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IIpeaucaosue.

[IpenaraeMbiii BHUMAHWIO YUTATEA Y4eOHUK (DYHKIMOHAJIHLHOTO aHAJIN3a
HAIIMCAH Ha OCHOBE JICKIHI, KOTOpbIE aBTOpP YHTAJI CIENHATASUPYIOIMIHMCS
B MaTeMaTH4ecKo#l pusmke cryaeHTam dusndeckoro daxyiabrera Mockos-
CKOr0 YHUBepcHTeTa. JIeKIMu uMen cBOoeil 1e/bio MOATOTOBUTH CTYIEHTOB,
KOTOPbIE MOJIydaJ/u CleNuaJbHOCTh (Pu3KuKa, K pabore B 001aCTH MaTeMaTH-
qeckoit ¢pu3nkn. CoBpeMeHHas MaTeMaTuIeckas (PU3NKa B CBOEH CyIECTBeH-
HOiT YyacTu gBJyidercd 001acTbio (DYHKIIMOHAJIHHOTO aHAJIN3a: OHA UCIOJIb3YeT
SI3BIK, MJICH U MeTOJbl (DYHKIMOHAJIHLHOIO aHau3a. MHOrHe IIOHATUS U Me-
TOIBI (PYHKIIMOHAILHOIO aHAINu3a (POPMUPOBAIUCH IPOIECCe PEITeHHsT 3234
MareMaTudeckoit pu3uku u 00600IIAIOT ONBIT pelieHus dTuX 3aj1a4d. B 3a/1a-
JaX KBAHTOBOM MeXaHUKHU POJIb (DYHKIIMOHAIBHOIO AHAJIN3a ITPHHITHITHAIBHA,
TaK KaK aKCHOMBI KBAHTOBOW MeXaHWKW (DOPMYIUPYIOTCA B 3aMMCTBAHHBIX
u3 (PYHKIHOHJIHHOTO aHAIU3a TePMUHAX.

ABTOp cTpeMuUJICa HAIUCATh HPOCTON yIeOHUK, KOTOPBIH OBl IIOMOT HAYH-
HAIOIIEMY CTYIEHTY-(PU3UKY pa300paTbcsd B MaTeMaTUKe, CBA3aHHON ¢ KBaH-
TOBO#l Teopueii, Teopueii paccessuus u T.7. Kak BBegenne B mpeaMer, yaeOHUK
MOZKeT 6bITb ImoJie3eH U HaduHalolleMy MaTeMaTUuKYy.

Coseprkanne yueOHUKA sICHO U3 OIVIABJIEHUS] U OHO CJIEJIYeT CJIOZKHUBIIE-
MyCsi 38 MOC/IeIHIE TPUOTH3UTETLHO COPOK JIET KAHOHY YIeOHHUKOB 110 (DY HK-
MIOHAIBHOMY aHau3y. V3/107keHne mOCTPOEHO TaK, YTO MPU MEPBOM UTEHHH
YUTATETh MOXKET OTPAHUYUTHCA MUHHMYMOM CBeJeHUN W MOJYIUTH ObIIee
npejicTajJleHne O TpeaMeTe, a TOTOM PUCYIUATh K YIIyOJIeHHOMY W3y4YeHUs
MaTepuasa. Kuura paccunrana Ha HAYXHAOIIETO HCCJIEIOBATES, KOTOPBIil
roToBUT ce0s K paboTe B 00/1aCTH MATEMATHICCKON (DU3UKU U CMEXKHBIX JTUC-
muminHax. TpeboBaHMs K HAYABHON MaTEMATHIECKON MOATOTOBKE YNTATE ST
MUHHAMAJBHBI: MPENONIAraeTcs, YTO YUTATeTh 3HAKOM C OCHOBAMH MaTeMa-
TUYeCKOT0 aHAJN3a W JIHHeHHOM anreOpsl B o0beMe Kypca MaTeMaTUKHU JIJIst
TeXHUYIECKUX BY30B. OT uuTaTess 0:Kuaaercs pasyMHas peakius Ha TePMU-
Hbl MHOZKECTBO, OToOpazkenue, pyHKIUS 1 T. .

[TepBasi riiaBa mocsiieHa n3JI0KeHUI0 Teopuu nHTerpaJia Jlebera na ocHo-
Be Meroja JlaHm3/ag. DTOT MOAXO TO3BOJISIET UCIOAB30BATH YK€ M3BECTHBIE
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pe3yJabTaThl Teopuu uHrerpasa Pumana. HeobxoauMblii MUHUMYM CBe/IeHUH
o uaTerpase Jlebera uznoxKeH B nepBoM maparpade.

Bropas rimaBa mocBsiIeHa M3JI0KEHUIO OCHOB TEOPUU METPUUECKHX IIPO-
crpancTB. Heobxomumblit MUHIMYM CBEJIEHUIH O METPHIECKUX ITPOCTPAHCTBAX
M3JI0YKEH B IepBOM maparpade.

B nepBbie fBe TIaBbl yYeOHUKA BKIIOYEHBI HEKOTOPBIE BOIPOCH! (TEOpHsI
MepBI B 3JIEMEeHTBI OBIIel TOMOJOIHH ), KOTOPBIE MIPSIMO HE OTHOCITCS K (DYHK-
IMAOHAJTHLHOMY AaHAJIM3Y W HA MaTeMaTu4decKux (haKyabTeTaX YHUBEPCHTETOB
O0ObIYHO U3y4YaloTCd B Kypcax Teopuu (PyHKIUNA u Tonojoruu. Briodenue
TUX T€M B y4eOHHK 00YCJ/IOBJICHO TE€M, YTO OHU HE PACCMATPUBAIOTCSA B Kyp-
cax MaTeMaTHKH JIId TeXHUIECKUX BY30B, HO 3HAHUE UX IIOJPA3yMeBACTCS B
y4IeOHOU JuTepaType Mo CIeIHaJbHBIM BOIIPOCAM MaTeMaTHIYeCKO# (DU3UKH.
MzmaraeMbie B IepBoOii I1aBe CBeIEHUS 0 TeOPUH (DYHKIUI JTeicTBUTEIbHON
epeMeHHONl HeoOXO UMbl B MATeMaTHIeCKOil Teopun paccesinusi. [1o0 MHEHUIO
aBTOpa, COOpPaHHBIE B MEPBLIX JBYX IJIaBAaX JOIIHUTE/bHBIE CBEICHUSA CO-
CTABJSIOT HEOOXOAMMBIH (HO He MCUepIBIBAIOIIHIT) ¢ 0011e06pa30BaTe IbHbII
MHHEMYM” JIJIE PAOOTAIONIEro B 00JACTH MATeMAaTUIeCKOH (PU3MKHU Clelua-
JINCTA.

Tperbsd 1J1aBa 1OCBSIIEHA U3JI02KEHUIO OCHOB TEOPUU OAHAXOBBIX IIPO-
crpancTB. CobOpaHHbie B HePBLIX Tpex maparpadax cBegenus 0 OAHAXOBBIX
MPOCTPAHCTBAX MOTYT PAaCCMATPUBATHCI KaK JIOCTATOYHOE JIJIs IEPBOTO 3Ha-
KOMCTBA C IIPEIMETOM BBEJICHHE B TEOPHIO DAHAXOBBIX IIPOCTPAHCTB. B j1a/ib-
HeleM IOJIPOOHO M3J1araeTcs OlepaTopHoe HCUUCICHUE JIIsd aHATATHICCKUX
dbyukmuit, Teopus Pucca-Illaynepa, anamurumdeckass Teopusa Ppearonabma,
Teopusd HOJAYIPYI, Teopus Bo3myenuii. [loapobuo uccienosano nosepenue
PE30JIbBEHTHI OTIEPATOPa B OKPECTHOCTU U30JIMPOBAHHON 0COOOM TOYKH.

YerBepTagd riiaBa IOCBLAIIEHA TEOPUH T'HIbOEPTOBBIX IMpocTpaHcTs. Ilep-
Bble TPH naparpada MOCBAIEHb H3J0KEHUIO OCHOB TEOPUH T'UJIBOEPTOBBIX
npocTpancTB. [latee moapoObHO n3maraeTcs DOPeIeBCKOe OepaTOPHOE UCIUC-
JIeHHe, pa3dupaercd MOHATHE CaMOCOIPIZKEHHOCTH HEOTPAHUYEHHOrO Olle-
paTopa, TPUBOISTCA KPUTEPHH CAMOCOMPSYKEHHOCTH, JTOKA3BIBAETCS CITEK-
TpaJibHas TEopeMa.

B nsaroit riaBe npuBejeHbl HadaJlabHbIE CBEJICHUSA M3 MaTeMaTHYECKOit
TEOPUU PACCEAHMUSI.

[MTecrasa riaBa nocBgIeHa 3j/eMEHTAPHON Teopun 0000IIEeHHbIX PYyHKITUT
u npoctpancTs CobosieBa. 3a HCKIIOTEHHEM TEOPEMBI O CYIIeCTBOBAHUN (DY H-
JIAMEHTAJILHOTO PEIeHus, 3Ta TJiaBa He TpebyeT 3HaHus KaKuX-Jubo cBe/ie-
HU 13 PYHKIHOHAIBHOIO aHAJIN3A, €€ MOKHO IYUTATh HE3ABUCUMO OT ITPEJIbI-
JIVIIEro MaTepuaJia H OHA BIOJHE JOCTYIIHA CTYIEHTY TeXHUYIECKOTO BY3a.

B npuioxkenun jganbl HadaJbHBIE CBeJleHHs O npeoOpaszoBannu Beitis u
JIAHO 3JIEMEHTApHOEe J0Ka3aTeabcTBO Teopembl Jlxk. ¢on Heiimana o eann-
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cTBeHHOCTH Ipeaunreposckoro npejicrasienud CCR B dopme Beits.

ABTOp cTpeMmIICcs CIOeIATh OTIEJbHBbIE IVIABBI y4eOHHKA MAKCHMAJIHHO
He3aBUCUMBIMU. Bce yTBep:KIeHNsA TPUBEIEHBI ¢ MOAPOOHBIMHU JT0KA3ATEIb-
CTBAMHU. DTO MOJKHO OOJErdUTh UCIOJIH30BAHHE YIeOHHKA B KadecTBE I10-
cobust i caMooOpa30BaHUS W CIHPABOYHMKA JJIsI HAYHMHAIOIMIETO HCCIEI0-
BaTeJisd MO OT/EJbHBIM BOIpocaM (hYHKIIMOHAIBHOTO aHaau3a. B ocHoBHOM
TEKCT C TOJHBIMHU J0Ka3aTeJIbCTBAMHU BKJIIOYEHBI HEKOTOPLIE T€MBI, KOTOPbIE
B yueOHMKAX 110 (DYHKIHOHATLHOMY aHAJIU3Y I MATEMATHKOB YaCTO BBHIHO-
CATCS B 331890 JIJIsI CAMOCTOATEIbHON paboThl. V310KeHne WIiocTpupoBa-
HO JIOCTATOYHBIM YHCJIOM PEIIEHHBIX B TEKCTe YUeOHHKa 3a7a4 U IPUMEPOB
KOTOpbI€ IOSICHAIOT M3JIaraeMblii MaTepHaJsi, HO He MOI'YT PacCMaTpPUBATHCS
KaK IocoOue It pa3BUTUs HABBIKOB B PEIIeHUH 33724 110 (PyHKIHOHAJILHO-
My aHaau3y. ABTOp CUHTAET, YTO HAUMHAIOIIEMY CTYIEHTY-(PHU3UKY HABBIKH
B pelreHnd 3a7a4 1o PyHKIHOHAJHLHOMY AHAJIU3Y JIydIle Ipuodperarh MO
PYKOBOJCTBOM IIPEIoaBaTe/Isd, TaK KaK MPEMoIaBaTe/ b MOXKET YKa3aTh Ha
OmMHUOKY B PACCYZKIEHUSX U MOKA3aTh W3BECTHHIE B MaTEMATHIECKOM (hOTbK-
JIOpe TpHeMbl pellleHus 3aa4. [IoIbITKH caMOCTOSTEIbHO MPEOI0JIeTh BCe
TPYAHOCTH B PEIIeHUH 3a/1a9 YacTO MPHBOJAT K HEOIPABIAHO OOJILIIUM 3a-
TparaM BPEMEHH.

Crucoxk aureparypbl sl JTOMOJHUTEJIHHOTO UTEHUsI PACCUYNTAH HA UH-
TaTeasd CTYIeHYecKoi Onbanorekn. AHHOTHPOBAHHBIE CCHLIKNA HA HOBEWIINe
YIeOHUKHU U 10cOOUS 10 (PYHKIIMOHAILHOMY aHAJIM3Y YMTATEIb MOXKET HAHTH
B Mathematical Review u 8 nrepnere.

Panee (2009 r.) yue6uuk Boimen 8 Hayuno-M3narensckom Lentpe “Pery-
JIAPHASI U XaoTU4IecKast JuHaMnKa.” B npuBoAnMoOM HIKe TeKCTE UCIIPABJIeHbI
3aMedeHHbIe ONMEYATKN, PACIINPEH CIHCOK JIMTEPATYPHl U CAeIaHbl HEKOTO-
pble JOMOJHEHNUA B JIOKa3aTeIbCTBA.

Apcenbes.

{a_arsenev@mail .ru }

X






I'taBa 1

DJieMeHTapHbIe CBeJIeHUS O
MHTerpaJjie m Mepe.

1.1 MWurerpay Jlebera.

1.1.1 OcHOBHBIE CTPYKTYPbI, UCIIOJIb3yEMbIE TTPU TIOCTPO-
eHUU WHTerpaJia 1mo cxeme Jlanmais.

Xopolio U3BeCTHO, YTO KYCOUHO-HelpepbiBHas Ha orpeske [a, b] C R dynk-
st naTerpupyema mo Pumany. OIHOKO yKe B MPOCTEHIIHX CAyIasix MpeIe
KYCOYHO-HEIIePBIBHBLIX (DYHKITHI MOKeT OBITh He HHTeIPHPYEeMbIM 110 Punmany.
Pacemorpum npumep. IlyeTh 1, Ts ... -BCe palMOHAILHBIE TOYKH OTPE3Ka

[0, 1],

I(zi|z) 1, ectn z = x;,
T;|x) =
0, ecmn x # x;.

[TooxxuM

fal) = > T(wi]x).

1<i<n
Oynknus f,(z) paBHa HyTI0 BO Bcex TouKax orpeska [0, 1], 3a nuckodennem
To4ek z;, 1 < i < m, B KOTOpHIX OHA paBHa exunune. fJcuo, aro friq(z) >

ful) -

1 ,ecnu x panmuoHaJIbHOE THUCTO,

(1.1)

n—oo

0 , ecsin T UppanUOHAIBHOE JUCJIO.

f(z) = lim f,(z) = {

Kaxnas u3 dyuknuii f,(x) Kycouno HenpepbiBHa Ha orpeske [0, 1] u mosro-
My uHTerpupyema 1o Pumany na orpeske [0, 1], a eé unrerpas paBen HyJIo.
[penen dyukuuii f,(x) cymecrByer B Kax/10ii Touke orpeska [0, 1]. Dror



npesen HazbiBaercd dyrknueit Aupuxiae. Oyukiusa lupuxie He UHTerpu-
pyeMma mo PuMaHy, Tak Kak jijis J060ro pasbuenus orpeska [0, 1] BepxHsis
nHTerpandbHasg cymMMa dbyuknun Jupuxie paBHa eIUHUIE, & HUXKHIS UHTE-
rpajbHasg cyMMa paBHa HyJjt0. Mbl BUuM, 4TO yKe TpocTeiinime omnepanum
[PEJIEJIBHOTO TIEPEX0/a MPUBOAAT K (DYHKIUIM, KOTOPbIE HE WHTErPUPYEMbI
mo Pumany.

Harmra meste cocTonT B TOM, 9TOOBI PACIIIPUTD MOHATHE HHTerpata Puva-
Ha TaK, YTOOBl WHTEIPUPYEMBIMH OKA3aJUCh BCe (DYHKINH, KOTOPbIE B HEKO-
TOPOM €CTECTBEHHOM CMBICJIE MOXKHO CUUTATH IIPeJIeIaMid WHTETPUPYEMBIX 110
Pumany dyukiuii u #Ha 310oT KJace (pyHKIMIl PACIPOCTPAHUTD MOHITHE HH-
TerpaJjia Tak, 9ToObl OHO COXPaHIO OCHOBHBIE CBOWCTBA MHTErpasia Pumana.

Mpr mcmosib3yeM KOHCTPYKIIHIO, KOTOPAs HA3BIBAETCS TOCTPOEHHEM WH-
Terpasia mo cxeme anwmara. OOmas cxema HAIMAX PACCYKIEHUN COCTOUT B
TOM, 9TOOBI UHTErpaJI OT Hpejiesa (PYHKIUH paccMaTpUBAaTh KaK MpeJes WH-
TerpaJjoB OoT 3Tux (yHKIuil. B paccmMorperHoM mpuMepe KaKaasd U3 (PyHK-
wuii f,,(x) uarerpupyema no Pumany u ee unrerpas pasen nyJiwo, [Tosromy u
npejiesibHoi bynkiuu - pyukiun JIupuxse -ecTeCTBEHHO TPUIIACATH 3HAYE-
HUe UHTEerpaJia, papaoe nyawo. HaMm HyzKHO pazpaborars obiiue npaBujia Jijis
TaKoil mpoIeIyphl. 3aMeTHM, UTO B OlipeJiesieHre WHTerpaia Puvana BXogar
TPH MOHATHUS: 00JIACTh, HA KOTOPOU ONpe/ie/ieHbl HHTeTpupyeMble DYHKITIH,
nHTerpupyemble (pYHKIUU U HHTerpas. MHoxkecTBo mHTErpupyeMbix mo Pu-
MaHy (pyHKIU 9BISeTCs JHHEHHBIM ITPOCTPAHCTBOM OTHOCHUTEIBHO ONepa-
Ui TOTOYEYHOTO CJAOYKEHHUS U YMHOYKEHUS HA JeHCTBUTEIbHBIE TUCTa U 00-
JajaeT CJAepyoIuM cBoiictBom: ecan dbyHkuus f(x) mHTErpupyema 1no Pu-
many, To U ¢yukuus |f(z)| uarerpupyema o Pumany. Uarerpan Puvana
MOYKHO PACCMATPHUBATH KAK JIMHEHHbIN (hyHKIMOHA (HATIOMHHUM, 9TO (DYHK-
MOHAJIOM OOBITHO Ha3bIBAETCS OTOOpasKeHune, 00.1acTh ONpPe IeIeHnsT KOTOPO-
I'0 €CTh MHOYKeCTBO (DyHKINI, a 006,1aCTh 3HAYEHUIT -00J1aCTh JeHCTBUTETbHBIX
WM KOMILIEKCHBIX YHCeJT) , 3a/IaHHbII HA MHOYKECTBE HHTeIPUPYEMbIX (DYHK-
nuit, npuaeM 3TOT DYHKIHOHAJI HEOTPUTIATEIEH B CJIEIYIONEM CMBICTIE: eCTh
nHTerpupyemas GYHKIMS TPUHAMAET TOJbKO HEOTPUIATEbHbIE 3HAYEHUS,
TO U €€ HHTerpaJj HeOTPUIATEIeH. DTU CBOMCTBA MHTErpUpyeMbIx 110 Pumany
dyukiuit u unrerpasa Pumana KJjajayTcsd B OCHOBY MPEJIaraeMoro B Cxeme
Jlanwsis 00600IIEeHUsST TOHATHS UHTETPAJIA.

B nmanbrerem Mbl OyJeM TpeanoaraThb, 9To X -NMPOU3BOJILHOE MHOZKE-
c1BO, Lo(X) HEKOTOPOE MHOXKeCTBO (byHKIHI HAa X €O 3HAYEHUSIME B 001aCTH
JIeHCTBUTEILHBIX UHCET:

Lo(X)> f: X 22+ f(z) € R,



Iy -3amannniii na Lo(X) dynknmonas:
Iy: Lo(X) 3 f — Iy(f) € R.

[IpoctpanctBo Lo(X) Mbl GyeM Ha3bIBATD NPOCMPAHCIMEOM INEMEHMAPHOLEL
Pyrruyut. Pyuknuonaa [y Mbl Oy/IeM HA3bIBATDH AAECMEHMAPHLLM UHMEZPA-
AOM.

[Ipu mocTpoenun unrerpasa mo cxeme Jlanusas Ha 00JacTb 3a/laHAs UH-
TerpupyeMbix (byHKIWH (MHOXKecTBO X ) He HAJAraercst KaKux-jiubo orpa-
HAYEHUN.

Mpel 6yeM mpemnoaaratb, 4To mpocTpancTBo Lo(X) yaoBieTsopsier cie-
JIVIOIIHM TPeOOBAHUSM.

Yeaosue 1.1.1. Ilpocmpancmeo Lo(X) cocmoum us ozpanuyenmvis @Bym-
yu:
V(f € Lo(X)) : sup{[f(z)] | z € X} < oc.

VYeqosmue 1.1.2. [Ipocmparcmeso dynruyuti Lo(X ) ecmo aunetinoe npocmpan-
CMBO OMHOCUMENDHO ONEPAUUTE NOMOYUEUYHO20 CAONCEHUA HYHKUUT U YMHO-
oHcenuA PYHKUUT Ha 0etCMEUMEALHBIE YUCA.

DTO 03HAYAET, YTO JJIsT JIOOBIX JIBYX (DYHKITHAIH
f(x) € Lo(X), g(x) € Lo(X)
1 JTIOOBIX AeficTBUTeILHBIX uncea o, 3 € RY ¢pynkmusa
hz) = af () + Bg(x)
IPUHAIEKAT NPOcTpancTBY Lo(X).
Veaosue 1.1.3. Ecau gynwyua f(x) € Lo(X), mo |f(x)| € Lo(X).

Tak Kak

max(f(2), 9(2)) = (/) + 9(e) +1/() - g(a))
min(f(z), g(x)) = —max(—f(x), —g(z)),

TO TIpH BbIToiHeHNN ycaoBud 1.1.2 yciaosue 1.1.3 3KBUBAJIEHTHO YCIOBHUIO

Veaosue 1.1.4. Ecau f(z), g(x) € Lo(X) mo

max(f(z) , g(x)) € Lo(X) , min(f(z), g(x)) € Lo(X).



Mpi OyaeM mpeanoiararb, 9T0O 3JeMEeHTapHbIH HHTerpas Iy yI0BJIeTBOps-
eT CJIeIYIONMHUM TPeOOBAHUSIM.

Ycaosue 1.1.5. Daemenmaprnt unmeepan Iy ecmv aunetinod @yrryuo-
nan, aadanmvit na Lo(X):

In: Lo(X) — R, Io(af + Bg) = alo(f) + Blo(g).

Ycaosue 1.1.6. Iaemenmapnoii unmezpan Iy neompuuyamenen:
(Vo : f(z) =2 0) = (lo(f) = 0).

YcaoBue 1.1.7. Iunemenmapruii unmezpas Iy nenpepweer 6 caedyrowem
cMbLene:

ecruN(x € X): fom(x) < fulz) uw V(reX): lim f,(x) =0,

n—oo

lim Io(f,) = 0. (1.2)

n—oo

Tak kak
—|f(@)| < f(z) < [f(2)],

TO U3 HEOTPULATEJIbHOCTHU IJICMEHTAPHOI'O MHTEI'PaJia CJedyeT HEPaBEeHCTBO

[ To(f)] < Lo(] f1)- (1.3)

Ecau dynknusa f(z) = 1 npuHaI€KUT IPOCTPAHCTBY J1€MEeHTAPHBIX (DYHK-
Ui, TO OTCIO/IA CJIejlyeT HepaBeHCTBO

[Lo(f)] < To(1) supf[f(z)] | x € X}. (1.4)

Jlng mocrpoenust wHTErpJa 1mo cxeme /laHuasst HyKHbBI TOJIBKO cBoficTBa 1.1.1
-1.1.7 mpocTpaHcTBa 3J€MEHTAPHBIX (DYHKIUH U 3JEMEHTApHOI0 WHTEeraJa.
Ho B BasKHBIX U HHTE€PECHBIX JJisI PUJIOKEHUI caydagax (KOTOpble paceMoT-
peHbl, HanpuMep, B pumMepax 1.1.1 , 1.1.2 | 1.1.7) npocTpancTBO 3JeMeHTap-
ubIX GyHKIwi Lo(X) yI0BIETBOPSET CIeAYIONIM JOTOTHATETLHBIM YCTIOBH-
SIM:

Veaosue 1.1.8. QPynxuyua f(r) = 1 npunadaescum npocmpancmey Lo(X).

B 3ToMm ciiydae sjieMeHTapHbIH MHTEIPal OObIYHO HOPMHUPYIOT YCJIOBUEM

Ip(1) = 1. (1.5)



VYeaosue 1.1.9. Ecau f(z) € Lo(X), mo
Vip = 1) = |f(@)[" € Lo(X).

Ec/in 9T yCI0BusT BBIOJHEHbBI, TO MOCTPOEHHBIN 110 cxeme JlaHud/is uH-
TerpaJl 06J1a1aeT JIONOTHUTENBHBIME CBOCTBAME, KOTOPbIE Y4aCTO HCIOJb3Y-
I0TCH B MIPUTOKEHUIX.

B dasvnetiwem mo. npednoaazaem, wmo ycaosua (1.1.8) u (1.1.9) swnoa-
HEHbL.

Xors 1pu HOCTPOHUN HHTErPasIa 110 cxeMe JJaHusuist Ha 06s1acThb 3a1aHust
uHTErpupyeMbix GyHKImil GopMaTbHO He HATATAETCA KAKHX-T100 OrpaHue-
HUil, HO B JCHCTBUTEILHOCTH /IeJI0 OOCTOUT HE COBCEM TaK. Eciu MHOXKeCTBO
SJeMEHTAPHBIX (DYHKINH GeCKOHETHO, TO JJIA CYZKICHUS O TOM, PUHAJIC-
JKAT WM HeT JaHHash (DYHKIUS TPOCTPAHCTBY JEMEHTAPHBIX (DYHKIHHA 1
BBIIOJIHEHO Jii yesaosue (1.1.7), mam Hy’KHO KaK-TO OIHCATL CBOHCTBA J1e-
MeHTapHbIX (DYHKINMIA, & CAeaTh 3T0, HUYEro He 3Has 00 obJiacTu 3a1aHusd
3J1eMeHTapHBIX (DYHKIHMH, HEBO3MOKHO. [109TOMY B NPAKTHIECKUX IMTPUME-
HEHUSAX Ha 00JIACTD 33 JaHUs TEeMEHTAPHBIX (DYHKINH HATATAIOTS TOTOJIHA-
TesbHbIe TpeboBanus. JacTo pacCMaTPUBACTCS CIICIYIONAs CHTYAITHS.

YcaoBue 1.1.10. Ipcmarncmeo X -3mo KoMnaxkmmoe monoso2uieckoe npo-
cmpancmeot, npocmpancmeo aaemenmapnuir Gynryut Lo(X) - amo npo-
cmpancmeo C(X) scex nenpepusnor dynrkuud na komnaxme X, a sremen-

mapuuit unmezpas Iy amo aunetnovild Heompuyamesvrvll PYHKUUOHAA HA
C(X).

Bamernm, 4To Takoil (pyHKIHOHAN B cuay HepaBeHcTBa (1.4) gBiasgercs
HeNpepbIBHBIM B MeTpuke npocrpancrea C(X).

Brinosnenne ycnosus (1.1.7) torma caemyer u3 teopembl Jluuu u yciio-
Bug 1.1.8-1.1.7 Tak»Ke BBIIOJHEHBI. YCJI0BHE KOMIIAKTHOCTH TOIIOJOTHTYIECKO-
ro npocrpascTsa X B HEKOTOPBIX CAyYasgX MOXKET OBITH 3aMEHEHO YCJIOBHEM
KOMIAKTHOCTH HOCUTENsT Kaxkaoil dpyukmun f € Lo(X).

Paccmorpum npumepst.

VYreepxkaenne 1.1.1. [lyemv X = [a,b] C R, Ly(X) = C([a, b)) -
NPOCMPArcmMeo 6Cex HenpepueHus dynruyul na ompeske |a, b, a aremen-
maprul unmezpan 3a0an Kax unmeepas Pumana:

Iy: C(la, b)) > f— 1(f) = / f(z)dz. (1.6)

!B aroit rmase moJ TepMEHAME KOMIIAKT, KOMIAKTHOE TOHOJOTHIECKOE IIPOCTPAHCTBO I
KOMIIAKTHOE MHOYKECTBO MOYKHO MOHUMATE OMpeesienHoe pasencTsom (1.7) mommpocrpan-
CTBO €BKJIA/I0BA TPOCTPAHCTBA.



B smom cayuae evinoanens yeaosus 1.1.1-1.1.4 das npocmparcmea Lo(X)
u yeaosus 1.1.5-1.1.7 daa aremenmaprozo unmezpana.

[Tposepum Boimosiaenue ycaosug 1.1.7 3 npusnaka paBHOMEPHOI CX0O/U-
McTH JIMHE CIemyeT, 9To eCau MoCae10BaTeIbHOCTh HeNPEePhIBHLIX (DyHKITHI
fn(Z) MOHOTOHHO CXOMUTCS K HYJIIO B KazKJI0il TOYKe oTpeska |a, b], To oHa
CXOJIUTCS K HYJII0 PABHOMEPHO Ha oTpe3ke [a, b], mosTomy

b b
lim [ f,(z)dx :/ lim f,(z)dx = 0.

n—oo
O06061IeHIeM TPEJBIIYIIEI0 TPUMePa CAYKUT CJICAVIOMMA IpIMep.
YrBepxkaenue 1.1.2. Ilycmov npocmpancmeo X ecmod napasnresununed K :
K:={zlz=(21,...,20) €ER?, a; < w; <b;, a; <b; }. (1.7)

Hyemov Lo(X) = C(K) -npocmpancmeo 6cex nenpepulerols Gynkuyud na
napaansesununede K, a snemenmapnuiti unmezpas 3adar kax unmezpan Pu-
MANHA:

Iy: C(K) > f—1y(f) = /Kf(a:)dx, dx = dxidx,y . .. dzg.

B amom cayuae yeaosun 1.1.1-1.1.4 dasn npocmpancmea Lo(X) u ycaosus
1.1.5-1.1.7 0ra saemenmapno2o unmezpaia 6oinoAHeHbL.

DT IpUMePHI ABJIAI0TCS OCHOBHBIMHA JIJTA TAILHEINer0 N3/I02KCHUS: 6 0a.Ab-
Hewem (ecau He 02060peH0 OPY20€) MOHCHO NPEINOAG2AMY, WIMO NPOCMPAH-
emeo X, npocmpanemso aremernmapronr ynryuis Lo(X) u ssemenmaproid
unmezpan 1y 3adano. max, xax 6 1.1.1 usu 1.1.2. Bee apyrue npuMepsl mpu
HEPBOM YTEHHM MOXKHO HE PACCMATPUBATD.

YuraTe 1o mpeIaraeTcs NpoBEPUTh, 9TO B CACAYIONUX CJIyIasX BbIIOJ-

Hew®l yeaoBug 1.1.1 -1.1.7.
ITpumep 1.1.1. Tlycrs X = [a, b] C R, Ly(X) -npocTpalcTBO BCeX KyCOUHO-
JUHEeRHBIX GYHKIHi (KycouHo-TrHelHasa (yHKINSA -5T0 TaKas HempepblBHAST
dbyukus, rpaduk KOTOPO ecTh JOMaHHAS JUHUSA) HA OTpe3Ke [a, b], a aJe-
MeHTapHBI HHTerpas 3amaercs dbopmynoit (1.6).

Ipumep 1.1.2. IlycTh
X=K:={2lz=(21,...,2q9) €ER? a; < x; <b;, a; <b;},

Lo(X) := C(K) -mpocTpaHCTBO BCEX HENPEPBIBHBIX QYHKINIT HA apaJiie/ -
manege K, g € C(K) , g(x) >0, x € K, a seMeHTapHBIil HHTErpaJ 3a1aH
Kak HHTerpaJj Pumana:

Iy: C(K) > fw— Iy(f) = /Kf(w)g(x)dx, dr = dzrydz, . . . dxg.



Byner nu B 3TOM npuMepe BBITIOJTHEHO YCJIOBHE HEOTPUIATETHHOCTH JJIe-
MEHTAPHOTO HHTErPaJIa, ecid (PYHKIUS () B HEKOTPOBIX TOIKAX OYIET MpH-
HUMATh OTPUIATE/IbHbIE 3HATCHUA !

pumep 1.1.3. Tyere X = [a, b] C R, Ly(X) = C([a, b]) -npocrpancTBo
BCexX HempepbIBHBIX dynkiumii Ha orpeske [a, b], {z;} C [a, b], a smememnrap-
HBII uHTErpaJs 3ajaerca dpopmyroi

Io(f) = alj)f(;), (1.8)
J
rae {a(j)} -Takas moCIELOBATENLHOCTD , 9TO
Viia(j) >0 u Y a(j) < oo (1.9)
J
[Iposepka ycosuii 1.1.5-1.1.7 nipeiocTaB/isieTcss YuTaTEIO.

Ipumep 1.1.4. llyctp X = Z, -MHOXKeCTBO HEOTPUIATEIbHBIX IEJIBIX UH-
cen, Lo(X) = [°° -mpocTpaHCTBO OrPAHUICHHBIX YUCIOBBIX MOCJIETOBATEb-
HOCTEI:

({6(5)} € 1%) <= (sup{[b(j)| | j € Z+} < 00),
{a(j)}-aucsioBas mocsie10BaTEIBHOCT, KOTOPasl YAOBIETBOPSET YCIOBHSIM
(1.9), a ssemenTapHblil HHTErpas 3a1aH QOPMYJIOi

Io({b()}) = 3 ali)b(). (1.10)

J
[Tposepum, urto BeinosHeHo yeaosue 1.1.7. Tlyers {b,(7)} Takas nocsemo-
BATEJILHOCTH 3JIEMEHTOB IIPOCTPAHCTBA [°°, KOTOpasi YI0BIETBOPSIeT YCJIOBUIO:

Vi bu(§) — 0, n — 00, byi1(j) < ba(4).

CupaBeJl/InBO paBEHCTBO

To({bn}) = 3 a(i)ba(i) + D ali)bn(s): (1.11)
Bropyto cymmy B (1.11) ornennm Tak:
[ 2 ali)ba(i)] < sup{lba(7)] 17 € Z:3 D al)).

Teneps sicHo, uTo Bropas cymMa B (1.11) MoKeT ObITh ¢jieTaHa CKOJIb YTOTHO
MaJ10# 3a cuer BbiOOpa N, a nepBas cyMMa MOKeT ObITb CjlejlaHa MaJIoi 3a
cyeT BuIbOpa n.



Hpumep 1.1.5. llyctb X = Z, -MHOXKECTBO HEOTPHUIATEIbHBIX IEJIBIX UH-
cen, Lo(X) = [? -mpoCTPAHCTBO YHCIOBBIX MOCTIEIOBATEILHOCTE, KOTOPBIE
VIOBJIETBOPSIOT YCJIOBHUIO:

({b(s)} € 1) Z 1b(j) (1.12)

[lycre nocaeposarensuocts {a(f) }ynosaersopser yeaosuio: {a(j)} € 12, a(j) >
0. Bagaaum smemenTapublii uaTerpas dbopmymnoit (1.10).

[IpoBepum BBITIOTHEeHWE ycaoBuit 1.1.5-1.1.7. [Ina 9Toro cHadyaaga 3ame-
THM, 9TO IPOCTPAHCTBO [2 ecTh JMHEeifHOe TPOCTPAHCTBO OTHOCHTEIBLHO OIle-
pauui CJI0XKEeHUd U YMHOXKEHUd Ha JeHCTBUTE/IbHbI YUC/Aad, €CJIU 3TU Olepa-
ouun OolpeaeJIieHbI 11O MPpaBUJIY

afb()} + A{g(i)} = {ab(4) + B9 ()},

[(5) + 9()I* < 2(16()I* + 19()I?).

[Tpoeepum BoinosnHenue yeaosus 1.1.7. Tlycrs {b, ()} Takas nocienoaresb-
HOCTDb 9JIeMEeHTOB IIpocTpaHcBa [2, KoTopas yI0BIeTBOPAET YCIOBHIO:

Vi by(j) = 0,n— 00, byy1(7) < bu(y).

CupaBeJInBO paBeHCTBO

Lo({bn}) =Y ali)ba(h) + Y ali)ba(h) (1.13)

J<N j>N

BOCHOJIBSyeMCH HEPpaBEHCTBOM

3 ) < (3 (S )

>N >N >N

B cuy sToro HepaBeHCTBa 3a c4eT BbIOOpa mapameTrpa N BTOpOe ciaaraeMoe
B (1.13) MOXKHO ¢JleJaTh CKOJIb YIOHO MAJbIM CPa3y JJIs BCEX 7, a MePBYIO
cymmy B (1.13) MOXKHO ¢estaTh MaJoil 3a cder BIGODA n.

IIpumep 1.1.6. IlycTh

X=(a,b,a=ap<ay<ay<...<ay=b
-(bUKCHpOBaHHbIC TOUKU H
Vi< N-1): A =(a;, ajpi], - (1.14)



Ilycrs Lo(X) -muneitnoe mpocTpanctso pyHKnuit Buga

L(X)3 f@)= 3 BGAl), 5() € R (1.15)

0<j<N-1

Oupeneum na Lo(X) ssiemenTapubiii unrerpai ¢hopmyJioii

b
ot Lo(X) 3 fla) = () = | (ade =
Y. Bilaj—ay) (1.16)

0<j<N-1

[Iposepka ycnoswmit 1.1.1 -1.1.7 B JaEHAM CcIydae MpeaoCcTaBIgeTCS IUTa-
TeJIO.

IIpumep 1.1.7. Ilycrb X = (a, b] u Lo(X) -nuneiiHoe TPOCTPAHCTBO BCeX
dbyuaknuit Buga (1.15) npu ecer 603m001cHbLT BEIGOPAX TOYEK o U Beex N =
1,2 .... Onpegenum snementapubiii uarerpasi dpopmyoit (1.16). Yemosus
1.1.1 -1.1.7 B 3TOM Cjy4ae OyyT BBIIIOJJHEHDI.

Herpusuasibna TobKO mpoBepKa yeaoBud 1.1.7. B panbHeiteM pe3yiib-
TaTbl HUZKECJICAYIOHIUX paCCY?I(,ZLeHI/IIU/I HaMu He UCIIOJIb3YIOTCA.

[Tycre nocaenosarensuocts { fn(x)} C LX) yaoBierBopser ycaoBusim:

Va: fn-i—l < fn(x) ) fn(x) - 07 n— oo.

Kaxnas 3 dbyskiuii f,(r) uMeer TOJHKO KOHEYHOE YHCJIO0 TOYEK Pa3pbiBa
Ha oTe3ke [a, b], MO3TOMY MHOYKECTBO BCEX TOUEK pas3pbiBa BeeX (byHKIMIA
fn(x) me Gosee wem cuerno. Ilycrs sro Gymer muoxecrso {x;}, j=1...
[ToroxuMm

Be = U‘/; ’ ‘/; = (xl - 471’67 T +47i€)' (117)

MuozkecrBo C(B,) 3aMKHYTO, hyHKIMOHAIbHAS MTOCTIe0BATELHOCTD { [, ()}
MOHOTOHHO CTEMHUTCS K HYJIO B KayKJIOil TOYKE TOTO MHOXKECTBA M KaiK-
nast pyukuust f,(x) Henpepoisaa va C(B,), n103romy B cujty reopembl lunu
dbyukIoHaTBHAS MOCHEMOBATENBHOCTD { f,,(x)} cTpemmTes K HysH0 paBHO-
mepuo na C(B,). Ilycrs n(e) BerGpano tak, 9to

V(z € C(Be), n>n(e)): fulr) <e.
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[Ipu n > n(e) upegcrasum byuknuo (1.15) kak cymmy aByx yHKIui

fol@) = folz) + fu(2),

rae
fila) = 32 BHA ), (1.18)
fila) = 37 AT, (1.19)

B (1.18) cymmmpopanue BejieTcs 1o TeM j, a1 koropbix A; [ C(B.) # 0, a
B (1.19) cymmuposanue pejerca 1o e j, ayist koropbix A7 C Be. Tax kax
B (1.18) B ectb oo u3 sHauenuit yukmmn f,(r) na maoxecrse C(B.), To
Vi B <em

b
/ fo(x)de < (b—a)e

Tak Kak BCe TOYKH (v; IO ONIPEJEJICHHIO IPHUHAJJIEKAT MHOMKeCTBY B, TO
JUIsT BCEX TeX J, IO KOTOPBIM Bejercsi cymmvmuposanne B (1.19), BbimosaHeHo
BK/IIOUeHNEe [, jiy1] C Be. B cuny memmbr Teitne-Bopesst kaxapiit oTpe-
30K [@j, (vjy1] OKPBIBAETCsA KOHEYHBIM YHCIOM HHTepBasioB V; Buga (1.17).
Bxogsimue B (1.19) MHOMXKECTBA A;’ He IepecekaroTcsd  UX o0beInHeHne I10-
KPbIBAEeTCSI KOHEYHON CHCTEeMON OTKPBITBIX HHTEPBAJIOB V;, cyMMapHas JIJINHA
KOTOPBIX MeHbIIe €. [IycThb

M =sup{fi(z) |z € X}

Torma
b b
/ () de < M/ (Z ]I(A;”z)) dx < (sup f1(z)) - €,
u pu n > n(e) :

/bfn(x)dfé(M‘Fb—a)-E.

Nrak, Mbl jloka3a/iu BbilosiHeHue ycjaosusd 1.1.7 B paccMaTpuBaeMOM Ha-
MH IIpUMEpe.

Yurareto peKoMeH1yeTcss 0000IUTh 3TOT HPUMED Ha CJAydail HPpOCTPaH-
crea R

JIpyrum 00o0IeHneM 3Toro npuMepa sAaBageTcs

10



IIpumep 1.1.8. Iycrs F(x) -MOHOTOHHO HeyObIBAOIIAsI HEIIPEPHIBHAS CIPABA
dbynkuusa na orpeske [a, b] C R! u nyers Lo([a, b]) -muueiinoe mpocTpancTBO
Beex dyuxmmii Buga (1.15). Ha mpoctpancrse Lo([a, b]) onpenenum smemen-
TapHbIl HHTErpa/ hopMYyI0it

Lif)= > BG)(Flajm)— Flay)). (1.20)

0<j<N-1

[Ipoepka ycoBug 1.1.7 mosrydgaercss JOCTOBHBIM TOBTOPEHUEM MPE/IbI-
AYIIUX PacCyzKJICHAN.

B nmpumepax 1.1.6-1.1.8 kaxKmas pYHKIUSA U3 IPOCTPAHCTBA dJIeMeHTapP-
HbIX (DYHKIMI IPUHEMAJIA TOJIbKO KOHEUHOEe 4Kc/10 3Hadenuii. [Ipuem, cocro-
ST B PACCMOTPEHNH TI0I00HOTO Kjacca PYHKIN, 4acTO UCIOJAb3YeTCs B
TEOPUH WHTEerpaJia.

1.1.2 MHoxKecTBa MEPHI HOJIb.

Paccmorum npumep. [Tyers X = [0, 1], Lo(X) = C([0, 1]), a smemenTapubtii
MHTerpaJ 3aj1aercs hbopMysioii

Io(f) = f(1/2) (1.21)

¢lcHo, 9TO B pacMaTPUBAECMOM MPUMEPE MOBEJICHIE HHTEIPUPYEMBIX by HKITHI
Ha uaTepBasiax [0, 1/2) u (1/2, ] nukak we Bausier Ha wHTErpag. Irobb B
obIIeM cyiydae BBIJIEJINTh HECYIeCTBEHHbIE JJIsi HHTerPAJIa ITOMHOKECTBA
061aCTH 3aaHUsT WHTErPUPYEMBIX (DYHKIHIA, BBOIUTCS MOHSATHE MHOMKECTBA
MepbI HOJIb.

Onpenenenne 1.1.1. IlogmuoxkecTBO Z npocTtancTBa X e€CTh MHOMKECTBO
Mepbl HOJIb, eCJIM JIjId KazKJioro € > ( cyiecTByeT Takas HeyObIBAIOIIAs 10-
CJIeJI0OBATEIHLHOCTD

{fn(@)} C Lo(X) , frpa(@) = fr(2)

HeoTpunaTeJbHbIX!

V(n,z): fi(z) >0

3JIeMEeHTapHBIX (DYHKIHIL, 9TO
Vize Z): sup{fi(z)|1<n<oo}>1 u Vn:I(f) <e

HyCTOG HOAMHOZKECTBO CHHUTACTCA MHO2KECTBOM MEPbl HOJIb 110 OIIpe/JeJie-
HHIO.
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Eciim mMuHOX)KecTBO Z C X ecTh MHOXKECTBO Mepbl HOJIb, TO MBI Oyjaem
nucaTh

mes(Z) = 0.

Takum ob6pazom, mes(Z) = 0 B TOM U TOJBKO TOM CJIyUae, eCJIm:

V(e>0), H (@)} C Lo(X) : 0 < filz) < fra(e) ..,
V(zeZ): sup{fi(z)|1<n<oo}>1,
Vn: Iy(fs) < e (1.22)

HenocpeactBenHO 13 onpe/iesieHusi cpa3y »Ke CJiejyerT BayKHOe /I Jajlb-
HeHHIero

Yreepxkaeune 1.1.3. Ecau Z C X ecmob muoosrcecmeo mepvl, woav u Z' C 7
mo Z' ecmb MHOCECTNEO MEPBL HOAD.

3amevarue 1.1.1. Ilo3:ke MBI BBeJleM MOHSATHE MePbl MHOYKECTBA U y HAC TO-
ABATCS MHOZKECTBA, Mepa KOTOPBIX paBHA HYJIIO, & MHOXKECTBA Mepbl HOJIb
B cMmbicsie onpesenennd 1.1.1 kak pa3 m OKaxKyTcsd MHOXKECTBaMU, Mepa, KO-
TOpbIX paBHa Hy/10. Ho, BOOOIIE TOBOPS, TPU UHBIX ONPEIECJICHUSX TOHITHS
Mephbl MHOXKECTBa Mephl HOJb B cMBICJe ompeleaeHnd 1.1.1 m MHOXKeCTBa,
Mepa KOTOPBIX paBHA HYJIO, -9TO Pa3Hble KJACCHI MHOXKECTB. DTHU KJACCHI
MHOXKECTB MOTYT COBTIAJIATH PU OTHUX ONpEAeTeHUAX MOHATHS Mephl MHO-
JKecTBa W He COBMAATh IPH JIPYTHUX ONpPeJe/IeHNIX MOHATAS Mepbhl MHOYKe-
cTBa. Bosee mogpoOHO MBI OCTAHOBUMCS HA ITOM HPU OOCYKJICHUN TTOHATHS
Mepbl MHOYKECTBA.

[IpuBesem npumepsI.

Ipumep 1.1.9. B paccmorpenHom B HavaJie 3TOro naparpada npumepe MHO-
xkecrso [0, 1/2)(J(0, 1/2] ecTb MHOXKECTBO MepPbI HOJIb.

Ipumep 1.1.10. B npumepax u 1.1.1 1.1.2 osHorouednbie MHOXKECTBA T( €
la, bl u g € K ecTh MHOKECTBA MePbI HOJb.

B kauecrse mocsie10BaTeIbHOCTH [ () MOXKHO B34Th IOCJIE[0BATEILHOCTD
fi(r) =max{0, 1 — |z — x¢|/e} mpu € < 1.

Ipumep 1.1.11. B upumepe 1.1.3 xaxgas Touka o € {z;} ecrb MHOXKECTBO
MepBI HOJIb I HHKAKasd TOYKA Ij HE €CTh MHOMKECTBO MEPHI HOJIb.

Ipumep 1.1.12. B npumepax 1.1.4-1.1.5 ejuHCTBEHHBIE MHOXKECTBA MEPbI
HOJIb -3TO MYCTHIe MHOYKECTBA.
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Kak BHIHO M3 pacCMOTPEHHBIX HAMHU IPUMEPOB, CBOMCTBO MHOYKECTBA,
OBITH MHOYKECTBOM Mepbl HOJIb 3aBHCHT W OT HPOCTPAHCTBA JIEMEHTAPHBIX
dbyukumit Lo(X), n or 3amannoro ma mpocrpauctse Lo(X) amemMeHTapHOTO
unrerpaja I.

Jlemma 1.1.1. Cuemnoe 06seduHeHue MHONCECME MEPLL HOAL €CTMb MHO-
AHCECTNBO MEPDL HOAD.

Hokazarennscrso.llycts 2, C X, k = 1, ... -MHOXKecTBa Mepbl HOJIb H
Z = |J Z. 1o onpenenennio MHOKECTBA MePBI HOJIb JIJIs KaXKI0ro k cyIie-

k
CTBYET TaKad ITOCJIeJ0BATCJILHOCTH

{forx(@)}CLo(X),n=1... wuro VY(n,k):0< fur(x) < for1x(x)

V(z € Zy) : sup{fur(®) | n€Z} > 1, I(for) <2 e
[Iyctn

ga(2) = max{ fue() | 1 < k < n}.
CDyHKHHOHa.HbHaH I10CJIe 10BaTeJIbHOCTD aJn y,ZLOBJIeTBOpHeT YCJIOBI/IHM:

{gn} C Lo(X), 0 < gp(z) < gny1(x), Y(x € Zy) :
sup{gn(z) | 1 <n < oo} >1,

TO3TOMY

V(ze Z): sup{gn(z) |1 <n<oo}>1

In(gn) < 1o Z g | <€

1<k<n

Tak Kak € IPOU3BOJIBHO, TO MHOXKECTBO Z YAOBJIETBOPSAET YCJIOBUAM OIIDPEe-
genug 1.1.1 Jlemma mokasana.

Beenem nonsitne ceoticmea, cnpasedaueozo nowmu scrody. Pacemorpum
HEKOTOpOe 3aBucsiiiee or Touku x € X cpoiictBo P(x).

Onpenenenne 1.1.2. Mo 6yaeM roBoputhb, 910 cBoiicTBO P(x) cupases-
JIUBO LOYTH BCIOJLY, €CJii MHOXKeCTBO Touek x € X, rje cpoiicteo P(r) He
CTpaBEJINBO, €CTh MHOKECTBO MEPHI HOJIb.
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D10 onpeieenre MOKHO epedopMyTupoBaTh Tak. Ilycts P(x) -byHKIust
Ha MHOXKeCTBe X, KOTopas IPUHUMAET IBa 3HAYCHHS:

P: X > x> P(x) € {truth, false}

Omnpenenenne 1.1.3. P(x)=truth mourwm Bciony, ecoim mes({z | P(x) =

false}) = 0.

Jl1s BeIpaxkKeHns "HOYTH BCIOAY MBI Oy/eM HCIIOJb30BATh COKPAIIEHNE
.B. Takum obpasom,

(m.B. P(x) = truth) <= (mes(C({x | P(z) = truth})) = 0)

Ocob0 0TMETUM CBOMRCTBO CXOAUMOCTH HOUYTH BCIOAY HOCIEI0BATEIHHOCTH
Omnpenenenne 1.1.4. TlocaenoBareabHOCTh f,,(X) CXOAMTCS TMOYTH BCIOAY,
ecan

mes(C({x | 3 lim. f,(x)}) = 0.

OTMeTI/IM, 9TO TaK KaK CBOWCTBO MHOXKECTBA 6bITb MHOZKECTBOM MeEPbI
HOJIb 3aBHCHUT OT BHIGPAHHOTO IPOCTPAHCTBA 1eMeHTapHbIX (hyHKumi Lo(X)
U OT 33/aHHoro ua mpoctpanctse Lo(X) snementapuoro marerpana I, To
CBOMCTBO nouwmu 6ctody 3aBUCUT OT BBIOPAHHOTO MPOCTPAHCTBA dJIeMEHTAP-
ubix dynknuii Lo(X) u or 3agansoro Ha npocrpanctse Lo(X ) ssemMenTapHo-
ro unrerpana ly. B manbHeiinemM y HAC BOSHUKHYT CUTYAIlUU, KOT/Ia HYKHO
[IOSICHUTD, B KAKOM HMEHHO CMBICJIE YHOTpeOIeH TePMUH IOYTH BCIoAy. To-
raa Mbl Oyjem mucathb m.B. mod(p). CMBICT 9TOro 0603HAUEHUS U €r0 CBI3b
¢ WHTEeTrPaJIoM OYIYT MOSCHEHBI TO3Ke Ha cTp. 60.

[Tpusejem mmpumep.

Ha orpske [0, 1] onpegenum dbyHKIHIO

f) = 0,2€(0,1/2) (1.23)
1,z €[1/2,1].
Dra byHKIWs HepHepbiBHA BO BeeX To4kKax orpeska [0, 1] , 3a mckiode-
HUeM TOYKH * = 1/2. Eciu Mbl onpejiesiuM 3JIeMeHTAPHBI HHTerpas Tak,
Kak B yTBepxKaenuu 1.1.1, To cuny nmpuBeieHHOrO Bhitiie ipuMepa 1.1.10 Tou-
ka r = 1/2 umeer mepy nojb. CjenoBarejbHO, B 9TOM cjydae (QyHKIMs
(1.23) menpepsiBHa nouTH Beomy. OHAKO €CJIM MbI ONMPeIeTHM 3JIeMeHTap-
HhIii wHTerpas dopmymnoi (1.21), To Touka 1/2 y:ke He GymeT MHOKECTBOM
MepBI HOJIb, H TP OIPEeJIeJIeHIH JJIeMEHTAPHOTO HHTerpasia dpopmyoit (1.21)
byukmums (1.23) we Gyer HempepbIBHA HOYTH BCIOIY.
Wciiosib3yeM 1mOHSATHE MHOYXKECTBA Mepbl HOJIb JIJI YTOYHEHUS yCJIOBUi
CXOJIMMOCTH K HYJIIO MHTEI'PaJia OT IMOCIeI0BATE/IHHOCTH (DYHKITHII.
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JIemma 1.1.2. Ecau nocaedosamenavrocmo anemenmapros dynruud { fr,} C
Lo(X) ydosaemsopaem ycaosusam:

Va:0< foi(z) < fo(z) une lim f,(x) =0,

n—oo

n—oo

JlokazarenbeTBo. Tak Kak mocje 0BaTe IbHOCTh 3JIEMEHTAPHBIX (DYHKITUH
fn(z) MOHOTOHHO He BO3pACTAET, TO YHCJIOBAs TOCJIeI0BATENBLHOCTE Io(fy,)
MOHOTOHHO He BO3pacTaeT u mpeaes lim, .. Io(f,) cymecrsyer. Hyxmo mo-
Ka3aTh, YTO ITOT MPEJIeJI PABEH HYJIIO.

[IycTh

M =sup{fi(x) |z € X}, Z={x| lim f,(x) # 0}

Tak kak mes(Z) = 0, To cymiecTByeT Takas MOCJIEI0BATEIBHOCTD dJIEMEH-
TapHBIX DYHKNHI ¢, 9TO

Vin,zeX):0< g, () < ghpq(z),

V(z € Z): sup{g,(z) |1 <n<oo}>1.

ITooxxum
ho(z) = fn(z) — Mg, (2).

[TocaejoBaresbHOCTD hy, () cocTOUT U3 1eMeHTapHBIX DYHKIUI U MOHOTOH-
HO He BO3DACTAET, MOITOMY y Heé B KarKJIOi TOUKe CyIIeCTBYeT npeaet (HO B
HEKOTPBLIX TOYKaX OH MOZKET 6bITb paBeH —OO)

Tak Kak 1mocae0BaTebHOCTh {h, ()} MOHOTOHHO He BO3pacTaeT u

Vin, z): fulz) < M,
TO

V(z e Z): lim h,(z) < lim f,(x) — M <0,
Ecmn z € C(Z) 1o lim, o0 hp(z) < —M <0.
[TosTomy
Vo : lim h,(z) <0,

n—od

15



B nanbrernrem mMbl 6y/ieM HCIIOJIB30BAaTh 0003HAYEHUE

S (2) = max{0, f(x)}.

Bamernwm, uro ecan f(x) -snementapuas dynknus, o f1(x) -roxe snemen-
TapHasg QYHKIUS.
[TocsieroBaresibuocTh b () ya0BIETBODSIET YCJIOBUSM:

hi(z) € Lo(X),V(x € X, n): hL_l(x) < hf(x),
V(r € X): lim ht(z)=0.

CrenoBaTebHO,

IO(fn) - MIO(gn) = IO(hn) S Io(hj{) - 07 n — oo
B cuty BeIGOpa MOCIEI0BATENBHOCTH ¢y, () OTCIOMA CJEYeT, YTO

0 < lim [o(f,) < limsup MIy(g,) < Me.

n—oo

Tak Kak € Ipom3BOJLHO, TO JIEMMa JOKA3aHA.
W3 j10Ka3aHHON JIEMMBI BBITEKAET

Caencreue 1.1.1. Ecau f(x) € Lo(X) u n.e. f(x) =0, mo [y(f) =0.

Jlng mokasaTeanCTBa 3TOrO CJACACTBUS JOCTATOYHO PACCMOTPETh MOC/Ie-
noBarenbHocTsh fp(x) = |f(2)|, npuMennTs K 9TOi MOCTIETO0BATEIBHOCTH J10-
KazaHHyto JeMmMmy u HepaseHcTBO |Io(f)| < Io(|f])-

B nanwnreiiem Mbl OygeM MCIOJIH30BaAThH CAeAYIOINTE 0003HATEHUSI.

Eciu mocieaoBaTebHOCTD {a, } yI0BIETBOPSIET YCJIOBHAM

Vn:apy < a,un lim a, = a,

n—oo

TO MBI OyjIeM ITHCATh

a, "\, a.

Eciin nocsiegoBaresibHOCTb {a,} yI0BIA€TBOPSAET yCJIOBUAM

vn: a,.1 > a, 1 lim a, = a,

n—oo

TO MBI OyjieM ITHCATh

a, /" a.
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Jlemma 1.1.3. Ecau das xaoscdozo n muostcecmeo

Zy i=Ax | fas1(x) > fulx)}
ECTNG MHOACECMEO MEPLL HOAD U

n.e. lim f,(x) =0,

n—00
mo
n—oo
BO—HepBbIX 3aME€THM, 9YTO €CJIU OJId KazKJ0Tro 1 MHOZKECTBO Zn = {ZL’ ’

for1(z) > fu(z)} ectb MHOKECTBO Mepbl HOJb, TO MHOXKecTBO |JZ, ecrb
n
MHOYKECTBO Mepbl HOJIb, a pH = & | Z,, clpaBeyIuBo yTBepZK IeHHe
n

Vn: fn-&-l(‘r) S fn(x)

AnajlorudHbie pacCyKIAEHHS B Ja/IbHEHTIIeM O3BOISIT HAM He JeaTh Pa3-
JIMIUS MEKJIy YTBEPKJICHUEM, YTO HEKOTOPOE CBOHCTBO, CIIPABEJINBO MOYTH
BCIOJTy Cpa3y JJjd BceX N € Z U YTBePKIAEHHeM, 9TO 9TO CBOMCTBO, CIIPABe/I-
JINBO TIOUTH BCIOMY JJIsT KaXKJI0TO n € Z.

[Iyctn

Zo=A{z| fulz) A0, n > o0} u Z = U .

0<n<oo

[To ycnosuio, mes(Z) = 0. Iycrs g,(x) := min{fy(z) | 1 < k < n}. Ecan
& Z, 10 go(x) = fulz) mme. gu(x) \,0, n — oco. Tak kak

B, gu(z) = fu(2), T0 Lo(f1) = Lo(gn)-

Tak Kak mocae0BATETLHOCTD ¢y, () YAOBIETBOPSIET YCJIOBUIM JeMMbl 1.1.2,
1o lo(fn) = Lo(gn) — 0, n — 0.

1.1.3 IlocTtpoenue mHTerpaJia mo cxeme Jlanuais.

Mpbl npucrynaeM K HOCTPOEHHUIO PACHIUPEHs MPOCTPAHCTBA JIEMEHTAPHbBIX
GYHKIMH 1 pacnpocTpaHeHuio 3JIEMEHTAPHOI'O HHTErpaJsia Ha 3TO PACIIHPEH-
HOE TIPOCTPAHCTBO. PacimupsaTh NPOCTPAHCTBO 3IeMEHTAPHBIX (DYHKIUH MbI
OymeM B JIBa dTAra: CHavYasaa MBI JOOABUM HEKOTOpBIE TIOTOYETHBIE MTPeIebl
37eMEeHTaPHBIX (DYHKIWH, a MOTOM MBI 1006aBUM (DYHKIINU, KOTOPBIE Mpe/I-
CTaBUMbl KaK Pa3HOCTb TeX (DYHKIUI, KOTOpble Mbl JIOOABUJIM HA LEPBOM
Jrare.
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JIemma 1.1.4. Ilyems nocaedosamenrvrocms snemenmapunz Gynxuyud { f,}
ydosaemeopaem 08YM YCA0BUAM:

Vn:ne  fa(x) > folz), (1.24)
sup{/o(fn) |1 <n< o0} =0C<o0. (1.25)

Tozda
n.e. 3If(z): flx)= nll_)rgo fn(x) < o0. (1.26)

Jokazarenbcrso. Bo-nepsbix 3ameruM, 410 ycsosue (1.24) sxBuBasieHTHO
YCJIOBUIO:

Vn:mes{z | fo(x) > fop1(z)} =0. (1.27)

Bo-BTOPBIX 3aMeTHM, 4TO yTBEPXKJEHHE JIEMMbl IKBUBAJEHTHO YTBEPIKIE-
HUIO:
mes{z | lim f,(z)= o0} =0. (1.28)
n—oo

PacemorpuM mocsie 10BaTeIbHOCTD
gn(x) == max{(fr(z) — fi(2))" [ k < n}.
dcuo, 9o

Z:={a| lim o) = oo} = {a | lim g,(x) =00} (129)

[Tocsre1oBATETLHOCTD HEOTPUIATETHHBIX IEMEHTAPHBIX (DYHKIHI gy, () y/10-
BJIETBOPSET YCJIOBUIM:

V(z,n): gn+1(x) > gn(x) , IL.B. gn(l’) = fn<x> - fl($)7

[IO3TOMY

Io(gn) = Lo(fn) — To(f1)

Vn : Io(gn) < 2C.

CreoBaTeIbHO, MOHOTOHHO HEYOBIBAIOIIAS TOCIEI0BATEILHOCTD HEOTPUIIA-
TeJIbHBIX dJIeMeHTapHBIX DyHKIH €9, (x) /2C ynosaersopsier ycaobusim (1.22)
Juist Muoxkecrsa (1.29), tak xak

Vn : Io(egn(x)/2C) <e,uV(x € Z): sup{eg,(x)/2C | 1 <n < oo} = 0.

Jlemma mokaszana.
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Ounpenenenne 1.1.5. 3ananas Ha MuokecrBe X dyukuus f(x) npunaiie-
JKAT TpocTpancTBy L, (X)), ecm cymecTByeT Takas MOHOTOHHO HeyObIBaro-
st MOCIeOBATETBHOCTD dAeMeHTapHbIX dyukimi { f,(z)}, aTo

w.B. fu(x) / f(z), n— ocoun sup{|lo(fn)|| 1 <n<oo} <oo. (1.30)

Jlemma 1.1.5. 1. Ecau f(x) € Ly (X) un.s. g(x) = f(x), mog(z) € L (X).
2. Kaowcdaa dynryus us npocmpancmea Ly (X) oeparnunena nowmu ecio-
dy:
(f € Li(X)) = (n.6. | f(z)| < 00).

3. Ecaua>0,68>0u f(x), ( )€ L (X) moaf(x)+Pg(x) € Li(X).
4. Ecau f(x), g(z) € Li(X) m

min(f(z), g(z)) € L(X), max(f(z), g(x)) € Ly (X).

HokazarenbeTBo. [lepBoe yTBepkIeHUe caeayeT HEMOCPEACTBEHHO U3 OTIpe-
nesiennsi. Bropoe yreepzkienue ciaemyer u3 jgiemmbl 1.1.3. Tperbe yrBepxk/ie-
HUE O4YeBUAHO. /[JIs J0KAa3aTeIbCTBA Y€TBEPTOrO YTBEPKIACHUS JIOCTATOYHO
BOCIIOJIb30BAThCS HEMPEPBIBHOCTIO (DYHKINI max , Min U 0YeBUTHBIM Hepa-
BEHCTBOM

min(f(2) , o)) < max(fu(2) , gala)) <
max(fo(z) - fi() + |f1(2)], gn(e) — g1(2) + lgn ()])
< Ful@) + 21 f1(2)] + gu(x) + 2091 ().

dcno, aro Beerga Lo(X) C Ly (X). B npumepe 1.1.3 npocrpancrso Ly (X)
coBmajaer ¢ nmpocrpanctBoM Lg(X ). PaccmoTpum apyrue mpmepsi.

Vreepxkaenue 1.1.4. Ecau npocmpancmeo X ecmv ompesox [a, b], npo-
CMpancmeo anemenmapuus Gyrnkyut ecmo mrosicecmeo C([a, b)) ecex nenpe-
pueHuT PynKkuuld na ompeske [a, b], a snemenmapruil uHmMELPAA ECTVD UH-
mezpas Pumara, mo xapaxmepucmuueckue gynryuu sobozo unmepsanra (o, 3) C
[a, b] u ompeska [, f] C la,b] (a maxoce zapaxmepucmuueckue @Gyrk-

yuu noayunmepeanros (o, 5] C la, b], [a, B) C la, b]) npunadaescam npo-
empanemey Ly (X).

Tak Kak B paccMaTpuBaeMoil CHTyaIuy OJHOTOYETHOE MHOXKECTBO (& TaK-
Ke J1I000€ MHOZKECTBO, COCTOSIIEE W3 KOHETHOTO YHCA TOUEK) €CTh MHOZKECTBO
Mepbl HOJIb, TO JOCTATOYHO JOKA3ATh, UTO XapaKTepHCTHICCKAs (DYHKIIUS
I((ee, B) | @) moboro unrepsana («, §) C |a, b] IpUHAITEKAT TPOCTPAH-
crBy L, (X). Ho

Va: I((a, 8) | ) = lim min(1, n(z —a)™, n(B8 —2)"). (1.31)

n—oo
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Crogmag B npasoii gactu pasenctsa (1.31) mocaegoBaTebHOCTD €CTh Ta
IOCJIeI0BATEIbHOCTD, KOTOpas Tpedyercs B onpeaeaenun 1.1.5.
AHaJIOrHYHO TOKA3BIBAETCS

VrBepxkaenue 1.1.5. Ecau npocmparcmeo X ecmo napasiesununed
K={z|x=(x1...70q) €ERY, a; <z; <bj, aj < b},

nPoCMpPancmeo aremenmaproit gyrxyui ecms muoocecmeo C(K) ecex nenpe-
PUeHLIE PYHKUUT Ha napassesununede K, a aremenmaproil unmezpan ecmo
urmeepan Pumara, mo rapaxmepucmuueckue Gyuruuu 4106020 0MKEPLIMO20
napassenuneda

Kopg={z|o=(v1...00) €ER a; <a; <x; < B <bj}

a MaKdHce 3aMEHYMO20 NAPAANEAUNUNELIA UAU NAPAAAEAUNUNEIA C HEKOMO-
PUMU BPUCOCOUHEHHBLMU 2DaHAMY npunadsescam npocmparcmey Ly (X).

Huzke Mbl OyieM mpeaioararh, 9To NPOCTPAHCTBO JIEeMEHTAPHBIX (DYHK-
1IN -9TO MHOXKECTBO HENPEPbIBHLIX (DYHKINI HA COOTBETCTBYIOIIEH 00/1acTH
3a/IaHusd, & dJIEMEHTAPHbIIl uHTerpaJs -3ro unrerpaja Pumana.

IIpumep 1.1.13. Tlycrsb dbyukius f(r) HempepblBHA BO BCEX TOYKAX Hapai-
Jeqununena K 3a UCKIIOUeHHeM TOYKH Ty € K, HeOTpHUIATebHA, YIOBJIe-
TBOpsieT ycaoBuio lim f(x) = 400, * — xy U uHTErpUpyeMa 1mo Pumany B
necoberBennom embicie. Torga f € Ly (K).

,ZLHH JOKa3aTeJIbCTBa 3TOTO YTBEP2KAEHA JOCTATOYHO PACCMOTPETH ITOCJIE-
J0BaTC/JILHOCTD

fu(x) = min(n, f(z)),

JJIA KOTOpOfI BBITIOJTHEHBI YCJIOBUA

IL.B. nh—>nolo folz) = f(2), /fn(x) dr < /f(:z:) dr < 0. (1.32)

B mpaBoii yactu zHepaBercTBa (1.32) crout HecobGeTBeHHBINH HHTErpaa Puva-
HA.

13 sToro mpumepa ciaejayer, uto dhyukius f(x) = 1/y/x npunajiexur
upocrpaucrey L, ([0, 1]). Ho dynxmus f(x) = —1/\/x ne upunaiexur
upoctpancry L ([0, 1]), Tak Kak He CyIecTByeT Takoii HenpepbiBHON QyHK-
i f,(x), Koropas nouru Beroay Ha [0, 1] yaosaersopsier HepaBeHCTBY fr(x) <
—1/Vx.

Takum obpazom, mpoctpanctBo L, (X) wne ecmov aunetinoe npocmpat-
cmeo.

Pacupocrpannm #a npocrpanctBo Ly (X) norsaTue nHTerpasa.
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Ounpenenenne 1.1.6. Ilycts f € L, (X) u dbyHKIMOHATBHAS HOCIEI0BA-
TEJILHOCTD 3JeMeHTapHbIX byHKuit { f,} C Lo(X) ya0oBIeTBOpSeT YCIOBUIO

.B. fn(x) / f(x). (1.33)

Torma MBI IO ONPEIETEHIIO ITOJOXKIM

Lo(f) & lim Io(f,). (1.34)

n—oo

B cuny yesosus (1.30) mpenen B (1.34) Beerma cyrmectByer u Koneden. [1o-
KazkeM, 9TO STOT Mpejesl He 3aBUCAT OT BBHIOOPA TMOCaen0BaTe bHOCTH { f,,},
a omnpesesiercs ToabKo dyukuumeii f € Ly (X).

JIemma 1.1.6. Ilyems nocaedosamenvrocmu saemermapros ynruui { fr}, {on}
YO0GACTNGOPAIOM, YCAOCUAM:

no ful@) 7 f(z), n.6 6a(x) 7 6(x), n — 00 une. f(z) < 6(a).

Tozda
lim Io(f,) < lim Iy(oy). (1.35)

n—oo

Hoxkazarennctso. Ilpeaenst narerpanos B (1.35) Beerma cyrmecTBYIOT (Kak
Ipe/Ie/Ibl MOHOTOHHBIX YHCIOBBIX TOCJIEIOBATETLHOCTEI ), HO TaK KaK B 9TOM
JIEMME Mbl HE MPEJNOJIAraéM PABHOMEPHOH OrpaHMYEHHOCTH WHTErDAJIOB B
(1.35), 11 mpeeabl MOIYT OBITH PABHBI +00.

Dukcupyem m < 00 U PACCMOTPUM TOCJIEI0BATETHHOCTD

hn(2) = fn () = min(fi(z), én()).

Dra I[10CJIeA0BATECJIBHOCTDL YAOBJIETBOPAET YCJIOBUAM:

.B. h,(2) \, (frn(2) — min(f,,(z), ¢(x)) =0, n — 0.

[TosTomy
vm : Io(hn) = Io(fm) — Io(min(fin , ¢n)) — 0, n — oo.
CrenoBaTesbHO,
Vims Io(fn) = lim To(min(f, 6,)) < lim To(6,),
u

JlemMa gokaszana.
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3 moka3aHHOMN JIeMMBI cjiejiyet, 94To npejei B (1.34) 3aBUCAT TOJIBKO OT
dyukmun f € L, (X) u mostomy ompegenenne 1.1.6 KOppeKTHO.

Ha npoctpancrse Lo(X) unrerpan I, coBoajaer ¢ 3JeMeHTAPHbIM HHTe-
rpaJiom I.

B ycnoBusx npumepa 1.1.13 wraTerpas [, coBmajaer ¢ HeCOOCTBEHHBIM
rHTerpajioM PuMmaHa.

[To nocrpoenuto, onpezaesentas papeHcreoM (1.1) dyrkuus Tupuxie f(x)
npunagye:kut npocrpanctsy Ly ([0, 1)) u I (f) = 0. Hamomuum, aro dyn-
st Jupux/ie He nHTErpUpyeMa 1o PUMaHy, 1 U3 3TOro IpuMepa CJAeLyT, 9YTO
mpoctpancTBo L, (X)) mupe mpoctpancTsa Lo(X).

Jlemma 1.1.7. Cnpasedausvl caedyrowjue ymeepicoerus.
1. Ecaua>0,3>0uf(z), g(x) € Lo(X) mo L (af +8g) = al (f)+
BL(g).
+2. Eecau f(x) € Ly (X) un.s. f(x) >0, mo I, (f)>0.
3. Ecaun.e. f(x) =0, mo f(z) € Li(X) u I (f)=0.

[TepBoe yTBEPK/EHUE JIEMMbI OYEBH/IHO, & JJIs JOKA3ATEIHCTBA BTOPOIO
YTBepKACHUS 3aMeTnM, 9To ecau 1.B. f(z) > 0 u w.s. f,(z) / f(z), To n.B.
I (x) / f(z). Tperbe yTBep:KIeHUE JIEMMBI CJI€JIyeT U3 MEPBOrO YTBEPZK Ie-
HUS JeMMbI 1.1.5 1 TOJIBKO 9TO JIOKA3aHHOTO YTBEPKIeHHUS 2 HAIel JTeMMBI.

Tperbe yTBepK/IeHEEe HAIeH JeMMbl MOXKHO CHOPMYJIHPOBATH U B CJIe-

ayionei dpopme.

YrBepxkaenue 1.1.6. Ecau Z -2mo mMH02CECMBO MEPDL HOAD 6 CMDLCAE
onpedeaenusn 1.1.1, mo xapaxkmepucmuueckas dynwryus 1(Z | x) mnooce-
cmea Z npunadaescum npocmpancmey Lo (X) u unmeepas om wee pasen
HYAI0:

(mes(Z) =0) = (I(Z | x) € L(X), L (I(Z]-) = 0).
Tak kak obJsiactb oupejenenus dyuknuonasa [ -upocrpancrso Ly (X)
-HE €CTb JUHEeHHOe TPOCTPAHCTBO, TO (DYHKIMOHAJ [, HE eCTh JUHEHHbI
dyHKIIOHAJ.

JIemma 1.1.8. Ecau nocaedosamensvrocms { fr(x)} C Ly (X) makosa, wmo

Vn i n.e. foi1(z) > fulz) u sup{li(f,) | 1 <n < oo} < oo, (1.36)

I(f € Ly(X)) 2 nee. fulz) /" fl2) wli(fn) = I(f), n— o0 (1.37)
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Hokazarenberso. Tak Kak mMocae0BaTeabHOCTS { f,, ()} mouTu Beomy Mo-
HOTOHHO He yObIBAET, TO OUTH BCIOJLY CYIIECTBYeT (KOHEIHBII WiIu GeCKOHe-
HBI{T) TpeIes

f(z) == lim f,(x). (1.38)

n—oo
J1Jist KazKJI0r0 N CYIeCTBYET TaKas [OCIIe10BATeIbHOCTD JIeMeHTAPHBIX (DY HK-
it {gnx(x)}, k=1,..., ato

.B. gni(x) / fulz), k — cou Io(gnk) < Ii(fn) < C, (1.39)
n KoHcraHTa B (1.39) e 3aBucur ot n. [Tomoxum
hi(z) = max{gnr(x) | n < k}. (1.40)

B cuy nepasencts (1.39) nocseqoBatesibHOCTD 3eMeHTapHbIX Dy HKIwii (1.40)
OYTH BCIOJY MOHOTOHHO He yOBIBAET M OTPAHHYEHA CBEPXY ONEepACTCHHOI
paserncrBoM (1.38)dbyukuneit f(x):

8. g (2) = 1§r£1§]§<+1gn,k+1(x) > 1§I£12]§+1gn,k(x) 2 max G (T) =
hi(x) u .. h(z) < ax fulz) = fr(z) < f(x), (1.41)
IIO3TOMY

Tak Kak MOCJIeT0BATEbHOCTD dJ1eMeHTapHbIX (byHKIMA {hy(z)} MOHOTOHHO
e yooiBaeT u uaTerpastnsl [y(hy) OrpaHuveHsl He 3aBUCSIIElH OT kK KOHCTAHTOM,
1O 110 JieMMe 1.1.4 modTH BCIO/ly CYIIECTBYET Ipeel
h(z) = lim hy(z), (1.43)
k—o0
¥ 10 onpeziesiernto npocrpancTsa L (X)) 3amannas papencrsom (1.43) dyHk-

st h(x) npuHaieskut npoctpancTy L (X)), a Ho onpejie/ieHrio HHTerpaJia
B npoctpancTse L, (X) cpaBeinBo paBeHCTBO

Io(h) = lim Io(hy). (1.44)
13 (1.40) caemyer, uro
np. h(z) = lim hi(e) < f(2). (1.45)
CestoBaTenHO,
Y(n < k) : 1. gos(@) < hi(z) < h(z) < f(2). (1.46)
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B nepasenctse (1.46) mepeiinem k npegeny k — oo. [omyanm:
. ful@) = T go(x) < h(@) < F(z). (1.47)
B nepasenctre (1.47) mepeiigem K npemeny n — oo. [loaydaum:

ws. f(z) < hiz) < f(2),

CuteroBaTe/IbHO, HOYTH BCIOJLY CIPABE/JIMBO PABEHCTBO

noaromy Tipeses B (1.38) KOHeUeH MOYTH BCIOLY, ONpeIeIeHHAs PABEHCTBOM
(1.38) dyuxuusa f(x) upunagrexur npocrpanctsy L (X) u I (f) = I+ (h).
113 mepasenctsa (1.42) cieayer, 4ro

I (f) = 1+(h) = lim Io(hy) < l}i_{]gloh(fk),

k—o00

a u3 HepasercTBa (1.47) caeayer, 4To

lim I, (f,) < I.(h) = I.(f),

n—oo

IIO3TOMY

lim I, (fn) = I+(f).

n—o0

Jlemma mokaszana.
Bregem ocHOBHOE J1/TsT TAMBHEIETO TOHITHAE NPOCMPAHCMEA UHMEPUPY-
emolr OyHKUUT.

Onpenenenne 1.1.7. Oyuxmuda f : X — R npunadaescum npocmpancmey
unmezpupyemor Pynrkyud L(X), eciu sra HGyHKIUS 1OUTH BCIOLY PEJICTA-
BUMa Kak pas3HOCTH aAByX dbyrkuuii u3 L, (X):

. f(z) = ¢(x) —g(x), ¢, g € L(X). (1.48)
Takum obpaszom,
(L(X) > f) & (3¢ € Li(X), g € Ly (X)), nB. f(z) = ¢(z) — g(x)).

[Mpunajyiexamue npocrpancrsy L(X) dyHkimuu Mbl Oy1eM HA3BIBATH UHME-
2pupyemouLmMu GYHKUUAMU.
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Eciu cupasegnmuso npejcrasienne (1.48), To

Vhe Ly(X) : s f(z) = (¢(x) + h(x)) — (9(x) + M),
(9+1n), (g+h) e L (X), (1.49)

nosromy mpescrasienue (1.48) we eamucrBenHo. B gasnbHerem Ham Oymer
BayYKHO, YTO 3TOI HEOAHO3HAYHOCTHIO MOYXKHO PaCHOPSJIATHCI CIEUaIbHBIM
obpazom.

Jlemma 1.1.9. FEeau gynwyusa f(x) npunadaescum npocmpancmey L(X),
mo das aobozo € > 0 cywecmeyem ee npedcmasichue 6 6ude Pa3HOCTU
makuz deyr dynruud us L, (X), wmo

no. f(z) = (@) — g() , g.a) 2 0, I,(q.(x)) < e. (1.50)

Hokazarenbctso.Ilycts cipaBeinBo paBerctso (1.48). Tak kak g € L, (X),
TO CYIIECTBYET TaKas MOCJIe0BaTeIbHOCTh { g, } C Lo(X), 9To nouru Beroy
gn(z) /g(z), n—oou ly(gn) / L+(g) , n — 00. 3anumum paBecTBO

ws. f(z) = ¢(x) — g(z) = ¢(z) — gu(x) — (9(2) — gu()). (1.51)

[Ipr 10CTATOYHO GOJIBIIOM 7 HTO MPEICTABICHHUE SIBJISETCS HCKOMBIM.
dcuo, aro L, (X) C L(X). U3 ompenenenus cienyer, 4to ecan f €
L(X), 1o (—f) € L(X), mostomy u3 jlemmsl 1.1.5 cremyer

JIemma 1.1.10. Ilpocmpancmeo L(X) -auneiinoe npocmpancmeo omuocu-
MeAbHO ONEPAUUT] TLOTOUEUHO20 CAONCEHUA U YMHOHCEHUA Ha delicmeuments-
Hole wucaa u ecau gynkyus f(x) npunadaescum npocmpancemey L(X), mo
u gynwyua | f(z)| npunadaesrcum npocmpancmey L(X).

HeiicrBuresbro, u3 (1.48) caenyer, uro ecam f(x) € L(X), To cupasej-
muBo upexacrasienne (1.48), mosromy

|f(z)| = max(¢(z) , g(x)) — min(é(z), g(z)), ¢, g € L+(X),
HO B cuJty JjieMMbl 1.1.5
max(¢(z) , g(z)) € L+(X) , min(¢(z), g(z)) € L (X),

nosromy |f(z)| € Ly (X).
Bsejiem ocnoBHoe i JlaJibHEIero mnoHstue uHrerpasa Jlanmssas Ha
npocrpancrse L(X).
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Ounpepnenenne 1.1.8. Eciiu dynknus f(r) OpuHAMIEKUT TPOCTPAHCTBY
L(X) u ans wee crnpapeyiuBo pasercTBo (1.48), To ee maTerpanom [lanu-
a1t [(f) HA3BIBAETCS IUCTIO

I(f) == L.(6) — L1 (9)- (1.52)

okazkeM, 9o TpaBast 4acthb (1.52) He 3aBucHT oT mpejcrasienus (1.48),
a ompemessieTcss ToabKO dyukmnmeit f(x). [lycts

s, f(z) = 6(x) — g(x) = d1(x) — g1 (a).

Torma
8. ¢(z) + g1(z) = d1(x) + g().
Tak kak

(0(2) + g1(2)) € Ly (X)), (d1(2) + g(2)) € Ly (X),

TO B cuay JeMMbl 1.1.6 oTciota ciaeiyeT paBeHCTBO

I.(¢) + Li(g1) = [ (¢1) + 11 (9),

IIO3TOMY

I (¢) — I1(9) = I, (¢1) + L (q1)-

Takum obpazom, naTerpan Jlannas onpesensercsd 3aJaHeM TpeX 00beKTOB:
OCHOBHOTO TPOCTPAHCTBA X, MPOCTPAHCTBA daeMeHTapHbIX dyHkimit Lo(X)
1 3JIEMEHTapHOIo unrerpasa Io.

[IpuBesem npumepsl.

[TycTh ocnoBHOE TpOCTpPaHCTBO X €CTh MOJYOTPKPBHITHIH nHTEpBaIL: X =
[0, 1). OnpemesnM MHOXKeECTBaA

A =[0,025), Ay =1[0.25,0.5), A3 =[0.5,0.75) , A, =[0.75, 1).

OnpemennM MpOCTPAHCTBO dJIEMEHTAPHBIX (DYHKINH KaK MHOKECTBO (DyHK-
il BUIA

fl@)= Y al(4;|z), a; €R". (1.53)

1<j<4

Ecyim Ha 3TOM NpOCTpaHCTBE 3JIEMEHTAPHBIX (DYHKIIUI MBI OMPEIeTUM 3Jjie-
MEeHTapHbBIM UHTerpaJ Kak MOYHKIIMOHAT, KOTOPBIH KaxK/10# (DYHKIIUA CTABUT
B coorBeTcTBre dncyio 0, To mpoctpanctBo L(X) OyaerT cocTosTh m3 BCex
dbynknuii, 3aganupix Ha [0, 1) 1 uarerpan Janusis Oyger Kaxkaon QyHK-
UK CTaBUTH B cOOTBeTCTBUE YHCO ().

26



Eciu Ha mpoctpancrse dyuknuii Buga (1.53) Mbl onpeeinM sieMeHTap-
HBI HHTerpaJ Kak nHTerpaa Pumana:

1
Io(f) :/o f(z)dx = i(al + as + ag + as),

TO MHOKECTBOM MeDBI HOJIb OyJeT TOJIBKO IIYCTOe MHOXKECTBO W MPOCTPAH-
crBo L(X) 6ymer coBmagarh ¢ mpocTpancTBoM Lo(X), a HEUKakue apyrue
dbyukun, kpome dynknuii 13 Lo(X), He Oy1yT HHTErPHDYEMBI.

Ecau MbI onpege iy mpocTPpaHCTBO 3JIeMEeHTAPHBIX (DYHKIINH KaK MHOXKe-
CTBO 8CEX KOHEUYHbIX JIMHEHHBIX KOMOMHAILIUI XapaKTepUucTuiecKux pyHKIui
6CeT HemepeceKaromuxesl MOJTyHHTepBaIoB MHOkecTBa [0, 1) a sremeHTap-
HBI{I MHTErpaJs omnpenesuM Kak mHTerpan Pumana, To npocrpancrBo L(X)
OyJIeT COBIIAJIATH ¢ MPOCTPAHCTBOM HHTErpUpYyeMbIX 110 Jlebery dbyHkuii (Mbr
nOJIPOOHO OOCYIMM STOT CJIydail MOo3Ke B pasjese, MOCBANEHHOM TOHATHIO
MepHI).

llocste Toro, kKak MbI BBejieM HOHATHE MePhl U OOCYINM CBS3b MEXKIY
UHTerpajgoM [aumsisg n KiaccuiecKuM MOHATHEM HHTerpasa Jlebera, Hapsmy
¢ oboznadenneM (1.52) Mbl 6y1eM HCIOJIB30BATH CJELYIONIUE OOIMEIPUHSITDIE
obo3HaveHNs /I WHTerpaJia

1= [ tau= [ j@dn@ = [ f@uan. s

OueBuana,

JIemma 1.1.11. Humeepan danusan 1(f) ecmo aunelinwi neompuyamens-
noll pyrkyuonas na npocmpancmee unmezpupyemuit Gynruut L(X):

I'LX)—~R'; V(aeR, BeR, fe L(X), ge L(X)):
I(af + Bg) = od(f) + B81(g)
(f(z) 2 0) = (I(f) = 0).

Aoxazamenvcmeo. JluneifiHOCTb O4YeBUJIHA, & JIs JIOKA3aTeIbCTBA HEOT-
PUIATEIbHOCTH HHTErpaJia 3aMeTHM, ITO ec/id nouru Beoay f(z) > 0, To B
pasencrse (1.48) :

¢(x) = g(x),

1 B CHJIY HEOTPHUIIATEIBHOCTH HHTErpaJia [ cupaBeiinBo HepaBeHCTBO [ (¢) >

L (g).
¢lcHo, 4TO HA HpOCTpAHCTBE djIeMeHTapHbIX GYHKIMI nnrerpas Janusis

COBIIaAaeT C JIeMEeHTapHbIM HMHTEI'PpaJIOM. Boabie TOro, CiupaBeajnBa
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Jlemma 1.1.12. Ecau ¢ynryus f(x) npunadaescum npocmparncmey L(X),
MO CYWECTNEYEM MaKas NocAcd0samesbHOCmb aaemenmapivis Pyrkuud { fr(2)},
umo

n.6. fo(x) — f(z), I(|f — fu]) = 0, n— o0. (1.55)

Zloxazameavcmeo. llycts

. f(1) = 6(x) — g(x) . 6, g € Ly(X).

Torma cyImecTBYIOT TaKHe MOCTIeI0BATETFHOCTH daeMeHTapHbIX yukuuit {¢,} , {g.},
qTO

e, ¢.(z) / o(), gu(z) / g(2),
[Tonoxxum

fn = ¢n — Gn-
Torma

I.B.: |f_fn|§|<¢_¢n)_(g_gn>|§(¢_¢n)+<g_gn>_>07 n— 00,

U [0 ONpeiesIeHuio nHTerpasia B npocrpanctse L (X)

I+<¢_¢n)+j+(g_gn)_>07 n — 00.

KoncTpykius 0ObIYHO HCIOIb3YEMOI'0 B COBPEMEHHOM aHAJIM3€e TOHSTHS WH-
Terpajia TpuHAITIERUT Jlebery (n umenHo mis mHTerpasia JlebGera oOBIYHO
UCHO0JIB3YyIoTCs 0003Hadenus (1.54)). B BBegeHHBIX HAME TePMHHAX KJIACCH-
9eCKYI0 KOHCTPYKIHIO mHTerpaJsa Jlebera B 001mxX deprax MOYKHO OIHCATH
tak. Paccmarpusaercs curyarust, onncansas B 1.1.1 (nm B 1.1.2) u cravana
HHTEIrpaJl pacpocTpaHseTcs Ha Takue (pyHKIMH, KOTOPbIe MPUHAMAIOT 3Ha-
vennd 0 ¥ 1, a IOTOM C ITOMOIIBIO JIMHEHHBIX KOMOMHAIIMHA 9TUX (DYyHKIMH
HHTErpaJl pacupocTpaHsieTcss Ha Te (PYHKIUU, KOTOPhIe MOXKHO MPUOJIH3UTD
TaKUMU JUHEeIHbIMU KoMOunHanusMu. Koucrpyknus Jlebera paer Gosiee 1o-
JIpOOHYIO MH(OPMAIIMIO O MPOCTPAHCTBE UHTEIPUPYEMbIX (DYHKIU, HO OHA
TpebyeT u OOJIBIIUX TPY/JI0B Ha IPEBOHAYAILHOM dTAIle UccieaoBanud. VnTe-
rpaJi Jlebera 6yaeT obCyKIeH HAMH IOCJIe BBEJICHHUS ITOHATHS MePbhl MHOYKe-
cTBa. B OonbminHCTBe ciydaeB uHTerpaJ Jlebera u unrerpas Jlanmsias cos-
HaJai0T IPU COOTBETCTBYIOIIEM COIJIOCOBAHUHU IIPU BBIOOPE 3JIEMEHTAPHOI'O
UHTErpaJjia U MEphI, IO3TOMY B JAJbHEHIIEeM, CJAeAysd TPAJIUIUNA, B TEX CJIy-
Jasgx, Korjga uaTerpan Jlanusisa u nnterpadst Jlebera coBnaiaoT, moryYeHHoe
HaMHU paclliupeHne HHTerpaJja Mbl 0yJeM Ha3bIBaTh HHTerpaJjioM Jlebera.
CrpasemuBo
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YrBepxkaenue 1.1.7. [lycmv npocmparncmeo X ecmov napasresununed K C
R4:

K:={zlz=(21,...,29) €ER?, a; < x; <b;, a; <b; },
(u omesox [a, b] 6 cayuae d = 1). Ilyems npocmpancmeo sAemeHmapHbLs
pynryul Lo(K) ecmv npocmpancmeo ecex nenpepuenux dymnkyud, 3a0an-
nox va K Lo(K) = C(K), a anemenmapnwt unmezpan Iy na Lo(K) ecmo
unmezpas Pumana:

Io(f) = /K f(@) de.

Tozda nocmpoennwvit no creme Jlanusas unwmezpan I coenadaem ¢ kaaccuswe-
ckum unmezpasom Jlebeea. Imo osnavaem, wmo:

1. Qynxyua f(x) npunadasescum npocmparncmsy L(K) 6 mom u moavko
MOM CAYYaAE, ECAU OHA unmezpupyema no Jlebeey na K.

2. Unmeean anusra pynrkuyuu [ pasen ee unmezpanry Jlebeza:

V(feL(K)): /Kf(x)dm = I(f). (1.56)

B aesoti wacmu (1.56) cmoum unmeezpan Jlebeza, 6 npasot wacmu, -unmezpai
Hanusna.

3. Mnoorcecmeso Z C K ecmb mMH02CECMBO MEPHL HOAD 6 CMBICAE Onpede-
aenus (1.1.1) 6 mom u moavko mom caysae, ecau mepa Jlebeza mroscecmea
Z pasHa HYA10.

Tak Kak Mbl He BBOj/IN uHTerpaJ Jlebera, To mbl ceiiuac ne Oyjem jgoKa-
3bIBaTb 3TO yTBEpzKAeHue, HO O6cy,ZLI/IM €I'0 II032Ke ITIOCJIC BBCIACHUA IIOHATHUA
Mepbl MHOXKecTBa. Ceiidac 3T0 yTBepKIeHHe MOYKHO TPUHATDH 3a OIpeese-
Hue mHTerpasa Jlebera B Re.

PagerctBo (1.56) Mbl 6yeM paccMaTpUBaTh Kak ONpPeJIeJeHIe CTOSIIEro
B JIEBOI YaCTH 3TOTO PpaBEeHCTBA CHMBOJIA.

YVrBepxkaenue 1.1.7 jaer HAM OCHOBaHUE JAaTh

Onpenenernne 1.1.9. Mo 6yaem 1oBopUTh, 9TO ONpe/Ie/IEHHAS B TapaJljie-
mumanene K C R? dbynxmua f(z) uarerpupyema o Jlebery B mapaJiiemim-
nejie K, ecin oHa mpuHaieskutT npocrpancty L(K) uarerpupyembix mo la-
HITI0 (DYHKIWH, TpudeM Tpu mocTpoenuu mpocrpanctsa L(K) B KadecTse
9JIEMEHTAPHBIX (DYHKIUH B34TO IIPOCTPAHCTBO HEIPEPBIBHLIX B HapaJLie/iu-
nuresie PYHKINUE U B Ka4ecTBe 3/eMEHTAPHOrO MHTErpajia B3AT MHTErpaJ
Pnmana.

BaMeTuM, 4TO YacTO 1OJ UHTerpasoM Jlebera moHEMAIOT MHTErpaJ, I0-
CTPOEHHHBIH 110 NpeIoKeHHoM Jleberom cxeme, HO ¢ NPOU3BOJILHONU MEPOIi.
Takoit narerpas Takxke HasbiBaeTcs unrerpajom Jlebera-Cruiibreca.

B nasbreiiiem Mbl Oyj1eM TPHAEPKUBATHCSI CJIEYIOIIIX OlPe e IeHnil.
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Omnpenenenne 1.1.10. [Iycts D -orpanmdennas o6aacts B RY u K -napasie unume,
KOTOPBI# coepzkuT 00aacth D : K D D. Mbl 6y1eM roBOpUTD, YTO 33 1aHHAST
B obmactu D dbyuknus f(x) uarerpupyema mo obmactu D, ecin

1. ®ynknusa [(D | ) uarerpupyema B napatenununene K.

2. Oyuxrus f(z)I(D | x) uarerpupyema B napatenunuunesae K.

[Ipy 3THUX YCJIOBHAX MBI IOJATAaEM IO OIPEIETeHUIO

/Df(a:) dx = /Kf(x)]I(D | ) dx. (1.57)

Yurareso IpejiaraeTcs IPOBEPUTh, YTO paBas 9acThb (1.57) He 3aBuCHT
oT BbIOOpa OO BEMJTIONIEIO TTapaJLie e a K.

B nasbueitmem waTerpaa B cMmbiciae onpegenenunii 1.1.10-1.1.12 mbr 6y-
JIEM HA3bIBATH MPOCTO UHMEZPANOM TN unmezpasom Jlebeea, ecam yrouenune
HEeOOXOIMMO.

B obmem caaydae mpu mocTpoeHnn WHTerpaJa JlaHussad He mpemosara-
eTcs BoIOTHeHHNE yeaoBus 1.1.8. OHAKO ec/id 3TO YCIO0BUE He BBITIOJIHEHO U
ecan dynknug f(x) = 1 me npunasmexut npocrpanctsy L(X), o paborarh
€ TAKUM MHTETPAJIOM JOBOJBHO TPYAHO, H 3/I€Ch YaCTO MOMOTAET KOHCTPYK-
us, aHAJOTHYHAS KOHCTPYKIIHHA HecOOCTBEHHOrO WHTerpaJia Puvana B MHO-
FOMEPHOM cJIydae. DTo 00OOIIeHHe TOHATHS HHTEI'PaJIa B CMbICJIE Olpeesie-
Husg 1.1.8 MOXKHO HA3BaTh Hecobcmeenhvim urmezparom. B obiem ciaydae
MBI OIPEJIETUM 3TO HOHSITHE TAK.

Veaosue 1.1.11. [Tyemv K(m) , m = 1 ... -nocaedosamesvrocms MHo-
2HCECNE, KOMOPas YIOBALMEOPALT, YCAOCUAM:

| JK(m) =D, K(m)C K(m+1). (1.58)

IIpednonoscum, wmo das kaxncdozo m nocmpoeno npocmpancmeo L(K(m))
u unmeepaa I, na npocmparncmee L(K(m)), npuiem 6unosnerns Yyeao8us:

1LVm : ecau f(x) € L(K(m))
|

mo f(x)I(K(m) | z) € L(K(m + 1)) (1.59)
2.Vm : I(D()K(m) | z) € L(K(m)). (1.60)
3.Y(m, f € L(K(m))) :

Im(f): m—i—l(f]I
4N m: (f(z) =1

K(m) | -)). (1.61)

(
) € L(K(m)). (1.62)

[Ipu BBILOJIHEHUHU ITUX YCJOBUH Mbl OIIPEJe/ideM HeCcOOCTBEHHbIIT MHTe-
rpaJj oT 3ajanHoii B objactu D (hyHKIUN Tax.
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Onpenenenne 1.1.11. Mbl roBopuM, 4T0 3a1annas B obaactu D pyHKIUA
f(x) unrerpupyema B obsactu D B HeCOGCTBEHHOM CMBICJIE, €CTH KOHEUeH
mpee

lim Lo (|f[I(D () K (m) | -)) < o0,

m—o0
U B 3TO CJIyYae MbI MO OMPEIEeHNIO To1araeM

/Df(x)u(dx) = lim L(fID(K(m) | ). (1.63)

m—00

B ciyuae HeorpaHmdeHHON obsacTti D B eBKINI0BOM mpocTpancTtse RY n
KJIACCUIeCKOro mHTerpaJa Jlebera sTo onpejesenre KOHKPETHINPYETCA TaK.

[Iycrs K(m) , m = 1 ... -moCTeA0BATEHHOCTD TAPAJIETUIHIETOB, KO-
TOpad yA0BJIeTBOPAdEeT yCJIOBUIO:
JK@m) =R, K(m) C K(m+1). (1.64)

Onpenesnernne 1.1.12. Mbi Oy/ieM roBOpUTh, 4TO 3a/JlaHHAas B HEOIDAHUY€H-
noit obmactu D C R? dbynxuus f(x) narerpupyema no obtactu D, eciu

1. Mpu mobom m dyuknus I(D () K(m) | ) uaTerpupyema B mapaJie-
mumurese K (m).

2. ©ynknus f(x)[(D( K(m) | x) wHTerpupyeMa B TapaJUlejUIAIe/e
K(m).
3. Koneuen npejies:

lim | |f(@) (D) K(m) | z) dz < o. (1.65)

m= J i (m

B stom CJIyda€e Mbl 11O OIIpEeAEC/JIEHHUIO I10JIaraeM

/ f(z)dz = lim f@)(D(K(m) | z) dx. (1.66)
D M= JK(m)

B nanbueiiniem unarerpas B cMbicie onpegestenuit 1.1.11-1.1.12 mbr Tak-
JKe OyJ/ieM Ha3bIBaThb UHME2PAAOM WIN UHMEPAAOM Jlebeza, ecin yTOUEHHe
He0OX0 MO U He OyjeM CcleluaJbHO (PUKCUPOBATH BHUMAHUE HA TOM, UTO
HHTerpaJl HOHUMaeTCss KaK HeCOOCTBEHHBI.

3 nemmbr 1.1.12 ciaemyer, 9TO WHTerpaJ B CMBICTe ompeaenenus 1.1.9
ecTh I1pejes uHTerpajoB PuMana orT HelnpepbiBHbIX (DYyHKIMI, MO9TOMY Ha
WHTETrpaJ B cMblcye onpejenennd 1.1.9 ¢ moOMOIbIO onepanuu TpeaebHOro
Mepexojia JIETKO TMepPeHocaTCs OObIYHbIEe MpaBUIa JEHCTBUS ¢ WHTErpaJlaMu
( 3aMeHa TepeMeHHbIX, MHTErPUPOBAHUE [0 YaCTAM, aJIATHBHOCTH OTHOCH-
TeJILHO 00JIACTH WHTerpupoBanus u T.j1.) OJHAKO cama Omepaius MpeIesib-
HOT'O llepexojia B unrerpaJie Jlebera orjimuaercd OT olnepanuu 1IpeiebHOro
nepexojia B uaTerpaje Pumana u Oyaer n3ydeHa HaMu HUZKE.
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1.1.4 IlpenenpHBIiT Iepexo B nuHTerpaJie Jlebera.

Hac Oymer wnTepecoBaTh cieayiomasa 3aaada. [lycTs mociaenoBaTeabHOCTD
unTerpupyembix dyukmuii {f,} 1pu n — 00 B KAKOM-TO CMBICJIE CXOIUTCS
K npenenbHoil ¢dyuxnun f. [Ipum kakwx ycgoBusix mnpemenbHast QyHKIHS f
HHTEIpupyeMa U ee HHTerpaJl ecTb Ipejiesl uurerpaaos or dyuknui f,?7 Oc-
HOBHBIMU Pe3YJIbTATAMU 9TOH YaCTH ABJISIOTCS JIBe TeOpeMbI: TeopeMa JleGera
0 TIpeJIeJIBHOM Tepexojie B uHTerpaje u teopema Pucca-®umepa o moanore
upocrpancra L(X).
Mpubi HaYHEM € JTOKa3aTeIbCcTBA TeopeMbl bemnmo JleBu.

Teopema 1.1.1. ITycmo nocaedosameavrocmv {¢,} C L(X) ydosaemeops-
em YcAo8UAM:

n.e. gu(x) >0, I( Y ép) <C, (1.67)

1<k<n

2de C ne zasucum om n. Tozda:
1. Pao
d(x) = dnlx)

crodumes noumu 6c100y U e20 cymma G(T) NPUHAOIEHCUM NPOCMPAHCTNEY
L(X).
2. Cnpasediuso pasencmeo

I(¢) =) 1(¢n). (1.68)

HokazaresnbcTBo. B cuny semmbr 1.1.9 kaxkayo OYHKIHO ¢, () MOXKHO
IIpe/ICTABUTH B BUJIE

On(@) = fulx) — gn(2) (1.69)
rae
fos gn € Lp(X), gn(x) 20, I(gn) <27 (1.70)
I3 meorpunaresbrocT QYHKIHA ¢, (X) creayeT HepaBeHCTBO
fn(@) = ¢n() + gn(2) = 0,

[IO3TOMY

L(Y ) =10, ¢+ 1 (D ) <C+1

1<k<n 1<k<n 1<k<n
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Mzr BHUJAUM, 9TO IIOCJIEA0OBATEJIbHOCTH YaCTHBIX CYMM

SalF) =D fas Sulg) = D

1<k<n 1<k<n

VIOBJIETBOPSIOT YCJAOBHAM JeMMbI 1.1.8: 9T0 MOHOTOHHO HeyOBIBAIOIIINE TIO-
crenoBatenbuocTd ynknuit u3 npocrpanctsa Ly (X) ¢ orpannvYeHHBIME B
coBokynHoctTu uaTerpasiamu. CjreoBaresibuo, B cuiry Jjemmbl 1.1.8 nouru
BCIOJLY IIPU 7 — OO 3TU CYMMBbI UMEIOT TIPeIesbl, 3T IPe/IeTbl TPUHATeKAT
npocrpancTBy L (X):

we. 3S(f)(x) : lim 5, (f)(x) = S(f)(x) . S(f) € L(X),

e 35(g)(@) : Tim Su(9)(x) = S(9) @) . S(g) € Ly(X),

n—oo

" ClIpaBe€JJHUBLI paBeHCTBA:

L(5(f)) = lim I.(Su(f)) , 14+(5(9)) = lim I;(Su(g)).

n—oo n—oo

[ToaTOMYy TIOYTH BCIOALY CYIIIECTBYET IIPEJIei

¢(x) == Tim (S, (f)(x) = Sn(g)(x))

n—0o0

1 CIIpaBeJJIUBO PaBEHCTBO

I(¢) = lim (I (Sa(f)) = I+(Sa(9))) = lim > I(¢y).

n—00 n—00
1<k<n

Teopema mokazana.

Caencreue 1.1.2. Ecau npunadaescauwsasn npocmpancmey L(X) nocaedo-
sameavnocmo Pynryul { f,(z)} umeem pasnomepro oepanuvernvie urme-
2panbL;

fn€ LX), [I(fa)] < C,

2de C' e 3asucum om n, u nowmu 6cdy

aubo fo(x) 7 fx) , aubo fo(x) \ f(z), (1.71)

mo onpedeaennas 6 (1.71) dynruyua f(x) npunadiescum npocmparcmey
L(X):
[ € LX) ul(f) = Tim I(f).

n—o0
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s moKa3aTeIbCTBa, STOI'0 YTBEPK/IEHHS JJOCTOTOYHO PACCMOTPETh JIN0O
TOC/IeI0BATETHhHOCTD

¢7L :fn—l _fn7 fO :07
Ju00 MMOCJIeI0BATEIbHOCTD

¢n:fn_fn717 f0:07
U IPUMEHHUTH JOKA3aHHYIO TEOPEMY.

Caencrsue 1.1.3. Ecau npunadaescawsas npocmpancmey L(X) dyrrxyus
f(z) noumu eciody neompuyamenrvra U UHMEZPAA O HEE PAGEH HYAI0, MO
dynryusa f(x) noumu ecrody pasua Hysw.

g 1oKa3aTebeTBa JAHHOTO YTBEPKICHUS JIOCTATOYHO IPUMEHUTD TEO-
pemy benmno-JleBu k psity
> nf(x).

n

B wactHOCTH, cipaBe JInBO

CaenctBue 1.1.4. Ecau xapaxmepucmuveckas Gyrriuus

1,z€A

HATD =10 sga

mrootcecmea A C X unmezpupyema:
I(A | z) € L(X)

U uHmezpas om Hee paseH HYnro.

mo mmoscecmeo A ecmvb MHOMCECTNEO MEPDL HOAL 6 CMbBICAE onpe(kﬂemm
1.1.1.

Crienytorast TeopeMa Ha3bIBaeTCsa TeopeMoii Jlebera o mpegeibHOM Tiepe-
XOJIe B HHTerpaJjie U 4acTo IPUMEHIEeTCS B IMPUIOKEHUAX.

Teopema 1.1.2. Ecau nocaedosamenvbrocms unmezpupyemorr Gyrnkuutl ¢, €
L(X) nowmu 6ctody umeem npedea:

n.e. 3¢(x): ¢(z) = lim ¢,(z), (1.72)

n—odo
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u cywecmeyem makas unmezpupyeman Pyrnkyua ¢o(z) € L(X), wmno
Vn:ne |on(x)] < ¢o(z), (1.73)

mo onpedeaernas pasencmeom (1.72) dynryua unmezpupyema:

¢ € L(X), (1.74)
U CanLGGd/LU,GO paceHcmeo
1(¢) = lim I(¢,). (1.75)

Taxum obpazom, ecau swnoanenv, yeaosus (1.72)-(1.73), mo mor moorcem
ymeepotcoams, wmo obe 4acmu pasencmea

lim I(¢,) = I(lim ¢,),
CYULECBYIOM, U PABHDL.

oxazamenvemeo. Onpenenum bpyHKIAH

frn(®) = max{dny;(z) | 0 < j <k}, gnp(z) :=min{¢,;(z) |0 < j <k}

CrupaBe/InBbI OIEHKH

1901 ()] < @o(x) , [fo k()] < Po(2). (1.76)

OdeBuHO, 9TO

Jrgpr1(@) 2> forn(®) ) gnpr(2) < gnpl).

B cuny ciaencrus 1.1.2 u onenku (1.73) cupaBeiuBbl yTBEPIK ICHUST

3l € LX)): lim fuple) = ula), (L.77)
3(galr) € LOX)): Jim g x(e) = ga(a). (1.78)

B cuny (1.72) ompesnenennsie pasenctsamu (1.77) -(1.78) dbynkuum ymosie-
TBOPLAIOT YCJIOBHUSIM:

Vi gn(@)] < ¢o(x) , [ful2)| < do(@).

Cuosa npumenus caegcrsue 1.1.2, MbI MOXKeM yTBepPKIATh, YTO

¢ € LX) u I(¢) = lim I(f,) = lim I(gy).

n—oo n—oo

35



Ho oueBmaHo, 49To
I(Qn) < I(an) < ](fn)

Teopema jiokazana.
Pacemorpum mpumep. Ilycts

an = /0 fu(x)dz, vae fo(z) = (cos(1/x))*, x>0, fu(r) =0, z=0.

fcno, uTo
: 1 1
lim f,(z)=0,2# — , m=1..., fo(—) =1
n—00 m™m ™m
Tak xax |f,(z)| < 1, a MHOXKeCTBO TOUeK {Zy, | T = —— , m =1,...} ecTp

MHOYKECTBO MepPbl HOJIb, TO MBI MOYXKEM YTBEPXKJIATh 9TO a, — 0, n — oo.
WNuora mose3Ho caejaytoiiee yroaaenne TeopemMbr 1.1.2.

CnencrBue 1.1.5. Ecau swnoanenns, ycrosus meopemvs 1.1.2, mo
I(|pp —¢|) = 0, n — 0. (1.79)
JLjist jloKa3aTesibCcTBa 3TOI0 yTBEPKAEHUS JIOCTATOYHO 3aMETUTh, 4TO

8. [6u(z) — (2)]| = 0, n— 00, ¥n: [u(z) — o(x)] < 260 (x).

7 NPUMEHUTH TOKA3aHHYIO TeOPeMY.

Jlokazanng TeopeMa TOKa3bIBaeT CYIIECTBEHHOE OTJIMYNe nHTerpana Jle-
Oera or murerpajia Pumana: unrerpas Jlebera npu odeHb OOIIUX TPEIIO-
JIOKeHusIX "BbIaepzkuBaer MOTOYEUHBIH TpeaeIbHbI Mepexoa Mo 3HAKOM
WHTerpaJa.

QukcupyeM BHUMAHWE YATATES HA CJIETYIONEM OOCTOATEIHLCTBE: TeOpe-
Ma Jlebera 1.1.2 pokazana Hamu JJisi WHTEI'pPaja, MOHUMAEMOI'O B CMBICJIE
omnpeaenenus 1.1.8. Eciau ke mHTEerpa moHUMAaeTcd Kak HECOOCTBEHHBIN B
cMbIcae onpeaenerns 1.1.11, To HeoOGX0AUMO ellle paccMOTPeTh BO3MOXKHOCTD
ITepecTaHOBKY Ollepaluii peebHOTO Tepexoia B 1.63

Ciieiytorue Tpu JIEMMbI SBJISIIOTCS] BAPUAIIASIMI HA, TeMY TeopeMbl Jlebe-
ra W 9acTO MCIOJ3YIOTCI B MPUIOKEHUIX.

Jlemma 1.1.13. Ecau nocaedosamenvrocms unmezpupyemoix gynkuud { o, (x)}
nowmu 6cody crodumes x gynkyuu o(x):

n.e. lim ¢,(x) = ¢(z),

n—oo
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u Modyav Pynkyuy G() oepanuven ceepry unmezpupyemoli GyHkyued:
n-6. |¢(x)| < ¢o(x) , do(x) € L(X),
mo Ppynryus ¢(x) unmezpupyema:
¢(z) € L(X)
U CNPasedsuBo HEPAGEHCMBO
[1(0)] < 1(o).
JokazarenscTBo. Onpeaenm QyHKITHIO
Un(x) = max(min(gn(z) , ¢o(z)), —¢o(x)).
flcrHo, aTo
5.+ [u(2)] < 60(a) , lim 16,(x) = 6(c).
[Toaromy B cuity Teopemsbl Jlebera
6x) € L(X) u lim I($,) = 1(9).

Ho
11 (¢n)] < (o),
OTOMY

[1(p)] < 1) (1.80)

YTBepKIeHNEe JTOKA3aHO.

JIemma 1.1.14. Ecau nocaedosamenviocmo unmezpupyemois dyrrkuut { o, (x)}
YO0BAEMBOPALTI. YCAOBUAM:

n.s. an(*r) >0, nh_)nolo an(x) = ¢(x) ) I(an) <C, (1'81)

ede C' ne sasucum om n, mo onpedesennan 6 pasencmse (1.81) dynryus
() unmezpupyema U 6BINONHEHO HEPABEHCMEBO:

I(¢) < C.
JoxkazarenncTBo. PaccMoTpum mocie10BaTe sbHOCTh
p(z) = inf{pp(x) | k <n < oo}.

DTa MoC/Ie0BATETHLHOCTD Y/IOBAETBOPSIET YCJIOBUSIM:

B, : Yu(x) /o), I(Pn) < C.

[Tosromy B cuity ciiejicTBus u3 Teopembl benrmo Jlesu
o) € L(X) , 1(¢) < C.

JlemMa Jgokaszana.
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JIemma 1.1.15. Ecau nocaedosamenvrocms unmezpupyemuix Gyrrkuud { o, (x)}
YOOBAEMBOPALTI YCAOBUAM,:

n.e. lim ¢,(x) = ¢(x), Yn: I(|¢,]) < C, (1.82)
mo onpedenennas 6 pasencmee (1.82) dynkyua ¢(r) unmespupyema u 6oi-
NOAHEHO HEPABEHCTNEO:

[1(¢)] < C.

Loxasamenvcmeo. OdeBUIHO, ITO
8. lim |¢,(x)| = |o(x)].
n—oo

[Tosromy B cuty stemmer 1.1.14 |¢(z)| € L(X). Teneps gocTaTotHo BOCIOIB-
30BaThCd Jemmoit 1.1.13.

Tenepb MBI TOTOBHBI K JOKa3aTE€JILCTBY OAHOTO U3 OCHOBHBIX JIJIAd HAC CbaK-
TOB TeopuHM HHTerpaJa Jlebera: Teopembl Pucca-®umepa o moJiHOTE IIpO-
crpanctBa L(X).

Teopema 1.1.3. Ecau nocaedosamenvrocms unmezpupyemos dynruud f,(z)
ydosaemeopaem Ycaosulo:

lim Sup{I(1f — fusml) |0 < m < 00} =0, (1.83)
mo
1. B npocmpancmee L(X) cywecmsyem makaa dynruus f(z), wmo
lim I(|f, — f]) =0. (1.84)

2. Cywecmeyem maras nodnocaedosamenvrocmo { foi)(x)} nocredosamenn-
nocmu { fr(z)}, wmo

n.6. fuiy(x) — f(x), j — oo.

JokazatesncTBo. HamoMumM, 9T0 PO 1OCII€[0BATEIHHOCTD, KOTOPAS Y0~
BaeTBOpsieT ycaosuio (1.83), roBopsT, 4T0 OHa yAOBIETBODPSIET Ycaosuto Kow
B Merpuke L(X) wiu gydamenmanrvra B merpuke L(X).

U3 yenosust (1.83) cieyer, 9To CYMIECTBYET TaKasl MOIIOCTETOBATE b
HOCTE f,(j)(%) mocaenoBaTebHOCTH [y (), KOTOpas yAOBACTBOPSAET YCIOBUIO:

V(m > n(j)) : ](’fn(j) — fml) < 277,

Jlns Takoil moAImoc/ie 10BaTeTbHOCTH CXOTUTCS P/

Z ](|fn(j+1) - fn(]’)|) < 00,

1<j<0
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QyHKIUA
z = [ fug+n) (2) = fuii) (2)]

UHTETPUPYEMbI, TIO3TOMY U3 CXOJUMOCTHU 3TOTO Psjia B CUIY TeopeMbl Berrmo
JleBu ciemyer, 9TO

IL.B. Z | fagrn) (@) — fui(@)] < 00,

1<j<00
U TI03TOMY
s Y (fagian (@) = fag (@) < o0,
1<j<o0
Ho
Y (@) = fagy(®) = Fagmin (@) = fay (@),
1<j<m
MTO3TOMY
wn3f(@): m fun(2) = f(2). (1.85)
Tak Kak

Vm: (| faom) < ([ fagm) = Fa)D) + I fa ) < 1+ ([ fal),

TO K TOCJIEJI0OBATETHHOCTH { fn(m)} MBI MOYKeM TPUMeHUTh JeMmy 1.1.15 u Ha
OCHOBE 3TO# JIeMMBbI Mbl MOXKEM YTBEPXKJIATh, YTO OIPEJIEJCHHAS PABEHCTBOM
(1.85) dyuknus f(x) npunamiexkur npocrpanctBy L(X). [lpuvensis semmy
1.1.15 x mocje 10BaTEJIHLHOCTH

Pm () = fuim)(€) = fu(x) , k> N(e),

MBI MTOJIYIUM, 9TO
I(1f = fil) <€, k> N(e).

Teopema mokazana.

Ecau nocsenosaressaocts { f,(z)} yaosaersopsier pasenctBy (1.84) To
rOBODST, 4T0 OHA cxoxuTcst K dyukimun f(x) B mpocrpancrse L(X). U3 Teo-
pembl Pucca-@umiepa caemyer, 9To B 3TOM CJIydae U3 TOCJIEI0BATEILHOCTH
{fn(2)} MOKHO BBLAETUTH MOIIOCIIEIOBATEILHOCTD, KOTOPast 6YIT CXOIUTCST
K yukmun f(z) mourn Beoxy. OnHako cama mocjaeaoBaTeabHoctb { f,(z)}
IPU 3TOM MOZKET He CXOAUTCA HH B OAHOI Touke. IIpuBeseM COOTBETCTBYIO-
AN KAACCHYCCKUN TTpuUMeEp.
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IIpumep 1.1.14. Ha orpeske [0, 1] onpemennm dyHKImn

1,x€[§,%],0§k<n,
f””“(x):{o, e [E, B,

n’ n

Yuopsmounm uHAekcel Gyukiunii f,: Bygem cumrars, uto {n,k} >
{n',K'}, ecntu n > n', a npu n =n’ ecin k > k'. fcno, aro

1
/ fok(x)dr=1/n—0,n— oo,
0

HO Tipefena npu {n,k} — ooy dbyukumii f,(x) He cymecTByeT HE B OAHOM
Touke x € [0, 1].

1.1.5 IIpoctpancrBa LP(X).

B 37o0it yacTu Mbl OyJieM CYUTATDH, 9TO MPOCTPAHCTBO IJTEMEHTAPHBIX (DYHK-
it Lo(X), MO KOTOPOMY MBI CTPOMM HHTETrDaJ, YAOBIETBODSET YCJIOBUAM
1.1.8u 1.1.9.

B cuny mpunaroro namu ycaous 1.1.9 masg mi060it ocrosHotl dyHKIINN
¢ € Lo(X) BBILOJIHEHO BKJIIOYEHUE

Vp>1: |pP € Lo(X) C L(X).

Ho, BooGm1e T0OBOPst, MOKET CayduThbes Tak, 9ro f(z) € L(X), no |f(z)|P ¢
L(X) mpu p > 1. Ilpumepom MozkeT cayxxuth dbynxmus f(z) = 277, 0 <
z < 1. Tak xak 3Ta QyHKIUS HEOTPULATEIbHA U UHTErPEpyeMa o Pumany
B HecobcTBeHHOM cMbiciae Ha orpeske [0, 1], To ona mHTerpupyema 1o Jle-
Gery, ogHako ouemHO, uTo (yuKus |f(z)[P ne uaTerpupyema mo Jlebery
ua orpeske [0, 1]. Mbl mocBaTuM 5Ty 9acTh udydeHuto pyHKIWIA, KOTOPbIe
06J1a1aI0T TeM CBOMCTBOM, YTO OHM CAMM M HEKOTOpasd CTEIIeHb UX MOIYJILA
HHTErPUPYEMEI.

Jlemma 1.1.16. 1. Ilpu amobom p > 1 das a > 0, b > 0 cnpasediuso
HEPABEHCNEO

(a+Db)P < 2071 (a? 4 bP). (1.86)
2. Ilpu mobwzx p > 1, q > 1, maxux, wmo
1 1
-+ -=1, (1.87)
p 4q
orsa >0, b>0 cnpasedauso Hepasencmeo
P
ab< 4= (1.88)
p q
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Hokazarenbcrso. g mokazareabcrBa HepaBeHcTBa (1.86) paceMorpum

bYHKIUIO
o(t) =211+ t7) — (1 +t)P.

Dta GyHKIUS YA0BIETBOPIET YCIOBUIM:

. 49
6(0) > 0, vt =2(t) > 0.

CaenoBaTesbHO,

Y(a>0,b>0): ¢(a/b) >0,

410 9KBUBaTCHTHO (1.86).
st mokazarenbcrBa HepasencTsa (1.88) pacemMorpum byHKITHIO

CHpaBe,ZLJH/IBbI YTBEPXKIACHUA:

¢(0) >0, ¢(o0) = o0,

I CyIIecTBYeT enuHCTBeHHas Touka ¢ = a'/(9~1) B Koropoil mpom3BomHast
GYHKIUT ¢ paBHA HYJII0, IpHYeM caMa (DYHKIUS B 9TOH TOYKe TOyKE paBHA
uymo. CiaenoBarenbuo, Vi > 0: ¢(t) > 0, uro sxsuBazenTno (1.88). Jlemma
JIOKa3aHa.

[Tokazarenn crenmenu p > 1, ¢ > 1, KOTOphIe yAOBIETBOPSIOT YCJIOBUIO
(1.87), HABBIBAIOTCS CONPANHCEHHBLMU TIOKA3aTETIAME cTenern. ConpszKeHHbIe
MOKA3aTeJIU CTEIEeHH YJIOBJIETBOPSIOT YCJIOBUIO:

P+ q=pq.

Onpenenenne 1.1.13. Eciau Beimosinens yejaoBusd 1.1.8 u 1.1.9, To MbI T0O-
BopuM, uro yuknus f(x) npuraniexur upocrpancrey LP(X), eciu cama
dbyuknus f(r) npuramnexkur npocrpanctsy L(X) u dyukius | f(z)|P Takke
MPUHAIEKUAT TpocTpancTBy L(X).

JIemma 1.1.17. IIpocmpancmeo LP(X) ecms aunetinoe npocmpancmeo: ec-
au pynryuu f(z) , g(z) npunadaescam npocmpancmey LP(X), mo u ux
Aunetinas komounayus of (x)+Gg(x) npunadasescum npocmpancmey LP(X).

Hoxkasarenberso. JJocraroano qokasars, aro byukuug ¢(x) = f(z)+g(x)
mpuHaIeKuT mpocTpanctsy LP(X). Pamee Mbl yxke mokazanm, 9TO TIpo-
crpancro L(X) ecrb smHeiinoe upocrpanctso, nosromy |f(z) + g(x)| €
L(X). Ocramocy gokazars, aro |f(z) + g(x)|P € L(X). Cormacuo Jsemme
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1.1.12 cymmecTByrOT TaKHe [MOCJIeI0BATEIbHOCTH 3IeMeHTapHBIX DyHKIWH f,,(x) , g, (2),
49TO

.B. fo(z) — f(2), gu(z) — g(z), n — occ. (1.89)
3 1.1.9 u (1.89) cremyet, uro
[fn(2) + gn(2)[P € L(X) 1 wB. [fo(2) + gn(2)” — | f(2) + ().

Ho B cuy nepasencrsa (1.88):
[f(@) + g(@)I” < 27| f ()" + |g() ) € L(X),
mo3TOMy B cuity Jiemmbl 1.1.13
[f(2) + g(x)[" € L(X).

JlemMa, moKa3aHa.
[TonozkuM 110 OTIpeeIeHUIO

V(f e LX) (If [ LX) = L(|fIP)? (1.90)

Ompegenennsiit pasenctsom (1.90) dyuxmmonan f — || f | LP(X)|| nasbiBa-
ercs LP-nopmoit dyaKIUT f.

Teopema 1.1.4. Ecau f(x) € LP(X), g(x) € LY(X), mo f(x)g(x) € L(X)

u cnpasediuso wepaserncmeo Ieavdepa

I([fgl) <P T L7CON - llg [ LX) (1.91)

JokazarenaberBo. Ilycrh mocseoBaTe/ IbHOCTH IJ1eMEHTaAPHbIX (DYHKIU
fu(2) , gn(x) ynosreropsior ycaosuto (1.89). Torma

@l | g
p q

HHW@M@HHU@MWS( )eum. (1.92)

B cmwry nemmer 1.1.13 orciona caeayer, aro |f(x)g(z)| € L(X). B mepasen-

cree (1.92) crenaem sameny f(z) — f(x)/|[f | LM(X)I, g(x) — g(z)/llg |
L9(X)|| u morom mpounterpupyem. Ilociae ymuoxenus ua ||f | LP(X)||]lg |
L9(X)|| momxyanm (1.91). Teopema mokazana.

Teopema 1.1.5. Ecau f € LP(X) , g € LP(X), mo cnpasedauso nepasen-
cmeo Munkoeckozo:

If+g [ LN <1 T L7+ lg [ ZPX]]- (1.93)
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Zoxasameavcmeso. Ecnu p , q -conpsizKeHHBIE TMOKa3aTeNn, TO CIIPaBe/I-
JINBBI HEPaBeHCTBA!

I(1f+gl?) < I(f+ gl fD) + LA+ glPgl)
< I(|f + gl P IOV fPYP 4 I(f + gD (|g[P) e,

Pasnenus obe qacTu moydeHnoro Hepasenctsa ma I(|f + g|®~Y9)Y4 g yuan-
TeiBasi, 410 (p — 1)g = p , 1 —1/q = 1/p, mbt noxyuum (1.93). Teopema
NOKA3AHA.

Teopema 1.1.6. Ecau nocaedosamensvnocmo dynkyud {f.(z)} C LP(X)
YO0BAEMBOPALTIL. YCAOBUIO:

Ji_{glosupﬂan — fotm| [ LP(X)|| | 0 <m < oo} =0, (1.94)

mo
1. B npocmpancmee LP(X) cywecmsyem makas dynryua f(x), wmo

Tim ([|f, — I | LPCO]| = 0. (1.95)

2. Cywecmesyem makas nodnocaedosamenvrocms fny(x) nocaedosamens-
nocmu fn(x), wmo

n.6. fu) (@) — f(z), j — oo.

Ecnu mocaenoBarensnocts dbyukuumit {f,(z)} C LP(X) yaosaersopsier
yeaosuio (1.94), To roBOpAT, Y4TO OHA PHYHOAMEHMAALHG B TPOCTPAHCTBE
LP(X), a ouucwiBaemoe B yTBep:kjeHuu 1 cBoiicTBO npocrpancrsa LP(X)
HA3BIBACTCH N0AH0MOU npocrpancTsa LP(X).

Hokazarenbcrso. [Ipumensis HepaBencTBo Lestbiepa K (1.94) u yuuTbiBast
ycaosue 1.1.8, MBI moJsrydaem:

I(|fn = ful) S TW)YUI(| o = fin)? =0, nm — o0, (1.96)

Takum o6pazom, pu BeinosHeHnn yeaosus 1.1.8 dyunaventanpraast B LP(X)
nocsre10BaTeIbHOCTh bynaaMentanbia B L(X). CienoBaresbHo, U3 mocie-
J0BaTeIBHOCTH { fr (%)} MOXKHO H3B/I€Ub TAKYIO IOIOCIEI0BATETLHOCT { fr(j) ()},
qTOo

8. fui)(z) — f(z) € L(X), j — oo. (1.97)

YuaursiBast (1.94), MbI moTydaem

B | fui) ()P = [f(@)P, I(|fa|?) < C.
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[Ipumenssa nemmy 1.1.15 k noctenoarenpuocts ¢j(x) = foe)(2), MBI mOITY-
JaeM, 9TO ompejesentas pasencrsoM (1.97) dyukmus f(x) yaosmerBopser
YCJIOBUSIM:

f(z) e LX), [f(2)P € L(X).

[Ipnmenssa nemmy 1.1.15 x nocaegosaTensnoct ¢;(x) = | froiy(®) — fm(2)|P,
MbI 1IOJIy4a€eM, 4TO

IS = ful?) = I | fagg) = fl") < €, m> N(e)-

TeopeMma mokazana.

Ecau dynknus f(x) = 1 ne npunaiexkur npocrpauctsy L(D), To LP-
HOpMa dyHKIMK f 1 npoctpancTBo LP(D) 06BIMHO ONMpPeIeasoTcst Tak, 9TO B
npasoit yactu (1.90) cTouT HecOGCTBEHHBIH HHTErPAJ B CMBICJIE OIIPE/IeIeHHs
1.1.11.

OcranoBumMcsa Ha 3ToM noapodnee. [lycrs BuimosHensr ycaosus 1.1.11.
Torma Mbl onpegessieM npocrpancto LP(D) rak.

Onpegenenune 1.1.14. Mbl roBopuM, 4To 3ajanHas B obaactu D dyHKIuA
f(x) upunajiexkur upocrpancrsy LP(D) | ecjiu

Vm: f(a)[(D(K(m)|z) € LP(K(m))

1 KOHedYeH IIpeaea

Tim L (| fIUD (K (m) | ))P) < oo,

I B 3TO CJy4Yae MBI II0 OIIPEICJICHUIO IToJaraemM
IF 1P COIP = lim L ((IFI(D () K (m) | ))P). (1.98)

st onpenesnennoit papercTsoM (1.98) LP-HOPMBI CIIPABeINBBI HEPABEH-
crBa lenbiepa u MHUHKOBCKOrO: I JOKA3aTEIbLCTBA STOTO YTBEP:KICHHS
AO0CTaTOYHO BbINIKMCATH COOTBETCTBYIOLINE HEPpAaBEHCTBa B KazKJA0M IIPCTPaH-
crBe LP(K(m)) u morom mnepeiitu K npejesny m — oo. [Ipocrpancrso LP(D)
¢ opejieseHHoi pasercteoM (1.98) LP-ropmoii mostHo. JloKa3aTebeTBo mpo-
BOJAMTCS HeOOJIBIINM M3MEHEeHHeM JI0Ka3aTelbcTBa TeopeMbl 1.1.6: 3ameda-
eM, 9TO U3 TOrO, YTO MOCTEJOBATEIBHOCTD { f,,} dyHIaMeHTaNbHA B CMBICTE
HopMmbl (1.98), caeayer, uro oHa (DyHIAMEHTAJIbHA 110 HOPME KazKI0r0 1po-
crpanctBa LP(D () K(m)), n HOITOMY C IOMOIIBIO JHATOHAILHOIO IPOLECCa
TI0C/IeI0BATEILHOCTE { fi,(;j) } MOMKHO BRIODATH TAK, YTO OHA Oy/IET CXOANTHCS B
kaxk oM npoctpanctse L(D () K (m)). Janbreiiniue paccyKIeHus OCTAIOTCST
0e3 3MeHeHus.

OcTaHOBUMCSL HA Oll€PAIMU IPEJEJBLHOIO llepexoia B npocranctse LP(D)
JJIsT TOTO CJIydasi, KOra HopMa onpejessierca papencTsoM (1.98).
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Jlemma 1.1.18. Ilycmo 1 < p < o0 U PYHKUUOHAADHAA NOCAEIOBATNEAD-
nocmsv { fn(x)} C LP(D) ydosaemeopaem ycaosuam:

L3f :Vm|| fo = f | LP(D () K (m))]| — 0, (1.99)
2.n1géosup{1<ﬂ(0ﬂ(f((m+s)\K(m)))\fnyp |n, st =0. (1.100)

Tozda onpedesennasn 6 pasencmse (1.99) dynxyua f(x) npunadaesrcum npo-
cmpancmey LP(D) u
1fo—=fllp =0, n— oo (1.101)

s mokazaTesbeTBa OCTATOYHO MPOBEPHUTH, 4To U3 ycsaosuit (1.99) n
(1.100) caemyer, uro mocsemoBaTeabHOCTh { f,} dyHIaMeHTaTBHA B HOpME
mpoctparctsa LP(D).

Hus npocrpancrsa LP(R?) MoxHO 1aTh Cilepyrolnee yTOUHEHHEe JeMMbI
1.1.18

Jdemma 1.1.19. [Tycmo K(m) -xy6 6 npocmpancmee R : K(m) = {z |
r = (x1,...,2q) , |z;| < m.}. [yemv Pynryuonarvras nociedosamenn-
nocmo { fo(x)} C LP(RY) npu nexomopom p , 1 < p < oo, ydosaemsopaem
CACOYIOULUM YCAOGUAM.

1.Vm: n.s. fo(x) = f(z),, n — 00, z € K(m), (1.102)

2.¥(m,n): ne |fo(x)] < dm(z) € LP(K(M)), ¢pm(z) He 3asucum omn.

3. lim sup{ |fo(x)|Pdz |1 <n < oo} =0. (1.103)
m—0oo |z|>m

Tozda onpedeaenasn pasencmeom (1.102) dynryua f(x) npunadaescum npo-
cmpancmey LP(R?) u

lim [ |fu(z) — f(2)|Pdz =0.

n—oo
YT06BI MOSICHATE PoJib yeaoBus (1.100) paccMOTpHM MOCJIEI0BATETBHOCTD

falz) = exp(—(z —n)?)
B npocrpanctee L'(RY). feno, uro

a

Va,b: / exp(—(x —n)*)dzr — 0, n — oo,
b

HO

/ " exp(—(z — n)?) du = /7

o0
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Yeaosus (1.100)-(1.103) aHaJOrmdHbl YCJIOBHIO PABHOMEDHON CXOIAMMOCTH
HecOOCTBEHHOIO MHTErpaja PHMaHa M 9BJIdeTCs YIPOUICHHBIM BAPHAHTOM
YCJIOBUS paBHOMepHOit uaTerpupyemoctu (cum. [4, 5]). Tlpu uccienosanuu Bo-
IpoCa O IPeIeIBHOM IePexo/ie B HHTerpasie YCJIOBUS THIIA PABHOMEPHON WH-
TEerpupyeMocTn O6BILIHO HaJlaralOTd B TOM CJy4dae, €CJIU UHTEI'paJl IIOHUMa-
ercs KaK HecOOCTBEHHBIN WM KaK HHTerpaJl 110 0-KOHEYHOM, HO He KOHEeYHOM
Mepe.

Bamernm, 4to B onpenenenun 1.1.14 ne npednoaaeaemca, aro f(x) €
L(D). Pacemorpum nipumep. Tlycrhb

f(@) = (z(z+ 1)z —1)2In’z)"V | a>1.

Jlerko mposeputn, ato f(x) € L*([0, 00)), vo f(z) & LP([0, o0)), p # a.

1.2 Mepa u n3amepumMmbie OYyHKIUN.

1.2.1 CBoaka OCHOBHBIX ONPEAEJIEHUIN TEOPUU MEPHI.

[lonsTre Mepbl YacTO BCTpedYaeTcs B aHAIU3e U MaTeMaTH4ecKoit (usuke.
[IpuBeeM KpaTKyio CBOJKY COOTBETCTBYIONIUX ompejesnenuit. [loapodro c
ITUMU NMOHATAAMEI B KJACCUIECKON TPAKTOBKE MOXKHO O3HAKOMUTHCH IO MPU-
BEeJIEHHOMY B KOHIIE IJIaBbl CIIMCKY JIMTEPATYPhl. B ciejyolemM myHKTe Mbl
paszbepeM, Kak 3TH MOHATHS BBOJATCS B NPUHATON HaMu cxeme Jlanusid.

Onpegenenne 1.2.1. Cucrema A noaMHOXKETCB MHOKECTBa, X HA3BIBAETCS
an2e6poti MHOHCECTNE, €CJIM BBIIOJHEHBI YCIOBUSI:

1.0e A, X € A
2.V(Ae A, BeA): A[|Be A, A|JBe A, A\Be A

Arebpa MHOXKECTB HAa3BIBAETCSI O -GA2€0poTl, €CIU OHA 3aMKHYTa OTHOCH-
TEJbHO CUYETHBIX OObe/IMHEHUIT U epecedyeHrnit MHOKECTB:

V(AZEA) UAIGA,ﬂAZE.A

[Tockosibky o-ajrebpa ecthb ajaredpa MHOXKECTB, TO OBLIO ObI J0CTATOY-
HO MOTPeHOBATh 3aMHYTOCTH TOJBKO OTHOCHTETBHO CUETHBIX O0beInHeHU
MHOXKeCTB: B cuiry dopmyst e Moprana orcofa yke cJiegoBagao Obl, 9TO -
ajirebpa 3aMKHYTa OTHOCUTE/JHHO 0OPA30BaHUS CYETHBIX IEPEecedeHuil MHO-
JKeCTB U UX JIOMOJTHEHUN.
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Pacemorpum otpesok [0, 1]. Haumenbinas o-aiarebpa, KoTopas COJepKUT
BCe OTKpbIThIe uHTepBasbl (a, b) C [0, 1], HasbBaeTcs Gopesesckoll anred-
poit MHOKecTB oTpeska [0, 1].

Ecsm X -Tonosiormueckoe npocTpaHcTBoO, TO bopeaesckoli an2ebpoti MHO-
)ecTBa X Ha3bIBAETCA HAMMEHbINast o-ajrebpa, KOTopas COAEPKHUT BCE OT-
KPBITBIE IIOJMHOXKECTBA MHOKeCTBa, X .

Anre6py GopeeBCKIX MHOXKECTB TOIIOJOMHYECKOrO IIPOCTPAHCTBA X MbI
Oyznem oboznadarh cumBosioM B(X).

Omnpenenenne 1.2.2. 3agannas Ha o-anrebpe A GyHKIHSI MHOKECTB
p: A= [0, 1]
HA3bIBAETCS MePOTl, eCJ OHA YJIOBJIETBOPSET YCJIOBUAM HOPMHUPOBKH:
p@® =0, p(X)=1 (1.104)

" o-aJJUTHUBHA.
V(A € A, Ai(Aj=0,i#5) ) A) =Y n(A). (1.105)

Nuorpa ycioBue 0-a i IMATHBHOCTH HE BKJIIOYAETCS B OIPE/IeJIeHIE MephI.
113 (1.105) caemyer, 9To o-aIATUBHAS Mepa [t YAOBIETBOPSIET YCIOBHIO:
ec A, Takasl CHCTeMa IOIMHOKECTB MHOXKeCTBa X, ITO

A €A, A C A, (VA =0, (1.106)

TO
w(A,) — 0, n— oo. (1.107)

[LHH A0Ka3aTC/JIbCTBa 9TOI'O YTBEPZKJACHUA JOCTATOYHO 3aMETUTh, 4YTO

CA) = |J CA)\CA,). Ao =1,

1<m<n

MTO3TOMY

1 =p(X)=lim u(C(4,)) =

n—oo

1 — lim p(A,).

n—oo

0-aJJINTUBHBIE MEPbl TaKzKe Ha3bIBAIOT CYETHO-3JIMTUBHBIMU MepPaMHu.
YacTo paccMaTpuBaIOT MepbI, KOTOPbIE He YIOBIETBOPAIOT YCJIOBHIO HOPMU-
DOBKH, a Mepbl, KOTOPbIe ITOMY YCJOBUIO VAOBJIETBOPSIOT, HA3BIBAIOT BEPO-
ATHOCTHBIMU MepaMu. B 3rom naparpade mbl OyjieM paccMarpuBaThb Mepbl,
KOTOPbIE yJIOBJIETBOPSIOT YCJOBUIO HOPMUPOBKH, T.€. BEPOATHOCTHBIE MEDHI.
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MozKHO JI0Ka3aTh, YTO CYIIECTBYET €JIUHCTBEHHAsS Mepa [iy, 00JacThb 3a-
JaHusT KOTOPOH ecTh GopesieBcKasl aarebpa MoaMHOXKecTB oTpeska [0, 1] u
KOTOPas YIOBIETBOPSET YCAOBUIO

V(a,b) C[0,1]: po((a, b)) =b—a. (1.108)

DTy Mepy Mbl OyJeM Ha3bIBaTh CTAaHIATPHONW Mmepoti Bopeas wim mpocTo
Gopeaesckoli mepoti Ha orpeske [0, 1].

Ecau X -ronosiormdaeckoe npocTpaHCTBO, TO B 00IIEM Caydae 60peaesckoli
Mmepoti Ha npocTpaHcTBe X Ha3bIBaeTCs Ji0bas Mepa, 00J1acTh ONpeIe/IeHus
KOTOPOH ecTh HaUMeHbIIIas o-ajaredpa, cojep:Kalias Bce OTKPBIThIE TOAMHO-
JKecTBa MHOYXKecTBa X .

Ecnu na o-anredbpe A 3amana HekoTopas Mepa i, TO OTBEUYAOIIeH ITOM
Mepe sHewHet Mepoti Ha3bIBaeTCsS (DYHKIUA MHOYKECTB (*, KOTOpast JIjIs BCeX
MOJIMHOZKECTB MHOXKecTBa X OIpeeeHa PpaBeHCTBOM

VA C X : p*(A) = inf{u(B) | B A, AC B). (1.109)

Omnpenenenne 1.2.3. Muoxkecrso A C X nasbiBaercs uamepumoim no Jle-
bee2y, ecu BBITIOJTHEHO PABEHCTBO

(A +p (X \A) =1 (1.110)
U B 9TOM cJiydae Mepoii JleGera muokecTBa A Ha3piBaeTcs ancio p*(A).

MHuozKecTBO BcexX U3MEPHUMBIX 110 JIebery MHOXKecTB 0Opasyer o-aaredpy,
KOTOpAas 3aBUCHT KaK OT MCXOTHOH o-anredpsl A, Tak u oT Mepsbl 1. O003Ha-
quM 3Ty o-anrebpy cumsosioMm Ext,(A). Ona Ha3biBaeTcs 1€6€TOBCKEM pac-
unpenueM o-anrebpst A. @ynknus muoxkecrs p*(A) na o-anrebpe Ext,(A)
OTIPeJIe/IsIeT MepPy, KOTOPYIO HA3BIBAIOT AEOE206CKUM NPOJONHCEHUEM MEPDL [
(mtu mepoit JleGera) n 0603HAYAIOT TE€M K€ CHMBOJIOM (L.

Omnpenenenne 1.2.4. 3anannas Ha o-aarebpe A Mepa i Ha3bIBACTCS N0.4-
Hot mepoti, ecau u3 Toro dakra, aro Z C A, A€ A, pu(A) = 0 ciaeayer,
aro Z € A, u(Z) =0.

Mepa Jlebera moJina, a Jeb6eroBckoe paciinpenne o-ajredphl ¢ 3a1aHHOI
Ha Hell CIeTHO-aINTHBHON MepOil MOYKHO MOTYYHUTD (CM. JOKA3ATEIBCTBO B |9
. m1. 1, mpepgioykerue 1.4.6). , ecqid JONOJHATH 00JACTH OMPEJIETEHHs] MEPbI
BCEMHU IIOAMHO2KECTBaAMH MHOXKECTB MEpPbl HOJIb U Ha I9TUX IIOAMHO2KECTBaX
JTOOTIPEIETIUTD Mepy HYyJIeM.
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Jpyroii criocob mocTpoeHns: J1e6eroBCKOro paciInpenus o-ajaredopst A co-
CTOWT B cJeayioneM. PaccMOTpUM CHMMETPUUIHYIO PA3HOCTD IBYX MHOXKECTB

AAB = (A JB)\ (A B).

JIerko BUJETH, 4TO
I(AAB | ) = [I(A | ) = I(B | z)],

no3TOMYy (DyHKIIHS
d(A, B) := u*(AAB) (1.111)

OTpeJIesISeT PACCTOsTHIE Ha TOJMHOYKECTBAX MHOKecTBa X (WM, B JApYroii
HHTEPIPEeTAINN, Ha MHOKECTBE BCEX XaPaKTePUCTUICCKUX (DYHKITHIT TOAMHO-
JKecTB MHOKecTBa X ). 3aMbikaHue o-aaredphl A, paccMaTHBaeMoil Kak moji-
MHOZKECTBO TIOJTHOTO METPUIECKOr0 HPOCTpaHcTBa ¢ paccrosgauem (1.111), u
Oymer J1eOeroBCKUM paciiuperneM o-aaredpsr A.

