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�ëõó øêììýêï�� çé çï	ìùðèëð í ùóëîìò
 ìêè óëø�è�ôï� è çé èìõüîìùóõéèïçè� í çì ó øêì
 éëëóìçïõ� � �êîóò øìùèôéê
 ùéçóéò èìòû ëõû
 óèóëèìêóð ëì�ùïçóð çééôîõóùìôì� �éìòéèêóó �
� ïêïîèéêçï èïî
 é ùêû�ïð ë	éòï í îì�ùï çï�õðùç� é øêììýêï�� éëèü í çìøêé
 çó� ìø�è òéúïéè øêóçðèü ìöéôóùçìé � � ïçèìê í ìèîê�ôúó� í öèì ìèêé��ìî ó îôïùêïè óòé�è ìùóçïîìôìé îìõóöéëèôì èìöéî í øóëïõ � ñ� �èì ôó
 ûíçì çé ôéê� �÷ �òû øìèêéýìôïõóëü èêó �ìùï çï øêéìùìõéçóé øëó	ìõì�óöé�ëîì�ì ýïêüéêï �
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�� ïî ý� çïöóçï� è ó�ûöïèüëð �õï�ìõ� ô ìèê� ôé ìè ëû� éëèôóèéõüç�	 �
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z = r(cosϕ+ i sinϕ).

y

x

r

ϕ

¸ º® Æ � Æ� Æ � ¯¶µ´¸
z = x+ iy
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eiϕ = cosϕ+ i sinϕ,
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a(b + c) = ab + ac
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 éîèìê� í îïî çïøêïôõéçç� é ìèêé�îó í ëîõïù�ôï�èëð øì øêïôóõû øï�êïõõéõì�êïòòï í öèì ô îììêùóçïèçì� �ïøóëó

x = {x1, x2, x3}, y = {y1, y2, y3}ì�çïöïéè ìý�îçìôéççìé øìîììêùóçïèçìé ëõì
 éçóé
x+ y = {x1 + y1, x2 + y2, x3 + y3}. ïêóïçèìô ûòçì
 éçóð ùôï � !¶­½°¸ ±´¯ ³¸ ´º¾Ã¯¿¯±º¯í

xy = |x| |y| cosα, "#�$ �%&êïôçìé øêìó�ôéùéçó� ùõóç ôéîèìêìô çï îìëóçûë û�õï òé
 ùû çóòó í ó Ã¯¶Àµ´¸ ±´¯ ³¸ ´º¾Ã¯¿¯±º¯í
z = x× y,�ùé ôéîèìê

z
øì ùõóçé êïôéç

'( ùé�ëèôóèéõüç�òó ) éëèü òïõéçüîïð çïèð
 îï � *ïò í ôììý� é �ìôìêð íôçéùêðéèëð îïî ý� øìëèìêìççðð óùéð çéøêéê�ôçìëèó "çéïõ�éýêïóöéëîó�ôóêûë& �  êé�ûõüèïèé �ïùçóò öóëõìò ôì�çóîï� è ôëé �èó ùìøìõçóèéõüç� éêï��ìôìê� ìý ïõ�éýêïóöéëîó	 ó èêïçë+éçùéçèç�	 öóëõï	 �
--



x

y

z

ϕ

¸ º® Æ � Æ� Æ � ¯¶µ´¸ ±´¯ ³¸ ´º¾Ã¯¿¯±º¯

|z| = |x| |y| sinα,è� é � øõì� ïùó øïêïõõéõì�êïòòï í øìëèêìéççì�ì çï ôéîèìêï	
x
í
y "êóë � , �,& íï çïøêïôõéçóé

z
ìøêéùéõðéèëð øì ñøêïôóõû ýûêïôöóîï÷�-ýï ëøìëìýï ûòçì
 éçóð øì ëôìóò ëôì�ëèôïò ëìôéêúéççì çéøì	ì
 óçï øêìó�ôéùéçóé ìý�öç�	 öóëéõ �  øéêôìò ëõûöïé "#�$ �%& êé�ûõüèïèìò

xy
ðôõðéèëð ùï
 é çé ôéîèìê í ï ëîïõðê �  éîèìêçìé 
 é øêìó�ôéùéçóé ùï�éè ôéîèìê í çì çéè îìòòûèïèóôçìëèó í

x × y 6= y × x
í ó ïëëì+óïèóôçìëèó í

(a × b) × c 6= a × (b × c)
� .êïôùï í ô ìýìó	 ëõûöïð	 ëøêïôéùõóô ùóëèêóýû�èóôç�� �ïîìç � � ïøêóòéê í

(x+ y) × u = x× u+ y × u.
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an . . . a1a0 = an · 10n + . . .+ a1 · 10 + a0,
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#� � ï îìòøõéîëç� é öóëõï øìõé�çì ô��õðçûèü ë ýìõéé ìý� é� èìöîó �êé�çóð � .ûëèü í îïî ó øêé
 ùé í êéöü óùéè ìý �õéòéçèï	

z = x+ iy
ë èì� õóúüêï�çó+é� í öèì

i2
êïôçì çé

−1
í ï õ�ýìòû çïøéêéù �ïùïççìòû öóëõû

α+iβ "ôèìò öóëõé í ôì�òì
 çì í ó
−1

& � � éîìèìê� é ôïêóïçè� �èì� ëóëèéò� ý�õó ùé�èïõüçì øêìêïýìèïç� � ëõûöï� ¿·­½7±²8 Äº®¯½
(i2 = 0)

ó ¿Ã´9±²8
(i2 = 1)

�-ùçïîì îìòøõéîëç� é öóëõï ó ùûïõüç� é "óõó ùôì�ç� é& ) �èì í îïî �ìôìêðèíùôé ýìõüúóé êï�çó+� ��ëõó îìòøõéîëç� é öóëõï çï	ìùðèëð ô 
 ïêôïèéêé òïèéòïèóîó í èì ùû�ïõüç� é ó ùôì�ç� é öóëõï ) ëûèü çéýìõüúóé ìèôéèôõéçóð í øêéùëèïôõð��óéóçèéêéë õóúü ô û�îó	 ëéîèìêï	 øêóõì
 éçó� �
-D



, � :óøéêîìòøõéîëç� é öóëõï "îôïèéêçóìç� & í ìèîê� è� é :ïòóõüèìçìò íðôõð�èëð öéè�êé	òéêç�òó ìý;éîèïòó ôóùï
Z = α+ iβ + jγ + kδ,�ùé

