) siBisiercst rpy o Toro »Ke HaKPBITHsL, COTJIa OHA CONPSAZKEHa,
moarpytmme G.

39’2. Eme pa3 0 4ucJe JIMCTOB HAKPBITHS

39.G Hucao aucmos u uHIEKC 2PpYnnov, HAKPLLIMUS. Y KOHETHOUCT-
HOT'O HAaKPbITUA B Y3KOM CMbICJIE YUCJIO JIUCTOB PAaBHO MHJICKCY €0 I'DYIIIIBI.

39.H JIucmst u npaswvie cmedicuwvie Kaaccw. Ilycrs p: X — B — na-
KPbITHE B y3KOM cMmbicie, by € B, xog € p~!(bg). ITocrpoiire ecrecTBenmyo
Guekruio MuoxecTBa p1(bg) Ha MuOKecTBO Py (m1(X,10))\71(B,by) 1pa-
BBbIX CMEZKHBIX KJIaCCOB (byH,Z[aMeHTaJ[bHOﬁ I'PYIIIIbI 68.3]31 9TOT'0 HAKPBITUA
110 TPYIIITe HAKPBITHSI.

39.1 Yucao aucmos yHuBepcasbHo20 HAKPLMUA. 1uCI0 JUCTOB YHUBED-
CAJIbHOTO HAKPBITUS PABHO HMOPAIKY (DyHIAMEHTAIBHON IPYMIIBI €ro Oa3bl.

39.2 HempuBuaabHOCMb HAKPLUINUSL 8AE%eMm HEeMPUBUAALHOCTID PYH-
damermanvHoli epynnov. PyHTaMEHTAIHHAS TPYIINA, JTIO0T0 TOMTOJIOTHTIECKOTO
MTPOCTPAHCTBA, 00/1aJAI0NEr0 HETPUBUATHHBIM JTUHENHHO CBA3HBIM HAKPBIBAIOIIIM
IIPOCTPAHCTBOM, HEe TPUBUAIbHA.
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39.3. Kakme uncjia BO3HMKAIOT KaK YHUC/IO JINCTOB HAKPBITHS JIEHTHI MEbmyca
mumeapom Stox 17

39.4. Yemy MOryT paBHATHCS HMCJIA JIMCTOB HAKPBITHS JIeHTH Mébuyca reHToit
Mébuyca?

39.5. Yemy MOTyT paBHSATHCS FNC/IA JUCTOB HAaKpbITHs OyThiaiku Kireitna Topom?

39.6. Yemy MOryT PaBHATHCH YUC/IA YUCJIO JIMCTOB HAKPbITHA OyThLiku Kireiina
6y rouikoit Kieitna?

39.7. Yemy MOryT paBHSATHCS HHCJIA JUCTOB HAKPBITHS OyTHUIKH KieitHa mioc-
kocThio R??

39.8. Uemy MOTYT paBHATHCS UNC/IA JIUCTOB HAKPHITUS Oy ThLIKN Kileitna mumnmH-
apom St x R?

39'3. Uepapxusi HaKpbITHii (B y3KOM CMBbICJIE)

IIyctb p: X — Buq:Y — B — HakpbITUd B Y3KOM CMBICTE, 2o € X,
Yo € Y up(xg) = q(yo) = bo. [oBOpsaT, IT0 HAKPBITHE ¢ C OTMEUEHHOIT TOYKOIi
Yo MO4YMHEHO HAKPBITHIO P C OTMEYEHHOI TOUKOI X, eC/IU CYIIECTBYET TaAKOe
orobpaxenue ¢ : X — Y, ur0o qo ¢ = p u p(x9) = yo. OTobpakenue ¢ B
9TOM CJIydae Ha3bIBAETCS 1044YUHEHNEM.

39.1. Tlogunnaenne ABJISIETCS HAKPBITHEM.

39.J. Ecnu noguunenue cyiectByer, To oHO eguacTBeHHO. Cp. 34.B.

Tosopsit, uro makpeitusa p: X — Buq:Y — B 2kBUBaNeHTHbI, eciu Cy-
mectByer romeomopduszm h 1 X — Y takoit uro p = qoh. l'omeomopduszmbl
h n h™! naswiBatorcs B 9TOM Cilydae SKBMBANEHTHOCTSMMU.

39.K. Ecnmu aBa HaKPBHITUA C OTMEYeHHOU TOYKON MOTINHEHDBI IPYT IPYTY,
TO COOTBETCTBYIOIINE TTOTIMHEHNS SIBITIOTCI SKBUBAJTEHTHOCTIMU.

39.L. DKBUBAJEHTHOCTh HAKPBITHII ¢ OTMEYEHHON TOYKOI JIeHCTBUTEIHHO
ABJIAE€TCA OTHOLICHUEM 9KBUBAJIEHTHOCTU HA MHOXKECTBE HAKPLITUNI C JaHHOI
6a3oii.

39.M. IloguamHeHne ompejiesdeT OTHOIIEHHEe YaCTUYHOrO MOpsIKa Ha MHO-
JKeCTBe KJIACCOB SKBUBAJIEHTHBIX HAKPBITUIl C OTMEYEeHHON TOYKOU 1 JTaHHOM
6a30it.

39.9. Kaxkoil K1acc S5KBUBAJIEHTHBIX HAKPBITHH MUHUMAJIEH (T.€. HOAYUHEH BCeM) !

39.N. llyctb p: X — Bugq:Y — B — nakpoituga, rg € X, yo € Y u
p(zo) = q(yo) = bp. Ecim maxpeiTHe ¢ ¢ OTMEYEHHOI TOUKOI Yo MOJIMHEHO
HAKPBITUIO P C OTMEIEHHO TOYKOIl T(, TO IPYIIa HAKPBITUS P COAEPIKUTCS
B rpyiie HakpbITust ¢, T. €. P (11 (X, 20)) C q«(m1(Y, 0)).
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39’4x. CymecrBoBaHUE MOIIUHEHUN

Tomostormiaeckoe TPOCTPAHCTBO HABLIBAETCS JIOKAJIbHO JIMHENHO CBS3HbIM,
ec/ii B Kak 101t okpectHocTr U Jjit000it €ero TOUKU CyIIeCTBYeT JTUHEIHO CBs3-
Hag okpecTHOCTE V' C U 3T0if TOUKH.

39. 1x. IlocTpoiite MUHEIHO CBA3HOE, HO He JIOKAJIHHO JIMHEIHO CBA3HOE IIPOCTPAH-
CTBO.

39.Ax. llycrs B — J0Ka/JbHO JIMHEIHO CBsA3HOE MPOCTPaHCTBO, p: X — B
nq:Y — B — ero HaKpBITUSA B y3KOM CMbICTe, o € X, yo € Y u p(zg) =
q(yo) = bg. HakpreiTne ¢ momumueno HaKpbuITHIO p, corga p.(m (X, zp)) C
¢ (m1(Y, 90)).

39.Ax.1. B ycnoBusix yrBepxjaenus 39.Ax, ecau mytu u,v : [ — X umeior
O0IILYI0 HAYAILHYIO TOYKY To ¥ ODIIYI0 KOHEYHYIO TOYKY, TO MyTH, HAKPHIBAIO-
IIFe YT PO U U POV U UMEOIIHe ODIIYI0 HAYaIbHYI0 TOYKY %o, OKAHUIUBAIOTCS
TaK2Ke B OJIHOI U TOI Ke TOYKe.

39.Ax.2. B ycnosusx yreepxkaenus 39.Ax orobpaxkenue X — Y onpenenéH-
Hoe nocpeacrsoM  39.Ax.1 (yramaidite, 9ro 310 3a orobpazkenue!), HEIPEPLIBHO.

39.2x. llocTpoiiTe mpuMep, MOKA3BIBAIONINI, YTO YCJIOBHUE JIOKAJIBHOU JTMHEHHON
cBasHoctn B 39.Ax.2m B 39.Ax HEOGXOMMMO.

39.Bx. [Ipa wmakpoeitusa, p : X — B wuq:Y — B, c obmeil JOKaJIbHO
JIMHEIHO CBA3HOI 623011 SKBUBAJIEHTHBI, COIA [IJIsT HEKOTOPBIX o € X u Yy €
Y ¢ p(xo) = q(yo) = bo rpyust p.(m1 (X, 20)) 1 qu(m1(Y, o)) coupsizkens b
1 (B, bo)

39.3x. llocTpoiiTe mpuMep, MOKA3BIBAIONINI, YTO YCJIOBHUE JIOKAJIBHOW JTUHEHHON
cBg3HOCTH 0a3bl B 39. Bx HEOOXO0muMO.

39'5x. MuUKpOOJHOCBA3HOCTh

Tomostoruaeckoe mpocTpancTBO X HA3BIBACTCI MUKPOOFZHOCBSI3HLIM, €CIIH
y Kaxka0i TOYKH a € X ecTb Takas OKpeCTHOCTH U, 9To romomopdusm
srmovenns 71 (U, a) — m1(X, a) TpuBnasen.

39.4x. Bcakoe 0aHOCBA3HOE TPOCTPAHCTBO MUKPOOIHOCBA3HO.

39.5x. YKaxXnuTe MUKDPOOTHOCBA3HOE, HO HE OTHOCBA3HOE IIPOCTPAHCTBO.

Tomostormiaeckoe TPOCTPAHCTBO HAZBIBAETCS JIOKAJIbHO CTATMBAEMbIM B TOY-
K€ a, ecTi BCIKasd OKpeCTHOCTh U TOUKU @ COMEPKUT TaKyIO eé OKPEeCTHOCTH
V', aro Brmodenue V — U romoromnHo Hysi0 (Tak Oyjer, HAIpUMED, B CJIy-
Jae, KOrga B OKpecTHOCTH U COMEepKUTCA CTATUBAEMAasd OKPECTHOCTH TOTKH
a). Tomosoruaeckoe MpOCTPAHCTBO HABBIBACTCSI JIOKAJIbHO CTAMMBAEMbIM, €CITH
OHO JIOKAJIbHO CTATUBAEMO B KaxKJI0# CBOEN TOYKe.
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39.6x. JIioboe KOHETHOe TOIOJIOrHMIEeCKOe IPOCTPAHCTBO JIOKAIBHO CTATHBAEMO.

39.7x. IlokaxkuTe, YTO BCAKOE JIOKAJIHHO CTATUBAEMOE ITPOCTPAHCTBO MUKPOOTHO-
CBSI3HO.

39.8x. IlocrpoiiTe e MUKPOOIHOCBA3HOE IIPOCTPAHCTBO.

B nmureparype MUKPOOTHOCBSI3HOCTH HA3BIBAETCH TAKIKE JIOKAJTbHON O4HOCBS3-
HOCTbIO B ¢/1aboM CMBbIC/IE, & JIOKAJIBHON OJHOCBA3HOCTHIO B CHIHLHOM CMBICTE Ha-
3BIBAETCS CJIEIYIOiee CBOMCTBO: BCAKAaS OKPecTHOCTH U Ji000# TOYKU COMEePKUT
TaKyIO €€ OKpPeCTHOCTH V', 910 Jrobas meT/id, JeKarmas B V, TOMOTOITHA TTOCTOSTH-
woi metyie B U.

39.9x. llocTpoiiTe MUKPOOIHOCBS3HOE ITPOCTPAHCTBO, KOTOPOE HE SBJIAETCS JIO-
KaJIbHO OAHOCBA3HbIM B CHUJIBHOM CMBbICJIE.

39’6x. CymecrBoBaHUE HAKPbBITHAI

39.Cx. Bcarxoe npocmpancmeo, 06aa0aowee YHUSEPCALbHbIM HAKDLLEAI0-
WUM, MUKDOOOHOCBAZHO.

39. Dx Cy1tecTBoBaHNE HAKPBITUS C IAHHON IpyInoit. Ecau npocmparcmeo
B aunetino c6a3no, A0KaAbH0 AUHETHO CBAZHO U MUKPOOJHOCBAZHO, MO OAA
scakol ezo mouku by u ecaxoti nodzpynnw w epynnu w1 (B, by) cywecmsyem
maxoe nakpwmue p : X — B u maxas mouwka xy € X, wmo p(xg) = by u

pi(m1(X, 20)) = 7.

39.Dx.1. 1lycrs B ycinoBusax reopembl  39.Dx makpoitue p : X — B, ynosie-
TBOpsolee TPeOOBAHUAM ITOH TeopeMbl, cyiiecrByer. Quummre s KaxKJI0ro
x € X Kjacc Bcex myTeil B B, mpeCcTaBUMBIX KaK 00pa3bl pU p MyTe, coemnm-
HAOmuX B X TOYKY Zo C .

39.Dx.2. Oupenensier nu perienue 3agaau  39.Dx.1 Takoe OTHOIIEHUE SKBU-
BaJIEHTHOCTH B MHOYKECTBE BCeX MyTeil B B, HAYNHAIOIIUXCS B TOUKeE by, KOTOpOe
OTIpeJIesIsieT ODUEKITHIO MeKIY MHOXKECTBOM X ¥ MHOXKECTBOM KJIACCOB YKBUBa-
JIEHTHBIX TyTeit?

39.Dx.3. Onuiinure TaKyO TOMOJIOTHIO B MHOYKECTBE KJIACCOB SKBUBAJIEHTHBIX
nyreit w3 89.Dx.2, 9T00bI eCcTeCTBEHHAS OUEKITNsT MEXK Ty X U STUM MHOYKECTBOM
OKa3aJ1aCh roMeoMoOpPdu3MOM.

39.Dx./. Jlokaxkute, 9TO MOCTPOEHHUE MPOCTPAHCTBA X U OTOODAKEHUS P :
X — B, coxepxairiieecsd B 3aja4ax 39.Dx.1— 39.Dx.4, B IpeANOI0XKEHUIX TE€O-
pembl  39.Dx onpezessier HCKOMOe HAKPBITHE.

IIo cymectBy, m3 yrBepKAeHuit 39.Dx.1— 39.Dx.3 cnenyeT eqmHCTBEH-
HOCTDL HAKPBITHS C JTaHHON Tpymmoil. Tounee, BEPHO CIemyIOIIee YTBEPK/Ie-
HUe.

39.Ex EjuHCTBEHHOCTH HAKPBITHS C JAHHON Tpymmnoit. IIpednososicum,
4mMo npocmpancmeo B aunetino c8A310, A0KAALHO AUHETHO CBAZHO U MUK-
poodnoceasno. Ilyemo p : X — B u q : Y — B nakpwmus, npuuem
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px(m1(X, 20)) = qu(m1(Y,90)). Toeda naxpwmus p u q K6UBAACHMHLL, M.
e. cywecmeyem maroli zomeomoppusm f 2 X — Y, wmo f(xg) = yo u
pof=gq.

39. Fx Knaccudukarus HakpbITUil ¢ “xoporeit” 6a3oit. meemcs 63aumno
00HO3HAYHOE COOMBEMCMBUE MENHCIY KAACCAMU IKGUBAAEHMHLLT HAKPOIMUT
(6 yskom cmovicae) HaO AUHETIHO CEAZHBIM AOKAADHO AUHETHO CEAZHLIM U
MUKPOOIHOCBAZNBM NpOcMpancmseom B ¢ ommenennots mowkod by u kaac-
camu conpascennuu nodepynn epynnv, (B, by). Omo coomsememesue ne-
pesodum uepapruto HaKpuimul (¢ nopadkom — NOOYUHEHUEM) 6 UEPapTuI0
nodzpynn (¢ NopadKOM — MEOPEMUKO-MHONCECTNEEHHBLM BKAOUEHUEM,).

Tpusnasbuoit mojrpymnme npu coorBercTBuu Teopembl  39.Fx orBeua-
€T HAKPBITHUE C OJIHOCBA3HBIM HAKPBIBAIOMIUM. [[0CKOIBKY 9TOMY HAKPBITHIO
[TOTIMHEHBI BCE OCTAJIbHBIE HAKPBITHS C TO yKe 0a30ii, ero u Ha3bIBAIOT YHU-
BEepCasibHbIM.

39.10x. Ouuiure BCe HAKPBITUS CJIEAYIOMUX IPOCTPAHCTB C TOYHOCTHIO 10 K-
BUBAJIEHTHOCTU U YKAXKUTE, KAKUE U3 HUX MOTINHEHBI IPYT APYTY:

1) oxpyxmocTh S
2) mpoxosoras miockocTs R N 0;
3) senra MéGuyca;

) werbipéxTovuednHaa mudpoBas OKPYKHOCTH (MTPOCTPAHCTBO, COCTABJICH-
HOE U3 4YeTbIPEX TOYEK, CKaxKeM, a,b, ¢, d ¢ TomoJsiorueii, mopoxK EHHON
6a30ii, cocrosmeit u3 muoxects {a}, {c}, {a,b,c} n {c,d,a});

(5) mop S' x St

NS S

39'7x. HeiictBue (pyHIaMEHTAJIBHO IPyIIbl HA CJIOE

39.Gx /leticmeue epynnot w1 6 caoe wHarpvimus. llycrs p: X — B
— makpeitue, by € B. IlocTpoiiTe ecrecTBeHHOE TpaBoe AEHCTBUE T'PYIIIbI

7T1(B, bo) B pil(bo).

39.Hx. 3azadxa. lpu kakux yciaoBusix jeiicreue u3 39. GX TPaH3UTUBHO?!

39'8x. ABTOMOpP(}hU3MBbI HAKPBITUS

Tomeomopdusm ¢ : X — X nasbBaercsas aBTOMOPEU3IMOM HAKPBITHS
p: X — B,ecmpoy =np.

39.1Ix. AproMopdU3MBI HAKPBITHS COCTABJISIIOT TPYIIITY.

O6o3naunm rpymimy aBroMopdu3MoB HakpeiTus p : X — B aepe3 Aut(p).

39.Jx. Aemomoppusm ¢ : X — X naxpuwmua p: X — B 6 yskom cmuicae
onpedeasemesa 06pasom 10600 mouku ro € X.

39.Kx. Jhoboe dsyaucmmoe naxpoimue obaadaem HempusuasbtoLMm a8mo-
MOPPUSMOM.
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39.11x. Haiinure TPEXTUCTHOE HAKPBITHE, He UMEIONIee HeTOXKICCTBEHHBIX aBTO-
MOpP(hU3MOB.

[Iycts G — rpynma u H — eé moarpynmna. Hanomuanwm, 9o Hopmanusato-
pom Nr(H) moarpynmel H HasbiBaeTcs 4acTh rpymibl (G, COCTaBICHHAS U3
Takux ¢ € G, aua xkoropeix g 'Hg = H. D10 — Haubosblnas mOArpyIIIa
rpyunel G, comepxkarias H B KadecTBe CBOell HOpMAJIbHON TOATIPYIIBI, TaK
aro Nr(H)/ | ects rpymma.

39.Lx. Ilycts p : X — B — makpeitue, zg € X u by = p(zg). [locrpoii-
Te oTobpazkerne (B, bg) — p~!(by), KOTOpOe MHAYIHPOBAIO ObI GHEKITHIO
MHOYKeCTBA TIPABBIX CMEXKHBIX K1accoB Py (1 (X, z0))\71 (B, by) ma p~t(b).

39.Mx. llokaxkure, 9TO MHOXKECTBO 0Opa30B TOYKU Ty MPU BCEBO3MOK-
HBIX aBTOMOp(du3Max HaKpbiTud p : X — B COOTBETCTBYeT NpU OUEKIUH

P (11(X, 0))\7m1 (B, bo) — p~L(bo), mocTpoernoit & 89. H, rpyme Nr(p. (71 (X, 20)))/p, (m1 (X, 20))-

39.Nx. /Jlaa ecarozo nakpumua p : X — B 8 yskom cmwvicae umeemcs
ecmecmeennoti anmuzomomopdusm® zpynno Aut(p) e epynny Nr(p.(m1 (X, 20)))/ py (11 (X, 20))-

39.0x. Ecau 6aza B A0KGAbHO AUHETHO CBA3HA, MO 6 NPEONOAOHCEHUAL
meopemvi 39.Nx anmuzomomopgpusm Aut(p) — Nr(p.(m1(X, 20)))/p, (71 (X, 20))

buexmusen.

39'9x. PeryJsisspHble HAKPBITHAS

39.Px Perynspuocts nHakpoitusi. Ilycmo p: X — B — nakpwmue 6 y3xom
cmvicae, by € B, xg € p~1(bg). Tozda caedyrousue ycio6us sK6UCAACHMHDL:
(1) pe(m1(X,20)) ecmv nopmasvrwd deaumens epynnv w1 (B, by);
(2) pe(m1(X,2)) — HopMaavrvl deaumens epynnv w1 (B, p(z)) das eca-
Ko2o x € X;
(3) ace epynnwt pi(m1(X,x)) ¢ x € p~1(b) cosnadarom;

(4) daa w060t nemau s : I — B aubo kasrcowid nymo ¢ X, naxpuisaro-
WUl nemaro s, ABAAEMCA NEMAET (HE3ABUCUMO OM €20 HAUAALHOT
mouky), Aub0 Hu 00uN U3 IMUT NYMET He eCb NEMAA;

(5) epynna asmomopdusmos naxpvimus deticmeyem 6 caoe p~ L (bg) mpan-
3UMUGCHO.

Hakpeoitue, yiposiaerBopsioriiee Jito000My U3 9KBUBAJIEHTHBIX YCJIOBUI TE€O-
pembr  39.Px, Ha3BIBACTCS PEryNsPHBIM.

lHa.HOMHI/IM, aro orobpaxkenue ¢ : G — H rpynnst G B rpynmy H Ha3bIBA€TCST aHTUIOMO-
mopgpusmom, eciu p(ab) = p(b)p(a) mus mobeix a,b € G.
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39.12x. Hakpoitus R — S @z — ™ n §' — S': 2 — 2" ¢ memsivm n > 0
peryJisgpHbI.
39.Qx. Jlaa moboti mowwku xo € p~L(by) 2pynna asmomopdpusmos pezyaap-
noe2o Haxpumus p: X — B ecmecmeenno anmu-uzomoppra daxmopepynne
T1(B,bo)/p,m1 (X, o) epynne w1 (B, by) no epynne amozo naxpuimus.

39.13x. Jlioboe ABYINCTHOE HAKPBITHAE PErYJISIPHO.

39.1/x. Kakue HakpbITHsl, PACCMOTPEHHbIE B 3a/1a4ax naparpada 33, peryaspHbr?
Boobie, mMeroTcst ;i Cpeu HUX HeperysspHble HAKPBITUS !

39.15x. IlocTpoiiTe TPEXIUCTHOE HEPETYIAPHOE HAKPBITHE OyKeTa JBYX OKPYZK-
HOCTel.

39.16x. Ilycrb p: X — B — perysispuoe nakpoitue, Y C X, CCBuqg:Y —C
— moAOTOOPaYKEHHNE MTPOEKIAN P. JTOKAaKUTE, 9TO €CHM ¢ SABISETCS HAKPBITHEM, TO
9TO HAKPBITUE PEryJIsAPHO.

39'10x. IToabém um HaKpPbITHE OTOOPAXKEHUS

39.Rx. Baeadxa. llycrs p: X — Bu f:Y — B — HenpepbiBHbIe 0TOODa-
xkenmst. [lycts xg € X u yg € Y — makue rouku, uro p(xg) = f(yo). Cdop-
Mysupyiite B repMunax romomopdusmos py : w1 (X, x9) — w1 (B, p(rg)) n
fe i m(Y,y0) — m1(B, f(yo)) nHeobxoaumoe ycaoBHE CyNIECTBOBAHUST TAKOTO

nopugarust f 1Y — X orobpaxkenus f, aro f(yg) = xg. [Tocrpoiire npumep,
B KOTOPOM 3TO yCjioBHe HE ObL1o Obl mocTtarodrbiM. 1Ipm Kakwx gOMOJIHT-
TEJIbHBIX MTPEJIIOIOKEHUTX OHO SIBJISIETCS JTOCTATOTHBIM !

39.5x Teopema o noguaruu orobpaxenusi. [lycms p : X — B — naxpo-
mue 6 ysxom cmucae u f Y — B — nenpepwisroe omobpasicernue. Ilycmo
x0 € X uyo €Y — maxue mouxu, wmo p(xo) = f(yo). Ecau Y — aoxarvro
aunetino ceasnoe npocmpancmso u f«(m(Y,y0)) C pe(m(X,x0)), mo cywe-

cmeyem eduncmeennoe nenpepueroe omobpascenue f 1Y — X, makoe wmo

pof=fu f(y) = o

39.Tx. Ilyemvp : X — B uq:Y — C - nakpoimua 6 yskom cMmolcie
u f: B — C - uenpepwisnoe omobpasicenue. Ilycmov xg € X uyy € Y
— makue mouku, wmo f(p(zo)) = q(yo). Ecau cywecmsyem makoe nenpe-
poienoe omobpasicenue F' @ X — Y, wmo fop = qoF u F(xg) = yo, mo
fe(p«(m1 (X, 20))) C g(m1(Y,50))-

39.Ux Teopema o nakpbiTun otobpaxkenus. [lycmop: X — Buq:Y —
C' - naxpwimua 6 yskom cmuicae, nycmo f: B — C' — nenpepwenoe omob-
pavicenue u nycmo ro € X u yo € Y — maxue mouxu, wmo fp(zo) = q(yo).
Ecau npocmparcmeo Y a0kasvno aunelino c6A3HO U f*( «(m1 (X, xo))) C

g+ (m1(Y,90)), mo cywecmeyem eduncmeennoe nenpepuisroe omobpasicenue
F:X =Y, makxoe wmo fop=qoF u F(xy) = yo.
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39'11x. UaaynnpoBaHHbIe HAKPBITHAS

39.Vx. Ilyemv p : X — B - naxpwmue, a f : A — B npoussoavnoe
nenpepueroe omobpasicenue. depes W obosnawum nodnpocmpancmeo npo-
ussedernua AxX X, cocmoawee us scex mowesx; (a, x), maxux wmo f(a) = p(zx).
Hycms q : W — A — cyorcenue npoexyuu A X X — A. Toeda q: W — A
ABAACMCA HAKPOIMUEM C MAKUM HCE YUCAOM AUCTNOE, 4MO U HAKPLIMUE D.

Haxkpeitue ¢ : W — A, cymecrBoBanue KOTOPOTrO yTBEPKIAETCS B TEO-
peme 39.Vx, HazbiBaeTCS HaKpbITUEM, UHAYLUMpoBaHHbIM U3 p : X — B no-
cpegcteom f: A — B.

39.17x. llpencraBbTe HaKpPHITUd, ONUCAHHBIE B 33mda49ax 35.D u 33.F B BUne Ha-
KPBITHIA, HHIYIHPOBAHHEIX W3 HAKphTHa R — St : x — ™%,

39.18x. Kakwne u3 pacCMOTPEHHBIX PaHee HAKPBHITUN HHIYITUPYIOTCS U3 HAKPBITHUS
3amaau 35.77

39'12x. BbICume roMOTONMYECKHe IPYIIIIbl
HAKPBIBAIOINX MPOCTPAHCTB

39. Wx. lycmov p : X — B — naxpomue. [as 6carozo HenpepwuieHo2o omob-
pastcenus s . I"™ — B u ecakozo nenpepwvisnozo omobpasicerus v : 1"~ — X,
HAKPLLEAIOULE20 €20 CYdtcenue S|pn—1, cywecmsyem eOuHCMEenHOe HAKPLEa-
ouLee HENPEPLIBHOE OMODPANHCEHUE ONA S, KOMOPOE ABAAEMCH NPOIONHCEHU-
eM 0MOobPAANCEHUA U.

39.Xx. Ilycmv p : X — B — naxkpwmue, a mouku xog € X u by € B
makosw, wmo p(xg) = by. Tozda dasn mobozo namypasvrozo wucaa r > 1
eomomonuueckue 2pynnv, (X, xg) u m-(B,by) KanoHuuecku usomopproL.

39.Yx. [lokaxXuTe, €UTO BBICITHE TOMOTONWYECKNE TPYIIBI OKPYKHOCTH,
Topa, JieuTbl Mébuyca u O6yrouiku Kielina TpuBuabHBbIL.
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Jloka3arejabCTBa 1 KOMMEHTaApPUU

36.A Canenyer u3z 29.1.
36.B Ilycrs [u],[v] € m (X, 2zp). Tak xak f o (uv) = (fou)(f owv), T0
fa(uw) = fau(u) fu(v) n

Felulfv]) = fi([wv]) = [fa(uv)] = [fa(u) fe )] =
[Fa(@)] [f4@)] = £u[u)) £ ()

36.C Ilycrs [u] € m(X,z0). Hockomeky (g o f)u(u) = go fou =
g4 (f4(w)), T0, CIeOBATENLHO

(g0 Nallu]) = [(g0 Np()] = [g2(f4w)] = g ([f2W)]) = gu(fi(w)),

TakuM 00pa3oM, (g o [« = g« © fu.

36.D Ilycro H : X x I — Y — romoronusa Mexjay f m g, IpudeMm
H(zo,t) = yo mpu Bcex t € I; u — mekoropag meris B X. Paccmorpum
orobpaxkenue h = H o (u x idy), takum obpaszom, h : (7,t) — H(u(1),t).
Torma h(1,0) = H(u(7),0) = f(u(r)), a h(1,1) = H(u(r),1) = g(u(r)),
TakuM 00pazoM, h dBJSETCd TOMOTONUENl MeXKay meriaMmu f ow u g o u.
Bosee roro, h(0,t) = H(u(0),t) = H(zo,t) = yo, aHAIOrHIHEIM 06pa3oM,
h(1,t) = yo, 3HaUnT, h gBIAETCS TOMOTONNEH MKy TeTaaMu fu(u) 1 g4 (v),
CJIEJIOBATE/IBHO,

fe ([u]) = [f ()] = [g3 ()] = g« ([u]) -
36.F Ilycrs H — 510 romoromnus Mex/y orobpakeHusMu f u g u mers
s 3amana dbopwmyioii s(t) = H(xzg,t). B cuny yreepxaenus 32.2, g. = Tso fi.
36.F Z[aHHoe YTBEPKJEHNE ABALIETCSH OYEBUIHBIM CJIEJCTBUEM DaBEH-
crea fu(slus) = (fos)™ fu(u)(f o).
36.G.1 D10 B TOYHOCTU yTBep:K/eHue teopeMbl 360.G.

36.G.2 K npumepy, IOCTATOYHO B3ATh YHUCIO R, YIOBJIETBOPSIOIIEE
HEPaBEHCTBY

R > max{l, |a1| + |az| + ... + |an|}.

36.G.3 Bocnosbsyemes npsiMosinneiinoit romoronueit h(z,t) = tp(z) +
(1—1t)q(z). Bce, aro ocrasocs nposeputh — 310 TO, uTo h(z,t) # 0 npm BCex
z u t. JeiicrBurenbHo, Tak Kak no yeaosuio |p(z) — q(2)| < ¢q(z), To

[h(z, 1) = la(2)] — tlp(2) — q(2)| = |q(2)] - [p(2) — q(2)] > 0.

36.G.4 JleiicTBUTENHHO, COBCEM OUEBUIHAS JeMMa; cM. 36.A.
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36.G Broibepem uwnciio R, ymoBIeTBOPSIOIIEE YCIOBUIO YTBEPKIEHST
36.G.2 u paccmorpum nerio v u(t) = Re? . Tlertns u, Konedno, romo-
ronna B C nocrosunoit nerne. Teneps npeanosoxkum, aro p(z) # 0 au npu
KakoM z, st Koroporo |z| < R. Torga neris p o 4 roMOTOIHA OCTOSHHOI
merie B C N\ 0, B cuty 36.G.3, u newsist ¢ © 4 TOMOTOITHA TIOCTOSTHHO TeTIe
B C 0. Opnako (q o u)(t) = R"e*™ spaunt, sTa HeT/Is HE rOMOTOIHA
nocrostunoit. [Tosyuennoe npoTHBOpEUne JOKA3BIBAET TEOPEMY.

36.Ax Cwm. 36.Dx.
36.Bx Jla, sKBUBaJIeHTHA.
36.Cx Cwm. 36.Dx.

36.Dx Tlycrs i: S ! — D" — pxuouenue. Ipeanonoxum, uro f(z) #
0 mpu Bcex x € D". Coxpanum obozHaueHue f 3a nojgorobparxennem D" —
R™\.0 1 paccMOTPEM FOMOMOPMUIMBI BKJIFOUEHU by : 71 (S™ 1) — 7,1 (D")
u fi:mp_1(D") — mp—1(R™ N 0). [TockosbKy BCE TOMOTOIIMYECKHE IPYIIIIBI
mapa D" rpuBmaibHbl, TO KoMmosuruys (f 014), = fi 04, — HyJeBoii romo-
Mopduzm. Oprako xkommo3uiusg f o ¢ coBmajaer ¢ orobpaykenueMm fi. KO-
TOpOE, TI0 YCAOBHIO, MHAYIMPYeT Hemy/IeBoit roMoMopdusm m, 1(S" 1) —
Tn—1(R™ X 0).

36.Ex PaccMmorpuM KPyroByio OKpecTHOCTh U TOYKM T, HE IepeceKaro-
uyrocs ¢ obpasom u(St) paccmarpusaemoit Kpyrosoit nerm u myctb y € U.
Coepuanm © u y auHelnbiM nyTem S : ¢ — ty + (1 —t)x.

h(z,t) = Pu,se)(2) = %

ONPEIENTSET TOMOTONMIO ME2K Ly OTOOPAKEHISAMIL Oy ¢ 1 P,y SHATAT, (Pu g ), =
(¢uy),, orkyma u caenyer, uro ind(u,y) = ind(u,z) ans moGoit Toukn
y € U. Cnenosarenbno, dynknus ind : z — ind(u, x) nocrosHua Ha JaHHOM
OKPECTHOCTH.

36.Fx Ecmm z ¢ F(D?), To Kpyropag metis u 6y1eT TOMOTOIIHOM HYTIO
B R? \ 2, Tak Kak u = F o4, re i — cramgaprHoe Biaoxenue S' — D2 a i
rOMOTOIHO HyT0 B D2,

36.Gx Iro tak, nockoabky [uv] = [u][v], a 71 (R? \ x) — Z — romMomop-
du3sm.

36.Hx Qopwmyia

ug(z) — x

Mat) = puelz) = 7=

OIIpe/ieIsieT TOMOTOIINIO MeK /Iy OTOOPAaXKEHUSME Py U Py o, OTKYIA U CIIe-
ayer, aro ind(u,z) = ind(v, z); cp. 36.Ex.
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36.Lx Onpenennm orobpaxenue ¢ : ST — R dbopmynoit (z) = f(x) —
f(—=x). Torga

TakuM 0bpazoM ¢ — HeueTHoe orobpazkenue. Cjieg0BaTebHO, €CIH, HAIPU-
mep, ¢(1) # 0, To obpaz p(S!) comepxkut 3navenus pasHbIX 3HAKOB. Ilo-
CKOJIBKY OKPY’KHOCTb CBsI3HA, TO Hafijercs Touka x € S', rakas uro f(x) —
f(=z) = o(z) = 0.

36.Mx.1 Ilpemmonoxum, uro f(z) # f(—x) mpu Beex € S%. B Takom

ciyuae dopmyna g(z) = % onpezensier orobpaxkenne g : S? — St

[Tockonbky g(—x) = —g(x), TO oTOOpaXKEHNE ¢ MEPEBOIUT AHTHUITOAATbHBIE
Touku cdepsl S? B aHTHIOZAIbLHbIE TOYKH OKpyxKHOCTH S'. PakTop 0T06-
parKeHHus ¢ SBJIAETCH HEIPepPBIBHBIM oTobpazkenueM ¢ : RP? — RP!. Ilo-
KasKeM, 9TO HHIyIEpyeMbli mM romoMopdmM ¢, : 71 (RP?) — 7 (RPY)
nerpusnasen. O6pasyiomeit A rpymmer 71 (RP?) asngerca kmace mermm [,

HaKPBIBAEMOI1 1ryTeM [, KOTOPbBIil COEIUHSET JBE MPOTUBOIOJIOXKHBIE TOUKH

cepor S2. Ilyth ¢ o | TakKe COeUHSIET [Be HPOTUBOMIOJIOXKHBIE TOUKH, JIe-
JKalllue Ha OKPYKHOCTU, CJAe0BATE/TbHO, HAKpPbIBaEMasi UM TeTyid @ o | He
romoTomHa Hymo. Takum o06pazom, ¢.(A) — 9T0 HETPUBHABHBIN STEMEHT
byngamentamproil rpymme! w1 (RPL).

36.Mx Bce, 9T0 0CTa/JIOCh 3aMETUTH IS J0KA3aTEIbCTBA TEOPEMBI
Bopcyka-Yiiama, TaK 9T0 TO, YTO HeTPHBHAILHBIX roMoMopdusmos 11 (RP?) —
m1(RPY) He cymecTByer, TaK Kak nepsas U3 3TUX rpymn mzomopdua Zsa, a
BTOpas uzomopdua Z.

37.A JlokaxkuTe 3TO yTBEpPK/IEHHE CAMOCTOSTETHHO.

37.B Tlocko/ibKy BCAKOE 0TOOpParKeHWe B OJHOTOUETHOE ITPOCTPAHCTBO
SIBJISIETCSI HEIPePbIBHBIM, TO orobpaxenue p : X — {xg} — perpakiusi.

37.C llpsvasg cBs3HA, TOTOMY €€ PETpakT (Kak eé HempepbIBHBIN 06-
pa3) Toxke JIO0/IKeH ObITh cBsi3eH. OHAKO, TBOETOUNE Ha MPSIMOii HE CBA3HO.

37.D Cw. jgokazareibcrBo yreepxkaenus 37.C

37.E [Iycrs p : X — A — perpaxnus. PaccMOTpuM TpOM3BOTE-
Hoe HenpepwiBHOE oTobpazkenne f : A — Y. Komnozunusa F' = fop: X — Y
SIBJIFETCS TIPOJIOJIZKEHUEM O0Tobparkenus f. PaccmoTpum Tox tecTBen-
moe otobpaxkenwe id : A — A. Ero mempepbiBHOe TpogoKenne Ha X Kak
pas3 u aBasgercs perpaknueii p : X — A.

37.F llockoJibKy

P O’i* = (pO’L)* = (ldA)* = id7n(A,:170)7
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TO TOMOMOPMU3M P, ABJISIETCS SMUMOPGUIMOM, & TOMOMOPMUBM %, — MOHO-
MOPGU3IMOM.

37.G  YtBepxkjeHue 00 i,; K MpUMepy, CMOTPUTE JI0KA3aTEIbCTBO CJle-
JIYIOITETr0 YTBEPK IeHUS.

37.H Tak xak rpynna 7 (D?) Tpusnanbna, a rpymma 71 (S') — nerpu-
BuasbHa, TO iy : m1(S, 1) — (D2, 1) e Moxer 6GHITH MOHOMOP(DHUIMOM.
CiiesioBare/ibHo, B cuity yreepxkaerns 37.F kpyr D? ne/b3st perparuposars
Ha ero rpanuiy St

37.1 loka3aTeabCTBO JOCAOBHO TOBTOPSET PaCCYyKIEHNe, MCIOIb30-
BaHHOE MpHU JOKa3arejbcTBe TeopeMmbl 37.H. Heobxoaumo TOJIBKO BMECTO
dbyHIaAMEHTATBHBIX TPYIIT UCHOIB30BATh (1 — 1)-MepHBIE TOMOTOMIMYECKIE
rpymmst. Jles1o B Toum, 9To rpymmna m, 1 (D™) TpuBHabHA, a rpymma T, 1(S" 1)
Z (r. e. HETPUBHAJIBHA).

~

37.J Bynem paccyxmarh or mporuBHOTO. lIpemmosoxum, 910 0T0O-
paxenue f : D™ — D" He uMeeT HENOJBUKHBIX TOUYEK. PaccMmorpum Jjiyd,
ucxopsamuii u3 rouku f(x) € D™ u mpoxoxmsmuii uepes Touky x € D™, u
o6o3HaumM uepes p(r) TOUKY ero mepecedeHms ¢ IpaHmdHOil cdepoit S7 L.
deno, uro p(z) = x mpu x € S" 1. Jlokazkure, 4T0 0TOGparKeHme p HEIpe-
pBIBHO, Torza p : D™ — S"! — 510 perpaxinua. OnHAKO B CHIy TEOPEMbI
Bopcyka Takoii perpakiiuu He CyIIECTBYET.

38.A Jlokaxkure 3TO yTBEP:K/IEHUE CAMOCTOSITETBHO.

38.B Ilpsamoe ciencreue yTBepxKaeHusa 38.A.

38.C Tak kak p — perpakiiusi, TO OJHO U3 YCJIOBUIl, COMEPIKAIIUXCS B
OIIPe/Ie/ICHUN TOMOTONNYEeCK 00PATHBIX 0TOOPaKEeHMil, BBIITOJTHEHO aBTOMA~
tuyecku: poin = idy. Bropoe Tpebosanue: in op romoronuo id y, BEITIOJIHEHO
110 YCJIOBUIO.

38.D Caenyer u3z 38.C.

38.F Cnenyer u3z 38.D u 38.B.

38.F llycto p1: X — Aups: Y — B— nedopMaImoHHble peTPAKITHH.
Hokaxxute, 910 p1 X py — AedOpMaIMOHHAS PETPAKITUS.

38.G  Paccmorpum orobpakenue p: R2\ 0 — S': 21— ﬁ Dopwmyita

h(z,t) = (1 —t)z + t% OIIpeJIe/ISIeT TPSMOIHHEHHYI0 TOMOTONUIO MEXKIY

TOKJIECTBEHHBIM 0TOOpaskeHneM npocrpancTsa R? N\ 0 u KoMmo3uiueii po i,
rie i — craEgaprHoe Biodenne ST — R? 0.
38.H Tononormueckmit Tunm R? \ {x1,29,...,7,} He 3aBHCHT OT pac-

TTOJIOYKEHUS TOUEK T1,XL2, ..., Ts HA IJIOCKOCTH. PacmooknM nx Ha eTuHAT-
HOIl OKPYKHOCTH, K MIPUMEDPY, B3dB UX PABHBIMU KOPHAM S-ii cTemenn u3 1.
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PaCCMOTpI/IM Ha TIJIOCKOCTHU S MPOCTBIX 3aMKHYTBIX KPUBbIX, KazK/lasd U3 KO-
TOPBIX OXBATBIBAET POBHO OJIHY M3 JAHHBIX TOYEK, IIPOXOJUT 4Yepe3 HadaJI0
KOOPJIMHAT, U KOTOPbIE HE MMEIOT JAPyrux OOIMUX TOYEK, KPOME Hada/1a KO-
opaunaar. Bo3moxkHo, 9To OymeT mpoiine BMECTO KPUBBIX B3dTh, K IPUMEDY,
POMOBI C LIEHTPaMU B JaHHBIX TouKax. Ocraercsd JoKa3arb, 4T0 00beIMHEeHne
9TUX KPUBBIX (11 POMOOB) sBJstercs 1ehOPMAIMOHHBIM PETPAKTOM MPOKO-
JIOTOM B S TOYKAX ILJIOCKOCTH. E[CHO7 YTO HE UMEET CMbIC/Ia BBIIIMCHIBATH AB-
ubie OPMYJIbI, XOTd ITO U BO3MOKHO. PacCMOTpUM OTIEIbHBIIH POMO U €ro
nenTp. LlenTpasibHas npoekiusa oToOpazKkaer JOMOTHEeHre IeHTpa pomba Ha
€ro I'PaHUIly U UMEETCS HPAMOJIMHEHAsT TOMOTOIUS MeXK/ly IEeHTPAJTbHO
MpPOEKINell M TOXKJIECTBEHHBIM OTOOPayKeHUeM IMPOKOJoToro pomba. Ocra-
JIOCH M0Ka3aTh, 9TO TY YaCTh IJIOCKOCTHU, KOTOPAs JIEKUT BHE 00bLETUHEHNS
POMOOB, TaK:Ke MOXKHO JeOPMAIIIOHHO PeTParnpoBaTh HA 00bLEINHEHHEe NX
KOHTYpOB. Kak MOXKHO MOCTYNUTb, U4TOOBI PACCYKEHUE CTAJIO IOXOXKe Ha
JoKazarenbcTBo? PaccMoTpuM BHAdYasie MHOTOYTO/IBHUK, BEPIIMHAMU KOTO-
pPOTO SBJISIOTCS BEPIIUHBI POMOOB, MTPOTUBOIIO/IOXKHbBIE HAYATY KOOD/MHAT.
HerpymHo Bujiers, 9T0 5TOT MHOTOYTOJBHUK SBJISETCA CTPOrUM jedopma-
IIMOHHBIM PETPAKTOM IJIOCKOCTH (TakK ke KaK Kpyr gaBjsercs ee aedhopMa-
IIOHHBIM peTpakToM). OcTamoch mokasarh, 9To o0beuHeHne poMooB Gy1er
SABJIATHCS JePOPMAIMOHHBIM PETPAKTOM PACCMATPUBAEMOrO0 MHOTOYTO/IHHU-
Ka, ITO OYEBU/IHO, HE TIPABIA JIU?!

38.1 Pazmenum KBajJpar Ha YeThIPe YaCTU IPU TOMOIIH JIBYX €r0 Cpe/i-
HUX JIMHUI U PacCMOTPUM MHOXKeCTBO K, sBjgrorieecsd 00beINHEHUEM €ro
KOHTYpa, CPeJIHUX JINHUN U JIBYX €ro “4eTBepTHHOK’, COJEPKAIUX OJHY U3
ero guaronaJeii. [lokaxkure, 4T0 KaxK10€ U3 ABYX CJEIYIONIINX MHOXKECTB SB-
JisieTcs 1eOpMAIMOHHBIM PETPAKTOM IpocTpancTBa K: obbenHeHne KOH-
Typa KBaJIpaTa U ero JUaroHaJiu; o0belnHeHrne KOHTYPOB “MyCThIX  YeTBep-
TUHOK 9TOTO KBaJpaTa.

38.J 1) Hu oa10 n3 3TX MPOCTPAHCTB HE BKJIAJIbIBAETCA B 1pyroe. [o-
KasKUTe 3TO CAMOCTOSITE/IBHO, IPEIBAPUTE/IBHO JI0KA3AB CJIEYIONLYIO JIEMMY.
[Iycts J, — 510 0O6beauHEeHME N OTPE3KOB ¢ 00IUM KOHIOM. Torma Hu mpu
kakux n > k > 2 npocrpancrso J, He BKaagbiBaerca B Ji. 2) Orser ma
BTOPOI BOIIPOC IIOJIOKUTEJIEH; CM. J0KA3aTEJIbCTBO yTBepKaenus 38.1.

38.K Tax Kak KOMIO3UINA ¢ © f To-TOMOTOIIHA HYJIO, TO §y O fr =
(g o f)s = idg (x,20)- AHATOTHIHBIM 00pa3oM, fi © gu = idy (v,y,). Taxum
obpa3oM, fy 1 g« — B3aUMHO OOpaTHBIE TOMOMOP(MU3MBL.

38.L JleitcTBUTEIBHO, 3TO — MIPSAMOE CJAeJICTBIE TeopeMbl 38. K.

38.M Ilycts z1 = g(zp). Jns Beskoit romoronuu h Mexay idy u
go f dopmyna s(t) = h(xg,t) oupenenser myTh B TOUKe xo. B cuty oTBera
Ha 3arajky 36.FE, kommnosuiiusi gy o fr = Ts — nzomopdusm. AHAJIOrTIHBIM



JloxkazarenbcTBa I KOMMEHTAPUT 295

00pazoM, KOMIOBUIUS f, 0 g, sABJseTCst n3oMOopdusoM. 3HAUUT, f, U Gy —
n30MOPPUIMBI.

39.A Ecmu u — nerig B X, Takas 4UTO HETJId P 0 u B B romorornHa
HYJIIO, TO B CUJIy T€OPeMbI 0 HaKpbIBaloIneil romoronuu 34.C MeTIs u TakzxKe
romoromHa Hymo. Takum obpaszom, ecian py([u]) = [pou] =0, To [u] = 0, aro
U O3HAYAET, ITO Py — MOHOMOPU3M.

39.B Her, ue onpenensierca. Ecim p(xg) = p(x1) = by, xg # o1 m
rpymna 71 (B, by) ne abenesa, 1o moarpynnst py (w1 (X, z9)) u pi(m (X, x1))
BIIOJTHE MOTYT ObITH pazauunbl (M. 39.D).

39.C TI'pymma p.(m(X,20)) HAKPLITHS COCTOUT N3 TOMOTOIMYECKUX
KJIACCOB TeX IeTeb B TOUKE by, JJIsg KOTOPBIX HAKDPLIBAIOMINI UX MyTh C
HAYAJIOM B TOUKE T( SIBJISIETCS MeTIIeil.

39.D Ilycteb s — myTh B X, COEAMHSIONTII TOUKY Zg ¢ Toukoit x1. O60-
SHAYMM 9epe3 (v KJIACC IETVIH PO S U PACCMOTPHM BHYTPEHHIIT aBTOMOP(MDU3M
@ T (B,by) — w1 (B,by) : B+ a !Ba. JlokaxeMm KOMMYTaTHBHOCTD JTHA-
rPAMMBI

1 (X, o) SLEN T (X, 1)

a 2

7T1(B,b0) L 7T1(B,b0).

—1

Heitcreurensuo, nockoubky Ts([u]) = [s7 us], To

P« (Ts([u])) = [po (sTtus)] = [(po s Hpou)(pos)] = a'p([u])e.

[TockosibKy aumarpaMma KOMMYyTaTUBHA U 1y — m30MOPGU3M, TO

p(m1(X, 1)) = p(pu(m1 (X, m0))) = & 'pu(mi (X, m0)) e,

TakuM 00pazoM, rpymmbl Py (71 (X, z0)) u py(m1 (X, 21)) conpsizkeHsl.

39.E llyctb s — metig B X, ABJILONIASICA [IPEJICTABUTE/IEM KJIACCA
a € m(B,by). Ilycrh myTh § HAKPBIBAET § M HAYMHAETCA B TOUKE T(. EC-
JIM TIOJTIOKUTH 1 = §(1), TO, KaK Cae/yeTr u3 J0Ka3aTeJbCTBA yTBEPIK IeHUs
39D7 p*(ﬂl(X’xl)) = ailp*(’ﬂl(Xv .1'0))0&.

39.F Ciuencrsue 39.D u 39.E.

329.G Cwm. 39.H.

39.H Obozuaunm misg kparkoctn H = p,(m1(X, x0)). Paccmorpum mpo-
U3BOJIBHYTO TOUKY x1 € p~!(bg); mycTh s — MyTh C HAYAAOM B To W KOH-
OM B Z1, a & = [p o s]. ComocraBuM TOUKe 21 MPaBbIil KJIACC CMEXKHOCTH
Ha C 71(B, by). [IpoBepnm KOPPEKTHOCTH JTAHHOTO Ompejesenus. 1lycTs sq
— JIPYTOii yTh U3 Xo B 1, o; = [posi|. IlyTs ssfl ABJIACTCA IeTJIell, 3HAYUT,
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aal_l € H, nosromy Ha = Hay. Teneps jokakem, 9TO yKa3aHHOE COOTBET-
crBUe siBisiercd ciopbekiueil. Ilycrs Ha — HEeKOTOPbIN KJacC CMEXKHOCTH.
PaccMoTpum meTiio u, sBASIONLYIOCS NPEJICTABUTENEM KIacCa &, MyCTh U —
3TO HAKPBIBAIOIIMIT ee Iy Th C HAYaJI0M B TOUKe Tq, a x1 = (1) € p~1(bg). ITo
MOCTPOEHUIO, TOYKE X1 COMOCTABJISIETCS KIaCC cMexuoctn H o, 3HaquT, jpan-
HOE COOTBETCTBHUE CIOPBHEKTUBHO. HaKOHEI, POBEPUM €ro WHbHEKTUBHOCTD.
[ycrs 21,29 € p~1(bg), $1 1M Sy — MyTH, COEAMHSIONINE T( C T1 ¥ T, COOTBET-
CTBEHHO, a; = [pos;], i = 1,2. [Ipepnosnoxum, uro Hay = Hag n nokaxem,
aTO TOrMA X1 = 9. PaceMorpuum merTmio u = (p o s1)(p o sy') W HAKpPHIBA-

IONHIL ee MyThb U, KOTOPBIl fBJIgeTcCsd meTaeil B CHIy TOTO, U9TO (v (ty leH.