B pamkax cxembl JlaHus st 1e6eroBCKoe pacuinpenne o-aareopsl A MOKHO
noyiyanth Tak. Onpegennm Ha npocTpancTBe X MHOXKECTBO 3JI€MEHTAPHBIX
dbyukmmii Lo(X) Kak MHOKeCTBO (DYHKITHIA BHIA

fl@)= ) ai(4;]z), aj €RY,

1<j<N

rjie

AeA | JA=X, A(Ai=0,j+i
J

Ha sTom mpocTpaHcTBe 3/IeMeHTapHBIX (DYHKIUI OIpeaes M d1eMeHTapHbIH
uHTerpas hopMyIoi

I(f) = Z ;i A;)

u jasiee Oyiem jeiicTBoBaTh 110 cxeme Jlanmasisa. Tora sjrieMeHTaMu OO THE-
HUg o-aareOpbl A OyayT Te MOJAMHOKECTBA, XapaKTePUCTHYECKHe (DYHKIUN
KOTOPBIX IpuHAJIeKar npocrpancty L(X).

YacTo Mo YMOMYAHMIO CUMTAIOT, YTO €CJIH Ha o-ajaredpe 3aIaHa Mepa [,
TO 3Ta o-ajJredpa MHOKECTB YZKe MOMOJHEHA 10 Mepe (i, T.e. CIUTAIOT, ITO
A = Euxt,(A). Huxe Mbr ne 6ydem nesars 1o upemnosoxenne. Ciegyer
3aMeTUuThb, 9YTO €CJIh B O6ﬂaCTb onpeaesjiennud Mepbl BXOIUT 6OJIb]l[e HYJIEBbIX
MMOAMHOXKEeCTB, TO BXOAUT U 6OJIb]l[e nx ,ZLOHOJIHGHI/H?I, TTO3TOMY U3MEHACTCA
cofiepzKaHue MOHATHUSI IIOYTH BCIOY.

[Iycts Ha MuOXKecTBe X 3ajaHa o-aaredpa A, Ha MHOKecTBe Y 3aJ1aHa
o-aaredpa B u

f: XY
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-otobpaxkenne X B Y. Jlerko mpoBepurh, 4TO IIPHU JIOOOM OTOOparKeHuu f
noaHblil 1poobpas f~1(B) g-anre6pnl B ecth Hekoropas o-anrebpa B X.

Omnpenenenne 1.2.5. Orobpaxenne f: X +— Y uzmMepuMo OTHOCHTETHHO
o-anredopsl A C X u o-anrebpol B C Y, ecin

FUB) C A

[TousiTHE I3MEPUMOCTH OTOOPAKEHUT HUKAK HE CBAZAHO C NOHAMUEM Me-
Pbl U OIIUPAETCHA TOJBKO HA MOHATHE O-aJredphl, OJHAKO €CJu Ha o-ajredpe
3a/laHa Mepa, TO YaCTO TOBOPAT 00 U3MEPUMOCTH OTOOPAYKEHUS OTHOCUTE, b
HO MepBI, IoJpa3yMeBas o-aJredpy, Ha KOTOPO# 3ajiaHa Mepa.

Ecin Y = R!, To 06BIYHO 110 YMOJIHAHHUIO CYUTAIOT, YTO B KadecTBe O-
anre6per B B R! B3aTa ne nonoanennas (310 Bazkuo!) o-aaredpa 6ope1eBCKUX
MHOYKECTB, T.€. HGUMEHbULAA T-AJIredpa, OTHOCUTEIbHO KOTOPOU M3MEPUMbI
BCe OTKPBLIThIEe MHOXKeCTBa. B aToMm ciyuae onpesenenue 1.2.5 3KBUBaJIEHTHO

CJIeIYIOIIEMY.

Onpenenenune 1.2.6. 3amannas nHa MaoxkecTtBe X dyakimus f: X Dz —
f(z) € R! nasbiBaercs u3aMepUMO OTHOCHTEILHO T-airedpsbl A MOIMHO-
KecTB MHOXKecTBa X, ecjin npu Jobom a € RY muoxkecrso {z | f(z) < a}
IpUHAIEKUAT o-aiarebpe A.

Omnpenenenne 1.2.7. [MomvuoxkectBo A C X Ha3BIBAETCS U3MEPUMBIM, €C-
JIN €r0o XapaKTepuctTudeckKad beHKL[I/IH nusMepnuMa B CMBICJIE OIIpeae/IeHUA
1.2.6.

I[Tycrs B npocrpancTse R 3agana o-airebpa 6ope/ieBCKUX MHOKECTB (T.e.
HaWMeHbIasi g-ajrebpa, KOTopas COAEP:KUT BCe OTKPHIThIE MHOXKECTBA), B
npocrpancTBe X 3aJaHa MPOU3BOJIbHAL 0-AJredpa u

f: X—R!

-u3MepumMoe B cMmbiciie onpejesienust 1.2.6 orobpazkenue. Jlokaxkem, 410 OHO
U3MepuMo B cMbicie onpesenenus 1.2.5. Ecan dyuknus f(x) nsmepnma B
cMBIcTe onpefenennd 1.2.6, TO MHOXKeCTBO

A={a] fle) < a} = (Y{z] fla) < a+1/3} (1.112)

U3MEePHUMO, TaK KaK CYeTHOE IepecedeHne MPHHALICKAIINX o-aaredpe MHO-
JKeCTB CHOBA, IPUHAJJICIKHAT 3TOi g-anredpe.
Ecmu dynxunus f(x) rakopa, uro npu jgoboM a € R mHoxecTBO

A={z| f(z) <a} (1.113)
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U3MepHuMo, To IIpH Jo6oM a € R MHO)KecTBO

B={z| f() <a} = fo| S(2) <a—1/j) (1.114)

§>1

U3MEpPHUMO, TaK KaK CUeTHOe 00beIMHeHUe MPUHAJIIC)KAIUX o-aaredpe MHO-
’KeCTB CHOBa, IIPUHAJIEIKUAT 9TOH o-ajredpe.
Hamee 3amernm, aro ecan dyukmnus f(xr) m3amMepmma, ToO MHOKECTBA

{r] f(z) =2 a} = X\{z ] f(z) <a},
{z] f(z)>a} = X\{z ] f(z) < a}

M3MEPUMBI KaK JIOMOJHEHUST K U3MEPUMBIM MHOYKECTBaM.
Takum 06pa3oM, Mbl JIOKA3AJIH CJIEIYIOIIE

Vreepxkaenue 1.2.1. Qynkyus f(r) usmepuma 6 cmuicie onpedeseHus
1.2.6 6 mom u moavko mom cayuae, ecau npu ecer a € R xaxoe aubo
U3 MHONHCECTNB

{z] f(z) <a}, {x]f(x) <a},
{z| f(x) >a}, {2 f(x) = a}

USMEPUMO, U USMEPUMOCTIU NPU BCET A € Rl 001020 U3 IMUL MHOIICECTNE
c,/Ledyem USMEPUMOCTIIL OCTMANDHDIT.

AHaJIOrn4HO AJOKa3bIBaeTCd

Vreepxkaenue 1.2.2. Qynkyus f(T) usmepuma 6 cmuicie onpedeseHus
1.2.6 6 mom U MOALKO MOM CAYYaGE, ECAY KAKOBO OBl HU ObLA0 Oopesescroe
mmoorcecneo B C R, noanvd npoobas f~1(B) mmnoscecmea B npunadie-
orcum o-anzebpe A, m.e. onpedenenus 1.2.6 u 1.2.5 axsusaseHmmmbt.

B zagagax Teopum dbyHKHuil AeficTBUTESHLHON TEepeMeHHON B KadecTBe
MHOZKecTBa X 00bIYHO paccmarpuBaercsa orpe3ok [0, 1] ¢ o-anrebpoit n3me-
puMbIX 10 Jlebery MHoxkecTB. B 9TOM ciydae HMOHATHE U3MEPUMOCTH OKa-
3BIBAETCS OYEHb IMHPOKUM M IIPUMEPHI HEM3MEPUMBIX (DYHKIUH CTPOSTCI ¢
TPY/IOM.

B 3amadax Teopum BEePOATHOCTU UHTEPECYIOTCHI U3MEPUMOCTBHIO (DyHK-
i g(x) OTHOCHTENLHO HAWMEHBINell g-aarebpbl, KOTOpas COAEPIKHUT BCe
o-anrebpol Buga [ H(B), tae f -oToGpazkenue H3 HEKOTOPOTO KJACCa OTOO-
pakeHMii. DTa 3ajada HETPHUBUAJbHA, TAK KAK CIPABEIINBO YTBEP:KICHHE:
bynkuus g(r) usmepuma orHocuTebHO o-ajiredpul fH(B), eciu cyuecTBy-
et Takas byHkiys ¢, 910 g(z) = ¢(f(x)). D10 0YeBUAHO B TOM CiIyUae, ecau
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dyukiug f npocras, T.e. IPUHUMAET KOHEYHOE UYHUCJIO 3HAYCHUH, a OOIImii
caydail mosydaercs annpoKCUMAIdedl TpOU3BOILHON (DYHKIIME MPOCTHIMA.

[Tpusenem npocroit npumep. Ilycrs npocrpasctso X ecth orpe3ok [—1, 1],
npocTancTBO Y ectb orpe3ok [0, 1] u o-aarebpa ) ecth o-anrebpa Gopesies-
cknx MuOKecTB orpeska [0, 1]. Iyers f(z) = 2?. Torna dynkuusa g(z) = |z|
M3MEpUMa OTHOCHTENBHO o-anre6pbr f1()), a dyrkuna g(x) = max(0, z)
-HET.

Omnpenenenne 1.2.8. Ecan dyuknus f(x) n3amepnva OTHOCHTETIHHO 0-aare0ph
A ¢ 3amannoii Ha o-aarebpe A Mepoii 1, To ee mHTerpaJom Jlebera mo mepe
/4 HA3BIBAETCS TPEJIe

/X [ (&) p(de) =
lim Y 27kp({x |27k < f(z) <27"(k+1)}), (1.115)

n—00
—oco<k<oo

eCJIM ITOT TPeJIel CYIIeCTBYeT U eCIu psajl B mpapoii yactu (1.2.8) cxomures
abCOIIOTHO TIPU BCEX M.

[lycte pf BHemmsas Mepa Jid onpeseaennoil pasercTBoM (1.108) Gope-
JIeBCKOM Mepbl. OTBevaroONIyo 3TOH BHeNTHell Mepe Mepy JleGera Mbl Oyaem
Ha3bIBATH KJIaCCHUIECKOi Mepoii Jlebera nin mpocto mepoii Jlebera. Ha Gope-
JIEBCKOH asirebpe MmuOKecTB oTpeska [0, 1] mepa Jlebera, kone4ano, copnaaer
¢ mepoit Bopensa (1.108).

1.2.2 IlocTpoeHme Mmepbl MHOXKECTBA B cxeme Jlanm3is.

[Ipm mocTpoennn mHTerpasa mno cxeme [aHW3as Mepa MHOZKECTBA OIIPeIess-
€TCs Yepe3 UHTerpaJl.

Nrak, mpeanosoKumM, 9To HaM 33aH0 MHOYKECTBO X, ITPOCTPAHCTBO dJIe-
MeHTapHBIX bYHKIMA Lo(X) 1 eMenTapHblii uaTerpast Iy, HpuveM BBIIOJ-
Hennl yeaosug 1.1.1-1.1.7. B sToit yacTu, Kak ¥ B Ipeablaynieit, Mbl Oy1eM
CUUTATH, YTO HPOCTPAHCTBO 3jieMeHTapHbix PyHkuuit Lo(X) jgonosHureib-
HO yaosJeTBopseT ycaoBuaMm 1.1.8 m 1.1.9, npudem BBITIOJTHEHO yCJI0BHE HOP-
mupoBku (1.5). ITycrs [ -uaTerpan u L(X) -npocTpaHCTBO HHTErPUPYEMBIX
dyHKINA, KOTOpPBIe MOCTPOEHHBI 1O cxeMe J[aHW3JIs HA OCHOBE IPOCTPAHCTBA
yreMeHTapHbIX byuKnuit Lo(X) u smementaproro uwnrerpasa lo.

Mbi OKakeMm, 4TO B pacCMaTpUBAEMOI CUTyaluu uHTerpaj I mopoxpaer
HEKOTOPYIO o-aJiredpy MHOXKECTB B X W Mepy Ha 3To# g-aJjreope.
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Ounpenenenne 1.2.9. Muoxkectso A C X u3mepumo (OTHOCHTEJBHO HHTE-
rpaja I) , ecin ero XapakTepucTuieckas (byHKIMsI HHTETPAPYEMa:

I(A]z) € L(X),

u Mepoit (i A) MHOXKecTBA A HA3BIBACTCS WHTETPAT OT €ro XapaKTepUCTHIe-
cKoit pYHKITUN

u(A) = I(I(A | ). (1.116)

Hoxkaxkem, uTo ompenenenue 1.2.9 coracyercd ¢ ompejieileHUEM MepHI,
KOTOPOE JTAHO BBITIIE.

Teopema 1.2.1. Ecmecmeentas 06aacmsd onpedeserus Mepol 8 CMBLCAE ONpe-
deaenus 1.2.9 ecmo o-aszebpa mmoscecms u Ha amoti o-anszebpe Mmepa 6
emwiene onpedeserus 1.2.9 o-addumusha.

Jloka3aTebcTBO TeOpeMbl Mbl pa300beM Ha HECKOJIBKO JIEMM.

JIemma 1.2.1. Ecau muoscecmsa A u B usmepumvt 6 cmuicae onpedeserua
1.2.9 , mo mmnoocecmea A|JB , A(\B, A\ B mooice usmepumov. 6 cmuicie
9MO20 ONPedesCHUA.

JokazarenserBo. Ecin MEHOKecTBa, A 1 B U3MepUMBI B CMBICJIE OIIPeIee-
Hug 1.2.9, To cornacuo gemme 1.1.12 cymecTByIOT TaKne MOCIe/10BaTEILHOCTH
fA(x), fB(x) snementapubix dyHkmii, 910

we. : fi(x) = 1(A]z), fP(x) = 1(B|z),n— 0.
[ToJtoxkum
$n(x) = min(1l, |f1(2)], |f7 (@)]).
Od4eBuaHO, 9TO

1B, ¢u(x) = WA(\B|2), ¢ulz) € LX), 0 < ¢o(z) < 1.

ITo Teopeme JleGera o mpegebHOM HEPEXO/E MBI MOXKEM YTBEDXKIATH, UTO
dbyuknus I(A () B | z) uarerpupyema, T.e. MHOKecTBO A () B uamepumo. Ho

I(A|JB|2) =1(A|z) + 1B |z) - I(A()B] 2).

Orciona crenyer, aro muokectBo A|J B m3mepumo. V3mepumocrh MHOXKe-
crBa A\ B cieayer u3 paBeHCTBa

I(A\ B|z)=1(A|z) —I(A[|B]x).

JlemMa mokazaHa.

Mpb1 n1okazaan, 9TO H3MEpUMBIe B CMBICTIe ompeeserns 1.2.9 MHOXKecTBa
obpazytor ajirebpy muozkectn. Jlokazkem, 4To 3Ta ajaredpa ecrb o-ajredpa u
onpesenaennas ua neii pasencrsoM (1.116) GyHKIHS MHOXKECTB 0-aIUTHBHA.
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Jlemma 1.2.2. [lycmb nocaedosamesvHocms USMEPUMBLT 8 CMbLCAE ONnpede-
aenuda 1.2.9 mnoocecms A; ydosaemaeopsaem ycaosuio

A4 =0.i#] (1.117)

Toeda obsedunenue muoorcecme A = |, A; usmepumo 6 cmoicae onpedenenus
1.2.9 u
M(U Aj) = Z 1(4;). (1.118)

JTokazarebcTBO. Bo-1iepBhIX 3aMeTHM, 4TO W3 CIPABEIIUBOIO MPH BCEX
A C X, B C X pasencrna

I(A|2)+1L(B|z)=1A|JB|2)+L(A[)B|z)

cJiejtyeT KOHeUHast a/UIMTUBHOCTD onpe/iejaennoii pasencrsom (1.116) dynk-
UM MHOZKECTB:

I(I(A ] )+ 1B | ) = 1WA B | )+ IMA[)B])
[Ipu Beinosnennu yeaosust (1.117) cupaBeyinBo PaBEeHCTBO

I(A | z) = Z]IA | ). (1.119)

Bamernm, uro B cuiy yeiaosus (1.117) cnpaBejinBo HepaBeHCTBO

[(Z I(A;]-) <1

1<i<n

B cuny nemmver Benmo JleBn orciona ciemyer, uro mpasast 9acTh(1.119) ectnb
uHTerpupyemasi HbyHKIWs 1 cupabeainBo paserctso (1.118). Jlemma moka-
3aHa.

N3 memMm 1.2.1 u 1.2.2 BuITeKaeT yTBepKIeHHe TeopeMbl 1.2.1

B Teopuu nHTErpasa usBecTHa Teopema (Teopema Pucca u ee 06001eHue:
teopema Pucca-Mapkosa-KakyTranu), Kotopasi yTBep:XKIaeT, ITO TPHU OTpe-
JICJICHHBIX YCJOBUAX JIIOOOW JIMHEHHDbIN HelpepbiBHbINA (DYHKIIMOHAJ Ha IIPO-
crpancrBe C'(X) mpepcraBuM Kak mHTerpas. [Ipu ompeneseHnH HHTErpaia
o cxeme Jlauuajig HenmpepbuIBHBIH (DYHKITMOHAJ M0 ONPE/IeJIEHUIO €CTh WHTe-
rpaj, a gemMMbl 1.2.1 u 1.2.2 yTBepxKIal0T, 9TO TaKOH (PYHKIIMOHAJ ITOPOXK-
JlaeT Mepy, MO3TOMY JOKa3aHHOe HaMU YTBep:KJieHre MOXKHO PaccMaTpPUBaTh
Kak aHaJior Teopembl Pucca B cxeme Jlanuess.

B manbnerniem HaM moHaa00UTCs CAEAYIONIEE YTBEPK/ICHUE.
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Teopema 1.2.2. Ilycmv ocnosroe npocmpancmeo X ecmvb ompe3or det-

CMBUMEAbHOU OCU:
X =la, b C R.

Ecau npocmpancemso asemenmapnnx gyrxuud Lo([a, b)) codeporcum ece nenpe-
POLEHBLE PYHKULUU:

C([av b]) - LO([GJ’ b]),

Mo g-aa2e0p0 8CET USMEPUMBIE 8 CMBLCAE onpedeserus 1.2.9 mHoocecms co-
deporcum o-anzebpy Gopeaescrus mHoxcecmes ompeska [a , bl, m. e. naumerio-
W0 o-a.a2e0DPY, KOMOPas co0epiHCUM 6Ce OMKEPLIMbBLE MHONCECTEA, OMPESKG

[a, b].

Joxkazarennctso. [lycts a < a < (3 < b. Ham gocrarodno pokasarh, 9TO
xapakrepucTudeckue GbyHKIUH MHOXKeCTB [a, «) , (a, 3) , (3, b] uarerpu-

PYeMBL.
[Tomoxxum
Gp1(z) = min(1, n(a —x)"),
Gpo(z) =min(l, n(B —z)*, n(z —a)™),
Gn3(x) = min(1, n(z — B)7).
Torna
vz ¢n,1(x) - H([CL, Oé) | .I), n— oo, |¢TL,1(‘7:) < 17
Vo : ¢pa(z) = I((a, B) | ), n — o0, |ppa(x) <1,
Va ¢n73(x) - H((ﬁa b] | T), N — 00, |¢n,3(l‘) <1

¥ HHTErPUPYEMOCTH COOTBETCTBYIOIIAX XAPAKTEPUCTUUECKUX (DYHKIUH MHO-
JKECTB BBITeKaeT n3 Teopembl JleGera (cm. 34). Teopema jokazana.

Teopema 1.2.3. [Tycmo svinosnens ycaosus npedudyuiets meopemot, 1(dx)
-nopoostcdennan urmezpasom mepa 1.116,

F(t) := / (I([a, t] | z)p(dx). (1.120)
a<z<b
Tozda:
1. Qynruyua F(t) monomonno ne yousaem u HENPEPHIEHA CNPABA HA 0T~

peske |a, b]:
Vit e la, b]: F(t+0)=F(t).

2. Ecau dynruus g(t) nenpepwena na ompeske |a, b], mo cnpasediuso
pasencmeo (1.122).
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HokazaresnbcTBo. Monoronuocts dbyukiuu F'(t) ouepuana. Jlokaxkem ee
HeIpepbIBHOCTD ciipaBa. llycTs €, — +0, n — oo. CrpaBeInBO paBeHCTBO

[a, t] :ﬂ[a,t—i—en].

n

OTciona caeayer, 4To
Vizela,b]): Ia, t+e)] | z) \NI(a,t]]x), n— oo,

IO3TOMY B cuy Teopembl benrmo Jlesu

F(t+e,) = / I, t + ] | 2)pu(dz) — / (I(a, 4 | «)pu(dz) = F(&).

a<z<b a<z<b

[TepBoe yTBep:KjieHIE TEOPEMBI JOKA3aHO.

Oyukuus F(t) nassiBaercsa GyHKIHEH pacupeieeHusi, OPOK IEHHOI Me-
poit u(dr). B ganpremnemM mo yMOTIaHUIO MBI OyJeM (hYHKIHIO pacipesese-
HUS HOPMEPOBATL YCJIOBUEM

F(a)=0

(nHAYe MOKHO paccMaTpuBaTh oTpesok [a', b] , a' < a).
[TycTn
a=xg<x1<...<x,=0>

pasbuenue orpeska [a, b]. Tlycrs dynknus g(x) HempepbiBHa Ha OTpe3Ke
la, b]. TToaoxum

V(z € (zj, zg+1], 0 < (n=1)) ¢ gul@) = 9(&), &§ € (25, 211,
On = max{|zjp1 — 25 [ 1 < j < (n—1)}

Pyukuus g,(r) 3aBucur or pasbuenns {r;} u BIO6Opa TOUEK &;, HO

V(z € la, b]): gu(x) — g(x), n — o0, §, — 0, (1.121)

|9n(2)| < sup{lg()| [ = € [a, b]}.

Jlajiee Mbl 3amMevaeM, 4TO

1. dyuxuus g,(r) DocTOSHHA HA MOIYHHTEPBATAX (T, Tji1),

2. xapakrepucTHdecKas (QyHKUMS HOJLynHTepBaIa (T, Tjt1] €CTb pas3-
HOCTb XapPAKTePHCTUIeCKNX (DYHKIHUI OTPE3KOB [a, T,41] U [a, x;j].
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llosTomy B cuny Teopemsr JleGera

[ swutdn) = im [ gu(omtan) -

n—0
a<z<b a<lz<b
h@O ( Z 9(&) (F(z(41)) — F(%))) : (1.122)
" 0<j<n—1

Teopema mokazana.

CymMa, KOTOpasi CTOUT B TpaBoil yacTu paseHcTBa (1.122), Ha3bIBaeTCS
uHTerpajgbHoil cymmoit Pumana-Crusibrbeca ot dyukuuu ¢(r) no yHkiuu
pacupenenennst F'(x), a uHTerpas, KOTOPHIH MOJydaeTcsl Kak mpeJes TaKIX
CyMM, HasbiBaeTcs mHTerpaaom Puvana-Ctuabrbeca n 0003HAYAETCS TaK:

6n—0
0<j<n—1

nm< > g<£j><F<x<j+1>>—F<xj>>)= [ s@dr@.

Mp! Jl0Ka3asim, 9T0 ecjii OCHOBHOE MPOCTPAHCTBO €CTh OTPe30K [a, b], mpo-
CTPAHCTBO JIEMEHTAPHBIX (DYHKIINAI COIEP>KUT BCE HEMPEPBIBHBIE (DYHKIINH 1
B uHTerpaJie Jlanmsig uaTerpupyeMas GpyHKIHS HEIIPEPBIBHA , TO HHTErpa
JlaHms71s1 MOXKeT OBITH BBIUUCIEH KaK Ipeae HHTerpaabHbIX cyMM Prmana-
Crusbrbeca.

Samevanue 1.2.1. Jlerko BHeTh, YTO YTBEPXKJIEHHE TEOPEMbBI CIPABE/JIBO
1yts1 6oJtee Tepokoro Kiaacca GyHKIwii: pyHkuuii g(), KOTopble MOKHO Mpe/I-
CTaBUTH KaK PABHOMEPHBIN Mpeaes KYCOUYHO MOCTOSHHBIX Ha MOJyHHTEepBa-
nax (xj, xj41] bynkumii.

[Iycts F'(x) - HempepbiBHas crnpaBa HeyObiBaomaa (byHKIHs HA OTPe3-
ke [a, b], F(a) = 0. Ha muO)kecTBe Beex Henpepbiubix dbynknuii C([a, b))
OIpeae UM dJIeMEeHTAPHBIH HHTerpaJ (hopMyJI0ii

V(g € Clla, ¥])): Lo(g) = lim ( Z 9(&)(F(x41) = F(%—))) - (1.124)

Ilycrs I(g) marerpan Janusiast, mocTpOeHHBIH 10 ompeessieMoMy (hbopMyJIoii
(1.124) snemenrapuomy uarerpany Ilo(g).

Omnpenenenne 1.2.10. Unrerpan I(g) Mbl Gy1eM Ha3blBATH HHTEIPATIOM
Jlebera-CtuiibTheca.

Mpsr 6ynem oboszradarh uaTerpan Jlebera-CtuiapTbeca cMBOJIOM

b
/ 9(2)d, F(x) = I(g),
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XOTsI €ro, BOOOIE TOBOPsI, HEJb3s BBIYUCIUTH KaK Ipeae] HHTerPaIbHBIX
CYMM.

Ob6o3HaunM o-ajaredpy H3MEPHUMBIX B CMBICIE ompegeneHns 1.2.9 mHo-
JKeCTB CUMBOIM Aj.

JIemma 1.2.3. Ecau dynryusa f(x) unmezpupyema:
fz) € L(X),
MO OHA UBMEPUMA OTNVHOCUMENLHO T-an2ebpol Af.

Hokazarenbcrro.Ilycrs f(z) € L(X). Ham Hy:KHO 10Ka3aTh, 9TO Xapak-
repuctudeckas bynknus I[({z | f(x) < a} | x) unrerpupyema. Dto caemyer
n3 TeopeMbl benrmo JleBu n paBeHcTBa

I{z | f(z) <a}|z)= lim min(1, n(a — f(z))").

n—oo

Nzmepumas pyHKIMS MOXKET OBITH HE MHTEIPUPYEMa, B CMBICJIE OTIPEJIe/IeHU S
1.2.8. Ilpumep: dyuxmusg f(r) = 272 ma noayunrepsaie (0, 1] ¢ oOGbraHOlM
Mepoit JIebera. OaHako cupaBe/InBa

Jlemma 1.2.4. Ecau gynryus f(x) usmepuma ommocumenvro mepvi p(dx)
u noumu 6c10dy no mepe [u(dr) oepanumena, mo ona UHMEZPUPYEMA 8 CMBICAE
onpedeaenus 1.2.8 no mepe pu(dx).

JTokazarenbcTBo. be3 oranmyenus oOITHOCTU MbI Oy/IeM CYHTATb, YTO
ws. |f(z)] < 1.

B sroMm ciryuae crogmas B npasoii uactu (1.115) cymma Takosa:

Sp= Y m2"u({z [m2™" < f(x) < (m+1)27"}). (1.125)

m|<2n
Kaxioe coraraemoe B 3To#t cymMMe MOYKHO 3allUCaTh B BUJIE

m2 " u({z | m27" < f(z) < (m+1)27"}) =
2m2*(n+1)u({x | om2~+) < flz) < (2m+ 1>2—(n+1)})
+2m2” " p({z | (2m +1)27" < f(a) < (2m+2)270HY)

Beraurast mocsie 3Toro u3 CyMMmbI S, CyMMY S, 11, MBI JIETKO TTOJTYy9aeM OIEHKY

|Syn — Spt1| < const.27™",
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U3 KOTOPOI CJIe/IyeT, 9TO IOCIeI0BATEIHHOCTD S, (DyHIaMeHTaIbHA U TOITO-
My UMeeT mpejen. JleMMa joka3ana.
9Ty JeMMY MOXKHO YTOUHUTH. [looKuM

Am,n)={z|m2™" < f(x) < (m+1)27"}.
OmnpenenuM GYHKINOHATBHYIO IOCIEI0BATENIBHOCTD
Fu(x):= Y m2"I(A(m, n)| x).
|m|<2n
Cupaseanuba

Jlemma 1.2.5. FEeau unmeepan (onpedesennoiti no Janusnio) u mepa [ c6s-
sanwr pasencmeom (1.116), mo cnpasedauso pasencmso

lim [ |F,.(z) — f(x)| u(dx) = 0. (1.126)

n—oo

JokazarenbcTBo. QUeBHIHA OIEHKA
/ Fa(z) — f(2)] plde) =
3 / I(A(m, n) | 2)|Fale) — f(x)| p(de) < 27,

[m|<27

KOTOpasd ¥ JIOKa3bIBAaeT HAIlle YTBEPZKJICHUE.
Boraucanm narerpan B cmbicae Jlannsiasa ot dyakuun F,(x). [oxyanm:

/Fn(x) p(dz) = Z m2~ " u({x | m2™" < f(z) < (m+1)27"}),

|m[<2m
Orciona n U3 TpeabIayIneil JeMMbl BBITEKAET

Teopema 1.2.4. Unumezan Jlebeza 6 cmuicae onpedesenus 1.2.8 coenadaem
¢ unmeezpasom Januars 6 cmoicae onpedeserus 1.1.8.

Mpbi j1oKa3aJjiu 310 yTBEP2KAeHUE JIjist OIPAHUYEHHBIX (DYHKIUH, JI19 OCTAJb-
HBIX MOYKHO BOCITOJI30BaThCsI TeopeMoii Jlebera.

BbIHCHI/IM CBA3b ME2K1Yy MHOXKECTBaMU MePbl HOJIL B CMbBICJIC OIIpedeJICHU A
1.1.1 u TeMu U3MepUMBIMHU B CMBICJIE OlpejiesieHnd 1.2.9 MHOXKecTBaMu, JIJst
KOTOPBIX OlpejiesieHHast paeHcTBoM (1.116) Mepa paBHA HYJTIO.

Mpr y2xe obcyz1a/iu 10T Boupoc B ciaejgcruu 1.1.4 u yreepxkienun 1.1.6.
OcTaHoBUMCS HA 3TOM €I1e Pas.
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Jlemma 1.2.6. Mwuoowcecmeo Z C X ecmb MHOHCECTNBO MEPHL HOAD 6 CMBLC-
ae onpedenenus 1.1.1 6 MOM U MOABKO MOM CAYUGE, CCAU MHOHCECTNEO
usMepuMo 8 cmuicae onpedesenus 1.2.9 u Mepa MuosHcecmea Z pasHa HYsto:

w(Z) =0.

JTokazareabcTBo. Kean Z ecTh MHOZKECTBO MEPbI HOJIb B CMBICJIE OIIpeie-
Jgieans 1.1.1, TO COrIaCHO 3TOMY OIIpeIeJeHUIO0 XapaKTepucruieckas (yHK-
MUl MHOYKeCTBA Z TMOYTH BCIOAY pPaBHA HYJIIO:

mB. [(Z | ) =0, (1.127)

o3TOMY corjiacHo jemme 1.1.7 xapakTepucTudeckas (DyHKIUS MHOYKECTBA /4
UHTerpupyema:
I(Z | «) € L. (X),
p(Z) =1I(Z | -)) =0.
Ecyim xapakrepuctudeckas (DyHKIUS MHOYKECTBA 4 WHTEIPUPYEMa, U

I(I(Z]-) =0,

TO corjiacHo cjejgcTBuio 1.1.4 MHOXKECTBO Z ecThb MHOYXKECTBO MePbl HOJIb B
cmbicte onpenenerns 1.1.1. Jlemma nokasana. Q4ueBuaHO

CaencrBue 1.2.1. FEcau Mmepa MHOMCECMBA U UNMEZPAA CBA3GHDL DAGEH-
CMBOM

u(4) = [ 14| 2) (), (1.128)
mo onpedenenus 1.1.2 1.1.3 sxsusarenmuv, onpedeseruam

Onpenesenne 1.2.11. 1. Cpoiicro P(x) cupaBeiuBo MOYTH BCIOJLY, €CJIH
MHOKeCTBO ToUeK x € X, rie cBoiictBo P(x) He cpaBeainBoO, eCTh MHOMKe-
CTBO, Mepa KOTOPOro B cMbicJe onpenesnenus (1.128), paBHa HYITHO.

Okesusasermmuan Popmyauposka: nycmo P(x) -Pynryus na mroocecmse
X, Komopasa npunumaem 064 3HAYEHUA:

P: X >aw— P(x) € {truth, false}
Tozda

Ounpepenenne 1.2.12. P(z) = truth mouru seony, eciu pu({z | P(x) =
false}) = 0.
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IMeHHO B 3TOM CMBICTIE MBI MOYKeM Telepb TOHUMATh TEPMUH HOUTH BCIO-
JIy BO BCeX MPEJBIIYIINX PACCYKIEHUIX.

Kornma HyKHO TOSCHUTD, OTHOCUTENIBHO KAKOH Mepbl MbI pacCMaTPUBAEM
CBOIICTBO 10YTH BCIOALY, Mbl OyjieM nucarh 1m.8.  mod(j).

13 nokazanHoii HAMU JIeMMbl BBITEKaeT U yTBepxkenne 1.1.7.

3 nemmbr 1.2.6 u yrBep:kaenus 1.1.3 caemyer, uro mepa (1.116) Ha o-
asrebpe A; mosHa B cieyomem cmbicae: ecin Z C A € Ay u u(A) =0, o
ZeArnp(Z)=0.

Omupegenenne (1.116) He mcUepnbiBaeT BCe HHTEPECHBIC U BazKHBIE JJIsI
IPUIOKEHU Caydan 3aaHnusl Mepbl Ha MHOYXKeCTBe X: CYIECTBYIOT MepHI,
oIIpe/ieJieHue KOTOPBIX €CTeCTBEHHO 33/1aBAaTh WHAYE.

MO2KHO MOCTYIIHTD CJAEAYIOMUAM 00pa3oM. 3aJ1aTh Ha HEKOTOPOit o-ajredbpe
MOJIMHOZKECTB MHOXKecTBa X TOJIHYIO BepOATHOCTHYIO Mepy. lasee ompee-
JINTh WHTErpasa 1mo 1.2.8. DToT WHTerpas IPUHITH 338 JJIEMEHTAPHBII HHTe-
rpaJi, a MOTOM II0 TOCTPOEHHOMY HHTErpPay 3aJaTh HOBYIO Mepy. Moxuo
MOKA3aTh, YTO MBI TIOJIYYUM UCXOJIHYIO Mepy. TakuM o0pa3oM, Nnpu mocTpoe-
HUU WHTETrpaja B KOHEYHOM cueTe 0e3pa3/JIMTHO ¢ Yero HAaYWHATh: ¢ 3a/IaHUs
MeDbI HJIH JIeMEeHTAPHOTO WHTerpaJia.

1.2.3 Uzmepumbie PyHKITUN.

Ilycts A; ectb o-anrebpa H3MepHMBIX B CMBICTe ompemeneHus 1.2.9 MHO-
JKECTB, & Mepa [ Ha o-aarebpe A; u mHTerpas cBsa3anbl cooTHonerneM (1.128).
O603HaINM MHOKECTBO U3MEDHMBIX (CM. onpesesenue 1.2.6) OTHOCHTEIBHO
o-anrebpul A; dynknuii cuvBosom L£(X). Takum obpasom,

(fE€L(X)) = (VaeR): {z] f(z) <a} € Ap). (1.129)

Muozxkectso L£(X) 3aBucur ot c-anarebpn A;. Hampuwmep, ecau o-anrebpa
cocrout u3 AByx Muozkects: ) u X, 1o B npocrpancreo L(X) BXOAAT TOJIBKO
nocrosiubie Ha X dyukmun. B npumepe 1.1.6 npocrpancrso L(X) cocrour
13 JIMHEHHBIX KOMOWHAIMH XapaKTepuCcTHIeCKuX (DYHKIUI MOy HHTEPBAJIOB
Aj = oy, ajp).

[Iycts B npocTpancrse R 3ajana o-aareGpa 6opesieBCKUX MHOXKECTB, B
mpoctparcTBe X 3a1aHa Mpom3BoabHast o-aarebpa u L(X) -MHOZKeCTBO 0T00-
pazkennii

f: X —RY
-U3MEPUMBIX B CMbICJE onpejenennd 1.2.6.

JlemMma 1.2.7. Cnpasedausvl caedyroujue ymeepatcienua.
1. Mnoorcecmeo L(X) ecmov aunetinoe npocmpancmeo: ecau f(x), g(x) €

L(X), mo af(x)+ Bg(x) € L(X).
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2. Ecau f(x) € L(X), mo |f(z)| € L(X).
3. Ecau f(x) € L(X), g(x) € L(X), mo f(z)g(x) € L(X).
4. Ecau mepa i noana u nocaedosamesvHocms usMepumolr Gyrxyul
{fn(x)} noumu ecrdy umeem npeden:
3f(z) : n.e. mod(p) lim f,(x) = f(z), (1.130)

n—oo

mo onpedeaennasn pasencmeom (1.130) dynruua f(x) usmepuma: f(x) €
L(X).

5. Jlas npouseoavroli nocaedosamenvrocmu uamepumuir dynruud { fr(z)}
MHoocecmseo A mex mouex x, 2de nocaedosamenvrocms { f,(x)} Pyndamen-
maavha (m.e. umeem npedea ), npunadaescum o-anzebpe Aj.

JokazaTenbcTBo. s 1oKa3aTebCTBa IEepBOr0 YTBEPKICHE JOCTATOY-
HO 3aMeTHTb, 4TO JJIs1 JI0ObIX n3MepuMbix Gynkuuii f(z) , g(z) MHOKECTBO

{z | f2) +9(x) <a} =
U (el f@) <m/m}( e glz) <a—m/n})

—oco<m<oo,n>1

U3MEpPUMO.
Bropoe yTBep:KieHnE caeyeT U3 paBeHCTBA

{||f(2)] <a} = {z] fz) <a} (e f(z) > —a}

BameTum, 9TO OTCIOA2 CIejyeT u3MepuMocTh pyHkuu f2(x), ecan GpyHkius
f(z) n3mepuma.
Tax Kak

1

f@)g(@) = 5((f(@) + 9(x))* = f*(2) = g°(2)),

TO W3 yTBepAKAeHN 1 1 2 ciemyer yTBepkKIeHUe 3.

[lepeiinem K /10Ka3aTeJbCTBY YeTBEPTOro yTBepkIaeHUd. [lycth Z MHO-
JKECTBO TeX TOUEK &, IUIe MOCIeI0BATEIbHOCTD f,,(x) He mMeer npesena. Ha
muoxkectBe C(Z) = X \ Z paccmoTpum o-airedbpy

A ={A|A=A()C(Z), Ac A}

U CyzKeHHe MepBL [t Ha 3Ty 0-ajiredpy. TO MOXKHO CHEJIATh, IOCKOJIBKY Mepa
nosnHa. Ha muOokecTBe C(Z) cpaBejinBo paBeHCTBO

{z| lim fu(z) <a} =) () Ule | fule) <a+1/q}. (1.131)

g>1m>1n>m
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Crosriee B mpaBoii yactu paBercTsa (1.131) MHOXKECTBO U3MEPUMO OTHOCH-
TesibHO o-anrebpsl A'. OTciona B CUTy TOJHOTBI MEpBI f4 CJIelyeT H3MepH-
MOCTh MHOZKecTBa {x | lim, o fn(z) < a} orHOCHTENBHO O-anrebphl A.

s mokazaresbCTBa MOCIEHET0 YTBEPK ACHUST HATIEH JIEMMBbI JJOCTATOY-
HO 3aMeTUTh, 9TO MHOYKECTBO (ObITh MOKET, yCTOe) TeX TOYEK T, TJe MOc/Ie-
noBaTeJbHOCTD { f,,(2)} dyHmaMenTa bHA, €CTh MHOXKECTBO

A=V U MMz | @) = frra(@)] < 1/k}

k>1n>1p>n
q>0

1.2.4 CxoauMocCTh II0 Mepe.

[Tycrs Ham 3ajana o-aarebpa MHOXKecTB A n Mepa 1 Ha 9Toii o-ajarebpe.

Onpenenenne 1.2.13. TlocienoBaTe sbHOCT U3MEPUMBIX OTHOCHTEJIHLHO O-
asre6bpsl A dyuknuii { f,,(x)} dbyHmamenTasbHa 10 Mepe i, eCau st JTO6bIX
a > 0, ¢ > 0 cymecrByer Takoit nomep n(a, €), aro upu n > n(a, €) ais
BCeX p > 1 BBIMOJIHEHO HEPABEHCTBO

p{z | [fa(x) = frsp(@)| > a}) <e (1.132)

Onpenenenne 1.2.14. [locienoBare IbHOCTD U3MEPUMBIX OTHOCHTEJIHHO O-
asrebpel A byukuumit { f,(z)} cxomures mo mepe p K u3mepumoit byHKIHHI
f(z), ecmn masg m06uix a > 0, € > 0 cymecTByeT Takoe IuciIo n(a, €), 9To
nupu n > n(a, €) BBIOJHEHO HEPABEHCTBO

pz | fa(z) = f(2)] > a}) <e (1.133)

Hwuke npeamnonaraercs, 9ro o-ajaredpa u Mepa Ha Heil (pUKCHPOBAaHEI.
M3 nepapeHcTBa

[fo(@) = faip(@)] < [fulx) = f(@)] + [f(2) = fasp(2)]

caeryeT, 9To

p{z [ 1 falz) = fasp(x)| > 2a}) < (1.134)
pe | [ fule) = f(@)] > a}) + p({z | [f(2) = farp(@)] > a}),  (1.135)

IIO9TOMY U3 CXOJMMOCTH 110 Mepe ceayeT hyHIaMeHTaIbHOCTh 1o Mepe. Hu-
JKe MBI JIOKazKeM, 9TO U3 (hYHIAMEHTAJIHLHOCTH 110 Mepe CJIeIyeT CXOJIUMOCTD
o Mepe. OHAKO CHAa4YaIa MbI JIOKAXKEM, 9TO U3 CXOAMMOCTHU IIOYTH BCIOLY
CJIeTyeT CXOUMOCTh 0 Mepe.
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JIlemma 1.2.8. Ecau nocaedosamesvrocmy usmepumux gynkuud {fn(x)}
cxodumes noumu 6ctody k Pynruyuy f(x), mo nocaedosameavnocmo { f,(x)}
crodumesa x gynryuu f(r) no mepe.

JTokazarenbcTBo. PaccMoTpuM MHOKECTBO

A= U (@ | 1fule) - f@)] > ab. (1.136)

m n>m

Ecau x € A,, TO B 9TOi TOUKe T MOCJIEJ0BATEIBHOCTD [, (X) HE CXOMUTCS K
f(x), nosromy p(A,) =0wu

n( U Lz [ful@) = f(@)] > a}) = 0, m — co.

n>m

CreioBare/ibHO,

p{a | [ fa(x) = f@)] > a}) < p(|J {2 | [fa(z) = f(2)] > a}) = 0, m — co.

n>m

JIlemma 1.2.9. Ecau nocaedosamesvrnocmo {f,(x)} Pyndamenmanvra no
mepe, mo nocaedosamenvrocms { fr(x)} codeporcum nodnocaedosamenvrocms,
KOMOopas cro0umcs nowmu 6ctody.

HoxkazarennctBo. 13 yenosus 1.132 caexyer, aro s awoboro k > 0 cy-
mecTByeT Takoit Homep n(k), 9T0 Mepa MHOYKECTBa

Ap: (e Ay) = (sup{|fag (@) — fm(@)] | m > n(k)} > 275).
YAOBJIETBOPACT HEPABECHCTBY
M(Ak) < 2_k.

[Iycrn

A=A (1.137)

J21k>j

OdeBuIHO, YTO

Vi u(A) < (A < Y n(An) <27 -0, j — oo,

k>j k>j

MO3TOMY

n(A) =0
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Ecmu x € C(A), o cymecrByer takoe j > 1, uro x € (| C(Ag), mostomy
k>j

< sup{| fu(2) = f(2)| [ m > n(k)} < 27%,

a 9TO O3HAYAET, YTO HOCJIEOBATETLHOCTD fi (%) dyHaamenTaibua. Jlemma
JOKA3aHA.

Bameuanue. JIerko 3aMeTUTh, 9TO JI0KA3ATENbCTBA JABYX MOCIETHUX JIEMM
ONHOTHIIHBL ¥ OCHOBAaHBI Ha paccMorpenun muoxkects (1.137) u (1.136). B
BEPOATHOCTHONH MHTEPIPEeTAdE STH MHOXKECTBA HPEICTABISIOT HEKOTOPHIE
cOOBITHS, KOTOPbIE MPOUCXO/AAT OeckoHeuHoe 4ucjao pa3. llpu ompenenen-
HBIX YCJIOBUAX TaKue CO6bITI/IH JOJ2KHDBI 6bITb nu3MepuMbl OTHOCUTEJILHO O-
asreOpbl, cocrostmeil u3 AByX MHOKeCTB: () , X, 1 O9TOMY UX BEPOATHOCTH
MOZKeT ObITh PABHA TOJBKO HYJIIO WIH eJIuHuIe (910 ofHa u3 hOPMYJIHPOBOK
3aKOHA HYJI WU €IHHUIBI B TEOPUU BEPOSITHOCTH ).

M3 1ByX HUpeablAyIUX JIEMM CJIe1yeT

Jlemma 1.2.10. Ecau nocaedosamenvrocmsd usmepumnls Gyrryud dymda-
MEHMANDHA TO MeEPe, MO OHA CTOOUMCS N0 MEPE K USMEPUMOT PYHKUUL.

Hokazarensctso. [lycts { f,,(x)} -dbynmamenranbras mo Mepe mocieaoBa-
TeJILHOCTD U { fn(j)} -€e ToJIocIeJoBaTeIbHOCTb, KOTOPas CXOAUTCS IOYTH
Beroy K dyuknnu f(x). Cornacuo gemme 1.2.7 dyuknus f(z) m3mepuma.
[Tpu 060Mm a > 0 crpaBeiiInBO HEPABEHCTBO

p{a [ 1f(x) = fm(z)| > 2a}) <
pz [ 1f(@) = fay (@) > a}) + n({z | [ fag)(2) = fn(2)] > a}),

[TepBoe cilaraemoe B IPABOW YACTH 9TOTO HEPABEHCTBA MOXKET OBITH ClesIa-
HO CKOJIb YTOJHO MAJIBIM IIPH j — 0O, TAK KAK U3 CXOMMMOCTH IOYTH BCIOLY
CJIeJLYeT CXOMMMOCTD 110 Mepe. BTopoe ciiaraemoe MozKeT GbITh ¢Ie1aH0 CKOJTb
YI'OJIHO MaJIBIM LIPY BBIGODE JOCTATOUHO BOJIBIIOr0 m B cuily DyHIaMeHTa/ b-
HOCTH 10 Mepe nocaegoBareasuoctu { f,(z)}. Jlemma nokaszama.
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Jlemma 1.2.11. Ilpu a > 0 cnpasedaiuso nepasencmeo

u({z | 1£(x)] > a}) < / (@) plda). (1.138)

Hepasencrso (1.138) nasbiBaercs wepasencmeom Hebuiuesa.
JIns moKazaTesbeTBa 9TOTO HEPABEHCTBA 3aMETHM, 4TO

/ (17 (0))/a) pu(de) > / (F@)/a) Iz | 1f(@)] > a} | 2)u(dz) >
/ I{x | |f(x)] > a} | 2) u(d) = u({z | |f(@)] > a}).

Hanomuum, 4r0 nocsieoBareabHocth { f, ()} cxomures B MeTprKe npocTpaH-
crBa L(X) k dynknun f(z), ecan

/Ifn — f(@)| pldz) — 0, n — co.

13 mepasenctia (1.138) cieyer, uro

Vo> 03 (] fu(o) ~ F@)] > a}) < 5 [ 1fa(o) = )] i),

mosToMy U3 cxoaumoctd B L(X) cireyer cXoauMoCTh 1Mo Mepe.
Cobupas JOKa3aHHBIE JIEMMbI, MbI TIOJIYYHM

Teopema 1.2.5. Cnpasediuen. caedyroujue ymeepircoenu.

1. Ecau nocaedosamenvrocms usmepumoir gyrncuyud {f,(z)} crodumea
nowmu 6c100y, Mo 0Ha CTOOUMCA N0 Mepe.

2. Ecau nocaedosamesvhocms usmMepumuly GyHryut crodumces 6 mem-
pure npocmpancmea L(X), mo ona cxodumca no mepe.

3. JTas crodumocmu no mepe nocaedosamenvrocmu { f,(x)} neobrodumo
u docmamouro, wmobu, nocaedosamenvrocms { fr(z)} 6vaa Pyrndamenmans-
1O MO Mepe.

4. Qyndamenmanvran no mepe nocaedosamenvrocmyv { fr(z)} codeporcum
CTOOAWYIOCA NOYMU 8CHO0Y NOONOCAEA0BAMENBHOCTNG.

B 3ak/i0ueHny NpUBeieM OJIHY noJie3nyto dhopmyay. Ilycers ¢(t) -HenpepbIBHO
mudbdepennupyemas #Ha unepsase [0 , oo) meybeiBatommast dbyuknus, f(x) -
u3MepuMaga GpyHKnug. Torna cnpaseInBo paBeHCTBO

[ots@ntan) = [“utte @l )G e s

J1s1 TOKA3aTeILCTBA 9TOTO PABEHCTBA TOCTATOYHO TPOUHTEIPUPOBATE IO Me-
pe p(dx) oueBumIHOE PABEHCTBO

(1 f(x)]) = /Omﬂ({x |1f(2)] >t} | t) %it)dt.
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1.2.5 ®ynkiua Kanropa.

[IpuBegeM BO MHOTHX OTHONICHHSX MPHHIMIAAILHO BAsKHBIH KIACCHICCKHIA
npumep: Gyaknuio Kantopa. D9ra dyukmus crpources Ha orpeske [0, 1]. To-
crpoenue OymeM BeCTH MHIYKTHBHO. Ha HyseBoM mare MHIYKIMH MBI ONpe-
nenum byukmuio Kanropa Ct(t) wa uarepsagax t < 0, ¢ > 1:

Ct(t): Ct(t) =0,t<0; Ct(t)=1,t> 1.

Hasnee ormerum Ha orpeske [0, 1] uarepsas (1/3, 2/3) u Ha 9TOM HHTEpBaIe
HOJI0ZKIAM

Ct(t) = (0+1)/2=1/2, 1/3 < t < 2/3.

Y nac ocramuch asa orpeska: [0, 1/3] , [2/3, 1]. Ha xaxmoM oTpeske Mbl
OTMETHM CPEeJHIOI TpeTh: naTepsasl (1/9,2/9), (7/9, 8/9) u Ha ormeueH-
HbIX HHTEpBaJIlaX ITOJIOZKUM

Ct(t) = (0+1/2)/2 =1/4, 1/9 < t < 2/9,
Ct(t) = (1/241)/2=3/4,7/9 < t < 8/9.

[IpeamosiozkuM, 9T0 MBI C/iejIaan n maro nocrpoenus. Ha mrare n + 1 Mbl
mocTymaeM Tak. IBurasgch or Touku () BpaBO MBI HA KaXKJI0M BCTPETHBIIEM-
csl OTPe3Ke OyIeM OTMedaTh JIexKAIHi IocepeInHe OTpe3Ka HHTEePBAJL, JIHHA
KOTOPOTO paBHA OJHON TpeTH JJINHHBI OTe3Ka, U Ha OTMedeHHOM WHTepBaJe
onpesgenum Gynknuo Ct(t) Kak ToJIycyMMy TeX 3HaYeHHii, KOTOPbIe OHA HMe-
er Ha OJMKAMIINX cjleBa W ClipaBa OTMEYEHHBIX paHee MHTepBajax. TaK MbI
OyeM jiestaTh J10 TeX IMOp, MOKa He JIoiaeM 10 TouKK 1. 3aTeM Mbl BEpHEMCS
K Touke (0 u mopTopuM nocrpoenue. O6beIuHeHre OTMEYEHHBIX B Pe3y/IbTare
TaKOTO MPOIlecca MHTEPBAJIOB HAa3bIBAETCS OTPBHITHIM MHOXKecTBOM KanTopa

G=(1/3,2/3)( J1/9,2/9) J(7/9,8/9)...

Homnoinenne muoxkecrsa G
P=1[0,1\G

HA3BIBAETCSI 3AMKHY THIM MHOZKeCTBOM KaHTopa (1/IH ele cOBepIIeHHBIM MHO-
kectBoM Kanropa). Tak Kak Ha KayKJIOM IAre TOCTPOEHUs CyMMAPHAst JIJTH-
Ha HEOTMEYEHHBbIX OTPE3KOB yMeHbImaeTcs B 2/3 pa3a, mepa Jlebera 3aMKHY-
TOoro MHoxkectBa KanTopa paBHa HYJIO, MO3TOMY Mepa Jlebera oTKpbITOro
MHO)KecTBa Kantopa paBna enunwuiie. Ilo nmocrpoenuio dyuknusa Kanropa
NOCTOSHHA Ha KayKJI0H CBA3ZAHHON KOMIOHEHTe OTKPBITOTO MHOYKecTBa KaH-
Topa (G 1 MOHOTOHHO He yObIBaeT Ha (3:

Ct(ty) < Ct(ty) , t1 <ty, t1,ts € G,
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npudeM Bce yucaa Buga m2™, 0 < m < 2", n € Z, UpUHAJIEKAT MHOMKE-
crBy 3navenuit dynknun Kanropa Ct(t) na maoxectse G.

Hooupenennm dynknuio Kanropa Ha Bcex Toukax orpeska [0, 1] paBen-
CTBaMH

Ct(0) =0, Ct(t) =supCt(r), 7€ G,0 <t < 1. (1.140)

T<t

dcuo, uro rak onpejesnennas Gyukius Ct(t) MOHOTOHHO He yObIBaeT Ha OT-
peske [0, 1] n Ct(1) = 1. Toxaxem, aro Ct(t) nenpepsisaa ma orpeske [0, 1].
B cuny monoronnoctu dbynknun Ct(t) B Kaxnoii Touke ty € [0, 1] qoKHbI
CYIIECTBOBATDL Tpemesibl ciieBa u cupasa. llpeamonoxum, aro Ct(ty + 0) >
Ct(to — 0). Torma uurepnan (Ct(ty — 0) , Ct(top + 0)) He MOKeT coAepKATH
suavennii pyuakunu Ct(t) B cuy monoronnoctu dyukuuu Ct(t) , a 310 upo-
THBOPEYUT TOMY, YTO BCe 4yucaa Bujga m2~ ", 0 < m < 2", n € Z, upunaj-
Jexkar MHOKecTBY 3Hauennit dyukimn Ct(t).

Mper mokazanu, aro dbyuknus Kanropa Ct(t) obiagaer ciaeayomumu cBoii-
CTBaMuU: OHA HelpepbiBHA Ha oTpeske [0, 1] 1 MOHOTOHHO He yObIBACT HA ITOM
orpeske, npudem Ct(0) =0, Ct(1) = 1. [To nocrpoernunto dbyuxnust Kanropa
Ct(t) mocTosiHHA Ha KazKIOM OTKPBITOM HHTepBaJse, 00beiHHEeHNe KOTOPhIX
COCTaBJIAET OTKPBITOE MHOKecTBO (. OTciona cieayer, 4to dbyukius Kanro-
pa guddepeHnupyemMa B KaxK10it Touke OTKPBITOrO MHOXKecTBa G U ee Tpo-
MU3BO/IHAS TOXKJIECTBEHHO paBHA HYTI0 Ha (G. Tak Kak momoJiHeHne MHOZKECTBA
GG umeer Mepy HOJIb, MBI TTOTy9aeM, 9o dhyaknusa Kanropa guddepennupy-
eMa mouTH BCogy Ha orpeske [0, 1] u ee MpOM3BOAHASI MOYTH BCIOJAY PaBHA
HYJII0. 9TO MOZKeT MPOTUBOPEUYUTbh HAWBHBIM ITPEANOIOKEHUSIM O TOM, UTO
¢ HenpepbIBHOM (DYHKIHEH Ha MHOXKECTBE MEPbl HOJIb HUYEro IIPOM30HTH He
MOZKeT. B TaHHOM cIydae Ha MHOYKeCTBe Mepbl HOJTb HellpepbIBHAS (DyHKIUS
BO3PACTAET OT HYJIsI /IO €INHUIIBIL.

B mammx nocrpoenusx Mbl (DAKTHUYECKH HUTJE HE HMCIOJIB30BAJIA TO 00-
CTOATENTBCTBO, YTO OTMeJYaeTcsd UMEHHO TpeTh oTpe3ka. K Tem ke BBIBO/IAM
MOKHO OBLIO OBl TpHiiTH, ecyim ObI Ha KarKJIOM IIare oTMedaThb, HaIpUMep,
OTKPHITHIT nHTepBa Aaunbl 4/5 unn 1/5 ormedaemoro orpeska. Kiaccute-
CKasl KOHCTPYKITHS ya00HA TeM, 9TO OHA MO3BOJISIET MPOCTO JA0KA3ATh, UTO
3aMKHYTOE MHOZKECTBO P mMeer MONHOCTh KOHTHHYYMA. /leficTBUTE/IBHO, 13
MOCTPOEHUS CJeIyeT, YTO MHOYKECTBY PP IPUHA/IJIe’KAT Te U TOJBKO Te YHhCJIa
¢, KOTOPbIe UMEIOT BH/],

q= Z 3"a(n), rtne a(n) =0, 2

1<n<oo

-IIPOU3BOJIbHAA ITOCJICJOBATEJIbHOCTD U3 Hyﬂeﬁ n IBOCK. Ho Bce Takue umcia
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HaXogdTcd BO B3aMMHO OJHO3HaAYHOM COOTBE€TCTBHU C YUCJIaMM BHIa

r= Z 27" Ya(n) , tme a(n) =0, 1,

1<n<oco

a 9TO W ecThb Bee uncia u3 noayunrepsasta (0, 1].

TakuMm 06pa3oM 3aMKHYTOE MHOZKeCTBO KanTopa (Hin, Kak ero ere Ha3bl-
BAIOT, COBEPIICHHOE MHOXKeCTBO KaHTopa) ecTh mpuMep MHOXKECTBA, KOTOPOe
nmMeeT Mepy HOJIb U MOIIMHOCTL KOHTHHYYMa.

B HeKoTOpPOM CMBIC/Ie TPOTHBOTIOJIOKHBIH ITPUMED MOYKHO MOy YUTh, €CJIH
pPaccMOTpeTb MHOXKECTBO

A=10,1]\ U (xn, —47 "€, x, +47"€),
1<n<oo

rie {x,} -mocaenoBaTebHOCTL BCEX PAIMOHATBHBIX TOYeK orpeska [0, 1].
MHuoxkecTBO A 3aMKHYTO M UMeeT Mepy, 0oJbIe deM 1 — €, HO He COIePIKUT
HHU OJIHOTO OTKPBITOI'O MHTEPBAJIA.

1.2.6 Teopema PyduHU.

[Iycts K7, Ky -KOMIIAaKTHBIE TOMIOJIOTUYECKHE TPOCTpaHcTBa, K = K X Ko
-IEKapTOBO Mpous3BeaeHue npocTpancTts K , Ks. Touku npocTpancTea K =
K x Ky mbi Oyiem obo3HauaTh cuMBosiamu (2, y) = x Xy, x € Ky, y € Ks.
[Tycrs C(K) -MHOXKeCTBO BCeX HelPepbIBHBIX (DyHKIHI Ha pocTpaHcTBe K.
Bo3bMeM MpocTpaHCTBO BCeX HempepbiBHBIX Ha KommnakTe K dyukruit C'(K)
B KauyecTBe IPOCTPAHCTBA 3JeMEHTAPHBIX (DYHKIIHI U IIYCTh

Iy: C(K)— R!

-ynemenTapublii unrerpan na Lo(K) = C(K). Hanommnm, 9to ssementap-
HBIHi HHTErpaJl HeOOXOANMO YIOBIETBOPSIET YCIOBHIO

V(f € C(K)) : [I(N] < To(1) sup{[f(z, y) | (x, y) € K} (1.141)

[IpeamonoxkuM, 9TO 3JeMeHTapHBIH HHTerpaJ [y yIoBJIeTBOPAET YCJIOBHIO:

V(f(z,y) = o@)(y)) : Io(f) = Lloi(9)lo2(2), (1.142)

rae o1, Lo -mmueiinsie dbynknuonasnst na C(K;) , C(K2) cOOTBETCTBEHHO.
[Ipusegem npumep. [ycrs K7 = Ky = [0, 1]. Torna dbyHKIuHOHATBI

Iy: f(z, H//fwydxdy

[O:f(m, y) — f(xo, yo)
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VIOBJIETBOPSIOT yeaoBuio (1.142), a dbyHkimoHa

Io:f(m,y)H/O T

He yIoBJIeTBOpsier yeaosuio (1.142).

13 Toro dakTa, 9T0 3eMEHTAPHbINH HHTErpas Iy YI0BIETBOPSET YCIOBU-
am 1.1.5-1.1.7 na npocrpancrse C(K) caeayer, aro dbynkuunonasst Iy , [p2 B
(1.142) yrosrersopsior yeaosusm 1.1.5-1.1.7 na npocrpancrsax C(K;) , C(K»)
I TI09TOMY MOTYT PAaCCMATPUBATLCHA KAaK JI€MEHTAPHBIE HHTEPAJIBI Ha ITHX
IPOCTPAHCTBAX.

DneMentapuble uuTErpasl Iy , Iy, Ipo mo cxeme JJaHWIIA MOPOKIAIOT
npocrpancrsa L(K) , L(K;) , L(K3) COOTBETCTBEHHO U ITHM HHTEIDAIAM
COOTBETCTBYIOT MepBI

pldedy) , pldz,-) , pl-, dy).

Mgl 6y,IL€M I'OBOPHTD, YTO 9TH MeEPbI HOPOZKIACHHDI 3JICMCHTAPHBIMHA HHTECI'Da~
JlaMHI IO s 1071 s 1072.

Ounpenesienne 1.2.15. Mepa p(dzdy) na kommnakre K = K; X K, Ha3biBa-
ercst mpoussesenneM Mep p(de, <) u p(-, dy):

p(dzdy) = pldx, -) x p(-, dy),

€CJIN IIOPOzKAalolnye uX dJieMeHTapHble HHTerpaJibl CBA3aHbl COOTHOIICHUEM
(1.142).

Cnenyroliee yTBep:K/leHNe Ha3bIBaeTCss TeopeMoit OyOounw.

Teopema 1.2.6. [Iycmb evnoarenv, 6ce cOCAGHHBLE GHIULE NPEOTLOAOIHCEHUA
u f(z,y) € L(K). Toeda
1. Houwmu scrody no mepe u(-, dy) dynkyus

K19$'—>f(37,y)

npunadaesicum npocmpancmey L(Ky).
2. I[loumu ecrody no mepe u(de , -) dynrkyua

KQBy’_)f(xay>

npunadaescum npocmpancmey L(Ks).
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3. Qynryuu
Kisoe [ put. dy)

zeawe/f@wmwm»

npunadaescam npocmpancemeam L(K7) , L(Ks) coomsememeenho.
4. Cnpasedauso pasencmaso

/fxy (dady) /(/fxy ))mm@% (1.143)

2de 6 4601 YacMmu PaBEHCIMEa UHMe2PUPOsaHue sedemcs no xomnaxmy K, a
6 NPacotl Yacmu PaseHcmea HYMPEHHUT uHmMe2pal beEpemcs no KoMnaxmy
Ky, a srnewnutd no xomnaxmy K.

JokazarenbeTBo. ZIcHO, 9TO TEOpEMy TOCTATOUHO JoKa3aTh 1jist f(x, y) €
L. (K). B nanbueiiiem Mbi Oynem pacemarpusarh npocrpancrso C'(K) kak
6aHaxXoOBO IPOCTPAHCTBO ¢ HOPMOIK

If1I' = sup{[f(z, y)| | (=, y) € K}

B sTom npocrpancTse anrebpa GyHKIHH BrIa

y)= > o)) (1.144)

1<j<n

IUIOTHA 110 HOpMe u ee 3aMbikanune cosnagaer ¢ C(K). Ha kaxmoit dynk-
mun Buga (1.144) dopmyaa (1.143) Bepha B cuiy mnpemnosoxenus (1.142).
CrnemoBarenbHo, B CUIy HempepbIlBHOCTH byHKIHOHAIOB Iy , lo1 , Ipa dop-
myna (1.143) Bepua st so6oit HenpepwbiBaoit dyukiuun f € C(K). Ilycrs
tereps f € L (K) u f, € C(K) Takas moc/ae10BaTe1bHOCTD, 9T0 fr(z, y) /
f(z,y), n— oo. Torna

Vi /fnx y)pu(dzdy) = /</fnm ) )u(dx,-). (1.145)

IIociienoBaTeIbHOCTD
0= [ fue vy uc. dy

COCTOUT M3 HCIPEPBIBHLIX (DYHKIIMIL, OHA MOHOTOHHO He yOBIBACT U MHTEIPAa-
JBL OT Hee OrPaHMYEHBI B COBOKYNHOCTH. Clre0BaTEeILHO, B CHIY TE€OPEMBI
Beumo JleBu nouru Beroay 1o mepe pu(der, ) cymecrByer upeje

o(x) = lim [ folz,y)pu(-, dy), (1.146)

n—oo
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npudeM

/qﬁ(m)u(dl‘? )= lim [ fu(z, y) pldedy) = /f(ﬂf, y) p(dedy). (1.147)

[Tpu Tex 3HaveHusIXx * € K7, IpU KOTOPBIX cymiecTByer npeen B (1.146),
OCIeJ0BATEILHOCTH HHTETPAJIOB

/ ful, ) (- dy),

OTpaHWYeHa B COBOKYIMHOCTH, MMO3TOMY TP ITHX 3HAYEHHUAX T B CHILY Teope-
MBI Benmo Jlesu dbyuKims

Yy — nhjgofn(xv y) = f(l’, y) S L-‘r(KQ)v

1 CIIpaB€JJIUBO PaBCHCTBO

n—oo

i [ o, )i dy) = [ )t dy).

Teopema mokazana.

1.2.7 Pa3zaoxkenune Jlebera n reopema Pamona-Hukoauma.

[IycTs Ha o-anredpe A 3agaHbl IBE MepPBI My U M.

Onpepenenne 1.2.16. Mepa m; Ha3bIBAETCHd CUHIYJISAPHONU OTHOCUTEIHHO
MEpPBI My, €CJIH CYIMECTBYET TaKoe MHOKeCTBO B € A, uro

me(B) = my(C(B)) = 0. (1.148)
Jlerko Bugersb, uro yciaosue (1.148) SKBUBAIEHTHO YCJIOBHIO
ma(B) = 0n V(A € A): mi(A) =m(A[)B), (1.149)

U eC/1 Mepa M| CUHIYJISPHA OTHOCUTEILHO MEPbI Mg, TO MEPa, My CUHIYJISP-
Ha OTHOCHTEJLHO MEPBI M.

Pacemorpum nipumep. Iyers Ct(t) , ¢t € [0, 1] -dynkuns Kanropa. Dra
(DyHKIEA MOHOTOHHO He yOBIBAET M HENPEPHIBHA, U MOITOMY (CM. HpUMEp
1.1.8) na o-anretpe A 6opesieBCcKIX moJMHOKecTB oTpe3ka [0, 1] oHa mopox-
JlaeT Mepy Mgy, KOTOPasi Ha KAzKJI0M OTKpbITOM unrepsase (o, 3) C [0, 1]
IPUHUMAET 3HAYCHHEe

mei(; f) = Ct(B) — Ct(a).
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Ha s1oit ke aarebpe A GopesneBckux MHOKecTB orpe3ka [0, 1] paccmoTpum
Mepy Jlebera

ml(aa ﬁ) :ﬁ_a/-
flcro, aTo

V(A € A) : mei(A) = me(A[)P),

U TakK Kak Mepa .Jlebera mMHOxkKecTBa P paBHa HYJIIO, TO MEPBl My W Mepa
Jlebera CUHTYISPHBI.
[Tycts Ha HEKOTOPOIT 0-aaredbpe A 3a1aHbl Be MEDBI A 1 [i.

Onpenenenne 1.2.17. Mepa A\ HasbiBaeTcss aDCOJIOTHO HENPEPBIBHOM OT-
HOCUTEJIBHO MepBI fi, ecid U3 Toro, 4To j1(A) = 0 caeayer, uro A(A) = 0.

Ecm w(z) € L,(X) , w(z) > 0, To dopmyna
V(A € A): A(A) = / I(A | 2)w(z) p(dz) (1.150)

3aJIaeT Mepy, KOTopasd gaBJjgercd abCOMIOTHO HEIIPEPLIBHON OTHOCUTE/IHHO Me-
pol . Huzke MBI yBUIUM, 9TO 410004 aDCOIOTHO HENpPepbIBHAS Mepa UMeeT
TaKOU BHUI.

Jlemma 1.2.12. IIycmv na nexomopoti o-anrzebpe A nodmmostceme muoogice-
cmea X 3adanv, dee mepvr A u p. Toeda npocmparncmeo X ecmwb obsedunenue
Mpex NPUHAOAEHCAULUT O-an2ebpe A HENePecekaouurcs MHONCECME

X = Xox | Xo,. X0

npuvem
A(Xoa) = u(Xou) =0, (1.151)

a na npocmparcmee X, onpedesena MaKaa UsMEPUMAL OTMHOCUMEALHO O -
anzebpo, A dynruua w(x), wmo

VA C Xops A€ A): \A) = / I(A | 2)w(z) p(dz). (1.152)
HoxkazarennctBo. [Tomoxum

V(m € A) :v(im) = Xm) + p(m).

PaceMoTpuM JeficTBUTEIbHOE THILOEPTOBO TpocTpancTBo L2(X) co ckaxap-
HBbIM IIPOU3BEACHHUECM

<ﬁg>:/#@mmwuw.
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B sroMm ruyis06epToBOM IPOCTPAHCTBE OLPEAETUM JIMHEHHBIN (DYyHKIIHOHAT

wL%mafHuﬁz/}@Mwm

OyHKIMOHAT | HEIPephIBEeH, TaK KaK

UERIES (/u d:c> (/f2 )1/2 - (/fz(iv)u(dx))l/Q

[Io Teopeme Pucca 06 obiiem Bujie JUHEHHOIO HENPEPBIBHOTO (byHKIHOHAIA
B I'MILOEPTOBOM HPOCTPaHCTBe, B mpocrpancte L2(X) cymecTByer Takas

dyukmusa fo(z), aro
V(f € LX) U(f) =< fo, [ >.

CretoBaTe/ibHO,

W € I2(X /& ww:/ﬂmhmwum:

[ t@n@) M) + [ 5@ fo(o) o) (1.153)

Tak kak
V(f=0):1(f) =0,

to u3 (1.153) caexyer, aro

m.B. mod(v) : fo(x) >0

13 (1.153) caeayer paBeHCTBO

Y(f e L2(X /f (1 — fo(x)) Mdx) /f ) folx) p(dz) >0, (1.154)
[IycTh
Ac =A{z | fo(z) > 1+ €}.

[Tonacrasus B (1.154)

MBI IIOJTYYHUM:

IO3TOMY

w.B. mod(v) : 1 — fo(x) >0
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Onpeie MM MHOXKECTBa,

Xoa = {z| folz) =0}, (1.155)
Xop = {z|folz) =1}, (1.156)
X)\”u = {IIJ | 0< fo(il?) < 1} (1157)
OueBuHBI PABEHCTBA
V(A C Xoyx): MA) =0; V(AC Xo,): n(A) =0. (1.158)

Iosoxum B (1.154)
£(@) = Fula) = 1A | &) min(n, (1 - fol@))™), A€ X
Tosy sy
1A 2 = folo)minn, (1 fofe)) ) A(de) =
Jra g)minGa, (1= fo@) ol ). (1.159)

VA C X, , n.B. mod(v) :
I(A [ z)(1 = fo(z)) min(n, (1= fo(2))™) /LA 2),

nostomy u3 (1.159) caemyer, 9o

V(AC X)) @ wz) =LA ] z)(1 - fo(z)) " fo(x) € Lu(X)

V(A C Xa) : MA) = / I(A | 2)w(z) p(da).

B cuity cuMMmeTpun MexKIy MepaMu A U [i AHAJOTHYHOE YTBEPKICHUE CIIpa-
BeJIJTUBO W JIJI Mephl L. JleMMa jloKa3aHa.

[lycts Ha o-aaredpe A 3amambl aBe Mepbl A 1 u. Bocmoab3yemcst 0603Ha-
YeHUAMHN IPeAbIAYIIEH JJeMMBbl U ONIPEJESINM Mepbl

ALt A ALy (A) = MA[) Xo,), (1.160)
s A A(4) = [ A 21X | Dhole) (o). (1161)

ZlcHo, 9TO Mepa Aj, CHHIYJIApHa OTHOCHTEIBLHO MEDHI /i, & Mepa |, abco-
JIIOTHO HEIPePbIBHA OTHOCUTEIbHO Mepbl . Takum obpazom, u3 jiemmbl 1.2.12
caeyer
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Teopema 1.2.7. Ecau wa o-aszebpe A s3adanv, dee mepovr A u (1, Mo cnpa-
BEOAUBO PASNOHCEHUE

V(Ae A) : MA) = A\ju(A) + A (A), (1.162)
2de mepa \|, abCOAOMHO HENPEPBIGHA OTVHOCUMEADHO MEPYL [L, & MEPA A,
CUHYAAPHA OMHOCUMENDHO MEPDL [L.

[IpencraBnenne Mepsl B Buje (1.162) HassiBaeTcs pasaoocenuem Jlebeza
(JIeber oTKpbLI 3Ty hbopMy.Iy).
N3 nemwnt 1.2.12 u paznoxkenus Jlebera cienyer Teopema Pamnona-Hukonuma.

Teopema 1.2.8. Ecau mepa A abcoaommo HeNpepuleta 0mHoCUmensvHo Me-
poL 1, mo cyuecmeyem maxad gynryus w(x) € L, (X), wmo

V(A € A): A(A) = / I(A | 2)w(x) p(da). (1.163)

JoxkaszarenncTBo. Ecim Mepa A abGCOMIOTHO HEIPepBIBHA OTHOCHTEIBLHO
MepBbl i, TO Bropoe ciaaraemoe B (1.162) paBHO HyJsl0, a [EepBOE CJAraeMoe
maerca dbopmyaoit (1.161), 910 1 J0Ka3BIBAET TEOPEMY.

1.2.8 CuerHo-agauTUBHBIE (PYHKIINN MHOXKECTB M T€O-
pema XaHa.

Omnpenenenne 1.2.18. Onpenenennas Ha o-ajaredope A m0IMHOXKECTB MHO-
kectBa X byHKIUS L0

e A R!
Ha3bIBAETCA CUETHO-3JIATUBHON, eCcau
p(@) =0

U €CJIN 115 JIFOOOTO CIEeTHOrO CeMeHCTBa HellepeceKaoIiXCs MHOKeCTB { A; }
BBINIOJIHEHO PaBEHCTBO

V(G #R) = (A4 A=0): p( [ 4)= D n4),.
1<j<00 1<l<0

B ornuumm ot Mepbl, cUeTHO-aIUTHBHAS (DYHKIIHASA MHOXKECTB MOZKET
IPpUHUMATDL OTpUlaTeJIbHbIC 3HAYCHU . I/IHOFﬂa pacCMaTpUBalOT U TaKHE CYCTHO-
JIUTUBHBIE (DYHKIMH MHOYKECTB, KOTOPbIE MOI'YT NPHUHUMATH OECKOHEYHbIE
3HadeHusd. Mbl He OyjeM paccMaTpuBaTh Takue (DyHKIHH U Oy/IeM CUUTATD,
49TO

V(Ae A): |u(A)| < oc.

N3zyuenue cueTHO-aINTUBHBIX (PYHKIUH MHOXKECTB CBOJIUTCH K U3Y4EHUIO
Mep, U 9TO YTBEPKIEHNE eCTh COJEPKAHNE CAeYIONel TeopeMbl X aHa.
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Teopema 1.2.9. Jlasa 41060t onpedeaennoti na o-anzebpe A nodmmoscecme
mHoocecmea X cuemmo-addumueroti GyHKUUL MHOHCECME (L CYULECMEYIOM
MaAKUE NOOMHONCECNEA E/f Cc X, Ej e A, umo

X=£fJE, . Ef(E, =0 (1.164)
V(A€ A): u(A()E}) =0, (1.165)
V(A€ A): n(A(E,) <0. (1.166)

Hoxasareibcrso. Mt Gysiem nasbisaTh nojmuozectso B C X, EF € A
NOAOHCUMENLHBIM, €CTTH BBITIOTHEHO yeaoue (1.165), u Gyiem Ha3bBaTh MO/
MHO>KeCTBO E; Cc X, E; € A ompuuamenvrvim, €CIU BBHIIIOJTHEHO YCIOBHE
(1.166). CeMmeiicTBO BCeX MONOKUTEIBHBIX (OTPUIATENBHBIX) MHOKECTB He
IIyCTO: IYCTOE MHOYKECTBO BCETIA €CTh OJHOBPEMEHHO U MOJIOKUTETHHOE MHO-
JKECTBO, U OTPUIATEIbHOE MHOKECTBO. fICHO, uTo JI060e npuHaIexKallee o-
asrebpe A MOAMHOXKECTBO MOJOKHTENTBHOIO (OTPHIIATETHLHOTO) MHOXKECTBA,
eCTh MHOYKECTBO MOJIOKUTEJbHOE (OTPUIATEIBHOE), MepecedeHne MOI0K-
TEeJIbHBIX (OTPHIATETBHBIX) MHOKECTB eCTh MHOYKECTBO MOJIOKHUTEIbHOE (OT-
puraTeabHoe), 00beUHEHNEe MOJIOKUTETBHBIX (OTPUIIATEIBHBIX) MHOKECTB
eCTh MHOZKECTBO HOJIOZKATENIbHOE (OTPUIATEIBHOE).

[Iyctn

I/le HUZKHAA IPalb Oepercd 110 BceM OTPHIATEeIbHBIM MHOZKecTBaM. 13 onpe-
JeIeHUsT TOYHON HUZKHE IPaH’ CIeayeT, 9TO CYIIeCTBYeT TaKas HOCIeI0Ba-
TEJILHOCTH OTPUIATEIHHBIX MHOXKeCTB { B, }, 910

8= lim u(B,).

n—oo

Bes orpanuyenus OOIIHOCTH MOXKHO CUMTaTh, 4ro B, C B, 11, 103TOMYy

a TaK KaK
(JBn) € A,
TO
8 > —o0.
[Tonmoxxkum
E, = JB.. (1.167)

n
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Omupeenentoe paBeHcTBOM (1.167) MHOXKECTBO OTPUIIATETBHO U YI0BJIETBO-
pseT paBeHCTBY

B=uE,).
,ZLJIH JOKa3aTeJIbCTBa TeOpeMbI HaM JOCTaTO4YHO ,ZLOKaBaTb, YTO MHOXXEeCTBO
+ . —
Ef =X\ E, (1.168)
obJta1aeT CJIeAyIOMNM CBOHCTBOM:

V(ACES, Ac A): u(A) >0. (1.169)

MBI JoKazKeM, 9TO OTPUIAHUe ITOT0 YTBEPKIEHUA BEJET K HPOTHBOPEUHIO.
[Iycts cymectyer Takoe MHOKecTBO Fy C EF, aro p(Ey) < 0. Muoxe-
CTBO EQ HE MOZKET 6bITb OTpullaTeJIbHBIM, TaK KaK TOr'Ja

u(E, U Epy) = u(E,) + n(Ey) < B,

ITO TPOTUBOPEYUT BbIOOPY uucia 3. CraemnoBaTeabHO, CYIMIECTBYIOT TaKNe
muoxecrBa A C Ey, aro pu(A) > 0. Iyern

e1 = sup{u(A) | A C Ep}.

CrupabeInBO HEPaBeHCTBO
€1 >0,

U CYIIECTBYET TAKOEe MHOMKECTBO
1
Ay C Ey, aro pu(Ay) > 561.

[Hogoxum

El = Eo\Al.

W3 paBencTBa
1(Eo) = p(Er) + p(Ar)

ciaeayer, 9To

Paccqu:aﬂ KaK M BbIlI€, Mbl IIOJIYIHUM, YTO MHOZKECTBO E1 HE MOXKeT OBITH
OoTpulaTe/JbHbIM, IIO3TOMY

€9 :=sup{u(A) | A C E } >0,
U CYIIECTBYET TAKOe MHOXKECTBO

Ay C Eq,
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49TO
1

/,L(AQ) > 562.

HpO,ZLOJI}KaH 9TOT HponecC Imo MHAYKIOUN, MbI IIOJIYyYUM IIOCJ/I€J0BATECJILHOCTDH
MHOZKECTB

En: nfl\AnyAnCEnflaAnﬂAm:®an#m7

1 TI0CJIEI0BATETHHOCTD THCET
1
€n =sup{u(A) | AC E,1},0< 56 < w(Ay) .

[IycTn

A:UA,L.

Tax xak A € A, To p(A) < oo, n

%Zﬁn <> u(Ay) = p(A) < 0.

O3TOMY
lim ¢, = 0.

n—oo

CreoBaTesbHO, MHOXKECTBO Ejy \ A OTpUIATETHHO U YIOBIETBOPIET Hepa-
BEHCTBY

u(Eo \ A) <0,

qero, Kak Mbl BUJICJIN BLIIIE, 6bITb HE MOZKET.
Teopema j0ka3aHa.
[ToJtoxxum

pE(A) = £u(A() EY). (1.170)

Omnpenenennbie papeHcTBoM (1.170) dbyHKIMH MHOXKECTB ut meorpunaTeH-
HbI, CYETHO-a/[IATUBHBI U ABJISIOTCA MepaMu Ha o-arebpe A, nmpudem crpa-
BeJIJTUBO PAaBEHCTBO

V(A€ A): p(A) = pu*(A) — u (A). (1.171)

Pagencrso (1.171) massiBaerca paszaoorcenuem Xana (mogpasyMeBaeTcs, KO-
HEYHO, YTO 9TO TO PA3JIOKeHUe, KOTopoe cdeaas XaH).

Paznoxkenne XaHa e IMHCTBEHHO B CJIEYIONIEM CMBICTIE: €CIH Ej Japyrue
MHOYKEeCTBa, VIOBJIETBOpAIONine Teopeme 1.2.9, To

V(A€ A, AC ET(E"): u(A)=0.
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1.2.9 OOmmii Bua JUHEIHOTO HEeIIPepbIBHOTO (DYyHKITHO-
HaJia Ha npocrpanctBe LF(X).

JIuHeWHBIM HenpepbIBHBIM (hYHKIHOHAIOM Ha poctpancTe LP(X) Ha3biBa-
eTcs TaKoe oToOparkeHue

l: LP(X)— C,

KOTOpOe JuHeilHo:
laf + Bg) = ad(f) + Bl(g),

1 HEIPEPHIBHO:
1L(fn)] — 0, ecan || fr, | LP(X)|| — 0, n — o0. (1.172)

Yeaosue (1.172) BBITOTHEHO, eCJd
3C < oo: I <ClIf | LPX)]I (1.173)

Mozxuo nokazars, 4ro ycaosue (1.173) aBisercs HEOOXOAUMBIM U JOCTATOUY-
HBIM YCJIOBHEM HelmpepbIBHOCTH JHHEeHHOro (PyHKIHOHAIA.
Hucsio

10T LPX)* (] = sup{[L(NT T 1LF T LPX)] < 13

Ha3BIBACTCS HOPMOT JTUHEHHOro (PyHKIHOHAIA.

OO6mmuit B JTUHEHHOTO HEeNpPepbIBHOrO (PYHKIHMOHAJIA Ha ITPOCTPAHCTBE
LP(X) 1 < p < oo onucan B Teopeme 1.2.10. JokasarenbcBy 910ii TeopeMbi
MBI MIPEJIIOILIeM HECKOJIbKO JjieMM. Mbl OyaeMm mpejro/iararb, 9TO yCJIOBHE
1.1.8 Buimoaaeno: dbyukiust fo(z) = 1 npunamie:kut npocrpanctBy Lo(X) u
BBITIOJIHEHO YCJIOBHE HOPMHUPOBKH:

(1) =1.

Huzxe mbl Oyzem npejuiojiararb, 910 P U ¢ -COIPSIZKEHHBIE TOKA3ATEH CTe-
IIeHU:

npuyeM 1 < p < o0.
Jlemma 1.2.13. Ecau w € LX), mo dopmyaa
1f) = 1(wf) (1.172)

3adaem aunetnolil nepepuiehutl Gynryuonas na npocmpancmee LP(X), npu-
Yem HOPMG IM020 PYHKUUOHAAG eCTb

10T LR = llw [ L2 (X (1.175)
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Hokazarenbcrso. 113 Teopemsr 1.1.4 cemyer, uyto mpasas dacth (1.175)
KOPPEKTHO onpejiensteT auneiinbii dpynaxmuonan va LP(X), n3 HepaBeHCTBa
MHIHKOBCKOTO CJIe/lyeT OIeHKA

LNOE< lw T LACON - I T L2

13 KOTOPOil BBITEKaeT, 4To 3aaaBaembiii bopmystoit (1.174) nuneiinbrit dyHK-
[IMOHAJ HEIPEPBIBEH W €ro HOPMa YJOBJETBOPAET HEPABEHCTBY

1] ZP(X)*]| < lw | LAX))]- (1.176)
[Iyctn
f (@) = sign((w(@)))|w(@)| 77|l | LIX)| 7.
Torna
fel’(X), Il =1,
1(f) = llw | LAX)-
CrenoBaTebHO,

1] LP(X)* || = [lw | LYX) -
JlemMa gokaszana.

Jlemma 1.2.14. Fcau l -aunetinodi Henpepwvlenvili (PyHKUUOHAA HA NPOCNPAH-
cmee LP(X), mo cywecmeyem maxas Pynryua w(z) € LI(X) wmo cnpased-
auso pagenemeo (1.175).

HokazarensctBo. IlycTs 1 -Mepa, mopoxaennas uaTerpaioMm I n A ecthb
o-ajiredbpa MHOXKECTB, U3MepuMbIX oTHOCUTEbHO A. Dopmy.ia

V(Ae A): v(A) =1(I(A ] ) (1.177)
MOPOZK/IAeT -3 UIATHBHYO (B CHIy HempepblBHOCTH GyHKIHOHAMA ) DyHK-

nmio MHOXKeCTB Ha o-anrebpe A. [lycrs EF -MHOMKeCTBa, KOTpPOBIe BXOIAT B
pazsioxkenue Xana OYHKIUA V,

vE(A) = £UILA() ES | ). (1.178)
U3 (1.178) caenyer, uaro
vE(A) < L[ LPXOMITA() ES 1) | ZP(X)]| < constu(A)?,
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IIOSTOMY Mepbl V% abCOMIOTHO HENPEPHIBHBI OTHOCUTEIBHO MEDBI [i, U B CHITY
Teopembl Pajona-Hukonuma cymecrsyior takue dynknuu w(x) € L(X),
ITO

V(A€ A):vE(A) = :t/w(x)]I(A | z)p(dz). (1.179)

[Honoxum
w(r) =wh(z) —w (). (1.180)

13 (1.177) caemyer, 9To Jjisi BCeX MPUHUMAIONIUX JIUIIb KOHEUHOE YHCIIO
snavennii Gynkuuit f(x) € LP(X) u oupenenennoii pasencrBamu (1.179)-
(1.180) dbyukunnn w(x) copaBeInBO PABEHCTBO

uﬂ:/@uvumww. (1.181)

[Tonoxum

fl@|a) = f@)(jw(z)] <alz)
3 (1.181) cuemyer, 9To Jyisi BCeX MPHHUMAIONHX JHUIITb KOHEYHOE YHCIIO
suadennii ynknuii f(z) € LP(X) cnpaBeanBo paBeHCTBO

zucmnzjﬁwvuwwwﬂ<awmww. (1.182)

[TpenenbubiM epexogom (cm.stemmy 1.2.5 Ha crp. 59) pasencrso (1.182) pac-
npocTpansiercst Ha Bee dbyHkiun u3 LP(X):

V(f e LM(X)): I(f(-a)) = /w(w)f(w)ﬂ(\w(w)l <a|z)p(dr). (1.183)
IpPHHeM, OYeBH/HO,
LG Tanl < T LX) [ a) | LX) (1.184)
Ioxcrasus B ypasnenne (1.184) Gynxmmmo
f (@) = sign(w())|w(@)|“PI(|w ()| < a | @),
MBI IOy MM HEPABEHCTBO:
((f) Z/Iw(l’)lqﬂﬂw(x)l <al|z)p(dz) = |w(-a) | LX)
< T LGOS | 2RO =< 1] LX)l | a) | LAX) 7

OTKY/Ia CJEJyeT, 4TO

lw(- Ta) | LA < (1] LPX)7] (1.185)
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I[Tepexong B (1.185) K mpegesny a — 00, MBI OJTy UM, 9TO BXojsmas B (1.183)
dbyukmua w(z) npunagmexur npocrpanctsy LI(X). 3aTeM Mbl MOxKeM Ie-
peiiTu K mpeneny a — oo B pasencrse (1.183). Jlemma jmokazaHa.

Cobupasi TOKa3aHHbIE BBIIIE JEMMBI, MBI MOJYYIaeM CJIEIYIONee YTBEp-
KICHHE.

Teopema 1.2.10. 0000 sunetinoiti Henpepwvienvili GYHKUUOHAA HAG NPO-
cmpancmee LP(X), 1 < p < 0o, 3adaemca 6 sude

I(f) =1wf),
ede w € LX) u q-conpascennudi x p nokazamearv: q = p/(p —1).

Cnygam p = 1 u p = 00 -0co0ble, U MBI UX PACCMATPUBATL HE OyJeM,
orocjaB Hurare s K MUTUPOBAHHONW B KOMEHTAPUIX JIUTEPATY PE.

1.2.10 PysHKUmM ¢ OTPAHUYEHHOI Bapuanmeii m abdco-
JIFOTHO HelpepbIBHbIE (DYHKITUN.

B srom maparpade Mbl J0KaykeM HECKOJIBLKO TeopeM O (PYHKIMAX JIeHTBU-
TeJIHLHON TepeMeHHoi Ha 0Tpe3Ke. DTH TeOPEeMbl CYIIECTBEHHO UCTIOIb3YIOTCH
B MaTeMATHYECKOIl TEOPUH PACCEsTHHS.
[Tycrs na orpeske [a, b] C R! zagana peiicreurensuas dpynkuus f(z) u
yCTh
T={a=x<ux,...<x, =0}

-pazbuenune orpeska |a, b]. ITosoxum

VIT | =Y If@jm— fla)l (1.186)

0<j<n

Omnpenenenne 1.2.19. [Monnoit Bapuarueil (wiw u3Menenuem) GyHKIUH
f(z) na orpeske [a, b] HazbIBaeTCs B3siTast 0 BCeM PA3OHMEHUsIM TOYHAS BEPX-
Hssl TpaHb cymMM Buja (1.186):

V(f)a=suwpV(T| f)g (1.187)

Oynknus f(r) HaspiBaercs dbyHKIMEH ¢ orpaHnderHoil Bapuarueii (nau dyHK-
myedi ¢ OrpaHNYeHHBIM H3MEHEHHEM ), eCJIn

V(f)b < .

a
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[IpuBeneM mpuMep.I.
1. Jliobas monoTonHasg (PyHKIHA ecTh (DYHKIHUA ¢ OrPAHHICHHBIM H3Me-
HEeHUEM M JIJIT MOHOTOHHOMH (DYHKITUN

V(f)e=1f(a) = fO)I.

2. Ecom dynkuusa f(z) Ha orpeske [a, b] mMeer HempepbIBHYIO OTDaHH-
YEeHHYIO POU3BOHYIO, TO

V(f)a < (0= a)sup{|f'(2)| | = € (a, D)}.

3. He mobas HempepbiBHAs (DYHKIIAS UMeeT OTpAaHWIEHHOe W3MeHeHHe.
[Ipumepom HenpepblBHONW (DYHKIMU C HEOIDAHUYEHHBIM M3MEHEHUEM $iBJisd-

ercd PyHKIus
0,x=0,
fz) = .
Vaeos(z-), 0 <z <1
Ha orpeske [0, 1]. Ecan
T={20=0<1/2n<1/2n—1) < ...29, =1,

TO

1
V(T, f)y= Z —— ~/n— 00, n — 00.
1§j§n\/2

Teopema 1.2.11. 1. Ecau dynxuun f u g umerom 02paHudeHHoe UsMeHEHUE,
mo pynxuua o f + Bg umeem ozparunertoe usMeRenue U

Viaf + B9 < lalV(f)a + 18IV (9)a-

2. Ecau pynruusa f umeem oepanuvennoe usmenenue u a < ¢ < b, mo

V(f)a=V(a+V(fe (1.188)

JlokazarenbcTBo. IlepBoe yrBep:kjaeHune ouepuano. g gokazareibcTBa
BTOPOT'O YTBEPKIEHHs PACCMOTPUM IIPOU3BOJIbHOE pasbuenue T oTpeska [a , b]
u nycrb 1" -pasbuenne, moaydeHHoe u3 pasbuenus 1 qo0aBaeHEEM TOYKH C.
Torma

T:EUH

rae T) -rouku pasbuenus T’ KOTOpbIE JezKaT Ha oTpe3ke [a, c|, a Ty -TouKu
pasbuenust T, KOTOpBIe JiezkaT Ha oTpeske [c, b]. Vmeem:

V(e + V(e
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Tak Kak 9TO HepaBEHCTBO CIIPABEJIUBO JJId JI000r0 pa3dHeHus, TO

V(L <VIHL+ VL

C npyroii croponsl, s J06six pasouenuit 71 u Ty oTpeskos [a, c] u [c, b]
nMeeM:

V(f)g 2 V(Tl UT27 f)g = V(Tla f)g + V<T27 f)lc)a
CutetoBaTesibHO,
V(£)e 2 V(e + V(e
Teopema mokazana.
Teopema 1.2.12. Fcau pynkyua umMeem 02paHUMEHHOE USMEHEHUE HA 0M-

peske [a, b], mo na ompesxe |a, b] ee moscHo npedecmasums Kak pasHocmo
08YL MOHOMOHHO HEYOLBAIOWUL PYHKUUL.

JokazarenbctBo. Jlokaxkem, 4T0 (byHKIHS

r = V(f)e— f(x)

-
He yboiBaet. meem:

V(NZa = fla+ Ax) = (V)i = fl2)) =
V(NI = (flz + Ax) = f(2))

V(NI = (@ + Ax) = f(2)]

>
> 0.

PaBerncTBo
f@) =V (f)a— V()= flx)
JlaeT MCKOMOE TpeJicTaB/ienne. 'TeopemMa JoKa3aHa.
CnencrBue 1.2.2. Qynkuyus UMEEM 02PAHUMEHHOE USMEHEHUE 6 MOM U

MOALKO MOM CAYYGE, €CAU OHG €CTbL PA3HOCTML 08YT HEeYOueaowur PyHK-
yud.

Omnpenenenne 1.2.20. Oyukiun f(x) Ha orpeske [a, b] Ha3bBaeTcs abco-
JIFOTHO HEMPEephIBHOM, ecsm st aoboro € > 0 cymecrByer takoe d(e) > 0,
qTO JUTA JTOOBIX HHTEPBaIOB (a;, bj) C [a, b], 1 < j < n, KOTOpBIE yIOBIIE-
TBOPSIIOT YCJIOBUSAM

V(G #4): (ag, b)) [ Vai b)) =0, > (b —a;) < 6(e)
1<j<n
BBIIIOJIHEHO HEPaBEHCTBO

D 1flag) = fby)] < e

1<j<n
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OdgeBuno, 4To Jirobas abCOTIOTHO HellpepbiBHAS (DYHKIIUA HENPEpPbIBHA.

Teopema 1.2.13. Ab6cosromno menpepuieras GYHKUUL UMEET, 02PAHUYEH-
HYI0 BAPUAUUIO.

Hokazaresnbcrio. [lycrs dyukuus f(z) abcoaroTHO HempepbiBHA HA OT-
peske [a, b]. Tokazkem, 94TO OHa WMeeT OTPAHNIEHHYIO BAPHAIINIO HA OTPE3Ke
[a, b]. Haitzem Takoe 6 > 0, 9ro

O (b — a;) < 6) = Z]faz (b;)] < 1).

7

[IycTh
T={a=xy<z1<...<x, =0}

-IpOU3BOJIbHOE pa3duenune. bez orpanndenus obuHOCTH OyAEM CUUTATDH, YTO
Vi : Tiv1 — T < 0.

Ompegennm mocie10BaTeIbHOCTS j (k) HO MpaBmiIy:

§0) =0, j(k+1) =max{j| Y (wi1—x) <0}

J(k)<i<y

Unmeem:

S @) = flapl= >0 D f(@in) = fla)])

0<ien 0<k<N j(k)<i<j(k+1)

<(N+1),N=[0b-a)/d

Tak Kak 3TO HEPABEHCTBO CHPABE/JIMBO 11 JI0OOT0 pa3zbueHus, TO TeopemMa
JIOKa3aHa.

Buitie MbI mpuBesin mpuMep HenpepbhiBHON (DYHKIMKA ¢ HEOTDHUYEHHOM
Bapuanueit. CjenoBaTe/IbHO, CYIIECTBYIOT HEIPEPLIBHBIEC, HO He abCOIOTHO
nenpepsiBable pynknuu. Oyukims Kanropa ects npuMep OYyHKIUKA ¢ Orpa-
HUYEHHBIM U3MEHeHIeM, HO He abCOII0THO HelpepBIBHOIA.

Teopema 1.2.14. Ecau dynkyusn f(x) abeosrommuo Henpepuena na ompeske
la, b], mo dynryus
x> V(f)a

a

abCOAOMHO HENPEPUIBHA Ha ompeske [a , b].
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Hoxkazarenncrso. Ilycrs mano € > 0. Haitnem rakoe 0(¢) > 0, uro

O (b = a;) < 8 Z|faz b;)| < e).

[

s kaxk0ro orpeska [a; , b;| Haiinem Takoe pazbuenme

T, = {ai =Tij0<Ti1<...< Ti (i) = bz},
970

V< > 1 f@ige) = flai )| +27%

0<j<n(i)

Tak Kak HHTEPBAJBL (T; j+1, T; j) HE IEPECEKAIOTCS U

D (@i g — @i ) < d(e)

i?j

TO
Zv(f)gi < Z‘f(xi,j+1) - f(l’z,])’ + e < 2e.

Tak Kak OTpe3KH [a; , b;] MPOU3BOJIBHBI, TO TEOpEMa JOKA3aHA.

CaencrBue 1.2.3. Jhobas abcoatomio nenpepuenas GyHKuuL ecmsv pas-
HOCMb 06YT HeYyOueaIouWuT aOCOMOMHO HENPEPBIBHHLEL HYHKUUL:

f@) =V (e = V(e = f(x))-

Hamomuum onpezenenune unrerpana Jlebera-Cuabrbeca. Ilycts F(x) -
HeyObIBAIOIAs HEIPepPhIBHAs CIPaBa OrpAHUYeHHAsd (DYHKIMST HA OTPE3Ke
l[a,b] € R' | F(b) < oo, F(a) = 0, u mycts f(z) -HEOpepbiBHA HA OT-
peske [a, b, a T ={a =129 < x1,... < x, = b} -pa3buenune orpeska [a, b|.
CocTaBuM HHTETPATBHYIO CYMMY

= Z f(€]>(F(l'j+1) - F<xj)) ’ gj € (xj+17 xj)'

0<j<n

[Ipejest Takux CyMM IIPHU CTPEMJICHUN JUaMeTpa pa3bueHnnii K Hy/ 10 Ha3bIBa-
ercd uaTerpajgom Pumana-Cruibrbeca:

dlagr%l—%)s (T, 5): / fla)dF (@



Teneps pacemorpum npocrpanctBo C'([a, b]) Bcex HempepbIBHBIX (DYHKITHI
Ha oTpe3ke [a, b] KaK mpocTpaHCTBO yeMeHTapHbIX GyHKIUil B cxeme la-
HUS/Ig U uHTerpan PuMana-CTHIBTbeCA KaK 3JIeMEHTAPHBI HHTerpaI U Imo-
CTpPOUM DpacCllupeHue 3TOro mHrerpaJia. HOﬂyquHbIﬁ HHTEerpaJl Ha3bIBa€TCA
uurerpaiom Jlebera-Crmibrbeca u Mbl OyaemM 0003HAYATH €0 TeM YKe CHMBO-
JoM, uTo u uarerpas Pumana-Crunbreca. Ecim xapakrepucrndeckas pyHK-
st MHOKecTBa A C [a, b] mHTErpUpyeMa, TO 9UCI0

W(F | A) = /]I(A | 2)dF(z)

HA3bIBAETCSI MEPOii, TOPOXK IEHHON MOHOTOHHOIT byuKkImeii F(x). Ecau F(z) =
T, TO MHTeTrpaJl Ha3bIBaeTcss nHTerpasom Jlebera, a mepa

|A| = /b]I(A | x)dx.
-mepoit Jlebera.Ilycrs {x(j)} -mHOXKecTBO TOYek paspbiBa dyHKImMU F(X):
#(j): F@(j) +0) — F(a(j) = 0) > 0.
Muoxkecrso {x(j)} He Gosee gem cuerno. Onpenenum QyHKIUIO
Fy(w) = Y F(z(j)+0) = F(z(j) - 0).
a(j)<w

[IycTn
F.(z) = F(z) — Fy(x).

Oynkuusa F.(xr) HenpepbiBHA Ha OTpe3ke [a, b] ¥ MOHOTOHHO He yObIBaer.
CreioBaTesIbHO, OHA TOpZKTaeT HHTerpasit u Mepy A(F. | -) Ha GOpeseBCKuX
MHOYKECTBaxX OTpe3Ka [a, b], mpraem

V(a, ) Cla, b]: AM(Fe | (a, B)) = Fu(B) — Fe(a).

K mepe A(F, | -) u mepe JleGera na orpeske [a, b| MOXKHO TPUMEHHUTD
paznoxenne Jlebera, a K abCOTIOTHO HempepwuIBHON dacTH Mepsl A(F. | -)
MOXKHO MpuUMeHuTh Teopemy Panona-Hukoguma. Tak Mbl mogyduM ciempyro-
Iiee yTBEPZK/eHNe.

Teopema 1.2.15. Monomono neybwi8a1owyto HENPEpuLeHyo cnpasa Heom-
puyamesvryro dynryuto F(x) na ompesxe [a, b mosicno npedemasums Kax
CYmmy mpex GyHryud:

F(x) = Foe(x) + Foing(x) + Fy(x), (1.189)
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2de

-pynKyUA cKaUK08,

Foula) :/ W) dt | Fuing() = Mla, 2)() B), (1.190)
ede w(t) -Heompuyamervras unmeepupyemasn no Jlebeey dynxuyus, A 6ope-

AeBCKaA Mepa Ha ompeske [a, b] , B -mmoocecmso aebe2060t mepvi HOAD.

BamernMm, uTo s GyHKkuu KanTopa oTimdHa OT HYIS TOJBKO COCTAB-
agromadn Fig.

Pazmoxenne (1.189) rakzke HasniBaeTcs pasiaozkenueM JleGera .

Ouern/HO, 9TO Mepa, NOPOXKIeHHas HeyObiBaoeil dbyuknmeii F(x) Ha
oTpeske [a, b aBCOTIOTHO HEPEPBIBHA OTHOCUTEIHHO Mephl Jlebera B ToM u
TOJTBKO TOM CJIydae, eciau

Fi= Fany = 0u Fla) = @)+ [ f(0)dt, ft) € Lifa. ).

Teopema 1.2.16. Ecau dynxyus [ unmeepupyema: f € L([a, b]), mo daa
mobozo € > 0 cywecmeyem makoe 0(€) > 0, wmo daa 4106020 MHOIHCECNEA
A, mepa komopoeo menvuie §(€), BUNOAHEHO HEPAGEHCTNEO

[ 1@t < (1.191)
A

Hoxkazarenbcrso. Cormacuo semme 1.1.12 (em. crp. 28) juis ganuoro € > 0
u nansoit ynknun f € L([a, b]) cymecTByer Takas HenpepbiBHAs (DY HKITHS
¢ € C([a, b]), aro

/ () — $(a)|d < /2.

[IycTn
M = sup{|p(x)| | x € |a, O]}.

Torpa (ramomunm, aro |A| -310 Mepa Jlebera MmuHoxKecTBa, A)
WAl < e/200): [ 1p@lde < [ 1f@) = s(wlds + [ lota)lds <
€/2+ M|A| < e.
Teopema jgoka3aHa.
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Caencrsue 1.2.4. Ecau f(t) € L([a, b)), mo dynkyua

x
Fla) = [ st
a
abCcoaOmMHO HenpepueHa wa ompeske [a , bl.
st mo6oro muoxkectBa E C [a, b] MOXKHO onpeeuTh BHENTHIOW Mepy:
|E|owt = inf{|A| | E C A}.

Ecau muoxkectBo E namepumo o Jlebery, To ero BHelrHsIsI Mepa paBHa Mepe
Jlebera. OT™MeTHM OYEBHIHOE HEPABEHCTBO

(A Blow < |Alout + [Blout-
Onpegenenne 1.2.21. CucreMa oTpe3KoB
So={la | Io = [aa, ba] C [a, O]}

MOKPBIBAET B cMbIcsie Burtaim muokecTBO E C [0, b], €c/in BBIIOTHEHBI YCIIO0-
BU:

LEC| /I, Va: E(1. #0.
2V(xzeFE,e>0), 3U(x,e) € Sy):xel(x,e), 0<|I(z, € <e

Teopema 1.2.17. Ecau cucmema ompeskos Sy noxpueaem 6 cmuicae Bu-
maau, muootcecmeo E, mo ona codeporcum makyro ne boaee wem cuemmyio
nodcucmemy

{I; |1 <j < oo} C Sy,

KOMOPAs YOBAEMBOPAELN, YCAOBUAM:
1. Ompesxu I; ne nepecexaromcea:

V(G #i): ()L =0
2. Bunoaneno coommowenue:

lim [E\ | Ijlow =0.

n—oo
1<j<n
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HoxkazarenbcTBo. IlycTh
ag = sup{|l,| | I, € So}.

[To omupenenenunto Tounoit BepxHeil rpanu cucreMa Sy COAEPKUT TAKOH OTpe-
30K [, KOTOPBIil YIOBIETBOPSET YCIOBUIO:

1
|Il| > 5&0.
[TosoxkuMm
St ={lo | In( )11 = 0}
[IycTn

a; = sup{|l,| | I, € S1}.

[To ompemeiennio TOYHON BepxHEil rpaHu cucTeMa S7 COJEP:KUT TAKOH OTpe-
30K Iy, I5()I1 = (), KOTOPBIit YIOBIETBOPSIET YCIOBUIO:

1
|IQ| > 5&1.

[Tonroxxum

Sy ={lo | In[ )12 = 0}

U MPOJIOJIZKUM ITOT HMPOIECC 10 MHYKIMKU. TaK Mbl IIOJYYIUM, 9TO Ju0OO Ha

Ec |J n.5\L=09,

1<j<n

HEKOTOPM TIare

b0 MBI MOJIYyYHM CYeTHOe MHOKeCTBO oTpe3koB {I; | 1 < j < oo} u cuer-
Hoe muoxkectBo {S; | 1 < j < oo} momcemeiictB cemeiicTBa Sy, KOTOpPBIE
YIOBJIETBOPSIOT YCIOBHSIM:

V(i =0): Sj1 C Sy, Liv1 €85, Livr & Sjva,

. . 1
Vi #§): () Li=0, Ll > 5 sup{|Lu| | L € S;} (1.192)
[lycTn
reE\ |J I
1<j<n
Ecan

e < dist(z, U I1;),

1<j<n
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TO IO YCJIOBUIO

A (z,e€):xel(x, e, I(z, e)ﬂ U I; = 0.
1<j<n
Tax kax oTpes3ku [; He IepecexalTcsd, TO
Z |IJ’ S b—a
1<j<o0

1109TOMY
lim |I;| = 0.
j—o0
Ho otciona B cuy (1.192) caemnyer, ato
r}irr;osup{|]a| | I, € S,} =0.
CretoBaTe/ibHO,
Am>n): I(x,€) € Spo1, I(z, €) & .
DTO COOTHOIEHHE BBIIOJHEHO TOJBKO B TOM CJIy4ae, eCJiun
Iz, &) \Im #0, 2/Ln| > |I(z, €)|. (1.193)

Kaxgomy orpesky I; = [o;, ;] noctaBuM B cooTBercTBHE OTpe30K 1) =
[Ba; — 205, 385 — 2a4] D [oy, B;]. Boobue rosops, T; & Sp. 3 (1.193)
CJIELYeT, UITO

I(z,€) CT,.

CremgoBaTebHO,
E\ |J Lc T
1<5<n m>n
IO3TOMY
E\ U Llow €D 1Tul =5 | =0, n— oc.
1<5<n m>n m>n

Teopema jgokazaHa.
Tak kak

|E|out§|E\ U ]j|out+ Z |‘[j|7

1<j<n 1<j<n

TO n3 Teopembl 1.2.17 BbITEKaeT
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CaencrBue 1.2.5. FEcau svinoaneno ycaosua meopemo, 1.2.17, mo natidym-
ca makue ydosaemeoparouue ycaosuam meopemu, 1.2.17 ompeswu I, wmo

Y(e>0),3n(e): (1—€)|Elow < > |l
1<j<n(e)

[Iyctn

Felfat). Fla) = [ s,
V(z € (a,b): M(f]|x):=limsup|h *(F(z +h) — F(z))| (1.194)

h—0

Teopema 1.2.18. Mnooicecmso

E(fla):={z| M(f|z)> o}
USMEPUMO 1
B 1ol < 2 [ (1.195)
ToxasaTenncrso. TomosKims
Am,n, )= ] {z|[h"(Flz+h) - F(x))| > a+1/m}.
0<h<1/n

Taxk Kak pyHKINA
x v |h N (F(x+ h) — F(z))]

HelpepbiBHA, MHOXKeCTBO A(m, n, o) ecth o0bequHEHHE OTKPBITBIX MHO-
JKecTB U OTKPBITO. [loaToMy MHOKECTBO

E(f|a) = UﬂAmn&

m>0n>0

OOpesIeBCKOe U, CJIe/I0BATeIbHO, H3MEPHMO.
Ecan

v e E(f|a),

TO CYLIECTBYET Takas IocJjenoBareabnocts {hj(x) | 1 < j < oo}, uro

x+ hi(x) € (a, b), Vi |h;'(z)(F(z+ hj(z)) — F(z))| > a.

J

CrenoBaTeibHO, OTPE3KU
Ii(z) = {lz = |h;(@)], v+ [hi(x)]] | z € (a, b) , 1 < j < oo}
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IOKPBIBAIOT B cMblcste Butamn maoxectso E(f | o). ycrs {[;(x;) |1 <j <
n(€)} -Takue OTPE3KH U3 ITOrO TOKPBITUS, UTO

L=alBE(fla)< Y la)l=2 ) |h(z)l

1<j<n(e) 1<j<n(e)
Tak kak orpesku [;(z;) He mepeceKaoTCs, TO
/ |f(@)|dt = [Py + hy(;)) = Fe)| = a0 Y |hy(ay)].
1<g<n<e> 1<) <n(e)
CremoBaTeabHO, .
2 [ 1)1t > (1=l (S | o).

Tak xax € IIPOU3BOJIbHOE MaJio€ IMOJIOZKUTEJICJIbHOE YUCJIO, TO TeopeMa JOKa-
3aHa.

Teopema 1.2.19. Ecau f € L([a, b]) u

0= [ 1

mo pynryua ' noumu ecrody dupdepernyupyema u

dF(x)
dx

n.e. :

= /(@)

JokazaTerbcTBO. Byaem cuuTaTh, 9TO

/ @t =1.

13 nemmbr 1.1.12 caegyer, 910 CyIIECTBYET TaKas MOCIEI0BATE/IHHOCTD HETIpe-
poiBEBIX dyukuumit {¢,} C C([a, b]),aT0

/yf ()|t < n".

wn(x> = f(:)j) - ¢n(x)y
Ap={x | M(¢y, | ) > n7?},

B, = {x | [tn(z)] > n~2}.

[Hopoxum
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13 Teopemsr 1.2.18 caemyer, 9T0 MHOKECTBO A, H3MEPUMO H

b
14, < n22/ [ (#)]dt < 2072,

13 nepasencrsa Yebbimena (cM. crp. 66) caemyer, 410

b
IB,| < n2/ ()]t < n2.

[TooxxuM

0= N U uUn

1<k<o0 k<n<oco

MHuoxkecTBO () H3MEPUMO U

i 1Ql<| U A UB)I< X (4l +IB.) <

k<n<oo k<n<oo

O(1/k) — 0, k — oc.

Crenosaressuo, |Q| = 0.

[Iyctn
reFE=]a,b\Q.
Torna
I:xg | (4B (1.196)
k<n<oo
Umeem:

z+h
Vn>k): ¢ A,) = (Y(n>k): limsup |h_1/ Yo (t)dt] < n™?).

h—0

CaenoBaTesbHO,
Vin>k,e>0), 351(n,e),V(0<h<din,e)):
z+h
|h—1/ bn(t)dt] < n2. (1.197)
Bamernm, uro u3 (1.196) crenyer, aro
V(n>k): x & B,

IIO3TOMY

Vin>k), : [tha(2x)] <n2, (1.198)
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HaxkoHer 3aMeTuM, 9TO Tak KakK (BYHKIWUU ¢y, (x) HEIPEPBIBHbI, TO

V(n, e, x), 30s(n, €, x), V(0 < |h| < da(n, e, z)):
x+h
|n~t ' bn(t)dt — ¢ (z)] < €. (1.199)

x

Nneewm:
z+h
[N (F (2 4 h) — F(x)) — f(2)] = Ih_l/ f)dt — f(x)] <

x+h z+h
]hl/ Y (t)dt| + yhl/ G (t)dt — ()| +
|6n(z) — flz)] <n?+e+n?

ecam
0 < |h| <min(di(n, €), da(n, €, x)).

Tak kak n -IMIPOU3BOJIbLHOE JOCTATOYHO 00abIIOoe YUCJIO0, a € -TIIPOU3BOJILHOE
JOCTaTOYHO MaJioe 9YuCJI0, TO TeOpeMa JOKa3aHa.

CaenctBue 1.2.6. Abcorromno nenpepuisnas gynkuus duddepenyupyema
noumu 6crody.
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1.3 KomeHnTapum u jutepaTrypHble yKa3aHUA.

Mer mpexnmosiaraeM, 9TO YUTATEh 3HAKOM C TEOpHEH MHOXKECTB B 00beme
Kypca aHaJM3a /s TEXHUIECKUX BY30B WU HECKOJBKUX IIEPBBIX IJIaB KHHUT
[1, 2]. dnst nambHeiinero 03HaKOMJIEHUsT ¢ TEOPUed MHOXKECTB MOYKHO PeKO-
MEeH/IOBATh KHHUTY |3].

JL1g GOJIBITMHCTBA pACCMATPUBAEMbBIX HAMU TTPUJIOZKEHUH JIOCTATOYHO 3HA~
HUS CJEIYIONINX TeM: olpejiesieHne WHTerpaJa, Teopema Jlebera o npeiesib-
HOM Ilepexojie B mHTerpaJe , reopeMa Pucca-Quiepa 0 moJIHOTE IPOCTPAH-
crBa LP, mepaBeHncrBa l'enbiaepa ' MHUHKOBCKOTO. DTHU TeMbl H3JIOKEHBI B
naparpade, MocBAIMEeHHOM nHTerpaay Jlebera. 3yuenunem 3Toro maparpa-
¢a MOKHO OrpaHUYUTHCS TPHU TepBOM dTeHnn. OTHAKO 3HAHWE TEOPUU Me-
PbI HEOOXOTMMO JIJIT M3YUEeHUS MaTeMATUIeCKUX MOJiesieit TeOPUU pacCesiHus,
TEOPUHU TEILJIOBOTO PABHOBECUS KJIACCHUYECKUX M KBAHTOBBIX CHCTEM, TEOPUHU
HEPABHOBECHBIX KBAHTOBBIX CHCTEM, OPOYHOBCKOT'O JBUKEHUS U MHOT'UX JIPY-
IUX 33729 MATEeMATHIeCKOH (PU3MKH, TOATOMY MbI CIUTAEM, UTO 3HAKOMCTBO
C OCHOBaMU TEOPUU MePbl KeJIATe/IbHO JIJIS CIIeIUAIUCTA, IO MATEeMaTHIeCKOM
dusuke.

Anamuz merona lanusis B Teopun mHTErpaja ectb B [5], ctp. 459-461.
[Ipu obcyzkaeHnn 3aTPOHYTHIX HAMH 9JI€MEHTapHBIX BOIPOCOB TEOPHH UHTE-
rpaJjia HeT HPUHIIMIUAJIBbHON pa3HULbl MKy MeToJ0oM /Jlanuajis, Korjia cHa-
YaJla BBOAUTCA HMHTEIrpaJ, a IIOTOM MeEpa, I TPaIUIUOHHBIM METOJI0M, KOI'Ia
cHa4Yaja BBOJUTCS Mepa, a MOTOM HWHTerpaJj. flcHOo, 9To 3ajaHue CUCTEeMbI
MOJIMHOZKECTB MHOXKecTBAa X SKBHUBAJEHTHO 3aJIAHUI0 XapaKTEPUCTHIECKHX
GYHKIUN 3TUX MOJIMHOXKECTB, a 3aJaHKe Mepbl Ha CHCTEeME IOJIMHOMKECTB
9KBHUBAJICHTHO 33IAHUIO 3JeMEHTAPHOTO WHTerpaaa Ha MHOMKECTBe XapaKTe-
pucTudeckux pyHkmii.

[TousTre wHTErpajga pacrupocTpaHsercsd Ha (PYHKIMU CO 3HAYCHUSIMU B
OaHAXOBOM IPOCTPAHCTBE.

[IycTh ) -KOMIIAKTHOE TOIOJIOTUYIECKOe IIPOCTPAHCTBO, B -pedaeKCuBHOE
06aHaxoBO IIPOCTPAHCTBO,

r: Q3w z(w) € B
-HenpepbiBHadA MYHKIU cO 3HaYenuaMu B B. Ecau f* € B*, To ¢dpyukmus
Q3w f(2(w))

HerpepriBHA Ha (), W OMpe ie/IeH WHTerpal
/ £ (@) ().
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[Ipu dukcuposannoit Gynknnu z(w) € C () orobparkenune

B3 ff / 7 (@(w)) (o)

eCThb JIMHEHHBIIT HelpepPbIBHBIT beHKL[I/IOHaJI Ha B*, u B cuty pedieKCUBHO-
cru B cymectByer Takoil snement J(x) € B, 4to

V() (T / F(w(w))u(dw). (1.200)

Eciu Beinosnneno coorromienue (1.200), To onpenesennio mogaraem

/x(w)u(dw) = J(x) (1.201)

u HaspiBaeM dyHKnuonasu J(x) uarerpasoMm or dbyHKIuH T(w).

3aMeTUM, YTO MHOT/IA, HHTEIPAJ MOXKHO OIPEJIEJNTh U KAK LPEIes NHTe-
IpajbHBIX CyMM Pumana.

[Ipu paccmorpenun wHTErpaja mo 6€CKOHEYHONH 00JaCTH MBI HE BBOJIMM
yeaoBue CroyHa (eMm. [5]), a onupaemcst Ha KOHCTPYKITHIO, KOTOPAst sIBJISIETCS
00600IIeHneM TIOHATHS KPATHOINO HECOOCTBEHHOTO WHTerpaaa Pumana.

JanbHeiimme cBeJeHns O TEOPUH MePhl U UWHTErPAJIa MOYKHO IIOUYEPIHYTh
n3 cJIeyronmx pabor.

[4]-|5]. DTu kHErE comepKAT (HACKOIBLKO S MOTY CYANTH) HA CETOIHANIHAL
JIeHb HamboJIee IIOJIHOE U JIOCTYIIHOE U3/I0KEHHE TEOPUU MEePbl U HHTErpaJia.

[6] DTa kHUTA MOYTH TMOJBeKa ObLIA HACTOJILHOU KHHUIOIl BCeX Marema-
TUKOB M HO-NIPE;KHEMY SBJISETCH KJACCHYECKHM PYKOBOJCTBOM IO TEOPHH
MepBhI.

[7] B aroit KHUTe ecTh H3I07KeHNe TeOPUH HHTerpasia u Mephl 1o JTaHusro.
Harmre uznoxkenue ciaegyer 3Toil KHUTE.

[8] DTa KHUTA COMEPKUT KPATKOE M SICHOE W3JIOKEHHE TEOPHH MEepPbI U
uHTerpana JleGera. B KHUre MOKa3aHO, KAK T€OPHd MEPhl U MHTErpaJja MmpH-
MeHbleTCs B Teopuu (DYHKIUI JIeHCTBUTEIbHONR TEPEMEHHOM.

[9] D10 KMACCHYIECKOE PYKOBOACTBO MO TEOPHU MepBI W MHTErpaJia, KOTo-
poe MpucnocobJeHo I HY 7K TEOPUU BEPOSITHOCTH.

[10]9T0 mpocTo M MOHATHO HAMCAHHAS KHUTA, KOTOPas TaKyKe MPUCIO-
cobJieHa K HYKJIaM TeOpHHU BepodaTHocTH. Hame usioxkenue Teopembl PagoHa-
Hukoauma OCHOBaHO Ha Marepuajax 3TOf KHUIH.

[11]B sroii kHure cogepxarcs 0060OIIEHHSI TEOPUH MeDbl, O KOTOPHIX B
HANIEM WM3JI0KEHUM Mbl HE CMOTJIM JayKe YIOMSHYTh, HO KOTOPBIE MOJIYH-
JII B IIOCJIeJ[HEE BPEMs INMUPOKOE NPUMEHEHHe IPH aHAIM3e CTOXACTHYECKUX
JUHAMHYECKUX cucreM (Teopust (bpakTaIbHBIX MHOXKECTB U T.1I.)
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I'1aBa 2

MeTrpudyeckue 1 TOIOJOTUIECKUE
IIPOCTPAaHCTBA.

2.1 Merpuyeckue NpocTpaHCTBA.

2.1.1 PaccrogHue u cBg3aHHBIE C HUM IMOHATUI.

Ounpepenenne 2.1.1. PaccrosiuueMm (MeTpukoii) Ha MHOKecTBe M Ha3bIBa-
eTcs Olpe/ie/ieHHas Ha JeKAPTOBOM Npou3BeaeHun Muoxkects M X M dbyHk-
st

d: M x M — R,

KOTOpas YIOBJIETBOPSIET YCJIOBUSAM:
1. CummeTpunu:

VieeM,ye M) :d(z,y)=d(y, x). (2.1)
2. HeBbIpox tennocTu:
(d(z,y) =0) < (z=y) (2.2)
3. HepaBencrBy TpeyroibHuKa:
VieeM,yeM,zeM) :dz,y) <dz, z)+d(z, y). (2.3)
[TostokuB B (2.3) = y, MBI IOJAYYIUM, 9TO PACCTOSTHHE HEOTPHUIATEIHHO:
VieeM,ze M) :d(x, z)>0. (2.4)

Onpenenenne 2.1.2. MH0KeCTBO BMeCTe € OIIPee/IeHHBIM HA HUM PAaCCTO-
gHreM (MEeTPHKOIi) HA3BIBAETCS METPUUECKHM MPOCTPAHCTBOM.
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Hpumep 2.1.1. EBximnoso mpocrpancrso R? ecTh MeTpHYecKoe HPOCTPAH-
CTBO OTHOCUTEJHbHO PAaCCTOSHUIM:

1/2
d(z,y) = ( > - yj|2) ) (2.5)

1<j<d
d(I, y) = fgjagxd’x] _y]‘ , L = (xla'--'rd)7 Y= (y17"'yd)-
Omnpenenenne 2.1.3. B MeTpryeckoM IpoCTPAHCTBE MHOXKECTBO
bz, r)=A{yld(z,y) <r} (2.6)

Ha3bIBa€TCA OTKPBLITBIM IIAPOM paAuyCa 7" C HEHTPOM B TOYKE T.

DTO ompejeeHne AACTCs 10 aHaioruu ¢ (2.5).

Ipumep 2.1.2. Muoxecrso C([a, b]) Bcex HempepsIBHBIX Ha OTpe3ke [a, b]
dbyHKIHI ecTh METPUYEcKoe IPOCTPAHCTBO OTHOCHTEILHO PACCTOSTHHUIA:

d(f, g) = sup{|f(z) — g(x)| | = € M}, (2.7)

b
i(f, g) — / (@) — g(a)] da. (2.8)
V3 HepaBeHCTBa TpEYTrOJbHEKA CJIEIyeT, 9TO

d([)’}, y) S d(l’7 I'g) + d(x07 yO) + d(yo’ y)a

HOSTOMY
d(xa y) - d(l’o, yO) < d(xa $0) + d(y7 yO)

BaMeHI/IB B 9TOM HE€PaBEHCTBE
L= To, Y= Yo, To— T, Yo — Y,
MBI ITIOJIYYHUM HEPaAaBEHCTBO IIapaJlleioTpaMMa:
|d(z, y) — d(zo, yo)| < d(z,x0) +d(y, yo)- (2.9)

Omnpenenenne 2.1.4. Paccrosunem dist(A, B) mexay muoxecrBamu A u
B MeTpuuecKoro NpOCTPAHCTBA HA3BIBACTCSH BEJHTIHHA

dist(A, B) :=inf{d(z,y) |z € A, y € B}. (2.10)
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Tak Kak
V(a € A) : dist(z, A) < d(z, a) <d(z,y)+d(y, a),
TO
dist(x, A) < d(x, y) + dist(y, A),

TO3TOMY
VieeM,ye M, AC M) :|dist(z, A) —dist(y, 4)| < d(z,y). (2.11)

Hepasencrso (2.11) M0zkHO paccMaTpuBaTh Kak 0000IIeHTe HEPABEHCTBA TPe-
YroJibHUKa.

[Iycts (M, di) u (My, dy) -nBa MeTpHYECKHX MPOCTPAHCTBA. B3auMHO
OJTHO3HAYHOE 0TOOParKeHUe

J:MlHMQ, J(Ml):MQ
HA3BIBACTCS MEMPUUECKUM USOMOPPHUIMOM, €CITH
V(z € My, y €M) :di(z,y)=d(J(x), J(y))

[IpoctpancrBa My u My HazbIBalOT MeTPUIECKH U30MOPMHBIMU, €CJIU CYIIle-
CcTBYeT MeTpudecKkuii nzoMmopdusm, KoTopwiit orodparkaer M, na My . Met-
PUYECKH H30MOPQHBIE IPOCTPAHCTBA OOBIYHO OTOKIECTBIAIOTCS.

2.1.2 CxoamMOCTh B METPUYECKOM IIPOCTPAHCTBE.

Omnpenenenne 2.1.5. TlocnenoBareabHOCTh TOUeK {x,} C M MeTpudecKo-
ro npocrpancrsa (M, d) exomurest K Touke xg € M, ecan

lim d(z, ,x0) = 0. (2.12)

n—oo

Eciu Beinosaeno yesosue (2.12), To mocienoBarebHOCTb {x, } Ha3bIBa-
eTcd cxojduieiicd, a TOUKa Ty Ha3blBaeTcd IPeIeIOM IOCIeJ0BaTeIbHOCTI

B MeTpruecKoM IIPOCTPAHCTBE KazK1as CXOASIAsLCS HOCIe10BATeIbHOCTD
UMeeT TOJLKO OJIUH Hpejies, TaK KaK eC/IH

d(zy , x0) = 0, d(z, , z5) — 0, n — o0,

TO
d(zo, xy) < d(xy, o) + d(x, 25) — 0, n — 00,

IIO3TOMY
!/ /
d(zg, z5) =0, n g = .

101



Onpenenenne 2.1.6. IlocrenosaresbHOCTh TOUEK {1, } C M MeTpuvecko-
ro npocrpanctsa (M | d) ynosrersopger yeaosuio Komm (o apyroit tepmu-
HOJIOTHE: ABISACTCSA MOCTEIOBATEIBHOCTHIO Ko min aBasgercs Gy aMen-
TAIBHOMN OCJIE0BATEIBHOCTBIO), €CJIH

lim sup{d(z,, Znim) | m >0} =0. (2.13)

Ecau nocnenosaresbHocts To9ek {,} C M MeTpuyeckoro mpocTpaH-
crBa (M, d) cxomurest, To oHa yaoBjaerBopsier yciopuio Ko, Tak Kak

V(n> N(e)): dzn, Tpim) < d(xn, o) + d(Tpim , To) < €.

O/tHaKO HEe BO BCSIKOM METPHYECKOM IMPOCTPAHCTBE JIF00ast TOCIeI0BATE b
HOCTH Komu cxoqured, T.e. mMeeT mpefies. [[pumepbl MeTpriecKux MpoCTPAHCTB,
B KOTOPBIX MOCIeI0BATETLHOCTh KoM MOXKeT He MMeTh Mpejea: MHOYKe-
CTBO PAIMOHAJILHBIX YHCET ¢ OOBIYHON METPHKOI, paccMoTpeHHoe B 2.1.2
IPOCTPAHCTBO HEIPEPBIBHLIX Ha oTpeske [a, b] dyukmuit C([a, b]) B MeTpu-
ke (2.8).

Merpuku d u d na MeTpHYECKOM IpocTpancTBe M sK6uUsaAEHMHBL, €CITT

V({{z,} CM):
(lim sup{d(zy , Tnim) | m >0} = 0) < (lim sup{d(z, , Tpim) | m >0} =0).

OKBUBAJICHTHLIC METPpHUKH YacCTO HE pa3JIndaloT.

Onpenenenne 2.1.7. Merpudeckoe HpocTpaHCTBO HA3BIBAETCS IOJTHBIM, €C-
Ju B HeM Jobast mocseioBareabHocTh Ko (dbyHmaMenTambHas mocaeno-
BATEJIbHOCTH) UMEeT TPeJIell.

IIpuMepsl HOJHBIX METPUICCKHX IPOCTPAHCTB: MTPpocTpaHcTBo RY ¢ 06bId-
HO#l MeTPHKOi, paccMOTpeHHOEe B 2.1.2 IpOCTPaHCTBO HENPEPBIBHBIX HA OT-
peske [a, b] dyuxuuit C([a, b]) B merpuke (2.7).

Onpenenenne 2.1.8. Merpuueckoe npocrpanctso (M, g) Ha3bIBAETCS 110-
HOJIHEHHEM MeTpHIecKkoro npocrpasctsa (M, d), ecan:

1.(M, c?) -IIOJTHOE METPUYECKOE TPOCTPAHCTBO.

2. CymecrByer m3oMeTrpudeckoe Baoxkenuwe J mpocrpanctsa M B 1po-
crpancTBo M, T.e. Takoe oToOparkeHue

J:MHM

merpudeckoro npocrpancrsa (M, d) B merpuueckoe npocrpancrso (M, d),
KOTOPOE YIOBJIETBOPAET YCJIOBHIO

V(z,ye M) dx,y)=dJ(z), J(y))
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3. DT0 m30MeTpHYECKOe BJIOKEeHHE J YIOBICTBOPLAET yCJIOBHIO: I JIOOOTO
sneMenta & € M cymecTByeT Takasi MOCJIeI0BATeIbHOCTD {x,} C M, uro

lim d(¢, J(z,)) = 0. (2.14)
n—oo
Teopema 2.1.1. 1. Jhoboe mempuueckoe npocmparcmeo uMeem nonosHe-
Hue.
2. Jhobwie dea nonoarenus 0anH020 MEMPUIECKO20 NPOCNPAHCINGEE MET-
PUMECKU USOMOPPHDL.

HoxkazarenncrBo.Ilycth My -MHOMXKecTBO Bcex mocsienoBarenbaocTeit Ko-
i ipoctpancrsa M @ {x,} € My, ecau mocaenoBaTeabuocTh {x,} yaoBie-
TBOpsteT yeaoBuio (2.13). Yeranosum B My COOTHOIIEHHE SKBUBAJCHTHOCTH:

(lim d(z,, 2)) =0) < ({x,} ~ {2],}). (2.15)
n—oo
CummerpuvnOCTS cooTHOmeHns (2.15) odeBmHA.
113 HepaBencTBa TpeyroabHUKA CJEAYeT, 9TO

/ 2
d('rn ) mTL

) < d(wn, @) +d(an, a),

n

MO3TOMY €CJIH

{zn} ~ {an}, {on} ~{an}, ro{an} ~ {a},

OTKYy/Ia CJIeJyeT TPAH3UTHBHOCTE cooTHomenus (2.15). TTostomy (2.15) neii-
CTBUTEJILHO yCTaHABIUBACT COOTHOIICHHE IKBUBaIeHTHOCTH. ITyCcTh M -MHOKECTBO
BCEX KJIACCOB 9KBUBAJICHTHOCTH 110 coornomenuio (2.15). Kiace sxBusasent-
HOCTH, KOTODBIil COAEPKUT HOCTIEA0BATEILHOCTD { X, }, MBI 0003HAMHM CHMBO-

JIOM [Z,,]. DTOT KJT1aCC 9KBUBAJIEHTHOCTH €CTh TOUKA MPOCTPAHCTBA M. Oupe-
senny B MHOKecTBe M paccrostue d, MOIOKIB 10 ONPEE/ICHHIO

d([xa], [yn]) = lim d(zn, yn). (2.16)

n—oo

[Ipenen B (2.16) cymecTByer s 1o6bx ocegosarenbuoctei Komu {x,} , {y,}
B M, Tak Kak B cuity HepaseHcTBa (2.9)

(@0 s Yyn) = d(@m s Ym)| < d(@n, T) + d(Yn s Ym)-

Hokazkem, uro dopmyaa (2.16) KOPPEKTHO ONpeessieT pacCTosHue B M ,
T.e. 9TO npaBas 9acThb (2.16) 3aBHCHT TOJBKO OT KJIACCA SKBUBAJICHTHOCTH
MOCJIeIOBATEIBHOCTH { Xy, } ¥ 9TO BBIIOJHEHO YCJIOBHE HEBBIPOKIEHOCTH PaC-
crostaus (2.2). Ecau

d([zn]; [ya]) =0,
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TO B cuity ompezenenuii (2.15) u (2.16) sTo o3navaer, 4To

TO3TOMY
Cummerpust paccrosaust (2.16) 1 HEPABEHCTBO TPEYTOJIBbHUKA MPOBEPAIOTCSI

TPUBHAIHHO.
[TocTpoum orobpazkenue

J:MHM,

MIOCTAaBUB B COOTBETCTBUE TOYKE ' € M TOT KJacc SKBUBAJEHTHOCTH [a:] S ]TJ/ ,
KOTODBIH COMEPKUT CTAIIMOHAPHYIO MOCJIEI0BATebHOCTD {X,, | 2, = x}. Hc-
HO, UTO TaK OIpe/leJIeHHOe 0TOOpaKeHrne eCTh H30METPUIECKOe BJIOYKEeHEHHE.
[Tokazkem, aTo OHO yjOBJIeTBOpsieT ycjaoBuio (2.14).

Iycrs € = [x,) € M. Tak kax {x,} -nocrenosarensuocts Komm B M, T0
V(e >0), In(e), Y(n >n(e)) : sup{d(z,, Tnim) | m >0} <e.

fcno, qaro

d(&, J(Tne)) = lim d(z, , Ty)) < €.

n—oo

Tenepsb gokazkem, uto M -moJHOe mpocTpancTio. [Tycrs {€, } -mocaejoBaTeibHOCTD
Komm B merpuke d. Ilyctb x, -Takoit sjement mpocrpancrsa M, KoTopblit
Y/IOBJIETBOPSIET YCJIOBUIO

d(&,, J(x)) < 27" (2.17)

Torma

d(@n, Tnim) = d(J(@n) ; J(Tnim)) <

d(gn ) '](xn)) + d(fn-&-m ’ gn) + d(fn-&-m ) J(xn+m))
S 2_n + 2_(n+m) + dv(gn—&-m ) gn)

CaenoBarenbHo, cooTHomeHue (2.17) comocTaBasgeT KaxKI0ii MOCJIe10BaTe b-
woctn Komm {§,} B mpocrpancrse M nociaenosaresbnocrs Komu {z,} B
npocrpanctee M. O6o3radamM cuMBOIOM &) TOT KJIACC SKBUBAJIEHTHOCTH, KO-
TOPOMY TPHHAJIEXKHUT olpeensiemMas 1o (2.17) mocaenoBarenbrocTh Korm
{z,} C M . Jokazkem, 4T0 3JeMeHT &) ecTh Mpe/ies HOCae0BATENbHOCTH &,
B IIPOCTPAHCTBE M.
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Bocnosb3oBaBimcenh HepaBeHCTBOM (2.17) u TeM hakToM, ITO MOCIe10Ba~
TEJLHOCTD {X,} ecTh mocseoBaTebHOCTh Ko B M, MBI TIOJIydaeM Hepa-
BEHCTBO

<27+ lim d(zp, Tm) < 27" + ¢,
m—0o0
ecan ToIbKO 1 > N (€). Utak, snemMent & ecTh Mpejies Mocae0BaTe bHOCTH
{£,} m monaHOTA MpOCTpAHCTBA M nokasana.

Tenepsb joKazKeM eMHCTBEHHOCTH TonoHeHust. [lycts (M, di) -nipou3BoabHOE
nonosHerne npocrpanctsa (M | d) u Jy -yaoBiaerBopsiotiee ycaosuio (2.14)
BJIOKeHue npoctpanctsa M; B mpocrpancrso M. [lisd KaxKaoro sjgeMeHTa
z € M; B mpocrpancTBe M CyIIECTBYeT Takasi MOCJEI0BATEIBHOCT {T,},
9TO

di(z, Ji(z,)) — 0, n — 0. (2.18)

Econu mocnemosareabnocts {x, } yaoBaersopsier yeaosuio (2.18), To ona ecth
mocJIeI0BaTeILHOCTL Kot B M, TaK KaK B CHTY W30METPUIHOCTH BJIOKEHUS

Ji

sup{d(z, , Tpim) | m > 0} = sup{di(Ji(z,), J1(Tpim) | m > 0})
— 0, n— oo.

Ecau mociepoBarenbrocTh {2} Takzxke ygpomerBopsier yciaouo (2.18), To
d(zy , ) = di(J1(zn), Ji(2])) — 0, n — oo, (2.19)

moTromy ycsobue (2.18) ycTaHABIMBAET B3AUMHO OJJHO3HAYHOE COOTBETCTBHE
MezKJIy TIpocTpaHcTBOM M W KjaccaMu SKBUBAJEHTHOCTH MO COOTHOIIEHUIO
(2.15) u Tem onpeesisieT B3aMMHO OJIHO3HAYHOE 0TOOPAKEHUE IPOCTPAHCTBA
M, A IPOCTPAHCTBO M. Jlerko BHJIETH, YTO 9TO OTOOPaKEHUE U30METPHIHO.
Teopema mokazana.

B pasibneiinem, nHOI/Ia HE OroBapuBas TO CIEIUAJIbHO, Mbl Oy/1eM c4u-
TaTh BCe MeTpUYIeCKHEe IPDOCTPaHCTBa IMOJTHBIMHU, TaK BCET'a Mbl MOZKeM IIpe /-
MOJIaraTh, YTO YzKe MepPelnii K MOMOJHEHNI0 PACCMATPUBAEMOTO TTPOCTPAH-
cTBa.

2.1.3 IlpuHIMO C2KMMAIOMINX OTOOPaKEHMIA.

Omnpenenenne 2.1.9. Orobparkenue

A:M— M (2.20)
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MEeTPUUIECKOr0O IPOCTPAHCTBA B ce0s HA3BIBACTCS CTPOIO CKUMAIOITUM, €CJIH
cyliecTByeT Takas KoHCTaHTa o < 1, 9To

ViezeM,ye M) :dA(z), Aly)) < ad(x, y). (2.21)

Sameuanne. Paubmre ynosiaersopsiomue ycaosuio (2.21) orobparkenus
HA3bIBAJIUCH CKUMAOmMuMU. Temepp B HEKOTOPHIX pabOTax CKHMAIOMINMI
0TOOpaKeHNsIMH HA3BIBAIOTCS TaKHe OTOOPAKeHHsl, KOTOPbIE YIOBIETBOPSI-
1ot yeaosuto (2.21) mpn a < 1.

Onpenenenne 2.1.10. Touka zy € M Ha3BIBaeTCS HENOABUKHONA TOUYKOM
orobpazkenus: (2.20), ecsn
xo = A(x). (2.22)

Teopema 2.1.2. Cmpozo corcumarowee omobpastcerue 6 NOoAHOM MeMpPu-
YECKOM NPOCMPAGHCMEE UMEET, HENOIBUNCHYI MOYUKY U IMA HENOOGUNHCHASA
mouka eJuHCMBEHHA.

JokazareancTro. CHavas a JTOKaYKeM CyIIeCTBOBAHWE HEMOIBUXKHOI TOU-
ku. IlycTs 21 -mpou3BOIbHBIN 3j1eMeHT mpocTpancTBa M. [locTponm moce-
JOBATENLHOCTD {X,} MO TPaBUIy

Tn1 = A(xy,). (2.23)
[To MHAYKIUE JETKO JOKA3bIBAETCH, UTO IIPU 1 > 1 CIIpaBeInBa OIEHKA
d(Tpy1, 1) < " Hd(A(x), 11),
U3 KOTOPOH cjleslyer, 4To
d(Tpim s Tn) < d(@ptm s Tnpm-1) + A Tnim—1, Tnim—2) + ...

oL (2.24)

<a" ' 4.+ o™ Nd(A(z), 21) < md(/l(xl) , T1)-

13 970it OEHKY CJeyeT, 4TO HOCIeI0BATebHOCTD {1, } dyHIaMeHTagbHa
7 MO3TOMY mMeeT Tpejiest. [ToioKuM 1mo ompe/iesieHno

To := lim z,.

n—oo

CupaseyinBa OIleHKa
d(A(zy) , A(zo)) < d(xy, 9) — 0, n — 00,
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II09TOMY Tepexo/id K mpejeny B (2.23), Mbl mOTydnM paBeHcTBO (2.22). Ecan
T( TAKKe YIOBJICTBODSET ypaBHeHuio (2.22), 1o

d(x()? 276) = d(A@:O)? A(x6>> < Oéd(ZL’O, ZE{)),
OTKYJa CJeIyeT, ITO
d(zo, xy) = 0.
Teopema mokazana.

Bameuanue. Aaroputm (2.23) Ha3BIBAETCS METOIOM IOCTEIOBATETHHBIX
npubJIMKEeHU 1 49acTO HCIHOJb3yeTcs Ha npakTuke. Ilepexosas k mpejesry
m — o0 B (2.24), MBI OJTy9aeM OIEHKY

d(z,, , zo9) < const.a",

U3 KOTOPOIl CJIeyeT, 4To MeTOJ, IOCJIeA0BATE/IbHBIX IPUOINKEHINA CXOUTC
9KCIIOHEHIUAILHO.

Paccmorpum npumep. Ilyers K(z, v, z) -onpejieseHHAS HA MHOXKECTBE
[a,b] X [a, b] x R! dpynkmma, KoTopas yI0BIETBOPAET YCIOBUAM:

LKz, y,2) €Clla, ) x [a, ] xR,
2.0.K(z,y,2)€C(a, b x [a, b] xR,
2. sup{(|K(z,y, 2)| +|0.K(x,y, 2)| |z, y, 2 € R'} = const. < o0.

[Iycte zo(z) € C(la, b]) -3amannas dbyukuus. PaccMoTpuMm HHTErpasibHOE
ypaBHeHHe OTHOCUTEIHHO Hen3BecTHON (hyHkunm z(x):

b
2(z) = (@) + 4 / K(r,y, =(y)) dy. (2.25)

J1st ToKa3aTebeTBa CyIecTBOBAHNsI PellleHns ypaBHenus (2.25) B IpocTpaH-
cree C([a, b]) ¢ meTpukoii (2.7) paccMOTpHM OIepaTop

A2)() = z0(@) + p / K(r,y, =) dy. (2.26)

DToT OlepaTOp KOPPEKTHO ompejeseH, Tak Kak npu z(z) € C([a, b)) mpaBas
qacTh (2.26) npunamnexur npocrpauctsy C([a, b]). Hamee umeem onenky

d(A(z1), A(22))

b
swsup{/ K.y, 2@) = K@, y, 20)|dy |« € [a, 0}
< const.|u||b — ald(z1 , z2),

13 KOTOpOil ciemyer, uto npu const.|u||b — a| < 1 omeparop (2.26) sBiser-
¢l CTPOTO CZKUMAIONINM U [OITOMY ypaBHeHHe (2.25) MMeeT eTMHCTBEHHOe
pemeHue, KOTopoe MOxKeT ObITH 1IOJIy4€eHO MeTOAO0M IIOCJ/IeA0BaTC/JIbHbBIX IIPU-
OJIMIKeHuit.
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2.2 TonoJiornyecKkne nNpocTpPaHCTBA.