α
í
β
í
γ
í
δ
) ùé�ëèôóèéõüç� é öóëõï í ï

1
í
i
í
j
í
k
) öéè�êé ýï�óëç�	éùóçó+� í ûùìôõéèôìêð��ó	 ëììèçìúéçóðò

i2 = j2 = k2 = ijk = −1,ìèîûùï "ë ûöéèìò èì�ì í öèì
1
) ìý�öçïð éùóçó+ï& ëõéùûéè

ij = −ji = k, jk = −kj = i,

ki = −jk = j.æçì�ùï îôïèéêçóìç� ëöóèï� è ìýìý� éçóéò îìòøõéîëç�	 öóëéõ í çì �èìçé ýìõéé öéò øìø�èîï ô�ùïèü 
 éõïéòìé �ï ùé�ëèôóèéõüçìé � <ïëúóêéçóéøìõð îìòøõéîëç�	 öóëéõ çéôì�òì
 çì ýé� øìèéêó èé	 óõó óç�	 ïêó
òéèó�öéëîó	 ëôì�ëèô � .êìó�ôéùéçóé îôïèéêçóìçìô í çïøêóòéê í çéîìòòûèïèóôçì �$ � =çïîìòëèôì ë ôéîèìêç�ò óëöóëõéçóéò çï øéêô�	 øìêï	 çéêéùîìøêóôìùóè î ��
 ìêóó � *êûùç� é �éìòéèêóöéëîóé �ïùïöó çïöóçï� è êéúïèü�ëð ñîïî øì òïëõû÷� >ìõüúóé îìõõéî+óó øêóòéêìô óòé�èëð ô ûöéýçóîï	 �?� �ùéëü ìëèïçìôóòëð õóúü çï 
 ïîèé ëõì
 éçóð ôêï� éçó� øì øêïôóõûøïêïõõéõì�êïòòï � �èì ôéëüòï çéìöéôóùçì ó ùï
 é çéì
 óùïççì í ìëìýéççì íéëõó ûöéëèü í öèì èêé	òéêç� é øìôìêìè� çé îìòòûèóêû� è@ �

r
v

O

ω

¸ º®Æ� ÆA Æ �¸­B ¯±º¯ C Ã¯¶µ´¸
*éò çé òéçéé ôêï� éçóé ô

R3
ùé�ëèôóèéõüçì óòééè ôéîèìêçû� øêó�êìùû� (èïçùïêèçìé îóçéòïèóöéëîìé ùìîï�ïèéõüëèôì çéëîìõüîì �êìòì�ùîì

@�ìòòûèóêû� è ýéëîìçéöçì òïõ� é øìôìêìè� í öèì ó ìøêéùéõðéè ôéîèìê�ç�� 	ïêïîèéê ôêï� éçó� ô
R3

�

-<



ó ìøóêïéèëð çï øêìëèêïçëèôéççìé ôììýêï
 éçóé � .êó óëøìõü�ìôïçóó ôéî�èìêçì�ì ïøøïêïèï ûëóõóé ò� ëõó øìöèó çé èêéýûéèëð � D óçé�çïð ëîìêìëèü
v
îìç+ï êïùóûë�ôéîèìêï

r
øêó ôêï� éçóó ôìîêû� ìëó í øêì	ìùð� é� öéêé�çïöïõì îììêùóçïè

0
í ë û�õìôì� ëîìêìëèü�

ω
êïôçï

v = ω × r, "#�$ �E&�ùé "øìîï 
 ìêòïõüçì & ôéîèìê
ω
çïøêïôõéç øì ìëó ôêï� éçóð "ô ëèìêìçûíìøêéùéõðéòû� øì ñøêïôóõû ýûêïôöóîï÷& � -öéçü øìõé�çïð 
 ìêòûõï í îëèï�èó � �ëõó èéõì ûöïëèôûéè ô ùôû	 ôêï� éçóð	

ω1

ó
ω2

í èì õóçé�ç� é ëîìêìëèó
v1 = ω1 × r

ó
v2 = ω2 × rëîõïù�ôï� èëð í ó êé�ûõüèóêû�� ïð ëîìêìëèü ìîï��ôïéèëð êïôçì�

v = ω1 × r + ω2 × r = (ω1 + ω2) × r,öèì ó ùïéè çû
 ç�� ô�ôìù � <é�ûõüèóêû�� éé ùôó
 éçóé øêìóë	ìùóè ë ôéî�èìêçì� û�õìôì� ëîìêìëèü�
ω = ω1 + ω2

�
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y[k] − y[k − 1]
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x[k] + y[k] − y[k − 1] = y[k]
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f1(x, y) = x2 − 2xy + y2,

f2(x, y) = x2 − y2ô�êì
 ùéç� � . éêô�� ìýêï� ïéèëð ô çûõü øêó
x = y

í ôèìêì� ) îïî øêó
x = y

í èïî ó øêó
x = −y

�? é
ùû çóòó óòééèëð øêóç+óøóïõüçïð êï�çó+ï � �ûçî+óð
f2

ìøêéùé�õðéè ëéùõì í ó ëéùõìôì� 	ïêïîèéê îêóèóöéëîì� èìöîó çé òì
 éè ý� èü çï�êûúéç ùìýïôõéçóéò öõéçìô èêéèüé�ì øìêðùîï ó ô�úé � � êû�óòó ëõìôïòó íõ� ýïð 
ûçî+óð
f(x, y) = x2 − y2 + ϕ(x, y),�ùé êðù *��õìêï

ϕ(x, y)
çïöóçïéèëð ë öõéçìô øìêðùîï çé òéçéé èêéèüé�ì íèïî
 é óòééè ëéùõìôû� îêóèóöéëîû� èìöîû� .êóöéò ìýð�ïèéõüçì ëû� é�ëèôû� è çéõóçé�ç� é îììêùóçïè�

u
í
v
èïîóé í öèì ô ìîêéëèçìëèó çûõð

f [x(u, v), y(u, v)] = u2 − v2.�óöé�ì øìùìýçì�ì çéõü�ð ëîï�ïèü ì øéêôìò òçì�ìöõéçé
f1
� .êóýïôõé�çóé î çéòû öõéçìô ýìõéé ô� ëìîì�ì øìêðùîï òì
 éè òéçðèü 	ïêïîèéê îêó�èóöéëîì� èìöîó èïî óõó óçïöé � ìý� éò ëõûöïé çéô�êì
 ùéççì� îêóèóöéëîì� èìöîó û 
ûçî+óó

f(x1, . . . , xn)
íôëé�ùï ëû� éëèôû� è çéõóçé�ç� é îììêùóçïè� í ô îìèìê�	

f
ô ìîêéëèçìëèóçûõð óòééè ôóù

f = z21 + . . .+ z2k − z2k+1 . . .− z2n, "á �$ �$&îìçéöçì í øêó ûëõìôóó í öèì
f(0) = 0

�
�èìè êé�ûõüèïè ó�ôéëèéç îïî õéòòï ? ìêëï í ï 
ûçî+óó ôóùï "á �$ �$& çï���ôï� èëð » ´¸ ®´Ã®¶º» º ®¯¿½­» ºí îìèìê� é óëöéêø� ôï�è ëèêûîèûêçì ûëèì��öóô� é îêóèóöéëîóé èìöîó �
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sin x =
x

1!
− x3

3!
+
x5

5!
− . . .

676
x = 2

∞∑

k=1

(−1)k+1 sin kx

k
, x ∈ (−π, π),
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x = x1e1 + . . .+ xnen,9F?

xi
� A110F6IB@4 �

ei
� hBT63I4? 8?A@104 . � `GIA_61IB7o�I191 0;FB

f(x) = c1ϕ1(x) + . . .+ cnϕn(x) + . . .
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R3 ⇒ Rn (n > 3)
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Rn TBFB5B 1:0?F?7?I6;
max
x∈X

f(x)
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J =

1∫

0

xdx

1 + (y′)2
, y(0) = 0, y(1) = 1
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J > 0

� I1
Jn → 0F7;

yn(x) = x+ sin2 nπx.
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� 313@1;bGH 6T I?:0?048�I4k `GIA_6a
f(x)

@BA6k � 5@1

O O
a) b)

1 1

f(x)
f1(x)

y y

x x
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max
x∈[0,1]

|f(x)| = 1.