! / / _ t / _ _t
Ocramnoch 3aMeTuTh, 9T0 myTH 8) 1 sh, e sy (t) = u(L) u sh(t) = u(l — %)
HAQYUHAIOTCA o TOYKE () U HAKPBIBAIOT IIYTU PO S1 U P O S, COOTBETCTBEHHO.
Buaunt, s1 = s| u s9 = s, Takum 06pasom,

z1 = s1(1) = s)(1) = u(3) = sh(1) = sa(1) = 2o

39.1 Paccmorpum npousBosbHYIO TOuKy y € Y, nycrs b = q(y) u Uy —
OKPECTHOCTH TOYKHU b, KOTOPasi sIBJISIeTCsI IPABUIIBHO HAKPBITOM JIJIsi KaZKJI0T0
u3 nakpoituit p u q. llycrs, nanxee, V — sro ymct naj Uy, comeprkainuii TOUKY
y, a {W,} — mabop mmcros mag Uy, obbegunenne KoTopbix ecth ¢ (V).
dewo, uro orobpaxenne |y, = (qly) "t o plw, — romeomopduzM.

39.J llyctb p m ¢ — HakpeITHda. PaccMoTpmM TpOM3BOIBLHYIO TOUKY
r € X U OyTh S, COeTUHAIONINN 3aJaHHYI0 TOUKY o ¢ 2. I[IycTh u = p o s.
B cuny yrBepxaenns 34.B CymecTByeT eIMHCTBEHHBIN myTh 4 : [ — Y,
HAKPBIBAIOTIAH 4 ¥ HAYMHAIOMINNCST B TOUKE Y. SHAUUT, U = (0 O S, CIEIOBA~
TesibHO, ToUKa () = ¢(s(1)) = u(1l) ompesesnena OxHO3HATHO.

39.K Ilycts ¢ : X — Y uvy 'Y — X — nogunnenus, npudem
o(xo) = yo u Y(yo) = xo. dcno, 9TO KOMNOBUIMS Y O Y ABAAETCS TIOJI-
unHeHneM HakpbiTus p : X — B camoro Haj coboii. CremoBareibHO, B CHITY
enuHCTBeHHOCTH nogunnenns (cm. 39.J), 1 o p = idx. Ananornanbiv o6pa-
30M, o) = idy, UTO U O3HAYAET, YTO MMOINHEHUS (Y U 1) ABJIIIOTCA B3AUMHO
O0OPATHBIMY SKBUBAJIEHTHOCTIMHU.

39.L OueBujHO, YTO ITO OTHOIIEHUE SBJSETCS CUMMETPUYHBIM, pe-
bIEKCUBHBIM W TPAH3UTUBHBIM.

39.M ¢cHo, 9TO ecnm HAKPBLITHA p U p' SKBUBAJEHTHBI W ¢ MOTIMHE-
HO P, TO ¢ TIOAYUHEHO U P/, MO3TOMY OTHOIIEHHE MOTYMHEHUS IEPEHOCHTCS
C HaKPBITUI HA WX KJIACCHl 9KBUBAJEHTHOCTU. lIpm 3TOM 0HO OUEBUIHO TB-
JigeTcd TpaH3uTUBHBIM. Kak mokazano B $9.K, ecin HAKPBITUS TTOTINHEHDI
IpYyT APYTY, TO OHU SKBUBAJEHTHBI, CJIEJ0BATEIBLHO, ITO OTHOIIEHWE AHTU-
CUMMETPUYHO.
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39.N Taxk kak px = (0 ¢)x = ¢x © Py, TO
P (m(X, 20)) = qu(px(m1(X, 20))) C gu(m1(Y,50))-

39.Ax.1 Ob6ozmaunm wuepe3 w,v : I — Y nyrm, naumnamommecss B
TOYKE Yo W HAKPBIBAIOIIME IIYTH P O U W P O U, COOTBETCTBEHHO. PaccMoT-
puM 1yTh uv ', KOTOPEIl 0 YC/IOBHIO SIBJISETCS HeTyell B TOUYKe T, HeTIII0
(pou)(pov) ™t = po(uv!) i ee xmace a € pu(m (X, 20)) C gu(m (Y, p0)).
Tem cambim « € i (m1(Y, yp)), 3HAIHUT, MIyTh C HAYAJIOM B TOUKE ¥y, HAKPDI-
patoruit ermo (p o u)(p o v) ™!, Taxske aBserca meryeit. Cre0BaTENBHO,
My TH, HAKPBIBAIOIINE PO U W P O U W HAYAHAIOIINECT B TOUKE ¥y, OKAHINBA-
TOTCS B OHOW ¥ TOM ke Touke. OCTAIOCh 3aMETUTDh, UTO UMU W SABJISIOTCS
IIyTH U U .

39.Ax.2 Onupenennm orobpaxkenue ¢ : X — Y cieayionmm oO6pa3om.
[Iycrs © € X, u — nyTh, COEMHSAIONMIT TOUKY T( TOYKON x, To p(x) = vy,
rJIe Y — 9TO KOHEeYHast TOUKa myTn 4 : [ — Y, HaKpBIBAIOMIEro myTh p o u. B
CUJTY TIPEJBILYIIErO yTBEPKIEHUSA, OTODPAKEHHNE (0 OMPENEIEHO KOPPEKTHO.
Hoxaxxem, uro orobpaxenue ¢ : X — Y menpepoiBuo. I[lycts ;1 € X, by =
p(z1) my1 = @(x1), no mocrpoenuio, ¢(y1) = by. Paccmorpum npousBoibHyio
okpecTHOCTb V Toukm y;. Mbl BripaBe cautarh, 9TO V sABJISETCI JIMCTOM HAJT
[IPAaBUILHO HAKPBITON JuHEHHO cBa3HO okpectrHocTr U Toukwm by. [lycts W
— 9TO CoflepKAIMil TOUKY X1 JucT Ha U, TakuM 06pa3oMm, OKpecTHoCTh W
TakyKe JUHEHHO CBs3Ha. PaccmoTpum mponzBonbHyo Touky z € W. Ilycrs
uyth v : [ — W coemqunser x1 ¢ x. ZlcHo, uro obpas myTu U, HAUHHAIONIErOCH
B Y1 U HAKPBLIBAIOIIETO MyTh P O ¥, COAEPYKUTCA B OKPECTHOCTH V|, 3HAYWT,
p(z) € V. Takum obpazom, (W) C V, cremoBaresnbho, oTobparkenue ¢
HETPEepPLIBHO B TOUKE T.

39.Bx Crnenyer u3z 39.E, 39.Axu 39.K.

39.Cx llycrs X — B — yHuBepcaJjibHOe HakpbiTue, U — IpaBUIbHO Ha-
KpBITas OKPECTHOCTH TOUKN a € B, V — onun u3 aucros Hag U. [lpencraBum
pEoUenne i : U — B Kak Kommosummio p o j o (ply)~1, rae j — sTo BKIIO-
genne V — X. [lockoabky rpynmna (X ) TpuBnabHa, TO U roOMOMOPMU3M
BrIouenHns i, : 71 (U, a) — w1 (B, a) TpuBnasen.

39.Dx.1 llycrb mytu up, ue coemuusiior Touky by ¢ b. HakpoiBatorue
¥X IIyTH, HAYUHAIONINECS B X(, 3AKAHINBAIOTCA B OJHONW W TOH YK€ TOUYKE X,
Corjia KJIacC IeT/IN U7ty L texur B OArPYIIIIe 7.

39.Dx.2 a, oupenengeT. PaccMOTpuUM MHOYKECTBO BceX TyTeil B B,
HAYMHAIOIINXCA B TOYKe by U BBEJEM B HEM OTHOIIEHUE SKBUBAJIEHTHOCTHU:
Uy ~ Uz, €CIu [ujty 'l € 7. O6osmaumm depes X bakTOPMHOKECTBO 10

BBeJIEHHOMY oTHOIennio. EcrecrBennas Omekims mexay X m X crpouTcs
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caeytomum obpaszom. g Beakoit Touku © € X PacCMOTPUM Iy Th U, COE/IU-

HAOIIMI OTMEYEHHYIO TOUKY X ¢ Toukoil x. Kacc mytu pou B X u saBisgercsa
obpazom Touku x. OMUCAHHOE COOTBETCTBUE, OUEBUJIHO, SIBJISETCS OUEKIHel

f:X - X. Obpatrnoe f orobpaxenue g : X - X ycrpoeno Tak. ITycrs
u : I — B upejcrasuresns kiaacca y € X. Paccmorpum nyrs v @ [ — X
HAKPBIBAIOLIMIT U 1 HAYMHAIOIIMICs B Touke xo. Torga g(y) = v(1).

39.Dx.3 Oupegennm 6a3y TOMOJIOrMA B X. Hna Beskoit maper (U, x),

rme U — orkpeiTOoe B B MHOXKecTBO, a & € X , MEHOKecTBO U, coctouT mu3
KJIACCOB BCEBO3MOXKHBIX IMyTeil uv, rje « — IMyTh U3 Kjacca &, a ¥ — 9TO
nyts B U, naunnaommiica B Touke u(1). Herpyano mokazars, 4ro st BCs-
Koit Toukn y € U, cupaseaymso Toxjaecrso U, = U, orkyaa ciejyer, 4To
COBOKYITHOCTH MHOxKecTB Bujga U, obpa3yer 6a3y HEKOTOPOIl TOIOJIOTUU B

X . Yro6bt JI0Ka3aTh, uTo f u g — rOMEOMOPMUBMBI, JOCTATOYHO TPOBEPUTH,
9TO KAaK/IBlil U3 HUX [TEPEBOUT MHOYKECTBO U3 0a3bl TOMOJIOIUU B OTKPBITOE
MHO2KecTBO. st BeIOOpa 6a3bl paccMoTpuTe HADOP MPABUIBLHO HAKPBITHIX
okpectrocteit U C B, Kaxjas 3 KOTOPBIX, BO-IIEPBBIX, JUHENHHO CBs3HA,
BO-BTOPBIX, JiI00as TeT/id B KOTOPBIX TOMOTOITHA HYJIO B .

39.Dx.4 llpocTpancTBo X ompezenero B 39.Dx.2. [Ipoeknus p : X —
B onpenensierca ciaeayomum obpazom: p(y) = u(1), rae u — myTh, BXOISIIi

B KJacc y € X. HemnpepoiBaocTs p nmeer mecto 6€30 BCSIKUX IMPEIITIOJNIONKE-
Huit 0 cBoiicTBax mpocTpancTBa B. [lokaxnuTe, aTo ecim MHOXKecTBO U B B
OTKPBITO, TUHENHO CBI3HO, U KaXKJasd MEeT/Id B HeM FOMOTOITHA HY/I0 B B, TO
U byner npaBuibHO HAKPBITOH OKPECTHOCTHIO.

39.Fx Paccvmorpum noarpynmner 7 C g C 71(B, by). Ilycrs p : Y - B

— HaKpBLITHeE, TIOCTPOEHHOe 0 TMOATPYIIe 7, q : Y — B — HaKkpwITHE, TOCTPO-
eHHoe 1o 7. /I3 KOHCTPYKIWHW STUX HAKPBITHI CIEIyeT, ITO CYIIEeCTBYeT

orobpaxkenne f: X — Y. [lokakure, 9T0 OHO U ABJISIETCH MOTIUNHEHUEM.

39.Gx Tosopsit, uro rpynna G JeficTByeT ciipaBa B MHOXKecTBe F'| ecu
KazKJIOMY 3JIeMeHTY « € (G COMOCTaBIeHO 0TOOpaKkeHue @, : F' — F | npudem
mpu 9TOM: 1) Yag = @Yo © Pg; 2) ecin e — eguanna rpymnsl G, To @, = idp.
Honoxum F = p~Y(bg). s moboro saementa a € (B, by) ompeemm
orobpakenue @, : F' — F ciemyromum obpazom. Ilycts x € F. Paccmorpum
HET/TI0 U B TOUKe by, Takyto 4ro [u] = . [IycTh myTh U HAKpPBIBAET METIIIO U
U HavduHaeTcd B ToUKe . [lomoxmm ¢4 (z) = u(l).
3 TeopeMbl 0 HAKPBIBAIOIIEH TOMOTOIHH CJIEIYeT, YTO OTOOPAKEHHE Oy 3a-
BHCUT TOJIBKO OT TOMOTOMMYECKOrO KJIACCA METIN U, 3HAYWUT, OMpPEeeIeHIe
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koppekTHo. Ecin [u] = e, 1. e. newis w roMoronHa HyJIiO, TO MyTh U TaK-
Ke aBagercs nerneii, ciegosarenbno, u(l) = x, takum obpasom, pe = idp.
[IpoBephbTe, ITO BHIMOJIHEHO W TEPBOE CBOWCTBO M3 OTpPEIETeHNN AeficTBUs
TPYIIIbI Ha MHOZKECTBE.

39.Hx CwMm. 39.Px

39.Ix T'pyumosoit oneparyeil B MHOXKECTBE BCEX aBTOMOP(MU3MOB ABJIs-
eTCsd UX KOMITO3UIHUSI.

39.Jx Cnenyer u3 39.J.

39.Kx llokaxknTe, aT0 0TOOparKEHWE, MEHSIONIEe MECTAMU IBE TOUKHI
u3 mpobpasa Jr0bo0it Touku 6a3bl, eCTb roMeoMOpPdU3M.

39.Lx DTto B TOuHOCTU yTBepKjaenue 39.H.
39.Qx Cuenyer uz 39.Nxu 39.Px.






Lnasca IX

KaeTtouHnag texnmka

40. KiaeTo4yHble IIPOCTPAHCTBA

40'1. OmnpenesieHne KJIeTOYHOTO IMPOCTPAHCTBA

B srom maparpade Mbl TO3HAKOMUMCS C KJIACCOM TOIOJIOTMIECKUX TPO-
CTPAHCTB, KOTOPBIl UIpAaeT B ajredpamvdeckoil TOmojoruu 0cod0 BarXKHYIO
posb. B KOHTeKCTe 3T0i1 KHUTH €0 POJIb 3HAUNUTETHHO YIKe: I TPOCTPAHCTB
9TOr0 KJIACCA MBI HAYIHMCS BBIMHACIATH (bYyHIAMEHTAJBHYIO TPYIILY.

HyﬂbMeprlM KJIETOYHbIM MPOCTPAHCTBOM HA3bIBACTCA JUCKPETHOE TOIIO-
JIOTMYIECKOE IPOCTPAaHCTBO. Ero Touku Ha3bIBaIOTCSI TAKKE HYJIbMEPHbIMU KJ/1€T-
KamMuy, 1IpoCcTo 0-kneTkamu nm BepLUNHaMMU.

OpHoMEpPHOE KNETOYHOE MPOCTPAHCTBO — STO MPOCTPAHCTBO, MOJIYyYEHHOE
[IpH TIOMOIIM CJIeyomeii KoHeTpyKiuu. PaceMorpum O-MepHOe KJIeTOYHOe
IIPOCTPaHCTBO X M ceMeiicTBo oTobpaxkenuit ¢, : S° — Xo, a € J. Ilpu-
KaenM K X IPH TOMOIIM OTOOParKeHUi ¢, AMIBIOHKTHYIO CyMMYy 3K3eM-
maapos orpeska D! (3aHyMepoBaHHBIX TeM Ke CeMelCTBOM MHJEKCOB, UTO
1 0TOOpaKenust Yq): XoUyg, (|_|a Dé) O6pa3pl BHYTPEHHUX YaCTel 3K3eM-

ILIAPOB OTpe3Ka D! HA3LIBAIOTCH OTKPBITHIMYU OfHOMEPHBIMU KAETKAMM, TIPO-
cto 1-knetkamy uan pébpamu. Ecnim OTpe30K MpHUKJIeeH K JAHHON BepImHe

IKreroumsre npocrpancrsa O6btu BBegensr JIxk. I K. Vaiirxemgom, koropsiit HaszBas ux CW-
KOMNAEKCAMU. DTO UMsI COXPAHUIIOCh 32 HUMH U JIO HACTOSIIEr0 BPEMEHH, XOTs OHO He yI0O6HO 1o
MHOTUM €CTeCTBEHHBbIM IIPDUYIAHAM. 334 O49€Hb PEOKUMA NCKJIIOICHUAMN (O,E[HO U3 HUX — ITO CW—
KOMILJIEKC, JIPYrO€ — CUMILIMIHAJbHBIH KOMILJIEKC), CJIOBO KOMIMIEKC a MaTeMaruke 0003HAYAET B
HaIlle BpeMsl pa3JIndHbIe ajJredpantieckue, a He Tomosorndeckne o6nekTel. Cuemays B. A. Poxuuny
u /1. B. ®ykcy [5], mbl Oyem HCIOIB30BATH TEPMHUH KJETOYHbIE MPOCTPAHCTBA.

301
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XOTst ObI OJHUM W3 CBOUX KOHIIOB, TO TOBOPLAT, 9TO COOTBETCTBYIOIEE PeOPO
¥ BEPIIWHA MHUUAEHTHbI ApyT ApyTry. MHOXKecTBa, MOy YeHHbIE U3 KaXKI0TO
orpeska D!, nazsisaiorcs 3aMKHYTbiMYU KaeTkamu. OTKPBITBIE OJHOMEDHBIE 1
HYJIbMEPHbBIE KJIETKU COCTABJILAIOT PA30ueHne OJHOMEPHOTO KJIETOYHOTO TPO-
crpaucrsa. [loguepkuem, 910 5TO pa3dbueHme BXOAUT B CTPYKTYPY KJIE€TOU-
HOT'O IIPOCTPAHCTBA, T. €. OJHOMEPHOE KJIETOYHOEe IIPOCTPAHCTBO — 3TO TOIO-

JIOPUYECKOe [IPOCTPAHCTBO, CHAOKEHHOE PA3OHEeHIeM CIIeHaIbHOO THIIA. 2

/JlBymepHoe KneTo4Hoe MPOCTPaHCTBO ONIPE/IEIIeTC AHAJIOTTIHBIM 06pa30M.
Nmenmno, K KJIETOTHOMY MTPOCTPAHCTBY X| Pa3MepHOCTH, He MIPEeBOCXOId-
el equHUIbI, ITOCPEeJCTBOM CeMeliCTBa HereprBHbIX3 0TOOpaYKeHmit Qg :
St — X1 npuKJIenBaeTcs JIMIBIOHKTHAS CyMMa SK3eMILISPOB Kpyra D?:

Xy = X1 Uiy, (L, D2).

O6pa3bl BHYTPEHHOCTElH SK3eMILISPOB Kpyra, D? Ha3BIBAIOTCH OTKPbIThI-
MU ABYMEPHbIMU KaeTKkamu uiu 2-knetkamu. Kierku npocrpancrea X1 pac-
CMATPUBAIOTCA TaKzKe 1M KaK KJIETKH ITPOCTPaHCTBa XQ. OTKprTbIe KJIETKHN
oboux THUIOB 00PA3yIoT pa3dbueHwe JBYyMEPHOTO KJIETOIHOI'O MPOCTPAHCTBA.
D10 pas3bmenne BKIIOYIALTCST B OMPEIeIeHre KIeTOTHOTO MPOCTpancTBa. Ta-
KM 00pa3oM, IBYMEPHOE KJIETOTHOE MPOCTPAHCTBO — TO TOMOJOTHIECKOE
MIPOCTPAHCTBO, HAa KOTOPOM 3aJ[aHO pa30ueHre Ha OTKPBITHIE HYJIBMEDHBIE,
OHOMEpHBIE U JBYMepHEIe KaeTKu. O6pasbl SK3eMILIApoB Kpyra D? Hazbl-
BAIOTCSA 3aMKHYTbIMU 2-KNETKAMMU.

B obmem ciiygae n-mepHoe KIETOYHOE MPOCTPAHCTBO — ITO TOIIOJIOTH-
TecKOoe TTPOCTPAHCTBO, HAa KOTOPOM (DUKCHPOBAHO pa3dMEHne Ha OTKPHITHIE
KJIETKU, OIPee/IgeMoe 10 WHAYKIUU CaeayionmmM obpazom. Bo3bMém Kiie-
TOYHOE POCTPAHCTBO X, 1 PA3MEPHOCTH, HE MPEBOCXOAIIEH n — 1, u npu-
KJIEMM K HEMY JU3BIOHKTHYIO CYMMY SK3eMILIAPOB mapa D" mocpeacrBom
ceMeliCcTBa HEIIPEePBbIBHBIX 0TOOpaszkeHuit rpannaHoit cdepbr: X, _1Uyp, (|_| o DZ)

2O,uH0MepHme KJIETOUHBIE IIPOCTPAHCTBA YaCTO HA3BIBAIOT rpagpamu. Bnpodem, roBopst o rpa-
dax, HEpeaKO MOIPa3yMeBAIOT APYroi Kiacc 00bekToB. Hampumep, Tak HA3BIBAIOT OJHOMEDHLIE
KJIETOYHBIC IDOCTPAHCTBA, B KOTOPBIX IIPUKJICUBAIOIIUM 0TO6pa.)KeHI/I?IM Pa3HBIX OJHOMEPHBIX KJIE-
TOK 3alperiaercsl COBIAJATh, T. €. JIBYM OJHOMEDHBIM KJIETKAM 3aIlpeliaeTcss UMeTb OJHY U Ty
ke rpanuiyy. Vi rpaHuie OJHOMEPHOW KJIETKH 3AIPEeNaeTcsl COCTOSTh M3 OaHOM Touku. Korga
JKe 3AIpeIEHHbIe O JHOMEPHBIE KJIETOUYHbIE IPOCTPAHCTBA BCE K€ MPUXOAUTCS PACCMATPUBATH, UX
HA3BIBAIOT Mysbrurpadamu uau ncesgorpadamu. bosee Toro, naorga B monsrue rpada BKIIOTA-
eTCs KaKas-HUOYIb JOIOJHUTENbHAS CTPYKTYpa. CKakeM, BBIOOD OpHMEHTAIUU Ha KaXKJI0M pebpe.
Konedno, BCE 3T0 nNpOTUBOpPEYUT OOIEMATEMATUYECKOW TEHJEHIMU Haubojiee MPOCTO HA3bIBATH
JIOCTOWHBIE BHUMaHUS 00bEKTHI Haubosee oOINeil MpUpOIbl, YCI0XKHSS Ha3BaHUE IO Mepe J100aB-
JIEHHS yCJIOBHH U CTPYKTYp. OHAKO, B 3TOI KOHKPETHOI CUTyallul HaBeCTH KaKou ObI TO HU OBLIO
MOPSIJIOK B TEPMUHOJIOTHH YIKe He [IPEJCTABJISIeTCSE BOSMOXKHBIM, U MbI Oy/1eM 11pOCTO n3derars Tep-
muHA “rpad”’ B BarKHBIX (POPMYIUPOBKAX, HCHOIbL3Ys ero (Tak »Ke KaK U JPYTue MeperpyrKeHHbe
CJIOBA, TAKUE KAK KPUBAA U NOSEPTHOCTNY) B KAIECTBE KOPOTKOrO He(hOPMAIBHOrO CHHOHEMA Gosiee
(bOPMATBLHOTO TEPMUHA 00HOMEPHOE KAEMOUHOE NPOCMPAHCMEO.

3BbILLIe, B OIPEJEJIEHUU OJHOMEPHOI'0 KJIETOYHOI'O HPOCTPAHCTBA, HEIIPEPbIBHOCTH IPUKJIEH-
BAIOIUX OTOOPAYKEHWIl (o TOXKE MMEET MeCTO, HO He BKJIIOTIAETCSI B (POPMYIUPOBKY, MOCKOILKY
mr060e oTobpakenune HymbMepHOR chepsr SO B 1060€ IPOCTPAHCTBO HEIPEPBIBHO.
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Kaxk u BoItte, 00pa3bl BHY TPEHHOCTE MIAPOB HABBIBAIOTCS OTKPbIThIMU 1~
MEPHbIMU KAETKamMu e (n-KkaeTkamu), a 06pa3bl CAaMUX ITUX N-MEPHBIX MAaPOB
— 3aMKHYTbIMU n-kneTkamy €. Kiterku npocrpancrea X, 1 TaKyKe CINTAIOTCS
KJIETKAMU [TOJIyI€HHOTO 7-MEPHOr0 KJETOYHOrO mpocTpancTsa. Orobparxke-
HUS (Qq HA3BIBAIOTCA MPUKIENBAIOLMMUA OTOOPAXKEHUSIMU, 3 Cy’KeHust 0T00-
paxkenus daxropusanuu Ha mapbl D" HA3BIBAIOTCA XapaKTEPUCTUHECKUMU
oTobpaxeHnsMu.

KnetoyHoe npocTpaHCTBO — 9TO MPOCTPAHCTBO, MOJyIaeMOE B PE3Y/IbTa-
Te 00beMHEHN TTOCIe0BATE/TbHOCTU BIOYKEHHBIX JIPYT B JAPYTa KJIETOUHBIX
npoctpancTB Xg C X7 C --- C X, C ..., KaxKJ0e U3 KOTOPLIX MOJTYIeHO U3
MPEJIBIYINEro TPU TOMOIIU OMUCAHHON BBINIE KOHCTPYKIUHA. DTa TOCIE0-
BATEIbHOCTH MOXKET ObITh KOHEUIHO! ujin OeckoHnevdHoit. B mociequnem ciaydae
Heobx0omM0o BBecTr Ha X TOMOJIOTHIECKYIO CTPYKTYPY, I Y€ro JOCTATOTHO
noTpedoBaTh, YTOOBI €r0 MOKPHITHE MHOXKEeCTBaMu X, ObLI0 DyH/IaMEHTAIb-
HBIM, T. €. 9T00BI MHOecTBO U C X = (o7 § X, sB/IsLIOCH OTKPBITBIM, COTIR
st Kaxkgoro n nepecevenne U N X, oTKpeiTO B X,.

Pazbuenne Kj€TOYHOTO MPOCTPAHCTBA HA OTKPBITHIE KJIETKU HA3BIBAIOT
ero ksaeto4YHbiM pasbuennem. OObeaUHEHNE BCEX KJIETOK KJIETOUYHOTO MPO-
cTpaHcTBa X, Pa3sMepHOCTb KOTOPBIX He MPEeBOCXOAUT 7, T. €. KJIeTOUHOe
MPOCTPAHCTBO X, HA3LIBAETCA ero n-mepHoiM octoBom. Cjieyer uMeThb B
BUJIy, UTO B N-MEPHOM OCTOBe X, He 00sA3aHbl MPUCYTCTBOBATH 7-MEPHBIE
KJIETKH, MMOCKOJBKY OH MOYKET COBIAJaTh ¢ (n — 1)-MepHBIM OCTOBOM TOTO
’Ke mpocTpaHcTBa. [losromy Jsydrie (1 Kopode) roBOPUTH 06 n-M OCTOBE WJTH
N-0CTOBE.

40.1. B KIeTOYHOM IIPOCTPAHCTBE OCTOBBI 3aMKHY THI.

Kiterounoe IIPOCTPAaHCTBO Ha3bIBACTCA: KOHEYHbLIM, €CJii OHO COAECPZKHUT
KOHEYHOE 49UCJIO KJIETOK; CHYETHbIM, €CJ/IN Y1CJIO KJICTOK CYETHO. Ono nasniBa-
€TCd JIOKAaJIbHO KOHEYHbIM, eCJin J100ast ero TO4YKa, 06J1a/1aeT OKPECTHOCTHBIO,
HepeceKa.IOH.[eﬁCﬂ JINIIBb C KOHEYHbBIM YMCJIOM KJIETOK.

[TomMmHOKECTBO A KJTETOUHOTO MPOCTPAHCTBA X HABBIBAETCS €TI0 KJAETOY-
HbIM MO4MPOCTPAHCTBOM, €CJIN OHO €CTh 00'bE/IMHEHNE OTKPBITHIX KJIETOK, KO-
TOPOE BMeECTe C KaxK/IOI CBOEH KJIETKOHU COJepPzKUT COOTBETCTBYIOILYIO 3a-
MKHYTYIO KJIeTKYy. B0o3MoxHBI 11epedOpMyInpOBKE TOr0 ompejesierusd. K
IPUMEPY, MOKHO CKa3aTh, YTO KJIETOYHOE IMOAIPOCTPAHCTBO — 9TO ITOAMHO-
ZKeCTBO, IpeacTaBuMOe B BHUJIE O6T>€L[I/IH€HI/IS[ KaK 3aMKHYTBIX, TaK U OTKDPbI-
THIX KJICTOK KJIETOYHOI'O IIPOCTPAaHCTBA, WJIN 2KE, 9TO 9TO MHO2KECTBO BMeCTe
€ KaxKJI0# CBOEl TOUKOH & € e COMEPKNT BaMKHYTYIO KIeTKy €. Konewarno, A
HaJ/eIeHO pa30dueHneM, WHYIUPOBAHHBIM UMeOmuMcs B X pasbueHueMm Ha
OTKDPBITHIC KJICTKH. ;[CHO7 9TO0 k}—OCTOB KJIETOYHOTO ITPOCTPAHCTBA, ABJIACTCHA
€ro KJIETOYHBIM ITOJIIPOCTPAHCTBOM.
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40.2. [lokaxwure, 9T0 00bHEINHEHNE U TIEpeCeUeHne TI000i COBOKYITHOCTHU KJI€TOU-
HBIX IIOAIIPOCTPAHCTB dBJIAIOTCA KJIETOYHBIMUA IIOAIIPOCTPAHCTBAMU.

40.A. Kierounoe mo/irpoCcTpaHCTBO KJAETOYHOTO TTPOCTPAHCTBA CAMO ABJIS-
ercs KaerounbiM npocrpancTBoM. (Ckopee BCEro [ist 10Ka3aTebCTBa 3TOr0
dbakra Bam morpedyercs yreepxkaenne 40.Gx.)

40.A.1. Tlycts X — Tomosioruveckoe mpocTpancTso, X1 C Xo C ... — BO3pac-
TAIONMAA OCIEJI0BATEILHOCTD €ro IOAMHOKECTB, 00pa3ylonmux ero dpyHIaMeH-
rasbHoe nokpeitue. I[lycrs A C X — nogupocrpanctBo, nomoxum A; = AN X;.
ITycTh BBIMOJHEHO OJHO W3 CICAYIONUX yCIOBHIA:

1) X; orkpbiTel B X ;

2) A; orkpbiThl B X;

3) A; 3aMKHYTBI B X.

Torma mabop {A;} — dyHmamenTarbHOE NOKPBITHE MTPOCTPAHCTBA A.

40'2. TIepBble MpUMepbI

40.B. KieTounoe IpoCTPAHCTBO, COCTOLITEE U3 OTHON HYJILMEPHON KIeTKN
U OJTHOU n-MepHOit, romeomopduo S™.

40.C. Ilpencrassre D™ ¢ n > 0 Kak KJI€TOYHOE IIPOCTPAHCTBO, COCTOSIIEE
n3 Tpex KJIEeTOK.

40.D. Knerounoe npoCcTPaHCTBO, COCTOSINEE W3 OJHON HY/IbMEPHON KJIETKN
¥ ¢ OJTHOMEPHBIX KJIETOK, €CTh OYKeT ¢ OKPYKHOCTEI.

40.E. TlpencraBbre TOP KaK KJAETOYHOE IPOCTPAHCTBO, COCTOSIINEE U3 9eThI-
Pex KJIeTOK: O/IHON HYJIbMEPHOH, ABYX OJHOMEPHBIX U OJHON NBYMEPHOI.

40.F. Kak MOXKHO IOJTyYnTh KIeTouHoe paszbuenue Topa S x S1, cocrosmiee
13 YeTHIpPeX KJIETOK, I3 KJeTOYHOTO pa3bueHus oKpy:KHocTu S, cocrosmero
u3 ABYX KJIETOK?

40.3. Ecoim X Y — JI0KaJIbHO KOHEYHbBIE KJIETOYHBIE IIPOCTPAHCTBA, TO TOIIOJIO-

TUYECKOe IPOCTPAHCTBO Z = X X Y MOKeT OBITH €CTeCTBEHHBIM 00PA30M HAIEJIEHO
CTPYKTYPO# KJIeTOYHOrO IIPOCTPAHCTBA.

40.4*. Ocranerca i BEPHBIM yTBEPIKIEHAE MPEIbLAYIIEl 3a/1a91, eC/Tn He Tpe-

60BaTh KOHEYHOCTH KJIETOYHBIX IPOCTPAHCTB X 1 Y7

40.G. Ilpencrasbre cepy S™ Kak KIeTOUHOE TPOCTPAHCTBO TaKUM 0OOpa-
30M, 9TOOBI [IJIg BCSIKOIO IEI0TO HEOTPHUIATEILHOIO k ero k-0CTOBOM ObLIA
cramgapraas chepa S* C S”.
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40.H. Tlpeacrasbre RP™ Kak KIEeTOIHOE TPOCTPAHCTBO, COCTOSIIIEee 3 N+ 1
KJIETOK. OHI/IH_II/ITe MIPUKJIENBAIOIIINE OTO6pa)KeHI/IH 9TUX KJIETOK.

40.5. Tlpencrasbre CP" kak KjaeTo4dHnoe pocTpancTBo u3d n+ 1 knerok. Ouummre
IPUKJIEUBAIONIE OTOOPAKEHNs] STHX KJIETOK.

40.6. llpencrasbTe ciieaylomue TOIOJOTHYECKHE IIPOCTPAHCTBA B BUE KJIETOU-
HBIX IPOCTPAHCTB:

(a) pyuka; (b) nenra Mébmyca,; (c) S'xI,
(d) cdepacp (e) cdepacp
pYyUIKaMIu; IIeHKaMH.

40.7. Kakoe HanmMeHbIIIee IUCI0 KJIETOK HEOOXOIUMO JI/TsT ITPECTABICHUs B BUIE
KJIETOYHOI'O IIPOCTPAHCTBA CJIEYIOIIUX IPOCTPAHCTB:
(a) senTnr MéGumyca, (b) cdepsor cp (¢c) cdepsr ¢ g
py4Kamu; ILIEHKAMH !

40.8. Ilpuseaure npuMep KI€TOYHOTO IIPOCTPAHCTBA, B KOTOPOM 3aMbIKAHIE HEKO-
TOPO¥ KJIETKH He eCTh 00beIMHeHIe OTKPBITHIX KJIeTOK. Kakoe HanMeHbIee 9ucio
KJIETOK HYZKHO /TSI TIOCTPOEHUST TaKOT0 MTPOCTPAHCTBA?

40.9. PaccMoTpuM CUeTHBII HAOOP U3 BIOHK THBIX 9K3EMILISIPOB 0Tpe3ka | 1 cKite-
uM Bcex ux 110 Touke 0. [Tokakure, 410 110/IyI€HHOE IIPOCTPAHCTBO AB/ISETCS Kile-
TOYHBIM, HO He yIOBJIETBOPHAET IIePBOM aKCHOME CYETHOCTH.

40.1. TIpencrasere R! kak K/eTodHOE IPOCTPAHCTBO.

40.10. Iis mobbix ABYX KIIETOYHBIX TIPOCTPAHCTB, romeomopdmbix RY, cyme-
cTByeT roMeoMopdu3M MexK/1y HUMH, OTOOPaKaomuil KaKAyi0 KJIeTKy OJHOrO U3
HIX rOMeOMOpP(HO Ha HEKOTOPYIO KJIETKY IPyroro.

40.J. Tlpencrasore R™ Kak Ka€TOYHOE IIPOCTPAHCTBO.

Ob6o3nagnm depe3 R obbequmenne mocaeq0BaTeIbHOCTH €BKJ/INIOBBIX
npocrpacts RY € R € --- C R™ C ..., KAHOHHYECKH BJIOJKEHHBIX JIPYT
B apyra: R" = {(x1,...,7,,0)} € R*""!. Tomomormo B R* ompenemmv mo-
CPeICTBOM TPeOOBAHMSI, COCTOSAIIETO B TOM, UTO MHOXKecTBa R” cOCTaBISAIOT
ero pyHIAMEHTAJIHLHOE TTOKPBITHE.

40.K. Tlpencrappre R Kak KJIETOUHOE MTPOCTPAHCTBO.

40.11. Tokaxure, 94To npocrpanctso R me merpusyemo.

40'3. danbHeiue npuMepbl B pa3MEePHOCTH JBa

PaccvoTpum Kitace gByMEPHBIX KJIETOYHBIX MIPOCTPAHCTB, JIOMYCKAKOITIX
pocToe KOMOMHATOPHOE onucanue. Kaxioe Takoe IpoCTPaHCTBO SBJISIETCS
daKkTOPIPOCTPAHCTBOM KOHETHOI'O CEMEHCTBA BBIMYKJIBIX MHOTOYTOJIbHUKOB
10 CKJIEMBAHWIO TTap WX CTOPOH Mpu moMoIu adpOUHHBIX TOMeOMOP(MU3IMOB.
[Ipu 3TOM CcKIeMBaHMEe BEPIIMH 0OYCIOB/IEHO CKlenBaHueM cTopoH. CooTBeT-
cTBytoiee (haKTOPIPOCTPAHCTBO MMEET eCTeCTBEHHOe pa3bueHue: Ha HYJIb-
MEpHBIE KJIETKN — 00pa3bl BEPIITUH MHOTOYTOJBHUKOB, OJJHOMEPHBIE KJIETKH
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— 00pa3bl UX CTOPOH U JIByMEPHbIE KJETKU — 00Pa3bl BHYTPEHHOCTEH dTHUX
MHOIOYT'OJIbHUKOB.

st Toro, 9TOOBI OMUCATH TAKOE MPOCTPAHCTBO, BHAYA/IE HAJIO0 YKA3ATh,
KaK1e CTOPOHBI OTOXKIECTBJIIIOTCS IPYT ¢ ipyroM. OOBIMHO 3TO JI€IAI0T, OT-
MeYasi CTOPOHBI OyKBaMU, MIPUYEM OTOXKJIECTBJISEMble CTOPOHBI 0003HAYa-
I0TCs OJTHOM U TOi Ke OykBoil. [locKoIbKY MeXKy JIBYyMs OTpe3KaMu CyIiie-
CTBYIOT TOJIBKO JIBA PA3/IUIHbIX adDUHHBIX roMeoMopdu3Ma, TO JOCTATOIHO
yKa3aTh OPUEHTAIUU OTPE3KOB, KOTOPbBIE OTOYKIECTBJIAIOTCA TOMEOMOPdhu3-
MOM, /IS Yero Ha CTOPOHAX PHUCYIOT cTpeiku. Ha cremyromiem prucyHke JaHo
[peJICTaB/IeHre TOpa KakK (paKTOPIPOCTPAHCTBA KBAJIPATA.

b

b

IIpu xenanmm MOKHO 0DOWTHCHL U Oe3 pucynka. [ljag sToro a0 mome-
TuTh GyKBaMU BCE CTOPOHBI MHOIOYTOJIbHUKA, 000HTH BJOJH HETO (OOBIYHO
~ IIPOTUB YACOBOI CTPEIKM) M BBIIUCATH OYKBBI, OTMEYEHHBIE HA €r0 CTOPO-
Hax. I[Ipu 3TOM, ecau opueHTanus CTOPOHBI (MCHOJB3yeMas /st OMUCAHUS
OTOXK/IECTBJIEHUSI CTOPOH) HPOTHBOIOJIOXKHA HANPABJIECHUIO 00X0a, TO CO-
OTBETCTBYIOIasi OyKBa BBIMUCHIBAETCH CcO crernenbio —1. [logyuusmniica B
pe3y/abrare HabOP CJIOB OIHO3HAYHO OIpEJe/sgeT (hPaKTOPIPOCTPAHCTBO Ce-
MelicTBa MHOTOyrosbHEKOB. K mpumepy, cioBo ab™'a™'b ommceisaer dak-
TOPIIPOCTPAHCTBO TIOJIyYeHHOE B PE3Y/IbTaTe CKIENBAHUs KBAJIpaTa TakK, KaK
9TO M300PaKEHO BBIIIIE.

40.L. Jlokaxkute, 9TO0 KJIETOIHOE IPOCTPAHCTBO, 3aJaAHHOE CJIOBOM
1) a~'a romeomopdno S?;

aa u abab romeomopduo RP?;

aba~'b~!c romeomopduo pyuke;

abcb™! romeomopduo mummmapy S X I;

aab u abac romeomopduo seare Mebuyca;

aabb u ab~'ab romeomopduo GyTLTKe Kiteitna,

alblaflbflagbgaglbgl . apbpaglbgl romeomopduo cdepe ¢ p pyd-
KaMH,

(8) araragas . .. aga, romeomopduo chepe ¢ ¢ MIEHKAMH.
40'4. BnoxkeHusi B €BKJIMI0BBI IPOCTPAHCTBA

40.M. Bcegaroe cueTHOE HYIbMEPHOE KJIETOTHOE MTPOCTPAHCTBO BKJIAILIBAET-
Cd B TIPAMYIO.
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40.N. Bcskoe cueTHOe JIOKAIBHO KOHETHOE OTHOMEDPHOE KJIETOTHOE ITPO-
crpancTBo X BKJIabiBaercs B R3.

40.12. llpusenure mpuMep KOHEIHOrO OJHOMEPHOrO KJIETOYHOTO IIPOCTPAHCTBA,
me Baoxmvoro B R?. (Mpl He HacTamBaeM Ha HEMEITEHHOM CTPOTOM IOKA3aTeIh-
CTBE HEBJIOKUMOCTH. )

40.0. Jhboe cuemnoe A0KAADHO KOHEYHOE KOHEUHOMEPHOE KAEMOYHOE NPO-
CMPAHCMBO BAOACUMO 6 €6KAUIOBO NPOCMPAHCINEO JOCTAMOYHO O0ALULOT
PAZMEPHOCTU,.

40.0.1. Ilycrb Tonosorudeckoe mpocrpanctBo X BioxkeHo B RP, a npocrpan-
crBo Y — B RY, nmpudem 00a BIIOKEHUS ABJISAIOTCS COOCTBEHHBIMU OTOOpaKe-
auavu (cMm. 18'3x; B wacTHOCTH, UX 00pa3bl 3aMKHYTbI, COOTBETCTBEHHO, B RP
u R?). ITycts A — 3amrHyTOE TOAMHOXKECTBO B Y. Ilpenmonoxum, uro y A
uMeeTcs B IPOCTpaHCTBe Y Takas OKpecTHOCTb U, Jjid KOTOPOM CyIIeCTByeT
romeomopcusm h : ClU — A x I, orobpaxatomuii A na A x 0. Torna mis
[IPOU3BBOJIBHOIO COOCTBEHHOIO OTOOpaxKenus ¢ : A — X CyIIecTByer BIOKEHUEe
X U, Y B RPFIHL nponomxaromiee nexomnoe sioskenne X — RP.

40.0.2. Tlycte X — cYeTHOE JIOKAJBbHO KOHEYHOE k-MEpHOE KJIETOYHOE MPO-
crpancrBo u A — ero (k — 1)-ocroB. Eciiu A moxer 6birb Biaoxeno B RP, To
cymecTByer Bioxenue mpocrpancTsa X B RPTFHL pponomkatomee ncxomnmnoe
Baoxkenne X — RP.

40.P. Besikoe cdeTHOE JIOKAJTBHO KOHETHOE KJIETOTHOE MPOCTPAHCTBO BJIO-
KUMO B R™°.

40. 0. Bcgaxoe KoHEUHOE KJIETOTHOE MTPOCTPAHCTBO METPU3YEMO.

40.R. Bcgaroe KOHETHOE KJIETOTHOE IMTPOCTPAHCTBO HOPMAJILHO.

40.5. Besikoe caeTHOe KJIETOYHOE MPOCTPAHCTBO BJIOKUMO B R,

40.T. Bcakoe KIeTOTHOE TTPOCTPAHCTBO HOPMAJTIBHO.

40.U. Bcegkoe J0KaIbHO KOHEYHOE KJIETOYHOE IMPOCTPAHCTBO METPHU3YEMO.

40'5x. CumnimmuuasgbHbIE IPOCTPAHCTBA

Hanomuum, uro B 23/3x 6bL1 OnpeseaéH KjacC TOHOJOTMYECKUX IIpO-
CTPAHCTB — CUMILIUIHAJIBHBIE TTPOCTPAHCTBA. Kask10e Takoe MpOCTPaHCTBO
cHaOKeHo pas3dbueHmeM Ha IMOAMHOXKECTBA, HA3bIBAEMbIE OTKPBITBIMU CHM-
[JIEKCAMU U KOTOPBIE, JEeHCTBUTEILHO, TOMEOMOP(MHBI OTKPBHITHIM CHMILICK-
caM eBKJINIOBA TTPOCTPAHCTBA.

40.Ax. Jlokaxkure, 9TO BCSIKOE KOHEYHOE CHMILIUAIIUAIHLHOE TPOCTPAHCTBO
obJ1a/1aeT KJAeTOYHOM CTPYKTYPOii, B KOTOPOil pa3dueHune Ha OTKPBITHIE KJIeT-
KU COBIIQJAET C UCXOJHBIM pa3bueHneM Ha OTKPBIThIE CUMILIEKCHI.
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40’'6x. TomoJiorm4eckue CBOMCTBA KJIETOYHBIX MPOCTPAHCTB

B mammom pazmesie mpeIcTaBIeHbl YTBEPKICHUS PASTUIHOTO XapaKTe-
pa. Hampumep, m3y9aiorcs KpuTepwun, MPH BBITOJHEHUN KOTOPBIX KJIETOU-
HOE TPOCTPAHCTBO ABJSETCs KOMIMAKTHBIM ( 40.Kx) mnmu cemapabesbHbIM (
40.0x). J1oKa3bIBA€TCs, 9TO KJIETOYHOE MPOCTPAHCTBO CBSI3HO, COTA OHO JIU-
HeitHo cBa3uo ( 40.5x), corma uneiino ces3en ero 1-octos ( 40. Vx). C npyroii
CTOPOHBI, U3YIAETCSA COOCTBEHHO KJIETOUHAST TOMOJOTHIECKasT CTPYKTypa. K
npuMepy, Jioboe KJIeTOIHOe MpocTpaHcTBO xaycaopdoso ( 40.Bx). Hamee,
U3 ONpese/eHns KJIETOTHOTO MPOCTPAHCTBA COBCEM HE OUEBHIHO, UTO 3a-
MKHYTas KJIETKA SIBIIETCS 3aMBIKAHIEM COOTBETCTBYIOMIEH OTKPBITON KiTeT-
K¥ (Wi 910 OHA BOOOIE 3aMKHYyTa). B CBS3U C 9TWM B 9TOT pa3/ies BKJIO-
YeHbl yTBEPKJEHUsI TEXHUIECKOro xapakrepa. Mol He dopMmyaupyem ux B
BUJEC JIEMM, TaK KaK 3a9aCTyYI0 OHUN ABJIAIOTCA JIEMMaMHu Jjid HECKOJIbLKUX
yrBepxaennii. Hanpumep, Takoit dhaxT, kak QpyHIaMEHTaAIbHOCTD MOKPBITHS
KJIETOYHOIO TIPOCTPAHCTBA, ero 3aMKHyThiMu Kjerkamu ( 40.Dx).

3ameTnM, 9TO B KHHTE |5| KJI€TOYHBIM IPOCTPAHCTBOM HA3BIBAJIOCH Xa-
yca0p¢0BO TOIOJIOIUIECKOe IPOCTPAHCTBO, HAJIEJEHHOe KJIETOIHBIM pa3tu-
emmeM ¢ aByMms cBoiictBamu: (C ) 3aMKHYTble KJI€TKH [E€PECEKAIOTCS JIMIIb
C KOHEIHBIM 9UCI0M (OTKPBITHIX) KieToK; (W) 3aMKHyTbIe KIeTKH COCTaB-
10T ByHJAMEHTAIbHOe MOKPBITHE STOTO IPOCTpaHCTBa. U3 pesyabraros
yreepxkenuit  40.Bx, 40.Cx u 40.Fx cjienyer, 910 KJIeTOYHbIE TPOCTPAH-
crBa (B CMBIC/IE JAHHOTO BBIIIE OLPEIETEHNST) SIBJISIIOTCH KJIETOTHBIMH [IPO-
crparcTBamMu B cMbiciae Poxmnna-@yxkca, s KOTOPBIX B 5| moka3ana BO3-
MOYKHOCTH X WHIyKTHBHOTO IocTpoenus. Taknm o6pa3om, 06a onpe/jeeHs
KJIETOYHOI'O IIPOCTPAHCTBA SIBJISIIOTCS PABHOCUJIbHBIMH.

Coser unTare/io: MOMPOOYHTE CHAYAIA JOKA3BIBATH C(HOPMYIUPOBAHHBIE

YTBEPZKACHUA JTJId KOHEIHBIX KJIETOYHBIX IIPOCTPAHCTB.

40.Bx. Jlioboe KJIeTOYHOE MPOCTPAHCTBO $IBJISETCH XAyCIOP(OBBIM TOIIO-
JIOTUYECKUM IPOCTPAHCTBOM.

40.Cx. B KjIeTOYHOM TPOCTPAHCTBE 3aMbIKAHUE KAXKJIOM KJIETKU € COBIIa-
Jaer ¢ 3aMKHYTOI KJIETKO €.

40.Dx. IlokpoITHe KIeTOTHOTO MPOCTPAHCTBA €r0 3aMKHYTBIMU KJIEeTKAMMI
saBigercs (PyHJaMeHTATbHBIM.

40.Ex. Jhoboe nokpvimue KAEMOYHO20 NPOCMPAHCMEAE €20 KAEMOYHLMU
noONPOCMPAHCMBAMY PYHIGMEHMANDHO.

40.Fx. B kjerodHOM IIPOCTPAHCTBE JI0basd 3aMKHyTas KJIETKA [ePeceKa-
€TCd JINIITb C KOHEYHBIM YHNCJ/IOM OTKPBITBHIX KJIETOK.

40.Gx. Kaerounoe moanpocTpancTBo A KJI€TOUHOTO TpocTpaHcTBa X 3a-
MKHYTO B X.
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40.Hx. IlpocTpaHCTBO, MOJyYE€HHOE B PE3YJIHTATE CKJIEMBAHUS JIBYX KJIe-
TOYHBIX IOJIIPOCTPAHCTB IO WX OOIIEMY IMOIPOCTPAHCTBY, SBJIAETCA KJIe-
TOYHBIM.

40.Ix. Eciau nojMHOKECTBO A KJI€TOYHOIro HpocTpaHcTBa X Iepecekaercs
C KazKJI0¥ OTKPBITOI KJIETKOM 110 KOHEYHOMY MHOXKECTBY, TO OHO 3aMKHYTO.
Kpowme Toro, nujiynupoBanHas TOMOJIOIMS Ha HEM — JIMCKPETHA.

40.Jx. JItoboe KOMITaKTHOE MHOXKECTBO B KJIETOTHOM MTPOCTPAHCTBE TEpe-
CEKAeTCs JIUIb ¢ KOHETHBIM YHCIOM (OTKPBITHIX) KJIETOK.

40.Kx. KneToumnoe mpoCcTpaHCTBO KOMITAKTHO, COT/Ia OHO KOHETHO.

40.Lx. Bcgkag KaeTKa KJIETOUHOTO TPOCTPAHCTBA COAEPKUTCI B HEKOTO-
POM KOHEYHOM KJIETOTHOM TIOAIIPOCTPAHCTBE 3TOTO TPOCTPAHCTBA.

40.MXx. Bceakoe KOMITAKTHOE TOAMHOXKECTBO KJIETOUHOTO ITPOCTPAHCTBA CO-
JIepKUTCA B HEKOTOPOM KOHEYHOM KJIETOTHOM TIOJAITPOCTPAHCTBE 3TOTO IIPO-
CTPAHCTBA.

40.Nx. 1lodmmrooicecmso KAEMOwHO20 NPOCTPAHCINGE ABAALTNCA KOMNAKIM-
HOLM, C0200 OHO 3AMKEHYMO U NEPECEKAETNCA AUWD C KOHEYHBLM YUCAOM €20
OMEPLUMBLL KAETNOK.

40.0x. Kaemounoe npocmpancmeo cenapabeavho, cozda oo cOCmoum u3
CHEMHO20 YUCAG KACTOK.

40.Px. KomnonenTa JUHEHHON CBA3HOCTU KJIETOYHOI'O MPOCTPAHCTBA SIB-
JIIeTCA ero KJIETOYHBIM MHOIIPOCTPAHCTBOM.