2.2.1 OmnpeneneHne TONOJIOTUTYIECKOTO MIPOCTPAHCTBA.

Omnpenenenne 2.2.1. Tonosorug ma Muoxkectse X -3T0 Takas cucrema 7
[OJIMHOZKECTB MHOZKeCTBa X, KOTOPas yI0BJIETBOPSET YCJIOBHSIM:
1. TlycToe MHOXKeCTBO U BCe MPOCTPAHCTBO MPUHAIIE)KAT cucTeme 7

0eT,XeT.
2. JIroboe o0 beanHEeHNE MHOYKECTB U3 CHCTeMbl 7 TPUHAIIEKUT cucreme 7 :

A, eT: UAaeT.

3. Ilepeceuenne 106010 KOHEIHOrO YUCJIa MHOXKECTB U3 cUcTeMbl 7 IIpUHAI-
Jgexkur cucreme 7 :
A eT: () AjeT. (2.27)

1<j<N

dcno, ato B (2.27) 6bLIO GBI JOCTATOYHO HOTPEGOBATE, YTOOHI TIEpecede-
HUEe JIIO6BIX ABYX MHOZKECTB U3 CUCTEMbI T IIpHUHa/AJIe2KaJ10 6BI cucreMe T

Onpegenenune 2.2.2. MHoXKecTBa, KOTOpble IPHHAIIEKAT cucTeMe 7, Ha-
3BIBAIOTCS] OTKPBITHIMU MHOZKECTBAMY B TOMOJOTUH 7 (MJIH OTKPBITBIME MHO-
kectBamu Tonosorun 7T ).

MuoxkecTBO X BMeCTe C OIIpe IeIeHHOI Ha HeM TomoJiorueit 7 Ha3blBaeTCsd
TOIOJIOTHYECKHAM IIPOCTPAHCTBOM. [ 0BOPAT Tak:Ke, ITO CUCTeMa MHOXKeCTB T
ompeeaseT TOMOJOTHIO Ha MHOXKecTBe X . 3aMeTHUM, UTO TOMOJOTHEH Ha3bI-
BaeTcd W HayKa, KOTopas U3ydaeT TOMOJOTHYECKHE MPOCTPAHCTRA.

Ounpegenenne 2.2.3. B ronosorundeckoMm npocrpatctse (X, 7)) MHOXKECTBO
B C X mnaspiBaeTcs OKpeCcTHOCTHIO MHOXKecTBa A C X, ecam cylmecTByeT
Takoe OTKpbIToe MOkecTBO O € T | uro

ACOCB.

OTKprTOG MHOZKECTBO ABJIdeTCA OKPECTHOCTbIO Ka)K,ZLOfI CBO€Il TOYKH.

Jluckpemmnoti Tononorueil Ha MHOXKeCTBe X Ha3bIBAETCS TOMOJIOTHSI, KOTO-
pad COCTOUT N3 BCEX MOAMHO2KECTB MHOXKECTBa X B ,HI/ICerTHOfI TOTTIOJIOTUN
OTKPBHITHI BCE ITOJIMHOYKECTBA MHOXKECTBa, X .

Anmuduckpemmoti TOMOJIOrueil Ha3bIBAETC TOMOJIOIHS, KOTOPAs COCTOUT
U3 ABYX MHO2KECTB: @, X B aHTI/I,ZLI/ICerTHOI;i TOIIOJIOI'MK OTKPbLITHI TOJILKO
nBa MEOKecTBa (), X M IPYruX OTKPHITBIX MHOMKECTB HET.
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Omnpenenenne 2.2.4. [logmuoxkecrBo A C M MeTpHIecKOro mpoCTPaHCTBA
(M , d) orkpbrTo, ecin 160 A = (), mubo mas mo6oi ToUKU T € A MHOKe-
crBa A cymectByer map b(xg, €) ¢ IEHTPOM B 3TOi TOUYKe, KOTOPBIH comep-
xuresa B A.

Jlemma 2.2.1. Iepeceuerue 410062 08YT OMEPLINYLE 6 CMUCAE ONPEJeseH U
(2.2.4) mmoorcecme omrpvmo.

Hokazarenbctso. [Tycrb Ay, As OTKPBITBIE B CMBIC/IE Onipe/esenns (2.2.4)
IIOJIMHOZKECTBA MeTpudeckoro npocrpancrsa (M, d). Ecmm A\ B = 0, o
AN B orkpbito 110 onpegenennto. Ecim A(\B # 0 u g € A1) As, TO
TOT/IA

A(b(zo, €1) C Ay, b(xg, €2) C Ay),

MTO3TOMY

(e < min(ey, €2)) = (b(xg, €) C Ay ﬂAz).

CrenoBaTebHO, MHOKECTBO Aj (]| Ag YIOBIETBOPSET YCIOBUIO OMPEIETCHUST
(2.2.4).

CaenctBue 2.2.1. ITycmv O -cucmema noOMHOHCECNE MEMPUECKO20 NPO-
emparemea M, xomopvie omxpomos 6 cmoicae onpedeserus (2.2.4). Tozda
cucmema T = {0, M , O} zadaem monoaoeuro na M.

Onpenenenne 2.2.5. Tonomorus 7 = {(}, M, O}, rae O -cucrema or-
KDBITBIX B CMBICTIE ompejenenns (2.2.4) MOAMHOXKECTB METPHYECKOTO IIPO-
crpancTsa M, Ha3plBaeTCd €CTECTBEHHOH TOIOJIOTHell MeTpHYecKoro Ipo-
CTPaHCTBA.

Paccmorpum npumepsl JIPYTruX TOMOJOTHYECKHX MPOCTPAHCTB.

IIpumep 2.2.1. Pacemorpum nostyunaTepsad [0, 1) 1 Ha HEM CHCTEMY ITOJMHO-
JKECTB, KOTOpasi COCTOUT U3 Beex moayunreppasios [0, a), a < 1.

Jlerko IIPpOBEPUTDL, YTO 3Ta CUCTEMa IIOAMHOXKECTB YAOBJICTBOPACT aKCHO-
MaM TOIIOJIOTHH.

ITpumep 2.2.2. Pacemorum orpesok [0, 1] m paccMOTpuM Ha HEM CHCTEMY
o MuoKecTB (O, KOTOpas COCTOUT W3 BCEX JOMOJHEHUH K KOHEIHBIM MHO-
xkecrBam: A € O, ecm A = [0, 1]\ {z;,1 < j<n<oo},n=1,...
Cucrema muoxkecrs 7 = {0}, [0, 1], O} oupejessier TONOJIOrHIO Ha OTPE3Ke
[0, 1].

Omnpenenenne 2.2.6. Cucrema OTKPBITBHIX OAMHO)KecTB B C 7 TomoJoru-
geckoro mpoctpanctsa (X , 7 ) nazsiBaercs 6a30ii Tomosorun 7, ecan noboe
OTKPbITOE HOJMHOZKECTBO HPOCTPaHCTBa X eCcTb 00be/[MHeHUe MHOKECTB U3
cucremer B.

109



IIpumep 2.2.3. Ba3zoii ecTecTBEHHO TOMOJIOTUHA METPUIECKOT'O TPOCTPAHCTBA
spisieTcs cucrema mapos B = {b(x, €) |z € X, e > 0}.

OjpHa u Take TOIOJOIHS MOXKeT OBITh 33/aHa C IMOMOIIBI0 Pa3HBIX 0as.
HaHpI/IMep, ecreCTBeHHad TOIOJIOTHA METPHYCCKOI'O IPOCTPaHCTBa MOZKET
OBITH 3aJaHa ¢ MOMOIIBIO CHCTEMBI TITAPOB ¢ PAIMOHAJIBLHBIME PAINYCAMHU.

Jlemma 2.2.2. Ecau cucmema muootcecms B ecmsb 6a3a monoaoz2ul ma mo-
noaozuueckom npocmpancmee (X | T), mo

b1. /laa mobozo x € X cywecmsyem makoe muoscecmso B, € B, umo
r € B,.

b2. Ecau By, By € B u x € By Bs, mo cywecmeyem maxoe By € B,
wmo x € By C By () Bo.

JlokazaresnbcTBo. [lepBoe yTBep:KjieHHe CJiejayeT W3 TOro, 4TO BCE IMPO-
crpancTBO X ecTh O0beInHEeHne MHOMKECTB u3 cucrembl 3. Bropoe yTeep-
KJIEHUE CIIeJyeT U3 TOro, 9T0 MHOXKeCTBO B () By OTKPBITO H MO3TOMY €CTh
o0beIMHEHNEe MHOYKECTB M3 CHCTeMBI 3.

Jlemma 2.2.3. ITycmo B -cucmema nodmmnooicecme npocmparcmea X, xo-
mopas ydosaemeopaem ycrosuam bl u b2 aemmor 2.2.2. [Tycms O -cucmema
NOOMHOHCECNE NPOCMPAHCNEa X, KOMOPaA cOCMOoum us3 ecex 0bseduHeHul
mroocecms cucmemv B. Tozda cucmema mmnoocecrne {0, X, O} onpedens-
em monosozuto 1a npocmparcmsee X, 0ad Komopot cucmema mroorcecmes B
Aeasemces 6a304.

HokazaresnbcTro. Jloctarodno gokasarh, ato ecian O, Oy € O, 10 O ()03 €
O. Ilycrn

O =JVa, O:=JVs. Va. V5B
u x € O1()0,. Toraa cymectsytor Takue V,,, Vj u3 cucremsr B, uto
reVl xeVy,

TMO3TOMY

reV,cVI(\V4.V,€B.

Caenosarenbro, MEOKeCTBO Of () Oz €CTh 00be THHEHNE MHOXKECTB U3 CHCTe-
MBI B ¥ TO3TOMY HpHHALIEKUAT cucTeMe MHOXKecTB O.

[Tycts By -npon3Bo/ibHas CUCTEMA TOAMHOZKECTB MHOYKECTBA X , KOTOpas
VIOBJIETBOPSIET YCJIOBHIO:

X =JVa. Va€Bo. (2.28)
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[lycts B -cucrema IMOIMHOXKECTB MHOXKECTBa X, KOTOpasl COCTOUT H3 BCEX
nepecedeHuil KOHETHOr0 YHC/Ia MHOXKECTB U3 cucTeMbl By:

BeB: B= m Bj,BjEBQ,TL:L...

1<j<n

JIerko BuAeTh, 9TO TaK IMOCTPOEHHAsl CHCTEMa MHOMKECTB [B yI0BJIeTBOpsieT
yeaoBuam bl u b2 m moaTromy sBjisieTcst 6a30fi TOMOJIOrUM HA MHOXKecTBe X.
Cucrema By HasbiBaercs npedbasoti monosozuu ¢ 6a3oit B.

[IpuBemem npuMep 3aJaHUs TOTMOJOIUN € MOMOIIBIO Oa3bl TOIMOJOIHH.

IIpumep 2.2.4. Ilycte X -0KpyKHOCTH pajuyca 1 u B -MHOKeCTBO AyT [ ¢
YTJIOBBIMH KOODIMHATAMH

I={¢|pl < dp<¢2,0< ¢l <¢2<2r}C X. (2.29)

MuoxkectBo B obpasyer 6a3y ronosioruu. [Ipocrparncrso X B 910it ToMm0-
JIOTUH €CTh CBEPHYTas B OKPYKHOCTD NpsiMast 3oprerdpest (Ipyroe Ha3BaHUe
9TOTO TOMOJIOTTIECKOTO MTPOCTPAHCTRA -CBEPHYTOE B OKPYZKHOCTH MTPOCTPAH-
CTBO CTDEJIOK).

[IpuBesem npumep 3a/aHUs TOMOJOTHN C HOMOIIBIO MPeI0a3bI.

IIpumep 2.2.5. Ilycts X = R, u By -cucrema 1oy6ecKoHeYHBIX HHTEpBa-
0B Buga (—oo, a), (b, 00), a,b € R Dra cucrema obpasyer npenbasy
ecTecTBenHoi Tonosorun Ha RY.

Onpenenenne 2.2.7. MHoxKeCTBO TeX 3JeMEHTOB 0a3bl TOLOJJOIMU, KOTO-
pble cojJiepKaT JAHHYIO TOYKY T, Ha3blBaeTcs 0a30il TOMOJOIUU B TOYKE X
WK JIOKAJILHOM 0a30ft TOTOJIOTUH.

dcHo, 9TO A4 3a7aHUA TOINOJOIHH AOCTATOYHO B KaXKJOW TOYKe IIPO-
CTPAHCTBA 33JaTh JIOKAJBHYIO 623y TOIOJOTHH.

Onpenenenne 2.2.8. CucreMa OKPeCTHOCTEH TOUKHU & Ha3bIBaeTCs (PYHIA-
MEHTAIBHON CUCTEeMON OKpeCTHOCTE! B TOUKE I, eCJu JIF000H 3JeMeHT 0a3b
TOIIOJIOIMHU B TOYKE T COJAEPzKUT OKPECTHOCTDL U3 3TOU CUCTEMBI.

Onwminem 3aaHne TOIMOJOIHA B IPOU3BEIEHAN MTPOCTPAHCTB.

CuavaJia HAIIOMHHM OIpeIeIeHIe 1eKapToBa IPOU3BeIeHIs IIPOCTPAHCTE.
[Iycrs [ -nipousBojibHOe MHOXKecTBO. [Ipejnosoxum, uro kaxipomy 7 € [
IIOCTABJIEHO B COOTBETCTBHE MHOXKECTBO X,.. PaccMOTpuM MHOXKECTBO BCeX
dyHKI#i, KOTOphie KayKJI0My T € [ cTaBAT B COOTBETCTBUE dJEMEHT MHOMKe-
crBa X,

I>517— 2, € X,.
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9TO MHOXKECTBO (DYHKIHI Ha3bIBAETCd JE€KAPTOBLIM IIPOU3BEJICHUEM IIPO-

crpancrs X, u obo3Havgaercs cumBoom | [ X, .
Tel
[Tpuenem mpumep. IlycTh [ -3T0O 0Tpe30K HATYpPaJILHOTO psja:

[={1,...d}, X, =R"

B sToM ciydae Touka npoctparcTsa [ [ X, -310 hyHKIHA, KOTOPast KazKI0MY
Tel

ancay 7 € {1,...d} craBur B cooTBercTBHe TOUKY =, € R'. MuoxkecTBo

3Havennit 1o pynkuun (1, o ... T4) €CTH ToUKa mpocTpancTsa RY.
Tenepb PEAIIOIOKIM, 9TO KAXK/I0e MHOKECTBO X, €CTh TONOJIOIHIECKOe

IPOCTPAHCTBO ¢ Tonojorueii 7,. B 1ekaproBoM Mpon3BeJeHN TPOCTPAHCTB

[T X, pacemorpum cucremy BB moAMHOXKECTB BHIA
Tel

BeB:B=]]0O.,0,€T. (2.30)

Tel

rae O, = X, J11s Bcex T, 3a UCKIYEHNEeM KOHEYHOTO YNCJIa HHIAEKCOB T € 1.
9Ta cucTeMa IMOAMHOXKECTB 3a74aeT 0a3y TOINOJOTHH B JeKAPTOBOM ITPOU3BE-

JeHUU H XT, 1 MOpPOXKIAcHHadA 3T0H 623011 TOMOJOINA HAZLIBACTCA TMULOHO6-
Tel
ckotll monoaoauel IIpoOu3BeJeHUA ITPOCTPAHCTB. O06BI1YHO TIO YMOJI9aHHUIO CHHU-

TaeTCs, 9YTO JEKAPTOBO IPOU3BEIEHNE TOMOJOTMYECKHUX IIPOCTPAHCTB CHAD-
2KEHO TUXOHOBCKON TOIOJIOIHUE.

2.2.2 3aMKHYTbIe MHO>KECTBA.

Omnpenenenne 2.2.9. MuoxkectBo A C X B TOMOJOIHYIECKOM TTPOCTPAHCTBE
(X', 7) nassiBaeTCst 3aMKHYTHIM, €CJIH €ro JIOMOJTHEHNe OTKPBITO:

(Azamkuyro) <= (C(A) e T).

[Ipuseiem nmpuMepbl 3aMKHYTBHIX MHOzKeCTB. Bee nmpocrpancrBo X u 1y-
cTOe MHOXKECTBO () 3aMKHYTHI B TI000M TOHNOJIOTHYIECKOM TIpocTpancTse. Or-
pe3ok [a, b] ecTh 3aMKHYTOE MHOXKECTBO B €CTECTBEHHOW TOMOJOTHH TPO-
crpancrea R'. B npumepe 2.2.4 kaxkmpoe MHOKeCTBO BHaa (2.29) ecTh OHO-
BPEMEHHO M OTKPBLITOE U 3aMKHYTOEe MHOXKECTBO.

13 onpenenenns ronosorun u (opmya jge Moprana caeayer

YrBepxkaenue 2.2.1. Jhoboe nepeceuenue 36 MEHYMBLLT MHONHCECTNG 3AMKEHY-
mo U 00Be0UHEHUE KOHEUYHO20 YUCAL 3AMKEHYMBLL MHOACECTNE 3AMEHYMO.
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Onpenenenne 2.2.10. 3ampikannem Cl(A) muoxkecTBa A Ha3bIBaeTcs me-
pecedeHre BCeX 3aMKHYTHIX MHOXKECTB, KOTODPBIE COJIEPKAT MHOZKeCTBO A:

Cl(A) := m B, B 3aMKHYTO. (2.31)
ACB

BambIKaHIe MHOXKeCTBa BCer/Ja CyIecTByeT ( Bce MPOCTPAHCTBO eCTh 3a-
MKHYTO€ MHOXKECTBO M COJEPYKHUT JI000€ MHOYKECTBO, IIO9TOMY IepecedeHue
BCEX 3aMKHYTBIX MHOXKECTB,COJEPKAIIUX JAHHOE MHOXKECTBO, BCErJa OIpe-
JeJIEHO) W 3aMBIKAHUE MHOXKECTBA eCTh HAMMEHbIIIee 3aMKHYTOE MHOYKECTBO,
KOTOPOE COAEPKUT MHOKECTBO A.

Sameuanne. [lo-aHrmiicKn 3aMKHYTOe MHOXKeCTBO -3T0 closed set, n 3a-
MBIKaHIe MHOKECTBa 9acTo 0003HAYaloT cuMBoioM A (Kak cKa3alm aBTo-
Py CTYJIEHTBI, 4ePTa CBEPXY CHUMBOJIU3UPYET KPBIIIKY, KOTOPOH MHOZKECTBO
closed). Onnako 310 0603HAYEHNE HE COBCEM YIOOHO, €CJIU HA JIAHHOM MHO-
2KECTBE PACCMaTPUBACTCH HECKOJIBKO TOILIOJIOIUI U HY2KHO LHOACHUTDH, B KaKO’
TOMOJIOTHH OepeTcs 3aMbIKaHUE.

Omnpenenenne 2.2.11. B Tomo10rngecKoM NpoCTPAHCTBE TOUKA T( HA3LIBA-
eTCs TOYKOI MPUKOCHOBEHUSI MHOXKECTBa A, ecju J06ast OTKPhITas OKPeCT-
HOCTHb TOYKU To UMeET HEeIIyCTOe IepecedeHrue ¢ MHOXKECTBOM A

JIrobas Touka muOKecTBa A ecTh TOUYKa ero npuxkocuoBeHus. Touku 0, 1
eCcTh TOYKH TIPHKOCHOBeHNU jijist mHTepBasa (0, 1) B ecTecTBEeHHOI TOMOIOIHN
npamoit R!.

Teopema 2.2.1. Muooicecmeo ecex mouex npuKocHOBEHUA MHONACECNEA COG-
nadaem ¢ €20 3aMUKGHUEM.

JlokazarenbcTBo. O0O3HAMNM MHOZKECTBO TOUYEK MPUKOCHOBEHUS MHOYKE-
crBa A cumBosiom [A]. JTokaxkem, uro [A] -3aMKHyTOE MHOXKecTBO. [lycTh
zo € C([A]). Torma cymecrByer Takas OTKPbITas OKPeCTHOCTL V (xg), 4TO
V(zo) A = 0. JokazxkeM, 9T0 9Ta OKPECTHOCTH YJOBJIETBOPSAET YCJIOBHIO:
V(zo) NIA] = 0. Iycts yo € V(o) ([A]. Tak xax yo € [A] u V(zg) ectb oT-
KPBITask OKPECTHOCTHh TOYKH Yo, OKPECTHOCTD V (o) J0/ZKHA IMETh HeIryCToe
IIepeceuenme ¢ MHOXKECTBOM A, a 910 nporuBopeunt ee Boibopy. CiieoBare b
HO, TOYEK mepecedenus okpecrnoctu V(o) u Muoxecrsa [A] me cyrmectByer
M OKPECTHOCTDH V(X)) MpHHAIEKUAT JTOMOTHEHHI0 MHOKecTBa [A]. Orciona
CJIeJIyeT, UTo JIOMOJHEeHne MHOXKecTBa [A] OTKpBITO, a caMo MHOXKeCTBO [A]
3aMKkHYTO. Tak kak Cl(A) -HauMeHbllee 3aMKHYTOE MHOYKECTBO, KOTOPOE CO-
JACPZKUT MHOZKECTBO A, MBI JOJIZKHBI UMETH BKJIIOYCHHE!:

Cl(A) C [A]. (2.32)

113



JlokazkeM, 9TO BBIIIOJTHEHO BKJIIOYEHHUE
C(C1(A)) ¢ C([A). (2.33)

[Iycts 29 € C(CL(A)). Tak xak C(CI(A)) OTKPBITO, TO CYIECTBYET TaKas
OTKPBITast OKPECTHOCTH V (g) TOUKH Xg, 910 V (29) C C(CIL(A)). Dra okpect-
HOCTH yjioBJerBopsier yeiaosuio V(zg) [ CL(A) = (). TTosromy V (zo) (A = 0.
Caenoarenbho, xg € [A], uro u mokaseiBaer (2.33). 13 (2.32) u (2.33) cie-
JIyeT YTBEPXKIeHNEe TeOPEeMHbI.

CaencrBue 2.2.2. B mempuueckom npocmpancmee mouka Ty 6 mom U
MOALKO MOM CAYHGE NPUHAOAEHCUM 3AMBKAHUIN0 MmHodcecmea A, ecau 6
mHooHcecmee A cyuiecmsyem nocaed08aMEALHOCY, KOMOPGA CLOOUMCA K
mouke Tg.

JI1s1 moKazaTebCcTBa 9TOrO YTBEPKICHUS JOCTATOYHO 3aMETUTh, UTO B
CUJIYy TOJBKO 9TO JOKA3aAHHON TEOPEMbI B METPHIECKOM IPOCTPAHCTBE TOTKA
Top B TOM W TOJBKO TOM CIydae HPUHAIIEKUAT 3aMBIKAHUIO MHOKecTBa A,
ecan JII000I Tap ¢ HEHTPOM B TOYKE I TTEPECEKAETCsT ¢ MHOKECTBOM A.

W3 onpenenenust 2.1.4 ciieiyeT, 9TO PACCTOSHUE MEXKIY TOUKOU H MHOZKe-
CTBOM PaBHO HYJIIO B TOM U TOJHKO TOM CJIyYae, eCJIU CYIIecTBYeT IIPUHAIIe-
JKaIasi MHOYKECTBY TIOC/IE0BATE/IHHOCTh, KOTOPas CXOAUTCS K ITOH TOUKE.

[Tosromy u3 2.2.2 BbITEKAET

Caencrue 2.2.3. Ecau A -3aMEHYMOE NOOMHONCECTIEO MEMPUUECK 020 PO~
cmpancmea, mo r € A 6 mom u moavko mom cayyae, ecau dist(z, A) = 0.

BaMeTI/IM7 YTO pacCCTOodHUEe MEKAY ABYMA 3aMKHYTBIMHU HEIIepEeCCKaIOoIn-
MHCS MHOXKECTBaAMH MOXKeT ObIThb paBHO HYy.JI0. [IpuBenem npumep. B mioc-
koctu R? ¢ 06BIMHOM TOHOIOTHeH PACCMOTPHM MHOMKECTBA

A={(x1, x3) | ;129 =0}, B={(z1, x2) | 2122 = 1}.

MuOKecTBO A -3T0 KOODIMHATHBIE OCH, MHOXKECTBO B -3T0 JBe IHIpOOJILL.
MuoxkectBa A n B 3aMKHYTH 1 He nepecekatorcs, no dist(A, B) = 0.
Ba}KHoe CBOHCTBO 3aMKHYTbBIX MHOZKECTB B IMOJITHOM METPHUYCCKOM IIPO-
CTPAHCTBE ONMCHLIBACTCS B TEOpeMe, KOTOPad MO UCTOPUYCCKHM MPUITHAM
HOCHT Ha3BaHHEe TeopeMbl Bspa o kareropmsax. TepMuH Kareropusg B 3TOM
HA3BAHUY HEe UMeeT HUYEro OOIIETr0 CO CBOMM COBPEMEHBIM 3HAYCHUEM.

Teopema 2.2.2. Ecau noanoe mempuveckoe npocmparcmseo M ecmv cuem-
Hoe 00BeduHeHUe CBOUT 3AMKHYMDBLT NOOMHONCECTNG:

M = JA,, Vn: Cl(4,) = A,
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Mo 00HO U3 FTNUL NOOMHONCECTNG COOEPHCUM, OTEDPLIMVLT WaD:
A(An, €>0,b(zo, €))) : b(zg, €) C A,.

JokazarenncTrBo. Ecan M = Aq, To Bce J0Ka3aHO: MHOKeCTBO A; comep-
»xkut Bee mapbl npocrpancrea M. Ecau C(A;) # 0, to muoxecrso C(A;)
OTKPBITO U COJAEPXKUT 110 KpaiiHeil Mepe omay Touky x1. CiiegoBaTesbHO,
muaO0KecTBO C(A]) COmepAKUT OTKPHITHIH TIap:

3[)(1’1, 61) C C(Al)

OdeBuaHo, 4TO
xl ) ﬂ Al == @

Ecau map b(xq, €;/4) comeprurcst B MHOXKecTBe Ag, TO Bee jokazano. Ecin
b(zy, €1/4) ¢ As, To muoxectBo C(Ay) () b(x;, €1/4) OTKPBITO U COAECPIKUT

110 Kpaifneii Mepe oJiHy TOUKY 5. CiegoBarenbro, MHOKecTBO C(A2) (] b(x1 , €1/4)
COJIEPZKHUT OTKPBITHIIT 1Iap:

Ib(ws, €) 1 b(az, €2) C C(Az)()b(x1, €1/4)
Mpbr MozkeM BBIOpATH pajuyc 3TOro mapa Tak, 9To
€y < 61/4 .

OueBuHO, 9TO

bz, e2) () (Al UA2> — 0.

Tak Mbr 160 HA N-OM TTare MOCTPOEHUs TTOJIYIUM TAP, KOTOPHIH IEJITKOM
COJEPKHUTCA B MHOXKeCTBe A,,, 100 MOCTPOUM OECKOHEUHYIO MOCJIeI0BATE hb-
HOCTB mapoB {b(x,, , €,)}, KOTOPBIE YIOBJIETBOPSIOT YCIOBUSIM:

1
b(.lfn, En) o b(xn> En/4) D) b(xn-l—l ) 6n—i—l) D €nt1 < Zena
bz, , en)ﬂ< U Aj> =0, . (2.34)
1<j<n
Od4eBuHO, 9TO
d(Z‘n7 xn+m) S d(ZL’n, xn—o—l) . d(xn—&—m—ly xn—l—m) S
1 (1+1+1 1+ )<1
4€n 1 11 Ce 3€n .
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Tak Kak €, — 0, n — 00, TO OTCIOJIA CJIEJIYET, YTO HOCIEI0BATENbHOCTD { X, }
CXOIIUTCs, TPUYIEM ee MpeesT To JeKUT B mape b(x, , €,):

1
Vn: d(x, , xg) < §6”'
B cuny coornomenns (2.34) orciona ciaeayer, 9ro
Vn:xo & U Aj,
1<j<n

qero ObITH HE MOXKeT, Tak Kak xg € M. Teopema jgokazana.

B 3aKJIIYEeHUn 3aMeTI/IM, 9TO B TOIIOJOTNYECKOM HpOCTpaHCTBe MHO>Ke-
CTBO MOKET OBITh OTKPBITBIM, 3aMKHYTBIM, OTKPBITBIM U 3aMKHYTBIM OJIHO-
BPEMEHHO M HH OTKPBITHIM, HA 3aMKHYTBIM.

2.2.3 HenpepbIBHBIE 0TOOpaXKeHU4.

Omnpenenenne 2.2.12. Orobpazxkenue
f: XY (2.35)

(mo aryroii TepmuHOoOrHIN: BYHKIUSA ¢ 06aacThiO onpejeterust X u obaa-
CTHIO 3HAYEHUH Y) TOMOJOIMYECKOro MpOCTpAaHCTBA X B TOHOJOTHYECKOe
MPOCTPAHCTBO Y HA3BIBAETCH HEMPEPBIBHBIM B TOUYKe Xy € X, ecju npoobpas
Y (V(yo)) € X moboit okpecrrnocru V(yg) C Y Toukn yo = f(xg) ecrnb
OKPECTHOCTD TOUKH X.

OueBugHa

Jlemma 2.2.4. Omobpascenue (2.35) menpepuweno 6 mouke ro € X, ecau
daa mobozo mmoocecmea V(yo) € Blyo), 2de B(yy) C Ty -aoxaaviaa 6asa
monoaozuu 6 mouke Yo = f(xg), cywecmeyem maxas oxpecmuocms U(xg) €
B(xog) C Tx u3 aokaavhol 6azv, monoasozuu 6 mouke To, wmo f(U(xg)) C

V(QO)-
Orciona caempyer

Jlemma 2.2.5. Omobpasicenue
fl Ml — MQ

mempueckozo npocmpancmea (M, dy) 6 mempuueckoe npocmparcmeo (M, ds)
HENPEPBLLEHO 6 MOYKE Lo, ECAU

V(e > 0), 3(0(e) >0): f(b(xg, d(€))) C b(f(z0), €). (2.36)
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Kak u B Kypce MareMaTHYeCKOIO AaHAJIU3a, JIEMKO JIOKA3bIBAETCSH, YTO
yeaoBre (2.36) 9KBUBATICHTHO YCJIOBHIO:

V{zn}: (20 — 20) = (f(70) — f(20))-

Omnpenenenne 2.2.13. Orobpazkenue (2.35) TOMOJOTHIECKOTO HPOCTPAH-
crBa X B TOIIOJOIHYECKOE IIPOCTPAHCTBO Y HEIPephIBHO, €CIM OHO Herlpe-
PBIBHO B KaxKJI0fl TOUYKe npcrpancrsa X.

[Ipumepbl HEMTPEPBIBHBIX OTOOPAYKEHUH XOPOIIO U3BECTHHI: Jiiobast (PyHK-
1Usl, KOTOpas HempepbiBHA Ha oTpeske [0, 1] B cMbicsie TOro onpe/ieieHusi, KO-
TOPOE TABATIOCH B KypPCe MaTeMaTHIeCcKOro aHAIN3a, €CTh HelPePbhIBHOE 0TO0-
pazenue orpeska [0, 1], paccMaTpuBaeMOro Kak METPUIECKOE IPOCTPAHCTBO
¢ merpukoii d(z, y) = |r — y|, B geficrBurensuyio npsmyio R, paccmarpu-
BaeMYIO0 KaK METPUYECKOe IIPOCTPAHCTBO € TOH Ke MEeTPUKO.

3aMeTnM, 9TO HENPEePHIBHO OTOOpazKeHne WJIN HeT, 3TO CBOUCTBO 3aBU-
CUT ¥ OT TOTOJIOTHH B ODJIACTH OmpejieeHus (DYHKIIMU, U OT TOMOJOTUU B
obJiactu 3nadenuit pyukiuu. Jlrodoe orodparkenue JUCKPETHONO IPOCTPAH-
cTBa B JiI0O0OE POCTPAHCTBO HenpepbiBHO. Ha aHTHIMCKpETHOM TPOCTpAH-
CTBE HENPEPHIBHBI TOJIHKO MOCTOSIHHBIE OTOOPaykeHusi, a oTobpaskeHnue 11060~
ro TPOCTPAHCTBA B AaHTHAMCKPETHOE HelpepblBHO. Ha onpenenenHoM B mpu-
Mepe 2.2.4 mpocTpaHcTBe (CBEPHYTOM B OKPY2KHOCTH ITPOCTPAHCTBE CTPEJIOK )
paceMoTpuM PYHKITHIO

0,0<op<m
1, 7 < ¢ < 2.

f(¢) =

Jlerko BuyieTh, 4T0 3Ta (PYHKIUA HEIPEPbIBHA, €CJU €€ PACCMATPUBATH KaK
0oTOOpaKeHue CBEPHYTOI'0 B OKPYKHOCTb MPOCTPAHCTBA CTPEJIOK B JICHCTBH-
TEJAbHYIO IPAMYIO C €CTECTBEHHON TOIOJIOrueit.

Teopema 2.2.3. Ilycmo
f: XY

-omobpasicenue monosozuveckozo npocmpancmea (X, Tx) 6 monosozuue-
cxoe npocmparncmeo (Y | Ty). Caedyrowue ycrosua IK6UBAAECHMHYL:

1. f nenpepwisno na X.

2. Obpaz 3amuikaHUA 4100020 MHONCECTBG COOEPHCUMCH 68 3AMBIKGHULU
obpasa:

V(A C X): f(CL(A)) C CI(f(A)). (2.37)

3. IIpoobpas 2106020 3aMKEHYMO20 MHOHCECMEBEG 3AMKHYM:

(B =CI(B)) = (CL(f '(B)) = f(B)). (2.38)
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4. Hp006pa3 6CAKO20 OMMKEPBLINOZ20 6 Y wmmoocecmsa omgpwtim 6 X:
V(B S Ty) . f_l(B) S Tx. (239)

Jokaszaresbero. JIoKaxKeM, 9TO M3 1EPBOTO YCJIOBHS CJELYET BTOPOE.
[Iycts oTobpakenue f HeNpepbIBHO B CMBIC/E omnpenenenus 2.2.13 u xg €
Cl(A). Ilycts V(yo) € 7y -upomsBosibHasg OTKPBITAsg OKPECTHOCTH TOYKH
Yo = f(xo) mw U(xo) € Tx -Ta OKPECTHOCTH TOUKU T, KOTOPAs B CHIY OIpPe-
JeJIeHUsT HETPEPBIBHOCTH YIOBJIETBOPSIET YCIOBUIO

f(U(x0)) C V(yo)

Tak kak g € Cl(A), to U(zg)(A # 0, mosromy f(U(xo))()f(A) # 0.

CremgoBaTebHO,
V(o) [ /(A) #0.

Mui A0Ka3aJI1, 9YTO IIPOU3BOJIbHaA OTKPbITAd OKPECTHOCTL TOYKH Yo IIEepece-
kaercst ¢ MHOkecTBOM f(A). Orciona caenyer, uro yo € C1(f(A)) u mosTomy

F(CI(A)) C CI(f(A)).

Teupb Jlokazkem, 4T0 U3 BTOPOI'O yCj0BuUd cjiejiyer Tperbe. [lycrs B 3aMKHY-
toBY u A= f"1(B). Torna

f(C1(A)) C CI(f(A4)) = CI(B) = B,

IO3TOMY

ClA) cf'(B)=A

n A 3aMKHYTO.
JlokazkeM, 9TO U3 TPeThero ycJoBUs BbITeKaeT 4yerBeproe. Ecam A o1-
KpbITO, T0 C(A) -3aMKHYTO, HOITOMY MHOKECTBO

C(f(4) = f(C(A))

3aMKHYTO, a 9TO M O3HadaeT, 4To MHOxecTBO [ 1(A) oTKpbITO.

Eciu BbITo/IHEHO YeTBEPTOE YCJI0BHE, TO B KAXKI0# TOUKe x € X BBITIO-
HEHBI YCIOBHUS JeMMBI 2.2.4, T03TOMY 0TOOparKeHHe HelMpPepPhIBHO B KazKIOi
Touke r € X, T.e. HenpepbIBHO. TeopeMa gokazaHa.

[Tepeuncanm HEKOTOpBIE OUEBHIHBIE CBOMCTBA HENPEPBHIBHBIX 0TOOpazKe-
HUM.

Ecim orobpazxenue (2.35) nenpepsiBio, Imf = Y u orobpaxkenue g: Y —
Z HENPEePBIBHO, TO KOMIO3uImsa oTobpazkenuit g o f : X + Z HenpepbIBHA.
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Ecau {f,} -npousBosnbHOe cemeiicTBO oToOpazKkenuii MaO)KecTBa X B TO-
MOJIOTHYIECKHE TPOCTPAHCTBA Y (), TO CHCTeMa MHOKECTB

B={0]0=f"(4), Ae Ty}

ompeaessdeT Ha MHOXkKecTBe X 0a3y TONOJOIHMH, B KOTOPOR BCe OTOOPAKEeHUST
fo HEIIPEPBIBHBI. DTa TOMOJOTHS HA3BIBAETCS UHUUUGAbHOT MONos02uet s
cemeiicTBa orobparkenuii { f, }.

B uactrocTH, onpenensiemast o (2.30) 6asza TOMOJIOTHE B MPOM3BEICHUH

[ X mpocrpancTs siBisieTcst HHUITAIBHO TOMOJIOTHER OTHOCHTEIHHO KO-
Tel
HEYHBIX CUCTEM OTOOpaKeHUl TPOEKTUPOBAHUS

P(r(j): [[Xr = Xy 1< < (2.40)
PN [r) = z-¢- (2.41)

Ecin { fo } -cemeiicTBO MPOU3BOIBHBIX OTOGpaZKeHHH TOMOIOTHIECKIX TPO-
crpancTB X () B MHOXKECTBO Y, TO CHCTEMa MHOXKECTB

B={B|f,(B) € Tx}

olpeJiesigeT Ha MHOXKeCTBe Y Ipendasy TOIOJIOIHH, B KOTOPOIl Bce oToGpaske-
uust { f,} HEIPEPBIBHBI. DTa TOMOJOTUS HAZBIBACTCS HuHaAbHOT MOnoso2uel
BY.

Ecim 7y , 75 -aBe TONOIOTHH Ha MHOXKECTBe X, TO MOBOPAT, YTO TOIO-
norus 7 cunbhee (obo3uadenue 7y = 73) ronosoruu 7y (wau tonosorust 7o
cnabee Tononorun 71), eciu Ty C Tq, T.e. ecid KazKJI0e MHOZKECTBO, OTKDBI-
TOE B TONOJIOTHH 7o, OTKPHITO ¥ B Tomosoruu 7;. Ecin BKI04YeHns crporue,
TO TOBOPST, YTO COOTBETCTBYIOIIAs TOMOJOTHS CTPOTO CuIbHee (ciabee).

s Toro arobsr Tonosorust 7, Obita Obl cujibHee Tomo0THN 7o, HEOOXO-
JIIMO U JIOCTATOYHO, 9TOOBI ObLIO HEIIPEPBIBHBIM TOXKIECTBEHOE OTOOpaKEHHIE
npocrpancrsa (X , 77) B mpoctpanctBo (X | T3).

Ecmn A C X npousBobHOE TOAMHOXKECTBO TOIMOJOTHYECKOrO MPOCTPAH-
crBa (X, 7Tx), To Ha MHOXKeCTBe A MOYKHO BBECTH TOMOJIOTHIO T4, TOTOKUB
o oupexenennto Ty = {0, A, AN O}, rne O € Tx. Tounonorns T, Ha-
3BIBAETCSA UHAYUUPosaHHot monosozuet. Boobiie roBops, OTKPHIThIE W HJIN
3aMKHYThBIE€ IMOAMHOZ?KECTBa TOIIOJIOTUN 7j4 HE dBJIAIOTCA OTKPBITBIMH HJIA
3aMKHYTBIMH ITOJMHOXkKecTBaMu Tonojorun Ty. Ilpusenem mpumep. Ilycrs
X =R! ¢ oberanoit Tomomorueit u A = [0, 1). B sTom ciyqae MHOKecTBO A
B TonoJjiorun Ty HU OTKPBITO, HU 3aMKHYTO, & B TOHOJOrUU T4 MHOKECTBO
A ¥ OTKPBITO, U 3aMKHYTO.
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Jlemma 2.2.6. Ecau A -omrpbimoe nodMHOHRCECMBO MONOA0ZUMECKO20 NPO-
cmpancmea (X | Tx), mo nodmnosicecmeo B C A omxpwmo ¢ monoaozuu Ty
68 MOM U MOALKO MOM CAYUGE, ECAU MHONCECME0 B omkpuimo 6 monoao2uu
Tx. FEcau A -3aMKHYMOE NOOMHOHCECMBO MONOA02UBECKO20 NPOCTPAHCNEE
Tx, mo nodmmuoscecmeo B C A samruymo 6 monosozuu T, 6 mom u moavko
MOM CAYHGE, eCAU MHoxcecmso B samxrnymo 6 monoaoeuu Ty .

JokazarenscrBo.Eciim A m B C A oTKpwITHI B TOmosioruud 7y, TO MHO-
xkectBo B = A B orkpbITO B TOmOMOTHA T4, MOTOMY JIEO60E MHOKECTBO,
OTKPBITOE B TOHOJOIUN Ty, OTKPBITO U B Tonoaorun 74. Ecain A oTkpwITO
u B orkpsito B Tononoruu Ty, to B = A() O, rme O OTKPHITO B TOLOJIO-
run Ty, nodromy B otkpweiTo B Tonogornu JTx. Ecoim A u B C A 3aMKHYTHI
B Tonosoruu Ty, To MHOXKecTBO Cx(B) oTKphITO B TOmo0ruu 7y, MO3TO-
my muoxkecTBO Cy(B) = A Cx(B) otkpbito B Tomoarun Ty, a MHOXKe-
ctBo B 3aMkHyTO B Tomosiorun 74. Ecim A 3aMmkHyTO B Tomosorun Ty, a
B C A samkuyro B tonosoruu Tx, 1o A\ B orkpsito B Tonosoruun 7Ty,
noaromy A\ B = AN O, tae O orkpsiTo B TOmOaOruN Tx W MHOMKECTBO
Cx(B)=(AN0O)U(Cx(A)) orkpsiTo B Tonosoruu Ty, T. e. B 3aMKHYTO B

romoarun Ty. Jlemma moxkasaHa.

2.2.4 AKcuoMBbI OTJIEJIMMOCTH.

BzanmooTHOIIEHNST TOYKH W OKPECTHOCTH B TOMOJOIHIECKOM HMPOCTPAHCTBE
PETYIUPYIOTCA aKCHOMAMU OT/IEJUMOCTHA. BOT CIMCOK YaCTO MUCIOIB3YEeMbBIX
AKCHOM OTJICTUMOCTH.

1. Axcuoma Ty. Ilo kpaitHeit Mmepe oaHa U3 JIOOBIX IBYX TOYEK MPOCTPAH-
CTBA UMEET OKPECTHOCTD, KOTOPasi He COAEPKHUT JAPYTYIO TOUKY.

[Tpumep mpocTpaHCcTBa, KOTOPOe yaoBaerBopsieT akcuome Ty (u He ymo-
BJIETBODSIET HUZKE CJIEJIYIONIUM AKCHOMaM) IpuBejieH B npumepe 2.2.1

2. AxcuomaT’. Kaxkgast m3 ABYX JTIOOBIX TOUEK IIPOCTPAHCTBA HMEET OKPECT-
HOCTDb, KOTOPasl He COAEPKUT APYTYIO TOUKY.

[Tpumep mpocTpaHCcTBa, KOTOpoe yaoBaerBopsier akcuome 17 (u He ymo-
BJIETBOPSIET HUZKE CJIEIYIONINM aKCHOMaM) MpHBejieH B mpumepe 2.2.2.

B mpocrpancTBe, KoTOpoe yaoBjeTBopseT akcuome T, KaxKias TOYKA
€CTh 3aMKHYTOE MHOYKECTBO.

3. Axcuoma T;. Jlrobble aBe TOYKH HPOCTPAHCTBA HMEIOT HEIepeceKaro-
IIHecst OKPECTHOCTH.

4. Axcuoma Ts. Y moboro 3amkuyToro muoxkecrsa A u Touku x € C(A)
€CTh HellepeceKalonuecss OKPeCTHOCTH.

5. Axcuoma Ty. JIioObie gBa 3aMKHYTBIX HEIIEPECEKAIOMMXCST MHOKECTBA
UMEIOT HEMEPECEKAIINECsS OKPECTHOCTH.
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Axcumome Ty Ha3BIBaeTCA aKCHOMOIT OTHeMMOocTH Xaycaopda, a mpocTpaH-
CTBa, KOTOPbIE YJIOBJETBOPSIOT akcuoMe 15, HA3BIBAIOTCS Taycdophosuimu
npocmpanacmeamy. ICHO, ITO METPUIECKOe TTPOCTPAHCTBO SBJISETCS Xay-
c10pPOBBIM MPOCTPAHCTBOM. BeTpedaloninecs B aHaM3e MTPOCTPAHCTBA Ya-
e BCETO SBJIAIOTCH Xayca0pdoBaMu TPOCTPAHCTBAMH.

[TpocTpancTBa, KOTOPHIE YA0BJIETBOPAIOT akcuomam 1) u T3, Ha3bIBAIOT
PeryJIsipHBIMU TTPOCTPAHCTBAMH.

[TpocTpancTBa, KOTOPHIE YA0BJIETBOPSAIOT akcuomam 17 u Ty, Ha3bIBAIOT
HOPMAaJIbHBIMU TTPOCTPAHCTBAMH.

JI1060e HOpMaJILHOE ITPOCTPAHCTBO ABJISETCH PETYIIPHBIM TPOCTPAHCTBOM,
JI060€e perysipHoe MPOCTPAHCTBO ABJIAETCS XaycI0pdOBBIM TPOCTPAHCTBOM.

Jlemma 2.2.7. IIpocmpancmeo X xaycdopdhoo 6 mom u moavko mMmom cay-
wae, ecau 6 dekapmosom npoussedenuu npocmparcme X X X duazonans:

diag C X x X, diag :={xxy|lzeX,ye X, xz=y}
eCmb 3AMERYMOE MHONCECTNEO.

I[Iycts npocrpanctBo X xaycaopdoso. JJokazkeM, 4TO AHATOHATD 3aMKHY-
ta. llyers © X y & diag. Torma @ # y, W CYmIECTBYIOT TaKWe OTKPHITHIE
okpectHoctu V(z) u V(y) Todek x U y, 9TO

V(z)[(\V(y) =0. (2.42)

Torga muo)kecTBO V(%) X V(y) ecThb OTKpBITAsg OKPECTHOCTH TOYKH & X Y B
npocrpancrBe X X Y, kotopas B cuiy (2.42) He mepecekaeTcs ¢ THaroHabo,
mosTomy MHOKeCTBO C(diag) OTKpPHITO, a MHOXKeCTBO diag 3aMKHYTO. Ecan
JIMArOHAJTb 3AMKHYTA, TO TOUKA T X Y IPU T 7 Y UMeeT HelepeceKalomnycs ¢
JITArOHAJIBIO OTKPBITYIO B TOTOI0TUN Tipou3seienns X X X okpecTHOCTD. [1o
oIrpeeeHUuIo0 0a3bl TOMOJOTHH B IpocTpancTBe X X X JTOJIZKHBI CYIIECTBO-
BATh Takhe OTKPBIThIe OKpecTHOCTH V() 1 V (y) TOUeK = ¥ Y, 4TO BBIIIOJIHEHO
coornomenne (2.42). Jlemma mokazana.

CrencTBHEM STOM JIEMMBI SBJISIETCS

Jlemma 2.2.8. Ecau f u g -nenpepustvie omobpasrcenus npocmparcmea X
6 raycdopposo npocmparcmeo Y u

V(z e A) : f(x) = g(z), (2.43)

V(z € CI(A)) : f(z) = g(z). (2.44)



HoxkazarenbcrBo. Paccmorpum orobpazkenne F' npocrpancrsa X B IIPo-
CTPaHCTBO Y X Y

Xz F(x)= f(z) xg(x) €Y x Y.

OroGpazkenue F HempepbIBHO, TT03TOMY TIpoobpas F~!(diag) C X samkmy-
Toro B Tomojiorun Y X Y muoxectBa diag C Y X Y 3aMKHYT B TOIOJIOTHH
npocrpancrea X. Ho A C F~(diag), nosromy Cl(A) C F~(diag). Temma
JIOKa3aHa.

Jlemma 2.2.9. Mempuueckoe npocmpancmeo ecimov HOPMAALHOE NPOCTNPAH-
cmso.

Jlokasamenvemso. 3aMeTuM, 9TO B culy HepaBeHcTBa (2.11) as mo6oro
MHOXKecTBa A byHKIHA
x — dist(x, A)
HenpepwiBHA. [IycTh MHOXKeCTBA A 1 B 3aMKHYTHI U HE IIepecekaroTcs. Torma
byHKIISA
x — dist(z, A) + dist(z, B)
B CHJIy CJeicTBUs 2.2.3) He paBHA HYJIO HU B OJHOI TOYKe, TAK KaK HET

TAKHAX TOYEK, KOTOPBIE MIPUHAJIEKATH OBl 1 MHOXKeCTBY A, n MuoxkectBy B.
[Tosromy ynkius

dist(z, A)

1) = Gst@. A) + dist(z B)

(2.45)

HenpepniBHa. [lomokum
Op ={z | f(z) >3/4}, Oa=A{z | f(z) < 1/4}.

B cuny menpepoiaoctu dyuknun f(x) muoxkecrsa O4 u Op OTKpHITHL. Oue-
BHJIHO, YTO OHH HE IIePECEKAIOTCs U BbINOJHEHbl BKtoueHus A C Oy, B C
Opg. Jlemma nokasana.

Jlyts JTI0OBIX JIBYX HEIepeceKalonuxcsd 3aMKHYThIX MHOXKecTB A u B B
MeTpHYECKOM TpocTpaHcTBe dbyHKIms (2.45) HENpepbiBHA U YIOBJIETBOPSIET
yerosuo: f(A) = 0, f(B) = 1. Takag dyHKIUs CyMEcTBYeT HE TOJBKO
B METPUUIECKOM IIPOCTPAHCTBE, HO U B JIIOOOM HOPMAJIBHOM TOIMOJIOIAIECKOM
npocTpancTee. st JokaszareibecTBa 3T0oro (pakTa Mbl CHAYAJIA JOKAZKEM JIEM-
MY, KOTOPYIO Ha3bIBAIOT MaJoil JeMMO#l Y pbICOHA.

Jlemma 2.2.10. ITycmov X -HOPpMAADHOE MONOAORUMECKOE NPOCMPAHCTNGO U
A -zamrnymoe mmoocecmeo 6 X. Tozda dan a0boti omrpwmoti okpecm-
wocmu Oy MmHoscecmsa A cywecmeyem makas OMKEPLIMGA OKPECMHOCTMD
VaD A, wmo

ACV,yC CI(VA) C Oy (246)
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Hoxkazarennctso. [lycrs D = C(Oy4). Muoxkectso D 3amknytou A () D =
(). Tak kak mpocTpancTBO X HOPMAJIBHO, TO CYNIECTBYIOT TAKHE OTKDPBITHIE
okpectaoctd V4 D A u Vp D D, uro V4 Vp = 0. losromy C(Vp) C Va.
Muozxecrso C(Vp) 3amkuyro u comepxkut V4. Ho Cl(Vy) -nanvensimee 3a-
MKHYTO€ MHOXKECTBO, KOTopoe coneput V4, nosromy Cl(V,) C C(Vp). Tak
kak Vp D D, o C(Vp) C C(D) = O4. CaeaoBaTeabHo, BBIIOTHEHBI BKIIO-
YeHHUsI

ACVyC Cl(VA) C C(VD) C Ogy4.

JlemMa JoKa3aHa.
Ternepn j10kazkem OOJIBITYIO JIeMMY Y PBICOHA.

Jlemma 2.2.11. ITyemov X -nopmanvroe monoaozuseckoe npcmparcmeo, A
u B -samrnymoe nenepecexaroujueca muoocecmsa 6 npocmparncmee X . To-
2da cywecmeyem maxaa nenpepuishad Gynryus f: X — R ymo f(A) =

0, f(B)=1,0< f(x) <1

Hokazarennctso. [Tonoxxum V(1) = C(B). Muoxkectso V(1) oTKpbITO 1
cofepxut muo)KectBO A. ITycrs V/(0) -rakast OTKpbITas OKPECTHOCTH MHO-
kectBa A, 11O

A CV(0) c CUV(0)) V(D).

Takass OKpecTHOCTBH CYIIeCTBYeT Ha OCHOBe MaJIoil JileMMBbl Y pbicoHa. lo-
KaxkeM, 9To Jijist Jo0bix n = 0,1,... U JBOMIHO-PAIMOHAIBHBIX P, p =
27"m, 0 < m < 2" MBI MOXKEM HANTH TaKHe OTKPBITHIE MHOKecTBa V (p) , V ('),
9TO

V(p'>p): ACV(p) Cc ClV(p) C V(p). (2.47)

JlokazarenbcTBO Oyaem BecTu 1o wHaAyKimn. [Ipu n = 0 cymecTrBoBaHue Ta-
KAX OKPECTHOCTEHN JTOKA3aHO BBIIIIE. (n + 1)—1“4 mar UHIYKINA TPOBeAeM TaK.

Hna

1
Pr=5@m4 27 (m+ 1)) =270 2m 4 1), m < 277,

Mbl, BOCHOJ/Ib3PBABLIMCH MAJION JIeMMON YPbICOHA JIJIsi 3AMKHYTOI'O MHOZKe-
cra Cl(V(27"m)) u ero orkpsitoii okpecrroctu V(27"(m + 1)), Haiigem
TAKyI0 OTKPBITYIO OKpecTHOCTEL V (p'), 4To

ClI(V(27™m)) c V(2= (2m + 1)) c CI(V (2~ "D (2m + 1)) C V(27" (m + 1)).

CymiecTBoBaHUE YIOBJIETBOPSIONINX YCIOBHIO (2.47) OKpecTHOCTel TOKA3aHO.
[To HOCTPOEHUIO ITU OKPECTHOCTHU YIOBJIETBOPHIOT yCJIOBUIO

V(p'>p) : ACCIV(p) C V() CV(l)=C(B).
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Omupenenum bYyHKITAIO

1, zeB.

flz) = {iﬂf{p |z eV(p)},

Oyuknus f(r) yIOBIETBOPSET YCJIOBUSIM:
fl)=0,z€A; f(z)=1,2€ B;0< f(x) <1,z€ X.

Hokazkem, uro dyHKnus f(z) HenmpepblBHA.
[TycTn

o) = J vip).

p<e/2

MuozxkectBo O(€) OTKPBITO U U3 ompejesnenus Gyukimun f(z) ciemyer, 9To
f(O(€)) C [0, ¢)

Iycts (t —€/2,t+¢/2) C (0, 1) mw O'(e) = V(t+¢/2) \ CLV(t —€/2)).
Mmuoxkectso O'(€) oTKppITO U U3 oupejesenns byHKuu f(r) ciemyer, 4To
f(O'(e)) C (t—¢€/2,t+¢€/2).

[Iycts O"(e) = C(CYV (1 — €/2))). MuoxecrBo O"(€) oTKpbITO U U3
onpenesenus byuaknuu f(z) caeayer, aro f(O”(e€)) C (1 —€, 1].

HenpepsisrocTs dbyukmn f(x), a BMecTe ¢ 3TuM 1 60JibITiast jeMMa Y phi-
coHa JTOKa3aHbl.

Caenctsue 2.2.4. [lycmv X -HOPMAADHOE MONOAOLUNECKOE NPOCPAHCNEO
uA;, 1 <i<n < oo -NonapHo HENEPECEKANOUUECS SAMEHYMBIE MHOHCE
cmea 6 X | a; -npouseosvHble Konemanmot. Toeda cyuwecmsyem Henpepois-
nas pynxyua f: X — R, xomopas ydosaemsopaem yciosuam:

fla)=a;, z €A |f(@)] < ) Jai|, z € X.

1<i<n

Hokazarenscrso. g muoxecrs A = |J A; n B = A; nocrpoum QyHK-
J#
o f;(x), KoTopas yIOBIETBOPSIET YCJIOBHSAM OOJIBIMON JIeMMBI Y PBICOHA.
Torna dynknus

@)=Y aifila)

]

€CTh UCKOMas (DYHKIIHA.
D10 caejpcTBHE yTOUHsieT TeopeMa bpayapa-Turie-Ypbicona 0 mpooJi-
JKeHuu (pyHKIUY.
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Teopema 2.2.4. [Iycmv X -Hopmaavhoe npocmparcmeo, A -zamrrymoe
nodmmostcecmso 6 X, up: A RY -nenpepvishas 6 mononozuu Ty oepanu-
wennaa pynrkyua. Toeda cyuecmeyem makas nenpepvienad ynrxyua f: X —

R, wmo V(z € A) : f(x) = ¢(x).

Hoxkazarenncrso. [lycrs My = sup{|¢(z)| | € X}. Oupegennm muoxe-
CTBa
Ago = {z [ ¥(x) = Mo}, An = {z [ ¥(z) < —Mo}.
MmuozxkectBa Aoy, Ap1 3aMKHYTH B ipocTpanctse (A, 74), a mockoabky A 3a-
MKHYTO B X, TO 3TH MHOXKECTBa 3aMKHYTH 1 B X . [[locTponMm HempephIBHYIO
Ha BceM npocrpancTse X byHKH0 fo(x), KOTOpas ya0BIETBOPSET YCAOBH-
AM:

fo(z) = My/3, x € Ag; folz) = —My/3, x € Ay
|fo(x)] < Mo/3, = € X.

CymecrBoBanme Takoi (DYHKIINK CJeayeT u3 O0IbINOoi teMMbl Y pbicoHa. [1o-
JIO2KUM

hi(x) = p(x) = folx).

Oyuknus 1 (x) HenpepbiBHA HA A ¥ YIOBJIETBODSIET OIEHKE
sup{|y1(z)| | x € X} < 2/3M,.

K dyukiun ¥; Mbl cHOBa NpUMEHUM Halie rnocTpoeHue. Tak Mbl HOJyduM
dYHKIMOHAIBHBIE TTOCIEI0BATE/THHOCTH

Yo(x) = (@), Ynia(x) = Yulz) — fulz),

sup |Yn41 ()| < 2sup [, (2)|/3, x € A,

fn(x) = %(@ - 1/}n+1(x)7 |fn(x)| < sup |¢n<x>|/3a re X.
QOyHKINA

f@) = 3 fula)

0<n<oo

ecTh UCKOMOe TpoioKeHne dbyHKiun ().

2.3 KomnakTHble IIPOCTPAaHCTBA.

Omnpenenenne 2.3.1. Cucrema P = {A, | @ € I} OTKDPBITBIX IOAMHOXKECTB
TOIMOJIOTTYIECKOT'O IPOCTPAHCTBA HA3BIBACTCA OTKPBITBIM ITOKPBITUEM MHOXKE-
crBa A, ecin

Ac| A

a€el
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Omnpenenenne 2.3.2. Orkpbiroe nokpoitae P = {A, | o« € I C I} muo-
xkecrBa A HazbiBaeTcs noAnokpbiTueM nokpbitus P = {A, | a € I}, ecim
P’ C P, T.e. ecaiu KaxKI0e MHOXKECTBO, BXOJAIIEE B TOKpbITHE P/, BXOIUT U
B MOKpbITHE P.

Onpegenenune 2.3.3. Tomnosorudeckoe NpocTpaHcTBO K Ha3BIBACTCS KOM-
HAKTHBIM TOIMOJOTMYECKUM MPOCTPAHCTBOM (MJIM KOMIIAKTOM ), €CJiu JII00oe
oTkpbiToe mokpeitne {A, | a € I} npocrpancTBa K COAEPKHUT COCTOsIIEE
13 KOHEYHOTO YUCJIA MHOYKECTB MOIIOKPBITHE, T.e. COCTOAILYI0 U3 KOHeIHOTO
qncaa MHOZ&ecTB nopcucremy {Aqj) |1 < j < N < oo} C {Ay | a € T},
KOTOpasl €CTh MOKpbITHe K.

Omnpenenenne 2.3.4. MuaoxkectBo A C X B TOIOJOIHYIECKOM IIPOCTPAHCTBE
(X, 7) HazplBaeTC KOMITAKTOM B X, €CJIH OHO eCTh KOMIIAKTHOE TOMOJIOTH-
JeCKoe IPOCTPAHCTBO B HHIYIIUPOBAHHOI TOIOJIOIUH, T.€. €CJIH IIPOCTPAHCTBO
(A, 7)) KOMIAKTHO.

Omnpenenenne 2.3.5. MuoxkectBo A C X B TOIOJOIHYECKOM IIPOCTPAHCTBE
(X, 7) nasbiBaercs penkoMIakTHBEIM B X, ecsm 3ampikanne Cly(A) ectn
KOMIAKTHOE B X MPOCTPAHCTBO.

Yenosue (2.3.3) maszbiBaercst yeiaosueM Bopessi-JleGera. B paGorax H.
Bypbaku u ux mnocjegoBare/ieil KOMIAKTAMI HA3BIBAIOTCS Taycdopdhosu, IPoO-
CTPAHCTBA, KOTOPBIE YI0BJAETBOPSIOT yeaouio bopens-Jlebera. 3amernm, 9To
TPUMEPHO J0 cepeanHbl 80-X TOJ0B B MaTeMaTWIECKONH JIUTepaType Ha pyc-
KOM sI3bIKe KOMIIAKTHBIE IIPOCTPAHCTBA HA3BIBAJINCH OMKOMIIAKTAMHM, 8 KOM-
MAKTAMH HA3BIBAJMCH T€ MPOCTPAHCTBA, KOTOPBIE Temeph HA3BIBAIOTCS Ce-
KBEHIMAILHO KOMIIAKTHIMH.

[Tpumenenue dbopmyn ae Moprana k (2.3.3) gaer ciemyroriye SKBUBa-
JIEHTHBIE ONIpesiesieHnto 2.3.3 yCJIOBUS KOMIAKTHOCTH.

Ycaosue 2.3.1. Tonosozuueckoe npocmparcmeo K xomnaxmmuo 6 mom u
MOALKO MOM CAYUGE, ECAU 6 A000T €20 cucmeme 3aMKEHYMBLT MHOACECTNE C
NYCMBLM NEPECEYEHUEM COOEPHCUMCA COCMOAULAA U3 KOHEYHO20 YUCAL MHO-
atcecms nodcucmema ¢ NYCMvlM NEPEceeHUEM.

;[CHO7 YTO 9TO YCJIOBUE 9KBUBAJICHTHO CJEAYIOIIEMY.

YcaoBue 2.3.2. I[Ipocmparncmeo K KoMNaxmmo 6 mom u mosbko mom CAY-
YAE, ECAU 8 HEM U3 YCA0BUA, MO A000A KOHEYHASA NOOCUCTEMA

{Fa) |1 <j<N<oo,a(j)el} C{F,|aecl}

cucmemvt, {Fy, | a € I} 3aMEHYMBT MHOICECTNE UMEET HENYCNOE NEPecee-
nus caedyem, wmo u eca cucmema {Fy, | a € I} umeem nenycmoe nepecewe-
Hue.
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O6paTuM BHEMaHHUE Ha TO, YTO BO BCEX CJydasX MHOxKecTBO K paccmar-
PUBAETCA KaK TOIOJOTHYECOe POCTPAHCTBO U PeUb HJET 00 OTKPBITHIX HJIH
3aMKHYTBIX MHOYKECTBAX B TOMOJIOTHH ITPOCTPAHCTBa K.

Jlemma 2.3.1. Ecau K -3amkrymoe nodmHoMCECMB0 KOMNGKMHO20 MONOo-
nozuneckozo npocmparcemea (X, T), mo K -komnarm.

JlokazareabecTBo. Tak Kak MHOZKeCTBO K 3aMKHYTO B X, TO B CHJTY JIEMMBbI
2.2.6 3aMKHYTBle B K MHOMXKeCTBa 3aMKHYTBHI U B X, TIO9TOMY YTBEDIKIEHIE
ciaenyetr u3 2.3.2.

[IpuBenem apyToe 10Ka3aTeIbCTBO ITOTO (DAKTA, KOTOPOE OMMUPALTCS TOThb-
KO Ha OHpejie/eHie KOMIIAKTHOCTH € IIOMOIILIO OTKPBITBIX MHOZKecTB. [lycThb
{A, | @ € I} -orkpwiToe nokpeiTne muokectBa K. Torma A, =V, () K, rae
muoxecrBa {V, | « € I} orkpeitol B X, u cucrema muoxkects {C(K), A, |
« € I} ecTb OTKpBITOE TTOKPBITHE MHOKecTBA X . Cllel0BaTeIbHO, HEKOTOPAST
koneunas cucrema {C(K), Vo) |1 < j < N < 0o} ecTb OTKPBITOE TOKPHI-
THE MHOXKeCTBa X, a lepeceveHne MHOXKECTB ITOil CHCTEMbl ¢ MHOYKECTBOM
K ectb oTKpBITOE MOKpBITHE MHOYXKeCTBa . JleMma jloka3aHa.

Jlemma 2.3.2. Ecau K -xomnaxmuoe nodmmoscecmeo xaycdophosa npo-
cmpancmea X, mo K samrnymo ¢ X.

HoxkazarenbcrBo.Ecim K = X, o K 3amkuyto. [Iyers C(K) # . doka-
xeM, uro C(K) orkperro. Ilyers y € C(K), z € K. Tak Kak TpocTpaHcTBO
X xaycjiopdoBo, TO y TOYEK T, Y CYyHIECTBYIOT HEIPEPCEKAIOIIUECs OTKPbI-
Thie OKPECTHOCTH

V(z)3z,Uly) 2y, Vix)(\Uly) = 0. (2.48)

Cucrema orkpsiteix B K muoxecrs {K [V (z) | v € K} ectb 0TKpBITOE 10-
KPBITHE MHOZKECTBA K, I09TOMY CYIECTBYET COCTOAIIAST M3 KOHEYHOTO YHCJIa
MHOZKeCTB nogcucrema 3toit cucreMer {K (V(z;) |1 < j < N < oo}, Koto-
pas ecTb HOKpbITHe MHOKecTBa K. Ilycte Uj(y) -Ta OTKpBITasg OKPECTHOCTD
TOYKH Y, KOTOpas yIOBJIETBOPsieT ycaoBuio (2.48) nnst okpectnoctn V(x;),

u nycrb Up(y) = (] Uj(y). Tak kak HHAEKCOB j TOJBKO KOHEYHOE HHUCIIO,
1<j<N

T0 okpectHocTh Up(y) oTkpeita u yaosaersopsier yeaosuio Up(y) C C(K).

JlemMa mokazaHa.

Teopema 2.3.1. Henpepushviii 06pa3 xomMnakmmozo npocmpaHcmen ecmo
KOMNAKM,.

Hokazarenabcrso. 1lycrb

[T K—Y
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-HEIIPEPBIBHOE OTOOpazKeHne KOMIIAKTHOTO IIPOCTPaHcTBa K B TOIOJIOrHYe-
CKOe IIPOCTPAHCTBO Y U

fE) | Vo, VaeT

-OTKPBITOE TOKPBITHE 00pa3a KoMmmakTa K 1pu orobpaxkenuu f. Torma

KclJr v

¥ U3 OTKPBITOrO MOKPHITUA KomnakTa K muoxkectamu f~'(V,,) MOXKHO BbI-
OpaTh KOHeYHOe MOJIOKPBITHE:

Kc | Vay).

1<j<N

CremoBaTeabHO,

fE)c U Ve,

1<j<N
YTO U TOKA3BIBAET KOMITAKTHOCTH MHOXKecTBa f(K).

Hoxkaxkem Teopemy [Inam.

Teopema 2.3.2. Ilycmo f, -nocaedosamesvrocms HenpepuieHbE ynKyul
Ha womnaxme K :
fn: K — RN

Ipednoaootcum, “mo 8uiNOAHEHBL YCAOBUA:

Ve K,n):0< f(z) < fulz), (2.49)
nllig fn(z) =0. (2.50)

Tozda
Jirgosup{fn(x) |z € K} =0. (2.51)

JokazaTenbcTBo. PUKCHpyeM MPOU3BOIBHO € > (0 U pacCMOTPUM MHOXKe-
CTBa

Fo={a| fulz) = €}

B cuny menpepoisrocTr byukumii f,(r) Muoxecrsa F, 3aMKHYTBI, a TaK Kak
B cuiy (2.49) nocienoBaresbHOCTD f,(2) MOHOTOHHO HEBO3DACTAET, TO

Fn+1 - Fn (252)
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13 (2.50) caemyer, 9T0

ﬂFn:(B.

Tak kak MHO)keCcTBO K KOMmakT, 10 u3 (2.52) u ycaosus 2.3.1 caemyer, 9410
cymecTByer Takoe n(e), 9o Fy) = (), a 910 03HaTaer, 4TO

V(n > n(e)): sup{fu(z) |z € K} <e.

Teopema jokazana.

[IpuBeem KpuTepuu KOMIAKTHOCTH MHOYKECTBA B METPUIECKOM ITPOCTPAH-
CTBe.

Cuavasia j1aJ 1M

Onpenenenne 2.3.6. Muoxectro K B MeTpudeckom mpoctpancTse M cBep-
XOIPDAHUYIEHO, ecJU KaKoBO Obl HU ObLIO € > (), HalieTcsa Takoe KOHETHOE
ancao mapoB {b(x;, €) | 1 < j < N < 0o}, 970 MHOXKeCTBO K COAEPAKHUTCS
B O6’be,ZLI/IHeHI/II/I ITHUX IIapPOB:

Kc |J b, e. (2.53)

1<j<N

Pambite cBoiictBo (2.53) Ha3BIBAIOCH BIOJIHE OrPAHHYCHHOCTHIO, HO Te-
IePb ITOT TEPMEUH CBA3BIBACTCS C APYTHM HOHITHEM.

Teopema 2.3.3. Ecau K -mempuueckoe npocmparcmeo, mo CAeOyYousue
CBOTICMBA IKEUBAAEHMMHDL.

1. K -xomnaxmmoe npocmpancmeo.

2. JIwbaa nocaedosamenvrnocmy {x;} mouex 6 npocmparncmese K codep-
aorcum, cxodswyroca ¥ movwke ro € K nodnocaedosamesvrocmao.

3. K ecmb noanoe Mempuueckoe npocmpancmeo U CE8epro2paHUMEeHHOE
MHOIACECTNEO.

HoxazarenncTBo. JokazkeM, 4TO M3 HEPBOrO YCJIOBHA CJIELYEeT BTOPOE.
IIycts K -xomnakTaOe npocrpancTtso u {z;} C K. Ilycts F,, = C1({z; | j >
n}). MuoxecrBa F,, 3aMKHYTBI 1

V(j < o0) : ﬂFn#(Z).

n<j

[ToaTomMy U3 ycJa0BUS KOMIIAKTOCTH 2.3.2 CJejlyeT, 9YTO

dzg @ 29 € ﬂ E,.
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CaenosarenbHo, T1060i 1map b(zg, 1/m) uMeer HemycToe mepecedeHne ¢ Kazx-
JbIM 13 MHOXKeCTB {7; | j > n}:

V(im>0,n<00), ITjm): Tjm) €{z;|J> n}ﬂb(wo, 1/m).
I[TocenoBarenbrocTb {X(m)}, M = 1,... ecTh NCKOMas TIO/IIOC/IE0BATE b
HOCTb [IOCJI€J0BATEIBHOCTH {T;}.

JTokarkeM, 9TO U3 BTOPOT'O YCJIOBUS CJeyeT TpeThe. ICHO, 4TO U3 BTOPO-
rO yCJIOBHSL CJICIAYET TOJHOTA mpocTpancTia K. JIoKarkeM CBepXOrpaHUICH-
HOCTh. [lycTh 1yt HeKoToporo € > 0 Hy:KHOro HaGopa mapoB HeT. Bo3bMmeMm
IPOU3BOJILHO THAp b(xg, €). DTOT Mmap COrIACHO MPEIOJOKEHIIO HE COIeP-
JKUT BCEro mpocrpancrsa K, modromy B pocrpancrse K cyniecrByer ToukKa
x1 & b(zo, €). Pacemorpum map b(xy , €). Onarb cormacHo mpeanoaoKeHHo
CYIIeCTBYET TaKas TO4YKa Ty € K, 910

Ty & b(xq, €) Ub(xl, €).

Tak Mbl IOCTPOMM IOCJIEIOBATEIBHOCTD TOUEK {2, } C K, KoTopast yaoBJie-
TBODSIET YCJIOBHIO
Tni1 ¢ U b($j> 6)7
0<j<n
I09TOMY
V(im>0,n>0):d,, Thim) > €

U TIOCIeZI0BATENBLHOCTD {X,, } He MOXKET COIepKaTh CXOMSIIENRCst TOIOCTeI0-
BaTEJbHOCTH, YTO MPOTHBOPEYUT KOMIAKTHOCTH K.

Tenepp J0KazKeM, 9TO U3 TPETHEro YCJIOBHA caeyer nepsoe. [Ipeomno-
JKUM, 9TO TPEThE YCJIOBHE BBIIOJHEHO, HO MPOCTPAHCTBO HE KOMNAKTHO. To-
ra cymecTByer oTkpbitoe mokpbite {V, } nmpocrpancrsa K, KoTopoe He co-
JIEPXKUT KOHEYHOTO MOANOKPHITUs. B ity cBepXOrpaHMYeHHOCTH IPOCTPaH-
crBa K cymecTByeT KoHewHOe dncyo mapos {b(z;, 1), 1 < j < N}, koropsie
nokpeiBalor Muoxkectso K. [lo kpaiineit mepe ojiuH U3 FTUX 1IAPOB HE 110-
KPBIBaeTCH HUKAKOI KOHedIHOil cucTtemoit muoxkectn V,,. [1ycrhb 910 Oyer map
b(xy, 1). Temepb paccMOTPHM MOKPBITHE TPOCTpaHCTBa K 1mapamu pajamyca
1/4. Cpeau mapos pajauyca 1/4, Koropsie mokpeiBaoT map b(xq, 1), Haii-
qem map b(zy, 1/4), KOTOpblii He MOKPHIBACTCS HUKAKONH KOHETHON CHCTeMOM
MHOKecTB V. IIpomoizkas mocTpoerue, Mbl OIYIUM TAKYIO TOCIETOBATEIb-
nocteb mapos {b(z, , 47"}, uro

d(xn 5 xn—&—m) < d(xn 3 xn—l—l) + ...+ d(xn—i-m—l y In-l—m)
<4714 1/44.0) <4723,
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¥ HUKAKOil u3 mapos b(z,, 4 ") He moKphIBaeTCa HUKAKOH KOHETHOH CH-
cremoit MuozkecTB V. IlociegoBaTebHOCT HEHTPOB 3THX MIApoB (yHIA-
MEHTAJbHA, U B CIIY IOJHOTHI IIPOCTPAaHCTBA K OHA CXOMMUTCS K HEKOTOPOIi
Touke xy € K. CyuiecrByer takoe OTKpbITOe MHOXKECTBO Vi) € {V4}, uTo
To € Vy(0),l109TOMY CyIecTByeT Taxoit map b(zg, €), uro b(zg, €) C Vo).
Tak xax d(z,, 19) < 4™2/3 — 0, n — 00, TO IPU JOCTATOUHO GOJBIIOM
n map b(z,, 4 ") 6yaer nesmkoM comeprkaThesa B mape b(zg, €), 1 H0ITO-
My OyJIeT ColiepKaThCsl B MHOZKECTBe Vi (g), YTO IIPOTHBOPEUNT BBHIOODPY IHapa
b(z, , 47"*1). Teopema gokazana.

CnencrBue 2.3.1. Ecau K -komnaxkmhHoe MHOMCECMBO 6 MEMPUMECKOM
npocmpancmee, mo cyuecmsyem marxoe cuemmnoe mnoscecmeso {x;} C K,
Ymo

K = Clz,}. (2.54)

JlokazarenbcTBo. /LI KazKa0ro mesaoro 4mucesa n MOCTPONM TaKue IIaphl
b(z;, 1/n), aro maOKecTBO K Oymer comepKaTbCs B KOHETHOM O0beIHHEHNH
3TUX MIAPOB, & MMOTOM PACCMOTPUM OObeMHEeHHe MEHTPOB BCeX IMapoB. JTO
u OyJeT UCKOMOe CYeTHOe MHOXKECTBO.

[Iycrs C'(X, M) -MHOXKECTBO BCeX HEUPEPBIBHBIX (DYHKIMA HA TOLOJIO-
IITYECKOM IPOCTPAHCTBE X €O 3HAYEHHSIMH B METPHUYECKOM MPOCTPAHCTBE
(M7 dM)

feCX, M), f: X— M.

Mpbi Oyjiem cuuTaTh, 4TO

sup{du (f(z), g(2)) [z € X} < o0,

TaK KaK IIPH HEOOXOIMMOCTH MBI MOXKEM 3aMEHHTH MeTpUKY B M Ha SKBUBA-
JICHTHYIO:

dar
1+dy
MuozkecrBo C'(X , M) ecTh MeTpudecKoe TPOCTPAHCTBO OTHOCHTENBHO MeT-
PUKK

dM -

do(f,, g) =sup{du(f(z), g(x)) | v € X}. (2.55)

Jlemma 2.3.3. Ecau M -noanoe mempuieckoe npocmpancmeso, mo Mmoice-
cmeo C(X , M) ecmob noanoe mempuueckoe npocmpancmeo omHocumensHo
mempuru (2.55).

Hoxkazarenncrso. Ecn { f,} -bynmamentanbuas B Mmerpuke (2.55) mociie-
JOBATEJSHHOCTD, TO B CHJLY TOJHOTHI IIPOCTpaHcTBa M

Af(x), f(z) = lim f,(x). (2.56)

n—oo
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HokazkeM, 910 ompe/iesienHas paBeHcTBOM (2.56) dyuknus f(r) Hempepbis-
Ha. Ilycts 29 € X uw m, n -npon3BoabHBL. Torma

du(f(xo) s fn(2)) < du(f(w0) s fin(20)) + dar(fin(xo) s ful®o)) + dar(fulwo),
Jo(@)) +dy(fulx), frn(x)) < 2sup{dy(fu(x), fm(x)) | 2 € M+
Ay (f(xo) s fn(x0)) + dar(fulz) s fulwo))- (2.57)

Buibepem n(€) HACTOIBKO GOIBIINM, 9TO

V(n >n(e), m >n(e) : sup{du(fu(z), fm(2)) [z € X} <€/3,

u HepaBeHcTBe (2.57) mepeiieM K mpeJeay m — oo.
[Tomyanm:

Vi > 1) : dur(Fan), F(2) < Set dus(falan) s fule))

Qukcupyem n > n(€) u Jyis JAHHOIO (DUKCUPOBAHHOIO N UCILOJIb3Ys Helpe-
poiBHOCTH byHKIMEU f,,(2) HalieM Takyo OKpecTHOCTh V (Zo) TOYKH Tg, 9TO

V(ZL’ S V(ZE())) : dM(fn(fEO); fn(x)) < E/3‘

Torma OymeT BBHITIOJIHEHO HEPABEHCTBO

V(z € V(o)) - du(f(x0), f(z)) <e,

KOTOpOE JOKA3bIBAET HempepbiBHOCTH (byHKIMU f(x) B Touke xo. Tak Kak
TOYKA X( TPOM3BOJLHA, TO JEMMa, JTOKA3AHA.
Ormerum 00O cBoiicTBo (bynknuii u3 upocrpancrsa C(K , M).

Jlemma 2.3.4. Ecau f € C(K, M), mo
V(e >0), 3d(e): (dr(z, 2') <d(e)) = (du(f(z), f(z") <e).  (2.58)

HoxkazarenbcTBo. IlycTh yTBep:KAeHNE JIeMMBI HeBepHO. Torma cymecTBy-
er Takoe €y > 0, uro ans a060ro n > 0 €cTh TOUKH Ty, , ), YAOBIETBOPSIIO-
e yCJIOBHIO:

die(xn, @) <1/n, du(f(zn), f(27)) > €.

Tak kak mMuoxkectBo K -KOMITaKT, TO Mbl MO?KEM CYHUTATbh, YTO IIOCJEd0Ba-
TeJbHOCTH Xy, , .T;L CXoadTcd:

Tp — To, T — Ty, M — 00.
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ZcHo, 9TO MBI TOTZKHBI UMETh:
/
Lo = Ty
B cuny menpepwsiBuoctu pyHKimn f:

dy(f(zn), f(23,) < du(f(zn), f(z0)) + dar(f(z0) , f(27,)) — 0,

YTO MMPOTUBOPEUUT HAIIEMY IIPE/IINOIOKeHTO. JlemMMa moKazaHa.
[Tostyunm KpuTeprH KOMIAKTHOCTH MHOZKeCTBa B poctpancTse C'(K , M).

Omnpenenenune 2.3.7. Muoxkectso A = {f, |« € I} C C(K, M) na3uiBa-
€TCd PaBHOCTEIIEHHO HEIIPEPBIBHBIM, €CJI1

V(e >0), 3(e): (dr(z, ') < d(€)) = (sup{du(fa(z), falz))) | a € I} <e).
(2.59)

Teneps mokazkem Teopemy Aprena-Ackosn.

Teopema 2.3.4. Ilycmv svinosnenos caedyrougue Ycaosu.
1. Mnoowcecmeo K -xomnaxmmoe mempureckoe npocmpaHemeo.
2. Mnoowecmso A = {fo | « € I} pasnocmenento HenpepuieHo.
3. Cywecmeyem maxoe KOMNAKMHOE MHOHCECTEO K C M, wmo

V(fa€A): fo(K) C K. (2.60)
Tozda mroorcecmeo A npedkomnarmmo ¢ C(K , M).

Hoxasarenscrso. Ilycrs {z; | j = 1,...} -cueTHOEe MHOXKeCTBO, KOTO-
poe yaoBieTBopsier ycsopuio (2.54). lokaxkeMm, 4ro MHOxKecTBO A comep-
JKHT TI0CIEI0BATEILHOCTD, KOTOPasd CXOJAMTCA B KarxKIOH TOUKE MHOXKECTBA
{z; | j =1,...}. Jng 310ro Mbl HCHOJb3yeM LPUEM, KOTOPbIH HA3BIBACTCSH
KQHTOPOBCKHUM JIMANOHAJBHBIM IIPOLECCOM.

Pukcupyem touky ;1 € {z; | j = 1,...}. B cuny ycaosus 2 warmeit
TEOPEMBI BBIIOJTHEHO BKJIIOUEHHE

By = {fua(z1) |a eI} c K C M. (2.61)

Tak kak MHOKeCTBO X' KOMIIAKTHO, TO MHOXKECTBO B COIEPKUT CXO ALY FOCS
II0CJIEI0BATEILHOCTE. [IycTh 910 Gymer nociaenoBarensnocts { fi,(z1) | n =
1,...} C By. PaccMoTpuM MHOXKECTBO

By = {fin(zs) |n=1,...} CK C M.
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DTO MHOKECTBO TaKzKe COMEPIKUT CXOALANIYIOCA MOCIeI0BATEIbHOCTD. [IycTh
9T0 OyJeT HOCIeI0BaTeNbHOCTD 3HadeHuit dyukmuit {fo, | n = 1,...} C
{fin|n=1,...} B T0uKe Z9. OueBHAHO, YTO PYHKIMOHAIBHAL HOCIEI0BA-
TeJabHOCTD { fo,(z) | n = 1,...} cxomuTcsa 1o Kpameil Mepe B ABYX TOYKAX:
r1 U xo. Jamee paccMOTPUM MHOYKECTBO

By = {fon(zs) |n=1,..} C K C M.

1 BBIGEpEM MOANOCAEA0BATENLHOCTD { f3, [ n=1,...} C {fon |n=1,...},
KOTOpast OyJeT cXouThest B TOUYKe x3. [IpojosizKast 3T0oT 1ponece, Mbl 1H0JIy-
quM Takue (PyHKIMOHAIBHBIE TOCIeI0BATE/TbHOCTH

{fon|n=1..}3C{foin|n=1..},m=1,...,

9TO MOCAETOBATEIBHOCTD { frn(x) | n = 1,...} cxomures mo Kpaitueit Mepe B
TOYKAX 1, Tg, ... LTmy. LlocaenoBareabnocts { fr,, | n = 1,...} ecTb nckomas
IOCJIEI0BATE/ILHOCTD: OHA CXOAUTCS B KaKJIOil TOUKe MHOXKecTBa {z; | j =
1,...}, Tak Kak

Vm : {fon|n=1,..3 C{fon|n=1,..1}

3aMeTuM, YTO B HAIIEM MOCTPOCHHH MBI HE HCIIOJB30BATH KOMIAKTHOCTH
MHOKecTBa K.

Teneps 10KazkeM, UTO HOCIELOBATENBHOCTD { fr, | 7= 1,...} cxoguTes B
merpuke npocrpanctsa C(K , M). @ukcupyem € > 0 u HaiijieM COOTBETCBY-
fotee 1o (2.59) qucsio §(e). Tak kak MHOXKeCTBO K -MeTpUIeCKHUii KOMITAKT,
TO CyIIECTBYeT KoHedHoe uncso mapos {b(y; 0(e)/2) | 1 < j < N}, koropsle
IOKPBIBAIOT Bce mpocrpancTBo K. B kaxkom mape b(y;) 6(€)/2) ectb TOUKA
u3 MuOkecTBa (2.54). Ilycrs 910 Gyner Touka x; € b(y; 0(€)/2). Ilycrs x € K
-POM3BOJILHASL TOYKA. [IPENOIOKIM, 9TO 3Ta TOUKA IPUHAIJIEKAT IHAPY
b(y; 6(€)/2). Tak kak TouKm T U x; TpUHAIEZKAT OxHOMY mapy b(y; 0(€)/2),
10 di (v, ;) < 0(€), u B cuty (2.59) cupaBeyIHBO HEPABEHCTBO

dM(fn,n(x)a fm,m(x)) < dM(fn,n(x)a fn,n(xj»_’_
dM(fm,m(xj) ) fn,n(xJ» + dM(fm,m(x) ) fm,m(xj))
<26+ dy(frm(xj), fan(x))). (2.62)

Tak kak mocsenoBaregbHOCTb { fon(2;) | n = 1,...} cxoguTcs B KOOI
TOUYKE T, TO

In(e), ¥(n > n(e), m > () : sup{dus (frn(ty), fan(zs) |15 <N <,
Torpa u3z (2.62) caemyer, uro

V(n >n(e), m>n(e)): sup{dy(fun(®), frm(®)) |2z € K} < 3e.
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Mtak, MBI YCTAaHOBHJIM, YTO MHOXKECTBO A cOmep:KuT (PyHIaMEHTAJIbHYIO B
merpuke npoctpanctsa C'(K , M) nocie10BaTeIbHOCTD, a OTCIONA U CIE/IYeT,
YTO 3aMBIKAHIE MHOXKECTBa A ecTh KOMIAKT. Teopema JoKa3aHa.

Teneps Mbl niepeitieMm Kk Teopeme Croyna-Beilipmrpacca, KoTopas ONMHCHI-
BaeT cTpykTypy npocrpancrsa C'(K , C'). Cnagana magamM HECKOIBKO OIpe-
JdeJCHUM.

Ompenenenne 2.3.8. Muoxkecrso pyukimii A HazbiBaeTcs aaredbpoit pyHK-
A HAJ TOJEM JeHCTBUTEIBHBIX (KOMHJIGKCHBIX) quces, eCan

1. MuoxectBo dyukiuii A ecTsb JIuHeiiHOE TPOCTPAHCTBO HAJ, TOJIEM JIeil-
CTBUTEJIBHBIX (KOMHJIGKCHBIX) qpuceJg OTHOCUTEJIbHO OHepaL[I/IIU/I IIOTOYE€YHOI'O
CJIO2KEHUA U YMHOXKCHUA Ha YUCJIO:

VifeAd,ge A :af+pge A

JTs1 JTFOOBIX JIEHCTBUTEIBHBIX (KOMIUIEKCHBIX) qHCeT o, [3.
2. MuoxkecTBO OYHKIMIA A 3aMKHYTO OTHOCHTEIHHO OIMEPAINU IOTOYeU-
HOTO YMHOYKEHUSI:

VifeA,geA): fge A

Omnpenenenne 2.3.9. MuoxecTBo 3amaHHbiX Ha K dyukuit A pasmenser
TOYKM MHOXkKecTBa K, ecsm Jijid JitoOO 1apbl HE COBIAJIAIONINX TOYEK T €
K,y € K B muoxkecrBe A cymecryer Takas dyukmus f € A, aro f(x) #

fw).

B nanpreiimeM Mbl He Oy/1eM YTOYHATH, HAJl KAKUM MOJEM PacCMaTpUBa-
eTcs anareOpa (OYHKIINN, eCIH ITO ICHO U3 KOHTEKCTa WM He HMeeT 3HAUeHUs.
[IpuBeieM npuMepsbi.

IIpumep 2.3.1. MHOKecTBO Beex MOJIMHOMOB Ha oTpeske [0, 1] ecTh anre6pa
byHKIWHIA.
Ipumep 2.3.2. MuoxkectBo (DyHKIUIE BHIA

rie P(x) -mpon3BoIbHBIH MOJHHOM, a () -TIPON3BOIBHBIIH MTOJIHHOM, HE HMe-
fonuii KopHeit Ha orpeske [0, 1], ectb anrebpa dynknuii na orpeske [0, 1].

Ipumep 2.3.3. MuoxkecTBO BCEX KOHEUHBIX JIMHEHHBIX KOMOUHAIINN (DYHKITU i
{sinnz, cosnz | n=0,1,...} ectb anre6pa dbyukuuii Ha orpeske [0, 27].

IIpumep 2.3.4. MuozkecTBO BCeX KOHEUHbBIX JIMHEHTHBIX KOMOUHAIMN DYHKIUI
{exp(inz) | n =0,1,...} ectb anrebpa dyuxmit Ha orpeske [0, 27].

135



B mmxke cienyiomeit Teopeme pedb ujer od ajnredpe aeficTBUTENbHBIX
bYHKIUH HAJT TOJIeM JefCTBUTEIbHBIX YUCET.

Teopema 2.3.5. Ilpednosooicum, 4mo svinosHeHb:E CACOYOULUE YCAOBUA.

1. Mnootcecmso K ecmb xomnaxm.

2. Aneebpa nenpepvisnor gynrsyuti A C C(K , RY) pasdeasem mouru
Mmuoncecmsa K.

3. Anzebpa wenpepuisuur gyurxuyul A codeporcum Pyrryuro, mosicde-
CMBEHHO PABHYI COUHUYE:

(folz) =1) = (fo € A).

Tozda samwvixanue anrzebpv. A 6 mempuke npocmpancmea C(K , RY) cosna-
daem ¢ npocmpancmeom C(K , RY):

CI(A) = C(K, RY).

Dta Teopema HazwiBaercs Teopemoit Croyna-Beitpmrpacca. CMbica 310
TEOPEeMbI COCTOUT B TOM, UTO €CJIH 33JJaHHOe Ha KOMIAKTe K MHOXKECTBO
HEeIPepLIBHBIX GYHKIHI A yI0BIETBOPSIET yeaoBusaM 2-3, To JIOOYIO Helpe-
pbiBHYIO HA KOMIakTe K (DyHKIMIO MOZKHO CKOJIb YTOJHO TOYHO B PABHOMED-
HOW MeTpuke npubau3uThb QyHKIMed u3 MuokecTBa A. 3amerum, 4ro ecan
MHO)KecTBO A yiaoBiersopsier yeaopusaMm 2-3, o u muokectBo Cl(A) Takke
VJIOBJIETBOPLET YCJIOBUAM 2-3.

[lepeiiiem K jloKa3aTebeTBY Teopembl. CHadaia JOKayKeM, 9To eciu f €
A, to |f] € CI(A). Ilycts a = sup{|f(z)| | * € K} n P,(t) -upou3soabHas
HOC/IeJOBATEIbHOCTD TIOJIMHOMOB, KOTOpasi paBHOMepHO Ha orpeske [0, 1]
cxomurest K ByHKIAT v/t

sup]Pn(t)—\/ﬂ |te0,1]} =0, n— .

Takas nocjae0BaTe/IbHOCTD MOJUHOMOB CYIIEeCTBYeT. MOXKHO B34Th COOTBET-
CTBYIOITUE MOJTUHOMBI BepHInTeiiHa, MOXKHO B34ThH OIPEJIeIseMble 10 HHTY K-
WU [TOJTMHOMBI

Pi(t) =1, Pyyi(t) = Pu(t) + (t — Pu(t)%)/2.
slcno, uto P ((f(z)/a)?) € An
sup el ((f(z)/a)*) = [f(@)[| |2 € K} — 0, n — oo.
Wrak, mui gokasami, uro |f| € CI(A). Orcioga caeayer, ato

V(fie A): max{f; | 1<i< N} e Cl(A), min{f; |1 <i< N} € Cl(A).
(2.63)
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[Iycrp remepnb ¢(z) -mpoussonbias dynkmus u3 npocrpanctsa C(K | RY),

2", 2" -mpoussosibhble Touky u3 K. [locrponm takyto dyuknuio f(2', 2" x) €

A, KoTopasl yIOBIETBOPSIET YCIOBUSIM:

f(', 2" 2y =92, f(Z, 2" ") =¢(z"). (2.64)

Takas dbyHKIHsI 065135 TEIbHO cyIecTByet. JleiicrBurenbho, mycts fo(2', 2" x) €
A cymecTByiomas 1o ycaoBuio (pyHKIMd, KOTOpad pasgeaser Touku 2z, 2"

fO(Z/’ Z”;Z’) ?é f0(2/7 z//;z//) pu P 7& s

Torna dyukuuio f(z', 2”;x) MBI MOXKeM TOCTPOUTH KaK JHHEHHYIO KOMOU-
HAIUIO

f(zla Z”;fﬂ) = Oéf()(zl7 ZN;'I') + 67

TaK KakK JJs OIpeIe/eHHsT KOHCTAHT v, 3 MBI TOJIyYaeM Pa3peluMyio CH-
CTEMYy ypaBHEHH

¢(2) = afo(z', 2"12) + B
gb(Z”) — Oéf()(Z/7 Z”;Z”) +ﬁ
Tenepsb dbukcupyeM NPou3BOJIBHO € > 0 U OlPeIeIUM OTKPBITHIE OKPECTHOCTH
V(' ") =A{x]| f(z, 2";2) < ¢(x) + €}

dAcuo, uto
eV, 2.

[Ipn dukcuposanrom z” orkpeiTeie MmuOXKecTBa {V (2, 2”) | 2/ € K} 006-
Pa3yIOT MOKPBITHE KOMIIAKTA [, IOITOMY CYIIECTBYeT KOHEYHOe IOKDBITHE
koMnakTa K mHOxkectBamu V (2, 2”):

ke | v, ).

1<j<N

[Iyctn
g9(2"; ) == min{f(z}, 2"; 2) [ 1 <j < N}

B cuny (2.63) cnpaseiinBo BKIIIOUEHHE
g(z";x) € CL(A).
flcrHo, aTo
Vi € K): (" 1) < 9lx) + €5 m g2 ") = B(2").

137



Termeps onpeie MM OTKPHITHIE OKPECTHOCTH

U(z") ={z | g(z";2) > ¢(x) — €}.

Tak xak 2" € U(2"), To okpecrnocru {U(Z") | 2" € K} ob6pa3yior oTKpbI-
TOE IIOKPBITHE KOMIIAKTOIO IPOCTPAHCTBA K, U 109TOMY CyHIECTBYET Takoii
Konewnbiit Habop Touex {zj [ 1 < j < N'}, uro

K C U U(2]).
1<j<N'
Oupenennm GyHKIHIO
§(x) = max{g(ls2) | 1< j < N}.

Tak kak muoxecrBo Cl(A) 3amknyTo, To B cuiy (2.63) cupaBemnBo BKJIIO-
YeHHe

(x) € Cl(A).

OdeBUIHO, 9TO
V(e K): ¢(z) —e < g(z) < o(z) +¢,

[ToaTromy
dC<¢7 5) <€

Teopema jokazana.

U3 sToit Teopembl cpasy ke ciaeayer Teopema Crtoyna-Beitpirpacca s
asiredbpnl (DyHKIMH HA/L I0JeM KOMILIEKCHBIX ducesi. Huxke cumBoioM z* Mbl
0003HaYAEM YHUCJI0, KOMILJIEKCHO-COPAZKEHHOE YUCTY 2

(a+1ib)* =a—ib
1 anreGpa MOHUMAETCS KaK airebpa HaJl MoJeM KOMILIEKCHBIX TUCeT.

Teopema 2.3.6. IIpednoaostcum, 4mo 8uiNOAHEHDL CACOYOULUE YCAOBUS.

1. Mnoorcecmeo K ecmv Komnaxm.

2. Aneebpa nenpepuenviz gynxuyuti A C C(K, C') pasdeasem mouru
MmHootcecmea K.

3. Aunzebpa nenpepwennr dynrxuyut A codeporcum dymnruuro, mootcde-
CMBEHHO PABHYIO COUHUE:

(folz) =1) = (fo € A).
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4. Aneebpa nenpeposrvr dynryut A ydosaemsopaem ycaosuio:
(feA=(feA. (2.65)

Tozda samvixanue anrzebpv, A 6 mempuxe npocmpancmesa C(K , C') cosna-
daem ¢ npocmpancmeom C(K , Ch):

CI(A) = C(K , CY).

Jliis JoKa3aTeIbCTBa 3TOTO YTBEPIK/ICHUS JOCTATOYHO 3aMETUTh, 4TO B
cuny yesosust (2.65) comepxkaiieecst B A HOIMHOKECTBO (DYHKITHIA

A ={gllg=UF+1)/2)Vvg=(f-1)/2), feA}

ecTh ajredpa (pyHKIMi HaJL TTO/IeM JAefICTBUTEIHHBIX YUCEeT, KOTOPas YI0BJIe-
TBOPSIET YCJIOBUSIM IpeabLaymieil Teopemer, u B A MO:KHO HajiTu hyHKINH,
KOTOpBbIE€ CKOJIb YIOJHO TOYHO HMPUOIHUZKAIOT MO OTJAEILHOCTH JIeHCTBUTEIb-
Hylo u MuuMyio dactb dynkimun u3 C(K, Cl), a norom B3arh JinHeiinyio
KOMOMHAIUIO TAaKUX (PYyHKIH.

Ecan kommakT K ecTh TOIMHOMKECTBO KOMTLIeKcHOiT miockoctn Cl, To
B cunty yeaosus (2.65) anrebpa A He mootcem COCTOATH U3 AHATUTHICCKIX
GYHKIMH, 1 M03TOMY K 3ajiade allPOKCUMAIUNA aHAJUTHYCCKHX (DYHKIHM
anasmmrTuaeckumu reopema Croyna-Beifipiurrpacca HanpsaMyo He TPUMEHUMA.

2.4 OuabTpbl, YAbTpaPUIbTPHI 1 TeopeMa Tu-
XOHOBA.

B MeTpr4ecKoM IPOCTPAHCTBE MOHATHS Ipeaeaa GYHKINH, 3aMBbIKAHUS MHO-
ZKeCTBa 1 KOMIIAKTHOCTH MOFyT 6bITb OIIMCaHbI B TepMI/IHaX CXOOAmMUXCA I10-
cjaeoBaTesibHOCTE. B 0b1em ciaydae st 3Toro Tpebyercst oboOIenue mo-
HATHS IpeJesa I0CJeI0BAaTeIbHOCTH: IOHITHE Ipeaena mo huabrpy. Ilpu
U3YyYeHNH CXOIUMOCTH B TOIIOJOTHYECKUX MIPOCTPAHCTBAX TeOpHs (PUIHTPOB
OKAa3bIBAETCS MOIIHBIM M YI0OHBIM HHCTPYMEHTOM H B HEKOTOPBIX OTHOIIIE-
HUAX OHQA Hpome, qeM TeOpI/IH, OCHOBaHHAaAd Ha IIOHATHUH ITIOCJIEC10BaTCJIbHOCTI
win nouaTuu cxoaumoctun mo Mypy-Cmuty, onnako teopust (pujibTpoB Tpe-
OyeT HEKOTOPBIX HABBIKOB PAbOTHI ¢ 00bEKTaMM, KOTOPbIe He CTPOSITCS sIBHO,
HO CYIIEeCTBOBAaHHE KOTOPBIX IOCTYJIHPYETCS HAa OCHOBE aKCHOMBI BBHIOOPA.

Onpenenenne 2.4.1. PugabTpoM B MHOXKECTBE X HA3BIBACTCS TaKas CUCTE-
Ma F ero moJgMHOYKECTB, KOTOpas YIOBIETBOPSET YCJIOBUSIM:
l.EcmAe Fu AC BC X, 10 BeF.
2. Ecom Ay € F, Ay € F, 10 Aj( Ay € F.
3.0 ¢ F.
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[IpuBeneM mpuMep.I.

ITpumep 2.4.1. Tlycts mHOXKecTBO X cocTouT u3 Tpex stementos: X = {a, b, c}.
Torma ciaeayiomue CHCTEMBl ero HOAMHOKECTB ABIAIOTCH (DHILTPAMU:

Fir=Ala], [a, b], [a, ], [a, b, c]}. (2.66)
Fo=A{la,b], |a,b, ]} (2.67)
Fs=A[b], [a, b], [b, ], |a,b, ]} (2.68)

IIpumep 2.4.2. Ilycts X -TOmosiorndeckoe MpocTPaHCTBO 1 JF, -cUcTeMa Bcex
okpectHocTeit Touku . Torna F, -buasrp.

Jlemma 2.4.1. Ecau F, ,a € I -dpurvmpol, mo ux nepeceuenue F = | Fq
a€el
ecmsy dusomp.

JokazarenbcTBo. Tak kak Va: X € F,, To nepecedenue F He mycro. Tak
kak Vao: 0 & F,, 0 0 & F. llycts A € Fu A C B. Torpa Va: A € F,,
nodtomy Va: B € F, u nosromy B € F. AHATOTHYIHO JOKA3BLIBAETCS, UTO
nepecedeHne JIByX MHOXKecTB 3 F npuHaae:kuT F.

Ecmm cuctema JFy MTOAMHOZKECTB MHOXKeCTBa X Y/IOBJIETBOPSAET YCIOBUSIM:

1bf. Eciu A € Fy,, B € Fy, 1o cymectByer takoe C' € Fy, aro C C
AN B.

2bf. () & Fo,

TO cucremMa JF MOAMHOXKECTB MHOXKECTBa, X , KOTOPas COCTOUT W3 TeX MOJI-
MHOKECTB MHOKeCTBa X, KaxKJ0e U3 KOTOPBIX COJEPKUT ITOIMHOXKECTBO 3
Fo, ectb GuiIbTp. YiaosiaerBopsiomas ycaouaMm 1bf-2bf cucrema mommuo-
sKecTB Jy HAa3bIBaeTcsa 0430t gusvmpa F, ecau F ecTb HAUMEHBINN DIIBTD,
KOTODbIi comepxkut Fy. Takoit puabrp Beerja cymecrByeT: 3To eCTh Iepece-
qeHne BcexX (puabTpoB, comepzkarmmx Fy.

[Iyctn Foo cucTeMa moIMHOZKECTB MHOZKECTBa X , KOTOpas YI0BIeTBOPAET
YCJIOBHSIM:

0 & Foo, V(A€ Foo, BE Foo) : A[ | B #0. (2.69)

Torma cucrema JFy MOAMHOXKECTB MHOXKECTBa X, KOTOpas COCTOUT W3 Iepe-
CeYEHUU KOHEYHOI'0 YHCJIa MHOXKECTB U3 CHCTeMBbI JFoo, YIOBJIETBOPSET YCJIO-
BusM 1bf-2bf u aBagerca 6azoit dbunbrpa. Cucrema Fyy B ITOMH CHTyalnH
HazbiBaeTcs 1mpeadasoit puibrpa F ¢ 6azoit Fy.

Taxum obpaszom, 114 3aauusd PUILTPA JOCTATOYHO 33/1aTh YIOBIETBOPSI-
0TIy IO yesioBusiM (2.69) cucremy MHOZKeCTB, 3aTeM MOCTPOUTH 6a3y (buIbTPA,
a IMOTOM ¥ caM (PUIBTP.

PacemorpuMm TomoJsioruvuekoe mpocTpaHCTBO U NMYCTh B, -cocTosdimast u3
OTKPbITbIX MHOZKECTB 6a3a TOIIOJIOTUU B TOYKE T. I[eFKO BUaeThb, 4TO Bx €CTb
0a3a PpUIbTPa OKPECTHOCTEH TOYKH .

140



[Iyctn
f: XY

-oTobpakenue npocrpancTea X B Y.

Jlemma 2.4.2. Ecau Fy -6asa dusvmpa 6 npocmparcmse X, mo % ={A|
A= f(B), B e F} -6asa gurvmpa 6 npocmparcmee Y .

HokazarenbcTsBo. ocTaToYHO 3aMETUTh, UTO

FAB) € f(A () F(B),
nostomy ecin C' C A B, to f(C) C f(ANB) C f(A) f(B).

Oupepenenune 2.4.2. Quabrp F' mazkopupyer dunbrp F (Mbl Gyiaem 06o-
3Ha4aTh 310 Tak: F' > F), ecqiu F C F', T.e. ecau KazxkKJ0e MHOMKECTBO,
KOTOpOe TPUHALIEKNUT PUILTPY F, IpUHALIEKUT U puasrpy F'.

B npumepe 2.4.1 duabrp F; maxkopupyer buiastp Fo @ F = Fo.

Mpr GymeM Ha3bIBATH (DUIBTPHI CPABHUMBIMM, €CJIH OIUH U3 HUX MarKo-
pupyet jpyroit. B npumepe 2.4.1 duabrper F; u Fo cpaBHUMbI, a (PUILTPHI
F1 u F3 -wer. 3ameruM, 9TO B CHJIy NPUHATOrO Hamu coryarmenns A C A,
MO3TOMY JIJI KazKJIoro (puabTpa cipaBeJinBo coornotienne F = F. Ecin
X -0TzmenuMoe TONOJOTHYECKOe IPOCTPAHCTBO , T # Y, a F, u Fy -pUIbTpLI
OKpecTHOCTell To4eK = u y, To GuabTpsl F, u F, He CPaBHUMBI, TaK KaK Cy-
wecrsior Takue okpecrnocru O, € F,, O, € F,, aro O, O, = 0, nosromy
O, ¢F,, Oy & F,.

BEcmu Foo = Fo1 1 Fog = Faz, TO0 Fog = Fa1, TOITOMY BBEIEHBIM COOTHO-
[IeHNEM > MHOYKEeCTBO BceX (DUIBTPOB HA JAHHOM IPOCTPAHCTBE X YaCTUIHO
YIOPSIIOYEHHO .

Jlemma 2.4.3. Hycmo {F, | a € I} -mnoorcecmso duavmpos, xasicdue d6a
u3 xKomopwx cpasrumv. Tozda cywecmeyem makol duavmp F, xomopolil
masrcopupyem ece gurvmpvr Fo:

Viwel): F = Fa. (2.70)
JokazarenbcrBo. [lomoxkum

F=J Fu (2.71)

ael

okazkem, 4ro onpejesentoe coornomenueM (2.71) cemeiictBo Muo)kKecTB F
ectb dunbrp. fdcno, uro ) & F. Myctb A€ F, Be F. Torna A€ F,ynu B €
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Foz. Homycrum, 910 Foo = For. Torma A € F,a, caenoBarenbho, A B €
Foz u nodromy A (B € F. Ananoruvno jokasbiBaercs, 4to ecin A € F u
A C B, 10 B € F. Coornormenne (2.70) ouesuano. JlemMma goka3ana.

3aMeTuM, 9TO ecau ABa (PUIbTPa He CPABHUMBI, TO UX 00beIUHEHNTE MO-
ket He ObiTh pusibrpoMm. B npumepe 2.4.1 obbeaunenue puabrpos Fi u Fj
He ecTh Guabrp, Tak Kak [a] ()[b] = 0.

Onpegnenenune 2.4.3. OuabTp F Ha3bIBaETCs YALTPAMUIBTPOM, €CJIN OH HE
COJIEPKUTCS HU B KAKOM JIpyroMm puianrpe, T.e. ecau u3 F, = F ciaeayer, 9To

Fo=F.

B upumepe 2.4.1 puabrpol Fi u F3 ecrb yiabrauibTphl.

13 akcmombl BEIGOpa B bopme akcrnombl Kyparosckoro-Ilopaa (eMm. cTp.
147)u nemwmbl 2.4.3 caiemyer, 9T0 KazK bl QUIBTP COAEPKHUTCSI B HEKOTOPOM
yJIbTpaduiIbTpe.

Jlemma 2.4.4. Ecau F -yavmpagusemp v A|JB € F, mo aubo A € F,
aubo B € F.

Hokazarensctso. [lycts A|J B € F u mycts F -cuctema BCeX MOIMHO-
JKECTB MHOXKECTBa X, KOTOPBIE YJIOBJIETBOPSIOT YCJIOBHIO:

(Al M) e F) = (M € F).

U3 onpenenenus Gpuabrpa Cremyer, 4To F -buiprp. Ecin A ¢ Fu B ¢ F,
to F = F, tak kak B € F. Cnenosarenvbuo, F = F u qudo A € F, q1udbo
B € F. Jlemma nokaszaHa.

Eciiu F -ynvrpaduiabrp B upocrpanctse X, 1o X € F, 103TOMY U3 JieM-
MBI 2.4.4 BBITEKAET

CaencrBue 2.4.1.

Ecmu F -ynbrpadunsrp B upocrpatnctee X u A C X, To yubo A € F,
mbo C(A) € F.

Onpenenenne 2.4.4. Touka x ecrsb npenen duasrpa N, ecaun duabrp N
MazKopupyer (pUIbTP OKPECTHOCTEH TOUKH .

N3 onpenenenus ciegyer, 9To npejies pUIbBTPa OKPECTHOCTEH TOYKHU T
€CTh TOYKa T.

Jlemma 2.4.5. B omdeaumom monoao2useckom npocmpancmee Guiomp mo-
AHCEM UMEMD MOALKO 00UuH npeden.
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Hoxkazarennctso. llycTh TOukE T, y gBagiorca npejgenamu uiasrpa N, a
O, , O, -takue oKpecTHOCTH To4YeK = 1 Y, uro O, () O, = 0. Tax xax GuabTp
N wmaxopupyer GuABTPH OKpecTHOCTEH TOYeK x Yy, To O, € N, O, €
N, a 370 HEBO3MOKHO, TaK KaK Mepecedenue JI0ObIX JIBYX IPUHAIICKAIINX
GUIBTPY MHOMKECTB JIOJIZKHO ObITH HE IIYCTO.

[Iycte X u Y -Tomnosormyeckue mpocTpaHCHBA,

f: XY
-oTobpakKeHue MpocTpaHcTBa X B MPOCTPAHCTBO Y .

Omnpenenenne 2.4.5. Touka y € Y ectb npegen ¢pyukmun [ mo Guasrpy
OKDEeCTHOCTEll TOYKH X, ec/ii TOYKa Y ecTh npejes Gpuibrpa ¢ 6a3oi

No={A|A=[f(V(2)), V(x) € Fu}, (2.72)
rie F, -puabTp OKpecTHOCTel TOYKH .

Teopema 2.4.1. Pynkuyus [ HENPEPLIBHA 8 MOYKE T 68 MOM U MOALKO MOM
caysae, ecau guavmp ¢ 6aszot (2.72) cxodumea x moure y = f(x).

Hokazarenbctso. [Tycrs Ny, -bunbrp ¢ 6azoit Ny. 1ot dburbrp cxomures
K TOYKE Y B TOM M TOJIBKO TOM CJIydae, ecjim s Jitoboi okpecrocru U(y)
ToukH Yy Bbimosneno srmodenue U(y) € N,. Cormacuo onpeneaenuio 6a3bl
dbusbrpa (2.72) 5T0 BKJIOUYEHHE BBIMOJIHEHO TOTJAA W TOJBKO TOT/A, KOTJIA
CyIIecTByeT Takas okpectHocts V(x) touknm xz, ato f(V(x)) C U(y). dro
BKJIIOUEHHE BBIIOJIHEHO B TOM M TOJBKO TOM CJIyYae, eCJH IJisd OKPeCTHO-
cru V(x) Bomosneno skjouenue V(z) C f~HU(y)). A sro Br/IIOUeHUE Bbi-
ITOJTHEHO TOTJA W TOJIBKO TOTJA, €CJH MPH OToOpazkeHnn [ mpoobpas Jadoii
OKPECTHOCTH TOYKH y = f(x) ecTh OKpecTHOCTH TOUKH x. Teopema jgoKa3aHa.

[lo-cymecTBy, JaHHAS TeopeMma YTBEPZKIaeT, 9TO (DYHKIUS HeIpepbIBHA
B JAHHOH TOYKE B TOM M TOJBKO TOM CJIy4ae, €CJIH ee 3HadeHWe B JIaHHOIi
TOYKe €CTh Ipee/ ee 3HAYEHUl MpH CTPEeMJIEHHH apryMeHTa K 3TOoi TOUKe.
Mb1 BuauM, 9TO MOHATHE (PUABTPA MMO3BOJINIO0 CHOPMYJIUPOBATH MOHATHE
HEMPEPHIBHOCTH (DYHKIIMU B TPUBBIYHBIX TEPMUHAX AHAIN3A.

Onpenenenne 2.4.6. Touka x ecTb TOUKa HNpUKOocHOBeHUs UIbTpa F, ec-
JIX OHA €CTh TOYKa MPUKOCHOBEHHS I KayKI0ro MHOxKecTBa A € F.

JlemMma 2.4.6. Ecau mouka x ecmv mouka npukocHOBEHUS OAA YALMAPUAL-
mpa F, mo yavmpapuisvmp F crodumcsa k mouke x.

Hokazarenscrso. [Tycrs V (z) -okpectHOCTH TOUKY . Tak Kak F -yabrpaduanTp,
To 6o V(z) € F, mbo C(V(z)) € F. Oanako mocesHee BKIIOUEHNE He
MOXKET OBITDH BBIIIOJHEHO, TAK KaK KaxKJI0e MHOZKECTBO M3 JF HepeceKaeTcs ¢
V(x). Takum o6pazom, buiibrp F Mazxkopupyer buibrp OKpecTHOCTe TOUKK
T, T.€. CXOOUTCA K 9TOH TOUKe.

143



Teopema 2.4.2. [Ipocmparcmeo K xomMnaxmmo 6 mom u mosbKo mom CAY-
wae, ecal 8 Hem GCAKUL Yasvmpadursomp crodumca.

JoxkazareabcrBo.IlycTh B TOnmostorndeckom mpocrpancTse K ecThb (bujiIbTp
F, KOTOpBIi He nMmeeT npeaena. JJokaxkem, uro K He koMmakT. PaceMoTpuMm
3aMBIKAHHA IPOU3BOILHOI cucrembl muoxkecTB A, € F. Tak kak Cl(4,) €
F, ro moboii koueunniit Habop muozkectB {Cl(Ayjy) , 1 < j < N} nmeer
HEIIyCTOe IepecedeHne, Mo3TOMY

() Cl(Aay) #0. (2.73)

1<j<N

Ecmm

M Cl(Aa) #0,

To Touka xg € [ | Cl(A,) ecTb ToUKa TPUKOCHOBEHHS JJIsl BCEX MHOKECTB A,
(0%
U IOITOMY ecThb npejes1 yiabrpaduiabrpa F. CiaegoBaTesbHo,

(Cl(4.) = 0. (2.74)

U3 (2.73) u (2.74) cremyer, 9T0 mpoCTPaHCTBO K HE KOMITAKT.

[Tycrs y Jioboro yabrpaduasrpa B K ectb npegen. lokaxkem, uro K -
KOMIIAKT. PaccMOTpUM MPOU3BOJNBHYIO CHCTEMY 3aMKHYTHIX MHOKeCTB { A, |
a € 1}, kotopas ymoBiaerBopsier yciaouio (2.74). B cmiy sToro yciosust
cucrema {A, | a € I} ectb 6asuc HekoToporo yabrpadbuiabrpa F. [lycrs g -
mpejies1 3Toro yiabrpaduabrpa. Tak Kak TOUKa Xy eCTh TOUKA TPUKOCHOBEHHST

JUTst Becex MHO)KecTB A, € F, 10 1y € [ Ay 1
(0%

(A #0.

Cnenosatenbuo, K -koMmakT. Teopema moka3aHa.
Cnenytomyto qokazanayio A. H. TuxonoBbIM TeopemMy HEKOTPBIE TOTIO/I0-
U CYUTAIOT OJHUM M3 CAMBIX BasKHBIX Pe3yJbTATOB OOMIE TOMOIOMIH.

Teopema 2.4.3. Jlekapmoso npousdsederue KOMNAGKMHLLET MONOA0UNECKUT
NPOCMPAHCNG KOMNAKIMHO 6 MULOHOBCKOT TONO0A0ZUL.

Hokazarenscrso. [lycrs {K, | @ € I} -cemeiicTBO KOMIAKTHBIX TOIOJIO-
IUYECKUX [IPOCTPAHCTE,

K=][Ka,ael
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-JIeKapToOBO mpou3seenne npocrpancts {K, | a € [}, paccmarpuBaemoe
KaK TOIOJIOTHYECKOe ITPOCTPAHCTBO ¢ THXOHOBCKO# Tomosorueii. [lycrs F -
yabTpadurstp B K. HaMm HyKHO d0Ka3aTh, 9TO OH cXOauTcs. Pacemorpum
0TOOpaKeHUs MPOEKTUPOBAHMS:

Pla): K — K,,

kotopbie Touke {x() | a € I} € K craBar B coorBeTcTBHE TOUKY T(r) € K.
[To oupejenenno THXOHOBCKOH Tonosiorun B K Kaxoe orobpaxkenue P(ar)
HenpepbiBHO. B cuy siemmbl 2.4.2 cemeiicTBO MHOZKECTB

Foa=1{A| A= P(a)(B), Be F} (2.75)

ecTh 0a3a HEKOTOPOTO yabTpaduIbTpa B mpocTpancTse K. OO03HAUUM Y/Ib-
tpaduabrp ¢ 6azoit (2.75) cumposom F,. Tak kak npocrpancrBo K, KoM-
makTHO, yiabrpaduabrp F, cxoauTces K HeKoTopoil Touke x(a) € K,. Joka-
KeM, 910 yabTpadmisrp F exoautes K Touke {x(a) | o € I} € K. [lng sToro
HaM HYXKHO JIOKA3aTh, 4TO yAbTpabuiastp F MaxkopupyeT GUILTD OKPeCT-
Hocredt Toukn {z(«) | o € 1}. JI7s1 9T0r0 HaM TOCTATOUHO T0KA3ATDh, UTO [T
HEKOTOPOI JIOKAJIbHOM 6a3bl okpecrHocTeil Toukn {z(a) | o € I} € K rax-
abtit anement 6a3el comepxurcs B dunsrpe F. [ycrs {z(a) |a e I} € A,

A= ( 11 O(a(j))) X (HKﬁ> B#a(j),1<j<N, (2.76)
1<j<N B

e O(a(j)) 2 x(a(j)) -orkpeiteie B Ky(j) MuOKecTBa. Muoxecrso A ectsb

9JIEMEHT JIOKAJIBHOM 6a3bl THXOHOBCKOMN TOMOJOTHH, KOTOPbIi COIEPIKAT TOU-

Ky {z(a) | @ € I}. Tak kak yabrpaduianrp Fo(j) cxoaurcs K Touke x(o(j)) €

O(a(j)), To kaxkmoe oTKpbiToe MHOKECTBO O(a(j)) COMEPKHUT HEKOTOPDIH

sjeMenT Oasbl puabTpa Fu(j), H03TOMY

34, : A; = P(a(§))(B;), B; € F.
MuozkecTBo
B={ () Bi| x(][Ks) . B8#al) 1<j<N (2.77)
1<j<N B

npuHaIeRuT yabrpadbunasrpy F (160 nepecedenue B (2.77) Gepercs 1o Ko-
HEYHOMY YHCJIY MHICKCOB -M MMEHHO B 9TOM MeCTe CYIIECTBEHHO HCIIONL3Y-
eTCd OIpeJIe/IeHIe TUXOHOBCKOH TOMOJIOTMHA) U COIEPKATCA B A:

BC A,
nosromy yabTpaduiabrp F Mazkopupyet GuibTp okpectHocrei Toukn {x () |

«a € I} € K, re. cxoaurest K 9710i Touke. Teopema jroka3aHa.
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2.5 KomeHTapuu m JurepaTypHble YKa3aHUI.

B 3TON IJIaBe MbI CyHieCTBEHHO HCIIOJIb30BaJId IMOHATHE 3KBUBAJIEHTHOCTHU U
akcrmomy BbiOOpa Xaycaopda. HamomHuM coOTBETCTBYIOIIHE ONIPEIeIeHIs 1
HEKOTOPHBIC CBECACHUA U3 TEOPUN MHOZKECTB.

PacecmoTrpuM HeKOTOpoe MHOXKECTBO A W HEKOTPOE MHOYKECTBO YIIOPSIO-
YEeHHBIX Map 3JeMeHToB MHOXKecTBa A. Ecim napa a € A, b € A (a -nepsbrit
9JIEMEHT, b -BTOPOM) NPUHAJIEKUT PACCMATPHBAEMOMY MHOXKECTBY AP, TO
MBI OyJIeM TOBOPUT, YTO MEXKJIy @ M b yCTaHOBJIEHO OMHAPHOE COOTHOIIEHUE
R n 6ynem tucats aRb.

Bunapuoe coorHomenne R Ha3bIBaeTCS pedaekcusHbiM, eCJIn

Va : aRa.
BunapHoe cooTHoIeHre R HA3BIBACTCS MPAH3UMUGHbLM, €CITH
(aRb AN bRc) = (aRc).
BunapHoe cooTHoIeHHe R HABBIBACTCS CUMMEMPUYLHBLM, €CITH
(aRb) = (bRa).
Bunaphoe cooTHoteHre R HABBIBACTCS AHMUCUMMEMPUYHbLM, ECITTH
(aRb A bRa) = (a =0).

Hampumep, nycrs A -3T0 MHO}KECTBO BCeX KpPYroB Ha ILIOCKOCTH. MBI cKa-
JKeM, 9TO KPYT @ HAXOJUTCs B COOTHOImEeHUU R ¢ Kpyrowm b, ecjiu 91U Kpyru
MEePECEKAIOTCSA. DTO OMHAPHOE COOTHOTIEeHHE Oy1eT pedhIeKCUBHBIM U CHMMET-
PUYHBIM, HO He Oy/IeT TPAH3UTUBHBIM U AHTUCUMMETPpUIHBIM. CKazKeM, ITO
KPYI'd a U b HaXoadATCd B COOTHOIIEHUU R, ecJii KPYT @ COJAEPXKUTCA B KpyTe
b. DT1o coorHomenue O6yaeT pedIeKCUBHBIM, TPAH3UTUBHBIM U aHTHCHMMET-
PUYHBIM.

PediekcuBHoOe, TpaH3UTUBHOE W CUMMETPHYHOE OMHAPHOE COTHOIIEHHE
HA3BIBACTCH COOMHOWEHUEM IKEUBAACHMHOCMU 1 0D03HAYAETCH TaK: a ~ b.

PednekcuBnoe, TpaH3uTUBHOE U aHTUCUMMETPHIHOE OMHAPHOE COTHOIIE-
HHE HA3BIBACTCA 4acmu4Hotl ynopadouennocmsio 1 obo3nadaercd Tak: a < b
(wmm a < b). Ecau cupaBeiiuBo cOOTHOIIEHWE ¢ < b, TO TOBOPAT, 4TO @
codeporcumces B b. B MHOXKecTBe ¢ 4ACTUIHON YIOPSIOYHOCTHIO YJIEMEHT ¢
HA3BIBAETCS MAKCUMANbHAM, €CTH U3 cooTHOITeHus a < b ciemxyer, uto a = b.

DJIeMeHT a € A 9aCTUYIHO YIOPSI0YeHHOIO MHOYKECTBA HA3bIBAETCA Mk~
CUMANDHBM TS TIOJIMHOYXKECTBa B, eciu

V(be B):b<a.
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HO,JIMHO)KGCTBO B gacTnuno VIIOPpAJO0Y€HHOI'0 MHOXKECTBa Ha3blBacTCd Ue-
nbsvio, €CJIH ClIpaBeJIMBO YTBECP2KICHHUE!

Viee B,be B)= ((a<b)V(b<a)).

Crenyromnue Ba YTBEPKICHNS SKBUBAJICHTHBI U SABIAIOTCS JABYMs (Cylie-
CTBYIOT ¥ JIDYI'He) S5KBUBAJIEHTHBIMU (hOPMYJTHPOBKAMHI AKCHOMBI BBHIOODA.

YrBepxkaenue 2.5.1. Fcau caras yensv 4acmuuto ynopadowennozo MHo-
orcecmsa obaadaem eeprHell 2paHblo, Mo A00T INEMEHT MHOHCECMEA CO-
0EPAHCUMCA 8 HEKOTNOPOM MAKCUMAAILHOM INEMEHIME.

Dra dopma akcnoMmbl BeIOOpa HazbiBaeTCst teMMoil (Teopemoit) Kyparoscekoro-
[Hopna.

YrBepxkaenue 2.5.2. [Tycmo I -npouseosvroe muostcecmeo undexcos u X,
-MaKGA CUCTMEMA NOOMHONMCecms mHoxHcecmea M, wmo

Vrel): X, #0, V(a#p8): Xof |Xs=0.
Tozda na mmoocecmee I cywecmeyem Gyrryus
z(r): I o717 2(1) € X,
UAU FKBUBAACHIMHO:
(Mo C M), VT MoﬂXT = z(7).

Twunugrerit npruMep TpUMeHEeHI AaKCHOMBI BEIOOPA -pacCyzK/IeHus 110 TPUH-
numy “rpanduHuTHONR HHAYKIUK® (cM. cTp. 171, KOHel JT0Ka3aTeqbCTBa Teo-
pembl Xana-Banaxa). Akcnoma BHIGOpa 9acTO UCHOIB3YETCS 110 YMOTYAHUIO
(HampuMep, IIPH PACCMOTPEHUH JIEKAPTOBA IPOU3BEICHIST MHOKECTB), U Mbl
TOXKEe He Bceaa Oyaem (DUKCUpPOBATH BHUMAHWE HA €e MCIO0Jb30BAHUMN.

YHoMsTHYThIE B TJIaBe 2 3JIEeMEHTAPHBIE CBEJIEHWS O METPUIECKHUX IMPO-
CTPAHCTBAX SBJISIOTCS €CTECTBEHHBIM 0DOOINEeHNeM TeX MpecTaBIeHu i, KO-
TOPBbIe MOYKHO TOJYYIUTH MPU PACCMOTPEHUH PUCYHKOB HA JIUCTe OyMaru, o/l-
HAKO HE BCE TaK IMPOCTO, U TeOMETPUIECKasi HHTYHUIUs B TEOPUUA METPUIECKUX
IPOCTPAHCTB HE JIOKHA BBOIUTH dUTaTe st B 3201y aenne. Mol mo3BOMM
cebe mpupecTy nuTary u3 counnennst H. Bypbakn [12], cTp. 34:

“...3aMBIKaH€e OTKPBITOTO TIapa MOYKeT OTJINIAThCS OT 3aMKHYTOTO TIapa
C TeM Ke MEHPOM H PAJIMYCOM, TPAHUIA 3AMKHYTOTO TTapa MOZKET OTJINIAThCS
oT cepbl ¢ TeM Ke HEHTPOM U PAJILYCOM, OTKDBITHIH (M1 3aMKHY ThIH) I1ap
MOKET He ObITh CBA3HBIM, & chepa MOKeT ObITh MyCThIM MHOYKECTBOM.”
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CooTBeTcTBYIOININE IIPHUMEDBI IUTATEIb MOXKeT HAUITH B yIPayKHEHUAX B
[IUTHPOBAHHOII BHIIIE KHATE.

KraccnaekuM pyKOBOJCTBOM IO 97€MEHTAPHONH TEOPHH METPHYCCKHUX 1
TOIOJIOTHYECKHUX IPOCTPAHCTB ABJAI0TCs Kuurn [1] , [2]. Vuebnux [15] sBis-
eTCs CTAHJAPTHBIM HCTOYHHKOM CCBLIOK IS aHAINTHKOB. [I1a yraybienno-
ro u3ydeHns obIIeil TOMOJIOrME MOKHO PeKOMeH10BaTh KHury [14]. Kparkoe
U SICHOE W3JI0’KeHHe OCHOBHBIX MOHATHIT 001eil Tomomornn ects B Kuure [13].
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I'taBa 3

banaxoBbl npocTpaHCTBA.

3.1 OcHoBHBIE ONIpe/Ie/IeHNUS.

B pasibHeiiiemM mo yMO4aHUIO BCE JIMHEHHbIE TIPOCTPAHCTBA Mbl Oy/IeM pac-
CMaTpHUBaThb Hal IIOJIeM KOMIIJICKCHBIX YHCEJI 1 6yg1eM CIICIaJIbHO OTME4YaThb
cay4dail, Korga JuHefHOoe IPOCTPAHCTBO pacCcMaTpUuBaercd HaJ IHIoJeM JIeil-
CTBUTEJIbHBIX YUCEJI.

Omnpenenenne 3.1.1. 3agannas Ha JuHEHHOM TpOocTpancTBe L PYyHKIHS
) 1
- L= Ry

Ha3bIBAETCS HOPMOM, ecjiu 31a (PYHKIU TPUHUMAET HEOTPUIATE/IbHbIe 3HA-
HeHUsI:

V(z e L) : |zl =0,

HEBBIPOZK/ICHA!
(Iz]] = 0) <= (z =0),

YJIOBJIETBOPsIeT HePpaBeHCTBY TPeyroJbHUKA!
Vieel,yel): |lz+yll <zl +lyl

1 OJTHOPOIHA:
VA eC w e L) : || = Mzl

Onpenenenne 3.1.2. HopMupoBaHHBIM IPOCTPAHCTBOM HAa3bIBAETCS JIH-
HEUHOE POCTAHCTBO, PACCMATPHABAECMOE BMECTE ¢ 3aJaHHOW Ha HEM HOPMOM.

13 ompenenennss HOpMBI cjieayeT, 9T0 (PyHKIUA
d(x,y) = [z -y (3.1)
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VJIOBJIETBOPSIET aKCHOMAM DACCTOsIHUsI (METPHKH), U HOPMHPOBAHHOE IIPO-
CTPAHCTBO [0 YMOJYAHUIO OOBITHO PACCMATPHBAETCSI KAK METPHIECKOE TIPO-
CTPAHCTBO ¢ MeTpHUKOii (3.1).

13 HepaBeHCTBA TPEYTOJILHEKA CJIEJLYeT, YTO

[zl = llyll < [l = yll

Tak kak mpaBas 4acTh 3TOTO HEPABEHCTBA CUMMETPUYHA TIO X , Y, TO OTCIOIA
cJresiyer, 94To

[zl = Myl < flz = yll- (3:2)

13 Hepasencrsa (3.2) ciegyer, 9T0 B HOpDMHPOBAHHOM IIPOCTPAHCTBE (DyHK-
st

= ]
HEIIPEPBIBHA, €CJAU €€ PAcCMaTPUBAThH KaK (DYHKIUIO HA METPUYECKOM IPO-
CTpaHCTBE ¢ MeTpHKOit (3.1).

Onpepenenne 3.1.3. 3ajannbie Ha uHeiHOM npocTpancTse £ HOpMEL || |1
u || |2 sxBUBasICHTHBI:

e~ e (3:3)

€CJTN CYIIECTBYIOT TaKWe MOJIOKHTEeIbHbIe KOHCTAHTHI ¢ 1 b, 9TO
V(z € L) :allzfly < lzfly < bljzla.

Tak Kax 9KBUBaJICHTHbIE HOPMBI 33/IaI0T OJIHY U TY YK€ TOIOJIOIUIO MEeTPH-
JeCKOT0 IMMPOCTPAHCTBA, TO SKBUBAJIEHTHBIE HOPMBI HHOT/IA He Pa3JTMIaIOTCA.

Bynem paccmaTpuBaTh 6aHaXoBO IPOCTPAHCTBO B KaK MeTPHYIeCKOe IPO-
crpancrBo M ¢ merpuxoit (3.1). Ilycrs M -mipocTpascTBO, HOCTPOEHHOE LIPU
JokazaTesabcTBe TeopeMbl 2.1.1 Ha cTp. 103. [lepeHecem HA TPOCTPAHCTBO M
CTPYKTYPY JUHEHHOTO MPOCTPAaHCTBA 3, MOJIOKHUB MO OIpeeTeHIIo

" BBEJEM B IIPOCTPAHCTBE M HOPpMY, ITOJIO2KHB IO OIIpeACJICHUIO
ol = T .

CymiecTBoBaHue Tpeiesia caeyer u3 HepaseHcTBa (3.2).

Tak MBI TpeBpaTUM MTPOCTPAHCTBO M ® HOPMHUPOBAHHOE MPOCTPAHCTRO.
[loBTOpsdd Imar 3a marom JA0Ka3aTeJlbCcTBO TeopeMbl 2.1.1, Mbl yOeauMmcs B
TOM, 9TO MOJYYEHHOE TTPOCTPAHCTBO -3TO MOJTHOE HOPMHPOBAHHOE MPOCTPaH-
CTBO, KOTOPOE KaK METPUYECKOE MPOCTPAHCTBO €CTh HONOJHEHUE TPOCTPaH-
crBa B.
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Onpenenenne 3.1.4. banaxoBo IpOCTPAHCTBO -3TO HOPMHUPOBAHHOE IIPO-
CTPAHCTBO, KOTOPOe KaK MeTPHYECKOe MPOCTPAHCTBO IOJHO OTHOCUTETHHO
meTpuku (3.1).

Tak Kak Ipu HEOOXOJAMMOCTH MBI MOYKEM IePeHTH K IOIOJHEHHIO IPO-
CTPAHCTBA, TO B JajbHeHIeM Bce HODMHPOBAHHBIE TIPOCTPAHCTBA MbI Oy/1eM
CUNTATh ODAHAXOBBIMU.

Eciu HyKHO yKa3aTh, Ha KAKOM HIMEHHO 6aHAXOBOM IIPOCTPAHCTBE B pac-
CMaTPUBAETCS HOPMA, MBI Oy/eM 0003HadaTh ee cuMBosioM ||- | Bl|. Tlpsamvas
cymMMa 6aHAXOBBIX NMPOCTPAHCTB 1 (DAKTOP-IIPOCTPAHCTBO DAHAXOBOIO MPO-
CTPAHCTBA O MOAMPOCTPAHCTBY OOBIYHO PACCMATPUBAIOTCA KakK OAHAXOBBI
IIPOCTPAHCTBA.

Onpenenenne 3.1.5. Ilpamoit cymmoit By @ By 6aHAXOBBIX MPOCTPAHCTB
B n By nHazpiBaercs npamasi cymma By @ By smHelHBIX TpocTpaHcTB By n
B>, B KOTOpOIl BBe/IeHA HOpMa

[z @y | B1 @ Bs| = [z | Bill + [y | Bel.- (3.4)

Bamernm, 94TO B CJIydae THIbOEPTOBBIX POCTPAHCTB BMECTO HOPMBI (3.4)
ylI0bHEee paccMaTpUBATD JAPYIYIO, SKBUBAJIEHTHYIO HOPMY:

|z ®y| B @ Bs|* = |z | Ball* + |ly | Bl
fcHo, 4T0 oTOpaXKeHUs MPOCKTUPOBAHUS
Pri:z®dy—x, Pro:x®y—y

eCTh JINHEHHbIe HelnpepbIBHbIE 0TOOparKeHus IpocTpaHcTBa By & By B mpo-
crpaHcTBO B u By cOOTBETCTBEHHO.

[Iycrs B/ By -hakTop-mpocTpancTBO JHHEHHOTO MpocTpancTBa B 1o -
HeitHomy 1ogaupocrpancrsy By. O6osznauum cumsojiom T € B/ By kiacc K-
BUBAJICHTHOCTH, KOTOPLIil cofepKuT BeKTop = € B. Tlosioxkum

V(& € B/Bo): |7 | B/Bo| “ inf{|lz +¢ | BI| | € € Bo}. (3.5)

Cpasy ke 3aMeTHM, YTO CIIPaBeIINBO OUYEBUIHOE HEPABEHCTBO
17| B/Bo|| < [l | B- (3.6)

Teopema 3.1.1. Ecau By -3amxnymoe nodnpocmparcmeo B, mo npocmpan-
cmeo B/By ecmb 6aHAT060 NPOCMPAHCMBO OMHOCUMEALHO HOPpMbL (3.5).
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Hokazarenbcrso. CHauata goKazxkeM, 910 GbyHKius (3.5) onpeieasier Hop-
My. I3 HepaBeHCTBa TpeyroJabHUKA B IPOCTPAHCTBE B clieayeT HepaBeHCTBO

le+y+&+n| Bl <llz+&| Bl +Ily+n| B,
IO3TOMY

|Z+y | B/Bo| =inf{|lz+y+&£+n| | (+n) € Bo} <
inf{l|lx+¢ | B|| | £ € B} +inf{||ly +n| Bl |n € B} =
|Z | B/Boll + ||y | B/Boll-

Cuie1oBaTe/IbHO, HEPABEHCTBO TPEYTOIbHUKA 1Jist DYHKINHA (3.5) BBIIOIHEHO.
O,ZLHOpOI[HOCTb OTHOCHUTEJIbHO YMHOXKECHUA Ha CKaJApP OY€BUIHA.
[TycTh
|z | B/ Byl = 0.

Torya cyuiecTByeT Taxkas 1ociaejosareabnocts {&,} C By u Takoii sjiemenr
T € T, 9TO
|z + &l — 0, n— oc.

B cuity 3amkHyTOCTH HpOCTPAaHCTBA By (HMEHO 3/16Ch HCIOIB3YeTCs 3aMKHY-
TOCTDL MPOCTPAHCTBA By) nMeem:

Tr = — hmfnGBo,
n—oo

IOITOMY
z=0.
Hesoipoxk qennoctsb dbyrkinn (3.5) nokaszana. tak, Mbr mokazasu, 91o GhyHK-
st (3.5) ompeiesisier HOpMy Ha npoctpancTse B/By. Tenepb g0KazKeM, 94T0
IPOCTPAHCTBO B/ By MOJIHO OTHOCHTEIHHO ITOH HOPMBI.
[Iycrb T, -byHmaMenTaIbHASL OTHOCUTEIHLHO HOPMBI (3.5) Hoc/ie10Baresib-
HOCTh. Be3 orpanmuenust OOITHOCTH MBI MOYKEM CYUTATH, YTO BBITOJTHEHO

HEPABEHCTBO
Tt — T | B/Bo|| <27V, 7 =0.

CymecrBytor Takue , € B, &, € By, 9410
|Tni1 —xn + & | Bl <27, 21 = 0.

[omoxum
Ynt1 = Z (xn—&-l — Tp + fn) 1 = 0.

1<m<n
Tak kak
Ynt+l — Yn = Tpy1 — Ty + fm
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TO CYNIECTBYET HpeesT
y = lim y,.

n—oo

CupaBeJI/InBO HEPaBEHCTBO

17— Tny1 | B/Boll = Iy = Yns1 | B/Bol| <
|y = Yns1 | Bl = 0, n — oc.

[Tosinora upocrpancrsa B/ By poka3ana.
[IpuBenem npuMepbl 6AHAXOBBIX IIPOCTPAHCTB.

ITpumep 3.1.1. TIpocrparcTteo C" ecTh 6aHAXOBO TPOCTPAHCTBO OTHOCHTETb-
HO KazKJI0H U3 HOPM

2l = > Izl 2l = max{|z] [ 1 < j < n}.

1<j<n
[IpocrparcTBo C" MOXKHO PACCMATPUBATDH KaK MPSIMYI0 CYMMY ITPOCTPAHCTB
CL

ITpumep 3.1.2. TlpocrpancrBo C'(D) Bcex onpeneneHHbIX Ha KommnakTe D C
R™ HeprepbIBHBIX (byHKIHIT €cTh HaHAXOBO MPOCTPAHCTBO OTHOCUTEIHLHO HOP-
MBI

If 1 C(D)I| = sup{|f(x)| | z € D}. (3.7)

IIpumep 3.1.3. Bupoctpanctse P, 1 < p < 00, ¢ uHTErpajoM | pacCMOTPUM
JIMHEHHOEe TIO/IPOCTPAHCTBO Lij:

Lo = {f [ L(|f]") = 0},
1 PaccMOTpUM (aKTOP-MPOCTPAHCTBO OTHOCUTEIHHO IPOCTPaHCTBA Lg:
LP/Ly.

9T0 (haKTOP-IPOCTPAHCTBO €CTh HAHAXOBO IIPOCTPAHCTBO OTHOCUTEILHO HOP-
MBI

V(f € LP/Lo) < | fIl = I(LfIP)".

e f -mobas MyHKIUS U3 KJIacCca SKBUBAJEHTHOCTH f [MorHOTA MTpOCTpaAH-
crBa LP/Lg crenyer u3 Teopembr Pucca-@uinepa.

O6b1uno dakrop-upocrpanctso LP /Ly oroxuecrsisiercs ¢ LP u 06o3Ha-
JaeTcd TeM Ke CIIMBOJIOM.
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Teopema 3.1.2. B 6aHazro80M npocmpancmese 0nepauul, CAONCEHUA
(BxB)szxxy—xz+y€B
U YMHONCEHUA HA YUCAO

(C'xB)2Axa— A Xr€B

HENPEPDLEHDL.

JTokazareabcrBo. IycTh
rnE€B,y, € B, 1, — 2o, Yo — Yo,Nn — X.
Torna
1(xo + yo) = (2 + yn)ll < llzo — znll + lyo — ynll = 0, n — o0,

YTO B JOKa3bIBa€T HEINPEPBIBHOCTH OIllepallii CJI02KCHHAA. HeﬂpeprBHOCTb
VYMHOKEHHA Ha YHCJIO JJOKA3bIBACTCHA abCOJIIOTHO aHAJOTHYHO.

Teopema 3.1.3. 1. Ecau O -omxpwuimoe MHOMCECMBO 6 OGHATOGOM NPO-
cmpanemee B u A # 0, mo muoscecmeo

ANO={x|z=M\y,ye€O}

OMEPLIMO.
2. Ecau O -omkpuimoe MHoscecmeo 6 banaxosom npocmparcmee B u A -
NPOU3BOALHOE MHONCECTNGO 6 DAHATOBOM npocmpancmee B, mo muoocecmaeo

A+O={z|z=y+2,yc 0,z A}
omgpbwLImo.

okazarenbcTBo. /1 MOKa3zaTenbCcTBA TEPBOTO YTBEPIK/IEHUS 3aMETUM,

9TO OTOOparkeHune
B B:x—x/A

HenpepwuiBHO. MHOXKecTBO AO ecTh mpoobpa3 OTKpeITOro MHOXKecTBa O TIpH
TOM OTOOpPAKEHUU U TTOITOMY OTKPBITO.
1g mokazaTeabcTBa BTOPOTO YTBEPZKIEHNUS 3aMeTHM, UTO OTOOpazKeHne

B—B:zw—x—y

uerpepbiBho. [losromy mpu j060oM y € A MHOKECTBO Yy + O OTKPBITO KaK
1poobpa3 OTKpbITOro Muoxkecrsa O 1pu HenpepeBHOM oToOpazkenuu. MHo-
kecTBO A + O OTKPBHITO KaK 00beINHEHNE OTKPBITHIX MHOYKECTB.
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3.2 IIpocrpaHCTBO JIMHEHHBIX OTOOPaKEHMIA.

[Iycts By u By -6anaxoBbl IIPOCTPAHCTBA.
Onpenesnenne 3.2.1. OTobpaxkenue
T: By — By
HA3bIBAETCS JTUHEHHBIM, eCJIn
VAeC,ueC,zeB,yeBy) : TAx+ py) = N(x) + pT(y).