S?`102B_6H :018?F?2 8 @06 J B9B . >B :?0812 � F?`10260G?2
f(x)

8

f1(x) =






f(2x)
F7;

x ∈
[
0, 1

2

]

f(1)
F7;

x ∈
[
1
2
, 1

]
,
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h(τ, x) =






f(τx)
F7;

x ∈
[
0, 1
τ

]

f(1)
F7;

x ∈
[

1
τ
, 1

]

:06 6T2?I?I66
τ
1@ - F1 = .>B 8@1012 JB9? 83?

f1(x)
F?`10260GH@3; 8 `GIA_66

f2(x)
.

V0B`6A
f2(x)

318:BFB?@ 3 90B`6A12
f1(x)

IB [
0, 1

2

] � B :0B84?
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f2(1) = 1 ÚIBA71II4a :GIA@60 IB 063 . --.-î Û .m?:?0o Ú:137?FI6a J B9Û 83? `GIA_66

f2(x)
3@;968BH@3; :13`?0? 8 7HhGH @15AG

f0(x)
� ?376

f0(1) = 1
. S ?`102B_6?a 21�x?@ 37Gx6@o

H(x, λ) = λf0(x) + (1 − λ) f2(x), λ ∈ [0, 1].
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sin x
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,
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Z3m ZQj RQXQ_Wym Q Û . wF?; 01F67B3o ABA 30?F3@81 :0?1F17?I6;3@B0191 tEn�:B0BF1A3BÝ 6T 1h7B3@6 A8BI@181�2?kBI65?3A6kI?:06;@I13@?a . ^G@o :B0BF1A3B 8 @12 � 5@1 8 I?A1@104k 36�@GB_6;k s7?2?I@B0I4? 5B3@6_4 � h7B91FB0; G0B8I?I6H � 0?�F6I9?0B � 1h;TBI4 3197B31848B@o :18?F?I6? F0G9 3 F0G912 � ABAh4 29I18?II1 1h2?I68B;3o 369IB7B26 � 8 IB0GJ ?I6? TB:0?@B38?0k38?@184k 3A1013@?a .j12 :18@1067 `1AG3 3 A17G2h1842 ;a_12 . EB0BF1A3B I?@�:13A17oAG I?@ 0BT765I4k 5B3@6_ . �B3@6_4 � 217 � I? 1@F?7o�

å. ïêïùìîë ��çúèé�çï Ï .ìùìõüëîì�ì Ï <ì�éçï "#á$� ��&
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I4? 1h�?A@4 � B 76Jo 0BTI4? 76_B 5?91�@1 ?F6I191 . E1s@12GI6ABA191 1h2?IB 369IB7B26 811hb? I?@� ABA I?@ ?91 2?xFG 1@�0Bx?I6;26 1FI191 :0?F2?@B 8 0BTI4k T?0AB7Bk .�@1h4 k1@o ABA�@1 :?0?FB@o I?840BT621? � j12 �IB0631�8B7 � BIB7196H . iA8B06G2 3 04hA1a :01?_60G?@3; IB F8B 8TB�62I1 :?0:?IF6AG7;0I4k sA0BIB . >Bh7HFB@?7o � A1@1012G 86F�I4 @17oA1 sA0BI4 � G8?0?I � 5@1 ?3@o F8? 04hA6 . E1@12 1I TB2?�5B?@� 5@1 6k :18?F ?I6? 3197B318BII1 � 6 F?7B?@ 8481F 1 IB7656629I18?II191 1h2?IB 369IB7B26 .{1@� 31h3@8?II1 � 6 83; :B0BF692B . m0HA 3 BA8B06G212 69�0B?@ 0?JBHbGH 017o � 6 IB ?91 35?@ 21xI1 1@I?3@6 83H :1�:G7;0I13@o 6F?6 � A1@10B; kGF1�h?FI1 F1 36k :10 @7??@. ^B�21? 6I@?0?3I1? � 5@1 j12 � 3A10?a 83?91 � :0B8 � I1 6F?; G:?0�7B3o 8 97GkGH 3@?IG. ^6@GB_6; 8 5?2�@1 IB:126IB?@ B@213`?�0G TB01xF?I6; A8BI@181a 2?kBI6A6 . mB2 5@1�@1 F17xI1 h471A17?hB@o3; . ^ 2?0@81a @15A6 GJ76 � 0?J68 Ü :G3@o A17?h7?@3;�I?:1I;@I1 5@1 �� 6 @19F B GFB713o :06FG2B@o 2B@?2B@65?3A6a6I3@0G2?I@. XF?3o :1AB 83? TB3@1:106713o IB BA8B06G2? .
�ìõìçìòçïð øïêïùó�òï óòééè èïî
 é ùêû�ì� çé�ïôóëóò�� óëèìöçóî �

�çïõó�óêûð ýé�ûëøéúç� é øìø�èîó õìîïõó�ï+óó øïòðèó í çé�êì
ó�óìõì�.êóýêïò øêóú éõ î �ïîõ�öéçó� ì �ìõì�êï
óöéëîìò ûëèêì�ëèôé òì��ï í öèìèì
 é ô��õðùóè øéêëøéîèóôçì í çì ìëèïéèëð øìîï çï êï��ìôìêçìò ûêìôçé �

Ë� Ì� N àáàÎÐÔ�ÔÎÏÖã��Ò� ©ãÏÑ
E06 6TG5?I66 F6IB265?3A6k 363@?2 TIB56@?7oI4a 6I@?0?3 :0?F �3@B87;?@ F86x?I6? 8 :0?F?7Bk 3B2191 B@@0BA@10B . { 37G5B?I?:0?048I191 80?2?I6 0BTI11h0BT6? 81T21xI13@?a ZQ RS 3TU3^
TVW I? 15?Io 8?76A1 . E0656IB :013@B . m0?h18BI6? ?F6I3@8?I�I13@6 0?J?I6; Ú-D .-.=Û I? :1T817;?@ @0B?A@106;2 3B21:?0?3?�AB@o3; � 6 @19FB 8B06BI@4 21xI1 356@B@o IB :B7o_Bk . { 37G5B?
n ≥ 3

TB:0?@ 3B21:?0?3?5?I6; @0B?A@106a Gx? h17oJ1a 0176I? 690B?@� 6 371xI4? B@@0BA@104 81TI6ABH@ 8 F1817oI1 :01�3@4k 3 86FG 363@?2Bk .{1@ 63@1065?3A6 :?084a Ú3@0BII4aÛ QVVXQUV3X ¥3X 1Z�Q
Ú-KCD 9.Û 8 363@?2?