40.Qx. Kieroynoe npocTpaHCTBO JIOKAJILHO JIMHEAHO CBS3HO.

40.Rx. KoMIIOHEHTRI JIMHEIHON CBSIBHOCTU KJIETOYHOTO MPOCTPAHCTBA, OT-
KPBITBI U 3aMKHYTBHI B 9TOM MIPOCTPAHCTBE U, CJIEI0BATEIHHO, COBIAIAIOT C
ero KOMITOHEHTAMU CBSI3HOCTH.

40.5x. Kaemounoe npocmparcmeo c8A3H0, 0200 0HO NUHETHO CEAZHO.

40.Tx. JlokaJIbHO-KOHETHOE KJIETOTHOE MPOCTPAHCTBO CUETHO, COT/IA CUE-
Ten ero 0-ocTos.

40.Ux. JloKagbHO KOHETHOE CBI3HOE KJIETOTHOE IMPOCTPAHCTBO X CIETHO.

40.Vx. Kaemounoe npocmpancmeo sunelino 64310, 0206 AUHETHO CEA3EH
ez2o 1-ocmos.
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41. KileTouHble KOHCTPYKIIAN

41'1. DiinepoBa XapaKTepUCTUKA

[Tycrs X — koneunoe kjierounoe npocrpancrso. depes ¢;(X) obozuaumm
YUCIO €r0 {-MEPHBIX KJIETOK. DIIEepOBOI XapakTepUCTUKON TIPOCTPaHCTBA X
HA3bIBAECTCS aTbTepHUpOBaHHAs cyMMa ancen ¢;(X):

N(X) = o(X) = e1(X) + ea(X) =+ + (—L)ies(X) + ...

41.A. DilytepoBa XapaKTEePUCTUKA 3JJIUTUBHA B CjeayioneM cMmbicie. Ecin
A n B — 3T0 KI€TOYHBIE TOAIPOCTPAHCTBA KJAETOTHOTO TTPOCTPAHCTBA X, TO

X(AU B) = x(A) + x(B) — x(AN B).

41.B. DiiepoBa XapaKTePUCTUKA, MYJIbTUILINKATUBHA B CJIEYIOIIEM CMbIC-
qge. Ecm X n Y — KoHedHble KJIETOYHBIE MMPOCTPAHCTBA, TO

X(X X Y) = x(X) - x(Y).

41’2. KomOuHaTOpHOE CTArMBaHUe U ero obodieHue

[Iycts X — KoHeuHOE KJIeTOYHOe MPOCTPAHCTBO, € U f — ero OTKPBITHIE
KJIETKHU pa3mepHocreit n u n — 1, coorBercreerto. [lycTs:

e npuk/enBaomiee orobpaxkenue @, : S"! — X, | kierku e ompe-
nesisier romeoMopdu3M OTKPBITOH BepxHEeit mosrycdepbl Sﬁ_l Ha f,

e KJIeTKa f He Imepecekaercs ¢ 0Opa3aMy MPUKIEHBAIONINX 0TOOPaKe-
HUN KJETOK, OTJUYIHBIX OT €,

e KJIeTKa € He IePeceKaeTcs ¢ 00pa3aMu IPUK/IEHBAONINX 0TOOpazKe-
HUI HUKAKUX KJIETOK.

f

41.C. X \ (eU f) gaBisieTcst KJIETOYHBIM TIO/IIPOCTPAHCTBOM ITPOCTPAHCTBA,

X.
41.D. X N (eU f) asasemcs depopmayuonnvim pemparmom npocmparcmed

X.

Tosopar, uro X’ = X \ (e U f) monyvaerca uz X B pesysnbrare s/1emMeH-
TapHoro kombunatopHoro ctarusanus u numryt X N\, X',
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Ecmn xnerouroe mommpocTpancTBo A KJIETOYHOTO TPOCTpaHCTBA X MTO-
jy4daercs u3 X B Pe3yJIbTaTe BBILIOIHEHUS I10C/I€/I0BATEIbHOCTH JJIEMEHTAD-
HBIX KOMOMHATOPHBIX CTSTMBAHUIL, TO TOBOPST, 9T0 X KOMOUHATOPHO CTSIru-
Baetca na A n Toxke mumryT X N\, A.

41.E. Ilpu €£oMOUHGMOPHOM CMAZUSAHUY FUAEPOBE TAPAKMEPUCTIUKG CO-
rpanaemca: ecau X — KoHewnoe kaemounoe npocmpancmeo u X N\, A, mo
X(X) = x(4).

ITycrb, kak u Bbiie, X — KJIETOYHOE MPOCTPAHCTBO, € u f — ero or-
KPBIThIE KJIETKU Pa3MepHOCTeil m u n — 1, COOTBETCTBEHHO, W MPUKJIEUBaA-
foree orobpaxkenue @, : S" — X, 1 KJIETKH € ONpeIesieT TOMeOMOp-
duzm Sﬁ_l Ha f. Ceituac MBI He npejnojaraeM HU TOTO, 9TO f He Tmepe-
cekaercs ¢ obpa3zaMu IIPUKJIEUBAIONINX OTODPaYKeHN KJIETOK, OTJIMYHBIX OT
€, HU TOrO, 4TO € He IlepeceKaercs ¢ obpaszaMu IPUKJIENBAIOIIMX OTOOpa-
JKeHuit kakux Obl TO HEM ObL10 KJleTok. Ilycts X, @ D" — X — xapakre-

puctuveckoe KjaeTku e. Paccmorpum takke 1eOPMAIMOHHYIO PETPAKIIIIO
D" — ST oo (f) = Smh NS

41.F. Ilpu stux ycaopusax GpakToOpIpocTpancTso X' = X/[Xe(ﬂ?) ~ @e(h())]

npocTpaHcTBa X SBJISIETCS KJIETOUYHBIM IIPOCTPAHCTBOM, KJI€TKAMU KOTOPOTO
CIy2KaT 00pa3bl MpU eCTECTBEHHON MTPOEKITNN BCeX KJIETOK MpocTpaHcTBa X,
KpOMe KJIETOK € 1 f.

[oBopAT, 9TO KJI€TOYHOE MpOCTPaHCTBO X' = X/ [xe(x) ~ @e(tp(z))] mO-

JIy9aeTcs U3 KJETOYHOTO MpOoCcTpaHcTBa X B pe3y/braTe B3aMMHOrO COKpPa-
LjeHnsi KAeTok e u f.

41.G. Ecmecmsennan npoexyus X — X' aeasemca zomomonuueckot o%-
BUBAAEHMHOCTDIO.

41.G.1. Haiigure kierogsoe moanpocTpancTBo Y mpocrpaHcTBa X, st KO-
roporo npoekius Y — Y/ [Xe(2) ~ e(¥(z))] = Y’ 6bL1a O6bI FOMOTOIMYECKON

9KBUBAJIEHTHOCTHIO (B custy reopembt 41.D).

41.G. 2. TIponomxkure orobpazkerne Y — Y~ (eUf) no orobpaxenns X — X/
ABJISAIONIErOCA TOMOTONMMYECKON SKBUBAJIEHTHOCTBIO B CUILY 41.6X.

41'3x. TomoTomnumyuecKne SKBUBAJIECHTHOCTH
KJIETOYHBIX MTPOCTPAHCTB

41.1x. Ilycts X = AU, D™ — mpOCTpPAHCTBO, IIOJYIEHHOE B PE3Y/ILTATE ILIPH-
KJIEMBAHWUS N-MEPHOTO Iapa K TOMOJOIMYeCKOMY MPOCTPAHCTBY A mocpeacTBoM
HerpepbBHOro orobpaxenus ¢ : "' — A. Jlokaxure, 4ro jonoiHenue X \ T
Beakoit Toukm ¢ € X \ A (crporo) medopmarnmonno perparupyerca mHa A.
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41.2x. Ilycts X — n-MepHOE KJIETOYHOE IMPOCTPAHCTBO, a K — MHOXKeCTBO, Iie-
pPeceKaloIneecs Mo OIHON TOYKe C KaxKJA0U M3 OTKPBITBIX N-MEPHBIX KJI€TOK TOTO
npocrpancrsa. Jokaxwure, aro (n — 1)-octoB X,,_1 npocrpancrsa X aBiIseTcs
1edOpMAIMOHHBIM peTpakToM momosiaenns X N\ K.

41.3x. Hdokaxure, aro ponojnenue RP™ N\ point roMoTonuyecku 3KBUBAJIEHTHO
RP" ! momommenne CP™ \. point romoTommueckn sxpuBaserTao CP" 1,

41.4x. Ioxaxure, uro somomamenme D? x S \ point mpousBoIbHON BHyTpeHHeit

TOYKU [OJHOTOPUS I'OMOTOINUYECKH SKBUBAJIEHTHO TOPY, K KOTOPOMY IIPUKJIEEH
1

KpyT BIOJIb Mepummana S- X 1.

41.5x. Ilycrb Y — romosormyeckoe npocTpancrso, ¢ : S" — Y u ¢ : S* — Y
— merrpepbiBHBIE 0TOGpakenus u mycth X, = Y U, D™ u Xy = Y Uy D™
Jlokaxkure, 9TO €c/i OTOOPAKEHUs ¢ U 1) TOMOTOIHBL, TO IpocTpaHcTBa X, 1 Xy
FOMOTOIIMYECKH 3KBUBAJIEHTHBL: @ ~ ¢ = X, >~ Xy,

B manpreitmem mam morpebyercs OoJiee obInee yTBEPIKICHUE.

41.6x. Tycts f: X — Y — romoTonmyaeckas SKBHBAJIEHTHOCTD, ¢ : S 1 — X u
¢ 1 S"' — Y — menpepsiBubie oT0oGpakenns. JJoKaxnuTe, UTO eCau f 0@ ~ ¢,
ro X Up D" >~ Y U, D™

41.7x. Ilyctp X — mpOCTPAHCTBO, MOJIydYalomleecd U3 OKPYXKHOCTH B Pe3yJIbTa-
Te NPUK/IEHBAHUA K Hell AByX K3eMILISPOB KPyra IIOCPEICTBOM OTOODarKeHmi
St — 8tz 22u St — Sz 23, corsercrBenno. Haiiure Kiaerounoe mpo-
CTPAHCTBO C BO3MOYKHO MEHBIINM 9HCIOM KJIETOK, TOMOTOINYIECKH IKBUBAICHTHOE
POCTPAHCTBY X .

41.8x. 3azadra. O606mMTE HPEABLAYIYIO 3a/1a4y.

41.9x. JToxaxmure, uro ecim K Topy S* x S* Bmoss ero mapammenn St x 1 mpuxe-
WUTHh KPYT, TO TOJYYE€HHOE IPOCTPAHCTBO K TOMOTONMYECKN SKBUBAJIEHTHO OyKeTy
S2v st

41.10x. Joxaxmure, aro eciu k Topy S' X S Bmoas ero mapamtemu S x 1 u mepu-
nmana 1x S' npukients 1Ba Kpyra, TO LO/TyYHTCH [IPOCTPAHCTBO, TOMOTOIIMYECKI
sxBuBaJIeHTHOE Chepe S2.

41.11x. Paccmorpum B R® 1pm oxpyxmocr: S = {2® +y?> =1, 2 = 0}, So =
{®+y* =1, 2=1}u S; = {*+ (y — 1)> = 1, = 0}. Tockompky R® =
S3 < point, T0 MoxHO cumTaTh, uro Sy, Se u S mexar B S°. JlokakuTe, UTO
mpocrpanctso X = S%~ (S1US2) He rOMOTOIIYIECKH SKBABAICHTHO IPOCTPAHCTBY

Y:SB\ (Sl USg).

41.Ax. Ilycrs X — KJI€TOUHOE TPOCTPAHCTBO, A — €ro KJIETOTHOE MOJ-
npocrparcTBo. Torma obbemunenne (X x 0) U (A x I) gBisercss peTpakToM
muauaapa X X 1.

41.Bx. Ilycth X — KyIeTOUHOE MPOCTPAHCTBO, A — ero KJIeTodHoe moampo-

crpanctBo. [Ipeamonoxkum, dro 3ajan0 orobpaxkenne I : X — Y u romo-
tormus h : A x I — Y ero cyxenus f = F|4. Torma romoronuio A MOXKHO
poao/KuTh 10 romorommu H : X X I — Y orobpaxkenns F.

41.Cx. Ilycts X — kmeTodnoe mMpocTpaHcTBO, A — ero crarmBaemoe Kie-
TouHOE ToanpocTpancTBo. Torma mpoekmnus pr : X — X/ A aBagercs romo-
TONIMIECKOH dKBUBAJEHTHOCTHIO.
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Crencreusivu u3 4 1.C0x SIBISIIOTCS CJIEIYIONIUE YTBEPIK ICHUSI.

41.Dx. Kierounoe nmpocrpancTBo X, cojepzKaliee OJHOMEPHYIO 3aMKHY-
TYIO KJIETKY €, TOMeOoMOPdHYIO [, rOMOTONMUYECKN SKBUBAJJIEHTHO KJIETOU-
HOMY NPOCTPAHCTBY X /¢, MOMYUAIOIEMYCS B PE3yJIbTaTe CTATMBAHUS ITOM
KJIETKU B TOYKY.

41EX Bceaxoe ceasnoe xaemouroe npocmpaHcImeo 2oMoOmonuv4YeCrku IK6U-
BANAEHMHO KACTMOYHOMY NPOCMPAHCMBY, Hy/l,’bMepH’bl,ﬂ ocmos Komopozo Co-
cmoum u3 eduHcmeeHHoll MoUKU.

41.Fx. Odnoceasnoe 08YMepHoe KOHEYHOE KACTMOYHOE NPOCMPAHCMEO 20-
MOMONUHECKU IKEUBANAEHINHO KACMOYHOMY NPOCMPAHCNEY, 00HOMEPHBbIT 0CTMOG
KOMopozo cocmoum u3 00not oK.

41.12x. Pemure 3amaay 41.9x, Bocroib3oBaBmuch reopemoin 4 1.Cx.
41.13x. Jloxaxxure, 94T0 (HaKTOPIPOCTPAHCTBO
X =CP/[(20:21: 22) ~ (%5 : 71 : 2)]
KOMIIJIEKCHO# TpoeKTiBHOit maockoctr CP? roMoTommaeckn SKBuBaIenTHO chepe
St
Nuadopmanus. (CP2/[Z ~7(2)] = St

41.Gx. Ilycts X — KJIETOUHOE TIPOCTPAHCTBO, a A ero KJIeTOIHOe TOIITPO-
CTPAHCTBO, TaKoe UTO BKJoueHme i : A — X gBIAETCI TOMOTOMUUIECKOMN
9KBUBAJEHTHOCTHIO. Torma A ecth medopmarmmonnsrit perpakT X .
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42. OgHOoMepHbIE KJIETOYHbIE IIPOCTPAHCTBA

42’1. TomoTonu4yeckas KJjaccupukanms

42.A. Bceakoe c843H0€ KOHEUHOE 0OHOMEPHOE KAEMOUHOE NPOCTPAHCMEO 20~
MOMONUNECKU IKGUBAACHMHO OYKkemy okpyscrocmed.

42.A.1 Jlemma. Tlycts X — mpou3BOIbHOE OJHOMEDPHOE KJIETOYHOE TPOCTPAH-
CTBO, € — er0 3aMKHYTas OJHOMEpPHAs KIeTKa, MPUKICCHHAS IIPH TOMOIIN HHb-
ek SO — X (1. e. upeanosaraercs, 4ro pebpo e uMeer Pa3JindHbIe KOHIIbI).
Torpma ecrecrBennas npoekiust X — X/ ABISETCS TOMOTOMMYECKOH SKBUBA-
JIEHTHOCTBIO. /lajiTe siBHOE OMMCAHNEe TOMOTOIMHYECKH 00PATHOTO K Heil 0ToOpa-
KEHUS.

42.B. Bcakoe c6a3noe 00HOMEPHOE KONEUHOE KAemounoe npocmparncmeo X
2omomonuuecky axeusasermuo oyxemy us 1 — x(X) oxpyorchocmeti u, cae-
dosamenvro, e20 PYHIGMEHMANLHOT 2PYNNOT ABAAEMCA C80000HAA 2PYNNG
panea 1 — x(X).

42.C CunencrBue. JUaeposa Tapaxmepucmukae C8A3H020 KOHEUH020 00HO-
MEPHOZ0 KACMOUHO020 NPOCTPAHCMEG ABAACTNCA UHBAPUGHIMOM OMHOCUMEND-
HO 20MOMONUYECKUT dK6usarehmuocmets. Oua ne npesocrodum eduHulybL.
Ona pasna edunuye, cozda NPOCMPaAHCMBEO CMAZUBLEMO.

42.D Crencreue. UAEPO6G TAPAKMEPUCTNUKG KOHEUHO20 00HOMEPHO20 KAe-
MO%HO20 NPOCMPAHCMNEG HE NPESOCTOOUM, YUCAG €20 KOMNOHKER, C8AZHOCTNU.
Ona pasHa 3Momy “UCAY, 0200 KaHCOAA KOMNOHERMAE CMAZUBLEMA.

42.FE Tomoronmueckast KimaccuuKalinsg KOHEIHBIX OJTHOMEPHBIX KJIETOUHBIX
IPOCTPAHCTB. KoHeuHvie C8A3HBIE OOHOMEDHBIE KACTOYWHBLE NPOCMPAHCIIEA
20MOMONUYECKY, IKEUBAACHMHDL, 0200 UT GYHOGMEHMANLHBLE 2PYNTIbL U30-
MOpPHBL, co200 UL IUAEPOGHL TAPAKMEPUCTUKY PAGHDL.

42.1. OynpgaveHTaIbHAA TPYIHA AByMEPHOH cdepbl ¢ yHaTeHHBIMEI 7 TOUKAMEI
ecTh cBODOmHAS rpymmna paHra n — 1.

42.2. Jokaxure, 9T0 SMI€POBA XaPAKTEPUCTUKA JTFOOOT0 KIETOIHOTO IIPOCTPAH-
crBa, romeomopduoro chepe S2, pasma 2.

42.3 Teopema Diinepa. JIias BCIKOro BbIIyKJIONO MHOrorpasHuka B R® ofuee
9HCJIO er0 BepUINH ¥ rpaHeil Ha 2 60sbIire unciaa ero pebep.

42.4. Hokaxure Teopemy Diljepa, He UCIOIb3ysd (DYHIAMEHTAIbHBIX IPYIIIL.

42.5. Jokaxure, 9T0 SMI€POBA XaPAKTEPUCTUKA JTFOOOT0 KJIETOYHOTO IIPOCTPAH-
cTBa, romeoMopdmuoro topy, pasua (.

Nudopmariusi. DitaepoBa XapakKTEPUCTUKA ABJISIETCA TOMOTONNIECKUM
MHBAPUAHTOM, HO ODBIYHOE JI0KA3aTEIbCTBO 3TOr0 (haKTa MCIOIH3YET allla-
paT TeOpUM CUHIYAIPHBIX TOMOJIOTHIL, YTO JIaJIeKO BBIXOJIUT 33 PAMKU Halllei
KHUTH.
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42'2. MakcuMaJjbHbIe JepPeBbs

Krerounoe mpocTpaHCcTBO HA3BIBAETCA JEPEBOM, €CTU OHO CBA3HO, & JI0-
[oJTHEeHUeE JII000i ero OTKPHITO K/IeTKH He CBs3HO. KjteTouHoe mo/impocrpaH-
cTBO A CBA3HOTO KJIETOUHOTO MPOCTPAHCTBA X HABLIBACTCA MAaKCUMAaSbHbIM
AepeBoM TIpocTpancTBa X, ecm A — mepeBo, He cofeprKaleecss Hi B KAKOM
OTJIMIHOM OT HETO JepeBe, ABJSIIONINMCI KJIETOTHBIM MOIITPOCTPAHCTBOM X .

42.F. Beakoe cBA3HOe KOHETHOE OTHOMEpPHOE KJIETOUYHOE MPOCTPAHCTBO CO-
JIepKAT MaKCHMAJILHOE JIEPEBO.

42.G. Tlycrs A — nepeBo, BIIOXKEHHOE, KaK KJIETOYHOE MOAIPOCTPAHCTBO, B
CBsi3HOE KjeTounoe mpoctpancrso X. [lokaxkure, uro A siBjisiercst MakKCu-
MaJIbHBIM JI€PEBOM, COT/Ia OHO COJEPZKUT BCE BEPIITUHBI TPOCTPAHCTBA X .

Teopewma 42.G posiCHSET CMBICT TEPMUHA — MAKCUMAAbHOE JEPEBO.

42.H. Kneroanoe noupocTpancTBo A CBSI3HOIO KJIETOYHOTO TPOCTPAHCTBA
X gBjsieTcd MaKCUMAaJIbHBIM JIepEBOM, COTJ[a OHO eCThb JePeBo, a (hakTop-
mpocTpaHcTBO X/ A — OYKeT OKPYKHOCTEI.

42.1. Eciu X — ojiHOMEpHOE KJI€TOYHOE IIPOCTPAHCTBO U A — ero K/aero4Hoe
[IOJIIIPOCTPAHCTBO, KOTOPOE SABJISIETCS JEPEBOM, TO €CTECTBEHHAs MTPOEKITUS
X na dakropupocTpancTso X/ A ABISETCS TOMOTONNYECKON SKBUBAJEHTHO-
CTBIO.

Pemmus zagaun 42.F, 42.1u 42. H, BbI TOJIYYINTE €I1€ OTHO TOKA3aTEILCTBO
TeopeMbl 42.A.

42'3x. PazbuBaromue KJeTKun

42.Ax. Jlonoanenue omrpumoti 00HOMEPHOT KACMKEU 8 CEAZHOM 00HOMED-

HOM KAEMOYHOM NPOCMPAHCMEE COCMOUM He DOAEE Yem U3 J8YT KOMNOHEH
CBAZHOCTNU, KAAHCOGA U3 KOMOPVLT NEPECEKAEMCA C 3AMBIKGHUEM IMOT KAEM -
KU.

BaxkHoit XapaKTepUCTUKOIT TTOJIOYKEHUS BEPIITUHBI B OJJHOMEPHOM KJIETOY-
HOM IIPOCTPAHCTBE sBJsIeTCA €€ cTeneHb. TaK Ha3bIBAETCI CyMMapHOE YHUCIIO
TOUEK B IpooOpa3ax 3TOil BEpPIIMHBI IPU MPUKIEHBAONINX OTOODPaKEHUIX
BCEX OJTHOMEPHBIX KJIETOK PacCMaTPUBAEMOTO IPOCTpaHCTBa. bojee Tpau-
IMMOHHO, CTEMEeHBIO BEPITNHBI HA3BIBAETCS KOJUIECTBO WHITUIEHTHBIX eil pe-
6ep, pu 3ToM pedpa, WHIMACHTHBIE TOJIHKO TON BEPIIUHE, YIUTHIBAIOTCS C
BECOM 2.

42.Bx. 1) Kaosicdaa KoMNOHENMA CEAZHOCTIU DONOAHEHUA BEPULUHDL 6 CEA3-

HOM OOHOMEPHOM KAETNOYHOM Npocmpancmee codepaicum pebpo, 6 3aMvlKka-
Hue Komopozo exodum ama eepwuna. 2) Jnoanenue sepuiumbt KPAmHoCcmu
m cocmoum ne boaee, wem u3 M KOMNOHEHN, CA3HOCTMA.
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42'4x. JlepeBbs u Jeca

CBazHoe oHOMEPHOE KJIeTOUHOe IIPOCTPAHCTBO HAZBIBACTCA JEPEBOM, €C-
JIA JOIIOJIHEHUE BCAKOI ero OTKPBITON OJHOMEPHON KJIETKU He ABJIACTCA CBA3-
mpiM. OIHOMEpHOE KJIeTOYHOe IIPOCTPAHCTBO HA3BBIBAETCA JIECOM, CTIN KaXK-
JTast ero KOMIIOHEHTa SIBJIAETCA JepeBoM. TakuM oOpa3oM, IepeBo — 9TO CBA3-
HBII JIec.

42.Cx. Kjerounoe moOAIpoCTpaHCTBO Jjeca — Jjiec. B wacTHOCTH, BCSIKOE
CBA3HOE KJIETOTHOE MOAIPOCTPAHCTBO JTIEPEBA — JIEPEBO.

42.Dx. Jlononuenune J060ro (OTKPBITOr0) pebpa jepeBa COCTOUT U3 JBYX
KOMIIOHEHT CBASHOCTH.

42.Ex. onoyiHerue 000 BEPIIMHBI KPATHOCTU M JAEPEBa, COCTOUT U3 1M
KOMIIOHEHT CBASHOCTH.

42.Fx. Bo BCIKOM KOHEIHOM JI€PEBE CYIIECTBYET BEPIINHA KPATHOCTHU OJIUH.

42.Gx. Jlioboe KoHEUHOE JIEPEBO KOMOMHATOPHO CTSITUBAETCS B TOUKY W
nMeeT SMIEPOBY XapaKTePUCTUKY OJIVH.

42.Hx. Jliobag TouKa JepeBa sABIIeTCsd ero AeOPMaInOHHBIM PETPAKTOM.

42.Ix. JIroboe KOHEYHOE OJHOMEPHOE KJIETOYHOE MPOCTPAHCTBO, KOMOUHA-
TOPHO CTATUBAIOIIEECA B TOYKY, ABJIACTCA JTE€PEBOM.

42.Jx. B 11060M KOHEIHOM OJJHOMEPHOM KJIETOYHOM MIPOCTPAHCTBE CyMMa
KPATHOCTell BCeX BEPIINH paBHA YIBOEHHOMY YUCTY PEOep.

42.Kx. B 11060M KOHEYHOM CBSI3HOM OJTHOMEPHOM KJIETOYHOM ITPOCTPAH-
CTBe C 3MIepOoBOil XapaKTEePUCTUKON OJIMH eCThb BepIInHa KPATHOCTU eIUHU-

1a.

42.Lx. Jlioboe cBg3HOE OJHOMEDPHOE KOHEYHOE KJIETOYHOE MTPOCTPAHCTBO C
SiJIEPOBOil XapaKTePUCTUKO OJIMH KOMOMHATOPHO CTSTUBAETCH B TOUKY.

42'5x. IIpoctbie myTn

[Iycte X — omHOMEpHOE KJIETOUHOE MPOCTPAHCTBO. [IpocThiM nyTéM Au-
Hbl m B X Ha30BeM KOHEUHYIO ITOCTeT0BATEILHOCTD BUIA

(Ul) €1,02,€2,... aemvn—‘,—l)’

COCTABJICHHYIO U3 TIOMAPHO PA3IUYHBIX BEPIIUH v; U pebep e; MPOCTPAHCTBA
X, B KOTOPO#1 I'paHUIa KaxK0ro pedpa e; COCTOUT U3 MPE/IIIECTBYIONIEN Bep-
IIUHBl V; U TOCTenyomeil — v;41. BepmmHa v, HA3bBIBAeTCSA HAYa/loM 3TOTO
MIPOCTOTO TYTHU, & BEPIINHA VUp+] — €00 KOHYOM. MBI TOBOPUM, ITO MPOCTOit
IYTH COEAUHSAET ST BepImuubl. Hagamo m KoHer mpocToro myTH COeTUHATOTCS
nyTém [ — X, aBJIMIONUMCS TOMOJIOTMIECKUM BJIOYKEeHUEeM, 0O6pa3 KOTOpPOro
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COJIEPIKUTCST B O0bEIMHEHUN BCEX KJIETOK, BXOMANIUX B MPOCTOiH myTh. OOb-
€nHeHne BCeX K.)'[QTOK7 BXOOAIIINX B HpOCTOﬁ HYTL, ABJIACTCA KJIETOYHBIM
noanpocrpancTeoM mpoctparcTBa X . OHO Ha3bIBAETCS MPOCTON HE3AMKHY-
TOW JIOMAaHOIA.

42.Mx. B c643HOM O00HOMEDHOM KAEMOYHOM Npocmpancmee atobvie dee
BEPULUHDL COCOUHANMCHA NPOCTNBIM NYMEM.

42.Nx Chejncreue. B c8A3HOM OOHOMEPHOM KAEMOYHOM NPOCTPIHCIMGE
X awbvie dse mouku coedunaomea nymém I — X, womopwii asasemca
MONONO2UMECKUM BAOHCEHUEM.

42.1x. Hailinure mpummep TaKOro JWHEHHO CBA3HOTO IIPOCTPAHCTBA, B KOTOPOM
CYHIECTBYIOT PA3JIMYHBIE TOYUKH, HE COEIMHUMBIE BJIOYKEHHBIM ITyTEM.

42.2x. He mormm 6b1 Bor maiitn Takoil mpumep cpemm Xaycaop@OBBIX JTUHENHO
CBSI3HBIX TTPOCTPAHCTB?!

42.0x. (Csasnoe odnomeprnoe Kaemounoe npocmpancmeo X AAAEMCA de-
pecom, cozda ne cyuecmeyem erovcenus St — X.

42.Px. B odrnomeprom xaemounom npocmpancmee X cyuecmeyem nemas
S — X, ne zomomonnas nocmoannot, cozda cyuecmeyem monoio2uieckoe
enoocenue ST — X,

42.Qx. Odnomeproe KAemovnoe NPoCmpaHcmeo ABAACMCA JePESOM, C020a
At0bvie dee €20 GePUUHBL COCOUHAIOMCA OUHCTNEEHHDIM NPOCTbLM NYMEM.

42.3x. Bcegakoe koHeuHoe jepeBo o0JiaaeT CBOMCTBOM HEIOBUKHON TOYKU.

Cp. 37.12, 37.13 u 37.14

42.4x. BepHO 7m 3TO AjId IPOU3BOJBLHOIO AEepeBa; IIPOM3BOIBHOIO KOHEYTHOrO
CBSI3HOT'O OHOMEPHOI'0 KJIETOYHOTO IIPOCTPAHCTBA’
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43. DyHIaAMEHTAJIbHAd I'PYIINa KJIETOYHOI'O
IIPOCTPAHCTBA

43'1. OgHOMEpHBbIE KJIETOYHbIE IIPOCTPAHCTBA

43.A. QynlamMermMasvHaA 2PYNNG  C8A3HO20 KOHEWHO20 O0OHOMEPHOZ0
Kaemouwnozo npocmpancmea X ecmov ceobodnas 2pynna panea 1 — x(X).

o

e —

"\

43.B. Tlycts X — KOHEYHOE CBA3HOE OJJHOMEPHOE KJIETOYHOE ITPOCTPAHCTBO,
T — makcumasibHOE JepeBo B X u xg € T'. [l Kayk 10t OTHOMEPHOIT KJIeTKN
e C X \ T BoibepeMm TETII0 Se, HAUUHAIONIYIOCI B T, NPOXO/siLyio mo 1’
J10 €, 3aTeM BJIOJIb KJIETKU € U BO3BPAINAIONLYIOCs (BHOBb 110 T') B UCXOHYIO
TOLIKy Z(Q- TOF,Z[a TOMOTOIINYECKHUE KJIACCHhI IIETEC/Ib Se ABJIAIOTCA CBO60,[LHBIMI/I
obpasytonmu rpynmnst 71 (X, ).

43'2. O6pasyrouue

43.C. Tlycrs A — TOMOIOrIYECKOe MPOCTPAHCTBO, To € A, ¢ : SF71 — A -
HenpepsiBHOe oTobpaxkenne n X = AU, DF_ Ecmm k > 1, ro romomopdusm
m (A, zg) — 71 (X, x0), naaynuposannsiii Bkaouennem A — X, ciopbekru-
sen. (Cp. 43.G.4, 31.G.4).

43.D. Iycmv X — KAemounoe npocmpancmeo, o — €20 HYAbMEPHAA KACTNKG
u X1 — e2o odnomeprw ocmos. Tozda zomomoppusm exarouernua w1 (X1, o) —
m (X, z0), cropsexmusen.

43.E. Ilyctp X — KOHedHOe CBI3HOE KJIETOUHOE IMPOCTPAHCTBO, 1 — Mak-
CHMaJIbHOE IePpEeBO B €ro oaHoMepHOM ocTtoBe X1, xg € 1. Boibepem s
Kaxka0i KaeTkn e C X1 \ T meTTio S, HAUNHAIONIYIOCT B T, ITPOXOIITIIYIO
no T' 10 e u 3aTeM BJOJb KJIETKHA € U BO3BpaIaionlyocs (BHOBb 1o 1) B
HUCXOTHYIO TOUKY Zg. JloKayKuTe, ITO TOMOTONNYIECKNE KIACCH IETETb S SIB-
nsgroTest obpasytomumu rpynmsl 71 (X, o).

43.1. BeBenure Teopemy 31.G u3 reopemst 43.D.
48.2. Boraucnure 71 (CP™).
43'3. CooTHoleHust

IIycte X — cBa3HOE KJIETOYHOe MPOCTPAHCTBO, Ty — €ro HyJIbMepHasd
KJIeTKa. HamoMamM, 9T0 ABYMepHBIl 0CTOB X9 MPOCTpaHCTBa X TOIYIaeTCI
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73 ero OJHOMEPHOro 0CTOBA X1 MOCPEICTBOM IIPUKICUBAHNS HECKOIBKIX K-
3eMILIIpoB Kpyra D? 1pu MOMOIM HEIPEePBIBHBIX 0TOOpaKeHni o, @ ST —
X,. llpukneusaromniue 0To0parKeHUs SIBJAAIOTCS KPYTOBBIMU HETAsMU B X7.
Beibepem jyist KaxK10ro « nyTh S, ¢ I — X7, coequnsiommii Touky ¢, (1) ¢
xo. Iycrb [pa] € (X, ©a(1l)) — coorBercTByIONIE TOMOTONNYECKHE KJIAC-
col. O6o3naunm uwepes N HopMasbHy0 noarpymmy rpymnmbt 71 (X, o), no-
POKIEHHYIO (KaK HOPMaJIbHAS HOArPYIIa’) S/1eMeHTaMm

Tsa [goa] € m (Xl, 330).
43.F. Hopmanbuas moarpymnma N He 3aBUCHT OT BBIOOPA MyTel Sq .

43.G. Hopmanvras nodepynna N coenadaem ¢ A0pom 20MOMOPHUIMA 6KA10-
wenua in, : w1 (X1, z0) — m1(X, 20).

Teopemy 48.G MOXKHO JOKa3aTh PA3IUIHBIME CIIOCODAMU, HAIIPUMED €€
MOXKHO BbIBECTH 13 TeopeMbl 3eiidbepra—san Kammena (cm. 43.4x). B nanrom
pa3jesie Mbl JJOKayKeM ee, IOCTPOUB “TIPABU/ILHOE” HAKPBLIBAIOIIEE TPOCTPAH-
crBo. Brmouenne N C Kerin, gocrarouno ouemano (cm. 43.G.1). Hoka-
3aTe/IbCTBO 0OPATHOrO BKJIIOYEHUSI OCHOBAHO HA CYIIECTBOBAHUU HAKPBITHUS
p Y — X, npuBejenune KOTOPOrO HAJ, OJHOMEPHBIM OCTOBOM ITPOCTPAH-
crea X gBigercd Hakpoituem p1 : Yp — Xp ¢ rpymmoit N, u tom dakxre,
aro Kerin, cogepxkurca B rpyiie jif000r0 HAKPbITUSA HA X1, ITPOIOJIZKA-
forerocst 10 Hakpoitug wax Bcem X. [Ipemnaraemyro B jsemmax 1-7 cxemy
pacCyKAeHus TaKKe MOKHO MOoauduiupoBarh. Jlego B TOM, 4TO BKJIIOUE-
nune Xo — X wamyrupyer nudomopdusm pyHaMeHTaIbHBIX TPYIIT 3TUX TTPO-
crpaucTB. Jlokaszars 9T0 HE TaK YK CI0ZKHO, OJHAKO IIPUMEHIEMAsT [IPU ITOM
TEXHUKA, XOTsS U ABJISETCs BIIOJIHE ODIIEl U eCTeCTBEHHOMN, BCE YK€ BBIXO/UT
3a paMKM HaIlell KHUTH. 3/IeCh MbI IIPOCTO XOTUM IOYEPKHYTh, UTO 3TOT
pe3y/abTaT 3aMeHseT coboit semmbr 4 u 5.

48.G.1 Jlemma 1. N C Kerin,, cp. 31.7 (2).
43.G.2 Jlemma 2. Tlycrb p1 @ Y7 — X; — makpeirue ¢ rpyunoii N (1. e.

N = (p1)«(m1(Y1,0))). [as Kaxaoro o m ajs Beskoit Toukm y € py - (20))
CYIECTBYeT TaKoe TIOMHATHE P : ST — Y] 0Tobparkenus @, 910 Pu(1) = y.

43.G.3 Jlemma 3. Ilycrb Yo — KIIETOYHOE MPOCTPAHCTBO, MOJIYYEHHOE B Pe-
3y7IbTaTe TPUKICHBAHAS HeCKOILKAX 9K3eMIIApoB Kpyra D? K Y] mOoCpeicTBOM
BCEBO3MOXKHBIX MOTHATUI TTPUKIEUBAIOIINX 0TOOPaYKEHM (. Torma cymecTsy-
er oTOOpazKeHune Pa : Yo — Xo, KOTOPOE MPOIOIKAET P1 U SIBJISIETCS HAKPBHITHEM.

4Ha.HOMHI/IM, 9TO MOArpPYIIA HAa3BIBAETCS HOPMAaJibHOM, €CJIM OHAa COBIAJAaeT CO BCEMHU IIOJI-
rpynmaMu, ¢ HeK COUpPsKEHHBIMU. HopMasibHas MOATrpymnna, HOPMAJIbLHO MOPOXKIEHHASA MHOXKe-
crBOM A, eCThb HamMeEHbIIAsl HOpMAaJbHAS HOArpynma, comepxkamas A. Kak moarpymnma, ona mo-
POXK/TAETCST SIIEMEHTAMI MHOXKECTBA A U dJIeMEHTaMU, CONPSKEHHBIMU C HUMU. DTO 3HATUT, ITO
Ka K/bI!l 3JIEMEHT 3TON HOPMaJIbHOM HOATIPYIIBI ABJIHAETCH IIPOU3BEJEHUEM JIEMEHTOB, COIPAKEH-
HBIX C dJIeMEHTaMU MHOXKeCTBa A.
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43.G.4 Jlemma 4. llpu n > 3 npukienBaonine 0TOOPAKEHUS N-MEPHBIX KJTe-
TOK MOTYT ObITHh MOAHSATHI B JiI000e HakpbiBatoiee npocrpancrso. Cp. 39, Wx,

39.Xx.

438.G.5 Jlemma 5. Hakpoitie py @ Yo — Xo MOXKHO pacmpoCTPaHUTH 10
HaKPBITHS BCero X .

43.G.6 Jlemma 6. Beskas nerng s @ I — X, peanusyiomnias 3JIeMeHT spa
Kerin, (. e. romoronuas mocrosguHoil nerie B X ), HAKPbIBAETCA TeTIeil mpo-
CTPAHCTBa Y, MpWYeM 3Ta HAKPLIBAIOIIAS T JeKUT B Y.

43.G.7 JIemma 7. Toarpynna N = Kerin,.

48.H. Brmouenue ing : Xo — X undyyupyem udomoppusm dyndamen-
MAALHYLET 2DYNN KAETMOYHO20 NPOCTPAHCIMEE U €20 2-0CMO06a.

43.3. llpoBepbTe, 9TO HAKPBITHE HAJ KJIETOYHBIM IIPOCTPAHCTBOM X, IOCTPOEH-
HOE B [I0KA3aTeIbCTBEe TeopeMbl 43. (G, ABagercs yHUBEPCAIbHBIM.

43'4. BwinucbiBanue o6pa3yolux U COOTHOIICHUN

Teopewmbl 43.F u 43.G naioT cjemyomuii crocod BBIMUCHIBAHUSA 00pa3y-
IONUX ¥ COOTHOIIeHMH (DyHIAMEHTAbHON TPYIIIbl KOHEYHOIO KJIETOYHOTO
MIPOCTPAHCTBA.

IIycre X — xoHedHOE KJIETOYHOE MPOCTPAHCTBO W X( — €ro HYyJIbMep-
nag kjaerka. [lycrs T' — MakcmMa/IbHOE 1€PEBO OJHOMEPHOIO OCTOBA IIPO-
crparcTtea X. g kaxmoit ogaomepHoit kiaetku e C X, He jexkareit B T,
BBIOEPEM TETIIIO Se, HAUUHAIONIYIOCH B X(, UAYIILYIO 110 1’ /10 KJIETKH €, IPO-
XOJAIYIO 110 9TO KJIeTKe M BO3BPAIIAIONLIYIOCs B X ouaTh 1o 1. ObozHa-
quM 9epe3 g1, - .., Gy TOMOTOIMYECKHE KJIACChI 9TUX Ieresb. B cuny 45.F
310 obpasytonme rpymnbt 71 (X, zo). anee, mycts ¢1,..., 0, : ST — X3
— IPUKJIEUBAIOIINE OTOOPAXKEHUsT JIjId BCEX JIBYMEDPHBIX KJIETOK ITPOCTPAH-
crea X. Jlyis KazK70r0 ; BbIOEpeM MyThb §;, COeAMHANIMNI TOUKY ©;(1) ¢
TOYKON T( B OJJHOMEPHOM OCTOBe mpocrpaHcTBa X. Beipaszum romoromnute-
cknit xknacc Ty, [¢;] Kak mpousBesenue cremeneii obpasyromux g;. Llycrs 7;

— COOTBETCTBYIOIIEE CJI0BO B ai(DABUTE (1, . . . , ¢ . PyHIAMEHTAILHAS TPYII-
ma mpocTpaHcTBa X TMOPOXKIAETCI KJIACCAMU (1, . .. , §m, KOTOPHIE CBA3AHBI
COOTHOIIEHUAMA 7] = ... =Ty = 1.

43.1. 1lpoBepbTe, 4TO 3TOT PEIENT JTaeT MPABUIBHBIN Pe3yabTarT s (DyH-
JAMEeHTAIBLHEIX TPy mpocTpancts RP™ u ST x S' npu pazimunex nx mpej-
CTABJIEHUSAX B BUJIE KJIeTOUHOro npocrpancrsa (cm. 40.H n 40.E).

B ycnoBum gokazaHHOTO paHee yTBepXKIeHud 41.Fx mpeamosaraioch,
9TO KJIETOTHOE TTPOCTPAHCTBO ABJISIETCI IBYMepPHBIM. /lesio B TOM, 9TO B TOM
MOMEHT HaM eIle He ObLJI0 U3BECTHO, YTO BKjUeHne Xo — X UHIyIUpyer
uzoMopdusM HyHTAMEHTATBHBIX IPYIII.
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43.J. Begkoe KoHEUHOE OHOCBA3HOE KJIETOIHOE ITPOCTPAHCTBO TOMOTOIIIIe-
CKU 9KBUBAJICHTHO KJIETOYHOMY IIPOCTPAHCTBY, O,ZLHOMeprII?'I OCTOB KOTOPOT'O
COCTOUT M3 OJIHON TOYKMH.

43'5. @yHaaMeHTaJIbHbIE IPYIIbl OCHOBHBIX MMOBEPXHOCTEH

43. K. Qyndamenmanrvras 2pynna chepor ¢ g pyuramu donyckaem ciedyro-
wee 3adanue

11 —1;-1 11
(a1,b1,a2,b2,...,ag,by | arbray by "asbaay by ...agbga, b, =1).

483.L. Qyndamenmanvrasn epynna chepv, ¢ g naéHramu donyckaem caedyro-
wee 3adanue
2 2 2
(a1,a2,...,aq4 | ajay...a; =1).

43.M. Dyndamenmanrvroie 2pynnv, chep ¢ Pa3AUNHBIM HUCAOM DYYEK He
UBOMOPPHDL.

Korma tpebyercs mokazarh Hem30MOP(MHOCTL IBYX TPYII, 38 JAHHBIX T0-
CPEJICTBOM KOHETHBIX HAOOPOB 0Opa3yIomnX W COOTHOIIEHWH, TPeXKIe BCe-
0 CTOUT TPOKOMMYTHPOBATH 3TH TPYIIEl. HamoMHUM, 9TO TPOKOMMYTH-
poBarh rpytiy G — 3T0 3HAYUT MPOMAKTOPU30BATE €€ 0 €€ KOMMYTAHTY.
Komwmyranr rpynmsr G obo3nadaercss depe3 |G, G] u mpejacrasisger coboii
HOPMAJIBHYIO OIPYIIY, HOPOKICHHYI0 KoMMyTaropaMu a~ 'b~lab nia Beex
a,b € G. Ha si3bike 00pa3yonmx u COOTHOMIEHUT KOMMYTHPOBAHUE 03HATAET
JnobaBjieHre K UMEIOIUMCST COOTHOIIIEHUsIM COOTHOITeHuit ab = ba, a,b € G.

Koneunomnopoxkiennbie abeieBbl IPYIITbI XOPOIIO W3BecTHbI. JI0bas Ta-
Kasl IPYIna n30MopdHa TPOU3BEICHNI0 KOHEUHOTO IHUC/IA TIUKINIECKUX (KO-
HEYHBIX 1 OECKOHEYHBIX ) TPYIIIL. $ICHO, UTO eC/i IPOKOMMY THDOBAHHBIE TPYTI-
bl He U30MOPQHBI, TO U CAMU UCXO/HBIE TPYIILI He U30MOPQHBI.

43.M.1. IIpoxommymuposarnas Gyndamenmarvnas epynna chepol ¢ § py4xa-
MU uzomopdra ceobodnoti abeaecoti epynne panea 2g (m. e. Z29).

43.N. Qyndamenmanvrvie 2pynnove chep ¢ Pa3AUTHHIM YUCAOM NAEHOK HE
U3OMODPHDL.

43.N.1. IIpokommymuposarras GyYHIGMERTANOHAA 2PYNNG CPHEPLL ¢ G NAEH-
Kamu usomoppna 291 x Zo.

43.0. Cepor ¢ passusHbM SUCAOM DYHEK HE ABAFOMCA 20MOTMONU%ECKU
IKBUBAAEHMHDLMU.

43.P. Cdepol ¢ pazausanvm 4UCLOM NAEHOK HE ABAAIOMCA 20MOTMONUYECKU
IKBUBANEHMHBMU.

43.Q. Cdepa ¢ pywkamu 20MOMONUMECKU HE IKBUBAAEHINHAG chepe ¢ NAEH-
KaMU.
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Ecmum X — jmHeitHO CBA3HOE TPOCTPAHCTBO, TO €r0 IPOKOMMY TUPOBAH-
Hag yHJIaMEHTAIbLHAS TPy HA3bIBAETCA OHOMEPHON (niv nepso) rpyn-
noii romonoruii ipocrpancrsa X u oboznauaerca uepes Hi(X). Ecm X we
SABJIAETCA JMHEeHHO cBasubiM, To Hp(X) ompemensiercs kak npsimas CyMMa
OJIHOMEPHBIX I'PYIII I'OMOJIOIUI BCeX KOMIIOHEHT JIMHEHHON CBA3HOCTU 3TOr0
npocrpancrBa. B stux oboznauenusix Teopema 43.M.1 BBITISIAT CJIEIYIO-
M obpasowm: Iycrs Fy — cdepa ¢ g pyukavn, torna Hy(Fy) = Z%.

43'6x. Teopema 3eiipepra—Ban Kammnena

s Toro, urobbl HalTH (DyHJAMEHTAIBHYIO DYy KJIETOYHOTO IIPO-
CTPAaHCTBA, BMECTO TOr0, YTOOBI HCIIOJB30BATH €ro KJETOUHOEe pasbueHue,
ObIBaeT IPOIIEe MPUMEHUTh Teopemy 3efipepra—san Kammena.

43.Ax Teopema 3Beiidepra—san Kammena. [lycmo X — aunetino ceasmoe
monoaozudeckoe npocmpancmso, A u B — ezo omxpumuie aunetino c6a3-
Hole nodmmrooicecmesa, nokpueatowue X . Ilpednoioocum, 4mo mHoocecmso
C = AN B maxoice aunetino ceasno, xg € C. Tozda epynna m1(X, xo) A6a4-
emca c60600nvM npouseedernuem epynn 71 (A, xo) u T (B, x0) ¢ obseduner-
not nodzpynnot w1 (C, zg). Jpyeumu caosamu, ecau

Trl(AuxO):<a17"'7ap‘plz"':pT:1>7
7T1(B,.T0):<ﬁ1,...,ﬂq |01:~~-205:1>,
m1(C, z0) nopooicdena sremenmamu vy, ...v, aing : C — A ing: C — B

~ cmandapmuvie exar0venus, mo 2pynna 71 (X, xg) umeem zadanue

(ala"'7ap7ﬁl7”’7/8q |

plz...:pr:(j’l:...:(j'S:l’

inA*('Yl) = inB*('Yl)a S inA*('Yt) = inB*('Yt)>~

PaccmoTrpuM Temeph cuTyammio, KOTga TPOCTPAHCTBO X U €ro MOIMHO-
kectBa A 1 B IBASIOTCS KIETOTHBIMI.

43.Bx. llpenmomoxnum, ato X — CBA3HOe KOHETHOE KJIETOUHOE MPOCTPAH-
cTBO, & A m B — ero KJIETOUHBIE MOIPOCTPAHCTBA, TOKphiBatomme X . [lo-
moxkum C'= AN B. Kak ¢ynmamentaabubie Tpynmsl mpoctpancts X, A, B
u C cBg3aHbl MEXKIY C000ii?

48.Cx Teopema Beiipepra—san Kamvmena. [Tycmo X — c84a3H0e KoHEUHOE
KAEMOYHOE NPocmparcmeo, A u B — nokpusaroujue e2o ceasHvle KACTOUHbLE
nodnpocmpancmea, C = A N B. IIpednoaoocum, wmo C makoice c843HO.
Hycmo xg € C' — HEKOMOPAA HYAOMEPHAA KAETKG,

7T1(A7$0):<a1,...,05p ‘ pl:"':p'r:1>,
Wl(ngo):<ﬂ1,...,,8q | 01:"':Us:1>,
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u nyemv 2pynna 71 (C, xo) NOPoACOGEMCA CEOUMU IACMERMAMY Y1, - - - 5 V-
Ob6osnanum wepes E(aq, ..., ap) uni(Bi, ..., ) 06pasv. saemenmos ; (mou-
nee, UL GuPAACENUE NOCPEICMEOM 00PASYIOUWLUT) NPU 20MOMOPHUSMAT GKAIO-
YEHUA

m1(C,20) — m1(A, 20) u, coomsememeenno, 71 (C,x9) — 71(B, x0).

Tozda

7T1(X,.’E0) - (ala"'uapw817”’7ﬂq |

plz...:pr:(j’l:...:(j's::l’
§1=mn1, ..., & =m).

43.1x. Ilycts X, A, B u C' — Takwme kak Bbimre. Ilpegnomoxum, uro A u B on-
HOCBA3HBI, & C' COCTOUT M3 ABYX KOMIIOHEHT CBA3HOCTH. JloKaKuTe, 4TO TPyIIa
71(X) nzomopdua Z.

43.2x. dBnsiercs ym TeopeMa  48.Cx 9aCTHBIM CIIy4daeM Teopembl 4 3. Ax?

43.3x. MOXKHO U OILyCTUTH IIPEIIIOIOKeHne 00 OTKPBITOCTH MHOXKecTB A u B B
yCIIOBHUSAX TeopeMbl 43.Ax?

43.4x. BoiBenure Teopemy 43.G u3 reopembr 3eiidepra-san Kammena 43.Ax.

43.5x. Boraucnure GyHmaMeHTAIbHYO IPYIILY TaK HA3bIBAEMOI'O JIMH30BOI'O IIPO-
CTPAHCTBA, [TOJIYYAIONIEr0Cs [IPK CKIENBAHUN ABYX [TOJTHOTOPHII I10 roMeoMopdu3-
My St x St — St x ST (u,v) — (uFol,u™o™), tme kn — lm = 1.

43.6x. Ompenennre rOMOTONNYECKHUI M TOTOJIOIMHECKUI THII JIMH30BOr0 IIPOCTPAH-
crBa aiiga m = 0, 1.