JlemMma 3.2.1. Ecau aunetinoe omobpascenue nenpepuieHo 8 mouke x = 0,
MO 0HO HENPEPBIEHO 8 NPOU3BOALHOT Mmouke To € By.

HoxazarenbcTBo. IlycTh
Tp — Lo, M — OO.

Torna
(X —x0) = 0, n — 00,

u ecan JimHeitHoe oTobpazkenune 1’ HeIpephIBHO B HYyJIE, TO
1T (2n) = T(wo)[| = T (zn — zo)|| = 0, n — o0,
a OTCIOJA CJIeIyeT HelpepbIBHOCTD oToOpazkenus 1’ B TOUKe Xg.

Jlemmvma 3.2.2. Ecau aunetinoe omobpasicenue HENPEPHLIBHO 6 Hexomopotl
moukxe o € B, mo ono HenpepuieHo 6 Hyae.

HoxazarenbcTBo. IlycTh
Yn — 0, n — 00.

Torna
(zo + Yn) — o,

u ecqin JimHeitHoe oTobpazkenune T HENIPEPBHIBHO B TOYKE I, TO
1T (yn)[l = IT (0 + yn) — T(20)[| — 0, n — o0,
W3 gemm 3.2.1 u 3.2.2 BLITeKAaCT

Teopema 3.2.1. Ecau aunetinoe omobpascerue Henpepuieno 6 00HOT movke,
MO 0HO HENPEPBLIBHO 6CH00Y.
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MHOKecTBO BCexX JIMHEHHBIX HEIPePBhIBHBIX 0TOOparkeHuil OaHaX0Ba MIPO-
cTpancTBa By B 6aHaX0BO IPOCTPAHCTBO By MbI 0603HadnM cuMBoJIoM L( By +—

By).
Onpepenenne 3.2.2. Jluneiinoe orobpazkenue
T: By — By
OTPAHUYEHO, €CJIN CYIMEeCTBYeT Takas Koucranta C' < 00, 4TO
V(z € By) : [[T(x)]| < Cll]. (3-8)

B neroii wactn HepabencTBa (3.8) HOpMa Oepercsi B MpOCTpaHCTBE Ba,
B mpaBoil Yactu HepasencTBa (3.8) HOopMma Oepercsi B mpocTpancrse Bi. B
JajabHeimeM Mpl He OyaeM CIIeNUAIbHO OrOBAPHBATL B KAKOM MMEHHO IIPO-
crpaHcTBe 6epyTCsi HOPMbI, €CJIM 3TO MOXKHO IOHSITh U3 KOHTEKCTA.

Tounas HUXKHAS IpaHb BCEX BO3MOXKHBIX KOHCTAHT C', KOTOpBIE yIOBJIE-
TBOPSIOT HepaBeHCTBY (3.8) Ha3BIBAETCS HOPMOI OrpAHMYEHHOTO ONMEPaTopa
T:

IT | LB, = Bl = sup{IIT@) | Ball | || Ba <1} (3.9

MBI ocTaBisieM YHTATeI0 TPOBEPKY TOTO, UTO TpaBas 9acThb (3.9) meificTBu-
TEJIbHO 33JIaeT HOPMY HAa JUHEHHOM IIPOCTPAHCTBE BCEX OTPAHUYCHHBIX JIH-
HeWHBIX OMepaTopoB, KOTOPHIe JedcTBYIOT u3 B B Bs.

Teopema 3.2.2. Jlunetinoill 0nepamop HENPEPLIBEH, 68 MOM U MOALKO MOM
CAYMAE, eCAU OH 02PAHUYEH.

HokazarenbcTBo. HemocpeacrBeno u3 onpejesenus (3.8) cieiyer, d9To
OrpaHUYEHHBIH OlEepPaTOP HEIPEPHIBEH B HYJIE, IOSTOMY OMPAHUYEHHBIH OIe-
paToOp HEHpepHIBEH.

Ecyim oneparop 1" HenpepbiBeH B HYyJIe, TO TOT/Ia CYNIECTBYET TaKas KOH-
cranTa 0 > 0, 910

V(llzll < 0) : [T ()] < L. (3.10)

[Tosnoxkum B (3.10)
x=0y/2|lyl, y #0. (3.11)

Torma nosryanm:
2
V(y € B1) [T < 5llvll,

9TO U JIOKA3BIBAET OrPAaHMYEHHOCTH HENPEPBIBHOTO oneparopa 1.
B sanbreiiniem nupocrpancrso L(By +— Bs) Mbl OyueM paccMarpuBaTh
KaK HOPMHPOBAHHOE IIPOCTPAHCTBO ¢ HOPMOii (3.9).
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Teopema 3.2.3. IIpocmpancmeo L(By — By) ecmv 6anazoso npocmpan-
CMB0, M. €. OHO NOAHO OMHOCUMENDHO MEMPUKU, KOMOPAA UHIYUUPOSAHA,
nopmoti (3.9).

Hokazaresnncrso. [lycrs {T,,} C L(By +— Bs) -1pou3BOJIbHAS IOCTEI0BA-
TeJIbHOCTD, KoTopas dbyHIameHTagbHa o HopMme (3.9). Tak kax

V(z € By) : | Tw(x) — T ()| < ([T = Ton[[] ]
U TPOCTPAHCTBO By MOJIHO, TO

V(z € By), 3T (z) : lim T,(z) = T'(x). (3.12)

n—:o0

glcHo, uTo onpenesnenHbiit paBercTBoM (3.12) onepatop T nuneen. Tokaxkewm,
9TO OH OrpaHUYECH.
[Iycte N BbIOpaHO HACTOJIBKO OOJIBIIAM, 9TO

V(im,n>N): |1, —T.| <1
Torna

V(z € Br) : [To(2)]| < |[Ta2) = T ()] + 1T ()| <

(4 1T lD ]l (3.13)

[Tepexoas B HepaseHcrse (3.13) K mpemesy n — 00, MBI MIOJyYaeM HEDABEH-
CTBO

V(z € By) : [T(2)]| < (1 + (1 TnlDll=]l,

13 KOTOPOIO U CJeyeT OrpaHuIeHHOCTh omeparopa 1. Ho oranndaennsiii ome-
paTop HEmpepbIBeH, TTO3ITOMY HaIlla TeopeMa OKa3aHa.
Paccmorpum

IIpumep 3.2.1. Ilycrp D C R"™ -3amkuyTasg orpanuderHas 00J1acTb B IIPO-
crpancre R™ | k(x, y) -HenpepoiBaast hyHKIHMA, 3aaanHas B obaactn DX D.
Dopmyna
Kf(e) = [ ko o) Fw)dy (3.14)
D

3aJ1aeT OlepPaToOp
K:C(D)w— C(D).
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OnennMm ero HOopMmy. Mmeem:

K71 CD)] =sup{] [ bl 9)fw)dsla € D} <

sup{ [ b, w)ldy | = € DY)sup{|f)] | v € D) =

sup{ [ |ktz, pldy | = € DYIF | CD)]
Cl1e10BATENBHO, :

1K | L(C(D) = C(D))| < Sup{/ |k(z, y)ldy | = € D}.

Bynem paccmarpuBarh 3agannblii dbopmysoii (3.14) omeparop Kak omeparop
u3 LY(D) B L'(D) u ouenum ero mopmy. Nmeem:

1K1 20N = [ [ Ko, ) f@)dylas

D D
< (sup{ [ |k(z, y)ldz [y € D}) [ |f(y)ldy <
/ /
Sup{/ |k(z, y)ldz | y € DY||f | LY(D)].
D
CretoBare/ibHO,

1K | £(LY(D) — LY(D))I| < Sup{/ k(2 , y)lde [y € D},

Bynem pacemarpusarh 3amanubiii hbopmysioit (3.14) onepaTop Kak omeparop
u3 L*(D) B L?(D) u ouenum ero mopmy. Nmeem:

/ /k(l’, y)f(y)dy dx)2

< (D/ [ Ik, ywdmy) ( / f<y>2dy>
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CaenoBaTesbHO,

1/2

|K | L(ZA(D) — L(D))]| < //wu,wﬁmw

B paccMoTpeHHOM TpmMepe MBI TOJYYWJIN ONEHKY CBEPXY a9 HOPMBI
oreparopa. To4HOe BBIYMC/IEHHE HOPMbI OHEPATOPa MOXKET ObITb TPY/HOM
3a0a49€l.

3.3 OcHoBHBbIE TPUHINUNHI.

OCHOBHBIMU TPUHIHUTAME (DYHKIIMOHAJIHLHOTO aHAJN3a TPAIUINOHHO Ha3HI-
BaIOTCA HECKOJILKO HaubOJIee 9acToO MUTHPYEMBIX TeOpeM, KOTOpbIe, KaK IIpa-
BHJIO, COCTABJSIOT “TPYIAHYIO” YacTh JI0Ka3aTeJbCTB. VHTepecHo, 4TO 3TH
TeopeMbl (3a HCKJIOYEeHHeM TeopeMbl XaHna-Banaxa) sBisiiorcst cirejcTBiem
Teopembl bapa o kareropugx.

3.3.1 IIpuHnun paBHOMEPHOII OrPaHNYEHHOCTU U Teope-
ma banaxa-IllTeiiHray3sa.

[lycrb
FaiBlHBQ, ael

-ceMeiicTBO He 0bAa3amenvho aurelnvr oTobparkeHuit 6anaxoBa MPOCTPaH-
crBa B; B 6aHaxoBO HpocTpaHcTBO By, Creayioniee yTBepzKiaeHHE OOBITHO
HA3BIBAETCS TPUHIIMIIOM PABHOMEPHON OrpaHUIeHHOCTH.

Teopema 3.3.1. [Ipednososcum, ¥mo 6unosrersvs cAedyouUue YCAOBUA.
1. Kaotcdoe omobpasicerue F, nenpepuigno.
2. Buinoanens, Hepasencmea:

Vel z,yeB):|Falz+y)ll < [[Fal)| + [[Fa()l], (3.15)
VeI, NeR' z € B)) : [|[F.(0)]| < |A|||Fal2)]. (3.16)

3. Ilpu xaorcdom x € By cemeticmeo omobpastcenuti F,, oz2panuvero pacHo-
MEPHO MO O :

V(z € By) : sup{||Fa(2)|| | € I} = C(x) < 0. (3.17)
Tozda cemeticmeo omobpasicenud F, HENPEPWBHO 6 HYAE PABHOMEPHO MO (L :

lim sup{|Fa )| [lo]] < 6, o € T} =0. (3.18)
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JlokazarenbcTBo. B cuny HempepBHOCTH OoTOOparkenus F, Ipu KazKJIOM
a € I, n>1 vMHOXKECTBO

{z [ [Fal@)l] < n}

3aMKHYTO. [ToaToMy mpm Kaxkao0M 1 > 1 MHOXKECTBO

Xo =z | [Fa(2)ll < n}

ael
3aMKHYTO KaK IepecedeHne 3aMKHYTBIX MHOMKECTB.
3 (3.17) caexyer, 1To
B, = U Xna
n

OITOMY B CHJIy TeopeMbl Bapa o kareropusx (cM. crp. 114) cymecrByer
TAKO# OTKPBITHIN map b(xg, €) u Takoe n, ITo

b(zg, €) C X,,. (3.19)
Brurouenue (3.19) o3nagaer, 9T0
V(lyll <€) = sup{|[Fa(zo +y)l | a € I} <n.

CaenoBaresibHo, B cuily HepaBeHcTBa (3.15) cupaBejinBa OlEHKA:

V(llyll <€) sup{llFa()ll | v € I} <
sup{[| Fo(zo + y)|| | v € I} + sup{[|[Fa(=mo)|| |« € I} <
n+ C(xo).

Ho rorga u3 (3.16) caenyer, 9ro
sup{[| Fo ()| [ [zl <0, o€ I} < 6(n+ Clxo))/e

Teopema mokazana.

Caemyiorniue IBe TEOPEMbl €CTh MPOCTOE CJICICTBAE TPUHIMIIA PABHOMED-
HOM OIpaHUYEHHOCTH U BMECTE 3TU TeOpeMbl Ha3bIBAIOTCs TeopeMoil banaxa-
[TIreitaraysa.

Teopema 3.3.2. Ilyecmv T, -cemelicmeo AUHETHBIL HENPEPOIBHLLL 0MObPa-
atcenudi banaxosa npocmpancmea By 6 banaxoso npocmpancmeo By. Ecau

V(z € B) : sup{||Ta(2)[| [« € I}} = C(x) < oo,

sup{||Ta]| | @ € I} < 0.
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JokazarenbctBo. Ilpumenum Teopemy 3.3.1 K ceMeiicTBY OTOOpazKeHUM
F, =T,. lloxyanm, 9To

A0 >0), V(llzll <0) = sup{||[Fa(@)[| | [[«]] <é, c e T} <1.
Ho Torna

sup{[| Tl | a € I} = sup{||Ta()|| [ 2] <1, c € I} <1/d
Teopema ji0ka3aHa.

Teopema 3.3.3. Ilycmo T, -nocaedo8amesvHocmsd AUHETHULT HENPEPLLEHBLE
omobpastcenutl banarosa npocmparcmea By 6 banaxroso npocmparcmeo Bo
u a4 Kaotcdozo T € By cyuecmeyem npeden

V(z € By), 3To(x) : lim T,(x) = Ty(x). (3.20)

Tozda onpedeaenrots dopmyaot (3.20) onepamop Ty Henpepwisen.

Hokazaresancrso. U3 (3.20) caenyer, 9ro
V(z € By) : sup{||Tn(z)] [ 1 <n < oo} < oo
Ho Torna B cumy Teopemsbr 3.3.2

sup{||T,.]| | 1 <n < o0} < o0,

V(z € By) ¢ [Ty(@)l| < sup{l|Th]l | 1 < n < oo}fa]|.

CnenosarenbHO, onepaTtop 1 OrpaHMYeH U TOITOMY HeNpephIBEeH.

Teopema jokazana.

Crenyromasi TeopeMa ecTh MPOCTOE CJIEJICTBUE HEPABEHCTBA TPEYTOJIbHU-
Ka, HO OHA TOYKe WHOTJA Ha3biBaeTcd TeopeMmoil banaxa-Illteitaraysa.

Teopema 3.3.4. Ilycmo T, -nocaedo8amesvHocmsd AUHETHULET HENPEPLLEHBLE
omobpastcenutl banarosa npocmparcmea By 6 banaxroso npocmparcmeo Bo
ydosaemeopaem Ycro8ulo

sup{||Tn]| | 1 <n < oo} =C < o0, (3.21)
nycms D -naomuoe 6 By mMHoosicecmaso:
Cl(D) = By,
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u daa wastcdozo x € D cywecmsyem npedea:

V(z € D), ITy(x) : To(x) = lim T, (z).

n—oo

Tozda npeden lim,, ., T,,(z) cywecmeyem daa ecex x € By u onpedenenmvili
popmynot
To(z) & lim T,(z) (3.22)

n—oo

ONEPATNOP HENPEPHIEEN.

Hokazaresberso. st kaxgoro © € By u € > 0 naiigem rakoe y(z, €) €
D, uto
o —y(z, o)l <e/4C,

riae C -koucranta u3 (3.21). Torma

[0 () = T ()| < I(Tn = Ty, )| + [[(Tn = Tin) (= — y(z, €))]| <
€/2+ (T = T)y(z, €)]|-

[IycTh n, m BeIOpaHbI HACTOJBKO OOJIBIIKMHA, ITO
(T = To)y(z, €)]] <e/2.

Torma w3 mpeaplAyIIero HepaBeHCTBA CJEAYET, YTO NI TaKUX N, m Oymer
BBITIOJTHEHO HEPABEHCTBO

1T () = Tn(2)]| < e.

CrenoBaTesbHO, TIOCTE0BATENLHOCTD 1), (2) cxomuTes mas Beex © € By.
flcro, aTo

[To(2)|| < sup{[[Tafl [ T < < oo}flz|| < Cff]].

CnenoBarebHo, oneparop Ty orpaHuydeH U IHOITOMY HEIPEPbIBEH.
Teopema mokazana.
Paccemorpum

Ipumep 3.3.1. Ilycts B -6aHaXOBO TPOCTPAHCTBO BCEX MEPUOIUYHBIX U HEIIPe-
pbiBHBIX Ha orpeske [0, 27| dyukuuit: f € B, eciin [ HenpepbiBHA 1

f(0) = f(2m).

OmpeneiuM B IpocTpaHcTBe B HOpMY:
If | Bl = sup{|f(z)| | = € [0, 27]}.
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Onpenenum B npoctpanctse B oneparopst T, € L(B +— C'), monoxus

T.(f) = <%+ Z (a coskx—l—bminkx))

1<k<n

Y

=0

e ay , by -ko3pdunuenter Pypre GyHKIUH [ 10 TPUTOHOMETPUIECKOIT CH-
creme (PYHKITHIA:
1 2 1 2
ap = — (x) cos(kzx)dz , by = — f(z)sin(kx)dx.
m™Jo T Jo
Onenum nopmy onepatopa 1),. C 3Toit 1e1bi0 BCMOMHUM UHTETDAJTLHOE TPe]I-
craBjienne 4acTHoit cymmbl psjga @ypbe uepes gapo lupuxiie:

(1 2T sin((n 4+ 1/2)(t — 2))
T"(f)_<7r /0 dsin((t —a)/2) ! (t)dt)

=0
[Iyctn
0<m<2n+1,t, ,=mm/(n+1/2), m=0,...,
o= {sz‘gnsm((n +1/2)(8)) , ectu|t —ty o] > ¢,

JHHeiiHa Ha ydacTke |t —t, | <€

u HenpepbiBHA. flCHO, 4TO

||fn,5 = 17
I | £(B = CH|| = sup{| T fu.o| |l € > 0} =
127 sin((n +1/2)t)
27 Jo sin(t/2)

™ | sin(t)] /”(M) | sin(?)]
dt = — 2 dt >
01/0 " 4 g " >

0<k<n—1" 7k
const. E
1<k<(n—1)

‘dtz

~ const.Ilnn.

T =

B BhIIMCAaHHBIX BBIIIE HepaBeHCTBaXxX

t

Ci = min ————
LT oSt 27 sin(t/2)’

CUMBOJI const. 0003HAYAET MOJIOKUTEJbHYIO KOHCTAHTY, KOTOPasl He 3aBHCHT
OT M U TOYHOE 3HAYEHNE KOTOPOil 115 Hac He BaxkHO. CJ1e10BaATEIEHO, HOPMBI
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onepaTopoB 1, He OTPaHUYEHBI B COBOKYNHOCTH. 113 Teopembl 3.3.2 caenyer,
YTO 9TO MOXKET OBITh TOJBKO B TOM CJIyYae, €CJAU CYIIECTBYeT Takas (PyHK-
st fo € B, aro |1,(fo)(0)] — oo, n — oo. CrenoBareabHo, CyIecTByeT
Takas HelpepbiBHAsI nepuogandeckast Qyukmus, psag Pypbe KoTopoit pacxo-
qurea B Touke © = 0 (CABUTOM apryMeHTa CyIecTBOBaHWEe Takoil (yHKIHH
JOKA3BIBAETCS JIJIS JTIO00I TOUKH).

JlokazaHHBI HAMU Pe3yJbTaT -9TO TeopeMa CYIIeCTBOBAHUs, U TeopeMa
banmaxa-IlITenraysa 9acTo UCIOIB3yeTCs JIJId ITUX Teeid.

3.3.2 Teopema 00 OTKPBHITOM OTOOpakK€HUU U €€ CJIe]I-
CTBUA.

Onpepenenne 3.3.1. Jluneiinoe orobpazxkenue T ODaHaxoBa IPOCTPAHCTBA
B; B 6aHaxoBO POCTPAHCTBO By HA3KIBAETCS OTKPBITHIM, ecJin 00pa3 1106010
OTKPBITOI'O B 31 MHOXKeCTBa OTKPBIT B Bs.

Samernm, 910 0TOOpazKeHWe MOYKeT OBITh JUHEHHBIM U HEIMPEePBHIBHBIM,
HO He OBITh OTKDPBITHIM. [IpmMmepoM JIMHEHOTO, HEIPEPBIBHOTO, HO HE OT-
KPBITOTO OTOOPaKeHUsl SBJseTcs 0TOOpaKeHrne, KOTOPOe BCe TTPOCTPAHCTBO
By 1epeBojiuT B HOJIb IPOCTPAHCTBA Bs.

Omnpegenenne 3.3.2. O6pa3oM (uiu 06JIACTHIO 3HAYEHHUIT) OTOOPaYKEHHsT
T: By — By
HA3BIBAETCA MHOZKECTBO
Im(T)={y|y=T(x), z € By}. (3.23)
WNuorma obacts 3HadeHnit orobparkenud 1’ 0603HaIAETCSI CUMBOJIOM

Range(T) = Im(T). (3.24)

Caenytonee yTBepZK/IeHIe HA3BIBACTCH TEOPEeMOil 00 OTKPHITOM 0TOOpa-
JKEeHUU WA TPUHITUIOM OTKPBITOCTH OTOOpayKeHus .

Teopema 3.3.5. Ecau omobpasceriue
T e £<Bl — BQ)

AURETH0, Henpepuieho u 00pas npocmparcmaea By npu omobpancernuu T ecmo
ece npocmparcmseo By:

Im(T) = Bs, (3.25)

mo omobpaxncenue T omrpumo.
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Jloka3aTenbCTBY TeopeMbl 3.3.5 MBI IIPEITONLIeM HECKOJTBKO JTEMM.
B nanbmeiimem 1map B IpocTpaHcTBe [B; Mbl OyleM IOMEYaTh TeM Ke
WHJIEKCOM:

bi(, ) C B;.

JlemMma 3.3.1. Ecau swvinoanenvt ycrosus meopemv, 3.53.5, mo samvixarue
00pa3a 2106020 ULAPA C UEHMPOM 6 HYAE COOEPAHCUTN, OMEDBINGLIT WGP € UeH-
MPoM 6 Hyae:

V(e > 0), 35(e): by(0, 6(¢)) € CHT(b1(0, €))). (3.26)

Hoxkazarenbcrso. 113 yeaosus (3.25) caemyer, aro

B, = JCUT(b:(0, n)). (3.27)

I3 (3.27) u Teopembr Bapa o kareropusx (cm. crp. 114)caenyer, ato
A(n, yo € Ba, 7> 0) : ba(yo, r) C CYT(b:(0, n))). (3.28)
Tenepb 3aMeTHM, 9TO U3 BKJIIOYEHUS
y € CUT(b:(0, n)))

cjaeagyer BKJIOYEHUEe

—y € CUT(01(0, n))),

a U3 BKJIIOYCHUN
y1 € CHT'(b1(0, n))), yo € CHT(b:(0, n)))
ClIeJlyeT BKJIIOUYCHHe
VOo<a<l):ay + (1 —a)y, € CH{T(b1(0, n)))
[TosTomy u3 (3.28) caenyer, 9To

M={yly=Q2a—-1)z,z€by(yo,7),0<a<1} C CIT(b:(0, n)))
(3.29)
Tak kak map by(yo, ) OTKPHIT, MHOXKECTBO M OTKDPHITO U COAEPKUT TOUKY
0, moaTomy

(e > 0) : ba(0, €) C M C CHT(b1(0, n))).

CretoBaTesbHO,

Y(A > 0) : b(0, Ae) € CUT(by(0, An))).
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[10/102KUB B 5TOM BKJIIOUCHAN
A =¢/n,
MBI OJIy9HM BKJodenue (3.26) ¢
5(e) = 2 /n.
Jlemma mokaszana.

Jlemma 3.3.2. Ecau 6vinonenst ycaosus npedvdyuiets Jemmol, G YUCAG € U
d(€) ydosaemeoparom ycaosuro (3.26), mo

b2(0, 0(€)) C T'(b1(0, 3e)). (3.30)
JTokazareabcTBo. IycTh
n—1)

€1 =€, €, = 2~ ( €(n—1)-

Mpr Oyziem canTarh, 9T0 BEIOpaHHas B cooTBeTCTBUE € (3.26) mOC/Ie10BATe b
HOCTH 0(€,) YIOBJIETBOPSET YCAOBUIO:

1
6<€(n+1)> < 55(6n)
duKcupyeM IpO3BOJILHO

Yy € bg(O, 5(61>>

Hawm myx)HO moka3zaTh, 94TO
d(x € b1(0, 3¢)) : y =T(x).

U3 memmbr 3.3.1 caemxyet, 94To

ol 58(e) (VT01(0, 1)) £ 0

U MO9TOMY cytnecTByeT Takoe x1 € b1 (0, €), 4ro

Iy = T < 50(e)

CiejtoBaTe/ibHO,

(y —T(z1)) € ba(0, d(e2)),
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U CYIEeCTBYeT Takoe Ty € b1(0, €3) 9To0

Iy~ Twa) — T2 < 5(es).

Paccyk/as 10 MHAYKIMA, Mbl HOJIy9UM TaKyIO [OCJIEJI0BATEIBHOCTL {T,},
qT0

1
|zl < €n, ly —=T(x1 + 204+ ... +2,)|| < 55(e(n+1)) —0,n—o00. (3.31)

ac:g Tp.
n

[TooxxuM

3 (3.31) caeayer, aro
y=T(x), ||lz|| <e(l+1/2+4...) < 3e.

JlemMa mokazaHa.
[lepexoamm K TOKA3aTEIBCTBY TEOPEMBI.
[Iycts A -0TKpBITOE B pocTpancTBe By MHOXKECTBO, Lo € A n

Yo = T(x0).
Tak kak A -OTKpPBHITO, TO cyIiecTByeT Takoii map by (0, €) C By, uro
Ty + bl(O, 6) = bl(l’o, 6) C A

B cuty memmbr 3.3.2 cymectsyet Taxoii map by (0, d(¢€)) C Ba, uto be(0, d(€)) C
T(b(0, €)). IlosTomy

Yo + b2(0, 6(€)) = balyo, 0(€)) C T(wy + b1(0, €)) C T(A).

CaetoBaTeIBHO, MHOZKECTBO T(A) BMECTE C KazKJIOi CBOCH TOYKON COIECPIKUT
HEKOTOPBI OTKPBITHIA IIap € HEHTPOM B 3TOH TOYKE U MIO3TOMY MHOXKECTBO
T(A) orkpoito. Teopema mokazana.
BriBeieM HeKOTOpbBIE CJIEICTBUS U3 JIOKA3AHHONW TEOPEMBbI.
[IycTh
T: Bl — B2 (332)

-HeftHoe (He 00si3aTesibHO HenmpepbiBHOe) orobpakenue u Im(T) = Bs.
Omnpenenenne 3.3.3. Orobparkenne

T7': By +— B
Ha3bIBaETCS 0OPATHBIM K oToOpazkenuio 1, eciau

Yz € By) : THT(z)) =2, V(y € By) : T(T ' (y)) = .
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Sameuanue. Ceifyac Mbl pacCMaTPUBAEM TOJBKO TaKue OTOOparKeHus, 00-
JIACTH ONpeJIeJIeHHsI KOTOPBIX cosnadaem co ecem npocmparncmeom. [lozxe
MBI OyJIeM pacCMaTpPUBATh OTOOpasKeHUsI, 00JIACTh OIpeIeTeHuT KOTOPBIX B~
JISIETCSI JIUITh JIMHEHHBIM MOAMHOr0o0OpasueM B 6HaHAXOBOM MPOCTPAHCTBE, U
JIJIST TaKUX OTOOparkeHnit OyaeT JaHO CBOe olpejeseHne odpaTHoro orobpa-
JKEHU.

s cymecTBoBaHuS 00PAaTHOIO OTOOPaXKeHHsT HEOOXOIMMO U JIOCTATOY-
HO, BO-IIEPBBIX, YTOOBI 00pa3 mpocTpaHcTBa By upu orobpazkennu 1 coBia-
JiaJ1 ObI CO BCEM MPOCTPAHCTBOM By, M, BO-BTOPBIX, 4TOOBI KayK/Iblil 3JIEMEHT
npocTpancTBa By uMme 1 661 TOJBKO OJUH Ipoodpa3 npu orobpaxkennn 1"

(T'(21) = T(x2)) = (21 = 22).

B cuny nmumeitnOCcTH 0TOOpazkenus: T’ mocseHee yCJIOBHe MOKHO ¢OPMYJIN-
POBaTh B BUIE!:
(T(.flfl — 1’2) = O) = (.1'1 — T9 = O)

Omnpenenenne 3.3.4. fapom auneitnoro orobpazkenus 1’ HazaBaeTcsd MHO-
JKECTBO

Ker(T) ¥ {z | T(z) = 0}. (3.33)

Wrak, HeOOXOAUMOE U IOCTATOYHOE YCJIOBUE CYIIECTBOBAHUSA 0OPATHOTO K
JHeHHOMY (He 00si3aTesibHO HenpepbiBHOMY) oTobpazkenuio (3.32) cocrour
B CJIEYTOTIEM:

Im(T) = By, Ker(T) = 0. (3.34)
OrobpazkeHust, yI0BIETBOPAIONTIE EPBOMY U3 yCI0BHi (3.34), HA3BIBAIOTCSI
CIOPBEKTUBHBIMU O0TOOpakeHuAMU. OTOOpaKeHus, YJIOBJIETBOPSIONIAE BTO-
pomy yesioBuio (3.34), HA3BIBAIOTCST HHbEKTHBHBIME OTOODAYKEHUSIMU.

Cremyioriag TeopeMa Ha3bIBaeTcs TeopeMmoit Banaxa o6 obpaTHOM 0TOO-
pPazKeHuu.

Teopema 3.3.6. Ecau aunetinoe omobpasicenue T ydosaemeopaem ycrosu-
am (3.34) u nenpepuiero, mo obpamuoe omobpastcerue HenpPePveHo.

JokazareabcTBo. Ilycrh A -OTKPBITOE MHOXKECTBO B IIPOCTpaHCTBe Bj.
Torma B cuty TeopeMbl 00 OTKPBITOM OTOOPAXKEHUH MHOYKECTBO

(T (A) =T(4)

OTKPBITO, 03TOMY IpH 0Tobpazkenun T~ ! (koTopoe cymectsyer B cuiy (3.34))
mpoobpa3 JI060r0 OTKPHITOTO MHOYKECTBA OTKPHIT, T. €. oTobpaskenme 11
HempepbiBHO (cM. cTp. 117).

Teopema mokazana.

Euie oano ciejicrBue TeopeMbl 00 OTKPBITOM OTOOpParKeHUH -TEOPeMa, O
3aMKHYTOM T'paduke.
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Onpenenenne 3.3.5. ['paduxom nuHEiiHOrO 0TOOPAYKEHUS
T: By +— By (3.35)
HA3BIBAETCS MHOYKECTBO
Gr(T)={z®T(x) |z € B} C B; ® Ba. (3.36)

['pacduk jimHeiiHOro 0TOOparKeHUs eCTh JUHEITHOe IO IMHOro00pa3ue mpsi-
MO# cyMMBbI 00JIACTHU OITpejie/IeHusT U 00J1aCTH 3HAUCHUII.
Ob6patnoe oTobpazkeHue -3To olIepaTop ¢ rpaduKoOM

GI‘(T_l) = {Tl’ D x ‘ T € Bl} C BQ © Bl-

Ecin orobpazkenue HenpepblBHO, TO I'paduK 0TOOparKeHUs €CTh 3aMKHYTOe
HOJIIPOCTPAHCTBO ITOM HpsMOil cyMmmbl. OKa3bIBAETCs, 9TO CIIPABEJIMBO H
obparHoe yrBepzKaenne. CJienyionas TeopeMa Ha3bIBAETCS TEOPeMOil O 3a-
MKHYTOM TpaddukKe.

Teopema 3.3.7. Ecau epagur aunetinozo omobpascerus (3.35) samknym,
mo omobpascenue T HenpepuieHo.

Hoxkasarenberso. Ecau nogmuoxecrso Gr(T) C By @ By 3aMKHYTO, TO
mpoctpauctBo Gr(7') ecth 6aHAXOBO HOAMPOCTPAHCTBO OAHAXOBA MPOCTPAH-
crBa By @ By. OrobpazkeHue

Pri:z@®T(x)—x (3.37)

ecTh JIMHERHOe HelpepbiBHOe oTobparkenne Ganaxosa mpocrpancTsa Gr(T)
Ha npocrpadctBo By, npudem Im(Pr;) = B; , Ker(Pry) = 0. B cuy
TeopeMmbl Banaxa 06 oOpaTHOM 0TOOParKeHUU OTOOParKeHUe

By — Gr(T): z—2x&T(x)
HenpepbiBHo. ClieJ0BATENBHO, 0TOOPaKEeHHE
By— By:x—x®T(x)— T(z)

HENPEePbIBHO KaK KOMIO3UIHs HenPepbIBHbIX oToOpakernit. (Mbr yunu, ato
Cy’KeHUe HENPEePBIBHOIO OTOOpaKeHWs] MPOEKTUPOBAHUS T D Yy — Y Ha 3a-
MKHYTOe By @ By muoxkectso Gr(T') HenmpepbiBHO. )

TeopeMma mokazana.

SaMeruM, 9TO B JOKA3aHHOH HAMH TE€OpeMe IIPEIIoJarajoch, 9T0 0To0-
pazKeHue 3aJTaH0 HA BCEM NPOCTMPAHCMEE.
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3.3.3 Teopema Xana-bBanaxa.

B teopeme Xama-banaxa TomosorudecKas CTPYKTypa IIPOCTPAHCTB He pac-
CMaTPpUBaCTCAd U B ﬂaﬂbHeIU/IHII/IX PacCCyKACHUAX OHa HUKAK HE€ HNCIIOJIb3yeTCH.

Onpegenenune 3.3.6. 3aannas Ha BEIIECTBEHHOM JIMHEHTHOM IIPOCTPAHCTBE
L dyuxims

p: L— RL (3.38)

Ha3bIBACTCA KaJHMOPOBOYHHOM (DYHKIHEH, eCJiM OHA YAOBJIETBOPLAET yCJIOBH-
SAM:

V(z,y€L):plz+y) <pl)+py). (3.39)
V(a>0,z€L): plar) = ap(x). (3.40)

Omnpenenenne 3.3.7. 3amanHast Ha KOMILIEKCHOM JIHHEITHOM TPOCTPAHCTBE
L dpyukmms

p:Lr—>R}r

Ha3bIBa€eTCA HOJIyHOpMOfI, €CJIM OHa YIOBJETBOPAET YCJIOBUAM

V@eeL,yeL): plx+y) <plx)+py) (3.41)
Viz € L, aeCh: plaz) = |a|p(z). (3.42)

Besikas monynopMa ecth KaJgunbpoBodHast (DYHKIUsI, & OTJAWIHE TTOJIYyHOP-
MBI OT HOPMBI COCTOUT B TOM, UTO JIJIsl OJYHOPMBI U3 yeiaosus p(z) = 0 He
cienyet, yto x = 0.

Cremytorias TeopemMa Ha3bIBaeTCs TeopeMoit Xana-baHaxa /111 BelecTBeHHO-
JIMHEHHBIX MPOCTPAHCTB.

Teopema 3.3.8. [Tycmwv L -seuecmeennoe aunetinoe npocmparncmeo, Ly C
L -nodnpocmparcmeo npocmpancmea L, p(x) -xasubposounas dynruus
na L u f(x) -3adannoiii na noonpocmpancmse Ly seusecmeenmo-aunedinil
PyrKyUOHaL, KOMOPYLT YO0BAEMBOPAEM, YCAOCUID

V(xz € Lo) : f(z) < p(z). (3.43)

Tozda cywecmeyem 3adannoili Ha scem npocmparcmee L sewecmeenno-aunetinol i
Pyrryuonas f, xomopol Yyodosaemeopaem Ycao8uaMm:

V(z € Lo) : f(z) = fz) ,V(xel): —p(—z) < flx) <p(r). (344
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Hokazarenscrso. Eciau L = Lo, To noka3eiBarh Hevero. Ilyers xg € L\ L.
13 (3.43) u ompefiesieHusi KaTuOPOBOYHON (DYHKIUH CJIEIYET, UTO CIPABE]I-
JINBO HEPABEHCTBO:

V(z € Lo,y € Lo, zg € L\ Lo) : f(x)+ f(y) = f(z+y) <
p(r+y) =p@— 20+ y+0) < plT —20) + PY + T0).

[ToaTromy

V(z € Lo,y € Lo, xo € L) : f(x) —p(r — ) < ply +x0) — f(y). (3.45)

JleBasi yacTh HepaBeHCTBa (3.45) He 3aBUCUT OT Y, IpaBasl YaCTh HEPABEHCTBA
(3.45) He 3aBHCHT OT T, MOATOMY CYIIECTBYET TaKasl HE 3aBHUCSIINAS OT T U Y
(HO 3aBHCAIIaAd OT 1'0) KOHCTaHTa G, 9TO BBIIIOJIHEHbI HEPpaBEHCTBA.:

V(z € Lo,y € Ly) : f(x) —plx —x) < a<ply+x) — fy). (3.46)
CrenoBaTeabHO,

V(z € Ly) : f(x) —a < p(x — xp)
V(y € Lo) : f(y) +a < p(y + xo). (3.47)

[lycts Ly nmpsgmas cyMMa JIMHEHHOTO MPOCTPaHcTBa Ly U OJHOMEPHOTO MPO-
CTPAHCTBA, KOTOPOE HATSIHYTO Ha BEKTOP T(:

Ll = LO ) {tl’o}, te Rl.
Ha mpocrpancrse Lq onpejesnm Juneinbiii hyHKIHOHAJ
V(z € Lo) : fi(x 4 txg) = f(x) + ta. (3.48)

Tak Kak xo € Lo, T0o onpenesenne (3.48) KOPPEKTHO.
13 (3.47) caemyer, 9To

V(t>0) : filz +tao) = t(f(x/t) + a) < tp(x/t + x0) = p(x + t2o),
V(t>0): filx —txo) =t(f(x/t) —a) <tp(z/t — x9) = p(x — txg).

Ecin L = Ly, 1o Teopema jokasana. Ecau L\ Ly # (), To nosropum Hamte
MOCTPOEHHE.

lasee MBI TPOBEJIEM PACYKICHUsI, KOTOPBIE OMUPAIOTCS HA AKCUOMY BbI-
pI0OpA U WHOTJA HABBIBAIOTCS TPAHCDUHUTHON HHYKIHEH.

[ycrs {Ly , fo} , @ € I -MHOXKeCTBO BCeX HPOCTPAHCTB U (DYHKIHMOHA~
JIOB, KOTOPbIE MOYKHO TIOJIyYHTh OIMUCAHHBIM BHhITITEe criocoboM. Beegem B aT0M
MHOZKECTBE YACTHIHOE YIOPsSI0UYeHHe, TOJT0KIB

{La ) fa} = {Lﬁ ) fﬁ}
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ecJiu
L, D LguV(x € Lg) : fs(x) = fuo(z).

[Ipu TakoM JMHEHHOM YIIOPSIOYeHUT KazK/1asl JuHefHad ellb UMeeT MaKCu-
MaJIbHbIA 3JIEMEHT: UM SABJISETCA apa, COCTOAIAA U3 00be JUHeHI BCeX BXO-
JIAIIAX B IEMb MPOCTPAHCTB L, W €CTECTBEHHO ONMPEIEJIEHHOTO Ha 3TOM 00h-
eauHeHNN (DYHKIMOHAIA. B CHIIy aKCHOMBI BBIOOPA CYIITECTBYET TaKOi MaKCH-
MAaJIbHBI OTHOCHTEJIBHO BBEJEHHOTO YIOPAA0IeHust 31eMEHT { Ly 5 frmaz }s
910 { Linaz 5 fmaz} = {Lo , f}. Ecoiu Lyae # L, TO MBI CHOBA MOXKEM 1IPOBe-
CTH OLUCAHOE BBIIIE OCTPOCHUE U IOy IUTH 9AEMEHT, KOTOPbIi Oyaer 60/1b-
e 37eMeHTa { Linar » frnae | ¥ HE COBIANATH ¢ HUM, 9TO MTPOTHBOPEYUT OTIPe-
JIeJIEHWIO MaKCHMaJbHOro saeMenTa. CnenoBarebHO, Li,q. = L u Teopema
JIOKA3aHA.

[IpocThIM clecTBHEM TOKA3aHHON TeOpeMBbl SIBJISETCS TeopeMa XaHa-
Banaxa 118 KOMILIEKCHO-JIMHEAHBIX IPOCTPAHCTB.

Teopema 3.3.9. [Tycmov L -xomnaerxcro- aunetinoe npocmpancmeo, Lo C L
-nodnpocmpancmeo npocmpanemea L, p(x) -noaynopma wa L u f(z) -
sadanmnoil wa nodnpocmparcmee Ly aunetnotd Gynrkuuonan, komopoid ydo-
BAEMBOPAEM, YCAOBUIO

V(x € Lo) : |f(x)] < p(x). (3.49)

Tozda cywecmeyem sadannnil wa scem npocmpancmee L aunetinot dymm-
yuonan f, xomopui ydosaemsopaem Ycro8UAM:

V(x € Lo) : f(x) = f(z) , (& € L) : |f(x)] < p(x). (3.50)

HoxkazarenscTso. CHavyana OylgeM paccMaTpUBaTh Halle IPOCTPAHCTBO
KaK BeH_[eCTBeHHO—JII/IHeﬁHoe U IIpUMEHUM LPEAbLAYIYIO TeOPpEMY K BEILCCTBEHHO-
qunelinomy dbyukumonany Re f(z) u nonyropme p(z), KOTopyio OyaeM pac-
CMaTpHBATH Kak Kalubposoumylo dbyHKmmio. Ilycrs Re f -motydenHoe co-
[JIACHO NPEABLIYINEH TeOpeMe PACHIMPEHEUEe BEIeCTBEeHHO-THHEHHOrO (hyHK-
nuonasa Re f(x). Ioaoxum o onpe/eneHuio

—_— —_—

Y(z € L) : f(zx) = Re f(z) — iRe f(ix) (3.51)

feno, aro bopmysta (3.51) 3amaer KOMIUIEKCHO-IMHETHOE paciuperne QyHK-
mmonasa f(x). TlpoBepum, uro BeimoTHeHA OoneHka (3.50). Iycrs

f(@) = [f ()] exp(if).

Torma

—_— —_—

|[f(z)| = Re f(exp(—if)x)) < p((exp(—if)x)) = p(z).
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Teopema mokazana.

Teopemy Xana-Banaxa gacto (popMyJIEPYIOT B yHpPOIIeHHOU dopme: 3a-
MAHHBIH Ha JUHEHHOM IIOAMHOXKeCTBe 0aHaXOBa MPOCTPAHCTBA JHMHEHHBIHA
GYHKIMOHAJ MOYKHO TPOJIOJKHTH HA BCE MPOCTPAHCTBO C COXPaHEHUEM HOP-
MBI.

3.4 ConpsizKkeHHO€ HPOCTPAHCTBO M 3JEMEHTHI
TeOpun ABOMCTBEHHOCTMH.

3.4.1 Conpg>xeHHOe IPOCTPAHCTBO.

Omnpenenenne 3.4.1. ConpsikeHHBIM K JAHHOMY OaHAXOBY MPOCTPAHCTBY
B nazbiBaeTcs 6aHAXOBO MPOCTPAHCTBO

B* = L(Bw~ C")

BCeX JIMHEHHBIX HEIPEephIBHBIX OTOOpazkeHmii 6aHaxoBa IpocTpaHcTBa B B
MHOYKECTBO KOMTLTEKCHBIX UHCEJT.

HopwMma B comnpsizkeHHOM IPOCTpaHCTBE 3aaeTcd PopMyJIoii:
V(f€B) :|If | Bl =sup{|f(2)| |z € B, |lz|| <1}. (3.52)

Pacemorpum npumep. Ilycrs D -orpanndenHas 3aMKHyTas 00J1aCTb B IPO-
crpancree RY. Hanomnum, aro B cuy teopembr 1.2.10 (em. ctp. 83) npu
1 < p < oo mexkay npocrpancreavu L9(D), g =p/(p—1), n LP(D)* moxHO
YCTAHOBUTH B3aMMHO OJHO3HAYHOE COOTBETCTBUE

J: LY(D) v LP(D)",

npu koropoMm dbyuknuu g € LY(D) craBurca B cooTBeTcBHE (DYHKIMOHA
J(g) € LP(D)*, neficTBYIOMTHIi IO TPABUIY:
¥(o € (D) J(0)(6) = [ g(w)ola)ds (3.53)
D

B teopeme 1.2.10 mokaseiBaercsi, 4To Jito6oii dyrkunonas u3z LP(D)* MOKHO
3a1aTh C IIOMOIIBIO 3TOH (hOPMY/IBI K

17(g) | LP(D)*|| = llg [ LA(D)]I,

nosromy npocrpanctsa LP(D)* u LI(D) nHOrIA OTOXKAECTBISIIOTC.
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Teopema 3.4.1. Ilycmov By 3amknymoe aunetinoe nodnpocmparcmeo bama-
rosa npocmpancmea B, yy € By,

dist(yo , Bo) = inf{|lyo — z|| | x € Bo} =d > 0.

Toz0a cywecmsyem makoti sunetinvl nenpepviehoili gynrkyuonan f € B*,
YMmo

f(Bo) =0, flyo) =1, [[f | B*][ =1/d. (3.54)

JokazarenbecrBo. PacemorpuMm imneitnoe mpocTrpancTBo Ly, KOTOpoe ecTb
npgaMas CymMMa JUHEHHOTO mpocTpaHcTBa By W NPOCTPAHCTBA, HATAHYTOI'O
Ha BEKTOP Yo:

L() = B() 7] {/\yo}, A€ (Cl.

Tak kak yg &€ By, TO 3T0 onpejieyieHne KOPPEKTHO.
Ha npocrpancrse L ompemaeiuM JUHEHHBIH (DYHKITHOHAT f:

V(z € By) : f(x+ Ayo) = A (3.55)
Omupeenennbiiit papeHcTBOM (3.55) (DYHKIIMOHAT YIOBIETBOPSIET YCJIOBUSIM:
f(Bo) =0, f(yo) = 1.

Bynem paccmarpuBarh JimHeiHOEe NPOCTpaHcTBO Lo Kak H6aHAXOBO IIOIIPO-
CTPAHCTBO OaHAXOBa HPOCTPAHCTBA B u BuraucauM HOpMY dyHKIHOHAMA [
*
B IPOCTPAHCTBe L.
Nwmeem:

V(z € Bo) : [l + Ayo | Loll = llz + Ayo | Bl =
AN/ Nz +yo | Bl = [Ald = | f(z + Ayo)ld.

Orcrona caemyer, 4To
1 . 1
V(o € Lo) ¢ [f()] < el mosmowy 7] Ll < 5. (350

[Mycts {z,} C Lo -nocae0BaTe bHOCTD, KOTOPast yAOBIETBOPSIET YCIOBHIO:
lyo — xu|| — d, n — oo.

Torma
L= f(yo = zn)| < [If | Lillllyo — znll — IS | L]l

CreoBare/ibHO,
1f 1 Lol =

&=
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CpaBHUBas 9TO HEPABEHCTBO ¢ HepaBeHCTBOM (3.56), MbI MOJydaeM DaBeH-
CTBO

1
Ll = =.

Tenepnb Bocnosib3yeMcs TeopeMoii Xana-bBanaxa u pacrnpocrpanuM (pyHKITH-
oHaJl f Ha Bce IPOCTPAHCTBO B.
Teopema mokazana.

Teopema 3.4.2. Jlasa moboz20 asemenma x banazrosa npocmparcmsea B cy-
wecmeyem makotl pynrxyuonan f, € B*, umo

Ifa | B¥l[ =1, folx) = |lz[|. (3.57)

HoxkazarensctBo. Eciun x = 0, To goka3zwsiBarTh Hedero. llycts z # 0.
[IpumenuM TPeapIIyIIYIO TeopeMy K HOAnpocTpancTBY By = 0 u 3jiemeHTy
Yo = x. llycrp f -pyukiumonas, KOTopsiil yI0BIETBOPSIET YCJIOBHUIO

flx) =1, [lflF = 1/]l«].

Torna dpyuxmuonas
V(y € B) : fuly) = |lz] f(y)

-UCKOMBIH.
13 onpesenenus: Hopmbl dyrkinonana (3.52) u reopemsl 3.4.2 BbITEKaeT

CaencrBue 3.4.1. Cnpasedauso pasencmeo
[l | Bl = sup{[f(z)[ | |/ | B[ < 1}. (3.58)
B nanbreitiem saM 6yner ya00HO HCHOJIB30BATH 000O3HAYCHHE
V(feB*,ze€B): < f|x>= f(x). (3.59)
[Iycts By u By -6aHaX0OBBI IPOCTPAHCTBA U
0: B; x By — C! (3.60)

-JIMHeHHasd 10 KaKJI0My apryMenty (gpynkmusg. Takasg QyHKINUS Ha3bIBACTCS
ouuHeiinoit dpopmoii.

Omnpenenenne 3.4.2. Bununeitnas dopma (3.60) crapur npocrpancrea By
1 By B OTJAETMMYIO JBOHCTBEHHOCTD (MJTH 33/aeT OTIEJUMYO JTIBORCTBEHHOCTh
Ha npocTpancrBax By u By), eciu U3 paBeHcTBa

V(ye By):0(x,y) =0
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CJIeJIyeT, ITO
a U3 paBeHCTBA

cJIeryeT, 9To

13 (3.52) u (3.58) caemyer, uro Gumuneitnas dbopma < f | > craBur
npocTpancTBa B* u B B OTAE/UMYIO JIBOUCTBEHHOCTD, IPUYEM CIIPABEITUBbI
paBeHcTBa

1/ 1 B[ = sup{| < f [z >|]]z]B] <1}, (3.61)
| [ Bl = sup{| < f |z >[[|f | Bl <1}. (3.62)

Teopema 3.4.3. Ilycmo
T Bl = BQ

~AUHETHDLT HENPEPBLEHBLT ONepamop u3 baHarosa npocmpancmea By 6 bara-
2060 npocmparncmeo By, Tozda

|| L(By = Bo)|| =
sup{| < f | T(x) > [ [/ B3l <1, [le | Bi| <1} (3.63)

JoxkazarenbcrBo. CireyeT U3 paBeHCTB

IT(x) | Bl = sup{| < f [ T(x) > | [|[f | B3l <1},
1T | £(By = Bs)|| = sup{||T(z) | B | [l | B <1}

Teopema 3.4.4. Ecau {z, | @ € I} -maroe nodmmosicecmeo 6 6aHazro6om
npocmpancmee B, wmo

V(f € B) : sup{|f(za)| | € I} < oo,

sup{||z.|| | @ € T} < 0.

JlokazareabcrBo. Onpeneanm 0ToOparKeHus
T.,: B* — C!

1o ¢gopmyJie
To(f) =< f|xa >.
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113 Teopembr Banaxa-I1ITeitaraysa (M. ctp. 160, Teopema 3.3.2) ciefyer, 9ro
sup{||T,|||c € T} < oc.
Ho B cuiy paBenctsa (3.62)
ITal] = sup{| < f [ za > | [ I/ | B <1} = [lza]],
4YTO U JIOKa3bIBAET HAILy TEOPeMY.

Teopema 3.4.5. Ilycmo {1, | o € I} C L(By — Bs) -cemeticmeo aumned-
HOLT HENPEPLEHHT omobpascenut banazoea npocmpancmea By 6 banazoso
npocmpancmso By. Caedyrougue ycaosus 36U6aAACHINHbL:

L. sup{||Ta | L(B1 — By)|| | a € I} < 0. (3.64)
2.V(z € By) : sup{||Tu(z) | B2|| | @ € I} < 0. (3.65)
3.Y(xe By, feB]):sup{| < f|Talz) >|ael} <oo. (3.66)

Hoxkazarennctso. lcno, aro u3 (3.64) caemyer (3.65), a u3 (3.65) caemyer
(3.66). B cuty Teopemsr 3.4.4 u3 (3.66) ciaemyer, 4To

V(z € By) : sup{||Ta(2)| | a € I} < o0,

nozromy u3 (3.66) caenyer (3.65). Hepasencrso (3.64) caeayer u3 (3.65) B
cuty Teopembl banaxa-ITITeiinraysa.

TeopeMma mokazana.

ToBopsaT, 9T0 MocaenoBarenbHOCTh onepatopos 1, € L(B; — Bs) cxo-
murest K omeparopy Ty € L(By +— Bs):

B PABHOMEDHOI ONepaTopHONl TOIOJOTHH, €CJIN

T, —To | L(B1 +— By)|| — 0, n — oo,
B CHJIBHOH OTIepaTopHOii TOTOJIOTHH, €CJIH
V(z € By) : ||Thx —Tox | B2|| = 0, n — oo,
B cJIaboii omrepaTopHOil TOIOJIOTHH, eCIN
V(z € By, feBy): f(Tu(x)) — f(To(z)), n — oo.

U3 Teopembr 3.4.5 cieayeT, 9TO W3 CXOAMMOCTHU IMOCTIETOBATETBHOCTH OIe-
paropoB 1), B cjiaboit olepaToOpHOIl TOLOJIOTUH CJIE/yeT PaBHOMEPHAas 110 7
OTPAHUYEHHOCTH HOPM OepaTopoB 1i,.
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[Iycts B -6anaxoBo mpocTpaHcTBo U B* -ero comnpsizkennoe. Puxkcupyem
r € B. ®opmyia
fe<flz> (3.67)

3aJIaeT JMHEeHHBIH HelpepbIBHBIH (DYHKIIMOHA Ha IpocTpancTBe B*. Obo3Ha-
9UM TOT (DYHKIMOHA CUMBOJIOM J (), & MHOYKECTBO BCEX JINHEHHBIX Helpe-
PBIBHBIX (DYHKITHOHAJIOB Ha TPOCTpaHcTBe B* 0bo3HaunM cuMBOJIOM B**:

J:Bw— B™  Jx)(f)=<f|z>. (3.68)
3 dopmyasr (3.58) ciaemyer, 9To
[J(z) | B7|[ = sup{| < fz>[[|f]B*] <1} = |l=|.

Mper BuuM, 3aanH0e hbopmyoit (3.68) orobpazkenue mpocTpaHcTBa B B Ipo-
CTPaHCTBO B* (3T0 MPOCTPAHCTBO HAZBIBAECTCSI BTOPHIM CONPSIZKEHHBIM ) €CTh
JuHEeHOe U m30MeTpIaecKoe oToobpakernue. CregoBarenbno, 0opas J(B) mpo-
crpancrsa B B npocrpancrse B** npu orobpaxkenuu J 3aMKHYT.

Onpepenenne 3.4.3. [IpocrpancrBo B HazbiBaeTcd ped IeKCUBHBIM, €CIH
J(B) = B*. (3.69)

Takum obpazom, mpocTpancTBo B pedieKCUBHO, €CJIM OHO M30METPUYHO CBO-
eMy BTOPOMY COINPSZKEHHOMY (HHOIJIA TOBODSIT: COBIIAIAET CO CBOMM BTOPBIM
COTIPSIZKEHHBIM) U JIFOOON JIMHEHHBIH HempepbiBHbI (DYHKIMOHAT Ha MPO-
crpancrse B* 3ayaercs dbopmyaoit (3.67).

13 reopemsbr 1.2.10 (cm. crp. 83) caemyer

Teopema 3.4.6. ITpu 1 < p < oo npocmpancmeo LP(D | u(dz)) -pedaercuenoe
NPOCMPAHCNEO.

JoxkazareabcTBo. 13 Teopemsr 1.2.10 ciieyeT, 9To st KaXKJI0TO PYHKIIH-
onana f € (LP(D, u(dr)))* cymecrByer Takast pyukuus f € LD, u(dz)), ¢ =
p/(p - 1)7 qTo

W(g€ (D uldn)): <1 | g>= [ fgntdn.  (370)
Omuepaenentoe dbopmyoit (3.70) orobpakenue
(LP(D, p(dx)))* > f = f(z) € LY(D, p(dzx))

B3aUMHO OJHO3HAYHO U M30MeTPHUHO. B cuty 9T0ii ke popMyIbl oTodpazke-
HUe

(LYD, p(dx)))" 3 g g(x) € L(D, p(dz))
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B3aXMHO OJHO3HAYHO U USOMETPUYIHO. CJ'IG,ZLOB&TQIII)HO7
J(IX(D, p(de))) = LD, plda))™.

Teopema mokazana.
[Ipoctpancto L (D, u(dr)), BooOme roBops, He ecTh pedIeKCHBHOE PO-
CTPaHCTRO.

3.4.2 ConpgaxeHHbII1 orepaTop.

Omnpenenenne 3.4.4. Omeparopom T, COMPAKEHHBIM K OTIEPATOPY
T e E(Bl — BQ)

HA3BIBAETCS ONEPATOpP, KOTOPBI Kaxkaomy dyHKmonany f € Bj crasur B
coorsercTBue dyukuonan 1*(f) € By, aeiicrByiomuit mo dpopmyte

V(feBy,ze€B): <T*(f)|x>=<[f|T(z)>. (3.71)

Paccmorpum npumep.
[Tycrs D -orpanmdeHnas 3aMKHyTas obaacTs B mpocrpanctse RY. Iycrs
dbyukmus k(x, y) venpepsisaa B D X D:

k(xz,y) e C(D x D).

Ha mpocrpancrse LP(D) paccmorpum omepatop T, KOTOpBIA AeificTByeT 10
HPABUIIY:

W(f € D) T()(e) = [ ke )F)dy 3.7

Dta dbopmyna 3a1aeT onepaTop
T € L(LP(D) — LP(D)).

[Iycts J -onpenesrentoe B (3.53) orobpazkeHue. BeIaucamm omepaTop
T} € L(LY(D) — LY(D)),

KOTOPBIl jiesiaeT KOMMYTATUBHOU IMarpaMMy



Umeem:

<Tig) | 6 >=< J(g) | T(d) >= / o(z) / Kz, y)d(y)dy | do =

/ / k(zy)g(z)dz | ¢(y)dy.

D D

OTciona caeayer, 9To

T5(9)(y) = /k(az, y)g(x)dx.

D

Pasznuna mexkny oneparopamu 1™ u 177 B ToM, 4TO oneparop 1™ neilcTByer
B mpoctpancTse LP(D)*, a omeparop T B mpoctpanctse LI(D). Hacro sroit
pasHuIeil nperedperaloT u OTKAECTBIIAIOT oneparop 1™ ¢ omeparopm 17.

Teopema 3.4.7. Omobpasicenue
T—T" (3.73)

ecmu aunetnoe uzomempuyeckoe omobpasicenue npocmpancmea L(By +—
* *
Bs) 6 npocmpancmeo L(B} — BY).

JokazarenbeTro. JIuHelHOCTH oToGpazkenus (3.73) oueBuaHa, a JJisl J0-
Ka3aTebCTBA M30METPUIHOCTH TOT0 OTOOpPaYKeHUsT 3aMeTUM, 9TO

17 [ £(B3 — Bi)ll =

sup{[|T™(f) [ Bill | If [ B3|l < 1} =

sup{| <T*(f) [o > [[IIf | Bl <1, o | Bif| <1} =
sup{| < f | T(x) > [[[[f [ Ball <1, [l | Bi|| <1} =
1T | £(B1 — By

Teopema j10ka3aHa.

Omnpenenenune 3.4.5. AnnyasTopom moaMmHokecTBa A C B* Ha3blBaeTcs
TO/IMHOYKECTBO TIPOCTPAHCTBA B, ompeieisieMoe paBeHCTBOM

NA) ={z|V(fed): <fle>=0}=({z|<flz>=0} (3.74)

feA

Anajoruano,
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Omnpenenenne 3.4.6. AmmynsropoMm moamuo:kecTBa A C B Ha3bIBaercs
MTOAMHOKECTBO TPOCTPAaHCTBa B*, ompeerdeMoe paBeHCTBOM

NA) ={fIV@ed): <flz>=0}=|{z|<flz>=0}. (3.75)

T€EA

Ecmn A C B, 1o N(A) C B*, a eciu A C B*, ro N(A) C B. Unorna
AHHYJIATOP 0GO3HAYACTCS CHMBOIOM

At = N(A).
Teopema 3.4.8. Jlasa ar0b020 onepamopa
T e L(B; — Bs)
CNPasediuBo pasercmso
Cl(Im(T)) = N (Ker(T7)). (3.76)
HoxazarenbcTBo. IlycTh
y € Cl(Im(T)).
Torpa cymecTByer Takast mOCJIe0BaTeIbHOCTL {2, } C By, 410
Yo =T (x,) =y, n — 0.
CrietoBaTesbHO,

V(feKer(TY) : < fly>= nh_{go < fl1T(xn) >=

lim < T*f |z, >=0.

n—oo

[TosTomy

y € N(Ker(T%))
’ Cl(Im(T)) c N(Ker(T™)). (3.77)
[Iyctn

y & Cl(Im(T)). (3.78)

Torya B cuy Teopembl 3.4.1 (eMm. crp. 174) cymiecTByer Takoii yHKIHOHAT
fo € B3, aro
foly) =1, fo(Cl(Im(T))) = 0. (3.79)
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CnenoBaTe/bHO,
V(z e By): < folT(x)>=<T*(fy)|z>=0.

Orcrosia BeITEKAT, ITO
T*<f0) = 07

7 TO9TOMY

fo € Ker(T™). (3.80)
13 (3.79) u (3.80) caenyer, uro ecam cnpasepinio (3.78), To
y & N (Ker(T™)) (3.81)

[TosTomy
Cl(Im(T)) > N (Ker(T7)). (3.82)

I3 (3.77) u (3.82) BHITEKAET yTBEPIKICHNE TEOPEMBI.
[Iyctes B;,1 <4 < 3 -6aHaxoBbI IPOCTPAHCTBA,

Ty € L(By — By), Ty € L(By — Bs)
Onpegenenune 3.4.7. OupeneneHuniit hbopMyIoi
By — Bs:z— Ti(x) — Ty(T1(z))
ornepaTop Ha3bIBaeTCs KOMIIO3uIHell (Ml Ipou3BeieHneM) omeparopos Ty n
T

Ty Ty € L(By— Bs), To - Ty(z) & To(T (2)). (3.83)

OueBuHO, 9TO

| Ty - Th(x) | Bs|| < ||To | £L(By — Bs)|| - [|[Th(x) | Ba| <
|12 | L(By — Bs)|| - [|[T1 | L(By = By)l| - ||z | By

[TosTomy
[Ty Th | L(By = Bs)|| < ||To | L(By = Bs)| - [Ty | L(By +— Ba)l|. (3.84)

Ounpepnesnenne 3.4.8. ToxkIeCTBeHHBIM (WM €JIUHUIHBIM) OTOGPaZKEHHEM
(omepaTopom) Mbl HazbiBaeM oTobpaxkenue (omeparop) id € L(B — B), Ko-
TOpOE olpeiesieH0 (POPMYJI0it

V(z € B) :id(z) = =. (3.85)
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ToxiecTBeHHOE 0TOOpAXKEHUE MG A1000M npocmparcmee MbI 6ygaeM 000-
3HAYATH OJHUM U TEM YK€ CHMBOJIOM id.

Takum obpaszom, onpejesienre o0paTHOrO OolepaTopa MOKeT ObITh 3allu-
CaHO B BU/JIE:

Tt T=T-T =id. (3.86)

OueBuana

Jlemma 3.4.1. Cnpasedauso pasencmaeo
(T, - T =17 - Ty € L(B; — BY) (3.87)

Teopema 3.4.9. Onepamop (T*)™! cywecmeyem 6 mom u moavko mom cay-
wae, ecau cyuecmeyem onepamop T, npuvem cnpasediuso pasencmeo

(Tt = (T™H*. (3.88)

Hokaszarennctso. Ilyersh oneparop T 1 cymecrsyer. Torma mepexons K
COTIPSI?KEHHBIM orepaTopaM B (3.86), Mbl moJIydaem:

™ (T = (T Y- T =id. (3.89)

CuepoBaresibno, oneparop (T*) ™! cymecrryer u cipaseiugo pasenctso (3.88).

Teneps npeanoaozxum, uto oneparop (T*)~! € L(B} — Bj) cymecTsyer.
Torga cymectsyer oneparop (T**)~1. Tak kax omepaTop T™* Ha IpPOCTPaH-
cTtBe By C B}* coBnajaet ¢ onepatopoM 1', To

Ker(T) C Ker(T™) = 0. (3.90)

[TpocrarcTBo By 3aMKHYTO B pocTpancTee Bi*, u muoxkecrso Im(T) C By
ecTb IpooOpa3 3aMKHYTOTO B IIPOCTPAHCTBe B MHOXKecTBa B Ipm Hempe-
peiBHOM OTOOpazkenun (T**) 1. Cnenosarensno, Maoxkectso Im(7T') 3amkHy-
10 B By. Tak kak omeparop (T*)~! cymecrsyer, To

Ker(7T™) =0,
u B cuay Teopembr 3.4.8 (eMm. crp. 181) cripaBeyinBo pABEHCTBO
B, = Ker(T*)* = CI(Im(T)) = Im(7T). (3.91)

113 (3.90) , (3.91) u Treopembl Banaxa o cyIecTBoBaHHE OGPATHOTO OLIEPATOPA
3.3.6 (cm. cTp. 168) cremyer cylmecTBOBaHUE HEIPEPHIBHOTO omepaTopa T,
Teopema j0kazana.
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3.5 DbanHaxoBblI aJredpbl 1 olepaTOpPHOE MCUMC-
JIEHUE.

3.5.1 IIpenBapuresbHble CBeJIeHUS.

HanomuuMm onpenesenue ajredphbl.

Omnpenenenne 3.5.1. Muoxkecrso A HazpiBaercs aarebpoil Ha 1 MOJeM KOM-
miaexkcubix uncen C!, ecim muoxkecTBo A ecTh JHHeiiHOe TTPOCTPAHCTBO HaL
nojeM KomiLtekcnbix uncesa C! u B muoxkecTse A onpeesena GuHapHas olle-
palusi YMHOYKEHUsT

AXxA— A: axbr— ab,

KOTOPAad YJIOBJETBOPLAET CJICAVIONNM YCITOBUAIM.
1. Onepanus yMHOXKEHHUS aCCOIMATHBHA:

Viee A, be A, ce A) : a(bc) = (ab)c.
2. Onepanust yMHOXKeHUST OWTMHeHA:

Viec A,be A,ce A, acC,eC,yveC):
(ova + Bb)e = aac + Bbe, a(Bb+ vyc) = Bab + vac.

Omnpenenenne 3.5.2. Anrebpa A zHazpiBaeTcs 6aHAX0OBO arebpoit, ecyn Ha
A ompenenena HOpMa, OTHOCHUTEIBHO KOTOpoi A ecTh 6aHAXOBO MPOCTPaH-
CTBO, IIpUYeM oOllepalud YMHOZKEHHA U HOPMa CBA3aHbl YCJIOBUEM:

labll < [lallf[]]- (3.92)

Omnpenenenne 3.5.3. Banaxosa anareopa A HasbiBaeTcs yHUTAJILHON GaHa-
XOBO# ayre6poii (nau airebpoil ¢ eguHUIEl) ecom

dide A),Y(ae€ A) :id-a=a-id = a.

B jasbreiinem (ecsi sIBHO He OTOBOPEHO JIPYTOe) pacCMaTpHBaeMble Ha-
MU aarebpol OyayT aareGpavu ¢ enuauneit. 13 (3.92) caeayer, 9ro oneparust
YMHOKEHHSI HeIIPEPHIBHA: €CIN

an_>a’07bn_>b07n_>oo7

TO
lanbn = aoboll < [lanl[|bn = boll + [lbol|an = acl| = 0, n — co.
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[Ipumepom yHUTAIbHONU OAHAXOBOH aJreOpPHl SABsgeTcsS 6AHAXOBO IPOCTPAH-
CTBO

A= L(B+ B) (3.93)

BCEX JIMHEHTHBIX HENPEPBIBHLIX OMEPaTOpoOB U3 DaHaxoBa MPOCTpAHCTBA I B
0aHaXOBO IPOCTPAHCTBO B, B KOTOPOM OIepaIis YMHOXKEHHsS OIIpejiesieHa
KaK KOMIIO3UIHsE Omepatopos (cM. ompesenenne 3.4.7 u (3.83) ma cTp. 182).

B uwactHOCTH, ecim GaHAX0BO mpocTpaHcTBo B = R™, 10 anreGpy (3.93)
MOKHO OTOXKJIECTBUTH € aaredpoil KBaJIpaTHBIX MATPUIL pa3MepoOM 1. X 1, B
KOTOPOI JUHEeNHBIe OIlepalun 1 olepanud YMHOXKEHUA MaTPHIL OIIPEIeJIeHbI
OOBIYHBIM 0Opa30M.

B panbHeiimeM (Kak MOXKHO JOKA3aTh, B CYINIECTBEHHOM HE OTDAHUYH-
Bast OOIHOCTH) JIJIST TPOCTOTHl MOYKHO CUUTATH, UTO PACCMATPUBAEMAsT HAMU
asirebpa ecrb asnrebpa (3.93).

Pacrnpocrpannm na GhyHKIUN CO 3HAYEHUAMU B DaHAXOBOI ajarebpe HEKO-
TOpbIE TIOHATUS TEOPUU (PYHKIUI KOMILIEKCHOTO TTEPEMEHHOTO.

[najakuM KOHTYpoM [ B ILIOCKOCTH KOMILIeKcHoro mepemennoro C! mpr
Oy/ieM Ha3bIBaeTh 00pa3 MOJYUHTEpPBATA [a, b) Ipu HempepbiBHO HuddepeH-
IUPYEMOM HHBEKTHBHOM (B3aMMHO-0GHO3HAYHOM Ha 06pa3e) 0TOOparKeHuH:

I={z]|z=2(),a<t<b,|/(t)| < const. <o0,}, 1 CC (3.94)

[lyctb
a(z):l— A
-PaBHOMEPHO MO 2z HelpepbiBHOE 0ToOpakenue Koutypa [ B aaredbpy A.
CocraBuM MHTerpabHyio cymmy Pumana:

S = ZG(Z@))(»Z(%H) —2(t;)) t; <ty <t (3.95)

JIlmamerpoMm pazdOumeHus
a:t0<t1...tj<tj+1...<b
noJiynHTepBasa [a, b) Ha3bIBAETCSA YUCI0
0= mjaX |t]'+1 — tj‘
Eciu S u S -n1Be unTerpabhubie cyMMbl Pumana u ¢ , ¢’ -COOTBETCTBYIOIIIE

TUM CYMMaM JHaMeTPhl pa3bueHuil moayunTepBaa [a, b), To cupapeinBa
OY€eBUTHAS OIEHKA

|S =5[] < (b—a) sup |2/ (t)[x
sup{|la(z(t)) —a(zE")N| | |t = t"| <5+, a <t " < b},

U3 KOTOPOH CJIeayeT
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JIlemma 3.5.1. Ecau l -2aadkuti kowmyp v a(z) -pasHOMEPHO HENPEPLLEHAA
Pynryua Ha | co sHaueHuaMU 6 OaHaxo80Tl aszebpe A, mo cyuecmseyem
npeden

J

/G(Z)dz def lim (Z a(z(t;))(2(tj41) — Z(tj))) 7
5 = mjax |tj+1 - t]’ s tj S i; S tj-i-l' (396)

[Ipemen (3.96) naspiBaeTcss mHTerpasoM Boxuepa or dyHKIMA a(z) 10
KOHTY DY [.
[Iycts D -oTkpbiTasg 061aCTh B MJOCKOCTH KOMILJIEKCHOT'O MEepeMEeHHOTO

Ct.
Onpenenenune 3.5.4. Oyukimus
a(z): D— A
Ha3bIBaeTcd auddeperupyeMoit B Touke z € D, ecau CyIecTByeT Ipeiest

da(z) qet . a(z + Az) —a(z)
dz Alirilo Az ' (3.97)

Omnpegenenne 3.5.5. Ecou npeyesn (3.97) cyuecTByer B KaxKI0ii TOUKe 2 €
D, o dbyuknus a(z) HaspiBaeTcs anaautudecoit B obractu D.

JokazarebeTBo cymecTBoBanus npeea (3.97) obserdaer

Teopema 3.5.1. llycmov 6 obaacmu D sadana pymnrxyua:
D>z T(z)€ L(Bw— B). (3.98)

Ecau

V(x € B, f € BY)

pyrryua
vz, x, [) =<f|T(z)(z) >

anasumuyna 6 oonacmu D, mo dynkuyus (3.98) anasumusna 6 obaacmu D
6 cmuieae onpedeaenus 3.5.5.

HokazarensctBo. Pukcupyem z € D. 13 ananmutuanoctu dyuknun Y(z, =, f)
CJIELyeT, YTO (PYHKITUS

Az §(f o, A2) = Wz + Az, 2, f) =¥z, z, f)/Az
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aHaJIUTUYHa B OKPECTHOCTH HYJIAA. CJIe,Zl;OBaTeJII)HO7

V(r € B, f € B*), 36 >0) : sup{|(Az; — Az) 'x
(o(f, @, Az1) — O(f, o, Az))| | |Az1] + |Azs| < §} < 0. (3.99)

13 reopembr 3.4.5 (cm. crp. 177) caeyer, 9To

3(6 > 0) : sup{|[(Az; — Az) '((T(z + Az) — T(2))/ Az —
(T(z24 Azy) = T(2))/Az|| | Az1| + |Azs| < 6} < 0.

[HosTromy

3(0>0,C0) <o) : [(T(z+Az) —T(2)/Az—
(T(z+ Az) —T(2))/Az|| < C(§)|Az — Azl

Teopema mokazana.

Ha ¢dynknmum KOMILIEKCHOTO HMEPEMEHHOIO €O 3Ha4YeHUAMH B OaHAXOBOI
asrebpe mpakTudecku 6e3 m3aMeHeHus: (OPMYJIUPOBOK U JOKA3ATEIBCTB ( ¢
OYEBUJIHON 3aMEHOH OIEHOK MO MOJYJII0 HA OIEHKH MO HOPME) IepeHOCST-
Csl MHOI'ME KJIACCHYECKHE TeopeMbl Teopuu (DYHKIMH KOMIIJIEKCHOTO IIepe-
MenHOTO. /letann jnoxazarTenbcTB MOA00OHBIX 0D0OIEHN MbI TIPEIOCTaBIIsIEM
gyrTaTe/ 0. B vacTHOoCTH, HAM TIOHA1005ITCst 0000IIeHe WHTEerpaJbHON (hop-
MyJibl KoIlii # HEKOTOPBIX TEOPEM TEOPHU CTENEHHBIX PAI0B (hOpMYJIIBI JJIst
pajuyca CXOIMMOCTHU CTEIIeHHOro psiga u TeopeMmbl Kommm o cyliecTBoBaHUM
0COOBIX TOYEK HA I'PAHUIIE KPYTI'a CXOAUMOCTH). Mbl HaJIesiMCsl, 9TO YuTaTe/ b
CAMOCTOSITE/TLHO TIOJIYIUT 000DIIEeHUsT 3TUX TeOpeM Ha cjaydail (pyHKIuMi co
3HAYeHUsIMHU B DAHAXOBOI ajaredpe.

3.5.2 Pe3ogbBeHTA U CIIEKTP.

Onpegenenne 3.5.6. Jaement o~ € A HaszpIBaeTcst OOPATHBIM K 37IEMEHTY
a € A, ecin

Omnpeneneunne 3.5.7. daement a € A Ha3pIBaeTCs OOPATUMBIM, €CJIH Y HET'O
cylIecTByeT OOpaTHBIH JIEMEHT al e A

OueBuana,

Jlemma 3.5.2. Fcau sanemenmo, a u b obpamumvl, mo asemenm ¢ = ab 06-
paAmuM U
cl=btat

187



B jajibHENIEM MBI IO ONIPEJIETEHUIO TTOTAraeM
V(a #0) :a’ =id.
TIpAMBIM BBIYHCICHAEM JTOKA3BIBACTCH

Jlemma 3.5.3. Fcau |la|| < 1, mo saemenm (id — a) obpamum u
(id —a)™ = Z a”.

Otcrona BbITEKAET

Jlemma 3.5.4. Ecau aaemenm a obpamum u |[b]] < |[a™']|7!, mo saemenm

a + b obpamum u

@+ =1{ > (=a7'b)"|a", (3.100)

0<n<oo
Jliist oKazaresibCTBa JOCTATOUYHO 3aMETUTh, YTO
(a+b) = a(id + a™'b),
1 06a COMHOYKUTEJISI B IPABOil YaCTH 3TOTO PABEHCTBA OOPATUMBI, TAK KAK
o8] < fla~ Ib] < 1.
13 9TOr0 YTBEPIKICHUST BBITEKALT OU€Hb BAYKHOE

CaenctBue 3.5.1. Mnooicecmeo ecexr o0bpamumvs dAemMenmos baHarosot
aszebpv, A omxpuimo u omobpasicenue

a—a (3.101)

HENPePuLero 6 JdOCAmMoYHO MaA0T OKPECTNHOCTNY 00PATNUMO20 IAEMEHTA.
Omnpenenenne 3.5.8. Ecam snement (X -id —a)™! € A cymecrsyer, To on
HA3BIBAETCS PE30JIbBEHTO! d1eMenTa a € A:

RN, o) & (Nid—a) . (3.102)

Bameuanue. HOra PE30JBLBEHTOI 9/IEMEHTA G HA3BIBAIOT 3JEMEHT (G —
A-id) L

B dopmysax, noaobubix (3.102), qacto omyckaoT obo3HadeHue id, cauTast
0 YMOJIYAHUIO, 9TO:

A-id = A,
U IIPU TAKOH JOrOBOpeHHOCTH onpejeenue (3.102) 3amuchiBaeTcs Tak:

R\, a)=(\—a)".
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Onpegenenne 3.5.9. Pe301bBEHTHBIM MHOYKECTBOM 3j1eMeHTa a € A Ha3bI-
BaeTcs MHOKecTBo A € C! Tex Touex KOMILIEKCHOI IJIOCKOCTH , Jj1e KOTOPBIX
CYTIECTBYET Pe30JIbBEHTA:

res(a) = {\| 3\ -id —a)" '} (3.103)

U3 cnencrBusa 3.5.1 BbITEKAET, UYTO PE30JLBEHTHOE MHOXKECTBO JIIOOOTO
s7MeMeHnTa 6aHAX0BO# aaredbpbl OTKPHITO, a U3 JeMMBI 3.5.3 caeayer, I4To

1 a\"

VA > flal) : RO @) = 5 Y (X) . (3.104)

0<n<oo

B nanbrerem HaMm 10Ha00UTCS CJeyIOIee OUYeBUIHOE CJe/ICTHE HelIPEePhIB-
HOCTH Pe30JIbBEHTHI KaK (DYHKIIMH CBOUX apryMeHTOB.

Teopema 3.5.2. [Ipednoaoosicum, wmo pesoavsenma R(X | ag) cywecmeyem
6 Kkaostcdoti mouke N\ € D nexomopozo komnarmmozo mroscecmea D C CP.
Tozda cywecmsyem makas omrpuimasn okpecmuocms O(D) mmoncecmea D
u makot omkpwmotl wap b(ag, €) € A, wmo pesosvsenma R(\, a) cyue-
cmeyem npu ecex X\ X a € O(D) X b(ag, €).

HokazarenbeTBo. B cuty HempepblBHOCTH pe30sibBeHTH R(\ | a) mo coBo-
KYIHOCTH HEPEMEHHBIX A, 4 B METPHUKE

d((M1, ar), (A2, az)) = max(|A — Ao, [lar — azl])

TJTs1 KasKJI0H ToUKM \g € D cytecTByer Takoe €(\g), 4To pe3obsenta R(\, a)
cymecTByeT mpu |A — Ao| < €(Ao) u a € b(ag, €(Ng)). OTKpBITBIE OKPYKHO-
cru {A | |A = o] < €(Xo)}, Ao € D cocraBisior mOKphITHE KOMIAKTHOIO
MHO(KeCTBa [, 103TOMY 3TO HOKPBITHE COAEPKUT KOHEYHOE IOIIOKPBITHE.
BriGupast 9ucao € paBHBIM HAUMEHBITUMY Dagnuycy €(A\g) BXOASIIUX B 3TO
MOKPBITHE OKPYZKHOCTE(, MBI TOJYyYUM yTBepzKeHue TeopeMmbl. (Mckomast
OTKPBITAasd OKPECTHOCTH MHOXKecTBa D ecTb 00benHeHe KOHEYHOTO THCIA
BXOJISIIUX B BRIOPAHHOE KOHEUHOE MOKPHITHE OKPYKHOCTEI!).

Jlemma 3.5.5. Ecau U -obpamumviii anemenm anzebpu, A, mo cnpasediusa
popmyaa
UR\, a)U ' = R(\, UaU™t). (3.105)

HoxkazarenbctBo. Clieyer U3 paBeHCTBA

(ANid — UaU Y YUR(N, a)U™! = id.
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Onpenenenne 3.5.10. Cuekropm o(a) snementa a € A Ha3bBaeTCH J0-
IIOJIHEHHE Pe30JIbBEHTHOIO MHOYKECTBA JIEMEHTA @ :

o(a) ¥ C(res(a)). (3.106)
Unorpa ciekTp sementa a € A 0003HATALTCST CHMBOJIOM

Sp(a) = o(a).

Tak Kak pe30JbBEHTHOE MHOYKECTBO OTKPBITO, TO CIEKTD -3aMKHYTO€ MHO-
KecTBo, u ecju U -00paTuMblii 3/IeMEHT, TO

o(UaU™") = o(a). (3.107)
Teopema 3.5.3. Cnpasediusw, pasercmesa:
R(A,b) — R(A, a) = R(\, b)(b—a)R(X, a), (3.108)
R(A,b) — R(A, a)=R(\, a)(b—a)R(A, b), (3.109)
RA,a)— R(p,a)=—A—p)R\, a)R(p, a). (3.110)

HokazarenbcTtBo. PaBencTBO
(ANid —a) — (Aid = b) = (b —a)

yMHOKaeM ciaesa Ha R(\, b), a cnpasa na R(\, a). Iloayuum (3.108). Ymmuo-
JKasi 9TO Ke paBeHcTBo crnpasBa na R(A, b), a ciesa na R(\, a), momnydaum

(3.109).

AHaﬂOFI/I“IHO, HCxXoad u3 paBeHCTBa
(pid —a) — (Aid — a) = —(A — p)id,

MBI J1erKo moayaum (3.110).

Bameuanust. fcno, aro (3.108) u (3.109) ectb pasubie Gopmbl 3amucu
OJTHOTO W TOTIO K€ PABEHTCBA. DTO PABEHCTBO HA3BIBAETCS BTOPBIM PE30Jib-
BEHTHBIM ypaBHEeHWeM (WM BTOPBIM Pe30JIbBEHTHBIM TOXKJIECTBOM). PaBeH-
¢TBO (3.110) HA3BIBAETCSI IEPBBIM PE30JbBEHTHBIM YPaBHEHHEM (HJIH ePBBIM
PE30JIbBEHTHBIM TOYKECTBOM, WM TOXKjIecTBOM ['mibbepra). MoxKHO 0Ka-
3aTh, YTO €CJIU OllepAaTOPHbIe (DYHKIMH YI0BAeTBOPAIOT ypapHenusM (3.108)-
(3.110), TO OHM SBASIFOTCS PE30JBBEHTON HEKOTOPOIO 3JIEMEHTA.

Eciu onepatop (b— a) gocrarodso “xoporuit”, To wHOTIa GhIBaeT yI06HO
mpeobpa3oBaTh BTOPOE Pe30JIbBEHTHOe ypaBHeHue. [lostokumM 1o ompeete-
HUIO

V(X € res(a) ﬂr@s(b)) : T\, a,b) oo (b—a)+ (b—a)R(A, b)(b—a),
(3.111)
QA a,b) =id+ T\, a, RN, a). (3.112)
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Jlemma 3.5.6. Cnpasedusv, pasencmaa

RN, b)=R(A,a)+ RN, a)T(\, a,b)R(A, a)=R(\, a)Q(\, a, b),

(3.113)
TA,a,b)=(0b—-a)+(b—a)R(\, a)T(\, a,b), (3.114)
R(A,b)(b—a) =R\, a)T (XN, a,b), (3.115)
(b—a)R(A,b)=T(\, a, b)R(\, a), (3.116)
TA,a,b)—T(p,a,b)=—AN—pw)T(A,a,b)R(\, a)R(p, a)T (1, a,b).
(3.117)

JoxkazaTenbcTBo. 3 BTOPOTO Pe30IbBEHTHOTO YPABHEHUS CJIEAYET, UTO
RA,b)(b—a)=R(\,a)(b—a)+ R\, a)(b—a)R(\, b)(b—a) =

J(b—a)+ R\, a)(T(A,a,b)—(b—a)) =
R\, a)T(X\, a,b).

=
>
S

[ToacraBus JieByto dacth 3roro pasencrsBa B (3.111), mbl moayuaum (3.114).
[ToacraBuB BO BTOpOe pe3osbBeHTHOE ypasHenue, moay4auMm (3.113). Pasen-
crBo (3.116) moKa3piBaeTCss aOCOTIOTHO aHATOTHIHO.

Hamee mMeem:

TA,a,b)—T(u,a,b)=(0b—a) (R, b)—R(u, b)(b—a) =
— (A=) (b—a)(R, D)R(u, b)(b - a) =

(c y4eToM JIOKA3aHHBIX BBIIIE DABEHCTB)
—A=w)TA,a, )R\, a)R(p, a)T(1, a, b).

JlemMa JloKa3aHa.
B Teopun norennuaibHOr0 paccesinus ObiBaeT y100Ha cieaytonias popma
BTOPOT'O PEe30JIbBEHTHOTO ypPaBHEHU.

JlemMma 3.5.7. Ilycmo
b—a=cd.

Toz0a 6 mex moukax \, 20e cCyw,ecmeyom onepamopbl
R()‘a a) ) R(/\v b) ) (Id - dR(Av a)C)_l’
Cnpa;@ed/LUGO pacerHcmeo

R\, b) — R(\, a) = R(\, a)c(id — dR(X\, a)e) 'dR(\, a). (3.118)
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JokazaTenbcTBO. VI3 BTOPOTO pe30JbBEHTHOT'O YpAaBHEHUS
R(A,b) — R(A, a) = R(\, b)cdR(\, a)

cjaejyer paBeHCTBO

dR(\, b)c — dR(\, a)c = dR(\, b)cdR(\, a)c.
[IycTh

a=dR(\, b)c, B=dR(\, a)c.
Torma npefpriymiee paBeHCTBO MOYKHO 3aIllICATh B BUJE
a—f=af,

MO9TOMY

(id—3)(id+a)=id , (id+a)=(d—pF)"

Jajee umeem:

R(A,b) — R(A, a) = R(\, b)cdR(X, a) =

(RN, a) + R(\, a)edR(\, b))edR(N, a) =
R(\, a)(id 4+ cdR(X, b))cdR(A, a) =

R(A, a)e(id + dR(N, b)c)dR(A, a) =

R(A, a)e(id + @)dR(\, a) =

R(X\, a)c(id — B)rdR(X, a).

JlemMa, J1oKa3aHa.
U3 roxkectBa I'mibbepra (3.108) U HENPEPBIBHOCTH PE30JIBBEHTHI BbITe-
Kaer

Teopema 3.5.4. Ha pesosveenmuom muoscecmee pezoaveenma R(X, a) ana-

AUMUYHE 110 X U
dR(X, a)

dA

Bynem paccmarpusath anre6py A kak anrebpy omeparopos L(B — B).
Torma Mbl mOJIy9IUM, 9TO TIpH J0OBIX € B, f € B* dbyukius A —< f |
R(\, a)r > anamuTudHa Ha PE30JbBEHTHOM MHOXKECTBE JEMEHTA 4 U He
nocrognua. CjeoBaTe/IbHO, B CHIY TeopeMbl JIMyBu/LIg oHa 0OA3ATEIHHO
nMeer 0codbie ToOUKU. OTCIO/a BBITEKAET, 9TO CIEKTD JIHO0ro sjiementa Oa-
HaxoBO# ajnredpwl He mycT. Tak, cnpaseimBa

= —R(\, a)*. (3.119)

Teopema 3.5.5. Cnexmp o(a) 4106020 saemenma a 6aHaT0601 ar2e6pbL ECMb
HENYCIMOoe 3AMEHYMOE MHOMCECBO, Komopoe codepocumces 6 kpyze {\ |

Al < [lall}-
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3.5.3 OmnepaTopHO€ HCYUCJIEHUE.

[Iycts a -31emenT G6aHaxoBoOl aare6psl u o(a) -ero CoeKTp.

Onpenenenne 3.5.11. F, -3T0 MHOXKECTBO BcexX PYHKIINH, KaryKaast U3 KO-
TOPBIX AHAJIUTHYHA B OTKPBITON OKPECTHOCTH (CBOEH JIJIst KazKI0i (pyHKIIH)
MHOXKeCTBa o(a).

MuozxectBo F, ectb anaredbpa PpyHKIMI OTHOCUTEIHHO TTOTOYETHOTO CJIO-
JKenns n ymuaoxkenus dynkmmit. [Tycrs f € F, n Dy -OTKpBITasgt OKPeCTHOCTH
MHOKecTBa 0(a), KoTopas BbIOpaHa Tak, 410 rpannna | = 0Dy ecTb riagkas
KpuBas U MHOXKecTBO [ | J Dy npuHaIe:KuT 061aCTH, B KOTOpOoii dbyHKnus f
aHAJIMTUYIHA. 3aMeTUM, 4TO 00sacTh Dy He 0043aTe/IbHO eCTh OJHOCBI3HASL
obmacTs: obmacts Dy u kpusas [(f) MOTYT COCTOATD U3 HECKOJLKHUX KOMIIO-
went. [TocraBum kaxknoit dbynkunn f € F, omeparop f(a) € A 1o npasuiy:

! 7{ RO, a) f(\)d. (3.120)

Opa: Forr A, [ON) = fla) = o
Uyl
!
Murerparn mo 3aMKEyTOMY KOHTYDPY [ B (3.120) Gepercst B HAITPABICHUHN 1O~
JIO?KUTEJIHOTO 00X0/a cojeprKkalieil crekTp oneparopa a obmactu Dy. UnTe-
rpai (3.120) mrorma waswsiBaercs uHTerpasom Jandopa.

Teopema 3.5.6. 3adannoe opmyaoti (3.120) omobpascerue Op, ecmsv an-
eebpaueckuli 20momophudm anzebpu, Gynkyull F, 6 anzebpy onepamopos

A.

Hoxkazarennctso. JInneiinocts orobpazkenus (3.120) ouesuana. Ham myx-
HO JIOKA3aTh, YTO MPpOou3BeIeHne (byHKIMi mpu otobpazxkennu (3.120) nepexo-
JUT B poussejenue oneparopos. [lycrs f € A, g € A. Bynem cunrars, 9410
obaactu Dy, Dy BEIOpaHbl B COOTBETCTBUH ¢ ONMCAHHBIMY BBIIIE IPABHIAMU
"

D,| JoD, ¢ Dy, dist(dD;, OD,) > 0

N3 roxaecrra 'mabbepra ciiegyer paBeHCTBO

f(a)gla) =

2mi)? § RO, @)f ()2 f Rl a)g()dp =
1(f)

(2mi)~ ]{j{f A, a)R(p, a)dAdp =
1(f) g

2mi)* § ]5 % X, @)= R(u, a)(s— \)'dAdp.

W5 g
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75 FOVGERON, a)(— Nty = 0,

[ToaTromy

Teopema mokazana.
PaccemoTpum mpuMeph.
[Tycrs A ectb anrebpa 2 X 2 MaTpuil,

Torma
_ A-1 -2
()\Id—a):(_z )\_1)’
det(Xid — a) = (A +1)(A = 3) , o) = {-1, 3},
1 /2 —1/2 L (12 1)2

R}, a) =577 <_1/2 1/2 > 3 <1/2 1/2)

fla) = f(=1) (_11//22 _11/22) +fG) Gﬁ i@
[lycTn 11

“= (0 1) '

Tora

. A—-1 -1
()\ld—a):< 0 )\_1>,
det(\id —a) = (A —1)?, o(a) = {1},

w055 (o 1) o (0 o)

13 dopmyaer (3.104) caemyer
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Jlemma 3.5.8. Ecau xonmyp 0D codeporcum enympu cebs cnexmp s4emeH-
ma a:

o(a) C D,

1
— ¢ R(\, a)d\ =id. (3.121)
21
oD

3aMeTnM, ITO ec/iu aHAJTUTHIeCKas B HEKOTOPOU OTKPBITON OKPECTHOCTH
3aMKHYTOTO MHOXKecTBa, M dyukmus ¢(\) He mMeer HyJell Ha MHOXKECTBe
M, 1o y muoxkectBa M ecThb OTKPbITasg OKPECTHOCTH, B KOTOPO# (DyHKITUS
1/p(\) anamuruana. 113 917010 3aMedaHusi BHITEKAET

Teopema 3.5.7. Ecau ¢ € F,, mo aaemenm ¢(a)™ cywecmeyem 6 mom
U MOAYKO MOM cayuae, ecat Gynkyua G(N\) He umeem nyaetl wa cnexmpe
ANEMEHMA Q.

JokazarensctBo. Ecan ¢ € F, u
V(A ea(a)) : |p(A)] >0,

TO CYIIECTBYET TaKasi OTKPbITasi OKpecTHoCTh D ciekrpa o(a), 9ro dyHKIuu
d(\) u 1/¢(N\) ananmuruasst B D u

1
Y(Ae D) :p(\) —==1. 3.122
(D) o) 5 (3.122)
13 (3.122) u meMmbI 3.5.8 ceayer, 9TO 3JIeMEeHT ﬁ OIIpeJIesIeH U
1 1
= 4la) =id.
M S =

Teneph mpeanonokum, 9o GyHKIHA G(A) WMeeT HOIB B TOUKe A\g € o(a).
Torna

$(A) = (Ao = A)h(X),

rie dynakuus h(\) -aHATATHYHA B OKPECTHOCTH crieKTpa djaeMenta a. Ciie-
JTIOBATEIBHO,

o(a) = (Noid — a)h(a).

Ecau 661 y sstemenTa ¢(a) cymecTBoBag 0OPATHBINR, TO TOTJAA MBI HMETH ObI
PaBeHCTBO:

id = (A\oid — a)h(a)¢p(a)™" = h(a)p(a) ' (Aoid — a),
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U3 KOTOPOTO CJIEJIYeT, 94To 3jeMeHT (Agid — a) uMeeT 06GpaTHBIil, a 9T0 MPOTH-
BOPEYHUT BKJIIOYEHHIO

Ao € o(a).

Teopema j10ka3aHa.
Teopembr 3.5.6 u 3.5.7 MOKHO U3JI0KUTH B HEMHOT'O JIPYTO#l peIaKINH.
Bsenem B MHOXKecTBe JF, COOTHOIIEHNE SKBUBAJIEHTHOCTH, MOJOKIB

Y1 (A) ~ Po(N), ecmI0(o(a)) , V(A € O(o(a))) : ¥1(X) =1a(N)  (3.123)

Baech O(o(a)) -oTKpbITast OKPECTHOCTh MHOKECTBa 0 ().

OBO3HATIM CHMBOJIOM 1) TOT KJIACC 3KBHBAICHTHOCTH, KOTODDI COIep-
KuT Qynrmmio ¢ € F,. YMHOXKenue u ciaoxenne dyHkuuit B anrebpe F,
eCTeCTBeHHO HHJYNHUPYIOT YMHOXKEHHe M CJIOXkKeHHe B MHOKecTBe F, Beex
K/JIACCOB 9KBHBAJIEHTHOCTH, U OTHOCHTEILHO 3THX OIepanuit MHOXKecTBO J,
CTAHOBUTCA aareOpoii ¢ exunuIeil: equHuna B anrebpe F, -3T0 TOT KIaCC K-
BUBAJIEHTHOCTH, KOTOPBIA cojepxkutr Gyukiuio Y(A) = 1. Duemenr ¢ € F,
oOpaTuM B TOM M TOJIBKO TOM CIydae, €C/IM CYIIECTBYT He MMelomas myeit
Ha CIIeKTpe 3/1eMeHTa a QyHKIud 1 € ).

[TpocTpancTBo F,, Ha3bIBaeTCs aaredpoil POCTKOB aHATUTUIECKHX (DYHK-
Wi, 33JJAHHBIX HA KOMOAKTe o(a).

[TosicHUM CMBICJI BBEJEHUS HTONO HPOCTPAHCTBA.

Oynknusa ¢o(A) € F, ectb eaununa aaredbpo F,, eciau

V(@(A) € Fa) : do(M)o(A) = d(A)do(A) = ¢(A).

CaegoBaTebHO, eIUMHUIEA aaredpsl J, €CTh onpeaeaeHHast Ha 6cell I0CKO-
CTU KOMILJIEKCHOT'O TIepeMeHHOTO (DyHKIIHS

Ho Torga snement ¢(\) € F, umeer oOpaTHBI B TOM U TOJIBKO TOM CJIy4ae,
ecm

—— o\ =1, (3.124)

u 0ba commnoocumens B (3.124) aHATUTHIHBL Ha 6celi TIOCKOCTH KOMILTIEKCHO-
ro nepemennoro. CjenoBaTesibHO, B aarebpe F, oOpaTuMbl TOJIHKO (DYHKIIHH,
TOXKIECTBEHHO PABHBIE KOHCTAHTAM.

fcno, aro dopmya (3.120) uaaynupyer anrebpandeckuii romoMopdusm

anredper F, B anrebpy A. Temepb Teopemy 3.5.7 MOXKHO ¢POPMYJIHPOBATD
TaK.

Teopema 3.5.8. Daemenm ¢(a)~! cyuecmeyem 6 mom u MoAbKo MoM CAY-
“wae, ecAu INEMEHM O umeem obpamunll aremenm 6 anrzebpe JF,
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13 Teopemsr 3.5.7 caemyet, uro saement (- id — f(a)) nmeer obpaTHbIi
B TOM U TOJIKO TOM CJIy4ae, ecjau pyHKIUs

A= (= f(N)
HEe uMeerT Hyﬂeﬁ Ha CIIEKTpE JJIEMEHTa «. 1o yYTIBEP2K/CHUEC 9KBUBAJICHTHO

Teopema 3.5.9. Cnpasediuso pasercmaso

o(f(a)) = f(o(a)). (3.125)

[Tycrs dynknus ¢(z) aHanuTHYHA B OKPECTHOCTH ciiekTpa o(a), a HyHK-
nus f(z) amanuruana B okpectHocTH ¢(o(a)). Oneparop f(é(a)) Mbl MO-
JKEM BBIUUCIHTD JABYMs CIIOcoOaMu. MBI MOXKeM BBIYUCIHTH (DYHKIUIO 2 —
f(o(2)), a moTom mocTaBuTh 9T0# byHKIIUE B cOOTBeTCTBHE omepaTop f(¢(a)).
MBI MOKeM BBIYHCIHTD oTlepaTop ¢(a), a morom onepatop f(¢p(a)) kak dyuk-
muio oneparopa ¢(a). OxasbiBaercs, 4T0 006a crnocoba JajayT OJUH U TOT 7Ke
pesyJIbTar.

JlemMma 3.5.9. /[uazpamma
¢(z) — [f((2))
Opal l(’)pa

¢(a) —— f(¢(a))

Opg(a)

KOMMYMamueHa.

JlokazareancTBo. CrpaBe//InBbI PABEHCTBA

F(6la) = —— 75 R(E. o(a)) f(€)de =

271
i: (5 Pl 000 RO ) Fle)ae =
1
%ff(gb()\))}%()\, a)d\ = f(6(a)).

JlemMa mokazaHa.

[To-cytecTBy, 9Ta JJeMMa JOKa3biBaeT KOPPEKTHOCTD omepeeanus (3.120):
Mbl JloKa3a/m, 410 oneparop f(¢(a)) oupeiessiercs ToabKo dyHKImei 2 —
f(&(2)) u He 3aBucHT OT cOCO6A BHIYUCICHUS 3TOH (DYHKIIUH.

Omnpenenenune 3.5.12. O6pa3 anredbpor F, nupu romomopdusme (3.120) mbr
obozraunm cuMBoaoM Op,(Fy).
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dAcuo, aro Op,(F,) -koMmmyTaTuBHas mojanrebpa aarebpsl A = L(B —
B).
[Iycts [ € F, m W -comep:kalasi CoekTp d7aeMeHTa a € A OTKpHITas
OKPECTHOCTH, B KOTOpoil anamurndna Gynknus f. 13 (3.120) caexyer ode-
BH IHASI OT[EHKA!

1f(@)]| < [l sup{[|R(A, a)|| | A € I} sup{|f(N)| | A € W}, (3.126)
rae || -ammHa kKonTypa . Koncranrta
CW, a) = [l|sup{[|R(X, a)[| | A € I}

He 3aBUCHT oT byHKnuu f € F,, HO 3aBUCUT TOJBKO OT djgeMeHTa a € A n
okpectaoctu W, B kotopoit anasmutuana (yuknus f. CiemnoBaresbHo, st
Bcex yHKIm f, aHamuTuaHBIX B (pukcmpoBaHHON okpecTHOCTH W, cipa-
Be/I/TUBA OIECHKA:

[f(a)] < CW, a)sup{|f(N)] | A € W} (3.127)
OTcrona BeITEKAET

Teopema 3.5.10. IIycmwv sce dynxyuu {f,} anasumuuns 6 durcuposa-
noti oxpecmuocmu W D o(a). Ilyemv nocaedosamenvnocmo {f,} dynda-
MEHMANLHA 68 MEMPUKE

dw (f, g) = sup{[f(A) —g(N)| [ A € W}. (3.128)

Tozda cywecmeyem maxas pynkyus f € F,, wmo
[fn(a) = f(a)]| = 0, n — oco. (3.129)

JoxkazarenbcrBo. CyiectBoBanue GpyHKuu f € F, -CIeICTBHE TEOPEMbI
Beiipuirpacca, yreepxaenue (3.129) -caencrsue onenkn (3.127).

Ceiiuac MBI HE pacCMATPUBAEM TOMOJOTHIO B MHOYXKeCTBE JF,, MOITOMY
BOIIPOC O HENpephIBHOCTH 0ToOpakerust (3.120) HamMu He CTABUTCS.

JlokazkeM HECKOJBKO MPOCTHIX CBOICTB romomopdusma (3.120).

Teopema 3.5.11. Ecau

F) = > an\ (3.130)

0<n<o

u paduyc crodumocmu cmenennozo pada (3.130) Goavwe, wem |lal|, mo

fla)y= > ama" (3.131)

0<n<oco
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JokazarennctsBo. Beibepem € > 0 HACTOIBKO MaJIBIM, 9TO IHCIO ||a| + €
ObLI0 GBI MEHBIIe, YeM pajuyc cxomaumocTu psaa (3.131), BeibepeM B Kade-
cTBe KOHTYpa mHTerpupoBanusi B (3.120) okpy:KHOCTH pammyca |lal| + € u
nogcrasuM B (3.120) pasnoxkenns (3.104) u (3.131). Tomyunm (3.131).

B Teopun GanaxoBbiX ajredOp BaykKHOe 3HAYEHHWE WMEET IMOHATHE CIEeK-
TPaJbHOTO PaJNyCa.

Onpenenenne 3.5.13. CruekTpaJabHBIM PAaIUYyCOM 3JIeMeHTa a OaHAXOBOM
aJirebpbl HA3bIBACTCH IUCTIO

r(a) =sup{|A| | A € o(a)}. (3.132)
Teopema 3.5.12. Cnpasedausa popmyia

r(a) = lim |ja"|"/™. (3.133)
n—oo
HokazarenbctBo. Obparnmes k dopmyre (3.104). Pamuyc cxommmocrn
CTEIEHHOI'O P/ MOYKHO BBIYUC/IUTD 110 (POpMYJIe

Ry = limsup ||a™ ||/, (3.134)
n—oo

JlokazaTerbeTBO 3TO POPMYIBI I cIydas OaHaxoBax aaredp JT0CIOBHO
IMOBTOpPACT U3BECTHOE AJ0KA3aTCJbCTBO B TEOPpUU q)yHKHHfI KOMIIJIEKCHOTO IIe-
PEMEHHOI'0, U TaK K€, KaK U B Teopur (pyHKIH{I KOMIIJIEKCHOTO MEPEMEHHOI0
JIErKO JIOKa3biBaeTcs, 910 psijt (3.104) cxomuresa npu |[A| > Ry, pacxoaurcs
npu |A| < Ry u upencrasiennas psaom (3.104) dyuxims obs3arenbno nvmeer
ocobernocTH Ha OKpYKHOCTH {A | [A| = Ry} OTciona cienyer, 4To

r(a) = limsup ||a"||*/". (3.135)

n—oo

Tenepsb 3amernM, ato u3 dopmyssl (3.125) caemyer, ato
{MA=p", peo(a)} =oala") C{A A < la"[]},

I05TOMY
V(n>0):r(a)" < |a"|.

CurietoBaTesIbHO,
r(a) < liminf|[a"|"/". (3.136)

Cpasuusast popmysbl (3.135) u (3.136), Mbl HOJIyYaeM yTBEPZKIEHUE Teope-
MBI

199



Teopema 3.5.13. [lycmv cnexmp aremenma a ecmod 00Be0UHEHUE KOHEYHOZ0
YUCAA 3AMEHYMBLE MHONHCECTNE:

o(a) = Uoj, dist(oj, o) >0, j # k.

Toeda cywecmsytom makue snemenmu P(o;) € A, wmo

P(0;) = P(o;), (3.137)
P(o,)P(o) =0, j # k. (3.138)
> P(oy) =id, (3.139)
YV(f e F,):

f(a)P(a;) = P(0))f(a), o(P(0;) f(a)) = {0} ] f (o). (3.140)

JokazaTenbcTBo. [TycTh O(aj) -HellepeceKalomunecs OTKPbIThIe OKPECTHO-
¢t MHOXKeCTB 0. Iomoxkum

)1, A€ 0(0y),
Pi(A) = {o, A& Ofoy). (3.141)
DJIeMEHTHI
P(o;) < Py(a) (3.142)

V/IOBJIETBOPSIOT YCJIOBHUSIM TEOPEMBI.
Ecim A = L(B — B), TO I0Ka3aHHYI0 HAMH TEOPEMY MOYKHO H3I0XKUTD
B HECKOJIBKO MHON PeJaKInu.

Onpenesnenne 3.5.14. Oneparop P € L(B +— B) Ha3biBaeTCs IPOEKTOPOM,
ecyin
P?=P. (3.143)

OOparuM BHHUMaHHE HA TO, YTO Mbl PACCMATPUBAEM TOJIBKO OTDAHIICH-
Hble JINHEHbIe OMepaToOPhl, KOTOPbHIe YI0BIeTBODSAIOT paBeHTCBY (3.143)

Onpenenenne 3.5.15. IlycTh 0; -3aMKHYyTas KOMHOHEHTa, CHEKTPA 3JIeMeH-
Ta a € A:
dist(o;, o(a) \ o;) > 0.

[IpoekTop



rie
0; C D C O(0;), O(0;)((o(a) \ o;) = 0,

Ha3bIBACTCA CHIEKTPAJbHBIM IIDOEKTOPOM Ha KOMIIOHEHTY 0 ; CIHEKTDPA 3JIEMEH-
Ta a.

[Iycts P -nipoekTop u y = Px. Torma
Py = P?x = Px =y,
[IO3TOMY CIIPaBeI/INBa

JIemma 3.5.10. Ecau P -npoexmop, mo y € Im(P) 6 mom u moavko mom

cAYHaL, eCAl,
y="Ly. (3.144)

CaenoBaTesibHO, J71s JIIOOOTO HEIIPEPBIBHOI'O IIPoeKTopa P moinpocTpaH-
crBo Im(P) C B ecTb 3aMKHYTOE HOANPOCTPAHCTBO. Janee 3amedaeM, 910
ectn P -mpoektop, To (id — P) -mpoekrtop. CremoBaTenbHO, I JIIOOGOTO
HEIPEPBIBHOIO IPOEKTOpa P nmpocTpancTBo B pasaraercst B IPSMYyO CyMMY
S3aMKHYTBIX ITOJIIPOCTPAHCTB!:

B=PB&(idd— P)B =Im(P) & Im(d — P).
Tenepnb Teopemy 3.5.13 MOKHO ¢hHOPMYIUPOBATH TaK.

Teopema 3.5.14. ITycmv cnexmp asemenma a € L(B — B) ecmv 06sedu-
HEHUE KOHEWHO20 YUCAA 3AMKEHYMBLT MHOHCECTNE:

o(a) = Uaj, dist(o;, ox) >0, j # k,

u P(oj) -coomsemceyrowue cnexmpasvioe npoexmopu. Tozda npocmpan-
cmeo B paszaazaemcsa 6 npamyro cymmy

B=&) P(o;)B, (3.145)

npuem
V(f € Fa): f(a)P(0;)B C P(0;)B, o(P(0;)f(a)) = {0} f(0;). (3.146)

[TocmorpuM, Kak u3MeHseTcs oneparop f(a) mpu MajoM U3MEHEHUH Olle-
paTopa a.
113 Teopembr 3.5.2 (cm. crp. 189) caeayer
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Teopema 3.5.15. [lycmo [ € F,. Tozda cywecmsyem maxoe € > 0, umo
V(bebla,e€)): feF

F(b) = QL f (b—a)R(\, a))"f(N)dA. (3.147)
(a)

SS

HokazaresnbeTso. 13 Broporo pesosibBentHoro Toxaecrsa ( (3.108), crp.
190 ) caemyer, 4To

R(A, b)(id— (b—a)R(\, a)) = R(X, a).
[ToaTomy nipu jocTaTrodno Majaom € > 0 :
V(bebla,e): RO\, b)=R(\, a) Y ((b—a)R(X, a)".  (3.148)

[MoxcraBus sty dbopmyny B (3.120), MBI TOJYYUM YTBEPKIEHHE TEOPEMBI.

I3 (3.147) caeayer moIe3HOE U YACTO UCHOJIB3YEMOE PABEHCTBO:
1
F0) = F(@)+ 5 § RO )b = RO @) fO)dA+ O(lb ). (3149
l(a)

rae cumpost O(. . .) 03HAYaeT caaraeMoe, HOpMa KOTOPOTO MMeeT YKa3aHHBII
B CKOOKaX IOPSIIOK.

Hakomnen ormernm, 4ro u3 aemMer 3.5.5 (em. ctp. 189) u dhopmynsr (3.107)
caeyer

Teopema 3.5.16. Fcau U € A -obpamumwit ssemerm, mo

Uf(a) U™ = f(UaU™). (3.150)

3.6 MW3oampoBaHHBIE O0COOBIE TOYKHN PE30JIbBEH-
Thl.

3.6.1 OOmmuii ciaydaii.

Onpegenenune 3.6.1. Touka \g HA3BIBAETCS H30IUPOBAHHOI 0c000iT TOUKOI
pesosbBenTsl R(A, a), ecam cymecrByer Takoe dy > 0, 910

> A=) (3.151)

—oo<n<oo

An<0): A, #0 (3.152)
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Bxopsiue B (3.152) koaddurmenrsr A, yI0BIETBOPSIOT PSIY TOKIECTB,
KOTOPBIE MBI cefiuac BHIBEIEM.
Brenem dpyukImn

1 >
oy =41 "=
0,n<0.

5™ — 1, n=m,
"0, n#m.
Teopema 3.6.1. Cnpasedauewv. pasercmea

L.V(m,n): AyAn =1 —=0m)—0(n))Anini- (3.153)
2.Vn: (a— \id)A, = A,_; — 00id. (3.154)

HoxkazareasctBo. Ilycts 0 < € < & [omoxxum

11 ={p||p— | =e/2},
12= 0| A= Ao| = €.

Torma uz (3.152) caemyer, uto

1

Vn : A, = 5= R, a)(A = Xo)~"THa), (3.155)
A A, —
(%) 0= 20) N R @) ) =
11
<2L> 7{7{ (O, @) RO, @) (A — 2) " (1 — Ao) " dAdy —
( )7574 RO\, a) = R, ))(u— A)"!
(3 20" — Do)-"LdAd
Ho

(=N = (=)t Y (’;jig)k.

0<k<o0
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[TogcraBuB 9TO PABEHCTBO B IPE/IBILYIIEE, MBI IIOJIY YAM [IEPBOE YTBEPKIEHUE
TEOPEMBI.

Temepb J0KaXKeM BTOPOE YTBEP:KIEHUE TEOPEMBI.

CrupaBe/[JINBO PABEHCTBO

((Moid — a) + (A — Ao)id)R(X, a) = id.

VMHOKHM 9TO paBeHcTBO Ha (271) 1 (A — \g) ™"~ ! m mpomHTerpUpPYEM MO KOH-
Typy [2. [oayuaum (3.154). Teopema moka3aHa.
Omnpejiesium onepaTopbl

a4 b
PO ™ A = o f RO a)a (3.156)
2
1
T
12
1
Ao(Ao) = 5 7{ RO\, a)(h— Ao)~1dA. (3.158)
2

Teopema 3.6.2. B okpecmuocmu u30iuposartoti 0coboti mouku pe3osb6eH-
ma uUMeem pPa3f0HCeHUE:

R\, a)=5_(A)+PXo)(X— o) '+ 5. (), (3.159)
2de
SS(N)= > D)=, (3.160)
—oco<n<—2
Se(A) = D (=1 Ag(Ae)"THA = Ag)™. (3.161)
0<n<oo
Hokazarenbcrro. [onoxum B (3.153) m = =2, n = —q, q > 1. Toay-
qUM:
A_gry = A2dy,
IO3TOMY
A_(q+1) - AZZ
[Tosoxzxum B (3.153) m =0, n > 0. [Houmyunm:
A(n—H) = _AOA’m
OITOMY

V(n>0): A, = (=A™,

Teopema j0kazana.
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Teopema 3.6.3. Ecau y pe3osb8enmu, aAeMEHMA G €CTNG MOALKO UIOAUPO-
sarHvLe 0COOBIE MOUKY U Hem dpyeur ocobenrocmerti, mo

a=>Y (MP\)+ D)), (3.162)

20e CyMUuposanue pacnpocmpaHeno Ha 6ce 0cobbie MOouKY Pe30AbEEHMbL U
srodaugue 6 (3.162) onepamopui svivucasiomes no gopmyaam (3.156)-(3.157).

Bo-11epBbIX OTMETHM, YTO IOCKOJIBKY BCE 0COObIE TOUYKU PE30JIbBEHTbI Pac-
[OJIOZKEHBI BHYTPH KPyra KOHEYHOI'O Pajnyca, TO H30JHPOBAHHBIX OCOOBIX
TOYEK MOXKeT ObITh TOJIBKO KOHeYHOe ducyo0. lanee 3amernm, 9to u3 (3.154)
cJiejlyeT paBeHCTBO

Vi P(Aj)a — N P(A;) = D(A)).

CymMupyst 9TH paBeHCTBa 10 BceM A; u ydutbiBas (3.139), Mbl mosrydum
YTBEPXKJIEHUE TeOPEMBI.

3.6.2 CrpoeHne pe30JIbBEHTHI B OKPECTHOCTHU IIOJIIOCA.

Onpenenenne 3.6.2. zomuposannas ocobast TOUKaA g HA3BIBAETC MOJIIO-
coMm nopsaka m > 1, eciaun B paznoxenun (3.152)

Vin>m): A_,=0, A_,, #0. (3.163)
B npanbherrem HaM OyJeT yI00HO CUATATH, 9TO
a=T¢€c L(Bw~ B).
Hanomanm

Onpenenenne 3.6.3. Yuciio \g Ha3bIBaeTCst COOCTBEHHBIM 3HAYEHUEM OIIe-
paropa T' € L(B — B), ecu

Az e B,z #0): Tx = A\z.

Teopema 3.6.4. Ecau \g -noatoc nopadxa m 0if PE30ALEEHTBE ONEPAMOPG
T, mo

1. Ay -cobecmeennoe 3navenue onepamopa 1.

2. Ilpu n > m cnpasediusv, paseHcmsa:

V(n >m): Ker((Ag —T)") = Im(P(\y)). (3.164)
V(n>m): Im((Ag—T)") = Im(id — P(\y)), (3.165)

ede P(\g) -cnexmpasvnod npoexmop (3.156).
Taxum obpasom,

V(n >m) : B =Im((\id — T)") & Ker((Agid — T)™). (3.166)
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Jokazarenncrso. 113 (3.154) caeayer paBeHCTBO
V(in>1): (T — Xid)A_,, = A_(n11). (3.167)

Ecim

A #0, 850 A_(y1y =0,
TO CYIIECTBYET TakKOi BeKTOp 2z € B, uro
r=A_nz#0, A1)z =0.
[Tosromy u3 (3.167) caemyer, aTo
dx e B,z #0): (T — \id)zg = 0.

MpI g0Ka3a/I#, 9TO HOJIOC PE30JIbBEHTHI OMEPATOPA €CTh COOCTBEHHOE 3HAUE-
HIE ONepaTopa.

Bameuanue. Ecim \g -cobcTBeHHOE 3HaUeHue oneparopa, 1o Ker(\gid —
T) # 0 u y oneparopa (Agid — T) HET 06PATHOTO, MOATOMY COBCTBEHHOE 3HA-
JeHHe BCEra MPUHAMIEKHUT CIHEKTPY OIMepaTopa, HO COOCTBEHHOE 3HAYCHNE
MOKeT He ObITh M30JIMPOBAHHON 0CODOI TOYKOW Pe30JibBEHTHI OllepaTopa.

[lepeiimem K 10Ka3aTe/IbCTBY BIOPOIO YTBEPZKIEHUST TEOPEMBI.

3 (3.153) u (3.154) corenyior paBeHcTBA:

‘v’(n 2 O) : An = (T - /\Oid)A(n+1)7

[ToaTromy

V(k>0): (P(X\o) —id) = (T — Xid)Ag = (T — Xoid)?A; = . ..
(T — Noid)FHD Ay = A (T — Noid)F+D, (3.168)

CaenoBaTebHO,
V(n > 1) : Ker((Aid = T)") C Im(P(N)). (3.169)
3 (3.144) u (3.168) caemyer, aTo

V(n>m, z e Im(P()\))) :
(T - )\0Id)nl’ = (T - Aoid)nA_lx = A—(n—i—l)x =0.

[Tosromy
V(n >m): Im(P(\)) C Ker((T — \oid)"). (3.170)
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13 (3.169) u (3.170) caemyer, 9To
V(n>m): Im(P()\)) = Ker((T — X\oid)"). (3.171)

Ecan

x = (P(X\) —id)z,

TO B cuity paseHcrsa (3.154)
= (T — Xoid)Agz = (T — Noid)" A1)z € Im((T" — Aoid)™),
HO3TOMY CIIPABEJIJINBO BKJIIOUEHHE
V(n>1): Im(id — P(X\)) C Im((T" — Agid)"). (3.172)
Ternepn gokarkem, 9TO
¥(n >m) : Im((Xoid — T)") () Ker((Agid — T)") = 0. (3.173)
[lyctb n > m u
r = (Aoid = T)"z, (Noid = T)"z = 0. (3.174)

Torna
(Aoid — T)Z”z =0,

u u3 (3.171) caemyer, uro

z e Im(P(\)) = Ker((\g — T)"),

nosromy = = 0.
Yreepxkaenne (3.173) mokasamno.
HTak, MBI UMeeM:

V(n>m): B=(Im(P(\)) ®Im(id — P(\)) =
Ker((Ag —T)" @ Im((Ao —T)").

Teopema jlokazana.

Teopema 3.6.5. Fcau \g -u30auposartas 0cobas mouka pe3osb6eHmot U
dim(Im(P(Ny))) =n < oo,
mo Ay -noac.
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Hokazarenbcrio. [lycrs €1, e ... e, -6a3uc B upocrpancrse Im(P()\)).
Tak kak n+1 Bektopos ey, Tey , ... T"e; mpunamaexar npocrpanctsy Im(P (X))
¥ TO9TOMY JIMHEHHO 3aBUCHMBI, TO JTOZKHBI CYIIECTBOBATD TAKHE THCIA O j , 0
7 <mn, 9To

Pl(T)el = Z ozl,jTjel =0.

0<j<n
Touno Tak e JOJIAKHBI CYIIECTBOBATH TaKHe MOMTHHOMBL Pj(\), 4T0
V] : Pj(T)@j = 0.
[Tomoxum
Q(A) = Pi(A)P2(A) ... Pu(N).

OdeBUHO, YTO

Q(T)P(N) = 0. (3.175)

Eciu Touka Ao He ecThb KopeHb MHOrOWIeHa (), T0 DyHKITHI

_ /R A= Ao| <6
W(A) = {0 0] > e (3.176)

AHAJTUTHYHA B OKPECTHOCTH CIIEKTPa oreparopa 1, u cripaBe i IuBO PaBEHCTBO
W(T)Q(T)P(ho) = P(Xo).

CremoBaTesbHO, A9 KOpeHb MHOTOUIeHa (Q(\), 1 cyIIecTByeT Takoe m < oo,
9TO CIIPaBeJIJInBO PABEHCTBO

Q(A) = (A= Ao)"h(A),
rae h(\g) # 0.

Otrciosa BeITEKaer, 4To cyuecrByer takoe € > 0, npu Koropom yHKIHs
1/h(\) anaauruana B okpecTHOCTH {\ | |A — Ao < €} m

VA= 2ol <€) (A= 20)™ = QA)/h(N),

Orciona caeayer, aro omneparop 1/h(T) cymecrsyer u

(T = Xoid)™ P(Ao) — ﬁ@mmw 0,

MIO3TOMY

V(n >m): A, = (T — \oid)"P()\o)
= (T — Xoid)™™™(T — \oid)™ P(\o) = 0.
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Teopema mokazana.

Ecau Ao -u3onupoBannasi ocobast Touka, 1o quciao dim(Im(P(Ng)) Hasnbi-
BaeTCsI ANTeOpamIecKoil KpATHOCTBIO COOCTBEHHOTO 3Ha4YenHnsd, a unucsio dim(Ker(A\gid—
T')) HA3BIBAETCSA TEOMETPUIECKOIT KPATHOCTHIO COOCTBEHHOIO 3HAYEHMSI.

13 (3.169) cieayer, 9T0 Beeraa BBHIIOIHEHO HEPABCHCTBO

dim(Ker(oid — 7)) < dim(Im(P (X)), (3.177)

npuydeM, Kak MOKa3bIBAIOT IPUMEPDI, HEPABEHCTBO MOXKET ObITh CTPOI'MM.

Huzke Mbl yrounum Teopemy 3.6.5 H JIOKazKeM, 4TO €CJIH YCJIOBUS TeO-
PEMBI BBITIOJIHEHBI, TO TOPSJIO0K MOJIIOCA PE30JbBEHTHI HE MOZKET ITPEBLIIATH
aJirebpanvecoil KpaTHOCTH COOCTBEHHOIO 3HAYEHHSI.

3.7 BoamyleHune n30JupoBaHHOTO COOCTBEHHO-
ro 3HAYEHUS.

3.7.1 3aBucdinue oT mapaMeTpa IPOEeKTOPHI.

HanmomummMm, 9T0 omeparop
Pe L(Bw— B)
HA3bIBAETCS MIPOEKTOPOM, eCJIn
P* =P,
a MPOCTPAHCTBO B ecTb IpsaMas CyMMa CBOMX HOANPOCTPAaHCTB Bj:

B=B®B&..=®)» B
J

ec/Ii BCe NOJIIPOCTPaHCcTBa [ 3aMKHYTHI,

V(xEB):x:ij,xjij,

J

i#]

BbisicHUM CBS3b MEXKJIy HPOEKTOPOM U PA3JIOKEHUEM HPOCTPAHCTBA B 1LPsi-
MYIO CYMMY CBOMX NOJIPOCTPAHCTB.
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Eciu oneparop P -mpoektop, 10 oneparop (id — P) -mpoekTop, Tak Kak
(id—P)>=id— 2P+ P*=id — P.

Ecan

z € Im(P)(")Im(id — P),

To = (), TaK KaK eCcju CIpaBeINBbl PABEHCTBA
r = Pz=(id— P)y,
TO
Pz=P?2=(P—P)y=0.

JIerko BuIeTh, 4T0

(x € Im(P)) <= (z = Px)

CaenosarensHo, s Joboro npoekropa P € L(B +— B) mpocTpaHCTBO
Im(P) 3amruyTo u s a0boro npoektopa P € L(B +— B) Bce mpocTpaH-
cTBO B ecTb npsiMas CyMMa CBOMX 3aMKHYTBIX HOJIIPOCTPAHCTB:

B =Im(P) & Im(id — P).

[Ipemosioxkum, 4To 6aAHAXOBO MPOCTPAHCTBO B ecTh npsiMas cyMMa CBOMX
3aMKHYTBIX TOJIIPOCTPAHCTB:

B = B; ® Bs.
Tora 110600t BekTOp T € B € MHCTBEHHBIM 00pA30M MPEJACTABUM B BUJIE
T =x1+ X2, 11 € By, 19 € By, (3.178)
u 105TOMY pasznoxenue (3.178) KOppeKTHO onpe/ieseT JUHeHHbI onmepaTrop
P:xw—x € B, (3.179)

KOTOPBIi yI0BAeTBOpsieT pasencTsy P? = P. B cuay 3aMKHYTOCTH IIPOCTPAH-
cTBa B W 9TOT0 paBeHCTBA OMpPeJeIeHHBI BO BCeM MPOCTPAHCTBE (hOPMYJIOit
(3.179) omeparop 3aMKHYT U MOITOMY HEIPEPbIBEH.

OueBngHa

Jlemma 3.7.1. Ecau P € L(B +— B) -npoekmop v U € L(B — B) -
0bpamumulli ONepamop, mo onepamop

Q=UPrPU! (3.180)

-NPoEKMOP.
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Onpenenenne 3.7.1. llpoekTopsl P u () 10m100HBI, €CJIM OHU CBA3aHbBI Pa-
serctsoM (3.180).

JlemMma 3.7.2. Ecau npoexmopvt P u () nodobHv, u

dim(Im(P)) =n < oo, (3.181)

dim(Im(Q)) = n.

Hoxasarenbcrso. Eciu Bbiiosneno yeaosue (3.181), 1o cymecrByor ra-
KHe BEeKTOpHI ¢; € B n 1Y) € B*, uro

V(z € B): Px = Z 19 (z)e;. (3.182)
1<j<n

Torna u3 (3.180) caemyer, uto
VweB): Qr= Y 19U z)Ue;. (3.183)
1<j<n

CrenoBaTesbHO,

dim(Im(Q)) < dim(Im(P)) = n.

Ocraioch 3aMeTUTh, YTO COOTHOIIEHUE M000ud pedIeKCHBHO.

Hanmomnum, 4T0 eciu BeKTOpHL e¢; € B cocTaBidioT 0a3uc B HEKOTOPOM
IIOJUIPOCTPAHCTBE pocTpancTBa B, To Bekropel (V) € B*, Koropsie yioBie-
TBOPSIIOT YCJIOBUIO

10)(e;) = &7,

Ha3bIBAIOTCH 0A3UCOM, COLUPAKEHHBIM K Oazucy e; € B.
I/I3 MpUuBEJCHHBIX BBIINIE BbBIKJ/IA/J0K BhITEKaET

Jlemma 3.7.3. ITycmo npoexmopvs P u Q) ceasanv, pasencmesom (3.180),
sexmopor e; € B ;1 < j < n, cocmasadtom basuc 6 nodnpocmparcmee
Im(P) u sexmopu [Y) € B* | -conpasicennuiii 6asuc. Tozda sexmopul Uej, 1<
Jj < n cocmasamom bazuc 6 npocmpancmee Im(Q), a Pynryuonais

19U z), 1<j<n
cocmasasiom basuc, conpasncennvl k basucy Ue; , 1 < j < n.

Teopema 3.7.1. Ecau npoexmopo. P u @) ydosaemesopstom ycioeuro
1P —Ql <1, (3.184)

mo onu nodobrbsi.
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JokazarebeTBo. OUpeIe/IUM OepaTOPDI
U:=QP+ (id— Q)(id — P),
V= PQ+ (id — P)(id — Q),
W:=id— (P -Q)%

[IpsimMoit BBIKJIAIKOf JTOKA3BIBAETCS, UTO CHPABE/JINBBI PABEHCTBA

QU =UP,
UV =VU =W.

Ecuu Boinosnneno yeiosue (3.184), to omeparop W obparum. 13 paBercTBa
UVwH=W"VU=id

caeyeT, 94To Torma u omeparop U obparum m moITOMY HpoeKTOpbl P u ()
MOTO0HHI.

Teopema 3.7.2. Ecau P(u) € L(B — B) -cemeticmso npoexkmopos, aHa-
AUMUNECKY, 3a8UCAUUT om napamempa |1 € {p | [p] < 0}, mo cywecmeyem
maKoe GHAAUMUYECKU 3asucaujee om napamempa p € {p | |p| < 6} cemed-
cmeo obpamumux onepamopos U(p), wmo

P(u) = U(w)PO)U (1), || < 0. (3.185)
HokazarenbcTso. [Tomoxum

Lw%:ﬂgﬁ AP ()

P(p) — P(p) a0

Paccmorpum obbikHOBeHHOE i depeHiinaibHoe ypaBHEHHEe OTHOCUTEIbHO
dbyukum co 3HavennsMu B Ganaxopoil anrebpe L(B — B):

?%ﬁszxmmzmm:MAM<é. (3.156)
PeHIeHI/Ie 9TOTO ypaBHeHI/IH CyHLeCTByeT, e,ZLI/IHCTBeHHO U aHAJIUTUYECKU 3aBU-
CUT OT HapaMeTpa [1/ (,ILOK&S&TQHI)CTBO: CBe,ILeHI/Ie K I/IHTeraﬂbHOMy ypaBHe—
HUIO ¥ TPAJUIMOHHBIA METOJI TOCAeJ0BATEILHBIX TPUOJNKEHU JIId JToKa-
3aTeIbCTBA CYIECTBOBAHUS PEIIEHNST HHTErPAJILHOIO YPABHEHHUSI).
AHAJIOTHYIHO OKA3BIBAETCSA, UTO PEIEeHNe yPABHEHHS

dV (p)
dp

= V() L(p), V(0) = id; [u] <o (3.187)
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CYIIECTBYET, €IMHCTBEHHO U AHAJUTUYCCKH 3ABUCUT OT [L.
JaJiee 3amevaem, 4T0

d

@V(M)U(M) = V(W) LU () + V() L(p)U (1) = 0,

MOYTOMY

V(p)U(p) =id, |p| <6
AHaTOrmYHO MOKA3BIBAETCS, YTO OLEPATOP

W) :==U@)V (1) —id
yaIoBIeTBOpsieT auddepeHnnaIbHOMY YPaBHEHIIO

dW (p)

= L)W (p) = W(p)L(p), W(0) =0,
A TO3TOMY
UV (p) = id.

CieioBaTesIbHO, ONpe/ie/eHHbIl KaK pernenue ypasaenust (3.186) omepartop
U(p) obparum u

Q(u) = U(u)P(0)V (). (3.188)

JIerko poBepUTH, YTO ONpeieJeH bl paBercTBOM (3.188) omeparop yiosJie-
TBOpdeT auddepeHnnaIbHOMY yPaBHEHUIO

%‘” — (L) . Q)] , Q(0) = P(0).

uddepennupys paBeHCTBO

JIEPKO TI0Ka3aTh, YTO 9TOMY ¥Ke YDaBHEHWIO yI0BJIeTBopseT omneparop P(u).
CaenoBaTesbHO,

Teopema gokasaHa.
3 nokazanHoil TeopemMbl U KOHCTPYKIUMHU, MCIOJIb30BAaHHON LIpH J0Ka3a-
TeJILCTBE TEOPEMBI 3.7.3 BBITEKAeT
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Teopema 3.7.3. Ilyecmwv P(p) -cemeticmeo npoexmopos, komopwie aHaAU-
muunbl npu |p| < 0 kax dynrkyuu co snavenuamu 6 L(B — B). Hycmo

dim(Im(P(0))) = n < co.

Tozda
V(|ul < 6) : dim(Im(P(p))) = n,

6 npocmpancmee Im(P(u)) ecmv maxot 6asuc {e;(p), 1
npocmpancmee B* ecmv maxue eexmopu, {19 (p), 1< 5 < n}, umo

<U(p) | ej(n) >=4j,

U PYHKYUY '
p—ej(p) € B, p—19(n) € B*

aHAAUTIUYHDL.

3.7.2 AmnajquTnydeckoe BO3MYyIlleHEe N30JIMPOBAHHOTO COO-
CTBEHHOI'O 3HAYEHUH.

1. Ham mnorpebyioTcs HEKOTOpbBIE 3jieMeHTapHbie ajrebpamdeckue (haKThI.
Ceitgac mbl He OymeMm mpejmnosararh, 9Yro aarebpa A cHabxkeHa Kakoi-ub0
tomosorueii. [lycts anredbpa A kak JuHeiiHOE TPOCTPAHCTBO MpEICTABICHA B
BH/JIe IPSIMOI CYMMBI CBOUX MOJNPOCTPAHCTB:

A=A @A, A A =0 (3.189)

[Tycrs kaxgoe u3 nogupocrpancts A; B (3.189) ectb anredpa 0THOCHTEIBHO
CJIOKEeHUs U yMHOKeHus B A:

V(ai, bl € .Az) . aibi € .Ai; V(Z 75 j, a; € .AZ', bj < A]) : aibj = 0. (3190)

[IpuMepoM TaKoil KOHCTYKIME gaBjdercs npoctancTso C2, paccmaTpuBaemoe
Kak aare0pa ¢ MOKOMIIOHEHTHBIM CJIOYKEHHeM U YMHOXKeHueM. B 3Tom ciydae
A; ecth anrebpa anementos Buja (2 ; 0), anrebpa Aj ectb anrebpa 37 MEHTOB
Buzna (0; z). Huzke Gyger paccMoTpeH u Apyroil npumep.

Mzt HazoBem snement id; € A; nokarvnot edunuyed, ecan

V(aj S Aj) : idjaj = ajidj = Gy, V(CLZ S -Ai7 7 7£ j) : idjai = aiidj =0
(3.191)

€ A; nrokarvro obpammovim snementy a; € A,

Mpb1 HazoBeM 3jileMeHT a .

ecJiu
Ui loc0i = @iy 1, = id;. (3.192)

[Tpsamoit BeIKAIKO HA OCHOBE BBEJIEHHBIX OIPEJIEJIEHNIT TPOBEPIeTCS
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Jlemma 3.7.4. 1. Cnpasedauso pasencmeo
id; +idy = id,

2de id -edunuya anzebpor A.
2. Ecau anemenmol a; € A; umeom a0kaivHo obpamrvle
anemenm (ay + az) obpamum 6 aszebpe A u

—1
i,loc

e A;, mo

-1 -1 —1
al,loc + a’2,loc - (a’l + aQ) :

B paccMoTpeHoM Bbliiie HpuMepe JIOKAJIbHBIMU €JIMHUIIAMU SBJIAIOTCS JJ1e-
mentsl (15 0), (05 1).
Hpyroii mpumep. IlycTh 6anaxoBo mpocTpancTBo B ecTh mpsiMasi cyMMa
CBOWX MOJIPOCTPAHCTB:
B = B, & B;.

Pacemorpum anrebpy Ay C L(B — B), KoTOpas COCTOHT U3 KOMMYTHDPYIO-
IIUX OIEePATOPOB, KazK/Iblil U3 KOTOPLIX HIPUBOJIUT HOANPOCTPAHCTBA Bj:

V(CL € ./4()) : CLBj C Bj.

IIycrs P; -upoekrop na nogupocrpancrso B; C B. Pazioxum arebpy A
B IIPAMYIO CYMMY:

Ay = Ao P, & ApPs.

Torna omeparopsl P; ecTb JOKaJIbHBIE eIMHAIB! B Toganrebpax AyP;.
2. Ilycrp
b0, 80) 3 i T(s) € £(B — B)

~ananutTnueckag bynkmus napamerpa g € b(0, &) C C! co snavennamu B
6anaxoBoM npocrpanctee L(B +— B).

[Iycrs Touka Mg ecTh M30/MpOBaHHAsl TOUKa cuekTpa oneparopa 1'(0).
HamoMHIM, 9TO 3TO O3HAYAET CJIepyoIee:

o € o(T(0)) , dist(Ao, o(T(0))\ Ag) > 0.

¢lcHO, 9TO W30MPOBAHHAS TOYKA CIEKTPA OHEPATOpPa eCTh W30JUPOBAHHAS
ocobast TOUKa ero Pe30JbBEHTHI.

[Iycts uncao € > 0 u orkpoitas obtacts D C C! ¢ rmagkoit rpanumeit
0D BBIOpaHBI TaK, ITO

o(T(0))\ Xo) C D, D[ )b(Xo, 2€) = 0.
B cuity sToro Beibopa MHOXKECTBO

M :=C(D)[)C(b(X, €))
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eCThb Pe30JbBeHTHOEe MHOZKeCTBO onepatopa T'(0). 13 Teopemsr 3.5.2 (¢M. cTp.
189) caenyer, uro cymecrByer Takoe d(€) > 0, uro muoxkecTBO M ecTb pe-
30JIbBEHTHOE MHOKecTBO omeparopa 1'(u) pn |u| < §(e). CrenoBareabro

V(| < 8(e)) : o(T(n) € D|Jb(Mo, €). (3.193)

B sasibreiiniem mMbl cauraem, 4ro duciaa € > 0, §(€) yaoBaeTBopsaoT yCJI0BUIO
(3.193), a mapameTpsl A, [ U3MEHAKOTCS B 00JACTH

W =A{X, | |A=Xol <€, [u] <d(e)}- (3.194)

3. Hycrs A(p) C L(B +— B) -komMmyTaTuBHas ajredpa aHa uTUIeCKUX
dbyukmuii ot oneparopa T'(11), Koropas moctpoena o dopmy.e (3.120) (cm.
crp. 193):

A(p) = Opa(Fa) , a =T(p). (3.195)
[Iyctn
2 < dist(\y, OD).
[Tonoxxum
Pui) = 5 § RIS TOME 1T = (€] 1€~ Ml =2}, (3.199
11
Py() = % f R(E, T(p))de , 12 = aD. (3.197)

2

Jlemma 3.7.5. 1. IIpu |pu| < 6(€) npoexmopw Pj(p), j =1, 2, anarumume-
CKU 3G6UCATN OM NAPAMEMPL (L KGK PYHKUUY CO 3HAYCHUAMU 6 OaNATOBOM
npocmparcmee B.

2. Anzebpa A(p) ecmv npamas cymma ceoux nodanzedp:

A(p) = Ai(p) © Aa(p) , Aj() = A(p) Pi(p),

u onepamopo, P;(1t) ecmo aokanvrvie edunuybl 6 nodarzebpar A;(i), npurem
CNPasedAuBo PaseHCcmeo

Pi(p) + Py() = id. (3.198)
JokazaresbeTBO. DTO yTBEPK IeHHe ecThb cieacTsue hopmyi (3.196)-(3.198),

AHAJIMTUIECKON 3aBucuMocTH oneparopa 1'(p) or napamerpa (i u TeOpeMbl
3.5.14.
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Jlemma 3.7.6. Onepamop

ax(\, 1) = (Aid — T(u)) Pa(p)

6 anzebpe As(p) umeem aokasvnol o0pammvli:

ke i) =5 FO-OTRE TN (3199

2

komopwid anasumusern no X, i, Y(A, p € W) kax dynkyus co snauenuamu
6 A(B+— B):

W (A\sp) = agp,.(A, 1) € A(B — B).

JloKazaTebeTBo. AHATATHIHOCT omepaTopa ;| .(\, i) ecThb cieacTre
dbopmysr (3.199). CnpaseiuBoO pABEHCTBO

()\Id - T(#))a;,lloc =

% A=A =R, T(p)de = %]{R(g, T(10))de =
Py(p).

JlemMa JoKa3aHa.
[IycTh BBINOJTHEHO YCJIOBUE

dim(Im(P1(0))) =n < oo. (3.200)
Tornma B cuny Teopemsr 3.7.3
dim(Im(Py(u))) = n,

1 TI09TOMY
dim(Py(pn)B) = n.

Myers {ej(p)}, {I9(n)} -6asuce, xoToprie omucans & Teopeme 3.7.3. Cire-
JYIOMast JIeMMa OYCBUIHA.

Jlemma 3.7.7. 1. Toaoocum

aG(A, ) =< 19(u) | (Nid = T(p))e;(n) > (3.201)
(X, p) = det{a (X, p)}. (3.202)
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Onpedeaernan pasercmeom (3.202) dynruyusa V(A , p) anasumuuna:

WA, ) = A"+ B A" + L+ Ba(w),

ede B;(1) anarumueckue dynxyuu npu |p| < J(e).
2. Oynrxuyus
A= (A, 0)

6 mouke A = \g umeem HoAb nopadka n u 6 obaacmu W ypasnenue

YO 1) =0 (3.209)
umeem (¢ ywemom kpammocmu) mouro n xwopred {\;j(p), 1 < j < n}.

YpasHenue (3.203) OTHOCHTENIBHO MapamMeTpa A HA3bIBAETCs XapaKTepH-
CTUYECKUM ypaBHEHUEM U UCCJICAOBAHUIO IMTOBEIACHUA €I'0 KOpHeﬁ KaK CbYHK—
1 K03 UIUEHTOB YPABHEHHS U [TapaMeTpa (i TIOCBAIIEHO MHOIO paboT.

B Teopun pyHKIHE# KOMILIEKCHOTO IEPEMEHHOI'0 H3BeCTHA TeopeMa Beiip-
IITpacca, U3 KOTOPOii CJIeIyeT, YTO B OKPECTHOCTH TOYKH 4 = () KOpHU ypaB-
uenus (3.203) uMeoT pazioKeHue

() = > @ mp™? 1< <n, (3.204)

1<m<oo

r7ie p -TeJI0e 9HCJIo.
3amernM, 9TO KpaTHOCTH Hysas aerepmunanta (A, 0) B Touke A = Ag
COBIAJIAaET ¢ pa3MepHocThio pocTpancTtsa Im(P()\g)), u gacto anrebpante-
CKas KPaTHOCTb COOCTBEHHOTO 3HAYEHHS II0 OMEPeIeeHHIO MOJIAraeTCs PaB-
HOIl KparHOCTU HyJis jerepmunanTa P (A, 0).
[TycTn

ar(A, p) == (Aid = T(p)) Pr(p).

Jlemma 3.7.8. Onepamop a1 (N, ) umeem aokarvholl o6pamubili 6 aszebpe
A(p) 6 mom u moavko mom caywae, ecau (N, 1) # 0, npuuem

_ 1
YA, )

ede onepamop (A, u) € A(u) anarumuven 6 obracmu W kak dynruus co
anavernuamu 6 L(B — B)

V((X, ) #0) :ap (A, p) = r(A, p), (3.205)

DT0 yTBepK/eHUe CleyeT u3 Toro bakrta, 4To oneparop aj(A, fi) ecThb
oneparop B JuHetHOM mpocrpancTse Pi(p)B pasmMepHOCTH 1 U OTEepaTop
ai (A, p) npusoguT npocrpanctso Py (u)B.

OkoHYATETBHO HAIIK PE3YIbTATH Mbl C(POPMYJIUPYEM B BUIE TEOPEMBI.
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Teopema 3.7.4. Ecau onepamop
T(u) € L(B — B)

npu |p| < § anaaumunen no g Kax GYRKUUA CO ZHAMEHUAMU 6 OAHATOB0M
npocmpancmse L(B +— B), mouka \g ecmb u30AUpOSAHHAA MOYKE CNEKMPQ
onepamopa T(0) u pazmeprocmv obaacmu 3nauenutll CneKmMpalvHozo npoek-
mopa (3.196) xoneuna mo mozda
1. Cywecmeyrom makue noaroscumenvroe wucia € > 0, 6(e) > 0, umo 6
obaacmu
W={X, p|[A=Xol <e, |ul <d(e)}

onucannas 6 aemme 3.7.7 pynryua (X, p) anasumusna. Hpu (A, p) #0
6 obaacmu W cnpasedauso pasencmeo

R\, T(n)) = )r()\, ) +a(X, @), (3.206)

1
VA,
2de onepamopus a(X, ) , r(\, p) 6 obaacmu W anasumuunoe no X, (i Kax
Pynryuy co snaveruamu 6 banaxrosom npocmpancmse L(B +— B) u

dim(Im(r(\, p))) < dim(Im(P;(0))),
Im(r(X, ) () Im(a(X, p)) =0.

2. Ilpu |u| < § wopru ypasnernus (3.203) npedemasumn ¢ sude (3.204) u
Kaotcowl Kopenv \;(p) ecmov cobemeentoe snuerue onepamopa T(p).

