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[Ipenen yHKIUU

BBeaeHue

Hy uTo Xe... A npuBeTCcTBYO Bac B cBOEl NepBoOM KHUre, NOCBALWEHHOM npeaenam GyHKLMK. ITO
nepsas YacTb U3 Moel byayuiel cepun “sbicluaas mamemamuka 048 YaliHUKog8”. HazBaHWe KHUTU yiKe
OOMKHO Bam MHOroe o HeW pacckasaTtb, HO Bbl ero moxeTe COBepLEeHHO He TaK NOHATb. ITa KHWra
noceALLeHa He “YailHMKam”, a BCeM TeMm, KOMY Hesierko MOHATb TO, YTO TBOPAT Npodeccopbl B CBOMX
KHMrax. fl ysepeH, 4to Bbl MeHA noHMmaeTe. fl cam HaxoAMACA U HAxXOXYCb B TAKOW CUTyaLMM, 4TO
NPOCTO BbIHYXAEH MPOYUTLIBATL OAHO U TO Ke MpensioKeHMe HECKOJIbKO pa3. ITo HopmasbHO? Al
Aymato — HeT.

TaK yem e MoSl KHUra OT/IMYaeTca OT BCex Apyrux? Bo-nepBbix, 34eCb HOPMAsbHbIN A3bIK, @ He
“3aymMHbIN”; BO-BTOpPbLIX 34eCb pa3obpaHa macca NPUMEpPOB, KOTOpas, KCTaTW, HaBEPHAKA, NPUroamTcs
BaM; B-TPETbMX, TEKCT MMEET CYLLeCTBEHHOE pasnuyMe mexKay coboil — r/aBHble BewM BblAeNeHbl
onpeaeneHHbIMM MapKepaMu, U HaKoHeL, MosA Lie/ib IMLLb 04HA — Bawe noHumaHue. OT Bac Tpebyetca
TO/IbKO OAHOrO: ¥KeNaHMA N ymeHua. “Ymenunsa?” — cnpocute Bol. a! YmeHMa3ANMMOMUHATbLMNO
HUMATD.

Boobuie pekomeHAayeTCs 3aBECTU OTAe/IbHO TeTpafKy /IMCTOB 3TaK Ha 65, U Bce B Hel nucaTh.
Bce, 4To HanMcaHO B 3TOM KHUre. Pe3ynbTaT byaeT BnevyaTaawowmm, 3To A Bam obewato. TaK ke nyduie
Nno/ab30BaTbCA Pa3HOLUBETHbIMU dpomacTepamn. Hy UTo ke, rocnoga... A xouy Bam nokenatb ycnexos u
noHnMMaHus. Ecam Bbl aobbeTe 3Ty KHUTY, Bbl cmoskeTe mHoroe!!!

B moeit KHure 6yayT BCTpevaTbcA HeKoTopble 0603HayYeHuA. KpaliHe peKomeHaylo Um
cneposaThb.

A
)( - yuuTb 06s3aTeNIbHO! — - pekomeHayeTca nonpobosaTb cAeNaTb CAMUM.

b
7,( - MOXHO HEe Y4UTb, HO HY}KHO NOHATbL!

B No6pbiy nyThb!
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I'naea 1. IIpegen pyHKIUU.

1. [lpeden ¢hyHKYuUU 8 moyKe.

CopepxaHue: \ MycTb X —uncnoBas nepemeHHas BenuuuHa, X —
obnactb ee mameHeHusa. Ecnm kaxagomy umcny x € X

Mpeaen pyHKLUK B TOUKe

NOCTaB/NEHO B COOTBETCTBME HEKOTOpPOEe 4YuCcao Yy, TO
Teopembl 0 npegenax
roBOPAT, UTO HAa MHOXKecTBe X onpeaeneHa @yHKUuUsA, u

OaHOCTOpPOHHME npeaenbl
nwyTy = f(x).

Mpepen, npy x — o

BeckoHeuHo 60/blune GYHKLMM X —He3aBMCMMan NepemeHHas (aprymeHT).
IpaduKn anemeHTapHbIX GYHKLWUI X —obnactb onpepenenns dpyHrumm f(x).
Y —4acTHoe 3HayeHue oyHkuun f(x) B
TOuKe.

Hap,eI'OCb 3TO BaM I'IOHFlTHO, HO A Ha BCHKMI‘;' cnyqaﬁ 50-511) ;4.5 -40 -35 -30 -24 -20-15 -10 -05 0 05 10 15 20 [25 30 35 40 45 50
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Puc. 1

CoBOKYMHOCTb Y BCeX YaCTHbIX 3HaYeHMI1 GYHKLMM Ha3blBAETCA MHOMKECTBOM 3HaYeHnn f(x).

OpyrMmun c10BaMmM, MHOXECTBO 3HAYEHWUI — 3TO NPOMEXYTOK no ocu OY, rae onpeaeneHa GpyHKuma. Ans
npumepa, paccmoTpum puc. 1. f(x) = x? — otcrona cpasy BuaHo, uto f(x) > 0, T.k. x2 > 0. Ha pucyHke
3TO ABHO BMAHO. B faHHOM cnyyae ob6nacTb 3HaueHuit = [0; +00]. 3aNOMHUTE, MHOXECTBO 3HAYEHWUI
cMmoTpum no 0Y!

CoBOKYMHOCTb BCeX X Ha3blBaeTcA 06s1acTbio onpeaenermna f(x).

[Jenaem BbIBOA, U3 NpeablayLnX COOBPAKEHUI U NMOHUMAEM, YTO MHOMKECTBO ONpeaeneHuii CMoTpUM
no 0X. B Hawem cnyyae O3 = [—oo; +00].

Touka a(a € Xunua # X) HasblBaeTcA MpeaenbHOM ToYKoM MHOxectBa X, ecam B nwobon
OKPECTHOCTM TOYKU @ MMEIOTCA TOUKM MHOKecTBa X, OTINYHbIE OT a.

34ecb A LONOHATL HAYEro He byay. M Tak Bce ACHO. MOXKHO nWb A06aBUTb, YTO B Hallem Clyyae a —
npeaesnbHas Touka MHoxecTBa X — obnactv onpegenerus dyHkumm f(x).
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TakK, AaBaiiTe nepeq onpegeneHmnem A B o6LWMX CNOBax 0OBACHIO, YTO Takoe npegen GyHKUmMK. Yucno b,
K KOTOPOMY CTPEMUTCA GYHKLMA NPU CTPEMJIEHMU X K YUCAY A, Ha3biBaeTcsa npeaenom GpyHKUMK. BoT Tak
3TO BCe 3aMuCbIBaeTCA:

)l{i_r)r{]lf(x) =b

Hanpumep, f(x) = x2. Ham HyXHO y3HaTb, K Yemy cTpemutca (He pasHal!) dyHKUMA, npu x — 2.
CHauana sanuwem npegen:

- —1: 2
liny ) =iy

Tenepb NpuWNO Bpemsa B3rAHYTb Ha rpaduK. NMposegem napannenbHo 0Y nMHMIO yepes TOUKY 2 Ha OcK
0X. OHa nepecekna Haw rpaduk B Touke (2;4). OnycTum m3 310 TOUKM Ha ocb OY nepneHaMKynsp W...
ona! Kakoe Tam 3Ha4yeHune? Bce npaBunbHO, 4. BOT K yemy cTpeMumTca Hawa GyHKLMA, Npu x — 2.

CnoxHo? Hy, HeT, KoHeYHo! Bbl, HaBepHOE, 3aMeTU/IN, YTO eC/IU NOoACTaBuTb B dyHKLMIO f(X) 3HaueHwme
2, To oTBeT bygeT Takum xe. CoBeplweHHO BepHO. Tak M pelwatotcs 3TM “cnoHble” ammutbl. He
3abbiBaliTe MpoBepATb Ha onpegeneHHocTb! OnpegeneHHoOCTb, 3TO, KOrAa Yy HAc ecTb MOHATHbIN

[e] 0
pe3ynbTart. Heonpe,a,eneHHOCTb, Korga HeT NOHATHOro pe3y/bTaTa. Hanpwwep: [;] nnun [6] — BCe 3TO

HeonpeaeieHHOCTb. ITO OYeHb BaXKHO, HUKOTrAa He 3abbiBaiTe npo 310! CnepoBaTesibHO, y Bac AonKHa
6bITb B TETPAAM BOT TaKas 3anuch (He 3abyabTe HAPMCOBATbL U PUCYHOK):

lim f(x) = lim x2=[2%]=4

x—2 x—

Hy, c aTum, B 06LLeM, Bce NOHATHO. MoTpeHMpyiTecb U NocYnTaliTe BOT TakKMe BOT Npeaessbi:

. K

1 2
lim (—) ;o limx3; limx®*2%:  lim—
x—-3 \X xX—2 x-1 xX-9 X

To e camoe NPOMCXOANT M ANA CAyYan, Koraa X — +0o UAKU K Apyromy 6eCKoHeYHOMY Yncay:

lim f(x) = [+002] = +oo

xX—+00
A BOT Npumep, rae ectb HEONpPeAeNeHHOCTb:

sinx

lim
x-0 X

0
Ecan mbl noactaBum nog X 3HayeHue, paBHOE 0, To BOT, 4TO Y HaC Mnony4dyuTca: [6] A 310

HeonpeaeneHHOCTb, C/lef0BaTeNbHO, pewaTb Mbl He Mmeem npasa! NMoTom A Bac Hay4y, Kak packpbiBaTb
HeonpegeneHHocTb. Ceiyac Ke Bbl AO/MKHbI He 3abbiBaTb Npo 3To. [oAcTaBMAM U NPOBEPUAMN.
Pewaetca? 3HauuT — onpeaeneHHocTb. He pewaetca? Hy uto e, Torga notom pewute. Korga sce
nponaete.

[asalite nepengem K GopmanbHOCTAM, TO €CTb K ONpeaeNieHUAM.
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HEOMPEAENEHHOCTDb

[5], [Z], 101, 1], [00°], [0 - e0], [0 — o]

Onpeaenenue 1 (npeaen GyHkumm no Kowwm)

Yucno b Hassieaemcs npedeaom @pyHKkyuu f(x) 8 mouke a (npu x — a), ecau
Ve>0 35 >0 makoe, ymo Y x, yoosnemeopstou,e2o ycao8usm Xx € X,
0 < |x — a| < 6, sbinonHaemca HepaseHcmso |f(x) — b| < &.

Nel. Nokasatb, yto lim,_,, sinx = 0.

Ana yoobcrea, aasaiite chopmynmpyem Teopemy (no Koww) gna Hawero caydasn. BoT, 4to y Hac
NnoslyymTCS:

Yucao 0 Hasvisaemcs npedesnom gyHKyuu f(x) = sinx 8 mouke 0 (npu x —
0), ecru Ve>0 385 >0 maxkoe, umo V x, y0081emeopsaou,e2o ycao8usm
x€eX, 0 < |x| <8, ebinonHaemca HepaseHcmso |sin x| < .

Bocrionb3yemca HepaseHcmeom |sinx| < |x| V x. 3a0adum npouseonvHoe € > 0 u nonorum
6 = €. Toeda ecnu |x| < 6, mo |sinx| < |x| < § = &. 310 ¥ 03HayaeT (cornacHo onpegeneHunto
byHKUMK no Kowwm), uto lim,,_,o sinx = 0.

Mo sTomy nosoay B NpuHUMNe 06bACHWUTbL Heyero. YTo Kacaetca |sinx| < |x| — 3to npocrto
HY}KHO 3aMOMHWUTb. YTO KacaeTcA & — 3TO OYeHb MajieHbKOe YMCNOo, HaxoAslieecs B
OKpEeCTHOCTH.

Ne2. C nomoupto “c — 8” — paccyaeHun Aokasatb, uto lim,_,, x? = 4. 3anonHUTL cneayoLLyio
Tabnvuy:

¢ 0.1 |0.01 |0.001 |0.0001
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Myctb € > 0 — npounsBonabHO. Toraa

x2—4]|=|(x—2)2+4(x—-2)| < |x—2|>+4|x—2| < ¢,

&
Kak Tonbko 0 < |[x — 2| <+Vd+e—2= T MocneaHee HepaseHcTBO Tem 6onee 6yaer
BbINOJIHATLCA, €CAN
€ € €

Tak, Odasalime ece-maKu paccmompum
amom npumep 6osee NodpobHo. 6-

1)

2)

3)

> > = =6(eg) > |x—2|.
Vi+e+2 2Va+e 2Va+4s+e2 2Q2+¢) > |

Pacnuwem onpedeneHue: 5

Yucno 4 Haseleaemcsa npedesom
¢yHkyuu f(x) = x% 6 mouke 2 (npu  s-
x> 2) ecnuVe>036 >0 makoe,
ymo vV x, yodoenemeaopsaou,e2o
yenosuasm  xe€X, 0<|x—2|<948,
8blMosHAeMcA HepaseHcmMeo

|x? — 4| < €. 26% 2

Ynpocmum:

a) Ycnosue: s 4 3 2 A 0 1 2
O0<|x—2|<de=-0<x—-2<d=2-6<x<2+6

b) HepaseHcmso:

2 —4|<eo —e<x’—-4<eo4d—e<x?<4+e¢
Molimem:

Yucno 4 Hasvieaemcsa npedenom ¢pyHkyuu f(x) = x? e mouke 2 (npu x > 2), ecru ¥ € > 0

38 >0 makoe, ymo V x, yoosnemsopswowezo ycaosuam xeX, 2—6<x<2+96,

8blnosiHAemca HepaseHcmso 4 — & < x? < 4 + ¢.

Bce! Mpoumume nocnedHee onpedesneHue, KOMOPOe Mbl HANUCAAU, UCMOAb3YA epaguK. BepHo?

Hy KoHe4Ho 8epHO! Imom crnocob A Hanucan crneyuasasbHo 044 8ac, 048 MOHUMAHUA. Hu 8 Kakoli

aAumepamype 8ol mako2o He Halideme. [1oamomy, ecau xomume Mo-HACMOoAWemMy 8ce 3mo

6b/cmpo pewams — nomcmyﬁcma! Aa, O6'bFICHumb, Kak amo Oenaemcs aHasumu4ecku, A He
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yeepeH, umo cmoey. lpumep s 8am Hanucasa, merneps 8ol O0AHCHbI 8 HEM CAMU Pa306pamecs,

ucrnone3ys moli epagudeckuli cnocob. Bce cmpoumca om noHUMAaHuUs, eocnoda. Celiyac

nonpo6yfo 06BACHUMSb 8CE HA AHAAUMUYECKOM yposeHe.

Ne3. [1ns 3akpenneHus.

[okasaTb, ncnosbsys onpeaeneHune Kowwu npegena GyHKUMK, U4TO

LWar 1:

Lar 2:

LWar 3:

- x%2-16
lim =

—_ =2
x—4x2% — 4x

3agagum dyHkumo f(x), KOTOpas ABAAETCA Yy Hac BbIPAaXKEHMEM, CTOALMM Y Hac Noj
3HaKoOM npeaena:

x?—16
x2 —4x

f&) =

MOCKO/MIbKY Mbl paccMaTpuBaem npenen, CTPemAWMMcAa K 4, HYXKHO pPaccMOTpeTb
HEKOTOPYIO OKPecTHOCTb 4-Ku, KOTopas ana AaHHON GyHKUMKM onpeaeneHa. Hanpumep,
WMHTepBan ot 2 Ao 5.

4€(2,5)

Ho! 3ameTbTe, UTO OYHKLMA Y HAac onpeseneHa He Bcogy! OHa He onpeaeneHa B 0 v npu
x = 4. Hapetocb, Bbl 3T0 NOHMMaeTe, HO Ha BCAKMI cayyait pacnuwy: x2 —4x # 0 —

x(x—4)¢0—>{xig

fanbwe. Mbl MOXeM B MpWMHUMNE PacCMOTPeTb /06O MHTepBan, HO Ham TaKoW
yoobHee 4 € (2,5).

. Hapetocb Bce NoHATHO. Tak, OTBAEKINCH, TaK YTO BbICTPO naem

3anuwem onpegenenune npegena ¢yHKumm f(x) no Koww.
Ve>0,36>0:Vx #4,|x — 4| <d=>|f(x) - 2| <¢

Smo 3Hayum: 04 106020 € Mbl 00aM(HbI Halimu makoe &, YMO KAK MOsbKO X Y HAC
omauyHo om 4 u x-4 no moodyao He npesocxooum & = |f(x) — 2| dommHo He
rnpesocxooume &.

Mpeobpasyem BbipaxkeHue |f(x) — 2|, x # 4.
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—16 x+4 [x — 4]
F@) —2| = [o—2 2=| —2|=—

—4x X X

3TM npeobpa3oBaHUA HETPYAHO NpoAenaTb camocToATenbHo. Hagewcb, y Bac He
BbI3bIBAET 3TO TPYAHOCTH.

Utak, Ve> 0,36 >0:Vx #4,|x—4|<d=|f(x)—2|<e un |f(x)—2| =@.
3ameTbTe, MHbOPMaumm Bce 6onblie n 6onblie!
Ouenum ceepxy BolipaskeHne |f(x) — 2|,x # 4,x € (2,5).
x?—16 | < |x — 4]
—4x 2
Ix:”, X6 2| = lx 4l . CnedosamesnbHo, |x24| > @.

3decb camoe 2aasHoOe He 3anymamscs. X € (2, 5) —amo ycao8ue mMmbi Tocmasunu euje 8
x—4 -
% unu u, 20ex € (2,5).

KoHeuHo nepsas 0pobeb. [Oe 3HaMmeHamesnb meHblwe, mam 0pobe 6onbuie (npu

Hayane. Omcroda udem cpasHeHue Opobeli. Ymo b6onbuie

0O0UHAKOBbIX YucaumenaAx).