43.7x. Ommmure 3amanme BbyHIAMEHTATBHOM TPYIIIH IOTIOIHe s B R Topme-
ckoro y3ma K tuna (p, q), rae p m ¢ — B3aUMHO TIPOCTHIE HATYPAJIBHBIE TUC/Ia. DTOT
y3eJI JIEKUT Ha TOpe, 00Pa30BaHHOM IIPU BPAILIEHUH OKPYZKHOCTH; (OPMYJIbI

= (24 cos2mu) cos 2mv,
y= (24 cos2mu) sin 27v,
z

= sin27u

3a/1a0T €ro mapaMeTpuvecKoe npeacrasiaenne. ¥Y3ea K 3amaerca B 1 ypaBHeHHEM
pu = qu. Haiigure Takke TPOKOMMYTHPOBAHHYIO (DYHIAMEHTAIBHYTIO rpymiry (T.
e. rpymy romosioruit) mononaenus y3aa K.

43.8x. Ilycts (X, z0) m (Y,yo) — OMHOCBA3HBIE TOMOJOTMIECKUE TTPOCTPAHCTBA C
oTrMedeHHbIMEU TOUYKamu, Z = X VY — ux Oyker.

(1) Hoxkaxwure, uro eciiu X m Y — KJIETOYHbBIE IPOCTPAHCTBA, TO IPOCTPAH-
CTBO Z OTHOCBSI3HO.

(2) Hokazkure, 9T0 €C/u y TOYEK Lo U Yo CymecTByeT okpectHoctu Uy, C X
uV,, CY, crporo nedopMaruoHHO peTparupyonuecs, COOTBETCTBEH-
HO, Ha T U Yo, TO IIPOCTPAHCTBO Z OTHOCBS3HO.

(3) ITocrpoiite ompOCBA3HBIE TOMOMOrHIECKHE IPOocTPancTBa X u Y ¢ HEOA-
HOCBA3HBIM OYKETOM.
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43'7x. TeopeTUKo-rpymnnoBoe OTCTYILJIEHUE:
CBODOO/THOE MpPOU3BEJIeHNE C 00 bEeIMHEHHOI MTOATPYNIOii

Ha mepBerit B3r1s1 onucanue pyHIaMEHTaIbHOM IPYIIIBI IIPOCTPAHCTBA
X, nannoe B Teopeme 3eiidpepra-Ban Kammena, maaeko or Toro, 9Tobbl ObITH
MHBAPUAHTHBIM, TOCKOJIBKY B HEM HMCIIOJIB3YIOTCS 3a/IaHus I'PYII ITPU TOMO-
1u 06pas3yonux u coorHornernit. O HAKO CYIIECTBYET 1 KATErOPHOE TEOPETUKO-
rpymmoBoe onucanue rpymibl 7 (X).

48.Dx. Paccmorpum 3aganust rpynin A u B,

A:<Oé1,...,ap|p1:'~:p7ﬂ:1>’
B:<ﬂ17"'7ﬁq‘0-1:"':05:]->7
nyctb rpynmna C' TMOpOXKIEHa 37IeMEHTAMHU Y1, ..., Y. PacCMOTpHM TakiKe

mponsBosibHbIe ToMoMopdu3mel € : C' — Aun: C — B. Torma

X:<a1"">ap’ﬁlv"'7/8q ‘

plz"':pT:UIZ"':US:17
) =nn), -, &) = nln)),

p:A=X:a—~a; i=1,....pu:B—=X:83;— 0, j=1,...,q.
2N
C X
NS

[Ipu stom gys mo6oit rpynmsr X' u romomopdusmos ¢ : A — X' m
' B — X', nna xoropeix £ o ¢/ = no), T. e. B TOM ciydae, KOIJIa
JarpaMma

OVAQX
N

KOMMYTATHBHA, CYIIECTBYET €IMHCTBeHHBINH roMoMopdusm ¢ : X — X' ra-
Koit uro ¢’ = (o u ) = (o1, T. e. TaKOIl YTO KOMMYTATHBHA JAUATPAMMA



43. OymrraMenTaabHasd TPYITa KIeTOTHOTO TPOCTPAHCTBA 325

Hammoe cBoiicTBO Tpymmbl X XapaKTepu3yeT ee eINHCTBEHHBIM 00pa3zoM
C TOYHOCTBIO /10 m3oMopdusma.

I'pynma X, onucanuas B (hopMyIMPOBKE YTBEpKIAEHUS 43.Dx, Ha3bIBa-
etcst cBobogHbIM npoussegennem rpynn A n B ¢ obvegunenroii nogrpynnoii C
u obosmagaerca A x¢o B.

Eciu C — rpusnanpHast rpynma, 10 A xo B ecrs npocro A * B — max
Ha3biBaeMoe cBobogHoe npomssegeHne A u B.

43.9x. dBnsercda s cBoOOmHAsA TpyIa paHra 7 CBOOOTHBIM IIPOM3BEIECHUEM 7
9K3eMILTSPOB IPYyIIsl Z7

43.10x. Vcnonn3dys nomxonsimee paszdbumenme Oyrouiku Kieitra, mpeacraBbre ee
dyHIaMeHTaTBHYIO TPYIILY B BUAE Z %z, Z.

43.11x. Bazadxa. Haiinure onpesesienue cBOGOIHOrO MPOU3BEICHUs IPYIIT KaK
MHOYKeCTBa KJIACCOB SKBUBAJEHTHOCTH CJIOB ajidaBuTa, OyKBaMU KOTOPOTO SIBJIS-
JOTCSI 9JIEMEHTBI TPYIIT — COMHOKHUTEJIENH TAHHOTO IIPOU3BEIeHIS.

43.12x. Uccnenyitre aarebpandeckre CBONCTBA OIEPAIIH CBOOOIHOIO IIPOU3Be/Ie-
HUA T'PYIIIL. By,z[eT JIX OHO aCCOMUATUBHBIM, KOMMYTAaTUBHBIM, I B KaKOM CMBICJIE.
Oupenengior u romoMopdu3Mbl U3 COMHOXKUTEIEH TOMOMOP(MU3M U3 UX [IPOU3-
BeeHus?

43.13x*. Haiimure npeacraBieHne MOMLYTSPHON TPYIIIBL

Mod = SL(2, Z)/(Bl 01>

B BHJIE CBODOIHOIO IIpou3BeieHus Zsa * 7.3.

43'8x. donosHenue k treopeme 3eiidpepra—Ban Kammena

Teopema 3eiidepra—Ban Kamiena mogBuiack u UCIOIH30BAIACH TJIAB-
HBIM 00Pa30M KaK CPEJICTBO BbIUUCIEHNS (DYHTAMEHTAJTBHBIX rpyin. O1HaKo
OHa MPUMeHNMa He BO BCeX CUTYalldX, K IIPUMepY, B YCJIOBUAX CJle/LyIomei
TEOPEMBI.

43.Ex. Ilycmv X — monoaozuueckoe npocmparcmeo, A u B — omxpoimoie

MHO2CECMBA, 00pasyrouue e2o nokpumue, C = AN B. Ilpednosoocum, wmo
A u B odnoceasnu, a muoocecmseo C' cocmoum us 08Yx CEA3HVL KOMNO-
newm. Toeda 7 (X) = 7.

Teopema 43.Ex BepHa u B TOM CJIydae, KOTJa MPeANoIaraeTcs, ITO Mpo-
crparcTBo C' COCTOUT U3 JIBYX JIMHEIHO CBA3HBIX KOMIIOHeHT. Ka3ajoch Obr,
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YTO OTJUYUE HECYIIECTBEHHO, OJHAKO 0Ka3aTeIbCTBO CTAHOBUTCS HECPaB-
HUMO 00JIe€ TeXHUYECKUM.

B neiicrBurenbuoctu, 3eiidepT u Ban KaMmien mo/yduain UCI0/b30BaB-
IIUEeCsT UMY JIjIs BBIUUCIeHUs (DYHIAMEHTAJIBHBIX TPYIIT ropas/o Hosee 06-
e pe3yabTaThl, YeM Teopema 43.Ax. Dra Teopema — eIUHCTBEHHAA, KO-
TOpas nepernuia u3 ux pabor B yueOnuku. Teopema 43.1x sBjsgercd Apyrum
YACTHBIM CJAy9aeM JIOKa3aHHBIX UMK yTBepxKjaenuii. PopMmyaupoBKa HanbO-
Jiee OOIMEro M3 HUX CJIUIIKOM TSI?KEeJOBECHA, ITOOBI 37eCh MOXKHO OBLIO eé
npuBecTr. B 3TOi cBaI3M mpUBeneM elle OAWH TaCTHBIN CAyUail, NCIOIb3Y
KOTOPBINl COBMECTHO C TeopeMoil  43.Ax, MOXKXHO TOJYyINTEH BCE, UTO JTaeT
obmas reopema 3efidepra-pan Kamnena (npasna, He Tak ObICTPO).

[Ipex e Bcero omuriem o6Iyo curyaruio. [lycts A — Tomomorngeckoe
MIPOCTPAHCTBO, B — ero 3aMKHyTO€e MOJIMHO2KeCTBO U U — OKPEecTHOCTH MHO-
kectBa B B A, Takas uro U N\ B ecTh o0beuHeHne IBYX HEMEPECEKATOIIIX-
¢ OTKPBITEIX B A muOKects My u Moy, monoxxum N; = BU M;, i = 1,2.
Paccvorpum Tomosiorntueckoe mpocrpanctBo (', MOJIyUEHHOE B pE3yJIbTare
npuktenBannsg K A \ U muoxkecrs N1 u No 0 TOXKJIECTBEHHBIM O0TOOpazKe-
M MHOXKecTB My u My. Ilpenmonoxum, aro muOXKecTBa (A N U) U N;
u (AN U)U Ny (c uanynuposaunoit u3 A Tomosiorueit) obpasyor dynia-
menTasibHoe mokpbiTe C. B mpocrpanctBe C' mMerOTCs, TaK CKa3aTb, JIBA
9K3EMIIIIPa MPOCTPAHCTBA B, KOTOpLIe Je¥KaT, COOTBeTCTBeHHO, B N1 1 No.
[IpocTpancTBO A MOXKHO OTOXKIECTBUTL ¢ pakToprpocTpancTeom C moJry-
YEHHBIM B PE3Y/IbTATE OTOXKJIECTBICHUS JABYX IK3EMILISIPOB B npyr ¢ apyrom
[IPY TIOMOIIU TOXKJIECTBEHHOTO romeomopdusma. Tem ne menee Harre mocTpo-
eHre HA9MHAJIOCH C TPOCTPAHCTBA A, 910 PyHIAMEHTATBLHYIO TPYIITY MBI 1
HaMeEpPEeHBbI ITOJICYNTATh, TOT/la KaK IIPOCTPaHCTBO B ABJIAETCA BCIIOMOT'aTe/Ib-
HBIM (PUCYHOK).

__________ Ml\ \Mz

B kieroumnoit curyaruu mpemoaraercs, 9to A — KJIeTOTHOe MPOCTPaH-
CTBO, B — ero KJIeTOTHOoe TOATPOCTPAHCTBO. [Ipn 3THX mpeanoToKennsax mpo-
crparcTBo C' TakyKe OKa3bIBAETCH KJIETOUHBIM, TAKXKe€ KaK U eCTECTBEHHOEe
orobpazkenne C' — A. Ilocaennee yTBep:KIeHIE O3HATAET, UTO JJIT KAK IO
'O 11€JI0I'0 HEOTPUIIATETBLHOTO YHCJIa N 9TO 0TODPAaKeHNe EPEBOINT N-0CTOB
mpoctpancTtBa C' B n-0cTOB mpocTpancTsa A.
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483.Fx. Ilpednoaooicum, 4mo 6 onucanHoli 6viue KOHCMPYKUuL npoCcmpat-
cmeo C' aunetino ceasno u rg € C' ~ (By U By). IIpednoaooscum, wmo 2pyn-
na 71 (C,x0) 3adana ceoumu 0b6pasyOWUMU (1, - .., Qy U COOMHOULEHUAMU
Y1 =1, ..., ¥y = 1. Ilpednoaoorcum, wmo omobpaoscenue C' — A nepe-
sodum mouku y; € B; 6 00wy u my oce mouky y. Obosnauum wepes o;
2omomonuseckue Kaacco, nymet, coedunmowur xo ¢ y; 6 C. Ilyemov [y,

., Bp — obpasyrowue epynnw 1 (B,y), a B, ..., Bpi — coomeemcmsyio-
wue anemermus 6 w1 ( By, y;). Oboshawum uepes gy cro6o, npedcmasistouee
INEMEHTT alﬂliai_l 6 aagasume o, ..., a,. Toeda epynna 71 (A, x9) umeem

caedyrouwee 3adanue:

(a1, 0,y | 1= = =1, 7011 = @127, - - - YPp1 = Pp27)-

43.14x. Boramcaure dbyHmaMeHTaIbHbIE TPYIIB TOpa U OyThutku Kireiina mpu
IOMOINH TeopeMBl 4 3. Fx.

43.15x. Borauciure GyHIaMeHTAIbHBIE TPYIIIHI OCHOBHBIX ITOBEPXHOCTEN IIPU 10~
MoIm TeopeMbl 43.FX.

43.16x. Boisegure Treopemy 43.1x u3 reopem 43.Axu 43.Fx.

48.17x. 3azadra. IloctpoiiTe aarebpamvecKyio TEOPUIO, OCHOBAHHYIO HA TE€O-
PeTHKO-TPYNIIIOBONA KOHCTPYKIIUH, HAesd KOTOPOIl COmep:KUTCA B TeopeMe 43.Fx.
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Jloka3arejabCTBa 1 KOMMEHTaApPUU

40.A Tlycte A — KIeTOUHOE MOAIPOCTPAHCTBO KJIETOUHOTO MTPOCTPAHCTBA
X. dnan=0,1,... et Bugnm, ato A N X, 41 noryuaerca n3 A N X, npu-
knensaaueM (n + 1)-kmerok, comepxamuxcst 8 A. [losromy B ciyuae, Kormaa
A cofepRUTCsT B HEKOTOPOM OCTOBE, OHO KOHEUHO €CTh KJIETOTHOE TTPOCTPAaH-
cTBO, a nepecevenust A, = AN X,, n=0,1,..., asustorcs ero ocropamu. B
o01IeM ¢iiydae HeoOXOAUMO TIPOBEPUTH, UTO TOKPBITHE MHOXKECTBA, A MHOXKe-
crBamu A, QyHIAMEHTAJIBHO, 9TO CJIELyeT U3 MyHKTa 3 CJAEAYIOIIeH JIEMMbI,
sagaan 40.1 u yreepxaenust 40.Gx.

40.A.1 JlokaxkeMm TOJBKO yTBEpKEHUE 3, MOCKOJIBKY UMEHHO OHO TPe-
Oyercs I TOKA3aTebCTBa TeopeMbl. [lycTs MuoxkectBo F' C A u mepece-
KAETCA C KaXKJbIM U3 MHOXKecTB A; mo 3amxmyTomy B A; MHOKecTBY. Tax
kak F'NX; = FN A; 3amMgayTo B A;, TO OHO 3aMKHYTO B X;, mosTOMY F'
3aMKHYTO B X B cuity dynmamentaabaoctn mokpbitus {X;}. CraemoBarennb-
o, F' 3aMkuyTO U B A, 9TO 1 JOKA3BIBAET (PYHIAMEHTAILHOCTH MOKPBITUS
{Ai}-

40.B 9710 Tak, MOCKOJIbKY TPUKJIeUB map D™ K TOYKe 10 ero rpaHuvaHOil
cepe, Mbl ostyanM baxTopmpocrTpanctso D™/ gn—1 = S™,

40.C druvu (OTKPBITHIME) KJIETKAMU SBJISIOTCA: TOUKA, (n— 1)-MepHas
cepa 06e3 0HOI TOUYKM U OIDAHUYEHHBINH €[0 OTKPBITBIN N-MEPHBIH map:
=xesSrlcD? en =87z e =B"

40.D ]leitictBuTresibHO, TPO(AKTOPU30BAB JUIBIOHKTHOE 00bLEUHEHIEe
OTPE3KOB 10 MHOYKECTBY BCEX UX KOHIIOB, MbI TIOJIYIUM OYKET OKPYKHOCTE.

40.E Tlpencrasum mpoussenenne I X I Kak KJIETOTHOE TMTPOCTPAHCTBO,
cocrogiree n3 9 KJIeTOK: YeThIPEX HY/IbMEPHBIX — BEPIITUH KBA/IPATa, 9€ThIPEX
OJIHOMEPHBIX — €r0 CTOPOH U OJIHOH JIByMEPHOI — BHYTPEHHOCTH STOr0 KBa/l-
para. B pesyibrare cranmapraoi (pakTopusamuu, npu KOTOPOil n3 KBaapara
[IOJIy 9AETCsA TOP, U3 YEThIPEX HYJIbMEPHBIX KJETOK MbI HOJIYYUM OJIHY, a U3
JeThIPEX OTHOMEDPHBIX — IIBE.

40.F Kaxnasg oTKpbITasg KIeTKa IMPOU3BeIeHNs ABJISIeTCI IPOU3Bee-
HUeM OTKDPBITHIX KJIeTOK COMHOXKUTesel, cM. 3amady 40.3.

40.G Tiycrs S% = S"ARF, e
k+1 1
REHL — {(371,332,... ,xk+1,0,... ,O)} c R,

Ecmm mpencrasurs S" B BuIe 00beAUHEHHS MOCTPOEHHBIX cep MEHBIINX

pasmepuocreit: S" = (Ji_, Sk 1o mns Beakoro k € {1,...,n} pasHocTsb

Sk Sk=1 cocrour poBHO U3 ABYX k-KJIETOK — OTKPBITHIX MOIyCdep.
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40.H Paccmorpum Kiaerounoe pasbuenue chepbl S™, olucaHHoe B pere-
Hun npegptyeit 3agaun. Torma npu dhakropuzanun S” — RP™ B Kax10ii
pa3mepHOCTH 00€ KJIeTKU CKJIenBaioTCsd B ouy. Kakmoe u3 npuk/ienBaionmx
orobpazkenuit siBistercst mpoekimeit DX — RPF npn koropoit rpanmamast
cepa SF~1 orobpaxaerca na RPF~1.

40.1 HynbMepHBIME KIETKAMU SBJIAIOTCI BCe TIeJIble TOUKHU, OTHOMEp-
HbeIME — uHTepBassl (k, k + 1), k € Z.

40.J Tak xkak R" =R x ... x R (n comHO)KuTENElT), TO €10 KJI€TOYHAs
CTPYKTYPa MOXKET OBIThH ONPEJETEHa KJIETOIHBIMU CTPYKTYyPaMU COMHOYKH-
reseit (cm. 40.3). Takum 06pa3om, HyIbMEPHbBIE KJIETKH — 3TO TOYKH, KOOD-
JMHATHI KOTOPHIX CyTh Hejble dnciaa. OJHOMEPHBIMI KJIETKAMYU ABJIAIOTCH
OTKPBITBIE OTPE3KU C KOHIAMHU B TOUKAX (Ki,..., ki, ..., ky) u (ki,... ki +
1,...,ky), T. €. OTpE3KH, MapaJ/IeIbHbIE OCSIM KOOD/MHAT, TBYMEDHBIMU —
KBaJIpaThl, Mapa/iie/bHble JBYMEPHBIM KOODIMHATHBIM ILIOCKOCTSIM, U T. II.

40.M  OdeBujHO: BCSIKOE CUETHOE HYJIbMEPHOE MPOCTPAHCTBO TOMEO-
mopdro N C R.

40.N Orobpa3um HyjabMepHbIe KaeTku B mesbie Touku Ag(k,0,0) Ha
ocu abcmuce. BiaoxkeHnsa oIHOMEPHBIX KJIETOK OYIYT KyCOUHO-THHEHHBIMU 7
MIPOUBBOIATCA coemaytonuM obpazom. ComocTaBuM n-if OTHOMEPHON KJIeTKe
npocrparcTBa X mapy Touek ¢ koopauaatamu Cp,(0,2n—1,1) u D, (0,2n,1),
n € N. Ecimm komts! oToit 1-xmetkn orobpaskaiorcsa B Toukn Ay u A;, To ee 06-
pa3oM sBisiercs Tpex3sernast jomanas A Cp D, A; (BO3MOXKHO, 3aMKHYTas).
JIerko BumeTh, 9TO 06pA3bI PATUIHBIX OTKPBITHIX KIETOK He TePeCeKAI0OTC
(MOCKOJIbKY WX KpailHHe TPeTH JIeyKaT Ha CKPEIUBAIOIINXCS MPAMBIX). Tem
caMBIM, MBI mocTpomns ubenmo f : X — R3, koropas odyeBmmHo Hempe-
poiBHA. HempephbIBHOCTH 06paTHOTO 0TOOpAKEHNS CIeIyeT U3 TOTO, UTO OHO
HENPEPHIBHO Ha KayK0# M3 MOCTPOEHHBIX JIOMAHBIX, KOTOPBIE K TOMY ¥KE
00pa3yIoT 3aMKHYTOE U JIOKAJIBHO KOHeuHoe, ciaepoBarensuo (9.U) dynma-
MeHTa/IbHOe, OKpbITHe MHOXKecTBa f(X).

CnDn

=

A

A

40.0 llposenure MHIYKIWIO 0 ocToBaM, ucrnosb3ys 40.0.2. Paccyx-
JIEHUE CYIIECTBEHHO YIIPOIAETCS B CJIydae, ecjii KJIeTOYHOe MPOCTPAHCTBO
SIBJIAETCS KOHEUHBIM.
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40.0.1 Bygem cunrars, uto X C RP C RPTIHL phe RP — xoopaunarHOe
IIPOCTPAHCTBO MEPBLIX P KOOPAMHATHBIX HpaMbeix B RPTIHL 4 Y c R? C
RPH4+1 e RY — KOOpAMHATHOE POCTPAHCTBO MOCAEIHIX ¢ KOOPIAMHATHBIX
npameix 8 RPHIHL Teneps onpejesum orobpaxkenune f: X UY — RPTaHL
[Monoxkum f(z) =z, ecm x € X, u f(y) = (0,...,0,1,y), ecom y ¢ V =
h=1(Ax[0;3)). Haxonen, ectn y € U, h(y) = (a,t) nt € [0; 3], o mosozmu

) = ((1=2t)p(a), 2, 2ty).

Herpynuo Bumers, uro orobpaxkenne f — cobcrBennoe. Ero dpaxroporodbpa-

xenne f: X Uy, Y — RPHIH! gpigerca cobCTBEHHON MHBLEKIME!, 3HAYAT B
cumy 18.0x (cm. Takxke 18.Px) OHO — BIIOXKeHHe.

40.0.2 Tlo ompeje/leHnio KJAETOYHOTO MPOCTPAHCTBA, X IOJIyIaeTCs
HpuKJIenBaHneM o00bejnHennst k-MepHbIX 3aMKHYTHIX 11apoB K ero (k — 1)-
ocroBy. Ilycte Y — sr0 (He Gosee uwem) cuernoe oObeguHenue k-MEPHBIX
nrapos, a A — o0beauHeHne rpannaHbIx cep 3Tux mapos (04eBUIHO, UTO
ycsioBue jieMMbl 4 0. 0. 1 BBITIOJIHEHO: B KauecTBe OKPeCTHOCTH U MOXKHO B3SITh
00beMHEnNE JIONOJHEHUI IAPOB BJIBOE MEHbINEro auamerpa). Takum o6pa-
3oMm, jiemMma, 40.0.2 crnenyer u3 40.0.1.

40.P Crenyer u3 40.0.2 B cuty ompeaeaeHnst KIeTOUHOI TOIIOJIOT NN,
40.Q Crnenyer w3 40.Pwu 40.0.
40.R Crenyer u3 40.Q).

40.5 TlonpobyiiTe JoKa3aTh 3TO YTBEPXKJIEHUE XOTs Obl JIJIsT OJIHOMED-
HBIX [IPOCTPAHCTB.

40.T Jlannoe yTBep:KJeHWe MOXKHO TO0Ka3aTh, HECKOJHKO YCIOXKHUB
paccyXkaeHne, IpuBeJeHHoe B J0Ka3zaTeabcTBe 4 0. Bx.

40.U Cw. [5, c. 94].

40.Ax Jlerko BUjeTH, YTO 3aMBbIKAHUE JIIOOOI'O OTKPBITOTO CUMILIEK-
ca KAHOHUYECKM MOMEOMOP(MHO 7N-MEPHOMY 3aMKHYTOMY CUMILIEKCY. U, T10-
CKOJIbKY CUMILTUITHAIBHOE TPOCTPAHCTBO Xayca0pdOoBO, OHO rOMEOMOpP{HO
daKTOPIPOCTPAHCTBY, Oy IEHHOMY U3 JU3BIOHKTHOTO 00beIMHEHUST HECKO/Ib-
KUX 3aMKHYTbBIX CUMILJICKCOB B PE3YyJ/IbTaTe CKJIENBAHNA B/IOJIb HEJIBIX I‘paHeﬁ
o addurabiM roMeomopduamam. Tak Kak KayKJblil CUMILIEKC sIBJISETCS
KJIETOYHBIM TIPOCTPAHCTBOM, a €T0 I'PaHW — KJIETOYHBIMHU ITOJITPOCTPAaHCTBA-
MW, TO OCTAJIOCh BOCITOJIB30BATHCA 3aasueit 4 0. Hx.

40.Bx Ilycts X — KjeTouHoe TpocTpaHcTBO, Z,y € X. Ilycts n —
HamMeHbITlee 9HICaI0, TaKoe 9To =,y € X,. [locTponM nx memepecekaronecs
okpecrnoctu U, n V,, B X,,. [lycrb, Hampumep, r € €, 1j1e € — OTKpbITasd
n-kaerka. Torma B kadecTse U,, MOKHO B34Th MAJEHbKIN MTAPUK C IIEHTPOM
B TOUKe , a B KadecTtBe V, — momosuenue (B X,,) ero 3ambikanus. Ilycts
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Tenephb G — HEHTP HEeKoTopoit (n + 1)-mepnoii knerkm, ¢ : S™ — X, — ee
IpuUKIenBaioiee orodbpazkenne. PacMoOTpuM OTKPBITHIE KOHYCA HAJT gp’l(Un)
u o Y(V,,) ¢ Bepummnoit B Touke a. Iycrs Uy, 41 u Vy 1 — obbequuenns 06-
pPa30B NOMOOHBIX KOHYCOB 110 BCeM (n + 1)-MepHbIM KjeTKaM npOCTPAHCTBA.
fcHo, 9TO 9TO — JIMIBIOHKTHBIE OKPECTHOCTH TOYEK T U Y B Xp41. MHOXKe-
crea U = U2 Up u'V = Up2 | Vi — IM3bIOHKTHBIE OKPECTHOCTH TOYEK T U
B nmpocrpancrse X.

40.Cx Ilycrs X — KjeTrodmHoe mpoCTpaHCcTBO, € C X — ero KJeTka,
P D" — X — eé xapakrTepucTuieckoe orobpaxkenme, B C D" — or-
KPBITBIN eauHu4HbIi 1ap. Tak kak oTobpakeHue ) HEIPepbIBHO, TO € =
PY(D™) = ¢(C1B) C Cl(¢(B)) = Cl(e). C mpyroit croponst, ¥(D™) — kom-
[TAKTHOE MHOYKECTBO, CJIEJ0BATE/ILHO B CHLy 4(0.BXx OHO 3aMKHYTO, T109TOMY
e =1y(D™) D Cl(e).

40.Dx W3 oupenenennsi (haKTOPTOIOJIOTUN HETPY/IHO BUJIETH, UTO TI0-
KPBITHE N-0CTOBA KJIETOYHOTO IPOCTPAHCTBA €ro (n — 1)-0CTOBOM U 3aMKHY-
TBIMH N-MEPHBIMU KJIETKaMU siBjigercsd (pyHjaMenTaabubiM. Haunnas ¢ n =
0 u paccyx)jasi 10 WHIYKIIUU, [OJydaeM, 9TO MOKPBITHE KayKJ0r0 OCTOBA
KJIETOYHOI'O TPOCTPAHCTBA €r0 3aMKHYTBIMU KJIeTKAMU SIBJIsI€TCS (DyH/IaMeH-
TAJTBHBIM. A TTOCKOJBKY TIO OTMPEIETEHNI0 KICTOUHOW TOMOMOTHN MOKPBITHE
KJIETOYHOT'O IPOCTPAHCTBA €ro OCTOBAMU ABJIgeTCA (DYHIAMEHTATBHBIM, TO 1
MTOKPBITHE CAMOIO STOTO ITPOCTPAHCTBA €r'0 3aAMKHY THIMU K/IETKAMU SIBJISI€TCS
dbyumamentanpubv (M. 9.31).

40.Ex Crenyer u3 yreepxjaenusi 4(0.Dx, TOro, 9T0, B CHIY OlPeJIeIeHsT
KJIETOYHOI'O IMOJIPOCTPAHCTBA, KaXKJIad 3aMKHYTasd KJIEeTKa COJIEPXKHUTCI B
OJIHOM M3 3JIEMEHTOB TOKPBITU, W YTBepkKIennsd 9.31.

40.Fx lIlycte X — KjJeTodHOEe TPOCTPaHCTBO, X — ero k-octos. [lo-
KarykeM BHaJaJje, 9TO BCIKOEe KOMITaKTHOe MHOKecTBO K C X mepecekaer-
Cd JIMIIb C KOHEYHBIM YKCJIOM OTKPBITHIX KJeTOK ocroBa Xj. Jlokasareiib-
CTBO TIPOBEJIEM WHJIYKIIUEH 110 Pa3zMepHOCTH OCTOBA. [IOCKOIBbKY TOMOJIOTHs
B HYJIbMEDHOM OCTOBE JINCKPETHA, TO BCSIKOE KOMIIAKTHOE MHOXKECTBO MOXKET
COJIEpKATH JIUIIIb KOHEYHOE MHOKECTBO (-KJIETOK JAaHHOI'0 KJIETOYHOI'O IIPO-
crparcTBa. [IpoBejieM WHIYKIMOHHBIA 1epexos. PaccMOTpuM KOMITAKTHOE
vuaOKeCcTBO K C X,,. 7151 BCIKOI N-KJIETKU €, TTEPECceKaoeiics ¢ MHO-
xkectBoM K| BeiOepem OoTKpbIThIi 1ap U, C e, Takoit uro K NU, # 9.
Pacemorpum nokperrue I' = {e,, X, N\ UCl(Uy)}. fcno, uro I' — orkpeiroe
nokpeiTre MaHOKecTBa, K. B cuity ero KoMmmakTHOCTH U3 OKPBITUS || MOYXKHO
BbIOpAaTh KOHEYHOE HOJIIOKPBITUE. SHAYUT N-KJIETOK, lepeceKkaomuxcs ¢ K
— koHeunoe unciio. [Tepecevenne muoxecrsa K ¢ (n—1)-0croBom 3aMKHYTO,
BHAYUT KOMIIAKTHO. [0 HMHIyKIIMOHHOMY IIPEIIOIOKEHNI0 9TO MHOKECTBO
(K N X,,_1) mepecekaercsi ¢ KOHEIHBIM YHUCIOM OTKPBITBIX KJIETOK, MTOITOMY
7 MHO2KecTBO K mepecekaercs ¢ KOHEYHBIM UHCIOM OTKPBITHIX KJIETOK.
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[Iycrs reneps ¢ : S"~ ! — X,,_| — npuk/ensaiomee 0ToOpaskeHue s -
mepnoit kirerkn, F = (8" 1) C X,,_1. IMockosibky F KOMIAKTHO, TO OHO
MOYKeT IepeceKaThbCsl TOJILKO C KOHEYHBIM YHCJIOM OTKPBITHIX KJjeToK. Ta-
KMM 00pa3oM I110JlydaeM, 4To BeaKas 3aMKHYyTas K/eTKa [epeceKaeTcs JIMIb
C KOHEYHBIM YHCJIOM OTKPBITHIX KJIETOK.

40.Gx B cuny 40.Dx 1ocTaTovqHO MPOBEPUTH 3aMKHYTOCTH IEpecetie-
unit ANE m1s Bcex 3aMKHYTBIX KJIeTOK mpocTpancTBa X . Tak Kak KIeToIHoe
MIOJITPOCTPAHCTBO ABJISIETCA 00bEINHEHNEM CBOUX, KAK OTKPBITHIX, TAK U 3a-
MKHYTBIX KJIETOK, T. €. A = Ue, = Ue,, T0 B cumy 40.Fx

Ane= (Ues) Ne= (UL ieq,) NEC (UL es,) NEC ANE

U, CJIeJI0BATE/ILHO, BKIIOUEHHS B 9TOM IEMOYKe ABIIOTCs paBencTamu. Ciie-
noBaresbHo, B cuty 40.Cx MuOKecTBO ANE = U]' | (€4, N E) 3aMKHYTO KaK
06'beﬂI/IHeHI/Ie KOHEYHOT'O YH1CJjla 3aMKHYTBIX MHOZKECTB.

40.Jx Tlockombky, B cuity 40.FX, Bcakasi 3aMKHYyTasl KJIETKA ITePeceKa-
eTC JIUIb C KOHEYHBIM YUC/IOM OTKPBITBHIX KJETOK, TO MEpPeceueHne BCAKO
BAMKHYTON KJIETKN € C MHOXKECTBOM A ABIAETCT KOHEUHBIM W CJIEIOBATE -
HO (B cmiy XaycaopdOBOCTH KJIETOYHOTO MPOCTPAHCTBA) 3aMKHYTHIM — U B
X, u, Tem 6oiee, B €. Tak Kax, B custy 40.Dx, 3aMKHYTbIe KJIEeTKH 00pa3yoT
dyHIAMEHTATBHOE TTOKPBITHE, TO U TEM CAMBIM CAMO MHOXKECTBO A 3aMKHY-
to. Touno Tak ke u BCAKOE ero MOAMHOYXKECTBO 3aMKHYTO U B X, U, TeMm
bonee, B A. Takum 06pa3zom, JeHCTBUTENHHO, HHIYTIMPOBAHHAST TOMOTOTHS B
A muckperHa.

40.Jx Ilycrs K C X — KoMIIakTHOE 110JIMHO>KecTBO. B Kark /101 u3 KJjie-
TOK €, TIepecekatonnxcs ¢ K, BeioepeM 1mo ToUkKe Ty, € €,NK 1 paccMoTpum
muoxkecTBo A = {x,}. B cuiy 40.Ix mHOXKecTBO A 3aMKHYTO, U TOIOJIOTHSI
B HeMm — juckpernas. [TocKobKy A KOMIIAKTHO, KaK 3aMKHYTOE MOJIMHO-
JKECTBO KOMITAKTHOTO MHOXKECTBA, 3Ha4uT, OHO KoHeuno. CieoBarenbHo, K
[IEPECEeKAeTCsI JIUITh C KOHEYHBIM YUCIOM OTKPBITHIX KJIETOK.

40.Kx Cnenyer uz 40.Jx. Koneunoe kjeTounoe mpocTpan-
CTBO KOMIIAKTHO KaK O6'beﬂI/IHeHI/Ie KOHEYHOTI'O YUCJIa KOMIIAKTHBIX MHOZKECTB
— 3aMKHYTBIX KJIECTOK.

40.Lx IlpoBennTe WHIYKITUIO IO PA3MEPHOCTIM KJIETOK, BOCIIOTH30BaB-
IIACH TeM, ITO 3aMbIKaHNe KayK/I0i KIeTKN IepeceKaeTcs JIUMIb ¢ KOHETHBIM
YUCJIOM KJIETOK MeHbIeil pa3mepuoctu. Ob6parure BHUMaHUE, YTO CAMO 3a-
MBIKAHUE KJIETKU MOYXKET He ObITh KJIETOUYHBIM MOIIIPOCTPAHCTBOM.

40.Mx Cuenyer uz 40.Jx, 40.Lxwu 40.2.

40.Nx Ecmm K — KOMIaKTHOE TOAMHOXKECTBO KJIETOUHOTO IIPO-
CTPAHCTBA, TO OHO 3AMKHYTO, ITOCKOJBKY BCAKOE KJETOYHOE MPOCTPAHCTBO
xaycnopdoBo, a u3 yreepxienus 40.Jx cjie/lyer, 9To OHO IEePeCceKaeTCs JINIIb
C KOHEYHBIM YUCJIOM OTKPBITHIX KJIETOK.
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Ecimu muoxkectBo K nepecekaercst TOJIBKO C KOHETHBIM 9HCIOM OTKPbI-
TBIX KJIETOK, TO B CUIy 40.Lx OHO JIEXKUT B HEKOTOPOM KOHETHOM KJIETOUHOM
TTOIITPOCTPAHCTBE TAHHOTO TPOCTPAHCTBA. OCTATOCh BOCTIOIB30BATHCST TEM,
9TO KOHEYHOE KJIeTOYHOE MPOCTPAHCTBO KOMIAKTHO 40.Kx, a K — ero 3a-
MKHYTOE [TOJIMHOYKECTBO.

40.0x llycte X — KJI€TOYHOE MTPOCTPAHCTBO. Ecmu muoxecTBo
KJIETOK B HEM CYETHO, TO, B3dB B KaXKJIOH KJIETKE CUETHOE BCIO/Y ILJIOTHOE
MHOKECTBO 1 OO'bEJIMHUB WX, MBI TOJIyIUM CUETHOE MHOXKECTBO, IIJIOTHOE BO
Bcem X (mposepbre 310!). Takum obpaszom, X cemapabesbHO.
[Iposesem paccyxaenue “or nporusuaoro”. Ilycts B X umeerca necuer-
HOe MHOXKECTBO n-MepHbIX Kierok ep. Ilomoxum Ul = el. Kaxjoe u3s
mHOKecTB UJl orkpeiTo B n-ocrose X, npocrpancrsa X. I[ocrpoum renepn
HECUYETHBIN U3 bIOHKTHBIN HAOOP OTKPLITEIX B X MuoxkecTB. [lycts a — nentp
HEKOTOPOit (n+ 1)-meproit kaerku, ¢ : S™ — X, — ee npukenBaomee 0Tob-
paxenne. [Toctponm konyc Has ¢~ L(UD) ¢ BepimHOi B TOUKe a 1 0603HAMIM
gepes UM 06memunenne Takinx KoHycoB 1o BeeM (1 + 1)-MepHBIM KIeTKaM
npocrpancrea X. dAcuo, 9ro {USH} — HECYETHBIN IU3bIOHKTHBIH HAOOP

MHOZKECTB, OTKPBITBIX B X, 11. Torma muoxecrsa Uy = (Jpo,, US obpa3yror
HECUYETHBII JU3bIOHKTHBIH HADOP MHOXKECTB, OTKPBITHIX BO BCEM IIPOCTPAH-
cTtBe X, KOTOpOe, TAKUM 00Pa30M, He UMEET CUETHOU 06a3bl, U, B YACTHOCTH,
He cerapabdesibHO.

40.Px leiicTBuTe/IbHO, KOMIIOHEHTA JIMHEWHON CBA3HOCTH KJIETOYHOI'O
IPOCTPAHCTBA BMECTE C JII000 CBOEH TOUKON X IMEJTUKOM COJEPKUT KAZK YO
3aMKHYTYIO KJICTKY, COJEPzKallyl0 L U, B 4aCTHOCTHU, 3aMbIKQHUE OTKPBITON!
KJIETKH, COJIePKAIei .

40.Rx Cp. paccyxk/eHue, UCI0/Ib30BaHHOE TIPU perteHun 3a1adu 4 0. Ox.

40.Rx D10 Tak, B Culy JIOKAJbHON JIMHEHHOW CBSI3HOCTH KJIETOYHOIO
npocrpancTsa (cm. 40.Qx).
40.5x Crnenyer uz 40.Rx.

40.Tx {cro, aT0 MOKa3BIBATH HYXKHO JIUIIb TO, 9TO u3 cuerHoctu (-
OCTOBA CJIE/IyeT CIeTHOCTH BCero mpocrpancTsa. [lokarkem Mo uHIyKIWH, ITO
THCI0 KJIETOK KazK0il pazmepHocTu (He Gojee uem) cuerHo. /ljist sroro mo-
CTATOYHO JI0Ka3aTh, YTO KaK/ad KJIETKa IIepeceKaeTcsd ¢ KOHEYHbIM YUC/IOM
BAMKHYTBIX KJIETOK. Byer ymobnee /0Ka3biBaTh 0OJiee CUIHLHOE YTBEPZK/Ie-
HUE: BCAKas 3aMKHYTasd KJIeTKa € llepeceKaeTcsd ¢ KOHEUHBIM YUC/IOM 3aMKHY-
TBIX KJIETOK. ZICHO, ITO BCAKAd OKPECTHOCTD, MEPECEKATONIAICd C 3aMKHYTO
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KJIETKOM, TIePECeKaeTcd u C CaMOil Kj1ieTkol. PaccMoTpuM mOKphITHE 3aMKHY-
TOW KJIETKM € OKPECTHOCTAMH, KaxKJad M3 KOTOPBIX IIEpeCeKaeT JIMIIb KO-
HEYHOE YMCJIOM 3aMKHYTBIX KJIETOK. OCTaJIOCb BOCIIOJIbB30BATHCA KOMIIaKT-
HOCTBIO €.

40.Ux B cuny npegpimymmieit 3amgadn 1-ocToB mpocTpancTBa X CBA3EH.
N3 pesyabraTta 3agauan 40. Tx ciemyet, ITO JOCTATOTHO JOKA3ATH CIETHOCTH
YUC/IA er0 HYJbMEPHBIX KjeTOK. PukcupyeM HEKOTOPYIO HYJIbMEPHYIO KJIET-
Ky xg. Obo3maunmm uepe3 A o0beIUHEHNE BCEX 3AMKHYTHIX OJHOMEPHBIX
KJIETOK, COMEPKAINX TOUKY Tg. Lemepb pacCMOTPUM MHOKeCTBO As — 00b-
eMHEHNe BCeX 3aMKHYTBIX OJHOMEPHBIX KJIETOK, mepecekaromuxca ¢ As. B
CUJIY JIOKAJIBHON KOHEIHOCTH mpocrpancTea X MuoxkectBa A u Ag cocrosit
3 KOHETHOTO UMCaa KJIETOK. [IpomoKast mocTpoenne aHaIOrmIHbBIM 00Pa-
30M, MBI MTOJIYIUM BO3PACTAIOIIYIO TOCTIETOBATEIBHOCTh OJHOMEPHBIX KJTe-
TOYHBIX TOAIpocTpancTB Ay C As C ... C A, C ..., KaxKJ0e U3 KOTOPbIX
koneuno. [Tonoxnm A = (J32 | Ax. Muoxecrso A cocrout u3 (me Gomee 1em)
CIETHOTO 9UMCIa KAETOK. VI3 ompesenerns KJIETOIHOW TOMOJTOTHU CJIETYET,
9TO MHOXKeCTBO A u OTKpbITO, 1 3aMKHYTO B X1. [Tockoabky X1 CBSI3HO, TO
A= X;.

40.Vx Ecnm 1-ocTOB KJIETOYHOTO TPOCTPAHCTBA CBA3€H, TO Ca-
MO 3TO MPOCTPAHCTBO OYEBU/HO CBAZHO. [Ipeamonoxkum, aro 1-ocToB
He sBJII€TCS CBA3HBIM. 1OrJ[a OH MPEJCTaBIAETC KaK O0beIUHEHUE BYX
3aMKHYTBIX MHOXKecTB, X1 = X| U XY . Kaxkias qByMepHas KJIeTKa HPUKJIe-
MBAeTCS K OJHOMY W3 STHX MHOXKECTB, 3HaunT, Xo = X4 U X/, Anasornanoe
PACCYK/IEHIE TTOKA3BIBAET, UTO LIS KayK/I0TO HATYPATHHOTO 1 UMEET MECTO
[pPEJICTABJIEHIE N-0CTOBA KaK O0bEIMHEHUST €r0 3aMKHYTBIX MOIMHOYKECTB.
Homoxum X' = (Jo2 g X, u X" = U2, X,,. Ilo onpesenennio KIeToaHoM
ronoorun Muoxkectsa X' u X' aBasiorcs 3aMKHYTBIMH, CJeJ0BATEIbHO,
MMPOCTPAHCTBO X HECBSI3HO.

41.A YTBepxKjeHue HEIOCPEJICTBEHHO CJIEJYET U3 OUEBUJIHOIO PABeH-
crBa ¢;(AUB) =¢;(A) +¢(B) — i (AN B).

41.B Bocrojib3yemcs CJie/lyIolMM UCKYCCTBEHHBIM IpreMoM. Bpejem
muorouen xA(t) = co(A) + c1(A)t + ... + ¢ (A)t" + .... On HasbiBaercs
mHoroyneHom [lyaHkape, 1 ero BaxKHeilllee Jijisi HAC CBOUCTBO COCTOUT B TOM,

aro x(X) = xx(—1). Tak kax cx(X x V) =% ci(X)er(Y), 10
Xxxy (t) = xx(t) - xy(t).

Braunt, X (X x V) = xxxy(=1) = xx (1) - xy(=1) = x(X) - x(Y).

41.C U3 omnpejiesieHus CaegayeT, YTO 00beIUHEHNE BCEX OTKPBITHIX K/Ie-
Tok mpoctparcTBa X \ (eU f) coBmagaer ¢ 00beInHEHIEM BCEX er0 3aMKHY-
TBIX KJIETOK, CJAeJOBATEIbHO, OHO ABJSIETCI KIETOUHBIM TOAIPOCTPAHCTBOM
mpocTpaHcTBa X.
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41.D edbopmanmonnas perpakius mapa D" Ha ero HUKHIOI 3a-
MKHYTYIO 1101ycepy S onpenensier nedbopMaIMOHHY 0 peTpakiuio X —
X~ (eUf).

41.FE YTBepkKIaeHne 0UeBUIHO, TOCKOALKY MIPU KaXKIOM JIEMEeHTAPHOM
KOMOMHATOPHOM CTSTUBAHUU YHCJIO KJIETOK B JBYX COCETHUX Pa3MEPHOCTIX
YMEHBITAETCS Ha eIUHUILY.

41.F Tlycrs p: X — X' — orobpaxkenue dpakropusanuu. IIpocTpancrso
X' pasbusaercs Ha Te ¥Ke OTKPbITbIE KJIeTKU, 4T0 U X , 33 UCK/IIOUEHUeM KJie-
ToK e u f. [IpukienBaronumm 0TobparkKeHneM JIjist KaxKI0f U3 HUX SIBJISIETCS
KOMITO3UIIMS MCXOIHOTO MPUKJ/ICHBAIONIEr0 0TOOPAYKEHUS U P.

41.G.1 Moxuo B3atb Y = X,,_1 Uy, D". fdcno, aro Y =Y \ (e U f),
OyZieM OTOXKJECTBIATH 3TH IpocTpaHcTBa. Torma mpoekmus p' : Y — Y/
SIBJISIE€TCS TOMOTOINYECKOI 9KBUBAJIEHTHOCTBIO B CUJIy yTBEpXKjeHus 41.D.

41.G.2 llycrs {e,} — Habop N-KJETOK MPOCTpAHCTBA X, OTIHIHBIX
OT KJIETKHU €, (Y, — COOTBETCTBYIOIINE MPUK/IEUBAIOIIEe 0ToOparkenus. Pac-
cmorpuM orobpaxkernue p’ 1Y — Y/, Tak kak

Xn =Y Uy, (| |D2), 10 X}, =Y Upog, (| |D2).

[TockonbKy oTobpazkenne p' B cuny 41.G. 1 aBIg€TCS TOMOTOMYECKOT SKBH-
BAJIEHTHOCTBIO, TO U3 Pe3yIbTaTa YTBEPKIAEHUS 4 1. 6X CIETyeT, UTO ee MOYKHO
IPOJIOJIKUTH 0 TOMOTOIMYECKOI SKBUBATEHTHOCTH Py, @ Xy, — X, IIpomos-
JKash WHIYKIUIO 110 OCTOBAM, MOJIYyIUM TpedyeMoe.

41.Ax Tlpoeegem H0Ka3aTeIBLCTBO WHIYKIHEH 10 pazMepHOCTH. SICHO,
9TO CJIeyeT PacCMATPUBATH TOJBKO T€ KJIETKHU, KOTOPBIE HE JIEYKAT B IMOJI-
npocrpancrse A. Ecim umeercs perpakiys

pn—1: (Xp-1UA) X T — (X1 x0)U(AXIT),
TO, €CIM MBI TIOCTPOUM PETPAKITAIO
o (XnUA) X T — (X, x0)U(Xp—1UA) x 1),
TO OYEBUJIHO, KAK C TIOMOIIBIO X “KOMIIO3UIUN IOy IUTh PETPAKITUIO
pn: (XpUA) X T — (X, x0)U(AxI).

Ham norpebyercs crammapTaas perpakimsa p : Dx T — (D" x0)U(S™ 1 xI).
(IIpore BCero ompemesinTh p reOMEeTPHYECKH. PacmoIoKuM IUINHID CTaH-
JapTHBEIM o6pazoM B mpocTpancTse R™M u pacemorpum kaxyio-m6o Tou-
Ky p, JIEXKAIyio HaJ IIeHTPOM €ero BepxHero ocHoBamus. las z € D" x [
MOJIOKUM p(2) PaBHBIM TOYKE MEPECEYeHNs JIyda, UCXOMAIIEro W3 P U IIpo-
XOJAIIEro uepe3 z, ¢ obbeaumnenneM ocHoBanma D™ X 0 m OGOKOBOI CTEHKH
S"=1 x I mumungpa.) ®akTopoM OTOGparKeHHs p ABIAETCA OTOGpPaKeHHe
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ex I — (X, x0)U(X,—1 X I), IpOJO/IZKMB KOTOPOE TOKJIECTBEHHBIM 00pa-
3om Ha X1 X I, MBI OJTyunM 0TOOparKeHue

pe:(E@xI)U(Xpo1 xI)— (X, x0)U(Xpoq x I).

[TockosbKy 3aMKHYTBHIE KJeTKK 00pa3yior dyHaMeHTalbHOe IOKPbITHE KJle-
TOYHOIO IPOCTPAHCTBA, TO TEM CaMbIM OIPE/IEJIeHa, PETPAKIHS Py, .

41.Bx ®©opmyms H(z,0) = F(z) npu z € X u H(x,t) = h(z,t) npu

(z,t) € AxI onpeaensior Hexoropoe orobpaxenne H : (X x0)U(AxI) — Y.
B cuny 41.Ax cymecrByer perpakmusg p : X X I — (X x 0) U (A x I).

Komnozunns H = H o p u GyjileT nckomoii romorornueii.

41.Cx Ob6ozuaunm depe3 h : A X I — A TrOMOTONNIO MEXKJIy TOXKIE-
CTBEHHBIM OTOOParKeHWeM MOJIIPOCTPAHCTBA A U MOCTOSHHBIM 0TODPaZKeHU-

em A — A: aw— xg. Paccmorpum romoronuio h =ioh : Ax I — X. B
cuty Teopembr 4 1.Bx eé M0oxk#HO mpoj10/KuTh 10 romoronuu H : X X I — X
TOXKIECTBEHHOTO 0ToDpaskeHmWst Bcero mpoctpancTsa X . Paccmorpum oTob6-

paxernne f : X — X, f(z) = H(x,1). Ilo mocrpoerno roMoTOmHn ﬁ,
f(A) = {zo}, cremoBarenbno, dakTopom f gBISIETCS HEMPEPBIBHOE OTOO-
paxenne g: X/ 4 — X.

JIoKazKeM, 4TO pr U g SIBISIOTCS B3aUMHO O0PATHBIMU TOMOTOIMUIECKUMHU K-
BuBajieHTHOCTsAME. J[1s1 9TOr0 HEOOXOAUMO TPOBEPUTH, YTO g © pr ~ idx u
prog ~ ldX/A

1) Bamernm, uro H(x,1) = g(pr(z)) no onpenenenuio orobpaxenns g. [To-
ckobky H(x,0) = 2 npum Bcex x € X, To H aByisiercs roMoTonmeii Mex iy
idx u Kommozumeit g o pr.

2) Ecau npodakropuzosarh Kaxkaplii cioit X X ¢ mo A X ¢, TO, MOCKOJLKY
H(xz,t) € Anpu scex x € A, t € I, u3 romoronuu H MBI OJIyYUM TOMOTO-

o H X/ A — X/ A vexny idy 4 n kommosummeit p o g.