13 dopmysas (3.206) caemyer, 9T0 MOPSIOK HOTOCA PE30THBEHTH HE MO-
yKeT ObITh 00JIbIe ajJrebpandecKoil KpaTHOCTH COOCTBEHHOTO 3HAUYEHHS, HO
OH MOKeT OBITH MEHbIIE ee, TakK Kak omeparop (A, 0) B Touke A = \g MOKeT
HMETh HOJIb.

Ecau oneparop T'(u) geiicrByer B rusibGEPTOBOM IPOCTPAHCTBE, TO MOZK-
HO TIOJIYYUTH OoJTee TMOMHYI0 WH(OPMAINIO O TIOBEIEHUH COOCTBEHHBIX TNCET
1 COOCTBEHHBIX (DYHKITHIA.

Teopema 3.7.5. Ilycmov swnoasrenv. ycrosus meopemov, 3.7.4, npocmpar-
cmeo B -2uavbepmoso u onepamop T (1) camoconpasicen npu deticmeumens-
HOLT 3HAYERUAT napamempa . Toz2da

1. Cobemesennvie 3navenus Aj([L) GHAAUMUYHOL N0 [L 6 OKPECTVHOCTU
mouku b = 0.

2. Onpedenernnviti popmyaot (3.196) npoexmop Py(p) anarumumecku 3a-
sucum om napamempa |1 6 okpecmuocmu movwku i = 0 u npedecmasum 6

sude
Pi(p) = > P jw), (3.207)

1<j<n
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ede npoexmopuy Py (1) ydosaemesoparm yciosuro

Py () Py () =0, ecau Ai(p) # Aj(p)

U YPAGHEHUAM:
T () Pr (i) = A () Pr (1) (3.208)

JokazarenscrBo. Tak Kak coOCTBeHHbIC 3HAYCHUS (/1) JOJZKHDBI OBITH
JleficTBUTEe/IbHLL DU 3HAYeHuAX napamerpa p > 0, Bce KoaDUIUEHTH @ o,
B (3.204) mosKHBL OBITH JAeiicTBETENbHBL. Tak Kak COOCTBEHHDbIC 3HAYCHHUS
Aj(pt) moyzKHBI OBITH JeHCTBUTEIbHBI U IIPU 3HaYeHHsX Hapamerpa p < 0,
JTOJIZKHBI BBINIOJTHATBCA PABEHCTBA

Vm : Imexp(irm/p) = 0.

Orciona ciezyer, 9ato pasioxkenne B (3.204) Begercst O TETBIM CTEIEHAM L.
Kazkoe cobcrBennoe 3nadenue \;(/1) €CTh H30MPOBAHHAS 0CO0As TOUKA
pesoabBertsl R(A\, T'(1)). B cuny ornenkn

[R(A; (1) + e, T(p)| < 1/e

9Ta 0c00asi TOYKA €CTh MOJIC MEePBOTO MOPSIIKA W MOITOMY BBIYET B IOJIIO-
ce \j(p) ymosmersopser ypasrenuto (3.208). Tax xax muTeran (3.196) ects
CyMMa BBIYETOB, TO cipase/yiuBa dopmyia (3.207). Teopema mokazaHa.

Eciu cobcrBernHoe 3HaUeHne Ay He BBIPOXKJIEHO, T.e. N = 1, TO TOrga OT-
CIOZIA CJICJIYET, UTO OTBEYAONIYIO coOCcTBeHHOMY 3HadeHHIO A(1) , A(0) = Ao,
cOOCTBEHHYIO (DYHKIIMIO MOYKHO BBIOPATh TaK, UYTO OHA OYIET aHAJIUTHIHON
10 ft B okpecTHOCTH TOYKH 4 = (0. B obmeMm ciydae je10 o6CTOUT CI0KHEe
(em. [16]).

HOKa}KeM, KaK Ha IIPaKTHUKE HaXOAUThb IIOIIPaBKH K CO6CTB€HHBIM 3Ha4e-
HUSM U COOCTBEHHBIM (PYHKIUAM. [TycTh BBIOJTHEHBI YCJIOBUS TeOpeMbl 3.7.4
u

T(p) =T(0) + pV,

rae T(0) u V' -camoconpsizKeHHBIE OMEpaTOpbl B KOHETHOMEPHOM THILGEp-
ToBOM 1pocTpanctse. [lycrh w?, 1 < j < n -opronopMmupoBaHHbIil 6a3uc B
npocrpancrse Im(P;(0)). Byaem nckars cobcTBeHHbIe 3HAYCHHS U COOTBET-
CTBYIOIIUE COOCTBEHHBIE (DYHKIIUK B BUJIE

Aj(p) = Xo+ bjp+0(p?), 1< j <m,
Uil = > a; W) + pg; + O(p?).

1<i<n
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HO,JICT&B.HHH 9TH Pa3JIOKEHHAd B YpaBHEHUEC

T(p)bi(p) = Nj(p);(p)

" CO6I/Ipa${ CJlaTaeMbI€ C II€PBBIMU CTCIICHAMU My, Mbl IIoJay4daeM YpaBHCHUA
(T(0) = Xo)p; = > (bj = V)ag oy, 1<j<n. (3.209)
1<i<n

Y100bl 9TH ypaBHEHUS] KMEJIH DEIIeHUs], Hy KHO, 4TO0ObI paBast 4actb (3.209)
ObLTa OpPTOroHaATbHA BeeM (pyHKIuaM Y. ATo maer cucTeMy ypaBHEHHIt

D agp(0fb— <y, VY >)=0,1<j<n, 1<k<n  (3.210)

1<i<n

YeJjioBre CyliecTBOBaHUS HETPUBUAJIBHOTO PEIIEHU Y ITOH CHCTEMbl ypaB-
HEHU# JlaeT ypaBHeHUe JIJIsd

b+ det(0Fbj— < P, V! >)=0,1<i, k<n. (3.211)

IIycts b; xKopenn ypasnenus (3.211) u Bekrop a; = (a¢,1), G(j,2)--.) €CTh
HOPMUPOBAHHOE YCJIOBUEM
2
> lag.al =1

1<i<n
perenne cucremsl (3.210),
$i(0) = D ag ..
1<i<n

[Tycts BeKTOPBI Uk , A\ 7# A\g -HOPMHPOBAHHBIE COOCTBEHHBIE BEKTODHI Ole-
paropa T'(0), KOTOpbIe COCTBAIAIOT 0a3uC B MPOCTPAHCTBE, OPTOTOHATBHOM
npocrpanctBy Im(P;(0)):

I3 ypasuenus (3.209) Mbl HAXOTUM:

<, (T(0) = Xo)pj >= (A — Xo) < Ui, ¢ >= — < Yy, V;(0) >

" II0JIydYaeM:

Pi(p) = 1;(0)+
< D> (o= ) <, Viby(0) > W) p+0(u?)
AkF#Ao

Aj(p) = Xo + bjp + O(1?),
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e A\, , ¥ cucreMa cOOCTBEHHBIX 3HAYEHUN M COOCTBEHHBIX (DYHKIHH oOle-
paropa 1'(0), a b; naercsa dpopmysoii (3.211).
Tax xak
V(Ak # Ao) = 9;(0) Ly,
TO

14;(0) + pe;[|* = 14 O(p?).

3.8 KomMnakTHbIe onepaTopHhl.

3.8.1 OmnpenesieHnst 1 OCHOBHBIE CBOMCTBA KOMIAKTHBIX
onepaToposB.

Onpenenenune 3.8.1. Jluneitnoiii onepatop
T: B1 [ BQ

KOMITAKTeH, €CJIH OH IEePeBOJMT eINHUYHBIN IMap MpocTpaHcTBa 1 B MHO-
JKeCcTBO, 3aMbIKaHH€e KOTOPOTO B ITPOCTPAHCTBe By -KOMIAKT.

B cuny Tmeopembr 2.3.3 (eM. c¢rp. 129) 310 onpenesieHue SKBHBAJIEHTHO
CJIeTYIOTIEMY.

Onpegenenne 3.8.2. Oneparop 1 KOMIAKTEH, €C/ld U3 JIO00H IMOCaeI0-
Barenpnoctn {T(z,) | 1 < n < oo, ||z, | Byl < 1} MoxkHO BHIIETUTDH
CXOJATITYIOCS B POCTPAHCTBE By MO/IIOCIE10BATEAHHOCTD.

[Ipenen 310l MOCIEOBATEIBHOCTH MOXKET U He HPUHAJIEKATh MHOZKe-
crBy T'(b(0, 1)).

HamomuuMm (cM. Ty ke Teopemy 2.3.3), 9T0 B MOJHOM METPUIECKOM TIPO-
CTPAHCTBe MHO)KecTBO N KOMIIAKT, €CJIM OHO 3aMKHYTO M CBEDXOIDaHUYe-
HO, T. €. Jjs Jboro € > ( cymecTByeT TakKoil KOHEUHBIH HAOOp TIApOB
{b(z, ), 1< j < nle)}, wro

M C Ub(l‘j, 6).

YII0BIETBOPSIONTee ITOMY YCJIOBHIO MHOKecTBO {z;} C M Ha3pIBaeTCst KO-
HEeYHOH €-ceTbio I MHOXKecTBa M.
Omnpegenenne 3.8.1 SKBUBAIEHTHO CJIEAYIONIEMY OIIPE/IETEHUIO.

Onpenenenune 3.8.3. Oueparop T KOMIIaAKTEH, €Cjin 00pa3 e MHAIHOIO A~
pa T'(b(0, 1)) -cBepXOrpaHHIEHHOE MHOZKECTBO.
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Bce manHBIE BBINE OmpejiesieHns] IKBUBAJIeHTHBI. VHOrIA KOMIAKTHBIM
oTrepaTop OmpeesdeTcsd KaK OMepaTop, KOTOPBIH JTI00YI0 ¢1ad0 CXONSIIYO-
¢ TOCIeIOBATETLHOCTD MEPEBOJUT B MOCTIEIOBATEILHOCTD, CXOISAIIYIOCS TI0
Hopme. Mbl He Oy/IeM UCIOIb30BaTh 3TO OIPEJIeIeHuE.

JlemMma 3.8.1. Ecau aunetinwt onepamop KoMnaxme, mo oh 02paHuMeH U
NOIMOMY HENPEPHIGEH.

HokazarennctBo. Ecm {x, | 1 < n < oo} C By Takas moc/e10BaTeh-
HOCTbH, UTO
[z | Bill <1, [ T(zn) | Baf| = 00, n — o0,

TO U3 nocaepoBarebHocT 1'(x,) HeJib3si U3BJIEYb CXOMILYIOCH B IIPOCTPAH-
cTBe Bs MOAIOC/1€/10BATEILHOCTD, YTO MPOTHBOPEYUT KOMITAKTHOCTH MHOYKE-

crea CL(T'(b(0, 1))). CraenosaresnbHo,
sup{||T(x) | Ba|| | x € b(0, 1) C B} < o0,

OTKYJIa CJEyeT, 9T0 onepaTop 1 orpaHWYeH W MO3TOMY HeIpephIBEH.
OnHako, KaK MBIl YBHJIUM II032Ke, €CJIH IIPOCTPAHCTBO B mMeeT GeckKo-

HEYHYIO Pa3MEepPHOCTD, He JII000H HeMPepPhIBHBIN OMepaTop B HEM KOMIIAKTEH.

Horma KOMIIAKTHBIE OMEPATOPHI HA3BIBAIOTCS BIIOJIHE HENPEPHIBHBIMI.
Hepe"H/ICJH/IM HEKOTOpPbIE OYeBUAHDbIC CBOHCTBa KOMIIAKTHBIX onepaToposB.

JIlemma 3.8.2. 1. Ecau onepamopu T u Ty -Komnaxmmst, mo onepamop
T = oT) + T

~KOMNAKMEN.
2. Ecau onepamop T womnarxmen, a onepamop A oepanuyen, mo onepa-
mopot AT |, T A -komnaxmmo.
3. Ecau{T,, | 1 <n < oo} C L(By — By) nocaedosamesvnocms kom-
NAKMHLET ONEPAMOPOS, KOMOPAA CLOOUMCEA 8 nopme npocmparcmea L(By —
Bs) x onepamopy T, mo onepamop T romnarxmen.

Mpl j0KazKeM TOJIBKO IOCJIe/IHee yTBepzKaeHne. JlocTaTouHo J0Ka3aTh,
g0 npu Jobom € > 0 muokectBo CL(T'(b(0, 1))) comepKUT KOHEUHYIO €-
cersb . [Iycrp

y € CT(b(0, 1)), {z;} Cb(0, 1) C B;.
Torna

ly = T(x;) | Bo|| < lly = T(x) | Bl + | T(z — ) | Ba| <
ly =T(z) | Bo|| + 2T = To, | L(B1 = Boll+
[ T0(z — ;) | Ba. (3.212)
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Cuavasa Boibepem « € T'(b(0, 1)) Tak, 9T00BI BOIOTHSIOCH HEPABEHCTBO
ly = T(x) | Baf| < ¢/3.
3areM BbIOEpEM N TAK, 9TOOBI BBITIOTHSIOCH HEPABEHCTBO
2|7 — T, | L(B1+— Bs)|| < ¢/3.

ITorom BeIGepem muOKecTBO {2; | 1 < j < N(e)} C b(0, 1) C B; TaK, 4To6bI
muoxectBo {1'(z;) | 1 < j < N(€)} ObL10 KOHEUHOl €/3-CETHIO B MHOKECTBE
CI(T,(b(0, 1))). Torma u3 (3.212) Gyaer ciaegoBaTh HEPABEHCTBO

min{[ly —T(z;) | Bo| [ 1 <j < N(e)} <,

YTO U JO0KA3BIBAET HAIle YTBEPIKICHUE.

[TpuBenem npumMep KOMIAKTHOI'O OlepaTopa.

[Tycte D C R? -3aMKHyTas orpanudeHHas 06JIaCTh C IVIAIKON I'DaHUIei,
k(x, y) -uenpepsiBaast B obsactu D X D dbyHKus.

Jlemma 3.8.3. Onepamop

K :LP(D)— C(D), Kf(zx) = /k(x, Yf(y)dy, 1 <p<oo  (3.213)

KOMNAKMEHN.

JokazaTenbcTBo. Ham HYKHO TOKa3aTh, 9TO MHOKECTBO

M = {§(z) | Blz) = / k(. 9)f(w)dy. |f | (D) < 1}

PaBHOMEPHO OTPAHMYEHO U PABHOCTEIIEHHO HEIPEePBIBHO. JTO yTBEPKIEHNE
€CTDb CJIeICTBHEC CJCOYIOIIAX OICHOK.

1/q

r—|/ 2, ) f(y)dy| < /rmy\%zy If 1 L2(D)],

< Sup{lff( yllezeD,ye D}meS( ) f 1 L (D))

y)
|6(x) — o(z')] <
sup{|k(z, y) — k(2', y)| | y € D}mes(D)"1||f | L(D)].

[Tpu BBIBOZIE HTHX OIEHOK MBI BOCIOJIB30BAJNCH HEPABEHCTBOM lesb/epa,
nosoxus ¢ = p/(p — 1).

I3 nokasaHoit JIeMMBI cJiejiyeT, 9To onepatop (3.213) KoMITakTeH Kak ore-
parop u3 LP(D) B LY(D) npu a060oM 1 < ¢ < 00, Tak KaK U3 CXOTUMOCTH B
upocrpancrse C (D) BRITEKAET CXOUMOCTH B KazKJ0M 13 npocrpancrs LI(D).

Caenaytomas Teopema HasbiBaercs Teopemoii [Tlaynepa.
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Teopema 3.8.1. Onepamop
T € ﬁ(Bl — Bg)

KOMNAKIMEN 8 MOM U MOALKO TOM CAYYAE, CCAU CONPANCEHHBIT ONEPAMOP
T € L(B; — BY)

KOMNAKIMEN.

JokazarenbcrBo. CHava a JOKaXKeM, YTO U3 KOMIIAKTOCTH oneparopa 1’
cJeyeT KOMIAaKTHOCTD onepatopa 1™. Ilycts omepaTtop T KOMIAKTeH |

{fol1<n<oo}cCh0,1)C B}

Ham Hy»KHO J0Ka3aTh, YTO MOCJIEI0BATEILHOCT 1*( f,,) COMEPAKUT CXOIATILY-
10Csl B IPOCTPaHCTBe B} MOAN0Cae/10BaTeTbHOCT.
Nnmeen:

Yz € B1): < (T*(f) — T*(fu) | @ >=< (fo — fu) | T(z) > . (3.214)

Bagannas Ha kKommakTHOM MHOZKecTBe C1(Th(0, 1)) mocienoBareabHOCTH QyHK-
i

CLTH(0, 1)) >y fuly)

PaBHOMEPHO OI'DaHUYEHA:
Vo | fa) < lfn | Ball - I T | £(By = Bl - [l | Bl
1 PaBHOCTEIIEHHO HellpepbIBHA, TaK KakK:

[fnW) = FuW) = 1fnly =) < 1fu I B3l - Hly =o' | Ball

[To Teopeme Apuesna-Ackoau (cum. Teopemy 2.3.4 Ha cTp. 133) mocsiemoBaTesb-
HOCTh f,, COJAEPKUT CXOAAILYIOCS B METPUKE

d(f, g) =sup{|f(y) —9(w)| |y € CTDH(0, 1))}

II0/IIIOCIIEIOBATEIBHOCTD. ByjileM CUdTaTh, 4TO CXOAUTCS CaMa IOCJIeI0Ba-
TEJIBHOCTD f,,. B cuty pasencrsa (3.214)

1T (fn) = T*(fm) | Bill =
sup{| < T*(fn) = T*(fm) [z > | [ ]Iz | Bl <1} <
d(fns fm),
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9TO U JOKA3BIBAET CXOJAUMOCTD TocseaoBaTeasaocta T*( f,).

Tenepb npeaoIoKUM, 9TO ollepaTop 1™ KOMIAKTeH U JOKayKeM, YTO OIle-
patop 1T’ KOMIIAKTEH.

Ecsmm oneparop T* KoMIakTeH, TO B CHJIy TOJIBKO 9TO JIOKA3aHHOT'O CBOi-
CTBa ONEPATOP

*k L *k *x
T Bi" — Bj;

komuakres. [lycrs {z,} C b(0, 1) C By u J -oupejesnennoe dhopmynoit (3.68)
(em. cTp. 178) n3oMeTpruvecKoe BIOKEHNUE:

J: B1 — BI*
Torna

V(n, m> N(e) |T(xn) = T(xm) | Bo| =
177 (I (n)) = T (T (2m)) | B3"|| <e,

€CJI TOJIBKO 110C/Ie40BaTebHOCTh {T,} BbIOpaHa TakK, 4TO 10C/IEL0BATE b
uHocTh 17 (J(2,)) CXOAUTCS, 9TO MOYKHO CACAATH B CULy KOMIAKTHOCTH OIe-
paropa T** n Bruouenus {J(x,)} C b(0, 1) C Bf*. Teopema nokazana.

Crenyromas TeopeMa Ha3blBaeTCst TeopeMoii (nam emmoii ) Pucca o mo-
YTH HEePIeHUKYIApe. DTa TeopeMa He HCIOJIb3YeT MOHATHE KOMITAKTOCTH,
HO Ha Hell OCHOBAHO JIOKA3aTeJbCTBO YaCcTo MCLO/Ib3YyeMOil Teopembl Pucca
0 KOMIAKTHOCTH €JMHUYHOIO Iapa B GAHAXOBOM MPOCTPAHCTBE U MHOIMX
JPYIUX TEOPEM O KOMIIAKTHBIX OlepaTopax.

Teopema 3.8.2. [Iycmo By -3amxrymoe sunetinoe noodnpocmparcmaeo bama-
xo6a npocmancmea B u B\ By # 0. Tozda das a0bo2o € > 0 6 npocmpancmee
B cywecmesyem maxol 6exmop T, 4mo 6blnOAHEHbE YCAOBUA:

|z|| =1, dist(z, By) > 1 —e. (3.215)

Hokazarenbcrro. [Tycrs y € B\ By. Torna dist(y, By) = a > 0 u cyre-
CTBYeT TaKoit BeKTOp z € By, uT0

lz =yl < (14 €)a.

[Iyctn
z=(z-y)/llz -yl
Torga ||z|| =1n

V(z' € Bo): lz =2 =lle =yl e =z =yl =yl =
(0%

—>1—e
(1+ € ‘
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Teopema mokazana.
Crenyromas HUXKe TeopeMa W eCTh YIOMHUHABIMasicsi Teopema Pucca o
KOMIIAKTHOCTHU €JIUHUYHOIO IIapa.

Teopema 3.8.3. Ecau 6 banazosom npocmparcmee B zamvikarue edunu-
HO20 WAPA ECTNG KOMNGKMMHOE MHOAHCECMEO, MO OaHATO60 Npocmparcmeo B
KOHEYHOMEPHO.

Hokazarensctso. [lyets {eq, ...} C B -TuHeHHO-He3aBUCHMbIE BEKTODHI,
HOPMa KOTOPbIX paBHa €JUHULIE,

B, = Cl(span{e; ...,en}).

Torma B, C By1), n ecmm By \ B, # 0, 10 cornacHo npeabiymieii
TeopeMe CyIIeCTBYeT TaKoil BeKTOp Y, € B(uy1), 4ro

Ecan nocnepoBarenbuocts {y,} Geckonedna, 1o 910 OyaeT Takas MPUHA-
JIeZKalas 3aMbIKaHUIO €JIMHUYHOrO IIapa MOC/Ae0BATEIbHOCTD, U3 KOTOPOIl
HEJIb3S U3BJIEYD CXOMSILYIOCH MOJIIOCIEI0BATE/IHHOCTD, TOITOMY €CJIHU €JIH-
HUYHBIN TTap KOMITAKTEH, TO HAUWHAs C HEKOTOPOro HOMepa N J0JKHO ObITh
BBIIIOJTHEHO PaBeHCTBO B, = B(,41). Teopema nokaszana.

3.8.2 Teopusa Pucca-Illayaepa.

Teopusa Pucca-lllaymepa onucbiBaeT pe30JbBEHTY KOMIIAKTHOTO OIepaTopa
U yCTAHABJIMBAET CBA3b MeKJy 00J1aCTbIO0 3HAYEHUI U SJIPOM OllepaTopa
(Aid—T") B Tom cayuae, ecsn oreparop 1’ KOMITAKTEH. DTH Pe3yJIbTaThl OyIyT
MTOJBITOYKEHBI HAMW B Teopeme 3.8.5.
Mpui Gyj1eM cuuTaThH, YTO paccMaTpuBaeMoe HaMu HAHAXOBO MPOCTPAHCTBO
ped1eKCuBHO:
B*™ = B.

HaquM MbI C JOKa3aTeJIbCTBa HECKOJbBKHX JIEMM. B ﬂaﬂbHefH_HeM MHO-
JKECTBO KOMITAKTHBIX OTIEPATOPOB, JEHCTBYIONUX U3 TPOCTPAHCTBA B B 1Ipo-
crpancTBo B mbl 06o3naunm cuMBosioM K(B — B). fcuo, aro

K(B+ B) C L(B — B).

JlemMma 3.8.4. EcauT -komnarxmuoid onepamop u X # 0, mo npocmpancmeo
Im(Aid — T') samxnymo.
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HoxkazaTenbcTBo. [IycTh
Yyp € ImAd —T') , y, — 4o, n — 0.
Hawm my)kHO moka3aTh, 94TO
Yo € Im(\id — 7).

[Iycth
Yp = (Aid = T') ().

[Tonoxum

o, = dist(z, , Ker(Aid — 7)),
1 IIyCTb 3JIEMEHTBI Wy, BbI6paHbI TakK, 4TO
w, € Ker(A\id —T') , o, < ||z, —wy|| < (14 1/n)ay,.
IMonozxum
Zn = Tp — Wy
Paccvorpum nBa cayyas: o, < const u a,, — 00.
B mepBom ciryduae MBI nMeeM:

Zn = (L/A)(yn + Tz) , ||2n]| < const. (3.216)

Tak kak omeparop 1 KOMIAKTeH, U3 IOCJIEIOBATEILHOCTH 1’2, MOXKHO HU3-
BJIeYb CXOJIAILYIOCS IOINOCIEI0BATEILHOCTD. [ MPOCTOTH MOXKHO CYUH-
TaTh, YTO CXOIUTCA MOCIEI0BATEIbHOCTE 1'2,. [lepexons K npenery B mpeabi-
AYyHIieM paBeHCTBeE, MbI IIOJIy1aeM:

zZ0 — (yo + TZO)/)\,

CretoBare/ibHO,
yo € Im(Aid — 7).

Tenepb MBI TOKazKeM, 9TO BTOPO# ciydait HeBozmoxken. [lycth oy, — 00 u

&n = 2n/llznll-

Torma [|&,]| = 1, 1 MBI MOZXKeM TPEANONIOKATh, YTO TOCTeA0BaTEIbHOCTD T'E,
cxomurest. Torma u3 (3.216) cuemyer, 9To W caMa MOCJIEIOBATENIBHOCTD &,
CXOJIUTCS:

&n — o, (3.217)

HIpuYeM

Ao = T'.
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C apyroit cTOpPOHBI,

16 = &oll = [|zn — wn“_len — Wy, — (||Tn — wy||)ol| >
|z, — wnH_Idist(:rn , Ker(A\id — 7)) >
Qp

—_— — 1 :
(1+1/n)o¢n_> , N — OO

DTO HPOTUBOPEUUT OLPEICTCHHUIO eMEHTa &) KAK [P/ OCIe0BATE b
voctu &,. Jlemma jgoka3aHa.

Jlemma 3.8.5. Fcau T -xomnaxmuowi onepamop, X\ # 0 u

Im(\id — 7) = B, (3.218)

Ker(Aid = T') = 0. (3.219)

Hoxazaresbcrso. [Ipeiionoxum, 410 BbiIOJHEHO paBeHcTBO (3.218), a
paBercTBo (3.219) He BbimosHEHO. JlOKazkeM, 9TO TO MPOTHBOPEYUT KOM-
MaKTHOCTH omepaTopa 1.

[TosroxK1M

Ny=Ker(\id—T)" k=1, ....

Kaxnoe n3 nmpoctpancTs N 3aMKHYTO T
Vk : N C Ngy). (3.220)
B cuiy cienanHBIX HAMHE TPEITOIOKEHUAN
Ny #0,
U CYIIECTBYIOT TaKHe BEKTOPBI Ty, Lg, 9TO
21 #0, (ANd—T)z; =0, (ANid = T)xe = 2.

Ho Torma
(Aid — Ty # 0, (Nid — T)*z5 = 0,

CrenoBaTebHO,

‘T2¢N1’x2€N27 NQ\Nl#O

MbI MOZKeM TIPOJIOJIZKUTh Hallle MOCTPOeHne W moayduM, 91o B (3.220) Bce
BKJIIOUCHHA -CTPOTHE:

229



B cuny teopembl Pucca o mourtu-tneprnenukysspe 3.8.2 (M. crp. 226) cyiie-
CTBYeT Takas MOCJIeJI0BATeIbHOCTD {yy }, ITO

lyell = 1, yr € N, dist(yr, Nw-1)) > 1/2.
Hase MBI 3aMedaeM, ITO

Ty, —TYym = )‘[yn = (Um — ((Nid = Ty, — (Nid — T)yn)/)‘)}a
V(n >m) : yp — (Aid = T)yp, — (Nid — T)y,) /X € Nin1y,

IO3TOMY
V(in>m): | Ty, — Tym| > [Ndist(y,, No—1) = |A|/2.

Mbl BuiuM, 9TO U3 [OCJ€0BATEJILHOCTH 1Y, HeJIb3s U3BJIEYb CXO/dIieiics
ITO/(IIOC/IE/I0BATEIbHOCTH, UTO HMPOTHUBOPEYUT KOMIAKTHOCTH omeparopa 1.
Jlemma mokaszana.

JIlemma 3.8.6. Ecau onepamop T xomnaxmen u

Ker(\id —T) = 0, (3.221)

Im(\id — T) = B. (3.222)

JokazarenbeTso. B ety Teopemsr 3.4.8 (em. crp. 181) u3 yerosus (3.221)
CJIe/lyeT PABEHCTBO

ClIm(\id — T)*) = B*.

Tak kak B cuty TeopeMs! Illaynepa omepatop 1T KOMIaKTeH, TO U3 JIEMMBI
3.8.4 caenyer, 9To

Cl(Im(Aid — 7)*) = Im(Aid — T')*) = B*.
Bocnonb3oBasimch geMMOit 3.8.5, MBI IOy 4aeM:
Ker(\id — T')* = 0.
Ha ocnose Teopembr 3.4.8 oTcioia cJjejyer, 9To
Im(Aid = T') = Cl(Im(Aid — T")) = B.

JlemMa, m1oKa3aHa.
N3 nemm 3.8.6 u 3.8.5 caeyer
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Jlemma 3.8.7. Ecau onepamop T womnaxmen u A # 0, mo
Ker(Aid —T) =0
8 MOM U MOABKO MOM CAYYUGE, eCAU
Im(\id —T') = B.
13 sToro yreepxkaenns u Teopembl Banaxa 3.3.6 (cMm. ctp. 168) coemyer
Teopema 3.8.4. Ecau onepamop T womnaxmen u X # 0, mo aubo
Ker(Aid — T') # 0, (3.223)

AUbO
(A\id = T)"' € L(B — B). (3.224)

YTBepkKaeHne TeopeMbl 3.8.4 Ha3zbIBaeTcs ajabTepHATUBOW Ppearoabma.
HeobxomumocTh yetoBus (3.223) TpUBHAIBHA: €CJIH 9TO YCJIOBHE HE BBHITIOJIHE-
HO, TO OJ{HO3HAYHO OIPEJIeIeHHOro onieparopa (3.224) ne cymecrsyer. Herpu-
BHAJbHAS 9acTh Teopembl 3.8.4 cocrout B TOM, 4TO yeaosue (3.223) mocra-
TOYHO JIJIsT CYIIeCTBOBaHUsI onepaTtopa (3.224).

U3 Teopembr 3.8.4 ciaenyet, YTO OTJIMIHBIE OT HYJS TOYKHU CIIEKTPA KOMII-
KATHOI'O OIEePATOPa eCTh ero COOCTBEHHBIE 3HAYEHUsI U TOJHKO COOCTBEHHBIE
3HAYEHUSI €CTh OTJIUIHBIE OT HYJIs OCOOBIe TOUYKH PEe30bBEHTHI KOMITAKTHOTO
orrepaTopa.

Uzydaum 31U cOOCTBEHHBIE 3HAYCHUSI.

Hanomuum oiiH pe3ysibTaT u3 JUHEHHOi aaredphl.

JIlemma 3.8.8. Ecau T -aunetinuti onepamop 6 aunetinom npocmpancmee L

u{z;, 1 <j <n} -nocaedosamenvrocms 6exmopos, Komopvie Yydoeaemeo-
DA, YPASHEHUAM

mo sexmopvy {T;} AUHETIHO HE3ABUCUMBL.

JoxazarenberBo. [lyeTh

> az;=0. (3.226)

1<j<n
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YMHOXKag ypaBHeHUe Ha orepaTop 7', MBI MOJyIAM pPaBeHCTBA:

Z ;5 = 0,

1<j<n

DTa cucreMa ypaBHEHMT OTHOCHTEIBHO HEM3BECTHBIX {1} MMeeT HeTPUBH-
aJIbHOE PEINICHNE TOJBKO B TOM CJAyYae, eCJIn

o an [ =) =0,
1<j<k<n

OTKYJla U CAeJyeT JTOKA3bIBAEMOE YTBEDIKICHNE.
3ameTnM, 9TO Pa3MEPHOCTH MPOCTPAHCTBA L B JAHHOM CjIydae POJiHd He
Urpaer.

Jlemma 3.8.9. Ecau onepamop T komnaxmen u{x;, 1 < j < oo} -nocaedosamenvrocmo
AUHETIHO HE3ABUCUMBLT BEKMOPO8, KOMOPBIE YI0BAEMBOPAIOM YPAGHEHUAM

Ay = T(x),
mo aubo nocaedosamenvrocms {x;} Korneuna, Aubo
Aj— 0,75 — o0.

Hokazarenscrso. IIpeanonokum, 4To mocaeqoBaTelbHOCTD {2;} Gecko-
HEeYHa U

(Ecsin Hy?KHO, MBI MOZKeM TepefiTy K MOAMOCIe10BaTeIbHOCTH. ) [ycTh
L, =span{zy,...x,}.

Torna
L,CLpyy1, Lyit \ L, #0.

B cuiy aeMMBl 0 OYTH-TIEPIEHUKYIIPe CYIECTBYIOT TaKue BeKTopbl {y, },
9T0

1<j<n
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3aMeTuM, 4TO 00sS3aTEIbHO BBIIIOJTHEHO HEPABECTBO

By # 0,
TaK KaK
Yn € L(nfl)-
[Tonroxxum
wj = y;/ ;.

[Iycts n > m. PaccMoTpuM pa3HOCTH

T(wy) = T(wp) =
ﬁgxn T2 =Yn +Un; Up € L(nfl) y Zn € L(n71)~

13 5TOr0 paBeHCTBA CJIEIYET, YTO
T (wn) = T (wy,)|| > dist(yn , Lp-1y) > 1/2. (3.227)
Ecmm
Vi |Aj| > const. > 0,

TO
Vn o ||wy,|| < const. < oo,

a 9TO HMPOTHBOPEYUT TOMY, 4TO omepaTop 1 KOMIAKTeH, TaK KaK B CHIY
(3.227) u3 mocaepoBareabHoCTH 1w, HEJIb3s U3BJICYb CXOJAILYIOCS OO~
CJIEJOBATEJIHLHOCTD.

Jlemma Jokazana.

N3 jemm 3.8.9 n 3.8.8 BBITEKaET

JIlemma 3.8.10. Ecau T -xomnaxmuoid onepamop u
Ker(\oid — T') # 0, (3.228)
mo Ao -U304UposarHas ocobas mouka pezoaveenmu, R(AN, T) u
dim(Ker(\pid — T)) < oo.
[Tycreb Boimosneno yceaosue (3.228). Tlycrs P()\g) -CHeKTpagbHbIii TpOeK-

TOp:

1
P(do) = 52 § RO T)N 1= (7] 1A= o] = 3.
l
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Ecmu z € Ker(Aid — T'), To (Aid = T)xz = (A — X\o)z, u

RO\, Tz =(A— X)) 'z, P(\o)z = 1,

I09TOMY
Ker(\id — T') C Im(P(X)).
(Bemomuunm Bmovenue (3.169) na crp. 206).

Jlemma 3.8.11. Cnpasedausw, pasercmea:

P*(\) = 2%%3@, TN, 1= {A | A = Ao = 6}, (3.229)
l

dim(Im(P(\g))) = dim(Im(P*(\g))) < oo, (3.230)

dim(Ker(A\g — T)) = dim(Ker(A\g — T7)) (3.231)

Hokazarenncro. Pagencrso (3.229) ciemyer u3 Teopems 3.4.9 (cMm. crp.
183).
CupaBe/[JInBO PABEHCTBO

RO\, T) = 5(id + TR\, 7)),

OTKY/JIa CJeJyeT, 4TO

1 1
P(\) = %%XR()\, T)d\ | T.
!
CaenoarenbHo, onepatop P(\g) ecTb mpou3se/ieHre OIPAHUYeHHOTO OTlepa-
TOpa U KOMIIAKTHOTO ¥ TOTOMY KoMIakTeH. Tak Kak npoctpanctso Im(P(Ag))
3aMKHYTO M HHBAPHAHTHO OTHOCHUTEJBHO H30METPHYHOTO B IPOCTPAHCTBE
Im(P(Ng)) xommakTHOTO onepaTopa P(\g), TO eTHHAYHBIA TTap B MPOCTPaH-
cree Im(P()\g)) kKomnakren u B cuiy Teopembl Pucca 3.8.3 (cm. crp. 227)
npocrpancTso Im(P()g)) koneanomepHo.
[Iycth
Im(P (X)) =span{ey, ..., e,}.

Ha npocrpancrse Im(P()\g)) onpenenum snneiinbie GyHKINOHAIb!
fOr < fUe>=6,1<j<n (3.232)
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U PACIPOCTPAHUM UX (HCTOJIB3Yysi TeopeMy XaHa-BaHaxa) Ha BCe MPOCTpaH-
cTBO B.
CrpaBeInBO paBEHCTBO

Ve eIm(P(N)) i x= Y fO)<fle;>.

CrenoBaTesbHO, -
Y(f e Im(P*(\)): < P()f |2 >=< f | PO0)(@) >= 3 9 (w)e;,
(Vf €Im(P* (M) f= D <[fle;>fY.

1<j<n

Curenosarensno, sextophi {f), 1 < j < n} cocrapisior 6a3uc B 1POCTPaH-
cree Im(P*()\g)) u Boinoseno pasencrso (3.230).
Teneps 3amernm, aro duciao dim(Ker(Agid — 7)) ectb medert MaTpuiiss

o) =< f9 | (Aolid) — T)(ex) >,

a ancso dim(Ker(Agid — 7)) ectb medekT MaTpuipl, TPaHCIOHHPOBAHHOM

K MaTPHIIE {ag )}. Kak usBectno, 311 nedexTsl cOBHAIAIOT.
JlemmMa mokasana.
[ToABITOKIUM MOy YeHHBIE HAMH De3YJIBTATHI.

Teopema 3.8.5. ITycmov onepamop T womnaxmen. Tozda cnpasedauswl cae-
Qyrouue YmeePHcIeHUuA.
1. Onepamop T™* Komnarmen.
2. Ecau Mg # 0 u
Ker(\id —T) =0,

Ker(A\oid — T*) = 0,

(M —T)' € L(B+ B), (\id—T*)"! € L(B* — B*)

3. Ecau Ny # 0 u
Ker(\gid —T) # 0,

mo Ao -noatoc pezoavsenm R(A, T) u R(X, T*), npuuem
dim(Im(P(\g))) = dim(Im(P*()\g))) < o0,
dim(Ker(\gid — T)) = dim(Ker(Aoid — T7)),
Im(\oid — T') = N (Ker(\gid — T7)).
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[TocieiHee yTBEPK/IeHIE eCTh HaTOMUHAHKUE TeopeMbl 3.4.8 (eMm. cTp. 181).

banskoe mo cMBICTY yTBep:KJIeHNE COCTABJSIET COAepKaHue CJeayIomei
HUKe TeOPEeMbBI, KOTOpas ecTh cJeAcTBrue TeopeM 3.8.5 u 3.7.4 m wHOT/Ia Ha-
3bIBAETC aHAIUTHYECKON Teopemoit DpesrosibMma.

Teopema 3.8.6. [lycmv D -omkpoiman c6aA31aA 004GCTMG 8 NAOCKOCTIU KOM-
naexcrozo nepemernnozo Ct. ITyemo 6 obaacmu D 3adana anasumuveckas

byrryus
D> p— K(p) € L(B— B),

SHAYEHUA %omopmi ECIMb KOMNAKMHBLE ONEPATIOPDL.
Vi K(n) € K(B ' B).

Tozda aubo onepamop (id — K (1)) He obpamum Hu 6 00HoU mowke obaacmu
D, aubo 6 obaacmu D cyuecmsyem makas He PASHAH TNOHCOCCTNEEHHO HYAO
anaaumuueckas Gynryus G(u) u marue anaaumuieckue GYHKGUL

D> p—r(p) € KB B), D> p— alu) € LB+~ B),

®mo cnpa,sed/Lueo paeerHcmeo

V(o) #0) : (id — K(p) ™" = ——7(u) + alp),

npu4em
dim(Im(r(p))) < const. < oo, Im(r(u)) mIm(a(,u)) = 0.

JlokazarenabcrBo. JlocTarodHO 3aMETUTh 9TO TOYKA A = 1 MOKeT ObITh
TOJILKO H30JIIPOBAHHOIT 0c060it TouKoi pesosbsenTsl R(A, K (1)) n orBeda-
IOIINI ITOI 0COOON TOUKE CHEKTPAJLHBIN MTPOCKTOP KOHEYHOMEDEH, & 3aTeM
IpUMEHUTH Teopemy 3.7.4 B KaxK0it Touke pu € D.

3.9 Pe3ogbBeHTa 1 CIEKTP HEOTPaAaHMUYEHHBIX OIle-
paTOpOB.

J1o cux 1op Bce omepaTopbl B 0aHAXOBBIX TPOCTPAHCTBAX Mbl CUMTAIN JITHEH-
HBIMW OPDAHHYEHHBIME (2 TOTOMY ¥ HEIPePHIBHBIME) OllepaTopaMi, 00I1acTh
omnmpeeIeHnst KOTOPBIX COBIIAIAET CO BCEM IIPOCTPAHCTBOM. Temmeps MBI mepe-
XOJIUM K U3ydeHuio 6osee obIIeil CATyaluu: Mbl OyIeM paccMaTpPUBATh TaKue
JIMHEHbIe 0TOOparkeHusI, 001aCTh OIeP/IeJIEHIS KOTOPBIX €CTh HE COBIIAIAI0-
IIee ¢O BCeM MPOCTPAHCTBOM JIMHENHOe MHOrooOpa3ne, a caMu 0TOOparyKeHH
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He OrpaHuYeHbl Ha cBoeii obractu onepaenennd. Ilepexoqum K TOYHBIM GOp-
MYJTHPOBKAM.

[Iycts By n By -6anaxossl poctpatcTea, Dom(A) C By -nuHeiiHoe MHO-
roobpasue (He 00s13aTeIbHO 3aMKHYTOE) B MPOCTPAHCTBE Bj.

Omnpenenenne 3.9.1. Orobparkenne
A:Dom(A) — B
MBI HA3bIBAEM JIHHEHHBIM OTOOpaYKeHHEeM (JIMHEHHBIM OMEePATOPOM ), €CId

V(aeC', 3 C', 2 € Dom(4), y € Dom(A)) :
Alax + By) = aA(z) + BA(y).

Ecmm

DOI’II(Al) 7é DOH’I(AQ),
TO JIBa OllepaTopa
Ay : Dom(A;) — By, Ay : Dom(A;) — By

MbI 6y/IeM CYHTATh PA3HBIMU OLEPATOPAMH, JAZKe eCJIH UX 3HAUEHHsl COBIA-
naioT Ha MHokectBe Dom(A;) () Dom(As).

VMHOKEHHE HEOrPAHUICHHOTO OMEPATOPA Ha TUCI0 KOMEHTAPUEB HE TPEe-
Oyer, a CyMMy JBYX HEOIDaHHYEHHBLIX omepaTopoB A; m Ay MBI onpeensiemM
TOJIKO B TOM cay4dae, ecsim Dom(A;) ((Dom(Ay) # 0:

Dom(A; + A;) := Dom(A;) [ | Dom(Ay),
(Vx € Dom(A; + Ay)) : (A1 + Ag)(z) := Ay (x) + Az(x).
A apo HeOrpaHMUYEHHOTO OLEPATOPA ONPEIEJIAETCsI TaK:
Ker(A) = {z | x € Dom(A), A(x) = 0}.
Oupeie/iuM Pe30JIbBEHTY HEOTDAHUYEHHOTO OlIePATOPA.

Omnpenenenne 3.9.2. Oneparop R(A, A) Ha3biBaeTCs Pe30JHBEHTON Ore-
paTopa , ecan

1.Dom(R(\, A)) =Im(Aid — A) , Im(R(\, A)) = Dom(Aid — A))

(3.233)
2. Ker(Aid — A) = 0, Cl(Im(\id — A)) = B, (3.234)
3.sup{||R(A\, A)z|| | z € Im(\id — A) , ||z]| < 1} < o0; (3.235)
4¥(z € Im(Nid — A)): (Mid — A)R(, A)z = z, (3.236)
5.5(x € Dom(Aid — A)): R(\, A)(Nid — Az = z. (3.237)
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DTO ompeJieNieHNe COTTIACYeTCs ¢ JAHHBIMH HpPeKIe ONpeIeIeHUIMA Pe-
30JIbBEHTHI dJIeMeHTa OaHaXOBO#l ajareOphl W Pe30JbBEHTHl OIPAHHYEHHOTO
orepaTopa, HO ¢ MOHATHEM DPE30JbBEHTH HEOTPAHUYIECHHOTO OTepaTopa HY K-
HO ObITH BHHMaTeJbHBIM. B cuiay yciaoust (3.235) pe3osibBeHTa MO HEIpe-
DPBIBHOCTH TIPOJOJIZKAETCS HA BCe TMPOCTPAHCTBO, HO HA ITOM IIPOOJIZKEHUH
MOZKeT He ObITDh BbimostHeno paBectBo (Aid — A)R(A, A)x = .

Mpb1 npumeM ciegytoniee

Onpegenenune 3.9.3. Ouepatop
R(\, A) € £(B — B)
HA3BIBAETC PE30JIbBEHTOH HEOIPAHIYCHHOIO OIEPATOPA
A:Dom(A) — B,
ecn
1.Ker(Aid — A) =0, Im(\id — A) = B, ( )
2. Dom(A) D Im(R(A, A)), (3.239)
3.¥(x € B): (A\id—A)R(\, A)x = z, ( )
4.¥(x € Dom(A)) : R(A, A)(\id — A)x = x. ( )
B paccMaTpuBaeMbIX HAMH OPUIOKEHUSX (PE30JIbBEHTA HHMDUHATE3UMAIb-
HOTO OIEPATOPa W PE30JbBEHTA CAMOCOIPSZKEHHOTO OlepaTopa) oba ompejie-

Jtenust copnaaior. [lo ymMomuanuio, Mbl Oy1eM 1OJIb30BATHCA TOJIBKO BTOPBIM
ONIpeJICJICHAEM.

Omnpenenenne 3.9.4. Pe3orbBenTHBIM MHOKECTBOM res(A) HEOrpaHHTICH-
HOTO omeparopa A Ha3bIBAETCS MHOXKECTBO BCEX KOMILIEKCHBIX UHCEN, IS
KOTOPBIX CYIIECTBYET PE30JIbBEHTA:

res(A) .= {\| IR(\, A)}.

CuekTpoM 0(A) HEOrPAHIYEHHOTO ollepaTopa A HAa3BIBAETCA JOTOJHEHHE De-
30JIbBEHTHOI'O MHOZKECTBA:

o(A) = C(res(A)).
Yacro ObiBaeT 1oJIe3Ha CJIe/Lyonasi

Jlemma 3.9.1. Ecau cywecmeyem makas nocaedosamenvrocmsv {x,} € B,
Ymo
[2n]| =1, yn = (Nid = A)z,, — 0, (3.242)

mo A € o(A).
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Hokazarenbcrso. Ecin A € res(A), To cymecrByer omneparop R(A, A), u
u3 (3.242) caeayer, 4To

Tn =R, a)yn , 1= [lznll <[RS @] - [lyall,

4r0 nporuBopednt (3.242). Jlemma gokazama.
CdopMmyanpoBaHHBIA B TaHHON JIeMMe KPUTEPHH TPUHAIIeKHOCTH TOUYKH
A crekTpy omneparopa A WHOTIa Ha3biBaeTCst KpurepreM (mpusHakom) Beits,
a YIOBJIETBOPSIOIIAsl YCJIOBHUIO (3.242) mocsie10BaTe IbHOCTD ~IIOC/I€I0BATETBHOCTHIO
Beitna.

JIemma 3.9.2. 1. Pesoaveenmmoe mnosicecmeo omxpumo. Pezoavsenma R(A, A)
AHGAUMUYHG HE CBOEM PE3OALEEHIMHOM MHOHCECTNEE KAk OYHKUUA NapPa-
mempa X co snauenuamu 6 L(B — B) u ydossemeopsem moowcdecmey luav-
bepma:

RO\, A) — R(ju, A) = —(\ — p)R(\, AR, A). (3.243)

Hoxkazarenbctso. Ilyctsh A € res(A). Pacemorpum paserctso (3.243) Kak
ypaBHEHIEe OTHOCHTE]bLHO Hen3BecTHOro oneparopa R(u, A) € L(B +— B):

(id — (A — p)ROA, A)R(u, A) = R(\, A). (3.244)

[Tpu
A=l < [[R(Y, A

yvpasrenue (3.244) uMeeT eIUHCTBEHHOE PEIICHUE

R(M? A) = ( Z (()‘ - M)R()‘v A)>n> R()‘a A)’ <3245)

0<n<oo

1 9TO pelleHne aHaJUTUIHO II0 U B Kpyre

{1 = pl < RO, AN

Hokazkem, uro pemenue ypasenus (3.244) ecrb pesosbBenta oneparopa A.
13 (3.243) caeayer, 4To

Im(R(p, A)) C Dom(A).
YMmuoxkas obe qactu pasencTsa (3.243) caesa ma (Aid — A), MBI oIy IaeM:
(Nid — AYR(p, A) =id — (4 — N R(u, A).
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OTKY/JIa CJeJyeT, 4TO

(pid — A)R(p, A) = id.

Anajormuano, mpuMensist paBeHcTBO (3.243) K vaementy (Aid — A)z, MbI MO
Jlydaem:

R(p, A)(Nid — A)z = 2+ (A — ) R(t, Az,
a OTCIOJIa CJIeIyeT, UTO

V(z € Dom(A)) : R(p, A)(uid — A)x = x.
JlemMa JoKa3aHa.

Jlemma 3.9.3. Ecau

Dom(A;) = Dom(A;) , A € res(A;) ﬂ res(As) , (A1 — Ag) € L(B — B),
mo cnpasedsuss, PaseEHCMEa

R(A, A1) — R(A, Ag) = R(\, Ap)(A1L — A2)R(\, Ay), (3.246)
RN, A1) — R(\, Az) = R(\, Az)(Ar — A9)R(\, Ay). (3.247)

Papencrsa (3.247)-(3.246) ecrb nBe HOPMBI 3alHCH BTOPOTO PE30JIbBEHT-
HOTO ToXKecTBa (ypaBHeHusi). [lepBhIM PE30JbBEHTHBIM TOKIECTBOM (ypaB-
HEHWeM) Ha3bIBAIOT TOXKJIeCTBO 'mibbepra.

HokazareabcTBo. MMeem:

V(z € Dom(A;)) : (Aid — Ay)z — (Aid — Ay)x = (A — Ay)x. (3.248)
B (3.248) cuemnaem 3ameny
r— R\, Ay)x

u yMHOXKUM cieBa Ha R(\, Ag). [oxyunwm (3.246). Anasornvno, cienas 3a-
MeHy

r— R(\, Ag)x

1 yMHOXKHUB cjieBa HA R(A, Ag), moayunm (3.247). Jlemma mokasana.

Jlemma 3.9.4. Feau

JAeCH: R\, A) =R\, Ay), (3.249)

Ay = A
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Hoxkazarenncrso. 13 (3.249) caemyet, uro
\V/(.I S DOI’II(A1>) X = R()\, AQ)()\Id — Al)fL‘
CretoBaTesbHO,

Dom(A;) C Dom(As;)

(Aid — Ag)z = (Aid — Ag)R(\, A2)(Aid — Ay)z = (Aid — Aj)z.
Onpenenenne 3.9.5. ['paduxom nuHeiiHOro omeparopa
A: By D Dom(A) — By
Ha3bIBAETCS MHOXKECTBO
Gr(A)={z® Az | x € Dom(A)},

paccMaTpuBaeMoe Kak IMOAIPOCTPAHCTBO MPAMOi cyMMBI By @ By 6aHaXOBBIX
npoctpancts By u Bs.

MuoxectBo L C By @& By ectb rpaduk JIMHEHHOrO oniepaTopa B TOM H
TOJTBKO TOM CJIy4ae, €CJid, BO-TEePBBIX, L ecTb JWHeilHOe MHOTrooOpa3ue M,
BO-BTPbIX, U3 YCJIOBUHI

r@yel, oy el,zx=2a

CJIeTYeT, 9TO
/
y=v.
[Tocnennee yciaoBue jijig JUHEHHOIO MHOr0OOpa3us KBUBAJIEHTHO TpeboBa-
HUIO:

L()(0® By) =0&0. (3.250)

Omnpenenenne 3.9.6. Omneparop A Ha3bIBaeTCA 3aMKHYTBIM, €CJIH €TI0 Ipa-
dUK 3aMKHYT KaK IMOIIPOCTPAHCTBO IPsIMO# cyMMBl B @ By 6aHAXOBBIX
upocrpancrs By D Dom(A) u By D Im(A).

Onpenenenne 3.9.7. Oueparop Cl(A) HasbiBaeTCst 3aMbIKAHHEM OlIEPATO-
pa A, ecam rpaduk omeparopa Cl(A) ectb 3ambikanue rpaduka omeparopa

A:

Gr(Cl(4)) & Cc1(Gr(A4)).
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BambikaHue rpaduka omeparopa A He 00g3aTEILHO YIOBIETBOPSAET YCI0-
Buio (3.250), mosToMy 3aMbikaHue rpaduka onepaTopa He 06g3aTeNbHO eCTh
rpahuk Kaxkoro-HuOyIb OmepaTopa, HO OUYEBHIHA

JlemMma 3.9.5. Ecau 8binoanero ycaosue
CI(Gr(A)) (0@ By) =00, (3.251)
mo onepamop A umeem samwvkarnue ClL(A):

Dom(CI(A)) = Pry(Cl(Cr(A)),
Y(z @y € C1(Cr(A))) : CL(A)(z) = y. (3.252)

JI71s1 MoKa3aTeIbeTBa 3aMETHM, 9TO B CHIY yeaoBus (3.251) coorHomenue
(3.252) OmHO3HAYHO ONpeJeIisieT OnepaTop, rpaduK KOTOPOro ecTh 3aMKHY-
toe muoxkectso Cl(Gr(A)).

Taxkmm o6pazom, 3ambikanne Cl(A) oneparopa A -310 onepaTop, KOTOPHIif
JIeJIaeT KOMMYTATUBHOM CJIEIYIONIYIO JTHATPAMMY:

Cl(Gr(A)) —— CI(Gr(A))
B 24 B

rae Pr; -omeparop npoekTupoBanua npamoil cymmel By @ By Ha ciaraemoe

B;.

J
Tak KakK

Gr(A) C CI(Gr(A)),

TO

Dom(A) C Dom(Cl(A)), V(z € Dom(A)) : Ax = Cl(A)(x).

BameTum, 9To 061acTh onepaeaenns Dom(A) 3aMKHYTOTO omepaTopa MOXKeT
He ObITh 3aMKHYTBIM HOJIPOCTPAHCTBOM B 0AHAXOBOM IHpocTpaHcrse B D
Dom(A) n obracth omep/esieHns 3aMbIKaHUs OMEPATOPA MOKET He ObITh
3aMbIKaHIEeM 00JIACTH OTPEIeICHNsT HCXOIHOTO OTIePATOPA.

B manbHreiimem omepaTop u ero 3aMbIKaHUe, KaK TPABUIO, MBI Oy1eM 000-
3HAYATh OJHUM U TeM YK€ CHMBOJIOM.

Pacemorpum nipumepst.

[TycTn

B = L*(R', dx);
Dom(A) = {f | f(z) € L*(R", dz) , 2*f(x) € L*(R", da)};
A:Dom(A) — L*(R', dz) , Af(x) = 2% f(z).
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O6.tactb onpejenenus oneparopa A miorna B L2(R', dz), Tak Kak oHa co-
JepzKUT Bee (PYHKIUH ¢ KOMIAKTHLIM HOocuTeseM. Oneparop A HeorpaHuYew.
JeiicTBUTEILHO, TOJOXKAM

fo(x) = (¢/m)Y* exp(—ex?/2).
Torna
V(e>0): fee Dom(A), [[fll=1, ||Afll > const/e — o0, € — 0.

JIerko BUJIETH, 4TO

1

R\, A)f(x) = D]

f(l') ) U(A) = [07 OO)

Omneparop A samkuyT. /st goKa3arebeTBa 3TOrO yTBEPZAKIEHUST PACCMOT-
PUM TOCTET0BATETHHOCTD

folx) @ Afn(x) € Gr(A),

KoTOpag B Tonojorun mpamoii cymmbr L (R dz) & L*(R!, dx) cxomurcs
K Touke fo(x) @ ¢¥(x) U mMOKayKeM, UTO ITa TOUKA MPUHAIEKUT TPapUKy
omeparopa A.

13 onpenenenns HOPMBI B MPsIMOil CyMMe TPOCTPAHCTB CIEAYeT, 9TO B
merpuke npocrpanctea L2(R! | dx)

fal@) = fo(x) , 2° fu(z) — 2° fo(z) = ¥ (x) , n — o0
s nosmorst npocrpancrsa L2(R! | dx) seitexaer, 4ro
folz) € LR, dx) , 22 fo(x) € LA (R, d),
Cl1e10BATENbHO,
fo(z) € Dom(A) , ¥(z) = Afo(x) n fo(x) ® ¢ (z) € Gr(A).

BameruM, 9TO B PACCMOTPEHHOM TIpuMepe 00/1aCTh ONPEeIe/IeHUsT OMePaToOpa
A ne samxnyma B npocrpauncree L2(RY, dx).
Pacemorpum apyroit mpumep. [lomoxum

B = L*(R', dx),
Dom(A) =
{f| fx) € AR, dz) , f'(x) € L*(RY, dx), f"(x) € L*(R", dx)},

A:Dom(A) — L*(R', dz) , Af(z) = —dd—; ().
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Omepatop A HeorpanundeH. /leficTBUTENBHO, IYCThH
f € Dom(A), [|f]| = 1.

Torna
Vnf(nz) € Dom(A), [[vnf(n)| =1,

HO
|Av/nf(n)|| > const.n — oo, n — oo.

Ncnonn3ys nmpeobpazoBanne Pypbe, MOXKHO JIOKA3aTh, 9TO OllepaTop JTud-
dbepentupoBanust cBOAUTCS (TT032KE MBI YTOYHUM, B KAKOM UMEHHO CMBICJIE) K
OIepaTopy YMHOKEHHS Ha He3aBHCUMYIO TIEPEMEHHYIO, II09TOMY PacCMOTPEH-
HbIe HAMH IPHAMEPHI, HO-CYIIEeCTBY, €CTh Pa3Hble PeIaKIUU IPUMEPa OTHOTO
1 TOTO 7K€ OIepaTopa.

[TycTn

s=otige € B={f()| [ 17(:)P exp(-|af)dody < oc).
[omoxkum

Dom(A) = {f | /(=) € B, |2I(=) € B},
A:Dom(A) — B, Af(z) = zf(2).

JIerko BHIETD, 94TO B PaCCMATPUBACMOM CJIYYAe PE30JbBEHTHOE MHOXKECTBO
oneparopa A mycro: res(A) = (), u cmekTp omepaTopa COBIAIAET CO BCei
KOMILTeKCHOI 1miockoctbio: o(A) = CL.

3.10 Tloayrpynnbl omepaTopoB B 6aHaAX0OBOM ITPO-
CTPAHCTBE.

Teopug nosyrynn onepaTopoB B 0AHAXOBOM MPOCTPAHCTBE BO3HUKJIA IPH
W3y4YeHWW YpaBHEHWH BUIA

% =Lu,t>0; u(+0) = u. (3.253)
OnHa W3 OCHOBHBIX 3a/a9 TEOPHH COCTOMUT B OTBETE Ha BOMPOC, MPH KAKUX
VCJIOBUSIX Ha OmepaTop L W HavaJbHbIE JaHHBIE Uy ypaBHeHHe (3.253) ume-
€T pellieHue W 3TO pellleHre eIuHCcTBeHHO. OKa3bIBaeTCd, UYTO OTBET HA dTH
BOIIPOCHI MO2KHO JlaTh B Te€pMHUHaX HCKOTOPbLIX CBOICTB HEOI'PaHUYCHHbIX OIIe-
pPaTOpPOB, C 3JIEMEHTaMH TEOPHUHU KOTOPLIX MbI TOJIBKO YTO IMMO3HAKOMUJIUCD.
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Onpenenenune 3.10.1. Oyuxius
T(t):RL>t—T(t) € L(B+ B)
Ha3bIBAETCS MOMYIpynmnoi Kiacca Cy, ecan

LVY(t €RL, ty € RL) : T(t))T(ta) = T(t1 + ta).
2. 7(0) = id € L(B ~ B).
3. (Va € B) dynknua RL 3¢ +— T(t)(z) € B

HenpepbiBaa Ha [0, 00).

[Tonyrpynnoit HasbiBaerca dbynkuusa R 5 ¢ — T(t) € L(B — B), koto-
pas ynosaerBopser yeaoBusaMm 1 u 2. Tepmun Cf yTodHseT ycaoBue 3 Hempe-
peiBHOCTH 310 pyukiuu. Horaa yciosue 3 popmysiupyercs: B 6oJiee ciadoii
dopme, KOTOPYIO MBI 3/1€Ch HE PACCMATPUBACM.

JIemma 3.10.1. Ecau T'(t) -noayepynna xaacca Cy, mo ona o2paHuvena no
HOPME HA A0O0M HUKCUPOBAHHOM UHMEPBANE:

YVt >0): sup{||T(7)|| | 7 <t} <C(t) < >0

(nod nopmoti onpepamopa T(t) 3decv u Husce Mol NOHUMAEM €20 HOPMY 6
npocmpancmee L(B — B)).

JlokazarenncrBo. M3 ycaoust 3 onpenenenus 3.10.1 ciemyer, 910 Jijist
moboro © € B dyuknus t — ||T(t)z|| menpepsisra na [0, 00), mosToMy

Vit >0,z€B): sup{|T(r)z| | 7 <t} =C(x) < oo.

Otrciona u u3 reopembl Banaxa-Illreiinraysa 3.3.2 (cm. crp. 160) cuenyer,
9TO

sup{[[T(7)[| [ 7 <t} < C(t) < o0,

JlemMa mokazaHa.
CreacTBrUeM TOrO YTBEPKICHUS SIBJISETCS

JIemma 3.10.2. Ecau T(t) -noayepynna xaaca Cy, mo cywecmsyom maxue
Kowemanmo, M < 0o, w < 00, wmo

V(t>0): ||T@)| < M exp(wt). (3.254)
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HoxkazaTenbcTBo. [IycTh
t=n+6,0<0d<1.
Torna

IT@N = 1T () TE)]| <
[T - T < [T - [T)]] <
sup{[|T(7)[| | 7 < 1} exp(tIn [T (1)]))-

Jlemma mokaszana.

Samevanue 3.10.1. O cpoiicTBax riagkocTH OYHKIUNA
t— Tl

MBI ceffyac HUYEro cka3aTh He MOYKeM: W3 HaIlnX PacCy KJIeHWi He caeayeT
Jlazke M3MEPUMOCTD 9TOH (DYHKIIUH.

[Iycts T'(t) -moxyrpynma knacca Cy u

An(z) = %(T(h)x _a).
Moo
Dom(4) := {z | 3 lim A4(x)}, (3.255)
Y(r € Dom(A)) : A(r) = lim Ay(x). (3.256)

Omnpegnenenne 3.10.2. Oupenenennbiii papencTBoM (3.256) omeparop Ha-
3bIBAETCs] UH(MDUHUTE3UMAJIbHBIM OllepaTopoM 1o ayrpyiibt 1'(t).

Ecan A -urdunanresnmaabubiii onepatop noayrpynnsr 1'(t), To roBopsrt,
gr0 mosnyrpymmna T'(t) mopoxKieHa nHGUHATE3NMATBHBIM OllepaTopoM A.

Jlemma 3.10.3. Ecau A -ungunumesumarvroiti onepamop noayepynno, T'(t)
u x € Dom(A), mo gynryua

(0,00)3t—T(t)x
dudpdepernyupyema u

dT (t)x
dt

= AT (t)z.
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HokazarenbcTBo. ClipaBeIMBO PABEHCTBO

V(s € Dom(A), ot > 0) : LU+ &(gt‘ rW)e _

(T(été)t— id) T(t)x = T(t) (T(été)t— idx) .
AT (t)x = T(t)Azx , 6t — 0,

(T(t—ot) —T(t)x T(6t) —id
=) =T(t — dt) (TI) —=T(t)Ax.

JlemMMa mokazaHa.

Samevanue 3.10.2. HpunuTe3uMaabHbIil OLEpaToOp €CTh NPpasasA MPOU3BOI-
Has noJiyrpyuibsl B HyJie. B jemme 3.10.3 yrBep:kjiaercsd, 4To CyliecTByeT
064 HA5A TIPOU3BOTHAS.

Teopema 3.10.1. Ecau A -undunumesumasvroili ONEPamop noiy2pynio
T(t) kaacca Cy, Mo caedyrougue Ycrosus IKGUGAACHIHDL:

1. Dom(A) = B,

2.|T(t) —idl| =0, ¢ — +0,

3.3(A € L(B+— B)):T(t) =exp(tA).
JokazaTenbcTBO.

1 — 2. Ecim mpegen (3.255) cymecrsyer s jo6oro © € B, 1o B cuty
teopembl banaxa-IIlreitnraysa

sup{[|(T'(h) —id)/h|[ | 0 < h < ho} = C < o0,

MO3TOMY

| T(h) —id|| < Ch — 0, h — 0.
2 — 3. [lyctb € > 0 BBIOpaHO TaK, 4TO
YVt <e): ||T(t)—id| < 1/2.

Torna
a(T(t)) cb(1,1/2) c C,
U Tak Kak pyHKnus In(z) anaauntuana B kpyre b(1, 1/2), To onpenesen ome-

paTop
VO <t<e): V(t)=InT(t).

Ecmm 0 < nt < €, TO

V(nt) =InT(nt) =In(T(t)") = nV(t).
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Otciona ciaeyer, 4To
1
Vitfn) = V@),

V(m, n, %t <e€):V (%t) = mV(t).

n

U3 wenpepsiBnocT oneparopa V (t) kak dyHknuu ¢ oTciona cJIeLyer, 9ro

VO<t<e): V(t)=tA, Ae L(B— B),

T(t) =exp(tAd), 0 <t <e.

C 1OMOIIBIO TOJIYIPYIIIIOBOIO TOXKIECTBA ITO PABEHCTBO PACHPOCTPAHIETCS
Ha BCe t > (.
3 +— 1. YTBepxKjieHue TPUBUAJILHO.
PacemoTrpum nmpuMeph.
[Iyctn
B=R" V(z€R'):T(t)z = exp(at)z.

DTo cooTHOIIEHNE 3a0aeT B npocTpancTse R momyrpynmy kracca Cy ¢ uo-
GUHUTE3NMATHLHBIM OTIEPATOPOM

Az = az.

Ob6nacTb onpeneneHus WHOUHATEIUMAJIBHOTO OllepaToOpa B paccMaTpHUBae-
MOM CJIy9ae COBNAJIAET CO BCEM HPOCTPAHCTBOM M MH(DPUHATE3UMAIBHBIA Ole-
paTop OrpaHuYeH.

[Iycrs B = C([0, 27]) -npocTpaHCTBO BCEX HEHPEPHIBHBIX HA OTPE3KE
[0, 271] mepuommunwix: f(0) = f(27) , f € B bysknumii ¢ 06bIYHON HOPMOI.
[Tostoxxum

T(t)f(¢) = f(o+1).

Dro corHomenune 3a1aer B npocrpancree C([0, 27]) moayrpymny kiaacca Cy
¢ "HOUHUTE3UMAJTBHBIM OIIEPATOPOM

TWORE e

Ob6nacTp onpejesiennss HHPUHATE3UMAJIBHOTO OllepaTopa -MHOYKECTBO BCeX
HenpepbiBHO AudpepeHnupyeMbix HyHKIHK. DTO MHOKECTBO ILJIOTHO B IIPO-
crpancrse C([0, 27]), HO He coBHajgaeT ¢ HUM, & HHOUHATE3UMATIBHBIN Olle-
pPaToOp HEOTPAHWMIEH.
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3.10.1 Teopema Xusuie-Puanumca-Mocuabl.

Crenyiomas TeopeMa sIBIASETCS OCHOBHOM B TeOpHHU moayrpynn kKiaacca Cp.

Teopema 3.10.2. Onepamop A ecmv uHpuHUMESUMAALHOLT ONEPANOP NO-
ayepynno, kaacca Cy 6 banarosom npocmparncmee B mozda u moavko mozda,
ecau onepamop A ydosaemesopaem caedyrouum Yca08UAM.

1. Obaracmov onpedeaenus onepamopa A naomua 6 B:

Cl(Dom(A)) = B.

2. Onepamop A 3amxHYM.

3. Cywecmeyrom maxue kowcmanmov, M < 0o , w < 00, 4mMo NOAYNAOC-
kocmos Re A > w npunadiescum pesosbeeHmMHoOMY MHONACECMEY ONEPAMOPa
A u pesoaveenma R(\, A) ydossemeopaem ouenke

Y(n>0, A>w): |RA, A" < M —w|™ (3.257)

JloKa3aTeaLCTBO 9TOM TeOPEeMBI MBI IIOJIYIAM KaK CJIeJICTBAEe HeCKOJIbKUAX
JIEMM.

CrauaJjia MbI Oy/IeM JOKa3blBATh HEOOXOAUMOCTE YCJIOBHI TeOpeMbl XHJLIe-
Ounmnnca-Vocuapt n HuKe MBI ipeanoaraeM, 94to T'(t) -mosyrpymnmna Kiacc-
ca ().

Ha mpoctpancTBe B onpegennM oIepaTop

1 t
Mz = —/ T(7)xdr.
tJo

D10 ompe/iesieHne KOPPEKTHO, TaK Kak (yHknug t — T'(t)x HemepepbiBHA.

Jlemma 3.10.4. Ecau T(t) noayepynna xaacca Cy, mo
V(z € B): lir% Mz = x.

HoxkazarenbcTBo. Pukcupyem x € B. 13 ompeenenns NOIyTIPy b KIac-
ca Cy caemyer, 9T0

V(e >0),30(e) >0,VY(t<d(e): ||[T(t)xr —z| <e.
[TosTomy
1 t
V(t <d(e)) : ||Mr —z|| < ;/ |T(7)x — x||dr < e.
0
JlemMa Jgokaszana.
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Jlemma 3.10.5. Cnpasedauso pasercmaso
AhMt — Ach.

9T0 YTIBEPKIACHNE JOKA3bIBa€TCA IIPAMBIM BbIYUCJIECHUEM:

htAp Mz = (T(h) — id) /0 T )adr = /O CT(h+ 1) = T(r)) wdr =

/h " (s - /O T(r)adr = /0 "T() (1) — id) adr — WA,

N3 memm 3.10.4 u 3.10.5 cieayer

Jlemma 3.10.6. Cnpasedausov. ymeepacoenus:

V(t > 0): Im(M,;) C Dom(A) ; Cl(Dom(A)) = B,
V(z € B) : AMyx = A

Nrak, mMbl JloKa3aan, 4To 00/acTh OUpeJeeHus MHPUHUTE3UMAIHLHOTO
oneparopa moayrpynmsl kiaacca Cy MJIOTHA B TOM HPOCTPAHCTBE, Te Jefi-
cTByeT mosyrpynna. Temeps mokazkem JieMMy

Jlemma 3.10.7. Ungunumesumanorvd onepamop noasyepynno, xaacca Co
3AMEHYM.

HoxkazaTenbcTBO. [IycTh
z, @ Az, € Gr(A) , z, ® Az, — {x0, Yo}
Hawm myx)Ho mokaszarh, 94TO
zo ® yo € Gr(A).

N3 nemmbr 3.10.3 ciiepyer, 4To CHpaBeJIMBO PABEHCTBO
t
V(t>0):T(t)x, —x, = / T(1)Ax,dT.
0
[Tepexo/isi B 3TOM paBEHCTBE K MPEAEay 1 — 00, MbI TOJIYdaeM:

V(t>0):T(t)xg—z0 = /Ot T(T)yodr.

PasgennB 0be 4acTu 5TOro paBeHCTBa Ha ¢ U mepexoisd K upejaeny ¢ — 0, Mbl
HOJIY YHM:
xo € Dom(A) , Axg = yo.

Jlemma mokaszana.
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JIemma 3.10.8. ITycmo T(t) -noayepynna xaacca Cy u kowemarmor M | w
ydosaemeopsrom ouenke (3.254). Toeda noaynaockocmsv Re X > w npunad-
AEAHCUM, PE3OALEERTNHOMY MHONCECMBY UHPUHUMEZUMAALHO20 onepamopa A
u npu Re\ > w pe3osveenma un@uHumesumasbrozo onepamops MoHcem
OviMY BHYUCAEHE NO HOPMYAE

RO\, A)r = / " exp(— AT () adt. (3.258)

HokazarenbctBo. 113 omenku (3.254) ciemyer, 9ro HHTEpraj B HPaBOi
qactu paseHcrsa (3.258) cxomurest. [lokazkeM, 9TO OMEpaTop B JIEBOI YacTH
paBercTBa (3.258) ecTh pe3osbBeHTa HHMUHATEZUMATLHOTO oneparopa. Hu-
JKe Mbl Hpejio/araem, 9ro oneparop R(A\, A) oupejesieH Kak npapasi 4acTh
pasencrsa (3.258). Nmeem:

a

V(z € Dom(A)) : R(\, A)(Aid — A)z = lim exp(—At)T(t)(id\ — A)xdt

a—00 0

— lim 4 exp(—At) T (t)zdt = x.
a—oo g dt

Hamee:

V(x € B): AyR(\, A)x = Ay, /Oo exp(—A) T (t)zdt =

exp(Ah) — 1

A /hoo exp(—At)T'(t)zdt — %/0 exp(—A)T(t)zdt —

)\/ exp(—A)T(t)xdt —x , h — 0.
0

CaenoBaTesbHO,
V(z € B): R(A, A)xr € Dom(A), (A\id — A)R(\, A)x = z.
JleMMa, mokazaHa.

Jlemma 3.10.9. Fcau A -ungpurumesumasvhoili 0Onepamop nosypynnot kaAac-
ca Cy, mo e20 pesoaveenma ydosaemsopaem ouenke (3.257).

HokazarenbctBo. 13 Toxkaecrsa I'mabbepra u gemmbr 3.10.8 ciaeayer, 94To

—1) 00
RO\, A"ty = ( n') %/ exp(—At)T(t)xdt =
- 0

1
L / exp(— M) T (t) .
n'
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Ucnosnsys onenky (3.254), Mbl moJIyIaem:

M oo
VA >w): ||R(N, A)"Ha| < —'/ exp(—At + wt)t"dt||z|| =
n! Jo
MX = w|~ Dz
JlemMa, J1oKa3aHa.
Mpm1 nokazajn HeoOX0MMOCTD yCa0BHiT TeopeMbl Xunte-Pusnrca-Mocuabr.
[Iepexoaum K J1I0Ka3aTeNLCTBY JOCTATOYHOCTH ITUX YCIOBUIA.
Hwuke Mbl Oyziem cauTarh, 9410 W < A < 00.

[Iycts A -omepaTop, ya0BAETBOPSIOIINIL YCIOBUIM TeOpeMbl XuLie-OuiiInmca-
Uocuapt u R(A, A) -ero pe3osbBeHTA.

Jlemma 3.10.10. Ecau ewvinoanens, ycrosus meopemvt Xuare- Quasunca-

Hocudv, mo
V(x € B): AR\, A)x — x, A — oc. (3.259)

Hokazarenbcrso. CrpaBeyinBO DABEHCTBO
V(z € Dom(A)) : AR(A, A)x —xz = R(\, A)Ax.
[ToaTromy

V(z € Dom(A)) : |[AR(\, A)z — z| <
M\ —w| M Az| = 0, A — oco. (3.260)

Tak kak muO)kectBo Dom(A) miorHo B B, To u3 (3.260), onenkn (3.257)
u Teopembl Banaxa-IlIrefinraysa 3.3.4 (cm. crp. 161) ciemyer yTBepKaeHue
JIEMMBI.

[Tonoxum

VA >w): V(A)z==A(id — AR(X, A))x.
Jlemma 3.10.11. Cnpasedauso ymeepocoenue
V(z € Dom(A)) : ||[V(A)x — Az|| - 0, A — oc. (3.261)

JlokazaTebcTBO. DTO yTBepKAeHne caeayer u3 jgeMMbl 3.10.10 u papen-
CTBa

V(AN)x = AR\, A)Az.

[omoxum

VA >w): S(A, t) =exp(tV(N)).

252



JlemMma 3.10.12. Cnpasedausa oyenka:

— W

Awt
Vit >0, A>w):|IS(\, t) SMeXp()\ d )
Jokazarennctso. [Ipn A > w cnpaBeyinBo paBeHCTBO

SO, 1) =exp(—At) 3 % (30)" R(, A)".

0<n<oo

Tak Kak pe3oJbBeHTa yJIOBIETBOPsieT oneHke (3.257), 1o

IS Dl < esp(-A0) 3 ()" RO, AY <

0<n<oo
M exp(—\t) Z % (/\Qt)n AN —w|™ =
0<n<oo
M exp (—)\t + )\)\jtw) = M exp (}\/\idi)) . (3.262)
JlemMa JgoKaszaHa.
JlemMma 3.10.13. Cywecmeym npeden
Y(zeB,t>0),3T4): Tt Y lim S(A, ). (3.263)

JokazarenbctBo. CipaBei/inBO PaBEHCTBO

V(z € Dom(A)): S\, t)x — S(u, t)x =
/0 (%S(M, - 1S, T)x) dr —

i S, t=7)S(A, T)(V(p) = V(A))adr <
const.||(V(n) —V(AN)z|]| - 0, x € Dom(A), A, u — oc.

(Ha mocsresmem srare MBI BOCIOIB30BAINCEH JeMMoii 3.10.11.)

MuozkecrBo Dom(A) miorso B B, a HopMa oneparopa S(A, t) orpanunde-
Ha PAaBHOMEPHO 1O A B cuIy JieMMbI 3.10.12 , mo3TOMy yTBepzKIeHue JeMMbI
caejyer u3 reopeMbl banaxa-IlIreiinraysa 3.3.4.

JlemMa nokasana.

JIemma 3.10.14. 3adannwiii pasencmeom (3.263) onepamop T'(t) ecmv no-
ayepynna kaacca Cy ¢ undunumesumarvrvim onepamopom A.
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JokazarenbcrBo. CrrpaBe//IuBbI paBEHCTBA

Vize B, ti € Rt € R : SO\, 11)S(\, ta)x = S(\, g + to),
t
V(z € Dom(A)) : SO\, ) —z — / SO\, TV (\)zdr.
0

[Tepexo/isi B 3THX paBEHCTBAX K MPEJIEJY A — OO, MBI MOJYYaeM:
V€ B, t; €ER', ty € RY) : T(t))T(ty)x = T(t; + to)w,

V(z € Dom(A)) : T(t)x —x = /Ot T(1)Axdr. (3.264)

Orciona cienyer, uro 3agannast dpopmynoii (3.263) dyukius ¢ ecrb mMOJIy-

rpymma u
V(z € Dom(A)) : |T(t)x — x| — 0, t — 0.

Onare Bocmosnb3oBaBiuch Teopemoit banaxa-IllTeitaraysa 3.3.4, MbI moJTy-
JaeM:
VixeB): [Ttz —z|| =0, t—0.

Caenosarenbro, T'(t) -noxyrpynma xiaacca Co. [Tycts A -nuduHITe3HMATL DI
oneparop nomyrpynusl 1'(t). Ymuoxkum obe dactu pasemcTBa (3.264) ma
exp(—At) u npourTerpupyem o t or 0 10 co. [lomydamm:

V(z € Dom(A)) : R(A, A)(\id — A)z = z. (3.265)
B ypasuenun (3.265) caenaem 3ameny x — R(A, A)x. [omxyanm:
V(z € Dom(A)) : R(A, A)z = R(\, A)z. (3.266)
Tak kak Dom(A) wiotHo B B, TO 0TCIOJa CJIEJIYeT, 4TO
R\, A) = R(\, A),
Orcrona B cuny gemmbr 3.9.4 cioeayer, 910
A=A

Ntax, Mbl g10Ka3aanm TeopeMy Xuste-Punnntnca-ocumab.
[Tepexoms K npejesy A — 00 (3.262), Mbl 110JyYaeM CJIEJAYIOLIEe yTOUHE-
nue TeopeMbl Xuute-Puunca-Mocuab:

Jlemma 3.10.15. Ecau M u w -Kowcmanmol, Komopovie 8L00AM 6 0UEHKY
(3.257), mo das noposicdernol UnPUHUMESUMANLHBM ONEPAOPOM A nosy-
epynno, T(t) cnpasedausa ouenra

|T(t)|| < M exp(wt). (3.267)
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Ounpepenenne 3.10.3. [Hoxyrpynmna T'(t) HA3BIBAETCsI CKUMAIOIIEH, €Cin
Vit >0):||IT@®)| <1.

JIemma 3.10.16. [loayepynna T(t) corcumarowan 6 mom u MOALKEO MOM
CAYUMAE, ECAU PE3OALEEHING €€ UHPUHUMESUMAALHOZ20 ONEPAMOPG YJ08AEME0-
pAaem ouenke

VA >0): [[RON, A <1/ (3.268)

HokazarenbcrBo. HeobxoaumocTs yeaoBus ciaenyer u3 dpopmysst (3.258).
J1st ToKa3aTe bCTBa JIOCTATOYHOCTH yestoBus (3.268) 3aMeTnM, 94To MpU ero
BBITIOTHEHUHT

IR, A" < IR, A" < ReA™,

1109TOMy B oneHke (3.267) mbl mozkem 1oaoxkuts M =1, w = 0.
BamMeTuM, 4TO 3aMeHO

T(t) — exp(—wt)T(t)

MOXKHO JOOUTBCS TOTO, YTO PaccMaTpUBaeMasl HOJYTPYIIIa OYIeT CxKHMATO-
IIeit.

Teopema 3.10.3. Fcau Ay -undunumesumasvruiil onepamop noayzpynnok
kaacca Cy 6 banazosom npocmpancmee B u b € L(B — B) mo onepamop
Ao + b ecmov undunumesumanrvhoil onepamop noayepynnos kaacca Cy.

Hokazarenbcrso. [Tycrs Ty(t) -moayrpynmna kiaacca Cpy, KOTOpasi MOPOK-
JeHa MH(DUHATE3UMAJIBHBIM OIIepaTopoM Ay 1 myCcTh

ITa(t) | < M exp(et).
Beibepem qanciio 6 > 0 Tak, 9T0OBI BHIIOJIHAIOCH HEPABEHCTBO
a = §]|b|| M exp(wd) < 1.
[Tycts C([0, d], B) -6aHaxoBO MPOCTPAHCTBO BCEX HENPEPBIBHBIX (DYHKIHIA
or t € [0, 0] co snauennsivu B B. Pukcupyem x € B u B mpocTpaHCTBe
C([0, ¢], B) paccMoTpuM omepaTop
w (o, d], B)— C([0, 4], B),

Wa(t) = To(t)a + /t To(t — 7)ba(r)dr, 0 < t < 6.
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Drot oneparop cxumaromuii. [lycts 2q(t, ) -ero HenosuKHag Touka. s
[0 < t < §] onpenesium onepaTop

U(t) : x— 2o(t, x).
Omneparop U (t) -muneiinpiii OrpaHUde bl OepaTop:
Wt < 8): U@ | Bl < (1 a) 36| M exp(wd) |z | B,
npudem u3 onpeenenus: npocrpanctsa C([0, 0], B) caemyer, uato
VY(xeB): |Ut)x—=z|B||—0,t— +0.
[ycrs t1 +t2 < 9. Torma

2o(t1 + 12, x) = To(t2)(To(t1)x + /ﬂ To(t1l — 7)bzo(7, x)dT)+

t2
/ To(t2 — 1)bao(t1 + 7, )dr
0

Tak xak oneparop W npu KaxjoM x € B uMeeT €JIMHCTBEHHYIO HEIOBHK-
HYIO TOYKY, TO OTCIOHA CJeIyeT PaBEHCTBO

2(t1 +12, z) = 2(t2, 2(t1, x)),

TO3TOMY
V(L + 12 < 8),: URDU(t2) = U(t] + £2).
[IycTn
t= n(s +7,0<7< 0
=ng 7,01 5
[Tonoxkum 5
T(t) ¥ U(3)"U(r). (3.269)

DTO paBeHCTBO ONMpeeseT Toayrpynmy kiaacca Cy ¢ MHGTHATEIMMATLHBIM
oneparopoM A = Ay + b.

Teopema mokazana.

Pacemorpum mpumep. B npocrpanctee B = L*(R! | dx) na obnactu

Dom(A) = {f | f(z) € L*(R", dx), 2*f(x) € L*(R", dx)}

OIpe/Ie/IUM OIIePATOP
Af(x) = —a*f(2).

Jlerko BUIETH, 9TO BCe yCa0BUA TeopeMbl Xuae-Punnnrca-Vocuapl BHIION-

HEHBI U OIlepaTop A HOpOXKIaeT CKUMAIOIIYIO MOJIYTPYIIILY

T(t)f(z) = exp(—2®t) f(2).
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3.10.2 AbcTpakTHag 3agada Koimm.

[Iycts A -nuHeitHbiii (He 06s13aTeILHO HENPEPBIBHBIN) OMEpaTop ¢ 061acThIo
oupeesennst Dom(A):

A: BDDom(A) — B.
Onpenenenne 3.10.4. Oyuxius
RL >t —y(t, yo) € Dom(A) (3.270)

Ha3BIBAETCS pelnrenneM abcTpakTHoi 3amaun Kommnm

dy(t,
y(dt W) _ ay(t, yo), 0 <t < 00, y(+0, 10) = vo, (3.271)
€CJIN BBIIIOJIHEHDBI YCJIOBUA:
dy(t
1.V(t>0):§|M€B.

dt
2.¥(t>0):y(t, yo) € Dom(A)

3.yt yo) — woll = 0, t — 40
u paBeHCTBO (3.271).

Teopema 3.10.4. Ecau onepamop A ecmvd un@uHUMESUMAGALHBIT ONEPa-
mop noayepynnu kaacca Cy , yo € Dom(A), mo abempaxmmasn sadawa Kowu
(3.271) umeem eduncmeentoe pewerue:

y(t, yo) = T(t)yo,
2de T'(t) -noayepynna, noposrcoernas uHGUHUMESUMAALHBM ONEPATOPOM A.

B J0KazaTesbCTBe Hy>KIaeTcs TOAbLKO €IMHCTBeHHOCTh pemenus. I1ycrb
z(t) -perrenne aberpakTHOR 3amadn Komru:

dz(t)
dt

CupaBeyinBO paBeHCTBO

= Az(t), t >0, 2(+0) = 0.

Vo<T<t): diTT(t —7)2(1) = —AT(t — 7)2(7) + AT (t — 7)2(1) = 0.
CrietoBaTesbHO,
Vi>0:T(0)z(t) = 2(t) = T(t)z(0) = 0.

Teopema jo0ka3aHa.
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3.10.3 HekoTopnble paBeHCTBa, CBI3aHHBIE C T€OPHEIi I10-
JyTpyIIm.

BriBesieM HEKOTOPBIE MOJIE3HBIE U YACTO UCHOJIb3yeMble PABEHCTBA, KOTOPbhIe
cBs3aHbl ¢ Teopueil nosiyrpyui. Jlasg ygpo0cTBa BbIBOJA HYXKHBIX HaM pa-
BEHCTB MbI OyJeM CYUTATh BCE BCTPEUAIONIHECH OMEePaTOPbl OI'PAHHYEHHDI-
Mu. B npuioxkensx 061acTh TPUMEHUMOCTH 3TUX PABEHCTB UCCJIEIYETCS B
KaxKJI0M CJIydae OTIECJIBHO.

®opmyna Tporrepa.
Jlemma 3.10.17. a, b € L(B — B), mo cnpasediuso pasercmeo

exp(t(a+ b)) = lim (exp(ta/n) - exp(tb/n))". (3.272)

n—oo

Jokazarenncto. Crpase//InBbl PABEHCTBA

(exp(ta/n) - exp(tb/n))" =
((id + ta/n+ O((1/n)?))(id + tb/n + O((1/n)*)))" =
((id + ta/n +tb/n+ O((1/n)?*)))" — exp(t(a + b)), n — cc.

Dopmyiia (3.272) mazsiBaercs dbopmysnoit Tporrepa.

Dopmya droamensd.

Jlemma 3.10.18. Ilycmo ¢ynkuua
RL 3¢+~ a(t) € L(B+— B)
nenpepuista. ITycmo U(t, T) -pewenue ypasrenus:

aUu(t, T)

o =at)U(t,7),0<7<t<o00,U(r,7)=lid (3.273)

Toz20a pewerue 3adauu

WO _ (o) + 10) . 9(0) = o (3.274)

daemca popmyrof
y(t) =U(t, 0)yo —l—/ U(t, 7)f(r)dr. (3.275)
0
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Hokazarenscrso. Juddepernupys npaByo dactb paBeHcTBa (3.275) mo
t ¥ MCTOIB3Ysl paBeHCTBO (3.273), MBI TOJIYYaeM:

au(t, Oy, d [!

+ Ut, 7)f(r)dr =

dt dt J,
a(t)U(t, 0)yo +/0 a)U(t, 7)f(r)dr +U(t, t)f(t) =
a(t)y(t) + f(1).

JlemMa JoKa3aHa.
®opwmyaa (3.275) nazsiBaercsa dbopmynoit Troamess.
Ecau oneparop a(t) e 3aBucur or t:

U(t, 7) =exp((t —7)a),

u popmysa /lroamesnda npuHuaMaeT BUJ

t
y(t) = exp(ta)yo + / exp((t — 7)a) f(7)dr. (3.276)
0
PaccmorpuMm ypaBHeHTE

W _ ay(e) + bt . 9(0) = 3o (3.277)

r7e onepaTopsl a n b He 3aBucAT oT t. [lomaras

u nipuMensist popmyity (3.277), Mbl TIOJIyYaeM:

exp(t(a + b))yo = exp(ta)yo + / exp((t — T)a)bexp((a + b))yodr.

3aMeHsd B 9TOM YpaBHEHHH
b—b—a

M UCIIOJIB3Ysl IPOU3BOJILHOCTD Yo, MBI OJIYIaeM hopMyry
t
exp(th) — exp(ta) = / exp((t — 7)a)(b — a) exp(7b)dr. (3.278)
0
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Dopmyasl aguddepeHIUPOBaHNA YKCHOHEHTHI. [losioxkuM B dop-
myJe (3.278)

o= a(9) 0= a(8) + a5+ O((28)
u nepeitzem K npegeay AS — 0. Toxydanm
A eplta(9) = [ (e~ Na(@) D explra(yar. (3279
B wacrHoctu, eciun
a’(ﬁ) =a+ ﬂba

TO

4o D)o /1 exp((1 — 7)a)bexp(ra)dr (3.280)

ik p((a+ Bb))|s=0 = | oxp P : :

Dopmyus (3.279)-(3.280) unoraa nasesaior dopmystamn Deifnmana.
[Tonoxkum B dhopmyae (3.279)

a(B) = —texp(Ba)hexp(—fa),

Bocnosb3yeMcs dbopmyaoii (3.150) (cm. crp. 202) u morom mosoxum [ = 0.
Mpb1 moyunm:

[a, exp(—th)] = —/O exp(—(t — 7)h)[a , h]exp(—7h)dT (3.281)

rjie
[a , b] = ab — ba.

@opmyaa (3.281) maswBaercss dopmysoii Ky6o (nmpasaa, oHa BeIUCAHA B
HEIPUBBIYHBIX U151 [V1a3a QU3NKa 0003HAYEHUAX ).

Dopmyasl Beiikepa-Kembenna-Xaycaopda. Puszuku Ha3BIBIOT POp-
mynamu Beiikepa-Kemb6esuta-Xaycnopda (min dbopmytavu Beiikepa-Xaycaopda)
psia hOPMyJI, KOTOPBIE MOy YA0TCA KaK CAeICTBIHE H3BECTHON B T€OPUHU TPYIIIL
Ju dopmyasr Kembenna-Xaycnopda mias oneparopa In(exp A - exp B). Tlo-
JIVIAM HEKOTOpBbIe u3 Tux popMys. Mbl OyaeM cIuTaTh, YTO BCE OIEPATO-
pPbl OraHHYEHBI, XOTS Ha MPAaKTHKe (POPMYJIBI Yallle BCErO MPHUMEHSIIOTCS K
HEOTPAHHYEHHBIM OIIePATOPAM.

[Tomoxum

[A, B := AB — BA.
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Jlemma 3.10.19. Ecau
[A [A7 BH =0,

exp(A)Bexp(—A) = B+ [A, B,
exp(A)¢(B) = ¢(B + [A, B]) exp(A).
Hokazarenbctso. [lonoxkum
f(t) = exp(tA)Bexp(—tA).
Huddupennupys mo t, moaydaem:

% = exp(tA)(AB — BA)exp(—tA) = [A, Blexp(tA)exp(—tA) =[A, B].

f(t)=B+t[A, B).

Otciona ciaeayer nepsasg u3 J0Ka3biBAeMbIX (hOPMYJI, U3 KOTOPOH BBITEKAET
(em. dopmyay (3.150) ma crp. 202), uro

exp(tA)p(B) exp(—tA) = d(exp(tA)Bexp(~tA)) = ¢(B + A, B)),
YTO 9KBUBAJEHTHO BTOPOi popmy.te.
JlemMma 3.10.20. Ecau

[A,B]=C,[A,C]=[B,C]=0,

exp(A) - exp(B) = exp(%C + A+ B).
JlokazarenbcrBo. [Tomoxkum
f(t) = exp(tA) - exp(tB) - exp(—t(A + B)).

Torna

YV exp(tA)Aexp(tB) - exp(—1(A + B)) + exp(tA) - exp(tB)B exp(—1(A + B))~

exp(tA) - exp(tB)(A+ B) exp(—t(A+ B)) =
exp(tA)(Aexp(tB) — exp(tB)A) exp(—t(A + B)) = tC'f(¢).

Otciona caejyer, 94To

£(1) = exp(30).

JlemMa Jgokaszana.
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Samevanue 3.10.3. He cymecTByeT 3/1€eMeHTOB OaHaX0BOI areOpbl, KOTOPBIE
VIOBJIETBOPSIIOT PABEHCTBY

ab—ba =id

JTokaxkeMm 3TO yTBepzKjaeHue or mpoTuBHOro. IlycTh Takue 3jieMeHTbHI Cy-
ECTBYIOT. 'TOr/1a JOIKHBI BLITIOJIHITHCS PABEHCTBA

a’b—aba = a , aba — ba® = a,
IO3TOMY

a’b — ba® = 2a,
1 110 UHIYKIHH

Vn : @b — ba"™ = na" ",

CJIIOBATEILHO
vz nlla” | < 2flal[lb]lla" ],

4TO BO3MOXKHO TOJILKO B TOM ciydae, eciau |[a" | = 0, a orciona cieyer,

qr0a” ' =a"2?=...=a=0=id.

3.11 KomeHnTtapum u JuTepaTrypHble YKa3aHUSI.

3.11.1 OmpeneneHne JIMHEMHHOTO MTPOCTPAHCTBA.

HanmoMuuM ompejiesieHne JuHefHOrO (BEKTOPHOIO) MpOCTpaHcTBa. Jluueiinoe
IPOCTPAHCTBO -9TO KOMMYTaTHBHasl (abesieBa) IpyIia, Ha KOTOPOii ompe/eie-
HO TTOTUUHSIONTeeC STy AaKCHOM JIeiiCTBHUE TOJI CKaIapoB. B kadecTse moms
CKaJIAPOB Mbl OYy/JIeM PacCMaTpUBaTh TOJILKO JIBa HOJIS: MOJIE JICHCTBUTE b
HBIX 9HCeJT U 1M0JIe KOMILTEKCHBIX dnces. Ajnrebpandeckne cBOfCTBA AeficTBI-
TeJIbHBIX U KOMILJIEKCHBIX YHCeJ Mbl CIHTaeM M3BECTHBIMU, IIOITOMY OOIIETO
onpejiesieHus MoJIsd Mbl JTIaBaTh He OyaemM. OOIepHHATHIA CIIUCOK aKCHOM JIH-
HEITHOTO MPOCTPAHCTBA MBI TTPUBOINM HUZKE.

JIuneiinoe mpocTpancTBo L -3T0 MHOYXKECTBO, B KOTOPOM OIIPEJIe/IeHbI Olle-
parus CJI0KeHUs, CTaBdllas KaxKJIbiM JBYM 3jementamM a € L , b € L B
COOTBETCTBHE TPETUl /IEMEHT, 0003HAYaeMbIil CUMBOJIOM @ + b, 1 olrpepalus
YMHOZKEHUA Ha (KOMILTEKCHOE) YHCJI0, cTaBdaiasa Kaxkaomy qucay A € Cl u
37eMEeHTy a € L B cOOTBeTCTBUE 0D03HAYAEMBINl CIMBOJIOM AQ 3JEMEHT TTPO-
crpancrsa L. Ilpeanosiaraercs, 4ro onepamnuu CJAOKEHUS U YMHOXKKEHUS HA
YUCJIO YAOBAECTBOPSIOT CAEAYIONUM AKCHOMAaM.
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1. Cnoxenune acconuaTuBHO:
(a+b)+c=a+ (b+c).
2. CymectByer Takoit saement 0 € L, 410
VieeL):a+0=04+a=a.
3. Hust kaxk 1010 sjementa a € L cyuecrByer Takoil sjiement (—a) € L, uro
a+ (—a) =0.
4. Cnoxkenne KOMMYTAaTHBHO:
VeeL,bel):a+b=>b+a.
Omepanust yMHOYKEHWS HA YUCIO0 YIOBIETBOPSIET CJIEIYIONHM aKCHOMAM.
5. V(a cC',peC',acl):alpa)=(af)a.
(OzGCl,a bel):ala+b) =aa+ ab.
(aECl ﬁe@l a€l): (a+f)a=aa+ fa.
VeelL): 1 -a=a.
Akcuombr 1-3 3amaior B L cTpyKTypy TpyIIbl, akcuoMa 4 yTOdHSET, UTO
9Ta Irpymnna KoMMyTaTuBHa (abeseBa), akCHOMBI b-7 3a7ai0T B L CTYKTYypy
MOJLYJIST HAJT TTOJIEM, aKCHOMa, 8 YTOUHSET, 9TO ITOT MOJY/Ib -YHUTAPHBII.
He Bce akcmomMbl 1-8 He3aBUCUMBI: HEKOTOPBIE U3 HUX MOYKHO BBIBECTHU W3
JIPYTHX, HEKOTOPBIE MOYKHO chopMyIHpoBaTh B Oosee ciradoit hopme, OTHAKO
cuucok 1-8 yjio0en u sgBjigercs OOIENPUHATBIM.

[Ipumepb! JIMHEHHBIX TPOCTPAHCTB OOIEN3BECTHBI U MBI He Oy/1eM Ha HUX
OCTAHABJIMBATHCS.

3.11.2 Ompenenerane PakTOP-IIPOCTPAHCTBA.

HanomuuMm onpeenenue ¢pakTop-IpOCTPAHCTBA JUHEHHOIO MPOCTPAHCTBA.
[Iycts L -nuneitHoe mpocTpancTBo U L D Ly -TuHEiHOe TOAIPOCTPAHCTBO
npocrpancTsa L. Bejgem B npocTpancTBe L COOTHOIIEHE SKBUBAJEHTHOCTH,
TOJTIOYKUB
a~a ,ecma—a € L. (3.282)

Ilyers L/ Ly -daxTop MHOKECTBO MHOXKeCTBA L MO COOTHOIICHHIO IKBUBA-
aentHoctu (3.282) u mycth [a] € L/ Ly -TOT KJIacC SKBUBAJEHTHOCTH, KOTO-
poiit cogepzkut ssement a € L. Tlpesparum muoxectBo L/Lg B juneiinoe
MPOCTPAHCTBO, TOJIOZKWB 110 OMPEeIETIEHITIO

ala] + B[b] == [aa + Bb). (3.283)
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KoppekTHOCTH 3TOT0 Olpe/iesieHusd cieayer u3 Toro hakTa, 9ro Lo -JInHeiHOe
IPOCTPAHCTBO M MOITOMY IpaBas 9acTh (3.283) He 3aBHCHUT OT BHIGOpPA MPE]I-
cTaBUTeell B KIaccaX IKBUBAJIEHTHOCTH.

MHOKeCTBO KJIACCOB 9KBHBAJEHTHOCTH 110 COOTHOIIEHHIO (3.282) ¢ ompe-
JeJIeHHBIME cOOTHOIIeHHeM (3.283) omepanusiMu JIMHEHOTO MPOCTPAHCTBA
Ha3bIBaeTCd (PaKTOP-MPOCTPAHCTBOM IIPOCTPAHCTBA L MO MOANPOCTPAHCTBY
Lyg.

3.11.3 Ompeneserane MpaMoii CyMMbI ITPOCTPAHCTB.

[Iycts [ -mpom3BOJIBHOE MHOZKECTBO MHJIEKCOB W MYCTh KaxKIoMy 7 € [ mo-
CTaBJIEHO B COOTBETCTBUE JIMHEIHOe TPOCTPAHCTBO L, HAJ OTHUM U TeM XKe
moJieM CKaJasapoB. PaceMoTpum MHOXKecTBO (hYHKIMIA

I>7T—a(r) €L,

¥ IPEeBPATUM 3TO MHOXKECTBO B JIMHEHHOE ITPOCTPAHCTBO, TOJOXKUB IO OIIpe-
JIeTTeHUTO

(a4 Bb)(7) := aa(r) + Bb(T) € L,.

D70 JuHEHHOE TPOCTPAHCTBO HA3BIBACTCS MPSIMON CyMMOil JIMHEHHBIX MIPO-
cTpaHCTB L, M 0603HAYAETCS CHMBOJIOM

@ZLT.

Tel

B kavecTBe mpuMepa MOg00HON KOHCTPYKIIMH MOZKHO PACCMOTPETH TPOCTPaH-
ctBo RY. B 3TOM c1yuae MHOMKECTBO HHAEKCOB | -3TO OTPE30K HATYPATILHOTO
paga {1 <7<d}, L, =R'u

R = @ Z R!.

1<r<d

JIpyroii mojxo K MOHATHIO MPSMONW CYMMBbI JIMHEHHBIX TPOCTPAHCTB JaeT
CJTeTYIOast KOHCTPYKITHS.

ITycte L -ymmeiinoe nmpocrpancTso m nmyctb L D Ly , 1 < 7 < n -
JIMHEeRHBIIe TTOAMPOCTPAHCTBA TPOCTPAHCTBA L, KOTOPBIE YIOBJIETBOPSIOT CJIe-
JIYIOIIEMY YCJIOBHIO: KarK/IbIi 9JIEMEHT @ IPOCTPAaHCTBa L eduncmeertvim 00-
Paszom TPeCTAaBUM B BHU/IE

a:Zaj, a; € Lj.
J
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B sToMm cirydae roBop4T, 4TO JUHERHOE IPOCTPAHCTBO L pa3I0KeHO B IPAMYIO
CYMMY IPOCTPaHCTB L;:
J

Uznoxxennbie B 910 Ty1aBe baKThl Teopun O0AHAXOBBIX ITPOCTPAHCTB, TIO
CYIIECTBY, SABISIOTCA MPOCTEHITHM “OeCKOHEYHOMEPHBIM' 000DIIeHneM H3-
BECTHOM YMTATE/I0 TEOPUU MATPUI] U OLEPATOPOB B KOHEUHOMEPHOM JIMHET-
HOM ITPOCTPAHCTBE U €CTh MPAKTUYECKH B KazKJIOM y4eOHUKe (DYHKITHOHAD-
HOorOo anHaiam3a. Kiaccudeckumu ydaebHUKaMu siBjsiiorcss kauru (21, 27, 18|.
IIpocToe m3si0KeHNe HaYaAI TeOpUH OAHAXOBBIX MPOCTPAHCTB €CTh B YIeOHU-
ke [33]. Kparkoe u paccuuTanHOe HA MOATOTOBJICHHOTO YATATES H3JTOKEHHE
OCHOB TeOpuH GAHAXOBBIX MPOCTPAHCTB ecTh B [32]. O6Gcrosrenbroe u3I10-
JKeHHe OCHOBHBIX MPUHIMIOB duTaresb Haiiger B [40]. Muoro muTEpecHbIx
dbakToB Teopuu GaHAXOBBIX MPOCTPAHCTB YUTaTE b y3HaeT u3 Kuur [19, 20].
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I'1aBa 4

' mab0epToBBI IIPOCTPAHCTBA.

4.1 OcHOBHBIE ONpeaeJIeHN.

Mpbl paccMarpuBaeM JIMHEHHbBIE POCTPAHCTBA HAJL 1OJIEM KOMILJIEKCHBIX YH-
cest (ecsim sBHO He orosopeno jpyroe) u ecau z € C') To cumpos z* 06o3na-
JaeT 9HCI0, KOMILICKCHO CONPAKeHHOe YUCIY 2:

VieeR beR) : 2 =a+ib, 2* =a—ib.

4.1.1 CxkajagpHoe TpPoOU3BEIEHNE U HOPMA.

CxasgpHoe Tpon3BeIeHNe Ha, JIMHEHHOM POCTpaHcTBe L -310 (hyHKIHS
< , >:LxL—C

KOTOpPad YIOBJICTBOPAET CACAYIONAM AKCAOMAM.
1. CkaJisipnoe npou3BeieHne JUHEITHO 110 BTOPOMY apryMeHTY:

VeeL,beL,ceL,acC!, pgeCh),:
<c,aa+pb>=a<c,a>+p<c,b>.

2. CKaJIIpHOE HPOUU3BEIEHHE KOCOCHUMMETPUIHO:
VieeL,bel): <a,b>=<b,a>".
3. CkajgpHoe IpOu3BeIeHUE HE BHIPOK/ICHO:
Veel): <a,a>>0, (<a,a>=0) < (a=0).

Onpenenenne 4.1.1. Jluneiinoe 1poCTPAHCTBO BMECTE C OLPEJICJIEHHBIM Ha,
HeM CKaJISIPHBIM IPOU3BE/eHUM HA3bIBAETCsl YHUTAPHBIM HPOCTPAHCTBOM.
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BwmecTo ycioBus JIMHEHHOCTH CKAJIAPHOTO MPOU3BEICHHS 110 BTOPOMY ap-
CYMEHTY 9aCcTO IPUHUMAIOT YCJIOBHE JIMHEHHOCTH CKAJISPHOIO MPOU3BEICHHST
IO EPBOMY apryMeHTy. MBI OyaeM c1eI0BaTh CIOXKHUBIIEHCS B MaTeMaTHde-
cKoft (pusmKe Tpa MU,

B mpsamoit cymme yHUTApHBIX ITPOCTPAHCTB

J
CKaJIdpHOE IIPpOU3BeaAeHne BBOAUTCA I10 CbOpMyJIe

V(CLEH,bGH)Z <a,b>:Z<aj7bj>j7ajGHj,bjGHj,

J

rae <, >; -CKaJdpHOe IPOU3BeJeHne B IpocTpaHcTee f.

Teopema 4.1.1. Ckanaproe npouseedenue Ha YHUMAPHOM NPOCTMPAHMCEE
ydosaemeopaem HepaseHcmaey

VaeL,bel):|<a,b>|<<a,a>"?<b,b>"2. (4.1)
JTokazareabcTBo. JlocTaTouHo paccMOTpeTh Ciydait
<a,b>#0.
B mepasencrse

V(zeCY: <za—27'h, za—2"'b >=
|z <a,a>+|z]7? <b, b>—2Re (exp(—2iarg(z)) <a,b>)>0

ITOJIOZKHUM

<b,b>\"*
= — 0), 0=(1/2 b
= (S22 ewlio), 0= (/2arg(< 0. b>)

[Monyuanwm (4.1).

Hepagencreo (4.1) B MaTeMaTu4ecKoil JuTepaType Ha PYCCKOM S3bIKe Ha-
3BIBIOT HepaBeHCTBOM Komu-bByHakoBckoro. B MaTemaTndeckoil muteparype
Ha aHTJIMHCKOM sI3BIKEe 9TO HEPpaBEHCTBO HA3BIBAIOT HepaBeHCTBOM KoIru mim
nepasencrsom [IIBapiia.

Teopema 4.1.2. Ha ynumaprom npocmparcmee Gynruus
L3aw<a,a>"cR} (4.2)

y0do8AEMBOPAEN YCAOBUAM HOPMbL.
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HokazarenbeTBo. HeBBIPOKIEHHOCTD W OJJHOPOJAHOCTD by HKIWH (4.2) 0ve-
BUIHBI. J[oKazkeM HEpaBeHCTBO TpeyroJbHUKa. MMmeem:

l'<a+b,a+b>=<a,a>+<b,b>+2Re<a,b><
<a,a>+<b,b>42<a,a><b,b>)/=
(<a,a>)"?+(<b, b>)?)2
CaenoBaTesbHO,
lla+ bl < l[al| + [[o]-

VTBepK/IeHre JJOKA3AHO.

Onpenenenne 4.1.2. YHuTapHOE IIPOCTPAHCTBO BMECTE C ONPEICJICHHON Ha,
HEM HOPMOM
lall =< a, a " (4.3)

HA3BIBACTCS MIPEJITHIBLOEPTOBBIM MPOCTPAHCTBOM.

BoluncieHneM mpoBepseTcs, 4To Onpe/ieeHHas paBeHCTBOM (4.3) Hopma
VJIOBJETBOPSET PABEHCTBY MapaJsuiejoraMMa;

Ve H,yeH): |z+y|*+ o —yl* = 2(|=l* + [ly]]*)- (4.4)

B npearuas6eproBoM MpoCTpaHCTBe HepaBeHCTBO (4.1) MoxKeT GbITh 3amuca-

HO B BHJE
| <a,b>]|<al o] (4.5)

B jeficTBUTE/IHbHOM €BKJIMIOBOM TPOCTPAHCTBE 3TO HEPABEHCTBO O3HAYAET,
9TO MOJIyJIb KOCUHYCA YTJIa MeHbIle U PaBeH eJINHUILE.
CxajsspHOe MPOU3BeeHIe B MPIMOil CyMMe YHUTAPHBIX MPOCTPAHCTB MO~

POXKIaeT HOPMY
le> al> = llal*
J J

13 onpeieieAns HOPMBI B YHUTAPHOM ITPOCTPAHCTBE U HepaBeHcTBa Koru-
ByHAKOBCKOTO BBITEKaeT OUeBUTHAS

Jlemma 4.1.1. Cnpasedauso pasencmaeo
[z]] = sup{| <y, z>[] [yl <1} (4.6)

Onpenenenne 4.1.3. ['uapbepTOBO MPOCTPAHCTBO -3TO HPEATHILOEPTOBO
POCTPAHCTBO, KOTOPOE eCTh BAHAXOBO IIPOCTPAHCTBO (T. €. MOJHOE HOPMH-
POBAHHOE MPOCTAHCTBO) OTHOCHTENILHO HOPMEL (4.3).
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[Iycth Lo -mpearunaibbepToBo IPOCTPAHCTBO U MYCTh L -IIONOJTHEHHE IIPO-
crpancrBa Ly Kak baHaxoBa IpocTpaHcTBa. OmnepaTop BIOKEHUs

J:L0|—>L

JINHEEH, M 9TO IO3BOJISIET 33aTh CKAJISIPHOE IPOU3BeIeHIe Ha TUHEITHOM MHO-
roobpasuu J(Lg) C L, MOJOKHUB MO ONPEICTeHHIO

V(ae€ Ly, be Ly): < J(a), J(b) >=<a,b>.

[To HEMpPEepPBIBHOCTH 3TO CKAJISIPHOE MPOU3BEIEHNE MOYKHO PACITPOCTPAHUTD
Ha BCe IMPOCTPaHCTBO L u mpeBparuTh L B rmiib0epTOBO IpocTpaHcTBo. 1lo-
JIVIEHHOE THJIBOEPTOBO IPOCTPAHCTBO HAZBIBAETCS MOIOJHEHHEM IPEeITHIhb-
OeproBa npocrpancTBa Lg. ['nibpbepToBo HNpoCcTpaHcTBO 0OBIYHO 00O03HATIOT
cumBoJioMm H.

Ckansiproe Tpou3BeieHne B THIbOEPTOBOM TpPOCTpaHcTBe H, MbI Oymem
0003HAYATD CUMBOJIOM < , >>,.

PacemoTrpum mpuMeph.

Hpumep 4.1.1. TIpoctpancrso L*(D , pu(dz)). Mycrs D C R u L2(D, u(dx))
onpeeneno kak B 1.1.14 (cm. crp. 44). TIpesparum npoctpancrso L2(D |, u(dx))
B TUJIOEPTOBO POCTPAHCTBO, HOJOXKUB 1O OIIPEIETEHUIO

V(f € L*(D, p(dr)), g € LQ(D p(dx))) -
<f,9>= /f dx). (4.7)

Nurerpan B (4.7) cymecTByeT B CUTy HEPABEHCTBA

| (@)g(@)] < £ (@) + lg(x)]*.

[Tonnora npocrpancrsa L2(D , pu(dz)) ects crencrsue Teopembl Pucca-®uimepa
1.1.6 (cMm. crp. 43).

ITpumep 4.1.2. TIpocTparcTBo [2. DieMeHTaAMN TTPOCTPAHCTBA [2 ABIAIOTCS
TaKue YUCJOBBIE IOC/I€/I0BATE/ILHOCTU

a={aj|la; €C', 1<j<oo}

> a? < o

1<j<00

q9TO

[IpocTpancTBOo [? MOKHO paccMaTpUBATh KaK YaCTHBI CIydail IpoCTPaHCTBa,
L*(D, u(dr)) upu D = R, ecan cunrars, uro Hocuresb Mepbl u(dr) ectb
MHOZKECTBO TEABIX duces Z.
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CTpyKTypa JAHHEHOro IPOCTPanCcTBa Ha [2 3a1aeTcda (popMy.Ioil
aa + Bb = {aa; + (b;}.

CkaJigpHOe IIpou3Be/ieHne Ha IIpocTpaHcTse [ 3a1aerca hbopMy.Ioit

<a,b>= Z a;b;.

1<j<00

[TosmHOTA TPOCTPAHCTBA [2 €CTh creacTBre TeopeMbl Pucca-®@umepa 1.1.6 (em.
crtp. 43), Tak Kak CyMMYy MOXKHO DAacCMATpPHBATh KAaK WHTErpaj MO Mepe,
HOCHUTEJIb KOTOpOfI eCTb MHOZKECTBO LeJIbIX YHCeJI.

4.1.2 OproHOPMUPOBAHHLIE CUCTEMBEI.

Omnpenenenne 4.1.4. Daements! f, g ruipbeproBa npocrpanctsa H opro-
ronasbHbl (06o3HaueHue: f1g), ecau

< f,g>=0.

Onpenenenne 4.1.5. Cucrema snementosn {e; | j € I} C H ruansbeprosa
npocTpancTBa H HA3BIBACTCA OPTOHOPMUPOBAHHOI, €CJIn

<e,e;>=00, V(i#j):6i=0,Vi:6 =1

[IpuBejieM npumMepbl OPTOHOPMUPOBAHHBIX CUCTEM.

B mpocrpancrse [? OpTOHOPMHPOBAHHYIO CHCTEMY 3JEMEHTOB e ,Jj =
1 ... cocTaBASIOT BEKTOPBI, y KOTOPBIX KOOP/IMHATA C HOMEPOM j PaBHA €/1u-
HHUIIE, & BCE OCTAJIbLHBIE KOOPJIMHATHI PABHBI HY.JIIO:

e;={0,0...0,1,0...}.

B npoctpancrse L2([0, 1], dz) OpTOHOPMEPOBAHHYIO CHCTEMY 3JEMEHTOB CO-
CTABJIAIOT BEKTOPBI

eo(z) =1, eg;(x) = V2co8(2mjx) , egj1(x) = V2sin(2mjz) , j=1 ...
OpToHOpMHUpPOBaHHAS CHCTEMA HE 00s3aTeIHHO CYeTHA.

Omnpenenenne 4.1.6. Eciu {e; | j € I} C H -opTOHOPMEPOBAHHAS CHCTEMA
9JIEMEHTOB, TO YHCJIA
<ej, f>

HazbiBaorcs Kodbdunuenramu Pypoe snementa f € H 1o oproHopMupo-
BaHHOIL cucTeme {e;}.
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Jlemma 4.1.2. [Iyemo {f; | 1 < j < oo} C H -npoussoavras cuemnas
CUCTREMA dAEMERMO8 2usvbepmosa npocmparcmea H u

L, = Span{f1a~~fn}'

Tozda cywecmeyem makas CUEmMHaA 0OPMOHOPMUPOSAHHAA CUCTIEMA (YHK-
yut {e; | 1 <j < oo}, umo

L, C span{ey,...e,}

JlokazaresbcrBo. JlokazarejbcTBO TpOBOAMM MHAyKIuedl 1o n. locra-

TOYHO PACCMOTPETH CIy9ail, Korma Ipu Kazk oM n cucrema byukmmit {f ..., [}
JimHeiHo nezaBucuma. /s n = 1 nojgoxum

er = fi/llf1]l-
Ecmm

f(n+1) g Span{el g en})

TO IIOJIOZKUM

€(n+1) = M(f(n+1) - Z <ej, f(n+1) > €j)-

1<j<n
OueBuiHO, 9TO
V(ii<n): <emsr), e >=0;emyr) #0.
[Tapamerp p BbIOEpEM U3 yCJIOBUS

”e(n+1)H =1L

Nmeem:

1
font1) = ;e(nﬂ) + Z < ej, fm+1) > € € span{er ... et}

1<j<n

JlemMa, JoKa3aHa.
[IpssMBIM BBIMHCIEHEEM JOKA3bIBAETCS

Jlemma 4.1.3. Ecau {e; | 1 < j < oo} -opmonopmuposannas cucmema
INEMEHTNOB, TNO CNPABEIAUBO PABEHCTNEO

Vo |lf = Y aselP=11FIP= D I <e, f>P+ D lay—<e, f>]
1<j<n 1<j<n 1<j<n

(4.8)
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W3 sToro paBeHCTBa BbIT€KaeT

Caencteue 4.1.1. Ecau {e; | 1 < j < oo} -opmonopmuposarnas cucmema
INEMEHMOB, O CNPABEINUBH, HEPAEEHCTNGA:

Yoy If = Y. <ei feell <If— D aell (4.9)
1<5<n 1<j<n

Yo ol<e fEP<IfI (4.10)

1<j<00

Hepasencrso (4.10) nasbiBaercs nepasencrsom Beccess.
13 HepasencrBa Beccens ciemyer, 4ro ajs jiro6oii OPTOHOPMUPOBAHHOM
cucreMbl u Joboro f € H psn

Z<€j,f>€j

J
CXOJIMTCS 110 HOpME 1pocTpancTsa H.

Omnpenenenne 4.1.7. OproHopmupoBaHHas cuctema eMeHTos {e; |€ [}
HA3bIBACTCs TOJTHOM, eC/M He CYIIECTBYeT OTJIMYHOIO OT HYJIsl BEKTODA, KO-
TOPBIHl OPTOrOHAIEH BCeM BEKTOpaM cucTeMsl {e; |€ I}:

(Ve;: <ej, f>=0)=(f=0).

Jlemma 4.1.4. Ecau opmonopmuposartas CUCmema cHemma, mo oG noAHG
8 MOM U MOALKO MOM CAYYae, ECAU

V(feH):fIP= ) I<e. f>] (4.11)

1<j<00

HokazarensctBo. Eenm amement f € H opTOroHaeH BCEM 3T€MEHTAM
cucremsl {e; | 1 < j < oo}, To u3 ycnosus (4.11) caenyer, uro f = 0,
nostomy u3 (4.11) ciaeayer nosmnora cucremsl {e; | 1 < j < oo}. s smo6oro
f € H »nement

g:f_ § <€j,f>€j
1<j<00
OpTOTrOHAJEH BceM daeMeHTaM cucreMsl {e; | 1 < j < oo}. Ecin cucrema
{e; |1 <j < oo} nosna, 1o g = 0. YMuOxKast paBeHcTBo ¢ = 0 CKaIAPHO Ha
f, mosiyauM paBeHCTBO

0=IfIP= D I<e, f>

1<j<0
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JlemMa, 1oKa3aHa.
Eciu opronopMupoBaHHasi cHCTeMa CYeTHA, TO IOJOXKHB B PaBEHCTBE

(4.11)
= f+Ag

U HPUPABHSB CJaraeMble MPU OJMHAKOBBIX CTEINEHAX A, Mbl Oy YUM

Jlemma 4.1.5. Cuemnan opmoropmuposannasn cucmema {e; | 1 < j < oo}
NOANG 8 MOM U MOALKO TOM CAYUGL, eCAU

V(feEH, geH): <f,g>= > <f,e><e,g>. (4.12)
1<j<0
Papencrso (4.12) HassiBaeTcs paBeHcTBoM [lapceBadis.

Onpegenenune 4.1.8. ['uipbepToBo mpocTpancTBo H cemapabenbHO, ecJid B
HEM CYIIECTBYET CYETHOE BCIO/Y ILJIOTHOE MHOZKECTBO, T. €. TAKOE MHOZKECTBO
{f; 11 <j < oo}, uro

H=CI({f;|1<j<oo}). (4.13)
Teopema 4.1.3. [uavbepmoso npocmparcmeo cenapabesvHo 6 mom U mosb-

KO MoMm cayvae, eCau 8 HeEM CYuecmaeyemn cuemuad noaHaAd OprmoHopmMuUpo-
GAHHAA CUCTINEMA INAEMEHTTOE.

JokazarenbcrBo. [lycth ruinbeproBo mpoctrpancTtBo H cenapabenbho,
muozkectBO {f; | 1 < j < oo} ymorerBopsier yciaosuto (4.13) u oproHOp-
muposanHas cucreMa {e; | 1 < j < 0o} yI0BIETBODSET YCIOBHIO

Vn :span{f; |1 <j<n} Cspan{e; | 1 <j<n}. (4.14)
Jis kaxkmoro snementa f € H cymecrByer Takas I10CJ€I0BATEILHOCTD
fn(j), 1 <7 < o0, uto
If = fall = 0, j — oo

[Iyctn
fag) = Z A(n(j) i) Ei-

1<i<n(j)
113 mepasencrsa (4.9) caeyer, 4ro

V(n>n(j)): |If - Z <e, [ >el <

1<i<n

If= > awg.ell® =I1f = fapl> =0, j — .

1<i<n(j)
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CJie10BaTEIBLHO, YI0BIETBOPAIONIAs YCI0BHIO (4.14) OpTOHOPMUPOBAHHAS CH-
creMa ToJTHA. Temepb MPeNOIOKIM, YTO B TUIABOEPTOBOM IpOCTaHCTBe H
CYIIECTBYEeT CueTHAasl IIOJTHAS OPTOHOPMUPOBAHHAS CHCTEMa JJIeMEHTOB {e; |
1 < j < oo}. Pacemorpum mMuOKecTBO DyHKIHMI BHIA

E (a; +ibj)ej, aj , b; — pauuonaabuer,n =1 ...
1<j<n

DTO MHOXKECTBO CIE€THO U BCIOY T10THO. Clie0BaTe/IbHO, THIBOEPTOBO MPO-
crpacTBo H cemapabenbHo. Teopema jgoka3ana.

Onpenenenune 4.1.9. Ouepatop
U € L(H, — Hs)
HA3BIBAETCS U30METPUIECKUM, €CJIU
V(feH ,geH): <Uf,Ug>=<f,g>1.

Jlemma 4.1.6. Onepamop U ecmbv uzomempuueckuti onepamop 6 mom u
MONDKO TOM CAYYUGE, €CAU

V(f € Hi): (|Uf| Hol* = ||f | Hul
JlokazarenbcTBo. /locTaTOYHO B paBEHCTBE
IU(f +Ag) | Hall* = [I(f + Ag) | Hulf?
IPUPABHATDH CJaraeMble ¢ JHHEHHON W COMPsKeHHO-TUHEHHON IO A 9acThIO.

Onpenenernne 4.1.10. 3omerpuueckuii oneparop U Ha3bIiBaeTcd yHUTAP-
HBIM, €CJIH OH ODpaTHM:

U U =07 =id.

Teopema 4.1.4. Ecau 6 2uavbepmosom npocmpancmee H cyuwecmeyem cuem-
HAA NOARAA OMPMOHOPMUPOSAHHAA cucmema sremenmos {e; | 1 < j < oo},
MO CYUWECEYEMm YHUMAPHOe 0Mobpasicenue Imozo NPoCMPaHCMea Ha npo-
cmparcmeo 2.

JoxkazarenscrBo. Orodpazkenne U crpontes mo (popmyie
V(feH):Uf ={<e;, f>[1<j<oo}.
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O6patHoe oTobpazkeHue BBIYHCIAETCA 110 hopmyJie

({O‘J} Z Q€

1<j <00

N3 noxazanHoit TeOpeMbI CJIEIYeT, UTO BCe cenapadesibHble THIHOEPTOBBI TPO-
CTPAHCTBA, MO-CYIIECTBY, OJMHAKOBHI: KaK T'MJIBOEPTOBBI ITPOCTPAHCTBA OHU
VHATAPHO H30MOPQHBI IPOCTPAHCTBY (2.

[Iycte Hy, Hy, Hy -cenapabeibHble THILOEPTOBBI NpocTpancTsa, U; -
YHUTapHbIe 0TOOpakeuust nmpocrpaucts H; 8 Hy, A € L(H, — H,) , A -
onepaTop, KOTOPBIH Jle/IaeT KOMMYTATUBHON AUaArpaMMy:

H1L>H2

al e

HOLHO

flcwo, uTo m3ydenme omeparopa A MOXKHO CBECTH K H3YUEHHIO OMEpPaTopa
A, nosromy B ciaydae cenmapabesbHBIX THILOEPTOBBIX MPOCTPAHCTB MOXKHO
OrpaHUYIUThCs u3ydenuem npocrpancrsa L(H — H).

[IpuBeiem npumep HecenapadeIbHOrO r'uIbOePTOBA IPOCTPAHCTBA U HECUeT-
HOU OPTOHOPMHUPOBAHHOU CUCTEMBI.

[Iycth Lo -nmuHeiiHOE TPOCTPAHCTBO (DYHKIUN BUIA

feLly: f(z) = Z a;exp(iNjr), \j ER', —co <z <oo,n=1...

1<j<n

Ompenenum Ha Ly cKaJIgpHOE IPOU3BEICHUE

V(felo,g€lo): <f, g>—hm—/f (x)dx.

a—o0 24

[Iycts H -ionnoninerwne Ly OTHOCUTEIHHO HOPMBI, HHYTHPOBAHHON STUM CKa-
JISPHBIM Tpou3BejieHneM. B 1mojiyuenHOM rujiboepTOBOM POCTPAHCTBE CUCTE-
Ma, 3JIeMEHTOB

ex(r) = exp(idz), A € R!
OPTOHOPMHUPOBAaHA U HECUETHA, a CaMO NPOCTPaHcTBO H HecenapabesbHO.

276



4.2 Teopema Pucca 06 obimemMm Buae JMHEITHOTO
dbyHKIMOHAJAa B TMJI0EPTOBOM MPOCTPAH-
CTBe.

HanmomumMm, 4ro MHOXKecTBO M B JMHEHIHOM IPOCTPAHCTBE HA3LIBACTCH BhI-
IYKJIBIM, €CJIN

VeeM,beM,aec(0,1)):aa+ (1 —a)be M.
Creyromast TeopemMa 9acTo HA3bIBAETCS TeopemMoii JIeBu.

Teopema 4.2.1. B 3aMKEHYMOM SWNYKAOM MHOMCECMEE 2UuAbOEPTNOBA NPO-
CMPAHCMEA CYUWECTNEYEM, IAEMEHI, € HAUMEHLULET, HOPMOTL U IMOM, IAEMEHTT
eduHCmeeHeH.

JokazarenbctBo. [lycth M -3aMKHYTOE BBINIYKJIOE MHOYKECTBO B THJIb-
GeprosoM 1pocrpancrse H. Muoxkectso {||z|| | € M} orpanudeno cuusy,
II09TOMY Y TOI'O MHOZKECTBA CYIIECTBYET TOUHAsl HUXKHss TPalb d U CyIie-
CTBYeT TaKas MOCJeJI0BaTeIbHOCTh {2, } C M, uro

lim ||z, = d = nf{||z|| | z € M. (4.15)

B cuny paBeHCTBa mapaJesiorpaMa

1 2 1 2
V(m > 0) : Hﬁ(xn + x(n+m))H + HE(-Tn — x(n+m))H —

1
5 (el + lzem|?) = @, n — oc. (4.16)
Ho B custy Boinykjaoctu MmHoxkecta M:

1
5(1'“ + I(n+m)) e M,

O3TOMY
2

> d?,

1
V(n,m): Hé(xn + Z(ntm))
u u3 (4.16) craeayer, 9To
sup{||zn — Tnmyl| | 1 <m < o0} — 0, n — oo.

Mpl j10Ka3a/IH, 9TO YIOBJIETBOPSIONAs yCIo0BuIO (4.15) mocIe10BATeIbHOCTD
dbyunamentanbaa. [lycrs mociegoBaTeabHOCTh {2, } yIOBIETBOpPSIET YCJIO-
suto (4.15). Tak kak MHOXKecTBO M 3aMKHYyTO, TO

Axg € M)z, = o, ||zo]| =d.
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IIycThb () -IpOnU3BOJIbHBIN 3/I€MEHT, KOTOPBIN Y/I0BIE€TBOPET YCIOBHIO
/ AT
(zo € M), ||lzgll = d.
Torma MoI7KHA CYIECTBOBATH Takas MOCIeI0BaTebHOCTE {2} C M, 1aTo
/ N / N
x, — Ty, N — O0.

ITociie toBaTeILHOCTD
/ /
$1,$1,$2,$‘2,

VIOBJIETBOPsieT yeaoBuio (4.15) u mosromy dbyumamentaibaa. Ciie1oBaTeb-
HO, Ty = x(,. Teopema jgokazana.
[Tycte M -tipon3Bo/IbHOE MHOXKECTBO B I'MJILOEPTOBOM TIpocTpaHcTBe H.

Onpegenenune 4.2.1. MuoxkecTBo
Mt r|VYyeM): <y,z>=0} (4.17)
HA3BIBAETCS OPTOTOHAJBHBIM JIOIOJTHEHHEM MHOXKecTBa M.

Jlemma 4.2.1. Jlaa awb020 muooscecmea M e2o opmozonasvhoe donosnerue
M+ ecmu samxnymoe aunetinoe noonpocmpancmeo 6 H u (Cl(M))t = M+

JokazaTenbcTBo. OyHKIHS
T—<y,T>
HEIIPEPBIBHA, MOITOMY MHOZKECTBO
{z <y, z>=0}
3aMKHYTO Ipu Jirodoom y € H. MHoxkecTBO

M+ = ﬂ{x|<y,x>:0}
yeM
3aMKHYTO KaK IIepecedeHne 3aMKHYTBIX MHOMKECTB.
Ecm z; € M+, 2y € M+, 10
Viye M): <ary+fry,y>=a" <x,y>+0"<x9,y>=0,
MO3TOMY
ary + 61’2 S ML.

Crenosarensno, M+ -auHeiiHOe TOAIPOCTPAHCTBO.
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W3 priaouenusa

M c Cl(M)

cjaeayer BKJIIOYEHUE

(Cl(M))*: ¢ M*.

[Iyctn
r€ My, €M, y, — yo € Cl(M).
Torna
<z,y >= lim <=x,y, >=0,
O3TOMY

r € (CI(M))*, M+ c (CY(M))* .

JleMMa mokazaHa.
Caenyiomas TeopeMa, Ha3bIBae€TCs TeopeMoii JIeBu o mpoekimu.

Teopema 4.2.2. Ecau Hy -3amrxnymoe autetinoe nodnpocmparHcmeo 6 2uib-
bepmosom npocmparcmee H, mo 6ce npocmparncmeo ecmv npamas CYmma

H = Hy,® Hy. (4.18)
JoxkazareancrBo. [Iycts © € H. MuOXKecTBO
M={x—yl|y€ Hp}

eCcTh 3aMKHYTO€ BBIMYKJI0e MHOXKeCTBO. [IycTh (x — 1) -91eMeHT ¢ HanMenn-
meit Hopmoit B muoxkecrse M. CorytacHo Teopeme 4.2.1 Takoil ajemMeHT Cy-
IECTBYET M OH €JMHCTBEeHEH. TaK Kak 3JeMeHT (T — yo) UMeeT HauMeHbBIITY 0
HOPMY Cpen BCeX 3JIeMeHTOB MHOxKecTBa M, TO

d
V(w € Hp) : EHI—?JO"‘ZUJWL:OZO’
d .
V(w € Hy) : d_Hx—yo—l-zszQ’z:O:O’
z
Breruncagsa IIPOU3BOJHLIC, MbI IIOJIy4Ya€M:

Y(we Hy): <z —yo,w>+<z—1yp, w>"=0,
Vwe Hy): <z —yo,w>—<x—1y,w>"=0.

CienoBaTesbHO,
(x — o) € Hy.

Tenepnb ocTagoch 3aMeTUTH, UTO

T =Y+ — Yo
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EnuncTBeHHOCTD paszsoxkenus (4.18) ciemyer u3 Toro dbakra, 410
VH, : HoﬂHL = 0.

Teopema mokazana.

BameTnM, 9To TpocTPancTBO Hg- MOKeT GBITH OTOXKAECTBIEHO ¢ (haKTOP-
IPOCTPAHCTBOM IpocTpancTBa H 1o npocrpancrsy H.

Crenytommast TeopemMa CaeayeT W3 TeOpeMbl JIeBu W HA3BIBAETCS Teope-
Moit Pucca o mpejcraBiennn JJUHEHHOTO (DYHKITHOHAIA B THJILOEPTOBOM IIPO-
CTPAHCTBE.

Teopema 4.2.3. Fcau H -2uavbepmoso npocmparcmeo, mo s 41006020 su-
Hetino20 Henpepueno2o dynryuonara | € H* cywecmeyem makxol sexmop
y(l) € H, wmo

Vze H): l(z)=<y(), z>. (4.19)
Yoosaemeoparowut yeaosuro (4.19) eexmop y(l) eduncmeenen.

HokazaresnbeTBo. EnuHCTBeHHOCTD IpeicTaBienus (4.19) cieayer u3 HeBbI-
POXKIEHHOCTH CKAJISIPHOTO IMPOU3BEIEHUS:

ecmVr @ l(z) =< y(l), x >=<y1(l), x >, roy(l) = y:1 ().

Hokazkem cyrmectpopanue npencrasienns (4.19). Muoxectso Ker(l) ectn
3aMKHYTOE JIMHEHHOe MOAMPOCTPAHCTBO B THILOEPTOBOM TpocTpancTe H.
Ecau Ker(l) = H, o Teopema jokazana: MoxKHO 1010kuTh Y(l) = 0. Eciu
Ker(l) # H, 10

Jz: z € Ker(l)*:, 2 £ 0.

Tak xak
V(iz € H) : l(l(x)z — I(2)x) = l(x)l(z) — U(2)l(z) =0,
V(z € H): (I(x)z — I(2)x) € Ker(]),
CJIEIOBATEILHO
VezeH): <z,l(z)z—1(2)x >=0,
TO3TOMY
<z,z>lx)=1l(z) <z, x>,

Vo l(x) =< y(l), z >, y(l) = I"(2)|z]| 22 (4.20)

Teopema j0ka3zana.
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JIemma 4.2.2. Onpedensemoe dopmynoti (4.20) omobpasiceriue
I H* —H H >l—I()=y(l) e H
ARMUAUHETHO:
I(Oéll + 6[2) = Oé*[(ll) + 6*1(12),

0bpamumo:
Iy (z) =<y, z>.

U COXPaAnAEM HOPMY
() | H|| = [|I] H*]]. (4.21)

[locrennee yreepzxaenne BoiTekaer u3 (4.6).

Onpenenenne 4.2.2. Oyuknus
B:HxHw~C!

HA3BIBAETCsI HOJIYIHHEHHOM (Wi KOCO JUHEHHON, Wid moJyTopaTnHelHOI’,
WM CONIPSIKeHHO-JTNHEHOHM, HIN MHOrIa HPOoCTO OMIMHERHOM, ecan ScHO, O
4eM UIeT pedb) GhopMoil, ecan

VeeH,ye H,z€ H): B(z, By +~vz) = B(z, y) + vB(x, 2),
Blax + By, z) =" B(z, 2) + 8" B(y, 2).

Omnpenenenne 4.2.3. Bununeiinas dbopma B(x, y) Ha3bBAETCA KOCOCHM-
MeTPHYHOI (MM 3PMHUTOBOM) ec/iu

Ve H,ye H): B(x,y) =By, z)". (4.22)

[IpsiMbIM BBIYUC/IEHUEM HPOBEPSETCS, YTO JIJi KOCOCUMETPUYHON OuJiu-
HeitHoit (popMBbI CHIpaBeJINBO MOJIAPU3AIMOHHOE TOXK IECTBO:

1
B(z,y) =1 (Blz+y, z+y) - Bl —y, x—y)+
iB(x —iy, x —iy) —iB(z + iy, v +iy)). (4.23)

CuteroBaTeIbHO, KOCOCHMMETPpUYHAA Ouinneiinas hopMa 0JHO3HAYTHO OHpe-
JeJISTeTCsT CBOMMY 3HAYEHUSIME HA INArOHAIN: KBaapaTnaHoii hopmoit B(x, ).

Jlemma 4.2.3. Ecau 6 KOMNACKCHOM 2uAbDEPIOBOM NPOCMPAHCMEe OUAU-
Hetinas Gopma 1a dUG2OHAAU NPUHUMaEM JeTICMEUMEALHLE 3HAYEHUA!

Y(r € H): Bz, r) € R,
mo 0na KOCOCUMMEMPUHHA:

B(z,y) =By, z)".
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HokazareabcTBo. PapencTBO
ImBz+y,x+y)=0

JTaeT:
ImB(z,y)=—ImB(y, x).

CrenaB B mocJieTHEM PAaBEHCTBE 3aMeHy
Yy —y,

MBI ITIOJIyYaeM:

ReB(x,y) = ReB(y, x).

Jlemma mokaszana.
Cnencreuem Teopembl Pucca siBiisiercst reopema Jlakca-Munbrpama-Burmmka
(mmu Teopema Jlakca-Mubrpama, win Teopema Jlakca):

Teopema 4.2.4. 1. Ecau busunetinas dopma B ydosaiemesopsem nepasen-
cmey

AC <o0),V(xeH,yeH):|B(x,y)| <Cll]-lyll, (4.24)
mo cyuecmeyem makol onepamop A € L(H — H), wmo
Vxe H,ye H): B(z,y) =<z, Ay > . (4.25)

2. Ecau buaunetnas gopma B ydosaemeopaem ycaosuro (4.24) u ycaosuio
KO2PUUMUBHOCU!

I(m >0), Y(x € H) : B(x, z) > m||z|? (4.26)

mo exodawuti 6 npedcmasaerue (4.25) onepamop A obpamum u ydosremeo-
PAEM HEPABEHCNEY:
|A7Y < 1/m. (4.27)

HokazaresnbcrBo. 113 yenoBus (4.24) ciemyer, 910 1pu KazkaoM (HUKCH-
poBanHoM x € H jmneiinbiit (pyHnkmuonan

y— By, z)"
HenpepsiBeH. [losromy cymecrByer Takoit Bekrop A(z) € H, arto
Vye H): By, v) =<y, A(z) > .
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3 nureiinOCTH (bOpMBI B 110 IIepBOMY apryMeHTy CJIeayer, 9To oneparop A
JINHeeH U

[A(@)[| < sup{[B(y, )| | [lyll <1} < Cl]].

[Tosromy omepatop A HenpepbiBeH
B(zx,y) =<z, Ay > .

[TepBoe yTBepzKACHHE TEOPEMBI JOKA3AHO.
13 (4.26) caeayer, 9T0
Ker(A) = 0.

JIoKazKeM, 9TO M3 YCJIOBHs KOAPIUTUBHOCTH CJILYeT DABEHCTBO
Im(A) = H.

Bo-1iepBhIX, 3aMeTHM, YTO W3 YCJOBHS KOIPIUTUBHOCTH CJIEJIYET, 4TO OH-
suneiinas opma B(x, y) Ha JuaroHa v NpUHUMAET JEHCTBUTE/IbHbIE 3HA-
JeHHs W M03TOMY Kococummerpuuna. CremoBareabHo, OuanHeiinas (opma
B(z, y) 3amgaer Ha npoctpaHcTBe H CKaJIspHOE TPOM3BE/IEHNe, TIPHIeM HH-
JyNAPOBAHHAS ITHM CKAJISPHBIM ITPOM3BEJEHNEM HOPMA SKBUBAJEHTHA HC-
xomHOi HOpMe. [Ipumensist Teopemy Pucca K rustb6epToBOMY HPOCTPAHCTBY
H co ckasuspubiv upoussetenueM B(x, ), Mbl LOJLy4aeM, 4TO CylLECTByer
rakoii oneparop A € L(H — H), aro

Vixe H,ye H): <x,y>=B(x,%~ly):<x,Agy>.

CaenoBaTesbHO,

Im(A) = H.

Tak Kak

Ker(A)=0,Im(A) = H,

TO U3 TeopeMbl banaxa o cyIecTBOBaHUU OOPATHOTO OTEPATOPa OTCIONA CJie-
AyeT, 4TO CYIIeCTBYET OllepaTop Al e £(H — H).
Hamee mmeem:

|IB(A™ 'z, Al2)| = | < A7 'z, o> | > m|A |
[Tosromy B cuny HepaencTBa Komu-ByrskoBckoro
Y(llzll = 1) « [|A™ ]| > m|| A ||,

Orcroga u BbITeKaeT HepaseHcrso (4.27).
Teopema j0ka3aHa.
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dcHo, uro yeranasauBaemoe dbopmyloit (4.25) cooTBETCTBIE MEXKILY Y10~
BJIETBOPAIONMMEI yeioBuio (4.24) GuinHeiiHbiMu GopMaMu U OlepaTopaMu
A € L(H — H) B3aumMHO 0omHO3HAYHO. B manbpHeiinmem Ham wacto Oyaer
yI00HO 3a/aBaTh onepaTopbl WX OuauHeidHbIME (hopmamu (ogo0HO TOMY,
KakK B JINHEHON ajgrebpe omepaTophl 33al0TCs MATPHIIAMH).

Ecan 6ununeiitnag dpopma KOCOCHMMETPUYHA, TO BXOJAAIIUN B MpeICTaB-
qenne (4.25) omeparop A yIOBIETBOPSIET TOXKIECTBY

VeeH,ye H): <x,Ay>=< Az, y>.

4.3 IloHgaTue rmab6epTOBA CONPAKEHIS 1 Or'pa-
HNYIeHHbI€ CaMOCOIIPA2KEHHbIE OIlIePaTOPbI B
IJIHL0epTOBOM IPOCTPAHCTBE.

[Iycts ¢ = 1, 2, H; -Tuib0epTOBBI TPOCTPAHCTBA CO CKAJISIPHBIM ITPOU3BE-

nerneM <, >; , A € L(H, — H,).

Onpegenenune 4.3.1. Oueparop

A* € L(Hy — Hy)
Ha3bIBAETCS MMJILOEPTOBO CONPSIZKEHHBIM K oreparopy A, eciu
Vixe H,y€e Hy): <Ay, xz>=<y, Ax >, . (4.28)

['uibbepToBO compsizkeHHbIH omepaTop (obo3Hadenune: A*) u panee BeeH-
HBI conmpsizKeHHbII onepatop (obo3nadenue: A*) neHCTBYIOT B PA3HBIX MPO-
CTPAHCTBAX: T'MJILOEPTOBO CONPSIKEHHBIN omepaTop JAefcTByeT B IPOCTpaH-
ctBe My, a conpsizKeHHBIN onepaTop B mpocrpancTse H3. ['mabbeproso co-
IPAXKEHHBIA ONepaTop M CONPAXKEHHI ONepaTop CBA3aHBI PABEHCTBOM

A* = LAY, (4.29)
rae

[i . HZ* — Hi
-OlIpedeJICHHbIE paHee OllepaTOPbl BJIOZKCHHA.

Jlemma 4.3.1. Onepayua 2uavbepmosa conpasicenus 6 npocmpancmee L(Hy
H,) ydosaemsopaem pasencmeam

(aA; + BA)" = o AT + 3" AS.
(A")* = A. (4.30)
[A*]| = [|A]l. (4.31)
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HokazarenbcTso. [leppoe cBoiicTBO odeBuAHO. /I H0Ka3aTelbCTBa BTO-
POTO 3aMETUM, UTO

Vx€ Hy,y € Hy): <y,Ax >=< A'y, x >1=
<x, Ay >1=< (A")'z,y >i=<vy, (A")x >,.
Pagencrso (4.30) mokazamno. 13 (4.29) caemyer, 9o

[AT] < lA™] = [IA]l

Henast B arom HepaBencrse 3ameny A — A*, Mbl nostyvaem pasenctso (4.31).
JlemMa Jgokaszana.