3agaaum & = 2&. 34eCb Mbl MOXeM 6paTb U NPOCTO €, MOKe B3ATb U 5&. B gaHHOM
cnydyae Ham yaobHee Bcero, Korga § = 2¢.

MUTaK, BOT 4TO Mbl cenyac umeem:

1)
Vxe(2,5) 0<|x—4|<é |f(x)—2|<§=£

Bce! Mbl nokasanm, yto npegen paseH 2. BbiBoA OAWMH: eCiM XOTUTE pellaTb Bce 3TO,
b6epuTe elLe pas 1 pewanTte. U Tak A0 Tex Nop, NOKa He NnonmeTe. fl nonbITaaca onNucaTb,
KaK 3TO A0Ka3blBaeTcA aHanMTMyeckn. MorXeTe NoCMOTPETb Ha 3TO BCe U C rpaduyeckoim
TOYKW 3peHUA, He 3abbIB BCE YNPOCTUTD.

Boobuwe, YecmHo 2o08opsA, om Bac makux O0okazamesnibcms He 00sxHbI mpebosams. OHU

cAuwKom yxe “naasarowue”. Ecau Bam ece e uHmepecHa ama mema, omkpolime awo6ol
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y4ebHUK u nocmompume mam mamepuasn. CoomeemcmeaeHHo, Bbl Hu4e20 He nolimeme, ecau He
Hanuweme cobcMmeeHHOPYYHO peuleHue + 2paguku. dmo Bam Heboabwas MOOCKA3Ka.
Hapucyiime! U ece cpazy cmaHem AcHo.

PackpbiTue HeonpeaeneHHocTu (wacrb 1)!

Nel. A 3aberato HeMHOro Bnepes, HO XxoTenoch bbl pewnTb 3TOT Npeaen:

i x?—16
xl—I};{ x2 —4x

Ecan mbl noactasmum 4 nog, x, Y HaC NoNy4YnTCca HeonpeneneHHoOCTb:

. x*—16 [O] '
lim ——— = || — neonpeaenexmocts!

Y710 Aenatb? Bce npocTo. A gaBaiTe Ka ynpoctum apobo!

=16 (x—4Hx+4) x+4
x2—4x x(x—-4) = x

Bce! Tenepb, ecan mbl noactasum 4, y Hac 6yaeT onpeaeneHHoOCTb, a, CNeAoBaTeNbHO, Mbl MOXEM
pewarb.

lim = lim
x—4x4 —4x  x-4 X

x2—-16 x+4_[8]_2
=1zl =
BbiBOA: OM HeonpedeneHHocmu Mol u3basnasemcs ¢ NnoMouwybio rnpeobpaszosaHuil.
Ne2. MNocunTatb Npeaen:

i x?—4
%2+ 6x— 16

34ecb Bce 04YeHb NPOCTO. PasnoKnm Ha MHOXUTENN YNCAUTENb U 3HaMeHaTeNb. PacckasbiBato nepsblit u
nocnenHuin pas, Kak 3To Aenatb.

Y70 6bl PA3/10KMTb 3HAMEHATE b Ha MHOXKUTE/IN, Mbl LLO/IKHbI NPUPABHATbL €ro K HY/1t0 U MPOCTO PewwmnTb
ypasHeHue. [laBaiitTe caenaem 7o.

X2 +6x—16=0
Y70 6bl PELUNTL KBaApaATHOE YPaBHEHME, MPEXAE BCErO HY}KHO HAWTU AUCKPUMMHAHT No dopmyne:

D = b? — 4ac
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a, b, c — 3neMeHTbl KBaApaTHOrO ypaBHEHMUA. B 06LLEM BUAE KBaAPaTHOE YPaBHEHME BbIMIAANT Tak:
ax’*+bx+c=0

CnepoBaTenbHo, B Hawem cnydae a =1,b = 6,c = —16. MNoactaBnsem 3HayeHUA W HaxoAUM
OVNCKPUMMUHAHT:

D=36+4-1-16 =100

[anee HaxoAMM KOPHM KBaAPaTHOrO ypaBHEHMSA, UCNOb3ysA Gopmyny

_—bxVD
Y12 = 2a
HO,CI,CTaBﬂﬂeM M nonyyvyaem:
—6+ 10
_—6+10 | =5 =
2= 7)) —6-10
Xy = > =

KOpHM HawwAK, a 3HAYUT Mbl OY4eHb BIM3KK K PA3NOKEHMIO HA MHOXKWUTENN KBAZPATHOrO MHOTOY/EeHa.
CHauana 3anvwem popmyny:

ax?+bx+c=(x—x)(x —x3)

3ameTnm, 4YTO He BCAKUI MHOrOYNIEH MOKHO TakK pacnucaTtb. B gaHHOM CNny4ae y HaC HEeT HUKaKuX
I'IpOTMBOpeLIVIﬁ, W, CNefoBaTeIbHO, 3TO MOXKHO Aenatb. Takum o6pa30M:

x2+6x—16=(x—2)(x +8)

BoT 3Ty Belb Bbl AOMXKHbI YMETb AeNaTb 04eHb bbicTpo. Hy, Makcumym — MUHyTa. TaK 4To, €ciu ecTb
npobaembl, cpasyKe MUxX pelanTe.

B uMCUTUNIE MOXKHO TOXKE Pas/ioXUTb Ha MHOXWUTeNU. ITO caenaTb ropasAo Npolle, TakK Kak Tam
pa3HOCTb KBagpaTos. HanomuHato popmyny:

a’? —b?=(a—b)(a+b)
Taknum obpasom:

x2—4=(x-2)(x+2)
M nonyyaem Haw npeaen:

_ x2—4 = 2)(x+2) | E—2Dx+2) o x+2 4 2
lim = lim =lim————==lim =—==
x-2x2 +6x—16 x-2(x—2)(x+8) x-2&—23(x+8) x-2x+8 10 5

Kak BuguTte, B 06LLEM-TO peLleHne B OAHY CTPOUKY.

Ne3. MNocuutaTb Npegen:

10
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o x?+5x+4 . (x+D(x+4) e+ D+ 4 . x+4 3
lim ———= lim = lim = lim =
x->-12x>+x—-1 x>-12x—-1Dx+1) x»-12x—-D&+H x--12x—1 3

Ne4. MocuuTatb Npesen:

. x> —x* +2x%2 —5x+3
im
x>1  x3+4x2—T7x+2

34ecb A Bac X04y HayuuTb OAHOWM XMTPOM WTydKe. KakK pasfioKUTb Ha MHOXWUTENU MHOTOY/EeH, Y
KOTOpOro cteneHb > 27 Mo AUCKPUMMHAHTY Mbl 3TOTO eNaTb HE MOXEM — OH TO/IbKO A8 KBaZpaTHbIX
ypaBHeHUI. TaK yTo e Aenatb? O6bACHA: UYTO Bbl Pa3NOKUTb HAW YNCAUTENb HA MHOMKUTENM, HaM
AOCTaTOMHO HaMTU XOTA 6bl OAMH KOpeHb. B AaHHOM ciayyae Ham HMYEro He OCTaeTcs AenaTtb, Kak
noabuparsb.

x> —x*+2x2-5x+3=0

Korga paBeHcTBO BepHO? HemHoro nogymas, mbl oTBeyaem: Korga x = 1. BepHo? MNoactasbTe 1 B
ypaBHeHWEe W Bbl ybeguTecb B 3TOM. [lanee Mbl MMeeM MNpPaBO pPas3/oXUTb Hall MHOFoYJeH Ha
MHOXUTENN:

x> —x*+2x2-5x+3=(x—1)-P(x)
P(x) — byHKLMA, KOTOPYIO HAM NPEACTOMT HalTU. Pelwaem ypaBHeHue oTHocuTenbHo P(x). Monyyaem:

x° —x*+2x2 —-5x+3
x—1

P(x) =

Hy a Tenepb NPOCTO AeNMM 04HO Ha Apyroe B cToN6mK!

x° —x*+2x2—-5x+3 x—1
x> —x* x*+2x—-3=P(x)
2x% —5x+3
2x% —2x
—3x+3
—3x+3
0

Taknum 06pa3om, Halwa GYHKLMA pacKNafblBaeTca TaK:
x> —x*+2x2-5x+3=(x—-1) (x*+2x - 3)
To e caMoe Aenaem C 3HameHaTeNeM 1 Nosyyaem:

x3+4x2—7x+2=(x—-1)(x?+5x—2)

11
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UTtoro:

i x%—x*+2x*—5x+3 (x—l)(x4+2x—3)_l_ x*+2x—-3 14+2-3 0
ol A —Tx+2 xel(x—D)(x2+5x—2) xolx2+5x—2 1+5-2 4

Ne5. Nocuutatb Npegen:

. sinx —cosx . sinx —cosx . sinx —cosx . (sinx — cosx) cosx .
lim———— = lim————=lim ——— = lim - = lim cos x
x—>% tgx—]_ xoESINX  COSX xﬁ%SIle—COSX x—>% sinx — cosx x—>%
COSX COSX cosx
V2
2

OnpegeneHue 2 (npeaen dyHKuum no eiiHe)

Yucno b Haselisaemcs npedesnom ¢yHkyuu f(x) 8 moyke a, ecau 0aa nobol
cxodsauwelica K a nocaedosamensHocmu {x,} makod, ymo x, € X, x, #* a,
coomeemcmayrowas nociedosamesnsHocmes 3HaveHul  gyHkyuu {f (x,)}

cxooumcAa K b.

O603HaveHue: lim,._,, f(x) = b uau f(x) = b npu x — a.

Mpegen ¢yHKUMM no MeiHe pefKo MOXKHO BCTPETUTb rae-HMbyab B npakTuke. OT Bac TpebyeTcsa vwb
O[HO — Bbly4MTb €ro Ha BCAKMM cnydait. MoKeT 6bITb U NPUroauTCS.

MoayepKHEM, YTO NoHATUE npedena QYHKLUMM B TOUKE @ BBOAWUTCA TO/bKO ANA NpedenbHbiX Touek a
obnactu onpegeneHus GyHKUMKU. OTMETMM, YTO NpK 3TOM YHKLUMA MOKET BbiTb U He onpegesieHa B
TOYKe a, T.e., BoobLe rosops, a He npuHaanexut X.

12
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2. Teopembl 0 npedenax

Oe\\!\a - Onpegenexuna 1 u 2 npegena GyHKUUM SKBUBANIEHTHbI.

<e°
e‘\g\al Myctb f(x) n g(x) onpeaeneHbl B HEKOTOPOI OKPECTHOCTU TOUKU @, KPOME, MOMKET
1eO" 6bITb, camolt Touku a, u lim,._,, f(x) = b, lim,_,, g(x) = c. Toraa:
lim(f(x) + g(x)) =b+c; lim(f(x) - g(x)) =b-c
x-a x-a
i = : X b
chl_r>r111f(x)g(x) be; lim 1) = — npu ycaoBuM ¢ # 0
ag(x) ¢
_‘eooe\“\a Myctb f(x), g(x) v h(x) onpegeneHbl B HEKOTOPOI OKPECTHOCTM TOYKU d, KPOME,

MO3KET 6bITb, CAMOI TOUYKM a, U yA0BNETBOPAOT HepaseHcTBam f(x) < g(x) < h(x). Myctb
lim,_,, f(x) = lim,_, h(x) = b. Torga lim,_,, g(x) = b.

34ecb, MOXOXe, BCe MOHATHO. Teopembl Bblpa)KeHbl YETKO W ACHO, WMHOpMauMa A0JKHa
BOCMPUHUMATBCA Nerko. ECNM UTo-To He TaK, He BONHYMTECh, MPUMEpPbI HAC KAYT Bnepeau.

13
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3. OOHOocmopoHHuUe npeodensl

OAHOCTOpPOHHME  npedenbl... He  cauwwKkom
NO3MTMBHO 3BYYUT, He Npasga M? Ha camom gene 57 |
BCE O4YeHb MpocTo. Ha puc. 3 m3obparkéH rpaduk \

Sy () = 2, |

[asalite nonpobyem B3ATb nNapy npeaenos. %1 \
Adymato, y Hac Bce nonyumtcal

1) Ecmx — 1. ’ ——

lim— = [I — eCTb onpeaeneHHOCTb] =1

x->1X

-2 4

2) Ecmx — 0. \

I‘

l. 1 _ 1 -3 JI

imy_,o~ = |5 — HEONpe/ieJIeHHOCTD ‘

x Puc. 3

CnepoBaTenibHO, Mbl He MMeemM Mnpasa

Aanbwe pewatb, a YNpoCTUTb HUKaK | !
~ - - - 1 2 3 4
Henb3A. CnepoBaTenbHo, npegena He

cywecTeyeT. MNocmoTpute Ha puc. 3 © Bbl

yBnauTe, 4To d)yHKLI,MFI TaM He onpeaeneHa, cn. Hu 0 Kakom npeagene He MoXXet 6bITb M peyn.

3

~

Echrmx - 0+ 0.
3anuce x —» 0+ 0 B faHHOM cnyyae o3HayaeT “nocMoTpuUTe Ha TO, Kak BeaeT ceba ¢yHKumA
cnpaga oT 0”. U yto Mbl BUAUM Ha rpadmke? PyHKLMA BO3pacTaeT B + beCKoHeYHoCTb. Mo3aTomy:

1 1

im — = |—— — onpefe/ieHHOCTb| = +o0
x—0+0 X 040 beA ]

MoHumaeTe? 0+ 0 > 0, cnepoBaTenbHO, Mbl yXe AeIMM He Ha Ho/Mb. [laBaiiTe paccmoTpum
cneaytowme npumepbl.

4) Ecnmx —» 0—0.

Y10 y Hac aenaet pyHKUmA cnesa oT 0? MNMpaBuabHO, yobiBaeT. Mpuuem ybbiBaeT K —oo,

o1 1
xl_}(r)rl(); =l0=0o" OHpe,ZLeJIeHHOCTb] = —©0
Hy Kak Bam?

5) Ecnmx — 4o

14
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CMOTPMM Ha rpadmK 1 BUAUM, YTO GYHKLMA Npu X — +0o cTpemuTca K 0.

1 1
lim — = [— — Ol'Ipe,ZLe.HeHHOCTb] =0
x—+oo X + o0
6) Ecrmx - —o
Bce 1O e camoe:
. 1 1
lim — = [— — Ol'Ipe,ZLe.HeHHOCTb] =0
X—>—00 X —Q0

MNocneaHwe ABa nNpumepa PEKOMEHAYH 3anOMHUTb. [pu pacKpbITUM HeonpeneneHHOCTU, OHWU Ham
NOTOM O4YeHb NOHa[o6ATCcA. Hy 4To, NoHAAM cyTb? Hy, Toraa popmanbHOCTM...

Onpeaenenue 1 (npeaen ¢yHkumm no Kowwm)

Yucno b Hassieaemcs rnpassim (nessim) npedenom gyHKuuu f(x) 8 moyke a,
ecnu 0ns nwboli cxodAawelica kK a nocnedoeamensHocmu {x,} makol, ymo
X, €X,xy, >a (x, <a), coomeemcmsyowas Mocsed08amesabHOCMb

3HaveHul yHkyuu {f (x,)} cxodumcs K b.

OnpegeneHue 2 (npeaen dyHKuum no eiiHe)

Yucno b Haseleaemcs npaseim (nesgeim) npedesnom ¢yHkyuu f(x) 8 moyke a,
ecau Ve > 038 > 0 makoe, umo Vx, yoosnemeoparouwe2o yciao8uam xeX,
a<x<a+d(a—05<x<a), svinonHaemcs HepaseHcmeo |f (x) — b| < e.

B obuiem, no6aBuTb TYyT M Heyero. MoaHaa aHanorvMa ¢ Npeaplaywmmmn onpeaeneHmamm no Kowm n no
leliHe, TaK YTO, €CK Bbl NOHANN, KaK A0Ka3bIBaAOTCA Npeaesibl, TO CMOXeTe A0Ka3aTb M 04HOCTOPOHHMUE.

CTpyKTYpa A0Ka3aTe/bCTB Ta XKe.

0603HayeHua:

xl}(rlr}rof(x) =b&&f(a+0)=>b

" ao‘ Ecaum cywectsytoT f(a + 0) u f(a — 0), npuuem f(a+0) = f(a—0) = b, T0
<eo® cywectsyer lim,_,, f(x) = b.

15
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35 Ecav  oyHKumMa f(x) onpepseneHa B HEKOTOPOM OKPECTHOCTM TOYKM a, 3a
(A " .
.(30@ UCKAOYEHNEM, BbITb MOMKET, caMoi ToukM a, u cywectsyet lim,_, f(x) = b, 1O

cywectsytoT f(a+ 0) u f(a — 0), npuuem f(a +0) = f(a—0) = b.

Ha BcAKuMit ciyyail, paccMOTPUM MpUMep Ha Teopemy 4. Puc. 4
[asaitte  paccmotpum  dyHkumo  f(x) =+x. Ona ©
n3obpakeHa Ha puc. 4. -

[asanTte Hallgem npegensi:

lim +x = [\/4 +0-— OHpe,Z[eJIeHHOCTb] =2

x—4+0

Moyemy O HM Ha 4YTO He nosauAn? [la noTomy 4To emy "~
He3a4yem YTO-TO MeHATb. PyHKUMA onpegeneHa B X = 4, -
cnepoBaTenbHO, HET HMKaKoW HagobHoctn 6paTh +0.

limoﬁ = [\/4 +0-— OHpe,Z[eJIeHHOCTb] =2 i

xX—>4—

&
Ld

Bce TO e camoe. OyHKUMA onpedeneHa B x =4,
cnefioBaTeNbHO, HET HUKaKoM HapgobHoctM 6paTtb —(0. 3TOro HUKTO He 06bACHAET, NOTOMY 4YTO 3TO
BMNOJIHE BCE JIOTNYHO.