41.Fx B cuny 41.Ex mbl BripaBe CUATaTh, 9YTO B JIAHHOM ITPOCTPAH-
CTBE UMEETCs OJ[HA HYyJIbMEPHAs KJ/IeTKA, TAKUM 00pa3oM, €ro OJHOMEPHBIM
OCTOBOM sBJjIsieTcst OykeT OokpyzkHocTeil. Paccmorpum xapakTepucTudeckoe
orobpaxkenwne Y : I — X mexoropoit 1-xinerku. Ham Oymer ynobuee BmecTo
IIeTJIH 1) PACCMOTPETh KPYroByo meTmo S' — X, KoTopyio MBI 0603HAMIM
Toit ke OykBoii. [IocKOBKY MpPOCTPAHCTBO OJHOCBSI3HO, IMETJIIO 1) MOYKHO
IIPOJIOJIKUTE 710 oTobpaszkenns kpyra f : D? — X. PaccMoTpum Tereps
map D3 u 6ygeM g1s mpocTOTHl 0603HAYMEHHI CUUTATH, UTO f ONIPEIesICHO
Ha HukHeil mosycdepe S2 ero rpammupl. [lomoxum Y = X U ¥ D3 ~ X.
[IpocTpancrBo Y dBjsgercs KJIETOYHBIM U IMOJIydYaeTcs JT00aBIeHHeM K KJjie-
TOYHOMY pa3bueHuro mpoctpancrsa X JBYX KJIETOK — JIBYMEPHOH U Tpex-
meproit. HoBas jByMepHas KiIeTKa e — obpa3 BepxHeii mosycdepsr B D3 —
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SIBJISIETCS] CTATUBAEMBIM KJIETOUHBIM ITPOCTPAHCTBOM. 3HAYUT, (PaKTOPIPO-
crpaicTBo Y/e >~ Y 1 COAEpKHUT Ha OJHY OJHOMEPHYIO KJIETKY MEHBbIIIE,
gem ucxozHoe npocrpanctBo X. IIpomoskas paccykjienue, Mbl U TOJIY UM
MIPOCTPAHCTBO, JBYMEPHBII OCTOB KOTOPOIO COCTOUT W3 0HOIH Touku. Obpa-
THTE BHUMAHWE, 9TO HAIe TIOCTPOEHNE IPUBEJIO K TPEXMEPHOMY KJIETOUHOMY
POCTPAHCTBY. B eiiCTBUTE/IBHOCTH MOYKHO JIOKA3aTh, YTO B HAIIUX yCJIOBU-
SIX TIPOCTPAHCTBO OY/IeT TOMOTONMMIECKN SKBUBAJIEHTHO: TOUKe, 2-chepe, uin
bykery 2-cdep, OHAKO JI0KA3ATEIHCTBO ITOIO KCIO/IB3YeT 00JIee CIOXKHYIO
(rOMOJIOTHYECKYI0) TEXHUKY.

41.Gx Ilycrs orobpaxkenne f : X — A aBiagercda TOMOTONWYIECKH 06-
paTHbIM K BK/OUYeHHio . [lo ycaoBuio cyxkenue f Ha MOAIPOCTPAHCTBO A,
T. €. KOMIo3unust f o 4, TOMOTOITHO TOXKJIECTBEHHOMY oTobparkenuto id4. B
cujIy Teopembl 4 1.Bx 3Ty TOMOTONHWIO MOYKHO MPOJOJIKUATE JO TOMOTOIIHH
H : X x I — A orobpaxenusi f. Ilonoxum p(z) = H(x,1), upu srom
p(z,1) = x upn Beex x € A. Cnenosarennuo, p — perpaxnusi. Ocranoch
3aMETHUTh, 9TO, MOCKOJBKY p TOMOTOIHO f, TO 4 0 p TOMOTOITHO KOMITO3WUIIAN
10 f, koropast roMOTONHA, id x, TaK KaK 10 IPEJIITOI0KEHUI0 [ U ¢ ABJISTFOTCS
TOMOTOITMYECKU OOPATHBIMU.

42.A JIoKa3nIBAeTCA TTO0 WHIAYKIINN TIPU TIOMOITH JTeMMBI 42.A. 1.

42.A.1 KonHe4yHo, TO, 4TO HPOEKIMS SIBJISAETCH I'OMOTOINYECKON SKBU-
BaJIEHTHOCTBIO, €CTh YaCTHBIA caydait yreepxkaenuit 41.Dx u 41.G. Ojna-
KO 3JIeCh MBI IPUBOJUM HE3ABUCUMOE PACCYZKJIEHWE, KOTOPOE B OJIHOMED-
HOM CJjiydae siBjisiercd OoJsiee HarvisiHbiM. Bce romorornmm OyjiyT CBS3aHbBI
BHE OKPECTHOCTH OJHOMEPHOW KJIETKU € MCXOIHOIO KJIETOIHOI'O ITPOCTPAH-
crea X W BHE OKPECTHOCTH HYJIbMEPHON KJIeTKH Ty — 00pa3a KJIETKH € B
dbakroprnpocrpancree Y = X/o. B 9700l cBA3u MBI OyseM paccMaTpHBATH
TOJIKO 3aMBbIKAHUs TAKUX OKpecTHOCTel. [Ipu sTom, mjig mpocToTsl 0003HA-
deHuil OyneM CYUTATh, UTO PACCMATPUBAEMbIE MPOCTPAHCTBA COBIIAJIAIOT C
9TUME OKpecTHocTsaMu. B Takom cjiaydae mpocTpancTBo X — 5TO OJHOMED-
Hag KJIeTKa e, K JIeBOMY KOHITY KOTOPO#l MpWKaeeHbl oTpe3kn I, o, ..., Ij,
K mpaBomy — orpe3ku Ji,Ja, ..., J,. [IpocTtpancreo Y ects mpocro Oyker,
COCTABJICHHBIII M3 BCEX STUX OTPE3KOB C 00Iell Toukoit xg. OTobpakeHue
f X — Y ycrpoeno ciemyomum 06pa3oM: OHO 0TOOpaKaeT KayK/Iblil u3
orpes3koB I; n J; Ha ceba TOXKIECTBEHHBIM 00pa30M, a KJIeTKY € 0ToDpazkaeT
B TOUKY xg. OTobpaxkenue g : Y — X 1epeBOJUT TOUKY X B CEPE/IUHY KJIET-
KU e, TIOJIOBUHY KayKJ0ro 3 0Tpe3koB I[s u J; — B, COOTBETCTBEHHO, JIEBYIO
U TIPaBYIO MOJIOBUHY 3TON KjeTku. HakoHer, ocTaBIasiCs MOJIOBIUHA KaXK 0~
IO U3 3TUX OTPE3KOB 0TOOPaAXKAeTCst (C PACTSKEHWEM B JiBa pa3a) Ha, [eJIblii
orpe3ok. Jlokarkem, 9TO ONMCAHHBIE OTOOPAKEHUS ABJISAIOTCH TOMOTOIIUIE-
ckn obparHbIME. [Ipr 3TOM BaskHO, ITOOBI TOMOTOTINN OBIIN CBSI3AHHBIMHI HA,
cBODOIHBIX KOHIAX 0Tpe3koB [ u Jy. Kommosurnusa fog:Y — Y ycrpoena
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crenytomum obpasom. Ilpusenenne f o g Ha KaxKIbIil W3 OTPE3KOB OyKeTa
— 9T0, CODCTBEHHO T'OBOPS, IPOU3BEICHNE TOXKIECTBEHHOTO IIyTH U ITOCTOsSH-
HOTO Iy TH, KOTOPOE, KaK U3BECTHO, MOMOTOIIHO TOXKJIECTBEHHOMY TyTH. [Ipu
9TOM TOMOTOIUS CBSI3aHA, KaK Ha CBODOIHBIX KOHIIAX OTPE3KOB, TaK U B TOUKE
xo. Kommosunust g o f orobpaskaer BCIO KJIETKY € B €€ CepejinHy, CMeKHBIe
KJIETKE € ITOJIOBUHBI KaXK/I0r0 U3 0TPE3KOB I u J; 0T0OpakaroTcs B MOJIOBUHY
9TON KJIETKH, & OCTABIINECTd WX 9aCTH PACTITUBAIOTCA B JIBA Pa3a U 0TOOPa-
JKAIOTCS HA BECh COOTBETCTBYIOIMiT O0Tpe3ok. KoHeuHno, paccMarpuBaeMoe
0TOOparKeHre FOMOTOITHO TOXKJIECTBEHHOMY.

42.B B cuny 42.A.1, Bcakoe CBA3HOE OTHOMEPHOE KOHETHOE KJIETOTHOE
npocTpaHcTBo X TOMOTONMYECKM SKBUBAJIEHTHO HpocTrpaHcTBy X', umciio
HYJIbMEPHBIX U OJHOMEDHBIX KJIETOK B KOTOPOM Ha, €JIMHUILY MEHBIIE, YeM B
npocrpancree X, caegoarensio, X (X) = x(X'). Paccyxmas no wapykimm,
MbI B PE3yJ/IbTaTe 110y YUM IIPOCTPAHCTBO C OJHON HY/JIbMEPHON KJIeTKOM, JIi-
JiepoBa xapakrepucruka koroporo pasha X(X) (cp. 41.E). Ilycrs k — ancio
OJIHOMEDHBIX KJIeTOK 310oro npocrpancrsa. Torma x(X) = 1 — k, 3nauwur,
k=1— x(X). Ocranocs 3ameruTh, 4T0 YUCJI0 k — 3TO ¥ €CTh PAHI I'PYIIIIBL
m(X).

42.C Cnenyer u3 42.B B cuny Toro, uro (pyHIaMeHTa bHAS TPYIIIA
MIPOCTPAHCTBA $IB/IAETCS MHBAPUAHTOM OTHOCUTEJHHO FOMOTOMUYECKUX K-
BUBaJICHTHOCTEIA.

42.D Crenyer uz 42.C.

42.E B cuny 42.B, Ecniu dyHgaMenTa bHbIe TPYIIIBI ABYX KOHEYHBIX
CBSI3HBIX OJJHOMEPHBIX KJIETOYHBIX MPOCTPAHCTB M30MODPMHBI (HJIH YKEe COB-
aafo0T SiIePOBbI XapaKTePUCTHKU ITUX MPOCTPAHCTB), TO KAXKJI0€ M3 HUX
TOMOTOTIMYECKN SKBUBAJEHTHO OYKETY, COCTOSINEMY U3 OJHOIO U TOTO Ke
quC/Ia OKPY2KHOCTE, 3HAYUT, CAMU IIPOCTPAHCTBA FOMOTOIMYECKU IKBUBA-
JienTHBI. ECan mpocTpaHCTBAa MOMOTOIMMYECKU YKBUBAJJIEHTHBI, TO, KOHEYHO,
ux PyHIaAMEHTAJIbHBIE TPYIIbI U30MOPdHBIL, a B cuity 42.C) coBIagaoT u ux
3i11€pOBbI XapPAKTEPUCTUKU.

42.Ax Ilycts e — oTKpBITag KaeTKa. Ecmm 06pas . (S°) ee mpukiensaio-
Iero 0TOOPAYKEHNS COCTOUT U3 OJHOM TOUKM, TO OUEBU/IHO, UTO TOMOTHEHIE
X \ e ceazno. [Ipeamonoxmi, ato . (S%) = {zg,71}. Jokaxkure, aT0 Kax-
Jasi U3 KOMIIOHEHT CBSI3HOCTHU JIOMOJIHEeHus X \ € COJAEPKUT XOTs Obl OIHYy
3 TOYEK T U T1.

42.Bx 1) Ecau KOMIoHeHTa CBSI3HOCTH JIONOJIHEHUST X \ T HEKOTOPOW
BEPITUHBI & CBSI3HOTO OJHOMEPHOTO KJIETOYHOTO MPOCTpPaHCTBa X HE COomep-
KUT pedpa, 3aMBIKAHUIO KOTOPOI'O MPUHA/JIEZKUT BEPIIUHA X, TO B CHJLY JIO-
KaJIbHOM CBSIBHOCTH KJIETOTHBIX TTPOCTPAHCTE, 3Ta KOMIIOHEHTA W OTKPHITA 1
3aMKHYTa BO BCEM NPOCTPAHCTBE X, UTO NMPOTUBOPEYUT €ro CBA3HOCTH. 2)
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Cnemyer w3 TOro, 9T0 BEPIIUHA CTEIEHW 1M BXOJUT B 3aMbiKaHue He Oojee
geM m PasInIHbIX pebep.

43.A Cu. 42.B.
43.B Caexncreue 42.I (wmn 41.Cx) B cuny 35.L.

43.C  ocrarouyno joKa3aTh, UTO BCsikasd merid w @ I — X romoromn-
na mere v ¢ v(I) C A. O6osmauum wepes U sexammii B D¥ oTKpbITHIf
map pajuyca %, a gepe3 V — nmononHenune B X 3aMKHYTOIO IIapa pPaJuy-

ca % B cuny smemwmbr Jlebera, cymecrByer Takoe paszbuenue orpeska | Ha

orpe3ku Iq,..., [N, 9T0 06pa3 KaxKJI0T0 U3 JEMEHTOB pPa3dUeHus 1eTUKOM
cofepxkuTcst B omHoM 13 Muokects U wian V. Ilpennosnoxum, aro u(l;) C U.
[ockoabky B D m06b1e Iy TH ¢ OAMHAKOBBLIM HAMAIOM U KOHIIOM TOMOTOIIHEL,
CyZKeHHe |7, TOMOTOIHO IIyTH, He 3a/IeBAIOIIEM IEHTD a € D*. Buaunr, mer-
JIST 4 TOMOTOIHA TIeTIe ', 06pa3 KOTOpoil He coaepKuT TouKy a. Ocramoch
BaAMETUThH, ITO MPOCTPAHCTBO A SIB/IIeTCsT eDOPMAITMOHHBIM PETPAKTOM J0-
nonHernsg X \ @, 3HAUAT, 4 TOMOTOIIHA METIe v C JeKamuM B A 06pasom.

43.D Tlycrs s —newis B Touke g. Tak kak MHOxkecTBO $(I) KOMIIAKTHO,
TO OHO COJIEPKUTCH B HEKOTOPOM KOHEYHOM KJIETOYHOM IO/[IIPOCTPaHCTBE Y
npoctpanctBa X . Ocrasoch BOCIOIB30BATHCH YTBEPK AeHeM 4 3. C u mpoBe-
CTH WHAYKITAIO TI0 YUCIY KJIeTOK B Y.

48.E Cuencreue 43.D wu 3.B.

48.F Eciu mbl Bo3bMeM JIpyroit Habop myreit s, , 1o snementst Ty, (@]
1 Ty [pa] OymyT conpszkensl B 71(X1, 7o), a MOCKOIBKY moArpymma N — HOp-
MaJIbHA, TO OHA COAep:KUT Habop amementoB {71y, [¢a]}, corma B meii comep-
xurea mnabop {1y [pal}

48.G Mpubl BupaBe cauTaTh, 9TO HYJbMEPHBIH OCTOB MPOCTPAHCTBA X
COCTOUT U3 €IUHCTBEHHOIN TOYKHU T(, TAK UTO €r0 OJHOMEPHBIM OCTOBOM X1
gapsgercd Oyker okpyxkuocreitl. Paccmorpum makpoeitue py @ Y] — X1 ¢ gan-
noit rpynmnoit N. Ero cymiecrsoBanue ciejiyer u3 obieit reopembr  $9.Dx o
CYIIIECTBOBAaHUU HAKPBITUS C JIAHHOW rpyrmoit. B paccmarpuBaemom cirydae
TOTAJIBHOE MMPOCTPAHCTBO HAKPBITUST OYJIET OJHOMEPHBIM KJIETOTHBIM ITPO-
crpaucTBoM. Temepsb 10Ka3aTeILCTBO TEOPEMBbI IPOUCXOIUT B HECKOIBKO IITa-
OB, KaXK/bIl U3 KOTOPBIX HPECTABJIsIET CODOW JTO0KA3aTE/IHLCTBO OJHON u3
crepytomux cemu jgemm. Ham Byzier takzke ya00HO caurarhb, 9To ¢q (1) = xq,

tak 910 T, [00] = [Pal-
483.G.1 Tak kak sicho, uro in.([ps]) = 1 B rpymne 71(X,zg), 10
in,([pa]) = 1 B rpynne m;(X, zp), 3HAYAT, KaxKAbIH U3 IEMEHTOB [p,] €

Ker .. Iockonbky moarpymma Ker ¢, sBiisiercss HOpMa/ibHOI, TO OHA CO/IEP-
ZKUT N — MUHUMAJIBHYIO TTOATPYIITY, IMOPOZKJICHHYIO 9TUMU 3JIEMEHTAMU.

43.G.2 Cnenyer uz 39.Px.
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43.G.3 Tlycrs F = pl_l(aso) — cJi0it Hay, Toukoil xg. OrobpaxkeHue po
SIBIsTETCS (PAKTOPOM OTOOPAYKEHIST

Y; U <|_| | | Diy) — XU <|E|D§>,

a yeFy

npuBeIeHne Koroporo Y7 — Xj — 9T0 orobpazkeHnnme pi, a OTOOparKeHHS
I_lyGFaDi — Di TOXK/IECTBEHHBI Ha KaKJIOM U3 KPYTroB Di. dcnHo, uTo y
kaskaoit Toukn x € Int D2 C Xo ee NPaBUILHO HAKPHITOH OKPECTHOCTHIO
SBJISIETCA BCA BHYTPEHHOCTH 9TOro Kpyra. Ilycts Teneps mjig Touku x € X
MHO>KeCTBO U1 ABJIACTCA €€ ITPaBUJIBHO HaKprTOﬁ OKPECTHOCTBHIO IO OTHO-
meHnio K Hakpeituio pi. Homoxum U = Uy U, Yo (Bar), T By — 310

OTKPBITBII KOHYC C BEPIIUHON B IEHTPE IIapa Dg, HaJ| MHOYKECTBOM 90;,1 (U).
Muoxkectso U Oyjier mpaBuIbHO HAKPBITOH 110 OTHOIIEHUIO K OTODPAKEHUTO
P2 OKPECTHOCTBHIO TOYKH .

43.G.4 llpuBenem 10Ka3aTeIbCTBO JIAHHOTO YTBEPKJICHIUS BHAYAIE JITs
n = 3. Urak, nycts p : X — B — npousso/bHOE HaKpeITHE, © : S? — B
~ Ipom3BoIbHOE oTobpazKkenwe. Pacemorpum mommmoxkectBo A = (ST x 0) U
(1 x I)U(S* x 1) mammapa St x I, mycrs g : St x I — S* x I/ A — 10 0T06-
paxkenne daxropusarmun. Herpynmo sumers, uro S' x I/ 4 = S?, mostomy
6yaeM cumrarh, uto ¢ : S' x I — S%. Komnosumua h = poq:S' x I — B
SIBJISIETCS TOMOTOIINEl MEeXK/Iy OJHOIl M TOil »Ke IMOCTOSHHOII mmeTieil B basze
nakpbiTug. [lo Teopeme o makpsiBatomieit romoronuu 34.C romoTonus h Ha-

KPBIBAETCS O0TOOPAYKEHUEM E, KOTOPO€ TaKzKe ABJIAeTCd MOMOTOIIUEA MEXK /1y
JIByMsI TIOCTOSIHHBIME IIyTSIMU, 3HAYUT, ero (pakTopoMm OyaerT 0ToOparkeHue
@ : S? — X, makpoiBaomiee . Ilpu n > 3 B pacCy:KIeHIN MOYKHO HCIIOJIb-
30BaTh 39.Xx.

48.G.5 JlokazaresbCTBO aHAJOIUIHO JTOKA3ATEIbCTBY JIEMMBI 3.

43.G.6 llockosnbky mers inos : I — X romMoromnHa mocTOsIHHOM TIeTIIe,
TO OHA U HAKPBIBAETCH MeTJIeil, 00pa3 KOTOpOii Oy1eT aBTOMATHIeCKH JIeZKaTh
B Yl.

43.G.7 Ilycrs s — newns B8 Xy, takast 4ro [s] € Ker(iy),. I3 nemmsr 6
CJIeJyeT, 9T0 OHa HakpbiBaercs newteit § : I — Y7, swauur [s] = (p1)«([s]) €
N. Tem cambivm Kerin, C N, nosromy B cuity jsemmbl 1 N = Kerin,.

43.1 K npumepy, RP? nonyuaerca npu npuxiensanmu D? k S mo-
cpencTBoM oTobpazkerns ¢ : S' — S! rae ¢(z) = 22, Kmacc merm ¢ B
71(S') = Z npencrasiger m3 cebg yABOCHHYIO 06Pa3yIONTyIO, CIEI0BATEh-
o, 7 (RP?) 2 Zs, Kak 1 ciemoBasio oxuaars. Top St x S! momywaerca B
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pesy/brare npukiensanna kpyra D? k 6ykery S!V S mocpemcrsom oro6-
paXkKeHus @, KJIaCCOM KOTOPOI'O SIBJISETCH KOMMYTATOP 00pasyommx dyH/ia-
MeHTaJIbHOW rpytibl Oykera. [Tosromy, Kak u ciie/ioBaio 0KuarTh, MyH/a-
MEHTaJIbHON I'DYLIION TOpa ABJIAeTCA 72,

43.K Cwum. 40.L (h).

48.L Cwm. 40.L (i).

43.M.1 Tak Kax eJJMHCTBEHHOE COOTHOIIIeHNE B (DY HIAMEHTATBHO IPYTI-
e cephl € g pydKaMu O3HAYAET, UYTO MPOM3BEJEHINE § KOMMYTAHTOB 00pa-
3yromux a; u b; pasuo 1.

483.M Taxk xKak X TPOKOMMYTHPOBAHHBIE TPYIIIIbI sIBJAIIOTCS CBOOOJI-

HBIMEU abeJIeBBIMU TPYIIIAMU C PA3HBIM YKUCJIOM 00pa3yIoIuX, 3HAYUT, OHU
He U30MOP(MHBI.

43.N.1 B3gB B IPOKOMMYTHPOBAHHON I'PYIIE B KAYeCTBE 00Pa3YIOITIX
SJIEMeHTH! a;, ¢t = 1,2,...,9 — 1, n b, = ajaz...aq, MBI TIOJIy9nM abesieBy
IPYTITy C eJMHCTBEHHBIM COOTHOTIeHneM b2 = 1.

48.N Caencreue 43.N.1.

43.0 Cnencreue 43.M.

48.0 Cnencreue 43.N.

43.Q Cnencreue 43.M.1u 43.N.1.

48.Ax Mpl He mpeanosaragM, 9TO YUTATE/Tb CMOYXKET CaMOCTOSITEBHO
JTOKa3aTh 3Ty TeopeMy. /loKazaTeqbCcTBO MOXKHO HAWUTH, K IPUMEDPY, B KHUTE
[4]-

43.Bx Hapucyiite KOMMYTaTUBHYIO JIMarpaMMy, B KOTOPOil y4acTBYIOT
roMOMOPUBMBI, MHIYTUPOBAHHBIE BCEMU CYIIECTBYIONIUME B 3TOW CUTYAITHH
BKJ/IFOYCHUAMMN.

438.Cx IlockonbKy, Kak Oyzer qokasaHo B pasmene 43/7x, rpymma, 3a-
JTaHHAs BBIMEYKA3AHHBIM 00Pa30M, B JefiCTBUTETHHOCTH C TOYHOCTHIO 710 Ka-
HOHIYIECKOr0 m30MOpdr3Ma He 3aBHCUT OT BBIOOpa 00pasyIoIux U COOTHO-
mernit B rpynnax 71 (A,xg) u w1 (B, ) u BbOOpa 006pa3yIoONX B TPYIIIe
m1(C, zp), MBI MOYKEM BOCIIOJIb30BATHLCA HAWOOJIee YIOOHBIM TSl HAC 331~
uueM. BreiBegem manuyio Teopemy u3 teopem 43.D u 43.G. llpexse Bcero
bymer ymobuo 3amenuth npoctpanctBa X, A, B, C' Ha TOMOTOIHYECKUE K-
BUBAJIEHTHBIE MM MPOCTPAHCTBA, HY/JIHBMEPHBIH OCTOB KOTOPBIX COCTOUT U3
oJTHOI TOUKU. MBI cjiesiaeM 9TO Mpu TTOMOIIU CJIeyoIeit KoncTpyKimu. Pac-
CMOTPUM JiezKallee B oJHoMepHOM ocToBe C MaKCUMaJIbHOE JIepeBo; 0603Ha-
unm ero Te. Honosnum ero 0 mMakcumasibHoro jgepesa 14 O To B A, a
Takzke JonoanuMm 1o 10 MakcumaiabHoro gepesa Ig O To. Ob0benunenue
T = T4y UTg aBaserca MakcuMmaJibHbIM JepesoM B X. Ocrasoch 3aMeHuTh
Kask/I0e U3 PacCMaTPUBAEMbBIX IMPOCTPAHCTE ero (paKTOPOM TI0 JIEYKAIIEMY B
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HEM MaKCUMaJIbHOMY JepeBy. Takum 0Opa3oM, OJHOMEDHBI OCTOB KarK0-
ro w3 npocrpancte X, A, B,C win coBmajaer ¢ HyJIbMEPHOW KJIETKOH Xy,
wim gBJisiercss Oykerom Okpyzkuocteit. Kaxkoit u3 oxpykHOCTEil OyKeToB
cooTBETCTBYeT 00pa3yrorias PpyHIAMEHTAIBHON IPYIIbl COOTBETCTBYIOIIETO
npocrpancrsa. Obpasom snementa y; € 71 (C, xo) npu romomopduzme BKITIO-
YeHUsl ABJSIETC OJjHA U3 00pasylomux, 1myctb «; (5;) B rpymme (A, xg)
(coorsercrBenno, B m (B, x0)). Takum obpaszom, & = «o; u 1; = ;. Coor-
HotteHust & = 1);, a B, JAHHOM cjydae «; = [;, ¢ = 1,...,1 BOBHUKAIOT B
CUJIy TOTO, 4TO KaKjas u3 JexamuxX B C' OKpyKHOCTEN OIpEeJIesiseT OIHY
obpasyromryio rpymmbsl 71 (X, zg). Bee ocTasbHble COOTHOMIEHNS, KaK CIELyeT
u3 yrBepxjienus 43.G, onpenesiorcs MPUKIEUBAIONINMEA 0TOOPaYKEHIAMY
JIBYyMEpHBIX KJIETOK IPOCTpaHCTBa X, KaXK/asi U3 KOTOPBIX JIEKUT TI0 Kpaii-
Heil Mepe B OJJHOM W3 MHOXKECTB A win B, 3HAUNT SABISIETCS COOTHOITEHIEM
MexK /Ty obpasyonuMu GpyHIAMEHTATbHBIX I'PYIIT 9TUX TPOCTPAHCTB.
43.Dx Ilycrs F — cBobogHas rpymma ¢ 00pasyonyMl o, . . . , 0p, 31, - . ., By

[To onpenenenuto rpynna X gBisiercs ee (pakTOPrpyImnoil Mo HOPMAJTIbHO
obosiouke N 3ji1eMeHTOB

{1, prs o1, o, EM() T o E(e)n(v) T

N3 ycmoBusg KOMMYTATUBHOCTH TIEPBOIL TUArPaAMMBI CJIETYET, ITO TOATPYIIIA
/. / /

N nexur B gape romomopdmsma F — X' 1 a; — ¢ (o), B — (o), cie-

JoBaTeIbHO, cymmecTByer romomopdusm ¢ : X — X', Ero eauncrBeHHOCTD

oueBuana. llocaeamee yTBepxKaeHme TeopeMbl JOKAKUTE CAMOCTOSATETHHO.

43.Ex llocrpoiite yauBepcabHOE HAKPBITHE TIPOCTPAHCTBA X .



YkazaHnus,
KOMMEHTApPUI, COBETHI 1
OTBEThI

1.1 MuoxecTBo {@} COCTOUT U3 OJHOIO IEMEHTA, KAKOBBIM SIB/ISETCS ILy-
croe MHO)kecTBO &. Koneduno, caMm 9TOT 9/€eMEHT eCTb IIyCTOe MHOXKECTBO,
KOTOPOE He COJIEPZKUT FJIEMEHTOB, HO MHOKeCTBO {&} COCTOUT U3 eJMHCTBEH-
HOI'O dJIeMeHTa J.

1.2 ®opwmynst 1) u 2) BepHEL, a 3) — HeT.

1.3 Ha, muoxkecrso {{@}} cocrour m3 oxHOro 3j1€MeHTa, €ro ejuH-
CTBEHHBIM 3JIEMEHTOM SIBJISIETCs MHOXKecTBO {J}.

1.4 2,3,1,2,2,2, 1,2z #5ul, ecma =

1.5 (a) {1,2,3,4}; (b) {}; (c) {~1,-2,-3,—4,-5,—6,...}

1.8 MHOXKeCTBO pellleHnii CUCTeMBI yPaBHEHNN eCTh MepecevdeHne MHO-
ZKeCTB PeIIeHUl ypaBHEHUN, COCTABIAIONIUX Ty CUCTEMY.

NO[—=

2.1 Permenne 331291 OCHOBAHO HA TEOPETUKO-MHOKECTBEHHOM TOKIe-
crBe: U(aq; +00) = (inf aq; +00) (moxaxure ero). Keraru, nabop u3 3amkmy-
TBIX Jly4eil [a; +00) He sIBJISIeTCsT TOIIOJIOTHENl, TOCKOJIbKY BIIOJIHE BO3MOKHO,
410 Ulag; +00) = (agp; +00) (npuseaure npumep).

2.2 [la, aBadgercd. Pemenne mouTH TOCTOBHO COBIAIAET C PelIeHneM
HpeJablayIeil 3a1a4uu.

2.3 OcHoBHOE, UTO HYXKHO OCO3HATH B CBHA3U C OIPEJIEEHUEM TOIIO-
JIOTUM B MHOYKECTBE, — 3TO TO, UTO AKCHOMBI TOIOJOIHYECKONW CTPYKTYPBI
SIBJIATOTCS YCJIOBUSIMU HA HaOOp TOAMHOYKECTB, MPU BBIOJHEHUN KOTOPBIX

343
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5TOT HAOOP U HA3BIBAETCI TOIMOJIOTMIECKON CTpyKTypoii. Bropoit Habop ero
He SIBJIeTCs, HOCKOJIbKY MHOXKecTBa {a}, {b,d} B Hero BXojsr, a MHOXKECTBO
{a,b,d} = {a} U{b,d} — uer. Haiinure nBa Takux sj1eMeHTa TPETHEro Ha-
bopa HepecedeHre KOTOPLIX eMy He npuHajiekut. Torga Bbl moKaxere, 4To
910 He Tonojorus. M, HakoHel|, HETPY/HO BUJIETH, YTO JIIOObIE [epPecedeHust
1 00'be/IMHEHHsT SIEMEHTOB IIePBOro Habopa He BLIBOAAT U3 Hero (T. e. mpu
TAKUX OHEPAIUAX He Oy/eT IOy 9aTbCs HOBBIX MHOYKECTB).

2.4 Hert, nocko/ibKy mepecedenne OECKOHEUHBIX MHOXKECTB MOXKET OBITh
KOHEYHBIM (TIPUBEIUTE TIPUMED).

2.5 Ha. Ilpu pemenun ya00H0 ucmoib30BaTh dopmyiy e Moprana
2.E, 10, 9TO 1epecedeHre KOHEYHBIX MHOYKECTB BCEr/ja KOHEYHO U 9TO 00b-
e/IMHeHIe KOHEYHOT'O YKC/1a KOHEUHBIX MHOXKECTB TaKKe sIBJITeTCS KOHEIHBIM
MHOYKECTBOM.

2.6 Jla, aBsieTcs, MOCKOJIbKY
Ua}uta) = {a} U ((JVa),
({a} U TU) ={a} U ((Va)-

2.7 Kownedno, siBasgercs.

2.10 3aMKHYTHI:

(1) B AMCKpPETHOM TIPOCTPAHCTBE — BCE MHOYKECTBA,

(2) B aHTUAMCKPETHOM — TOJIBKO T€ K€, KAKHe M OTKPBITBI: IyCTOE W
BCE IIPOCTPAHCTBO;

(3) B crpesike — &, X u orpesku Buza [0;al;
4) By - X,9,{b,c,d},{a,c,d},{b,d},{d},{c,d};
(5) B Ry, — Bce KoHeuHbIe MHOXKeCTBa 1 BCe R.

2.11 llpu perrenun 9TO# 3a/[a4n HYKHO TIPEOJ0/IETH B cebe OIyIeHne
MOJTHOM oueBHaHOCTH Bompoca. [Touemy mpomexyTtok (0; 1] He orkpbiT? Ecm
(0;1] = U(ap;ba), 10 1 € (angy;bay), 3HAIHT by, > 1, otkyma U(aq;by) #
(0;1]. AHATIOTHYHO U MHOKECTBO

R~ (0;1] = (—o00;0] U (1;400)
He oTKpeITO. C IpyToil CTOPOHHI,

(0;1] = G [%;1] — ﬁ (0;”21).

n=1 n=1

2.12 llpencraBbTe JOMOTHEHNE STOMO MHOXKECTBA KaK 00beINHEeHNe NH-
TEPBAJIOB.
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2.13 TIpoeepbre, uro Q@ = {U | X N U € F} ecrb ToH0OJI0rHYECKAsT
CTPYKTYyPa.

2.14 Jlna KOHTPOJS YKaxKeM, UTO BCETO CYIIECTBYET YeTLIPHAIIATD
TaKuX HADOPOB.

2.15 Bwl yxe 3HaeTe BCE, UTO HYXKHO JijId PEIIEHUs] ITON 3a1a9u U
MPOCTO 00SI3aHBI HAXOIWTH OTBETHI HA TaKWe BOIPOCKHI camMocTosTenbHo. He
JIEHUTECh.

3.1 Hert, xoneumno! Tomosornueckast CTPYKTYpa BOCCTAHABIUBACTCS TIO
6a3e, IOCKOJIbKY OHA, sIBJIIETCsI COBOKYITHOCTBIO O0beIMHEHNT BCEBO3MOKHBIX
HabOpPOB MHOXKECTB, BXOIAIINX B 3Ty 0a3y.

3.2

(1) Basza AucKpeTHOro NpoCTPaHCTBA —HAOOP BCEX OJJHOTOUEYHBIX MO/I-
MHOZKECTB, 1 9Ta 6a3a. MUWHHUMAJIBHA.

(2) B npocrpancree § 6a30ii siBasiercs, K npuMepy, takoii Habop: {a},
{b}, {a,c}, {a,b,c,d}.

(3) B aHTHIUCKPETHOM TPOCTPAHCTBE MUHUMAJbHAs 6a3a COCTOUT U3
BCEr'0 MMPOCTPAHCTBA.

(4) B crpeske, K mpumepy, 6azoii sBigerca Habop {[0; +-00), (r;4+00) }req, -

3.3 Cama TOmo/IOrnvecKas CTpyKTypa sABIIeTCs CBOeil cobCTBEHHON Oa-
3oit. CiieoBaTeIbHO, HUKAKOW OTIMYHBIN OT Hee HADOP, HE ABJsgeTCs 6a30ii.
3HAYUT, B TAKOM IPOCTPAHCTBE HUKAKOE OTKPBITOE MHOXKECTBO HE MOXKET
OBITH 0ObEIUHEHNEM JIBYX OTJIMYHBIX OT HEr0 OTKPBITHIX MHOXKecTB. Cemno-
BaTe/IbHO, B HEM OTKPBIThIE MHOXKECTBA JIMHEIHO yHOPS0UEHbI TI0 BKJIIOUe-
uuto. Bosiee Toro, B HEM He cyIecTByeT HECKOHEUHBIX CTPOTO BO3PACTAIOIITUX
METIOYEK OTKPBITHIX MHOKECTB.

3.4 Mpbr nokaxkem, 9TO B pe3yJsibTare yIaJeHUs 0000 JIEeMEHTA W3
J11000#1 6a3bI MOl Tosrydaercs 6a3a Toit ke Tomnosioruu. [lycrs U — mpo-
n3BOIBHOE 6a30BOe MHOXKECTBO. Ero MOXKHO MpeacTaBUTh KakK 00bearmHeHne
OTKPBITBIX WHTEPBAJIOB, KOTOPbIE KOPOUE UeM PACCTOSHHIE MeXKJIy HEKOTO-
pbIMu JByMs TouKamu MHO)KecTBa U. Takmx mHTepBa/OB MOHAJI0OUTCS HE
MeHbIIe JIByX. B CBOIO ouepesb, KaxK bl U3 HUX MOXKHO IIPEICTABUTH KaK
obbe/IuHEeHNE MHOYXKECTB u3 paccmarpuBaemoii 6a3bl. [lockonbky U yrasoch
[IPEJICTABUTDH KAK 00'be/INHEHNE APYTUX 6A30BbIX MHOXKECTB, €10 CAMOI'0 MOK-
HO u3 6a3bl yIAJIUTh.

3.5 D710 Tak, MOCKOJBKY BTOPOE U3 YCJIOBHUil, CHOPMYJIUPOBAHHBIX B
3.B, BBITIOJIHEHO ABTOMATUIECKH.

3.6 Jlokaxkute, 4TO TepecevdeHre apudMeTUIeCKNX MPOrPecCuii ecTb
apudMeTnieckas IpPOrpecCus.
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3.7 Tlockosbky muOXkectBa {i,i+d,i+2d,...}, i =1,...,d, OTKpBITHI,
NOMAPHO HE MEePeCceKaloTCst U MOKPLIBaloT N, TO KaxKJ0e U3 HUX M 3aMKHY-
T0. B wacrHOCTH, JI/I KAXKJIOTO MPOCTOrO YUC/Ia P 3aMKHYTHI M MHOMKECTBA
{p,2p,3p, ...}, obpazyiomue nokpsirne maokecrsa N\ 1. Eciu 661 mpocTbix
qrce ObLI0 KOHEYHOE YUC/I0, TO OKA3aJI0Ch OBbI, YTO OJHOTOYEYHOE MHOKE-
creo {1} orkpsrro.

3.8 Bxiiiouenue {21 C )y 03HAUAET, YTO MHOXKECTBO, OTKPBITOE B IEPBOI
Tormoioruu (T. e. BXosiee B Habop 2 ) mpunasyiexxut u Habopy (2o. [Tosro-
My CjleflyeT MOKa3arhb, 9To MHOXKecTBO R N {x;}!' | saBjIsgercs OTKPLITHIM B
OOBITHOI TOMOJIOTUU TTPAMOIA.

4.2 Cp. 4.B.

4.4 Otragka B 4.7.

4.7 Kaaparbl, CTOPOHBI KOTOPBIX TAPAJLIECIBHBI, COOTBETCTBEHHO, OCIM
KOOD/IMHAT U OUCCEKTPUCAM KOOD/IUHATHBIX YIJIOB.

4.8 Di(a) =X, Dyjs(a) = {a}, Si/2(a) = 2.
4.9 K mpmvepy, X = D1(0) C R, a D3/5(5/6) C D1(0).

4.10 O6oitaurech TpeMst TOUKAMUA.

4.11 Ilycte R > r u Dr(b) C D,(a). Bosemure ¢ € Dr(b) u Bocmos-
syiirecs Tem, aro p(b,c) < p(b,a) + p(a,c).

4.12 Tlonmoxum u =b—x nt =x—a. Hepasercteo Komm obpamaercs
B PABEHCTBO, COTJIa BEKTOPHI U W ¢ COHAITPABJIEHBI, T. €. COT/Ia TOYKA T JIEYKUT
Ha OTPE3Ke C KOHIAMW B TOYKaxX a # b.

4.13 B wmerpuxe p(p) mpu p > 1 yKazaHHOe MHOXKECTBO COBIAIaeT C
OTpe3KoM ¢ KoHmamu a u b, a B Merpuke p't) gBisercs IpsaMOYTOIbHBIM
TmapaJIeenune oM, TPOTUBOMOIOKHBIMI BePITHHAMI KOTOPOTO SBJITIOTCSI
9TU TOYKU.

4.14 Cwm. pemenue 3ajgaan 4. F.
4.19 JluckperHasi.

4.20 Iloxkaxnre, aro muoxkectBO X \ D, (a) = {z | p(x,a) > r} or-
KDBITO.

4.28 Bocnonssyiirecs pasencrsom X N Sy.(a) = B,(a) U (X N\ D,(a)) n
pesyabraroM 3ajaun 4.20.

4.25 Tonbko mpaMasg U IUCKPETHOe IPOCTPAHCTBO.

4.26 Yreepxkjaenue 3agaqu 3. F Kak pa3 u COCTOUT B TOM, UTO Ipu N = 2
merpuku p?) | pM) i p(°) sxpuBaIeHTHB; AHAIOrIYHOE PACCY 2K IEHIE MOKHO
nposectu ¥ ipu 1 > 2. OjHAKO B 9TOM Cjiydae yuo0Hee BOCIOJIb30BATHCS
Pe3y/IbTaTOM CJIeAyIomeil 3a1a9u, MoKa3as, 9To Jisa JI000H mapsl MeTpuk
sua pP) ¢ (1 < p < 00) Haiigyrcs coorBercrByionme KoHCTaHThl ¢ 1 C.
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4.27 Pazobbem 31y 3amady Ha gBe. VIMeHHO, BHAYA/IE MOKAYXKEM, UTO
ecn po(z,y) < Cpi(x,y), To Qo C Q. [leiicrBuresibHO, U3 HEPABEHCTBA,

p2 < Cpy creayer BKIIOUEHHE B7(~p l)(oz) C Bg)f). Tenepb BOCHOIB3yeMCA

yrBepxaennem 3agaqau 4.1 Hepasencrso cpi(z,y) < pao(x,y) MoxkHO mEpe-
mncare B Buge p1(z,y) < 1pa(z,y). Tem campiv, Q) C Qs.

4.28 Merpuku pi(z,y) = |z — y| u p2(x,y) = arctg |x — y| na opsmoii
9KBUBAJEHTHBI, OJHAKO SICHO, YTO He CYIIECTBYET TaKOi KOHCTaHTHI (', 9TO
p1 < Cpa.

4.29 Ortrajika: METPUKH p1, P2 IKBUBAJIEHTHBI, €CJIU CYIIECTBYIOT TaAKHE
¢,C.d > 0, 10 ecau pi(z,y) < d, 10 cp1 (2,9) < palz,y) < Cpr(z, ).

4.80 Haiinure takue xoncrantsl ¢ u C, uto cp(™)(z,y) < p®)(z,y) <
Cp(>)

4.31 Ilockomsky p1(f,g9) < pc(f,g), To Q1 C Q¢. C apyroit ctopo-
HBI, HE CYIIECTBYeT TaKOro Iapa B METPUKE pp C IEHTPOM B HYJIe, KOTO-

PBIil comepzKaica OBl B IIape Bip C)(O), mockoyibky Ve > 0 3 f, rakass aro

fol |f(z)]dx < e, a m[%)i] |f(x)| > 1, rakum obpazom Qo ¢ ;.
z€|0,

4.32 1) fcuo, uro BO Beex caydagx Tpedyer MPOBEPKU JIUIIL HEPABEH-
CTBO TPEYTOJIbHUKA, IPUIeM Jjisi p1 + P2 OHO odeBuHO BepHo. [lasee:

pl(xvy) < 01(3773) + pl(zvy) <
max{p1(z, z), p2(x, 2)} + max{p1(y, 2), p2(y, 2)}.

AHajIornuHOe HEPaBEHCTBO BEPHO st po(z,y), nosromy max{pi, p2} — mer-
puKa.

2) ITocrpoiire npumepsl, n3 KOTOPbIe I0Ka3bIBa/IK Obl, 4T0 HE Min{p1, p2 }, HU
%, HU p1p2 METPUKAMU He SBJIAIOTCA (I 9TOTO JIOCTATOYHO HAJIEZKAIIUM

06pa3oM 110106paTh MONAPHBIE PACCTOSHUS MEXKJLy TPEMsl TOUKAMM).

4.33 llocnenmee yTBep:KIeHne MpaKTUIecKn oueBUAHO. [lepBoe m BTO-
poe cienyior u3 mero mpu f(t) = %th u f(t) = min{l,t}, coorBercrBento,

TaK 9TO JOCTATOYHO IMPOBEPUTH, YTO 3TN beHKL[I/II/I YAOBJAETBOPAIOT YCJIOBU-
AM TTOCJIEAHErO IMMyHKTa.

4.84 TlockombKy Fpp < p, a mpu p(z,y) < 1 BEpHO HEPABEHCTBO

% p(z,y) < 1 _i(;(f)y), TO YTBEPXKJICHUE 331a4Un CJIeayeT u3 4.29.

4.35 Jlnst npousBOILHOR TOUKM 2z € A BepHO, 4TO

p(r,2) < p(z,y) + p(y, 2) < p(z,y) + p(y, A),
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samt, p(x, A) < p(z,y) +p(y, A), wm p(z, A) —p(y, A) < p(z,y). Homenss
mecTamu T ¥ Y, moayunm Hepaserctso p(y, A) — p(x, A) < p(z,y). Cucrema
U3 JIBYX I0JIyYeHHBIX HEPABEHCTB PaBHOCH/IbHA MCKOMOMY HEDABEHCTBY.

5.1 Tak e, KaK CTPOUTCs CaMa TOIMOJOrus: ecju > — 6a3a B X, TO
Ya={ANV |V € X} - 6a3a uxgynuposaunoii romosorun B A.

5.2
1) duckpernas, nockosibky (n—1,n+ 1) NN = {n};
2) Oy ={(k,k+ 1,k +2...) }ren;
3) mumckpernas;
4) Q={@,{2},{1,2}}.
5.8 Ja, otkpsit, mockossky [0;1) = (—1;1)N[0; 2], a muoxecrso (—1;1)
OTKPBITO Ha IIPAMOIA.
5.5 [Tonoxure V =U. Wcnonsayiire 3aa4y 5. F.

5.6 Paccmorpure maTepan (—1;1) € R € R? u OTKpLITHIT eIHHTd-
HBIIl KPYT C IIEHTPOM B HadaJje KoopauHatT. /lpyroe perrenue oCHOBAHO Ha

(
(
(
(

CJeYIONIEM ODIIEM yTBEpKIEHUU: BCAKOE OTKPBITOE MHOXKECTBO SIBJISIETCS
JIOKAJILHO 3aMKHYTHIM. [leficTBUTeNbHO, ecin MHOKeCTBO U OTKPHITO B X,
TO J7Is Beakoii ero Toukn nepecedenne U N U 3amkuyTo B U.

5.7 Tounonorusi, mopoxKjaeHHas MeTpukoil B A, 3auaerca 6a3oi Xq =
{BA(a) | a € A}, tne BA(a) = {x € A | p(x,a) < r} — oTKpHITHIl
map B A ¢ mearpom B @ u pajuycom r. Bropast Tomojiorust 3agaercs 6a30ii
Yo={By(x)NA|ze X} Baecb B,(x) — orkpsbireiit map B X. OueBugHo
BA(a) = B,(a) N A aast a € A. Tlosromy ¥ C 9. Ozmako, Moxer Ciy-
YUTHCS, 9TO X1 # 9. Takum 00pa3oM, OCTAIOCH MOKA3aTh, YTO MHOYXKECTBA
u3 Yo FBJILAIOTCA OTKPBITBIMU B TOIOJIOTHH, TOPOXKIEHHON 0azoit 1. s
9TOTO MPOBEPHTE, UTO JIjIsi BCAKON TOYKHU X djeMeHTa BTOpoi 6a3el U € Yo
Haiiercs saement V € Y1 nepsoit 6a3wl, Takoit uto x € V C U.

6.1 Int{a,b,d} = {a,b}, nockosbKy 910 1 ecrb HauGOJIbIIIEE OTKPHITOE
MHOKECTBO IIPOCTPaHCTBa {f, conepxaieecs B {a, b, d}.

6.2 Buyrpennocts unTepBasa (0;1) ma mpsamoii ¢ tomosorueit 3apu-
CKOTO IyCTa, MOCKOJIBKY HUKAKOE HEITyCTOE OTKPBITOE MHOXKECTBO 9TOTO MPO-
crpancTBa ne nomermaercs B (0;1).

6.3 1) eiicrBurenbHo,

ClaB= () F= () (HnA)=A4An () H=AnClxB.
FDB, HDB, HDB,
ANFEQ XNHeN XNHeN

2) O9eBuHO, YTO BTOPOE PABEHCTBO MOXKET OBITH HeBepHBIM. JleiicTBuTe b
no, ecmr X =R?, A=R! B=A, 1o Inty B=R! # @ = (Intx B) N A.
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6.4 Cla}=/a,cd}.

6.5 Fr{a} = {c,d}.

6.6 Ciuenyer us 6.K; cm. 6.7.

6.7 FrA=ClANIntA=CIAN (X ~NIntA) =ClANCIX \ A).

6.8 B rmomosorun ()] MeHbIIE OTKPBITBIX MHOXKECTB, 3HAUUT, MEHbIIe
n SaMKHyTbIX MHOZKECTB, CJ/IeIOBATEJIbHO, IepecevdeHrne BCeX Ba.MKHyTbIX B
9TOM TOMOJIOTMK U COJepzKalnx A MHOXKECTB HE MOXKET ObITh MEHbIIE, YeM
nepecedenue copep:kaiux A 3aMKHYTHIX B Tomosioruu {lo MHOXKECTB.

6.9 Inty A C Inty A.

6.10 Tak kak Int A ecrb oTKpbITOE M COpepzKalieecss B B MHOKECTBO,
TO OHO comepkuTcs B Int B.

6.11 Tax kaxk MHOKeCTBO Int A gBISIETCS OTKPBITBIM, TO €r0 BHYTPEH-
HOCTH COBIIAJIA€T C HUM CAMUM.

6.12 U3 ouesugnoro Britodenus: Int A N Int B C A N B ciegyer, 910
Int ANInt B C Int(ANDB). danee, ecin & € Int(ANB), T0 y TOUYKHN T uMeeTcs
OKPECTHOCTD, cojepzKaliasics B AN B, 3Ha4NT, 9Ta OKPECTHOCTH COIEPKUTCS
B KarKJIOM M3 9TUX MHOXKECTB, caejoBareabho, r € Int A N Int B. Bropoe
YTBEPKJEHIEe HEBEPHO — CM. 3ajady 0.13.

6.13 Int([-1;0] U [0;1]) = (—1;1) # (—1;0) U (0;1) = Int[-1;0] U
Int[0; 1].
6.1/ Int AUInt B —3T0 OTKpPBITOE MHOYKECTBO, COMEpIKAIIeecs B 00b-

equnennn A U B, 3HaYNT, OHO CONEPIKUTCS U B €r0 BHYTPEHHOCTH, TAKUM
obpazom, Int AU Int B C Int(A U B).

6.15 Eciu A C B, 1o ClA C C1B; CICIA = ClA; CLAUCLB =
CI(AUB); ClLANCIB > Cl(AN B).

6.16 Cl{1} =[0;1], Int[0;1] = @, Fr(2;4+00) = [0;2].

6.17 Int((0;1] U{2}) = (0;1), C{2 | n € N} = {0} U{L | n € N},
FrQ =R.

6.18 CIN =R, Int(0;1) = @, Fr[0;1] = R. [eiicrBurensno, B Ry, 3a-
MKHYTBIME MHOYKECTBAMHE SABJIAIOTCS JIAIIL KOHEYHDbIE U caMa [psMasi, 3Ha-
IUT 3AMBIKAHIE BCIKOIO DECKOHETHOI'O MHOYKECTBA €CTh...

6.19 a, conepxur. [eiicrurensno, rak kak Cl B,.(x) C D,(x), To
Fr B.(z) = C1 B, (z) \ B.(x) C D,(z) \ B.(x) = S,(x).

6.20 Na, conepxur. [leiicreurensho, rak kak Int Dy.(z) D B.(x), To
Fr D,(z) = D,(z) ~ Int D,(x) C D,(z) \ B.(x) = S,(x).

6.21 Ecmm X = [0;1]U{2} ¢ merpukoii p(z,y) = |r—yl, To S2(0) = {2},
a Cl B2(0) = [0; 1].
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6.22.1 K upumepy, A= [0;1).
6.22.2 Bosbmure A= [0;,1) U (1;2] U (QN[3;4]) U {5}.
6.22.3 Taxk kak Int A C ClInt A u muOX)ecrBo Int A orkpbBITO, TO

Int A C IntClInt A, cinegosarensro, Cllnt A C ClInt ClInt A. Tak kax
Int ClInt A C ClInt A u muoxxectBo ClInt A 3amkryT0, To ClInt A O ClInt ClInt A.