Omnpenenenne 4.3.2. Oneparop A € L(H +— H) Ha3bIBaeTCss CaMOCOTIPSi-
JKCHHBIM, €CJIH

VeeH,ye H): <x,Ay>=< Az, y>. (4.32)

Omnpenenenne 4.3.3. OrpaHuveHHBI CAMOCONPSIKEHHBIN onepaTrop A Ha-
3bIBa€TCd HEOTpUIlaTeJIbHBIM, €CJIN

Ve H): <z, Az >>0. (4.33)

Omnpenenenne 4.3.4. Eciun A u B -orpanudeHHbIe CAMOCOTPSIJKEHHBIE OTe-
paTopBhI, TO

A> B,

eCcJin

A—B>0.

OueBuHO, 4TO ecii A u B -HeoTpHIATeJbHbIE OIPpAHHYEHHBIE CAMOCO-

IpsKEeHHbBIE OIIePATOPEL, TO pu « > 0 omepaTopsl A , A+ B -HeOTpUIIATEIbHHI.

Jlemma 4.3.2. Ecau A -oeparurennsvili Heompuyamenvhvlli CamoCoONPAHCEH-
ML onepamop, mo

VazeH,ycH): | <z, Ay>|<<x, Az >"<y, Ay >Y?2 . (4.34)
HokazarenbcTtBo. PaccMoTpuM HepaBEeHCTBO

<(zz—2z71y), A(zz — 27 1y) >=
12> <, Av > +|z| % <y, Ay > —2Re (exp(—2iarg(z)) < z, Ay >) > 0.

Ecmu < x, Ax >= 0, ToO MBI JTOJ2KHBl HMETh:

<z,Ay >=0,
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WHA4Ye 3TO HEPABEHCTBO CTAHET NMPOTUBOPEYUBBIM IIPU 3aMeHe & — 1T U CO-
OTBETCTBYIOIIEM BBIOOpe mapamerpa t. Ecan < x, Ax >%# 0, To MBI MOXKeM
TTOJIOXKHATH

(<y,Ay>

1/4
Y >) exp(iarg(< z, Ay > /2))

U [OJIyYMM HYZKHOE HepaBeHCTBO.
JlemMa, 1oKa3aHa.
[Tonoxkum
m_ =inf{< z, Az >| ||z|| = 1},
my =sup{< z, Az >| ||z| = 1}. (4.35)

Teopema 4.3.1. Ecau onepamop A camoconpastcen, mo o(A) C [m_, my], my €

a(A).

HokazaresberBo. Ecium oneparop A caMoCOnpsizKeH, TO KBapaTudIHas

dopma
r—<x, Ar >

IpUHUMAET AefiCTBUTEIbHbIE 3HAUCHUS 1
V(ze H, B eR): |(A+ifid)z|* = |Az|* + 57||=||* = °[|=[]*.  (4.36)
JlokazkeMm, 4TO OTCIO/Ia BHITEKAET

Jlemma 4.3.3. Cnexmp camoconpancenno2o 02paHudMeHHo20 onepamopa Ae-
arcum Ha deticmeumenbrotl ocu.

Samevanue 4.3.1. Ilo3xKe MBI JTOKazKeM, 4TO CIEKTP 4100020 CAMOCOIPAZKEH-
HOTO OIepaTopa JeXKUT Ha JaellcBuTebHON OocH.

JokazareabcTBo. CaBur
A — A+iaid, a e R!

[IepeBOIUT JH000i CaMOCONPLAKEHHBIN OIlepaTop B CAMOMOIPSZKEeHHBIH, I10-
9TOMY JIOCTATOYHO J0Ka3aTh, uto npu 3 € R 3 = 0 omeparop (A + i5id)
obpaTuM.
[Tycrn
B340, Hy=TIm(A+ifid).

Jlokaxkem, uTo MHOxKecTBO H( 3amknyTo. [Iycrn

yn€H0>yn_>y0anHOO'
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Torna
o = (A + 520, [y — ll® = Bl uemy — 2.
OTciofia BHITEKAET, 9TO MOCIEI0BATEIBHOCTD Xy, CXOIUTCS:
Ty, —x9 u Yo = (A+ifid)xy € Hy.

3aMKHYTOCTbh MHOXKecTBa Hj J0Ka3aHa.
Tenepns noxazxkem, uro Hy = H. llycts Hy # H. Torma

3z: z€ Hy, ||2]| = 1.
CrenoBaTesbHO,
<z, (A+ifid)z >=< z, Az > +ifz||* = 0,

IIO9TOMY
Im< z, (A+iBid)z > = g|z||* = 0.

[Tosryuniu nporuBopedne.
HTak, MBI IMeeM:

V(B #£0): (A+ifid) € L(H — H), Im(A+iBid) = H, Ker(A+i8id) = 0.

[Io Teopeme Banaxa o cymecTBOBAaHUU OOPATHOTO OIEPATOPA OTCIONA CJEIY-
eT, 4TO

Y(B#0): (A+iBid)~' € L(H — H).

JlemMa gokaszana.
Bepremca K mokazaTeqbcTBY TeopeMbl. [lycThb

AeERY, A >m,.

Torna
<z, (Nid — A)z >> (A —my)||z|?,

no3ToMy OmjinHeiHas gpopma
Bz, y) =<z, (A\id — A)y >

KopuuTuBHA U omneparop (Aid — A) umeer oOpaTHbIA. AHAJIOIUIHO JOKA3bI-
Baercs, 9To npu A < m_ oneparop (Aid — A) umeer o6parHbiii. Ham ocranock
NOKa3aTh, 910 my € o(A).

[IycTh mocsIe10BaTeTbHOCTD {2, } YIOBIETBOPSIET YCJIOBHUIO

Han = 1 ) < {Eny Axn >—m_.
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Omeparop
B=A—-m_id

HEOTpHIATEeH.
[Tpumennm nepasencrso (4.34)

r=x,,y=(A—m_id)x,, A= B.
[TosryanM HepaBeHCTBO
(A = m_id)z,|* <| < zn, (A—m_id)z, > ||[(A—m_id)||> = 0, n — oco.

OTCIO,ZLa BbITCKaeT, 4TO I10CJ1€10BaTC/JIbHOCTD {il?n} €CTb 110CJ1e10BaTe/JIbHOCTD

Beitns (em. crp. 238) gra omepatopa A u 4mcaa A = m_ U IMOITOMY M_ €
a(A).

BaTeM MbI pacCMaTpHUBaeM IIOCJI€0BaTCJILHOCTD
{xn} : Han =1, <w,, Ar, >— my

1 OIepaTop
B=m4,id— A,

a Jlajee paccykj1aeM aHaJOrmIHO.
Teopema mokazana.
Caenyioniag TeopeMa Ha3bIBaeTcs TeopeMoii Penest.

Jlemma 4.3.4. Ecau onepamop A camoconpasicen, mo cnpasediuso paseH-
cmeo
[All =sup{| <z, Az > [ | |lz| = 1}. (4.37)

JTokazareabcrBo. IlycThb
M =sup{| <z, Az > | | 2] = 1}.
13 mepaBencTBa Komm-ByHAIKOBCKOTO caeayeT, 9T0O

V(lzlf <1): [ <w, Az > [ <[l - [[Az]] < [[A],

IO3TOMY
M < ||A].
Janee umeem:
1
[Re<a, Ay>[ =1 (<(z+y), Alwty) >-<(@-y), Alx—y)>) <
M M
- (lz+ ylI> + llz = ylI*) = 5 (l=* + llvl?) -
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[Tono:kuM B 3TOM HepaBEHCTBE

Ay
rT = ——-

[

oy unm:

Y(llyll = 1) : |Ay[] < M.

JlemMa JgokazaHa.
N3 pemmer 4.3.4 BLITEKAIOT IBA BasKHBIX CJIEICTBHLI.

CaencrBue 4.3.1. Ecau A -camoconpastcennviii onepamop, mo
1A% = [IA]”. (4.38)
OTO BBITEKAET U3 PABCHCTBA
1A%]] = sup{< ', A%x >| [|lz]| = 1} = sup{< Az, Az >| [|z[| = 1} = [ A||.

CaencrBue 4.3.2. Fcau r(A) -cnexmpasvnolll paduyc camoconpincennozo
onepamopa A, mo
r(A) = [|A]. (4.39)

Hoxkazarennctso. 113 (4.38) caemyer, 4To
i AT = (A7 g(n) = 2.
B cuy Teopembl 3.5.12 cupaBejIuBO PaBEHCTBO

r(A) = lim [AT)YA) = | A].

4.4 KomnakTHble caMOcONpsKeHHbIe oIepaTo-
pbl, ortepatopsl I'mabbepra-1lIMuara u gaep-
Hbl€ OIlePaATOPHI.

4.4.1 KomMmmakTHbIE CAMOCONPIAYKEHHBIE OMEPATOPHI.

OTH OMepaTopbl YacTO BCTPEYAIOTCS B KJIACCHYECKUX 337a9aX MaTeMaThude-
ckoit puzukn. CBORCTBA KOMIAKTHBIX CAMOCONPSIZKEHHBIX OIEPATOPOB OIHU-
ceiBatorcd TeopeMoit 'mabbepra-ITImumra.
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Teopema 4.4.1. Ecau A # 0 -camoconpasrcernnvili KOMNAKMHBLLT ONepamop 6
2UALOEPMOBOM NPOCTPAHCINGE, MO CYULECTNEYEM, MAKAA HE BOAEE UeM CUeMm-
HaA OpMOHOPpMUPosarnad cucmema {€;} u maxasa nociedosamenvrocmo {;}
Aj— 0,7 — 00, umo

V(fEH): Af = > N<ej, f>e; (4.40)

1<j<00
Ecau pad (4.40) beckoneuen, mo on cxodumcsa no Hopme.

Hokazarenbcro. B cuty gemmsr 4.3.1 xorst 661 o0 3 uncest +|| Al # 0
npuHaIeKuT cruekTpy omeparopa A. Ilycrs Ay € o(A), |A] = ||A|. Bee
He PaBHbIE HYJIIO TOYKH CIEKTPa KOMIAKTHOTO ONEPATOPA -H30JHPOBAHHBIC
coOcTBeHHBIE 3HA4YeHUs (cM. Teopemy 3.8.5, crp. 235). CiemoBarTenbHO, A
-cobcrBennoe 3uadenue omneparopa A. Ilycrs ey -cobcrBennas dbyHKImS:

A61 = )\161. (441)
Paccmorpum omnepartop
AliAlf:Af—/\1<61,f>€1.

Omepatop A; camoconpsizkeH n KoMmnakTeH. JIu6o A, = 0, 1ubo y omeparo-
pa A; ecTb cobcTeHHOE 3HAUYEHHE Ao, KOTOPOMY COOTBETCTBYET COOCTBEHHAS
dbyukusa ey, npudem [|A;|| = |Ag|. Unmeem:

AGQ -\ < €1, €2 > € = A9€s.
yMHO}KI/IB CKaJIAPpHO 066 9aCTU 9TOr'o paBeHCTBa Ha €1, Mbl HIOJIY4IHM:

<€1,A€2>—/\1<61,62>:
<A€1,€2>—)\1<€1,€2>:O:)\2<€1,€2>.

CretoBaTe IbHO,

ambo Ay = 0, mmbo < ey, e >=10

A€2 = )\262.

Janee 1mo10KuM
Ay Aof =Aif =M <e,f>er—X<er, f>e
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U OPOJMOJIKHAM 3TOT Iponecc. Torna 6o Ha HEKOTOPOM IIare Mbl IIOJIY9HM,
qTO
Af: E )\j<€j,f>€j,

1<j<n
J00 TOIyIUM OeCKOHEUHYIO II0CIeI0BaTeIbHOCTD Aj, IIPHYEM B CHILY Teope-
MBI 3.8.5
Al = A4l =0, j — oo

Teopema jmokazana.

lIpuBesnem nmpuMep KOMIAKTHOTO CaMOCOIIPSZKEHHOTO OIlepaTopa.

[Iycte D C R? -orpannuennad Kkpajpupyemas 001acThb, k(2 , y) -HellpepblBHas
dyuknus or r, y € D, KoTOopasg NPUHUMAaET TeHACTBUTE/IbHbIE 3HAUYCHUS U
CHMMETPUYIHA 110 T, Y:

VY(xe D,yeD):k(x,y) =k(y, x).

Oneparop
Af(z) = / Bz, v)f(y)dy

D
KoMnakTeH B npocrpanctse L2(D) (cM. crp. 224) H caMOCOLPAZKEH.

[Iycrs {A]} -momoxurenbable COGCTBEHHEIE 3HAYCHHS KOMIAKTHOTO Ca-
MOCOTIPSIZKEHHOTO orlepaTopa A, pacIoIOoKeHHbIe B HOPSIKE HEBO3PACTAHUS
MO/LYJIsL:

- -
A S
[Tycrs {A; } -oTpmiaTenbubie COOCTEeHHbIC 3HAMCHIST KOMIAKTHOTO CAMOCO-
IPSAKEHHOrO omeparopa A, PacloIoKeHHble B MOPSAIKEe HEBO3PACTAHUS MO-
YIS
Dol < AT
[Iycrs L;—1) -mognpocrpancrsa B H:

Ly CH, dim(Lg_y)) =7 — 1,
vH(Lgoy) =sup{< f, Af >||Ifl =1, fe L},
v (Lg-ny) =inf{< f, Af >|||f| =1, f € Lé_1)}-

Crenytomuit pe3yabrar HasbiBaeTcs TeopeMoit E. @urrepa wiv mpUHIHTIOM
MHUHUMAKCA.

Teopema 4.4.2. 1. Ecau

o(A) ﬂ[O, o0) # 0,



mo cnpa@ed/mem paseHcmea

Al =sup{< [, Af > |[f] =1}, (4.42)
Vj >1: )\j— = inf{y+(L(j,1)) | L(jfl) C H} (443)

2. Ecau
o(A)((~o0. 0] # 0,

mo cnpaeednusm paseHcmea

Ar =inf{< f, Af >|[Ifl| =1}, (4.44)
Vji>1: A =sup{v (L) | L1y C H} (4.45)

HoxkazaTenbcTBOo. [IycTh
+ _ yE +
Ae; = e

-cobCTBeHHbIE (DYHKITNN, COOTBETCTBYIONIHE COOCTBEHHBIM 3HAYEHUAM )\;-t. Cmpa-
BE/IJINBO PABEHCTBO

V(feH): <f Af>=) Ml<el, f>P+> Al<e f>[
J J

(4.46)
113 (4.46) caeayer, 9T0 OPU BBIYUCJICHUH TOYHLIX rpameii B (4.42)-(4.44) mo-
CTATOYHO PACCMOTDETD Cirydai

AP =1 <e f>17 (4.47)
+,j

Ecnu cupaseauso pasencrso (4.47), o

V(Ifl=1): M~ < f, Af >=
D =MDl<ef  f>P+DY (AN =XN)l<e, f>=0
J J
Ipu4eM
A =<el, Aef >.

Pagencrso (4.42) nokazamo.
PagencrBo (4.44)nomnyuaercs u3 (4.42) 3amenoit A — —A.
DukcHpyeM POU3BOJIBHO JHHEHHO HE3aBHCHMbIE BEKTODHI

{hi,1<i<j—1}CH,
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IIyCTb
L(j—l) = span{hi, 1< < j — 1}

u onpejesum ducia {a;, 1 <1i < j} u3 ycaouii

Vk<j—1): Zai<e;r,hk>=0, Z o = 1.

1<i<j 1<i<j
[IycTn
¢ = Z azel.
1<i<j
Torna
||¢|| =1 ) ¢ € (L(jfl))L , < ¢a A¢ >= Z )\:_|a7,|2 Z )\;—a
1<i<;
TO3TOMY
V+(L(j_1)> >< ¢, A(b >> )\j+
Ho
V+<€1+7 '66_1)) = )\;r’

q9T0 ¥ JoKas3bBaer (4.43).
Pasencrso (4.45) moayuaercsa u3 (4.43) zamenoit A — —A. Teopema f0-
Ka3amHa.

Cnencrsue 4.4.1. Ecau \j(A) u \;j(B) -3anymeposarnvie 6 nopadke yooi-
BaHUA COBCMBEHHBLE YUCAG CAMOCONPANHCERHUT onepamopos A u B u

A> B,

Vi Ai(A) = Ai(B).

@opmyia (4.40) B HEKOTOPOM CMBICIe 3aJ1aeT OOIIUil BUJ KOMIAKTHOIO
CaAMOCOTPSIZKEHHOTO OIePaTOPa B I'MJILOEPTOBOM IIPOCTPAHCTBE.

Jlemma 4.4.1. Ecau {e;} -opmonopmuposannas cucmema 6 2usbbepmosom
npocmpancmee u o; — 0, j — 00 -nocaedosamensvrHocmsv 0eticmeumeibHuls
Yuces, mo onepamop

Af:ZOZj<€j,f>€j
J
KOMNAKIMER.
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JokazarenbcTBo. OnepaTop

Anf: Z Ozj<€j7f>€j

1<j<n

KoMmmakTeH. /lane nmeem:
JAf = AufI? =Y afl < e, f> P <|fIPsup{a] | j > n},
i>n
IIO3TOMY
|A— Al <sup{lay| | 7 >n}—0,n— occ.

CrenoBarenbHo, onepatop A ecTh mpesesn Mo HOpMe KOMIAKTHBIX OTepaTo-
POB  HOTOMY KOMITAKTEH.

4.4.2 IlongapHoe pa3JjioXkeHUWE omlepaTopa U XapaKTepHU-
CTUYECKUE YUCJIIA.

[Iycts A € L(H — H). Oneparop A*A € L(H — H) caMocoupsizKeH u ero
CIIEKTD JIe’KUT Ha HEOTPUIATETHHON JeHCTBUTENBbHON OCH, TJe Onpe/ejeHa

dyHKIUST
R! 5 A— VAERL,

B cuny Teopemsr 4.5.1 KOppeKTHO ompe/iesieH HeOTPUTIATEIbHBIN caMOCOITPSI-
KEHHBIH OIIepaTop

|A| == (A*A)Y2, (4.48)

Cremyromasi TeopeMa Ha3bIBACTCS TEOPEMOIl O MOJISIPHOM Pa3JI0KEHUH Ole-
paropa.

Teopema 4.4.3. Onepamop A € L(H — H) npedcmasum 6 ssude:
A=UlA|, (4.49)

2de camoconpascennvill Heompuyamenvrul onepamop |A| daemes dopmy.aot
(4.48), a onepamop U ydosaemeopsem ycaosuam:

1. Dom(U) = Cl(Im(|A4])) , Im(U) = Cl(Im(A)) , Ker(U) =0. (4.50)
2.Vf € Ci(Im(|A])) = [Uf]* = [If]* (4.51)
3.3071 . U1 € L(Cl(Im(A)) — CL(Im(|A])). (4.52)

294



Hokazarenscrso. U3 onpenenenns (4.48) caemayer, 4ro
VieH: <|Af,|Alf >=< [, A"Af >= || Af|]*
CrenoBaTebHO,
vieH: [[|Alf]l = |Af]l, Ker(|A]) = Ker(A). (4.53)
Omneparop U mbl onepaesnm, 3a1aB ero rpaduk. [ToaoxxuM mo ompeaeaeHnto
Gr(U) ={|Alf® Af | f € H}. (4.54)

Tak kak Af = 0 B TOM 1 TOJIBKO TOM ciyuae, ecin |A|f = 0, paBenctso (4.54)
KOPPEKTHO 331aeT Tpaduk omepaTopa, KOTOPBIH YIOBIETBOPSIET YCIOBHIO

A=U|A|

u B cuiy (4.53) Ha o6pase oneparopa |A| yI0BIeTBOPSIET OCTAIBHBIM YCIOBH-
gM TeopeMbl. Tak Kak mocseoBaTeabHOCTh {|A|f, } cxomuresa B ToM 1 TOIBKO
TOM CJIy9ae, eCJIid CXOJUTCs TocseioBaTebHocTh { A f,, }, oneparop U MOKHO
10 HETPEPBLIBHOCTH MPOIOJKUTH HA 3aMbIKaHne MuokecTBa Im(|A|), mpudem
IPOJIOIZKEHHBIN OIIepaTop yAOBIETBOPSIET YCIOBHIO:

U(Cl(Im(|A]))) = C1(Im(A)). (4.55)

B cuiy teopembl Banaxa o6 obpaTHOM olnepaTope OTCIONa CJIeyeT TpeThe
yTBep:KeHne TeopeMbl. TeopeMa JI0Ka3aHa.

Bamevanue 4.4.1. Onpeparop U~! ne onpegesren B npocrpanctse H. [yctn
P, = oproronanbhbiii npoekrop Ha npocrparctso Cl(Im(A)).  (4.56)

Oneparop U~ P4 onpejiesieH Bo BceM MPOCTPAHCTBE U YIOBJIETBOPsIET yCJIO0-
BUSIM:

U'PyA=|A|, U Pyl = 1. (4.57)

Teopema 4.4.4. Ecau onepamop A xomnaxmen, mo onepamop |A| -komnarmmoii
onepamop.

JokazarennctBo. Ecan omeparop A xommakren, To oneparop A*A ecth
Ipou3BeJeHNe ABYX KOMIIAKTHBIX OIIEPaTOPOB U ITIO3TOMY €CTh HeOTpHUIaTe/Ib-
HBI KOMIIAKTHBII caMOCONpsazKeHHBII onepaTop. [IycThb

sj(A)7 1 A"Aej = s55(A)%e;, s41)(A)* < 55(A4) (4.58)
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-cuCcTeMa COOCTBEHHBIX 3HAYEHMI U cOOCTBeHHBIX (pyHKIHUi omepaTopa A*A.
13 reopembr 'wnsbepra-IIvuara 4.4.1 (em. ctp. 290)caeayer, 4ro

sj(A) =0, j — 0.
13 onpenenennsa 4.48 ciemyeT paBeHCTBO

A[f =) si(A) <ej, f>e; (4.59)

13 sroro paBercTBa 1 ieMMbl 4.4.1 (eM. ¢Tp. 293) coenyer, uro onepartop |A|
-KOMIIaKTHbII oteparop. Teopema JlokazaHa.

Onpepenenne 4.4.1. Pacnojioxkennbie B nopsjake yObiBaHus cOOCTBEHHbBIE
3HAYEHUsI oTepaTopa |A| HA3BIBAIOTCS XapaKTePUCTHIECKUMI YUCIaMA (A
S-YHCJIAME) KOMIIAKTHOTO ofeparopa A.

OOBIYHO XapaKTEePUCTUUIECKHE YHCJIA Olleparopa 0003HAYAIOTCS CHMBO-
aom s;(A).
13 dopmya (4.49), (4.59) u Teopembr 4.4.3 caenyer

Teopema 4.4.5. Komnaxmuui onepamop A 6 2uasvbepmosom npocmpah-
cmee npedcmasum 6 sude

Af =) si(A) <ej, > g, (4.60)

ede {e;} u{g;} -opmonopmuposarmwie cucmemo..

JokazaresberBo. CrpaBeyinBbl PABEHCTBA

Af =UIAIf =) si(A) <e;, f>Ue, (4.61)

rae {e;} -opronopmupoBannas cucrema. Tak kKak omeparop U yHHTapeH Ha
obsractu 3HadeHuii oneparopa |A|, cucrema g; = Ue; -oproHOpMUPOBAHA.

[IpesncraBienne KoMmakTHOro onepatopa A B Buje (4.60) HasbiBaeTcst
paznoxkenuem IlIvuara. 3ameTnM, 9T0 ¥ KOMIAKTHOTO OIEPATOPA B THJIb-
0epTOBOM MPOCTPAHCTBE MOMXKET He OBITh HH OJHOTO COOCTBEHHOTO BEKTOPA.
[Ipumep Taxoro omeparopa -omnepaTop

Ar@) = [

B mpoctpancte L2([0, 1], dx). OaHako XapakTepUCTHIECKHE YUCAA €CTh
) )
JIFOO0T0 KOMITAKTHOTO OMEPATOPA.
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Mg GyieM cHYUTATh, YTO pacCMaTpUBaeMble IIIbOEPTOBBl IPOCTPAHCTBA
cerrapalbesibHBI U BXOJIsIHe B pasiozxkenne LLIMuara oproHOpMUpOBaHHBIE CH-
CTeMBI TOJTHBI (SICHO, YTO TPH HEOOXOAUMOCTH OPTOHOPMUPOBAHHbBIE CHCTE-
Mot {e;} n {g;} MOXKHO IPOU3BOIBHO JOIOJHATE 0 MOJIHBIX OPTOHOPMEPO-
BAHHBIX CHCTEM W CUYUTATH, YTO COOTBETCTBYIOIIHE JOMOTHEHHBIM 3JIeMEHTaM
cJaraeMble BXOJAT B PA3JIOKEHHe ¢ HyJIeBBIME Kodddumnumentamu).

DyHaMeHTaJbHOEe CBOMCTBO XapaKTEePUCTHYECKNX UHCE] KOMIAKTHOIO
OIepaTOPA OMMUCHIBACTCS TOKA3BIBAEMON HIzKe Teopemoii J1.9. Araxsepauesa.
[Tepes bopMyIMpOBKO#T 9T0O# TeopeMbl Mbl HAIIOMHUM HEKOTOPbIE CBOWCTBO
KOHEYHOMEPHBIX OIePATOPOB.

Onpenenenne 4.4.2. Ouneparop K € L(H — H) Ha3biBaeTcst KOHETHOMED-
HBbIM, €CJIN

Kf=Y <e,f>g (4.62)

1<j<n

rae {e;} m {g;} -1MHEHO HE3aBHCHMbIE CHCTEMBI STIEMEHTOB MIILOEPTOBA TTPO-
CTPAHCTBA.

[pencraBnenne oneparopa B Buje (4.62) He equncrBenno. Ecan
VfeH: Z<ej,f>gjzz<e;,f>g;, (4.63)
1<j<n 1<j<m
10 BBIOpaB B (4.63) BEKTOD f; Tak, 4TOOBI BBIIOJHSIACH DABEHCTBA
<€, fz >= (5;,

MBbI ITOJIyYHM:

Vi: g = Z <y, fi > g

1<j<m

Crenosaresibio, B npeacrasiennn (4.63) n < m. AHAJOIHYHO MBI HOJYYa-
eM HepaseHCTBO m < n. CiemgoBaTenbHO, /171 KOHETHOMEPHOTO OIepaTopa
4UCJ10

dim(K) := dim(Im(K)) (4.64)

3aBUCUT TOJBKO OT omeparopa K W He 3aBUCUT OT €ro NpeJCTABJICHUS B
Buge (4.63). Oupepnenenoe pasencrsoM (4.64) wmcsio Mbl OyJeM Ha3bIBATD
pa3MepHOCThIO onepaTopa. Ecau oneparop K 3aman dopmy.oii (4.62), To

Im(K) = span{gi, ... gn}-
Takxke 09eBUIHO PaBEHCTBO

dim(K™) = dim(K).
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[Iyctn
M;:={K|K e L(Hw— H), dm(K) = j}. (4.65)

Crenyromas Teopema Ha3biBeTcst Teopemoit J1.9. Ataxsepauena.

Teopema 4.4.6. Cnpasediuco. paseHcmsa
Sl(A) = ||A|| s Vj Z 1: Sj+1(A) = dZSt(A, Mj) (466)

HokazaresnbcTso. 13 Teopembr @uiriepa (Teopema 4.4.2, ctp. 291) ciexyer,
970

S%jJrl)(A) =

inf{sup{< f, A"Af >| [fIl =1, f € (Im(K")" | K* € M;}} = (4.67)

inf{sup{|Af[|* | | fIl =1, f € Ker(K)} | K € M;} < (4.68)

inf {sup{[|(A — K)fI* | ||/ = 1} | K € M;} = (4.69)

inf{[|[(A — K)|* | K € M;} = dist(A, M,)*. (4.70)
PaperctBo (4.67) -310 bopMympoBKa yTBepK IeHus TeopeMbl Puinepa. Pa-
BercTBo (4.68) -910 colecTBHE paBEeHCTBA

Ker(K) = (Im(K*))*

KOTOpPOE €CTh cJieicTBre pasencTsa (3.76) (em crp. 181). Bipowewm, Beimucan-
HOE BbIIIle PABEHCTBO JIEIKO MOXKHO IIPOBEPUTD HellocpeacTBerHo. [locieuue
JIBa PABEHCTBA €CTh (DOPMYJIHPOBKA COOTBETCTBYIOIIUX OIpe/ e/ eHHi.
CiieroBaTesibHO,
Sgen(A) < dist(A, 0y)

[Iycte (4.60) -pasnoxenue [muara omeparopa A. Iomoxum

K = Z si(A) <ei, [ > g

1<i<;
OueBuHO, 9TO
K° € Mj
u
A=K7 =Y s Al <ei, f> P <sgmAFP (471)
i>j+1
CremgoBaTebHO,

[A = K°|| < sg41y(A) 1 50 (A) > dist(A, M),

Teopema jokazana.
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Teopema 4.4.7. Xapaxmepucmuueckue “UCAG KOMNAKMHO20 onepamopa A
YdosACMBOPAIOM, YCAOBUAM.
Ecau B -xomnaxmuuii onepamop, mo

LJs;(4) — s(B)| < | A — B. (172
2. 5;(A%) = s;(A). (4.73)
3. sj(aA) = |als;(A). (4.74)
4.VB € L(H — H): s;(BA) < ||B|ls;(A) , s;(AB) < ||B||s;(A4). (4.75)

HokazarenbcTBo. IlepBoe yrBepKaeHHe TEOPMBI CAeAyeT U3 TeOPEeMbI
J.9.Annaxsepauesa u 0GOGIIEHHOTO HEPABEHCTBA TPEYTOJbHHKA (CM. Gop-
myiay (2.11) ma crp. 101)

Bropoe yrBepx)aenne Tak:ke ciemyer u3 teopembl [1.9.Ataxsepauena,
TaK Kak

4ToO cJjgaeayeTr U3 paBeHCTBa
A= K| = |A" = K.

Tpernbe yTBepKIeHNE OYEBHTHO.
g joKasare/ibCTBa 4eTBEPTOIO YTBEPZKJICHUS 3aMETUM, YTO

V(fe€H): <f,(BA)BAf ><|BIP|AfIP <|B|I* < f, A"Af >
CrenoBaTesbHO,
V(feH): <f,(|BIPA*A— (BA)'BA)f >>0,

1 TTO3TOMY

|B||*A*A > (BA)*BA. (4.76)

13 sroro Hepasencrsa u ciaenctsus 4.4.1 (em. cTp. 293) BbITeKaeT HEpaBeH-
CTBO

1B]1%s;(A)* = s;(BA)*.

Hamee 3aMeTuM, 4TO
sj(AB) = 5;(B"A") < || B*||s;(A7) = || B||s;(A).
Teopema jokazana.
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4.4.3 Omneparopsl 'mapbepra-1lIMmuara.

[Iycrs H cenapabesibHOe I'mjibOEPTOBO IIPOCTPAHCTBO.

Onpenenenne 4.4.3. Oneparop A € L(H — H) Ha3bIBaeTCs 0mMepaTopoM
[Munbbepra-IImura, ecian jyis KaKuX-HuOy/Ib JIByX HOJHBIX OPTOHOPMUPO-
BaHHBIX cucreM B npocrpanctse H : {e;, 1 < j < oo}, {g;,1<j < oo}
CXOJTUTCS Psi/l
JALHSP = 3 [ < Ag > (177
1<i<o0
1<j<00
Huzke MBI 1oKazKeM, 9TO onpejeneHnast papeHcTBoM (4.77) dyHKIHs

A |A| HS| (4.78)

JEeHCTBUTENIHO 33aeT HEKOTOPYI0 HOPMY U BBeJeHHOe paBeHCTBOM (4.77)
obo3Havyenue OygeT ONpaBIAHO.

MmuoxkecTBo Bcex omeparopos I'manbepra-IlIMuara MBI 0I03HATHM CHM-
Bostom H S.

Teopema 4.4.8. Ecau pad (4.77) cxodumes dasn Kakuz-nubydo 06Yx noa-
HOLL OPMOHOPMUPOBAHHBIL CUCMEM, TO OH CTOOUMCA 0Af A0OBIT MOAHBIT
OPMOHOPMUPOBAHHBIL CUCTNEM U €20 CYMMG HE 3ABUCUM OM 6blbOpa SMUT
CUCMEM.

Hoxazarennctro. Ilyers {€} [ 1 < j < oo} -npomssosibHast MOTHAS OPTO-
HOPMHUpPOBaHHad crucTeMa B mpocTpaHcTBe H. B cuny pasencTBa [lapceBasis
CIPAaBEeIJIMBLI PABEHCTBA

JATHSIP= > | Y I<e,Ag > )= Y |Agl* (479

1<j<oo \1<i<© 1<j<0
JATHSIP= > [ D [<A%e,g> )= > A% (4.80)
1<i<oo \1<j<0 1<i<o0o
DoolAgIF= D D I<d, Ag > P (4.81)
1<j<00 1<j<o0 \1<i<o0o

13 mepBhIX JBYX PABEHCTB CJIEJIyeT HE3aBUCUMOCTH CyMMbI (4.77) oT BBIGO-
Pa OPTOHOPMHPOBAHHBIX CUCTEM, U3 TPEThero PaBEeHCTBA CJEIYeT, UTO eCJIu
psizt (4.77) exoaurest it KAKUX-HUOY/ b JIBYX HOJIHBIX OPTOHOPMHPOBAHHBIX
CUCTEM, TO OH CXOAUTCA JJId JHO6BIX IIOJIHBIX OPTOHOPMUPOBAHHBIX CUCTEM.
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Teopema 4.4.9. Ecau onepamop A ecmwv onepamop Luavbepma-IlImudma,
Mo 01 KOMNAKMEH U CHPAGEONUBO PABEHCMEO

IATHS|>= ) s;(A) (4.82)

1<j<00
ede sj(A) -zapaxmepucmuueckue wucia onepamopa A.

JokazarenncTBo. [lycts omeparop A ects oneparop ['mabbepra-IlIvuara,
{e;, 1 < j < oo} -momHas oproHOpMEpOBaHHAs cucTeMa. Onpeennm ore-
paTop

P,:P,f= Z <ej, f>e
1<j<n

CrupaBe/INBBI OIEHKHN:

(A= PAIP=) | <e, Af > < (Z HA*€J‘H2> L% (4.83)
i>n i>n

113 (4.83) u (4.80)caenyer, aro ecam oneparop A ectsb oneparop 'miabbepra-

[MImuara, TO

|A—P,All —0,n— oc.

1 omepaTop A KOMIAKTEeH Kak IPejes 10 HOPMe KOMIAKTHBIX KOHEYHOMED-
HBIX OIIEPATOPOB.

s nokasaresnberBa paencrsa (4.82) mocrarouno B (4.81) B3aTh OpTO-
HOPMHPOBaHHYIO cucremy {g;, 1 < j < 0o} rak, 9ro0bl OHA BK/IIOYAJIa B
cebsl OPTOHOPMUPOBAHHYIO CHCTEMY cOOCTBeHHBIX (ByHKIHiT onepaTtopa |A|.

Teopema 4.4.10. Mnoowcecmeso onepamopos luavbepma-LLmudma ecmo au-
netinoe nodnpocmparncmeo ¢ L(H +— H) u dynxuyus (4.78) s3adaem wa smom
noonpocmpancmee HoOpMy.

JokazarenbcrBo. Brirtouenne
V(A€ HS,2e€C'): zA€ HS

1 OJIHOPOTHOCTE (byHKIUH (4.78) OYEBUIHBL.
[Iycte A€ HS, Be HS u{e;, 1 < j < oo} -nosnast OpTOHOPMUPOBAH-
Has cucrema B mpocrpancrse H. Torma

1/2 1/2
I(A+B) | HS| = ( > ||(A+B)6j||2> < ( > (||A€j||+||36j||)2> <

1<j< 1<j<
1/2 1/2
( > ||A€j\|2> + ( > ||B€j||2> = [|A[HS[ +[|B| HS|.
1<j<0 1<j<c0
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MpI oKa3aJim, 9T0 MHOXKeCTBO onepaTopos ['mibbepra-IllIMuara ecTh aIuHei-
HOe MPOCTPaHCTBO U (hyHKIHs (4.78) YABJIETBOPSET HEPABEHCTBY TPEYIOJIb-
HUKa. BeIoIHeHne ocTaabHBIX aKCHOM HOPMBI OUeBHIHO. TeopeMa moKa3aHa.

Teopema 4.4.11. Hopma (4.78) ydosaiemsopaem cAedyouum Yeao8uim.

V(Ae HS): ||A| < ||A| HS]. (4.84)
V(Ae HS): A*xe HS u||[A* | HS||=||A| HS|| (4.85)
V(Ae HS, Be L(H+— H)): ABe HS, BA€ HS u

IBA|HS| < [|BI[I[A[ HS[[[[AB | HS| < [|BI[[|A [ HS]| (4.86)

Jokazarenscrso. 113 pasencrsa (4.79) ciaemyer:
[Agi [ < [lA [ HS]|

Tak Kak B KaYeCTBe BEKTOPA 3 MOXKET OBITh B3SIT JII000H OPTOHOPMHPOBAH-
HBIl BEKTOD, TO W3 5TOro HepaBeHcTBa BbiTekaeT (4.84). Pasenctso (4.85)
caeayer u3 cpasuenus pasercTs (4.79) u (4.80).

s nokasarenbcrsa HepaBeHCTB (4.85) 3amernM, aro ecan {e;, 1 < j <
00} -mostHask OPTOHOPMHPOBAHHAS CHCTEMa B TpocTpancTBe H, TO

IBA|HS|*= Y [IBAe|® <[BI* Y llAesl® = IBI*IIA | HS|?,

1<j<0 1<j<0

|AB | HS|| = [|B*A" | HS|| < || B]| - [|A | HS]|.
Teopema mokazana.

Teopema 4.4.12. 1. IIpocmparcmeo HS ecmb noanoe nopmuposarmoe npo-
cmparcmeo omuocumenvio Hopmuvs (4.78).
2. Ha npocmpancmee HS xoppexmmo onpedesena burunetinan dopma

HS(A, B):= Y < Ae;, Be; >, (4.87)

1<j<©

KOMopasa He 3a8uUcum om eubopa NoAHOT 0PMOHOPMUPOCAHHOT CUCTMEMbL
{ej, 1< j < oo} upad e (4.87) cxodumesa abcorrommo.

3. Buaunetinan dopma (4.87) sadaem na npocmpancmse HS craraproe
npouseederue, Komopoe noposcdaem wopmy (4.78) u ommocumesvro cka-
aaprozo npoussedenus (4.87) npocmparncmeo HS ecmov 2uavbepmoso npo-
CMPaArCmeo.
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HokazarenbcrBo. Ecan nociaenosarensnocts {A,} C HS dyngamen-
TaJIbHA 110 HOpMe mpocTpancTBa H.S, To B cuity HepasencTsa (4.84) ona byH-
namentaabia B L(H +— H) u nosromy

JA:||JA- A4, =0, n— . (4.88)
[Tepexons K mpenesy n — 0O B HEDABEHCTBE

A, | HS|? = > | Aneyl|* < const.

1<j<0

MBI MOJyYaeM, 9TO OmpeJejeHHblii paBeHcTBoM (4.88) omepatop A € HS.
[Toamnora npoctpancTBa HS moka3aHa.
AbcosrorHas cxopumMocTb psijia (4.87) ciaeayer u3 OlNeHKH

| < Aej, Bej > | < || Aej||* + || Ber|.

PapenctBo

IA| HS||* = HS(A, A)
caenyer u3 (4.79). Teopema mokaszana.

Teopema 4.4.13. Ecau A € HS, mo cyuiecmeyem makoe yHumaproe omoo-
pasicerue
U:Hw— L*(D, u(dx)),

umo onepamop A, xomopuiti deaaem KommymamueHot duazpammy

Ul lu (4.89)
LD, p(dz)) —— L*(D, p(dx))
eCImb UHME2PAABHLT ONEPATNOP

V(f € H) : AUf(z) = / ale, 9)Uf(y)uldy) (4.90)

D

¢ K6adpamuwHo UHME2PUPYEMBIM A0POM

// la(z, y)|*u(dr)p(dy) < oo,

DxD
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romopoe 8o MUCAAEINCA 1O &0])./\4:(]./116
1<i<00,1<j<00

NPUYEM CNPABEOAUBO PABEHCME0

/ la(a, y)Pu(da)u(dy) = |A | HS|. (4.92)

JTokazarenbcrno. [Iycts H -npou3BobHOE THILOEPTOBO MPOCTPAHCTBO U
{9;,1 < j < oo} -noHAZ OPTOHOPMHPOBAHHAS CHCTEMA B IPOCTPAHCTBE
H. Ilyetb D C R% u {ej(z),1 < j < oo} -mosHAS OPTHOPMHDPOBAHHASA
cucrema B npocrpanctse L2(D , p(dx)). Mbr OygeM cauTaTh, 9TO (DYyHKIEN
e;(x) meficTBUTE/IBHDL:

ej(r) = e;(z)".
OmpeneuM yHUTapHOE O0TOOpaXKeHUE
U:Hw— L*D, p(dr)),
PaBEeHCTBOM
Ug; = ¢;
Jlajiee BuIYuCageM, JBUTAdCh 10 BepXHeil U IpaBoii CTpejKe BHU3 HA JIHAa-
rpamme (4.89). Nmeem:

F=) <9[>, Af= ) <g, [>Ag=

1<j<o0 1<j<00

Y <y f><gi, Ag > gi

1<j<00, 1<i<o0

UAf = Z <gj, [ ><gi, Agj; > e;.

1<j <00, 1<i<o0

Tak Kak

<g;, f>=<ej,Uf >,

TO

UAf = Z <€j7Uf><gi7Agj>€i($);
1<j<00,1<i<00

AUfF= > <e Uf><g, Agi>e =

1<j<o00, 1<i<o0

> <oty | [a@eUiondy . @93)

1<j<o00, 1<i<00 h
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Ham npegcront 060CHOBATD II€peMeHy HOPSIKA HHTCIPUPOBAHUSA U CyMMHE-
poBanus B (4.93). Mbl ¢ies1aeM 9T0 ¢ TIOMOIIIBIO TIPHEMa, KOTOPbI# 9acTo OKa-
3BIBACTCA TOJIE3CH B AHAJOIMUYHBIX CIydagx. 3aMeTuM, 9To Tak Kak A € H S,
10 psaj B (4.91) cxoaures B Merpuke npocrpancrsa L2(Dx D, p(dx) x u(dy)),
O3TOMY

V(b € H): < AUS, Ui >= / / (ale, YU F)) Ub(@)u(dr) x pu(dy)

(4.94)
Bocnosb3osasiuck Teopemoit @younu 1.2.6 (cM. crp. 70) 3amuimeM nHTErpa
B (4.94) KaK IIOBTOPHBIIL:

J[ tate. 90U Uit i) =

DxD
*

/ / (ale, YU F@uldy) | U(o)u(de)

Baganublil 1paBoil YacTbio paBencTsa (4.95) dbyHkimonas

*

Up(z) — / / (ale, YU S@uldy) | Ue@p(de) — (4.95)

JuHeeH W HerpepbieH. CienoBarenbHO, CYIecTByeT Takoii BeKTop b(z) €
12(D, p(d)), o

*

Wwet)s <b.Uv>= [ | [(ale, )Uf@niay) | Uo@n()
D \D

(4.96)
[To onpesesennio, uarerpas B npaBoii yactu pasencrsa (4.90) mbl Oynem cau-
TaTh PABHBIM 3TOM BeKTODY b(x) (3T0 ecTh 4acTHBIH ciiydail TAK Ha3BIBAEMOTO
narerpana [lerrnca: naTerpas noHUMaeTCst Kak 3a1aBaeMblii TTOINHTETPAJIb-
HBIM BBIDazKeHHeM JTMHeHHbIl HenpepbiBHBIH GyKimonan). Pasenctso (4.92)
craeayeT w3 paBeHcTBa [laceBasa. Teopema mokazana.

4.4.4 dAdnepubie omepaToOphI.

Ounpenenenune 4.4.4. Komnakrusiii oneparop A € L(H +— H) Ha3bIBaeTCsI
SIIEPHBIM, €CJIN CXOTUTCSA PSI U3 €TI0 XapaKTePUCTHIECKHX THCET:

JA | Nel|| == )~ s;(A). (4.97)

1<j<o0
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[Tozzke MBI JOKazKeM, 9To mpasas 9acTh (4.97) yI0BIeTBOPSIET YCIOBHUIM
HOpMBI. OnpeesienHas paBeHcTBOM (4.97) HOpMa Ha3bIBaeTCst gepHOi (Min
CJIEJIOBOI ) HOPMOIA.

MuozkecTBO Bcex gJIepHBIX OlepaTopoB Mbl 0003HaYUM cUMBOJIOM Ncl.

Jlemma 4.4.2. Onepamop A adepruiti 8 Mom U MOALKO MOM CAYUAE, eCAU
oaa Kaxol-aubo noanod opmonopmuposarnots cucmemv, {e; | 1 < j < oo}
cxodumcsa psad

E <€, |A’€j > (498)

1<j<00

Ecau pad (4.98) crodumca das kakol-11u60 noanoti opmoHopMuposantots cu-
cmembl, Mo O CLOOUMCSH OAA A1000T NOAHOT OPMOHOPMUPOBAHHOT, CUCTEMbL,
€20 CYMMA He 3a6UCUM 0M 86l00Pa NOAHOT OPIOHOPMUPOBAHHOT CUCTEMbL,
onepamop |A|Y? ecmu onepamop Tuavbepma-LImudma u 6vinosmeno pasen-
CcmMeo

|A | Nelll = [[|A]2)? (4.99)
HoxkazarenbcrBo. ClipaBeIIuBO PABEHCTBO

S <o Ale >= S < A%, A2, >= AV | HS.

1<j<0 1<j<0

Orcroga ciemyer He3aBECUMOCTL CyMMbl psaga (4.177) or BbIOOpa LOJIHON
OPTOHOPMHPOBAHHON cucTembl. st mokasaresnbcTBa pasencTsa (4.99) mo-
CTATOYHO BBHIOPATH MOJHYIO OPTOHOPMHUPOBAHHYIO CHCTEMY TaK, 4TOOBI OHA
BKJIIOUANa B cebs cucreMy cOOCTBeHHBIX (DYHKIMI omepaTopa |Al.

Sameuarue 4.4.2. Mbl Bugum, 910 u3 cxoxumoctu psiga (4.98) caeayer, uaro
oneparop A ectb oneparop ['mapbepra-IIIMuara u mod3TOMYy KOMIAKTHBIM
oneparop. OTMeTUM, 4TO

Ncl C HS.

Teopema 4.4.14. Onepamop A adepHuiii 6 MOM U MOALKO MOM CAYUAEL, ECAU
oM ecmb npoussedenue dsyx onepamopos uivbepma-IlImudma.

JokazareascTBo. Ilycrs oneparop A saepHsrii. Mcmoab3ys nosspHoe pas-
nozxenue oneparopa A (em. (4.49), ctp. 294), MBI MOy 9aeM:

A=UJA| = U[AP2- A2,

rie onepatoph U|A|Y2 uw |A|Y/2 ecth omeparopwr I'amn6epra-1TTvmra.

Ilyctb A€ HS , B € HS. Ilokaxkewm, uro AB € Ncl. Illycrs {e;, 1 < j <
00} -TI0/IHAs OPTOHOPMHPOBAaHHAS CUCTeMa B mpocTpancTse H. U3 dbopmy.ist
(4.57) caepyer, ato

|AB| = UL PapAB,
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rie Ugp - yHETAPHBINA OLepaTop, BXOAMAIINNA B MOJIAPHOE PA3JIOKEHNTE Ollepa-
topa AB. Ilosromy

< €5, \AB\ej >=<ej, UﬁlpABABej >=< A*(UilpAB)*ej, Bej > .

Benomunast onpeienenue ounnneiinoit popmbt HS (em. (4.87), ctp. 302), Mbr
BuAUM, 4TO

> <ej, |ABle; >= HS(A*(U™'Pap)*, B) < oo. (4.100)

1<j<00
Teopema mokazana.

Teopema 4.4.15. Mnoowcecmeo adeprovix onepamopos Ncl ecmv aunetinoe
noonpocmpancmeo ¢ L(H — H) u onpedesennan pasencmeom (4.97) dyrx-
yus A — ||A | Ncl|| ydosaemeopaem ycaosuam Hopmoi:

Y(A, B € Nel) : ||2A | Nel|| = |2]||A | Nell],
IA+ B | Nel|| < ||A| Nell| +||B | Nelll.

Omuocumenrvno Hopmor (4.97) npocmparncmeo A0EPHLIT ONEPAMOPOS €CMb
baHATOB0 NPOCMPAHCNEO.

Hokazareniberso. OMHOPOJAHOCTD ONPEIEIeHHON TPAaBOil YacThi0 paBEH-
crBa (4.97) dynknuu ouesnana. Jlokazkem, 4To

(A € Ncl, B € Ncl) = ((A+ B) € Nel).

IIycrs {e;, 1 < j < 0o} -mosiHAas OPTOHOPMUPOBAHHAS CHCTEMA B IPOCTPAH-
crBe H. 13 dopmyasr (4.57) caenyer, 910

|A+ Bl = Ugy, gy P (A + B),
IIO3TOMY

< €5, ‘A + B\ej >=<ej, U(741_|_B)P(A+B)(A + B)Gj >=

< ¢, Uy g ParmAe; > + < e, U, g PavsBe; > . (4.101)
Hamee umeeM:

< e, UipParmAe; >=< ¢;, Ul p ParpUalAl'Y?|A]2e; >=

< (U(;lquB)P(AJFB)UA‘A’l/Q)*ej7 ‘Ayl/er >
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CJIeJOBaTEJIbHO,

Y < UiypPlassde; >

1<j<o0

Y < UG g ParnUalAlM) e, |AlPe; >| =
1<j<00
HS((U;+B ParsUalAI2)", |A1Y%)| <

|G, 5y Py Ual A2 | HS|| - A2 | HS|| <

IA]2 | HS|? = [|A | Nell.

Ananornyno onenuBaercs Bropoe ciaraemoe B (4.101). 13 (4.99) crenyer,
q9TO

[A+ B[ Nel|| < [[A]| Nel|| +[|B | Nell].

[TosiHOTA TIpOCTPAHCTBA $iJIEPHBIX OIIEPATOPOB OTHOCHUTEJBHO $JIEPHON HOP-
MbI JOKa3bIBaeTCAd AOCJTOBHBLIM IMOBTOPEHHUEM AOKa3aTe/JbCTBa IMOJHOTHI IIPO-
crpancTsa omneparopoB I'mnbpbepra-IlImuara. Teopema goka3ana.

Teopema 4.4.16. Ha npocmparncmee A0epHvlx onepamopos Koppexmmo onpe-
deaer GyHKUUOHANL

V(A € Ncl) Z <ej, Ae; > (4.102)

1<j<0

ITpasas wacmo (4.102) ne 3asucum om 6u60pa NOAHOT OPMOHOPMUPOEBAHHOT
cucmemn, {e;, 1 < j < oo} u onepdenenrnt pasencmeom (4.102) dyrryuo-
HaA YIOBAETNBOPAETN YCAOCUAM.!

1V(A, B € HS) : tr(AB) = tr(BA). (4.103)
2. [tr(A)] < ||A| Nell]. (4.104)

JokazareabcTo. Vcmonb3ys moJisipHoe pasjoxkeHune omeparopa A, Ml
TOJIydaeM:

Z <ej7A6j>: Z <€j,U|A‘€j>:

1<j<00 1<5<00
Y < (UIAM) e, |A]2e; >= HS((U|A]?), |A[Y?).
1<j<0

Orciona ciegyer abconoTHast cXoauMocTb psijia (4.102) n HE3aBUCUMOCTD €10
CYMMBI OT BBIOOpaA OPTOHOPMHPOBAHHONW CUCTEMbI.
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Hamee mMeem:

tr(AB) = Z <e;j, ABe; >= Z < A%ej, Be; >=
1<j<0 1<j<0
Z <ej,Aei><ei,Bej>.

1<j<o0,1<i<oc0

Brinucanuoe paBeHCTBO J0Ka3biBaeT paBeHcTBO (4.103).

s nokazarenncrBa HepaBeHCTBa (4.104) BEIGEpEM MOJHYIO OPTOHOPMH-
POBAHHYIO CHCTEMY TaK, 4TOOBI OHA BKJII0UYaJa B cebsd CHCTEMY COOCTBEHHBIX
dbyukuumit onmeparopa |A|. Torma momyawmm:

Z <€j,A€j>

Z <€j,U‘A’€j> <

1<j<0c0 1<j<
S s A) <oy Uy > | < [A] HS|.
1<5<00

Teopema mokazana.
Oupenenennstii pasencrsoM (4.102) GyHKIHOHAT HA3BIBACTCS CACIOM ONE-
Pamopa.

4.5 CroexkTpaJjJbHOE pa3JIoXKeHNe OTPaHNIeHHBIX
CaMOCOIIPA2KEHHbBIX OIEPaTOPOB.

Hama menb cocTouT B Jl0Ka3aTeabcTBe TeopeMbl 4.5.2. DTa TeopeMa, BO-
HEePBLIX, OMUCHIBAET OOIIWIT BHJ CAMOCONPSKEHHOTO OTepaTopa B THILOEp-
TOBOM IPOCTPAHCTBE U sBJiseTcs 0O0DIEeHneM paHee JI0KA3aHHOW TeopeMbl
IMunbbepra-ITImuara 4.4.1. Bo-BropbIX, OHA TIO3BOJIAET [T JTI000M 33 aHHOM
Ha crmekTpe onmeparopa A GopeneBckoit dbyHkIuU f ONpenesnTh OMEPATOP
f(A). Tlosicuum comepzranue Teopembl 4.5.2 Ha mpuMepe.

[Iycts A KOMOAKTHBIIT CAMOCONPsIzKEHHBIH ormepaTop. Toraa

VpeH nely): A= N <e;, ¢>ej
)\.

J

rae {\;} = 0(A) -cuexTp omeparopa A, e; -ero cobcrsennsie dyukuu. Cie-
JOBATEIBHO, JJId JI060r0 HOJIMHOMA CHPABETHBO PABEHCTBO

Vg€ H) :p(A)p=> p(\)<ej, ¢>e
Aj
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Orkyaa ciemyet, ITO

V(¢ € H) : [lp(A)g||* = le I <ei, o>

[TosTomy
Ip(A)[| = sup{|p(A)| | A € o(A)}. (4.105)

MpbI BuauMm, 9T0 ajarebpa Bcex IMOJUMHOMOB OT omeparopa A, paccMarpuBae-
Mag Kak nogaarebpa anre6psl L(H — H), anrebpandecku U TOMOJOIHYECKT
m3oMopdHa anredpe MOJTMHOMOB Ha criekTpe oneparopa A. Teopema (4.5.2)
YTBEPKIAET, 9TO 9TO CIPABEJIMBO U B DOJiee 00IIeit CUTYaIUH.

[TpuBoIMMOe HIZKe JT0OKA3ATeTbCTBO TeopeMbl (4.5.2) npuHapie:kut Dbep-
JeliHy ¥ OCHOBAHO Ha CJIEAYIOIIel 3JeMeHTapHOH! JieMMe.

Jlemma 4.5.1. ITycmo A -camoconpascernvit onepamop: A* = A. Iycmo

p(A) = ap\" + A"+ +a,, a; € RL

Tozda
[p(A)]] < sup{[p(A)] | [A] < [|A[[}- (4.106)
Hokazarenbcreo. Pukcupyem Bektop © € H | ||z|| = 1. ITycrs
H, = spanf{z, Az, ..., A"z}

[To mocTpoennio pa3MepHOCTb HpocTpancTBa H, KoHedHa:
dimH, <n+1

Mubr Oynem paccMaTpuBaTh NPOCTPAHCTBO H, Kax MOANPOCTPAHCTBO TPO-
crpancrBa H. Zcno, 1To
H=H,®Hr.

[IycTh P -oneparop OpTOroHaJbHOrO HPOEKTUPOBAHUS HA IIPOCTPAHCTBO H,:
P>=P ,¥(x€H): PreH, V(x€H,): = Pr.
[Io onpenesiennio omepaTopa MPOEKTHPOBAHUS, CIPABEIINBLI PABEHCTBA:
(x € H,) = (x = Px),
(Az € H,) = (Ax = PAx = PAPx)
(A%x € H,) = (A*r = PA*vr = PAAx = PAPPAPx = (PAP)*z)
(A"x € H,) = (A"x = (PaP)"x).
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CaenoBaTesbHO,

p(A)x = p(PAP)zx.

Oneparop PAP nefictByeT B KOHEYHOMEPHOM THJILOEPTOBOM MPOCTPAHCTBE
H,, u cornacuo (4.105)

| <, p(A)z>|=| <z, p(PAP)r > | < [[p(PAP)|
< sup{[p(A)] | A € o(PAP)} <sup{[p(A)| [ [A[ < [|[A | H[[}.  (4.107)

[IpaBasi yacTb HepaBercTBa (4.107) He 3aBUCHT OT X, CJIeI0BATEIBHO,
sup{| <z, p(A)z > || [[|z[| < 1} = [[p(A)[| < sup{|p(A)| | A < |A | H][}.

JlemMa mokazaHa.
BameTuM, 9TO J0KA3aTeJIbCTBO ITOH JeMMbI OIHUPAETCS TOJIBKO Ha CBOM-
CTBA YPMHUTOBBIX OIIEPATOPOB B KOHEUHOMEPHOM YHHTAPHOM MPOCTPAHCTBE.

Bameuanue 4.5.1. V13 noka3piBaeMoil HUzKe TeopeMbr (4.5.2) cieyer, 94To st
IPOU3BOJIBHOIO CAMOMOIPSIZKEHHOTO olleparopa A cIpaBeIMBO PABEHCTBO
(4.105).

B nagbhiienieM Mbl OyIeM ONUpaThCsl TOJBKO Ha HepapeHCTBO (4.106),
MO3TOMY YHUTATE b MOYXKET cpa3y nepeiTn K caeacTsuio 4.5.1 Ha cTp. 314.

Huxke MbI JIoKazKeM HECKOJIBKO yTBED:KJIEHU, KOTOPBIE 110 CMBIC/TY OJ113-
Kkn jiemMe 4.5.1 n KOTOpbIe M0/Ie3H0 3HATD.

Jlemma 4.5.2. FEcau A -oepanuvenmnvili camoconpascernui onepamop u p(\)
“NOMUHOM € JeTICMEUMENbHULMU KOIPHUUUEHMaMU, MO

Ip(A)]] = sup{lp(N)] | A € o(p(A))} = sup{lp(M)] | A € 0(A)}.  (4.108)

Hokazarenbcrso. Ecian kosdduruentsl nomaoMa p(A) JedcTBUTENbHBI,
10 onepatop p(A) caMoconpsizKeH, 0ITOMY B cuity ciaeacreust 4.3.2 (eM. ¢rp.
289) cupaBeInBO PABEHCTBO

Ip(A)]] = sup{[Al [ A € a(p(A))} = sup{Al [ A € p(a(A))} =
sup{[p(A)| | A € o(A)}.

JleMMa mokazaHa.

3amMernM, 9TO NMpPU JOKA3ATEILCTBE ITOH JIEMMBI MBI CYIIECTBEHHO HC-
II0JIB30BA/IH TeopeMy 00 OTOOPayKeHHH CHEKTPA U CBOMCTBA CLEKTPAIBLHOIO
pajuyca. Ecam auraress yCBOUI 9TH HOHATHS, TO B IMOCIEAYIONIIX PACCY K-
JICHHSIX OH MOKET HCIIOIb30BaTh JeMMy (4.5.2) Bmecto gemmer (4.5.1) i Torma
MOZKHO IOCJIEIYIOIINe PACYZK/IeHHs CAeIaTh O0JIee TOUHBIMHI: BO BCEX OIEH-
kax orpe3ku [—|| A, ||Al|] moxkHO 3amenuTh Ha KOMIAKT o (A).

Huoke gaercs 40Ka3aTe/IbCTBO JIEMMBI, KOTOPAst HOJIE3HA U B MHOTUX JIPY-
I'UX [PHJIOZKEHHSIX.
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Jlemma 4.5.3. Ecau A u B -ozparuMeHHble KOMMYMUPYIOULUE:
AB = BA

HEOMPUUATNENDHBLE CAMOCONPANCEHHBIE ONEPAMOPYL, Mo onepamop AB camo-
CONPANCEH U HEOMPUYUAMEAEN.

JlokazarebcTBo. CaMOCONPSKeHHOCTh oneparopa AB BbITeKaeT u3 pa-
BEHCTBa

(AB)* = B*A* = BA = AB.

JlokazkeM HeOTpHIIATENILHOCTL oneparopa AB. He orpannunpast oOIIHOCTH,
B JaJIbHEIIIEM MbL 6y)1eM CYUTaTb, 9TO

0<A<id
HOCTpOI/IM II0CJIe 10BaTEJIbHOCTD OIIepaTOpPOB
AO - A, A(n+1) == An - Ai

OueBujiHo, 910

Vn: A,B = BA,.

JokazkeMm, 94T0
Vn:0< A4, <id. (4.109)

Jloka3piBaeMm 110 uHAyKIuu. Kcium
0<A, <id,

TO
A2(id— A,) >0, A,(d — A,)* >0,
TaK KaK
< fLALd = A f >=< A.f, (id— A,) A, f >> 0,
< f,A(id—A)°f >=<(id— A,)f, A.(id — A,) f >> 0.

BquI/ICJ_[eHI/Ie IIOKa3bIBaCT, 4TO
A(n+1) = Ai(ld — An) + An(ld — An)Q

CanenoBaTe/ibHO,
A(n+1) > 0 .

Eciu

id — A, >0,
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TO

id — Agyn) =id — A, + A2 > 0.

Hepasencrso (4.109) pokazamo.
Tak xax

A2 = A, — At

TO

> AL =A-Ap <A (4.110)

CrenoBaTesbHO,

Vi: <f,A2f>—-0,n— oo.

13 5TOro yTBep:K/ieHus U II0/SPU3aIMOHHOI0 TOXKIECTBa CJlelyeT, 9To
V(feH,geH): <f,A,g>—0,n— oc.

Ho Ttorna u3 (4.110) coremyet, uro

Vn: < f,ABf>= Y < f,ALBf>+<f, ApBf >=

0<m<n
Z < Amf7 BA’mf >+ < f7 A(n-‘rl)Bf >
0<m<n
> <Anf.BA,f>>0,n— o
0<m<oo

JlemMa JoKa3aHa.
113 3T0ii IeMMBI JIero ciaeayer yTBepZKIeHHe.
[IycTs A -orpaHuYeHHBIH caMOCONPszKeHHBIH omepaTop. Ilomoxum

a=inf{< f, Af >[[[fll =1}, b=sup{< [, Af >|[[f]| =1} (4111)

Jlemma 4.5.4. Ecau p(\) -makoli mHozousen ¢ delicmeumensvromu kogh-
duruernmamu, 4mo

YN € [a, b)) : p(\) > 0,

p(A) > 0.

HokazaresbcrBo. CrpaBe/inBO PaBEeHCTBO

p(N) = T A= a)(B = N = w)* (A= 02)* +72),

Jkil,s
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rie

aj<a,Bp>b,w €la,b], v €R o, e R
OTciona caeyer, 9To
p(A) = ] (A= ajid)(Biid — A)(A — wid)*((A - 0,id)* + 77%id).  (4.112)
7.k,ls

Kax mpiit comrokuTesib B (4.112) -HeorpunareabHblii onepatop. B cuiy nem-
MBI 4.5.3 UX NpPOU3BEJIeHHE eCTh HeOTPHUIATETbHBI omepaTop. JleMma moka-
3aHAa.

Temepb f0KazKeM yTBepIKIeHHe, KoTopoe yrounser jgemmy (4.5.1).

Jlemma 4.5.5. Cnpasedauso Hepasencmeso

Ip(A)]] < sup{p(M)] | A € [a, b]}. (4.113)

HokazaTenbcTBO. [IycTh

¢ = sup{[p(\)| | A € [a., B]}.
Cupase/lJINBO HEPpaBEHCTBO
V(A €la, b]): cEp(A) >0.
B cuity siemmbr 4.5.4 oTciofia cjiejlyerT HepaBeHCTBO
Vige H): <o, (ctp(A)¢>=0,

KOTOPOE 9KBHUBAJEHTHO HepaBeHCTBY (4.5.5).
Ha nonmnomax p(A) ¢ meficTBUTETHHBIME KOIDMUITHEHTAME OTPEIETHM
oTobparkeHue

Opba : p(A) — Opba(p(N)) = p(A). (4.114)

W3 nmemmel 4.5.1 BoiTekaer

CaencrBue 4.5.1. Omobpascenue Opby nepesodum gyndamernmanrvroe 6
mempure C([—]|A], ||Al]]) noaedosameavrocmu nosuromos 6 @yndamer-
maavroe 6 mempure L(H — H) nocaedosamenrvrocmu onepamopos u no-
amomy pacuwupaemes 00 Henpepuenozo omobpascenus npocmpancmea C([—||A|l, |All])
6 npocmpancmeo L(H — H): ecau f € C([—||A|l, ||All]) u 6 mempure npo-
cmpancmea C([=[ A, [|A[l])-

fA) = lim p,(A),

n—oo

Opba(f) < lim Opba(pa(N)): (4.115)
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Durcupyem BekTop ¢ € H u na nmpoctpanctse C([—|| A, ||Al]]) pacemor-
puUM JIMHEeHHBIH (hyHKIHOHAT:

def

CU=NAlL AN 2 fFA) = To(o | f) =< &, Opba(f)d > . (4.116)

Jlemma 4.5.6. Omobpasicenue (4.116) na npocmpancmee C([—|A|l, ||All])
YJOBAENEOPACTN YCAOBUAM IAEMEHMAPHOZ0 UNMeepana 6 creme JJanusna u
HEPABENCTNEAM:

V(¢ e H, feC(-lAll, lAID) :

[1o(6 | /)] < lIol*sup{lf(N] [ A € [=[IA]l, AN} (4.117)
(VA e [=lAlL [JAIT) = f(A) 2 0) = (< ¢, f(A)g >=0). (4.118)

Hoxkazarenbcrso. Jluneitnocts dbynknnonana (4.116) mo f ouesuana. Ec-
I

VA e [=AlL A = fa(X) =0, fu(X) O, n — o0,

TO B cuily TeopeMbl [luHu
sup{fu(A) [ A € [=[IA[l, [[All]} = 0, n — o0,
osToMy B cuity onenku (4.117)
Lo | fn) =0, n— 0.

Jlokazkem HeoTpHIATETbHOCTH (yHKIHOHATA (4.116).
Ecim dyukius f HenpepbiBHA U HEOTPHIATEIbHA, TO (DYHKIIAA

A (FO)?

HEIPEPLIBHA ¥ HeoTpunareabHa. [103ToMy cymecTByer Takas moC/1e10BaTe b-
HOCTB MOJUHOMOB 0y, (), 91O

Qu(N) = (FN'2, Q2N = (J(N), n — oo
CaenoBaTesbHO,

<@, f(A)¢ >= lim <o, Qu(A)’¢ >=
< Qn(A)9, Qn(A)p >>0.

Pacemorpum npocrpanctso C([—||A|l, ||A]|]) kax npocrpancTBo saemen-
TapHbIX (DYHKIMI IPU MOCTPOEHUN nHTErpasia Jlanuais.
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Ounpegnenenne 4.5.1. Oyuxnuonan f — I(¢ | f) -310 MmocTpoeHHOE MO
cxeme [lanmasist pacmupenue siementapaoro uarerpania Io(¢ | f) u p(o | dx)
-Mmepa Ha otpeske [—||A|l, ||A]|], koropas mopoxaena unrerpaaom (¢ | f):

V(m e B([=[All, |AI])) = p(@ | m) := (¢ [L(m | -)).

13 Teopembr 1.2.2 (eM. cTp. Hb) ciefyer, 4To J1060e HOPEeBCKOe TOMHO-
xKecTBO orpeska [—||A|l, ||Al|] npu mo6oMm ¢ € H n3aMepuMo OTHOCHTEIHHO
Mephl (4(¢ | dr) 1 TpOCTPaHCTBO MHTErPUPYEMBIX 1O Mepe [i(¢ | dz) dynkmmit
cogepzkut Muoxkectso Bor([—||A|l, ||A]|]) Bcex orpanmuenubix uzMepHMBIX
no Bopenio dyuxnuit ma orpeske [—|| A, || A]|]-

MozxHo goKazaTh, 40 MHOKecTBO [—||All, ||Al|] \ 0(A) ectb MHO)KECTBO
MepBl HYJIb OTHOCHTEIHHO Mepbl (¢ | dx).

Muoxkectso Bor([—||A|l, ||A||]]) ects anrebpa oTHOCHTEIHHO OTeparmii
HOTOYEYHOIO CJOKeHHsT U yMHOkeHus byHkuid. C HOMONBI0 HHTErpaia
fr1I(¢| f) mbl mocrponm 3aBucsiuii or oneparopa A romomopdusm

Opba : Bor([—||All, |A|l]) — L(H — H) (4.119)

anreoper Bor([—|| Al , [|A]|]) B HEKoTOPYI0 KOMMYTATHBHYIO MOAAITEODY aJl-
rebpbt L(H — H). Tomomopdusm Opby mbl Oynem crpouth Tak. PuKCHpy-
em dyukmnumo f € Bor([—||All, [|A]|]), kotopas npunnmaer geficTBHTENbHbIC
3HaveHnd. VICIoib3ys MoIsSpU3AIMOHHOe TOXK/IECTBO, Ha IPOCTaHcTBe H 110-
CTpouM OMIMHERHYIO hOopMy

B, 6| =1 3 #iGe+v] f) (4.120)

0<k<3

113 onenku (4.117) caemyer, 9To s J1000ii AeificTBUTEIHLHONR OPPaHUYEHHOI
dbyuxmun f € Bor(|a, b)) 6umumeitnas dopwma (4.120) ynoBaeTBopsieT Hepa-
BEHCTBY

[B(¢, ¥ | NI < llellli¢llsup{[f(M[ | A € a, b} (4.121)

13 9roro HepaseHcTBa u TeopeMbl Jlakca-Muibrpama-Burmka (em. cTp. 282)
caenyer, uro ousmneiinas dpopma (4.120) 3aaercs JIMHEHHBIM HEIIPEPBIBHBIM
OTIePaATOPOM.

Pacmupum obacts onpenenennst oroopazkerns Opb 4.

Onpenenenne 4.5.2. Orobpazkenne Opby Kaxka0i geiicTBuTeIbHON DyHK-
mun f € Bor([—||A|l, ||Al]]) craBut B coorBercTBHEe OnepaTop Opbu(f) =
f(A), KoTOpBIil YI0BIETBOPSIET PABEHCTBY

B¢, ¥ | f)=<¢, f(AY >, (4.122)
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rie 6ununeiinas dbopma B(¢, ¢ | f) oupenenena pasencrsom (4.120).
Ha xomiutekcubie (pynknun orobpazkenue Opb 4 pacnpocTpansercs 1o Ju-
HEWHOCTH.

Teopema 4.5.1. Omobpascenue Opby ydosaemsopaem caedyroujum Ycio-
BUAM.
1. Omobpasicerue Opby sunetino:

Opba : Bor([=|All, [[All]) > (af + Bg) — (af (A) + Bg(A)) € LIH — H).

2. Omobpancernue Opby npoussedenue Gynryut nepesodum 6 KOMNO3UUUI0
ONePAMOPOs:

Opba = Bor([=[|A[l, [[All]) 3 f(x) - g(x) — f(A)g(A)) € L(H — H).

3. Omobpasicenue Opba nepesodum pynryuto, mostcdecmeenno pasHyo edu-
nuye, 6 eQUHUYHBLIT Onepamop:

Opby : 1+ id.

4. Omobpasicenue Opby deticmsumenvhovie GYHKEUUY NEPEBOOUM 6 CAMOCO-
NPAHCERHBLE ONEPATNOPDL, HEOMPUUAMEAbHBLE JETCMBUMEALHVLE PYHKUUU Ne-
PEBOOUIN, 8 HEOMPUUAIMENDHBIE ONEPATNOPYL U YIOBAETNEOPAE, YCAOBUIO

Opba(¢7) = Opba(¢)", (4.123)

2de ¢* -ynryua, kKomnaexcno conpasrcennan gyrnxyunu ¢ , Opba(P)* -onepamop,
euavbepmoso conpascernwiii onepamopy Opba(o).

5. Eeau gynkuusa [ npunumaem dedicmsumenvrovie 3HGUEHUA, O CNPa-
6e0AUBA OUEHKQ

£ (A < sup{[f(N] | A € [=[All, [|All]}- (4.124)
6. Ecau

V(z € [=[IA[l, Al : falz) =0, Vn: [fu(x)] < const.,

V(g e H): <¢, fulA)p >— 0, n— oo.

JlokazaTeabeTBO. Y TBEPKICHUA TEOPEMbl OYEBUIHBI /IS TOJUHOMOB, a
JUIS OCTATBHBIX (DYHKIMH MOy IAI0TCS MTPEIEeIbHBIM TePEXOI0M.

Orobpakenune Opby MHOTIA HABBIBAETCsI OOPEIEBCKAM ONEPATOPHBIM UC-
qucsaennem. Ocobyro poJib B 3TOM HCUNCIEHUN UTPAET PACCMATPUBAEMBbIl Kak
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bYHKIUA MapaMerpa A orneparop, ABJLAIONIHCA 00pa30oM IPU OTOOPAXKEHUH
Opb 4 xapakTepuctudeckoii pynknum orpeska [—||A|l, Al , A € [—[|4], ||All]
HamommuM, 410 XapKTepucTudeckas GyHkims orpeska [—||A||, A\| 3amaercs
PaBEHCTBOM

L, —[[Al <2 <A <A,
I(=[lAll, Al [2) =40, A<z < |JA], (4.125)
L, A=Al

[To cobpaKeHnsIM TEXHHYIECKOrO TMOPSAIKa (TaK KaK MbI HCTOJb3YeM JEeMMY
4.5.1Bmecto Touno# onenku (4.105)) MBI OIpe/IeJ MM CHEKTPATBHYIO hYyHIIUIO
TaK.

Onpepenenne 4.5.3. Crnexkrpasnbhas dyukiws E(A, A) orpanndennoro (aid <
A < bid) camoconpszkerroro onepartopa A -31o 06pa3 Gyakunu x — I([—||A||, A] |
x)) npn orobpakennn Opba:

EA, A) = Opba(I([=[[A[l, AT )

MozkHO ToKa3arh (310 OyaeT cJIe0BaTh U3 JAJbHEIIEro),9T0 MOKHO ObIO Obl
OIPE/IEeIUTD CIeKTPaIbHyIo dbynknmo kak 06pa3 dyuxmuu z — I([—|| A, A](o(A) |

z))

Takum obpasomMm,

Ve H): <6, B\, A)p>= / I(—[IAll, N]) | 2)u(é | de),

[—llAll<z<||A]
(4.126)
rae Mepa (¢ | dr) 3agama coracuo onpemnesrenuio 4.5.1.

OO0bI9HO crieKTpaabHAS (DYHKIUS JOONPEIeIIeTCsl Ha BCIO YUCI0BYIO OCh
pasencTBaMn

E(\, A) =0, A<a=inf{< f, Af >[|f] =1},
B\, A)=id, A>b=sup{< f, Af >| |f]|f = 1}. (4.127)

Teopema 4.5.2. Kaoswcdomy camoconpascenromy onepamopy A € L(H +—
H) coznacho onpedeaenuto 4.5.3 coomsememesyem cnekmpaisvias Gynkyus
E(\, A), komopasa obaadaem caedyrowumu c60tcmeamu.
1. Jlas no6ozo X € RY onepamop E(\, A) -camoconpascennviti npoex-
mop:
VIAeRY : E(\, A)? = E(\, A). (4.128)
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2. Onepamopras dynryus X\ — E(\, A) neybveaem:
()\2 > /\1) = (E(/\g, A) > E()\l, A))

u 6 kascdols mouke N Pynryus A — E(N, A) nenpepwena cnpasa 6 mom
CMBLCAE, 4MO

V(o€ H AR : lm |[(EQ+e, A) = B\, 4))g] =0.

3. Cnpasedauso paseHcmeo
VA eRY, M eRY : E(N\, A)E()\y, A) = E(min(\;, Ap), 4).  (4.129)

4. Eeau
(s A2l [)As, M) =0

(B, A) = B, A)) - (EQu, 4) = EQg, A4)) = 0.

5. Ecau dynryus [ nenpepwena cnpasa wa ompesxe [a, b|, mo cnpasediuso
PaBEHCMB0

b
Vo EH): <o, f(A)d >= / FONdy < 6, BV, A >, (4.130)

2de dasa menpepwvlerol Gynkyuy f unmezpan MOACHO NOHUMAMS KAK UWHINE-
epan Pumara-Cmusvmoveca no Heybwsarowetd Gyrruuu

A=< ¢, E(\, A)p > .

B obwem cayuae unmezpan 6 (4.130) nonumaemes xax unmezpan Jlebeza-
Cmunavmoeca.
6. Ecau

<¢,EAN=0,A)p>=<¢, E(A\+0, A)p >, (4.131)
mo cnpaeed/zueo paceHCcmeo

<¢, E(\, A)p >=

A
lim = <¢,(R(c—ie, A) — R(c +ie, A))p > do. (4.132)

e—+0 271 0
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JlokazaTerbcTBO. YTBepkKaeHUe 1 caeayeT U3 TOro, UYTO XapaKTepPHCTHU-
yeckad DYHKIUS VIOBICTBOPSET PABEHCTBY

V(@ € [a, b)) I([a, A]) [ 2)* =1([a, A]) | 2)

u Toro ¢akra, 9ro orobparxkenune Opb, ecTsb anredpandeckuii roMoOMOpPHU3M.
Jokazkem yTeepxkaerune 2. Tak Kak

V(A e€la,b], e —0): [a,)\]:ﬂ[a,/\—i-en],

n

TO

V(A €€ a, b)) : I(fa, A+ 0] | ) =I([a, A | €).
B cuny teopemsr 4.5.1 oTcoa ciaemyer, 9To

Vg, veH): <o, EA+0, A)p >=< ¢, E(\, A > .

V(6 € H): (B, A)— O+ e, A)g|* =
<¢, (E(N, A)—E\+e, A))p>—0, e — 0.

YVTBepxkjieHne 3 caejayer U3 TOro, 9TO XapakKTepucTudeckas (QYHKIUsS Y10~
BJIETBOPSIET PABEHCTBY

I(fa, M) [2)-I([a, Ao) [ ) = I(a, min(Ay, A2)]) | 2).

VTBepxkaenue 4 ciaenyeT w3 yTBep:XKAeHUA 3. YTBepkKIeHWE H CJeayeT W3
teopembl 1.2.3 (em. cTp. b)).
Jlokazkem yrBepxaenue 6. CrupaBeinBo paBeHCTBO

%Z, ;<¢>,(R(a—ie,A)—R(a+ie,A))¢>da:
% / (j((a—@'e—x)—l—(a+z'e—a:)—1)da)u<¢|dw)z
% /_(mg(uZ@) +g> (6 | dx) (4.133)
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Ecnu seimonneno yeaosme (4.131), to u(¢ | dr)-mepa Toukn x = A paBna
HYJIIO0, TIOITOMY

(6| dz)mp. : lim ~ <arctg (“zx)) 4 5) — (e, \)) | 2).

e—+0 7 2

[Tepexoast na ocuoBe Teopembl Jlebera K npeseny B (4.133), Mbl oIy 9aem
pasencTso (4.132).

Teopema jokazana.

BameTuM, 9TO U3 YyTBEPXKICHUA 6 CJIeyeT, YTO CIeKTPaIbHast DYHKITHS
E(\, A) oano3HA4YHO OmpemessieTcss OmepaTopoM A W 9TO PE30JbBEHTHOE
MHOZKECTBO €CTh MHOYKECTBO MEPBI HOJIb OTHOCHTEIHHO MePHI (¢ | dx).

QyHKIMA

A=< ¢, E(\, A)g >

MOYKET TPUHUMATH KOMIIJIEKCHBIe 3HAUYeHNd W PU TPUHATOM HAMU OIpee-
Jennn nHTerpaia Pumana-CTuabTheca MbI He MOXKEM B34AThb €€ KaK HHTeTrPH-
pytomyo dyHKnuo. Mbl npuMmeM ciieayiorniee

Onpenenenne 4.5.4. [loaoxum

/ fNdy < 6, E(, A > B(o. ¢ | 1), (4.134)

IJle CTOAIIAst B MpaBoii yacTu buanneiinas dhpopma 3aaana paeHcrsom (4.120).

Eciu ¢ = 1), To uarerpai (4.134) MoxKHO MOHUMATH Kak HHTerpast Jlebera-
Crunbrheca.

Henocpeacreenno u3 onpegesennst (cM. onpesenenue 4.5.2 Ha crp. 316)
CJeJIyIOT PABEHCTBA,

/ F(Ndy < 6, E(A, Ay >=
/ dy < f(A)p, E(\, Ay >= / dy< 6, B\, A)F(A) >,
/d,\<q5, E\, A >=< ¢, ¢ > .

[Ipu durcupoBanubl f U ¢ GyHKIHOHAT

asH/f(A)dA <6, B\, A >

CONIPAZKEHHO-TUHEEH U HeIIPePhIBEH, O3TOMY Ha OCHOBe TeopeMbl Pucca
g€ ), Y6 e ) <o,9>= [ [N <0, EOL > (1135)
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Ecuu BoimoiHeHo paBeHCTBO (4.135), TO MBI HOJIOKHUM [O OMPEJIETeHIIO
/f()‘)dAEOH Ay € g, (4.136)
/ FOVAEQ, A) : s / FOVE(, A, (4.137)

PacemoTrpum mpuMephI.
1. IIycTth A -KOMIAKTHBIH CAMOCONPAKEHHBIH OIIEPATOP B THILOEPTOBOM
npoctpancree H. 13 (4.40) caemyer, uro

E\, A)p=) <ej, d>e (4.138)

A <A

Ecsin upocrpancrso H ecrb L?(D, dx), To cnekrpasibias DyKIus ecTh WH-
TEerpaJibHbIA onepaTop ¢ AApPOM

Oz, y, \) = Z e;(z)e;(y).

A <A

2. TlycTh oneparop A -omepaTop YMHOXKeHHS Ha HE3aBUCUMYIO HEPEMEHHYIO
r B ruabbeprosoM npocrpancrse L2([0, 1], dx):

Torga mosmMHOM OT omeparopa A -3TO OmepaTop YMHOKEHHS Ha ITOJTHHOM OT
HE3aBUCUMON IepeMeHHON T, u crekTpaJsibHas (pyHkius oneparopa A -3r10
onepaTop YMHOYKEHHsI Ha XapaKTepucTu4IecKyo (yHKIHIO 0Tpe3Ka [a, AJ:

EQ, A)g(z) =1([a, A) | )¢ ().

3. Caexyromuii TpuMep HA3BIBAETCA MOEThi0 OPUaepuxca  4acTo NCIoJI3y-
eTCs MPHU PACCMOTPEHUH 33184 KBAHTOBON MeXaHUKH. Mbl PACCMOTPUM ITOT
IpUMep B YIPOIIEHHON (hOPMYTUPOBKE W BBIJICIUM €r0 B OTAE/JbHBIN mapa-

rpad.

Mogenas ®puaepuxca. B npocrpauncrse L([0, 1], dr) paccmorpum
oneparop

B : Bo(z) = zop(x) + u (/0 a(x)¢(x)dx) alx), a e Ce([0, 1]). (4.139)

O6paruM BHUMaHUE HA TO, YTO MbI Hpejano/araeM QyHKiuo «(x) geficrsu-
TeJNBHOU, TJIa KON W paBHOI HYJIO B OKpecTHOCTH Toyek x =0, z = 1.
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Bocnosb3yemes uznoxkennoii B semme 3.10.3 (cm. ¢rp. 246) KOHCTPYKIIH-
eif. B mamewm ciydae

a=A,Ap(z) =z¢p(x) ,b=B, (b—a)p(x) =pu < a, ¢ > ax).

Cragana Oymem mpemmosararb, 9ro Im A # 0. Tak kak omepaTopsl A u
B camoconpsizeHbl, TO B paccmarpuBaeMoM ciaydae A € res(A)(res(B)
u oneparop T(A, A, B) oupeuesien. Tak kak B paccMaTpuBaeMOM CJIydae
obaacTb 3HaveHnil oneparopa (b—a) OJHOMEDHA W HATSIHYTa Ha BEKTOD o),
obnactb 3Hadennii omeparopa T'(A, A, B) takxke Oy/eT HATSHYTa HA BEKTOP
a(z). CrenoBaTesbHoO,

T(A, A, B)p(z) = c(N, ¢)a(x). (4.140)

[ToacraBuB 910 BhIpaskeHne B ypaprenue (3.114), Mbl HOJyYnM ypaBHeHWe
nytst onpesienerust (X, ¢):

cA,d)=p<a,p>4u<a, RO, A)a>c(A, ¢). (4.141)

Homoxxum
1
g(A) ==<a, R\, A)a >= / (A —2) ra(z)*dz, Im\ # 0. (4.142)
0

Ec/u BBIMOJTHEHBI HAIITN TIPEeNoJIoKeHust 0 pyHKunu o), To hyurmusa g(\)
aHanuTuIHa B obaactu A ¢ [0, 1], cTpemuTes K HYJIIO TIpH A — 0O U TIpH
A € (0, 1) cymecrByer mpeje

g(A —i0) — g(A +i0) = 2mia(N)2.
B nanbHeifmem Mbl OymeM IpeanoiaraTh, ITO

11— pg(A£i0) >0. ) eR? (4.143)

OueBHIHO, YTO ITO HEPABEHCTBO OYET BBITIOJHEHO W B HEKOTOPOH OKpecT-
HOCTH JeficrBuresibHOf ocu. Econ Beinosaeno yeaosue (4.143), o

p<a,p>
C(Awb)—m,

u jieBag dacthb (4.144) amasurudna B okpectnoctu unrepsasa (0, 1).
13 (4.140) caemyer, 9To B HAIleM CIyYae omepeaeHubiil B semme 3.10.3
orepaTop () BbIUUCIAETCA M0 POpMYyJTIe

Q()‘v A, B)¢(I) =

o) + (1 — pg(V)~" ( [o- x>—1a<x>¢<x>dx) ale), A& [0, 1]
(4.145)

(4.144)
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113 pasencrsa (3.113) (cm. 191 ) caemyer, aro
R\, B) = RO\, AAQ(\, A, B). (4.146)

Tak kak mpaasi 9acTb paBeHcTBa (4.146) anamuruana npu A ¢ [0, 1], To
crekTp oneparopa B jexur wa orpeske [0, 1] : o(B) C [0, 1]. Bamernwm,
uro ecan ¢ € C§([0, 1]), To cymectByior npeaenst Q(A+i0, A, B, ¢), A €
(0, 1).
CupaBe/[JInBO PABEHCTBO

< ¢, (R(c —ie, B)— R(c +ie, B))p >=

2ie < ¢, R(oc —ie, B)R(o +ie, B)p >=

2ie < R(o +ie, B)¢, R(o +ie, B)p >=

2ie < R(o +1ie, A)Q(o +ie, A, B)p, R(o +ie, A)Q(o +ie, A, B)p > .

[TosTomy
V(pe CE(0,1]), A€ (0,1)): <¢, E(N, B)p >=

1 >\
lim—/ < ¢, (R(c —ie, B)— R(c +ie, B))p > do =

e—+0 277 00

A
lim E/ < R(o+1ie, A)Q(o +ie, A, B)o,

e——+0 77 0

R(o +ie, A)Q(o +ie, A, B)p > do =

lim < /_A (/01((:5 —0)*+€)7Q(o +ie, A, B)¢(m)\2d:c> do =

e—+0 7T .

A
/O 1Z,(6)(0) o, (4.147)

rie
Zi(¢)(0) = Qo £i0, A, B)p(0). (4.148)

Takum obpasom, B paccMaTpuBaeMoil HAMU MOJIEIN ClieKTPabHas (PYHKITHI
3aJ1aeTCs KBaJIpaTUIHON (hopMOit

W6, e CE(0, 1) - <6, E(A, By >= / Z,(6)(0) Z4 (1) (0)do,

(4.149)
Boraucsisist npaByto dacth (4.148), Mbl mostydaem:

V(¢ € C57([0, 1)) = Z(¢)(N) =

6(0) + (1 — ug(r + 10))"! (

S—

(A 410 — x)_la(x)gb(x)dx) a(A). (4.150)
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113 (4.149) caeayer paBeHCTBO

V(o € C32([0, 1)) - / 6(2) P = / ZAGNPAN  (4151)

CrenoBaresibHO, mepBoHavdaabio onpeetennoe na C§([0, 1]) npeobpasosa-
HUe

Z : olw) — Z.(8)() (4.152)
pacimpsieTcs 10 yHUTapHOTO npeobpaszosanus npoctpanctsa L2([0, 1]) B ce-

0s1. D10 npeobpaszoBaHue JIUaroHaan3yeT omneparop B, a obparHoe npeobpa-
30BaHue J1aeTcs popMysIoi

23t ¢(x) = Zr 6N hest
i (/0 (1 — pug(X —i0)) "' (A —i0 — x)l(x()\)Z+(¢)(>\)d)\) a(x).  (4.153)

Ota dopmya mnoaydaercd Tak. B mpaBoii yacTu paBeHcTBa

/0 (a) dla)de = / Z(6) (A Z(6)(\)dA (4.154)

B dbopmyne 11 Z (1) (A)* unterpupoanne dynknnu ¢(x)* mo dr cTaBuEM T0-
CJIeIHIM U TIPHPABHUBAEM MHOKUTEJb Hepes ¢ (x)* B 1eBoii u upaBoit gacTu
pasencrsa (4.154).

[Ipusegem BoiBox dopmyast Jyist R(A, B), kotopsiil He ucnosib3yer dhop-
MaJu3M 1 -MaTpPUIIBL.

13 BTOporo pe3oJbBEHTHOTO YPABHEHUS HMEM:

V(Y € I3([0, 1)) + RO\, B — R(\, A) = R(\, A)(B — A)R(\, B),
(B— AR\, By = pu < a, RO\, B)Y > a,
<a,RN,B)Yy>—-<a, RN, A)vp >=pu<a, R\, By ><a, R\, A)a >,
<a,R\,BY>=1—-pu<a, R\, Aa>)"<a, R\, Ay >,

(4.155)
RO\, By = RO\, A+ (1 —p<a, RO\, A)a>) "' <a, R\, A > a.

®opwmyaa (4.155) npu 1 = « anaseiBaercs domystoit Kpeiina-Aponmraiina.

K monenn @puiepuxca CBOAATCS MHOTHE 33/1a491 KBAHTOBOI MeXaHUKu. B
Ka4decTBe IpuMepa pacCMOTPUM IIPOCTEHINNN cayvyai MOAEAN CUJIbHON CBA3H.
B sroit Momen ruab6epToBO TPOCTPAHCTBO COCTOSHUNA €CTh IMPOCTPAHCTBO
HOCJIEe10BATEIbHOCTEN

Pe{fi}: D, G <o

—oo<j<o0o
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Omepatopsl A u B 3agatorcs (opMyIaMu

Af(G)=2f() = fG+1) = f(G—1), Vf(j) = ndjf(0), B=A+V.
[IpeobpazoBanue
U= LX[0, 1)), U(f)(x) = Zf(j)exp(%ij)

yHUTApHO u 00pa3 oneparopa A 1pu 3roM 1peodpa3oBaHuu €CTh OLepaTop
YMHOKEHUS Ha (DYHKITHIO:

U(Af)(x) = 2(1 = cos(2ma))U(f) (),

a 0bpa3 oneparopa V' ecTb HHTEIPAJILHBIN OIEPATOP € BHIPOXKACHHBIM SIIPOM:

U@VW@zullﬂﬁ@Mw

fcHo, 9T0 3aMeHO# TepeMeHHO & 3a/1a9a 0 BBIYUCICHUN CIEKTPAJIbHON DYyHK-
nuu orniepatopa B CBOAMTCS K NpeAbIAYIIEi 3a1ade.

4.6 ChoekTpaJjJbHOe pa3JioKeHne YHUTaAPHBIX Olle-
pPaTOpPOB.

OueBuana

Jlemma 4.6.1. Onepamop U € L(H — H) -ynumaprolil onepamop, ecau
UU=U0U"=id.

[Ipumep yumTaproro omeparopa B mpocrpanctse L2([0, 1]) - omepaTtop
yMHOZKeHusT Ha QyHKIo exp(iw(x)), rie w(x) -aeficrBuTebHAsS H3MepUMast
dyuxnua. Huzke Mbl yBUIMM, 9TO B HEKOTOPOM CMBIC/IE BCE YHUTAPHDIE Ole-
pPaTOPBI TOXOXKK Ha 3TOT omeparop. OCHOBHON pe3yabTaT 3TOro maparpada
-teopeMa 4.6.2. JlokazaTeibCTBY TEOPEMBI MBI TPEJINONLIEM HECKOJIBKO JIEMM.
O6paruM BHHMaHHE Ha TO, YTO HAIIH MOCTPOCHHS BO MHOIOM AHAJOTHYHDI
HPeIBLLY IIHM.

Huzxke cuvostom C([0, 27]) Mbl 6yzem 0603HATATH MHOKECTBO BCEX HEMPe-
pBIBHBIX Ha oTpeske [0, 27| nepuoduueckur GyHKIMii:

V(f € C(0, 2x) = £(0) = F(2m).
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[Tycts A -MHOXKecTBO (DYHKIUN BUIA

flexp(if)) € A : f(exp(if)) =
Z (a exp(ik®) + By exp(—ikd)) , oy, Br € CL.

0<k<m

MuozkecTBo dyukimii A ects nomairebpa aarebpsr C([0, 27]) oTHOCHTETBHO
omepanuif MOTOYETHOTO CIOXKEHHS W YMHOXKeHHs (YHKIUHA. 3aMeTnM, 9To
asirebpa A 3aMKHYTa OTHOCUTE/IBHO OIl€PANNH KOMILJIEKCHOIO COPIIPSIZKEHH:

(feA)=(feA).
Anrebpa A comep:KuT nomaarebpy {Pm} TPUTOHOMETPHUYECKUX NOJUHOMOB:

P, (exp(if)) = ag/2 + Z (ay cos(k@) + by sin(k0)) , ay, by € R™.

1<k<m
Caenyiomasd JjeMMa HasbiBaeTcs Jiemmoit Deitepa.
JlemMma 4.6.2. Ecau mpu2oHomempuueckutl noAUHOM HEOMPUUGIMENEH.!
V(0 €0, 27]) : Pn(exp(if)) > 0, (4.156)
mo ox npedcmasum 6 ude
P,.(exp(if)) = Q(exp(if))* - Q(exp(if)) , Q € A. (4.157)
Joxkazareabctso. [lycrs Gyuknus F(z), z € C! onpenenena us yciosust:
F(z) = Py(exp(if)) , z = exp(if), 0 < 0 < 2.
Oyuknus F(z) nepacraBumMa B BUIE
V(0 < |z| < 00) : F(2) = 27" pam(2),

1€ Pam(z) -anrebpandeckuii moguuoM crenenn 2m. OyHKIug

F(z) = F((1/2)")"

anajimTuaHa B obsacru 0 < |z] < oo.
Tak KaK TPUTOHOMETPUYECKUI TTOJTUMHOM IPUHUMAET JAeficTBUTE/IbHbIE 3HA-
YEeHHA Ha €IJUHUYIHOM KpyTre, TO CIIpaBeIJNBO PABECHCTBO

V(0 € [0, 2m)) : F(exp(if) = F(exp(if)). (4.158)
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Otciona ciaeyer, 4To
CaenoBaTeIbHO, €CJIH TOYKA

€CTh HOJIb TOJIMHOMA, Doy, (Z), TO TOUKA

z=(1/a;)"

TaKyKe HOJIb MOJMHOMA Do, (2). Econ Hepasenctso B (4.154) cTporoe, 1o 01-
CIOfIa CJEJIyeT 9TO HYJIH TIOJUHOMA Doy, (2) He JiexKaT Ha OKpyKHOCTH |z| = 1
u

F(z) =z H ((z=a;)(z = (1/a;)")) = ¢ H ((z = a))(z"" = qj))

(4.159)

flcno, uro KoHcTaHTa ¢ 10KHA ObITH HeOTpHIATEbHOM. [Tpecrasienue (4.159)
JTOKa3bIBALT JIEMMY B CIydae cTporo HepapeHcTBa B (4.154). O6imuii cayvaii
MOJIY9aeTCsT OUEeBUTHBIM MPEIETBHBIM TePEX0IOM.

Purcupyem yHuTapHbiit oneparop U. Ilo yautapuomy onepatopy U mo-
CTPOUM OTODPAKEHUE

Opy : A— L(H — H)
coryiacHo hopMmyIe

Opu( Y (apexp(ikd) + Brexp(—ik0)) = (> (axU* + BU)).

0<k<m 0<k<m

(4.160)

Jlemma 4.6.3. Omobpascenue Opy ecmv 2omomopdusm arzebpo, A 6 an-
eebpy L(H — H), xomopwiii ydosaemsopaem yciosuo:

Opu(f*) = Opu(f), (4-161)

ede f* -pynryus, Komnaexcro conpascennas gyrnxyuu f, Opy(f)* -onepamop,
euavbepmoso conpascennoi onepamopy Opy(f).

JlokazarebcTBO. YTBepKIeHre 0 ToM, 4To orobpazkenue Opy ecThb ro-
MOMOPhU3M 03HAYAET, ITO

Opu(afi + Bf2) = aOpy(f1) + BOpu(f2),
Opu(fi - f2) = Opu(fi) - Opu(fa)

W MPOBepsieTcs MpsIMbIM Bhruucaenuem. Popmysta (4.161) ectsb ciegcTBre pa-
BEHCTBa

Ut =
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Jlemma 4.6.4. 1. Ecau P, -mpuzonomempuuerud nosurnom, mo Opy(P,)
-CAMOCONPANCEHHBLT ONEPATOP.
2. Ecau P, -neompuyamensvnvili mpu2otomMempuieckuts nosuHoM:

VO : P, (exp(if) > 0,
mo Opy(P,,) -Heompuyamenvruidl onepamop:
Vipe H): <¢, Opy(Pn)p >>0. (4.162)
3. Jaa 1106020 MpPu2onoMempu1ecro20 nOAUHOMA CPAGEOAUEH OUEHKA
| < ¢, Opu(Pn)¢ >< sup{|Pn(exp(i))| | 0 € [0, 2a]}[[6[I*.  (4.163)

HokazarenbcTso. Ecian P, -TpUrOHOMeTpHYECKHU ITOJUHOM, TO II0 OIIpe-
JICJIGHUIO OH IIPUHUMAET JICHCTBUTE/IbHbIC 3HAYECHUS U TIEPBOE YTBEPKJICHUE
aemmbl caenyer u3 (4.161). Ecan tpuronomerpudeckuii nonmnsoM P, HEOT-
punaresies, To B cuiy JeMMbl Deifepa cripaBeJTUBO Mpe/ICTaBICHIE

P (exp(if)) = Q(exp(i0))" - Q(exp(if)) , Q € A,

U WCTIOJIB3Ysl paBencTBo (4.161) MbI mostydaeM:

< ¢7 C)pU(Pm)Q5 >=< ¢a OPU(Q*Q)Cb >=
< ¢, Opu(Q")Opy(Q)p >=< ¢, Opy(Q) Opy(Q)¢ >=
< Opy(Q)¢, Opy(Q)o >> 0.

Tperbe yTBepIKI€HIE JIEMMbI €CTh OYE€BUIHOE CJIEJCTBHE BTOPOTO.
JlemMa mokazaHa.

Onpenenenne 4.6.1. /g kaxmgoro ¢ € H ma ajrebpe TPUTOHOMETPH-
deckux noauHoMoB { P, } muneiinbiit dbyuxmuonan ly(¢ | -) onpemensiercs
PaBEHCTBOM

I(6 1)+ Pa(exp(if)) = Io(6 | Pu) =< 6, Opu(Pu)o > . (4.164)

Jlemma 4.6.5. Onpedesernnd gopmyaot (4.164) aunetnod dynryuonan
In(¢ | -) no menpepuernocmu npodosscaemes na npocmparncmeo C([0, 27])
u npodoasicenue (Mol 0003HAUAEM €20 MEM JICE CUMBOAOM) PYHKUUOHAAG
In(¢ | -) ydosaemeopaem ouenram:

L(f(0) € C([0, 2x]) , f(0) = 0) = (Lo(¢ | f) = 0). (4.165)
2.VY(f(0) € C([0, 27])) :
1o(|6 | /)] < sup{|£(O)] | 0 € [0, 27} ]*. (4.166)
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Hokazarenscreo. Ecau f € C([0, 27]), To mo teopeme Beiipiirpacca
CYIIECTBYET TaKad MOCIeJ0BATEIbHOCTh TPUTOHOMETPUICCKAX MHOTOYICHOB

{Pm(n)}, 9710
lim sup{|7(6) — Py (exp(i6))| | 0 € [0, 27} = 0, (4167)

Onpenenenne 4.6.2. Ha npocrpancrse C([0, 27|) dyuknuonan Iy(¢ | -)
OIIPeJIeJISIeTCs] PABEHCTBOM

(¢ | f) = lim < ¢, Op(Pnmn))¢ >, (4.168)

eCJI T0CJIe/IOBATEIBHOCTD Py () y10BJAETBODsIET yetoBuio (4.167).

B cuny onenkn (4.163) 3ro onpeseseHne KOPPEKTHO U ONPe/EJEHHBII
papencTBoM (4.168) dyukimonan Io(¢ | ) ecTb MPOmOIKEHNE TI0 HETPEPhIB-
moctu dbynknunonata (4.164). Ecau

V(0 € [0, 2n]) : f(0) =0,

TO MbI MOZKEM BBIODATH HOCJIEI0BATEILHOCTh MHONOWIEHOB B (4.167) Tak, 410
Oy/ieT BBIIOTHEHO HEPABEHCTBO

V(n>0,0¢€(0,2n]) : Pyw(exp(if)) >0,

a oTcosa cieayer HepaBeHCTBO (4.165). Bropoe yTBepzKIeHHEe JIEMMbI €CTh
OYEeBUIHOE CJICACTBHE IIepBoro. JleMMa JoKa3aHa.

Hamm nanbaeiinmme pacyzKaeHus HOIHOCTLIO COBIIAJAIOT ¢ TEMH, KOTOPBIE
ObLIN IIPOBEJCHBI Il CIydas CaMOCONPAKEHHBIX OIIePaTOpPOB. PaceMoTpuM
npocrpancrBo C([0, 27]) KaK MPOCTPAHCTBO 3JeMeHTAPHBIX BYHKIMI mpu
noctpoennu uHTerpaia Jlanuais, a GyHkimonar Io(¢ | -) Kak sjeMeHTapHbIiT
HHTErpaJl.

Oupegenenne 4.6.3. [Tycrs [(¢ | +) -pacimuperne no JJanusio siemMmeHTap-
woro uurerpasa Io(¢ | -), a u(¢ | df) -mepa ua orpeske [0, 27], HOpoKAeHHAS
unrerpaiom (¢ | ).

[IpoctpancrBo uHTErpEpyeMbIx o Mepe (¢ | df) dbyukmumii comepKut
anredbpy Bor([0, 27]) Bcex orpaHudeHHBIX H3MepUMbIX 110 Bopesio dbynkiuit
Ha orpeske [0, 27|. Puxcupyem feiicrpuresnbayio Gyraknuio f € Bor([0, 27))
u nycrb B(¢, 1 | f) -Onnnneiinas ¢opma, KoTopast B CHIY MOJISIPU3AIINOH-
HOTO TOXKJIECTBA COOTBETCTBYET KBaIparudHoil dpopme ¢ — (o | f).

Huzke MBI IOCTPOUM OTOOpaKEHHEe

Opy : Bor([0, 27]) — L(H — H), (4.169)

KOTODOE CJIYZKHT TPOoJzKerneM orobpazkenust (4.160).
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Onpenenernne 4.6.4. Eciim f € Bor([0, 27]), To oneparop Opy(f) -s10
OIepaTop, KOTOPBI ompenessercs dumuneiinoit dopmoit B(¢, ¥ | f):

def

Vige H,peH): <¢,O0py(f)Y>=B(o,v]f) (4.170)

Ha xommiekcnosnaunsie dynkmun f € Bor([0, 27]) onpenenenue 4.6.4
pacmpocTpansieTcs no juneiinocru. OueBnHa

Teopema 4.6.1. 1. Omobpasicernue Opy ecmb 2omomopdusm anzebpu, Bor ([0, 27])
6 aneebpy L(H — H), xomopui ydosaemsopaem ycaosuio:

Opu(f*) = Opu(f)7, (4.171)

2de f* -pynryua, xomnaexcno conpancennan gynkyuu f, Op(f)* -onepamop,
euavbepmoso conpasicennuii onepamopy Op(f).

2. Omobpascerue Opy nepesodum weompuyamervhoie GYHKUUL 6 Heom-
PULGTNEADHDLE ONEPATNOP L.

Onpenenenne 4.6.5. llycrs F,,, (0, U) -o6pa3 xapakTepucTuaeckoii ¢pyHk-
muu otpeska [0, 6] mpu orobpaxkenun Opy:

Eun(0, U) = Opu(I([0, 6] | )), (4.172)

9TO 9KBUBAJIEHTHO PABEHCTBY

Vo e H: <, Bun(d, U)p >= /0 10, 0] | D)l | d).  (4.173)

CupaseinBa

Teopema 4.6.2. Kaocdomy ynumapromy onepamopy U € L(H — H) co-
enacko onpedeseruto 4.6.4 coomeememeyem dpynxuyus FEyu, (0, U), xomopas
obaadaem caedyYowuUMU cOTLCMEaAMA.
1. s a06020 0 € [0, 27| onepamop E,., (0, U) -camoconpastcermviii npo-
exmop:
V(@ €0,27]): Ew(f,U)? = E..(6,U). (4.174)

2. Onepamopnaa dynryus 0 — F, (0, U) monomonno neybusaem:
(02> 6,) = (E(U, 6;) 2 E(U, 9))
u 6 Kastcdoti mouke O HENPEPLIBHA CNPABA 6 MOM CMBICAE, 4MO

V(pe H,0e[02m)):
<o, En(@+0,U0)p>=<¢, Epn@,U)p>, Ep(2m, U) =id.
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3. Cnpasedauso pasencmaeo
Vb, 0, €[0,27]): Eun(0, U)Eu, (0, U) = Ey(min(6y, 62), U). (4.175)

4. Ecau
(61, 03] (65, 0] = 0

5. Ecau f(exp(if)) € C([0, 27]), mo cnpasedauso pasencmso

27
Ve H): <, f(U)p>= / F(exp(i8))ds < &, Eun(6, U)o >,

(4.176)
2(96 urmezpans NOHUMAEMCA Kak uHImezpan J]e6eea—0mu./mebeca no mepe

(o | do).

JTokazarebeTBO TeopeMbl 4.6.2 JI0CJOBHO TOBTOPSET JOKA3aTETbCTBO TEO-
pembr 4.5.2.

4.7 TI'manb6epToBO compsizKeHNne HeOrPaHMYIEeHHBIX
onepaTopoB.

Mpb1 GyjeM paccMaTpuBaTh TOJNLKO TAKHE JIMHEHHBIE ONEpaTOpbl, KOTOPHIE
UMeroT I0THYI0 B H obnacts onpesenenus. [lycrs Dom(A) mioTHoe B ruiib-
OepTroBoMm TipocTpaHcTBe H nuHeitHOe MHOTOOOpa3Me:

Cl(Dom(A)) = H, (4.177)

7 IIYCTb

A :Dom(A) — H

-JiHeliHoe oTobpazkenne MHOrooOpa3us Dom(A) B ruib0epToBO HPOCTPAH-
cTtBO H.

Tunuunsiit npumep: nycrs H = L*(R' | dx) , P(x) -nonmunom ¢ jeficTsu-
TeJIbHBIMH KO3 hUIneHTaMu 1

V(f € Co(RY) C H) : Af(z) = P() f(x).

Onpegenenne 4.7.1. Daement y € Dom(A*), ecn 3a1aHHbI HA TIOTHOM
B H smueiinom MHOroobpasun Dom(A) smneiinplii GyHKIHOHAT

Dom(A) 3z —<y, Az > (4.178)
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IPOJIOJZKAETCs IO HEIPEPBIBHOCTU HA BCe MPOCTPAHCTBO H, 1 B 3TOM cjIydae
MBI TIOJIAraeM
E
Aty =z,
re z -TOT JEMEHT, KOTOpbIii mo TeopeMme Pucca (cm. 280) 3amaer hyHKIHO-
waJ (4.178):

V(z € Dom(A)): <z,2>=< A"y, z>=<y, Az >. (4.179)

Onucanuprii 3TUM OnpejaeseHneM oneparop A* HazbIBaeTCS OMEPATOPOM,
IHIKOEPTOBO COTPSIZKEHHBIM OTlepaTopy A.

Eciu onepatop A orpanuveH, TO TO OIpe/eJICHUE COBIAIACT C paHee
JTAHHBIM OTpejieIeHreM THILOePTOBO COMPS?KEHHOTO ONEPATOPA.

Ecsu oneparop orpanuye, To 06J1acTh OlPE/IeJIeHUs COIPIKEHHOTO Olie-
paropa ecThb BCe HPOCTPAHCTBO. Kcjm Oneparop HEOrPAHUYEH, TO MOKET
CAYYIUTHCS TaK, 4TO 00JIACTH OINpeJIe/eHUsT CONPSKEHHOTO OnepaTropa Co-
CTOUT JuIb n3 Hyad. [IpuBemem coorBeTcTBytOmmit npumep. llycte H =
L*(R', dx) , {e,(x)} -nommag opronopmuposannag cucrema B L2(R! | dx),

Dom(A) = C*(R') , V(f € Dom(A)) : Af(z) = Y f(n)ea().

(4.180)
O yHKIMOHAT

CERY > fre<g, Af >= Z f(n)<g, e, >

1<n<oo

IIPOJI0/IZKAETCs JI0 JIMHEeHHOro HempepbiBHOro dynkiuonaia na L2(RY, dz)
TOJILKO B TOM CJIydae, eCJIH

Vn: <g,e,>=0.

Orciona caeayer, uro Dom(A*) = 0.

Ormrum, gro onepatop (4.180) ecTb mpuMmep omeparopa, He HUMEOIe-
ro 3aMblKaHus: 3aMbiKauue rpaduka oneparopa (4.180) ectb HpOCTPAHCTBO
L*(R' dr) ® L*(R', dz), koTtopoe He ecTh rpaduK omeparopa.

MozKHO JaTh 9KBHBAJEHTHOE ONpeJeeHrne IIb0ePTOBO CONPSKEHHOTO
oreparopa.

B npsamoit cymme ruinbepToBbix pocTpancTs H ¢ H ompenenum orepa-
TOP

V:HeH—H®H,V(f®g) =(—9) [ (4.181)

Omnepatop V yHuTapeH m yJa0BJIETBOPSAET PABEHCTBY

V?=—id.



Teopema 4.7.1. Cnpasediuco paserncmso
Gr(A*) = (VGr(A))*. (4.182)
JTokazaTebcTBO. MBI nMeeM:

Gr(A) ={z® Az | x € Dom(A)},

V(Gr(A)) ={(—Az) &z |z € Dom(A)},
(V(Gr(A))" ={y@ 2| (y, Az) = (2, 2)
(V(Gr(A) (Yoe H) ={0®z2] (2, 2)

Tak kak muO)KecTBO Dom(A) miorno B H, o u3 (4.184) crenyet, uro

Gr , € Dom(A)}, (4.183)
Gr =0,z € Dom(A4)} (4.184)

(V(Gr(A)*(0® H) =0,

nostomy muozxkectBo (V(Gr(A)))* ects rpadux oneparopa, u3 (4.183) cie-
Jyer, uro 310 rpaduk oneparopa A*.

PapenctBo (4.182) MOkKeT CIyKHTH ONpe/eJeHHeM THIH0ePTOBO COTPS-
JKEHHOrO omeparopa. Tak Kak OpTOrOHaJbHOE JIOIOJHEHUE K JII060MY MHO-
JKeCTBY 3aMKHYTO, TO U3 TeopeMbl 4.7.1 BhITeKaeT

CnencrBue 4.7.1. [uavbepmoso conpascennvid onepamop A* samrrym.
Ecau onepamop A samxnym, mo cnpasediuso paseHcmeo

H = V(Gr(A)) & Gr(A"). (4.185)

N3 Teopembl 0 3aMKHYTOM Tpaduke n 3aMKHYyTOCTH oteparopa A* cie-
JIyeT TeopeMa XeJuHTepa- Lemmura.

Teopema 4.7.2. Ecau onepamop A onpedenen 6o ecem npocmpancmee: Dom(A) =
H u camocopascen: A = A*, mo onepamop A oepanuuen: A € L(H — H).

HamomuuM, 9T0 3aMKHYTBI# OIEpaTOp -3TO TaKoil omepaTop, 2paguk Ko-
TOpPOro 3aMKHYT. I3 3aMKHYTOCTH ONEpaTopa He CJIeJyeT HU 3aMKHYTOCTD
ero obJIacTH ONpeJie/IeHns, HI 3aMKHYTOCTh ero ob/jactu 3uadenuit. Hanowm-
HUM, 9TO 3aMBbIKaHHe oIeparopa A CyIecTByeT TOJBKO B TOM CJIyUae, eC/IH

(CUGr(A))()(0® H) =0.
Jlemma 4.7.1. Ecau samwkanue onepamopa A cywecmeyem, mo

(CI(A))* = A",
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HokazarenbcrBo. CrpaBe/IuBbl paBEeHCTBA

Gr(Cl(A4))") = (V(Grr(Cl(A))))L =
(V(CYGr(A))))" = (CUV((Gr(A))))" =
(V(Gr(A)))* = Gr(A*).

JlemMMa JOKa3aHa.

Omnpenenenne 4.7.2. Oneparop B ectb pacmupenue oneparopa A (uiau
onepatop A ecth 4acTh oneparopa B), ecan

Gr(A) c Gr(B), (4.186)
9ITO O3HAYAET:
Dom(A) C Dom(B) , V(z € Dom(A)) : Az = Bux.

Cootnorenue (4.186) 3amuchBaeTcs Tak:

ACB.
Jlemma 4.7.2. Ecau

Cl(Dom(A")) = H,
AC (A"

HoxkazarensctBo. B cuiny yemoBus jgemmbr onepatop (A*)* cymecrsyer.
Nmeem:

V(z € Dom(A), y € Dom(A")): <z, A'y >=< A%y, = >*
=<y, Ax >"'=< Az, y >=< (A")'z,y >.

CrietoBaTesibHO,

V(z € Dom(A)) : Az = (A")"z.
JlemMa JokazaHa.

Omnpenenenne 4.7.3. Oneparop A cuMMeTpHUYEH, €CJIH
AC A (4.187)

Y9TO O3Ha4YaeT:

V(z,y € Dom(A)): <z, Ay >=< Az, y>.
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Onpenenenne 4.7.4. Oneparop A caMOCONpPSIZKEH, €CJIH
A=A (4.188)

Hanomuum, uro oneparop U € L(H; — Hy) Ha3bIBaeTCsl YHUTAPHbIM,
ecan OH 0OpaTUM u

Vixe H,ye Hy): <Uzx,Uy>=<uz,y>.

Onpegenenune 4.7.5. Oueparop

Ay : Hy D Dom(As) 3 x — Asx € Hy
YHUTAPHO SKBUBAJICHTEH onepaTopy Aj:

Ay Hy D Dom(A)) > x— Ajx € Hy
ecam

Dom(Ay) = U(Dom(A;)), ¥(z € Dom(A4y)) : Agx = UAU 'z,

rne U € L(Hy — Hy) -yHurapHsbiii oneparop.

Jlemma 4.7.3. Ecau onepamop Ay camoconpascen u onepamop As ynumap-
HO aKsUBGAEHMEH onepamopy A1, mo onepamop Ay camoconpaicen.

HoxkazarenbcTpo. meem:

V(r € Dom(A4,), y € Dom(Ay)): <x, Agy >o=<x, UA U 'y >o=
<U 2, AU Yy >1=< AU e, Uty >1=< Asz, y > .

DTO PABEHCTBO JOKA3BIBAET, YTO OEPATOp Ay CHMMETPHYEH Ha CBOeH 0bJa-
cTu onpeenenust. 13 9Toil ke BBIKJIAIKH U CAMOCOIPSIZKEHHOCTH OlepaTopa
Aj caemyer, aro dyHKIMOHA

y—<uz, Ay >

IPOJIOIZKAETCS 10 HEMPEPLIBHOTO (DYHKIIMOHAJIA B TOM H TOJIBLKO TOM CIIy4ae,
ecam
U~ 'z € Dom(4,),

T.€.

r € U(Dom(A;)) = Dom(A,),

a 3TO M 03HAYAET, YTO ONeparop A CaMOCONPIZKEH.
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Jlemma 4.7.4. Ecau
ACB,

B* C A,
HoxazarenbcTBo. IlycTh
r € Dom(B*), y € Dom(A).

Torna
<x,Ay >=<zx, By>=<B'r,y>.

CrenoBaTesbHO,
x € Dom(A"), B'z = A™z.

JlemMa JgoKaszana.

Jlemma 4.7.5. Eeau

HoxkazarenancTBo. Mmeewm:
A C B, nosromy B* C A*=A C B.

CrietoBaTesbHO,

B*=B=A.

JlemMa mokazaHa.

113 3T0it JIeMMBI CIeayeT, ITO eCJIn oIepaTop A caMoconpsizKeH, To J11000e
ero CUMMEeTPUIHOE pacliupeHne COBITAIAET C HUM, T.e. CpeIU CUMMETPHIHBIX
OTIEPATOPOB CAMOCONIPSYKEHHBII OMEepaTop €CTh CHMMETPUYHBIN OmepaTop ¢

MaKCHMaJIbHOM 00J1aCTHIO OTIpe/IeIeH .

HamomunM, uTo JuHeiinbIil onepaTop A~! ompeneneH B TOM W TOJBKO B
toMm ciayuae, ecan Ker(A) = 0, u B 9TOM ciydae MO ONMPEIeICHIIO OePaTOP

A~! ecTn onepartop ¢ rpaduroMm
Gr(A™") ={Az® 1|z € Dom(A)}.
Jlemma 4.7.6. Ecau
Ker(A) =0, Cl(Im(A)) = H,

(A—l)* — (A*)_l.
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JlokazarebeTBo. 113 1epBoro ycoBHs JJeMMBI CJIeflyeT, 4To onepaTop A1
CYNIECTBYET, U3 BTOPOTO YCJIOBHSA JIEMMBI CJeayeT, 9To omeparop (A~1)* cy-
mecTByeT. lamee nmeem:

Gr(A ™) ={Az @2 | v € Dom(A)},

V(Gr(A™) = {(—2) ® Az | x € Dom(A)},
V(Gr(A)* =
{ly@z|—<y,z>+<z,Ar >=0, z € Dom(A)},
V(Gr(A ) = {A*2® 2 | 2 € Dom(A*)}.

CpasnuBas mocenee paBenctso ¢ (4.182) Mbl mosayaem:
Gr((A7)71) = Gr((A71)").
Jlemma mokaszana.

Jlemma 4.7.7. Ecau
A=A", Ker(A) =0,
Cl(Im(A)) = H.
Hokazaresbcrso. IycTb
y L Cl(Im(A)).

Torna
V(z € Dom(A4)): <y, Az >=0.

CirejtoBare/ibHO,
y € Dom(A"), A"y = Ay =0, y € Ker(A).
3 BTOPOTO yCJIOBHUS JIEMMBI CJIEIYET, 9TO
y = 0.
JlemMa, moKa3aHa.

Jlemma 4.7.8. FEcau onepamop A camoconpascen:
A=A"
u onepamop A~ cywecmeyem, mo onepamop AL camoconpasicen:

(A—l)* — A_l.
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HokazarenbcTtBo. MMeem:

o

a. (

b. (A=A")A (Ker(A)=0)) = (Cl(Im(A)) = H),
(
(

3nech:
a -He00XO/IMMOe YCJIOBUE CYIECTBOBAHUS 0OPATHOrO OIEepaTopa,
b -yTBepKaeHue JeMMbl 4.7.7,
¢ -yTBepzKaeHne JJeMMbl 4.7.6,
d -O49eBHUIHO.
JlemMa nokasana.

Jlemma 4.7.9. Ecau

AC A", Cl(Im(A)) = H,

Ker(A) = 0.
HoxkazarenbcTBo. IlycTh
y € Ker(A).
Toraa u3 mepBoro ycjaoBUs JIEMMBI CJIeyeT, 9TO
V(z € Dom(A)): <z, Ay >=< Az, y >=0.

[ToaTromy
y L Im(A).

3 BTOpOro yCa0BHst JIEMMBI CJIEIYET, ITO
y = 0.
JlemMa JoKa3aHa.

Jlemma 4.7.10. Ecau



Hokazarenbcrso. U3 memmbr 4.7.9 caenyer, uro Ker(A) = 0, mosto-
My oneparop A~ cymecrsyer. [Jokazkem, 9To omeparop A~ cuMmmerpuden.
[TycThb o, y -mpousBoabHbIe 3eMenThl n3 Dom(A™!) = H. Torga cymecTsy-
0T Takue JeMeHTh W, 2z, 910 * = Aw , y = Az. [Tostomy

<z, Ay >=< Aw, z>=<w, Az >=< A7z y>.

Tak Kax omeparop A~! cummerpuyen u 061acTh €ro olpeeIeHus eCTh Bee
IPOCTPAHCTBO, TO oneparop A1 camoconpsizken u 103ToMy 3aMKHYT. 1o Teo-
peme o 3amkuyToM rpadguke (cm. 169) oneparop A~! orpannuen. Tasee ume-
€M

JlemMa JoKa3aHa.

Jlemma 4.7.11. Ecau onepamop A cummempuyen, mo
Ker(A £ iid) = 0.

JlokazareabcTBo. Ecan omeparop A cuMMeTpHUYeH, TO CIPaBeIMBO Pa-
BEHCTBO

V(z € Dom(A)) : ||(A £ did)x|]* = ||Az|)® + ||=||?, (4.189)
OTKYJIa U CJTYeT YTBEPKICHUE JICMMBI.

Jlemma 4.7.12. Ker(A* +iid) = 0 6 mom u moavko mom cayuae, eciu
Cl(Im(A F iid)) = H.

HoxkazaTenbcTBO. [loKazaTebcTBO TpoBeaeM i 3HaKa +. [IycTh
y L Cl(Im(A — iid)).

Torna
V(z € Dom(A)): <y, (A—iid)z >= 0.

CretoBaTe/ibHO,
y € Dom(A* +iid), (A" +iid)y =0, y € Ker(A* +iid).

[Tosromy u3 ycaoBus
Ker(A* +iid) =0

cJIeiyeT PaBEeHCTBO

Cl(Im(A — iid)) = H.
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[Iyctn
y € Ker(A* +iid), y # 0.

Torna

V(z € Dom(A)): < (A" +iid)y, x >=<y, (A —iid)z >=0,

y L Cl(Im(A — iid)).

CrietoBaTesibHO,

Cl(Im(A —iid)) # H.
JlemMa JgoKaszaHa.

Jlemma 4.7.13. Ecau onepamop A cummempuyier u 3aMKHYM, MO MHOHCE-
cmea Im(A £ iid) samrxnymu. Ecau onepamop A cummempunen u xomsa 6ol
0dno uz muoscecms Im(A £ iid) samrnymo, mo onepamop A zamxrnym.

HoxkazarenscrBo. [IpoBenem mokazareabecTBO g 3HaKa +. Onpenennm
orepaTop

T:Gr(A) — Im(A+iid), T(x® Ax) = (A + iid)x.

flcHo, aTo

Im(7) = Im(A + iid).

13 (4.189) cremyer, uro Ker(T) = 0, nosromy omeparop T~ cymectsy-
er. U3 (4.189) caenyer, ato omeparop T’ n30MeTPUYEH, IOITOMY MHOMKECTBA
Gr(A) , Im(A + iid) 3aMKHYTBl HWJIN HET OJHOBPeMeHHO. PaccyKmenns st
3HAKa — aHAJOTHYHLL. JleMMa ToKa3aHa.

Crenyrommast TeopeMa HHOTIA HA3BIBACTCS OCHOBHBIM KPHTEPHEM CAMOCO-
IPSIZKEHHOCTH.

Teopema 4.7.3. Ilycmwv onepamop A umeem naiomuyo obaacms onpedene-
HUA U CUMMEMPULEH!

Cl(Dom(A))=H , AC A"

Tozda
1. Ecau onepamop A camoconpasrcen:

A=A
mo onepamop A 3AMEHYM U 6bNOAHEHDBL YCAOBUA

Ker(A* + iid) = 0. (4.190)
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2. Ecau onepamop A samrnym u cnpasedausv, pasencmsa (4.190), mo cnpa-
6e0AUGYHL PABEHCTNEA
Im(A+iid)=H (4.191)

u pesoaveenmuo, R(+i, A) cywecmeyrom.
3. Ecau Im(A £ iid) = H, mo onepamop A camoconpsasicen.

Jloka3zaTeabCTBO.

1 = 2. CaMOCONpSAZKEeHHBIN OIIepaTOp 3aMKHYT, & paBeHcTBO (4.190) ecThb
caeacTeue pasenctsa (4.189).

2 = 3. U3 siemmbr 4.7.12 caepyer, 9410

Cl(Im(A +iid)) = H.

3aMKHYTOCTH OnepaTopa A o3HadaeT 3aMKHYTOCTb MHOkecTBa Gr(A), 110-
sromy mMuOzkecTBo Im(A + did) 3amMkuyTO Ha OcHOBE JieMMbl 4.7.13 1

Cl(Im(A + iid)) = Im(A + iid) = H.

Tak Kak

Ker(A £ iid) = 0,

TO MHOZKECTBO

{(Atiid)z® 2z |z € Dom(A)}

ecTh rpaduK onepaTopa, YTo SKBUBAJEHTHO CYIECTBOBAHUIO PE30JIbBEHT.
3 = 1. IlpoBesem paccyzkaenusd s 3Haka +. [lycts

r € Dom(A").
Torma u3 ycnosus (4.191) caemyer, 9to
d(y € Dom(A) C DomA*) : (A +iid)y = (A" + did)x

[ToaTomy
(A" +iid)(xz —y) = 0.

Cornacno nemme 4.7.12 u3 yenosust Im(A —iid) = H crenyer,aro Ker(A* +
iid) = 0.

CretoBaTeIbHO,
(r—y=0)= (r € Dom(A4)) = (Dom(A") = Dom(A4)).
Teopema j0kazana.
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Bamenanue 4.7.1. Tak kak mathbf Ker(A+iid) = 0, To yciaoBue 3 sBuBaJsient-

HO CyMIECTBOBaHMIO orepaTopos (A =+ iid)™!, obaacTh onpaenenuss KOTOPHIX
. TR B

yrosierBopsier yeaosuio: Dom(A + iid)~' = H.. Jlna npoBepku ycioBus 3

JIOCTATOYHO JIOKA3ATDh, 9TO

V(zx e H), I(y+ € Dom(A)) : (A tiid)ys = x.

[Iyctn
A=a+1ib, b#0.

Torna
(Aid — A) = b(iid — (—aid + A)/b)

OmnepaTop A caMOCOIpPSIZKeH TOrJa W TOJIBKO TOr/Ia, Koraa omepatop (—aid +
A) /b camoconpsizken. [losromy u3 TeopeMsr 4.7.3 BhITEKaeT

CaeacrBue 4.7.2. Cnekmp 2106020 COMOCONPAHCEHHO20 ONEPATTLOPA JAEHCUM,
na deticmeumenbroti ocu.

[Iycrb A -caMoconpsizKeHHbIH orepaTop, B cuMMeTpUUHbI# OIepaTop u
Dom(B) > Dom(A).

Omnpenenenune 4.7.6. Oneparop B HazbiBaeTcst A-orpaHudeHHbIM (KK Orpa-
HUYEHHBIM OTlepaTopoM A), eciu

d(a, b), V(z € Dom(A)) : || Bz|| < a||lz| + b||Az]|. (4.192)

Bxogsamas B (4.192) xoncranTta b masbiBaeTcs BepxHeil A-rpaHbio orme-
patopa B (uau BepxHeil rpaHbiO omeparopa B Mo OTHOIIEHWIO OmepaTtopa
A). OrMeTuM, 9TO TOYHOI HUMKHEH TPaHH BCEX BEPXHUX A-rpaHeil MOXKeT
He CYIIECTBOBATH (UUCA0 @ B oreHke (4.192) MOkKeT cTpeMHTLCS K 400 MpH
yMeHbInenuu b).

Cieayromas TeopeMa HasbiBaeTcst Teopemoii Karo-Pesumnxa (wiu Pesuinxa-
Karo)

Teopema 4.7.4. Ecau onepamop A camoconpasicen, onepamop B cummem-
pusen, Dom(B) D Dom(A) u onepamop B A-oepanuuenn ¢ A-epanvio
b < 1, mo onepamop A+ B ¢ obaacmoio onpedenenus Dom(A) camoconps-
JHCEM.

JokazarenbcTBo. Tak Kak
Ve : 2ab < (a/e)* + (be)?,
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To u3 (4.192) cieayer HepaBeHCTBO

¥(z € Dom(A)) : ||Bx|* < (a® + € 7)||z]* + (b* + )| Az|* =
(0" + )l(—i(a® + €7%) /(0" + €*) — A)a||*. (4.193)

Bribepem € Tak, 4T0OBI BBIITOTHAIOCH HEPABEHCTBO
o=+ <1,

[Tosozxum
a=(a*>+e )/ + ).

st mokazaTe/ibCTBa CAaMOCOIPsizKeHHOCTH oreparopa A+ B HaMm 10cTaTo49HO
JIOKA3aTh, 9TO

Im(A+V +iaid) = H,
R(—ia, A+ B) € L(H— H).

[IycTh
z € Dom(A), (A+ B +iaid)r = y. (4.194)

Tak kak oneparop A camocoupsizken, oneparop R(—ia, A) cymecrsyer u
R(—ia, A) € L(H — H), Im(R(—ia, A)) C Dom(A).

Bamenus B (4.194)
r — (A+iaid)z,

MBI IIOJIYYHUM:

(id — BR(—ia, A))(A +iaid)z = y. (4.195)

CnenaB 3aMeny
r— —R(—ia, A)x (4.196)

B (4.193), MBI TIOJTydHM:
¢ [|BR(—icr, A)z|| < |z

CremoBaTeIbHO,

|BR(—ia, A)|| < v <1, (4.197)

(id — BR(—ia, A))™' € L(H — H),
Im(id — BR(—i«a A)) =H.
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Teneps u3 (4.195) carenyer, uro B pasencrse (4.194):

V(iye H):
r = —R(—ia, A)(id — BR(—ia, A)) 'y € Dom(A).
B cuny npejpiayiieii TeopeMbl 0TCIO/a Caeyer, uro oneparop A + B camo-

compszkeH. Teopema ToKa3zaHa.
Paccmorpum npumepst.

Mpumep 4.7.1. Tlyecrs H = L?(R?, dx). Ha mnornoit 8 L*(R? | dz) obnactu

Dom(4) = {f | f € (&, da), [ Jaf'|f(a)de < 20}
PACCMOTPUM OIEPATOP
Af(x) = 2* f ().
DTOT ollepaTop CUMMeTpHUUeH Ha cBoeil obacTu ompeaeaeHus. O01acThb onpe-

JIeJIeHHs COIPSIZKEHHOTO ortepaTopa A* cocTouT u3 Tex sjaeMenToB g € H, s
KOTOPBIX (DYHKITHOHAT

Dom(A) 5 f < g, Af >= / g ()| (2)da

POJIOJIZKACTCA JI0 JIMHEHHOTO HelpepbIBHOIO (DYHKIMOHAJIA HA BCEM IIPO-
crpauctBe H. 910 (pyHKIHOHAT HEIPEPHIBEH B TOM U TOJHKO TOM CJIydYae,
ecJIM OH OTPaHWYeH, T. €. eCJIu

sup{[ < g, Af > [[|[fl <1} = Sup{!/g*(ﬂf)\xIQf(aﬁ)dw! A <1} =

([1ettlstorpar) " o

Orcioma creayer, 9To 06JACTh OMpeIeTeHusT COMPSKEeHHOro omeparopa A*
COBIAAET ¢ 00JIACThIO omnpejesnenus omneparopa A um mosromy omeparop A
CAMOCOTTPSIKEH.

Mpumep 4.7.2. Tlycrs H = L*(R?, dz). Ha mpocrpancrse IIapma S(R?)
PACCMOTPHM OIIEPATOP

A S(RY) > f(z) = Af(z) = —Af(w),

rie A -oneparop Jlamraca. Haiigem sambikanue oneparopa A. Ilycrs {f,} €
S(R?) u B merpuke L*(R?, dr)

fn—foe H, Af, g€ H, n— oo.
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[Iepexons kK npeobpasoBanusam Pypbe, HAXOIUM:

Fal€) = Fol&), 1EP Ful€) — G(€) , n — 0.

(Cxommmocts B Merpuke L2(RY | d€)). Cuenosarenbho,

3(6) = [ePRle). / 1R (©)Pde < oo.

Otrcroga BeITEKAET, 9TO 00JACTH OIPEJCIeHUs 3aMblKaHus omeparopa —A
cocTonT n3 PyHKIHMil, TpuHaIeKamux npocrpanctsy Cobonesa H2(R?):

Dom(Cl(—A)) = H*(R?),

1 Ha 3TOH 00JIaCTH ONpee/IeHns] 3aMbIKaHIe OmepaTopa —/A BBITHCIAETCS
o gopmyJie

“Af(@) S @n) lim [ exp(i(e, )IEPTE)dE, f € HAR). (4.198)

[§l<R
Omupeenennsrit hopmytoii (4.198) omeparop caMocOnpsizKeH, TaK KaK OH YHH-
TapHO 9KBUBAJICHTEH ollepaTopy ymMHOxKenud Ha |€| B mpocrpanctse L2 (R? | df).

Eciu 3aMbIKaHze omrepaTopa eCTh CaMOCOIPSZKEeHHBIH onepaTop, TO HHO-
IJIa TOBOPST, UTO OMEPATOP CAMOCOIPSIZKEH B CYIIeCTeHHOM (Ha CBOeil mmep-
BOHA4YAJIBHON 0bs1acTn onpeesaenus). Mbl qokaszanu, aro onepartop Jlamnaca
CaMOCOIPSIZKEH B CYIIeCTBEHHOM Ha mpoctpancTse IIBapiia.

Ipumep 4.7.3. Tlyers H = L*(R?, dz). Ha npocrpanctse H2(RY) C L2(R?, dx)
PaACCMOTPHUM OTIEPATOP

B: Bf(x)=1-Df(x)+q(z)f(x), (4.199)

rie | € R mponsBoaas nonnMaeTcst B 06001menHoM cvbicie (em.ctp. 453),q(x)
orpaHnmYeHHas uaMepuMas hyHkims. Jokaxkem, 9To omeparop B orpaHnyueH
ormepaTopoM —A €O CKOJIb YTOTHO MAJIOH BepXHEeill TpaHbIo.
[Iycrn
Va o [q(@)] < goo-
Torma
IBfI < 1D fII + gool [ f]-

Hamee mMeem:

IIDAII? < (27)~ / EPIF(E) e <

2m) ! [+ el P =
2SI+ EIASIP,
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[O3TOMY

DI < e ILAI + ellAfLL

CaenoBaTesbHO,
V(e>0): Bl < (lgeo + € IDIIfI] + €ll][|AS]].

M#r mokazanu, 9To oneparop B orpanunden omepaTopoM —A €O CKOJIb YTOTHO
MaJIO# BepXHEN T'paHbIo.

13 Teopembl Karto-Pestuxa ciepyer, 4ro npu chopMyTUPOBAHHBIX HAMH
ycaoBugx onepartop [llpeauarepa

H*RY) 3 f > =Af +1-Df(z) + q(2) f ()

camoconpszen B npocrpancrse L2(R?, dx)
113 reopemsr 4.7.3 u Teopembl Xusne-Pusmnnca-Mocuasr (em. 249) Boite-
kaeT Teopema CToyHA .

Teopema 4.7.5. 1. Ecau
t— T(t)

-noayepynna xaacca Co 6 z2uavbepmosom npocmpancmee u npu ecexr t >
0 onepamopw, T(t) camoconpsastcenv,, Mo UHPUHUMEZUMANLHBT ONEPAIMOP
noayepynnv T'(t) camoconpsorcen.

2. Ecau

t— Ul(t)

-noayepynna kaacca Cy, npu ecex t € RY onepamopw U(t) ynumapro. u
A ~undunumesumanvrod onepamop noayepynnu U(t), mo onepamop —iA
-CAMOCONPANCEH.

HokazarenbctBo. Ecam oneparopsr T'(t) camoconpsizkenbl, T0 WHDHHU-
Te3NMaJIbHbI omeparop nosyrpynmbsl 1'(t) cumverpuden. B cuity Teopemsr
Xuie-Ouunca-locuipl OH 3aMKHYT, UMeeT ILJIOTHYIO 00/1acTh OIIpeese-
HUS U ero Pe30JIbBeHTa onpeesena mpu Re A > 1. Cure1oBaTeIbHO, YCIOBHUE
3 TeopeMbl 4.7.3 BBIMOIHEHO. ECu MOJIyTpyIIa COCTOUT U3 YHUTAPHBIX OTe-
paTopoB, TO ee NHMUHUTE3IUMAJIBHbBIH ONEPATOD 0UYEBH/IHO KOCOCUMMETHYEH.
OCTaJIbeIe PacCCyzKACHUA aHAJJOT'MYHBI U UX IIPpOBEACHUE IPEeaoCTaBJAACTCA
YUTATENIO B KauecTBe yNpazKHeHHs (CJIeLyeT BOCIOJNb30BATHCS CIEKTPAJIb-
HOIi TeopeMoil sl YHUTAPHBIX OTEPATOPOB).

Teopema j0okazana.
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4.8 OcHamienne rujab0epTOBa IIPOCTPAHCTBA U
ounanHeitHbIe POPMBI.

4.8.1 Ocnamenne rmiab0epTOBAa MPOCTPAHCTBA.

[lycte H runb0epToBO MPOCTAHCBO CO CKAJISIPHBIM MPOW3BEJeHHEM < , > U
HOPMOii

IfI?=<f,f>.

llycre H, C H -nmuneitHOe MHOTOOOpasue B H, KOTOpOe YIOBIETBOPLAET YCIO-
BHSAM:
1. H, nnorao B H no merpuke H:

H, C H, CI(H,)=H.

(3ambikanue Gepercs mo MeTpuke npoctpancTsa H).
2. H, ectb THIKOEPTOBO MPOCTPAHCTBO CO CKAJISIPHBIM TPOU3BEIEHUEM
[, ]+ 1 HOpMOI

V(feH,): Hin =1f, fl+

3. BeImosiHeHO HEpaBEHCTBO

V(f e ) If e = A

[TpuBejem mnpumep.
[Iyctn

H=L*R', dz), H, = {f | / 1£(2)]?(1 + 2*)dx < oo},
V(e H, . geHy): [fgly = / £*(@)g(x)(1 + 2?)d.

HerpymHo mpoBepuTh, ITO B 9TOM IIPHUMEPE BHIIIOJTHEHBI BCE C/I€TAHHBIE BHIIIIE
IPEeIIOIOKEHUS.

g jioboro g € H na npocrpancrse H onpenesien JuHeinblit pyHKIN-
OHAT:

H.>fr<g, f>. (4.200)

Bagannsiii na upocrpancrse Hy dopmyioit (4.200) dynknuonan wenpepbi-
BEH B METPHKe npocrpancrsa H ., Tak Kak

[ <g, f>1<lgll- LA < llgll - [1F1+

348



JIeJIOBATEJILHO, 110 T Me Pu M BHJIE JITHEHTHOTO HeIIPePbIBHOT
CaenoBatesbHo, 110 TeopeMe Pucca 06 obie e eifHOro Helpe oro
dyHKIIMOHATA B THJIHOEPTOBOM ITPOCTPAHCTBE B TPOCTPaHCTBe H . cyIecTBy-
eT TaKoil BeKTOp Jg, UTO

WgeH, feH): [Jg, fls T<g, f>. (4.201)
@opmyaa (4.201) ompeenser JUHEHHBIH OepaTop

st paccMaTpHBaeMOro HaMu TpuMepa paBeHcTBO (4.201) mpuHUMAeT BUT:

[ 15 @r@ s = [ @i,
MOSTOMY B PACCMaTPUBAEMOM HAMU MPUMEDE
Jg(e) = (1+2%) g(x).
Nsyanm cBoiicTBa onpenenentoro dopmysioii (4.201) omeparopa J.
Jlemma 4.8.1. Cnpasedausvl nepasencmaea

IJ | L(H — H,)| < 1. (4.202)
1] | £(H — H)|| < 1. (4.203)

HokazarenbcTtBo. MMeem:

Vige H): [l7g | I+ =supl{[[Jg, [l [/l <1} =
sup{| < g, f>||[[fll+ <1} <sup{| <g, f> ||/ <1} =gl

[lepBoe HEpaBeHCTBO JOKa3aHO. BTOpOe ecTh OYeBHIHOE CJIEACTBHE TTEPBOTO.
Jlemma 4.8.2. Onepamop J ydosaemeopaem cooOmmoweHuAM:
Ker(J) = 0. (4.204)
Cl(Im(J)) = H,. (4.205)
Bamwvkanue 6 (4.205) bepemes 6 mempure npocmparcmea H . .
Hokazarensctso. Ecin f € Ker(J), To
Vige Hy): [Jf, gl =<f,g>=0.

Tak kak H, nmnoruo B H, To orcioga cieayer, uro f = 0.
Ecmu g € Hy , gLIm(J), 10

V(feH):[Jf,gl+ =<f,g>=0)=(9=0).

Jlemma nokaszana. 13 gemwmbl 4.8.2 BoITEeKaeT
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Caencrsue 4.8.1. Onepamop J 1 onpedeser na naommom 6 npocmpancmee
H mnooscecmee

Im(J) C Hy C H.

Jlemma 4.8.3. Onepamop J~' cummempuuen na npocmpancee Tm(J) om-
HOCUMEABHO CKAAAPHO20 Npoussedenus < , >.

HokazarenbcTBo. MMeem:

V(feIm(J), geIm(J)): <J'f, g>=1f, gls =
lg, [l =<J g, f>=<[f,J'g>.

Jlemma mokaszana.

Jlemma 4.8.4. Onepamop J camoconpastcen u Heompuyamench Ha npocmpa-
cmee H.

JokazarenbcTBo. Jlokaxkem, 9To orneparop J cuMMeTpHYeH Ha MPOCTPAH-
crBe H. Umeem:

V(ifeIm(J),geIm(J)): <J'f,g>=<f,J 'g>.
3aMeHsAd B 9TOM paBEHCTBE
f—=Jf,9—Jy,
MBI IIOJIYyYHUM:
V(feH,geH): <f,Jg>=<Jf,g>.

Omneparop J ompejie/ieH Ha BceM IpocTpaHcTBe H, orpaHuyen U CUMMETPH-
ven. CregoBaresbHO, OH camoconpsizker. Heorpunareabuocts oneparopa J
claeyeT U3 PaBeHCTBA

<g,Jg>=1Jg, Jg]+ > 0.
N3 camoconpszkeHHOCTH onepaTopa J B cuiy JeMMbl 4.7.8 BBITeKaeT

Caencrsue 4.8.2. Onepamop J~' ¢ obracmuvio onpedeserus
Dom(J ') =Im(J) C H
camoconpasicer 6 npocmpamncmee H.
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B paccmaTpuBaeMoM HaMU TpUMepe

Im(J) = {f | f(z) = (1+2%)"g(x), g(x) € L*(R", dx)} =
{f1(1+2)f(x) € L*(R', du)}

T (@) = (1+2%) f().
Ha mpocrpancrse H ompeneiuM cKaJgpHOE ITPOU3BEICHUE:
def
V(feH, geH):[f, g [If. Jgl. (4.206)
DTO cKaJsIpHOe NPOU3BeIeHIe Ha IPocTpaHcTBe H MOpoxKIaeT HOPMY:

A2 =1[f, fl-. (4.207)

Jlemma 4.8.5. Cnpasedauso nepasencmaeo
V(feH): [Ifl-<Irl (4.208)
JoxkazarenncTBo. Mmeem:
V(feH): [IfIZ=NTFI5 < IIFI*
[Iycts H_ -ruabbepToBO TPOCTPAHCTBO, MOIYYeHHOE MO0 THEHHEM IPOCTPAH-
crBa H no mopwme || |- co ckamsapubiM npoussegenueM |, |—. [To nocrpoenuto

npocrpancrBo H minorao 8 H_ 1o Hopwme || || .
B paccmarpuBaeMoM HAME IPHMEpe

12 = / (14 22) 2 f(2) P(L + 2?)di = / (1 + %) | (x)d.