ẋ = −10x+ 10y,
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ẏ = 28x− y − xz,

ż = −8

3
z + xy.

wT1h0Bx?I6a B@@0BA@10B �10?I_B Gx? 1@:?5B@BI1 � :1xB�7Ga � h17oJ? � 5?2 0?:01FGA_6a g1I4 �6T4 . >65?91 131h?II191IB 86F 1I 6T 3?h; I? :0?F3@B87;?@. �@1�@1 801F? :?0?A0G5?I�I191 21@AB I6@1A . nBT2?0I13@o � F01hIB; � F86x?I6? @0B?A@1�066 � kB1@65I1? � 15?Io 5G83@86@?7oI1? A TBFBI6H IB5B7oI4kFBII4k . t@6 381a3@8B 356@BH@3; kB0BA@?063@65?3A626 B@06�hG@B26 TVXQZZ[2 QVVXQUV3X 3` .
(óçìøèóîó í ûòûùêð��óéëð ìúóýïèüëð ô øêì�çì�ï	 öï� é í öéò �èì ùì�øûëîïéè èéìêóð ôéêìðèçìëèé� í ùìõ
 ç� øìëèïôóèü D ìêéç+û øïòðèçóî � � é�õì ô èìò í öèì D ìêéç+ ) òéèéìêìõì�í ï ó�ûöéççïð óò ëóëèéòï óòééè øêðòìéìèçìúéçóé î îìçôéî+óó ô ïèòìë
 éêé � �ýéùóôúóëü ô ëôéê	öûôëèôóèéõü�çìëèó óëëõéùûéò�	 èêïéîèìêó� í ìç çïøóëïõ ëèïèü� ñ� � �òì
 éè õó ô�òï	îê�õ�úéî ýïýìöîó ô >êï�óõóó øìêìùóèü èìêçïùì ô *é	ïëéþ÷ ) ðôçì çï�òéîïð í öèì ë òéèéìêìõì�ìô çé çïùì òçì�ì ëøêïúóôïèü �
�10?I_B 5B3@1 :0?81TI13;@ TB 1hIB0Gx?I6? F?@?026I601�8BII191 kB13B 8 G37186;k 2B71a 0BT2?0I13@6 � 5@1 I?3A17oA1:G@B?@ AB0@4 . m0B?A@106; 1FI12?0I1a 363@?24

xk+1 = {Cxk}, Ú-D .D .<Û9F? `69G0I4? 3A1hA6 1h1TIB5BH@ F01hIGH 5B3@o 5637B � :06h17oJ6k
C

FB?@ 15?Io AB5?3@8?II4a :062?0 kB1@65I191 :1�8?F ?I6; � 50?T845BaI1 A06@65I191 A TBFBI6H IB5B7oI4k FBI�I4k . �@1 AB3B?@3; I?:0?048I191 80?2?I6 � @1 kB13 0BI?? F?a�3@86@?7oI1 6TG5B73; 8 13I18I12 F7; h67o;0FI4k 363@?2 h1�7?? 8431A6k 0BT2?0I13@?aä � I1 63@6II1? TIB5?I6? 1@A04@6;�10?I_B 83? x? 8 F0G912 . j47 1hIB0Gx?I 15?Io :013@1a :06�2?0 Z1`[_\m QZZ34 F6IB265?3A1a 363@?24 31 371xI42 :18?F?�I6?2 � A1@10B; 81TI6A7B 8 0;F181a 8456376@?7oI1a :0BA@6A? .^@B71 ;3I1 � 5@1 F?@?026I6018BII4a kB13 � s@1 I? sAT1@6AB �B 0G@6IB � A1@10GH 24 I? TB2?5B76 0BIoJ ? 6T�TB 1@3G@3@86;8456376@?7oI4k 30?F3@8 .
ÿæ ���ï ôõóðçóð �êïôóèï+óó ëòé� éçóé # � ôé� éëèôï ôì  ëéõéççì� çï #ëò çï êïëëèìðçóó � ®Ã¯µ ´Ã´9 Â´¿ ìè =éòõó ùéõïéè ïýëìõ� èçì çéìøêéùéõéç�ç�ò çïøêïôõéçóé ùôó
 éçóð òìõéîûõ� ô ïèòìë
 éêé öéêé� # ëéî � ">ìêéõü &
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�376 G91FI1 � 36@GB_6; 5?2�@1 IB:126IB?@ GABTBI6? {?a?0�J@0B3312 :062?0B I69F? I?F6``?0?I_60G?21a `GIA_66 � @1�9FB ABA TB8?F121 ;3I1 � 5@1 :15@6 83? `GIA_66 I?F6``?0?I�_60G?24 . m?2 I? 2?I?? . . . �5?Io 8BxI1 :1I62B@o � ABA 21x?@0?B76T18B@o3; @B 676 6IB; 81T21xI13@o � 6 21x?@ 76� . S ?@?0�26I6018BII4a kB13 219 h4 81TI6AB@o 8 363@?2Bk 76Jo 3 15?Io371xI42 1:63BI6?2 � 3:?_6B7oI1 3A1I3@0G6018BII4k � I?0?B�763@65I4k � 6 @19FB h4 24 62?76 F?71 3183?2 3 F0G91a {3?�7?II1a .
Ë� Ì� ¨Ï×ãáÑáÖÏ Ï��ÏÐàÎ�Ï×Ï ÑÕ�ÓãÙ
>BF1 1@2?@6@o � 5@1 s``?A@68I1? 6TG5?I6? 3@0BII4k B@@0BA�@1018 ?F8B 76 h471 81T21xI1 h?T 3180?2?II1a 8456376@?7o�I1a @?kI6A6 . n17o A12:oH@?018 8 2B@?2B@6A? 811hb? 15?Io 8?�76AB � k1@; 8 h17oJ6I3@8? 37G5B?8 s@1 6 TB8GB76018BI1 . E062?�04 6 5637?II4a sA3:?062?I@ @0BF6_61II1 1@I136763o A 0BT�0;FG 83:1219B@?7oI4k 30?F3@8 . m?:?0o x? 1I6 :13@?:?II1 :?�0?k1F;@ 8 AB@?9106H 97B8?I3@8GHb6k `BA@1018 � 1:0?F?7;H�b6k G3:?k 6337?F18BI6; .{1@ F1817oI1 ;0A6a :062?0 :013@?aJ ?a 6@?0B_61II1a :01�_?FG04

xk+1 = f(xk, λ), Ú-D .< .UÛ8 A1@101a A12:oH@?04 :1T817676 1hIB0Gx6@o GF686@?7oI4?;87?I6; . S7; 1:0?F?7?II13@6 :G3@o � IB:062?0 �
xk+1 = λxk(1 − xk). Ú-D .< .CÛE06 :13@?:?II12 G8?765?I66

λ
1@ IG7; 6 84J? 8 363@?2?:0163k1F6@ h?3A1I?5I1? 56371 h6`G0AB_6a . ^IB5B7B :01_?FG�0B Ú-D .< .CÛ 3k1F6@3; A 1FI12G 6T 0B8I18?36a � :1@12 IB56IBH@:1;87;@o3; _6A74 GF81?I6; � �

C(2), C(22), . . .
� TB@?2 :06 I?A1�@1012

λ∞
IB3@G:B?@ kB13 � :1@12 3I18B _6A74 6 @.F .