6.23 Dynem mocmemoBaTelbHO CTPOUTH MHOXKeCTBA Jyn, n > 1, Kax-
JI0€ U3 KOTOPBIX ABJIACTCA O0bLEIMHEHMEM HHTEpBAJOB JaumHOi 3~ ". Ecmm
Jo = Unez(2n;2n + 1) m muoxectBa Jy,. .., Jp—1 yXKe mocrpoensl, To J,
— 5T0 00BLEAMHEHNE CPeJIMHHBIX TPETEl TeX OTPE3KOB, Ha KOTOPLIE pacIla-
naercsd MHOXKECTBO R Uz;é Ji. Ecmnr A = Ui Jak, B = Uy S3k+1,

C = Upty Jakt2,m0 Fr A = Fr B = Fr C = Cl(U;2, ClJk). (Amamormaabim
06pa30M MOXKHO MOCTPOUTH JazKe GECKOHETHOE CeMEeHCTBO OTKPBITBIX MHO-
JKeCTB ¢ 001meil rpanureii. )

6.2 Eciu KOHIBI JBYX OTPE3KOB JOCTATOYHO OJIM3KU, TO i JIIODOM
TOYKM HA OJIHOM W3 HUX Haii/ercs O/im3Kasd K Heil TOYKa Ha JPYrOM OTPE3KE.
Ecnu nBe TOUKM IpHHAIEKAT BHYTPEHHOCTH BBIIYKJIOTO MHOYKECTBA, TO
OHO COMEPXKHUT IMUJINHIP, OCHI0 KOTOPOrO ABJSIETCS OTPE30K C KOHIAMH B
9THUX TOYKAX.

6.26 Toybko eciu A JIEXKUT B HEKOTOPO# MHUIEPIIIIOCKOCTH, B 3TOM CJIy-
qae ClA = Fr A, wm xe ecim A — mosynpoctpanctso. Umade Int A # @&
(mokazkure 310), n ecam To ¢ A, To HalijeTcs comepKamii ee 0TPE30K, KOH-
IIbI KOTOPOTO HpuHaiekar Fr A.

6.27 B cuny csoiictea (a) X € Q. I3 (b) caexyer, aro Cl, X =
X, snaunt @ € Q. Ecim Up,Uy; € §, to npavo u3 (¢) moydaem, d9To
Ui NU; € Q. IIpexe yeM MpOBEPHUTH MOC/IEIHee YCIOBHE TOMOJIOMTIECKOM
CTPYKTYPBI, MOKazXKUTE, ITO U3 (C) CaeyeT MOHOTOHHOCTD: eciu A C B, To
Cly A C Cl, B. s moka3aTeIbCTBa MOCIeIHEr0 YITBEPIKIEHNS 3a/1a9l COBe-
TyeM [POBEPUTH JBA BKJIOUEHUS U UCIIOIB30BATH TOT (haKT, 9TO MHOXKECTBO
F zamknyTo, corma F' = Cl, F' (#a/10 T/1e-T0 UCIOIb30BATH JTAHHOE B YCIOBUN
csoiictso (d)!).

6.29 1) Henycroie; 2) Heorpannvennbie; 3) 6eCKOHEUHBIE.

6.30 dcro, 9T0 B IUCKPETHOM TPOCTPAHCTBE €JINHCTBEHHBIM
BCIO/IY ILJIOTHBIM MHOYKECTBOM SIBJISIETCH CAMO 9TO IIPOCTPAHCTBO. Pac-
CY2KJIaeM OT TPOTUBHOrO. Fcjim mpoCcTpaHCTBO He JUCKPETHO, TO B HEM HMe-
ercsi TaKasi TOUKa T, 4TO OJIHOTOUEYHOe MHOKECTBO {Z} HEe OTKPBITO, 3HAUUT,
MHOKeCTBO X \ & Takrke Oy/eT BCIOJY IJIOTHBIM.

6.31 Cwm. 2.6.
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6.32 llepsoe yTBepKeHue Caeayer n3 MOHOTOHHOCTH 3aMblkanus. KouTp-
IpUMEP KO BTOPOMY yYTBEPKJIEHUIO IIPOIIE BCErO MOCTPOUTH, PACCMOTPEB aH-
THUCKpeTHOE npocTpancTio. [loesno Takke mocrpouts ero u B R, B3sis Q
B KaUeCTBe OJHOI'O U3 MHO2KECTB.

6.33 Ilycts muOXKecTBa A m B OTKPBITH U BCIOTY TIOTHBI, U — mpo-
M3BOJIbHOE HEIyCTOe OTKpbIToe MHOXKecTBO. OcuoBHas uzges: U N (AN B) =

(UNA)NB.
6.3/ OTKPBLITOCTH OJHOIO U3 MHOYKECTB.

6.35 1) Ilycrs Uy — caeTHOE CEMENHCTBO BCIOMY IJIOTHBIX MHOXKECTB, V'
— IPOM3BOJILHOE HEIIYCTOE OTKPBITOE IOIMHOXKECTBO MpsaMoii. HeTpyiHo 1mo-
CTPOUTDH BJIOXKEHHYIO MOCTETOBATETHLHOCTE {[an; bn]}, TaKyI0, UTO [ayn;by] C

n
VN (N U u by, —a, — 0. ITo akcnome Kanropa Haiizerca Touka, IpuHaIIe-
k=1
[ee]
JKaIast KazkJ0My 13 9TUX OTPE3KOB, CJIel0BaresibHo, nepecedenne VN () Uy
k=1
[o¢]
HeIycTo, 3Ha4nT, nepecedenne (| Uy Bciomy miorao. 2) OTBET Ha BTOPOIi BO-
k=1

npocC 3374a491 — OTPULATETBHBIN.

6.36 Paccmorpum orkpeiThle MHOXKecTBa U, D Q, n € N. Tak kax
KaykJi0e M3 HUX CONEP:KHUT MHOKecTBO (Q, BCe OHM BCIOy IJIOTHBI HA INIps-
moii. Tereps 3anymMepyeM panuoHaabHesl uncia, nycrb Q = {x, | n € N}.
Bosbmem orpesok [ai;,bi] C Up, takoit uro x1 ¢ Up. IlockoabKy MHOMKe-
crBo Uy BCIO/LY IJIOTHO, B HEM MMEeTCsl OTPe30K [ag; ba] C [a1;b1] N Us, rakoit
410 T9 ¢ [ag;be]. Ilpojoikast mocTpoeHne aHAJIOMMYHBIM 0OPA30M, MbI 110~
JIyYMM BJIOXKEHHYIO 110CJIe0BaTeHbOCTD {[an; by]} oTpeskos, rakyio uro 1)
[an;bn] C Uy u 2) zy ¢ [an;by]. B cuny crangapraoro dakra maremarnye-
CKOro aHanmm3a, Hafigercs touxa ¢ € (7% [ay; by). fcuo, aro ¢ € (NU,) \ Q.

6.37 Komewno, HeT, MOCKOILKY BHENTHOCTH BCIOY TIOTHOTO MHOYKECTBA
mycra.

6.38 Koneuno, mycra.
6.39 Komneuno, apasgeTcs.
6.40 Umeem, X N\ Int ClA = CI(X \ ClA) = X, B cuy onpezenenus

HHUT'JI€ HE IIJIOTHOI'O MHOXKECTBa.

6.41 DBuemHoCTHIO TPAHUITBI 3AMKHYTOTO MHOXKeCTBa F' siBjisieTcs 00b-
equnenne (X \ F)UInt F'. Ocranocs 3amernts, aro CI(X N\ F') D Fr F. Ecim
MHOKecTBO U OTKpPBHITO, TO MHOKecTBO F' = X \ U 3amkuyTo, a FrU = Fr F,
3HAYUT, TPAHUIA OTKPBITOTO MHOYKECTBA fABJISIETCS HUTJE HE IJIOTHBIM MHO-
JKecTBOM. J1Jist TpOM3BOJIBHOIO MHOXKECTBA YTBEPXKIEHNE OUEBUIHO HEBEPHO,
K mpumepy, FrQ = R.



352 Vkazannsa, KoMMeHTapun

6.42 Uwmeewm,
X N ClUA;) = X NUCIA; =N(X N Cl4;).

Ocrajioch npuMeHuTh 3a/1a4y 6.33, TouHee, ee MpsaMoe 0000IIeHNe HA CTydail
KOHEYHBIX [IePeCeYeHUN.

6.43 1o muoxecrso Int Cl A.

6.44 Ilycts muoxkectBa Y, C R, n € N, aurje #e mwiorusl. [lockonbky
Y] murzge He mI0THO, TO Haligercs orpe3ok [ai;bi] C R\ Y). Anasornuno,
TaK KaK U MHOXKECTBO Yo HWIJIE He IJIOTHO, OTPEe30K [a1;bi| comepkutr or-
pe3oK [ag; ba] C R \Ys. Ilpomomkas mocTpoeHre, Mbl MOJTYIHM BJIOKEHHYTO
MOCJIEIOBATEIEHOCTD { [y by ]} 0TpeskoB, Takyto uto [ay; by] C RNY,. B cu-
JIy CTAHJIAPTHOTO YTBEPKEHUs MATEMATHIECKOrO aHAIN3a, HaliIeTCsl TOYKa
¢ € N°[an; by). fcno, uro c € RN (02, Y, # @.

6.45 Hampuwmep, Bcsikast TOUKa KOHETHOTO MTOAMHOMKECTBA, TIPSIMOI, KO-
HEYIHO, ABJIAETCA ero TOYKOMN IITPUKOCHOBEHUA, HO HE ABJIACTCA HpeﬂeﬂbHOﬁ.

6.47 MHOXKeCTBOM IIPEJIEIbHBIX TOUEK sIBJISIETCS BCE IPOCTPAHCTBO R .

6.48 (a) = (b): Paccmorpure V = J,c4 Uz, t1e U, — oxpecruocrn,
CYITECTBYIOIITHE TI0 OTPEIEIEHNIO JIOKAJIbHON 3aMKHYTOCTH, W TIOKAYKUTE, UTO
A=V NClA. (b) = (c): Ucnoss3yiite ompe/iesenie TOIOJOIUH TOIIIPO-
crpancTBa. (¢) = (a): B xauectBe oxpecrrocreii U, MOXKHO B34TH OJHO 1
TO YK€ MHOYKECTBO.

7.1 Hert, 10CKO/IBKY 9TO OTHOIIEHUWE HE aHTUCHMMeTpudHo. [leficTBu-
resibHO, —1|1 w 1| — 1, Ho —1 # 1.

7.2 Ob6ozuaunm vepe3 —C' MHOXKECTBO, cuMMeTpuydnoe C' OTHOCUTE/Ib-
vo toukn 0 — mauasa KoopauHatr. lIpsgmo u3 ompejenenus: HECTPOTOTO Ya-
CTUYHOTO TIOpsijKa cieayeT, aTo: C' MT0JI2KHO OBbITh 3aMKHYTO OTHOCUTETHHO
CJIOZKeHnsT; JOJKHO comepkars Houb u C' N (—C) = {0}. Bepxuum xomy-
COM 3JIEMEHTa ¢ sBJISIeTCs MHOYXKeCTBO @ + C' — pe3ysbTaT MapaJulebHOrO
nepenoca Muoxkecta C' Ha BEKTOD a.

7.6 OueBujiHO, HAMOOJIBIINIT JIEMEHT MAKCUMAJIEH, HAMMEHBIITHI — MU-
HUMAJIEH, HO ODPATHBIE yTBEPXK/EHUs BOOOIIE rOBOPs HE BepHBbI. Ecin ke
JLTst JTFI0000TO MTOMHOZKECTBA YaCTUYHO YIIOPAOUEHHOI0 MHOXKECTBA DTH I10-
HATHUS COBITQIAIOT, TO JIFOOBIE IBA DJIEMEHTA ITOT0 MHOYKECTBA CPABHUMBI, TO
€CTb OJINH U3 HUX 00JIbIlle Apyroro. leificTBuTe1bHO, pACCMOTPUM JIF000E JBY-
9JIEMEHTHOE TTOAMHOYXKeCTBO. Kc/iu Ob1 3TH Ba jieMeHTa He ObLIN CPABHUMBI,
TO KaXK/JIbIIl 13 HUX ObLT ObI MAKCUMAJIBHBIM U 3HAYUT HAUOOIBIITUM 3JI€MEH-
TOM 3TOTO MHOXkKecTBa. Ho Hambo/bIuil 3/1eMeHT eUHCTBEH. DTO TPOTUBO-
petune mOoKa3bIBAET, YTO JIEMEHTHI HA caMoM Jejie cpaBuuMbl. Haobopot, u3
CPABHUMOCTH JTIOOBIX JIBYX SJIEMEHTOB JIEI'KO BBIBOJIUTCS, UTO BO BCAKOM TIOJI-
MHOZKECTBE JI000i MAaKCUMAJIbHBIN 3JIEMEHT SIB/ISIETCS HAMOO/IBIITIM, a JTF000i
MUHUMAJIBHBI — HAUMEHbBIIIM.
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7.9 OTHOH_IQHI/IQ BKJIIOYCHUA B MHOXKECTBE IIOJMHOXKECTB MHOXKECTBa
X gaBygercs juHelHBIM TOPIKOM, corga X Jjmbo mycTo, jmbo COCTOUT u3
eJIMHCTBEHHOTO 3JIEMEHTA.

7.11 Paccmorpure, HAIPUMED, CJIEIYIOIIEe YCIOBUE: J1jisd JTIOObIX a, b 1
¢, TAKUX 49TO a < ¢ u b < ¢, Haiijerca Takoi sjnement d, uto a < d, b < d
u d < c. llokaxkure, 9TO 3TO YCJIOBUE BBIIOJTHEHO BO BCAKOM JIMHEIHO yIIO-
PAI0UEHHOM MHOXKECTBE U UTO U3 3TOrO YCJIOBHUS CJAEIYET, UTO MPABBIE JIy U
COCTaBJIAIOT 6a3y HeKOTOpoii Tomojioruu. [lokaxkure, 4To BepHO U 0OpaTHOE:
U3 TOTO, UTO MPABbIE JIyYH COCTABJLIOT 0623y HEKOTOPO TOMOJIOTUH, CJIE/yeT
9TO yCJIOBUE.

7.13 Touxka, OTKPBITAS B TOMTOJOTUHN TTOPSIIKA, 3TO HANOOIBIITHIT 97TEMEHT
[IPOCTPAHCTBA. AHAJOTMYHO, TOYKA, 3aMKHYTas B TOIOJOTHU IOPSIKa, 9TO
HAUMEHBIINNA 3JIeMeHT.

7.14 Jlyuu Buga (a;00) u [a;00), MycTroe MHOKECTBO M BCS IIPsIMAsi.

7.16 OpHOTOYETHOE MHOZXKECTBO, 3JIEMEHT KOTOPOTO ABJISETCS HAMOO0/ b
IIIUM BO BCEM IIPOCTPAHCTBE.

8.1 a, npasma. lokaxkem, K mpumepy, mocjaeHee paBeHcTBo. Ecim
r € fTHY N A), to f(z) € Y N A, snaunt, f(z) ¢ A, takum obpasom,
x ¢ f71(A), crenosarensno, x € X ~ f71(A). Ocranoch 3aMerutTh, 4TO
paccysK/eHre MOKHO IIPOBECTH B 00OPAaTHOM HallPaBJICHUN.

8.2 Jokaxem mepsoe paserctso. Ecim y € f(A U B), To Haiinercs
Takoil smement x € AU B, uro f(z) = y. Ecim 2 € A, ro y € f(A), ecn
xe r € B, 10y € f(B), Takum 06pa3om, Bo BeskoMm ciaydae y € f(A) U
f(B). Obparnoe Br/OUeHHE TOKa3biBaeTcs mpore. Tak kak A C AU B, To
f(A) € f(AU B), ananoruuno, f(B) C f(AU B), oTKyIa u CJIeIyer, 9To
f(A)U f(B) C f(AU B). Oba apyrux paBeHCTBa HeBepHbI, cM. 8.3 u 8.4.

8.3 Paccmorpum orobpaxenne f : {0,1} — {0}: f(0) = f(1) = 0.
[Mycts A = {0} u B = {1}. Torga F(A) N f(B) = {0}, mexuy rem, kak
f(AN B) = @. Ananornuno, f(X \ A) = {0}, rorga kak Y ~\ f(A) = 2.

8.4 f(ANB)C f(A)N f(B), onHAKO HAKAKOTO €CTECTBEHHOT'O BKJIIO-
venust mexkty MuoxkecrBamu f(X N A) u'Y N f(A) He umeercs.

8.5 Orobpaxkenue f sBisiercst OUEKITHeii.

8.6 Ilyctsy € BNf(A). Tormay = f(x), rme x € A. C 1pyroii CTOpOHBI,
x € f~YB), snaunt, x € f~1(B) N A, cienosarensno, y € f(f~1(B) N A).
Jlokaxkure 0OpaTHOE BKJIIOUEHWE CAMOCTOSITENHHO.

8.7 Her, ue obst3arensro. [Ipmvep: f: {0} — {0,1}, ¢ : {0,1} — {0}.
Komeuno, orobpazxkenne f 00sg3aHO OBITh HHBLEKIHEH, & § — CIOPHEKITHEii.

9.1 Orobpaskenue id menpepsisao, cormga U = id 1 (U) € Qp amsa xax-
poro U € Q9, uro u osuagaer, 4ro 29 C €27.
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9.2 (a),(d) Ja, ocranerca. (b),(c) Her, ne obsizarenbho.

9.3 1) IlpousBosibHBIE; 2) TOJIBKO MOCTOSTHHBIE, T. €. OTOOPaKAIOIIIe BCe
IPOCTPAHCTBO Y B HEKOTOPYIO TOYKY MPOCTPaHCTBa X .

9.4 1) TonbkO MOCTOSIHHBIE, T. €. 0TOOPAXKAIONIME BCE MPOCTPAHCTBO Y
B HEKOTOPYIO TOYKY NPOCTPAHCTBA X ; 2) NPOU3BOJIBHBIE.

9.5 Cewmeiicto ) = {f~1(U) | U € Q} awagerca Tomosormeii Ha
A, mpuveMm 3Ta TOMOJIOrHs — caMas rpybasi U3 TeX, OTHOCHTETHHO KOTOPHIX
oTobpakenne f HEIPEpPBIBHO.

9.6 Wwmeem, f~1(A) € f~1(ClA). Eciu orobpaskenne f HermpepbIBHO,
10 muokectBo f1(Cl A) samkmyTo, ciegosarensro, Cl f~H(A) € f~1(CLA).
Ecim mveer MecTo JaHHOE BKJTIOYEHHE, TO JIJI BCAKOTO 3aMKHYTOrO B Y MHO-
wecrsa I, Clf~1(F) C f~1(F), creposarensno, muoxecrso f~!(F) cosna-
JIAeT CO CBOMM 3aMBbIKQHUEM, 3HAIUT, OHO 3aMKHYTO. TeM caMbIM JIOKa3aHO,
qT0 f — HempepbhIBHOE 0TOOparKeHwme.

9.7 Orobpaxenue f wenpepbiuo, corga Int f~1(A) D f~1(Int A) ana
moboro A C Y, corna Clf(A) D f(ClA) anms moboro A C X, corma
Int f(A) C f(Int A) aus so6oro A C X.

9.8 YTBepKjeHue cjeayer U3 TOro, 9To Mpoodbpa3 OTKPHITOrO MHOXKE-
CTBa €CTh O0bEIUHEeHNe IIPo0OPa30B OA30BLIX MHOXKECTB.

9.9 KonedHo Her, IOCKO/IbKY BBEJIEHHOE OIIPEICICHUE COBIAIAET C W3-
BECTHBIM i1t unca0Bbix dynkimii (cm. 9.K). Paccyxpenne, ocHOBaHHOE Ha
onpesesennn: MHoxkectBo U = (1;2] orkpsiro B [0;2], oxHako ero npoobpas
F71((1;2]) = [1;2) me ssasiercs orpwiTeiM B [0; 2] MHOMXKECTBOM.

9.10 la, menpepniBao. Paccmorpure, KaKuM MOXKET OBITH MHOYKECTBO
fY(a;, +00) (mpoobpas MHOKECTBa, OTKPBITOTO B cTpeske). Kerarn, 6ymer
JII HEeNPEepPbIBHBIM 0TOOPaKeHue ¢, CoBIa IaoIiee ¢ f BCioay, Kpome x = 1, a
g(1) =27

9.11 Toubko nocrosinubie. Ecim, k npumepy, 0,1 € f(Rp,), To paccmor-
pum f’l(—oo; %) u f’l(%; —|—oo). B uem nporusopeune?
9.12 KoueIHOKpATHBIE WM IMOCTOSHHBIE.

9.13 MOHOTOHHO BO3pACTAIONINE, HEIPEPHIBHBIE C/1€Ba (B CMBICIE Ma-
TEMATHIECKOTO AHAJIN3A,).

9.1} Orobpazkenue f HermpepbIBHO, a ¢~ ! — mer. /leso B TOM, 4TO TO-

mOJIOTUS Ha Z4 JUCKPETHA, a B TOMOJOTHHN Ha MHOXKecTBe f(Z4) omHO3IE-
MeHTHOe MHOKeCTBO {0} He sIBJIsIeTCS OTKPBITHIM.

9.15 Ecmu U OTKPBITO U HEIIYCTO, TO, TOCKOJIbKY OTOOpaKEHUE CIOPb-
eKTHBHO 1 HenpepbiBHo, [ (U) Toxke OTKPBITO U HEIyCTO, 3HAYAT, HEIyCTO
ero Tepecevenne CO BCIOMY MIOTHBIM B X MHOYKECTBOM A, cliemoBaTeIbHo,
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nenycro nepeceuenne U N f(A), orkygma u cremyer, uro muoxkectBo f(A)
BCIOJIy ILJIOTHO B IPOCTpaHCTBE Y .

9.16 Komewmno, HeBepHO.

9.17 [a, cymecreyer. BosbMeMm B KauecTBe A KaHTOPOBO MHOYKECTBO.

OTobpazkenne COMOCTABIAET UUCTY Jio%, e a; = 0;2, gncao %O;ﬁ
=1 =1

OcTanoch TPOBEPUTDH, YTO OMPEIETEHHOE TAKNM 00pPa30M OTODOParKEeHUe SB-
JISIETCS HEMTPEPBIBHBIM (TIPOZIeaiiTe 3T0 CAMOCTOATEHHO).

9.18 Jloxaxewm mepBoe yTBepxKaenue. [Iycts U, — OKPEeCTHOCTH TOUKH
a € X, makag uro f(U,) C (=5 + f(a); f(a) + §), a V, — amanorminas
OKPECTHOCTD i oTobpaxKkenus ¢. Herpynauo Bumers, uro, B3as W, = U, N
Vg, Mbl nosyunm, uro (f + ¢g)(W,) C (—e + f(a); f(a) +¢).

9.20 Ecmm

0 <0,
filz)=( iz 0<z <1,
1 ;1:2%,

TO yKa3aHHad B 3aja4de popmyJia onpeesisier gpyukiuio, papayio 0 mpu z < 0
u pasmyio 1 mpu x > 0.

9.21 Touonorusi 8 R umyynupyercs merpukoii p(>) | rie

p(oo)($7y) = max{‘xl - y1|, ) |xn - yn|}

CrenoBarensno, p(>)(f(z), f(a)) < €, corma |fi(z) — fi(a)| < e mpm Bcex
1=1,2,...,n.

9.22 Bocnoswzyitrecs 9.21 u 9.18.

9.23 Bocnomwzyiitecy 9.21 n 9.18, 9.19.

9.2/ Eciu rononorus Q' Takosa, 4To 1151 100010 MHOXkKecTBa A oToOpa-
xkenue & — p(x, A) nenpepbiBaO, TO ' COAEPKUT BCEBOZMOKHBIE OTKPBITHIE
n1aphI. 3Ha,LII/IT7 B HEEe BXOAAT M BCE MHO2KECTBa, OTKPBLITHIE B MeTpI/ILIeCKOfI
TOTOJIOTUY.

9.25 Ecmu p(z,a) < e, 1o p(f(z), f(a)) < as <e.
9.27 Tawm, riue pedub uger 0 3aMKHYTHIX MHOXKECTBAX.

9.28 Crenyer UCIIOIB30BATH TAKOM, BO3MOXKHO HEU3BECTHBIN I BaC
daxr: ecin P(zy,...,2,) = 0 B HEKOTOPOil OKPECTHOCTH HEKOTOPOIl TOUKH,
to P = 0. Orcioga ciemyer, 9To JjIs BO BCSKOJ OKPECTHOCTH BCSIKOI TOUKN
x muoxecrsa {z | P(x) = 0} naiizerca Touka, He IPUHA/IEXKAIAS ITOMY
muOKecTBy. OCTamoch 3aMeTnuTh, 9To MHOKecTBO {2 | P(z) = 0} 3aMkmHyTO.
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9.29 B cayuasx (a), (c) u (d), koneuno, nmer. I[lonpobyiite mokasarb,
9TO OTBET yTBEPAMTENbHBIH B Cayudae (b), K mpumepy, MCIOIb3ysi TEXHUKY
mMaremaTnyeckoro aaausa (cm. takxke 9.7).

9.31 Ecnu mepecedenne HEKOTOPOro MHOXKecTBA U ¢ KaXKIBIM dIeMeH-
TOM TOKPBITUs | OTKPBITO B 3TOM 3JIEMEHTE, TO TO K€ BEpHO [Ijisi JIF0O0T0
snemenTa mokpbiTua 1. TlockonbKy 1o yciaosmio mokpeitue IV dbynmamen-
TabHO, TO MHOKEeCTBO U OTKPBHITO BO BCEM IIPOCTPAHCTBE, TAKUM 00pa3oM,
u nokpeitue [' gaBjsgercsa QyHIaMEHTATbHBIM.

9.32 Ecmu BNU orkpeiro B U myst Besikoro U € T, a A € A, 1o
muoxkectso (BNU)NA = (BNA)N(UNA) orkpeiro 8 UN A, 3naunr, BN A
orkpeiTo B A. Tlockonbky mokpeitue A dyHgaMeHTaIbHO, TO B OTKPHITO B
mpocTpaHcTBe X .

9.33 CueicTBrUe TPEIBIAYIIErO YTBEPXKeHusi. UT0 3a MOKpBITHE Clle-
Jnyer B34Th B KadecTBe A7

9.1x Paccmorpure f @ [0;2] — R, rae f(xr) = = mpr x € [0;1] u
flz)=x+1opu z € (1;2].

9.2x Paccmorpute ecrecrsennoe orobpaskenne f : {1, 0}, — {~1,0,1}.

9.3x [a, nenpepsiBao. Bojiee Toro, jgocratodno TpeboBaTh OOBIUHOIM
(HECTPOTOit) MOHOTOHHOCTH OTOOPAYKEHUSI.

9.Cx Ilocrpoum Takoe IPOCTPAHCTBO Z KaK O0bEIMHEHUE JIU3bIOHKT-
HBIX Komwmit mpocrpancts X u Y. B HéM paccrosinve MKy TOYKAMU, [IPU-
HaJIJIeKAIUME KOITUHU OJTHOTO U3 UCXOHBIX TMTPOCTPAHCTB, TOJI0KAM DABHBIM
PACCTOSTHUIO MEK/Ty COOTBETCTBYIOIIUMU TOIKAMU ITOr0 IpocTpancTsa. s
TOrO, YTOOBI OIPEJIETUTH PACCTOSTHUST MEXK Y TOUKAMU PA3HBIX TPOCTPAHCTB,
BbiGepeM Touku To € X nyg € Y n nonoxum p(a,b) = px(a,zo)+py (yo,b)+
1 mnsa € X ube Y. I[Iposepbre (3710 MeHiCTBUTENBLHO JIETKO), 9TO 3TO OymeT
METPUKA.

9.Dx Jla, nanpumep, OJIHOTOUYEYHOE IIPOCTPAHCTBO U JII0O0E HEOI'DAHU-
YEeHHOEe TTPOCTPAHCTBO.

9.FEx Xotg, KaK Mbl BUJIE/IN, PEIIUB IPEAbIAYIILYIO 33/1a9y, PACCTOsTHIE
['pomosa-Xaycaopda MoxkeT ObITh DECKOHEIHBIM, 8 CHMMETPUIHOCTD U HePa-
BEHCTBO TPEyTroJibHUKA (DOPMYIUPOBAIUCDH BbIIie i (DYHKIUN, TPUHUMATO-
IIIUX TOJBKO KOHEUYHbIE 3HAUEHUS, CHMMETPUIHOCTh UMEET CMBIC/ U OYUEBU/I-
Ha, & HEPABEHCTBY TPEYTOJbHUKA TOXKE JIETKO MPU/IATH PAa3yMHBII CMBIC/T TIPU
MosiBJIeHNN DECKOHEUHBIX 3Ha4YeHuil. VIMEeHHO, TpU HAJTUINN ODECKOHEUHOCTE
HEPABEHCTBO TPEYTOJbHUKA CJIEIYET CUUTATH BBITOJTHEHHBIM, COT/IA U3 TPEX
paccrogumit 6eCKOHEYHBI /[Ba WU Tpu. i1 T0Ka3aTe bCcTBa TAKUM 00pa3oM
00OOIIEHHOTO HEPABEHCTBA TPEYTOJIbHUKA I10JIe3HA CJIeIYIONas KOHCTPYK-
nng. [lycts mpoctpanctBa X n Y m3oMeTprUiecKn BJIOXKEHBI B TPOCTPAHCTBO
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A, a mpocTpaHCcTBa Y U Z M30METPUIECKH BJIOXKEHBbI B TpocTpancTBo B. Ilo-
CTPOMM HOBOE IIPOCTPAHCTBO, B KOTOPOM OY/IyT H30METPUIECKH BJIOYXKEeHbI A u
B, nepecekasich Japyr ¢ apyrom o Y. st sToro gobaBum K A TOUKH MHOXKE-
crBa B\ A. Paccrostaust Mex 1y 100aBJIEHHBIMU TOUKAMU TIOJIOXKUM DABHBIM
paccrosauio Mexk 1y Humu B B. Paccrosinue mexiay Ttoukavmu x € AN B u
z € B~ A nonoxum pasubiv inf{pa(z,y)+pp(y, z) | y € AN B}. Cpasuure
9Ty KOHCTPYKIIMIO ¢ KOHCTPYKIWei u3 pernerust 3agaan  9.Cx. Jlokaxwure,
9TO TAK MOJIYYaeTCd METPUYIECKOe ITPOCTPAHCTBO, U IPUMEHUTE HEPABEHCTBO
TPeyTroJIbHUKA, JIJIsl paccToguusd Xaycaopda mexay muoxkecrsamu X, Y u 2
B 3TOM IIPOCTPAHCTBE.

9.Fx Oruacru, orBer ouesuern. Koneano, paccrostaue I'pomosa-Xaycmopda
neorpurarebHo! Ho BOT ecyi 0HO paBHO HYJIIO, B KAKOM CMBIC/IE TOT/I, [TPO-
crparcrBa paBubl? [leppoe, Hambo/iee ONTUMHUCTHYIECKOE IMIPEJITOI0KEHNE,
9TO MPUXOAUT B TOJIOBY, 9TO UTO TOTJA JIOJZKHA, CYIIECTBOBATH M30METPU-
qeckas OueKIus Mex 1y npocrpancrsamu. Ho 310 mpe/mnoiokenne HEBEPHO,
KakK rmokasbiBaer npumep npocrpancts Q u R co craHIapTHBIM pacCTOsTHIEM
B HuxX. OJIHAKO 9TO BEPHO JjIsi KOMIAKTHBIX METPUUECKUX MPOCTPACTB.

10.1 Yreepxkaeuus 10.C-10.E u o3Ha4aior, 4T0 rTOMEOMOP(MHOCTD SIB-

JIdeTCd OTHOIIIEeHUEM S5KBUBAJICHTHOCTH.

10.2 Ilycrb 7: x — |R—$

z|?
prBHOCTb CﬂeﬂyeT nus3 TeOpeM MaATEMATUYECKOT'O aHaJIN3a: BBIIIUIIIUTE KOOp—

1

— waBepcus. [lokaxkure, aro 7~ = 7. Hemnpe-

JIIMHATHOE TIPE/ICTAB/IEHNEe OTOOPAYKEHUS T U BOCIIOJIb3YUTECh YTBEPIK/ICHUSI-
vu 9.18, 9.19 m 9.21.

o . o . _ (ad=bc)y
10.3 llokaxwure, uro ecan z = x + iy u f(2) = u +iv, T0 v = erd?

orkyma caemayer, uro f(H) C H. Obparnoe orobpazkeHne 3a/aeTcsi aHAIO-
ruanoit popmystoit. [Is mokazarenbcTBa HEIPEPBIBHOCTH BOCIIOIB3YHTECH
9.18, 9.19 u 9.21

10.4 Bocrmosib3yiiTech TeopemMoii 0 MpOMEXKYTOUHOM 3HAYMEHUH.
Cwu. 10.M.

10.5 1) u 2) oueBngnbl; 3) Besikast 6uekiust Ry, — Ry, yeranasiusaer
OMEKTHBHOE COOTBETCTBHE MEYK/ly KOHCYHBIMU MHOMKECTBAMMU.

10.6 Tosibko TOXKIECTBEHHOE OTOOpazKeHue §f ecTb roMmeoMopdu3M.
10.7 Wcnonwzyiire 9.13 u 10.M.
10.8 Ilycte X =Y = U2 ([2k; 2k 4 1) u paccMoTpuTe OMEKITHIO

8 N8

npu x € [0;1),
X—=Y:z— %1 upu z € [2;3),
r—2 upux>4.
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10.10 Tlpwu periennu nyukros (f) u (i) ncnosnb3yiite nossipHble KOOP/U-
HATBI; IPU PEIIeHUH OCTAIBHBIX MOXKHO IPUMEHUTH OTOOPAYKEHMUsI, MOCTPO-
ernble pu perrennn 3agaqau 10.0.

10.11 B nyuxre (b).

10.12 Kaxoe u3 HUX TOMEOMOP@HO OTHOMY U3 CJIEIYIOIIIX MHOKECTB:
TOYKA, OTPE30K, JIyd, KPYT, IOJIOCA, HMOJIYILIOCKOCTh, TJI0CKOCTh. Jlokaykure
910!

10.13 B 3amavax 10.7 wn 10.11 1ocTaTOYHO 3aMEHUTH 3aMKYHTLIN KPYT
D? 3aMKHYTEIM N-MepHBIM mapoM D™ ¥ OTKPBITEIL Kpyr B2 OTKPBITHIM n-
MepHbIM 1apom B". B 3agade 10.12 curyarus 6osee 3amyranuas. [lyctsb
K C R" zamkHyTOE BBITYK/I0€ MHOXKeCTBO. lIpex e Bcero, Mbl BIpaBe CUu-
TaTh, 9To Int K # &, MOCKOJBKY B MPOTHBHOM cydae K H30METPUIHO MO
mHOKecTBy npocrpancrtea RF ¢ k < n. Bo-sropsix, npeamosoxmy, aro K
He orpannveno. (B nporusrnom ciyuae oHO Oyser roMeoMophHO3AKHY TOMY
mrapy.) Eciu K He cojepKuT HUKAKOi mpsiMOoii, TO OHO roMeoMOpPQHO Moy~
npocrpauctBy. Eciau K comepKutT HEKOTOPYIO MPAMYIO, TO OHO M30METPHU-
HO “muanHApy”’ C 3aMKHYTOW BBIMYKJION “0a30i1”, jexKaleil B mpoCTPaHCTBE
R"~! ob6pazyomniue KOTOPOro mapaJiie bHbl N-0if KOOpAuHATHOH ocu. Takum
00pa30M, MBI MOYKEM MPOBECTH WHYKIINIO 110 pazmeprocTr. Chopmymupyii-
Te MOJIHBINH OTBeT!

10.14 Orobpa3ute KaxK/i0e 3BEHO JIOMAHON Ha JYTy OKPYKHOCTH.

10.15 Cw. pemtenue npepbiayineit 3agadau. MoKHO TOCTPOUTH jgaske
KYCOYHO-JTUHEHHBINT rOMeoMOpPdu3M.

10.16 BuumarTeIbHO COIOCTABLTE BCE HEOOXOMMMBIE OIIpeje/TeHus!

10.17 PaccvorpuTre KBaJpaT Ha MJIOCKOCTH, 33 TaHHBIT HEPABEHCTBOM
|z| + |y| < 2, n ucnosb3yiire uiero 3axaq 10.T wuu 10.S.

10.18 [loxa3aTelbCTBO JIEeMEHTAPHOE, HO TIAKEIOE. ..

10.19 1lpu nmomomu roMmeoMopdu3MOB, ONUCAHHBIX B PEIIEHUU 313~
qn 10 0, BbI CMOZKETE ITIOCTPOUTDH, K IpUMeEpPYy, CJAEAyIoIne FOMQOMOp(bI/ISMbI:
(a) = (d) = (f), (d) = (e) = (h) = (b), (h) = (g) = (c).

10.21 Ecam MHOXKecTBO X COCTOUT TOJBKO W3 OJHOTO OTPe3Ka, TO 3TO
B rounoctu yreepxkaerue 10.20 (f). B obmewm ciayuae ucnonb3yiite 10.19 (.
e. 1o, uro (1) = (h), opu sTOM HaIO 3aMETHTH, YTO FOMEOMOPMU3M MOK-
HO CUMTATh TOXKJECTBEHHBIM Ha Tpanule Kpaapara). OKpyKuTe OTpeskn
HEIEePeCeKAIOMMMUCT POMOAMU U MTPUMEHUTE MTOCTPOEHHBIN TOMeoMOP(MU3M
K KazK/IOMYy U3 HUX.

10.22 llpoBennTe MHIYKIWIO MO YUCTY 3BeHLeB jjoManoir X . Ha xaxk-

JIOM IIIare, UCIOJIb3Ys paccyzK/eHue B pertenun 3aa4qu 10.21, orobpazkaiite
R? \. X Ha JIOIOJHEHHE JOMAHOM C MEHBIIHM YIC/IOM 3BEHBEB.
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10.23 Jloxazkure, 4TO Jjist BCSKOII mapel Touek p, ¢ € Int D? cymiecrsy-
er romeomopdusm f : D? — D2 raxoit uto f(p) = f(q), a ab(f) = idg:.
Ocranoch npoBecTH PACCYKIEHUE 10 MHIYKIIUH.
Huxe npusenena 6oiee sisrast koncrpykuus. [Iycrs K = {(z,v;)}7 ;. Mb1
BIPABE NPEOJI0KUTE, 9T adciuce Touek MuokecTsa, K pazmmunst. (IToue-
my?) Pacemorpum menpepeiBayio dyukmmio f: R — R, takyio uro f(x;) =
yi, i = 1,...,n. Torma F : R? — R? : (2,9) — (z,y — f(z)) — romeo-
mopdusm, s xkoroporo F(K) C RY. CymecrByer Takske romeoMopdusm
g : R — R, makoii uro g(z;) =i, i = 1,...,n. Paccmorpum romeomopdusm
G:R?2 = R%: (z,y) — (g9(z),y). Torma (G o F)(K) = {1,...,n}, crenosa-
tempHo, R2\ K 2 R2~ {1,...,n}.

10.24 Vcnomszyiite romeomopduszm (b) = (c) 3amaun 10.20.

10.26 Paccmorpure orobpaxkenue (x,t) — (z, (1 —t)f(z) + tg(x)).

10.27 TlepsbIit BOIPOC — & UTO TMPEACTABIAET COOOI ¢ MaTeMaTHIeCKOi
TOYKM 3peHusi Kodeiinas Jallka, KakuMm obpas3oMm oHa 3ajana’ B jpanbheri-
[IeM MBI YKaKeM TOYHBIN IMOJIX0/] K OMUCAHUIO MTOJ00HBIX 00HEKTOB, BBEIs
COOTBETCTBYIOMIMI K/IaCC IPOCTPAHCTB, a MOKa Oy/IeM PAaCCyKIATh “‘C TOUKHU
3PEHUst 37PABOr0 CMbICIA . 3aMKHYTHIN TIap roMeoMopdeH CBOeil TOTOBUHE,
He npasa Jju? Jlajee, ecin Bbl U3 MOJIOBUHBI TIapa YAAJUM OJIOBUHY MIapa,
MEHBIIIET0 PAJINYCa C TEM ZKE IIEHTPOM, TO OCTABIIAsICS 9acTh (“KOPKa OT mo-
J0BUHBL apOy3a’) mo-npexkueMy Oyger roMeoMopdHa U MoJIyIapy, u napy.
OTHU yTBEP:K/IEHUsI MOXKHO JIOKa3aTh aKKYPaTHO, JlaXKe BBIMHCAB HEOOX0/Iu-
mbie popmysibl. OcraBirasicss “KOpka’ — 9TO Jalllka, ¢ OTOUTON pydKoil. 3Ha-
9UT, YalrKa ¢ OTOUTON PyUKOit romeoMopdHa 3aMKHYTOMY IIapy, KOTOPBII,
B CBOIO Ouepe/ib, romeomopden muanuapy. bosee Toro, ecim Ha MOBEPXHO-
cTr 1mapa 3adpuKCHpOBAHbI IBa “KpyTa’, TO MBI BIIPaBe CINTATH, 9TO MMEHHO
OHUW W ABJIAIOTCI OCHOBAHUAMU TIMAWHIpA, cp. 10.25. B xadecTBe oTMetUIeH-
HBIX KPYTOB jaBaiiTe BO3bMEM KPYTH, [0 KOTOPBIM K YaIlKe MPUCTABJ/IEHA
pydKa, KOTOpas caMa HpejcTaB/isger coboil nuiuaap. Yro ke moJyyun/ioch,
— Jta, KOHeYHo, OyO/mK!

10.28 Mouere romeomopdubr: 0110/111e, CTaKaH, JIO?KKA, BUJIKA, HOXK,
TapeJika, 'BO3/b, BUHT, 60JIT, cBepsio. OOpydabHOMY KOJIBILY TOMEOMOP(HBI:
kodeiinasg gaIka, raiika, maiida, MBeTOYHbIN TOPIIOK, KJII0Y.

10.29 Cw. pemrenne CIeayiomeii 3a/a9m.

10.30 K »7oit 3a/1aue IPUMEHUMBI T€ K€ CJI0BA, UTO OBbLIN CKA3aHBI B
pemenun 3aga4uu 10.27. dcuo, 4To eciu B miape BBICBEPJIUTH HErIYyOOKYIO
SIMKY, TO TIOJy9IEeHHOE TeJO MOo-TIpekHeMy TromeoMopdno mapy. Ocramoch
00'bsICHUTD, [T0YEMY K€ OIHMCAHHOE B 33/[a4e TeJI0 roMeoMOPdHO Cjerka 1mpo-
ceeperHoMy 1iapy. OCHOBHAasI ujiest Ta, ¥Ke, 9T0o U B pertenun 3a1a4uu 10.22; B
JAHHOM CJIy9ae PermeHne OCHOBAHO Ha cieytomnteM yrepxaennn. [Iycrs Cy
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— muauHap, nycts nuuaap C yexur B C') nMeer MeHbITH pajnyc, MeHb-
IIyI0 BBICOTY, & €r0 HUYKHEE OCHOBAHUE JIEXKUT BHYTPU HUXKHEIO OCHOBAHUS
mumsapa C. Ilyers C' — 310 Hekoropast HuxKHss dacTh nuaunapa C. Cy-
mectByer Takoit romeomopduszm f @ Cy — Cp, TOXKIECTBEHHBII Ha TDAHUIE
Co, aro f(C) = C’. OrBepcTBrE, BBICBEPJIEHHOE B JIAHHOM IAPE, SBJISAETCS
nuuHaApoM. B ety copMympoBaHHO JIeMMBI MbI BIIPaBe CIYUTATH, ITO
STOT TWIUHIP — HEDOTBITOMN.

10.33 Kaxnoe u3 mpoctpancTs romeomopdno S3~ (S1Upoint). YTobmr
yOeIUTHCS B 5TOM, paceMoTpuTe romeomopdmsm R3 22 $3\ point, onmcannbrit
B perternn 3a1aqu 10. R. (Bo BropoM citydae ymaguTe TOUKY U3 OKPYKHOCTH
S1.) Paccysxenne ocraercs crnpaBejIMBBIM M B CIydae IIPOCTPaHCTBa R™.
Ho uro mpousoiizer, ecian 3amenntsb S wa SF?

10.34 Crepeorpaduueckas npoeknus S™ \ (0,...,0,1) — R™ mepeso-
JUT PaCCMATPUBAEMOE MHOXKECTBO B (CepuvIecKn CHMMETPUIHYIO) OKPECT-
mocts SF1) KoTopass, Kak COBCeM HETpYIHO BHIETH, romMeoMopdma R”
Rk,

10.35 7, Q cuernsbl, ocrajbHble Tpu — HET. Z 2 (Q, IOCKOJIbKY B TIEPBOM
13 HUX TOLOJIOIUs JUCKPeTHa, BO BTopoM — HeT. Tospko B Ry, Her Gecko-
HEYHBIX 3aMKHYTBIX MHO2KECTB, HE€ COBIIQJAIONINX CO BCEM HIPOCTPAHCTBOM.
B CTpeJIKe JIBa J'IIO6])IX OTKPBITBIX MHOZKECTBaA IMEePEeCEeKarOTCA.

10.36 Tycrs X = {k}ZL U [2k; 2k+1), Y = XU{1}. Paccmorpure
OueKIun

x npu z < 0,
rz+1 npuz < -2 . € [0:1]
X—=Y:xz—<(1 npur =—1, Y —=X:1zx~— 21 P T
=  mpmx € [2;3),
T npu z > 0;

xr—2 upuax>4.

[Toxoxkwuit Tprok HasbiBaeTcs “rocrununieii ['masbepra”; a modyemy?
10.37 Bospmure [0;1] u R.
10.38 Tonosorus B Q me puckperHa.
10.39 1), 2) Eciu oHz He OJHOTOYEYHBI, TO HEIb3I.

10.40 Cwm. 10.35.

11.1 1)-3) Ja, B KaXXJ0M U3 HEUX JIBa JIOOBIX HEMYCTBIX OTKPBITHIX
MHOKECTBA MMEIOT HEIyCTOe IepeceveHue.

11.2 Ilycroe n ojHOTOYEYHOE.

11.3 HecBg3Hoe AByTOUYETHOE TPOCTPAHCTBO, OYUEBUIHO, IBIIETCI THC-
KPETHBIM.
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11.4 1) Her, e casno, tak kak Q = (QN(—00;v2))U(QN(V2; +00)).
2) R \ Q necBsi3HO 110 TakuM ke (1 gazke 6oJiee MPOCTBIM) COOOPAIKEHUSIM.

11.5 1) Ha, rak xak, eciu X = U UV, tne U,V € Oy, o U,V € .
2) Her, He 00s13aTe/IbHO: PACCMOTPUTE CUTYAIHIO, B KOTOPOii Tomosorus §2;
TpUBHAIbHA, TOMOJIOrus (o JIUCKpPETHA, & MHOKECTBO X COCTOUT GoJiee, ueM
W3 OJHOU TOYKH.

11.6 Muox)ecTBO A HECBSIZHO, €C/IU CYIIECTBYIOT OTKPBITHIE MHOYXKECTBA

UnV,rakme ato ACUUV, UNVNA=0, UNA#ouVNA#Q.

11.7 1),3) Her, tak kak ungymuposannas Ha {0, 1} Tomosorus sBiisercs
mucKperHoii. 2) Jla, Tak Kak WHTYIIPOBAHHAS TOIOIOTUS He ANCKPETHA (CM.

11.3).

11.8 1) Besikoe TOaMHOKECTBO CTpesiku CBA3HO. 2) TToaMHOKECTBO 11po-
crparcTBa Ry, CBSI3HO, COrJla OHO IIYCTO, SIBJISIETCSI OJJHOTOYEYHBIM /I Oec-
KOHEUHBIM.

11.9 Tlokaxwure, uro orpe3ok [0; 1] u orkpeir n 3amkuyT B [0; 1]U(2; 3].

11.10 Ecm z,y € ACR, z € (z;y) u 2 ¢ A, TO HA KAKME OTKPBITHIE
B A mMOIMHOXKECTBa MOKHO pas3buts muoxkectBo A7 Cp. 11.4.

11.11 Ucnonszyiite Takoe coobpaxkenme: ecim B N Clxy C = &, 10
B=AN (X \ClxC).

11.12 Ilycrs X = AU{x,}, a ), COCTOUT U3 IyCTOrO MHOYKECTBA U BCEX
MHOKECTB, COJEpPKAIINX TOUKY Ty. lIpoBepbre, uTo (), — TOMONOTHUIECKAST
crpykrypa. Kakosa Tomojiorntueckas crpykrypa 247

11.13 Tlycrs A HecBsizHO, a MHOXKecTBa B 1 C' yI0B/I€TBOPSIIOT yTBEp-
xKaeunsam 3agaqan 11.11. MuoOX)ecTBa

U={zeR"|p(x,B) < p(x,C)}, V = {& € B" | p(z, B) > plx,C)}

SIBJIAFOTCS UCKOMBIMU. 3aMETUM, YTO YTBEDKIEHNE ITOI 3a/adu OCTAHETCSH
BepHBIM, ecyin BMecTo R™ paccMOTpeTh MpOU3BOJILHOE IPOCTPAHCTBO, JII000e
OTKPBITOE TIOJIMHOYKECTBO KOTOPOTO HOPMAJIBLHO, cM. 14.

11.14 Ouesngno. (Cp. 11.6.)

11.15 MuoxectBo A mI0THO B B, cCHaOXKEHHOM OTHOCUTENHLHOM TOTO-
jiorueit. Ocrasiock npuMeHuTs Teopemy 11.B.

11.16 IlpeamosoRKuM TPOTUBHOE, 9TO MHOXKecTBO A U B HecBa3HO.
Torma B 06BHEMITIONIEM TPOCTPAHCTBE HANTYTCS OTKPBITHIE MOAMHOKECTBA U
uV, rakue urto AUB CUUV, UN(AUB) # @, VN(AUB) # @ u
UNVN(AUB) =@ (cu. pemmenne 3amadn 11.6). Tak kaxk AUB C U UV,
TO MHOXKECTBO A Tepecekaercs Mo KpaiiHeil Mepe ¢ OJHUM W3 MHOXKeCTB U
umn V. Ilycts, maa onpenenennoctu, ANU # @. Torma ANV = & B cuny
ces3nocTn MuOXKecTBa A, 3uaunt A C U. Tak xkak muoxkectBo U saBisercs
OKPEeCTHOCTBIO JTI060i Toukm u3 mepecedenns A N ClB, o U N B # @.
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Mmuoxecrso V' raxxke nepecekaercs ¢ B, mockonbky V N (AU B) # O, a
ANV = @. Msl niojiyunin TPOTHBOPEYINE CO CBA3HOCTHIO B, Tak kak BN U
u BNV — nBa HemyCThIX OTKPBITHIX B B 1 Hermepecekaronmxcs MHOXKECTBA,
obbeuHeHne KOToOpbix 1aer B.

11.17 FEcan muoxkectBo AU B HECBI3HO, TO HAMTyTCA TaKWE OTKPBITHIE
B X muoxecrsa U n V, g xoropeix: UUV D AUBu UNVN(AUB) = @.
[TockoBbKY MHOKECTBO A CBA3HO, TO OHO COEPIKUTCA B OJTHOM U3 MHOKECTB
U wm V, mna onpenenennoctn, nycth A C U. Tlomoxum By = BNV, Tax
kak B otkpeiTo B X N\ A, a V C X \\ A, T0 B1 OTKpBITO B V, 3HAYUT, OHO
orkpeiTo B X. Jlanee, tak kak By C X N\ U C X \ A, To B] 3aMKHYTO B
X N\ U, 3uauaur, 3amkuyto B X. Takum obpazom, MHOKECTBO B] OTKPBLITO U
3aMKHYTO BX, 9TO MPOTUBOPEYUT CBA3HOCTH ITOTO IMPOCTPAHCTBA.