OT1croga, no Teopeme 4:

lim vx, lim +/x — cymectBytor,mpudem lim vx = lim Vx =2
x—4+0 x—4—0 xX—4+0 x—4-0

MoaTomy cyliecTsyeT npegen lim,_, vVx = 2.
TaK, 370 3aKpenuu. A 4To, ecnv Mbl PaccMoTpUM x = 0?

Hy, naBaite npoBepaTb:

limO\/E = [VO +0-— onpeaeneHHOCTb] =0

x-0+

3T0T Npeaen cyuiectsyeT. [locmoTpute Ha GYHKLMIO, U Bbl YBUAMTE, YTO OHa TamM onpeaeeHa.

lim x = [0 — 0 — HeonpeAeseHHOCTB| = peses He CylLeCTByeT

x-0-0

3anoMHWUTE pa3 M Ha BCerda: KopeHb He MoKeT 6biTb oTpuuatenbHbim! osTomy npegena He

cywecTtsyeT! Ho 3aTo cyuiectsyeT BOT YTO:
lin(l)\/z = [\/6 - Ol'Ipe,ZLeJIeHHOCTb] =0
X—

Kak BuauTe, Teopema 4 paboTaeT NMLb B O4HY CTOPOHY. B Hell Henb3a NocTaBuTb oTpuuaHue. Moatomy,
Apy3bA, byabTe BHUMaTEbHbI!
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4. [Ipeden hyHKYuUU nNpu X — o

HekoTopble cnayyanm Mbl YyXKe paccMoTpenu (packpbiTve HeonpegeneHHoctM (4actb 1)). Om
HeonpedeseHHOCcMU Mbl U3bassaaemca ¢ NoMmowibio npeobpaszoesaruii! 3anomHUTe 3TO, NOXKaNyncTa, n
HUYero He bouTech.

A ceiyac A Bam xouy noBegaTb OA4HY HebO/bLWYH TalHY: €CiM X — ©o, TO B BO/MbWMHCTBE C/y4yaes
BbIpasKeHMe, HaXOAALLeeca Nog 3HaKoM npegena, CTout npeobpasosbisath K dopmam Buaa ¢/, rae ¢ —
yncno. Moyemy? NoTomy uTo 3Ta APO6L BCerga byaeT ctpemnTbesa K 0! Mbl ¢ BamMK 3TO yiKe L0Kasanu.

3anomHuTe 1 BCcerga NoNb3ynTechb aTum!

Ne1l. MNocuutatb Npegen:

5
Cx2es 2(1+g) 5
lim = lim = lim <1+F)=[1+0]=1

X—00 xz X—00 x2 X—00

Hy KaK Bam? BbiBOA: KOrga Y HacC ,Cl,p06b, TO Mbl 8b/HOCUM — COKpaw,aem — nuwem omeem.

P.S. B keadpamHbix CKOBKax A He 6ydy menepb NUCaMb €1080 onpedesneHHocmes ©

Ne2. MNocuuTatb Npeaen: E M g

a1 4 4
o (x+2)? x?+4x+4 _x(;+;+x—3) /1 4 4
lim ——— = lim ——— = lim =11m<—+—+—)=[0+0+0]=0

Kpyto? [a! 3HauuT, gasaiite caenaem U eule oAHO HabaloAeHMe: B TaKMX Cy4asax BbIHOCUMM Ty Ke
cTeneHb, YTO U B 3HameHaTene. XOTA, eCM camas BbICOKan CTeneHb CTOWUT B YyucauTene, To Aydlle

BbIHECTU MMEHHO ee. B 06LLI,EM, KaK Bam y,u,o6Hee. MOoKHO aenatb U TaK, 1 Tak.

Ne3. MNocuuTatb Npeaen:

16
(2442 C x*+8x2+16 xz(x4+8+ﬁ)
im———== [— — HeonpeaeneHHOCTb] = lim ——— = lim
X—0o (x-|—2)2 oo X—00 x4+ 4 X—00 X2 (1+i)
p)
x*+8 x*(1+ %) 1+ 968—4 1 1
= lim = lim 1 = lim — = lim T = [— — onpe,aeJIeHHOCTb]
X—00 X—00 4 -~ X—00 - X—00
(x‘*) x4 x4

17
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Ne4. MNocuuTatb Npeaen:
4 1
o4+l x*(3-gtga) 3- x2+ 3-0+07 3
lim —— = lim = lim =—=
x—>002+5x—2x4 x_)oox4(£+i—2 x—>002+ 0+0-—-2 2
x* " x3 x* T x3
Ne5. MocunTtaTb Npegen:
5. 1 5. 1
o 2x3+4+x*-5x+1 x2(2x+1_}+ﬁ) o Zxtl-gtm 0 2x+1
lim 5 = lim = lim = lim = 0
xX—00 6x¢—x+1 x—00 2(6_1+i xX—00 6_1+i X—00
x X x? X x2
N26. MNMocuutatb Npepen:
1 2 4 1 2 4
1426 +4xS xe(ﬁ"'ﬁ"'i) 6T @ Tx [0+0+0
lim — = lim = lim = ] =
X —00 4x2 + x X—00 6(i+1 X—00 i+1 0+1
x4 x*

Ewe pa3 noBTOpAtO, KOraa Apobb — Toraa BbiIHOCUM!

Hactano Bpems noBejaTb Bam M BTOpylo TailHy. EciM Ham JaHo BbipaxkeHue Buga A; + A,, He

A t4,
MO/IEHNTECE €70 MOMHOXKMTL Ha —===. [P1BOXY Npumep:
1142

o, P (k2 +x) . x4+ 2x +x?
lim x“ + x = [co + 00 — HeonpeeaeHHOCTb| = lim = lim ———

x>0 x—00 xZ+x x—0o  x%4x
2 1 1
_ xz(x2+z+1) Cox2+1 x2(1+ﬁ) 1+
= lim = lim —— = lim ————=%> = lim =[1]=1
X—00 2 1 X—00 1 X—00 2 1 X—00 1
x2(1+3) < (52) xZ

HecomHeHHO, B byayuiem Bbl Tak He byaeTe Bce NoApobHO pacnucbiBaTb. Bam byaeT A0OCTaTOYMHO

HECKONbKUX AEUCTBUIN, TaK YTO HE BOJIHYUTECH.

CONPAXEHHOE

P.S. Kak TonbKO BCTpeyaeTte

Nel. MNocuuTatb Npeaen:

lim /x* + 8x2 + 3 — y/x* + x2

X—00

CnoxHo? Het! Ha kakoi Bua noxoxe? Ha A; £+ A,. lenaem conpsa>keHHoe.

18



Briciias MaTeMaTHKa /i1 YalHUKOB. [Ipesen pyHKIuU.

2011 rop,

(Vx* +8x% + 3 — Vx* + x2)(Vx* + 8x2 + 3 + Vx* + x2)

lim /x* + 8x%2 + 3 — J/x* + x2 = lim

x—c0 X Va1 822 + 3 — Vit + 22
. x*+8x% +3 —x* 7x2+3
=x—>oo\/ 4 4 8x2 3 — \/ 4 2_)}1—1};10
x*+08x° + x*+x ,1+?+—+x2 ’1+_
(7+3) 7+—
= lim = lim

X—00 8 3 1 X—00 8 3 1
x2<\/1+p+ﬂ+\/1+ﬁ) \/1+F+F+\/1+F

BoT TO, 4TO A Bam rosopwuin. Bbl BCE A0/1’KHbI B KOHEYHOM UTOre nonyyaTb ,u,p0614 BM,D,a , MOTOMY 4YTO

Bce oHU cTpemaTca K 0!!! Mpogonkaem:

3
_ 7t7 7+0 7
i 3 “Vixoro+vitol 2
X—00

\/1+%+%+\/1+x—12 tO+04+vit

CtpawHo? Hy HeT e®©. MeaneHHo, He cnewa, pelaiTte npeaesbl U Bbl LOCTUTHUTE MHOTOro!

Ne2. MocuuTatb Npeaen:

x+Vx+Vx
lim ——

xote X+ 1

CtpawHo©? He BosHyiiTech, BCe TO e camoe. Hafo 4TO-TO COKpaTUTb. YTO M Kak? v/x —3To Hago
BbIHECTU M COKPATUTb. ECIM nMonbiTaeMcs BbIHECTU X, TO Mbl C BAMM NPOCTO 3aMyTaemcs, a OTBET OT 3TOr0
He M3MeHUTcA. Passe UTo MoOXKeT 6biTb HeonpeaeneHHoCTb. TO ecTb BbIHOCMM X C CaMOM CTapluei

CTeneHblo B 3HaMeHaTenne.

X—+ 00

TPYAHOCTb MOXET COCTOATb 34eCb JULb B OAHOM: Kak BblHecTH v/x? Hagetoch, 4To 3TO Bbl AenaTthb

ymeere.

Ne3. MNocunutaTb Npeaen:

o (s V2 —1)" + (x + Va2 —1)"

x—+00 xn
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Kem 6bl HM Bbin HaW Yy»Kak, Mbl BCE PaBHO ero pewum. [aa Hayana [aBaiTe, UCNO/b3ya Teopemy 2,
pasobbem Haw npegen Ha ABa npegena. Ero Tak byaer HamHOro serye pewaTb, B TOM CMbICAE, YTO
MO’KHO MeHbLuUe 3anyTaTbeA. Ecam Goutech pa3busatb, To camu mydaiiTecb. ©

(x—VZ—1)" +(x+Vx2—1)" . (x—m)"+ . (x+Vx2—1)"

lim
X—+00 X X—+00 X X—+00 X
n n
_ x—vVx? -1 _ x+Vx?z -1
= lim (——— lim [——
X—+00 X X—+00 X

Mbl NpPOCTO BCE YNPOCTUAM NS AanbHeiwel paboTbl ¢ Npeaenamu, UCNONb3ya CAOXKeHMe apobeit n
CBOMCTBO cTeneHW. Tenepb y Hac ABa npegena. Buanm apobb. Kak s Bac yunn? MpaBuabHO, BUAUM
Apobb — YMHOXKaeM Ha conpsykeHHoe. Tak AaBaliTe caenaem 3To BMecTe.

+ lim
X—+ 00

lim
X—+ 00

X X

(x - m)" (x + m)"

(x = Va2 —1)(x + Vx2 — 1) _
+ lim

~ i ( )n ((x +VxZ —1)(x —Vx2 - 1))n
- x—1>r-ll:loo x - (x + m) xX—+00

x (x—VxZ-1)

BOT, YTO Yy Hac NoAyYnaoChb. 3ameTbTe, AeNaem TO Ke Camoe, YTO U paHblue. OTAnYMe NULLb B O4HOM —
pasmepbl. Tenepb HaZO YNPOCTUTb KaxKAabll npegen. B uncautene y Hac pasHOCTb KBagpaTos.

YnpocTum nep.biit Npeaen:

n
xz—(\/xz—l)2 i < x2—x%2+1 )n
= li
x4\ - (x +Vx2 — 1)

X—+00

i <(x —Vx2 — 1)(x +Vx2 — 1)>n — i
o x-(x + Va2 - 1) Tt | x (x + Va2 = 1)

1 n
= I
x—{rﬂ” <x . (x + m))

MepBbIt ynpocTunun. Tenepb Nnepenaem Ko BTOpomy:

X—+00 X—+00

o CHT)V(%F ))n_ i <x-(x-1vm)>n

BoT, 4TO Y HAc noayymnoce:

_ (x—\/xz—l)n+(x+\/x2—1)n _ < 1 )n
lim = lim

1 n
+ i
x4t X" v\ (x + Va2 = 1)) | oo (x (- m)>

Buamm apobb. Yto Hago aenats? BbIHOCUTD x 2!

MepBbIt Npegen:
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=
N
\___/
Il
| ©
S
Il
o

lim = lim ( ) = lim
x—>+°°<x-(x+w/x2—1)> X2t \x2 + x-Vx2 —1 x—>+oo\x2 <1+ ’1_l>
xZ

BTopoit npeaen:
n

2. 1
2

1 n 1 n x X
lim = lim ( ) = lim 1
x—+00 <x. (x_,/xz _ 1)) X400 \x2 — x.4/x2 — 1 X—>+400 22 <1 ~- 1 _i)
xZ

0
= [6 - HeOHpe,ZLEJIEHHOCTb!]

[py3bs, BOT C TaKMM BOT Bbl ByZieTe CTa/IKMBATbLCA YacTo, 0cObeHHO Ha bonblunx Npumepax. Yto aenatb?
OTBEeT NPOCT: BEPHYTbCA W cAenaTb MNO-APYyromy. Xopowo, 4YTo xoTA 6bl nepsBblit npeden y Hac
nocumTancs. Yto ke, Bo3BpalLaemca 40 pasbreHna AMmuToB. BoT YyTo Yy Hac 6bis1o:

lim
xX—+oo

n
x+VxZ—1
X
Kak pelaTtb, ecan Haw cnocob He nogowen? Yto genatb, ecan “meTon conpsaxeHHbix” He paboTaeT. A
AaBaiTe cpasy nonpobyem BbIHECTMU? BbIHOCMM CO CTaplUel cTeneHblo B 3HaMeHaTe e, c/1le0BaTe/IbHO

3TO NPOCTO X.

n
[_1 \ n
. ‘+ T\ | /x<1+ 1 x2>
lim [——— ) = lim | | = =[1+ 1-0
X—+ 00 X X—+00 \ X
=N
MonyvaeTcs, Ha camom Aene, Bce 6bI10 HECKONBKO NpoLe.
Utoro:
_ (x—\/xz—l)n+(x+\/x2—1)n _ x—VxZ=1\" . x+VxZ—1\"
lim — = lim|——— ] + lim [——] =0+2"
xX—+00 X x—+o00 X xX—+0co X

Bce! OtgeT: 2"

CnoxHo? A gymato, He ouyeHb. 34eCb FNaBHOE aKKypaTHOCTb WM HacTtoMumsocTb. Ecam cpasy He
noAy4YMaoch, He Hago Bce BpocaTb.

Ne4. MocuutaTb Npegen:
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VA —x—V4+x
lim
x—0 3x

3aech Y HaCc X He CTpemMUTCA K 6eCKOHe‘~IHOCTM, HO A XO4y TeéM MNOKa3aTb, YTO MeTo4 COMNpAXeHHOro

OeWcTByeT U 34ech.

I Vd—x—V4+x i (Va—x—Vi+x)(VA—x+Vi+x) 4—x—4—x

im = lim = lim

x=0 3x x=0 3x(V4—x + V4 +x) x=03x(V4 —x + V4 + x)
—2x 2 1 1

= lim = —=lim =
x=03x(VA —x + V4 +x) 3x-04/4 —x +4 +x 6

Neo5. MocunTatb Npesen:

i Vx2+1-1
im —
x-0+[x2 42 -2

3pecb caenaem eue Kpy4e — YMHOXUM 4YUCAUTENIb N 3HAMEHATE/NIb Ha BblpaXKeHNA conpAXKeHHble
YNCNIUTENTIO N BHAMEHATENIO.

- VxZ+1-1 i (Vx2+1-1)(Vx2+1+1)(Vx% + 2 +V2)
x20x2 4242 0 (Va2 42 -V2)(VaZ + 1+ 1)(VxZ + 2 +2)
_ im(x2+1—1>(\/m+ﬁ):meZ(m+ﬁ):Hmm+ﬁ
=0 (x2+2-2)(VxZ+1+1) 0 x2(VaxZ+1+41) *0Vx2+1+1
=2

Ne6. MNocuntaTb Npepen:

. J1+tgx— /1 —tgx . (V1+tgx—1—tgx)({1+tgx+1—tgx)
im = lim

x=0 sin 2x %0 sin 2x (/1 +tgx + /1 —tgx)
2tgx 1 1

=l‘ =1. —
xl—rgsian(\/1+tgx+\/1—tgx) xl—r’r‘l)coszx(\/1+tgx+\/1—tgx) 2
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PackpbiTMe HeonpeaeneHHocTH (YacTb 2)!

MTaK, KaKol BbIBOA Mbl MOXeEM cAenaTb U3 BCero npeaplayliero? Hy, Bo-nepsblx, ecv Bac NPOCAT
nocyMTaTb Npeaen, TO YK HAaBEPHAKAa, TaM — HeonpeseNeHHOCTb. Tab/MUYKM CHU3Y PeKoMEeHZY Bam
3ayumntb!!!

MNpumep:
2 1
o 0P +x) L xC+2xt+ %2 x6(1+ﬁ+ﬁ)
lim x° + x = lim = lim = lim
xX—00 xX—00 x3 + x xX—00 x3 + x xX—00 6 1 1
X F + F

2 1
i I+ 2+ 1+0+07
Tahe 11 ‘[ 0+o0 1~ °
3T 55
X X
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MNpumep:
1 1
lim a4 x o fim 0 —0 L x—xt x61_F)_l. ‘F_[l—o
aom X TEE IS (x3—x) _an;lox3—x_xgrc>lo 61 TN\ o1 1 10=-0
x3 x5 x3 x5

Bce Tpu BbllWe npueeaeHHbIE NYHKTbI Bbl A40J/1XKHbl NCMO/1b30BATb NMPU PAaCKPbITUN
HeonpegeneHHoCTn, Koraga x — ©o.