�� ïøêóòéê í òì
 çì çé ìøïëïèüëð í öèì îéò �èì ýûùéè ñîìçëèêûîèóôçìøêéù;ðôõéçì÷ çéô�öóëõóòìé öóëõì í 	ìèð ó	 çéëìó�òéêóòìé ýìõüúóçëèôì �' óîõìò
C(p)

ùõóç�
p
çï��ôï� è èêïéîèìêó�

x1, . . . , xp

í ûùìôõéèôìêð ���û� "#$ �� ��& ó ûëõìôó� x1 = xp
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n?B76TB_6; J601A191 3:?A@0B 81T21xI13@?a IB 15?Io :01�3@1a 21F?76 Ú-D .< .CÛ 3B2B :1 3?h? GF686@?7oIB . >1 ?b? h1�7?? GF686@?7oI1 F0G91? . { h6`G0AB_61II1a AB0@6I? 363@?24
Ú-D .< .CÛ 1hIB0Gx68BH@3; 1hb6? TBA1I12?0I13@6 :18?F?I6; 36�3@?2 86FB Ú-D .< .UÛ � I?TB863624? 8 J601A12 F6B:BT1I? 1@ @191 �ABA18B A1IA0?@I1 `GIA_6;

f(x, λ)
. { 5B3@I13@6 � 8 :137?F18B�@?7oI13@6

λ1, λ2, . . .
h6`G0AB_61II4k TIB5?I6a :B0B2?@0B

λ6 FBx? 8 5637?II12 1:63BI66 3B26k _6A718
C(p)

84;87;?@3;IB7656? \ZW`1X TQS hZ[2 U3ZTV QZV � 5?91 F1 6337?F18BI6a �?a�9?IhBG2B I6A@1 I? 1x6FB7 .�b? 1FIB GF686@?7oIB; TBA1I12?0I13@o � W1X QX2Wj �WUS 3`¬ QX U3`TU3y3 . � 376 8 Ú-D .< .UÛ 6T 3Gb?3@818BI6; _6A7B
C(m)37?FG?@ 3Gb?3@818BI6?

C(n)
� :6JG@

m � n
. � B0A183A6a G3@B�I1867 1hbGH TBA1I12?0I13@o Ü

3 � 5 � 7 � . . . � 3 · 2 � 5 · 2 � 7 · 2 � . . .

� 3 · 22 � 5 · 22 � 7 · 22 . . . � 23 � 22 � 2 � 1.

mBA62 1h0BT12 � _6A7
C(3)

ABA h4 3B24a 3@B0J6a . wT ?91IB7656; 84@?AB?@ 3Gb?3@818BI6? 7Hh4k F0G96k _6A718 ! .nBTI11h0BT6? I?76I?aI13@?a 1:;@o F1 I?A1@101a 3@?:?I61ABT48B?@3; F?A10B_6?a .
>B s@G 2?7oI6_G 7oH@ 81FG 2I196? 6337?F18BI6; I?76I?a�I1a F6IB26A6 . >B:062?0 � T3SWV3Z[ . . . E1IB5B7G ABx?@3; � 5@181@� F?3AB@o � G5?@ AGh65?3A1a 313@B87;Hb?a :0681F6@ A G0B8�I?I6H �10@8?9B l F? �06TB � 0?J ?I6; A1@10191 1h7BFBH@ 5G�F?3I426 381a3@8B26 . >1 :1@12 84;3I;?@3; � 5@1 3176@1II4?0?J ?I6; FBH@ 6 2I196? F0G96? G0B8I?I6; . w 3@BI186@3; :1�I;@I1 � 5@1 3176@1I 8 I?76I?aI12 260? � s@1 � 3A10?? � I? 63�A7H5?I6? � B 3@BIFB0@ 0B3:013@0BI?I6; 369IB7B .{:?5B@7?I6? h?3A1I?5I191 2I1911h0BT6; I?76I?aI13@?a � :1�86F6212G� :0163@?AB?@ 6T :06845A6 FG2B@o 1 `GIA_6;k 8 AB�@?9106;k 0;F18 msa710B � 5@1 :101xFB?@ 677HT6H I?635?0:B�?24k 81T21xI13@?a . {1 2I196k x? TBFB5Bk s@1 I? TB@0B968B?@3Gb?3@8B F?7B . mB2 8BxI1 F0G91? . {4:GA7B 676 819IG@B `GIA�_6; � 62??@ 76 sA3@0?2B7oI4? @15A6 � IB3A17oA1 h43@01 0B3@?@
@ ëé �èó êé�ûõüèïè� øìùêìýçì ó úóêìîì ìèêï
 éç� ô õóèéêïèûêé �

--|



:1 30B8I?I6H 3 76I?aI1a . { s@12 37G5B? �@sa710183A6a � B3�310@62?I@ :0?80Bb B?@3; 8 GA0BJ?I6? � 6 13@B?@3; I? @BA 2I1918B06BI@18 . E1s@12G �I?76I?aIB; _?76IB � 1hJ60IB � I1 I? IB�3@17oA1 � ABA 2I1962 ABx?@3; .
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SG2BH I? 1J6hG3o � ?376 I65?91 I?3ABx G.
KLM

�12h6I60G; IBh7HFB?24? `BA@4 6 I?2I191 `BI@BT60G; �2B@?2B@6AB 0BT868B?@3; 8J60o . E1@12 8F0G9 1hIB0Gx68BH@3;:01@6810?56; � 6 @19F B 81TI6AB?@ I?1hk1F6213@o A1:B@o 897Gho �TBF B8B;3o 1hb626 81:013B26 . g1xI1 76 F1ABTB@o 83? 2B@?2B�@65?3A6? 63@6I4 W �:0B8FBIB 76 G8?0?II13@o 8 @12 � 5@1 F7;7Hh1a TBF B56 3Gb?3@8G?@ B79106@2 ?? 0?J ?I6;W
Ë� ÌË ÓÒÓÔÑÕÔÐÏÑá²
nB3321@062 `GIA_6H
f(n) =

{
1, "#$% & ' "#()%*+,- ./0%#% *%#$/ π "#)1 2,&+, n %'34%5 0,'2(' #"6"2,7;
0, & 02,)%&+,6 #$3*/".

�BA 1:0?F?7;@o TIB5?I6;
f(n)

W >B:0BJ68B?@3; :01_?FG0B:137?F18B@?7oI191 845637?I6; _6`0 F?3;@65I191 0BT71x?I6;5637B
π
. � 376 IB ABA12�@1 JB9? :1;87;?@3;

n
313?FI6k 3?2?�01A � :01_?33 13@BIB8768B?@3; �

f(n) = 1
. �FIBA1 ?376

f(n) = 0
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F7; I?A1@10191
n
� @1 GABTBIIB; :01_?FG0B I?s``?A@68IB �I6A19FB I? 13@BI186@3; .nBTG2??@3; � I?0Bh1@13:131hI13@o A1IA0?@I1a 3k?24 84563�7?I6a I65?91 I? F1ABT48B?@. {1T21xI1 � 3Gb ?3@8G?@ F0G9B; s`�`?A@68IB; :01_?FG0B .mB x? :?3I; 801F? h4 81TI6AB?@ 8 36@GB_66

g(n) =

{
1, "#$% #34"#)&3") 8"$," k, 7&/'2/) 7,),2,9, #,'"2:%) 2,&+, n%'34%5 0,'2(' #"6"2,7;
0, & 02,)%&+,6 #$3*/".

>1 `GIA_6;
g(n)

84563762B � :13A17oAG
g(n) ≡ 1

.S 1ABTB@?7o3@81 s@191 `BA@B 7?9A1 8481F6@3; 6T 6T8?3@I1a@?10?24 �01I?A?0B Ü
l Sj RX 3W]`3S hZ3y3 WXX Q�W3ZQS hZ3y3 kWTS Q

a
W Sif[2

x
a
y

(x < y)
`T1y_Q m 3Y Z3 \UQ]QVh �1S[1

m
W
n

VQUW1a kV3
x < ma− n < y.