11.18 Her, e cnemyer. [lpumep: A =Q, B=R\ Q.

11.19 1) Ecim A u B orkpeitet u A necssazno, 1o A=U UV, rne U u
V' — Hemycrble, He mepecekaommecs u OTKpbIThie B A MHOX)ecTBa. Tak Kak
AN B cBsa3uo, o aubo ANB C U, mmbo ANB C V. [l onpenejeHHoCTI
cunraem, yro A N B C U. Torga muoxecrsa V,U U B cocrasisior pa3ou-
eane A U B Ha JiBa HEIYCThIX OTKPBITHIX MHOXKecTBa. [leitcreurensuo, U u
V orkpeiThl B AU B, Tak Kak OTKPBITOE MOAMHOYKECTBO OTKPBITOTO MHOYKE-
CTBa OTKPBITO B 00BEMJIIONIEM TPOCTPpAHCTBE. MBI MOy dmiv IpOTHBOPETIE
co ceszHOCTHIO A U B.
2) BamenuTre Be3/ie B MPEALIIYIIEM PACCYKICHUU CIOBA OMEKPLIMO, OMKDbI-
moe Ha, CI0BA 3GMKEHYMO, 3GMERYMOE.

11.20 Her, ne obgzarenbuo. Paccmorpum cBs3uble MHOXKecTBa K, =
{@y) | 220, ye{0}}U{@y) |zeN o=n ye L1},
n € N. (Beckoneunsiii 3a60p, Keye3Has g0pora, OALIIOCTPaa — ITO BaM
bobime Hpasutcs.) [lepecedeHnemM 3THX MHOXKECTB SIBISETCA OObLEIMHEHUEe
ayaeit {y =1, >0} u {y = —1,2 > 0}.

11.21 Ilycrs C — xommorernTa X. Paccmorpum rouky x € C, mycts U,
— 9710 €€ cBa3Hasd okpectHocTh. Torma U, nenukom cojepxkutcs B C, 3HAUUT
x — BHyTpeHHssd Touka MuoxkecTBa C. Takum obpazom y muoxkectBa C' Bce
TOYKHU — BHYTPEHHUE, CJI€/I0BATETLHO, OHO OTKPBITO.

11.22 TllepedopmyiupyeMm yTBEpzKEHHUE, ITOCIE Yero OHO CTAHEeT Ode-
BugHbIM. VIMeHHO, eciin MHOXKeCTBO M CBsi3HO, & A OTKPBITO M 3aMKHYTO,
To mbo M C A, mmbo M C X \ A.

11.23 Cwm. caegyomnyio 3a/atdy.

11.24 okaxkwure, 9TO HUKAKWE JIBE TOYKM KAHTOPOBA MHOXKECTBA, HE
MOT'YT IIPUHAJIEYKATH OJTHON €r0 KOMIIOHEHTE CBA3HOCTH.

11.25 Ecmm Fr A = @, 10 A = Cl A = Int A — HeTpUBHATBHOE OTKPBITOE
U 3aMKHYTOE MHOXKECTBO.
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11.26 Ecom FNFrA =g, 10 F = (FNClIA)U(FNCI(X \ A)), upuuem
FNCIANCHX N A) =o.

11.27 Ecmu ClA — mecBasznoe MmHOXKecTBo, To ClA = Fy U Fy, rae
Fy, F5 — 3aMKHYTBIe 1 Hellepecekatoruecd B X MHOxKecTBa. [Io 11.25 nmeem
FrF,Fr Fy # @ u FrClA = Fr Fy U Fr F5, 970 TpOTHBOPEYAT CBI3HOCTH
Fr A.

11.30 Conocrasbre 11.Nu 11.10.

11.31 Ilycts M — KoMmIOHeHTa eJWHUIBI. I KaKJI0if TOUYKM X €
M wHOX)KecTBO M CBSI3HO W CONEpP:KUAT TOUKY & = xe. Takmm obpazow,
muoxkectBa M m M mepecekarorcd, ciaemoBarenbrno xM C M, 1. e. M
apagercda noarpynmoit X. [lamee, miag Kaxkaoit Toukm x € X MHOXKECTBO
x 'Mz cBasHo u comepxutr eaunniy. CiaemoBaTeanbHO "Mz ¢ M , Tak
aro M — HOpMAaJjbHAS MOATPYIIIIA.

11.32 llycrs muoxkectBo U C R orkpeito. s Besaxoit Toukn x € U
pPacCMOTPUTE MAaKCHUMAIBHBIN wHTEpBast (mgy; M,) C U, comep:kamiuii Ty
Touky. JItobble jBa TakKUX WHTEpBaJa JUOO COBIAJIAIOT, JUOO HE Iepeceka-
I0TCsI, TAKUM 00pPa30M, OHU COCTABJIAIOT pasbuenue muoxkectsa U.

11.33 1) KomneuHno, cBA3HO, MOCKOJIBKY, ecm | — crmpasb, To Cll =
1US!. 2) Koneuno, orser He M3MEHUTCS, €C/IM K CHUPAJIN J00ABIEHa, TOIBKO
YacTh IIPEJIeJIbHON OKPYZKHOCTH.

11.34 (a) Hecs3no, K mpuMepy, MOTOMY YTO HECBSI3HA €r0 MPOEKIIUS
Ha och abcnucc. (b) CBs3HO, MOCKOJIBKY JIIOOBIE JBE TOYKH ITOIO MHOKE-
cTBa coefuHeHb! (He Gostee UeM) aBy3BeHHOl oMmamnoii. (¢) Cesasmo. Pacemor-
puM MHOXKectBo X C R?, gpisiomeecsa o6beuHeHIeM IPAMBIX § = Kk, re
k € Q. dcuo, uro KoOpAMHATEL (Z,y) BCIKON TOYKM MHOXKecTBa X mam obe
PAIMOHAJIBHBI, WM 00e UppanuoHa bHbl. OCTAJI0Ch 3aMETUTH, YTO STO MHO-
JKeCTBO CBS3HO, a JAaHHOE B 33/lade MHOYKECTBO JIEKHUT B €r0 3aMbIKAHUU
(coBmazarormeii co BCeil MIOCKOCTHIO).

13.17 Ilycts A C R"™ — cBasnoe mHOKECTBO. Bocmosb3yiiTech Tem,
410 mapsl npocrparctBa R™ casubl (em. 11.U wiu 11.V), u npumepure
yrBepxkaenne 11.E k cemeiictBy {A} U{B:(7)}zea.

11.36 st kaxxj10it TOUKM & € A pacCMOTPUM IMIAPOBYIO OKPECTHOCTH
Ve C U sroit rouxn. Okpecrnocts | J o 4 Vo of A aBiserca nckomoii (cm. pac-
Cy KJIeHUE TPEebLIYIIet 3a1a4m).

11.37 Ilycto

X ={(0,0),(0,1)} U{(z,y) |z € [0;1], y=1 .,n e N} C R%.

Jokazkure, 910 11000€ OAHOBPEMEHHO M OTKDPBITOE, M 3aMKHYTOe B X MHO-
skectBo comepxut Toukn A(0,0) u B(1,0).
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12.1 JleiicTBuTe/IbHO, BCAKUI MHOTOYIEH HEYETHOW CTEIeHU TPUHUMA-
eT KaK IOJIOKUTEIbHbIE, TAK U OTPUIATENIbHBIE 3HAYEHUsI (IPU JTOCTATOYHO
BOJIBIINX TI0 MOIYJIIO 3HAYEHUSIX aPTyMEHTa), CIEA0BATENILHO, OH MTPUHUMAET
7 HYyJIEBOE 3HAUEHNE.

12.2 Comocrasbre 11.Y, 12.Bu 12.E.

12.3 Uwmetorca nessith Tonoorndeckux tunos, uvenno: (1) A; R; (2) B;
(3)C,L, M,N, S, U, V, W, Z; (4) D, O; (5) E, F, G, J, T, Y; (6) I, H; (7) K, X;
(8) P; (9) Q. Bamerum, 4TO OTBET 3aBUCHT OT IIPUHSITHIX HAYEPTAHUT OYyKB.
K npumepy, moxkno Tak mapucoBarh OykBy R, aT0 ona Oymer romeomopdHa
ne A a Q. ITocrapaiiTech MOHATE, KAKKME KE HAYEPTAHUS M0/IPA3YMEBAIU AB-
TOPBI, MPUBO/IS JAaHHBIN Bbimie oTser. [lomapuyio HeromeoMopdHOCTh GyKB
Pa3HBIX THIIOB MOXKHO JIOKA3aTh, UCIOJIb3Ys AHAJIOIH PACCYK/IEHUsI, TPOBE-
nennoro B 12.E.

12.4 Tlockonbky kBajpar 0e3 mob0il cBOelt TOYKM CBsA3eH (I0KaZKu-
te 310!). Toguepknem, uro wacto npousnocumas dpasza: “Iloromy urTo ero
HeIb3s pa30dnTh Ha, IBa OTKPBITHIX JOKA3ATETHCTBOM OTHIOIEL HE SIBISIETCH.
[Ipore Bcero Bocmoib30BaThHCA yTBEep:Kaennem 1.1

12.5 Ilockombky S™ ~\ point = R™.

12.4x ®@ukcupyem h € H u paccmorpum orobpaxkenue x +— xha ™!l
[Mockonbky H — HOpMaJIbHBIH JlesinTesib, 70 00pa3 rpymmnsl G jexur B H.
[Tockosibky Tomosoruss B H nuckperHa, TO 9TO 0TOOPaXKEHUE ABJISIETCS JI0-
KaJIbHO ITOCTOSTHHBIM, 3HAYUT, B cuty 12.2x, 0HO mOCTOdHHO. TaK KaK eIuHu-
ma orobpaskaercss B h, TO TeM caMbiM £hr ' = h IS BCSIKOTO JIEMEHTA T
rpynnel G, OTKyga U cieayer, 9To gh = hg Jjist JiI00bIX 3j1eMeHToB g € G u
heH.

12.5x PaccmoTpuTe TO, UTO €CTECTBEHHO HA3BATHL KOMIIOHEHTOI TOU-
KI B CMBIC/Ie CBOiicTBa &, T. €. 00bEINHEHNEe BCEX MHOYKECTB, 00JIaTaioNnx
sTEM cBoOiicTBOM. JloKaknuTe, UTO M3 YCAOBHUS 3aadU CJAEAYeT, UTO J00ast
KOMITOHEHTA OTKDBbITA. I—IOSTOMY7 €CJIn IMPOCTPAaHCTBO CBA3HO, TO KOMIIOHEH-
Ta, JI0DO TOYKM COBIIAJIAET CO BCEM IPOCTPAHCTBOM.

12.7x [lng ynobcrBa BBeIeM CUCTEMY KOODJAMHAT, OCHIO OPJUHAT KOTO-
poii siBJIsIeTCS TaHHAas TpsaMast [, u paccmoTpuM (yHKIuIo, 3uadenue f(t) Ko-
TOPOIl paBHO TLIOMIAAN IACTH MHOXKECTBA A, JeImaIreil jesee mpamoit © = t.
Hoxkaxure, uro dyukius [ HernpepbiBa. OCTagoch 3aMeTUTh, YTO MHOXKe-
CTBOM ee 3HadueHuil aBsgercs orpe3ok [0;S], rme S — mromans A, u npume-
HUTH TEOPEMY O TPOMEKYTOIHOM 3HAUECHUH.

12.8x Eciu MHOXKeCTBO A CBSI3HO, TO OILPEJIE/IEHHAs B PELIEHUN 3a1a4K
12.7x dyuxuus Gyuer crporo MoHoToHHOM Ha Muoxkecrse f1((0,9)).

12.9x Q@urcupyeM Ha ILIOCKOCTH HEKOTOPYIO CUCTEMY KOODIWHAT U I
BesIKOro uncna ¢ € [0; 7] OyeM paccMaTpuBaTh TAKXKe CHCTEMY KOODIWHAT,
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MOJTYIaeMYT0 TTOBOPOTOM MCXOJHON Ha yros . Beemem dbynxmnn fq n fp
caexyronmmM obpazom: npsvas ¢ = fa(p) (x = fg(p)) gemmr burypy A
(coorBercrBenno, dburypy B) Ha aBe 9acTh PABHON MI0MA M (KOHETHO, JI/Is
KayKJ0ro yria (@ npsaMas 3ajaHa ypPaBHEeHNeM B COOTBETCTBYIOIIEH Cucreme
koopaunar). [omoxum g(p) = fa(e) — fB(p). Acuo, uro g(m) = —g(0), no-
3T0My7 €CJIN MBI JIOKa3azKeM HeIIPEPbIBHOCTH (byHKL[I/Iﬁ fA n fB, TO Ha.I‘/JI’Z[eTCH
Takoe 3HaveHue @y, 4ro g(pg) = 0, Takum obpaszom npsmas x = fa(pg)
JeJINT Ka)K’Z[yIO %161 (bI/Ipr Ha JIB€ 9aCTu pa.BHOﬁ TLJIOII QI . ﬂOKa.)KI/ITe Herpe-
pBIBHOCTL byHKIM f4 u fp!

12.10x Wnesa pemrenns O6/M3Ka K UIee PeIIeHUd IIPeIbLIyIneil 3a atumn.

13.1 Conocrassre 11.Ru 11.N.

13.2 Comocrasbre 13.1 m 11.26.

13.3 DT0 0YEBUHO, TOCKOJIBKY BKJIIOUEHWE N4 HEPEPBIBHO.
He menee ouernmao; orobpakenne v HETPEPBIBHO KaK MOIOTOOparKe-
HUe HeIPEepLIBHOTO 0TOOPaYKeHMs in 4 ou.

13.4 U3 nepeducaeHHbIX TPOCTPAHCTB JIMHEITHO CBA3HBIMU ABJISIIOTCS
TOJIBKO: O/[HOTOYEYHOE JINCKPETHOE, aHTU/UCKPETHOe, crpeska, Ry, . Same-
TUM TaKKe, ITO B MPOCTPAHCTBE §f TOUKM @ M ¢ MOXKHO COETUHUTE TTyTeM!

13.5 Cnencrsue 13.5.
13.6 Cwm. dopuyny B 15.Cu 13.5.

13.8 [eiicrBurenbuo, nycts v : I — X — nyrs. Torma grobbie aBe To4-
kit u(x), u(y) € w(l) MOXKHO COEUHUTD IIyTeM, ABJIAIONMCS KOMIO3UIIHeit
orobpaxkennit uu I — I :t+— (1 —t)x + ty.

13.9 Ilyrem B mpoCTpPAHCTBE MHOT'OYTO/JIbHUKOB SBJISIETCS HEIPEPHIBHA
nedopMarg MHOTOYTOIbHUKA. [[OKaXKeMm, 9TO MPOU3BOJIBHBIN BBITYKJIbII
MHOTOYTOJIBHUK P MOKHO 11p0/1e(bOpMUPOBATH B IIPABUIBHBIN TPEYTOIbHIK
T'. Beibepem HEeKOTOPYIO BepIiuHy V' MHOTOYTOJBHUKA U CTAHEM CBUIATH €€
110 HAIIPABJIEHUIO K, HAIIPUMED, CEPENHE JMATrOHAJIN, COSJIMHIAIONEH CMexK-
woie ¢ V Beprmmabl P. Tem camMbiM MBI yMEHBIITUM YUCI0 BEPIIUH HA €JI1-
nutty. [Ipogoskas B TOM 2Ke Jyxe, Mbl B PE3yJIbTaTe IOIyIUM HEKOTOPBIH
TPEYTOJbHUK, KOTOPBIH JIErKO TPO/1eOPMUPOBATH B MPABUILHBIN TPEYTO/Ib-
mnk 1.

TaxKe HETPYIHO BUAETH, UTO BCAKNN BBIMYKJIBIM N-YTOILHUK MOYKHO IIPO-
71ebOPMUPOBATH B MPABUIBHBIN B TPOCTPAHCTBE BBIMYKJIBIX 7-YTOJTBHUKOB.

13.11 Tlpusenem paccykjeHue jiist ciaydas, korga A u B — oTKpbIThIE
muoxkectBa. Ilycts x,y € A w u — nyTh, coequugtonuit 3 Toukn B AU B,
npuuem Ity u(ty) ¢ A. Honoxum ¢ = sup{t | u([0;¢]) C A}. fcuo, uro
u(t) € B~ A. Ilokaxure, uro 3¢y < t : wu(t;) € AN B. Ananornuno
nocrponn ty. Ocranocs 3amMeTuThb, 4o ToUKK U(t1) v u(ta) MOKHO COEJIMHUTH
mytem B AN B.
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13.12 1), 2) VrBep:KaeHue OTHOCUTEJBHO I'DAHUIBI O4eBuaHO. [Ipu-
Mep JIerKO Haiitu B Rl, a B R? HeTPYJAHO HaWTU JIMHEHHO CBA3HOE MHO-
JKECTBO, BHYTPEHHOCTH KOTOPOTO He SBJISETCS CBA3HOM (Tak cka3arTh, He
“Pa3zMepHOCTHO-0THOPOHOE” MHOXKECTBO ).

13.13 Ilycrs z,y € Cl A. Ilpeamonoxum, uro x,y € Int A (B mporus-
HOM CJIydae pacCysKIeHre CTaHer Juib mpoire). CoeuHnM & 1 i OTpe3KaMu
¢ Toukamu &',y € Fr A, KOTOpBIE, B CBIO 09epe/b, COJUHIM JIPYT C JPYTOM
myreMm B Fr A.

13.16 Bcsakoe CBA3HOE TOJMHOYXKECTBO IPSIMOIl SIBJSETCH BBIMTYKJIBIM,
BHAYUT, U JIMHEWHO CBSI3HBIM.

13.17 Comnocrasbre 3ama4dy 11.35 u reopemy 13.U.

13.18 Comnocrasere 3amauy 11.36 u teopemy 13.U. Ilpusegem rtakke
npyroe paccyzxaenne. Eciim U — 0KPeCTHOCTH CBA3HOIO HOAMHO)KeCTBa, R"™,
TO CyIIeCTBYeT Takasi HermpepbiBHast ¢yukrms 7 : A — (0;400), aro V =
Ueea Br@)(z) C U. B 060it KOMIIOHeHTe JTHHEHOM CBA3HOCTH MHOXKECTBA
V' maiimyTcsa Toukn n3 MHOKecTBa A, mosTomy eciu V' He JTUHEHHO CBA3HO,
TO MHOYKECTBO A He MOXKeT OLITH CBI3HBIM.

13.1x Ucnomw3yiiTe npou3BeeHue myTeii.
13.2x OueBumno.
13.3x OueBugHo.

13.4x DBeanure moHaTHEe KOMIIOHEHTHI COOTBETCTBYIOIIEN CBI3HOCTU I
JIOKAKUTE, ITO JJIs OTKPBITHIX MOJIMHOXKECTB R” Takie KOMIIOHEHTHI sIBJIsI-
IOTCSI OTKPBITBIME MHOYKECTBAMU.

13.5x Hampuwmep, S

13.6x Ilycrs x,y € R2\ X. l306pasure [Be HemapaJulebHbIe IpsSMbIe,
MPOXOJIAIINE Yepe3 TOUYKU & U Y W HEIEePEeCceKalonne MHOKEeCTBO X .

13.7x Csemure 31y 3aja9y K OPeJbIAYINEi 3ajade, MoKa3as, ITO Jjist
JI00bIX TOuek x,y € R™ malifercs IJIOCKOCTH, COJEprKalliasd 9T TOYKH U
[IEPECeKAIOIIASICA C JIOOBIM 3a/JaHHBIM TOIIPOCTPAHCTBOM HE 60jiee YeM 1o
OJTHOM TOYKE.

13.8x Bcakas KOMIIeKCHAS IpaMast, TPOXOIAIIasd depe3 TOUKNI Wi, Wo €
C \ X, nmepecekaercs € KayKJIbIM U3 aJredpanvyecKux MHOYKECTB B KOHETHOM
qUCIe TOYEK, MO3TOMY ODIlee UUC/I0 TOYEK I[ePecedeHus] CUeTHO, TaK UTO
yTBepKIeHNe 3a/Ta9du sBJsgeTcd caeacTsueMm 13.7x.

13.9x llpu pemrenun 310 3a7a49u CJIEIYET MCIOJIB30BATH JBa COOOpa-
xerus. [leppoe cBsizano ¢ tem, uro dyukius det : A — det A menpepbiBHa,
oTKyma cpasy caeayer, uro muoxectsa GL(n;R), O(n;R), Symm(n;R) N
GL(n;R)m {A | A2 = E} casupivu He spsiorcs. Muoxectso Symm(n; R) =
{A | 'A = A} apagerca MUHEHHBIM MOIPOCTPAHCTBOM MPOCTPAHCTBA BCEX
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MaTPHIl, 3HAUUT, OHO JINHEHHO CBsi3HO. OCTAIOCh 1T0KA3aTh, UTO, K IIPUMEPY,
muoxkectBo GLi(n;R) = {A : det A > 0} smneiino csazuo. 3ech u ja-
Jiee TOJIE3HO UCHOJIb30BAThH CIIeyTolnee yTBepkK ienue (qokaxure ero). s
Besikoro Gaszuca {e;} B R™ cymiecrByior takne HernpepbiBHbIE 0TOOParKeHMst
ei(t), t € [0;1], uro: 1) mist aroboro t € [0; 1] muoxkecrBo {e;(t)} ecrs Gaszuc;
2) €;(0) = ¢;; 3) {e;(1)} — opronopmupoBanHblii 6a3uc.

13.10x GL(n,C) cBasuo, mockonbky ypasaenue det A # 0 gBisgercs aJ-

redpanvIecknM B (C"Q, 3HAYUT, B cuty 13.8X, OHO JlayKe CBA3HO TOCPEICTBOM
nomanbix. OCTabHbIE MTPOCTPAHCTBA, TAKZKE CBSI3HBI (M JIa’Ke JIMHEHHO CBs3-
HbBI).

14.1 ToapKo AUCKPETHOE MPOCTPAHCTBO SABISETCS XaycaopdoBbiM (H,
¢ hopMaTbHOIT TOUKN 3PEHMUSI, eIe OTHOTOYETHOE C TPUBUAILHON TOTOIOTH-
eit).

14.2 llpounraiiTe cjemyroniee BeIpaykKeHNe ¢ KBAHTOPAMIU:

AUy: VN eN3In>N: ay, ¢ U

14.4 Paccmorpum jgBa HenpepbiBHBIX orobpaxenust f,g : X — Y.
[Ipemmosioxkum, aro Y — xaycaopdoso npocrpanctso. [Lasg Toro, 4rodbr 10-
Ka3aTh, 4TO MHOXKeCTBO coBnajenuss C(f,g) aABAgETCS 3aMKHYTBIM, JOKa-
JKeM, 4To ero jonosHenne orkpbito. Ecam z € X N C(f, g), ro f(z) # g(z).
Tak kak mpocTpancTBo Y sBisercs xaycaopdosbiM, o y Touek f(x) u g(x)
nmeroTcd Henepecekaromuecs orkpectaoctu U u V. dcHo, aTo g Kaxk1oit
roukn y € W = f~1(U) N g~ (V) Bepno, uro f(y) # g(y), rakum obpaszom
W C X\C(f,g). Tax kax orobpaxenus f u g HenpepbiBubl, T0 W siBjisercst
OTKPECTHOCTBIO TOUKH X, cyiegoBaresbHo MHOKecTBO X N\ C(f, g) OTKpBITO.

14.5 Paccmorpure caepyiomue orobpaxKkenus u3 I B NPOCTPAHCTBO
crpenku: & — 1 u x — signz. (3gech sign — 310 dbyHKIUs, 0TOOPaKATO-
mas orpunarenbabie unciaa B —1, 0 B 0 u nojokurenbabe yucaa B 1.)

14.6 Cnenyer 14.4, TaK KaK MHOXKECTBO HEIOJBUYKHBIX TOUYEK 0TOODA-
xenus f — 310 mHOKecTBO C(f,idYx).

14.7 Ilycre X — npocrpancrBo crpesiku. Paccmorpum oTobOpakenwme
f: X — X: 2z x4+ sinx. Yro npencrasaser n3 cebst MHOKECTBO HETIO-
JABU2KHBIX TOYEK 3TOIr'0 OTO6pa.)KeHI/IH? HBHHGTCH JI1 OHO Ba.MKHyTbIM?

14.8 B cuny 14.4, muoxecrso cosnagenus C(f,g) 3amxuyro B X. Ilo
YCJIOBUIO OHO COJEPZKUT BCIOAY IIOTHOE B X IOJMHOXKECTBO, 3HAUUT, OHO
COBIIA/IAE€T CO BCEM IIPOCTPAHCTBOM.

14.10 Tonbko mepsbie JBa CBONCTBA SABJISIOTCS HACIEICTBEHHBIMU.

14.11 {z} = (s, U, corma as moboit TOUKY y # & HalieTCsS OKpecT-
HOCTH U TOUKH x, Takasg 910 Yy ¢ U,, 9T0 U eCTh B TOUHOCTH akcuoMma T7.
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14.12 OuesujHo.
14.13 Cwm. 14.J.

14.14 Paccmorpure mpoobpas Toii okpectrHocTn TouKM f(a), KOTOpas
He cozepxkut 104Ky f(b).

14.15 Cuenyer u3 mpeablayIneil 33 1a9m.

14.16 Dra TomOJIOIMA SIBJIAETCS HOJIHBIM aHAJOrOM Torosorun Ry :
B TAKOM IIPOCTPAHCTBE 3aMKHYTBI JIMIIb KOHEYHbIE MHOXKECTBa U BCE IPO-
CTPAHCTBO.

14.17 Paccmorpure CaabeiIIyio TOMOJIOTUI0, COJEPKAINTYI0 OOBITHYTO
o o [ee]
TOTIOJIOTHIO TIPSIMOI M TaKyi0, B KOTOPOil MHOXKECTBO A = {%}1 BAMKHYTO.
B meit 0 menn3a oraenurs or A.

14.18 Bo-uepsoix, antumuckpernoe. Bojiee copeprkarebublil ipuMep:
X = (—00;0)U(0; +00)U01 U02, 6aza TOIOSIOrMmM COCTOUT M3 MHTEPBAJIOB, O/I-
Hako uaTepBabl (a;b), ae a < 0 < b, ObIBAIOT JABYX THUIIOB: OJIHU COJEPIKAT
01, a apyrue — 02. IIpoBepbre, uTo 310 AeficTBuTe/LHO Haza. Tperbsa akcu-
OMa OT/EJUMOCTH BBITIOJHEHA, OJIHAKO “Pa3/IMIHbIEC HYJIN HEIb3d OT/IEJIUThH
JIPYT OT JIPyTa.

14.19 [Ipemmosioxkum, aro B npocTpancTtBe X BBIMOJJHEHA, aK-
cuoma 13. Ecoim b € X u W — okpecruocts b, 10, npumenss T5 K TOUKe
b u muoxkectBy X ~\ W, nosygaem, 910 HAilyTCs HENEPECEKAIOIINECS OT-
kpbiTbie MuOkecTtBa U u V| rakue uro b € U uw X ~ W C V. dcuo, uaro
ClU)c X~V CW.

IIycre X — Tomosiormueckoe npocrpancrsa, F C X — 3aMKHYyTOE MHO-
xectBo m b € X \F. Torga X ~ F' — OKPECTHOCTh TOUKH I, CJIETOBATETD-
HO, Hafigerca okpecrnocth U touku x, takas uro Cl(U) C X ~\ F. Torma
X N\ Cl(U) — uckomasi okpecTHOCTH MHOXKecTBa F', He nepecekaroiasicst ¢ U.

14.20 Tlycts X — mpocTpaHcTBO, A — €ro moImpoCTPaHCTBO, B — 3a-
mrHyTOe B A muHOXKecrtBo. Ecm « ¢ B, to © ¢ F, rme F' 3aMKHYTO ©
FN A= B. Jlamee 09eBUTHO.

14.21 Hanpumep, aHTUIUCKPETHOE TPOCTPAHCTBO WJIM ITPOCTPAHCTBO
CTPEJIKH.

14.22 CpaBHure c J0Ka3aTeJbCTBOM 3ajadu 14.19. IIycts B

npoctpancTBe X Boimonuena 1y. Ecan muoxkectso F' C X 3amknyro mw W —
okpectHocThb F', 1o, npumenssg Ty k F' u X \ W, Mbl mojryaum, 910 UMEIOT-
csI HemepeceKarommecst OTKPbIThie MHOKecTBa U u V', takme uro F' C U n
X W C V. dcuo, uro CI(U) C X NV CW.
ITycrs X — npocrpancrso, F,G C X — 1Ba 3aMKHYTBIX HEITEPECEKAI0-
mmxcs Muoxkecrsa. Torga X NG — okpecrHocrsb F', ciaegoBareabHo, Hail1ercs
okpecrnocts U muoxecrsa F') rakas uro CL(U) C X N\ G. Torma X \ Cl(U)
— mcKomasti oKpecTHocTh ', He mepecekaromasicst ¢ U.
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14.23 UWcnoab3yiiTe TO, 9TO 3aMKHYTOE MHOYKECTBO 3aMKHYTOTO IO/
IPOCTPAHCTBA 3aMKHYTO BO BCEM TPOCTPAHCTBE.

14.24 Paccmorpure, K mpuMepy, MmEOXKecTBa A = Nu B = {n + %}To
B R.

14.26 1lycre F) u Fy nu3blOHKTHBIE 3aMKHYTBIE ITOAMHOXKECTBA IIPO-
crpancrsa Y. Tak kak f menpepbisHO, TO ux npoobpassl f~H(Fy) u f~1(F)
BaMKHYTBI, 8 TaK Kak X HOPMAaJIbHO, TO OHU OTJEJIUMbI JPYT MOCPEICTBOM
okpecrunocreit Wy u Wy, Tlosmoxkum A; = X ~ W, i = 1,2. Muoxecrsa
A; BaMKHYTBI, 3HAQUUT, 3aMKHYTHl 1 uxX 00pasel B;. Ilpu stom By U By =
f(A1 U As) = Y, cinenosarenbro, OTKpbIThbie MHOKeCTBA Uy = Y N\ By n
Us =Y \ By e nepecekaiorcs. Jlokaxure, aro U; D Fy, i =1, 2.

14.1x Ing BCAKUX TOUeK X,y € L HalimyTca HemepeceKaromuecs KPyTHh
D, n D,. Ecin »xe xors Obl 0/lHa U3 TOUEK JIEKUT B H, TO CyIIeCTBOBAHUE
X HEIEePECEKAIONINXCA OKPECTHOCTEH COBCEM OUYEBUJTHO.

14.2x Yb6enurech, 9TO ecjii OTKPBITHIN Kpyr D kacaerca L B Touke
x €L, 1o Cl({x} U D) = C1 D; mamee ucnosayiite 14.19.

14.3x JluckperHasi.

14.4x IlockonbKy L gBisercsa 3aMKHYTBIM B X MHOXKECTBOM, a TOTOJIO-
rug Ha L IucKperHa, TO BegKoe IMoAMHOKecTBo L 3aMxayTo B N. JloKazKkeM,
9TO MOAMHOKECTBO N, COCTOdAIEe M3 pPAlMOHAJLHBIX TOYEK L HEBO3MOK-
HO OTJIEJTUTH OT MOJMHOXKECTBA, COCTOSIIEr0 U3 UPPAIUOHATBHBIX TOUYeK L.
[Iycts U — okpecrrocTh B ipocTpancTse Hembirikoro muoxkectsa L\ Q. g
Kaxk0it Toukn x € L \ Q dukcupyem uncio r(x) Takum o0pazom, 94TO OT-
KpBIThIH KpyT Dp.() C U paauyca r(x) xacaercs npsvoii L B Touke z. [lycrs

Zn ={z € R' | r(z) > 1/n}. Tax xax, ouesnano, uro QU ", Z, =R!, 1o
U3 yTBEPXKAeHUs 6.44 CJIeJIyeT, 9TO JIJIsT HEKOTOPOTO (JI0CTATOYHO HOJIBIIOTO)
7, MHOXKECTBO Zj, He sBjsiercs aurjae e mwiorabiM. Cuenosarensuo Cl Z, co-
JIEPIKUT HEKOTOPHIi 0Tpe3ok [a;b] C RY. waunt, UU[a; b] comepxur oxpect-
HOCTB [a; b], KOTOpasi nepecekaercst ¢ Kax a0 OKPECTHOCTHIO POU3BOJILHOI
panroHanbHo Touky u3 [a,b] B N. Cnenoarensio, U nepecekaercs ¢ Kaxk-
J10i1 oTKpecTHOCThI0 MHOXKecTBa, Q, mosromy npocrpancrso N He spjsercs
HOPMaJIbHBIM.

14.6x Cum. 18.Jxu 16.N.
p(z, A)
(z,4) + p(z, B)

14.9x.1 Tlonoxum A = f’l([—l;—%]) ubB = f’l([%;l}). Ucnob-

gyiire 14.8x Jist TOro, 9rTo0BI MOKA3aTh, 9TO Haiigercsa dpyukims g @ X —

[—%; %], Takas uro g(A) = —% ug(B)= %

14.8x Ilomoxure f(x) =
p
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14.9x B cuny 14.9x.1 cymecrsyer dyuknus g1 @ X — [—%; %} TaKast

aro |f(z)—g1(z)| < % upn seex x € F. Honosxnm f1(z) = f(2)—g1(z). Ecm
CJIErKa, U3MEHWUTh JI0KA3aTebCTBO YTBEPXKJIAeHUS 14.9X.1, TO MBI ITOKAYKeM,
uro Haitjercs dynkuus go @ X — [—%; %], rakast aro |f1(z) — ga(z)] < %

npu Beex z € F, rak uro |f(x) — g1(z) — g2(x)| < 3. IIposonzkas KOHCTPYK-

_277.—1 . 277.—1],

1110, MBI TIOCTPOUM TIOCIEA0BATENBHOCTD (DYHKIHUH g, @ X — [ 37 3w

TaKyI 9TO
f(2) = g1(z) — ... — gn(2)| < 57

Ucnonssyiire 24.Hx nyisi Toro, 4robbl 110ka3arh, 4To cymma g1 ()4 . .4gn (x)
cxopuTes K HenpepbiBHOri dyukuun g @ X — [—1;1]. fcuo, uro g|p = f.

15.1 OwueBungno.

15.2 ConocraBuM KaxK0if BOCBMEPKE Mapy TOYEK C PalliOHAJIbHBIMU
KOOPIMHATAMHY, JIEZKAIMUX BHYTPU KaK/I0# U3 ee 1mo/oBuH. TakuMm obOpa3oMm,
Ka2K/[0¥f BOCbMEPKE COIIOCTABJICHA YeTBEPKA PAlMOHAIBHBIX uncer. Herpyi-
HO BHU/IETH, YTO HEIEPECEKAIONNMCS BOCBMEPKAM COMOCTAB/ISAIOTCH PA3JINt-
HBIE [TaPbl, 3HAYUT, UX UMEeTCd He DoJiee, 9eM eCTh YeTBEPOK PAIMOHAIHHBIX
qucesi, T. €. CUeTHOE KOJIMIECTBO.

15.3 Crpenka yJI0BIeTBOPSIET BTOPOil akcuoMme caeTHocTn: Habop {(x; +00) |
x € Q} aBngerca ee cuernoii 6a30it (ncnonn3yiire 15.F.) Ucnons3yiite 15.G,
4TOOBI OKA3aTh, UYTO B MpocTpaHcTBe Ry, He cylmecTByer cueTHOil 6a3bI TO-
TTOJTOTHT.

15.4 Ha, cenapabebubl: MHOKeCTBO N BCIOIY ILJIOTHO U B CTPEJIKE, U
B RTl .

15.5 Paccvorpute mpuMmep TPOCTPAHCTBA U3 3ama9m 2.6.

15.6 Paccmorpure necuernoe MHOKeCTBO (Hanpumep, R), paccrosuus
MEZKJTy Pa3JIMIHBIMU TOYKAME KOTOPOro paBHbI 1 (cMm. 4.A.).

15.7 ConocraBuM KaxKJ0My OTKPBITOMY MHOXKECTBY U3 JAHHOI COBO-
KYITHOCTH HEKOTOPYIO JIEYKAIYIO B HEM TOYKY BCIOJY IJIOTHOTO MHOXKECTBA.
B pesyabrare Mbl m0oIyduM MHBEKIUIO 33aHHON COBOKYITHOCTH B CUETHOE
MHOZKECTBO.

15.8 Caemyer u3 mpeabliyIeil 3aa9u, TOCKOJIbKY KOMIIOHEHThI OTKPbI-
TOro moAMHOXKecTBa R OTKPBITHI U HE IIePeCceKaroTCs.

15.9 Paccmorpure orodpazkerue id : R — Ry, u Bocnosnssyiirecs 15. M
u pe3yabTaToM 15.5.

15.10 Ilycts X — mpoCTpaHCTBO, Yo — CueTHad 6a3a TOMOJIOTUN IPO-
crpancTBa X, a X — mpousBojibHAas Oaza Tomojoruu B X. B cuity Teopembr
Jlunmenéda 15.0, KaxK10e MHOKECTBO U3 Y SIBJIAETCA 00beINHEHNEM CUeT-
HOI'O MHOXKECTBa 3JeMeHTOB 0a3nl Y. OCTajsoch UCIOIL30BaTh 15. K.
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15.12 4Hcuo, uro HAMO J0KA3ATH JIUIIH IOCAEIHEe yTBEepKAeHue. Ecim
muOoKecTBO U otkpeito u a € U, To dr B.(a) C U. /lanee, cymecrByer
Takoe 4ucyio k, aro 1y < r, nosromy By, (a) C U.

15.13 B jauckpeTHOM HPOCTPAHCTBE MUHUMAJILHON 0a30ii B TOUYKE T
SIBJISIETCSL OTHOTOYETHOEe MHOXKECTBO {x}. B aHTHINCKPETHOM MPOCTPAHCTBE
X MuHUMAJIBHON 06a30il B TOUYKE SBJISIETCS BCE STO MPOCTPAHCTBO.

15.14 Bce, xpome npocrpancrsa Ry, .

15.15 llpawmas, 6a30ii TOMOJOTUU KOTOPOil SBJISIETCS MHOYKECTBO IIPO-
MEeKyTKOB Buja [a;b).

15.16 Ecmu {V;}7{° — cuernas 6a3a B TOUKe, TO MOXKHO HOJIOKUTH U; =
Ny Vi

15.17 B sToM mpocTpaHCTBe T, — a, COTAA T, = G IPU BCEX N, HATU-
Has ¢ HeKoToporo Homepa. Takmm obpazom, SCl A = A g Beaxkoro A C R.
C apyroit cTopoHbl, K puMepy, oTpe3ok [0; 1] He sBIsIeTCs 3aMKHY TBIM MHO-
xkecrsoM, nosromy SCI[0; 1] = [0;1] # Cl1[0; 1] = R.

15.18 PaccvorpuTe TOXKIECTBEHHOE 0TOOParKeHne MPOCTPAHCTBA U3 3a-
maun 15.17 B R.

16.1 1) Ecom npocrpancrso (X, (2) KOMIIAKTHO, TO OU4€BHU/HO, YTO PO~
crpancts (X, Q1) Takke siBasierca komnakTabiM. 2) ObGparHoe yTBepK/ieHue,
BOOOIIE TOBOPST, HEBEPHO.

16.2 Crpenka KOMIAKTHA (KAKOE MHOXKECTBO OOSI3aHO MPUHATEXKATH
BesikoMy ee moKpbITHio? ). [IpocrpancrBo Ry, Takike KOMIAKTHO, TOCKOJTb-
KY, €CJIN PaCCMOTPEeTh BCAKUIT HEIIyCTOil 3/IeMEeHT IPOU3BOJILHOTI'O OTKPBITOTI'O
MIOKPBITHUS, TO OCTAHETCS HEMOKPBITHIM JIUIIb KOHEYHOE YUCJ/IO TOYEK ITOI0
IIPOCTPaHCTBA.

. 2n—1
16.3 Dro MuHOKeCTBO He KOMIAKTHO B R, Tax Kax u3 mokpeitus {(—00; #4—=)} e

HEBO3MOKHO BbIJIEJINTH KOHEYHOE TTO/IIOKPBITHE.
16.4 MuoxectBo [1;2) KOMIAKTHO B CTPE/IKE, TaK KAaK OJHUM U3 dJIe-
MEHTOB HOKpBITHA [1;2) aBisgercs ay4 (a;+00), rae a < 1.

16.5 A xommakTHO B crpesike, corga inf A € A.
16.6 Cw. pemenne 3agaqu 16.2.

16.7 1) Ecom {U,} — nokpsitre Mmuo)kectBa AUB, TO OHO OJIHOBPEMEHHO
MOKpBITHE A 1 MOKPBITHE B, CIe10BaTeIHbHO, U3 HETO MOYKHO BBIOPATH KOHEH-
HOE TIOIMOKPBITHE MHOKECTBA A 1 KOHETHOE MOATOKPEITHE B, 00beanneHne
KOTOPBIX OyjleT KOHEYHbIM MOKpbITHeM 00nhenunenuss A U B. 2) Muoxecrso
AN B ne 06s13aH0 6bITh KOMIAKTHBIM (MCHOB3YiiTe 16.5 115 nocrpoenust
COOTBETCTBYIOIIEro mpuMepa). K cokaleHnro, 9acTo MPUXOJAUTCS BCTPEIATh
CJIBIIIATH OT CTYJEHTOB HA IK3aMEHAX M 3adeTaX TaKoe BOT, C IIO3BOJICHHS
CKa3aTh, “mokazareabcTB0” KoMmmakTHOCTH A N B. “Tak kKak A KOMIIAKTHO,
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TO y HEro €CTh KOHEYHOE MMOKPBITHE, aHAJOTUIHO OHO mMmeercd u 'y B. B3as
[IOIAPHBIE TEPECEUeHMS HJIEMEHTOB STUX MOKPBITHUI, IOy IUM KOHETHOE I10-
KpbiTie nepecedenust MEOKecTB A n B.” Tlouemy w3 9T0T0 paccykeHus
HUKOUM 00Pa30M HE CJIeyeT KOMIAKTHOCTH MePECeIeHr KOMIAKTHBIX MHO-
KecTB?

16.8 Ilyctb Uy — snemenT mokpbiTus, comepzxkarntuit 0. Ocrasocsk 3ame-
TUTH, 9TO BHe Uy JEKUT KOHEUHOE THCIO0 TOYEK MHOKeCTBa, A.

16.9 Paccmorpure ABYyTOYEIHOE MPOCTPAHCTBO C AHTUIUCKPETHON TO-
[IOJIOTHe U ero OJfHOTOYEYHOE ITO/IMHOYKECTBO.

16.10 Comnocraswre 16.K, 2.F u 16.J.

16.11 {X ~ K,} — nokpsitie koMmnakTHoro Muoxkecrsa Ko, N U. Eciu
{X \ K;} — ero koneunoe noxunokpsirue, ro U D () K.

16.12 Habop {K,} obpasyer NeHTPUPOBAHHYIO CHCTEMY, 3HATWT, I€Pe-
ceuenre (| K, wemycro. Ecmu () K, vecBsasuo, to (| K,, = F1UFy, tae Fi, Fy
— HenepeceKkaroImecss 3aMKHYThle MHOXKeCTBa. PaccMOTpHTE WX HelepeceKka-
formmecst okpectaoctu Uy, Uy, UCOIb3yiiTe TPeAbyILyi0 3a/a49y U IIPUJIATE
K IPOTUBOPEYUMIO CO CBA3HOCTHIO MHOXKECTB K.

16.13 Toabko ecim 3TO MPOCTPAHCTBO KOHETHO.

16.14 W3 16.S crexpyer, uro komnaxTael S', S™, smmumncouns. Muoxce-
crea [0;1) u [0;1) N Q He KOMIIAKTHBI, TaK KaK HE 3aMKHYTbI, & HEKOMIIAKT-
HOCTb JIy4a U rUrnepboIon1a CaeyeT u3 TOro, YT0 OHU HE OrPAHUYEHBI.

2
16.15 3BamkuyTo u orpanudeno B R™ jumb O(n), 3HAIUT, TOJHKO OHO
7 KOMTTAKTHO.

16.16 B cuny 12.C u reopem 16.0 u 16.T, muoxecrso f(I) siBasercs
KOMITAKTHBIM MTPOMEKYTKOM, 3HAYUT — OTPE3KOM.

16.17 910 yrBepxtenne 16.U. Tak xkax ¢pynxmmg A — R :
x +— p(0,z) orpanuvena, To MHO)KecTBO A orpanmdeno. /lokaxem, 9T0 OHO
saMKHyTO. IIpeamosioxkum nporusnoe, myctb xg € ClA ~ A. Torna dpyHK-
mist A — Rz — 1/p(x,x0) He aBageTCS OrpaHUYEHHON — IPOTUBOPEYHE.
BuauutT A 3aMKHYTO M OIPAHUYEHO, O3TOMY B CHIy 16.S OHO KOMIIAKTHO.

16.18 Paccvorpum bynkmuio f: K — R: x — p(x, F). B cuny 4.35,
dbynkuuma f menpepoiBra. [lockonbky p(K, F) = inf ek f(z), T0 ocramocs
npumenuts 16.U.

16.19 CaencrBue NpeabAyINero yTBepKIeHNs, TIPUMEHEHHOTO K MHO-
xkecrBam A u X \ U, re U — okpectrocts A; monoxure € = p(A, X \U).

16.20 oxkaxwure, aro eciu A 3amxayTo B R™, TO /15T BCSIKOIT TOUKM T €
R™ naiinerca y € A, rakas, aro p(z,y) = p(z, A), orkyna caemnyer, aro V =
UzeaDe(z). MuOKeCTBO Uye 4 Be (%) MUHENHHO CBSA3HO KaK CBSI3HOE OTKPBITOE
moAMHOKECTBO R™, OTKyZa U Cjaelyer JuHeiHas CBI3HOCTh MHOXKECTBa V.
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16.22 Paccvorpum byskuuio ¢ : x — p(z, f(z)). Ecau f(x) # x, 10
e(f(z)) = p(f(z), [(f(2))) < p(z, f(z)) = ¢(x). fAcno (1oKkaxure 510), uT0
© HenpepbiBHa. IT0CKOJIbKY MPOCTpaHcTBO X KOMIIAKTHO, TO (¢ JOCTUIAeT
CBOEr0 HAMMEHBIIErO 3HAYEHUs B HEKOTOPOIt Touke xo. Ecim f(xg) # g, TO
3Ha4YeHue Y B Ty He Oy/eT HauMEHbIINM.

16.23 llycres Uy,...,U, — KOHe4YHOe TOJITOKPBITAE JTAHHOTO TOKPHI-
tug. omoxum fi(z) = p(x, X \ U;). [okaxure, uro dyHKmus ¢ : x —
max{fi(z) | ¢ = 1,...,n} HenmpeprIBHA U MOJOXKHUTETbHA; TaK KaK X KOM-

[TAKTHO, TO OHA JIOCTUTAeT CBOEro HauMeHbIero 3uauenus r > 0.
16.24 Ouesujno.

16.25 Ecam X me KOMIAKTHO, cM., K npumepy, 10.B; ecin Y ne xa-
ycropdoBO, PACCMOTPHUTE, K IMPUMEPY, TOXKIeCTBEHHOEe oToOpaKenme id or-
peska [0; 1] ¢ 06bI4HOIT TOIOIOrMEl B HErO 2Ke ¢ TONo/I0rneil 3aprucKoro, uin
JKe TTPOCTO TOYKJIECTBEHHOE 0TOOPAYKEHNEe MPOCTPAHCTBA C JUCKPETHON TOTIO-
JIOTHEN B NPOCTPAHCTBO C AHTUAMCKPETHON TOIOJIOTUEH.

16.26 Her, me cymectsyer. [lycts A C R™. Ecin A we 3aMKHYTO, TO
orobpazkenne in : A — R" me zamruyto. Ectm A = R"™, To cymecrsyer
romeomopdmsm R" — {x € R" | 1 > 0}. Ecmu A 3aMKHYTO, HO HE OTrpa-
HIYEHO, TO BO3bMEM X ¢ A W PACCMOTPHM WHBEPCHIO OTHOCHTEIHHO ITOi
TOYKH.

16.27 Ucnonwzyiire 5.F: 3aMKHYyTbIE TIOJMHOKECTBA 3AMKHYTOI'O 110/
[IPOCTPAHCTBA 3aMKHYThI B 00'beMJIIOIIEM [TPOCTPAHCTRE.

16.1x lIlycts p: R®™ — R — nopma. 3 mHepaBencrsa

p(x) < lwilples) =Y Ailxil

CJIejlyeT, 9TO p HempepbiBHA B HyJe (37ech {e;} — 6asuc R™). [Tokaxure, aro
P HelpepbIBHA U B 1000t Jpyroit Touke R™.

16.2x Tlockonbky cdepa KOMIAKTHA, TO HaliyTcst Takue ducia ¢, C >
0, aro clz| < p(x) < Clz|, tme | - | — obbrunas epkaugoBa HOpMa. asee
BOCIIOJIB3YHTECE 4.27.

16.3x Koueuno xe, ner!

16.4x Paccvmorpure MOKPBHITHE ITPOCTPAHCTBA X OKPECTHOCTSIMU, Ha,
KOTOPBIX [ OrpaHUYEHA.

17.1 Owuepunnoe caencrsue 17.F.

17.2 Tlo nemme [opua cymecTByeT MaKCUMAIbHOE MHOXKECTBO, OMmap-
HbIE PACCTOAHUA MEZKAY TOYKaMU KOTOPOI'O HE MEHbIIIE &; OHO 1 6yﬂeT HNCKO-
MOl e-CeTbIo.

17.N OueBusHO. Cuteryer u3 mpebIIyInero yTBePIK IeHI,

TaK KaK 5-CeThb JIF 5-CeTH e€CThb £-CeTh BCETO IPOCTPAHCTBA.
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17.1x 3BamvkayThIe Mapbl TpocTpaHcTBa £ HekoMmmakTHbI. JleiicTBu-
TEeJIbHO, PACCMOTPUM I0CJIE/I0BATEILHOCTD {€y, }, Te e, — opr. Kakosbl 1o-
[MapHble PACCTOSTHUST MEXKJTy STUMU TOUKAMU !

17.2x 9T0 MHOXKECTBO KOMIIAKTHO, MTOCKOJIBKY MHOZKECTBO
A={x€l® ||z, <2 "mpun <k, z, =0 opun > k}

spssiercs ero 2 F-cerpro.

17.4x Her, me cymectByet. [lokaxnre, IT0 ecan I — KOHETHOMEDPHOE
MOIIPOCTPAHCTBO HOPMUPOBAHHOrO TpocTpanctBa (X,p), v ¢ Euy € E

ABISETCA OsvzKajimeir K o Toukoit F, To Touka xg = ﬁ TAKOBA, HTO

p(zo—z) > 1 ( 310 Tak HA3BIBAEMaAsA AeMMa O nepneroukyssape). lenonnsys
ee, MOXKHO 110 MHJIYKI[MM TIOCTPOUTH TAKYIO MOCIEN0BATENbHOCTL Ty € X,
aro p(x,) = 1, p(x, — xx) > 1 npu n # k. fcuo, uro y Hee HET HUKAKOM
CXOAAMIEHCS TIOIOC/IEI0BATETHHOCTH.

17.5x Cwm. 4.1Ix

17.6x Ecm xz = ag+aip+...,ay = ag + ap + ... + app®, o
pla,y) <phL

17.7x Ha, asagercd. I1a nokazaTeabCcTBa HUCHOJB3YITE CIeTYIONIee
YTBEPAKICHHe: eCI T = ag + a1p+ ...,y = bg + bip + ... u p(z,y) < p~F,
10 a; = b; mpu Bcex 1 = 1,..., k.

17.8x Tlockosbky koneunoe muoxectBo A = {y = a9+ a1p+ ... +
app®} ssasiercs p~F1
NPOCTPAHCTBA CJIEIYET er0 KOMIAKTHOCTD.

-CeTbIO B Zjy, TO U3 JIOKA3aHHOM B 17.7X HOJIHOTHI 3TOr0

17.9x Paccmorpure merpuky Xaycaopda.