Ecnun x cTpeMuTca K KaKOMY-TO 4 PYroMy 3Ha4YEHUIO, U Y HAaC HeoNpPeAEeNEeHHOCTb, TO UCNO/b3YIOT

NPOCTO YyNPOLUEHUA (CONPAKEHHOE MU COKPALLEHUSA)

KaKk BUANTE, Mbl OAUH U TOT Xe npeaen nocymtanu pasHbiMm cnocobamm. Takoe nosyyaeTca He Bceraal

Bce Tabnuupl Bbl A0MKHbI 3aNOMHMTb, Kak Tabauuy yMHOXeHusA. HaBepHoe, y MHOMMX MOXKeT
BO3HWMKHYTb BOMPOC: @ KOrga 4To MCcrnonb3oBaTh? MpaKTuKka, Apy3sbsa. [pyroro Bbixoga y Bac HeT, v He
MOXeT bbITb. TO/IbKO Ha COBCTBEHHOM OMbITE Bbl MOXKETe AOCTUTHYTb KaKUX-TO pe3y/1bTaToB.

Kak Bcerga, nepexogmm K GopmanbHOCTAM (npodeccopcKoit Teopmn):

OnpedeneHue 1 (no Kowu)

4 )
Mycme pyHkyus f(x) onpedeneHa Ha npamol (¢, +0).
Yucno b Haseieaemca npedesom ¢yHkyuu f(x) npu x = 4+oo (b=
lim,, ., f(x)), ecu VYe>03A>0(a=c) makoe, uymo Vx>A
sbinosHaemca HepageHcmeo |f (x) — b| < e.

. J
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OnpedeneHue 2 (no leliHe)

4 N

Mycmo pyHkyus f(x) onpedeneHa Ha npamol (¢, +0).

Yucno b Ha3sisaemca npedesnom ¢pyHkyuu f(x) npu x — +0o, ecau 015 abol
beckoHe4yHo b6onbwoe nocsedosamesnbHOCMU {x,} (x,, > ©)
coomeemcmeyrowas nociaedosamenbHocmos 3HaveHuli  gyHkyuu  {f (x,)}
cxooumcs K b.

5. beckoHe4yHO 60nbwue hyHKYUU

OnpedeneHue 1 (no Kowu)

\
®yHkyus f(x) Hasbieaemcs beckoHeyHo bosbWOl 8 MoYKe a crpasa, ecau
VM >035 >0 maxkoe, yumo YV x, ydoenemeopsrowezo ycio8uro Xx € X,
a < x < a+ 4§, sbinonHaemca HepaseHcmMseo
If )l > M.
O6o3HayeHue: lim,_,,.¢ f(x) =
- J
Onpedenenue 2 (no Kowu)
. 2\
®yHKkyua f(x) Haseieaemcsa beckoHeyHo boabwol npu X — +0o, ecau
VM > 03A(A = c) makoe,ymoV x > A |f(x)| > M.
O6o3HaveHue: lim,_, o, f(x) = o
o /

To e camoe 1 AN1a 6ecKkoHeYHO Manblix GYyHKUUIA. Ha moli B3rnsa, onpegeneHue Ham HyxHo anmbo gns
[0Ka3aTenbcTs, NMbo... ANA Apyrux uenei. Mo kpaliHel mepe, OHO MHe HU pa3y He NoHago6bunocsk.

UTaK, Mmbl C BamMn yXKe BCTpedvann paHee npumepbl, Korga npegen 6bin paseH oo. Kak Buaute, OHMU
CYHNTAOTCA TOYHO TaKXe, KakK U BCe gpyrue. KJ'IIO‘-IEBVIO POb 34€eCb UTPAET BOT TAKaA KOHCTPYKLUA: [1/0]

3anomHuTe, 3Ta KOHCTPYKUmMA BCEMA paBHa oo!
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6. [paguku snemeHMapHbIX pyHKYuUli

[a, MmeHHOo 3To Ham celtyac n npeactomt. OHM Ham OYEHb noHapo6aTca B byaywem. MNoatomy, BaxKHO
WX Celryac »Ke 3aKpenuTb, a 3a04HO0 M NOCYMTaTb Npedesnbl. A cornaceH, 3To HyAHO U HenHTepecHo. Ecau

Bbl UTO-TO 3HaETe, NPONycKaiTe U nauTe aanblue, A paspewan®©.

ST

UTakK, aTo Hawa nepBaa U Camaa Ba*XHaA d)yHKLI,Mﬂ. PaHee

Mbl yKe YCMe/in ee pacCMOTPETb, HO AaBaliTe MOBTOPUM TO,
yTOo YIKe caenanm.

.k .k

lim — =+ lim —=0
x—>0+0 X x—+00 X

.k .k

lim — = —o0 lim —=0
x-0-0X X—>—00 X

Ecnn xoTUTe, MoKeTe 3aNOMHUTbL BCe 3TO, HO BOODLLE, A PEKOMEHAYH BaM 3aNOMHUTL cam rpaduk. Mo-

Moemy BCe 40BOJIbHO ACHO.

ST

Hy, 3Ty ¢yHKUMIO Bbl NPOCTO 06A3aHbl 3HaTb, HO, HA BCAKMM

CNy4Yail A ee HANOMHIO. 3HaeTe /N, pasHble CayyYaun 6biBatoTO.

lim f(x) =+

xX—+co

Jim f(x) = —oo

w =+

N ————

DN ——
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dDyHKLUMA HOCUT CBOE Ha3BaHWe — nokasaTtenbHasa PyHKUMA. 3a4ech

BaXKHO He 3abbiBaTb 06 04HOM BeWM:
npu a > 1 ¢pyHKLMA BO3pacTaeT;

npu 0 < a < 1 ¢pyHKuMs ybbiBaeT.

34ecb AaBaliTe pacCMOTPUM MpUMEpbI:
Nel. Mocuutatb npegen {(a > 1)
lim 2% = [2%°] = +o
X—+00
lim 2*=[27""]=0
X—>—00
3A3YBPUTb! BoT 310 Bbl NPOCTO 06A3aHbI 3ay4nTb, NOTOMY YTO rpadMKM YACTO NyTatOT MeXKay Coboi.

Ne2. Mocuutatb npegen (0 <a <1 )

NS S I U I B
Jim (5) = lim 5= =) =
X

; R S I I
L (E) T ot 2x [2—00 - 6] =+

Kak BuauTe, nocnegHue aBa npesena mMbl NPOCTO BbIBEAW M3 Npeablayumx asyx. 3A3YEPUTH!

a>1
®PyHKUMA HOCUT CBOE HasBaHMe — s020puUMuUYecKas
¢pyHKUUA. 34ecb eCTb TOXe [iBa NoABOXa:
ol Nh X
npu a > 1 ¢pyHKLMA BO3pacTaeT;
0<a<l

npn 0 < a < 1 pyHKUMA ybbIBaeT. Puc.18

Nel. Mocuutatb npegenst {a > 1)

xl}g-}-o lng x=0 xl—1>I-POO IOgZ X = 4o
lim log,x =4# lim log,x =%
x—0-0 X——0
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Ne2. Mocuutatb npegensl (0 < a <1 )

lim logix =0 lim log1x =+
x—0+0 2 X—+ 2

lim logix =4 lim logix =%
x—0-0 2 X——00 3

YBepeH, CTO/IbKO BCEro Bbl He 3aNMoMHUTE, TaK YTO ayylle Bblyuntb rpaduk. Ok! Maem ganbuie...

J Y
Cam y= sin x
— A 1
T
* T
= - |
®YHKUMA HOCUT CBOe Ha3BaHWe — 27_‘__3’?3____“____ L
CUHycouOa.
Pu
Nel. MocumTtaTb Npegen
lim sin(x).
xX—+0o

Yto aenatb? Ha rpadmke ABHO BUAHO, UTO GYHKUMA “npbiraeT” oT 04HOro 3HaYeHMA 40 Apyroro. Boisoa;:
He CyLLecTByeT TaKoro npegena. [laBaiTe NpocTo paccMOTPUMM MpPUMepbI, rae GYHKUMA CTPemUTCca K

Pa3HbIM 3HaYEHUAM!

lim sin(x) =1
o (x)

lim sin(x) =0
X—-T

llrgln sin(x) = —1

I'Ipop,enaM TO e Ccamoe [OnAa

KOCUHYycouObl.
Nel. MNocuutatb Npegen:

lim cos(x).
x—k

Bce Te ke pasmbiwneHus. MNpegena He cywectsyeT! BoT, YTo y Hac nosyyaercs:
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( lim cos(x) =0

x—>§
lim cos(x) = 1 lim cos(x) = —1;
x—k X—>T

limcos(x) =1
x—0

! * *’

I | | I I ]

| | | | | |

I | | I | | |

I [} I | I [} |

I | I | I I |

I | I | I I |

i i i i i i i

CaM| | 1 O 1T/2 1 37/2 | -T1/2) T2 | i21

e i X [2) i 2n X

i | | | | | |

I | | | | I 1

I | I | I I |

Ha pu1cyHKe npeacTasneHbl Ase GpyHKLMK: l i : 1 I | i
i i i i i l i

f(x) =tg(x) u f(x) = ctg(x). P P>

KaKk BUauTe, OHM O4Y€Hb MOXOXKM, MO3ITOMY OYEHb BaXKHO, 3aNOMHUTe Bbl X uan HeT. [laBaliTe npoBegem
Hebonbwon onbIT. MonpobyiTe 3anomMHUTL ABa rpadmKa. Kak Tonbko Byaete yBepeHbl B TOM, YTO Bce
Bbly4Yn/IM, MpopeLLaliTe Bce Npesesbl HUXKeE, @ NOTOM NpoBepbTe ceba no rpaduKam.

Nel. MNocumTtaTb Npegensi:

lim tg(x) lim tg(x) lim_tg(x)
lim tg(x) lim tg(x) lim tg(x)
x—%—o x—>%+0 x—>—%+0

lim ctg(x) lim ctg(x) lim_ctg(x)
lim ctg(x) lim ctg(x) lim ctg(x)
x—%—o x—>%+0 x—>—%+0

1ok wy |
(CaMm| | | I
\ | »=Arcsin x e A
| | i |
LN | |
- I | I T2 |
S | d y=arccosx | :
Imi2L - : I
: | y=arcsinx -1 ! O 1
| |
f(x) = arcsin(x) — o6bpatHas o¢yHKUMA K IE o El 7 i /
dyHKumm sin(x). I | . |
] : y=Arccos x : :
= I |
f(x) = arccos(x) — obpaTtHas ¢yHKUMA K | “/2: !
obyHKUMM cos(x).
Puc. 23 Puc. 24

Nel. MocuuTtaTb Npegen:

lim arcsin(x).
x—0
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[Nasaiite nocmoTpum Ha rpadmk f(x) = arcsin(x). Yto mbl Buamm? Mpu x — 0 GyHKLUMA NpUHUMAET

H6eckoHeYHo MHOro 3HavyeHuit. Hanpumep, lim, ¢ arcsin(x) = 0 v lim,_,q arcsin(x) = 7 u 1.4. Jenaem

BbIBOA,: Yy Hallero rpadumKa ectb nepuoga,

lirr(l) arcsin(x) = nk, k — uesioe 4ucI10, exkallee B NpoMexyTke (—oo, 4-00)
X

To e camoe ¢ f(x) = arccos(x).

__________ 7;“ _& 72
S

caM
\ /2 y=arccotx

-
f(x) = arctg(x) — obpaTHas dyHKuUMA K /— \

dyHKumM tg(x). __/ o

f(x) = arcctg(x) — obpaTHaa dyHKUMA K Puc. 25
dyHKUmM ctg(x).

Nel. MNocuutatb Npegen:

NS

lim arctg(x) =k -
X—+o00

. s T T T
k — uenoe uucno, umetowee war 2. T.e. lim,_,, o, arctg(x) = Sty 55 t55+

BOT TakK:

+

NS

1=

NS
=

i _ r
xl_l}r}loo arctg(x) = >

=
I

0

3ameTnm, 4To N — 3TO NPOnN3BOJIbHOE LLeNoe YNCN0, KOTOPOE Mbl 3ad4aem Camu.

Ha 3Tom, Mbl 3aKaHUYMBaeMm Halw pasgen — rpaduKu aiemeHTapHbIX QYHKLMINA.

OT aBTOpAa:

---. MOXHo 3anucaTb

Mosapasnsao! Bbl cmornu 3aBepwntb nepsyto rnasy “lMpegen ¢yHKumMn” nepsoi vactu “Mpenen u

HenpepbIBHOCTb GpyHKLUMK”. KOHeYHo, 3To He Bce. fl pacckasan Bam nvwb afemeHTapHble Bewun. Jdanee

Hac 6yayT ¥4aTb NepBblii 3aMmevaTesIbHbIi M BTOPOI 3aMedyaTtenbHblid Npuaenbl U Apyrie MeTodbl B3ATUA

npeanenos. Ecan Bbl noHAAKM BCe, YTO A 34€Cb Hanucan, TO ganble 6YAET TONIbKO MHTGPECHO! Huyero

CBEPXCNIOXKHOI0 BaC HE OXKMOaeT...
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I'naBa 2. HenpepbIBHOCTb QYHKIMM B TOYKeE.

1. HenpepvieHOCMb hyHKYuUU 8

mou4kKe.

CopeprkaHue:

HenpepbiBHOCTb GYHKLMM B TOUKE

HenpepbIBHOCTb CIOXKHOW

dyHKUMM Onpedenerue 1

Knaccudukaums Touek paspbisa

HenpepbIBHOCTb 3/1eMeHTapPHbIX

byHKLMI ®yHKYUA f(x) Hasblieaemcs

MepBblii 3ameyaTenibHbIN Npeaen HenpepbieHOU 8 MOYKe a, ecu

BTopoii 3ameyaTenbHbIi npegen }Cirréf(x) = f(a)
=

S R
\

3anomHuTe 3TO onpeaeneHve pas M Hascerga! Ecnv Bbl ero He 3HaeTe, Bbl — HUYTO M HUKTO B
maTemaTtuke. [laBainTe pacCMOTPUM NPOCTOM NpUMep:

1
fG0) =

X

3agaHue: npoBepuTb GYHKUMIO Ha HeNpPepbIBHOCTb B TouKax x = 1; 0.

1. x = 1. Ucnonb3ya onpeaenenune 1, nonyyaem:

li ! 1 1 ! 1
—_ = o\ = —=
lim— f) =7

BbinonHsetcsa onpegenerHue 1? fa!l

1
lim-=f(1) =1

x-1X

BbiBoA: GYHKLMA HENpepbiBHA B Touke x = 1.

2. x = 0. Ucnonb3ysa onpegenexue 1, nonydyaem: W

1 1
}Cl_r)r});—oon(O)—aﬁﬂ

BbinonHsetca onpeaeneHune 1? Het!

1
ln % 10
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BbiBOZA: PYHKLUMA He cywecTByeT B Touke x = 0.

Onpedenerue 2

Mycmoe ¢yHkyusa f(x) onpedeneHa e npasoli (nesoli) mosay okpecmHocmu )(
MOYKU a, m.e. HO HEKOMOPOM rosyuHmepsase [a, a + €) (coomseemcmeeHHO
(a—¢,a]) Dyukyua  f(x) Ha3vieaemcs  HenpepoiéHoOl  cnpasa
(coomeemcmeeHHO cneea) 8 moyke a, ecau

xljgiof(x) = f(a) (COOTBeTCTBeHHO xLicrglof(x) = f(a)).

o 1
34ech TO e camoe. lNoXKanyicra, paccmoTpuTe camu Takue GyHKUUKM KaK In x, ~ v Apyrve. XoTa, Aymaio,

YTO BCe nNpeaenbHo ACHO.

e‘\l\a Ansa mozo umobbl pyHKYUA bbiaa HerpepbieHA 8 A, HEO6X00UMO U OO0CMAMOYHO,

o? y
1e Umobbl 0Ha bbla HenpepbiBHA 8 3Moli MoYKe crpaesa u cresa.

oe‘\]\31 Ecau ¢pyHkyuu f(x) u g(x) HenpepoigHbl 8 moyke a, mo ¢pyHkyuu f(x) + g(x),
1e0" fx)—g), f(x)g(x), f(x)/g(x) make HenpepbisHbl 8 Mmo4Ke a (YacmHoe — npu
ycnosuu g(a) # 0).

lpumep Nel.
2
WccnepoBath Ha HenpepbiBHOCTb GyHKumio f(x) = x;

[na Havana pacnuwem obnacte onpegenenna D = (—o0,0) U (0, 4+00), T.K. 3HameHaTenb He
MoXeT paBHATbCA 0. Tenepb NPOCTO MCMOAb3yeM Teopemy 6:

lim f(x) = a = f(a),

2
X v
roe a # 0. CnepoBaTensHo, no Teopeme 6, dyHKuma f(x) = — HenpepbiBHa B ntoboi Touke,

Kpome a = 0.
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2. HenpepbieHOCMb CAOMHCHOU PYyHKYUU.

B

Mycme gpyHKkyus y = @(x) onpedeneHa Ha MHoxecmee X, a Y — mHowecmeo PR
3Ha4yeHuli amol ¢yHKyuu. [Mycms, Oanee, Ha MHoxcecmee Y onpedeneHa
¢yHkyua u = f(y). Toeda 2osopasm, Yymo Ha MHoxcecmse X onpedesneHd
cnoxcHaa pyHryus, u nuwym u = f(y), ede y = @(x), uau u = f(@(x)).