Teopema 4.8.1. Onpedesennwiii pasencmeom (4.201) onepamop J npodoa-
AHCAEMCA NO HENPEPBIBHOCTU Ha npocmpancmeo H_ do onepamopa

JeLH — Hy), Y(feH): J(f)=J(f)
Onepamop j yd08AEMBOPAEM YCAOBUAM.:

Dom(J)=H_,Im(J) = H, , Ker(J) =0, ||J | L(H_ — H,)|| = 1.
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HokazareabcTso. [lo onpenenennio, nMeeM:
V(feH): [IfI2=TFI- (4.209)

Tak xkak npocrpancTtBo H m1oTHO B H_ | TO CyIIecTBYeT U €JIMHCTBEHHO TaKOe
HeIpepbIBHOE 0TOOparKeHue

J S E(H_ — H+),

KOTOPO€E IIPpOJOJJIZKaeT 3TO PaBEHCTBO Ha BCE IPOCTPAHCTBO H_. ,HeﬁCTBI/ITeJIb—
HO, IYCTb
fEH—a ||f—fn||_—>0,n—>oo, fnGH

I3 (4.209) caeayer, 9T0 MOCJIEM0BATENBHOCTD J f, dyHIaMeHTAIbHA B IPO-
CTPpaHCTBE H+ U MBI MOZKEM II0 OIIpeaeJIeHNIO IMOJIOXKHUTH

Jf = lim Jf,.

Hoxkazkem, aro muozxectso Im(J) samknyro B H,. Ilycrs
Jfn — g, n— oc.

Torma u3 (4.209) caemyer, 9T0 MOCIEIOBATENBHOCTD f,, DyHIAMEHTAIbHA B
npocTpancTBe H_ m modTOMY

foe Ho): fo= lim f,mg=J(fo).

Ecau Im(J) # H,, o cymectsyer g € H, , g1 Im(J), o Torma
v(feH) <f>g>:[°]f7g]+:0

Caenosarenvho, g = 0 uw Im(J) = H,. OcranbHble yTBEPXKICHHS JEMMbI
TPUBUAJIBHBL.

CaenctBue 4.8.3. Onepamop J obpamum U
1T | L(Hs — Ho)| = 1.

Teopemy 4.8.1 MOKHO U3JI0KUTHh B HEMHOI'O JIDYI'OU PeJAKIUU.
Ckangproe mpou3BeIeHNe Ha MPOCTPaHCTBE H MBI MOXKEM paccMarpu-
BaTh KaK OMJIMHEHHYI0 hopMy, 3aJaHHYIO Ha JIeKapTOBOM TTpou3BeaeHnn H X
H.:
HxH,>fxg—<f,g>cC. (4.210)
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Teopema 4.8.2. Buaunetnas gopma (4.210) npodoasicaemes no nenpepoie-
HoCcmU Ha dekapmoso npoussederue npocmparems H_ X Hy u ee npodoa-
AHCEHUE:

[ ot Hox Hy —CY W(fxge Hx H.): [f, glo D< f,g> (4.211)

npusodum npocmparcmea H_ w H, 6 deolicmseennocmo: 410600 Aunelnviil
HENPEPLLBHBLT PYHKUUOHAL Ha npocmparcmee H . moocem bvimsb npedemas-

Aen 6 sude:
H+ = g [f? g]O? f € H77 (4212)

u 210001 aumetino Henpepuetut dynkyuonans na npocmpancmee H_ mo-
otcem bvims npedcmasaen 8 sude:

H_ > f—|f,ql5,9€ Hy. (4.213)

oxkazarenbcTBo. HanmoMHuM, 4TO /1€KapTOBO NPOU3BE/IeHHE TPOCTPAHCTB
H_ x H, Mbl MO)KeM pacCMaTpUBATh KaK METPUIECKOe MPOCTPAHCTBO C MeT-
pUKO

d(f xg, f'xg)=If = Fll-+1lg = 9'll+

Uwmeem:

V(fxgeHxHy): [<f,g>[=I[Jf, gl <Jfl+lgll+ =
1 1=llgll+ (4.214)

Orciona caenyer, uro Guinneitnast gpopma (4.210) mpogoszKaeTcs: mo Hempe-
PBIBHOCTH HA JIEKAPTOBO POU3BeieHne npoctpancts H_ X H,, Tak Kak ecju
MOCJIeIOBATETLHOCTD [, X g, € H X H, dyHmaMeHTahHA B METPUKE TTPO-
crpancTBa H_ X H, n

fnxgnﬁfOXgOGH*XH+7n_>ooa
TO MOCJIEAOBATEIHLHOCTD < [y, ¢ > dyHIAMEHTATbHA U 0TOOPAKEHU T

HJng’_)[fag]OafEH77H79f'_)[f7g]>(k)7g€H+

3aJIAI0T JIMHEHHbIE HelpepbiBHbIE (DYHKIIMOHAJIBI HA COOTBETCTBYIONIUX PO-
crpancrBax. Jlokaxkem, 4To J11000# JIMHEHHBIT HEeTPEPLIBHBIH (DYHKITHOHAJT HA
npocrpancrBe H, MoxkeT ObITh nipeactapien B Bue (4.212). Iycrs [ -rakoit
dyukimonas. [lo Treopeme Pucca 06 obiiem Buje JUHEHHOrO HENPepbIBHO-
ro MOYHKIIMOHAIA HA THIBOEPTOBOM MPOCTPAHCTBE CYIIECTBYET TAKOH BEKTOP
go € H., 4ro

V(g€ Hy): U(g) = [g0, g+
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Tora MBI UMeeM: B
1(9) =190, gl+ = [T "9, dlo.

AHaJIOrIYHO JOKA3bIBAETCS, YTO JIO00H JIMHERHBIH HeMPepPbIBHBIN (DYHKIHO-
HaJ Ha mpocTpancTse H_ MoxKeT ObITh mpejcrasied B Buje (4.213). Teopema
JIOKa3aHa.

[pocrpancrea H, , H_ w Ouiauneiinas dopma |, |o HA3BIBAIOTCS OCHA-
meHueM I'uibbepToBa HnpocTpancTBa H, a camo mpoctpancTBo H BMecTe ¢
npoctpancTBamu H, , H_ -OCHaIIeHHBIM TIIBOEPTOBBIM TIPOCTPAHCTBOM.

4.8.2 IlonyorpanmydeHHbie SPMUTOBBI (POPMBI 1 PacCIIIu-
peHue orepaTopoB 1o ®puapmxcy.

[Tycte Dom(B) -mnornoe B rmibbepToBoM mpoctpancrtse H aumeitnoe MHO-
roobpasue.
QyHKIISA

B: Dom(B) x Dom(B) >z xy — Bz, y) € C!

Ha3bIBACTCS HOJIYOIPAHUICHHOU IpMUTOBON (hopMoit ¢ 001acThIO ompeese-
st Dom(B), ecu
1. ®ynknus B(z, y) AuHelHA 0 BTOPOMY arpyMeHTY:

V(z € Dom(B), y € Dom(B)) : B(x, ay1+0y2) = aB(x, y1)+LB(x, y2).
2. Beimoseno ycoBue:
V(z € Dom(B), y € Dom(B)): B(z,y) = B(y, z)".
3. CymiectByer Takas KOHCTaHTa —o0 < M < 00, 910
Y(z € Dom(B)) : 6o B(zx, x) < M||z|?*, mbo Bz, z) > M| z|?.

Ecau spmuroa dbopma B(x, y) orpanudena, 1o B cuiy Teopembl Jlakca-
Musrpama-Bumuka cymecTByeT TaKOil OrpaHUYEHBIN CaMOCOMPSKeHHBIH
omneparop A, 4to

Ve H,ye H): B(x,y) =<z, Ay > . (4.215)

Ecuu cripaseyiuBo paBeHcTBO (4.215), To roBopat, uro dhopma B(z , y) npej-
crapyiena omneparopom A. Eciau dbopma meorpammdena, To, BOOOIE roBOpsi,
OHA He MOXKeT ObITh HpPEJCTABICHA OePATOPOM (COOTBETCTBYIONMA PUMED
Oyner npuBesien Huzke). Hac Gyzer mHTepecoBaTh BOIPOC O TOM, TPH KAKAX
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YCJIOBUSX HOJTyOrpaHudeHHag (popMa MOKET OBITh MPEACTABICHA CAMOCOIPS-
JKEHHBIM OIEPATOPOM.
Ecau dbopma B(z, y) npejcrabiaena omneparopom A, 1o npu 3ameHe

B(z,y)—+B(x,y)+a<z,y>,acR" (4.216)
npeCcTaIsdoNmil ee oneparop A 3aMeHnTCS Ha OIepaTop
A — +A+ aid.

dcHo, uro ¢ moMoImblo 3aMeHbl (4.216) MOKHO TONTYyYUTH GOPMY, KOTOpast
OyIeT yIOBJIeTBOPSTH HEPABEHCTBY

V(r € Dom(B)): B(z, z) > ||z|*. (4.217)

B nasbreiiniem Mbl 6yJieM cautarTh, 9T0 HepaBeHCTBO (4.217) BBIIOIHEHO.
Ynopaerpopsorast yeiaosuio (4.217) spuuroba dopma B(z, y) Ha mpo-
crpanctee Dom(B) onpeesser CKaJsipHOe TPOU3BEICHIE U HOPMY

V(z € Dom(B)) : ||z | B|* ¥ B(x, ). (4.218)

Oupepenenune 4.8.1. dpmurosa hopma B(z, y) 3aMKHYTa, €CJIH IPOCTPAH-
crBo Dom(B) ecTb rusib6epToBO POCTPAHCTBO (T. €. TIOJHO) OTHOCHTEIBHO
HopMmbl (4.218).

[lycte Hp -nonosmenue npocrpanctsa Dom(B) o nopme (4.218).
Eciau {x,} C Dom(B) -cxoagmasicst o MeTpuke npocrpancrsa Hp mo-
CJI6JI0BATEIBHOCTb:

”l’n — X | BH — O, To € HB, (4219)

TO B cuity HepaseHcTBa (4.217) mocnenoBarenprocth {x,} C Dom(B) cxo-
JTUTCA ¥ B IpocTpancTBe H, mosromy ¢ nomomuibio (4.219) KOppeKTHO ompe-
JIeJIeHO 0TOOparkeHue

I:Hpw— H, I(xy) = lim x,. (4.220)

n—oo
[Tpenen B npapoii yactu (4.220) BEIYUCISIETCS B MeTPHKe IPOCTpaHcTBa H.

Onpenenenne 4.8.2. Dpmurosa dhopma B(x , y) 3aMbIKaeMa, €CJIu Olpeie-
nennoe Gopmyioii (4.220) orobparkeHne UMeeT HyJIeBoe g1po:

Ker(I) =0.
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[IpuBeneM mpuMep.I.
[Iyctn

H = L[*(R', dr) , Dom(B) = S(R'),
B(f.g) = /( “(2)g(x) + Dyf (x)* Dag(a))dax = (4.221)
/ (11 &) (e)3(€)de. (4.222)

B sTom ciyuae
HB—{f]/l—i—f2 (6)]Pd¢ < <}, Ker(I) =0

u opma (4.222) 3ambikaema.
[TycTn

H = L*(R', dz) , Dom(B) = S(RY),
B(f . 9) = [ F(@g(w)ds + 1 (0)g(0). (422
B stom ciayuae
Hp = L*(R', dr) ® C', Ker(I) = 0@ C' #£0

u dopma (4.223) He 3ambiKaeMa (1 He MOXKET OBITH IPEICTABICHA JCHCTBY-
fomuM B npocrpancrse L2 (R | dx) oneparopom).

Eciu spmuroBa dopma B 3ambikaema, 10 npocrpancrso Hp (nomosie-
Hue npocrparcTBa Dom(B) mo wopme | | BJ|) ¢ momomipio onpegesen-
Horo pasenctsom (4.220) oroGpazkennst [ MOKHO BJIOXKHUTH B IIPOCTPAHCTBO
H rak, uro Bioxenne OyIeT B3aUMHO OJHO3HAYHO HA 0Opa3e MpOCTPAHCTBA
Hp, m03TOMY MOYKHO CIUTATH, ITO IPOCTPAHCTBO Hp ecTh HOAMHOr006pasmne
npocTpaHcTBa H:

Hp C H,

a 3pmuToBa (popma B 1m0 HEeIpepbIBHOCTU TpOA0KeHa Ha Hp.

Teopema 4.8.3. Eciu B -3aMKEHYMas nAOMHO ONPLICAECHHAA NOAYOLDAHU-
YEHHAA IPMUMOBE POPMG, O CYWECNEYEM MAKOT CAMOCONDANCERHBLT ONe-
pamop A, 4mo 6uiNoAHEHDL YCAOBUSM:

1.06aacmo onpedenerus onepamopa A codeporcumes 6 Dom(B) u naom-
na 6 Dom(B):

Dom(A) C Dom(B), Cl(Dom(A)) D Dom(B), (4.224)
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2. Cnpasediuso pasencmaeo:
V(z € Dom(B), y € Dom(A)): B(z,y) =<z Ay > . (4.225)
Yoosaemsoparowuti ycaosuam 1-2 camoconpascernutl onepamop edum-

CMBEHEH U HA3BLBACMCA ONEPATNOPOM, Komopuill npedcmasasem dopmy B.

Hokazarenbcrso. Jlokazkem cymecrBoBanue oneparopa A. Samenoit (4.216)
nepeiinem kK dhopme, KOTOpas yaoBiaerBopsieT HepapercTny (4.217). Janee nc-
IOJIb3YeM KOHCTPYKIIHIO, OIMHCAHHYIO B IpeIbLAyIeM Haparpade: mycTb

DOIH(B):HJr, B(.I', y): [$7y]+, A:J_l>

rae J ! -BBegennbiit B caeacreun (4.8.2) oneparop. Kak gokasano B npepl-
nyieM naparpade, yeaoBus 1-2 BbIOIHEHD. JloKazkeM e IMHCTBEHHOCTD Olle-
paropa A. Ilycrs oneparop Ag yaosierBopsier ycaopusim 1-2. Tak kak

V(z € Dom(Ay)), Bz, ) = [z, Agz]y > [|z|?,
TO

Ker(A4;) =0
u onepatop Ay' cymectsyer. lanee mveem:

V(z € Dom(B), y € Dom(A4)) :

< Aoy, z>=[y, 2]y = [JAoy, z]4 = [Aoy, Jz|; = [y, AgJz]s,

<y,x>=[Ag'y, ]y = [Jy, 2]+
Tak kax muoxkecrso Dom(Aj) mrorao 8 Dom(B), To oTciofa cieayer, ITo
oneparop Ay HenpepbiBen Kak oneparop L(H, — H) u coBuasaer Ha mjior-
HoM B H, MHOMXKeCTBe ¢ OpaHHYeHHBIM omeparopoM J 1, a omeparop Ay’
comagaer Ha Dom(B) ¢ oneparopom J. Teopema mokasaHa.

[Iycts Dom(A) -miornoe B ruanbeproBoM mpocTpanctse H auneiinoe

mHOTO0Opasue, u A -ompenennsiit Ha Dom(A) cuMMeTpruaHbIH TOIyOTrpAHHE-
YEHHBIN oleparop:

V(z € Dom(A), y € Dom(A)): <z, Ay >=< Az, y >,
V(z € Dom(A)): <z, Az >> M||z||? nmm <z, Az >< M||z|*. (4.226)

Teopema 4.8.4. Ecau A -onpedennwiti na naomuom 6 H aunetinom mrozo-
o6pasuy, Dom(A) cummempuunvil noayozpaHuerHvLl onepamop, mo Gopma

V(z € Dom(A), y € Dom(A)): B(x,y) =<z, Ay >

IPMUIMO6a, NOAYOZPAGHUYEHA U 3AMBIKAGEMA.
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JokazaTenbcTBO. B HEM HYKTaeTcd TOJIBKO OcAeIHee yTBep:K aeHne. be3
opaHUYeHUsI OOMIHOCTH OYIeM CUUTATH, YTO BHINOJHEHO HepaBeHCTBO (4.217).
Ham Hy:KHO T0Ka3aTh, ITO €CJIH TOCTeI0BATETbHOCTD {7, } C Dom(A)) yro-
BJICTBOPSAET YCJIOBHAM:

1. TTocnenoBarenbrocTh {2, } OyHIaMEHTATBHA IO HOPME

| | B> = B(, 2).
2. TocaenoBaresbHOCTD {Xy, } CXOAUTCs K HYJIO B MpocTpaHcTBe H':
|zn]] — 0, n — o0,
TO
B(zy,, ,) — 0, n — 0.
[Iycts mpoctpanctBo Hp ecTh monosHerne npoctpanctsa H mo mopme || |
B|| u g € Hp -upeaen nociaeaoBaresbHocTd {2, }. NMeem:

V(z € Dom(A))) : |B(z, )| = nh_}rglo |B(z, x,)| =

lim | <x,Axn>|:nh_>r£10] <Az, x, > | §7}LIEO|IA$\||]$“\|:O

n—oo

Tak kak muoxkectBo Dom(A) miorao B Hp, T0 oTcioma ciaemyert, uto xo = 0.
Teopema mokazana.

[Tycts A -onpeseHHbIil HA MJIOTHOM B THJILOEPTOBOM mpocTpancTse H ju-
HeifHoM MHOro06paznn Dom(A) cuMMeTpuIHbIH MOoJTyOrPAHHYeHHBIH oTepa-

TOD.
3ameHoit
A:A— +A+ aid (4.227)
MOZKHO CJIeJIATh TaK, 4TO HOpozKIeHHas oneparopom AA spmurosa dopma
V(x € Dom(A), y € Dom(A)) : B(z, y) =<z, Ay > (4.228)

Oy/leT YIOBJIETBOPSATH HEPABEHCTBY:
V(z € Dom(A)) : B(z, ) > ||z
CriesraeM Takyio 3aMeHy U IycTh B -3ampikanue dopmb (4.228), a AA -
orepaTop, KOTOpIil mpeacrasiser ¢popmy B:
V(r € Dom(B), ,y € Dom(AA)): B(z,y) =<z, Ay > .

Omneparop a o
A:=ATAA (4.229)

CaMOCOIIPAZKEeH U YAOBJIETBOPACT YCJIOBUAM!

Dom(A) € Dom(A) C Dom(B), V(z € Dom(A)) : Az = A(x).

Oneparop A nasbiBaercs pacwuperuem no @Ppudpuxcy ouneparopa A. Do
pacLIupeHne 4acTo UCHOJIb3YeTCs B MaTeMaTHYeCcKol (pusuke.
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4.9 IIpeobpazoBanue Kejim u crieKTpajibHOE pa3-
JIO2KeHIe HEeOTPAHMYE€HHbIX ONEePaTOPOB.

JIpobuo-nHeiinoe npeobpa3oBaHme
2 (2 —10)/(z+1)
nepeBoauT NpaMyio RY B OKpyKHOCTD
z=-exp(if), 0 <0 < 2.

CrexkTp J1I000T0 CAMOCOIPSAZKEHHOTO OIepaTopa JIEKUT Ha JAeHCTBUTETHHOIM
ocu. CjenoBaTeibHO, ecJii A -OrpaHIIeHHBIH caMOCONPAKeHHBIH oIepaTop,
TO IO TeopeMe 00 OTODparKeHUH CIIEKTPa CIEKTD OIeparopa

Ca(A) = (A —iid) - (A +4id) ™! (4.230)

JIEZKUT HA eJMHUIHON OKpyzKHOCTH 1 onepatop Ca(A) yaurapen. Mbr jgoka-
KeM, 9To omeparop Ca(A) yHuTapeH /s 0600 caMOCONPSIZKEHHOTO Olle-
paTopa A.

Jlemma 4.9.1. Ecau A -npoussosvHuill camoconpancerHnvti onepamop, mo
dopmyaa (4.230) xoppexmuo onpedeasem onepamop Ca(A).

HoxazarenbctBo. Eciin A -camoconpsizkeHHBIN OIepaTop, TO B CUJIY TeO-
pemsbt 4.7.3

Dom(A +iid) ™' = H , Im((A +4id)™') C Dom(A4 — iid),

[OTOMY TIpOH3BeieHne oneparopoB B (4.230) KOPPEKTHO ONPEIeIeHO ’
Dom(Ca(A)) = H.

Omnpenenenune 4.9.1. Oupegenennsiit dhopmyoii (4.230) oneparop Ca(A)
Ha3bIBaeTCs npeobpazoBanmeM Kejn omeparopa A.

[IpsiMoe BBIUMCIIEHTE TTOKA3BIBAET, UTO CIIPABEIJINBa
Jlemma 4.9.2. I'pagur onepamopa Ca(A) ecmv mHoscecmeo
Gr(Ca(A)) = {(A+iid)h® (A —iid)h | h € Dom(A)}. (4.231)
3 31oit 1eMMbl BbITEKAET
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Jlemma 4.9.3. Ilpeobpasosanue Kearu camoconpasnceninozo onepamopa yoo-
BAEMBOPAEITL YCAOBUAM:

Ker(Ca(A)) =0, Ca(A)™ = Ca(A)* (4.232)
U YHUMAPHO.

JokazareascrBo. Tak Kak omeparop A caMoconpsizKeH, TO B CHIIY Teope-
MbI 4.7.3
Im(A +iid) = H.

OTciofa cienyioT mepBble JIBa YTBEP:KICHHS JeMMbl. BTOpoe yTBepzKIeHne
JeMMbI creayer u3 pasencrsa (4.189). U3 sToro ke paBeHCTBa CJe/yer, 9To
MHOYKECTBO

Gr(Ca(A)™) := {(A —iid)h @ (A + iid)h | h € Dom(A)}

ecThb rpaduk oneparopa. Q4eBUIHO, YTO 3TO Irpapuk omeparopa, 06paTHOrO
K Ca(A).

113 pasencrsa (4.189) u stemmbr 4.231 caenyer, aro oneparop Ca(A) u3o-
MeTPUYEH:

V(¢ € H): [|Ca(A)oll = ]|

Tak kak oneparop Ca(A) uzomerpuden u od6paTuM, TO OH yHUTApeH. Jlemma
JIOKA3aHa.

[TycTh A -orpanndennbiii caMOCOTPsIZKeHHbI onepaTop. Torma criekTp ero
npeobpaszosanust Kemmn Ca(A) mexur ma gyre

z=-exp(if), 0< b <0 <60, <2m

u TouKa z = 1 He npuHaTekRuT crekTpy onepatopa Ca(A). CrenosaTensuo,
oneparop (Ca(A) —id)~! cymecrsyer u

A= —i(Ca(A) +id)(Ca(A) —id)~". (4.233)
[ToaTromy cornacuo Teopeme 4.6.2 cnpaBe/JIMBO PABEHCTBO
V(g eH, feBor(RY)): <¢, f(A)p>=

/0 Ty (—i%) dy < ¢, Eun(0, Ca(A))p >=

[ cano/2i < 6. B, Catao > (4234
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Unrerparn B (4.234) myzxuo mounmarh Kak unrerpan Jlebera-Cribrbeca.
[MoxcraBus B hopmyry (4.234) Bmecto hyHKIMA f XapaKTePUCTHIECKYIO
dbyukuo noayrHTEpBaIa (00, A], MBI TTOJIYIM:

V(pe H, A\=—ctg(0/2)): <¢, B\, A)p >=< ¢, Epn(0, Ca(A)) > .

Ecau oneparop A HeorpanwdeH, TO TOYKa 2z = | MPHHAJICIKAT CHEKTPY OIe-
patopa Ca(A) u oneparop (Ca(A)—id)~! He cymecTByer, mo3TOMY MpeabILy-
e PACCyKIASHUS JIJIsi HEOTPAHUIEHHOTO onepaTopa He mpoxoasat. Ho orpa-
HUYIEHHYIO (PYHKIUIO OT HEOTPAHUIEHHOTO OMEePaTopa MOYKHO IPOCTO OMpe-
neauTh paBeHcTBOM (4.234). ITokazkeM, Kak 9TO MOYKHO CJICJaTh.

Hamomuum, 910 3ajanHast Ha JIeHCTBUTEIbHON mpamMoil (hyHKIUS n3Me-
puma o Bopesto, ecyin ee cyzkenue Ha JiF000€ KOMIIAKTHOE MHOZKECTBO H3Me-
puMo 1o Bopero.

[IpeobpazoBanue

Ca: Ca(f)(0) = f(—ctg(0/2)

IIePEBOJIUT aJIrebpy BCeX ONPAHUYEHHBIX H3MEePHMbIX 110 BopeJo dyHkiuii Ha
neficreurenbroit ocu Bor(R') B anre6py Bor ([0, 27]). [lyets A -mpon3BosTbHbII
(orpaHUYeHHBI WM HET) CAMOCONpPsIZKeHHBIH onepaTop. Huzxke mom oroGpa-
xenneM Opoq(a) HaM OyJeT ya00HO IOHMMATDL ero PeryIsapU3aIuio, KOTOpast
croutcsa Tak. J[jist HEOTPUIATENBHBIX OTPAHMYEHHBIX M3MEPUMbIX (hyHKIUi
f € Bor([0, 27]) Mbl osaraem

Ve H): <@, Opcaa)(f)o >:=
11_{% < ¢, Opcaay(I([e, 2m — €] | ) f)o > . (4.235)

rie B npaBoil 4actd Opcq(a) -331aHH0e onpenetenuem 4.5.2 (cm. crp. 316)
orobpaxkenne. CymiecTBoBanue mpejiena B (4.235) 04eBUIHO, TAK KAk Mpa-
Bast 9acTh (4.235) orpannyena u we yobiBaer kak GyHnkuus €. Ha ocranbhbie
bynknun f € Bor([0, 27]) orobpaxkenne Opcq(a) PACIPOCTPAHSIETCS IO JIH-
ueitnoctu. 113 reopemsr 4.6.1 u dbopmysst (4.234) BeITEKaET

Teopema 4.9.1. Omobpasrcenue
Opby : Bor(RY) 5 f — Caf — Opcaa) € L(H — H) (4.236)

nepecodum anzebpy Bor(RY) 6 xommymamusnyio nodanrzebpy anzebpo, L(H —
H) u ydosaemsopaem ycaosuam meopemus 4.5.1, a ecau onepamop A ozpa-
nuven, mo omobpastcenue (4.236) cosnadaem ¢ onucarnnvim 6 meopeme 4.5.1
omobpastcenuem Opby.
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13 Teopembr 4.9.1 caeayer 9To /i OPpaHUYEHHBIX OepaTopoB A (hyHK-
st

R!' 5 —ctg(h/2) — E(—ctg(8/2), A) = E,(0, Ca(A)) (4.237)

COBIIAJAET C BBEJEHHON B onpejesenun 4.5.3 cruekTpajabHoil (byHKIuei, jiis
HEOrPAHMYEHHBIX OIEPATOPOB A MBI ONpEeIeInM CIeKTPAIbHYIO (DYHKIHIO
pasencrBoM (4.237).

Teopema 4.9.2. Bexmop ¢ npunadsescum obaacmu onpedesets onepamopa
A 6 mom u MoALKO MOM CAYMGE, ECAU CTOOUMCA NOHUMAEMBT KK HECOO-
cmeennvl unmezpas Pumana-Cmusvmoeca 6 npasot wacmu (4.238) u 6
IMOM CAY ae

2T
A0l = [ (cts /2o < 0, B, CatA)w > (4239
0
JokazarenbcTBo. IlycTh
Y € Dom(A), ¢ = (A —iid)y, Ca(A)p = (A +iid)y.

Torma
(0=Ca(A)g) . _ (6-+Ca(4)0)

Y= 2 2

CremgoBaTebHO,

<, By (a, Ca(A)Y >=

i/ﬂ 11— exp(i0)2dy < &, Eun(6, Ca(A))p >=

/ (sin(6/2))%ds < ¢, Eun(0, Ca(A))¢ >, (4.239)

0

| Av|? = i/ﬂ 11+ exp(i0)2dy < ¢, Eun(0, Ca(A))p >=

/O ﬂ(cos(9/2))2d9 < ¢, Epm(0, Ca(A))p > . (4.240)

Bamernm, uro npasas dactb (4.239), Boobie roBops, He auddepeHnupyema
mo «. OgHako ecin
01,05 € [e,2r —¢], e>0,

TO B cuiy pasenctsa (4.239):

< ¢7 (Eun(92 ) CCL(A)) - Eun(‘gl ) CQ(A))¢ >=
(sin(0/2))7*(1 + o(1)) <, (Bun(b2, Ca(A)) — Eun(br, Ca(A)y >,
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e
o(1) = 0,16 —6:] = 0,0€b,,0s] Cle,2mr—¢],e>0.

Benomunast onpenenenne narerpaia Puvana-Crusbrbeca (M. ¢Tp. 57), Mbl
MOy 9aeM:

2m—e
nAwW:=pg/° (cos(6/2))%ds < ¢, Eun(8, Ca(A))g >=

lim / T cte(0/2))2ds <, Bun0, Cal ) >

CymecTBoBaHMe Tpejiesa ciaelyeT u3 Toro akTa, 4YTO MpaBas IacThb BHIITHU-
CAHHOTO PaBEHCTBA OpAHWYEHA CBEPXY W He YObIBaeT KakK (PYHKIUS €.

Mpbi j1oKa3aJjiu, 4T0 €Cjiu Y IPUHAJJIEKUT 00/1aCTH OLPE/I/IeHs OllePaTOpPa,
A, 1o unrerpan B (4.238) cxoaurces. Tenepsb MpemosoRKnM, 9T0 HHTErpai B
(4.238) cxomuTest W TOKaXKeM, 9TO 1) NPUHAJJIEKUT OOJACTH OTpeIe/IeHnsT
omeparopa A.

[Iyctn

U = (Eun(2m — 1/n, Ca(A)) — Eu(1/n, Ca(A))).

Torna

a n3 cxomumocTn uHTerpasa (4.238) ciemyer, 94To CyMECTBYeT MPeeT
A, — 1y, n — oo.
I3 samMKHYTOCTH omepaTropa A cjaemyer, ITo

1 € Dom(A), AY = lim A,

Teopema mokazana.
13 dopmyasr (4.238) caexyer, 9To

Y(f € Bor(RY), ¢pc H):

HﬂmmFIAﬂwaQWMWMMM% (4.241)

rIe
1(@ldo) = dp < ¢, Eun(0, Ca(A))g > .

B nanpreniem Ham Gyzer yao6HO mepeiitn k Mepe (eMm. (4.237) na crp. 362)

V(gldN) = dy < &, E(\, A)p > . (4.242)
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OdeBuIHO, YTO MOPOXKIEHHAs (PYHKIUEH pacipegeeHust
A=< ¢, BN, A)p >, —00 < A < 0 (4.243)

6openesckast Mepa v(¢|d\) HopMupoBaHa:

/ T (el = )2

e e}

u B cuy (4.241) cupaseniuba dhopmyna:

Y(f € Bor(RY) , ¢ € H) :

[e.e]

£l = [ 1FOPvelan), (4.214)
Dopmyira (4.244) 1103BOJILET AATH OLUCAHUE HPOU3BOIBHOIO CAMOCOIPSIZKEH-
HOTO OHEPATOPa B TEPMUHAX ONEPATOPA YMHOXKCHHS HA HE3ABHCHMYIO Iepe-
MenHylo B ipocrpanctie L2(X).

Teopema 4.9.3. ITycmv A camoconpascernvili onepamop 6 cenapabesvrom
2unvbemposom npocmpancmee H. Tozda cywecmsyrom caedyrousue 06sek-
moL:

1. nopmuposarmwie na edurnuyy bopesescrue mepo, {;(dN) | 1 < j < oo},
2. pasaosicerue 2uavbepmosa npocmpancmea H 6 npamyio cymmy

H=& Y H,
1<j<0
3. yHUMapHue 0mobPaHcerus
T;: Hj— L*(RY, p;(dN))

Komopuwie 004a0a10m cAedYIoWUMY CEOTLCMEAMU
1. npocmparcmea H; npusodam aobyto ozpanudernyio bopeaesckyro dymr-
yuto om onepamopa A:

V(j, f € BorR") : f(A)H; C H;,

2. 6 npocmpancmee H; onepamop f(A) ynumapno sxeusanrenmen onepa-
mopy ymrootcenua na Gynryuro f(N) 6 npocmpancmee L*(RY | p;(dN)):

V(z € Hj) : Tjf(A)x = f(\) Tz € L* (R, pi(dN)). (4.245)
V(z € Hy): || f(A)z]* = / [Tz (V) (dA) (4.246)
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HokazatenbcTBo. PUKCHPYyeM TPOU3BOIBHO HOPMUAPOBAHHBINH BEKTOD €1 €
H. Ilycts

pi(dX) =dy < ey, E(A, A)e; >,
H, = CI{f(A)er | F() € LR, pu(dV)}.

U3 (4.244) crenyer, uro npoctpancTBo Hy yHUTapHO H30MOPGhHO MPOCTPaH-
crBy L*(R' | p11(d))), m 3T0T m30MOPMU3M OCYINECTBIACTCA YHATAPHBIM OTle-
paTopoM

Ty : Hy > f(A)e; — f(\) € LHRY, py(d))),

npuydemM

V(g € Bor(R")) : T1(g(A)er) = g(N\)Ti(er) = g(N).

Ecmu Hy # H, 1o B npocrpancrse Hi- MbI BO3bMEM HOPMHPOBAHHbIH BEKTOD
ey W MOBTOPHUM Hallle MoCTpoeHne. Tak MbI MOJYIHM (Jajiee Mbl PAacCy 7K 1aeM
TakyKe, KaK Ha cTp. 171, BeKTOpOB €; MOKeT ObITh He Oojiee 4eM cHeTHoe
YHCII0) PA3I0KeHue MPocTpancTBa H B IPAMYIO CyMMY HPOCTPAHCTB

H:@ZHiy

B KaxKJIOM U3 KOTOPBIX omneparop H yHUTApHO SKBUBAJIEHTEH OLHEPATOPY
ymuozxenus B npocrpanctse LR, 11;(d))). Onmcannas soimre KOHCprK—
Ul SIBJISIETCST OJHUM W3 BapPUAHTOB “00IMeil crnekTpaibHONl Teopembr’. Kcan
omepaTop A caMOoCOIpsAKeH U KOMIIAKTEH, TO B KAIeCTBe BEKTOPOB € MOXKHO
OpaTh cOOCTBEHHBIE BEKTOPHI omepaTopa A, W TOraa MbI MOIYIHM YI0OHOE
ommcaHue oneparopa. B obmeM ciaydae /s TOJTyIeHUs YA0OHOTO OTMUCAHUS
orrepaTopa MPUXOAUTCS CYKATH KJIACC PACCMATPUBAEMBIX OMEPATOPOB U MPU-
GeraTh K JIOMOJTHUTEIHHBIM TIpHeMaM (BBOJAMTH HAK Ha3bhIBAEMOE OCHAIIEHWE
HCXOJHOTO TUJIB0EPTOBA MPOCTPAHCTBA).

BeraucinM cuekTpaIbHyIo (DyHKIUIO OMepaTopa —% ¢ 00JIACTBIO OIIpe-
nenemng H*(R') € L*(R', dx).

[To ompejiesieHn0 UMeEEM:

Ve IR — i) = o [ eieleRTieds
Orcions ceyer, aro
VNZ (0, 00). £ € L(R! da)) s RO\, ) f(r) =
3 [0l e Fleds = [ vty Nf



rie

ey N = o [ 10 I el - p)e)ag

o0

e L [ el i,

o [ 10 i) costlo — ey = v
[TosTomy
1 , d? , d?
V(A e (0, x)): %(R(A — i€, —@) — R(\ + i€, —ﬁ)))f(x) =
| Heyon arw
rie
e ~cos(fz = ylyR)
k:(x,,y,/\,e)—ﬁ/o (A—p)?+e)t i du.
CrnemgoBaTebHO,
d2
B0 () =
T d? d?
611%[2—7” i (B(p —ie, =) = Ru +ic, ——3))dp] f(x) =

l/OA </_°° cos(|z — y\\/ﬁ)f<y)dy> = /_°° sin(|z —ylﬁ)f(y)dy’

™ oo 2\/ﬁ oo 7T|I - y|

" or o 2V

Nuorma (ocobeHHO B TeOpWE paccesiHusi) ObIBAET TOJIE3HA CJIELYOIast
kouctpykius. [lycts A -camoconpszkennsiit oneparop u C((0(A) +— h) -
MHOKECTBO HenmpepbiBHbIX Ha 0(A) dbyHKIMil o 3HAYEHUSIME BO BCIIOMOTa-
TeJIbHOM THILOEPTOBOM IIPOCTpaHCTBE h.

B nasbaeitine mbl OyieM cauTarh, 9To h = L2(Q , dw), raie € -KOMIIaKTHO®
TOIIOJIOTHYECKOE MPOCTPAHCTBO, a dw -TOoMoIHeHne OOPeIeBCKO Mephl Ha (2.

B ciay4ae HeOrpaHMYeHHOrO HHTEPBAJIA IPEIILIAIACTCS, 9TO HOCHTED
ka0l yukmun komnakren. Beegem B C((0(A) — h) cramspHoe 1mpo-
U3BeICHEE:

V(f(A) € C((a(A) = h), g(A) € C((a(A) = h)) :

<f,g>im / < FON). g(N) > u(dN),
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rie ju(d)\) -Gopenescas Mepa Ha o(A). [Iycrs npocrpancrso L2(o(A) — h)
ecth nonosiHenue mpocrparctsa C((o(A) — h) 1o HOpMe

1f | L*(o(A) = h)||* = /(A) LFQN) [ 21 a(dN).
Onpenenenne 4.9.2. YHUTApHOE OTOOPaXKEeHHE

U: H s LX(o(A) — h),

HA3BIBACTCS JTUATOHAJH3UPYEITUM IIPEoOPa30BaHueM, eCJId IIPH 3TOM 0TOOpa-
JKeHHUH OmepaTop A mepexonnuT B OIepaTrop YMHOXKEHHUS:

V(f € Dom(A)): UAF(\) = AUF(N).

B upocrpancrse L?(o(A) +— h) dbyuxuus or oneparopa A aeiicrsyer
KaK OMePaTOp YMHOXKEHWS Ha (PYHKIIUIO, U ITO YACTO YHPOIIAET H3YIeHHEe
omeparopa A.

[IpuBeneM mpuMepHI.

IIycTh onepaTop A KOMIAKTEH U IIYyCTH A , 1 -eT'0 COOCTBEHHBIC 3HAYCHUS
u cobcrennbie pyHknuu. Torja:

o(A) ={N;} . AU, Aj) = N+, Ag)-
B sTom ciydae MOXKHO TMOJIOKHUTH:
h:(Cl’ L2<O(A) Hh>:l2v Uf(/\]) =< ¢(= /\j)’ f>.

Ecau nocrpancreo H = L*(R™ | dx), a upeobpasoanue U Mbl UIIeM B BHJe

Uf(\, w) = /e(a:, A, w) f(x)dx, (4.247)

TO TOTJA MHTerpaJibHoe gapo npeobpasoBanud U HOJIKHO YIOBICTBOPSATD
yPaBHEHUIO

p(dA) X dw e, @ Age(x, A, w) = de(zr, A, w). (4.248)

Boobrie roBopst, perniennsi ypapaenusi (4.248) MoryT He npHHaIeKaTh IPO-
crpanctey L*(R™ | dr) (npobiema nenopMupyeMmbix “cobcrBenubix (pyHKIuil
HenpepbiBHOrO crektpa”). B stom ciaywae npeobpazosanwe U ne moowcem
obITh 3a71aH0 dhopmyitoit (4.247) na ecex dbynkunsax uz L?(R", dr): o6brvHOo
ylaercs 3a1aTh ero 3Toil dhopmynoit na miornom B L2(R? | dr) muoxkecTse.
Ceitaac jj1st HanboJIee 4aCTO BCTPEUAIOIIUXCS CJIydaeB paspadborana s¢pdek-
TUBHAsI TEXHUKA, PEIIeHUsT ITOH MPOOTeMBI.

367



[Io sTOMY MOBOIy MOXKHO 3aMETHUTH CJeyIoIee.

1. Jwmaronajmsupyeniee npeoOpa3oBaHre MOXKHO H He HUCKaTh B (opMme
(4.247). Ha npumepe momenn Opujepuxca Mbl MOKA3aM, KAK MOKHO HANTH
JaroHagn3upyeriee npeobpasoBanue, He obpamnasack Kk Gopmye (4.247).

2. O6bgHO OBIBaeT Hy:KHa He (hopMyaa s IHATOHAJUIUPYEIEro Ipe-
oOpa3oBaHus, a 3HAHUE €r0 CBOUCTB. DTHU CBONCTBA YACTO HPOIIE IOJIYIHUTD
JIPYTUMH METOJIAMH, He OCHOBAHHBLIMH Ha (OpMYJIax s JUarOHaJH3HpPYe-
ero mpeobpa3oBaHus.

Paccmorpum nekoTopbie npuMephbl.

[TycTn

2
H = I*(R', dr), Dom(A) = H(R'), A = _%.
X

([TpousBomHas 37ech NOHUMAETCST B OOOOIIEHHOM CMBICJIE CM. CTp. 453.)
meem:

1 [ - 1 [ N
<foap=g [ @Ifepd = [ (TR +IFVRE) AR
13 npuBeeHHOi BLIKJIAJAKH CJICLYET, 4TO NPeoOPa30BAHNE
U: L*(R', dr) — L*((0, c0) — R?),
_(F=V) V)
Vs = < NZTS N \/47r)\>

2
JIMArOHAJIU3YET OIIePATOP —dd? B pocrpancree L*(R! | dr).
AnalornyHast BHIKJIAIKA [TOKA3BIBAET, YTO IMPeodpa3oBaHue

U: L*R?, dz) — L*((0, 00) — L*(S,, dw)),
Uf(A, w) = (27T)_d/22_1/2/\(d/2_1)/2f(w\/X),

rae S, -emuam4Hag chepa B R?Y co crammapTroit Mepoit dw(B TpexMepHOM
ciayuae dw = sin dfdg¢), nmuaronanusyer oneparop —A B npoctpanctse L2(RY | dx).
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4.10 KomeHTapum u JurepaTrypHble YKa3aHUS.

Uznoxkenubie B 9TOH r1aBe CBeJAEHUS U3 TEOPUHU I'MJIBOEPTOBBIX ITPOCTPAHCTB
eCTh BO MHOTUX yaeOHWKaX (PYyHKIHOHATLHOTO aHam3a. C TOUKHN 3peHnst aB-
TOpa, /IS CIENUAJIUCTA 10 MATEMATHIECKON (PU3UKKN WHTEpPeCeHbl YIeOHUKN
[34, 31, 42|. TIpu u310K€HUH CHEKTPATBHOM TEOPUE MBI UCTIOJIB30BAIN TEOPe-
My Beiipiirpacca u SBHYIO KOHCTPYKIIUNIO roMoMopu3ma aaredbpbl dyHKITHM
B ajrebpy omeparopoB. MOXKHO CyIIECTBEHHO YIIPOCTUTH JI0KA3ATE/HCTBA,
eCJI OIMPATHCST HA HEKOTOPBIE TEOPEMbI M KOHCTYKIMH 00Iel anre6psr (1o-
HATHS KOJIbIa W uiaeasa). [Ipocroe m3noxkeHwe CHEKTPAIbHON TEOPHUH, KO-
TOPOe UCTOJIB3YeT alrebpandecKue KOHCTPYIWH, ecTh B [41] , [44]. UuTepec-
HBIH MOAXOI K IOHATHIO MOJOXKUTEIbHBIX 3JIEMEHTOB Pa3BUT B maparpade
2.2.2 kuuru |37|. dus dusuka Gyjer unTepeceHa TPAKTOBKA CIEKTPAJIbHON
TEOpeMbl C TOYKN 3PEHHsI TeOPUH OCHAIEHHBIX (rigged) ruabbepToBBIX MPO-
crpaicTB. C 5THM HalpaBJeHHEM MOYKHO TMO3HAKOMHTHCS 1Mo paboram [47]
, [48] , [49]. B mociennee Bpemsi cTaj HOMYyJIsSpeH MOIXOJ K MOCTPOEHUTO
CHEKTPAJIbHON (DYHKIIMU, KOTOPBIH ONMUpAeTcs Ha aHAJHUTHYECKHE CBOHCTBA
PE30JbBEHTHI OIepaToOpa W METOIBI TeOpPUH (PYHKIUHA KOMILIEKCHOIO IIepe-
MeHHOrO. JI0CTyIHOe HU3JI0KEeHHe STOr0 HOAX0/a €CTh B JeKIusax [43].1mpoko
UCTIOJT

Mogenp @punepuxca obcyzxaaercs B paborax [50, 51].

Mpl ommcaIn TOJBKO OJUH U3 BO3MOXKHBIX IIOIXOI0B K IOCTPOEHHUIO Pac-
IIIPHHUST OIIePATOPOB: paciiuperne mo puapuxcy. ITo paciIuperne IacTo
UCHOJIb3yeTcsd B MaTeMarndeckoil ¢pusuke. Pacimupenue 1o @puiapuxcy MOxkK-
HO TOCTPOUTH HA OCHOBE BAPHUAIMOHHON MPOTELYPHI, KOTOPAs ONUCAHA, Ha-
npumep, B Kuure [42]. B Teopuu pacmmpenus cHMMETPUIHBIX OMEPATOPOB
OOJIBIIYIO POJIb UI'PAIOT uHdekco, deperma CHMMETPUIHOTO omeparopa A:

ny = dim(Ker(iid F A¥)).

Teopus paciupenuii uddepeHnnajIbHbIX OIepaTOPOB ¢ OOBIKHOBEHHBIMH
IPOU3BOJHBIMHU U3I0xKeHa B KHuTe [45]. C Teopueil pacimperust 3/UHITHYE-
ckux JinbdepeHuajibibIX OLEPATOPB B YaCTHBIX ITPOU3BOAHBIX MOYKHO I0-
3HAKOMHUTRCS 110 MUTHPOBAHHON B [46| smreparype. V3noxkenune obieii Teo-
pUH paciimpeHuii TeOpuu ecTh B KHUTaX [31, 42].

Kuura [38] nonecer 1o guraresisi cBexKecThb IEPBOUCTOYHUKA. [1Jist ToT0O-
TOBJIEHHOTO 9uTaTesist Oyaer wHTepecHa Kuura [35]. CTaHIapThiM HCTOYHH-
KOM CCBIJIOK Ha MaTeéMaTH4YeCKHue HpO6ﬂeMbI KBaHTOBOI CbI/IBI/IKI/I ABJAI0OTCA

kuuru [23]-[26].
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I'1aBa 5

DJIeMeHTbl MaTeMaTIieCcKOIl
TEOPUN PaCCEesTHUSI.

5.1 AOGCOJI0OTHO HENPEPHIBHBIN W CUHTYJISPHBII
CHEKTp omeparTopa.

[Tycts H -cemmapabesibHOE THIHOEPTOBO IPOCTPAHCTBO, A -CAMOCOIPSIZKEHHBII
onepatop B H, E(\, A) -cnekrpanbuas dbyukuus oneparopa A. Mbr Gyaem
cantarh, 9T0 byHKIms F(\, A) mgoonpejenena HyaeM Ha MHOKeCTBO {\ <
info(A)} u moompeeneHa Kak eJMHUYHBIN OlepaTop Ha MHOXKECTBO {A >
supo(A)} (ecom 9T MHOXKECTBA He MycThl).B najapHeifneM Mo yMOJTYaHUIO
BCE MHTErayibl 06e3 yKaszaHus NPEJIe/I0B HHTErPUPOBAHUSA GEPYTCs OT —00 J10
0.

[Iycrs [a, b] C R -npoussonbusiii orpesok, Bor([a, b)) anrebpa Bee Gope-
JIEBCKUX TIOJIMHOXKECTB oTpe3ka [a , b]. Kaxkmomy muoxkectsy m € Bor([a, b))
[IOCTABUM B COOTBETCTBUE 33/laBaeMblil KBaJApaTudHoit (popmoil mmpoekrop:

V(¢ € H) : Bor(la, b)) >m—< ¢, P(m)p >=
/]I(m | N)dy <@, E(A, A)p > . (5.1)
Kaxaomy asiementy ¢ € H cooTBeTcTBYyeT DOpeseBcKasi Mepa Ha OTPe3Ke

[a, b]:
p(@ | -): Bor(a, b]) — p(¢ | m) =< ¢, P(m)o > . (5.2)

Ecan A -KoMIIaxTHBIR omepaTop, TO

p(o | m) =" |6,

)\j em
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e \; -cobcTBennble 3Hadenud omneparopa A, ¢, -koadpdunmentsr Pypoe mo
j » Pj

coOCTBEHHBIM (PYHKIHAM onepaTopa A.
Ecm A = —A, to

u(é | m) = (2m) / F(€)Pde.

&2em
Teopema 5.1.1. IIpocmparcmeo H ecms npamas cymma 06yx npocmpancme:
H=H,oH, (5.3)

Ecau ¢ € H,., mo onpedeaennasn paserncmeom (5.2) mepa (¢ | -) na aobom
ompesxe [a, b] abcorrommo nenpepwena ommuocumenvro mepw, Jlebeza na RY.
Ecau ¢ € Hg, mo onpedesennan pasencmeom (5.2) mepa (¢ | -) na arobom
ompesxke [a, b] cuneyaapra ommuocumenvno mepw, Jlebeza na RY. Pasaosice-
nue (5.3) npusodum onepamop A: ecau f -a06a4 oepanusernas 6opeescras
dynryus na R, mo

f(A)H,. C Hy. , f(A)H, C H,. (5.4)

JokazarenncrBo. O6o3naunm cuMBoJoM |m| mepy JlebGera mmozkecTBa
m € Bor(|a, b]). Hamomanm, uro mepa p(¢ | -) abcosoTno HempepbiBHA
OTHOCHTENIbHO Mephl Jlebera, ecu

(Im[ = 0) = (u(¢ | m) = 0).

Onpenenum MuoxkectBo H,e C H @ ¢ € Hge, ecmu V]a, b] C R! na orpeske
la, b] mepa p(¢ | -) abcomOTHO HempepbIBHA OTHOCHTEIHHO Mephl Jlebera.
MuoxectBo H,. €cTb JUHITHOE TPOCTPAHCTBO, TaK Kak ecian ¢ € H ¢ € H,
TO

< (¢ +1), P(m)(¢+¢) >=< ¢, P(m)¢ >+ <1, P(m) >
+2Re <, P(m)p >=0,

upu
<¢,Pm)p>=0, <, P(m)y) >=0.

B cuty HenmpepbiBHOCTH mpoekTopa P(m) MHoxecTBO H,. 3aMKHYTO. [10 TEo-
peme JleBu o mpoeknun
L
H=H,®H,,.

Huxke mbl jlokaxkem, 910

H, = HZ. (5.5)
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[Tosryaum apyroe onucanue npoctpancts H,. n Hy. Tak xKak

H=) (B(n,A)— E(n—1, A)H,

TO JOCTATOYHO PACCMOTPETD CJIydaii, KOraa

Paccmorpum cyzxenue Mepbl (¢ | -) na orpesok [a, b] C R!. Tlo Teopeme
Jlebera o pasyioKeHUn Mepbl CIPABEIMBO PABEHCTBO

V(m € B([a, 0])) : p(¢ | m) = prac(@ | m) + ps(9 | m), (5.6)
rIe Mepa flae(¢ | ) abCoMOTHO HenpepbiBHA OTHOCHTEIHHO Mephl Jlebera:
v(m € B(la, b])) = ((|m| = 0)) = (ptac(® [ m) = 0), (5.7)
a Mepa ps(¢ | -) CHHryIsgpHA OTHOCHTEIBHO MepHh Jlebera:
3(mo| = 0). V(m € B(la, 8])) : ps(¢ | m) = pio(@ | m[Ymo).  (5.8)

Bamerum, uTo BXoJsdIiee B (5.8) MHOXKECTBO Mg 3aBUCHT OT (.M KOTJa 3TO
CYIIECTBEHHO, MBI OyIeM IUCATh

My = mo(¢)-

[IycTh MHOXKECTBO Mg ya0BIeTBOpsieT yeaosuto (5.8). Tlomoxum

buc = [ UC(ma) [ NLE(N, 4)s (5.9)
by = /JI(mO | Ny E(X, A)o. (5.10)
Tak Kak
L(C(mo) | A) +Lmo | 3) = 1.

V(¢ € H): ¢ = e+ ¢s. (5.11)

Hoxaxkem, aro Mepa ji(Pge | +) aBCONOTHO HElpePbIBHA OTHOCUTENBHO MEPbI
JleGera, a mepa (i(¢s | ) cHHPYJISpHA OTHOCHTENBLHO MephI Jlebera.
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Nnmeem:
(0| ) = [ T | Vs < e B, Ao >
[ 1m | VHCma))ds < 0, B, A)0 = o | m () Clamo)) =
Hae(® | m () Cmo)) + (@ | m () Clmo)) = ptac(¢ | m[ ) Clmo)),

ps(¢ | m [ Clmo)) = ps(é | m () Cmo) [ |mo) = 0.

Anasnrwano,u3 (5.10) caexyer, 9aTo

(s | m) = (6 | m[Ymo),

noaromy mepa (i(¢s | -) cunryaspua. [lycrsb

w:wac"i_ws

-pazJioyKeHne MPON3BOJIBHOTO 3jeMeHTa ¢ € H.
meem:

| < Qa5 > P = !/H(C(mo(¢)))ﬂ(mO(¢))dA <o, B\, A)p>]* <

| / I(C(mo(6)Imo())d < 6, E(, A)é > [[4]2 =
ool | mo(O) 6] = 0.

Urak, Mpl gokazasnu pasercTso (5.5) 13 (5.9) caeayer, 1o
p(f (A)@ac | m) < sup{|f(N)[*}a(ac | m),

IIO3TOMY

(1(@ac | m) = 0) = (u(f(A)¢ac | m)) = 0),

f(A)Hye C Hge.

3 (5.10) caeayer, aro

H(F(A)S, | m) = p(f(A)o, | m[mo),
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[O3TOMY

f(A)H, C H,.
Teopema nokazana.

Omnpenenenne 5.1.1. Cuekrp cyx)enus oneparopa A wa npocrpanctso H,,
HA3bIBAETCS ADCOTIOTHO HEMTPEPBIBHBIM CIIeKTpoM oreparopa A. CriekTp cyke-
Hus onepaTopa A Ha MpocTpaHcTBO Hy HA3BIBAETCS CUHTYISPHBIM CIHEKTPOM
omeparopa A.

Teopema 5.1.2. Ecau aubo ¢ € H,., aubo ¢ € H,., mo dynxyus
A=< o, BE(\, Ay >

abcoaommo nenpepviera 1a aobom ompesxe [a, b C R u

A

Aw(h, 6, ) € LNRY): <6, B\, A)p >= / (e, b, W)dE. (5.12)

[e.9]

Onpedeaernas pasercmeom (5.12) dynxyusw(X, ¢, V) ydosaemsopaem cae-
OYOUUM YCAOBUAM:

1.Y(¢ € Hy) : n.s. w(h, ¢, ¢) >0, (5.13)

2. [w(X, ¢, PP <w(X, ¢, dw(X, (5.14)

SV(f e LoRY): <o, f(AWp >— /f Ddr. (5.15)
4. Mnoorcecmeo

M(A) ={d| ¢ € Hy., sup{w(X, ¢, ¢) | A € R'} < 0} (5.16)

naomuo 6 Hye u pynrxuus

¢ — [lo | M(A)|| = sup{w(X, 6, ¢) [ A € R}/ (5.17)
onpedeasem Ha IMOM MHONHCECTNEE HOPMY.

JlokazarenbcTBO. Bo-1epBBIX, 3aMeTHM, 4YTO ecau Jubo ¢ € H,., 1udo
Y € Hye, TO

< ¢> E(>H A>¢ >=< ¢aca E()‘a A)wac >
Iasee 3aMeTHM, 4TO ecad ¢ € H,., To Ha mobom orpeske [a, b] C R dbynk-

s

A=< ¢, BN, A)p >
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He yObiBaeT u Mepa fi(¢ | ) abCOJIOTHO HENpPEPBIBHA OTHOCHTETIBHO MEpbI
Jlebera. CnemoBaTebHO,

J(w(A, ¢, ¢) € L'([a, b)), mB. w(X, ¢, ¢) >0) :
W(m € Blla, 1) s w(6 | m) = [w(x, 0, d)ax

Tak Kak

b
v(a, b): / w(X, ¢, o)dA = [[(E(a, A) = E(b, A)g|* < ||¢|I*,
TO

wX, ¢, ¢) € L'(RY).

Yreepxaenne (5.12) Tenepb ciaegyer U3 MOASPU3AIMOHHOIO TOK/IECTBA.
N3 teopemsl 1.2.19 caeayet, 4To (PYHKIIHS

A
de [ ule o ) =<6, B Ay >
o Mepe Jlebera nmouru Bciogy jaucpdepennupyema u

d
I.B. a <¢7 E<)\7 A>¢ >:UJ()\, ¢7 w)

Tak xak
(EAN+AN, A) = E(\, A)?*=E\N+ AN, A) — E(\, A), (5.18)
TO U3 HepaBeHCcTBa Konu-ByHAKOBCKOTO caemayer, 9To

<o, (EN+AN, A)—E\, A))yp > > <
<6, (EOA+ AN, A)— B\, A))d > x <1, (BO+ AN, A) — E(\, A > .

Jens obe qacTn 3TOro HepapeHcTBa Ha AMN? 1 mepexond K mpeaery AN — 0,
MBI TIOJIYIHM HepaBeHcTBO (5.14).

Pagencrso (5.15) ecrb corecrre paBercTsa (5.12) u onpeenenus HyHK-
UK OT omepaTopa.

[Tomoxxum

V(¢ € Hoe) : (0, n) = {A [ w(X, ¢, ¢) <n’}[)[-n, nl.

376



[Iyctb 1(¢ , n) -GopesieBCKoe MHOZKECTBO, KOTOPOE YIOBJIETBOPSIET YCIOBUSM:

Tb<¢7 n) - T(¢7 n) ) ‘T(¢a n) \Tb(¢, TL)(¢, n)] < 27",

[Iyctn
P(¢, n) := Opba(l(rs(¢, n) | -)).

OdeBuaHO, 9TO

V(¢ € Hoe), w(A, P(¢, n)g, P(¢, n)p) =
H(Tb(gbv TL) | )‘)w()‘v Gb, ¢> < TL2,

16— P, n)o|? = /(1 L, n) | Nw(h, 6, B)dA — 0, n — oo,

Teopema j0ka3aHa.
SaMeTnuM, 9TO MHOYKECTBO

My(A) = | ] {o]o =P, n)y} (5.19)

1<n<oo

VJIOBJIETBOPSET YCJIOBHSIM:
My(A) € M(A)[|Dom(A) , CHM,(A)) = He(A).
113 pasenctra (5.18) caeayer, 4ro ecan npousBoaHas GOyHKIUT
A= E(\ A)

CYTIECTBYET, TO OHA PaBHA HYJIO.

5.2 BoJaHoBbIe onepaTophbl U OollepaTop pacces-
HUS.

[Iycrb Poe(A) npoexrop Ha abCONIOTHO HENPEPBIBHOE MOAIPOCTPAHCTBO Olle-
patopa A:
P,.(A)H = H,,.

[Iycts B -camocopsizenublii onepatop B H.

Onpenenenne 5.2.1. Eciu cyIecTByIOT Ipeeibl

Vipe H): Wi (B, Ao = tE+moo exp(itB) exp(—itA) P,.(A)o, (5.20)

Vipe H): W_(B, A)p = tEI—HOO exp(itB) exp(—itA)P,.(A)o, (5.21)

TO 9TU IIpeJejibl Ha3blBalOTCAd BOJTHOBBIMHU OIll€epaTOpaMM.
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laee ciaeyioT paBeHCTBA, B KOTOPBIX €CTh UHJIEKCH F. DTH PaBeHCTBA
MBI OyJIeM IMOHIMATh KaK HEe3aBHCHMbBIE PABEHCTBA, B 00X JACTIX KOTOPBIX
OepyTcst MO0 BepXHUE WHAEKCHI, TU0O0 HUXKHHEE.

OnpenesieHre BOJHOBBIX OIEPATOPOB MOKHO ¢OPMYINPOBATH TaK:

Vo lim [[We(B, A)p — exp(it B) exp(—itA) Pac(A)o| = 0. (5.22)

VcJI0BHS CYNIECTBOBAHUS BOJTHOBBIX ONEPATOPB MBI OOCYIUM II032Ke, a ceiiuac
MBI OYIeM IpeJIo/araTh, YTo 3TH ONEePATOPhI CYIIECTBYIOT U YCTAHOBHM UX
OPOCTEHIINE CBOUCTBA.

Teopema 5.2.1. Fcau soanosvie onepamopos Wi (B, A) cywecmsyrom, mo
mozda

LY(¢p € H): [[W(B, A)g| = || Pactl|- (5.23)
2. E(\, B)W.(B, A) = W.(B, A)E(\, A). (5.24)
3. Im(Wx(B, A)) C P,.(B)H. (5.25)

IIpoBenem nokazaTeabcTBO AJId 3Haka +. MMeem:
W, (B, 46| = lim || exp(itB) exp(~itA) Pac( )] =
lim [ exp(—itA) Poc(A)]) = | PrclA)¢]].

[lepBoe yTBep2KIeHIE TEOPEMbI JOKA3AHO.
Janee nmeem:

V(r eRY : W (B, A)exp(—iTA)p =
tlim exp(itB) exp(—itA) exp(—iTA) Py(A)p =

exp(—iTB) tli)rglo exp(itB) exp(—itA)) Puc(A)p = exp(—itB)W,(B, A)o,
CJIeJI0BATEIHHO,

exp(—itBYW, (B, A) = W, (B, A)exp(—irA).
[TosTomy

V(gb, ¢) ¢ < Qb, eXp(_iTB)W+(B’ A)¢ >=
< ¢, Wi(B, A)exp(—itA)Yp >=< W, (B, A)*¢, exp(—iTA)Y >,

/exp(—z'TA)dA <W.(B, A)¢, B\, A >=

/exp(—zmdA <6, BE(\, B)W.(B, Ay >,
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U U3 eJIMHCTBEHHOCTHU Ipeobpa3oBanud Pypbe ciie/yeT paBecTBO
< ¢7 E()‘7 B)W+(Ba A)w >=< W+(B7 A)*¢7 E()\7 A)¢ >,
O3TOMY

V(p,v): <o, We (B, A)E\, A >=< ¢, E(\, B)W,(B, Ay >

Bropoe yTBepzKeHue TeopemMbl J0Ka3aHO.
13 sToro yTBepKIeHUs CAEIyeT, YTO

IEX, B)WL(B, A)¢|| = [Wi(B|,, A)E(X, A)Poc(A)¢] =
IE(A, A)Poc(A)o]l.
[TpaBast 4acTh 9TOrO PABEHCTBA €CTh AOCOTIOTHO HEeMpephiBHAS (DYHKITHS Ta-
pamerpa A. Cienosaresnsno, W, (B, A)¢ € P,.(B)H.
Teopema jokazana.
CoorHomenne (5.24) HA3BIBAETCSA CILTETAIONIAM CBORCTBOM BOJIHOBBIX OIle-
paToOpOB.

Crenyromasi TeopeMa Ha3bIBaeTCsd TeOopeMoil 00 yMHOXKEHHH BOJTHOBBIX
0IIepPaTOPOB.

Teopema 5.2.2. FEcau soanosve onepamopos Wi (B, A) u Wo(C, B) cy-
wecmeyrom, mo 60ano6ot onepamop Wi (C'| A) cywecmsyem u 8unoaneno
PAGEHCNE0

Wo(C,A)=W.(C, B)WL(B, A). (5.26)
JokazareabcTBo. CHavaIa 3aMeTUM, ITO
| lim_exp(itC) exp(~itB)(Puc(B) — id) lim exp(itB) exp(~itA) Pro( A)g] =
[(PacB) — id) lim_exp(itB) exp(—itA) Poc( A)g] = 0.
C ydeToMm 3TOro 3aMevaHusi, IMeeM:

W(C', B)Wx(B, A)p =

im _exp(itC') exp(—it B) Po(B) lim exp(itB) exp(—itA) Poc(A)¢ =
tEimooexp(itC) exp(—itB) lim exp(ztB) exp(—itA) Poo(A)p+

Jim exp(itC) exp(—it B) (Fac(B) —id)

limexp(itB) exp(—itA) Puc(A)¢

im _exp(itC) exp(—itA) Poe(A)¢ = Wi (T, A).

Teopema jokazana.
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Onpenenenne 5.2.2. Eciau
Im(Wy(B, A)) = P,.(B)H, (5.27)
TO BOJIHOBOIT omepatop Wi (B, A) Ha3biBaeTCsl MOJTHBIM.

Teopema 5.2.3. Ecau xoms 6v 0dun soanoswuz onepamopos W (B, A) noa-
HoLll, Mo

1. Omom onepamop obpamum u onepamopu, E(N, B)Pu(B) u E(\, A)P,.(A)
YHUMAPHO IKEUBAACHINHDL:
V(gb € Pac(B)H) : E(/\u B)Pac(B)¢ =
Wi(B, A)E(\, A)P,.(AWL(B, A) ¢ (5.28)
2. Cywecmeyem soanosoti onepamop Wi(A, B).

3. Ecau cywecmeyrom oba soanosvir onepamopa Wy (B, A) u WL(A, B),
Mo OHU TOAHDL.

Hokazaresnbcrso. Ecau Boimoaaeno ycesosue (5.27), To K mpoCTpaHCTBAM
P,.(A)H , P,.(B)H u oueparopy

W.(B, A) € L(P,(A)H — P,.(B)H)

MBI MOXKeM TPUMEHHUTh Teopemy Baxaxa 06 ofpaTHOM ormepatope (cM. cTp.
168) u mepBoe yTBEPZKIEHHE TEOPEMbI CJIejyeT u3 paBeHcTBa (5.25).
Ecm

V(Y € Pu(B)H), 3(6 € PulA)H) : & = Wa(B, A)g,
TO

V() € Pu(B)H) = lim [~ exp(itB) exp(~itA)g]| =

Tim | exp(itA) exp(~it B — ]| = [We(A, B — o]
Btopoe yTBepKieanEe TEeOpeMBl JOKA3aHO.

Ecim cymecTByoT 006a BOJTHOBBIX OIEpPATOPa, TO MO TeopeMme 00 yMHOZKe-
HUHU BOJHOBBIX OTIEPATOPOB MMEEM:

Pac(A) = Wi(A> B>Wi(B7 A)7
Pac(B) = W:E(B7 A)W:E(Av B)

OTH paBeHCTBA TOKA3BIBAIOT, UTO
P .(A)H =Im(Wx(A, B)), P..(B)H =Im(WL(B, A)).

Teopema jiokazana.
[Tycrs cymecrsytor oneparopst Wi (B, A), WL(A, B).
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Ounpepenenune 5.2.3. Oueparopom paccesnus S(B, A) Ha3biBaeTCs orepa-

TOp

def

S(B, A) W, (B, AyW_(B, A). (5.29)

Teopema 5.2.4. Onepamop pacceanun S(B, A) xommymupyem ¢ 060t
oeparunennoti bopesescroti gynrkyuet onepamopa A.

HokazarenbctBo. MMeem:

f(A)S(B, A) = f(AWL(B, A)W_(B, A) =

(Wi (B, A)f(A)W(B, A) = (f(B)W+(B, A)W(B, A) =
Wi (B, A)"f(B)W_(B, A) Wi (B, Ay W_(B, A)f(A) =
S(B, A)f(A).

Teopema j0kazana.

5.3 Ilpm3Haku; cyIiecTBOBaHUS BOJHOBBIX OIle-
PaTOPOB U IMPUHINII UHBAPUAHTHOCTU BOJI-
HOBBIX OIIEPATOPOB.

Cragajia MBI JOKazKeM HECKOJIhKO BCIIOMOTATEIHHBIX YTBEPIKICHUIA.
JlemMma 5.3.1. Ecau K -komnaxmuwidi onepamop, mo
V(¢ € Hye) : lim || K exp(—itA)¢|| = 0. (5.30)
Hokazarenscrso. Mcnonssys paszmoxenne HIvmara (cm. (4.60) ma crp.
296), MBI MOJTyIaeM:
|5 exp(—itA)o||* =
Z si(K)?| < g5, exp(—itA)p > |* + ZS] )’ < g5, exp(—itA)g > |?

1<j<n i>n

< D 5K < g5, exp(—itA)d > P+ s, (K2, sa(K) — 0, n — oo.
1<j<n

Ho

V(¢ € Hye) : < gj, exp(—itA)p >= /exp(—z’t)\)w(gj, ¢, \)d\ — 0, t — oo,

YTO M JOKA3BIBAET HAIle YTBEPXKIEHHE.
Caeayiomas BaxKHas B TEOPUU PACCEHMS JIEMMa, HA3bIBaeTCs JieMMoit M.
Poszenbiroma.

381



Jlemma 5.3.2. Ecau T - onepamop luavbepma-IImudoma (cm. onpedesenue
nopmos Luavbepma-LImudma na ecmp. 300)u ¢ € M(A) (onpedeserue amozo
npocmpancmea cm. wa cmp. 375), mo cnpasedausa ouerka:

/ IT exp(—itA)glPdt < 2x)l | M(AIPIT | NS (5.31)

JlokazarenbcTBo. Mcnonb3ys pasiioxkenne [TImuara, Mbl 1101y 4aem:

/||Texp(—itA)gb||2dt = / < Z s;j(T)*| < g;, exp(—itA)p > |2) dt =

1<j<00

> sj(T)2/|/w(gj7 &, \) exp(—iit)dA|*dt.

1<j<0

Ncnons3yst paBernctBo IlapceBasts mjst mpeodpazoBanng Pyphe Mo A u Hepa-
BercTBo (5.14), MBI IOy IaeM:

/||Texp(—z'tA)gz5||2dt:
2m ) Sa'(T)Z/lw(gj, ¢, NPdA <

1<j<00
o 3 s(T)? / (g5 95 New(@, 6, NdA <
1<j<0
2| | M]? Z Sj(T)2/W(9j, gi, NdX = 27| | M|]?|T | NS|.

1<j<00

Jlemma Jokaszana.
[Iycts A u B -camoconpszKeHHbIe OmepaTophl ¢ 0bIeil 06,1acThio Ompe/e-
JIEHUA

Dom(A) = Dom(B) =D
n R -miornoe B H,. MHOXKeCTBO:
CI(R) O Hac,
KOTOPOEe COIEPKUTCA B 00JACTH ONpeeeHus omeparopos A n B:
R CD.

MmuoxkecTBO R ¢ TAKUMHU CBOMCTBAMH BCerjia CyIIecTBYeT: MOXKHO MOJOKUTH

R = My(A), 1 MHOKECTB ¢ TAKAME CBOHCTBAMHI MOYKET OBITH MHOTO.
Cutejytoniee IpocToe yTBEPKJACHNE OKa3bIBACTC OU€Hb II0JIE3HBIM B TEO-

pun paccestHusi. DTO -npu3HaK KyKa CyIecTBOBAHUS BOJTHOBBIX ONEPATOPOB.
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Jlemma 5.3.3. Ecau mruoorcecmeo R y0o6AemE0OpAET ONUCGHHBIM SbLULE MPe-
606aHUAM U

Y(peR): /Oo 1(B — A) exp(—iAt)g||dt < oo, (5.32)

—0o0
mo soanosuie onepamopo, Wi (B, A) cywecmsyrom.

JoxkazarenbcrBo. [Tooxum
W (t) := exp(it B) exp(—itA). (5.33)
Tak kak
W@l =1,

To B custy Teopembl Banaxa-IlIreiinraysa (cm. crp. 161) st jokaszareabeTBa
cymecrBoBanus npenesos (5.20)-(5.21) ast Becex ¢ € H,. gocTatodHo j10-
Ka3aTh CyIeCTBOBaHHE STHX IpenesoB s ¢ € R. Tak kak ¢ € Dom(A),
TO

d d

exp(—iTA)¢p € Dom(B) , 3 EW(T)¢ : EW(T)(Jﬁ € C((0, c0), H).

HoxkazkeM cymecrBoBanue mpegaena (5.20). Umeem:
(W(t)—Wi(s))o = / %W(T)QSC[T = z/ exp(iTB)(B — A) exp(—iTA)pdr,
V(t > s> s(e)) : [[(W(t) = W(s))oll < / (B — A) exp(—iTA)d|dT < e.

CymiecrBoBanue mpejena (5.21) 10Ka3blBaeTCs aHAJIOIHIHO. JleMMa JToKa3a-
HA.
Paccmorpum npumep.
[IycTn
H:LQ(RB), A=-A, B=-A+YV,

rae V -omeparop YMHOMKCHHUS HA JeHCTBATEILHYIO HENPEPBIBHYIO (PyHKIIUIO
v(x), KOTOpast YA0BIETBOPSET OIEHKE

V(z € R?): |u(z)| < C(1+ |z))~0F9 | e > 0. (5.34)

JlokazkeM CyIecTBOBaHMe BOJHOBBIX omeparopoB Wi (B, A).
Unmeem:

Ve H): <6, B\, A)p >= (2m) / ().

£2<A
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Tak Kak nmpaBast 4aCTh 3TOI0 PABEHCTBA €CTh aDCOIOTHO HellpephIBHAS (DYHK-
I IapaMeTpa A IpH JodoM ¢ € H, TO B pacCMaTPUBAEMOM CJIydae

P,.(A)H = H,. = L*(R?)

n 'y omeparopa A HET CHHTYJISPHOTO CIIEKTpa.
B cuiy usBectHoit B Teopun npeobpasoBanust Pypbe TeopeMbl Bunepa
MHOKeCTBO (DyHKIHT BHIA

P = Zozjexp (x—a;)?),a, €R> , n=1,2...

1<j<n

wiorno B L*(R?), nosromy /i noKazaTebeTBa CyIIEeCTBOBAHUS BOJHOBBIX
oneparopoB Wi (B, A) moctatouHo J0Ka3aTh, 9TO

/OO J(t)dt < o0, (5.35)

rae
T(t) = |V exp(—itA)oll, o = exp(—(z — a)?).
neem:
exp(—itA)po(z) = F~ (exp(its”) F(exp(—(- — a)*))(z) =
o(t) 2 exp(—(x — a)?/o(t)) , rae o(t) = 1 + 4it.
B cuny onenku (5.34)
|V exp(=itA)io(x)] < Clo(t)] (1 + [a])” ") exp(~(|z - al /o (t)])?)-

[IycTh 9uCaI0 ¢ y/IOBJIETBOPSET OICHKE

3 1 1
<g<- m —-+-=1

2(1+¢) 2 P q

Torma mo HepaBeHcTBY [enbaepa nuMeem:

1/2
J(t) < Clo(t)| ( [+ 1) 00 exp -2 - a>/|a<t>|>2>da:) <

|—3/2q‘

IN

const.|o(t)

Tak kak 3/2¢g > 1, To orciona cieayer omnenka (5.35).
OJHUM U3 OCHOBHBIX NPU3HAKOB CYHIECTBOBAHMSI BOJHOBBIX OLIEPATOPOB
ABJIACTCA CJICYIOIIHIA.
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Teopema 5.3.1. Ilycmv A u B -camoconpascennvie onepamopvs ¢ obwiet
obaacmvro onpedeseHus

Dom(A) = Dom(B) =D

u onepamop C' = B — A npodoascaemesn no HenpepwvieHocmu 00 A0epHozo
onepamopa. Tozda soanosue onepamopu, Wi(B , A) cyuwecmeyrom u noatoL.

Jloka3aresbCTBY 9TOH TEOPEeMbl Mbl HPEJIIIOILIEM HECKOJIbKO JieMM. Mbl
OyzeM nokasbiBaTh cylecTBoBanme omneparopa Wy (B, A), mokazareabCcTBO
cymiecTBoBanust oneparopa W_ (B, A) anamorndso.

[Iyctn

Z(t, s) = W) (W(t) - W(s))
id — exp(itA) exp(—i(t — s)B) exp(—isA).

IIpsIMBIM BBIYHCJIEHHEM JTOKA3BIBACTCS
Jlemma 5.3.4. Cnpasedauso pasencmeo
IV (E) = W()BI2 =< 6, Z(¢, 5)6 > + < 6, Z(s, )o > . (5.36)

B dopmyne (5.37) u B anasoruunbix dopmyiax Huzxe cumposom [D | F]
MBI 0003HAaTaeM OllepaTop, KOTOPBIH 3a7aeT KBaapaTudnyio (bopmy Ha obJia-
cru D (1 He 00s13aTe/IbHO SIBJISIETCS OEPATOPOM B mpoctpancTse H):

VipeD): <o¢,[D, Flp >=<D*¢, Fp>— < F*¢, Do > .
Jlemma 5.3.5. Cnpasedauso pasencmeo

VipeD,a>0): <¢, Z(t,s)p>=
< ¢, exp(iaA)Z(t, s)exp(—iaA)p > +

z’/oa < ¢, exp(i(a+t)A)[C, exp(—i(t — s)B)] exp(—i(s + b)A)p > db.
(5.37)
TokazaTenberso. CHPaBeInBEo PABEHCTEO
<@, Z(t, s)p>— < ¢, exp(iaA)Z(t, s)exp(—iaA)p >=

_ / a% < ¢, exp(ibA)Z(t, 5) exp(—ibA)p > db =
0

— z'/oa < ¢, exp(i(b+t)A)[A, exp(—i(t — s)B)]exp(—i(s + b)A)p > db.
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Ho

[A, exp(—i(t — s)B)] =[A+ C, exp(—i(t — s)B)] — [C, exp(—i(t — s)B)],
[A+ C, exp(—i(t — s)B)] = [B, exp(—i(t — s)B)] =

Jlemma mokaszana.
Jlemma 5.3.6. Cnpasedauso coommouenue:
V(¢ € D): lim |exp(iaA)Z(t, s) exp(—iaA)p|| = 0.
JTokazarenbcrBo. Meem:
L d
Z(t, s)exp(—iaA)p = W*(t)/ o exp(iTB) exp(—i(T + a)A)¢ > dr =
o dr

) / exp(irB)(B — A) exp(—i(r + a) A)bdr.

[losTomy B cuy JgemMMmbl 5.3.1
t
|lexp(iaA)Z(t, s)exp(—iaA)o| < / I|C exp(—i(T +a)A)o|ldr — 0, a — oc.

JlemMa, moKa3aHa.
[Tonoxkum

W6 € M(A)): Rlg, 6. 1) = / < g, exp(—ibA)s > Pdb.

CxoanmocTb naTerpaJa ciemyer w3 gemvbl M.Pozenbioma.
[Iycth

CQ§: Z sj(C')<gj,<;§>ej

1<j<00
-paznoxkenue HImunra oneparopa C. Tak kak omeparop C' syepHblil (onpe-
JleJIeHHe sIZIEPHOTO OllepaTopa U s/IepHoil HopMbl ¢M. Ha cTp. 305), To
IC [ Nel|| .= > 5;(C) < o0, (5.38)
1<j<o0

1 9TO HEPABEHCTBO Mbl HU2KE YYIHUTBIBACM.
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Jlemma 5.3.7. Cnpasedausa oyenka
V(p e M(A),a>0):
| / < ¢, exp(i(t + b)A) exp(—i(s — t)B)C exp(—i(s + b)A)p > db| <
0

2m) 2l | M) Y s,(C)R(gs, 6. 8)"2.

1<j<o0

JlokazarenbcrBo. MMmeem:
| / < ¢, exp(i(t +b)A) exp(—i(s — t)B)C exp(—i(s + b)A)p > db| <
0

Z s;(C)] /Oa < ¢, exp(i(t +b)A) exp(—i(s —t)B)e; > x

1<j<00

< gj, exp(—i(s +b)A)p > db| <

o0 1/2
Z s5;(C) (/ | < ¢, exp(i(t + b)A) exp(—i(s — t)B)e; > |2db) X

1<j<0 o0
00 1/2
(/ | < gj, exp(—ibA)p > |2db> :

Hastee B cuty jieMMbl M.Pozentsiioma numeeM:

/_00 | < ¢, exp(i(t +b)A) exp(—i(s — t)B)e; > |*db =

o0

/ | < exp(—ibA)¢, exp(—i(s — t)B)e; > [*db <

276 | M(A)|J*.

[TojcraBisisi 3TO HEPABEHCTBO B IIPEJbIIYIILYIO OINEHKY, MOJydaeM HYyzKHOe
yTBEpzK/IeHHIE.

JlemMa gokazaHa.

AHaJTOTMYHO JTOKA3BIBAETCS

Jlemma 5.3.8. Cnpasedausa oyenka
V(p e M(A), a>0):
| / < ¢, exp(i(t + b)A) exp(—i(s — t)B) exp(—i(s + b)A)p > db| <
0

@m0 | M(A)| Y s;(C)R(e;, 6, 1)1

1<5<00
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Jlemma 5.3.9. Cnpasedausa ouenra:
V(o € M(A)) : [(W(t) —W(s)gll* <
(81)'2llp | M(A)| D s;(C)(R(gs, &, )" + Rley, &, 1)) (5.39)

1<j<

Hokazarenbcrso. CHavama uCmoab3yeM paBeHcTBO (5.36). 3arem mepexo-
quM B (5.37) K Ipejiesty a — 00 U UCHOJIb3yeM OleHKH JieMM 5.3.7-5.3.8.

113 onenku (5.39) Jierko cielyer yrBep:KieHne TeopeMbl. JleiicTBUTebHO,
u3 jgemmMbl M.Pozenbiioma citejryer, 9o

(R(g;, ¢, 8)">+ R(e;, ¢, t)/?) < const.,
rie const. He 3aBUCAT OT j, M M3 TOii Ke JIEMMBbI CJIEJLYeT, 94T
Vi: (R(g;, ¢, 8)"* + R(ej, ¢, t)"/*) — 0, min(t, s) — oo.
Tak kak psz (5.38) cxomutes, To u3 (5.39) caemyer, aro
V(¢ € M(A)): [(W(t) = W(s))ol| — 0, min(t, s) — oo.

Mpr mokazasu, uro ecaun ¢ € M(A), o byukuus t — W (t)p umeer upe-
nes ipu t — o0o. Tak kak npocrpancrso M(A) niorao B H,., T0 Teopema
JIOKa3aHa.

Crenytoriee yrBepzK IeHIe Ha3bIBAETCS IIPUHIUIIOM HHBAPUAHTHOCTH BOJI-
HOBBIX OIEPATOPOB H IO3BOJISET CYIIECTBEHHO PACIIUPHTH OOJIACTH IPUMe-
HUMOCTH TeopeMbl H.3.1.

Teopema 5.3.2. Ecau evnoarenv, ycaosus meopemovs 5.5.1 w h(\) -makan
deticmBumenvHaa HenpepuieHo Jud@eperuupyemas GYHKUUL, Mo

VAL ROV > 0,
mo eoanoswie onepamopvs Wi (h(B), h(A)) cywecmsyrom, npuyem

(VA H(X) > 0) = (Wi(h(B), h(A)) = Wi(B, A)),
(VA H(N) < 0) = (We(h(B), h(A)) = W (B, A)).

Jokazarenbcrro. [Moraras 8 (5.39) s =0, t — 00, MBI HOJIydaeM:
V(6 € M(A) 1 W, (B, A)p— o <
(8m)2ll¢ | M(A)| > s;(C)R(gs, ¢, 00)'/? (5.40)

1<j<00
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B JAaHHOM HEPpaBEHCTBE 3aMEHHUM

¢ — exp(—iTh(A))o.

B nesoit wactu nepasencrsa (5.40) mosyaum:

Wi (B, A)exp(—ith(A))¢ — exp(—iTh(A))s|* =
| exp(—iTh(B))W, (B, A)¢ — exp(—ith(A))¢|*> =
|Wo(B, A)¢ — exp(ith(B)) exp(—iTh(A))d|*.

[Tepexoss K mpaBoii yactu HepaBeHCTBa (5.40), BO-IEPBBIX, 3aMETHM, UTO
| exp(—iTh(A))o | M(A)| = [l¢ | M(A)]|.

ajee 3aMedaeM, 9TO CIpaBeTHBa ONEeHKA:
il ; p
/ | < g, exp(—ibA) exp(—iTh(A))¢ > |*db <
0

/00 | < gj, exp(—ibA) exp(—iTh(A))¢ > |*db =

oo

/_00 |/_°° w(gj, exp(—iTh(A))¢) exp(—ibA)d\|*db =

27?/ w(g;, exp(—iTh(A))p, N)|*d\ = 27T/ w(g;, ¢, N)|*d\ < const.,

—0o0

rJie KOHCTAaHTa He 3aBUCUT OT j u 7. Kcan pynknusa

A= w(gy, ¢, A)
cTyneH4darad:
| 1, x€a, ),
w(g;, ¢, A) = {O ,AE o, I,

TO ¢ yueToM HepasecTBa h'(A) > 0 MBI HMeeM OTEHKY:
[ exp(-ith() — Al 6. AN =
) B
const.| / exp(—ibA — iTh(\))dA|* < const’.(T 4+ b) 72,

13 KOTOPOH CJieJlyer, 9T0 B PacCMaTPUBAEMOM CJlydae 1paBasi 4acTh HEpa-
BercTBa (5.40) cTpemurces K Hya10 npu T — 00. OOmumil corydail mosygaercs
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U3 PacCMOTPEHHOTO MpuMeHeHneM TeopeMmbl banaxa-IllTeiitaray3a K 3aBucs-
eMy OT mapameTpa 7 ceMeiicTBy orobpazkenuit mpocrpancrsa L2 (R d)\) B
npocrpancteo L2((0, oo), db)):

w /OO exp(—ibA — iTh(\))w(-, N)dA,

TaK KaK MHOYKECTBO JIMHEHHBIX KOMOMHAIMN CTYNeHYATHIX (DYHKIUHA ILIOTHO
5 L2(R', d)).

Cosepriasi B HepasectBe (5.40) npemebHBINR MEpexoq Ipu T — 00, MBI
HOJTy9aeM PaBeHCTBO

WL (h(B), h(A)) = W, (B, A).
Ecu seinonneno Hepasenctso h'(A\) < 0, To B (5.40) MbI JejaeM 3aMeHy

¢ — exp(iTh(A))¢

u jajee pacyzkjaeM aHajgorndio. Teopema joKa3aHa.

[IpuHIun UHBAPHAHTHOCTH BOJTHOBLIX OIIEPATOPOB MO3BOJISET JI0KA3ATh
CYIIECTBOBAHUS BOJHOBBIX OIEPATOPOB JIjId Hapbl onepatopoB A u B B TOM
clIydae, eI yIaeTcst moIo0bpaTh MKy MOHOTOHHY0 dyHKIHIO h(\) Tak,
410661 oneparop h(A) — h(B) 6bl1 6bl siIepHBIM.

5.4 @DopmyJibl JiJid MATPUIlbl paccessHUs

N310:xeHHBIH BBITIIE METOJT, UCC/IEIOBAHNS 33/1a91 PACCESTHUST OCHOBAH HA HC-
cJiefoBaHuy Tipesiesia omeparopa W (t) nmpu ¢ — 00 W HAa3BIBAETCS HECTAIHO-
HapHBIM MeTOJIOM. IpyToii moaxo/ K 3a/1ade paccessHAs OCHOBAH Ha UCCIE0-
BAHWW MPEJIEJIOB PE30JbLBEHT O1epaTopoB A u B MpH CTPEMJIEHUHN CIIEKTPATb-
HOT'O HAPaMeTPa K TOYKE HEHPEPBIBHOIO CIEKTPA. DTOJ METOJ| TeXHUUECCKU
OoJ1ee CJI0YKEH, HO MO3BOJISIET MOJIYIUTh (DOPMYJIbI JIsI BBIYUCIEHUS BOJTHO-
BBIX OIEPATOPOB U OTIEPATOPA PACCESTHUS.

YCTaHOBUM CBS3b MEXKy ITUMHU JAByMs MeTogamu. Mbl HauHEM ¢ JT0Ka-
3aTeIbCTBA HECKOJIBKUX BCIIOMOTATETbHBIX YTBEPXKIeHUH.

Bo-nepBbIx, moKazkeM, KaK CTPOUTCS 0000IeHHe TeOPUH TPeodpa30BaHMsI
Dypre-TTnanmepess (110 Apyroii TepMUHOIOIAN -IHJIEOEPTOBA MTPeobpa3zoBa-
aust Pypbe) Ha QYHKIUH €O 3HAYEHUSME B IHJIBLOEPTOBOM MPOCTPAHCTBE.

[lycre L*([R' — H]J, dt) -MHOKeCTBO TeX HeIpepbIBHBIX (DYHKIHH OT
t € R! co 3navenusasME B ruanLGepTOBOM IIPOCTPAHCTBe H, KOTOPBIE YIOBJIe-
TBOPSIOT YCJIOBHIO:

/ 1£(0)]2dt < 0.
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B npocrpancree L?([R! +— H], dt) BBegeM cKaagpHoe IIPOU3Be/ICHEe

f g = /_OO < (1), g(t) > dt
1 HOpMY

IF 1 (R = H], db)||* = [f , f].

TManee tem ke cumsosiom L2([RY — H|, dt) mb1 6yjem o6o3HauaTh MO0/ HE-
HITe 9TOT0 MPOCTPAHCTBA M0 BBEJIEHHON HOPMe.

Ha muoxkectse dbynknmii f(t) € L*([R' — HJ|, dt) ¢ koMmuakTHbIM 1O ¢
HOCHTEJIeM Ollpe/ieinM Tpeobpasosanue Dypoe:

Fuxo:=[ffumnm4ﬁMt

Murerpas mo dt 31ech MOHIMAaeTCs KK HHTerpaJ boxHepa, T. . KaK HHTerpaJl
Pumana or GyHKIME €O 3HAYEHUSIMA B THJIHOEPTOBOM IIPOCTPAHCTBE.
CupaseinBa dopmyia oOpaIeHnst

0 =5 | " F()(E) explite)de

:% N

n pasencTBo [lapcesasis

1

[f, gl = %[F(f), F(g)].

st foKasaTeIbeTBa 3THX (bOPMYJT JOCTATOTHO 3aMETHTh, ITO ecan {e;} -
OPTOHOPMHUPOBAHHBIHN 6a3UC B IM/Ib0EPTOBOM IIpocTpancTse H u

f(t) :Z<ej, f(t) >e;

pazstoxkenne QyHKIEH [ 1m0 3TOMYy 6asucy, To
F(H©) =D F(< e, f(8) >)(©es = Y < ej, FHE) > e,

1 JIOKa3bIiBaeMbie (POMYJIBI /1 (PYHKITHI ¢ KOMITAKTHBIM IO £ HOCUTEJIEM CJie-
NYIOT U3 KJIACCHIeCKUX (hOPMYJI /I CKAJIApHOTo mpeodpasopanud Pypoe. Ha,
dbynkmun u3 L?([R! — H], dt) onu pacnpocTpaHSAIOTCs 110 HEIPEPHIBHOCTH.

Bropoe 3aMedanue, KOTOpoe HaM MOHAI00UTCH HUZKE, COCTOUT B CJIE/yI0-

ITEM.
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Ecau dyuknus f(t) menpepsiBaa na mosyocu [0, 0o) u

lim f(t) =a < o0,

t—o00

TO

a=lime /00 exp(—et) f(t)dt.
0

e—0

Terepb MPeANOIOKEM, ITO BOJHOBBIE omeparopbl Wi (B, A) cylecTByor.
Torna

<y, Wi(B, A)p >= lim <4, W(t)p >=
tllm < exp(—itB)y, exp(—itA)p >=

lim 26/ exp(—2et) < exp(—itB)y, exp(—itA)p > dt =
0

e—0

li_I% 2¢ /OO exp(—2et)0(t) < exp(—itB)y, exp(—itA)¢p > dt. (5.41)

Haiinem npeobpazopanme Oypbe pyHKINHT
g(t): t+— 0(t) exp(—et — it B)y.

Umeem:

o0

F(g)(¢) = /_ 0(t) exp(—ilt — et — it B)dt =

o0

/Oo [/OOO exp(—i€t — et — it\)dt]d\E(\, B)ip =

—00

/Oo (i€ + i\ +€) 'd\E(N, B)Y = iR(ie — &, B).

—00

Bocnosp3oBasimck pasencrBom [lapcesass, u3 (5.41) momydanm:

<, Wi(B, A)p >= hrfoi/ < R(\+ie, B, R(\+ie, A)p > d.
€E— i _
(5.42)

o0

Anagornano AOKa3bIBaE€TCAd PaBEHCTBO

<, W_(B, A)p >= eli%%/_ < R(\—ie, B, R(\ —ic, A)é > dA.
(5.43)

[e.9]
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B obmem ciayudae Boraucienue mpenenon (5.42)-(5.43) -moBosbHO TpymHAsS
3aJlaua, OJHAKO B PACCMOTpEeHHO HaMu (cM. c¢Tp. 323) momenu Ppuiepuxca
9TU TPEJEJIBI JIETKO BBIUUCISIIOTCS.

BocnospzoBasimncs dopmytamu (4.145)-(4.146), Mbl oy gaem:

/OO < R\ +ie, B, RO\ +ie, A)p > dA =

[e.e]

Al 3]

/oo < Q(\+ie, BYY, RO\ +ic, A)R(\ —ie, A)p > d\ =

[e.e]

/_OO (/0 QX +ie, B)Y(z) ((x — N\)? + ) 'o(z)dr)d) —

€
T
1
/0 Zop(x) d(a)de =< b, 22> .
CJirenoBaresibHO
Wip = Ziqb,

e onepartopsl Z5 ompejesenn dopmyioii (4.148) ma crp. 324.
O6paTuM BHUMaHUE Ha CJIeyiolnee 00cTodTe/1bCTBO. OnepaTopsl 4 jiha-
TOHAJIM3YIOT OIepaTop B U yIOBJIETBOPSIOT COOTHOIIEHHIO:

Z.B=AZy , BZ: = 7L A,

YTO COIVIACYETCs CO CILIETAIONIUM CBONCTBOM BOJTHOBBIX OIIEPATOPOB.
Tak kax oneparopbl Z4 YHUTapPHBI, TO clpaBeanBa (popMyia

Wye=25=27"

Marpuna paccedHus B AMaroHAJIbHOM MNPEJICTABJIEHNN ONEPaTO-
pa A. [Tlpeanonoxkum, aTo npocTpancTBo H amaronaan3yer omeparop A:

H=1L*((a,b)—h), h=L*Q, dw),
Ad(p, w) = po(p, w).

[Ipeamosoxkum, 9To B 9TOM TpesacTasiaenun omneparop 1(A) mpu Re A > 0
eCTh HHTErPAJIbHBIA OEePATop € IJIAJKUM (HENPEepPhIBHBIM M OIPAHUYEHHBIM
) O TepeMEHHBIM A, [i, V SJIPOM:

WA S 0: T\, w) :/t(AJriO | ws v, W)o(v, )dvde. (5.44)
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Teopema 5.4.1. [lycmo ewvinoanerov, coesamnmvie viuie NPednosoHCeRUA U
onepamop B — A adepnwiti. Tozda onepamop pacceanus 6 npocmpancmee H
sadaemca Gopmyroti:

S(B, AP\, w) =9\, w) — 27Ti/t()\+i0 | A, w, A, DY, Wdw
(5.45)

HokazareabcTBo. MMeen:
id—S(B,A)=Wi(B, AW.(B,A) -W(B, AW_(B, A),
id—S(B,A)=Wi(B, A(W.(B,A) -W_(B, A)),
Qb ('d - (Bv A)W >=

/+OO% < ¢, Wi(B, A)exp(iBt) exp(—iAt)) > dt =

(e}

i/+oo < ¢, Wi(B, A)exp(iBt)(B — A) exp(—iAt)y > dt =

—00

i/JFOO <exp(—iBY)W, (B, A)p, (B — A) exp(—iAt)y > dt =

i/+00 < W, (B, A)exp(—iAt)p, (B — A) exp(—iAt)y > dt =

o0

i/+00 < exp(—iAt)p, Wi (B, A)"(B — A) exp(—iAt)y > dt.

—00

Temeps yurem, 9o cortacuo (5.42) wa crp. 392 u (3.115) ma crp. 191:
< exp(—iAt)p, W (B, A)"(B — A) exp(—iAt)y >=
lim E/ < R(A+ie, A)exp(—iAt)p, R(\+ie, B)(B — A) exp(—iAt)y) >=

e——+0 77

lim < / < ROv—ie, AYR(A +ic, A)exp(—iAt)s, T(A+ic, A, B) exp(—iAt) >

e—+0 77

— 00

—00

B nmaronasibHOM mpejcTaBIeHUH omeparopa A:
(A=p)?+e) = 0(A—p),

At)...>dt =

€ , €
;R()\ —te, A) RN\ +ie, A) = -
Xp(—i

< ...exp(—iAt)...,

——

(c..- /exp(’i(y — pt)dt)dp = 27r/(. cor0(v = p))dp.
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Teopema nxa3zaHa.
B cay4da momenan @puapuxca IpocTpaHcTBO ) COCTOUT U3 OJHOU TOUKH,

S0(3) = (1 - [0l =
1 — g(A+1i0) — 2mic(N)? 1 —g(A—1i0)
1 — g(\+10) o) = 1—g(A+ i0)¢()\)‘

MBI oIy InIN KJIaccIeckyo (opMyy.

5.5 KomMMmeHTapum m JuTepaTyTHble yKa3aHUMA

Ha pycckom s3bIKe W3JI0KEHHE MATEMAaTHIECKON TEOpPHH PacCesiHus eCTh B
kuure [22]. B 310if KHUTe N3/10KeH 0YeHb OOJIBITION MaTephas u Topa3yMe-
BaeTCs, 9TO YUTATEIb MOYKET CaM BOCCTAHOBUTH MHOT'HE TEXHHICCKHUE JIeTAJN
paccyKIeHui.

[Tokazkem, Kak TpajUIMOHHBIE 3a/auu Ju(pPAKIME U PACCEsIHUST HA KO-
POTKOIEHCTBYIOIIEM MOTEHIIHAJE MOXKHO HCCAEI0BATH U3JI0KEHHBIME BbIIITE
Merogamu. Ilycts Ly u L nuddepenipaibibie onepaTopbl, KOTOPHIE OMUCHI-
BalOT HEBO3MYIIEHHYIO W BO3MYIIEHHYIO 3aa4u. /1 mpocToTh OyIeM cuu-
TaTh, 9T0 Lo n L -quddepennuaibibie onepaTopbl JIANTHIECKOTO THIA.
[Iycrs Go(6) u G(5) -byukuuu ['puna 3axau Kouu:

05Go(B) = —LoGo(B) , 95G(B) = —LG(B).

Oyunknuu ['puna crposrTcsd TPaJUIMOHHBIMU METOJaAMKU Teopuu Jiuddepen-
MUAJTHHBIX YPABHEHHIT: MOCIE10BATE/ILHBIMI TPUOINKEHIAME, TTOTEHITHAIA~
MU, TTPOI0IZKeHNEM 110 TapameTpy. COOTBETCTBYIOIIIE TOCTPOEHUS TTOIPOOHO
OIIMCAHBI B yueOHoi suTerarype. [Ipu MUPOKUX MpeanooKeHIIX OlepaTo-
pot Go(3) u G([3) -unrerpasbubie onepaTops ¢ “xopomumu” sapamu. lasee
CaAMOCOTPSIZKEeHHBIE PACITHPEHHS OepaTopoB — Lo 1 — L onpeeaseM KaK WH-
dbunuTesnManbHbIe oneparopsl noayrpynn 5 — Go(f) , B +— G(8) u nora-
raeM A = Go(f) , B = G(f). Ecam omeparop L — Ly noguunen (B cMbICIe
teopun JuddepeHuanbHbIX ypapHeruit ) oneparopy Lo, To onepatop B— A
OKa3bIBAETCS, KAK IPABUIIO, SACPHBIM U MOYKHO IIPUMEHSITH U3JI0ZKEHHYIO BbI-
e Teopuio. meronue pu3udecknit CMBICT BETUIUHBI OOBITHO BBIPAZKAIOTCS
gepe3 coOCTBeHHBbIE (DYHKIUN HEIPEPBIBHPIO CIIeKTpa omnepatopoB A u B, a
9THU cOOCTBEHHBIE (DYHKITMU COBIAIAIOT ¢ COOCTBEHHBIMI (DYHKIHSIMH Ollepa-
topoB Go u G.
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I'1aBa 6

Pacnpeneiienns.

Dra r1aBa MOCBSIIEHA JIEMEeHTAPHON TEOPUH pacipeiesieHnii (B PyCCKOi Ma-
TEeMaTHYeCKOH JinTeparype pacipejejeHns 4acTO Ha3bIBAIOT 000DIIEHHBIMHE
beHK]_[I/IHMI/I) 1 €€ MOXKHO YUTaTh HE3aBUCUMO OT OCTAaJIbHBIX IJIaB. KOHG“IHO,
3HAKOMBIN C CoaepzKaHUuEeM TJIaBbI 2 LII/ITaTeJIb B IIPpPUBEAEHHBIX KOHCTPYKIIH-
X Y3HAeT IpUeM IMOCTPOEHUA TOIIOJOTHH ¢ HMOMOIIBIO 0a3bl OKPECTHOCTEH
HYJI U TOIIOJIOTHH, HHAYIHPOBAHHONU CHCTEMON OTOOpaKeHui, 3HAKOMBIi ¢
COJIEpZKaHKMEM IJIaBbl 3 B JI0KA3aTE/AbCTBE TEOPEMbI O TIOJIHOTE HPOCTPAHCTBA
pacupeseseHuil y3HaeT BAPUAHT MPUHITUIA PABHOMEPHON OIrpaHUYeHHOCTH U
T. 1. OHAKO JJIs1 MOHUMAaHWsI BCeX (32 MCKIIUeHNeM TeoPeMbI O CYIIecTBOBa-
HuK PYHIAMEHTAJTLHOTO pelieHnus JIuddepeHIuabHOr0 ypaBHeHud B 4acT-
HBIX MPOM3BOJIHBIX € MOCTOSTHHBIME KO3 DUIHEHTAMHI) YTBEPZKICHUI TaHHOMN
[VIaBbl BIIOJIHE JIOCTATOYHO T€X CBEJIECHUN U3 MAaTEMATUYeCKOI'O AHAJIN3a U Ha-
JaJ1 PYHKIMOHAJIBHOTO aHaJM3a, KOTOPble OOBITHO COODIIATCS CTY/IeHTaM
Ha IIEPBOM U BTOPOM Kypcax pusndeckux paKkyIbTeTOB YHUBEPCUTETOB. Teo-
eMa O CyIIeCTBOBAHUM (DYHIAMEHTAILHOIO PEIICHHS OMUPAETCS HA TEOPEMY
Xana-banaxa, KOTOpYI0O MOXKHO IPUHATH 6€3 J0Ka3aTeIbCTBA.

6.1 IIpocTpancTBO IIPOOHBIX (DYHKITHIA.

B Teopun pacrpejiesienuii OCHOBHBIME SBJISIOTCA JIBA 00bEKTA: TPOCTPAHCTBO
npobHBIX (DYHKIMHA M TPOCTPAHCTBO pacupeienenunii. [IpocrpancTBo mpood-
HBIX DYHKIHIA -9TO dalle Beero JUHelnoe NpoCTPAHCTBO L, Ha KOTOPOM 3a-
JTAHO HEKOTOPOE MHOYKECTBO HOPM

I la: Loz |lzla €RL, a €l
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Hopmoit Ha JHHEHHOM TPOCTPAHCTBe HA3bIBAeTCA Takas yHKIm || ||, KO-
Topas YAOBICTBOPACT YCIOBUSM:

1Y@ el): |z >0, (Jz] =0) < (z=0).
2z +yll < =l + [yl
3.1 Az[] = [Alf]z[.

MBI paccMOTPHM JIBa TPOCTPAHCTBA TPOOHBIX hyHKITHIA: TpocTpancTso lBap-
na S(R?) u npocrpancTso dynkumii ¢ kommakrasivu Hocuteasvu D(RY). Ha-
HOMHUM, 9TO HocuTeseM (BYyHKIMN ¢(x) HA3BIBAETCsI 3aMbIKAHUE MHOXKECTBA
TeX TOUeK I, rae |p(x)| > 0:

suppe := CI({z | [¢(z)| > 0 | = € R}),

a KOMIIaKTHBIC MHOXKECTBa B Rd -9T0 OI'PaHUYCHHbIEC 3aMKHYTbl€ MHO2KECTBA.

6.1.1 IIpocrpanctrso llIBapiia.

Cuauasia Mbl paccmorpum npocrpanctso sapua na upamoit S(R'), 0606-
IeHne Ha caydail mpocrpancTsa RY momydaercs mepeocMbicIeRmeM 0603Ha-
qernuit. [lycTh

r€R, DM = (—id,)™.
EcJin 910 HE MOXKET BBI3BATDH HEJIOPA3yMeHHuil, B JajibHeieM Mbl OY1eM OIyc-
KaTh yKa3aHWe Ha IePeMeHHYI0, 10 KOTOPOil Gepercst IpOn3BOIHAA:

p™ =D

B cospemenoit reopuu juddepennnaibibiX ypaBHEHU HIUPOKO IIPUMEHSeT-
ca nmpeobpaszoBanne Pypbe, BBeJIeHNE MHOKHUTEIST —i B otepaTop auddepen-
MUPOBaHUs M30aBIAET OT HEOOXOAMMOCTH MTUCATH 3TOT MHOYKUTEIh BO MHOTUX
CBSA3aHHBIX ¢ IIpeobpazoBanneM Pypbe HOpMy/IaxX U CTATO OOIMIECIPUHATHIM.

Ounpepenenne 6.1.1. Oyuknus ¢(z) npuHaieRkuT npoctpancTBy IIBapia
S(RY), ecim ona Geckoneuno mudpepennmpyeMa u BMECTe ¢ IPOU3BOIHBIMA
yObIBaeT Ha GecKOHEUHOCTH ObICTpee J11000i cTeneHn |z

(¢ € S) & (YV(m, p): sup{(L+2*)"?|D¢()| |z € R} < o00).  (6.1)

Ilomoxum
lo| (N, S)| == > sup{(1+2>)"*Dy¢(x)| |z €R'}. (6.2)
0<m<N,
0<p<N.

Ompegenenne 6.1.1 SKBUBAJIEHTHO OMPEILTICHITIO
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Onpenenenne 6.1.2. Oynknug ¢ npuHaiekut npocrpancTsy lllsapia
S(RY), ecn
VYN o | (N, S| < oo. (6.3)

OTMeTHM MoJIe3HOE HEPABEHCTBO
Vm < N, p< N): Do) < (1+2%) 726 | (N, S)].
Crenytomue GyHKIuM npuHaAIeKaT npoctpancTsy S(R!):
exp(—z?), 1/ch(z) , exp(—(1+2%)%), a > 0.

Caoiicta dynknuii u3 npocrpancrsa S(RY).

[TepeunciiM HEKOTOPBIE OUEBUIHbBIC CBOiicTBa mpocTpancTia S(RY).
Jlemma 6.1.1. 1. IIpocmpancmeo S(RY) -aunetinoe npocmpancmeo:
V(¢, ¥ € S(RY)): ag + By € S(RY).

2. IIpocmpancmeo S(RY) ecmwv anzebpa ommocumervo nomoueumnozo ymmo-
otcenus Gyrruud:

V(¢(r) € S(RY), ¥(x) € S(R)) : o(x) - ¥(x) € S(RY).
3. Beau ¢(z) € S(RY), mo D™é(z) € S(RY), npusen
1D | (N, S)| < ¢ | (N+m, S| (6.4)
J. Beau ¢(z) € S(RY) u P(x)-m060i noaunom, mo P(x)d(x) € S(RY).

DTO CBOMCTBO MOYKHO YTOYHHTBL: O49eBHIHO, uTo ecan ¢(r) € S(R') n
Y (x)-mobas Geckoneano guddepennupyemast (pyHKIMsI, KOTOPas BMECTE CO
BCEMH TPOM3BOJHBIME PACTeT He ObICTpee CTeleHu ||:

vm, 3(C(m), n(m)), Va : |Df(x)] < O(m)(1 + |=])"0,

10 ¢h(x)d(x) € S(RY).

Hamomunm onpeesenne mpeobpasosanus Oypre B mpocTpancTse RY:

FO)© = [+ [expl-iag)o(w)is.
r=(x1,...2q), dx =dx; . ..dx,,
2l =216+ ...+ x4éa,
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dopmyty obparHOro nmpeodbpasopanus Pypbe:

o) = (%)d [ [eptmo @)@

u paBeHCTBO IlapceBass:

[ [ olarvtas=@n [ [ For©F@)©de

Wuorna B popmyste st npeodbpazoBanuss Pypbe 6epyT 3HAK ILIIOC B IKCIIO-
HEHTE W COOTBETCTBEHHO 3HAK MUHYC B 9KCIIOHEHTE B (POPMY.JIE JIjIst OOPATHOIO
npeobpazopanust Pypbe. DTO HPHUBOIUT K U3MEHEHHIO 3HAKOB B HEKOTOPHIX

Jpyrux popMmyiax.

[Toscaum mostb3y oT BBedeHuda omnepatopa D. llpumensasa omepatop D K
obenuM YacTsaM paBeHCTBa B dopmyJe s obpaTHoro npeobpasopaanus Py-
pbe B OJHOMEPHOM CJIYYae, MbI TOJIYIaeM:

Doe) = 5 [ explin)eF(@)(€)de

CrnemoBaTebHO,
F(D™¢)(§) = " F(0)(8). (6.5)
Msl BuauM, 9T0 omeparop D IpocTO KOMMYTHPYET ¢ OMepaTOpOM Iud-

depeHnupOBaHNs: HUKAKAX JTOMOJTHUTETHHBIX MHOKUTEIEH He MOSBITeTCS.
Hanomuum dhopmyity s npeodpaszoBanuss Pypbe OT rayccoBOil HKCIIO-

HeseE / . ./exp(—al’2 — Zlf)dl‘ = <§)d/2 eXp<—£2/4a)'

B nasbueitiem nam O0yaeT ygo0HO yHpPOCTHTH 0D03HAYEHUA: MbI Oy/IeM CUH-

TATh, YTO //( )dx = /(. c)dz.

Jlemma 6.1.2. 1. Ecau ¢ € S(RY), mo F(¢) € S(R') u

YN, I(C(N), M(N)) , ¥(¢ € S) :
1F(9) | (N, S) < CN)[[¢ | (M(N), S)l|- (6.6)

2. Ecau F(¢) € S(RY), mo ¢ € S(RY), npuuem
VN, 3(C(N), M(N)),
¢ [ (N, S| < C(N)HF( ) | (M(N), S)]I
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HoxkazaTenbcTBo. JlocTaTodHO JOKa3aTh HepBoe yTBepxKaeHne. [IycTh x €
R!. Nmeewm:

DR F(6) ()] = ‘ [ esatimrotanl.
(1 +2*)P2Dy F(g) ()] < |(1 4 2P D F(¢)(x)| =

’/_:O((l - Dy eXP(_ixy))ymczﬁ(y)dy‘

(nETErpEpyeM 10 4acTsIM )

+oo
< ‘ | Tia- D§>pym¢<y>|dy\.

Ho ouesuano (BenoMuuM (hbOpMYITY T TPOU3BOIHOM OT TTPOU3BEICHUS JIBYX
dbyukmit), aro cymecrByer takas koHcranta C(p, m), 9T0 CIPaBeJINBO
HEPABEHCTBO

vy (1= DyPyey)l < Clp, m)1+y*) o | (2p +m+2, ).
13 3TOr0 M MpEeABIIyINero HepaBeHCTB cJielyeT HePpaBEHCTBO
V(m, p) : sup{[(1+2*)"D"F(¢)(2)| | v € R'}
<Cp,m)lo| 2p+m+2, 9,
U3 KOTOPOI'O U CJejIyeT YTBEPKIEHHUE JIEMMbI.
Tak xax upeobpazosBanue Pypbe CBEPTKHU JBYX (DYHKIUH e€CThb ITPOU3-

BejeHne npeobpasoBannii Pyprhe 31X (HYHKIMHA, TO U3 TOKABAHHON JIEMMbI
BBITEKAET

Canencreue 6.1.1. Ecau ¢, ¢ € S(R'), mo uz ceepmxa:
+oo

¢ xY(x) = O(y)Y(x —y)dy

—00

npunadaesicum npocmpancmey S(R').

IIpocrpancrso IlIBapna ¢dysknmii B RY.

YKaxkeM, Kakue U3MEHEHHS HYKHO CHeJaTb B IPEIAbIIYIINX PacCyzKIeHH-
ax, 9T06B paccMorperh poctpancTio LIBapna dpynkmmit B RY. [omoxum B
OPEeBIIYIINX PACCYZKIEHUIX

r= (11, Ta, ... Tg); 6.7)
m = (mi, ma, ...mq), |m| =my+mg+---my. 6.8)
DI = (—i0,, )™ (—i04,)™ . .. (—10y, ). 6.9)
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Jlajiee B NMpeabAyIIUX PACCYKACHUAX HYKHO 3aMEHUTH CYyMMHPOBAHHE I10
magekcam 0 < m < N Ha cymmmuposanue 1o umaaekcam 0 < |m| < N,
HHTErpas Mo MpAMOil Hy’KHO 3aMEHNTH Ha WHTETrpaj 1o MpocTpaHcTBy RY,
oneparop D; Hy’KHO 3aMeHHTh Ha omeparop Jlammaca A,. Bce ocrasbabie
paccyxaeHust 1 (POPMYJIBI OCTAIOTCSA 0e3 M3MeHEeHUs.

Dopmy.aa (6.5) BepHA H B MHOTOMEPHOM CJIy4ae, eIl MOJI0KHUTh IO Ope-
JIeJICHUIO

V(EeRY): gm =gmere .. e

Huke MBI OyzneM cunTaTh, 9TO HAIMH PACCYXKIAEHHS OTHOCATCS K IIPO-
crpanctsy IIBapra dynkiuii 8 RY. Takum 06pa3oM, B JajibHeIIeM Mbl H0-
Jlaraem

lo [ (N, S) = > sup{(1+2*)*[Dy¢(x)| |« € R} (6.10)

0<|m|<N,
0<p<N.

6.1.2 Cxomumocts B npocranctse S(RY).

Bregem moHsTHE CXOAAIIEHCS B TPOCTPAHCTBE S (]Rd) MOCJIeIOBATEIHLHOCTH.

Omnpegenenne 6.1.3. [locaenosarensuocts {¢,} C S(RY) cxomures K bynk-
nun ¢ € S B npocrpanctse S(R?), ecn

YN [[(dn— ) | (N, S)| — 0, n — oc. (6.11)

Cxoaumocts B npocrpanctse S(RY) (yciopue (6.11)) Mbl 6yaem 0603Ha-
YaTh TaK: ;
Pn = @, N — 0.

[onoxum

V(. €S) tds(d, ¥) = >

0<N<oo

(1>N (6 —v) | (N, 9)|
L+ [(0—v) [ (N, S|

fcno, aro yesmosue (6.11) 9KBEBATEHTHO YCIOBHIO
ds(¢n, ) = 0, n — 0.

Yurarento npejiaraercs MPOBEPUTH, Y9TO CJIEIYIONINE TOCIeT0BATETHHOCTH
CXOJSITCSI K HYJIIO B TPOCTPAHCTBE S

exp(—(na? +272)) , (exp(—2?/n) — 1)o(x) , ¢ € S(RY), (6.12)

a 110CJIe/10BATEIbHOCTD
(1/n)"™ exp(—na?)

He CXOUTCs K Hymo B mpoctpanctse S(RY).
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Omnpenenenne 6.1.4. [locaenosarensaocts {¢, ) C S(RY) dbynmamenTams-
na B npocrpancree S(RY), ecin

=00 m>0

Teopema 6.1.1. Ilocaedosamenvrocmo {¢,} crodumes 6 npocmparcmee
S(RY) 6 mom u moavko mom cayuae, ecau ona GYHOGMENMAILHA 6 TPO-
cmpancmee S(R?).

HoxazarenncTBo. Heo0X0muMoCTh TOKa3bIBACTC JOCJOBHBIM OBTOPEHU-
eM JI0Ka3aTeIbCTBA HeOOXOMMMOCTH YCI0BUs KOmu 118 CXOIUMOCTH HOCTIe-
JIOBATEJIBHOCTH B METPHYECKOM MpocTpaHcTre. JoKazkeM J0CTaTOYHOCT, T.
e. moaiHOTY npocrpancTsa [IIBapna ornocuTebHO METPUKH dg.

[Tycts By -nononaenue npocrpanctsa S(RY) mo mopme | | (N, S)|.
Eciu mocremoatensiocTs {¢,} dyHiamentanbaa B npocrpanctse S(R?),
TO oHa (PYHIAMEHTAJIbHA B KazKIOM IPOCTPAHCTBE By, M0ITOMY

VN, 3(¢(N) € By) : ||on —gzﬁ(N)H —0,n — oo.

Tak kak
Bny1 C By,
TO
M =M =g e [ By=SRY,
0<N<©
u

VN : Hgf)n—gb|(N,S)||—>0,n—>oo,

a 9TO W O3HAYAET, YTO I0C/IEI0BATELHOCTD { ¢y, } CXOMUTCH B IIPOCTPAHCTEE
S(RY) k dbynkmun ¢. Teopema nokaszana.

6.1.3 HenpepbiBHBIE OoIepaTOPhLI B IIPOCTPAHCTBE OCHOB-
HBIX (DYHKITHIA.

Onpenenenne 6.1.5. Jluneitnoiit onmepaTop
A S(RY) — S(RY) (6.14)
HelpepbiBeH B npocTpaHcTBe [IBapia, ecnu u3 yeaoBus
by >0, 1 — 00 (6.15)
cJiejiyer, 4ro

Aldn) 20, n — oo (6.16)
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Teopema 6.1.2. Jlunetinwiti onepamop
A:S— S
Hnenpepucen 6 npocmpancmee Illsapua 6 mom u Mmoavko mom cayuae, eca

VN, I(C(N), M(N)),Vp €S :
[A(@) | (N, S)I < C(N)lo [ (M(N), )| (6.17)
HokazaTenbeTBo. B 1oKazaTenneTBe HyzKIAeTcs TOJIBKO HeOOXOIUMOCTD
yeaoBus (6.17). Tlyers onepatop A HenpepbiBeH, HO ycsoBue (6.17) He Bbi-

nosaHeHo. Torma cymecrByer Takoe Ny 1 Takasl IOCJIEA0BATEIbHOCTD ¢, € S,
qT0

[A(¢n) | (Nos S)II = n?[én | (0, S)|.
[Tonoxkum
Un = ¢n/(nllon | (n, S)) -
Tak kax

V(n = M) : lgn [ (M, S| < ¢ [ (n, S| =1/n— 0, n— oo,

TO
S
Y, — 0, n — oo.

Ho
[A(%n) | (No, S)|| = n — o0, n— oo,

ITO MPOTUBOPETUT HempepbiBHOCTH omnepaTopa A. Teopema gokazama.
N3 nokazanoii TeopeMbl BbITEKAET

Teopema 6.1.3. Onepayuu duddeperyuposarui, YMHOHCEHUS HG NOAUHOM,
HEBBPOAHCIEHHOT NUHETHOT 3AMEHDL NEPEMEHHDLL:

o(x) — ¢p(Az +b), detA # 0,
npeobpasosarus Pypve u obpammozo npeobpasosanus Pypve HENPEPBLIGHDLL 6
npocmpancmee S(R?).
6.1.4 IIpocTpancTBo pobHBIX dynKImii D(RY).

Onpepenenne 6.1.6. KommakTaHOoe MHOXKECBO K| CTPOro COAEPKHUTCH B
KOMITAKTHOM MHOYKecTBe Ko:

Kl < KQ,
eCJIn CyHLeCTByeT TaKO€ OTKPbITO€ MHO2KECTBO 07 qT0

K1COCK2.
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Omnpenenenne 6.1.7. Bajannas B npocrpanctse R? dbynxuua ¢(z) upu-
HajexkuT npocrpanctsy D(RY), ecim nocurenb GyHKIME ¢ () KOMIAKTEH
u pyukms ¢(x) Geckoneuno nuddepeHnupyema.

[onoxum

Y(¢, suppg € K) :
lo| (N, DRY), K)|| == Y sup{|Dy'¢(x)| |z € K}.

0<|m|<N
Onpenenenne 6.1.7 SKBUBAJIEHTHO CJIeIyeHIEMY:
(6 € D(RY) & (3K, suppp € K, YN : [[¢ | (N, D(RY), K)| < 00),

rne K -kommakTHoe B R? MHOKeCTBO.

[Tpu pacmorpennn dynxmuii u3 npocrpancrsa D(R?) nosesno nmers npu-
mep dyukun Trna “manodka’ (uaun “rpu6”). IIpuegem npumep takoii ¢dyHK-
IUN.

[Iycts t € RY. TTomoxkum

solt) = {exp(—(l —12)72) | ecom |t| < 1,

0, ecam [t| > 1.

Omnpenennm koucranty C' u3 ycjaoBus

+o0
C po(t)dt = 1

—0o0
1 IIOJIOZKHUM

t

¢1(t) =C - ¢0(f)df,

sz, 20, R, €) = (R — (z — x0)?)/€%). (6.18)

Oyukuus »#(x, xg, R, €) beckoneuno muddepeHimpyeMa u yaI0BIeTBOPSIET
YCJIOBUSIM:

Ve : 0<sx(z,zo, R,¢€) <1,

1, (x —x0)® < R — €,
%(17751,’071[{,6): {0 (I—ZL’())2>R2+E2'

Nuorpa yaodbuee paccMoTperb (DYHKIHMIO BUJIA

k(z) = Ky (21) ... ka(zq), o = (T1,...74) € R,
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rie
k() = »(x;, zoy, Ry, €), v € R!

Tenepsb JTerko mpmBecTr IpuMep byHKIuE 13 npocrpacrsa D(RY): mocra-
TOYHO B3STH JI00yI0 OeckoHedno auddepeHnupyeMyo GYHKIUIO U YMHO-
KUTH ee HA DYHKIUIO »# (T, To, R, €).

Jlnst pyuknuit w3 npocrpancrsa D(RY) cipaseyiuBbr yTBepKieHus jem-
Met 6.1.1, 7O mpeobpasosanue Pypre dyrxmun n3 npocrpanctsa D(R?) ectsb
nenas GYHKImA 0 He npunadiescum npocmparcmesy D(R?).

Cxogumocts B npoctpanctse D(RY).

Omnpenenenne 6.1.8. 1. [locaenosarenbaocts ¢, € D(R?) cxoaures x mymo
B npocrpancrse D(R?), ec/in BBHINOIHEHB B2 YCJIOBU:

1. 3K, Vn: supp¢, € K , K — KOMIOAKT U He 3aBHCUT OT 1, (6.19)
2.YN: ||pn | (N, DR, K)|| = 0, n — oo. (6.20)

2. Tlocnenosarenbuocts ¢, € D(RY) cxopures x dynkmuu ¢ € D(R?) B
npocrpancrse D(R?), ecin nocnemosareabaocts (¢, — ¢) € D(R?) cxoaures
K Hy/10 B mpoctpanctie D(RY).

Onpegnenenne 6.1.9. [Tocrenoarensiocts ¢, € D(R?Y) dynraventanibua
B pocrpanctse D(RY), eciu BHINOIHEHD! [Ba YCIOBHS:

1.9K , Vn : supp¢, € K , K KOMIIaKT ¥ He 3aBHCUT OT 7, (6.21)
2 YN ¢ Tim sup [dnsm — én | (N, DRY), K)|| = 0. (6.22)

n—0 m>0
Jloc10BHBIM IIOBTOpEHNEM IIPOBEJIEHHBIX JIId IpocTpancTsa IlBapna pac-
CYZKJICHHUH JIETKO JIOKA3aTh, 4TO 1I0CIeA0BATebHOCTL ¢, € D(R?) cxomures
B npocrpancrse D(RY) x dbynknmm ¢ € D(R?) B ToM 1 TOMHKO TOM cayuae,
ecam oHa dyHIaMenTasbHa B mpoctpanctee D(R?), mo a1s mpocTpancTa
D(R?) ne cywecmeyem mempuku, KOTOpas 3a1aBaja OBl CXOIIMOCTD.

6.2 PacupejeiieHnd.

Te snemenTapubie (paKThI U3 TEOPUN PACIPEIEICHNI, KOTOPBIE Oy T J0Ka3a-
HBI HIZKe, GOPMYINPYIOTCA U TOKA3BIBAIOTCS OJWHAKOBO M JIJIS TPOCTPAHCTBA
D(RY), u gy npocrpancrsa S(R?). Jlaga ompeieseHHOCTH MBI B OCHOBHOM
paceMoTpuM cirydail mpocrpancTsa S(RY), ocrapus unTarento GopMyIHpOB-
Ky U 1I0JIHbIE JIOKA3aTebCTBa s ciaydas npocrpancrsa D(R?) (kak upasu-
710, B ciydae npoctpanctsa D(RY) noxazaTenbeTsa MOKHO YIPOCTHTS ).
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6.2.1 MenajieHHO pacTyIiue paciipejejieHu.

Otobpaxkenue
fiSRY 36 f(g) € C

Ha3bIBaeTCs JIMHeHHbIM (byHKIHOHaI0M Ha npoctpancTse S(R?), ecin

V(¢1, ¢2 € S<Rd))  flagy + Bd2) = af(ér) + Bf(¢2).

Jluneituniit dyHKIMOHAT Ha mpocTpancTse [lIBapia f HasbiBaeTca Hempe-
PBIBHBIM, €CJIN

(V(bn >0, n — 00)) = (f(¢n) — 0, 1 — o0).

Onpenenenne 6.2.1. JIuneitnbiit HenpepbIBHBIN (DYHKITMOHAT HA IIPOCTPAH-
crie [1IBapria S(R?) nazbiaercst MeICHHO PACTYIUM PaCIpe/Ie/eHIeM.

MHuokecTBO BeeX MeJIJIEHHO PACTYIIUX pacipe/ieeHuit 0003HaATaeTCs CHM-
Bosom S(RY)*.

[IpuBejieM npumepsbl.

[ycrs Gyuxuus f(z) , z € R, Kycouno-nenpepbiBHa 1 yI0BJeTBOPSET
OTIeHKe

Va: |f(z)] <COA+ |z])™ (6.23)
[osoxxum

Vg€ S): f(g) = / F(2)p(x)d. (6.24)

CupaBeuBa OYeBUIHAS OIEHKA:

[f(@) <o | (m+2, ),

13 KOTOPOii cyrejyer, d4ro 3ajanublii popmyioii (6.24) nauueiinbit byHKIHO-
nas nenpepoisen na S(R?). Caenoparensno, hbopuyra (6.24) 3a1aeT MeiTeH-
HO pacryiiee pacipeenenue. Eciu dyukuus f(x) u GyHkuuonan f cBa3aHbl
paBercTBoM (6.24), To roBOpAT, uToO (byHKIMOHAT [ 3amaercs dyukiueit f(x)
win uto dbyuknus f(x) 3agaer Gynxmmonan f.

QOyHKIMOHAJ M 33JaI0Nuil 3T0T (QYHKIUOHAJ (PYHKIHMIO Mbl 0003HAYU-
JIX OJTHAM M T€M K€ CUMBOJIOM. DTO HE MOXKET [PUBECTH K HEI0PA3YMEHUAM,
TaK KaK apryMenT (pyHKINH eCTh TOUKa mpocTpancTsa RY, a apryment pynk-
IUOHAJIA €CTh (PYHKIUS U U3 KOHTEKCTa OOBIYHO ObIBaeT SICHO, O YeM HJeT
peun. Tepmun “merenno pactyiiee” o0bscHsgeTcs TeM, 910 dyakmms f(x)
B (6.24) pacrer e Obicree crenenu. OnHAKO He J1I060€ MEIJIEHHO PacTyIee
pacipesieseHne MOXKHO IpeacTaBuTh B Buje (6.24). OyHKIMOHAT

o(¢) = ¢(0) (6.25)



JINHEeeH U HeIPEpPBIBEH, HO OH He MOXKeT OBITh IpeJCTaBIeH KaK HHTerpaJ
PumaHna oT mpomsBeneHHs KyCOTHO-HENPEPHIBHONR (hyHKIUN U DYHKIAA U3
npoctpancTsa IIBapia.

Bamasaembiii opmynoii (6.25) dyHKIOHAT HaszbiBaeTCs 0-DyHKIHEH.

[To3zke MBI jlOKakem, 9TO JI000E MeJIEHHO PAacTyIlee pacipejesenne
MOXKHO B HEKOTOPOM CMBIC/IE MPEICTaBUTh KaK npedes pacCIIpejiesleHnil BHU-
a (6.24).

WNuorga, 9ToObI TOAUYEPKHY T, UYTO (DYHKIIMOHAT [ TpuMeHseTcs K (DyHK-
1uu

y — o(y),

3HaveHue (pyHKIHoHAJa f Ha (BYHKIHH ¢ MBI OyjeM 00O3HAYATH CUMBOJIOM

fu(0(y)).

Teopema 6.2.1. JTunedinud dyrryuonan f na npocmpancmee Hlsapuya S(RY)
HENPEPLIBEH 6 TOM U TOALKO TMOM CAYUAE, ECAU

(N, C), ¥(¢ € SRY): [f(@)l <Cllo| (N, )]l (6.26)

Hocrarounocts yeaoBust (6.26) odeBuiHA U3 ONPEIEJIEHUST CXOAUMOCTH
K Hysi0 B ipoctpancTse I[Ipapna. JlokazareabcTBo HEOOXOAUMOCTH yCJAOBHS
(6.26) anasornuHo joKazareabcTBy Teopembl 6.1.2. [lycrs yeaosue (6.26) He
BbInoJiHeHO. Torma cyiecTByeT Takast MOCAe0BATEILHOCTD ¢, € S, 94TO

£ (8n)] = n*ll¢n | (n, S)II-

IMonozxum
U = dn/(n]@n | (n, S)I) -

Tak Kak
V(n>M): v | (M, 9] < ¢ | (n, S)=1/n—0,n— oo,

TO
S
Y, — 0, n — oo.

Ho
’f(wn>’2n_>oo7n_>ooa

YTO IPOTUBOPEYHUT HenmpepbiBHOCTH (byuknuonana f. Teopema mokasana.

Teopema 6.2.2. Ecau f € S(RY)*, mo cywecmeyem maxas nocaedosament-
HOCMb HENPEPBIEHHLT PYHKUUT ¢ KOMNAGKMHUMY Hocumeaamu fr(x), wmo

V(6 € SRY): f(9) = lim [ ful@)o(x)de. (6.27)

n—oo
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,HOKaSaTeﬂbCTBy TeoOpeMbI MbI IIpealionijieM HECKOJbKO JIEMM.

Jlemma 6.2.1. Ecau ¢ € S(R?) u dynryus (x| 2o, R, €) onpedeaena pa-
sencmeom (6.18), mo

#(z,0, R, 1)d(z) > ¢(z), R — . (6.28)

,HJ'IH J0Ka3aTeJIbCTBa JEMMBI JOCTATOYHO 3aMETUTDL, YTO

”<%('7 0, R, 1) - 1)¢ ’ <N> S)H
<SCA+R) o] (N+2,9)].

[Tonroxum
a

w(z, a) = (;)d/  exp(—az?). (6.29)

Jlemma 6.2.2. Ecau ¢ € S(RY), mo

/ e —y, A)dly)dy > d(x), a — oo. (6.30)

s mokazaTeabcTBa JIEMMBI HY?KHO BBIYUCTUTD MpeoOpa3oBanue Pyphe
ot npasoii gactu (6.30), Bocnosb3oBaTbest npumMepoM (6.12) u HenpepbIBHO-
cThIo TipeobpazoBanusa Pyphbe.

[Iycth By -6aHaX0BO IPOCTPAHCTBO, 1I0JIY YEHHOE TIOIIOJIHEHUEM HTPOCTPaH-
crea S(R?) no mopme | | (N, S|, ¢(y) € D(RY). Tpu duxcupoBanuom
y € RY bynxmus w(x — y, a), paccmarpuBaemMast Kak (YHKIHS TePeMeHHOT
2, TPUHA/IJIEZKUT MPOCTPAHCTBY Bl .

Jlemma 6.2.3. Qynxyua
RY>y — w(r —y, a) € By,

PACCMAMPUBGEMASL KAk PYHKUUL NEPEMEHHOT Y CO BHAYEHUAMU 68 BAHATOB0M
npocmpancmee By, nenpepusto dupdepenyupyema.

Jloka3aTeabCTBO 3TOM JIEMMBI MPEIOCTABISAETCS YHTATENI0 B KadeCTRe
yhpazkHeHus (caeayer pasioxuTh byHKIUO w(x — y, a) B psg Teitropa
1O Y B OKPECTHOCTU TOYKH Y = ¥y, BOCIIOTB30BATHCSA HHTErPATHHON (HhOpMY-
JIOH Jijis OCTATOYHOrO 4JjieHa psja Teiljiopa U OIEHUTH HOPMY OCTATOYHOIO
wieHa B IpOCTpaHcTBe By ).
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Yr1o0bI He 3arpOMOXKIATH U3JIOKEHIE CJIOXKHBIMUA 0003HAYEHUSIMU, IaJIb-
Heillee MOKa3aTeIbCTBO MBI IIpoBeaeM s caydad d = 1. IlycTb

J(z) = /| el )y y € R
y() = R2j—n—1)/(n+1),0<j<n+1,

) = 30+ +D), 0< <

5ul) = 2 3 wla — 2(G)6(()).

n+1
TSz

Jlemma 6.2.4. Cnpasedausa ouenra
VYN : |[(J=sn) | (N, )| <C(N)/n. (6.31)
JokazatenbcTBo. CrpaBeI/IUBLI OTIEHKH:

1] = sn) [ (N, )] =

y(3+1)
1Y ¢ / Wiz —y, Q) — w(z — (), )P=())dy)) | (V, S)]| <

0<j<n /Y1)

Z H(/y(Hl)

' . (w(z =y, a)oly) —wlz —2(j), )p(z(4)))dy) | (N, H)|| <

y(j+1)
Z /( ' l(wlz =y, a)d(y) —wlx—z(j), a)d(2(5))) | (N, )| dy <
comst

n

MBI BOCIIOJIB30BAJINCEH BBITCKAIOMEH U3 JIeMMEL 6.2.3 O1eKoii

lw(z =y, a)o(y) —wlz = 2(j), a)¢(2(4))) | (N, )| < constrly — 2(j)]-

Jlemma Jokazana.
ITonoxxum

¢R7a(x) = /w(x - Y, a)%(yv 0, R, 1>¢(y)dy7
V(f € S(RY)): f(R, a,y) = folw(z -y, a)x(y, 0, R, 1).

HanomuuMm, 910 HHIEKC Y cHMBOJIA (DYHKIHMOHAIA O3HAYAET, 9TO OH HMpHMe-
HAETCA 110 IIEPEMEHHONA .
N3 nemm 6.2.4 u 6.2.3 caeayer
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Jlemma 6.2.5. Cnpasedauso pasencmaeo

fo(br.ala /fRay()d

Ternepn /10Ka3aTEILCTBO TEOPEMBl TPUBUAJIBHO. MeeM:

f(@) = lim f(or.a)= lim [ f(R, a,y)é(y)dy.

R—o00,
a—00 aaoo

[Tyctsb dbyukimonat § onpenenen papercTBoM (6.25), d,, -T0CTEI0BATETHLHOCTD,
VIOBJICTBOPAIONIAA YCIOBUIO

(o) = lim [ §,(x)o(z)dz. (6.32)
Banuch npaBoii 4acTu paBeHcTBa (6.32) MOXKHO YIPOCTHTD, TTOJIArast Mo Olpe-
JIeIEHUTO

n—oo

lim [ 0,(2)p(x)de = /5(w)¢(x)dx. (6.33)

Cumpon 6(z) B (6.33) me ectp obosmadenue bYHKIUE U CHMBOJ HHTETDAJIA
B mpaBoii wactu (6.33) me ecTh obo3HadeHHe WHTerpasta PuMaHa: CHMBOJ
d(z) ectb obo3HaveHmMe (DYHKIUOHATA, KOTOPBIH JeficTByeT Ha (DYHKIUIO OT
[epEMEHHO T 1Mo MpaBHJLy, 33aBaeMOMy JIeBOH dacThio paBeHcTBa (6.33),
a CHMBOJI WHTerpaja B mpapoii dactn paBencTsa (6.33) ykaseiBaeT Ha TO,
410 (DYHKIUOHA MOKET ObITh BBIYHC/IEH KakK Ipejes HHTerpajoB. Takas
cucTteMa 0003HAYEHUN CJI0KHUIACH HCTOPUIECKU H YIOOHA.

Crenys CMBICJIY 3TUX OOO3HAYEHUil, s YIOBAETBOPSIONIEH Pa3syMHBIM
yesioBusiM GyHKIU A(T) 110 OHPEJESIEHUIO HOIAraloT

/ S(h(z))(x)dz < tim [ 5, (h(z))(z)dz, (6.34)

n—oo

re 0§, -yI0BJIeTBOpsoNas yeaosuo (6.32) mocienoBareabHOCT.

6.2.2 CxoamMOCTh B MPOCTPAHCTBE PacCIIpeeJIeHNIA.

Onpenenenne 6.2.2. IlocienoBarebHOCTh MEJIJIEHHO PACTYIIUX pacipe-
aenennit { f,,} C S(RY)* cxoqurest x pacnpenenenuio f € S(RY)*, ecim

Yo € SRY) : lim £,(9) = £(9). (6.3
Cxonumoctsb pacupeseenuit (yeaosue (6.35)) mbl Oyem 0603HAYATH TAK:

5T
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Onpegenenune 6.2.3. [locienoBaTe /bHOCTE MEJJIEHHO PACTYIIUX PaCIIpe-
nenennit {f,} C S(RY)* dbynramentanbua, ecau aas o600 3J1eMeHTa ¢ €
S(RY) umcoBas mociaeoBaTeILHOCTD fy,(¢) dyHIaMeHTATbHA.

Ecyim nmocaenoBaTeIbHOCTD ME/IJIEHHO PACTYIIIUX PACIpPeeeHuil CXOMuT-
cs1, 70 ona pynaamenTambra. Ecin nocaenosarensrocts { f,} C S(RY)* dyn-
JaMeHTabHa, TO mpeea B (6.35) cymecrByer. Huzke MBI JOKaXKeM, 9TO ITOT
mpeJes 3aJaeT MeIJIEHHO pacTyIee pacnpeaenenue. JInneiitHocTh mpaBoil ya-
cru (6.35) 1o ¢ ouesuyua. JJ0Ka3are bCTBO HELUPEPHIBHOCTU 3a/1aBAEMOLIO
JIEBOH YacThio paBeHCTBa (6.35) DyHKIMOHATA OMUPALTCS HA YTBEPKIEHNE,
KOTOPOE €CTh aHAJIOT IPUHITUIA PABHOMEPHO OrpaHUYeHHOCTH B Teopun Ha-
HAaXOBBIX IIPOCTPAHCTB.

[Iyctn

M C S(RH)*.

[Homoxum

m(¢ | M) =sup{[f(¢)| | f € M}.
Teopema 6.2.3. Fcau

V(¢ € S(RY) : m(¢ | M) < oo, (6.36)

m(g | M) =0, ¢ 0. (6.37)

Hokazarenbcrro. [lycts yesnoBue (6.37) He Boimoneno. Torma cyrecrBer
Takoe € > 0 n Takne nocaeposarensoctn {fi1 .} C M, {$a )} C S(RY),

qTO
S

a.ny = 0, [fa,m(da n)l > €
Ompeennm HOMED n(j) U3 ycaoBus

léa,ngy | (5, S <477

" TIOJIOZKUM
fe. = Tang) » 6@, =22 éa,ng))-

Shvi IIocj1e 10BaTCJIbHOCTH YAOBJETBOPAIOT YCJIOBUAM:

S ; .
{fe.nt CTM, da. =0, |fe nldeinl>2"e— o0, j— o0,

lb@.5 | (G, ) <27 (6.38)
3amMeTumM, 4TO
Wk Y lléeag) |k, S < oo, (6.39)
1<j<0
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TaK KaK A
V(i >k): lloe,y | (k, S| <27
Janbreiimume mocTpoeHnd IPOBeAeM M0 HHAYKIUU. [1oa0Kum
fe.n=fe,n, 3,1 =%2,1)

[Tycts smements! {fi3,) , ¢@3,p} , P < j yxe BeiOpansl. danee ompenennmM
HOMEp jo U3 YCJIOBUS

V(k > jo) : |fe.m(@e.m)l > Y. m(éa.q | M)+j+1

1<i<j

U OIpe/IeJIUM HOMED j; U3 YCJIOBUS

V(k>g1,1<7) | fie,n(de,n) < 277

[TooxxUM

f@, 541 = fe.nG) s 063,541 = P2,n0)) > n(J) = max(jo, jr)-

b= b@.)

1<5<00

[ycTn

Cxoaumocts psja B npocrpanctse S(R?) caemyer us onenkn (6.39), Tak Kak
110 noctpoernio {P, )} C {¢@ j)}. Hanee nveem:

| 3,540 (D) > | fa, 511 (D, 541) | =
S o)l — D |fe.ae(de.0) > .

1<i<j jH1<i<oo

Tax kax 1 € S(R?), To 310 IIPOTUBOPEUNT yeaoBuio (6.36). Teopema jgoka-
3aHa.
I3 j0Ka3aHHOI TEOPeMBI CJleyer

Teopema 6.2.4. Eciu nocaedosamesvhocms MEGAEHHO PACTYULUL PAChpe-
denenuli PyHIAMEHMANDHA, MO OHA CTLOOUMCA K MEIAEHHO PACMYULEMY PAC-
npedeseHulo.

Hokazarensctso. [lyers dyaknumonan f 3aman pasencrsoM (6.35). Toka-
JKeM, 4T0 OH Hempepbiben. Tak kak s joboro ¢ € S(R?) mocnenosaresn-
HOCTh (@) dbyHIaMeHTaNbHA, TO

(¢ € S(RY)) = sup{|fu(¢)] | n € Z} < 0.

B cuny Teopembl 6.2.3 oTcI0/1a CJIeIyeT:

£(9)] < sup{|fa(@)] [ n € 2} — 0, 6 0.

Teopema jokazana.
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6.2.3 Cuyuait npocrpancrsa D(RY)

YKaxkeM, KaKne U3MeHeHUs HY?KHO ¢/IeJIaTh B (DOPMYJIHPOBKE OCHOBHBIX T€O-
pem st caydag npocrpanctsa D(R?). Teopema o HenpepbIBHOCTH OlepaToOpa
B IpocTpancTse ocHoBHBIX Qynkmmit D(RY) dbopmymmpyerca Tak:

Teopema 6.2.5. Jlunetinwiti onepamop
A: D(RY) — D(R?)

HENPEPBIEEH 6 MOM U MOALKO TNOM CAYUaAE, ECAU 048 100020 Komnakma Kq u
amobuzr N cywecmsyrom makue konemarnmon C (Ko, N) , M(Ky), u makot
xomnaxm K, umo

V(¢ suppd € Ky) :
suppAp € K , [|[Ag | (N, D(RY), Ko)|| <
C(Ko, N)|¢ | (M(Koy, N), D(RY), K)|.

JlokazaTebcTBO TEOPEMBI OcTaeTcs 0e3 U3MeHeHHd.

Teopema o HEOOXOIUMBIX U JOCTATOYHBIX YCJIOBHUAX HETMPEPBIBHOCTH JIHU-
HeHelHoro pyHKInoHa/ a8 (POPMYJIUPYETS TaK.

Teopema 6.2.6. J[aa moezo, wmobv aunetinod gynryuonan [ na npocmpar-
cmee D(R?) 6o nenpeprisen, 1eobrodumo u docmamouo 6bnosHenue Yeao-
suA: daa a06020 komnarma K cywecmeyrom maxue konemarnmo, C(K) , N(K),
MO BLINOAHEHO HEPABEHCTNGO

(¢, suppd € K) : |f(9)| < C(K)ll¢ | (N(K), D(RY), K)|.  (6.40)

6.2.4 Ilpumepsbl BbIYUCIEeHUA IIPEAEJIOB pacIiIpe/ e/ IeHNi.

Paccmorpum npumepsr.