E1ABx?2 @?:?0o � 5@1 83?9FB 3Gb ?3@8G?@ A8BF0B@ _?7191 563�7B � F?3;@65IB; TB:63o A1@10191 IB56IB?@3; 3 7Hh1a IB:?0?FTBF BII1a :137?F18B@?7oI13@6 _6`0 . EG3@o TBFBIIB; :137?F1�8B@?7oI13@o _6`0 1h1TIB5B?@ 8 F?3;@65I1a TB:636 56371
A
.> B2 IBF1 :1ABTB@o � 5@1 IBaFG@3; @BA6? _?74?

k
6
p
� 5@1

A · 10p < k2 < (A+ 1) · 10p.

E137? 719B06`26018BI6; I?0B8?I3@81 :?0?k1F6@ 8
lgA < 2 lg k − p < lg(A+ 1).

E17B9B;
k = 2m �

p = 2q
� :17G5B?2
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a(b+ c) = ab+ ac
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1a = 1, a1 = a,
ca+b = cacb,

(ab)c = acbc, (ab)c = abc.
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*éøéêü ùôï ëõìôï ì ëïòìò ûêïôçéçóó �� ïøêð
 éççìëèü �õéîèêóöéëîì�ì øìõð ôùïõó ìè �ïêòìçóöéëîì�ì ó�õû�öïèéõð òéçðéèëð øì �ïîìçû

E = E0 e
i(ωt−kr), "#� �#�#&�ùé

ω
) îêû�ìôïð öïëèìèï

(ω = 2πν)
í
k
) èïî çï��ôïéò�� ôìõçìôì� ôéî�èìê í

r = {x, y, z}
) êïùóûë�ôéîèìê �.ìëîìõüîû ùé >êì�õü øêóøóëïõ öïëèó+ïò ùõóç� ôìõç øì ïçïõì�óó ë
ìèìçïòó í èì ô îïöéëèôé ôìõçìôì� 
ûçî+óó ý�õì éëèéëèôéççì óëøêìýìôïèüîìøó� "#� �#�#& ë �ïòéçì� êï�ôé öèì ýûîô�

E
çï öèì�çóýûùü ùêû�ìé � *ïîôì�çóîõï ôìõçìôïð 
ûçî+óð

ψ(r, t) = ψ0 e
i
~

(Et−pr), "#� �#�,&ìèõóöï�� ïðëð ìè "#� �#�#& õóúü øéêé�ïøóëü� øïêïòéèêìô ë ûöéèìò 	ìêìúìó�ôéëèç�	 ëôð�é�
E = ~ω, p = k~, "#� �#�$&�ùé

~
) øìëèìðççïð .õïçîï í ùéõéççïð çï

2π
�� ó

 éêéç+óïõüçìé ûêïôçéçóé í îìèìêìòû ûùìôõéèôìêðéè "#� �#�,& í õé��îì øìùýóêïéèëð �� ó

 éêéç+óêìôïçóé "#� �#�,& ùïéè

∂ψ

∂t
=
i

~
Eψ,ï èïî
 é

∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2
=
p2x + p2y + p2z

~2
ψ.*éøéêü ó�

p2x + p2y + p2z

2m
= Eëõéùûéè

∂ψ

∂t
=

i~

2m

(
∂2ψ

∂x2
+
∂2ψ

∂y2
+
∂2ψ

∂z2

)
, "#� �#�� &öèì ó øêéùëèïôõðéè ëìýì� ìùóç ó� ôì�òì
 ç�	 ôïêóïçèìô �ïøóëó ûêïôçé�çóð H êéùóç�éêï �

D�ýì� úï� ô çìôìò çïøêïôõéçóó í îïî øêïôóõì í ìîï�� ôïéèëð øéêô�ò íèêéýûð ùïõüçé�úé�ì ùôó
 éçóð �  �èìò ëò� ëõé ðëçì í öèì çï �ïøóëó "#� �#�� &îôïçèìôïð òé	ïçóîï çé �ïîïçöóôïéèëð �
ËË ÌÞ ¯ãÑØÎÏÑáÎã�à�Ôà ÖÏÕ�
^:G3@623; 3 I?h?3 IB X?27H . �:0?F?762 3A1013@o

c
0B3:01�3@0BI?I6; 62:G7o3B 3xB@6; 8F17o 3@?0xI; 3 3?5?I6?2
S Ú063 .-< .-Û . EG3@o 8 62:G7o3? FB87?I6? G8?765?I1 IB 4P � B :71@�I13@o � IB 4ρ . XB 80?2; 4t 5?0?T S :01aF?@ 2B33B 8?b ?3@8B

4m = 4ρSc4t .
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S

c

¸ º® Æ �� Æ� Æ
^67B � F?a3@8GHbB; IB :71b BFAG

S
� 15?86FI1 �

F = 4P ·S .wT2?I?I6? A1765?3@8B F86x?I6; 0B8I1 62:G7o3G 3674 � @. ? .
4mc = F4t � 1@AGFB

4ρSc24t = 4PS4t,
5@1 :137? :?0?k1FB A :0?F?7G

(4P,4ρ→ 0)
FB?@

c =

√
dP

dρ
. Ú-C .= .UÛ

�ìèéõìëü ý� ìýêïèóèü ôçóòïçóé çï ôï
 ç�� �ûòïçóèïêç�� ïëøéîèíõé
 ï�ó� �ùéëü çï �ïùçéò øõïçé � -ý� éó�ôéëèçì í öèì úîìõüç� é �ïùïöó çïëìëèïôõéçóé ûêïôçéçó� ô��� ôï�è çïóýìõüúóé èêûùçìëèó � =ïùçóò öóë�õìò ôëé øêìëèì í çì ó�çïöïõüçì ô��õðùóè çéøêóëèûøçì � �èì øêóçðèü �ïçéó�ôéëèçìé í �ï îïîóé îìç+� û	ôïèóèüëð í öèì öéòû øêóêïôçðèü ��� :õï�ïêï�ýé�ï�èëð í êûîó ìøûëîï�èëð í îõûýìî çé êïëøûè�ôïéèëð ��ó�óîó�èéìêéèóîó ôóêèûì�çì ôõïùé�è óëîûëëèôìò êéúéçóð èïîì�ì ëìê�èï �ïùïö � æ çïùì øêó�çïèü í öèì øì 	ôïèîìëèó í ûòéçó� ìêóéçèóêìôïèüëð ó�ïêð
 éççìëèó çï êé�ûõüèïèí ) ìçó ðôçì �ïçóòï�è õóùóêû�� éé øìõì
 é�çóé ��ìêòûõï "#� �, ��& ) ìùçï ó� 
ó�óöéëîó	 òóçóïè�ê � �õð èôéêùì�ìëèéê
 çð ìçï ùïéè
c =

√
E/ρ

í �ùé
E
) òìùûõü I ç�ï � ëõûöïé �ï�ï ôìøêìë ûøóêïéèëð ô ûêïôçéçóé ëìëèìðçóð � �ëõó øìõì�
 óèüëð çï

PV =
m

µ
RT, "#� �, ��&

è� é �
P = ρRT

µ

í èì dP
dρ

= RT
µ

= P
ρ

í öèì øêóôìùóè î �ïçó
 éççìòû êé�ûõü�èïèû
c =

√
P

ρ
. "#� �, �%&

-úóýìöçìëèü "#� �, �%& ëìëèìóè ô èìò í öèì øêó �ôûîìô�	 îìõéýïçóð	èéòøéêïèûêï çé ûëøéôïéè ô�êïôçóôïèüëð í øì�èìòû ôòéëèì "#� �, ��& çïùì
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êïëëòïèêóôïèü ïùóïýïèóöéëîó� øêì+éëë
P/ργ = const