Bnpouem, NOKa 4TO BaM 3TO HE CU/IbHO NOHAA06UTLCA. MPUBOKY NPUMEPDI CAOMKHbIX GYHKLMIA:
. 1 3
y =4/lsinx|, y=cos—, y=log,(x°+1).
x

Moyemy OHM cnoXHble? [daBaiiTe pPaccMOTPUM LEMOYKY Noc/ienoBaTesbHbIX MNpeobpasoBaHuin gns
nepBoi U3 HUX:

u=sinx =v=|ul=y=Vv
Bot 1 Bce! Tenepb nepengem Ko BTOPOi GyHKLUK:

1
U=—=V=CoSU =Yy =1,
x

M Tak panee. He xoueTcsa ygensTb 3STOMy MHOTo BpemeHu. Hagetock, Bbl M TaK BCe MOHAAWU. Hy 4To e,
nepenaem K Teopeme.

N\3% Mycme yHkyua y = @(x) HernpepbieHa 68 movke a, a yHKkuua u = f(y)
.‘eo‘?e HerpepbieHa 8 moyke b = @(a). To20a cnomHaa ¢GyHkyua u = f ((p(x)) = F(x)
HerpepbisHa 8 MOYKe a.

[aBaiiTe paccMoTpUM MpMMep Ha [AO0Ka3aTesIbCTBa. 346eChb KaK Pa3 M HY)KHO PacCMaTpuBaTb C/IOXHYHO
bYHKLMIO.

lMpumep Neoil

[oKasaTb, uTo:

X

lim =Ina, a>0, a=+1.
x-0 X

PaccmoTpum dyHKumio y = @(x) = a* — 1. OHa HenpepbiBHa B Touke x = 0 n y(0) = 0. Npu aTom
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a*—-1 y
x  loga(1+y)’

x =log,(1+y),

. y
Bbluncaum lim _
¥-010g,

1+y)’

y _ i ylna
50 log,(1+7y) »20 In(1+y)

ITOT wWar MoeT bbiTb HEMOHATEH, NO3TOMY A AOJ/IKEH HaNnoMHWUTL Bam dopmyay npeobpasoBaHua K
norapudmy ¢ gpyrMm oCHoBaHUEM:

3anomHuTe ee 1 6onblue He BO3BpaLLATECh K 3TOMY. B AaHHOM c/iydYae @ = e — HOBOe OCHOBaHMe.
Hasaiite Hanuwem GopmyNy UMEHHO A1A Halero ciy4yas:

log.(1+y) In(1+y)

1 1 =
08a(1 +) log, a Ina
UTak, npoaonkaem:
y y ylna 1
im———— = lim =Ilna .
y-olog,(1+y) »-0In(1+y) lim In(1+y)
y-0

. In(1+y)
BepHo? In @ — 310 UMCNO, NO3TOMY Mbl €r0 U BbIHEC/IU. Tenepb HY}KHO nocunTatb npegen lim,,_,, .
Y y

1
8 suge In(1+y) /vy =1nz (Toxe cBoiictBo norapuédmal), roe z =

Mpeactasum ¢GyHKLUIO ln(lTer)

(1+y) 7.

y-log, x = log, x¥

. 1 M ”
Tak Kak lim,_ (1 + y) Iy =e (3mo emopoli 3ameuamensHeili npeden. [Toka 4mo Mol e20 He Mpowu,
Ho, nosepbme, paseHcmMeo sepHo), a GyHKUMA In z HenpepblBHA B TOUKe Z = e, TO

lin(l) In(1 + y)l/y =lne =1.
y—)

BosBpalaemca K Halwemy npumepy. M BOT, UTO y Hac noayvaeTca:
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) ) ylna 1 Ina
lim—————=lim————=lha———F—==——=Ina.
y=0log,(1+y) y-oln(1+y) lim In(1+y) 1

y—0 y

PaccmoTpum Tenepb dyHKumio f(X), HenpepbiBHYHO B Touke ¥ = 0:

_ #0
fo) =] loge@+y T
Ina npuy =0
CornacHo Teopeme 8 cnoskHasa GyHKUMA
a*—1
f((p(x)) =] — npux # 0

Ina npux =0

fiBnAercs HenpepbiBHOM B Touke x = 0. MoaTomy

X

lim =lna.
x-0 X
CnoskHo? MosKeT 6biTb, HO Bbl [AO/IXHbl B 3TOM pa306paTbCA, MOTOMY 4YTO 3TO OYEHb Ba)KHO ANA

NOHMMaHMs 3TOM Tembl. Tem 6onee, 3aech TpebyeTcs BHUMATENbHOCTb, HY M “HEMHOXKO nogymatb”.
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3. Knaccugukayus moyek pa3pbiea.

[ns Havana, AaBaliTe nolimem, 4To BOObLLLE O3HAYaeT “moyka paspeiea”. Bce npegenbHo npocto!

Toyka a Hasbieaemcs moykol paspeiea gyHkyuu f(x), ecau f(x) e amot
MoYKe He A8s15emcs HerpepbleHoU.

Mpexae Yem HauMHaTb PacCMaTPMBaTb KaaccudUKaLMIO TOYEK Pas3pbliBa, Bbl AOMKHbI BCErAa NPOBEPATL
ycnosue: f(x) ponkHa 6biTb onpegeneHa B HEKOTOPOWM OKPECTHOCTM TOUKM @, 33 UCKIKOYEHUEM, BbITb
MOKET, CaMOi TOUKM a.

Ecan ycnosue BbIMOJIHAETCA, TO MOXHO PAaCCMaTpPUBaTb Kl'IaCCVId)MKaLI,MI-O TOYeK pa3pbiBa.

-

Toyuka a =x — ycmpaHumas mMoOYKa y

lpumep Nel.

sinx

fG) =

X

Mpexae Bcero, Hanuwem obnactb onpeaenenmna: D(f) = (—o0;0) U (0; +0). OTctoga cpasy BUAHO,
yto x = 0 — HeobblyHaa ToyKa. B Hel ¢yHKUMA He onpegeneHa, Ho f(x) onpepeneHa B ee
OKPEeCTHOCTW.

sinx sinx

3151133 p :1:/:]((0):7

OTtcioaa cneayert, uto x = 0 — ycTpaHMMasn TOUKa paspblsa.
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>
o[-
o

"

lpumep Nol.
f(x) = sgn(x)

®yHKuma f(x) = sgn(x) y»Ke fonkHa bbITb paHee Bam U3BECTHA, HO A BAM €€ HaNoMHIO.

\
1
1, x>0
f(x) =sgn(x) =40, x=0, >
-1,x<0 X
xl}glo sgn(x) = —1, _
Jim sgn(x) =1, (x) = sgn(x)
f(0) =0.

Otctoga cnegyer, yto lim,_,5_g sgn(x) # lim,_g4o sgn(x) # sgn(x) = Touka x = 0 — TouYKa paspbiBa
nepBoro poaa.

lpumep Nel.
fx)=tgx
Mpexae Bcero, Hanuwem obnacTb onpegenenmsa D(x) = R\ {% + nk}, keZ.

lim tgx=—o0
xk—>7+nk+0
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lim tgx = +oo
s
xk—>7+nk—0

Y
T.K. X0Ts 6bl 04MH U3 Npesenos paBeH HECKOHEYHOCTH, TO X, = St Tk — TOYKa paspbiBa BTOPOro posa.

lpumep No2.
y=Inx

Npexxae Bcero, Hanuwem obnactb onpeaenenusa D(y) = (0; +oo).

limlnx =0
x—-0+0
limlnx =3
x—-0-0

T.K. X0Ts 6bl O4MH U3 Npesenos He cylwecTsyeT, To X = 0 — ToYKa pa3pbiBa BTOPOro poaa.

MNTaKk, mbl Tenepb 3Haem KnaccuduKaumio Toyek paspbiBa. Mbl paccmoTpenu Npumepbl K KaxKaomy
cnyyato. OHM [OOCTaTOMHO ferkue, MO3TOMYy AaBaiTe elwle nonpakTuKkyemcsa. Bo Bcex cneaytowimx
HOMepax onpeaennTb TOYKM pa3pbiBa.

P.S. na Hauana nonpobyiiTe caenath 3TO caMu, Hy a NOTOM nposepbTe cebs. Yaauun ©!

Nel.

X, x<1
Inx,x>1

foo ={
CmoTtpum npepensi:

xE{r-ll—Of(x) =xE{r-ll—0 Inx = 0'

i, 00 = limx = 1.

BbiBOA:

lim fG) % lim £(x)

x-1+0

Otset: BT. @ = 1 dyHKUMA f(x) nmeeT paspbiB NepBOro poaa.

Ne2.

1

f(x)=ex
Mpexae Bcero, Hanuwem obnacts onpeaenexuns: D(f) = (—o0,0) U (0, +0).

CmoTtpum npeaensl:
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1 1
lim f(x)= lim ex=|e 0=e""=0|=0,

x—0+0 x—0+0

1
Egnof(x) = llmoe x = A.

Otser: x = 0 — NpeaesbHas TOYKA BTOPOro poaa.

No3. Z

1
y=—"1
2+ 3x-4

Mpexkae Bcero, Hanuwem obnacts onpeaenedna: x —4 # 0 = D(y) = (—,4) U (4, +0).

CmoTtpum npeaensbl:

1
lim ————=1lim Oo=[ ]=—,
x—>4—02+3ﬁ x-42 + 3~ 240 2
y 1 1 1
e = [ -
x4+02+3x_ x-»42 + 3t 400

OTeeT: X = 4 — TOYKa pa3pbiBa NepPBOro poaa. ,_Z
Ne4, Z

Ix—1|
— 3

flx) =
Mpexae Bcero, Hanuwem o6aacTs onpeaeneHms. KpUTUYecKMe TOUKM onpeaensem BOT TakK:
x2—x3+#0=x%(1—-x) #0.

Kputnueckme Toukm: x =0 u x = 1. Tenepb Hanuwem obnactb onpegenenna D(f) = (—oo,0) U
(0,1) U (1, +o0).

CmoTtpum npeaensbl:

i lx — 1]
xlir(l)xz—x3 [0]

BuiBoa: x = 0 — TouYKa paspbiBa BTOPOro poaa.
CmoTpum npepenbi:

i |x — 1] " x—1 " x—1 _ 1 1
1m ———==I1Im = 11m m——-7 —
x>1+0x2 —x3  xo1x2 —x3  x-o1—x2(x—1) x-1 —x2
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BoiBoa: x = 1 — TouYKa pa3pbiBa NepBOro poaa.

Oteer: x = 0 — TouKa pa3pbiBa BTOPOro poaa, x = 1 — TouKa paspbiBa NepBoro poaa.

Nes. ] g

1+
FO) =35

Mpexxae Bcero, Hanuwem ob6nacts onpeaenenus: D(f) = (=, —1) U (=1, +00).

CmoTtpum npepensl:

y 1+x 1+x ~ i 1 1
erE11+x3_xirpl(1+x)(1—x+x2)_xirzlll—x+x2_3

TouKa pa3pblBa yCTpaHUMan:

u x#+ -1
fay =414 x
§,x =-1
OteeT: OHa HenpepbiBHA B TOYKe paspbiBa M Ha D = R.
1 1
y = x - x + }
x—1 x

Y70 6bl HAWTU KPUTHMUECKME TOUYKM, HYKHO YNPOCTUTL GYHKLMIO.

1_
x

Toukun: x = 0;1; —1.
CmoTtpum npeaensl:

lirr(l) f(x) = =1 — ycTpaHUMBIi pa3phIB.
X—
limlf(x) = 00 — pa3phIB BTOPOTO po/ia.
x——

lin} f(x) = 0 — ycTpaHHUMBbI{ pa3phIB.
X
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CMOTpUM npeaensl U NoayYaem:

2

X # ——— — yCTpaHUMBbIe TOYKHU pa3phbiBa.
2k+1 P pasp

x # 0 — Touka pa3pbiBa BTOPOro poja.

Adymato, npumepoB AoctaToyHo. Ecnm Bbl camm Bce 3TO Npo peLlaeTe, TO TeMy Bbl 3HATb byaeTte Ha 100%.
Hy uto e, Hagetocb, 3TO 6blNO He CAMWKOM CKyyHO. Mo KpailHein mepe, CTONbKO pas3obpaHHbIX

NPMMEpPOB Bbl HE HageTe HUrae.
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4. HenpepbieHOCMb 371EMEHMAPHbLIX PYHKY Ul

Mbl ¢ Bamu 3Ty Temy yKe pa3obpann B 1 rnase, 6 nyHKTe. Tam Mbl paccmatpuBanu rpaduku
aNeMeHTapHbIX GYHKUMI 1 cumTanm npegensl. Ceyac nepengem K popmanbHOCTAM U “npodeccopcKoi
Teopun”.

Kak Bbl 3aMeTUN, B MO KHUTe NpUCyTCTBYET 3Ta “Teopuma”’. 3auem? Bce npocTo, - XxoueTca, YTo 6bl Bbl
He TONbKO MPUMHMMANUN Pa3XKeBaHHOE, HO M CamMM MbITa/IUCb Pa3KeBaTb. Eciu a ybepy 3Ty “Teoputo”, To
MOW TPyZAbl NOMAYT HacMapKy. KoHeuyHo, Bbl byaeTe ymeTb YTO-TO peLlaTb, HO Bbl He ByaeTe NOHMMATb,
YTO Aa KakK. MoaTomy npowy Bac yuntb Teoputo! OHa 06s3aTeIbHO NOHAA0bUTLCA BaM B BauKaiem
6yaywem. Hy uto xe, 310 6b110 Mpryeckoe otcTynneHune ©. Nepeiaem K Heb6obLIOK TEOPUN.

X

®yHkyuu y =C =const, y=x% y=a* y=log,x (a>0,a+1),
y=sinx, y=cosx, y=tgx, y=ctgx, y=arcsinx, Yy = arccosx,
y = arctgx, y = arcctgx Ha3vigaromca npocmeliwumu (unu OCHOBHbIMU)

3neMeHMapHbIMU hYHKYUAMU.

COBOKYMHOCMb  8CeX 3/71eMeHMAPHbIX (YHKUUl Ha3bI8Aemcs  KAaccom )(

3nileMeHMapHobIX pyHKYuli.

®yHKYUA HO3bI8AEMCA 31eMeHMApPHOoU, ecu OHA Moxem bbimb MosayYyeHa ¢ 7(
MTOMOUW}bI0 KOHEYHO20 YUC/a apugmemuyecKux onepayuli u cyneprno3uyuli Hao
npocmeliwumu 31eMeHMapHbIMU PYHKYUAMU.

Jllobas anemeHMapHaAs yHKYUsA, onpeodeseHHas 8 OKPeCMmHOCMU HeKomopoli MouKu,

e\\l\a HenpepbieHA 8 3moli moyKe.
—‘309

Ha aTom “npodeccopcKasn Teopmsa” 3aKaHUMBAETCA, M Mbl NEPEXOAMM K 3ameyaTe/ibHbIM Npeaenam.
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5. [lepebiii 3amevyamensHblii npeden

OueHb BakHas Tema! B Helt Mbl Byaem yunTbCA UCKaTb Npeaensl. Bbl 40NKHbI HABUTL PYKY Ha 3TOM, U
Y MeHs K Bam npocbba: nepes Tem, Kak CMOTPETb pPelLeHne, NonbITakTecb CaMu Yero-To f06uTbes.

3a3ybpuTe 310 pas u Hascerga! M HUKorga He 3abbiBanTe 3Ty dopmyny!

[loKkasbiBaTb A ee He cobMpaloch, eCn XOTUTE, MOULINTE B MHTEPHETE, TaM OHa TOYHO ecTb. Hy uTOo Ke,
nepexoaum K npumepam.

Nel.
) X
lim —.
x-0sin x
Pewenune:
X 1
sin x - sinx’
X

Ypa! BHM3y nosBWACA 3amedaTtebHbIv Npegen.

X 1 1
lim = lim = [—] =1.

x-0Sinx x—0 Sinx -

X
Nerko? besycnosHo...
Ne2.
. X
lim ——
x—0 arcsin x
PeweHue:

Coenaem 3ameHy nepemeHHoM: NycTb y = arcsin x. Torga x = siny v 6a3a x —» 0 nepexoauT B
6a3y y — 0 (npocto noacraebTe x — 0 nog arcsinx). Ha camom gene 3To npole 3anucbiBaTb
BOT TaK:

llm = l]m = |—

X Yy = arcsinx «w» x = siny . siny 1]
x—0arcsin x x=>0e¢wy->0 y=0 y 1
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3anomHuTe 3TOT cnocob 3ameHbl HEDEMEHHOVI. OH MOXKeT CMAIbHO npuroanTbCA Bam B 6y,£|,yu.|,eM.

Ne3. E /

_arcsinx
lim—
x—0 X
PeweHune:
. arcsinx 1 y = arcsinx «»w x = siny 1 1
lim —— = lim——5—= =——=|-|=1.
x—0 X x—0 a x>0e«w»y—>0 1i siny 1
arcsin x 1m
y-0 Y
Ne4.
of- |
_ sin2x
im— .
x—0sin 3x
PeweHune:

Mpeobpasyem PpyHKLMIO cregytowmm obpasom:

lim = lim

sin2x (sian 3x 2)
x-0sin3x  x-0 )

2x sin3x 3

BblHECEM MOCTOAHHbIA MHOXWTENb 3@ 3HAK MNpuAena M MNPUMEHUM Teopemy O npejene
npoun3BeAeHNi:

lim = lim =—-lim

: 1m —
3 x»0 2x x-0Sin3x

sin2x (sian 3x 2) 2 sin2x 3x
x-0sin3x  x-0

[enaem 3ameHy, Kak 1 B NpeablgyLiem npumepe:

y sian_l_ (sian 3x 2)_2 I sin 2x I 3x
xl—%sin3x_xl—% 2x sin3x 3/ 3 20 2x xl—r%sin3x_
_ (2x =t evwsin2x =sint | 3x =7 v sin3x =sinr) 2 y sint I 1 1 1_2
_( x>0 t->0 | x—>0er -0 )_§ 20t 75 T "3 ~ 3
sinr
Ne5 § i
sin%
lim —2
x>0 X

YMHOXUM U pasgennm 3HameHaTeslb HA 4 M nogseem BblparkeHne noj 3Hakom npegena K

nepBomMy 3amevaTesibHOMy npeaeny.