17.10x Paccmorpum R?" kak npocTpancTBo (yHops0ueHHbIX) HabopoB
N TOYEK IJIOCKOCTH. ¥y KaxKJ0r0 HabOpa TOYEK PACCMOTPHUM €ro BBIILYKJIYIO
000J104KYy, KOTOPas Oyger mpecraBidTh coDO MHOTOYTOJILHUK C He OoJee,
gyem n seprmunamu. Iycrs K C R?™ — MHOXKecTBO HAGOPOB U3 1 TOUEK, BbI-
My KJIble 000/I0YKH KOTOPBIX SABJISIIOTCS MHOTOYTOJIbHUKAMU, TPUHALIEKAIII-
Mu mpocTpancTBy P,. Herpymuo Bujers, uro MuoxkectBo K orpaHudeHo u
BAMKHYTO, 3HAYUT, KOMIIAKTHO. ZlcHO, uTo oTobpaxkenne K — P, mepeBois-
1ee HabOp TOYEK B €ro BBIMYKJIYIO 000JI0UKY, CIOPBHEKTUBHO U HEIPEPBIBHO,
OTKY/Ia U CJIeJyeT, YTO MHOXKECTBO P, KOMIAKTHO.

17.11x Ucnonwb3yiite TO, 9TO MHOXKECTBO P, KOMIIAKTHO, @ ILJIOIIA/Ib
SIBJISIETCSI HenpepbIBHON dyHukIimeit S : P, — R.

17.12x IocTaTodHO MOKAa3aTh, UTO €CAU MHOTOYTOAbHUK P C D me
SABJIAETCA NPABUIBHBIM, TO Haiijerca MHOroyrombuuk P’ C D, Takoii 9ro
€ro MepuMeTp He MPEBOCXOJUT P, & ero IJIONIA/b OOJIbIIe ILIONA N MHOTO-
yroJbHuKa P, nim yKe TaKoil, ITO ero MepuMeTp MeHbIe p, a IJIONAIb He
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npesocxoaut mnomaau P. 1) Tlpexae Bcero, yaobHo cunrtarsh, urto P (Tak
ke kak u P’) comepxkut nentp kpyra D. 2) Eciu y P umerorcst gBe cocenue
CTOPOHBI, JJIUHBI KOTOPBIX PA3JIMIHBI, TO JIEM'KO MTOCTPOUTH MHOTOYTOJIbHUK
TOI 2Ke TIoNIAIU U MeHbInero nepumerpa. 3) Ecau Bce croponsr P umeror o1-
HY U Ty Ke JJIUHY, HO €r0 YIJIbl PA3JIMTIHbBI, TO MbI, OISITh-TaKH JIEI'KO MOYKEM
[IOCTPOUTH MHOTOYTOJBHUK OOJIBINEN IIIOMA/IA U MEHBIIEr0 MePUMETPA.

17.13x Tak xke kak B 17.9x, paccmorpure MeTpuky Xaycaopda.

17.14x PaccmoTpum moc/ie0BaTeIbHOCTD TaPBUIBHBIX MHOTOYTOJIHHU-
KOB IIEPUMETPA, P C yBEJIUIUBAIONIUMCS 9uc/IioM Bepinud. [lokaxkure, 9o 1a
MTOC/IEOBATETHFHOCTh HE MMeeT MpeJesia B MPOCTPaHCTBe Ps. Bosee Toro,
y Hee HEeT CXOJsIIeiics moamnocesoBareabaoctu. CrenoBaTeibHO, MTPOCTPAH-
CTBO Po HE ABIFETCS JTAYKE CEKBEHIIMAbHO KOMITAKTHBIM.

17.15x Ounsarb-taku, Kak B 17.9x u 17.13x, MOXKHO PacCMOTPETH MeT-
puxy Xaycaopda.

17.16x B cumy 17.N, nocTaTovHO MOKa3aTh, 9T0: 1) 1/Ig KaxkIoro (J1o-
CTATOYHO MaJjoro) € > 0 B mpocTpaHcTBe P HMEeTcss KOMIAKTHAs £-CeTh U
2) mpocrpancTBo P sBjsiercs mosHbIM. VTak, 1) TAKOBOi CETBHIO SBIISIETCS
POCTPAHCTBO P, mpu J0CTaTouHO Gosbinux n. (Kakue KoHeUHBIE £-CETH BBI
mozkere mpeatokuth?) 2) Ilycrs Ky, Ko, ... — mociemoBarenbuocts Korm
npocrpancrsa P. Ilokazxkure, uro K, = Cl(J;2, (N2, Ki)) sBisercs Bbl-
MYKJIBIM MHOXKecTBoM n K; — K, mpu 1 — o0.

17.17x Cnenyer u3 17.16x u nenpepoisrocru mwiomaau. (Cp. 17.11x.)

17.18x Amamormuno perennio 3agaan 17.12x, JOCTATOTHO MOKA3ATH,
9TO MBI MOYKEM YBEJUUUTD ILIOMA b KOMITAKTHOTO MHOXKECTBa X, OTVIMTHO-
ro or Kpyra 6e3 yBenudenusi ero nmepumerpa. 1) Pacemorpum touku A, B €
Fr X, koropsie nensar Fr X nma nse ayru pasnoit qmmmer. 2) Orpesok AB je-
JIUT MHOKecTBO X Ha aBe yactu, X1 u Xo. [Ipenmosoxum, aTo miomaab X
He MeHbIe miomaan Xo. Ecmm mbl 3amernnM X9 3epKaabHBIM obpazom X1,
MbI HE YMEHBIIINM ILJIOIIA/b MHOZKECTBA. TaK KaK X1 HE ABJIACTCA TTOJIYKPY-
rom, To Haiigercs rouka, C' € X1 N Fr X, rakag uro LZACB # 7/2, rak uro
MbI CMOZKEM YBEJINYUTDH ILJIOMIIA/Ib MHOZKECTBA.

18.1x OwueBumHo.
18.2x Bce, 3a uckiogyenunem Q.

18.3x Ilycts A= ;2 (T%Ll, 1), B = {0}. Muoxecrsa A 1 B jI0KajIbHO
KOMITAKTHBI, 0fHaKo y To4ku 0 € A U B HET OKpeCTHOCTH C KOMIIAKTHBIM
sampikanueM (B AU B).

18.4x Cwm. 18.Lx.

18.7x DTO0 0YEBHUIHO, TAK KAK €CJIU OTKpbITOoe MHOKecTBO U mepeceka-
ercsa ¢ A € I, corma U mepecekaercs ¢ Cl A.
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18.8x llpsimoe ciencreue yreepxKaenus: 18.Qx.
18.9x Bocnomab3yTech 18.8x.

18.11x Ilycrs X — jioKaJabHO KOMIIAKTHOE mpocTpaHcTBo. Torma y X
nMeeTcst 6a3a, COTCOSINAA W3 OTKPBITBIX MHOXKECTB C KOMTAKTHBIM 3aMbl-
kanueMm. B cumy reopembr Jlungenéda, u3 sroii 6a3el (KoTopas ABIsieTCs
OTKPBITBIM MOKPbITHEM 0f X) MOXKHO BBIIEJNTH CYETHOE NOANOKPBITHE MTPO-
crparcrBa X. Ocrasock BOCIOIB30BATHCA yTBEpXKaeHueM 18. Xx.

18.12x lokazaTejabCTBO AHAJOTUYHO CXOTHOMY (DAKTy O KOMIIAKTHO-
CTH.

18.13x OueBngno. (Bce, 4T0 HYKHO — 3TO BCIIOMHUTH OIIPEJIEJICHNUSI. )

18.14x Paccmorpum nokpeitue IV = {X ~\ F,U,} npocrpancrsa X.
[Iycrs {V,} — Buncannoe B IV jokanbHO KoHeuHoe mOKpbiTHe. Torma A =
Vo | Va N F # &} — moxpeitre Muoxkectsa F. [Momoxum W= Jy, ca Va.
Tak xaxk MOKpbITHE A JIOKATHHO KOHETHO, TO MHO)KecTBO K = [ ClV,

) Va€A
siBjisiercst 3aMkHyThIM. CitetoBaresibao, W u X N K — uCKOMBbIE OKPECTHOCTH
muoxkects F'u M.

18.15x Henocpencrsenno cienyer u3 18.14x (wim 18.16Xx).
18.16x Hewmejienno ciejyer n3 18.14x.

18.17x Ilockonpky X xaycaopdOBO U JIOKATHBHO KOMIIAKTHO, Y KaK-
noit roukn x € U, € I' cymecTByeT okpecTHOCTD V,, -, 3aMBIKaHIe KOTOPOI
KOMTAKTHO n cofepkurcda B U,. [lockonbky X Takyke gaBageTcd mMapakoM-
MAKTHBIM, B HEM CYIIECTBYeT JIOKATHLHO KOHETHOEe MOKPBHITHE A, BIHUCAHHOE
B nokpoiTre {V, ;}, 9T0 U TPeOOBAIOCEH [OKA3ATE.

18.18x Paccyxaenue onupaercd na jgemmy llopra. Paccmorpum muO-
KecTBO M BCex OTKPBITHIX MOKPbITHit A npocTpancrBa X, TAKUX UTO JIJIst
kaxkgaoro V € A: V € I' wan xe ClV couep:Kurcss B HEKOTOPOM 3JIEMEH-
te nmokpeiTust 1. CormocraBuM KaxkJoMy MOKPbITHI0O A € M MOAMHOXKECTBO
Apr ={V, | C1V, C U,} C I'. Beegenm nopsnok wa muoxkecrse M: A < A/)
ecim Ax C Apr m Vi, = VI s kasxgoro a € Ax. MoxHO J10Ka3aTh, 9TO B
9TOM MHOXKECTBe CylecTByer Hanbosibiuii sjement Ag, upu srom A, — BCE
MHOXKECTBO MHIEKCOB ') Takum obpazom, Ag sABISIETCsT HCKOMBIM TTOKPBITH-
em.

18.20x IlpakTwaecKnm O9eBUIHO.

19.1 pry'(B) =X x B.

19.2 Uwmeewm:

pry Oy N (AxY)) =pry({(z, f()) |2 € X}N(AxY)) =
=pry ({(z, f(2)) | = € A}) = {f(2) | = € A} = f(A).

,ZLOK&)KI/ITG BTOPOE TOZXKJIECTBO CaMOCTOATE/ILHO.
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19.3 [eiicreuresnsho, (A X B)NA ={(z,y) |z € A, y€ B, v =y} =
{(z,z) | x € AN B}.

19.4 prlr, : (@ f(@) o o

19.5 Jleiicreurensno, f(x1) = f(x2), corna pry (1, f(r1)) = pry (x2, f(x2)).

19.6 Ouesunmbiv o6pasom cirenyer u3 pasencrsa 1'(x, f(x)) = (f(x),z) =

(v, [~ ()

19.7 Bocnosbayitrech dpopmyioit
(AxBYNW = (Ax B)N (| JUa x Vo) =
(A x BN (Ua x Vi) = J(ANTL) x (VN V).

19.8 BocmnomsayiiTech Tperbeit dpopmymoit u3 19.A:

XxYNAxB=((X\A)xY)U(X x (Y \B)).

19.9 Kak 0b6bruHO, OyjeM MpPOBEPATH JiBa BKJIIOUEHUS. Bocmoan-
gyiitech 19.8.
Ecnum x n y — ToUKM MpUKOCHOBEHNA MHOXKeCTB A 1 B, COOTBETCTBEHHO,
TO, OUEBHJIHO, 9TO (,Yy) — TOUKa MpUKOCHOBeHUs A X B.

19.10 [a, BepHo. D10 0UEBHIHO. Eciu z = (z,y) € Int(Ax B),
TO y TOYKHU 2 CyIIecTByer sjaemerTapHas okpectHocts W = U XV C A X B,

gaaunt, t € U C Auy €V C B, ciepoBarensio € Int A u y € Int B, rax
uro z € Int A x Int B.

19.11 Komueuno, mer! K npumepy, rpaunreii kajgpara I x I C R? gap-
JIZeTCSI KOHTYP 9TOr0 KBaJjpaTa, Torjaa Kak npousseaenue Fr [ x Fr I cocrout
U3 YeThIpex TOYeK.

19.12 Her, ne Bepno; paccmorpure muoxkecrso (—1;1) x (—1;1) C R2.

19.13 Bepno. Ecau muoxkectsa A n B 3amkuyTs, TO Fr A = A\ Int A
u Fr B = B \ Int B. MuoxkecrBo A X B Tak:Ke 3aMKHYTO, IIO9TOMY

Fr(AxB)=AxB~Int(AxB)=AxB~IntAxIntB=

(ANIntA) x B)U (A x (B~\IntB)) = (Fr A x B)U (A x Fr B).

19.14 Fr(Ax B)= (FrAx B)U(AUB)U (A x Fr B), moCKOJbKY
Fr(Ax B) =Cl(A x B)~\Int(A x B) = (C1A x C1 B) \ (Int A x Int B)

= ((C1ANInt A)) xC1 B)U(Cl Ax (Cl1 BxInt B)) = (Fr AxC1 B)U(Cl AxFr B)

= (Fr Ax(BUFr B))U((AUFr A)xFr B) = (Fr Ax B)U(Fr AxFr B)U(AxFr B).
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19.15 Jlocrarodro moKazaTh, 9TO BCIKOE dJIEMEHTApPHOE MHOXKECTBO B
TOTIOJIOTAW TTPOW3BEIEHNsT eCTh 00beINHEHNe MHOKECTB JaHHOTO Braa. Jleii-
CTBUTEJILHO,

UxV=|JUsx|JVs=JUa x V5.
a 5 o,

19.16 Cyxenue pry |p ; — nenpepbisHag Oueknus. ObparHoe
orobpaxkenne X — I'y : x — (z, f(x)) nenpepsiBHO, corma oTobparKenue
g: X - XxY : x— (x f(r)) HenpepbiBHO, YTO MMEET MECTO B CHILY
pasencrsa ¢ L (U x V) =UnN f~1(V). Bocnonb3yiirech paBeHcTBOM

f=pryo(prx Ir,)

19.17 IeiictBurensno, pry (W) = pry(UU, X Vo) = Uprx (U, X Vg) =
UUg. (Msr pennostarasmu, aro V, # &)

19.18 Her, me apngercd. K npumepy, pacCMOTPHUTE MIPOEKITAIO MHOZKE-
crBa A = {(z,y) | 7y = 1} C R? na och abermmcc.

19.19 Paccvorpum 3amMkHYTOE MHOXKeCTBO F' C X X Y 1 TOuKy = ¢
prx(F). Torma (x x Y) N F = @ n n1a Beakoit TOUKH y € Y Haiigercs
smeMenTapaoe MHOKecTBO Uy X V, C X x Y \ F. IlockoabKy cioit z X Y
KOMITAKTEH, TO CyIIeCTByeT Konedrnoe moanokpeitue {Vy, } . OxpecrrocTs
U = N} U raxosa, uro U Npry(F) = &. 3nauur, j1omn0/HeHne TPOEKIUI
pry (F') muoxecrBa F' OTKPBITO, TaKuM 06Pa3oM, CaMO MHOXKeCTBO Iy (F)
ABJIAECTCHA 3aMKHYTBHIM.

19.K Tonoxuym f(2) = (fi(2), f2(2)). Ecan f(z) = (z,y) € X x Y, 10
x = (pryof)(z) = fi(2). Amanormuno u y = fa(z).

19.20 HecoxkHOE U 110JI€3HOE YIIPAKHEHNE HA UCII0/IH30BAHIE TEOPETUKO-
MHO>KECTBEHHBIX OHpe,Z[eJIeHI/II;'I.

19.21 IlpoBeauTe mpsIMOe BBHIUUCIEHUE.
19.22 Onusarb-Taku, MPOBEIUTE MPAMOE BBIUUCIEHIE.

19.23 BcmomuuTe ompejeeHne TPOU3BEIEeHNsT TOTOJOTUN W BOCIOThb-
gyiitecy 19.21.

19.24 Tlpome BCero m0Ka3aTh HENPEPLIBHOCTH B KaxK10i Touke (21, x9) €
X x X. HdeitcrBurensho, nycrs d = p(z1,2), € > 0. Torga u3 vepaBencrsa
TPEyTOJILHUKA, CPa3y CJIEJYeT, 9TO

p(Beja(x1) X Beja(w2)) C (d —e5d +¢).

19.25 Ilposeaure mpsiMyIO TPOBEPKY.

19.26 [Iycrs (x,y) ¢ A. Torma © # y, 3HAYNT, y HUX CYIIECTBYIOT
Herepecekaionuecss okpecruocru: U, NV, = @. Torma (U, x V) N A =
@ B cuny 19.3, Takum obpasoM, U, x V, C X x X ~\ A. CrnenoBarensHo,
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muOKeCTBO (X X X) N A 0oTKpbITO, 8 A, TeM CaMbIM, 3aMKHYTO.

[Tycts x u y — ase pasamuanbie Toukn npocrpancrea X . Torma (x,y) €
(X x X) N A u rak Kak MHOKeCTBO A 3aMKHYTO, y TOYKH (Z,y) UMeEeTCs
sseMenTapHag okpecrnocts Uy x Vy C X x X \ A. BHaunut, MHOKECTBO
U, x Vy me nepecexkaerca ¢ A, tak uro U, NV, = & B cuny 19.5, 910 n
TpebOBATIOCH JTOKA3ATh.

19.27 Conocrasbre 19.26 u 19.25.

19.28 B cuny 19.19 nupoeknust pry : X — Y dBjsgercsd 3aMKHYTHIM
orobpazkennem. CienoBarensbo, ee cyxenue pry [r @ I' — X rakxe 3a-
MKHYTO (CM. 16.27, B cuny 16.24 ono — romeomopdusm, Tak uro u3 19.16
CaeAyer, uTo 0TobpaKkeHue f HermpepbIBHO.

Wi mo-apyromy: Bocmosb3yiitecs 19.19 m pasencrsom f~H(F) = pry (F N

(X x F)).

19.29 Jla, cymecrBerno. Paccmorpure orobpazKkenue

R—R:x+— ? upu & =0,
2 npux # 0.

19.32 Tompko w3 nuHENHON cBA3HOCTH. KOHTpIpHMEDP K OCTATBLHBIM
yTBep:K/ieHneM JatoT pyHkimn u3 3agaqn 19.31.

19.36 Her, He BepHO.

19.37 Y1nobHO UCIIOIB30BATH CJIEIYIOINIEE CBONCTBO, SKBUBAJIEHTHOE OIIPe-
JIEJIEHUIO PEryJISIPHOCTH TpocTpancTBa (cM. 14.19). st BCAKON OKPECTHO-
cru W roukn (x,y) maiigerca takas ee okpecraocts U, uro ClU C W.
ocraTouno paccMoTpeTh ciaydail, korga W — ajeMenTapHas OKPECTHOCTbD.
Bocmonbayiitecs perynsaproctsio npocrpancts X u Y u 3agaqeit 19.9.

19.38.1 Ilycts A u B — HemepeceKalonnecs 3aMKHYTHIe MHOYKECTBA.
Jia kaxoit Toukn a € A Haiinercs oTkpbiToe MHOXKeCTBO U, = [a;x,) C
X\ B. Tonoxum U = |J,e 4 Us. Oxpectrocts V' O B omnpejensercs ama-
jgorugabiM o6pasoM. IIpenmonoxmm, aro U NV # &, 1o [a;x,) N [b;yp) # D
JIIsE HEKOTOpLIX Touek a € A u b € B. Ilycrs, jis onpeseneHnoctu, a < b.
Torma b € [x;x,), YTO TPOTUBOPEIUT BHIOODY Zg.

19.38.2 Muoxecrso V 3amxuyTo B R?, Tem Gosiee OHO 3aMKHYTO B
R x R. Mockonsky {(z,—x)} = VNlr;z+1) x [—z;—z + 1), T0o Kaxas
TOYKA MHOYKECTBA V OTKPBITA B HEM.

19.38.3 Cwm. 14.4x.

19.39 Momudunupyiite paccyk/eHue, UCIO0/JIb30BAHHOE P J0Ka3a-
TeJIbCTBE yTBepKaeHus 19.S5.

19.40 Cnenyer uz 19.Un 19.9.
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19.44 RP\RF =2 (R"F\0)xRF = (S F—1xR) xRF =2 gn—F—1 xR+

19.46 Ilpocrpamcrso O(n) saBiasgerca oobemuuenuem SO(n) u He me-
PECeKaroIerocsi ¢ HUM OTKPBITOTO MOJAMHOXKECTBa, romeoMopduoro SO(n),
suaqnt, oHO romeomopduo SO(n) x {—1,1} = SO(n) x O(1).

19.47 Hocrarouno nokasars, yro GLi(n) = {A | det A > 0} romeo-
mopduo npoussegernio SL(n) x (0;400). Mckombrii romeomopdusm como-
crapisier Mmarpuiie A € GL4(n) napy, COCTOSIIYIO U3 MaTPHUIBL ﬁA u

qucita det A.

19.49 CymecrBoBasue MOJ00HOTO TOMEOMOPGMU3Ma, HEMOCPEICTBEHHO
CBSI3aHO C CyNIECTBOBAHMEM KBATEPHUOHOB (CM. mOC/Ieanuit pasaen B 22), no-
9TOMY U B JIOKA3ATEIbCTBE MbI Oy/I€M UCIIOIb30BATH CBONCTBA KBATEPHUOHOB.
[Tycrs {zg,x1, T2, T3} — YeTBepKa MONAPHO NEPHEH/NKY/IAPHBIX eJINHUIHBIX
KBaTepHUOHA, ompeessomas Touky SO(4). Vckombrii romeomopdusm co-
[IOCTAB/ISIET ITOI UETBEpPKE IMapy, COCTOAINIYIO U3 €JIUHUIHOIO KBATEPHUOHA
o € S m TPORKHU {xalxl, xalxg, xgla?g} [OIIapPHO IEePIEHIUKYIAPHBIX BeK-
TopoB mpocTpancTsa R, onpenensiomeii saement SO(3). [Ipemympextaen,
aro, K mpumepy, SO(5) ne romeomopdmo S* x SO(4)!

20.2 OrobpazkeHue pr OTHOCUT KazK 10 TOUKe CoJeprKalluil eé 3/1eMeHT
pasbuenns (paccMaTpuBaeMblii Kak 371eMeHT (DAKTOPMHOXKECTBA), MOITOMY
npoobpazom pr-t(point) = pr—!(pr(z)) u aBusercs saement pasbuenus, co-
nepzkaruit Touky T € X.

20.3 Ilycrs X/g = {a,b,c}, tme p~'(a) = [0; %], pi(b) = (%,
p~!(c) = (3;1]. Torza Ox/g =1{2,{c},{b,c},{a, b, c}}.

20.4 Bce ssiemeHTB 3TOTO Pa30ueHUs ABJISIOTCA OTKPBITHIMUA B X MHO-

J,

wino

KeCTBaMu.

20.6 llycts X = N x I, a pazdbuenne S cocrout u3 muoxkectsa N X 0,
a OCTaJIbHBIE JJIEMEHTHI pasbmennsa S FBAAIOTCI OAHOTOYEUHBIME. [lycTh
pr(N x 0) = z, € X/g. Jlokaxkem, 9T0 B TOUKE T, HE CYIIECTBYET CUETHOI
6asbl. [JokazarepcTBO mpoBeaeM oT mpoTuBHOro. IIpemmomoxkm, aro {Uy}
— 3To cyeTHag 6a3a B 3Toit Touke. Kaxoe u3 muoxkects pr- ' (Uy) OTKPBITO B
X U COEpPKUT KaxKIYIO U3 TOUeK &, = (n,0) € X. [l KaxK10ii U3 STUX TO-
YeK HafiJleTcs TaKoe OTKpBIToe B X MHOKECTBO Vi, 9To T, € V,, C pr—H(Uy,).
Ocrajioch 3aMeTuTh, YT0 MHO)KecTBO W = pr (UVn) SIBJISIETCS OKPECTHOCTBIO
TOYKN I, HE COMEPKAIeiicss Hi B OJHOW m3 okpectHocTeit U, 3Toit TOUuKH,
YTO HIPOTUBOPEUUT IPEJIOJTOKEHUIO.

20.7 s seskoro oTKpbiToro B X/ g muoxkecrsa U ero o6pas (f/g)(U)
f(pr~1(U)) orxpbir, mOCKOIBKY OH COBIAJAET ¢ 06PA3OM OTKPBITOTO MHO-

xecTBa pr-(U) mpu OTKpBITOM oTOGpaxkeHnn f.
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20.1x Ecnu F - 3amknyToe B X MHOXeCTBO, TO F' = pr! (pr(F)),

3HaIMT, MHOXKECTBO Pr(F') 3aMKHYTO. st Besikoro MHOKecTBa, F|
saMKHyTOro B X, MHOKecrBo pr-!(pr(F)), Bo-nepBbiX, 3aMKHYTO, TaK KakK
DI HENPEPBIBHA, BO-BTOPBIX, SIBJISETCS HAChIeHneMm F'.

20.2x Ilycts A — BaMKHYTOE MHOYKECTBO, ABJIAIONICECT HEOTHOTOUEU-
HBIM 3JIEMEHTOM JAHHOTO pa3buenus. Hackimenuem 106010 3aMKHYTOTO MHO-
kectBa F' Gymer qmbo camo F| mubo obbemunenne F'U A, T. e. 3aMKHyTOe
MHO>KeCTBO.

20.3x Amnasor 20.1x.

20.4x Eciu MHO)KeCTBO A HACHIIIEHO, TO JJIsi BCAKOro Mmuoxkecrsa U C
A nacebirenre U Takzke sIBJISIETCS TIOAMHOXKECTBOM A, cjiej0BaTe/IbHO, HAChI-
merne MHOYKecTBa Int A jtexkur B A U, MOCKOIBKY 9TO HACHIIIEHWE SIBJISIETCS
OTKPBITHIM, J0J2KHO coBlajgarh ¢ Int A. Tak xkak muoxkecrBo X \ A, rak-
ke Hacwimennoe, o Hacekimeno Int(X ~ A) = X ~ Cl A, cieposarensho,
Hacolmeno n muoxecrso ClA.

21.1 Onmuriem, K mpuMepy, pa3dbuenne oTpe3Ka, Jjid KOTOPOro COOTBET-
cTBytotee (akToprpocTpancTso romeomopduo 6ykse A. Ouo cocrout us
By TOYeuHbIx MHOKeCTB {§,1}, {% — 2, 2+ z} npu z € (0; §]; ocrambHble ero
9JIEMEHTHI OJHOTOYEUHBI. Vles J0Ka3aTeIbCTBa Ta YKe, UYTO ObLIa, UCII0IH30-
BaHa B 21.2, UMeHHO, HaJ0 MOCTPOUTH HEMPEPBIBHYIO CIOPBHEKITHIO OTPE3KA
una 6ykBy A. Paccmorpum orobpazkenue, ompejesiennoe hopMyiaMu

((3t, 6t) npu z € [0; 3],
(3t,4—6t)  npnx € [§3],
Fty =14 (2—6t,1) npu @ € [3; 3],
(6t—%,1) npu T € [%;%],
(3t — 1,6 — 6t) mpmx € [3;1].

[Mokazxkure, uro f(I) — 3ro u ectb Oyksa A, a pazbuenue na npoodpassl [ —
9TO B TOYHOCTH Pa3bMeHne, ONMMCAHHOE B HAYAJIE PEIICHHS.

21.2 Ilycte w : I — I x I — xpuBag Ileano, T. e. HempepbIBHAS CIO-
pbekius. Torma nHbLEeKTUBHBIN (DAKTOP 0TOOparKeHnd U U OYIeT TOMEOMOp-
duzMoM HEKOTOPOro (haKTOPIPOCTPAHCTBA OTPE3Ka Ha KBAIPAT.

21.3 Ilycrs S — 910 pasbuenue noanpocrpancrea A Ha AN B u ogHOTO-
YeTHBIe MHOKECTBA, CocTogmme u3 Touek © € X N\ B = AN B, a T — pazbue-
nre X Ha B u oxnorouyeunsle nogMuoxkecrsa n3 X N\ B. Bkiaouenne A — X
HHIyIIUPYeT HempepbiBHOE (DaKTOpOoTOOpazkeHue in / (5,7) : A/ANnB —

X/ B, aBagmomieecs HempepbiBHOIT Oueknueir. OcTagoch 10Ka3aTh, UTO 9T
buekrust OTKpbITa. Paccmorpum oTkpbiToe MHOXKecTBO U C A/ A N B 1 ero
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npoobpas V C A orHocurenbro npoekimu. Ecou U N B = &, to W = U
OoTKPBITO B X, Tak Kak MHOXkecTBa A, B 00pa3yior dyHIaMeHTAJIbHOE T0-
kpbiTre npocrparcTa X . Ecim UN B # &, to U D AN B, takuMm 0b6pazom
vuokectBo W = U U B orkpeito B X. B yiobom ciiyaae W asngerca or-
KPBITBIM HACBIIIEHHBIM OTHOCUTEJILHO paszbueHust T MHOXKECTBOM, BHAUUT,
OTKPBIT 1 ero 0bpa3 B X/ B, coBrajaonuii ¢ (in/(S’ T)) (U).

21.4 Paccmorpure orobpazkenue

sr,  xel03];
fil—1:2—{ %’ xe[%;%];
Bl ze(31],

u gokaxkure, uro S(f) — 3aganHoe pazbuenne. Takum obpazom, f/ S(f)
I/ S(f) = 1. Kaxoe orobpazkeHne HaJI0 B3ITh, 9TOOBI JOKA3aTh BTOPOE YTBEp-
Kaenune?

21.5 Paccmorpum dyukimo ¢ @ Ry — Ry, pasuyio 0 upu ¢t € [0;1]
u pasuyo t — 1 npu t > 1 n orobpaxkenne f : R? — R2 e f(x,y) =

(@3«", @y), 371ech, Kak u panee, r = \/x2 + y2. Ilo nocrpoenuio, R?/ 2 =
R?2/ S(f)- Orobpaxkenne f/ S(f) AB/IFETCE HEIPEPEIBHOM bueknueit. Insg To-

ro, 9TOOBI yCTAHOBUTH, YTO OHO — FOMEOMOPMU3M, CIEAYET BOCIIOIb30BATh-
ca yrepakaennem  18.0x ( 18.Px). s nposepkn romeomopduoct R? u
JIPYTUX MPOCTPAHCTB, BOCIOIb3YHTECh KOHCTPYKIUAMM, ONMCAHHBIMU B Pe-
menugx 3aja4d 10.20-10.22.

21.6 O6o3naunm uepe3 S paszbuenue mpocTpaHcTBa X HA MHOXKECTBO
A u ogHOTOUYEUHBIE HOAMHOXKECTBa ero jomonanerns X N\ A. Ilycrs T — a0
pasbuenne Y na f(A) u roukn Y ~\ f(A). lokaxure, aro f/(g, T') — romeo-

MOpPhU3M.

21.7 Her, st npocTpancTBa He ToMeoMopdbHLI; B IpocTpancTse R?/ 4
He BBLINOJIHEHA IIepBasi akcuoMa ciaerHoctu (cp. 20.6).

21.8 Pasouenue S(p), rae ¢ : St — S c C: z+— 23, coBmamaer c
3ajiarHEBM, IosToMy S1/g =2 St

21.9 B mepsoum ciydae paccMoTpuTe oTobpazkenme p(z) = 22,

21.10 Tlpenocrepexenne: (bakTOPITPOCTPAHCTBO D™ 1O OTHOIITEHHWIO K-
BUBAJIEHTHOCTU & ~ Y <= x; = —y; He romeomopduo D™!

21.11 Paccvmorpure f: R — S': z +— (cos 27z, sin27z). Semo, uro

x ~y <= f(z) = f(y), rakum obpaszom, pasbuenue S(f) coBmamaer c
saganabM. K coxasennio, npsMas R HEKOMIIAKTHA, TO3TOMY Mbl HE MOXKEM
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mpocTo cocaarbes Ha Teopemy 16.X. Jlokaxkure, 9T0, TEM HE MEHEE, JTAHHOE
daKTOPITPOCTPAHCTBO SIBIASIETCS KOMTTAKTHBIM.

21.12 @axTOpPHIpPOCTPAHCTBO MUJIMHIPA IO OTHOIIEHNUIO SKBUBAJIEHTHO-
ctu (x,p) ~ (y,q), ecrm  +y = 1, p = —q (31ech z,y € [0;1], p,q € S1),
romeomopdHo JiernTe Mebuyca.

21.13 Cremyer uCIogb30BATH TPAH3UTUBHOCTH (hakTopu3anyun (Teope-
my 21.H). Tlycrs S — pasbuenune kBaapara Ha Hapbl PACIIOJOKEHHBIX HA O/
HOI TOPUBOHTAJIM TOYEK €r0 BePTUKAJIbHBIX CTOPOH, BCE OCTAIbHBIE DJIEMEH-
ThI pazbmenust ogHOTOUedHbI. [losyuaem, uro daxTopupocTpanctso 12/g
romeomopdno muaunapy. [ycrs reneps S’ — pasbuenue HuIMHIpa Ha Hapbl
TOYEK er0 OCHOBAHUI, CUMMETPUYHBIE OTHOCUTEIBHO MPSAMOIl, HapaJsiieib-
HO¥1 OCHOBAHUSAM IUJIUH/IPA U TIEPECEKAIOIEl ero 0Ch CUMMETPHUH; OCTAIbHBIE
3/1IeMeHThI o/iHoTOoUeuHbl. Torja T’ — pa3buenue KBajipaTa Ha MPOOOPA3kI IPHU
orobpazkennu p : 12 — I?/g mpoo6pa3os saeMenTa pasbuenus S’ — cobma-
naeT ¢ pazbuenueM, (pakKTOPIPOCTPAHCTBO KOTOPOro ecTh OyThuika Kireiina.

21.17 Tlepsoe yrBepkK/IeHUE CAEIyeT U3 TONO, 9TO MHOKECTBA, OTKPbI-
Thie B MHLyHUPOBaHHON 13 | |, 4 Xo Ha oOpase ing(Xjg) Tomomoruu, umeor
Bug {(x,0) | © € U}, rage U — 310 MHOXKECTBO, OTKPBITOE B IIPOCTPAHCTBE
X3, rakum obpasoM, ab(ing) : Xg — ing(X3) — romeomopdusm. Bosee Toro,
KazK/Iplil 13 9Tux 00Pa30B OTKPBIT B CyMMe MPOCTPAHCTB (MMOCKOJIBKY Kazk-
JbIi U3 ero mpoobpas3os mpu in, mbo mycr, mbo xe paBen Xg), 3HAUUT, 1
3aAMKHYT.

21.18 AKCHOMBI OTJE/JIMMOCTH U IIepBas AKCHOMa, CIETHOCTH IIepeIaioT-
cs. st cenapabeibHOCTH WJIN K€ CYIECTBOBAHNA CUETHON 6a3bl HEOOXOH-
Ma CYETHOCTh MHJEKCHOro MHOxKecTsa. Ilpocrpamcrso | |, 4 Xo HECBe3HO,
eCJIM YHCJIO CJIaraeMbix Oosbire emuHUIBI. OHO OyIeT KOMIIAKTHBIM, eCJIH
YKCJIO CJIAraeMblX KOHEYHO M KarK/0e U3 PacCMaTPUBAEMbBIX HPOCTPAHCTB
KOMIIQKTHO.

21.19 VHBeKTUBHOCTH KOMIIO3UIINH (0 = PI 0iNg CJEIyeT W3 TOrO, ITO
B KaxK/10M 3j1eMenTe pasouenus B X Ll X9 umeercs e 60jiee 0HOM TOUKY U3
ing(X2). Ee menpepbiBHOCTL OueBHIHA. PaccMOTPUM OTKPBITOE MHOXKECTBO
U C X5. Muoxectso inj(X1) Uing(U) orkpsito B X7 U X9 u gB/IsieTcst HACBI-
MEeHHBIM, T09TOMY ero obpa3z W orkpsiT B Xo U ¢ X1. Tak Kak nepecedenne
W Ne(Xe) = (U) orkpsito B ¢(X2), TO ¢ — TOMOJOIHYECKOE BJIOXKEHHE.

21.20 Nrax, Y = {x.}. Honoxum X' = X U{z.} u A = AU {x,.}.
dcno, uro daxrop g : X/ A4 — X'/ A naveknun in : X — X' asagerca
HenpepbiBHOM Oueknmeit. Jlokaxkure, 910 0TOOpaAKEHNE § OTKPBITO.



384 Vkazannsa, KoMMeHTapun

21.21 Paspexkem KBajpar Tak, KaKk n3obdpaxkeno wa pucynke. [Ipousse-
N5t cKienBanue cropod a ua’, bu b, c u ¢, nonyunm nse sentsr Mebuyca, Ko-
TOPBIE HAJ0 CKJEUTH 10 OKPYYKHOCTH, ABIAIOMENCS (DaKTOPIPOCTPAHCTEOM
00beIMHEHNST OTPE3KOB di 1 da.

21.22 Paccmorpure oTobparkeHue
(idgr xiy) U (idgr xi_) : (St x ) (S* x I) — S' x S,

e i+ — Bioxkenust orpeska I B S kak BepxHeil u, COOTBETCTBEHHO, HUKHEl
[TOJIyOKPY 2KHOCTH.

21.23 Cwm. 21.Mu 21.22.

21.24 FEcmu gBajgpar, (pakToOpnpoCTPAHCTBOM KOTOPOTO ABJIsIeTCs Oy-
Teika Kieiina, paspe3ars BepPTUKAJJIBHBIM OTPE3KOM HA JIBA HMPAMOYTOJIb-
HUKA, TO IOC/I€ CKJICMBAHUS €0 TOPU30HTAIBHBIX CTOPOH MbI OJIYYUM JIBA
AITHIPA.

21.25 Ilyers S = {(21,22) | |21]? + |22*> = 1} € C?. Hoammoxke-

CTBO 9T0i cepsl, ompe/esseMoe ypaBHeHueM |z1| = |z2| cocrout m3 Beex
nap (z1,22), Takux 4ro |z1| = |zo| = %, TAKUM 00pPa30M, OHO SIBJIAET-

ca Topom. Tenepb paccMOTPUM MOJAMHOXKECTBO 17, 3aJaHHOE HEPABEHCTBOM
|z1] < |z2| u orobpaxkenue, comnocrapisiomee Touke (z1,z2) € T TOUKy

(u,v) = (£, 22%) € C?. Iokaxure, 9TO 310 OTOOPaAKEHNE SBJISETCH IO-
’ 22| |22] ’

meomopduzmom T ma D? x S, 1 3akoHUnTe paccy K IeHnue CaMOCTOSTe/IBHO.

21.26 Uwmuagp wian jgenra Mébuyca. Paccmorpum romeomopdusm g
MeK/ly BepTHKaJbHBIMU CTOpOHaMU KBajpara, mycrsb ¢ : (0,z) — (1, f(x)).
Orobpazenue f — 310 romeomopdusm I — I, 3HauuT, OHO ABJIsIETCS (CTPOTO)
MOHOTOHHOU dyuKImeit. [Ipegnonoxkum, aro (yHKIus f — Bo3pacTaoiasi,
B gacrHocru, f(0) = 0 u f(1) = 1. Tlokaxkem, 4T0 CymiecTByer Takoil ro-
meomopdusm b I2 — I? uwro h(0,7) = z u h(1,2) = (1, f(x)) npu Beex
x € 1. s 970or0o pa3obbem KBagpar ero JUaroHaAsgIMu Ha YeThIPe YacTH, U
onpesiesinM h Ha MPaBOM TPEYTOJbLHUKE MOCPEICTBOM (hOPMYJTBI

h(1+t 1-t +t ) (1+t 1-t +tf( ))

t,z € I. Ha ocraJbHBIX Tpex TpeyroabHUKax h TOXKIECTBEHHO. $ICHO, 9TO
upu ykasanHoMm romeomopdusme snement {(0,x),(1,z)} pasbuenus nepe-
xouut B vnement {(0,x), (1, f(z))}, 3nauur, cymecrByer HenpepbiBHasi OGu-
eKIsl TUINHAPa (CIe0BATEBHO, TOMEOMOPMU3M) Ha, PE3yJIbTaT CKIeHKN
KBa/paTa MmoCPeCTBOM roMeoMopdu3Ma g ero BEPTHKAJIbHBIX CTOPOH. Ecm
ke byHkIius f saBIsieTcs yOBIBAOIIEH, TO, PACCyKasi aHAJJOTUIHBIM 00pa-
30M, TIOJIyYUM, YTO PE3Y/IbTAT CKJAenBanus Oyzger jentoir Mébumyca.

21.27 'Top u 6yreika Kieitna; paccyxaenne anajgorudno 21.26.



COBETHI U OTBETHI 385

21.28 llokaxkwure, 9TO JI000i TOMEOMOPMU3M I'PAHUIHON OKPYKHOCTH
sienTbl Mébuyca MOXKHO HPOJO/IKUTH /10 romeomopdusma Beeit jieHTbr Me-
buyca.

21.29 Cwm. 21.27.

21.30 Tlokaxkure, 91O JI000I aBTOrOMEOMOPMU3M I'DAHUITHON OKPY K-
HOCTH PYYKHU MOXKHO IIPOJIOJIZKUTE J10 aBToromeomopdusma, seeit pyukn. (Cp.
¢ 3amaqeit 21.28. Ilpn perternn obenx 3a7at MOJIE3HO BOCIOIB30BATHCS CJIe-
nytommM (haxkToM: 000 aBToroMmeoMopdu3M BHEITHEH IPAHUYHON OKPY K-
HOCTU KOJIbI[A MOXKHO IPOIOJIKUTEH [0 aBTOIOMEOMOP(U3MaA BCEr0 KOJIbIIA,
KOTOPBIH HAa BHYTPEHHEH IPAHUTHON OKPYKHOCTHU ObL/T Obl HEITOIBUYKEH WJIN
3aj1aBaJt Obl ee 0CEBYIO CHMMETPUIO. )

21.31 Cw. pemenus 3agaa 21.28 u 21.50.

21.32 MoxHO cauTaTh, 9TO JALIPHI Pa30uThl HA MAPbl “OMU3KUX’ IBID,
coeuuenubix “rpyokamu’. (Cp. pernenne 3amaqau 21.V.) Bmecte ¢ Kpyrom,
OKPY?KAIONINM TaKyio mapy, Kakjas TpyOka oOpasyer PyUKy ujiud Oy THLIKY
Keiina ¢ gpipoit. Eciu Bce Tpy6Ku 006pa3yior pydku, TO rnepes HaMmu — cepa
c pyukamu. B mpoTruBHOM ciiydae Mbl IIPEBpAIaeM BCE PYUYKU B OYTHLIKH
Krneitna ¢ gpipamu (cMm. pemienne 3agadm 21.V), u mepex mamu — cdepa ¢
[LJIEHKAMU.

22.1 CymecrByer eCTeCTBEHHOE B3aUMHO OJJHO3HAYHOE COOTBETCTBUE
MEK/Ty MPSIMBIMU HA, IJIOCKOCTH, 33/IAHHBIMY yPaBHEHUEM Bu1a ax +by+c =
0 u roukamu (a : b : ¢) npocrpancrea RP2. Tlpu sToM jonoHenuem obpasa
MHO2KECTBa BCEX IMPAMBIX ABJIAETCA MHOZKECTBO, COCTOAIIEe 13 Q,ZLI/IHCTBQHHOI‘/JI
rouku (0:0:1).

23.1x [a, sensierca. Yucmo a Beerga menut camoe cebst (maxe 0 gemur
0). Hamee, eciu a nemut b u b gequr ¢, T0o a IeauT c.

23.2x a ~b, corma a = £b.

23.3x YTBep:KJIeHNe 0UeBUIHO, MOCKOILKY BKaodenne A C Cl B mveer
mecro, corga Cl1 A C ClB.

24.1x OueBujHO.

24.2x ConocraBuB KazK10it ToUKe y € Y 1oCTOAHHOEe 0TOOpazKeHne fy,
0obpa3oM KOTOPOIrO SBJISETCA 3Ta TOYKA, Mbl M IMOJYIUM WHBEKIHO Y —

C(X,Y).
24.4x Coorsercrsue f — f~1(0) onpenensier 6uexnuio C(X,Y) — Qx.

24.5x IlockoabKy TOMOJIOTHS B MPOCTpaHCTBe X IUCKPETHA, TO BCIKOE
orobpaxkenne f: X — Y wenpepsisuo. Ecom X = {z1,22,...,2,}, TO 0100-
paxenue f ogHo3HaYHO onpesesiercs Habopom {f(x1),..., f(zy)} € Y™

24.6x MmuoxecTtBo X cOCTOUT M3 ABYX KOMIIOHEHT CBI3HOCTH.
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24.Cx Tak Kak BCSKOE OJHOTOYEUHOE IOJIMHOYKECTBO KOMIIAKTHO, TO
APw) « Al cnenoparensuo, QPW) ¢ Qo)

24.7x fcuo (mokaxkure 910), uTo Tomosorndeckue cTpyKrypsl C(1, 1) n

CPw)(I, 1) pasinudmbl, u, CIe0BATENLHO, TOXKIECTBEHHOE 0TOGPAZKEHHe MHO-
xkecrsa C(I, ) ue ectb romeomopduszm. Yrobbl g0Ka3aTh, 9TO PACCMATPUBA-
eMble ITPOCTPAHCTBA HE TOMEOMOPMHBI, HY?KHO HANTH TAKOE TOIOJIOTTIECKOe
CBOICTBO, KOTOPBIM OJHO U3 HUX 00afaerT, a apyroe — Her. ITokazkure, 910
C(I,I) yrosmerBopsier mepBoii axcuome caernoctir, a CPY) (I, 1) — mer.

24.8x Oroxpgecrsum Y ¢ Const(X,Y') mocpencrsom orobpazkenust iy —
fy + © — y. PaccMoTrpuM mepecedenns MHOXKECTB U3 Ipeadasel ¢ 00pa3oM
npocrpancrsa Y npu ykazanuom orobpaxkenun. meem W (z, U)NConst(X,Y) =
U, 3raunT, mepecedenne ¢ Y BCIKOTO MPeI0a30BOTO MHOYKECTBA, U3 TOMOJIOTHN
[MOTOYEUHOM CXOAUMOCTH OTKPBITO B Y. OOpaTHO, JIJIsi BCSIKOIO OTKPBITOrO
B Y wmuoxkectBa U m st BCesgko#t ToYkm & € X BBITIOJHSIETCST PABEHCTBO
U=W(z,U)N Const(X,Y). To :ke paccyzK/ieHue ClpasejIMBO U B CJIydae
KOMHaKTHO—OTKprTOfI TOIIOJIOTHH.

24.9x Orobpaxenue f +— (f(z1), f(z2),..., f(x,)) mepeogur npenda-
30Boe MuoxKecTBO W (21, Up) NW (22, Us)N...NW (2p, U,) B 6a30BOE MHOMKE-
ctBo Uy X Uy X ... x U, Tonosorun npoussejgeHns. HakoHer, gCHO, YTO ecin
npocTpanctso X KonedHo, To Tomosorun (X, Y) u QP (X,Y) coBmamaior.

24.10x Bocnonbsyiitecs  24.Tx. Ecom X — jmneitro
CB{I3HOE MPOCTPAHCTBO, TO B HEM JIOObIE JIBA IIyTH CBOOOIHO T'OMOTOITHBI.
Paccvorpum romoronmio h: [ X I — X. B cuny yrBepxkaenus 24.5x 0To0-

pasenne h : I — C(I, X), onpesenentoe dopumyoii h(t)(s) = h(t, s), nenpe-
poiBao. Takum obpasom, Jirobble JiBa IyTH B HIPOCTPAHCTBE X COETMHEHBI
IyTeM B MPOCTPAHCTBE ImyTeil, 4To m o3Hauaer, 4ro npocrpancrso C(I, X)
JIMHEIHO CBA3HO.

24.11x TIpocrpancrso CP%)(I,]) He KOMIAKTHO, MOCKOJIBKY TIOCTEI0-
BaTeIbHOCTh (GyHKIWN f,,(x) = 2™ He uMeeT B HEM TOYKH HakorieHus. Ta
Ke mocenoBarebHOCTh He nMeer B C(1, I) mpenebHBIX TOYEK, 1, CIe0Ba-
TEIBLHO, 9TO MPOCTPAHCTBO TaKKe He ABIAETCS KOMITAKTHBIM.

24.12x Ilycrs
dn(f; g) = max{[f(z) — g(2)| | = € [-n;n]}, n € N.

ITonozxum

= du(f9)
d(f,9) = ; 20(1+dn(f,9))

Herpymuo nokazars, uro d — merpuka. llokaxkuTe, 4T0 UH/IyITUPOBAHHAS €10
TOTIOJIOTUS SABJISIETCI KOMIIAKTHO-OTKPbBITOIA.
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24.13x JlokazareabCTBO AHAJIOTHUYHO JIOKA3ATE/TBCTBY YTBEPZKICHUST
24.12x. Hano smmb 3aMeTuth, 9To MOCKOIbKY, ouesnano, X = (J7o) Int X,
TO JIjIsT BCSIKOTO KOMITAKTHOTO MHOXKecTtBa K C X Haiimercss n, Takoe 9TO

K C X,

26.1x OtmernM, uro: 1) f(z,y) = w(z,a(y)); 2) a(z) = B(l,z) n
w(z,y) = Bz, a(y)). Orobpazkenune (3 HEIpPEpPHIBHO KAaK KOMIIO3M-
IT¥sT HEMTPEPBIBHBIX OTOOPaZKeHWii B CHJIy paBeHCTBa 1). Ucmonn3yiiTe
paBeHCTBa 2).

26.2x B obo3nauenusgx m3 J0Ka3aTeIbCTBA yTBEpKIAeHUS 26.1X, v dB-
JISIETCsT HEITPEPBIBHBIM U 00PATHBIM CaMOMy cebe 0TOOpakeHneM, 3HAIUT OHO
— romeomopdusMm.

26.3x HenpepblBHOCTb YKa3aHHBIX OTOOPAKEHUI BHITEKAET U3 TOTO, UTO
NEepPBOE M3 HUX SIBISETCS KOMIo3unumed w o (f X g), Bropoe — KOMIo3unuei
ao f (B obo3HaveHusIX U3 JoKazaresbcTBa 26.1X).

26.5x B Tex ciydagx, KOT/Ia TOTOJJIOTUS B TPYIIE WHIYIIUPYETCS CTaH-
JIAPTHOI TOIO/IOTHEH eBK/IN/I0BA IPOCTPAHCTBA, i IPOBEPKHU HEIIPEPBIBHO-
cTn oTobpazkenuit (x,y) — Yy U T — T A0CTATOUHO yGEIUTHCA, UTO OHI
3aAI0TCA HENpepbIBHBIME (hyHKIuamu. Ecim x = a 4+ ib u y = ¢ + id,
to 2y = (ac — bd) + i(ad + bc), 3HAYUT yMHOXKEHHE 33TaeTcd (DyHKIIEi
(a,b,c,d) — (ac — bd,ad + bc), KoTOpasi OUEBHAHO HempepbiBHA. [lepexosn
K 0OpPaTHOMY 3JIEMEHTY TaK:Ke 3ajaeTca Hermpephbiaoil (ma R? \ 0) dbyHKmm-

eit (a,b) — (GQLMQ,—%).
26.6x llcmonnp3yiiTe naer0 pacCyzK/IeHnsd U3 PeIeHns 3amaadn 20.Hx.
26.7x Bosbmure, K IpuMepy, TOTOJJIOTUIO U3 3aadu 2.5.
26.10x la, ciipaBeinBo.

26.11x YtBepxkaenne ciaemnyeT 3 paBenctB UV = UzeyUx uw VU =
Uzev U B cuy  26. Ex.

26.12x Het, ne ocranerca. Ecmu U = {0} wu V = (0;1) € R, 10
U +V = V. Kourpupumep, B KOTOpoM 00a MHOXKECTBa 3aMKHYTHI, JaH B

26.135x.

26.13x Ilepsoie nBe. /lokaxkure, 910 BTOpasd rPYIIa BCIOLY IJIOTHA B
R u ne coBnaaer ¢ Heil (xoTst OB MOTOMY, 9TO OHA CYeTHA, a R — Her).

26.1/x U3 26.Ix ciemyer, 9T0 HAiiIETCS OKPECTHOCTE V' €MHUIbI, Ta-
kag aro V'V C U, a B cuny 26.Hx CymecTByeT CAMMETPHIHAS OKPECTHOCTD
enuaunbl, Takag 9To Vo C V. Bmaunr VoVo C V'V C U. Ilposemem pac-
CyKJeHre o UHAyKInn. Ecim V), — cuMMeTpudHas OKpeCTHOCTD €TNHUITEI,
TaKag 4ITo V;l_l CVy, 0o V' = VnVJZ_1 C WV, C U (obparure BHUMAHIWE,
aro V