í ìèîûùï
c =

√
γP/ρ

íöèì û
 é øêïôóõüçì ìøêéùéõðéè ëîìêìëèü �ôûîï �
g?xFG :01562 � A 8481FG `102G74 Ú-C .= .UÛ 21xI1 h471h4 :0?F�;86@o 2I191 :0?@?IT6a � IB56IB; 3 I?1:0?F?7?II13@63B2191 :1I;@6; 3A1013@6

c
. > B:062?0 � `102B 62:G7o3B 21x?@TB863?@o 1@

t
� 6 @19FB I?:1I;@I1 � 5@1 @BA1?

c
. >1 24 83? s@113@B87;?2 TB ABF012 � @?2 h17?? 5@1 8 :?0812 :06h76x?I660?TG7o@B@4 8?0I4 .

æòééè øêïôì çï ëû� éëèôìôïçóé ó ùêû�ïð èìöîï �êéçóð í èêéýû�� ïðñùì
 óòïçóð ÷ �ïùïöó ùì îìç+ï � �ì èì�ùï çïùì ûöóè�ôïèü í öèì #J çïëé�õéçóð ô�øóôïéè ááJ ïõîì�ìõð � *ìöçì èïî 
 é #J ûëóõó� êéú ïéè �ïùïöûçï ááJ � � îìòû 	ìöéèëð ôëé ëèì í èì çï ìùóç çéùìëèï��ó� øêì+éçè û	ìùóèìöéçü òçì�ì ëóõ ó ôêéòéçó �
�h0B@62 @?:?0o 8I62BI6? IB F0G9GH 3@101IG F?7B . �3763@?0x?Io 0B3:171x?I 8F17o 136

x
� @1 3@?:?Io 3xB@6;

u(x, t)
81hb ?2 37G5B? hGF?@ `GIA_6?a F8Gk :?0?2?II4k . >BaF?2 F6`�`?0?I_6B7oI1? G0B8I?I6? � A1@1012G GF187?@810;?@

u(x, t)
. nB3�321@062 F8B 3?5?I6;

x
6
x + 4x Ú063 . -< .=Û � B @BAx? TBA7H�5?II4a 2?xFG I626 1h�?2 4V = S4x . ^67B � F ?a3@8GHbB;

x

x
x+  x¸ º® Æ �� Æ� Æ ¬­®³¸ ´®µ¸­±¯±º¯ ®p ­µº°

IB 3?5?I6?
x
� 0B8IB

kS
∂u

∂x

∣∣∣∣
x

,

9F?
k
1:0?F?7;?@3; `6T6A1a TBF B56 Ú9BT � @8?0F4a 3@?0x?IoÛ .n?TG7o@60GHb?a 3671a � F?a3@8GHb?a IB 1h�?2 4V � hGF?@

F = kS

(
∂u

∂x

∣∣∣∣
x+4x

−∂u
∂x

∣∣∣∣
x

)
= kS

∂2u

∂x2
4x, Ú-C .= .pÛ
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6 @19FB TBA1I >oH@1IB FB?@ 817I181? G0B8I?I6?
∂2u

∂t2
= c2

∂2u

∂x2
, Ú-C .= .KÛ

9F?
c =

√
k/ρ

� 3A1013@o 817I4 � ?376 918106@o 3 IB@;xA1a �
∂2u/∂t2

� G3A10?I6? .
.êó øéêé	ìùé ô øêìëèêïçëèôì

∂2u

∂t2
= c2

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
.

ËË Ì� FÎãÖ�à�Ôà áàØÕÏØÎÏÖÏ��ÏÑáÔ
S7; 8481FB G0B8I?I6; 0B3:013@0BI?I6; @?:7B h17oJGH 5B3@o0B33GxF?I6a :0?F4FGb?91 0BTF?7B 21xI1 13@B86@o h?T 6T2?�I?I6a . {2?3@1 Ú-C .= .KÛ :17G5B?@3;

∂T

∂t
= a

∂2T

∂x2
, Ú-C .D .-|Û

9F?
T (x, t)

� @?2:?0B@G0B � ABA `GIA_6;
x
6
t
. iIB71912 3674

Ú-C .= .pÛ 8 F BII12 37G5B? hGF?@ A1765?3@81 @?:7B

Q = kS
∂2T

∂x2
4x,

A1@101? 8@?AB?@ 8 1h�?2 4V Ú@?:?0o k � A1s``6_6?I@ @?:71�:0181FI13@6Û .XB@?2 @1 x? 3B21?
Q

:1F 356@48B?@3; F0G962 3:131h12
Q = ρλS4x ∂T

∂t
4t,

9F?
λ
� @?:71?2A13@o � ∂T

∂t
4t � :184J?I6? @?2:?0B@G04 TB

80?2; 4t � 5@1 6 FB?@ Ú-C .D .-|Û � a = k/ρλ
.mBA62 1h0BT12 :06I_6:6B7oIB; 0BTI6_B 3 :0?F4FGb62 37G�5B?2 TBA7H5B?@3; 8 @12 � 5@1 8 FBII1a 36@GB_66 I? 0Bh1@B?@BIB719 TBA1IB >oH@1IB . { 0?TG7o@B@? 8@10B; :016T81FIB; :180?2?I6 TB2?I;?@3; IB :?08GH .

-DC



ËË Ì� ð ÐÔÑáÔÓàÑâÏÐ ØÏ�Ï�ÔÔ
(	éò� êïëëû
 ùéçó� øêéù�ùû�ó	 ùôû	 êï�ùéõìô ô ìöó� éççìò ìè ùéèïõé�ôóùé óëöéêø� ôï�è ýìõüúû� öïëèü 
ó�óöéëîó	 �ïùïö �  ëé�ùï éëèü çéöèìôêìùé ëóõ�

F
í ôõóð�� é� çï ùôó
 éçóé í ó çéöèì ôêìùé îììêùóçïè�

z
í ìøêé�ùéõð�� é� 
 ìîûë ôçóòïçóð � æ éëèü ôëé�ì ùôï ôïêóïçèï "éëõó çé �ìôìêóèüìý óëîõ�öéçóð	 & �

KLM (óõï øìêì
 ùïéè ùôó
 éçóé í
F = kż "øêó F = 0

ùôó
 éçóé ìëèïçïôõó�ôïéèëð í
ż = 0

& �
KLLM � ôó
 éçóé øêìóë	ìùóè øì óçéê+óó í ëóõï ìøêéùéõðéè ûëîìêéçóé

F =
kz̈
�æ ë ëóõì� í ó ë îììêùóçïèì� øêìóë	ìùðè òéèïòìê
 ì�� øêó øéêé	ìùé ôùêû�û� ìýõïëèü "ó� òé	ïçóîó í ëîï
 éò í ô ìøèóîû & � �ì øì ëûèó ) çóöé�ìçé òéçðéèëð � ? ïðèçóî çï øêû
 óçé ìøóë�ôïéèëð ûêïôçéçóéò

mẍ = −kx
íîêûèóõüç� é îìõéýïçóð ûêïôçéçóéò

Iϕ̈ = −kϕ "ϕ ) û�ìõ í
I
) òìòéçèóçéê+óó ñèì�ì í öèì îêûèóèëð÷í ñëóõï÷

kϕ
) òìòéçè ìý�öçì� ëóõ� & � .êóøéêé	ìùé î �õéîèêóöéëîìòû îìõéýïèéõüçìòû îìçèûêû ùéîìêï+óó òéçð�èëð�çïöóèéõüçéé "q ) �ïêðù í