X X X
sin= sinz 1 sin= o _ 1 sint 1
lim—2 = lim —= = ~- lim x4=<4—t‘“”—4t>=—-i S
x-0 X x—>04_.Z 4 x-0 7 x50 £50 4 t-0 t 4
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No6. § ] g
Ztg%
lim S
x-0 X
MpeacTaBUM TaHFeHC Yepes CUMHYC U KOCMHYC M BOCMO/1Ib3yEMCA TeOpeMamm o0 npeaenax.
sin?%
X 2: gc X X
ad 22X 22X . 2X X
i Ztgz_‘ cosz_. 251n2_ . sin5 1 (fctewwx=2t
im— = lim 5 = lim x—211m >+ lim % =
x-0 X x-0 X x—>0x2 COSZZ x—>04 (%) x—-0 COSZZ x>0 t—o0
11, sin®t i 1 [1 . 1
= —lim - lim =|=-1-—|=
2x-0 t2 x—0 COSZ% 2 1

Bnaute, 34ecb HEMHOro NoOcnoKHee, HO B npuHyune, sce ogHO U TOXe. Ecan Bbl Bbly4ynaun
3/1eMeHTapHble d)yHKLI,MM, TO 3TO Bam He 0/1*KHO NOKa3aTbCA CNOXKHbIM.

2K

1 —cos2x
lim ——
x-0  xtgx

Mo popmynam ABOMHbIX Yr108 UMEEM:

1—cos2x  1—(cos?x—sin?x)  cos?x + sin?x — (cos? x — sin? x)
lim = lim =lim
-0 xtgx x>0 xtgx X0 xtgx
~ cos?x +sin?x —cos?x+sin?x  2sin?x _ 2sinxcosx
- limy t =l =i
xX— X
xtgx S0 xtgx  xo0
cosx
. sinx
= 2lim

limcosx=1[2-1-1] = 2.
x>0 X x-0

locnoaa, yumm TpuroHomeTpudeckune popmybl! OHKM Bam BCe paBHO NoHago6AaTCA.
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DOPMYALICIOHKCHIN:] OcHOBGHbIE GOpPMYbI

APLYMEHTOD

cfAR F crdx

(Y =——
AEFY) crAceAR + 71

CO2% — co2R = —S 21

2Ty

dopmyn MHOTO, HO ¥KenaTe/ibHO UX BCE BblyYUTb.

Ne8.

x3

lim P
x>0 8 sin3 Z

YMHOXUM 1 pa3genimm ymcauTens Ha 4 B Kybe:

46
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x\3 x\3
llm—x=liml)x=81im(4—)x=(4_th_4t)=8lim ——=8-1=8.
x—>0851n3_ x—>0851n3_ x—>osin3_ x50 t—o0 t-0sin’t
4 4 4
Ne9. T

sin?(x — 2)

m——————-=.
x-2x%2 —4x+1

B 3HameHaTeie Mbl MOXKeEM cAeNaTb KBaapaT pa3HOCTK, a NOTOM, Kak Bceraa, nepeinT K HoBoM

nepemeHHoi. Torga npegen 6yaet ctpemutca K 0, u, cnefoBaTeNlbHO, Mbl MOXKEM NPUMEHUTb
nepBbl 3ameYaTesibHbIN npeaen.

_sint
= lim —=1"=1
t-0 ¢

limSinz(x—Z)_limSinz(x—Z)_(x—z=th=t—2)
-2x2 —4x+1 x52 (x—2)2 \x->2e«wt->2-2=0

Ne10. E am

. sin3x + sin4x
lim ——
x—0 6x

Ha ocHoBaHumM O,D,HOI71 M3 Teopem O npeaenax, mbl MOXXem ,D,aHHbIﬁ npegen pasgesintb Ha OBa

npeaena:
__sin3x +sindx y sin 3x i sin4x 1 I sin 3x 4 2 I sin4x
20 6x T Tex xS0 6x  2x50 3x | 3x50 4x
t r . .
— —_ = = _ 1 sint 2 sint 7
x>0« t->0lx>0ewr—-0 x=0 t =0t

Ne1l. f Y

cosSXx — cos 3x

lim 5
x—0 X

Mpeobpasyem uncautenb € nomouwbto Gopmyn pPasHOCTU KOCUMHYCOB ABYX YI/ZIOB M CUHYCa
ABOMHOrO yrna:

cos x — cos 3x = 2sin2x sinx = 4 sin? x cos x,

Torga

cos x — cos 3x sin? x

lim — = 4lim cosx = 4lim cosx = 4.
x—-0 X x-0 X x—-0
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6. Bmopoli 3amevyamernbHblii npeden

BTOprM 3amedaTesibHbiM Npeaenom Ha3blBaeTCA npeaen snaa

* 1
=lim(1+x)x=e

[lOKa3bIBaTb 3TO Mbl C BaMW TOXKe He cobupaemcs. BbiTb MOXKET, KOrga-Hubyab A Hanuwy oTAesIbHO
KHUIY NPO BCE A0Ka3aTe/bCTBa, HO MOKa YTO He ByAem TpaTWTb HA 3TO Bpems WU Cpasy nepergem K
npumepam.

KaKk ToNbKO Bbl BUAWUTE CKOBKY B CTEMeHM X, 3HaYMT npexkae Bcero npobyiite ee CBeCTU KO BTOpOMY
npeaeny. Nepsble HOMepPa PaCCMOTPUM KpaiHe noapo6Ho.

Ne1l. MNocuutatb Npegen:

N
11m< )

X—00 X

Buamm ckobKy B cTeneHun 5x, cnegosatenbHo npobyem CBECTU K BTOPOMY 3ameyaTesibHoOMY

1
npeaeny. CHayana ceegem To, 4To BHyTpU K popme 1 + o

x + 4\°* 4\ 5%
lim( ) = lim <1 +;)

X—00 X X—00

4

‘nourpatb” co crteneHbto. T.e. Ham HyxeH Bug Tvna x/4. Moyemy? dopmyny
X

lim (1 + —) =e
X—00 X

MOXHO bbl1/10 6bl NPeacTaBUTb B BUAE

Tenepb Hy»XHO

x
| 1\1
lim (1 + —) =e.
X—00 x
B AaHHOM C/lydae y Hac BMECTO eAnHULLbI — YeTBEPKa. 3HauUMT, BOT, YTO Y HaC Nojy4Yaercsa:

520

x + 4\>* 4\5¥ 4\2
lim ( ) = lim (1 + —) = lim <1 + —)
X—00 X X—00 X X—00 X

Yto 6bl YK MOSHOCTbIO CBECTM K Hawel popmyse AaHHbIM npuaen, mbl 0603Haumm x = 4t.

Toraa nonyyaem:
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x120

X + 4\°* 4\ 5% NT _ _X
lim( ) =lim(1+—> = lim (1+_) ={x-4twt—4}
X—00 X X—00 x X—00 x

X > 00 ew it > o

G
= lim [(1 +—> ] = e?0,
t—oo t

Kak BWAUTE, HMYEro C/OXHOro 34ecb HeT. AnropuTm paboTbl BeCbMa MPOCTO: NMpuBeAeHUe
P x -
Apobu Kk euay 1 + ~ = NpuBe/ieHme CTeneHu K Buay - M = 3ameHa nepemeHHol = a ganee

npocto cuntaem no dopmyne. Ecim 3anytanmcb, He BoNHyTeCcb. Mbl ewwe ycneem pasobpatb
maccy npumepos ©.

No2. Haittn npeaen:

x + 2 1+3x
lim ( )
x-o00 \x + 1

[elcTByem TaK e, KaK 1 B NPOLU/bIA pas:

x 4 2\ 1F3% x4 14 1313 1 \1t3x
lim ( ) = lim (—) = lim (1 + )
x-o \x + 1 xX—00 x+1 xX—00 x+1

34ecb Mbl CTEMEHb BblAENATL Byaem nocne 3ameHbl nepemeHHon. B gaHHOM cayyae, 3To npolle,
Yyem NonbITaTbCA CBECTM K BTOPOMY Npeaeny A0 3ameHbl. Ha pe3ynbTaT 3To HMKaK He Nnosauser.

x+2 1+3x x+ 1+ 1 1+3x 1 1+3x _ . _
lim( ) =lim(—> =lim(1+—> ==t et =ty
x-oo \x + 1 x-oo\ x+1 x>0 x+1 X —> 00 ewt—>
3t-2 t13 -2
. . 1 . 1 3 3
=11m(1+—) = lim (1+—> 11m<1+—) =e°-1=e".
t—oo t t—oo t t—oo t

Kak BMAMTE, HWYEro cCBepxecTecTBEHHOro 3gecb HeT. OTClOAA MOMKHO HanucaTb anropuTm
. P o
pelweHus, NogobHbIN npowwaomy. MpueeaeHue gpobu K Buay 1 + = 3aMeHa nepemeHHo =

X
NpuseaeHMe CTeneHm K Buay — - M = a ganee npocTo cumTaem no dopmyne.

Ne3. HaliTn npegen:

2
1. xz + 5 2x+3x
2o \ x2 +2

BblAennm Lenyto 4acTb B CKObKax:

- 245 2x+3x2 - 24243 2x+3x? . 3 2x43x2
lim = lim | ———— = lim (1 + )

x—oo \x2 + 2 x—oo \  x%Z 42 X—00 x2+2
5 x%+2
—Jx*+2=3tewt= 3
X > 00 e&w it > 0
9t—4 1t9 1\ 1974
=lim(1+—) =1im[(1+—)] lim(1+—> =e9-[1+—] =e°.
t—oo t t—ooo t t—oo t 0
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Mprmep NOAHOCTbIO aHanorMyeH npeaplaywemy. Ecan Bbl NOHAAN, KaK “3To paboTaet”, TO Bbl
MOJIOAUbI U MOXKEeTe CMeNo uaTW Aanblie. bonblWoON NAOC 34eCb 3aKAo4YaeTcs B TOM, YTO
[0CTAaTOYHO 3HATb /INLWb HECKO/IbKO METOZO0B, YTO Bbl PELNTb TOT AN MHOW Npeaen.

Ne4. MocunTtaTb Npegen: E - %

X — 1 3-2x
i (~5-)
xl—g}o 2x

BblAenum Lenyto YacTb B CKobKax:

x—1 3-2x 11 3-2x 1 3-2x 1 3-2x
() =iml-2)z] =im(-3) ()
_ 1 _ 1 2 22x 22x
—{E= xS gt =tim |+ 08 lim S = e?lim - = o
X = 00wt —0 t—0 X—00 X—00

[danee He xoyeTcsA Tak NoApobHO paccmaTpuBaTb KaxAdpl MPUMEp, MHaue KarKaoe pelleHue
bypeT 3aHMMaTb 60siee NOJIOBMHLI CTPaHuLUbl. TnaBHOe, YTObbI Bbl MOHAAN 0OLLY0 MAEt, U
CTPEMMANCL K MAENBbHOMY PELLUEHMIo, T.e. KOPOTKOMY. [lam elle oAMH coBeT, nonpobyiite gna
Hayafa caMu YTO-TO PELLMTb, @ MOTOM Y¥Ke NMPoBepPANTE, BEPHO NN Bbl CAENAN /U UAIN HET.

Ne5. MNMocuutatb Npegen: E S

n+5
lim (1 + —)
n—oo n
PeweHue:
lim (1 +—) = [1® — indefinite] = lim (1 +—> . (1 +—> =e- lim (1 +—) =e-1

=€

N26. lNocuntatb Npeaen: f ‘Y

3
lim(1 + x)x
x-0

PeweHue:

3
lin(l)(l + x)x =[1®° — indefinite] = lirr()) ((1 + x)z) =e3
xX— x—

Ne7. NMocunTaTb npesen: f'j

2 X
lim (1 + —)
X—00 x
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PeweHue:

X

(1+3)

lim

X—00

Ne8. MNMocuutatb Npepen:

PeweHue:

Ne9. MNocuunTatb Npeaen:

[1° -

[1® — indefinite] = lim

2011 ropn

X
2\2
indefinite] = lim (1 +;) =e?

X—00

X
_ 3
lim

X—00

(1+3)

Wl

X

(143

Wl

X— 00

x+3

=)

X—00

PeweHue:

x—1 4(x+3)
| x 4+ 3\¥*3 ) 4 | x—1+4"+3l . 4 \ 7 x1
. [ _ mite] = li — n
him (=5) =0 = indefinite] = i (=) = im (14—

4x+12
= lim e x-1 = e*
X—00

Ne10. MNocuutaTb Npegen:

Jli—{go(x —4)[In(2 — 3x) — In(5 — 3x)]

PeweHue:

;i_)rg(x —4)[In(2 -3x) —In(5-3x)] =

= lim(x —4) In
X—00

= limlne = 1.
X—>00

Nel1l. MNocuuTtatb Npegensi:

2—3x

5-3

= limIn

X—00

lim (2——3X)""4
x_xl—>nolo n 5-—3x

(1+5
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i x2 +1\"
i x2+3

JonxeH ckasaTb, NMPUMEPYUK ITOT YXKe HYyTb MHTEPECHEE NpeablayLnX.

PeweHue:
. x2+1"_1_ L X 1"_1_ 1+x2+1—x2—3x_1_ (1+ —2 )x
io\x2 +3)  xoe x2+3 it x2+3 et x2 +3
2x
3 -2 371 7213
. _2 xz _—me . 2 x2+_—2 x2+43 i ox .
= lim (1 +—) = lim (1 +—) = ex>o0x243 = ¢
xX—00 x2+3 X—>00 x2 +3
=1

Ha atom 1A npegnarato 3aKOH4YUTb BTOpOVI 3ameyaTesbHbIN npeagen. Janee, B KOHUE KHUTU Bbl CMOXeETe

HalTK maccy 3agaHuii Ha 3Ty Temy. PasymeeTcs, oTBeTbl ByayT npuaarartbes.
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7. Kpamko o Maple

Tak e xotenocb 6bl caenaTb 3amMeTKy Mo MOBOAY 3/IEKTPOHHOTO BblYUCIAEHUA Npeaenos. EcTb Takas
nporpamma — Maple, 1 Tam npeaesbl CYMTaIOTCA NPOCTO Ha Kypar.

Untitled (1)* - [Server 1] - Maple 14
File Edit View Insert Format Table Drawing Plot Spreadsheet Tools Window Help

DE2BSSY XbBR ¢ TP &= MI1IOFe & Bxx 2 B

n E Al Tex @I Dprawing Plot  Animation Hide |
IJ dx J f dx Z/' (_C 20Math v) (_TimesMewRoman ¥ ) (12 ¥v) B u = = Ch = iE
< S b X -~
n llm [ e + 1
1—[’ i f i f ol x‘" +3
ik dx 0x | 1 oY
lim f a+b a—b i
a-b }—: d
’1/7 a! la|
¢’ In(a) log,(a)
log, («) sin(a) cos(a)
a
tan(«) [h) f(a)
fla,b) f==a—y
f=(a,b) >z
) a
/(x -
Y="r1 X x=2a K )

Memory: 0.74M Time: - Math Mode

@ Ready
=

Kak BmauTte, cnesa, B OKOLWKe ecTb WabnoHbl ¢popmyn. MPOCTO Ha HUX HaXKMMaeTe W 3anosiHsAeTe
AaHHbIMK. HaxumaeTe Ha Enter m nosnyyaete oTBeT. Ha CKpuHLWOTe AN NpMmepa MOCYMTaH Haw
nocnesHuii npegen. 3a4em Hy)KHa Bam 3Ta nporpamma? [as nposepok. Mocuntanu npegen Ha bymare,
nosilyymnn oTeet. Bémuaun ¢opmyny B nporpamme u nposepunn. Ha camom gene oyeHb yaobHas WTyKa.

OT aBTOpA:

MNosapasnsto! Bbl cmoriv 3aBeplinMTb BTOPYIO rnaBy “HenpepbiBHOCTb GYHKUMM B TOYKE” NepBoit YacTu
yactn “Mpegen v HenpepbiBHOCTb GyHKUMK”. Bnepean Bac KAET cpaBHeHME OEeCKOHEeYHO Masbix
¢yHRUMI, cumson “O manoe” M ero CcBOMCTBA, BbluMUNeHMEe NpedenoB ¢QYHKUMIA C MOMOLLbIO
aCMMNTOTUYECKUX GOPMYN U BblUMCIEHUE NpPeLesioB NOKasaTe/IbHO-CTENEHHbIX GYHKUMN. Tembl byayT
BeCbMa BaKHbl, MO3TOMY OyayT paccMaTpuBaTbCA HE TONbKO “TexHuMYeckne” npumepbl, HO TaK Ke
npumepbl U Ha AOKa3aTenbCcTBa. Ha 3ToM HOTe A Xo4y BamM noxKenaTb ycnexos!

[o ckopoit BcTpeun! NckpeHHe Baw, Buocarmmnp U.A.
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FnaBa 3. beCKOHeYHO manble PyHKLUMN.

1. CpasHeHue 6ecKOHEe4YHO ManbIX

CogeprxaHue:
yHKYu.
CpaBHeHMe BECKOHEYHO ManbIX
bYyHKUMA
CsolicTBa cumBona “o manoe”
CpaBHeHMe HECKOHEYHO Manbix ®yHKumMA a(x) HasbiBaeTcs beckoHe4YHo Masoli npu x = a
bYHRUMM (B Touke a), ecnm lim,_,, a(x) = 0.