1. Haiinem nipenen npu € — 0 dyHKIHOHAMA, 33aHHOTO (DOPMY.IOi

T — 1€

o [ ot
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Nmeem:

o0
/ x:
Oox—ze

1
/ x)dx —I—/ —¢(z)dr =
lz|<1 T — 26 lz|>1 L — €
T + 1€

(@) o0tz +000) [ 20

2 2
lo]<1 T~ T €

|lzj]<1 L — ZE

/|x>1 P ZEgzﬁ(:z:)daz:.

CupaBeJl/IuBbI pABEHCTBA,

1 1
lim —(p(x) — p(0 dx:/ —(¢(x) — ¢(0))dx,
i [ o) e = [ (6@~ 0(0)
1 1
lim ,gba:dx:/ —¢(x)dzx,
=0 Jjg|>1 T — 1€ (@) z|>1 & (@)
T+ e
ll_r% a1 dr =1im
CurietoBaTesIbHO,
. <1 _ 1
lli% i Z_egb(a:)d:v =imp(0) + P (E) (9), (6.41)

rie
P (1) (8) = /| | L (6(@) — 9(0))da + /| | Loz, (642)

Takum 06pa3oM, MBI IMEEM:

! _ 5 (:i:iﬂé(:U)—i—P (l>) , e —0.
T F i€ T

DTO yTBEpXKICHNE HYKHO IOHUMATh B CJIEAYIONIEM CMBICJIE: pacipeeeHue,
3aJIaBaeMO€e CTOSIIEeil B JIEBOU YaCTH paBeHCTBA (DYHKIIMEH, CXOTUTCS B IPO-
crpancree S(RY)* x pacupesesenuto, CTosIeMy B IIPaBoOil 4acTH PaBEHCTBA.
DTO Ke yTBEPKIACHNE YaCTO 3AIMCHIBAIOT B BU/IE:

, 1
i +imd + P (;) : (6.43)

®opmyasr (6.43) wassiBaor Gopmyaamu CoXOmKoro.
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2. Haiitem nipejiest mpu n — 00 pacupejeienuil, 3ajaBaeMblX (PYHKITUAME

ful(x) = <g>d/2 exp(—na?), z € R%

Nmeem:

n

W e s@): [ (2)" epl-naota)ds = (1) [ exp(-a)o(o/n)ds —
6(0) + 7 [ exp(=a?)(@(o/n) = HO)do — 6(0) , 0 — .
IT0 PABEHCTBO 3AIACHBAIOT TAK:

(g)dﬂ exp(—na?) 5 6(x), n — 0.

3. Haiiyiem mipejiest mpu n — 00 pacrpejiesieHuil, 3a/1aBaeMbIX (DyHKIUAME

sin nx

folz) = , v € R
T
W3 04eBUIHOTO paBeHCTBA
1 (¢ , sin wx
— [ exp(izg)d{ =
2 J_,, ¥

u dopmyasl st obparHoro npeodbpaszopanust Pyprwe, ciaegyer, ITo

sinwx 1] < w,
F( i )(5)_{0,|§|>w.

[Tosromy B cuity pasenctsa [lapceBasis nmeem:

* sinnx 1

¢(x)dr = o— F($)(§)dE —

T 2 I€l<n

1 o0
o [ FON©E =600 - o

V(6 € S(RY): /

—0o0

ChenoBaTe/bHO,

AL d(x), n — oo. (6.44)

X
[pusesem npyroii BerBos coorHorenus (6.44). Tlycrn

C = (-0, e)U{z | z=€exp(if), m1 <0 < QW}U(E, 00).
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Ha ocnoBanmy TeopeMbl 0 BBIUETAX U JeMMBI zZKopiaHa cpaBelnBo paBeH-

CTBO

2mi z 0,a<0.

C

Orcioma caeayer, 9To

1 [ g 1 .
_/ Smazdz:—/smazdzzl,a>0.
- c

™ z ™

[e.o]

CupaBeyinBO PaBeHCTBO

((bGS]Rl . / smnm dp —

1 sinnzx 1 sinnx
o e CCRE OIS / Hla)da-+

|z|>e€ x
1 sin nx
o) [ (2)d.
T Jiz|<e

Jlanee mmeem:

sup
n

] :
—/ Smnxgzﬁ(x)dx — 0, n— oo,
|x|>€

T

(b(o)%/ll sinnxdx_¢<0)l/| Sinxdx—>¢(0),n—>oo.

L e 00,
SW[;;—————‘ (©).

]

1 sin nx
o RO

X

x T x
Tenepb HYzKHO BBIOPATDb € TaK, YTOOBI

€e—0,en — 00, n — o0.

Yreepxaenne (6.44) nokazano.
4. Boruucium npeses pacipe/ie/ieHus

exp(ixt)

——, t — Fo00.
(x +40)

Ham HYZKHO BbIYUCJIUTH

V(¢ € S(RY)): lim lim

t—+oo0 e—+0 o (J} + 26)
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Ha ocHoBe papenctBa IlapceBaiisg umeem:
> exp(izt) 1 /°° exp(—ixt)\"
— —¢@)de=— | F——7— F de.
/_oo T+ i€ ¢(x)dz 2 | o T — ic () F (o) (€)dS
Hanee numeem:

. (exp(—z:xt)) €)= /: exp(—iz(t+8)

(x — ie) (x — ie)

{27Ti exp(e(t+¢)), (t+£) <0

0, (t+¢) >0.
CrenoBare/ibHO,
. > exp(izt)
1 — dx =
0 oo T i€ o(x)da

. . —2mip(0) , t — —00
Z /(t+§)<0 Fo)©)de {0, t — 4o00.

OKoHYaTEeJILHO IIoJIy49a€eM:

exp(ixt) g+ |0, t— 400,
—
(x 4 0) —2mid(z) , t — —o0.

5. PaccmoTpum pyHKIIMOHAIBHYIO MTOCJIEI0BATE/IHHOCTD

fu(z) = Z exp(2mikx), —o0 < T < 00.

[k|<n

DTa MoCIeI0BATEILHOCTL He MMeeT Ipejesa HU B oqHoil Touke r € RY. To-
KasKeM, 9TO HOCIeI0BATEILHOCTh PACIPEICTCHHN, 3a1aBaeMbIX (DYHKIUAMA
fn(z), nmeer npenen. Nmeem:

V(o € SRY) : fu(6) = / " (@)(a)de =

m 1
Z / i = < o + m)) dr =
—c>o<m<oo1
Z (/ exp(2mkx) ( o(x+m ) dx) exp(—2miky) —
lkl<n \”0 co<m< oo y=0
(2 sorm)ly »e
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[TocsieiHee COOTHOIIEHNE BHITEKAET M3 IMOTOUEUHOM cxomumocTH psana Pypbe
oeckoneuHo auddepeHupyemMoii nepuoaudeckoit pyHKIun

X Z o(x +m).

—oo<m<oo

HOJIy"IeHHOG HaMH COOTHOIICHHEC YaCTO 3allHUCHIBAIOT B BHIEC

Z exp(2mikx) = Z x—k

—oco<k<oo —oco<k<oo

Maremarudeckoe cojepKaHue 3Toil KpacuBoil (popMyJibl COCTOUT B yTBEp-
xjaennn, 910 psiji Pypbe OeckoredHo auddepeHnupyemMoil mepuonaecKoi
dyukiyun cxoaurcd B Touke x = (.

6.2.5 JIuddepennupoBanue m npeodpaszoBaHne Pypbe
pacupeaeieHui.

Onpenenenne 6.2.4. Jluneitnniit omeparop
T: S(RH* — S(RH)*
Ha3bIBacTCA HEIIPpEePbIBHBIM, €CJIN
(fnﬂo n— oo0) = (T (fn)ﬂo n — 00). (6.45)

OxasbIBaeTCst, YTO B MPOCTPAHCTBE PACIPEITeHUN TOMOIOTUs (IOHATHE
CXOJMMOCTH) BBEJIEHA TaK, YTO €CTECTBEHHO OLpPeJeIeHHbIe onepanuu Tud-
depenrupoBanud u npeodbpazoBanusg Oypbe HEPEPHIBHDI.

JudpdepernupoBanme pacrpeaeaeHnii.

HagneMm ¢ onpeesienns onpepanun audepeHnupoBaHus Ha mpsmoii. [Ipemmo-
JIOXKHM, ITO pacupejenenue f 3a1aH0 MeJIeHHO pacTyieit dpynkmmeit f(x):

V(6 € SRY) / e

Ecau npoussonnast D f(z) cama ecTb MejieHHO pacTyiias (DyHKIHsI, TO 5Ta
MPOM3BOAHAA 3aaeT PaCIpeleJTeHIe

Df - am/ Df(a / f(2)Do(x)dz = — F(Dg).
DTOT npuMep MOTHBHUPYET CJICLyIOIee
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Omnpegenenne 6.2.5. [Ipoussoanoii nopska m pacupegesenud f € S(RY)*
HA3BIBAETCS pacHpeie/leHie, KOTOpoe IefiCTBYeT 10 IPaBUIY:

D™ W(g e SRY), D" f(¢) = (—1) f(D™). (6.46)
Tak Kak OTOOpAKEHHE
S(RY) 3 ¢ — D™p € S(RY)
HEIPEPBIBHO, 0TOOPAZKEHHe
S(RY) 3 ¢ — (D)™ f(D7¢) € C!

€CTh KOMIIO3UIMSA JUHEHHBIX HEIPEPBIBHBIX OTOOPAKEHUII U MOITOMY €CTb
JInHENHOe HempepbiBHOE oToOpazkenue. Cjre10BATEILHO, HAIE OIPEIe/IeHNe
KOPPEKTHO: MpaBas 4acTh paBeHcTBa (6.46) meficTBUTEIHHO 3aaeT JHHET-
HBIH HelnpepbIBHBIN (yHKIMOHA Ha npocTpancTse S(R?).

Teopema 6.2.7. Onepayus duddepenyuposarus HenpepuLeta npocmpaHcmaee
S(R%)*,
HokazareabcTBo. Ecian

S*
fn_>07n_)ooa

TO
V(¢ € S(RY)) : D™ fu(d) = (=)™ fu(D™d) = 0, n — o,
LIO3TOMY
D™ f, 2 0, n— oo.

Teopema jokazana.
PacemorpM mpuMepsl.
1. ITycrsb pacupenenenne 6 € S(RY)* zanaerca dpynxnumeit

9<I>:{1,x>0,

0, z<0.

Haiiem npousBosnyio 3Toro pacnpejesnenus. [1o onpeeienuo umeem:

V(6 € S(R')) : iDB() = —6(iD) = — / " o) = 0(0).

CrenoBaTeIbHO,



Jlannoe paBeHCTBO HY KHO NMOHUMATL B CJICLYEIIEM CMBICIE: IPOU3BOIHASL
pacmpeesienust, 3aaBaeMoro ¢yukiwmeit 6(x), ects pacupeaeaenune §(x). Cpe-
1 pU3MKOB OBITYeT CJACAYIONAs MHTepHpeTalfs 3TOTO PABEHCTBA: IMPOU3-
BosHas dbyukuuu 6(r) paBHa HYJIIO BCIOIY, KpoMe Toukd = = 0, a B TOUYKe
x = 0 9Ta Mpou3BOAHAA paBHA OECKOHEIHOCTH. DTO GECCMBICIEHHOE Ha Hep-
BBIil B3IJI] yTBEPZKICHHE IOy daeT MaTeMaTUIeCKH KOPPEKTHYIO HHTEepIpe-
TAIUIO, €CJH PACCMOTPETh AIIPOKCAMAIUIO PACIPEILJICHUH B 00CUX 4aCTIX
JAHHOTO PABEHCTBA PACHpPENeICHUIME, 3aJaBACMBIMA TJIAJIKAMEA (PyHKIIUS-
M.

2. IIycTh

—0=ay<a; <...<ap < Qpg1 = 0.

[Ipeanosnoxum, uro dyuknua f(z), z € R! yaosaersopser onenke
Ve |f(z)| < C(1+ |x|)N

HeupepbiBHO juddepennupyema Ha Kax oM unrepsaie (a;, a;11) 0<i<n
U UMeeT npejesibl B Toukax a;, 1 < 1 < n. [losoxum

0,z€{a;|1<i<n}

Jroe() = {f’(:c) , o€ (a;, aip1) 0 <@ <,

[IpennonoxuM, uto dbynknus f],.(x) yaoBiIeTBOpsIeT ONEHKe

Vo | fl0(2)] < C'(1+|a|)™

Haiiiem npousBojHyto pacupenesnenus, 3agapaemoro dbyukipeii f(x). Mme-
eM:

T =1 =- [ tofar=-3 [ 1w

0<i<n

= 3 (o = 0blases) — flai+ 00600 — [ Flarole)ds) =

0<i<n

S (fla+0) — flas — 0))(a) + / " (@)(e)dz

1<i<n
[TostydaeHHOE paBEHCTBO MOYKHO 3allCaTh B BHUIE

d‘iig) - Z (f(a/z + O) - f(az - 0))5(‘7: - ai) + fl/oc<x>‘

1<i<n
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9TO0 paBEeHCTBO O3HAYAET CJIEAYIOIIee: IPON3BOIHAS PACIpeIeIeHNd, 3a1aBa-
emoro dbyuknueir f(zr), ecth JuHeliHasg KoMouHaMs O-DYHKIHUIT, COCPEI0TO-
YeHHBIX B TOYKAX pa3pbiBa byHKIUH f(r) U pacupeIeenns, 3aJ1aBaeMoro
ynxnueit fi,(z).

3. Haitziem mepByto u BTOPYIO MPONU3BOIHY IO PACIPEIEIEHNS, 33/ 1aBAEMOT0
dbyukmnueit |z|. Nmeem:

d *d
Vo€ SRY): <ol |66 >= — [ o0 ar -
* d 0 d
—/0 x%dm%—/_m g?;x >d:c—/sign(x)¢(x)dx,
rie
. 1,x2>0,
s ={ )
CaenoBaTe/bHO, "
d|x .
- = sign(x).

JlaHHOE PaBEHCTBO HYKHO MOHUMATh TaK: HPOU3BOJIHAA PACHpPe/IeICHUs, 3a-
nasaeMoro dyHKImeil ||, ecTb pacupemesenue, 3agaBaeMoe byHKIHed sign(x) =

20(x) —
Vcnonb3ya pemienne IpeabLaymeil 3a1auu, HaXOIIM:
d’|z|
= 20(x).
702 (z)

. 1
3. Haiiiem nponsgojinyto pacupejenenns ——. CONIacHO OlpeJIe/IeHIIO, HMe-
eM:

<%(«f)|w@>=—<(;f)|iwm>=
g [ YOO, [ 9,
lz|<1 |z[>1
—imd'(x) e hi% #dx =
e<|z|<oo
— i (x) T lli% ;d(qﬁ(m) —¢(0)) =
e<|z|<oo
- ¢(x) —4(0)
— QT (x) — lim
Oe<|:1£oo
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CaenoBaTesbHO,

£(2e) - n(2)

rie pacupeaesenue P (ﬁ%) 3aJ1aeTcs (hpopMyIIoii:

P()@=my [ 00,

,1‘2 e—0
e<|z|<oo

4. Haitnem mpousBonnyio ot 0-pyHKIun. Vmeem:

<D™ | ¢p>= (=1 <5 | D" >= (=1)"Dm¢(z)

=0

IIpeo6paszoBanne Pypbe MeAJIEHHO PACTYHINX PACHPEaEIeHUIA.

Ecin pacnpenenenne f € S(RY)* zamaerca dbynkumeir f(z) € S(RY), To
mpeobpasoanune Pypre dyukiun f(r) 3amaer pacupeenenne mo Gopmyie

V(g € SRY) : F(f)(6) = / F(f)(@)é(x)de =

/ </ exp(—ixy)f(?/)dy) b(x)de =

[ 1w ( / exp(—iwy)qﬁ(x)dx) dy = F(F(9)).
Dta popMyaa MOTUBUPYET CJEAYIONIee

Omnpeaenenne 6.2.6. [Ipeobpaszosannem Pypobe pacnpegenenns f € S(RY)*
nazpiBaercs pactpeenenne F(f) € S(RY)*, seraucasemoe mo dopmyme

¥(¢ € S(RY) : F(f)(¢) & f(F(6)). (6.47)

Kax u BBbIIIIe, JIETKO JOKA3BIBETCS, 9TO ITO ONpe/ieeHne KOPPEKTHO U 9TO
0TOOpaKeHUe

SRY)* > f— F(f) € S(RY)”

HEIIPEPBIBHO.
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ITpumepsl Bbiuuciaenus npeobpa3oBannii Pypbe MeaJIeHHO PaCTy-
X pacupeaeieHuii.

PacemoTpum npuMepHI.
1. Haiiem npeobpaszoBanue Pypbe pacipejieseHus, 3a1aBaeMoro pyHk-
mueii f(z) = 1. Umeem:

= (2m)*9(0).

=0

an)* (om [ estie)r(o)erce)

CretoBaTe/bHO,
F(1)(€) = (2m)?8(¢).

Nuorna dppasa “npeodbpaszopanune Pypbe pacipe/iesieHus, 3a1aBaeMoro pyHK-
mueii f(xz)” cokpamaercs 1o dbpassl “npeodpazosanne Pypbe byukuun f(x)”.
O 1HaKO OOBIYHO HETPYIHO IIOHATD, O Y€M HJIeT PeUb U TaKas BOJbHOCTH PeTH
He IIPUBOIUT K HEJTOPA3YMEHHUSIM.

2. Haitnem npeobpasoBanune Pypbe pacupeeseHns, 3a1aBaeMoro (PyHK-
nueit f(r) =x, x € R'. Umeem:

Fl)(e) = [« [ esp(ianotuay ) ar -

J ([ (i eavt=ian ) otsran ) e =
/ (/(exp(—z‘xy) (—z’%) ¢(y)dy) dv = —2mi¢/(0).

F(z) = 2mid' (z).

3. Haiinem npeobpasosanue @ypbe pacnpeneaenns, 3a1apaeMoro pyHKIneit
0(z). Dro pacnpejiesieHre ecTh Mpees PACIpeneneHuil, 3a1aBaeMbXx QyHK-
mueiit 0(z) exp(—ex), e — 0. CienoBaresbHo, npeobpazoBanme Pypbe pac-
npejiesieHnst, 3aapaeMoro dbyukimeii 0(x), ecTh mpejes pacupe/ieJeHuii 3a-
nasaeMbix yukuueir 0(x)exp(—ex), e — 0. IIpeoGpazosanue Pypbe pac-
mpeenenns, 3aaasaemMoro dbyukmueit 0(x) exp(—er), 3amaercsa mpeodpa3oBa-
anem Dypoe dynknuu 6(z) exp(—ex):

/00 () exp(—ex — iéx)dr = —i(& —ie) L.

oo
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CaenoBatesbHo, HpeobpasoBanue Pypbe pacipeiesieHus, 3a1aBaeMoro pyHK-

mueit 0(x), ecTb pacupenesieHue —igfioz

1

F(0())() = ~ig—75.

4. Haitnem npeobpazopanue Oypbe pacupeneaenus P (%) DTO0 pacipe/ie-
JIEHUE eCTh TPeJIeT pacpeieenns, 3a1asaeMoro dbyukmueii §(|z|—e) /x|, € —
0. CuemoBaresbro, npeobpaszopanue Oypbe pacupegenenns P (%) 3a/1aeTcst
dyukimeit, koropag ectb npejes npeobpazopanuit Dypne

lii% Tzl =€) exp(—izé)dr =
—i /_ N Singfg)dx — _imsign(€).

Cuyuaii mpocrpanctea D*(R?).

Onpezenenne onepanyn anddepennuposanns B npoctpanctse D* (RY) u cpoii-
CTBa 3TOW ONEPAIMU COBHAIAIOT C OIpEJIeJIEeHHEM U CBONCTBAMU OIepaluu
nupdepeHIupoBaHus B IPOCTPAHCTBE MEJIJIEHHO PACTYIIUX PacIpe/ieJeHu.
Mbi #e onpedessem upeobpasopanus Oypbe pacnpenesenuit u3 D*(R?),

6.2.6 JleiicrBue adduHHOII IPYIIIBI HA pacOpe/aeseHNns.

HamomunMm, uto addunHO Ipynmoil Ha3bIBaeTcd TpyIia Ipeodpa3soBaHmii
npocTpancTsa RY, KoTopas geficTByeT O IPaBIILy

V(iz €RY) : Az = Az +a, det(A) #0, a € R% (6.48)

Addunnyio rpyIiny MOXKHO OTOXK/IeCTBUTH ¢ MHOKecTBOM map {(A, a)}, rue
A -HeBBIpOKIeHHaa MaTpuna, a € RY. 3akon kommosummm B adduUEHOI
IPYIIIE 3aJaeTCA PABEHCTBOM

(A1, a1) - (A2, az) = (A14s, Ajas + ay).

®opmyna (6.48) omnpenenger jgepoe jeiicrsue addunnoi rpynnsl B RY, ko-
TOpoe HMOPOKIAeT JeBoe neiicTBie adbUHHON IPYNIBl Ha 3aJaHHLIX B RY

PYHKIMSX:
(4, a)p(z) = d(Az +a).
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Ecau dyukius © — f(x) nopoxgaer pacupeaenenne ¢ — f(¢), o byHKIHs
x +— f(Ax 4 a) mopoxKIaeT pacrupeneieHue

6= [ o+ apola)dn = den( ) [ F@)o(A7 iz - @) =
det(A)] 7 fu(6(A (@ — ). (6.49)

@opmyaa (6.49) mopoxaaer npasoe JeiicrBue adGUHHON TPYNIBI Ha pac-
npeeeHns:

(f(A, a))(¢) = [det(A)| " fo(d(A™ (2 — a))). (6.50)

DTa GopMyIa U IPUHIMAETCS 33 MPABUIO “3aMeHbI IEPEMEHHBIX B PaCIpe-
nenenugx. [Ipusegem mpumep.

(6(A4, a))(¢) = [det(A)| ' 0u(p(A™ (z — a)) =
[det(A)[ " o(~A"a).

HekoTopbie aBTOPBI CYUTAIOT €CTECTBEHHBIM COMOCTABUTH JIEBOMY JEHCTBUIO
adpduHON TpYIIIBI HA TOYKH MPOCTPAHCTBA IIpaBoe JIEHCTBHE T'PYIIIBI HA
dyukiuu. B TakoMm ciydae 118 cOXpaHeHUs CBA3M MKy (PYHKIUAME U 0-
POXKIAEMBIMI UMHU PACIpeIeIeHUSIMA Ha pacipeaeaenns apduHHas rpynmna
JIOJIZKHA J1efiCTBOBATH CJIEBA.

6.2.7 CseprKa pcupegesieHuda n (PyHKIIAN.

B sTom myHKTe (DOPMYIUPOBKE YTBEPXKAEHUN W JOKA3ATETHCTBA HE 3aBUCST
OT TOT0, KaKre TPOCTPAHCTBA paccMarpuBatoTes: S win D.
HanomuuwMm, 9o cBepTKoii f * ¢ dyuKIuit f u ¢ nHaspiBaercs HpyHKINAA

RS o f* 9(a) = / )l — y)dy.

CaepTKy pacupejie/ieHud 1 OCHOBHO (DYHKIIUN eCTeCTBEHHO OIPeIeTuTh (hop-
MYJIO#

rae f, -Takas mocaea0BaTeIbHOCTh (OYKHIUI, UYTO

V(¢ € S(RY)): f(¢) = lim [ fu(y)d(y)dy.

n—oo

O/ iHaKO npy 3TOM BO3HUKAKT HPOOJEMbI ¢ 0OOCHOBAHMEM HEKOTOPBIX Ipe-
JIEJIBHBIX TIEPEX0J/IOB U yJI0OHO TMOCTYIUTH MHAYE.
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Beenem onepaTopbsl HHBEPCHHT OCHOBHOM (DYHKITHMN:
invo(z) = ¢(~a),
C/IBUI'A OCHOBHOM (DYHKIUU:
V(z € RY) : t(2)d(x) := ¢(x — 2)

n CABUTaQ PaCIIpeae/ICHUA:

(t(2)f)(9) := fy(oy + 2)).
OTH olepalMi HEIPEPBIBHBI B COOTBETCTBYIONIMX MPOCTPAHCTBAX.

Onpenenenne 6.2.7. CBepTKoii pacupejenenus f 1 OCHOBHON (DYHKIUU ¢
Ha3bIBaeTCss (PYyHKINA

d _ )
R 2z +— f*¢(z) = f(t(x)inve) = fy(o(z —y)). (6.51)
KOppeKTHOCTD JaHHOTO OIpee/IeHId CIe/lyeT U3 HelpPePbIBHOCTH Olepa-
O I/IHBepCI/II/I " C,ZLBI/IFa.
Hy:zknble HaM CBOMCTBA CBEePTKH DPACHpPEJe]eHUs U OCHOBHON (hyHKIMH
[epedyHCc/IeHnbl B

Teopema 6.2.8. 1. Ceepmka Kommymupyem co co8u2amu.:

Lz)(f x o(x)) = (£(2)f) * ¢(z) = [ * (¢(2)¢)(x). (6.52)
2. Ceepmxa wommymupyem ¢ duddepernyuposanuamu:
DY (f x ¢(x)) = (D™ f) * ¢(x) = [+ (D) (x). (6.53)

JlokazaTebcTBO MEPBOTO YTBEPKJICHUS MTPOBOIUTCH HPSAMBIM BBIYHCIE-
nueMm. Umeem:

t2)fy(0(x —y)) = fylo(z — 2z —y)),

(t(2)f) * o(x) = (t(2)f)y(¢(x —y)) =

fy(@(x = (y + 2))) = fy(dlz — 2z —y)),

[ ((2)0)(x) = f(t(x)inv(t(z)¢)) =

fy(t(@)o(—y — 2)) = fy(dp(z —y — 2)).
[IepexoauMm K TOKa3aTeIbCTBY BTOPOTO yTBepxKaeHud. BBemem omepatop

lj(Ax) : 1i(Ar)p(x) =
1

A—m((b(xl,...xj—l—Ax,...,xd)—¢(x1,...,wd)):

1
/ (O, 0) (21, 5+ TAD, . 24)dT.
0

I3 nenpepbisHOCTH onepaTopa capura B npocrancrsax S(R?Y) n D(RY) cie-
Jyer
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Jlemma 6.2.6. B npocmparcmee S(R?) u 6 npocmpancmee D(R?) cnpased-
AUBO YMBEPHCIEHUE:

lj(Az)p(x) — Op,0(x1, ..., Ty .oy Ta) , Az — 0.

Hcnonb3yss KOMMYTATHBHOCTh ONEPATOPa CBEPTKHU CO CABUTOM U JIEMMY
6.2.6, MBI TIOJIy4aeM:

0., (f % 8)(w) = lim L(A2)(f *6)(x)
I [ (An)o(w) = (f *0:,0) ().
Tamee 3avedqaen, 110
(D™ ) % 6(x) = (D™ )y (&l — ) = (=) ,(Dy'd(x — y)
= ,((D"6)(x — ).

TeopeMma mokazana.

6.2.8 IIpsamoe nmpousBejieHe pacIIpeieJIeHUIA.

B 3T0M myHKTE B KauecTBe IPOCTPAHCTBA OCHOBHBLIX (DYHKIMIT M NPOCTPAH-
cTBa pactpesiesiennii Me1 6yeM paccmarpusath mpoctpanctsa D(RY) u D*(RY).
OueBnna

Jlemma 6.2.7. Ecau
z=xdy,r R’ yeR, ¢(z) € D(RP),

mo PyYHKUUU
z— Pz DY), y— oz dy)

npunadaestcam npocmparcmeam D(RP) u D(R?) coomeememeento.

Jlemma 6.2.8. Ecau
reRP, yeR!, z=0dy, p(z) € D(R), g € D'(RY),

g (z ®y)) € DRP).

JlokazarenbcTBO. Bes orpannvyenus oOUTHOCTH MBI OyIeM CUUTATDL, ITO

suppy € K, @ Ko,
Ki={z|z€R’ |zj| <a,1<j<p}h,
Ky={z|zeR?, |z;| <a,1<j<qg}
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U3 nemmbr 6.2.6 caemxyet, 9TO

DY g,(¥(z @ y)) = g,(Dyv(x D y)),

IIO3TOMY

g, (W(x @) | (N, D(RP), K))| =
> sup{|Dyg,(Y(x @ y))lx € Ky} =

0<|m|<N

Z sup{|gy (D" (x ® y))|z € K1}

0<|m|<N

B cuny Teopemsl 6.2.6 cymiecTBYIOT TaKWe He 3a48UCAUUE OT ¢ W MOITOMY He
3aBUCAIIAE OT & KOHCTAHTBI, 9TO

|9y(D'Y(z @ y))| < C(L)[|DyY(z @ y) [ (M(K2), D(RY), Ky)|| =
C(Ky) Z sup{| D, D" (x @ y)|y € Ky} < oo,

0<|n|<M(K?2)
CaenoBaTesbHO,
V(K eR’, N),3I(C(K,N), Ky e R M(K, N)<o0):

lgy(W(z @ y)) | (N, DR?), K)|| < C(K, N[l | M, DR™), Kol| < oc.
(6.54)

JlemMa Jgokaszana.
N3 nemmbr 6.2.8 ciaepyer, 9TO KOPPEKTHO OIPe/IeJIeHO JIMHeHHOe 0ToOpa-
JKeHme

V(g € D'(R?), r € D'(R?)) :
DR"™) 3 d(x & y) = ra(gy(Y(x S y))). (6.55)
13 onenku (6.54) caemyer, uro orbpazkenue (6.55) HempepbIBHO.

Omnpenenenne 6.2.8. Oupenesnennoe dpopmy.ioii (6.55) orobpazkenue Ha3bI-
BAETCsl NPSIMBIM [IpoU3BejieHreM paciipejesiennii g € D*(R?) u r € D'(RP):

r@g: DRI 3 (x @ y) — 7@ g(v) = r2(g,(V(x @ y))).
Anastorom Teopembl OyOMHM /11 pacipeie/eHnii sIBJISeTCsI
Teopema 6.2.9. IIpamoe npoussederue pacnpedescrutl KOMMYMAMUCHO:
V(g € D'(R?), r € D'(R?), ¢ € D(RPTY)) :
ro(gy(V(x DY) = gy (ra(P(x D y)))- (6.56)
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g mokazaTeabCTBa 3TOM TeopeMbl JTOKazKeM HMeIONIYI0 CaMOCTOSTe /b
HBI HHTEpeC JIeMMY.

Jlemma 6.2.9. Muoowceecmeo ecex hynxuyuti suda

,l/}N(:Cl . "7$d) =
> catod®or (1) . bod(a) , doj € DRY), N =1... (6.57)
gl <N

naommo ¢ D(R?).

JoxkazaTenbcTBo. [IyceTh
Y € DRY), suppy € K, K = {z | v € R, |2;] < a}.
B ky6e Ko = {z | z € R?, |2;] < 2a} pasznoxum dbynkmuio ¢ B pag Pypbe
0 OPTOHOPMHUPOBAHHOM CHCTEME
en(z) = (4a) Y2 exp(in(n, x)/2a), n € Z¢, x € R

[omydanwm:
() = Z cnexp(im(n, z)/2a), (6.58)
[n|<oo
upuaem psiz (6.58) cxomuTes abCOMIOTHO, PABHOMEPHO U ero MOXKHO g de-
PEHIIMPOBATH MOUJIEHHO JIF000e YHCIO0 pas.
[lycts 5(t) -dyuxius tuna “rpud” u

)1t < (4/3)a
() = {0, (5/3)a < |t| < 2a.
Homnoxnm
Un(Ty . mg) = (x) .. o32(2g) Z cpexplin(n, x)/2a). (6.59)

[n|<N
Oynkuus Yy ecth Gynknus suga (6.57) n
by Zp, N — . (6.60)

Jlemma 6.2.9 moka3zana.

Teopema 6.2.9 ciemyer u3 gemmbr 6.2.9, Tak Kak Ha GyHKIuAxX Buga (6.57)
pasencTBo (6.56) BepHoO.

[TpuMmep IIPAMOro NPOU3BEJIEHUs pacupeeeHnil -0-pyHKInsL:

13 (6.59) caenyer, aro
V(f €D, suppy € K) : f(¥n) = f(4).
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Bameuanue 6.2.1. Ioacrasusig B (6.60) BeIpakenus st Ko3bOUIHEHTOB
Dypbe, MBI HOJIYIUM, ITO s JI0O0T0 KoMIakTa K u Jioboro (pyHKIHOHAIA
f € D' cymectByeT Takasd mocienoBaTenbHocTh Gynkmuit {fy € C°(RY),
4T0

W(oupe € K): (6) = lim_[ fla)u(z)da,
B Ka4deCcTBe 1IoCjgae10BaTe/IbHOCTHU fN MOZKHO B34dTb IIOCJI€eJ0BaTCJIbHOCTD

fn(z) = (4a)™ Z fy(e(yn) - .. 2(ya) exp(—im(n, y)/2a)) exp(in(n, x)/2a).

[n|<N

OTMeTHuM, 4TO OTCIOHA JIETKO caeayeT Teopema 6.2.2.

6.3 ®DyHjjaMeHTAJIbHBIE peinennd auddepeHnn-
AJBHBIX OIIEPATOPOB C IMOCTOAHHBIMHI KO3(]-
dbuimenTamn.

JnddepennuaJ bHBIM OLEPATOPOM € IIOCTOSHHBIME KO3MduimeHraMu Ha3bl-
BaeTcsd OIIepaTop BHIA

P(D)= Y a(m)Dy, (6.61)

0<|m|<N

rjie

m:(ml,...,md)EZd, |7n|:7711_'_...7716[7
a(m) € C',
D = (=i, )™ -+ (=0, )™

Omneparop (6.61) umeer nopsiiok N, eciu

AP =) a(m)]” #0. (6.62)

lm|=N
B JdaJibHenieM MbL 6y,ZLeM IpeanoJsjaraTb 3TO yCJIOBUE BbLIITIOJTHEHHBIM.

Onpenenenne 6.3.1. Pacupesenenne E mnasbiBaercs (pyHIaMeHTATILHBIM
pertenneM [ijis1 oneparopa P(D), eciu

P(D)E = . (6.63)



Yacro BMecTo TepMuHa “GyHIaMeHTaIbHOe periene /i oneparopa P(D)”
UCIOJB3YIOT TepMHUH “DyHIaAMEHTAJIbLHOE pelllene i ypaBHeHud ¢

P(D)w = u. (6.64)

TaK Kak e F -dyHamenTaabHoe perienue Jjist oneparopa P(D), 1o GyHK-
st
w=FExu

ecTh pernenne ypapaenns (6.64):

P(D)(Exu)=(P(D)E)*u=20%*u=u.

6.3.1 CymecTBoBaHMEe QPyHIAAMEHTAJILHOTO PEINEHU JIJIs
andepeHInaJIbHOTO OIEPATOPa C MOCTOSHHBIMU
Ko dunueHramu.

B srom naparpade Mbl 0y/ieM CUYUTATH, YTO HTPOCTPAHCTBO OCHOBHBIX (DYHK-
nmit ectb D(RY) u mpocrpamcTso pacnpeenennii ects D*(RY). Mur nokaxew,
aTo ypasHenue (6.63) mveer pemenne B npoctpancTse D*(R?). JToxaszaTesn-
CTBY MBI IPEJIIONLIEM HECKOJBKO JIEMM.

CHavajia MBI HAITOMHHAM HM3BECTHOE B TeOpUU (BYHKIMHA KOMILIEKCHOM Te-
peMeHHOl HepaBeHCTBO.

Jlemma 6.3.1. Ecau gynruusa f(2) anarumuuna 6 kpyee |z| < 1 u nenpe-
puena npu |z| < 1, mo cnpasedauso nepasercmeo

1 27 '

)< 5 [ Ifexp(io)lde. (6.65)
T Jo

Hamomuum jokazaresictBo 3roro Hepapenctsa. 113 dopmynst Ko cire-

JYyeT, 9TO

O

271 |z|=1 z 21 0

f(exp(if))do.
Tenepb 0CTATOCH BCIOMHUTE, UTO MOJLYJIb HHTEIPAJIA MEHBIIIe UM PABEH WH-
TerpaJjly OT MOJLYJIsi HHTEIPUPyeMoil (DyHKIUN.

Jlemma 6.3.2. Ecau Q(N\), A € C! -noaunom cmenenu n co cmapwum xo-
appuyuernmonm c:

QN =cN"+a\" T4 ...

mo cywecmeyem maxot nosunom Qo(N\) cmenenu n, wmo

Q0(0) = ¢, |Qolexp(ibh))| = |Q(exp(iy))|, 0 < Oy < 2.
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HoxkazarenbcTBo. IlycTh

Torma mosmaOM

1<j<n
YZOBJIETBOPSIET YCJIOBUSM JIEMMBL.
Hosoxnm
T={0]0=(0,...00) €R? 0<6; <2r}, (6.66)
c(f) = Z a(m)exp(i(0, m)), m € Z%, (6.67)
Im|=N

Jlemma 6.3.3. Ecau swnoaneno yeaosue (6.62), mo

/T|6(9)|d0 > %, (6.68)

ede Co(N , d) -sasucawas moavko om N u d Koncmarma.
HoxazarenbctBo. CpaBeInBoO HEPABEHCTBO
Ol < Y la(m)] < Co(N, d)A(P),
Im|=N

rie Co(N |, d) -aucio pasmernennii N Hepa3IMIUMBIX TPEJAMETOB M0 d sITITH-
KaM,

OO(Na d) = Cﬁ+d+1-

Otciona cieayT, 9To

/T|c(0)|d0 = Co(N, d)A(P)/TCO(NC(Z;LMP)de >

Co(N, d)A(P)/T (CO(N|C,(Z§L1(P)) o > A(P)/Cy(N , d).

JlemMa mokazaHa.
Hudbdepennuanibuomy oneparopy (6.61) mocraBum B COOTBETCTBHE TIOJIHU-
HOM

0<|m|<N

Z a(my,...mg)z{™ ... 2] (6.69)

0<m<N
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Omupenenum bYyHKITAIO
V(O €T): w®) = {exp(iby),...,exp(iby)} € C.

Jlemma 6.3.4. Jlaa aob6oti yeaoti dynxuuu F(z), z € C4 u aoboeo noau-
noma P(z) cnpasedauso nepasercmeo

F(2)| < %L|F(z+w(e>)p(z+w(e))|de. (6.70)

HokazarenbcTso. [Tomoxum
fA) =F(z+ (@), Q) = P(z+ w(d)), »e C.

Bamernm, uro crapuiuii koadbdunuent maorowrena @ () (koaddurment npu
AN) pasen onpejensiemoii pasencrsom (6.67) byukuuu c(6).
[Tycrb MuOTOUIEH Qo(\) YAOBIETBOPSIET YCJIOBHAM:

Qo(0) = ¢(8) , |Qo(exp(ibh)| = [Q(exp(ify))|, 0 < Oy < 2.

CymiecTBoBaHNe TAKOTO MHOTOYIEHA, TAPAHTUPOBAHO JeMMoii 6.3.2.
B cuty siemmbr 6.3.1 cipaBe/iinBO HEPABEHCTBO

% ; ' |F(z + exp(ifo)w(0)) P(z + exp(iby)w(8))|dOy =
% ; W | f (exp(i6o))Q(exp(iby)|dby =

o [ et @ofesplion)dt > 5O |u(0)] -
[F'(2)][c(0)].

[TpounTErpupyeM 3TO HEPABEHCTBO MO df U yuTeM, 9TO B CHIY ITE€PHOIUIHO-
cru dbyakuun w(f) uHTErpa

1
3e [ PG+ explitu)u(0) (s + explitn)u(6)]ds
T
He 3aBuUcUT OT 6. lanee Bocmob3yeMes JreMMoit 6.3.3.

JlemMma mokaszana.
[Iycrn

2€C? z=Rez+ilmz, Rez € RY, Imz € RY.
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Jlemma 6.3.5. Ilpeobpasosanue Qypve pynruuu ¢ € D ecmov ueras hym-
YuA, KOMOPas YooBACMBOPACTN OUECHKE

V(¢€D,supp¢@K,N), 3(01<K7N)>C2(K>N)): ’F(¢)(Z)’

< Ci(K, N)exp(Co(K , N)[Imz|)(1 +|Rez[*) Mo | (2N, D(RY), K,
(6.71)

2de xonemanmu C1 (K, N), Co(K , N) sasucam moavko om N u Komnaxma
K={z|zeR? |z;] <a}, codeporcawezo nocumenv dynruyuu ¢.

HokazarenbcTtBo. MMeem:

F6)(e) = [ expl=ilz. 0)o(e)ds -
/Kexp(—i(Rez, x))exp((Im z, z))p(x)dz,
(1+|Rez )V F(9)(2) =
(1 — AN exp(—i(Rez, x)))exp((Imz, z))d(z)dr =

/K exp(—i(Rez, 2))((1 - A) exp((Im = , ))6(x))dz,

(14 |[Re 2|*)YF()(2)] < ! (1= A)Y exp((Im 2, z))(x))|do <
Ci(K, N)exp(Co(K, N)IfmZDIIQ5 | (2N, D(RY), K)].

JlemMMa, mokazaHa.
13 onenxu (6.71) BoITekaeT

Jlemma 6.3.6. Ha npocmpancmee D xoppexmio onpedeser hynruuoran
D3¢ 6| BOD /|F (€ + w(68))|dedd,
RdxT

KOmopvili Yoo8AECMBOPAEL, YCAOBUAM HOPMDBL, NPULEM

|60 | B(D)|| — 0 npu ¢, = 0. (6.72)

[Iycte B(D) -nomonnenue mnpocrpancrsa D no mopme | | B(D)|. B
npocrpancrse B(D) pacemorpum JimHeitHOE MHOrOOGpasne

L(P):={¢ |y =P(D)o, ¢ € D}. (6.73)
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Jlemma 6.3.7. Ha aunetinom mrozoobpasuu L(P) xoppexmmo onpedeser au-
HetHL GYHKUUOHAA

v(6 € D) : y(P(D)6) = 6(0), (6.74)
u amom PynkyuoHa na mrozoobpasuu L(P) ydosaemsopaem ouenre

V(€ L(P)) - |lo(p)] < C(P)[[¢ [ B(D)], (6.75)
ede C(P) -koncmanma, 3a8UcAULaA MOAKO OM NoAuHOMG P.

HokazarenbcrBo. [Tas Toro, 9tobel gokazarh, 4to dyHkmuonan (6.74)
onpeJieJieH KOPPEKTHO, HAM JIOCTATOYHO JOKA3aTh, 4TO U3

P(D)¢ = P(D)y , ¢; € D (6.76)

CJIeJIyeT, uTo
¢1 = 92 (6.77)

Bosbmem mpeobpazosanune Pypbe or obeux uyacreil pasenctsa (6.76) u pac-
CMOTPHUM 3TO IIpeodpa3oBaHie B KOMILICKCHOM 1tockocT. [TomyumnMm:

V(2 € CY) 1 P(2)F(¢1)(2) = P(2)F(¢2)(2).

Tak kak npeobpasoBanne Oypbe PYHKINT U3 TpOcTpaHCTBA D ecTh mesast
GYHKIMS, TO U3 9TOI0 PABEHCTBA CJIELYET, 9TO

F(¢1)(2) = F(2)(2),

a orciona caemnyer (6.77).
Teneps pokaxkem orenky (6.75). Iycrs

v =P(D)p, ¢ €D.

Nmeem:

() = I(P(D)) = 6(0),
6(0) = (2m)~ / F(6)(€)de.

()] < / F(6)(€)|de.
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Jastee MBI BocTioab3yeMcest gemmoit 6.3.4 u nepasercrsom (6.70). [oxyanm:

()] < / F($)(€)]de <

C(P) / / F(S)(€ +w(B)P(E + w(8))|d6 | de =

R4

C(P) / / ()€ + w(0)]d0 | de = C(P)lw | BOD)||

R4

rie C'(P) -HekoTpopas KOHCTAHTa, 3aBUCSIIAs TOJBKO OT HoJuHOMa P.
JlemMa mokazaHa.
Bameuanue. IIpu noKazarebLCTBe KOPPEKTHOCTH OLpeae/IeHus (PyHKIM-
oHaja [y ciaeayeT MMeTh BBHJY, YTO MHOYKECTBO HETPUBHAJILHBLIX PelIeHuil
YPaBHEHHUS

P(D)y =0

He TyCTO, HO, KaK TMMOKa3bIBAET /I0KA3ATETHCTBO JeMMBI 6.3.7, 9T0O MHOKECTBO
He cojepkut pyHknuii u3 D.

Jlemma 6.3.8. Ha npocmpancmee D cywecmseyem Aunelinoili HENpepuleHvli
dynryuonan 1, Komopul na mmozoobpasuu L(P) cosnadaem ¢ dynryuona-
aAom .

JlokazarenbctBo. 113 Teopembl Xana-banaxa u jiemmbl 6.3.7 ciemyer, 9To
Ha npoctpancTse B(D) cymectByer JuHelHblil dbyHKIMOHAT [, KOTOPHIl HA
muoroobpasuu L(P) coBnagaer ¢ GYHKINOHATIOM [y U Ha BCEM MPOCTPAHCTBE
B(D) ynosnerBopsieT OleHKe

V(¢ € B(D)) - [l(p)| < C(P)[l¢ [ B(D)]|. (6.78)

Tak kaxk D C B(D) 1o dyuknuonan | ompejesern Ha BCEM MPOCTPAHCTBE
D. U3 onenku (6.78) u jsemmsl 6.3.6 ( coornomenue (6.72)) ciaeayer, 4ro
dyuximonas [ nenpepbien Ha D.

Crenyromas TeopeMa Ha3biBaeTcd TeopeMmoit Manbrpanzka-DpeHIipaiica.

Teopema 6.3.1. YV arb6020 nenyaesozo dupdepenyuarvrozo onepamopa c

nocmosarnvmu Koapduruenmamu 6 npocmpancmee D' cywecmeem @pynda-
MEHMANDHOE PEUEHUE.

437



HokazareabeTBo. JlokaxkeM, 910 TaKUM By IaMEHTATHHBIM PEIICHUEM B~
Jgercd OYHKIHOHAJ

E:=1-inv, (6.79)

re | -pyHKIHOHA, CYIIECTBOBAHKE KOTOPOr0 rapaHTHPOBAHO JeMMOit 6.3.8
1 inv onepaTop MHBEPCHUU:

invo(r) = o(—x).
Nnmeem

V(¢ € D) : P(D)E(¢) = E(P(=D)¢) = I(invP(-D)¢) =
[(P(D)invg) = inve(0) = ¢(0) = 5(¢).

Teopema mokazana.
B npocrpancree D’ dynmamenTaabHOe pellieHre He eunHCcTBeHHO. [IycTrh

Np={z]z€C* P(z) =0}

[ycrb p(dz) -mepa ¢ KOMIAKHBIM HOCHTEJIEM, KOTOPas COCPeIOTOYeHA Ha
MHOT000pazun Np:

suppu(dz) C Np.
[Tomoxkum

wla) = [ exp(=ila, n(d)

Oynkuus w(x) yaoBACTBOPsIET YPABHEHUIO
P(D)w = 0.

[Iycts E -dynmaventanbioe perienue n F, -pacrpejenenune, KOTOpoe IMo-
poxieno dyukuueir w(x). Torga pacnpenenenune E+ E,, -byHaamerTranbHoe
pelenue.

6.3.2 IIpumepsl BeruncjaeHnd PyHIaMEHTAJIbHBIX pelle-
HUIA.

Opas3y “pyHKIUS 33JaeT pacipeie/eHne, KOTopoe ecTh (pyHIaMeHTaIbHOe
pemenue” Mbl OyjiemM cokpanarb 10 dppasbl “DyHKIusA ecTh PyH[IaMeHTa b
noe pernrenne’. K He0opazyMeHUAM 3TO MPUBECTH HE MOYKET.
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Oo6bikHOBeHHBIE AuddepeHInaJIbHbIE OIEPATOPHI.

d d n d n—1 .
L(%) = (E) + agn-1) (E) +-Fag, teR. (6.80)

Huddepennuanbaomy oneparopy (6.80) Mbl MOCTABUM B COOTBETCTBHE IO-
JIMHOM

[Iyctn

L) =N+ ap-n\" "+ +ao.
Hanomanm

Onpenenenune 6.3.2. Pynknueit Komu K (t) ans oneparopa (6.80) Hasbi-
BAETCsl PEIEHUE YDABHEHUA

LK (t) =0,
K Y0)=1, K"2(0)=--. = K(0) = 0.

[IpocToe BuIunCIeHNE TOKA3bIBAET, 4TO (hyHKIUd Kot MoxkeT 6bITh BbI-
YUC/IeHA 110 pOpMYy.Ie

1 exp(At)
KO =55 ¢ oy
IN=R

d), (6.81)

rie paguyc R 6osbiine Mojy/is Bcex Kopheii muorodsiena L(\).

YrBepxkaenue 6.3.1. Pewenue ypasHenus

I (%) E(t) = 6(¢) (6.82)

daemca Popmyrot
E(t) =0(t)K(t). (6.83)
DTO yTBEpKIEHIE MOYKHO IIPOBEPUTH HEIIOCPEICTeHHHBIM BBIUHCICHAEM.

Henaercst s10 tak. [lo ompejesieHUI0 TPOU3BOJHON OT pacHpejiesieHus, pa-
BencrBo (6.83) o3navaer, 4ro

(6 € D(R)): /+OO B (-%) bt

Om K()L (—%OO) ddt = $(0).

st mokasaTebcTBa MOCIeIHEr0 paBeHCTBa epebpackiBaeM omeparop L Ha
K(t) u yauTbIBaeM MOJCTAHOBKY B HYJIE.

MoxkHo 3ameruthb, uro dopmyia (6.83) dakTuUecKu ecTh JHIIb Ipyrast
sanuch dhopmyabr loamvesns (3.275).
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BosHoBoe ypaBHeHue B pa3dmepuoctu 1-+1.

Haiinem pemrenue ypaBHeHUS

(% - %) E(z. t) = 6(t)5(x). (6.84)

Beps or (6.84) nmpeobpasoBanne Oypbe 10 mepeMentoit = (npeobpazosanue
Dypoe byukun f(z) Mb 6y1em obo3HadaTh cuMBoJIOM f(£)), MBI IOTy 9aem
YDaBHEHHE

PE(E, t) ~ B
—ar +EE(E, t) =0(t).

3 dopmyasr (6.84) caemyer, 9ro
sin(¢t)

E(¢, 1) =0(t) e (R
CiiejtoBaTe/ibHO,
o) [ . sin(€t)
E(x,t) = 5 / exp(zfx)Tdﬁ.

HpI/I BBIYIUCJICHUN 9TOro0 MHTETrpaJia IMOJe3HO 3aMeTUTh, 9YTO

o

/ exp(—i(§, z))0(a — |z|)dx = 2

— 00

sin(af)
g )

TO3TOMY

i (Sinéft)) _ %Q(t — |z)).

Mpbr monydaeM

Vreepxkaenue 6.3.2. Pewenue ypasnenusa (6.84) daemca dopmyrot
1
E(z,t)= 50(15 — |z|). (6.85)

BoanoBoe ypaBuenue B pa3mepHocTtu 1-+3.

Haiinem perenue ypaBHeHUs

(g—; - Al,) E(z,t)=61)0(r),t e R', z € R®. (6.86)
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Bepsi or (6.86) mpeoGpasoBanne Pypbe MO MePEMEHHOH Z, MBI MOJIyYaeM
ypaBHEHHE

PE(E, t -
%%—521’3(5, t)=45(t), t e R £ € R
CienoBaTesbHO,
E(E, t) = G(t)sm|(§||£|t) teR' LR
[Ipumenss dpopmyry obparierus mpeobpasoBanusg Qypbe,IoaydaeM:
1)° in(|¢|t
Wt >0): Bz, ) - <§) Jim / expli(¢ @)%dg _
IEI<R
R s
1\3
by 27 ]%im /exp(ir|x| cos(#)) sin(0)df | sin(rt)rdr =
™ —00

0

()
(%)2 é Jim /R 2 sin(r|z|) sin(rt)dr —
()

LN L (sin((t = [aDR) sin((t+ [2DR)Y _
o |xrz%~oo< (t—]al) (t+ J]) )
1

ol =1

Takum obpazom, cripaBeInBO

VrBepxkaenue 6.3.3. Pewenue ypasuenua (6.86) ecmv dynryus

E(z,t) = 5(Jx| —t), z € R®. (6.87)

47 ||

BoanoBoe ypaBHeHue B pasmepHocTu 1-4-2.

Haiinem perenune ypaBHeHUS

(g_; — Ax> E(x,t)=61)d(z), t e R", z € R* (6.88)

[Tpumensist popmysty (6.87) K OCHOBHOUN (hDYHKINY BHIA

¢(x1,$2,$3,t):¢(x1,x2,t)%($3,0,R, 1)7R_>OO7
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rie dyuknus »(xz, 0, R, 1) 3agaercs dopmysioit (6.18), Mbl mostydaem, 4To
penIeHre ypaBHeHUS eCTh (PYHKIUST

E(x,t) = dz =

10 7 S(VIZ+ 2 —t)
in Nz

0t — |z])

o) [ o(¢—1)
N N

r = (11, 1) € R

dé =

Takum obpazom, crpaBeInBo

VrBepxkaenue 6.3.4. Pewenue ypasuenua (6.88) ecmo dynryus

0t — |z|)

B(r,t)= ———2— 2 € R 6.89
(. ) = e (6.89)
YpaBHEHUE TEMJIONPOBOIHOCTH.
Haiinem perenue ypaBHeHUs

9 1 d

E_Ax E(z,t)=0t)i(z),t e R, x € R" (6.90)

Cosepiiasg npeobpasopanue Oypbe 110 £, Mbl HOJIYyYaeM ypPaBHEHHE

dE(¢, 1)

2 2B, 1) = o(0),

E(€, 1) = 0(t) exp(—&°t). (6.91)
Cosepinrag obparnoe mnpeodopazopanue Oypbe, MBI HOJIYIaeM

Vreepxkaenue 6.3.5. Pewenue ypasuenua (6.90) ecmo dynryus

E(x, t) = 0(t)(4nt)~Y? exp(—a?/4t). (6.92)

YpaBuenune Jlannaca.

Hawm my)kHO HaiiTh perneHne ypaBHeHU
(—=A)E(z) =6(x), € R d > 2. (6.93)
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Cuauaja npupejeM (poMaabHble BBIKJIAJIKHA, AHAJOIHIHBIE TeM, KOTOpPbIe Je-
JIAIOTCA B aHAJIOTUYHBIX caydadax dpusukamu. Mmeem:

EEE) =1,V(d>3): E(x) = F (] ?)(2) =

e e}

P / exp(—t€2)dt)(x) = / P (exp(—t€2)(x)dt =

0

f(zm)d/? exp(—|af?/4t)dt = (1>d/2 (i>d_2r<d/z _ 1),

g 060CHOBAHMS STUX BBIKJIAJI0K MCIIOJb3YEM TEOPUIO HOJIYIPYIIIL.
2
B npocrpancree L2(RY, df) dynkmus

T(t) : (€) = exp(—E2)1(€) (6.94)

ecth nostyrpynna kjiacca Cy (IPOBEPKY 9TOr0 yTBEDZAKJIEHUS Mbl OCTABJIAEM
YUTATENIO B KAYecTBe ynpazkaenns). Tak kak npeoObpaszosanne Pypbe F' ecTh
B3aMMHO OJIHO3HATHOE yHUTApHOE (¢ TOYHOCTBIO 10 MHOKuTeN s (27) %) mpe-
obpasosanme npocrpanctsa L2(RY | dr) B mpoctpanctso L*(RY, df), dbynk-
s

T(t) := F'T(t)F (6.95)

B poctpanctee L2(RY, dr) ects momyrpynma xmacca Cy. B npocrpancrse
L*(R?, dx) oneparop T (t) ecTh mHTErpaIbHbI OMEpATOP

T(t)0(s) = [ Glt. . y)vl)dy (6.96)
G(t, z,y) = (4nt)" V2 exp(—(x — y)?/4t). (6.97)

Nudurnresnmanbubii oneparop nomyrpynmst T(t) B npocrpanctse L2(RY ) dr)
ecTh onepaTop Jlamaaca:

[Tycrs g(z , y) -unrerpanbuoe sapo oneparopa (—A,) L. 13 dopmysr (3.10.8)
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u (6.96) cremyet, 9To

o0

gz, y) = / (dmt) /2 exp(— (z — y)?/At)dt =

i <l>d/2 (#)H r(d/2—1),d>3. (6.98)

T |z — |

[Tpu d = 2 HeoOxomMuMa, peryjisgpu3alus HHTerpaJa;

glw,y) —g(x, 2) =

o0

1 — — 2 4t) — _ _ 2 4
L dim [ exp(—a) (eXp( (z —y)*/4t) — exp(—(z — 2)*/ t))dt:
47 A—+0 t
0
1
2—(ln]$—z|—ln]x—y]),3:,y,ZERQ. (6.99)
T

MB=I J10Ka3a11

Vrepxkaenue 6.3.6. Pewenue ypasnenua (6.93) daemesa dopmyrot

E(x) = {i ()" (%) T@2-1.d=3 (6.100)

—=Infz|, d=2.

6.4 IIpocrpancrBa CoboJeBa.

6.4.1 IIpeobpazoBanue Pypowe-Ilmanmepens.

Hamomuanm onpeenenne mpeobpaszoBanns Pypbe pyHKIMI 13 TPOCTPAHCTBA
Isapua:

(6 € S(RY) : F(6)(€) = / exp(—i(z , €))d(z)dz, (6.101)

dopmysry obpataoro npeobpasobanus Pypbe:

V(¢ € SRY) : p(x) = (2m) / expli(z, )F()(€)de.  (6.102)

u paBeHCcTBO IlapceBass:

Woe S®Y): [lowpPde=2m [IF@@PE (6103
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nTerpupoBanne Be3ie BeJeTcs 10 mpocTpancTBy RY.
B nasbhememM naMm 6yneT yI00HO HCIIOIB30BATH BBEICHHOE paHee 00603Ha-
JeHue

o(€) = F(9)(€). (6.104)

dcuo, aro dhopmynoit (6.101) MoxkHO ompeeauTh npeobpasoanne Dypbe
TOJBKO JiI TeX (bYHKIMA ¢, st KoTopbix uHTerpan B (6.101) cxomures.
Harmra Omzkaiiimmast mesib COCTOUT B TOM, 9TOOBI PACIPOCTPAHUTH OIIPeese-
nue mpeobpaszosamns Pypoe Ha see by 3 L2(R?, dr).

Jemma 6.4.1. IIpocmparcmeo Isapuya S(R?) naomno ¢ L2(R?, dx) no
mempure npocmpancmea L*(R? ) dzx):

CI(S(RY) = L*(R?, dx).
Hokazareabcrso. 1lycTnb
L*(RY ) dr) = C1(S(R%)) @ H,.

JlokazkeM, 9TO
Hy=0.

Ecrm fy € Hy, o dyuxmus fy oproromanbra moboit dyrkmun m3 S(RY).
B gactHocTn, dhyHKIuSa fi opTOTOHANBHA J000# (byHKIMN THHA “Tpubd”’; MO-
3TOMY (PYyHKIHA fo OpTOrOHAJIbHA XapaKTePUCTHIECKOH (DYHKIUU JI0O0r0
nmapateunnunesa K C R%:

VK : [ fo(x)dz =0.
/

Caenosarenbo, pyHKIUA fy OpTOroHAABbHA JIO00H CTyImeHIaTON (PyHKIHN
U TI09TOMY paBHA HYJIIO OYTH BCIOAY. JleMma jgoka3ana.

Cnenctsue 6.4.1. Ecau ¢ € L*(R?, dz), mo cywecmeyem makas nocae-
dosamenvrocmy ¢, € S(R?), wmo

I — én | LX(R?, dz)|| — 0, n — o0. (6.105)

Eciu nocnenoarenbrocTh { ¢, } ynosaersopser yeaosuio (6.105), To oHa
dbynnameranbia B L2(RY | dx). U3 pasencrsa [lapcesand ciejyer, 9ro nocie-
JIOBATEIBHOCTH MpeobpasoBanuii Pypre {an} bynaventanpua B L2(RY, d€).
CaenoBaTesbHO,

36(6) 1 |6 — dn | LARY, dE)|| — 0, n — oo. (6.106)

445



Onpegenenne 6.4.1. Ecin ynkmun ¢ € L2(R?, dz) u ¢ € LA(R?, df)
csizanbl paBercTBamu (6.105)-(6.106), To MbI roBopuM, 4T0 (DYHKIHS ¢ €
L*(R?, d¢) ectn npeobpasosanne Qypoe-Ilnanmepena bynxmun ¢ € L2(RY, dx):

$(€) = lim ¢,(€), (6.107)

n—oo
re TMOCJIeJ0BATENbHOCTD { ¢y } yioBaerBopsier ycaosuio (6.105).

fcno, aTo npeobpazopanue Pypoue-lLnanimepess onpeaeaeHo HA BCeM MPo-
crpancree L2(RY, dx), ono upeoGpasyer npocrpancrso L?(R?, dx) B cebs,
JJTsT HerO CIipaBe/inBa (COOTBeTCTBeHHO 0600IenHas) dhopmyaa obparieHnst
n ¢dopmysa [Tapcerans. B panpHeniem Mbl He OyaeM AeaaTh Pa3Iudns MerK-
ay 3aganubiM opmyioii (6.101) npeobpasoBannem Oypbe U ONPEIETEHHBIM
dbopmyoii (6.107) mpeobpazosaruem Pypoe-ILnanmepens.

6.4.2 OmnpeaesieHne M OCHOBHBIE CBOMCTBA IMPOCTPAHCTB
Cobognena.

Hanomuum, uro sagannas B R pynknus f(r) Ha3bIBaeTCH JOKAILHO HHTE-
IpUpPYyeMOii:
d
f € LlOC(R )7

ecan 1y moboro koMmakTa K C R? cnpaBeainBo BKIIOUCHHE:
fe Ll(K ).

Omnpenenenne 6.4.2. Pacnpegenenne f € S(RY)* mpumaie:xuT npocTpan-
crBy Cobosesa H*(RY), ecan

1. ITpeoGpasosanue Pypbe pacupeneneHus f 3a1aeTcd JOKAJILHO HHTE-
rpupyemoit pyHKIneii:

3(F(€) € Line(RY), V(¢ € S(RY)) :
F()(6) = F(F(8)) = / F&)s(e)de. (6.108)

2. Sanaromas npeobpazosarne Oypbe HYHKIUS YIOBICTBOPSIET YCIOBUIO:
s def iy s
I 1P [IFQPQ+ s <00 (6109

Ecmu pacnpepenenne f 3amaerca dynkmueit f(z) € S(R?), To Bxogamas

~

B (6.108) dyukmus f(£) ects npeobpazosanne Pyprne byuxmun f(z), HO B
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obreM caydae B ompejeneHun He TpeOyercs, uro0bl dyuknus f(£) obssa-
TeJIbHO ObLa Obl MpeobpazoBanueM Pypbe HEKOTOPOU (DYHKIUH.

Bxomgmit B onpeiennue npoctpanctsa Cobonesa H*(RY) mapamerp s Mo-
JKeT MPUHUMATD JII000e 3HAYCHHUE:

—00 < § < 0O0.

Omupenenenne 6.4.3. 3ajannag B npocrpamcTse RY bynkmua f(r) npu-
Haj1exkuT npocrpanctsy Cobosiepa H®(R?), ecin nopozxiennoe pyHKIueit
f(x) pacupenenenue

from [ 1@
npunaexxut npocrpanctsy Cobonesa H*(R?).

fcuo, uTo

V(s >0): H*(RY) c L*(R?, d¢),

a Tak Kak npeobpasosanne Oypne nepesoaur npocrpanctso L2(RY) B cebs,
npocrpanctso H*(RY) npu s > 0 MokeT GHITH OTOAIECTBICHO C TIOIIPO-
crparcteom mrpoctpanctia L2(RY).

[IpusejieM npumepsbi.

L. Ilyers f = -pyuknusa. Ipeobpasosanue Pypre pacupejencnus [ 3a-
naercst dynkmmedt f(€) = 1. Umeem:

/(1 +[€]7)° - 1d€ < o0, e s < —d /2.

CrenoBaTesbHO,
§(z) € H¥(R?) npu s < —d/2.

2. Ilycrs f(x) =60(1 —|z|) , € R'. IIpeoGpasosanne Oypoe pyukmun f()
ecTh (DYHKIINSA

/ exp(—iz€)0(1 — |z|)dz = 28125
meem:
sin & 2
/(1 + |€£]?)%4 (T) dé < oo, ecm s < 1/2.
CretoBaTesbHO,

0(1 — |z]) € H*(R") mpu s < 1/2.
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Teopema 6.4.1. 1. IIpocmparcmeo Cobonresa H*(RY) ecmuv zunvbepmoso
NPOCMPAHCMBEO CO CKAAAPHLLM NPOU3BEJEHUEM

<f g>= / & 3E) (1 + ) de. (6.110)

2. Pacnpedenenus, zadasaemvie dynwyuamu f(z) € S(R?), naommw ¢ H*(R?)
no mempuxe npocmpancmea H*(R?).

JlokazareapcTBo. /lng moKasaTenbeTBa IEPBOTO YTBEPKIEHHUS HAM JI0-
CTaTOYHO JI0Ka3aTh, 9To Kaxkaas dynxuus f(€) € L2 (RY, (1+ [£]?)%dE) ectn
npeobpaszopanue Oypoe pacupeenenud u3 f € S(RY)*. [lna mokasarenbcTsa
9TOTO YTBEPKJIEHUsS 3aMeTHM, 4To, Kak ciaeiyer u3 (6.108), pacmnpesenenue
f € H*(RY) neitcTByer Ha ocHOBHYIO (bYHKIIHIO TI0 TPABUIY:

_ / FOF1(6)(€)de. (6.111)

OTKY/Ia CJAEyeT, 4TO

V(f € H'(R), ¢ € S(RY)) : |f(9)] <

(/|f 21+ €] dé)w(/w 1+|£\)Sd5)1/2

— 0, (b—>0. (6.112)

3 sTOTO HEpaBEHCTBA CIIEAYIOT B YTBEPKIACHNUS: BO-TIEPBHIX, UTO KarK(ast
bynxmusa f(€) € L2(RY, (1 + [£]?)*d€) samaer o npasumy (6.111) pumeii-
HBli HenpepbIBHbIE (ynknuonan na npocrpancrse S(R?), Bo-BTOpHIX, 4TO
U3 CXOAMMOCTH MOCIEOBATEIBHOCTH PACIPEICTCHAN B METPUKE MPOCTPAH-
crBa H*(R?) cremyer exomumocTs B Tonogoruu npocrpancrsa S(RY)*.

[lepexogum K JOKa3aTeIbCTBY BTOPOTO yTBEPKICHHUS TEOPEMBbI.

Mycrs f(€) € LR, (1 + |£]2)%d€) u f, € S(RY) Takag nociegosareib-
HOCTb, 9TO

o — f | L2(RE, (14 |€[2)%d€)|| — 0.

- [T~ [ feweie

a TaK KakK B CHJIy HEIIpepbIBHOCTH IpeodpazoBanus Oypbe

lim F(f,)(¢) = F(lim f,)(9),

n—oo

Torma

T0 GYHKIHA ]?(5) ecthb npeobpaszoBanune Pypbe pacupenenenus lim f,.
n—oo
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Teopema mokazana.
U3 Teopembr (6.4.1) ciaemyer, urto npu s > 0 mpocrpanctso H®(RY) moxk-
HO OTOK/1eCTBUTH ¢ nonosinenuem npocrpancrsa S(RY) no merpuxe (6.109),

rie f(§) -upeobpasosanue Pypue-Ilianinepesns GyHKwn f, ¥ CIpaBeIInBoO
BKJIIOUEHHE
L*(R?, dx) C H(RY), s > 0.

[Tpn s < 0 mpoctpancteo H*(R?) ecth mpocTpancTBo pactpeaenennii, KoTo-
pble JeiicTBYIOT 1o mpaBmay (6.111).
Ha npocrpancree S(RY) onpenennm Hopmy

Y(f € S(RY) : |If | HM(RY)|? =/ > D f()f | de.
0<|m|<n

U3 pasencrsa [lapceBasis ciiejiyer, 4To

1 | M RY|P = (2m) / SO lem | e e (6.113)
0<|m|<n

Tak Kak

I(Cr, Co): LI+ [EP)" < >0 €™ < Co(1+ [P,

0<|ml<n
TO HOpMBI || | FI”(]Rd)H u || | HY(R?)|| sksusasenTHb:
I TH R~ | HRD].

B cayuae s=n+a, 0 < a < 1 nojgoxum

¥(¢ € SRY): [l¢ | H*RYPE N [ |Dro(x)| do+

0<[m|<n
Z // |z — y| 42| D™ p(2) — DY o(y)Pdedy., 0 <a<1,n=0,1...
" (6.114)
Teopema 6.4.2. Ha npocmparcmee S(RY) mopma || | H*(RY)|| sxeusa-
aenmma nopme ||| H(RY)| -
I THES R~ | H R, (6.115)
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JokazarenbcrBo. CHavasia gokaxkem Teopemy g n = 0. Umeem:
lo | H* (R =
[J16@pdn+ [ [ 10—yl 4 jo(a) - o(y)Pdady -

/ 6(2)Pder + / [y~ g+ ) — (o) Py =

(27T)—d(/ |$(§)|2d€+/ (/|exp(i(§, y)) — 1|2|y|—(d+2a)dy) |¢A5(§)|2d§> _
“( [13©rde + oo [ 1er1aPa)

Tak kKak
(O, Ca) : Cr1+ €)™ < (14 [€]*) < Co(1 + [€%)%,

TO W3 TMOJYYEHHOTO PABEHCTBA BBITEKAET YTBEPIKIECHHWE TEOpeMbl /I N =
0. st mokazarebcTBa TEOpeMbl B OOIIEM Cydae 3aMeHUM B 101y YeHHOM
paBeHCTBe

¢(x) — D;*(x),

7 ydTeM, 4TO

F(Do(x))(€) = £"F(¢(x))(E),
ACy, o) O+ € ’fg1+z )2 < Oy(1+ |,

Teopema j0kazana.

Samevanue 6.4.1. I3 1oKa3aHHON TEOpPEMBI CJeIyeT, YTO eCJIH

é(x) € H¥(RY) |, s > 0 u bynxuua x — y(x) ecTh TaKoe IIaIKOe HEeBBIPOZK-
nennoe orobpazkenue npocrpanctsa R — R uro y(z) =z, |2| > Ry, Ry <
00, To dyukmsa ¥ — ¢(y(x)) npuraazeskur npocrpanctey H*(R?).

Ha nekaproBom npoussegenun npocrpancts H*(RY) u H—*(R?) onpee-
M 6umuneiinyio dbopmy By (f, g):

s —s def YR
HERY) x H @3 f x g Bulf . 9) 2 [ FO5(©d. (6.110)
Teopema 6.4.3. 1. buaunetinas gopma (6.116) onpedeaena xoppexmmo: un-

mezpan 6 (6.116) crodumcs das ecex f x g € H¥(R?) x H~*(R%).
2. Cnpasedruso pasencmeo

If | H R = sup{|Bu(f ., 9)l | lg | H*(RY)|| < 1}. (6.117)
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8. Jna 06020 aunetinozo dynruyuonara | € H*(RY)* cywecmeyem maroi
anemenm g € H*(R?), wmo

Vf € HYRY): I(f) = Bu(f, 9. (6.118)

JoxkazarenbcTBo. llepBoe yTBep:KIeHne ciieayeT W3 HepaBeHCTBa Kormu-
Bynsakosckoro:

[ Fenou < [1FOPa+ Py [ aera i)
Jlist OKAATETHCTEA BTOPOTO YTBEDYKICHHS 3AMETHM, TTO

I | H R =

supfl < [ Go(e) FO(L-+1¢P)de] | [ Iau(e)P(1+ gy < 1) =

supl] [ Fleadel | [ 1P+ gy de < 1)

Mpbi ciesiaim 3ameny
9o(&) = 9(&) (1 +1¢*) ™ (6.119)

JIns toka3are/ibCTBa TPETHEro YTBEPKIACHUS TEOPEMbI 3AMETHM, 9TO B CUJIY
TeopeMbl Pucca

~

go € HYRY) - I(f) =< go, f >= / GOTE) (1 + ) de

Hastee Mbl mesaeM 3ameny (6.119).
Teopema gokasaHa.

6.4.3 TeopeMbl BJIO>KEHUS.

[TooxxnM

W(feSRY, 0<a<1):[fICPRYZE D sup{|D}f(a)|x € R}+
0<|m|<n
> sup{| Dy f(x +y) — D fa)|lyl ™ [ € RY, Jy| < 1} (6.120)

|m|=n

Onpenenenne 6.4.4. [Ipocrpancreo C; % (R?) -310 nomnonenne npocTpan-
crea S(R?) mo mopme (6.120).
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Ormeruwm, uro ecu f € Cp*(RY), To

V(m, |m| <n): lim |DJ'f(z)| =0.

|z|—o00
Heiicrsurennno, ecan f € Cy*(RY), To
V(e >0),3f. € SRY :||f — f. | CT(RY| < e,
IO3TOMY

V(m, |m| <mn,e>0): limsup |DJ f(z)| <e.

|| —00
Crenyromas TeopeMa Has3biBaeTcs Teopemoii Bioxkenus Cobosesa (OH ee aB-
TOD).

Teopema 6.4.4. Ecau pacnpedesenue
fe H PRy 0 <a<l,
mo ono 3adaemca Gyrruued
f(z) € Cg*(RY),
npuswem cyuecmeyem makas e sasucawan om f xoncmanma C(d, o), wmo

V(f e HY*HeRY) || f | Cp (R < C(d, a)l|f | HZHH(RY)]].
(6.121)

Hokazaresberso. B cuty dhopmysibl obpaienusi npeodpazosanust Pypbe
nMeem:

V(m, [m| <n, feSRY): Dy f(z+y) - D f(w)| =

)| [ €nfleesnlite. ) — Uesite. x>>ds\ <

const. [[(1+ € IF(€)| expli(€ ) ~ 11 <
R 1/2
const [+ @ysneifipas )
1/2
([ 1exotite, ) = 1P+ @omag) <

1/2
const.|[ f | HY* e (RY)| </|exp(i(§, y) — 1|2|§\‘(d+2°‘)d§) =
Cd, a)|lf | HZF+RY)||[y|*. (6.122)
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[TosTomy

VizeRY, y e R, |m| <n, feSRY):
D f(x +y) = Dy f(a)llyl ™ < C(d, a)||f | H*HH(RY)]].

AnaJsiornano JOKa3bIBaCTCA HEPaBEHCTBO

Y(m, |m| <n, feSRY):
1f | Co*RY| < C(d, )| f | HY*F(RY)]], (6.123)

OkoHYATETBHO MOy IaeM:
V(f e SRY)):f[C5 R < CW, a)|lf | HP>F R (6.124)

[IycTh pacrpejesenue
f c Hd/2+n+a(Rd),

1 TocaefoBaTenbHocTh Gyukmuil f,(z) € S(R?) samaer pacupenenenns f,,
KOTOPbIE yJIOBJIETBOPSAIOT YCJIOBHIO:

If = fo | H/# (R — 0, n — oo.

Tak Kak MOCae[0BATeIBHOCTD f;, CXOMATCA B METpUKe rpocTpancTia HY/2m+e (RY),
oHa (byHJaMEHTaJbHa B METPUKE ITOrO MPOCTPAHCTBA. VI3 HepaBeHCTBA

1fa = fun | G5 RO < O(d, @) fu = fu | HYZH (R

CJIeJIyeT, YTO MOCJIeI0BATeIbHOCTD byHKIuil f,(r) dyHmamenTa bHA B MeT-
puke npocrpanctBa Cj % (R?) m mosTOMY B METpHKe 3TOrO MPOCTPAHCTBA
cxomures K dynxmuu fo(z) € Cp*(RY). Scno, uro byuknua fo(r) 3amaer
pacupenenenne f.

Teopema mokazana.

Ecmu 0 < |m| < s, To 0606ImenHoil npou3BoaHOil mopsiika m (HyHK-
nmn f € H*(RY) maspiBaeTcs paccMaTpuBaeMas KaK 3J1eMeHT IPOCTPaHCTBa
L*(RY) bynxmnus

~

D™ f(x) = (2m)~ lim exp(i(z, §))&™ f(§)dE (6.125)
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[Ipenen B (6.125) moruMaercs B cMbIcie MeTpukn pocrpanctsa L2 (R?, df).

U3 noxazannoii Teopembl ciegyer, aro eciu f € H*(RY) | s > d/2 +
Im| + a,0 < a < 1, To 0b606mennas npoussognas D™ f(x) coBnamaer ¢
KJIACCAYECKOM.

N3 nokazannoit Teopembl u Teopembl 6.4.3 ciaegyer, 4To J11000€ MEJJIEHHO
pacryIee pacupee/eHne ¢ KOMIAKTHBIM HOCHTeIeM ITPUHAIIeKUT HEKOTO-
pomy mpoctpancTry H*(R?).

Heitcreurensno, eciu f € S*(RY), To

3(C, N), V(e SRY): [f(@) <Cllo| (N, ).
Ecrm K C RY -xommaxT, To cymectByer Takas xonctanta C'(K), aTo

(¢ € S(RY), suppd € K) : [l¢ | (N, S)I| <
CE)|o | Cy" (R < Cd, s)llg | H*H+(RY)|.

CaenoBaTeibHO, J1I000€ MeJIEHHO pacTyIee paclupe/ie/ieHue ¢ KOMIIAKTHBIM
HOCHTEJIEM 3aJ1aeT JUHEHHBIH HellpepbIBHDIN (DyHKIIMOHA HA, HEKOTOPOM IIPO-
crpancTe H*(R?) 1 103TOMY MOMKET GBITH OTOXK IECTBJICHO C 3J1eMEeHTOM TIPO-
crpancrea H~*(RY).

Hanomnum, uro ciaegom dynknuu f(x), € R? na maoroobpasun M C
R? naswiBaerca dbynknus f(r), paccMaTpubaeMas Kak (byHKIUA TOUKH T €
M. Pacupejiesienue He ectb (PYHKIUS TOYKHU, IOITOMY IIOHHATHE CJIEJIQ Pac-
npesejenns Ha MEOroobpasuu M C R? my:kjaeTcs B OTI€JBHOM OINpeese-
mun. Tak Kak cpoiicTBO 3amaBaemoro dyHKuneir f(x) pacnpenesenus mnpu-
HajiezkaTh npocrpanctBy He(R?) | s > 0, uHBAPHAHTHO OTHOCHTEIBLHO IJ1aI-
KHX 3aMeH HePeMeHHbIX T — (), TO TOCTATOIHO ONPEJICTUTh TOHITHE CJIe-
Jla Ha TUIEPILIOCKOCTH, 9TO U OYJeT CIIEeJTAHO HUXKE.

[ycrs f(x) € HS(RY), s > 0. Torga cymecTByer Takas mOCTIEI0BATEb-
Hocthb f,(z) € S(R?), uro

If = fu | H*(RY|| — 0, n — oco. (6.126)
Ha dbynkmusax n3 S(R?) koppexTHO ompejesieHa olepanus Tg B3ATH CIeIa:
75 S(RY) — SRI™DY | 7gf(21, ... 0q1) = f(x1,... 241, 0). (6.127)
Teopema 6.4.5. Fcau
feH RY), s>1/2, fu(x) € SR, [If = fu | H*RI)] =0, n — oo,

(6.128)
mo
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1. Hocaedosamenvrocmsb

Tsfo(T1, .. x4-1) = fulx1 ..., 24-1,0)

crodumes 6 npocmpancmee H5V2(R) u ee npeden Ty f:
T f = lim 7gf,
n—oo

sasucum moavko om pacnpedeaenus f € H*(RY) u ne sasucum om ewbopa
annpokcumupyewets nocaedosamenvrocmu f, 6 (6.128).
2. Cnpasedisuso Hepasercmaso

7 f | HZ2RED < O, s)|1f | HA(RD]. (6.129)
OnmcaHHy0 B T€OpEMe CUTYAIlni0 MOYKHO MOSCHUTH Ha JHarPaMMe:

S(RY) > fo(zr,.. ., 24-1,2a) —— f

n—oo

Tsl lm

S(Rdil) > fn(ZL‘l,...,JZd_hO) E— THf

n—oo

fe HRY) , mpf € HTVAHRIT.

Teopema yTBepzKIaeT, UTO €CJIH CIIPaBeJINBO 0DO3HAUEHHOE BepXHell Topu-
30HTATBHON CTPEJTKON mpejebHOe COOTHOIIeHNEe, TO CIHPABEIINBO 0DO3HA-
YEHHOE HU2KHEH POPU30HTAJIbHON CTPE/KO 1peie/ibHoe COOTHOUICHUE U KOP-
PEKTHO OIpesiesIeH0 0TOOparKeHne

T HS(Rd) N H571/2(Rd71>7

KOTOpOE He 3aBUCUT OT BHIOOpA AIIPOKCUMHPYIONIEH Moc/e10BaTe IbHOCTH

o

Pacupesnenenue 77 f € H*~/2(R%!) naspiBaerca ciiejiom pacupe/ie/ienus
f € H*(RY) na runepmaockoctu 24 = 0.
Hoxkazareanctso. 1lycTh

FeS®RY, Fyf(en. .. ranlés) = /f(xl,...,xd) exp(—i(&, 2))dza.

Torna

Tsf(mla - ,l’dq) = f(xh e 737d7170) =

% / Faf (1, ..., 2q-1|&)dEy.
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CnenoBaTe/bHO,

Tof (€1, Ea) = % / FEr, . €, Ea)dEq.
Janee umeem:
Tsf (&, Ean)? <
const. [ (+162)d6a) x ([ 1 o P+ 1EP)dEs) =

const.(1+ & + .. .5371)1/275 X / |f(£1, o, QP |€1P)3dE,,
s (6, )P+ E 4. )2 <

const. / |J/c\(£1, €, &a) (L 1E)P) e,

/I?s\f(&,...,éd_l)lz(1+§%+...53_1)5‘1/2d51...d§d_1 <
const. / Pl e &)+ [EP) e - &

M1 jiokazamm nepasenctso (6.129) nis dynxnmit uz f € S(R?). Uz sroro
HEPaBEHCTBA CJIeJIyeT, 4TO eC/u nocaeaosarebaocts f, € S(RY) dbynmamen-
tanabia B Merpuke H*(R?), To mociesosaTensnocTs Ty f, byHIaMeHTATHHA
B MeTpuke H* 1/2(R%1). Tax Kak 3T0 cnpaBeamBo A1 410600 cXoadmeiics
B Merpuke H*(R?) x pacupemenennio f mnociaegosarenvuoctu f, € S(R?),
TO Hpejesl MOCAe0BATE/IbHOCTH Ty f, HE 3aBUCUT OT BbIOOpA AIIIPOKCUMHE-
pyfotieii mocJie[0BaTeIbHOCTH f,,, & 3aBHCHT TOJBKO OT pacupeaeneHus f.
Teopema jokazana.

6.4.4 IlpocrpancrBa H?(D).
[Iycts D -0TpKpbITas orpaHndenHad obaacTs B RY,

6 (D) ={¢| ¢ € C*(R?), suppp € D}.

Onpenenenne 6.4.5. IlpocrpancTBo I—O.TP(D) -3TO 3aMBIKaHUe MHOMKeCTBA
(D) B merpuke npocrpanctsa HP(R?):

17(D) := CL(C35(D)).
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[IpoctpancrBo HP(D) Mbl paccMaTpuBaeM KakK HOANPOCTPAHCTBO IIPO-
crpancTsa HP(R?) BMecTe ¢ mHaynupoBaHHoi u3 mpocrpancTsa HP(RY) mer-
PUKOI, CKaJIAPHBIM NPOU3BEIECHUEM U HOPMOIA:

HP(D) C HP(R?).

Ecmu p > 1/2 u rpanuna 0D obnactu D 10CTaTovHO TyIajKas, TO MPO-
cTpancTBO HP (D) MOKHO pacMaTpUBaTh KAK MHOYKECTBO T€X PACIIPe/Ie/IeH i
f € H*(RY), koTopble paBHbI HYJIIO Ha Tpanuie ob1actu D.

flcuo, gTo

V(g >p): HY(D)cC H*(D), ¥(p>0): H?(D) C L*(D).
Teopema 6.4.6. Ilpu q > p saoocenue
HY(D) — H*(D)
KOMNAKIMHO.
YV TBepkK/IeHe TeopeMbl 03HAYAET, YTO MHOYKECTBO
B,={¢|¢ € H'D), |6 | H/RY)| <1}

KOMIaKTHO B MeTpuke npoctpancrsa HP(RY).

JokazarenbctBo. st mpocToThl Mbl PACCMOTPUM TOJILKO ciiydait p > 0.
B sTom ciyuae pacupejiesieHust MOKHO OTOXKIECTBUTH ¢ (DYHKIIUSAMHI, KOTO-
phi€ 33a10T 3TH pacnpejesnenns. Jloka3aTebCTBY TEOPEMBI MbI TPEITIOIILIEM
HECKOJILKO JIEMM.

Jlemma 6.4.2. Cnpasedausa ouenka:
Woe By a>p): [ BOPL+IERrd < (14 R
[§I>R
JlokazarenncTBo. Mmeem:

/ 6(6)P(1 + [¢P)Pde = / (&)L + |E[)P79(1 + [¢[*)7de <

|€|>R |€|>R
(1+ B2y / BOPR T Je?)de < (1 4+ R7pe,

JIemma 6.4.3. B aobom durcuposarom wape {€ | [£| < R} wmnoocecmso

bymryui {g/g(f) | ¢(€) € B,} pasnocmenenno HenpepuisHo U pasHOMEPHO
02PAHUMEHO.
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Toxasateserso. Tlyers k(z) ~bynxmus Tuma “rpu6” u
k(x)=1,z € D.
Torma
V(6 € By : 6(x) = nlx)(),
€)= [ (e~ matman

©F < [ Fe-nra+pyan) < ([1Bmpa+nbran) <

1R(¢& —n)|*dn = const.
— (&) <
/ R6— 1) — Rl6 — P+ ) "y <

/ R0l exples — &, m) — 12dn.

>\

JlemMa, JoKa3aHa.

Jlemma 6.4.4. Ecau {¢,} C B,, mo daa amobozo € > 0 nocaedosamervrocmo
{bn} codeporcum maryro nodnocaedosamervrocms { ¢S }:

{on) € {¢n},
YMO BHINOAHEHO YCAOBUE
N, VY(n >N, m>N): ||¢5 — ¢, | HF(RY| < .
JoxkazarenbcrBo. NMeewm:
lpn — b | HP(RY|* =

/ 8u(6) — ()21 + € de + / 18a(6) — ()21 + € de <

[§I<R |€E|>R
A1+ Ry / 18(6) — Bu(E)P(1 + €2 P,
lE|<R

Tenepb MBI MOCTyIIaeM TakK: CHavaJia MBI BbIOHpPaeM R 10CcTaTOYHO OOJIBIINM,
a moToM npu Purcuposarnom R Mbl BBIOUDAEM U3 HOCIe0BaTeIbHOCTH { ¢y,
TAKY IO TOJIIOCTEAOBATETHLHOCTD { ¢S }, KOTOpast pABHOMEDHO CXOJUTCS B IITape
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{&|¢] < R}. lloayuennas moamoCIe0BATEILHOCTD YIOBIETBOPSIET YCIOBH-
SIM JIEMMBI.

[lepeiigeM K JOKA3aTETLCTBY T€OPEMBI. HaMm HYKHO JO0KA3aTh, ITO JT06ast
110CJIeJ0BATeILHOCTD {¢,} C B, COUEPKHUT ILO/IIOCAeL0BATEBHOCTb, KOTO-
pasi cxouTest B MeTpuke npoctpanctea HP(R?). Tlycrs

e(m) — 0, m — oo, {¢™V} C {o™} C {¢n}

-TIOCJIE/I0BATEILHOCTH, CYIIECTBOBAaHME KOTOPHIX TapaHTHPOBAHO MPEIbIIy-
rry o n

mieit semmoit. [locsemoBarebHOCTD gzﬁfl( ) _ncxomas.
TeopeMma mokazana.
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6.5 KomeHTapuu m jiuTepaTypHble YKa3aHUII.

)

6.5.1 IIpeo6pa3zoBanue ®Pypsbe.

[IpuBeseM BBIBOI OTHOCAIIUXCA K IIpeobpasoBanuio Pypoe dhopmya. Huxke

CHUMBOJI
/ ... dx

O3HaYaeT MHTerpaJ o npocrpancTsy RY. Vmeenm:
/exp(—axz)dx = (7/a)¥?,
[ exp(-ar® + ayde = [ exp(-ale — /20 + € 1)) = (/)" exp(é?/1a).

aHaJIUTHYECKOE IIPOJOJIZKEHHUEC!

/ exp(—az? + ix€)dz = (1a)"2 exp(—€2/4a),

exp(—€2/4a) = (a/m)""? / exp(—aa® + iz€)dz

(4t) Y exp(—(x — y)?/4t) = (27) / exp(—t2> + iz(z — y))dz

(amt) 4 [ exp(—(a = /1007 (w)dy = )0 [( [ exp(=t2 4 iala ~ ) s @)z,
()2 / exp(—22) f(z + 2v/i2)dz = (27) / exp(—t22 + iz2) F(f)(2)dz.

[Iepexost B mocJiefHeM HEpaBEHCTBE K mpeneny t — +0, moaydaeM (hopmy.ry
obpalieHusi:

f(x) = (2m) / exp(izz) F(f)(2)dz.

Orcona caeayer pasencrso [apeesass:
/f z)dr = (2m)~ /f /exp —izz)F(g)(z)dz)dx =
/ F()* () F(9)(2)d
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6.5.2 JlureparypHble KOMMEHTapUN

C MaTeMaTHIeCKON TOUKHU 3pEHUS TeOPUs paclpeeeHnii -3T0 CIeIluaTbHbIH
pa3jiest TeOpun JIMHEHHBIX TOMOJIOTMYECKUX ITPOCTPAHCTB, B PaMKax KOTOPOIi
Pe3yJIbTaThl TEOPUH PACIIPEIeICHI TPHOOPeTAI0T eCTeCTBeHHbI 1 3aKOH-
4YeHHbI Bua. BBenenne B TEOPHUIO JMHEHHBIX TOIOJOTHYECKAX HIPOCTPAHCTB
ectb B Kuurax [30], [41],[40]. Hoctynnoe mis nadunaomux yaebHoe mocobue
0 TEOPUH pactpejeennii -kuura [39).
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ITpunoxxenue A

Ilpnaoxkenne

A.1 IIpeobGpazoBanue Beiis.

[Ipeo6pazosanue Beiing (mo apyroit TepmuHOoIOTHE -0TOOparxkenne Beiis
WK BeilJIeBCKOe KBAHTOBaHUE) OBLIO BBEJIEHO B PAHHUX PabOTax MO KBAH-
TOBOI MeXaHUKe KaK aJTOPUTM, KOTOPBLIH (DYHKIUU Ha (HA30BOM MPCTPAH-
crBe (KJIaccHuecKoil HabJII0[aeMoil) CTABHT B COOTBETCTBHE OMEPATOD B THJIb-
GepTOBOM MPOCTPAHCTBE (KBAHTOBYIO HAb/II0aeMy o). BeileBckoe KBAaHTOBA-
HIe 00paTUMO: KaxK/iblil orepaTop I'unbbepra-IlIMuara B ruisbeproBom mpo-
CTPAaHCTBe ecTh IpeoOpa3oBanue Beitns dyukiun Ha (pa30BoM MpoCTpaHCTBE
(sTa byHKIMST OOBIYHO HA3BIBACTCS BEHJIEBCKUM CHMBOJIOM OIIEpaTopa). JTo
00CTOSITE/IBCTBO JIEZKUT B OCHOBE MeTO/1a (ha30BOr0 MPOCTPAHCTBA B KBAHTO-
BOil MeXaHUKe, IIPU KOTOPOM OIepaTOpHbie ypPaBHEHUs IBUKEHUA B (popMe
leiizenfepra 3aMeHAIOTC ypaBHeHUsAME (00bIYHO HHTErpoauddepeHnnaib-
HBIMH) JIJIsT BEHJIEBCKUX CHMBOJIOB omepaTtopoB. Metos (ha3oBoro mpocrpat-
CTBa M €TI0 MOIUMDUKAIINH IMHPOKO UCIOJB3YIOTCI B 3a/1a9aX CTATUCTUIECKON
dusuku, Gu3nKe TBEPJAOrO Teja, KBAHTOBOH ONTHUKE, TEOPUH CTOJKHOBEHMI
u 1. 1. CBasaHHblil ¢ npeoOpazoBanumeM Beiins maremarnveckuil ammapar
MTOJIyYWJI TPUMEHEHN B TEOPUHN TIPEJICTABIEHNH TPYTII, TECOPAN BEHBIIET TIpe-
obpa3oBanusd, Teopur JUPpDEpPeHIUATbHBIX YPABHEHHI U BBHIUYACIHTEILHON
MaTeMaTHKe.

B Teopun mnpeobpazoBanue Beiing ncxogubiM 06beKTOM gBjisieTcs: (paz3o-
BO€ IPOCTPAHCTBO, KOTOPOE B IIPOCTEHINEeM CJydae eCTb MpsaMad CyMMa JIH-
HEeWHOTO MPOCTpaHCTBa L M ero conpszKkeHHOTO L*. MBI paccMOTpuM caydai,
KOTa JAUHeifHoe MPOCTPAHCTBO ecTh RY 1 ero compszKeHHOe OTOKIECTBICHO
¢ R?. Taxum 06pa3oM, B pacCMATPUBACMOM HAMH cJydae (pa30Boe IPOCTPAH-
CTBO €CTh TPOCTPAHCTBO

R? = R @ R?, (A1)
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Bropoe ciaaraemoe B (A.1) paccMaTpuBaeTcst Kak MPOCTPAHCTBO, COMPSZKEH-
HOe K TIEPBOMY CJIaraeMOMYy, MOITOMY B PAacCMaTPUBAEMOM HaMU CJydae Tie-
PEXo OT OJHOTO OPTOHOPMHUPOBAHHOIO Oa3mca K Apyromy B (a30BOM IpO-
CTPAHCTBE TPOCTPAHCTBE OCYIIECTBIAETCS C MOMOIIBIO MATPHIIBI BHIA

A= (Aod fd> , (A.2)

rje \g -OpTOroHAJ bHAasg MaTpuna pazMepa d X d.
CkasigpHOe IIpousBe/eHne B IpocTpancTBe RY MBI 0603HAYHM CHMBOJIOM

a-b= Z Cijj.

1<j<d

[Iyctn
o: R¥ — R!

-ounuHeitnas ¢gpopMa BuIA
o ®pi, ®p2) =q - p2— ¢ p1. (A.3)
®opma (A.3) KococmMMeTpHUYHA:
o1 B p1, @2 @ p2) = —0(q2 B P2, ¢1 B pr), (A.4)

HEBBIPO2K/ICHA!

Vg @p1: o(@1®p1, 2®p2) =0) = (2B p2=0) (A5)

W MHBAPHAHTHA OTHOCHUTEJbHO peobpasoBanuii Buga (A.2):

o(AMqr @ p1), Mgz D p2)) = 0(q1 ©p1, 2 @ p2).

Ynosaersopsiomas yciaosusam (A.4)-(A.5) Gununeiinas dopMa Ha3bIBACTCS
cuMILieKTrnIeckoit popmoii. MoxKHO g0Ka3aTh, 9TO MPHU COOTBETCTBYIOIIEM
BeIOOpe Dasuca B JIuHEiiHOM mpocTpaHcTBe L obas cuMILieKTudecKkas (hop-
Ma Ha mpoctpancTBe L @ L* B kKoopaunarax uMeer Buj (A.3).

Ha ¢dynkmuax 3 npocrpanctsa IlIsapma S(R? @& R?) onpenemum cum-
IIeKTH4YecKoe npeodpasopanue Pypbe:

Fy(6)(E @) = (2m) / exp(—io(6 @17, g p))dlq @ p) dgdp.

Ob6paTHoe cuMILIEKTHYeCKOoe mpeodpazoBanne Pypbe BBIYUCAsIETCS O (Hop-
MyJie

Fo': glq@®p) = (2m) / exp(io (6 ® 1, 4 @ p))Fy(9)(€ & n) dedn.
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Pasencrso [lapceBasis i1 cuMILIEKTHIECKOTO 1mpeoOpasoBanusg Oypbe nme-
eT BHJI:

/ 16(¢® p)P? dadp = / I (6)(€ & )2 dedn.

Cremyer oTMeTUTbh, YTO B Teopuu mnpeobpaszoBanunsg Beilns Bo3MOkeH WHOI
BBIOOD 3HAKOB Y MHOXKHTEJEH ¢ B 9KCIOHEHTAX M CTEIeHeH MHOXKUTEIs 27
nepe;l HHTerpaaMu.

BeitjieBckoe KBaHTOBaHHME COCTOUT B TOM, 4YTO 110 aHAJOTHU ¢ popmy-
Jioit obparenus npeodpazoBanus Pypbe Kaxk10it PyHKINH HA (HA30BOM MIPO-
CTPAHCTBE CTABUTCS B COOTBETCTBUE OTIEPATOP B THIBOEPTOBOM MPOCTPAHCTRE

L2(R%):
oQ, P) = (2m) / expli(¢ - P — - Q) Fx(6)(€ ® ) dédn,

rie ), P -onepaTopbl KOOPAWHATHI U MMIIYJIbCA (MATEMATHIECKH CTPOTOE
oupesestenne oneparopa (£ - P —n - Q) nano nuzxe).

[Tepexoaum K MOCTPOEHUIO OTOOpazkeHus (KBaHTOBaHN) Beilrs.

B npocrpancree L2(RY) onpesennm onepatoph

V(p e RY) : V(p)y(x) = exp(—ip - z)v(x),
V(g e RY) : Ug)y(x) = ¢(z — q).

JIlemma A.1.1. Onepamopw V(p) u U(p) yHumapro sKeusaienmmi: ecau
F -npeobpaszosarnue Pypve ¢ L?(R?), mo

Jloka3aTehbCcTBO TMPOBOANTCS NPSIMON BhIKJIaAKOM. MMmeem:

FU(p)i(€) = / exp(—i€ - 2l — p) de = exp(—i€ - p) / exp(—if - 2)(x) da =
V(p)Fi(€).

Jlemma A.1.2. 1. Cnpasediusvr coOmHoOweEHUA:

V(p1 € RY, p € RY): V(p1)V(p2) = V(p1 + p2), (A.6)
V(g € RY, u € RY): U(q)U(q2) = Ulqr + @2), (A.7)
U(q)V(p) = exp(iq - p)V (p)U(q). (A.8)

2. Jas mo6020 snemenma i € L2(RY) dynmuyuu

RYS g V(p) € LARY),
RYS g — U(q)) € LA(RY)
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nenpepuienv 6 mempure npocmpancmea L?(R?).
3. Onepamopwu V (p) u U(q) ynumapro, u cnpasediusv, paseHcmea:

Vi(p) =V(-p), U(q) =U(—9q). (A.9)
Jokazarenscro. Pagencrsa (A.6)-(A.7) oueBuaunt. Janee umeem:
U(Q)V (p)¢(z) = Ulg)(exp(—ip - z)¢(x)) = exp(—ip - (x — q))¥(z — q) =
exp(iq - p) exp(—ip - 2)Y(z — q) = exp(iq - p)V (p)U(q)¢ ().

Cootnorenne (A.8) mokaszamno.

Cornomenust (A.6)-(A.8) HA3BIBAIOTCS KAHOHUYECKUMU MEPECTAHOBOYHbI-
MH cooTHOIIeHuAMHU B popme Beits.

J171s1 T0Ka3aTeILCTBA BTOPOTO YTBEPZKICHHS JTIEMMBI CHJIY paBeHcTBa (A.6)
u teMMbl A.1.1 10CTaTOYHO JOKA3aTh HENPEPBIBHOCTH DyHKINA p — V (p)y) €
L*(RY) B Touke p = 0. Umem:

o= V)l = [ 1= expl(ip- o) () do — 0, |p| =0

Bropoe yTBepkaerune JeMMbI JoKa3aHO. TpeThe yTBep:KaeHne 0YeBUIHO.

Cnencreue A.1.1. B npocmpancmee L*(R?) dynryuu
t— V(tp), t— Ultq)
0bpasyrom noay2pynny yHumaphoz onepamopos kaacca Cy.

13 teopembr CTOyHA ClIeAyeT, 4TO ONePATOPLI
p-Q = i@tV(tp)‘tzo ,q-P:= i@tU(tq)}tzo (A.10)

CAMOCOTIPSIZKEHBI.
Ha dbynkmun u3z C§° 9tr onepaTopsl AeHCTBYIOT 10 HopMyIaM:

(p-Q(x) = (p-2)i(x), (¢- P)p(x) = —iq - Oxt(x).

Cremyer mOMHUTD, 9TO 00JIACTh ONMEPIEeIeHNs CyMMBbI IBYX HEOPAHUIEHHBIX
OTePaTOPOB MOZKET OTJIMIATHCSA OT 00/IACTH ONpPeJIeIeHNs CJAaraeMbIX.
OrnpeestuM orepaTop

Wia, p) ™ exp(Sa- U~V (o). (A1)
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Jlemma A.1.3. 1. Cnpasedausor pasencmea

Wig,p) = eXp(—%q p)V(p)U(—q). (A.12)
Wig, p)y(x) = exp(—%q'p—ip~x)w(x+Q). (A.13)
W(Ql ) Pl)W(Q2 ) p2) = eXP(—%U(% D1, ¢ @pQ))W((h +q2, )1 +p2).
(A.14)
W(q, p)*=W(=q, —p). (A.15)

2. B npocmpancmee L*(RY) dynxuua
t— W(tq, tp)
ecmo noAy2pynna yrumaphoir onepamopos kaacca Cl.

HoxazarenncTBo. I T0Ka3aTeIbCTBA IPEBOr0 PABEHCTBA MBI HCIIOIb-
3yem paeHCTBO (A.8)u nosydaem:

Wiq,p) = exp(%q p—ig-p)V(p)U(—q) =

X}
exp(—izq - p)V(p)U(=q)-
Bropoe paBeHCTBO JIOKA3bIBACTCS BBIYUCJACHUEM Ha OCHOBE paBeHcrsa (A.12)
u onpenesennii oneparopos V(p) u U(q).
J1s TokazaTesbeTBa TPEThero paBeHCTBA Mbl HCIIOIb3yeM paBeHCTBO (A.12):
1

Wiq, p1)W(gz, p2) = eXp(E(ql p1— G2 p2))U(=q)V (p1)V(p2)U(—q2) =

)
exp(é(ql “p1—q2-p2))U(=q1)V(p1 + p2)U(—q2) =
eXP(ﬁ(Ql “p1— Q2 p2) —iqi(p1 + pa2) + 5

]

exp( 2(611 “P2 — Q2 'pl))W(ch + g2, P1 +p2)-
OcranbHble YTBEPK/ICHUA JIEMMbI OUeBHIHDI.
[Iyctn

L =i0,W (tq, tp)‘

-uHdUHUTE3UMABHBIA oepaTop nosyrpynust t — W(tq, tp). VI3 reopembl
Croyna caemyer, uro omeparop L camoconpsizker. Ha dunuTHbIE DyHKINNT
oniepartop L jgefictByer 1o dopmy.ie

Lp(x) =0,V (tp)|,_, + i0U(—tq)|,_, = (- x)¥(x) + iq - Op1)(),

t=0
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MIO3TOMY
Wiq, p) =exp(i(qg- P —p-Q)).

Tomoxkum

Z(p, &, n) = @2m)" <o, W(E, >

Jlemma A.1.4. Cnpasediuso paserncmeo

/Z(dn, i 1€, ) Z (o, o | €, )dedn =< b, I >< b1, v > .

HoxkazarenbcTpo. meewm:
<O W(E o >= [ ola) exp(=56 0~ in - 2)u(a + €do =
[ ot = 56 expl-in- 2yt + 5€)da,

/Z<¢1, o € n) Z(ba . s | €, m)dedn =

2m) [ explin: (@ = y)oae = 3w+ 56 aly — 56"

1
X o (y + 58 )dxdydnd§ =

/¢1(3‘3 - %5)%(13 + %5)%2(1‘ - %f)*wz(ﬁf + %ﬁ)dwdf =
<¢1>1/J2 ><¢27¢1 >

Caencreue A.1.2. Ecau dynxyuu e;(x), 1 < j < 0o obpasytom noanyro
opmonopmuposarnyio cucmemy ¢ npocmpancmee L*(R?), mo dynxyuu

zi (& m) = @2r) 2 <e, W(E,n)e; > 1<i<oo, 1<j<o0
06PasyI0Mm NOAHYI0 OPTMOHOPMUPOSAHHYIO cucmemy 6 npocmpancmee L*(R* | dEdn).
Hoxkaszarenbcrso. Jokaxem moianoty cucremst z; (€, n). Umeem:
/Zm(f, n)"h(E, n)dédn =
1 1
2m) 1 [ eia = 36)es(a+ 5 explin - 2)b(¢, n)dodgd

Oyukuuu e;(r — %S)ej(x + ££) 06pA3yIOT HOIHYIO OPTOHOPMUPOBAHHYIO CH-
cremy B mpoctpanctse L2(R? | dxdE), nosromy 3 pasencrsa

Vi, ) / 2o (€, n)*h(E , )dedn = 0
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cjaeayer paBeHCcTBO

/eXp(in -w)h(&, n)dn =0,

h(¢, n) = 0.

[TosmoTa cucremsr z; (€, 1) nokazana. OpTOHOPMUPOBAHHOCTH CHCTEMSBI 2; (&, 1)
CJAeyeT U3 NPEAbIIYIeH JeMMBbI.

Onpenenenne A.1.1. Ha Gyukmusax uz npocrpanctsa [Isapna S(R?GR?)
npeobpazoBanue Beilisg ompejeneno Kak orobpazkeHue, KOTopoe (PyHKIUU

a(q, p) € S(R? @ R?) craput B coorBercTBUe onepaTop T, (a) Ha npocTpaH-
cree L*(RY):

V(o € SR!ORY): Tula) = (20" [ Fufa)g o mW(E, midedn, (A16)

rIe

Fy(a)(€ &) = (2m) / exp(—io(€ ®n, ¢® p))alg ® p) dgdp.
(A.17)

Nurerpan B dopmyse (A.16) monumaercst Kak mHTerpag BoxHepa B Ga-
naxosom npocrpancrse L£(L2(RY) — L*(R?)). B dopmyne (A.16)

Fy(a)(§®n) € SRT@RY), [W(E, ) | LILARY) = LR =1,
IIO3TOMY CXOJUMOCTH MHTerpaJjia COMHEHU He BbI3bIBaeT.

Teopema A.1.1. Ha gynxyuaz usz npocmparcmsa Hleapua S(REGRY) npe-
obpasosanue Belina ydosaemeopaem Ycao8uam:

1. Ty(a)* = Tu(a®). (A.18)

2.V(a € SRY@RY)) : Ty(a) € HS , ||To(a) | HS||? = (2m) 4|a | L*(R? & RY)||%.
(A.19)

5.¥(0 € SEY) s Tulaybte) = 20)* [expliv: (o - (T35 p) w(©)dpac

(A.20)
JlokazarenncTBo. MMmeem:

T, (a)" =

) [ Fufa)e. oy Wi, ndedn = (2 [ Fula)€. n) W=, —n)dedn -

(2m) / Fo(a) (=€, —n) W€, n)dédn = (2m)~ / Fo(a)(€, )W (€, n)dedy,
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[IepBoe yTBepzKIeHne TeopeMbl joKa3aHo. JloKkaxkeM BTOpoe yTBepKIeHHE.
IIyctb ej(x), 1 < j < 00 -IPOU3BOJIbHAS IIOJHASI OPTOHOPMHUPOBAHHAA CHU-
crema B mpocrpanctse L2(RY). C yuetom crencrsus A.1.2 u pasencrsa Ilap-
ceBaJid, Mbl UMEeeM:

| (a) | HS|* = Z\<6“ wl(a)e; > |7 =

S (2n) 2d|/ Q)(E, ) < e W(E, n)e, > ded]? =
(o) () | L2 & RO = (20) | L2(R & B

JloKkazkeM TpeThbe YTBep:KICHHE TeOPeMbl. BOCIONb30BABIIMCH PABEHCTBOM
(A.13), MBI mMeem:

Tu(aybte) = )" [ F )€, mexp (~gn-€ —in-o) vl + €dedy -
(27T)‘2d/a(q, p) exp (—%n E—im-x—i&-p+in- q) Y(x + &)dgdpdEdn =
(27T)_2d/

exp (—%77 (—a)—in-x—i(§—x)-p+in- q) a(q, p)i(€)dgdpdEdn =

(27T)2d/exp (in- (q _= ; 5) +ip - (z— €)> a(q, p)¥(§)dgdpdédn =

(ZW)d/5 (q — ‘%rg) exp(ip - (x — &))alq, p)¢(§)dgdpdé =

) [esptip (o 0o (T35 0 ) (@ v

Teopema jokazana.
Tax xak npocrpancrso S(R? @ RY) naorno B L2(R? @ RY), To u3z (A.19)
BBITEKAET

CaencrBue A.1.3. Omobpasicenue
SR*@RY > a Ty(a) € HS
npodoasicaemcs no wenpepuerocmy do omobpasicerus
L*(RE@RY 5 a v Tyla) € HS.
Omobpascenue

L*RI@RY 3 a— (20)Y?T,(a) € HS
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YHUMAPHO:

Ve PRYORY, b L*RYORY)) : <a,b>= (A.21)
(2m)* < Tu(a), Tu(b) >= 2m)" Y < Tyla)e;, Tu(b)e; >.  (A22)

B seBoit wactu pasencrsa (A.21) crouT CKaJIsApHOE HOH3BEACHUE B IIPO-
crparctee L?(R? @ R?), B nesoit wactu pasencrsa (A.22) cTOMT cKaTapHOe
IIPOM3BeJIEHNEe B IPOCTpaHCTBe oneparopos ['mnbbepra-IlImuara HS, B mpa-
BOif yacTu paBercTBa (A.22) CTOUT CKATSIPHOE IPOU3BEJIEHNE B IIPOCTPAHCTBE
LA(RY mej(z), 1 < j < 00 -NpOU3BOMBHAS TIOJHAS OPTOHOPMHPOBAHHAS CH-
crema B npocrpancrse L?(R?).

®opmyra (A.19) nossosnger ocnamenue npocrpancrsa L (R? @ R?) mepe-
HOCHTBH Ha OCHAIeHHe IpocTpaHcTBa onepaTopoB ['mnbbepra-IlIvuara HS u
paciupsaTh npeodpaszoBanue Beijis Ha PYHKIMT, KOTOPbIE HE IPUHAJIIEXKAT
npocrpanctey L?(RY @ R?).

Omneparopsl T,,(a) Buga (A.20) B Teopun auddepeHITATBHBIX YpABHE-
HU# Ha3bIBAIOTCs 1ceBA0 M depernnaabHbIMI OllepaTopaMu, a (DYHKIU @ B
(A.20) -HazbIBaeTCs BeiieBCKUM CHMBOJIOM omeparopa Ty, (a). MoxkHo moka-
3aTh, 9T0 opmysa (A.20) KOPPEKTHO ONpeessieT OMepaTop Ha MPOCTPaH-
cre C§° B ToM ciay4ae, ecau PYHKIUSA a pacTeT He OblcTpee moimHoMa. B
KadyecTBe MPUMEPa BBIYHCIAM OMEPATOP € BEHJIEBCKUM CHMBOJIOM

1

a(q, p) = 5192 +v(q) , v(q) € Cg°.

Umeent:

Tuappto) = @0 [[explip: (o= ) (520 (52 ) wterdean =

2 2

1

— SAu(@) + v(a)b(a).

- 58+ [olo - g (T35) wierde =

Mpub! BuuM 9T0 B pacCcMaTpuUBaeMoM ciaydae oTobparkenue Beitng cosrgaer
C BellJIEBCKUM KBaHTOBAHUEM.
Jokazxkem, uro orobpazkenue Beitisi obparumo.

Teopema A.1.2. [lycmo T -onepamop uavbepma-ILlimudma 6 npocmpan-
cmee L2(RY). Tozda cywecmeyem maxas dynxuyua a € L*(R? @ RY), wmo
T =Ty(a). Ima dynryus onepdesena pasencmeamu (A.23)-(A.24).
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Hoxkaszarenscrso. Llycrs e;(z), 1 < j < 0o -IpOU3BOJIBHAS MOJTHAL Op-
ToOHOpMHUPOBaHHas cucreMa B npocrpancrse L?(R?). CoracHo ciegcTBHIO
A.1.2 dyukiun

2 (6, ) = (2m)" Y < e, W(E, n)e; >

0Opa3yT MOJHYI0 OPTOHOPMHPOBAHHYIO CUCTEMY B TMPOCTPAHCTRE L2(Rd &5
R?). Tax kak T -oneparop ['manbepra-IlImuara, T0

Z| <e,Te; > > < oo,
i,]
[O9TOMY PSiJL
w(&, )= 02m)"?Y " <e, Te; > 27 (€, n) (A.23)
i,]
cxomutes B npocrpanctee L2(RY @ RY) u dynkiusa

a(q, p) == F,; ' (w)(q, p) (A.24)

npunaiexxnt npocrpanctsy L2 (R? @ RY). Umeewm:

V(i,j): <e, Tyla)e; >= (27?)_d/w(§, n) < e, W(, ne; > dédn =

@2m)" Y2 <z w>=<e, Te; >

2]7

CremoBaTebHO,

T ="T,(a).

Teopema jiokazana.
Ecu oneparop T sinepusiii, To hopmyast (A.23)-(A.24) MoxkHO peobpa-
30BaTh K 0OJIee TPUBBIYHOMY Jist (bu3uka BuLy. Mmeem:

a(q, p) = 27Td/2F <Z<61,Te]>z (5,77)) (q,p) =

1 <Z<€i,T€j ><WI(E, n)e;, e >> (¢, p) =

i’j

;! <Z <WI(E, nej, Tey >> (¢,p) =

J

(Z <e;, W(E, n)Te; ) (q,p) = F, (Sp(W*(&, n)T))(a, p).
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M3yunm cBA3b MexKIy KoMIo3uiuein onepatopoB ['mibbepra-IlIMmuara n nx
BeilleBCKUMH cuMBoJ1amMu. [lycTs

ac S(REGRY) , be S(R* @ RY). (A.25)
Brerancanm
To(a) - Tult) =
[ Fof@)e @ m)Fa6)(6 0 W (6, )W (e me)dadmdgad, =
[ Fa@( © )06 © ) expl-i0(6 0. & 0 )
W (& + &, m + no)d§idmdéadn, =

[ Fra@ @ mE 06 — & & m - m) ew(-izol6 e m. & o m)x
W (&2, m2)d&rdmdéadny = Ty(a © D),

rie

a®b(q, p) = F, (F,(a) o F,(b))(q, p),
Fy(a) o Fy(b)(§ ®n) =

[ E@(& @ mF0)(E — & @0 —m) exp(—izo(6 @ 1. €& n))dad.

Ecau somosneno yenosue (A.25), ro a ©® b € S(R? & R?). U3 pasencrsa
Tw(a) - Ty(b) = Ty(a @ b)
cjaejlyer, 4To OWHApHAs OTlepaInsi
(a;0)—a®b
ACCONUATUBHA (4TO MOXKHO MPOBEPHTH U TPAMOIN BBIKJIAIKON) W JTHHEHHA
0 Ka;KJIOMY apryMeHTy, a JamHeitHoe mpocrpancTso S(R? @ RY) Bmecte c
OuHApHOI omeparueii © ecTb (HeKOMMyTaTHBHAas) anrebpa. Orobparkenue
a— Ty,(a)

ecTh IpejcTaBaenue 3Toit ajaredpor oneparopamu ['mindepra-ITImura.
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A.2 Teopema /I2x. dpou Heitmana o emmHCTBEH-
HOCTH
npeactasjenus KIIC B dopme Beiias

Mot 3amamu oneparopst U(q), V(p) saBubIME hOpMyIaMH U TOTOM JTOKa3a-
JIU, 9TO MOCTPOEHHBINR HA uX ocHOBe omepatop W (q, p) yHuTapeH u ymoiie-
tBOpsier coorHomenusaM (A.14)-(A.15), KoTopble, 09eBHIHO, SKBHBAJIEHTHbI
KaHOHWYIECKHM TEePecTaHOBOYHBIM cooTHOMeHusME B (opme Beitsa (A.6)-
(A.8). OkasbiBaercs, uro coornomenus (A.14)-(A.15) ompesensior omepa-
topuyto dyukuuio W(q, p) (a moromy u oneparopst U(q), V(p)) ¢ TouHo-
CTBIO JI0 YHUTAPHO# 3KBUBATEHTHOCTH. COOTBETCTBYIOINIEE YTBEPK ICHHE J10-
kazano /k. don Heitmanom B 1931 roay (Johann von Neumann (1903-1957),
COBpPEMEHHOE TTPOU3HOIIeHne 3TOH (pamuyinu Ha pycckom a3bie -Hoiiman, ame-
pukanckoe Harmcanne umvenn: John Von). B maremarndeckom dosbKiaope
COOTBETCTBYIOIIAas TeopeMa Ha3biBaeTcs Teopemoii [Ixk. ¢on Heitmana (Hoii-
MaHa) 0 eJIMHCTBEHHOCTH TIpeJuHrepoBcoro npejcrasienus KIIC (kanonu-
YEeCKUX HEePECTHOBOYHBIX cooTHOmeHui) B hopme Beitsst. [Ipusegem onny u3
pesaknuil 3Toro yreepKIACHUd.

Teopema A.2.1. [Tycmo 6 euavbepmosom npocmpancmee H zadana onepa-
mophasa PyHKUUs

W:RGRYS g p— Wig, p) € L(H — H),

KOMOopaa Y0oBAEMBOPALIN YCAOBUAM:
1. Onepamopw W (q, p) ynumapro, u

W(g, p)* = W(—q. —p).

2. Onepamopnas PYHKUUSA W(q7 D) HENPEPBIBHA 6 CUADHOT ONEPAMOPHOT
monoaozuu. Imo oznavaem, wmo V(i € H) dynryus

RdEBRquEBpHW(q,p)wEH

HENPEPLIEHG 6 HOpME npocmpancmea H .
3. Bunoaneno mootcdecmso:

Vi@ op eRIORY, g & py e RTORY)

7
Wiq, p1)W(gz, p2) = eXp(—§0(ql Dpr, 2O p))W(g1 + g2, p1 + p2).

4. Hlpocmparcmeo H -naumernvuiee HeMpusuasbHoe npocmparcmeo, Ko-
MOPOE UHBAPUAHMHO OMHOCUMeEAbHo ecex onepamopos W (q , p).
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Tozda cywecmsyem makot yrumapnut onepamop U :
U: H— L*(R?, d),
Ymo

Y(q,p): W(g, p)U =UW(q, p).

Jloka3zaTebCcTBO 3T0iT TeOpeMbl TOTPEOYET OT HAC TOJHKO YMEHUS BbIUNC-
JIATH TayCCOBBHI MHTETPAJIHI ¥ OCHOBAHO Ha cjeiyiomeit semve Heiimana.

JIemMa A.2.1. Ecau 6binoanens Ycaosus meopemvl, mo onepamop
P .= (27r)_d/exp(—(§2 + 772)/4)W(£, n)d&dn

YdosAEMBOPAE YCAOBUAM.:

1. P*=P. (A.26)
2.P # 0. (A.27)
3.¥(q, p) : PW(q, p)P = exp(—(¢* + p?)/4)P. (A.28)
4.P*=P. (A.29)

JloKa3aTeIbcTBO JIeMMBI IIPOBOJIUTCA NPAMOR BBIKaJIKOH. JlokasbiBaeM
nepBoe yrpepxkienue. Mimeem:

P = (2m)? [[exp(~(€ 4 )€ n)dsdn =
(2 [ exp(—(€ + )OIV (~¢., ~n)ddn =
@) [ exp(—(€ + ) /)W (€. mydn = P
TlokassiBaeM BIOpoe yrBeps enue. Mveem:
Wi(g, p)P = (27T)“”/exp(—(§2 +1?) W (q, p)W(E, n)dEdn =

(2m)~¢ / oxp(— (&2 +12) /4 —io(qg®p, EDN)/2)W(E +q, n+ p)dEdn.

[lemaem 3aMeHy MepeMeHHBIX B WHTErpajie W YIUTBIBAEM KOCOCUMMETPHY-
HOCTDb OUJIMHEHHON dhopMbI O

§—=&—q,m—n—0p
olqg@p,E@n) —o(q®p, E—qdn—p)=0a(@®p, EBn).
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[Tomyaaem:

W, p)P = (2ﬂ)d/exp(—Q)W(£, n)dédn (A.30)
re
Q= (-0 +m-p?*)/A+ioclgop, En)/2). (A.31)
Ecoun
P=0,
Vgop, ¢, v eH): <o, W(g, p)PY>=0

Tos(d, p) = (2m) / exp(—Q) < &, W(E, )b > dédn = 0.

[Ipeobpazyem unTerpaJl

Jou(q, p) = (27T)‘de><p(—;l(q2 +p%)) X

2, .2 N
Jew(S2 s et i)+ o - ia) < 0, (e, ) > ded
(A.32)

Tak xak pyuxnusa .
(&, n) =<, W(E, n)Y > (A.33)

HEIPEPBIBHA U OTAHUYEHA, TO HHTErPAT Juy (¢, p) CXOQUTCH IPH BCEX KOM-
miexcHbix ¢ € C4, p € C?, B wacTHOCTN M HA MHOTOOGpA3UN

(q—ip) €eR’, (p—iq)) € R’
Otciona ciaeayer, uTo npeobpasobBanne Pypbe HyHKIUNA

E+n

(&, m) — exp(— ) < ¢, W(E, n)p>

TOKIECTBEHHO PABHO HYJIIO 1 T03TOMY dbyHKIHs (A.33) TOXKIECTBEHHO PaBHA

uysito V(¢ , ¥ € H), yero 6uiTh He MOXKeT, ecu oueparop W (£, ) He ecrb
oneparop ymHoxkeHus Ha (. YTBepxKaeHne 2 jJ0Ka3aHo.
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[Tepexoaum K JTOKA3aTEILCTBY TPETLEro yTBep:KaeHus. Vmem:
PW(q, p)P =
(2m) 2 / exp(—Q)W(E', 1YW (¢, m)dednde'dif

rIe

Q=—q’+m—p*)/A+iclgep, EBn)/2) + (67 +17) /4

W, n)W(E, n) =exp(—io(& @1, E@n) /W (E +E., 0 +n),

MO3TOMY

PW(q, p)P = (27T)_2d/ (/exp(—Q)dfdn) W', n')dg'dn,
e

Q=(E-q*+m—p)?)/4+ic(q®p, EBn)/2)+
(€ =2+ (0 —n))/A+ioc( @', Edn)/2

B kBagparuunoit popme () cobupaem cjiaraemMble ¢ OJMHAKOBBIMH CTEIIEHSIMU.
[Tosryaaem:

1 1 1
2. 22 | T2 T2
&8 18 =358
1 1., 1 1.,
=580 = 588 —iglp —igly =
1 o 1 o
Fé(ma =& —ip—in) = g€a, a=(—q =& —ip—in);
1 1 1
2,22, 2.2 __ ~.2
g =g
1 T, 1 S
ni—gnp = gmi g +ing = gnb, b=—p -1 +if +iq,

QE=0,n=0)= }L(q2+p2+f’2+n’2).

BamedaeM, 9TO B IMOJIYYEHBIX PABEHCTBAX
a® = —b.
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Breraucasem unrerpas no dédn. Ionydaem:
/exp(—@)dfdn = (2m)% exp(—Q(0, 0)) =
1
(2m) exp(= 7 (¢ +p* + €% +17)).

Tperbe yrBepxienue jgokazano. [onoxus B Hem ¢ = 0, p = 0, nosayvaem

OCJIeTHEEe YTBEPIKIEHUE.
Jlemma mokasana.

[onoxxum
eo(z) = (1) Y*exp(—22/2) , z € RY

(A.34)

[Tycts oneparoper W (g, p) onpenenensr hopmymoit (A.11).
Cupaseginpa

Jlemmva A.2.2. 1. Jlaa 06020 Habopa mouer 8exmopvl

W(g;, pjleo, ¢ ®p; ER*ORY | 1<j< N

auneting nesasucumo, ¢ L*(R? ) dx).
2. Cnpasedausvl pasencmaa

<ep, W(g, pep >= exp(—(g* + p*)/4); (A.35)

< Wiqk, pr)eo, W(g;, pjleo >=
exp(—((q; — ar)* + (pj — p)?*) /4 —io(q; ® Py, @k B Pr)/2). (A.36)

3. Feau
D P >0,q0p A w@pri £k (A.37)
1<j<N
mo
> ajajexp(—((g — a)* + (pj — p)*)/4 —io(q; @ pj , @k B pi)/2) > 0.
1<j, k<N
(A.38)

JoxkazaresbecrBo. IlepBoe yrBepkKieHre 04eBU/IHO. BTOpoe yTBOpXK 1eH1e
crenyer u3 dbopmynsr (A.13) u dbopmysisr
< Wilar, pr)eo, Wig;, pj)eo >=<eo, W(ar, pr)"Wiq;, pj)ec >=

< e€p, W(_Qk ) _pk)W(QJ 9 pj>e() >=
exp(—io(q; ®pj, a B pr)/2) <eo, W(qj — qx, Pj — Dr)eo > -
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TpeTbe yIBepzKAcHNE JIEMMbI CJIEJIlyeT U3 IIEPOIr'o YTBEP2KACHUA U paBECTBA

||ZO‘J (45, pj Jeol” =

> agajexp(—((g — an)® + (o — p)*) /4 —io(q; Dy, G D pi)/2).
1<j, k<N

JlemMa gokaszana.
[Tepexoanm K Jg0Ka3aTe/hCTBY TEOPEMHI.
[Iycts a9 € H -Takoit BeKTOp, 4TO

ag = PCL() s ||CL0H =1.

Takoil BeKTOp 0043aTeIbHO CYyNIECTBYET, TaK KaK P -He paBHbI HYJIIO IPOEK-
TOp. IIycTh L -MHOXKECTBO BCeX KOHEYHBIX JTHHEHHBIX KOMOMHAIIUHA BEKTOPOB
W(g;, p;)ao. MuoxecrBo L -s10 numeiinoe IIOJAIIPOCTPAaHCTBO B H, KoTopoe

UHBAPUAHTHO OTHOCHTEJIBLHO OIEPATOPOB W(q , D) ¥ COCTOUT U3 BEKTOPOB BHU-
Ha
a = E a] QJ ) pj (A39)

B cuny yrBep:kaenuns 3 mpeaplayieit JeMMbl BEKTOPBI W(qj , Pj)ao TUHEiHO
HE3aBUCUMBI U JIJId KazKJIOTO BEKTOpa a € L npejcrapienne (A.39) eaun-
CTBEHHO.

OnpeneuM JTHHEHHBIH OIEPaTOP

U: L L*RY, dx)
paBeHCTBOM

UW (g5, pj)ao = W(g; , pj)eo. (A.40)

DTO omIpele/leHHe KOPPEKTHO B CHJIY JIMHEHHOW HEe3aBUCHUMOCTH BEKTOPOB

W(q; , pj)ao.
[Ipsamoit BbIKIaJIKOI 1TpoBepseTcsd, 4To orodbpaxenue U yJaoBJeTBOpsieT
YCTOBUSM:

Yae L): |Ua| L*(R?, dz)| = |la | H||,
UW(q, p)a=W(q, p)Ua,
CIUL) = L*(R?, dx).
[lycrb _
= CI(L).

479



[IpocTpancTBO H() -HeTpUBHAIBHOE MOAIMPOCTPAHCTBO B H, KOTOpOE YIOBJIe-
TBOPAET YCJIOBHUIO:

V(ig®p) : Wiq, p)Hy = Ho,
IIO3TOMY
Hy = H.

[Iycte U -npopo/zkenne o HENpephlBHOCTH HA IIPOCTPAHCTBO H omepaTopa,
saganaoro popmy.oit (A.40) v mpocrparcTBe L. DT0 -HCKOMOE 0TOOpaKEeHHe.
Teopema j0kazana.
Ecyin ve nenath npeanosioxkenns 4, HO MPEIIOI0KUTH, YTO ITPOCTPAHCTBO
H cemapabesibHO, TO TOTIA MPEIBI YA KOHCTPYKIUSI TIPUBEJIET K PA3T0KE-
HUIO IPOCTpaHcTBa H B NPpAMYIO CYMMY:

B npocrpancrse Hy oneparop W(q, p) €cTh OIepaTop aHHYJTUPOBAHUSI, & B
nocrpancrsax H;, j > 1 oneparop W(q, p) yHnTapHO 3KBUBAIEHTEH ONepa-
ropy W(q, p).
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A.3 VYkasarejb 0003HAYECHUII.

O6o3navyeHns, cBa3aHHBIE C TeOpueil MHOXKECTB.

Mpr mpeimoiaraeM, 9TO YUTATETb 3HAKOM ¢ OCHOBHBIMU MOHSATHSIMEH TEOPUU
MHOKeCTB B ofbeme nepBbix rias kaur |1, [2].

CumBoa A () B obosnauaer nepecedenne MuHoxkects A u B.

Cumpon A|J B obosnadaer obbemunenne Muoxects A u B.

Ecmu A C X, To nonoraenne MaOKecTBa A B X MBI 0003HAYAEM CHMBOJIM

C(A) == X\ A.

@opmyabl jge Moprana B 3Tux 0003HAYEHUSIX UMEIOT BUL

C(lJA.) = C4a) . C(()4a) = JC(Ad). (A.41)

CumBon {z} o3HavaeT MHOXKECTBO, OOIIUIl JTEMEHT KOTOPOTO 0003HAUEH
CHMBOJIOM .
Cumboit

{z | bl(x), b2(x) ...},

riae bl(z), b2(x) ... -OyJaeBCcKEe BBIpAKEHUsI, 0O3HATAECT MHOYKECTBO BCEX I,
JUTsl KOTOPBIX OysieBckue Bbipazkerus b1(z), b2(z) ... npuHEMAOT 3HAYEHHE
"wcruna"'.

CumBon

{f(x) | bl(x), b2(z),...}

0603HAYAET MHOZKECTBO BCeX TeX 3HadeHuii byHkmn f(x), KOTOpbie OHA TIPH-
HUMAaeT MPU TeX I, JJisl KOTOPBIX Bee OysieBckue Bhipazkenus bl(x), b2(x), . ..
IPUHAMAIOT 3HAYEHNS “UCTUHA .

CumBout

a =sup{f(x) | bl(x), b2(x), ...}

O3HAYAeT, YTO TOYHAS BEPXHSS I'DaHb BbIYUC/ILETCH O TeM 3HAYEHUIM Tepe-
MEHHO# T, /Il KOTOPBIX OyJjeBcKue Bbipazkenus bl(x), b2(zx), ... npuHnMa-
10T 3HaYeHnsT “UcTUHA . AHAJOIMYIHOE MPABUIO MPUMEHSIETCS TIPU YKA3AHUH
00JacTh N3MeHeHNs epeMeHHBIX MMPH BBIYUCIEHUN TOYHOM HUYKHeH TPaHd U
T.JI.
Xapakrepuctuieckyo (pyHKIuO MHOXKecTBA A MbI 0003HAYAEM CHMBO-
JIOM
I(A | ) = 1, z€eA;
0, z¢&A.
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MpI Hemoa3yeM 910 ke 0603HadeHHe [T TOTO CJIydasd, KOTa MHOKeCTBO A
3a/1aH0 OYJIeBCKUM BhIpazkenueM bl(z):

I(b1(z) | 2) = 1, bl(x) = truth;
= 0, bl(z) = false.

Eciu A u B -OysieBcKEe BbIpaKeHHsI, TO BbIPArKeHHE
A= B

HCIIOB3YETCs 171t 0003HAYEHNsST YTBEp:KIeHnusa: n3 A ciaeayer B, a BbIpake-
HIe
A+ B

UCTIOJIB3YeTCS [/t 0003HAUeHUsT YTBEPKIeHUs: A UCTUHO B TOM M TOJBKO
TOM CJIydYae, ecJu UCTUHO .

CUMBOJIBI (= & yGosmauaior PaBEeHCTBO 110 OIpeIeIeHUIO.

[Ipu nanucanuu opmysi Mbl CTAapaJuCh HPHIEPAKHUBATHCA CJeLylonieit
CXeMBbI: BBITUCAHHBIE YePe3 3aMATYI0 KBAHTOPHI U OyJIEBCKIE BHIPAYKEHUSI, KO-
TOpBIE OMpeJIeIIIOT 00J1aCTh H3MeHeHNs ePEeMEHHBIX B BHICKA3bIBAHIH, 3HAK
., BBICKA3bIBAHUE.

Crpoka
V(a,b,...), 3, d,...)

YUTAETCH TaK: JIJId BCeX a, b, ... CyIIecTByIOT Takue ¢, d, ..., 94TO ....

Crpoka

V(bl(x), b2(y), ...), (e, d, ...)

YUTAETCA TaK: JJIs BCEX TeX 3HAYCHUH ITepeMeHHBIX X, Y, ..., IPH KOTOPHIX
OyneBckHe BbIpaxkenud b1, b2, ... IPUHUMAIOT 3HaYeHHE “MCTUHA’, CyIIe-
CTBYIOT Takue ¢, d, ..., 970 ...

CuMBOIBI V U A HCIOJL30BAHbI JJI 0003HAUCHUS JIOPHYECKOrO “man’ u
Joruaeckoro “‘u”: AV B UCTUHO B TOM U TOJBKO TOM CJIy4ae, eCJau XOTd Obl
oauo u3 3unavenuit A wium B uctuno, A A B UCTUHO B TOM U TOJBHKO TOM
caydae, ecqim HCTHHBI 0ba 3Hadenus: A u B.

CumBoat f(z) B 3aBHCHMOCTH OT KOHTEKCTA O3HAYAET UMsT (DYHKIHN WK
3HavueHne (DYHKIUHE B TOYKE.

O0o3HaveHnd, CBI3aHHBIE C TeOpuUeil Mepbl I MHTErpaJa.

Lo(X) -mpocTpaHcTBO 7€ MEHTAPHBIX (DYHKIHIA, CM. ¢Tp. 3.
L, (X) -nonoHeHne TPOCTPAHCTBA JIeMEeHTAPHBIX (DYHKIHA, ¢M. c¢Tp. 19.
L(X) -mpocTtpancTBo WHTErpupyeMblx DyHKIHIA, CM. ¢Tp. 24.
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LP(X) -pocTpascTBO (DYHKIWHA, HHTEIPUPYEMBIX CO CTEIIEHBIO P, CM. CTP.
41.

Iy(f) -3memenTapublii wHTETpPAJ, CM. CTp. 4.

I.(f) -pacmupenne s/ieMeHTAPHOTO HHTErpaa, cM. ¢Tp. 21.

I(f) -warerpan Janwsssa, cm. crp. 26.

mes(Z) = 0 -yTBep:KieHrne 0 TOM, 9TO Mepa MHOXKeCTBa 7 paBHA HYJIIO,
cM. cTp. 11, cTp. 60.

I1.B.-COKPAIeHHE i yTBEPkKAeHus "'modru BCoay cM. crp. 13, crp. 14,
crp. 60.

w(A) -mepa mHOXKecTBa A, cM. cTp. 47.

| f(z) p(dz) -naTerpan no mepe i, cm. crp. 52.

Ob6o03HaveHns, CBA3aHHbIE C TEOPHUEH METPUYECKUX U TOIOJIOTHUYE-
CKUX IIPOCTPAHCTB.

d(z , y) -paccTosHIe MeK Ly TOUKAMH T U Y METPUIECKOrO IPOCTPAHCTBA, CM.
ctp. 99.

dist -paccrosame Mexkay MHOKecTBamMu A u B, cm. crp. 100.

bz, €) :={y | d(xz,y) <€}, -OTKpBITHII MAPp B METPUIECKOM HPOCTPAH-
ctBe, cM. cTp. 100.

Cl(A) -3ambIkamme Muoxecrsa A, M. crp. 113.

B(X) -anrebpa GopesieBCKUX MHOYKECTB TpocTpaHcTea X .

Ob6o03HavyeHnss, CBI3aHHbIE C TeOpHUEH DAHAXOBBIX IIPOCTPAHCTB.

spanfer, ea ..., en} = {f | f =201, s¢; , a; € C'} -mmeitnas obosou-
K& BEKTODOB €;.

Il || | B|-uopma B 6anaxoBoM mpocTpaHcTse, cM. ¢Tp. 149.

L(B; — Bj) -6aHax0BO TPOCTPAHCTBO BCEX JIMHEHHBIX HEMPEPHIBHBIX
orobpazkenuit banaxosa npocTrpancTsa B B 6anaxoBo npocrpancrso By, cum.
crp. 157.

K(B; +— Bs;) -IpOCTPAHCTBO BCEX KOMIAKTHBIX OTOOpasKeHHil HaHaxoBa
npocTpancTBa By B 6aHAX0BO MPOCTPAHCTBO Ba, cM. cTp. 227.

Gr(T) -rpaduk oneparopa T', cm. cTp. 169.

Dom(T) -obsacrs oupeenenust oneparopa 1.

Im(T)={y|y=Tx,z € Dom(T)} -obacts 3uadennii orobpazkeHns

Ker(T) = {z | x € Dom(T), Tx = 0} -anpo orobpaxkenus 1.

B* -6anaxoBO HIpPOCTPAHCTBO, COMPsIZKEHHOe OaHAXOBY IIPOCTPAHCTBY B,
cM.cTp. 173.

N (A) -annyrsarop muokectsa A, cm.ctp. 181.
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id -eIUHIYHOE (TOZKIeCTBEHHOE OTOOPAZKEHNeE ), e THHUIIA AJITeOPBI, CM.CTP.
182.

R\, a) o (A -id — a)~! -pesonbBenTa sMeMenTa (OMEpPATOPA) A, CM.CTP.
188.

Op, -onpeaensiemplit naTerpagom Jdarndopaa romoMopdusm agaredpobl aHa-
JIMTUYECKUX (PYHKIUH B ajredpy omepaTopoB, cM.cTp. 193.

O6o3HaueHnd, cB3aHHbIE C Teopueil TNILOEPTOBBIX ITPOCTPAHCTB.

<, > -CKaJsIpHOE MPOU3BEICHNE B THILOEPTOBOM IIPOCTPAHCTBE, CM. CTP.
267.
At = N{y |< y, z >= 0} -oproronanbHoe joNOIHEHEE MHOMKECTBa A,
€A
cM. cTp. 278.

A* oneparop, TuibbEPTOBO CONpsizKeHHbIN omeparopy A, cm. crp. 284
332.

|| HS|| -mopma I'masbepra-Ilvuara , em. crp. 300.

HS(A, B)-ckajsipHOE MPOU3BECHHE B IIPOCTPAHCTBE orfpepaTropos I'minbepra-
[MImuara, cm. cTp. 302.

s;(A) -xapakTepucrudeckue duciaa ouneparopa A, cm. crp. 296.

Ncl -6aHaxoBO MPOCTPAHCTBO SIJAEPHBIX OIEPaToOpPoB, cM. c¢Tp. 306.

|A | Ncl|| -sneprast Hopma omeparopa A, cm. crp. 305.

E(\, A) -cuekrpanbhas dbyHKIms onepatopa A, cm. crp. 318.

Opb s -roMmoMoOpdu3M u3MepuMbIX 110 Bopesrio dyHKIN Ha cIIeKTpe ca-
MOCOIIpsizKeHHOTo onieparopa A B anrebpy ouneparopos L(H +— H), cm. crp.
318.

Opy -onpenessieMblit yHUTaApHBIM orepatopoM U romoMopdusm anresd-
pbl u3Mepumbix 110 Bopesio dyuknuii Bor ([0, 27]) B anrebpy omepatopos
L(H — H), cm. ctp. 330.

Wi (B, A) -BosiHOBbIE OLIEPATODBI, CM. ¢TP. 377.

S(B, A) -oneparop paccesinusi, cM. ¢Tp. 381.

M(A) ucnospzyemMoe B TEOPHU PACCESTHUST TOAMPOCTPAHCTBO abCOTIOTHO
HEIIPePBIBHOTO MOANMPOCTPAHCTBA omeparopa A, cMm. crp. 375.

Eun(0, U) -cnektpanbias GyHKIus yautapaoro omeparopa U.

S(R%) -nmpoctpancrso [IBapua, cm. crp. 401.

D(R?) -npocrpancTso Heckonedno muddepenmupyembix B obaactu D Gynk-
nmit, cm. crp. 405.

H*(RY) -npoctpanctso Cobomesa, cM. cTp. 446.

ﬁp(D) -npocrpanctBo CoboneBa (pyHKIMI, 3agaHHBIX B obsacTtu D, cM.
cTp. 456.
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HEPABEHCTBO
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Komm-bynskosckoro, 266
Munkosckoro, 42
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OPTOTOHAJBHOE JIONOIHeHNE, 276
OPTOHOPMHUPOBaHHAs cucTeMa, 269
mosHas, 271

noJryHopMa, 170

ITOJITOC pe30JibBeHTHhI, 205
ocjIe10BaTeIbHOCTD Beitis, 238
nocJeioBaTebHOCTh Kommm, 102
mo4dTH BCIOAy, 13
OTHOCUTEJIBHO Mepbl, 60
npeoasa Tomosiorum, 111
npeobpazoBanue Kemnu, 354
npusnak Beitis, 238
npusnak Kyka, 376
TPWHIAT MUHUMaKca, 289
IPUHITUI OTKPBITOCTH OTOOPAYKEeHUS,
164
HPUHIAI PABHOMEPHOMH OrpaHuIeHHO-
ctu, 159
mpoekTop, 200
TPOU3BEJIEHNE OTIepaToOpoB, 182
IPOCTPAHCTBO
LP(X), 41
Isapia, 395
banaxoso, 151
rupbepToBo, 267
HHTErpUpyeMbiX MyHKIuMA, 24
KOMTAaKTHOe, 126
MeTpmieckoe, 99
HopMaJabHoe, 121
HOpMHUpOBaHHOE, 149
nosiHoe, 102
npearnainoepToBo, 267
peryaspaoe, 121
cenapabesbHoe, 272
yHUTapHOE, 265
xaycopgdoso, 121
3JIEMEHTAPHBIX (pyHKIHiT, 3
npsMas CyMMa
OaHaxoBBIX TPOCTPAHCTB, 151

PaBEHCTBO
[TapceBans, 272
mapaJiiesiorpamMa, 267

pasJjIoKeHue

Jlebera, 76

491



Jlebera st MOHOTOHHOU (QYHK-
mun, 89

Xana, 77
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TOBOM HPOCTPAHCTBE, 278
Pucca-®umepa, 38
Croyna, 342
Croyna-Beitmrpacca, 136
Qumiepa, 289
Oyounu, 70
Xana-banmaxa, 170, 172
Xennunarepa- Temtumna, 329
[MMaynepa, 224
0 3aMKHYTOM rpacuke, 169
0 TOJSIPHOM pas3JjioxKeHUu, 292
00 oTKpbhITOM 0TOOparkenuu, 164
00 YMHOZKEHHM BOJIHOBBIX OIlepa-
TOPOB, 372
ToxectBo ['mianbepra, 190, 238
Tonosorud, 108
ecTeCTBEeHHAs METPUIECKOIO IIPO-
cTpaHcTBa, 109
THUXOHOBCKasg, 112
TOYKa MPUKOCHOBeHU, 113
TpaHCOUHUTHASA UHAYKIHS, 171

ycaosue Kormm, 102

dakTOP-IPOCTPAHCTBO

HaHaXO0BOTO IPOCTPAHCTBA, 151
dopma

ounuHeitHas, 279
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KOCOCUMMeTpudHasgd, 279
conpszKeHHO-TnHeltHas, 279
SPMUTOBA, 279
dyHIaMeHTaIbHAS TOCIe0BATETbHOCTD,
102
dyHIaAMEHTaJIBHOCTD 110 Mepe, 62
dbyHKIUN
WHTerpupyemble, 24
dyHKIHS
KanTopa, 66
KayimbpoBovHas, 170
paciipejieienus, 56

XapakTepucTuieckue ducia, 294

SKBUBaJIEHTHBIE MeTpuKH, 102
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