L
) óçùûîèóôçìëèü í

C
) éòîìëèü & í ï ûêïôçéçóé) èì 
 é ëïòìé

Lq̈ = − q

C
,ñëóõï÷

q/C
) �õéîèêóöéëîìé çïøêð
 éçóé �.ì�èìòû êï��ìôìê� ì �õûýóçç�	 ëôð�ð	 êï�çìêìùç�	 øêóîõïùç�	 ìý�õïëèé� ô ìøêéùéõéççì� ëèéøéçó øêìóëèéîï�è ó� õûîïôëèôï óõó çéìëôéùìò �õéççìëèó � �ó�óîï ôì ôëé	 ëôìó	 óøìëèïëð	 ùì ëó	 øìê ìøóêïõïëü ô ìëçìô�çìò çï õóçé�ç� é ùó

 éêéç+óïõüç� é ûêïôçéçóð � .ì�èìòû óëèìîó ñòó�ëèóöéëîì�ì øìùìýóð÷ êé�ûõüèïèìô ùìëèïèìöçì ìöéôóùç� � �êïôçéçóð ìùçóó èé 
 é í êï�çó+ï ) ô çï�ôïçóð	 îì�

ó+óéçèìôå �-øðèü�èïîó çïùì ëîï�ïèü ì úóêìîìò óëøìõü�ìôïçóó øêó �èìò îìò�øõéîëç�	 öóëéõ �  øêóç+óøé í ôëé ëîï�ïçì ý�õì ô �õïôé #� ? ïèéòïèóîï ëèì�óè çï ïêó
òéèóöéëîó	 ìøéêï+óð	 í ùõð îìèìê�	 îìòøõéîëçïð øõìëîìëèü) ó�êìôìé øìõé � �ì �èì öéêéëöûê ìý� ì � � éîìèìê� é ë
 éê� �çïçóð ôëé�èïîó ûëøéúçì 
ûçî+óìçóêû� è çï îêï� �èì�ì øìõð í ìý	ìùðëü ýé� òçóòì�éùóçó+� "ýû	�ïõèéêóð í çïøêóòéê & �  öéò îìçîêéèçì �ïîõ�öïéèëð øêóöó�çï èì�ì í öèì ùó

 éêéç+óïõüç� é ûêïôçéçóð ñó�êï� è øì ôëéòû øìõ� ÷þ � ïé� é ôòéëèì
cos ωt

ëêï�û çïöóçï�è ë
eiωt = cosωt + i sinωt,øêóýé�ïð î ûëõû�ïò �ï�ìùð � =ïöéò î êéïõüçìòû îìõéýïçó�

cos ωt
ùìýïô�õðèü ýé� ôóùóòì� çéìý	ìùóòìëèó 
óîèóôçìé

i sinωt
þ:õïôçïð øêóöóçï ) ô ùó

 éêéç+óïõüç�	 ëôì�ëèôï	

eiωt
í

(eiωt)′ = iωeiωt, "#� �� �##&è� é � ô�öóëõéçóé øêìó�ôìùçì� ëôìùóèëð î ûòçì
 éçó� çï
iω
� æçèé�êóêì�ôïçóé ) î ùéõéçó� � .ìõûöïéèëð ëû� éëèôéçç�� ô�ó�ê�ú ô øêìëèìèé �? ì
 éè øìîï�ïèüëð í öèì �èì ôëé 
 é ôìøêìë ûùìýëèôï í çé îïëï��ó�ëðëû� éëèôï ùéõï � �èì çé èïî � �ìõóöéëèôì ùé�ëèôóèéõüçì óçì�ùï øéêé	ìùóèô îïöéëèôì � � ï
 é çé�çïöóèéõüç� é èé	çóöéëîóé ûøêì� éçóð òì�ûè úï� �ï

å<ï�ûòééèëð í ò� �ïìëèêðéò ôçóòïçóé õóúü çï ìùçì� ëèìêìçé ùéõï �
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úï�ìò øìùçðèü èû óõó óçû� çïûöçû� ùóë+óøõóçû çï ùêû�ì� �èï
 � *ïòêì
 ùï� èëð çìô� é îïèé�ìêóó ò�úõéçóð í ó êï�ôóèóé óùéè ëìôëéò ùêû�ì�ùìêì�ì� í ô�	ìùð çï �ïîìçìòéêçìëèó í ùõð îìèìê�	 ëèïê�� ð��î ôììý� é çé�ìùóèëð �*ïî óõó óçïöé í çì ëôì�ëèôì "#� �� �##& ô èéìêóó õóçé�ç�	 ùó

 éêéç+ó�ïõüç�	 ûêïôçéçó� ìîï��ôïéèëð öéò�èì ôêìùé øì�ó+óìççì� ëóëèéò� ëöóë�õéçóð ùõð ïêó
òéèóîó � �ìçéöçì í òì
 éè øìîï�ïèüëð ëèêïçç�ò í öèì
eiωtó�êïéè çéëìêï�òéêçì ýìõüúû� êìõü ô ùó
ûêï	 í îìèìê� é óòé�è ùéõì íôììý� é �ìôìêð í ë êï�çììýêï�ç�òó 
ûçî+óðòó � .êóöóç èìòû ùôé �  ì�øéêô�	 í �ïêòìçóöéëîóò îìõéýïçóðò ô õóçé�ç�	 ùó
ûêï	 ùé�ëèôóèéõüçìøêóçïùõé
 óè +éçèêïõüçïð êìõü �  ì�ôèìê�	 í êï�õì
 éçóé 
ûçî+ó� ô êð�ù� �ûêüé "øêéùëèïôõéçóé ô ôóùé ëûòò� �ïêòìçóî & øì�ôìõðéè �

 éîèóôçìóëøìõü�ìôïèü ëôì�ëèôì "#� �� �##& ô ìý� éò ëõûöïé ��ìçéöçì í öèìý� ôëé �èì ì+éçóèü ô øìõçì� òéêé í çïùì øêì�èó ëìýëèôéç�ç�ò øûèéò øì ëììèôéèëèôû�� é� èéêêóèìêóó � -ý�óé ëììýêï
 éçóð 	ìêìúó íîïî îìòøïë í çì ìçó çé �ïòéçð� è ìø�èï í ìëìýéççì ìèêó+ïèéõüçì�ì � ? ì
 çìëêï�ûí çïøêóòéê í ëîï�ïèü í öèì ùõð ô�öóëõéçóð ëûòò� ÿ

S = cos ωt+ cos(ωt + ϕ) + . . .+ cos(ωt + nϕ)øìõé�çì êïëëòìèêéèü
Ω = eiωt + ei(ωt+ϕ) + . . .+ ei(ωt+nϕ),öèì õé�îì ô�öóëõðéèëð îïî ëûòòï �éìòéèêóöéëîì� øêì�êéëëóó ë øìîï�ïèé�õéò

eiϕ
í
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