Myctb a(x) n B(x) — pBe 6eckoHeYHO Manble GYHKLUK
npu x — a.

OyHKumK a(x) u B (x) HasbiBatoTCA:

a. beckoHeYyHO MasbIMU 00HO20 NOPAOKA Mpu X — a (8 moYke a), ecau

. a(x)
im——=c#0;
x>a f3(x)
b. SKeusaneHMHbIMU BECKOHEYHO MAAbIMU MPU X —> a (8 MoyKe a), ecau
a(x)
lim ——= = 1 (o603HavyeHue: a~f Opu x = a).
x>a f3(x)

a)
B(x)
npu x = a (8 Touke a), Yem B (x), n nuwyt @ = o(f) npu x — a (a pasHo “o manoe” ot f npun x = a).

Ecam lim,._,, = 0, To roBop#AT, uTo a(x) ABNAeTCcA beckoHeyHol masnoli 6osee 8bICOKO20 NOPAOKA

Hanpumep, x? = o(x) npu x - 0.
AHanornuHble onpeaeneHna MMeloT MecTo Ana ciydyaeBx > a + 0,x > a — 0, x — oo,

CnepyeT MmeTb B BMAY, YTO PABEHCTBA, COAEP’KallMe CMMBOA “0 Manoe”, ABAAIOTCA YCIOBHbIMM.
Hanpumep, paseHcTso x2 = o(x) npu x = 0 BepHo, Ho 0(x) = x? HeBepHO, NOCKONbKY cumBOA 0(X)
o0b03HayaeT He KaKyl-TO KOHKpPeTHyto ¢yHKUMo, a ntobyo odyHKuMo, asastowytoca npy x — 0
6ecKkoHeYyHo Masioit bonee BbICOKOro nopsaka, Yem x. Takux GyHKUMIA BECKOHEYHO MHOTO, B YaCTHOCTY,
nobas dyHkuma xP (rae p > 1) ectb 0(x) npu x = 0. Takum 06pa3zom, paseHcTBo x2 = o(x) npu x — 0
03HaYaeT, YTo GYHKLMA X% MPUHAANEXNUT MHOXECTBY HECKOHEUHO ManbiX GyHKLMI Bonee BbICOKOrO
nopaaxa npu x = 0, yem x. MosTomy “B 06paTHyto CTOPOHY” 3To paseHcTBO (0(x) = x2) HeBepHo: Bce
MHOecTBO QYHKLMIA 0(X) He CBOANTCA K OHOW GYHKLMM X 2.

Huuero He noHaTHO ©? He BosHyiMTECh, Aane Mbl BCe
paccMoTpMm Ha npumepax. Ho Teopus B ntobom ®yHKUMA ar(x) HasbIBaeTCcA bECKOHEeYHO
CNly4ae HY)KHA, MHA4Ye MOsA KHUra nepecraeT ObiTb masol npu x — a (B TouKe a), ecnu
MaTEMaTUUYECKOMN, N CTAHOBUTCA HEMOHATHO YeM. lim,._, a(x) = 0.
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PaccmoTpum HECKO/IbKO MPUMEPOB, COOTBETCTBYIOLLMX AAHHOM TEME.
Ne1l. BepHo nn paBeHcTBO 2x2% = 0(x) npnx — 0?
PeweHue:

2x% = o(x) — BepHoO, TaK Kak

o 2x?
lim— = 0.
x-0 X
Kak BuauTe, pewieHune B oaHy cTpouky. Jlasaiite ero pasbepem 6osnee noapobHo ©. BcnomHum

Hawle OI'IpeAEI'IEHVIE!

o)
A B

MOPAOCKA Npn x — a B TOYKe a), Yem X), "NMNMwyT X = o npnux — a (& paBHO 0 Manoe
pAOKa np ( ), B (x), y (B) np (ap “ "

Ecnm lim = 0, To roBopAT, uto a(x) ABNAeTcA beckoHe4yHol masol 6osee 8bICOKO20

oT S npux = a).

B Halem cyyae, Mbl o603Havaem 3a a(x) = 2x2. [lanee Ham HYXXHO OT Kya-To “BblkonaTb”
B(x). NocmoTpum B onpegeneHnu Ha cnosa nuwyTt a = o(f). OTcloga cnegyeT, To, YTo
B (x) = x, cyas no Hawemy npumepy 2x2 = o(x).

[anee cnegyem npocTo onpeaeneHunto, T.e. BbINUCbIBAaEM Npeaen U NpoBepsem, paBeH v OH
HYJIIO AN HeET.
ax) o 2xP
lim——==Ilim—=1im2x =0
x-afi(x) x-0 X x—-0
Mpepaen paseH HyAto, cneposatenbHo a(x) = 2x? asnaetca 6eckoHeyHoll manoii 6onee
8bICOK020 nopAdka npu x — 0 (8 Touke 0), uem B(x) = x, n nnwyT 2x2 = o(B) Nnpu x - a.

Tak e MNOCTPOMM ANA HarNAAHOCTM .
Hawu rpapukn  GYHKUMKU.  KpacHblii 075- /
rpadvK — 3TO Hawa «rAaBHasn» GyHKLMUA '

a(x) = 2x2, a 3eneHblit rpapuk — 370 _ ‘
oyHKumAa B(x) = x. Mo KapTUHKe BUAHO,

0.25- AN v

4TO 6MXKeE K HY/I0 PyHKUMA a(x) = 2x? \ //
CTpeMmuTca K Hemy ObicTpee, uem - ~_ |~
B(x) = x.
-0.25-
Bce! Mbl ¢ Bamu pasobpanu oueHb
nogpobHo 3ToT npumep. [anee Bce 05-
npumepsl byayTt UAEHTUYHbBIMU,
NnosTomy TaK nogpobHO s pelweHue 075

nucatb He byay.
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Bo BCeX 0CTaNbHbIX C/Iy4anX KPacHbli rpadmk — 310 dpyHKumMa a(x), a 3eneHbiit - B(x).

Ne2. BepHo ni1 paBeHcTBo 3x = o(x) npu x —
0?

PeweHue:

[na Hayana sbinuwem eyHKUMN a(x) 1
B(x). BoT, 4TO Yy Hac noayuuTcs:

a(x) =3x,(x) =x
Tenepb CMOTPUM Npeaen:

Coalx) . 3x

lim——==lim—=3%#0

x—a ﬂ(x) x-0 X
Mpegen He paBeH HyAto, Ce0BaTeNbHO
paBeHcTBO 3x = 0(x) HeBepHo. Ho! Tak
KaK npeaen paBeH KOHCTaHTe, TO
byHKUMM 3Xx M X — BECKOHEYHO Masble
oAHOro nopsaka B Touke x = 0.

Ne3. BepHo /i1 paBeHcTBO 4/ |x| = o(x) npwm
x - 07?

PeweHue:

[na Hayana sbinuwem ¢yHKUnn a(x) n
x). BOT, uTo y Hac noayymTCa:
y Y

ax) =lxl,  Bx)=x

Tenepb cmoTpum npegen:

NGO R E]
i = lim

m = lim ﬂ = [1]
x-af(x) x-0 Xx an_V@. \/m 0

=00 %0

Mpeaen He paBeH HYNIO, CAeA0BaTeNbHO

paBeHcTBO 4/ |x| = 0(x) HeBepHoO.

0.75-

0.5-

0.25-

025

'
05

'
075

0.75-

0.5-

0.25-

'
0.25

'
05

075
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X

Ne4. BepHo 1 paBeHCTBO = o(x) npwm

In|x|
x - 07

PeweHue:

[na Havana sbinuwem ¢yHKUumM a(x) n
B(x). BoT, 4TO y Hac noayuuTcs:

X

a(x)=m; p(x)=x

Tenepb cmoTpum npegen:

a(x) [ In[x] .1
lim——==lim|— | = =
x—afi(x) x-0 X x-0 In|x|

I'Ipep,en paBeH HyO, ChenoBaTesibHO
X

paBeHCTBO = 0(x) BepHo.

In|x|

o

Ne5. BepHo s paBeHctBo 1 — cosx = o(x) npux = 07?
PeweHue:

[na Hayana sbinmwem ¢yHKumm a(x) u
B(x). BoT, 4to y Hac noayumnTca:

a(x) =1—cosx, B(x)=x

Tenepb cmoTpum npegen:

. X
oalx) ~ 1—cosx ) 2 sin? (7)
lim = lim = lim
x—a ﬁ(x) x—0 X x—0 x
N 2
sin (3)
— 2 .
=lml —% =110l
2
=0

Mpeaen paBeH Hy/to, Cef0BaTeIbHO
paBeHcTBO 1 — cosx = o(x) BepHoO.

P.S. PelwleHune Taknx npefenos y Bac yxe
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He A0NKHO Bbl3bIBaTb C/I0XKHOCTeN. ECiv yyBCTBYETE, YTO He CNpaBAfeTeCh, iyylle BEPHYTbCA B
rnasy 1 1 2 u Bce NOBTOPUTb. Bce npeaenbl TakKMX TUMOB Y HAac y»Ke 6blan. 3T, Kak roBopuTcs,
6a3a, 6e3 KoTopon HMKyAa. Tak Kak NpMMepbl BCE MAEHTUYHbI MeXay cobol, CHayana peluanTe

MX Camu, a MOTOM CMOTpUTE Ha pelueHne. Ecam Tak genatb He ByaeTte, TO HUYEMy He

HayumTtecb!!!
N26. BepHo i1 paseHcTBo sin? x = o(x?) npux — 0?
4=

PeweHue:
[na Hayana sbinuwem eyHKumm a(x) n
B (x). BoT, uTo y Hac noayymTCa:
0.5-

px) = x*

0.25-

a(x) = sin® x,

Tenepb cMOTpMM Npeaen:
) sin x\?2

= lim =
x—-0 X

-0.25-

a(x) . sin’x
ANBG) AR T
Mpeaen He paBeH HyAIo, CleaoBaTeIbHO
paseHcTBO sin? x = 0(x?) HesepHo. Ho!

Tak KaK npeaen paBeH eAnHULbI, TO
GyHKUMM sin? x 1 x? — SKBMBANEHTHbIE

6ecKkoHeYyHo manble B Touke x = 0.

Ne7. BepHo a1 paseHcTBo x> = 0(x?) npu

x — 0?

PeweHue:
[na Hayana sbinuwem ¢yHKumm a(x) n

B (x). BoT, uTo y Hac noayymTCa:
a(x) = x3, B(x) = x?

Tenepb cMOTpUM Npegen:

_ax) . x®
lim—==1lim—=0
x—a (x) x—0 x2

05-

-0.75-

Mpeaen paseH HyAlo, CeA0BaTeNbHO

paseHcTBO x3 = 0(x?) BepHo.

0.5-

-05-
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Ne8. BepHo in paBeHcTBo 1 — cosx = o(x?) npux — 0?
PeweHue:

Ona Havana sbinuwem GpyHKummn a(x) n B (x).
BoT, 4TO y Hac NOAYYnTCA:

a(x) =1—cosx, B(x)=x?

Tenepb cmoTpum npegen:

y a(x) y 1—cosx 1
xl—Tzﬁ(x) N Xz T2 51

Mpenen He paBeH HytO, cNefoBaTesIbHO
paseHcTBO 1 — cosx = 0(x?) HesepHo. Ho!
Tak Kak npeaen paBeH KOHCTaHTe, TO GYHKLMM
1—cosxmnx?— N

6eCKOHEeYHO Masible OAHOro NopAaKa B TOUKe
x=0.
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2. Ceolicmsa cumeona “o manoe”.

s @'\/@ Mycmo ay(x) u a,(x) — dse npou3eosibHble 6eCKOHEeYHO Masble Npu X — a hyHKYUU
{eOF makue, Yymo a1 (x) = o(B) u a,(x) = o(B). Tozda a1 (x) + a,(x) = o(B) npu x — a.

3Ty Teopemy MOXKHO 3anmcaTb Tak:

o(B) +0(B) = o(B).

Coopmynmpyem Hapagy € yKasaHbIMm eLe pag CBOMCTB cMMBoAa “o manoe” (Bcrogy MMeeTcst BBUAY, UTO
a—->0up ->0npux — a).

o(B) +o(B) =0(B)
o(B) —o(B) =0(B)
o(cB)=0(B)Vc+#0
co(B) =0(B)Vc+0
o(M) = o(ﬂk),n >2nenN),k=12,..,n—-1

(0(®)" = o(B") Ve N
Bmo(B) = o(B™)VneN

"(g") =o(f" ), n>2(n€N)

O N o kA wWwN R

0603Haunm nobyto beckoHeuyHo manyto npu x — a dyHKumio cumeosiom o(1). Toraa ceoiicTeo 8 byaeT
CnpaBeANMBO TakKe Nnpun = 1: %ﬁ) =0(1).

9. o(Zp_1ck BX) = o(B), rae ¢ — uncia

10. o(o(ﬁ)) =o0(B)

11. 0(,8 + 0(,8)) =o0(B)

12. aff = o(a),aB = o(B)

13. Ecnua~f, moa—f =o(@)ua—L =o(f)

Ha ce# HoTe TEOPUA 3aKaHYNBAETCA N HAYMHAETCA NMPAKTUKa. PEKOMGHAYI-O BCE CBOMCTBA Bbly4UTb. B
AaﬂbHeVlLLleM OHW Ham CUJZIbHO NMPUroaATcA.

MepBas 3agaya 6yaet oveHb NoapobHO pasobpaHa. Cheaytolme 3a434m Bbl AOMKHbI ByaeTe caenatb
camMm, 4To bbl “BHUKHYTL” B 3Ty TEMY.

. sinx .
Nel. Ucnonb3ys npegen lim,_, —~ = 1 npeactaBuTb PpyHKLMIO Sin X B BUAgeE

Y(x) = ap + a;xk + o(xk) npux = 0,rae k = 1 unu k = 2;ay 1 a; — HEKOTOpPbIE YUCIIA.
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PeweHue:

[okasxkem cHayana, uto ecm a(x) n f(x) —6eckoHeYHO Manble O4HOTO MOPALAKA MPU X — a, T.€.
a(x)

5 = © #0,Toa(x) =cf(x)+o(f)npux - a.

lim,_,,

B camom pene, Tak Kak

aG) _ (@) \_ o al) = chl)

g ¢ L e R

lim

xsa B(x)
To no onpeaeneHunto cumeona o(f) umeem a(x) — cf(x) = o(B), nam
a(x) =cB(x) + o(B) npux — a.
Monb3ysacb AaHHbIM PABEHCTBOM, NOAYYaEM
sinx = x + o(x) npu x — 0,

MocneaHaa popmyna HasbiBaeTca acumnmomuyeckol ¢popmynoli pyHKumm sinx npu x — 0. MocnegHee
cnaraemoe B NpaBsoii YacTv 3Toi popmysbl 0(X) Ha3bIBAETCA OCMAMOYHBIM Y1€eHOM aCUMNTOTUYECKOW

dopmynbl.

[Nanee, B nocneayowmx Npumepax, Mbl He byaem [40Ka3biBaTb OAHO M TOXKE U ByAeM UCXOAUTb U3 yiKe
fokasaHHoro, T.e. a(x) = cB(x) + o(B) npu x — a. Mo3TOMy PEKOMEHAYIO MPOYECTb AOKA3ATE/NbCTBO

elle pa3, U camoe rnaBHoe, MNOHATb ero.

1-cosx

Ne2. Ucnonb3ys npegen lim,_, —2 = 3 MPeAcTaBuTs dyHKUMIO Sin X B BUAE

Y(x) = ap + a;x* + o(xk) npux — 0,rae k = 1 unu k = 2; a9 U a; — HEKOTOpbIEe YUCJIA.
PeweHue:
Mcnonbsyem popmyny a(x) = cB(x) + o(B) npu x — a u nonydaem:

cosx =1 —%xz + o0(x?) mpux — 0.

MocneaHsa dopmyna HasbiBaeTca acumnmomuyeckoli popmynoli byHKumm cos x npun x — 0.
MocneaHee cnaraemoe B NPaBo YacTu 3Toi dopmyAbl 0(x) Ha3bIBAETCA OCMAMOYHbLIM Y1€HOM

= 1 npeactaButb PpyHKUMIO Sin X B BUAE Z Cam z

Y(x) = ap + a;xk + o(xk) npux = 0,rae k = 1 unu k = 2;ay ¥ a; — HEKOTOpPbIE YUCIIA.

aCMMNTOTUYECKOM POpPMYIbI.

In(1+x)
X

Ne3. Ucnonb3ys npegen lim,_,

PeweHue:
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Mcnonbsyem popmyny a(x) = cB(x) + o(B) npu x — a u nonydaem:
In(1+x) =x+ o(x) mpux - 0.

MocneaHaa dopmyna HasbiBaeTcAa acumnmomuyeckol gpopmysoli yHkumm In(1 + x) npu x — 0.
MocneaHee cnaraemoe B NPaBoit YacTu 3Toi dopmybl 0(x) Ha3bIBAETCA OCMAMOYHbLIM Y1EHOM

Witx-1 _ 1 .
— = ; npeacTaBnTL dyHKUMIO Sin X B BUAe

Y(x) = ay + a;xk + o(xk) npux — 0,rae k = 1 unu k = 2; a9 U a; — HEKOTOpbIE YUCJIA.

aCMMNTOTUYECKOM POpPMYIbI.

Ne4. Mcnonb3ys npegen lim,_,

PeweHue:
Mcnonbsyem popmyny a(x) = cB(x) + o(B) npu x — a u nonydaem:
n 1
Vi+x = 1+;x+o(x)np1/1x - 0.
MocneaHana popmyna HasbiBaeTca acumMmnmomuyeckol popmynoii dbyrkummn V1 + x npu x = 0.

MocneaHee cnaraemoe B NPaBoii YacTh 3Toi dopmybl 0(x) Ha3bIBAETCA OCMAMOYHbLIM YEHOM
acMMnToTUYEeCKon Gpopmy/ibl.

Al gymato, gnAa Bac 3Toro 6yaeT A0CTaTOUYHO. B MHCTUTYTE MAK KoAnedsKe STOMY NOYTH He yaenseTca
BpemeHW. Ha celt pas s xoTen, 4To 6bl Bbl NOHAAN, OTKyAa 6epeTca 3To “0 manoe”, 1 Kak BbIBOAATCA
acMmnToTUYecKne popmysbl. Kak roBopuTCsA, HEMHOMKO TEOPMM BaM He NMOMELLIAET U, KOHEYHO,
)KenaTeslbHO MOHMMaTb, YTO OT KyAa bepeTcs.
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3. Acumnmomu4ecKue hopmybi

PaHee 6b1aK yKe NoNyYeHbl aCUMNITOTMYECKME GOPMYJIbl A8 NPOCTENLINX SNEMEHTAPHbIX QYHKUMI NpK
x — 0. 3anuwem 3t popmynbl B BUAE TabaunLbI.

ACAMRTOTUYCCRKUR D ODPMY M b

YKasaHHble pOpMybl OCTAOTCA CNPaBeAIMBbIMU, ECIN B HUX BMECTO apryMeHTa X NMOACTaBUTb Xy, TAe
{x,} — 6eckoHeuHO manas nocnegoBaTenbHOCTb, b0 y(x), rae limy_,, y(x) = 0. Hanpumep,
cnapeeA/IMBO NpeLCcTaBleHMe, BbiTeKaloLLee U3 NepBoit Gopmybl:

11 1
smﬁ=ﬁ+o(ﬁ),

1 1
raoe {0 (;)} — 6ecKoHeYyHo manas nocnenoBaTeNIbHOCTb 60/1ee BbICOKOIO nopAaaka, 4yem {;}, T.e.

1
lim @ = limn?o (—) =0.

n—-oo 1 n—-oo

n2

o1
To ecTb 3TMM Mbl XOTUM CKa3aTb, YTO ecnn {sm ;} d 0, TO Mbl MOXXeM NPUMEHUTL K CUHYCY

aCMMMNTOTUYECKYIO hopMy .

Hanpumep, oyHkuma y(x) = x — 1 asnsetca 6eckoHeyHo maioi npu x — 1, nosTomy 13 TpeTbe
bopmybl NONyYaem PaBEHCTBO

In(1+y(x))=yx)+o(y) npux - 1,
nnm
In1+x—-1)=x—-1+o0(y)upux - 1.

BoT Bam U ewe oanH npumep. Mcnob3ysa NpoLioe paBeHCTBO U BTOPYIo popmyAy, 3anuwiem
acMmMmnToTUYecKoe npeactasaeHme oyHKummn coslnx npnx — 1.
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®yHKuMA In x npy x — 1 cTpeMUTCA K HYAIO, Cef0BaTeNbHO ABAAETCA GEeCKOHEeYHO MasoW,
CNepoBaTe/IbHO MOXKHO NPUMEHUTb aCUMMTOTUYECKYI0 GOPMYYy HOMEp TPU:

coslnx = cos(x — 1+ o(x — 1)).

®yHKums cos(x — 1 4+ o(x — 1)) npu x = 1 cTpemnTca K Hy/tO, CIeA0BaTENbHO ABAAETCA BECKOHEUHO
MaJiol, CNef0BaTe/IbHO MOMKHO MPUMEHUTbL aCMMNTOTUYECKYIO dopMyy HOMEP A4Ba:

_(x—1+0(x—1))2
2

+o ((x —1+o0o(x— 1))2).

coslnx =cos(x—1+o(x—1)) =1
BoT Tenepb Ham 1 NpUrogATcA cBOMCTBA “0 manoe”. MpumeHAem UX 1 NoaydYaem:

(x—1+o(x—1))2_(x—1)2
2 2
(x —1)?

=T+o(x—1)2+o(x—1)2=

+(x—1Do(x—1) +%(o(x - 1)’

(x - 1)?

5 +o(x — 1)2.

MepBoe, YTO Mbl cAENANN, STO PACKPLIZIN YUCAUTENb — TaM KBaApaT CyMMbl. [lanee mbl NPoCTo
npumeHsem cBoMcTBa “o manoe”. Ecan He yunnm nx, nocmotpuTe B TabauLe, KOTOPYIO A AaBan paHee.

AHanormyHo,
(x—1+o0(x— 1))2 =(x—1)%2+o0(x — 1)
MpumeHsem acMMNTOTUYECKoe CBOMCTBO Homep 11. Monyyaem:
2 2 2 2
0((x—1+0(x—1)) )=0((x—1) +o(x—1)°) =o(x— 1)
OKoHYaTenbHO MnoJsiy4yaem

(x —1)? 2
coslnx = 1—T+o(x—1) npu x — 1.

TaK e Mbl MOXKeM 3anmcaThb Halle peleHne U TaK:

x—1 x—1 2

. . (x—1)?
limcoslnx = lim |1 ————>—+o(x — 1)? ).

Tenepb Bbl NOHMMAETE, 3a34EM HaM HYXHbl 3TW acumnToTMYecne Gpopmynbl! Kak 6bl Bbl MO A4pyromy
WCKanu 3ToT npeaen? 3anomHuTe, eciv GyHKLUMA CTPEMUTCA K HY/10, Mbl BCEFAa €€ MOXKEM 3aMEHUTb
acCMMNTOTUYECKMMM PpopmMynamu. ECn e oHa He CTPEMUTCA K HYJILO, @, Hanpumep K Kakon-H1byab
KOHCTaHTe N 6€CKOHEYHOCTH, Mbl HE UMeeM MPaBa UCNo/b30BaTb aCMMNTOTUYECKME popmy bl
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[asaiiTe nocumTaem Hal npegen:
x —1)? 1-1)2
lim coslnx = lim 1—u+o(x—1)2 = 1—2]:1.
x-1 x—1 2 2

CnoxHo? Het! 3anytaHHo? a! Ho uTo »Ke noaenaelb, NpaKkTMKa 34ecb onpeaeneHHo HyXHo. [lymato,
Yyepes HECKOJIbKO MUHYT Bam ByaeT y»Ke Bce NOHATHO. Mepexoaam K npumepam. Tak e KaK U Bceraa,
nepBsbl pa3obpaH NoapobHO, ocTasbHbie NPUMEPDI peLlaiTe cHavyana camu, a NOTOM CMOTpUTE
pelieHue.

Nel. Halitn npegen:

. In(1 +4x)
lim ———=
x-0 sin3x

PeweHue:

[NnA Hayana CMOTPUM, MOXKHO /I MPUMEHUTb acCMMNTOTMYecKne Gopmynbl. BcnomuHae, Karga
NX MOXXHO NpumeHATb? Korga oyHKLMA cTpemMuTcs K Hyato. Nposepsaem:

lir% In(1+4x) =[ln1] =0
X

limsin3x = [sin0] =0

x—0
Bce BepHO! 3HaunT NnpumeHaem popmynbl. B faHHOM cnyyae aTo
In(1+m)~m, sinm~m.

TaK Kak npumep o4YeHb NPocToi, “o manoe” mbl 34eCb MOXeM He nucaTb. Ecim xoTuTe, morkeTe
ncnosb3oBatb ero. Torga

In(1+4x) | 4x
m——==
x-0 sin3x x-03x

Kak BuguTe, BCe oYeHb npocTo.

Ne2. HainTn npeaen: H

V1 +x-—-1
lim—
x-0 X

PeweHue:

TaK Kak {3\/1 +x— 1} - 0un{x} > 0npux — 0, To MOXKEM NPUMEHATL ACUMNTOTUYECKME
dopmynbl.

X
3\/1+x~1+§, X = X.

To ecTb,
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Vitx-1_ l+3-1 3
lim———— = lim————=lim == -,
x—0 X x—0 X x—0 X

Ne3. Haititn npegen: f "Y

1 —cos(1—cost)
lim ——
t—0 sin“t

PeweHue:

Tak kak {1 — cos(1 — cost)} = 0 u {sin®t?} - 0 npu t — 0, TO MOXKEM NPUMEHATb
acumnToTnyeckne Gopmybl.
£2

cost~1—?, sint ~ t.

To ecTb,

t? t2
i 1—cos(1—cost)_l_ 1_C°S(1_1+7>_1_ 1—cos+
£ sin? t2 =0 (sint)?2 ~ 0 (t%)?

tZ
Mprmep ynpocTUICA, HO Ham 3TOro HeZoCTaToOYHO. Mo3aToMy, TaK Kak {1 — cos 7} -0u

{(t>)?} > 0 nput — 0, TO MOXKEM NPUMEHATb aCUMATOTUHECKME HOPMYbI.

£2
t~1——.
cos 5
[, &)
7))
2 g 1-{ 1254
i 1 — cos(1 — cost) i 1_COS(1_1+7) i 1—c057_1_
£50 sin? t2 it (sint)?2 = 59 t»H2 £50 t*
t4
= limﬁ =

Ne4. Haiitn npegen: E

V14 2x+3x2 -1
im :

x—0 X

PeweHue:

TaK Kak {\/1 + 2x + 3x2% — 1} - 0 npu x = 0, TO MOXKXEM NPUMEHATb ACMMNTOTUYECKUNE
dopmynbl.

14+ x)*~1+ ax.
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B faHHOM cnyyae, a = 1/2. Mo3Tomy BOT YTO Y HAC NOJYYMTCS:

2x 4+ 3x*

o Vi+2x+3x2-1 1+ ———-1 1 2x+3x* 1_ 1

lim = lim =—lim———— =-1lim(2 + 3x) = [—-2]

x—0 X x—0 X 2 x>0 X 2 x—0 2

=1
No5. Halitn npegen: § i g

~ In(lnx)
lim :
x-e X —e

PeweHue:

Tak kak {In(Inx)} = 0 npu x — e, To MOKEM NMPUMEHATL aCUMNTOTUYECKME GOPMYIbI.

In(1 + m)~m.
Takum o6pasom nonyyaem:
o In(lnx) . In(lnx+1-1)  In[l+(Unx—-1)] . Inx—1 _ Inx—Ine
lim = lim = lim = lim = lim
x—-e X —e X—e X —e x—e X —e x-e X —€ x—e X —e
X X
In= In [1+(——1)] x
T e _ 1 e = ——
—chl_r)r;x_e—}cl_rg pop—— —{ln[1+(e 1)]—>0np1/1x—>e}
Z-1 e 1 x—e 1
= lim & = lim—&— = = lim =-
xvex—e xoexX—e exoex—e e

CKasKy YecTHO, YTo npeaesn He U3 NPoCTEeNLLIMX. 3anyTaTbCa 34eCb 40CTaTOYHO /IETKO, NO3TOMY,
€C/Nn Bbl, “4aHUK”, B3A/IM 3TOT Npeaen, TO Bbl y¥Ke AaNeKO He TOT, KeM Bbl Obinn 40 NPOYTEHUS
3TOW KHUIU. Bbl y}Ke cpeaHuiA CTyAeHT XopoLlero MHcTuTyTal

Ne6. Halitn npegen: g Cam g

log, x —1

x-2 x—2

PeweHue:

Tak Kak {log, x — 1} = 0 npn x — 2, TO MOKEM NPUMEHATb ACUMNTOTUYECKME GOPMYbI.

In(1 + m)~m.
Monyyaem:
x Inx/2
logzx—l_l. logzx—logZZ_l_ 10827_1. m2 _ 1 . Inx/2
-2 X—2 —xl_l;l’% x—2 _xl—rgx—z_xl—rgx—Z_IDZx—rgx—Z
x x
1 ln[1+(7—1)]_ 1 7—1_ 1 . x-2 1
“nz2xse  x-2  In2xsix—2 2-In2xr%x—2 2-In2Z

Ne7. Halitn npegen: E : i
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sin(x — 1)
x-1 x*—1 7

PeweHue:

Tak Kak {sin(x — 1)} » 0 npu x — 1, TO MO}KEM NPUMEHATL aCUMNTOTUYECKUE GpopMybl. 1A

CWHYCa Y Hac ecTb BOT Takaa dopmyna:

sinx ~ x.

CnepoBaTenibHO, Nepenaem K HoBol nepemeHHon. Myctb x — 1 = t. Toraat =» O npux — 1.

Mpegen cTaHOBUTCA PaBHbIM

L= sint
B t1—1>13(t+1)4—1

Jdanee ncnonbnb3yem anrebpanyeckoe ToXAECTBO:
t+D*=t*+4t3+6t2+4t+1

TakMm 06pa3om Haxogum npegen:

sint t 1
L=lim—————=[sint~t] =1i =li =-,
=1 St~ = s e v BT o vot+4 4
Ne8. Halitn npegen: Z—\ v—z
) Incosx .
lim

0T+ x2—1

PeweHue:

Tak Kak {Incosx} —» 0 u {3\/1 +x% — 1} - 0 npu x = 0, TO MOXKEM NPUMEHATb

acumnToTnyeckne Gopmybl.
a
T¥a~1 +E' In(1+ a)~ a.

Torpa npeaen MOXHO 3anucaTh B BUae

) In cosx o In[1+ (cosx—1] . cosx—1 )
L = lim 5 = lim > = lim —————=-31lim
x->03/1 +x2 -1 x—0 (1+%>_1 x—0 x/3 x-0
2
=1 |- stimZ = S = 3
=|teosr g = Blimg = —glny =
Ne9. HaliTn npegen:
o x?
smsmtg(T)
lim ———=~

x—0 Incos3x
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PeweHue:

CBuUAY XYTKUIA NPUMEpPUMK, He npasaa an? He sonHyiitecb ©! Mbl Bceraa Bce npeogonesaem.
[aBaiiTe TaK ke B 3Tom npumepe bygem Mcnonb3oBaTb “o manoe”, gns Toro, 4to 6bl Haw oTBeT
6bIN1 YK TOYHO NPABUNbHbIM.

3anuwem acMMNTOTUYECKOE Pa3/iIoXKeHMe YNCAUTENA, NO/Ib3YACb aCUMMATOTUYECKMMMU

dopmynamm gna cMHyca U TaHreHca 1 cBoncTBamu “o manoe”:

o x? o [x? x? o [x? x? x? x?
sinsin tg > = sinsin 7+0 > = sin 7+0 > +o 7+0 >

(% 2 2 (2 2 x? 2
= sin 7+0(x)+o(x) = sin 7+o(x) =7+o(x ).

2 2
34€eCb Mbl N0/1b30BA/IMCb TEM, YTO 0 (% +0 (%)) =o(x*)no(x?) + o(x?) = o(x?).

BbiBegem Tenepb aCUMNTOTMYECKOE Pa3/ioXKeHMe 3HaMeHaTe N, CMoJ/1b3yA aCMMNTOTUYECKUE
bopmynbl 4NA KOCUHYCa U norapudma:

2
Incos3x = In (1 - (3;) + 0((3x)2)>
9x? 9x?2 9x?
=1In 1+<——+o(x2)> =<——+o(x2)>+o<——+o(x2)>
2 2 2
2 2
= —9%+ o(x?) +o(x?) = —9%4' o(x?).

34ecb Mbl BONbCMNO/1b30BA/INCh TEM, YTO

2

0((3x)>) =o0(x?), o (—9% + o(x2)> =0(x?), o(x?)+ o(x?) = o(x?).

Takum 06pasom faHHbIN Npesen paBeH

2 2 2 2
sinsintg (xT) x4 0(x?) 1 + O(XZ ) 1 + lim O(XZ ) 1
lim = lim —2 = lim2— X% 2 x-0 x* _ -
= > = <= =
x-0 Incos3x x-0  9x +o(x? x—>0_2+o(x ) _2+1_ o(x?) 9
2 o) 2 x? 2 xl—r}g) x?

34ecb Mbl BOCMO/1b30Ba/INCh TEM, YTO, MO onpeaeneHuto cmumeona “o manoe”

o(x?) _ 0

lim 5
x-0 X
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OT aBTOpA:

[onKeH CKasaTb, YTO eCAu Bbl BCE-TaKM JOCTUIIN STOW CTPAHWLLbI, TO Bbl He YaliHMK! Bbl yXke BNoAHe
0bpa3oBaHHbIM YesIoBEK, KOTOPbI XOpoLo pa3bupaeTtca B npegenax GyHUMIR. A nonbiTanca o6bACHUTb
BaM AaHHYIO TeMY KaK MOXHO 6onee noHATHO. Hagetocb, MHe 3To yaanoch caenatb. [lanee Bac 6yaer
XAaTb 60/1bLLIAA M OYEHb BaXKHaA Tema. 3To — Npou3BuaHble n auddepeHumansl. OTom, B MOMX NAaHAX
CTOUT TEMa «HeonpeaeNeHHbIN UHTerpan», Aanee — KOCHOBHbIE TEOPEMbI O HEMPEPbIBHbIX U
andoepeHumpyembix GyHKLMAX». Ho 3TO BCe NOKa YTO B NAaHax. JJaHHYO YacTb A Hanucan 1 BecbMa
[0BONEH 3TUM. HaBepHAKA, B KHUTe, MPUCYTCTBYIOT KaK rpaMaTuyeckue oWnBKM, TaK U MaTeMaTuiecKme
(noTeps 3HaKa). Mpowy 06 3ToM NUcaTb MHe Ha NouTy...

Ypauu!
C YBaxeHuem, Baw Buocarmup N.A.

viosagmir@gmail.com
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